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Preface

The major purposes of this book are to present partial differential equations (PDEs)
and vector analysis at an introductory level. As such, it could be considered a
beginning text in mathematical physics. It is also designed to provide a bridge
from undergraduate mathematics to the first graduate mathematics course in physics,
applied mathematics, or engineering. In these disciplines, it is not unusual for such
a graduate course to cover topics from linear algebra, ordinary differential equations
and partial differential equations (PDEs), advanced calculus, vector analysis,
complex analysis and probability, and statistics at a highly accelerated pace.

In this text we study in detail, but at an introductory level, a reduced list of topics
important to the abovementioned disciplines. In PDEs, we consider Green’s func-
tions, the Fourier and Laplace transforms, and how these are used to solve PDEs.
We also study using separation of variables to solve PDEs in great detail. Our
approach is to examine the three prototypical second-order PDEs—Laplace’s equa-
tion, the heat equation, and the wave equation—and solve each equation with each
method. The premise is that in doing so, the reader will become adept at each
method and comfortable with each equation.

The other prominent area of the text is vector analysis. While the usual topics are
discussed, an emphasis is placed on viewing concepts rather than formulas. For
example, we view the curl and gradient as properties of a vector field rather than
as simply equations. A significant portion of this area deals with curvilinear coordi-
nates to reinforce the idea of conversion of coordinate systems.

Reasonable prerequisites for the course are a course in multivariable calculus,
familiarity with ordinary differential equations to the point of being able to solve
a second-order boundary problem with constant coefficients, and some experience
with linear algebra.

In dealing with ordinary differential equations, we emphasize the linear operator
approach. That is, we consider the problem as being an eigenvalue/eigenvector prob-
lem for a self-adjoint operator. In addition to eliminating some tedious computations
regarding orthogonality, this serves as a unifying theme and a more mature
viewpoint.

The level of the text generally lies between that of the classic encyclopedic texts
of Boas and Kreyszig and the newer text by McQuarrie, and the PDE books of Wein-
berg and Pinsky. Topics such as Fourier series are developed in a mathematically
rigorous manner. The section on completeness of eigenfunctions of a Sturm—
Liouville problem is considerably more advanced than the rest of the text and can
be omitted if one wishes to merely accept the result.

The text is written at a level where it can be used as a self-contained reference
as well as an introductory text. There was a concerted effort to avoid situations
where filling in details of an argument would be a challenge. One thought in
writing the text was that it would serve as a source for students in subsequent
courses that felt “I know I’m supposed to know how to derive this, but I don’t.”

xiii
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A couple of such examples are the fundamental solution of Laplace’s equation and
the spectrum of the Laplacian.

The major changes from the first edition are first that a chapter on generating
functions has been added. This gives a nice way of considering solutions to
LaGuerre equations, Hermite equations, Legendre’s equations, and Bessel equa-
tions. Second, in depth analyses for the rigid rotor, one-dimensional quantum me-
chanical oscillator, and the hydrogen atom are presented. Also, more esoteric
coordinate systems have been moved to an appendix.



CHAPTER

Preliminaries

1.1 SELF-ADJOINT OPERATORS

The purpose of this text is to study some of the important equations and techniques
of mathematical physics. It is a fortuitous fact that many of the most important such
equations are linear, and we can apply the well-developed theory of linear operators.
We assume knowledge of basic linear algebra but review some definitions, theorems,
and examples that will be important to us.

Definition:

A linear operator (or linear function) from a vector space V to a vector space W,
is a function £ : V— W for which

E(alﬁl + azfi\z) = alﬁ(fl\]) + azﬁ(ﬁ\z)

for all vy, v, € V and scalars a; and a5.
One of the most important linear operators for us will be

L[y] = ao(x)y(x) + a1 (x)y' (x) + a2 (x)y" (x)

where ag(x), aj(x) and ay(x) are continuous functions.

Definition:

If £ : V—V is a linear operator, then a nonzero vector v is an eigenvector of L
with eigenvalue A if L(V) = V.

Note that 0 cannot be an eigenvector, but 0 can be an eigenvalue.

Example:

For £ = di’ we have

d
L(e™) = —(*) = ae™
dx
so e is an eigenvector of £ with eigenvalue a.
2
An extremely important example is £ = v Among its properties are
X
2
L(sin nx) = — (sin nx) = —n?sinnx  and
dx
42
L(cos nx) = — (cos nx) = —n? cos nx.
dx
Mathematical Physics with Partial Differential Equations. https://doi.org/10.1016/B978-0-12-814759-7.00001-6 1
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We leave it as Exercise 1 to show that if v is an eigenvector of £ with eigenvalue
A, then av is also an eigenvector of £ with eigenvalue A.

Definition:

An inner product (also called a dot product) on a vector space V with scalar field
F (which is the real number R or the complex number C) is a function
(,):VxV— Fsuchthatforallf,g,heVandaeF

(af ,8) = a(f,g);
(f,ag) =a(f,g), where x+iy=x—iy;
(f+gh) =(f h)+(gh);

(f.8) = (g.f)

(f.f) > 0 with equality if and only if f= 0.
A vector space with an inner product is called an inner product space.
If V = R”, the usual inner product for @ = (ay,...,a,), b= (by,...,by) is

<Zl\,g> =a1b; + -+ + ayb,.

If the vector space is C", then we must modify the definition, because, for
example, under this definition, if @ = (i, i), then

(a,a)=i+i"=-2

Thus, on C", for @ = (ay, ...,an), b= (b, ...,by), we define
(a.) =abi + -+ an

We use the notation (f,f) = ||f||*, which is interpreted as the square of the
length of f, and ||f — g|| is the distance from fto g.

We shall be working primarily with vector spaces consisting of functions that
satisfy some property such as continuity or differentiability. In this setting, one usu-
ally defines the inner product using an integral. A common inner product is

h -
(frg) = / F(x)g @),

where a or b may be finite or infinite. There might be a problem with some vector
spaces in that (f,f) = 0 with f # 0. This problem can be overcome by a minor
modification of the vector space or by restricting the functions to being continuous
and will not affect our work. We leave it as Exercise 4 to show that the function
defined above is an inner product.

On some occasions it will be advantageous to modify the inner product above
with a weight function w(x). If w(x) > 0 on [a,b], then

b -
(f. 8h = / FOw(R)gm)dx

is also an inner product as we show in Exercise 5.
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Definition:
A linear operator A on the inner product space V is self-adjoint if

(Af.g) = (f,Ag) forall f,geV.

Self-adjoint operators are prominent in mathematical physics. One example is
the Hamiltonian operator. It is a fact (Stone’s theorem) that energy is conserved if
and only if the Hamiltonian is self-adjoint. Another example is shown below. Part
of the significance of this example is due to Newton’s law F = ma.

Example: 2

The operator 2 is self-adjoint on the inner product space

V = {f|f has a continuous second derivative and is periodic on [a,b]},

with inner product

b PR
(f.8) = / fx)g(x)dx.
We must show

(", 8)=(f.&")

that is,

Aﬂmﬁmmlﬂmywm

To do this, we integrate by parts twice. Let

SO

a a
. . . N b
The periodicity of f and g forces g(x)f’ (x)‘ = 0. Thus,
a

A?wwww:—éﬂwwmw.

Integrating the integral on the right by parts with

u=g() du=g'®
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we have

b - b b _ b
- / f’(X)g’(X)dx=—[f(X)g’(X) - / f(X)g”(X)dXI - / FO)F)dx.

Notice that if [a,b] is of length 27, then {sin(nx) cos(nx)|n € Z} is a subset of V.
We next prove two important facts about self-adjoint operators.

Theorem:

If £: V—V is a self-adjoint operator, then

—

. The eigenvalues of L are real;
2. Eigenvectors of £ with different eigenvalues are orthogonal; that is, their inner
product is O.

Proof:
1. Suppose that fis an eigenvector of £ with eigenvalue A. Then
(Lf.f) = (f.f) = Mf.1)
and
(fL L) = (. %) = Xf.f)-
Since L is self-adjoint,

(Lf.f) = ([, Lf) so A(f.f) = Af.[f)
and since (f,f)#0, we have A = 2, s0 A is real.

2. Suppose
Lf = Aif and Lg = Arg with A1 #A;.
Then
(Lf,8) = (Mf.8) = Mi(f,8)
and
(Lf,8) = (f: Lg) = (f ag) = Xa(f, 8)-
So

Al<f7g> = A2<f7g>
and thus (f, g) = 0 because A #A;.

Example:
We have

2w
/ sin(nx) cos(mx) dx = 0,
0
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27
/ cos(nx) cos(mx) dx =0, if m#n;
0

2w
/ sin(nx) sin(mx)dx = 0, if m#n;
0

for m and n integers. This is because sin (nx) and cos (mx) are eigenfunctions of the
self-adjoint operator d? /dx2 with the inner product defined above with different
eigenvalues.

We shall use the technique of the example above to prove the orthogonality of
functions such as Bessel functions and Legendre polynomials without having to
resort to tedious calculations.

FOURIER COEFFICIENTS
We now describe how to determine the representation of a given vector with respect
to a given basis. That is, if {1;1, 1;2, } is a basis for the vector space V, and if
v eV, we want to find scalars aj, ay,... for which

V= all;\l +a252 =+ e

If the basis satisfies the characteristic below, then this is easy.
Definition:

If {E 1 l/)\z, } is a set of vectors from an inner product space for which
<1?,~,1?j> —0 if i#),
then {E by } is called an orthogonal set. If, in addition,
<1?,-, z?,-> —1 foralli,

then {I; 1, 1;2, s } is called an orthonormal set. A basis that is an orthogonal (ortho-

normal) set is called an orthogonal (orthonormal) basis.
Theorem:

If {5 1s 1;2, } is an orthogonal basis for the inner product space V, and if

?:all;l —|—a21;2 + -y

<{}\7 l;\k> <{/\7 Ek>

ap = <Ek,[;k> - Hl/)\kHz .

then
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Proof:
We have
<f/\, bAk> = <a151 +a21;2 + - Ek>
= 611<1;1,1;k> + - +ak<1;k, l;k> + = ak<bAk»Ek>-
Thus

_ (@) (k)

ap = <Ek,gk> = HEkHZ .

Note that if { b 1, 52, } is an orthonormal basis, then a; = <$, l;k>
Definition:
The constants {aj,as,...} in the theorem above are called the Fourier coefficients

of v with respect to the basis {l;] , 1;2, }

Fourier coefficients are important because they provide the best approximation to
a vector by a subset of an orthogonal basis in the sense of the following theorem.

Theorem: o

Suppose V' is a vector in an inner product space V, and B = {bl7 by, ... } is an
orthogonal basis for V. Let {cy, ¢, ...} be the Fourier coefficients of v with respect to
B. Then

<

n . n N
T/\— E Cibi {1\— E dib,'
i=1 i=1

for any numbers d;. Equality holds if and only if ¢; = d; for every i = 1,...,n.
Proof:
We assume the constants are real, and the basis is orthonormal to simplify the
notation. We have

V- zn: d;b;
i=1

2 n - n -
= <ﬁ Zd,»b,-, v Zd,-b,->
i=1 i=1

Now,
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since {bl,bz, } is an orthonormal basis, as we verify in Exercise 10. Also,

<i/\, dll/;l> = Cid,'.

Thus, the right-hand side of Eq. (1) is
~ 2zn:<ﬁ,dil7,-> + <zn1:d,-l7,-,zn1:di5,-> = (3,7) — Zicidi " zn;dl_z
' i= = i =
ch (i}cﬁ —zznl:c,-d,- +znl:di2>
=
Zc, + Z ¢ — )

Following the first steps in the argument above, we get

Y/\—icil/fi (v,v) — ZZC,C[-FZC, =(V,V) — iciz. 2)
i=1 P

Finally,

<)

<)

n n n
=D @S EN) =Y 4y (e
i=1 i=1 i=1

with equality if and only if ¢; =d; foralli =1,...,n
Note that from Eq. (2), we have Bessel’s inequality

Zcz (v, 9) = 1911,

Example:

In this example, we demonstrate an application of eigenvalues and eigenfunc-
tions (eigenvectors) to solve a problem in mechanics.

Suppose that we have a body of mass m; attached to a spring whose spring con-
stant is k;. See Fig. 1.1.1. We assume that the surface is frictionless. If x; is the

K

FIGURE 1.1.1
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displacement of the spring from equilibrium, then, according to Hooke’s law, the
spring creates a force F = — x1 k.
Then

~ d2 X1

F = mlﬁzf)ﬂ k].

Now consider the coupled system shown in Fig. 1.1.2.

We use the convention that force is positive if it pushes a body to the right.

We suppose that both springs are under no tension if the masses are at points a
and b.

Suppose that the masses are at points x; and x;.

Force on mass m;:

1. Force due to spring 1: If x; > a, then spring 1 is stretched an amount x; — a and
pulls m; to the left. If the spring constant of spring 1 is ki, then the force on m;
due to spring 1 is

F1’1 = 7k1(xl —a )

2. Force due to spring 3: If x; — x; < b — a, then spring 3 is compressed an amount
(b — a) — (xp — xy). If the spring constant of spring 3 is k3 then spring 3 pushes
the body m to the left with force

Fi3=—ks[(b—a) — (x2 —x1)] = —k3[(b — x2) + (x1 — a)].
Thus, the total force on m; is

Fi=Fi11+Fi3=—ki(xi —a) —k3[(b—x2) + (x1 —a)]. 3)

Force on mass m,:

1. Force due to spring 2: If x, < b, then spring 2 is stretched an amount b — x; and
pulls m to the right. If the spring constant of spring 2 is k,, then the force on m,
due to spring 2 is

F272 = kz(b — )CQ).

OO0 1 [ 000 ma | 000
L L

FIGURE 1.1.2
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2. Force due to spring 3: If x; — x; < b — a, then spring 3 is compressed an amount
(b — a) — (xo — x1). If the spring constant of spring 3 is k3 then spring 3 pushes
the body my to the right with force

Fr3 =k3[(b—a) — (x2 — x1)] = k3[(b — x2) + (x1 — a)].
Thus, the total force on my is
Fy=Fp+ Fa3 =ka(b —x2) + k3[(b — x2) + (x1 — a)]. “)
If we let z; = x; — a and zp = xp — b, we get from Eq. (3)
F1=—ki(x1 —a) — k3[(b—x2) + (x1 —a)] = —(k1 + k3)z1 + k3z2
and we get from Eq. (4)
Fr=ky(b—x2) + k3[(b —x2) + (x1 — a)] = kaz1 — (k1 + k3)z2.
Using F = ma = —kx, we get

mdzi——(k k)7 +k
1p =~k + )z + kaz
2

222 _ kszy — (ki +k3)z2

" ap

or

dzzl ki + k3 k3
L — 5
2 1 21+ 22 ) (@)

A’z k k k
—f=—3zl—<—2+—3> 2. ©)
dt my my myp

Egs. (5) and (6) can be written as the matrix equation

ki + k3 k3
2 (a\ | m my a _, (@
df2<22> k3 ko + k3 <Zz) <Zz)
mo omy

where

_k] + k3 k3
mj mi
k3 _kz ~+ k3

my mz
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Suppose that A is an eigenvalue for A, so that

Then we Would ha\/e

a [z 21 d?z
hadll =2 el R Y
dr? ( Zz) ( 2 50 dr? &

zi(1) = BieV™.

The eigenvalues of A are those values of 4 for which det (A — Al) = 0. With the
values we have, this would best be done with a computer algebra system (CAS);
however, if we set the value of each mass to be m, and the value of each spring con-
stant to be k, then the matrix A is

and

2 k
m m
ko 2k
m m
and
2k k
Tt 4k . 3K2 k 3k
k 2k p m m m m
m m
. k 3k
Thus, the eigenvalues for A are A = - and A = o

Before continuing, we note there is an alternate method to calculate the equations
of motion. If Vis the potential energy of the system, then

d*z; av

Mi——s = ——.

" dr? a7

In the spring setting,
i
where d; is the distortion of the ith spring from equilibrium. In our problem

ki o ko 5 ks 2
V=S +5n"+ 2(zl 2)".

We now find the eigenvectors for the eigenvalues. For the eigenvalue A = —
Suppose that

I|=
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2k k
m m (Zl) __£<Zl>
k 2k 2 m\z)
m m
Then
2k k k
——at+t—2=-—171
m m m
k 2k k
—y——2=——2
m m m

1 k
s0 z1 = zp and ( 1 > is an eigenvector for A = —
m

3
For the eigenvalue A = ——. Suppose that
m

2k k
m om (m) B _%(ﬂ)
k 2% |\nn/) m\zn/)
m m
Then
2k k 3k
——at— =1
m m m
k 2k 3k
— g ——n=—2
m m m

1
so 71 = —zp and <

. . 3k
is an eigenvector for A = —.
m

Now the motion of the two masses is given by

z(t) = Cy ( 1 >exp <i\/§t> + Cz(ll >exp (@;)

where z(r) = (Zl (’)).

22 (t)
The linear operators that we shall use throughout the text will be differential op-
erators. A typical example of which is

Ly = y"(x) + p(x)y' (x) + q(x).
We shall often use the Principle of Superposition, which states that if y;(x) and
¥2(x) are solutions to

Lly] = y"(x) + p(x)y' (x) + q(x) =0
then

c1y1(x) + caya(x)
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is also a solution to

Lly] ="(x) + p(x)y' (x) + q(x) =0

for any constants ¢ and c;.

EXERCISES

1. Show that if v is an eigenvector for A with eigenvalue A, then for any scalar a,
the vector av is an eigenvector of A with eigenvalue 2.

2. For, (, ) an inner product, show that (f, g + h) = (f,g) + (f, h).

3. Show that

L[y] = ao(x)y(x) + a1 (x)y' (x) + az(x)y” (x)
where ag(x), a(x) and a;(x) are continuous functions, is a linear operator.
4. Show that the function

b _
(frg) = / F()g@dx

where f(x) and g(x) are continuous functions on [a,b], is an inner product.
5. Show that the function

b R
(f. 8h = / FOw()2()dx

where f(x), w(x) and g(x) are continuous functions on [a,b] and w(x) > 0, is an inner
product. What if w(x) < 0?
6. In R? or R the angle # between the vectors & and v is determined by

3
vl

<)

cos f =

<)

a. Verify that (%, 4, 5) and (\/75’ ‘/75, \/24) are points on the sphere of

radius /26 feet.
b. Find the angle between u and V.
c. What is the distance between u and v traveling along the surface of the
sphere?
7. Let L[y] = (1 —x?)y"(x) — 2xy’(x). Show that L is self-adjoint with the inner
product

1
(f.8) = [ (gx)dx
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8. Find the eigenvalue(s) and eigenfunction(s) for the following boundary value

problems:
d’f (x)
~ =, 70 =f(m) =o0.
d*f (x)
I =i, 0 =) =0,
&’f (x)
~S =@, f(m/2) = f(w/2) =o.
d’f (x)
S _ap, fo) =) =0
9. Show that if {X1, ..., X, } is a basis for the vector space V, then every vector in V
can be written as a linear combination of X, ..., X, in exactly one way.
10. Show that if {X],...,X,} is an orthogonal basis for the vector space V, and
n n
V= Zaifi and W = Zbifi
i=1 i=1
then

N

n

(v,w) = Z Za,b] x,,x] Zab Xiy Xi)-

i=1 j=1

What if {x7,...,x,} is an orthonormal basis?
11. Suppose that {x1,...,X,} is a basis for the vector space Vand T:V — Vs a
linear transformation for which T(x) = 0 only if * = 0.
a. Show that T is a one-to-one function.
b. Show that {T'(X}),...,T(x,)} is a basis for V.
12. For a function f(¢), determine which of the following are linear transformations:

T(f) = af"(t) + bf'(1)
T(f) = af"(t) + bf'(1) + 1
T(f) =ef'(1)

T(f) = (F(1)*.

13. Suppose that {X|, X} is an orthonormal basis for Vand TV — Vis a linear
transformation for which {T'(x}), T(%x)} is also an orthonormal basis for V.
Show that for any vector X, | T(x)|| = ||X]|. (This is also true for the case of any
finite basis.)

14. Recall that if 'V — Vis a linear transformation and V is an n—dimensional
vector space then 7 can be represented as multiplication by an n X n matrix.
The matrix depends on the choice of the basis. In particular, if {X], ..., X, } isa
basis for the vector space Vand if

T(xi) = auxi + - + anixy
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then

where

15.

16.

17.

apn o din bi1x1
T(biX1 + = bpxy) = | ¢ . : = Ax
am - amm buxn
apy ain
A= e and X = b1 x| + - by X,.
anl Ann

Show that if 7'V — Vis a linear transformation and there is a basis of V,
{X1,..., Xy}, consisting of eigenvectors of T, so that T(x;) = A;X;, then the
matrix of 7 with respect to this basis is the diagonal matrix

A o 0

This is important because computations with diagonal matrices are particularly
simple.

A linear transformation U:V — Vs called an orthogonal transformation (or a
unitary transformation if the field is the complex numbers rather than the real
numbers) if ||UX|| = ||X]| for every X €V.

a.

b.

Show that if U is an orthogonal transformation then (Ux, Uy) = (X, y) for
every pair of vectors X,y € V. Hint: Use (U(X +Y),U(Xx + 7)) =

(x+7y, ¥+ ) and expand both sides of the equation.

What is the physical interpretation of part a in the case that Vis R? or R3,

Let V be the n + 1 dimensional space of real polynomials in x.

b.

Show that {1,x.x%,....x"} is a basis for V.

d
Let T:V — Vbe defined by T = e Find the matrix of 7'with respect to this
basis. *

. What is the dimension of 7(V)? Find a basis for T(V). R
. The kernel of a linear transformation 'V — Vis {x € V|T(x) = 0}. Show

that the kernel of T'is a vector space. Find the kernel of T'in the case V'is the

n + 1 dimensional space of real polynomials in x of degree less than or

d
equal ton and T = —.
dx

Show that {1, sin(nx), cos(nx) n = 1,2,...;} is an orthogonal set of functions
with respect to the inner product

™

(f.g) = f(x)g(x)dx.

—T
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b. Find ap, ap, ap, b], b2 for
00

o0
i. e =ap+ > a,cos(nx)+ > b, sin(nx).
n=1 n=1

o0 o0
ii. x +x% =ap + > a, cos(nx) + > by sin(nx).
n=1 n=1

1.2 CURVILINEAR COORDINATES

Many problems have a symmetry associated with them and finding the solutions to
such problems—as well as interpreting the solution—can often be simplified if we
work in a coordinate system that takes advantage of the symmetry. In this section we
describe the methods of transforming some important functions to other coordinate
systems. The most common coordinate systems besides Cartesian coordinates are
cylindrical and spherical coordinates, but the methods we develop are applicable
to other systems as well. In Appendix 3, we include some of the less common sys-
tems. The less common systems will not be used in later sections but are included to
reinforce the techniques of the transformations.

In Fig. 1.2.1A we give a diagram of how cylindrical coordinates are defined and
in Fig. 1.2.1B we do the same for spherical coordinates. We note that while the

4

FIGURE 1.2.1A

FIGURE 1.2.1B
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convention we use for spherical coordinates is common, it is not universal. Some
sources reverse the roles of 6 and ¢.

Our approach will be to describe the general case of converting from Cartesian
coordinates (x, y, z) to a system of coordinates (u1, uy, u3). After making a statement
that holds in the general case, to visualize that statement, we demonstrate how the
statement applies to cylindrical coordinates.

General case: We start with Cartesian coordinates (x,y,z) and select group of vari-
ables u1,us,us3 so that each of x,y,z is expressible in terms of uy,u,us; that is, we have

x=x(up,up,u3), y=y(ur,uz,u3), z=2z(u,u,u3).

Cylindrical case: The variables in cylindrical coordinates are 7,0 and z. The re-
lations are

x=rcosf, y=rsinf, z=z5 0<r<oo, 0<0<2m —o0o<z< o00.

We write the vector ¥ = xiA—i— yjA—i— zk in terms of uy,up,us; that is,

7 = x(uy,up, u3)?+ y(uy, up, u3)f+ z(uy, up, uz)k.

In cylindrical coordinates, this is

7 =rcos 0i +rsin 6 + k.

For some of our relations to be viable, the coordinates (i1, up, u3) must be orthog-
onal. This means that the pairs of surfaces u; = constant and u; = constant must
meet at right angles. In the case of cylindrical coordinates, the surfaces r = constant
and 6 = constant are shown in Fig. 1.2.2A, the surfaces r = constant and
z = constant are shown in Fig. 1.2.2B, and the surfaces 6 = constant and
Z = constant are shown in Fig. 1.2.2C. Each pair does indeed meet at right angles.
It is also possible to determine that the coordinates are orthogonal by analytical
methods, as we now describe. p

In the general case the vector — will be tangent to the u; curve, which is the

6M1
intersection of the uy = constant and uz = constant surfaces. Similar relations hold
or or
for — and —.
6u2 6143
z
;
y
X

Surface of constant r
FIGURE 1.2.2A
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X
Surface of constant 6

FIGURE 1.2.2B
z
-/
B e
X
Surface of constant z
FIGURE 1.2.2C

In cylindrical coordinates
o _or_9
du;  or Or

ar adr 0 ~ ~ ~ ~
i:a—;:@Ocos 0i+rsin0j+zk) = —rsin 6i + r cos 6j.
ar dr 9
dus 9z 9z

We can show that a system of coordinates forms an orthogonal coordinate system

(r cos 07 + r sin ﬁjA—I— zl?) = cos i + sin HjA.

(r cos 0 + r sin 0jA+ zl?) = k.
. or . . .
by showing that the vectors e are orthogonal; that is, by showing their inner prod-
Ui
uct is zero. In the cylindrical case
or ar ~ ~ ~ ~
<6_;’ 6_;> = <cos 0i 4 sin §j, —r sin 6i + r cos 0j>
= —rcosfsinf+rcosfsinfd =0

<$’6_z> = <cos 0i 4 sin 6], k> =0

<?9;’ g;> = <l?, —rsin 6i + r cos 0}> =0.
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SCALING FACTORS )

. . or
We know that in an orthogonal coordinate system, the vectors — are mutually

u;
orthogonal. We create an orthonormal system of vectors {e}, €2, €3} by setting
ar
’ = 6u,~
' aor ||
8u,-
. or
We define the scaling factors h; by h; = sl so that
u;
r ~
a—ui = hiei.
In the case of cylindrical coordinates,
ar  or ~ ~ Jr a7 ~ ~ 0r dr -~
a—:l:a—::cosﬂi—i—sinﬂj, 6_1:2:6_;: —rsin i + r cos 0j, 6—1:3:6—2: k
o)
ar or or
1 r ‘ ou, y N2 0 Hau2 r, n3 Z Hau3
Also,
ar
~ o~ 6u1 _ n . -~
el =¢e, = = cos i + sin 6],
h
ar
. Gup  —rsinfi 0 . o~ ~
er = ey :aﬂ: rSin 01 + 1cos 6 = —sin #i + cos 6],
]’lz r
ar
~ _~ _Ouzy o
= = —— = k
3=¢€; I
Back to the general case, we have
. oF ar ar ~ —~ ~
dr = _rdul + —rduz + —rdu3 = hie1duy + hperduy + hzezdus.
ouy Juy dus

For cylindrical coordinates, this is

dr = hyeyduy + hyerdus + hyesdus = e dr + repdf + e.dz.
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VOLUME INTEGRALS

We now describe how to convert volume integrals to other coordinate systems.
General case: Our aim is to determine an expression for an incremental volume
element dVin a general coordinate system. The volume of the parallelepiped formed

by three noncoplanar vectors fT, B and Cis ‘X <§ X 6)’ (See Exercise 1). For the
Cartesian case, we compute an incremental volume element dV using
F=xi+yj+zk, dF =dxi+ dyj + dzk.
Then
av = ]dx?- (dyfx dz/?) ‘ — dxdydz.

For the case
dr = hye1duy + hyerduy + hzesdus.

dv = |h1du1?1 : (hzduz?z X h3dbt323)| = hldulhzdu2h3du3|é\1 : (?2 X ?3)‘
= h1h2h3du1du2du3
since |e;-(ey x €3)| = 1 because {e], ez, e3} is an orthonormal system.
Another way to do this computation is to use

or (odr  ar
dv = M(@X@)‘ dMldMZdLi:;
and that

9 O 9%z
aul 6u1 6141

or (9r  Ory _|ox 9y Oz 0

(9141 (9142 au3 0u2 6u2 auz
o & 4z
au3 6u3 6u3

The determinant in Eq. (1) is called the Jacobian of x,y,z with respect to uy, uy, u3

6]
and is denoted M So we have
(ur,uz,u3)
0
dv = ‘()@y,z) duydurdus.
O(uy,uz,u3)

We now compute dV for cylindrical coordinates. We demonstrate two methods.
First, we use

dV = hihyhsduduydus

where uy = r, up = 0, u3 = zso that du; = dr, duy = d, us = dz. We have previously
found that hy =1, hp =1, h3 =1 so
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dV = hy hy h3 duy duy duz = rdrdf dz.

For the second method we compute the Jacobian. We have

cosd, so ox _ O cos 6 Ox _0x _ sin 6, Ox _ Ox
=r —_— = —r ==
* ’ du;  or " Qw90 s 0z
. dy dy . dy dy dy ay
S A P 7 R P
dz 0z 0z dz dz 0z
= =20, == S
e T P I VR P
Thus
9 O 9z
d d 0
aul aul aul cos 0 sinfd O
6_x a—y a—z = |—=r Sin 0 r COS 0 O =r
u u u
2 2 2 0 0 1
9 & 4z

6u3 8u3 %

and dV = rdrdfdz.
In multivariable calculus, one shows that if y = f(X), then

///‘/8()7)61)’1@2@3 = ///Vog(f()?)ﬂdetJ()?)|dx1dx2dx3 )

where J(X) is the matrix from which the Jacobian is formed.
There are different ways that Eq. (2) is expressed in other sources. One other way

///f x,y,2)dxdydz = // x(u,v,w) (u,v,w),x(u,v,w))‘%

Example:
Evaluate

dudvdw.

/ / &ty 2d)cdy
A

where A is the circle x*+y” < 9, by changing to polar coordinates.
In Cartesian coordinates,

y=v9—x? 0
// Y dxdy —/ / e~ dxdy.
=-3 VoO=x2
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To convert to polar coordinates, we compute

dx dx
ar 00 0 —rsind
|detJ()?)|’a(x’y)‘ Or 96} _|coso —rsin 'r.
a(r,0) dy dy sinf  rcosf
dar 90

The region A in polar coordinates is 0 < r <3, 0 < ¢ < 2. So, in this case,
Eq. (2) says
/ / ex2+y2dxdy
A

3 y=v9—x? . 3 27 5
= / / e dxdy = / / e’ rdfdr
x==3 Jy=—v9-x2 r=0 J6=0

3
= 271'/ e rdr = 71’(69 - 1).
0

Example:
We compute

/ /A (x2 + yz)dxdy

where A is the region bounded by 1 < xy <9, and the lines y = x and y = 4x.

We seek a coordinate system (u,v) so that the transformed region of integration
will be a rectangle a<u < b,c <v <d. The graph of the region A is shown in
Fig. 1.2.3.

10

FIGURE 1.2.3
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Ifweletu:xythenl§u§9.1fwe1etv:X,then1§v§4.Now
X

uy = (xy)(f) =y, soy=+uy

u x u
—:—y:xz, SO X = 4/—.
v Y v

X

We compute the Jacobian. We have

WY
du 2wy’ av v awv 2\

Then
ox dx 1 L u
dx,y) |du av| [2Vuw  2vVv| 1
a(uvv) Q @ 1 /v 1 /u 2v
ou v 2w 2\
and

4 9
2 2 u a(x,y)
x° 4 y°)dxd :/ / —+uv ‘ ‘du dv
//A( Y ) Y v=1 u=1 (V ) a(uvv)
4 9 u 1 1 4 I/t2 Ll2 9
— - —du |dv =~ — 4= d
/V*] /u:l (VJrvu) Sl ) /v:I <2V2+ 2)‘14:1 '

4 1
:/ 2o<2+ 1>dv—75.
1 V

In the next section, we shall use the following forms of the change of variables

equation:

1. If ¢! exists and is differentiable for ¢(a) < x < @(b), then

b o(b) p
/ F()hlg(0)ds = / Flo @] h) [0~ ()] d.
a ¢(a)

2. [If, f ey, 2)dwdydz = [[J, f(E1,€2,83) hihahsdédéades.

THE GRADIENT

Next we determine the gradient of a function f, denoted Vf. In Cartesian coordinates

fe U O
V=i ey ok



1.2 Curvilinear Coordinates 23

To compute Vf in the general case, we set Vf = Ae| + Be, + Ces and write df
in two different ways.

First, df = Vfd;'\ and using that dr = hye\duy + hyerduy + hyezdus
we get

df =Vf-dr = (Ae| + Bey + Cez) - (he1duy + hyerduy + hieszdus)

= Ahyduy + Bhydupy + Chsdus. @)
Second,
af af af
df ald1+a—d 2+a—du3 (4)
From Egs. (3) and (4), we get
) ) )
Ahiduy + Bhyduy + Chsdus = a—fdul +a—fd U +a—fdu3
SO
1 of 1 of 1 af
hy Ouy’ hy dup’ hg 6143
Thus

af,\ 1 of . 1 o .
h aul +h2 Guzez +h3 6u3€3'

Accordingly, we write V as the operator

1.9 n 1. 4d n 1.9
—€|T— T —€)y— T —€3—.
h1 laul h2 26u2 h3 36143

Vf = Aej + Bep + Cez =

V =
For the cylindrical coordinate case, we again have
h=1 h=r h3=1 e =¢e, ex=¢ e3=¢;

so in cylindrical coordinates,

9 1.0

V—era + ega —|—ez6 and
IR P S N PR E
Vf =gt lnggt e = gt gt g e

THE LAPLACIAN

The final function that we consider in this section is the Laplacian, one of the most
important operators in mathematics and physics. The Laplacian of the function f,
denoted Af ( some authors use V2f) in Cartesian coordinates is defined by

Pf O Pf

Af =V ==
f = dx2 Gy 922"
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The notation V2 for the Laplacian is suggestive because V- Vf gives the Lapla-
cian of f. We have

1.0 1.9 1.0
R T
1 9f 1._9f 1. 0f

. . . I . de; .
but computing V- Vf is not as straightforward as it might seem. This is because a—' is

and

not a simple expression. In fact, K
de; ejohj .. . . de; 1 0h; .
—=—=-—if i#jand .—=—- ) — —e;.
auj /’l,' aui B aui kiihk 6ukek

We demonstrate the validity of
de; 1 0h;_.
gei _ _ P}
aui k#ihk auk
for cylindrical coordinates with i = 2. We have

~ o~

J ~ ~ R ~ ~
2= 9——(rcosﬁi+rsin0j+zk) = —rsin 0i + r cos 0

90
SO
de, ~ ~
% = —rcos 0i — rsin 6].
Also
o~ o~ a o . o =~ o . o
el = e, :6—(rcos 0i + r sin 0]+zk) = cos #i + sin 6.
r
Now

Zlath_ L (0h\, 1 (9,
/’lk aukek_ /’ll 6u1 el h3 8143 “3

k#2
B o\ dhy\
—|Ga)a ()]
. dhy
since hj=h3=1. Now hy=r and uy=r so (—) =1. Also uz=1z so

8u1
<%> = 0. Thus
6u3

_ [(8_141)81 + <%> e3} =—e = —(r cos 0i 4 rsin 6])

so the formula holds in this case.
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In fact, it will be simpler to derive expressions for V2f and V x F after we have
studied the divergence theorem and Stokes’ theorem in Section 2.3. For now, we
simply state the results:

1 0 (hahy of hihy Of hihy of
20 v 213 1713 112
Vf - h1h2h3 |:au1 ( /’l] 61/11) +6M2 ( h2 61/!2) N 6u3 ( h3 6u3 (4)
her hyey hies
- 1 ad ad d

Vx F = — = —
x h1h2h3 aul auz 6u3
mF1 by h3F;

®)

where F = Fie| + Faen + Fses.
For the case of cylindrical coordinates, we have

hi=h3=1, hhy=r; e =e€, ex=ey, ez=e; u =r, up=>0 uz=zg,

SO
1[0/ o\ 0 [10f of
Vi=-|—(r=) +—
f r[6r<r6r)+60 (r ae>+a ( az)}
14 d d 19 1
G INL AR N 4
ar or 1 96 9z o2 ror 0> 9z
We also have
e rép o,
- 1
VxF—1|9 0 9
r|or 9460 0z
F] VF2 F3

C1[(0F3 @ _ [OF; OF)\ d OF,
—;KW‘&VF”)“‘(W az)””(a (rF2) = aa”

1OFy OF:\.  (0F OF; oF» oFy\
= _ _ Fr— —
(r 30 az>e’+(az ar) ety ( FrE ae)ez

SPHERICAL COORDINATES

One of the most commonly used three-dimensional coordinate systems is spherical
coordinates. (In the examples above, we used cylindrical coordinates because the
computations are simpler.)
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The transformations are
x =rsin fcos ¢
y = rsin 0 sin ¢
z=rcosé.

The ranges of the variables are 0 < r<oc0, 0 <0 <7, 0 < ¢ < 2.
In Exercise 2, we show

hr=1, hg=r, h, =rsind
dV = r? sin 0 dr df do
of . 1afA 1 o

Vf = — 2
F =t 1 96% T ind 900
~ 19 19 1 oF
V-F=——(rF F A
72 5 PF) + g 39 S 0F0) + g 30
19 [ ,0f 1 9 of 1 0f
20 Y 2 e _J
Vi=25 ( ar>+r2sineaa<maao>+r2sinea<p2'

OTHER CURVILINEAR SYSTEMS

The most common curvilinear systems are cylindrical and spherical coordinates, but
there are several lesser known systems. We shall not use these systems in the sequel,
but several are given in Appendix 3. Other examples are given in Morse and Fes-
hbach, Methods of Theoretical Physics and Arfken, Mathematical Methods for Phys-
icists, Second Edition.

APPLICATIONS

As we mentioned at the beginning of the section, the reason for considering different
coordinate systems is that many problems can be simplified if the appropriate coor-
dinate system is used. We shall see, for example, that the most important partial dif-
ferential equations in physics and mathematics—Laplace’s equation, the heat
equation and the wave equation—can be often be solved by separation of variables
if the problem is analyzed using Cartesian, cylindrical, or spherical coordinates.
(Separation of variables is a method by which a partial differential equation is solved
by solving two or more ordinary differential equations. We investigate this exten-
sively in subsequent chapters.) Another use is that symmetries that exist can change
the partial differential equation to an ordinary differential equation. We consider two
such examples.
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Example:

We solve Laplace’s equation Af = 0 in spherical coordinates where fis a func-
tion that depends only on the distance from the origin.

In spherical coordinates,

19 (L0 1 /. of 1 of
MN=55 (r ar) 2 sin g 06 (Sm U%6) TP snd ag2

but if fis independent of § and ¢, this reduces to

L d (,df\ d* 2df
f rzdr(rdr) dr2+rdr ©
d
Letting g = d_{’ Eq. (6) is
2
d_g: ——g or EZ —2£.
dr r 8 r
Integrating gives
dg _ _, [dr
g r
SO
1
lng: —21nr—|—C:ln(—2> +1In Cl :lnc—zl
r r
Thus,
_¥_a
Cdr 2

Integrating again, we get
2 C
df =Cy | r/odr, so f(r)=—+ Cs.
r
In many situations, it will be the case that lim f(r) = 0, and if that is the case,
then C, = 0. e

AN ALTERNATE APPROACH (OPTIONAL)

In the appendix we give a method of computing the Laplacian in cylindrical and
spherical coordinates using just the chain rule for derivatives. The computations
are tedious, and we include them only because this is the approach that many texts
use.
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EXERCISES

1.

5. Show that for f(x,y,z,t) df = Vf-dr + Edt'

Show that in R3 the volume of the parallelepiped formed by the noncoplanar
VectorsA\, B and C is ‘f/l\ (Ex 6))

Let A be the parallelogram shown in Fig. 1.2.4.
a. Show that the equations of the lines that form the parallelogram are

1 1 9
y=4x, y:x_3a y=-x, y=—-x+-.

4 47 4
b. Use the change of variables
U=X=Yy, V=y—ox
and find the range of variables for u and v.
ad
c. Find the Jacobian (x,y).
d(u,v)

d. Use the transformed variables to find

/ / e dxdy.
A

Show that if £ = f1(x,,2)i +f2(x,y,2)j +f3(x,y, 2)k. then V x f = Vfi x i+
Vi x j+ Vf3 x k.
a. Compute V" where r = |F| =

xi + yf+ zl? ’
of

X —

Use a change of variables so that you are integrating the function Y over a
X

rectangle to compute the area of the region bounded by the lines x —y =0,
x—y=2,x+y=1,x+y=4.

Use a change of variables so that you are integrating over a rectangle to compute
the area of the region bounded by ax + by = 0, ax + by =5, cx + dy = —6 and
cx + dy = 12 where a/b #+ cld.

(7,4)
(3, 3)

4,1)

FIGURE 1.2.4
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8. Use a change of variables so that you are integrating over a rectangle to compute
the area of the region bounded by y = 2x, y = 5x, y = x* and y = 6x°.

1.3 APPROXIMATE IDENTITIES AND THE DIRAC-6 FUNCTION

There are many examples in physics and engineering in which factors are extremely
concentrated or localized. For example, the force of a hammer blow is nearly instan-
taneous in time. Point sources arise in electrostatic and gravitation problems, and
point sources of heat are often considered in heat conduction.

In this section we establish a mathematical model that addresses these situations.
We consider two major topics: approximate identities and the Dirac-6 function.
Their link is how they affect the integral of a function at a point where the function
is continuous.

APPROXIMATE IDENTITIES

Definition:
A sequence of functions {f,(x)} is an approximate identity at x = 0 provided

1. fux) >0forn=1.2,... and —o0 < x < 00;
2. [® fulx)dx=1 forn=12,..;
3. Given € > 0 and 6 > 0, there is a number N(¢,0) so that if n > N(¢,0), then

)
/ fa(x)dx > 1 —e.
5

Conditions 1 and 2 say that each f,(x) is a probability density function, and Con-
dition 3 says that as n becomes large the area under the graph of f,(x) becomes
concentrated near x = 0. Fig. 1.3.1 illustrates the idea of an approximate identity.

15
fy

10

FIGURE 1.3.1
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In Exercise 1 we give several examples of approximate identities.

The next theorem gives a crucial feature of approximate identities.

Theorem:

Suppose that {f,(x)} is an approximate identity at x = 0 and g(x) is a bounded
function that is continuous at x = 0. Then

tim [ f()z0)dx = 5(0).

n—>oo

Proof:

Let € > 0 be given. We show that if g(x) is a bounded function that is continuous
at x = 0, then there is a positive integer N(g,¢) (emphasizing that N depends on both
g(x) and ¢) so that if n > N(g,¢), then

‘/ fulx)g(x)dx — (O)‘<e.

