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Preface

The General Theory of Relativity (General Relativity, for short) was formulated by Albert
Einstein more than a hundred years ago. At the time of writing (2020), all experiments and
astrophysical observations have firmly confirmed the validity of its foundations. Einstein’s
seminal idea, based on the Equivalence Principle, that the gravitational interaction can
be interpreted in terms of spacetime curvature has dramatically changed our view of the
Universe.

This book originates from a series of lectures held at the University of Chicago in 1993-
1994 and in 1997-1998, and from the classes taught by one of the authors (Valeria Ferrari)
over the past twenty years at Sapienza University of Rome. During these years, few scientific
disciplines have experienced a revolution as dramatic and far-reaching as the one that
gravitational physics is still undergoing. The very concept of a black hole — which is now
mainstream within both the scientific community and the society — was not so popular
and well-accepted just a few years ago. The quest for gravitational waves, more than half
a century long, culminated on September 14th, 2015 by the historical LIGO detection,
marking the dawn of gravitational wave astronomy. This new discipline is only five years
old, but is steadily growing in diverse directions that were unforeseeable just a decade ago.
The original lecture notes have been re-elaborated and largely expanded by the authors,
including new chapters and new sections on recent discoveries: the detection of gravitational
waves from binary black holes and neutron stars, and the first observation of the shadow of
a supermassive black hole.

In parallel to the prominent role acquired within the scientific community in the last few
years, gravitational physics has also attracted an ever-growing attention from students at
all levels. While historically limited to a niche audience, nowadays the teaching of General
Relativity and of its phenomenological applications is (with full rights) an essential part of
any course in Physics or Astronomy.

In this context, this book is addressed to third-year undergraduate and especially to
graduate students in Physics or Astrophysics, who want to learn the basics of General Rel-
ativity and its diverse phenomenological consequences. There exist excellent textbooks on
the foundations of General Relativity and on its mathematical aspects, as well as outstand-
ing monographs on advanced topics such as black-hole perturbation theory, post-Newtonian
theory, gravitational wave modelling, etc. Our main goal was to write a self-contained book
that — starting from the basic pillars of the theory — would present in details its applica-
tions and, at the same time, could serve as a bridge towards more advanced topics. While
we always opted for mathematical rigor, we tried to limit the most technical parts related
to differential geometry (which might conceal the physical consequences of the theory) to
a few introductory chapters. We adopted the view that General Relativity is the physical
theory of gravity, and a great deal of attention was spent on its phenomenology and on its
observational (both classical and modern) tests.

As a prerequisite, we have assumed that the reader is familiar with the theory of Special
Relativity, and with classical Newtonian physics. We also decided to focus on the astrophys-
ical consequences of General Relativity, and we do not treat cosmological applications. We

xiii
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believe that cosmology has equally developed into a broad independent field, which deserves
a dedicated course and textbooks.

In each chapter we have included several boxes; their purpose is manifold: to solve
exercises, to provide examples, to expand on some calculations, to stress some issue of
particular relevance, to summarize the main results of a section or of a chapter, or to
shortly introduce advanced topics which go beyond the scope of the book.

We start with an introductory chapter, where we discuss why the Newtonian theory
of gravity, which had successfully survived for three centuries after its formulation, was
challenged in the middle of the 19th century by some unexplained astrophysical observation
(Mercury’s precession) and, on a theoretical side, by its lack of invariance under Lorentz’s
transformations. Furthermore, we explain why the Principle of Equivalence between inertial
and gravitational mass is central to the theory of General Relativity.

The basics of differential geometry, needed to formulate Einstein’s equations, are intro-
duced in a rigorous way in Chapter 2 to Chapter 4. All statements are demonstrated and
supported with examples, unless trivial.

After introducing the stress-energy tensor and discussing its properties in Chapter 5,
Einstein’s equations are derived using a heuristic approach in Chapter 6 and, in a more
formal way, using a variational approach in Chapter 7. The role of symmetries and the
conservation laws associated to them are discussed in Chapter 8, which concludes the first
part of the book on the theory of General Relativity.

The next twelve chapters are devoted to the study of the physical consequences of the
theory. We derive the Schwarzschild solution and describe the structure of the black hole
horizon and of the singularities, also discussing their role in General Relativity. We study the
equations of motion of test particles in the Schwarzschild geometry, and present the most
important kinematical tests of General Relativity, which include the “classical tests” (the
gravitational redshift of spectral lines, the deflection of light, the periastron precession, the
Shapiro time delay) and the most recent one, namely the “image” of a black hole through
its shadow.

Four chapters are devoted to gravitational waves. In addition to the standard material
common to most textbooks (e.g., the derivation of the wave equation from Einstein’s equa-
tions linearized about Minkowski’s metric and the quadrupole approximation), we describe
the basic principles of functioning of a laser interferometric detector of gravitational waves,
and derive the formula which allows to evaluate the luminosity of a gravitational wave
source by introducing the stress-energy pseudo-tensor of the gravitational field. Particular
effort is devoted to derive and explain the features of the signals emitted by coalescing
binary systems composed of black holes or neutron stars, with an overview on the signals
detected by the LIGO and Virgo experiments since 2015 and including the first two obser-
vational runs. Our goal in this part of the book was to give the reader all the tools needed
to understand these milestones in a self-contained way. We conclude the part of the book on
gravitational waves with a chapter on black-hole perturbation theory, in which we show how
to derive the Regge-Wheeler and the Zerilli equations governing the non-radial oscillations
of a Schwarzschild black hole, and introduce the notion of quasi-normal modes.

Chapter 16 is devoted to the study of white dwarfs and neutron stars. The structure of
white dwarfs is discussed in the framework of Newtonian gravity; we show how the notion
of critical mass (the Chandrasekhar limit) emerges when the matter in the interior of these
stars is modeled as a fully degenerate gas of fermions. We then discuss the structure of
neutron stars, generalizing the laws of thermodynamics and deriving the equations of stellar
structure in General Relativity. We discuss how these equations can be solved numerically
in the general case, and solve them analytically in the simple case of a star with uniform
density. Finally, we discuss some general properties of compact stars: the theoretical bounds
on their compactness, their equilibrium, and stability.
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The next three chapters are devoted to the study of rotating bodies in General Relativity.
We start by deriving the metric of an isolated, stationary object in the far-field limit;
using the stress-energy pseudo-tensor, we define the mass and the angular momentum of a
rotating object, we derive the Lense-Thirring and the geodesic precession of gyroscopes, and
we briefly discuss the results of experiments which have measured these effects. We then
introduce the Kerr solution and discuss in detail the structure of the horizons, the peculiar
properties of the ergoregion, and the structure of the singularity. The geodesic equations
are derived in the general case introducing the Carter constant, and are studied in detail
on the equatorial plane. Penrose’s process and superradiant scattering are also discussed.

The last chapter is a brief overview on black-hole thermodynamics. We show that it is
possible to associate an entropy to a black hole, and discuss that, when quantum mechanics
is taken into account, black holes are not totally black, but rather emit radiation with a
black-body spectrum. We discuss the black hole area theorem and introduce the laws of
black hole thermodynamics. Chapter 20 ends with a qualitative description of Hawking’s
radiation and black hole evaporation.

We believe that this book presents some novelties with respect to standard textbooks on
General Relativity: it provides — in a self-contained way — the tools to understand the most
important discoveries of recent years, in particular the detection of gravitational waves; it
extends the standard perturbative approach of Minkowski’s spacetime to the perturbations
of a non-flat solution of Einstein’s equations, and applies the theory to the Schwarzschild
solution; finally, it provides a detailed description of rotating black holes and of some of the
most interesting phenomena which occur in their neighbourhood.

Thus, from its very premise, the book can be approached at different levels, and different
paths can be followed across the chapters, depending on the focus and the level of the course.
Traditionally, the material presented in this book is taught at Sapienza University of Rome,
in two master’s classes and an advanced PhD course. Most of the material contained in
Chapters 1 to 12 is presented in an introductory course (60 hours, 6 credits) on General
Relativity. A second, advanced course on “Gravitational waves, Black holes and Compact
Stars” (60 hours, 6 credits) includes Chapters 13, 14, and 16-19, together with some topics
from the first twelve chapters not included in the introductory course. Finally, Chapters 15
and 20 and the most advanced topics of Chapter 18 (e.g., Sec. 18.8) are covered in a PhD
course (30 hours, 3 credits). Different paths are possible; for instance the introductory
chapters can be taught in an undergraduate course, leaving the more advanced chapters to
master’s or PhD courses. Furthermore, since the three main advanced topics — gravitational
waves, compact stars, and rotating black holes — are treated independently, it is possible to
skip any of them without affecting the presentation of the others.

General Relativity is often considered the most beautiful of the fundamental theories of
nature, but it is actually much more than that: it is the key to explore new territories of
knowledge. In this book we tried to convey our enthusiasm and to provide a useful tool to
teach and learn this fascinating subject.

Rome, May 2020 Valeria Ferrari, Leonardo Gualtieri, Paolo Pani
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Notation and conventions

Up to Chapter 9, we always use physical units — adopting either the cgs or the International
System of Units (SI). In particular, we denote Newton’s constant by G and the speed of
light by ¢. From Chapter 9, we shall also adopt geometrized units in which G = ¢ =1 (see
Box 9-B), although we will occasionally restore physical units when needed.

All vectors (both four-vectors and n-dimensional vectors defined in generic spaces, as
those introduced in Chapter 2) will be indicated by an arrow, as in ‘7, except Euclidean
vectors which will be denoted by boldface characters, as in V.

Unless otherwise specified, we shall use Greek indices for the components of four-vectors,
V# with p = 0,...,3. Latin indices will be used for the components of Euclidean three-
vectors, V? with i = 1,...,3, and for the components of vectors in generic n-dimensional
spaces, V? with i = 1,...n, as those introduced in Chapter 2.

As customary we shall adopt Einstein’s convention for the sum, i.e., the product of two
quantities having the same index, appearing once in the lower and once in the upper case
(“dummy index”), implies summation over the repeated index. For example,

3
v,V = Z vV =0oVO + 0 V4 0o V2 4 03V3
a=0
wu V= ZviVZ =0 V40V 4 03V3.
i=1

Manifolds, spaces, and points on manifolds will be denoted by the standard boldface symbol
(e.g., M, T, p € M), whereas tensors will be denoted by math-boldface symbols.
The components of the partial derivative of (say) a scalar quantity f will be denoted by

% = 0,f = f - The components of the covariant derivative will be denoted as V, f = f,,..
Sometimes, for brevity, we shall indicate a function of the coordinates f(zV,...,z3) as f(z).

We use a mostly positive metric signature, so that Minkowski’s metric in 341 dimensions
reads 7, = diag(—1,1,1,1).

Our conventions for the Christoffel symbols and for the components of the Riemann
tensor are

o _ lgyg 39W + ag)\l/ _ ag)\u
Am 2 oz OzH ozv )’
Raﬁw Faﬁv,u - Faﬁu,u - Farwrﬁﬁu + Fawrﬁﬁu .
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Table A: Fundamental constants and other useful quantities used in this book, in cgs units.

Newton’s constant G | 6.674x 1078 gnslz

speed of light c |2.998 x 1010 %

Planck’s constant h |6.626 x 10727 cm? gs=ergs
reduced Planck’s constant h | 1.055x 10727 cm? gs=ergs
Planck’s length I, |1.616 x 10733 cm
Boltzmann’s constant k., | 1.381 x 10716 CSIgQKg = %
electric charge of the electron e |1.602x1071° C

electron mass me | 9.109 x 10728 ¢

proton mass my | 1.673 x 1072 ¢

neutron mass my | 1.675 x 10724 g

mass of the Sun My | 1.989 x 1033 g

radius of the Sun R | 6.960 x 101 cm

mass of the Earth Mg | 5.972 x 10" g

equatorial radius of the Earth | Rg | 6.378 x 108 cm

light year ly |9.461 x 107 cm

parsec pc | 3.086 x 10'®  cm




CHAPTER 1

Introduction

The General Theory of Relativity (or “General Relativity” for short) is the theory of grav-
ity formulated by Albert Einstein in 1915. It is based on two fundamental principles: the
Equivalence Principle of gravitation and inertia, which establishes a relation, central to the
theory, between the gravitational field and the geometry of the spacetime, and the Principle
of General Covariance, according to which the laws of physics have the same form in any
reference frame. General Relativity has changed dramatically our understanding of space,
time, and gravity. In this book we shall investigate its fascinating and far-reaching predic-
tions, such as the existence of black holes, and the emission of gravitational waves in the
most violent and energetic phenomena occurring in our universe, as the collision of black
holes and of neutron stars.

The language of General Relativity is that of differential geometry. There is no way to
understand Einstein’s theory of gravity without mastering the concept of manifold, or of
tensor field. Therefore, we shall dedicate a few chapters to the mathematical tools that are
essential to describe the theory and its physical consequences. This first chapter, however,
will be a pedagogical introduction aimed at answering the following questions:

1. Why did Newtonian theory become inappropriate to describe the gravitational field?

2. Why do we need to introduce geometrical objects, like the metric tensor or the
Christoffel symbols, to describe the gravitational field; and what is the role of the
Equivalence Principle in this new geometrical framework?

In the next chapters we shall rigorously define manifolds, vectors, tensors, and then,
after introducing the principle of general covariance, we will formulate Einstein’s equations.
But first of all, since as anticipated there exists a relation between the gravitational field
and the spacetime geometry, let us introduce non-Euclidean geometries, which are in some
sense the precursors of General Relativity.

1.1 NON-EUCLIDEAN GEOMETRIES

In the pre-relativistic years, the arena of all physical theories was the flat space of Euclidean
geometry, which is based on the five Euclid’s postulates. Among them, the fifth postulate
had been the object of a millenary dispute: for over two thousand years mathematicians
tried to show, without succeeding, that the fifth postulate is a consequence of the other four.
The fifth postulate states the following: Consider two straight lines and a third straight line
crossing the two. If the sum of the two internal angles (see Fig. 1.1) is smaller than 180°,
the two lines will meet at some point on the side of the internal angles.

The problem was solved independently by three eminent scientists, Gauss (1824, Ger-
many), Bolyai (1832, Hungary), and Lobachevski (1826, Russia), who discovered a geometry

1
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a+f <180 °

Figure 1.1: Geometrical illustration of Euclid’s fifth postulate.

that satisfies all Euclid’s postulates except the fifth (for a more detailed historic account,
see Weinberg’s book [117]). The analytic representation of this geometry was discovered by
Felix Klein in 1870. He found that a point in this geometry can be represented by a pair of

real numbers, x = (z!,z?), with

x-x= (') + (%) <1, (1.1)
and the distance d(x, y) between two points  and y is defined as

l—-z-y
Vi-z-z/T-y-y

where L has the dimensions of a length. This space is infinite, because d(x,y) — oo as
|z| — 1 or |y| — 1. The logical independence of Euclid’s fifth postulate was thus established.
As we shall see shortly, this geometry describes a two-dimensional space of constant negative
curvature.

In 1827 Gauss, in his Disquisitiones generales circa superficies curvas, distinguished for
the first time the inner, or intrinsic, properties of a surface from the outer, or extrinsic,
properties: the former can be measured by an observer belonging to the surface; the latter
arise from embedding the surface in a higher-dimensional space. Gauss realized that the
fundamental inner property is the distance between two points, defined as the length of the
shortest path between them on the surface.

For example, a cylinder has the same inner properties as a plane. The reason is that
it can be obtained by a flat piece of paper suitably rolled, without distorting its metric
relations, i.e., without stretching or tearing. This means that the distance between any two
points on the surface is the same as it was in the original piece of paper, and parallel lines
remain parallel. Thus the intrinsic geometry of a cylinder is flat. This is not true in the case
of a sphere, since a sphere cannot be mapped onto a plane without distortions: the inner
properties of a sphere are different from those of a plane. It is noteworthy that the intrinsic
geometry of a surface only involves relations between points on the surface itself.

On the other hand, since a cylinder is “round” in one direction, we think of it as a
curved surface. This is due to the fact that we consider the cylinder as a two-dimensional
surface in a three-dimensional space, and we intuitively compare lines on the surface with
straight lines in the flat three-dimensional space. Thus, the extrinsic curvature relies on the
notion of a higher-dimensional space. In the following, we shall mostly be concerned with
the intrinsic properties of curved spaces. Indeed, we shall see that the spacetime of General
Relativity has the intrinsic geometry of a curved space, but without an extrinsic geometry,
because there is no higher-dimensional space in which it is embedded.

d(x,y) = Lcosh™! , (1.2)
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The distance between two points can be defined in a variety of ways, and consequently we
can construct different metric spaces (as we shall discuss in the next chapter, a metric space
is a space endowed with a notion of length). Following Gauss’ original idea, we shall select
those metric spaces for which, given any sufficiently small region of space, it is possible to
choose — in the case of a two-dimensional space — a system of coordinates (¢!, £2) such that
the distance® between two neighbouring points, p= (£1,£2) and p’ = (& + d¢t, €2 + d€?),
satisfies Pythagoras’ law

2 (dgh)? + (d€?)?. (13)

If the space has n dimensions, the coordinates are (£!,...,£"), and the distance between p
and p’ is ds? = (d€')? + -+ + (d€™)2. These spaces are called locally Euclidean spaces and
the coordinates {¢'};—; ,, are called locally Euclidean coordinates.

The possibility of setting up a locally Euclidean coordinate system is a local property,
which deals only with the inner metric relations for infinitesimal neighbourhoods. Thus,
unless the space is globally Euclidean, the coordinates (¢!, ¢2) have only a local meaning.
Let us now consider some other coordinate system (z!, 22); how do we express the distance
between two neighbouring points in this new system? If we explicitly evaluate d¢' and d¢?
in terms of the new coordinates, we obtain

=t et - det= gild + gg dz?, (1.4)
€2 :§2(Jc1,x2) N g2 = gfjd . gde 2

and therefore

ds® = [(gi)Q + (gii)j (dx')? +

(gf;)Q + (Zﬁ)j (dz?)? (1.5)

¢t o€t €2 €2 1. 9
+ QKaxl) <ax2 YA
2 2

= gui(dz')? + goo(dz?)? + 2g10datda® = ZZgijd:Eidxj = gl-jdxidxj .
i=1 j=1

In the last term of the above equation, we have adopted Einstein’s convention for the
sum (i.e., a sum over repeated indices is left implicit), and we have defined the following

quantities:
_ (06 (051N, (0 (o
w=(5) () + (5as) (5) =12 0

In other words, we have introduced a metric tensor? g;;, which is an object that allows us
to compute the distance in any coordinate system. Thus, the notion of metric associated to
a space emerges in a natural way from the change of the coordinate system. From Eq. 1.6
it follows that g;; is a symmetric tensor, i.e., g;; = g;;. The discussion above can be easily
generalized to a space of arbitrary dimensions.

IThroughout this book, with “distance between two points” we will always refer to points that are
infinitely close, unless otherwise specified.
2We shall define tensors in a rigorous way in Chapter 2.
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~

How to compute g;;: an example

Given a two-dimensional, locally Euclidean coordinate system (£1,£2), let us introduce
polar coordinates (! = 7,22 = 6) such that &' = rcos@ and ¢? = rsinf. Then

de¢l = cos Odr — rsindé
d€? = sin @dr + r cos 0d6 (1.7)

and
ds? = (d¢1)? + (d€?)? = dr® + r?db? . (1.8)

In this case, the components of metric tensor read

g1 =1, goo =17, g2 =921 = 0. (1.9)

1.1.1 The metric tensor in different coordinate frames

We shall now see how the metric tensor transforms under an arbitrary coordinate transfor-
mation. Let us assume that g;; is given in terms of the coordinates (z*,z?). In the previous
section we have shown that, for example, the component g7 is defined as (see Eq. 1.6)

e\ | [9e\®
== — 1.10
g11 < 8901) + 9l ) (1.10)
where (£1,€2) are the coordinates of the locally Euclidean reference frame. If we now
change from (z',22) to a new reference frame (x',2?), where 2! = z!'(2',2?) and

/ .
22 = 2%(2',2?), the metric tensor becomes

oL \® 92\
g = <8x1’> +(8x1/>

_ (agl oxl  oe! 33:2)2 (agz ozl o¢? a;:;?)z

Ozl Ozt ' 922 dzV Ozt 0zY ' 022 OzV

[Nt ree\?| ot \? NN (92\?] [ 022 \?
B [(w) *(w) ] (m«) i (w) *(w) (M)
5 <8§1 oet o¢? 6£2> (63:1 8352)

Oz 922 02! 922 ) \ 9zl 92V
dxt \? ox2\? Ozt 0z?
= g1 Dl + 922 Dl + 2912 92 el )

In general, using a compact notation we can write

+

ozF ot

913 = Ikl g7 it (1.11)

As discussed more rigorously in the next chapter, this is how a tensor transforms under
an arbitrary coordinate transformation. Eq. 1.11 can be generalized to a space of arbitrary
dimensions.

In conclusion, given a locally Euclidean space and an arbitrary reference frame, the
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knowledge of g;; allows us to compute the distance between any two points, i.e., the funda-
mental intrinsic property of the space.

1.1.2 The Gaussian curvature

In the case of two-dimensional spaces, Gauss showed that it is possible to define a scalar
function which depends on the inner properties of the space. This function is called, after
him, the Gaussian curvature

1 9?12 %911 0%gao
1.2
= — 2 — —
k(z",2%) 2g [ 0xl0z?  Pg2? 81/12}
922 9911 23!]12 B 0922 _ dg11 2
4g2 ox! 0x2  Ox! Ox?
912 [( 9911 9922\ 9 9911 0922 i 23912 ~ Ogn 23912 092
492 |\ Ox! Ox? Ox? Ot ozt 0x? or?  Ox!
9 0922 28912 _ dg11 _ Jga2 ? (1.12)
492 0x? oxl 0Oz ozt
where g is the determinant of the two-dimensional metric g;;
9= 911922 — Gia - (1.13)

The Gaussian curvature is an invariant, i.e., its value at a given point is independent of the
particular choice of the coordinate system: if we choose a different coordinate system, the
components of the metric tensor g;; and the functional dependence on the coordinates of k
will change, but the value of k£ at that point will remain the same.

For example, given a spherical surface of radius L, in polar coordinates (6, ¢) the distance
between two close points is ds? = L2df? + L?sin? 8dp?, and the components of the metric
tensor are gy, = L?, gop = L?sin®#, gi1o = 0. Its Gaussian curvature is

1

k:ﬁ,

(1.14)
i.e., a spherical surface has a constant, positive curvature.

For the Gauss-Bolyai-Lobachewski geometry introduced above, whose metric tensor com-
ponents are

_ L2 [1 _ (x2)2] _ L2 [1 _ (xl)Q} _ LQl‘le
S B R O & A TR C o L
(1.15)
the Gaussian curvature is .
k= 1z (1.16)

i.e., this geometry has a constant, negative curvature. It is also important to stress that
k = 0 if and only if the space is flat.

1.1.3 Pseudo-Euclidean geometries and spacetime

In the previous sections, following Gauss we have selected a class of two-dimensional spaces
where, in the neighbourhood of any point, it is possible to set up a coordinate system (£, £2)
such that the distance between two close points is given by Pythagoras’ law. Then, we have
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defined the metric tensor g;;, which allows us to compute the distance between points in an
arbitrary coordinate system, and we have derived the law according to which g¢;; transforms
when changing coordinates. Finally, we have seen that there exists a scalar quantity, the
Gaussian curvature, which describes the inner properties of the space: it is a function of g;;
and of its first and second derivatives, and is invariant under coordinate transformations.

These results can be extended to an arbitrary D-dimensional space. In particular the
space of General Relativity is a four-dimensional space, called the spacetime, such that in
the neighbourhoods of any point it is possible to set up a coordinate system {£"},—o, . 3 3
such that the distance between two close points is locally prescribed by Special Relativity
(see the detailed discussion in Sec. 1.3)

0% = —(dE%)? + (de")? + (d&%)? + (de®)?. (1.17)

The coordinates {*} are called locally Minkowskian coordinates. Such a spacetime is called
locally pseudo-Euclidean, since the only (albeit crucial) difference from a D = 4 Euclidean
space is the sign of the first term in the above equation. As known from Special Relativity,
this accounts for giving a causal structure to the spacetime. While the metric tensor of a
four-dimensional Euclidean space in locally Euclidean coordinates is simply g,, = 0., =
diag(1,1,1,1), where 4, is Kronecker’s delta, from Eq. 1.17 we see that Minkowski’s metric
tensor in the locally Minkowskian coordinates {£#} reads

9w = My = diag(—1,1,1,1) . (1.18)

Henceforth, 7,, will denote the metric tensor of the flat, Minkowski spacetime in the
Minkowskian coordinates {£#}.

To describe the inner properties of a four-dimensional space we need more than one scalar
function. Indeed, since g,, is symmetric, it has 10 independent components. In addition,
we can make a coordinate transformation, and impose 4 functional relations among them.
Therefore, the number of independent functions that describe the inner properties of the
spacetime is N = 6. If D = 2, as we have seen, N = 1 and the Gaussian curvature 1.12 is
sufficient to describe the geometry.

1.2 NEWTONIAN THEORY AND ITS SHORTCOMINGS

In this section we shall discuss why the Newtonian theory of gravity became inappropri-
ate to correctly describe the gravitational field. Newton’s theory was published in 1685 in
the Philosophiae Naturalis Principia Mathematica, which contains an incredible variety of
fundamental results and, among them, the cornerstones of classical physics:

e Newton’s law
F =ma, (1.19)

which gives the acceleration a of a point particle with inertial mass my, given a force
F' acting on it;
e Newton’s law of gravitation
FG =magg, (1.20)

describing the gravitational force acting on a point particle with gravitational mass
ma; the gravitational acceleration,

G Mai(r —ri)
lr—rif®

, (1.21)

3Recall that Greek indices run from 0 to 3.
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depends on the position of the particle with respect to the other masses, Mq;, that
generate the field. The gravitational acceleration (and hence the force) decreases as
the inverse square of the distance, g ~ 1/72.

The two laws combined together clearly show that a body falls in a gravitational field with

acceleration given by
a= (mG) g. (1.22)
mi

If mg /myg is a constant independent of the body, then the acceleration is the same for every
infalling body, and independent of their mass. Galileo had already experimentally discovered
this law, and Newton himself tested the Equivalence Principle between the gravitational and
the inertial mass, by studying the motion of several pendulums of different composition and
equal length, finding no difference in their oscillation periods. The validity of the Equivalence
Principle was the core of Newton’s arguments for the universality of his law of gravitation;
indeed, after describing his experiments with different pendulums in the Principia he writes:

But, without all doubt, the nature of gravity towards the planets is the same as towards
the Earth.

Since then, several experiments confirmed this crucial result. Among them, in 1889
Eotvos’ experiment established the equality of gravitational and inertial mass with the
accuracy of 1 part in 10%; subsequently Dicke’s experiment (1964, 1 part in 1011), Braginsky’s
(1972, 1 part in 10'2), and more recently the Lunar-Laser Ranging experiment (1 part in
10'3) have confirmed the Equivalence Principle with increasing accuracy (for a detailed
account, see Clifford Will’s review [119]). As of 2020, the most stringent constraint comes
from the MICROSCOPE satellite mission, which reached the outstanding accuracy of 1
part in 10*® [20]. Thus, all experiments up to date confirm the Principle of Equivalence of
gravitational and inertial mass.

Before describing why at a certain point the Newtonian theory fails to be a satisfactory
description of gravity, let us briefly recall the reasons of its great success, that remained
untouched for more than 200 years. In the Principia, Newton formulated the universal
law of gravitation, developed the theory of lunar motion and tides and that of planetary
motion around the Sun which, at those times, were the most elegant descriptions of these
phenomena.

After Newton’s outstanding accomplishment, the law of gravitation was used to inves-
tigate in more detail the solar system; its application to the study of the perturbations
of Uranus’ orbit around the Sun led, in 1846, J.C. Adams (England) and U. Le Verrier
(France) to predict the existence of a new planet which was named Neptune. A few years
later, the discovery of Neptune was a triumph of Newton’s theory of gravitation.

However, already in 1845 Le Verrier had observed anomalies in the motion of Mercury.
He found that the perihelion precession of 35 arcsec per century exceeded the value due to
the perturbation introduced by the other planets as predicted by Newton’s theory. In 1882,
Newcomb confirmed this discrepancy, updating Mercury’s perihelion precession to its actual
value, roughly 43 arcsec per century larger than the Newtonian value. In order to explain
this effect, scientists developed models that predicted the existence of some interplanetary
matter, and in 1896 Seelinger showed that an ellipsoidal distribution of matter surrounding
the Sun could explain the observed precession. In 1859, Le Verrier attempted to use the same
logic as for the prediction of Neptune and postulated the existence of a new hypothetical
planet, dubbed Vulcan, in an orbit between Mercury and the Sun. We know today that these
models were wrong, and that the reason for the exceedingly high precession of Mercury’s
perihelion has a relativistic origin 4. In any event, we can say that the Newtonian theory of

41t is amusing to note that Vulcan is one of the first examples of dark matter, namely some hypothetical
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gravity worked remarkably well to explain planetary motion, but already in 1845 the fact
that something did not work perfectly had some experimental evidence.

Let us turn now to a more philosophical problem of the theory. The equations of New-
tonian mechanics are invariant under Galileo’s transformations:

' = Mz +vt+xg, (1.23)
t = t+T, (1.24)

where v is the relative velocity of the two frames, xg is the initial distance between the
two origins, T is a constant, and M is the orthogonal, constant matrix expressing how the
second frame is rotated with respect to the first. For a generic rotation around the z, y,
and z axes (in this order),

cosf —sinf 0O cose 0 sing 1 0 0
M= | sinf cosf 0 0 1 0 0 cos¢ —sin¢ |, (1.25)
0 0 1 —sing 0 cosp 0 sin¢ cos(

where (¢, ¢, 0) are the three Euler angles. The ten parameters (3 Euler angles, plus 3 com-
ponents of v and of &g, plus the time shift 7) identify the ten-dimensional Galileo group.

The invariance of Newton’s equations of motion with respect to Galileo’s transformations
implies the existence of inertial frames, where the laws of Mechanics hold in their standard
form (i.e., Egs. 1.19, 1.20). What then determines which frames are inertial? According to
Newton there exists an absolute space, as the result of the famous experiment of the rotating
vessel would show °: inertial frames are those in uniform relative motion with respect to the
absolute space. However, this idea was rejected by Leibniz who claimed that there is no
philosophical need for such a notion, and the debate on this issue continued during the next
centuries. One of the major opponents to the concept of absolute space was Mach, who
argued that if the masses in the entire universe rigidly rotate with respect to the vessel, the
water surface will bend in exactly the same way as when the vessel rotates with respect to
them. This is because the inertia is a measure of the gravitational interaction between a
body and the matter content of the rest of the Universe.

The problems just described (the discrepancy in the advance of Mercury’s perihelion
and the postulated absolute space) were however only small clouds: the Newtonian theory
remained the theory of gravity until the end of the 19th century. The big storm approached
when Maxwell developed the theory of electrodynamics in 1864. Maxwell’s equations es-
tablish that the velocity of light is a universal constant. It was soon understood that these
equations are not invariant under Galileo’s transformations; indeed, according to Eqs 1.23
and 1.24, if the velocity of light is ¢ in a given coordinate frame, it would have a different
value in another frame moving with respect to the first with assigned velocity v. To justify
this discrepancy, Maxwell formulated the hypothesis that light does not really propagate

matter distribution that is postulated in order to reconcile observations with the known laws of gravity.
While this approach had worked for Neptune, the existence of Vulcan turned out to be wrong. In modern
terms, we might say that Mercury’s anomalous precession was a hint of new physics. An analogous debate
still exists nowadays in cosmology. In the standard paradigm, in order to reconcile cosmological observations
at various scales with Einstein’s theory, one has to invoke the existence of a dominant component of dark
matter and dark energy in the universe, but there exist also attempts to explain cosmological observations
in terms of corrections to General Relativity.

5In this experiment, a vessel is filled with water and rotates with a given angular velocity about the
symmetry axis. After some time the surface of the water assumes the typical shape of a paraboloid, being in
equilibrium under the action of the gravity force, the centrifugal force, and the fluid forces. At the beginning,
when the vessel moves with respect to the water, the surface of the water is still flat; it is only when the
water moves together with the vessel that it assumes the paraboloid shape. This shows that the surface of
the water is not affected by its relative motion with respect to the vessel: the shape changes only when the
water moves with respect to the absolute space.
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in vacuum: electromagnetic waves are carried by a medium, the luminiferous ether, and
the equations are invariant only with respect to a set of Galilean inertial frames that are
at rest with respect to the ether. However in 1887 Michelson and Morley showed that the
velocity of light is the same, within 5km/s (today the accuracy is of about 107!2 km/s [61]),
along the direction of the Earth orbital motion, and transverse to it. How can this result
be justified? One possibility was that the Earth is at rest with respect to the ether; but
this hypothesis was totally unsatisfactory, since it would have been a coming back to an
antropocentric picture of the world (moreover, it would contradict the observations of the
aberration of light from stars). Another possibility was that the ether simply does not exist,
and one has to accept the fact that the speed of light is the same in all directions, and
whatever the velocity of the source is. If this was the case, one had to find the coordinate
transformation with respect to which Maxwell’s equations are invariant. The problem was
solved by Einstein in 1905 with the formulation of the Special Theory of Relativity. He
showed that Galileo’s transformations have to be replaced by the Lorentz transformations

¥ = L7, (1.26)
where

LOO:"{7 Loj :LJOZ%U‘]7 Llj :5Zj+7pyv2 ’Ul’l)j7 i,jzl,...,37 (127)

vy=1/4/1- Z—;, and v' are the components of the relative velocity of the two frames (boost).

A precise definition of covariant (lower) and contravariant (upper) indices will be provided
in the next chapter.

As it was immediately realized, however, while Maxwell’s equations are invariant with
respect to Lorentz’s transformations, Newton’s equations are not. Consequently, one had to
face a new problem: how to modify the equations of mechanics and gravity in such a way
that they become invariant with respect to Lorentz’s transformations? It is at this point
that Einstein made his fundamental observation.

1.3 THE ROLE OF THE EQUIVALENCE PRINCIPLE

Let us consider a non-relativistic particle moving in a constant and uniform gravitational
field g. Note that constant means that g does not change with time, and uniform means
that it is the same at each space point. Let F' be the vector sum of other forces acting on
the particle. According to Newtonian mechanics, the equation of motion reads
d*x
m—s =m F. 1.28
1 g2 cg+ (1.28)
Let us now jump on an elevator which is freely falling in the same gravitational field, i.e.,
let us make the following coordinate transformation,

1
' =x— igtz, t'=t. (1.29)

In this new frame Eq. 1.28 becomes

d*z’
my [dtz + g] =mgg+ F. (1.30)
Since by the Equivalence Principle m; = mg, and since this is true for any particle, this
equation reduces to

d*z’

my
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Let us compare Eq. 1.28 and Eq. 1.31. It is clear that an observer O’ who is in the elevator,
i.e., in free fall in the gravitational field, sees the same laws of physics as the initial observer
O, but (s)he does not feel the gravitational field. This follows from the (experimentally
tested) equivalence between inertial and gravitational mass. It is important to note that
since the ratio between mqg and my is the same for all bodies, the coordinate transformation
1.29, which allows to eliminate the effects of gravity in the freely falling frame, is valid for
all bodies independently of their mass and composition. Consider now a particle at rest
in this frame and no force F' acting on it. Under this assumption, Eq. 1.31 shows that
the particle remains at rest forever. Therefore the frame which is in free fall in a constant
and uniform gravitational field is an inertial frame. This would not be true if g were not
constant, since additional terms depending on the derivatives of g would appear in Eq. 1.30.
In addition, would g not be uniform, the coordinate transformation 1.29 would be different
in different space points. However, we can always take an interval of time so short, and a
region of space so small, that g can be considered constant and uniform; in this case the
freely falling reference frame defined by the coordinate transformation 1.29 will be called
locally inertial frame (henceforth LIF), where “locally” means that, although it can be
set up at any given spacetime point, it holds only in a small neighbourhood of that point.
As we shall later discuss, locally inertial frames play an important role in the development
of the theory of gravity.

Gravity is distinguished from all other forces because in a gravitational field, all bodies,
given the same initial velocity, follow the same trajectory, regardless of their internal com-
position. This is not the case, for example, for electromagnetic forces which act on charged
particles but not on neutral bodies; moreover, the trajectories of charged particles depend
on their charge-to-mass ratio, which is not the same for all of them. Similarly, other forces,
like the strong and weak interactions, affect different particles in a different way. It is this
distinctive feature that makes it possible to describe the effects of gravity in terms of curved
geometry, as we shall see in the next chapters.

We are now in a position to state the Principle of Equivalence, of which there are (at
least) two formulations:

e The strong Principle of Equivalence: In an arbitrary gravitational field, at any
given spacetime point, it is possible to choose a locally inertial reference frame such
that, in a sufficiently small region surrounding that point, all laws of physics take the
same form as they would take in absence of gravity, namely the form prescribed by
Special Relativity.

e The weak Principle of Equivalence: A weaker version of the principle states the
same as above, but it refers only to the laws of motion of freely falling bodies, rather
than to all laws of physics.

Thus, the strong (weak) version of the Equivalence Principle states that in a locally inertial
frame all laws of physics (the laws of motion) must coincide, locally, with those of Special
Relativity. In particular, Special Relativity is constructed axiomatically upon the experi-
mentally verified assumption that the speed of light is the same in every reference frame.
This assumption has remarkable consequences, such as the relativity of simultaneity and
the emergence of spacetime as a single entity. An event in spacetime is identified by the
coordinates {£#} = (ct, z,y, z), where ¢ is the speed of light, and in going from one inertial
frame to another these coordinates change according to the Lorentz transformations. As a
consequence the following quantity, known as Minkowski’s line element,

ds® = —?dt* + da® + dy* + dz* = —(d€°)? + (d€1)? + (d€?)? + (d€?)? = m,dErde” , (1.32)

is invariant under Lorentz’s transformations and, as such, is interpreted as the distance
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between two (infinitely) close events. Thus, according to the Equivalence Principle, this
must be true also in a LIF and, in this frame, the distance between two close points (events)
must coincide with the Minkowski expression above.

This statement, which - we stress it again - follows from the Equivalence Principle,
resembles very much the axiom that Gauss chose as a basis for non-Euclidean geometries,
namely that at any given point in space, there exists a locally Euclidean reference frame
such that, in a sufficiently small region surrounding that point, the distance between two
points is given by Pythagoras’ law. In our case this can be reformulated as follows: at any
given spacetime point, there exists a locally Minkowskian reference frame such that, in a
sufficiently small spacetime region surrounding that point, the distance between two points
s given by the Minkowski line element 1.32.

1.4 GEODESIC EQUATIONS AS A CONSEQUENCE OF THE EQUIVALENCE
PRINCIPLE

Let us start exploring what are the consequences of the Equivalence Principle. We wish to
find the equations of motion of a particle moving under the sole action of a gravitational
field, when this motion is observed in an arbitrary reference frame.

We start by analysing the motion in a LIF, the one in free fall with the particle, and let
{€"}, p=0,...,3 be the coordinates of the LIF. According to the Equivalence Principle,
in this frame the distance between two neighbouring points is

ds? = —(d€°)? + (d€')? + (d€?)? + (d€®)? = n,detde”, (1.33)
and the equations of motion are those prescribed by Special Relativity, i.e.,

d2§a
7 =0, (1.34)

where 7/c is the particle proper time. We remark that, as discussed in Sec. 1.3, a LIF is
defined in a sufficiently small region around a given spacetime point p. This means that
Eq. 1.34 holds exactly only in p, whereas in a point p’#p it holds with corrections of the
order of the distance between p’ and p.

We now change to a frame where the coordinates are labeled 2 = z%(£7), i.e., we assign
a transformation law which allows to express the new coordinates as functions of the old
ones%. In the new frame the distance between two neighbouring points is

o0& s
2 _ " v o__ yT %
ds® = naﬁiaxu dx v dz” = g datda” (1.35)
where we have defined the metric tensor g, as
o0&~ 9¢B
v= a3 B - 1.
I P (1.36)

This formula is the four-dimensional generalization of Eq. 1.6, derived in Sec. 1.1 for two-
dimensional spaces. In the new frame the particle equation of motion 1.34 becomes (see the
detailed calculations in Box 1-B)

d?x” n ox™ 9%¢> dzt dz”\ 0 (1.37)
dr? OEX dxHdzv dr dr ' '
SIn the following chapter we shall clarify and introduce rigorously all concepts that we are now using,
such us metric tensor, coordinate transformations, etc.
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If we now define the following quantities

o™ 82£>\
e — — 1.
w = PEN droe (1.38)
Eq. 1.37 can be written as
Az dxt dzx¥
— & — =0. 1.
dr? Wodr dr 0 (1.39)

The I'}}, defined in Eq. 1.38 are called Christoffel’s symbols, the properties of which will be
discussed in Chapter 3. Eq. 1.39 is the geodesic equation, i.e., the equation of motion of
a freely falling particle when observed in an arbitrary coordinate frame.

Let us analyse this equation in more detail. We have seen that according to the Equiva-
lence Principle if we choose a locally inertial frame the particle equation of motion reduces
to that of a free particle, Eq. 1.34. If we change the frame the particle will feel the gravita-
tional field, as well as all apparent forces, like centrifugal, Coriolis’, and dragging forces. In
the new frame the geodesic equation becomes Eq. 1.39 and therefore the term

1%
e (1.40)

T dr
includes the gravitational force per unit mass acting on the particle, plus the additional
apparent accelerations. Thus, in Newtonian mechanics the term 1.40 is g, which is the gra-
dient of the gravitational potential, plus the apparent accelerations. Note that the Christoffel
symbols I'}},, defined in Eq. 1.38 are constructed from the second derivatives of {* with re-
spect to the new coordinates z*. This suggests that, since the metric tensor 1.36 contains
the first derivatives of £%, I'*,,,, should involve first derivatives of g,,. In Chapter 3 we
will show explicitly that this is the case, and we will derive the important relation between

Christoffel’s symbols and the metric tensor, which we here anticipate

o lgya (89;,“] + 8gAV agz\u) . (141>

L) oz oxi OV

Thus, in analogy with Newtonian theory, we might consider Christoffel’s symbols as the
generalization of the Newtonian gravitational field, and the metric tensor as the generaliza-
tion of the Newtonian gravitational potential. Their role emerges in a natural way from the
FEquivalence Principle.

This interpretation is based on a physical analogy, namely on the comparison of Eq. 1.39,
which describes the motion of freely falling bodies in an arbitrary frame, with the Newtonian
equation of motion.

In addition, the metric tensor g, is also a geometrical entity since, through the notion
of distance, it characterizes the spacetime geometry. This double role, physical and geomet-
rical, of the metric tensor is a direct consequence of the Principle of Equivalence, a point
that one could hardly overstress.
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Given the equation of motion of a free particle in a LIF with coordinates {{*}, pu =
0,...,3

d2 a
& 0,
dr?
let us make a coordinate transformation to an arbitrary frame {z“}, a =0,...,3
dge  0€* dx”
X — (Y — —_ = .
S dr  9x7 dr

Thus, d?¢%/dr? = 0 can be written as

4 (O AT\ 0| e o et
dr \ 0z dr ) dr2? Oz = 0xBOxY dr dr

Multiplying the above equation by ‘3%2 and reminding that

06" 927 _ 9z7 _ o,
P e

where 67 = diag(1,1,1,1) is the Kronecker symbol (65 = 1if ¢ = v and 67 = 0
otherwise), we find

dzx'yég dx° 9™ daPf dav

dr2 7 + ot 0xBoxY dr dr

Finally, the above equation can be written as

PPz [0x° 9%6™ 7 daf da”
dr dr 7’

dr? DX DxP oz

which is Eq. 1.37.

1.5 LOCALLY INERTIAL FRAMES

Let us consider a reference frame with coordinates {z#} (1 =0, ..., 3); we shall now show
that if we know the metric tensor g,, and the Christoffel symbols I'}, (i.e., g, and its
first derivatives) at a point p with coordinates z# = X*, we can always determine the
coordinates of a locally inertial frame {£%(z*)} in the neighbourhood of p in the following
way.
Multiply T, given in Eq. 1.38 by 25
ply I'V, g qa Y 5o

0 L\ _ 0 oxr e, 0% 9P

Bx L = Gun 9ga Daronr 0% gungnr — dwron (1.42)

ie.,
o%¢b o¢s
& _ irku. (1.43)
dxrdzv Oz M
This is a differential equation for £7, and we shall solve it by a series expansion about p;
for brevity, we shall indicate any function of the coordinates f(z,...,2?%) as f(z), and, in
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p. any f(X°,...,X?) as f(X):

s X
e = @@+ (50w -x
B x
+ %[agxﬂ ) )y (@ = XY (3" = X¥) + ..., (1.44)
&) =a’ +05(a* = X + %bf Do),y (@ = XM (@ = X¥) + .., (1.45)

where, to simplify the notation, we have introduced

S md b= [0 0],

=X
In addition, by Eq. 1.36 we know that g, = %i%inw, which, evaluated in X, gives
_ . 0g(x), 0¢(x) _ B
gIJ«V(X) - naB al’“ |1:X ax,, |$:X - na,@bubu . (146>

This equation allows us to compute the coefficients bﬁ.

Thus, given g, and I'j, at a given point X, we can determine the coordinates of the
locally inertial frame in the neighbourhood of X, to order |z — X |? by using Eq. 1.45. This
equation defines the {£*}, but its solution is not unique. Indeed, Eq. 1.46 has ten indepen-
dent components (those of the symmetric 4 x 4 matrix g,,,,) and sixteen unknowns bﬁ, which
are then determined modulo six free independent parameters. With the four constants a*,
the general solution for the coordinates of the locally inertial frame depends on ten free
parameters. This ambiguity corresponds to the freedom to make an inhomogeneous Lorentz
transformation, under which the new frame is still locally inertial: a four-dimensional trans-
lation (four degrees of freedom) and a Lorentz transformation (six degrees of freedom, see
Box 1-C).
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The degrees of freedom of Lorentz’s transformations

Given a locally inertial frame {£“}, where
ds® = N dgHdg” (1.47)

let us consider the Lorentz transformation
£ =L",8", (1.48)

where (assuming as usual that Greek indices run from 0 to 3 and Latin indices run
from 1 to 3)

i i i y—1 VY5 v}

The distance can now be written as

ds® = Napde“dE’ = nap 25:, ggf, derdg”’ . (1.50)
Since deo /
oe L6 =L, (1.51)
it follows that
ds® = nagL® L7 ,deM dg”’ . (1.52)
Since L, is a Lorentz transformation,
Nas L wLP vy = Nrr (1.53)

consequently the new frame is still a locally inertial frame, and
d32 = nu/y/dg'u/dgyl . (154)

We note that Eq. 1.53 has ten independent components (those of a symmetric 4 x 4
matrix), therefore it determines the sixteen unknown L%, modulo six free independent
parameters: these are the six degrees of freedom of Lorentz’s transformations, corre-
sponding to the three components of the velocity of the boost and to the three angles
of an arbitrary rotation.
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CHAPTER 2

Elements of differential
geometry

In Chapter 1 we have shown that the Principle of Equivalence allows us to establish a
relation between the metric tensor and the gravitational field. We have used the notions of
vectors and tensors, but we did not rigorously define these geometrical objects, nor did we
discuss whether we are entitled to use these notions. In this chapter we shall now define
the basic elements of differential geometry (vector, one-form, and tensor fields, coordinate
transformations, metric spaces, etc.) in a more rigorous way.

2.1 TOPOLOGICAL SPACES, MAPPING, MANIFOLDS

2.1.1 Topological spaces

In General Relativity we deal with topological spaces. The word topology has two distinct
meanings: local (in which we are mainly interested), and global, which involves the study
of the large-scale features of a space.

Before introducing the general definition of topological space, let us recall some prop-
erties of R™, which is a particular case of topological space; this will help us in the under-
standing of the general notion.

Given a point y = (y', 9%, ...,y™) € R, a neighbourhood of ¥ is the collection of points
x such that

lz -yl =

where r is a real number.

A set of points S C R"™ is open if every point x € S has a neighbourhood entirely
contained in S. This implies that an open set does not include the points on its boundary.
For instance, an open ball is an open set; a closed ball, defined by |z — y| < r, is not an
open set, because the points of the boundary, i.e. |z —y| = r, do not admit a neighbourhood
contained in the set.

Intuitively, this is a continuum space, i.e. there are points of R™ arbitrarily close to
any given point, and the line joining two points can be subdivided into arbitrarily many
pieces which also join points of R™. A non-continuous space is, for example, a lattice. A
formal characterization of a continuum space is the Hausdorff criterion: for any two points
of a continuum space which do not coincide, there exist two neighbourhoods which do not
intersect (see Fig. 2.1).
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1 2
— ) i
a b

Figure 2.1: Representation of Hausdorff’s criterion.

The open sets of R™ satisfy the following properties:
(1) if O and O4 are open sets, their intersection is also an open set;
(2) the union of any collection (possibly infinite in number) of open sets is open.

We have introduced these concepts (open sets, neighbourhood, continuum space, etc.) in
the space R™, but, as we are going to show, they can be extended to a general set, without
the need of using the properties of R™.

Let us consider a general set T, and a collection of subsets of T, say O={0;}, and call
them open sets, such that T itself and the empty set () belong to the collection. We say that
the pair (T,0), consisting of the set and the collection of subsets, is a topological space,
if it satisfies the properties (1) and (2) above. We remark that the set T can be any kind of
set; the only specification we give is the collection of subsets O, which are by definition the
open sets, and that satisfy the properties (1), (2). In particular, in a topological space the
notion of distance is a structure which has not been introduced: all definitions only require
the notion of open sets.

In a topological space T, a neighbourhood B(x) of a point x € T is an open set which
contains the point x, i.e. x € B(x) and B(x) € O. With these definitions, the Hausdorff
criterion (and thus the notion of continuum space) can be applied to a topological space:
the criterion is satisfied if V x,y € T such that x # y, there exist two neighbourhoods B(x),
B(y) which do not intersect.

2.1.2 Mapping

A map f from a space M to a space N is a rule which associates an element x of M to a
unique element y = f(x) of N (see Fig. 2.2). The spaces M and N need not to be different.
For example, the simplest maps are ordinary real-valued functions on R, such as:

y = 2°, z €R, yeR. (2.2)

In this case M and N coincide. It is also said that f maps a points x € M into a point
f(x) e N.

Surjective, injective, and bijective mappings

A map gives a unique f(x) for every x, but not necessarily a unique x for every f(x) (see,
e.g., Fig. 2.3). If f maps M into N, then for any set S in M we have an image in N, i.e. the
set T= f(S) of all points mapped by f from S into N. Conversely the set S is the inverse
image of T (Fig. 2.4)

S=f"YT).

The statement “f maps M into N” is indicated as

f:M—N.
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Figure 2.2: Mapping from M to N.

f(x) f(x)

/

X, X, X

Figure 2.3: A given value of f(x) may correspond either to different values (left panel) or to a
single value (right panel) of x.

In addition, f maps a particular element x € M into y € N; the mapping is indicated as

fix—=y. (2.3)

The image of a point x is f(x). We can introduce the following definitions:

If every point of N has an inverse image (but not necessarily a unique one), it is a
map from M onto N, and it is called a surjective map.

If, for any point of N which has an inverse image in M, the inverse image is unique,
the map is said to be injective.

A map of M into N, which is both surjective and injective, is called bijective, or a
one-to-one map.

If the map is one-to-one, every point of M corresponds to one and only one point of
N, and vice versa; therefore, bijective maps are invertible.

Inverse mapping is possible only in the case of one-to-one mapping. The inverse map
to f is indicated as f~1.
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T=1£(S)

Figure 2.4: Image and inverse image of a mapping.

f(q) f(p)

Figure 2.5: The sphere and its mapping to a disc.
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Example of a one-to-one mapping
Let N be the unit open disc in R2, i.e. the set of all points in R? such that the distance
from the center is less than unity, d(0,x) < 1. Let M be the surface of a hemisphere @
# < 5 belonging to the unit sphere. There exists a one-to-one mapping f from M to
N (see Fig. 2.5).

Composition of maps

Given two maps f: M — N and g : N — P, there exists a map g o f that maps M to P
gof:M—P. (2.4)

This means the following: take a point x € M and find the image f(x) € N, then use g to
map this point to a point g (f(x)) € P (Fig. 2.6).

=

M N P

Figure 2.6: Composition of maps.

‘

Example: composition of maps

firx—y y=a3 4
gy z z =1y
gof:xmz 2z ="

Continuous mapping

Given two topological spaces M and N, a map f : M — N is continuous at x € M if any
open set of N containing f(x) contains the image of an open set of M.
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Figure 2.7: Continuous function.

This definition is related to the familiar notion of continuous functions. Suppose that f
is a real-valued function of one real variable, i.e. f is a map of R to R

f:R—=R. (2.5)

In the elementary calculus f is said to be continuous at a point z if, for every € > 0, there
exists a 6 > 0 for which

Vz such that |z — x| < 0, |f(z) = f(zo)| <€ (2.6)

(see Fig. 2.7). This definition can be translated in terms of open sets. We see from Fig. 2.7
that any open set containing f(x¢), i.e. |f(x) — f(x0)| < € (for any €), contains an image
of an open set of M. This is true at least in the domain of definition of f. This definition is
more general than that of continuous functions, because it is based on the notion of open
sets, and not on the notion of distance.

2.1.3 Manifolds and differentiable manifolds

A manifold M is a topological space, which satisfies the Hausdorff criterion, and such that
each point of M has an open neighbourhood which has a continuous one-to-one map to an
open set of R™, where n is the dimension of the manifold.

In this definition we have used the concepts previously defined: the space must be topo-
logical, continuous, and we want to associate an n-tuple of real numbers, i.e. a set of coor-
dinates, to each point. For example, when we consider the diagram in Fig. 2.8, we are just
using the notion of manifold: we take a point p, and map it to the point (z1,y;) € R?, and
this operation can be done for any open neighbourhood of p. It should be stressed that the
definition of manifold involves open sets and not the whole M and R", because we do not
want to restrict the global topology of M. Moreover, at this stage we only require the map
to be one-to-one. We have not yet introduced any geometrical notion such as length, angles,
etc.
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Figure 2.8: A coordinate frame in R

Coordinate systems and coordinate transformations

A coordinate system, or coordinate frame or chart, is a pair consisting of an open set of
M and its map to an open set of R™. The open set does not necessarily include all M; thus
there will be other open sets with the associated maps, and each point of M must lie in at
least one of such open sets.

Let U and V be two overlapping open sets of M with two distinct maps into R™. The
overlap UUV is open (since it is the intersection of two open sets), and is given two different
coordinate systems by the two maps. Thus, there must exist some relation between these
maps, which we want to find.

As shown in the lower panel of Fig. 2.9, pick a point (z!,...,2") in the image of the
overlapping region belonging to f(U). The map f has an inverse f~! which brings to the
point p of UUV. Then, use the map ¢ to go from p to its image belonging to g(V), i.e. to
the point (y!,...,y") in R™,

gof 1:R" - R"™ (2.7

The result of this operation is a functional relation between the two sets of coordinates,
called coordinate transformation between the two charts:

yt =yt ... 2")
(2.8)

Yyt =y (2t 2.

If the partial derivatives of order < k of all the functions {y’} with respect to all {z'}
exist and are continuous, then the charts (U, f) and (V,g) are said to be C*-related. If it
is possible to construct a system of charts such that each point of M belongs at least to
one of the open sets, and every chart is C* related to every other one it overlaps with, then
the manifold is said to be a C* manifold. If k¥ > 1, the manifold is called differentiable.

The notion of differentiable manifold is crucial, because it allows to add “structure” to
the manifold, i.e. to define vectors, tensors, differential forms, Lie derivatives, etc. In order
to complete the definition of coordinate transformation we still need to clarify the following.
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1

g gtV)

Figure 2.9: Two overlapping open sets of a manifold, with different maps f, g into R™ (upper panel).
Transformation between two coordinate systems (lower panel).
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Let us write Egs. 2.8 in the form

y' = fi(at, ... 2", i=1,...,n, (2.9)

where f? are C*-differentiable. Let J be the Jacobian of the transformation

aft  aft aft

8%; Bacg o Oan

a(fl fn) gfl ng Coe gf

e T T ™
J=00 2 = det . 2.10
a(xt,. . an) s (2.10)

a)}n 6# o aj'm

ozt 0z2 ot 9z

If J is non-zero at some point p, then the inverse function theorem ensures that the map f
is one-to-one in some neighbourhood of p. If J is zero in p the transformation is singular.

Since a coordinate transformation must be one-to-one in its domain, J must not vanish
in this domain.

Figure 2.10: Two-sphere as a manifold.
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Example: the two-sphere as a manifold

Consider the two-sphere S2%. It is defined as the set of all points in R® such that
22 +y? + 2% = const (see Fig. 2.10). Suppose that we want to map the whole sphere to
R? by using a single chart, for example using spherical coordinates 6 = !, and ¢ = x2.
The sphere will be mapped onto the rectangle 0 < ' <7, 0 < 22 < 27.

However, this is not a one-to-one mapping, and, strictly speaking, it is not even a
mapping! Indeed, every point of the sphere should correspond to one and only one

point of R™, while the north pole 8 = 0 is mapped to the entire line

' =0, 0<a2?<2r. (2.11)
In addition all points of the semicircle ¢ = 0 are mapped in two places

z? =0, and  x?=2r. (2.12)
®
The only way to avoid these problems and have a well-defined (and one-to-one) mapping
is to restrict the map to open regions (indeed, the definition of a manifold requires the
maps to be defined between open sets):

O<az'<m O<a?<2r. (2.13)

The two poles and the semicircle ¢ = 0 are left out. We may consider a second map,
again in spherical coordinates but “rotated” in such a way that the line ¢ = 0 coincides
with the equator of the old system. Then, every point of the sphere would be covered
by one of the two charts, and the coordinate transformation for the overlapping region
(which is simply a rotation) can be found. It is interesting to note that these mappings
do not preserve angles and lengths. The two-sphere is an example of manifold that
cannot be covered by a single chart, i.e. by a single coordinate frame, which is the
reason why a globe cannot be mapped entirely into a two-dimensional map.

2.1.4 Diffeomorphisms

Given a differentiable manifold M, let us consider an invertible (one-to-one) mapping of M,
or more generally of an open set U C M, into itself:

v: U—-U
p—p =Y(p). (2.14)

In a coordinate frame U — R", it defines n real functions of (an open set of) R™:
i 2’ =pi(a’) e R (2.15)

If these are differentiable functions, the mapping ¥ is called a diffeomorphism.

Note that Eq. 2.15 is formally similar to a coordinate transformation, z* — z%, but its
meaning is very different: in a coordinate transformation the chart changes, but the point
p on the manifold remains the same, while in a diffeomorphism the chart is the same, but
the point p on the manifold is mapped to a different point p’ (see Fig. 2.11). As we shall
discuss in Chapter 8, diffeomorphisms are very important in General Relativity, since they
are associated to spacetime symmetries.
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Figure 2.11: In the top panel we show a coordinate transformation: z and z’ describe the same
point p of the manifold in two different charts. In the bottom panel we show a diffeomorphism: x
and z’ describe different points p, p’ of the manifold, in the same chart.

2.2 VECTORS

2.2.1 The traditional definition of a vector

Let us consider an n-dimensional manifold, and a generic coordinate transformation
v

o =a"(29), ij=1,...,n. (2.16)

A contravariant vector . .
V=0 {V'}tiz=1,m, (2.17)

where the symbol —( indicates that V has components {V?} with respect to a given
frame O, can be defined as a collection of n numbers which transform under the coordinate
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transformation (2.16) as follows:

Vil = 02" i 2 92y (2.18)

Jj=1,....,n

Notice that, in writing the last term, we have used Einstein’s convention. Vi are the com-
ponents of the vector in the new frame. If we now define the n X n matrix

oz ozt
Oxl Ox2
, . .
(A ) = . . R I (2.19)
az™ ™
Oxl Ox2

the transformation law can be written in the general form
Vi =AYV (2.20)

In addition, covariant vectors are defined as objects that transform according to the follow-
ing rule ‘
J )
Ay = %Aj =Ny A, (2.21)
where A7, is the inverse matrix of Ai/j (see Box 2-D).

This definition of a vector relies on the choice of a coordinate system. However, we know
that in R™ a vector can be defined as an oriented segment joining two points, without in-
troducing a coordinate frame. We shall now show that in a general manifold it is possible
to define a vector as a geometrical object, i.e. one which exists regardless of the coordi-
nate system. Of course, once a coordinate system is given we can associate to a vector its
components with respect to that system and, if the frame changes, the vector components
transform as in Eq. 2.18. However, the vector itself — as a geometrical object — does not
change.

‘

The matrices A’; and Ai,j

’

Given a coordinate transformation z* = z* (27), or the inverse x/ = z?(z"), ¢,j =
1,...,n, the matrices

i/ axl
A= D07 (2.22)
and B
i x*
A pv (2.23) o
are the inverse of each other. Indeed
./ oz’ dzF ot y
AV AR = = =4, 2.24
R oxk Oz’ Ox7' J ( )

Note that, when we write A”; or A’j/, the first index (i.e. the one on the left) always
refers to the row of the matrix, the second to the column.
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A comment on notation

Here and in the following, we shall use indices with and without primes to refer to
different coordinate frames. Strictly speaking, Eq. 2.16 should be written as

v

o =2 (eh),  j=1,...,n, (2.25) &

because the coordinate with (say) i’ = 1 belongs to the new frame, and is then different
from the coordinate with j = 1, belonging to the old frame. However, for brevity of
notation, we will omit the primes in the coordinates, keeping only the primes in the
indices, as in Eq. 2.16.

2.2.2 A geometrical definition

In order to define vectors as geometrical objects, we need to go by steps: firstly we shall
introduce the notions of paths and curves to define the tangent vector to a curve at a given
point p. Then we shall introduce the directional derivative along a curve in p, which will
be shown to be in a one-to-one correspondence with the vector tangent to the same curve
at the same point. This will allow us to give a definition of vectors that is independent of
the coordinate system.

Paths and curves

A path C is a connected sequence of points in a manifold. An example of a path is shown
in Fig. 2.12.

Figure 2.12: Path on a manifold.

A curve is a mapping from an interval I = [a,b] C R to a path in a manifold,
v : s€la,b—v(s)eCc M. (2.26)

Thus, a curve v associates a real number to each point of the path. We say that the curve
is a parametrization of the path C, and the variable s € [a,b] is called parameter of the
curve. The path is then the image of the real interval I in the manifold.
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Figure 2.13: Different parametrizations of the same path.

Given a coordinate system (!, ..., 2™) defined in the open set of the manifold containing
the path, we can express the curve v as a set of n real functions (z!(s),...,2"(s))
v s € a,b] s (2'(s),2%(s),...,2"(s)). (2.27)

We say that the curve is C* if the n functions are C*.
If we do a reparametrization s’ = s'(s), the number associated to a given point of the
path changes, i.e. the curve changes (see Fig. 2.13); therefore we get

7 s e a ] (@ (s(5), 22 (5(5)s . 2" (s()) = (2 (), 22(S), o ()
(2.28)

1 are new functions of s’. This is a new curve, although the path is the same.

where 21, z/?

M A

Example: paths and curves

The trajectory of a bullet shot by a gun in the three-dimensional space is a path; when
we associate the parameter ¢ (time) at each point of the trajectory, we define a curve; 9P
if we change the parameter, for instance we choose the curvilinear abscissa, we define
a new curve.

Tangent vector to a curve

Let us consider a regular (i.e., C1) curve 7 on a differentiable manifold M, with parameter

A, and a point p belonging to the curve. Given a coordinate system (z?,...,2"), as shown
in Eq. 2.27 we can express the curve as a set of n real, C! functions (z1(\),...,2"(\)) (see
Fig. 2.14).
The set of numbers {%7 ey %} are the components of the tangent vector to «y in
p: .
— dx’
V —o { } . (2.29)
dA i=1 n

One must be careful not to confuse the curve with the path. In fact a path has, at any
given point, an infinite number of tangent vectors, all parallel, but with different lengths,
corresponding to the different possible parametrizations of the path. A curve, instead, has
a unique tangent vector in any given point. Note that there are paths that are tangent to
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R

Figure 2.14: Curve on a manifold expressed as n real functions.

X(s)

Figure 2.15: Different curves having the same tangent vector.
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one another in p (see Fig. 2.15); we can choose suitable parametrizations of the paths such
that the resulting curves have the same tangent vector in p.

Let us now consider a different coordinate system (mll, e ,x"/). Since M is a differen-
tiable manifold, the functions (mll(xl, ez z" (x,...,2")) are regular and invert-
ible in their domain. The components of the tangent vector in the new coordinate frame
become ) L 4

Vi/ _ dx’ _ 8377'- % _ 7/di]

dA ox7 dA TdX

where AY ; are the components of the matrix associated to the coordinate transformation
defined in Eq. 2.19. As expected, Eq. 2.30 is the same transformation given in Eq. 2.20,

which was used to define contravariant vectors in Sec. 2.2.1:

(2.30)

Vi = AV (2.31)

The definition 2.29 of vector tangent to a curve in a given point still depends on the choice
of the coordinate system. In order to show that vectors are geometrical objects, i.e. objects
that do not depend on the coordinate frame, we need to define the directional derivatives
along a curve.

Directional derivatives along a curve

Let us consider a regular curve v on a differentiable manifold M, with parameter A, and a
point p belonging to the curve. Let U be a neighbourhood of p. Let us also consider a real,
differentiable function ® defined in U

d : U—R. (2.32)
Given a coordinate system (z!,...,2"), we can express ® as a function on R", & =
(xl,... 2"), and the curve v as a set of n real, C! functions (z'()),...,z"(}\)).

We define the directional derivative of ® in p along the curve 7 as the real number

d® 0P dz

d\x  O0x' d\ (2.33)
Since the function ® is totally arbitrary, we can rewrite this expression as

d dzt 0

- - = 2.34

d\  d\ dxt’ (2.34)

where % is the directional derivative operator in p, acting on the space of the C'* functions
in U:
— : CY(U) - R. (2.35)

We have just found an important result: Eq. 2.34 establishes a one-to-one relation between

the directional derivative % along a curve in p, and the components of the tangent vector

to the same curve in p, %.

. . . . ’ ’ . .

Let us consider a different coordinate frame defined in U, (z',...,2™ ). As discussed in
. . . / /

the previous section, the functions (z! (z!,...,2"),..., 2" (z!,...,2")) are regular and

invertible in their domain. Then we can write

00 da” (00 a7\ (Oa dat) 0@ dat  d® (2.36)
dx? d\x  \ 9xI dxV Axk dx | 9xF dN T d\’ '



Elements of differential geometry B 33

Therefore the directional derivative of a function does not depend on the choice of the
coordinate system, i.e. the directional derivative operator is a geometrical object.
We shall now show that the space of directional derivatives along a curve on a differen-
tiable manifold satisfies the axiomatic definition of vector spaces, which is the following '.
A wector space is a set V' on which two operations are defined:

1. Vector sum
(U,0) = v+ (2.37)

2. Multiplication by a real number:
(a,0) — a¥ (2.38)

where U,w € V, a € R, which satisfy the following properties:
o Associativity and commutativity of vector sum

T+ (W+a) = (T+d)+ad (2.39)
+

T+d = @+7, VO, a€V. (2.40)

Ezistence of a zero vector, i.e. of an element 0 € V such that

T+0=7 VieV. (2.41)

Existence of the opposite element: for any W € V there exists an element ¥ € V such
that
v4+w=0. (2.42)

Associativity and distributivity of multiplication by real numbers:

a(bv) = (ab)¥
a(+w) = atv+add (2.43)
(a+b)¥ = a¥+b0 VoeV ,Va,beR.

Finally, the real number 1 must act as an identity on vectors:

15 =7 V. (2.44)

Let us now go back to directional derivatives, and consider two curves on a differentiable
manifold M passing through the same point p, with parameters A and u, respectively. Given
the coordinate system (z!,...,2"), the curves are described by the functions z* = x%(\)

and 2* = 2%(u). The directional derivatives in p along these curves are

i_dxii i_d:z:i 0
d\  d\ Oxt’ dp  dp 0xt’

(2.45)

Let a be a real number. We define the following two operations on the space of directional
derivatives along the curves passing through p.

1To be precise, what we are defining here is a real vector space, but we will omit this specification,
because in this book we will only deal with real vector spaces.
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o Sum of two directional derivatives

d d dzt  dzt 0
— 4 — = -, 2.4
" dp <d>\ + du> 02 (2.46)

The numbers (%\i + %i) are the components of a new vector, which is tangent to
some curve through p. Therefore, there must exist a curve with a parameter, say, s,
such that in p

dz? (dsr:i dz? ) d dxz* 0 d d
, and

= =—4+ —. 2.4
ds d)\+du + (2:47)

ds  ds 8zt d\ ' dp

o Multiplication of the directional derivative % by a real number a

d drt\ 0
dz’

The numbers (aﬁ> are the components of a new vector, which is tangent to some

curve in p. Therefore, there must exist a curve with parameter, say, s’, such that in p

dz’ dz’ d di' 9 d
s’ (“ d/\> o T us ety (2.49)

It is easy to verify that the operations of sum and multiplication by a real number defined
in Eqgs. 2.46 and 2.48, respectively, satisfy the properties required for a vector space. For
instance:

e Commutativity of the sum:

d o d dxi+dxi g dsci+dxi 8_i+i (2.50)
d\ dp \d\  du ) 0xt  \dp o d\ ) Oxt  du  d)\’ '
e Associativity of multiplication by real numbers:
d drt\ 0
(i) = (%) a)
da’ 0 dzt\ 0 d
= <a (b d)\>> Bt = (ab d)\> Erche (ab)a. (2.51)
e Distributivity of multiplication by real numbers:
i_ﬁ_i B drt 9 n de' 0\ ([ da' n drt\ 0
NaxTan) T “\anow Taqpar ) T \Yax T au ) ox
dzt\ 0 dzt\ 0 d d
= . - =q— —_—. 2.52
(ad)\>3x’+(ad,u)8xl “ (2:52)

The zero element is the vector tangent to the curve x* = const, i.e. the point p.

The opposite of the vector ¢ tangent to a given curve is obtained by changing sign to
the parameter
A= =\, (2.53)

The proof of the remaining properties is analogous. Therefore, the directional derivatives
along all the curves through a point p of a manifold form a wvector space. We call this
space the tangent space in p to the manifold M, and we shall denote it by Tp . The
directional derivative operator % € Tp is then a vector.
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A basis for the space of directional derivatives

In any coordinate system (x!,...,2™) there are special curves, the coordinate lines. Along
these lines one of the coordinates is taken as parameter, while the others are constant (think
for example to the grid of Cartesian coordinates). The directional derivatives along these

lines are i
d oz" 9 0 0
—_— = == . (2.54)
drt Ozt Oxk oxk  Oxt
Thus, the operator of directional derivative along the coordinate lines coincides with the
operator of partial derivative. Since, as shown in Eq. 2.34,

d_d:ri 0

N AN an (2.55)

the generic directional derivative % is a linear combination of the directional derivatives
along the coordinate lines, %; therefore, these form a basis of the tangent space Tp, which
is the coordinate basis associated with the coordinate system (z!,...,2"). The quantities

%j} are the components of the vector % in this basis.

Vectors as geometrical objects

As previously remarked, Eq. 2.34 establishes a one-to-one correspondence between the di-
rectional derivatives along the curves through p and the tangent vectors to the same curves
in p. Therefore, the tangent space Tp is also the space of the tangent vectors to the curves
in p. Since the directional derivative is independent of the choice of the coordinate system,
this correspondence shows that vectors are geometrical objects, i.e.

d

V=—. 2.56
Y (2.56)
In a coordinate system (z!,...,2™) we can express this vector in the corresponding coordi-
nate basis using Eq. 2.55:
o dzt 0 . 0
V=——=V"— 2.57
d\ Ozt ox? ( )

where V¢ = ‘fi—f\i are the components of V in the coordinate basis {aii }.

If we now apply %, ie. 17, to a generic function ® we find

dd - )
_ = @ = v
o V@)=V

0P

PR (2.58)

and this is the directional derivative of ® along V.

Thus, vectors map real, C' functions to real numbers.

Note that this mapping is linear; indeed, given a function ® = a®; + bPs, with &, P,
functions on an open set U of the manifold M, and a, b real numbers, from the linearity of
the partial differentiation operator and from Eq. 2.58 it follows

0D 0D, 00y o .
VioZ =aVio VIS = aV (@) + 0V (), (2.59)
i.e.
V(a®; 4 bDy) = aV (1) + bV (®y) VY, , &, functions on U, Va,beR. (2.60)

In conclusion, we have shown that a vector is a linear map which associates to any function
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Figure 2.16: Tangent space Tp to a manifold M.

O the real number V? gﬁ, In the rest of the book, we shall consider this as the definition of
a vector on a differentiable manifold.

It should be stressed that vectors do not belong to the manifold M: they belong to
the tangent space to M in p, namely Tp. If the manifold is R™ this distinction may be
overlooked, because the tangent space (at any point) coincides with R™, but for a general
manifold M the two spaces are different. Indeed, a generic manifold is not a vector space.
For example, if the manifold is a sphere, we can not define the vectors as “arrows” on the
sphere: they lie in the tangent space, which is the plane tangent to the sphere at a given
point. For more general manifolds it is not easy to visualize Tp . In any case Tp has the
same dimensions as the manifold M.

1
X X = const
Ao
o
X’= const
>
S

Figure 2.17: Coordinate basis of the tangent space.

We shall denote the vectors of the coordinate basis, associated with the coordinate
system {z'}, as

. 0

e(i) ) -

i’

(2.61)

see, e.g., Fig 2.17. Hereafter, we shall enclose within () the index that indicates the vector
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of a given basis, not to be confused with the index that indicates the components of the
vector. The only exception is the operator of partial derivative, %, for which we shall omit
the () around the index and the superscripted arrow, to follow the standard notation of
textbooks. For instance 6(12) indicates the component 1 of the basis vector €().

Any vector Aata point p can be expressed as a linear combination of the basis vectors
A=Ag,, ie. A—o{A} i=1,...,n (2.62)

where the numbers A° are the components of A with respect to the chosen basis O. If we

. . . ’ ’ ’
make a coordinate transformation, the new set of coordinates (x!,z? ... 2™ ) defines a

new coordinate basis O', {€;)} = {#} The vector A in the new basis is
A=Ay, ie A—o (A} (2.63)

where A7" are the components of A with respect to the new basis vectors €(;/). Since the

vector A is a geometrical object, i.e. it is independent on the coordinate frame, the following
equality must hold ‘ }
Aleyy = A" ey (2.64)

From Eq. 2.31 we know how to express A% as functions of the components of A in the old
basis, i.e. A® = A" ; A7, and replacing these expressions into Eq. 2.64 we find

Al = AV jATE (2.65)

where A¥ j= 883; . By relabeling the dummy indices this equation can be written as

) = A58 | 47 = 0. (2.66)

Since Eq. 2.66 must be satisfied for any non-vanishing vector ff, the term in square brakets
must vanish, i.e. y

Multiplying both members by A7), and remembering that A7 k,Ai/j = (5}:/ (see Eq. 2.24), we
find 4 o, 3
A]k/é'(j) = A A jg(i’) = (512/5(17) s (268)

i.e.

g(k/) = Ajk/g(j). (269)

It should be noted that we do not need to choose necessarily a coordinate basis. We may
choose a set of independent basis vectors that are not tangent to the coordinate lines. In
this case the matrix which transforms one basis to another has to be assigned, since it can
not be written in terms of partial derivatives of a coordinate transformation. This will be
further discussed in Sec. 3.10.
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Exercise

Let us consider the two-dimensional Euclidean space, where we choose a Cartesian coordinate

frame (z',2?), and let V be a vector at a point (1,1), whose components in this frame are

Vi =(1,2), i = 1,2. Given the coordinate transformation (z',2%) — (r,0)

1 __
{ = 1rcosf (2.70)

z2 =rsind,

with 2! = T, ¥ = 0, compute
e the new coordinate basis for vectors;
e the components of V in the same point, in the new frame.
The coordinate basis for vectors, {&;} = {%}, and the components of a vector, transform
according to Eq. 2.69 and Eq. 2.31, respectively, i.e.
g(k’) = Aikl(?(i) 5 and Vkl = AkliVi . (2.71)
Thus, we need to compute the matrices

ozF’
oxt "’

oz’

5‘221“/ ’

Aik/ = and Ak,i =

associated to the coordinate transformation 2.70. The matrix A%y, can easily be computed

Ay, = ( cosf —rsinf > . (2.72)

sinf)  rcos6

Remember that the first index (¢ in this case) indicates the row of the matrix, and the second
(k") indicates the column. Thus, using Eqgs. 2.71 and 2.72 the new basis vectors are

{é‘(l/) =&y = A’y €y = cos €y +sinb ) (2.73)

5(2/) = 5(9) = Aigl E(i) = —rsinf 5(1) + rcos @ 6(2) .

To compute Ak,i, needed to compute the components of V in the new frame, we can either
invert the coordinate transformation, i.e.

{ 2V =r=/(@)? + (a2)2

’ 2.74
2 = = arctan (2% /z'), (2.74)

azk,

ozt

AV, = < cos @ sin @ ) . (2.75)

—sinf/r cosf/r

and compute the derivatives or, we can directly compute the matrix inverse to 2.72. The

result is

Thus, the components of V in the new frame are

{ VY=V =AYV = AV V4 AV 5V = cos 6 + 2sin 6 (276)

V2 =Vl =AYV = A7V APV = L(—sinf + 2cos6).

T

The point (1,1) in the new coordinates is (v/2, 7/4); therefore in that point

v =",V = (g\@ %) .
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2.3  ONE-FORMS

2.3.1 One-forms as geometrical objects

A one-form is a linear, real-valued function of vectors:
V o= gv). (2.77)

This means that the one-form § at the point p associates to any vector V at P a real number,

—

which we call §(V').
Hereafter a tilde on the top shall indicate one-forms (or 1-forms), whereas an arrow
indicates vectors. Since one-forms are linear functions, then

G(aV +bW) = ag(V) + bg(W), (2.78)

for any pair of vectors ‘7, W, any pair of real numbers a, b, and any one-form §. We define
two operations on the space of one-forms:

e Sum: given two one-forms ¢, 5, we define the new one-form ¢ + & such that, for any
vector V,

— —

(G+3)(V)=qV)+a(V). (2.79)

e Multiplication by real numbers: given a one-form ¢ and a real number a, we define the
new one-form ag such that, for any vector V,

(ag)(V) = ag(V). (2.80)

These operations satisfy the properties 2.40-2.44, which define a vector space. For example:
e Commutativity of the sum. Given two one-forms ¢, 5, Eq. 2.79 shows that
(@+3)(V)=aV)+6(V)=5(V)+a(V) = (6 + @) (V); (2.81)
since this is true for any ‘7, it follows that 6 + ¢ =g+ &.

e Distributivity of the multiplication with real numbers. Given two one-forms ¢, 5 and
a real number a, Eq. 2.80 gives

@@+ (V) = a|@+3) (V)] = aa(V)+5(7)
= alg(P)] + al#(V)] = (ag) (V) + (a5)(V)
= [(ad) + (@) (V); (2.82)

since this is true for any V, it follows that a(G + &) = (aq) + (a5).

e Existence of the zero element. We define the one-form 0 such that, for any 177

0(V)=0. (2.83)

The other properties can be proved in a similar way. Therefore, one-forms form a vector
space, Tf,, which is called the dual vector space to Tp, or the cotangent space in p.

Tik) is the space of the maps (the one-forms) that associate to any given vector a number,
i.e. that map Tp on R.
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Basis one-forms

We define a basis for the one-forms, {Gj(i)}i:l,wm as follows: the basis one-form @ applied
toV gives as a result the i-th component of the vector, V'

V)=V, (2.84)

As for vector bases, the index (i) in parenthesis selects the i-th one-form of the basis. In
particular, if ©(¥) is applied to the basis vector €(j)» whose only non-vanishing component

is e{j) =1, from Eq. 2.84 we find

e (e = dt. (2.85)

In order to show that {@(i)}izlw,n is a basis of the space of one-forms, let us consider

an arbitrary one-form ¢ acting on an arbitrary vector V. By expressing V as a linear
combination of the basis vectors €(;y, and using the linearity of one-forms, we find

Q) = qviey) =Vige,) = (2.86)
= oW (V)iEy).

where the last equality follows from Eq. 2.84. This equation holds for any vector ‘7; therefore
we can write A

q=q(e)o\. (2.87)
Since §(€(;)) are real numbers, this equation shows that any one-form ¢ can be written

as a linear combination of the {(Z)U)}, ie. {dj(j)}j:l,_m is a basis for the one-forms. The
quantities

qj = 4(€)) (2.88)

i=q¢ o9, ie.  §—o{g}- (2.89)

We are now in a position to make clear which is the number resulting from the application
of the one-form ¢ to a vector V. Since V' = Vié’(l-), using Egs. 2.89 and 2.85 and the linearity
of one-forms, we find

Q(V) = q; @ (Viey) = ¢V @9(ey) = ¢; V'] = ¢;V7 . (2.90)

Due to the symmetry of the expression Q'(I?) =gqj V7 in the components of the one-form and

of the vector, it is also possible, given a vector ‘7, to define a map which associates to any
one-form ¢ a real number, which we call V(§), as follows

V(@) =q(V)=qV7, (2.91)

an equation which will be very useful in the next chapters. This is the reason why we call the
space TE the dual vector space to Tp. Similarly, the basis for the one-forms {(Z)(Z)}i:l,,”m
is called dual basis.

Transformation rules of one-forms

Let us consider an open set U of the manifold M, and choose a coordinate system {z'}.
We have seen that this defines a coordinate basis for vectors, {€;} = {%} and the
dual coordinate basis for one-forms {Q(i)}izl,_“7n. If we make a coordinate transformation
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2 = zF'(2%), the new coordinate basis vectors €,y are related to the old ones by (see
Eq. 2.69)
€y = Nuéi, (2.92)

k
where AF, = g;i/. Consequently

g = (€)= AN jéw) = A" G(Ew)) (2.93)
and, using Eq. 2.88, the components of § with respect to the new coordinate basis are
qjr = Akj/qk . (294)

By comparing this result with Eq. 2.21, we immediately recognize that this is the way
covariant vectors transform; thus covariant vectors are one-forms.

Let us now derive how the basis one-forms transform. Since a one-form is a geometric
object, it is independent of the coordinate system. Consequently

§=q; 89 = gy ") (2.95)
and, using Eq. 2.94, we find
oV = Npg o™, [Aeet) —aW]g =0. (2.96)

Since this equation must be satisfied for any non-vanishing one-form ¢, the term in square
brackets must vanish, i.e.

o0 = Aot (2.97)
The matrix A’y is the inverse of AF';, thus A¥ jA7; = 65, and AF jA%, = d5. Multiplying
both sides of Eq. 2.97 by AJ’; we find

A @ = A A %) = 67 o®), (2.98)

hence ) )
o) = AJ ; o) (2.99)

Note that the transformation matrix is the inverse of that used to transform the basis
vectors in Eq. 2.69.

Differentials as one-forms

The differential d® of a real function ® is the variation of the function in an unspecified

direction, at first order in the displacement. If we specify the direction as given by an

arbitrary vector V', we can explicitly compute the specific variation of the function, which

is a real number, i.e.?

; 0P
Oxd

This expression is linear in ‘7; thus, according to the definition 2.77, the differential of a

function ® is a one-form. The components of d® are

0P ; 0P 0P
g gn)=¢l —— — 5§ —
d®; = d(€(0) = e oxd 0 oxd — Oxt’

do(V) =V (2.100)

(2.101)

2Note that the right-hand side of Eq. 2.100 coincides with that of Eq. 2.58, i.e. with the directional
derivative of the function ® along V. However, while the directional derivative d/d\ maps C! functions to
R, the differential of a function d® maps vectors to R.
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Thus, the components of the one-form d® are the components of the gradient of the function.
Hereafter, we shall omit the superscripted tilde over the differential d® to follow the standard
notation of textbooks.

According to the definition, the differential of any coordinate z? is the one-form da’ such

that 9y
.o . Oxt
dz* =VI——
2'(V)=V D7

i.e. the one-form dx? associates to any vector V the component V. This is precisely the
definition of the one-forms of the coordinate basis given in Eq. 2.84, i.e. J)(Z)(V) =V
therefore, the differentials dz* are the coordinate basis one-forms:

=Vigi=V", (2.102)

o) = da?, (2.103)
whose components are
(B _ iz .\ _ si
w; = dz'( (j)) = 5]- . (2.104)
First-order displacement along a curve
Let us consider a manifold M with a coordinate system (z!,...,2") and a path joining

two nearby points p and p’. Let A be a parameter chosen on the path and {z*(\)} and
{x*(X + AN)} the coordinates of the two points. The coordinate separation between p and
p’ can be expanded in A\ as follows

B da’

F(A+AN) 2’ (V) = TEAN+ O(ANY) = da’ + O(ANY) (i=1,....,n),  (2105)

where )
_dzt
Cd\
are the components of a vector 5}, which is the first-order displacement between p and p’.
Note that the vector 6z does not depend on the parametrization of the path joining the two
points. If the terms O(AA?) can be neglected, Sz is the infinitesimal displacement from p
to p’. If we apply the basis one-forms dz* to 5_:'3, we get

o’ AN (2.106)

dz'(61) = 62 ; (2.107)

thus, the basis one-forms dx’ can be considered as the components of the infinitesimal dis-
placement along a generic direction.
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’m A

Exercise: Lorentz’s transformations and one-forms

Let us consider the four-dimensional flat spacetime of Special Relativity, restricted to

the (x — y) plane, where we choose the coordinates (ct,z,y) = (2°, 21, 2%). Let us
consider a Lorentz boost in the x direction
o _ 0 _ vz'
0 =y (x” -
gl =~ (2! — @ (2.108)
22 = g2

where v = 1/4/1 — v2/¢? is the Lorentz factor and v the velocity of the boost. Compute
the coordinate basis for one-forms and the components of a generic one-form ¢ in the
new frame.

The coordinate basis for one-forms, {&(®} = {d2z*}, transforms according to Eq. 2.99

@) = A oW | (2.109)

whereas the components of ¢ transform according to Eq. 2.94

Q=N qa - (2.110)
The matrices A » and A%, associated to the coordinate transformation 2.108 are ®
) 9z ~ —vyuv/c 0
AY = il Bt v/c ¥ 01, (2.111)
r 0 0 1
and
- v e 0
AYy = = yfe vy 0 |. (2.112)
t 0 0 1

Thus, the new basis one-forms are

G0 =AY, oW = 450 — w5
1) = AV, o) = —2250) 4 40 (2.113)
o) — A2’H o = 5@

and the new components of ¢ are

qo = A0qa =790 + 1
q = A1qa = g0+ 1 (2.114)
qor = AN%iqa = q2 .

2.3.2  Vector fields and one-form fields

Vectors and one-forms are defined at a point p of the manifold, and belong to the vector
spaces Tp and Tf), respectively, which also are defined in p; to make this explicit, we could
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denote a vector in p as Vp, a one-form in p as gp, but we shall often leave the point implicit
in order to simplify the notation. We shall now define wvector fields and one-form fields.
Given an open set S of a differentiable manifold M, we define the vector spaces

pES
Tg= (J Tp,
peS

i.e., the union of the tangent spaces in the points p €S, and the union of the cotangent
spaces in the points p € S. A vector field V' is a mapping

V:S — TS

p — V

which associates to every point p €S, a vector Vp defined on the tangent space in p, Tp.
A one-form field ¢ is a mapping

Gg:S — T*S
p = (jp
which associates to every point p €S, a one-form ¢, defined on the cotangent space in p,
Tp. If a coordinate system (a chart) {z'} is defined on S, we can indicate the vector field

and the one-form field as V (z), §(z), respectively.
In the following, we will mainly consider vector fields and one-form fields; however, for
brevity of notation, we will usually refer to them as vectors and one-forms.
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Summary on vectors and one-forms

e Vectors are linear, real-valued functions of one-forms: a vector 1% maps a generic
one-form ¢ to the real number V(§)

VT (2.115)

—
q

V(3).

e One-forms are linear, real valued functions of vectors: a one-form ¢ maps a generic

—

vector V to the real number §(V) = V()
i:Tp — R (2.116)
V o= gv).
e The number §(V) = V(§) is given by

—

i) =V(@) =V'a, (2.117)
where V' and ¢; are the components of V and q with respect to a chosen basis.

Vectors and one-forms are “attached” to the point p, since they belong to the tangent
space Tp and to the cotangent space T, to the manifold M in p.

Coordinate basis for vectors and one-forms

Given a coordinate system (z!,...,z™) the coordinate basis for vectors is the set of n
vectors tangent to the coordinate lines
9 : 2\
Z .1 = i 5
{€n} = {&Ui} ; where € = ((’W) =0]. (2.118)

The dual coordinate basis for the one-forms is the set of n one-forms
(@D} ={dz'},  where W\’ =(da'); = 6. (2.119)
The two coordinate bases are related by the following equation

L:,(i)(é'(j)) = é’(j)(@(i)) = 4L, (2.120)

J

Components of vectors and one-forms
Given the coordinate bases {€(; } and {@@} for vectors and one-forms, respectively,

any vector V and any one-form § can be written as

V=Vvig, ad j=¢a?, i=1,..n, (2.121)
where
Vi=a®(1V) =V (@W)
ai = q4(€(y) = €4 (Q) - (2.122)

®
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Transformation rules for vectors and one-forms
Given the coordinate transformation z* = z%(z7"), or its inverse z7 = 27’ (%), 4, =
1,...,n, the components of vectors and one-forms transform as follows
Vi=At, VI’ = A g
P and =R (2.123)
VIi=AN VY, a =Ny ¢,
®
where A%, = 57‘”; ,and AJ'; = 22 is the inverse matrix of A’;.. The basis vectors and
the basis one-forms transform as
g =A". . o@ = At., oU")
AU and 0 (2.124)
e(j,):Aj/e(i), w' zAjiw .

2.4 TENSORS

2.4.1 Geometrical definition of a tensor

The following definition of a tensor is a generalization of the definition of vectors and one-
forms. Let us consider a point p of an n-dimensional manifold M.
A tensor of type (11\\[7/) in p is a linear, real valued function, which associates to N
one-forms and N’ vectors a real number. The sum of N and N’ is called rank of the tensor.
For example if F is a (3) tensor this means that

e

F(q,5,V,W) (2.125)

is a real number, which we will specify in the following, and the linearity implies that
Va,beR,

F(aj+b3,5,V,W) = aF(§,5,V,W)+bF(§,5,V,W) (2.126)
and . o o L
F(q,g,aVi + bV, W) = aF(q,3,V1,W) + bF(q,g, V2, W) (2.127)

and similarly for the other arguments. This definition of tensors is rather abstract, but we
shall see how to make it concrete with specific examples. We remark that the order in which
the arguments appear is important; actually, this is true for any function of real variables:
for example, if f(x,y) = 42® + 5y, then f(1,5) # f(5,1). In the same way

F(q.g,V.W)# F(3,4,V,W).
Given a coordinate system (:rl, ...,x"), we can define the components of a (]J\\,[, )—tensor,
generalizing the definitions of components of vectors and one-forms given in Egs. 2.122:
they are the real numbers obtained by applying the tensor to the one-forms and to the
vectors of the coordinate basis:
ThiN =T(@,. ., 0 &5y, 8w - (2.128)

Judne
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Examples of tensors

e A (9) tensor is a function that takes a vector as argument, and returns a number.
This is precisely what one-forms do: a ({) tensor is a one-form,

qV) =gV, (2.129)

e A (}) tensor is a function that takes a one-form as argument, and returns a
number. This is what vectors do: a () tensor is a vector,

V() =qV'. (2.130)
e A (9) tensor is a function that takes 2 vectors as arguments and returns a number,
V.W - F(V,W)eR. (2.131)

As shown by Eq. 2.128, the components of the tensor F' are
Fij = F(€4), €)) - (2.132)

Since there are n basis vectors, the quantities F;; are the components of an n x n
real matrix. Using the linearity properties of tenbors we find that given two
arbitrary vectors A and B,

F(A,B) = F(A%¢,,B¢;) = A'B'F(€y),¢) = F,;A'B’. (2.133)

Thus, F;;A'B7 is the real number which results from the application of the (9)
tensor F to any pair of vectors A and B.

Basis of the tensor space
The coordinate basis {w(?)} for (9) tensors can be constructed as follows. We want to
write the tensor as a linear combination of the basis elements, i.e.

F = Flyw®0), (2.134)

where Fj; are the components of the tensor defined in Eq. 2.132. If we apply F to any two
vectors A and E, Eq. 2.134 gives

F(A, B) = Fj;w W) (4, B). (2.135)

-,

On the other hand, from Eq. 2.133 we know that F(fi é) = F;;A'B7, and since A" = o (A)
and B = o) (B) (see Eq. 2.122), we get

-,

F(4,B) = F,jo" (A)aV)(B). (2.136)

By equating Eq. 2.135 and Eq. 2.136 we find

-,

w4, B) = (A)o)(B), (2.137)
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and this equation holds for any pair of vectors. We now define w(¥0U) as the “outer product”,
indicated with the symbol ®, of the two basis one-forms, i.e.

wW) = 50 g 5 (2.138)

This equation means that when we apply w(®U) to the vectors A and ]§, we get as a result
a number which is the product of two numbers: the first is given by the first one-form, &%),
applied to the ﬁrst vector, A the second is given by the second one-form () ; applied to the
second vector, B as in Eq. 2.137. It should be stressed that the order of A and B cannot

be changed, i.e. L L
w0 (A B) # o@D(B)oW (A). (2.139)

Thus, the basis for () tensors is given by the outer product of the basis one-forms, and
any (9) tensor F can be expanded as

F = F;;0o» ool (2.140)

Following the same procedure we can construct the basis for any type of tensor. For example,
it is easy to show that the basis for a (2) tensor is

e(i)(j) = €0 @ €) - (2.141)

Indeed, given a (2) tensor -
T = T”e“-)(j) s (2.142)

whose components are (see Eq. 2.128)
T =T, W), (2.143)
when applied to any pair of one-forms & and &, it gives
T(6,6) =T e ;) (@ 5); (2.144)
on the other hand, we know that
T(&,6) = T(0", 0;09)) = a0, T(@D, 09)) = ;0,7 (2.145)

where we have used the linearity of tensors with respect to their arguments. According to
Eq. 2.122, a; = €(;(a) and o; = €(;)(7), and Eq. 2.145 becomes

T(a,6) = TV &u)(a)e;) (), (2.146)
which, compared to Eq. 2.144, shows that
e(i)(j) (@, 6) = €u)(a)e(;)(5) ; (2.147)

this equation holds for any pair of one-forms. This allows us to write the basis for ()
tensors as the outer product of the basis vectors as in Eq. 2.141, and consequently

T=T"¢; ®é;)- (2.148)

Exercise

Prove that the (1) tensor V ®6 has components Vi, and find the basis for (1) tensors.
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Transformation rules for tensors

We shall now find the transformation rules for tensor components and tensor bases, under
a coordinate transformation z* = z'(2’ ). Let us start with a (J) tensor

F=F;oWgal. 2.149
J

If we change coordinates, we shall have a new set of coordinate basis one-forms {&()} which
are related to the old ones by the equations

oD = A0  GUD) = AT e® (2.150)

In the new basis the tensor is ) )
F=Fu ;o ool (2.151)

By equating Eqgs. 2.149 and 2.151 we find
Fy o™ @ o) = F;0® @ oW . (2.152)

By replacing @@ and @) using the first of Eqs. 2.150

Fyr o) @ 00 = Fy Ao @ M@l = FiyAy N o) @ ol (2.153)
from which it follows 3 ) ,
o Ox" 0x?
= AN, = 2 T
Fyj =FijA'y N j = F 927 5l (2.154)
In a similar way, by using the transformation rules for vector bases
g(z) = Aj i g(j’) N é'(j/) - Aij/ g(z) (2155)
it is easy to show that » L,
T =TYA" N, (2.156)
and y L
T/L j’ == leAl ZAJJ/ . (2157)
In general, for ( 5 ) tensors
TZNNJ'1~--J';W = A" NN AT .AJ’N’j;wT“"'ile,,_jN, . (2.158)

The following point should be stressed: the notion of tensor that we have introduced is
independent of which coordinates, i.e. of which coordinate basis, we use. Indeed, the num-
ber that a ( JJ\Y,) tensor associates to N one-forms and N’ vectors does not depend on the
particular basis we choose. This is the reason why, for example, we can equate Egs. 2.149
and 2.151. Therefore, like vectors and one-forms, also tensors are geometrical objects.

3Note that this is the same transformation law for (g) tensors given in Eq. 1.11.
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Definition of tensors from their transformation properties

Given a set of quantities T“mmjleN/

. . !
general coordinate transformation z* — ! (mk ) they transform as

(with all indexes running from 1 to n), if for a

. .

TN g = A A AT AN TR (2.159)
(see Eq. 2.158), they are the components of a (]]v\’,) tensor
T =T, @i ® - ® &y @GV @ - @@Un). (2.160)

Indeed, replacing the transformation rules of basis vectors and one-forms (Egs. 2.69,
2.99) and Eq. 2.159 in Eq. 2.160, the latter becomes

T Tl/lwlgvj;mj;\,, Elip) ® - @8 ) ® U ... @ U (2.161)
where we have used the inverse matrix relation, Eq. 2.24. Therefore T in different
coordinate frames has the same form (Egs. 2.160 and 2.161), and the applications from
N one-forms and N’ vectors to R are the same.

In some textbooks, tensors are defined from the transformation property of their com-
ponents, Eq. 2.159. In the case of vectors (i.e. (}) tensors) this is the “traditional
definition” we discussed in Sec. 2.2.1.

Operations with tensors
The following operations with tensors are defined.
o Multiplication by a real number

Given a tensor T of type ( 4/ ) and a real number a, the quantity
W = aT (2.162)
is a tensor of the same type, with components

W =al™; . (2.163)

e Sum of tensors

Given two tensors T', G of the same type (3 ) the quantity
W=T+G (2.164)
is a tensor of the same type, with components
Whe =T +G"; . (2.165)
e Quter product
Given two tensors T', G of types (%i ) and (%Z ), respectively, the quantity

W=TgG (2.166)
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. ) N1+N, . .
is a tensor of type ( NI+N, ), with components

Wik =TGRy (2.167)
For instance, if both T, G are of type (9),

Wijki = TG - (2.168)

o Contraction

Given a tensor T of type (&), with components {7%%/¥ . 1 in a given frame,

N-1
N’'—1

summing over one contravariant (i.e. upper) and one covariant (i.e. lower) index of T,
ie.

we define a new tensor W of type ( ), the components of which are obtained by

Jn—1 Jnt1-- wdn—1 k Bt wJn—1 k Brti...

=1 Tmeg e cim—1 K img1.. _ rpeeim—1 K g1
it =N qreimr Eima = it Fimn . (2.169)
k

This operation is called contraction.

For instance, if T is of type (%) and we choose to contract the first contravariant
index with the second covariant index

Wy =T =T gy + T g + T 3 + .. (2.170)
and W is a (}) tensor.

The operations we have defined are called tensor operations, and equations involving
tensor operations are tensor equations.

Since a tensor W has been defined as an application from vectors and one-forms to R, it
is defined on the product of a certain number of copies of the tangent and of the cotangent
spaces in a point p, Tp, Tf,, called tensor space

N N’

TV =Tp® - @Tp @ Tp @ @ T} . (2.171)

It is possible to show that the operations of sum and multiplication by a real number
defined above satisfy the properties 2.40-2.44; therefore the tensor space is also a vector
space. Finally, we can define tensor fields as follows. Given an open set SCM., a tensor field
is a mapping

) NN’

p — Wp,
where TgN, = UpeS TgN,, which associates to every point p € S, a tensor W, defined on
the tensor space in p, TPNN/

2.4.2 Symmetries of a tensor

A (9) tensor F is symmetric if

F(A,B)=F(B,A) VA B. (2.172)
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As a consequence of Eq. 2.133 we see that if the tensor is symmetric

F;A'B’ = F;;B" A7, (2.173)
and, by relabeling the indices on the right-hand side

F”AlBJ FﬂBjAZ (2.174)

i.e.

;= Fy. (2.175)

Thus, if a (§) tensor is symmetric the matrix representing its components is symmetric.
Given any ( ) tensor F' we can always construct from it a symmetric tensor F®

FOA B) = %[F(ﬁ, B) + F(B, A)). (2.176)
In fact V/Y, B
1 - = — -, 1 — -, - =
3 F(A.B)+ F(B.A) = 5[F(B,A) + F(4.B)]. (2.177)
Moreover
FO(AB) = FYAB = %[FiinBﬂ' + F,;B'A] = %[FiinBj + F;; B A

1 .
= gy + FulA'B

and consequently the components of the symmetric tensor are

g 1
FY = 5 Fi + Fil. (2.178)

ij
These can be indicated as

F(u)— [F + Fjil . (2.179)

A (9) tensor F is antisymmetric if

-,

F‘(A7 B) (B ) VA, B 5 i.e. Fij = —Fji . (2180)
Again from any (9) tensor we can construct an antisymmetric tensor F@ defined as

1[F(A’, B) — F(B, A)]. (2.181)

FY(A B) = 5

Proceeding as before, we find that their components are

1

B = S[Fy - Fyl, (2.182)
also indicated as 1

Any tensor (9) can be written as the sum of its symmetric and antisymmetric parts

KA, B] = %[h(ff, B) + h(B, D)+ %[h(/f, B) - h(B, A). (2.184)
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These definitions can be extended to tensors of any rank: an ( ]J\\,[/) tensor is symmet-
ric/antisymmetric in its k-th and I-th contravariant indices if

Til'“ik—1 Mg 41.9—1 N1 TN — :tTil"'ik—l MUyl 8 —1 M1 "IN

jrogwi (2185)

the same definition applies for the covariant indices.

’m A

Summary on tensors

Tensors are linear, real-valued functions of vectors and one-forms: a ( ]]\\,7,) tensor T
maps N one-forms ¢V, ..., g™ and N’ vectors 17(1),...,17(1\;/) to the real number
TGV, ....d™, Viy, ..., Vinn), given by

~ ~ e 7 VRRERX] 1 N j NG
TGO Vg Vo) = T4 aaDVE VG (2150)

®

%

(ik) and ¢;’ are the components of the vector ‘_/'(k) and of the one-form ¢ in a chosen

basis, respectively. The tensor components T“"'i%_“ jy are obtained by applying the

tensor T to the one-forms and vectors of the chosen basis:

Til"'iN

Judne

=T@W,...,0"™ &q),....énn) (2.187)

Note that tensors are “attached” to the point p, since they belong to the tensor space
TNN' which is the outer product of N copies of the cotangent space Tf) and N’ copies

of the tangent space Tp to the manifold M in p.
Coordinate basis for tensors

Given a coordinate system (z!,...,2"), the coordinate basis for tensors is the outer &
product of N coordinate basis one-forms @ = dz?, and of N’ coordinate basis vectors
> o _ _0 .
€)= Bai-
N N
—_—— - -
Ve e ey @& . (2.188)

In this basis, any tensor T' can be written as

T=7"" . 6We eaMee)o @ (2.189)

L
Transformation rules for tensors

Given the coordinate transformation z* = z%(27"), 4,5’ = 1,...,n, the components of
tensors transform as follows

TN = N N N AN, T (2.190)

i Jignt

; i v i . . . . .
where A’y = % ,and AJ; = %Q;i is the inverse matrix of A’;/. Vice versa, if some
o, RS
quantities T i
tion, they are the components of a ( J]VV/) tensor (see Box 2-M).

, transform as in Eq. 2.190 for a general coordinate transforma-
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2.5 THE METRIC TENSOR AND ITS PROPERTIES

In Chapter 1 we have seen that the metric tensor has a central role in the relativistic theory
of gravity. In this section we shall discuss its geometrical meaning.
Given a vector space Tp, a scalar product is a mapping

G o T7

which satisfies the following properties: Vﬁ, V.We Tp, Va R,

U-v=v.U (2.192)
(al) -V =a(U - V) (2.193)
U+V)- W=U-W+V-W. (2.194)

The scalar product allows to define the measure of a vector V, i.e. the norm ||[V||, given by
V2=V V. (2.195)

_The scalar product 2.191 is positive definite if V.V> 0 VV and V -V = 0 if and only
if V= 0. It is non- degenerate if V-W =0VYW implies V=0 A positive definite scalar
product is always non-degenerate, but the converse is not necessarily true.

A differentiable manifold endowed with a positive-definite scalar product is called Rie-
mannian. If the scalar product is non-degenerate and not positive definite, the manifold is
called pseudo-Riemannian.

The metric tensor g is a symmetric () tensor which defines the scalar product between
vectors on a manifold

g(ABy=A-B, VARB. (2.196)

A differentiable manifold on which a metric tensor is defined is called metric space.
The components of the metric tensor are (see Eq. 2.132)

9ij = 9(€), €5)) = €y - €) - (2.197)
Thus, the scalar product of two vectors A= Aié’(i), B= Bié'(i) is
9(A, B) = g(A'éy), Bié(;)) = A'Bg(&s),€(;)) = A'Blgi; , (2.198)

where we have used the linearity of tensors.

It is easy to show that in a Riemannian manifold the n eigenvalues of the (symmetric)
matrix g;; are all positive, while in a pseudo-Riemannian manifold some of them are positive,
some others are negative. However, since the scalar product is non-degenerate in both
cases, all eigenvalues are non-vanishing. For example, the Euclidean space is a Riemannian
manifold with metric components d;;.

A particular case of pseudo-Riemannian space is the Lorentzian space, in which n — 1
eigenvalues of the matrix g, are positive, and the remaining one is negative (or vice versa:
n — 1 are negative, one is positive). For instance, Minkowski’s spacetime is Lorentzian, with
metric 7,5 = diag(—1,1,1,1). The four-dimensional spacetime of General Relativity is a
Lorentzian space. It should be noted that in some textbooks the metric tensor is defined
with the opposite signature, i.e. 1,53 = diag(1,—1,—1,—1). This choice is just a matter
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of convention, and does not affect any observable quantity. In this book we shall use the
signature (—1,1,1,1)%.

We remark that the metric tensor allows to compute the scalar product in a general
differentiable manifold and that, since it is a geometrical object, the scalar product of two
vectors does not depend on the choice of the coordinate system.

The () tensor g can be expanded as

g =g;0W 0o, (2.199)
In a coordinate basis, ©*) = dz’, thus
g = gijde’ ®da’ . (2.200)

Hereafter, in order to follow the standard notation of textbooks, we shall call g = ds?, we
shall omit the symbol “®”, referring to the metric tensor as

ds* = g = g;;dz'da’? . (2.201)

We remind that the one-forms {dx’} can be seen as the coordinate changes for a dis-
placement in an unspecified direction (at first order in the displacement); once we specify
the direction assigning a vector 1%

dz' (V) =V? (2.202)
(see Eq. 2.102). In the same way, the metric tensor can be seen as the square of the norm
— i.e., the length squared — of a displacement in an unspecified direction, at first order in
the displacement; once we specify a vector \7,

gV, V)=V.-V =|V|>. (2.203)

The metric tensor allows to compute the distance between two points and the angle among
vectors

Let us consider a four-dimensional spacetime described by the coordinates (20, z1, 22 2?),

and two infinitely close points p(2°, z!, 22, 23) and p/(2° + 020, 21 + 62!, 2% + 622, 23 + 623),
where

§2% = dz®(6x) .

Hereafter we shall write the components of the infinitesimal displacement as dz®, leaving
implicit the dependence on dx. The displacement vector between p and p’ is

0z = dz’& ) + dat &1y + dz’pa) + dadE(z) = dz®E(y - (2.204)
The norm of 6z measures the square of the spacetime distance between p and p’
d52 = g(dxag(a), dxﬂ€(5)) = dIadwﬁg(g(a), g(ﬂ)) = gaﬁdxadxﬁ (2205)

with a,8 = 0,...,3. For example, if the space is Minkowski’s spacetime go3 = Nag =
diag(—1,1,1,1), Eq. 2.205 gives

d82 _ _(dmO)Z + (dml)Q 4 (dl‘Z)Q + (d,’ES)S . (2206)

4Note that for coordinates and components in Lorentzian spaces we use Greek indices (see Notation for
details).
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If we change coordinates to (:170/,:171,,1’2'@3'), the distance between p and p’ does not

change, since ds® is a scalar quantity. Its expression in terms of the compomnents of the
metric tensor in the new frame, g /g, is

ds* = g(dzo‘/é'(a/), dxﬁlé(ﬂz)) = ga//;/dxo‘,dxﬂ, . (2.207)

Thus if we know the components of the metric tensor in any reference frame, we can compute
the distance between two points infinitey close

ds = /|ds?| = \/|gwdrrdz”]. (2.208)

Note that we consider the absolute value of ds? because, when the manifold is not Rieman-
nian (as in the case of spacetime), the metric tensor is not positive-definite.

In order to compute finite distances, we need to proceed as follows. Let us consider a
curve

@b CR — C (2.209)
A — p(\)

which, in a given coordinate system {z*}, corresponds to the real functions
A= {zH ()} (2.210)

We define the proper length of the path C as (see Eq. 2.208)

b b
dzt dxv
As = = —_— . 2.211
s/ads/ad)\g,wdAd)\ (2.211)
In other words, given the curve {z#(\)}, and the tangent vector

dz#
th = — 2.212
. (2212)

the measure element on the curve ds/d\ (which, integrated in dA, gives the proper length
of the path) is

dxtt dz
Iiv "N dn

. (2.213)

d =
ﬁ = \/‘Q(L‘,E}’ = \/'guututu‘ =

Note that if we change coordinate system, {z#} — {x®'}, the quantity 2.213 does not
change. Furthermore, if we change the parameter to the curve,

A N =N, (2.214)
the new measure element is
ds _ det dav | dott dA dxv dA | ds | dA (2.215)
ax N\ an | TN A av dx dx | T dx [dy ‘

and
a

b b b
ds ds ds
As — - / = = r— . 2.21
o= [ om- <‘ZA dX)dA ™ (2:216)

We remark that As depends neither on the coordinate system, nor on the curve parametriza-
tion: it is characteristic of the path, not of the curve.
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Finally, the metric tensor also allows to compute the angle between two vectors. The
scalar product between two vectors Vi and V5 is, by definition,

g(Vi, Vo) = [[VA|[[ V3| cos 6, (2.217)
where 6 is the angle between them. Therefore,
_ 9, Ve) (2.218)
[Vallifval

To summarize, the metric tensor allows to compute the length of vectors (i.e., their
norm), the length of a curve, and the angle between vectors. These properties justify why
it is called metric tensor: it allows to perform metric operations on a manifold, which are
the building blocks of the measurement process in any physical system.

‘

Example: Minkowski coordinates and coordinate basis vectors

The metric of the four-dimensional Minkowski spacetime, in Minkowskian coordinates

{€*} = (et, 2,9y, 2), is
-1

—

0 O
+1 0
0 +
0 1

0
0 0
Jap = 0 0 = TaB (2219)
0 0 +
ie.

ds? = gapde®de’ = —Pdt* + da® + dy* + d2*. (2.220)
This implies that the coordinate basis vectors

&) —o (1,0,0,0)
&) =0 (0,1,0,0)
&) —o (0,0,1,0) ®
&) —o (0,0,0,1)

g
(=]

®

P
=

& & e £

Loy
()

@
—~
w

are mutually orthogonal, i.e.
€a) €B) =G9ap =0 if a#p. (2.221)
In addition, since
g11 = ga2 = g33 =1, and goo = —1, (2.222)
the basis vectors are unit vectors. Since
€o) €0y =—1, € -€xy=1 (k=1,...,3), (2.223)

€(0) 1s a timelike vector and €(;) (i = 1,2, 3) are spacelike vectors.
Hereafter, n,s will indicate the components of the metric tensor of Minkowski’s space-
time when expressed in Minkowskian coordinates.
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Example: metric tensor and coordinate transformations. I

Let us consider the metric of the three-dimensional Minkowski spacetime, in

Minkowskian coordinates ¢* = (ct, x,y) = (29, 2, 22)

ds* = galgdm”‘dmﬁ , a,B=0,...,2 and Gap = Nap = diag(—1,1,1). (2.224)

The vectors of the coordinate basis have components €y —o (1,0,0), €1y —o (0,1,0),
€2) —o (0,0,1). We now change to polar coordinates (mol,xll, 372/) = (a:ol,r, 0), as in
Box 2-G, and the new coordinate basis vectors are (see Eq. 2.73)

r =X 5(0/) = 6(0)
2t =rcosf €11y = €(y) = cos €1y + sin e ) . (2.225)
22 =rsind €(2r) = €(p) = —rsin ey + rcos be(y)

The components of the metric tensor in the new frame can be computed as the scalar
product of the basis vectors of this frame:

goor = €0 €0y =€) €o) = —1, goir =0 ' =1,2
gy = 5(1/) . 5(1/) = 1, goror = 5(2/) . 5(2/) = 7"2 SiIl2 0+ 7‘2 COS2 0 = 7”2 s
grrer = —rcosflsinf +rcosfsind =0,
o -1 0 0
ds? = g prde® dz® = —c2dt* +dr* +r2d6? Jorpr = 0 +1 0 . (2.226)
0 0

We note that the basis vectors are not necessarily unit vectors, even when the basis is
a coordinate basis.

Indeed, in the present example €(o/) - €(or) = r?2 # 1. An alternative way to determine
the components of the metric tensor is to use the transformation law

0z

Gu = A AP mag where A% = pr (2.227)

o 920 \?
goo = AN omap = (axol) Moo =1-(-1)=-1

o 0z 9 oz' Oz! ox? 0¢? .
goir = A% A inas = 92 9z 100+ 27 g Mt v g 122 T 0 =1,2)

o 20\ 2 dxt \? 0x2\?
gy = AN e = — (61:1'> Moo + (81:1') 1+ <8zl’> 722

= cos?0+sin?0=1
A0\ 2 oz 2 2\ 2

gy = A% AN on.s=— (8522'> Moo + (83:2’> M1+ <W> 122

= (—rsinf)? + (rcosf)? =r?,

i.e. the metric given in Eq. 2.226.
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Example: metric tensor and coordinate transformations. 11

The simplest way to transform the metric tensor under a coordinate transformation
consists in deriving the transformation of the basis one-forms by differentiating the
coordinate transformation, and then replacing them in the metric. Let us consider,

for example, the three-dimensional Euclidean space in Cartesian coordinates {x'} =

(x!, 22, 23); the spacetime metric is

ds? = (dz*)? + (d?)? + (dz®)? = g;;da'da? (2.228)
where g;; = 6;;. The spherical coordinates {z” } = (r, 6, ©) are defined by the coordinate
transformation 2' = z(z*"):

z' = rsinfcosyp (2.229)
= rsinfsingp

= rcosf.
Differentiating Eq. 2.229 we find

dz' = sinécospdr + rcosf cos pdf — 7 sin fsin pdp (2.230)
da? sin @ sin wdr + 7 cos 0 sin pdf + r sin 6 cos pdp
de® = cos@dr —rsinfdf.