The intuition of the proof is simple: For x very close to 0, g(x) is approximately
g(0) because g(x) is continuous. Also, because {f,,(x)} is an approximate identity at
x =0, for 6 small

| hwetoar = / e / fulx)dx = g(0)-1 = g(0).

To make the argument rigorous, note that

[ st = 5| = | [~ nmetoas - 0) [ o
B ’ /,:fn@) [8(x) — g(0)]dx|.

[ s - eloax
_ ‘ / RASIOROIES / )l ~ g0
+ [ hlst) - g0

for any 0 > 0.
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Since g(x) is bounded, there is a number M > 0 so that |g(x)| < M for all x, so
—6 -6
[ nlst) - eoar| <2m [ i

and likewise, for | [5° f,(x)[g(x) — g(0)]dx|.

We can now choose 6 > 0 so that if [x — 0| < 4, then |g(x) — g(0)] < §. After dis
chosen, we can find an N(J) so that if n > N(d), then

/ falx dx+/ Jalx dx<—
Thus, we have

-0 0 <)
' / Fo(0)[8(x) — g(0)]dx + / Fu(0)[8(x) — g(0)]dx + / Fu(0)[g(x) — g(0)]dx
o -5 6

-5 o
< [ _160lsto) - 2O)lds+ [ lste)  s(0)as

0
+ [ 1Bl — s(Oar < 225 15 =
-6

&M 2

We now heuristically describe the limit of an approximate identity. If for each n,
fu(x) is a continuous function then, under some rather reasonable conditions, for each
x#0, lim f,(x) = 0. With these conditions, it must be that lim f,(0) = co. This is

n—co n—oo

the idea behind the Dirac-6 function ar x = 0, which we denote 6¢(x).
Definition:

The Dirac-6 function at x = 0, denoted dg(x), is defined by the condition

/_ " e(x)do(x)dx = g(0)

o]

for any function g(x) that is continuous at x = 0.
We define 0,,(x) = 0o(x — xp), so that

/ " 4(0)64 (x)dx = g(x)

[es]

for any function g(x) that is continuous at xj.

The Dirac-6 function is not actually a function, but is what is known as a “gener-
alized function” or a “distribution.”
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THE DIRAC-6 FUNCTION IN PHYSICS

The Dirac-6 function was used by physicists before mathematicians created a struc-
ture that would make it mathematically rigorous. (This structure is called distribu-
tion theory.) We explain the ideas of the Dirac-6 function by a physical example.
Suppose we want to model an impulse / as being a large constant force being
applied for a very brief period of time, such as a hammer blow. If f(¢) is the force

at time ¢, then in general
I= / f(t)dt.
0

We want () to be a positive constant during a small period of time, and 0 other-
wise. If [0,/] is the period for which f(¢) is nonzero, then

h
I:/’Mn:m,
0

0<t<h

SO

S~

f(t) = 1)

0 otherwise.

The Heaviside function, H(t), is defined by
0 <0
HU%:{ .
1 t>0

Some sources define H(0) = 1/2, but the difference will not affect our work.
Suppose we take I = 1 in Eq. (1). We want to know what happens as & — 0. As
h — 0, f(f) must change as h changes if it is to be true that

h
f(O)dr=1.
0

So, for a given h, we denote the force function by f,. With these modifications we
have

1
- 0<t<h
Ju(t) =4 h .

0 otherwise
Note that

1 if r>0andr—h<0ieO0O<t<h

0 otherwise

H@-H@_m:{
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Thus
H(t)—H({t—h
Now we could attempt to take the limit in Eq. (2) as - — 0. While this is not
appropriate mathematically, if we examine the right-hand side of Eq. (2) formally,
it appears that we are looking for the derivative of the Heaviside function. We would
have to establish a context in which this makes sense, but one could also call
. H(t)—H(t—h)
o(t) = lim ———
(1) hl—r}}) h

2

the Dirac-0 function. Thus, in some contexts, the Dirac-6 function is said to be the
derivative of the Heaviside function.
We now establish the connection between the Dirac-6 function and approximate

identities. H(t) — H(t — h)

The graphs of for h =1, %, 4—{ and % are shown in Fig. 1.3.2.

Note that the area under each graph is 1, the function is positive, and the area be-
comes more concentrated about t =0 as & — 0. Also

1
h=-
8 8
=1
h=3
4
=1
h=3
2
h=1
1
T 1 1 1
8 4 2

FIGURE 1.3.2
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/ab<H(t) — Zl(z — h))dt _

if [a,b] is any interval that contains [0,4].
Proceeding heuristically, if we take the limit as # — 0, we have

b
/ o(t)dt = 1
a
whenever [a,b] contains 0.
Obviously, we have done some things that are not mathematically rigorous.
Notice, however, that

lim

PTH(1) — H(r —h)
h=0 Jq |:

= et = 500

if g(#) is a function that is continuous at t =0 and 0 € (a,b). Thus, we could also
define 6(f) by the condition

b
/ 5()g(r)di = g(0) 3)

for every function g(¢) that is continuous at # = 0 and every interval (a,b) that con-
tains 0.

Recapping what we have done, 6(f) or 6¢(?) is the function (actually the distribu-
tion) described by the condition of Eq. (3).

SOME CALCULUS FOR THE DIRAC-6 FUNCTION

We now demonstrate some formulas involving the Dirac-¢ function. One such for-
mula is

x6'(x) = —o(x).

In this and other formulas for the Dirac-6 function, we mean equality in the weak
sense. That is, in the sense that if g(x) is any suitably well-behaved function, then

/a bxé/(x)g(x)dx - / ’ 8(x)g(x)dx.

We shall proceed formally rather than rigorously.
We give a heuristic interpretation of

/7: o' (x)g(x)dx.

Suppose we consider

/_: T /_ng(ﬂdx.
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SO

- h h
Also
. g(=h) —g(0) ,
1 = — .
Jim ; g'(0)

Thus, we define

l[w&umawx:—ym»

[Se]

With this convention, one also writes

/_00 o' (x)g(x)dx = — /_00 g (x)6(x)dx.

(e
Example:
We show
x6'(x) = —d(x)

by showing that if g(x) is a differentiable function that is continuous at x = 0 then

[ o) x0 was = ~ el g = ~leo) + £ (Wl =~

[Se]

Example:

Problems involving a change of variables.

We want to compute 6(f(x)) where f(x) is some suitably well-behaved function.
To begin, we recall a change of variables formula of integration.

If ¢! exists and is differentiable for ¢(a) < x < ¢(b), then

b o(b) /
/fwmmm:/ Flo ()] h@) [0~ ()] . 4
a o(a)

Taking h(x) = o(x) in Eq. (4), we have

/

b o(b)
L/ﬂmwmwz/wfw‘mwmw‘whm
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Suppose ¢(f) is monotone increasing for a < t < b. Now

-1 / 1
o )= ——.
@0 =)
Suppose also that ¢(c) = 0 for some ¢ between a and b. Then
_ ()
w=p(c)  ¢'(c)

(p(b) ! !
[, /17 wlseole o) as = o~ (ote] 7' 0]
o(a
If ¢(#) is monotone decreasing for a < ¢ < b, we get the same result except for a
change in sign (Exercise 7). This yields the following result:
If () is monotone and ¢(c) = 0 and ¢’(c) # 0, then
o(t—c)

(o) = T )

Example:
By (5), to compute 6(3¢ — 6), we have ¢(f) = 3t — 6, so () = 0 if t = 1/2. Then

c=1% and |¢'(1/2)| =3 s0 6(3t — 6) = %5(, _%>

Example:

We next compute 6[(t—a) (t—b)] where a < b. In this case, the function
@(t) = (t—a) (t—b) is not monotone, but is decreasing for ¢ < (a + b)/2 and
increasing for t > (a + b)/2. Also ¢(a) = 0 and ¢(b) = 0. Now

o(t) =1 — (a+Db)t+ab, so ¢'(t)=2t—(a+Db).

Thus

9'(a)l =la—b| and |¢'(b)| = [b— al

o
[ switomnar =2 o [, o=
and thus
| rostolond = 5@ + 0L
Hence,
il =)o = )] = 5 6le = @) + (3¢ = ),

This example can be generalized to show that if

f@) =T —x)

i
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and f'(x;) # 0 then
0(x — x;)

off (x)] = ZW

THE DIRAC-6 FUNCTION IN CURVILINEAR COORDINATES

The representation of the Dirac-d function in higher dimensions for Cartesian coor-
dinates is fairly obvious. In three dimensions, if

X=(xy2) X1 =x1y1,21)
then
6(X = X1) = d(x —x1) 6(y — y1)8(z — 2 1)

o [fR) i TieV
///Vﬂx)a(xxl)dx{o S

The case of orthogonal curvilinear coordinates is not as straight forward. In
spherical coordinates, one might expect that

5(?— 7’\1) = (3(}’ - 1’1) 6((9 - 01)6((,0 —Q 1),
but this is not the case. What we are doing in 3—space in evaluating. ﬂfv f(X)o(x —

so that

X1)dXx is evaluating over an increment of volume dV. The reason for the simplicity in
Cartesian coordinates, is that in that case dV = dxdydz.

In curvilinear coordinates, recall from Section 1.2 that converting from Cartesian
coordinates to an orthogonal curvilinear coordinate system (£1,£,,£3) we must intro-
duce the scaling factors

2 2 273
o [V (oYL (=Y
9&; 0¢; 0¢;
For example, in spherical coordinates

x=rsinfcos¢p, y=rsinfsing, z=-cosfl

and h; =1, hy = r, h3 = r sin . We have

dE1d52d53 = 5 dxdydz

L
Y

/ / / Fr,y, 2)dxdydz = / / / FE1, 2, B5) hihohydE dEadEs,
Vv Vo

so that in spherical coordinates

SO
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///f(x,y, 2)dxdydz = /// f(r, 0, ¢)r* sin 0 drdfde.
\%4 Vo
~ . 1 if 56\1€V
///v 0(xo)dxdydz = {O if T &V

s 1 if FoeV
///Voé(ro)r 51n0drd0d(p{0 if Fo V"

We then have the correspondence in spherical coordinates,

1
r2 sin 0

Thus,

or—r1) = o(r—ry) 6(60 — 61)o(p — @1)

and, in the general case,

0(51 —&11) 0(62 —&21) 0(63 — €31)
I I I

o(r—71) =0((€1,62,63) — (E11,621,631)) =

If there is symmetry in a problem, the integral with respect to the symmetrical
variable must be projected (integrated) out. For example, in spherical coordinates,
if there is symmetry with respect to ¢, we have

27
/ 2 sin Odp = 2777 sin 6
=0

so we would have

1

o(F—11) = 27r? sin 0

5(}’ — rl) (3((9 — 01).

We note that in spherical coordinates, it is often useful to replace the variable ¢
with cosf, in which case

6F 1) = Lo(r—r1)8(0—6)5(¢ — 1)

I

as we show in Exercise 6.

EXERCISES
1. Show that the following sequences of functions define an approximate identity

atx =0.

n 1 cx< 1

Ll cx<-—
a. fulx) =42 n n.

0 otherwise
n

b. fu(x) =

(1 + %))
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C. falx) = (%)exp (— ’i—xz)

N\

0 otherwise

where ¢, is chosen so that fil en(1—x2)"dx = 1.

2. Suppose that {f,(x)} is an approximate identity. Show that for any positive
integer k, {kf,(kx)} is also an approximate identity.
3. Prove the following properties for the Dirac-¢ function:

a. ¥6(x) = (—1)"nlé(x).
b. 6(ax) = L o(x).

la

c. sinx d'(x) = —d(x).

d. cosx &'(x) =o' (x).
4. a. Show that in cylindrical coordinates,

S(F— 1) = %5(,0 — p1)3(6 — 81)d(z — 21).

b. Find the Dirac-6 function in the case there is symmetry about 6.
5. Find the Dirac-6 function in spherical coordinates when there is symmetry with
respect to both the § and ¢ variables.
Find 6(x*> — x — 12).
7. Evaluate

o

/00 (3x — 4)0(x* — 4)dx.

[Se]

8. Show that in spherical coordinates, if we replace the variable 6 with cosf, then
O(F =71) = 50(r—r1) 6(0 = 61)0(0 — @)
9. Show that if f(x), f'(x),.....f ) (x) are continuous at x = 0, then

s was = (175 0)

10. Let X = (x1,x2,x3) denote an arbitrary point in R3 and E = (£1,£;,£5)denote
an arbitrary point in an orthogonal curvilinear coordinate system. Show that

8(X — %) = M

‘G(Xuxzy)@)

9(81,82,63)

a(x1,x2,X3)

a(§15§2753)

where is the Jacobian.
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11. The convolution of the functions f and g, denoted f x g, is defined by

(fxg)t) = /_oof(x)g(x — 1)dx.

What is 6 * g?
12. We can show

oo )C2
/_oo exp (— ﬁ) dx = b\/m.

What is

lim ——exp(— 5 )2
—=exp|— 5 |
bl0 b/ P2

1.4 THE ISSUE OF CONVERGENCE

Many functions in mathematics and physics are expressed as a series of functions,
often because the desired function is the superposition of several components.
One example is that the sound of a note on a musical instrument is the result of a
fundamental frequency and many harmonics. (The reason middle C on a trumpet
sounds different from the same note on a violin is that the relative amplitudes of
the harmonics are different.)

When dealing with series, we must be careful that processes such as differenti-
ation and integration behave with infinite sums as they do with finite sums. Whether
they do depend on the way the series converges.

In this section, we discuss different types of convergence of series of functions,
how this impacts mathematical operations on such series and interchanging the order
of limits. We also discuss the representation of a function by its Taylor series.

SERIES OF REAL NUMBERS

Series are inextricably linked with sequences, and we begin with some basic ideas of
sequences of numbers. This section is intended as a review and will primarily consist
of a list of facts. A more complete discussion is available in many sources, including
Kirkwood, An Introduction to Analysis, Second Edition.

Intuitively, a sequence is an infinite list of numbers. A sequence converges to the
number L provided the numbers in the list can be made arbitrarily close to L by going
sufficiently far out in the list. More precisely:

Definition:

The sequence {a,} converges to L provided given & > 0, there is a number N(¢)
such that if n > N(¢), then |a, — L| < &. If a sequence does not converge, then it is
said to diverge.
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Definition:

The sequence {a,} is a Cauchy sequence provided given € > 0, there is a number
N(e) such that if n,m > N(e), then |a, — ay| < e.

Theorem:

A sequence {a,} converges if and only if it is a Cauchy sequence.

Intuitively, a series is the sum of an infinite number of numbers. A series is usu-
ally represented by

o0
ap =ay +ax+-,
n=1

or simply > ay,.
Associated with each series Y a, is a sequence of partial sums {S,}, defined by

Sy =aj+ay+ -+ a.

Definition:

The series > _a, converges to L if the associated sequence of partial sums {S,,}
converges to L. The series Y a, diverges if {S,} diverges.

As was mentioned above, we shall want to know if a series of functions con-
verges in a manner that permits certain manipulations. A frequently used test (the
Weierstrass M-test) relies on knowing that a related series of numbers converges.
We now list some of the most common results pertaining to convergence of series
of numbers.

Theorem:

If > a, converges, then lim a, = 0.
n—oo

It is the contrapositive of this theorem that is most useful; i.e., if lim a, #0 then
> a, diverges. There are many examples of series for which lim a, = 0 and } a,
diverges. (One example: We shall see that Z% diverges.)

Theorem:

If the series Y a, converges to L and the series b, converges to M, then the
series Y (aa, + Bby) converges to aL + BM.

A series of the form

a+ar+ar* +ar’+ -

is called a geometric series.
Theorem:
The geometric series

a+ar+ar* +ar’ +-- (a#0)

converges to { ? if |r| <1 and diverges if |r| > 1.

Theorem (Comparison tests)
Suppose 0 < a,, < b,,.
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—

If b, converges, then > a, converges.
2. If > a, diverges, then >_b, diverges.

Theorem:

1. Ratio test: If > a, is a series of positive terms, and

. an+1
r= lim ,
n—o  ay

then >_a, converges if r < 1 and diverges if r > 1. The test is inconclusive if r = 1.
2. Root test: If Y ay, is a series of positive terms, and

1
r= lim (a,),
n—oo
then >_a, converges if r < 1 and diverges if r > 1. The test is inconclusive if r = 1.

Theorem (Integral test):

Suppose a; > ar > a3 > +-- > 0, and f(x) is a monotone decreasing function with
f(n) = ay, for each positive integer n. Then Y a, converges if and only if [ f(x)dx
converges.

Theorem ( p-series test):

1
The series ) — converges if p > 1 and diverges if p < 1.
n

Theorem:
The series

z aknk —|—ak,1nk’1 + - +ag
b +bj_ W=+ - + by
k
converges if and only if Z(Z}) converges. (This assumes that

bjnj +b ' 4 by # 0O for any n, and the coefficients are bounded.)

CONVERGENCE VERSUS ABSOLUTE CONVERGENCE

The series we have considered so far, with the exception of geometric series, have
been made up of positive terms. Another type of series that often appears is alter-
nating series. An alternating series is the one in which each term differs in sign
from its predecessor. Such series are typically represented as

Z (—1)"a, or Z (—=1)"a,
where a,, > 0.

It may be that a series where not all terms have the same sign converges, but if we
change the series so that all terms do have the same sign, then the altered series di-
verges. Such series give rise to different notions of convergence called absolute and
conditional convergence.
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Definition:

A series Y ay is said to converge absolutely if > |ay| converges. If > a, con-
verges, but > |a,| diverges, then > ay, is conditionally convergent.

Theorem:

If > |an| converges, then > a, converges.

Theorem (Alternating series test)

Suppose
ay>ay>az > 2>0;
lim a, =0,
n—oo
then
> (=1 'agand > (- 1)""a,
converge.

SERIES OF FUNCTIONS

The idea with series of functions is to add infinitely many functions. The approach to
developing a theory for series of functions follows that of series of numbers, in that
we begin with sequences of functions.

Our setting is for each positive integer n we have a function f;,(x) defined on a set
E. We want to know if there is a “limit function” to which the sequence converges.
The first question we need to address is what is meant by a limit function. For the
limit function f(x) that we consider, we assume that for each x € E, the sequence
of numbers {f,(x)} converges, and we define the limit function f(x) by

f(x) = lim f,(x).

We shall see that this idea requires more precision and, as a consequence, we
distinguish between pointwise convergence and uniform convergence. So suppose
that for each x € E, the sequence of numbers {f,(x)} converges, and we define
f(x) as above.

Definition:

We say that the sequence of functions { f,,(x)} converges pointwise to f(x) on E if
given € > 0 and x € E, there is a number N(x,¢), so that if n > N(x,€), then

Ifa(x) —f(x)] <e.
Note that N(x,e) depends on both € and x in pointwise convergence.
Definition:
We say that the sequence of functions {f,,(x)} converges uniformly to f(x) on E if
given € > 0 there is a number N(e), so that if n > N(e), then

[fn(x) —f(x)] <€ foreveryxeE.
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In uniform convergence, N(e) depends only on . That is, with ¢ fixed, there is a
number N(e) that works for every x € E.

Example:

The sequence of functions {f,,(x)} defined by f,(x) = x" on E = [0,1] converges
pointwise, but not uniformly, to

0 0<x<«1
ﬂw:{lxl |

Table 1.4.1 may help clarify the situation. Notice that for ¢ fixed, as x gets closer
to 1 the value of N(x,e) needed to achieve the desired tolerance between x" and
0 grows without bound.

While the difference between pointwise and uniform convergence might seem
subtle, the implications are significant. The examples below give sequences of func-
tions that converge pointwise but not uniformly. In each example, the limit function
does not behave as one might expect.

Example:

We continue to consider f;,(x) = x" on [0,1]. Each function f;,(x) is continuous, but
the limit function

0 0<xx1

r={] 0=

is not continuous. Furthermore,

lim (nm1 f,,(x)) =1 and lim ( lim f,,(x)) =0

n—oo

so we cannot interchange the order of the limits.

Table 1.4.1
x values
.5 .8 9 .99 .999
1 4 11 22 230 2302
€ values .01 7 21 44 459 4603
.001 10 31 66 688 6904

.0001 14 42 88 917 9206




1.4 The Issue of Convergence 45

Example:
Consider
1
n 0<x<-
fulx) = n.

0 otherwise

Then lim f;(x) = 0 for every x, so f(x) = 0. Note that for each n, fol fa(x)dx =1,
n—oo
S0

Tim /Olf,,(x)dx —1, but /Ol(nlirréoﬁz(x))dxz/Olf(x)dx:O.

Thus, in this case,

lim /0 1 fulx)dx | = /0 l(ﬂango f,,(x))dx.

Such examples prompt caution when asserting

Rl b b/
2 | fiwas| = [ <;fn(x)>dx.

Recalling that a definite integral is the limit of Riemann sums, we again see that
we must be careful in interchanging limits.

One can visualize uniform convergence of the sequence of functions {f,(x)} to
f(x) by drawing a “belt” of radius & about f(x) (See Fig. 1.4.1). The sequence
{fu(x)} converges uniformly to f(x) provided that if n > N(e) then f,(x) is totally
within the belt.

In the two previous examples, the sequence of functions converged pointwise but
not uniformly. If we have uniform convergence, then we have some useful
implications.

Theorem:

Suppose that each of the functions f;,(x) is continuous, and {f,,(x)} converges uni-
formly to f(x). Then f(x) is continuous.

FIGURE 1.4.1
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Proof:

Choose ¢ in the domain of each f,(x). We show that if each function f,(x) is
continuous at x = ¢ and {f;,(x)} converges uniformly to f(x). Then f(x) is continuous
atatx =c.

Let ¢ > 0 be given. We show that there is a 6(¢) > 0 so that if |x — ¢| < d(¢), then
[f(x) —f(c)] < e. We have

If(x) = () = f (x) = fulx) + fulx) = fulc) +fulc) = £(c)|
< () = )]+ [ (x) = fale)| + fale) = f(e)].
Since {f,(x)} converges uniformly to f(x), there is a number N(e) so that if
n > N(e), then [f,(x) — f(x)| < § for every x. So we have

() = @] < 5 and [fy () —£(0)] <3,
whenever n > N(g). Now choose a fixed N| > N(¢). Since fy,(x) is continuous at
x=c, there is a number d(e)>0 so that if |x—c|<d(e), then
| fn(x) = fav(c)] < § Thus if |x —c| < d(e), then [f(x) —f(c)] < & so f(x) is
continuous at x = c.

Theorem:

Suppose that each of the functions f,(x) is integrable on [a,b] and {f,(x)} con-
verges uniformly to f(x) on [a,b]. Then f(x) is integrable on [a,b] and

nlLrIgo /abfn(x)dx = /a<11m Jn(x dx_/f

We do not give a proof, which may be found in Kirkwood (1995). The difficult
part of the proof is showing that f(x) is integrable on [a,b]. We note that uniform
convergence does not ensure convergence of improper integrals as the example

1

- 0<x<n
fax)=4qn

0 otherwise

shows.

The next example shows that uniform convergence does not ensure that deriva-
tives behave as we might hope.

Example:

Let

Then |f,,(x)] < so {fu(x)} converges uniformly to 0. But

fi(x) = v/ncos nx,

and so {f;(x)} does not converge.

1
\/;l )
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This provides an example where
lim <lim Jl&) = Jun(e) f”(c)> + lim< lim 20) =nl€) f”(c)).
n—oo \ x—c xX—c X—=e\ n—o xX—=c

The situation for derivatives is addressed by the next theorem.

Theorem:

Let {f,(x)} be a sequence of functions that are differentiable on an open interval
containing [a,b]. Suppose that

1. there is a point xy € [a,b] where {f,,(x9)} converges, and
2. {fl(x)} converges uniformly on [a,b].

Then

—

. {fu(x)} converges uniformly to a function f(x) on [a,b] and
2. f'(x) = lim f(x) on (a,b).
n— o0

The proof of this theorem is omitted, and we refer the reader to Kirkwood, An
Introduction to Analysis, Second Edition.

The next two theorems give criteria for when a sequence of functions converge
uniformly.

Theorem:

The sequence of functions {f,,(x)} converges uniformly to f(x) on E if and only if

lim M, = 0, where
n— oo

M, = sup|fu(x) — f(x)].

xeE

The proof follows directly from the definition as is left as Exercise 19.

Example:
We show {xe” "™} converges uniformly to 0 on [0,c0).
We have
d —nx —nx —nx —nx
el = — = 1 — nx).
i e xne e ™(1 —nx)
So % xe ™ =0ifl —nx=0o0rx = % One can check that f,,(x) = xe” "™ attains

its maximum on [0,00) at x = % Thus

()

1

- 1
M, == " —_¢and lim M, = 0.
n n

n— oo

Theorem (Cauchy criterion for uniform convergence of sequences of
functions):

A sequence of functions {f,(x)} converges uniformly on E if and only if it is uni-
formly Cauchy on E; that is, if and only if given ¢ > 0, there is a number N(¢) so that

if m,n > N(e), then
Ifn(x) — fin(x)| < &

for every x € E.
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Proof:

Suppose {f,(x)} is uniformly Cauchy on E. We show that {f,,(x)} is uniformly
convergent. For any xg € E, {f,(xo)} is a Cauchy sequence of real numbers, and
therefore converges. For each x € E define

()= lim fu)

Now {f,(x)} converges pointwise to f(x), but we must show that the convergence
is uniform. Let € > 0 be given. There is a number N(¢) so that if m,n > N(e), then
€
o) —fu0)] < 5
for every xe E. Now suppose n > N(¢), and choose xp€E. We shall show that
[fa(x0) — f(x0)| < &. We have

fu(x0) = f(x0)| < Ifa(x0) —fin(x0)| + fin( x0) —f (x0)]
for any m. Since { f,,( x0)} = f( x0), there is a number M (g, xo) (that depends on &
and xp) so that if m> M(e, xo), then |[f,(x0) —f(x0)| <5 Choose
m > max{N(e), M(¢e, xo) }. Then
€

fa(x0) =f(x0)| < fa(x0) = fin(%0)[ + fin( x0) —f(x0)| < §+— =€

if n > N(e).

The proof that a uniformly convergent sequence of functions is uniformly
Cauchy is left as Exercise 20.

The work in this section that will be most important for us later deals with series
of functions. The connection between series and sequences of functions is the same
as with numbers—partial sums. In particular, we say the series of functions Y f,,(x)
converges pointwise (uniformly) to f(x) on E if and only if the sequence of functions
{Sn(x)} defined by

Sn(x) :fl(x) +f2(x) + o +fn<X)

converges pointwise (uniformly) to f(x) on E. We give two criteria to determine uni-
form convergence of series of functions.
Theorem (Cauchy criterion for uniform convergence of series of functions):
The series of functions » f;,(x) converges uniformly on E if and only if given
e > 0, there is a number N(¢) so that if m > n > N(¢), then

> fi)

i=n+1

< ¢ for every xeE.

Proof:
The theorem follows by noting that
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[Sim (%) — Sn(x

Zf,

i=n+1

where {S,(x)} is the sequence of partial sums associated with the series > f;,(x).
Perhaps the most frequently used test to show uniform convergence of series of
functions is the Weierstrass M-test.
Theorem (Weierstrass M-test):
Suppose > f,(x) is a series of functions defined on a set E. Let

M, = sup|fy(x)].
xeE

If the series of numbers > M, converges, then » f;,(x) converges uniformly on E.
Proof:
We have, for any m and n with m > n

Xm: fil)| <

i=n+1

m m
Z [fi(x)] < Z M; for every x€E.

i=n+1 i=n+1

By the Cauchy criterion for convergence of series real numbers, givene > 0 there
is a number N(¢) so that if m > n > N(¢), then

m

ZM,’ < E.

i=n+1
Thus,

m
Z filx)| < e for every xeE

i=n+1

if m > n > N(¢), so > _f,(x) converges uniformly on E.

We note that there are series of functions that converge uniformly for which the
Weierstrass M-test fails. One example is developed in Exercise 22.

Uniform convergence of > f;,(x) on [a,b] allows us to conclude

> /ahfn<x>dx - /;(;,fn(x))dx

n=1

POWER SERIES
A series of the form
ao+ai(x —¢) + ar(x — ¢)* + a3(x — ¢)* + i (x—c)"
n=0

is called a power series. If we let z = x — ¢, we can express the series as > a,z".
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A major result about power series is the following theorem.

Theorem:

For the power series > a,z" there is an extended real number R, 0 < R < oo for
which the series

1. converges absolutely if |z| < R

2. diverges if |z| > R.

3. If 0 < R < oo, then the power series converges uniformly on [—R-+¢, R—¢] for
any € > 0.

If R =0, then the series » a,z" converges only for x = 0. If R = oo, then the
series > a,z" converges absolutely for all values of z, and uniformly on any bounded
interval.

The number R in the theorem is called the radius of convergence of the power
series. It can be calculated in either of the following ways: For the power series

> anz", let
A= lim (|a,,|l/")
n— 00

or

A: llm |an+1‘

n— oo |an|

(if both limits exist, they are equal) then

R— 1
=
Examples: 0
Consider the series } —. Here a, = 1/nl, so
n:
1
! 1 1
A:Iimwzlimuzlim =0andR = - = oo.
n— oo |an| n— oo l n—oon-+1 A
n!

Thus, this series converges absolutely for all values of x.

Consider the series
n3x"

5n

Here, a, = n*/5" so

3\1/n
: | () L (n
A= Jim (Janf'/") = tim, TS

| —
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since
Tim (n ym=1.
Thus, R =1=5.
TAYLOR SERIES

In Taylor series, we begin with a function f(x) that has derivatives of all orders at
x = ¢, and then construct a polynomial of degree n, called the Taylor polynomial
of degree n, that provides “the best approximation” to f(x) at x = ¢. To determine
this polynomial, we must define what we mean by “the best approximation.” In
the case of Taylor polynomials, if P,(x) is the Taylor polynomial of degree n for
f(x), we require that

Pu(c) =f(c), Pu(e) =f'(c), Pi(e) =£"(c), .. Pa" (e) = f™c).

We now determine a formula for the constants gy in the Taylor polynomial for
fx)atx=c.

Suppose that f(x) that has derivatives of all orders at at x = ¢, and let

Pu(x) =ag+ai(x—¢) +ay(x —)* + - + an(x — )"
The first condition we impose is f(c) = P,(c). Now
P,(c) =ao = f(c), so ag=f(c).

Next, we require f'(c¢) = P},(c) We have

P (x) = aj + 2ax(x — ¢) + 3az(x — ¢)* + dag(x — ¢)* + -+ + na,(x — ¢)""!
SO

Py(c)=ai=f(c), so ai=f(c)

We seek to determine a formula for a;. Continuing, we have

P!(x) = 2ay 4+ 2-3a3(x — ¢) + 4-3ag(x — ¢)* + - + n(n — Day(x — ¢)"

S0
1/
c
Pl(c)=2a, =f"(c), and ay ! é )
Next,
P"(x) =2-3a3 +4-3-2a4(x — ¢) + - +n(n— 1)(n — 2)ap(x — )"

S0

P"(c)=23a3 =f"(c), and a3 = =

n
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A pattern begins to emerge (that can be proved using induction) that

B (e)
kK

ap =
Definition:

Let f(x) be a function that has derivatives of all orders at x = c. The Taylor series
for f(x) at x = c is the power series

% (n)
Z an(x —c¢)"  where ay ! '(C) .
~ n!

If ¢ = 0, the series is called the Maclaurin series. If there is an open interval about
x = ¢ for which

then f(x) is said to be analytic at x = c.

The most frequently used Taylor series (Maclaurin series) are those for €, sin x
and cos x. We demonstrate the computations for €* and sin x.
Example:

We compute the Maclaurin series for e*. We have

fx)=¢" f(0)=e"=1 ay=f(0)=1

fR=¢ f)==1 a _O)_ 1

1!
F1(0) _ 1
f”('x) - ex f//(o) - eO =1 az 2| = 2]
f//l(O) 1
f///(x) = f///(o) _ eO =1 a3= 3 :a
and
_Mo) _1
TR TR
Thus, the Maclaurin series for " is given by
Dk, (1)
g k!

The series in (1) converges for all values of x as we showed above. We would like
to say that

2

2!

| —

14+x+

= 4o

=~

0
=
n=0
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for all values of x, and, in fact, this is the case but we do not prove it. (For a discus-
sion of how this can be done, see Kirkwood, 1995.) For the problems that we shall
consider, if the Taylor series of a function converges, then it converges to the
function.

One use of Taylor series is to replace a function by the first few terms of its Taylor
series. This often gives a sufficiently accurate approximation of the function by a
simple expression. For example, some applications replace ¢ when x is close to
Oby l4+xorl+x+ 5—2, To get a feel for the accuracy of the approximation, we
let x = 0.02, and observe that

140.02 =1.02, and 1 4 0.02 + = 1.0202

(0.02)?
2l

and note that to 6 decimal places of accuracy, e*** = 1.020201.
Example:
We compute the Maclaurin series for sin x. We have

fx)=sinx f(0)=sin0=0 ap=f(0)=0

f'(x) =cosx f(0)=cos0=1 al:f’f?):l
f'(x) = —sinx f"(0)=—-sin0=0 a :f”z('O) -0
1" 1" f’(()) 1
f"(x) = —cosx f"(0) = —cos 0= —1 a3 == —3..

By taking enough terms of the series, it is not hard to convince oneself that the
Maclaurin series for sin x is

R I R
X ? + § ? +
In Exercise 2 we show that the Maclaurin series for cos x is
1 P A
TR

Example:
Bessel functions are fundamental in solving differential equations where a partic-
ular type of symmetry occurs. One way to define the Bessel function Jy(x) is

1 2 0
Jo(x) = — e e,
o(x) =5 /0
We shall find a power series representation for Jo(x).
We use the Maclaurin series expansion for ¢™ ™, which is
0 [k n
Qrsind _ $° (ix sin 6)

|
=0 n!
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Now

n!

(ix sin ) }<x_”
— S

[Se]
.
and ) % converges for every x. So

1 2 2m 00 6 1 0 27 /]
Jolx) =5 /0 e sin 0 — Z b sin =5 /0 (ix sin 6)"° S:'l L
n=0 :

If n is odd, then [;™ (sin 6)"df = 0, so

1 & [ (ixsin §)" 1 & (ix)™ 2
%Z/O T :ﬂz / (sin 6)"d6.

n=0 n=

We show in Exercise 17 that
2
o (- D
/(; (Sln 0) d0 = m .
Thus

L ()" 2n—1)2w i": (=1)" (x)2n
2m 4 22" L(n—1)n! o (m)z 2/

Another notion of convergence that will be important to us is L*[a,b] conver-
gence. The setting for L*[a,b] convergence is a vector space with inner product typi-

cally defined by an integral. We say that {f,} converges to fin the L? sense provided
lim [|f, = f[| =0
n—>oo

where

W = HI* = (o — 1. fu— / o) — o) P

This sense of convergence is important in many areas of mathematics, including
Fourier analysis.

There are some connections among the notions of convergence that we have
seen. These include the following:

(1) Uniform convergence implies pointwise convergence.

(2) Uniform convergence implies L> convergence if the interval of integration is
finite.

(3) L? convergence does not imply pointwise nor uniform convergence.

(4) Pointwise convergence does not imply L? convergence.
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There will be many instances in which we want to “differentiate under the inte-
gral.” More precisely, we want to claim

2\ [ renac) = [ Tere]a

This is not always legitimate as the example

1‘3 2

b x .
Fltx) = xze x> 0;

0 x=0

shows. (See Gelbaum and Olmsted, Counterexamples in Analysis.)
In most of the cases that we shall encounter, the function f(z,x) will be sufficiently
well behaved so that the equation

S/ x| = / b [gfa,x)} dx

is valid. The next theorem gives a condition that enables us to move the derivative
under the integral.

Theorem:

Suppose that for each ¢ € [c,d],

b
F(i) = / £, x)dx

exists. If % is continuous on {(x,f)|a <x < b, ¢ <t <d}, then ‘Z—f exists for each

te (c,d), and
dF(r) (P[4
7—/{1 [&f(t,x)]dx.
That is,
d ” dK
i [ ) = [[Greo]a
EXERCISES

1
1. Suppose a sequence {a,} has the property that |a,+; — a,| < — Does this mean
n

1
that {a,} is a Cauchy sequence? What if |a,+1 — a,| < ;?

2. Find the Maclaurin series for f(x) = cos x.
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10.

11.

Find the Maclaurin series for f(x) = In (1—x). What is the radius of convergence
of the power series?
Use the Maclaurin series for sin x, cos x and e to find the Maclaurin expression

for the following functions:
a sin x
tox

b. x? cos(3x)
c e —1—x

. 2 .
If > (—1)"a, is an alternating series for which |a,| > |a,+1| and 11m a, =0
and L is the number to which Y (—1)"a, converges, then

k

> (=1)'ay—L

n=0

< Qf+1-

Use this fact and a CAS to calculate the following expressions to three decimal
place accuracy:
1 sin x

a. [,—

X
b. J5e 2 e dx.
Find the Maclaurin series for

a. sinh x
b. cosh x.

. Show that the following series of functions converge uniformly on the given

interval
[sin(nx)]

a. ZTOH (—00,00)
k
n

b. ZxT on [2, oo)

1
C. ZW for « >0 on [_M7M]

Show that if the power series > a,x" has radius of convergence R, then for any
positive integer k the series Zanxk" has radius of convergence V/R.

Find the radius of convergence for the series

a. > n*x" for k an integer

(x+2)"
b.
2 Inn
1:2:3-o- 521

“135-n-1)

Use the first four terms of the Taylor series for sin x about ¢ = ¢ to estimate sin
32°. Note that 32° will have to be converted to radians.

Find the first four terms of the Taylor series for the following functions about
the given point.

a. cos x about x =7

b. In x aboutx =2
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c. x /2 about x =4

d. x* about x = 3.
12. The integral

€ 3
/ T
0 X —1

where ¢ is small, arises in heat capacity in solids.
a. Use Maclaurin series to show

.x3 . x2
ex—l_l x+x2+
2%
b. Write
2 2
al - X X
2 =x2(1+y) ' where y=14+Z+=—+" -
1+)C+.X i 2 6
2 6

Use geometric series to show that for |y|<1,(1 +y) '=1—y4y* —y> + -
so that for powers of x up to x>

x oA\ 1 1,
[1+(§+€>] —1—§x+ﬁx + e

c. Evaluate

/821 Ler Lea
X — =X —X X.
0 27 12

Note how the higher order terms diminish if ¢ < 1.
13. For the sequence of functions {x"| 0 < x < 1}, discuss why

lim (lim fn(x)> — land lim( lim fn(x)) —0.
n—oo\ x—1 x—1\n—o0

14. For the sequence of functions, {bmﬁ} discuss the difference between

lim ( lim fn(x)) and lim (nlirrgo fn(x)).

n—oo

15. In the theory of relativity



58 CHAPTER 1 Preliminaries

where my is the rest mass of an object, v is the velocity of the object, E is the energy
and c is the speed of light.

16.

17.

a. Determine the first two nonzero terms of the Maclaurin series for
(1 — xz)il/z, and use this to expand E in powers of g

b. Subtract the rest mass energy moc” from the approximation to E obtained in
part a to get the kinetic energy K and show

_ 1 2
K== .
2mov

Another formula in the theory of relativity is the displacement x of an object
with rest mass mq due to a force mgg is

SOIR

Find an approximation for the right-hand side by using the first two nonzero

(ST

Xx=—

295
terms of the Maclaurin expansion of [1 + (‘%’) ] and compare with the

classical result

= —gt".
X 2g

Show that

2
oo, (2n—1)27
/0 (sm 0) df = m

by using the reduction formula

18.

19.

20.
21.

. 1. n—1 o
/ sin"x dx = ——sin” ! xcos x + —— [ sin" 2 x dx.
n n

Use the integral test to show that the series Zip converges if p > 1 and di-
verges if p < 1. n

Prove that the sequence of functions {f;,(x)} converges uniformly to f(x) on E if
and only if ”li_g;O M, = 0, where

M, = suplfy (x) = f(x)].

xekE

Prove that a uniformly convergent sequence of functions is uniformly Cauchy.
The L”—norm of a function f(x) on [0,1] is defined as
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1/p

1
I, = /0 FOP)  1<p<oo.

Find a function f(x) for which ||f||, < {5 and |[f]|, < 10.

22. Show that uniform convergence implies L® convergence if the interval of
integration is finite. X
23. Use the fact that [ (1+x?) dx = tan"! x to show

a. tan 'x=x— (x*/3)+ (x°/5) = (x7/7) + - for xe (—1,1).

b. Find a series expression for /4 assuming that part a also holds when x = 1.
c. Use this expression to find 7/4 accurate to 0.2.

24. Let

l 2)171 <x <
Jax) =q n I
0

otherwise

Show that the series Y _f,,(x) converges uniformly, but the Weierstrass M-test

fails.
e —1
/ dx.
X

25. Use Maclaurin series to solve
26. The energy E of certain ionic solutions can be described by

E(x) = p{x(l + 2)()1/2 —x —x2]
Expand (1 + 2x)% in a Maclaurin series to show that for small values of x,

E = ax.

1.5 SOME IMPORTANT INTEGRATION FORMULAS

In later chapters, we shall solve the heat equation using the Fourier transform. In do-
ing so (and in other applications), we shall need to know the Fourier transform of a
Gaussian distribution (a function of the form e=%*, ¢ > 0). This is an important in-
tegral, and we present two ways of doing the integration here. One can study the
methods now or delay them until later.



60 CHAPTER 1 Preliminaries

The specific integral that we evaluate is
1 [Se]

. 2
_ e—lkxe—oltk dk
27

Method 1 (Power Series Expansion)
We first compute ffooo e~ dx: We have
2

o 2 0 2 0 2
/ e Vdx :/ e ™" a’x/ e Y dy
/ / —(@@+y) dxdy
o0 27 5
= / / e " rdfdr = 71’/ " 2rdy = 7'r/ “Udy = —me™ So =
r=0J6=0 0 0

Thus,

/ e dx = Nz

[0e]
; 2
Next we compute [*_ e~ e~ dx. Now

el — cos(—ax) + i sin(—ax) = cos(ax) — i sin(ax),

o0 . 2 © 2 c 2
/ R :/ cos(ax)e P dx — i/ sin(ax)e # dx.

[eo] o] o]

SO

Since sin(owc)e‘ﬂx2 is an odd function, the second integral is 0. In the first inte-
gral, we expand cos (ax) in a Maclaurin series. We have

/_00 cos(ax)e ™ dx = /_00 <1 — (azx!)z + (a;?“...)eb’xzdx.