By replacing these expressions in Eq. 2.228, after some lengthy but trivial computation
we find

ds® = dr® +r?df* + r*sin® 0dp* = g;;dz’dz? (2.231)
where
1 0 0
gis=1| 0 r? 0 (2.232)

0 0 r2sin?6

and the inverse metric is (see Eq. 2.238)

B 1 0 0
g7=10 % 0 (2.233)
0 0 r2 sin? 0

The metric tensor maps vectors into one-forms

The metric tensor is a real, linear function of two vectors, i.e. it takes two vectors and
associates a real number to them, which is their scalar product

gW,V)=w.V. (2.234)

—

Now suppose that we leave the first argument empty, g( ,V). What is this object? We
know that if we fill the empty slot with a generic vector A we get a number; thus g( ,V)
must be a one-form. In addition, it is a particular one-form, because it depends on V: if we
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change 17, the one-form will be different. Let us indicate this one-form as
V=g(.,V). (2.235)
By definition, the components of V are
Vi = V(€)= 90, V) = 9(e), VIe)) = VIg(uy, &) = Vg, (2.236)

hence _
Vi=giV7. (2.237)

Thus the tensor g associates to any vector V a one-form V, which we call dual of 17, with
components given by Eq. 2.237. In addition, if we multiply Eq. 2.237 by ¢**, where ¢~ is
the matrix inverse to gg;, i.e.

9" gij = 0*;, (2.238)
we find _ _ _ _
gk’bw — gklng‘] — 5kjv] — Vk, (2239)
i.e. 4
vk = ghy;. (2.240)

Consequently the metric tensor also maps one-forms into vectors. In a similar way the metric

tensor maps a (2) in a (1) tensor

Alj = g A (2.241)
orin a () tensor
Aij = gingjmAP™ (2.242)
or vice versa
AV = gikgim A, (2.243)
Note that, since ¢ = ¢*¢"™gim, ¢ are the components of the metric tensor in the

contravariant form.

These maps are called index raising and lowering and will be widely used in the rest
of the book.

The properties of the metric tensor are summarized in Box 2-R.
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Summary on the metric tensor

The metric tensor
e allows to compute the inner product of two vectors

g(/Y, E) = f_f é = Aingij 5 (2244)

-,

and consequently the norm of a vector g(4, A) = A- A = ||A||2. The components
of the metric tensor are

gij = 9(€), €(5)) = €u) - €0j) ; (2.245)

e allows to compute the distance between two infinitely close points

ds? = g(dmié'(i), dxjé’(j)) = gijdxidxj ; (2.246)
e allows to compute the angle between two vectors ®
_ 91 (2.247)
[Valll[Vall

e maps vectors into one-forms and vice versa

Vi = gV, (2.248)
vk = gMy;, (2.249)

and, in general, tensors of one type into tensors of a different type, i.e. the metric
tensor allows to lower contravariant or raise covariant indices; for example

Az] = gjkAika
Ay = gingimAF™, (2.250)

Aij _ gzkg]mAkm
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CHAPTER 3

Affine connection and
parallel transport

In Chapter 1 we showed that, as a consequence of the Equivalence Principle, there are two
quantities which describe the effects of a gravitational field on moving bodies: the metric
tensor and Christoffel’s symbols. In Sec. 2.4 we discussed the geometrical properties of the
metric tensor. In this chapter we shall show that Christoffel’s symbols allow to compute the
derivative of vectors, one-forms, and tensors of any rank, and that they coincide with the
quantities introduced in Chapter 1 (see Eq. 1.38).

In this book we will mainly deal with the spacetime manifold. Thus, even though most
of the equations we will derive hold in general manifolds, hereafter tensor components and
coordinates will be indicated with Greek indices, unless otherwise specified.

3.1 THE COVARIANT DERIVATIVE OF VECTORS

Let us consider a vector (field) V = V®€(a) on a manifold M, which we assume to be the
spacetime, and let {*} be a chosen coordinate system. We want to compute the derivative

of V with respect to the coordinates. By applying Leibniz’s rule we get

_, o a_,a
ov oV N —|—Va 6()

028~ 9B (@) 0xP ~

(3.1)

The first term on the right-hand side is a linear combination of the basis vectors. The
second term involves the derivative of the basis vectors, for which we need to compute the
quantities €)(p’) — €)(P), i.e. to subtract vectors which are applied at different points
of the manifold. Note that the vectors €(,)(p) and €(4)(p’) belong, respectively, to Tp and
to Tpr, and that Tp # Tpr, since p and p’ are distinct. Thus, to define the derivative
of a vector field on a manifold, we need to specify a rule to compare vectors belonging to
different tangent spaces; this rule is called connection.

Let us start by considering Minkowski’s spacetime, where it is possible to define a global
Minkowskian coordinate system {{#} = (ct,x,y,2) which covers the entire spacetime; at
any given point p of the manifold there exists the coordinate basis €y/(q)(p) which belongs
to the tangent space Tp, which is the same for any p. In this case a simple rule to compare
vectors at different points is to impose that each basis vector at a point p is equal to the
corresponding basis vector at any other point p’, i.e.

€M () (p) = €A4(a) (p'). (3.2)
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This rule is called the affine connection of Minkowski’s spacetime. Note that with this choice
the basis vectors of the Minkowskian frame are, by definition, constant

ges = - (3.3)

Let us now consider a general spacetime, on which we choose a coordinate system {z}
and the associated coordinate basis é'(a). According to the Equivalence Principle, at any
point p we can set up a LIF {5“/}7 and the associated coordinate basis vectors €n;(,)-
As explained in Box 3-A, the spacetime metric is flat up to terms of order &2, i.e. Juv =
Nuw +O(€?), which implies that g, o = O(€). Therefore, in the point p the metric coincides
with Minkowski’s metric, and its first derivatives vanish; however, the second derivatives of
the metric, evaluated in p, do not vanish, unless the spacetime is flat. Similarly, the first
derivatives of the basis vectors €ys(,/) evaluated in p vanish

0rey
——— =0 3.4
DEP’ ; (3.4)

and they vanish also in the entire LIF, to first order in the displacement from p.
We know that the basis vectors €, of the generic frame {z®}, and the basis vectors

€n(yy of the LIF {8‘/}, are related by the transformation

—

Gy = N aluuy = Cugry = Ay, (3.5)

’
where A* , =

By differentiating Eq. 3.5, using Eqs. 3.4 and 3.5, we find that

dxo‘
aé'(a) 8 N a ’ =
&rﬁ = <8(L’BA ) eM(#/) = <8(E/8A# a) APYM/ e(v) . (36)
Defining
0 /
F(’lﬁ - (MAH Oz) A’Y,U/ 5 (37)
we finally find, to first order in the displacement from p,
6e(a)
OB = Faﬂ 6(7) 5 (38)

the coefficients Flﬂ have three indices: a indicates which basis vector €(,) we are differen-
tiating, B indicates the coordinate with respect to which the differentiation is performed,
and ~ is the dummy index of summation.

Equation 3.8 is the rule we were looking for, i.e. the affine connection: it allows us to
compute the derivatives of the basis vectors, i.e. to subtract vectors belonging to different

tangent spaces. Replacing AF = gﬁi and A%, = gg’u, in Eq. 3.7 we find
d 9z 9%
o= =—=A" ANy = ——— 3.9
B (633/3 > B oen 9xP oz (39)

which coincides with the definition of the Christoffel symbols in Eq. 1.38 of Chapter 1.
Therefore, the quantities I") 5 introduced in Eq. 3.7 are the Christoffel symbols.
Note that

e In Minkowski’s spacetime and in Minkowskian coordinates, since the coordinate basis
vectors €yy(q) are constant, the Christoffel symbols I'; | vanish.
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e In a LIF at p, the vectors of the coordinate basis are constant (up to first order in
the displacement from p) and I‘g ., vanish.

o Christoffel’s symbols are not the components of a tensor: since they all vanish in a

locally inertial frame, if they were they should all vanish in any other frame, which is
not the case.

Having defined the connection, we can now compute the derivative of the vector V with
respect to the coordinates z7; substituting Eq. 3.8 in Eq. 3.1, we find

ov.  ave o
528 = 37 &)tV Thally (3.10)

and relabeling the dummy indices

v feve 1.
If we introduce the following notation
ove
Veg=—g , and VO =V s+ VTG, (3.12)
Eq. 3.11 finally becomes
ov

55 = Vs &) (3.13)
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The spacetime metric in a LIF

Let us consider a LIF {£#} around a point p of the spacetime. For simplicity, we choose
the origin of the coordinate frame in p, i.e. £&#(p) = (0,0,0,0).
The Taylor expansion of the metric around the origin is

1 %9
2 96O

O0guv

acfh
= P& HOEY. (319

o &" +

gw(f) = QW( )+

By construction, g, coincides with Minkowski’s metric in the point p, i.e. gag(p) =
Nuw- Moreover, at the point p the geodesic equations 1.39

d?x dxt dx¥
re (2= = 1
dr? ol ( dr dT> 0 (3.15)
reduce to Eq. 1.34
d2€a
= 3.16
dr? (3.16)

Therefore I'f, (p) = 0. Since Christoffel’s symbols can be expressed as a linear combi-
nation of the derivatives of the metric tensor as shown in Eq. 1.41 (see also Sec. 3.6),
it follows that

09w
= . 1
el =0 (317)
Therefore, Eq. 3.14 reduces to
Gul€) = 1 + 2 TI |0l O =+ OE). (318)
I 122 9 8£a8£ﬂ o 122

We conclude that, at each point of a LIF, the metric tensor differs from Minkowski’s
metric by terms quadratic in the distance of the point from the origin, i.e. by terms of
order O(£2).

This also implies that in a LIF the proper distance between two events 1,2 coincides
with the spacetime coordinate separation among them, modulo O(&?) corrections:

event 2
as = f me+mew@ww (3.19)
event 1
event 2
= [ VT @@ A R AT+ 0(€?).
event

V@, 3 are the components of a tensor field

Let us define the following quantity:
VV =V &m@a®. (3.20)

We shall now show that VV is a (1) tensor with components V5. A (1) tensor, say
F=F€u® @ @) maps vectors to vectors. Indeed, if we apply F to a generic vector V
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remembering that d(ﬁ)(‘?) =VP, we get

F(,V)=F¢&4 0P (V) =FsVP &,. (3.21)

Thus, the result of this operation is a vector with components F'* = F¢ BVB.
Let us now consider a curve on the manifold x“()\), passing through the point p, with

df/\ , and let us apply VV to i

V‘?(ﬂ =V%5 €a) @(6)(5 =V%gs t° €(a) - (3.22)

tangent vector t =

The quantities V* 4t# are the components of the directional derivative of the vector 1% along
the curve; indeed, using Eq. 3.13 we find

v oV da?

— =V 5t° 2

> o an Ve e (323)
The directional derivative of a vector field along a curve

v VAN V()

A AN (3:24)

is a vector, because it is the difference of two vectors (which we can compute after having
defined a connection) divided by the real number A\. Therefore

dv

V() =V*stP ¢
3 B €a) = d)\

(3.25)

We also denote the covariant derivative of V along  as V;V = VV(f) and, when £ is a basis

vector, V, V= Ve( )V

Thus, VV maps the vector # to the vector d . le. itisa (1) tensor field, called covariant
derivative of the vector V. Its components are

(VV)o = VgV =V =V 5+ VAT, . (3.26)

Since in a LIF Christoffel’s symbols vanish, it follows that

Ve B = Vawg — =V B €(a) . (3.27)

928 '
Thus, in a locally inertial frame covariant and ordinary derivatives coincide.

Note that we denote the components of the covariant derivative of a vector V either as
V.V# oras V¥, . These two notations are equivalent in every respect, and will be extended
in the next sections to one-forms and tensors.

3.2 THE COVARIANT DERIVATIVE OF SCALARS AND ONE-FORMS

Let us consider a scalar field ®. At any given point p of the manifold, ®(p) is a real number,
the value of which does not depend on the choice of the coordinate system. However, ®(p)
has a specific dependence on the chosen coordinates. Therefore ®(p) = ®(z#) is a real
function of the coordinates.
Since a scalar function does not depend on the basis vectors, the covariant derivative of
a scalar field on a manifold coincides with the ordinary derivative:
0P

Vb= (3.28)
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We remind that, as shown at the end of Sec. 2.3, the differential of a function @ is a one-form
whose components are

(3.29)

and that we have adopted the convention to omit the tilde over the differential d®. Thus, the
covariant derivative of a scalar function, whose components are V,® = d®,,, is a ({) tensor.

In order to define the covariant derivative of a one-form field § = ¢,@(®, we may proceed
as in Sec. 3.1 assuming that, due to the Equivalence Principle, the first derivatives of the
basis one-forms in a LIF vanish,

o)
aEs’
However, we shall follow a simpler derivation, based on Eq. 3.28 and on the fact that

derivative operators have to satisfy Leibniz’s rule.
The one-form field q is, by definition, a linear, real valued function of vectors such that

=0. (3.30)

Q(V) = qaV®. (3.31)

The value of g,V depends only on the point where ¢ and V are applied; therefore, once
the coordinate system is fixed, g, V¢ is a real function of the coordinates, i.e. a scalar field.
By replacing ® = ¢,V in Eq. 3.28 we find

0> dqo ., OV

V,o=—= - 3.32
. Ozt Ozt o gn (3.32)
Substituting %‘;: from Eq. 3.12, we get
v,o = Moya g ye _vire,) (3.33)
I Dk QalV " sp uBlH :
and relabeling the indices
V0 = (2 _po qye gy (3.34)
pE = [393” — 4o ua] AoV " sp - .

Since V,,® are the components of a ({) tensor, the right-hand side of this expression must
be a tensor of the same rank. The second term is the result of the contraction of a (9)
and a (}) tensor; therefore it is a (§) tensor. The first term is a () tensor only if the
terms in square brackets are the components of a (9) tensor, V§, which we call covariant
derivative of the one-form §. The components of V§ are

(v‘j)au =Vula = Gayp = Qo — qgfza . (3.35)
Note that, with this definition, Eq. 3.34 can be written as
VILCD = V#(qava) = QOc;,uVa + (Iava;,u s (336)

i.e., the covariant derivative satisfies the standard Leibniz rule.

3.3 SYMMETRIES OF CHRISTOFFEL'S SYMBOLS

Consider an arbitrary scalar field ®. In Sec. 3.2 we have shown that its covariant derivative
is a one-form with components

Vo =0,.
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The second covariant derivative VV® is a () tensor, the components of which can be
computed using Eq. 3.35

VgV =030 =P 5, — <I>7HI‘ga. (3.37)

In a LIF, since I‘g o, = 0, covariant and ordinary derivative coincide, and Eq. 3.37 becomes
VaVpgd =0 3., =P 35, (3.38)

and since ordinary partial derivatives commute, i.e. ® g o = ® g, it follows that in a LIF
VaVpd =VgV,o. (3.39)

This equation shows that the tensor VV @ is symmetric, and since symmetry is a tensorial
property, it must hold in any frame; therefore from Eqgs. 3.39 and 3.37 we find

Ppa—@ull, =Pas— 2., (3.40)
in any coordinate system. It follows that for any ®
CIDMI‘ga = <I>7#F‘O‘(B , (3.41)

and consequently
I‘ga = I‘ZB , (3.42)

i.e. Christoffel’s symbols are symmetric in the lower indices.

3.4 TRANSFORMATION RULES FOR CHRISTOFFEL'S SYMBOLS
According to Eq. 1.38 (or to Eq. 3.9), Christoffel’s symbols are

re OxP  O2EH '
T 9Lk OxTOxC
Let us consider a general coordinate transformation z# = w”(xo"). In the new frame
Christoffel’s symbols are
, ax)\/ a?ga
., = — = 3.43
wr 0> JxH dxv' (3:43)
02N 0P 0 (0€~ 0a”
~ Ozr 06> 0z \ 0z° Oz’ )

Oz oxP [ 926 9z 9z 9> D’
dxr DE {89&789& Oz+ dzv' Oz Oz DV’
oz 927 Ox° ) oz 92zP

OxP Oxw Oxv' " "% Oz Oxk Oxv

It should be noted that if Christoffel’s symbols were the components of a tensor, only the
first term in the last row of Eq. 3.43 would be present (see Eq. 2.158). Therefore, as pointed
out in Sec. 3.1, Christoffel’s symbols are not the components of a tensor.
However, the I') 5's transform as tensors for linear transformations, i.e. for coordinate
trar;sformations of the form z'* = A“/aw“ where A"/a are constants. Indeed in this case
9%z’
=0.

axr ozv’


http:�,�=�,�(3.41
http:�,�(3.40
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Exercise

Compute Christoffel’s symbols I'” 5 using the affine connection

0€(a)

—TH 2

al’ﬂ = Faﬁe(#) . (344)
Let us consider for example a two-dimensional flat space in polar coordinates, i.e.
(x1',2%) = (r,0); the basis vectors are related to the coordinate basis associated to
Cartesian coordinates by Eqs. 2.73

5(1/) = g(r) = cos 9(?(1) + sin 95(2) , (3.45)
€2y = €)= —Tsinbé() +rcosbep .

We shall indicate (g(l),g(g)) with (g(w),g(y)), and (5(1/)75(2/)) with (g(r),g(g)) From
Eqgs. 3.45 we find

0e(, 0 - PN
85") = E(COS €z +sinbé(,)) =0, (3.46)
and consequently, from Eq. 3.44 4
Fﬁrg(u) = F:Té'(,«) + Ffrg(g) =0—1I7, = Ffr =0. (3.47)
Moreover
o€,
859) = %(cos 0€(z) +sinde(,)) =
= —sin Gé’(x) + cos Gé’(y) = *é‘(g) ;
r
therefore
1—» Mmoo — r = 6 > T 0 1
;6(9) = FTOe(H) = FTOe(T) + Free(e) — Fre =0, F’r@ = ; . (348)

Proceeding along these lines it is easy to show that

T 1 ‘s
9r:0,F§r:;, 99:_7",F29: . (3.49)

3.5 THE COVARIANT DERIVATIVE OF TENSORS

Following the approach adopted in Sec. 3.2 we shall now define the covariant derivative of
tensors of any rank. Let us consider, as an example, the covariant derivative of a (9) tensor.
Given the tensor T = T, @@ @ @ and a vector ‘7, let ¢ be the one-form obtained by
contracting T with ‘7, i.e., in components

Go = TupV". (3.50)
According to Eq. 3.35 the covariant derivative of ¢ is a () tensor with components

V;Aqa = Ga,u — FZaCIU ’ (351)
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which, substituting Eq. 3.50, yields
VilTapV?) = (TapV?) ) — TopV TG, . (3.52)
By expanding this equation and replacing V# , = V7, , — F?HV‘S (see Eq. 3.26) we find
VuTapVP) = Top VP +TopV? =10, TosV?
= TopuVP + TupVPy — 15 VOTas —T0,T,5V7
which, relabeling the indices, becomes
VilTapV?) = [Tapp — T3, Tae — D50 Top| VP + TopV?7,. (3.53)

Since V,,(T,3V"?) are the components of a (9) tensor (the covariant derivative of a one-
form), the right-hand side of this expression must be a tensor of the same rank. The second
term is indeed a () tensor, since it is the contraction of a (9) (T,s) and a (1) tensor (V7).
The first term is a (§) tensor only if the terms in square brackets are the components of a (9)
tensor, VT, which we call covariant derivative of the (9) tensor T. The components
of VT are

(VTQI@)H = vuTa/g = TO!B;H = Taﬁ,u — FgHTag — anng . (354)

m A

Exercise

Given a (2) tensor A, show that the covariant derivative VA is the (%) tensor with
components

(VARY) g = Vo A = AW 5 = ARV 5 4 ASTh o AROT 5. (3.55) |

Given a (1) tensor B, show that the covariant derivative VB is the (1) tensor with
components

(VB,); = VB, = B3 = B, 5+ B, I, — B*,T%, . (3.56)

The same procedure can be used to define the covariant derivative of ( szvl) tensors:

Q2 N _ Q2 N
VT B1BoByr = 1 B1Ba-B it

(0% Voo « X1V (6% X1V
T LT g g T LT gy g, o DT s

12 X1 (X v (oSN RRRY0) 1% X1 (X
=D T T g — LT s T g T g

(3.57)
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The covariant derivative of the metric tensor

We shall now show that the covariant derivative of the metric tensor vanishes in any
coordinate frame. According to Eq. 3.54

JaBin = GaB,u — FZMQV,@ - F,l(/iugau : (3.58)

At any spacetime point p we can set up a LIF such that, in that point, gog = 7ags,
gas,u = 0, and Christoffel’s symbols vanish (see Sec. 3.1); consequently

Jopiu = Napu = 0. (3.59)
Note that gag,, are the components of a ($) tensor. If all components of a tensor are
zero in a given coordinate frame, they are zero in any frame. Therefore
Japip =0 (3.60)
in all frames.
3.6 CHRISTOFFEL'S SYMBOLS IN TERMS OF THE METRIC TENSOR
As shown in Box 3-D, in any coordinate frame
Gapip = GaB,pn — quguﬁ - Fgugau =0, (361>
therefore
Gap,u = FZMQVB + Fg“gau . (362)
Relabeling the indices, we can write
Jop,8 = Fgﬁgl/u + Fzggau ) (363)
9B, = _Fgagljﬂ - FZagﬁV . (364)

The sum of the three equations above yields

GaB,p + Jap,p — 9Bp,a = (FZ/J - FZoz)gl/ﬁ + (Fgu + FZ,B)gOéV + (FZ,B - F,léoz)gVu ’ (365)

where we have used the symmetry of the metric tensor. Since I'5, are symmetric in S and
v, it follows that

Jap,u + Jap,8 = 9Bu,a = QFEugau . (3.66)
If we multiply by ¢®7 and remember that (see Eq. 2.238)
97 Garv =9, (3.67)
we finally find
1 «
U5 = 597" Gapu + Jas = 9pua) - (3.68)

Thus, as anticipated in Chapter 1, it is possible to express Christoffel’s symbols as a linear
combination of the first derivatives of the metric tensor.

The connection given in Eq. 3.68 is called the Levi-Civita connection. In the following
we shall compute Christoffel’s symbols using Eq. 3.68, for some simple metric spaces.
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Christoffel’s symbols on the two-sphere in polar coordinates

Let us consider the two-dimensional manifold S, i.e. the two-sphere which we have intro-
duced in Box 2-C. The metric tensor on S? can be found by noting that the two-sphere
has been defined as a sub-manifold of the three-dimensional Euclidean space, correspond-
ing (in terms of the polar coordinate r, see Box 2-Q) to r = a, where the constant a is
the radius of the sphere. The line element of the two-sphere can be obtained by replacing
r = a in the line element of the three-dimensional Eucliedan space in polar coordinates,
ds? = dr? + r?(d6? + sin® Odp?) (Eq. 2.231) 1. Thus,

2
-2 v a 0
ds?® = a* (d92 + sin 9d<p2) = g datdz”, gu, = ( 0 a2siné ) . (3.69)

In the following we shall consider a sphere of unit radius, i.e. a = 1. The inverse metric g*”

1S
g = < (1) 9 ) : (3.70)

sin2 6

Note that the only non-vanishing derivative of g, is
Jpp,0 = 2sinf cosl. (3.71)
Using Eq. 3.68 we find

1 1
TG, = ggea(gaﬂ,u + Yap,8 — 9Bu,a) = 5996(906,u + 9ou,8 — 9pu0),  (3.72)

1 1
Fgu 594’0‘(90@“ + Jap,p — 9pua) = 594747(%05:# + Gopp)
where we have used the fact that the metric is diagonal and that its @-derivatives vanish.

Thus, using Eq. 3.71 we find

1 1
Tgs = 5909996,0 =0, Ig,=TG= 5999(999,@ + 9000 — 9op0) =0,  (3.73)
1 1 )
Fiw = 5990(290%@ — Gpp.0) = —599‘ggwﬁ = —sinfcosb,
and
» 1 P ¥ 1 PP
Lgo = 59 (2940,0) =0, re, = 59 (29p4,0) =0, (3.74)
1
Fﬁp = F:ie = igwsa(gapﬁcp + gaptp,@) = 59w¢g¢¢7a =cotf.

Therefore, the only non-vanishing Christoffel symbols on the two-sphere are

I‘Z@ = —sinfcosf, Iy, =17, =cotf. (3.75)

Christoffel’s symbols on the three-dimensional Euclidean space in spherical coordinates

Let us consider the three-dimensional Euclidean space in spherical coordinates {z#} =
(r,0,¢). The spacetime metric is (see Box 2-Q)

ds? = dr? + r?df® + r*sin® 0dp? = g, datdx”, g, = diag(1,7%,r*sin? ). (3.76)

IWith this procedure, a manifold M with a metric g induces a metric on a submanifold N’ C M. A
more rigorous definition of this procedure is given in Box 7-A.
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The inverse metric is g"¥ = diag(1,r2,r~2 sin~? #). The non-vanishing derivatives of the
metric tensor are

G00.r =27, Gppr = 2r7sin* 0080, Gupe = 2r?sinfcos. (3.77)

Using Eq. 3.68 we find

1
gu = igra(gozﬁ,,u + 9ap,p — gﬁu,a) = §grr(grﬁ3,,u + 9rp,B — gﬁu,r) ) (378)
1 1
Thu = 596a(9aﬁ,u + You,8 = YBu.a) = 5999(geﬁ,u + 9ou.8 — 981.0) 5 (3.79)
1 1
L5, = §9¢a(9aﬁ,u + ou.s — Yp.a) = igww(gw’# + Goup ~ 9use),  (3.80)

and thus the only non-vanishing Christoffel symbols are those with the indexes (6,6, r),
(0,0, 7), and (p, ¢, 0):

1 1 1
00 = 59" goor = =T Yy =T§, = 5900999,7« . (3.81)
; 1
Top = =58 Gppr = —rsin8,  TY, =Tf = 56 gp0r =
1 ) 1
Fi@ = _599«99@%9 = —sinfcosf, ngo = 1"59 - QQWJng — cotfh.
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'm A

Laplacian operator in spherical coordinates

Let us consider the three-dimensional Euclidean space. The Laplacian operator V2 = V,;V?,
which maps functions to functions, is easily defined in the Cartesian coordinate frame {x’} =
(z', 2% 23) where the spacetime metric is ds® = (dz')? + (dz?)? + (d2®)? = g;;dz’da?, with

gij = 0ij:
2p — JWp of of of
Vif=g"fi= a(z1)2 + d(x2)? + O(x?)?

where f is any regular function on the manifold.
We want to write the Laplacian operator in a different coordinate frame: the spherical coor-
dinates {z"} = (1,0, ¢), defined in Box 2-Q:

(3.82)

' =rsinfcosp, a°=rsinfsing, z°=rcosh. (3.83)

In the new frame the spacetime metric is ds? = dr?41r2df* +r? sin? dp? = girj/dx“dxj' where
girj = diag(1,72,r%sin”9), gilj/ = diag(1,772,r ?sin"20), and the non-vanishing Christoffel
symbols are given in Eq. 3.81. First of all we write the Laplacian operator, defined in Eq. 3.82,
in tensorial form. Since in the Cartesian frame of Euclidean space ordinary and covariant
derivative coincide, in that frame B

Vi =g"fus (3.84)
Being Eq. 3.84 a tensor equation it holds, with the same form, in any reference frame; in
spherical coordinates

sz = gl j f;i’j’ = gl j (.f,i’);j’ = gl j |:f,i’j’ - Fi/kj/f’k/] . (385) ’
Replacing the explicit expressions in Eq. 3.81, we find
1 1 r
VQf = frrt ﬁf,oe + mfﬂpw - [F99g99 + Fe;wggw] fr= F¢9¢9(Wf,9

2 1 1
forr + ;fyr + o} (f,ee +cotOf o+ mﬁw)

_[ro (50 1 9 (. 0 1 0
- [1«2 or (T ar> t o 2sing 90 (Smgaa> e sin298g02} f (3:86)

This is the well-known form of the Laplacian operator in spherical coordinates. It can also be
written as

2 10 5,0 IL
2222 (3.87)

where IL is an operator acting on the angular variables defined as

1 9 (. 0 1 o
L= Tsina% (smG’%) + mw . (388)

The eigenfunctions of the IL operator are the spherical harmonics Ylm(o97 v) (I =01,...,
m = —1l,...,1), a set of complex functions (see Box 15-A and [67]) defined by

LY'™ = —l(l+1)Y'"™. (3.89)




76 B General Relativity and its Applications

3.7 PARALLEL TRANSPORT

Figure 3.1: Parallel segments on a sphere do not remain parallel when prolonged.

In Chapter 1 we discussed and compared the intrinsic geometry of cylinders and spheres,
and we noticed that while it is flat for cylinders, it is curved for spheres. This means, for
example, that two lines which start parallel do not remain parallel when prolonged. Consider
the two small segments in A and B of Fig. 3.1: they are perpendicular to the equator, i.e.
parallel, but if prolonged they do not remain parallel.

It is also interesting to see what happens when we “parallely transport” a vector along
a path. Parallel transport means that for each infinitesimal displacement along the path,
the displaced vector must be parallel to the original one, and must have the same length.
If the path belongs to a flat space (Fig. 3.2, left panel), when the vector returns to A it
coincides with the original vector in A. If, instead, the path belongs to a sphere (Fig. 3.2,
right panel), when the vector goes back to A it is rotated by 90° (remember that the vector
is always tangent to the sphere, because it belongs to the tangent space). This result, which
will be derived more rigorously in Sec. 3.7.1, is a consequence of the curvature of the sphere:
on a curved manifold it is impossible to define a globally parallel vector field. The parallel
transport of a vector depends on the path along which it is transported.

B

Figure 3.2: Parallel transport of a vector along a closed path, in flat space (left panel) and on a
sphere (right panel).

Let us now compute how a vector changes when it is parallely transported along a path
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X(A)

it}

Figure 3.3: Parallel transport along a path.

in a general space. Consider a curve z*(\) defined on the path, and a vector field V defined
at every point of the curve. Let t* = % be the vector tangent to the curve. At each point
of the curve we can set up a LIF {£%}. In this frame, if we move 1% along the curve, parallel
to itself and keeping its length unchanged, the vector components do not change

dve
o =0 (3.90)
Therefore,
ave  ove deh 5
= = Ve P =0. 91
dx 0P d\ VEpth =0 (3.91)

Since we are in a LIF, ordinary and covariant derivatives coincide, and Eq. 3.91 can be
written as
Ve sth =0. (3.92)

This is a tensor equation; consequently, if it is true in a LIF, it is true in any other frame.
Equation 3.92 is the definition of the parallel transport of a vector V along a curve
identified by its tangent vector t. In a frame-independent form, Eq. 3.92 reads

V;V =0, (3.93)

i.e., the covariant derivative of the vector 1% along the direction of the vector # is zero. In a
generic reference frame with coordinates {z®},

dz? AV«

oV + ngv"] —— = —— 4T, VP =0. (3.94)

OzP dX dA

o\«

(V) =vest’ = [
Summarizing, while in flat space the components of a vector parallely transported along
a curve are constant, in curved space they change by an amount which can be found by
solving the following equation

dve

= -T2 VP, 3.95
d)\ 1% ( )
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Figure 3.4: A closed path on a two-sphere, avoiding the North pole where the polar map is not
defined.

3.7.1 Parallel transport of a vector along a closed path on a two-sphere

Let us consider the closed path on a two-sphere indicated in Fig. 3.4. In polar coordinates
{z"} = (0, ¢), the points indicated in the figure have coordinates

T 0 T

A:<77)7 B= ) ) :(77>, D:<7;7)7 .

5 0 (e,0), C €3 5 (3.96)
where ¢ is a small parameter. Note that we exclude the North pole N, since in that point
the polar map is not defined (see Box 2-C). Thus, since in these coordinates we cannot
choose the path AN DA (which is equivalent to that considered in Fig. 3.2), we choose the
path ABCDA, which (for ¢ <« 1) almost touches the North pole and, in the ¢ — 0 limit,
reduces to ANDA.

Let us consider a vector V initially in A, where it has components

VI(A) = (1,0) . (3.97)

We shall now show that if we parallely transport 1% along this path, when it returns to A
it will be rotated by 90° (in the e — 0 limit), as in Fig. 3.2. The path is composed of four
branches of coordinate lines:

e AB and CD, with tangent vector € with components ey = (1,0), and on which
¢ = const.

e BC and DA, with tangent vector €(,) with components e®,y = (0,1), and on which
0 = const.

The equations of parallel transport are (see Eq. 3.95)

ave

o -T4,V¥tP (3.98)

where ¢ is the tangent vector to the curves composing the path which, in our case, are
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the coordinate lines with the tangent vectors indicated above; thus, on AB and C'D the
parameter of the curves can be chosen to be A = 6, whereas A = ¢ on BC and D A. Recalling
that the non-vanishing Christoffel symbols on the two-sphere are (see Sec. 3.6)

0 .
rg, = —sinfcosf, Iy, =17, =cotd, (3.99)
Eq. 3.98 gives
e on AB and C'D, parametrized with 6

dv?
— =0
dVH dé
-V o (3.100)
a6 ’ dve
—cotf V¥,
de ’
e on BC and DA, parametrized with ¢
dv’e
- = sinfcosf V¥
i ¥
W ey (3.101)
do 7 dve
o = cotd V7.
¥

These equations have to be solved with the appropriate boundary conditions as follows.

1. From A = (7/2,0) to B = (g,0), with V#(A) = (1,0).
From the first of Eqs. 3.100 it follows that along AB V' is constant, therefore in B
V%(B) = 1. The equation for V¥ is

©
% = —cot V¥

(3.102)
Ve(9=2)=0.

This is a Cauchy problem, which admits a unique solution, and precisely V¥ (8) = 02.
Thus, V#(B) = (1,0).

2. From B = (,0) to C = (g,7/2), with V#(B) = (1,0).
On this path § = ¢, and assuming that ¢ < 1, Egs. 3.101 become

ave
o = sinecoseV? =eV?+ O (53)
¥
(3.103)
dve 1
=—coteVl= -~V 1 0().
dy €
By differentiating the first equation with respect to ¢ and using the second equation,
we get
R 0 9
i = -Vi+0(e?), (3.104)

2Note that this is a general result: if the derivative of a function is proportional to the function itself (in
this case V%), and if it vanishes at the initial point (in our case § = 7/2), the function remains constant in
all points of the integration domain, and equal to the initial value.
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whereas from the first equation, we directly find

VeS=—-—+-+4+0 . 3.105
400 (3.105)
The general solution of Eq. 3.104 is V? = C} cos p + Casing + O (52), with C7 and
Cs constants; the boundary condition V?(¢ = 0) = 1 implies that C; = 1 and Cs = 0.
Therefore, using Eq. 3.105, along BC' the solution is

VO =cosp+ 0O (e2)
{ V“”z—%sin(p—k(’)(a) , (3.106)
and in C = (g,7/2)
i) = (06) . -1 +00). (3.107)

3. From C = (g,7/2) to D = (7/2,7/2), with V#(C) given by 3.107.
Again we have to use Egs. 3.100; therefore along this path V? is constant, i.e. V(#) =
O (?), whereas V¥ satisfies the equations

ave

= —cot V¥
0
d (3.108)
Vel =e)=-140()
The solution of this system is
1
Ve =— O(e); 3.109
sin 6 +0(); ( )
therefore in D, where 6 = 7/2,
VHD) = (0(*),-1+ 0 (o)) . (3.110)
4. From D = (n/2,7/2) to A = (7/2,0), with V#(D) given by 3.110.
From Egs. 3.101, given 0 = 7/2, we get
av?
— =0
dep
(3.111)
ave
=0
dep
Consequently, along DA the components of V remain constant, and in A
VH(A) = (0 (e?), -1+ 0(e)) . (3.112)
In the limit ¢ — 0, the path reduces to ANDA and
VH(A) =(0,-1) . (3.113)

Since at the beginning of the journey the vector in A was V# = (1,0), it follows that the
transported vector has been rotated by 90° clockwise.
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3.8  GEODESIC EQUATION

In Chapter 1 we introduced timelike geodesics as the curves which describe the motion of
massive, free particles, i.e. those which move under the exclusive action of the gravitational
field. We showed that they are the solution of the geodesic equation
d%z® ., dxt dzP
— 4 R
dr? *dr dr ’
where 7 is the particle proper time (see Box 3-F). We shall now derive this equation, ex-
tending it to null geodesics, using the parallel transport introduced in the previous section.

m A

The proper time

(3.114)

In Special Relativity, the worldlines of massive particles are curves in the four-
dimensional flat spacetime,

7= (2°(7), 2 (1), 2% (1), 2%(7)) (3.115)

where ¥ = ct, and t is the coordinate time; 7/c is the proper time of the particle, i.e.
the time measured by an observer comoving with the particle. Thus, in the comoving
frame 2" = 7 , the space coordinates z are constant and the squared distance beween
two infinitely close events on the worldline is

ds* =y detde” = —(dz®)? = —dr?; (3.116)

thus in this frame
dr =/ —ds?. (3.117) ¢

Note that the proper time is a scalar quantity and Eq. 3.117 is a tensor equation; as
such, it holds in any other frame.

Let us now suppose that the particle moves in a curved spacetime. According to the
Equivalence Principle, in a LIF the laws of Special Relativity apply; therefore Eq. 3.117
holds in the LIF comoving with the particle and, being a tensor equation, in any other
frame. Thus, in a general frame,

dr = \/—gudztdz . (3.118)

In particular, in a LIF locally comoving with the particle the time coordinate coincides
with the particle proper time, as in flat spacetime.

Note that 7 has the dimensions of a length and the four-velocity u# = dxz#/dr is
dimensionless. If one uses units in which ¢ = 1, 7 coincides with the proper time.

Let us consider a free particle which moves along the worldline z#(\) with four-velocity

@, which is the tangent vector to the worldline, i.e. u* = dz*/d\. By the Equivalence

Principle, at any point of the worldline we can define a LIF, {¢*'}, where the particle
four-acceleration is zero, i.e.

dut _ 8u“l dee O

d\ 0&x dA “

In a locally inertial frame ordinary and covariant derivative coincide, thus

,=0. (3.119)

’ ’

u* ', =0. (3.120)
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This is a tensor equation, and must hold in any coordinate frame; therefore, in a generic
frame the equation of motion of the free particle is

uut ., =0. (3.121)
If we expand the covariant derivative
u“ut = uut  +uT" QBuB ) (3.122)
and replace u* = dz#/d\, Eq. 3.121 becomes

d2zH " dx® dxP

which is the geodesic equation, Eq. 3.114. Thus, the geodesic equation can also be written
in the form 3.121, which describes the parallel transport of the tangent vector « along the
geodesic. This means that if we parallely transport the tangent vector from a point p to a
point p’ along the geodesic line, the transported vector in p’ will be tangent to the curve.
Consequently, a curve C with tangent vector @ is a geodesic if

Vaid=0. (3.124)

Therefore, geodesics are those curves which parallel-transport their own tangent vectors.
.. . Lo d
The parameter along the geodesic is not unique. Let s be a new parameter; since 75 =
d ds Fq. 3.123 becomes

ds dX\’
d?z dxt dz” d%s ds\?| da©
s e = S22 | = 12
ds? T [ ds ds ] ld}@/ (d)\> ds (8125)
This equation reduces to Eq. 3.123 only if s is related to A by a linear transformation

s=a\+b, a,b = const, (3.126)

in which case the right-hand side of Eq. 3.125 vanishes. The parameters for which the
geodesic equation takes the form 3.123 are called affine parameters and are all related by
a linear transformation.

Eq. 3.121 describes timelike, spacelike, and null geodesics. If the geodesic is timelike, i.e.
i -4 < 0, it represents the wordline of a massive particle; in this case, by performing the
linear transformation in Eq. 3.126 it is possible to change the affine parameter in such a
way that the new parameter is the particle proper time (see Box 2-F) multiplied by ¢, i.e.
the parameter 7 appearing in Eq. 3.114. With this choice, 4 - & = —1. If the geodesic is a
null curve, i.e. @ - u = 0, it represents the wordline of a massless particle; in this case it is
not possible to choose the proper time as affine parameter, because it cannot be defined;
the geodesic can be parametrized with a different affine parameter, for instance with the
arc length. If the geodesic is spacelike, i.e. 4 - 4 > 0, it does not represent the worldline of
a physical particle.

3.9 FERMI COORDINATES

In this section we shall show how to construct a coordinate frame adapted to an observer.
This frame is especially useful to describe physical experiments.

An observer in General Relativity is characterized by a timelike curve, 7 — (1), where
7 is the proper time (times ¢). The tangent vector to the curve is the four-velocity of the
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Figure 3.5: Fermi coordinates adapted to an observer. For simplicity, we do not show one of the
three space dimensions.

observer @, and « - @ = —1. The observer can either be freely-falling (i.e. with vanishing
acceleration a/ = u”u",, = 0) or accelerated (a" # 0).

It is possible to define, in a region close to the curve (a “worldtube” surrounding 7),
coordinates {x**} adapted to the observer, called the Fermi coordinates, as follows (see
Fig. 3.5):

e At any point of the curve po(7) € 7, we can define a basis {€(},)} of the vector space
Tp, such that é'(’a) = 4, and é’(*;) (i = 1,...,3) are orthogonal to é'(*o) and to each
other. In addition, we impose that é’(*i) have norm one. Thus, the basis is orthonormal
(é’&) €l = M), and the timelike basis vector coincides with the four-velocity of the
observer.

e At each value of 7, the three spacelike vectors é'(*;) locally define a three-dimensional
spacelike surface ¥, to which they are tangent in po(7).

e Given a point p in the worldtube, such that p€ X(7), let us consider a spacelike
geodesic from po(7) to p on the surface (7). Let ¥ be the tangent vector in po(7)

to this geodesic with unit length. Since the geodesic belongs to (1), ¥ is a linear
combination of the three spacelike vectors é'(*i) (i=1,...,3), ie.

T =0'el . (3.127)

e Let s be the affine parameter of the geodesic from po(7) to p. We define the Fermi
coordinates of the point p as follows:
=7, 2 =s0". (3.128)

It can be shown that s is also the proper length of the path (as defined in Eq. 2.211)
of this spacelike geodesic between pg and p.



84 M General Relativity and its Applications

e Repeating the same procedure for all points of the observer worldline, we can define,
in the entire worldtube, the Fermi coordinate system {z**} adapted to the observer
worldline.

It can be shown that (with an appropriate choice of the three-dimensional basis {é’(*i)} for
each surface X(7)) the spacetime metric in Fermi coordinates is

ds? = —(1+ 2a,2™")(dz*?)? + §;;dz*"dz* + O(x*?), (3.129)

where a” are the components of the observer’s four-acceleration. If the observer is freely-
falling (@ = 0), ds®* = 1, + O(z*?), and this coordinate system coincides with the LIF
centered in pg. Indeed, in a LIF the metric coincides with Minkowski’s metric modulo
quadratic terms in the coordinates. If, instead, the observer is accelerated, the deviation
of the metric 3.129 from Minkowski’s metric is linear in the coordinates x*: ggo — 1gg =
—2a,z*". The linear term is precisely due to the acceleration of the observer.

Remarkably, the metric 3.129 does not depend on the spacetime curvature (up to
O(z*?)). Indeed, introducing the Fermi coordinates for an accelerated observer in Special
Relativity, i.e. £ — x**(£%), leads to the metric ds? = —(1+2a,2*")(dz*?)? + §;;dz* dx*7,
which differs from Eq. 3.129 by the O(z*?) terms only. We conclude that due to the Equiv-
alence Principle, according to which the laws of physics in a LIF take, locally, the form
prescribed by Special Relativity for inertial frames, the laws of physics in a Fermi frame
take, locally, the form prescribed by Special Relativity for accelerated frames.

3.10 NON-COORDINATE BASES

In Boxes 2-G and 2-P we showed that changing from Minkowskian coordinates {£*'} =
(ct,z,y) to polar coordinates {2} = (ct,r, ), the coordinate basis for vectors 3

@

(07) — (]-7 01 0)
= (0,1,0) (3.130)
(29 - (Oa Oa 1)

{€an} =

Loy

Q)

transforms to {€(,)}, where (see Eq. 2.73)

g(l) = 6(7«) = COS 08(1/) + Sin 95(2/) (3131)
)

€(2) = €(9) = —rsinfe(y) + rcos b€ .
These expressions follow from the transformation laws

Ela) = A o &y (3.132)

’ n! % . .
where A* , = %’”? and A%, = %. We now want to choose a different basis for vectors.

For example, while the vectors {€(,)} are not normalized because

-1

0 0
Ea) €y =9ap=| 0 1 0 | Fnag, (3.133)
0 0 72

3Note that, at variance with Boxes 2-G and 2-P, we indicate with a prime the Minkowskian coordinates.
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we may choose a basis of normalized vectors given by

0) = €0
€ = €(r) (3.134)
é(9‘) = %6(9) )
such that
5(@) . g(B) = ndﬁ . (3.135)
In this basis the transformation 3.131 becomes
€ = cosBés + sinfé(y (3.136)
é'(é) = —sinfe() + cos 0e(z) .

In the previous sections we have always introduced the basis vectors as the coordinate basis
associated to a coordinate frame, but they can also be defined independently of the choice
of the coordinate frame, as in Eq. 3.134. In this case, it is natural to ask whether there
exists a set of coordinates {#®} such that

orf

ea) = Na €)=

so that the basis {€(4)} is a coordinate basis. The same question can be formulated for the
basis one-forms, i.e. whether there exist coordinates {z%} such that

5@ = NG, o) = % 5@ (3.138)
and P
N %
A =—. 3.139
B OzP ( )
For instance, in the considered example
1 00 ) 100
Ay=10 1 0 and A% =(0 1 0f. (3.140)
00 1% 00 r
If Eq. 3.139 is true, the following condition must be satisfied
d 4 0%x® 0%z a 4
— A% = = = —A%,. 3.141
oz P T 92702F ~ 9x2P0x7  9xP 7 ( )

This is an “integrability condition” that all the components of AOA‘AY must satisfy in order
for the coordinates {x%} to exist. In the considered example Eq. 3.141 gives

d 5 d 5

— A% = —A? - 0=1 3.142
0" ' o ? (3.142)
which is certainly not true. We conclude that the normalized vector basis in Eq. 3.134 and
the dual basis for one forms {@&(®} are not coordinate bases, since we cannot associate a
coordinate transformation to them.
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CHAPTER 4

The curvature tensor

In this chapter we shall introduce the curvature tensor, showing that it describes the cur-
vature of the spacetime. This derivation is based on the parallel transport of a vector along
a closed loop. We shall discuss the main properties of the curvature tensor and show how
the latter is related to the equation of geodesic deviation.

4.1 PARALLEL TRANSPORT ALONG A LOOP
1

Let us consider an infinitesimal closed loop, having as sides the coordinate lines ' = a,
' =a+ da, 22 = b, 22 = b+ b (see Fig. 4.1).

x"=b+8b

Figure 4.1: A generic vector Vis parallely transported along an infinitesimal, closed loop whose
boundaries are portions of coordinate lines.

We wish to compute how the components of a generic vector v change when the vector
is parallely transported along the loop. The loop can be divided into four parts, so that the
total variation of the vector components is

The vector tangent to the curves AB and CD and that tangent to the curves BC and DA

87
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are, respectively, the basis vectors €1y and €(); since their only non-vanishing components
are 3%1) =1 and 6%2) =1, the equation of parallel transport, Eq. 3.92, gives

- o ove
on AB and CD : Ve,V = e(l)V = = o +TI'3 V=0, (4.2
L o Ve ra
on BC and DA : VS(Q)V = eéQ)V = 32 +T5,VP=0. (4.3)

Eq. 4.2 has to be integrated along the line 22 = b from A to B, and 22 = b+ 6b from C to
D; Eq. 4.3 has to be integrated along x! = a + da from B to C, and on z! = a from D to
A. The integrals to evaluate thus are

C
B
Vg = _fA(Izzb) rg, VAds!, Ve = _/B( s )rgzvﬁd@ﬂ, (4.4)
Tr-=a a
A
[e3 D (0% [e3 [e%
SVEp = _fc(ﬂ:b”b) Ig,Veda', V5, = _/D( - )rﬂgvﬁdm? (4.5)

The integral in V5. is a function of ! = a + da, with da < a; therefore it can be
Taylor-expanded as

c c
0
o o B 2 o B 2
Ve = — /B(xl_a) F52V dx* + Es (/B FBQV dx ) . )5a . (4.6)
The integral in dVS, can be expanded in a similar way
D o D
oVép = — / 0% Vide!' + — / 9 VP3da? bl . (4.7)
C(a?=b) 2% \Je (w2t)
Thus, finally
B A
SV~ — / 5 VPda! — / ', VP da? (4.8)
A(z2=b) D(z'=a)
[ P o c Y
_ /B(xl_@ GV + /B T,V dx sa
L (zl=a)
[ b oo P D o
- Vot o | [ Tgvide 5
/C(r"‘—b) o 0 \Jo 7! (z2=b)

If we now replace the coordinates of the points A, B, C, D in the previous equation, i.e.
A= (a,b), C=(a+da,b+0b), B=(a+da,b), and D = (a,b+db), (4.9)

only two terms survive in Eq. 4.8, and since the operators of integration and differentiation
commute, the final expression of 6V* can be written as

b+0b a a+da 8
féa/ - (1'5,V7) da? +6b/ — (I'5,V?) da*
b a

ov Oxl Ox2

1

12

(5a5b[ 861 (T5,V7) + 8‘92 (T4, V7 )} : (4.10)
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By expanding the derivatives and making use of Eqgs. 4.2 and 4.3, Eq. 4.10 can be further
simplified to give

org ove  org ove
a B1 a B2 a
org ar'g,
B1 B2 a a o
_ 5a5b[ax2 — ot ~Tails +F02F51} Ve

Note that da and b are the non-vanishing components of the displacement vectors 5}(1)

and (5}(2) along the direction of the basis vectors €(;) and €, i.e.

51’“ = (0,6a,0,0) = da &} , (4.12)
635(2) = (0,0,6b,0) = &b d4'; (4.13)

therefore Eq. 4.11 can be written as follows

ars,  org

a v i [L2 ate’ a [3

6V = (S.’Ii(l) (SLU(Q) ax# 8z” Fo’ a +F U V (414)
If the loop is defined through different coordinate lines, the same proof leads to the same
final expression, Eq. 4.14. A similar, but more involved, calculation shows that Eq. 4.14
also holds when the sides of the loop are not coordinate lines, i.e. when dz(;) and dx (o are
general vectors.

We shall now show that the terms in square brackets in Eq. 4.14 are the components of a
tensor. According to the definition given in Chapter 2, a (1) tensor T is a linear function of
one one-form and three vectors which, when applied to these arguments, produces a scalar,
i.e.

T(G, A, B,C) = T%,5 . A°B°C? (4.15)
where 1% g,; are the components of T. To begin with, we note that V¢, §V¢, 6:6’(‘1), and
5x’é) are the components of generic vectors. Let us consider a generic one-form field with

components g,. The quantity §V %q, is a scalar, because it is the contraction of a vector
and a one-form, and

arg,  org,

V4o = oxH ox?

—T2,T%, +T2.T%, | .VFixly 0Ty - (4.16)
Therefore, the contraction of the components of the vectors 5%1(’1 (530’{2), and V#, and of the

one-form ¢, with the quantity in brackets is a scalar. In addition, Eq. 4.16 is linear in V
q, (5:10(1), and 630(2) Indeed, if we consider for example a displacement &E(la) + 5x(1b) along
€(1), it is immediate to check that

OV G = 02(14)02(y) [.- JaV? + 215025y [--] V7, (4.17)

(2

and similarly for the other quantities. Thus, we can conclude that the terms in square
brackets in Eq. 4.16 are the components of a (1) tensor, the Riemann tensor

R, =18, ,~1%,, —T3,I%, +12,19,. (4.18)

Note that the Riemann tensor is antisymmetric in v and p; indeed, if we interchange 5}(1)
and 5}(2) in Eq. 4.14, V¢ changes sign, because the loop goes in the opposite direction.
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This shows that the sign of Eq. 4.18 can be chosen arbitrarily, and for this reason the
definitions of the Riemann tensor given in textbooks may differ for an overall sign.

The Riemann tensor depends on the affine connection and on its first derivatives, i.e. on
the first and second derivatives of the metric tensor. If we choose a LIF the I'g ’s vanish,
but their derivatives do not; the Riemann tensor is generically nonzero in a LIF.

We shall call a spacetime flat if the parallel transport of any vector field around any loop
vanishes, otherwise we shall call it curved. Therefore, in a flat spacetime the Riemann tensor
vanishes everywhere and (since it is a tensor) in any frame; in a curved spacetime, instead,
the Riemann tensor is non-zero at some point of the manifold, and this is also true in any
frame. It can be shown (but the rigorous derivation goes beyond the scope of this book)
that a global, Minkowskian coordinate system can be defined if and only if the Riemann
tensor vanishes on the entire spacetime .

In conclusion, if the spacetime is flat the Riemann tensor is zero, if it is curved the
Riemann tensor is non-zero, and this is true in any coordinate frame. This justifies why the
Riemann tensor is also called the curvature tensor.

Furthermore, Eq. 4.14 shows that if R%g,s = 0, i.e. the spacetime is flat, a vector 1%
parallely transported along any closed loop does not change, i.e. §V* = 0. Conversely, if
the Riemann tensor does not vanish, i.e. the spacetime is curved, there will exist at least
one loop such that §V< = 0.

It should be stressed that

e The Riemann tensor is linear in the second derivatives of g,,,,, and non-linear in the first
derivatives. Note that it has the same differential structure of the Gaussian curvature
introduced in Chapter 1, Eq. 1.12.

e In a LIF I'J, = 0, therefore the non-linear part of the Riemann tensor vanishes as
well.

By contracting the Riemann tensor with the metric we can construct a (9) tensor, called
the Ricci tensor
R;w = gaﬂRa,uﬁv = Rayau . (4.19)

By further contracting the Ricci tensor with the metric, we can also define the scalar (or
Ricci) curvature
R=g*Ru.5 = R, . (4.20)

As the Riemann tensor, both the Ricci tensor and the Ricci scalar are linear in the second
derivatives of g,.,,, and non-linear in the first derivatives.
In a LIF, the components of the Riemann tensor have a very simple form since the
non-linear part of the tensor vanishes, i.e.
L Y

va,f

(4.21)

and by replacing the expression of the Christoffel symbols given in Eq. 3.68, we find

1
B sv = 59 [9ov.pn — Goppv + 9ppov = 9pvionl » (4.22)
or, lowering the index «,
A 1
R = 903 R s = 5 [ — G + Gnaw — 9] (1.23)

IThis can be understood by noting that in a LIF g,, = nuu + O(z?), and the O(z?) terms depend on
the second derivatives of the metric; it can be shown that the O(x2) terms can be expressed in terms of
the Riemann tensor components. If these terms vanish everywhere, the LIF can be extended to the entire
spacetime.
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Consequently, in a LIF the components of the Ricci tensor are

e 1 ao
Rﬁy =R Bav = 59 [goll,ﬁa — Yoa,Brv + 9pa,ov — gﬁl/,aa] . (424)

4.2  SYMMETRIES OF THE RIEMANN TENSOR

Using Eq. 4.23 it is easy to show that the curvature tensor is antisymmetric in the first and
in the second pair of indices, i.e.

Rapuy = —Rgapw,  and  Rapguy = —Raguu (4.25)
whereas it is symmetric under exchange of the two pairs of indices
Roguw = Ruvas - (4.26)
In addition it satisfies the Ricci identities
Rapguv + Ravgp + Roywp = 0. (4.27)

Since Rap,. is a tensor, these symmetry properties, which can easily be derived in a LIF
using Eq. 4.23, hold in any reference frame. The symmetries of the Riemann tensor reduce
the number of its independent components from 4* = 256 to only 20.
As a consequence of Eq. 4.26, the Ricci tensor Ry, = ga*BRWl,g is symmetric under
exchange of its indices:
RHV = Ruu ) (428)

and therefore it has only 10 independent components.

4.3 THE RIEMANN TENSOR GIVES THE COMMUTATOR OF COVARIANT
DERIVATIVES

Let us consider the second covariant derivatives of a vector field V

VoVVH =Vo(VFg) = (VF8)a + 15,V = I3V 0. (4.29)
In a LIF I'* = 0, and Eq. 4.29 becomes
VaoVVH =(VEg) o=V 34+ FﬁﬂyaV”. (4.30)
By interchanging a and
ViV VE=(VE )=V op+ I‘ZaﬂV”. (4.31)
The commutator of the covariant derivatives is then

[Va, Vo] VI = VoV Vi — VgV VH = (rgﬁva -, ﬁ) VY. (4.32)

The term in round brackets in this equation coincides with the expression of the Riemann
tensor in the LIF (see Eq. 4.21), therefore

[Va, V] V¥ =RV, sV . (4.33)

This is a tensor equation and since it is valid in a given reference frame, it will be valid in any
frame. Eq. 4.33 shows that in curved spacetime the covariant derivatives do mot commute
and therefore the order in which they appear is important.



92 B General Relativity and its Applications

4.4 THE BIANCHI IDENTITIES

We shall now derive the Bianchi identities, a set of differential equations satisfied by the
Riemann tensor. Since in a LIF the expression of the tensor is much simpler, we shall use
Eq. 4.23 to prove the identities in this frame, and then generalize them to any frame.

Let us differentiate Eq. 4.23 with respect to z*

1
RQB;LV,)\ = 5 [gau,ﬁ,u)\ — Jau,Bv + 9Bu,av\ — gﬁv,au)\} . (434)
Using Eq. 4.34 and the symmetry of g,g, it is easy to show that
Rappwn + Rapapy + Rapuru = 0. (4.35)

In a LIF ordinary and covariant derivatives coincide, therefore Eq. 4.35 can also be written
as
Ropuvix + Rapapy + Raguru = 0. (4.36)

These equations have been derived in a LIF, and since they are tensor equations, they will
be valid in any frame.

Egs. 4.36 are the Bianchi identities which, as we shall later see, play an important role
in the derivation of Einstein’s equations.

4.5 THE EQUATION OF GEODESIC DEVIATION

If the spacetime is curved, the Equivalence Principle establishes that we can always choose
a LIF where the affine connection vanishes. In this frame a free particle (i.e. one subjected
to no other force than gravity) follows the geodesic equation with zero acceleration.

Conversely, if the spacetime is flat we can always choose a coordinate frame in which the
affine connection does not vanish as, for instance, in Minkowski’s spacetime when spherical
coordinates are chosen. In this case a free particle would follow a geodesic with non-zero
acceleration, and we would not be able to establish whether this acceleration is due to a
true gravitational field or to the fact that the reference frame is not inertial. In other words,
the local curvature of spacetime cannot be measured by observing the motion of a single
particle.

We shall now show that the local curvature of spacetime can be measured by comparing
the motion of two close particles, i.e. by comparing the behaviour of close geodesics.

Let us consider a two-parameter family of geodesics z#(7,p), where 7 is the affine pa-
rameter and p labels different curves of the family. Along each geodesic p = const. We also
consider the family of non-geodesic curves which join points of the family z#(7,p) having
the same 7; these curves are parametrized by p and are indicated with 7 = const in Fig. 4.2.

Two particles move along two infinitely close geodesics z#(7,p) and z*(1,p) + daH =
at(1,p + op). Here Sz is the infinitesimal displacement vector between points having the

same 7 on the two geodesics. Let ¢ be the tangent vector to the geodesics, and b the tangent
vector to the p = const curves, as indicated in Fig. 4.2, i.e.

_ 0x®

aa
= :'C and ba—aip

= (4.37)

The displacement vector is dx® = b*dp. For simplicity, we choose the parameter p such
that the tangent vector b® and the displacement vector dx® coincide. With this definition,
oz = 927 and

R

%= 5 (4.38)
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X'+ 8x" T=Cconst

T=const

X(T,p)
p=const

p=const

Figure 4.2: Worldlines of two infinitely close particles and their tangent vectors.

We now compute the covariant derivative of the vector £ along the curve 7 = const with
tangent vector dz, i.e. V- t. The components of this vector are

(a3

i[Ot . 1 ot .
=— [ + IO } =y it oa". (4.39)

(Viz ) = d2"t%, = op | o

Similarly, the covariant derivative of the vector 5z along the curve p = const, i.e. along the
geodesic, has components

00x®
or

in its lower indices it follows that

(V; 5})a = 1oz, = + T Sa b (4.40)

a
nv

From Eq. 4.38 and from the symmetry of "
Vyor =V t. (4.41)

S\ @
The quantities (V; 556) and (V o f)a involve only the affine connection, therefore they

do not give significant information on the gravitational field.
We shall now compute the second covariant derivative of the vector dx along the curve

p = const, i.e Vp (V; 5?5) This quantity is the relative acceleration of the two nearby

particles as they move along the geodesics. By defining the operator

d’%axa = (Ve o2)" (4.42)

the quantity we need to compute is

Do (v (veiw))" (4.43)

This is the geodesic deviation. In order to compute this quantity, let us expand the
following commutator

ViVl #=Ve(Ve 1) = Vi (Vid) (4.44)
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whose components are

(IVaVg] D7 = (0" 12,),, — o (& 1°,),

3 SH
= thoxY %, + 1 SV tY,,, — oat tY, tY, — otttV L,
= (thda¥,, — Sxt )t 4 (1% — 1 ) T 2 (4.45)
Since from Eq. 4.41
th §a¥,, = oz 7, (4.46)
Eq. 4.45 gives
(e}
([va V(;;J E) = (% — t% ) 102V (4.47)
We now remind that, according to Eq. 4.33, the commutator of covariant derivatives is
(ta;u;u - ta;u;l/) = Raﬁuvtﬂ ) (4-48)
therefore Eq. 4.45 becomes
([Va V] O = R titroa. (4.49)

Moreover, since t* is the geodesic tangent vector, when it is parallely transported along the
geodesic it satisfies the equation (see Sec. 3.8)

Vyt=0; (4.50)

as a consequence Vs (V; f) = 0 and the commutator in Eq. 4.44 can be rewritten as

(Ve Vil " = (Ve(Vi )" = (Ve (Ve k) ) = Boputtioe . (451)

where we have used Eq. 4.41. By direct substitution of this expression in Eq. 4.43 we finally
find

D26z

dr?

This is the equation of geodesic deviation, which shows that the relative acceleration
of nearby particles moving along geodesics depends on the spacetime curvature. Since the
Riemann tensor is zero if and only if the gravitational field is either zero or constant and
uniform, the equation of geodesic deviation really contains the information on the gravita-
tional field in a given spacetime.

= R, t7 t" 5" (4.52)
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‘

Summary on the curvature tensor

e The Riemann tensor, or curvature tensor, is a (1) tensor describing the intrinsic

curvature of the spacetime; it vanishes in a flat spacetime, while it is non-vanishing
in a curved spacetime.

e Its components are
R = gv,u - gum -Ta gu + F?u gv : (4.53)
e It is antisymmetric in the first and in the second pair of indices; it is symmetric
under exchange of the first and second pairs of indices.

e A contraction of the first and third index of the Riemann tensor yields the Ricci
tensor, which is a symmetric () tensor whose components are
Ry =R o =10, o = Than =TT + 1517, - (4.54)

“w po,v ovt pa oat uv

e A contraction of the Ricci tensor yields the Ricci curvature, or scalar curvature,
R=g"R,,.

o A vector 1% parallely transported along an infinitesimal closed loop with sides
dz(1), 07 (2), undergoes a shift 6V with components

SV = £R 5, VI balpy Sl (4.55)
where the sign depends on the direction of the motion on the loop.

e The commutator of the covariant derivatives of a vector V is

V., V,] V* = R, VF. (4.56)
e The Riemann tensor satisfies the Bianchi identities

Raﬂuu;)\ + Raﬁx\u;u + Raﬁu)\;u =0. (457)

e The separation 5z between two infinitely close geodesics with tangent vector
satisfies the equation of geodesic deviation

D%§z™

o = B Pt sav . (4.58)
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CHAPTER 5

The stress-energy tensor

In the previous chapter we showed that there exists a tensor which allows to understand
whether the spacetime is curved or flat, i.e. if we are in the presence of a non-constant or
non-uniform gravitational field. In order to describe the dynamics of the gravitational field,
we also need to understand how to include the contribution of matter and fields, which are
the sources of such field. In this chapter we shall show that the distribution of matter and
energy can be described — both in Special Relativity and in General Relativity — in terms
of a rank-two tensor field, the stress-energy tensor, which will be indicated as 7},,. The
relevance of this tensor for the theory of gravity will be clear in the next chapter, where we
shall show that it is the source of the dynamical equations of the gravitational field.

We shall firstly introduce 7}, in flat spacetime, using as an example the simplest physical
system, a gas of non-interacting particles. Generalizing the concept of energy-momentum
four-vector of a particle in Special Relativity, we shall show that the quantity we construct
is a tensor, and that it satisfies a divergence-free equation which, in flat spacetime, leads
to energy and momentum conservation laws; the meaning of the components of this tensor
will be illustrated and discussed. In order to generalize these results to curved spacetimes,
we shall state a fundamental principle of General Relativity, the Principle of General Co-
variance. In this way we show that the tensorial properties that T}, satisfies in Special
Relativity, i.e. the symmetries and the divergence-free equation, hold in any frame.

Although derived for a simple physical system, the gas of non-interacting particles,
these properties hold for any system which can be described by a stress-energy tensor as,
for instance, a fluid.

The discussion on the stress-energy tensor will be further expanded in the following
chapters: in Chapter 7 we shall provide a more formal derivation of this tensor for a generic
physical system described by a Lagrangian; in Chapter 8 we shall show that conservation
laws can be associated to T}, when the spacetime admits some symmetry; finally, the stress-
energy tensor of a fluid will be derived in Chapter 16, where we will show how the laws of
thermodynamics have to be modified in General Relativity.

5.1 THE STRESS-ENERGY TENSOR IN FLAT SPACETIME

In Special Relativity, the motion of a particle of mass m and three-velocity v with compo-

nents v’ = %1 ,i=1,...,3 is described by the energy-momentum four-vector
p%* = mecu®, a=0,...,3, (5.1)
where u® = % are the components of the particle four-velocity #, and 7 (which has the

dimensions of a length, see Box 3-F) is related to the particle proper time 7/c. With this
notation and with our adopted convention for the metric signature, the square of the norm

97
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of the four-velocity is uau® = —1. Also remember that {{%} are Minkowskian coordinates.
By defining £° = ¢t and
— digo (5 2)
V= .
we obtain
uw =
i dfi_dfiﬂ_ i
YT T arar e
2 2y —1/2
o B _ 9 v\ B v
Nagu®u’ = —7v <1 - 02> =-1 — v = (1 - c2) . (5.3)

Thus, the energy-momentum vector can be written as

P =my(e,v). (5.4)

The time component of this four-vector is proportional to the particle energy

P’ = %, where E = mc®y, (5.5)
whereas the space components are the components of the three-dimensional relativistic
momentum p = myv.

When dealing with a continuous or discrete distribution of matter and energy, there are
other quantities which we would like to define and measure, such as the mass and the energy
which are contained into a certain volume, or the energy and momentum that flow across
the surfaces enclosing this volume. All this information is contained in the stress-energy
tensor which we are going to define.

Let us consider, as an example, the simple case of a system composed by a collection
of non-interacting particles, each of which follows the worldline {£%(t)}, and let p,, be the
energy-momentum vector of the n-th particle. We define the energy density of the system

T =" epf(t)5*(€ — £, (t) ZE %€~ €a(t)) (5.6)

n

where the function

03(€ — &a(t) = 0(€" — £, (1)3(€* — &1(1)(E” — &3(1)) (5.7)

is the three-dimensional Dirac é-function, whose main properties are summarized in Box 5-
A. Note that, since 63(€ — &,,(t)) has the dimensions of an inverse cubic length, 7% has
the dimensions of an energy divided by a volume, i.e. an energy density. In analogy with
Eq. 5.6, we introduce the density of momentum 17 where T is defined as

T = " epl, ()% (€ — £,(1)) i=1,2,3 (5.8)
and the momentum current as

=Yk s g,m), k=123, (59)

n

The definitions 5.6, 5.8 and 5.9 can be unified into a single formula

T =%" nd§7l()53(§ £.(1), a,B=0,...,3. (5.10)



Furthermore, since

Eq. 5.10 can also be written as

The stress-energy tensor

Tt = 2 3PS e g, (1),

which clearly shows that 7% is symmetric in its two indices,

T = 7P

Finally, an alternative way of writing Eq. 5.10 is

T =met ) / W64 (€~ €. (m))drn

where

64(E— &) = 6(6° — €0)8(¢" —€1)0
Indeed, using the properties of the §-function (see Box 5-A) it is easy to see that

(€

- &8¢

10 = w3 [ i 1€ )

D3 [pn d@ €~ ()]

O dgg 5(E — E4(8")) =

which coincides with Eq. 5.12.
In the next sections, we shall show that:

e T3 are the components of a tensor;

e this tensor satisfies a divergence-free equation;

Eg(Tn)fé-O

2t

dfn 3
"odt g

—&)-

> / 2 S8 (e - €0l 8~ €Rlr) 0 )

(E - én(fo)) )

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

e this equation can be generalized to the case of curved spacetimes, i.e. in the presence

of a gravitational field.
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‘

Properties of the /-function

In one dimension, the Dirac d-function is defined by the property that, for any
smooth function f(x),

/ dz F(2)8(z — z0) = f(a0), (5.17)

if xg is part of the integration domain, otherwise the above integral vanishes.
Similarly, for the three-dimensional d-function 63(¢ — £,,) given in Eq. 5.7, the
following property holds

/ B FEOFPE €)= f(En). (5.18)

According to these definitions, the one-dimensional §-function has the dimensions
of the inverse of a length and 63(€ — £,,) has dimensions (1ength)73.
More generally, in D dimensions Z = (z!,..., 2

/ 0Pz f(#)SP(F — ) = f(Zn). (5.19)

where 60 (7 — #,) = 6(x! — xL(¢))6(2% — 22(t)) - - - 6(zP — 22 ().

n
It is easy to prove the following useful properties of the J-function

0(z) =d0(—x), S(constx) = ——6(z),

T |const|

8lg(z)] =2, mé(a} —z7), xd(x)=0, (5.20)

[ dxf(x)d (x — x0) = —f'(20),

where the prime indicates differentiation with respect to the argument of the func-
tion.

5.2 IS T*% A TENSOR?

Let us consider the stress-energy tensor given in Eq. 5.14 and a generic coordinate transfor-
mation {* = £*(z® ). The four-momentum and the four-velocity transform as p® = A%, p?’

and u® = A%, ©’, where A%, = %. Since, as discussed in Box 5-B, under the transfor-

mation £ = £(2®’) the §4(£ — &,) transforms as

N . 54 A
§HE—En) = (x_g,"), (5.21)

Eq. 5.14 gives
C 0N T - )

T =mc*y / A% APl ) ——— " (5.22)
n -9
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This shows that the quantity

N

transforms as a tensor under a generic coordinate transformation, i.e.

54T — F,
T =23 / oy SEZTn) (5.23)
n

T = A%, AP, THY (5.24)

and therefore 7% given in Eq. 5.23 is a tensor (see Box 2-M). In flat spacetime in
Minkowskian coordinates and in a LIF, /—g = 1 and we recover the definition 5.14.

Therefore, we define the tensor 77 given in Eq. 5.23 as the stress-energy tensor
of a cloud of non-interacting particles. This definition is valid both in flat and in curved
spacetime.

In general, different kinds of matter and/or fields may be present: fluids, electromagnetic
fields, etc. In all cases it is possible to define a rank-two tensor, the stress-energy temsor,
whose components have the same meaning as those discussed in Box 5-C for a cloud of
non-interacting particles. In Chapter 7, we shall show that the stress-energy tensor can be
derived by writing the action of the considered field, and by varying this action with respect
to guv. For example, the stress energy tensor of a scalar field ¥ reads

1
Ty = 0,Y0, ¥ — ig,w&,\IJa"\IJ -9 V(¥), (5.25)

where V(¥) is the scalar self-potential, which reduces to V(¥) = "5;32 U2 for a free scalar
field with mass m.
Likewise, the electromagnetic stress-energy tensor in SI units reads

1 (e 1 g
Ty = —— <FU(MF,,)pg P Zg/WF”pF p) , (5.26)
Ho

where F,, =V, A, —V, A, is the electromagnetic tensor, 4, is the four-potential, and pg
is the vacuum permeability (the overall coefficient depends on the system of units chosen
for the electromagnetic quantities). As an exercise, the reader can easily show that it is
superfluous to use covariant derivatives in the definition of F),,, since V, A4, — V, A, =
OuA, — 0,A,.

Finally, for a perfect fluid,

TMV = (6 + p) Uy Uy + Puv (527)

where € and p are the energy density and the pressure of the fluid measured in a LIF co-
moving with the fluid, and u* is the (dimensionless) four-velocity of a fluid element. This
case will be discussed in detail in Chapter 16.
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‘

Transformation rules for §*(¢ — &, (7))

In a four-dimensional spacetime the volume element which is invariant under a
generic coordinate transformation 2 = 2%(2®') is /—g d*z, i.e.

V=g dtz = /—g d*z’. (5.28)

Indeed,
d*z = |J| d*z’, (5.29)
where J = det ( e ) is the Jacobian associated to the coordinate transformation.

Furthermore, since

oxt Ox¥

ga/ﬂ/ = axa/ 6$6/ gul/7 (530)
the determinant of both members gives
Yy
g =J%  and therefore || = J (5.31)

g

which, replaced in Eq. 5.29, gives Eq. 5.28. Thus, if {£*} is a Minkowskian frame,
and {z®'} is a generic frame, Eq. 5.29 gives

d*¢ =/—g d'a’. (5.32)

Let us now consider the d-function in Minkowski’s spacetime; by definition (see
Eq. 5.19), for every function f(&), we have

®

—

[ ate 5@t €= &)= 1i&. (533)
and, in a generic frame {z®} |

[ s@st -z = 1. (5.34)

Let us now perform a coordinate transformation £* — z%, with % = z%/(¢"),
and define f(¢) = f(#/(€)); multiplying and dividing Eq. 5.34 by /—¢’, we find

N _’ 4 7!
| Ve @ / o )d% FE),  (5.35)

which is valid for every function f. Comparing Egs. 5.33 and 5.35 we finally find

ME-&n) = W. (5.36)

Note that the Dirac §-function does not transform as a scalar.
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Physical meaning of the stress-energy tensor components

In order to understand the physical meaning of the components of the stress-energy ten-
sor, we shall consider again, as an example, the case of a gas of non-interacting particles.
However, the results hold for any physical system. In flat space (and in Minkowskian
coordinates) the components of the stress-energy tensor can be interpreted as follows.

o T% = energy density.
Indeed (see Eq. 5.6)

T = 3" E.6° (€~ £,(1)). (5.37)

In the non-relativistic limit v < ¢, E, ~ my,c?, and the energy density becomes
T = pc?, where p is the matter density

p =3 mad* (€~ £,(1)). (5.38)

° %TOi = density of momentum; ¢T% = energy current.
Indeed (see Eq. 5.8)

1,06 i
ETO = an53(£ - En(t)) ) (539)
and since p' = myv' = Ev'/c?, we can also write

T =" Ev'6*(€ - €,(1), (5.40) ¢

which is the energy flowing per unit time across the unit surface orthogonal to the
axis &°.

e T = momentum current.
Indeed (see Eq. 5.9)

T =3 gl (€ - £,(1)) (5.41)

is the (i-th component of the) momentum flowing per unit time across the unit
surface orthogonal to the axis z”.

In curved spacetime, we can always define a LIF, where — due to the Equivalence Princi-
ple — the components of the stress-energy tensor have the same interpretation as in flat
space. In this frame, then, 7% is the energy density, %TOl is the momentum density, ¢
is the energy current, and 7% is the momentum current.
In a general coordinate frame, the energy density as measured by an observer with four-
velocity @, €™, is

e =T, ulu” (5.42)

Indeed, €™ is a scalar quantity (the contraction of a () tensor with two vectors) and
has the same form in any coordinate frame. In a LIF where the observer is at rest, its
four-velocity has components u* = (1,0, 0,0), and Eq. 5.42 gives ™ = Too, which is the
energy density in this frame.
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5.3 DOES 7% SATISFY A CONSERVATION LAW?

Let us consider, as an example, the expression of the stress-energy tensor for a system of
non-interacting particles (Eq. 5.10) in flat spacetime, and take the space-divergence ! of the
(vi)-components, i.e.

LA ok ll) L e e). (5.43
where « =0,...,3 and i =1,...,3. Since
85% (€ —€,(t) = agq (€ —€,(1), (5.44)
Eq. 5.43 becomes
T = -2 d%f” - (e £a(1) (5.45)

= —an o 53 (€ —&.(1)).
Let us now differentiate the component T°" with respect to £° = ct:

[e10]
aaTgo :de"()535 £(t) +an *536 £.(t)) . (5.46)

Since

dpy(t)  dpn(T )dT dr
nas == = —f 5.47
dt dr dt  dt°"’ (5.47)
where f is the four-force, the first term in Eq. 5.46 is a density of force.
If the system of particles is isolated, the total four-force is zero and the first term in

Eq. 5.46 vanishes. Therefore, adding Eq. 5.45 and Eq. 5.46 we find

o7
9eP

This equation states that the ordinary four-divergence of the stress-energy tensor of an
isolated system vanishes in flat spacetime. Although this result has been derived for a gas
of non-interacting particles, it can be shown that it holds for any distribution of matter and
fields.

We shall now show that this equation leads to the conservation of the energy and mo-
mentum of the considered system.

Let us consider the @ = 0 components of Eq. 5.48, and move the terms with space
derivatives to the right-hand side,

aTe® 9Tk
T@:_Tgk, kzl,

We can integrate this equation over a volume V which extends over all space; the integration
is performed at a fixed time, i.e. on a hypersurface £° = const

=0, a,3=0,...,3. (5.48)

3. (5.49)

a 00 43 aTOk 3
aSO/T = | e . (5.50)

al 2 a3
IWe remind that ‘9(;;1 = ngl + g"; + ggS _
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‘

Gauss’ theorem

Given a three-vector A, the integral over a volume V of the three-divergence of A
is equal to the flux of A across the boundary of V, 9V, i.e.

/ V- Ad¢= A nds, (5.51)
where n is the unit vector orthogonal to the surface element dS.
Since V- A = 657,1':1,...,3and g
A-ndS =6n'A* dS = AFndS, (5.52)
by putting dS; = nidS, Eq. 5.51 becomes
A
/ — ¢ = [ AFdS. (5.53)
v 0§ v
Using Gauss’ theorem (see Box 5-D), we can write Eq. 5.50 as
0 / T3¢ = / T dS (5.54)
980 ov ' '

Note that ¢T°F is the energy which flows across the unit surface orthogonal to ¢* (see Box 5-
C); if we assume that the system is isolated (i.e. no energy and momentum flows across the
surface 9V which encloses the whole space) then ¢T°% vanishes on OV, and Eq. 5.54 gives

0 / TOPB¢=0 — / TOd3¢ = const , (5.55)
280 v
which, since T% is the energy density of the system, expresses the energy conservation law
of an isolated system.
A similar procedure can be used to find the conservation law of the total momentum;
by putting a =¢=1,...,3 in Eq. 5.48 we find

0 oT™* ,
350/ TOPRE = — o ngz—/aVledsk, (5.56)

and, assuming that the momentum currents 7% vanish at infinity,

0 .
T4 - /TZO 3¢ = : .
960 / d’¢ = , d’§ = const (5.57)

Since 27 is the density of momentum (see Box 5-C), Eq. 5.57 shows that the total momen-
tum of an isolated system is conserved. In conclusion, in Special Relativity we can define
the four-vector

PO‘:/T"OdV, a=0,...,3, (5.58)
\4

which, as a consequence of the divergence-free equation Eq. 5.48 satisfied by the stress-
energy tensor, is conserved for isolated systems. The components P® and P? are, respectively,
the energy and the total momentum of the system.
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The above derivation has been carried out in the framework of Special Relativity. We
now need to show how this can be generalized to curved spacetimes. To this purpose, in Box
5-E we introduce the Principle of General Covariance which, together with the Equivalence
Principle, lays at the foundations of the theory of General Relativity.

,m )

Principle of General Covariance

When a physical law is preserved in form under an arbitrary coordinate transfor-
mation, we say that it is generally covariant.
The principle of General Covariance states that a physical law is true if:

1. it is true in the absence of gravity, i.e. if it reduces to the laws of Special
Relativity when g, — nu and T, vanish;

2. it is generally covariant. This implies that all equations must be expressed in
a tensorial form. Indeed, let us consider a law of physics written in a tensorial

form, e.g.
Apvp =By (5.59)
Upon a coordinate transformation, the above equation becomes ®
A NN AL = By AR AL AP (5.60)
which can be rearranged as
(Aﬂry/p/ — BH’V’P')AZ AZ Ag — AH'V’P' = Bu’u’p’ . (561)

Therefore, the law 5.59 has the same form in any coordinate frame. This
proof can be repeated for tensorial equations of any rank.

Thus, according to the Principle of General Covariance, if a tensor equation is true
in the absence of gravity, then it is true in the presence of an arbitrary gravitational
field.

Since the divergence-free equation 5.48, T? 5 = 0, is valid in Special Relativity, i.e. in
the absence of gravity, according to the Equivalence Principle it holds in a LIF in curved
spacetime. In this frame, the covariant and ordinary derivatives coincide, therefore Eq. 5.48
can be written in the alternative form

TP 5 = 0. (5.62)

Since Eq. 5.62 is a tensor equation, according to the Principle of General Covariance it
holds not only in the LIF, but also in any other frame. Thus, the generalization of Eq. 5.48
in curved spacetime is Eq. 5.62, which establishes that the covariant divergence of the
stress-energy tensor vanishes.
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5.4 IS T*%.5 = 0 A CONSERVATION LAW?

To answer this question we need to compute the covariant divergence of T°?. From the
expression of the affine connection in terms of the metric we find

1 O0gpx | Og 9gx
Ko Zghe P pp I3
=59 ( i il I (5.63)

The first and the third terms cancel each other out due to the symmetry of g.gz; therefore

1 ,, 09
FMH = igup# . (564)

Given an arbitrary square matrix M, the following equality holds

0

Tr M_l(x)ﬁ
T

M(x)| = n (|detM(z)|) . (5.65)

0
— 1
ox
Using this equation, the right-hand side of Eq. 5.64 can be written as

10 19

where we have defined g as the determinant of the matrix with components g,,,,, and taken
into account the fact that g < 0. Thus for example, given a vector V'

1

A A a
VA=V A+ TGV WaA

(V=gV?) . (5.67)

Likewise, for a tensor F'

1
Fr
T W ax#

In particular, if F'#¥ is antisymmetric, the last term in Eq. 5.68 vanishes due to the symmetry
of I'§,, in the lower indices, and

—(\/=gF"™) + T, ", (5.68)

%
P, =

’ \/7 8:5“

(V=gF"™). (5.69)

Using Eq. 5.68, Eq. 5.62 gives

0
o (V=gT) = —/=gT%, T, (5.70)

which shows that Eq. 5.62 cannot be reduced to the vanishing of an ordinary four-divergence.
Consequently, when integrated over the whole spacetime, as we did in Sec. 5.3, this equation
does not lead to conserved quantities.

In analogy with what one does in Special Relativity, we may still define a four-vector

:/ V—gT°adv, a=0,...,3, (5.71)
v

but this is not a conserved quantity. The physical reason for this failure is that in General
Relativity, the conservation of energy and momentum must also include the contribution
of the energy and momentum carried by the gravitational field itself. How to include these
contributions will be explained in Chapter 13.
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CHAPTER 6

The Einstein equations

We now have all the tools needed to derive the equations governing the dynamics of the
gravitational field. We expect such equations to be more complicated than the linear equa-
tions of the electromagnetic field. For example, electromagnetic waves are produced as a
consequence of the motion of charged particles, but the energy and the momentum they
carry are not a source of the electromagnetic field itself, and their contribution does not
appear on the right-hand side of Maxwell’s equations. For the gravitational interaction the
situation is different. The famous equation

E =mc? (6.1)

establishes that mass and energy can transform one into another: they are different man-
ifestations of the same physical quantity. It follows that if the mass is a source of the
gravitational field, so must be the energy, and consequently both mass and energy should
contribute to the right-hand side of the field equations. This implies that the equations we
are looking for have to be non-linear. For instance, a system of arbitrarily moving masses
radiates gravitational waves which carry energy, which, in turn, is source of the gravitational
field . In addition, the Principle of General Covariance (see Box 5-E) states that the laws
of physics must be generally covariant, i.e. their form must be invariant under a general
coordinate transformation; this implies that the equations governing the gravitational field
must be tensor equations.

As discussed in Chapter 5, the stress-energy tensor describes the matter and energy
distribution, and since the latter are the source of the gravitational field we expect the
stress-energy tensor to appear on the right-hand side of the tensor equations we are looking
for.

Finally, since Newtonian gravity works remarkably well for non-relativistic systems, or
in general when the gravitational field is weak, in formulating the new theory we shall
require that in the weak-field limit the new equations reduce to Poisson’s equation for the
Newtonian potential &, namely

V20 = 47Gp, (6.2)
where p is the matter density, and V? is Laplace’s operator in flat space which, in Cartesian
coordinates, is (see Box 3-E)

Vie S+ S+ (6.3)

Following these prescriptions, we shall start by showing how the new equations of gravity
look like in the weak-field, stationary limit.

LJohn Archibal Wheeler had aptly put this property as “Spacetime tells matter how to move, matter
tells spacetime how to curve.”

109
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6.1  GEODESIC EQUATIONS IN THE WEAK-FIELD, STATIONARY LIMIT

Consider a non-relativistic particle moving in a weak and stationary gravitational field. Let
7/c be the proper time of the particle. Since v < ¢, it follows that

dx’ < o dxt < dt  da’ (6.4)
c — <L c—=—; .
dt dr dr dr’
consequently, in this limit the geodesic equations become
APt da® da? APt dt\?
—— 4+, =0 = ——4+TH (c—] =0. 6.5
dr? thas dr dr dr? +Loo <Cd7> (6.5)

From the expressions of the affine connection in terms of g,, given in Eq. 3.68, we easily
find

1 lon
Tho = 59“ (2900,0 — 900,0) - (6.6)

In addition, since the field is stationary go,0 = 0, and the above expression simplifies to

1 09900
It = ——g"° . 6.7
00 29 0x° (6.7)
Since we have assumed that the gravitational field is weak, we can choose a coordinate

system such that

uv = Nuv + h;wa ‘h,u.y| < 1, (68)

where h,,,, is a small perturbation of the flat metric. In other words, we are assuming that
the field is so weak that the metric is nearly flat. Any quantity depending on the metric
can be expanded in powers of h,,; in such expansion, we shall denote the n-th order in h,,,
as O(h™). In the following we shall retain only first-order terms in h,,, i.e. we shall neglect
terms of order O(h?). On this assumption the inverse metric is

g =" — B 4 O(h?). (6.9)
Indeed, with this definition,
9" gua = (" = ") (M + hua) = o+ O(hZ) . (6.10)

Consequently, we shall raise and lower indices of quantities of order O(h) with the flat
metric n*¥. Indeed

R, = gMhpy, = (" = W )hy = 0 h,, + O(K?) . (6.11)
Thus, neglecting O(h?) terms, Eq. 6.7 gives
1 8h00
Y, = —=n"° A2
00 277 0z (6.12)
and the geodesic equations become
2zt 1 Ohgo [ dt\°
—— =t c— 6.13
dr? 2T oz (CdT) ’ (6.13)
or, splitting the time- and the space-components,
d2ct 10hoo [ dt\?
- = = = 6.14
dr? 2 Oct (CdT) (6.14)
d*x

1 dt \*
ﬁ = §Vh00 (ch) s (615)
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(9 9 9
V= <8x,8y782> (616)

is the gradient operator in Cartesian coordinates. Since we have assumed that the field is

stationary (% = 0), the right-hand side of Eq. 6.14 vanishes and cdt/dr = const. If we

rescale the time coordinate in such a way that c(‘f—i =1, Eq. 6.15 becomes

where

?x

1

Remeber that the corresponding Newtonian equation is

where ® is the gravitational potential, solution of the Poisson equation 6.2. By comparing
Egs. 6.17 and 6.18, and since 7 = ct, we find that the requirement that the geodesic equations
reduce to the Newtonian equations yields:

P P
hoo = —2— +const, and goo = —(1+2—). (6.19)
C C

Thus, Eq. 6.19 establishes a relation between the 00-component of the metric tensor and
the Newtonian potential.

This remarkable property gives us a hint on the form that the full field equations should
have. Indeed, by applying the Laplace operator to the expression of ggg given in Eq. 6.19
and using the Poisson equation 6.2, we find

(6.20)

Moreover, since we are considering non-relativistic particles, the matter distribution is de-
scribed by the 00-component of the stress-energy tensor, i.e. 7% = Ty ~ pc? (see Box 5-C);
consequently Eq. 6.20 becomes

8rG
V2900 = g Too - (6.21)

As discussed in the previous section, the Principle of General Covariance imposes that the
equations of the gravitational field must be written in a tensorial form. Thus, Eq. 6.21 has to
be the weak-field, stationary limit of the 00-component of a tensor equation. This suggests
that we should construct a rank-two tensor G, starting from g, and its derivatives, such

that the field equations are

G

G;w = oA T;Ll/v (622)

and that, in the weak-field limit and for a stationary field, the 00-component of these
equations reduces to Eq. 6.21 which implies that, in this limit and neglecting O(h?) terms,
GQO = —V2g00 . (623)

Equation 6.22 has to apply to the general case of a gravitational field generated by an
arbitrary distribution of energy and matter. Furthermore, since it is a tensor equation, it
holds in any reference frame.
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6.2 EINSTEIN’S FIELD EQUATIONS

We shall here construct the rank-two tensor G/, appearing in Eq. 6.22. To this aim we
shall discuss and implement some reasonable properties of this tensor; we will also make
use of the weak-field, stationary limit given in Eq. 6.23. This heuristic derivation follows
the original derivation by Einstein in 1918 [44]. Einstein’s equations were also obtained,
independently, by Hilbert (see footnote 3) using the variational approach which will be
discussed in Chapter 7.

Let us first discuss the differential structure of G, in terms of derivatives of g, . Since
in the weak-field, stationary limit Goo — —V2goo, we expect G uv to depend at most on the
second derivatives of g,,. A further motivation to exclude a dependence on higher-order
derivatives comes from the theory of partial differential equations, which shows that field
equations of third or higher order generally lead to instabilities (indeed, all known theories
of fundamental interactions are described by field equations of order no higher than two).
This point will be further discussed in Box 7-D.

The tensor G, is the geometric object which describes the gravitational field, therefore
it should depend only on the metric tensor and its derivatives. Moreover, it is reasonable to
assume that it does not contain any other dimensionful quantity. Since g, is dimensionless
and G, has the dimensions of the inverse of a squared length (see Eq. 6.23), G,,,, has to be
linear in the second derivatives of the metric, and quadratic in the first derivatives. Indeed,
suppose that G, contains terms of the following schematic type

8g;w 8904,8 8976 829uu 8g;w 89&,6 6guu
0z, Oz, Ox,;’ Oz 7 0z, Oz, oz, ’

G - (6.24)

In order to be dimensionally homogeneous, each term should be multiplied by a constant
having the dimensions of a suitable power of a length, e.g.

ag,uv 89046 8975 azg,uz/ ag;w agozﬁ ag/_wl
oz, Oz, Ox; ' Ox2 "’ oz, Oz, ’ oz, 1’

1

since we require that G, does not depend on any dimensionful constant, only terms like

829uu aguu agaﬁ
D22 and Dz, Do, ATC allowed.

Let us summarize the assumptions that we need to make on G, on the basis of Eqgs. 6.22
and 6.23, and of the discussion above:

1. G, must be a tensor and, as T},,, must be symmetric; moreover, in the weak-field,
stationary limit it must reduce to Eq. 6.23, i.e.

Goo ~ —V?go0 - (6.26)

2. It must be linear in the second derivatives of g, it can contain terms quadratic in
the first derivatives, and no linear terms in g,, should be included.

3. Since T}, satisfies the divergenceless equation T#"., = 0, G, must satisfy the same
equation

G, =0. (6.27)

As discussed below, there exists a theorem, due to Lovelock, which guarantees that, under
the above assumptions, G, is in fact unique.

In Chapter 4 we introduced the Riemann tensor and we showed that it carries the
information on the curvature of the spacetime. It has the differential structure which we

require for the tensor G, i.e. it is linear in the second derivatives of g,,,, is quadratic in
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the first derivatives, and contains no linear terms in g,,,,. Therefore, the Riemann tensor is a
good starting candidate for the left-hand side of the gravitational field equations. However,
it is a tensor of rank four, whereas the stress-energy tensor is of rank two.

As discussed in Chapter 4, by contracting the Riemann tensor with the metric we can
construct the Ricci tensor (Eq. 4.19)

Rul/ = gaBRau,BV = Rauau , (6.28)
which is a symmetric tensor, and the scalar curvature (Eq. 4.20)
R=g*Rap = R . (6.29)

It can be shown, by using the symmetries of the Riemann tensor, that R,, and R are the
only second-rank tensors and scalars that can be constructed by contraction of Rz, with
the metric tensor. Moreover, both R, and R have the same differential structure of R,
This suggests to write G, as a linear combination of R,, and R

G = ARy + Bgu R, (6.30)

where A and B are constants to be determined. The tensor G, is symmetric, as required by
the condition 1 in the above list, and has the differential structure imposed by condition 2.
Furthermore, condition 3 requires that

B
G, = A (R’“’ + AgWR> = 0. (6.31)

sV

In order to find whether Eq. 6.31 can be satisfied, we shall use the Bianchi identities (see
Sec. 4.4)
R + Bxpnuip + Baupny = 0. (6.32)

By contracting these equations with ¢*”, and recalling that the covariant derivative of the
metric tensor vanishes, we find

9/\1/ (RAWﬁm + Rapnu;p + RA;LBW;V) = g)\y (RA;WBW - RMWT??ﬂ) + gAVRAuBn;V
= Rupm — Runip + QAVRML[?W;V =0. (6.33)

Contracting once more,
9" (R — Ryunsp) + 9™ 9" Rappm = Ry — Ry — Ry = 0. (6.34)
Contracting with g%, the last expression can be rewritten in the following form
Ba 1 no
R B 59 R, =0,

which, relabeling the indices, becomes

1
(Raﬁ — an5R> =0. (6.35)
B

3

Therefore, the Bianchi identities imply that, if
Z__Z (6.36)

the equation
G"., =0 (6.37)
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is identically satisfied. Thus,

Gy = A <R,“, - ;g,“,R> . (6.38)
We remark that Eq. 6.37 is an identity: any g,, has to satisfy this equation, even if it does
not satisfy Einstein’s equations (in the language of particle physics, it can be said that
Eq. 6.37 is satisfied “off shell”).

We still have to find A. To this aim we will use the condition 1 of the above list, which
imposes that in the limit of weak, stationary field

1
Goo=A (Roo - 2900R> ~ —V2g00 - (6.39)

Since the field is weak, as in Sec. 6.1 we shall assume that g,, = nu + by, with by, | < 1
and that g"* = n* — h*” + O(h?). Under these conditions, the Christoffel symbols become

r%, =0 (hopy + hovp — hywe) + O(B?). (6.40)
The expression of the Ricci tensor is (Eq. 4.54)

R/LD = Ra,uozl/ =TI - I -re o, +re o (641)

J717Ne" po,v oVt po oo puvo

and from Eq. 6.40 it follows that the terms which contain products of I'’s in Eq. 6.41 are
of order O(h?), and can be neglected. Thus, in the weak field limit only the terms linear in
the second derivatives of the metric tensor survive, and the Ricci tensor can be written as

1

577% (h/w«pv + hpwwz - hw/,pa - hpa,w) + O(hQ) : (6-42>

The 00 component of R,,, therefore is

R, =

1
Ry = iﬂap (Qh()a’op - hOO,pa - hpa,OO) + O(hQ) . (643)

To hereafter we shall omit the term O(h?) for simplicity. If the field is stationary, the time
derivatives of the metric tensor vanish, and Eq. 6.43 becomes

1 .. 1 .
Roo = —577”}100,1']' = —§V2900 1,7 =1,2,3. (6.44)

In order to compute Ggg we still need to compute R. In the weak-field limit 2
|T35] < [Tool - (6.47)

We shall now compute the trace of T}, which is found by contracting the stress-energy
tensor with the metric tensor, i.e.

T =g""Tu ~n"Ty, = —Too + 69Ti; ~ ~Tyo . (6.48)

2Consider for example the system on non-interacting, massive particles discussed in Chapter 5. Let p be
the mass density,

p= Zmn53 (r—rpn), (6.45)

where r,, indicates the position of the n-th particle; in the weak-field limit the stress-energy tensor given in
Eq. 5.10 can be written as
o dxt dx¥
ct— ——.
dr dr
Since % < 927 with § = 1,2,3 (see Eq. 6.4), the dominant term in T is T,

T = p (6.46)
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In this equation we have assumed that the stress-energy tensor, which is the source of the
gravitational field, is of order h, consistently with the weak-field assumption. This will be
discussed in more detail in Chapter 12. By taking the trace of the equation G, = 8Zf—élc’yT,“,,

we get

y 1 81G 81G
g“ A <R/,LI/ - 2g,u.l/R> = CTT — _AR = c4 T. (649)
In Eq. 6.49 we have used the property
9" g =4, (6.50)

which can easily be proved in a LIF, where g,,, = 1,,,. Since g""g,, is a scalar quantity its
value is the same in any frame. Alternatively, Eq. 6.50 can be proved by taking the trace
of Eq. 2.238, g"Y g0 = 4.

Using Eq. 6.48, Eq. 6.49 yields

81
and since the right-hand side of this equation is —Gyg we find
1
—AR=-A (Roo — 27700R> — R =2Ry. (652)
Using this relation and Eq. 6.44 we can finally compute Ggg

1
Goo=A (ROO — 2’17()0R> = 2ARy — Goo = —AV2g00 . (653)

Comparing this equation with Eq. 6.26, we find that the relativistic field equations reduce,
in the weak-field, stationary limit, to the Newtonian equations if

A=1. (6.54)
Thus, in conclusion, Einstein’s equations are?
8rG
Gp,u = oA TNV7 (655)
where 1
G =Ry — igWR (6.56)

is called the Einstein tensor.
Einstein’s equations can also be written in an alternative form. By taking the trace of
Eq. 6.55

8rG
and replacing this expression in the Einstein tensor, Eq. 6.55 becomes
87G 1
Ry, = 27¢ <TW - ZQWT> | (6.58)

3 Although we call these equations the Einstein equations, they were derived independently by Hilbert
in the same year using a variational approach (see Chapter 7). However, Einstein showed the implications
of these equations for the theory of the solar system, and in particular he showed that the precession of the
perihelion of Mercury has a relativistic origin (see Chapter 11). This led to the acceptance of the theory,
and since then the equations have been called the Einstein equations.



116 W General Relativity and its Applications

In vacuum 7}, = 0, and Egs. 6.55 and 6.58 provide two equivalent forms of the Einstein
equations
Guw =0, R,, =0. (6.59)

These equations are equivalent because in vacuum R = 0 (see Eq. 6.57), and the Einstein
and the Ricci tensors coincide. Therefore, in vacuum the Ricci scalar, the Ricci tensor, and
the Einstein tensor all vanish, but the Riemann tensor does not, unless the gravitational
field vanishes or is constant and uniform.

The above heuristic derivation of Einstein’s equations might seem “ad hoc” and one
might wonder whether there are other geometrical quantities that can be used in place of
the Einstein tensor on the left-hand side of Eq. 6.55. A remarkable theorem, due to Lovelock
(1972), proves that the above expression of the Einstein tensor is unique. Lovelock’s theorem
can be stated as follows

In four spacetime dimensions the only divergence-free, symmetric, rank-2 tensor
constructed solely from the metric g, and its derivatives up to second differential
order, and preserving coordinate invariance, is the Einstein tensor plus a term
proportional to g, .

In other words, Lovelock’s theorem shows that General Relativity emerges as the unique

theory of gravity under the above assumptions 4.

‘

The cosmological constant

As proved by Lovelock’s theorem, one may add to the Einstein tensor given in Eq. 6.56
a term proportional to g, , such that Einstein’s equations would become

1 8rG
RPW - ggMyR + Ag/u/ = e Tul/7 (660)

where A is a constant. With this term G, violates the condition 2 in the list of
constraints that the Einstein tensor must satisfy; in addition Eq. 6.60 does not reduce
to Newton’s equations in the weak-field, stationary limit, as required by Eq. 6.26, unless
A is extremely small. Such term is related to the cosmological constant, introduced ¢
by Einstein himself, and plays a crucial role in cosmology. In 1998 two independent
experiments, using the observations of distant supernovae, discovered that the Universe
is expanding at an increasing rate. This result (that was awarded the Nobel Prize in
Physics in 2011) can be explained by a positive cosmological constant. The current
measured value is A & 1.11 x 107°% cm~2. The value of the cosmological constant is so
small that it plays a role only on cosmological scales, whereas it can be safely neglected
at astrophysical scales and in the study of compact objects. We shall therefore neglect
such a term in the rest of the book. For an introduction on the cosmological implications
of Einstein’s equations, we refer to other monographs, e.g. [29].

\. J

4 Although beyond the scope of this book, we would like to mention that Lovelock’s theorem also provides
a basis for possible modifications and extensions of general relativity, which can be defined by relaxing some
of the assumptions of the theorem (for an overview, see [21]).
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6.3  GAUGE INVARIANCE OF EINSTEIN’S EQUATIONS

Since the tensor G, is symmetric, it has ten independent components. Therefore, Einstein’s
equations provide ten partial differential equations for the ten independent components of
guv- However, these equations are not independent; indeed, as shown in the previous section,
the Bianchi identities imply that G*”., = 0, providing four additional conditions that the
Einstein tensor must satisfy. Thus, the number of independent equations reduces to six.
At first, this might seem a problem, since we now have six independent equations and ten
unknown functions. However, it turns out that four of the components of the metric tensor
are not physical, due to the invariance of the theory under coordinate transformations. In
order to show this crucial point, let g,, be a solution of Einstein’s equations. If we make
a generic coordinate transformation, x* = z#'(z%), the “transformed” tensor g;W = G
must still be a solution, as established by the Principle of General Covariance. This also
means that g, and g;“, represent the same physical solution (i.e., the same geometry)
seen in different reference frames. The coordinate transformation involves four arbitrary
functions =/ (z®); therefore the four non-physical degrees of freedom arise from the freedom
of choosing the coordinate system, and disappear when we fix it. For example, we may choose
a frame where four out of the ten components of g, are identically zero; or, we may choose
a frame in which four relations among the ten components are assigned, making only six of
them really independent. In other words, Einstein’s equations do not determine the solution
guv in a unique way, but only up to an arbitrary coordinate transformation.

A similar situation arises in the case of Maxwell’s equations which, in terms of the vector
potential A*, are

92 AP 4
Opdy, — ———— = —— .61
R R c (6.61)
where o2 0 o
Op = + V2= — (6.62)

2o D> 9B

is the d’Alembertian operator in flat spacetime. These are four equations for the four com-
ponents of A*. However, these equations are not independent, because the conservation
law

J' =0 (6.63)
implies the constraint
9] 0% AP
OpAF —phte_— "~ ) =0, .64
dxt ( r K 8x0‘6x/3> 0 (6.64)

This equation, which is an identity valid “off-shell”, plays the same role as the Bianchi
identities in our context. Since the number of independent Maxwell equations is three,
the vector potential A, cannot be determined uniquely. This implies the existence of a
non-physical degree of freedom, which corresponds to the gauge invariance of Maxwell’s
equations. Indeed, if A, is a solution then, for an arbitrary scalar function @,

0P

Al = A, .
" + o (6.65)

is also a solution. This can be directly checked upon substitution in Maxwell’s equations,

0 H2AB 9?2 0P 4
_ 36 -
Oz« He® 0x*0xP tn Ox*0xP Oxd c Jas (6.66)

and since the second and the last term on the left-hand side cancel, we obtain

OpAl —

02 AP 4

Opd, — —— =——1],.
Fa ™ 5rapgeh c

(6.67)
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Since @ is arbitrary, we can choose it to simplify the final form of the equations. For example
by imposing the so-called Lorenz gauge:
0

2 AB
55 A7 =0. (6.68)

With this gauge choice, Eq. 6.67 becomes
4
OpAl, = —%Ja. (6.69)

To summarize, in the electromagnetic case the extra degree of freedom of A, is due to the
fact that the vector potential is defined up to an arbitrary scalar function ®. In our case the
four extra degrees of freedom of the metric tensor are due to the fact that g, is defined up
to a coordinate transformation that involves four scalar functions. This gauge freedom is
particularly useful when one is looking for solutions of Einstein’s equations, or in the study
of gravitational waves, as we shall discuss in Chapter 12.

6.4 THE HARMONIC GAUGE

As discussed above for Maxwell’s equations, the gauge invariance of Einstein’s equations
can be used to simplify them. A notable gauge choice is defined by the condition

I =g"T), =0. (6.70)

This is called harmonic gauge. As we shall see in Chapter 12, this gauge is of particular
interest in the study of gravitational waves, because it simplifies the equations which govern
their propagation in a way similar to that of Maxwell’s equations in the Lorenz gauge. We
shall now show that it is always possible to choose this gauge. Given a generic coordinate
transformation, the affine connection I transforms as (see Eq. 3.43)

oz dz™ Ox° . oz  9%x°

= : 6.71
wIVET Qe Qi Q' T Qa0 Oz Ox! (6.71)
When contracted with g/, this equation gives
33;"\/ (911?)‘/ 52 z°
A\ — P vt
=t 27 Dh Oz (6:72)
The last term can be written in the following form
o oz 0 (0z°\ |0 oz 0z _ Oa” 0%z
9 0z 9z \ 0z’ ) oxH \ 0z Oxv’ lokndio N ok
0 0x° 0xP 0%V
=g" | =6V, - 6.73
g [81‘”’ vh Qv Qa 8%”83}‘7} ’ (6.73)
from which we find N 5
ox 0°x
= [ — g7 ———. 6.74
oxP g 0xPIx°® ( )

If I'” is non-zero, we can always find a frame where 'V = 0 and reduce to the harmonic
gauge, because Eq. 6.74 (with T = 0) can be seen as a system of partial differential
equations for the functions z# (z%)°.

5The existence and unicity of the solutions of this system can be proved, but this is beyond the scope of
this book.
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The condition I'” = 0 can be rewritten in a more elegant form if we use the expression

of the affine connection in terms of the metric tensor,

1 nv . pf3 agﬁﬂ + agﬁu . agﬂu

e — =
299 ox” Oxh Ozh
Since 5
dg dg”
pB%98p _ 997
9 oav Ion v
and

1 ,,0g 1 9
P Y
29 9P /—g 0xb 9

it follows that

po Lo [, (997N (997\] _ 9 9
27 9on \ g 98w\ n \/—g 02 9

The term in brackets is symmetric in g and v, therefore

1 dgrP g*? 0
I7 == |2g" - =
2[9 gﬁ“ax"] V=g 0a7" "7

and, since g*”gg, = 0”3, we get

R S S
oxP /=g OxP 9= /—g 0xb

from which we find that

I = (vV=99"") ,

0

I”=0 — =
OxP

(V=99"") =0.

(6.75)

(6.76)

(6.77)

(6.78)

(6.79)

(6.80)

(6.81)

The reason why this gauge is called “harmonic” is the following. A function ® is harmonic

if
O0¢ = 0,

where O is the d’Alembertian operator in curved spacetime defined as
00 = ¢*°V,V;s®,

and we remind that V, is the covariant derivative. Note that

0.
Bv \V4 _ pPB B o o
gﬂ P ﬁq) 79;0 ( OxP Fﬁp(bva) -

o % 00N, 0 00
g OxPOxP Be gga | OxPOxP Ox®

Therefore, in the harmonic gauge (I'* = 0) Eq. 6.82 reduces to

— 4B 0* _
=9 BuBore

o

(6.82)

(6.83)

(6.84)

(6.85)
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CHAPTER 7

Einstein’s equations and
variational principles

In this chapter we shall show that Einstein’s equations can be derived from a variational
principle, i.e. by defining an action for the gravitational field and by requiring this action to
be stationary. We shall firstly recall how the variational approach can be applied in Special
Relativity to derive Euler-Lagrange’s equations for a given field. Using this approach, we
shall then derive Einstein’s equations in vacuum, and generalize the entire procedure to
generic fields in the presence of gravity.

7.1 EULER-LAGRANGE’S EQUATIONS IN SPECIAL RELATIVITY

Let us consider a tensor field ®(x) in Special Relativity, where x denotes the spacetime
point of coordinates {x*}. The action for this field is a functional of ®(x) and of its first
derivative, written as an integral of a Lagrangian density over a four-dimensional volume

S = /d% L(®,0,®) . (7.1)
Henceforth, we simplify the notation by defining 9, = %
Let us consider a generic variation of the tensor field, 6®, which we assume to vanish
on the boundary of the integration volume or asymptotically, if the volume is infinite. The
variation of the action, at first order in J®, is

oL oL
= i (S26® + — =50,
o5 /dw(aifs T 50,80 )

/d4x (géw + a(gﬁp)aﬂ(é@)) , (7.2)

where in the last step we have used the fact that the operations of variation and differenti-
ation commute. Note that in this notation a sum over the indices of the tensor components
(in any given frame) is assumed; for instance, if ® is a (§) tensor with components — in a
given frame — ®,,,,, then

uvy
oL oL

The last term of Eq. 7.2 can be integrated by parts

/d4xa(gf¢’)5u(5@) = /d4x Oy [a(gj{))(s@} - /d% Oy [a(gj{»)} 5@, (74)
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By Gauss’ theorem, the volume integral of the four-divergence of %5@ is equal to
i

the integral of this quantity over the boundary of the volume!. Since §® vanishes on the
boundary, the first integral on the right-hand side of Eq. 7.4 vanishes and Eq. 7.2 becomes

oL oL
6= [d'z |~z —Oumias | 0®. 7.5
[+ (58 - *a5m) (75)

The equations of motion for the field ® are then found by imposing the stationarity of 4.5
0S8 =0, V §® vanishing on the boundary . (7.6)

Since the integral 7.5 has to vanish for any §®(x) vanishing on the boundary, it follows that

oL oL

a—éfaﬂia(aﬂ) -0, (7.7)

which are the Euler-Lagrange equations for the field ® in flat spacetime.

If the Lagrangian density depends on a collection of N tensor fields {®a}a=1,.. N, a
straightforward generalization of the above derivation yields the Euler-Lagrange equations
for the tensor fields o

-0
0P 4 "0(0,®4)
Likewise, it can be shown that Euler-Lagrange’s equations remain valid also if the La-
grangian density depends explicitly on the spacetime coordinates, i.e. if £L(® 4,0, P4, 2").

=0 A=1,...,N. (7.8)

7.2 EULER-LAGRANGE’S EQUATIONS IN CURVED SPACETIME

Having derived Euler-Lagrange’s equations in Special Relativity, we now move to curved
spacetime. In this case, in addition to the fields ®4 (A = 1,...,N), the dynamics of the
system also depend on the metric tensor g, which describes the gravitational field.

Due to the strong Equivalence Principle (see Sec 1.3), in a locally inertial frame the
dynamics of any field ® 4 except gravity is described by the action 7.1. Therefore, according
to the Principle of General Covariance, in a general frame the action (which is a scalar
quantity) retains the same form as in the locally inertial frame, provided 7., — g,., partial
derivatives 0, are replaced by covariant derivatives V,, and the integration volume element
d*x is replaced by the invariant volume element \/—g d*x introduced in Box 5-B. We recall
that g is the determinant of the metric, and that ¢ < 0 due to the Lorentzian signature.
With these replacements, we shall now show that the results of the previous section remain
valid.

We shall write the total action, describing both the gravitational field and a generic
collection of fields {® 4}, as

§ = M 4 ghelds, (7.9)

The first term, known as the Einstein-Hilbert action, describes the dynamics of the gravi-
tational field in vacuum and depends only on g, and its derivatives. In the next section we
shall show that Einstein’s equations in vacuum are obtained by imposing the stationarity of
SEH with respect to variations of guv- For the present discussion, it is sufficient to assume
that S®H does not depend on the fields {®4}.

We write the second term in the above equation as

Gfields _ /d4x V=g LIS (B, V,®,,... . &N, V, PN, g) , (7.10)

IThe proof of Gauss’ theorem in four-dimensional Minkowski’s spacetime is the same as in Euclidean
three-dimensional space (see Box 5-D).
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£felds depends explicitly on g because we have replaced

where now the Lagrangian density
Nuv Y g and 0, by V.
As in Special Relativity, the equations for a given field ® are found by varying the action

with respect to that field, and since S*H does not depend on ®, we find

aﬁﬁelds acﬁelds
= fields — 4 P P
5§ = 48 /daﬁﬁ< R ARG )
a[’ﬁelds aﬁﬁeldb
_ 4
- /d x \ﬁ< 5% + 8(%@)%5@) : (7.11)

where we have used the property 0V, = V, 0. Again, the last term in Eq. 7.11 can be
integrated by parts

/ d*z /=g 8(£vﬁel:)v P = / d*r /=g V, [a(ﬁvﬁel;w]
- /d4x V=9V, [m} 5P . (7.12)

In order to show that the first integral on the right-hand side vanishes, we shall use Gauss’
theorem generalized to curved spacetime as discussed in Box 7-A (see Eq. 7.19):

8£ﬁelds
0P| = ————6®dS, =0
:| o 0 (VM(I)) g

aﬁﬁelds

[t v e

where in the last step we have assumed §® = 0 on the volume boundary 92. Thus, Eq. 7.12
reduces to

4 Lﬁelds . 8£ﬁeldb
d u0P = d*x \/— 0P,
[t v Gy vt == [ e T |5 )
and Eq. 7.11 can be written as
oL oL
0S = 4 ﬁelds:/d4 9| = -V,=———— ) 0®. Nl
S S V=955 v”@(vu‘ﬁ) (7.13)
Finally, by imposing
08 =0, YV §® vanishing on the boundary , (7.14)

we find the Euler-Lagrange equations for the field ®, generalized to curved spacetime:

oL oL

In other words, we have proved that in curved spacetime Euler-Lagrange’s equations have
the same form as in flat spacetime (Eq. 7.7) with the replacement 0, — V,, and 1., — g
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‘

Gauss’ theorem in curved space

Given a manifold M described by coordinates {z*}, and a metric g, on M, let us
consider a submanifold N' C M described by coordinates {y'}, such that z# = z*(y?)
on N. We define the metric induced on N from M as

ozt Ox"
Yia = 57 i I (7.16)
With the above definition, Gauss’ theorem in curved space can be stated as follows °.
Let Q be an open set of an n-dimensional manifold M, described by the coordinates
{z"},=0,....n—1, and g,, the metric on Q (note that an open set of a manifold has
always the same dimensionality of the manifold itself; for this reason, we call 2 an
“n-dimensional volume”). Let 92 be the (n — 1)-dimensional boundary of Q, described
by the coordinates {y’};—o,.  n—2 with normal vector n* (such that |n,n*| = 1 for
timelike or spacelike vectors); let ;; be the metric induced on 02 from g,,,. Then, for

any vector field V* defined in (2, ®

/ dz /=g V, V! = / d"ly /=y Vin,. (7.17)
Q a0
If we define the covariant surface element as

dS, == nud" 1y, (7.18)
Gauss’ theorem can also be written as

/ d"x /—g V, V¥ :/ VEdS,, . (7.19)
Q 19)

In particular, if one considers an infinite volume and if V# vanishes asymptotically,
then the volume integral of V,V# vanishes.