We compute [®_ x2"e =¥ dx. Let

2
u=e " dv=x¥dx
x2n+1

du = —2Bxe ™ dx v= P
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So
/ xzne_ﬁxzdx:/ udv:uv|°foof/ v du
2n+1 o 00
_x —Bx 2B 42,6 4
mi 1’ mi1 ).t ¢ "
=0+ 26 x2n+2 —Bx? dx.
2n+1
. 2
If we let I, = L x2ne—b¢ dx, we have shown 12,,:—612”4_2, or
hpio = 28 ———1D. So
L = 1I'
2 = 26 0>
I 31 31 1-3
4 =7l = > ~—lp = 1o;
267 26268"  (28)?
5 1-3-5
Is = —l4 = ——lo;
267 (28)°
1-3:5---(2n— 1)
L, =——————1I
2n (26)" 0,
and thus
e ) ) 5 (X2 ) 2
/ cos(ax)e P a’x:/ e B dx—?/ e P dx
4 o0
+% /_oox4efﬂxzdx~--
_ a2[ +a4 a(’l _ o 1 . +oz4 1~3I o 1-3:5
ST T e T T ar (26)° T4 282" 6l (28)° "
Consider

(2n)! (2n)!
1:3:5-2n—1) 1 _2:4:6-2n) | _27(n]) 1

12:3-(2n) 2 (o0 20 () 2"

11
n4
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Thus
o 2 4 6
/ cos(ax)e ﬁxdx—lo—a— ! 1 o 13 a_1-3-§0
. 21 26)° (25) 6! (28)
[¢) (XZ n
=1 1"~ =1 — = g~/
<z< (%) 4n) oS () =
Now
e vB)' /G
]0 = / Py = / * dx = \/_ \/7
—o VB
Thus
e A2 ™ _ 245
/ cos(ax)e P dx = Ee /48
)
1 ®© -~ —ﬁﬁ 1 ™ 2/4 1 2
- die = — e~ ®/4 — __— /48
7% AR P Vi VAR
For Fourier analysis, we shall use the formula
L ® e—ikxe—atkzdk _ 1 e—x2/4at
2m 4ot

which is obtained by replacing « by x, 8 by af and x by k.

Method 2 (Cauchy Integral Formula)

To compute
/oo |: (t2
exp| — +l/.Lt):|d
o 202
note that
2 2 2
t 1/t . 1 ,, 1/t .
202—|—l,ut—5<—2+21,ut> ZE/.L g —|—§(p+21,ut—
Lo, (e
_E,ua +§(;+za,u> .

Thus (1) is equal to

1 [Se]
exp( - Euzoz) /

1/t 2
exp[—§<g+iau) ]dt.

ey

20,2>

@



1.5 Some Important Integration Formulas 63

Let

w t
w=t+ioc’u, SO —=—+iopu, w—ioc’u =1 and dw = d.
g 0

Then (2) becomes

1, 2) /oowzﬂ ( 1 a)2>
exp| —zu’o exp| — = — |dw. 3
( 2 —oco—io?u 2 g2
We evaluate the integral in (3) using the Cauchy integral formula. The function

f(2) :e><p<—%j—z)

is analytic, so that

ff (z)dz =0,

for v any simple closed curve in the complex plane. Consider the simple closed
curve vy shown in Fig. 1.5.1.

We have
X x+Hiy —x+iy —X
jqf Fod= [ f)dz+ (2)dz+ / F@d+ [ f@)dz=0,
¥ —X X X+iy —x+iy
so that

X X+iy —x —x+iy X+iy
/ fdz+ f(z)dz+ f(z)dz = —/ flr)dz = f(2)dz.

—x-+iy +iy —x-+iy

This can be written

x-+iy X x+iy —X
(2)dz= [ f(2)dz+ f(2)dz + f(2)dz.
—x+iy —X X —x+iy
. ¥ .
X +iy < X+iy

4

A 4

T »-
—X 0 X

FIGURE 1.5.1
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Now take the limit as x — oo. Note that for z = x + iy, 22 = x* — y* 4 2ixy, and

_ 2 (22 . 42 2 _9; 42 2
e~ % :‘e (x> —y*+2ixy) :‘ex+)"e 21xy|:’ex+y
. _7j _ 2
since |e 72| = 1. As x— oo, }e Pty ’—>0, S0
X4y —x
lim f(z)dz=0 and lim f(z)dz=0.
X—oo Jyx x—00 —x+iy

Thus, we have

x+iy
lim f(2) dz—hm/f dz-hm/ exp(———)
xooo gy

Now let
2 .x2 X
Ky =57 SOS:E’ dx = a\/2ds
then
x 1 x2 e 2
lim exp( —= —2> = J\/E/ et ds=0oV2m.
x—ooo [ 20 oo
So

1 co—ia’u 1 2 1
exp| — —u’o? / exp| — = il dw =-exp| — —u’e? oV 2rm
2 —co—ic?y 2 g2 2

and thus
L[ e + iut ) |dt ! Ly V2
— ex — | —= = — €X — "o g ™
27 | o P 262 i 27 P ot

= exp( — ,
V2w P 2

which agrees with Method 1 with u = « and 8 =

OTHER FACTS WE SHALL USE LATER

o 2 (x—£)?
1. [® em—8e—wnig, — ( )ex [ ;
P K Vit P 4kt
2. if F(u) = [ f(x)e™dx and u(x,1) = [ F(u Yeitte M Kiqy  then

w(x, ) /f H/mdg.
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Fact (2) follows from

00 1 oo . ) ,
[ s [ s e |eme way
H=—00 E=—00

] ] 1 . . )
= [ / — f(E)e MM ey | dE

[+ 1 [ ) .
:/E (&) %/ e*mEemxefuzxtd# ds
E=—o0 n=—0co0

© 5 1 ef(x7§)2/4f<t p
_/gz_oof(g) ﬂ'ﬂ VAamkt :

) e—(X—E)2/4Kl
:[ f(g)ﬁd?

ANOTHER IMPORTANT INTEGRAL
The integral

/oo ef(a2x2+h2/x2)dx
0

arises in computing the Laplace transform of

and this is used in the analysis of the heat equation. We compute the integral by first
considering the integral as a function of b, and showing that it satisfies a differential
equation. We let

Then

2 [ e,
— e u
VT Jx ’

1(b) = / (PR gy
0

d o0 2.2 12/,2 ®ld 22, 12/,2
“ —(a’x*+b*/x*) _ & (PP +b*x*)
db (/0 ¢ dx) /0 [a’b (¢ )]dx
- / o1 (_
0

2b

X

—2> dx.

65
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We make the change of variables

b
7=—.
ax
This gives
b ,, b P 5, 2 2%
ax =—; a'x 7 297 a2 —3 dx = —
Also, if x =0, then z = o0, and if x = oo, then z = 0. Thus
b2 2.2
o 0 —|—= 2
/ e*(a2x2+h2/x2) <_%> dx = / e (Z2 taz . ( _ 2a7z
0 X © b

b2
0 — (—2 + a2Z2)
= / e \% 2adz

o0

b2
(s8] (—2+61222>
:—Za/ e \%
0

= —2al(b).
Then
d
—I(b) = —2al
2 1(b) = ~2al(b)
SO
dI(b)
——=db = —2a)db
[ o= [ 2aa.
SO
In I(b) = —2ab + Cy
and thus

1(b) = oo 2P,
Taking b = 0 gives I(0) = ¢, but

Finally, we have

dz

)



1.5 Some Important Integration Formulas 67

EXERCISES

] £ x—£)2 [axt
1. Show that [ _e0—9er gy — e 4>m/; .
2. Evaluate v

® 2,2
/ e %" cos bxdx.
0

Hint: Let (D) = 0°° ¢~ cos bxdx. Differentiate with respect to b and integrate
by parts.
3. The gamma function, I'(x), is defined by

I'(x) = / e P ldr.
0

Show that the integral that defines I'(x) converges for x > 0.

Use integration by parts to show that I'(x + 1) = xI'(x) x > 0.

Show that I'(1) = 1.

Use induction to show that I'(n) = (n — 1)! for every positive integer n.
(Recall that 0! = 1.)

e. Show that lim I'(x) = co.
x10

L0 T oD

The gamma function is used to extend the idea of factorial to positive
non-integer values of x. This is used in several applications, including
quantum mechanics.

4. Determine whether f(;T Si‘)‘c X dx converges.



CHAPTER

Vector Calculus

2.1 VECTOR INTEGRATION

In this section we present results from vector analysis that pertains to integration.
The presentation is somewhat brief, and for a more complete explanation we recom-
mend a standard text in vector analysis such as Marsden and Tromba, Vector Calcu-
lus, Third Edition. A superb reference for much of what we do in Section 2.2 is Diy,
Grad, Curl, and All That by H. M. Schey.

Definition:
If f: USR"—>R, the gradient of f, denoted Vf, in Cartesian coordinates is
af of
v o= .
f= (ax ’Gxn>

If R" = R3, as is often the case, then

Vf:(af afaf) of =, O~ oo

575782 . +_ +_

dx dy 0z
We showed in Section 1.3 that in cylindrical coordinates

afA laf,\ of

Vf =570t 9% Tt

and in spherical coordinates

f o, 1,
V= e T 36% T ein g 90

Example:
Let f(x, y, ) = €“y* + 4xysin z. Then

Vf(x,y,z) = (e"y2 + 4y sin z) i+ (2€%y + 4x sin z)j + (4xy cos z)l:

If f(x, y, z) = constant, then the graph of the equation is a three-dimensional
surface. If (xg, o, zo) is a point on the surface, and the surface is smooth at that point,
then a normal (perpendicular) vector to the surface at that point is Vf(xo, yo, 20)-
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Example:
Let z = x%y 4+ 3y (or x*y + 3y — z = 0). Then

Vf(x,y,2) = 2xyi + (x2 + 3)]?7 k.

So a vector normal to the surface at (1, 2, 8) is 47 + 4f— k.
Definition:
If f : USR"— R, the directional derivative of f at X in the direction of the unit

vector v is Vf(X)- v. If v = (vy, ..., v,) then
~ ~  Of af
Vf( ) Vv = ﬁVl + + Evn

We now describe some different kinds of integrals that are important in vector
analysis. These are (in the order in which we discuss them) as follows:

1. Path integrals, where we integrate a real-valued function along a curve.
2. Line integrals, where we integrate a vector-valued function along a curve.
3. Integration of a real-valued function over a surface.

4. Integration of a vector-valued function over a surface.

PATH INTEGRALS

A path integral is very similar to a Riemann integral on [a, b]. In constructing the
Riemann integral of f(x) on [a, b] we divide [a, b] into n subintervals by choosing
X0, X15 .-+ » Xy, With @ = xg < x| < ... < x;,, = b. This creates subintervals [xg, x1],
[x1, x21, ..., [x4—1, X,] Whose union is [a, b]. In each subinterval we choose a value
of x. Let X; denote the value chosen in the subinterval [x;_q, x;]. We then form the

n
Riemann sum, Y f(%;)Ax; , where Ax; = x; — x;_; is the width of the ith subinterval.
i=1

If f(x) is sufficiently well-behaved, then

n
maxlirxr,l—>0 ;f(Xl)AXI
exists, and the limit is denoted fab Sf(x)dx.

In a path integral and a line integral, a path is used as the quantity over which we
integrate instead of an interval on the x-axis. Intuitively, a path is a curve in space
that has a direction associated with it. The mathematical definition is as follows.

Definition:

A path in R”" is a continuous function o : [a, b] = R". The end points of the path
are g(a) and a(b). The image of ¢ is the curve of . The path ¢ is differentiable if
each of the components of ¢ is differentiable.

We often have ¢ as the variable, and think of ¢(#) as being the position of a particle
at time ¢.
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Example:

The function a(f) = (cos t, sin ), 0 < ¢ < 27 is a path whose curve is a circle of
radius 1 centered at the origin. The motion of the particle that describes the curve
begins at (0,1) and travels counterclockwise around the circle.

Example:

The function o(f) = (1, ), —1 <t <2,isa path whose curve is a parabola that
begins at (—1, 1) and ends at (2, 4).

If o(¢) is a path, then the velocity vector is ¢’(¢). If a() = (x(f), ¥(?), z(¢)), then
a(t) = (X(1), y'(¢), Z(9). The speed of a(?) is

lo" (D)1l = \/(X’(t))2 + () + (2 (1)

We note that ¢’(f) is tangent to o(), and the length of () is

b
7.

We often use ds to denote an infinitesimal element of arc length. If this is the case
and s(1) = (x(2), y(1), z(1)) then

dx\? dy 2 d2\?

We shall construct Riemann sums for path integrals (where we integrate a real-
valued function) and line integrals (where we integrate a vector-valued function). In
both cases, the construction involves splitting the path into small pieces and forming
a Riemann sum, with the length of the pieces of the path taking the role of Ax in the
Riemann integral. We now investigate how these lengths are computed.

Let 0 : [a,b] = R". Choose fg, t1, t2, ... , ty, witha=1y<t) <tp < ... <1, =b.
Then a(#;) is a point on the path o, and the role of Ax; = x;; — x; in the Riemann
sum is now played by the length between o(#;; 1) and o(#;). See Fig. 2.1.1.

o(a)

FIGURE 2.1.1
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If o is a path in R?, and a(f) = (x(1), y(£), z(f)) then
o(tip1) — a(t;) = (x(tig1) — x(t;), ¥(tig1) = y(t;), 2(tiz1) — 2(:))

and

lo(tivr) = o)l = \/(X(fi+1) = x())? + ((tie1) = ¥(0))° + (2lti1) — 2(1))%.

If o(?) is differentiable, then so are the component functions, and by the mean
value theorem

x(tiy1) — x(t; _ _ _
M = x'(ti) or x(t,-H) — x(ti) = x/(ti)(tH,] — ti) Exl(ll’)Al,'

liy1 — 4
where 7; is between #; and 7;11. We have the analogous relations for the other two
components. Thus

|o(tiv1) — o(@)] = \/[x'(l‘i)]2 + () + [ (6)PAn = |0’ (1)) || At

This method is applicable to curves in dimensions other than three.

We continue to work in three dimensions. Suppose f : R* —Rand o : [a, b] —> R?
is a path. To construct a Riemann sum for the path integral we choose ty, t1, f2, ... , t,
with a =1ty <t <t <...<t,=b as above and from each subinterval [z;_;, ;]
choose a point ;. Form the Riemann sum

Zf De(tier) = ()]l

Notice how this compares with an ordinary Riemann sum. Since in the limit as
max (11 — ;) = 0, we have ||o(t;+1) — o(t;)]| = ||o’(#)]|dt, and we have

Zf Dloti) — a(s) II—/fds—/f Dl (1) .

Recapping, we have the following:

Definition:

Suppose that f : R"— R and o : [a,b] — R”" is differentiable. The path integral
of falong o is

max l,+] t‘ -0

b
Jras= [ sewlia )

If f: R?—R, and a(r) = (x(£), y(£), z()) then

[, fds = / hf(X(t),y(t),z(t))\/ (%)2 ; (g)z i (%)zdt.
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Example:
Let f(x, y, 2)= 2+ y2 +4z and o(f) = (cost, sint, t) 0<t<2. Then

o'(f)=(—sint, cost, 1) so |d'(®)|= \/(—sin 1% + (cost)* +1=+2 and
f(a(t))=(cos t)* + (sin 1)>+4t = 1 + 4¢. Thus,

fioe L&) + &' ('
2

:/ (1 +40)V2dr = \/i(t+2f2)|§ = 10V2.

0

LINE INTEGRALS

In line integrals, we use the idea of a vector field.

Definition: R

A vector field on R" is a function F : R"—R".

For most of our work, F : R* — R3. An intuitive way to visualize a vector field is
a flowing fluid. At each point, the fluid has a particular velocity. This velocity we can
represent as an arrow. Thus each point in space has an arrow associated with it. It
may also be visualized as that at each point there is an associated force, as shown
in Fig. 2.1.2. N

In the case, F : R — R3 we often write F(x,y,z) = F1(x,y,2)i + Fa(x,y,2)j +
F3(x,y,z)k where Fi(x,y,z) : R®*—>R.

We say that the vector field F is continuous (differentiable) if each component
function is continuous (differentiable).

The idea of a line integral is well-illustrated by computing work. The work done
in moving an object along the x-axis from x = a to x = b by a force F (x) that acts

only in the horizontal direction is f: F(x)dx. Suppose that we are in higher

z
A

// ./f(x)
S
e

<V

FIGURE 2.1.2
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FIGURE 2.1.3

dimensions and we move an object along a path ¢ from o(a) to a(b), and the object is

acted on by a vector field I?(x7 y,z). Consider what happens along an infinitesimal
part of the path. See Fig. 2.1.3.
The only portion of F(x,y,z) that contributes to the motion of the body is that

part of F(x,y,z) that is tangent to the path. If 7(x, y, z) is a unit vector that is tangent
to the path at (x, y, z), then the force that contributes to work at that point is

F(x,y,z)-1(x,y,z). The body moves in almost a straight line along the path from
(x,y,2) to (x + Ax, y + Ay, z + Az). If we denote the distance between those points
as As, and AW is the work done in moving between those points, then

AW = f(x,y,z)f(x,y?z)As

so that in the limit as As — 0 we get

W:/F(x,y,z)‘?(X7YaZ)dS~

We now express F(x,y,z) 1(x,y,z)As as a quantity that we can integrate. We
can express F(x,y,z) in Cartesian coordinates as

— o~

F(x,y,2) = F1(x,,2)i + F2(x,3,2)] + F3(x,y,2)k
or

F(o(1) = Fi(a(0))T + Fa(o()] + F3(o(0) .
We noted earlier in the section on path integrals that ¢’(¢) is tangent to o(?), so
a'(1)
llo" (@)l

is a unit vector tangent to a(r). We also noted that As = ||¢’(¢)||Az. Thus, we have
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= a b .
W= /taF(a(t))'HU/EgH o’ (1)]| dt = /t:a F(a(t))-o'(1)dr.

Definition: -
Let F be a vector field on R” and ¢ : [a,b] : — R". The line integral of F along

o, denoted |, 01? -ds, is defined by

/UF 45 = /ah F(o(t)-o (Hdr.

We oftn have F(x.y,2) = Fi(x,y,2)i + Fa(x,y,2)] + F3(x,y,2)k and
a(t) = (x(2), y(¢), z(t)) and write

/Tv d5 = /Fldx + Fydy + F3dz.
a a

Example: N N R
Let F(x,y,z) = x>yi + xzj + xyzk and o(f) = (1,/%,4f) 0 < t < 2. Then

xX=1, y:tz, z =4t
dx =dt, dy =2tdt, dz =4dt

SO

R 2
/F-d?:/ (P21 + 1(41)2t + 1 (1) (40)4] dt
4 0

S8t 168 17(2°)

= —+— = 2(2%).

sta TS, s )
Example:
Compute

/xyzdx + xzdy
g
along the path y = x2, 0 <x < 3. We have dy = 2x dx so
3 6 43 6 o4
3 3
/nyzdx + x%dy = /0 [x(x2)2 + x2(2x)} dx = % + 2% . =< + Ex

Example:
Compute

/ xyzdx + xzdy
ag

from (0, 0) to (3, 9) along the path ¢ from (0, 0) to (3, 0) and then from (3, 0) to (3, 9).
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Let abe the path from (0, 0) to (3, 0) and o, be the path from (3, 0) to (3, 9). Then
/xyzdx + xzdy = / xyzdx + xzdy + / xyzdx + xzdy
T (4] )

and

3
/xyzdx+x2dy :/ 0dx =0
g1 0

since y =0 and dy = 0 on o, and
9
2 20 _ 2 _ -
/xydx—i—xdyf/ 3°dy = 81 — 27 = 54.
0 3
Thus,

/xyzdx + x%dy = 54.

[

Now compute

/ xyzdx + xzdy

g

from (0, 0) to (3, 9) along the path y = 3x. Then

3 493
/xyzdx + x%dy = / [x(?ax)z + x33} dx =12 % = 243.
4 0

0

Notice that the answers to the last two examples are different, even though we are
integrating the same function between the same end points.

SURFACES

The next two integrals we discuss involve integrating over a surface rather than a
curve. Like line integrals that extended integrating a function over an interval to inte-
grating over a curve, surface integrals extend the idea of integrating over a planar
region to integrating over a surface.

In developing line integrals it was fundamental that we develop an approxima-
tion for an increment of the path—a quantity we denoted As. Our first task with
creating surface integrals is to develop an approximation for an increment of the sur-
face. We denote this incremental element AS.

The simplest situation—the one that we now consider—is when the surface can
be expressed z = f(x, y). The cases where y = g(x, z) and x = h(y, 7) are conceptually
identical.
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Suppose that D is a region in the x,y plane and f(x, y) has continuous partial
derivatives. Divide D into small rectangles whose dimensions are Ax and Ay. We
consider the particular rectangle whose corners are (xp, Yo), (xo+ Ax, Yo),

(xo + Ax, yo + Ay) and (xg, yo + Ay). See Fig. 2.1.4.

Denote this rectangle AA. If we project AA onto the surface z = f(x, y), we get a
portion of the surface that we denote AS. To estimate the area of AS, choose a point p
on AS and construct the plane tangent to the surface at that point. It is notationally
convenient to choose p = (xo, Yo, f (x0, ¥0)). We project AA onto this plane and get a
planar region we denote AP. We compute the area of AP, and this will be our esti-

mate for the area of AS. The sides of AP are the vectors

The area of AP = ||u x V]|. Now

~

i

Ax

<)
X
<)
|

0

J
0

Ay

df (x0,¥0)

= i 4 Axk

—~

k

f (xo, 0)

Ox

f (xo0, o)

dy

Ax

Ay

X

~ -~ a-x7 '
v:Ay]+f(0yo)

Ayk.
dy Y

= —AxAy

df (x0, y0) i 3f(x0,y0)]¢_ A

Ox

dy
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SO

2 2
AP = @ x V] = my\/ (af 0;0); yo>) N (af();o): yo)) o

When we develop integrals over surfaces, this will be our incremental surface
element if we can write the surface as z = f(x, y).

PARAMETERIZED SURFACES

In situations where the surface is not conveniently expressed as z = f(x, y), such as
when cylindrical or spherical coordinates are advantageous, we parameterize the
surface with different variables.

Definition:

A parameterized surface is a function ® : DC R?— R?, where D is a connected
set. The surface corresponding to & is the image of &, ®(D). If ®(u, v) =

(x(u, v), y(u, v), z(u, v)) then S = ®(D) is continuous (differentiable) if each of
the coordinate functions is continuous (differentiable).

Example:

The function ®(f, @) = (rsin fcos ¢, rsin fsin @, rcos ) 0 < 0 < 7, 0 < < 27
is a parameterization of the surface of a sphere of radius r.

To compute the element AS in parameterized surfaces, we follow the same idea
of finding the tangent plane at a point, and estimating AS by the area of the increment
of the tangent plane. As before, we need two nonparallel vectors that are tangent to
the surface to create the tangent plane. We now describe how to do this.

If &(u,v) = (x(u, v), y(u, v), z(u, v)) is a surface and ®(ug, vq) is a point on the
surface, then
0z ~

Ox ~ 0 ~
T, (uo,vo) = E(uowo)l +£(Mo, vo)j +$(uo, vo)k

is a vector tangent to the surface at the point ®(u,v) parallel to the curve ®(z,vy) on
the surface. Likewise,

~

~ Ox -~ ) -~ 0z
(w0, v0) = 5 (10, v0)7 + 2 (1o, o) + 5

is a vector tangent to the surface at the point ®(u, vq) parallel to the curve ®(uy, 1)

(0, vo)k

on the surface. The vector YA"u(uo, vo) X fv(uo, vo) is normal to the surface ®(u, v)
at the point ®(ug, vp). The surface is said to be smooth at d(uy, vg) if
T, (1o, vo) x Ty(ug,vo)#0.

Following what we did in the case where the surface is described by z = f(x, y),
our estimate for AS is H fu X ]A”VHAMAV.

Example:

Consider  the parameterization of the sphere of radius 7,
d(f, @) = (rsin fcos @,rsin Osin @,rcos ) 0 < § < 7, 0 <¢ < 2w. Then
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x= rsinfcosp, y=rsinfsing, z=rcosf
)
Ty =rcos @ cos @i+ rcos 6 sin @gj —rsin 0k
T, = —r sin @ sin @i + r sin 0 cos ¢j

and

i j k
ToxTy=|rcosfcosep rcosfsing —rsinf
—rsinfsin¢@ rsin 6 cos ¢ 0

=, [(sin 0)* cos @i + (sin ) sin @) + sin 6 cos Bk}
Note that
YA"g X YA"(,, =rsind {sin 0 cos (piA—i- sin 6 sin (pf—&- cos 01?}
= 7% sin H(xiA+ yj + zl?) = r? sin 67

so that the normal to the tangent plane to a sphere is radially directed, as we would

expect.
Also

Hfg X fq,H = r* sin 6.

Thus the estimate for AS is r’sin §AGAg.
Fact:
If ®(D) is a surface S, then the area of S is

// 1T x T dudv.
D
Example:

We compute the surface area S of a sphere. We have

~ ~ m 2w x
S= // HT“ X TVHdudv = / / (r2 sin fdg)df = 27'rr2/ sin 6d0
D =0 J p=0 0

= —2mr’cos 0|f = 4mr?.

INTEGRALS OF SCALAR FUNCTIONS OVER SURFACES

Suppose that f : R*— R and S is a surface in R?. We begin by giving an intuitive
description of what |, ¢f dS should mean. The idea is simpler than it may appear.
All we are doing is picking a point on the surface, evaluating the function at that
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point and then multiplying that number by a small amount of the surface area close
to that point. We then sum all the pieces.

As with most integrals, we can go back to Riemann sums. We approximate the
surface S by covering S with nonoverlapping planar segments, AP;, each of which is
tangent to S at one point. We described how these planar segments are determined
above. Let

|AP||; = diameter of AP; = sup{|x; — yi| |xi, yi€ AP;}

so that if ||P;||—0, then every dimension of P; must go to 0.

For each planar segment P;, let (x;, y;, z;) denote the point on the surface S at
which P; is tangent to S. Form the product f(x;, y;, z;)AP; where AP; is the area of
P;. In the work above, we showed how to calculate AP; in the special instances
that we consider. Again referring to our work above, f(x;, y;, z;))AP; is an estimate
for f(x;, y;, z;j)AS. Depending on how we describe the surface, the Riemann sum
that we form is

st (Zem " (F030)" 1) sy

or

> iy w)|| Tu x Tl Aubv = > F(@((ui, vi))|| T x To||Autsv.

If the function fis reasonably well behaved, then the limit of these Riemann sums
exists as ||AP;|| —0, and we define

s = tim S sz

y \/(af(xo,yo))2+<<9f(x0»y0))2+1 AxAy.
dx dy

(In this case, z is a function of x and y so the integrand is actually a function of x

and y.)
Likewise,
ds = i ((ug, vi))||Tw x T,||Ausrv.
15 = oty STy < T
Example:

We compute the surface area of a cone, which is determined by
Py =7, 0<z<3
by computing ], ¢1dS. We parameterize the surface by the variables u,v with

z=u, x=ucosv, y=usiny, 0<u<3 0<v<2m
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(A more natural choice for the names of the parameterizing variables is z and 0,
but we are following the notation we have established.) Then

®(u,v) = (ucosv, usinv,u)

=cosvi +sinvj+k

T,=—
du
E oL} . ~ -~
y =—— = —usinvi + ucosyvj
v
i J k
TyxTy=| cosv sinv 1

—usiny wucosv 0

= —ucosvi—usinvj + (u cos® v + u sin’ v)k

T, x Tl = \/(—ucos v)? + (—usin v)* + u2 = V2u.
[T x Tof| =/ ( )+ ( )

So
3 2 3 3
S://ldS:/ V2udv du:Z\/iﬂ'/ udu:\/iwuzloz%/iw.
S u=0 v=0 0

Example:
Compute the surface integral ] s (5)cy3 + 4xy )dS where S is the surface deter-
mined by z:x2—|—3y, 0<x<y<l.

We have

2 2
a—f) + (a—f> +1=+v4x2+10

_ — 42 _
z=f(x,y) =x" 43y, so dS_\/(Gx 3

and

y
/ / (5xy® + dxy ) v/ 4x2 + 10dx | dy.

1 5
// (5xy3 + 4xy )dS =
S y=0 x=0

We leave it to show

1 ¥ 4914  485/10
/ / (5xy° + 4xy ) V/4x2 + 10dx | dy = 5 e

y x=0

y=0

as an exercise using a computer algebra system (CAS).
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SURFACE INTEGRALS OF VECTOR FUNCTIONS

A major reason why we study vector functions over a surface is to measure flux—an
idea that we now describe.

Flux is an important concept in electricity and magnetism. In fact, much of what
we shall study in the later part of this chapter was developed as part of the effort to
give a mathematical formulation to the principles of electricity and magnetism. The
culmination of this effort was Maxwell’s equations.

An intuitive way to visualize flux is the passage of a fluid through a membrane.
We want to measure the amount of fluid that passes through one unit of area of the
membrane in one unit of time. Fig. 2.1.5 illustrates how this depends on two factors:
(1) the velocity of the fluid and (2) the orientation of the surface with respect to the
direction of flow of the fluid. The more closely the surface is to being perpendicular
to the flow of the fluid, the more fluid will pass through the surface. Thus, if F is the
vector field that describes the flow of the fluid, and 72 is the unit vector normal to the
surface, then F -7 would be the appropriate mathematical quantity to combine these
two conditions. R

If S is a given two-sided surface and F is the vector field describing the motion of
the fluid, we determine how much fluid passes through, dS, a small amount of the
surface in one unit of time. (All of our surfaces are two sided. An example of a sur-
face that is one sided is a Mobius strip.)

To compute this volume of fluid, suppose that ® is a parameterization of S, and
®:D — §. Partition D into small rectangles, and consider one of the rectangles, D;;.
Suppose the length of Dj; is Au and the width is Av. Let S;; = ®(Dj;) and suppose that
(uo, vo) is a point in Dj;. Then T, (ug, vo) x T, (uo, vo) is a vector that is normal to Sj;
at ®(ugp, vg), and

~

Tu(”Oa VO)
|| Tu(”Oy Vo)

is a unit vector that is normal to Sj; at ®(ug, vo). In the case that the surface can be
described by z = f(x, y), then

(u0,vo)
(1o, vo) |

. xT,
n = =
x T,

af (x0,y0)~ , 9f(x0,y0)~ ~
W= Jdx r Ox Ik )
o030\, (FG030)\" |
Jx dy

vVvYy

FIGURE 2.1.5
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Fe(TyxT,)

v ¢ v

: Z ([T,

S B F
A T,xT,
oD)=3S
ui
> u >y
X
FIGURE 2.1.6

Let ¢ denote the angle that 7 makes with f(fb(uo, vo)). See Fig. 2.1.6. The paral-
lelogram with sides T, (1o, vo)Au and T, (ug, vo)Av has approximately the same area
as §jj. The volume of fluid that passes through S;; in one unit of time is approximately

I?( ®(ugp,vp))||cos 0“?,,(u0,v0) X 7A"V(u07v0)||AuAv.

But

—

F( <D(u0,v0)) COoSs 0Hfu(uo,\)0) X T\V(uo,V())H

) 17 _
fV(uo,vo)H HTu(uo,vo) X Tv(uo,vo)HAuAv

= F( D (up,vo))* (fu(uo,vo) X fv(uo,vo))AuAv.

Also, this approximation becomes exact as Au — 0, Av — 0. Thus
Z F( ®(up,vo))- (fu(uo,vo) X fv(uo,vo))AuAv
iy

is a Riemann sum that approximates the amount of fluid that flows through the sur-
face S in one unit of time, and the exact value is given by

//DF( d(u,v ))-(fu(uo,vo) X fv(uo,vo))dudv. 2)
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It is common to write expression (2) as fsl?d§ or fsf-ﬁdS.
In the case the equation of the surface is z = f(x, y) the integral is

/ / Fx,y,2)- <6f(<;:y)i+ afg;y)f - i) dxdy
Ty

keeping in mind that F(x,y,z) can be expressed in terms of x and y.
The process of evaluating the integral of a vector function over a surface can be

broken down into steps.
Step 1. If the surface is described in parametric form, compute the tangent vec-

tors T, and T, as before; that is,

~  Ox~ Oy~ 0z~
T,=—i+—j+—k
"= u JraujJr(?u
~  Ox~ Ody~ 0z~
Ty=—i+—j+—k.
P! * o’ * v
Step 2. Form a normal vector. If the surface is described in parametric form, a
normal vector is
TuxT,.
If the surface is described z = f(x, y), a normal vector is

) ~ 0 ~ -~
f0y) =, f(x,y)j _z
Ox dy
Step 3. Normalize the vector found in Step 2. R
If surface is defined parametrically, the vector is T,, x T, and then a unit normal
vector is

. T,xT,
n=-———=—=-
1T x T,

If the surface is defined by z = f(x, y), normalize the vector in Step 2 to get

<3f (x> Ofx, y)j_\_ ]?>

Ox dy

\/<6f5;;,y)>2+ (@”E;,y))zﬂ.

;l\:
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Step 4. Take the dot product of the unit normal vector with the vector field. This
is either

= T, xT,
F dj T =
( (uvv)) HTMXTVH

in the parametric case or

af(xay)’-\ af(X,y)/-\ ~
( o ay J_k>

I\ | ()
\/( Ox ) + < Ox ) +1
in the case z = f(x, y).

Step 5. Integrate the quantity in Step 4 as a scalar function over a surface using dS
as the infinitesimal element. For example, integrating over x and y, dS = dxdy; inte-
grating over the surface of a sphere of radius R, dS = Rsin 0d6 dg.

Example:

Let F(x,y,z) = x%yi 4+ 2yzj +4xk and S __be the surface defined by
z=1 —x — 2y in the first octet. We compute ﬂSF -dS.

We have

F(x,y,2)"

~

F(x,v,2) = x>yi + 2yzj + dxk = xyi + 29(1 —x—=2y)j + 4xk.
Also,
2=flxy)=1-x-2y,

SO

of(x,y): f(x,y). -
< x| ay ]_k> —i-2/—k _

PN (FryNe | VU Ve
\/< ox >+< ox >+l

Then

BN

(?Jr 2j + k)

af(xay)’-\ af(xay)/-\ N
= ( o "")

rle I\ | ()
\/(T) +(a—> 1

— [x2y7+ 2p(1 —x—2y)j + 4x’?} ' [7% (iAjL Y+ ]?>]

z;(x2y+4y—4xy—8y2+4x).

St
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FIGURE 2.1.7A

The surface is shown in Fig. 2.1.7A, and the region of integration for x and y is
shown in Fig. 2.1.7B.
We have

1
2

N 3 -2y 4
//F-dS:/ — (¥ + 4y — 4xy — 8y* + 4x)dx | dy.
S y=0 x=0 \/6

Using a CAS

2 =2y -1 /91
2 2

— (x7y + 4y — 4xy — 8y” + 4x)dx dy———<—>.
/yO x=0 \/6( ) \/6 240

FIGURE 2.1.7B
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Example: R
We compute the flux of cD(x ¥,2) = xi + yj + zk out of the upper half of the unit

sphere.
Parameterizing with spherical coordinates with r = 1, we have

x=cosgsinf, y=singsinf, z=cos®.

Now,
~ BxA ayA 07 ~ ~ ~ ~
Ty = — k = cos ¢ cos 0i + sin ¢ cos 0 — sin 0k
0= 90 30 a @ 1+ @ J
~ ox ~ 0y~ 0z ~ ~ ~
T, :£i +a—yj 6_k —sin ¢ sin #i + cos ¢ sin 0J
o)
i j k
TgxTy=|cospcosf singpcosf —sinf
—sin ¢ sin § cos ¢ sin 6 0
= cos @sin’ fi + sin psin® t9jA+ sin 6 cos 6k.
Then
~ =2
T x Ty||” = cos® psin® 6 + sin? psin* 6 + sin? Acos® 0
= sin* @ + sin? fcos? 6 = sin® 6
o)
Ty x T
V29 cos @ sin gi + sin @ sin 0] + cos Ok.
179 < T
Now
;(05(0, ®)) = cos ¢ sin 0i + sin ¢ sin 6] + cos 0k
o)
- TyxT,
F(®(0,9)) ———2 = cos® ¢ sin® 6 + sin> ¢ sin® 0 + cos® 6 = 1.

1Ty x Tl

Thus the flux over the upper hemisphere is

2 2m 2
/ / sin Odpdf = 27r/ sin 0df = 2.
0=0 J9=0 0
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EXERCISES

1. If V(%) #0, show that Vf () points in the direction in which fis increasing most
rapidly.

2. Find the directional derivative of f(x,y,z) = xyz> — 4x at the point
(1,-3,2) in the direction 47 — 2] + k.

3. Find Vffor the following functions at the given point. Find the direction in which
fis increasing most rapidly.
a. f(x,y,z) = xe¥ +sinzat (3, =2, 0).
b. f(r, 0, z) = zrcos 4 at (5, w/4, 2).
c. f(r,6,0) =rsinf+rcosq at (3,%,%).

4. Let S be the surface consisting of the points (x, y, z) for which f(x, y, z) = k where
k is a constant. The equation of the plane tangent to S at the point (xg, yo, o) iS
Vf (x0,¥0,20) - (x — X0,y — Yo,z — 20) = 0.
Find the equation of the plane tangent to the following surfaces at the given point.
a. x> +3z=7 at (1,2,1).
h. ¢ +4yz=8 at (0,1,2).
5. Find the length of the curve o(f) = (cos ¢, sin , PHo<r<1.
Path Integrals
6. Evaluate the following path integrals [ f(x,y,z)ds.
a. f(x,y,2) =x>+y*+72%, o(t)=(cost,sint, t), 0<t<4
b. f(x,y,2) =x*+y +3z, o(t) =(2,51,9), —1<1<5.
c. f(x,y,2) =xy, o(t)=(2t,31,3/31),0<t <4,

Line Integrals
7. Compute the following line integrals.
a. fgx3y dx + xz dy + y*dz where o(t) = (*, 2, 4), 0 < t < 2.
b. [ sinzdx + cos zdy + 4dz where o(f) = (cos®t, sin*t, 1), 0<r <3

c. | GYzdx —zx dy + xy dz where a(f) consists of the line segments from
(2,0, 0) to (0, 2, 0) to (0, 0, 2).

d. [ (x> +3? +2%)do a(t) = cos ti + sin 1j + 2k from (1,0,0) to
(1,0,8m).
e. [x’ydx+xdy from (0,0) to (1,1) along the path y = x.
f. [x*ydx+xdy from (0
g [ xydx+ (x+y)dy o(t) = (1 +2, t3), 2<1<4.
8. Find |, Uﬁ -ds where
a. I/':zxyziA—xyf; x=0, y=t 0<r<I.

,0) to (1,1) along the path y = x°.
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b. F=x2+ yzﬁ o is the unit circle, from 0 to 2.
C. F=x2yi+2yz —xyk: o(t) =2+ — £k, 0<1<2.

9. Find the work done going on upper half of the unit circle from (1, 0) to (—1, 0)
when the force is

;: -y 'AJr X o
= l
21y Tyt

10. Calculate the work done by going from (0, 0) to (1, 1) along two different paths

where F = (x+ )i + (x — y)j. What does your answer tell you about F?
11. Gravitational force is given by

1
F——(xl—i—y]—i—zk) where r= /x2+y?+ 72

Compute the work done |, aF -ds where o is any path for which
|le(initial point)|| = Ry and ||o(final point)|| = R,.

Integrals of Scalar Functions Over Surfaces

12. Evaluate Jsf (x,y,2)dS where f(x, y, z) = 3x%, S is the surface determined by
X4y =4, -2<z7<2.

13. Evaluate [[of(x,y,z)dS where f(x, y, z) = 3x%cos y, S is the surface determined
byz=x%0<x<2,0<y<n/.

14. Evaluate [[,f(x,y,z)dS where f(x,y,z x2+y2, S is the surface deter-
m1nedbyz—9—x2—y z2>0.

15. Find the surface area of the paraboloid z = 4% + 4 yz, 0<z<16.

16. Evaluate [[5(x%y +3xyz)dS where, S is the plane in the first octet
2x+4y+z=28.

17. Let S be a sphere of radius R. Evaluate

/ / ! ds
$ {(x —x0)* + (v —y0)> + (2 — 20)2}

a. in the case v/x02 + yo2 + 202 <R
b. in the case v/xo2 + yoZ + 202 > R.

18. Parameterize the surface of a right circular cone of radius R and height & and
find the area of the surface of the cone.

Integrals of Vector Functions Over Surfaces

19. Find the flux of the vector field F(x, y,2)=xi4yj+ zk through the upper
half of the hemisphere x* + y* + 7> = 4.
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20. Find the flux of the vector field F(x,y,z) =5k through the surface
z2=9—-x>—y%z>0. R

21. Find the flux of the vector field F(x,y,z) = yj — zk where S is the surface
consisting of two pieces y = x> + Ziand 7L<

22. Find the flux of the vector field F(x,y,z) = 2yj + 5zk and S is the plane
2x +y + 3z =6 in the first octet.

23. Find the flux of the vector field F (x,y,z) = 3z%i + 2] + xzk and S is the surface
y=x20§x§1,0§z§2. ~

24, Find the flux of the vector field F(x,y,z) = 2yjA— zk and S is the surface
bounded by the paraboloid y = 4xi+ 4z% and the plane y = 1.

25. Find the flux of the vector field F(x,y,z) = xi +yj + zk and S is the plane
z=4 —2x — y in the first octet.

26. Find the flux of the vector field F(x,y,z) = yi +xj + zk and S is the surface
z:4fx27y2,z20.

2.2 THE DIVERGENCE AND CURL

The divergence and curl are two of the most important operators in vector calculus.
One way of presenting them is to define them in terms of mathematical formulas. We
choose instead to analyze the phenomena from which they arise, and then derive the
associated formulas. Both the phenomena describe the action of a vector field at a
point. The derivation involves analyzing what happens within a small volume,
dividing by the volume to determine the effect per unit volume, and then taking
the limit as the volume goes to 0.

DIVERGENCE

Let F be a vector field and S be an enclosed surface. Then the flux of F through S is

//Fﬁds
N

where 7 is the outward pointing unit vector to the surface of S. Let V be the volume
of the region enclosed by S. Let p = (xo, yo, zo) be a point in R3. The divergence of F
at p, denoted div F (p), is

— 1 —
div F(p) = lim —//FﬁdS
VI=0.pev V.JJs
where the limit exists.

Thus, div F (p) is the flux of Fat p. The formula used to calculate the divergence
depends on the coordinate system used. We develop the formulas for Cartesian,
cylindrical, and spherical coordinates.
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CARTESIAN COORDINATE CASE

Choose the point p = (xy, Yo, 29) and enclose p in the center of a rectangular paral-
lelepiped. See Fig. 2.2.1.
Let Ax, Ay and Az denote the lengths of the sides of the parallelepiped, and let

F(x,y,z) :Fx(x,y,z)i+Fy(x,y,z)j+FZ(x,y,z)k.