%For the derivation of Gauss’ theorem in curved space see e.g. [114].

7.3 EINSTEIN’S EQUATIONS IN VACUUM

The action for the gravitational field was proposed by David Hilbert in 1915 [63], and is
called the Einstein-Hilbert action,

3
SEH — 16ch /d4x V=g R, (7.20)
where R is the Ricci scalar, R = g*” R,,,,.. Since R is a combination of the metric tensor and
of its derivatives, the action of the gravitational field depends on g,,,, and on its derivatives,
up to second order.

Einstein’s equations in vacuum can be derived from the Euler-Lagrange equations arising
from the above action. However, it is simpler to proceed in a slightly different way. Varying
the action 7.20 with respect to the metric tensor yields

§SEH = lng/d‘lx 5(v=g R) = /d% [6(v=g) R++/—g dR] . (7.21)

A
167G
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The variation 6(1/—g) can be written as (see Box 7-B)

S(V=0) = ~5 V=0 g™ (722

In addition
OR =6(¢"" Ry) = 69" Ry + g"0R 0 - (7.23)

Using these results, Eq. 7.21 becomes

3 1
(5SEH = 416C7TG {/ (RNV - 5 gHVR> 6glw \/jg d4.’L‘ + /glw(SRMV \/jg d4x} : (7'24)

In order to evaluate the second integral in Eq. 7.24, we need to compute the variation of
the Ricci tensor. Using the definition given in Eq. 4.54 and Leibniz’s chain rule, we find
0Ru, = 60,5 =6y, + 000, oy — 003, D0y + 15,600, — 5,000, . (7.25)

To evaluate 51“21, we define

1
Puué = 1—‘211 grxs = 5 (g,LL5,V + 9uvs,un — gy,l/,zs) P (726)

and, using the fact that §g*° = —gP*g7%3g,, (see Eq. 7.45 in Box 7-B), we write 51“!);” as
follows

5Fi\LV =0 (g)\éruu 6) = 6g>\61—‘pu6 + g>\55FMV6
= 7gp/\g(76§gparul/5 + g)\pfgrpyp

- 1
= _g*P(SngFW + gApﬁ (69up.w + 09upu = 69uv.p)
1 o
= 59)\p (5gww +09vp.u — 0Guv,p — QFW‘SQ/)U) . (7.27)

The above equation can be rearranged as

1 « « « «
(H‘ﬁu = ig)\p [(5gup,u - F,uuagap - Fupégau) + (5gup,u - Pyﬂégap - Fp#(sgau)
- (591“/,9 - Fﬁpégow - ng(sgau)]
1
= §g>\p (6gup;u + 6gl/p;u - 6guu;p) . (728)

Since 6g,, are the components of a tensor, from Eq. 7.28 it follows that 5F2V are the
components of a tensor, despite the fact that the connection itself is not a tensor. Therefore,
the quantity

(5F2u);>\ - (5F;);>\);V (7-29)
is a tensor and can be evaluated with the usual rules of covariant differentiation:
(5F;>;V)§>\ - (5F;>;A);V = 6F;);y7x\ - 61—‘2)\,11 (730)

+6I%,Tay — 600, L%y 4+ 602,05, — T, 005, .
By comparing Eq. 7.30 and Eq. 7.25 it follows that

SR = (5T3,) — (5T ) - (7.31)
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This equation is known as the Palatini identity?. Using this identity the term g*"oR,, in
Eq. 7.24 gives

9" ORu, = g™ [(0T5) — (OThN)w] = (90T}, )ix — (96T )w
= (¢"ory, — g"*aT5,) - (7.33)

The right-hand side of this equation is the covariant divergence of a vector field; therefore,
when it is integrated over the four-volume Q, by Gauss’ theorem it gives (see Box 7-A)

/Qg“”éRW V=g d's = /3 (90T, — 6T}, dSa, (7.34)

where 99 is the three-dimensional boundary of 2. Thus, finally, the variation §S®H is

3
5SEH = G {/ d*z F|: o 1gm/ :|6glw _1_/89 (g,uuarzcu _glLa(SF:\L)\) dSa} )

(7.35)
The second integral is a surface term, which vanishes only if the variation of the Christof-
fel symbols are zero on the boundary, i.e. if 6g"” , = 0 there. In the standard variational
approach, only the variation of the field is required to vanish on the boundary of the integra-
tion volume; therefore 6g"” , = 0 would be an extra condition to be imposed. However, it
can be shown that this can be avoided by adding to the action a suitably defined boundary
term, the variation of which cancels the surface term in Eq. 7.35 and does not contribute to
the variation of the action in the four-volume 2 (see Box 7-C). Thus, the variation of the
Einstein-Hilbert action can be written as

1
§SEH = 16 6 / d'z /=g |R { = 59w }69”” (7.36)

and, by imposing
6SEH =, V §g"" vanishing on the boundary (7.37)

we finally find Einstein’s equations in vacuum

1

R”"_i

Q;WR = 07 (738)

or, in terms of the Einstein tensor G, = R, — %g,“,R,

G =0.

2We invite the reader to prove, using a similar procedure, the following, more general version of Palatini’s
identity
SRy = Vu(8T%,) = Vo(OT,). (7.32)
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‘

Evaluation of §(y/—9)

The determinant g is a polynomial in g,,,, i.e. ¢ = g(guv), therefore we can write

_ 9y
09

59 69;41/ . (739)

In particular, g is given by the following formula

g= Z(_l)l“f”gw,MW (no sum over p) (7.40)

v

where f1 is fixed. M, is the minor u, v, i.e. the determinant of the 3 x 3 matrix obtained
by excluding the p-th row and the v-th column from the matrix g,,. Note that since
Guv is symmetric, My, = M, Ey. Thus, by differentiating g with respect to g,, we find

dg
09,

= (=1)**"M,, (nosum on p and on v). (7.41)

Since the components of the inverse matrix g"” are given by

1
g = EMW(—l)’“L” (no sum on y and on v), (7.42)
Eq. 7.41 can be written as
g
= gg"¥. 7.43

Thus, the variation of the determinant reads

g = gg‘“’(Sgl“, . (7.44)
Furthermore, since
6(gug™’) = 0
= 09wg"" + 99", (7.45)
Eq. 7.44 reduces to
69 = 99 09", (7.46)

and we finally obtain

5(V=8) = ~ 5/ 05" (7.47)
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m A

The boundary term of Einstein’s equations

As shown in Sec. 7.3, the variation of Einstein-Hilbert’s action is (see Eq. 7.24)

03 1 v v SQ «a
SSEH = 167G {/Qd4I V=g |:Ruu - 2g,uuR:| og"” + /(9Q (gﬂ 5F#V —g" 51_‘/);/\) dSO‘} :
(7.48)

In deriving Einstein’s equations we have assumed that the surface term vanishes. As
anticipated in Sec. 7.3, this requires that the variation of the connection, o'y, , vanishes
on the boundary 92 which, in turn, implies the vanishing of the variation on the first
derivatives of the metric tensor. This additional boundary condition arises because
the Ricci scalar R appearing in the Einstein-Hilbert action 7.20 contains the second
derivatives of the metric tensor, whereas in other field theories the Lagrangian density
depends only on the fields and on their first derivatives.

The additional requirement (JI'j}, = 0 on the boundary) can be avoided if the Einstein-
Hilbert action is supplemented by an extra boundary term. The choice of this term is
not unique; the standard choice is to modify the Einstein-Hilbert action as

03 C3
SEH = 167TG /Qd4$‘ v —g R + % o0 dgyﬁK, (749)

where v is the determinant of the metric 745(y) induced on the three-dimensional
manifold 9 (see Box 7-A), K = ~;; K is the trace of the extrinsic curvature K;; =
—Nai8 %Z? ‘gz_f , and n# is the unit normal vector to the boundary hypersurface. The last
term in Eq. 7.49 is called Gibbons-Hawking-York boundary term [121, 49]. The variation
of this term cancels the surface term (i.e., the last integral) in Eq. 7.48, and thus the
variation of the action, 6S®H, reduces to Eq. 7.36.

In addition, it can be proved that — as a consequence of the Principle of General
Covariance — the Gibbons-Hawking-York boundary term does not contribute to the
variation of the action in the four-volume 2 and, hence, to the field equations. For this
reason in this book we shall not include the Gibbons-Hawking-York boundary term in
the action of the gravitational field (for further details, we refer to the original paper
by Gibbons and Hawking [49]).

7.4 EINSTEIN’'S EQUATIONS WITH SOURCES

The non-homogeneous form of Einstein’s equations can be derived using the variational
principle. Including the action of the source, a matter field or some other field (for instance
electromagnetic, scalar, etc) in the total action, the equations are obtained by imposing the
stationarity of the latter with respect to any variation of the metric tensor g such that

§SEH 4 sgfields — YV 0¢g"*” vanishing on the boundary , (7.50)
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SEH and Sfields are given by Egs. 7.20 and 7.10, respectively. The variation §Sfields
with respect to the metric can easily be found using Eq. 7.22,

where

gGfields  — /d4x6[y/jgﬁﬁelds(@l,vutbl,...,‘I'N,VM@N,g)]
ﬁﬁelds 1 olds .
_ /d4 { S~ 3" gm,] 5 . (7.51)
3

Therefore, if we define the stress-energy tensor as

— 8£ﬁelds 1 fields
ZLI/ = —2c |: agl“/ - §£ g;w] s (752)
the variation of the total action can be written, using Eq. 7.36, as
1 8rG
68 = d'z /=g v — 29wk — —Tyu| 69" . 7.53
16 G / . [ w59 ] g (7.53)

By imposing the stationarity of this action for any dg*” vanishing on the boundary of the
integration volume, the full Einstein equations follow:

G

Gw/ = oA T[U/' (754)

Note that, although in Chapter 6 we derived Einstein’s equations by assuming that
V., TH = 0, one could also take the opposite, axiomatic approach. Namely, given the generic
definition 7.52, and assuming Einstein’s equations, one can take the covariant divergence of
both sides of Eq. 7.54: the left-hand side of the resulting equation vanishes identically due to
the Bianchi identities which, as shown in Chapter 6, imply V,G*” = 0. As a consequence,
the equation V,T*” = 0 has to be satisfied by any stress-energy tensor satisfying Eq. 7.52.
A further derivation of the equation V,T"" = 0 will be discussed in Sec. 8.5.

7.4.1 The stress-energy tensor in some relevant cases

The definition of the stress-energy tensor given in Eq. 7.52 is very important, because it
allows to compute the right-hand side of Einstein’s equations for any given field from the
corresponding Lagrangian in curved spacetime. The latter can be computed by applying
the Principle of General Covariance to the corresponding Lagrangian in flat spacetime, i.e.
we simply need to replace 9,, — V,, and 7, — ¢,.. Using this powerful recipe, we can now
compute the stress-energy tensor for the particular cases presented at the end of Sec. 5.2.

In Special Relativity, the Lagrangian density of a real scalar field ¥, including self-
interactions, reads

1 1
. =——0,90"V — -V (¥ .
Lscalar 206" 0 cV( ), (7.55)

where V(U ) is the scalar self-potential; in particular, for a free scalar field with mass m

V(v) = ";hg U2, The Lagrangian density of a scalar field in curved spacetime coincides
with its flat-spacetime counterpart, since the covariant derivative of a scalar field coincides
with its partial derivative. The two terms in Eq. 7.52 yield

5‘£ﬁelds
—92¢ i 0,99, , (7.56)
1
g LI99 = — 5 00, WO’V — GV (9). (7.57)

3Some textbooks define the Einstein-Hilbert action with an overall factor ¢* instead of ¢3. With this
choice the resulting quantity has not the dimensions of the action, but there would not appear unpleasant
factors of ¢ in the definition 7.52 of the stress-energy tensor.
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Thus, from Eq. 7.52, the stress-energy tensor of a scalar field ¥ is
1
Ty = 0,Y0,¥ — 59,“,80\1/8‘7\11 — gV (¥). (7.58)

It is easy to check that V,T"” = 0 implies the Klein-Gordon field equation for the scalar
field
OV =dV/d¥. (7.59)

We leave as an exercise to show that the above equation can equivalently be derived using
the Euler-Lagrange equations in curved spacetime (Eq. 7.15) with ® = ¥ and £ = Lgcalar
given in Eq. 7.55.

The electromagnetic field is described by Maxwell’s Lagrangian which in SI units reads
(without currents)*

C
Loy = —F,, F* 7.60
EM 4,&0 N ( )

where we recall that F), = V,A4, — V, A, is the electromagnetic tensor, A, is the four-
potential, and g is the vacuum permeability. Euler-Lagrange’s equations for A* reduce to
Maxwell’s equations in vacuum, 0, F*” = 0 (the reader can check that this is equivalent to
V,F" =0). Furthermore, by writing

F o Fr = gPtg’  F o Fpo (7.61)

using the definition 7.52 it is straightforward to obtain the electromagnetic stress-energy
tensor

1 1
T, = —— (Fa(ltFy)pg"” — 4g,“,FC,,J?"’J> . (7.62)
Ho

We remark that the above expression is valid in any curved spacetime. It is easy to check
that V, T = 0 give Maxwell’s equations in vacuum.

4In cgs-Gauss units, the dimensionful factor ¢/uo disappears, and Lgn = fﬁFMVF‘“’.
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‘

Uniqueness of the Einstein-Hilbert action

The Einstein-Hilbert action 7.20 might be derived from a more general action, as the
unique term satisfying certain conditions which we shall specify. Let us construct a
scalar quantity out of tensors that depend only on the metric. As discussed in Chapter 6,
to linear order in the curvature the only possibility is the Ricci scalar, R = R, g"". If
we include higher-order curvature terms, the action can be written as

3
c
5= 167G

/d41: V=g (A+ R+ a1 R? + asR,, R™ + a3 Ky + au Ky + O(RY)) |

(7.63)
where K| = R0 R*P? and Ky = swp"R“”aﬂR,mag are the so-called Kretschmann
scalar and Chern-Pontryagin scalar, respectively (see Sec. 9.3). In the action 7.63 we
have included the cosmological constant (see Box 6-A), which gives a zeroth order
term in the curvature, the Einstein-Hilbert term, all possible second order terms in the
curvature, and we have omitted curvature terms of third or higher order. Thus, the
general action contains an infinite series of scalar quantities of different order in the
curvature, each multiplied by a dimensionful coupling constant a;. We remind that in
the derivation of Einstein’s equations in Sec. 6.2 we assumed that the equations do
not depend on any dimensionful quantity besides Newton’s constant; the choice of the
action 7.63 corresponds to dropping this assumption. 4
Clearly, there is an infinite number of scalar terms which can be constructed out of the
contractions of the Riemann tensor. However, all terms in the action 7.63 which are
of second or higher order in the curvature give rise to theories which are pathological.
This is a consequence of a theorem due to Ostrogradsky [86], stating that Lagrangian
densities that contain second- or higher-order derivatives in the field, and are non-linear
in those terms, are generically unstable. Since terms like R?, R, R", etc., all contain
second derivatives of the metric tensor non-linearly, they generically give rise to an
unstable theory. An exception is given by the Gauss-Bonnet combination,

R? — 4R, R" + R, p0 R, (7.64)

which, as the reader can check, does not contain non-linear terms in the second deriva-
tives of g,., due to cancellations among the three contributions. However, it can be
shown that the Gauss-Bonnet term is a topological invariant, i.e. it can be written in
terms of a total derivative. Hence, it can be eliminated through integration by parts
and it does not contribute to the field equations (modulo boundary terms). Therefore,
Ostrogradsky’s theorem guarantees that the only viable action constructed solely from
the metric tensor is the Einstein-Hilbert one, plus at most a cosmological constant
term.

7.5 EINSTEIN’S EQUATIONS IN THE PALATINI FORMALISM

The derivation of Einstein’s vacuum equations from the Einstein-Hilbert action 7.20 im-
plicitly assumes that the Levi-Civita connection (which enters in the definition of R, see
Eq. 4.54) depends on the metric g,, through Eq. 3.68. We might wonder what would hap-
pen if both the metric g,, and the connection I'} = are treated as independent dynamical
variables of the action. This approach is named after the Italian mathematician Attilio
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Palatini, although it seems that the “Palatini formalism” was proposed by Einstein himself
in 1925.
Let us consider the Einstein-Hilbert Lagrangian density,
LFH = g R, = T, o —Tha, —To, 00, +T5,17,) (7.65)
where we used Eq. 4.54. Assuming the connection and the metric as independent variables,
we can write

L8 = P (g T T, ) - (7.66)

Note that in this form, the Lagrangian density does not depend on the derivatives of the
metric tensor. Moreover, the Ricci tensor R, can be written solely in terms of the con-
nection and its derivatives, without using the metric explicitly (see Eq. 4.54). The total
variation of the action contains two terms, namely

) EH 6SEH

nv

5I‘ﬁl,

Since the metric and the connection are independent, §S®H = 0 implies that the two terms
should vanish separately. Using Eq. 7.22 we can easily derive the variation of the action
with respect to g,

EH 3
05 Sgh = c
0w 167G

3 4 1
= — —_ = Y —
1671'G/d T/ g(RW ZQWR> dg 0,

which gives Einstein’s equations in vacuum. Note that, as mentioned above, the Ricci tensor
depends only on Christoffel’s symbols and their derivatives; therefore the variation of R,
with respect to variation of the metric tensor is zero.

Using the Palatini identity 7.31, the second term in Eq. 7.67 gives

/ d*z (V=969"" Ry + 6v/—9g"" Ry) (7.68)

55EH 03 4
57 5rr, = o G/d xv/—g9"" R, (7.69)

- 167TG/ 1o/ =gg" [(6Th)x — (6T )] = 0.

Integrating by parts and discarding surface terms with the usual argument, we obtain

§SEH . .
517 5Th, = T G/d4 —VA(V=99"")6T, + Vo (vV=gg")oT,] . (7.70)

- / d'c [~VA(V=39") + V., (V=39")85] 3T, = 0.
Since the variation of the action must be zero for all 6F,’>V vanishing at the boundary, the
tensor in square brackets in the integrand of Eq. 7.70 has to vanish as well. However, since
5Ff; = 51“2‘#, only the symmetric part of the tensor in square brackets should be considered
(the antisymmetric part does not give any contribution when contracted with (51% »» and thus
is not constrained by Eq. 7.70). Thus, we obtain (using the notation defined in Eq. 2.179)

Vo (v=99"")8"x = Va(vV=gg"") = 0. (7.71)
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By contracting the above equation with g)‘ﬂ, we obtain V,(y/—gg"?) = 0; thus, the first
term of the above equation vanishes and we get

Viav=99"") =0. (7.72)

A solution to this equation is
vpgul/ = 07 (773)

and it can be shown that this is the only solution. Thus, in the Palatini approach the
vanishing of the covariant derivative of the metric tensor is not an identity: it is a dynamical
equation. Eq. 7.73 is equivalent, as shown in Chapter 3, to the definition 3.68 of the Levi-
Civita connection, which we repeat here for convenience,

L5 = %gm{(ga&# + Gap8 — 9pu.a) - (7.74)
In other words, by considering the metric and the connection as independent fields in the
Einstein-Hilbert action, the field equations for the metric tensor give Einstein’s equations,
whereas the field equations for the independent connection enforce the fact that the latter
has to be the Levi-Civita connection. Therefore, in the case of Einstein’s equations without
sources, the Palatini formalism is dynamically equivalent to the metric one.

The above derivation can be extended to include sources, provided the matter La-
grangian does not depend explicitly on the connection. This assumption is satisfied for
scalar fields, Maxwell fields, and fluids, but it is violated, for instance, in the case of a
fermionic (e.g., Dirac) field. For generic sources, the Palatini formulation is not equivalent
to the metric one, and describes a gravitational theory which is different from General
Relativity.

Finally, it is worth mentioning that a more general class of gravitational theories arises
when the affine connection — in addition to be independent of the metric — is not assumed
to be symmetric, I} # I'2 . These are called metric-affine theories of gravity [59].



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


https://taylorandfrancis.com

CHAPTER 8

Symmetries

The solution of the equations describing a physical problem can be considerably simplified
if the latter has some symmetry. For instance, it is easy to find the solution of the equations
of Newtonian gravity for a spherically symmetric body, but it may be difficult to find the
analytic solution for an arbitrary mass distribution.

Generally speaking, a physical quantity is symmetric if it is invariant with respect to
some transformation. For instance, plane symmetry implies invariance with respect to trans-
lations on a plane, spherical symmetry implies invariance with respect to rotations on a
sphere, and stationarity implies invariance with respect to time translations.

In General Relativity, a symmetry indicates invariance with respect to a diffeomor-
phism (see Sec. 2.1.4), which is a regular, invertible mapping of any point p to another
point p’ of the same manifold (the spacetime). In a given coordinate frame, a diffeomorphism
is described by C' functions

a2 (). (8.1)
Note that Eq. 8.1 is formally similar to a coordinate transformation, but it has a different
meaning, because a coordinate transformation leaves the point of the manifold unchanged,
and associates to it different coordinates (see Sec. 2.1.4 and Fig. 2.11). For this reason for
coordinate transformations we use a different notation, i.e. z# — z® (z*).

For instance, translations in space or time and rotations are diffeomorphisms. A generic

infinitesimal diffeomorphism

at =t + ot (8.2)
can be seen as an infinitesimal translation. We stress that dx* is not constant and depends
on the spacetime position.

A spacetime isometry is a diffeomorphism under which the metric tensor g, i.e. the
line element ds? = guvdxtdx”, is invariant. In many cases, an isometry defines a submanifold
which is mapped into itself. For example, for spherically symmetric spacetimes the invariant
submanifold is the two-sphere, for stationary spacetimes it is the time axis, etc. These
definitions can be made more precise by introducing the notion of Killing vector fields.

8.1 KILLING VECTOR FIELDS

Consider a vector field E (z#) defined at every point of a spacetime region. The vector 5 iden-

tifies a symmetry if an infinitesimal translation along E leaves the line element unchanged,
ie.

§(ds?) = 8(gapdr®dz’) = 0. (8.3)
This implies that

0gapdr®dz”® + gag [0(dx®)dz” + dz®5(dx")] = 0. (8.4)

135
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— X= xu(/\)

Figure 8.1: Infinitesimal translation along a curve. The Killing vector .{ is the tangent vector to
the curve.

Let us consider a curve z%(\) to which 515 tangent, i.e. £& = %. An infinitesimal trans-

lation in the direction of 5 is an infinitesimal translation along the curve from a point p to
the point p’ whose coordinates are, respectively,

p={z"} and  p’ = {z*+x“}. (8.5)

For instance, in the case of the two-dimensional space in Fig. 8.1, 5 defines an infinitesimal
translation along the curve from a point p = (z!,2?) to a point p’= (2! + dzt, 2% + §2?),

where
dzt

2
dr' = oA =€'0A and do® = %& = €25, (8.6)

In the general case of a four-dimensional spacetime, §z® = £*J\, and the coordinates of the

point p’ can be written as
o' =% 4 Y GN. (8.7)

Under the diffeomorphism p — p’, the metric components change as follows

0gap dzt
e ﬁé/\ + ... (8.8)

dga
90s(P') = gap(p) + 50N+ = gan(p) +

= YaB (p) + gaﬂ,ufﬂé/\ 5

hence
5ga5 = gag“ugu(s)\. (8.9)
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Moreover, since the operators § and d commute, we find !
§(dx®) = d(6x®) = d(§*0N) = dEWON = &5, dx""dN. (8.10)
Thus, using Egs. 8.9 and 8.10, Eq. 8.4 becomes
Gap puE 0Nz dz’ + gop [€5,datSAda’ + € da75Adx] =0, (8.11)
and, after relabeling the indices,
[Gapu€ + 95885, + gas’s| da®dzPsA = 0. (8.12)

In conclusion, a solution of Einstein’s equations is invariant under infinitesimal translations
along &, if and only if
Gap € + 955E5% + gasl’s = 0. (8.13)

The Killing vector fields of a given metric g, are the solution of Eq. 8.13. Sometimes,
for brevity, the Killing vector fields are called simply Killing vectors.

Apparently, Eq. 8.13 is not covariant since it contains partial derivatives, but below we
show that it is equivalent to the following covariant equation

€aip+E&3:a =0, (8.14)

which is called the Killing equation, after the mathematician Wilhelm Killing who found
it. This equation implies that £,z is an antisymmetric tensor and can be written in a
compact form as §(,,3) = 0 (see Sec. 2.4.2). The Killing equation 8.14 is therefore a system
of ten independent differential equations for the four components of E As such, it might
not admit a solution; in which case the spacetime has no symmetries.

Let us now show that Eq. 8.13 is equivalent to Eq. 8.14. Since

bas = (Gon€")p = Goulls = g (&5 + T8 (8.15)
we obtain
St €oa = Gou (€ + ThE") + g (€ls + Thst”)
9an€’s + gouch + (9anThs + 95uThs ) € (8.16)

Using Eq. 3.68, the term in parenthesis can be written as

1
5 [ga,uglw— (g&:rﬂ + 9oB,6 — 95[3,0) + gﬁugug (goza,(i + 9os,00 — gaé,a’)]

2
1
= 5 [52 (950,6 + 9oB,6 — gJﬁ,a) + 5g (gaa,(s + 9ob,00 — goas,a):l
1
=3 (950,38 + 9aB,s — 98,0 + GaB.s + 98s,a — Jas,s] (8.17)

= GJap,s (818)

and Eq. 8.16 becomes

i + Epia = Gaulll + 98ullt + gap o€’ (8.19)

which coincides with Eq. 8.13.

INote that since \ is a parameter, the differential operator d does not act on its variation, i.e. ddA = 0.
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The Lie derivative
N
N’ o
diffeomorphism) along the direction of a vector field ¢ is called its Lie derivative along

The variation of a ( ) tensor T under an infinitesimal translation (i.e., an infinitesimal

5. Note that 5 does not necessarily have to be a Killing vector. The components of the
Lie derivative of a tensor T along a vector field £ are indicated as

,CgTalmaNgli..gN, . (8.20)

For instance, if T is a () tensor, its Lie derivative along E can be obtained by repeating
the derivation of Sec. 8.1, and is

LTop = Tap ub + TspEl, + Tusl’s - (8.21)

The Lie derivative along a vector field f_; /Jg, should not be confused with the covariant
directional derivative along 5, Vg discussed in Chapter 3. For instance, for a () tensor

T, the components of the directional derivative along E are {*T},,q, which is different
from the expression in Eq. 8.21. Both of these derivatives give the modification of a
tensor field, but with different prescriptions to compare tensors in different spacetime
points. In the case of the directional derivative, the prescription is provided by the
Levi-Civita connection, and hence by the metric: we require that the scalar product
between two vectors is the same in different points (which is equivalent to requiring
Guvia = 0). In the case of the Lie derivative, instead, the tensors are transported by a
diffeomorphism along the vector field 5 Note that the Lie derivative does not require
the specification of the metric, only of the vector field 5 A more rigorous definition
of the Lie derivative would require a discussion on the action of diffeomorphisms on
tensor fields, which is beyond the scope of this book. We refer the interested reader
to [57].

In the previous paragraphs we have shown that the Lie derivative of the metric tensor
g along a vector field 5 is

‘ngaﬁ = ga&ugﬂ + 95,85:504 + gaéé?ﬁ = ga;ﬁ + Eﬁ;a ) (8-22)

and that, if 5 is a Killing vector field, the Lie derivative of the metric tensor vanishes.
Therefore, an alternative form of the Killing equation is

ﬁggag =0. (8.23)
Moreover, since gaﬁgﬁ’y =97,
Ls(909"") = 9apLe g™ + 9" Legap =0, (8.24)
and thus
Leg™P = g — P, (8.25)

which also vanishes if 5 is a Killing vector. We leave as an exercise to prove that the
Lie derivative of a vector field V' along the direction of another vector field £ is

- =

LV = € V]* =¢grve , —vrer . (8.26)
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8.2 KILLING VECTOR FIELDS AND THE CHOICE OF COORDINATE SYSTEMS

Given a vector field E (not necessarily a Killing vector field), the family of curves such that

at any point p the vector £ is tangent to the curve passing in p is called congruence of
worldlines. They can be found by integrating the equations

= = (x®). (8.27)

If 5 is a Killing vector field, the line element (i.e. the metric tensor) is invariant under
infinitesimal translations along any curve of the congruence; therefore, it is also invariant
under a finite transformation p — p’ along any of these curves. The congruence of world-
lines, then, defines a finite symmetry of the spacetime. For instance, if the spacetime is
spherically symmetric, the curves are circumferences on spherical surfaces; if the spacetime
is invariant for (space or time) translations the curves are straight lines, and so on. This
finite transformation is a diffeomorphism, because it is a sequence of infinitesimal diffeo-
morphisms; we call it the diffeomorphism generated by the vector field 5

The existence of Killing vector fields remarkably simplifies the problem of choosing a
coordinate system appropriate to solve Einstein’s equations. For instance, if we are looking
for a solution which admits a timelike Killing vector field E, it is convenient to choose, at
each point of the manifold, the timelike basis vector € aligned with E, with this choice,

the time coordinate lines coincide with the worldlines to which 5 is tangent, i.e. with the
congruence of worldlines of £, and the components of £ are

£ = (£°,0,0,0). (8.28)

If we parametrize these curves in such a way that £° is constant, §", = 0 and the second
and third terms in Eq. 8.13 identically vanish; therefore, Eq. 8.13 yields

agaﬁ _
0x0

This means that if the spacetime admits a timelike Killing vector field, with an appropriate
choice of the coordinate system the metric tensor can be made independent of time. For
simplicity, it is customary to choose the parametrization of the curve such that ¢ = 1; in
this case, the timelike Killing vector field is £&* = (1,0, 0,0).

A similar procedure can be used if the metric admits a spacelike Killing vector field;
choosing, say, the vector €(1) to be parallel to E,

(8.29)

£* = (0,£%,0,0), (8.30)

and choosing the parametrization such that &' is constant, i.e. £ , = 0, Eq. 8.13 shows that
0gap/0z" = 0, i.e. the metric is independent of z!. By a suitable reparametrization of the
corresponding congruence of coordinate lines, one can write £* = (0, 1,0, 0).

If the Killing vector field is null, it is necessary to define a coordinate basis in
which at least one basis vector is null. Starting from generic coordinate basis vectors
(€(0), €(1); €(2), €(3)), it is always possible to construct a set of new basis vectors

g(a/) = Aﬁ/g(g) , (8.31)

such that, for instance, the vector € is a null vector. Then, € can be chosen to be

parallel to E at each point of the manifold, so that

£ =(£°,0,0,0) (8.32)
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with €0 constant. The metric, then, is independent of the corresponding null coordinate
2%, By a suitable reparametrization of the corresponding coordinate lines, it is possible to
choose £* = (1,0,0,0).

As an example, in the following we shall compute the Killing vector fields of the flat
spacetime and of a spherical surface.

Killing vector fields of flat spacetime

The Killing vector fields of Minkowski’s spacetime can be obtained very easily using
Minkowskian coordinates. Since all Christoffel’s symbols vanish, the Killing equation be-
comes

§o.p +8p.a = 0. (8.33)

By combining the following equations

fa.ﬂv + fﬁ,a’y =0 y gﬁ,va + g’y,ﬁa =0 ) g'y.,ozﬁ + foz,’yﬁ = 07 (834)
and by using Eq. 8.33, we find
a3y =0, (8.35)
whose general solution is
o = Ca F €ay” (8.36)

where c,, €43 are constants. By substituting this expression into Eq. 8.33 we find
€anT g+ €py T = €an 0 + €500 = €ap +€pa = 0. (8.37)
Thus, Eq. 8.36 is the solution to Eq. 8.33 if and only if
€af = —€Ba, (8.38)
so that e,g has six independent components. Therefore, flat spacetime admits ten linearly

independent Killing vector fields. The general Killing vector field of the form 8.36 can be

written as the linear combination of ten Killing vector fields 5((;4) = {5((11), &2), ... ,5((110)

corresponding to ten independent choices of the constants c,, €43:

(N =+ @27 A=1,...,10. (8.39)
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For instance, we can choose

M = (1,0,0,00 €)=0
@ = (0,1,0,0) €2=0
@ = (0,0,1,0) €% =0
M = (0,001 €Y=0
0 100
G _ (5) _ -1 0 0 0
Ca 0 €ap 0 00 0
0 00 0
010
®) _ 6) 0 0 0 O
=0 Cp=| 1 00 0
00 0
0 00 1
n  _ (7 _ 0 0 0 O
@ =0 “s=1 9 00 0
~1 0 0 0
0 0 00
(8) _ (8): 0 0 1 0
Ca 0 eap 0 -1 0 0
0 0 00
0 0 00
(9) _ (9): 0 0 0 1
Ca 0 cap 0 0 00
0 -1 0 0
00 0 0
(10) o (10)_ O O O 0
cy = 0 €5 = 00 0 1 (8.40)
00 —1 0

The symmetries generated by the Killing vector fields with A = 1,...,4 are spacetime
translations; those generated by the Killing vector fields with A = 5,6, 7 are Lorentz’s boosts
and those generated by the Killing vector fields with A = 8,9, 10 are space rotations. The
diffeomorphisms generated by these Killing vector fields form a group, called the Poincaré
group 1S0O(3,1).

Killing vector fields of a spherical surface
Let us consider a sphere of unit radius. Its metric is
ds® = dO? + sin® 0dy?® = (da')? + sin? ' (d2?)?. (8.41)

Recalling Eq. 8.13,
Gap " + 955E0n + gaslls =0, (8.42)
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we get
(@,8) =(1,1) 2g5:61=0—¢1=0 (8.43)
(@,8) =(1,2) g5 + 91565 =0 = €5 +sin? 063 = 0
(a,B) =1(2,2) go2,u&" + 29525,‘52 =0 — cosfE! 4 sin 95?2 =0.
The general solution of Eqgs. 8.43 is
¢l = csin (¢ +a), € =ccos(p+a)cotd +b, (8.44)

with a, b, ¢ arbitrary real constants 2. Therefore a spherical surface admits three linearly in-
dependent Killing vector fields, associated to the choice of the integration constants (a, b, ¢).
A set of three independent Killing vector fields for the sphere, £(4) (A =1,2,3), is

g(l)a — (07 1) (845)
@ = (sin, cos pcot )
§(3)a = (cosp,—sinpcotf),

which correspond to the choices (a,b,c) = (0,1,0), (0,0, 1), and (g, 0, 1), respectively.
The diffeomorphisms generated by these Killing vector fields form a group called the
rotation group SO(3)3.

8.3 KILLING VECTOR FIELDS AND CONSERVATION LAWS

Killing vector fields allow to define conserved quantities, whose existence may be concealed
by an unsuitable coordinate choice.

8.3.1 Conserved quantities in geodesic motion

Let us consider a particle moving along a geodesic of a spacetime which admits a Killing

vector field 5 The geodesic equations written in terms of the particle four-velocity u® = %
(where A is an affine parameter) read
d «
;T +T2 uPu” =0. (8.46)
By contracting this equation with E we find
£a [dA +T% uPu ] == Ut + TG0 uE, . (8.47)
Since de 065 da” o
pdsp _ 8958 9T B, v IS8 4
Ty T e an T e (8.48)
Eq. 8.47 becomes
d&au®) 5, [0
— v —I'3.¢.| =0, 8.49
U F P (8.49)
ie. J N
% —PuEs, = 0. (8.50)

2We leave as an exercise to prove, by direct substitution, that the vector fields 8.44 satisfy Eqs. 8.43.
3They satisfy the commutation relations [E<A),5(B)] = eAB%(C), where eABC is the three-dimensional
Levi-Civita symbol (see Box 8-C).



Symmetries B 143

Since &g, is antisymmetric in § and v, while uPuY is symmetric, the term uﬁu”fgw identi-
cally vanishes, and Eq. 8.50 reduces to
d(&qu®
dEau?) =0 — Equ® = const . (8.51)
dX
Thus, for every Killing vector field there exists an associated conserved quantity for the
geodesic motion of particles.
Equation 8.51 can be written as follows:

Gap&f'u® = const. (8.52)

The physical interpretation of the constants of motion associated to Killing vector fields
will be discussed in Sec. 10.3.

8.3.2 Conserved quantities from the stress-energy tensor

In Chapter 7 we have shown that the stress-energy tensor satisfies the divergenceless equa-
tion
™., =0, (8.53)

and that in curved spacetime this is not a genuine conservation law. If the spacetime admits
a Killing vector field, then

(guTW);u = Eup T + T, = 0. (8.54)
Indeed, the first term vanishes because {,;, is antisymmetric in ¢ and v whereas T* is
symmetric, and the second term vanishes due to Eq. 8.53.

Since there is a contraction on the index p, the quantity (£,7%") is a vector, whose
four-divergence vanishes according to Eq. 8.54. As discussed in Box 8-B, the vanishing of
the covariant four-divergence of a vector leads to a conserved quantity which, in the present
case, is (see Eq. 8.60)

V=g (EMT“O) datdz?da® = const . (8.55)

z9=const

In classical mechanics energy is conserved when the Hamiltonian is independent of time;
thus, the conservation of energy is associated to a symmetry with respect to time transla-
tions. In Sec. 8.2 we have shown that if a spacetime admits a timelike Killing vector field,
with a suitable choice of coordinates the metric tensor can be made time independent; in
this coordinate frame, the diffeomorphism along the Killing vector field is the time trans-
lation. Thus, in this case it is natural to interpret the quantity defined in Eq. 8.55 as a
conserved energy. In a similar way, when the metric admits a spacelike Killing vector field,
the associated conserved quantities are indicated as “momentum” or “angular momentum?”,
depending on the coordinate choice (see Sec. 10.3).
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‘

Divergence-free equations and conserved quantities

Let us consider a vector A which satisfies the divergence-free equation
A, =0, v=20,...,3, (8.56)

which, according to Eq. 5.67, can be written as

1 9
v /=g Ox¥

Splitting the v = 0 component from the space components, and integrating on a
three-volume V' which extends over all space, Eq. 8.57 gives

— 4k
io/ \/ngodi’»x:f/L”’“d%, k=1,...,3,  (859)
ox 1% Vv

k
ox ®

v

(V=gA") =0. (8.57)

where the integration is performed at a fixed time, i.e. on a hypersurface z° =

const. Since the integrand on the right-hand side of this equation is an ordinary
three-dimensional divergence, and the integration element is just d*z = dz'dz2dz3,
we can apply Gauss’ theorem as in Euclidean space (see Box 5D, Eq. 5.53), and

find

— Lk

/ oy=g A7) ngA) &z :/ V=g A*dS; . (8.59)
1% Ox v

Since the volume V extends over all space, the boundary dV is at infinity and,
assuming that A* vanish at infinity, the right-hand side of Eq. 8.59 is zero. Conse-
quently, the integral of \/—gA° over the three-volume V is a conserved quantity

/ V=g A’d*x = const . (8.60)
%

8.4 HYPERSURFACE-ORTHOGONAL VECTOR FIELDS

Any vector field V of class C! identifies a congruence of worldlines, i.e. the set of curves
to which the vector is tangent at any point (see Sec. 8.2). If there exists a family of hy-
persurfaces 3 (x#) = const such that, at each point, the worldlines of the congruence are

perpendicular to that surface, V is said to be hypersurface-orthogonal. This is equivalent to
require that V is, at any point p, orthogonal to all vectors ¢ tangent to the hypersurface in
p

F V=0 - tVPgs=0. (8.61)
We shall now show that a hypersurface-orthogonal vector field is parallel to the gradient
of 3 and that, vice versa, the gradient of ¥ is hypersurface-orthogonal. We recall that, as
described in Sec. 2.3, the gradient of a function X (z#) is a one-form,

0¥ 0¥ 0%
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When we say that Vs parallel to d¥ we mean that the one-form dual to ‘7, ie. V —
{gapV? =V, }, satisfies the equation

Vo= fSa, (8.63)

where f is a function of the coordinates {a*}.

We shall first show that Eq. 8.63 implies Eq. 8.61. Since X(a*) = const on the hypersur-
face, given any curve z%(s) lying on the hypersurface, and its tangent vector t* = dx®/ds,
the directional derivative of X(z#) along the curve vanishes

s 9% da®

vl Yot =0. (8.64)

Therefore Eq. 8.63 implies that for any vector ¢ which is tangent to some curve on the
surface
Vot = fE ot =0 (8.65)

i.e. Eq. 8.61 is satisfied.

Let us now show the inverse, i.e. that if a vector field V satisfies Eqg. 8.61 at any point
p and for any # tangent to the surface in p, it also satisfies Eq. 8.63. The tangent space to
that surface in p is a three-dimensional space, therefore there are three independent tangent
vectors f(i) (i=1,...,3), and

tVa=0. (8.66)

These are three independent equations for the four unknowns V,; their solution depends
on one arbitrary constant. Since t‘é)Za =0, V, must coincide with ¥ , modulo an overall
constant, V, = fX ,. Repeating this procedure at any point p of the spacetime yields
Eq. 8.63, with X function of the coordinates.

8.4.1 Frobenius’ theorem

If the vector field V is hypersurface-orthogonal, it satisfies Eq. 8.63 and therefore

Vo = Voo = (fz,a);g - (fE,B);a

= [(Zap—Xga) +Eafs—Eafa=

= [ (s~ Tpa—ThaZp +Th%0) + Safs — Ssfa
[ fa
f f

= V2= -V, (8.67)
i.e. f f

B -V led
o

If we now define the following quantity, which is called rotation of the vector field 1%

Vaip = Via = Va

(8.68)

1
W' = " VgV, (8.69)
where £°98# is the Levi-Civita tensor (see Box 8-C), from Eq. 8.68 it follows that
w® =0. (8.70)

Thus, if the vector field V is hypersurface-orthogonal, its rotation vanishes identically. Ac-
tually, 8.70 is a necessary and sufficient condition for V' to be hypersurface orthogonal; this
result is known as Frobenius’ theorem.
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Figure 8.2: Hypersurface-orthogonal vector field.

8.4.2 Hypersurface-orthogonal vector fields and the choice of coordinate systems

The existence of a hypersurface-orthogonal vector field allows us to choose a coordinate
frame such that the metric has a much simpler form. Let us consider, for the sake of
simplicity, a three-dimensional spacetime described by the coordinates (z°,z!, x?).

Let X(z*) = const be a family of surfaces to which the vector field V is orthogonal. In
Fig. 8.2 we show two of such surfaces. As an example, let us assume that Vis timelike, but
a similar procedure can be used if Vs spacelike. Since Vis timelike, at each spacetime
point p we can choose the basis vector €y parallel to 17, and the remaining basis vectors

as tangent to some curves lying on the surface passing through p, so that

goo = 9(€0),€0)) =€) €0) # 0, (8.71)
goi = 9(5(0)7 g(z)) = 07 1= ]., 2. (872)

Thus, with this choice, the metric becomes
ds? = goo(da®)® + g (da’)(da®), ik =1,2. (8.73)

The generalization of this example to the four-dimensional spacetime, in which case the
surfaces X (z#) = const are hypersurfaces, is straightforward.

In general, given a timelike vector field V, we can always choose a coordinate frame such
that €y is parallel to ‘7, so that in this frame

Ve (zh) = (VO (z"),0,0,0). (8.74)

Such a coordinate system is called comoving. If, in addition, Vis hypersurface-orthogonal,
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choosing the spacelike basis vectors as indicated above, ggo; = 0 and, as a consequence, the
one-form associated to V' also has the form

Va(ZIIH) = (‘/O(x'u)’ 0,0, O) ’ (875)

since V; = g;,V* = gioV° +gVFE=0,i=1...3.

Finally, let us assume that the spacetime admits a hypersurface-orthogonal timelike
Killing vector field V. In this case, as discussed in Sec. 8.2, if we choose the parameters of
the curves such that V? is constant, then the metric 8.73 does not depend on time.

‘

The Levi-Civita completely antisymmetric tensor

We define the Levi-Civita symbol (also called Levi-Civita tensor density), €agys (with
the indices running from 0 to 3), as an object whose components change sign under
interchange of any pair of indices, and whose non-zero components are 1. Since it
is completely antisymmetric, all the components with two equal indices are zero, and
the only non-vanishing components are those for which all four indices are different.
Conventionally, we set

€0123 — 1. (876)

Under general coordinate transformations, €,35 does not transform as a tensor; indeed,
under the transformation z® — z®/,

Az dzP 9z 9z

Jea/ﬁlfy/zsl = Oxr! axﬁ/ oxY awél €apys (877)
where the Jacobian J is defined as (see Chapter 5)
8 le%
J = det ( 8;‘3") . (8.78)

Indeed, the determinant of a square matrix M = (M®g) can always be written as 4
detM = MaoM’glM’YgMégeag,yg.
We now define the Levi-Civita tensor as

Eapvs =v—9g €aBys - (8.79)

Since, from Eq. 5.31, for a coordinate transformation z¢ — z¢/

_ V=g
|| = ; (8.80)
V)

then
oz 0P 07 Oxd
9! Db’ D’ D TP
Strictly speaking, e,gys transforms as a tensor under a subset of the general coor-
dinate transformations, i.e. those with sign(J) = +1. Objects with this property are
sometimes called pseudo-tensors, but we shall not follow this notation. In this book,
“pseudo-tensors” are quantities which transform as tensors under linear coordinate
transformations, see Sec. 13.6.1. Warning: do not confuse the Levi-Civita symbol, €,3+s,
with the Levi-Civita tensor, e4y5. They only coincide if g = —1, as in flat space.

EarBryrsr = sign(J) (8.81)
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8.5 DIFFEOMORPHISM INVARIANCE OF GENERAL RELATIVITY

As discussed in Sec. 2.1.4 and at the beginning of this chapter, diffeomorphisms are differ-
ent from coordinate transformations: the former are maps between different points of the
manifold, while the latter associate different coordinates to the same point of the manifold,
see e.g. Fig. 2.11. However, they have the same mathematical description, as a one-to-one
set of C! functions:

N for diffeomorphisms (8.82)

a2 (oM for coordinate transformations. (8.83)

We also know that, due to the Principle of General Covariance, Einstein’s equations (both in
vacuum and with sources) are invariant in form under general coordinate transformations,
i.e. under a transformation 8.83. Consequently, since Eqgs. 8.82 and 8.83 have the same form,
Einstein’s equations are invariant under diffeomorphisms.

In other words, the invariance of General Relativity under general coordinate transfor-
mations, i.e. the gauge invariance discussed in Sec 6.3, can be reformulated as the invariance
of General Relativity under diffeomorphisms. The choice of the gauge (see e.g. Sec. 6.4) can
be interpreted either as the choice of a coordinate transformation 2 (z#), or as the choice
of a diffeomorphism x’*(z*).

Let us now consider the action of the gravitational field in the presence of sources (see
Chapter 7),

S = SEH 4 gfields (8.84)

where the Einstein-Hilbert action S*H depends on the metric and its derivatives, and Sfields
depends on a set of fields, ® 4, on their covariant derivatives, and on the metric. Since
Einstein’s equations, both in vacuum and with sources, are invariant under diffeomorphisms,
then both S and S*H are diffeomorphism invariant. Thus, the action S%°'9 must also be
diffeomorphism invariant. For an infinitesimal diffeomorphism along the direction of a vector
field 5 (not necessarily a Killing vector),

55ﬁelds 55ﬁelds

sGficlds _ W(gguu + A 5B, =0 (8.85)

where 69" = Lzg"" and 0P 4 = Lz P 4 are the Lie derivatives (see Box 8-A) of the metric
and of the fields ® 4, respectively.

If we restrict the action to the fields ® 4 which are solutions of their field equations,
then (see Sec. 7.2)

6sﬁelds A aﬁﬁelds aﬁﬁelds
5. 5<I>Af/d:v\/fg ( 5, V“a(vNQA))‘s‘I)AO' (8.86)

Thus, the second term on the right-hand side of Eq. 8.85 vanishes and, as a consequence,
also the first term must be zero. Using Eqs. 7.47 and 7.52, this gives

/— rfields fields 1
/ d'z OVZILTD) g = / d'z (M 2gWLﬁeldS) Leg" (8.87)

agl“/ 3 agl“’

4 v
2C/d T /= TM,EE gt
—7/d4x V=9 T, " =0

(&

where in the last step we have used Egg“” = —¢gMY — gV (see Box 8-A) and the symmetry
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of the tensor T}, i.e. T, (M + &) = 2T,,,MY. By integrating by parts and applying
Gauss’ theorem, we find

/d4:c V=g T,V €" =0

for any vector field 5 vanishing at the boundary of the integration volume, and thus 7},,’* = 0
or, in the usual form,
™., =0. (8.88)

)

Thus, as a consequence of the diffeomorphism invariance of General Relativity, the diver-
genceless equation satisfied by the stress-energy tensor is valid for any metric (not neces-
sarily solution to Einstein’s equations), as long as the fields ® 4 are the solutions of the
field equations. Indeed, note that this derivation does not rely on the specific form of the
Einstein-Hilbert action, but only on the diffeomorphism invariance of the latter.
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CHAPTER 9

The Schwarzschild solution

The Schwarzschild solution was derived by Karl Schwarzschild in 1916. It describes the
gravitational field exterior to a static, spherically symmetric, non-rotating body; in addi-
tion, it describes a non-rotating black hole. Even though it was the first exact solution of
Einstein’s equations ever found, a complete understanding of the Schwarzschild spacetime
was achieved much later, in the mid-sixties of the 20th century.

It is interesting to know that Schwarzschild’s paper was communicated to the Berlin
Academy by Einstein on the 13th of January 1916, about two months after the publication
of Einstein’s seminal papers on the theory of General Relativity. In those years Schwarzschild
was very ill, since he had contracted a fatal disease in 1915, while serving the German army
at the eastern front. He died on the 11th of May 1916, and during his illness he wrote
two papers on the newborn theory of General Relativity, one describing the solution which
we are going to derive and discuss in this chapter, and the second describing the interior
solution for a static, spherically symmetric star of constant density, which we shall discuss
in Chapter 16.

9.1 STATIC AND SPHERICALLY SYMMETRIC SPACETIMES

We wish to find an exact solution of Einstein’s equations in vacuum, which is static and
spherically symmetric. This will be the relativistic generalization of the Newtonian potential
GM

O(r) = l (9.1)

and will describe the gravitational field in the exterior of a spherically symmetric, non-
rotating body. Let us see how the symmetries of the problem can be used to simplify the
expression of the metric tensor.

a) Symmetry with respect to time transformations

When dealing with symmetries with respect to transformations of the time coordinate, it
is important to distinguish between stationary and static spacetimes.

A spacetime is stationary if it admits a timelike Killing vector field k. As explained in
Sec. 8.2, from the Killing equation it follows that, by a suitable choice of the coordinate
system, the metric of a stationary spacetime can be made independent of time,

agaﬁ o
Jel 0. (9.2)

A spacetime is static if it admits a hypersurface-orthogonal, timelike Killing vector field k.

151
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In this case, as shown in Sec. 8.4, we can choose the vectors of the coordinate basis in such a
way that, at each spacetime point, €y coincides with k, and the remaining basis vectors are
tangent to the surfaces at which & is orthogonal, so that in this frame k* = (k°(z?), 0,0, 0)
(as usual, Greek indices run from 0 to 3, and Latin indices run from 1 to 3). Consequently,
the line element takes the simple form

ds* = goo(z")(dz)? + gkj(xi)dxkdxj , (9.3)
where o L
goo = 9(k7 k) =k-k. (9'4)

Thus, if the spacetime is static the metric tensor is not only independent of time, but also
invariant under time reversal t — —t. Note that if terms like da®da® were present in the
line element, this would not be true.

b) Spatial symmetry

Using the assumption of spherical symmetry, it is possible to express the spatial part of the
metric in a simple form. To this aim, we “fill” the space with concentric spherical surfaces,
which we describe with spherical coordinates 2% = @ and 2% = ¢ (see Box 2-C). With this
choice, the line element of a two-sphere of radius a is (see Eq. 3.69)

ds%g) = goo(dx?)? + g33(dz®)? = a?(d6?* + sin® Odp?) . (9.5)

The surface of this sphere is

™ 2m
= G2y dfdy = a?sin 6d6 dy = 4ma?, 9.6
2
0 0
where gy = a*sin? @ is the determinant of the metric 9.5. The length of its maximum

circumference (we consider, without loss of generality, the circumference on the equatorial

plane, 8 = 7/2) is
2m
/ \/ Gou(0 =7/2)dp = / asin(r/2)dy = 27a, (9.7)

and the ratio between the two is A/C = 2a. The assumption of spherical symmetry implies
that the function a does not depend on (6, ) but is an arbitrary function of the remaining
coordinates 20, z!

d3(2) = a?(2°, ) (d6? + sin® 0d?) . (9.8)

Since in addition the spacetime is static, the metric tensor does not depend on time; therefore
a = a(x'). We are now free to make a coordinate transformation and choose

r=a(z'). (9.9)

Thus, we define the radial coordinate r as being half the ratio between the surface and
the circumference of the two-sphere, as it is in flat space. However, we anticipate that the
coordinate r is not the distance between the center of the sphere and the surface, as we
shall later show.

Let us now consider two two-spheres with radii » and r + dr, respectively, as shown in
Fig. 9.1. We choose the coordinates 6, ¢ on each sphere such that: i) the poles of the spheres
are aligned along the same axis (the axis #® in Fig. 9.1), ii) the coordinate ¢ is measured
having the axis x! as a reference.
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Figure 9.1: Choice of coordinates on the two-spheres filling the space. Poles are aligned along the

axis z°, whereas ¢ is measured as a counterclockwise rotation angle with respect to the axis x?.

With this choice, the vector 5 joining the points p and p’ which have the same values
of @ = 0, and ¢ = @i (see Fig. 9.1), is orthogonal to both spheres. If we now extend this
choice to all the two-spheres filling the space, 5 will be a vector field orthogonal, at each
space point, to one of these two-spheres, i.e. Q? is a hypersurface-orthogonal vector field. We
can thus choose the three spacelike basis vectors as follows: i) €(,y is parallel, at each space

point, to 5, and ii) €(g) and €, are tangent to the coordinate lines ¢ = const, = const,
respectively, i.e. tangent to the two-spheres. With this choice, the basis vector €(,) will be
orthogonal to €(g) and €(,,). Consequently

Gro = €(ry - €g) = 0, Gro = €(r) - €(p) = 0; (9.10)
thus, the line element of the three-space becomes
ds??)) = grrdr? + 1r2(d6? + sin® Odp?), (9.11)
and that of the four-dimensional spacetime given in Eq. 9.3 reduces to
ds® = goo(dz®)? + g,rdr? + r?(d6* + sin® dp?) . (9.12)

The metric components ggp and g, could, in principle, depend on (r, 8, ). However, this
is not the case for a spherically-symmetric metric. Indeed, if we choose a new set of global
polar coordinates (6’,¢") to label the points on the concentric two-spheres which fill the
space, neither €(g), nor €, will be affected by this change, being orthogonal to the new
basis vectors €y and €, tangent to the two-spheres; therefore gog = €y - €() and
Grr = €(y) * €(ry cannot depend on the angular coordinates. Consequently

goo = 9oo (T)a and Grr = Grr (T) . (913)

Summarizing, the line element of a static and spherically-symmetric spacetime can always
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be written as
ds® = goo(r)(dz®)? + gp(r)dr® + 12 (d6? + sin® Odp?) . (9.14)

It is convenient to rewrite the metric in the following form
ds? = —e2(") (dz0)? + 2N dr? + 12 (d6? + sin® Odp?) (9.15)

where
2v(r)

goo(T’) = —€ s and grr(r) = 62)\(T) . (916)
Let us now compute the proper distance between two points P = (2°, 71,6, ), and P, =
(20,79,0, ) (with the same 2°, 6 and )

l:/ erdr . (9.17)

As anticipated above, the proper distance between two points having the same values of the
time and of the angular coordinates (6, @) does not coincide with (r9 — r1). This is due to
the fact that, unless the spacetime is flat and e* = 1, the presence of the gravitational field
distorts the spacetime and changes the metric relations among points with respect to those
existing in flat spacetime.

9.2 THE SCHWARZSCHILD SOLUTION

We can now write the components of the Einstein tensor G, = R, — %gWR in terms
of the metric tensor 9.15. By replacing in the expression of the Ricci tensor, Eq. 4.54, the
Christoffel symbols computed in Box 9-A (we leave the explicit computation as an exercise)
we find

—2x
G = S D ey, (9.18)
1 2
Gy = 77“7262)\ (1 - 672)\) + ;I/,T, (9.19)
2,2\ 2 , YUr A
Gogg = Tr°€ Vir + V5 + 7 —VUpA, — r , (9.20)
Gyop = sin®0 Gg. (9.21)

The remaining components vanish identically. Since we are looking for a vacuum solution,
the equations to solve are
G =0. (9.22)

Equation 9.18 gives

e = , (9.23)

(9.24)

the solution of which is

1 K K
V= §log(1 - —) +w, — e = (1 — ) e (9.25)
r
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and 1 is an integration constant. We can rescale the time coordinate
0 — ez, da® — e da?, (9.26)
in such a way that

K
goo(dz®)? = —e?¥(dz)? — —ee 0 (dx0)? = — (1 - > (dz0)%. (9.27)
T
Owing to the staticity of the spacetime, the rest of the metric is not affected by the rescal-
ing 9.26.
The final form of the solution is*
K dr?
ds? = — (1 - > di? + — e 1% (d0 + sin? fdp?) . (9.28)
r
1

r

This metric is said to be asymptotically flat, since at asymptotic infinity (when r — o)
it reduces to Minkowski’s metric in spherical coordinates. It is easy to check that the so-
lution 9.28 satisfies also the equation Gy = 0 (see Eq. 9.20), which can be shown to be a
consequence of Ggg = 0 and G, = 0 (see Egs. 9.18 and 9.19).

In order to understand what is the meaning of the integration constant K we go back
to Sec. 6.1, where we showed that in the weak-field, stationary limit, the geodesic equations
reduce to the Newtonian equations of motion provided

20
goo = — (1 + 02) ; (9.29)

where @ is the Newtonian potential, solution of the Poisson equation 6.2. Since we are look-
ing for a solution describing the gravitational field in the exterior of a spherical distribution

of matter, we know from Newtonian gravity that & = fGTM and hence in the weak-field,
stationary limit
2GM
=—(1- ; 9.30
goo ( 25 ) ; ( )
from Eq. 9.28 we see that
K
goo = —€* = — <1 - ) . (9.31)
r
Comparing Eq. 9.30 with Eq. 9.31 we find
2GM
K= = (9.32)
The static, spherically symmetric solution of Einstein’s equations is then
2GM r?
2 _ 2 7,2 2 (102 | o2 2
ds ——(1— 62T>cdt —l—lw—i—r (d6” + sin® 6dp?) . (9.33)

c2r

The metric 9.33 is called the Schwarzschild solution. We shall indicate the coordinates
(t,r,0,p) as the Schwarzschild coordinates.

Hf r > K, then 1 — % > 0, therefore ggo < 0, g11 > 0 and the exponentials e2”, e2* are both positive,

but — as we shall discuss in Sec. 9.4 — it may occur that 1 — % < 05 in this case the exponentials are negative

and their arguments are imaginary functions. However, the replacement gog = —e2”, g11 = €2 is only used
in the course of this derivation. Hereafter, we shall write the metric components in the form 9.28 (or in

analogue forms, e.g. Eq. 9.33 below).
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The constant K is equal to the physical mass of the solution multiplied by the factor

i—? and it has dimensions of a length. The quantity

_ 2GM

= (9.34)

Rs

is called Schwarzschild radius and plays a crucial role in the interpretation of the met-
ric 9.33, as we shall discuss in the next section.
In geometrized units G = ¢ = 1 (see Box 9-B), the Schwarzschild solution reads

2m dr? .
ds? = — (1 - T) dt? + D + 7% (d6 + sin® 0dyp?) | (9.35)
T

where m is related to the physical mass M by

GM
m=——,
2

(9.36)
and is called the geometrical mass.

Being static and spherically symmetric, the Schwarzschild metric admits four Killing
vector fields (see Sec. 8.2): one timelike vector field, associated to time translations, and the
three Killing vector fields of a spherical surface, given in Eq. 8.45:

- 0

k = % (9.37)
A0 = 8?0 7
m? = sin @% + cosgocot&aé:a,
m®) = cos go% — sin ¢ cot 9;:0 .

In the following we shall use the Killing vectors k and m = m®. In coordinates (t,r,0,0),
their components are
k* = (1,0,0,0) (9.38)
m"* = (0,0,0,1).
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The Christoffel symbols of the metric 9.15,
ds® = —e>") (dz®)? 4 e Vdr® + 1?(d6? + sin® 6d?) ,

Christoffel’s symbols of the Schwarzschild spacetime

(9.39)

can be easily computed using Eq. 3.68,
2l 1 Yo
g, = 59 (9aBu + Gop.s — 9Bu.a) - (9.40)

The non-vanishing ones are (we leave the explicit computation to the reader as an

exercise):
o 2(v—=A 0 _ 710 _ [
Thy = 2Ny, ), =r%=v, |
T 2 6 _ 16 _1 e _Te 1
I'py = —re [Vy=Ty. =+ Iy, =re. =+ (9.41)

o rain20e-2r Y9 — _g P oY _
Iy, = —rsin”fe I, =—sinfcost Ty, =T, =cotf.

By replacing e = e~2* = 1— 2™ in Eq. 9.41, we find that the non-vanishing Christoffel

symbols of the Schwarzschild spacetime are:
5 (1 2y

m ™m -1
M =Th=p(-2)" Th=m(-2) 0=-n0-%
I%, = —(r —2m) I’ =—(r—2m)sin’¢ re, =rg, =1

1 0 _ : — —
Iy, = —cosfsinf Iy, =T%, =cotf.

1—‘?"0 = Fgr =7
(9.42)
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Geometrized units

It is easy to check that Rg = QCC;QM has the dimension of a length. Indeed the constants
G and ¢, whose values are (see Table A)

3
G =6.674 x 10~° Cgﬂ

2 c=2.998 x 10" cm/s,

have dimensions

(length)3 (length)
G = ————5, [c = ="
(mass) (time) (time)
therefore o | . o
t
Gl Uemgth) e & 7495 % 10-2em - g1 (9.43)
c? (mass) c?
It is often convenient to use geometrized units putting
G=c=1. (9.44)

In these units, masses, lengths, and time have the same dimensions. To recover a
quantity in physical units, it is necessary to multiply it by suitable powers of G and c.
For example, the quantities

GM GM

)

M , (9.45)

T2 c?
have the same expression in geometrized units, but their physical dimensions are those

of mass, length, and time, respectively. Likewise the quantity

_GM

m 2

9.46
: (9.46)
has the dimension of a length, and it is usually referred to as the geometrical mass or
the gravitational radius. As an example, the mass of the Sun, Mg = 1.989 x 1033 g,
in geometrized units is

GM,
me = 02® = (7.425 x 1072%) - (1.989 x 10%%) cm = 1.477 km. (9.47)
Two useful conversion factors are the following:

me = 1.477km = 4.926 x 10 5. (9.48)

While geometrized units G = ¢ = 1 are convenient in General Relativity, there exist
other possible choices, such as those in which A = ¢ = 1, mostly used in Quantum Field
Theory. We note that in the G = ¢ = 1 units the mass has the dimension of a length,
and Planck’s constant has the dimension of a length squared; its value is h = lf,, where
I, = 1.616 x 10733 cm is called Planck length. In the h = ¢ = 1 units, instead, the mass
has the dimension of an inverse length, while Newton’s constant has the dimension of
a length squared (with G = lf,) In physical units, lf, = hG/c3.
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9.3 SINGULARITIES OF THE SCHWARZSCHILD SOLUTION

For the sake of simplicity, to hereafter we shall use the geometrized units introduced in
Box 9-B and we will refer to the Schwarzschild solution in the form 9.35. An inspection of
the metric shows that

when 7 —2m: gop — 0, Grr — 00, (9.49)
r—0: gopg— 00, Grr — 0.

In both cases, the components of the metric tensor are singular. Similarly, the (non-
vanishing) components of the Riemann tensor (which can be computed by replacing the
Christoffel symbols of Box 9-A in Eq. 4.18),

1
m 2m
Rty = —2—[1-"— 9.50
t r3 ( r > ( )
1 " m
o = qurgltoe =33
R%W = 2%sm20
1 m
Riorg = —57Rpnp= 5,
oro sin29 7" 7o

are singular both in r = 0 and in r = 2m. However, the fact that the components of these
tensors diverge at some point is not indicative of a physical pathology, since the components
of a tensor depend on the coordinate system. Thus, in principle, there may exist a frame in
which one or both singularities disappear. Indeed we shall show that the two singularities
are of a very different nature.

In order to check whether a singularity is physical or due to an improper coordinate
choice, we must compute quantities that do not change under coordinate transformations,
i.e. scalar quantities. If at least one of the scalars constructed from the Riemann tensor
— the curvature invariants — diverges at some point, we can consider that point as a genuine
curvature singularity, because the spacetime curvature becomes infinite regardless of the
choice of the coordinate frame 2.

The only scalar quantity which is linear in the Riemann tensor is the Ricci curvature
R = ¢g"R,, (see Eq. 4.20), but for the Schwarzschild solution it does not give useful
information, since in vacuum R,, = 0, and thus R = 0. The scalars quadratic in the
Riemann tensor are (see Box 7-D):

e R,,R" (which also vanishes in vacuum);
e the Kretschmann scalar K1 = R,“,agR“”o‘ﬁ;
e the Chern- Pontryagin scalar Ko = EW”URWWRPM[;.

Further curvature invariants can be constructed at higher polynomial orders in the Riemann
tensor, therefore the number of curvature invariants is infinite®. For the Schwarzschild
solution the Chern-Pontryagin scalar vanishes identically, whereas the Kretschmann scalar
is

48m?

K
6

: (9.51)

2 Actually, the concept of spacetime singularity is subtler than it may appear from this remark. A more
rigorous characterization of singularities in General Relativity will be discussed in Sec. 9.5.1.

3However, it can be shown that all higher-order scalar polynomials in the Riemann tensor are combina-
tions of fourteen independent curvature invariants (see e.g. [117]).
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which is regular at » = 2m, and diverges at » — 0. The higher-order curvature invariants
are also regular at r = 2m and singular at r — 0. We conclude (see Sec. 9.5.2) that r =0
is a true curvature singularity, whereas r = 2m is only a coordinate singularity, due to
an inappropriate choice of coordinates. Coordinate singularities will be discussed in more
detail in Sec. 9.5, where we shall show that the r = 2m singularity can be removed by a
suitable coordinate choice.

Although r» = 2m is not a curvature singularity, this surface has some peculiar properties
which we shall discuss in the next section.

9.4 SPACELIKE, TIMELIKE, AND NULL HYPERSURFACES

In order to analyse the properties of the surface » = 2m, we shall introduce a classification
of hypersurfaces in a curved spacetime. Consider a generic hypersurface

S(z*) =0, (9.52)
and a point p on X. Let 77 be the normal vector to X in p, dual to the gradient one-form
Ne =2 . (9.53)

Let 2%(\) be any curve on ¥ passing through p, and # the tangent vector to the curve,

te = % in p. The vectors 7 and ¢ are orthogonal, indeed

_0ndt_dD
0z dN dN

nat®

(9.54)

At any point of the hypersurface we can introduce a locally inertial frame, and rotate its
axes in such a way that the components of 77 are

n® = (n",n',0,0) and nan® = —(n°)? + (n')2. (9.55)

Since ¢ is orthogonal to 7, it follows that

tO 1
nat® = —n%° + ntt! =0 — il ¥ (9.56)

Consequently, in this frame the tangent vector has components

t* = A(n',n° a,b) with a, b, and A arbitrary constants, (9.57)
and its norm is

tot® = A*[—(n")? + (n°)? + (a® + b?)] = A’ [~nan® + (a® + V)] (9.58)

We classify X as spacelike, timelike, and null hypersurfaces according to the following:

1) nen® <0, — n% is a timelike vector — X is spacelike
2) nen® >0, — n® isa spacelike vector — X is timelike
3) nen® =0, — n® isa null vector — X is null.

It should be stressed that the spacelike, timelike, or null nature of a hypersurface is a local
property.

We shall now discuss how the light cones through p are oriented with respect to ¥ in
the three cases.
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Figure 9.2: The light cone through a point p of a spacelike hypersurface ¥ does not intersect
the hypersurface. A massive/massless particle passing through p can cross ¥ in only one direction
(along the positive direction of the 2° axis).

Figure 9.3: The light cone through a point p of a timelike hypersurface ¥ intersects the hypersur-
face. A massive/massless particle passing through p can cross ¥ inwards and outwards.

1. If ngn® < 0, from Eq. 9.58 it follows that ot > 0, i.e.  is spacelike. This is true for
all tangent vectors to the curves laying on ¥ and passing through p. Consequently,
no tangent vector to ¥ in p lies inside, or on the light cone through p (see Fig. 9.2).
Particles passing through p must move inside the light cone if they are massive, or on
the light cone if massless; since all particles must move in the positive time direction
to preserve causality, a spacelike hypersurface can be crossed only in one direction.

2. If ngn® > 0, then t,t“ can be positive, negative, or null depending on the value of
a? + b%. Therefore tangent vectors can lie inside, outside, or on the light cone, which
cuts the surface ¥ as in Fig. 9.3 . Consequently a timelike hypersurface can be crossed
mwards and outwards.

3. If non® = 0, then ¢,t* is positive (¢t is spacelike), or null if @ = b = 0. In this case
there is only one tangent vector (and all its multiples) to ¥ in p which lies on the light
cone, as shown in Fig. 9.4. Consequently a null hypersurface can be crossed only in
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Figure 9.4: The light cone through a point p of a null hypersurface ¥ is tangent to the hypersurface.
A massive/massless particle passing through p can cross ¥ only in one direction. Note that in this
case, since n''n, = 0, the normal vector is also a tangent vector.

one direction. In addition, while massive particles have to cross the surface, massless
particles can either cross the null hypersurface, or move on.

For example, in Minkowski’s spacetime t = const is a spacelike hypersurface, and massive
or null particles can cross it only in one direction without violating causality; x* = const
(with ¢ = 1,...,3) is a timelike hypersurface, and massive or null particles can cross it in
either directions; x* — ct = const (with i = 1,...,3) is a null surface: massive particles can
cross it only in one direction, whereas massless particles can also move on the null line along
which the light cone is tangent to the surface.

9.4.1 Constant radius hypersurfaces in Schwarzschild’s spacetime

Let us consider a generic hypersurface r = const in the Schwarzschild geometry

Y=r—const=0. (9.59)
The norm of the normal vector is
2
nana = gaﬁnanﬁ = gaﬁz,azLﬁ = g7’7"22r = <1 - m) ) (960)
' r
therefore
r > 2m — negn® >0, Y is timelike
r = 2m — nagn® =0, > isnull
r < 2m — negn® <0, >, is spacelike .

It should be stressed that, for the Schwarzschild spacetime, the property of the hypersurfaces
> =r — const = 0 of being timelike, spacelike, or null holds for any time and for all points
on the hypersurfaces, due to the staticity and spherical symmetry of the metric.

Consider for example the hypersurfaces ¥; and Y5 shown in Fig. 9.5. Any signal which
starts at some point of 3; can be sent either toward the singularity at » = 0 or outwards,
since Y7 is timelike. Conversely, a signal which starts at a point of s in the interior of
r = 2m must necessarily move in one direction since Yo is spacelike and, as we shall later
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horizon

singularity

Figure 9.5: The timelike (X1) and spacelike (X2) hypersurfaces in Schwarzschild spacetime. The
dashed circle represents the horizon » = 2M, and the point at the center represents the curvature
singularity » = 0.

show, it is forced to go inwards, and be captured by the singularity in a finite amount of
proper time. The hypersurface r = 2m is null, and sets the transition from spacelike to
timelike hypersurfaces. From Egs. 9.4 and 9.35 it follows

I 2
goozk-k=—<1—m>; (9.61)

therefore on r = 2m the timelike Killing vector k becomes null and it is spacelike for r < 2m.

Since nothing, not even light, can escape r = 2m, this hypersurface is called the event
horizon. The Schwarzschild radius 9.34 coincides with the location of the event horizon of
the Schwarzschild solution.

Thus, the Schwarzschild solution describes not only the spacetime exterior to a static,
spherical distribution of matter, but also a more mysterious object which is called black
hole. A black hole is a region of spacetime surrounded by an event horizon. It owes this
name to the fact that no signal sent by an observer inside the horizon toward the exterior
can ever cross this surface and reach an observer outside. Strictly speaking, there is no way
to directly see a black hole, since the latter appears as a “black region” in the spacetime
(hence the name).

In the next chapters, we shall see that black holes are not only curious solutions of
Einstein’s equations in vacuum, but they actually exist for real in our universe, as shown
by astrophysical and gravitational wave observations.

9.5 SINGULARITIES IN GENERAL RELATIVITY

9.5.1 Geodesic completeness

How can we define a singularity in General Relativity? This is not a trivial issue, since
singularities (either curvature or coordinate ones) do not belong to the spacetime manifold.
As discussed in Sec. 9.3, looking at the singular points of the metric components g,,, can
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be misleading: changing coordinates some of them could be mapped to regular points, some
others could be mapped to infinity.

We clarify the last remark with an example. Let us consider a two-dimensional manifold
with metric

ds® = dz* + dy?) . (9.62)

1
(22 + 42)2 (
Since the metric components are singular at (x,y) = (0,0), one may think that this point
(or, more precisely, this limit) is a singularity. However, the manifold with metric 9.62 is
just the flat Fuclidean space in a particular coordinate frame; indeed, changing to the frame
(z',y") with

,
yo Y
x2 + y2 ’

the metric 9.62 becomes ds? = (dz’)? + (dy’)? (we leave the proof as an exercise). In

the coordinates («/,y’), the point (z,y) = (0,0) is the limit (2’,y") — (o0, 00) (the so-
called “point at infinity”). Obviously, the point at infinity does not belong to the manifold
(remember that a manifold is an open set, see Chapter 2), but this does not mean that the
Euclidean space is singular. We can conclude that, although (z,y) = (0,0) does not belong
to the manifold, it should not be considered a singularity because it is just the point at
infinity in disguise.

This example suggests a way to characterize the singularities: they can be seen as a sort
of “hole”, or “edge” of the spacetime, which does not belong to the manifold, but which can
actually be reached by a physical object. If, instead, the spacetime is ill-defined in a certain
limit ((x,y) — (0,0), i.e. (z/,y") — (00, 00) in the example above) which cannot be reached
by physical objects, such limit should not be considered as a singularity.

We now introduce a formal, coordinate-invariant definition of singularities based on
the following property: a spacetime is geodesically complete if every timelike and null
geodesic can be extended to arbitrarily large values of the affine parameter. If the spacetime
admits at least one incomplete (i.e., which cannot be extended) timelike or null geodesic,
the spacetime is geodesically incomplete *. We say that the spacetime has a singularity
if it is geodesically incomplete.

Coming back to the manifold with metric 9.62, no geodesic going towards (z,y) = (0, 0)
reaches that limit for a finite value of the affine parameter. For instance, the geodesic
(2’(\),5’'(\)) = (X, 0) in the coordinates (z,y) has the form (z(\),y(A\)) = (A71,0), and
x— 0 as A — oo.

We remark that this definition applies both to curvature and coordinate singularities.
In the following we shall discuss the difference between these two classes of singularities,
and how a coordinate singularity can be removed.

9.5.2 How to remove a coordinate singularity

Some singularities can be removed with the following procedure. Let M be a spacetime
manifold with a (timelike or null) geodesic which cannot be extended beyond a finite value
of the affine parameter. Let g, be the components of the metric tensor in a given coordi-
nate frame {z*}, defined in a domain U C R*. We remark that, by definition, the metric

4We only consider timelike and null geodesics because unlike spacelike geodesics, which cannot be asso-
ciated to the motion of physical objects, they describe the motion of massive and massless particles, i.e. of
observers and signals.
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components g,,, and the components of the inverse metric, g"”, are regular in U (the latter
requirement is equivalent to g = det(g,.,) # 0 in U). To remove the singularity we follow
these steps:

e We choose a new coordinate frame {x‘“/}. The domain V' C R* of the new coordinates
is the image of U through the coordinate transformation; we choose the transformation
2" — 2 such that the metric components Jgo’ g are regular and invertible in a larger
domain in R*, V' D V.

e Let M’ be the manifold described by the coordinates {z* } defined in the larger
domain V', endowed with the metric tensor g, g. We have

M S5 M. (9.64)

We say that the spacetime has been extended if we consider the larger manifold M’
as the spacetime manifold .

The singularity corresponding to the incomplete geodesic has been removed if, in the new
spacetime, that geodesic can be extended to arbitrarily large values of the affine parameter.

As anticipated above, only some singularities can be removed with this procedure. They
are called coordinate singularities. Those which cannot be removed are true spacetime
singularities, and are called curvature singularities. As discussed in Sec. 9.3, curva-
ture invariants are regular on coordinate singularities, while they can diverge approaching
curvature singularities.

If several coordinate singularities are present the above procedure can be repeated,
further extending the spacetime manifold. Once all coordinate singularities are removed, we
have the mazimal extension of the spacetime: in this case, all (timelike or null) geodesics
which cannot be extended to arbitrarily large values of the affine parameter correspond to
true curvature singularities.

In the following we shall discuss a simple example of spacetime with a coordinate singu-
larity: the Rindler spacetime, which presents interesting similarities with the Schwarzschild
geometry. Subsequently, we shall discuss how to remove the r = 2m singularity of the
Schwarzschild spacetime.

5For simplicity, we have assumed that the manifold M is described by a single chart, mapping the entire
M to U, and M’ to V. If, instead, a system of charts is needed to describe the manifold M (see Sec. 2.1.3),
then the manifold M’ is described by the same charts, with U replaced by V.
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‘

Some remarks on coordinate singularities

A metric space M (i.e. a manifold endowed with a metric tensor, see Sec. 2.5) is
called extendible if it coincides with a subset of another metric space M’, and the
metric of M/, restricted to this subset, coincides with the metric of M. It has been
argued (see e.g. [47, 114, 56]) that the spacetime describing the Universe should be
inextendible. This assumption means that our spacetime is a maximal extension, and
all singularities are curvature singularities. Many authors assume inextendibility in
modelling the spacetime, although strictly speaking there is no actual proof of this
conjecture.

Thus, when we refer to curvature singularities as “true” spacetime singularities, and
to coordinate singularities as mere artifacts of an inadequate choice of the coordinate
frame, we are implicitly assuming that the spacetime is inextendible.

9.5.3 Extension of the Rindler spacetime

The metric of the Rindler spacetime in two spacetime dimensions is
ds® = —22dt? + da?, —co<t<oo, 0<z<oo. (9.65)

The metric 9.65 is singular at x — 0. Indeed, the determinant g vanishes in this limit, and
gH¥ diverges.

Let 2#(7) be a timelike geodesic in this spacetime, with proper time 7 (we remind that
the proper time is an affine parameter for timelike geodesics, see Chapter 3) and four-
velocity u# = %. Since the metric is independent of time, it admits a timelike Killing

vector k with components, in the frame (¢,z), k* = (1,0). According to Eq. 8.52, and

calling —F the constant of motion associated to the Killing vector k (see Sec. 10.3 for a
physical interpreation of this constant),

kou® = gask®u® = —2*u® = const = —F, (9.66)
therefore i@t 5
0
= — = 9.67
Y dr  x2 ( )
Since the norm of the vector tangent to a timelike geodesic parametrized with proper time
is —1,
AN A
P g, = —22 | — — ) =-1 9.68
W G v (dT) * (dT) ’ ( )
it follows that )
dx E? dx E?
) == 1 =y = -1 9.69
<d7') x2 dr x2 ’ (9.69)

hence, choosing the solution moving towards the singularity (i.e., g—f < 0) and setting
z(r=0)=1z9 and 7(z =0) = 7,

0
f=r(0)—f(xo)=—/ \/%:E—\/EQ—J%. (9.70)
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Figure 9.6: The Rindler spacetime in the coordinates (¢, ). The logarithmic curves are, respec-
tively, outgoing (u = const) and ingoing (v = const) null geodesics.

Thus, a particle starting its motion at some point xg reaches z = 0 in a finite interval 7
of the affine parameter: the Rindler spacetime is geodesically incomplete. However, as can
easily be checked, the curvature scalars do not diverge at x = 0, therefore this could be
a mere coordinate singularity, which might be removed with a coordinate transformation.
Unfortunately, a systematic approach to the problem of finding the coordinates which allow
to extend the spacetime does not exist. We shall describe a procedure which is based on the
behaviour of null geodesics, and which — as can be seen a posteriori — in some cases allows
to find the appropriate transformation to remove a coordinate singularity.
Let z#(X) be a null geodesic, with affine parameter A and tangent vector

dxt
e 9.71
Since the geodesic is null,
dt\? [dx\?
Pyl = g2 | = ) = 2
G ut'u x (d/\) + (d)\) 0, (9.72)
hence )
dt 1
— ] = —. 9.73
(dw) x? (973)
The solution of this equation
t = +logx + const, (9.74)

shows that there are two families of null geodesics belonging to the 4+ and — sign, respec-
tively. As can be seen from Fig. 9.6, the “+” sign identifies the outgoing geodesics, for
which time increases as x increases, whereas the “—” sign identifies the ingoing geodesics,
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for which time increases as x decreases. Accordingly, we can define the null outgoing and
ingoing coordinates
u=t—logx and v=t+logz. (9.75)

They are constant along any outgoing or ingoing geodesic, respectively. Since dudv = dt? —
x~2dz? and €% = 22, the metric 9.65 becomes

ds® = —e*“dudv. (9.76)

The coordinates u and v are defined in the range (—o0, +00), and cover the original region
x>0, —0o < t < 400. Since the singular point = 0 (with ¢ finite) is mapped to the point
at infinity (u,v) — (400, —00), the coordinate frame (u,v) does not allow to extend the
spacetime, i.e. to apply the procedure described in Sec. 9.5.2.

We shall now define a new coordinate system (U, V'), such that along any null geodesic,
one coordinate is an affine parameter and the other is constant. In this new frame it will be
possible to extend the spacetime and remove the coordinate singularity « = 0.

Let us consider an outgoing null geodesic, u = const, and the timelike Killing vector
field k admitted by Rindler’s metric. From Egs. 9.66 and 9.71 it follows that

2
kau® = gapk®u® = —2?u® = const = —E, — d\ = %dt. (9.77)
Since along a u = const geodesic dt = 2d(u +v) = 2dv, we get
2 v—u

T

dv = Ce’dv (9.78)

where C' = e™*/(2F) is constant. In the same way, if we consider an ingoing null geodesic
v = const,

D= = gy = e a (9.79)
=gpdu=5pdu=Cedu :
with C' = e¥/(2E) constant. If we define
Ulu)=—e"
Vv)=e", (9.80)

from Eqgs. 9.78 and 9.79 it follows that along a null outgoing geodesic d\ = C'dV, and along
a null ingoing geodesic d\ = C'dU. This means that on null outgoing geodesics

A= CV + const, (9.81)

and on null ingoing geodesics
A= C'U + const . (9.82)

Egs. 9.81, 9.82 show that V,U are linear functions of A on null outgoing and ingoing
geodesics, respectively. Thus, since linear transformations map affine parameters into affine
parameters, V is an affine parameter for the outgoing geodesics U = const, and U is an
affine parameter for the ingoing geodesics V' = const, i.e. (U, V') are the coordinates we were
looking for.
Since dU = e""du and dV = e”dv, in the new coordinates the line element 9.76 simply
becomes
ds* = —dUdV . (9.83)

This metric is clearly free of singularities.
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Figure 9.7: Different coordinate frames for Rindler’s spacetime: (¢,z) (with 2 > 0) is mapped to
(u,v) (with (u,v) ranging in (—oo,+00)), which is mapped to the region U < 0, V > 0 in the
(U, V) plane. The (U, V) coordinates allow to extend the spacetime manifold..

At this point it is useful to remember that the Rindler metric 9.65 was defined in the
region 0 < z < 0o, —00 < t < oo of the (¢,2) coordinates; this region was mapped to
—00 < (u,v) < 400 in the (u,v) coordinates, which corresponds to the domain U < 0,
V > 0 in the (U, V) plane (see Fig. 9.7). However, the line element 9.83 is perfectly well-
behaved in the entire (U, V) plane, —oo < U < +00,—00 < V < 400, therefore we can
extend the original (Rindler) spacetime manifold M to the entire (U, V) space, and by
defining the new coordinates (T, X) through the transformation

U=T+X, V=T-X, (9.84)

the line element 9.83 becomes
ds* = —dT? +dX?. (9.85)

This is the metric of the (two-dimensional) Minkowski spacetime in Cartesian coordinates,
defined in the domain —oco < T < 400,—00 < X < +00, i.e. in the Minkowski manifold
M’ D M corresponding to the entire T — X plane. Indeed, the Rindler metric is just a
boosted version of Minkowski’s metric.

Since, as shown above, 2 = ¢*™% and U = —e™ %, V = ¢Y, it follows that the z — 0
singularity, in the (U, V') coordinates, is

2 =-UV =0 & U=0 or V=0, (9.86)

i.e. it corresponds to two semiaxes at the boundary of the U < 0, V' > 0 region. By extending
the spacetime to the entire (U, V) plane we include these two semiaxes. Therefore, with this
procedure we have eliminated the coordinate singularity in z = 0 of Rindler’s spacetime
and we have extended the spacetime to a larger manifold.

The relation between the initial coordinates (¢,z) and the final coordinates (7', X) in
the region U < 0, V' > 0 (we leave the derivation as an exercise) is

= (X2-T?):

v (T) i (KT
t = tanh <X 72log ¥ 7 (9.87)
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U (1=-X N V (T=X)

Figure 9.8: Rindler’s spacetime in the (U, V') coordinates. The curves ¢ = const and z = const,
i.e. the coordinate lines in the initial (¢,z) frame, are hyperbolae and straight lines, respectively,
in the (U, V) frame.

As discussed above, the singularity © = 0 corresponds to the lines T = +X. From the
second of Eqs. 9.87
T=-X corresponds to t — —00 (9.88)
T= X corresponds to t— +00.

The curves x = const are the hyperbolae X2 — T2 = const, while the curves t = const
correspond to the straight lines

X+T
X-T

= const — T = const X . (9.89)

An illustration of the original and extended spacetimes M, M’ is given in Fig. 9.8. The
Rindler space corresponds to the shaded region in the figure.

9.5.4 Extension of the Schwarzschild spacetime

Let us now consider the Schwarzschild spacetime. In the coordinates (¢,7,0, ) the metric
is given by Eq. 9.35, i.e.

2 dr?
ds? = — (1 _ m) dt® + % + 72(df* + sin® 0dp?) . (9.90)
r 1— <m

r

Strictly speaking, since the metric 9.90 is not defined at r = 0 and r = 2m, it describes
the union of two disconnected manifolds, M; with 0 < r < 2M (the black hole interior)
and My with r > 2M (the black hole exterior). A timelike geodesic, i.e. the worldline of a
point particle (or of an observer), falling toward the black hole cannot be extended across
r = 2M, since this hypersurface does not belong to M; U M5, and the geodesic terminates
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at a finite value of the affine parameter as® r — 2m. However, since » = 2m is not a

curvature singularity, it can be removed with the procedure outline in Sec. 9.5.2.
Let us consider a null geodesic 2#(\) in the Schwarzschild spacetime 9.90, with § = const,

@ = const. The tangent vector
dxt dt dr
’Lt = — = —_— e . 1
) (d)\’d)\’o’()) (9:91)

is a null vector, thus

2m dt\? om\ "t /dr\?
y”ui* 177 _ 177 JE— =0. 2
st == (=) (5) +(1-5) (&) -0 o=

dr\? 2m\* dt r
(@) =(-F) - T+ (9:95)

the solution of which is

Hence

t = +r, + const (9.94)
where ,
T« =7+ 2mlog (— - 1) if r>2m (9.95)
2m
and ,
r« =1+ 2mlog (—%—1—1) it 0<r<2m. (9.96)

The coordinate r, is called “tortoise” coordinate”. As r — 400, r, ~ r, while as r — 2m,
r. — —o0. In other words, this change of the radial variable “pushes” the horizon to —oo.
Thus, as in Rindler’s spacetime, in the Schwarzschild spacetime there exist two congruences
of null geodesics (with 8, ¢ constant) corresponding, respectively, to the + and — sign in
Eq. 9.94, and it is natural to define the null coordinates

U=t—re, V=t+T,. (9.97)

Null outgoing geodesics correspond to u = const, and null ingoing geodesics to v = const.
Note that there are two (u,v) maps, both defined in —oo < u < +00, —00 < v < 400: one,
with the definition 9.95, corresponding to the manifold My (r > 2m); the other, with the
definition 9.96, corresponding to the manifold M; (0 < r < 2m).

Let us consider the manifold My (the black hole exterior) r > 2m. Since

dr. 1

prt (9.98)
the metric in the coordinates (u,v, 0, ) is
2
ds? = — <1 - T) (dt2 — dr2) + r2(d6? + sin® 0d?)
2
= — <1 — ;n) dudv + r*(d6? + sin® 0dp?) . (9.99)

6 Actually, » = 2m is not the unique coordinate singularity of the Schwarzschild spacetime. Other singular
points of the metric 9.90 are 8 = 0, 7, ¢ = 0, 27. These coordinate singularities are also present in Minkowski
space in polar coordinates, and can easily be removed with a space rotation (see Box 2-C). These coordinate
singularities are therefore “trivial”, and will not be discussed here. However, as we shall see in Chapter 18,
in other spacetimes the coordinate singularities # = 0,7 can acquire a subtler meaning and have to be
studied in detail.

7 Like the famous Zeno’s tortoise, the coordinate 7+ “never” reaches the horizon r = 2m, but approaches
it logarithmically.
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Note that now r should not be considered as a coordinate: it is a function of the coordinates
uw and v, i.e. (u,v). The metric 9.99 is still singular at 7 = 2m. As in the Rindler case,
we consider a new coordinate frame (U, V, 0, ¢) such that — at least near the horizon — V/
is an affine parameter of the outgoing null geodesics, while U is an the affine parameter of
ingoing null geodesics.

On null geodesics,

2m\ dt
o _ O R (S L A -
kou® = gapk®u (1 . >dA const = —E, (9.100)

where  is the timelike Killing vector field admitted by the Schwarzschild spacetime whose
components, in the (¢,r,0,¢) frame, are k* = (1,0,0,0). Moreover, on My from Eq. 9.95
we find

* 2 2 Ts—T 2m __r  v—u
r T:In(L—l) S 1= A S = s e . (9.101)
2m 2m r T T
Therefore, on null outgoing geodesics, where u = const and dt = dQ—”,
2m\ dv 2m _ v u v du
AA=[1—— | — = —e 2m e 4m edm — . .102
( r ) o~ ¢ TR (9.102)

N . . . o _d
Similarly, on null ingoing geodesics, v = const and dt = *, therefore

2m\ du 2m __r. v u du
=(1—- — = —¢ 2m edm e 4m — . 1
dX ( " >2E - edm e 2F (9.103)

We now define the coordinates
U=—eam, V=ein. (9.104)

Near the horizon , as r — 2m, from Eq. 9.102 it follows that, on the null outgoing geodesics

U = const, the affine parameter is given by d\ eﬁ dv, and consequently d\ = C'dV with
C constant, i.e. V is an affine parameter for outgoing geodesics as in the Rindler case (see
Eq. 9.81).

Similarly, from Eq. 9.103 it follows that, on the null ingoing geodesics V' = const, the
affine parameter is given by d\ o< e~ 4m du, and consequently d\ = C'dU with C’ constant,
i.e. U is an affine parameter for ingoing geodesics, as in the Rindler case (see Eq. 9.82).

Thus, (U, V) are the coordinates we were looking for, but we should keep in mind that
in the Schwarzschild case (U, V) are affine parameters along the null ingoing and outgoing
null geodesics only near the horizon.

In the coordinates (U, V, 6, ¢), called the Kruskal coordinates, the metric is

32m3

ds? = e~ 2mdUdV + r2(d6? + sin? 0dy?) (9.105)

as can easily be shown by replacing Eqgs. 9.101 and 9.104 in Eq. 9.99. The metric 9.105 is
no longer singular on r = 2m.

Note that the coordinates (U, V) (Eq. 9.104) are defined in the quadrant U < 0, V' > 0.
Thus, the spacetime exterior to the black hole, i.e. the manifold My, r > 2m in the coordi-
nates (t,7,6, ), has been mapped to the region U < 0, V > 0 in the Kruskal coordinates.

Since

UV = —etm = —eom = (1 - L) e3m | (9.106)

2m
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r<2M
r>2M

Figure 9.9: Interior and exterior of a Schwarzschild black hole in Kruskal coordinates. In the right
panel we show the curves at ¢ and r constant.

the limit » — 2m corresponds to U — 0 or V' — 0.

Let us now consider the manifold M; (0 < r < 2m). The null coordinates are defined,
as before, as u =t —r,, v =t + 14, but r, is now given by Eq. 9.96. The tortoise coordinate
is always negative, it tends to zero as r — 0, and to —oc as r — 2M. Since Eq. 9.98 still
holds, the metric in the coordinates (u,v) is given by Eq. 9.99,

ds* = — (1 - 2:1) dudv + r*(d6? + sin? 0dp?) . (9.107)
Since Eq. 9.96 gives
LN I (9.108)
r r
defining
U=+eIm, V=ein (9.109)

we find the same expression for the metric in Kruskal coordinates given in Eq. 9.105.
The coordinates (U, V) defined in Eq. 9.109 are defined in the domain U > 0, V > 0.
They are still affine parameters, in the near-horizon limit, of null outgoing and ingoing
geodesics, respectively (Egs. 9.102 and 9.103 still hold, with the opposite sign). Note that
the singularity » = 0 corresponds to 7, = 0, and thus u = v (in M;) and UV = e'tm = 1,
while 0 < r < 2M corresponds to r, < 0 (see Eq. 9.96), and thus v — u = 2r, < 0 and
Uv < 1.

Summarizing, the Kruskal coordinates (U, V, 0, ¢) describe both the manifolds M; and
Mo (see Fig. 9.9). In these coordinates, the black hole exterior r > 2m is mapped to the
region (U < 0, V > 0), while the interior 0 < r < 2m is mapped to (U > 0, V > 0 with
UV < 1); the coordinate singularity » = 2m (and t = 400) corresponds to the semiaxis
(U =0, V > 0); the curvature singularity »r = 0 corresponds to the upper branch of the
hyperbole UV = 1.

In the coordinate frame (U, V, 0, ¢) the manifold M; U My can be extended across the
semiaxis (U = 0, V > 0) separating M; and Ma, since the line metric 9.105 is not singular
there. Thus, we consider a new manifold,

M DM UM, (9.110)
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defined by
V>0, UV<L. (9.111)

Generally, when studying phenomena which occur near a Schwarzschild black hole such
as the capture of particles, we implicitly consider the extended manifold M: for instance,
as we shall do in the next chapter, we assume that an object falling inside the black hole
crosses the horizon » = 2m which, therefore, has to belong to the manifold. The discussion
in Sec. 9.4 about the r = const hypersurfaces also assumes that the manifold is M, since
r = 2m has been considered as a part of the manifold. However, as explained above in this
section, the coordinates (t,r,0,¢) do not cover the manifold M. Strictly speaking, when
we want to describe the black hole horizon, we should use a coordinate system in which the
r = 2m singularity is removed.

It is customary to define (as in Rindler’s spacetime, see Eqgs. 9.84) the coordinates T', X

as
r- UV U=V (9.112)
2 2
In terms of these coordinates, the metric 9.105 becomes
2 32m® _ 2 2 20 102 | a2 2
ds® = — e 2m (—dT? 4+ dX*) + r*(d6” + sin” 0dy?) . (9.113)

The relation between the coordinate frames (t,r,0,¢) and (T, X,6,¢) is similar to the
expressions obtained in Rindler’s spacetime (Eq. 9.87). Indeed,
X2 T%= UV = te'Im = telm = tem (%—1) (9.114)
m

where the upper/lower sign refers to the first (U < 0) and second (U > 0) quadrants,
respectively. We also note that

T+ X
T-X|’

u+tv
t = 2mloge4m = 2mlog (:tg) =2m log’ (9.115)

While in the case of Rindler’s spacetime the coordinates (¢, z) are defined in U < 0, V' > 0,
in Schwarzschild’s spacetime the coordinates (¢,7) are defined in U # 0, V' > 0 (i.e., the
exterior and the interior of the black hole), therefore the coordinate transformations are
also defined in a larger domain.

The curves t = const and r = const are shown in the right panel of Fig. 9.9. Eq. 9.115
shows that the ¢t = const curves are straight lines in the U —V (and T'— X)) plane; Eq. 9.114
that the r = const curves are hyperbolae.

The manifold M can still be extended: timelike and null geodesics from V' = 0 cannot be
continued to large negative values of the affine parameter, unless we extend the manifold to
V' < 0. By including the region —co < U < 400, —00 < V < +o00 with UV < 1, we obtain
the maximal extension of the Schwarzschild spacetime, shown in Fig. 9.10. The dashed line
represents the worldline of an observer falling into the black hole, and the wave-like curves
represent the curvature singularity r = 0.

In the Kruskal coordinates 9.105 the null worldlines with 6, ¢ constant are straight lines
at 45°, i.e. U = const. or V = const.; this can easily be seen from the metric 9.105: any
worldline with tangent vector either (1,0,0,0) or (0,1,0,0) is null. Therefore, the light cones
can be drawn as in Minkowski’s spacetime, and the description of causal connections among
events is easy and intuitive (see Fig. 9.10). In particular, we see that signals from region I
can be sent only to region II; furthermore, there is a copy of region I, i.e. region IV, which is
causally disconnected from I, but can receive signals only from region III and send signals
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Figure 9.10: Maximal extension of the Schwarzschild spacetime in Kruskal coordinates. The
dashed line represents the worldline of an observer falling into the black hole. Different regions are
marked with I, IT, III, and IV.

to region IT only. Region III is often called white hole, since all signals starting in this region
have to escape to regions I or IV across the horizon.

The incomplete (timelike and null) geodesics of the maximally extended manifold cor-
respond to the true singularity » = 0, i.e., in Kruskal coordinates UV = 1. As we shall
show in the next chapter, these geodesics reach the singularity at a finite value of the affine
parameter, and cannot be extended through it; for instance, an observer that falls inside
the black hole reaches the singularity in a finite amount of proper time.

The Kruskal coordinates, besides providing the maximal extension of the Schwarzschild
spacetime, can be useful to clarify an important feature of the horizon. We have shown in
Sec. 9.4 that, since r = 2M is a null hypersurface, it can be crossed in one direction only;
but which is this direction: inwards or outwards? The r = 2M hypersurface in the future
of the events outside the black hole, i.e. in the future of region I, is the semiaxis U = 0,
V > 0, and can only be crossed inwards (see e.g. the worldline shown in Fig. 9.10). The
r = 2M hypersurface in the past of region I is a different hypersurface, the semiaxis V = 0,
U < 0, which can only be crossed outwards. Similarly, the black hole interior in the future
of region I is region II, where the spacelike r = const hypersurfaces can only be crossed
inwards, while the black hole interior in the past of region I is region III, where the spacelike
r = const hypersurfaces can only be crossed outwards.

It should be stressed that the maximal extension of the Schwarzschild spacetime has no
meaning if we consider a black hole as an astrophysical object, formed in the gravitational
collapse of a star. Indeed, it describes an eternal black hole, i.e. one which exists for
t € (—00,400), whereas the stellar collapse occurs at a finite value of ¢. In particular,
region IIT cannot exist for an astrophysical black hole, because the semiaxis (U < 0, V = 0)
corresponds to t = —oo when the black hole was not formed yet. The Kruskal coordinates
are not appropriate to describe the stellar collapse, in which the horizon and the singularity
appear at finite time. In Sec. 9.5.5 we shall show how to describe this process in a different
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coordinate system. Here we only note that we do not have to worry about the meaning of
regions III and IV since they do not exist in astrophysical black holes, and we can leave the
discussion on the existence of other universes (such as regions III and IV of the construction
above) to science-fiction writers.

The final fate of an observer who reaches the singularity is unknown and this poses a
problem for the predictability of the theory and for its self-consistence. On the other hand,
such problem is not severe from an operational point of view, because no signal from the
observer reaching the singularity can be sent outside the black hole: the consistency of
the theory, in a certain sense, is preserved by the existence of the horizon. Roger Penrose
has conjectured that there exists a fundamental principle, the cosmic censorship hypoth-
esis, stating that all singularities in the Universe (with the exception of a possible initial
singularity) are concealed behind a horizon, i.e. that naked singularities cannot exist in
nature. There is no definitive proof of this conjecture, but there are indications supporting
it, at least under some reasonable assumptions about the matter fields that can produce a
singularity, e.g., during a gravitational collapse.

The presence of curvature singularities, although concealed within the event horizon of
black holes, strongly suggests that Einstein’s theory is not the last word on gravity. It is
customary to consider General Relativity as an effective theory which is valid at curvature
scales much smaller than Planckian curvature (~ 1 /lf,7 where [, is the Planck length,
see Box 9-B), above which quantum effects become relevant®. Near the singularity, the
curvature is so large that higher-order curvature corrections to General Relativity might
become dominant. There are several proposal for such corrections but, at the moment,
none of them is supported by observations. Even if General Relativity will eventually have
to be modified at the Planck scale, the corrections are expected to be negligible for the
astrophysical objects and for the gravitational wave sources discussed in this book.

9.5.5 Eddington-Finkelstein coordinates

The Kruskal coordinates allow to define a maximal extension of the Schwarzschild spacetime
covered by a unique coordinate choice. However, if we are only interested in removing the
coordinate singularity r = 2m between regions I and II, there is a simpler, and more
practical choice: the Eddington-Finkelstein coordinates ®

(v,7,0,0) —o<v<+oo 0<r<+400. (9.116)

Here, as before, v = t + r,, and the tortoise coordinate is defined in Egs. 9.95, 9.96, which
can be unified in

r
T*ETJerln‘%fl’. (9.117)
Let us consider the Schwarzschild metric written as in Eq. 9.99
ds? = — (1 — 2?) (dt? — dr?) 4 r%(d6? + sin® 0dp?) . (9.118)
It describes both the M; and My manifolds. Since dt = dv — dr, from Eq. 9.98 we find
dt* — dr? = dv* — 2dvdr, = dv? — 2%dvdr = dv? — 2% , (9.119)
T

8 At present, we do not know any physical theory which describes all fundamental interactions including
gravity at the Planck scale and beyond. Such theory of quantum gravity, which would generalize General
Relativity and possibly unify it with the quantum field theories of the Standard Model, is one of the main
challenges of modern physics.

9Strictly speaking, (v,7,0,¢) are the ingoing Eddington-Finkelstein coordinates, while (u,r,8,¢) are
called outgoing Eddington-Finkelstein coordinates. We shall omit this specification because we only consider
the ingoing coordinates, which allow to remove the coordinate singularity between the regions I and II.
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therefore the metric in the Eddington-Finkelstein coordinates is
2 2m 2 20702 | a2 2
ds* = — <1 - > dv® 4 2dvdr + r=(df* + sin® Odp*) . (9.120)
r

This metric covers both the interior and the exterior of the black hole, i.e. the regions I and
IT of the Kruskal construction, and is regular and invertible on the horizon r = 2m (the
determinant does not vanish due to the off-diagonal components). Note that on the horizon
v is finite because t — +o0o and r, — —oo, while u diverges. All the computations and
derivations involving the interior and the exterior of the black hole, such as the study of the
r = const surfaces of Sec. 9.4, can be rigorously performed in the Eddington-Finkelstein
coordinates (note that ¢"" = 1 — 2m/r in these coordinates, too).

Figure 9.11: Finkelstein diagram of a Schwarzschild black hole.

The Finkelstein diagram

A useful way to visualize the Schwarzschild spacetime is the Finkelstein diagram, in which
the axes are (t,r) where

~ T
f=v—r=t+2 1‘——1’. 121
v—r=t+ mln |z~ (9.121)

In this diagram the null lines v = const, corresponding to ingoing massless particles, are
straight lines at 45°; the null lines u = const, corresponding to outgoing massless parti-
cles, are hyperbolic curves. These two sets of curves define the light cones centered in any
spacetime point, and allow to establish the causal relations among different events. While
the light cones in the (¢,7) plane collapse to lines at the horizon, the light cones in the
Finkelstein diagram remain regular.

Since t ~ t for r < 2m and r > 2m, the coordinate ¢ coincides with t far away from
the horizon, but they are very different near to the horizon (where, as we shall discuss in
Chapter 10, the operational definition of the coordinate ¢ is problematic). We also note that
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the coordinate ¢ cannot be considered a “time” inside the horizon, because the vector 9/0t
is spacelike.

In Fig. 9.11 the coordinate lines r = const are vertical straight lines, whereas ¢ = const
are hyperbolic (dashed) curves; the f-axis represents the singularity, and for this reason it
is drawn wave-like.

Figure 9.12: Finkelstein diagram of a stellar collapse originating a Schwarzschild black hole. The
shaded area represents the fluid interior of the star. The curvature singularity (wave-like line) is
formed at £ = £o. The horizon is represented by the dashed line.

As mentioned above, astrophysical black holes are the result of a gravitational collapse
(see Chapter 16) occurring at some time and producing a singularity for some t = ¢y. A
qualitative view of the spacetime of a realistic black hole is shown in the Finkelstein diagram
in Fig. 9.12, where the shaded area represents the interior of the star. The r = 0 axis is a
curvature singularity for £ > g, i.e. after the singularity forms; for £ < g, the r = 0 axis is
simply the (trivial) coordinate singularity at the origin of polar coordinates. The horizon,
represented by the dashed line, is also formed during the collapse.

It is important to stress that, although we have discussed the entire Schwarzschild so-
lution, only the r > 2m region is directly relevant for astrophysical observations: relativity
imposes that no signal can come from the interior of a black hole horizon.

Finally, it is worth mentioning that a useful way to represent the causal structure of
a spacetime is through the so-called Penrose-Carter diagrams. We do not discuss this in-
teresting topic in this book, and we refer the interested reader to more specialized work,
e.g. [90].

9.6 THE BIRKHOFF THEOREM

In Sec. 9.2 we derived the Schwarzschild metric as the solution of Einstein’s equations in
vacuum, under the assumption of staticity and spherical symmetry. This solution describes
the gravitational field external to a non-rotating, spherically symmetric body, the structure
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of which is time-independent. However, the Schwarzschild solution is more general, since, as
shown by George Birkhoff in 1923, it is the only spherically symmetric, asymptotically flat
solution of Einstein’s field equations in vacuum. Thus, to prove Birkhofl’s theorem we need
to relax the assumption that the metric admits a timelike, hypersurface-orthogonal Killing
vector field. We shall now generalize the results of Sec. 9.1, where we showed how to choose
the coordinates by imposing the spherical symmetry, assuming that the metric depends on
time. As in Sec. 9.1 we fill the three-dimensional space with two-spheres, with two-metric
(see Eq. 9.8)
dsfg) = a?(2°, 21)(d6? + sin” Odp?) (9.122)
where a?(z%, 2') is an unspecified function. Contrary to what we did in Sec. 9.1, we shall
now retain the dependence on x°. The basis vectors €(p) and €(,,) are tangent, respectively,
to the coordinate lines ¢ = const, § = const, which we choose on the two-spheres. Then, we
align the poles of all spheres as explained in Sec. 9.1; in addition we choose the basis vector
€(1) parallel to the vector ¢ shown in Fig. 9.1, which joins points with the same values of ¢
and ¢ on different spheres. In this way (1) is orthogonal, at each space point, to both €(y)
and €(,), and the metric of the three-space can be written as
ds? S(3) = = g11 (2%, 2Y)(dz")? + a®(2°, 21) (d6? + sin® Odp?) . (9.123)
The metric of the four-dimensional spacetime therefore becomes
ds* = goo(2%,2")(dz®)? 4 g11 (2, 2") (dz")? + 2901 (2°, 21 )dxdt (9.124)
+a?(2°, 2')(d6? + sin? 0dp?) .
We now change coordinates from (20, 21) to (2°,r) where
r=a(z°, 1’1)
so that the metric becomes
ds® = goo(2°,7)(dz®)? + g (20, 7) (dr')? 4 290, (2°, r)dx dr + 2 (d6* + sin® Odp?) . (9.125)

We wish to find a function (2%, r) such that, if we choose it as a time coordinate, the cross
term g4 in the metric vanishes and the first three terms in Eq. 9.125 can be written as

goo(2°, 1) (dx®)? + grr (20, 7) (dr")? + 290, (20, 7)dx dr = bdt* + cdr? (9.126)
where b and c are functions of (2°,7) to be determined. Given
ot ot
dt = —da® + —dr 12
970 + o (9.127)
Eq. 9.126 becomes
9o0(dz)? + grpdr? + 2go,dadr (9.128)
N\ o o\ ., ot ot
— + 2b— —dtd
b<80) (da:)—|—b<ar> dr baoad r+ cdr?
which gives
ot \?
o\’
U = Yrr
() +e=s
ot ot

a0 ar 9
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These are three equations for the three unknown functions #(z°,r), b(z°,r), and c(z, r),

which can in principle be solved. By inverting the function t(z°, ) with respect to 2° and
by replacing the result in b and ¢, these quantities become functions of (¢,7) and the metric
can be written as

ds® = b(t,r)dt* + c(t,r)dr? + r*(df? + sin® Odp?) . (9.130)
As in Sec. 9.2, we replace b(t,r) and c(t,r) with the functions v(¢,r) and A(¢,r), where
b(t, 1) = —e? ) ¢ = )
so that, finally, the metric of a time-dependent, spherically symmetric spacetime becomes
ds? = —e?tM) g2 4 22 g2 4 p2(dh? + sin® 0dyp?) . (9.131)

To prove Birkhoff’s theorem we only need the components Ry, and Rgg of the Ricci tensor,
which can be computed by replacing the metric 9.131 in Eq. 4.54:

2 O\
== 132
RtT r@t 07 (9 3)
R99=1—6_2)\ |:1+r(9(1/—)\>:| =0.
or

From the first equation in 9.132 it follows that A must depend only on the radial coordinate
r. Then, from the second equation it follows that

v AN e 1

oot
ie. g—Z depends only on r. Consequently we can write
v=uv(r)+ f(t), (9.133)

and
ds? = =N 2O qr? 4 22X dr? 4 12(dh? + sin® Adp?) . (9.134)

The term e2f(Y) can be reabsorbed by a coordinate transformation such that
dt' = e’ Mt (9.135)
and the metric finally becomes
ds? = —e?dt? 4 2N dr? 4 r2(d6? + sin? 0dp?) (9.136)

where the prime has been suppressed for simplicity. Thus, we have shown that even if we
assume that the metric of a spherically symmetric spacetime depends on time, by suitable
coordinate transformations it can be made time independent. Since, as we have shown in
Sec. 9.1, the only asymptotically flat solution of the vacuum Einstein equations for the
metric 9.136 is the Schwarzschild solution, we have proved the Birkhoff theorem stated at
the beginning of this section.

An important consequence of this theorem is the following. The metric external to
a spherically symmetric star is the Schwarzschild metric even when the star is collaps-
ing, exploding, or radially pulsating. Thus, spherically symmetric systems can never emit
gravitational waves. A similar situation occurs in electrodynamics: a spherically symmetric
distribution of charges and currents does not radiate.



CHAPTER 1 O

Geodesic motion in
Schwarzschild’s spacetime

In this chapter we shall study the geodesics of the Schwarzschild spacetime for massive and
massless particles. We shall also study the radial infall of a particle into a black hole, which
will clarify the remarkable properties of the event horizon.

10.1 A VARIATIONAL PRINCIPLE FOR GEODESIC MOTION

The geodesic equations can be derived not only from the Equivalence Principle as shown in
previous chapters, but also from a variational principle, as we shall now show. Let us define
the Lagrangian of a free particle as

1 dx? dx¥ 1

29 N T = g0
in the space of the curves {*(\), A € [Ao, A1]}, and the action

L(z*,z%) = xM)EhE” (10.1)

S:/[,(xo‘,ica)d)\: %/gw(xa)ic”jc”d)\, (10.2)
where we have set deh
P .
z o (10.3)

Massive particles move along timelike geodesics, and we will refer to these curves also as
the worldlines of possible “observers”. For timelike geodesics the affine parameter A can be
chosen to be the proper time. Massless particles move along null geodesics; since in this
case the proper time cannot be defined, A can be any affine parameter, as for instance the
proper length of the geodesics from an arbitrary origin Ag.

The Euler-Lagrange equations are obtained by requiring the action S to be extremal
under variation of the curves a#(\)

2t () — 2" (\) + 024 (\), A€ [Ao, M, (10.4)

with
5%”()\0) = (51’”()\1) = 0, (105)

i.e. by setting to zero the variation of S

5S = / (5 oy ﬁa( )) dr=0. (10.6)
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Since p s
cay _ g (42 _ doa®
5(”3)_5<dx) ax

the last term in Eq. 10.6 can be written as

oL oL déx d(8£5a> d<ac>m.

25000 = g = o \ g D40

(10.7)

dA

When integrated between Ay and A; the first term on the right-hand side vanishes because
of Eq. 10.5, therefore Eq. 10.6 yields

oL d (OLN\] . won

which is satisfied for all dz vanishing in Ag and A, if and only if

oL d oL

These are the Euler-Lagrange equations for this problem. We shall now show that these
equations, when written for the action 10.1, are equivalent to the geodesic equation

BT, = 0. (10.10)

By substituting the Lagrangian 10.1 in Egs. 10.9, and taking into account that g,, =
G (x®) and &# = 2 (X), we find

oL d oL
A T N A 10.11
90 " dx 9@ (10.11)
1 .y 4|1 LU | sy
= iglﬂf,ax”x - a |:2.gu1/(6g-'17 + x”éa)]
1 o, d »
= 5 [guu,axux - a (2gaux ):|
1 s .
= 5 (g/u/,axl T — 2gau,ﬁ‘r T — 29041/(5 )
1 .y ey oy TR
= 5 (_29(11,1' + gul/,aaj; T = Gapv® ot — gau,uxu-r ) =0.
By contracting this equation with —g®” we find
7+ =g [gau,y + Gow,u — glw,a] i’ =0, (10'12)

2

which, using the definition of the Christoffel symbols (Eq. 3.68), coincides with Eq. 10.10.
Thus, the Euler-Lagrange equations written for the Lagrangian 10.1 are equivalent to the
geodesic equations 10.10; in different contexts it might be more convenient to use one or
the other version of these equations.