This notation will help keep the component functions straight, but we must
remember that for the rest of the section, the subscript does not mean a partial
derivative.

We assume for the remainder of this chapter that each component function is
differentiable. Our parallelepiped has six faces, and we compute

//F-ﬁds
S

by computing the integral over each of the faces and then adding the results.
Let S| and S, denote the faces that are parallel to the y, z plane. See Fig. 2.2.1.
OnSy, F-i=F-i=Fdx,yz) andonS,, F-i=F-(~i)=—F(x,y,2).
(Recall that 7 is the unit normal vector that points outward from the surface.) The
x coordinate of any point on Sy is xo + %. If Ay and Az are small, then

S2
Ss
Az
Sy
L —> /
|
S1 ° _AXxy Ay, Az
(Xg» Yor Zo) <_(XO 2 Yo" % 2)

AXx
S
3 Ay

(o o)

Se
FIGURE 2.2.1
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- A A
//F-ﬁdS://Fx<xo +—x7y7z)dSzFx(xo—&-—x,ymzo)//dydz
s, s 2 2 s

Ax
=F, <x0 + > ,yo,10> AyAz.

The x coordinate of any point on S is xp — M. If Ay and Az are small, then

17 [ o5
So Sz
Ax
= —F, < ,)’0720)// dydz = — ( —,YO,ZO>A}’AZ~
S, 2

Thus

- Ax Ax
// F-ndS = [Fx (Xo + —7yo,10> - Fy ()m - —,yo,zo>] AyAz
S145 2 2

Ax Ax
Fy| xo + S50Y0%0 | = Fyl xo — 570,20
AxAyAz.
Ax

Now AxAyAz =V, so

X0 ay07ZO x| X0 ——=7Y0,20
1 N
// FfidS = 2 2 .
NERY

% - Ax

In the limit as Ax — 0 we have

lim _// F ndS (XanO7ZO)
A0V J Js 4, o

Similarly, if S3 and Sy are the faces that are parallel to the x, z plane as shown in

Fig. 2.2.1 then
1 - OF
lim _// F-7dS — y(x()a)’OaZO)
Ay—0V S5+, ay

and if S5 and Sg are the faces that are parallel to the x, y plane as shown in Fig. 2.2.1

then
1 JF.
lim _// F 7dS — (XanOaZO)
Az—0V Ss-+Se 62
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Thus,

1 - 1 -
lim —//F'ﬁdS: lim —// F-ndS
Ivi—=oV.JJs IVI=0 V J Jg 4 g8
] N

= lim —// F-ndS+ lim // F ndS + lim // F ndS

V=0 V.JJs+s, Vi=o0VJJss, IVI=0V J Jsstsq
zhm—// FndS+11m—// FndS+11m—// FndS

N 4 S1+S2 y_)o S3+S4 Z_)O S'5+Se

:3Fx(x07y0,20)JraFy(xo,yo,ZD)Jran(Xo,yo,Zo) .=

=div F
O0x Ox 0z v
and
d ~0 ~d\ =
~0 ~0 ~0 ~ ~ N
_ (79 -0 LAW - - |
(lax+]6x+k0x> (Fx(x,)’az)l+Fy(anaZ)J+Fz(an7Z)>k (1

an(x7ya Z) aFy(X7y,Z) aFZ(xay7 Z)
+ + .
dx dy 0z
Many texts will give the right-hand side of Eq. (1) as the definition of the
divergence of a vector field in Cartesian coordinates. It is common to refer to
i ax + ] ax + k - as the “del operator.”

Example:

The divergence of

F(x,y, z) = x%¢’ sin Zi +3yz7j + xyl?
is

a a a
. (xZey sin z) + a (3yz) + e (xy) = 2xe” sin z + 3z.

CYLINDRICAL COORDINATE CASE

In integrating in cylindrical coordinates, the incremental element of volume is
shown in Fig. 2.2.2. The volume of the incremental piece is AV = rdfdrdz.

We have the faces of the incremental element and will proceed by grouping the
faces in pairs, as we did in the case of Cartesian coordinates. We describe the vector

field as

F(r,ﬂ,z) :Fr(r,ﬁ,z)?r+Fg(r,0,z)?g+Fz(r,0,z)?z
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Ar AO Az
(r0+§,00+ 7’Zo+7)

(rO’ 901 Zo)

X
FIGURE 2.2.2

Consider an incremental volume element centered at p = (rg, 6y, zo). We

compute
- - Az
//F-ndsz//F-eZdSzFz<ro,ﬁo,ZO+7>r(A0)(Ar)
Sl Sl
- - Az
// F-ndS = —// F'ezdS: _Fz<r07003Z0 —>F(A0)(Ar)
S2 SZ 2
SO

— A A
// F-ndS = [FZ (ro,ﬁo,zo —i——Z) —F (ro,ﬁo&o ——Z)} r(A6)(Ar)
N 2 2

[FZ (ro, 6o, 20 + %) A—ZF <ro, 00,20 — %)] H(A) (AR (82

- (9FZ(V()7 00720)
0z

AV.

Also,

- ~ A A
//F-ﬁdS://F-?rdSzFr(ro+—r,50,Zo) (ro +—r)(A0)(AZ)
s s, 2 2
- ~ A A
//F-ﬁdS:—//F?,dsz - ,(ro——r,ﬁo,m) <ro——r)(A0)(AZ)~
S4 Sy 2 2
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Thus

. Ar A
/ / Foids ~ { r(r0+ ao,zO> Fr<ro—”, eo,zo)}rome)mz)
S3+S4 2

+Fy(ro, 60,20)(Ar)(A0)(Az)

) [Fr (ro+ > Ho,zo) F, (ro —%, 0O7Z0>:|r0(A0)(Ar)(AZ)

Ar

9F (ro, 0o, z0)

1 1
—l—;F,(ro, 00,20)(Ar)r(A6)(Az) = 9 AV + ;F,(ro, 6o, 20)AV

For the remaining two faces, we have

_ N Af
//F-ﬁds://F-a,dSzFg(ro,00+7zo>(Ar)(AZ)
Ss Ss
- - AG
// F-ndS = —// F-2pdS = —F.9<V0,00 ——aZO)(A’”)(AZ)
S S6 2

SO
Fo7 Ad Af
// F-ndS = [Fg <ro, 0o +—, ZO) —Fy (ro, Oy — —, Zo)} (Ar)(Az)
S5+Se 2 2
Fol o0+ 2 Fol ro. 00 — 20
_1 6\ Yo, Vo 2’10 o\ ro, Vo 2’10
o AG
1 OF 0
< (AF)r(A0)(Az) = L OF0lr0:00:20)
r a6
Putting the faces together, we have
= - JF 0 OF (rq. 0
//F'ﬁdS: // FndS = z(ro, O’ZO)AV+ (ro, O’ZO)’AV
s Si4+++5Ss 9z ar
1 1 dFy(ro, 0
L (o, 0, )Y+ L P00 Do),
so that

L‘//F;l\ds —// F ndS~a (rOaHO;ZO) aFr(r(),ﬁO,ZO)r
V S Sl+ +S6 a 6}"

1 0Fy(ro, bo,
+— (10, 00,20) +— W
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As long as the component functions are continuously differentiable, we can take
the limit as ||AV|| — 0, and we have in cylindrical coordinates

.= _ 0F:(ro, 60,20) | 0F,(ro,00,20)
divF 0
ivF (r0, 0, 20) = HAVH—»O AV// 0z + or
1 1 JF, 7
+—F (7o, 60,20 + - 9(r0, 00, 20)
a6
10Fy  OF,

_li(p)_F
“rar T 80 T ez

Thus, we say
.= 19 1 aF(, JF,
=5+ Yo

Example:
We compute the divergence of

F(r,0,z) = 5r2¢% sin 0é, + r tan 03¢y + ze..

We have

9

=R N S S 14 3
dlvarar[r(Sre smf)ﬂ+rae(rtant9z)+az

1
== (15r2ez sin 0) +sec?07° + 1 = 157 €% sin 6 + sec?67° + 1.
,

SPHERICAL COORDINATE CASE

In integrating in spherical coordinates, the incremental element of volume is shown
in Fig. 2.2.3. The volume of the incremental piece is AV = r’sin 8dodfdr.

We proceed as in the two previous cases. Consider an incremental volume
element centered at (rg, 0o, o). Let F(r,0,¢,) = F.(r,0,¢,)e, + Fo(r,0,9,)es+
Fy(r,0,9,)e,. We first compute

//F~ﬁds+//FﬁdS://F-a,dS—//F-a;ds
SI SZ Sl Sz
A6 A6
zF0<r0,00+—,<Po>//dS— Fe(roﬂo——,@o)//ds
2 S, 2 N

Al . A6
= Fy r0,00+7,q)0 r sin 6—&-7 ArAe

Af . Af
—Fy r0,00—7,¢0 7 sin 0—7 ArAe.
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S3
(v 000 407)
SN\ s,
AO P
\\:,é}::/ ,
AP o

FIGURE 2.2.3

We expand sin (0 + %) using the Taylor approximation
fx + Ax) = f(x) + f'(x)Ax, so that

Ad Ad
sin(ﬁ +2) = sin # + cos 07
and likewise,
Af A6
sin(ﬂ — 7) = sin 6 — cos 07.
Thus

Af Af
Fy (ro, 0o + X (P0> r sin (0 + 7) ArAg

2

Af . Af
Fy r0,90—7,<p0 r sin 0—7 ArAg

Al . Al
= Fy ro,00—7,¢0 r|sin @ — cos 07 ArAg

A6 A6
~Fy (ro, o + —- (p())r[sin 6 + cos 07] ArAg
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and so
Ad A
Fg <}’(), 6() + 7, (P0> r sin <6 + 7) AVA(p
A Al
_Fg <}’07 00 - (p()) r sin (0 — —> AFA(p
2 2
A6 A
= Fy (ro, 0o + > (p0> r sin 0ArAg — Fy <r0, 0o — - (po) rsin 0ArAg
A6 A
+Fy <r07 0o + X <Po> 7 cOos 07AFA(p

A6 A6
+Fg| ro,00 — > @q | r cos 67ArA<p

Af Ad
Fy r0,50+77<0o —Fy 707490—7,%
= N r sin 0ArApAd

+Fy(ro, 00, pg)r cos OAOArAg

Af A6
| Fy (VO, 0o + TR <Po> —Fy <r07 0o — > <Po)
- (r* sin 0ArA@Ad)

r Al
2 .
i 6Fg(r0, 09, ¢o)cos 0(r sin IArApAd)
A6 Ad
Fg| ro,00 +—-90 | —Fg ro,00 ——- 90
- 2 2 +1F(0 Jeos 6 |AV
- r Af rsin 0 070, %0, o

- F dFy(ro, 00, 90) | 1

r a0 r sin 0F9(rov 00, ¢o)cos 0} AV.

In our approximations we have assumed that each component of F is continu-
ously differentiable.
The term
1 dFy 1

730 Trsmatecos?

is often written in the more compact form

1 J .
rsin [60 (sin 0F6)} ’
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We next compute

//I?-r?dS—k//I?-ﬁdS://f-apdS—//F-apdS
S3 S4 S3 Sy

=F, (Vo, 0o, o + %)rArA@ —F, (VO, 0o, 9o — %) rAFAD

4 ®
Fso(ro’ﬁo,fﬂo +§) - F(p("07l9(),(P0 —5)
- Ag rsin 6
~ 1 aF(ﬂ(r07007q00)
rsin 6 do

12 sin 0ArAfAg

AV.

Finally,

//I?-ﬁdS+//F'ﬁdS://F-Erdsf//l?‘ads
S5 S(J S5 Sﬁ
Ar Ar\ . Ar
=F\ro+—,00,00 )| 70+—=|sin0Ap| ro +— | Al
2 2 2
Ar Ar\ . Ar
- F (ro — > o, (po) (ro - 2) sin 0A¢ (ro — 2> Ad

A A2
=F, (ro + Tr’ o, <p0> sin fApAd (rg + roAr + Tr)

Ar

Ar . ) 2
—ryl10— > 0o, 9o |sin 0A@AG| rg — roAr + -

A A
= |:Fr (r() +7ra 005(/)()) —Fr(rO —7,‘5 005(p0):|r(% sin 6A(,0A6

+ 2F,(ro, B0, @g)roAr sin 0ApAf

Ar Ar
|:Fr<r0 +73 007(00) - Fr<l"() - 7) 007¢0>:|
A Arrd sin 0ApAD
’

AV
ar

2
+—F(ro, bo, (/)o)rgAr sin ApAf =
o

2
—F,(ro, 00, 99)AV =
+ 25, o)AV = |28

2
+ r—Fr(rm fo, wo)} AV.
0
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The expression

JF, 4 2F
o r "
is often written in the final formula for the divergence as
oF
21F, + 1
2l
Thus,
= - 1 JoF
//F-ﬁds:// F'ﬁdSz—z{ZrFr—i-rz—r}AV
s S+ +S r ar
1 JF, 1 d
- OF 1%
rsin @ dgo rsin [60 (sin ‘9)}
and so
oF,
F-ndS = 2
a0 AV// " { ar }

1 dF, 1 d
+r sinf d¢ + rsin ¢ [60 (sin HF'Q)}

Finally, we remark that it is important to remember that the divergence is a prop-
erty of a vector field and not a formula.

Example:

We compute the divergence of

F(r,0,¢) = r? sin 0 cos gé, + e" cos 0 sin &y + cos 0 cos @e,.
We have

F,=r*sinfcos ¢, Fy=e" cosfsing, F,=cosfcose

so that
dF, .
= 2r sin 6 cos ¢,
dar
a . a . ., . .o .2 2
@(Sll’lﬁF@): %smﬁe cos 0 sin ¢ = ¢’ sin ¢( — sin” 6 + cos” 0),
dF,
—2 = —cos 0 sin ¢.

do
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Then

=\ 1 JF, 1 OF 1 [0
div(F) == {ZrFr + 77 ’} + i [— (sin 0F9)}
r

or | rsin@ dp  rsind |90

! 1
= [2r(#? sin 0 cos @) + (27 sin 0 cos ¢)] + P (—cos 6 sin @)

—e¢' sin ¢ ( — sin® 0 + cos” 6)
rsin 6

1
= 4r sin 0 cos ¢ — ———cos 0 sin ¢ + ersin(p(—sin2:9+coszt9).
r sin 0

rsin 6

THE CURL

The line integral of a vector field over a path gives the tendency of the vector field to
follow that path. This is often called the circulation of the vector field along the path.
A positive (negative) circulation indicates that we move with (against) the direction
of the vector field.

To compute the curl of a vector field at a point we compute the circulation of a
vector field per unit area in an infinitesimally small circle about a particular point in
a particular plane. This is equal to the component of the curl of the vector field in the
direction normal to plane. We then say that we have found the tendency of a vector
field to rotate or “curl” about the point.

Said another way, the curl of a vector field measures the tendency of a vector field
to cause rotation.

THE CURL IN CARTESIAN COORDINATES

Let the vector field be denoted

—

F(-x7y7Z) :Fx(x,y,z)iA-i-Fy(x,y7z)jA—|—FZ(x,y,z)/€.

Choose (xq, yo, zg)- We form three rectangular loops centered around (xg, yo, o),
and compute the circulation around each. The first loop is parallel to the x,y

plane (so that it is normal to the vector l?). The coordinates of the corners of
Ay Ay A
the 100p are <X - %ayo - 7)7 ZO) ’ <x0 + %7)’0 - 7}7 ZO) ) (X() + %7)’0 + Ty; ZO) ’

(Xo - %y)’o + %, zo). See Fig. 2.2.4.
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Cy

C w
y (X0 Yor Z)
[ ]

Cs

A 4

G

X

FIGURE 2.2.4

In this discussion t will be either?, }, or E, whichever is parallel to the path. We
compute the path integral of F around the loop. On Cj and Cj the only contribution
of F is due to sz Thus

- )qﬁ-% A
/ F'tdSZ/ Fx(x, y0_7y7 z())dx
C] Xo*% 2

we approximate F, on Cj by Fy( xo,y0 — %, Z()>. So

- A
/ F-tds = Fx<x0,yo ——y,m)Ax.
C] 2

Because the direction of the path C3, we have

- o= Ay Ay
/F-tdsz/ Felx, yo+—, 20 |dx = — Fx| x0,y0 +—=,20 | Ax
C: Xo+5E 2 2

2

= . Ay Ay
F-tds = |Fy X0,50 =520 — Fy XO7y0+7,Zo Ax
C+C;

Ay Ay
— | Fx| x0,Y0 +—-20 ) — Fx| x0,y0 — =20
2 2
AxAy
Ay

SO

~ _IR0y0.20) \ n o 9F030,20)
dy dy

where AA = AxAy is the area of the loop.
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On C; we have

- Yot Ax Ax
/CF‘tdSZ/ , Dlxot—y. 2 dy = F) X0+ Yo, 20 | Ay
2 Yo—%

and on Cy

Ay
- . Y=z Ax Ax
/F'tds:/ Fy(xo—,y,ZO>dy‘~= Fy<x0_a Y0, ZO>Ay
Cy }%J'F% 2 2
- Ax Ax
/ F'tdsty(XO+77 Y05 ZO>Ay_Fy<x0_77 Y05 Zo)Ay
C2+C4

Ax Ax
Fy| xo +77 Y0, 20 | — Fy | xo —5 Y00
= AxAy

Ax

SO

dF
~ 9Fy(x0, Yo, 20)
dx

Thus the circulation around this loop is

o~ dF, oF
/ F-tds = ( }(x()v Yo, ZO) _ x(xo’y()’ZO))AA.
Crtt Gy ox 3y

This is the circulation normal to the k vector. We divide by AA and take the limit
as ||AA||—0 to get

1 7.7 = 90, Yo, 20)  0Fx(x0,0,20)

Iim ———
Iaa]—o [|AA]l Je, - +c, 0x dy

is the circulation about (xg, yo, zo) in the x,y plane.
We repeat this procedure for the loop parallel to the x,z plane, so it will be

perpendicular to the jAvector. Our explanation will be more brief. The loop perpen-

dicular to the fvector is shown in Fig. 2.2.5.
In this case we have

. T+ A A
/ F-tds = / Fx (-x7 Yo, 20 — _Z>dx = Fx (.XO, Yo, 20 — _Z) Ax
C] Xo—% 2 2

- . X5 Az Az
/ F'tdSZ/ Fx(xv Yo, Zo+>dx: —FX<XO, Yo, Zo+>Ax
C x0+% 2 2
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Cy

Az

C °

Cy

Ax

Ay

FIGURE 2.2.5

SO

- Az Az
F-tds = |Fy( x0, Yo, 20 — = | — Fx| X0, yo, 20 +—= | | Ax
Ci+Cs 2 2

Az Az
—[Fx ()Co, Y0, 20 +7> —F, <xo, Y0, 20 —7)}
— AxAz

Az

~ _ 00 yo, 20) o OFx(x0, 30, 20)

0z 0z

where AA = AxAz is the area of the loop.
We also have

- Wty Ax Ax
/F'ldS:/ FZ X0 — =7 Yo, 2 deFZ X0 — =7 Y0, 20 Az
G 0—% 2 2

2

= . w3 Ax Ax
/ F'tdS:/ FZ('xO__a Yo, ZO)dZ: _Fz<x0+_7 Y0, ZO)AX
Cy 2+F 2 2

N Ax Ax
/ F-tds=F, (xo —— Yo, zo> Az - F, (xo +— Yo, Zo) Az
C4Cy 2 2

Ax Ax
F | xo +7, Yo, 20 | — Fz| xo0 — 5 Y0, 20
(Ax)(Az)

Ax

AA

SO

~ _9F:(x0.50.20), ,
Ox
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Thus the circulation around this loop is

-~ F .
/ Fids = <a (%0, Yo, 20) @ Z(xo,yo,Z0)>AA.
Ci+-+Cy 0z Ax

We divide by AA and take the limit as ||AA||—0 to get

1 - . 0F OF
lim — 77y = OFx(x0, Y0, 20)  9F(x0, 0, %)
1a4]—0 AA Je, 1 pc, 0z ax

is the circulation about (xg, yg, zo) in the x,z plane, which is the circulation normal to
the fvector.

The loop perpendicular to the i vector is shown in Fig. 2.2.6.

We leave it as an exercise to show

1 =~ OF JF
lim — F-1ds = Z(x07 Yo, ZO) . y(xo,yo,Zo)
|AA][—0 AA Ci++Cy ay 0z

is the circulation about (xg, Yo, Zp) in the y,z plane, which is the circulation normal to
the 7 vector. R R

The curl of F = F x?+ Fyf+ F.k, denoted V x F, in Cartesian coordinates is
defined to be

- d0F, O0F,\~ (OF, OF;\~ (0F, O0F:\~
VX F=—-—> i —— k.
X <6y az>l+<az 6x>]+(6x dy

V4
Cs
<
G| Az
Cy x y. z)
v F
Ci y
»
AX
Ay

FIGURE 2.2.6
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The formula defies memorization, but there is an easy way to do the computation,

namely
ik
V x F = i i i .
dx dy 0z
F, F, F.
Example:
The curl of
;(x,y, 2) = x%¢ sinzi 4 3yzj + xyk
is
i ik
— d a 9 ~ > i T
Vx F = " o % :(x—3y)i—|—(xzeycosz—y)j—xze) sin zk.

x*¢’sinz 3yz xy

THE CURL IN CYLINDRICAL COORDINATES
In cylindrical coordinates we denote the vector field
F(V, H,Z) = Fr(rv 0,z)2, + Fﬁ(rv 672)/6\9 + Fz(’"v 0,2)2'\1.

Choose a point (ry, 0y, zp) an construct a basic increment of volume in cylindrical
coordinates centered at (rg, o, zo). As in the Cartesian coordinate case, we construct
three loops around the incremental piece, each centered at (ry, 0y, z9) and each
perpendicular to one of the vectors e, €y, e;. We compute the circulation around

each loop.
We first consider the loop perpendicular to e,. The coordinates of the corners of

the loop are (V0—7,00—7,Z0> (ro+%,0o—%0,zo) (F()—f— 560 + 2,Z0)

and (ro —4 0 +4L 2 ) See Fig. 2.2.7.

The path integral on C|

oty Af Af
/ 2Fr(r,ﬂo——vzo>drzFr<ro,6’o——,z0>Ar
e 2 2

where we have approximated F, (r 0o +4 > ,Zo> on C| by F, (ro, 0o + AT(’, Zo)-
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FIGURE 2.2.7

The path integral on Cj is

=% Af Af
/ Fr<r,60+_;Z0)drz - r(roﬂo-l-—,Zo)Ar

r0+£ 2 2

2
so the sum of the two integrals is approximately
Af Ad
|:Fr <V07 o — TR Zo) —F, <r0, bo + TR Zo)} Ar
Ad Af
Fy\ ro, 0o +52 ) = Fr o bo — 5%

AGAr.

Af
The area enclosed by the loop, denoted AA, is approximately

AA = ry(A6)(Ar)

SO

Af A6
Fy| 70,00 +—z20 | — Fr| 70,00 —— 20
2 20 e L OB0 b0
Ad 10 0 - 10 a0 ’
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The path integral on the path Cj3 is
Af

Oo+ — Ar
/Mz F0<ro+ 0m>(m+ )dﬁ
ﬂ R
2

h—

Ar A
= Fy (VQ + — > 00,2()) <r0 —|—7r>A0

and the path integral on the path Cy is
A6

b=~ A A
2 r r
/6 Ad Fg(r()—?,ﬁ,Zo) <r0—7)d6

0+7

Ar Ar
= —Fg (r() —77 0072()) <r() —2>A0

Summing the integrals on C3 and Cy gives

Folro+20 g AV Ar g A7) ag
A4l 2 0,20 ro D) o\ 70 — 27 0, <0 r )

Ar A
= |:F0 <r0 +—= > 00,20) — Fy (ro —7", Ho,ZO)]I’QAﬁ+F0(r0,00,Zo)ArA0

Ar

{Fo(ro-i- > 1907zo> —Fa<ro—7790710)} |

= roAfdAr + ng(r(), 0o, Z())V()AVAH
Ar )

0F¢(ro, 0o, 1
= 9F0(r0.80,20) AA +—Fy(ro, 0o, 20)AA.
ar ro

Combining the integrals over the four paths gives

_ 1 9F(r0.00,20)  , . 9F(r0. 00, %0)
70 a0 ar

We next consider the loop perpendicular to €4. The coordinates of the corners of

the loop are (rof%,ao, 07—) <r0+ 2,00, 7%) (r0+ 2,00,Z0+AZ)

AA + Fy(ro, 60,20)AA

and (ro — 4 fy,20 + %) The area of the loop is AA = (Ar)-(Az). See Fig. 2.2.8.
The path integral on C; is approximately —F, (ro,ﬁo,z() ——) Ar, the path

integral on Cj3 is approximately F, (ro, 00,20 + )Ar so the combined value is
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FIGURE 2.2.8

Az Az
F, (ro, 0o, 20 +7> Ar —F, <r0, 00,20 — 7) Ar

Az Az
|:Fr (ro, o, 20 + 7) - F, (ro, 00,20 — 7)}
ArAz

Az
- dF,(ro, HO;ZO)ArAZ _ dF(ro, 00, 20)

dz 0z
The path integral on C; is approximately —F, (ro + %, 0o, 20 )Az, the path inte-

AA.

gral on Cy is approximately F, (ro — %, bo, ZO)AZ so the combined value is

A A
-F (ro Jr?r, 0o, 2o >AZ+FZ <r() - Tr, ﬁo,Zo)AZ

Ar Ar
—|F; VO+77‘907ZO - F 70—77490,Z0
= ArAz

Ar

~ 76Fz(r07 007Z0 )
ar

Combining the integrals on the four paths gives the integral around the loop. This
is

AA.

aFr(r07 007Z0)AA _ aFZ(r()a 00710 )

AA.
0z or
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( 9—%92

+2) (po+ilzr 2

¥ \
(ry 0—7 zy— 7)

FIGURE 2.2.9

We next consider the loop perpendicular to e,.. The coordinates of the corners of the

loop are (r0700 -2 _%)’ <r0a60 ZO+AZ), (70700+¥7Z0+%) and

(ro, 6y +4 ) ,z() — —) See Fig. 2.2.9. The length of one side of the loop is rpAf, and

the length of the other side is Az so the area of the loop is AA = rpAfAz.
Note that the length of Cj is rgAf so the path integral on C; is approx-

imately Fy (r0,¢907z() ——> roAf, the path integral on C3 is approximately

—Fy (ro, 0o,z0 + %) roAd, so the combined value is

A A
Fy (r()7 0o,z0 — 72) roAf — Fy <r()7 0o, z0 + 7Z> roAf

Az Az
[Fa (”07 00,20 — 7) —Fy (”07 0o, 20 +7>}
= roAzAf

Az

A A
[Fo <V0, 0o, zo +2Z> —Fy <ro, 0o,z0 — ;)}
roAzA0

Az

dF 0
- _ 0(?0(; 0,20 )roAzAH
F4

_ _OFy(ro,00,20) , o
0z
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The path integral on C; is approximately F, (ro, 0o + %0, 20 )Az, the path inte-

gral on Cy is approximately —F; (ro, G — %0, Zo)AZ so the combined value is

A6 A6
F; <ro, o + %0 )AZ —F; (ro, 0o — - Zo) Az

AG A6
F.(ro,00 +—,20 | — F;| 10,00 ——20
i 2 2 roAGA
70 A6 10 .

1 9F(ro, 00,20 )
=~ TV I0:20 )p 4
ry a0

Thus, the path integral around the loop is

1 0F(ro,00,20)  ,  9F5(r0.00.20)
ro ol 0z

Finally, we have that the curl of I?(r7 0,z) = Fr(r,0,2)e, + Fy(r,0,2)eg+
F,(r,8,z)e; in cylindrical coordinates is

VxF — 10F, dFy o+ OF, _dF, o0+ 1E(VF)_1E;;
“\ree oz ) T ez T ar )T [rar VY T e |67

Example:
We compute the curl of

AA.

F(r,0,2) = 5/ sin 06, + r tan 03¢5 + z2..
‘We have

- oF, oF,
FZ_Z7 SO 6_6_0 and y—o

OF, 9
Fg= r(tan 6)z> so 6_6 =3z%rtan 0 and ar (rFg) = 217> tan 0
r

Z
oF, . F,
F, =5r%¢sin 6 so e 5r%¢% sin @ and 7= 5r%¢% cos .
4
Thus,
10F, 0F, ) OF, OF, 5L
- T = — t 0 ) = v4 0
<r 30 62) 3z°rtan 0, oz or Srce® sin 0,
10 1 OF,

- —(rFy) — - 3 =227 tan 6 — 5r ¢ cos 0
r
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SO

~ /1aF. OF)\. [dF, OF.\. [19 1 0F,]
Vx F=|-22—-=2"2})¢, =z 2 (rF)) == L
% < )e +<6Z 6r>eﬁ+ {r Gr(r 2 r 90 |

= —37%r tan 02, + 5r%¢° sin 0y + (2 2> tan f — 5ré° cos 0)e:.

THE CURL IN SPHERICAL COORDINATES

In spherical coordinates, we define the vector field to be F = F,e, + Fgey + Fye,,.
We construct an incremental element of volume in spherical coordinates about the
point (rg, 0o, @o) as shown in Fig. 2.2.10. We construct paths about (rg, 6y, ©o)
perpendicular to the vectors e, ey, and e,.

We compute the path integral of F around the path that is perpendicular to e,. A
diagram of the path is shown in Fig. 2.2.11.

The area enclosed by the path is AA = rysinfy(A@)ro(Af) = rgsinfo(Ag) (AF).

We have the length of C; = ry sin (00 + %0) Ag; the length of C; = roAd; the
length of C3 = ry sin (00 — %) Ag; the length of C4 = rpAd.
From Taylor’s theorem, we have f(x + Ax) = f(x) + f (x)Ax, so sin (00 + %’9) =

sin fy + cos 0()% and sin (00 — %) = sin fy — cos 490%.

FIGURE 2.2.10
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C4

AO AP
(rg: 0 =% $o* 5)

C

(ry» Oy +2 byt A‘7’)

z

A6 A C:
(ro: 90_51 ¢0_ %P) I >
Cy4

AQ A¢
(ro 9 = 2’ _5) T
A6
Ap

FIGURE 2.2.11

113

Thus,

U

A6
ro,t90+—7</)o ro sin| 0o +— > Ag

A6
F, (ro, Oy + ,(po) o {sin Oy + 7003 00] Ao

Fq, (r(), Oy +— R (pO) rp sin BQA(p

A6 Ad
+F, (ro, 0y + - (p()) rp COS 607A¢

U

U

-F, <}’07 0o

(v
{12

Af . A6

. <Vo7 0o — - <Po> ro sin (90 - 7) A<P}
Ad
- (po) rp sin OpAg

Ad Al
- 7, (po) rp COS 007A§0}
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So
=~ A6 )
F-tds = F, | ro,00 +—, @g | o sin pAg
Ci+Cs 2
Af A6
+F, <r0, 0o +—, <Po) 1y COS 007A¢

2

A6
_{qu <r07 bo — BR (P()) ro sin OpAg
Af Af
—F, (ro7 0o — o> (po) o COS 007Aq;}
Ad
= [F¢ (rOa 0o + 7, (,00> ro sin 00A(p
Al
—F, <r07 Oy — > (po) ro sin ﬁoAq)}
Af
+Fy| ro, 0o + — %0 | ro cos NI

Af A6
F§D (70,00 +7a @O) - F¢ (ro,ﬁo — 7’ Po

- N ro sin OgA0A¢p

Ad
+F, (’”0, 0o + e goo) ro cos OpAGAg

~ 9Fo(r0. b0, 9o)
a0

1 6F¢(VO’007¢0) 2 .
== OoApAl
ro a6 o Sin CoAPAL+ ro sin 6

_ iaF(p(VO,ao,(p()) 1
1o a6 1o sin 6

ro sin 0oA@Al + Fy(ro, 0, ¢o)ro cos GoAfAp

Fy(ro, 0o, q)o)r% sin 0y cos OgApAl

Fy(ro, 00, g)cos 00} AA.

Note that

1 dF, 1 1 9.
_=2 0F,=— 2 (sin0F
30 T rsng < 0 Fo = g ag (5 0Fo).

and we shall use the more compact form of this expression in the final formula.
Next,

oo~ Ad
/ F-tds = —F@(Vo,00+_a(p0)VOA6
G 2
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and

= Al
/ F-tds = Fy <V(), Oy — > (po) roAf
G

= . AG Af
/ F-tds= — [Fe (VO, 0o + —, <Po) —Fy (Vo,ﬁo -, woﬂroAﬁ
C+C,y 2 2

SO

Al Ad
Fy| ro,00 +—- 90 | —Fa| ro,00 —— o
! 2 2 12 sin BoA@Af
" rpsin by Ag 0 03¢
1 OF
~ _ i 0(}’0,007({)0) AA.
o sin 6 dop

Thus, we have

= 1 OF 0, 1
/ F-1ds = { [_ (10,00, 90) + : F(p(r07607(P0):|
Ci+Cy+C3+Cy ro ol 1o sin g

1 OF
_ : 9(’0)005(»00) AA.
ro sin do

Dividing by AA and taking the limit as ||AA||— 0, we get the rotational compo-
nent of F in the direction of e, is

. 1 - 1 0F, 1 1 0Fy
lim —— F-tds =— —- - 0T T o
|AA[|—0 ||AA|| C+Cy+-C3+Cy r 00 rsin 6 rsin @ d¢
d 1  0Fy
= — (sin 0F,) — —— —.
rsin 6 96 (sm (p) rsin @ d¢

We next compute the path integral of F around the path that is perpendicular to
e,. A diagram of the path is shown in Fig. 2.2.12.

The area the path is AA = ro(Af)-(Ar). The length of Cj is (ro - %) A, and the
length of Cj is (ro + %) Af. The length of C, is Ar, as is length of C4. Now

- A A
/F-zdsz —F(;(ro——r,ﬁo,(po) (ro——r)AH
c. 2 2
Ar

Ar Ar
=—-Fy (Vo —> fo, <Po> roAf + Fy <ro —> 0o, <Po> — Af

2
- . A A
/ F-tds = Fy (ro +l, 0(),(p()> <I’0 +r)At9
foA 2 2

Ar A6 Ar
=Fy (ro +77 00,%) roAf + Fy <r07 o + > <Po) > Al
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z
Ar AO
C, (f0+§, 90—5)
Cs
&
Ar AO
(=% 00— ) —
2 2 (ro + %r'eo +A§9)
AO
Cyq y
ASK
(fo—%rieo +A§9)
FIGURE 2.2.12
SO
- [ A A i
/ F-tds = |Fy (ro + —r, 00,<p0> —Fy (ro - _r’ 00#/)0) roAf
C+Cs L 2 2 E
+ Fy(ro, 0o, po) ArAf
I Ar Ar |
Fy ro+7,00,<po —Fy r0—77'90,</’0
_ L = (Ar)roAf
Ar
1
+aFa(ro,0o,¢o)(Ar)ro(A0)
dFy(ro, o, 1
= M AA +_F49(r07 007¢0)AA'
r ro
Also,
-~ AD - AG
/ F-tds = F,| ro,00 — —, o | Ar / F-tds= — F,|ro,00 +—, @0 | Ar
C, 2 Cy 2
SO
- . Ad A6
/ F-tdst,(ro,Ho——,(/J())Ar—Fr(FO,HO‘f'—vQ"O)A”
Cr+Cy 2 2

A6 Af
l:Fr <ro, bo + > €00> —F <r07 bo — > <Po)}
= (A6)(Ar)
~ _ l aFr(r07607(p0) TO(AH)(AV) _ _i aFr(r07007(p0) AA.

ro a0 o a0
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Dividing by AA and taking the limit as ||AA||— 0, we get the rotational compo-
nent of F in the direction of e, is

. 1 - o~ aFg 1 aFg 1 aFr 1
lim —— Ffds=—"'4+_2"%_ ~ _
a4l =0 [|AAll Je,+c,vcitc, or r dr r 06

We next compute the path integral of F around the path that is perpendicular to
€p. A diagram of the path is shown in Fig. 2.2.13.

A A A A
(roy _5,.: 60: ¢0+ §¢) C4 (rO’ +Era 90, ¢0+ 7¢)
C
Ar A¢ 2 Ar A
(o =%, 05, 06~ ) (1o, +57. 05, 95— )

FIGURE 2.2.13

The area the path is AA = rgsin Op(Ap)(Ar). The length of C; is
(ro — %) sin p(A¢) and the length of C3 is (ro + %) sin 8p(A¢). The length of C;,
is Ar, as is length of C4. Now

= . A A
/ F-tds=F, <r0 — —r, o, q)O) <rg — _r) sin 6y (Ag)
. 2 2

Ar .
=ty (ro R bo, ¢o) ro sin 0o (Agp)

Ar . Ar
- F(p (70 - 77 607 (P()) sin 007 (A(P)

and

- A A
/ F-tds= —F, (ro + —r, Ho,qoo) (ro +—r) sin 6o (Ae)
G 2 2

Ar .
=—F, (ro +t bo, @o) ro sin 0o(Ae)

Al Ar .
-F, (”07 0o + BB q’o) 75111 bo(Ap)
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SO

= Ar Ar
Fetds= — |Fy|ro+—,00,00 | — Fp|r0o——=
Ci+Gy 2 2

— Fy(r0, 00, o) Ar sin 0p(Ag)

.00, <ﬂo>} ro sin 6o (Ag)

Ar Ar
Fgo r0+73003(/)0 _F(/J VO—*»HOMP()
2 2
(Ar)

Ar
1 .
- qu’(rOa 0o, @o)ro(Ar)sin Oo(Ae)

dF (0, 0 !
_OFo(r0:90:90) Ny L 6 00)AA.
ro

Jr
Also,
- A
/ F-tds = Fr<r0,00,<p0 +—¢>Ar
oA 2
= . A
/ F-tds = —Fr(ro,ﬁo,(po ——(p>Ar
c 2
)

- A
/ F'tdstr<Vo,6’o,<ﬂo+¢>Ar—Fr<V0700,<P0—
CoHCy 2

ro sin 00(A(p)

A A
|:Fr(r0a0()7(p0+z(p)_Fr(rOaBOa(pO_;p):|
= (Ap)(Ar

Ao

1 9F(ro,00,90)
ro sin 19() a(p

1 9F(ro,00,90)
ro sin 6 dop

U

AA.

ro sin 8o (A@)(Ar)

Dividing by AA and taking the limit as ||AA|| — 0, we get the rotational compo-

nent of F in the direction of ey is

1 - JF 1
lim —— F-tds=—2LA—-F, +
Iaalj—0 [|AA[l Je,+e,vcivc, or r
1 O0F, 194
- 22 uF
rsin @ d¢ d (r (p)
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Thus, in spherical coordinates, if F = Fre, + Fyeg + Fye,, then

- 19 A 1 0F, 19 ~
Vx F = — 0F,) ———— — | e, _— ———(rF
8 (r sin 6 96 (sin 0F) r sin 0 6<p>e + (r sinf dp r or (r "’)>€0

+16(F) 1 0F,\ .
ot T e ) 6o

Example:
We compute the curl of

F(r,0,9)) = 12 sin 0 cos @e, + ¢’ cos 0 sin pey + cos 0 cos pey.
We have

F,=r*sinfcos g, Fy=e" cos b sin o, F, = cosfcos ¢

)
a . J . ) 2
—(sm 0F(,,) = —sin # cos f cos ¢ = (fsm 0 + cos 0)005(/)
a0 ol
OF d
a_q)ﬂ =¢" cos 6 cos ¢, E(ng) = (re" + €")cos 0 sin ¢
oF oF )
a—ﬁr:r2 cos 0 cos ¢, 6—(pr:—r2 sin 6 sin ¢, E(rF(ﬂ) = cos § cos ¢.
Thus, the curl of I? is
1 4a . 1 0Fp\ . 1 O0F, 194 —~
— (sin 0F,) - —— ="~ = __(/F
<rsin0 56 5 0Fe) — o a¢>ef+ <r R T G ‘P))e"
19 1 0F\
Z (yFy) — —
+(r6r(r o) ae) ¢
1
[ - (fsin2o9+cos2 0)005(,07 . e’cosﬁcosw}?r
rsin 0
-1 5 . . 1 ~
+ - 7= sin @ sin ¢ — —cos # cos ¢ | ey
r sin @ r
r, ., . 1, —~
+ |—(re” 4+ €")cos 0 sin ¢ — —r" cos 0 cos ¢ | e,.
r r
EXERCISES

1. Compute the gradient of
a. f(r,0,2)= 2e’sin 0 + 2rz.
b. f(r, 0, ¢) = rsin gcos  — tan ¢.
c. f(r, 0, 2) = r* + rzsec 0.
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d. f(r,0,0)=r0 ¢.
e. f(r, 0, ) =In(re)+sin 0.
f. f(r, 6, 2) = z/rcos 6.
2. Compute the curl and divergence of

a. E(r.0,9)= 7m/e\<p.

b. E(r,0,¢) = cos fe, + sin ey + r tan pe,.
c. F(r,0,z) = rey.

d. F(r,0,¢)=sinfey+ ree,.

e. F(r,0,z) = r*tan 0e, + zey + 'z sin 02,
f. F(r,0,z) =Inre, — cos fey + 4de;.

a. Incylindrical coordinates, let F=F +€r + Fgpeg + Fe,. Show that the curl of
can be computed using the formula

1. N 1.
—e, ey —e;

r r
VxFo|d 0 3
ar 06 0z

r TFp b4

b. In spherical coordinates, let F=F rer + Fpeg + Fye,. Show that the curl of
can be computed using the formula

P .1 1.

2 sin 06, rsing’! 7o
VxF = ad ad ad
ar a0 dg
F, rFy r sin 0F,

2.3 GREEN’S THEOREM, THE DIVERGENCE THEOREM, AND
STOKES’ THEOREM

In this section, our main focus is the three major theorems of integral vector
calculus—Green’s theorem, the divergence theorem (Gauss’ theorem), and Stokes’
theorem. In a sense, each of these is an extension of the fundamental theorem of cal-
culus. We begin with Green’s theorem, which relates the line integral over the
boundary of a region to the area enclosed by the region. (This relates to the funda-
mental theorem of calculus,

b
/ £ (¥)dx = £(b) — f(a)
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in that the left-hand side is an expression over a region [a, b] and the right-hand side
is an expression over the boundary of the region.)

We assume that the boundary of the region is a simple closed curve with positive
orientation. A simple closed curve is the one that does not intersect itself. A posi-
tively oriented curve is a curve that is traversed in the counterclockwise direction,
so that the region lies on the left of the direction of transversal. See Fig. 2.3.1.