10.2  EQUATIONS OF MOTION

The purpose of this section is to find the equations for the four components of a particle
four-velocity u* = (f,7,0,¢), which can be integrated to find the explicit form of z#(X).
The equation for # will be found using the #-component of the Euler-Lagrange equations,
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whereas those for (£,7,¢) will be derived using the constants of motion. To hereafter we
put G = ¢ = 1. For the Schwarzschild metric, the Lagrangian of a free particle 10.1 reads

1 2m\ :2 .
L=-|-(1-2) 2+ — 4202 1 1252042 | . (10.13)
2 r (1_2m)

T

The #-component of the Euler-Lagrange equations (Egs. 10.9) associated to this Lagrangian

is
oL d oL d :
%‘5%20 — a(r%):ﬁsin@cos@gﬁ,
which gives
N 2 .
6 = — =70 + sin 0 cos > . (10.14)
r
Due to spherical symmetry, the Schwarzschild spacetime is invariant under rotations of the
axes. Using this freedom, we can choose these axes such that, for a given value of the affine

parameter, say A = Ao, the particle is on the equatorial plane, 6 = 7, and its three-velocity
(7,0,¢) lays on the same plane. Thus, without loss of generality, we set (A = \g) = § and

O(A = Xo) = 0. The Cauchy problem

N 2 .
6 = — =760 + sin 6 cos 02 |
T

™

O(A=Xo) = 3 (10.15)
O(A=X) =0,
admits a unique solution. Since
o) = g (10.16)

satisfies the differential equation and the initial conditions, it must be the solution. Thus, as
in Newtonian theory, in General Relativity the orbits around a spherically-symmetric object
are planar, and to hereafter we shall assume ¢ = 7 and 6 =0.In Chapter 19 we shall see
that this is not the case if the object is spinning.

The equations for £ and ¢ can be derived using the symmetries of the Schwarzschild
metric. As explained in Sec. 8.3.1, if a given spacetime admits a Killing vector field 5, there

exists an associated conserved quantity for geodesic motion (see Eq. 8.52)
Gap&tu = const. (10.17)

The Schwarzschild metric admits a timelike and a spacelike Killing vector field, k* =
(1,0,0,0) and m* = (0,0,0,1), respectively (see Egs. 9.38). Therefore, there are two asso-
ciated conserved quantities

2 .
GapkHu® = consty — (1 - m) t=F, (10.18)
T
Gapm*u® = consty — r?sin®0p = L, (10.19)
where we have set
consty = —F consty = L. (10.20)

s

Remembering that we have chosen the equatorial plane § = 7 as the orbital plane, the
equations for ¢ and ¢ finally are

: E L
VR — and =

(1_27”)’ r’
T

(10.21)
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The interpretation of the constants F and L will be discussed in the next section.

It should be noted that the same equations can also be obtained using the ¢- and -
components of the Euler-Lagrange equations which, since the Lagrangian is independent !
of t and ¢, yield

r

oL d oL 2m\ .
i ﬁ% =0 — (1 — >t = consty , (10.22)

oL d 0L
— =0 — 2sin% 0 = const
9o dr0() r<sin® ¢ = consts ,
which coincide with Egs. 10.18 and 10.19.
The equation for 7 can be found from the r-component of the Euler-Lagrange equation
or, more easily, using the constraint that the norm of the four-velocity is constant. Indeed,
u®u, = 0 for massless particles, and — as long as the affine parameter is the proper time —

u®u, = —1 for massive particles, in geometrical units. Therefore, for massive particles:
2 . 2 .
gapu®u’ = — (1 - T) i+ (iﬁizﬂ) + 17202 + r?sin® 0p? = —1; (10.23)
I

by replacing the expressions for f and ¢ given in Egs. 10.21, and setting § = 7/2, this

becomes 2
2
P2y (1 - m) (1 + 2) — B2 (10.24)
r

For massless particles:

a, B 2m\ oo i 242 2. 2p.2
Japuu’ = — 1—7 t—l—m—{—rﬂ +rfsin“ 6o =0, (10.25)
which gives
L2 2
I (1— m) = B2, (10.26)
r r

Summarizing, the equations which describe geodesic motion in Schwarzschild’s spacetime
are:

e for massive particles:

S (10.27)

o for massless particles:

77 : E
9—5, t—(m>’ (10.28)
1-— 222
;
L L? 2
b= r‘2E22<1m)~
r r r

It may be noted that, as a general property, if the Lagrangian does not depend explicitly on a given
coordinate there exists an associated constant of motion; in this case, that coordinate is said to be cyclic.
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10.3 THE CONSTANTS OF GEODESIC MOTION

As discussed in the previous section, geodesic motion in Schwarzschild’s geometry is charac-
terized by two constants of motion, E and L, associated to the timelike and spacelike Killing
vector fields k£ and m defined in Egs. 9.38. In order to understand the meaning of the con-
stant E we need to define what is the energy of a particle, which is an observer-dependent
quantity.

In Special Relativity, the energy of a particle with four-momentum p, measured by an
observer with four-velocity U , is defined as

EW =, Urp” = ~Uhp, . (10.29)

The energy defined by Eq. 10.29 is a scalar quantity, and does not depend on the choice of
the coordinate frame. However, it depends on the choice of the observer U. In particular,
the energy measured by a static observer Ul = (1,0,0,0) is

In many textbooks, for brevity, one simply calls “energy” the energy measured by a static
observer, given in Eq. 10.30. This quantity does depend on the coordinate choice, because
different frames have different static observers. The energy measured by the static observer,
EWs)  has to be positive; indeed, a negative energy would correspond to a particle moving
backwards in time .

We shall now show that the energy measured by any observer has the same sign as
the energy measured by the static observer. To this aim, let us consider a generic observer
Ut = (7,7V?) with v = (1 = V?)~2 and V = V/V;V? (i = 1,...,3); the energy (s)he
measures is

W = —y(po + piV*) =v(0° = V). (10.31)

Let p = +/pip* (i =1,...,3). Since p;V* < pV, and since V < 1, it follows that p;V* < p.
The particle can either be massive or massless, therefore the vector 5= (p°, p') is timelike or
null, and —(p®)% +p? < 0; consequently p;V* < p°. A comparison of Eq. 10.31 and Eq. 10.30
shows that, by virtue of this inequality, £U) and £(s) have the same sign. Since &=t is
positive, it follows that the energy measured by any observer, £(U), has to be positive.

In General Relativity, we can always consider a LIF in which the laws of Special Relativ-
ity hold, including the definition of energy given in Eq. 10.29. Since in the LIF g,, = 0.,
this equation can be written in a generally covariant form as

) _ — g UMpY = —Utp,, . (10.32)

By the Principle of General Covariance Eq. 10.32 is valid in any coordinate frame, thus
providing a covariant definition of a particle energy. Note that since £U) > 0 in Special
Relativity, the same property holds in General Relativity in a LIF, and consequently in any
coordinate frame.

Let us now consider a static observer with U’, = (1,0,0,0), located at some point

exterior to the horizon of a Schwarzschild spacetime. According to the definition 10.32, the
energy of a particle measured by this observer is

2m
5(U8t) — _gOOUSOt po = (1 — T) po . (10.33)

2Moreover, in quantum field theory the existence of a negative energy particle implies that the vacuum
state is unstable, because the creation of a cascade of particles with ever decreasing (negative) energy would
be energetically favoured.
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For a massive particle p° = mpf, where my, is the particle mass, and Eq. 10.33 becomes
(Ust) 2m .
EVWet) =1 —— | mpt, (10.34)
r

which, using the expression of ¢ given in Eq. 10.21, gives

W) = pmy, — E= (10.35)

Thus, the constant of motion F is the energy of the particle per unit mass, measured by a
static observer. Note that in geometrical units E is a dimensionless quantity.
If the particle is massless we can always choose the affine parameter in such a way that

p° = u® = {. Thus in this case

e(U) _ (1 _ 2;”) i— B (10.36)

and the constant F is the energy of the particle measured by a static observer.

Let us now consider the constant L. In order to understand its meaning, we need to
remember the definition of angular momentum in Special Relativity.

In Special Relativity, the angular momentum of a particle with four-momentum p and
position Z, measured by an observer with four-velocity U , 18 defined as

lo = €aprsUP27D° (10.37)

where €446 is the Levi-Civita completely antisymmetric symbol defined in Box 8-C (which,
in Minkowski space, coincides with the Levi-Civita tensor). It is worth noting that Eq. 10.37
implies

LU =0. (10.38)

For a static observer U? = (1,0,0,0), Eq. 10.38 implies that Iy = 0 and, denoting the space
indices as i, j, k, ..., it yields ‘
li = eipalp” (10.39)

(where €, is the three-dimensional Levi-Civita symbol with €123 = 1), i.e., 1 = x A p. For
a massive particle, p' = m,3?, therefore 1 = m,x A X; for a massless particle, we can always
choose an affine parameter such that p’ = 4%, and 1 = x A x. Note that 1 = mpx A x is also
the definition of angular momentum of massive particles in Newtonian physics; the only
difference is that, in the relativistic case, the dot indicates differentiation with respect to
the proper time, instead of the coordinate time.

In polar coordinates z° = (rsinf cos,rsinfsinp,rcosf), Eq. 10.39 with i = 3 gives
the azimuthal angular momentum (we leave the explicit computation as an exercise)

1.2

? = my(a'd? — 223') = myr?sin® 6, (10.40)

for a massive particle, and 1* = 72 sin? §¢ for a massless particle. A comparison of Eq. 10.40

(which holds in Special Relativity) with Eq. 10.19, L = r? sin” 0, suggests that the con-

stant of motion L which appears in Eq. 10.19 can be interpreted as the azimuthal angular

momentum measured by a static observer, in the case of massless particles, or the same

divided by the particle mass (specific angular momentum), in the case of massive particles.
A further motivation for this interpretation is provided in Box 10-A.
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‘

Angular momentum as conjugate momentum of the rotation angle

In Special Relativity the Lagrangian of a free particle is (see Eq. 10.1)

1 1, . .
L= gnud"i” = 5(42 + 72 4+ 120% + r?sin? 00?%) . (10.41)
In any Lagrangian system, the conjugate momentum of a coordinate ¢’ is defined
as
oL
)i = - 10.42
Pi = 5 ( )

Thus, the conjugate momentum of the polar angle ¢ (describing rotations around
the axis 2°%) is

Dy = r’sin? 0¢; (10.43)
comparing this expression with Eq. 10.40 we find that p, = 3/m,, for a massive
particle, and p, = I3 for a massless particle ¢.
Let us now consider the rotation angle around a generic axis n. Due to spherical
symmetry, it is always possible to define polar coordinates such that 7 is the
azimuthal axis. The conjugate momentum of the rotation angle around the axis
7 is then the angular momentum (per unit mass in the case of massive particles) ¢
projected on the same axis 7.
Although the definition 10.37 cannot be extended to General Relativity, we can
still call “orbital angular momentum of a particle along an axis” the conjugate
momentum of the rotation angle along that axis (times the mass, if the particle is
massive). With this definition, the constant of motion defined in Eq. 10.19,

L= gf,) = r?sin® O (10.44)

is, as argued above, just the angular momentum along the azimuthal axis per unit
mass L = [3/m,, in the case of massive particles, and, with an appropriate choice
of the affine parameter, the angular momentum along the azimuthal axis L = I3
in the case of massless particles.

For a comprehensive review about the angular momentum in General Relativity,
we refer the reader to [108].

%It is worth noting that the same result holds in Newtonian physics: the derivative of the
point particle Lagrangian with respect to the polar angle gives the angular momentum along the
azimuthal axis.
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10.4 ORBITS OF MASSLESS PARTICLES

We shall first consider the orbits of massless particles. The equations of motion are given
by Egs. 10.28, which we write in the following form

s E L
1 =2
r
L? 2m
2= B? — = 1-=). 10.4
7 Vir), Vir) 2 . (10.46)
0.06
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Vi(r)/L?

0.00
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—-0.04

0 4 6 8 10 12 14
r/m

Figure 10.1: Effective potential V (r) for massless particles (see Eq. 10.46).

Note that:

e For massless particles the angular momentum L acts as a scale factor for the effective
potential V (r);

e V(r) tends to —oo as r — 0, and approaches zero at r — o0;

e V(r) has only one extremal point, a maximum, at rynax = 3m, where it takes the value

L2
Vmax = W . (1047)

It is also useful to compute the radial acceleration, obtained by differentiating Eq. 10.46
with respect to the affine parameter A

v (r) 1dV(r)
opi — . . L1 .
" dr " " 2 dr
The plot of V(r) is given in Fig. 10.1.
Let us assume that the particle, say a photon, starts its motion at a large value of r,
moving towards the central body, i.e. with 7 < 0. The photon orbit depends on the values
of the constants of motion E and L. Since 72 = E? — V (r), the value of 72 can be visualized

in Fig. 10.1 as the square of the distance between the straight, horizontal line E? = const
and the curve V(r).

Depending on the value of E we can have three possibilities:

(10.48)
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1. E2 > V... According to Eq. 10.46, 72 is always positive; the photon falls towards the
central body with a radial velocity which decreases (in absolute value) as the particle
approaches the body. If the body has a radius R, larger than r,,x = 3m, the photon
will end its motion impacting on its surface. If R, < 3m, as it may occur for extremely
compact stars or for black holes, the photon proceeds its motion with decreasing |7|,
reaches r = 3m, where |7 attains its minimum value |7|ymin = VE? — Vinas, and then
falls toward the body with increasing radial velocity. Depending on the value of L, the
photon can make several revolutions around the central body before falling in. This
can be checked by integrating the equation for 7 and ¢ to find the trajectory r(¢) in
the equatorial plane.

2. E? = Vax. As in the previous case, |7*| decreases as the photon approaches the central
body: it stops on the surface if R, > 3m, whereas if R, < 3m it proceeds with
decreasing |7|; in this case || vanishes when r = 3m. In addition since at that point
d\gy) = 0, the radial acceleration 7 also vanishes, as shown by Eq. 10.48. The particle
approaches 7 = 3m asymptotically with ever decreasing velocity. If instead the particle
is already at r = 3m with E? = Vj,.,, then it remains at the same r at later times,
i.e. its orbit is circular. However, since the potential is maximum, r = ry.x = 3m is

an unstable orbit. Indeed, if the position is perturbed, the particle will either

e fall into the central body; this happens when the radial coordinate of the particle
is displaced to r = rya.x — 07, since there the slope of the potential is positive,
and the radial acceleration is negative (see Eq. 10.48); or

e escape toward infinity; this happens when the radial coordinate is displaced to
T = Tmax + 0T, since there the radial acceleration is positive.

Thus, for massless particles, there exists only one circular, unstable orbit, and for this
orbit (see Eq.10.47)

2 L?
EFr=——. 10.4
27m? (10.49)
The quantity Tmax = 3m is known as the radius of the photon sphere of a

Schwarzschild black hole and plays a crucial role in defining the so-called shadow
of a black hole (see Sec. 11.5). The corresponding circle on the equator is called light
ring.

3. E? < V.« Let rg be the abscissa of the point where E? = V(r) (see Fig. 10.1).
For r > rg, 72 is positive and an incoming photon moves toward ry with decreasing
(in modulus) radial velocity. When it reaches rg, 7% vanishes. This is a turning point:
the photon cannot penetrate the potential barrier, i.e. it cannot continue its motion
for r < rg, because 7 would become imaginary. At r = ry the radial acceleration is
positive (the slope of V(r) is negative, see Eq. 10.48), therefore the particle is forced
to invert its radial velocity, and to escape toward infinity on an open trajectory.

Thus, contrary to Newtonian gravity, General Relativity predicts that a light ray is bent

by the gravitational field of a massive body. In addition, if its energy satisfies the condition
L2

E? < — 10.50

73 (10.50)

the light ray is deflected and returns to infinity on an open orbit.
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10.5 ORBITS OF MASSIVE PARTICLES

Let us now consider the orbits of a massive particle. The equations of motion are

925 ; E . L

2’ :O_m>7 QPZP’
r

2=E-V(r), V()= <1 - 2;”) (1 - 7{’5) : (10.52)

(10.51)

First of all we note that, contrary to the massless case, the potential does not scale with
the angular momentum and that V(r) — 1 when r — oc.

1.5

B 1

Vir)
o

0.0

[’=10 m?

0 10 20 30 40
r/m

Figure 10.2: Effective potential for a massive particle, in a representative case in which L? < 12m?.

To find whether the potential admits a minimum or a maximum we need to solve the
equation

ov mr? — L?r 4+ 3mL?
_— = 2 - 0,
or ré
which has two roots )
L? £+ L4 —12m2L2
ry = moLT (10.53)

2m

If L? < 12m? the roots r+ are complex and the potential does not have extremal points,
as shown in Fig. 10.2. In this case a massive particle arriving from infinity with £? > 1
and 7 < 0 will be captured by the central body with increasing (in absolute value) radial
velocity.

If L? > 12m? the roots ry are real, and V(r) has a maximum in r = r_ followed by a
minimum in r = r;. Depending on the value of L the maximum can be larger or smaller
than unity, i.e.

(a) L*>16m* —  Viax > 1, (10.54)
(b) 12m? < L2 < 16m? — Vigax < L. (10.55)
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Figure 10.3: Effective potential for a massive particle with L? > 12m?. Left and right panels refer
to case (a) and (b) in the text, respectively.

The potential has the radial dependence shown in Fig. 10.3 for two values of L corresponding
to case (a) (left panel) and case (b) (right panel).
We can therefore classify the geodesic motion of a massive particle in the following way:

® case

® case

(a)

A particle, which starts its motion from infinity with E? > Vi,ax and 7 < 0, falls
towards the central body making a number of revolutions which depends on the
value of L (see the discussion for E? > V., in Sec. 10.4). The radial velocity |7
increases as the particle approaches r, decreases when r_ < r < r,, and then
increases again for r < r_.

If 1 < E? < Vyyay and 7 < 0 the particle approaches the central body and reaches
a turning point 79 where E? = V(rg) and 7 = 0. The particle cannot penetrate
the barrier and since the radial acceleration given by Eq. 10.48, which holds also
for massive particles, is positive in rg, it inverts its radial velocity and escapes
free at infinity on an open orbit (see the discussion for E? < Vi,ay in Sec. 10.4).

A particle with Viui, < E? < 1 moves between two turning points, i.e. between
the two values of © where E? = V(r). The smaller value, rp, is the periastron,
the point of minimum distance from the central body; the largest, ra, is the
apastron, the point of maximum distance (see Fig. 10.3). The orbit is bound but,
as we shall see in the next chapter, it is not closed, and therefore it is not an
ellipse.

(b)

A particle with Vipin < E? < Vipax moves between the two turning points as in
the last point of case (a).

If E2 > 1 and 7 < 0, the particle approaches the central body and eventually
falls in.

If Vinax < E? < 1, then we should distinguish between different cases: i) if 7 < 0,
the particle approaches the central body and eventually falls in; ii) if 7 > 0, the
particle first moves outwards, finds an inversion point, and eventually falls in.
Note that in both cases the particle cannot come from infinity, since E? < 1.
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Both in case (a) and in case (b), a particle with energy E? = V(r_) = Vipax and 7 = 7_
moves on an unstable circular orbit (see the discussion for E? = V,pax in Sec. 10.4), whereas
if B2 = V(r4) = Viin a particle at r = ;. moves on a stable circular orbit.
From the expression of r+ given in Eq. 10.53, we see that if L2 = 12m? the two roots
coincide,
r_=ry=6m. (10.56)

Furthermore, 4 is an increasing function of L and, as L — oo, ry — oo. This means
that there cannot exist stable circular orbits with radius smaller than 6m. For this reason,
r = 6m is called the radius of the innermost stable circular orbit (or ISCO) 3, and
plays an important role in the dynamics of accretion disks around astrophysical black holes
(see Sec. 11.5.1). In addition, it is easy to show that r_ is a decreasing function of L and,
as L — oo,

L? 12m2 L? 6m? m
r—2m< 1—L2>—>2m<1—(1—LQ+...)>_3m+O(L), (10.57)

therefore, unstable circular orbits exist only in the range
3m <r_ <6m. (10.58)

In particular, the photon sphere (r = 3m) also represents the smallest, unstable circular
orbit of a massive particle around a Schwarzschild black hole.

Let us consider a massive particle in a stable circular geodesic (which, as we have shown,
exists for r > 6m). The orbital frequency is:

dp _ ¢
=— = 10.59
YT T (10.59)
this can be computed by replacing Egs. 10.51 in Eq. 10.59, and imposing V'(r) = 0 and
E? = V(r). A simpler way to compute this quantity is by solving the Euler-Lagrange
equations for r,

d oL oL
== 10.60
dr o7 or’ ( )
i.e. (see Eq. 10.13)
d ) 1 ey
E(grrr) = iguu,rxux . (1061)
In the case of a circular geodesic, 7 = ¥ = 0, and Eq. 10.61 reduces to
gtt,r£2 + gapgp,rclbz =0. (1062)
Replacing Eq. 10.59 yields
w? = It (10.63)
Yoo,
where we remember that gix = —1 4+ 2m/r and (on the equatorial plane) gy, = r?. Thus,
w? = o5, le.
m
w==+ wg where Wi = el (10.64)

31t can be shown that, on the ISCO, the second derivative of the potential is also vanishing (i.e., the
ISCO is a marginally stable circular orbit). Thus, an alternative way to compute its location is by solving
the three algebraic equations V = E? and oV/0r = 82V /0r2 = 0 for the corresponding values of E, L, and
r of the ISCO.
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Remarkably, Eq. 10.64 coincides with Kepler’s third law: although the orbital motion of a
particle in General Relativity differs from that of Newtonian gravity, the expression of the
orbital frequency of a massive particle on a circular orbit in the two theories is the same;
wg is called Keplerian frequency.

The orbital frequency grows as the circular orbit approaches the object; its maximum
value is reached at the ISCO, 7 = 6m, where wx = 6-3/2/m.

10.6  RADIAL CAPTURE OF A MASSIVE PARTICLE

Let us consider a massive particle falling radially into a Schwarzschild black hole. In this
case do/dr = 0, therefore L = 0; moreover, since the particle is moving inwards, 7 < 0.
Egs. 10.51 and 10.52 can be written as

dt E dr 2m

— — = /B2 14— 10.65
dr 1-22 dr + T ( )
df dy
— =0 — =0. 10.66
dr dr ( )

If the particle is at rest at infinity
dr

lim — =0 10.67
rlﬁrgo dr ’ ( )
from Eq. 10.65 it follows that
E=1, (10.68)
and the equations for ¢ and r reduce to
dt 1

T

dr 2m
=/ == 10.
dr r (10.70)

These equations can be integrated to find 7(r) and ¢(r). By defining ro = (7 = 0), Eq. 10.70

gives
" ! 2 1
7(r) = —/ dr'y/ ;—m =37 (rg/Z - r3/2) ) (10.71)
ro Vv

Furthermore, to find ¢(r), we combine Egs. 10.69 and 10.70,
at 1 r

Sl S 10.72
dr 1— 22\ 2m (10.72)
Setting ¢t = 0 when 7 = 0, we find
¢ Toodr! !
t(r) = dt' = — ——— 10.73
m= | T\ o (10.73)
which gives
2 1 3/2 3/2 1/2 1/2
tir)y=< {TO — 32 4 6mry’? — 6mr /] (10.74)
3vV2m
4 9mn VTo — V2m \/r+V2m
Vo +V2m r—V2m |

4We remember that, since we are using geometrical units, 7 is the proper time of the particle.
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The inverse function of t(r), i.e. 7(¢), is not known analytically. In Fig. 10.4 we plot the
functions t(r) and 7(r).

40

0 2 4 6 8 10

Figure 10.4: Proper time and coordinate time of a massive particle falling radially into a black
hole, as functions of r.

Assuming for simplicity rg > 2m, the behaviour of ¢(r) for r — 2m and r > 2m is:

2 1 3/2 _ 3/2
for r>2m t~— rol? — 8/ =T, 10.75
=) (1073
for r~2m t ~ —2mIn(y/r — V2m) + const — oo.

Therefore t(r) diverges for » — 2m, while Eq. 10.71 shows that 7(r) is regular at r = 2m.
The inverse functions r(¢) and r(7) are plotted in Fig. 10.5. The function r(7) is the radial
coordinate of the particle as a function of the proper time, i.e. as seen by an observer
moving with the particle, and Fig. 10.5 shows that for » = 2m it has a regular behaviour:
this observer crosses the horizon and reaches the singularity in a finite amount of proper
time.

The function r(t) is the radial coordinate as a function of the coordinate time, and ap-
proaches 7 = 2m only asymptotically. This suggests that the coordinate ¢ is not appropriate
to describe the behaviour of a particle crossing the horizon. Indeed, as discussed in Sec. 9.5,
the coordinates (t,r,6, ) are not defined on r = 2m. The motion of a body falling inside
the black hole horizon should be described using, for instance, the Eddington-Finkelstein
coordinates (v, r,0,¢) (see Sec. 9.5.5), where v =t 4 r, and

re =7+ 2mlog ‘% . 1‘ (10.76)

is the tortoise coordinate introduced in Eq. 9.117. As the particle falls radially into the

black hole,
dv dt  dry 1 2m 1 1
- - = /= = 10.77
dr dr + dr — ro1— 2 14, /2m ’ ( )

where we have used dr,/dr = (1 — 2m/r)~L. Therefore, © does not diverge on the horizon:
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r(t)/m
wr/(2)1

t/m T/m

Figure 10.5: The radial coordinate of a massive particle falling radially into a Schwarzschild black
hole is plotted as a function of the coordinate time (left panel) and of the proper time (right panel).

as r decreases, ¥ also decreases, from v — 1 at infinity to © = 1/2 at the horizon. Inside the
horizon, v keeps decreasing, until © — 0 at the » = 0 curvature singularity. Thus, as the
particle crosses the horizon and reaches the singularity, the coordinate v remains finite.

Let us now consider a spaceship which, while falling radially towards the black hole
horizon, sends an SOS in the form of a sequence of equally spaced electromagnetic pulses;
these signals are received by a static observer at radial infinity (we assume that the spaceship
and the observer have the same ¢ = const), located at r = 7°*. The SOS signal travels along
null geodesics t = t(\), r = r()\), with 6, ¢ constants and L = 0; A is the affine parameter
along the null geodesics. Note that since the signals are sent toward the observer, they never
cross the black hole horizon, and can be studied in the (¢,7,0,¢) coordinate frame. From
Egs. 10.28 we find

T dt E dr
0= — = t, — = — =4F 10.
g wmeonst = g = 4E, (10.78)
hence U
r
— =4 10.79
dr r—2m’ ( )
and the solution is
t = +r, + const. (10.80)

This result has already been found in Sec. 9.5.4, where we showed that ingoing null geodesics
are those for which v =t 4+ r, = const, while outgoing null geodesics, like those describing
the signals emitted by the spaceship, are those for which u =t — r, = const.

Let us consider two electromagnetic pulses sent from the spaceship, the first at 7 = 74,
the second at 7 = 7o where 7 is the proper time of the spaceship (see Fig. 10.6). The two
pulses correspond to u = w1 and u = us, respectively. The observer detects the pulses at two
values of its own proper time which, since the observer is at rest at infinity, coincides with
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obs
Figure 10.6: A spaceship falling radially into a black hole sends electromagnetic signals to a distant
observer. The spaceship trajectory is indicated by the dashed curve.

the coordinate time, i.e. at t = t?bs and t = tgb“". Thus, while the spaceship pilot measures
a proper time interval between the pulses

AT =T9 — Ty,

the observer at infinity measures a corresponding coordinate time interval
obs obs obs obs
At =37 — 9% = (ug + 13

(10.81)

) — (ug + 1) = uy —uy = Au.
Since w is constant along each of the two null geodesics, u; and us can also be evaluated in
terms of points along the spaceship geodesic:

(10.82)
uy = t(m1) — (1),

U = t(Tg) — 7"*(7’2) s
thus Au = At — Ar,. Therefore

(10.83)
At Au At Ar,
= =""_ : 10.84
AT At At AT (10.84)
Assuming that the pulses are emitted at very short time intervals, in the limit A7 — 0, this
equation becomes
dtobs _du _dt dr, _dt dridr
dr — dr dr

1 2m
= - —=——(1+4/— . 10.85
dr dr drdr 1- sz ( * r > ( )
dtobs
Eq. 10.85 shows that as r — 2m, o

— 00; this means that the static observer at infinity
receives the signals from the spaceship separated by time intervals which increase, and
finally diverge, as the spaceship approaches the horizon.



CHAPTER 1 1

Kinematical tests of General
Relativity

In this chapter we shall describe some of the most interesting predictions of Einstein’s
theory of gravity related to the motion of particles and light in a static spacetime. Some
of these predictions were derived almost immediately after the formulation of the theory in
1916 and are considered as the classical tests of General Relativity: the redshift of spectral
lines, the bending of light propagating in the gravitational field of a massive body, and the
precession of Mercury’s perihelion. A fourth classical test is the Shapiro time delay, which
was proposed much later and verified in the early 2000s. These four tests probe the so-called
“weak-field” regime of the theory, in which the gravitational potential and the curvature
of spacetime are weak. In 2019 the Event Horizon Telescope Collaboration obtained the
first radio image of the “silhouette” of a black hole, which can be considered a further
kinematical test of General Relativity (this time in the strong-field regime) and confirmed
Einstein’s theory once more. This chapter is devoted to discuss the above tests and their
verification. A completely different class of tests concerns the highly-dynamical regime of
the theory and the emission of radiation from non-stationary sources. These tests will be
discussed in the next chapters. A further kinematical test, the precession of gyroscopes in a
gravitational field, will be discussed in Sec. 17.4, after showing how the angular momentum
of a body affects the metric in the far-field limit.

11.1  GRAVITATIONAL SHIFT OF SPECTRAL LINES

General Relativity predicts that the spectral lines of a source in the vicinity of a massive
body are redshifted when detected far away from the body.

In order to explain this effect, we first need to clarify how to measure the proper time
between two spacetime events. These time intervals are measured using clocks, which are
instruments whose functioning is based on the repetition of a periodic phenomenon, such as
atomic oscillations, the oscillations of a quartz crystal, or of a pendulum. In this section we
shall use physical units, and we shall indicate the proper time as T' = 7/c¢ (see Box 3-F). The
proper time interval between two infinitely close events can be expressed, in a coordinate
frame {a*}, as

1 1
0T = 2V/=d5% = 2/ —gu o) o (1L1)

From the above equation we find the time dilation factor

dT 1 dx® dxf
_ 1/ B . 11.2
di c\/ Gos (¥) =g (11.2)
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which gives the ratio between the interval of proper time between two infinitely close events
and the corresponding interval of coordinate time, and depends both on the metric and
on the clock velocity. The proper time T should not be confused with the coordinate time
which is indicated with ¢.

If Eq. 11.1 refers to the time interval between two ticks of the clock, g,, must be
evaluated at the clock position. If the clock is at rest with respect to the reference frame,
dr® =0 (i =1,...,3) along its worldline, then the proper time interval between two ticks is

dT = %\/—goo(x”)dxo = v/ —goo(xH)dt, (11.3)

and dt is the corresponding interval of coordinate time. Note that we are assuming that dT'
is very small, so that we can use the infinitesimal expression of the proper time without
integrating over the clock worldline.

We shall now show that, when a signal propagates in a gravitational field, its frequency
changes with respect to the emission frequency. Let us assume that the gravitational field
is stationary, which implies that there exists a timelike Killing vector field and that, by a
suitable coordinate choice !, the metric can be made independent of time (see Sec. 8.2). In
this case, the coordinate x° will be referred to as the universal time. Let S be a light source
located, say, on the surface of a massive body, and O an observer located far away from the
source, as shown in Fig. 11.1; source and observer are assumed to be at rest with respect
to each other.

star

- &)bserver

O

Figure 11.1: A light signal is sent from a source S located on the surface of a star, and detected far
away from it. The source and the observer are at fixed relative position in a stationary spacetime.

The source S emits a wave crest which reaches O after an interval At = %Axo of coordinate
time. The interval Az that each wave crest takes to go from S to O only depends on the
components of the metric. Indeed, since along a light ray

ds® = goo(dz®)? + 2g0;dx"dx’ + girda'da® =0, ,k=1,...,3
then

—idi:i: Z.dz‘2_ ididk
Az :/ da® :/ Joiar \/(90 z')? — googikda'dx ' (11.4)
light path light path goo

IThis choice is not univocal, because we can always shift the origin of time, and we can rescale z° by an
arbitrary constant factor.
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The physical solution is that corresponding to the — sign (the solution with the + sign
corresponds to a signal emitted by O at some negative value of 2°, that reaches S at 2° = 0).
Even without explicitly computing Eq. 11.4 we see that, since the metric is independent
of time, Az® does not depend on time as well. Therefore, the time interval needed to a
wave crest to go from S to O is the same for all crests. Consequently, if two wave crests are
emitted with a coordinate time separation dt.,, by S, they will be detected by the observer
O with the same coordinate time separation, i.e. dtons = Otem.

The period of the emitted wave, 0T, is the interval of proper time elapsed between
the emission of two successive wave crests, i.e.

5Tem = —4g00 (xgm) 5tema

and the emission frequency is
1 1
Vem = ST = i .
em v/ —300 («Tem) 6tem

Similarly, the period measured by the observer is the interval of the observer proper time
elapsed between the detection of two wave crests, i.e.

6T0bs = —900 (-Tgbs) 6tobs;

and the observed frequency is

1

1
0T obs B \/m Otobs .

Vobs =

Since dtem = Otons we finally find

Vobs >\em o 900($gm)

= = 11.5
Vem )\obs goo (xgbs) ( )

Thus, in general the observed frequency does not coincide with the emitted one, since the
metric in the two points is different.

It should be stressed that Eq. 11.5 has been derived under the assumptions that i) the
gravitational field is stationary, ii) the source and the observer are at fixed relative posi-
tions. If one or both assumptions are removed, the derivation of the shift formula must be
modified and Eq. 11.5 is no longer appropriate to describe the phenomenon.
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Box 11-A

“Weak” and “strong” gravitational fields

We wish to establish when the gravitational field generated by a massive body can
be considered “weak” or “strong”. For example, let us consider the gravitational
field in the vicinity of the Sun. The Sun mass and radius are (see Table A)

Mg =1.989 x 1033 g, Ry = 6.960 x 10'%cm; (11.6)

moreover, given G = 6.674 x 1078 cm?®/(gs?) and ¢ = 2.998 x 10'% cm/s,

GMo _y 477 km, and GMo

3 7 = 21X 1076. (11.7)
©

The dimensionless quantity %]CVQI is called compactness, and can be taken as a

measure for the effects of General Relativity near the surface of an object with
mass M and radius R. The compactness of the Sun is much smaller than unity
therefore we can say that the gravitational field of the Sun is weak.

The Earth has mass Mg = 5.972 x 1027 g and equatorial radius Rg = 6.378 x
108 em. Since

Mg /Mg ~ 3 x 10, and  Rg/Rg ~ 102

GMg /GM@
R@c2 R@C2
i.e. the compactness of the Sun is about 3000 times larger than that of the Earth.

Conversely, if we consider a neutron star with typical mass and radius (see Chap-
ter 16)

~ 3 x 103, (11.8)

MNS ~14 M@ , RNS ~ 10 km, (119)
the compactness is
GMns
~ (.21, 11.10
Rrs? (11.10)

which is close to unity and much larger than that of the Sun. Thus, the effects
of General Relativity will be much more important close to a neutron star than
in the vicinity of the Sun. On the event horizon of a Schwarzschild black hole
Rs = 2GMgu/c* (see Eq. 9.34), thus

GMpy 1
=c 11.11
R 2 (11.11)

and in this case the compactness is even larger than that of a neutron star.

Note that in Newtonian gravity the gravitational potential on the surface of a
spherical body is ® = —GM/R, therefore its compactness is the dimensionless
quantity |®/c?|. Thus, if |®/c?| is much smaller than one, as it is for the Earth
and for the Sun, we can say that the gravitational field generated by that body is
weak. More in general, if ® is the solution of Poisson’s equation for an arbitrary
distribution of matter, the field is considered weak if |®/c?| < 1.
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11.1.1  Redshift of spectral lines in the weak-field limit

Let us now consider Eq. 11.5 in the weak-field limit. In Sec. 6.1 we showed that if the
gravitational field is stationary and weak, the 00-component of the metric tensor is related
to the Newtonian potential ®, solution of the Poisson equation V2® = 47Gp, as follows

20
Joo = — 1“1‘? .

Consequently, in this limit Eq. 11.5 gives

and finally

% ~ ;12 (@em — Dons) (11.12)
To derive this equation we have assumed that the gravitational field is weak both near
the source and near the observer, i.e. @;—‘2’“‘, % < 1. If we assume, for example, that
the light source is on the surface of the Sun, and that the observer is on the Earth, since
|PEarth| < |Psun| (see Box 11-A) we can also neglect the contribution of the gravitational
field of the Earth. Thus the potential to be considered in Eq. 11.12 is that of the Sun,
b = —GMQ, the emission radius is 7ery = R and robs = "Sun—Earth ~ 149.6 X 10%km is
the average distance between the center of the Sun and the surface of the Earth. With these

assumptions Eq. 11.12 gives

v 2 Rec?

~-21x107°, (11.13)

R@ TSun—Earth

where we have used the fact that rsun—Earth = Tem-
Note that:

e Eq. 11.13 shows that Av < 0, which means that the spectral lines detected by an
observer on the Earth have a frequency smaller than the emission frequency, i.e. they
are redshifted.

e The relative redshift of spectral lines produced by the Sun is of the order of its
compactness (see Box 11-A).

11.1.2  Redshift of spectral lines in a strong gravitational field

Let us now consider the case when the source emitting light is located in a strong gravi-
tational field, for instance near a neutron star or a black hole. The spacetime exterior to
both these objects? is described — assuming, for simplicity, spherical symmetry — by the
Schwarzschild metric

ds2=—<1—2m)dt2+1

dr? 4 r? (d92 + sin? 0dg02) ,
,

2m
T

2In the case of black holes, “exterior” means outside the horizon.
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where, as usual, the gravitational radius m = GM/c? is the mass of the object in geometrized
units. If we assume that the observer is located very far from the source emitting light, i.e.
Tobs > Tem, Hq. 11.5 gives

Vobs _ —QOO(xgm) _ 1— 2m (11 14)
Vem _goo(xgbs) Tem

If the light source is located on a neutron star surface rem = Rng ~ 10 km (see Box 11-A),
and Eq. 11.14 gives

Vobs 1 2GMNs | Ao sgat—omg s DY Ve TVem o oy
Vem RNSC2 v Vem
(11.15)

This means that an observer located at large distance from the neutron star will see the
emitted light reddened (Av < 0) by quite a large amount, much larger than that produced
by the Sun given in Eq. 11.13.

Let us now assume that the source emitting light is located outside the horizon of a
black hole, and at rest with respect to it 3. Eq. 11.14 shows that as the source approaches

the horizon
Vobs = 4/1 — 2m Vem — O, (11.16)
Tem
i.e. the signal detected by the distant observer fades away. This is why the black hole horizon
is also called a surface of infinite redshift. The case of a source in motion with respect to
the black hole has been studied in Sec. 10.6, where we have shown that the expression of
dt/dT is different, but it still diverges as the source crosses the horizon.

If the light signal travels from a point where the gravitational field is weaker towards
one where the field is stronger, the observed frequency is larger than the emitted one, i.e.
the light is blue-shifted.

The shift of spectral lines was measured for the first time by W.S. Adams in 1925. He
measured the redshift of the light emitted by Sirius B, a very compact star (a white dwarf,
see Chapter 16), providing one of the first experimental verifications of the theory of Gen-
eral Relativity. Since then, the gravitational redshift has been measured with higher and
higher accuracy, including the redshift of Sirius B measured by the Hubble Space Telescope.

Box 11-B N

General Relativity and the Global Positioning System

The Global Positioning System (GPS) which is used by smartphones, satellite-
based navigation systems, etc., must account for the gravitational redshift pro-
duced by the Earth gravitational field. When the first GPS satellite was launched,
it showed the predicted shift of 38 parcsec/day. This tiny shift accumulates over
time and, if not accounted for, is sufficient to substantially affect the GPS local-
ization within hours (for a complete overview of general relativistic corrections to

the GPS, we refer to [9]).

\. J

3Note that a body at rest near a black hole is not in geodesic motion. An energy source (e.g., the engines
of a spaceship) is needed to prevent the body from falling into the horizon.
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11.2 THE DEFLECTION OF LIGHT

According to Einstein’s theory massless particles move in a gravitational field following null
geodesics. As a consequence, photons are deflected by the gravitational field generated by
a massive body, as discussed in Sec. 10.4, or by any other distribution of matter/energy.
We shall now compute to what extent a beam of massless particles is deflected by a massive

y

A

|

incoming
direction

-~ “outgoing
z direction

Figure 11.2: The trajectory of a massless particle deflected by a massive body.

body, under the assumption that the field generated by the body is weak (see Box 11-A).
Referring to Fig. 11.2, we shall use the following notation:

e 1 is the radial coordinate of the particle in a frame centered in the center of mass of
the body; the orbit is on the equatorial plane, and the position vector of the particle
forms an angle ¢ with the y-axis.

e b is the impact parameter, i.e. the distance between the direction of the incoming
particle (dashed vertical line) and the center of attraction,

b:}?grb rsing. (11.17)
e § is the deflection angle which we wish to evaluate: this is the angle between the

incoming direction and the outgoing direction of the deflected particle.

Note that, since the Schwarzschild metric is invariant under time reflection, the particle can
go through the trajectory of the figure either in the direction indicated by the arrow, or in
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the opposite one. Thus, the trajectory must be symmetric with respect to the periastron,
the location of which is indicated in the Fig. 11.2 by rp. When the particle starts its motion
at radial infinity

" =0; (11.18)

when it escapes at infinity along the trajectory

e =46, (11.19)

and ¢ is the deflection angle to be computed. To study the motion, we are going to use the
geodesic equations for massless particles, i.e. Egs. 10.45 and 10.46.

We shall now express the impact parameter b in terms of the constants of motion of the
particle E' and L, i.e. its energy (measured by a static observer) and angular momentum.
When the particle arrives from infinity, 7 is large, ¢ ~ 0, and Eq. 11.17 gives
dp b

_0 (11.20)

b~rp o =T

The derivative i—f can also be computed by combining the equations for ¢ and 7 given in

Egs. 10.45 and 10.46
d dp dA L
do_SeeA_ 4 - (11.21)

dr — dxdr r2y/E? =V (r) ’

which, taking the limit for r — oo, gives

do L
— ~t— 11.22
dr r2E’ ( )
hence, Eqgs. 11.20 and 11.22 yield
=L (11.23)
=5 .

In Sec. 10.4 we showed that a massless particle is deflected if E? < 27%; (see Eq. 10.50),
and this imposes a constraint on b, i.e.

b > V2Tm = bepir; (11.24)

if b is smaller than this critical value, the particle is captured by the central body. Note
that, unless the central body is a black hole or a very compact star, it has a radius which
is larger than b..;¢, R > v/27m. In this case, the actual constraint on the impact parameter
b is

b>R. (11.25)
To find the deflection angle it is convenient to introduce a new variable
1
=- 11.26
w=:, (11.26)
which satisfies the initial condition
u(lp=0)=0. (11.27)
Furthermore
ulp=m+9)=0, (11.28)

since this value of ¢ corresponds to the particle escaping to infinity. In terms of the variable
u, Eq. 10.45 for ¢ becomes
¢ = Lu”,
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and, indicating with a prime the differentiation with respect to ¢,
r':rgb:f?ugb:fLu’. (11.29)
By substituting this expression in the equation for 7 (Eq. 10.46), we find
L*(W)? +u?L? — 2mL*u® = E?|
which, differentiating with respect to ¢ and dividing by 2L?u/, yields
o +u—3mu=0. (11.30)

This equations has to be solved with the boundary conditions
u(p=0)=0, u(p=0)=—. (11.31)

The second condition is obtained using the relation

¥
~(0) ==
ulp =0) =4,
which comes from Eq. 11.17.
If the mass of the central body vanishes, Eq. 11.30 becomes

u +u=0, (11.32)

the solution of which

1
u(p) = gsincp — b=rsingp, (11.33)

describes the trajectory of a particle which is not deflected, and satisfies the boundary
conditions 11.31.

Equations 11.30 and 11.32 differ by the term 3mu?. At this point, to make some progress
analytically, we need to use the aforementioned weak-field assumption. We require that, for
all values of r reached by the particle,

m
7<<1,
r

where m is the geometrical mass of the central body. This condition is satisfied, for instance,
for a photon which passes very near the surface of the Sun; in this case r > R, and (see

Box 11-A)
meo me —6
— < —~107".
ro R@

Under this assumption, the term 3mu? in Eq. 11.30 is much smaller than the term u by a

factor

2
Smu” _3m (11.34)
u T

Consequently, Eq. 11.30 can be solved by using a perturbative approach, proceeding as
follows. We put
uw=u® 4 (11.35)

where u(9) is the solution of Eq. 11.32, i.e.

1
u® = 3 sin (11.36)
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and we assume that
lu®| < [u®]. (11.37)

By substituting Eq. 11.35 in Eq. 11.30 we find
@) +u® = 3mu®)? + ()" +u® = 3mu)? - 6mu@u® = 0. (11.38)
Since u(?) satisfies Eq. 11.32, Eq. 11.38 becomes
M) +u® = 3mu©)? = 3mu™)? = 6mu@u™ = 0. (11.39)

The terms 3m(u™)? and 6mu®u?) are of higher order with respect to 3m(u(®)2, therefore
the leading terms in equation (11.30) are

(M) +u® — 3mu®)? =0. (11.40)

By replacing the expression of u(?) given in Eq. 11.36 we finally find

1" 3 1" 3
(M) +u) = b—gnsin%o - (@) 4 u® = % (1 —cos2p) . (11.41)

The solution of this equation which satisfies the boundary conditions 11.31 is

(1) _ 3am

1+1 2 1 (11.42)
Ut = o 5 0820 — S cosp |, .

as can be checked by direct substitution. Thus, the complete solution v = u(®) + 4 ig

1 1 4
u:bsin@+$<l+3cos?@—3cos¢) . (11.43)

The deflection angle 4 is then found by imposing the condition 11.28, with 6 < 1 (which is
consistent with the weak-field approximation, since the deflection is small in this regime)

0 3m38
~ 4 — == 11.44
u(m 4 9) b+2b23 0, ( )
which gives
5= 477”. (11.45)

For a light ray passing close to the surface of the Sun, m = mg, and b = R, thus
0 ~ 1.75 arcsec. (11.46)

The first measurement of the deflection of light was done by Eddington, Dayson, and David-
son during a solar eclipse in 1919. They measured the apparent position of a star behind
the Sun (see Fig. 11.3) during the eclipse, when some light coming from the star was able to
reach the Earth because the luminosity of the Sun was obscured by the eclipse. Comparing
the apparent position with the true position of the star, measured when the Earth was on
the opposite side of its orbit around the Sun, they were able to infer the deflection angle 4.
At that time it was measured with an accuracy of about 10% *. Nowadays, the bending of
radio waves by quasars is measured with an accuracy of the order of 1%.

4Eddington’s measurement was repeated on August 21st, 2017, during a total eclipse happening in the
U.S.; using a modern apparatus, the deflection was measured with an accuracy of 3%.



Kinematical tests of General Relativity B 207

star apparent position true position

; i\

Earth

Figure 11.3: (Left) The apparent position of a star, indicated by the dotted segment, was measured
by Eddington, Dayson, and Davidson during a solar eclipse. (Right) The true position of the star,
indicated by the dot-dashed segment, was then measured when the Earth was on the opposite side
of its orbit. The angle between the two segments is the deflection angle 4.

11.3 PERIASTRON PRECESSION

Planets orbiting around a central star, satellites orbiting planets, or stars orbiting a black
hole move along timelike geodesics, governed by Egs. 10.51 and 10.52. In Sec. 10.5 we showed
that when the constants of motion E and L are in the range

L? > 16m? Vinin < B2 <1, (11.47)
12m? < L? < 16m? Vinin < E? < Vipax »

the orbits of massive particles around a spherically symmetric, non-rotating body are bound;
in this case the radial coordinate of the particle varies between an apastron and a periastron,
as for elliptic orbits in Newtonian theory. However, we shall show that in General Relativity
these orbits are not closed, since at each revolution the periastron advances by some amount.
This explains the precession of Mercury’s perihelion observed by Le Verrier in 1845 and
discussed in Chapter 1.

As in Sec. 11.2, we shall indicate with a prime differentiation with respect to ¢, and we
shall use the variable v = 1/r. In terms of u and ¢ Eq. 10.52, i.e.

P —E*4+V(r)=0 with V()=1-"4 " — (11.48)
becomes
L*(W)? — E? +1 - 2mu + v*L* — 2mL*u® =0, (11.49)

where we have used Eq. 11.29, 7 = —Lu/.
Differentiating with respect to ¢ and dividing by 2L%u/, Eq. 11.49 yields

W+ u— % —3mu? =0. (11.50)
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‘We shall now assume m
- < 1. (11.51)

For instance, in the case of Mercury orbiting the Sun, given the Sun-Mercury average
distance rg_y ~ 5.8 x 107 km, Eq. 11.51 yields
me 1.477

= ~25x%x1078
et B8 x 107 " ZOX10

and our assumption is fully justified.

The Newtonian equation

The Newtonian equation which corresponds to Eq. 11.50 can be derived classically from
the conservation of mechanical energy. Since the (squared) velocity of the particle is v? =
72 +1r2¢?, we get

.9 2m L2

= const — e+ = const ,
T T

Sy [12 +72¢7] - T2

where m,, is the particle mass and we are using G = ¢ = 1. By expressing this equation in
terms of v and differentiating with respect to ¢, we find

W ru— =0, (11.52)

which can be written as

The solution of this equation is

m m L?A
U= T3 = Acos(¢ — ¢o) — U= 73 (1+ mcos(<p—<po)> , (11.53)

where g and A are integration constants. If we define

L?A
e=—, (11.54)
m
Eq. 11.53 gives
m
uly) = 75 [T+ ecos(o — o)l , (11.55)
or, written in terms of r,
L? 1

rle) =" 17 P p—_ (11.56)

which describes an ellipse with eccentricity e. Setting ¢g = 0, the periastron, i.e. the
minimum distance the planet reaches in its motion around the central body (this is called
perihelion if the central body is the Sun), occurs when ¢ = 0, i.e. at

L? 1
rp = — .
P ml+e

(11.57)

The apastron, i.e. the maximum distance from the central body (aphelion in the case of the
Sun), is

L? 1
A = —

. 11.
ml—e (11.58)
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periastron 1, apastron r,

Figure 11.4: Bound orbits in Newtonian gravity are ellipses.

It is worth noting that, since

m 1 m? m
L2 rp(l+e) L2 rp(l+e)’ ( )
and since m/rp < 1 in the weak-field regime, it follows that
2
2

This inequality will be useful in the following.

<1. (11.60)

The relativistic equation
The Newtonian equation 11.52 differs from the relativistic equation 11.50 only by the term
3mu?, which is smaller than u by a factor

3
3mu:ﬂ<<1.
T

Therefore, to solve Eq. 11.50 we shall adopt the same perturbative approach used in Sec. 11.2
to study the bending of light. We search for a solution in the form

u=u® 4o M| < [ul®], (11.61)
where u(9) is the solution of the Newtonian equation 11.52, given by Eq. 11.55, namely

m
u® = 7z (1 +ecosy), (11.62)

where we have put ¢y = 0 without loss of generality. By substituting Eq. 11.61 in Eq. 11.50,
and using the fact that u(?) satisfies the zeroth-order equation 11.55, we find

M) +u® = 3mu®)? — 3mu™)? — 6mu@u™ = 0. (11.63)

The terms 3m(u™)? and 6mu®u™) are of higher order with respect to 3m(u(?)? therefore,
at leading order, Eq. 11.63 gives

WD) +u® = 3m(u®)?,
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ie.
3
@) +u® = 3% (1+ecosy)? . (11.64)
Expanding the right-hand side of this equation we find
3
(M) +uV = 3% [1+ € cos® p + 2ecos ¢ (11.65)
m? 1,
= SF const + 56 cos2¢ + 2ecos | .

This is the equation of a harmonic oscillator with three forcing terms. They are all very
small because, as shown in Eq. 11.60, T—j < 1. However, the term 2e cos(¢p) is in resonance
with the free oscillations of the harmonic oscillator, i.e., they have the same frequency of the
solution of the homogeneous equation (u(l))” + u1) = 0; therefore, even if its amplitude is
comparable to that of the other terms, it dominates the solution, and determines a secular
perturbation of the planet motion which, after a long time, becomes relevant. For this
reason, we will retain only this term and look for the solution of the resulting equation

3
(M) +u® = 66% cos(¢), (11.66)
which is
(1) 36m3 .
ut = ——psing,

as can be checked by direct substitution. Thus, the complete solution of the relativistic
equation 11.50 is

2
uw=u® + oM = % {1 +e (cosgp + 37Z2<psin<p>:| . (11.67)

Since, as shown by Eq. 11.60, m?/L? < 1, at first order in m?/L?

3m? . (3m? 3m?
cos | 75 ¢ ~1 and sin | —5-¢ :?gp;

consequently we can write

u:ln;{l—kecos [(p (1—3?5)”. (11.68)

A comparison with the corresponding Newtonian solution given by Eq. 11.62 shows that
2

the term 32"2 o determines a secular advance of the periastron. Indeed, when the argument

of the sinusoidal function in Eq. 11.68 goes from zero to 2w, i.e. when the planet reaches

again r = rp, ¢ changes by an amount

Thus, as shown in Fig. 11.5, in General Relativity the orbit of a planet around a non-rotating,
spherically symmetric body is open, and the periastron shifts by d¢ at each revolution.
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Figure 11.5: Bound orbit of a body in Schwarzschild geometry. At each revolution, the periastron
precedes by an amount Jp.

For example, for Mercury Eq. 11.69 gives a precession of 42.98 arcsec/century. The
observed value, after all effects which can be explained with Newtonian theory (preces-
sion of the equinoxes, perturbations of other planets on Mercury’s orbit, etc.) have been
subtracted ®, is

dPMercury = 42.98 + 0.04 arcsec/century, (11.70)

in perfect agreement with the predictions of General Relativity. The other planets of the
solar system experience a perihelion shift as well; however, since they are farther from the
Sun, their constant of motion L is larger than that of Mercury (see e.g. Eq. 11.56). Let us
consider, for example, the Earth. Since rp; > rpy,cuy» Eq. 11.57 gives

2 2
9 m m

LgB > LMercury’ — LT < L27
53} Mercury
and consequently dpg < d@Mercury. Indeed, for the Earth dogq = 3.84 arcsec/century.

The perihelion shift of Mercury is extremely small, and it was only using the data
from centuries of observations that Le Verrier discovered this effect. However, other binary
systems can have a much larger periastron precession. In the system J0737-3039, composed
by two neutron stars orbiting at a distance of less than one million kilometers from each
other, the periastron advances approximately by 16 degrees per year [72]. Note, however,
that in this case the derivation discussed in this chapter cannot be applied, because we
have assumed that the body of mass m, moves along a geodesic of the Schwarzschild
spacetime, which implies that the mass m,, is so small, compared to the mass m generating
the gravitational field, that it does not perturb it. When (as in the case of two neutron stars)

5For an accurate account of these effects, we refer to the monograph by Poisson and Will [93].
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the two bodies have comparable masses, the spacetime is different from Schwarzschild ¢, and
the derivation of the periastron precession is more involved.

11.4 THE SHAPIRO TIME DELAY

Another genuinely relativistic effect involving light propagation in curved spacetime is the
so-called Shapiro time delay. In 1964, Irwin Shapiro proposed that, due to gravitational
time dilation, radar signals passing near a massive star would take longer to travel to a
target and longer to return than they would take in flat spacetime.

To investigate this effect, let us consider a light ray propagating in the Schwarzschild
spacetime. For null geodesics on the equatorial plane (§ = 7/2), the condition ds? = 0 yields

—1
2 2
(1 - m) dt? = (1 - m) dr? + r2dp? . (11.71)
T T

For a given trajectory r = r(y), by replacing dy = Z—fdr in Eq. 11.71 and integrating, we
obtain the function t(r). As shown in Sec. 11.2, the trajectory of a light ray moving in
the gravitational field of a massive body is deflected. To isolate the time delay from light
bending effect, we shall neglect the effect of the gravitational field on the orbit, i.e. we shall
consider the zeroth-order solution, u = sin ¢ /b, where we remind that « = 1/r and b is the
impact parameter (see Fig. 11.6). In the weak-field regime, both the time delay and the light
bending are small effects, therefore, to leading order, the time delay on the unperturbed
orbit coincides with that of the deflected one.
Since r = =2

singp’?
t
dr = ————cos pdyp — dp = — anapdr7 (11.72)
sin” ¢ r
and
% p?
2 —

tan® ¢ = : T (11.73)

it follows that 2
r?de* = tan® pdr? = deQ . (11.74)

By replacing the latter expression into Eq. 11.71, and solving for dt, we get

2m\ " [r® — 202 d 2m\ ! 2mb>
dt = %dr (1-22) /1 mog (o 1- 2 (11.75)
r r3 — b2y Vr2 —p2 T 73
Let us consider a photon moving from r = r; to r = ry (see Fig. 11.6). The total time delay
reads

Yoat
At = — 11.
" / g (11.76)

Unfortunately, the above equation cannot be integrated analytically when dt is given by

6 This is the two-body problem, which has a simple and elegant solution in Newtonian physics: the motion
of two masses m1, ma is equivalent to that of one mass p = mim1/(mi+mz) in the static gravitational field
generated by a mass mi + ma. In General Relativity, the two-body problem can been solved analytically in
the small-velocity (v < ¢) and weak-field (GM/(c?r) < 1) regime using a complex mathematical framework,
the post-Newtonian expansion (see, e.g., [93] for a monograph on the subject). The two-body problem will
be further discussed in Chapter 14.
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Figure 11.6: The Shapiro delay. A photon beam is sent from Earth (located at r = r; relative to
the Sun) and travels on an approximately straight line (neglecting light bending) to Venus (located
at r = ry). The impact parameter of the photon is b. In the absence of gravitational time delay

and relativistic corrections, the travel time would simply be At = /72 — b2 — | /r? — b2

Eq. 11.75. However, if the photon travels sufficiently far away from the source with mass m
we can expand Eq. 11.75 for m < r, m < b. This gives

dt e Y 1177
~ ﬂ r—+ — 7‘72 mj , ( . )

which can be integrated to give
(r—m)VT R

r

Tf

+ 2mlog <T+ r2—b2>] . (11.78)

T4

At ~ £

The above expression gives the coordinate time delay of a photon traveling from r; to ry.
As expected, when m = 0 one gets simply At = ++/r2 — b? (see Fig. 11.6).

A case of interest is when the photon starts from Earth at » = r; (e.g., it is sent
by a radar) and reaches a nearby planet at r = ry in the gravitational field of the Sun
(m = mg =~ 1.48km). Notice that At is not the proper time delay on Earth. In geometrized
units, the latter is defined as

dr* = —dsi, .y, - (11.79)

For simplicity, let us assume that the orbit of the Earth is circular, so that dr = df = 0 and

therefore 5
dr? = (1 - m) dt* — r?dy?, (11.80)

T
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where r; is the orbital radius of the Earth around the Sun. The orbital frequency is the
Keplerian frequency (see Eq. 10.64) (d¢/dt)garth = wgx = y/m/r3. Therefore, the above

equation can be written as
3m
dr =dty/1— , (11.81)
T

and consequently A7 = /1 — 3m/r;At. Note that the proper time delay coincides with the
coordinate time delay when r; /m > 1.
Finally, the proper time delay measured on Earth is

- 3m l(r —m)\Vr2 — b2

r

Ty
+ 2mlog (r +Vr?— bz)] . (11.82)

T4

AT ~ 41

Ti

The difference between the time delay that would be measured on Earth if the spacetime was
flat, AT = [v/72 — b2],/, and the above formula grows logarithmically when r increases; this
mild growth can be used to magnify the effect of the gravitational delay. Shapiro proposed
to send from Earth a radar signal which would be reflected off Venus and be detected
back on Earth. The above formula predicts that the Sun induces a gravitational delay
AT ~ O(100 ps), the exact value depending on the relative position of the two planets. The
measured value agreed with the theoretical prediction within 20%. The best constraint to
date on the Shapiro time delay comes from the measurement obtained by sending a radar
signal from Earth to the Cassini satellite [22]; this confirmed the prediction of General
Relativity with an accuracy of one part in 10°.

11.5 THE SHADOW OF A BLACK HOLE

A “black hole” owns its name (allegedly due to John Archibald Wheeler, although he prob-
ably heard it from an unknown participant in a conference in 1967 [60]) to the fact that
nothing — not even light — can escape from the region enclosed by the event horizon. An
isolated black hole would therefore appear truly as a “hole” in the sky, since we observe
objects by receiving the light they either emit or reflect. The boundary of this hole, i.e. the
“silhouette” of a black hole, is called the black-hole shadow. It can be defined by studying
the path of photons emitted by a light source at infinity and deflected by the black hole.
This “ray tracing” requires solving the geodesic equations in the black hole spacetime. We
consider here the simplest case in which the spacetime is described by the Schwarzschild
solution.

The shadow of a black hole does not coincide with the event horizon, and it is actually
larger. This follows from our previous discussion on null geodesics in the Schwarzschild
metric. Let us consider a source located at infinity and behind the black hole (see Fig. 11.7,
upper panel). As shown in Sec. 10.4, a photon coming from infinity will be deflected only
if B2 < L?/(27m?) (see Eq. 10.50); otherwise it is captured by the black hole. As shown in
Sec. 11.2, the impact parameter is b = L/E, thus the deflected photons are those with impact
parameter b > 3v/3m. Therefore, the size of the shadow of a Schwarzschild black hole is
3v/3m, slightly larger than the photon sphere. The critical photon with impact parameter
3v/3m approaches the light ring orbit at r = 3m, making an infinite number of revolutions.
Let us now consider a source located at finite distance behind the black hole, which emits
photons in all directions, and an observer located at infinity along the direction n. The
observer receives the photons which are deflected by the black hole and propagate along
the direction n. This process is described by the time-reversal of the geodesics considered
in the case of a source at infinity, as in the lower panel of Fig. 11.7. If the source is behind
the black hole, and if it is located at r > 3m, then the only photons which can reach the
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Figure 11.7: Deflection of photons coming from infinity to a Schwarzschild black hole (upper
panel) and emitted to infinity from a source close to the black hole (lower panel). The lower panel
is the time-reversal of the upper one. The observer is represented as a vertical screen (a “detector”)
orthogonal to n.

observer are those with impact parameter b > 3v/3m. Therefore, the observer sees a circular
silhouette with radius 3v/3m, slightly larger than the photon sphere.

Let us study this problem in more detail. Consider a static source at r = rg, as in
Fig. 11.8, emitting photons isotropically. The orbit of a given photon is parametrized by the
constants £ and L. We define the dimensionless constant K = L/(m£E). For a given value
of E, a light ray can escape to infinity if the angular momentum is larger than the critical
value Lot = KeritmE, where Ko = 3v/3.

To analyse the motion of the emitted photons, it is convenient to consider the local
Fermi frame {z*/'} adapted to the source (see Sec. 3.9). Note that the source is static but
not in free fall, therefore this coordinate frame is not a LIF. We remind (see discussion at
the end of Sec. 3.9) that the laws of physics in this frame have locally the form prescribed
by Special Relativity for accelerated frames; thus, this is the appropriate frame to describe
the local process of photon emission.

Let {€(,)} be the vector basis associated to the coordinates {z"'} = (¢, 7,0, ¢), and {€(}, }
the vector basis associated to the local Fermi coordinates {z*#}. This is, by construction, an
orthonormal basis (5(*#) €hy = M), whose timelike vector coincides with the four-velocity

png

of the source, €y = i, with é’(’B) - é’(*o) = —1. Since the source is static, u* = (u°,0,0,0),

hence @ || €g), i.e. €y = const €(g), with const = (—&q) - €(0)) /2. Thus

5(0) 2m —1/2
é'(*o) = — = (1 — > €0) - (11.83)
—€(0) " €(0) r
Moreover, the three vectors é'(*;) (¢ = 1,...,3) are orthogonal to €. Since €(;) are also

orthogonal to €, it follows that 6(’;) are linear combinations of the vectors €(;). Since
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Figure 11.8: Critical escape trajectories of radiation in the Schwarzschild geometry, projected in
the equatorial plane. A static source located at r = ro (the vertex of the conical sectors) emits
photons isotropically, but those emitted within the conical sectors (i.e., with an angle ¥ < ¥erit)
will not reach infinity.

€Gy " €(5) = Ojk, we choose €3y = €4)/\/€() - €y, 1€

1/2

2

& = (1 = m) &) (11.84)
1
T

We can now decompose the four—momentum of the emitted photon in the local Fermi basis:
p= p*”é'(z) where p*0 = —5'- 6(0 and p*' = p’- e( ) since e( e(y) = . Using Eq. 11.84
and the fact that p'- €,) = g(p®€(a), €(n)) = P*Jap = Pu, We ﬁnd

-1/2 1/2
N 2m N 2m
po:—po(1—> ; plzpl(l—)
r r

%2 D2 %3 b3
= 2= = . 11.85
p 7 p rsing ( )

If the photon is emitted at » = 7 along the equatorial plane (6§ = 7/2, p’ = 0), with
constants of motion E = —py and L = ps, then p** = (1 — Qm/rO)_l/2 E and p*3 = L/r.
The components of the velocity of the emitted photon measured in the local Fermi frame

are then
*1 1
w7 p 2m\ p1 11 p1 p
= ]_ _— — = —_— = —
v 0 ( 0 ) 59 =%

L 2m /2
1— — . 11.
*0 TOE ( o ) ( 86)

p
Since p' =7 = \/ L—z (1 2—70”) see Eq. 10.26) and L = mKE, Egs. 11.86 can be
o
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written as

K2m? 2 K 2m\ /2
VT = i\/l - = (1 - m) ;o= (1 - m) : (11.87)
rH 70 7o To

where the plus and minus signs in the above equation correspond to photons moving out-
wards and inwards, respectively.

Let us now compute the local emission angle i of a photon. For a generic emission
point on the equatorial plane, (x = rcosp,y = rsiny) in Schwarzschild coordinates, the
components of the velocity on the equatorial plane are v* = & = rcosp — rsinpy and
v¥ = ¢ = rsinp + rcospp, where a dot indicates the derivative with respect to the time
coordinate ¢. As in Fig. 11.8, we can assume that the emission occurs on the z axis, i.e.
at ¢ = 0, without loss of generality. Therefore v* = 7 = v*" and vY = rp = v*¥. Since
for a massless particle |v| = 1 (we are using geometrized units in which ¢ = 1), we have
v* = cos® and v¥ = sint (see Fig. 11.8). Thus, we find a relation between the emission
angle and the polar component of the velocity:

siny) = 0¥ =rp =0v"?. (11.88)

The photon can escape to infinity for K > K, i.e. for local emission angles larger than

the critical angle
. 3m+/3(1 —2m/r
SinYeris = V| e = ( /7o) . (11.89)
crit ,".0
When 9 < 1)eit, the photon is captured by the black hole (see Fig. 11.8).
When the source is close to the horizon (rg = 2m), Eq. 11.89 reduces to

3 3/2 [T — 2m
wcrit - <2> T (1190)

Therefore, as the source approaches the horizon not only are the emitted photons redshifted
as discussed in Sec. 11.1, but their escape angle tends to zero. For emission angles smaller
than tet, the light rays are absorbed by the black hole. The trajectory r(¢) of these rays
can be studied by solving the ordinary differential equation

K2m?2 2m
dr 1) _ U ir2\/l i ) : (11.91)
dp — @(t) v Kmy/1 -2

I

supplemented by the initial condition r(0) = ro (the initial value of ¢ is arbitrary due to
the spherical symmetry of the Schwarzschild metric). The above equation does not admit
a solution in closed form and one has to solve it numerically. Some numerical solutions
are shown in Fig. 11.8 for different emission points rg. The figure shows some important
features:

e The emission angle ¢ of a photon which is free to escape (i.e., the escape angle) is
larger than 90° when ry > 3m, whereas it is smaller than 90° when ry < 3m. In
the former case the critical escape velocity can be either directed outward or inward,
whereas in the latter case it is only directed outward relative to the black hole.

e In all cases, the critical trajectory (K = Keit) corresponds to light rays that start
at r = rog and approach the photon sphere, i.e. (¢) — 3m either from above (when
ro > 3m) or from below (when ry < 3m).
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Suppose the source is at 79 > 3m on the right of the black hole, as in the bottom panel
of Fig. 11.7, and the observer is on the left of the black hole, i.e. the source is behind the
black hole. In this case, the observer would only receive those photons emitted with an
angle 1 > 1cit. Photons emitted precisely at the critical angle (with ¢ = teit) will orbit
the black hole approaching the photon sphere (r = 3m) and making an infinite number of
revolutions, whereas photons emitted with 1) < 1.3t will be captured by the black hole.
In other words, part of the light coming from behind the black hole (emitted at ro > 3m)
is trapped by the photon sphere, whereas the other will escape to infinity, with impact
parameter b > 3v/3m.

It is interesting to note that, if 1) > eyt + € (with € < 1), the photons can make a large
number of revolutions before eventually escaping to infinity. Photons that escape to infinity
after making multiple revolutions contribute to create multiple images of the same source,
giving a peculiar structure to the region corresponding to ¥ >~ ¥c,it.

11.5.1 The accretion disk of a black hole

The above discussion assumes that the black hole is isolated and only enlightened by a
point-like isotropic source behind it. However, astrophysical black holes are usually not
isolated but rather surrounded by an accretion disk of gas and plasma orbiting around
them. As previously discussed, these orbits can be circular only up to the ISCO at r = 6m,
whereas when r < 6m matter will fall into the horizon. This process is called accretion.

The surrounding matter accreting onto the hole heats up through viscous dissipation and
converts gravitational energy into radiation.

In order to understand how efficient can this process be, we can make a back-of-the-
envelope estimate. For clarity here we use physical units. Let us consider a body of mass
m,, falling from infinity onto a body of mass M > m, and radius R. The gravitational
potential energy released in this process is AEq.., = GMm,/R, most of which is emitted
in electromagnetic radiation. If a steady flux of matter falls into the central body with
accretion rate 1, the emitted energy flux (i.e., the energy emitted per unit of time) is
Lewy = GMrin, /R. Since the flux of accreting mass-energy is Locer = mpc2, this mass-energy
is converted in electromagnetic radiation with an efficiency 1 = Lem/Lacer = GM/(Rc?).
For a black hole, we can consider R as the ISCO radius, therefore n ~ 0.1. This is an
enormous efficiency: as a comparison, the efficiency of conversion of mass to energy in
thermonuclear reactions from hydrogen to helium is 1 ~ 0.007.

As previously shown, an electromagnetic signal emitted by a particle freely falling onto
a black hole is strongly redshifted when approaching the horizon. In addition, an element
of fluid typically emits isotropically in all directions and not all photons will be able to
reach infinity as the fluid element approaches the black hole, because some of them would
be bent to the horizon. Fig. 11.8 and Eq. 11.89 show that, as the fluid falls toward the
horizon (ro — 2m), the escape angle of radiation decreases until it vanishes precisely when
the emitting source is on the horizon. Therefore, the fraction of energy that is able to
reach infinity vanishes as ro — 2m and the signal becomes more feeble due to both the
gravitational redshift and the extreme bending of all photons not emitted perfectly in radial
direction.

In other words, most of the radiation that illuminates a black hole comes from the
accretion disk (i.e., from ro 2 6m). The small amount of radiation coming from matter
falling into the horizon is highly redshifted and has a small escape angle, so it does not
contribute much to illuminate the region close to the horizon.

The shadow of a black hole has been observed for the first time in 2019 by the Event
Horizon Telescope Collaboration, that provided the first radio image of the supermassive
(M =~ 6.5 x 10 M) black hole in the galaxy M87 [111], which is shown in Fig. 11.9. This
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Figure 11.9: Shadow of the supermassive black hole in the galaxy M87, observed by the Event
Horizon Telescope Collaboration. From: K. Akiyama et al., First M87 Fvent Horizon Telescope
Results. I. The Shadow of the Supermassive Black Hole[111].

black hole is likely rotating; the spin affects geodesic motion, and hence the shadow, as will
be discussed in Box 19-B.
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CHAPTER 1 2

Gravitational waves

One of the most interesting predictions of the theory of General Relativity is the existence of
gravitational waves. The idea that a perturbation of the gravitational field should propagate
as a wave is, in some sense, intuitive. For example, electromagnetic waves were introduced
when the Coulomb theory of electrostatics was replaced by the theory of electrodynamics,
and it was shown that they transport through the space the information about the dynamics
of charged systems. In a similar way, when a mass-energy distribution changes in time
the information about this dynamics should propagate in the form of waves. However,
gravitational waves have a distinctive feature: due to the twofold nature of g,,, which is
both the metric tensor and the gravitational potential, gravitational waves are metric waves.
Thus, when a gravitational wave propagates, the geometry and, consequently, the proper
distance between spacetime points changes in time. In other words, gravitational waves do
not propagate in the spacetime, they actually are waves of the spacetime.

Gravitational waves can be studied by solving Einstein’s equations with different ap-
proaches: “exact”, perturbative, or numerical. In the “exact” approach we look for analytical
solutions of Finstein’s equations describing these waves; these can be found only by impos-
ing some particular symmetry, for example plane, spherical, or cylindrical. Exact solutions
can also describe the interaction of gravitational waves which, due to the non-linearity of
the equations of gravity, is very different from the interaction of electromagnetic waves [52].

The perturbative approach considers gravitational waves emitted by a source as small
perturbations of a background solution. It does not require a particular symmetry of the
spacetime, but it requires the knowledge of the background solution.

Finally, when we cannot impose a particular symmetry to the spacetime and the metric
cannot be considered as a small perturbation of a known background solution, we have
to follow the numerical approach, i.e. numerical integration of the full, non-linear Einstein
equations. Due to the non-linearity of these equations, this approach is very challenging.
An entire branch of General Relativity, named Numerical Relativity, studies all related
issues. The topic of Numerical Relativity deserves a monograph on its own and we refer the
interested reader to e.g. [6] and references therein.

In the rest of this book we shall only focus on the perturbative approach, treating
gravitational waves as small perturbations of a given background solution of Einstein’s
equations.

12.1  PERTURBATIVE APPROACH

Let gg,, be a known solution of Einstein’s equations; this will be referred to as the back-
ground. It can be, for instance, the metric of flat spacetime 7, or the metric describing a
Schwarzschild black hole. Let us consider a small perturbation of 921/ caused by some source

221
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described by a stress-energy tensor 07}, We write the metric tensor of the perturbed space-
time, g,,,,, as
uv = g/(,)”/ + h;w y (121)

where h,,,, is the small perturbation, such that
[y | < g0 |- (12.2)

We remark that Eqs. 12.1 and 12.2 hold in a given reference frame. As we shall discuss in
Sec. 12.2; although Einstein’s equations are invariant under a general coordinate transfor-
mation, only a subset of these transformations is consistent with the perturbative framework
defined by Eq. 12.1, i.e. those which preserve the condition 12.2.

Similarly to the case of flat background discussed in Sec. 6.1, the inverse metric is

g = g W O (123)
where the indices of A*¥ have been raised with the unperturbed metric
W = g0reg0rPp g (12.4)

It is easy to show that ¢g"” defined in Eq. 12.3 is the inverse metric; indeed with this

definition,
(8°" = W) (g0 + hua) = 6% + O(R?). (12.5)

The equations governing the dynamics of h,, are obtained by linearizing Einstein’s
equations, which are conveniently written in the following form

Ry — ﬁ <T;w _ 19WT> ; (12.6)

c 2
the stress-energy temsor 71}, is the sum of two terms, one associated to the source that
generates the background geometry 921,, say T Sw and one associated to the source of the
perturbation ¢7),,, which is of order h.

Let us first consider the left-hand side of Eq. 12.6. We remind that the Ricci tensor R,,,
is (see Box 4-A)

Ry =10, —T0., +10.10, —To, I (12.7)

pv o po,v oo~ pv oVt pad

and that the affine connections Fg L are

1 [e3%
T3 = 597 (9apu + Gop.s — 9p.a) - (12.8)

The I') ,. computed for the perturbed metric 12.1 are

Fgu (guu) = (QO’WX - h7a> l:(ggcﬁ,p, + gg,u,,ﬂ - ggﬂ,a) + (hocﬁ,p, + hau,ﬂ - hﬂlha)]

1
o (ggcﬁ,u + g(c)wﬁ - ggu,a) + 590 b (haﬁ,u + hamﬁ - hﬂu,a) (12~9>

- Sh™ (ggﬁ’u + gguyﬁ B gg’u,a) + O<h2>
17, (¢°) + 1%, (6° h) + O(h?),

g

=N =N

[\

where 0T}, (¢°, h) are the first-order corrections, which are linear in Ay,

1 « 1 «
51—%# (907 h) = 5907 (haﬁ,u + hcw,ﬁ - hﬁu’a) - §h7 (ggﬁ,u + 98%5 - ggu,a) : (12'10)
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Note that, as shown in Sec. 7.3, 6I'jj, are the components of a tensor, and can be written
as (see Eq. 7.28)

1 1
51—‘//)1/ = §g>\p (hup;u + hupy — hw’;p) = 590 A (hup;u + hupip — hw;p) + O(hz) - (12.11)

When we substitute the expression of Fg u (9uv) given in Eq. 12.9 in the Ricci tensor we get

Ry () 9°) + 52005 (9% h) — o (9% h) (12.12)

W( o

20 (%) T3, (5", )+ (7 I (o)

- <g°) 015 (9% h) = 15, (9% 1) T, (9°) + OCh
0 (6°) + T30 (9% 1) = 0T i (%, 1) + O(h?)
RS, (4°) + 6R,u (9% h) + O(h?),

where the covariant derivative is performed with respect to the background metric ggy.
Note that the expression of 0R,, in Eq. 12.12 can also be obtained using the Palatini
identity 7.31.

Let us now consider the right-hand side of the Einstein equations 12.6, i.e.
(T,“, — %gl“,T). Since T, = TSV + 0T}, we get

T = g"Tu = (9" — ™) (T), + 6Tw) + O(h?) (12.13)
g T), — WM, + g™ 6T, + O(h?) = T° + 6T .
Consequently
(TW - ;ng> = T, + 6T — : (g“,, + hyy) (T° + 6T) (12.14)

1 1
- (TBV - QgguT()) + {57;” -3 (90,0T + tho)} +O(h?).

Combining Egs. 12.12 and 12.13, and reminding that g , 1s, by assumption, a solution of
Einstein’s equations in vacuum, R,,, (¢°) = 82€ (T, — 1¢0,T°), the ficld equations for the
perturbations h,, reduce to

6T, (9%, h) — 6T (¢°, ) =

pvio posy

st {(my - % (48,07 + hm,TO)} Lo, (12.15)

As expected, the above equations are linear in h,,,. Their solution describes the generation of
gravitational waves and their propagation in the considered background. This approximation
works sufficiently well in a variety of physical situations because gravitational waves are very
weak. This point will be discussed in more detail in Chapter 13, when we will study the
generation of gravitational waves.

12.2  GRAVITATIONAL WAVES AS PERTURBATIONS OF FLAT SPACETIME

Let us consider the flat spacetime described by the metric tensor 7,, and a small pertur-
bation h,, thereof, such that the resulting metric can be written as

Yuv = Muv + Iy, lhu| < 1. (12.16)
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In this case the equations derived in the previous section considerably simplify. The affine
connections 12.9 computed for the metric 12.16 give

1
T = 51 Mo + hpw e = ) + O(h°) (12.17)

Since the metric ¢, = 7, is constant, I'},(¢°) = 0 and ', = 6T}, (k) is of order O(h);
moreover, since the background is flat T;?u =0, and T, = 0T}, is also of order O(h).
In this case the left-hand side of Eq. 12.15 simply reduces to
ore ore
wo_ P o2 12.18
e~ g T OW) (12.18)
1 0? 0? 0?
= —<-Orhuw hy) h) — h O(h?).
2 { Pl o+ |:833)‘8.13” v ¥ aor T o N [T (")

The operator (g is the d’Alembertian in flat spacetime,

.90 192,
o= @tV (12.19)

Thus, Einstein’s equations 12.6 for h,, become

0? 0? 02 167G 1
{DFhW a {&v/\&r” i+ dxroxv Fiu = OtV hi] } T (T’w - 277WT> '
(12.20)
This equation can be considerably simplified by using the gauge freedom of Einstein’s equa-
tions discussed in Chapter 6. Indeed, the solution of Eq. 12.20 is not uniquely determined.
If we make a coordinate transformation, the transformed metric tensor is still a solution:
it describes the same physical situation seen from a different frame. However, since we are
working in the weak-field limit we are entitled to make only those transformations which
preserve the condition |h,,| < |nu, i.e. |hu| < 1. To this purpose, let us consider an
infinitesimal coordinate transformation

OrF =7

' =2% 4+ *(x), (12.21)

(note that the prime refers to the coordinate z%, not to the index «) where € is an arbitrary
vector such that €, , are of the same order of h,, (see discussion below). Then,

&ro‘/ aea
— =~ . 12.22
oxh H + Ok ( )
Furthermore, since !
81‘6” 8.’”3/ o aea 3eﬂ
Juv = g&ﬁww = (naﬂ + h;ﬁ) <5M + 8.’17“) <55 + 695”) (1223)

= N+ + e+ €+ O(R7),
and g, = N + Ay, it follows that, up to O(h?),
Mo = Py — (v + €un) - (12.24)

This equation can also be interpreted as the transformation of the metric perturbation for
an infinitesimal diffeomorphism (see Box 12-A).

/

INote that in this chapter we denote the transformed tensor as (say) Ry

simplifies the discussion on the infinitesimal coordinate transformations.

rather than as hy/./, since this
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From the above equation it follows that, if h,, satisfies the condition [h,,| < 1, hj,,

satisfies the same condition only if the derivatives €, ,, are of order h, as anticipated above.
Notice that hj,, is symmetric, as it should be.

In order to simplify Eq. 12.20 it appears convenient to choose a coordinate system in
which the harmonic gauge condition introduced in Sec. 6.4,

A VA
I =g+ ', =0, (12.25)
is satisfied. Indeed, using Eq. 12.17,
HUTA 1 v, Ap 2
g F;LV = 577 77 [h‘pu,u + hpy,p - huu,p] + O(h ) (1226)
1 1% v
- 577)\'3 (R p + 1 = 070} + O(R?).

Since the first two terms are equal to each other, we find

1
9o, = (h“p,u - 2h”u,p) +O(h?). (12.27)

Thus, up to terms that are first order in h,,,, the harmonic gauge condition is equivalent to

0 1 0
B N
8x#h r=3 axph’ (12.28)
where we have set
h=n*"h, =h",. (12.29)

Using this condition the term in square brackets in Eq. 12.20 vanishes, and the linearized
Einstein equations reduce to a simple wave equation supplemented by the condition 12.28,

167G 1
Ot 152 (1, L)

c
ih# 1 9 , (12.30)
oz ¥ 20xv
If we introduce the tensor )
B,uu = h;uz - inpuh; (1231)
Egs. 12.30 become
- 167G
Urhu = ——Tiw
9 _ c (12.32)
L hr, =0
Oxt
and outside the source, where T}, = 0,
Ophu =0
o - 12.33
h*, =0. ( )

dah

Since the first of Egs. 12.33 is the standard D’Alembert equation, it shows that a pertur-
bation of a flat spacetime propagates as a wave travelling at the speed of light, and that
Einstein’s theory of gravity predicts the existence of gravitational waves. The tensor /_1#1, is
also called the “trace-reversed” perturbation tensor, since

h =", = —h. (12.34)
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Fw(t, X)

observer

source

Figure 12.1: An observer located at a distance x from the source, at the time ¢ receives a wave
Ry (t,x) which is the sum of the contributions emitted from each source element located in x’ at

the retarded time t — @

As in electrodynamics, the solution of Eqs. 12.32 can be written in terms of retarded
potentials [67]

_ 4 T.(t— |x_xl‘,x’ .
By (t,x) = C—f/v b |X_;/| ) 32, (12.35)
where V is the three-dimensional source volume, x’ is the distance of an element of the
emitting source from the origin of a frame centered in some point of the source, x is the
distance of the observer from the source (see Fig. 12.1).

Remarkably, the retarded potentials solution in Eq. 12.35 automatically satisfies the
harmonic gauge condition

0 -
—h"" =0. 12.36
Bk (12.36)
Indeed, if we define the Green function
4G 1 |x — x'|
P —— |- [t - 12.
G(@-2") =5 |x—x’6[t (t p )], (12.37)

where & = (ct,x) and &' = (ct’,x’), Eq. 12.35 can be written as a four-dimensional integral
as follows

EW(:E’):/QTW(:?’) G(@x—7) d*’, (12.38)

where Q =V x I, and I is a time interval to be taken such that G(Z — #’) vanishes at the
extrema of I. This condition is satisfied if I is so large that, for all x’ € V, the instant
' =1t— chl is contained in [; indeed, from Eq. 12.37, the Green function G is different

x—x]

from zero only for t' =t —
Since G is a function of the difference (¥ — &), then

2 G(E -2 = —% G(&—1)] . (12.39)
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Consequently,
g @ = [ e @ -w) ate = - [ 1 Te @ -7
Ozt Q Ozt Q oz '
(12.40)
The last term can be integrated by parts,
(e 2 g7 avef = 12.41
1@ 50 @ - 7) el = (12.41)

/d4:p’ %H[TW@’)Q (f—f’)}—/d‘*m’ [ajm:rﬂ”(:z’)} G(F—7) da’.
Q Q

We now show that both integrals above vanish. By Gauss’ theorem, the first integral over
the 4-volume 2 on the right-hand side of Eq. 12.41 is equal to the flux of [T"*(Z )G (¥ — &')]
across the surface 9€2 enclosing that volume, i.e.

/ o’ =1z g (7 7)) = / [T (2 )G (% — &) dS, , (12.42)
Q o0

ox'?
where dS is the surface element on Jf), with normal vector n#, and dS, = n,dS. This
integral vanishes since T"” = 0 on the boundary of V and G = 0 on the boundary of I. The
second integral on the right-hand side of Eq. 12.41 also vanishes, since the stress-energy
tensor satisfies the conservation law 7" , = 0. Consequently, Eq. 12.41 vanishes and hence

O Zii
@h“ (%) =0, (12.43)

as previously stated.
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Box 12-A \

Transformation of metric perturbations under infinitesimal
diffeomorphisms

As discussed in Sec. 8.5, the invariance of Einstein’s equations with respect to general
coordinate transformations is formally equivalent to the invariance of the same equa-
tions under diffeomorphisms, and a gauge transformation can be interpreted either as
a coordinate transformation or as a diffeomorphism. Thus Eq. 12.21,

¥ = 2% + %() (12.44)

with €*(z) of order O(h), can be interpreted as an infinitesimal diffeomorphism of order
O(h). Under such diffeomorphism, the change in the metric components is given by the
Lie derivative (see Box 8-A)

09 = LeGuw = €y + v - (12.45)
Therefore,
G + 890 = (G + Pp) + 89y = Gy + B (12.46)
consequently,
h:w = Ry + G0 = Py + € + €vip (12.47)

which, if gg,, = 1w, is equivalent up to O(h?) terms, and a sign difference, to Eq. 12.24,
Rl = hyuw — (€0 + €0)-

The reason of this sign difference is the following. Eq. 12.44 corresponds to both a
coordinate transformation and a diffeomorphism, but these affect scalar functions (and
vector and tensor field as well) in a different way. Let us consider, for instance, a scalar
function f(z); it is transformed by a coordinate transformation 12.21 into a function f’
such that f'(z") = f(x). Therefore, f'(z +¢€) = f(x) and thus (f' — f)(z) = —€e" f . (x).
Conversely, the function f is transformed by a diffeornorphism 12.21 into a function f’
such that f’(z) = f(«'), and thus in that case (f' — f)(z) = € f ,(z). The same holds
for vector and tensor fields.

12.3 HOW TO CHOOSE THE HARMONIC GAUGE

We shall now show that if the harmonic gauge condition is not satisfied in a reference
frame, we can always find a new frame where it is, by making an infinitesimal coordinate
transformation

N =2+, (12.48)
provided €* satisfies the following equation
oh’ 1 oh
O —_ p_ 12.49
P = "9~ 2 9zr ( )

Indeed, under a change of coordinates the quantity I'* = g“”l—‘l’),} transforms according to
Eq. 6.74, i.e.

.o 92N
M= P — gre . 12.50
oxP g oxPOx° ( )
Since from Eq. 12.48
oz e
Y T (12.51)

Ox° 7 9xo’
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the last term in Eq. 12.50 gives

p 32:10)‘/ - 0 A aeA - 826/\ \
g”° ey =g° |:6];/’ <(5g + W>:| =7n” (31,,;@950) =[Ope*. (1252)

In addition, from Eq. 12.27

1
- <h"w _ Qh,y> , (12.53)
therefore in the new gauge the condition '\ = 0 becomes
/ ot OhH 1 0h
M =(6+-—)n" L - —Ope* =0. 12.54
(f'*axp)” (axu anv) re" =0 (12.54)
If we neglect second-order terms in h, Eq. 12.54 reduces to
/ Oh* 1 0h
N — v v_ - —Ope = 12.
n ( Oxt 2 81””) re =0, (12.55)

which, contracting with 1y, and reminding that ny,n*" = 6%, finally gives

oh*, 1 Oh
Azt 20z’
i.e. Eq. 12.49. This is an inhomogeneous wave equation, which can be solved with standard
techniques to find the components €,. These identify the coordinate system in which the
harmonic gauge condition is satisfied.

It is important to note that the harmonic gauge condition 12.25 does not determine the
gauge uniquely. Indeed, suppose that we are in a frame where this condition is satisfied,
i.e. '’ = 0. If we make an infinitesimal coordinate transformation 12.48 and impose that
e* satisfies the equation Ope”* = 0, according to Eqgs. 12.50 and 12.52 in the new frame

'Y = 0, i.e. the harmonic gauge condition still holds. This gauge freedom will be used in
Sec. 12.5.

Opeq = (12.56)

12.4 PLANE GRAVITATIONAL WAVES

We have shown that the perturbations of flat spacetime satisfy the wave equation

Ophy, =0 (12.57)
supplemented by the harmonic gauge condition
9 -
—h* =0. 12.58
Bk (12.58)

The general solution of Eq. 12.57 is a linear superposition of monochromatic plane waves,
each one of the form - 4
By = R{ A"} (12.59)

where A, is the polarization tensor, i.e. the wave amplitude, k is the wave four-vector,
and R(z) denotes the real part of any complex number z, which we shall often omit for
simplicity.

By direct substitution of Eq. 12.59 into Eq. 12.57 we find

7 « 9 9 ikyx? o 9 . ik
DFh’Hl/ = Al“’n B%w (6 ey ) = Al“/n Ba? ’Lk»y&’y[-}e oy } (1260)

0 0 P
AWWO‘B@ {ikgelk“fx } = —Awn“ﬂkak’g etfr®’ =,
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Thus, neglecting the trivial solution A4, = 0, Eq. 12.59 is a solution to Eq. 12.57 if
n*Pkaks =0, (12.61)

that is, if k is a null vector.
The harmonic gauge condition 12.58 can be written as

o -
nuawhoﬂ/ =0. (1262)

Using Eq. 12.59, this yields
n’““@%queikvw” =0 — Ay k,=0 — k,AM, =0. (12.63)

This further condition imposes the orthogonality of the wave four-vector to the polarization
tensor. -
The perturbation A, in Eq. 12.59 is constant on those surfaces where

kox™ = const — k;a® = const — ckot . (12.64)

At fixed time, the spatial surfaces where B;w is constant, i.e. the wavefronts of the gravita-
tional wave, are the planes k;x" = const.
It is conventional to refer to k° as ¢, where w is the wave pulsation (we shall often refer
to it simply as “frequency”). Consequently
- w
K= (7,1{) , (12.65)
c
where k is the wave three-vector with components (k',k? k?), and is orthogonal to the
wavefront. It is related to the wavelength A by |k| = 27 /. Since k is a null vector

—(K0)? + (k")? + (K*)? + (K°)* = —=(k)* + [k[ = 0, (12.66)
from which it follows
w = cko = k|, (12.67)

which gives the expected dispersion relation for a wave moving at the speed of light.

12.5 THETT GAUGE

Let us now discuss how many of the ten components of i, have a real physical meaning, i.e.
what are the degrees of freedom of a gravitational wave. Consider a plane wave propagating
in flat spacetime along the x-direction, using Cartesian coordinates (z!, 22, 2%) = (z,v, 2).

Since hy,,, is independent of y and z, Eq. 12.57 becomes (as before we raise and lower indices

with 7, ) )
( 19 + 9 )hﬂyzo, (12.68)

2o 9a?
This is the one-dimensional wave equation, the solution of which is an arbitrary function of
t+ £. Let us consider, for example, a progressive wave ht, [f(t,r)], where f(t,z) =t — Z.
Since
gi_z“ B Oﬁ”yg Oty
ot " of ot  of
05 on', df  10h,

oz VT Of dx ¢ of

(12.69)
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the harmonic gauge condition %I_#‘y = 0 gives
d -, 1o, 9h*, 10

—ht, == + -

oz c Ot Oz cof

[ht, —h*,] =0. (12.70)

The solution of this equation is hf, — h*, = const and, since we are interested only in

the time-dependent part of the solution, we can set the integration constants to zero 2.

Consequently
ht, = h%,, ht, =h%,, R, = h*,, ht.=h",. (12.71)

We now remind that, as shown at the end of Sec. 12.3, we still have the freedom of making
an infinitesimal coordinate transformation

' =gt 4 et (12.72)

with €, = O(h). If Ope* = 0, the harmonic gauge condition is satisfied also in the new
frame, and consequently the tensor h’W satisfies the wave equation

Ophl, =0. (12.73)

n%

Using this gauge freedom and without loss of generality, we can choose the four functions
e" to set to zero the following four quantities

k', =h',=h',=hY,+h*, =0. (12.74)
From Eq. 12.71 it then follows that
h*, =h", =h",=h', =0. (12.75)

The remaining non-vanishing components are h*, and h¥, —h*,. These components cannot
be set equal to zero, because we have exhausted our gauge freedom.
From Eqs. 12.74 and 12.75 it follows that, with the above choice,

h=h",=h'y+h" +hY, +h*, =0. (12.76)
Since h = —h (see Eq. 12.34) it follows that h = 0, consequently

= 1
hyw = by — Qn;wh =huw, (12.77)

i.e. in this gauge h,, and FL,“, coincide and are traceless. Thus, a plane gravitational wave
propagating along the z-axis is characterized by two functions h., and hy,y = —h,, while
the remaining components can be set to zero by choosing the gauge, as we have shown

00 0 0
00 0 0
RIT — 12.78
w 0 0 hy hy ( )
0 0 hy. —hy,

2We remark that Eq. 12.57 is linear in the metric perturbation, like e.g. Maxwell’s equations for the
electromagnetic field, or Klein-Gordon’s equation for the scalar field. Linear, differential equations satisfy
the superposition principle: a linear combination of solutions is still a solution. Therefore, it is legitimate
to study the time-dependent solutions of Eq. 12.57, and discard the solutions constant in time (the latter
will be studied in Chapter 17). The superposition principle does not apply to the full non-linear Einstein
equations; in that case, different solutions cannot be studied separately.
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In conclusion, a gravitational wave has only two physical degrees of freedom, which
correspond to two polarization states. The gauge in which this is clearly manifested is
called the TT gauge, where ‘T'T’ stands for “transverse traceless”: it indicates that the
metric tensor hy,, is traceless, i.e. h = 0, and transverse, i.e. the components of h,, along
the direction of propagation vanish (in this case, h,, = 0). Note that the transversality
condition, together with the harmonic gauge condition h*,, = 0, implies that in the TT
gauge the components h,o also vanish.

12.6 HOW DOES A GRAVITATIONAL WAVE AFFECT THE MOTION OF A
SINGLE PARTICLE
Consider a particle at rest in flat spacetime before the passage of a gravitational wave. We

take the x-axis coincident with the direction of propagation of an incoming wave in the TT
gauge. The particle follows a geodesic of the curved spacetime generated by the wave

d%z® o dxt dzv  du®
—_ —_— = — + 1% uu” =0. 12.79
dr? B dr dr dr Tttt ( )

At 7 = 0 the particle is at rest (u® = (1,0,0,0)) and, from the above equation, the initial
acceleration produced by the wave is

du® « 1 a
<dT>( =T = —gn ? [hBo.0 + hogo — hoos] - (12.80)
7=0

Since in the TT gauge all time components of h,, are zero (see Eq. 12.78), Eq. 12.80 gives

<‘Z‘) = 0. (12.81)
T/ (r=0)

Thus, u® remains constant, which means that the particle is not accelerated by the wave
and remains at a fized coordinate position. We conclude that the motion of a single particle
is not affected by the passage of the gravitational wave.

12.7 GEODESIC DEVIATION INDUCED BY A GRAVITATIONAL WAVE

We shall now study the relative motion of neighbouring particles induced by a gravitational
wave. Let us consider two particles A and B, initially at rest, with coordinates zfy, /5.
We shall assume that a plane-fronted gravitational wave reaches them at some coordinate
time ¢ = 0, propagating along the z-axis. We shall use the TT gauge, so that the only
non-vanishing components of the wave are those on the (y, z)-plane as in Eq. 12.78. In this
frame, the metric is

ds® = guudatde” = (u, + by )datdz” . (12.82)

As shown in the previous section, if the two particles are initially at rest, they will remain
at the same coordinate position even later, when the wave passes by: thus their coordinate
separation

St = aly — al) (12.83)

remains constant. We may visualize the T'T coordinate frame as a grid of massive particles
initially at rest: the position of each particle corresponds to a given space point of the frame.
At the passage of a gravitational wave, the grid stretches but the coordinate positions of
the particles remain, by definition, constant.

However, the gravitational wave does affect the system. Indeed, it changes the proper
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distance between particles, and this is a scalar quantity invariant under coordinate transfor-
mations. For example if two particles are on the y-axis,

YB 1 YB 1
Al = /ds:/ |gyy|5dy:/ [1+h;i;r(tfx/c)}2dy (12.84)
ya ya
Lor
~ 1+§hyy (t—=x/c)| # const.

The fact that the coordinate separation given in Eq. 12.83 remains constant, whereas the
proper distance 12.84 changes, may seem in contradiction. However, we remind that in
General Relativity non-tensorial quantities (such as the coordinate separation among two
events in the TT frame) may not be appropriate to describe physical processes, because they
are not covariant under general coordinate transformations; therefore, it may be difficult
to discriminate between true, physical effects and artifacts of the choice of the coordinate
frame. In order to study the physical effects produced by the wave, we should consider
tensorial relations, which are covariant under coordinate transformations. To this purpose
it is useful to study the geodesic deviation introduced in Sec. 4.5, which gives the relative
acceleration between two particles, and is a tensorial quantity. It is worth reminding that

the geodesic deviation
D25z S\ @
2= (VF (Vt-* 5.13)) , (12.85)

where ¢ is the tangent vector to one of the two neighbouring geodesics, is given in terms of
the Riemann tensor through Eq. 4.52, which we rewrite here for convenience:

———— = R%,, t7 t" §2¥ . (12.86)

In the presence of a gravitational wave, the Riemann tensor does not vanish, whatever frame

D;ffi # 0 in any frame, including the TT frame.

, instead, is not a tensorial quantity, and — as noted above — it vanishes

we use; therefore, the geodesic deviation
The quantity d;ff
in the TT frame.

We shall integrate the equation of geodesic deviation in the LIF {{*} centered on one of
the two particles, say the particle A (see Sec. 3.9). Note that the coordinate separation in the
LIF, §£%, is not a tensorial quantity; nevertheless it is appropriate to describe the relative
motion. Indeed, {{*} are the coordinates of a local observer who performs the measurement
and, by the Equivalence Principle, the laws of physics in this frame are those of Special
Relativity, therefore no spurious coordinate-dependent effects can affect the measurement.

As explained in Box 3-A; in the neighbourhood of A the metric differs from Minkowski’s
metric by terms of order |£|?, i.e.

ds® = napdg®ds” + O(Ig[?). (12.87)

In this frame the particle A has space coordinates &%, = 0 (i = 1,2,3), and since it is at
rest, its proper time coincides with the coordinate time

ta=rfe, B 10,00 (12.88)
=7/c = ; .
A ) dr A y» Uy Uy )
in addition
Guv |A = Nuw » Guv,a)a =0 (i.e. Fzy A= 0), (12.89)

where the subscript |4 means that the quantities are computed along the geodesic of the
particle A. The vector t* tangent to the geodesic of the particle A is t* = K%H 4= (1,0,0,0),
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Figure 12.2: Two nearby particles in the LIF {"} centered on the particle A.

and 0xY = §£7 are the components of the separation vector between the particles A and B.
Thus Eq. 12.86 becomes

Der _ o, dg* def

1 d26¢m
drz e |A dT |A

c? dt?

5 = Rlg0, 067 . (12.90)
In the LIF centered in the worldline of the particle A the Riemann tensor is (see Eq. 4.23)

1
Rgg;\u = 5 (gap,,/\ﬁ + G pa — Jarux — gnu,ka) 5 (1291)

and, since g, = Ny + ALF it takes the form

puv o
1
LIF LIF LIF LIF LIF

Ra/{)\ﬂ = 5 (hap,,)\n + h‘m)\,,u,a - ha)\,un - hmu,)\a) . (1292)
In the TT gauge, where g,, = 1., —i—th“T and hEVT #* hb}ﬂ the Riemann tensor has formally

the same expression as in the LIF, i.e.

1

REEAM = 5 (hgg)\n + hE)T,ua - hgz{un - hE/;I:)\a) + O(h2) ; (1293)

however, it greatly simplifies because in this gauge the only non-vanishing components of
hEl,T are those orthogonal to the direction of propagation of the wave. Thus, it is useful
to find the relation between the Riemann tensor computed in the TT gauge and that
computed in the LIF. As explained in Sec. 12.5, in order to choose a TT frame we need
to make an infinitesimal coordinate transformation x* — z# + €, with Ope* = 0, and
impose the transverse-traceless conditions. Under this transformation h,, transforms as
hﬁ},F = hE,T + €y, + €4, Which, substituted in Eq. 12.92, gives

RE;FAM = RELF)‘\M - % (ea,uﬁ/\ + [STRTEDY + €r, Ao + EN ko (1294)

LIF
“C€a rp T Exarp T Crpa T 6#7504)\) = Rom/\p, :
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Hence

RIT

which shows that the Riemann tensor is invariant (and not only covariant) under the in-
finitesimal coordinate transformation 12.72 between a generic LIF and the TT frame 3. Due
to this property, we can solve Eq. 12.90, which holds in the LIF centered in A, using the
Riemann tensor 12.93 computed in the TT gauge

1 d?6¢r

2 dt?
We stress that in Eq. 12.96 the Riemann tensor is written in terms of the T'T metric huv ,
while §£% is the coordinate separation in the LIF.

Assuming that the wave travels along &', the only non-vanishing components of hTT are
those with u,v = 2,3, and these depend on £° and &'; for a progressive wave h;w 0= hEEl,
and using Eq. 12.93 it is easy to show that the non-vanishing components of the Riemann
tensor are

= RLIE (12.95)

arAp — TltakAp

= R 10,567 (12.96)

RzOOm = hzm 00 » iv m = 27 3. (1297)
It follows that
1 .1 92p1T
TT 77 _ 7 7 . _
R P o0m = 0" Rigo, = s S bm=2.3, (12.98)

and Eq. 12.96 becomes
d?5&n 1 8%?;3 m

— = 12.99
w21 o (12.99)
For t < 0 the two particles are at rest relative to each other, and consequently
t<0 087 = 5¢el . (12.100)
Since hTT is a small perturbation, when the wave arrives the relative position of the particles

changes only by infinitesimal quantities, therefore we put
t>0 587 (t) = 883 + 8] (1), l6¢]| < 1683, (12.101)

ie. 5{{ (t) is a small perturbation of the initial separation 55&. Substituting Eq. 12.101

in BEq. 12.99, remembering that §¢) is constant, and retaining only terms of order O(h),
Eq. 12.99 becomes

d?og 1 it it

dt? 2 ot?

The solution of this equation (with the condition 667 = £6¢7 = 0 for ¢ < 0) is

oek . (12.102)

553’:5§3+1 It pET sel . (12.103)

If the wave propagates along &' only the components hos = —hss, hog = haa are different
from zero, and Eq. 12.103 yields

SEY =8¢ + = 2 n“h ok = gl (12.104)
6% =665 + n”h 8¢ = 065 + ( ) 065 + oyt 067)

5—5€o+1n33h dek = 668 + 3 (WEF o6k + b o)

2

3We leave as an exercise for the reader to show that this property is more generic: the Riemann tensor
linearized on a flat spacetime and written in any frame is invariant (rather than only covariant) under an
infinitesimal coordinate transformation 12.72.
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Thus, the particles are accelerated only in the plane orthogonal to the direction of propa-
gation, and this clearly shows the transverse nature of gravitational waves.

Let us now study the effect of the polarization of the wave, and to simplify the notation
let us put (£%,€2,€%) = (z,y,2). Let us consider a progressive plane wave (see Eq. 12.59)
with frequency w and period P = 27/w. In the TT gauge, its non-vanishing components
are (we omit in the following the superscript TT)

hyy ~hoe =20 {4 WD (12.105)

hy: = hzy:m{AXeiw(tf%)}?

where A4 and Ay are complex constants. Consider two particles, 1 and 2, initially located
at (0,0,0) and (0,0, 2), respectively, as indicated in the first plot of the upper panel
of Fig. 12.3. The particle A to which the LIF is attached is sitting at the origin and is
not indicated in Fig. 12.3 and in the following figures. Thus the space components of the
vectors which separate A from the two particles coincide with the particles coordinates (see
Fig. 12.2). Let us first consider the polarization ‘+’, i.e.

AL #0 and A, =0. (12.106)

Assuming the initial phase is zero (i.e. A, is real?) Eq. 12.105 gives

By = —haz = 24 cosw (£ = %) . hye=hay =0, (12.107)

and Eq. 12.104 written for the two particles for ¢ > 0 gives
1
particle 1 : z2=0, y=uyo+ ihyy Yo = Yo {1 + Ay cosw (t — E)} , (12.108)
c

1
particle 2: y =0, z=2z+ §hzz 20 = 20 [1 — Ay cosw (t - f)] :
c

Since for ¢ < 0 the particles are at (yo,0) and (0,20), at t = 0 w(t — £) = 5. Therefore, at
t=0

particle 1: 2z =0, Y=o, (12.109)
particle 2: y =0, Z2=2.

After a quarter of a period, t = P/4, w (t — %) =, and

particle 1: 2z =0, y=1vo(1—A44), (12.110)
particle 2: y =0, z=2z(1+Ay) .

After half a period, t = P/2, w (t — %) = 37 and

particle 1: 2z =0, Y=o, (12.111)
particle 2: y =0, Z=20.

After three quarters of a period, t = 3P/4

particle 1: 2z =0, y=yo(l+Ay), (12.112)
particle 2: y =0, z=2z0(1—Ay) .

iw(t—2) _

4The phase of the complex amplitude Ay = |A4|e*?0 is the initial phase of the wave, since A4 e
‘A+|ei(W(t*%)+¢o).
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Figure 12.3: In the upper panel we show the displacement of two particles in the (y, z) plane due to
the passage of a gravitational wave propagating along = with polarization ‘+’. Initially the particles
1 and 2 are located at (3,0) and at (0, 3), respectively. We set the gravitational wave amplitude
to Ay =1 (as discussed in the next chapters, this deformation is enormously exaggerated relative
to the real effects of a gravitational wave detectable on Earth). The time snapshots correspond to
t=0,t=P/4,t = P/2,t = 3P/2 (left upper corner of each plot), where P is the wave period.
In the lower panel the deformation of a small ring of particles in the (y, z) plane produced by the
same wave is shown for the same values of time.

Similarly, if we consider a small ring of particles centered at the origin, the effect of the wave
with polarization ‘+’ is that of deforming the circle in an ellipse prolate (after half a period)
and oblate (after three quarters of a period), as shown in the lower panel of Fig. 12.3. Note
that in this figure the effect of the gravitational wave is enormously exaggerated: as we
shall discuss in Chapter 14, for typical gravitational waves detectable on Earth, a ring of
particles with size roughly 1 meter would be deformed by 10~2' m only!

Let us now study the effect of the polarization ‘x’,i.e. Ax # 0and A4 = 0. Consider four
particles 1, 2, 3, and 4, initially located at (0, yo, 20), (0, —¥0, 20), (0, —=y0, —20), (0, Yo, —20),
respectively, as indicated in the first plot of the upper panel of Fig. 12.4.

Assuming the initial phase is zero (i.e. Ay is real) Eq. 12.105 gives

Py =he: =0, hye = hay = 24, cosw (1= ) (12.113)
C

and Eq. 12.104 written for each of the four particles for ¢t > 0 gives
1 T
yzyo+§hyz 20 = Yo + Ax cosw (t—z) 20 (12.114)
1
z:z0+§h2y Yo = 2o + Ax cosw(t—f> Yo - (12.115)
c

If, for simplicity, we assume that yo = zg = r, at ¢ = 0 the positions of the four particles
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Figure 12.4: Upper panel: displacement produced by a wave propagating along x with polarization
‘x’, on four particles in the (y,z) plane. The particles are initially located at (yo,20) = (3,3),
(yo0,20) = (=3,3), (y0,20) = (—3,3), and (yo,20) = (3,—3), respectively, and the gravitational
wave amplitude is Ax = 1. As in Fig. 12.3 the time snapshots correspond to t = 0, t = P/4,
t = P/2, t = 3P/2. Lower panel: deformation produced by the same wave on a small ring of
particles in the (y, z) plane, for the same values of time.

are:
particle 1: y=r z=r, (12.116)
particle 2: y=—r z=r,
particle 3: y=—r zZ=-r,
particle4: y=r z=-r.

At t = P/4, cosw(t — £) = —1, and

c

particle 1 : y=r(1—-Ax) z=r(1-A4Ax), (12.117)
particle 2 : y=—-r(1+Ax) z=r(l+Ay),

particle 3 : y=-r(1—-A4y) z=—-r(l-Ax),

particle 4 : y=r(1+Ax) z=—-r(1+Ay).

At t = P/2, cosw(t — %) = 0 and the particles go back to the initial positions. At t = 3P/4,
cosw(t — %) =1 and

particle 1 : y=r(1+Ax) z=r(1+Ay), (12.118)
particle 2 : y=—-r(1—-A4y) z=r(1-Ayx),

particle 3 : y=—-r(1+Ax) z=—-r(l+Ay),

particle 4 : y=r(1—-Ax) z=—-r(1—Ay)

The snapshots of the particles position at these times are shown in the upper panel of
Fig. 12.4.
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It follows that a small ring of particles centered at the origin will again become an
ellipse after a quarter of a period, but rotated at 45° with respect to the case previously
analysed (see the lower panel of Fig. 12.3). In conclusion, we can define A, and Ay as the
polarization amplitudes of the wave. The wave will be linearly polarized when only one
of the two polarization amplitudes is different from zero. The effect produced by a general
wave containing both polarizations will be a superposition of the effects shown in Fig. 12.3
and Fig. 12.4.

12.8  GRAVITATIONAL WAVES AND MICHELSON INTERFEROMETERS

The Michelson interferometer is a device consisting of two tubes (“arms”) orthogonal to each
other. A source sends a light beam to a beam splitter (e.g. a half-silvered mirror), and the
two parts of the beam are reflected by mirrors put at the end of the arms (see Fig. 12.5).
These beams go back and forth along the arms, and when they reach the screen (the
detector) they produce the interference pattern. During the 19th century, this instrument
played a fundamental role in the crisis of classical physics, since it was used to prove that
the speed of light is a universal constant, eventually leading to the formulation of Special
Relativity. After one century and a half, in 2015, a similar device was used in the LIGO
experiment to detect — for the first time — the gravitational waves emitted by an astrophysical
source [1]: the coalescence of a binary system composed by two black holes (see Chapter 14).
In the following years, LIGO (and a similar interferometric detector, Virgo) detected several
gravitational wave signals emitted by compact sources like neutron stars and black holes.

The LIGO and Virgo interferometers are of course much more sophisticated instruments
than that used by Michelson in the 19th century: for instance the light beams are laser
beams, they cross the arms back and forth hundreds of times before reaching the detector,
where a photodetector replaces the screen; moreover in order to detect the incredibly small
variation of the interference pattern induced by a gravitational wave, the interferometers
must be accurately isolated from any source of noise. However, they work on the same basic
principles as the Michelson instrument.

Let us assume, for instance, that the arms of the interferometer lie in the y and z
directions, and that a gravitational wave propagates in the x direction, with polarization
‘+’ in the plane yz (see Eq. 12.107). When the wave crosses the interferometer, the proper
lengths of the two arms change, and the paths of the light rays change as well. The difference
of the paths determines a shift in the interference pattern on the detector.

This description may appear too simplistic. One could remark, for instance, that the
number of light wavelengths contained in an arm does not change when the gravitational
wave passes through the interferometer, because both the arm and the wavelength are
stretched by the same amount. Does the gravitational wave affect at all the interference
pattern?

The answer to this question is “yes!”, because the interference pattern is affected by the
time delay in the light propagation produced by the gravitational wave. In order to estimate
this delay, we describe the interferometer and the gravitational wave (with ‘4 polarization)
in the TT gauge (see Eq. 12.82):

ds? = (i + hiop )datde” = —dt? + da® + (1+ hy)dy? + (1 — hy)dz® . (12.119)

Let Iy be the proper length of the two arms (between the beam splitter and the mirrors),
measured in the TT frame, before the arrival of the wave, and let w be the frequency of the
gravitational wave.

If we assume that the wavelength of the impinging wave, Agw = 27¢/w, is much larger
than the arm-length [y, i.e. that Agw > [y, the gravitational perturbation h; can be
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Figure 12.5: Schematic structure of a Michelson interferometer.

considered as constant as the light ray crosses the arm. A light ray moving in the y direction
follows a null geodesic with ¢?dt? = (1 + hy)dy?, thus dt = ¢! (1 + hy /2) dy + O(h?) and
the time to cross back and forth the y-arm is

hi\ 2o
ty) = (1 - 2*) = (12.120)

A light ray moving in the z direction, instead, follows a null geodesic with c?dt? = (1 —
h.)dz?, therefore it crosses back and forth the z-arm in the time

2
tz) = ( — h2+> % (12.121)

Therefore, although — as discussed in Sec. 12.6 — the coordinate positions of the arm points
in the TT gauge are not affected by the gravitational wave, the time needed to cross the
arms s affected. When the rays join in the detector, there is a time delay

21,
At =t —te) =~ "he (12.122)

between them, which produces a shift ~ cAt = 2lph, in the interference fringes (this shift
was measured on a screen in the original Michelson-Morley experiment, while in modern
gravitational wave interferometers it is measured with a photodetector). If the amplitude of
the wave is large enough, as we shall discuss in the next chapters, this shift can be directly
measured.

Strictly speaking, the condition ly < Agw is only marginally satisfied by the interfer-
ometers LIGO and Virgo, for which ly < Agw. In this case Eq. 12.122 gives an approximate



Gravitational waves B 241

estimate of the time delay. A more detailed analysis can be found in Chapter 9 of [82],
where it is shown that the interferometer is most sensitive when

1
o=~ Aaw - (12.123)

For instance, for a signal with frequency ~ 100 Hz, well within the sensitivity band of LIGO
and Virgo, Agw ~ 3000 km, and thus the optimal length is [y ~ 750 km. This is close to
the effective length of the arms, i.e. to their actual length (4 km) multiplied by the times
the light ray goes back and forth before reaching the photodetector (a few hundreds).
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CHAPTER 1 3

Gravitational waves in the
quadrupole approximation

In this chapter we will study the gravitational waves emitted by dynamical systems described
by a stress-energy tensor T, on the assumption that the gravitational field is weak and
that the speed of the bodies is small compared to the speed of light. This assumption is called
the quadrupole approximation since, as we shall show, in this regime the emitted radiation
depends only on the quadrupole moment of the source. The quadrupole approximation
allows to estimate the gravitational energy and the waveforms emitted by these systems.
We remark that we shall use Latin indices for the space components of tensors, and Greek
indices for the spacetime components. Furthermore, unless otherwise stated, in this Chapter
we shall keep physical units, writing G and ¢ explicitly.

13.1  THE WEAK-FIELD, SLOW-MOTION APPROXIMATION

In Sec. 12.2 we showed that in the weak-field limit, i.e. when the metric tensor can be
written as gy, = Ny + hyw with |y, | < 1, and with a suitable choice of the gauge,
Einstein’s equations reduce to Eq. 12.32, which we here re-write for convenience

_ 1
Oy = — 207G (13.1)

The second equation is the harmonic gauge condition.
We shall now solve these equations assuming that the region (of size €) where the source

is confined, namely
#0 if |2 <e
T { =0 otherwise ’ (13.2)

is much smaller than the wavelength of the emitted radiation, Agw = % This implies

that
2me
7 >e — ew<kKcCc —  Utypical K C. (133)

In other words, the typical velocities of the system, viypical ~ €w, are much smaller than the
speed of light; for this reason this is called the slow-motion approximation.
Let us consider the first of Egs. 13.1,
- 167G
DFh;w = _7T;w7 (134)

ct

243
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where we remind that

7 | R 12,
h,“, = h;“, — inuyh and DF = 77‘ @31»1/ = _072@ + A\ (135)

As discussed in Sec. 12.2 the general solution of the inhomogeneous d’Alembertian equa-
tion 13.4 can be written in terms of retarded potentials,

_ AG [ T (t— 2=l
_ / prlt = 75X 3 (13.6)
14

x — x|

|x—x| |x—x"]

where t — is the retarded time, and is the time that the wave takes to travel
from the source element at x’ to the observer located at x (see Fig. 12.1). The above integral
is performed over the entire three-dimensional source volume V.

By defining the Fourier transforms of both B;w and T},

+o0 )
T(t,x) = / Ty (W, x)e™"™" dw, (13.7)
—00
hu(t,x) = / B (w, x)e ™" duw,
Eq. 13.6 gives
|x—x]
- 4G e e o
hm,(w,x) = 074 /V TNV(w7x/)Wd l‘/ . (138)

Indeed, multiplying both sides of Eq. 13.8 with e ™! and integrating in dw we obtain
Eq. 13.6.

The frequencies w contributing to the Fourier transform are the typical pulsations of
the gravitational wave, which — in the slow-motion approximation — satisfy the condition
Aew = ZZ¢ > e. Since, for x' within the source, [x| < ¢, it follows that w|x/|/c < 2.
Therefore !,

iw7|x7x'\ iwm iws

e c e c e ¢
o~ = , 13.9
xR (139)

where we have set » = |x|. Thus, Eq. 13.8 can be approximated as
_ 4G e
hyw (w,7) = —46—/ Ty (w,x') d*a’ . (13.10)
C r v

The solution in the time domain is the inverse Fourier transform of the above expression,

By (£,7) = 4G/V T (t—%,x’) &’ (13.11)

rct

This is the gravitational wave signal emitted by the source, to leading order in the weak-field,
slow-motion approximation.

|x—x']|

INote that while |x — x/| ~ |x| is always satisfied as long as |x'| < |x|, the approximation ¢’ ¢ = ~
oo 121

€' ¢ requires the stronger condition w|x’|/c < 2. Indeed, given two real numbers a, A with a < A, we
always have A 4+ a ~ A, but sin(A + a) ~ sin(A) only if the condition a < 27 is also satisfied.
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In the next section we shall further simplify the integral in Eq. 13.11. Meanwhile, we re-
call that, as shown in Sec. 12.2; the solution 13.6 (and thus the solution 13.11) automatically
satisfies the harmonic gauge condition

9 Nz
8xﬂh »=0. (13.12)
We also note that, in order to extract the physical components of the wave, we still have to
transform to the TT gauge. This will be done explicitly in Sec. 13.3.

We remark that Eq. 13.11 has been derived on two very strong assumptions: weak field
(Gpv = Npv + hpw, with |k, | < 7,,|) and slow motion (veypical < ¢). For this reason that
expression has to be considered as an estimate of the radiation emitted by the source; it
fails in various cases of interest, namely when the sources move with relativistic velocities
or in spacetime regions where the gravitational field is strong.

13.2 THE QUADRUPOLE FORMULA

In order to simplify the integral in Eq. 13.11 we shall use the conservation law satisfied by
T, in the weak-field approximation

oTHv 1 9THo oTHk
=0 = = — =0,...,3, k=1,23. 13.13
oV ’ - c Ot ozk’ " ( )

Let us integrate this equation over the source volume V', for a generic index p,

1 THk
79/ gy — — [ 1 gy (13.14)
C 8t v v 8%’“

By Gauss’ theorem (see Box 5-D), the integral over the volume is equal to the flux of TH*
across the surface 0V enclosing that volume; thus the right-hand side becomes

ok
1% axk

d%:/ TH*dS,, (13.15)
ov

k and

where dS is the surface element on the boundary OV with normal three-vector n
dSk = nde

By definition, T*” = 0 on dV and consequently the surface integral vanishes; thus

10

- / T3z =0, - / T"d3 2 = const . (13.16)
cot v |4

From Eq. 13.11 it follows that -
R = const . (13.17)

Since we are interested in the time-dependent part of the field (see footnote 2 in Chapter 12)
we shall put -
0 =0. (13.18)

13.2.1 The tensor-virial theorem

We shall now prove the tensor-virial theorem which establishes that, in the weak-field
limit,
1o 00k n ;3 kn 3
——=—= [ T z"2"™ d°z =2 T d°x, k,n=1,2,3. (13.19)
C2 8t2 v v
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Let us consider the space components of the conservation law 13.13

920 :781‘1.’ i,n=1,23;

multiplying both members by z* and integrating over the source volume we find

1 ) Tni
79/ T2k @3y = — a—xk d3x
C 315 e \% 8$1

a(T”ixk) 3 i 0k o
__[/Vaxidm_/vT o
:—/ (T %) dsi+/ T d*z .

ov

|4

As before [y, (T™ z*) dS; = 0, therefore

10
77/ T"Oxkd?’x:/ T @3z .
Cat v %

Since T™ is symmetric we can rewrite this equation in the following form

1
—g/ (T"Oxk—l—Tkox") d3x=/ T @3z .
20815 v 1%

Let us now consider the 0-component of the conservation law

197  o1%
- + — =0;
c Ot ox'
multiplying by #*2™ and integrating over V we get
10 o1
f—/ T gk g @3z = — — 2P
C 8t \% v 8"El

bl TOi k .n ) k ) n
— / dex—/ TOla—x.x”—i-Tlekai. 3z
v 81'7’ v 8.%7‘ 8x1

_/ (TOixkxn) dSZ+/ (Tkan_’_TOnmk) de;
oV \4

the first integral vanishes and this equation becomes

1
79/ Tooxkx"dga::/ (Tka"—I—TO"xk) 3.
Cat \%4 Y

If we now differentiate with respect to z°

10
/ Tooxkxnd?’x:f—/ (Tka"—FTO"a:k) B,
% Cat 1%

10
c? ot?

and, using Eq. 13.23, we finally prove the tensor-virial theorem 13.19:

1 & 00 .k .n i3 kn 33
— o T 2" 2" dx = 2 T d°x .
Cat \%4 \%

(13.20)

(13.21)

(13.22)

(13.23)

(13.24)

(13.25)

(13.26)

(13.27)

(13.28)
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13.2.2 The quadrupole moment tensor

In the weak-field limit, the metric perturbation h,, can be considered as a (tensor) field
living in the Minkowski spacetime M. Indeed, in this approximation we raise and lower the
indices of tensors, to order O(h), using Minkowski’s metric, and this applies also to h,,.
In addition, the stress-energy tensor satisfies the conservation law of Special Relativity,
T, = 0.

In the following we shall consider (at each value of the time coordinate t) the ¢t = const
three-dimensional submanifold of M, i.e. the three-dimensional Euclidean space, whose met-
ric — in Cartesian coordinates {.’L‘i}izl)zg — is simply 6;;; therefore, we shall not distinguish
between covariant and contravariant indices. In this space, we introduce the quadrupole
moment tensor of a dynamical system

1
¢t == / T(t, %) «* a"d®z,  k,n=1,2,3; (13.29)
¢ Jv
note that ¢*” is a function of time only.
The left-hand side of the tensor-virial theorem, Eq. 13.28, is the second time derivative
of the quadrupole moment of the system. Therefore,

, 1 d?
/V TF (t,x) d3z = 3 Eq’m(zt). (13.30)

Using this equation and Eq. 13.18, the solution to Einstein’s equations for the perturbation
huw, given by Eq. 13.11, can be written as

=0, (13.31)

2
R (t,r) = ? L q* (t - f) ,
ctr dt? c

where 4 =0,...,3 and ¢,k = 1,2, 3. Eq. 13.31, which is often called quadrupole formula,

describes the gravitational wave emitted by a gravitating system evolving in time. Note that

any form of mass and energy can be a source of gravitational waves, as long as the second

time derivative of the quadrupole moment of the system is non-vanishing. Furthermore, in

the weak-field, slow-motion approximation the metric perturbation depends only on the 7°°

component of the stress energy tensor; the other components do not source gravitational
waves in this approximation.

The factor i—f affects the intensity of the source term in Eq. 13.31 and is extremely

small:

S2

G
— ~8x 107%0 = |
c gcm

(13.32)
This is the reason why gravitational waves are typically extremely weak.

It is important to remark that the quadrupole formula holds under the conditions of
weak gravitational field (not only far away from the source, but also in the source itself)
and of slow motion. The former condition implies that T#" , = 0, i.e. that the motion of
bodies is dominated by non-gravitational forces. The latter is equivalent to the requirement

that the source is much smaller than the wavelength of the emitted radiation.

13.2.3 Absence of monopolar and dipolar gravitational waves

General Relativity predicts that gravitational waves do not include monopolar and dipolar
contributions. Let us discuss this point in more detail by comparing the gravitational case
with that of electrodynamics. According to Maxwell’s theory, a system of accelerated charges
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emits dipole radiation [67], the flux of which depends on the second time derivative of the
electric dipole moment

dpy = Z(hﬁ', (13.33)

where ¢; and 7; are the charge and location of the i-th particle. If dQJEM /dt? = 6, the
system does not emit electromagnetic waves.
For an isolated system of masses we can define a gravitational dipole moment

de =Y mifi, (13.34)

which satisfies the conservation law of the total momentum of isolated systems

d » .
dth =0. (13.35)
Consequently gravitational waves do not have a dipolar contribution. Similarly, the conser-
vation of the total energy implies the absence of a monopolar component (the same is true
in electromagnetism due to the total charge conservation). Thus, the leading contribution
is due to a time-dependent quadrupole moment.

It should be stressed that for a spherical or axisymmetric, stationary distribution of
matter (or energy) the quadrupole moment is constant, even if the body is rotating. Thus,
a spherical or axisymmetric star does not emit gravitational waves. The same is true for a

star which collapses, or explodes, maintaining a spherically symmetric shape, or for a star

ik
that radially pulsates: they have a vanishing % and do not emit gravitational waves 2.

To produce gravitational waves the source must have a certain degree of asymmetry, as it
occurs for instance in the non-radial pulsations of a star, in a non-spherical gravitational
collapse, in the coalescence of massive bodies, in deformed rotating stars, etc.

13.3 HOW TO TRANSFORM TO THE TT GAUGE

The solution 13.31 describes a spherical wave far from the emitting source. Locally, it looks
like a plane wave propagating along the direction of the unit vector n orthogonal to the
wavefront

n® =(0,n"), i=1,2,3 (13.36)
where
nt ==, (13.37)

As previously discussed, n is a vector in the three-dimensional Euclidean space, which is a
t = const submanifold of Minkowski’s space, and n’ are its components in the Cartesian
frame {x'}.

In order to express this waveform in the TT gauge we shall make an infinitesimal coor-
dinate transformation z#’ = x# 4 ¢#, with Ope# = 0, so that the harmonic gauge condition
is preserved, as explained in Chapter 12. The conditions to impose on the perturbed metric
are

., n'=0, trasverse wave condition (13.38)
s n™® =0, traceless condition. (13.39)

2For spherically symmetric pulsating stars or for spherical collapse the absence of gravitational wave
emission can also be seen as a consequence of Birkhoff’s theorem (Sec. 9.6): a vacuum spherically symmetric
spacetime must be static.
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It should be mentioned that the transverse-wave condition implies A*° = 0 (u = 0,...,3)
which we imposed in Eq. 13.18. Indeed, given the wave vector k" = K°(1,n%), we know from
Eq. 12.63 that k*hj, =0, ie.

k°hf, + K°n'Rl, =0. (13.40)
The second term vanishes because of the transverse-wave condition, therefore

hi, = hy, = 0. (13.41)

We remind here that, as shown in Eq. 12.77, in the TT gauge ﬁw and h,, coincide.

We shall now describe a procedure to project the wave in the TT gauge, which is
equivalent to performing the coordinate transformation mentioned above. As a first step,
we define the operator which projects a three-dimensional vector onto the plane orthogonal
to the direction of n

ij = 6jk —ning . (1342)

It is easy to verify that, for any vector V7, P;, V¥ is orthogonal to n?, i.e. (PjV*)n? =0,
and that ‘ ‘
PI.PRF V= PV (13.43)

Note that Pj, = Pyj, i.e. Pj is symmetric. The projector is transverse, i.e.
n! Pj, = 0. (13.44)
As a second step, we define the transverse-traceless projector:

1
ijmn = ijpkn - ipjkpmn ; (1345)
which “extracts” the transverse-traceless part of a rank-two tensor on the three-dimensional
Euclidean space. Indeed, using the definition 13.45, it is easy to check that this operator
satisfies the following properties (we remind that Latin indices run from 1 to 3 and are
raised and lowered by d;;)

® Pirim = Pimjk

L4 ijlm = Pk:jml

ijmnpmnrs = ijrs

it is transverse:

njpjknzn = nkpjkmn = nmpjkmn = nnijmn =0 (1346)

it is traceless:

5P kmn = 6™ Pjgemn = 0. (13.47)

Since hj;, and ﬁjk differ only by the trace, and since the projector Pjii, extracts the
traceless part of a tensor (Eq. 13.47), the components of the perturbed metric tensor in the
TT gauge can be obtained by applying the projector Pjiymy either to hjj or to hj, i.e.

h;’l;cT = ijmnhmn = jkmnhmn . (1348)
By applying P to i_ljk defined in Eq. 13.31 we get
ho =0, (13.49)

2G d? r
TT _st & ypp(, T
B (8,7) = cAy dr2 Ik (t c) ’
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where

is the transverse-traceless part of the quadrupole moment.
As we shall see, to compute the luminosity of a gravitational wave source, i.e. the energy
emitted per unit time, it is useful to define the reduced quadrupole moment Q ;.

1
Qix = qjx — §5jkqmm (13.51)

which is traceless by definition, i.e.
&k Qi =0, (13.52)
and from Eq. 13.47 it follows that

]’:'[;gT = ijanmn = jkan’mn- (1353)

13.4 GRAVITATIONAL WAVES EMITTED BY A HARMONIC OSCILLATOR

Let us consider a harmonic oscillator composed of two equal masses m connected by a
w

spring, oscillating at a frequency v = 5= with amplitude A. Let [y be the proper length of
the spring when the system is at rest (see Fig. 13.1). Assuming that the masses move along

Figure 13.1: Two masses connected by a spring, oscillating along the = direction.

the z-axis, their coordinates at the time t are

{xl = —%lo — ACOSUJt y1 = 0 z1 = (1354)

xgz—&—%lo—&—Acoswt y2o =10 25=0,

and the 00-component of the stress-energy tensor of the system is (see Eq. 5.6)

T = Z ep® 6(x —xn) 0(y) 6(2). (13.55)
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In the slow-motion approximation v < ¢, therefore p° ~ mc and T° reduces to
2
T% = mc? Z 5z —xn) d(y) 0(2). (13.56)
n=1
The zz-component of the quadrupole moment ¢**(t) = & [, T%(t,x) 2" #*d3z reads
C = = m </ §(z — x1) 2? dx d(y) dy §(2) dz (13.57)
1%

+/V §(x — xo0) 2% dx 6(y) dy 6(2) dz)

1
= m(zi+23)=m <2l(2) + 2A? cos® wt + 2Aly cos wt>
= m (const + A2 cos 2wt + 2Al, cos wt) .

The zz-component of ¢** is
= q.= m [/ §(x —x1)dx d(y) dy §(2) 2 dz (13.58)
v
+/ §(z —x9)dxd(y) dy §(2) 2% dz| =0
v

because [|, 22 §(z) dz = 0. Likewise, since the motion is confined to the z-axis, all remaining
components of ¢** vanish.

Let us compute, as an example, the wave propagating along the z-direction. In this case
n=%=(0,0,1) and

T

(13.59)

o = O
o O O

1
ij = 5jk —nijng = 0
0

By applying the transverse-traceless projector Pjrmy constructed from Pjj to the reduced
quadrupole moment tensor @;;, we find

1 1 1
QTTma: = (Pmmpwn - QPIZEP’I’I’L’IL) mn = (Pa:a:Pwm - 7P2 ) Qo = 5q1$?(1360>

2 T
Q™ ,, = PymP 1p p - lpp -1
yy — ymL yn 2 yydfmn | gmn = 2 yyd zaedzs = 2‘1@001
1
QTsz: <szPyn2 mypmn) anzoa

1
QTTzz = (szPzn - 2Pzszn) Gmn = 0.

In addition QTT,, = QTT,, = 0. Using these expressions, Eqs. 13.49 give

hTTy,U =0
TT TT

h zi — O, h Ty — 0 d2 (13.61)
TT _ _3TT - = =

h Lx(th) - h yy(tv ) C4Z dt2 Qzax (t ) )
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and, using Eq. 13.57,

G [d? z
TT _  _pTT _ _Z
e = —h77y, {dtQ oz (t )] , (13.62)

ctz c
2G'm
ctz

w? [2142 €Oos 2w (t — E) + Aly cosw <t — E)} .
c c
Thus, the radiation emitted by the harmonic oscillator along the z-axis is linearly polarized.
Let us assume that the amplitude of the oscillation is much smaller than the size of the

system, A < lp. In this case the first term on the right-hand side of the above equation is
negligible compared to the second one:

BTT _2Gm

rr —

w?Aly cosw (t - E) , (13.63)

ctz c

which shows that the wave is emitted at the same frequency of the harmonic oscillator. For
example, if m = 105 g, [p = 102cm, A = 10~ 2 cm, and w = 10*rad/s, we get

-35
BTT o 1.6 x 107" cm (13.64)
z
As expected, the wave amplitude is extremely small.
Due to the symmetry of the system, the waveform emitted along the y direction has the
same form with y <> z. We leave as an exercise to show that the oscillator does not emit
gravitational waves along the x direction (choose n = (1,0,0) and use the same procedure).

13.5 GRAVITATIONAL WAVE EMITTED BY A BINARY SYSTEM IN CIRCULAR
ORBIT

We shall now estimate the gravitational signal emitted by a binary system composed of two
stars moving on a circular orbit around their common center of mass. For simplicity we
shall assume that the two stars of mass m; and ms are point-like. Let [y be their orbital
separation, M the total mass

M = my1 + mao, (1365)
and p the reduced mass
mimeso
=——. 13.
H= (13.66)

Let us place the origin of the coordinate frame at the center of mass of the system, as
indicated in Fig. 13.2, so that

- o malo . milo
lo=r1+19, ry = VA Tro = Ak (1367)

The orbital frequency can be found by equating the gravitational to the centrifugal force

mimso 2 m210 mimso 2 mllo
G 2 = MWk G 2 = MW= (13.68)
from which we find the Keplerian frequency
GM
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Figure 13.2: Two point masses in circular orbit around the common center of mass

Let (x1,x2) and (y1,y2) be the coordinates of the masses m; and ms on the orbital plane

r, = m2 lgcoswit Ty = —mTlrlo coswit (13.70)
mgl . " mll . t
= ——p SIN W = ———lpSInw .
Y1 Vi 0 K Y2 M 0 K

The 00-component of the stress-energy tensor of the system reads
2
T = " my 6(x — 20) 6(y — yn) 6(2), (13.71)
n=1

and the non-vanishing components of the quadrupole moment are

Qex = M1 / 220(x — x1) da 5y — y1) dy 6(2) dz (13.72)
v
+ me / 220(x — x9) dx 5(y — y2) dy 6(2) dz = mya? + moxs
v

= pl2 cos®> wit = %13 cos 2wkt + const ,

Qyy = ml/ 5(:c—x1)dxy26(y—y1)dy6(z) dz (13.73)
v
+ m2/ §(x — xa) dry? 6(y — y2) dy 6(2) dz = myy? + mays
v

= ul(z) sin® wit = gl% cos 2wkt + consty
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and
Oy = ml/ xd(x —x1)dryd(y —y1)dyd(z)dz (13.74)
v

+ mg/ xé(x —x2)dxyd(y — y2)dyd(z)dz
%

= miT1Y1 + MoZoys = ul% coswit sinwgt = gl% sin 2wkt ,
where we have used the trigonometric relations cos>a = (1 + cos2a)/2, sin?a = (1 —
cos2a)/2, and mimg = uM.

In summary, we find

Qez = % lg cos 2wkt + const (13.75)
Qyy = —g 12 cos 2wyt + consty (13.76)
Qoy = % 1§ sin 2wit, (13.77)
and
¢k =" qu1 = oo + qyy = consts. (13.78)

Therefore, the time-varying parts of ¢;; and of Q;; = ¢;; — % 0ij ¢*1 coincide, and
_ _ Moo
Quz = —Quy= 5 1§ cos2wkt (13.79)

12
sz o

5 12 sin2wkt.

By defining a matrix A;; as

CcoS 2wit sin 2wkt 0
A;;(t) = | sin2wgt —cos 2wkt 0 (13.80)
0 0 0

we can write

Qij = glﬁ Aij . (13.81)

Since according to Eq. 13.49 the gravitational perturbation is given by the second time
derivative of the quadrupole moment, Eqs. 13.81 and 13.80 show that a binary system in
circular orbit emits waves at twice the orbital frequency.

The wave emitted along a generic direction n in the TT gauge is (see Eq. 13.49)

e -2 £ [ (- 1) s
where . ., .
Gt (t - E) = Pijk1Qrl (t - E) = Pijkiqrl (t — E) . (13.83)

Then, using Egs. 13.80, 13.81, and the expression of the orbital (Keplerian) frequency 13.69,

we find
4 M G?

2G i
prr %G
rlpct

7 5 l% (QLUK)QPZ‘J‘MAM = — PijklAk:l . (13.84)
By defining

4uMG?
A= ‘3004 (13.85)
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we can finally write the emitted wave as

hi (t,r) = — é AT (¢~ g) : (13.86)
where , .
ATT (t - E) = PijkiArt (t - E) (13.87)

depends on the orientation of the line of sight with respect to the orbital plane.
For example, if n = (0,0,1), P;; = diag(1,1,0),

cos 2wit sin 2wt 0

A?;T(t) = | sin 2wgt —cos 2wgt 0 (13.88)
0 0 0
and
hTT,, = thTyy = 7? COS 2w (t - z) (13.89)
A z
TT A _Z
h™ ey = p; sin 2wg (t c) .

Thus, the wave emitted in the direction orthogonal to the orbital plane has both polariza-
tions and, since hTT,, and hTTxy are cosine and sine of the same phase, with the same
amplitude, it is circularly polarized.

If n=(1,0,0), P;; = diag(0,1,1), and

0 0 0
A;ET =| 0 —3cos2wkt 0 ) (13.90)
0 0 % cos 2wkt
thus A
TT _ _TT _ 1A _ f)
BTy = —hTT L = 5T cos 2w (1 °). (13.91)
i.e. the wave emitted along the z-axis is linearly polarized.
Similarly, if n = (0,1,0), P;; = diag(1,0,1),
% cos2wigt O 0
ATT = 0 0 0 (13.92)
0 0 —% cos 2wit
and the wave is linearly polarized,
1
N S T T (t - y) . (13.93)
2y c

Eq. 13.85 can be used to estimate the amplitude of the gravitational wave emitted by
the binary system PSR 1913416 discovered in 1975 [64], which consists of two neutron
stars (these compact objects will be discussed in Chapter 16) orbiting at a relatively short
distance from each other. The data obtained from pulsar® timing (i.e., from tracking the
electromagnetic pulses emitted by one of the stars and inferring the properties of the system
from this periodic signal) are

my ~mg = 1.4Mg , lop=1.9x 10" cm (13.94)
P = 7h 45m 7s = 2.8 x 10%s, uK=°‘2’—K=3.58x10—5Hz,
iy

3Pulsars are rotating neutron stars with strong magnetic fields, which emit periodic beams of radio waves
(see Chapter 16).



256 M General Relativity and its Applications

where P is the orbital period. The distance of the system from Earth is » = 5 kpc, where
pc denotes the parsec, and since (see Table A)

1pc=3.09x10" cm, — r=15x10%* cm. (13.95)

Note that the two stars have nearly equal masses, comparable to that of the Sun, and
their orbital separation is about twice the radius of the Sun. For this system the emission
frequency is

vaw = 2vi = 7.16 x 107° Hz, (13.96)

therefore the wavelength of the emitted radiation is

Aew = —— ~10% em  ie.  Agw > lo. (13.97)
vVaw
Thus, the slow-motion approximation, on which the quadrupole formalism is based, is cer-
tainly satisfied in this case.
The orbit of PSR 1913416 is eccentric (e ~ 0.617); however for simplicity we shall
assume that it is circular and estimate the wave amplitude. By defining

ho = 2 (13.98)
r
and using Eq. 13.85 we get
4uMG?
ho= 2 5% 10723 (13.99)
rloct

A new binary pulsar has more recently been discovered, which has an even shorter orbital
period and it is closer to Earth than PSR 1913+416: it is the double pulsar PSR J0737-
3039 [27], whose orbital parameters are

my = 1.337M,, meo = 1.250M, (13.100)
P=24h=28.64x10%s, e =0.08
r = 500 pc, lo = 12R@

In this case the orbit is nearly circular and our previous formulas are more accurate. For
this source we find

4uMG?
L UL Sy VY VAR S L LS R VR (13.101)
mi + mo rloct
and waves are emitted at frequency
vew = 2vkg =23 x 107* Hz. (13.102)

In this section we have considered only circular orbits; the calculations can be generalized
to the case of eccentric or open orbits by replacing the equation of motion of the two masses
(Eq. 13.70) by those appropriate to the chosen orbit. By this procedure it is possible to show
that when the orbits are elliptical, gravitational waves are emitted at frequencies which are
a multiple of the orbital frequency vy, and that the number of equally spaced spectral lines
increases with the eccentricity (for a detailed discussion see, e.g., [82]).
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13.6  ENERGY CARRIED BY A GRAVITATIONAL WAVE

In order to evaluate how much energy and momentum are radiated in gravitational waves
by a dynamical system, we would need a tensor that properly describes these quantities
for the gravitational field. Unfortunately such a tensor does not exist and the reason will
be explained in this section. However, it is possible to define a class of pseudo-tensors, i.e.
quantities which behave like tensors only under linear coordinate transformations, which
carry information on the energy and momentum of the gravitational field. Within this class,
we shall consider the Landau-Lifshitz stress-energy pseudo-tensor [75], which will be useful
for our current purpose.

13.6.1 The stress-energy pseudo-tensor of the gravitational field

As discussed in Chapter 5, the conservation laws of energy and momentum which, in Special
Relativity, can be derived from the equation

T , =0, (13.103)

cannot be extended to General Relativity. Indeed, the generalization of Eq. 13.103 in curved
spacetime is

1 0
-~ /—g Ox¥
from which, for the reasons explained in Sec. 5.4, conserved quantities cannot be found.

The fact that the energy and momentum described by T alone are not conserved is
not surprising; indeed T+" describes the energy and momentum of matter and fields, which
are sources of the gravitational field, but it does not include the energy and momentum
of the gravitational field itself. What we need is a conservation law which includes both
contributions.

An equation which fulfills this requirement was found by Landau and Lifshitz [75], who
showed that Einstein’s equations, G, = 8rG iV can be written in the form

T, (V/=gTH) +TH T =0 (13.104)

ct
8<,uva
= (—g)(TH + ¥ 13.105
= (g (T ), (13.105)
where (#¥® is antisymmetric in the last two indices, i.e. ("’ = —(F*¥, TH is the stress-

energy tensor and t*¥ is a quantity called stress-energy pseudo-tensor. From the sym-
metry properties of (¥ it follows that (*** ., = 0, and consequently

0
ox?

This equation has the form of the vanishing of the ordinary four-divergence of the quantity
(—g) (" + T*¥), from which conserved quantities can be derived following the procedure
described in Sec. 5.3. As we shall show, Eq. 13.106 allows to interpret the stress-energy
pseudo-tensor t*” as the quantity which describes the energy and momentum of the grav-
itational field. We shall now derive Eq. 13.105 and define the relevant quantities which
appear in that equation.

[(=g) @ +T")]=0. (13.106)

The Landau-Lifshitz stress-energy pseudo-tensor

Let us consider a LIF {£#} centered in a spacetime point p. In p the metric coincides with
Minkowski’s metric and its first derivatives vanish (I'}, ;(p) = 0), whereas in a generic point
of the LIF we can write (see Box 3-A)

9w (&) = +0(€),  T5,(6) = 0(€). (13.107)
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Note that, unless the spacetime is flat, the second derivatives of the metric tensor in p
are generally non-vanishing, and the Riemann and the Ricci tensor do not vanish as well.
Indeed, the Ricci tensor reduces to the expression given in Eq. 4.24, which we rewrite here
for clarity:

1 g o2 o2 o2
pr _ — opa vB o6 VB Jas . 9~6 . Gap 13.1
R =599 (81“"(‘3335 927027  0zo0zP axvaxc*) ' (13.108)

Here and in the following terms of order O(&) are absent because we will always consider
quantities evaluated in p.

We remark that if we consider any coordinate system {x*} related to the LIF by a linear
transformation, i.e. x#* = A* &Y with A* , constant, the metric tensor in the new frame is
generally different from 7, but its first derivatives still vanish, and Eq. (13.108) holds in
the new frame as well.

Einstein’s equations can be cast in the form

4

c 1
THY = w . — gt . 13.1
8C (R 2g R) (13.109)

Replacing Eq. 13.108 in Eq. 13.109, after lengthy but simple calculations we obtain

o _ 9 {6418 [(—g) (9" g*" — g#ag'fﬁ)]} (13.110)
oz | 167G (—g) 028 ' '
By defining
¢Hre = S [(=9) (9" g*F — g"*g"")] (13.111)
167G 0xP ’ '
Eq. 13.110 can be written as
ocre w
Hpa — (C9T™ =0, (13.112)

where we have used the fact that, since g, o = 0, dg/0z* = 0. Note that with these
definitions, the quantity ("¢ is the ordinary four-divergence of

A

167G

e — [(—9) (9" 9°" — g"*g"")] , (13.113)

and is anti-symmetric in its last two indices,
(e = —ghev (13.114)

Moreover, Eq. 13.112 implies that the divergence (*** , is symmetric (note that this does
not apply to the quantity (¥ itself, i.e. in general (H** # (VF ).

Eq. 13.112 has been derived in a LIF; if we now consider a general coordinate frame?,
the difference in the two terms of Eq. 13.112 will be non-zero, and we call this quantity
(—g)th:
oy = 2
(=)t = - =

Using Einstein’s equations 13.109, (—g)t*” can be written as

= (=)™ (13.115)

a pro C4 1
(—g)t"” = gx“ - (955 (R”” = 2g“”R> : (13.116)

4The definition 13.111 of ¢*¥® is assumed to hold also in a general frame.
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By replacing in the right-hand side of this equation the general definition of the Ricci tensor
(see e.g. Box 4-A), after some lengthy but simple manipulation we find

4
v C ) o 0 o F) - a v Voo
o = e {202 5T 55 — T° 00T 55 — 100617 55 ) (9" “g"? — g g*?) (13.117)
0% (T 0T 5 + T 35T wo — T 55T 0 — T 05T 55)
+ g”‘)‘955 (Fuaaraﬁ‘s + FMB(;FUOM - Fuéal—‘aaﬂ - Fuaﬁraéa)
+ gaﬂg&f (I‘Mmsrlfﬁg - Fuaﬁryéo)} .

This expression is quadratic in the Christoffel symbols (a very important property, which
will be discussed below). This is a consequence of the way this quantity has been constructed.
Indeed, Eq. 13.112 shows that in a LIF the difference between ag::a and the expression
of TH¥ obtained using Eq. 13.110 is zero; note that both terms in Eq. 13.112 depend only
on second derivatives of g,,,, since in the LIF the first derivatives vanish. When we write
Eq. 13.116 in a general frame, we include both in 85;:(1 and in T"¥ all non-linear terms
containing products of first derivatives of g,,,, and these are the terms which survive in the
expression of t*¥, since the second derivatives cancel by construction.

Since (*®  is symmetric, so is t*¥. Eq. 13.115 can be written in the form of Eq. 13.105,

nro
K = g ), (13.118)

and can be considered as an alternative way to cast Einstein’s equation. As discussed above,
the symmetry property 13.114 implies (**® ,,, = 0, from which the conservation law 13.106
follows.

Energy and momentum of the gravitational field

In the absence of gravitational field, i.e. in flat spacetime, Christoffel’s symbols vanish (in
Minkowskian coordinates), hence t* = 0 and Eq. 13.106 reduces to the conservation law
for the stress-energy tensor of Special Relativity, 7#” ,, = 0. This suggests to interpret
Eq. 13.106 as the generalization of that conservation law in General Relativity. Indeed,
from Eq. 13.106 it is possible to define a conserved four-vector, as follows (see also Sec. 5.3
where a similar procedure was applied to the stress-energy tensor).

Let us consider an asymptotically flat spacetime, and a three-dimensional spacelike hy-
persurface with equation 2° = const, having three-volume V' and boundary 9V; Eq. 13.106
integrated over V gives

/ (=) (T +1%) o dPz = — / (=) (T +1%) s d’w = — / (—g)(T%+%) dS;, (13.119)
1% v v

where dS; = n;dS, dS is the surface element on OV, and n’ is the normal three-vector to
this surface; the last term has been obtained using Gauss’ theorem. Thus, if we define

PH = / (—g) (T + ") d®x (13.120)
14

from Eq. 13.119 it follows that
0

50b" = —/w(—g)(Tﬁ”‘ + 1) dS; . (13.121)

Eq. 13.121 shows that the time derivative of P*, which is defined in Eq. 13.120 as an
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integral over V, can be expressed as a flux across the boundary V. If T# + t** decays
sufficiently fast approaching OV, then the time derivative of P* vanishes, i.e. P* = const.
Thus, Eq. 13.121 provides four conservation laws for the four components of the vector 13,
like those discussed in Sec. 5.3.

We can argue that (PY, P%) are the total energy and momentum enclosed in V; they are
contributed by T"¥, which describes the energy and momentum of non-gravitational fields
and matter, and by t*¥, which describes the energy and momentum of the gravitational
field. This interpretation is also supported by the following remark. Many known examples
of stress-energy tensors are bilinear in the first derivatives of the fields. This is the case, for
instance, for the scalar field and for the electromagnetic field (see Sec. 5.2). Similarly, the
stress-energy pseudo-tensor defined in Eq. 13.117 is bilinear in the Christoffel symbols, i.e.
in the first derivatives of the spacetime metric.

However, there is a fundamental difference between T#” and the quantity t** defined
in Eq. 13.117: the latter is not a tensor field, because Christoffel’s symbols are not tensors.
t" is instead a pseudo-tensor, which means that it transforms as a tensor only under
linear transformations, i.e. coordinate transformations of the form ot = AW Lz with A*
constants. As shown in Sec. 3.4, under linear transformations Christoffel’s symbols transform
as tensors, i.e.

0N o o

WY Qe dxt fav T T
Replacing this equation (and the transformation law for the metric tensor) in Eq. 13.117,
it is a simple exercise to show that under a linear transformation t** transform as a tensor,
ie.

(13.122)

t#'l’/ — aiulaxul

ox™ Ox°

The fact that a stress-energy tensor of the gravitational field does not exist can be un-
derstood on general grounds. The Equivalence Principle establishes that the effect of the
gravitational field on a particle vanishes in a LIF centered on that particle; therefore the
energy density of the gravitational field also vanishes in the LIF. But if a tensor field van-
ishes in one frame, it vanishes in all frames, and since we can set up a LIF at any spacetime
point, it follows that the gravitational energy density cannot be described by a tensor field.

One could be tempted to conclude that the energy and momentum densities described
by the stress-energy pseudo-tensor t*¥ have no physical reality, since we are defining quan-
tities which can be set to zero at any point with a suitable coordinate transformation.
However, this is not the case, because it is possible to define procedures of integration or
averaging involving the stress-energy pseudo-tensor, which allow to construct well-defined
gauge-invariant quantities.

Let us consider an asymptotically flat spacetime, and a general coordinate transforma-
tion. If we want to keep the spacetime asymptotically flat, the transformation should reduce,
in the asymptotic region (and thus on the boundary 9V of the integral in Eq. 13.121), to
a Lorentz transformation z*' = A" ,z”. We have shown that for linear coordinate trans-
formations t*¥ transforms as a tensor; therefore, since Lorentz transformations are linear,
t* transforms as a tensor on dV. Consequently, from Eq. 13.121 it follows that P*  trans-
forms as (the time derivative of) a four-vector in Special Relativity. Integrating over time,
we can conclude that the total energy-momentum P* defined in Eq. 13.120 transforms as
a four-vector of Special Relativity, and thus, although t*” is not a tensor, the global no-
tion of energy and momentum, which includes the contribution of the gravitational field,
in an asymptotically flat spacetime is well defined. We shall further discuss these issues in
Chapter 17, where we will study the far-field limit of stationary, isolated objects.

We have thus introduced a global notion of energy and momentum in General Relativity.

£ (13.123)
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It is also possible to define a local notion of energy and momentum, in the case of a perturbed
spacetime g, = 921/ + hyuy, on the assumption that the characteristic length-scale A of the
perturbation h,, (which, in case of gravitational waves, is the wavelength) is much smaller
than the characteristic length-scale L of the background gguz

AL <1, (13.124)

In this regime (which is typical, for instance, of the propagation of gravitational waves far
away from their source), it can be shown that the stress-energy pseudo-tensor, once averaged
over several wavelengths A, transforms as a tensor for coordinate transformations of order
O(h) (i.e. for coordinate transformations z* — z* + ¢* with e* , ~ O(h)). We denote this
average (also called Brill-Hartle average) with (-). Therefore, provided the condition 13.124
is satisfied, the averaged stress-energy pseudo-tensor

(") (13.125)

describes the energy and momentum carried by the perturbation, and it can be shown that it
transforms as a tensor. This result, obtained by Isaacson in 1968 [66], has been the definitive
proof that gravitational waves are associated with a flux of energy and momentum. Before
this was clarified, even the actual physical reality of gravitational waves was still a matter
of debate.

13.6.2 Energy flux of a gravitational wave

Having defined the stress-energy pseudo-tensor of the gravitational field, we shall now show
that it allows to compute the energy carried by a gravitational wave. Let us consider a source
of gravitational waves and an associated three-dimensional coordinate frame (O, z,y, 2),
with the origin O within the source (for instance, at its center of mass). An observer is
located at P = (x1,y1,21), as shown in Fig. 13.3. The observer detects a wave coming
along the direction identified by the unit three-vector n = T, where r = (21,1, 21) and
r = |r| = /2? +y}+2? is the distance of the observer from the origin. Let us now
consider a second frame O'(z’, 1/, 2’), with origin O’ coincident with O, having the axis x’
aligned with n. The corresponding metric tensor is

-1 0 0 0
_ ™ 0 1 0 0
Guv =M I =00 b () (13.126)
0 O hy (¢, 2") [1—hy(t,a")]

The observer wishes to measure the energy which flows per unit time across the unit surface
orthogonal to 2/, i.e. % therefore (s)he needs to compute the Christoffel symbols i.e. the

derivatives of hE,E,. According to Eq. 13.49, the metric perturbation (for instance, with ‘+’

polarization) has the form hy (t,2') = <225t f (¢ — %/) , and since the only derivatives which

matter are those with respect to time and z’, we find

Ohy . const
— =h = — 13.12
toh, = 2 (13.127)

Ohy const const ., lconst .

1.
o =n, = —?H p J =~ fz—;m, (13.128)

c
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Figure 13.3: A binary system lies in the z — x plane. An observer located at P detects the
gravitational wave emitted by the system.

where only the dominant 1/2" term has been considered. Similarly, for the ‘x’ polarization,

n, = —%hx. Therefore, the non-vanishing Christoffel symbols are
[0, =T =—Lh, Ty = —T% . = % Iy (13.129)
%y =1%o =Ly TV = —T% Ly = —% +
[0y = — by R N
T%y = & Iy IV, =—T%,, = —% B .

The components of the stress-energy pseudo-tensor are quadratic in the Christoffel symbols
(see Eq. 13.117); thus, in the TT gauge, they are quadratic in iy and h.

In general, the energy flowing across a unit surface orthogonal to the direction z’ per
unit time is given by (c times) the component 0z’ of the stress-energy tensor (see Box 5-C).
Similarly, the energy flux of a gravitational wave propagating in the same direction is given
by (c times) the component 0z’ of the stress-energy pseudo-tensor averaged over several

wavelengths, i.e.
dEGW 0 ’
— = T 13.1

dtds <Ct > (13.130)

By replacing the Christoffel symbols 13.129 in Eq. 13.117, we find (by a simple but lengthy
computation, which we leave to the reader as an exercise)

dﬁ;;v - c<t0$/> - % <(h+(t,x’))2 + (hx(t,:v’)>2> . (13.131)

The quantity in Eq. 13.131 is the energy per unit time which flows across a unit surface
orthogonal to the direction z’. However, the direction z’ is arbitrary: if the observer is at a
different position and computes the energy flux, (s)he finds formally the same Eq. 13.131,
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with the polarizations h and hy referred to the T'T gauge associated with the new direction.
Thus, the right-hand side of Eq. 13.131 is a general expression for the gravitational wave
flux per unit of surface orthogonal to the direction of propagation. In a general TT frame
we can write Eq. 13.131 as

dE c? . 2
dti;v ~ 327G <Z (h}rkT(t’r)) > : (13.132)
k

J

Since
hTTMOZO, on = ,...73
hTT(t "= E de .TT( B f) (13.133)
ke A cAr de2 Uk

by direct substitution we find

dE, G _.TT ) 2
s (D T E-D))

ik

As explained in Sec. 13.3, QﬁT = Pjkmngmn is the quadrupole tensor projected onto the
TT gauge and

’]:'[;gT = ijmn‘]mn = ijanmn s (13135)

where we recall that Qi = qjr — %@kqn’ﬁ is the reduced quadrupole moment tensor, which
is traceless by definition.

In order to obtain the gravitational wave luminosity Low = dEﬁW, i.e. the gravi-
tational energy emitted by a source per unit time, it is more convenient to use the reduced

quadrupole moment, therefore we shall write Eq. 13.134 in terms of Q);; using Eq. 13.135,

ie.
dEaw G AN 2
= e t— — . 13.1
dtdS 8mch r2 <%; (P]k an( c)) > (13.136)
The luminosity therefore reads
dEgw dEgw -
L = = Q 13.1
aw / dtas * / dtas " ° (13.137)

- 53 [0 G (- D)).

where dQ = (dcos 0)dy is the solid angle element. This integral can be computed by using
the properties of Pjim, described in Sec. 13.3:

Z (’ijmnémn>2 = Z ijmn@mnpjkrsérs = (13138)
ik

ik

Z Pmnjkpjkrs anQrg = P’mnrs anQrg

jk

= |:(6mr - nmnr) (5ns - nnns) - % (6mn - nmnn) (5T5 - nTnS) an@rs .
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Since
. 5mnémn = 5,~SQTS = 0, because the trace of ;; vanishes by definition, and

® N 0ns@n@rs = MnNsdmr @, @5, because Q5 is symmetric,

after some manipulation we obtain
2
> (ijanmn) (13.139)
ik
= anan - 2anmSQST‘n7" + inmnnnrnstnQrs N
By substituting this expression in Eq. 13.137, we find

G 1

)’ - =
ew 26 4r

1o o
+§anQ7's nmnnnrnsdQ> .
The integrals to be performed over the solid angle are:

i/nmnrdQ, and i N M Ny N dSD .
47 47

Let us compute the first. In polar coordinates, the unit vector n is
n' = (sin @ cos p, sin @ sin p, cos 6). (13.141)

Thus, since the versor n is odd under a parity transformation, i.e. n — —n if 6 - 7 — 6,
Y=o+,

1
y /dQ NNy =0 when m #r. (13.142)
s
Furthermore, since there is no preferred direction in the integration (isotropy), it must be
1
/dQ n? = /dQ n3 = /dQ na - 4—/dQ NNy = CONSt G« (13.143)
m
For instance,
1 1 ) 1 ! |
dQ(n3)? = — [ dcos@dpcos* ) = — dy dcosfcos”0 ==, (13.144)
ar 4T ar Jo 1 3
and consequently
1 1
— [ dQnpn, = =0y - 13.14
gy Ml = 3 (13.145)
The second integral in Eq. 13.141 can be computed in a similar way and gives
1 1
e dQn,n,n,yng = 5 (0mnOrs + OmrOns + OmsOnr) - (13.146)
By substituting Eqgs. 13.145 and 13.146 in Eq. 13.140, we find
2. . 1
Legw = 205 <anan - 7Qmstr5m'r + *anQrs (5mn5rs + 5m'r5ns + 5ms5nr)>

- 5<Q‘m©m— 3QnsQur + 55 (anamncgm(sm+QQO+QQO)>

_ G5<chzm>[ 24 320] o {0,,0,,) (13.147)
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where we have used the property Qmndmn = Qrs0rs = 0. In conclusion, the luminosity of a
gravitational wave source is

Law(t) = 5% <Q'ij (t - g) Q,; (t - £>> . ij=1,2,3. (13.148)

This expression is called the luminosity quadrupole formula. This landmark result was
derived in 1918 by Einstein in the paper Uber Gravitationswellen [44].
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CHAPTER 1 4

Gravitational wave sources

In this chapter we shall apply the formalism introduced in Chapter 13 to study the grav-
itational wave emission of the most relevant astrophysical sources of gravitational waves:
black holes and neutron stars. We will refer to these sources as compact objects.

General Relativity predicts that the emission of gravitational waves affects the orbital
motion of compact binary systems: the orbit shrinks and the orbital period decreases in
time. As will be shown in Sec. 14.1, the observation of this effect in binary pulsars provided
the first indirect evidence of the existence of gravitational waves.

As the binary evolves and the two compact objects approach each other while revolving
around their common center of mass, their “cosmic dance” becomes faster and faster and
the emitted signal becomes stronger and stronger, until the two bodies merge, forming a
single compact object. In 2015 the signal emitted by the coalescence of two black holes was
detected for the first time by the interferometers of the LIGO experiment, and Sec. 14.2
will be devoted to this historical discovery.

Finally, in Sec. 14.3 a further source of gravitational waves will be described, rotat-
ing non-axisymmetric neutron stars, whose gravitational wave whispers — at the time of
writing — have not been detected yet.

14.1  EVOLUTION OF A COMPACT BINARY SYSTEM

In this section we shall show how the orbital period P, the orbital distance Iy, and the
Keplerian frequency wy of a binary system composed of two compact objects change in
time, due to the emission of gravitational waves. To this purpose, we shall assume that the
two bodies move on a circular orbit, and use the quadrupole approximation introduced in
Chapter 13.

Using the reduced quadrupole moment of a binary system given in Egs. 13.80 and 13.81,
it is easy to show that

5.0 2
Z QunQrn = %lé(QwK)6(20052 2wt + 2sin? 2wit) (14.1)
k,n=1

MS
= 32u215W8 = 32u2G3l—5,
0

where the total mass M and the reduced mass p have been defined in Egs. 13.65, 13.66,

and wg = /GM/I3. Substituting Eq. 14.1 in Eq. 13.148, we find that the gravitational

wave luminosity of a compact binary system is

dEqw  32G* M3
d 5 13

LGW = (142)

267
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This expression has to be considered as an average over several wavelengths, as discussed in
Sec. 13.6.2. Since the emission frequency is twice the orbital frequency (see Eq. 13.96), one
wavelength is emitted in half a period; thus averaging over several wavelengths corresponds
to averaging in time over several periods. Therefore Eq. 14.2 applies when the orbital pa-
rameters do not change significantly over a large number of periods. This assumption is
called adiabatic approximation and it is certainly satisfied for systems like PSR 1913416
or PSR J0737-3039, described in Sec. 13.5, which are very far from merging!. In the adi-
abatic regime, the system has the time compensate the energy lost in gravitational waves
by changing its orbital energy, in such a way that

dEorb
dt

For circular orbits, this equation is sufficient to compute the adiabatic evolution of the orbit.
We remind that we are working in the weak-field, slow-motion approximation, in which the
orbital motion can be described using the laws of Newtonian gravity.
The orbital energy is
Eon, =FEx+U, (14.4)

where the kinetic and the gravitational energy, Ex and U, respectively, are

1 1 1 mym2l2  mam?2l32
Ex = imlw%r% + imgw?{rg = 50.)%( ( M22 0 M21 0 (14.5)
1 5 5 1GuM
- - 7 Al it
2wK/“L 0 2 lO )
and a CulM
U=-_mme R (14.6)
lo lo
Therefore 1GulM
Eorb = _5 /;0 5 (147)

and its time derivative is

dEo,  1GuM (1 dlo>

dt 2 1y \lo dt

1 dly
= —Eo [ ——2 ] . 14.8
b (zo dt) (14.8)

Substituting Eq. 14.8 in Eq. 14.3, using Eqs. 14.7 and 14.2, we find

1dly Laow  64G% 1
-0 _ - = uM?*=. 14.9
lo dt  Eon 5 oM (14.9)

Assuming that at some initial time ¢t = 0 the orbital separation is lo(t = 0) = i, the
integration of Eq. 14.9 yields

. 2 3
() = Gyt~ 22 e, (14.10)
and defining
5 (l(i)n)4
e = 555 G T (14.11)

n these systems, the change of the period during one orbit, i.e. over a time interval of the order of P,
is 6P ~ (dP/dt)P; since dP/dt < 1, as shown in Eq. 14.21, P < P.
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Eq. 14.10 becomes
. f\ /4
lo(t) =1y <1 — > , (14.12)

te

which shows that the orbital separation decreases with time and becomes zero when t = t..
This last statement is a consequence of the assumption that the two compact bodies are
point particles. Of course, stars and black holes have finite sizes, therefore they merge before
t = t.. In addition, in the last cycles of the inspiralling before merging both the slow-motion
approximation and the weak-field assumption, on which the quadrupole formalism relies, fail
and strong field effects have to be considered. However, these cycles are very fast compared
to those spent by the system in the adiabatic regime and do not contribute significantly to
the total time needed to merge. Therefore, t. provides a reliable estimate of the time of
coalescence of a compact binary with initial orbital separation Ii.

Using Eq. 14.12 we can now compute how the Keplerian frequency and the orbital period
change in time. From the definition given in Eq. 13.69

(GM)1/2 (GM)l/Q £\ 3/8
0
ie. 3/8
in AN in (GM)1/2
wi (t) = Wi <1 — tc) , where Wi = W. (14.14)
Moreover, since wy = 2rP~1, we get
_ 4\ 3/8
P(t) = P <1 - t) . (14.15)

From Eqs. 14.14 and 14.15 it follows that as t — t. the orbital frequency increases and the
orbital period decreases.

It is also possible to evaluate the rate at which the orbital period changes due to gravi-
tational wave emission. Since
472 472 1dP 3 1dl

GMZO — 2InP = lnG—M—H’)l nly - —— =-— (14.16)

2: Ml73 P2
wie = GMly™ = Pdt 2l dt’

and using Eq. 14.9 we find
1dP 3LGW_ 96 G3 uM?

=== 14.17
Pdt 2 Eom 5 ¢ 13 ( )
Using the relation Iy = (GM)'/3 ( )2/3 Eq. 14.17 becomes
1dP 96 G/ 21\ ¥/*

For example if we consider PSR 1913+16, and neglect the eccentricity of its orbit, using the
data given in Eq. 13.94, we find

dP

=~ _920x 10713, 14.19
o (14.19)
As mentioned in Sec. 13.5, the orbit PSR 1913+16 is strongly eccentric, with e ~ 0.62. In this
case the calculations above have to be repeated using the equations of motion appropriate
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for eccentric orbits. In addition, it can be shown that gravitational wave emission also affects
the eccentricity of the orbit; in particular de/dt < 0, i.e. the orbit slowly circularizes during
the inspiral. The final result for the period evolution reads

1dP 966G/ . /2r\¥® 1 73, 37
-2 77 /3 27 - 19 9 | IOl 4
Pat - 5 & MM <P> =)/ (H 24 T 96" ) : (14.20)
which gives
P
‘;—t =-24x10"12. (14.21)

The interested reader can find the derivation of Eq. 14.20 in [82, 93]. The secular variation of
the orbital period predicted by Eq. 14.21 has been confirmed by astrophysical observations.
After the binary system PSR 1913+16 was discovered in 1975, the times {¢;}i—o,... of the
periastron passages have been measured for decades, finding that — as expected — they are
not separated by integer multiples of the initial period P™ = t; — ty. Instead, the time
residuals At; = t; — ty — iP™ have a quadratic dependence on t;, as shown in Fig. 14.1.

In order to understand this behaviour, let us compute the phase of the orbital motion
o(t) = fg wi (t)dt (see Eq. 13.70) assuming that wy is approximately constant

t t
. . 1
b(1) = / Wi (D)t ~ / (o + nct) dt = wipt + Sinct?, (14.22)
0 0

where we have set tg = 0. The times of the periastron passages are those for which ¢(t;) =
2mi, i.e.

. 1 1w 21
Wt + st = 2w o b+ kg2 = T (14.23)
2 2w Wi
Since .
. P
UK _ (14.24)
w% PlIl
the time residuals are
, omi 1a 1P
Aty =t; —iPP =t — 0 = PRy D g2 (14.25)
Wi 2wy 2 pm

i.e., they are expected to be fitted by a parabola with coefficient % < 0. In Fig. 14.1
Eq. 14.25 is plotted as a continuous line.

The measured values of the time residuals At; for PSR 1913416, indicated by dots
in Fig. 14.1, confirm the prediction of General Relativity. It should be mentioned that, in
addition to the secular changes of the orbital period induced by gravitational wave emission,
the observed variation of P in PSR 1913+16 is also affected by kinematic effects due to
the center-of-mass acceleration along the line of sight, and to the variation of the orbital
inclination. They both produce a Doppler shift of the pulse frequency of the pulsar, which
affects the measurement of P and have to be properly subtracted in order to isolate the
effect genuinely due to General Relativity [79]. After this subtraction, the ratio between the
observed value of P and the theoretical value predicted by General Relativity is [118]

P,
—°obs — 1.0013 + 0.021. (14.26)
GR

This result provided the first indirect evidence of the existence of gravitational waves and
for this discovery Hulse and Taylor were awarded the Nobel Prize in Physics in 1993.
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Figure 14.1: Shift in the time of periastron passage of the binary pulsar PSR 1913+16. The
parabolic behaviour agrees with the predictions of General Relativity based on the assumption
that the system loses energy due to gravitational wave emission, as shown in Eq. 14.25. From: J.M.
Weisberg € J.H. Taylor, Relativistic binary pulsar B1913+16: Thirty years of observations and
analysis [118].

For the double pulsar PSR J0737-3039 [81] discovered in 2003 (see Sec. 13.5), using the
data given in Eq. 13.100, Eq. 14.20 gives

P
C;—t =-12x10"", (14.27)

which is also in agreement with the observations, with an accuracy similar to that of
Eq. 14.26.

14.2  GRAVITATIONAL WAVES FROM INSPIRALLING COMPACT OBJECTS

Equations 14.14 and 14.12 show how the Keplerian frequency wy and the orbital distance
lp of a binary in the adiabatic regime evolve as the two compact objects inspiral around the
common center of mass; during this phase — the inspiralling or simply the inspiral — the
orbit goes through a sequence of stationary circular orbits. We shall now compute how the
wave frequency and amplitude change with time. In Sec. 13.5 we showed that the signal
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emitted at a time ¢ by a binary system moving on a circular orbit, and located at distance
r from the observer, is

r
hit(t,r) = —ho AT (t - E) : (14.28)
where hg is the instantaneous wave amplitude
4uMG?
ho = ——— 14.29
0 loctr 7 ( )
and ATT(t — ) = PijriAp(t — L), where
cos2wit  sin2wgt 0
Ai;(t) = | sin2wgt —cos2wgt 0 (14.30)
0 0 0
The wave is monochromatic, and is emitted at twice the Keplerian frequency, i.e.
vaw = 2ug = 2K (14.31)
T

From Eq. 14.14 it follows that, as the two bodies approach each other, the wave frequency

changes as
—-3/8
in t in 1 |GM
VGW(t) = Vagw <]_ — t(]) 5 Vaw = ; (lbn)S . (1432)

In addition, since the orbital distance decreases according to Eq. 14.12, from Eq. 14.29 it
follows that the wave amplitude changes with time as

4pMG?*  ApMG? wi(/s(t)

ho(t) = = 14.33
o(t) lo(t)c*r rct GUYSMY/3 ( )
B Ar2/3 G5/ B/3 s ®
o rct GWAY>
where we have defined 5/
_ 3/53s2/5 _ (mymg)*/?

Egs. 14.32 and 14.33 show that both the frequency and the amplitude of the signal emitted
by a binary system during the inspiral increase with time. This feature is typical of the
chirp of a singing bird, and for this reason this part of the signal is named chirp, and M is
called the chirp mass.

The phase ® of the gravitational signal is obtained by integrating the instantaneous
phase of the polarization tensor 14.30

t t
O(t) = / 2wk (t)dt + Py = / 2rvaw (t)dt + Dip, where ®;, = ®(t =0). (14.35)
0 0

To compute this integral it is convenient to use the following relations. First of all we write
Eq. 14.32 in the form
I/in 3/8
vaw(t) = =SV (14.36)

Using Eq. 14.11 and given 256%/8 = 8, it is easy to show that

. 53/8 3 5/8
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so that vgw (t) can be written as

53/8 3 \%/8 1 13/8
t) = — . 14.38
vow® =5 (am) =) (1439
The integrated phase therefore is
At —1)]"°
(t) = 2|2 D, 14.
0 =-2| 2]+ (1439

5/8
where &, = &;, — 2 (5625\31) is the phase at t = t.. Eq. 14.39 shows that, within our

approximations, the phase of the gravitational signal depends on the masses mi and mo
only through the combination given by the chirp mass M. An alternative expression of the
phase 14.39 in terms of the wave frequency is

o(t) = (e 5/3( Muaw) " + @ (14.40)
- 16 G s vew c- .
In conclusion, the signal emitted during the inspiral is
r r
hET(t7 r)=—hg (t — E) Piikt Akl (t — E) , (14.41)
where 235
4 G53 M .
ho(t) = 7r0747(/\/ll/c;w(t))2/‘3 (14.42)
is the wave amplitude, and
cos®(t) sin®(t) O
Aij(t)=| sin®(t) —cos®(t) 0 (14.43)
0 0 0

is the polarization tensor.

14.2.1 September 14th, 2015: the detection of gravitational waves

On September 14th, 2015 the interferometric antennas of the experiment LIGO, located in
Livingston (Louisiana, USA) and in Hanford (Washington, USA) detected, for the first time,
the gravitational wave signal emitted in the coalescence of two black holes, which is shown
in Fig. 14.2. In the upper panels the output of the two detectors is shown as a function of
time; the middle panels show the signal extracted from the raw data using suitable filtering
techniques; the bottom panels show how the frequency of the signal grows with time. This
signal was named “GW150914”.
The analysis of the data showed that the detected wave was emitted by two black holes
with masses
my = 35.6735M, , my = 30.67390M, . (14.44)

As explained in previous sections, due to the emission of gravitational waves the two black
holes orbit around each other in an ever-decreasing orbit, until they “merge” and form a
single black hole. This process is the aforementioned coalescence. The remnant black hole
of GW150914 has mass and dimensionless angular momentum (spinning black holes will be
discussed in Chapter 18)

J n
Mg, = 63.1733 Mg | S = 0.60%345. (14.45)
fin
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Figure 14.2: The signal of the first gravitational wave event, GW150914, see text for details. From:
B.P. Abbott et al., Observation of gravitational waves from a binary black hole merger [1].

A comparison of the total mass of the binary before merging with the mass of the final black
hole, shows that ~ 3.1Mg have been lost. This corresponds to a huge amount of energy
being radiated in gravitational waves:

Eow ~3.1Mgc®>  —  3.1x1.989x10% gx (2.998x10"%cm/s)? = 5.5x 10%* erg. (14.46)

As a comparison, it may be recalled that the total energy emitted in neutrinos and elec-
tromagnetic radiation in the most energetic supernova explosions is of the order ~ 10%3
erg.

We shall now discuss how the parameters of the source have been extracted from the
detected signal.

14.2.2  The chirp mass and the luminosity distance

The phase and the amplitude of the gravitational wave signal emitted during the inspiralling
of two compact bodies, the chirp, are given in Eqs. 14.39 and 14.42, respectively. From the
detected phase it is possible to measure the chirp mass M as follows. If we define the

constant
53/8 3 5/8
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Eq. 14.38 can be written as
K

T (14.48)

vaw (t) =

and

. 3 K . —-11/3 3 -8/3

Using the definition of K the last equation gives

5/8 8/3
8t [(GM 8. ~11/3
53’% CT = gVGWVGW s (1450)

which can be solved for M, and gives

c3 1 _ /
M=% (%ngwyc;évl/?’) : (14.51)
Thus, the chirp mass can be obtained by measuring the wave frequency and its time deriva-
tive from the inspiralling part of the signal.

When the source is located at cosmological distance, we can no longer assume that the
gravitational wave propagates in Minkowski’s spacetime: we need to take into account the
effects of the cosmological expansion, which are briefly discussed in Sec. 14.4. In this case,
due to the expansion of the Universe, the frequency u&'ﬁ, measured at the detector differs

from the frequency vgw emitted by the source by (see Eq. 14.127)

obs vYGw
v =T, (14.52)

where z is the cosmological redshift. Moreover, the observed time separation between two
pulses is rescaled according to Eq. 14.128, dtons = (1 + 2)dtem.
Therefore, the quantity which is actually measured is the so-called redshifted chirp mass

Mobs _ CS 5 1 d obs obs \—11/3 K 14.53
=G 96755 \dt. ew (vew) ) (14.53)
and since
d obs obs \—11/3 875 —11/3. 3/5
dton vew | (V&) = [VGW vGaw) x (1+2), (14.54)
we get
A(5 1 . _ 3/5
M= (967r8/3VGW7jc;\1;\}/3> X (1+2). (14.55)

The redshifted chirp mass is related to the true chirp mass M, given in Eq. 14.51, by
MOPS = M(1+2). (14.56)

Let us now see which information can be extracted from the amplitude of the chirp. As
discussed in Sec. 14.4, the amplitude of a gravitational wave propagating in the curved
background of an expanding universe has the same form as that of a wave propagating in
Minkowski’s space, with the radial distance r replaced by the proper distance D at the time
t. Thus, for the wave emitted by a compact binary inspiral, Eq. 14.42 becomes:

mBER M
A0

ho(t) X (Ml/(;w)2/3 . (1457)
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Expressing Eq. 14.57 in terms of the quantities measured by the detector at the time ¢,ps,

ie. Vg;l{?{, and M°" we obtain

47T2/3G5/3 Mobs

ho(tobs) = X
O( b) 4 DL(tobs)

X (MOPLRS )23 (14.58)
C

where Dy, = (1 + z)D is the luminosity distance of the source, defined in Sec. 14.4.3 (see
Eq. 14.144).

Summarizing, by detecting the gravitational wave signal emitted by a compact binary
inspiral, we can determine the redshifted chirp mass M°"® from the time evolution of the
phase, and the luminosity distance from the amplitude hg, by inverting Eq. 14.58 2. In this
way, the luminosity distance of GW150914 has been found to be

Dy, = 4307150 Mpe. (14.59)

This means that (since 1 pc ~ 3.2621y) the coalescence occurred approximately 1 Gyr before

its detection: the gravitational wave had to travel for a cosmological time before reaching
the Earth and leaving its tiny imprint on the instruments!

In order to find the true chirp mass M = M°P/(1 + z), we need to know the source
redshift z; this can be found if the sky position of the source is localized with sufficient
precision, so that the hosting galaxy can be identified. This is possible if an electromagnetic
counterpart of the gravitational event can be detected. However, coalescing black holes are
not expected to have an electromagnetic counterpart because, according to what is presently
known about their evolutionary path, they should not be surrounded by accretion disks (see
Sec. 11.5.1) sufficiently massive to produce a significant electromagnetic emission at merger.
In addition, the localization of a gravitational wave event is done by triangulation of the
signal detected by multiple interferometers. Using only the two LIGO detectors, the position
of GW150914 was localized in a region of sky of 180 deg?, too large to be spanned by the
existing electromagnetic detectors. To restrict this area more detectors are needed, as we
will see in Sec. 14.2.6.

In the absence of an independent measure of the source redshift, this important pa-
rameter can be inferred in the following way. Given a cosmological model, the luminosity
distance can be expressed in terms of the redshift and of the cosmological parameters. In the
Friedmann-Lemaitre-Robertson-Walker model, in the case of small redshift, its expression
is given by Eq. 14.151, which we anticipate here:

c 1
= — —(1— 24, 4.
Dp(z) 2R z+ 2( qo)z° + ) (14.60)

where Hj is the Hubble constant, and g is the deceleration parameter (see Sec. 14.4.2).
The LIGO-Virgo collaboration used the values of the cosmological parameters measured by
the Planck mission [92]. The value of the luminosity distance was found from the measured
value of the wave amplitude hg and Eq. 14.58; then, using Eq. 14.60 it was possible to infer
the redshift of the source, finding z = 0.09f8:8§. Knowing the redshift, it was finally possible
to obtain the true value of the chirp mass of GW150914:

M =286 M, . (14.61)

2Tt should be mentioned that in order to measure D, we should also know the orientation of the source
with respect to the line of sight. This introduces further parameters (the orientation angles) in the waveform
which have not been considered in our simplified analysis. The degeneracy among these parameters can be
resolved by detecting the signal with multiple detectors.
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14.2.3 Alower bound for the total mass of the system

From the estimated value of the chirp mass it is possible to set a lower bound for the total
mass of the binary as follows. In Fig. 14.3 we plot the total mass of the system, M = m+mso,
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Figure 14.3: The total mass of the coalescing system, M = mi + ms, as a function of the mass
m1, assuming the chirp mass of GW150914, M = 28.6 M.

as a function of the mass of one of the two bodies, say m1, using the equation

(m1m2)3/5

s T M = 28.6 M . (14.62)
We see that, to be compatible with the observed chirp mass, the total mass of the system

(see Chapter 16).

must be larger than M = 65.7 Mg,. From this value we understand that the coalescing bodies
cannot be neutron stars, since the maximum mass observed for neutron stars is ~ 2 Mg

Further information can be obtained by evaluating the distance between the two objects
just before merging. We know that the wave frequency is related to the orbital distance Iy
and to the total mass M = my + mso by

1 |GM
I/GW(t) = 21/0rb = ; m . (1463)
0

The data show that the frequency of GW150914 spanned the range from 35 to 150 Hz in a
time interval of about 0.2s; therefore, when vgw = 150 Hz, the distance between the two
objects was approximately 3

Mo\ B
10~<(;2> ~3.4%10%km, (14.64)
(vawm)

where we assumed M ~ 65.7 M. Considering how large is the mass of the two bodies, this
distance is extremely small, and this indicates that they must be extremely compact. To the

best of our knowledge, only black holes can be so compact and massive. As a comparison,
the Schwarzschild radius of a black hole with mass 65.7 M, is 1.94 x 102 km.

3We are assuming that the two bodies are non-spinning; this is justified by the data which are compatible
with vanishing spins (spinning black holes will be discussed in Chapter 18).



278 M General Relativity and its Applications

At this point we have exploited all information which can be extracted from the inspiral
(at leading order in the weak-field, slow-motion, and adiabatic approximation):

e the chirp mass from the wave phase;

e the luminosity distance from the wave amplitude;

e a lower bound on the total mass, which excludes the possibility that the two bodies
are neutron stars;

e an approximate value of the orbital distance just before merging, which indicates that
the two bodies are extremely compact.

Let us now see what else can be inferred from the latest stages of the coalescence.

14.2.4 The final stages of the inspiral
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Figure 14.4: Representative example of the signal emitted by coalescing black holes. The signal
within the leftmost shaded band is the chirp emitted during the inspiral, when the two bodies
approach each other; the signal within the central shaded band is emitted during the merger,
whereas the last part, the ringing tail within the rightmost shaded band, is emitted by the final
distorted black hole which oscillates according to its characteristic quasi-normal modes. Note that
the separation between inspiral, merger, and ringdown is only approximate, since in the last stages
of the coalescence the system is highly non-linear.

In Fig. 14.4 we show the plot of a typical waveform emitted in the coalescence of two
black holes. The first part is the chirp, emitted during the adiabatic inspiralling and is
described by Eqs. 14.41, 14.42, and 14.43; these equations describe the signal with a good
approximation, provided the orbital velocities are much smaller than the speed of light.
When this condition is no longer verified the quadrupole approach, which we have used
to derive the waveform, becomes inaccurate; this occurs approximately when the orbital
distance between the two bodies approaches the innermost, stable circular orbit, the ISCO,
of a black hole with mass m; + my; assuming that the two bodies have zero spins, this
distance is (see Sec. 10.5):
6G(m1 + mg)

. (14.65)

lisco = E
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The wave frequency which corresponds to the orbital distance lisco is

Jgsco _wr _ 1[Gl +mg) ¢ ! (14.66)
ow T T lisco® 7GV63 (M1 +mg) '

Note that 5§ scales as the inverse of the total mass of the system.

The waveform derived within the quadrupole approximation corresponds to the lowest-
order term in a post-Newtonian expansion of the equations of motion in the parameter
v/c, where v is the orbital velocity of the coalescing bodies. At distances comparable to
lisco the waveform must be corrected including more terms with higher power in (v/c).
Customarily, the parameter

2= (v)c)? = C%[G(ml + ma)rvaw]?/3 (14.67)
indicates the order of the correction to the quadrupole waveform. The first correction to
the phase of the signal given in Eq. 14.40 is of order O(z), and depends on the mass ratio
of the binary, mj /ms. This information can be extracted by an accurate data analysis and,
knowing the chirp mass, allows to estimate the individual values of m, and m..

The next corrections to the phase account for the effect of the spins of the binary
components; these terms are of order O(z%/?) and O(z?). Therefore spin corrections start
to be significant when the velocities become large, the two bodies are very close to merging,
and a large signal amplitude is needed to extract this contribution from the detector noise.
For instance, even though GW150914 was a very loud signal, the individual spins of the
coalescing bodies have only been weakly constrained, and appear to be compatible with
Zero.

If the coalescing bodies are neutron stars, phase corrections of order O(x%) carry infor-
mation on the deformations these bodies undergo due to mutual tidal interactions. For a
detailed discussion of the effects of tidal interactions and other post-Newtonian corrections
on the waveform, we refer the interested reader to the monograph [93].

14.2.5 Merger and ringdown: identifying the nature of coalescing compact objects

When the two bodies are very close to merging, strongly non-linear effects take over and
even the post-Newtonian approach becomes inaccurate. The part of the signal corresponding
to the merger, the central shaded band in Fig. 14.4, has to be found by solving numerically
Einstein’s equations in the fully non-linear regime. These studies started in the late 1990s
with the Grand Challenge project, which aimed at simulating the collision of two black holes.
This goal was finally achieved in 2006, when the first waveforms were obtained [96, 28, 14].
After this breakthrough, a bank of templates was set up, which has been instrumental to
extract the gravitational wave signal from the detectors’ noise. Indeed from these waveforms,
which include initially eccentric orbits and the spins of the bodies, one can find some very
useful fitting formulae which allow to estimate the masses and the spins of the two coalescing
bodies (to be compared with those obtained from the analysis of the inspiral part of the
signal), and the mass and spin of the final black hole.

The last part of the signal, the rightmost shaded band in Fig. 14.4, is the ringing tail or
ringdown, and is emitted by the distorted black hole which forms as a result of the merger.
As we shall discuss in Chapter 15, the gravitational signal emitted by a perturbed black
hole will, after a transient, decay as a superposition of its quasi-normal modes (QNMs) of
oscillations, which are described by damped sinusoids

ht) =3 AD sin(wit + @@ )e=t/™" (14.68)
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where wy’ and w -1/ 7() are the real and imaginary part of the eigenfrequency of the
i-th mode, and A and ®(* are the corresponding amplitude and phase. The imaginary
part of the frequency is the inverse of the damping time; indeed the oscillations are damped
because the black hole loses energy emitting gravitational waves.

Remarkably, the QNM frequencies depend only on the mass and on the angular momen-
tum of the black hole. This result is known as the no-hair theorem (see Chapter 18). If the
black hole is non-rotating, the fundamental (i = 0) QNM frequency, in geometrized units,
is given by Eq. 15.111, which we anticipate here

(@) (@) —
R I =

Mw® ~0.3736 — i 0.0890 . (14.69)

For a black hole with mass M = n Mg, this equation yields the frequency and damping
time 19
— kHz, To~nb55x107%s, (14.70)
n

Vg =~

which shows that the larger the black hole mass, the smaller the frequency and the longer
the damping time. As an example, if the black hole has a mass of 10 Mg, the frequency and
the damping time of the fundamental QNM are vy = 1.2 kHz, 7 = 5.5 x 10~ s; if, instead,
it is a supermassive black hole with M = 10° M), like those sitting at the center of most
galaxies (see Chapter 18), they are vy = 1.2 x 1072 Hz, 7 = 55 s.

Note that, in general, the remnant black hole produced in a coalescence is spinning,
and calculating its QNM eigenfrequencies is more complicated than what is discussed in
Chapter 15 (see Box 15-D). For more details, we refer the interested reader to the monograph
by Chandrasekhar [34].

In conclusion, by extracting more than one QNM eigenfrequency from the last part of
a sufficiently strong signal emitted by coalescing compact binaries, it is possible not only
to infer the mass and angular momentum of the final object, but also to test whether the
QNM spectrum is consistent with the predictions of General Relativity. In other words, the
ringdown will allow us to perform a spectroscopy of black holes.

From the data of GW150914 only the eigenfrequency of the lowest QNM has been
measured; the mass and the angular momentum have then been deduced, and their values
agree with those estimated from the merging part of the signal, within the experimental
€rrors.

To summarize, General Relativity provides a complete description of the waveforms
emitted in a binary coalescence. When compared to the data, these waveforms allowed to
interpret the detected signal GW150914 as due to the coalescence of two black holes with
masses given in Eq. 14.44 which, after merging, gave birth to a rotating black hole, with
mass and angular momentum given in Eq. 14.45.

14.2.6 More signals from coalescences

The analysis of the data collected by the LIGO interferometers during two observational
runs between 2015 and 2017 has disclosed ten more gravitational events 4, whose parameters
are shown in Table 14.1. The data are tabulated as follows. In column 1 there is the name
of the event; in columns 2, 3, and 4 the masses of the two coalescing bodies and the chirp
mass; in columns 5 and 6 the mass and the dimensionless angular momentum of the black
hole which forms as a result of the merging; in columns 7, 8, and 9 the source luminosity
distance, the redshift, and the sky localization area.

4During the third observational run of the LIGO and Virgo interferometers in 2019, binary black hole
mergers have been detected on a weekly basis. At the time of writing, the data analysis of this run is still
ongoing.
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Table 14.1: Source parameters of the events detected in the first two observational runs of the
LIGO-Virgo collaboration between the years 2015 and 2017 [3].

my ma M My cJfin Dy AQ

M@ M@ M@ M@ GM2 MpC deg2

fin

Event

4.8 +3.0 +1.6 +3.3 +0.05 +150 +0.03
GW150914 35645 ) 30.6730  28671% 631755 0.697507 4307150 0.0970%5 180

GW151012 23.37340 13674: 152720 357799 0677913 10607530 0.217909 1555
GW151226 13.7758 77122 8.978%  20.5T¢% 0747007 4407185 0.00788% 1033

+7.2 +4.9 +2.1 +5.2 +0.08 +430 +0.07

GW170104 310772 201%49  215%21  49.+52 0667005 9607430 0197597 924
+5.3 +1.3 +0.2 +3.2 +0.04 +120 +0.02

GW170608 109753 76%13  7.9%92  178%32 0697004 3207120 0.077592 396

GW170729 50.67185 34.379),  35.775E  80.3T155 0.81%90% 275071350 0.4870:15 1033

GW170809 352753 238752 25073l 564752 0.70755% 9907320 0.2070:05 340

GW170814 30.7757 253729 242711 534732 0727007 5807290 0.127003 87

—0.05 —210 0.04
+0.12 +0.09 +0.001 +10 +0.00
GW170817 1.46%012 12775099 118670501 <28 <089 40f1)  0.017595 16

+7.5 +4.3 +2.1 +4.8 +0.07 +430 +0.07
GW170818 355772 268143 267121 59.8%4% 0677007 1020743 0.20597 39

+10.0 +6.3 +4.2 +9.4 +0.08 +840 +0.13
GW170823 39.611%°0 204193 293+42 656157 0717005 18507510 0.347013 1651

Among these events there are three, GW170814, GW170817, and GW170818, which
have been localized with much higher precision with respect to the others (see last column
of Table 14.1). The reason is that these events have been detected in coincidence with a
third interferometer, Virgo, located in Cascina, near Pisa in Italy. The sky position of a
source is primarily determined through the difference in the arrival time of the signals at
the detectors, their phase differences, and amplitude ratios. With a network of detectors
the position can be inferred by triangulation, thus reducing the uncertainty on the source
localization. All events in Table 14.1 have been identified as due to the coalescence of two
black holes, except one, GW170817. The table shows that the mass of the individual black
holes ranges between 7.6 Mg and 50.6 M. GW170729 is not only the heaviest black hole
merger, but also the most distant observed in the first two observing runs. It is interesting
to note that — owing to the high orbital angular momentum acquired by the systems before
the merger — the dimensionless spins of the black hole which forms after the merger cluster
in the range between € [0.66,0.81], i.e. black holes formed in these processes are rapidly
rotating. Indeed, as we shall show in Chapter 18, the maximum dimensionless spin of a
rotating black hole is ¢J/(GM?) = 1.

It should be recalled that, when the coalescing bodies reach the ISCO, which can be
considered the end point of the inspiral, the orbital distance and the wave frequency are
approximately given by Eqs. 14.65 and 14.66. These equations show that the larger is the
total mass of the system, the larger is the orbital distance at the ISCO, and the smaller is
the corresponding wave frequency. This means that although more massive systems emit
signals with larger amplitude, they span a smaller region of the detector bandwidth, and
consequently stay in the bandwidth for a shorter time.
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These properties are shown in Fig. 14.5, where we compare the noise spectral density ® of
the LIGO detector, also called the sensitivity curve (thick black curve), with some represen-
tative signals from coalescences of black hole binaries. The sensitivity curve has typically a
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Figure 14.5: The strain amplitude of the gravitational wave signal emitted in the coalescence of two
black holes, /vaw. h, where h is the Fourier transform of the waveform, is plotted as a function of the
frequency and compared to the noise spectral density of the advanced LIGO interferometer (thick
black curve). Roughly speaking, a signal is detectable when the strain amplitude of the signal lies
well above the sensitivity curve. We show two signals for m1 = me = 10Mg and m1 = ms = 60Mg,
respectively, for a source located at the distance of 100 Mpc. Note that the amplitude decreases
sharply after some frequency which approximately corresponds to the merger of each binary. The
dashed vertical lines correspond to the ISCO frequency given in Eq. 14.66. See text for more details.

“bucket” shape: at low frequencies the sensitivity deteriorates (i.e., the curve grows) because
of seismic and environmental noise, whereas at high frequencies it deteriorates because of
quantum noise of the laser beam of the interferometer (see Sec. 12.8). The central plateau
identifies the frequency range where the detector is more sensitive. The quantity that needs
to be compared with the sensitivity curve is the strain amplitude of the signal, given by the
Fourier transform of the gravitational waveform h, multiplied by the square root of the wave
frequency, i.e. \/vgwh. Roughly speaking, a signal is detectable when the strain amplitude
mﬁ lies well above the sensitivity curve (in reality the detection requires much more
sophisticated filtering techniques, see [82]).

The signals shown in Fig. 14.5 are obtained using analytical waveforms that approximate
the whole inspiral, merger, and ringdown signal. The leftmost part of the signal (linear in
the log-log scale) is associated with the inspiral; the small bump corresponds to the merging,
after which the signal dies off quickly during the ringdown.

As previously discussed, as the total mass of the system increases the ISCO frequency
decreases, and the overall amplitude of the signal increases (see Eq. 14.33). Since each
detector is sensitive only in a certain frequency range (e.g., the frequency band for LIGO
and Virgo is roughly vgw € (10,1000) Hz, see Fig. 14.5), the peak frequency lies in the
detector band only when the total mass is in a certain range. This explains why LIGO and

5The noise spectral density of a detector, Sn(f), is the noise power per unit frequency. This quantity
has units of Hz~1/2,



Gravitational wave sources W 283

Virgo are most sensitive to the coalescence of black hole binaries with total mass ranging
from (approximately) 10 Mg to a few hundred Mg,.

Several sources of noise determine the precise shape of the sensitivity curve for each
detector, but a discussion of their characterization is beyond the scope of this book. For a
laser interferometer the frequency band depends on the length of the arms, as discussed in
Sec. 12.8: the range of frequencies where the detector is most sensitive approximately scales
with the inverse of the interferometer arm length (see Eq. 12.123). Kilometer-size interfer-
ometers like LIGO and Virgo can detect black hole binaries with total mass in the above
mentioned range. Supermassive black hole binaries (total mass about 106M) emit signals
in the range vgw € (1073,1071) Hz. Their detection requires 10° km-size interferometers,
which can not be built on the Earth. The Laser Interferometer Space Antenna (LISA) is a
joint ESA-NASA space mission which will be launched around the year 2034, with the goal
of detecting gravitational waves from supermassive black holes for the first time.

As for 2018, the only event which is due to the coalescence of two neutron stars is
GW1708179; this is also the closest event, detected at a distance of 40 Mpc. The inspiral
part of the signal emitted in these processes is a chirp with the same features discussed for
black hole mergers: as shown by Eqs. 14.41, 14.42, and 14.43 it is a sinusoid with increasing
amplitude and frequency, and the phase depends only on the chirp mass. This is because
neutron stars are extremely compact and when they are far apart they can be treated as
point particles. Since the masses are low compared to those of black holes, as explained above
the signal stays in the detector bandwidth for a much longer time (~ 100s, whereas it was
~ 0.2 s for GW150914), and this allows a better estimate of the binary parameters. The part
of the signal emitted by GW170817 in the latest phases before the merger deviates from that
emitted by black holes because the two stars are deformed by the mutual tidal interaction.
These deformations are encoded in some parameters, called Love’s numbers, which measure
the quadrupole moment of a star induced by the tidal field of its companion. The Love
numbers depend on the internal composition of the star, and give important information
on the behaviour of matter in the extreme conditions typical of a neutron star core. In
that region, densities can exceed the nuclear saturation density, and the equation of state
of matter is largely unknown (see Sec. 16.3). Many theoretical models have been proposed,
which cannot be validated by terrestrial experiments, since such extreme conditions cannot
be reached in a laboratory. The extraction of Love’s numbers from the gravitational wave
emitted by coalescing neutron stars is expected to provide information on this fundamental
issue, which cannot be obtained otherwise. A first estimate of the quadrupolar tidal Love
numbers has been possible in GW170817 [2], but more events will be needed to confirm and
refine these results.

It is important to stress that an electromagnetic counterpart, comprising a gamma-ray
burst and optical and radio observations, was detected in coincidence with the detection
of GW170817; this allowed obtaining an independent measure of the redshift z and the
best source localization to date, marking the dawn of multi-messenger astronomy. Thanks
to the electromagnetic counterpart, it has also been possible to measure the speed of the
gravitational waves emitted by GW170817: the gamma-ray burst was detected only 1.7s
after the gravitational wave signal at merger, showing that the speed of gravitational waves
coincides with the speed of light — as predicted by General Relativity — within one part in
1015,

The merging part and the ringing tail of the signal emitted in binary neutron star
coalescences can be significantly different from that of black holes. The presence of matter

SA more recent gravitational wave event from the third observational run, GW190425, has been re-
ported [4]. Although information for this event is much more limited than for GW170817, it is consistent
with another binary neutron star coalescence. If confirmed, it would also be the heaviest neutron star binary
known to date.
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produces a rich phenomenology which depends essentially on the equation of state, i.e.
on the relation between the pressure and the energy density of the fluid inside the stars.
For instance, depending on the compressibility of matter, the object which forms after the
merging can bounce several times, oscillate, and then collapse to form either a black hole, or
a neutron star which, depending on the mass, will later collapse to a black hole; alternatively,
a black hole can form immediately after the bounce. These different behaviours are reflected
in different waveforms, which have to be computed by integrating numerically Einstein’s
equations with a matter source, choosing an equation of state motivated by nuclear physics
studies.

Finally, the last part of the signal is the ringing tail, emitted when the final object
which forms after the merging oscillates (either a black hole or a neutron star), releasing its
residual energy in gravitational waves, at the frequencies and damping times of its proper
QNMs.

14.3  GRAVITATIONAL WAVES FROM ROTATING COMPACT STARS

In this section we shall show that a rotating star emits gravitational waves only if its shape
deviates from axial symmetry. Contrary to binary coalescences, rotating stars are continuous
gravitational wave sources: they emit signals lasting much longer than the observation time,
with an approximately constant frequency, which depends on the star rotation rate.

To study the features of these signals, we shall use the quadrupole formalism introduced
in Chapter 13; we shall model the star as an ellipsoid with uniform density p, rigidly rotating
around an axis with angular velocity 2.

14.3.1 Stars rigidly rotating around a principal axis

The quadrupole moment of the star

qij = / p Tt B, ,j=1,...,3 (14.71)
%
is related to the inertia tensor
Iij :/ P (?“2(52‘j - LL'Z‘.’L‘j) ds.%' (1472)
1%
by the equation
aij = —1Lij + 615 4" . (14.73)
Consequently, the reduced quadrupole moment can be written as
1 k 1 k
Qij = aij = 30 ¢k = = { Ly — 505 Ik ) - (14.74)

Let us first consider a non-rotating, homogeneous ellipsoid, with semiaxes a, b, ¢, volume

V = 4rabe, and equation:
1\ 2 2\ 2 3\ 2
<Z> +<€> +(i> =1. (14.75)

3
In this frame, z* are the principal axes of the ellipsoid. The inertia tensor of the ellipsoid is

b2 4 2 0 0 L 0 0
Iij = ? 0 62 + (Z2 0 = 0 12 0 9 (1476)
0 0 a? + b2 0 0 I3
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Figure 14.6: Ellipsoidal star rotating around the principal axis z.

where I, I, I3 are the principal moments of inertia.

Let us now consider a homogeneous ellipsoid which rotates around one of its principal
axes, for instance x3, with angular velocity (0,0, ), as shown in Fig. 14.6. Let 2 = (,y, 2)
be the coordinates of the inertial frame, and z? = (2,3, 2") those of the co-rotating frame.
Then,

xT; = Rl-jxj/, (1477)

where R;; is the rotation matrix

cosp —sing 0
Rij=| sing cosp 0 |, with ¢ =Qt. (14.78)
0 0 1

For instance, a point at rest in the co-rotating frame, with coordinates = (1,0,0) , has
coordinates ' = (cost,sinQt,0) in the inertial frame, i.e. it rotates around the z-axis
with angular velocity 2. Since in the co-rotating frame {z* }

L 0 0
=0 I, o |, (14.79)
0 0 Iy
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in the inertial frame {2} the inertia tensor is
Lij = RaRjl, = (RI'R");
I cos? ¢+ Irsin® o —(I, — I})sinpcosg 0

= —(I, — I)singpcosp I ysin®p+ Ircos2p 0
0 0 I3

It is easy to check that [ kk = I1+ 1>+ I3 = const. The reduced quadrupole moment therefore
is

1
Qij = — (Iij — 352J1kk> = —Iij + const . (1480)

Using the relations cos2¢ = 2cos® p — 1, and sin 2 = 2sin ¢ cos ¢, Q;; can be written as

 L-5 cos2p sin2p 0

Qij sin2p —cos2p 0 | + const. (14.81)
0 0 0
Since v M
L = E(b2 + ), and I, = E(CQ +a?), (14.82)

from Eq. 14.81 it follows that if a,b are equal, i.e. if the ellipsoid is axisymmetric, the
quadrupole moment is constant; thus azisymmetric stars do not emit gravitational waves.
This is a generic result: an axisymmetric object rigidly rotating around its symmetry axis
does not radiate gravitational waves.

If the rotating star is a triazial ellipsoid, i.e. the semiaxes are all different, a # b and the
star emits gravitational waves; however for compact stars the difference a — b is expected to
be extremely small. It is convenient to express the reduced quadrupole moment in terms of a
dimensionless parameter €, the oblateness, which expresses the deviation from axisymmetry

a—>b
= . 14.83
‘T la+b)2 (14.83)
It is easy to show that
I, -1
2 e 0. (14.84)
3
Indeed, given a — b = €(a + b)/2,
IQ*Il (127172 1 (CL+b)2
= = - . 14.
I3 a? + b2 2€a2—&—b2 (14.85)
On the other hand,
(a—b)* = O(e*) = a® + b* — 2ab, (14.86)
therefore 2ab = a? + b + O(e?) and
Ih—1 1 a®+b% + 2ab .
i R L TR (14.87)

I, 25 a2+
Consequently, neglecting terms of order O(e?), Q;; becomes

el cos2p sin2¢ 0
Qij = “3 | sin2p —cos2p 0 |+ const. (14.88)
2 0 0 0
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According to Eq. 13.49, the emitted signal has the form

2G d? r
TT _ . _r
hij (t,’l’) - TC4 Pmlm di2 le (t C) 5 (1489)

and using Eq. 14.88 this becomes

his ™ = hoPijim Arm (14.90)
with
—COS2¢ret —SIN2¢per O -
Alm = —sin 2@7‘615 COs 2907"615 0 ’ Pret = Q (t - 7) ) (1491)
0 0 0 ¢
and 4G 2 2@
167
hO = C47‘ IgE = WI?,E, (1492)

where P = 27/} is the rotation period of the star. The term P;jim Aim in Eq. 14.91 depends
on the direction of the observer relative to the star axes. Eq. 14.91 shows that a triazial star
rotating around a principal azis emits gravitational waves at twice the rotation frequency

2
Vaw = 2ot = B (14.93)
Rapidly rotating neutron stars have rotation periods of the order of a few milliseconds;
typical values of neutron stars moment of inertia are of the order ~ 10%% g cm?; for galactic
sources the distance from Earth is of a few kpc. If we assume an oblateness as small as
~ 1075, and consider I3 ~ I as the average moment of inertia of the star, we find a typical
amplitude of the order of

1672G 1672G

~

—— Te
ctr P2 ct

(ms) " (kpc) ' (10"°g em?)(107%) = 4.2 x 107>*. (14.94)

We can thus normalize the amplitude emitted by a generic triaxial neutron star with respect
to this value as follows

24 ms 2 kpC I €
ho = 4.2 % 10 [?} {r} {1045gcm2 [10_6} . (14.95)

We remark that Eq. 14.95 gives only an estimate of the gravitational wave amplitude for
these sources, since neutron stars are not homogeneous and the density profile p(r) depends
on the equation of state of matter in their interior which, as we shall see in Chapter 16,
is largely unknown. However, the moment of inertia can be estimated once an equation of
state is chosen among those proposed in the literature.

The rotation period and the distance can be measured for many galactic neutron stars.
Conversely the oblateness e is unknown. Astrophysical observations allow to set an upper
limit on this parameter. It is known that the rotation frequency of many observed pulsars
decreases with time. The rotational energy decreases mainly because these stars have a
time-varying magnetic dipole moment, and therefore radiate electromagnetic waves. A fur-
ther braking mechanism is provided by gravitational wave emission, although the energy
dissipated in this channel is expected to be subleading with respect to the electromagnetic
emission. An upper limit on € can then be obtained assuming that the amount of energy
lost in gravitational waves is smaller than — or equal to, in the limiting case — the loss of
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rotational energy. To this purpose, we shall evaluate the gravitational luminosity 13.148 in
terms of the source quadrupole moment 14.88. We leave as an exercise to show that

32G

Low =+ (e2Q°1%) . (14.96)
In the following we shall assume (as in the case of binary neutron stars) that the source
evolves adiabatically, i.e. that the parameters of the source (in this case, €, I, and Q) do not
change significantly on the timescale of the gravitational wave emission (which is, in this
case, the rotation period). This approximation is satisfied by all known rotating neutron
stars (for instance, for the Crab pulsar P~ 10~'2). Therefore, since averaging over sev-
eral wavelengths of the gravitational wave is equivalent to averaging over several periods,

Eq. 14.96 reduces to

32G
Law = 5629612. (14.97)

The rotational energy and its time derivative are, in the Newtonian limit,
1 . .
Frot = 51{22 , By =100 (14.98)

By imposing Law < fE'rot, we find
32G

$(27w)66212 < I(2m)2v|p| (14.99)
(note that || = —v), and consequently
_ (5]
€ S €sd = (W . (14100)

€sq 1s called the spin-down limit for the oblateness. For instance, the Crab pulsar has rotation
frequency v = 30 Hz, spin-down frequency © = —3.7 x 10710 Hz/s, and distance from Earth
r = 2kpc; if we assume a fiducial moment of inertia of I = 10%° gcm?, Eq. 14.100 gives

€d =T.5x 1074, (14.101)

In Table 14.2 we show the values of the frequency of the emitted gravitational signal and
of the spin-down limit for the oblateness, for some known pulsars.

Table 14.2: Upper limits for the oblateness of an ensemble of known pulsars, obtained from spin-
down measurements [51].

name vew (Hz) €sd
Vela 22 1.8 x 1073
Crab 60 7.5 x 1074
Geminga 8.4 2.3x1073
PSR B 1509-68 13.2 1.4 x 1072
PSR B 1706-44 20 1.9 x 1073
PSR B 1957420 1242 1.6 x 1079
PSR J 0437-4715 348 2.9x 108

Independent constraints on the oblateness of the Crab pulsar have been set by the
analysis of the data collected by the LIGO and Virgo interferometers. At the time of writing,
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these instruments did not detect gravitational waves from spinning neutron stars; however,
their sensitivity was such that a gravitational signal emitted by these stars would had been
detected if its amplitude exceeded hy ~ 1072°. Since no signal has been detected, it follows
that the amplitude of the wave emitted by the pulsar must be smaller than this value.
Therefore, using this constraint and substituting the values of the distance of the Crab
from Earth (r ~ 2kpc), its rotation period (P ~ 33ms), and the fiducial value of the
moment of inertia (I = 10*° gem?) in Eq. 14.95, the upper limit for the Crab oblateness is

e<5x107°. (14.102)

Similarly, for the Vela pulsar (r ~ 0.2kpc, P ~ 89ms), the upper limit is ¢ < 4 x 1075,
Remarkably, these bounds are more restrictive than the spin-down limits obtained from
astrophysical observations. Note that the above constraints are derived under simplified
assumptions and for a fiducial value of the moment of inertia. A more rigorous analysis for
the Vela pulsar using the recent data from advanced LIGO and Virgo provides a much more
stringent bound on the oblateness, e < 3 x 107® [83].

14.3.2 Wobbling stars

Let us now assume that the star rotates about an axis which forms an angle 6, called “wobble
angle”, with one of the principal axes, say, the semi-axis c. In this case, the angular velocity

z
1
rotation -
axis ————— T symmetry
9 axis
1
/
/
B ‘e
- -~ 1
~ ~
RN
=~ ~
a .z . = y"
B 9 N
z b -
1
y
XN: !

Figure 14.7: Rotation from O’ to O”.

precedes around this axis. For simplicity, let us assume that the semi-axis ¢ is a symmetry
axis of the ellipsoid, i.e.
a=1b — I 212, (14.103)



290 B General Relativity and its Applications

and that the wobble angle 6 is small, § < 1. Let z¥ = (2,3, 2") be the coordinates of the
co-rotating frame O’ and x* = (z,v, 2) those of the inertial frame O, related by x; = Rijx;,
where R;; is the rotation matrix. The transformation from O’ to O is the composition of
two rotations:

e A rotation of O’ around the z-axis by a small angle 6 (constant), as shown in Fig. 14.7;
in the new frame O” the rotation axis coincides with the z”-axis. The corresponding
rotation matrix is

1 0 0 1 0 0
Ro=| 0 cos® sinf |=|0 1 6 |+0(6?. (14.104)
0 —sinf cos@ 0 -0 1

e A time-dependent rotation around the z”-axis, by an angle ¢ = Qt, as shown in
Fig. 14.8; the corresponding rotation matrix is

cose —sing 0
R,=| sing cosp 0 |. (14.105)
0 0 1

After this rotation, the symmetry axis of the ellipsoid precedes around the z-axis,
with angular velocity €.

n

z"=z7
. R R /T symmetry
rotation axis
axis
n
y
.y
y
X )
X
Xll

Figure 14.8: Rotation from O” to O.
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The rotation matrix from O’ to O therefore is

cosp —singp 0 1 0 O
R = R,R,=| sing cosgp 0 0 1 6 |+0(6?
0 1 0 -6 1
cosp —singp —9S1ntp
= sinp  cosg Hcosgo (14.106)
0 —0
Since in the co-rotating frame O’
L 0 0
Igj = 0 I O , (14.107)
0 0 I3
in the inertial frame O the inertia tensor is
L; = RuRul,, = (RI'R"); (14.108)
Il 0 (Il — 13)9 singp
= 0 I —(I; = I3)0 cosp | +0(6%).
(I = I5)0 sinp —(I —13)0 cosg I3
(14.109)
Then, neglecting terms of order O(62), the quadrupole moment is
0 0 —sing
Qij = —1ij +const = (I, — I3) 0 0 0 cos + const , (14.110)
—siny cosy 0
and using Eq. 13.49 the waveform is
his ™ = hoPijim Atm , (14.111)
where
0 0 SiN Qpet .
Ay = 0 0 —COS Pret | Oret = 0 (t — 7) , (14.112)
SIN Qret  — COS Yret 0 ¢
and 2G 02 812G
T
ho = L —13)0=—">+ (I1 —1I3) 0. 14.113
0 cAr ( 1 3) 4. P2 ( 1 3) ( )

Thus, when an axisymmetric star rotates around an axis which does not coincide with a
principal axis, gravitational waves are emitted at the rotation frequency

VW = b (14.114)

Like the oblateness, the wobble angle is an unknown parameter. Comparing the amplitude
of the wave emitted by a star rotating around a symmetry axis given in Eq. 14.92, and that
of a wobbling star given in Eq. 14.113 we see that, apart from a factor 2, the difference is
that the moment of inertia I3 and the oblateness € in Eq. 14.92 are replaced by the difference
(I, — I3) and by the wobble angle § in Eq. 14.113.
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14.4 COSMOLOGICAL PARAMETERS

In this section we briefly summarize some basic concepts of cosmology. We refer the inter-
ested reader to any textbook dedicated to this subject, e.g. [71], [102].

Cosmological observations show that our Universe is approximately homogeneous and
isotropic on spatial scales of the order of ~ 100 Mpc (we remind — see Table A — that
Ipc = 3.086 x 10¥ cm, i.e. 1 pc = 3.262 ly). This implies that at each space point the
geometry must be the same (homogeneity), and that the space is spherically symmetric
(isotropy) about every point, i.e. no direction is preferred. The line element of the cosmolog-
ical geometry which satisfies these properties is the Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric

dr?

1 — kr?

ds® = —c2dt* + a*(t) +1r2d6* + r?sin® 0do? | | (14.115)
where a(t) is the scale factor, a function of the coordinate time ¢, and the constant k takes
the values k = 0, 41, i.e. it is dimensionless. If £ = 1, the ¢ = const hypersurfaces have
positive curvature, in which case the Universe is closed, while if £ = —1 they have negative
curvature and the Universe is open. If £ = 0, the ¢t = const hypersurfaces have vanishing
curvature, i.e. they are flat. Indeed, in this case the part of the metric in square brackets

can be reduced to
da? + dy* + d2* (14.116)

by the standard transformation from polar to Cartesian coordinates, and if we set ¢t = const
and choose new coordinates 2’ = a(t)z, y' = a(t)y, 2/ = a(t)z, the line element of the
three-dimensional space becomes ds? = da'? + dy’? + dz"2.

Note that if £ = £1, » must be dimensionless, while the scale factor a has the dimension
of a length. However, the metric 14.115 is invariant under a rescaling r — Lr, a — a/L,
k — k/L? where L has the dimension of a length; therefore, we can choose a more “physical”
radial coordinate, with the dimension of a length. With this choice the line element 14.115
has the same form, but k& = 41/L?, and the scale factor a is dimensionless. The scalar
curvature of the three-dimensional submanifold ¢ = const is R®® = 6k/a?; thus the length-
scale of this curvature, loyy = 1/41/|RG)], is

lcurv ~ CL/ V |k‘ y (14117)

which shows that, for k = £1, leury ~ a, while for k = +1/L?, loyry ~ al.

According to the latest results by the Planck mission (released in 2018 [92]), we live in
a FLRW Universe with negligible curvature, therefore for practical purposes it is nowadays
often assumed k = 0.

In the FLRW model, galaxies are considered as particles of a cosmological, pressureless
fluid, each located at the space coordinates 2*,i = 1...3. Each particle has vanishing three-
velocity, otherwise they would establish a preferred direction, contradicting the isotropy
assumption. We remark that this should be considered an average description, accurate at
length-scales much larger than the size of a single galaxy. The time coordinate t is called
cosmic time, while the space coordinates (r,6, ¢) are called comoving coordinates, since in
this frame each galaxy has the same space coordinates (r, 8, ¢) for all times. Thus, whereas
the coordinate distance between two galaxies is constant, their proper spatial distance

galaxy 2

D(t) = Vgindaida® ik=1,...,3 (14.118)

galaxy 1

is not, and can increase, decrease, or remain constant depending on the behaviour of the
scale factor in time.
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14.4.1 The cosmological redshift

Let us assume that a source in a distant galaxy located at r = R, emits a light signal at
some coordinate time tey, with frequency venm, and that the pulse is emitted in the radial
direction. An observer in a galaxy in r = 0 receives this signal at a coordinate time t,ps,
with frequency vops-

Let us compute whether the observed frequency differs from vep,. Since both the galaxy
and the observer are at rest, and since in the FLRW metric 14.115 ggg = —c?, the proper
times of the source and of the observer coincide with the corresponding coordinate times (see
Sec. 11.1). Therefore, the coordinate time separation of the wave crests as they are emitted
is the inverse of the emission frequency, dtem = 1/Vem, and the coordinate time separation
of the observed wave crests is the inverse of the observed frequency, dtobs = 1/Vobs-

The light pulse emitted at time tqy, at r = R travels along a null geodesic of the FLRW
spacetime, and setting ds> = 0 in Eq. 14.115 we find

tobs R
/ cdt :/ . (14.119)
tom () o V1—kr?
Note that the right-hand side of this equation is the same at all times, since in the comoving
frame the coordinates of the source and the observer do not change with time. The next
wave crest, emitted at tey, + 0tem, travels along the same radial path and is received at time
tobs + Otons; thus in this case

tobs+0tobs dt R d
/ == / N (14.120)
tomtoten O) Jo V1 —kr2

/tobs cdt /tobs+5tobs cdt (14 121)
t t

e () et Ot O(1)

The last integral in this equality can be written as

tobst6tobs tobs tem+0tem tobst+6tobs
/ = / - / + / s (14. 122)
tem+0tem t t t

em em obs

It follows that

therefore Eq. 14.121 reduces to
tem+0tem dt tobs+0tobs di
—/ “ +/ L (14.123)
tem a(t) tobs
and, assuming 6tem and dtons to be small, we get

_ 6tem + 6t0bs

=0. 14.124
a(tcm) a(tobs) ( )

Since tem = 1/Vem and tobs = 1/Vobs,
Vobs _ Olfem) (14.125)

Vem a(tobs)

Cosmological observations show that our Universe is expanding, therefore a(t) is an in-
creasing function of the cosmic time ¢. Consequently, a signal emitted at frequency vey by a
source in a distant galaxy will be detected by our instruments with a frequency vops < Ve,
i.e. will be redshifted. We define the cosmological redshift z as

Vem — Vobs Aobs — Aem

= = 14.126
‘ Vobs )\cm ’ ( )
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hence

Vem Aobs a(tobs)
te Vobs )\cm a(tcm) ( )

From Eqs. 14.124 and 14.127 it also follows that if two light (or gravitational wave) pulses
are emitted with time separation dt.p,, they will be observed with time separation

Stobs = (14 2)0tem - (14.128)

14.4.2 The Hubble constant

Let us Taylor-expand the ratio a(tem)/a(tobs) around the present time tops

a(tem) 1 2 2
=14+ Ho(tem — tobs) — =GoHS (tem — tobs 14.129
2RI = 1+ Hoftom = for) = 500H (e toe)* + (14.129)
where 2
Hy = Uons) (14.130)
ad(tobg)

is called the Hubble constant, and

1 (tobs) _ altobs) G (fobs)
Hg a(tobs) d2(t0bs)

Q@ = (14.131)

is called the deceleration parameter. In the previous equation a dot indicates differentiation
with respect to the cosmic time. It should be stressed that, although the name of gy seems
to indicate a deceleration in the expansion of the Universe, observations show that the
expansion is actually accelerating, i.e. gg < 0.

Let us now consider, as in Sec. 14.4.1, a source located at » = R emitting at the time
tem a signal which is observed in r = 0 at the time t¢,,s. The proper distance between the
source and the observer, measured at the time t,s, is obtained writing Eq. 14.118 for the
FLRW metric 14.115

D (14.132)

(fone) / R dr

= a(tobs 3
obs 0 /71 )
If the source is at a (relatively) small distance from us, a(t) does not change significantly
during the time interval (¢,ps —t) needed for the light signal to reach us. In the same approx-

imation the rescaled radial distance, aR, is much smaller than the cosmological curvature
leury ~ a/+/|k| (see Eq. 14.117), and thus |k|R? < 1. Therefore, Eq. 14.132 reduces to

D = a(teps)R (14.133)

(note that Eq. 14.133 is exactly satisfied in the case of flat spatial hypersurfaces, k = 0).
Light moves on null geodesics, therefore setting ds?> = 0 in the metric 14.115 and neglecting
kr? we find

—2dt?* +a(t)?dr* =0 = c(tops — tem) =~ a(tem) R, (14.134)

and consequently from Eq. 14.127

<

_ a(tobs) — a(tem) ~ a(tobs) _ ~d E - (tobs)
°T a(tem) B a(tem) (tobs tem) - (tObS) c a(tobs)

o |

, (14.135)

where we have used Eq. 14.133 and the fact that (tobs — tem) is small since the source is
close to the observer. From the Doppler shift formula, we know that if a light source travels
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at a speed V < ¢ with respect to the observer, the radiation emitted with a wavelength
Aem Will be received with a shift

)\obs - )\em |4
_ = 14.136
. . ( )
Thus, using Eq. 14.126 and Eq. 14.135 we find
' tO S
Vesew WMo oy _gip. (14.137)
a(tobs)

This equation is the Hubble law, which shows that, since our Universe is expanding, the ve-
locity at which galaxies in our local Universe (up to a few hundred Mpc away, see Eq. 14.151)
are receding from us is proportional to their proper distance. The values of the Hubble con-
stant and of the deceleration parameter are [92]”

Hy = (67.36 = 0.54) km s~ 'Mpc ™', (14.138)
and
qo = —0.527 £ 0.011. (14.139)

The inverse of the Hubble constant is the Hubble time tg which provides a rough estimate
of the age of the Universe

1
ty = — ~14.5 Gyr. (14.140)
Hy

14.4.3 Luminosity distance

Let us consider again an electromagnetic signal emitted at time t¢,, in 7 = R and observed
at time tops in = 0, where we remind that (¢,r) are coordinates in the FLRW frame defined
in Eq. 14.115. If the emitted power, i.e. the luminosity of the source, is

dgcm
L= 14.141
dr ( )
then the power transmitted at the observer is
dEops 1
Eobs _ L; (14.142)

dtone (14 2)?

indeed, two wave crests emitted with time separation 0ty arrive with time separation
Otobs = (1 4 2)0tem (see Eq. 14.128); moreover, the energy transmitted between the two
wave crests is also redshifted, i.e. 6&pbs = 0€em /(1 + z), because the signal corresponds to
a certain number of photons, and each of them is emitted with energy Ave, and detected
with energy hvobs = Aivem/(1 + 2).

Since the wavefront, at the time t,ps, is a sphere of radius R, whose proper area is (see
Eq. 14.115) 47a(tens)? B2, the observed energy fluz F is

dEem 1 L L

F = - =
dtem 4ma(tons)?R?  Ama(tons)?R?(1+2)2  4wD3%

(14.143)

7At the time of writing, there exists a statistically significant tension between the value of the Hubble
constant measured by the Planck mission (Eq. 14.138), based on measurements of the cosmic microwave
background, and independent measurements based on calibrated distance ladder techniques using standard
candles, which give a value of Hy approximately 8% larger.
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where we have defined the luminosity distance
Dy =a(tons) R(1+2) =D(1+ 2). (14.144)

If we know a priori the intrinsic luminosity L of a source, then the source is called standard
candle. For instance, a certain class of stars, the Cepheids, have a variability which is re-
lated to their luminosity. Similarly, a class of supernovae called “type Ia” have an intrinsic
luminosity which is related to the behaviour of the electromagnetic emission with time. Our
theoretical understanding of these (and other) sources is good enough to know their lumi-
nosity L. Therefore, since the flux F can be measured, Eq. 14.143 provides an operational
way to measure the luminosity distances of these sources:

/| L

The luminosity distance can also be written in terms of the redshift z as follows. From the
Taylor expansion 14.129, which is performed about the present time (assuming Ho(tem —
tobs) < 1, i.e. that fem — tops is much smaller than the age of the Universe), we have

a(tobs)
a(tem)

and since a(tobs)/a(tem) = (1 + 2) (Eq. 14.127),

1
=1 — Ho(tem — tobs) + 5qOHg(tCm — tobs)? (14.146)

2 = Ho(tobs — tem) + %H@(tobs o)+ (14.147)

from which (¢obs — tem) can be found in terms of z

1
(tobs - tem) [Z - @ 2

= D +} . (14.148)

Let us now consider Eq. 14.119. The expansion of its left-hand side yields (using Eqgs. 14.130
and 14.147)

/ o edt / o cdt (14.149)
woat) S altobs) + altobs)(t — tobs) + ... '
c tobs
= a(tb)/t 1 — Ho(t —tons) +...]dt
obs em
c 1
= — |(tobs — tem) — = H tos_tem2
oy (o~ 1) = 0t~ )+ |
c 1
= —|z—=(1 24,
a(tobs)HO |:Z 2( +q0)z + :|

The expansion of the right-hand side of Eq. 14.119 yields®

/ odr (14.150)
8If k # 0, the expansion in Eq. 14.150 is performed assuming that the distance aR is much smaller than

the curvature of the Universe 14.117. If, instead, k = 0, the higher-order terms in the expansion 14.150
identically vanish.
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Therefore,

Dr(z) = (14 2)a(teps)R=(1+ Z)Hio {z — %(1 +qo)22 + ... (14.151)

= Hio z+;(1—q0)z2+..l .
The linear term in z in the above equation corresponds to the Hubble law, Eq. 14.137.
When the redshift is comparable to 1 (or larger), the quantities Ho(tobs — tem) and kR? are
not negligible, and Eq. 14.151 is no longer applicable. In this case the luminosity distance
can be written as an integral over the scale factor, which has to be solved numerically for
the chosen cosmological model.

14.4.4 Standard sirens: coalescing binaries as standard candles

In Sec. 14.2 we have shown that the gravitational wave signal emitted by an inspiralling
binary system has amplitude given by

47T2/3G5/3 M 2
_ jadd /3
= 4 X 7 X (Mvaw(t))“°. (14.152)
This signal has been computed by solving Einstein’s equations perturbed around
Minkowski’s spacetime, i.e. assuming (in the TT-gauge) g, = nm,Jrh;fuT . If the gravitational
wave propagates across cosmological distances (i.e., if we cannot neglect the cosmological
redshift of the source), it should be considered as a perturbation of a curved background

ho(t)

Guv = Go, + 5k (14.153)

where 921/ is the FLRW spacetime 14.115.

In order to understand which are the corrections due to the expansion of the universe
to Eq. 14.152, we shall proceed in two steps. To begin with, let us consider a space region
far enough from the source for the metric perturbation to propagate as a spherical wave,
but close enough that the wave reaches this region at a time ¢’ such that a(t) ~ a(t’). The
spacetime in this region can then be considered as flat, and the Minkowskian coordinates
are obtained by a simple rescaling by the (approximately) constant factor a(t). Therefore,
in this region the gravitational wave amplitude becomes

4r2/3Go/3 M
B c* . a(t")R

ho(t) X (Muaw)?3. (14.154)

We now want to determine how the gravitational wave propagates along cosmological
distances, from the time ¢’ to the observation time t,}s. To this aim, as mentioned above, we
should consider Einstein’s equations linearized around the curved FLRW background (the
procedure was briefly discussed in Sec. 12.1; see also Eq. 15.37). The resulting equations
are much more involved than the simple wave equation studied in Chapter 13. However, if
the wavelength of the propagating radiation is much smaller than the curvature radius of
the background (which is always the case in a cosmological background), these equations
can be solved using the approximation of geometric optics [65, 112]. The result is that the
cosmological background affects in the same way the propagation of both gravitational and
electromagnetic waves:

e The frequency of the wave is redshifted, as discussed in Sec. 14.4.1,

ehs = fiwz . (14.155)
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e The amplitude of the wave falls off with the proper curvature radius of the spherical
wavefront?. Since the sphere at comoving radius R (and proper time t,1,s) has surface
area 4w R%a(tops)? (see Eq. 14.115), its radius is a(teps)R-

Thus the amplitude in Eq. 14.152, after propagation on a cosmological background, is

rescaled as 2/3,45/3
423G M
ho(tobs) = X
O( b ) 4 a(tobs)R

c
If we assume that the Universe is spatially flat (k = 0), a(tobs)R coincides with the proper
distance D between source and observer at time ¢,ps given in Eq. 14.133.