FIGURE 2.3.1

Recall that to compute

/ Pdx + Qdy
C

we parameterize C by a function o(¢) = (x(#), ¥(¢)), a < t < b and compute

b
[ P05 + o050 2] a
—a t dt

We assume that ¢’(¢) is piecewise continuous.

Theorem (Green’s theorem):

Let C be a simple closed curve in R? that is positively oriented and piecewise
smooth. Let D be the region that is enclosed by C. Suppose that P : R>— R and
Q : R?>— R have continuous partial derivatives on an open set containing D. Then

/CP(x, y)dx + Q(x,y)dy = //D (an;y) - aP((;; y))dxd)’-

We present a major idea in the proof for a simplified region. Consider the region
shown in Fig. 2.3.2.
We show that in this case

s

>dydx =— /C P(x,y)dx.
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Referring to Fig. 2.3.2, we have

C

o
Cs

Cy

FIGURE 2.3.2

L5
D dy
= —222 | dydx
/x=a /y=<m(X)< dy

b
- / P(x, 02(x)) — P(x, 91 (x))Jdx.

We also have

/P(x,y)dx = / P(x,y)dx + / P(x,y)dx +/ P(x,y)dx —|—/ P(x,y)dx.
C C G C3 C,
Now dx =0 on C; and C3, so

/P(x,y)dx:/P(x,y)dx+/P(x,y)dx.
C G Cy
Also

/CZP(x, y)dx = /x; P(x, ¢5(x))dx = — /xba P(x, ¢y (x))dx

and

/QP(x,y)dx = /Xba P(x, ¢q(x))dx
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SO
b b
[Pt == [ Pleosdrs [ P
b
——| [ Plroata) = Ploor (o).
Thus

S (PP asin= [ 1ot 03t - ool = = [ Pl

In Exercise 2 we show

oty = [[%252 dway

for a region of a particular type. Putting these results together gives Green’s theorem.
Vector form of Green’s theorem:
If F is a vector field and D is a region in the x—y plane with boundary C as

mentioned above, then
/Fd?:// (v x F)-/?dxdy.
c D

_. This relates to the first statement of Green’s theorem by taking
F =P(x,y)i + Q(x,y)j.
The next example illustrates that it is often easier to compute the line integral

around a simple closed curve using ffD (WW) dxdy rather than

JcP(x,y)dx 4+ Q(x,y)dy. On the other hand, areas can sometimes be more easily
computed using [~P(x,y)dx + Q(x, y)dy.

Example:

We verify Green’s theorem in the case P(x, y) = xy, O(x, y) =y, and D is the
region x* + y* < 1.

To compute

/ Pdx + Qdy
c
we parameterize C by () = (cos 6, sin 0) 0 < 6 < 2, so that

d d
x=cosf,y= sin6,£ = —sin 0,% =cos 6, P(x,y) =cos @sinf, Q(x,y) = sin 6.
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Then,
2w . 3 . 22T
—sin’ 6 0
/de + Qdy = / ( — sin6 cos 6 + sin 0 cos 0)d0 — + st =0.
c 0 3 2 o
To compute
P
// <0Q(x7y) 9 (x7y)>dxdy
D Ox dy
note that
ad
Ox,y) _ 0. Pley) _
dx dy

so that in polar coordinates

a 2 1 l 2w
// ( Q) (x’y)>dxdy = 7/ / cosfr’dr | df = — /cosﬁd& =0
dy 0=0 \ Jr=0 3Jo

An Application:
If we take P = —y and Q = x, then

/ / (aQ x,y) 8PE;;, y)>dxdy ) / /D dx dy = 2(Area of D)

so the area of D can be computed according to its line integral using

/—ydx + xdy = 2// dx dy = 2(Area of D)
C D

or
1
Area of D = —/ —ydx + xdy.
2Jc
We use this idea to compute the area of the ellipse
22
X
- + y—2 =1.
as b
We parameterize the boundary using
x=acosf, y=bsinf, 0<0<2mw
so that

dx . dy
%——asmﬁ, %—bcosﬁ
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and

1 1 27
5/ —ydx + xdy = 3 / [(—=b sin 0)(—a sin ) + (a cos 8)(b cos 0)]d6
C 0
1 27 5 5 1
=5ab [sin®0 + cos*0]df = Eab(27r) = mab.
0

Green’s theorem can be extended to regions with “holes” such as the one shown
in Fig. 2.3.3A. Note that each part of the boundary has been assigned an orientation.
The idea is to divide the region into parts as shown in Fig. 2.3.3B, and compute the
integral of each piece. What makes it work is that parts of the integrals cancel each
other as Fig. 2.3.3B shows.

(A)

(B)

FIGURE 2.3.3A AND B

The divergence (Gauss’) theorem:

We give the statement of the divergence theorem in two and three dimensions but
give the proof only in the two dimensional case. The intuition of the theorem is bet-
ter described in the three-dimensional case, and this is where we begin.

Recall that in Cartesian coordinates, the divergence of a vector field in three di-
mensions F(x,y,z) = Fi(x,y,2)i + Fa(x,y,2)j + F3(x,y,2)k is given by

- - 0~ 0~ 9= ~ ~ ~
diV(F) =V-F = (i+ '+k)-(F1(x,y,z)i+Fz(x,y,z)j+F3(x,y,Z)k)

Ox (97y] 0z
_ d0F; 0F, 0dF3
ox  dy o9z

Suppose the flow of a fluid in a region is described by the vector field F. The
amount of fluid that flows through a membrane in time ¢ depends on the area of
the surface, the orientation of the surface with the direction of the flow, and the ve-
locity of the flow. See Fig. 2.3.4.
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Surface S

FIGURE 2.3.4

If the surface is perpendicular to the direction of flow, then the amount of flow
through the surface in time ¢ is

velocity x area X time

and if the normal to the surface makes an angle ¢ with the direction of flow, then the
amount of flow through the surface in time ¢ is

velocity x area X time x cos 0.

If 7 is the unit vector normal to the surface, then the amount of fluid that crosses
one unit of area of the surface in one unit of time is

velocity x cos 6 = F7. (1)

Now consider an infinitesimal element of volume AV. For specificity, suppose
this is a parallelepiped AxAyAz and the fluid flows through six faces. See Fig. 2.3.5.
Consider the two surfaces parallel to the y—z plane that we have labeled S1 and S2,
and suppose the direction of flow is as indicated by the arrows. The net outflow per
unit time through surfaces S1 and S2 is the outflow per unit area per unit time through

Sy
(x, ¥, z+A2) \
z (X, yt Ay, z+Az)
(X +AX, y + Ay, Z + AZ),
(x+AX, y, z+ Az) Az
(*.¥2)
(X, y+4y,2)
/ y
AXx
Ay (x+Ax, y + Ay, 2)

(x+Ax, y,2) S

FIGURE 2.3.5
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surface S2 minus the inflow per unit area per unit time through surface S1 multiplied
by the area of each surface, which is AyAz. In terms of a formula, this is

[Fl(x+AxayaZ) _Fl(x7y7z)]

[Fl(x+Ax7yaZ>_Fl(x7y7z)]AyAZ: Ax

AxAyAz

0F;
= —AV.
O0x

Similar relations hold for the other pairs of faces. Summing, we get that the net
outflow through the volume AV is

O [ OF O\ Ny — (v.F )av.
dx  Qdy 0z

The outflow through the total volume V'is

I (5 7)a

But from Eq. (1), we get that this outflow is also

//?-ﬁds.
S

The divergence theorem is the statement that these two quantities are the same.

Theorem (divergence theorem in two dimensions):

Suppose that D is a region in R?, and C is a piecewise smooth simple closed
curve that encloses the region D. Let 7 be the unit normal vector that points outward
from C (so that 7 changes from point to point along C). Suppose that F is a contin-
uously differentiable vector field on an open set that contains CUD. Then

/ﬁ-ﬁds:// (V-F)dA.
c D
Remark:

Notice that the expression on the right is in a sense the integral of the derivative
over a region and the expression on the left is the integral of the function over the
boundary.

Proof:

Let a(t) = (x(1), y(¢)) be a parameterization of C that is positively oriented. Then

O'(1), —'(1))
b ()] + b (o)

is a unit normal vector that points outward from C, as we show in Exercise 3. Let

)

~ ~

F(x,y) = F(x(1),5(1)) = Q(x(), ¥(1))i = P(x(1), y(1))].
(We make this unusual looking choice of functions so that at the end of the compu-
tations it will be apparent how we are using Green’s theorem in the proof.)
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Now
ds =/ [¢ ()] + Y/ (1))
s = | QEOXOY O+ OO o)
(0] + ()]
= [0(x(1), y(1))y (1) + P(x(1), y(1))x'(1)]dr
Thus

/ﬁ-ﬁds = /Qdy+de.
c c
By Green’s theorem

/pdx+Qdy—//<"_Q_@>  dy.

For our choice of F. s

- 00 0P
VE = oy
// (V- Fdxdy—//(a—Q—E>d dy —/Qdy+de—/ﬁ-ﬁds.
C

Example: R R
We evaluate [, (V- F)dxdy and [.F -7 ds in the case

I?(x, y) = xi+ yjAand C: x> +y*=16.

We have V-F = 2, so [[,,(V-F)dxdy = 2 [[,)ldxdy = 2(16m) = 32, since the
area of the circle enclosed by C is 16m.
To find fCF -1 ds we parameterize C using x = 4cos 6, y =4 sinf, 0 < 6 < 2.

Then
n= 4 cos 6i + 4sin b = cos 0i + sin 6] and ds = 4d0.
\/(—4 sin 6 )? + (4 cos 6)*
So
Fids— (4 cos 67 + 4 sin 0}) : (cos 67 + sin 0}) 4d6 = 16d6
and thus

=R 27
/F‘ﬁds:/ 16d6 = 32m.
c 0
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Theorem (divergence theorem in three dimensions):
Suppose that V is a closed bounded region in R® with piecewise smooth

boundary S, and F (x,¥,z) is a continuously differentiable vector field on an
open set containing V. Then

///V(v-ﬁ)dvz //Sﬁ-ﬁds

where 7 is the unit vector that points outward from the surface S.

The next example highlights the idea that it is often easier to compute the flux
through a closed surface using [[[(V-F)dV rather than [[,,F-dS, which is an
important application of the divergence theorem.

Example:

Let Q be the cylinder whose base radius is a, which is centered at the origin of the

x,y plane, and whose height is /. Let F be the vector field F = xi + yj 7+ zk. We first
compute [[[(V-F)dV. We have

dx dy 0z

V-F=—
6x+6y+61

so that

/// (V-F)dv = /// (3)dV = 3-volume of the cylinder = 3mwa*h
Q Q
To compute
// Feds = // (F-n)ds
aQ aQ

we must consider three surfaces. Let

0Q; = top of the cylinder,
0€, = bottom of the cylinder,
0Q3 = side of the cylinder.

On 3Qy, z=h, so F = xi+ yjA+ hk and the outward pointing unit normal is
n = k. Thus

// (F-n)dS = // hdS = h-Area of the top = h-ma’.
00 0Q

OnAan, z=0,s0 F =xi +yf+ 0k and the outward pointing unit normal is

n = —k. Thus
// (F-n)dS:// 0dS = 0.
0Q, [

On 093, the curved surface, 2+ y2 = a2, the vector

V(2 +y%) = 2xi +2y)
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is normal to the surface, so

2xi + ny _ 2xi + 2yjA
\4x2 4 4y? 2a

is a unit vector normal to the surface. Then

//693(F'n)d5 //693<(xi+yf+zl?)' (Wj)ds

22 42
- // uds / —dS— a-area of 9Q3 = a-2mwah
00, 2a 90, 2

= 2ma’h.

=n

Thus

//aQ(F-n)dS
://Q](Fw)dS
//QandS—F//QandS h-ma® + 0 + 2ma’h

= 3ma’h

Example:
Evaluate

/ / dydz + x>ydxdz + x*zdxdy
s

over the surface of the cylinder bounded by x* + y* = 16,z =0, z = 3.
Solution:
We use the divergence theorem with

F=x+ xzyf—J— x*zk.
Then

V-F =32 + 2% + 2% =522

/ / Xdydz + X ydxdz + x*zdxdy = / / / 5x2dxdydsz.
s v

so that
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Converting to cylindrical coordinates,

or 4 3
/ / / 5x2dxdydz = / / / 5r2cos’0r dzdrd6
v =0 Jr=0 Jz=0

4 27
=5-3— [ cos?0df = 960.
4 Jo=o
Example:
Gauss’ law for inverse—square fields
An inverse—square field F is a vector field for which

c

HFH:fz and  F(F) = ——7.
171l 171
In R3
~ . L
F(x,y,z):73(xi+yj+zk).

(2 + 2 4 22)?
We show in Exercise 30 that for such a vector field div F (x,y,z) = 0. Gauss’

law for inverse—square fields says that if ¢ is a closed orientable surface that sur-
rounds the origin, then the outward flux of F across ¢ is

//Fﬁdsz 4mc.
ag

Let G be the region enclosed by a. To prove the result, we cannot use the diver-
gence theorem directly because F is not continuous at the origin. We circumvent
this problem by constructing a sphere of radius & about the origin where € is small
enough so that the sphere is contained in G. See Fig. 2.3.6. Let g, denote the surface
of this sphere.

FIGURE 2.3.6

131
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Let H, denote the solid that lies between ¢ and a,. This is a solid with a hole, but
the divergence theorem applies to such regions by a proof identical in spirit to the
proof that Green’s theorem applies to a region with holes. Thus, we have

/// divz?dvz//F-ﬁdSJr//F-ﬁds
H, o T

&

but since div F = 0, we have

//I?ﬁdsz —// F-7dS.

//F-ﬁdsz fﬁ-( ) / ”A”
7. |7l 7] 71t
On g, ||7]] =&, so

—c/ ::r = ——// 1dS = — 47re = —4mc
e

since the surface area of a sphere of radius ¢ is 4mwe”. Thus

//F-ﬁd5:47rc.
g

We return to the problem introduced in Section 1.2 of finding the Laplacian in a
general orthogonal coordinate system. We denote the coordinates by (uy, us, u3) and
the scaling factors by A, hy, h3. Consider an infinitesimal cube with sides parallel to
the curvilinear coordinate axes as shown in Fig. 2.3.7. The lengths of the edges of the
cube are hduy, hydu, and hsdus.

The gradient of the function W in the u; direction is hl u- The divergence of a
vector field F = Fe| + Fae; + Fse at a point p is the flux through the six faces of
the infinitesimal cube centered at p divided by the volume of the cube. We consider
the flux through the pair of parallel faces labeled Face 1 and Face 2. As in the proof
of the divergence theorem, the net flow across the two faces is

Now

0
a—ul (h2h3F1 )dul duzdu3 .

hy duy | — Face 1
h3 dU3

// ________ i _L_ h1 dU1

Face 2—

FIGURE 2.3.7
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The flow across the other pairs of faces has analogous expressions. According to
the divergence theorem,

- d d
(V' F) (volume) = a (hohsFy)duidupdus + — (h1hsFa)duyduydus

dup

0
+— (h1h2F3)du1du2du3

au3
SO
<V~ F) hiduyhyduyhzdus
0 d
= — (hph3F1)duyduydus + — (hih3F)duidusdus
u Juy
d
+— (h1h2F3)du1du2du3
Jus
and so

= 1 0 9 9
< > h1h2h3{8u1(231)+8 (132)+a <123)} 2

To determine an expression for the Laplacian, we let F= Vf in Eq. (2) to get

V-Vf = Af (or V*f)

1 of of of
= hah — | h — | mh
hihyhs {aul ( 61/11) +6u2 ( ! au2> +0u3 ( ! 23143)}

Stokes’ theorem:

Stokes’ theorem is a generalization of Green’s theorem to R>. In Stokes’ theorem
we relate an integral over a surface to a line integral over the boundary of the surface.
We assume that the surface is two sided (a Mobius strip is an example of a one-sided
surface) that consists of a finite number of pieces, each of which has a normal vector
at each point. This allows us to consider surfaces such as cubes that do not have
normal vectors at the edges. We assume an orientation of the surface, which means
we agree on the direction of the unit normal vector. This is necessary because there
will be two unit normal vectors at each point p on the surface, 71(p) and —7(p). This
induces an orientation for the boundary of the surface.

Theorem (Stokes’ theorem):

Let S be an oriented surface, and let S denote the oriented boundary of S. If Fis
a continuously differentiable vector field on S, then

//S (V x F)dsz /aSF-ds.
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FIGURE 2.3.8

We give a sketch of the central idea in the proof of Stokes’ theorem, which is
simply Green’s theorem. We begin by dividing the surface S into small squares,
and focus on one square, that we call §j;. See Fig. 2.3.8.

Let F =F, l+F]+Fk be a vector field and s—xz—i—y]—i-zk so that
ds =dxi+ dy] + dzk We compute

f1?d§
98,

by which we mean the line integral around the line integral around the boundary of
;. We choose the axes so that S;; is perpendicular to the z-axis. Then

F - d5 = Fedx+ Fydy + F.dz.

Consider S;; as shown in Fig. 2.3.9.

We have
N R X1 +Ax
/ F-ds :/ Fy(x,y1)dx
C X=X

N N X1 X1 +Ax
/ Fods - / Fuleoy + Ay)dx = / Fu(x,y1 + Ay)dx
C:; X

x=x;+Ax =X

and

(X1, y1 + Ay) Cs (X1 +Ax, y1 + Ay)
C4 A 4 SU A C2
(x1, y1) Cq (x1 + AX, y1)

FIGURE 2.3.9
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SO
-~ - x1+Ax X1 +Ax
/ F-ds —|—/ F-ds :/ Fx(x,yl)dx—/ Fy(x,y1 + Ay)dx
C, Cs X=X X=X
)C]JrA)C
= [Fx(anI)_FX(x’y1+Ay)]dx
X7;1+Ax
_ / [Fa(x.y1 + Ay) — Fi(x, 1) Jdx.
X=X
Also
- yi+Ay
/ F-ds :/ Fy(x1 + Ax,y)dy
G Y=
and
- " ity
/ F -ds :/ Fy(x1,y)dy = —/ Fy(x1,y)dy
Cy y=y1+Ay Y=y
SO

- -~ yi+Ay
/ F-ds +/ F -ds :/ [Fy(x1 + Ax,y) — Fy(x1,y)]dy.
C, Cy y=n

By Green’s theorem we have

7{ F-ds :/?~d? +/?-d?+/?-d?+/7~"-d?
as; o G o2 G

doF, OF
= j{ Fydx + Fydy = // (a—y—a—x>dxdy.
aS;; S; \ 0X y

-~ O0F, OF
Vx F)k=—2-"2
(Vx F)-k ax  dy’

Recall that

so that in this special case

f F-ds ://(VX?)-ECZS.
98, s

In the general case, the square will not be in the x—y plane but if we replace k by
the unit normal vector 77, we get

}f F-ds ://(w?)-ﬁds.
3s; s
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@
O
»

FIGURE 2.3.10

For a second way to get the same result, note that

-~ - yi+Ay oF
/ F-ds +/ F-ds :/ [Fy(x1 + Ax,y) — Fy(x1,y)]dy = S2AxAy
G e Y=y dx

and

—

IR R N X1 +Ax
/ F-ds +/ F-ds :—/ [Fx(x,y1 + Ay) — Fx(x, y1)]dx =
Cl C3 X

=X
oF
— —XAxAy.
dy
Now we put the squares together. Fig. 2.3.10 describes the idea.
For adjoining squares, the contributions at the common boundary cancel one
another because they are in opposite directions. Thus, when we sum up all squares
the only pieces that do not cancel are those on the boundary of S. Thus we get

// (v x F)ds:/ F-ds.
S as
Example:

We verify Stokes’ theorem in the case F = 3yi + 4x) + (2x + 22)k where S is
the upper half of the hemisphere x* 4+ y* + 7> = 1.
Now 85 is x* + y* = 1, so we let

a(t) = (cos t,sin t,0)
and then on 9§
o'(1) = (
I?(a(t)) = (3sint,4cost,2cost) .

F(a(1))-a'(t) = =3 sin® t + 4 cos® 1

—sin t,cos t,0)
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We then have
R 2w
/ F-ds:/ (—Z%sinzt—|—4cos2 1)dt = .
s 0

We next compute

We have
i jk
vxF=|2 9 9 |- ok
dx dy 0z
3y 4x 2x+42z

We parameterize S with spherical coordinates

x=sinfcosp, y=sinfsingp, z=cosl

so that
Ty = cos 6 cos (,/)iA—i— cos 6 sin (ij— sin 0k

T, = —sin 6 sin go?—&— sin 6 cos gojA

and
Ty x Ty = sin” 6 cos (piAJr sin’ 6 sin (ijJr sin 6 cos 0k

is normal to the surface. Then

<V>< I?)-ﬁ: <V>< F)-(Tngq,):—2sin20sin(p+sinﬁcos6‘

and

137

R /2 27
//(VxF)-ﬁdS—/ / (—25in2ﬁsin(p+sinﬁcosﬁ)d(p df = m.
S 0=0 =0

Note that we could have computed the normal vector using T, x Ty instead of

Ty x T,, in which case we would have

//S<V>< Tv)-ﬁdsz—vr.

To make the signs of the integrals agree in Stokes’ theorem, we must follow the
“right-hand rule” that determines the outward pointing normal for a surface that is
not closed according to the direction of the line integral of the boundary. If the signs

are opposite, you should have taken the cross product in the reverse order.
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The following theorem gives results that will be important in the solution of par-
tial differential equations.
Theorem (Green’s identities):

1. (Green’s first identity) If f and g are scalar functions with continuous partial
derivatives in a region R, and if V'is a region within R with surface S, then

///V(fvzg + Vf-Vg)dV = //ng—ids

d N — — . — .
where a—g = Vg-n the directional derivative of g in the direction that is outward
n

normal to the surface S.
2. (Green'’s second identity) If f and g are scalar functions with continuous partial
derivatives in a region R, and if V'is a region within R with surface S, then

JJ[ e ewniav= [ (553 )as.

We leave the proof of the theorem to Exercises 12 and 13.

An application of Stokes’ theorem:

We can use Stokes’ theorem to show that Ampere’s law is equivalent to one of
Maxwell’s equations. Consider a group of wires that are carrying current I, and
the wires are enclosed by a closed loop C, as shown in Fig. 2.3.11.

Suppose the current induces a magnetic field B. Ampere’s law says

fﬁ-dl“:f.
C

Let J denote the current density, which is the current crossing a unit area that is
perpendicular to J. Then J -7 dS is the current across the surface element dS, where
7 is a unit vector parallel to . Then

//f-ﬁdS
S

FIGURE 2.3.11
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is the current across any surface S that is bounded by C. So we have

j{ﬁdlA: //f-ﬁds.

C N
]{1?-51?: //(VXE)-ﬁdS
C N

//f-ﬁdS://(VxE)~ﬁds.
N S

Since this holds for any surface S, we have V x B=1. , which is one of Max-
well’s equations.

Note that we could have begun with V x B = J and arrived at Ampere’s law by
reversing the steps.

An application of the divergence theorem:

Coulomb’s law says that the electric field E at the point r due to a point charge g
located at the origin is

By Stokes’ theorem

SO

- g .
E = ,
dmer’”

where e, is the outward pointing unit normal vector in the direction from the origin
tor. R
The electric displacement D is defined by
- - q -
D =¢E =—e,.
Amr2 "
If 7 is the outward pointing normal to the sphere centered at the origin at the
point r, then

- q
D= .
" 4
If S is a sphere of radius |r| centered at the origin, and S is the boundary of S,
then
B, D-dS = by dS = 3)
a8 CXyrp—y 4

Gauss’ law says that Eq. (3) holds for any surface that has only the charge ¢ in its
interior. If there is more than one charge in S, then

GosD 1dS =Y gi.

Now suppose that at each point x interior to S we have a charge density p(x).
Then in the infinitesimal volume dV centered at x the quantity of charge in dV is
approximately p(x)dV
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Then

#asﬁ-ﬁds - / / / V.

But by the divergence theorem

///SP(X)dV = #asﬁ-ﬁdsz ///SV‘B‘W'

Since this is true for any surface, we have V- D = p, which is another of Max-
well’s equations.

Note that we could have begun with this Maxwell’s equation and derived Gauss’
law.

CONSERVATIVE FIELDS

In this section we suppose that F is an R vector field. One way to create a vector
field is by taking the gradient of a function. Such vector fields are called gradient
fields or conservative fields. These vector fields are prominent in physics because
if frepresents a potential, such as gravitational or electrical potential, then Vfrepre-
sents a force. The next theorem characterizes conservative fields.

Definition:

A vector field satisfying the conditions in the theorem below is said to be
conservative.

Theorem:

Let F be a differentiable R> vector field. The following conditions are
equivalent:
1. There is a function f for which F = Vf.
2. Vx F=0.

3. For any oriented simple closed curve C, |, C; -ds = 0.
4. If C| and C, are two simple oriented curves that have the same end points, then

/F-d?:/ida
C] Cz

(1)=(2). In Exercise 15 we show that for any function f with continuous second
partial derivatives, V x Vf= 0.

(2)=(3). Suppose that C is an oriented simple closed curve, and S is a one-
sided surface whose boundary is C. Let ¢ be a path that represents C. Then by
Stokes’ theorem

/F-d?:/?-d?:/(Vx F)ds.
C o N

Proof:
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C4

C

—C,
FIGURE 2.3.12

But V.x F =0,50 f5(Vx F)-dszfcﬁdﬁzo.

(3)=(4). Suppose C| and C, are two simple oriented curves that have the same
end points. Let —C, denote the curve with the same image, but opposite
orientation as Cj. See Fig. 2.3.12.

Then C = C;U(—C3) is a closed curve. The curve C may not be simple, but if it
is, then
o:/?-cﬁ:/ f-d?:/?-dﬂ/ F-ds
c CU(-C) G -G

SO

/F-df:/?-da
C[ Cz

If C = C,U(—C,) is not a simple closed curve, a more elaborate proof, that is
beyond the scope of this text, is required. R R R

(4)=(1). Let F(x,y,2) =Fi(x,y,2)i +Fa(x,y,2)j + F3(x,y,z)k.  For
(x0,0,20)€ R3, let o be a path from (0,0,0) to (xo, Yo, zo) and define

f(x0,0,20) Z/F'd&

a

Since we assume (4) holds, the definition of f(xg, yo, zo) is independent of the
path. We shall show that

of of of
~ —F, —=F, —=Fs.
ox I ay 2 0z 3
a
We first show i = F3. Let ¢ be the path from (0, 0, 0) to (xg, yo, z0) given by

0z
g = 0] + o) + o3 where

o1 is the path along the x-axis from (0, 0, 0) to (xg, 0, 0)
o, is the path parallel to the y-axis from (xg, 0, 0) to (xq, yo, 0)
o3 is the path parallel to the z-axis from (xg, yg, 0) to (xg, Yo, zo)- See Fig. 2.3.13.
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(XO‘ yov Zo)

o3

o4 >y

(X 0,0) + (X» Yo 0)
62

FIGURE 2.3.13

Then

/f-daz/ﬁdaur/F-do—2+/F-da3.
[ (o2} gy 03

F -doy = (Fl (x,y, z)iA+ Fa(x,y, z)f—i— F3(x,y, z)l/c\) . (dx i+0j+ 0/?)
- Fl(x7yaz)dx

Now

and similarly, R
F-doy = Fa(x,y,z)dy and F -dos = F3(x,y,z)dz.
Note that on ¢, y=0and z=0 so

N X
/ F-doy :/ Fl(l‘,0,0)dl;
2 t=0

on g,, x =Xxp and z =0, so

— y
/ F-doy = / FZ(XO,I, O)dt;
ar t=0

and on g3, x = xg and y = yj, SO
— z
/ F-dos = / F3()C(),y0,l‘)dt.
g3 t=0
Thus,

F-da

s

f(x0,¥0,20) =

:/Fdol—l-/F-daz—&-/l?-d@
[ ) a3

Xo Yo 20
= / F1(t,0,0)dt+/ FQ(X(),I,O)dl‘—i-/ F3(X0,y0,t)dl
=0 =0 =0
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SO

f(x0,¥0,20 + Az)

Xo Yo z20+Az
:/ Fl(t,0,0)dH—/ Fz(xo,t,O)dH—/ F3(x0, yo,1)dt.
t=0 t=0 t=0

Then
f(x0,y0,20 + Az) — f(x0, Y0, 20)

Z0+Az 20
= / F3(x0, o, t)dt — / F3(x0, yo, t)dt
=0 t=0

Z o+Az
= / F3(x0,y0,1)dt = F3(x0,y0,2)Az
t

—2
for some ze [z9,20 + Az ]. So

f(x0,¥0,20 + Az) — f(x0, 0, 20)
Az

= F3(x0,0,2)

and

of _ fO,y, 24+ A7) — f(x,y,2)
— = l1m
dz Az—0 Az

= F3(X,y,Z)-

)
To show that 6_f = F>(x,y,z), let T be the path from (0, 0, 0) to (xo, yo, o) given by
y
T =11 + Tp + 73 Where

71 is the path along the z-axis from (0, 0, 0) to (0, 0, zp).
7, is the path parallel to the x-axis from (0, 0, zp) to (xg, 0, zg).
73 is the path parallel to the z-axis from (xg, 0, zq) to (xo, Yo, zo)- See Fig. 2.3.14.

Similar to the analysis above, we get

0 X0 Yo
f(x0,¥0,20) :/ F3(0,0J)dt+/ Fl(t,O,ZO)dt+/ F3(xo,1,z20)dt
t=0 =0 t=0

2

(0,0, zy)
)
T3

A4

(%q, 0, 2p) > ® (Xo Yor Zp)

FIGURE 2.3.14
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and

2 Xo Yot+Ay

Fl(f,O,ZO)dt+/ F3(X0,I,Z0)dt
t=0

f(x0,y0 + Ay, z) = /

=0

F3(0,0,1)dt + /

t=0

SO

Yo+Ay
f(x0,y0 + Ay, z0) — f(x0,0,20) = / F3(xo,1,20)dt.
=y
‘ o “
From this, we can arrive at E Fa(x,y,2).
y
. af
In Exercise 29, we show —— = F(x,y, 2).
E . Ox
xample:
Show that the vector field

f(x7 ¥,2) = (2xyz + sin x)i 4+ x%zj + yk
is conservative, and find a function f(x, y, z) for which Ff Vf.
We show that F' is conservative by showing that V x F = 0. We have

i ik

- 0 0 0

Vx F = — — =
x Ox dy 0z

I RN o A BENES
= [ay (x°y) Py (x z)]z [ax (x°y) aZ(Z)cszrsmx) j

6 2 a ~
+ L%C (x°z) —6—y(2xyz+sm x)]k

= (x2 - xz)'A— (2xy — 2xy)jA—|— (sz —2xz)k = 0.
We seek a function f for which Vf = 6Xl + af sk = F. If we have

W U U ¥R+ FE
ax' T ay! oz

Then we must have

9 af of
=F, —=F,, —=F;j.
b gyl 5=
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In our example, this is

of
ox

ad
We begin our analysis with —f

of _ , O _ 5
3y~

= 2xyz + sin x, Xz, —=Xx"y.
0z

x?z. From this, we get

(x,y,2 /fdyf/xz)

Here, we must be careful in integrating with respect to y because the constant of
integration could be a function of x or z because (% g(x,z) = 0. Thus,

flx,y,2) = / (x*2)dy = x*yz + g(x,2).

o)
Next we use the condition a—f = 2xyz + sin x. We have
X

a a a
a—i = 2yz+$g(x,z) and 0_£ = F; = 2xyz + sin x.
Thus £ g(x,z) = sinx, and so g(x,z) = —cos x + h(z). Thus, we write

f(x,y,2) = x*yz — cos x + h(z).

Finally, we use the condition G_f = x’y. We have
Z

o _ o . d of 2
— h d L =F;=x%.
0z nyrdz (@) an 0z T

Thus dizh(z) = 0, so h is a constant. We conclude

f(x7y,Z) :XzyZ—Cosx+ C.

Theorem: -
Suppose that F is a conservative vector field for which F = Vf. Then

(xla)’l;zl>_; N (thuZl) N
/( F-dr=/( Vf-dr = f(x1,y1,21) — f(x0, Y0, 20)-

X0, Y05 20) X0 Y05 20)
Example:

The work done by the force field F (x,y,2) = (2xyz + sin x)i 4+ x%zj + x2yk in
moving a particle from (10, —1, 4) to (10, 3, 4) is

0,3,4)

(0,3,4) R . e (1
/( [(2xyz +sinx)i +x%zj + xzyk} - dF = x*yz — cos x|(10 14

0, —1,4)
= 1200 + 400

since (2xyz + sin x)i + x2zj +x 29k = V(x?*yz — cos x).
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y=d
w1(y) wa(y)
y=c¢
FIGURE 2.3.15
EXERCISES

1. Find a unit normal vector to the following surfaces at the point (xq, yo):
a. z=9—x"—y~

h. ¥ -y’ +22=1.

c. z=V1—x%

Derive an expression for a unit normal vector to the surface y = g(x, z).
Show that for the region shown in Fig. 2.3.15

fc O(x,y)dy = / /S %);’y)dxdy.

4. Show that in R® if S, = {x|||x|| < ¢} and f : R > R is bounded, then

im /[ I ras o

W

5. Show that
o' (1), =x'(1))
(1) + /(1))

is a unit vector normal to ¢’(f) where a(f) = (x(1), y(?)).
6. If

)
Il

=ui+uyj+usk and 7 = cosai+cospj+cosyk

where «, 8, and vy are the angles that 7 makes with the positive x, y, and z axes
respectively, then

// (11 cos a + up cos B + usz cos y)dS = // (u1dydz + updxdz + uzdxdy).
s S
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Problems on Green’s theorem
7. Verify Green’s theorem for the following examples. Each boundary C is assumed
to be positively oriented.
a. fcxzy dx + xy3dy where C is the rectangle whose vertices are (0, 0), (2, 0),
(2, 2), and (0, 2).
h.
i. §-° dx —x>dy where C is the circle x* + y* = 1.
ii. fcy3 dx — x3dy where the region is between x> 4+ y* = 1 and x> + y* = 4.
c. fcy dx + x2dy where the region is between y = x and y = x°.
8. Evaluate using Green’s theorem:
a. §.2xydx+ (x+y)dy where the region is between y= 0 and y =1 —x°
h. fce" cos y dx — ¢* sin ydy where C is the circle x> —|— v =1
C. $.(2y + 3x)dx + (y — 4x)dy where C is the circle x* +y* = 9.
9. Suppose that f(x,y) has continuous second partial derivatives and

Ff 9
If Lo f_
ox2 dy?
Show that
) )
[La-any
ap9dy Ox
where D is any circle and 0D is the boundary of D.

Problems on Stokes’ Theorem

10. Verify Stokes’ theorem in the following cases:

a.F=yz+2xj+k,SIZZ\/ﬁ z220.

h. F = 2yl+3x]—zk S : upper half of the sphere X2 +y + 72 =16.
c. ﬁ:zz+xj, Sisthe square 0 <x <4, 0<y<4, z=2.

d. F=—%i+x%, S:x*+)y><25 z=0.

e. 1?— —yl+2x]+(x+z)k S : upper half of the sphere

Ay 42 =1
11. (Green’s first identity) Show that if f and g are scalar functions with continuous
partial derivatives in a region R, and if V'is a region within R with surface S,

then
///V(fvzg + Vf-Vg)dV = / ng—ids

where 6_g = Vg-n, the directional derivative of g in the direction that is outward

normal to the surface S.
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12.

13.

14.

15.
16.

17.

Use this result to show

JI] Jertav= [

(Green’s second identity) Show that if f and g are scalar functions with
continuous partial derivatives in a region R, and if Vis a region within R with
surface S, then

JI] jovs=swna = [[(r5i-s5i)es

The flux of a vector field F is the flow rate of a quantity through a unit area.
If S is a surface and 7 is the outward directed unit normal to the surface, then the
rate of flow through the surface S is given by

//ﬁ~ﬁds://ﬁ~d§.
S S

Suppose we have a material whose density is p that flows with velocity vk
through a hemisphere whose equation is

RZ— 32 —2.

a. Show that the unit normal to the surface is

O
n zﬁ(xi +yj+zk).
b. Show that F-7i = p vz/R.
c. Show that the flow rate through S is pKTl'Rz.
Show that if S is any closed surface and F is a vector field, then

// (curl F)-nds = 0.
N

Show that for a differentiable function f(x, y, z), V x Vf=0.

Verify that F is a conservative force, and find a function ffor which F= Vf in

the onllowmg cases;

a. F= (22 +6y)z+(6x—2yz)]+(3xz — k.

b. F = (2xy+3)i + (x —41)] + 4dyk.

Use Stokes’ theorem to evaluate §CF -dr in the following cases:

a. F= yl+2x]+22k C: x? —|—y =4 in the z =1 plane.

h. F = xy l+3]+2zk, C: x> +y? =9 inthe z =0 plane.

c. F= (2x — )i+ (4x +3z2)j 4 (2y — 2)k, C is the boundary of the triangle
whose vertices are (0, 0, 2), (0, 2, 0), (2, 0, 0).
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18. Faraday’s law states that if a current I passes through a loop C encloses that
encloses a region S, then the electromotive force around the loop is the
negative of the rate of change of the magnetic flux through the surface. As an
equation, this is stated

j{EdIA: _i//g.ﬁds
c atf Js

where 7 is the normal vector to S.
Use Stokes’ theorem to show that Faraday’s law implies

~ 0B

VXE=—F
at

which is one of the Maxwell’s equations. R R

19. The magnetic field B due to a current loop is given by B = curl (A) where

Y -~ X
(R2+y2+2)7 (Z+y2+22)
For C a circle of radius a centered at (0, O,A «) that is parallel to the xy-plane, use
Stokes’ theorem to calculate the flux of B through C for « large. R
20. A solenoid is a wound spiral of wire (see Fig. 2.3.16). A magnetic field B is
created when current flows through the wire. We orient the solenoid so that the
axis lies along the z-axis. If the solenoid is infinitely long, then B is zero
outside the solenoid, and B = Bk inside the solenoid, where (3 is a constant

that depends on the current strength and the spacing of the turns of the coil.
Suppose that the radius of the coil is a.

Show that B = curl (2) where

A= j.

3 3
2 2

1 ~ 2

Eazﬁ(f%i+£2') if r>a

i 1 r r
§6<—y?+xj\) if r<a

where r = /x2 + y2.

21. Show that the flux of B through a circle in the xy-plane of radius r < a is 7r2g.

R\VAVAVIVA,

FIGURE 2.3.16
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Problems on Divergence Theorem
22. Verify the divergence theorem in the following cases:
a. ﬁ = y 2+ 2xyf+ 22k and S is the surface of the cylinder bounded by
x +y =9 and the planes z = —2 and z = 3.
b. F=xi+ yj+z k and S is the surface of the cube bounded by the planes
x=0andx=1,y=0andy=1,andz=0,and z=1.
23. Evaluate the following integrals using the divergence theorem:
a. [(x+z)dydz+ (y+ z)dxdz + (x + y)dxdy where S is the surface of prob-
lem 10(a).
b. [ x2dydz + y*dxdz + z2dxdy where S is the surface of problem 10(b).
24. A function f(x, y) is harmonic on S if

2f Lo &f
x2 dy?
on S. Show that if f(x, y) is harmonic on S, then

)
[ as=o.
San
25. By letting F = Vf in

— 1 —
div F(p)= lim ‘—///F-ndS
N

V-0, peV

. 1 [[of
V= 1 — [ 2d
f Va(l)r,r,l;ev V//San S

Problems on Conservative Field
26. Show that the gravitational field

- GMm__
F(x,y,2) = — 2 er

=0

show that

is conservative. To convert to Cartesian coordinates

—~ X y Z
e, = .
' <\/x2+y2+z2 V2 Y+ 2 \/x2+y2+z2>

27. Show that the vector field I?(x,y, 2) = (0% +3x%)i + (@ + 2% )j + 2k is

conservative, and find a function f(x, y, z) for which I? = Vf.
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28. Show that the vector field E(L y,2) = (6xy + 22)i + 3x%] + 2xk is conserva-
tive, and find a function f(x, y, z) for which F = Vf.
29. Show that in the proof of the theorem of the equivalence of conditions for a
a
vector field, a—f =F1(x,y,2).
X
30. Show that the divergence of the vector field
- c S
F(x,y,2) = ——— (xi + yj +zk)
(2 4+ y* +22):

is 0.



CHAPTER

Green’s Functions

3.1 INTRODUCTION

In this chapter we discuss how to solve a nonhomogeneous linear second-order
ordinary differential equation with given boundary conditions by presenting the
solution in terms of an integral. More precisely, we find a function G(x,f), for which
the solution to

L[y] = ap(x)y" (x) + a1 (x)y(x) + ap(x)y(x) = =f(x) 0<x <1 0

is expressed as

CAUTION:

Some authors construct the solution for L[y] = f(x). This means the Green’s
function we derive will be the negative of theirs. Our approach follows that given
in Weinberger, First Course in Partial Differential Equations and Pinsky, Partial
Differential Equations and Boundary-Value Problems with Applications: Third
Edition among others.

The function G(x,t) is called Green’s function after the English mathematician
George Green, who pioneered work in this area in the 1830s.

We shall demonstrate three methods of constructing Green’s functions: using (1)
the Dirac-delta function, (2) variation of parameters, and (3) eigenfunction
expansions.

What we shall do is analogous to what one does in solving matrix equations in
linear algebra. Namely, suppose A is an n X n matrix and we want to solve

Al = f, 2)

where f isaknown n x 1 vector and « is an unknown vector to be determined. If A is
invertible, then regardless of what f is, Eq. (2) will have a unique solution given by

=A%

Mathematical Physics with Partial Differential Equations. https:/doi.org/10.1016/B978-0-12-814759-7.00003-X 153
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In this setting A~ ' exists if and only if 0 is not an eigenvalue of A.

The same situation will be true for Green’s functions; that is, if 0 is not an eigen-
value of L, then we shall be able to construct the Green’s function that provides the
unique solution to L[y] = f(x) with appropriate boundary conditions.

Unless stated otherwise, we assume that Q is not an eigenvalue of L.

3.2 CONSTRUCTION OF GREEN’S FUNCTION USING
THE DIRAC-DELTA FUNCTION

We first provide some intuitive motivation for this approach.
Let

Lly(x)] = ao(x)y"(x) + a1(x)y' (x) + a2 (x)y(x), 0<x<1.

We want to solve

Lly(x)] = —=f(x).
Fix 1, 0 < t < 1. Suppose there is a function G(x,f) for which
LIG(x,t)] = —6(x — 1). (1)

Then, multiplying both sides of Eq. (1) by f(¢) and integrating with respect to ¢
fromt=0tot =1, we get

1 1
/ {LIG(x, )]}f (t)dr = */ o(x — 0)f ()dt = —f (x).
0 0

Suppose further that

1 1
/ (LIG(x 0]} (1)t = L / Gl 0 (1t .
0 0

Then
1 1
L /0 Glx 0 (1)t | = /0 (LG O} (1)de = —F ().
So, if
1
y) = /O Glx 1 (1)
then

1
L) =L | [ Glnrtoar] =10
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The steps in the heuristic argument we have just given may seem plausible, but
we are doing operations on G(x,t) without knowing what G(x,?) is. Next we hypoth-
esize some conditions that G(x,f) should satisfy, and show that these conditions are
sufficient to determine G(x,?).

After solving a problem using this method, we should check that the solution is
valid.

To construct the Green’s function G(x,t) using the Dirac-delta function, we first
fix t with 0 <t < 1.

We then find G(x,f) so that G(x,r) satisfies the homogeneous equation
L(G(x,t)) =0 for 0 <x <t and t < x < 1. This means that G(x,f) will have two
parts: one for x < ¢ and one for x > ¢. To do this, one finds two linearly independent
solutions to the homogeneous equation L[y] = 0. Suppose these two solutions are
y1(x) and y,(x). Then there are constants, ¢,(t), i = 1,...,4 that depend on ¢, for which

Glat) = {c](t)y](x)+cz(t)y2(x) 0<x<t
’ c3(t)y1(x) +ea(t)ya(x) t<x<1
Once we have found each ¢(¢), we know G(x,1).

The procedure to find the c;(f) can be organized as follows:

1. The boundary conditions, G(0,f) = y(0) = 0 and G(1,f) = y(1) = 0 enable us to
establish some relations among the ¢;(?).
2. G(x,p) is continuous in x; in particular at x = ¢. This means

lim G(x,t) = lim G(x, 1).
lim (x,1) lim (x,1)

This establishes another relation among the c¢(#).
dG(x) t) 13 99
——— has a “jump” at x = 1.

dx
We now derive the magnitude of the jump.
Consider

ao(x)y" (x) + a1 (x)y' (x) + a2 (x)y(x) = —o(x — 1)
where the functions a;(x) are continuous and ay(x) # 0. Let € > 0 be given. Consider

t+e

/tt+£[ao(x)y//(x) + a1 (x)y' (x) + az(x)y(x))dx = / —0(x — f)dx = —1.

—& 1—e
Since the functions a;(x) are continuous, a;(x) = a;(t)ifx €[t —&,t + ¢] and ¢ is
small. In that case,

t+e
[ la0(e)y" (x) + a1 (2)y' () + aa )y (e

—€

t+e t+e
= ay(1) /t Y (x)dx + ay () / Y (x)dx + ax (1) / y(x)dx = —1.

—€ t—e 1—€
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Now

t+e
/t y’(x)dx:y(t+8)—y([f€) =0

—€

since y'(x) and y(x) are continuous and ¢ is small. Likewise,

Also

Taking the limit as e—0 in

t+e t+e
[ () + an oy )+ eyt = [ <ot ) = -1
t

—€ t—e€

we get

. . dG(x,t) . dG(x,1)
/ (s _ ) _ ) - _1.
gl—% aot)l(t + &) =yt = €)] = ao(t) [1;&1 dx lrlTrfcl dx

This gives the jump condition on G(x,t); namely

1
lim dG(x,1) lim dG(x,1) .
xlt  dx xtr dx ao (1)

A final condition is that G(x,f) be symmetric; i.e., G(x,f) = G(t,x).
Recapping, there are five conditions that determine G(x,r) for the differential
equation given by Eq. (1):

G(0,1) = 0.

G(l,1) =0.

lim G(x, ) = lim G(x, t).
xTt x|t

o o b=

. dG(x,t) 1. dG(xt) 1

lxl?ll X l;?tl dx T ay(t)

G(x,1) = G(t,x).

There is an intuitive way to see how the solution to L[y] = —d(x — ) yields the
solution

1
) == [ £)6(x.)ax
using the example

Vi) =—f(x) 0<x<1, y(0)=y(1)=0. @)
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The explanation we give follows that in Stakgold, Green’s Functions and
Boundary-Value Problems.

A physical interpretation of Eq. (2) is we have a wire stretched between the
points x =0 and x = 1. At a point x between x =0 and x = 1 a vertical pressure
f(x) is applied. (We assume that f(x) is a continuous function.) The function y(x)
is the deflection of the string at the point x.

Choose a positive integer N and divide the interval [0,1] into N equal parts. The
length of each part is then 1/N. Let x; denote the center of the kth subinterval and let
Ax denote the length of each interval. We assume the deflection of the string due to
the continuous pressure f(x) is approximately equal to the deflection of the string due
to the sum of forces of magnitude f(x;)Ax each concentrated at the point x;. The
defection at x = ¢ due to the single force f(x;)Ax concentrated at xy is

G(t7 xk)f(xk)A‘x

and, by the principle of superposition, the deflection due to the sum of the concen-
trated forces is

> Glt,x)f (i) Ax. 3)

N
k=1

The limit of expression (3) as N — oo (equivalently, as Ax — 0) is

1
/ G(t,x)f (x)dx.
0

Note: For our examples we use the boundary conditions y(0) = 0, y(1) = 0. But
analogous ideas work if we use boundary conditions such as y'(0) = 0, y'(1) = 0 as
we do in some of the exercises.

Next, we give two examples that demonstrate the computations involved in
finding the Green’s function.

Example:
We find the Green’s function for

y”(x) :_f(x)a y(O) :07 y(l) =0
using the Dirac-delta function.
Two linearly independent solutions to the associated homogeneous equation

Y'(x) =0
are
yi(x) =1 and y»(x) = x.
Thus
cil+c(t)x 0<x<t
)l +ea(t)x t<x<1’

G(x,1) = {
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Since G(0,f) = y(0) =0, we have ci(f) = 0. Since G(1,/) =y(1) =0 we have
c3(0)1 4+ c4(H)1 =0, s0 cy(t) = — c3(0).
To this point we have
t 0<x<t
6t = {70 srer
a3(t) —ca(t)x t<x<1

We now apply the continuity condition li%n G(x,1) = li?l G(x,1) to get
xTt Xyt

()t = c3(t) — e3(0)t

o)
t) — 1)t
er(t) = c3(r) —e3(n)r.
t
Then
t) — 1)t
(M)x 0 S x<t
G(x,t) = t .
a(t) —ca(t)x  t<x<l1
Finally, we apply the jump condition on the derivative of G(x,f). In this example,
ap(x) =1, so
1
lim dG(x, 1)  lim dG(x,1) _ _
xlt  dx xtr  dx ap(t)
Thus
t) — 1)t
- <C3( ) —c3(t) ) _
t
o)

c3()t + (c3(t) — c3(1)t) =t and thus c3(r) =1.

Finally, we have

_ 2
(t t>x 0<x<t (I-nNx 0<x<t
G(x,1) = t =

t(l—x) t<x<1
t—tx t<x<l1

We demonstrate that the answer is correct in the case f(x) = x%. We assert that

y(x) = /tx 1(1 —)C)tzdt-i-/] (1 — t)xidt

=0 1=x

solves the initial value problem

Y'(x) = —x%, y(0)=0, y(1)=0.
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Now
X
17
/ 1(1 — x)Pdr = x(1=x)
t=0 4
and
1 3 4 _4 3 1
/ (1 _t)thdt:w.
- 12
Then
) _x4(1 —x) +x(3x4 — 4 + 1) _x—x4
Y=y 12 T2
and
Y'(x)==x*, y(0)=0, y(1)=0.
Example:

We find the Green’s function for Bessel’s equation.
The homogeneous form of Bessel’s equation is

m2 2

by’ (%)) — W) = " (x) +y'(x) — %y(X) =0, y(0)=y(1)=0.

ao(t) # 0if t # 0.

We find the Green’s function for Bessel’s equation by following the steps given
above. We first find two linearly independent solutions of Eq. (4). We set y(x) = x* in

Eq. (4) to get

xk(k — )2 4 kb= — Pak 1
=xk(k—1) +k—m?] =41 (k2 —m?) =0.
The solutions to this equation are k = =+ m.
Thus two linearly independent solutions to Eq. (4) are
yi(x) =x" and ys(x) =x""

The Green’s function is then

c(x™ + )™ 0<x<t
a(OX" +ea(t)x™ t<x<1’

G(x, 1) = {

The boundary condition G(0,7)=y(0)=0 forces c(¥)=0.

G(1,1) =y(1) =0, we have

C3(t) + C4(l‘) =0, or C4(t) = —63(1‘).

“)

Note: Even though ay(0) = 0, the technique is valid for this example because

Since
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To this point, we have
cp()x™ 0<x<t
Glx,1) = 1) IR
a®)x" —c3()x™ r<x<1
We now use the fact that G(x,?) is continuous at x = ¢; that is,

c1 ()™ =1lim G(x, 1) = lim G(x, 1) = c3()"™ — c3(t)r™
xtTt x|t
to get

c1(t) = e3(t) — ez (1)~

Now we have

Gwﬂ:{@ﬂg—qu?w"ogx<g
c3(O)x™ — e3(t)x™" r<x<l1

We next use the jump condition on the derivative of G(x,?).

We have
dG(x,1) [ m" es(t) —ea(t) "] 0<x<t
dx mx'"_103(t) + mx_m_103(t) t<x<l1
so that
dG(x,t
lim dGlx 1) = mt" L e3(t) +mt ™ Les(r) and
xlt dx
. dG(x,1) —1 —m—1
1 e NP m _ m—1
;%Itl R mi™ " e3(t) — c3(t)mt
Then
L1 dGlen) | dGlxn)
ao(l) t x|t dx xtTt dx
= [m" o3 (t) + mes(1)]
— [mtmflcg;(t) - 63(t)mfm71} = 2c3(t)mt ™.
So
tm
= —.
e3(1) 2m

Finally, we have

M-

Y Ll 4 NP

c3(O)x" — c3(t)x™™ t<x§1_ -m _ .m :
(1) (t) tmc;5_1> fex<1
m
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We demonstrate that the Green’s function gives the solution in the case m = 3
and f(x) = x>. We have

1 x 3.3 1 33
/ G(x, )f (1)dt = / A (M) Adt + / X3 <t7t> Adr.
t=0 t=0 6 t=x 6

Now

SO

and
limy(x) =0 and y(1)=0.
x—0

In Exercise 7 we show that the limit of the above Green’s function as m
approaches zero from above gives the Green’s function for

' (x)] = 0.
EXERCISES
1. Find Green’s function for y”(x) + y(x) = —f(x) with the following initial
conditions:
a. y(0)=y(1) =
b. y(0) = (1)
c. Y(0)=y(1)=

2. Solve y"(x) + y(x) =x%,y/(0) = y'(1) = 0. Verify that your solution is valid.
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3. Find Green’s function for y”(x) = — f(x) with the following initial conditions:
a. y(0) =y(1)=0
b. y/(0) =y(1) =0.

4. Find the Green’s function for y”(x) + y(x) = x, y'(0) = y(1) = 0. Write the
expression for the solution. If you have a computer algebra system (CAS),
simplify the expression and verify the solution.

5. Find the Green’s function for y”(x) —y(x) = —f(x), —o0 <x< oo lim

y(x) —0. x—*oo

Find the Green’s function for y”(x) — y(x) = —f(x), ¥y(0) =y'(1) = 0.

Does the limit of the Green’s function for the Bessel equation as m approaches

zero from above give the Green’s function for [xy(x)]" = 0, y(0) = y(1) = 0?

N

3.3 GREEN’S FUNCTION USING VARIATION OF PARAMETERS

A second method for constructing Green’s function is based on the following theo-
rem that uses the technique called variation of parameters to find a particular solu-
tion to certain second-order differential equations. A proof to the theorem can be
found in many ordinary differential equation textbooks including Boyce and
DiPrima (2008).

Theorem:

Suppose that y;(x) and y,(x) are linearly independent solutions to

p(x)y ()] + g(x)y(x) = p(x)y” (x) + P (x)y' (x) + g(x)y(x) = 0.

A particular solution to

is given by

(5 em 0~y 0nW
) /o<(y1<>y2<> 205, (0} <>>f (0t

One can use this to construct the Green’s function for

)y ()] + g(x)y(x) = =f(x)
using the following steps:

1. Find two linearly independent solutions, y;(x) and y(x) to

[p(x)y (x)]" + g(x)y(x) = 0.

2. The general solution, y(x), to
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is

y(x) = c1y1(x) + c2v2(x) + yp(x)

— eovi (x) 4 ervs (x [ @)y () — yi(1)ya(x)
= c1y1(x) + caya( )+/0 <(y1(t)y’2(t) —yz(t)y’l(t))p(t)>f(t)dt'

where the constants ¢ and c¢; are determined by the boundary conditions.
3. The expression for y(x) is combined into a single integral.

Example:
We find the Green’s function for

Y'(x) = ~f(x), y(0)=0, y(1)=0
using variation of parameters.

We have seen that two linearly independent solutions to the homogeneous
equation are

yi(x)=1 and y(x)=x
and since p(x) = 1, we have

yi1(xX)y2(t) —y1 ()
(v ()y’z(t) y2(1)y}

Then

y(x) = c1y1(x) + caya(x) + /ox ((y)’I (x?

=c;+cx+ /x(t —x)f(t)dt.
0

Since y(0) =0, then ¢; =0, so

y(x) = cox + /Ox(t — X)f (1)dt.

Now
1
y(l)zOzcz-l—i—/O (t—1Df(t)dt so

¢ = /Ol(t Df(t)dt = /O](l —0)f (t)dr.
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1 X
x / (1 = Of (Ot + / (t — X)f(1)dr
0 0

<

~—
=

=
I

:x/ox(l — l)f(t)dt—l—x/xl(l —t)f(t)dl—i—/ox(t—x)f(t)dt
X 1
- / (1 — 1) + (1 — X)L F(1)dt + / *(1 — D ()t
0 x
X 1
_ / e — 3t + 1 — A F ()t + / (1 = )f (t)dt
0 X
X 1
— [ —isar+ [ x1-ora
0 X

Finally, we have

[l =x) t<x
G(x’t){x(l—t) t>x

Example:
We construct Green’s function for Bessel’s equation
N1 m? " ' m?
by ()] =y () =07 (0) +¥ () = —y(x) = ~f(x),5(0) = y(1) = 0
using variation of parameters.

We have seen that two linearly independent solutions to the associated homoge-
neous equation are

m —m

yi(x) =x" and y(x) =x
SO

m—1 —m—1

¥y (x) = mx and yh(x) = —mx

Then

yiOY5 (1) = 2 (O () = (") (=me 1) — (™) (me™ 1) = —2me .

So, since p(x) = x,

(1 ()¥5(1) = y2(0)y) (1) (1) = (1 ()y5(2) — y2(0)y (1))t = —2m.
Also

y1(xX)y2(t) — y1(£)ya(x) = X"t —

So the particular solution, y,(x), is

) = [

m
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and the general solution is

y(x) = c1y1(x) + c2y2(x) + yp(x)

B X (= m—m
=c X"+ cx m—i—/o #

f(t)dt.

We use the boundary conditions to determine c¢; and c;.
Since y(0) = 0, then ¢, = 0, so

y(x) =c X"+ /OXWJCU)(#'

Since y(1) =0,

2m
and
I
o= [ =y a
Thus
1 1 X (4My.—m me—m
y0x) =" /0 5 (" = ) () + /0 R
We have
1 1 X .m 1 om
/0 E(l‘*m_tm)f(t)dIZ/o ;—m(fm_tM)f(t)dt—F/x 2_(fm—fm)f(t)dt
)
* M —m " lxm o .
yx —/0 L=t )f(t)dt+/x 5 (" = )f ()
+f R
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where

1
i (m — m t
o (x X ) <x
G(x,t) = |
—x" (" =" <t
2m)C ( ) *
This appears different from the solution we derived using the Dirac-delta

function. But, because G(x,f) = G(t,x), they are equal.

EXERCISES

Use variation of parameters to solve the following problems.

1. Find Green’s function for y”(x) + y(x) = —f(x) with the following initial
conditions:
a. y0)=y(1)=0
b. y(0)=y(1)=0
c. Y'(0)=y'(1)=0.

2. Solve y'(x) 4+ y(x) = X2, y'(0) =y'(1) = 0.

3. Find Green’s function for y”(x) = —f(x) with the following initial conditions:
a. y(0)=y(1)=0
b. y(0)=v'(1)=0.

4. Solve y"(x) +1y(x) =sinx, y(0) =y(1) =0.

5. Find the Green’s function for y”(x)—y(x) = —f(x), y(0) = y(1) = 0.

3.4 CONSTRUCTION OF GREEN’S FUNCTION FROM
EIGENFUNCTIONS

We continue to consider the operator

Ly®)] = [p(x)y )] + q(x)y(x).
We want to solve
Lly(x)] = —f(x)
¥(0) =0, y(1)=0.

Suppose that {¢,} is a complete orthonormal basis for the vector space consist-
ing of eigenvectors of L that satisfy the boundary conditions, and that 2, is the eigen-
value of ¢,. We assume the inner product

1
(), 8()) = /0 F()g(x)dx.
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Then we have
FO) = fadn@), ) =D yuda(x)
where
1
o = 0.0 = [ 721, ().

We must find the y,,’s.
Since L is a linear operator and ¢,(x) is an eigenvector of L with eigenvalue A, for
each n, we have

L) = L3 mia)) = D vudad ().
So, from L[y(x)] = — f(x), we get

Z)’nxnd)n(x) = - an¢rz(x)7

and, since {¢,(x)} is a basis,

ynAn = 7fn~
Now, 0 is not an eigenvalue, so
_
Yn A

and thus

Y0 = Y ) = = 32 0,0

We now want to find G(x,f) so that

1
Y = /0 G, 1) (1)d:

that is, we want to find the Green’s function.
Recall

1
f = /0 F(O)p0)dt

SO

X X ! ! X
) == 3 - 52 g - Y [ 20

- /0' <Z¢n<x;fn<t>> o

where we have assumed moving the summation inside the integral is legitimate.



168 CHAPTER 3 Green’s Functions

Thus,
Glot) = — ZM. )

Clearly, to find the Green’s function using this method, the crucial step is to find
the eigenvalues and eigenfunctions for L that satisfy the initial conditions.
We note that some authors consider the problem

Liy(x)] + wy(x) = [px)y (0] +7@)y(x) + py(x) = =f(x)
where u is not an eigenvalue of L (but now 0 may be an eigenvalue of L) and obtain
the Green’s function

Gx,1) = — Z%ﬁf’) 2)

By adjusting either g(x) or g(x), either problem can be changed into the other.
The preference would be for the version for which the eigenvalues/eigenvectors
are easier to find.

Example:
Use the eigenfunction expansion to find the Green’s function for

Y'(x) +y(x) = —f(x), y(0)=0, y(1)=0.
We consider the second form of the problem with L[y(x)] = y"(x) and u = 1.
The eigenvalues and eigenfunctions for

Lly(x)] = y"(x)
y(x) = sin(ax) y(x) = cos(ox)

each with eigenvalue —a”. We now find the eigenvalues for which the eigenfunc-
tions satisfy the initial conditions. Suppose

y(x) = A sin(ax) + B cos(ax)
and y(0) = 0. Then B = 0. If y(1) = 0, then
y(1)=0=Asina«

so o« = nm where n is an integer. (Otherwise, we have only the trivial solution.) The
eigenvalue of L for the eigenfunction y,(x) = sin(nmx) is —(n7r)2. Since

1
1 1
)
sin“(nmx)dx = =, then xX)|| =—.
| sintomeyds =3, then (o)) ==
Thus {v2sin(nmx)} = {¢,(x)} is an orthonormal set of eigenfunctions for L
that satisfy the initial conditions. So, according to Eq. (2), the Green’s function
for this example is

G(x, 1) = — Z%ﬁ"ﬂm _ _ Z [\/5 Sin(mrx)] [\/E Sin(mrt)]

—(nm)? =1 '
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EXERCISES

Then use eigenfunction expansion to find the Green’s function for the following
problems.

1. Find Green’s function for y”(x) + y(x) = —f(x) with the following initial
conditions:
a. y0)=y(1=0
b. y'(0) =y'(1)=0.

2. Solve y"(x) + y(x) = x%, y/(0) = y/(1) = 0.

3.5 MORE GENERAL BOUNDARY CONDITIONS

In our construction of the Green’s functions we have restricted the initial conditions
to the case y(0) = 0, y(1) = 0 to arrive at the solution to
P()y ()] + q(x)y(x) = —f(x), ¥(0)=0, y(1)=0 (1)

is given by

1
) = [ Glnr
Green’s functions are also used to solve the more general problem

)y @) + gy (x) = ~f (v),
with boundary conditions
¥(0) =a
y(1) =b.

To solve the more general problem, suppose that y;(x) and y,(x) are the linearly
independent solutions we used to construct the Green’s function. We want to find
numbers « and 8 so that

ay1(0) + 6y2(0) = a

ayi (1) + By2(1) = b.
Then
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Example:
We have seen in problem 1(a) of Section 3.2 that the Green’s function for

Y'(x) +y(x) = =f(x),5(0) = 0,y(1) = 0

is

in(t —1
—wsinx, 0<x<t
G(x, t) - sinsin
————si —1), t<x<1
o 1s1n(x ) x <

where y|(x) = cosx and y,(x) = sinx. Suppose we want to solve
Y'(x) +y(x) = =f(x), y(0) =3, y(1) =2.
Then we need to find numbers « and 3 so that
acos0+Bsin0=3
acos 1+ Gsinl =2.
We find

2—3cos 1

=3 =
“ » B sin 1

so that the solution is given by

1
y(x) = /0 G, N (1)dt -+ ays (x) + Bya )

sin 1 nl

. 1 ol
:/o - smtsin(x—l)f(t)dt—i—/x —Sms(itil)smxf(t)dt

<2—3cos 1) .
+3cosx+ [ ——

- sin x.
sin 1

If you have a CAS, it is interesting to verify this for some choice of f(¢).

EXERCISES

Find the solution for the following initial value problems using Green’s function.
Note that the Green’s function was determined in exercises from the previous
section.

1. Find solution for y"(x) + y(x) = —f(x) with the following initial conditions:
a. y0)=4,y1)=-2
b. y(0) =6, y(1) = 4.

2. Solve y"(x) + y(x) = x% y(0) = 1, 2y(1) = 5.
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3. Find solution for y”(x) = —f(x) with the following initial conditions:
a. y(0)=4,y1)=2
b. y(0) = —3, y(1) = 7.
4. Solve y'(x) +1y(x) =sinx, y(0)=3,y(1) = —1.
5. Find the solution for y”(x) — y(x) = — f(x), y(0) = 1, y(1) = — 2.
6. Describe how you would solve y”(x) + y(x) = —f(x), »'(0) =3, y'(1) =5.

3.6 THE FREDHOLM ALTERNATIVE (OR, WHAT IF O IS AN
EIGENVALUE?)

Throughout this chapter, we have assumed that 0 is not an eigenvalue of the operator
L. As was mentioned at the beginning of the chapter, if O is an eigenvalue of L then

L[y] = ao(x)y" (x) + a1 (x)y (x) + ao(x)y(x) = —f (x)
may not have a solution. This case is known as Fredholm’s alternative. To under-
stand the problem at a more elementary level, we consider an example from linear
algebra.

Suppose that T : R? — R? is a linear operator with eigenvalue 0. Suppose that T'is
self-adjoint so we may choose a basis for which the matrix representation of T is
diagonal. (This is not necessary, but it will make the ideas easier to follow.) Suppose
that in this basis the matrix representation of 7 is

1 00
A=10 2 0
0 0 0

If b is a nonzero vector in the eigenspace of 0, say

0
b=10],
5
then AX = b, that is
1 0 0 X 0 X 0
0 2 0 y|l=10]or |2y]=1]0
0 0 O z 5 0z 5

has no solution. If b is in the orthogonal complement of the eigenspace of 0, say
3

b=|7

0

)
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then Ax = 5, that is

1 0 O X 3 X 3
02 0 yl=7]or |2y ]| =17
0 0 0 z 0 0z 0

has infinitely many solutions. There will be exactly one solution x if we add the
requirement that the inner product of x and the eigenvector of 0 is 0.
The essential points of this example that will carry over to our setting are:

1. When 0 is an eigenvalue of the operator L, we may not be able to solve the
equation

Ly=f
for y. We can, however, solve the equation
Ly=—(f—2g) (D

where g is the projection of f onto the eigenspace of 0.
2. In the case that the dimension of the eigenspace of 0 is one, g is determined by

g= (LY

where y is a normalized eigenvector of 0.

3. The solution to Eq. (1) is not unique, but if we also require that (y, ) = 0, then
the solution is unique.
The following example demonstrates these ideas for the case

Liy()] = [p@)y' @) + g@)y().

Suppose
YX)=f(x) 0<x<1.
Solutions to the homogeneous equation are
yilx)=x ymkx)=1

so that any function y(x) = ax + b is an eigenfunction of L[y(x)] = y”(x) with eigen-
value 0. We want to specify initial conditions that cause y/(x) to have only one
parameter. We then choose a value of that parameter so that y/(x) will have norm
1. Some of the possible choices include

y(0) =0, y(1) =y(1) gives y(x) = ax;
Y(0) =0, y(0) =y(1) gives y(x) = b;
y(0) =y'(0) gives y(x) = ax +a.
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We analyze the case y(0) = y'(0). Then Y(x) = ax + a = a(x + 1) is an eigen-
vector corresponding to the initial conditions. We determine a so that y/(x) will be
a unit vector. We have

SO

We take y/(x) = |/3(x + 1). Now
1 1
£, W) = () / FOW(0)de = a(x + 1) / Fale + 1)di
0 0
1
= a2 X .
- (+nAo+wmm

Thus, we have

1
ym:ff@fﬁ@+n/@+wmm.
0
Let

1
b:/o (t+ 1)f(¢)dt.
Then

Y'(x) = =f(x) + a®b(x + 1).
Note that if y”(x) = F (x), then

SO

y(x) = —/ f(z)dz+a2b/ (z+ 1)dz+C.
0 0
Then y'(0) = C. Now

y'(x) = /Oxf(z)dz+a2b/ox (z+ 1dz+C

X 2
= —/ f(z)dz+a2b<%+x) +C.
0
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Also, if
Y09 =6 = [ hteja:
then
y(x) = /Ox G(w)dw = /Ox /OW h(z)dz | dw + D.
Thus,

X w X 2
Y(x):—/o /Of(z)dz dw+a2b/0 (%+z>dz+€x+D

X w x3 x2
z—/ /f(z)dz dw+a*b(—+= ) + Cx+D.
0 0 6 2

Note that y(0) = D. Since y'(0) = C and y(0) = y'(0), we have C = D.
Next, we reverse the limits of integration in

/Ox /wa(z)dz dw.

The region of integration for the integral is shown in Fig. 3.6.1.

@

FIGURE 3.6.1

Region of integration
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We have

/Ox (/wa(Z)dz) dw = /Ox (/jf(z)dw) dz = /Ox(x — f(2)dz.

So, from Eq. (2) we have
3 2

y(x) = —/Ox(x—z)f(z)dz—f—azb(%—l—%) +Cx+C

3)

z x3 x2
=/ (Z—x)f(z)dz+a2b(—+—>+Cx+C.
0 6 2

To determine C we use the orthogonality condition

1
/ y(xX)y(x)dx = 0.
0

This gives

[ [/Ox(z—x)f(Z)dZ“Lazb(}ng%z) e 1)}“(” et

or

/01 [/OX(Z—x)f(Z)dz+a2b<§+§) + C(x + 1)} (x+ 1)dx = 0.

We evaluate

/01 [/Z:O(Z - X)f(Z)dZ} (x + Ddx

by reversing the limits of integration. The region of integration is shown in
Fig. 3.6.2.
We have

/01 [/ZXO(Z_X)f(Z)dZ:| (x + 1)dx=/zlo[/xlz(z—x)(x+ l)dx]f(z)dz,

Now
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s (1,1)

» X
/ !
FIGURE 3.6.2
Region of integration
So,
1 X x3 x2
/ / (Z—x)f(z)dz—&-azb(g—ki) +Clx+1)| (x+ 1)dx
0 0

1 3 2

7z ¢ 3 5
= _—— -7 — — d
/Z=o< 6 2 2° 6)“1“

1 x3 x2 1
+a2b/ (€+?>(x+l)dx+C/ (x+ 1)%dx = 0.

Now

so we have

x=0

1 x3 )C2 1
+a2b/ (6+2>(x+1)dx+C/ (x + 1)%dx

2 26

x=0

30

1 3 2
3 5 11 7
:/ (—%—Z—+—z——)f(z)dz+—a2b+§c:0.
Z
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Also,

SO

332 174 Tl
c=2 it D)
7 /z_0<6 RTINS 105)f(z) ¢

Thus,
3 2

y(x) = /Ox(z —x)f(z)dz+a2b(x6+xz> +Cx+1)

X X3 xZ X 1
:/0 (zx)f(z)der;(EJr?) {/0 (z+1)f(z)dz+/x (z+1)f(z)dz} +(x+1)

3 /(2 2 114 T 3 V2 2 114 N

= L 4 — dz+= L i )flr)dz].
* 7/Z_0<6+2 105+ 105 f()z+7/z_x 6 72 105 T 05 )%

Thus, the Green’s function is

( —x)+§ x—3+x—2 ( +1)+§( +1) i+i—ﬁ +1 <
‘ 76 T2 )¢ 7 6 2 105°"105) *°F

3/x +x2 ( 4 z . 71 S .
= —+= — X
7\6 T2\ 6" 105 105 .

In the case where 0 is not an eigenvalue for the operator L we found that the
Green’s function for L is

G(x,z) =

Gte) = T

where {y,} are orthonormal eigenvectors of L with the eigenvalue of ¥, equal to 4,,.
We give an example to demonstrate that if O is an eigenvalue for L, then the modi-
fied Green’s function is

hlalt)
=2 T

A #0
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Suppose L is an operator with an orthonormal basis of eigenvectors {y/1, ¥, ¥3}
and

Lyy =2y, Ly, =3¢y, L3 =0.
Now, L[y] = f has a solution y if and only if f = ay; + By¥». We solve

Lly] = 6y — 5¢,.
Let y = ay + by + cy3. We shall find a, b, c.
Now
Lly| = L(ay; + by, + cy3) = 2ay, + 3by, = 6y — Sy,
)
_§_<¢l7f> ___5_<¢27f>
a=3=75 tTE T,

and

which corresponds to

& ! IR ACIAG
y(x)—;rnwn<x) /0 Y ()f (1)dt = /0 (Z]A— f(t)dr.

The point of this example is if fis a function for which L[y] = f has a solution,
then the eigenvector whose eigenvalue is 0 does not appear in the Green’s function.

EXERCISES

1. Repeat the example we computed for the initial conditions y'(0) = 0, y(0) = y(1).
2. Repeat the example we computed for the initial conditions y(0) = 0, y'(1) = y(1).

3.7 GREEN’S FUNCTION FOR THE LAPLACIAN IN HIGHER
DIMENSIONS

One of the most frequently encountered operators is the negative Laplacian, —A. In
this section we derive the fundamental solution or the free-space Green’s function
(the situation where we have no boundary conditions) for the negative Laplacian
in two and three dimensions.

We first note that

AG(F, %) = 6(F — %)
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has no angular dependence, so Laplace’s equation is invariant under rotation. Thus
we have

G(x,x0) = G(r)

where r = |X — X|-
We use the divergence theorem to derive the free-space Green’s function for the
negative Laplacian in two and three dimensions.

Consider
P2 9
—AE=—|—S+—5+— |E = 0d6(x1,x2,x3).
(6}6% Gx% ax§ (x1,%2,.%3)

A common interpretation for E is the electrostatic potential at a point (x, xp, x3)
due to a unit charge at (0, 0, 0). This interpretation leads us to pose the problem in
spherical coordinates and to assume that E depends only on r. We derived the
formula for the Laplacian in spherical coordinates earlier, and if E depends only

on r, then
AE — 1 0 26E
T2 or or

d (26E) =0 or rza—E:C.

Setting AE = 0 yields

or ar ar
So —AE = 0 says
E_C
ar r2’
and thus
E(r) = ¢ +D.

r

If we assume (as with electrostatic potential) that lim E(r) = 0, then E(r) = —
To determine C, we shall appeal to the divergence theorem. r
Recall that in spherical coordinates, if fis a function, then

PR P
Vf_a ety FTN +rsin0£%'

Since E depends only on r,
VE = E er

We relate this particular situation to the divergence theorem. The region Q will
be a sphere of radius ¢, centered at the origin, which we denote R,. The boundary of
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Q, 09, is the surface of this sphere and will be denoted dR,. The vector field F will be
E_ . . . .

o e,. Since our surface is that of sphere centered at the origin, the normal unit vec-
,

tor to the surface is e,. Thus

Foi— (%E)e 2 -
T\ ) T g

and since Q is R,, and we shall be integrating where r = ¢, so we shall be integrating

OF . . . .
<—) r — ¢ Thus, relating our problem to one of the integrals in the divergence the-

or
[t~ ], (),

orem, we have
We want to find fundamental solution for

—AE = 6(x).

In our setting,

divF =V-F = V-VE=AE,

1,5 ff s

is expressed in our setting as

I ==L G),

—AE = 6(x),

L) o [ o

Note that the integral on the left is a surface integral and the singularity at r = 0
does not come into play. The idea is the same as the example of Gauss’s law for
inverse square fields.

Back to the three-dimensional case. Since

SO

But we have

SO

E=—
p

)



3.7 Green’s Function for the Laplacian in Higher Dimensions 181

we have

OE e e
or r=s_ 7‘2 r=£_ €2’
—52 / / 1dS = —%4msz = —4nC.
& dR. &

E
—// <a_> dS = 4nC = 1,
R NOT )

so C = 7, and we have in three dimensions

SO

Thus,

1

—AE = (3(x1,x2,x3) = (3(?0) lf E(?) = m

We note an important connection. What we have just done is the equivalent of the
jump condition in the one-dimensional case. Here is a sketch of the intuition: In both

cases, we let the region about 0 (or 6) collapse toward the origin. The property of

the 6(x) function forces the integral of this region to always be 1. Speaking in an
intuitive manner, in the one-dimensional case

e g2 3
=@ ¢ = [ st

and in higher dimensions,

€ £

In two dimensions, using polar coordinates and again assuming E depends only

on r, we have
10 0E
AE=——|(r—| =
r or (r ar) %

SO
d OE
E("-E):O and r—:C
Thus
a_E:E SO E(r):/C@:Clnr+D.
or r r
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If D = 0, the divergence theorem gives

—// AEdV:—/ (6E> dS:—g/ dS:—EQ.?TS:—CZTF.
R, IR, ar r=e € JoR, £
But
7// AEV = // S(x)dV = 1,
R, R,

1
—C27r=1 and C=—.
27

SO

Finally, we have
1 1.1
E(r)=Clnr=———Inr=—1In-.
(r) nr solnr=o—ln—
Summarizing, the equation —AFE = d6(x), assuming that E depends only on r,
gives
1
47|F — Ty
1
71 T~ ~
2 |7 — 70|

in three dimensions
E(r) =
in two dimensions

This gives that the fundamental solution in three dimensions is

1
G 7,7 == =~
(7, 70) 4w|F — 7ol
and in two dimensions is
1 1
G F,To) =— = = -
(7, 7o) 27 n|r — 7ol

One can extend this idea to higher dimensions. Suppose that
Au(x)=0, xeR"
We again use the fact that the Laplacian is invariant under rotations to let
v(r) = Au(x) where r = ||x]|.
Now

0*u 0u

A IO ity
u(xy, -+, Xn) 6x% +ot 2
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We have
du _ dv Or
dx;  dr dx;
and
o WA R 4
ox; 0x; B X2t xgi
)
au Xi
P V(r) "
Now
Pu 8 [du A/, X a [(V(r)
a——a—(a—) =5 07) = g K— )]
) (v’(r)) Lol (v’(r)).
r ox; \ r
Also,
0 0
a (V(r) rg(vl(r)) B V,(r)g(r)
T
and
dJ , o Xi d 7)51
OGN e CE
Thus
Xi Xi
. d V/(V) ”( )7_V/(r)7 _,2 1 //( ) V'(I’)
o\ r ) i r? Y r
)
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and we have
B, ) = ‘;%‘+ +327§ - Zl{ (57) + e -57 }

So to solve Au = 0, we must solve

(n—1) (&rr)) +V'(r)=0.

Then
l—n Vv'(r) 1
"(r) = . V(r) so () =(1 —n);
and
Inv(r)=(1—n)nr+C.
Thus
D
V/(r) = =1
and we have
D

v(r) = 2- n)rn—Z +E
If we assume that v(r) — 0 as r — oo, then E = 0. If we then apply the diver-
gence theorem as we did in the two- and three-dimensional cases we get

1 1
(n—2)S(n) M=%

u(x) n>3

=v(r) =

where S(n) is the surface area of the sphere in n dimensions.

EXERCISES
In the exercises, you may use the fact that if E depends only on R, then in N
dimensions
1 9 OFE
AE = — — (V1=
rN-1 9y ( Or)
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1. In four dimensions, the volume and surface area of a sphere of radius R are
computed by

1
V= szR“ S =2mR3.

Solve —AE = 6(x), assuming that E depends only on 7 in four dimensions.
2. In five dimensions, the volume and surface area of a sphere of radius R are
computed by

8 2 p5 82 4
V="mR §=SnR"
5" 3"

Solve —AE = 6(x), assuming that E depends only on r in five dimensions.



CHAPTER

Fourier Series

4.1 INTRODUCTION

One technique that is often used in solving partial differential equations is separation
of variables. This method yields a set of ordinary differential equations whose solu-
tions are “pasted together” to provide a solution to the partial differential equation.

In the problems that we shall consider, each ordinary differential equation can be
considered as an eigenvalue/eigenfunction problem where the differential operator is
self-adjoint. An important question is, given the set of eigenfunctions {¢;} and a
function f(x), do there exist constants c; so that the sequence of functions {S,(x)}
defined by

S0t = o
k=1

converges to f(x).
There are three senses of convergence that we shall consider:

. Pointwise convergence

. Uniform convergence

3. L’convergence (also called convergence in the mean).
L? convergence means

lim (S (x) — £(x), Sx () = £(x)) = 0.

N—

N —

An advantage of L* convergence that we know from Section 1.1 is that the con-
stants ¢,, should be the Fourier coefficients.

In the text, we shall consider the set of trigonometric functions {sin nx, cos nx},
Bessel functions, and Legendre polynomials. Each of these sets arises as a set of
eigenfunctions for a particular self-adjoint differential operator. In this section we
analyze trigonometric Fourier series, which are series of trigonometric functions.
We choose this set because the mathematics is the best developed and is the simplest
to demonstrate. It will serve to illustrate the basic questions that need to be addressed
for each system.

Mathematical Physics with Partial Differential Equations. https://doi.org/10.1016/B978-0-12-814759-7.00004-1
Copyright © 2018 Elsevier Inc. All rights reserved.
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4.2 BASIC DEFINITIONS

We have seen that the operator L = gv—zz is self-adjoint on the vector space
V = {f|f is periodic of period 27 and f” is integrable }

with inner product

m

(f.8) = F(x)g(x)dx.

-

The eigenfunctions of L are
{1, sin(nx), cos(nx)|n ¢ Z*}.

The eigenvalue of sin(nx) and cos(nx) is —n? and the eigenvalue of 1 is 0. Since

™ ™

1
sin(nx)cos(nx)dx = 5 / sin(2nx)dx = 0

-

(sin(nx), cos(nx)) = /

-7
and since eigenfunctions of a self-adjoint operator with distinct eigenvalues are
orthogonal, the set

{1, sin(nx), cos(nx)|ne Z* }

is an orthogonal set of eigenvectors for L. Next we compute the norm of each of
these eigenvectors.

We have
™ ™
2 = / ldx = / sin®(nx) 4 cos® (nx)dx
o T
= / sin (nx)dx + / cos? (nx)dx
- -
and
™ ™
/ sin’ (nx)dx = / cos? (nx)dx
-7 -7
SO
™
(sin(nx), sin(nx)) = / sin’ (nx)dx =
-
and

(cos(nx), cos(nx)) = /jr cos?(nx)dx = .

™
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Also

Uy
(1,1) :/ 12 dx = 2.

™

Thus

Isin(nx) | = [leos(nx)]| = v/ and [|1]] = V2.

In Exercise 1, we show that the Fourier expansion for f(x) is

%0 + Z(an cos nx + by, sin nx)
n=1

where
1 [" L7
apn=— [ f(x)cos(nx)dx ag=— [ f(x)dx,
T ) _x T Jx
S0
T ™
wa, = | f(x)cos(nx) dx mwap = / f(x)dx
—1T -
and
1 [" T
by = - f(x)sin(nx)dx, so b, = [ f(x)cos(nx)dx.
—r —m

For the trigonometric polynomials, the function Sy(x) given earlier is

N
Sn(x) = 61720 + Z(a,, cos nx + b, sin nx).
n=1

We begin with preliminary work on L? convergence. We show that

[0 - sweopas = [ ireopa - w(é ¥ i(aﬁ v bﬁ))

Now

us

/ " ) = Sw()Pdx = / TUPd -2 [ sy + e

™ —T —T —T
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‘We have

n=1

i

™ T a ™ N g N
/_f(x)SN(x)dXZ 3 f(x)?()dx—i—/_ f(x)(Z(an cosnx)) +/_ f(x)( (b smnx)

f )dx + Z <an X)cos nx dx) +

a N N

= 30 (mag) + Zan(mln) + an(ﬂ'bn)

n=1 n=1

= <"2(2’+ZN:(11 +b2)>

n=

—_

Also

[ iswtnPas= / e

2
N
+ Z(an cos nx + by sin nx)] dx

n=1

f:(z;,, / f(x)sin nxdx)

n=1

= dx+z / cos?(nx)dx +Zb2/ sin® (nx)dx

-7 -

(by the orthogonality of {1, sin(nx), cos(nx)})

2 N N 2
a a
:szo—i—vri a+my b,%=7r<70+§ (aﬁ+bﬁ) :
n=1 n=1

Thus

0< / " L) — Sw()Pd

-7

= [T vrwra—2 [“wsvwas + [ isulas

—T

ey
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From this computation, we get some important results:
Theorem (Bessel’s Inequality):
For every positive integer N, we have

( +ZN:(a +b2>> /j[f(x)]zdx.

n=1

Proof:
From (1), we have

" m a2 N
- /—n [F) = SN(X)]de = /_1r [f(x)]zdx - (07 + ;(Gn 24 p, 2)>

Corollary (Riemann—Lebesgue Lemma):
If f dx is finite and f(x) is integrable, then
™ ™
lim f(x)cosnx =0 and lim / S (x)sin nx dx = 0.
n—oo | o

—
n [es] -

Proof:
Since

N ™
Zan 2< / [f(x)]*dx < o0 for every N
n=1 -

oo
the sequence of partial sums for the series > a, 2 is monotone increasing and
bounded, so it converges. n=1
Since the series converges, the terms must go to O; i.e.,

lim a, 2 = 0.

n—oo
But then
lim a, = lim 7/ f(x)cosnxdx =0
n—oo n—00 T
Similarly,

lim b, = lim —/ f(x)sin nx dx = 0.

n—>oo n—o0 U
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EXERCISES

o0
1. Show that the Fourier expansion for f(x) is %0—&— > (ay cos nx + by sin nx)
where n=1

| 1 [7
n = — d =— d.
an = 77Tf(x)cos(nx) voag = 77rf(x) x

SO

wa, = ﬂf(x)cos(nx)dx wag = /ﬂf(x)dx
and

T ™
b, = % f(x)sin(nx)dx, so b, = | f(x)sin(nx)dx.