Thus, as discussed in Sec. 14.2.2, the amplitude 14.156, expressed in terms of the ob-
served quantities (v2Ry and M°> = M(1 + 2)), reads

X (Mugs)?/3 . (14.156)

47T2/3G5/3 MObS
ho(tobs) =
0( Obx) 4 X DL(tobs)

c
where Dr,(tops) = (1 + 2)a(tobs)R is the luminosity distance of the source (Eq. 14.144).

Similarly to the standard candles discussed in Sec. 14.4.3, compact binary inspirals allow
to directly measure the luminosity distance Dj, of the source. While for ordinary standard
candles the luminosity distance can be measured from Eq. 14.145 once the luminosity of
the source is known and the flux is measured, for compact binary inspirals the luminosity
distance can be measured from Eq. 14.157 once ho(tops), M°P%, and 1/&'%7{, are measured from
a gravitational wave event. This latter measurement of the luminosity distance is also more
direct than for ordinary standard candles, since it comes entirely from observations and
does not require any assumption on the intrinsic luminosity of the source. Compact binary
inspirals are also called standard sirens [104].

Detecting the gravitational wave signal from compact binaries, in coincidence with
an electromagnetic counterpart (see the discussion on neutron star coalescing binaries in
Sec. 14.2.6), allows to measure the luminosity distance of the sources and, using Eq. 14.151,
to obtain a direct measure of the Hubble constant.

X (MOPSLRS)/3 (14.157)

9This is a general property in geometric optics, also satisfied by light rays: the propagation equations
require that the amplitude falls off as the rays diverge. Note that this guarantees that the energy flux (which
is proportional to the squared amplitude of the wave), integrated over the wavefront, is constant.



CHAPTER 1 5

Gravitational waves from
oscillating black holes

In this chapter we discuss the dynamics of small metric perturbations of a Schwarzschild
black hole. To leading order in their amplitude, these perturbations are governed by Ein-
stein’s equations linearized on the Schwarzschild background. We shall follow the approach
pioneered by Regge and Wheeler [99] in which the metric perturbations are decomposed in
a complete basis of spherical harmonics according to their parity. We warn the reader that
our treatment in this chapter will be basic and limited. Some of the computations we are
going to present are considerably more involved than in the previous chapters, therefore in
some cases we shall provide the final result and leave its derivation as an exercise. A thor-
ough discussion on the theory of black hole perturbations can be found in Chandrasekhar’s
monograph [34].

Our goal is to compute how Eqgs. 12.32 and 12.33 should be modified if, instead of
considering the perturbation of a flat spacetime, we consider the perturbation of a curved
background, in particular the Schwarzschild solution for a non-rotating black hole.

Strictly speaking, the linearized Einstein equations on a curved background have already
been derived in Sec. 12.1. In vacuum (neglecting terms O(h?)) they reduce to (see Eq. 12.12)

Ry, =061, — oI, =0. (15.1)

pvio posy

However, the form 15.1 is impractical for explicit integration, and the physical content of
the equations is not manifest. We shall show how to transform Eq. 15.1 — in the case of the
Schwarzschild background — in two simple wave equations with potential barriers, which
can be solved with standard numerical techniques.

In this chapter we shall use geometrized units G = ¢ = 1. We shall denote the mass of
the black hole in these units by M, while the symbol m will denote the azimuthal number.

15.1 A TOY MODEL: SCALAR PERTURBATIONS

Before discussing the perturbations of a Schwarzschild black hole, it is instructive to consider
a much simpler problem, namely the dynamics of a scalar field ¢ on the Schwarzschild
background. We shall assume that i is a “test” scalar field, i.e. its amplitude is sufficiently
small, so that we can neglect its backreaction on the metric. Indeed, the stress-energy
tensor of a scalar field given in Eq. 5.25 is quadratic in v; therefore a background solution
of Einstein’s equation in vacuum (e.g., the Schwarzschild metric) is not modified by the
perturbation to the leading order in the field’s amplitude.

To first order in the field, we wish to solve the Klein-Gordon equation (see Eq. 7.59) on

299
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a Schwarzschild background. For simplicity, we consider a free scalar field, i.e. we neglect
the potential term in Eq. 7.59. Then, the Klein-Gordon equation reduces to

O =V, V) =0, (15.2)

where ¢ = 1)(t,7,0,¢) is a small scalar field and V, is, as usual, the covariant derivative
operator (we remind that [J is the d’Alembertian operator in curved spacetime). Note that
while the background is static and spherically symmetric, the perturbation is a generic
function of all spacetime coordinates.

The differential operator can be written as shown in Eq. 5.67 with V# = V#¢) = 9,
namely

1
V.V = —0,(/—g0*) =0, (15.3)
H \/jg H

where \/—g = r?sin 6 is the determinant of the Schwarzschild metric. Since the determinant
does not depend on ¢ and ¢, and the metric is diagonal, Eq. 15.3 reduces to

1
9"+ —(=99"" V) + (V=99".0).0 + 9791, pp = 0. (15.4)

V=9

Here and in the following we define

o
V=9

f:k%, (15.5)

therefore the Schwarzschild metric components read

gttt = _fa Grr = f_1 ) 906 = T2a Jpp = T2 Sin2 0. (156)

Replacing in Eq. 15.4, we get

1 1
—fflw,tt —|— T 9(7" sin® fi,) , ne(blnﬁw 0).0 —|— n2 9%“’ (15.7)

_|_
0% 32¢ 2f\ 0¥ | 1 [0* 3¢ 1 82¢
8t2 +f (f + >8+2|:+ ot 00—

= 962 90 " sinZ0 07
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Scalar spherical harmonics

The scalar spherical harmonics are a set of functions {Y"™} on the two-sphere S2. Since
the two-sphere can be described by the polar coordinates (6, ), spherical harmonics can be
defined as functions of these coordinates. The integer label [ is called harmonic indez, whereas
m is called azimuthal number. Regularity at the boundaries implies that [ = 0,1,... and
m=—,—-l+1,...,1—-1,1
We have introduced the spherical harmonics in Box 3-E, as the eigenfunctions of the angular
part of the Laplacian operator:
2y lm lm 2y Ilm
LY'™ = 831;2 + cot&aga + Silee 38};2 =—I(l+1)Y"™. (15.8)

Due to the orthogonality relations
/ Yyt m g0 = 8,8 (15.9)
(where * denotes complex conjugation, and d2 = sinfdfdy is the solid angle integration

element) the scalar spherical harmonics form a complete basis of functions on the two-sphere,
i.e. any function (6, ) on S can be written as an expansion in spherical harmonics:

0o l
(0, ) = Z Z Y0, ) (15.10)

where the coefficients Ry, can be obtained using Eq. 15.9:

Rim = /sz/z(@,go)Ylm*(&,np). (15.11)
The explicit form of the scalar spherical harmonics is

2041 (1 —m )le

Y™ (8, ) = I (] (cos 0)e™™? (15.12)
where P'™ (z) are the associated Legendre polynomials
P (z) = (—1)™(1 — x2)m/2[;‘fc—mpl(x) (15.13)

and P'(z) are the Legendre polynomials given by Rodrigues’ formula

Pl(z) = 2%“%((352 — 1. (15.14)

The lowest-order spherical harmonics with m > 0 are:

Y = \/% Y= /2 cost Y =—,/2 sinfe’” (15.15)
Y20 = \/;(3005 0-1) Y= —,/gsinﬁcosﬁew Y2 =,/ 22 sin 2 geriv .

while those with m < 0 can be obtained from the relation Y™™ = (—1)™y'™*,
For further details on the spherical harmonics, see e.g. [67].
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Since the background is spherically symmetric, to simplify Eq. 15.7 it is very convenient
to perform a spherical harmonic decomposition of the scalar field, i.e. to expand the field
Y (t, 7,0 ) in a basis of complex functions of the angular variables, the spherical harmonics
{Y'"™(0,)} (see Box 15-A):

G(t,r,0,0) =Y Rim(t,7)Y'™(0, ). (15.16)

lm

Indeed, any spherically symmetric manifold can be considered as “filled” with two-spheres
(e.g. Sec. 9.1). The metric of a spherically symmetric spacetime can be written as (see
Sec. 9.6)

ds? = gap(2°, 2Y)dzde® + a(2°, 21)(d6* + sin® 0dp?) (15.17)

where A = 0,1 and we can choose 2 = t and z' = r. In other words, the surfaces with
t and r constant are two-spheres, and the four-dimensional manifold M can be written as
the product of a two-dimensional manifold My and the two-sphere 82: M = My x S2.

Any scalar function defined on a spherically symmetric manifold can be expanded in
spherical harmonics as in Eq. 15.16; the coefficient functions Ry, (t,7) can be obtained as
shown in Eq. 15.11 of Box 15-A:

Rin(tr) = [ d(t.r,0.0)Y"™ (0,). (15.18)

Note that, while in Eq. 15.11 the coefficients of the expansion are constants, here Ry, are
functions of ¢ and 7.

The differential operator appearing in the square brakets of Eq. 15.7 is the angular part
of the Laplacian operator in polar coordinates, I, defined in Eqgs. 3.88 and 15.8. Since the
spherical harmonics are eigenfunctions of this operator,

LY'™ = —1(1+ 1)Y'™, (15.19)

by replacing the expansion 15.16 into Eq. 15.7 we get

R ,Rim 2\ ORim (I +1
Z{f R +(f,r+7;f> S - (TQ VR | vim =0, (15.20)
lm

We can multiply the above equation by y¥m'* and integrate over the solid angle. Using
the orthogonality condition 15.9, we obtain an infinite set of decoupled equations for the
functions Ry, (t,r) only:
%Ry 2f\ ORym: U1+ 1

I'm + (f,r + f) I'm ( )

o o~ g R =0. (15.21)

O Ry
or2

f -
Since I, m’ are free indices, we can redefine them as [ and m for simplicity. Remarkably, while
Egs. 15.7 are partial differential equations in (¢,7, 0, ¢), Egs. 15.21 are partial differential
equations in ¢t and 7 only. By performing a Fourier transform (as we shall discuss below),
they become ordinary differential equations in r, which are much easier to solve than partial
differential equations.

It is also convenient to redefine the scalar field such that

Ry (t,r) = M (15.22)

Thus,

le = wlm,r _ 1plﬂ%

2Rym r m,rr
le,rr+ fm, :wl ’

b
r r2 r r

(15.23)
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and

wlm T whn ,T wlm .
r - f,r

r r2’

lem,rr+<fr f) ler_f +f,7‘
therefore, after multiplying by r f(r) and noting that f, = 2M/r?, Eq. 15.21 takes the form

2 2
0 wlm 0 '(plm +ffra¢lm _f <l(l+ 1) + 2;‘5) wlm -0

(15.24)

2 J—
f .

5,3 5 (15.25)

Note that the azimuthal number m does not appear explicitly in this equation. This is a
general property of linear perturbations of spherically symmetric spacetimes.
It is also convenient to introduce the tortoise coordinate (defined in Eq. 9.117),

r*:T+2M1n‘ﬁ—l‘. (15.26)
Since dr/dr. = f, we obtain
0? 0,0
52 = fa.rf——f2 +f f (15.27)

and Eq. 15.25 can be written in the form of a one-dimensional wave equation

821/1lm(ta7’) _ 82wlm(tar)

scalar _
arz 12 - Vvl (r)wlm(tv ’I") - 07 (1528)
where oM\ [l(1+1) 2M
scalar _ +
ypealar (1) — <1 - > ( S+ 5 > (15.29)

is the effective potential, which is due to the spacetime curvature. Indeed, in the flat space-
time limit (M = 0) the potential displays only the classical centrifugal term V>¢#12%(r) =
I(I+1)/r? and is a monotonically decreasing function. Thus, the scalar field propagates in
the Schwarzschild background as a wave scattered by the effective potential.

This is plotted in Fig. 15.1 as a function of the tortoise coordinate, expressing r in terms
of 7. Note that V;*¢2lar (1) — 0 both near the horizon, r — 2M (r, — —0c0), and at infinity,
r — 00 (1. — 00). Furthermore, it can be shown that the scalar potential has a maximum
outside the horizon at

B3I+ 1)+ IT+ )91+ 1) +14) +9 -3

It may be noted that, in the [ — oo limit, the location of the maximum coincides with the
location of the photon sphere, i.e. the light ring » = 3M (see Sec. 10.4).

Finally, since the background is static, it is often convenient to work in the Fourier
domain. We define the Fourier transform 1, (w,”) of the function ¢y, (t,7) as

+o0 ~ )
din(t.r) = [ dw i, re (15.31)
and, from Eq. 15.28, one can immediately obtain the equation in the frequency domain

.
0 djlm(w?r) + [

o2 w? — VR (1))t (w, 7) = 0. (15.32)

This is an ordinary differential equation for the radial wavefunction &lm(w,r). Note that
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Figure 15.1: Effective potential V;**?® for scalar perturbations on a Schwarzschild black hole in
tortoise coordinates and for [ = 1.

Eq. 15.32 has the same form of the time-independent Schrodinger equation for a quantum
mechanical problem in one dimension, with the identification w? = FE, where E is the
energy of the quantum-mechanical eigenstate. Therefore, the above equation can be solved
and analysed with the standard methods developed for quantum mechanics. In particular,
the scattering of a scalar wave by a Schwarzschild black hole can be simply analysed as the
scattering of a wave packet off the effective potential given in Eq. 15.29.

To summarize, to leading order in the scalar field, the Klein-Gordon equation on a
Schwarzschild spacetime reduces to the Schrodinger-like equation 15.32 with an effective
potential barrier given by Eq. 15.29.

15.2 PERTURBATIONS OF THE SCHWARZSCHILD SPACETIME

Let us now consider the more interesting case of spacetime perturbations. As we shall see,
the procedure to analyse this problem is similar to that discussed above for a test scalar
field, but it is more complicated due to the tensorial nature of the metric.

15.2.1 Linearized Einstein’s equations in vacuum

Following what we did in Chapter 12, we expand the metric as
9w = Gy + P » (15.33)

where gfw is the background metric and h,, is a small perturbation, |k, | < | gfw|.

Einstein’s equations in vacuum reduce to R, (9) = R}, 4+ 0R,,(h) = 0, and the Ricci
tensor linearized on a generic, vacuum background is given in Eq. 12.12. Since R}, (¢°) =0
by definition, the linearized Einstein equations reduce to

SRy = 6T e — ST gy = 0, (15.34)
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where (see Eq. 12.11)

1
(Sl“ﬂaﬁ = 590 My(huoc;ﬂ + hvﬂ;a - ha,@;y) . (1535)
Note that covariant derivatives in Eqgs. 15.34 and 15.35 are performed with respect to the
background metric g;,.
By replacing Eq. 15.35 in Eq. 15.34 we find

1 «
0R,, = 590 P (hupipa + Pupwa — Puvipa — Papiw — Pupsar + huaspr)  (15.36)
1 0o
= 9 (hpva + hpu;l/p - hpp;uu -9 phw;ap) .

Thus, the perturbation of a spacetime which is solution of Einstein’s equations in vacuum
must satisfy the partial differential equation

2R = b+ 0y — 150 = 90 hyuiop = 0. (15.37)

Vipp piuy

This equation holds for any vacuum, background spacetime, and in the following we shall
consider the case in which the background is the Schwarzschild metric.

We remark that in the perturbative approach we deal with two different manifolds: the
physical manifold M, with metric g,, = g2V + hyu, and the background manifold MO,
with metric ggy. The quantity h,, can be interpreted either as the metric perturbation on
the manifold M, or as a tensor field on the manifold MP°, which satisfies the dynamical
equations 15.37.

With the latter interpretation (which we shall follow in the rest of this section) Eq. 15.37
is a tensor equation with respect to the manifold M°, and thus it is generally covariant. To
hereafter, covariant derivatives and index raising/lowering will always be performed with
respect to the background metric ¢°

nv

15.2.2 Harmonic decomposition

Since the Schwarzschild spacetime is spherically symmetric, Eq. 15.37 can be greatly sim-
plified by performing a decomposition in spherical harmonics. However, due to the tensorial
nature of h,, the harmonic decomposition is more involved than in the scalar case.

As discussed in Sec. 15.1, the Schwarzschild manifold (and, more generally, any spheri-
cally symmetric spacetime) can be decomposed as the product of a two-dimensional man-
ifold My described by the coordinates (t,7), and the two-sphere S2, My x S2. With this
decomposition, the coordinates of the Schwarzschild spacetime are split as (we follow the
notation of [46]):

= (24, y%) (15.38)
where A =0,1, a = 2,3 and

A=t

s, Yyt =10,0. (15.39)

The tangent space at any point p € M is the outer product (see Sec. 2.4.1) of the tangent
spaces to My and to S2, T, ® Tsz. Therefore, any tensor can be decomposed in a tensor
in My and a tensor in S2. With this decomposition, the components of a vector field V#
are split as

VE = (VA VY, (15.40)

while the components of a rank-two symmetric tensor field X, are split as

_( XaB Xuaq
XW—< v ) . (15.41)
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We decompose the metric perturbation h,, asin Eq. 15.41. We then expand the components
hag, haa, hay in scalar, vector, and rank-two tensor harmonics (see Box 15-B), as follows:

has(t,r,0,0) = > hapim(t,r)Y'™(0,¢), (15.42)
m
haa (tv T 07 QO) = Z [hiollm (t? T)Yalm(a’ QD) + _lem(t, T)Stlzm(gv 90)] ’
Ilm
hap(t,7,0,0) = > [ (K (t,7)7a0Y ™ (0, 9) + Gun (£, 7) 217 (0, )
lm

+2Bl’m (tv T)szT (07 QO):I 5

where 7, is the metric of the two-sphere (Eq. 15.46), and hagm (t,7), Biollm(t, ), h&, (t,1),
K (t,7), G (t,7), and hy,,(t,7) are functions of (,7) to be determined by solving Ein-
stein’s equations, i.e. Eq. 15.37. To hereafter, sums over [,m will be omitted. Eqs. 15.42
are the generalisation of the expansion of a scalar field in spherical harmonics given in
Eq. 15.16 to the case of a symmetric, rank-two tensor field. We remark that X ap, Xaq,
and X, transform as scalar, vector, and tensor quantities for coordinate transformations
on S? (i.e., for rotations), hence the decomposition.

Remarkably, it is possible to prove ! that as the scalar spherical harmonics {Y'™} form a
complete basis for scalar functions on S2, the polar and axial vector harmonics, {Y™, Sim},
form a complete basis for vectors on S2. Similarly, the polar and axial rank-two tensor
harmonics, {Zfl’gl, Sé’g‘}, form a complete basis for symmetric, traceless, rank-two tensors on
S2. We also note that any rank-two tensor can be decomposed in the sum of a traceless
tensor and of a tensor proportional to the metric (the so-called “trace part” of the tensor),

Xab — X;}r)aceless + ('YCchd)'Yab ) (1543)

e

Since v*4X .4 = X is a scalar (with respect to coordinate transformations on S2), it can
be decomposed in scalar spherical harmonics. Therefore, any symmetric rank-two tensor
can be decomposed in a complete basis of scalar, vector, and tensor spherical harmonics, as
done in Eq. 15.42 for the symmetric tensor h,,. The perturbation functions EAB’lm(t,r),
RO (t,1), %5, (6,7, Kim(t,7), Gim(t,7), and Ry, (t,7) can be obtained in terms of the
components h,,, (t,r,0, ) using the orthogonality properties discussed in Box 15-C.

The scalar spherical harmonics transform under parity inversion (6§ — 7 —60, ¢ — p+m)
as?

Y™ (r — 0,0+ 1) = (~1)Y'™(0, ). (15.44)

The harmonics Y™ and Zfl’gl transform in the same way. Conversely, the harmonics S!™
transform as
Stm(r — 0,04 m) = (—1)18™ (8, ), (15.45)

and the same holds for S i’g‘ The first group of harmonics is called polar (or even or electric),
and the second group is called azial (or odd or magnetic). Therefore, the perturbations in the
decomposition 15.42 split in two decoupled sets. Correspondingly, we shall call hag m (¢, 1),
ﬁiollm(t7r), Kim (t, 1), Gim/(t,7) polar functions, and h%S, (t,7), him(t,r) azial functions.

IThe proof requires an extensive use of the tools of group theory, and is beyond the scope of this book.
2Eq. 15.44 can be obtained by applying parity inversion to Eqs. 15.12, 15.13, and 15.14.
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Scalar, vector, and tensor spherical harmonics

Let 74 be the metric of the two-sphere S2:

Yap = diag(1,sin?6). (15.46)
We shall denote as “” the covariant derivative on the two-sphere. Since the non-
vanishing Christoffel’s symbols on S% are (see Sec. 3.6) Fiw = —sinfcos¥, Fgw =

Fga = cot 0, the Laplacian operator on a scalar function f(6, ¢) yields

Y fraty = Y fap + YT fo = [0 +cotOf g +sin 2 0f o . (15.47)

Thus the eigenvalue equation defining the spherical harmonics, Eq. 15.8, can be written
as
Yl = (14 1)yt (15.48)

We also introduce the Levi-Civita tensor on S2. It is defined as (see Box 8-C) g4 =
VV€ab Where v = det(vap) = sin? 0 and e,y is the two-dimensional Levi-Civita symbol
(€ab = —€pa, €12 = 1). Therefore, g9, = —c,9 = sin .

We now introduce a set of vectors and of rank-two tensors on S2, called spherical vector
harmonics and spherical tensor harmonics, respectively.

e The polar vector harmonics are:

yim=ylm = vy vy . (15.49)
e The azial vector harmonics are:
Sim = _g bylm — ( QYZ”,sm eylm) (15.50)
sin

e The polar rank-two tensor harmonics are:

l l 1 1 lm lm
Zh =Y et )’)’abylm =3 < W X > ) (15.51)

a

2 Xtm  _gin? gwim
where X'm =2 (Ylg"; — cot GY,Z"> and Wim = Yylgg — cot 9Y7f9m —sin™2 GY’Z’;.

e The axial rank-two tensor harmonics are:

Slm _ 1 ( —sin~'OX'™  singWwim )

(Sim 4 §lmy = = (15.52)

2 sin AWim sin Xm

l\D\»—l

The indexes [ and m are integers such that |m| <1 =0, 1,2,.... We note that the tensor
harmonics are symmetric, since all terms in Yé’?j = Yf;l'} + ngY:lCm are symmetric in the
indexes (a, b). Moreover, they are traceless:

I(l+1
( —2’_ ),yab,yabylm =0 (1553)

_ ,yabSll;:z _ ab cylm _ _gbcxlczn =0.

L = AmYh

ab glm
Y Sab
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m A

Orthogonality properties of scalar, vector, and tensor spherical harmonics

We define the scalar product on the two-sphere as

(f,9) E/de*g: /d@dgpsin@f*g. (15.54)

With this notation the orthogonality property for the scalar spherical harmonics
(Eq. 15.9) reads
(ylm yl'm'y — it gmm’ (15.55)

Using this and Eq. 15.48, we obtain the orthogonality property of the polar vector
harmonics:

,yab<Yalm, Ybl’m’>

/ dfdypsin 0 (Kl@m*xgm’ + Ylm*yl’"“)

sin2 0 P P

’ ’ ’ ’ 1 ’ ’
- / dfdy sin Y™ * (Kﬁ,gﬂ +cot Y 5™ + Ylm> 4

sin2 0 PP

= U'('+1) / dfdpsin Y'YV = (14 1)6% 6™ . (15.56)

Similarly, it is possible to derive the orthogonality property of axial vector harmonics
NP (SIm SlmYy — (1 1)1 g™ (15.57)

and it can be shown that

1 m [ 1 m "m’
§<Z(llb 7Z¢lzb > = §<szb 7S¢l1b >

. wlm /m/ ].

/d@dcpsm@(Waé Wéb + =
sin“ 0

= (L= DU+ 1) +2)5" 5™ (15.58)

*lm yi'm’
Xab Xab )

15.2.3 The Regge-Wheeler gauge

As discussed in Sec. 6.3, Einstein’s equations do not determine the spacetime metric in
a unique way, but only up to an arbitrary coordinate transformation (which is formally
equivalent to a diffeomorphism, see Secs. 2.1.4 and 8.5). In the case of perturbations of a
flat spacetime, a coordinate transformation of order O(h) is equivalent to an infinitesimal
diffeomorphism z® — x® + €*(z), which yields a transformation of the metric components
(see Box 12-A)

hyw =090 = Leguw = €pp + €y (15.59)

Therefore (see Eq. 12.47),
h;uz = hm/ +€uy T €y (1560)

We have thus the freedom to choose four functions €*(x) to simplify the perturbation
equations.
It can be shown that is always possible to find four functions €*(z) such that the trans-
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formation 15.60 enforces the so-called Regge-Wheeler gauge [99], defined by *
BRSO (1) = hESh (t,1) = Gin(t,7) = By (t,7) = 0. (15.61)

We are therefore left with two axial functions (which for ease of notation we can simply
redefine as h%Y,,, = ham without ambiguity) and four polar functions:

EAB im (t, T)Ylm(ev <P) hA im (tv T)S(l;m (07 gO)
Py (t, 7,0, ) = : (15.62)
hA Im (t7 T)S(llm(ev QO) T2Klm (t’ r)rYabYlm (9, QO)

where

_ f(T)HO Im (ta T) Hl Im (ta T)
hapim(t,r) = : (15.63)
Hllm(t7r) f(r)71H2lm(tv7ﬂ)

haim(t,r) = (hoim(t, ), hiim(t, 7)) .
We can thus decompose the metric perturbation in a polar and an axial part,
By (b7, 0,0) = RESM (7,0, 0) + 25 (2,70, 0) (15.64)

whose harmonic expansions in the Regge-Wheeler gauge are

POl (t, 7,0, ) = (15.65)
fHoim(t,r)  Him(t,7) 0 0
* f Y Hym(t,7) 0 0 yim
* * 2K (t,7) 0 ’
* * * 2 sin? 0Ky, (t,7)

0 0 —hozm(t,r)csceY’g” hOlm(t,r)siHHYme

ha (t,m,0,0) = | % 0 —=R{™(t,7) csc OV hypm(t,7)sin YY" | (15.66)
k% 0 0
* % * 0

where asterisks indicate symmetric components and we remind that f =1 — 2M/r.

Since the background is static, it is convenient to perform a Fourier transform of all
perturbation functions, as done in the scalar case. The expansion of the metric perturbations
is then

+o0 7 lm 7 lm
_ hABlm(w,T)Y (0?90) hAlm(w,r)Sa (9790) —iwt
ittt = [ e () ) )¢

(15.67)

where

f(T‘)ﬁ()lm(w,T) gllm(w7r> > (]_568)

hABlm(va) = ( ﬁllm(w7r> f(?“)_lﬁ2lm(w7r)

ilAlm(w,r) = (ﬁolm(w,r),ﬁum(w,r)).

30Other gauge choices are possible, such as for instance the Chandrasekhar-Ferrari gauge [35], in which
H1 Im = 0 while Glm # 0.
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In the following, we shall omit the tilde in the Fourier-transformed quantities for ease
of notation. With this decomposition, in the Regge-Wheeler gauge the perturbations are
described by the following scalar functions

Hypm(w,r), Hypm(rw), Hypm(w, 1), Kipm(r,w) (polar perturbations)

ho 1m (rw), By im (r,w) (axial perturbations) .

15.2.4 Perturbations withl =0and =1

While the scalar spherical harmonics Y™ are defined for all integer values of [ > 0, the
vector spherical harmonics Y™, S!™ only exist for [ > 1, and the rank-two tensor spherical
harmonics Z!7', S!™ only exist for I > 2. Therefore, when [ = 0, 1 some of the perturbations
in the expansion 15.42 vanish. The equations for the [ = 0,1 perturbations should thus be
derived separately.

On the other hand, as discussed in Sec. 13.2.3, the monopole and dipole moments of
the source (corresponding to I = 0,1 perturbations, respectively) are not associated to the
emission of gravitational waves. Indeed, an [ = 0 perturbation can be interpreted as a small
change of the black hole mass, while an [ = 1 perturbation can be interpreted as the black
hole acquiring a small angular momentum. Therefore, in the remain of this chapter we shall
focus on perturbations with [ > 2.

15.2.5 Linearized Einstein’s equations in vacuum

We are now ready to insert the harmonic expansion of the metric perturbations (Eq. 15.67)
into the linearized Einstein equations in vacuum, Eq. 15.37:

20R,,, = h”

Vipp + hpu;yp —h? - g() Gph,uu;ap =0. (1569)

Py

Since 6 R, is a symmetric, rank-two tensor field on the background spacetime My X S?,
its components can be split as in Eq. 15.41,

[ 6Rap O0Raq
5RW_( e ) : (15.70)

and then expanded in tensor spherical harmonics Y™, Y}!m Slm Zim = glm \yith a lengthy
but conceptually simple computation, one finds *:

+oo (0) (1) 4
2(5RAB(t,T,9,QD) / dw ( Alm (w’T) Alg’ﬁ (w,r) > Ylm<97(p)e—zwt =0,
*

- Al(m<w’r)
(15.71)
+o00o
20Raall,r,0,0) = / do (aff) (@, Y™ (0,0) + Bl (w, 1) S (0, 0) ) €
=0,
(15.72)
+oo 5
20Ras(t,7,0,9) = / deo (A, 7)Y "™ (0, ) + st (w0, 7) 22510, )
Ftim (w, ) S0, (p)) et =0, (15.73)

4We use the notation of [70], with a different overall sign.
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where 5;;2) (with A =0,1) and ¢;,, are combinations of the axial functions h 4 j,, (w, ) and
of their derivatives with respect to r (which we denote, for brevity, with a prime):

I+ 1)r—4M
l(gl)(w,r) = —f(hym +iwhi,,) — Qwah1 tm %hozm, (15.74)
, T 1—1)(1+2
l(rln) (OJ, 7") = f (ZUJh/Olm - w2h1 lm) - QwaThO Im + (3‘#}7’1 im
2M
tlm(wv T) = wa hO im + fhl lm r2 hl Ilm

and, similarly, AI(I) and al(A) (with I =0,...,3, A =0,1) are combinations of the polar

m
functions and of their derivatives:

ANw,r) = —2f°K[l, é(:a ~ 5M)K],, + QTfQHglm (15.75)
TRUSRY RV § ”:2 ) T%(ﬂ +1+2)Hym,
AV, r) = 20wk, + 2“;7{_1( — 3M) K — 2’—‘”}12 ot D
AD(w,r) = 2Ky, + 2;{72_1(7« - MK}, — 4Mf Hy - ;H()lm
- 1)(i2+ 2)f‘1Klm (l%)leOlm B %ngm
AR @,r) = = = K{i) + @2 (K + Hapm) — 2iwH]
L 1~ T (Hy — 2KL)
_21015—1 (r — M)Hy 1 + %(Hmm — Ham)
0‘1(23(” r) = fH}p, +iw(Hyim + Kim) + 2,'07]2\4’H1lm
O @1) = Hypy — Kby 60 Hygg = L (0 = 830) (B — F,)
Sim(w,r) = %(Holm — Hom) -

15.2.6 Separation of the angular dependence

Owing to the radial and angular dependence, Eqgs. 15.71-15.73 still form a system of partial
differential equations for functions that depend on (r, 8, ¢). It is however possible to separate
the angular part by using the orthogonality properties of the spherical harmonics.

Eqgs. 15.71 and the trace of Eq. 15.73, i.e.

29%6Ry, =0 = 4AP (W, r)r?Y™(0,0) =0, (15.76)

have the form ), Al(frzYlm = 0, with I = 0,1,2,3. They can be separated simply by
multiplying each of them by y*i'm" and integrating over the sphere. Then, Eq. 15.9 yields
immediately

/dQ Y0, 0)6 Ry (w,m,0,0) =0 — A (w,r) =0, (15.77)

where dR(y) corresponds to 6 Ry, 0Ryr, Ry, and 0Rgg + (SR%D/sinﬁ2 for I = 0,1,2,3,
respectively. To hereafter, we shall not write explicitly the dependence on (w,r, 6, ).
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Similarly, Egs. 15.72 can be decoupled using Eqgs. 15.56, 15.57 as follows (the proof is
left as an exercise)

!’ !
*'m

/ d YU R gy + 5 0RUp| =0 = U+ e =0, (15.78)
, wU'm’
/dﬂ Y SR ) — ﬁé}zue) =0 —Il+1s" =0, (15.79)

where 0R j9 = (0Rs9,0R¢) and 6G j, = (0Ry,, 0R,,), for J = 0, 1, respectively. Finally, the
angular dependence of Egs. 15.71 (subtracting the trace part, Eq. 15.76) can be decoupled
by using Eq. 15.58 and constructing the following relations

1 Vo wl'm’
d0—L |etm'sg 5
/ z(z+1>_2lw Ry —grg Ot

!
«U'm’

1 Um'
[p——— A S
/d I(l+1)—2 [W 0Rop — ~5g O

=0 —Il+1)s=0,

=0 =1+t =0,

(15.80)

where we defined 0R(_y = dRgs — R, /sin 62,

To summarize, our decoupling procedure allows to obtain a system of ten coupled, or-
dinary differential equations governing the radial dependence of the metric perturbations.
Noteworthy, the axial and polar sectors completely decouple from each other and can be
studied separately. Indeed, for the polar perturbations we obtain the following seven equa-
tions,

AD(w,r) = 0 (15.81)
afp @) = 0
Slm(wﬂr) = 0

(I =0,...,3 and J = 0,1), whereas for the axial perturbations we obtain the following
three equations,

Bidw,r) = 0 (15.82)
tlm<w7 T)

Not all ten linearized Einstein equations are independent and the coupled system can be
simplified further, as we will show in the next sections.

These equations depend on the harmonic index [ but not on the azimuthal number m.
It can be shown that this property is a consequence of the fact that the background is
spherically symmetric.

15.3 MASTER EQUATIONS FOR AXIAL AND POLAR PERTURBATIONS

We shall now show that the equations governing the perturbations of the Schwarzschild
spacetime can be reduced to two decoupled second-order differential equations (some-
times called master equations), similar to the wave equation describing a test scalar field
(Eq. 15.32).
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15.3.1 The Regge-Wheeler equation for the axial perturbations

The equations for the axial perturbations can be found by replacing the expressions of
© 3M and tim given in Egs. 15.74 and 15.82,

lm > Flm>
. . I+ 1)r—4M
7f( glm, + ZWh’ll lm) - 2’“")%}“ Im + %hOI’m = Oa (1583)
! I—-1)(+2
f (thi)lm — w2hllm) — QinTholm + %hl Im = O, (1584)
2M
iwf " hotm + fWypm + 5 him = 0. (15.85)

In order to simplify the above equations, it is convenient to define the Regge-Wheeler
function Q;.,,

hiim
Qum == (15.86)
Since
/! ! / ’ 2M
(leT) = fhllm + f hl Im — fhllm + ﬁhl m (1587)
Eq. 15.85 yields
—if " whoim = (Qunr)’ (15.88)
from which it follows .
)
hotm = - (Qumr)" - (15.89)

Substituting the expressions of hg and hy in terms of Q;,, in Eq. 15.84 we find the Regge-
Wheeler equation [99]

dQle
dr?

+ (w? = V™) Qpy, = 0, (15.90)

where we have defined

(15.91)

i) (1 - QM) [Z(H- 1 GM} _

r r2 r3

Eq. 15.83 is trivially satisfied, since it can be obtained from Egs. 15.84 and 15.85. Once the
Regge-Wheeler function @, is found by solving Eq. 15.90, the axial functions hgg, and
h11m can be obtained from it by using Eqgs. 15.86 and 15.89.

We note that the Regge-Wheeler equation has the same form as the Klein-Gordon equa-
tion on Schwarzschild spacetime (Eq. 15.32), i.e. it is a wave equation in the tortoise coordi-
nate r,, with a potential barrier. The two effective potentials are different but very similar
(compare Eq. 15.91 with Eq. 15.29); indeed, V}a"ial has the same qualitative features shown
in Fig. 15.1. In particular, it vanishes near the horizon and at infinity, and it has a maxi-
mum close to the light ring » = 3M. A comparison between the scalar and the gravitational
potentials is shown in Fig. 15.2 below.

15.3.2 The Zerilli equation for the polar perturbations

The equations for the polar perturbations can be found by replacing the expressions of
(Al(frz,al(;;)) (I=0,...,3and J =0,1) and of s, given in Egs. 15.75 and 15.81. To begin
with, we note that the equation s, = 0 implies

Hym = Hotm » (15.92)
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so that we can eliminate H, ;,, from the remaining equations. We leave to the reader as an
exercise to show that the remaining equations for the metric perturbations H,,,, H
K;,, can be combined into three first-order ordinary differential equations:

1im>

—2

ro ] 1 I(1+1)
Ky, + 2 (T—3M)sz—;H01m+W 1im =10, (15.93)
1 2Mf2
—Hj ~2(H, K, =———H}, =0
iw 1im + f ( 0lm + lm) + jwor2 1im ’

f2 f2 _ +1\ 1

Hpypp, + TT(T - 3M)K,, — TT(T —4M)Hy,,, — (W2 f 2 = o7 EHllm =0,

and an algebraic relation:

1
((I—=1)(I+2)r+6M)rH,,, + = (2wr® — MI(1+ 1)) Hyy,,
+(2wrt — (1 = 1) (1 + 2)r?* — 2Mr + 2M*f*)K,,, = 0. (15.94)

Using the algebraic relation to eliminate Hy;.,, the above system can be reduced to two
differential equations for H;,, and Kj,,. Then, defining the Zerilli function Z;,, obtained
solving the system

dZim

Ky = FuiZp, + Fio d; ; (15.95)
dZim

Hypn = F2121m+F22dl ;
T«

where

61+ —2) Mr+ (I — DI+ 1)(1 + 2)r? 4 24M*
Fu = 202 [(I(1+ 1) — 2) 7 + 6M] ’ (15.96)

Fip = 1,
1 6
F: = i|M —1
2 Z{ (r—2M+(l(l+1)—2)r+6M) }
-2
r
Fs TV

the two remaining equations reduce to a single second-order, differential equation

d>Zm,
dr?

+ (w2 - leolar) Zim = 0, (15.97)
where

ypoar () (12M> l(z—l)(l+2) <1 N 2(z—1)(z+2)(zz+z+1)> +2‘M] 7

r 3 r? (M +r(l—1)(1+2)° rs
(15.98)
or, defining 2n = (I — 1)(1 + 2),
. 2(r —2M)
polar 2 3 2,2 2 3
=—0"— 1 M M M*°]. 15.
VP (r) T4(m'+3M)2[n (n+1)r° +3Mn*r* + 9M*nr + 9M"] (15.99)

Equation 15.97 is called the Zerilli equation [124] ; it has the same structure as the Regge-
Wheeler equation, i.e. it is a wave equation in the tortoise coordinate r,, with a potential
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barrier. Although the expression of the Zerilli potential leom differs from that of the
Regge-Wheeler potential V¥l they are qualitatively very similar, as shown in Fig. 15.2.

Once the Zerilli function is known, H;j, and Kj,, can be obtained in terms of 7,
and its derivative with respect to r. (see Eq. 15.95), and the polar function Hy;,, can be
obtained by Eq. 15.94.

In conclusion, the gravitational perturbations of a Schwarzschild black hole are described
by two Schrédinger-like equations, one for the polar, one for the axial perturbations, with
a potential barrier which depends on the spacetime curvature.

0.25f 1

20 -10 0 10 20 30
r./M

Figure 15.2: Comparison between the effective potentials governing scalar, axial gravitational, and
polar gravitational perturbations of a Schwarzschild black hole with [ = 2.

15.4 THE QUASI-NORMAL MODES OF A SCHWARZSCHILD BLACK HOLE

A powerful approach to study the behaviour of physical systems near equilibrium is to
analyse their normal modes, i.e. the characteristic modes of oscillation in the absence of an
external force. This approach is also effective to study the behaviour of black holes near
equilibrium: if a black hole is perturbed by an external event, for instance a mass falling
toward the horizon, after a transient it starts oscillating at some characteristic frequencies.
A perturbed black hole can also be the leftover of the gravitational collapse of a massive
star, or of the merger of a binary system (see Sec. 14.2). The newborn black hole is, in
general, non-stationary but after some time it reaches a quasi-stationary configuration, and
in this regime it oscillates with its characteristic frequencies. In all cases, the black hole
emits gravitational waves with the same frequencies of its non-radial oscillations, until it
becomes a static, or a stationary, black hole.

The non-radial oscillations are damped, because the black hole emits gravitational waves;
consequently the mode eigenfrequencies are complex

w=wRr+iwy, (15.100)

since any quantity with a time dependence ~ e~*! with w; < 0 describes a damped
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oscillation
—iwt _

e e iwntewrt (15.101)

where the oscillation frequency of the mode is v = wg/(27), and the corresponding e-folding
time, the damping time, is
S (15.102)
wr

The free oscillation modes of a perturbed black hole are called quasi-normal modes, since
their eigenfrequencies are complex, at variance with the normal modes of non-dissipative
systems, which have real eigenfrequencies. Note that we have assumed w; < 0. If, instead,
wr > 0, the oscillation grows exponentially, with growth time 7 = 1/wy.

In the previous sections we derived the Regge-Wheeler and the Zerilli equations 15.90,
15.97, which govern the perturbations of a Schwarzschild black hole, by expanding in tensor
harmonics the perturbation h,,, and taking its Fourier expansion, i.e.

oo dw ( hAB lm(wa T)Ylm(ev 90) hA Ilm (w7 T)Stlzm (9, 90) e—iwt .

hp‘u(ta/rae7so) = / hAlm(w”[")Sém(e,SD) 7'2Klm<w77")'7abYlm(9,SD)

— 00

(15.103)
To study the black hole oscillations, it is convenient to assume, as an ansatz, that the
perturbation has the following time dependence

o hAB Im (UJ, T)Ylm (07 SO) hA Im (wa T)S(lzm(gv 90) —iwt
h,ul/(t77"797<p) - < hAlm(w,r)Sém(07S0) TZKlm(w,T)’YabYlm(a,gD) (& . (15104)

Since the oscillations are damped by the emission of gravitational waves, the frequency w
in Eq. 15.104 can be a complex number, whereas in Eq. 15.103 w is a real number, since
it is the variable of the Fourier transform. With the choice 15.104, the definition of the
Regge-Wheeler and Zerilli functions remains the same as in Eqs. 15.86, 15.95, as well as the
derivation which leads to the Regge-Wheeler and Zerilli equations. Consequently, Einstein’s
equations for the metric perturbations of a Schwarzschild black hole can be cast in the form

a2,
dr?

+ (w? = Vi) ¥y = 0, (15.105)

where w is complex and V¥ is either the Regge-Wheeler or the Zerilli function. The ex-
plicit form of the potential is given in Eq. 15.91 and in Eq. 15.98, for the axial and polar
perturbations, respectively.

As previously mentioned, Eq. 15.105 has the same form as the time-independent
Schrédinger equation. Thus, as in quantum mechanics, it can be studied as a scattering
problem, by imposing suitable boundary conditions. Since the potential vanishes both near
the horizon and at infinity, corresponding to 7, — —oo and to r, — 400, respectively, the
asymptotic behaviour of the solution of Eq. 15.105 is simply that of a harmonic oscillator,

d*V,,

prs Wy, ~0, (15.106)

whose general solution when r, — +o00 is
Ui = Ajpe™ ™ 4 Agyee™"™ . (15.107)
Owing to the e ™! time dependence, the asymptotic behaviour of Uy, is

Uppe @ ~ A F LA et (15.108)
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The first term represents an ingoing wave with amplitude Aj;,, whereas the second represents
an outgoing wave with amplitude Ayy;. If we are interested in the free oscillations of the
black hole, we have to impose that no wave is incoming from infinity, i.e.

Uy, o 9T Ty — 00. (15.109)

As a consequence, A;, = 0 as r, — oo. In addition, since nothing can escape from a black

hole horizon, only ingoing waves are allowed when r, — —o0, i.e.
Uy, o @00 re — —00, (15.110)

therefore, Aoyt = 0 as . — —o0. The boundary conditions (Eqgs. 15.109 and 15.110) are
shown in Fig. 15.3.

0.15}

V(r)M?

— —
S p—
5 =

0.00
-60 —-40 -20 O 20 40 60
r./M

Figure 15.3: The boundary conditions defining the quasi-normal modes of a black hole: the wave
is purely ingoing near the horizon (r. — —o0) and purely outgoing at infinity (r. — 00).

Equation 15.105 is a second-order differential equation and, together with the two bound-
ary conditions, completely defines an eigenvalue problem for the frequency w. This means
that both boundary conditions are satisfied only for a discrete set of eigenfrequencies, which
are the quasi-normal mode frequencies of the black hole. As expected, it turns out that these
are complex frequencies as in Eq. 15.100, w = wg + iwy. Thus, the perturbation oscillates
with frequency v = wgr/(27) and damping time 7 = —1/wy.

For general black hole spacetimes these mode frequencies depend on the values of (I, m).
However, for a spherically symmetric black hole the azimuthal number is degenerate, i.e.
it does not affect the spectrum (this is not the case for spinning black holes, see Box 15-D
below). Furthermore, since the quasi-normal mode frequencies form a discrete set, we can
label them with an integer number n, such that n = 0,1,2,3,... labels the fundamental
mode (n = 0) and the overtones n =1,2,3,....

We remark that, at variance with the ordinary normal modes of non-dissipative systems,
the quasi-normal modes do not form a complete basis of the space of black hole perturba-
tions. Indeed, it has been shown [78] that when a black hole is perturbed, after a transient
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the signal is described with good approximation by a combination of quasi-normal modes,
but at late times it also includes a power-law tail ~ t=2!*3.

In principle the quasi-normal modes of the axial and polar perturbations of a
Schwarzschild black hole should be different. However, as shown by Chandrasekhar, the
Regge-Wheeler and the Zerilli functions can be mapped one to another through a linear
transformation which also leaves the boundary conditions unchanged [34]. Consequently,
the polar and axial quasi-normal modes of a Schwarzschild black hole have the remarkable
property to be isospectral. Since the Regge-Wheeler potential is simpler, it is sufficient to
compute the quasi-normal mode frequencies using this potential to obtain the full spectrum.
This can be done by solving numerically the Regge-Wheeler equation with the boundary
conditions discussed above. Although these frequencies are known only numerically, they
can be computed with arbitrary precision.

It has been proved rigorously that the Schwarzschild black hole is stable against linear
perturbations; consequently w; < 0 for all modes, and this guarantees that the perturbation
decays exponentially in time.

The frequency of the fundamental mode (i.e. the one with the smallest imaginary part,
which therefore has the longest damping time) for | = 2 reads

Mw® ~0.3736 — 0.0890 . (15.111)

Note that, in geometrized units (G = ¢ = 1), w has dimensions of an inverse length, whereas
M has dimensions of a length; hence Mw is dimensionless.

As discussed in Sec. 14.2.5, the fundamental mode dominates the part of the gravitational
wave signal named “ringing tail” or ringdown, emitted in the merging of two black holes
after the remnant black hole is formed. In the case of the event GW150914, the oscillation
frequency of this mode has been indeed extracted from the signal.

We finally remark that, for simplicity, in this chapter we focused on the perturbations
of static, spherically-symmetric black holes, described by the Schwarzschild metric. As will
be discussed in Chapter 18, the most general stationary black-hole solution of Einstein’s
equations is axisymmetric, and is described by the Kerr metric. The equations governing
the perturbations of the Kerr metric are much more involved than those described in this
section, and will not be treated in this book. However, in Box 15-D we list their main
properties. The interested reader can find a complete treatment in Chandrasekhar’s mono-
graph [34].
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Box 15-D \

Perturbations of a spinning black hole

We have so far focused on a static black hole, i.e. on the Schwarzschild solution. In
Chapter 18 we shall introduce the Kerr solution which describes axisymmetric, spin-
ning black holes. There are several qualitative and quantitative differences between
the perturbations of non-rotating and rotating black holes. First of all, separating the
radial and angular dependence of the perturbations of a spinning black hole is much
more involved. The separability of the equations governing the scalar, electromagnetic,
and gravitational perturbations of a Kerr black hole was achieved by Saul Teukolsky in
the early 1970s [109] using a decomposition in the so-called spin-weighted spheroidal
harmonics. It can be shown that the radial equations can be recast in a form like
Eq. 15.105 but:

e the potential depends both on the mass and on the spin of the black hole;

e the potential depends both on the harmonic index ! and on the azimuthal number ¢
m, thus breaking the azimuthal degeneracy; modes with m > 0 are called co-
rotating, whereas those with m < 0 are called counter-rotating;

e the potential is complex, depends on the frequency, and does not vanish near the
horizon;

e since the background spacetime is not spherically symmetric, the perturbations
have not definite parity; consequently, they cannot be separated in axial and
polar.

As we shall see, the Kerr metric depends only on two parameters: the mass and the spin
of the black hole. Therefore, the frequencies of the whole quasi-normal mode spectrum
depend only on these two quantities, pretty much like the vibration modes of a drum
depend on the properties of the latter (its shape, composition, etc.). In all cases, w; < 0
so that also spinning black holes are stable with respect to linear perturbations.
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CHAPTER 1 6

Compact stars

In this chapter we shall discuss the structure of compact stars, namely white dwarfs and
neutron stars, which are significantly more compact than an ordinary star like the Sun.
Compact stars form at the end point of the evolution of sufficiently massive main-sequence
stars. In order to understand how these objects can form, we shall briefly describe the main
steps of stellar evolution. The interested reader can find a complete treatment of the subject
in [69, 105].

16.1 STELLAR EVOLUTION IN A NUTSHELL

Stars are formed by the fragmentation of primordial hydrogen clouds. Under the action
of gravity, the fragments contract and heat up; if the mass is larger than ~ 0.08 M the
temperature in the core reaches values of the order of T' ~ 4 x 10% K, which are sufficient
to ignite the fusion of hydrogen first to deuterium, and then to helium through the proton-
proton chain reaction. This is the starting point of stellar evolution; the star enters the
so-called main sequence, to which our Sun also belongs. During this phase the star is in
equilibrium under the contrasting actions of the inward pressure exerted by gravity and of
that of the outward thermal pressure provided by the nuclear reactions. The fact that the
energy which sustains a star against collapse is provided by the fusion of hydrogen in helium
was firstly understood by Arthur Eddington in 1920. Main sequence stars are very hot; the
heat produced in the core propagates through the star and is radiated away through the
surface. When the reservoir of hydrogen burning in the core is exhausted, the star exits
from the main sequence and its subsequent evolution depends on its mass. If this is smaller
than ~ 0.5 Mg a white dwarf forms directly. These objects will be described in detail in
Sec. 16.2.

If the star has a larger mass, it contracts and heats up, reaching core temperatures of the
order of ~ 10% K, at which a new chain of nuclear reactions starts, which transform three
nuclei of Helium 4 (*He) in one nucleus of carbon 12 (*2C). These reactions have a strong
dependence on temperature and produce a large amount of energy in a relatively short time.
The energy released is able to halt the collapse, and due to the strong radiation pressure,
the outer layers expand; the radius reaches values of the order of hundred times the initial
radius, and the star reaches a new equilibrium state as a red giant. The light emission from
a red giant is more intense, but has a smaller frequency than that of a main-sequence star.
In this phase, 12C is produced in the core, whereas in the external layers hydrogen continues
to burn into helium.

When the helium in the core is exhausted, the star starts contracting again and heating
up, igniting nuclear processes which produce heavier elements. However, if the star has a
mass in the range ~ (0.5,8 — 10) M, the temperatures that can be reached in the core do
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not allow the formation of elements heavier than oxygen; in this case, when the oxygen core
has formed and the nuclear fuel is exhausted, the thermal pressure is no longer sufficient to
support the star and the hot core contracts until a white dwarf forms. It should be mentioned
that during the entire course of its evolution, which typically takes several billion years, the
star loses a major fraction of its original mass through stellar winds, whereas the outer layers
of matter are expelled near the end of the nuclear burning process and create a planetary
nebula.

White dwarfs have masses comparable to that of the Sun, but they are much more
compact: their typical radius is comparable to that of Earth and their average density is
of the order of p ~ 10° g/cm3 (for comparison, the average density of the Sun is py =
14 ¢/ cm3). They are mainly composed of helium, carbon, and oxygen. If the progenitor
has a mass in the range ~ 8 — 10 Mg, oxygen-neon-magnesium stars can form, but they are
rare. The number of white dwarfs in the Milky Way is of the order of 100, In Sec. 16.2 we
shall show that white dwarfs of mass exceeding the Chandrasekhar mass, Mcy ~ 1.4Mg),
cannot exist.

If the mass of the progenitor star is in the range ~ (8,20—30) M, the evolutionary path
is different. Nuclear processes are able to burn elements heavier than carbon and oxygen,
and exothermic nuclear reactions can proceed all the way to *°Fe, which is the most stable
element in nature; indeed, no element heavier than °°Fe can be generated by the fusion
of lighter elements through exothermic reactions. Thus, the evolving star has an onion-like
layered structure, with the heavier elements in the core, and progressively lighter elements
in the surrounding shells.

The process which produces *°Fe starts with silicon burning, and goes this way:

BGi+ 2881 —  ONi+4 oy, (16.1)
MNi — Co+tet 4., (16.2)
%Co — Fetet +u,. (16.3)

It should be reminded that the atomic number Z (number of protons) and the mass number
A (number of protons + neutrons) of the elements involved in the process are !:

e Si, Z =14, A = 28.086 ~ 28

o Ni, Z =28, A = 58.693 ~ 59
o Co, Z =27, A=159.933 ~ 60
o Fe, Z =26, A =55.845 ~ 56.

Atoms with a number of nucleons smaller than the mass number of are unstable. The °Ni
which forms in the reaction 16.1 has tree neutrons less than required for stability; therefore,
it decays as indicated in the reaction 16.2, forming %6Co; this is again unstable, being in
defect of four neutrons, and decays forming °6Fe, which is stable.

Furthermore, as the core density increases, the inverse S-decay process,

e +p—on+uve, (16.4)

through which electrons are captured by protons forming neutrons and neutrinos, becomes
more and more efficient and nuclei richer of neutrons than °Fe can form, like ''8Kr. How-
ever, these heavy nuclei are formed through endothermic reactions and subtract energy to

IThe mass numbers are not integers because in the stable state a gas of a given element is a mixture of
isotopes of that element.
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the star. Elements heavier than krypton can form during the subsequent phase of collapse,
as explained below. As the iron core forms the pressure provided by nuclear reactions is
able to maintain the star in equilibrium. However, several processes occur which act in the
opposite direction:

e A large number of neutrinos are produced both in the reactions 16.2-16.3 and in the
inverse $-decay process. Since neutrinos interact with matter very weakly, they diffuse
through the star and escape through the surface, subtracting energy to the core.

e The production of elements heavier than Fe and Ni, which mainly occurs through
neutron capture, subtracts energy to the star.

e In the reaction 16.1 photons are produced. At temperatures of the order of 100 K,
the number of high energy photons (> 8 MeV) is sufficient to ignite the iron photo-
disintegration process,

v+ Fe — 13 *He 4 4n. (16.5)

This is an endothermic process which subtracts further energy to the core. In addition,
this process produces a large number of neutrons.

All these processes tend to destabilize the star; when the core mass becomes larger than
a critical mass the internal pressure gradient can no longer balance the gravitational at-
traction, and the core collapses reaching densities typical of atomic nuclei, ~ 104 g/ cm?’7
in a fraction of a second. The core is now composed mainly of neutrons, and it is so rigid
that the infalling matter bounces back producing a violent shock wave that — in a spectac-
ular explosion — ejects most of the material external to the core in the outer space. This
phenomenon is called supernova explosion: the luminosity of the star suddenly increases
to values of the order of ~ 10° L, where Ls = 1033 erg/s is the Sun luminosity; in this
phase elements heavier than *°Fe are created. The remnant of this explosion is a nebula, in
the middle of which sits what remains of the core, i.e. a neutron star, whose structure and
composition will be described in Sec. 16.3. These stars have mass in the range of 1 — 3 solar
masses, radius of the order of 10 — 15 km, and their average density is p ~ 104 g/cmB,
therefore they are extremely compact.

As for white dwarfs, a critical mass exists also for neutron stars. The absolute upper
limit is in the range ~ 2 — 3Mg. The value of the critical mass depends on the equation
of state which describes matter at the supranuclear densities prevailing in the core of these
stars.

Neutron stars are often observed as pulsars, i.e. radio sources whose emission exhibits an
extremely stable periodicity; pulsars are rapidly rotating neutron stars with strong magnetic
fields (B ~ 10'* —10'3 Gauss), which emit beams of radio waves; the observed periodicity
is due to the fact that, since the star rotates and the magnetic field is in general not
aligned with the rotation axis, the beam is visible only when it points in the direction of the
detector. However, not all neutron stars are detectable as pulsars, since their beams may
not point toward the Earth, or their magnetic field may not be sufficiently strong. Neutron
stars can also be observed in other regions of the electromagnetic spectrum. For instance
when a neutron star in a binary system accretes matter from a companion, the gravitational
energy released by the infalling matter is converted in thermal energy, which is radiated
away mainly in X-rays. Moreover, as mentioned in Chapter 14, the coalescence of a binary
neutron star can be observed by detecting their gravitational wave emission.

The estimated number of neutron stars in the Milky Way is ~ 10°. This number has
been inferred from the total number of stars in our Galaxy at different evolutionary stages,
using our understanding of stellar evolution.

Finally, studies of stellar evolution indicate that if the mass of the progenitor star is
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larger than ~ 20 — 30 Mg, at the end of its thermonuclear evolution the star collapses to
form a black hole. A detailed discussion of this important topic is beyond the scope of this
book; we refer the reader to [58, 106] for a detailed treatment.

Black holes of astrophysical origin can have very different masses ranging from a few
solar masses, for the “stellar black holes” born in the gravitational collapse of big stars or
in the coalescence or accretion-driven processes in binary systems, to supermassive black
holes, with masses in the range ~ (10° — 1011) Mg the latter sit at the center of most (or
all) galaxies. Astrophysical observations of black holes will be further discussed in Sec. 18.1.

16.2  WHITE DWARFS

In this section we shall focus on the study of white dwarfs. Since, as mentioned above, these
objects have masses of the order of that of the Sun and radii of the order of 5000 km, their
compactness is very small

GM Mg (in km) 1.5km
R R 5000 km

=3 x107%. (16.6)

Therefore, General Relativity effects on the structure of white dwarfs are negligible. As we
shall show in the next sections, Special Relativity effects can be relevant in the microscopic
description of the fluid composing these stars, since particles in the fluid can reach relativis-
tic velocities. However, they are negligible in the macroscopic description of white dwarfs
structure, since we consider static stars in which the fluid is at rest. For this reason, in
Secs. 16.2.5 and 16.2.6 we will use the equations of Newtonian physics to determine the
structure of these stars.

We shall start with some historical remarks on the discovery of white dwarfs and on the
debate on their internal structure.

16.2.1 The discovery of white dwarfs

The first white dwarf was observed by William Herschel in 1783 in the triple system 40
Eridani, and in 1910 it was shown that 40 Eridani B was a white star (spectral type A).
This type of star has an effective temperature in the range (7500, 10000) K. However it was
only in 1915 — after the discovery of Sirius B, the companion of Sirius, by W.S. Adams —
that the structure of white dwarfs started to be understood. Sirius is one of the closest
stars? to the Earth, the distance being about ~ 8.6 ly (where 1 ly = 9.46 x 10'7 cm, see
Table A). Adams found that the spectrum of the stellar object orbiting around Sirius was
that of a white star, not very different from the spectrum of Sirius. Since SiriusB is in a
binary system, its mass could be estimated from the analysis of its orbital motion, and it was
found to be in the range (0.75,0.95) M. Moreover, knowing the distance of the system from
Earth, from the apparent magnitude of this star it was possible to estimate its luminosity,
while its effective temperature Tog ~ 8000 K was determined from the observed spectrum.
Since for a black-body emission the luminosity depends on the effective temperature and
on the stellar radius, L ~ RQTjﬁ, it was then possible to estimate the radius of the star
which was, surprisingly, Rsiriusg ~ 18800km, much smaller than that of the Sun! The
actual values of the mass and radius of Sirius B are Mgiyiusp = (1.034 £ 0.026) My and
Rsiriuss = (0.0084 4+ 0.00025) R, i.e. RsiriusB ~ 5850 km.

At the time of the discovery this result came really as a surprise, because a star having a
mass comparable to that of the Sun but a radius nearly forty times smaller had never been
observed before. In addition, although the deflection of light predicted by Einstein’s theory

2The star closest to the Earth is Proxima Centauri, at a distance of ~ 4.3 ly.
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of Relativity had already been measured in the famous Eddington expedition in 1919, the
redshift of the spectral lines of Sirius B measured by Adams in 1925 provided a much better
verification of the theory.

The discovery of such an extremely dense star raised an outstanding question: how can
this “white dwarf” (as it was named) support its matter against collapse? Indeed, if the
matter composing the star were a perfect gas its temperature would be too low to prevent
the collapse, i.e. the corresponding pressure gradient would not be sufficient to balance
the gravitational attraction. About this problem, in his seminal monograph The internal
constitution of stars [43], Eddington wrote:

“It seems likely that the ordinary failure of the gas laws due to finite sizes of molecules
will occur at these high densities, and I do not suppose that the white dwarfs behave like
perfect gas”.

What is then that keeps white dwarfs in equilibrium? The answer to this question came
a few years later when, in August 1926, Paul Dirac formulated the Fermi-Dirac statistics.
Few months later (December 1926), Ralph H. Fowler identified the pressure holding up a
white dwarf from collapsing with the electron degeneracy pressure. This was the crucial step
toward the formulation of a consistent theory of these stars that led Subrahmanyan Chan-
drasekhar to predict the existence of a critical mass above which no stable white dwarf
could exist.

16.2.2 Degenerate gas in quantum mechanics

A gas of particles is degenerate if its behaviour differs from the classical behaviour due to
the quantum properties of the system. Let us discuss under which conditions degeneracy
sets in.

Let us consider a gas composed of non-interacting, indistinguishable particles. In general,
the properties of such a system will be completely described once the number of particles
per unit phase-space volume, i.e. the number density in the phase space, is assigned

dN g

m = ﬁf(X,P) ; (16-7>

here h is Planck’s constant, h® is the volume of a cell in the phase-space, g = 25 + 1 is
the number of available states for a particle with spin s, position x and three-momentum
p, and f(x,p)d3zd>p is the probability of finding a particle in the volume d3xd®p around
(x,p). The function f(x,p) is called distribution function.

Let m be the particle mass, E = (p2c2 + m2¢*)? its total energy (see Box 16-A), and
E, = E — mc? its kinetic energy; the total energy density of the gas is

dN g
E=| E dp== | E dp. 16.8
/ Badip P 13 / f(x,p) d°p (16.8)
For an ideal gas of fermions or bosons in equilibrium, the distribution function is
1
f=—==—> (16.9)
ersT +1

where the plus sign holds for fermions (Fermi-Dirac distribution), whereas the minus sign
holds for bosons (Bose-Einstein distribution). In Eq. 16.9 k, is Boltzman’s constant and p
is the chemical potential. This quantity is the energy needed to insert a new particle, in the
same state, in the gas in equilibrium. Equation 16.9 shows that, since f must be positive, the
chemical potential of fermions can take any real value, either positive or negative, whereas
that of bosons is bounded to be p < E.
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If the number density in the phase space is low (this occurs when the density of the gas
is sufficiently low and its temperature is sufficiently high), quantum effects are negligible.

Indeed, from Eq. 16.7 we see that f < 1, which implies ffﬁ > 13, In this case both the
B

Bose-Einstein and the Fermi-Dirac distributions reduce to the classical Maxwell-Boltzmann
distribution

E

foenT (16.10)

Since the function f depends only on E, i.e. it depends only on the norm of the three-
momentum p, the distribution of momenta is isotropic, and we can write

/f(p)d3p:47r/ f(p)p*dp. (16.11)
0
Therefore Eq. 16.8 becomes
drg [ Ep?dp
e*s” £1

Defining the pressure* as the momentum flux, we can write

1 / dN dmg [ wvpidp
P=-|[ pv———d’p = —2 > (16.13)
3 d3xd3p 3% Jo ef]? 11

where v is the particles velocity and the factor 1/3 takes into account the flux of momentum
along one of the three spatial directions.

Furthermore, the total number of particles and the internal (kinetic) energy of the system
are

dN dngV [ p2dp
N = /d3 oA d'p=—5 / s (16.14)
racp 0 efsT £1
dN drgV [ p*dp
U = /E oy a3z d3p = s / Ee—p— (16.15)
p 0 efsT +1

where V is the total volume of the gas.

3In this limit both the chemical potential (in modulus) and the temperature are very large, but
1/ (kpT) — —ox.

4In this section we denote the pressure with an uppercase P, in order to distinguish it from the three-
momentum p.
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‘

Some useful kinematical relations in Special Relativity

The four-momentum of a relativistic particle is

P = (mey,p), (16.16)
where p m'yv is the three-momentum. Moreover, the total energy of the particle is
E = p% = ymc?. Since pap® = —m?c?, it follows that

E2
- +p? = —m??, (16.17)

where p is the norm of the three-momentum, and consequently the total energy of the

particle can be written as ?

E = +\/p?c? + m2ct. (16.18)
Since E = mc?y, the above relation yields

2,2 2.4
VPt Fmie (16.19)

’Y - ch 9

and since the norm of the particle velocity is v = p/(m-y), we get

2 2
I (16.20)

/P22 + m24 B

16.2.3 A criterion for degeneracy

Let us consider the non-relativistic limit for F, ~ vaz = % The latter expression can be
found by expanding the definition of E when pc < mc?. If we introduce the dimensionless
variables )
¢ = elw=me)/ (e T) and z? = QWkaT , (16.21)
it is easy to see that Eqgs. 16.14 reduce to
4rgV 3/2 / x2dx
N = 2mk, T —_— 16.22
h3 ( ) o C716$2 ZIZl ( )
dgV 3 5/2 / *  pidr
U = 12 (kT e
h3 ( ) ( B ) 0 47161‘2 :l: 1

where we have used the fact that E — p ~ % — (u — mc?).

In principle, these integrals can be solved in terms of special functions and the degeneracy
parameter ¢ can be found as a function of the thermodynamical variables. Here we shall
consider explicitly the limit when ¢ < 1, in which case the integrals in Egs. 16.22 simplify

to
o (TteE17 7 7 '

(o] 4d o0
/ fif o~ (/ zte ™ dx .
0 C_ er™ +£1 0
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Using these expressions the ratio between U and N becomes

u_, Tfooo zte " d
N " foooa:Qe_dex7

(16.24)

and since [;° e~ dy = 3/ and [° e dy = 1v7, Eq. 16.24 gives U = 3Nk, T,
which is the expression of the internal energy of a classical perfect gas. Thus { < 1 corre-
sponds to the classical limit. In this limit, from the first of Eqs. 16.22 and Eqs. 16.23 we
find 5
h _
¢ = n? (2rmk,T) 3/2 (16.25)

where n is the number density n = N/V | i.e. the number of particles per unit volume. The
above equation can be rewritten as

T 3/2
¢ = (;;*) , (16.26)
where we have defined the degeneracy temperature
h? (n) 2/
They = ——— [ = . (16.27)
& 2mmk, \ g

If T' > Tyeq, then ¢ < 1 and the gas behaves as a classical gas. Conversely, if T" is comparable
or smaller than Tyes (i.e. ¢ comparable or larger than one), the gas is said to be degenerate.
When h — 0, Tyep tends to zero, showing that the degeneracy of a gas is of a quantum
nature. Furthermore, Eq. 16.27 shows that at a given density n, Tge, is higher for particles
with smaller mass m. Strictly speaking, the degeneracy parameter ( depends on both the
density and the temperature of the gas: ¢ oc nT~3/2 (see Eq. 16.25); therefore, degeneracy
sets in at high densities or low temperatures.

We note, however, that Eqgs. 16.26, 16.27 have been derived under the assumption ¢ < 1.
When ( is comparable to one, Eq. 16.26 provides only a qualitative estimate of (.

It is useful to consider some examples:

e A hydrogen gas in normal condition, i.e. T'= 300 K and P = 1 bar, has number density
n = 2.5 x 10%cm~2 and the degeneracy temperature (since mp, = 3.3 x 10724 g) is
Taeg ~ 0.13K; therefore ¢ ~ 8.8 x 107% and the gas behaves as a classical perfect gas.

e For gases heavier than hydrogen ¢ and Tyes are even smaller, and consequently at
ordinary pressures and temperatures they are non-degenerate.

o A gas of photons is always degenerate because m~, = 0, then Tyes — 00.

e Electrons in metals are degenerate, due to their small mass (m, = 9.1 x 10728 g) and
high density (n ~ 10?3 cm™3). Indeed in this case Tyeg ~ 7.5 x 10* K, and ¢ ~ 4 x 103
(assuming for example room temperature, T' = 300 K).

Let us now go back to white dwarfs. As previously mentioned, they are mainly composed
of helium, carbon, and oxygen, with a small fraction of heavier elements in the inner core.
When the nuclear material in the core has been burnt, the core contracts up to a point
when the distance between two atoms becomes comparable to their size. For example, let
us consider a white dwarf composed of carbon (the results are similar if one considers
helium or oxygen stars). A typical white dwarf has mass ~ Mg and radius ~ 5000 km,
corresponding to a mean density p ~ 4 x 10 g/cm?®. Since the mass of an atom of carbon
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is ~ 10723 g, at these densities the average distance among atoms is ~ 107'° c¢m, which
is smaller than its atomic radius ~ 10~® cm. In this situation, no more space is left for
the external orbits of the electrons which are squeezed off the atoms, starting a pressure-
driven ionization process; this proceeds as the density increases, progressively involving the
innermost orbits. As a consequence, a dense core of nucleons forms, immersed in a gas of
free electrons. Since, as shown in Box 16-B, T' < Tjeg, the electron gas is fully degenerate.

At the same time the shells of lighter elements that surround the stellar core continue
their nuclear evolution until all nuclear fuel is exhausted, and contraction and ionization
processes take place also in the more exterior layers; the star then radiates its residual ther-
mal energy and cools down. A more accurate description of white dwarfs should take into
account other effects, like for example electrostatic corrections due to the fact that the posi-
tive charges are concentrated in individual nuclei rather than being uniformly distributed ®.
However, in what follows we shall neglect these effects and consider a simplified model of
white dwarf at the endpoint of the evolution: we shall assume that the ionization process
has been completed and that the thermal energy has been radiated away, so that the star
is composed exclusively of a dense core of nucleons immersed in a gas of electrons, which
behaves as a degenerate gas at zero temperature.

‘

Relation between the density of the star and the degeneracy temperature
of the electron gas

Since electrons are much lighter than nucleons (m. = 9.109 x 102 g < m,, = 1.675 x
10~2* g, where m., m,, are the masses of electrons and neutrons, see Table A) the
density of a star is contributed mainly by the latter; therefore, if there are x nucleons
for each electron (for instance k ~ 2 for stars that have used their hydrogen fuel and
have formed a helium core) the mass density is

p = Knmy , (16.28)

where n is the electron density and my ~ 1.674 x 10724 g is the average nucleon mass
in a white dwarf. Combining Eqs. 16.27 and 16.28, it is possible to establish a relation
between the degeneracy temperature of the electron gas and the density of the star

h? 1 \?%3 P 2/3
Theg = — | — f) . 16.29
des 2mmky (gmN> (n ( )

Recalling that the values of Planck’s and Boltzman’s constants are, respectively, h =
6.626 x 10727 erg s and k, = 1.381 x 10716 erg/K (see Table A), we find

2/3
2.4 x 10° p
Taog ~ = (g/cm3> K. (16.30)

Considering that the temperature of a white dwarf is of the order of T ~ 10* K, we see
that at densities p ~ 10 g/cm?, typical for these stars, the degeneracy temperature is

Tgeg ~ 2.4 % 109 (%)2/3 K and T' < Tyeg, i.e. the electron gas behaves as a degenerate
gas.

\. J

5Electrostatic corrections have been considered for the first time by Hamada and Salpeter in 1961 [54].
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16.2.4 The equation of state of a fully degenerate gas of fermions

The structure of a white dwarf can be studied by solving the Newtonian equations of stellar
structure for a fluid in hydrostatic equilibrium (see Box 16-C). In order to solve these
equations it is necessary to know the equation of state of the matter describing the star,
i.e. a relation among the thermodynamical quantities: the pressure, the density, and the
temperature. We shall see that the equation of state (to hereafter EoS) of white dwarfs is
barotropic, i.e. the pressure is a function only of the density, P = P(p) (see Sec. 16.3.3).

Since the electron gas in a white dwarf is fully degenerate, ( > 1 and we cannot use
the approximated relations derived in Sec. 16.2.3, which assumed ¢ < 1. Conversely, since
T <« Tyeg, we can consider the gas as having T' ~ 0 temperature.

In the limit 7" — 0 the Fermi-Dirac distribution function, given by (see Eq. 16.9)

1
f(E) = 55— (16.31)
eFsT +1
becomes
1 fi EFE<FE <
F(B) = o <Ep  (or p<pr) (16.32)
0 for E>Ep, (or p>pr)
where
Er = %lgloﬂ (16.33)

is the Fermi energy and pp is the corresponding Fermi momentum, related to the Fermi
energy by Ep = \/m2c* + p%.c? (see Box 16-A)°. We also define the Fermi temperature
Tr = (Er — mec?)/k. Strictly speaking, the Fermi-Dirac distribution function has the
form 16.32 not only when 7" — 0 but whenever T' <« Tr. Note that the condition T" < T
implies that the gas is degenerate; indeed, in this limit (see Eq. 16.21)

C — e(#*mec2)/(kBT) = eTF/T > 1. (1634)

This relation is different from Eq. 16.26, ¢ = (Tyeg/T)?/2, which was obtained under the
assumption ¢ < 1. However, it is possible to show that the degeneracy temperature Tyeg
defined in Eq. 16.27 is comparable with the Fermi temperature, Tqes ~ T, therefore also
the condition T' < Tye, ensures that the gas is degenerate.

Since the temperature of the gas is negligible, the particles have negligible kinetic energy.
In these conditions, if they were bosons they would occupy the lowest energy level E = 0,
as it occurs in a Bose condensate. However fermions cannot do this, since Pauli’s exclusion
principle implies that in each energy level there can be at most two electrons, one with spin
up and one with spin down. Thus, electrons will fill all states with energy up to Er (note
that f =0 when E > Ep).

The Fermi momentum pr can be expressed as a function of the density of the star as
follows. The number of levels with momenta between p and p + dp per unit volume in the
phase space is”
number of levels _ Ampidp

= 16.35
unit of phase-space volume h3 ( )

6As T — 0, the argument of the exponential in Eq. 16.31 tends to plus infinity if £ — Er > 0, to minus
infinity if E — Ep < 0. Thus, in the former case f(E) — 0, in the latter f(E) — 1.

"Remember that in quantum mechanics the phase space is quantized; each energy level corresponds to
a phase-space volume h3.
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Since each level can be occupied by only two electrons, the number of electrons per unit

volume is N - - 2
8mp“dp 8T 4
) dy = = ——p%. 16.36
n=p=2 | ax= [ TR - S (16.36)
Using the expression of the density given in Eq. 16.28, from Eq. 16.36 we find

pr="h ( 5 ,o)é : (16.37)

8mrm

We shall now show that the thermodynamical quantities can be expressed in terms of the
Fermi momentum. Then, using Eq. 16.37, the pressure will be expressed as functions of the
density, obtaining the EoS P(p).

The kinetic energy-density €. of the gas can be determined in terms of pr as follows.
Eq. 16.15 and Eq. 16.32 yield

U 8 PF 1
€= = hi;’-/o [(pQCZ —|—mgc4)2 —mecﬂ p2dp; (16.38)
moreover, the pressure P can be found using Egs. 16.13, 16.20,

8 PF 4 2
pP= ig/ S S S— (16.39)
3h 0 @202 =+ mgcﬂ 2

The evaluation of the integrals in Eqs. 16.38 and 16.39 is particularly simple in two opposite
regimes: 1) the non-relativistic limit and 2) the ultra-relativistic limit. To this purpose, it
is useful to define a critical density, pcit, as the density at which the Fermi momentum
becomes equal to m.c; using Eq. 16.37 we find

8 Me C
Pcrit = ’i?mN ( h
We can now study the two aforementioned regimes.

Non-relativistic regime: If p < puit, pr <K mec and the electrons are non-relativistic.

In this case Eq. 16.39 gives

3
) = 0.98 x 10°x g/cm” . (16.40)

8t [Pr pt 8t p3
P=5i ) ™= Tonam, (1641)
and using Eq. 16.37
R3NP 1 \S
P= (871') (mN) 3. (16.42)
e

Thus, the EoS of a non-relativistic, degenerate electron gas is polytropic, i.e. it has the form

P=Kp, (16.43)

2 2/3 1 g
K = h (3) ( ) , and vzg. (16.44)

Sme \ 8T KMy

Note that K depends only on fundamental quantities, namely Planck’s constant, the electron
mass, and the mass of the nucleons, and on the number of nucleons per electron . Moreover,
from Eq. 16.38 the kinetic energy-density in the non-relativistic regime is

’r [PF 1 22 A [PF ph
€ = hi;/ [meCQ (1 * 222&) - meCQ] Pap=5 [ L dp. (16.45)
0 e

where
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Using Eq. 16.41 we obtain

47 o, 3
L= Pk . =2p. 16.46
T Am., . 73 (16.46)

Ultra-relativistic limit: If p > peit, pr > mec and the electrons are ultra-relativistic.
In this case from Eq. 16.39 we find

8t [Pr 2re 4

=353 ) pedp = %pzr ) (16.47)
and using Eq. 16.37
ch(3\"?/ 1 \% .
P=—|- 3. 16.48
8 (7?) <mN/<;) p? ( )
Again, the EoS of a degenerate gas of electrons is a polytropic EoS
P=Kp", (16.49)
where now s .
ch (3 1 3 4
K=—|- d =_. 16.50
8 (ﬂ') (mNn) ’ an 773 ( )

Note that again K depends only on fundamental quantities and on the number of nucleons
per electron x. Moreover

8 PF
€ = hi;/ pledp, (16.51)
0
thus, comparing with Eq. 16.47 we find
€. =3P. (16.52)

General case: In general, Egs. 16.38 and 16.39 can be integrated analytically. If we define
the dimensionless Fermi momentum x = pg/(m.c), Eq. 16.37 can be written as [32]

3.3
_ 8mmgic’kmy 3

plx) = —gs % (16.53)

and the integral 16.39 can be solved explicitly, and gives

wm§c5 KMy

Pla) = TR [m(2x2 —3)v/1+22+3sinh 'z . (16.54)
Egs. 16.53 and 16.54 provide the white dwarf equation of state P(p) in a parametric form,
i.e. in terms of the implicit parameter z. Alternatively, one can solve Eq. 16.53 for = as a
function of p and substitute it in Eq. 16.54 to find the barotropic EoS P = P(p).

This function (which is monotonically increasing, since both Eqgs. 16.53 and 16.54 are
monotonically increasing functions of x) is valid at all densities between the non-relativistic
and the ultra-relativistic limits. It can be checked that by expanding Eq. 16.54 for x < 1
and x > 1, the expression of P(p) in the non-relativistic and relativistic regimes considered
above are recovered.

From these expressions we see that, in a degenerate gas, the pressure only depends
on the density, and increases as the density increases. Thus, when the electron gas in the
contracting core of the star becomes degenerate, the pressure gradients become sufficient
to support the equilibrium against gravitational collapse. This is true, as we shall later
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see, provided the mass does not exceed a critical value. We remark that, both in the non-
relativistic and in the ultra-relativistic regime, a degenerate gas is described be a polytropic
EoS.

The main results for the EoS of a fully degenerate electron gas are summarized in Box
16-D.

‘

The Newtonian equations of stellar structure

Let us consider a spherical shell of fluid of radius r and thickness dr; let dV = dAdr
be the volume of an element of the shell, where dA is its section (orthogonal to r),
and dm = pdV its mass. The forces acting on the fluid element are the gravitational
attraction exerted by the sphere of mass m(r) inside the shell, and the gradient of
pressure across the shell, multiplied by the volume element; if the fluid element is in
equilibrium, these two forces balance each other, i.e.

dpP Gm(r) dP Gm(r)p(r)
——drdA = d — = 16.
dr " r2 m dr r2 (16.55)
The mass contained in a sphere of radius r is
" 2 dm 2
m(r) = p(r) drredr, — o = drrp(r). (16.56)
0

Equations 16.55 and 16.56 can be solved only if we assign a further equation which
relates pressure and density, i.e. an equation of state. We refer the reader to Sec. 16.3.3
for a more extended discussion on the EoS of compact stars. Here we only remark that
in general the pressure is also related to other thermodynamical quantities, such as the
temperature, the chemical potential, etc. However, as we have shown in Sec. 16.2.4, in
the case of white dwarfs the EoS is barotropic, i.e. the pressure depends only on the
density, P = P(p). Thus, the closed system of equations which describe the equilibrium
structure of a white dwarf is

dm 9

I smr2o(r).

P Gm(r) (16.57)
dr - T2 p(T)a

P =P(p).
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Box 16-D \

Summary: the equation of state of a fully degenerate electron gas in the
non-relativistic and in the ultra-relativistic regimes

We here summarize the results of this section for the EoS of a fully degenerate electron
gas, in the non-relativistic and in the ultra-relativistic regimes. We have shown that in
both cases the gas is governed by a polytropic EoS

P=Kp", (16.58)

where K and v depend on the regime. It is useful to define

8w MeC
Perit = R—/"MN ( h

3
. ) — 0.98 x 10° g/cm®, (16.59)

in terms of which we have:

e non-relativistic regime, p < perit; in this case,

== 16.60
T=3 (16.60)
5
Rz 3N\ 1 \*®
K= — =9.92 x 102573 erg? 2 /g%/3 |
dme \ 87 KMy
e ultra-relativistic regime, p > perit; in this case
4
= = 16.61
T=3 (16.61)
4
h(3\"*( 1 \?
K== <> < > =1.23 x 10 3 erg cm/g4/3.
8 \7m mykK
When the conditions for the non-relativistic or for the ultra-relativistic regimes are not
fulfilled, the EoS of a degenerate gas cannot be written as a polytropic as in Eq. 16.58.
However, it has a barotropic form, P = P(p), suitable for numerical integration of
the equations of stellar structure. The analytic expression of this EoS, in terms of the
implicit parameter @ = pg/(mec), is
8rmicdkmy
pla) = g, (16.62)
4.5
P(z) = ﬂ-me;# [$(2x2 —3)V14 224 3sinh x| .
Egs. 16.62 reduce to the non-relativistic and ultra-relativistic cases in the corresponding
regimes.

16.2.5 The structure of a white dwarf

In order to find the equilibrium configurations of a white dwarf, we shall solve the Newtonian
equations of hydrostatic equilibrium given in Box 16-C using the results obtained in the
previous section.
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We shall assume that the EoS of matter inside the star is a polytropic one, and we
shall use the values of the polytropic parameters given in Box 16-D, which correspond to
the non-relativistic (p < perit), and to the ultra-relativistic regime (p > perit). Then, the
complete set of equations which describe the structure of the star is

d

d—T = 47r7"2p,

dP Gm (16.63)
e

P=Kp".

These equations have to be solved by imposing that at » = 0 the density takes some assigned
value p., and that at the surface of the star, r = R, the pressure vanishes, i.e.

p(0) = pe, P(R)=0. (16.64)

By differentiating the second equation 16.63 and using the first equation, it is easy to
show that the two equations can be combined into the following second-order, ordinary,
differential equation:

1d <r2 dP

r2 dr

" dr) = —4nGp. (16.65)

It is convenient to write the above equation in a dimensionless form as follows. We introduce
the function ©(r) such that

p=pcO"(r),
) (16.66)
P=K p. " @t (r),
where n is called polytropic index, and
1
y=1+4+—. (16.67)
n
In terms of the function ©(r) Eq. 16.65 becomes
(-1 1 .d ([ ,d® n
DK pen = — — | =—4 . 16.
n+1)K p r2dr<r = G © (16.68)
If we now introduce the following dimensionless, radial coordinate
(n+ 1K pE D]
_r _ |\ Pe
&= = where a e ] ) (16.69)
Eq. 16.68 yields
1d [ .,dO
—=— — | =-0". 16.70
e (“%) 1o

This is known as the Lane-Emden equation,; it is a dimensionless equation, which depends
only on the polytropic index n. Being a second-order, ordinary, differential equation, to find
a unique solution we need to specify the value of ©® and of its derivative at some point,
typically the origin of the star, » = 0. Since p = p. O™ and p. = p(0), the first boundary
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condition is ©(0) = 1; moreover, since the mass goes to zero as m(r) ~ 4Tp.r®, from
Eq. 16.63 it follows that
apP ArG 4
o~ , 16.71
d?ﬂ 3 Tpc ( )

ie. % goes to zero as ~ r. From the EoS, P = Kp7, we find

dP dp

— =Ky p'! = 16.72

o YO (16.72)
from which it follows that since ‘fl—}: tends to zero, % must also tend to zero. Thus, a further

condition to impose is ©'(0) = 0, where the prime indicates derivative with respect to £. In
conclusion the Lane-Emden equation 16.70 must be integrated by imposing the following
boundary conditions at the center of the star:

{ g,((oo))::lo’. (16.73)

It can be shown that for v > & (or, equivalently, for n < 5) the solution ©(¢) is a monoton-
ically decreasing function which vanishes for some £ = £&. When © = 0 both the density
and the pressure vanish, therefore £; corresponds to the boundary of the star; its value can
be found by integrating the Lane-Emden equation numerically for a fixed value of n.

The procedure to find the stellar structure in Newtonian gravity can be summarized as
follows:

1. Choose a value of v, use the corresponding polytropic index n = ﬁ, and integrate

numerically Eq. 16.70 with the boundary conditions (Egs. 16.73) up to the value
5.: & where © = 0. For instance, for v = % and v = % the numerical integration
gives

n=3 & =365375 ¢ O/(&)=—2.71406,

wlot

’)/:

y=4%4 n=3 £ =068968 & (&) =—2.01824; (16.74)

the combination &2 ©/(&;) is useful to determine the mass of the star, as will be
explained below. It should be noted that since © is a monotonically decreasing function
of £, at the boundary of the star its first derivative is negative.

2. Assign a value to k, the number of nucleons per electron, then find K from Eq. 16.60
or Eq. 16.61. Choose a central density p.. Knowing K and p. the radius of the star
can be found using the definition of £ given in Eq. 16.69

K 1i=n

R:Otfl — R:fl 1 c

3. The mass of the star, M = m(R), can be determined by integrating Eq. 16.56 as
follows

R &1
M = / 4rr? p(r)dr = 4mwa® p, 2 on d¢
0 0

&g de
dma ”C/o e (5 d&)dg

= —dma’ p. & ©'(&1),
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where we have used Eq. 16.70. Finally, the value of M as a function of K and p, can
be found by using the expression of a given in Eq. 16.69

3
(n + 1)K 2 in
| (16.76)

M = 4r & |0/ (&) {

Let us define
(n+ 1)K

A= T A B =4r f% |®/(§1)|7 (16.77)

so that .
R=¢AV?p2 (16.78)

and o
M = BA3?p.7 (16.79)

Combining Eqgs. 16.78 and 16.79, we can finally find a relation between M and R:

n=3 3—n
M= (BAn—lff”) R . (16.80)

The procedure outlined above shows that, once we fix the number of nucleons per electron
 and the polytropic index n, and integrate (numerically) the Lane-Emden equation to find
&1 and ©'(&;), we obtain a family of solutions parametrized by different values of the central
density p., with radii and masses given by Egs. 16.75 and 16.76.

Conversely, if we change the value of x, the new configuration can easily be obtained by
rescaling the various quantities in the following way

Ep, P=P, (16.81)
2

p)

m(r) = (%)

m(r), 7=
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‘

Note on the numerical integration of the Lane-Emden equation

Since the Lane-Emden equation diverges in £ = 0, we cannot integrate Eq. 16.70 start-
ing from that point. This problem can be overcome starting the numerical integration
at some small, but finite value of £ = &gart, and by Taylor-expanding the solution near
the origin, writing it in terms of ©(&start) and O’ (Estart)-

Since we know from Eq. 16.73 that ©(0) = 1 and ©’(0) = 0, we can write the approxi-
mate solution near £ = 0 as a power series

OE) =14+, 4+038+0,4+0E)+...; (16.82)

the truncation order of the series is arbitrary, but let us keep up to the fourth power of £
as an example. To determine the values of the coeflicients O, O3, 04 we Taylor-expand
the function ©™ on the right-hand side of Eq. 16.70, i.e.

O" ~ 14+ nOy€2 + 0(&3); (16.83)

by substituting Eqgs. 16.82 and 16.83 in Eq. 16.70 we find

605 + 12036 +20046% + ... = —[1 4+ 1Oy %] + ... (16.84)
This equation is satisfied only if the coefficients of the same power of £ vanish, i.e.
1
1 = —6@2 — @2 = —6 s
O3 = 0
200, = -n® S 0y = —
4 = 2 1= Pop-

Thus, the expansion of ©(&) has only even powers of £ (this property holds at any order
since p(r) must be an even function due to symmetry reasons), and the approximate
solution for © and ©' near the origin is

1 n
~1— -2 ¢t 6 16.
O¢) = 1- €+ €'+ 0(¢Y) (16.85)
1 n
/ ~ T e3 5

O(€) = 56+ 556+ 0(E”).
We now have all we need to integrate the Lane-Emden equation numerically: we can
start at, say, &are = 1074 using as initial values the functions in Eq. 16.85 computed

at Estart- As customary, it should always be checked that the solution does not depend
on the choice of &g tat within some numerical accuracy.

16.2.6 The Chandrasekhar limit

In Sec. 16.2.4 we have shown that if the density in the star is much smaller than the critical
density peric = 0.98 x 108 k g/cm?, electrons behave as a polytropic gas with v = % and
n= %7 while if it is much larger than p.s, they behave as a polytropic gas with v = % and
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n = 3. Moreover, Eq. 16.79 gives

. 3/2
3—n n —|— 1
M = BA*?p; =B K
P drG

(16.86)

There is an important difference between the non-relativistic and the ultra-relativistic
regimes. In the non-relativistic case (n = ) the exponent of p. in Eq. 16.86 is 32 = %
Moreover, using the expressions of K and pcit given in Egs. 16.60 and 16.59, it follows that

-2

K3/% = const Kl/z , (16.87)

crit
where the constant depends only on fundamental constants (me, my, etc.). Therefore,
Eq. 16.86 gives

1/2
M x k2 (”) . (16.88)
Pecrit
Thus, in the non-relativistic regime the mass is an increasing function of the central density.
Conversely, in the ultra-relativistic regime (n = 3) the exponent of the central density
in Eq. 16.86 vanishes, so that the mass does not depend on the central density at all.
An explicit computation (which we leave to the reader as an exercise; all the relevant
fundamental constants are explicitly given in Table A) shows that, in the non-relativistic
regime,

1/2
M =272 k2 ( Pe ) Mo, (16.89)

Pecrit
whereas in the ultra-relativistic regime

M = Mcy, = 5.73 62 M, . (16.90)

The quantity Mcy, is the critical mass above which no equilibrium configuration for a white
dwarf can exist; it is called the Chandrasekhar mass, after Subrahmanyan Chandrasekhar
who derived 8 it in 1931. It should be noted that the information on the internal composition
of the star is contained entirely in the parameter x. For a white dwarf made of helium, k = 2
and

Mcp =143 Mg, . (16.91)

The fact that a critical mass should exist can also be understood from the following qual-
itative considerations, which were proposed by Lev Landau in 1932 [74, 73]. A given con-
figuration of matter will be in equilibrium if the gradient of pressure is balanced by the
gravitational attraction per unit of volume. In the non-relativistic case:

M3 dP M3
P~ pt P~ —_—~ . 16.92
p3s — 7 — o 7 (16.92)
In the ultra-relativistic case:
4 4
4 Ms dP Ms
P ~ 3 P ~ — _ Y . 16.9
P? - R4 - dr R5 (16.93)
The gravitational force per unit volume scales as
Gm(r)p p M 2
—2 "~ (16.94)

8The concept of a limiting mass for white dwarfs was first introduced by Chandrasekhar in a paper
published in 1931 [31]. The problem was subsequently investigated in a series of papers, and a complete
account can be found in the book that Chandrasekhar wrote on the subject in 1939 [33].
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and the star is in equilibrium if
dP Gm(r)p
dr r2
Since in the non-relativistic case the gradient of pressure (Eq. 16.92) and the gravitational
force per unit volume (Eq. 16.94) depend on the radius with a different power, for a given
value of the mass the star can “adjust” the radius until the two forces balance each other.
Conversely, in the ultra-relativistic case (Eq. 16.93) the gradient of pressure and the gravi-
tational force per unit volume have the same dependence on the radius, and therefore the
equilibrium is possible only for one value of the mass, i.e. for the critical mass. If M > My
the gravitational attraction exceeds the gradient of pressure and equilibrium configurations
are no longer possible.
An alternative version of this argument is given in Box 16-F.

(16.95)
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‘

Chandrasekhar mass from energy considerations

Let us consider a star of radius R composed of N nucleons, each one of mass my ~
1.674 x 10724 g (see Box 16-B). From Eq. 16.37, the Fermi energy of the system in the
relativistic limit reads

3p V3 he (9rN\Y?
Ep=cpp=hc|— | =—|—F— 16.
B=cpr = he <87mmN) R\ 4k ’ (16.96)

where i = h/(2m) = 1.055 x 10727 erg s (see Table A), and in the last step we ap-
proximated p/my with the mean nucleon number density, i.e. p/my ~ N/(4wR3/3).
Assuming that the star mass is M ~ Nmy, the gravitational energy per nucleon is

GNmy?
Bg o — N (16.97)
R
Thus, the star total energy is
1 9rN\/®
E=Ep+Eg = |he <Z> —~ GNmZ| . (16.98) &
K

A bound configuration requires F < 0 and therefore £ = 0 corresponds to the critical
configuration beyond which no equilibrium is possible. The condition F = 0 yields

97 he \*/?
Nmax ~ o ( > 5 (1699)
V 4k \ Gm3

and therefore the maximum mass is of the order of

1 [97 (he\?
Myax = Nmax ~ —51/— | = ~ 3.5 M s 16.1
my m%\/%(G) 3.5 Mg (16.100)

where in the last step we assumed x ~ 2. The above maximum mass is only a factor 2
larger than the precise value in Eq. 16.91. Note that, in addition to the proton mass,
the above formula depends on several fundamental constants: the (reduced) Planck
constant, the speed of light, and Newton’s constant, showing that the Chandrasekhar
limit arises from a combination of quantum, relativistic, and gravitational arguments.

\. J

Although nowadays the existence of a critical mass for white dwarfs seems an obvious
consequence of the theory, it was not accepted when Chandrasekhar found it. The prejudice
at that time was that white dwarfs were the unique final state of stellar evolution, and that
they could have any mass (neutron stars were discovered much later in 1967). The famous
astronomer Arthur Eddington was the strongest opponent to the new theory, and referred
to it as “a stellar buffonery”. Nobody, at that time, gave to Chandrasekhar any public
support, although a few, as for example Rosenfeld, told him in private that they thought
his result was correct?. However, Chandrasekhar understood that his discovery would have
had important implications, and in 1934 he wrote: “The life history of a star of small mass

9An interesting account of the controversy between Eddington and Chandrasekhar on white dwarfs’
maximum mass can be found in the book “Chandra: a biography of S. Chandrasekhar” [116].
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must be essentially different from the life history of a star of large mass. For a star of small
mass the natural white-dwarf stage is an initial step towards complete extinction. A star
of large mass cannot pass into the white-dwarf stage and one is left speculating on other
possibilities”.

It should be stressed that the Chandrasekhar mass is a static limit, i.e. it refers to the
equilibrium configuration. However, even if a star is in equilibrium it may be unstable against
small perturbations. In this case the star would be dynamically unstable (see Sec. 16.3.9).

A second point which should be noted is that in the derivation of the critical mass,
General Relativity plays no role. The basic ingredients are special relativity and the Fermi-
Dirac statistics.

~

Mass-radius diagram for a white dwarf

The mass-radius diagram of white dwarfs can be found by integrating the Newtonian
equations of stellar structure given in Box 16-C, for different values of the central
density and assuming the white dwarf EoS derived in Sec. 16.2.4 (Eq. 16.62). The
result of the numerical integration, assuming k = 2, is shown in Fig. 16.1. As expected,
there exists a maximum mass, M = Mcy ~ 1.4 My, corresponding to a radius R ~
1073 R ~ 700 km. The small discrepancies between the theoretical and observed values
of the mass and radius of Sirius B are due to the assumption of zero temperature in
the computation leading to Eq. 16.62, see Ref. [97] for a discussion. The configurations
on the left of maximum are unstable, as will be explained in Sec. 16.3.9.
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M

Figure 16.1: Mass-radius diagram of a zero-temperature white dwarf. Each point on the curve
corresponds to a different value of the central density of the star. The marker with error bars
is the mass and radius of Sirius B.
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16.3 NEUTRON STARS

As discussed in Sec. 16.1, when the mass of the progenitor star is in the range ~
(8,20 —30) Mg, its thermonuclear evolution leads to a supernova explosion whose remnant
is a neutron star. In this section, after a brief review on the discovery of these extremely
compact objects, we shall discuss their internal composition and derive the general rela-
tivistic equations which allow to determine the internal structure and the gravitational field
of these stars.

16.3.1 The discovery of neutron stars

The first explicit prediction of the existence of neutron stars was made by Walter Baade
and Fritz Zwicky in 1934, two years after the discovery of the neutron [10, 12, 11]. They
suggested that supernovae mark the transition from ordinary stars into neutron stars, and
in [11] they wrote: “Such a star may possess a very small radius and an extremely high
density. As neutrons can be packed much more closely than ordinary nuclei and electrons,
the “gravitational packing” energy in a cold neutron star may become very large and,
under certain circumstances, far exceed the ordinary nuclear packing fractions. A neutron
star would therefore represent the most stable configuration of matter as such.”

As mentioned in Sec. 16.1, neutron stars are often observed as pulsars, and it is inter-
esting to follow the historical path that led to the discovery of pulsars and that allowed to
establish the connection between supernova explosions and neutron stars. In 1942 Baade
identified the Crab Nebula and the star in its center as the remnant of the supernova explo-
sion that occurred in 1054, which was observed by the Chinese astronomer Yang Wei-te [13].
Twenty-five years later, in 1967, Jocelyn Bell, Antony Hewish, and collaborators discovered
the first pulsar [62]. The observed radio pulses were separated by the very short time in-
terval of 1.33 seconds and were extremely regular; it was soon realized that they could not
be of human origin since they came from outside our solar system. In the same year the
Italian astronomer Franco Pacini suggested that a rotating neutron star with a magnetic
field would emit pulsed radiation [88]. However, the correlation between pulsars and super-
novae was firmly established only when a pulsar was discovered in the remnant of the Vela
supernova [76] and a very fast pulsar (with period P = 0.033s) was discovered in the Crab
Nebula [107]. Thus, more than thirty years later, the prediction of Baade and Zwicky was
finally confirmed.

16.3.2 The internal structure of a neutron star

Current studies on the internal structure of neutron stars show that these stars can be
modeled, as shown in Fig. 16.2, as a sequence of layers of different composition and thickness
surrounding an innermost core. Proceeding from the exterior, we first encounter an outer
crust, about 0.3 km thick, an inner crust, ~ 0.5km thick, and a core extending over about
10km. We shall assume that the temperature of matter in the neutron star interior is
T = 0K. Indeed, shortly after their birth (~ a year after) neutron stars reach temperatures
T < 10°K; since at the densities typical of neutron stars (7 ~ 10 g/cm®) neutrons have a
Fermi (kinetic) energy Er —m,,c? ~ 107° erg (see Eq. 16.37), which corresponds to a Fermi
temperature Tr = (Ep — m,c?)/k ~ 101* K, then T' < Tr, which justifies our assumption
(see the discussion in Sec. 16.2.4). In addition neutron stars are transparent to neutrinos,
because the mean free path of neutrinos in nuclear matter at 77 < 10° K is much larger than
the typical radius of a neutron star, R ~ (10 — 15) km.
o The outer crust.
The matter density ranges from ~ 107 g/cm?® to 4 x 10! g/cm?. It is composed of a
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Figure 16.2: Schematic view of a neutron star internal structure (not in scale).

lattice of heavy nuclei immersed in an electron gas. Proceeding from the external to
the internal boundary, as the density increases the inverse (-decay process becomes
more and more efficient and neutrons are produced copiously according to Eq. 16.4

e +p—=n+ru.. (16.101)

The produced neutrinos only weakly interact with the matter and leave the star. In
the outer crust the pressure is mainly provided by the degenerate electron gas. At
p = pa = 4 x 10g/cm® all bound states available in the nuclei for neutrons are
filled. Neutrons can no longer live bound to the nuclei and start leaking out; this
phenomenon is called neutron drip.

e The inner crust.

In this region the density ranges between py and the nuclear density py = 2.67 x
1014 g/cmg, and the dominant contribution to pressure is due to the neutron gas.
Matter is composed of a mixture of two phases: one, with density comparable to pg,
is rich of neutrons and is therefore called neutron-rich matter (NRM); the other is a
neutron gas (NG). An electron gas is also present to ensure charge neutrality. In order
to determine the fundamental state of matter in this region, one has to specify the
density of the two phases, pnrMm and png, which determines the fraction of volume
each phase occupies, the proton fraction in the NRM, and the geometrical properties
of the structures that are formed by the two phases; these strongly depend on surface
effects at the interface between different phases. For pg < p < 0.35 pg, the minimum
energy configuration is formed by spherical drops of NRM, surrounded by the NG. For
higher densities the separation between spheres decreases up to the touching limit.
Consequently, for 0.35 pg < p < 0.5 pg the spheres merge, forming bar-type structures,
called “spaghetti phase”, and for 0.5 pg < p < 0.56 pg the bars merge to form slab-
type structures, called “lasagna phase”. For larger densities, the merged nuclei of NRM
become a uniform fluid, with increasingly smaller contributions of “pasta phases” of
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NG. When the density reaches the nuclear density py the two phases are no longer
separated and form a homogeneous fluid of protons, neutrons, and electrons.

e The core.

For p > pg, in the so-called outer core of the neutron star, matter is composed of a
homogeneous fluid of p, n, €™, in S-equilibrium, i.e. in equilibrium with respect to
the neutron $-decay

n—pt+e 4+, (16.102)

and to the inverse -decay given in Eq. 16.101. By minimizing the free energy one
finds that matter in the core is stable only if protons are up to about 10% of the total.
It should be stressed that the main contribution to the pressure in the core comes from
neutrons; since they are more massive than electrons, the total energy is also mostly
provided by the neutrons themselves. Neutrons, as electrons, are fermions. However,
the pressure they generate cannot be associated only to Pauli’s exclusion principle,
because at the core densities we can no longer treat neutrons as non-interacting par-
ticles, as we did for the degenerate electron gas in white dwarfs. Indeed, if we assume
that the neutron star is composed of non-interacting neutrons, we find a maximum
mass of 0.7 Mg, which is much lower than the mass of observed neutron stars [87].

In addition, several processes may develop at higher density (p 2 2pp), in the inner
core. For instance, as the density increases electrons become more energetic and their
kinetic energy increases. So does the chemical potential which, we remind, is the
energy needed to insert a new particle in the same state in a gas in equilibrium. Thus,
at some density the chemical potential of the electrons becomes larger than the rest
mass of the muon m,- = 105MeV. At this point the decay of a neutron through the
reaction

n—=p+pu +0,, (16.103)

which creates the muon, becomes energetically more convenient than the neutron g-
decay given in Eq. 16.102. Neutrinos escape through the surface, whereas n, p, e™, u~
remain trapped in the core. Furthermore, other particles may form in the core at high
density. For instance in some models heavy baryons may form through the reaction

n+e =3+, (16.104)

or, when p ~ 2 — 3 pg, ™ or K mesons may also appear; these particles are bosons
and therefore not subjected to Pauli’s exclusion principle; in this case a Bose-Einstein
condensate may form in the innermost region of the star. Or, even further, since
nucleons are known to be composite objects of size ~ 0.5 — 1.0 fm, corresponding to a
density ~ 101° g/cm?, if the density in the core reaches this value matter undergoes
a transition to a new phase, in which quarks are no longer confined into nucleons or
hadrons !°. Thus, at high densities different particle content would lead to different
equations of state.

There is a quite general consensus on the EoS of matter in the outer and inner crust, and
in the outer part of the core, because at these densities the properties of matter are con-
strained by experimental data on neutron-rich nuclei. Conversely, densities and energies as
those prevailing in the inner part of the core are presently unreachable in a laboratory; con-
sequently, the variety of models of EoS at supranuclear densities proposed in the literature

10This phase transition may lead to the formation of quark stars, which are composed of deconfined
quarks. It has been suggested that a quark star would be a sort of large “nucleus” formed of a mixture of
up, down, and strange quarks, which would be the “ground state of matter”, i.e. the lowest energy phase
of matter in the Universe [23, 120].
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are based on theoretical studies, and are only partially constrained by empirical data. More-
over, since hadronic matter at these densities is described by the non-perturbative regime of
quantum chromo-dynamics, our theoretical understanding of its behaviour is also limited.
Astrophysical and gravitational wave observations of neutron stars will provide information
to constrain these models, and eventually understand the behaviour of matter in the inner
core of these stars (see Box 16-I). A detailed description of the equations of state of neutron
stars is beyond the scope of this textbook; the interested reader can find further information
e.g. in [77, 53, 50].

The typical mass and radius predicted by the EoS proposed in the literature range
roughly within M ~ [1 —3] Mg and R ~ [10 — 15] km, and the stellar compactness is of the

order of o
=5 ™ 1071t (16.105)

(we remind that Gﬁf@ ~ 1.47km); therefore, to determine the structure of a neutron star

General Relativity must be used. In what follows we shall first introduce the tools that
are needed to describe perfect fluids in General Relativity; we shall then derive the equi-
librium equations of a compact star, on the assumption that matter in the interior can be
approximated as a perfect fluid.

In the rest of this chapter we shall use geometrized units G =c=1.

16.3.3 Thermodynamics of perfect fluids in General Relativity

Let us consider a perfect fluid — i.e., a non-viscous fluid in which heat flux is absent — with
fixed chemical composition and in thermodynamical equilibrium.

We can describe its (macroscopic) motion in terms of a stream of curves, which are
worldlines of small fluid elements, i.e. in terms of a four-velocity field u®(x) which is tangent
in each point to these worldlines.

As in non-relativistic fluid dynamics and thermodynamics, the fluid elements are such
that their three-volume is much larger than the scale of the microphysical interactions (for
instance, nuclear interactions) !, but it is small with respect to the macroscopic length-
scales of the system. In particular, we require that the three-volume of the fluid element
is small with respect to the length-scale of the gravitational interaction (i.e., the curvature
radius) so that it can be covered by a single LIF. It is then possible to approximate each
fluid element with a point particle located, for instance, at its center of mass.

Let us consider a fluid element located at the space point Q¢ at a time ty. We can
define a LIF centered in the event qo = (tg, Qo), and such that the fluid element in qg is at
rest, i.e. the frame is comoving with the fluid element. Thus in this frame the four-velocity
of the fluid in qg is simply u* = (1,0,0,0). In the following we shall indicate this frame
as LICF (locally inertial comoving frame). We have assumed that the three-volume of the
fluid element is small enough to be covered by the LICF and thus, for a short enough time
interval, its four-volume is also covered by the LICF (see Fig. 16.3).

It is always possible to define a LICF, because the Equivalence Principle guarantees the
existence of a LIF centered in qo; a Lorentz transformation (which maps a LIF into another
LIF, see Sec. 1.5) can make it comoving with the fluid element in qg. We remark that the
LICF should not be confused with the Fermi frame of the fluid element (see Sec. 3.9): the
Fermi frame is comoving with the fluid element along its entire motion, but it is not locally
inertial (unless the motion of the fluid is geodesic); conversely, the LICF is locally inertial,

111t is also required that the three-volume is large enough to contain a sufficiently large number of particles
to properly define thermodynamical variables.
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fluid element

Figure 16.3: The LICF around an event qo = (t0, Qo) in the fluid. For simplicity, we only show
2 + 1 dimensions (two for space, one for time).

but it is only momentarily comoving with the fluid element, i.e. in a short time interval
around tg.

According to the Equivalence Principle, the fluid in the LICF is governed by the laws
of Special Relativity for a fluid at rest. Since the fluid is in thermodynamical equilibrium,
we can define the following thermodynamical quantities measured in the LICF:

e the number of baryons per unit of volume, or baryon number density n;

e the energy density €, which includes the rest-mass energy and the potential energy of
the interactions;

o the pressure'? p;
e the temperature T
e the entropy per baryon s.

Note that we define the baryon number density, and not the particle number density, because
the number of particles can change when they interact, while the baryon number is conserved
by all interactions. If we assume that the star does not contain antimatter and that the
mesons content is negligible, the baryon number '3 coincides with the actual number of
baryons. Since baryons are much heavier than electrons and neutrinos, the star rest mass

1270 hereafter, at variance with Sec. 16.2, we denote the fluid pressure and energy density with a lowercase
p and €, respectively.
Ng —Ng

13The baryon number is B = where ng is the number of quarks, and ng is the number of

antiquarks, and is a conserved quantum number.
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is due, with a good approximation, to baryons only. We also define the baryon rest-mass
density as p = my,n, where m,, is the neutron mass.

If we consider a different point @ of the fluid, and a different time ¢, we can always
construct a LICF around the event q = (¢,Q), and define the thermodynamical quantities
n,e,p,T,sin q.

As discussed in Sec. 16.2.4 (see also Box 16-C), the equation of state of a thermody-
namical system is a relation among its thermodynamical variables. In the case of a perfect
fluid, the EoS gives one of the thermodynamical variables in terms of two of the others, for
instance

e =¢€(p,s). (16.106)

This reflects a remarkable property of perfect fluids with fixed chemical composition: given
the values of two thermodynamical variables, the values of all the others are uniquely
determined. In other words, the thermodynamical state is completely determined by two
thermodynamical variables. The explicit form of the EoS encodes the information on the
microphysics of the system, and ultimately on the hadronic interactions occurring at high
density.

Baryon number conservation law

The first of the equations describing fluid thermodynamics in General Relativity is the
baryon number conservation law, also called continuity equation:

(nu®);q =0. (16.107)

In order to derive Eq. 16.107 let us consider a fluid volume V passing through qo = (¢9, Qo),
small enough to be contained in the domain of the LICF in qg. This volume contains a
number A = nV of baryons, which does not change with time due to the conservation of
baryon number, i.e.

diT(nV) —0 (16.108)

where 7 is the proper time of the fluid element at the LICF origin. This equation is not
covariant, but in the following we shall show that it can be rewritten as Eq. 16.107, which
is a tensor equation valid in any reference frame.

Let {z®} = {t,x', 22, 2%} be the coordinates of the LICF, and let us assume for simplicity
that V is a cube of edges Az' = Az? = Az® = L and that the LICF origin, Qo = (0,0,0),
is chosen as in Fig. 16.4. In Qg the fluid is at rest, but inside the volume it has a small
velocity (relative to Qo)

dx’

i . 16.109
V= ( )
We expand Eq. 16.108 as follows
d (0% [e3 «@
d—(nV) =u*(nV) , =n.Vu*+nV,u*=0. (16.110)
- :

Let us first evaluate the order of the various terms in Eq. 16.110. In the LICF (and thus
in the small volume V) g,,, = 7, + O(2?) (see Box 3-A); moreover, since the LICF is a
comoving frame, v*(Qp) = 0 and thus
o'

i _ j 2y _
V= 2’ 4+ 0(z*) = O(x). (16.111)
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Figure 16.4: The fluid volume V' in a LICF at some fixed instant of time.

Therefore,
dr =/ —gapdxdaf = dt\/_goo + 2900’ + gijvivd = dty/1+ O(a?) = dt + O(z?) .
(16.112)
Consequently, the components of u® read
dt
0 —_ = 1 O 2
b dr +0)
i da’ i 2
uo= = [1+0(z%)] =0(z). (16.113)
The term V,u® in Eq. 16.110 can then be written as
Vau® =Voul + Viu' = Vo + O(x). (16.114)

)

In order to determine V)y, we shall evaluate how the volume V' changes in a time interval
5t. The separation between the two faces orthogonal to the x! axis (see Fig. 16.4), Ax!,
change as

1 1 1
§(Azt) = A(6at) = {dxat} - [d”at} = Av'ot = gi Az'ot.  (16.115)
face 2 face 1

dt dt !
Similarly,
ov?
2\ 2
0(Az®) = 922 Azx© ot (16.116)
ov3
3\ 3
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and the volume V = Az'Az2Ax? changes as

SV = §(Arh)Az?Ax® 4+ §(Ar?)AxPAxt + 5(Ax?)Art Ax? (16.117)
3 .
ot .
= - L3 6t
L Ot
=1
so that (leaving implicit the sum on i =1,...,3)
ov ot
—_— = -, 16.11
ot ox’ (16.118)

Then, Eq. 16.114 becomes

Vou® = Voul + Vyul = ngi +0(a), (16.119)
and since v’ = v’ [1+ O(2?)]we find
Voo = v 2% 4 0a) (16.120)
wu® =V _— : :
Ox®

By replacing this term in Egs. 16.110 and evaluating it in Qg we finally find

d

d—(nV) =nVu®+nVul, =V(nu*) o =0 — (nu®),, =0, (16.121)
- ;

where we have used the property that ordinary and covariant derivative coincide in a LIF.

We have thus derived Eq. 16.107, which is a tensor equation, satisfied in any reference frame.

The first law of thermodynamics

Let us consider a fluid element (small enough to be covered by a LICF) with energy density
e and entropy per baryon s; a fluid element of volume V' (measured in the LICF), consisting
of a number A = nV of baryons, has energy F = Ve and entropy S = As. The first law of
thermodynamics,

dE = —pdV + TdS (16.122)
can then be written as
d (:e> = —pd (:) + Td(As). (16.123)
Multiplying by n/A, we get
de = 6;pdnwﬁds. (16.124)

Using an EoS for instance in the form
e=¢€(n,s), (16.125)

by differentiating with respect to the thermodynamical variables, we find

de\  e+p de\
<8n>s == and <8s)n =nT, (16.126)
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where the subscript in the brackets indicates that the partial derivative is taken keeping the
quantity in the subscript constant. The pressure and the temperature of the fluid can then
be expressed as

p(n,s) = n(g);)se (16.127)
T(n,s) = i(g;)ﬂ (16.128)

Thus, as anticipated above, given an EoS — namely a relation between one thermody-
namical variable (e in the previous example) and two others (n and s) — the remaining
thermodynamical variables (p and T in the example) can be determined using the first law
of thermodynamics.