2. The Fourier series for f(x) is given by + Z (ay, cos nx + b, sin nx) where
formulas for a,, and b,, have been derlved n=1
a. Show that if f(x) is even; i.e., if f(x) = f(—x), then b, = 0.
b. Show that if f(x) is odd; i.e., if f(x) = — f(—x), then a, = 0.

3. The function f(x) = |sin x| is an even function, so the Fourier coefficients b, will
be 0. However, sin x = |sin x| for 0 < x < 7. Show that

4.

a. Using the same reasoning as in Problem 3, show that

T4 N cos(2n — 1)x
k=t INT T g<x<m
2 7 (2n—1)

n=1

b. Use the result of part (a) to show

[s9)
Z 2n—1

n=1

:q
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a. Show that the Fourier series for f(x) = x+1 x* on (—m, ) is

2 ® .
™ COS nx sin nx

— -1)" -2 .
12+Z( ) ( n? n )

n=1

h. Assuming that the Fourier series converges to the function, use the answer to
part (a) to find

(s} _111
S

n=1

a. Show that the Fourier series for f(x) = x on (—m,7) is

zi (_1)n+1

n=1

sin nx.
n

h. Assuming that the Fourier series converges to the function, use the answer to
part (a) to find

© (71)n+1
D T

n=1

. Show that a linear combination of even functions is even and a linear combi-

nation of odd functions is odd.

N
. For Sy(x) =%+ 3 (an cos nx + by sin nx) show why

n=1

/f [Sn (x)]%dx = 7r<az(2) + i(ﬂﬁ + bﬁ))

™

. Multiply each function by the appropriate constant to change
{1, cos x, sin x, cos 2x, sin 2x,...} from an orthogonal basis to an orthonormal
basis.
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4.3 METHODS OF CONVERGENCE OF FOURIER SERIES

We next address the question stated earlier: given a function f(x), when does

N
ap .
Sn(x) = > + Z(an cos nx + by sin nx)
n=1
converge to f(x) as N — oo.
As we noted, there are three senses of convergence that we shall consider:

Pointwise convergence
Uniform convergence
L? convergence.

W=

In Fourier analysis, it is common to work with the set of functions
F = {functions that are piecewise continuous of period 27}.

Piecewise continuous functions are those that are continuous except at a finite
number of points, and where a discontinuity exists, the left and right hand limits
exist and are finite.

We let

Ry(x) = f(x) — Sn(x)
so that Ry(x) is a “remainder term” that measures how much Sy(x) differs from f(x).
Note that Sy(x) converges to f(x) pointwise (uniformly, in the L? sense) exactly

when Ry(x) converges to 0 in the same sense.
In this section we shall show:

1. If f(x) is differentiable at x(, then the Fourier series for f(x) converges to f(x) at
xo. Thus if f(x) is differentiable, then the Fourier series for f(x) converges
pointwise to f(x).

2. If f(x) is continuous and f’(x) is piecewise continuous, then the Fourier series for
f(x) converges uniformly to f(x).

3. If f(x) is continuous, then the Fourier series of f(x) converges to f(x) in the L?
sense.

We begin by determining an explicit formula for Ry(x).
Definition:
The Dirichlet kernel of index N is the function Dy(x) defined by

1
Dy(x) = 3 + cos x + cos(2x) + -+ + cos(Nx).

The graphs of Ds(x)and Djo(x) are shown in Fig. 4.3.1. As n becomes larger, the
peak of D,(x) at x = 0 becomes more pronounced.
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FIGURE 4.3.1

In Exercise 1, we show that

1

sin (N + §)x

—— if x#2mm, m an integer

Dy(x) = 2 sin (7>
2
1 .
N + 5 if x=2mm
Note that

1 s
— / Dy(t)dt =1
™ J-m
for every N.

Theorem:

Let fe F and Sy(x), Ry(x), and Dy(x) be as previously defined. Then

Sw(x) = }T f F(u)Du (x — u)du
= ;T _ﬂ f(x—1)Dy(z) dt
= % 7Tf()c +1)Dy(t) dt

and
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Proof:
We have
1 [ 1 [ [
— [ f(uw)Dn(x—u)du=— / F) =+ Z(cos k(x —u)|du
T ) _x EL — 2 &
1 [ 1 &
=— flu)|=+ cos kx cos ku + sin kx sin ku
= WY )
1 [ \ 1 ("
=— flu)du + cos kx| — f(u)cos ku du
27 [ﬂ ( ) ; ™ J_n ( )
N 1 ™
+ sin kx —/ f(u)sin ku du
k; ] W
a N
= 70 + ) (ag cos kx + by sin kx) = Sy (x).
k=1
To show
™ ™
F@)Dy(x—uydu= [ f(x—1)Dy(e)dt
- -
we make the change of variables u = x — t. Then du = —dt. (Remember that x is
fixed.)
If u=m, thent=x— mand if u = — m, then t = x + m. Thus

jf(u)DN(x —u)du = — B

x+m

m X+
F(x — Dy (1)t = / e D).

Now f(x) and Dy(x) are periodic of period 2. Thus the integrals of the product
of these functions over any interval of length 27 are equal. So we have

X+ ™
/_ f(x—t)DN(t)dt:/_ f(x —1)Dn(t)dt.

Showing that

™

" rpn (e —wdu= [ 1~ py(a

-

is done in a similar manner and is left for Exercise 3.
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Now
Ry (x) =f(x) — Sy(x) and % /jr Dy(t)dt = 1
70 == [ opsa
and thus
Ry(x) = % /jr [f(x) —f(x —1)]Dn(2) dt.

We now give a sufficient condition for convergence of the Fourier series of a
function to the value of the function at a particular point.

Theorem:

Let fe F, and suppose that fis differentiable at xg. Then

N
ao .
—+ E (ay, cos nxg + by, sin nxp)

n=1

floo) = Jm,

where a, and b, are the Fourier coefficients of f.
Proof:
We have

Ryt = [ ") — f(x— D ()i

. 1
- [ |vw —f(x—t)]M d

t
™ 2 . e
SIH(Z)

/ flx (); 1) (sm Nt COSE + cos Nt sin )dt
- 2 sin 2)

/ “ 2 sin( 5/2 : (sin Nt cos %) dt +% /_:w (cos Nt)dt.

By the Riemann—Lebesgue lemma

Jim_ % / WW(COS Ni)dt =0 if feF.
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Next we consider

/f2s1n /2) )<SinNtcos%>dt.

Since fe F and sin(#/2) is continuous, the function
fox) —flx—1)
2 sin(#/2)

is piecewise continuous (in #) except possibly at # = 0. When ¢ = 0, the function is of
the form 0/0, but if f is differentiable at x, as a function of ¢, we have

) —flx—1) [ —flx—1) 1/2

= li =f
150 2sin(r/2) 10 ‘ sn(2) W
since
sin 6
lim —=1.
alg}) 0

So if fis differentiable at x, as a function of , the function

[ —fa—n
2 sin(t/2) 2

is in F, and by the Riemann—Lebesgue lemma

fx) —fx—1)
N_wo/ 2s1n t/2 s1nNtcos2 dt =0.

Thus we have that the Fourier series of a function converges to the value of the
function at points where the function is differentiable, and so if f(x) is differentiable,
the Fourier series of f(x) converges pointwise to f(x).

To begin to address the question of uniform convergence, we recall the Schwarz
inequality for real numbers.

SCHWARZ INEQUALITY

If ay, ay, ..., a, and by, by, ..., b, are real numbers, then

n n 1/2 n 1/2
i=1 i=1 i=1

Theorem:

Suppose that f(x) is a continuous function of period 27, and suppose that f'e F.
Then the Fourier series of f(x) converges uniformly to f.

Proof:

Suppose that > (ay, cos nx + b, sin nx) is the Fourier series of f(x) and
>~ (cn cos nx + d, sin nx) is the Fourier series of f'(x). Then > a2, S b2, c2,
and Y d? are finite.
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Now

r[" I ["
Cp=— f'(x)cos nx dx and d, = — / £ (x)sin nx dx.
T )

™ —T ™

Integrating the expression for ¢, by parts gives
™ n ™
cn==| flx)cosnx|"_+n [ f(x)sinnxdx| == / f(x)sin nx dx = nay
™ - T )
since f( — m)cos(—nmw) = f(m)cos(nm).

[00] (9]
Thus Y n?a? < oo and similarly > n?b? < co. By the Schwarz inequality

n=1 n=1

N N 12 s n 1/2
Z [Xnyn| < ( Zx,%) ( Z yﬁ) for every N
n=1 n=1

n=1

so that convergence of the series Zx,% and 3 y,% implies convergence of the se-

ries 3 [Xpyn|. Thus
(oo <[5 (2)] [Soe)]

o0 o0
D lanl =D
n=1 n
o0 o0 o0
and both > (l) and 3 (n?a2) are convergent. Thus 3 |a,| converges. For every
n=1 n=1

=1
Py
n=1

[e9)
, so the series Y |a, cos nx| converges uniformly by the
n=1

x, we have |a, cos nx| < |a,

o0
Weierstrass M-test. Similarly, >_ |b, sin nx| converges uniformly. Thus the Fourier
n=1
series converges absolutely and uniformly. Since f(x) is differentiable at all but a
finite number of points, the Fourier series of f(x) converges to f(x) except possibly
at those points. However, the uniform limit of a series of continuous functions is
continuous, so it follows that the Fourier series of f(x) converges uniformly to f(x).
Next we determine a condition on f(x) that will ensure L? convergence. This
occurs if and only if ngnoo (Ryn(x),Ry(x)) = 0.

In the proof of Bessel’s inequality, we found that if {c,} is the set of Fourier
coefficients of f(x) then

2

N
Cn
=1

0<(f=sws —Sv) = [ [@Par-Y

- n

and so
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Thus a necessary and sufficient condition for Nlim (Rn(x),Ry(x)) = 0 1is that
— 00

N m
2= X 2dx.
> / )

We determine conditions on f(x) that will ensure this.
Here is an outline of how we shall proceed:

1. Let fe F have the Fourier series
% + ;(an cos nx + by sin nx)
and let
ap &
S(x) = 5 + ;(an cos nx + b, sin nx).

We form the Cesaro sum

So(x) + S1(x) + - 4+ S (x)
m+1 '

om(x) =
(Note: Some authors, Apostol “Mathematical Analysis,” for example, define

() = So(x) + 81 (x) + -+ Jrqu(x).

m

We follow the definition used by Rudin in “Principles of Mathematical Analysis”).
2. We form an approximate identity called the Fejer kernel, {K,(7)}. To define the
Fejer kernel, recall that the Dirichlet kernel of index N, Dy(?), is given by

1
Dy(t) = 5 Heost+ cos(2t) + +++ + cos(Nt).

The Fejer kernel of index N is defined by

_ Do(t) + Dy (Z) + -+ DN(I)
N N+1
which is the Cesaro sum for the Dirichlet kernel.
3. Derive properties of the Fejer kernel that allow us to conclude that {o,,(x)}

converges to f(x) uniformly.
Graphs of the Fejer kernel for N =5 and N = 10 are shown in Figure 4.3.2.

@

Kn (1)

Theorem:
Let

Dy(t) + D1 (t) 4+ -+ + Dn(2)

Kn(r) = N+l
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A

v

FIGURE 4.3.2

Then
us
1. %LWKN(Z)dt: 1.

2. Ky(x) = 2(N1+1) sin [(1;/+)lc)x/2] > 0.
sin

3. Ky(x) < for 0 <6< x| <.

1
(N+1)(1—cos 6)
4, lin})KN(x) =M

X—

The proof is left as Exercise 2. Note that (1) and (3) imply that {K,(x)} when
restricted to the interval [—m,m] is an approximate identity. (More precisely, the
sequence of functions

K,(x) —nm<x<m
Ju(x) = { o) s
0 otherwise

is an approximate identity.)

This means that {o,,(x)} converges pointwise to f(x). However, pointwise
convergence is not sufficient to ensure L? convergence.

Theorem (Fejer’s Theorem):

Let f(x) be a continuous function of period 2, and let

m
Sm(x) = %0 + Z(a,, cos nx + b, sin nx)
n=1

be the mth partial sum of the Fourier series generated by f. Let

_ So(x) +S1(x) + -+ + Si(x)
m+1 '

am(x)

Then {g,,(x)} converges to f(x) uniformly.
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Proof:
Let € > 0 be given. We must show there is a number N(e) such that if n > N(¢),
then

lon(x) — f(x)| < € for every xe[—m, .

Since f(x) is continuous on [—,7], it is bounded and uniformly continuous on
[—m,m]. Thus there is a number M such that | f(x)| <M if x e[—7, 7] and a 6 > 0
such that if [x — x”| < 8, then | f(x') — f(x")| < & for ¥/, x"€ [—m, 7].

Now
5u) =~ [ e~ Dy(oya
SO N
onlx) = So(x) +Sl(:)++1--- + S (x)
o esa
R ——
Since
% [ :Kn(t)dtl, then f(x):% ::f(x)Kn(t)dt.
Thus
o)~ = [+ [ =) = ks < 2 [ 70—l 0

_6 6
1 [/ |f(x—1) —f(x)|Kn(t)dt+[6|f(x—t) — ()| Kn(r)dt

/ [f(x = 1) = f(x)|Ku(2) t:| gl [2M(/6Kn(t)dt+/ﬂKn(t)dt)
™ - 0

/|fx7t |K()dt] for 0 < 0 < .
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Now choose 6 so that if 7| < ¢, then | f(x — 1) — f(x)| < &/2.
This will make

0
/ |f(x—1) — )|K()dt<§/ K,,(t)dt<f for every n
—0

1
K, < for 0 <o < x| <
V) < (N 4+ 1)(1 = cos 6) or0<oshlsm

after 6 has been chosen, there is a number N(¢) such that if n > N(¢), then K, (x)
& if 0 < |x| < . Thus if n > N(e), then

|on(x) = f(x)]

gi[m(/:mmm/ A ) /Ifx—t >|K<>]

1{2M(£7r+£7r)+£}_1(£7r emwoo€
8M  8M N

2l T w
Corollary:

n + n +2) =¢ if xe[—m, .

If f(x) is piecewise continuous, then

Tim (£(x) = Su(x),f () = Su(x)) = 0.
Proof:

We have

(F(X) = Sn(x),f (x) = Su(x)) < (f(x) = 0n(x),f(x) = on(x)).

Since {o,(x)} converges to f(x) uniformly, then

Tim (/) = 0,3,/ (0) — 3a() = lim [ 17(0) = 0,(x) s = 0
SO

—T

i {f(x) — 8,(x)./(x) — Su(x) = 0.

Corollary (Parseval’s Formula):
If f(x) is piecewise continuous, then

1 ™ () ad
77/_,,“ e =353 (an®

We return to a question we posed early in the section: when can a function be
represented as a Fourier series
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Definition:
A set of eigenfunctions {¢,(x)} is complete if

Jim (£(x) = Sy (x),£(x) — Sx(x)) = 0

for every function for which { f, f') is finite. As always, if {¢,(x)} is an orthonormal
basis, then

N

SN(X) = Z<¢n(x)7f<x)>¢n(x)

n=1

We now show that the trigonometric polynomials are complete. To do so, we use
the fact that if f(x) is a function for which

[ " £ P < oo,

™

then given & > 0, there is a continuously differentiable function f.(x) for which

(f(x) = fe(x),f(x) = fe(x)) = /_7T |f(x) = fu(x))Pdx < 2.

™

(See Rudin’s “Real and Complex Analysis,” for instance.)
Since f.(x) is continuously differentiable, there is a number N(¢) so that if
n > N(¢e) then

&

(5500 ~ A0, 5500 ~ ) = [ 18500 ~fio e < 5

where S%(x) is the nth partial sum of the Fourier expansion of f,(x). Now,

(F(x) = Sy (x), £ (x) — Sw(x)) < {F(x) — S5(x),f(x) — S5(x))
_ / |£(x) — S5 (o) Pex = / 1F) — fol) +£ox) — S5(0)| P

We now bound

() = fol) + fe0) = S50 = [(fx) = fo(0) + (felx) — S5(x))]°.
Note that

(a+b) =d*+2ab + b and 2ab < a® + b2 (since (a—b)?> o).
Thus

(a+b)* <24° +2b°
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and so

[ 1) —fo) o) — 5 (0P

™

< [ ") — £+ / " () — $20))

™ -7

<2(4+§) =¢ if n> N(e).

Fourier Series on Arbitrary Intervals:
If instead of having our functions being periodic of period 2 they are periodic of
period 2L, the formulas for Fourier coefficients for f(x) would change to

1 L
:Z/ f(x)cos(n—?)dx n=20,12, ...

/f sm dx n=1,2,.

and the formula the Fourier series for f(x) would change to

~—+Zancos< )+b sm( Zx>

as we verify in Exercise 4.

EXERCISES
1. Show that
1
Dy(x) = 5 Heosx+ cos(2x) + -+ + cos(Nx)
n(v+5)
sin| N+ = |x
2 . .
—— % if x#2wm, m an integer
_ 2 sin (—)
= 2
1 .
N + > if x=2mm
2. Show that

Acost+ Bsint =+\/A% + B%sin(t + ¢)

where ¢ = tan~!(A/B). This yields another way to express a Fourier series.
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3. Let
Dy(t) + D (t -+ Dy(t
Kn(t) = o(t) + D1 (1) + -+ + N().
N+1
Show that
e
a. %f_wKN(I)dt =1
b. Ky(x) = Z(NI_H) sinZ[(N+)1C)x/2] >0.
sin’ (E
C. KN('X)S(NJrl)(lli—Cosé) for O<6§|x|§7r
d. lim Ky(x) =25,
Jomy Kn) =5
4. Show that
™ e
fu)Dy(x —u)du = | f(x —t)Dy(t)dr.
-7 -
5. Suppose that f(x) is piecewise continuous and periodic of period 2L. Mimic the

case for a function that is periodic of period 27 to show

/f cos
L o

and the formula the Fourier series for f(x) would change to

nix
~—+Zancos< )—l—b s1n(L)

dx n=0,1,2,.

dx n=1,2,.

6.
a. Find the Fourier coefficients for
flx) =x.
b. Use the answer to part (a) and Parseval’s theorem to show % = %2

7. Find the Fourier series for n=1

0<x<m
—r<x<0

X

r0=1
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8. Find the Fourier series for

Use this to show

- w
Z:2}1—1 E

n=1

Note the result is same as problem 4, Section 3.1, but the technique is different.
9. Find the Fourier series for

£00) cosx 0<x<mw
X) = .
0 —mT<x<0
10. Use a CAS to plot the functions in problems 6—9 and the first n terms of the
Fourier series for n = 3, 10, and 25.
11. Find the Fourier series for f(x) = x>, —m < x < 7 and use it along with Par-
seval s theorem to show
S
P

n=1

4.4 THE EXPONENTIAL FORM OF FOURIER SERIES

In later sections, we shall sometimes find it convenient to express the Fourier series
of a function in exponential form; that is,

o0

flx) = Z cne™.

n—=—0oo

This representation is possible because of Euler’s formula

e™ = cos(nx) + i sin(nx).

We will determine a formula for the coefficients ¢, and a relationship between c,,
and the a, and b,, we defined previously. We have

f(x)eikx dx = / < Z cpe )eikxdx _ Z cn / ei(n+k>xdx

n=—oo -7
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Now

/7’ i(n+)x { 0 if n+k+#0; i.e., unless n = —k
e X = .
_ 2w if n+k=0; ie.,if n=—k

U

Thus

Uy ™ oo ™
/ f(x)e’kxdx = / Z cpe™ | e®dx = / Cc_pdx = 2mwe_y
- -7\ 1" -

c_k = L /Wf(x)eikxdx or ¢x = L /wf(x)e_ikxdx.
27 ). 27 ).

Example:
Find the exponential form of the Fourier series for

£00) {0 0<x<m
x) = .
x —a<x<0

and so

We have for k > 0

Ck = L /ﬂf(X)efikxdx = L /7r xe ®x.
2w J_ . 27 J

Using integration by parts or a CAS

/0 e gy — cos(mk) sin(mk) 1 _H,(vr cos(mk) sin(7rk)>'

k2 k k2

k k2

ﬂ(é) if k is even

For k an integer, this is

_cos(mk) 1 _(77 cos(mk)

2R k )Z _ir 2
(%*;?) if k isodd.
Thus,
LT if k> 0 iseven
2w\ k
“=1 2
E(i%+k—2) it k>0 isodd

1 [" o I
c,k:ﬂ/_ﬁf(x)e’ dx:E/_ﬂxe’ dx.
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Now
0 . .
: cos(mk sin(7k 1 7 cos(mk sin(mk
[ﬂxe’mdx: k(2 ) SC )+ﬁ+i<— k( i 1&2 )).

For k an integer, this is

cos (k) n 1 +i w cos(mk)
_ g 2T
k2 k2 k
W(i) if k iseven
cos(mk) 1 [ cos(mk) k
— — + | —— =
ook g ~Im L 2) i kisodd
(T + P) 1 1S odd .
Thus,
1 [inw . .
= (f) if k iseven
R I 2
ﬂ(—i%+k—2) if k is odd.

We now relate ¢, and the a, and b,, we defined previously. We have
_ @ inx —inx : _ b_" inx _ —inx
ay, cos(nx) = > (e™ +e™™), by sin(nx) = 5 (e e ™).
i
So

ay, cos(nx) + by sin(nx) = ag + (a; cos(x) + by sin(x))
n=0

(ap cos(2x) + by sin(2x)) + -+

7ao+‘;71(eix+e—ix) +%2(ei2x+e—i2x) T
b_l ix _ —ix @ i2x _ —i2x
Ty (e ) g (e

_ (9 1Y (a2 D2
=ap+e <2+2i>+e <2+2i>+
T LN B B2
te (2 2i>+e (2 2i>+

§ : Cne‘mx:C()+Clellx+Czelzx+"'+C,1€_ZX+C,2€_2ZX+"'

n=—o0
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If

Zan cos(nx) + by, sin(nx) Z cpé

n=0 n=—00

then we must have

comap ey = (L) oo (A l2) o (alh) o (al b
0=t =AYy Ty 2T\ T T\ T2 )\ 2 )

So
(G b (b
CJ(2+2i>’61<2 2i)

From these equations, we also have

aj b aj b
orer=(303) - (5-3) -

a; b; a; b 1 .
cj—c_j= (2j+2]z> - <21— 211) = ?bj so b; =i(cj —c_j).

Note: if trigonometric series is as above, then cy = ag, but we often give the first
term as ag/2 in which case ¢y = ay/2.

and

EXERCISES

1. Find the exponential form of the Fourier series for the Dirac delta function,
given that the Fourier series for 6(x) is

—— T COS nx.
™ ™ i

2. Find the exponential form of the Fourier series for

1 0<x<m
-1 —7<x<0

flx) =

3. Find the exponential form of the Fourier series for

x 0<x<mw
0 —7<x<0’



0N

f(x)

f()

4.4 The Exponential Form of Fourier Series

. Find the exponential form of the Fourier series for

x 0<x<m7
—x —w<x<0

. Find the exponential form of the Fourier series for

cosx 0<x<mw
0 —r<x<0

. Find the exponential form of the Fourier series for f(x) = |sin x|.
. Find g and by, in terms of ¢; and c_y.
. This exercise develops the Poisson integral formula in polar coordinates. We

suppose that u(r,6) is a solution to Au = 0; u(1,8) = f(6), which is Laplace’s
equation on a circle of radius 1.

Suppose that

1 T ) T
u(r,0) = 7 / flo)de + Z r f(@)cos né cos no de
-n n=1 -

iy
+ f(p)sinnb sinng do | .

—T

a. Show that u(r,0) =1 [T f(¢)
b. Show that (r* + 1 — 2r cos 6) [

C. Show that (r? + 1 — 2r cos 0)

I+ i " cos[n(6 — <P)]] dg.

n=1

[s]
" cos nﬁ} =rcosf —r%.
n=1

n=1

I+ ir”cosnﬁ] =1(1-r).

d. Replace 6 by (8 — ¢) and conclude

u(r,8) =

1—r

27

2T /(o)
/,,T 1472 —2rcos(d — o) 9.

211
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In the case the radius of the circle is R, the formula changes to
RE—r2 [T f(9)
0) = .
u(r, ) 27 /,W R? + r? — 2rR cos(0 — o) ?

Either of these formulas is the Poisson integral formula.

4.5 FOURIER SINE AND COSINE SERIES

Suppose that f(x) is a function defined on (0,7]. We can extend f(x) to be an even
function on [—,m], which we denote by f;(x), by defining
fix) ifo<x<mw
filx) =4 ao if x=0
f(=x) if —7<x<0

We can then extend fi(x) to be periodic of period 27 on (—oo0,00) by defining

filx 4+ 2m) = fi(x). Likewise, we can extend f(x) to be an odd function on [—m,7],
which we denote by f>(x), by defining

f(x) if 0<x<m
Lx)=¢0 if x=0
—f(—x) if —w<x<0

We can then extend f>(x) to be periodic of period 27 on (—o0,00) by defining
Jfo(x + 2m) = fo(x).

If either fi(x) or fo(x) can be expressed as a Fourier series, then both can be

expressed as a Fourier series. Suppose that this is the case. Then fj(x) being an
even function can be written in its Fourier series

(s
ao
filx) = > + Zan COS nx
n=1
and f>(x) being an odd function can be written in its Fourier series
(o)
Hlx)= Z by sin nx.

n=1

The point of this argument is that if f(x) is a suitably well-behaved function on
(0,m], then it can be expressed as either a Fourier cosine series or a Fourier sine

series. We now determine a formula for the Fourier coefficients. Consider
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Hx) = an sin nx.
n=1

Then

1 ™

b S2(x)sin nx dx.
™

n — _
™ J_

Since both f>(x) and sin nx are odd functions, their product is an even function, so

L [" 2 ("
b, =— / S (x)sin nx dx = — / 2 (x)sin nx dx.
™ J_» ™ Jo

[se]
Thus we can expand f(x) on (0,7] into a sine series Y by sin nx where
n=1

2 ™
by == / f(x)sin nx dx.
™ Jo
If instead of the interval being (0,7] it is (0,L], the formula for b,, will change to
2 L
by =7 /0 f(x)sin (?) dx.
Similarly, we can expand f(x) on (0,7] into a cosine series
ao -
7 + Z a, COS nx
n=1
where
2 ™
ay =— / f(x)cos nx dx
™ Jo
if the interval is (0,7] and

a, = % /()Lf(x)cos (?)dx

if the interval is (0,L].

Example:
Let f(x) = sin x on (0,7]. We find the cosine series for f(x). We have
2 (7 2 (7
an =— / Sf(x)cos nx dx =— / sin x cos nx dx.
™ Jo ™ Jo
Now

sin(x + nx) = sin x cos nx — sin nx cos x

sin(x — nx) = sin x cos nx + sin nx cos x



214 CHAPTER 4 Fourier Series

SO
sin x cos nx = 3 [sin(x + nx) + sin(x — nx)]
and
2 [T [
a, == / sin x cos nxdx = — / [sin(x + nx) + sin(x — nx)|dx.
™ Jo ™ Jo
If n =1 then
1 [ L[
an = [ lsinGr+ ) + sinGe —0)ax = [ fsin(20)dx =0,
™ Jo ™ Jo
Otherwise,
1 m i
ap = — / sin(1 + n)xdx +/ sin(1 — n)xdx | .
e 0 0
Now, if n = 1

™
1
/ sin(1 + n)xdx = — cos(1+n)x|l_, = — [cos(1 + n)m — 1]
0 n + 1

n+1
and
T 1 - 1
sin(1 — n)xdx = — cos(l —n)x|f_ = [cos(1 — n)m — 1].
0 1 —n — 1
Now
(1+n) 1 (1 ) | —2 if n iseven
cos nw—1=cos(l —n)r—1=
0 if n is odd
)
iy ™
/ sin(1 + n)xdx + / sin(1 — n)xdx
0 0
2 2 —4 4 . .
— = = if n iseven
n+1l n—1 p2—-1 1-—n?
0 if n is odd
Thus

a, =

2| —

4 4 21 -1)"
/0 sin(l+n)xdx+/0 sin(1 — n)xdx :;Ti—nz)
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Hence, the cosine series for f(x) = sin x on (0,7] is

+Zancosnx——+ Zl+ cosnx————zc::lzz_mlc

EXERCISES

1. Let f(x) = cos x on (0,7]. Find the sine series for f(x).
2. Find the sine and cosine series for the following functions on (0,7].

a. fx)=1.
b. f(x) =x.
c. f(x)=x%

4.6 DOUBLE FOURIER SERIES

In later applications we shall want to express a function of two variables f(x,y),
0<x<m 0<y<mas a double series of sine functions. That is, we want to
find constants B,,, so that

flx,y) = i < i By sin my) sin nx.

n=1 \ m=1

We show how the numbers B,,,, are determined.
Fixy € [0, n]. Thenf(x,7) is a function of x. If f(x,y) is continuous in both x and
y, then

an sin nx (1)

n=1

where the notation b, () is used to emphasize that the constants depend on the fixed
value of y that we have chosen. We know that b, (7) is computed according to

2 ™
y ——/ f(x,¥)sin nx.
m™Jo

f(x,y) = i < i By, sin mi) sin nx. )
n=1 \ m=1

From Egs. (1) and (2) we get

(9]
y) = (ZB’"" sin mi)

m=1

Now
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SO

2 [T >
- / S(x,y)sin nx = ( Z By, sin my)
0 m=1

for each ye [0, ).
Now fix n and define a function of y, denoted F,(y), by

Fn(y) :% /Oﬂf(x,y)sin nxdx 3)

so that

Fn(y) = (ian sin my)- 4
m=1

From Eq. (4) we get

™
Bm,,—f/ Fp(y)sin my dy
0

e 2 m
== / = / Sf(x,y)sin nx dx | sin my dy
o |™Jo

™

4 [T
= / / £ (x,y)sin nx sin my dxdy.
™ Jo Jo

EXERCISES

1. Find the coefficients for the double Fourier sine series for the following functions
forO0<x,y<m

a. flxy)=x+y.
b. f(xy) = xy.
c. f(x,y)= x2y2.



CHAPTER

Three Important Equations

5.1 INTRODUCTION

Partial differential equations (PDEs) are extremely important in both mathematics
and physics. A major purpose of this text is to give an introduction to some of the
simplest and most important PDEs in both disciplines, and techniques for their
solution. Accordingly, we focus on three equations:

1. the heat equation

Au(t ~
u(a; ) = kAu(t,X)
2. the wave equation
Ou(r, A
L
3. Laplace’s equation
Au(x,y) = 0.

It would appear that we are severely limiting ourselves by examining only three
equations. However, these encompass any PDE of the form

A 0%u(1,x) 4B 0%u(r, x) 0%u(r, x)

a2 dx0t dx2
because by a linear transformation of variables, any equation of the form of Eq. (1)
can be transformed into one of the three equations. We show at the end of the section
that the transformation is exactly the same as transforming an equation of the form

=0 (1)

AX> +Bxy +Cy* =0 )

into the standard form of a parabola, hyperbola, or an ellipse by a rotation of axes
according to the sign of B> — 4AC. Following the nomenclature of the geometrical
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figures, if B> — 4AC < 0 the PDE is said to be parabolic, if B* — 4AC =0 the
equation is elliptic, and if B> — 4AC > 0 the equation is hyperbolic. Thus the heat
equation is the prototypical parabolic equation, the wave equation is the prototypical
wave equation, and Laplace’s equation is the prototypical elliptical equation. We
shall see that for the heat equation, the initial conditions diffuse in time whereas in
the wave equation initial conditions are propagated, changing position but not shape.

The Laplacian appears in each of these equations, and we begin by exploring the
physical significance of that operator. Consider the heat equation. Here, u(t,x,y,7) is
the temperature of a solid homogenous body at the point (x,y,z) at time ¢. Then
6”(1 y X Y,y Z)

ot

ature at (x,y,z) will undergo a change if and only if the temperature in the immediate
vicinity at (x,y,z) is different than at (x,y,z). We consider the case in one space
dimension.

Suppose we want to compare the value of a function f(x) with the average value of
the function at x + 4 and x — ; i.e., we compare f(x) with [ f(x + k) 4+ f(x — h)]/2.
How does f”(x) enter in? By the definition of the second derivative

f"(x) = lim w — lim w

h—0 h h—0 h

is the rate of change of the temperature at the point (x,y,z). The temper-

3

We use the second limit. Approximate f’(x) and f’(x—h) using

Y RNET fx+h) —fx)
S1) = Jim =
and
) ) —f(x—h)
Floe=h) = Jim ==—7——

Substitute the approximations into Eq. (3) to get
fo+h) —fx) fx) —flx—h)

ey h h _fOeth) = 2f(x) +f(x — h)
f (x)"’ h - h2

o R )

Thus f”(x) is a measure of the difference between the value of a function at a
point and the average of the values of the function in the immediate vicinity.

5.2 LAPLACE’S EQUATION

The simplest second-order PDE is Laplace’s equation, which in two variables is

Au(x,y) =ty + ttyy, = 0.
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Solutions to Laplace’s equation are called harmonic functions, which play a key
role in complex analysis. We review some facts from complex analysis that will be
important for us.

An analytic function f(x,y) is of the form

fx,y) = u(x,y) +iv(x,y)

where u(x,y) and v(x,y) are harmonic functions. It is not true that any combination of
two harmonic functions is an analytic function. For f(x,y) to be analytic, v(x,y) must
be a harmonic conjugate of (x,y). This means u(x,y) and v(x,y) must satisfy the
Cauchy—Riemann equations, which are

du OJv Jdu av

—=—and — = ——.

dx dy dy 0x

A domain in the complex plane is a connected open set. A simply connected

domain is a domain with no holes. If D is a simply connected domain and u(x,y)
is a harmonic function, then the function v(z) is defined by

Z
v(z) = / ucdy — uydx

20

for any path in D that connects zg and z is a harmonic conjugate of u(x,y) and

F,y) = ulx,y) +iv(x,y)

is analytic in D. From complex analysis, we have the following result:

MAXIMUM MODULUS PRINCIPLE

If f(z) is analytic and not constant on a domain D, then |f(z)| does not attain its
maximum on D. That is, the maximum of |f(z)| on the closure of D is attained
on the boundary of D.

Corollary:
If f(z) is analytic and not constant on a domain D and if f(z) # 0 on D, then
| f(z)| does not attain its minimum on D.

Proof:
Letg(z) = 7@ Then g(z) is analytic and |g(z)| does not attain its maximum on D.
z
Corollary:
If
fx,y) = u(x,y) +iv(x,y)

is analytic and not constant on a domain D, then u(x,y) does not attain its maximum
on D.

Proof:
We have

’efm

— eu<x,y>+iv<m>’ —

) ‘

ey ‘ — o)
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since

‘ei‘9| =1 and

eu(w)‘ — plx)

2)

and if f(z) is analytic, then e/ is analytic.

EXERCISES
1. Determine whether the following functions are harmonic:
a. f(x,y) =x%y — y*x.
b. f(x,y) =2y - yx
c. f(x,y)=e€"siny
d. f(x,y) =sinx — cosy.
e. f(x,y) =In(x* +»?)
f. f(x,y) = arctan (i—c)

Show that u(r,§) =1In r, r > 0, 0 < < 27 is harmonic.
Determine whether u(r, §) = Vret2 r >0, 0 < 0 < 2 is harmonic.

won

5.3 DERIVATION OF THE HEAT EQUATION IN ONE DIMENSION

Before presenting the heat equation, we review the concept of heat. Energy transfer
that takes place because of temperature difference is called heat flow. The energy
transferred in this way is called heat. Thus heat refers to the transfer of energy,
not the amount of energy contained within a system. An example of a unit of heat
is the calorie. One calorie is the amount of heat required to raise 1 g of water
from 14.5°C to 15.5°C.

The quantity of heat H required to raise a body of mass m from T to T is approx-
imately proportional to AT = Ty — T», and is proportional to m. It is also dependent
on the material of the body. This quality is called the specific heat of the material—
typically denoted c. Thus we have H = mcAT. The amount of heat required for an
infinitesimal change in temperature d7T is denoted dH. To summarize, heat is energy
in transit, and dH does not represent the change in the amount of heat in the body
inasmuch as “the amount of heat in a body” has no meaning. When a quantity of
heat dH is transferred in time dt, then the rate of energy transfer is ‘é—ft].

We now derive the heat equation in one dimension. Suppose that we have a rod of
length L. While the derivation will be for the case that the rod is one-dimensional, it
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is advantageous to visualize the rod as having a cross-sectional area of one square
unit. Let

u(x,t) = the temperature of the rod at the point x (0 < x < L) at time #(t > 0).
q(x, 1) = the heat flow at point x at time ¢ (a vector quantity)

p = the density of the material (assumed to be constant)

¢ = the specific heat of the material

AQ = change in internal energy

Au = change in temperature.

For 7, a unit vector, g- 7, is the heat flux in the direction of 7. The two laws that
we use in our derivation of the heat equation are conservation of energy and Fouri-
er’s law. Fourier’s law is

q(-xv t) = _kvu(xv t)
which, in one dimension, is

Au(x, 1) ~
Tt (1)

The number £ is a constant of the material called the thermal conductivity. The
reason for the negative sign is that heat flows from higher to lower temperatures and
du(x, 1)

Ox

Consider the small segment [x, x + Ax]. (See Fig. 5.2.1.) The amount of heat en-

ergy passing through the segment at point x in time Az is approximately

~

q(x,1)-i(At), and the amount of heat energy passing through the segment at point

Z]\(X, t) =—k

is positive if u(x,f) is increasing as x increases.

~

X + Ax in time At is approximately g(x + Ax,t)-i(At). Depending on the direction
of heat flow and in the absence of a heat source or a heat sink, one of these quantities
will represent an addition to the internal energy of the segment, and the other will
represent a removal of internal energy from the segment. For definiteness, suppose
energy is being added at x and removed at x + Ax. Then change in internal energy is

AQ = |G(x,1)-1 — 67(x+Ax,t)~iA}At. Q)

When the amount of energy AQ is added to a body of mass m and specific heat c,
the temperature of the body rises according to

AQ = mcAu. (3

\

X

q(x, ) —pm m—»é(x+Ax, f)
oy

FIGURE 5.2.1
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Thus from Eqgs. (2) and (3) we get
i

[a(x, 1) — g(x+ Ax,1) ﬂ At = mcAu

or

q(x1): dx ox

or

—k du(x,t)  du(x + Ax,1)
dx dx B c%
Ax BEGETE

Taking the limit as Ax — 0 gives

This is often written

k
where o = —.
pc

EXERCISES

e _k[au(x,t) 8u(x+Ax,t)} o

1. Show that if there is a heat source f(x), then the heat equation becomes

1 du 0%u(x, )
o2 9t ox2

+f(x).
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5.4 DERIVATION OF THE WAVE EQUATION IN ONE
DIMENSION

Suppose we have a string stretched along the x-axis between x = 0 and x = L with
tension 7. The string is fixed at the endpoints. We distort the string in the vertical
direction by plucking it, which will cause the string to vibrate in the vertical direc-
tion. We assume there is no damping and no external forces, and we want to find the
equation that governs the dynamics of motion.

Consider Fig. 5.3.1 below that depicts the forces on a small element of string in
the interval [x,x 4+ Ax]. We let

u(x,t) = the vertical displacement of the string from the x-axis at point x at time ¢
0(x,t) = the angle the string makes with a horizontal line at point x at time ¢
T(x,t) = the tension in the string at point x at time ¢

p(x) = the mass density of the string at point x.

We assume that the string is perfectly flexible, so that the forces that parts of the
string exert on one another are tangential to the string. This means that 7T(x,t) is
tangent to the string at (x,7) so

T (x,t)
ax

We assume that there is no net force in the horizontal direction so that the string
vibrates vertically. This means

tan[f(x, 7)] = the slope of the tangent line =

T(x,1) cos [0(x,1)] = T(x + Ax, 1) cos [0(x + Ax, 1)];

i.e., the horizontal force to the left is equal to the horizontal force to the right.

T(x + Ax, t)

ﬂ O(x + Ax, t)

Au
o(x, t)

AX

T(x, t) u(x, t)

FIGURE 5.3.1
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Analysis of forces in the u (vertical) direction:

The net force in the vertical direction is not zero, and we apply Newton’s law,
Force = mass x acceleration. The mass of the string between x and x + Ax is
approximately

PO/ (Ax) + (A,
0%u(x, )

The acceleration is the second derivative with respect to time, which is 9

at the point (x,7).

The force in the uwu-direction is the sum of T(x,)sin[6(x,r)] and
T(x+ Ax,t) sin [#(x + Ax,1)], which, because of the direction of T(x,) and
T(x+ Ax,1), is

T(x + Ax,t) sin [f(x + Ax,t)] — T(x, 1) sin [0(x, 1)].

Thus the governing equation in the u-direction is

2
/(802 + (2w T 0

= T(x+ Ax,t) sin [0(x + Ax, 1)] — T(x,¢) sin [0(x,1)].

This is the equation that connects the tension and the vertical displacement from
equilibrium.
Divide Eq. (1) by Ax to get

2 92 sin (x x,t) — T(x,t) sin [6(x
p(x) 1+<ﬂ> 6M(x,t)_T(x+Ax,t) ( +A7t) T(’t) [0( at)}'

Ax a2 Ax
@)
We now work with the right-hand side of Eq. (2). Recall that
T(x,t) cos [0(x,1)] = T(x + Ax,t) cos [6(x + Ax,1)]
so the right-hand side of Eq. (1) is equal to
T(x+ Ax, ) sin [0(x + Ax,1)]  T(x, 1) sin [0(x, )]
T(x+ Ax,t) cos [f(x + Ax,1)] T(x,t) cos [0(x,1)] T(x, 1) cos [0(x, )]
A @

_ tan [0(x + Ax, f)] — tan [0(x, )]
= A T(x,t) cos [0(x,1)].