Another important function which describes the fluid is the chemical potential p1, which
is the energy per baryon required to insert a small extra quantity of fluid composed by
A baryons, in the fluid volume in the same thermodynamical state. The volume variation
due to the introduction of the extra baryons is dV = §A/n (n does not change since the
variation occurs in the same thermodynamical state). The energy needed to insert the A
baryons is the sum of the energy of the baryons, e6V, and of the energy needed to change
the volume of the fluid by 6V, i.e. the work pdV. Consequently

_ pdV +eV  p+e
=752 =~

= (gz)s . (16.130)

(16.129)

and, from Eq. 16.126, we get

Barotropic equation of state

If the EoS does not depend on temperature or entropy, i.e. € = e¢(n), it is named barotropic
(see also Sec. 16.2.4). In this case, using Eq. 16.127 the EoS can also be written as

p = p(e) or e =¢e(p) (16.131)

i.e., an equation relating the pressure and the energy density. Since (%)n = 0, from

Eq. 16.128 it follows that the temperature of a barotropic fluid is zero.
For a barotropic EoS, the first law of thermodynamics becomes

e+p
n

By differentiating the definition of the chemical potential, Eq. 16.129, and using Eq. 16.132
we find

de =

dn. (16.132)

€E+p de+dp dp
— n -+ = £

dp = 5 d ; (16.133)
n n n
therefore for a barotropic EoS we also have
dp = ndy. (16.134)

The polytropic EoS which we have used to model white dwarfs is barotropic. As discussed
in Sec. 16.3.2, a neutron star after about one year from birth reaches temperatures much
smaller than the Fermi temperature of neutrons in the core; therefore they can be treated
as having vanishing temperature and modeled using a barotropic EoS. Main-sequence stars
(like our Sun), or newly born, hot neutron stars, conversely, have a non-barotropic EoS with
non-trivial dependence on temperature and entropy.
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16.3.4 The stress-energy tensor of a perfect fluid

In a perfect fluid, both viscosity and heat flow are absent. As explained in Chapter 5, in a
LIF T% is the energy density, T (i = 1,2, 3) is the energy which flows per unit time across
the unit surface orthogonal to the axis z?, and T% is the amount of the i-th-component of
momentum which flows per unit time across the unit surface orthogonal to the axis x7. In
the non-relativistic limit, this quantity is the i-th-component of the force per unit surface
orthogonal to the axis z7.

Let us consider a fluid element and the associated LICF. In this frame the fluid is at
rest and the components of the stress-energy tensor are the following

o T9 = ¢, the energy density.

o T% = 0, indeed the fluid element does not exchange energy with its surroundings,
because there is no heat flow.

o T% = pé, indeed in a perfect fluid no tangential stresses are allowed, which means
that the force exerted on the surface orthogonal to the axis 7 must be orthogonal to
the surface, and this force per unit surface is, by definition, the pressure.

Thus, in the LICF the expression of the fluid stress-energy tensor is

T = (16.135)

SO o
oo O
oy o o
" O oo

and, since in this frame the four-velocity of the fluid element is u* = (1,0,0,0), it can also
be written as
T = (e + p)utu” + pn*” . (16.136)

In addition, in a LICF g** = n*¥, therefore we can also write
T = (e + p)ut'u” 4+ pg"” . (16.137)

This is a tensorial expression and, by the General Covariance Principle, it must be valid
in any other reference frame. Thus, Eq. 16.137 is the covariant form for the stress-energy
tensor of a perfect fluid in General Relativity. Note that although Eq. 16.137 holds in
any frame, € and p are defined as the energy density and the pressure of the fluid element
measured by a locally inertial, comoving observer. These quantities are, by definition, scalar
fields on the manifold, and their value in a given point does not depend on the coordinate
frame. Also note that according to Eq. 16.135, which follows from the assumption that
viscosity and heat flow are absent, a comoving observer sees the fluid as isotropic.

Fluid equations from the stress-energy tensor

The stress-energy tensor 16.137 satisfies the divergence-free equation (see Chapter 5)
=0. (16.138)
Its contraction with u, yields

u, T, = wutu”(e +p), + (€ + p)(ugutu”,, +uyut u”) +u’p,
—u"e, — (e+pu’, =0, (16.139)
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where we have used the relation
1
wy(uh),, = i(uuu“);u =0. (16.140)

Using the baryon number conservation 16.107, Eq. 16.139 gives

ue, = —(e+pu’, = EJrTpul’n,y, (16.141)
ie. 4 S d
e e+pdn
— = —. 16.142
dr n dr ( )
On the other hand, from the first law of thermodynamics (Eq. 16.124),
de e+pdn ds
— = — T— 16.14
dr n dr tn dr’ (16.143)
and the two equations are compatible only if
ds
Z =0 16.144
dr ’ ( )

which reflects the fact that in a perfect fluid a fluid element does not exchange heat with its
surroundings. Thus, the divergenceless equation of the stress-energy tensor and the baryon
number conservation imply that a perfect fluid is isentropic. Note that we have not assumed
that the EoS is barotropic; this property applies both to cold and warm perfect fluids.

To study the space components of Eq. 16.138 we define the projector onto the subspace
orthogonal to u”,

Ppl/ = Guv + Uy Uy - (16145)

This is a projector because P2 = P, and it projects onto the subspace orthogonal to u*
since P, u” = 0. By applying P, to Eq. 16.138 we find
PWT“;Bﬂ = Py, |(e+D)puuf + (e + p)(uﬁu“;ﬁ + uo‘uﬁ;ﬁ) + gaﬁp,g}
= (gya + Uyuqa)(e+ p)uﬁuaﬁ + pr’g
= (e+puluys+Plps=0, (16.146)
where we have used Eq. 16.140. This equation gives
PPpg=—(c+p)uluyg, (16.147)

and shows that the pressure gradient projected on the subspace orthogonal to u# (that is,
the space gradient of the pressure) is equal to the fluid acceleration, uﬁu%g, multiplied by
the sum of the energy density and the pressure; this is the relativistic generalization of one
of Euler’s equations.

16.3.5 The equations of stellar structure in General Relativity

In this section we shall derive the equations describing the structure of a non-rotating star
in static equilibrium in General Relativity. Since the spacetime generated by the star is
static and spherically symmetric, as discussed in Chapter 9 the appropriate form of the
metric is given by Eq. 9.15, i.e.

ds? = —e?Mdt? + 22N dr? 4 r2(d6? + sin? 0dp?) . (16.148)
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We shall assume that the interior of the star is described by a perfect fluid, with stress-energy
tensor given by Eq. 16.137:

T = (e + p)uu® + pg?, (16.149)

where u® = d; is the four-velocity of a fluid element, and p and € are the pressure and the

energy density, as discussed in the previous section. The pressure and energy density are
related by an assigned EoS.
It should be stressed that € is the relativistic energy density which, in the non-relativistic
limit, reduces to the rest energy density pc? (in physical units), where p is the mass density.
At this point some considerations about the dimensions of the physical quantities are in

order. Since we are working in G' = ¢ = 1 units, 7},, has the same dimensions as G, i.e.
[T).,] = (length) 2. (16.150)
Consistently, both € and p have (length)~2 dimensions. In physical units,
G G
€= —€phys and P = iPphys> (16.151)

1. \-2
[€phys] = [Pphys] = (mass)(length) ™" (time) ~.
Since by assumption the fluid is at rest, the only non-vanishing component of the velocity

of the generic fluid element is u° and the normalization of u* gives
guutu” = -1 — ut =e7, up = —e”. (16.152)

Therefore, the non-vanishing covariant and contravariant components of the stress-energy
tensor read

_ 2 _ .2
;ﬁi;;eez\ 7;0&;:7'8512 6T (16.153)
and Tt — ¢ o2V T00 — i
T = pe=2 Tep — sz . T00 (16.154)
Thus, the field equations are
Gy = 81Ty, (16.155)
™., = ! (V=gT"™) + T4, T"* =0. (16.156)

’ =g 8:0"

It should be noted that Eqs. 16.155, 16.156 are not independent. Indeed, as discussed in
Chapter 6, the divergence-free equation satisfied by the stress-energy tensor is a consequence
of the Bianchi identities satisfied by the Riemann tensor.

In order to write explicitly Eq. 16.156 we need the expression of Christoffel’s symbols for
the metric 16.148 which has been computed in Box 9-A, and we rewrite here for convenience:

t 2(v—A
Tl =v,, Iy, =Ny, T =), (16.157)
o =2\ o =2A 2
Fhg=—€er, I'l,=—e"rsin"f
0 _ 1 0 _ :
[Vy=1, I, = —cosfsind
1
@ __ cosb ¢ _ =
FG(p sinf r - r .

In addition
V=g =r%e" T sing. (16.158)
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The only non-trivial component of Eq. 16.156 is for 4 = r and gives

1 0

NeTErS (V=gT™) +T5,T"* =0, (16.159)
1.e.
R ) + 0T 4+ +I7 77" + 5,79 + 17, _T%? = 16.160
/7_95 (\/jg )+ tt ++ rr + 00 + ) - ( : )
—(v+X) —2A
e .’ (TQe(u—&-)\)pe—Q/\) +62(V—A)V’T66_2y _’_e—QA/\’Tp_ o€ - P _ 0,
which reduce to
v, =— ’}r" . (16.161)
e+p

Einstein’s equations (see Egs. 9.18,...,9.21) give

1 v d —2A v
Gy = 81Ty — T7€2 e [r (1 —e2 )} = 8ree?”, (16.162)
1 2
G,y = 81T, — ——26”‘ (1 - 672)\) +-v, =8mp e, (16.163)
r r

r A T
Goo = 87Tpg — 12 2 [VM + 1/2T + Yr _ Ve, — —| = 8mr?p. (16.164)
' T r

If we define

2
r (1 _ 6—2/\(7“)) N e 2 — 1 — M ; (16.165)
r

Eq. 16.162 becomes
dm

e 4, (16.166)

which is the generalization of the Newtonian equation 16.56. Furthermore, Eq. 16.163 can

be rewritten as
(1 _6_2/\) 2 o

- - e e = —8mp, (16.167)
which, using Eq. 16.165, becomes
2 2 2
l (1 - m) v, =2 _8rp, (16.168)
r r r
which gives
m ~+ 4rrip
= 16.169
Y= (r—2m) ( )

In the Newtonian limit the pressure in geometrized units is small compared to the energy
density. For example in the case of the Sun, the pressure-to-density ratio at the center is
~ 107%. In addition m(r) < r and Eq. 16.169 reduces to

m(r)

Vo (16.170)

r

m(r)

Recalling that in this limit €2 — 1+2®, where ® is the Newtonian potential and ® ,. = pr
Eq. 16.170 simply shows the Newtonian result that the gravitational force at r is exerted by
the mass enclosed within a sphere of radius r. Eq. 16.169 shows that in General Relativity
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there is an additional contribution, 47r3p, which is due to the pressure: this term acts as an
effective mass (note that p and e have the same dimensions). This means that the gravita-
tional attraction exerted on the mass shell between r and r+dr is due to both contributions,
and the pressure — which should contrast gravity — to some extent enhances its effects.
This phenomenon is called regeneration of the pressure. Finally, Eqgs. 16.161 and 16.169
can be combined, and the final set of equations, known as the Tolman-Oppenheimer-
Volkoff (TOV) equations, is

d
an _ Arr? e

dr
‘ (16.171)
dp _ (e+p)m(r) +4mr® p|

dr r[r —2m(r)]

The above system is closed if we assign a barotropic EoS of the form p = p(e) (or € =
€(p)). If this assumption is not satisfied, the pressure may depend on other quantities such
as the entropy or the chemical composition; in this case the TOV equations have to be
supplemented by further equations which describe the behaviour of the different quantities.

Boundary conditions of the TOV equations

The system of equations 16.171, supplemented with a barotropic EoS, consists of two first-
order, ordinary differential equations. As such, it requires two boundary conditions at some
point (respectively on m(r) and p(r)), for instance at the center of the star. The first
boundary condition is m(r = 0) = 0. Indeed, if we take a tiny sphere of radius r = z, the
proper circumference is 27z and the proper radius is

/ erdr ~ et (16.172)
0

hence their ratio is 2me~*. Since, by the Equivalence Principle, the spacetime is locally flat
the ratio between the circumference of this infinitesimal sphere and the radius must be 27.
This implies that e* — 1 as r — 0. Since

1
e = : (16.173)

it follows that m(0) = 0. This result can also be obtained by solving the first of the TOV

equations using a Taylor expansion for m(r) and €(r) near r ~ 0, which shows that m(r) ~
3

ro.

If the EoS is barotropic, for any assigned EoS in the form p = p(e), we have a one-
parameter family of solutions identified by the value of the energy density at r = 0, i.e.
e(r = 0) = e.. Therefore, the second boundary condition is p(r = 0) = p(e.) for a given
EoS.

The functions m(r), p(r), and €(r) can be determined by numerical integration; the
radius of the star r = R is, by definition, the surface where the pressure vanishes: p(R) = 0.
Once m(r), p(r), e(r), and R have been found, e*(") follows from Eq. 16.173, whereas v(r)
can be found by integrating Eq. 16.161, which gives

" opaw /
v(r)=— ——dr' + 1 . 16.174
)= | Zsdr v (16.174)

The constant vy = v(0) can be determined as follows. The solution of Egs. 16.171, 16.173 and
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16.174 describes the gravitational field and the distribution of pressure and energy density
inside the star. Outside the star (i.e., at r > R) p = ¢ = 0 and Einstein’s equations reduce
to those for a vacuum, static, spherically symmetric spacetime whose unique asymptotically
flat solution is, by Birkhoft’s theorem, the Schwarzschild metric (see Sec. 9.6). Thus, when
r = R the metric computed in the interior of the star must reduce to the Schwarzschild
metric, and by imposing this condition the constant 1y in Eq. 16.174 can be found:

_ 2m(R)

() = g2 e g 2B LT (675
R 2ot —
The quantity
R
M =m(R) = 471'/ r2e(r) dr (16.176)
0

has the same expression as the mass in terms of the density in Newtonian theory, and is
the total mass-energy inside the radius R. This interpretation will be further clarified in
Chapter 17, where we will show that, using the far-field limit of an isolated object, M can
be obtained as an integral, over a large space proper volume, of the conserved quantity
(_g) (TOO _|_t00).

We can split M in three contributions

M = Erest + By + EB . (16.177)

The first contribution, E,est, is the rest mass-energy of the star, i.e. the integral over the
proper volume element

Virop = Vg3 drdode = > 12 sin §drdfdy (16.178)

of the baryon rest-mass density p = my,n (¢‘® is the determinant of the metric induced on
the three-dimensional hypersurface t = const, see Box 7-A). We then get

Erest = / Mnpn prop (16179)

() r2dr

T 27
= A(7’)mnn r) r? dr/ sin(@) do / dp = 477/
/0 (r)r* dr | sin(@) o | W

The function n(r) in the above equation can be found using the pressure and energy density
profiles, p(r) and e(r), and the first law of thermodynamics which, in the case of a barotropic
EoS, gives (cf. Egs. 16.124 and 16.144)

€+ p dn n de
de = d — = —. 16.1
€ o an — & cipdr (16.180)

For a given barotropic EoS, p(e), one can write

de  dedp 1 dp
de _dedp _ 1dp 16.181
dr dpdr vZdr’ (16.181)

where it can be shown that v, = \/dp/de is the speed of sound in the fluid. Substituting the
second of the TOV equations 16.171 in the above equation, the explicit equation for n(r) is

dn n m+ 4rrdp
— = _. 16.182
dr — 02 r[r —2m] ( )
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The second term in Eq. 16.177, Eiy, is the internal energy (which includes various contri-
butions, e.g. thermal, compressional, etc.), given by

R [ 2
Bt = / € — mnn] dVprop = 477/ le = munjr” dr (16.183)
1% 0

_ 2m
1 T

The last contribution to the total mass-energy is the gravitational potential energy, i.e. the
binding energy Ep, given by
1
2
-2

(16.184)

R R
EB = m(R) - Erest - Eint = 47(/ 7"26[1 — EA] d?" = 47‘(‘/ d'r 7”26 1—
0 0

It is easy to see that Ep < 0, as required for a bound system.
Finally, we note that » — 2m(r) > 0 throughout the star. This follows from the second
of the TOV equations 16.171,

m + 4mrpr3

—z—(e—kp)m.

(16.185)

Indeed, near the center of the star (i.e., at r ~0) r —2m ~r — %m"3 > 0, and thus % < 0.
As r increases, the pressure decreases, until it reaches p = 0 at » = R. Therefore, p(r) is a
positive, decreasing function of r. This implies that r > 2m(r) at any point inside the star,
because if at some point r — 2m(r) = 0, the pressure derivative diverges.

Consequently, > 2m and thus e?* > 0 in the entire star: at variance with black holes,

a star does not have a horizon (see Chapter 9).

A note on the chemical potential

Let us consider a spherical star with a barotropic EoS p = p(¢€); combining Eqgs. 16.129 and

16.134 we find n
dp =ndy = #du. (16.186)

By integrating this equation between two arbitrary radii (say r and '), and using Eq. 16.174,

we find o ) )

() g p(r d v(r

/ W _ / b _ _/ dv = v(r) —v(r'"). (16.187)
p(ry M p(r) €D v(r)

Since the first integral gives log(u(r’)/u(r)), we obtain the relation

p(r)e’™ = p(r')er ), (16.188)

which holds for any value of r and r’. Thus the chemical potential, corrected by the redshift
factor e”, is a constant at any depth in the star. In particular, for any r < R where R is
stellar radius

1/2
p(r)e’) = (1 - 2;‘5) w(R). (16.189)

16.3.6 The Schwarzschild solution for a homogeneous star

An analytic solution of the equations of stellar structure (Egs. 16.171) can be obtained by
considering the very simple EoS:
€ = const . (16.190)
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This solution was found by Karl Schwarzschild in 1916, soon after he found the vacuum
solution for a static, spherically symmetric spacetime.
Although homogeneous (i.e. uniform energy density) stars are unrealistic since the speed

1
of sound v, = (%) diverges in their interior, they can be used as an approximation for

the core of very dense stars, and this solution provides a simplified model to study the effects
of gravity in a regime as strong as it can ever become under the condition of hydrostatic
equilibrium. If € = const

4 .
m(r) = 571'7’36, (16.191)

and, from Eq. 16.165, one of the metric functions is immediately found to be

1 -1
e2M(r) _ <1 _ Qm(r)) — <1 — §7T61°2> . (16.192)
r

Therefore, m + 4mpr® = 4% (e + 3p)r®, and the second of the TOV equations 16.171 reduces

to
dp 4 (e+p)(c+3p)

_ 4 Pt 3p) 16.193
dr 37TT 1— %”7“26 ( )
which gives
(e +p)(e+ 3p) 31— 8?”7’26 2 1- 87”7’26

Integrating between r and the radius of the star » = R, where the pressure has to vanish,
we find the pressure as a function of r:

0
€+ 3p 1 81 4
1 =1 1—-— 16.1
og<€+p> 2og( 3re> (16.195)
p(r) T
This yields
e+p(r) (y — 1)
_ S5 pm=edTyW) 16.196
0] o) (31 1) (16:190)
where we have defined (remember that M = m(R))
8 2 2M
yi(r) =1 T2e=1— M, and vi=vy*(R)=1-"-. (16.197)
3 T R
Eq. 16.196 evaluated in r = 0 gives the central pressure
1—,/1-2M
I (16.198)

Note that while the numerator of this expression is always finite and positive, the denom-
inator can in principle be negative. Since the pressure can not be negative, homogeneous
stars can exist only if the denominator of Eq. 16.198 is positive, i.e. for

M/1————-1>0 —

2M M
R R

4
<3 (16.199)

or, equivalently,
9
R> EM' (16.200)
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This constraint sets a lower limit on the radius that a star of a given mass can have, and

an upper limit on its compactness M/R (see Box 11-A), provided ¢ = const. In the next

section we will show that this result holds for a generic EoS under certain assumptions.
The radius of the star can be found by replacing p(0) = p. and y(0) =1 in Eq. 16.196:

€+ De 8 8T, (€ + pe)?
—uy = 4/1 = 2= R2 — =1-—" 16.201
crap. Tl glte = g e (e 1 3p.)? (16.201)

from which we find 1o
2
R= [ 5 <1 - Mp))} . (16.202)

8me \ (e +3pc)?
Thus, for any assigned value of € and of p. > 0, there exists a configuration of radius R
given by 16.202 and mass M = %’Tr?’e.

To complete the solution we need to find the metric function v(r), which can be deter-
mined from Eq. 16.174

T , ?(r) ¢
v(r) = vo — / e = v / N O (16.203)
o (e+p(r)) pe €1D €+ pe
since (see Eq. 16.196)
2y1
e+p=€e———, 16.204
(By1 —y) ( )
Eq. 16.203 gives
2
3y1 -1 2v 2u, <3y1 B y)
v =1y — log —/—— — e’ = e . 16.205
oTs 3y1 —y 3y — 1 ( )
At the boundary of the star y(R) = y; and
4 2
2w(R) _ 2w i 16.206
e ; .
(3y1 — 1)? ( )

by imposing that for » > R the metric reduces to the Schwarzschild metric in vacuum, we
find

2M
e (B =1 — == y2. (16.207)
The value of the integration constant vq is then found by equating Eq. 16.206 and Eq. 16.207
3y — 1)2
20 — %, (16.208)
and the solution for v(r) is
)2
e = By Zy) . v (16.209)

As required by Birkhoff’s theorem, the metric functions 16.192 and 16.209 outside the star
reduce to those of the Schwarzschild metric in vacuum.

16.3.7 Relativistic polytropes

In this section we shall generalize the Lane-Emden equation found in Sec 16.2.5 to General
Relativity. To this purpose we extend the polytropic EoS introduced in Sec. 16.2.4, p = Kp7,
to the general relativistic expression

p= K¢ (16.210)
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where € is the relativistic energy density and v = const is the polytropic index '*. Following
what we did in Sec. 16.2.5, we shall show how to solve the relativistic equations of stellar
structure (Eqgs. 16.171) assuming that the EoS of matter inside the star is given by Eq. 16.210

d

d—T = 4mr’e

dp _ (e+p)m+4mr’p) (16.211)
dr r[r — 2m)

p=Ke.

The above system can be integrated numerically with standard methods. However, it is
useful to introduce dimensionless quantities as done in Sec. 16.2.5. We shall make the
ansatz:

1
Y= 1 + — )
" (16.212)
e=¢€. O"(r),
from which it follows that
1 1
p=Ke'" 0 (r) = p, O (1), where pe=Ke ™. (16.213)
With these substitutions Eqgs. 16.211 become
d
d—T: = dre r?O"
, (16.214)
d® e+ p.O m+4mrip, O D
dr  pe(n+1) r(r —2m) ’
which, setting
ap = <, (16.215)
Pc
yield
d
an _ Ame rOn
dr
(16.216)

do ap + © m+ 4mr? Z—; e(n+1)
dr ~ n+1 r(r —2m)

As explained in Sec. 16.3.5, both € and p have dimensions (length) =2, therefore the quantity
/€ has dimension (length) ™! and we can use it to rescale the radial coordinate as follows.
We define

E=r /e, and M= /e, m, (16.217)
and rewrite Egs. 16.216 in terms of the new variables (note that £ and M (&) are dimen-
sionless quantities)

aM
€
40 _ ag+O M+irg® L o0t

= 4n€?0",
(16.218)

¢ (n+1) £(6—2M)

14 Another possible extension of polytropic EoS is p = Kp? where p = e—p/(y—1) is the baryon rest-mass
density. Both extensions reduce to p = Kp” in the Newtonian limit.
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We may, at this point, multiply the second equation by &2, differentiate it with respect to &
and — upon substitution of % into the resulting equation — find a second-order differential
equation for © in a form similar to the Lane-Emden equation (see Eq. 16.70); however, the
equation we would get is much more complicated than Eq. 16.70, and it is much better to
work with the system of equations 16.218.

Another important difference with the Newtonian equations is that, in that case, once we
assign the value of the polytropic index n and integrate the Lane-Emden equation finding
O(&) up to the stellar radius &, the function ©(€) allows us to construct a family of solutions
by assigning the value of K and of the central density p.; no further integrations are needed
and, for instance, the radius and the mass of the star can be found from Egs. 16.75 and
16.76. This is not possible in the relativistic case, because to solve Eqgs. 16.218 we need to
assign both n and aq, i.e. the ratio between the energy density and the pressure at £ = 0.
Therefore solutions with different values of the central density are not related by a simple
rescaling.

Eqgs. 16.218 can be integrated numerically with the initial condition M(0) = 0 and
©(0) = 1; to avoid the singularity at £ = 0 we can choose a starting point & very close
to the origin, and use the expansion of the functions © and M discussed in Box 16-H,
up to the point & where the function ©, and consequently the pressure, vanishes. As in
the Newtonian case, this indicates that the boundary of the star has been reached. After
computing O(§) numerically, from Eqgs. 16.212 and 16.213 we get the energy density and
the pressure profiles inside the star; in addition, we can compute the mass profile

E ’
M(E) :/ Ame £ 2O () de' — m(r) = M(€)/ e, (16.219)
0
and the rr-component of the metric,
1 1
2\ _ B
SV R TTO (16.220)

The value of the stellar radius can be found using Eq. 16.217, and is
R=¢&/e. (16.221)

At the boundary of the star, the second of Egs. 16.218 yields

Qg M(&1)
(n41) &1(6 = 2M(&1))

from which we find the mass of the star 1°

M(&) = a0 (_ngltzfl@l/)(g,)(&) — M = M(&)/Vee, (16.223)

0'(&) = — (16.222)

2v

where we remind that ©’(&;) is negative. The remaining metric function e®” can be found

from Eq. 16.174 which now becomes

4 € Qn+1)
p.e / el ) ! /
= — —=—d& =1y — d 16.224
v(&) Yo /0 €+p & =n /0 €.0" + p.O+1) ¢ ( )

o + 1 :| (n+1)
o+ O(§) '

3 o' ,
= — +1 dé = vp + 1
vo — (n )/0 oo+ O § Yo Og{

15Clearly, the mass of the star can also be found from Eq. 16.219 integrated from 0 to &;.
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On the surface the metric must reduce to the Schwarzschild metric in vacuum, therefore

(since ©(&1) = 0)

2(n+1)
20(E) _ 2w (0‘0 + 1> _q o 2ME&) (16.225)
ap &1
which, using Eq. 16.223, gives
2(n+1)
2o = ( 0 ) 0 . 16.226
ag+1 g — 251(’0 + 1)@/(51) ( )
Thus,
2006 _ ( ap )2("“) a [ ag +1 ]Q(W) (16.227)
ag+1 ap — 26 (n+1)0'(&1) Lao +O(E) ’

and the solution is finally complete.

The EoS proposed by nuclear physicists are much more complex than the simple poly-
tropic EoS discussed in this section (see Box 16-I). However, these are useful approximations,
which capture several features of the more “realistic” EoS. In addition, any equation of state
can be approximated as a sequence of polytropic EoS, and this method is largely used in
the literature.

m A

A note on the numerical integration of Eqs. 16.218

As explained in Sec. 16.3.5, near the origin the mass goes to zero as m(r) ~ r?;

by Taylor-expanding both M(£) and ©(£) and by substituting these expansions in
Egs. 16.218, it is easy to check that the coefficients of odd powers of £ for ©, and even
powers for M, vanish. Therefore, as in the Newtonian case, the appropriate expansions
are

O ~1+602 & +04 M +0(&°), (16.228)
M(E) ~ mz&® +ms€® +0(€7).

By inserting these expansions in Eqs. 16.218 we find

3ms€? 4+ bmsét = Ang? + dnn Oy &4 ®
202 64+40y 63:_n—1|—1{<m3+i7;> (14 )+ 02 53]}

and, by equating the coefficients of the same power of £, we get

(A +a0)B+ag)

= 4r Oy = —2 16.229
my =t Oy= —ami g SRR, (16.229)
(S 47
_ 4mn©O> — _ 2 — 16.2
ms =52, Oy 2(7”L—|-1) <m3+ Oéo) . ( 6. 30)

With these values of the coefficients, the expansions 16.228 can be evaluated at any
point £ near the origin, to start the numerical integration of Eqgs. 16.218.
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The mass-radius diagram for realistic neutron stars

As discussed in Sec. 16.3.2, the behaviour of matter in the core of neutron stars is largely
unknown since the core density is higher than what can be probed in a laboratory. Thus,
different nuclear-physics models provide EoS that agree at relatively small densities (in
the crust region) but can significantly differ in the core. These EoS do not have a simple
analytical polytropic expression, but are provided in tabulated form, i.e. as an ordered
list of {e, p(e)} computed using complex nuclear-physics models.

Nonetheless, a tabulated EoS is sufficient to integrate the equations of the stellar struc-
ture using the methods discussed in the main text. Fig. 16.5 shows the mass-radius
diagram for a variety of tabulated EoS. As can be seen, this diagram, as well as the
maximum mass and the minimum radius of a neutron star, depends significantly on
the EoS. Future electromagnetic and gravitational wave observations hold the promise
to provide data that will help measuring the mass and radius of a neutron star with
sufficient accuracy to rule out certain FoS. For example, the observation of neutron
stars with M ~ 2M with pulsar timing [41, 8] has ruled out those EoS that give a
smaller maximum mass. Likewise, as discussed in Sec. 14.2.6, the recent gravitational
wave detection of a binary neutron star coalescence, GW170817, has allowed a first
measurement of the tidal deformability of the stars. The upper limit on the tidal Love
number provided by LIGO and Virgo has ruled out those EoS which are not compatible
with that limit [2]. Future observations will place even stronger constraints.

4.0
3.5
3.0
52.5
=20

6 8 10 12 14 16 18 20
R/km

Figure 16.5: Mass-radius diagram of non-spinning neutron stars for several representative
EoS [77, 87]. Each curve is computed in the stable branch (for smaller radii the equilibrium
solution is unstable, see Sec. 16.3.9). The three straight lines correspond to R = 2M, R =
9/4M, and R = 3M, i.e. to the Schwarzschild radius, to the Buchdahl limit (Sec. 16.3.8),
and to the light ring (Sec. 10.4). The dotted curves starting from the bottom-left part of the
diagram correspond to quark stars (see Sec. 16.3.2), whereas the dashed curves starting on
the bottom-right part of the diagram are ordinary neutron stars.
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16.3.8 Buchdahl’s theorem

In Sec. 16.3.6 we showed that the minimum value of the radius of a homogeneous star (i.e.
one with constant energy density) is Rpin = %M . A theorem proved by Hans Buchdahl in
1959 [26] establishes that this result is much more general. The theorem is based on the
assumptions that the star is static and spherically symmetric, its interior is described by a
perfect fluid ', with positive energy density and pressure, and that the energy density is a
monotonically decreasing function of the radial coordinate, i.e.

d
e>0, p>0, <<o. (16.231)
dr
No assumption is made on the EoS that relates ¢ and the pressure p. In order to prove
the theorem, we shall use the rr- and #0-components of Einstein’s equations, Eqs. 16.163,
16.164:

62)\ —92)\ 2 2
oz (=) 4 Tve = Bape (16.232)
- A
rie 2 (l/,w. +vh Br =2 V,ﬂ\r) = 8mr’p.
’ T

By multiplying the second equation above by e:—; and subtracting the first equation we find

Vet A, e

—2X\\ _
Ver + 0, (Vyr — Ay) — . + T—Q(l —e ) =0. (16.233)
Therefore,
d [e > de” eV v
djeden) (V= A, 74”] 16.234
dr { r dr} r {V’ v, ) r ( )
eu—)\ €u+)\ d 1— 6—2)\
— = - (1= —2X — vHEX Y -
r2 Ar 73 ( ) =e dr 212
and thus \ "
d e *de¥ d |m(r
R I N A i I ) 16.235
dr [ r dr } © { r3 } ’ ( )

where, as usual, m(r) = 47 for er’2dr’. For any r we can always define a density €, such that

4
m(r) = §7TET7"3, (16.236)

and since € is a monotonically decreasing function of r, €., and consequently w, is also
monotonically decreasing. Hence

d [e N de”
— |——1| 0. 16.237
dr [ T dr} ( )

It should be noted that the minimum value of €, is attained at the boundary, i.e. €ynin = €g.

Thus 4
M = gwEminR?’. (16.238)

16 Actually, Buchdahl’s theorem can be generalized to mildly anisotropic (and thus non-perfect) fluids, for
which the radial pressure is always larger than the tangential pressure.
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Inside the star €. > €y, and consequently

4 4 M
ngB > gﬂ'éminRB, — m(r) > —r®, (16.239)
i.e. m(r) is always bigger than that of a homogeneous star with energy density equal to

€min-

From Eq. 16.237 it follows that

N

16.240
r odr — | r dr ( )

r=R ’

When r = R the metric reduces to the Schwarzschild metric in vacuum, therefore e2” =

r=R
—2A — 1 _ 2M d
e e o an
e de” 1 d, M
- = % == 16.241
[ r dr] r—r 2Rdr’ l—r  R®’ ( )
therefore Eq. 16.240 gives
e Mde _ M de” M
— > > —. 16.242
r dr — R3 - ar =" R ( )
By integrating Eq. 16.242 between 0 and R we find
MR
eV _ero > ﬁ/o reldr, (16.243)

23 _ 1 _ 2m()

r

[ oM M [® rdr
e”o S 1— - — / _— 16.244
R R3 0 /1 _ 2m(r) ( )

We want to establish an upper bound for e*°, therefore we need to determine when the
right-hand side of Eq. 16.244 attains its maximum value. From Eq. 16.239 we know that
m(r) > %13, and consequently

2 oM R d R d
\/1_Tn(r)§\/1_37:2’ - / LE/ * (16.245)
r R o . /1_2m®» 0 _2M .9
1-= 1—%55r

Thus, Eq. 16.244 gives

[ oM M (B rdr 3/ oM 1
o < 1—7—7/ — = 1= 16.246
c = R R3 ), /1—%7“2 2 R 2 ( )

In writing the 00-component of the metric as in Eq. 16.148, i.e.

and since e~

goo = —€*, (16.247)

we have used one of the hypotheses of the theorem, namely the condition that the metric
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is static. Indeed, a static spacetime admits a timelike Killing vector, which must remain
timelike in the interior of the star, i.e.

- -

£-&=g00(€°)? <0. (16.248)

This condition is satisfied by Eq. 16.247 since e2” is positive. It follows from Eq. 16.246 that

3 2M 1
-4/l - — —= 16.24
5 7 5 >0, (16.249)
which yields
M 4 9
— < = — R>-M 16.250
7 3 > M, ( )

and the theorem is proved.

Thus, the radius of a static, spherically symmetric, perfect-fluid star in hydrostatic
equilibrium must be larger than %M , and it should be noted that this value is larger than
the Schwarzschild radius Rs = 2M. In other words, the compactness C' = % of a static,
spherically symmetric star (see Box 11-A) can not exceed C' ~ 0.44. In practice, current

models of the neutron star EoS predict that R 2 3M, i.e. C' < 0.33 (see Box 16-I).

16.3.9 Stability of a compact star

A solution of the TOV equations 16.171, satisfying the appropriate boundary conditions
discussed in Sec. 16.3.5, describes a stellar configuration in hydrostatic equilibrium. This
equilibrium can, in principle, be either stable or unstable. In this section we will discuss the
conditions for stability under radial perturbations, starting with a qualitative argument.

A qualitative argument for the stability of a compact star

Let us consider a sequence of equilibrium configurations obtained by integrating the TOV
equations with an assigned EoS, for different values of the central energy density e.. The
gravitational mass is thus a function of e, i.e. M = M(e.).

The typical form of the profile M (e.) obtained by numerical integration is sketched in
Fig. 16.6. Each point of this curve represents an equilibrium configuration, i.e. a solution
of the TOV equations. Given a star in the equilibrium configuration A, if a small radial
perturbation reduces its central energy density to a value, say, €41 leaving the mass un-
changed, the new (non-equilibrium) configuration will be represented by point A;. This is
above the equilibrium curve, therefore the perturbed star has a mass which is larger than
that corresponding to €41 in equilibrium. Since the mass is larger than the equilibrium
mass, gravity exceeds the pressure gradient needed for equilibrium, and the star contracts;
its central energy density consequently increases until the star goes back to the equilibrium
configuration A.

In a similar way, if a perturbation increases the central energy density to € 45 leaving the
mass unchanged, the new configuration As is a point below the curve shown in Fig. 16.6.
The star in As has mass smaller than that of the equilibrium configuration corresponding
to €42; in this case gravity is weaker than the pressure gradient needed to keep the star
in equilibrium, and the star expands reducing its central energy density to return to the
equilibrium configuration A. Thus, A is a stable equilibrium configuration, and the condition
for stability is

dM
0. 16.251
i ( )
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M

Figure 16.6: Gravitational mass of equilibrium stellar configurations as a function of the central
energy density, near a relative maximum.

Conversely, a similar discussion about the point B in Fig. 16.6, where

M <0, (16.252)
de.
shows that a displacement to By brings the star to a configuration where gravity is weaker
than the pressure gradient so that the star expands, further reducing the central energy
density. Similarly, a displacement to Bs brings the star to a configuration where gravity
exceeds the pressure gradient, leading the star to contract and to further increase the
central energy density: the equilibrium in B is unstable.

In Fig. 16.6 the branch of the curve on the left of the maximum C' corresponds, in
principle, to stable configurations, whereas that on the right to unstable configurations.
The point C' is the configuration of mazimum mass.

An example is provided by Newtonian polytropic stars: the function M (e.), given in
Eq. 16.76, which we rewrite here for convenience:

3
(n+ K> 30
e P, (16.253)

shows that M is an increasing function of the central density p. for n < 3, it is maximum
for n = 3, and decreasing for n > 3; therefore our qualitative argument suggests that the
polytropic star is stable only if n < 3.

If we consider the stellar mass as a function of the radius, we find that since

dM  dM dR
de. - EdeC ’
the stability criterion 16.251 is satisfied in two cases
dR/de. >0 and dM/dR > 0
dR/de. <0 and dM/dR < 0.

M = 4r & |0/ (&) [

(16.254)
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In most cases the radius of the star decreases as the central density increases, and the stable
branches of the function M (R) are those for which

dM
dR
This is the case, for instance, of most of the neutron star curves shown in the M — R
diagram in Fig. 16.5. Conversely, for quark stars, the radius increases as the central density

increases. In this case the stable branches are those for which % > 0. Indeed, all curves
shown in Fig. 16.5 correspond to stable solutions.

<0. (16.255)

Is the condition X > 0 sufficient for stability?

We now wish to discuss whether the condition % > 0 is sufficient for the stability of a
static, spherically symmetric star. ‘

The answer is negative, and the reason can be understood by considering the full theory
of radial perturbations of a star. A detailed treatment is outside the scope of this book,
therefore we shall just sketch the main results and give the basic notions needed to under-
stand them (for a more detailed analysis see e.g. [113, 38]). Note that, by Birkhoff’s theorem,
if the perturbed star is spherically symmetric the gravitational field in the exterior is static,
i.e., a radially oscillating star does not emit gravitational waves.

A star in equilibrium has an infinite set of radial, proper oscillation modes, labelled by
an integer, positive index n = 0,1,2,...; when the star oscillates in the n-th mode, each
fluid element is displaced from the equilibrium position by a radial displacement

En(r,t) = up(r)e= ", (16.256)

where w,, is the mode frequency and wu,(r) is the mode amplitude. The mode number n
corresponds to the number of nodes that u,(r) has inside the star: n = 0 for zero nodes,
n = 1 for one node, etc. The mode frequencies are ordered as

Wwi<wi<wi<..., (16.257)

and the mode corresponding to wy is called the fundamental mode. The latter corresponds
to a global oscillation of the star, which is either expanding or contracting; for this reason
it is also called the “breathing mode”.

If w2 > 0, the fluid element oscillates about the equilibrium position and the corre-
sponding mode is stable; conversely, if w? < 0 then w, is purely imaginary, the radial
displacement in Eq. 16.256 grows exponentially for the root with positive imaginary part,
and the mode is unstable. The existence of at least one unstable mode implies that the
equilibrium configuration of the star is unstable.

In the presence of multiple maxima and minima of the curve M (e..), as in Fig. 16.7, the
qualitative discussion about stability presented in the previous section is not applicable. In
this case the theory of radial pulsations shows the following.

Given a sequence of stellar configurations, differing for the value of €. and having the
same EoS, for each value of €, we can compute the mass of the star M (e.) and the frequency
of the various radial modes. If for some value of €., say €', the curve M (e.) has an extremal
point, i.e.

dM

dec 6i::rit

—0, (16.258)

then for €. = €' the square of the frequency of one of the modes crosses the real axis, i.e.

W et =0, (16.259)
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Figure 16.7: Mass of equilibrium stellar configurations as a function of the central density. Example
of diagram with multiple maxima and minima.

and changes sign. This means the the i-th mode becomes unstable. Given Eq. 16.257, the
n = 0 mode (which is the one with lowest frequency) is the first to become unstable.

Now consider the curve shown in Fig. 16.7 as an example, and suppose that for €. < €4
the fundamental mode has frequency w2 > 0, i.e. it is stable. A is an extremal point,
therefore in A w3 = 0, and all configurations belonging to the branch AB will be unstable
because their fundamental mode has wg < 0. Increasing the central energy density we reach
the second extremal point B. Here two things may happen:

1. w? changes sign again becoming positive. In this case the equilibrium configuration
corresponding to B and all configurations of the branch BC' would be stable for radial
perturbations.

2. w? remains negative (i.e. the fundamental mode remains unstable). Then, from
Eq. 16.257, it must happen that the frequency of the n = 1 radial mode changes
sign, and consequently the n = 1 mode also becomes unstable. In this case all config-
urations of the branch BC would be unstable.

This example clearly shows that the condition % > 0 provides a necessary, but not suffi-
cient condition for stability. ‘

Using linear perturbation theory, it can be shown that also the behavior of dR/de. is
needed to assess the (in)stability of a specific stellar configuration [113, 38, 105]. Indeed, if
dR/de. > 0 at the critical point, the lowest radial mode with odd value of n must change
sign, whereas if dR/de. < 0 the same is true for the lowest mode with even value of n. This
general property — whose proof is beyond the scope of this book — can be used to establish
which branch of solutions between two stationary points of the function M (e.) is stable.

Finally, we remark that we have only considered radial perturbations. If an equilibrium
configuration of the star is stable under these perturbations, it can still be unstable under
non-radial perturbations, the study of which is much more involved, since they are associated
to the emission of gravitational radiation (see e.g. Chapter 15, where they are studied for
black holes).



CHAPTER 1 7

The far-field limit of an
isolated, stationary object

In this chapter we shall derive the metric which describes the gravitational field generated
by an isolated, stationary object at large distance from the source. This will be useful to
show how the angular momentum of a rotating body affects the spacetime.

Since the source is isolated, in the exterior the stress-energy tensor vanishes, and it is
reasonable to assume that sufficiently “far away” from the source the gravitational field
vanishes, i.e. that the spacetime is asymptotically flat. A spacetime is said asymptotically
flat if it is possible to define, in an appropriate frame, a coordinate r such that !

lim gy = g - (17.1)
The coordinate r has to be a space coordinate, i.e. the vector % has to be spacelike (at
least for sufficiently large r).

We call far-field limit the region of spacetime where r > R, given R a length-scale
characteristic of the source. In this region we can expand all quantities in powers of % < 1;
for simplicity, we shall denote the terms of n-th order in this expansion as O(1/r™). Since the
metric is asymptotically flat, in the far-field limit (and in an appropriate reference frame)
it can be written as

1
uv = Nuv +0 (7> . (17.2)

Since the source is stationary, we assume that the metric is also stationary; therefore it
admits a timelike Killing vector field and, by a suitable choice of coordinates, it can be
made independent of time (see Chapter 8).

We shall show that the metric of a stationary, axisymmetric source in the far-field limit,
up to terms of order higher than 1/r in the expansion 17.2, in geometrized units can be
written as

2M

ds? = — <1 - > dt? + <1 + 2M> dr? + r2(d6? + sin® Odp?) (17.3)
r r

4J
——sin?Adtdp + higher-order terms in 1/7,
r

IThe definition 17.1 of asymptotic flatness is adequate for the discussion in this book, but it is not
rigorous enough for other applications. Indeed, it does not allow to define the limit r — oo in a coordinate-
independent way, and technical problems may arise in computations when exchanging limits and derivatives.
A more precise definition of asymptotic flatness is based on the concept of conformal rescalings, and is beyond
the scope of this book. We refer the interested reader to Chapter 11 of [114] and references therein.
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where M is the total mass-energy of the source mass and J is its angular momentum.
Let us write the expansion 17.2, which holds at large distance from the source, in a
perturbative form
Guv = Muv + Iy (17.4)

with |h,, | < 1, neglecting O(h?) terms. The perturbation h,, is a solution of the linearized
Einstein equations in vacuum (see Chapter 12, Eq. 12.33)

Ophp, = 0 (17.5)
W, = 0, (17.6)

where we remind that g is the d’Alembert operator of the flat spacetime

o 0 9?
Op=p - _~_ 2
L ot? +V5
and )
huw = hyw — 577uvhad~ (17.7)

Since we are assuming that the spacetime is stationary, Egs. 17.5 and 17.6 reduce to

Vih = 0, (17.8)
h,; = 0. (17.9)
We stress that Eqs. 17.8 and 17.9 hold only in the far-field limit r > R.

In the following, we shall first derive Eq. 17.3 in the simple case when the gravitational
field generated by the source is weak everywhere, i.e. inside and outside the source. We shall
then show that the Eq. 17.3 is far more general, since it holds also when the field near the
source is strong. As in Chapters 12 and 13, in this chapter we shall use Latin indices 4, j, . . .
for the space components 1,2,3, and Greek indices p, v, ... for the spacetime components
0,1,2,3.

17.1 THE WEAK-FIELD CASE

If the gravitational field of the source is weak, the metric can be expressed as a perturba-
tion of flat spacetime (Eq. 17.4) everywhere, not only in the far-field limit. As discussed
in Chapter 13, in this case we can treat the metric perturbation h,, as a (tensor) field
living in Minkowski’s spacetime. Therefore, we raise and lower the indices of h,, by using
Minkowski’s metric (e.g., hi, = hi#, hop = fhoﬂ). Moreover, since the stress-energy tensor
vanishes in the background (Minkowski’s metric is solution of Einstein’s equations in vac-
uum), the source term T is of order O(h) and, neglecting O(h?) term, it satisfies the laws
of Special Relativity such as e.g. the conservation law 7" ,, = 0.

As shown in Chapter 12, in the weak-field approximation Einstein’s equations for the
metric perturbation i_LW become

Orhy = —167T,, (17.10)
., =0,

Vs

whose general solution is Eq. 12.35, which we rewrite for convenience:

_ T (t — |x — x|, %’
Py (£, %) :4/ ot = P =X, %) s (17.11)
14

[x — x|
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h _(x)

1%

Figure 17.1: Metric perturbation FL,_“, produced at x by a stationary, isolated source enclosed in
the volume V.

here V is the source three-volume (see Fig. 17.1). On the source boundary 0V and outside
the source the stress-energy tensor vanishes.

In Chapters 12 and 13 we were interested in the time-dependent part of the solution
17.11, which is associated to gravitational wave emission. Conversely, we here consider a
stationary source, for which 7}, = T},,,(x’) and Eq. 17.11 reduces to

/
B (%) :4/ Md%’. (17.12)
\%

17.1.1 The multipolar expansion

We choose a reference frame centered at the center of mass of the source. Let us consider
a generic point of the source, with position three-vector x’, and a point far away from
the source, with position three-vector x, such that |x| > |x/| (see Fig. 17.1). The Taylor
expansion of the quantity 1/|x — x’| around |x’| = 0 is called multipolar expansion:

1 1 %07 1
1, % +0(3) , (17.13)
T

|xfx’|:r r3

where r = |x|. As mentioned above, since we raise/lower indices with Minkowski’s metric,
e.g. hiy = h',, in the following we shall not distinguish covariant space indices from con-

. L. . 1 3 - i,
travariant ones. In addition, we remind that 2*z" = )7, x'2". Note that the term *35- is
of order O (%2) because z* is of the same order as r.

Substituting Eq. 17.13 in Eq. 17.12 we find

_ 1 4z
Py (%) = — /V T,d3% + ri?’

ny 1
. T2 d*x’ + O (T3> : (17.14)

v

We shall now compute the different components of B,“,.
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e (00-component.
In the weak-field limit Too = p (see Box 5-C and recall that we are using G = ¢ =1
units), therefore the first integral in Eq. 17.14 gives

/T00d3 "=M. (17.15)
14

The 00-component of the second integral in Eq. 17.14 gives the position of the source
center of mass x¢y; which, by assumption, coincides with the origin of the coordinate

frame, i.e.
/ Toor'd®x’ = My = 0. (17.16)
v
Therefore Ny )
hoo = — + O <3> . (17.17)
T T

e ui-components (general properties).
The stress-energy tensor satisfies the conservation equation in flat space T*” , = 0
which, in the stationary case, becomes

™, =T o+ TH ; =T" ; =0. (17.18)

Using Eq. 17.18 and the property oz’ _ 5;, we find

oz
17
gy — [ rekgigre = [ QT gy (17.19)
1% A% F 1% dx'k

wk )
Ly e
1%

where we have integrated by parts; note that the surface terms do not contribute,
because on the boundary of V, T, = 0. Thus the first integral in the multipolar
expansion 17.14 vanishes:

/ TV = 0. (17.20)
1%
Using the conservation equation satisfied by T#" it is easy to show that:
o o o't Oxl .
17 7 3 _ k 7 3
/V (T 3" + T ") d*a’ = /VT‘ (Mx/] + ax,kx/ ) >z’ (17.21)
) o o
k i i k
:/VTH @(x/ J:I])d3 /:_/Vx/ x’]T“ykd‘?m’:O,

from which it follows this remarkable property:

/ THz a3y = —/ T da (17.22)
1% 1%
i.e. the second integral in Eq. 17.14 is antisymmetric in the last two indices.

® ij-components.
Eq. 17.20 (with p = j) implies that [, T d3z’ = 0. Moreover, the integral

/ Tk d3 ! (17.23)
v
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is symmetric in the first two indices, and antisymmetric in the last two, because of
Eq. 17.22; consequently

/Tkix/jds /:7/ Tkjl’/id‘gx/:f/ Tjkzlid31‘/:/Tji:E/kd31‘/
% % % v
= / Tk @3y = — / Tk d3a = — / T2 a3 (17.24)
1% 1% %
ie.
/T]”'Jt:'jd3 ’:_/ T2 3y — /Tkix'jd3x'20. (17.25)
\% 1% 1%
Summarizing, from Egs. 17.14, 17.20, and 17.25 we find

hi, = O (:3) . (17.26)

o (i-components.
Eq. 17.20 (with g = 0) implies that fV T%d3x’ = 0. Moreover, from Eq. 17.22 it
follows that the second integral in Eq. 17.14 is antisymmetric:

/ T2 d%s’ = — / T 2" d*s’ . (17.27)
|4 \4

The components T are the density of the i-th component of the momentum of the
source (see Box 5-C), A ‘
T =Pt (17.28)

A matter element with volume d®z’ and position x’ has momentum P(x')d3x2’. Its
angular momentum is dJ = x’ x Pd32’, where x indicates the vector product 2. Thus,
the source angular momentum is

J = / X' x Pd’x’ . (17.29)
1%
The components of J can be written as follows
J' = —eijn / T g% @3y (17.30)
1%

where €;;;, is the three-dimensional Levi-Civita symbol (see Box 8-C) which, in flat
spacetime, coincides with the Levi-Civita tensor. We remind that the Levi-Civita is
completely antisymmetric, and thus its non-vanishing components are only those for
which the three indices are different. Moreover

€123 = 1. (1731)

As shown in Box 17-A, given an antisymmetric three-dimensional tensor BY = —BJ?,
if a vector A’ is defined as _ 4

Al = ¢, BI* (17.32)

2Strictly speaking, in Special Relativity this is the angular momentum seen by a static observer (see
Sec. 10.3).
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then BY can be written in terms of A® as follows:
BY = %eijkA’f. (17.33)
Thus, if we define B7F = — [, T% 2% d3a’, from Eqs. 17.30 and 17.33 it follows
- / T @3’ = leijkj’a (17.34)
v 2

and the second integral in Eq. 17.14 can be written as

49 , A7 . 9
| Tyt de = -2 [ TV = T Tk (17.35)
r v r v r

From Egs. 17.14, 17.20, and 17.35 it follows that the Oi-components of h,, are

_ 2 - 1
hOi = ﬁeijkx]‘] + O (7.3> . (1736)
In summary, the multipolar expansion 17.14 gives
_ 4M 1
hoo = —+O0 <3> (17.37)
r r
- 2 - 1
ho; = T—BEijkl‘]J + O (74)’)
- 1
i = o(2).
In terms of A, since 3
_ 1
huu = h;u/ - §nuuhaoc (1738)
and h®, = —4M/r?, we find
2M 1
r r
2 . 1
hOi = T—?)EijkIJJk + O <T3>
2M 1
hij = T(Sij + O (7‘3> .

This is the solution of the linearized Einstein equations in the weak-field limit. If we consider
the full, non-linear Einstein equations and include terms of order O(h?) in the weak-field
expansion, the solution has corrections ~ M?2/r? in hgo and h;j. We neglect these terms,
which are of order O(1/r?) in the far-field expansion. Therefore, the solution of the fully
non-linear Einstein equations expanded in the far-field limit reads

2M 1
hoo = +O<2>
r r
2 . 1
hOi = T—SeijkaJ +O<T3>
2M 1
hij = raij+0<r2>. (17.40)

3Eq. 17.38 can be found by replacing h®, = —h®, (Eq. 12.34) in Eq. 17.7.
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‘

Vector representation of a three-dimensional antisymmetric tensor

Let us consider a generic antisymmetric tensor in the three-dimensional Euclidean space
BY = —B7 and let
AF = ey B . (17.41)

We shall show that 1
BY = 5eijkA’“. (17.42)
To prove Eq. 17.42 we contract Eq. 17.41 with %eijk:

1 1

ifijkAk = ieijkalmBlm- (17.43)
The following equality is easy to prove:
€ijkEkim = 0i10jm — Oim0j - (17.44)

Indeed, the non-vanishing components of €;;;, are those for which the indices are 123
with some ordering. Thus in the contraction €;;i€xim, the couples of indices ij and Im
have to be the same, either ij = Im or ij = mi. If ¢j = Im, then ¢;jrepm = 1; if
ij = ml, then €;j,€r;m = —1. Consequently, €;;x€xim = 6i10jm — Oimbji-
Finally, replacing Eq. 17.44 in Eq. 17.43 we find

1

1 g
ifijkAk = 5 (5il6jm — 5im5jl) Blm = BY. (1745)

17.1.2  The metric of the far-field limit in polar coordinates

Let us transform the solution 17.40 in polar coordinates

z! 7 sin 0 cos ¢ (17.46)
2 = rsinfsing
3 = rcosf.

Using Eqgs. 17.40 we find
2M 4 ; . 2M o
hydatdx” = Tdt2 + T—Seijkasj JF dtdzt + T(Sijda:’dxj + higher-order terms in 1/r.
(17.47)
Since 6;;dz'dx? = dr® 4 r2d6? + r? sin? fdp?, the last term in Eq. 17.47 is

L. 2M
hijda'da? = =—— (dr® + r*d6® + r®sin® 0dyp?) . (17.48)
r
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In order to transform hg;dtdz?, we choose the frame orientation such that the angular
momentum is directed along the z-axis, i.e. J = (0,0, J). Therefore,

, 2 . . 2
hoidtdz' = <T3dt> eijprd Jhdat = — <7"3dt) J(z'da® — 2?dxt) (17.49)
2J
= —sin?0dtde,
r
where the equality z'dz? — z2da' = r?sin®6 can easily be proved by differentiating

Eqgs. 17.46.
Finally, since 1, dz"dz” = —dt* 4+ dr* + r?d6? + r* sin? fdp?, the line element is

2M 2M
ds? = (M + by )datde” = — (1 — r) dt? + (1 + r) [dr2 + 7‘2(d92 + sin? 0d<p2)]

4
- (7" sin? 9) dtdy + higher-order terms in 1/7. (17.50)

Moreover, if we redefine the radial coordinate as:
r—r—M (17.51)

and neglect contributions of order O(1/r?), the only term which changes in the metric is
2M 2M
(1 + r) r2(df? + sin? Bdp?) — <1 + T) (r — M)?(d6? + sin® 0dp?)
1
=2 (1 +0 (r)) (d6* + sin” Odp?) . (17.52)
Therefore, with the redefinition 17.51 the metric 17.50 becomes
2M 2M
ds® = — (1 - r) dt* + (1 + r) dr? + r2(d6? + sin® Odp?)
4J ., . .
—— sin® Odtdp + higher-order terms in 1/7,
r

which coincides with Eq. 17.3.

17.2  THE STRONG-FIELD CASE

In this section we shall consider the general case in which the field near and on the source
can be strong; the weak-field approximation still holds in the far-field limit, but it is no
longer applicable to the source and its surroundings.

As discussed in the introduction of this chapter, in the far-field limit the metric can be
written as a perturbation of Minkowski’s spacetime

v = N + I (17.53)

and we neglect terms of order O(h?). In this case Einstein’s equations, linearized in the
perturbation, yield

V2h,, =0, (17.54)
R, . =0, (17.55)

s
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where V? is the Laplace operator in the three-dimensional, Euclidean space. Since the metric
perturbation vanishes as r — oo, we look for a solution to Eqgs. 17.54, 17.55 of the form

iy = 2el2) | twB0) g ( . ) . (17.56)

r r2 r3

Note that the coefficients a,,, b, depend only on the angular variables 6, ¢. Laplace’s
operator in spherical coordinates has the form (see Box 3-E)

10 ,0 L
2_ L+ 0 20 WL
Ve = 2 Brr o + 2 (17.57)
where IL is the operator acting on the angular variables defined in Eq. 3.88
02 0 . o, 07
L = w + cot 0% —+ sin 987802 . (1758)

By substituting Eq. 17.56 in Eq. 17.54, and imposing that each term of the 1/r expansion
vanishes independently, we find

La,,(0,¢) = 0 (17.59)
]Lblw(ev(p) = 726/;&(6,@)- (1760)

The eigenfunctions of the operator IL are the spherical harmonics Y'™(0, ), with | =
0,1,... and m=—l,—1l+1,...,01 — 1,1 (see Box 15-A). They are defined by the property

LY'™ = —1(1+ 1)Y'™. (17.61)

Eq.17.59 implies that a,, is proportional to Y, which does not depend on 6, ¢, while
Eq. 17.60 shows that b,, is a linear combination of the spherical harmonics with [ = 1,
which are (see Eq. 15.15)

Yl = —,/g sinfel?, Y10 = ,/43 cosf, Y= ,/83 sin fe 17, (17.62)
T /i 7T

The [ = 1 spherical harmonics are linear combinations of the direction cosines n' = z*/r:

1 11 1-1
1T . 8 —-Y* +Y
-7 — 0 =/ 17.63
n " sin 0 cos 3 5 ( )
n2_£2 — sinfsine = ﬁﬂ
B 7TV 2
3
=2 = 0059:\/41)/10;
r 3
therefore the functions b, (6, ) are linear combinations of n', n?, and n3:
blll’(97 90) = b,uVini(67 90) ) (1764)
and the expansion 17.56 can be written as
7 v b vi K 1
Py = 22 4+ 242 10 (T3> 7 (17.65)

with a,,, b constant coefficients, symmetric in the indices u, v.
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We now impose on Eq. 17.65 the harmonic gauge condition 17.55, l_z’“'yi = 0 which, using
0;1/r™ = —nad [r"t2, gives

- a i by (6912 — 3xtad
hyjg=—=5—+ i o ):O. (17.66)

Eq. 17.66 has to be satisfied for all (large) values of 7 and for all values of n® = x!/r. As
before, this occurs if each coefficient in the 1/r-expansion vanishes, i.e.

A 0 (17.67)
(69 —=3n'n?)bu; = 0. (17.68)

Note that these algebraic equations do not involve agg and bgg;, which are free constants of
the general solutions. In order to simplify the notation, we redefine the latter as:

a = aQapo

Eq. 17.67 implies that all the constants a,, except agg vanish. Eq. 17.68 can be rewritten
as:

H%9by;; = 0 (17.70)
Hby; = 0, (17.71)

where we have defined H¥ = §% — 3n’n?. The general solution of Eqs. 17.70, 17.71 is

boij = boij + creijk (17.72)
beij = dibij + dibrj — d;jdpi, (17.73)

where b, ¢, di. are constants.

A rigorous proof of 17.72, 17.73 would require the use of the structures of Group The-
ory, which goes beyond the scope of this book. Here we will only provide an intuitive,
non-rigorous proof of the first solution, 17.72. First of all note that H* depends on the
angles, while by;; — which are the components of rank-two tensors on the three-dimensional
Euclidean space — are constants. Eq. 17.70 must be satisfied for any value of n’, i.e. for any
value of the angular variables 8, ¢. This is possible only if the left-hand side of Eq. 17.70
vanishes identically for symmetry reasons: since H" is symmetric and traceless (H" = HI?,
6inij =0), the combination H% (0, ©)bg;; vanishes for all values of 6, ¢ when by;; = —boj;
and when bg;; o< d;;. There exist only two Euclidean, three-dimensional constant tensors
with these properties: the Levi-Civita tensor, €;;, and the Kronecker delta, d;;; thus bo;;
must be a linear combination of these two tensors, as in Eq. 17.72. The proof that Eq. 17.73
is solution of Eq. 17.71 follows from similar, albeit more involved, arguments.

In summary, by imposing the harmonic gauge condition on the expansion 17.65 we get

- a biat 1
h = - — 17.74
00 e +O<r3> (17.74)
bx" e 1
hOz = 3 + €ijk gk + O <3>
7 1 j i k 1
hij = ) (di.%‘ + djx — 6ijd;€x ) + O s ;

this solution depends on the constants a, b;, b, ¢, dy..
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The constants b, d;, can be eliminated with an appropriate infinitesimal coordinate trans-
formation z# — x* + € (see Sec. 12.2):
1 .
b =—(=bd") . 17.75
o= L (ba) (17.75)

Note that this transformation can only be defined in the far-field limit. As a consequence,
the change in the metric neglecting terms of order O(h?) is (see Eq. 12.24)

5hul/ = nuaﬁoil, + nyaea,ﬂ (1776)
and thus, in terms of the perturbation i_zm,,
7 1 a a o o
Shyy = 0hy, — 5w BShas = Nuae "t wa€” ) = N, - (17.77)
Since € =0, €%, = bT%i, and ", = —dfg“’, we find
. 1 dFak 1
_ k _
(Shoo = —MNoo€ k + O <’I“3> = _7‘73 + O (’I“3> (1778)
- 1 ba? 1
o = w0 (5) =5 +0(5)
_ . . 1 . o
6h1] = 517]‘ + 6]71- - 6ij€k7k - 7’/'73 [dlxj + dJSCJ — T]wdkl‘k] .
Thus, the metric perturbation becomes
- a l~)lz’ 1
hoy = - o=
00 T + r3 + <r3>
- xiey 1
hoi = €ijp—3 + ] (TB)
- 1
hij = O 5> (17.79)
where we have defined b; = b; — d;. Finally we can get rid of b; by performing a translation
i i b;
=t 4+ =, (17.80)
a

which produces the following change in the a/r term:

—-1/2

i 2 - -1/2 )

a in21~1/2 i i 2 i’

~ = i = 142 -

. al(z")?] - a <x+a> alr < + 7"2“)] +O<r3>
a I;ixi 1 a Eixi 1

(17.81)
Therefore,
- a 1
h = —4+0|(—= 17.82
00 . + <r3) ( )
e 1
o = antgt+0(5)

>
<
I I
Q

7 N

ﬂm‘ =3

~__
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Eq. 17.82 coincides with Eq. 17.37, derived in Sec. 17.1.1 under the assumption of weak
field on the source, with the identifications

a=4M F=2J". (17.83)

Thus, repeating the derivation in the last part of Sec. 17.1, i.e. moving from ﬁw to hy, and
from Cartesian to polar coordinates, and shifting the radial coordinate by M, we find again
the metric of the far-field limit 17.3, i.e.

oM 2M
ds? = — (1 — > dt? + (1 + > dr? + r2(d6? + sin® Odp?) (17.84)
r r

4J
——sin?Adtdp + higher-order terms in 1/7.
T

Thus, the metric 17.84 describes the far-field limit of a stationary, isolated source even when
the gravitational field is strong near the source.

17.3  MASS AND ANGULAR MOMENTUM OF AN ISOLATED OBJECT

As shown in Sec. 17.2, if the gravitational field is weak everywhere, close to and far from the
source, the constants M and J emerge as the mass and angular momentum of the source as
defined in Special Relativity. If the field is not weak on the source and in its neighborhood,
then M and J arise as integration constants of the general solution of the far-field equations.
In this case, we need to assess the physical meaning of these constants.

One possibility is to provide an operational definition of mass and angular momentum for
an isolated, stationary object, based on the following argument. Suppose that a test body is
moving in the spacetime described by the metric 17.84, far away from the source; the study
of its motion does not allow to distinguish whether the gravitational field is weak or strong
near the source, because the metric in the far-field limit is the same in both cases. Thus,
if the source is a strong-gravity one, we can define its mass and angular momentum as the
quantities M and J, related to the integration constants appearing in the far-field metric
by Eq. 17.83. The mass M can be measured from the orbital frequency of the test mass
through Kepler’s third law, and the angular momentum J can be inferred by measuring the
precession of gyroscopes orbiting around the source (see Sec. 17.4 below).

A more rigorous way to assess the physical meaning of M and J for a strong-gravity
source uses the stress-energy pseudo-tensor t**, which we defined in Chapter 13. We remind
that t*” describes the energy and momentum carried by the gravitational field, and satisfies,
together with the stress-energy tensor of matter and fields T#”, the conservation law

[(=g)(T"" +t")] , = 0. (17.85)

As shown in Sec. 13.6.1, the quantity (—g)(T"” 4 t*¥) can be defined in terms of the
spacetime metric as follows:

acp,uoz

—g)(TH 4 M) = 17.
()T + 1) = S (17.86)
where 3
oA
pro 17.
¢ e (17.87)
and 1
\HvoB — [(_g)(g/wgaﬁ _ guagl’ﬁ)} . (17.88)

167
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Since we are considering a stationary spacetime, Eq. 17.86 becomes

ag;wk

_ nv KUY
(=g)(T" + ) = =7

k=123, (17.89)

and (MY = a/g‘",m
A
Let us now consider a spherical, three-dimensional volume V' centered on the source,
with radius » much larger than the source size (we choose an asymptotically flat coordinate
frame (t,2")). As discussed in Sec. 13.6.1, the total four-momentum P* enclosed in the

volume V is given by

P :/ d3x(—g)(T + t°%) (17.90)
14

(see Eq. 13.120) and it is contributed both by the source and by the gravitational field. By
substituting Eq. 17.89 in Eq. 17.90, P* can be expressed as

8CO,UJ€
P = 3 . 17.91
/deag:k (17.91)

Using Gauss’ theorem (see Box 5-D) the integral of a three-divergence of a vector over
the volume V' can be written as the flux of the vector across the spherical surface 0V
surrounding the volume

Pr= [ (s, (17.92)
ov

where dS; = n*dS = n*r2dQ and n* = ‘”7 is the unit vector orthogonal to the surface
element. In Sec. 17.1 we computed the mass and the angular momentum of a stationary,
isolated source — on the assumption that the gravitational field it generates is weak — by
integrating suitable components of the stress-energy tensor on the volume of the source
(see Egs. 17.15 and 17.30). We are now considering a stationary, isolated source whose
gravitational field is not weak and, in order to compute the total mass-energy and the total
angular momentum which include the contribution of the gravitational field, we need to
evaluate the integral in Eq. 17.91 over a volume much larger than the source volume. We
have shown that this volume integral reduces to the surface integral 17.92 on the boundary
0V which is in the far-field region, where the metric is known; thus, (°** can be computed
using Eqs. 17.87 and 17.88. The total mass-energy is

Moy = P° = / CO%pkr2q0) . (17.93)
oV

As discussed in Sec. 17.1, the three-momentum of the volume element d3z located at a
point of coordinates z* is P'd®z, and the angular momentum of the same element is d.J* =
(x x P)' d3x = —¢;j5P72*d3z. In the present case P7 is?

Pi = (—g)(T% +1%) = (—g)(17° + t1°) = %cjoﬂ (17.94)

therefore the total angular momentum which generalizes Eq. 17.30 and includes the contri-
bution of the gravitational field is

J0l J0l, .k k
Jow = —€ijk dgacaC ab = e | dx o) ol O
14 0! v Ozt ozl
(¢I0 gk .
- _qﬂ'k/ @i | 20) _ cooe) (17.95)
v Ox
“Note that (%' ; = ¢7% ; but ¢%9% # (9% we write Eq. 17.94 in terms of (/% because in this way the

subsequent computations are simpler.
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where the latter equality holds in stationary spacetimes, and V is assumed to be larger than
the source volume. By replacing Eq. 17.87 in Eq. 17.95 we find

. o . ,
Jtzot = _eijk:/ d3x7l (CJOZ.’I?k — )\jOkl) 5 (1796)
v ail’
and, by Gauss’ theorem, the components of the total angular momentum of the source are

Tior = *ez’jk/ (¢70a — MO b2 Q). (17.97)
oV

‘

Summary: total mass-energy and angular momentum of a stationary,
isolated body using the stress-energy pseudo-tensor

The total mass and angular momentum of a stationary, isolated source, which includes
the contribution of the gravitational field it generates, can be written in terms of the
stress-energy pseudo-tensor as follows:

Moy = / dPr(—g) (T + ") = / ¢ nir2dQ) (17.98)
|4 oV

T =i [ ()T + 89000 =~y [ (k- XM i, (17.99)
\%4 oV

where (", A8 are given in Eqs. 17.87, 17.88, respectively, and V is much larger
than the source size, so that the surface 9V is located in the far-field region.

Let us now explicitly compute Eqgs. 17.98 and 17.99 assuming that the surface enclosing
the source is located in the far-field region; in this case the metric to be used to evaluate
the surface integrals is g,, = Mu, + R, Where hy,, is given by Eqgs. 17.40:

hoo = M +0 (12> (17.100)
r T
hoi = %eijkijk +0 (:3>
hi = g&ﬁo (;) .
We first recall that (see Sec. 6.1)
g" =" — " + O(h?), (17.101)

where the indices of h,, have been raised with Minkowski’s metric. The determinant of g,
is

g=(=1+he)(1+hy)=-1+ ¥)+O (é) . (17.102)

Note that in this expression we have neglected the term J/r® with respect to M/r, since
we are in the far-field limit.
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The quantity ¢°%?, which appears in Eq. 17.98, can be evaluated using Eqs. 17.87, 17.88
and the metric 17.100; neglecting terms O (1/r2) we find

o 1 .9 ; 0
00,6 _ _— i 7 00 ij O’L OJ 00 ,ij h2
¢Tn 167" 8953’ [(=9) (9 9 )] To-" 6351 [(—9)9%g"] + O(h?)
1 2M 1
- e (15 (1 )(“J ] +o(3)
1 . 0 4M
- _ nt . 17.1
167r g 7"6 O( ) (17.103)
Since %%:—f—;
oo 1M . 1 M
00,0 . = 77 iyt . = 7 17.104
¢n a2t T am 2 (17.104)
and finally
Moy = P° = / ¢Oinir?dQ = M. (17.105)
ov

Thus, the constant M appearing in the metric of the far-field limit is the total mass-energy
of the source.

Let us now prove that the components of the angular momentum defined in Eq. 17.99
coincide with the constants J° which appear in the metric of far-field limit 17.100. Using
Eq. 17.87, and the relation 2% = rn*, Eq. 17.99 becomes

Jior = —Gijk/ (¢7%h — MIOKT) g5, (17.106)
ov

= —6ij}c/ (nknlr3am AF0lm nlrz)\jom> dsy.
v Ox

Using Eqgs. 17.88, 17.102, and

2 1
g¥ = —pY = = hoj = ejrsers +0 ( > , (17.107)
neglecting terms O(h?) we find
, 1 1
Im
A0 = ﬁ(hoj(slm - homéﬂ) +0 (73) (17108)
1 s 1
= W(ejrsdlm - Emrséjl)x J*+0 <’I"3> .
Let us compute the first term in Eq. 17.106. Neglecting higher-order terms in 1/r we obtain
0 j 1 0 ’rsé m mrs(S
—Eijknknlrs4axm A0t — 8—613knknl7“38 m (6J l Tse . T) I (17.109)
since d;1€;xn"n! = €;j5,n*n/ =0 and
m 0 [z Opm —3n™n" - n"

using the property €;;x€;rs = Okr0is — Oks0ir (see Eq. 17.44), we find

0 im 1 s bomas3 O [a"
—ajkn’“nlr?’w—mxoﬂ = — g Ciik€irsd n*n rgaxm (7«3) (17.111)
1 s k.7 1 s k
= Eeijkejrst] n'n" = E(ékréis — OksOir) I N n
1

= E(Ji — Jknknt).
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For the second term in Eq. 17.106, using the property €;;10;, = 0, we find

) l
Eijkanz)\OJkl = %Eijk(qrs(skl — Elrs(Sjk)TLTJS (17112)
1 1 1 - .
geijkejmnknrﬁ = g(&wéis — 5k55¢T)nknTJs = g(f — Jknknl) .

Replacing in Eq. 17.106,

. o . .
got — _eijk/ (nknlr3>\0]lm _ nl,,,Q)\]Okl) 40 (17113)
1% ox™

_ 3L (J? = J*nFnt)dQ = §J’“i/ (655 — n'n®)dQ = J*,
247 v 2 47 v
where we have used [, dQn‘n* = (47/3)d;i (see Eq. 13.145).

We can conclude that the integration constants M and J appearing in the metric of the
far-field limit of a stationary, isolated source given in Eq. 17.3 can be correctly interpreted as
the mass-energy and the angular momentum of the system. For a weakly gravitating source,
the contribution of the gravitational field is negligible; if the gravitational field of the source
is strong, it contributes to these quantities through the stress-energy pseudo-tensor t#¥.

17.4 PRECESSION OF A GYROSCOPE IN A GRAVITATIONAL FIELD

A gyroscope is a body with an intrinsic angular momentum which is not subjected to external
torques; this means that non-gravitational forces, if present, act on its center of mass. We
can model a gyroscope in General Relativity as a point particle with four-velocity @, and
with an intrinsic spin four-vector S,

In a LIF the laws of Special Relativity hold and, if the body moves on a geodesic, absence
of external torques implies ®

<y

dr
which can be written as u*S* , = u*S*,, = 0. By definition, the intrinsic spin vector in
Special Relativity — like the orbital angular momentum of a moving particle — is orthogonal
to the four-velocity of the body: S,u* = 0 (see Eq. 10.38); this condition is equivalent to
the requirement that the spin vector has vanishing time component in the comoving frame.
Since these are tensor equations, they hold in any coordinate frame:

(17.114)

uS*t, = 0 (17.115)

)

St = 0. (17.116)

If the gyroscope does not move on a geodesic, i.e. non-gravitational forces act on its center
of mass, it has a non-vanishing four-acceleration a* = u”u*,,. It can be shown that the four-
acceleration induces a rotation of the spin vector in the plane containing the four-velocity
and the four-acceleration:

uSt. o = —uta®S, . (17.117)

This phenomenon, also present in Special Relativity, is called Thomas precession and will
not be discussed in this book.

5In Newtonian physics the angular momentum L satisfies the equation dL/dt = M, where M is the exter-
nal torque; if M = 0 the angular momentum is conserved. Eq. 17.114 is the special relativistic generalization
of the conservation of angular momentum.
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17.4.1 Gyroscopes in the gravitational field of a rotating body: the Lense-Thirring
precession

Let us consider a gyroscope in the gravitational field generated by an isolated, stationary
object with non-vanishing angular momentum J¢. Let {2z#} be the coordinate frame in
which g,,,0 = 0 and, in the far-field limit, g, = 1, + Ay, with hy, given by Eqgs. 17.100.
We shall show that, due to the coupling with the angular momentum of the central body,
the spin of the gyroscope precesses. This effect, called Lense-Thirring precession, is a
remarkable prediction of General Relativity.

Let us first consider, for simplicity, a gyroscope which does not move in space, i.e. such
that u’ = 0. Therefore, Eq. 17.116 gives Sy = 0, and thus S = ¢S, = —h%S; = O(h).
The space components of Eq. 17.115 reduce to®

utSh, = u’S' 0 =u’S' o + 14,97 +ThS° =0 (17.118)
and therefore, neglecting O(h?) terms,

CZS =u’S" g = —T(,;57 +TS° = —5(hoij = hoji)S = —2Bi;S? (17.119)
-

where we have used the fact that I'},S° = O(h?), and we have defined

1
Bij = —Bji = Z(hOi,j — hoji) - (17.120)
As shown in Box 17-A, if we define w* = ekijBl-j, it follows that B;; = %qjkwk. Hence,

Eq. 17.119 can be written as

dS? . )
dS = —€ijpwh S = el ST e - =wxS: (17.121)
T T

the three-vector S = {S%} rotates in space with angular velocity w = {w’}, which can be
found using Eq. 17.120,

1 ...
Wk = §ekwh0i,j . (17.122)

Since the gyroscope is moving in the far-field region of a stationary, isolated object, hg; is
given by Egs. 17.100:

) )
hoi = —é€ijnz? J* . (17.123)
T

The angular velocity of the spin precession is then

1 .. g Lym L , Lyd
Wk = iﬁmkhom = et (xi ) = . (5lj5§z - 6¥n5lk> (55 - 3962:1c ) ;o (17.124)
J

r3 r

where we have used the relation r" ; = nz'r™ 2 and the property 17.44, €9R et = 5?(55” —
65,6/ Then, since &) (6% — 3a'z /r?) = 0,

m
j ki 1 5l ok
S L (51,«_ 33”) — (_Jk+3J T > , (17.125)

r3 r2

6Strictly speaking, a static body in a gravitational field has a non-vanishing acceleration, and thus the
general formula 17.117 should be used:_uo‘S“;a_ = —uta®S,. However, since we are only interested in the
equations for the space components S* and u* = 0, the acceleration term disappears and Eq. 17.118 is
correct.
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i.e.
1 J
w=wir =5 (—J + 3TZXX) . (17.126)

The precession frequency wyr defined in Eq. 17.126 is called Lense-Thirring frequency.

The Lense-Thirring precession is an example of dragging of inertial frames (which will
be also discussed in Sec. 18.5): as the central body rotates, it drags the inertial frames in
the surrounding spacetime, because the angular momentum of the central body couples
with the spin of the gyroscope. Thus, although the gyroscope keeps its direction fixed with
respect to the LIF, it rotates with respect to the asymptotically flat frame. In practice,
the gyroscope rotates with respect to the direction of far-away stars (which — neglecting
for simplicity the effects of cosmology — have “fixed” directions in the asymptotically flat
frame).

17.4.2  Moving gyroscopes: geodesic precession

In the previous section we considered a gyroscope at rest, i.e. with u’ = 0. If the gyroscope
is in motion, its spin undergoes a further precession (distinct from the Lense-Thirring one)
due to the coupling between the orbital angular momentum of the gyroscope and its spin.
This phenomenon is called geodesic precession or de Sitter precession, and is typically
much larger than the Lense-Thirring precession.

In order to study the gyroscope motion it is convenient to consider the comoving frame,
i.e. the local Fermi frame {2*#} adapted to the source (see Sec. 3.9). For simplicity we shall
assume that the gyroscope moves along a geodesic.

We remind that the Fermi frame {€(,} is an orthonormal basis (€[, - €,) = 7uv) such
that €7 = @ is the four-velocity of the body (in this case, the gyroscope), and {€(; } are
three spacelike vectors orthogonal to «. With this definition the spatial orientation of the
vectors {é'(*i)} can be arbitrarily chosen; we choose them to have the same space orientation
as the coordinate basis vectors associated to the coordinates (r, 6, ¢) of the asymptotically
flat metric.

The motion of a gyroscope moving on a general geodesic orbit is quite involved. We shall
here consider the simple case of a circular, equatorial orbit around a spherically symmetric
object (thus neglecting its angular momentum). Obviously, in this case the Lense-Thirring
precession will not be present. As discussed in Chapter 9, the spacetime outside the central
body is described by the Schwarzschild metric,

oM oM\ !
ds? = — <1 - > dt® + <1 - ) dr® + 12 (df? + sin® fdp?) (17.127)
T T

where we remind that M is the mass of the central body in geometrized units. We shall
first determine how the spin of the gyroscope evolves in the frame {a#} = (¢, 7,0, ¢), and
then derive the corresponding equations in the local Fermi frame.

Since the gyroscope is a (massive) body in circular equatorial motion around the central
object 7, u* = u*(1,0,0,w) where (see Sec. 10.5)

dp uf M

=X - /= 17.12
T ut r3 ( 8
is the Keplerian orbital frequency of the body. Moreover, since u#u, = —1 and 0§ = /2,
2M M
guutu’ = (u')? [— <1 — ) —|—w2r2} = —(uh)? <1 — 3) =-1,
r r

"We assume that the mass of the gyroscope is much smaller than that of the central body.



The far-field limit of an isolated, stationary object M 389

therefore 1o
M-
ut = <1 — 3> . (17.129)
T
Eq. 17.116, S,ut = 0, yields
2M
G Stu? = — (1 - > Stut +r2SPwut =0, (17.130)
r
hence .
2M Y\
St =2 (1 — ) wS? . (17.131)
T
The evolution equation of the spin vector is given by Eq. 17.115, ©u*S*., =0, i.e.
dSl a Qi i [eY
T =S = T gu Sh (17.132)

The non-vanishing Christoffel symbols of the Schwarzschild metric are given in Box 9-A; on
the equatorial plane they become

-1 1
=T - (-2 T - (-2 oo d (-2
Iy =—(r—2M) F;wz—(r72M) I‘fwzfﬁT:F%:FzT:%'
(17.133)
Using these expressions, the f-component of Eq. 17.132 gives
ds’ 0 ,aoB 0 (,7qb 0gr
— = Tapu®S” = —Trp(uS" +u75") =0, (17.134)

since u” = u’ = 0. Thus, S? is constant; let us assume for simplicity that S = 0, i.e. that
the spin of the gyroscope lies in the orbital plane.
The r-component of Eq. 17.132 is (using u¥ = wu! and Eq. 17.131)

d T
dS’T = —I7gu®SP = —Tju'S" — T, S" — Thpu’S? —T7, u®S? (17.135)
. . . oM\t
= —ut (T5,8" + 17, wS?) = —wu'S*¥ lF;tTQ (1 - r) +T7,| (17.136)

= —wu!'S?[(M — (r — 2M)] = wu'(r — 3M)S¥ .
The ¢-component is

ds® t
== = ThutS’ = Turs = —w%ST. (17.137)
.

Finally, in terms of the global time coordinate ¢, we find the system of equations

ds” 1 dST 3M

= o= wr <1 — r) S¥ (17.138)
dSs¥ 1 dS¥ lS’"
— = = —w-9".

dt ut dr r
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The Fermi frame with spacelike vectors oriented as those of the coordinate basis associated
to (r,0,p),ie {€,} = {%}, in the equatorial plane is

&y = d=u"(Eo) +we) (17.139)
oM 1/2
ey = (1—7,) €
. 1.
€@ T (@
. ¢ LM *1/25 (2 /24 L
= u wr - — - — .
®) " (0) . )

Note that the spacelike vector 6(*3) is a linear combination of €3y and €y (the latter is
needed to have é’(*S) @ =0), and it is orthogonal to the other space vectors é’( 1) and €(g). It
is simple to check, using the property €, - €,) = g, and Eq. 17.129, that € e 0 ( ) = Nuv

(we leave the proof as an exercise).
The spin vector is .
S = Ste() =S, ; (17.140)

therefore, recalling that €(y) -5(’3) = 0 and using Eq. 17.131, we find that the components of
the spin of the gyroscope in the Fermi frame are

gt — _§.g(*5) —_S5.4=0 (17.141)
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Then, multiplying Egs. 17.138 by (1 — 2M/r)~Y/2 and (1 — 3M/r)Y/2(1 — 2M /r)~1/2
respectively, we obtain

wr —1/2 1/2
ds = wr <1 - W) (1 - W) S¥ =w (1 - W) S* (17.142)

S
= [ (1 — W) wS‘/’é’(O) + S(Pé'(g)‘|

dt r

‘o 1/2
ds = —w (1 — W) S*T.
dt r
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Defining
M /2
W = (1 — 3) w, (17.143)
r
Egs. 17.142 become
ds*r ’ v
= * 17.144
o w'S (17.144)
dS*Lp ! Q%1
i = —wSs.

These equations show that the spin vector rotates with frequency w’ in the comoving frame
{5(*7,), 8(*¢)}. If, for instance, at ¢ = 0 the spin points towards the radial direction, S*"(0) = Sy,
S*#(0) = 0, then S*"(t) = Spcosw’t and S*#?(t) = —Spsinw't.

We now determine the spin of the gyroscope with respect to the asymptotically flat
directions, i.e. the directions which, in the far-field limit, correspond to the Cartesian co-
ordinate lines of the Minkowski metric 7,,,,. These are often called “fixed stars directions”
(neglecting the effect of the cosmological expansion).

To this aim, reminding that we have the freedom to rotate the spatial vectors of the
Fermi frame, we change the basis vectors {é’";), é'(”;p)} to {é'(";), é'(z)}, parallel to the Cartesian
coordinate axes in the far-field limit, defined as follows:

%

sin goé'(*r) + cos e, -

€ly)
These expressions can be obtained from the rotation x = rcosp, y = rsinp, by inverting
Eq. 3.136. We stress that the Cartesian vectors é'(*z), é'(*y) are still vectors of the local Fermi
frame of the gyroscope, with a different space orientation.
The spin components along the Cartesian directions are

= cospS*™ —sinpS*¥
= sinpS* + cos pS*Y |
and since S*"(t) = Sy cosw't, S*¥ = —Sysinw't, and and ¢ = wt along the circular orbit,
S* = Sy(coswt cosw't + sinwt cosw't) = Sy cos(w — w')t (17.147)
S* = Sp(sinwtcosw't — coswt sinw't) = —Sp sin(w — w’)r.

In the Newtonian limit w = w’ and thus (S**,5*Y) are constant: as it is well known,
a moving gyroscope keeps its direction fixed with respect to far-away stars. In General
Relativity, instead, the gyroscope precesses with respect to the “fixed stars directions”,
with the geodesic precession frequancy

3MN\ 2 3M  3M M

where we have neglected higher-order terms in 1/r while using Eq. 17.143.
When the central body rotates, both the geodesic precession and the Lense-Thirring
precession are present. It can be shown that (in the weak-field limit) the spin, measured in
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the local frame with the orientation of the asymptotically Cartesian directions, satisfies the
equation
ds*
dt
where wgp is the geodesic precession frequency (which reduces, in the case of circular equa-
torial motion, to Eq. 17.148) and wrr is the Lense-Thirring frequency given in Eq. 17.126.
As mentioned above, the geodesic precession frequency is typically much larger than the
Lense-Thirring frequency. Let us consider, for instance, a gyroscope in a spacecraft moving
on a circular, equatorial orbit 600 km above the surface of Earth (i.e. about 7000 km from
the center of Earth). In this case the Earth angular momentum is orthogonal to the position
vector x of the gyroscope, hence Eqgs. 17.126, 17.148 give (in physical units, see Box 9-A)

= (wgp +wrr) X 87 (17.149)

GJ

lwrr| = 2,3 (17.150)
3GM [GM
lwap] o\ (17.151)

where M = Mg = 5.9 x 102" g, r = 7.0 x 10% cm, and, with the rough approximation
of a uniform-density Earth, J ~ %M@Réﬂ@. Since the rotation frequency of the Earth is
Qg = 2m/86400 = 7.3 x 1075 571, its radius is Rg = 6.378 x 108 cm and G = 6.674 x 108
em? g7 572, ¢ = 2.998 x 10'° cm/s (see Table A), we find J ~ 7 x 10*° g cm? s™!; hence
lwpr| ~ 1.5 x 10714 rad/s ~ 0.1 arcsec/year, and |wgp| ~ 10712 rad/s ~ 6 arcsec/year.
The configuration discussed above maximizes the Lense-Thirring effect. If the angular
momentum of the central object is not orthogonal to the orbital plane (as in the case of an
orbit along a meridian circle of the Earth, see Sec. 17.4.3) the Lense-Thirring frequency is
even smaller, as shown by Eq. 17.126, while the geodesic precession frequency is the same.

17.4.3 Measurement of geodesic and Lense-Thirring frequencies: Gravity Probe B

The idea of an experiment to measure the geodesic and Lense-Thirring precessions dates
back to 1960, when Shiff [103] noted that a gyroscope on a spacecraft orbiting around Earth
would undergo geodesic and Lense-Thirring precessions with respect to the directions of
“fixed stars” at infinity (see also [98] for a similar, independent proposal). An estimate
of the order of magnitude of these effects showed that they would be “difficult, but not
impossible, to observe”.

The realization of this experiment — called Gravity Probe B (GPB) — has been extremely
difficult. The satellite was launched in 2004 and the mission ended in 2005; after that, six
more years were needed to analyse the data and understand all sources of error. In 2011 the
final results were published [45]: the geodesic precession was measured with an accuracy of
~ 0.3%, and the more elusive Lense-Thirring precession was measured with an accuracy
of ~ 20%. The observed values are compatible with the predictions of General Relativity,
and can be considered a further kinematical test of General Relativity, which adds to those
discussed in Chapter 11.

As discussed above the geodesic precession frequency is much larger than the Lense-
Thirring frequency. Thus if wgp is parallel to wyr, the Lense-Thirring frequency is “buried”
in the geodesic precession frequency, increasing the difficulty of the measurement. To over-
come this problem the orbit of GPB was chosen to be orthogonal to the equatorial plane
(see Fig. 17.2), and the spin of the gyroscope was oriented orthogonally to both the angular
momenta of the Earth and of the orbit. Thus, in the Cartesian frame (Oxyz) in Fig. 17.2,
the angular momentum of the Earth is J¢ = (0,0, J), the orbit lies in the z — z plane, and
the spin of the gyroscope is S* = (S,0,0). With this configuration, the geodesic precession
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Figure 17.2: Schematic description of the GPB experiment. The spin of the satellite has a geodesic
precession from South to North, and a Lense-Thirring precession from East to West.

frequency — which is always orthogonal to the orbital plane — is parallel to the y-axis, and
determines a precession of the spin in the x — z plane, i.e. in the North-South direction. The
Lense-Thirring frequency 17.126, instead, lies in the orbital plane = — z (because both the
Earth angular momentum J and the radial direction n belong to that plane); since the spin S
is parallel to the z-axis, the Lense-Thirring precession 17.126 — §S ~ wpr X S = (0, wf1.5,0)
— is parallel to the y-axis, i.e. in the West-East direction. It was thus possible to measure
the two effects independently.

The actual value of the Earth moment of inertia (known from geophysical modelling of
the Earth) is Is = 8.0 x 10** gem?. Eq. 17.151 yields |wgp| = 6.6 arcsec/year. To compute
the Lense-Thirring frequency 17.126 we note that n = (cos Qgt,0,sin Qgt) and J = (0,0, J),
therefore

~J 4 3(J-n)n = (3J sin Qgt cos Qgt, 0, —J (1 — 3sin? Qgt)) (17.152)

hence, averaging the z-component of the Lense-Thirring frequency on an orbit with period
T = 271'/9@,

1 [T Lo 2T J [ . 1
(Wir) = T/o J (351112 ?t — 1) dt = %/0 (351n2a —1)da = EJ, (17.153)

which, in physical units, gives

0
|wirp| = % = 0.04 arcsec/year . (17.154)
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GPB contained four gyroscopes, which were electrostatically suspended, rotating spheres.
Each sphere contained a superconducting loop producing a magnetic dipole moment parallel
to the spin direction. A magnetometer measured the direction of the magnetic moment, and
then of the spin, of each gyroscope. These directions were compared with the direction of the
far-away star IM Pegasi, determined by a telescope on the spacecraft. The results obtained
by combining the observations of the four gyroscopes are shown in Table 17.1, and compared
with the theoretical predictions of General Relativity.

Table 17.1: Precession frequency measured by Gravity Probe B along the North-South
direction (Lense-Thirring frequency) and along the West-East direction (geodesic precession
frequency), compared with the theoretical values predicted by General Relativity.

wrr (milli-arcsec/year) wgp (milli-arcsec/year)

General Relativity prediction —39.2 —6606.1

GPB —-372£72 —6601.8 £18.3

Remarkably, when the results of this experiment were released the geodesic and Lense-
Thirring effect of the Earth had already been measured by analysing the motion of a pair of
satellites, whose position was constantly monitored by sending laser impulses from the Earth
to the satellites. This experiment, called LAGEOS, required the subtraction of the non-
spherical component of the Earth gravitational field, which had previously been determined
by a similar experiment, GRACE. In 2004 the LAGEOS experiment measured the geodesic
precession frequency with an accuracy of ~ 0.7%, and the Lense-Thirring frequency with
an accuracy of ~ 10%. The accuracy of these measurements has significantly been improved
with a recent analysis of the LAGEOS data [37, 80].

We also note that while the Lense-Thirring effect was firstly observed by the GPB and
LAGEOS experiments, the geodesic precession had been measured decades earlier studying
the motion of binary pulsars such as PSR 1913416 (see e.g. [118] and references therein).
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The Kerr solution

As shown in Chapter 9, the solution of Einstein’s equations describing the exterior of an
isolated, spherically symmetric, static object is quite simple. Indeed, the Schwarzschild
solution was found in 1916, immediately after the publication of Einstein’s equation. Finding
the solution for the gravitational field of a rotating body (all astrophysical objects do rotate
to some extent) is a much more difficult problem; indeed we do not know any exact solution
describing the exterior of a rotating star, and only some approximate solutions are known.
However, there exists an exact solution of Einstein’s equations in vacuum (7, = 0), which
describes a rotating, stationary, axially symmetric black hole. It was derived in 1963 by
Roy Kerr [68], and it is known as the Kerr solution. As for the Schwarzschild solution, it
describes the spacetime generated by a curvature singularity concealed by a horizon.

We stress that while, owing to Birkhoff’s theorem (Sec. 9.6), the Schwarzschild metric
for r > 2M also describes the exterior of any spherically symmetric, static, isolated object
(a star, a planet, etc.), the Kerr metric outside the horizon can only describe the exterior
of a black hole .

18.1  OBSERVATIONAL EVIDENCE FOR ROTATING BLACK HOLES

Black holes are solutions of Einstein’s equations in vacuum. Since these equations do not
contain dimensionful parameters (see Sec. 6.2) the mass M, which arises as a dimensionful
integration constant, must be a free parameter. This is at variance with the mass of a stellar
object (e.g., a neutron star), since the microphysical properties of stars determine a maxi-
mum mass (see Chapter 16). Therefore, as mathematical solutions of Einstein’s equations,
black holes can have any mass. However, this does not necessarily imply that black holes
exist with any mass in nature. Indeed, the mass of astrophysical black holes is determined,
and limited, by their formation mechanism and their evolutionary path.

A growing amount of observational evidence suggests that astrophysical black holes exist
(at least) in two categories:

o Stellar-mass black holes. These are either the outcome of the gravitational collapse
of sufficiently massive stars or, as discussed in Chapter 14, of the merger of compact
objects (neutron stars or black holes). The former have masses in the range from a few
to several tens of solar masses, and have been indirectly observed through the X-ray
emission from their accretion disk, whose inner edge can be associated to the ISCO
of the black hole (see Sec. 10.5); the latter can reach masses up to ~ 102 M, and the
gravitational wave signal emitted when they form has been detected by interferometric

I Actually, a rigorous proof that a stellar model matching with Kerr’s metric at its surface does not exist
is still lacking.

395
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detectors. The heaviest black hole detected during the first two observational runs of
the LIGO and Virgo interferometers is the remnant of GW170729, with mass M ~
80.37155 M, (see Table 14.1). At the time of writing, the events detected during the
third observational run in 2019 are still being analyzed. Binary black hole mergers have
been detected on a weekly basis and the heaviest one is the remnant of GW190521
with mass M ~ 142135 M, [5].

e Supermassive black holes. These are much heavier black holes, whose masses range
approximately from 10°Mg to 10'' M. They sit at the center of most galaxies and
play a crucial role in galaxy evolution. The center of the Milky Way hosts Sgr A*, a
supermassive black hole with M = 4x10%M,. During the cosmic evolution, supermas-
sive black holes are expected to merge as a result of galaxy mergers, thus producing
heavier black holes. Nonetheless, the origin of the heaviest supermassive black holes
which have been observed at high redshift is still unclear. To date supermassive black
holes have been observed indirectly by monitoring the motions of stars in close or-
bit around them (as in the case of Sgr A* [48]), or by measuring the X-ray and
infrared spectrum from accreting supermassive compact objects. In 2019, the Event
Horizon Telescope Collaboration provided the first radio image of the “shadow” (see
Sec. 11.5) of the supermassive black hole in the galaxy M87, also measuring its mass,
M = 6.5 x 10° My, [111]. So far the only observational evidence for supermassive black
holes comes from electromagnetic measurements. Detecting the gravitational waves
emitted during the coalescence of two supermassive black holes is one of the main sci-
ence goals of the Laser Interferometer Space Antenna (LISA), a European/American
space mission expected to be launched in 2034 [7] (see Sec. 14.2.6).

There are observational and theoretical hints that intermediate-mass black holes, with
masses filling the gap between stellar-mass and supermassive black holes, should exist. The
strongest evidence to date comes from the detection of GW190521 [5].

Finally, it has been speculated that primordial black holes — with masses below the solar
mass — might be formed in the early universe (see Sec. 20.4). Although the search for these
objects is very active, to date their existence remains hypothetical.

18.2 THE KERR METRIC IN THE BOYER-LINDQUIST COORDINATES

At variance with the Schwarzschild metric, the derivation of the Kerr solution is a formidable
task which goes beyond the scope of this book. We refer the interested reader to the original
paper by Kerr [68] or to Chandrasekhar’s monograph [34]. Here we simply give the explicit
form of the Kerr metric (we shall use geometrized units G = ¢ = 1, unless otherwise
specified):

dr? 2M
ds* = —dt* + % (2 + d02> + (1% + a?) sin” Odp® + r(a sin? dp — dt)?,  (18.1)
where
A(r) = 72 —2Mr+d?, (18.2)
Y(r,0) = r*+a*cos’0,

and M and a are constants with the dimensions of a length. The coordinates (¢,r,8, ¢), in
terms of which the metric has the form given by Eq. 18.1, are called the Boyer-Lindquist
coordinates [24].

The Kerr metric depends on two parameters, M and a; comparing Eq. 18.1 with the
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metric of the far-field limit of an isolated object (Eq. 17.3), we see that M is the black hole
mass, and J = Ma its angular momentum.

Some properties of the Kerr metric can be directly deduced from the line element in
Eq. 18.1:

It is axisymmetric, since it does not depend on the azimuthal angle .
It is not static, since it is not invariant for time reversal ¢t — —t.
It is stationary, since it does not depend on time.
It is invariant for the simultaneous inversion of ¢ and ¢,
t— —t Y= —p. (18.3)

This property can be understood by noting that the time reversal of a rotating object
corresponds to the same object rotating in the opposite direction.

It is also invariant for the simultaneous inversion of ¢ and a,
a— —a = —p. (18.4)

Note that a — —a corresponds to an object that rotates in the opposite direction.
Using this property, in the following we shall focus on a > 0 without loss of generality.

In the limit » — oo, the metric in Eq. 18.1 reduces to Minkowski’s metric in polar
coordinates; therefore, the Kerr spacetime is asymptotically flat.

In the limit a — 0 (with M # 0), A — 7> —2Mr, ¥ — r%, and Eq. 18.1 reduces to
the Schwarzschild metric

2M oM\ !
ds® — — (1 — r) dt* + (1 — r) dr? + 12 (d6? + sin® Odp?) . (18.5)

In the limit M — 0 (with a # 0), Eq. 18.1 reduces to
r2 + a? cos?
2+ a2

which is the metric of flat spacetime in spheroidal coordinates
x = r2+a%sinfcosyp (18.7)
= \/m sin @sin ¢

ds* = —dt* + dr® + (r* 4+ a® cos? 0)d0* + (r* + a®) sin® 0dp*, (18.6)

z = rcosf.
Indeed,
r
dr = ———sinfcospdr + \/r%+ a?cosfcospdd — /12 + a?sinfsin pdy,
N 7 v o
T
dy = ——=sinfsinpdr + 12+ a?cosfsinpdf + /12 + a2sin b cos pdy ,
YT rra ? ? i
dz = cosf@dr —rsinfdf; (18.8)
thus
ds* = —dt?* + dz? + dy* + d2? = —dt* + (;2 sin? 6 4 cos® 9> dr*  (18.9)
r“+a

+ [(r* + a®) cos® 0 + r? sin” 0] d6? + (r* + a®) sin® Ody?
r2 4+ a? cos? 6
72 + a2

= —dt* + dr® + (r* + a® cos® 0)d6? + (12 + a?) sin® Odp? .
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e The metric in Eq. 18.1 is singular when A = 0 and when ¥ = 0. Since the curvature
invariant RWQBR"”C‘B (see Sec. 9.3) is singular on ¥ = 0, this is a true, curvature
singularity of the manifold, the structure of which will be discussed in Sec. 18.7. All
curvature invariants are, instead, regular on A = 0. As we shall show in Sec. 18.4.2, the
roots of A = 0 are two horizons of the Kerr metric, r4 and r_. These are coordinate
singularities, which can be removed through an appropriate coordinate transforma-
tion.

Note that in the Schwarzschild limit (a = 0), ¥ = 72 = 0 is the curvature singularity,
while (for r # 0) A = r(r — 2M) = 0 is the coordinate singularity corresponding to
the black hole horizon of the Schwarzschild metric.

The metric has the form

it 0 0 Gty
o 2 0 o
Juv = 0 0 b)) 0 ) (1810)
9o 0 0 gyp
with
2Mr b
gt = - (1 S ) ) Grr = A (18.11)
2M
gttp = - Erasin267 996227
2Mra?®
Jop = (r2 +a® + % sin? 9) sin? 6.
Note also that, using ¥ = 72 + a? cos? 6,
2M
Jop = (r*+a®)sin®f+ TTCLQ sin® ¢ (18.12)
2 2 oM
= I ; ¢ (r? + a® — a*sin® 0) sin? 0 + TTaQ sin* 6
1
= 5 [(r* +a®)? = (r* + a® — 2Mr)a® sin® 6] sin® 0
2 1 02)2 — Aa?sin2 6
= (" +a7) @ s sin? 6.

by

To compute the inverse metric g*¥, we only need to invert the (¢ — ) block, while the
inversion of the (r — ) part, which is diagonal, is trivial. The (¢ — ¢) block is

Jab = < g Gt ) : (18.13)

Jto  Gop

and its determinant is

I = 9udee —9i (18.14)
2M 2Mra? AM3?r2a2
= - (1 - Er) (7’2 +a?+ 2?asir120> sin? 6 — %Sin‘lﬁ

= —(r*+a*)sin®0 + 2Mrsin® 0 = —Asin® 6.

Therefore

1 _
G = — oo~ 18.15
g Asin? 0 ( —Jtp it > ( )
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and
gtt 0 0 gt<p
0 % 0 0
my _ o)
g 0 0 L o , (18.16)
gtso 0 0 g*¥%
with
1 2Mra?
gt = X <r2 +a® + # sin? 9) , (18.17)
g = _2Mra
A
= A — a?sin® 6
YAsin? 0
where we have used the following equality
E—2Mr_7‘2+a2cos29—2M7":A—aQSiHQH. (18.18)

YAsin?6 Y Asin? 6 Y Asin?6

18.3  SYMMETRIES

Being stationary and axisymmetric, the Kerr metric admits two Killing vector fields:

- o 0
= — n=— 18.1
k=5, m 95 (18.19)
or equivalently, in coordinates (t,7,6, ¢),
k" =(1,0,0,0) m* = (0,0,0,1). (18.20)

As a consequence, there are two conserved quantities associated to particles in geodesic
motion:

E=—-u'k,=-w L=u'm,=u,, (18.21)

where u* is the particle four-velocity. As discussed in Sec. 10.3 in the case of the
Schwarzschild spacetime, for massive particles the constants £ and L are the energy and
azimuthal angular momentum of the particle per unit mass, measured by a static observer.
For massless particles, we can choose the affine parameter such that the four-momentum
coincides with the four-velocity, i.e. p* = u*; with this choice, for massless particles E and
L are the energy and angular momentum of the particle as measured by a static observer.

It can be shown that E, m are the only independent Killing vector fields admitted by
the Kerr metric; thus, any Killing vector field is a linear combination of them.

18.4 BLACK HOLE HORIZONS

In this section we will show that the equation A = 0 identifies two black hole horizons of
the Kerr metric, 74 and r_, and we shall discuss their structure. Furthermore, we will show
that the singularities on the surfaces » = r4 and r = r_ are coordinate singularities, which
can be removed by an appropriate coordinate transformation.
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18.4.1 Horizon structure

Let us consider the submanifold
A=r?+a>-2Mr=0, (18.22)

where the Kerr metric, written in the Boyer-Lindquist coordinates, has a coordinate singu-
larity.
When a? < M?, Eq. 18.22 has two roots:

ry = M++vVM?—-a2, (18.23)
r— = M-—+\M?-a2,

and A can be written as
Alry=(r—ry)(r—r_). (18.24)

The surfaces where there is a coordinate singularity are then r = r; and r = r_. Note that
A<Oforr_ <r<ry,and A >0forr <r_ and r > r;.

When a? > M?, Eq. 18.22 has no real solution, and the Kerr metric does not describe a
black hole, since the horizon is absent; in this case the singularity at ¥ = 0 is “naked”, i.e. it
is not concealed by a horizon (see the discussion in Sec. 9.5.4). According to Penrose’s cosmic
censorship conjecture, a naked singularity cannot form in realistic situations. Numerical
simulations of astrophysical processes leading to black hole formation provide strong support
to the hypothesis that the final object cannot have a > M. In addition, theoretical studies
on the mathematical structure of spacetime indicate that when a2 > M? there are several
pathologies, whose discussion is beyond the scope of this book. Thus, in general the solution
with @ > M is considered unphysical, although we remark that this is still an open issue.
To hereafter, we will restrict our analysis to the case

a2 < M2, (18.25)

In the limiting case a? = M?, the two roots coincide (r; = r_) and the Kerr solution is
said to describe an extremal black hole.

In Sec. 9.4 we showed how to establish whether a hypersurface is spacelike, timelike, or
null, by studying the norm of its normal vector. We remind that in the Schwarzschild case
the null hypersurface r = 2M separates regions of spacetime where r = const are timelike
hypersurfaces (which can be crossed in both directions), from regions where r = const are
spacelike hypersurfaces (which can be crossed in one direction only); thus an object crossing
the null hypersurface can never go back, and for this reason r = 2M is called event horizon.

Given the vector n# normal to the hypersurfaces r = const, i.e. n, = (0,1,0,0), using
the Kerr metric given in Eq. 18.16 we find

nunt =nun, gt =9 = <. (18.26)

Thus, the vector normal to the surfaces » = ry and r = r_, where A = 0, is a null vector,
and these are null surfaces which, as shown in Sec. 9.4, can be crossed in one direction
only. As in the case of the Schwarzschild spacetime (see Sec. 9.5.4), the surfaces r = r; and
r = r_ in the future of the events outside the black hole are crossed inwards by timelike and
null geodesics, as we will also show in Sec. 18.8.1. Therefore, these surfaces are horizons: any
body or signal crossing one of them cannot come back. Since r_ < r,, the surface r = r
is called outer horizon, and r = r_ is called inner horizon.
The two horizons separate the spacetime in three regions:
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I. » > ry. Here the r = const hypersurfaces are timelike, and thus can be crossed both
inwards and outwards. The asymptotic limit r — oo, where the metric becomes flat,
is in this region, which can be considered as the black hole exterior.

II. r_ < r < r4. Here the r = const hypersurfaces are spacelike, and thus can be crossed
in one direction only. An object which falls inside the outer horizon can only continue
falling inwards, until it reaches the inner horizon and passes to region III.

III. » < r_. Here the r = const hypersurfaces are timelike and then, as in region I, they
can be crossed in both directions. This region contains the ¥ = 0 singularity, which
will be studied in Sec. 18.7.

In the case of extremal black holes, when a? = M?, the two horizons coincide, and region
II disappears.

Roughly speaking, the outer horizon r, can be considered as a sort of “black hole
surface”, although obviously such surface is immaterial. In the non-spinning case a = 0, the
outer horizon coincides with the Schwarzschild one, ry = 2M, whereas the inner horizon
tends to the curvature singularity of the Schwarzschild metric, r_ = 0.

18.4.2 How to remove the singularity at the horizons

In order to show that A = (r —ry)(r —r_) = 0 is a coordinate singularity, we make a
coordinate transformation that brings the metric into a form which is not singular on that
surface. Following the same procedure used in Chapter 9 for the Schwarzschild spacetime,
we look for a family of null geodesics crossing the A = 0 surface from the exterior, and
choose a coordinate system in which these geodesics are coordinate lines. In the case of
Kerr’s geometry, the spacetime cannot be decomposed in the product of two-dimensional
manifolds, thus the study of null geodesics is more complex than in the Schwarzschild case.
The Kerr metric admits two special families of null geodesics, named principal null geodesics,
with tangent vector

det (dt dr df de "2 1 a2 u
p_ X7 _(at ar av apl) [T T a4 a
RN (dA’dA’dA’ dA) < A ’ilv‘lA) ’ (18.27)

where the plus (minus) sign corresponds to outgoing (ingoing) geodesics. In the
Schwarzschild limit these are the usual outgoing and ingoing geodesics, with % = :I:% =
+-—547 (see Sec. 9.9); in the Kerr case Eq. 18.27 shows that u* acquires an angular com-
ponent dp/dA proportional to a and diverging on A = 0.

The proof that these worldlines are geodesics, i.e. that they satisfy the geodesic equation
u”ut,, = 0, is shown in Box 18-A. Here we show that u/ is a null vector, i.e.

guut'u” =0. (18.28)
We have
dzt dz” dt\ > 1 (dr\> [do\?
S = (= 2= (= = 18.2
Tiv=ax "an (dA) TEA (d)\> +(d)\>] (18.29)
do\*>  2M do dt\?
+(7“2—|—a2)sin20(d<§> + Zr<asin29d(§—d)\> .
Note that

dt n29d£_r2+a2—agsin29_

— —asi

=
d\ . A A

(18.30)
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hence

2 2\2 2
+ X . 2Mry
gwu”u” = *7(7‘ A2a ) + 7A + (Tz + a2) sin? 0% + Tg

1
= A2 [—(r? + a®)(r* + a®) + (r* 4+ a® cos® 0)(r?* + a® — 2Mr)
+sin® 0a®(r? + a®) + (r* + a® cos® 0)2Mr] =0 . (18.31)

Consequently, the vectors given in Eq. 18.27 (with both signs) are null.

We remark that although these geodesics can in principle describe the motion of a
massless particle, here we introduce them with a different aim, i.e. to find a coordinate
transformation which allows for the extension of the spacetime across the coordinate singu-
larity A = 0. Therefore, the choice of the affine parameter A in Eq. 18.27 is different from
that of Sec. 18.3 and of Chapter 19: u® = (r?+a?)/A is not the energy of a massless particle
moving on a principal null geodesic (see Box 19-A).

Let us consider the ingoing geodesics, and indicate their tangent vector as

r2 + a? a
u’: —_ _— N
[ ( ,—1,0, > ; (18.32)

as clearly shown by Eq. 18.32, these geodesics are parametrized by A = —r. Therefore,

dt r? + a? d a
a_ w__2. (18.33)
dr A dr A
We want these geodesics to be coordinate lines of our new system; choosing one of our
coordinates to be r, the other coordinates have to be constant along each geodesic belonging
to the family. One of these, 6, is constant because df/dr = 0. The remaining two are given

by

v = t+T(r), (18.34)
$ = @+ (I)(T) )

where T'(r) and ®(r) are solutions of

dT r? + a?
= = 18.35
dr A ( )
- a
dr A’
so that, along a geodesic of the family,

dv dp

— =0 — =0 18.36

dr ’ dr ’ ( )

and the tangent vector of the ingoing principal null geodesics in Eq. 18.32, in the new
coordinates (v,r,0, @), is
" =(0,-1,0,0). (18.37)

We can now compute the metric tensor in the new frame. We recall that, in the Boyer-
Lindquist coordinates,

Mr

(asin® Bdp — dt)*.  (18.38)

dr? 2
ds® = —dt> + X% (2 + d92> + (r? 4 a®) sin? Adp? +

2Note that Eqgs. 18.36 are first-order differential equations for T'(r) and ®(r). As such, they depend on
a free constant each, and this is related to the choice of the origin of v and ¢.
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From Eqgs. 18.34 we have

B o= dar T, , dtzdv—r2+a2dr, (18.39)
dg = dap-l—%dr . dp=dp— %dr,
hence
—dt*? = —dv® - (72272@2)2(#2 + 27’2 Zaz dvdr (18.40)
(r? 4+ a?)sin® 0dp? = (r? + a?)sin? 0d@* + (1 + az)Z—Z sin? 0dr?
—2(r* + aQ)% sin? drdp .

The quantity %er + Xd#? does not change (r,0 are also coordinates in the new frame),
and the parenthesis in the last term of Eq. 18.38 reduces to
2 +a® — a®sin® 0

dt —asin®*0dp = dv—asin®0dp — A dr (18.41)

b
dv — asin® 0dg — Kdr,

thus
2]\2/{7“ (dt — asin® fdp)* = QJ\gT dv? + %(f sin® fdg? (18.42)
2]\;[22 dr? — 4]\2/3[Ta sin? Odvdg
_ 4% " gody 4 2Mrasn”0 ”’ASiHQ O dgar.
Finally, collecting all terms, we find
ds? = — (1 - 2]\; r) a0’ + 2dvdr + sd? + T C) - Ad?sin®f . o 0dp*
9asin? 0drdg — 2% 412 gdvdgs . (18.43)

The coordinates (v,r, 6, @) are called the Kerr coordinates. In this frame, the metric is not
singular on A = 0. This means that, while the Boyer-Lindquist coordinates are defined in
A # 0 and ¥ # 03, the Kerr coordinates can be also defined in the submanifold A = 0
(whereas ¥ = 0 is a true curvature singularity, see Sec. 18.7). Then, after changing coordi-
nates to the Kerr frame, (v,7,6, @), we can extend the manifold, to include the submanifold
A =0.

3To be precise, one should subtract also the extrema of the domain of angular coordinates, § = 0,,
¢ = 0,2m, as usual when polar-like coordinates are considered. Anyway, as discussed in footnote 6 of
Chapter 9, the related “pathologies” are much easier to cure by simple coordinate redefinitions; therefore
we will limit our analysis to the “pathologies” on A =0 and ¥ = 0.
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‘

Principal null geodesics of the Kerr metric

In Boyer-Lindquist coordinates (¢,7,0, ), the principal null geodesics have tangent
vectors given by Eq. 18.27:

2 2

o= <" X“ ,—1,0,Z> (ingoing) (18.44)
2 2

nt = (T,—i—l,O,Z) (outgoing) . (18.45)

In order to prove that these worldlines are indeed geodesics, we need to show that [#
and n satisfy the geodesic equation: [¥I*, = n"nkt , = 0.

Let us first consider the ingoing geodesics. The proof is simpler if we use the Kerr frame
(v,7,0,9), in which the metric is (see Eq. 18.43)

2M 2M
- (1 - T) 1 0 _2T n2
by
)
G = : o) el (18.46)
2IM 2 2\2 _ A 2 o 20
— e sin?f —asin?6 0 (r” +a7) > @ s sin” 0

and, since the ingoing principal null geodesics are coordinate lines in this frame, the
tangent vector I# has components (see Eq. 18.37)

I = (0,-1,0,0). (18.47)

The geodesic equation in this frame reduces to
1
lVlM;V = lVlal_‘}lfoz = Fﬁr = igulg(zgﬁﬁr - g’f‘T’,ﬁ) . (1848)

Since in the Kerr frame (see Eq. 18.46) ¢, = 0 and ¢, » = 0, all terms in Eq. 18.48
vanish, therefore V1", = 0.
In order to prove that the vector n* satisfies the geodesic equation, we consider a
coordinate frame in which the outgoing principal null geodesics are coordinate lines.
Along these geodesics
dt  r?+a? de a
a o _Z 18.49
dr A dr A ( )
and, by defining v = ¢ —T(r) and ¢ = p—®(r), with T'(r), ®(r) solutions of Egs. 18.36,
we find a coordinate frame (u,r, 8, $) in which

n* = (0,1,0,0). (18.50)

It is simple to show that in the coordinates (u,r,0,®), grr = gro = 0, gro, = —1, and
grp = asin® 6, therefore n’n*, = n'n°Tl, =T* = 1g"%(2g5,. . — grp.5) = 0.

For later use we note that, since

Gor =1 g =0gor=0 gg = —asin’0, (18.51)
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the components of the one-form [ obtained lowering the index of the vector [ are
l, = (—1,0,0,asin?0). (18.52)
We also note that (see Eq. 18.12)

2 1 02)2 — Aa2sin2 8 oM
55 = (r+a%) = a5 sin20:(r2+a2)sin20+%azsin40:g¢¢, (18.53)

i.e. gpe in Kerr coordinates has the same expression as g, in the Boyer-Lindquist coordi-
nates. Moreover
2Mr

T(dv — asin?0dg)? =

2Mr

> [dv® + a® sin® d@* — 2asin® Odvdp) | (18.54)

therefore the metric in Kerr coordinates can also be written in the simpler form

ds®> = —dv?® + 2dvdr + $d6? + (r* + a?) sin® 0dg® — 2a sin? Odrdp
oM
+55 " (dv — asin® 0dp)?. (18.55)

We can define a coordinate which (outside the horizon, see Sec. 18.4.1) behaves as a sort of
“time” coordinate:

t=v—r, (18.56)
so that Eq. 18.55 becomes
ds* = —dt* +dr? +%d0* + (r* + a*)sin® 0dp* — 2a sin® Odrdp
+¥(di+ dr — asin® 0dp)? . (18.57)

18.5 FRAME DRAGGING

Let us consider an observer, with timelike four-velocity u*, which falls toward the black
hole from infinity with zero angular momentum: in the Boyer-Lindquist coordinates,

L=u,=0. (18.58)

An observer with L = 0 is conventionally named ZAMO, which stands for zero angular
momentum observer.
In general, for an observer with four-velocity u*, the angular velocity is defined as

_do _ g _ ¥

For a ZAMO, Eq. 18.58 implies that, since the metric becomes flat as r — oo, u? = n¥*u,
Uy = 0 in this limit. Thus, the angular velocity of a ZAMO vanishes as 7 — co. At finite

values of r, instead,
u? = g'uy #0 — Q#£0. (18.60)

In other words, while falling toward the black hole, the observer acquires an angular velocity.
To compute §2 in terms of the metric 18.1, we use the condition 18.58:
Up = Goptt + gorut =0 = u? = Tyt (18.61)
o
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from which it follows that

]
=" - Yot (18.62)
u e
Thus, since
2M
Got = — L sin% 0, (18.63)
and (see Eq. 18.12)
sin? 6 9
Gop = 5 [(r* + a®)? — a®sin® 0A] | (18.64)
the ZAMO angular velocity is
2M
0= ar (18.65)

(r2 + a2)? — a2Asin? 6’
As expected, 2 — 0 as r — oo. Furthermore, since
(r? +a®)? > a®sin? 0(r* + a® — 2M7r), (18.66)

the denominator in Eq. 18.65 is positive, and therefore Q/(Ma) > 0 for all values of M
and a; this means that the angular velocity has the same sign of the black hole angular
momentum Ma.

Therefore, an observer which moves toward a Kerr black hole starting at radial infinity
with zero angular momentum (which, at infinity, implies zero angular velocity) is dragged by
the black hole gravitational field, and acquires an angular velocity which forces the ZAMO
to corotate with the black hole. We discussed a similar phenomenon in Sec. 17.4.1.

On the outer horizon, r = r, A =0, and the ZAMO angular velocity becomes

2Mar4
O=-——-==0 18.67
(r2 +a?)? o ( )
or, since A(ry) =0,
ri+a®=2Mr,, (18.68)
and thus
a a

Qp = (18.69)

- 2Mry  ri4a®’

As mentioned above, r = r4 can be considered as a sort of “black hole surface”, therefore
Qg can be considered as the black hole angular velocity. Since Qp is constant, i.e. it does
not depend on ¢, 0, and ¢, we can say that a black hole rotates rigidly.

As we shall discuss in Chapter 19, the frame dragging plays an important role for the
geodesics of the Kerr metric.

18.6 THE ERGOSPHERE

While in Schwarzschild’s spacetime the horizon is also the surface where gy changes sign,
in Kerr’s spacetime these surfaces do not coincide. Indeed

2M 1
g = -1+ ZT:_E (r2—2M7'+a2c0820) (18.70)
1
= —E(T—TSH(T—TSJ:Oa

with
rs4 = M £ /M2 —a?cos20. (18.71)
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These surfaces are called infinite redshift surfaces, although this name may be misleading,
as will be discussed in Sec. 19.3.3.

Since the coefficient of 2 in Eq. 18.70 is negative, gy < 0 outside the interval [rg_, rs, ],
and gy > 0 inside. In addition, given M2 — a2 cos26 > /M2 — a2, the horizons r4 =
M £V M? —a? (see Eq. 18.23) lie inside the interval [rs_,rs, ], i.e.

reg— <r_ <ry <rgy. (18.72)

At 0 =0 and 0 = 7, i.e. on the symmetry axis,

P

Iy outer
horizon

g8,>0 |8,<0

I, ergosphere

Figure 18.1: Schematic illustration of the ergosphere and of the outer horizon of the Kerr metric.

rg_ =1T_ and ey =145 (18.73)

on the equatorial plane
rs4 =2M and rs— =0. (18.74)

Therefore, there is a region outside the outer horizon where g, > 0. This region, i.e.
ry <r<rgy (18.75)

is called ergoregion, and its outer boundary, the surface r = rg,, is called ergosphere.
Since the ergoregion is located outside the outer horizon, an object arriving from outside
may cross the ergosphere, enter in the ergoregion, and then cross again the ergosphere
without crossing the horizon, and escape to infinity.

In the ergoregion the Killing vector field k* = (1,0, 0,0) is spacelike:

kukygwj =gu >0. (1876)

4This does not happen in Schwarzschild spacetime, where gz > 0 only inside the horizon.
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18.6.1 Static and stationary observers

As discussed in Sec. 3.9, an observer in General Relativity is characterized by a timelike
curve. We define as static observer one with tangent vector (i.e. with four-velocity u*)
proportional to k* = (1,0, 0,0). Thus, on the worldlines of a static observer the coordinates
r,0, ¢ are constant. Since u#u, = —1, we have u* = k* /K| (where |k| = VIkFEL]).

Since inside the ergosphere k* is spacelike, in that region static observers cannot ezist.
In other words, an observer inside the ergosphere cannot stay still, and is forced to move.

A stationary observer is one who does not see the metric changing while moving. Then,
its tangent vector must be a Killing vector, i.e. it must be a linear combination of the two
independent Killing vectors of the Kerr metric, k = 8/t and m = 8/,

= Bt 0,0, uP) = ut(1,0,0,w) | (18.77)

|k + wni]

where w is the angular velocity of the observer

_ dp _ u?

Thus, the worldline of a stationary observer has constant r and 6. (S)he can only move
along circles with angular velocity w, because on such orbits (s)he does not see the metric
changing, since the spacetime is axially symmetric.

A stationary observer can exist provided

g = (u')? (g + 2wg1, + w?gpe] = —1, (18.79)
i.e.
W gpp + 2wgtp + g < 0. (18.80)
To find the regions where Eq. 18.80 is satisfied, let us consider the equation
WG + 2wGte + gr =0, (18.81)
with solutions
~Gto T\/ 9T, — 911900 _g, 4+ sin OVA
wy = z = e "7 va , (18.82)
e e

where we have used Eq. 18.14 to compute 915290 — gtt9pp- From this equation we see that
stationary observers cannot exist when A < 0, i.e. in the region between the two horizons.
Since (see Eqgs. 18.64, 18.66)

. 29
Gop = S““T[(r2 +a?)? — a?sin0A] > 0, (18.83)

the coefficient of w? in Eq. 18.80 is positive; consequently the inequality 18.80 is satisfied
outside the outer horizon (where r >, A > 0 and thus w_ < wy), for

wo <w < wy. (18.84)

Therefore, a stationary observer cannot have arbitrary angular velocity, since the constraint
utu,, = —1 forces w to be in the range 18.84.

Note that on the outer horizon r = r;, A = 0, and w_ = w;; therefore Eq. 18.81 has
coincident solutions,

s — — gtap(TwL)
* Jpp(r4) (18.85)
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This is the angular velocity of the ZAMO at the horizon, i.e. the angular velocity of the
black hole (see Egs. 18.62, 18.67):

w=Q(ry)=Qn. (18.86)

Thus, while the ZAMO satisfies Eq. 18.81 on the horizon, it does not satisfy the inequal-
ity 18.80: strictly speaking, the ZAMO on the horizon is not an observer, because its four-
velocity is a null vector.

On the ergosphere, g;; = 0 and (being g;, < 0)

2
—G1po — £/ 97
wo=—0 V" . (18.87)
e

Outside the ergosphere, i.e. for r > rg,,
gt <0, 9o > 0, therefore w_ <0 and wy >0. (18.88)

Thus, outside the ergosphere a stationary observer can be either co-rotating or counter-
rotating with the black hole. Conversely, in the ergoregion, where ry <r <rg,,

git >0, 9pp > 0, therefore ~ w_ >0 and wy >0: (18.89)

a stationary observer in the ergosphere does necessarily corotate with the black hole.

18.7 THE SINGULARITY OF THE KERR SPACETIME

The Kerr spacetime has a curvature singularity on the surface

Y =r>4a%cos? =0, (18.90)

ie. for r = 0 and 8 = 7/2. Remarkably, the spacetime is not singular for r = 0 and
0 # 7/2, since in this case ¥ # 0 and — as we are going to show — the metric has just
a coordinate singularity. This may come as a surprise: in flat spacetime (or even in the
Euclidean space) when polar coordinates are used, and in the Schwarzschild spacetime,
r = 0 is a single point, regardless of the values of the angular variables. The behaviour of
the Boyer-Lindquist coordinates (r, 6, ) near » = 0 (and of the Kerr coordinates (r,6, @)
as well) is quite different: the properties of the r ~ 0 region depend on the values of the
angular coordinates.

18.7.1 The Kerr-Schild coordinates

In order to understand the structure of the singularity at (r,0) = (0,7/2), we need to intro-
duce the so-called Kerr-Schild coordinates. Let us start with the metric in Kerr coordinates
(t,r,0,p), given in Eq. 18.57:

ds* = —dit* +dr? +Xd0* + (r* + a®)sin® 0d@* — 2a sin® Odrdp
2Mr , _
+Tr(dt +dr — asin? 0dg)? . (18.91)

The Kerr-Schild coordinates (¢, z,y, z) are defined by
x = +/r2+a’sinfcos (@ + arctan 9) (18.92)
r
y = 12+ a?sinfsin (cﬁ + arctan Q)
r

z = rcosf.
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The metric expressed in these coordinates will be derived in the next section; here we use
this frame to describe the Kerr spacetime near the singularity.

In Figs. 18.2 and 18.3 we respectively show the r = const and the 8 = const surfaces
in the (f,z,y,z) frame. Here, for the purpose of visualization, (z,y,2) are represented as
Cartesian coordinates in the three-dimensional Euclidean space, and (r, ) are considered
as functions of (z,y, z). The surfaces shown in these figures are ellipsoids and hyperboloids,
respectively. Indeed, from Eqgs. 18.92 we get

2+ = (r*+ad*) sin?0 (18.93)
22 = r?cos?0,
hence
24y 22

77‘2 n a2 —+ ﬁ = 1’ (18.94)

therefore, the surfaces with constant r are ellipsoids, shown in Fig. 18.2. Likewise, since

Figure 18.2: r = const ellipsoidal surfaces in the Kerr-Schild frame. The shadowed disk is the
r = 0 surface.

$2 + y2 22

a?sin’@  a?cos? 0

1, (18.95)

the surfaces with constant 6 are hyperboloids, shown in Fig. 18.3. Strictly speaking, the
f-constant surfaces are half-hyperboloids. Indeed, since z = rcosf (see Eq. 18.92), z > 0
for 0 < 0 < 7/2 and the surfaces § = const correspond to the upper half-hyperboloids;
conversely, z < 0 for 7/2 < 6 < 7, and the surfaces § = const correspond to the lower
half-hyperboloids.

It should be noted that for r sufficiently large the r, 8 coordinates behave like ordinary
polar coordinates. However, near the black hole they behave differently: for » = 0 and
0 < 0 <7 Eq. 18.93 describes a disk of radius a in the equatorial plane

22 +y? =a’sin’, 2=0, (18.96)

thus r = 0 is not a single point, it is a disk. Each value of 6 corresponds to the circle
22 +y% = a®sin? 0 < a2, which is the intersection of the r = 0 disk with the half-hyperboloid
corresponding to that value of 8. In particular, the singularity

r=0 0=-= (18.97)

corresponds to the ring
2?+y?=d?, 2=0. (18.98)
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Figure 18.3: 6 = const half-hyperboloidal surfaces in the Kerr-Schild frame; the upper (lower)
branch of each hyperboloid corresponds to 0 < § < w/2 (w/2 < 6 < 7). The thick ring represents
the r =0, = 7/2 singularity, and the disk inside the ring corresponds to r =0, 6 # 7/2. The
equatorial plane outside the thick ring corresponds to r >0, 6 =7/2.

On this ring 3 = 0, and the Kretschmann scalar diverges (see Sec. 9.3). Therefore ¥ = 0 is
a true singularity of the Kerr spacetime and it is called ring singularity.

The interior disk r = 0, § # 7/2 is instead a coordinate singularity in the Boyer-
Lindquist and in the Kerr coordinates; indeed, when a timelike or null geodesic crosses the
disk, the coordinate 6 has a discontinuity (# < m/2 on the top, 6 > /2 on the bottom).
This coordinate singularity can be removed in the Kerr-Schild coordinates by extending the
Kerr metric, as will be discussed in Sec. 18.8.1.

18.7.2 The metric in Kerr-Schild’s coordinates

Let us define the quantity o = arctana/r. Since tan? a = a?/r?, it follows that r?sin? o =

2 2 o and a® sin? a to both sides of this expression we get

a? cos? a. Adding 2 cos
r = Vr2+a?cosa,

a = Vr?4+a?sina, (18.99)

respectively. Therefore, rewriting Eq. 18.92 as

x = sinfvr?+ a?(cos @cosa — sin @sin «) (18.100)
y = sindv/r2 + a?(sin @ cos a + cos @sin )
z = rcosf
we find
x = sinf(rcosg — asin@) (18.101)
= sinf(rsin@ + acos @)

z = rcosf.
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By differentiating these expressions

dr = cosO(rcosg — asin@)df + sin 6 cos pdr — sinf(r sin g + acos p)dp (18.102)
dy = cosf(rsing + acos@)df + sin 6 sin @dr + sin §(r cos  — asin @)d@
dz = —rsinfdf + cosfdr,

then

dz? + dy* + dz* dr® + (r*sin® @ + (r* + a®) cos® 0) d6” (18.103)
+(r? 4 a?) sin? 0d@? — 2sin® fadrdp
= dr’ + 2dh* + (r* + a?) sin? 0d@® — 2asin® Odrdg .

Thus, the metric in Eq. 18.91 can be written as the Minkowski metric plus the term

2Mr ,
"(dE + dr — asin?0dg)?. (18.104)
Since
a’z?

Y =r*+a’cos?f =1+ ot (18.105)

the factor 2Mr /¥ is easily expressed in the Kerr-Schild coordinates:

2Mr 2M 13
= . 18.1

b rd + a2 (18.106)

The one-form dt + dr — asin® #d@ is more complicated to transform. We will prove that

r(xdx + ydy) — a(xdy — ydz) n zdz

dt + dr — asin® 0dg = dt 18.107
+ dr —asin © + 2 1 a2 , ( )
First of all, let us express the differentials in Eq. 18.102 as
0
dr = C_OS xdf + sin 6 cos @dr — ydp (18.108)
sin 6
0
dy = C_OS ydf + sin 0 sin @dr + xdp
sin 6
dz = —rsinfdf + cosfdr.
We have
cosf, 5, 4 . _ N
zdr +ydy = m(m +y*)dO + sinO(x cos @ + ysin @)dr (18.109)

= sinfcosf(r? + a?)dd + sin? Ordr

ydr —xdy = —(x? + y?)d@ + sinO(y cos  — xsin @)dr
= —(r? + a?)sin® 0d@ + sin® fadr

zdz = —r?sinfcosOdb + rcos® Odr ,
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then
a zdz

—— + (ydr — xdy) 55— + — (18.110)

d d
(xx+yy)r2+a r2+a* 7

2

= (T sin 0 cos 6d6 + % sin® Hdr)
r“ 4+ a

2
+ (—a sin? 0d@ + % sin? 9dr> + (—7“ sin 6 cos 0df + cos> Hdr)
r“+a
=dr — asin®Adg,
which proves Eq. 18.107. The Kerr metric in Kerr-Schild coordinates is then

ds* = —di* +daz* + dy® + dz2? (18.111)
2M 73 _ r(zdz + ydy) — a(zdy — ydx) = zdz 2
S ldi+ +==
r4 + a?2? r2 +a? r

The above metric depends on a function r(x,y, z), which is defined implicitly by
= (@ + 2 —a?)r? —a?2? =0, (18.112)
Indeed, by combining Eqgs. 18.93 we find 72 — (22 + y? + 22 — a?) = a®cos? 0§ = 22a?/r?,

which is equivalent to Eq. 18.112.
Note that the metric 18.111 has the form

Guv = Muw + Hll (18.113)
with ,
2Mr

and, in Kerr-Schild coordinates,

_ d dy) — dy — yd d
ldat = — (dt+ rlzds +ydy) — aledy - ydz) “) , (18.115)
r“+a r
while in Kerr coordinates
lodz® = —dt — dr + asin® 0dp = —dv + asin® 0dg ; (18.116)

thus [, is exactly the null vector given in Eq. 18.52, i.e. the generator of the principal null
geodesics which have been used to define the Kerr coordinates.

18.8 THE INTERIOR OF AN ETERNAL KERR BLACK HOLE

While the Kerr metric describes the exterior — i.e., the region outside the outer horizon
r = r4 — of a stationary, astrophysical black hole formed in the gravitational collapse of a
star or in the coalescence of compact bodies, it cannot describe its interior, i.e. the region
r < ry (see also Sec. 9.5.4). Strictly speaking, the Kerr metric (which includes the external
and the internal regions) describes an eternal Kerr black hole, i.e. one which exists for
t € (—00,4+00). In this section we shall discuss some peculiar properties of the interior of
an eternal Kerr black hole, in particular of the region close to » = 0. In reality, the interior
of an astrophysical black hole is not empty but contains the matter fields that underwent
the gravitational collapse. This might change the inner structure significantly and resolve

some of the potential pathologies that we are going to discuss®.

5The curvature singularities that exist in the Schwarzschild and Kerr metric are not a prerogative of these
solutions. Indeed, a remarkable series of results due to Penrose and Hawking — the so-called “singularity
theorems” — show that in General Relativity curvature singularities emerge generically as the outcome of a
gravitational collapse (see [57] for a rigorous discussion).
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18.8.1 Extensions of the Kerr metric

Let us consider the metric in the Kerr-Schild coordinates {¢, z,y, 2z} (Eq. 18.111)

ds? = —df* +dz*+dy? + d2? (18.117)
oMr® [ r(eds + ydy) — a(edy — yd dz]?
- r22dt+r(xa: yyg agxy y:v)_’_g
r*+a“z r“+a r

The function r(z,y, z) is given by Eq. 18.112 which, for each value of z,y, z, has two real
solutions (besides two unphysical complex conjugate solutions), one positive and one neg-
ative. We could be tempted to discard the r < 0 solution as unphysical, but in this way
— although the coordinates {,z,y,z} are continuous across the disk 7 = 0, § # 0 — the
coordinate singularity on the disk would not be removed, as we are going to show.

Let us consider, for simplicity, the x = y = 0 submanifold, where the metric 18.111
reduces to

a2z? r

oMr® [ zdz]?
ds® = —df? + d22 + % [dt + ”} : (18.118)

and Eq. 18.112 reduces to r* — (22 — a?)r? — 22a% = 0, whose solutions are 7(z) = +z. If we

require that the radial coordinate is positive, r = |z| and Eq. 18.118 becomes

ds® = —di®> + dz% +

2M 2
12 [ Zdz} : (18.119)

dt + —
22 +a? + |2]
which is continuous but not differentiable at z = 0. A computation of the Christoffel symbols
shows that I'Z is discontinuous across the disk and thus, for a timelike geodesic with tangent

Iz . . 2 . .
vector %\ crossing the disk, jTi would also be discontinuous.

These problems arise because we have forced r to be positive, but there is no fundamental
reason for this assumption. If we allow r to have negative values, when an observer crosses
the disk the coordinate r changes sign. For instance, in the x = y = 0 submanifold, we can
choose the solution r = z of Eq. 18.112 along the entire axis. The metric in this submanifold

is then
Mz

ds? = —dB® + dz? + [df + dz)? | (18.120)

22 + a?
which is regular at z = 0. Note that this choice also “cures” the discontinuity of dr/dA
across the disk, and the discontinuity of §(\) as well, since (given z = rcos) 6§ = 0 along
the entire axis.

In order to extend the spacetime across the » = 0 disk we have to consider a manifold
formed by at least two copies of the spacetime described by Eq. 18.111: one with r > 0, the
other with » < 0. The r < 0 spacetime is also asymptotically flat, but it has no horizons. If
the top of the disk of the r > 0 spacetime is identified with the bottom of the disk with r» < 0
spacetime and vice versa (see Fig. 18.4), the worldlines crossing the disk move from one copy
to the other. In this way, the metric is regular across the disk, and the coordinate singularity
is removed 6. Note, however, that there is no reason to assume that two observers in the
r > 0 spacetime, one crossing the disk from the top, the other from the bottom, reach the
same 1 < 0 spacetime, as in Fig. 18.4. A larger spacetime would consist of different copies
of the same manifold, such that the two observers crossing the disk from different sides end
up in different » < 0 manifolds.

This is not the maximal extension of the Kerr metric. A detailed analysis of geodesic

SThis extension is analogous to the extension of the complex plane to Riemann surfaces for the repre-
sentation of multi-valued functions of a complex variable.
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Y=5/6m >0 <0 Y=5/6m

Figure 18.4: Two copies of the spacetime, one with r > 0, one with r < 0, are patched together,
identifying the top of the r > 0 disc with the bottom of the r < 0 disk, and vice versa. The r > 0
spacetime contains the r = r+ horizons. An observer enters in the disk from the top of the r > 0
space and emerges from the top of the r < 0 space.

Figure 18.5: Schematic representation of the maximal extension of the Kerr metric, along the
0 = 0 axis. The dashed hyperbolic curves correspond to » = 0. We indicate with I the exterior of
the black hole, with II the regions between the inner and outer horizons, with III the inner regions,
which include the center of the r = 0 disk and the asymptotically flat region with r < 0. The solid
lines represent two timelike observers escaping to different asymptotically flat spaces.
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completeness — which is extremely involved and would go far beyond the scope of this book,
see e.g. [57] — shows that if we require that the spacetime is inextendible, i.e. that all timelike
or null geodesics either hit the ring singularity, or can be extended to arbitrarily large values
of the affine parameter (see Box 9-C and Sec. 9.5.4), we have to patch together an infinite
number of spaces like those in Fig. 18.4. Here we only describe the maximal extension of
the x = y = 0 submanifold, i.e. of the § = 0 axis. The structure of this spacetime is shown
in Fig. 18.5, where the regions I,IL,III correspond to:

I ry <r<4oo (exterior of the black hole, asymptotically flat)
I r— <r<rg (where the r = const. surfaces are spacelike)
7 —o00 < r <r_ (contains the asymptotically flat space with r < 0).

The dashed hyperbolic curves correspond to r = 0. Note that, as in the Schwarzschild
spacetime (see Sec. 9.5.4), the outer horizon r = r; in the future of region I is crossed
inwards by timelike and null worldlines, which also cross inwards the inner horizon r = r_
in the future of regions I and II.

Remarkably, in this spacetime an observer can travel through different asymptotically
flat regions. This is different from the maximal extension of the Schwarzschild spacetime
discussed in Sec. 9.5.4, where the observers falling in the black hole necessarily hit the
singularity, and the two asymptotically flat regions (indicated as I and IV in Fig. 9.10) are
causally disconnected. In the maximally extended Kerr spacetime, instead, once an observer
crosses the inner horizon and enters in region I1II, (s)he can either cross the disk r» = 0, and
escape to the asymptotically flat region 7 < 0 (trajectory 1 in Fig. 18.5), or move outwards *
and cross the inner horizon again (trajectory 2 in Fig. 18.5). In this case the observer, after
leaving region I1I, would enter into a different copy of region II, where (s)he can keep moving
to increasing values of r, and finally enter into a different copy of region I.

This fascinating structure, however, is unlikely to be realized in actual astrophysical
objects. As we noted at the beginning of this section, the Kerr metric and its extensions
only describe eternal black holes (similarly to case of the Schwarzschild metric in Kruskal’s
coordinates discussed in Sec. 9.5.4). In an astrophysical black hole formed in a gravitational
collapse or in the coalescence of compact bodies, the region I cannot receive signals from
the region II, because these signals would come from t — —oo, when the black hole was not
born yet. This prevents the formation of the multiple copies shown in Figs. 18.4 and 18.5.

Moreover, it has been shown that the inner horizon = r_ is unstable: a small perturba-
tion produced by mass accretion would grow up [94], potentially leading to drastic changes
in the structure of the r < r_ region. However, the nature of this instability is still unclear
(see e.g. [15] or, more recently, [39]).

18.8.2 Causality violations

Let us consider a curve v on the equatorial plane, consisting in a ring just outside the
curvature singularity ring, in the spacetime with r < 0:

v {f: const, r = const, 0 = g, 0<g< 27r} with |r| < M, r <0. (18.121)
The curve v belongs to region III of the black hole, and can be reached by an observer from
positive, large values of r who crosses the two horizons, passes through the r = 0 ring, and
turns around it up to the z = 0 plane, just outside the ring (see Fig. 18.6).

"We remind that in region III the r = const surfaces are timelike and can be crossed in both directions.
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The tangent vector to the curve 7 is the Killing vector m, and its norm is

2M 2Ma?
mim’ g, = gap = (r° + a®) sin® 6 + TTaQ sin0 =12 + a2 + —— (18.122)
T

where we used Eq. 18.53 evaluated in § = 7/2. Since r < 0 and |r| < M, the term
2Ma?/r is negative and dominates the others, therefore m*m”g,, < 0. The curve 7 is
then a timelike curve, and can be interpreted as the worldline of an observer; however, it
is a closed curve and its existence may violate causality: the observer moving on a closed
timelike curve (CTC)® would meet him-/herself in its own past. However, it has recently
been argued that this paradox might be resolved including thermodynamical considerations;
a causality violation would require not only a particle, but a thermodynamical system —
for instance, a clock keeping track of time — meeting itself in its own future (for details see
[101]). There are reasons to believe that in a rotating black hole born in a gravitational

Figure 18.6: Closed timelike curve in Kerr spacetime.

collapse or in a compact binary coalescence, the structure of the ring singularity (and then
the occurrence of CTCs) would be destroyed by the presence of the matter and/or by the
instability of the inner horizon. However, there is no clear proof that this is the case.

A possible point of view to interpret these troublesome features of Kerr’s spacetime is
that causality violations, together with the existence of singularities, are inconsistencies of
the theory of General Relativity, which would disappear once a more fundamental theory
unifying General Relativity with Quantum Mechanics will be discovered (see footnote 8
in Chapter 9). Indeed, quantum gravity effects are expected to be significant near the
singularities.

A different point of view is that these features are not problematic since they can not
be observed, because they are hidden behind horizons. This is a further motivation for the
cosmic censorship conjecture discussed in Sec. 9.5.4.

18.9 GENERAL BLACK HOLE SOLUTIONS

When a black hole forms in the gravitational collapse of a sufficiently massive star or in
the coalescence of compact binaries, the violent oscillations that follow are damped by
gravitational wave emission and by other dissipative processes. We expect that, after some
time related to the damping time of the black hole quasi-normal modes (see Chapter 15),
the newborn black hole settles down to a stationary configuration.

8The occurrence of closed timelike curves was first found by Kurt Gédel in an exact solution of Einstein’s
equations, which is considered to be unphysical.
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In addition to the Schwarzschild and Kerr solutions, there exists a stationary, axisym-
metric solution of the Einstein-Maxwell equations® known as the Kerr-Newman solu-
tion [85]; the metric, in the Boyer-Lindquist coordinates, is

ds®> = —%(dt — asin® 0dp)? + sin” 0 ladt — (r? + a®)dp]? + %drz + Xdo?,
(18.123)
where
A(r) = r?—2Mr+a®+Q?, (18.124)
Y(r,0) = r*+a’cos?d,

and Q is the black hole electric charge; here we have used units '° such that 47eg = 1 (see
also Box 18-B). It is easy to check that if @ = 0, the solution 18.123 reduces to the Kerr
metric.

In the case of zero spin, a = 0 and the Kerr-Newman solution reduces to the Reissner-
Nordstrém solution,

oM Q? oM | Q*\ !
ds® = — (1 -4 Q) dt? + (1 -t %) dr® + r2dQ? (18.125)

r 72

which describes a spherically symmetric, electrically charged black hole in Einstein-Maxwell
theory. However, as discussed in Box 18-B, the charge of astrophysical black holes is expected
to be negligibly small and therefore astrophysical black holes are perfectly described by the
Kerr solution.

There are some remarkable theorems [100] on stationary black holes, derived by S.
Hawking, W. Israel, B. Carter, and others, which prove the following:

e A stationary, asymptotically flat black hole must be axially symmetric (while, as we
know from Birkhoff’s theorem, a static black hole is necessarily spherically symmetric).

e Any stationary, asymptotically flat black hole, with vanishing electric charge, is de-
scribed by the Kerr solution.

e Any stationary, asymptotically flat black hole is described by the Kerr-Newman so-
lution, and it is therefore characterized by only three parameters: the mass M, the
angular momentum alM, and the charge Q.

Besides the mass, angular momentum, and electric charge, all other features that a star
possessed before collapsing, such as a particular structure of the magnetic field, departure
from axisymmetry, matter currents, differential rotation, etc., disappear when the final black
hole forms. This result, which goes under the name of no-hair theorem, has been nicely sum-
marized with the sentence: “A black hole has no hair’ 1.

9The equations which couple the electromagnetic field to gravity can be derived from a variational
principle, as shown in Chapter 7, by adding Maxwell’s action to the Einstein-Hilbert action.

10Tn geometrized (G = 1) and unrationalized Gaussian (4mep = 1) units, the ratio Q/M is dimensionless.

HThe quote is attributed to John Archibald Wheeler who, in turn, attributed it to Jacob Bekenstein.
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‘

The charge of astrophysical black holes

Astrophysical black holes are considered to be electrically neutral as a consequence of
various physical processes: quantum discharge effects, electron-positron pair produc-
tion, and charge neutralization by astrophysical plasmas. Without entering into the
details, these arguments rely — one way or another — on the huge charge-to-mass
ratio of the electron. The simplest argument is purely kinematical. Let us consider a
black hole with mass M and electric charge ) and a low-energy electron in radial mo-
tion with a small, initial radial velocity. For the electron to be absorbed by the black
hole, the magnitude of the electric (Coulomb) force

Qe

Amegr?

Fe (18.126)

(here €q is the vacuum dielectric constant) must be smaller than the gravitational force
(we use a Newtonian approximation for the sake of simplicity)

GMm,
Fy = o (18.127)
The condition F < Fy implies
eQ < 4dmegGMm, . (18.128)

Note that the quantity v/4megGM has the dimensions of a charge. It is convenient to
use geometrized (G = 1) and unrationalized Gaussian (4mweg = 1) units, in which the
charge-to-mass ratio is dimensionless. In these units 1 C = 1.16 x 10'® g and the charge
of the electron is (see Table A) e = 1.602 x 10719 C ~ 2x107¢ g ~ 2 x 10?*m,. Thus,
Eq. (18.128) can be written as

Q

me —22
i < c ~ 5 x 10 . (18.129)
Therefore, due to the tiny mass-to-charge ratio of the electron, the dimensionless pa-
rameter (Q/M is extremely small.
Similarly to the spin parameter of a Kerr black hole (which is limited by |a|/M < 1)
also the charge of a Reissner-Nordstrém black hole is limited, Q?/M? < 1. For Q = M
the black hole is said to be extremal, whereas for Q > M there is no horizon and
a naked singularity appears. In the /M < 1 limit one recovers the Schwarzschild
solution and Eq. 18.129 implies that () must be negligibly small in units of the black
hole mass.
The above argument does not apply if the initial radial velocity of the electron is very
large. However, more sophisticated arguments (e.g. charge neutralization by surround-
ing plasma) show that — even when the electrons have large velocities — the charge of
astrophysical black holes is always incredibly small and can be neglected.
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CHAPTER 1 9

Geodesic motion in Kerr’s
spacetime

In this chapter we shall study the geodesic motion of massive and massless particles in Kerr’s
spacetime. We shall only consider the motion outside the outer horizon (r > r4 in Boyer-
Lindquist coordinates), because this is the region relevant for astrophysical observations.

We shall look for a set of four algebraic equations for the components of the particle
four-velocity, i.e. of the tangent vector to the geodesic

w2 — s

utt = - =t (19.1)
where A\ is the affine parameter. These equations can be integrated to find the worldlines
() of massive and massless particles in a closed form, in terms of integrals of functions

of the coordinates.
As discussed in Sec 18.3, the Kerr metric admits only two Killing vector fields k=
% ,m = %; we shall show that, as in the Schwarzschild case, two algebraic equations for ¢
and ¢ can be found by exploiting these spacetime symmetries and the associated constants

of motion F and L. In addition, an algebraic equation for 7 can be obtained from
guut'u’ =K, (19.2)

with Kk = —1 or kK = 0 for timelike and null geodesics, respectively.

In the Schwarzschild case, a fourth equation was provided by the planarity of the orbit:
in Sec. 10.2, assuming that (A = 0) = § and that (X = 0) = 0, we showed that § = 0 along
the entire particle trajectory, i.e. the orbit is planar; due to the spherical symmetry, this
property is generic, since we can always rotate the spatial frame and make an arbitrarily
oriented initial velocity coincident with the initial conditions mentioned above, leaving the
metric unchanged.

Since the Kerr spacetime is axisymmetric the orbits are generically non-planar; the only
orbits which are planar are those along the rotational axis with initial velocity parallel to
it, and those which start in the equatorial plane with 9()\ = 0) = 0. In this case a rotation
of the spatial frame would not leave the metric unchanged; therefore, at variance with the
Schwarzschild case, these orbits are not generic and are restricted to the equatorial plane.

However, there exists an additional constant of motion, the Carter constant, which, as we
shall show, is crucial to find algebraic equations for 7 and 6. The existence of this constant,
which is not associated to Killing vectors, is a highly nontrivial property featured by the
Kerr metric.

We shall derive the geodesic equations in the general case using the Hamilton-Jacobi

421
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approach, and show how the Carter constant emerges in this framework. The resulting
equations are quite complicated and need to be solved numerically. Since the equations on
the equatorial plane are much simpler, we shall discuss them in detail, in particular for null
geodesics. A more detailed discussion of the non-equatorial geodesics of the Kerr metric can
be found in Chandrasekhar’s monograph [34].

In the following we shall use Boyer-Lindquist’s coordinates and write the Kerr metric
as (see Sec. 18.2)

dr?

oM
ds®> = —dt? + % <A + d02> (2 + a?)sin® fdp? + T

(asin?@dp — dt)?,  (19.3)

where we remind that A = 2 — 2M7r + a? and ¥ = r2 + a2 cos? 6.

19.1 THE EQUATIONS FOR # AND ¢

In Sec. 18.3 we showed that, since the spacetime is stationary and axisymmetric, geodesic
motion is characterized by two constants

E=—-u'k,=-w L=u'm,=u,, (19.4)

where k and 1 are the two Killing vector fields. From these, using Egs. 18.11, we find

2MrY\ . 2M
E = —gyut=(1-220) i+ 2 asin?0 ¢, (19.5)
z z
M . 2Mra®
L = g,ut'=— Tasin20t+<r2+a2+;asin29>sin29<p.

These equations can easily be solved for # and ¢; let us define

2Mr

A = —0gtt — 1— > y (196)
2M
B = —g,= e sin? 6,
2Mra?
C = gpp= <r2 +a? + %sin2 9> sin?@,
and write Egs. 19.5 as
E = Ai+ By, (19.7)
L = —-Bt+Cy. (19.8)
Furthermore,
AC + B* = —g11gpp + gt%p = Asin? 6 (19.9)
as shown in Eq. 18.14. Therefore,
. 1
t = ———(CE-BL 19.10
Asin® 0( ) ( )
1 5 o  2Mra® 2Mra
—A{<r+a+ EsmHE EL7
1 1 2Mr L 2Mra
pb = ———(AL+BE)=—||1- + E|.
7 Asin29( ) A {( by )sin29 by ]

These are algebraic expressions for £ and ¢ in terms of the two constants of motion, £ and
L, and of the coordinates.
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19.2  THE EQUATIONS FOR 7 AND §

We now look for algebraic expressions for the components 7 and 6 of the particle four-
velocity. To this aim, it is convenient to use the Hamilton-Jacobi approach which we shall
briefly review.

Given the Lagrangian of the particle (see Sec. 10.1)

1
L(xH, i!) = §gwdﬁ”s&” (19.11)

and given the conjugate momenta !

or y
Pu = @ =4 , (1912)

which coincide with the covariant components of the four-velocity u* = z#, i.e.
u" = g"p, (19.13)

we can define the Hamiltonian of the particle

) ) 1.,
H(z",p,) = p,a*(py) — L (z", 3" (py)) = 59“ Puby - (19.14)

Since, as shown in Sec. 10.1, the geodesic equations are equivalent to the Fuler-Lagrange
equations for the Lagrangian 19.11, they are also equivalent to the Hamilton equations

P (19.15)
Op,

. OH

P =

Solving Eqgs. 19.15 presents the same difficulties as solving Euler-Lagrange’s equations.
However, in the Hamilton-Jacobi approach the existence of a further constant of motion
emerges quite naturally, as we shall now show.

We look for a function of the coordinates and of the parameter A on the curve,

S =Sz, N (19.16)

which is the solution to the Hamilton-Jacobi equation

oS 08
no _— =
H (:c ’8xl‘> + Y 0. (19.17)

If the solution .S depends on four independent constants of motion, it is called a complete
integral. It can be shown that, if S is a complete integral, then

25

Therefore, once Eq. 19.17 is solved, the expressions of the conjugate momenta (and of
a#) follow in terms of the four constants, and allow to write the solutions of the geodesic
equations in closed form, in terms of simple integrals.

INot to be confused with the four-momentum of the particle.
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In order to find the complete integral of Eq. 19.17, we can exploit the three constants
of motion we already know, i.e.

1 1
H = 59"pupy = 5k = const (19.19)
pt = —E =const
p, = L =const.

It is convenient to write S as
1
S = —iﬁx\—Et—FL(p—FS(re)(T, 9), (19.20)
where S"? is a function of r and # to be determined. Indeed, in this way Eq. 19.18 is
automatically satisfied for u = t, ¢, and
05 _
ox
which is consistent with Eq. 19.17, with H = /2.
We look for a separable solution, SU% (r,0) = ST (r) + S (), therefore 2

1
—3h (19.21)

1
S=—5rA=Bt+ Lo+ ST (r) + 59 9). (19.22)

By substituting Eq. 19.22 into Eq. 19.17, and using the expression 18.16 for the inverse
metric, we find

95 95 A (dS(T)>2 1 <ds<9>>2
B by

ozt Oxv Rt b dr df

(19.23)
2 2 w12
a® ., 5  4Mra A —a”sin“f ,
0| E° + EL + L“=0.
St ] YA YAsin? 0

Using the relation 18.64 which we rewrite for convenience

2Mra?
(r* +a®) + 2 sin?0 = [(r* +a®)? — a®sin® 0A] | (19.24)

M| =

and multiplying by £ = 72 + a? cos? 6, we get

a2 ds©O\ 2
(02 22
K(r® + a“ cos® §) +A< = ) + ( p7] ) (19.25)

(r’+a%)? 5 ., o 4Mra 1 a®\
S TYT 2sin?e| B BL+(——-%)12=0
{ A @ * A * sin? A ’

i.e.

SN 2 2 22 AM 2
A( - ) R ”LAG Vg y AmELf “ZL2 (19.26)

1
— 12
sin? 6

dS(0) 2
= —( 20 ) + rka®cos? 0 — a’sin? OE? —

2This assumption will be verified a posteriori, once we show that a solution in this form satisfies the
Hamilton-Jacobi equation.
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Eq. 19.26 can be rearranged by adding to both sides the constant quantity a?E? + L?:

dsm? (r? +a?)? 4Mra a?
A — kr? — E? EL — —L?*+a?E*+ L? (19.2
( = > KT A + A A +a*E* + L* (19.27)

dsON 2 20
= —( 20 > —|—na200829+a200529E2—Z?erLz.

In Eq. 19.27, the left-hand side depends only on 7, whereas the right-hand side depends
only on 6; this equation is satisfied only if the right- and the left-hand sides are equal to
the same constant C, named the Carter constant after its discoverer Brandon Carter [30].
Therefore we get

ds®\* 1
< b7 > —cos?h {(n + E%a? — — €L2 =C (19.28)
(r)\ 2 2, 2\2 AM 2
A(d‘z > RN Z‘” E? 4 A”EL-%LME%MB
T

s\ ? 1 >
- A( - > fmﬂer(LfaE)z—Z[E(r2+a2)fLa] =—C.

Note that in rearranging the terms in the last two lines, we have used the relation

72 + a2 daMr

~2aLE + 20LE—— = ————LE. (19.29)
If we define the functions R(r) and ©(0) as
0) = C+cos’h [(n + E?)a?* — — 12 L* (19.30)
sin” 0
R(r) = Alrr*—(L—aE)>-C]+ [E(r* +a®) — La]2 ) (19.31)
then
ds®\?
= 19.32
(50 o, o
s\’ R
( dr ) A2

and the solution of the Hamilton-Jacobi equation takes the form

1
S = _QKA—Et-i-L@—&—/\/AEdT—&—/\/@dH. (19.33)

Thus, the Carter constant C emerges as a separation constant and, together with E, L,
and k, allows to solve completely the geodesic problem in Kerr’s spacetime. We stress that,
unlike E and L, this constant is not associated to a spacetime isometry>.

Given the solution of the Hamilton-Jacobi equations depending on the four constants

3The existence of the Carter constant for the Kerr metric is associated with the so-called Killing-Yano
tensor, from which other geometrical properties of the spacetime can be derived. The existence of this tensor
is sometimes called a “hidden symmetry” of the Kerr metric.
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(k, E,L,C), it is possible to find algebraic expressions for the components f,é of the four-
velocity. Indeed, from Eqgs. 19.12, 19.18 the conjugate momenta squared are

pi = (30 =0(), (19.34)
2 \* R
2 “2)
v - ()1
therefore
6 = i%\/é, (19.35)
P %@, (19.36)

where the two choices + depend on the sign of the velocity along the angular and radial
direction, respectively. These equations, together with Egs. 19.10, are four algebraic equa-
tions for the components of the four-velocity u, and give the particle trajectory in terms of
simple integrals.

To integrate Egs. 19.35, 19.36 it is convenient to define a new variable A to parametrize
the geodesic, the so-called “Mino time” [84]:

d\ = Xd\ = (r? + a® cos? 0)d\ . (19.37)

In terms of this parameter the equations for r(\) and 6(\) are

dr

— = =+R(r). 19.38
i @ (19.39
N0

i

These equations, unlike Eqs. 19.35, 19.36, are decoupled: the equation for 7“(5\) depends only
on r, while the equation for #(\) depends only on 6. An important consequence of this
property is that for bound orbits, which satisfy R(r) > 0 in the interval r € [r1,rs] where

r1 and 7y are the turning points, and ©(f) > 0 in an interval 6 € [0y, 6], the functions 7(\)
and 6(A) are periodic:

r(\) = r(A+nA,) (19.39)

0(0) = O(\+kAg)

with n, k integer numbers and periods

™ dr % do
AT:2/ a0 A9:2/ <& 19.40
. VE ) Vo (19.40)

The orbits, still, are very complicated, since the periods in r and 6 are different, and ¢ is
not periodic at all: a generic bound orbit is very different from an ellipse. An example of
these trajectories is shown in Fig. 19.1 for the values of the constants £ = 0.969, L = 2.539,
C = 6.470.

19.3 EQUATORIAL GEODESICS

In this section we shall study the geodesic motion of a particle on the equatorial plane of
s

the Kerr metric in Boyer-Lindquist coordinates. Replacing 6 = % in Eq. 19.30 we find

&) (g) =C; (19.41)
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Figure 19.1: Example of a trajectory in Kerr’s geometry with a = 0.9M, in Cartesian coordinates
obtained from the Boyer-Lindquist coordinates (r, 0, ). The constants of motion are E = 0.969,
L =2.539, C =6.470.
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consequently, recalling that on the equatorial plane ¥ = r2, Eq. 19.35 gives
. 1
f=+-VC. (19.42)
r

Thus, among all geodesics starting on the equatorial plane, only those with C = 0 have
zero initial derivative along the # direction and remain on that plane at later times. As
discussed above, in the Schwarzschild spacetime, due to the spherical symmetry, it is pos-
sible to generalize the result to any orbit, and to prove that all geodesics are planar. This
generalization is not possible for the Kerr metric which is axially symmetric: in this case
only the equatorial geodesics with C = 0 are planar.

Let us now derive the equations for #,¢,7 for a geodesic on the equatorial plane.
Egs. 19.10 evaluated at § = 7 give

. 1 2Ma? 2M
i = {<r2+a2+ a >E QL] : (19.43)
A r r
1 2M 2M
o = Kl—>L+ aE} .
A r r
It may be noted that the quantities A, B and C, defined in Egs. 19.5, for § = 3 reduce to
2M
2Ma
B = _gt(p = ” s
2Ma?
C = gpp=r+ad>+ —

and Eq. 19.9 reduces to AC + B? = A. Moreover, replacing § = 7/2 in Eq. 18.12 we find
(r? +a?)? — a%2A

C= 2 (19.45)

The equation for 7 can be found by evaluating Eqgs. 19.31 and 19.36 for § = 5 and C =0
. R(r) 1 2

o= SP=o (AKTQ ~ A(L = aE)* + [E(? + a2) — La] ) (19.46)

KA

r2

= %2 (CE® —2BLE — AL?) +

This equation can also be derived from g,,u*u” = x (Eq. 19.2), using Eqs. 19.43, 19.44,
Grr =72/A and 0 = 0.
The polynomial P(E) = CE? — 2BLE — AL? has two roots

BL+ VBT ACL? L
Vi = ALY _ L <B + VZ) : (19.47)

C C
consequently, Eq. 19.46 can be written as
. C KA
72 = ﬁ(E7V+)(E7V_)+T—2. (19.48)
By defining
C KA
Vir) = S(E-V)(E-Vo)+ 5 (19.49)
r2 +a?)? — a’A KA
= ( T)4 (E_V+)(E_V*)+ r2
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(where we have used Eq. 19.45), we get
72 =Vi(r). (19.50)
Moreover, we can write Eq. 19.47 as

2Mar £+ 7‘2\/Z

Vi = .
+ (r2 +a?)?2 —a2A

(19.51)

In the Schwarzschild limit a — 0 and
L2A )
rd

Vi+V_xa—=0, V,V_— (19.52)

therefore, if we define V = -V, V_, Eqgs. 19.50 and 19.51 reduce to the equations discussed
in Sec. 10.2:

P KA LA oM L2
7 =E*—V(r), where V(r):fTTJr . 177 fﬁ+ﬁ , (19.53)

where we recall that kK = —1 for timelike geodesics and x = 0 for null geodesics.

19.3.1 Potentials for equatorial geodesics

In principle, when studying the potential of the radial equation given in Eq. 19.49 we have
four possibilities, corresponding to L positive and negative and a positive and negative. In
practice, the cases obtained by a simultaneous exchange of the signs of a and L,

a— —a, L——L, (19.54)

are equivalent; indeed the physical processes of interest are those with La > 0 or with
La < 0, in which the test particle is, respectively, corotating and counter-rotating with
the black hole. Note, however, that by changing the signs of a and L the potentials VL
interchange (V. becomes V_ and vice versa); to avoid this ambiguity, it is better to redefine
the potentials as follows

_ 2MLar + \L|r2\/Z
- (1"2 +a2)2 —a2A
With this definition the potentials V. and V_ are also invariant under the symmetry 19.54.
Moreover, the following inequality is always true:

Ve>V.. (19.56)

Vi (19.55)

In the following we shall assume a > 0. The case a < 0 can be obtained by changing the
sign of L, and using the symmetry 19.54.
In general, the following properties apply:

e V. vanish in the limit » — oo.

e V, and V_ coincide for A = 0, i.e. at the horizon
r=ry=M+VM? a2, (19.57)

2Mry La
V+(T+) = V— (T+) = (72 ++(L2)2 )
+

which is positive if La > 0 and negative if La < 0. Note that since the angular velocity
of the black hole is Qp = 2Mar, /(r? + a?)? (Eq. 18.67), then

Vi(ry)=V_(ry) =QuL. (19.59)

and
(19.58)
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e If La > 0 (corotating orbits), the potential V is positive definite; V_ is positive at
r, and vanishes when

VA =2Ma — r}(r? —2Mr +a?) = 4M?ad?, (19.60)
which gives
= 2M7r3 + a*r? — 4M?a® = (r — 2M)(r® + a*r +2Ma?) = 0; (19.61)

thus V_ vanishes at r = 2M, which is the location of the ergosphere on the equatorial
plane.

e If La < 0 (counter-rotating orbits), the potential V_ is negative definite and V., which
is negative at ry, vanishes at r = 2M.

e The study of the derivatives of Vi shows that both potentials, V; and V_, have only
one stationary point, which is a local maximum for V and a local minimum for V_.

In summary, Vi (r) and V_(r) have the shapes shown in Fig. 19.2, where the upper and
lower panels refer to the La > 0 and La < 0 cases, respectively.

19.3.2  Null geodesics

Let us consider a massless particle, say a photon, moving on a null geodesic on the equatorial
plane. In this case k = 0 and the radial equation 19.48 becomes
(r? +a2)? — a®A

== SR v (B - V). (19.62)

Since 72 must be positive, and given (r? + a?)? — a?A > 0 (Eq. 18.66), massless particles
can only move on those geodesics with constant of motion E which satisfies the following
inequalities

E<V_ or E>V,. (19.63)

Thus, the region V_ < F < V., corresponding to the shadowed region in the two panels of
Fig. 19.2, is forbidden.

In order to study the equatorial orbits allowed to massless particles, it is useful to
compute the radial acceleration. By differentiating Eq. 19.62 with respect to the affine
parameter \, we find

277 = V7 (19.64)

where the prime indicates differentiation with respect to r; using Eq. 19.49,

i = %V; = % (g) (E-V)(E-V.)— % VI(E-V)+V(E-Vy)]. (19.65)

Let us evaluate 7 in a point where the radial velocity 7 is zero, i.e. when E =V} or £ = V_:

o= = _%Vm@—v_) if E=V,, (19.66)
Po= :f%vﬁ(v,fw) if E=V_. (19.67)

Since
2|LIr’VA  2|LIVA
(r24+a2)2 —a2A  C

V-V = (19.68)
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Figure 19.2: The potentials Vi (r) and V_(r), for corotating (aL > 0, top panel) and counter-
rotating (aL < 0, bottom panel) equatorial orbits around a Kerr black hole with spin parameter
a = 0.9M. The shadowed region is not accessible to the motion of massless particles. rg4 is the
radius of the ergosphere on the equator, 6 = 7/2.
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the radial acceleration at these points is

LIVA
il r(v; if E=V,. (19.69)

We can now classify null, equatorial geodesics depending on the value of the constant of
motion E. Here we only consider the cases with £ > V.. The cases with £ < V_ (see
Eq. 19.63) will be discussed in Sec. 19.3.3. Moreover, we do not consider here the geodesics
with L = aF, which have special properties and will be discussed in Box 19-A.

Unstable circular orbits

. . _ e . .2 . 1ys
For circular orbits 7 = ryax, 7 =7 = 0 and, since 7* =V, 7 = SV,

Vo=0 V/=0. (19.70)

The first condition imposes E = V.. By differentiating the right-hand side of Eq. 19.62
with respect to r, a lengthy but conceptually simple computation yields

Vi 2(L —aE)(L(r —3M) 4+ aE(r 4+ 3M)

r 7‘4

=0. (19.71)

Excluding the special root L = aF discussed in Box 19-A, the solution of the above equation
is

L r+3M

Z gLl 19.72

E- Y 3M (19.72)
so that orbits with r» < 3M are corotating (aL > 0) whereas orbits with r > 3M are
counter-rotating (aL < 0). After some algebra, Eq. 19.72, together with E = V,, can be
cast in the following form

r(r—3M)* —4Ma* = 0. (19.73)

This is a cubic equation and therefore it has three roots. One root is always smaller than the
outer horizon and therefore can be discarded. We dub the two physical roots as r = ri g, with
i = 1,2, since they correspond to the light ring of the Kerr metric. Indeed, since at r = r{
both the radial velocity and the radial acceleration vanish, these are circular null orbits.
However, as can easily be verified by studying the second derivative of V;, all null circular
orbits are unstable, exactly as for the light ring at 7 = 3M in the Schwarzschild case (see
Sec. 10.4). The two roots of Eq. 19.73 can be most easily found by defining a = cos(¢/2) M,
where ¢ € [0, 7].

HR/M = 2—cos(¢/3) + V3sin(6/3), (19.74)
rI(JQP)L/M = 4cos(q5/6)2.

Note that r&% is a decreasing function of a such that 1 < 7’£11%/M < 3. Hence, from Eq. 19.72,

it corresponds to (unstable) null circular orbits corotating with the black hole. Conversely,

rﬁ% is an increasing function of @ such that 3 < rﬁ% /M < 4 and it therefore corresponds

to counter-rotating orbits. The dependence of Tr(jr){ on the spin of the black hole is shown in
Fig. 19.3. In particular,

ri? = 3M fora=0, (19.75)
r](JlP){ =M fora=M,

TI(JQF){ =4M for a = M .
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Figure 19.3: Location of the light ring of a Kerr black hole in Boyer-Lindquist’s coordinates as a
function of the spin. Continuous (dashed) curves refer to corotating (counter-rotating) orbits. We
also show the location of the outer horizon r; and the boundary of the ergoregion on the equator
(r = 2M). Note that at high spin some corotating circular orbits are within the ergoregion and
that rr = r+ = M when a = M.

Therefore, while for a Schwarzschild black hole the unstable circular orbit of a photon (i.e.,
the light ring) is at r = 3M, for a Kerr black hole it can be much closer to the horizon; in
particular, at high spin it can be inside the ergosphere and, in the extremal case a = M,
for corotating orbits ry.x = M coincides with the outer horizon, r,g = ry = M.

Particle capture

A photon falling from infinity with constant of motion E > Vi (rmax) and 7(c0) < 0 will
move towards the black hole with decreasing radial velocity up to rmax, and then with
increasing radial velocity, until it crosses the horizon (see Fig. 19.2); the number of turns it
makes around the black hole will depend on the value of L*.

Particle deflection

If the massless particle starts it motion with 7(c0) < 0 and 0 < E < V4 (Tmax), it reaches
the turning point where £ = V. (1) and 7 = 0. Since at the turning point V{ < 0, according
to Eq. 19.69 # > 0, i.e. the radial acceleration is positive. Therefore the particle reverses its
motion and escapes at infinity.

4Photons with E < Vi (rmax) can also be captured, as long as they are created near the black hole.
Assuming E > 0, a corotating photon (aL > 0) can be created in the region r4 < 7 < rmax if V4(r4) <
E < V4 (Tmax), while a counter-rotating photon (aL < 0) can be created in the region rg4 < 7 < Tmax if
O0< E< V+(Tmax).
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‘

Principal null geodesics in the equatorial plane

We shall discuss here the null equatorial geodesics with L = aE. By replacing L = aF
in Egs. 19.43 we find

.dt r?’4a® dp a
t=—= E p=—=—F 19.76
- A T T AT AT (19.76)
whereas Eq. 19.46 gives
2og o =T _ g (19.77)
dX ' ’

These geodesics coincide with the principal null geodesics discussed in Sec. 18.4.2 and in
Box 18-A, restricted to the equatorial plane, using, however, a different parametrization.
Indeed, rescaling the affine parameter as A = A\/E, we find

dz® r2 + a? a
— = ——,£1,0, — 19.78
d)\ ( A ) 9 ’A) ) ( )

which coincides with the tangent vector given in Eq. 18.27.
The angular momentum of the massless particle is L = aFE while the angular momentum
of the black hole is J = aM, therefore

L J
L_J4 19.
E M (19.79)

Thus, these geodesics have a special feature: the angular momentum per unit energy of
the particle and that per unit mass of the black hole coincide. Using Eqgs. 19.76, 19.77
we find

dt r? + a2
— =4 19.80
dr A ( )
the solution of which is
t = 47, + const, (19.81)
where r, is the tortoise coordinate of the Kerr metric, defined by
2 2
dre _r"ta” (19.82)

dr A
The explicit expression of r.(r) is
M?> =Ty M? r—1r_
(19.83)
We refer the interested reader to [34] for further details on principal null geodesics.

19.3.3 Energy of a particle in Kerr’s spacetime

So far we have assumed that the constant of motion E associated to the timelike Killing
vector is positive. In the following we shall discuss whether this quantity can take negative
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values. This will turn out to be useful to study the cases E < V_, which are formally allowed
by the condition 19.63.

In order to establish whether the constant of motion E can assume negative values, we
need to remind whether, and when, it can be related to the energy of the particle, following
the discussion in Sec. 10.3.

The energy of a particle is an observer-dependent quantity, and in General Relativity it
is defined by Eq. 10.32, which we rewrite here for convenience:

eW) = -9, U'p” = =U"p,, (19.84)

where p’ is the particle four-momentum, and U is the four-velocity of the observer. As
discussed in Sec. 10.3, the energy £(Y) measured by any observer U , which is also the
energy measured in a LIF comoving with the observer U , must be positive. On the other
hand, the constant of motion F is given by Eq. 19.4 and reads £ = —u;, where 4 is the
particle four-velocity.

Let us now consider a static observer in Kerr’s spacetime, with Uf;, = (1,0,0,0), located
outside the ergosphere, where such observer can exist. According to the definition 19.84, the
energy measured by this observer is £(Ust) = —p,. If the particle is massless we can always
parametrize the geodesic in such a way that p; = u;. Thus:

gW) = _p, = F. (19.85)

We conclude that for a particle which happens to be outside the ergoregion during its motion,
the constant E' can be interpreted as the particle energy measured by a static observer located
outside the ergosphere®. For such particles, orbits with negative values of E are not allowed
(see Sec. 10.3). Thus, referring to Fig. 19.2, corotating or counter-rotating orbits with F <
V_ impinging from radial infinity are forbidden, even though for such orbits 72 > 0 (see
Eq. 19.62).

Let us now consider a massless particle which starts its motion within the ergoregion,
i.e. between ry and rg4, and never crosses the ergosphere. In this region static observers
cannot exist; therefore we need to consider a different observer, for instance the ZAMO
introduced in Sec. 18.5, i.e. a stationary observer with L = u, = 0 and angular velocity on
the equatorial plane given by (see Eq. 18.65)

2Mar
Q= RO (19.86)

Since the ZAMO is a stationary observer, as explained in Sec. 18.6.1, its four-velocity is
Ul = const (1,0,0,9). (19.87)

The constant can be found by imposing g, U4U} = —1. Note that this constant must be
positive, otherwise the observer would move backwards in time (see discussion in Sec. 10.3).
The particle energy measured by the ZAMO is

% = —p, Ul = const (E — QL) (19.88)
where we remind that p, = (—E,p,, 0, L). Thus, the requirement & Z > 0 is equivalent to

E>QL. (19.89)

5Similarly, for massive particles E is the energy per unit mass as measured by a static observer outside
the ergosphere, i.e. £Ust) = —p, = mpE, where mp, is the particle mass.
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By comparing Eq. 19.86 with the expression of the potentials Vi given by Eq. 19.55, we
find that
Vo<QL <V, (19.90)
where the equal sign holds for A = 0, i.e. at the horizon. This implies that the null geodesics
with
E>V, (19.91)
satisfy the positive energy condition 19.89 and are allowed, whereas those with £ < V_ are

forbidden.
Thus, referring to Fig. 19.2:

e a corotating particle (La > 0) can move within the ergoregion only if the constant of
motion FE is positive and is in the range

V+(T’+) < FE< V_A,_(’I’max) . (1992)

If E > V4 (rmax) the particle can cross the ergosphere and escape at infinity.

e For counter-rotating particles (La < 0), since in the ergoregion Vj is negative the
requirement E > V (necessary and sufficient to ensure that £ > 0) allows for negative
values of the constant of motion E, provided

V+(7"+) = Vf(’f’+) <E<O0. (1993)

The consequences of this possibility will be discussed in Sec. 19.4.

It should be stressed that the fact that E is negative is not in contradiction with the
requirement that the particle energy must be positive. Indeed these two quantities
coincide only when the particle energy is measured by a static observer, but these ob-
servers cannot exist inside the ergosphere; the geodesics with E < 0 we are considering
never escape from the ergoregion.

19.3.4 Timelike geodesics

The study of equatorial, timelike geodesics is much more involved than the study of null
geodesics. Indeed, when k = —1, Eq. 19.46 can be written as

2=V, = %4 ([E(r2 +a?) —aLll’ = A2+ (L - aE)2D : (19.94)

and it does not allow for a simple qualitative study as in the null case. Therefore, here we
only report some results of a detailed study of the geodesic equations in this general case.
We refer the interested reader to [17, 34] for further information.
On a circular orbit
;=0 V! =0. (19.95)

These two equations can be solved for E and L and give [17]

3/2_2M 1/2:|: M1/2
E = . T vid (19.96)
r3/4 (r3/2 — 3Mr1/2 + aM1/?)
r2 F 2aMY/2p1/2 4 g2

(r3/2 — 3Mr1/2 £ aM'/?)

L = +M'Y/? (19.97)

172"

As discussed in Sec. 18.2 we can choose a > 0 without loss of generality, so that L > 0
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Figure 19.4: Location of the ISCO and of the light ring in the equatorial plane of a Kerr black
hole in Boyer-Lindquist coordinates as a function of the spin. Continuous (dashed) curves refer to
corotating (counter-rotating) orbits. We also show the horizon location and the boundary of the
ergoregion on the equatorial plane (r = 2M). Note that at high spin some corotating stable circular
orbits are within the ergoregion.

(L < 0) corresponds to corotating (counter-rotating) orbits. It is easy to see that the term
(r* F2aM'/2r1/2 4+ 4?) in the numerator of Eq. 19.97 is always positive when r > ry =
M + /M? — a2.% Therefore, the upper (lower) sign in Eq. 19.97 (and in the following
equations) corresponds to L > 0 (L < 0).

Furthermore, from Eqs. 19.96, 19.97 we see that circular orbits exist only if the denom-
inators in the expressions of E and L are real, i.e. if

32— 3Mrt/? + aM? >0, (19.98)

where the limiting case corresponds to infinite energy per unit mass, i.e. to a photon circular
orbit.

If we further require that the circular orbit is stable, we need to impose that Cf;Zr <0,
and this gives the following equivalent conditions

2
1—-E*>-—-M 19.99

25 M, ( )
r? — 6Mr + 8aM /?r/? — 342 >0,

or
T > T1SCO (19.100)

where rigco is the radius of the innermost (marginally) stable circular orbit, whose analyt-
ical expression reads [17]

rsco = M (3 Y ZoF (3 2)(3+ 71 + 222)]1/2) , (19.101)

6Indeed, the square of the inequality r — M > /M2 — a2 implies 72 4+ a® > 2Mr, and thus 72 —
2aMY/2¢1/2 4 a2 > 2Mr — 2aM/2r1/2 = 2/Mr(v/Mr — a), which is always positive because r > M > a.



438 M General Relativity and its Applications

where
a2 /3 a\1/3 a\1/3
Zi=1+ (1M2> [(1+M) +(1—M) } : (19.102)
o2 1/2

For a = 0, the two solutions corresponding to corotating and counter-rotating orbits coincide
and give risco = 6M, as expected (see Sec. 10.5); by increasing a, the ISCO moves closer to
the black hole for corotating orbits, and farther for counter-rotating orbits. In the extremal
case (a = M), the corotating ISCO coincides with the outer horizon, risco = r4 = M,
whereas the counter-rotating ISCO is at » = 9M. This behaviour is similar to that we have
already seen in the case of unstable circular orbits for null geodesics.

In Fig. 19.4 we show the locations of the innermost stable circular orbits for timelike
geodesics, together with the unstable circular orbits for null geodesics discussed in the pre-
vious section.
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‘

The shadow of a Kerr black hole

Earlier in Fig. 11.9 we showed the first direct radio image of a black hole, taken
by the Event Horizon Telescope Collaboration at the center of galaxy M87 [111].
Although spin measurements for this supermassive (M ~ 6.5 x 109 M) black hole
are not yet accurate enough, it is likely that this black hole is rotating, i.e. it is a
Kerr black hole. In this case, its shadow and radio image are more involved than
what was discussed in Sec. 11.5.

First of all, we remind that the shadow is the “silhouette” of the black hole, which
can be obtained by ray-tracing the photons emitted by a light source at infinity
and deflected by the black hole. On the other hand, Fig. 11.9 mostly shows the
radiation emitted by the accretion disk around the black hole. As discussed in
Sec. 11.5.1, a thin, equatorial accretion disk typically extends up to the ISCO,
whose location depends on the spin. As shown in Fig. 19.4, for highly-spinning
black holes the ISCO is closer to the horizon and therefore the radiation comes
from regions where the gravitational field is stronger and is more redshifted than
in the Schwarzschild case.

Furthermore, the spin breaks the spherical symmetry of the system. This implies
that the contour of the shadow is not spherical as in the Schwarzschild case. In
that case the profile of the shadow is a sphere of radius 3v/3M, which coincides
with the critical impact parameter of photons coming from a source at infinity. In
the Kerr case the shadow contour depends on the spin of the black hole and on ¢
the inclination angle of the observer relative to the black hole rotation axis [122].
In particular, due to the frame-dragging effect, the shadow is mostly distorted in
the plane orthogonal to the rotation axis.

Besides deforming the shadow, the frame dragging is responsible for a distortion
of the image of the accretion disk which also depends on the viewing angle. The
image shown in Fig. 11.9 is brighter in the south part. This effect is mostly due
to Doppler beaming of material that is rotating in the same direction of the black
hole, i.e. clockwise with respect to the celestial plane of the observer. Indeed, the
velocity of corotating material is higher due to the frame dragging, and therefore
the relativistic beaming of the emitted radiation is stronger in one direction relative
to the opposite one.

It is worthwhile to note that — owing to the opposite contributions of the frame
dragging and of the non-zero quadrupole moment of the Kerr metric — the shape
of the shadow depends much more mildly on the spin as compared to, e.g., the
ISCO. 1t is therefore quite challenging to measure the black hole spin through the
observation of its silhouette, whereas such measurement might be possible through
an accurate modelling of the accretion flow. Quantitative studies are based on so-
phisticated general-relativistic, magneto-hydrodynamical simulations and accurate
astrophysical modeling; the interested reader can find more details in [111] and in
the references therein.

19.3.5 Emission of light from the ergosphere

In Sec. 18.6 we mentioned that the ergosphere is sometimes called infinite redshift surface
because by definition ¢g;; = 0 when r = rg4. This might suggest that a signal is infinitely
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redshifted when emitted from the ergosphere despite the fact that the ergosphere is outside
the horizon of the Kerr metric. However, the name “infinite redshift surface” is misleading
because the signals emitted on the ergosphere are not infinitely redshifted (otherwise no
signal from the ergosphere could reach an observer at infinity and this surface would be an
event horizon!). Indeed, the argument presented in Sec. 11.1 for the gravitational redshift
assumes that the source and the observer are at fixed positions, but we now know that this
assumption cannot be fulfilled by a source in the ergoregion, since it is forced to corotate
with the black hole.

To understand the properties of a light signal emitted at the ergosphere, let us extend
the discussion of Sec. 10.6 — about a spaceship emitting an SOS signal while falling radially
towards a Schwarzschild black hole — to the case of a spaceship falling into a Kerr black
hole. For simplicity, we focus on equatorial orbits with L = aF for both the spaceship and
the SOS signals. Note that this implies that the signals travel along equatorial principal
null geodesics, as those considered in Box 19-A.

For the spaceship orbit, replacing L = aF in Eq. 19.43 gives

dt 2 2
o= r Z“ E, (19.103)

and Eqs. 19.31, 19.36 give (since C =0 and k = —1)

R(r) = —Ar? + E*r* (19.104)

and

dr 1 A
— =——VR=—/E2-=. 19.105
dr r2 72 ( )
Assuming that the spaceship starts its motion at rest at infinity, £ = 1 and the geodesic
equations are

dt r? 4+ a?

= = —x— (19.106)
=

dr [2M  a?

As expected, when a = 0 these equations reduce to Egs. 10.69 and 10.70 for the
Schwarzschild metric.

As in Sec. 11.1 the spaceship, while falling towards the Kerr black hole horizon, sends an
SOS in the form of a sequence of equally spaced electromagnetic pulses, and these signals
are received by a static observer at radial infinity. Since we assumed that the signal travels
along an equatorial null geodesic with L = aF then, as shown in Box 19-A,

t = +r, + const, (19.108)
where 7, is the tortoise coordinate of the Kerr metric given in Eq. 19.83, satisfying

dry B r2 + a2
dr A

(19.109)

Following the same steps that lead to Eq. 10.85, we consider two pulses emitted from the
spaceship at t = t; and ¢ = t,, and received from an observer at infinity at t°** = ¢{®* and
tobs = ¢9bs. Since for each pulse t — 7, is constant along the null geodesic,

1o0s — 1908 = (4905 — r0bs) — (4905 — 10b%) = (tg — 1ug) — (1 — Tw1) - (19.110)
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If the two pulses are emitted at a very short time interval, dt°®® = dt — dr,, and

dr — dr dr dr dr dr ~ A

n (19.111)
T T

i dt dr.  dt dr*dr_r2+a2<1+ 2M a2>

where we have used Eqgs. 19.106, 19.107, and 19.109.

The above equation shows that the time interval between pulses as detected by the static
observer at infinity diverges as the spaceship approaches the horizon (A = 0). However, the
same quantity is finite on the ergosphere. Indeed, on the equatorial plane rgy = 2M and
Eq. 19.111 reduces to

dr a? 4M?

T=Tg54

dtObS 2 4M2 2
H<1+ — ) (19.112)

19.3.6  Generalization of Kepler’s third law in Kerr’s spacetime

As shown in Sec. 10.5, Kepler’s third law is satisfied not only in Newtonian gravity, but also
in General Relativity for circular, timelike geodesics around a Schwarzschild black holes. We
want to generalize this law to the case of a particle moving on a circular, timelike geodesic
in the equatorial plane of a Kerr black hole. Given g,, = 0 if 1 # r, the r-component of the
Euler-Lagrange equation,

d oL 0L
Bl dad o 19.113
dX or or ( )
with £ = %gws'c“dc”, gives
d ) 1 e
9 T) = S (19.114)
On circular orbits 77 = # = 0, and this equation reduces to
Gt + 2010 410 + Goprd® = 0. (19.115)
The angular velocity of the particle is w = ¢/, thus
G e + 20100 + Grtr = 0. (19.116)
We remind that on the equatorial plane
2M
gu = - <1 - 7“) ) (19.117)
2Ma
Gtp = — r
2Ma?
Jop = 10 Had"+ —
therefore Eq. 19.116 becomes
(r® — Ma®)w?® + 2Maw — M = 0. (19.118)
The solution for w is
~Ma+ VM3 32 £ av/M
wy = _eEvAMr eV
3 — Ma? r3 — Ma?
3/2 M
_ VI 32 F ay/
(r3/2 + av/M)(r3/2 — a/M)
vM
= (19.119)

T,
r3/2 + a/ M
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where again the =+ signs refer to corotating and counter-rotating orbits. Eq. 19.119 is the
generalization of Kepler’s third law in Kerr’s spacetime. For a = 0, the above expression
reduces to the standard Keplerian frequency

M
Wi :i,/r—?,. (19.120)

19.4 ENERGY EXTRACTION FROM BLACK HOLES

In this section we shall show that, in principle, it is possible to extract energy from a rotating
black hole. There are two phenomena in which this can occur: Penrose’s process, involving
particles, and superradiant scattering, involving waves. As we are going to show, these are
different realizations of the same physical process.

19.4.1 The Penrose process

In the following we will use a slightly different notation for the constants of motion F, L,
which have been defined in Sec. 18.3 to be the energy and angular momentum per unit
mass, for massive particles, and the energy and angular momentum for massless particles,
as measured by a static observer outside the ergoregion, i.e. £ = —k*u,, L = m'u,
(Egs. 18.21). Here we define E and L to be the energy and angular momentum at infinity,
both for massive and massless particles, i.e.

E=—-k"p,, L=m'p, (19.121)

where p'is the particle four-momentum. In other words, in the case of massive particles, F
and L are redefined by multiplying them by the particle mass. Again we shall assume a > 0
without loss of generality.

Since particles with negative E can exist in the ergoregion, as discussed in Sec. 19.3.3,
we can imagine a process through which it may be possible to extract rotational energy
from a Kerr black hole; this is named Penrose’s process [91], and it works as follows.

Suppose that we shoot a massive particle with energy E and angular momentum L
from infinity, so that it falls towards the black hole on the equatorial plane. The covariant
components of the particle four-momentum initially read

pu(A=0) = (~E,p;,0,L); (19.122)

p2 = p.(A = 0), X is the affine parameter of the geodesic. During the particle motion its four-
momentum changes, but the covariant components p; = k*p, = —E and p, = mtp, = L

remain constant, i.e.,
pu(A) = (=E,pr(X),0,L). (19.123)

Let us suppose that when the particle enters the ergoregion it decays in two photons (see
Fig. 19.5), with momenta

Prp = (—FE1,p1r,0,L1)  p2u = (—FE2,p2r,0,Lo). (19.124)
Since the four-momentum is conserved in this decay, we have
Du = D1y +D2u, (19.125)
from which it follows that

E=FE +E,, L=1I1+Ls. (19.126)
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Figure 19.5: Schematic representation of Penrose’s process. A massive particle moving on the
equatorial plane enters in the ergoregion of a Kerr black hole and decays in two massless particles,
one falling into the horizon, the other escaping back to infinity.

Let us assume that 71 < 0, so that photon 1 falls into the black hole, and that it has negative
constants of motion, i.e. By < 0 and Ly < 0, with (see Eq. 19.93)

V+(7"+) = V_(T+) < F; <0.

We further assume that 75 > 0, i.e. photon 2 goes back to infinity. Note that, as explained
in Sec. 19.3.3, this is possible only if

E2 > V+(’I"max) .
Its energy and angular momentum are

B, — E—E, >E
Ly = L—-—Li>1L, (19127)

thus, at the end of the process the particle at infinity is more energetic than the one initially
sent to the black hole!

Since F1 < 0,L; < 0, the capture of photon 1 by the black hole reduces the black hole
mass-energy M and the angular momentum J = Ma; indeed their values Mgy, Jan after
absorbing photon 1 are, respectively,

Mgy = M+EL<M (19.128)
Jin = J+Li<J. (19.129)
To prove the relation 19.128 we note that, as shown in Chapter 17, the total mass-energy

of the system is
P = [ da(-g)a™ 7). (19.10)
v
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where V' is the volume of a ¢t = const three-surface. If we neglect the gravitational field

generated by the particle, t° is due to the black hole gravitational field only, thus (see
Eq. 17.93)
/ (=)t = M, (19.131)
1%
and
Poy = / P2(=9) Toarticte + M - (19.132)
1%

Let us compute the integral when the process starts, i.e. at a time when the massive particle
is shot with energy FE into the black hole; the spacetime near the particle is flat and the
00-component of the stress-energy tensor, in Minkowskian coordinates, is

T e = E6°(x — x(1)) . (19.133)

Thus Eq. 19.132 gives
PO

totin

= E+ M, . (19.134)

Repeating the computation at the end of the process, namely when the photon 2 reaches
infinity, we find
Pyin = B2 + Mgy . (19.135)

If we neglect the outgoing gravitational flux generated by the particle, P, is a conserved
quantity; therefore by equating the initial and final momenta we find

Pl =P’ s, — Man=My+(E—Fy) — Ma,=My+E; <M,. (19.136)

This proves the relation 19.128. The corresponding relation for the angular momentum,
Eq. 19.129, can be proved in a similar way.

In conclusion, by this process one can eztract rotational energy from the black hole. Note
that this phenomenon is possible due to the presence of an ergoregion: it is not possible to
extract energy from a static black hole at the classical level. This is not anymore true when
quantum effects are taken into account, as discussed in the next chapter.

19.4.2 Superradiant scattering

Penrose’s process involves particle decays; however, there exists an analog process, which
involves waves scattered off a rotating black hole. The corresponding energy extraction
process is called superradiance (for a detailed analysis we refer the interested reader to the
monograph [25]). Superradiance can occur in several physical systems; in the context of
black hole physics it was discovered by Zeldovich in 1971 [123] and studied in detail by
Press and Teukolsky later on [95, 110]. It can occur for any bosonic wave, i.e., for scalar,
electromagnetic, or even gravitational waves.

Studying the superradiant scattering off a rotating black hole requires the study of
the perturbations of the Kerr metric, which goes beyond the scope of this book (for a
comprehensive treatment, we refer the reader to Chandrasekhar’s book [34]). Nonetheless,
superradiance can be proved on very generic grounds. It can be shown that the dynamics
of perturbations of the Kerr metric with a time dependence ~ e~** can be described in
terms of a Schrédinger-like equation as in the Schwarzschild case (see Box 15-D)

2
% + Vegp =0, (19.137)

where 1 is some function that describes the radial behavior of the perturbations, the tortoise
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coordinate 7, defined in Eq. 19.83, maps the region r € [r,00) to the entire real axis, and
the potential Vg depends also on the frequency w. Its precise form might be complicated
but, for our purposes, it is sufficient to know that the effective potential is real” and that
it has the following asymptotic behavior:

Ve — : (19.138)

kg =w—mQpg T* — —00
{ % — +00
where m is the azimuthal number of the perturbation (see Box 15-D).

Let us consider the scattering of a monochromatic wave with frequency w and azimuthal
number m, incident from infinity with amplitude Z. Since Vg is constant at the boundaries
(see Eq. 19.138), the solution to Eq. 19.137 near the boundaries is a superposition of plane
waves, namely

(19.139)

y Te thur as rk — —00,
~Y . .
Re*™ + Te ™™ as rx — 400,

where 7 and R are the transmission and reflection coefficients, respectively. Indeed, owing to
the time dependence ~ e~ of the wave, terms like e?"* (with w > 0) describe outgoing
waves, and vice versa for e 7™ (see Chapter 15). Note that the presence of a horizon
imposes that waves at r* — —oo (i.e., 7 ~ r,) are purely ingoing.

Since the effective potential is real, ¢* (the complex conjugate of ) is still a solution of
Eq. 19.137 which satisfies the complex conjugate boundary conditions, namely

. Treiknrs as 1k — —00,
Y~ { RFre™™r« 4 T*eir  as r+ — +00. (19.140)
Furthermore, since the background is stationary, the field equations are invariant under
the transformations t — —t, a — —a, and w — —w, which map the conjugate boundary
conditions 19.140 into a form analog to Eq. 19.139. Therefore, the solutions ¥ and ¥* satisfy
the same differential equation with the same form of boundary conditions and, in addition,
are linearly independent. The standard theory of ordinary differential equations tells us that
their Wronskian,

d dip*
o . dv

dr, dr.

is independent of r,. By evaluating the Wronskian near the horizon and near infinity using
Eq. 19.139 we obtain

v, (19.141)

W { —2iky | T|? as r* = —00 (19.142)

2iw(|R|* — |Z|?) as rx — +oo

respectively. Since W is constant, the two expressions above must be equal to each other;
therefore

w—m8Qy

k
R =7 = LTI = 17 - TP, (19.143)

w
independently of the details of the potential in the wave equation. Thus, for waves satisfying
the superradiant condition

w(w—mOy) <0, (19.144)

we obtain |R|? > |Z|?, i.e. the scattered wave is amplified since the reflected energy is larger
than the incident one. The energy excess comes from the rotational energy of the black hole,
which slows down, just like in Penrose’s process.

"In general, the effective potential for perturbations of the Kerr metric is complex. However, it can be
shown that a redefinition of the perturbation fields satisfies an equation like Eq. 19.137 with Vg real [42].
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CHAPTER 20

Black hole thermodynamics

The study of the mathematical properties of black holes has revealed the existence of an
unexpected link between black hole mechanics and thermodynamics. This result, due to
Bekenstein, Hawking, Bardeen, Carter, Christodoulou, and others, was totally unexpected,
since black holes — as discussed in previous chapters — are extremely simple objects, only
characterized by their mass and angular momentum, while thermodynamics involves, by its
own nature, systems with a very large number of degrees of freedom.

In this chapter we shall present a brief introduction to black hole thermodynamics.
We shall see that it is possible to associate an entropy to a black hole, and that — when
quantum mechanics is taken into account — a black hole is not totally black, but rather
emits radiation as a black body. The interested reader can find an exhaustive discussion of
these issues in [114, 115, 40, 89] and references therein.

20.1  IRREDUCIBLE MASS AND BLACK HOLE AREA THEOREM

Let us consider a stationary black hole which, owing to the no-hair theorems discussed in
Sec. 18.9, is uniquely described by the Kerr metric with mass M and angular momentum J =
Ma. To hereafter we shall assume a > 0 without loss of generality. If the black hole interacts
with matter and energy outside the horizon it becomes non-stationary, unless the process is
slow enough that it can be considered as a sequence of infinitesimal interaction processes.
In this case — within a good approximation — the black hole goes through a sequence of
stationary states (similarly to a fluid which undergoes a quasi-static transformation through
a sequence of equilibrium configurations). Each of these processes can be thought as the
absorption of a (massive or massless) particle with energy F < M and angular momentum
L<J*t

As shown in Sec. 19.4.1, when the particle crosses the black hole horizon the change
in the black hole mass is equal to the energy of the particle, 6M = E (see Eq. 19.136).
Similarly, it can be shown that the change in the black hole angular momentum is equal to
the angular momentum of the particle, J = L. Note that in Sec. 19.4.1 we considered a
Penrose process in which the particle crossing the horizon has negative energy and angular
momentum, but in fact the result M = E (and §J = L) applies in general, also to particles
with positive energy and/or positive angular momentum.

Let us reconsider the Penrose process: a massive particle with energy E and angular
momentum L falls from infinity into the black hole on the equatorial plane; in the ergoregion

LFor the constants of geodesic motion we follow the same notation used in Sec. 19.4.1, i.e. E = —ktp,,
L = m*p,, where p* is the particle four-momentum.

447
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it decays in two (massless) particles, with

E = FE+FE
L = Li+Ls (20.1)
and
Vi(r)< By <0 L1 <0, (20.2)

where V is defined in Eq. 19.55. The particle 2 goes back to infinity, while the particle 1
falls into the black hole. Thus, the mass and the angular momentum of the black hole change
by

SM = Ey=E—FE;<0 (20.3)
§] = Li=L—Ly<O0,

that is, the black hole mass and angular momentum decrease.

We shall now show that the energy which can be extracted in a Penrose process, [0 M| =
|E1], is limited by the extracted angular momentum, |§.J| = |L1|. Indeed, since the particle 1
is massless and moves in the ergoregion towards the black hole (see the lower panel of
Fig. 19.2), we have

Ey 2 Vi(r) = Vi(rs), (20.4)

where r is the radial coordinate at which the particle is created. Moreover (see Eq. 19.59)
V+(T+) = QHLl = QH§J7 (205)

where 5
Mar a
QO = = 20.6
H (r2 +a%)? 12 +a? (20.6)

is the black hole angular velocity defined in Eq. 18.67 (see also Eq. 18.68). Summarizing,
Ey, > Vi (ry) implies that
IM > QpdJ. (20.7)

Since in the Penrose process dM < 0 and §J < 0, we can write this inequality as
[0M]| < QgloJ], (20.8)

which shows that the extracted energy is always smaller than, or equal to, the extracted
angular momentum multiplied by the black hole angular velocity.

The inequality 20.7 becomes an equality if and only if the two inequalities in Eq. 20.4 are
saturated, i.e. if and only if F; = V, () and r = . Note that the condition F; = V(r) is
equivalent to 7 = 0 because 72 oc By — V(1) (see Eq. 19.62). We conclude that 6 M = Q6]
if and only if

7=0 and r=r4, (20.9)

i.e. if the particle is emitted at r = r; with vanishing radial velocity. Conversely, if the
conditions 20.9 are not satisfied, then [0M| < Qg|dJ| and the energy extracted is lower
than the extracted angular momentum multiplied by Q.

The condition 20.7 is also satisfied when the angular momentum and/or the energy of
the particle swallowed by the black hole are positive. Indeed, as discussed in Sec. 19.3.3,
the energy E of a massless particle on an equatorial orbit around a Kerr black hole always
satisfies the inequality £ > V,(r). Moreover, looking at both panels of Fig. 19.2 it is
clear that if the particle has been created at the radial coordinate r inside the ergosphere,
Vi (r) > Vi (ry); if, instead, the particle 1 originates from outside the ergosphere and reaches
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the horizon, F1 > Vipax > V4 (r4+). The limiting case By = Vi (ry) = Qg Ly is possible only
when the particle is created in the ergosphere, and the two conditions 20.9 are satisfied.
This can occur either with Ly < 0 and E; < 0, as in Penrose’s process (lower panel of
Fig. 19.2), or with L; > 0 and E; > 0 (upper panel of Fig. 19.2).

It can be shown that the inequality 20.7 also applies to massive particles, and to particles
in non-equatorial orbits. In other words, when a Kerr black hole captures a particle, the
change in its mass and angular momentum always satisfies the inequality OM > QgdJ. It
can also be shown that this inequality is always saturated under the conditions 20.9, i.e.
when the particle is released from the horizon with 7 = 0. These statements (whose proofs
in the general case are quite involved and beyond the scope of this book) have far-reaching
consequences, which we now discuss.

Given J = Ma, Eq. 20.7 yields

JoJ

MM > —— 20.10
> s, (20.10)
which implies (see Box 20-B)
J2
§ <M2 - = 2) >0. (20.11)
L +a

Therefore in any process in which a particle is swallowed by a Kerr black hole, the quantity
M? — J?/ (7'3_ + a?) never decreases. This quantity can be expressed in a simpler way, by
using Eq. 18.68, ri +a?=2Mr,:

J2 2 M2y2 r2 12
M2 2:M2(1_ _— 2): — = +rat (20.12)
ri+a ri +a Ty +a 4

therefore, as noted by Christodoulou [36], if we define the irreducible mass

1
My = 5\/7& + a2, (20.13)
from Eq. 20.11 it follows that
6Mirr > O, (2014)

i.e., when a Kerr black hole captures a particle, its irreducible mass never decreases. As
discussed above, any infinitesimal interaction process can be modeled as the capture of a
particle with [§M| <« M and [0J| < J; thus in these processes the irreducible mass cannot
decrease.

For later use, we provide here some other useful relations:

M M2+ M*— J2
Mz, =2 o 2T = (20.15)
2 2
and 72
Mier = M2 - 4M2 . (2016)

rr
The latter follows from Eq. 20.12. Note also that if J =0, M;,, = M.

The mere existence of a quantity — the irreducible mass — which cannot decrease leads to
the notion of reversible and irreversible processes. Indeed, let us consider a process in which
a particle with energy F; and angular momentum L is sent into a black hole with mass M
and angular momentum J, leading to a black hole with mass M+ F; and angular momentum
M + Ly. If the irreducible mass is constant, this process is called reversible, because it is
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possible to perform a process in which a particle with energy —F; and angular momentum
— L is sent into the black hole under the same conditions, bringing back the black hole to
mass M and angular momentum J. If instead the irreducible mass increases, d Mi,, > 0,
the process is irreversible: the “reverse” cannot occur, because it would have M., < 0,
violating the condition 20.14. Note that a similar argument holds in thermodynamics, where
the existence of a quantity which cannot decrease (in isolated systems), the entropy, leads
to the notion of irreversible processes and thus to the second law of thermodynamics.

We remark that the condition for reversible processes, d M, = 0, is equivalent to say
that 0M = QgdJ. We have shown that in a Penrose process with a given dJ, the extracted
energy |0M| < Qp|dJ| is maximum when this inequality is saturated, i.e. when the process
is reversible. Therefore, if we want to extract the maximum amount of energy from a black
hole with mass M and angular momentum J, we must perform a sequence of reversible
Penrose processes, until all angular momentum has been extracted and we end up with
a Schwarzschild black hole. The mass of the final, non-rotating black hole is equal to its
irreducible mass, which has not changed:

M
M2, = M2, = 2” : (20.17)
where r1 is the horizon radius of the énitial black hole. The relative change in the mass
therefore is
AM M — Ms, '
= =1—4/—. 20.18
M M 2M ( )

If the processes are not reversible, M;,, increases, Mp, = M;,, is larger than Mr, /2, and
the extracted energy is smaller than in the reversible case. Since 7 is a decreasing function
of a, the extracted energy increases with the initial black hole angular momentum. If a = 0
(i.e. the initial black hole is Schwarzschild), r = 2M and AM/M = 0; conversely, if a = M
(i.e. the initial black hole is extremal), r; = M and

AM 1

i 1 7 0.29. (20.19)
This equation shows that the Penrose process can be extremely efficient, extracting up to
29% of the mass-energy of a rotating black hole. This efficiency is by far larger than that
of any known astrophysical process in the Universe.

We can gain further insight into the meaning of the irreducible mass by determining
the black hole area, i.e. the area of the two-surface corresponding to the horizon evaluated
at a constant “time”. Note that the Boyer-Lindquist coordinates are not well defined at
r = r4; to properly describe the horizon we use the Kerr coordinates (v, r, 6, ¢) defined in
Sec. 18.4.2, and consider the two-surface v = const and r = r;. The Kerr metric 18.43,
restricted to this surface, is
(r2 +a?)?sin®0 -

do® = (13 + a® cos® 0)df* + do?, (20.20)

3 + a2 cos? 0

and has determinant (r + a?)? sin? . Therefore, the black hole area is

rr

A= /(7“3_ + @) sin0dfd$ = 4 (ri + a*) = 167 M7, . (20.21)

Thus, the square of the irreducible mass is a measure of the black hole area.
We can conclude that, when a particle falls into a Kerr black hole, the area of the latter
can only increase or, if the process is reversible, remain constant; namely,

§A>0. (20.22)
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‘

Summary: reversible and irreversible processes

Let us consider a particle, either massive or massless, falling into a Kerr black
hole. The black hole is stationary both before and after the capture. The process
is reversible, if

OM = QgdJ; (20.23)

in this case, the particle is released from the outer horizon with
7=0 and r=r4, (20.24)

and
oMy =0 le. 0A=0. (20.25)

The process is irreversible if
oM > QgdJ; (20.26)

in this case, the particle does not satisfy either one of the conditions 20.24 or both,
and
OMiy >0 ie. 0A>0. (20.27)

The result dA4 > 0 holds not only for infinitesimal interactions of stationary black holes,
as those discussed above and summarized in Box 20-A, but also for any process — not
necessarily stationary — involving one or more black holes. Indeed, the black hole area
theorem, proved by Hawking (see e.g. [57] and references therein), states that in any
spacetime with black holes, the total area of the black holes’ surface can only increase (or
remain constant in reversible processes).

This theorem is extremely powerful; for instance, it implies that in the coalescence of
two black holes such as those discussed in Chapter 14, the area of the final black hole is
always larger than the sum of the areas of the initial black holes.
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‘

Proof of the inequality in Eq. 20.11
Here we show that Eq. 20.10,

JéJ

MéM > ——, 20.28
“r?+a? ( )
implies Eq. 20.11,
J2
§ <M2 - 22) >0. (20.29)
L +a

Indeed, since ri +a? =2Mr,,

2 2
5<M2 J)2<M5M JoJ )+ 2l s(Mry), (2030)

B r3 + a? r3 + a? (2Mr )2
and g
2MB3SM — J§J
S(Mry) = 6(M?*++/M*—J2) =2M5M + AT (20.31)
2 _ _
— MM + 2M=*06M — JoJ/M _ 2Mr oM — J6J/M
Ty —M T4+ —M
27"+ J(SJ
= MO6M — ;
ry — M < 6 2M’l”+> ’
it follows
J? 4.J%r JoJ
S{M? - 5——)=|(2 + MM — 227
7“14-@2) ( +(T+—M)(2M7“+)2>< 7“14'02)
>0 (20.32)

20.2 THE LAWS OF BLACK HOLE THERMODYNAMICS

As remarked in Sec. 20.1 the notion of reversible and irreversible processes, which naturally
arises in the study of black hole dynamics, has been introduced in analogy with thermo-
dynamical processes. Going further along these lines, it is possible to draw an analogy
— which, at this stage of the discussion, is just a formal correspondence — between Eq. 20.22
and the second law of thermodynamics. This analogy can be further extended to other laws
of thermodynamics, as we are going to discuss.

In thermodynamics, a fluid in equilibrium is described by a set of state variables, such
as the internal energy U, the volume V', the temperature T, the entropy .S, the pressure p,
etc. As discussed in Chapter 16, a state of a perfect fluid is fully identified by the values
of two of these variables; the equation of state provides the remaining variables in terms of
these two. Similarly, a stationary black hole is characterized by two “state variables”: the
mass M and the angular momentum J. A further state function is the area A which — like
the entropy S of an isolated fluid — cannot decrease.

Each of these quantities can be expressed in terms of the other two. The black hole
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analog of the equation of state of a fluid is then the expression of the black hole area in
terms of its mass and angular momentum, A = A(M, J) = 167 M2 = (M?+/M* — J2)/2,

or, equivalently, the inverse function M = M (A, J) which follows from Eq. 20.16:

J? A ArJ?
M? = M? = 4+ = 20.33
i T 167 A ( )

irr

The first law of thermodynamics establishes how the internal energy of a fluid changes in
an infinitesimal transformation between equilibrium states 2:

SU = —pdV + T35S . (20.34)

The term —pdV describes the work done on the fluid (the work done by the fluid has
the opposite sign), while T4S is the heat received by the fluid. We remark that other
contributions to the work term have to be included if, for instance, the fluid is in global
motion. In particular, if the fluid is rigidly rotating with angular velocity €2 and angular
momentum J, the work term associated to a change in the angular momentum, 6.J, is Q4.J.

Let us now consider an infinitesimal transformation of a black hole between stationary
configurations. The mass change can be found by differentiating Eq. 20.33 (see Box 20-C):

SM = QpdJ + %514 (20.35)
where
M2 — a2
k=YL (20.36)
ry+a

is called surface gravity of the black hole (see Box 20-D).

Eq. 20.35 is similar to the first law of thermodynamics: §U corresponds to M, QgdJ
can be interpreted as the work done on the black hole to change its angular momentum by
0J, and corresponds to —pdV'; the term xkdA/(87) corresponds to the heat received by the
fluid, T6S. Moreover, the area law A > 0 (Eq. 20.22), which shows that the black hole
area always increases, is similar to the second law of thermodynamics, .5 > 0.

This analogy suggests that the black hole area can be considered as a sort of black hole
entropy: we define

Sp = @A, (20.37)

where, choosing units in which the Boltzmann constant k, is unity, the entropy is dimen-
sionless and « is a constant with the dimension of an inverse square length. If we also define
the temperature of the black hole as

K
Ty = —— | 20.38
B = g (20.38)

the change of mass between two neighbouring stationary configurations of the black hole
can be written as
OM = QydJ + TegudSeH - (2039)

This is the first law of black hole thermodynamics, while
65y >0 (20.40)

is the second law of black hole thermodynamics.

2To adopt a uniform notation, we describe the small changes of a thermodynamical variable “X” as the
variation §X between two neighbouring states, rather than as the differential d.X.
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Thus, for instance, a process in which the black hole angular momentum J decreases
corresponds to the expansion of a fluid; if J is reduced through a reversible process (in which
Spn is constant), this corresponds to an adiabatic expansion of a fluid, which determines a
reduction of the internal energy — and indeed the black hole mass decreases, too. If, instead,
J is reduced through a non-reversible process, Spy increases, and the thermodynamical
analogous process is the expansion of a fluid receiving heat; in this case the reduction of
internal energy (like the reduction of the black hole mass) is smaller than in the reversible
case. Another relevant example is the process in which two (initially stationary) black holes
coalesce to a single stationary black hole with a larger area: it corresponds to the process
in which two thermodynamical systems merge, increasing their total entropy.

We mention that this analogy has been shown to extend to the third law of thermody-
namics, too: it is impossible to reach Tgy = 0 by any sequence of physical processes, i.e. by
accreting matter or energy onto the black hole. Thus, since Tgy o k and the surface gravity
k vanishes for extremal Kerr black holes (see Eq. 20.36), we can conclude that astrophys-
ical black holes cannot be spun up to extremality by accretion or, more generally, by any
interaction with matter and energy surrounding the black hole.

~

Proof of Eq. 20.35
To prove Eq. 20.35 we differentiate Eq. 20.33,
A 4mJ?
M? = —— : 20.41
167r+ A (20.41)
We have oM OM? J 4
1 ™ a
oM _ 1 _ LA e 20.42
8] 2M 8J M A rZia2 M (20.42)
and
oM 1oM> 1 (1 4nJ?\ 1 | AMPa? g
0A  2M 0A  2M \16r A2 ) 327M (r2 +a?)?
1 a? 1 ri +a?
= l—— | = 2— = 20.43
327TM< r_%_) 327TM< 1“3_ ) ( )
Ll [y M) lroM 1VIP @k
- 32nM ry ) 8w 2Mry 8w r2+a® 87’
Therefore,
oM oM
oM = —=0J + —0A=QgdJ —6A 20.44
o + oA HOoJ + ( )
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Box 20-D N

The surface gravity

As discussed in Sec. 18.6.1, in Kerr spacetime stationary observers with four-velocity
u* =u’(1,0,0,w), (20.45)

and w constant, only exist for 7 > r4. On the horizon, the vector u* cannot be timelike:
if w = —gt4/g0e, it is a null vector, otherwise it is spacelike. Indeed, using Eqgs. 18.14
and 18.79, it is easy to show that the time component of the four-velocity, u°, diverges
when 7 — r; as u® — (Asin®60/gss) "2 In the same limit the norm of the four-
acceleration of the observer a* = u”u*, diverges as well. This has a clear physical inter-
pretation: the acceleration needed to keep a particle in stationary motion diverges as the
particle orbit approaches the horizon.

It turns out that the ratio between the norm of the four-acceleration of a stationary
observer and the time component of the four-velocity of the same observer is finite on
the horizon. This quantity,

k= lim Y2 (20.46)

r=rye U

is called surface gravity of the black hole.

Let us firstly compute the surface gravity of a Schwarzschild black hole. Consider a
static observer, whose four-velocity is u* = (u°,0,0,0), where u® = (—goo)V/?; its four-
acceleration is

a® = v, = u'u’y = (u”)? T, . (20.47)
Since I'fy = f% 9°” goo,s, the metric is diagonal and goo only depends on r, it follows that
a®=a’>=0a*>=0, and ®
R PNV 1 oM\ ! 2M oM\ M
=_= =—-(1-= - === ) (== ) == 20.48
@ 2(u )9 goo.r 2 r r r2 r2 ( )

The norm of the acceleration is v/g,,a”a” = /(1 — %)71 (a!)2. When divided by u® =

(1 - %)71/ % and evaluated at the horizon, Rs = 2M, it gives the surface gravity of a

Schwarzschild black hole
/ v M M
Juva”a i = 1 (20.49)

el e T e TR T o
It is worth noting that a spherical star with radius R is also described, in the exterior,
by the Schwarzschild metric, and its surface gravity is k = lim,_, g M/r2 = M/RQ, which
coincides with the well-known surface gravity in Newtonian physics (in physical units,
GM/R?).
In the case of a Kerr black hole, a long but conceptually simple computation gives
N M? — a?
Gu a (20.50)

k= lim =
roTy w0 ri +a2

which coincides with Eq. 20.36. The surface gravity is a decreasing function of a. In-
deed r4+ = M + v/ M? — a? decreases with a, and since x can be written as Kk =
(rg — M)/(2Mry) = 1/(2M) — 1/(2r4), it also decreases as a increases. For extremal
black holes (a* = M?), Eq. 20.50 yields x = 0.
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20.3 THE GENERALIZED SECOND LAW OF THERMODYNAMICS

When it was first proposed by Bardeen, Carter, and Hawking [16], the correspondence
between the quantities Sgy, Ty and the thermodynamical entropy and temperature seemed
to be just a formal analogy. Then, Bekenstein conjectured [18, 19] that this correspondence
is based on real physical motivations.

The starting point of Bekenstein’s argument is the following. The entropy of a thermo-
dynamical system in equilibrium measures the fact that — in our macroscopic description in
terms of state variables — we cannot distinguish between different microstates corresponding
to the same macroscopic state. This can be rephrased by saying that, in our thermodynam-
ical description, we do not know part of the information on the physical state of the system,
and the entropy (which is proportional to the logarithm of the number of microstates cor-
responding to a given macroscopic state) is a measure of this “ignorance”. Similarly, due to
the no-hair theorems discussed in Sec. 18.9, it is impossible to distinguish between station-
ary black holes formed in different astrophysical processes (e.g., from the collapse of stars
with different composition), as long as they have the same masses and angular momenta.
Bekenstein argued that the entropy Spy of a stationary black hole measures the inacces-
sibility of the information on the particular configuration corresponding to the black hole
mass and angular momentum.

In order to make this statement quantitative, let us consider a stationary black hole
with mass M and angular momentum J, and an “object” (a fluid, particles, radiation, i.e.
anything accreting onto the black hole) with energy E <« M, angular momentum L < J,
and thermodynamical entropy S, falling into it.

The entropy of the object disappears when it crosses the horizon, because the information
on its structure becomes inaccessible; since the final black hole is characterized by mass and
angular momentum only, the total entropy of the universe would then decrease, violating the
second law of thermodynamics. However, when the object is swallowed by the black hole,
as discussed in Sec. 20.2 the black hole entropy, Spuy = @A, increases. Thus, the second law
of thermodynamics can be recovered in an extended form if we include this contribution:

0S +6Sgy > 0. (20.51)

This is the generalized second law of thermodynamics. Hence, the entropy Sy can
be considered as a measure of the information stored inside the black hole which cannot be
seen from outside. This conjecture does not tell us which is the value of the constant «,
but some further reasoning suggests at least its order of magnitude.

Let us consider, for instance, a massive particle which falls into a Kerr black hole. As
shown in Sec. 20.1, in this process d A > 0, which implies 6Sgyg > 0. Furthermore, dSgg = 0
(i.e. 3A = 0) if and only if the particle is released from the horizon with zero radial velocity
(see Box 20-A). However, due to Heisenberg’s principle we cannot locate a particle with
7 = 0 exactly at » = ry: there is an uncertainty in the position, with associated proper
length ® of the order of the Compton wavelength

A=—, (20.52)

Mp

where my, is the mass of the particle 4. Therefore, the conditions 7 = 0 and r = ;. cannot be

3Strictly speaking, the Compton wavelength X is the coordinate separation between two events at the
same time, as measured in the LIF comoving with the particle when the latter is emitted. As discussed in
Box 3-A, the spacetime coordinate separation in a LIF coincides with the proper length, at leading order
in the coordinate separation (see Eq. 3.19). Therefore, for two simultaneous events their space coordinate
separation measured in a LIF and the proper length, to leading order, coincide.

4Note that although the particle has 7 = 0, it moves along the azimuthal direction with angular velocity
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simultaneously satisfied, since the uncertainty on the particle position implies that r > r;
consequently the process can not be reversible, the area increases by an amount 0 A, and
so does the entropy 6Sgy = adA. If we identify the minimum amount of entropy increase
§SEIn = @A™ with the minimum entropy of the particle itself, which is of the order
of In2 (i.e. a bit of information®), and impose the condition §Spy > 55;_;3;1% we find that
a ~ In2/5§A™n, Therefore, in order to estimate the value of o we need to estimate §A™",
To this purpose, we assume that a particle with mass my is released with = 0 from a
point at r4 + dr, such that the proper distance between this point and the horizon is of the
order of the Compton wavelength A given in Eq. 20.52. To begin with, we shall estimate

the proper distance
ry+or

d= N (20.53)

T+
For simplicity, we assume that the particle moves with L = 0 in the equatorial plane, where
b r?

Grr = K = (’I“ — ’I“+)(7“ — ’I“_) . (2054)

Defining r = ry + = (with z < r4),

2
1
Gy = (”) L (20.55)
ry—r_)x
thus
TR S LCC ATSP =  S (20.56)
Vi —r=Jo Vz Vs —r— '
and 1
or=-"T202 1 0®dY). (20.57)
4 i

Since L =0, V4 = 0 (see Eq. 19.51) and the condition 7 = 0 gives (see Eq. 19.48) 6
EN* A
2_C (> _2 . (20.58)

where C' = r? + a® + 2Ma?/r. Therefore, the mass of the black hole increases by

5M:E=mp,/%. (20.59)

By replacing r = r4 + dr and Eq. 20.57 in A and C we find

A=(r—r)(r—r_)=(ry —r_)or+0(6r?) = <T+T‘

2 3
T ) &+ 0 (20.60)

Q. This determines a Lorentz contraction of the Compton wavelength in the y-direction, but it does not
affect the Compton wavelength in the radial direction, which is the quantity relevant for this argument.

5We can add a bit of information to a system by merging it with another system having two possible
configurations, e.g. spin up and spin down. The number N of possible states of the final system is doubled,
and the logarithm of N is increased by In 2.

6Note that in Eq. 20.58, differently from Eq. 19.48, E is divided by the particle mass my. This is due to
the different normalization conventions: here E is the particle energy, while in Sec. 19.3 E was the energy
per unit of mass.
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and
2 2
C = r’+ad+ WTG =ri+a®+ 21;“ + O(d?) (20.61)
+
2Ma? 2M
= 2Mr 4+ 4+ O(d?) = == (r2 +a?) + O(d?) = AM? + O(d?)

[ T+

where we used the relation 18.68, 73 + a? = 2Mr,.. Thus,
ry—r_ Try —r_ M? — a?

OM ~ mp d=— 2 mpd = med = K/mpd . (2062)
+

Finally, by requiring that the proper distance between the horizon and the point in which
the particle is released equates the Compton wavelength 20.52, we find

d=\= — — oM ~ kh. (20.63)
Mp

From Eq. 20.35, since L = 0 and then §J = 0, we find
samin — ST spp (20.64)
K

which, using Eq. 20.63, yields .
OA™M ~ 81h (20.65)

and consequently
In2 In2 1
~N— Y —— ~ 20.66
Y A 87h R (20.66)
Note that in the units ¢ = G' = 1, the Planck constant has dimension 7 [A] = (length)?. Since,
as discussed above, the constant o has dimensions (length)~2, and the only fundamental
dimensionful constant in the theory is A, it is not surprising that o ~ A~".
In terms of the Planck length (see Box 9-A and Table A)

I, =Vh=1.6x10"3cm (20.67)

we have a ~ 1/12. If we introduce the dimensionless constant

a = ha, (20.68)
the black hole entropy can be written as
A A
= h— = h— . 2 .
SBH (0% 7 alg ( 0 69)

The estimate in Eq. 20.66 thus implies that the (still undetermined) constant & is of the
order of unity.
Finally, the black hole temperature can be written in terms of & as

hr

- 20.
8ma (20.70)

TBH =

"It should be stressed that different choices of units are possible. An alternative choice consists in setting
h = ¢ = 1; in this case G has dimensions (length)?. The units with G = ¢ = 1, used in this book, are
common in the context of gravitational physics, while the units with h = ¢ = 1 are often used in the context
of particle physics.
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Note that Bekenstein’s conjecture provides a thermodynamical interpretation for Sy, but
not for the temperature Tgy: how is it possible to assign a temperature to an object
which, by definition, has no emission? Indeed, the generalized second law of thermodynam-
ics presents a problem. If a black hole with mass M and temperature Ty is surrounded by
radiation with energy U and temperature 7', and some radiation enters into the black hole
with zero angular momentum, the fluid internal energy and the black hole mass change,
respectively, by

oU =T6S, OM = TgudSpu , (20.71)
with 6U = —dM. The generalized second law of thermodynamics (Eq. 20.51) states that
oM 6U 1 1
=— 4+ —=(——-=]6M>0. 20.72
0SpH + 4S5 TBH+ T <TBH T)(S >0 (20.72)

Thus, if the black hole is “colder” than the surrounding radiation, Tgy < 7 and M > 0, as
expected. If, instead, the black hole is “warmer” than the surrounding radiation, Tgyg > T
and M < 0, i.e. the black hole should emit energy. In other words, the generalized second
law of thermodynamics implies that black holes must satisfy a fundamental property of
thermodynamical systems: any black hole with finite temperature which is warmer than the
surrounding has to radiate. But how can a black hole radiate energy?

20.4 THE HAWKING RADIATION

A decisive proof of Bekenstein’s conjecture, together with a precise determination of the
constant &, came from the discovery, due to Hawking [55], that if quantum mechanics is
taken into account ® a black hole emits the so-called Hawking radiation, whose distribu-
tion function (see Sec. 16.2.2) is

1
e2mw/k _ ]

f=

where w is the frequency of the emitted radiation and k is the surface gravity given in
Eq. 20.36. The above equation has the same form as the black-body distribution function

: (20.73)

1
with temperature
T = Ty = F (20.75)
T oBH T o '

(we remind that we have set Boltzmann’s constant to 1). This result provides a convinc-
ing interpretation of the black hole temperature, and determines the precise value of the
constant &, which, as supposed by Bekenstein, is of the order of unity:

1
a=-. (20.76)

=

Consequently, the black hole entropy Sy = A = &A/h (see Egs. 20.37 and 20.68) is

1A
= ——. 20.
Spn 17 (20.77)

81t should be stressed that in the derivation of Hawking’s radiation, the radiation is treated as a quan-
tum field while the gravitational field is treated classically. This approximation is accurate as long as the
black hole radius is much larger than the Planck length [,. Presently there is no way to overcome this
approximation: the quantum description of gravity is still an open problem in physics (see footnote 8 in
Chapter 9).
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Summarizing, if quantum mechanics is taken into account, black holes radiate with a black-
body spectrum at temperature Tg. When matter and energy enter into a black hole, their
entropy becomes inaccessible from the exterior, but it shows up as an increase of the black
hole area, according to Eq. 20.77, and the generalized second law of thermodynamics holds:

5SpH + 65 > 0. (20.78)

We shall now estimate the temperature of astrophysical black holes. To this aim, we convert
Eq. 20.75 in physical units:
hk
2wk,

where (see Table A) i = 1.055x 10727 erg s, ¢ = 2.998 x 108 m/s, k, = 1.381 x 10716 erg/K
is Boltzmann’s constant, and the surface gravity has the dimensions of an acceleration. The
surface gravity of a Kerr black hole is of the same order as that of a Schwarzschild black
hole (Eq. 20.49), unless the black hole is close to extremality. In physical units, it is

GM GM ct

K~ = = , 20.80
RY  (2GM/2)?  AGM ( )

where G = 6.674 x 10~® cm?/(g s?). Replacing in Eq. 20.79 we have
hed 1

8nGky, M~

Remarkably, the formula for black hole temperature contains the fundamental constants

h,G, k. This is why it is often seen as an important bridge between quantum theory

(governed by h), gravity (governed by G), relativity (governed by c¢), and thermodynamics

(governed by k).

By multiplying and dividing the above equation for the mass of the Sun, Mg = 1.989 x
1033 g, we get

Ton = (20.79)

TBH ~

(20.81)

3 M M
Ten ~ &TCZ;MDA}D ~ 10_7ﬁ® K. (20.82)
Since the present universe is filled with the cosmic microwave background at temperature
Tems ~ 3 K, we can conclude that astrophysical black holes are colder than their environ-
ment and do not emit Hawking radiation. Only extremely small black holes (with masses
M <3 x1078My) could have Tsg > TomB-

Although astrophysical black holes are too heavy to emit, it has been conjectured that
primordial black holes small enough to be warmer than the surrounding radiation could
have been formed in the aftermath of the big bang. In this case, the Hawking emission
would determine a decrease of their mass, and thus of their area. This would not violate
the generalized second law of thermodynamics 20.78 because the total entropy — including
that of the emitted radiation — would increase. The black hole would then become hotter
and hotter, until complete evaporation. The final outocome of the Hawking evaporation is
unknown. In the stages immediately before evaporating completely, the black hole would
be extremely small and hot and its curvature at the horizon would be enormous. In these
conditions quantum gravity effects become important and only a quantum theory of gravity
can explain the final state.

It should be mentioned that the possibility — even as a matter of principle — that black
holes evaporate leads to a serious conceptual problem also known as Hawking’s informa-
tion loss paradox: the quantum information of anything crossing the black hole horizon
would disappear once the black hole evaporates completely, but this “information loss”
would be in conflict with the unitarity of the evolution in quantum mechanics, which is a
fundamental principle, necessary for the very consistency of any quantum theory. Whether
black hole evaporation leads to information loss is still a matter of debate.
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