Now

aT (x,1)
Ox

tan [A(x,1)] =
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so the right-hand side of Eq. (3) can be written

0T (x + Ax,1)  9T(x,1)

Ox e dx T(x,1) cos [0(x,1)].

Thus Eq. (2) can be written

s ]1 4 (Au>2 0%u(x, 1)

Ax a2
0T (x + Ax,t) 0T (x,1) 4)
_ Ox Ox
= A T(x,1) cos [0(x,1)].

Taking the limit as Ax — 0 in Eq. (4) gives

u 2 2M X 2 X
p(y/1+ <‘3—x> i a(ﬂ’ H_2 giz’t) T(x, 1) cos [8(x, 1)]. )

We want to express the right-hand side of Eq. (5) in terms of u(x,t). To do this, we
refer back to Fig. 5.3.1 and note that

aT(x,t) . Au_ Ou 0*T (x,1) B 0%u
o~ @l ol = Jim 0 =gy and T =52
So we have
ou\? u(x,r) 0%u
p(x)y 1+ (&) Fra @T()c7 1) cos [0(x, 1)]. (6)

Eq. (6) is not solvable, so all derivations of the equation known as the wave equa-
tion make simplifying assumptions. (Actually, we have ignored some factors
already, including elasticity.) For a more complete derivation that includes these
factors, see Weinberger, A First Course in Partial Differential Equations. We assume
that the mass density of the string is constant and replace p(x) by p and assume that
is small so that

T(x,1) cos [#(x,1)] = T(x,t) and tan [6(x,#)] = 0
and thus
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If we assume that T(x,f) is constant, T(x,r) = 7, with these assumptions and
approximations, Eq. (6) becomes

0%u(x, 1) Tazu(x7 1)

P9 =7 a2
or
0%u(x, 1) B 50%u(x, 1) 7
¢ e @
T
where ¢2 = —.

Eq. (7) is the wave equation with no external forces. If there were external forces
present whose sum was F(x,f), then we would modify Eq. (7) to

2
oy (@02 + (au? S50

= T(x+ Ax,t) sin [6(x + Ax,t)] — T(x,¢) sin [0(x,1)] + F(x,1)

and continue the analysis as we did. The result would be the equation

0%u(x, 1) 0%u(x, 1)
P37 =T e + F(x,1).

EXERCISES

1. Complete the derivation of the wave equation in the case there is an external
force F(x,1).
2. Show that a solution to

Pu(E,m) _
d&dn
is u(&,m) = f(€) + g(n). (We use this in the next section.)
3. Show that a solution to
0%u(x, 1) 1 0%u(x, )
a2 V2 ox?

is u(x,t) = f(x — vr) + g(x + vr) where f and g have continuous second derivatives
with respect to x and .

5.5 AN EXPLICIT SOLUTION OF THE WAVE EQUATION

The wave equation in one dimension

ulx, 1) ,0%u(x, 1)
—c

=0
0r? dx2
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can be solved explicitly by making a change of variables that will convert the
equation into the form

Ou(£,m)
d&dn

We demonstrate that the change of variables

=0.

E=x+ct
n=x-—ct

accomplishes the desired transformation. To do this, we use the chain rule several
times. We have

du_oudE oudn_ou | u
dx 0 dx dn ox Of an

Pu_ o () 9 (o ou
x2  dx\dx) AIx\9¢ an)’
Now
9 [u 0 [ou\ 0¢ 9 [ou\ dn Ou 0*u u  0u
— =) === —=+—|= .7:72.1+7.1:72+7
dx \ 9¢ 06 \9E) dx on\0E/ dx o¢ d&dn 0 d&dn
and
(o) _ 0 (0w 3 0 (o) on_ u
ax\dn) 0c\adn/) ox an\dn) ox 09fdn  In?’

Pu  u Pu  *u

o "o CaEam o

We also have

Thus

We also have

u  du 9% %ainiau au(i)i %7@
c)=c 3 o

o ama 0 T an
Pu_ 9 (u_ou
a2~ Cor\eE on)

d (du\ 0 (du\ O 8 (du\ dn Pu  u
5 ae) ~3 () 5 () 0~ a0

and

Now
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and
9 [u 9 [Ou\ 06 9 [u\ dn  u u
— === =4+ = —= 'C—|-—'(—C).
ar \ dn 0c\dn/) ot dn\odn/) 9r 0¢dn on?
Thus
0u {02u +62u( ) 0u +62u( )
e (=) = et ——(—c
ar? 9>~ dgam oton — an?
B 2(@_ 9 u 62u)
9g2 T ogdn  oan?
and we have
9’ 9’
0= Z—cz th
ot Ox
Co(Teafe Pa Pu B P
o \9gr T oEdm  an® 9Er T OEdn on?
4262u
= —4c¢
d&dn
We now solve
0u B
5 d&dn
Integrating with respect to £ gives
dEdn
Ju 0u
= = :III
5= [ st [0de=wi)
because
d
— (W =0.
W)

. Ou . .
Integrating I with respect to 1 gives
7

u(t,m) = / W(n)dn = p(n) + 4(€)

where p(n) is an antiderivative of W(n) that involves only 7.
Thus

u(x,1) = pl+ ct) + qlx — ct)

for any twice differentiable functions p and ¢. This is d’ Alembert’s formula.
If we have appropriate initial conditions, then we can specify p and g as we now
show.
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Suppose that
u(x,0) = f(x) and u,(x,0) = g(x).

So
u(x,0) = p(x +0) + g(x — 0) = p(x) + q(x) = f(x) ¢))
and
u(x,t) = cp'(x + ct) — cq' (x — ct)
o)
us(x,0) = cp'(x +0) — cq'(x — 0) = p/(x) — cq'(x) = g(x). @)
If we differentiate Eq. (1) and multiply by ¢, we get
cp'(x) + ¢q (x) = of'(x). 3)

Adding Egs. (2) and (3) gives
2cp(x) = g(x) + of ()
so that
1

P x) = 580 + 50

Integrating, we get

2c
Then
mw#m—mw;m+¢%ﬁlwm+K+§m]

510~ [ sk

So
x+ct
p(x—|—ct)=2ic/0 g(r)dr—k%f(x—&—ct)—k[(
and

1 1 xX—ct
q(x—ct)zif(x—ct)—i/o gt)dt—K

_— r»%l/o (2)dt — K
=5flr—c e xfcthT .
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Finally, we have

x+ct
[f(x+ct)+flx—ct)] + 1 / g(t)dr.

2¢ Jy-a

N =

u(x,1) = pl+ct) + qx — cr) =

Eq. (4) is also called d’ Alembert’s formula.

We shall give the solution for the heat equation later in the text, but we give a
cartoon of graphs below showing how the solutions of the wave equation and the
heat equation evolve in time for the same initial condition of a Gaussian distribution.
In Fig. 5.4.1, we show the evolution of the wave equation, and in Fig. 5.4.2 we show
the evolution of the heat equation. Notice that for the wave equation, the distribution
splits into two equal parts, each as the same shape but one half the size as the original
distribution. The wave equation is the prototypical example of a hyperbolic PDE,
and the solutions of such equations behave in this manner. For the heat equation,
the distribution of the initial condition diffuses in time. (The heat equation is also
called the diffusion equation.) The heat equation is the prototypical example of a
parabolic PDE, and the solutions of such equations behave in this manner.

Graphs of the solution to the wave equation as it evolves from its initial condition
through =1, 2 and 3.

The graphs of the solution to the heat equation for t = 0.2, 0.5 and 1.

y y
X X
+t=0 +t=1
y y
X =3 X
=2

FIGURE 5.4.1
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FIGURE 5.4.2
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EXERCISES

1. Solve the wave equation on [0,7] if u(x,0) = 0 and u,(x,0) = sin x.
2. Solve the wave equation on [0,7] if u(x,0) = sin x and u,(x,0) = 0.
3. Solve the wave equation on [0,1] if u(x,0) = 1—x? and u(x,0) = 0.
4. Solve the wave equation on [0,1] if

1
x0<x< E
u(x,0) = ,uy(x,0) = sin mx.

1
1l—x=-<x<1
x,z_x

Solve the wave equation on [0,1] if u(x,0) = 0 and u«(x,0) = 1.
Consider the PDE

oo

U (x, 1) + 2au,(x, 1) + @*u(x, ) = a*up(x,1) t >0, —c0o <x < c0;a >0  (5)

which models voltage in a power line.

a. Show that if y(x,r) satisfies y,(x,f) = @’y (x,0), then u(x,r) =e “y(x,1)
satisfies Eq. (5).

b. Find the solution for Eq. (5) with initial conditions u(x,0) = 0 and u,(x,0) =
sin x.

¢. Find the solution for Eq. (5) with initial conditions
u(x,0) = sin x and u/(x,0) = 0.

7. Solve the wave equation on —oco < x < o0 if

a. u(x,0) = ﬁ7 uy(x,0) = ﬁ

b. u(x,0)=¢, u(x,0)=xe .

5.6 CONVERTING SECOND-ORDER PARTIAL DIFFERENTIAL
EQUATIONS TO STANDARD FORM

Next we demonstrate how to convert a second-order PDE of the form
JPuly) | pPuley) | Pulxy)

ax2 dxdy ax2
into one of the three equations we studied earlier by a linear change of variables. The

process is computationally similar to rotating axes in the plane to convert an
equation of the form

=0

AX* +Bxy +CY* +Dx +Ey +F =0

into a parabola, ellipse, or a hyperbola in standard form. We now review that process.
Start with a vector v. We find the coordinates of v with respect to two sets of axes.
The first set of axes, (x,y), is in standard position, and the second set of axes, (x,y"), is
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y {(X’ y)

, A P

f X,y

Q

he » X

FIGURE 5.5.1

obtained by rotating the first set of axes counterclockwise through an angle 6. (See

Fig. 5.5.1.)
Suppose in the (x’,y") system, the vector ¥ makes an angle of « with the x’ axis.
Then in the (x,y) system, the vector v makes an angle of a + @ with the x axis. Then

X =[v|cosa, y =|V|sina
x=|v]cos(a+6), y=|v]sin(a+86).

So

x = |v] cos (& + 0) = |V|[cos & cos # — sin & sin 6] = x' cos § — y' sin 6

y = |V] sin (e + ) = |V|[sin a cos @ + sin 6 cos «] = x" sin  +y' cos 6.
We want to find A’,..., F' so that

Ax> + Bxy + CY* + Dx+ Ey + F = A'X? + BYy + C'y> + D'X + E'y + F'.
Now
Ax* + Bxy + Cy* + Dx+ Ey + F = A(x cos 6 — ' sin 6)°
+ B(x' cos @ — y' sin )(x' sin 6 +y' cos ) + -+ + F.

If one expands the right-hand side of Eq. (1) and sets the result equal to

A/xlz +B/x/y/ + C/y/2 +D/)C/ +E/yl +F/
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then one finds that
A" = A cos?*6 + B sin 0 cos 6 + C sin® 4

B :B(coszﬁ— sin’ 0) 4+ 2(C — A) sin f cos ¢
C' = Asin?  — B sin 6 cos 0 + C cos?0
D' =D cos 6 + E sin 6
E' = —-Dsinf +E cos 6

F' =F.
We want to choose 6 so there is no x'y’ term; i.e., we want B’ = 0. We use the
identities
cos?f — sin? # = cos(26) and 2 sin 6 cos # = sin(26)
to get

B' = B cos(26) + (C — A) sin(26)
so that B’ = 0 if B cos(26) = (A—C) sin(26) or

sin(26) B
= tan(20) = ——
cos(26) an(2) A-C
o)
0= 1 tan~! B .
2 A-C
Example:

We convert the equation

x2+3xy+y2:7

to standard form.
We have A = C =1 and B = 3. Thus 260 = 90° so § = 45° and

I / /
x\/zy’ y:x/sin0+y’cosﬁzx+y

/ !
x=xcosf—y sinf =

SO

/ N 2 / / / ! / N 2
2 (X =y X =Y\ (¥ +y X+y>
X+ 3xy+y = +3 +
v (ﬁ) (ﬁ)(ﬂ)(ﬂ
:5x/2_y/2
2

which is the equation of a hyperbola.

Repeating what we said earlier, recall that if B> — 4AC > 0 the graph is a hyper-
bola, if B*> — 4AC =0 the graph is an ellipse, if B> — 4AC < 0 the graph is a
parabola. We follow the same nomenclature with second-order PDEs, designating
them as hyperbolic, elliptic, or parabolic according to the sign of B> — 4AC.

=17
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We now demonstrate by an example that the same change of variables used to
rotate the axes to convert a second-degree equation to standard form works to
convert a second-order PDE to standard form.

Example:
We convert the equation

O ulxy) | L Pulvy) | Puly)
dx2 dxdy dx?

to

Puld,y)  pPuldy)

ox2 ay/2

using the change of variables

x:xliy/ y:x/+y/

V2 V2

Recall the chain rule for partial derivatives: If u is a function of x and y and x and
y are each functions of x’ and y’, then

du  du Ox a_ua_y dau du dx 6_u<9_y

X dx ox' + dy ax’/ an ay’ dx ay dy 9y’

We have
I Y SRS U NN
ax' 2 ay 2 o 2 Y 2
)
Ju du 1 au 1 (it + ;) and
PR AR VR N f"‘x “y
ou du /-1 Gu 1 1 (1, )
s — Uy).
oy ox\v2 ay\/_ V2
Then
Pu 9 (du a (1
a2~ av \ar) "o \ gt
1 4 0x 1 4 dy
——za(ux‘F”y)@‘*‘ﬁay(x‘F”y)@
1 1 1 1 1
:_Z(Mxx+uxy)_2+—2(”>x+”yy)_2:§”xx+”xy+ Uyy

235
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Likewise,
Fu 9 (du 9 (1
a2~ oy \ay) Tay (gt ™
1 ]a dx 0 dy
__2{5(% Doy Tay T %ﬂ

- { ey = ] (;;) oy =t (é) }

We now show

We have
Pu  u

w? 9?51 1 1/1 1
% = 5 Euxx + Uxy +§Myy - E Euxx — Uxy +§Myy

5 1 5 1 5 1
= Uxx Z—Z +I/txy Z+Z +l/lyy Z—Z zuxx—l—?)uxy—l—uyy.

EXERCISES

1. Classify the PDEs below as parabolic, hyperbolic, or elliptic and convert them to
standard form.

a. uye — 2uyy + 9uyy — uy + Suy = 0.
b. e + 4uyy — Suyy — 3u, = 0.

C. Uy — Uy =0.

d. wy — 6uyy + 4uyy +u, = 0.



CHAPTER

Sturm—Liouville Theory

6.1 INTRODUCTION

Earlier, we studied Fourier series for trigonometric functions. One reason this is
important is because the ordinary differential equation

¥ (x) + 2y(x) = 0

with periodic boundary conditions arises when solving certain partial differential
equations using separation of variables. Our approach was to recognize the problem
of solving the differential equation as an eigenfunction/eigenvalue problem, the so-
lutions to the equation being the eigenfunctions. It was necessary to determine when
the Fourier expansion of a function in terms of the eigenfunctions converges to the
function. In that problem, we considered pointwise convergence, uniform conver-
gence, and I? convergence. For the equation above, the eigenfunctions are sines
and cosines.

We shall see that other ordinary differential equations arise when the partial dif-
ferential equations that we shall study are solved by separation of variables,
including Bessel’s equation and Legendre’s equation. Each of these is a Sturm—
Liouville differential equation. In this chapter, we present the problem of solving
a Sturm—Liouville differential equation as an eigenfunction/eigenvalue problem
and find conditions on a function to ensure that the Fourier expansion of the function
in terms of eigenfunctions converges to the function. We shall consider only uniform
convergence and L* convergence.

A differential equation of the form

[F( ()] — g(e)y(x) + 2p()y(x) =0 for a<x<b

where p(x) and g(x) are continuous, and r(x) has a continuous derivative on (a, b),
and p(x) and r(x) are positive, and ¢(x) is nonnegative on [a, b] is called a Sturm—
Liouville differential equation. We take a = 0 and b = 1 to simplify the notation.
This equation can also be written as

[r(x)y ()] = q(x)y(x) = —Ap(x)y(x)

Mathematical Physics with Partial Differential Equations. https://doi.org/10.1016/B978-0-12-814759-7.00006-5
Copyright © 2018 Elsevier Inc. All rights reserved.
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or

We shall view this as the operator equation L[y] = Ay where

1 { ’ /
— S [r(x)y (x)] — g(x)y(x }
p(x)[()()] (x)y(x)
We restrict L to a set of functions on which it is self-adjoint. For example,
one case that we shall see in the next section is the set of functions for which

y(0) = y(1) = 0.

Ly = —

EXERCISES
1. Show that

a(x)y” (x) + b(x)y'(x) + c(x)y(x) + Ad(x)y(x) =0; a<x<b; a(x)#0
can be transformed to a Sturm—Liouville problem by dividing by a(x) and multi-
. b
plying by exp( Il %dx).
2. Use the idea of Problem 1 to convert the following to a Sturm—Liouville
equation.
a. (1-x2)y"(x) —2xy'(x) + n(n+ 1)y(x) =0, —1 <x < 1. (Legendre dif-
ferential equation)
b. y'(x) — 2xy'(x) + 2ny(x) = 0, —oo < x < oo. (Hermite differential equation)
c. (1—x%)y"(x) —xy'(x) +ny(x) =0, —1 <x < 1. (Chebyshev differential
equation)
3. Show that

is a linear operator.

6.2 THE SELF-ADJOINT PROPERTY OF A STURM—LIOUVILLE
EQUATION

We first show there is a space of functions for which

L) (e () =~ 4y}

p(x

Ly = -
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is self-adjoint with respect to the inner product

1
<f>g>p=/0 f(x)p(x)g(x)dx.

So p(x) is the weight function for the inner product, which is the reason we
require p(x) > 0.

To show that L is self-adjoint on a class of functions with respect to this inner
product, we must show that

(Lbn],y2), = 01, LD2)),,

for every yj, y» in the class of functions. We determine conditions for which this is

the case.
Now
oy == [ {0 ] = a0 haptoi
and
1oty = = [ {0 @] = ateato) s ot
so that
e, 22D, = — [ 0] 200) [0 0] 9 e

ey
A key observation is that
[ ()] v2(x) = [r(0y2' ()] 1 (x) = [rm’ ()y2(x) = r()y2 @)y ()]

which is easily checked (Exercise 1). So

1
<%%n%—%imm=—é{U@Mﬂﬁn@-ﬁ@h%ﬁh@}k

x=1

= [ o) =l e @)

= [r(Wy1' (Dy2(1) = r(D)y2" (1y1(1)]
— [r(0)y1'(0)y2(0) — r(0)y2'(0)y1(0)].
)

Thus L will be self-adjoint when the right-hand side of Eq. (2) is zero. We now
give conditions that ensure this.

1. If the problem imposes homogeneous boundary conditions. That is, if every
function y(x) in the vector space satisfies y(1) = y(0) = 0.
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2. If r(1) = r(0) = 0. Then the right-hand side of Eq. (2) is zero regardless of the
boundary values of y(x).

3. If 7(1) = 0 but r(0) # 0, then for the right-hand side of Eq. (2) to be zero, we
must have

r(0)y1'(0)y2(0) — r(0)y2'(0)y1(0) = 0. 3)

This will be the case if y;’(0)y2(0) — y2'(0)y1(0) = 0.
We argue that this occurs if there are constants ¢y and ¢, with ¢, # 0 for which

c1y1(0) + c231'(0) =0
and
c1y2(0) + c2y2'(0) = 0.
For, if this is the case, then
c1y1(0)y2(0) + c2y1'(0)y2(0) =0

and

11(0)y2(0) + ¢2y1(0)y2'(0) = 0
so that

c2[v1/(0)y2(0) — y1(0)y2'(0)] =0

which means that Eq. (3) holds.

4. If r(0) = 0 but (1) # 0, then an argument similar to the case above shows that
for the right-hand side of Eq. (2) to be zero, we must have constants d; and d,
with dp # 0 for which

diyi(1) +dayi'(1) =0

and

diya(1) +day'(1) = 0.
5. If (0) # 0 and r(1) # 0, then the conditions of cases 3 and 4 must both hold.

EXERCISES

1. Show that if y{(x), y»(x), and r(x) are functions with second derivatives, then

[’ ()] v2(x) = [r(0)y2' ()] v1(x) = [r’ (y2(x) = r(x)y2 @)y (0)] "

2. Verify the orthogonality of the eigenfunctions for Legendre’s equation

[(1 —xz)y’(x)}/—kly(x) =0, -1l<x<1.
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What is the weight function? Are appropriate boundary conditions necessary?
3. Verify the orthogonality of the eigenfunctions for Bessel’s equation of order m

/) + (=" ) =0

What is the weight function? Are appropriate boundary conditions necessary?
4. Verify the orthogonality of the eigenfunctions for Hermite’s equation

¥ (x) = 2xy'(x) + 2ny(x) =0, —o0 < x < oo.

What is the weight function? Are appropriate boundary conditions necessary?

6.3 COMPLETENESS OF EIGENFUNCTIONS FOR
STURM—LIOUVILLE EQUATIONS

We continue to consider the problem

[r(0y' ()] = g(x)y(x) = =An(x)y(x), 0 <x <1, ¥(0)=y(1) =0.
as an eigenvalue/eigenvector problem with

1 { ’ /
— 9 [r(x)y (x —q(xyx)}.
o) [r(x)y' (%)] )y(
Note that we have now imposed homogeneous boundary conditions, and these
conditions ensure that L is self-adjoint.
In this section, we show that if f(x) is an integrable function for which

Lpy] = -

1
(fof), = /0 £ p(x)dx < oo

then, f(x) is the L? limit of the Fourier series of f(x) in terms of the eigenfunctions for
the Sturm—Liouville equation. That is,

1

Jim [ [Sy(x) = ()] p(x)dx = 0
% Jo

where

N
Z ¢n< >> ) 4l

n:l

and ¢,(x) is the nth eigenfunction of the Sturm—Liouville equation.

This is an involved process, and the level of mathematics is more sophisticated
than in the rest of the text. If one wishes to bypass the proof and accept the result,
there is no loss of continuity.
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Here are the major steps:

—

. Show that each eigenvalue is positive.
2. Since 0 is not an eigenvalue, there is a Green’s function G(x, &) for the differ-
ential equation

[r(x)y ()] — g(x)y(x) = F(x) y(0) = (1) =0.
We show that if the eigenvalues are A;, A3, 43,...,Ay, then

N 1, )
S [ [ 10t arppe

If there are infinitely many eigenvalues, this means the series 300 | (1/42)
converges, and so lim (1/4,) =0.
n—oo

3. Show there are infinitely many eigenfunctions. This is the most involved step and
is beyond the scope of the text
4. Show that

1
A[Mm—ﬂm%mw<—w

where W is a bounded function.
Step 1.
Suppose that y(x) is an eigenfunction of L with eigenvalue A. That is,

Ly = —L{[r(x)y’(x)]' - q(X)y(x)} = (x), ¥(0) =y(1) =0.

p(x)
We show that A > 0. Using integration by parts, with

we have

Now,
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and
1
uyh, == [ 500075 {0 () = a(e)y(o)
1 o
== [ {0 = oo
1 1
- / () ()l + / () (x)dr.
0 0
Since
Ay ), = s Ly),
we have
1 1 1
_ / 2 2
A /0 Y(@)p(x)y()dx = /0 ()l ()l + /0 9y ()]l

1 1
’ 2 2
/0 @)y () + /O b

1= o),

Now r(x) is positive and g(x) is nonnegative, and y'(x) cannot be zero every-
where. This is because if y' (x) = 0 everywhere, then y(x) would be constant, the
boundary condition y(0) = 0 would mean that y(x) would be the zero function.
This is impossible for an eigenvector. Thus A > 0. This completes Step 1.
Step 2.

Recall that

[r(x)y' (x)]" = q(x)y(x) + Ap(x)y(x) = —F(x), ¥(0) =y(1) =0 (1)

has a unique solution if and only if

[r(x)Y' ()] = q(x)y(x) + Ap(x)y(x) = 0, y(0) = y(1) =0
has no solution other than y(x) = 0.
Since 0 is not an eigenvalue for Eq. (1), there is a Green’s function for

[r(x)y ()] = g(x)y(x) = =F(x), y(0) =y(1) =0. 2
Let G(x, &) be the Green’s function for Eq. (2) and take F (x) = Ap(x)u(x) to get
that, if u(x) is an eigenfunction of Eq. (1), with eigenvalue A, then

1
ul) = | Gl pEu(e)a
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Fix x = x. Consider G(%, §). For any function f(£), we can write the Fourier
expansion of f(£) in terms of the eigenfunctions of an operator (even if we do
not know the expansion converges to the function). If the eigenfunctions are uy,
Uy, ... and the inner product is (,) p» the Fourier expansion is

©. (in(2), f<s>>p
2 @),

‘We are not claiming at this point that the Fourier series of the function is equal to
the function.
We do this for f(§) = G(x, £) to get

©_(u,(£), G(x §)> B (f() un(& ()dx)'
2 @), =Y <un(s),un(s>>p unlE)

n= n=1

Bessel’s inequality states that if > ¢,,uy, is the Fourier expansion for f (&), then for
any N

For this problem,

f(£) =G(x,6) and ¢, =22

so we have, for any N

N
D~
T [ w@Pene T

But

so we have

N [, (%)]? 1
> niz)]' — < /0 (G(x,£)p(€)dz. 3)
= [ @R
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Now multiply both sides of (3) by p(%) then integrate with respect to X from 0 to 1

to get

N | | |

> i [ @R @

= o ha

0
1 1
= /_=0</E=0 (G, 5)]2p(5)d§>p(x)dx.

So

HXN;A_% < /01</01 [G(x, E)]zﬂ(g)dg)p(f)d?c. (4)

Since G(x, €) is continuous on [0, 1] x [0, 1], it is bounded, and so the right-hand
side of Eq. (4) is finite. Thus if there are infinitely many eigenvalues, then the

series S & must converge and lim (1/4,) = 0.
n— oo

n=1 Ai

This completes Step 2.

Step 3.

The proof of this step is beyond the scope of the text. A salient part of Step 3 is
described in Step 4. A proof of Step 3 may be found in Courant and Hilbert, Vol. I.
Step 4.

In this part of the proof, we need a few facts to make the argument flow more
smoothly. First, if f(x) is continuously differentiable with f(0) = f(1) = 0, then

1 1 ,
| e iax = [ = o ) as
0 0
This is because if we integrate by parts with
w=r@x)u (x) dw= [r(x)u;(x)]/
dv=f(x) v=flx)

we get

1 3 1 .
/0 r(x)f’(x)u;(x)dx = r(x)u:l(x)f(x) ’i;(]) —/0 f(x) [r(x)ufl(x)] dx

1
- /0 FO)[ = ()i, ()] dx

because f(0) = f(1) = 0.
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From this we get
1
[ 0 000 + e o)~ / e L0 + a5

/ F ) Anp(X)uy (x)dx = Ay / flx dXAnCn/lp(x)[”n(x)]zdx-
0
Q)

The last step follows because

1
/ ()t ()l
0

Cp =

l b)
| ptoluntoPax
0
S0
1 1
/ FX)p(x)uy (x)dx = ¢y / p(x)[un (x)]zdx.
0 0
A second fact is that if we replace f(x) by u,(x) in
1 1
| e 00+ @ Wn]as = [ 7)ol

0 0

we get

1 1
/ [r(x) u,/n (x)u;l (%) 4+ q (o) (x)uy (x)] dx = / Uy (X) A p (X) 1ty (x)dx
0 0

: 2 . 7 ©)
_ {An/o [un (X)) () if m=n

0 if m#n
We now apply these equalities. We continue to assume that f(x) is a function for

which f(0) = f(1) = 0 and whose Fourier expansion is Y c,u, with
n=1

1
/0 F)P00)itn () dx
= 1

/ () ltn (0)Pdlx

0




6.3 Completeness of Eigenfunctions for Sturm—Liouville Equations 247

We want to establish a bound on

1 N 2
/0 p(x) lf(x) — Z c,,un] dx
n=1

so that the bound will go to 0 as. N— co.
A key part of the proof of Step 3 is to show that the minimum of the set

1
[ @02 + a6 a

1 $(x)eC?[0,1] and  $(0) = (1) =0

/0 p(3)((x)) 2l
is actually achieved, that the minimum value of this set is A, and the minimizing
function is a multiple of. u;.

One then proceeds to take the minimum of the set above, except restricting ¢(x)
to be in the orthogonal complement of u;. That is, we take the minimum of the set

/ | )@ () + 4() (9(x))° s
: 1
[ ot

$(x)eC?[0,1] and

1
$(0) = (1) =0 and /0 P () (x)dx = 0

The minimum value of this set is A and the minimizing function is a multiple of u,.
One then continues recursively to show that A; is the minimum value of the set

J W) + a7
: 1
[ s

$(x)eC?[0,1] and

1
¢(0)=¢(1)=0 and /Op(x)ui(x)qﬁ(x)dxzo for i=1,2,....,k—1

and the minimizing function is a multiple of u.
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Thus for any function ¢(x) for which

1
/ p(xX)ui(x)p(x)dx =0 for i=1,2,...,k— 1, we have
0

1
| o006 + a0 as
2o < 0 : . %

JREERE

0

‘We show in Exercise 1 that

1 k=1
/0 p(x) [f(x) - Z c,,un(x)l uj(x)dx=0 for i<k-—1.
n=1

In Eq. (7) we take

k—1
d(x) =f(x) - ch”n(x)
n=1

to get

2

1 k—1 k—1 2
/ {r(x> lf’(X) - e £ —chun@c)] }dx
n=1 n=1
2

1 k—1
/0 p(x) lf(x) — chun(x)] dx
n=1

+q(x)
Ak

IN

so that
2

1 k=1
Ak/o p(x) lf(x) - ;cnun(x)] dx
1 k=1 2 k-1 2
< / {r(x) [f’(x) - chu;(x) Flx) — chun(x)l }dx
0 n=1 n=1

+ q(x)
and thus
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(€))
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Thus the right-hand side of Eq. (9) is

! / 2 2 = !
) (U OF + g fr =23 e [ 50ptam (s
k—1

1 1
+3 it [ lmPotds = [ (AL + gl b

n=1

n=1 0
So from Eq. (8) we have
2

1 k—1
A p(x) |;f(x) - Z Cnun(x)‘| dx
n=1
1 ' /7 \12 =l 1
%—k{ [ F + gl - - | [un@)}zp(x)dx}.

Since klim (1/A) = 0, we have
— 00

k=1
klim < Z cpin(x), f(x) — Z Cnlin (x)>
p

= hm/ [ chun r dx = 0.

1
/0 p()[ £ () Pdx < oo

then the Fourier series of f(x) converges to f(x) in the L? sense (i.e., in the mean).
Said another way, the eigenfunctions for the Sturm—Liouville problem are
complete.

Thus if

EXERCISES
1. Show that

1 k—
/ l Z Critn (X ] X)dx=0 for i<k—1.
0

2. Verify that the eigenvalues and eigenfunctions of

YI(x) + 2y(x) = 0; - y(0) =0, Y (1) +y(1) =0
are tanv/A = —vVA; v, (x) = sin(xv/4, ).
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3. Find the eigenvalues and eigenfunctions for y”(x)+ Ay(x) =0 with the
following boundary conditions:
a. y(0)=0, y(1)=0.
h. y/(0) =0, y(1)=0.
c. y(0)=0, y(1)—y(1) =0.

6.4 UNIFORM CONVERGENCE OF FOURIER SERIES

We want to determine conditions on f(x) that will ensure that the Fourier series of
f(x) converges uniformly to f(x). In this case, we mean Fourier series of eigenfunc-
tions of an eigenvalue problem. One example of these we have seen previously—the
sine and cosine functions.

Suppose that > ¢,u, (x) is the Fourier series of f(x). Since each function u,(x) is
an eigenfunction of L, in our setting, it is differentiable and thus continuous. We
shall determine conditions on f(x) that ensure Y c,up,(x) is uniformly Cauchy.
That will mean that »_ c,up,(x) converges uniformly, and the limit is a continuous
function that we call g(x). It will follow that f(x) = g(x).

We have shown that if G(x, y) is the Green’s function for the second-order linear
differential operator L where the interval is 0 < x < 1, and if {¢,} is the set of
normalized eigenfunctions for L and 4,, is the eigenvalue for ¢,, and no eigenvalue
is 0, then

§ dn X ¢n .)
( ;('Cv )) ( ; _( )
If the inner prOduCt IS

1
(), 8(x), = /0 F0)p(0)g(x)dx

we have for {u,}, the set of eigenfunctions that are not necessarily normalized

tn (X)un(y) _ > 1 (X)tn ()
Up, Un ! '
n An( >p n A”/O p(w)[un(w)]zdw

Also recall Schwarz’s inequality states that for a;, b;, i = 1,...,n

0 n 12/, 1/2
S5 (£
i—1 i=1

i=1

(500) < (£)(54)

G(xvy) =

so that
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Fix x. Let

1
ai = Ci\/li/o p(x) [ (x))Pdx by = \/

u;(X) .
1
y /0 p(0) s ()] Pl

Then

1
aib; = cui(%), a? = C?/\i/ p(x)[ui(x)]dx, b? =
0

SO ) . ) |
< Z C,'M,‘(f)) < ( Z CI-ZA,' / p(x) [ui(x)}zdx) G(x, X).
i=1 i=1 0

We want to invoke the Cauchy criterion for uniform convergence, so we change
the values over which we sum to get, for positive integers M and N with M < N,

N 2 N 1
( Z cm,-(%)) < Z cl-z/\,-/ p(x)[ui(x))*dx | G(x, %).
i=M+1 i=M+1 0

Now G(%, X) is uniformly bounded, so SV, 41 ciui(X) will be uniformly
Cauchy if S, 7 ) fol p(x)[ui(x)]*dx converges. We now derive conditions for
which that is the case.

Suppose ¢(x) = > chuy(x). We want to find the kth Fourier coefficient in the
expansion of

{0 ) — g}

That is, we compute

LS| oy
a = /0 27 L9 ] = ()6 (2) ()

= [{rww @ - gt Juto
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We integrate [ [(x)¢'(x)]'ux(x)dx by parts with
w=u(x) dw=u(x)
dv = [r(x)¢' ()] v =r(x)¢'(x)
1 1
/0 [r(0)¢' (x)] (o) = r(x)d)l’ (V) (x) (= — /O r(x)¢’ (x)uy’ (x)dx
_ /0 F) ¢ (¥’ (x)dlx.
We integrate [} ¢(x) [r(x)uy’(x)]'dx by parts with
w=¢(x) dw=¢(x)
dv=[rx)u' ()] v=rE)uw (x)

Thus

1 ! ! !
/ ()¢ ()] e ()l = / 00 [r(u (x)]dx
0 0

and so

1 1
/0 {108 () = a(x)9(x) pue (¥)x = /0 $(){ [’ ()] = a0y () fa.
Now
[P’ ()] = g)me(x) = —Aup () (v)
SO
1 , 1
/0 q’)(x){ [r(x)u (x)] — q(x)uk(x)}dx = —}{k/o d(xX)p(x)ug (x)dx = — ey

Thus we have the Fourier expansion

A )~ gg00 )~ — X dncran

p(x)
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Note that

/ fx / o).

We have seen that integrating by parts gives

/ flx bav—— [ L P,

SO

<f,% (f') — of] > — [ / (L + q(x)[f(x)ﬁ)dx]
We also have
<f(x), = Mecru(x > = e f(x), w(x)),
— Y e /O F P (x)d

Now
1
/0 F(x)p(x)ug (x)dx
Cp = 1
| ottt
0
)
1
/ f(x) x)dx = ck/o () [ug (x)]dx
and thus

1
_ Zkkck/ Fx)p(x)uy(x)dx = — Zlkckck/o p(x) [uk(x)]zdx
! 2
== ued [ o)l



6.4 Uniform Convergence of Fourier Series 255

Since the vectors {u,} form a complete set, and since

1 '
S {r@e e = a)a0 }~ = 3 dueian
if f(x) is a function that has a continuous second derivative and f(0) = f(1) = 0,we
have
1 /
(109 g (ol atasca}) = (1.~ S neww),
That is,

= <f(x), — Z Akckuk>p
=S ad [ oo

Thus

[l + iR Yas = 3wt [ (ol

so if f01< f’( )}2 +q(x)[f(x)] )dx is finite, then the series

Z}{kck fo J%dx converges. This means we can make SN, L1 CPA

fo dx as small as we like, by making M sufficiently large.
Summanzmg we have
If f(x) has a continuous second derivative and f(0) = f(1) = 0 and

/ r 0P + gL Jas

is finite, then the Fourier series of f(x) with respect to the eigenfunctions of L con-
verges uniformly to f(x).



CHAPTER

Using Generating
Functions to Solve
Specialized Differential
Equations

7.1 INTRODUCTION

Our focus for the rest of the text will be solving Laplace’s equation, the wave equa-
tion, and the heat equation using different techniques and in different scenarios.
Some of these will involve curvilinear coordinates, and in curvilinear coordinates
certain specialized differential equations will arise. In this chapter, we describe
the solutions to these specialized equations through generating functions. We recom-
mend investigating these specific equations when the need arises.

There are several types of generating functions, and their uses in mathematics
abound. We will use generating functions to give explicit formulae for solutions
to some differential equations that occur prominently in mathematical physics. In
addition to providing solutions, the search for these functions will uncover relation-
ships among them that may not be as transparent with other techniques.

The fundamental idea of a generating function is that we express a function as a
power series, and the coefficients of the power series form a sequence.

Examples:

The function

can be expressed as
Fx) =14x+x>+x3 4.

Each coefficient of x" is 1, so f(x) generates the sequence {1,1,1,...}.

With generating functions, we are proceeding formally and will not be concerned
about convergence of the power series.

The function

X

[ =7—""5

T l-x—x

Mathematical Physics with Partial Differential Equations. https://doi.org/10.1016/B978-0-12-814759-7.00007-7
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can be expressed as

fO) =x+x2 420 + 3 + 5 4 -

so f(x) generates the sequence {1,1,2,3,5,...}, which is the Fibonacci sequence.

In the setting of this chapter, a generating function G(x.f) is a function of two
variables, and we will express the function as a power series in ¢. That is, we will
have

G(x,1) = Po(x) + Py (x)t + P2 (x)* + P3(x)> + -+ = ZPn(x)t".

We will be given the function G(x,f) and be asked to determine the functions
P,(x) and show that each function P,(x) satisfies a certain differential equation.

Four important differential equations in physics are Laguerre’s equation,
Hermite’s equation, Legendre’s equation, and Bessel’s equation. Each of these has
a solution that is a polynomial of order n. For Laguerre’s equation, Hermite’s
equation, and Legendre’s equation n is any nonnegative integer, and for Bessel’s
equation, any integer n has an associated solution.

One way to obtain an expression for these polynomials is through generating
functions. The idea is that we hypothesize a generating function G(x,f), expand
G(x,t) in a Maclaurin series, and group the terms in powers of ¢. We then have an
expression of the form

G(x,1) = go(x) + g1(x)t + gz(x)tz + g3(x)t3 4ol

The function g;(x) will turn out to be the ith Hermite polynomial in the case of the
generator for Hermite polynomials and, similarly, for the other cases. Thus, we have
a conceptually simple method of finding these functions.

To justify the claim that these are indeed the desired functions, we must show
that they satisfy the appropriate differential equation. To do this, one computes

%G(x, t) and %G(x7 1)
and from these, obtains recurrence relations. With some manipulations, the functions
gi(x) are shown to satisfy the pertinent differential equations, thus justifying their
names as Hermite polynomials, Legendre polynomials, Laguerre polynomials, and
Bessel functions. This technique is also helpful in determining relationships among
different orders of the functions that might not be transparent.

The major difficulty is finding the generating function for a particular equation,
and there is not an established algorithm or strategy for doing this.

The generating functions that we will use are exponential functions that use the
Maclaurin expansion
(fr0)? | ()’

ef(x,t) =1 +f(x7 l) + o + 3 N
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7.2 GENERATING FUNCTION FOR LAGUERRE POLYNOMIALS

Laguerre’s equation is a second-order differential equation of the form
xy” + (1 —x)y’—l—ﬂ =0

where 7 is a positive integer.

Here, we develop the solutions to Laguerre’s equation from a generating
function.

The generating function for Laguerre polynomials is

of-i2)-S

n=0
where L,(x) will be shown to be polynomials that satisfy Laguerre’s equation for the
value n.

We describe dG/0¢ in two ways, and set the expressions equal to one another.
This will yield a recursion relation. Doing the same thing for G /dx gives a second
recursion relation. Manipulating the two relations will enable us to demonstrate that
L,(x) is a solution for Laguerre’s equation.

We will now determine the two recurrence relations. The first is obtained by
noting

Xt
1—1t¢

Ly(x)
n!

G(x,1) = %

1—1t

,0G

-t —=(1-t—x)G.
(1= = (1= 1=
This says
o~ Ln(x) o~ Ln(x)
2 n n—1 __ I n n
(1= St = (1 -1 0y it
n=0 n=0
Expanding gives
L >\ L L
D SRR D D D S
n=0 ! n=0 n n=0 n
> Ln('x> n = L”(x) n+1 > L’l('x) n
D S S ey S
n=0 n=0 n=0
Reindexing yields
— ixl‘n(x)tn _ io: Lyy1(x) _ ZnLn(x) +n(n— I)L,,,l(x) _Ln(x)
— n! — n! n! n! n!
n=0 n=0
L,
+ n 1'(x):| o
n!

259
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This lead to the first recurrence relation

(n+ DL, (x) = 2n+ 1 —x)L,(x) — n’L,_1 (x).

Next, we use the fact that

G —t
ox 11—t
SO
G
1—t)—=—1G
(I-1)=-
Now
0G0 = Ly(x) L, (x)
= - n\tn
Ox 6xzo n! Z n!
= n=0
SO
J - Ln(x)n - Ln(x)n Ln(x) n+1
(=g =(-02 =2 = =2 =
n=0 n=0 n=
Also
)
La(x) La(3) i
~1G=—t)_ e -> A
n=0 n=0
Now
= L()C) n+1 __ L—l(x)ni S nL —l(x)ni - nlL —l(x)ni
Z n! _Z(: M—Z nnu t_Z nnl r=
n=0 n=1 n=1 n=0
> Ln(x) n+1 __ Ln l(x)n_ = nLn—l('x)n_ > nLn—l('x)n
Sl bty S ), St
n=0 n=1 n=1 n=0
SO
G > Ln(x)n L;z(x) n+1 - Ln(x)n - nLn
(1_1‘)522 n't_z n! :Z n't_z n!
n=0 n=0 n=0 n=0
and

ey
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Thus we have

00 ’ 0 ’ 00

Ln(x) n I’an71 ()C) n nLnfl ()C) n
D e e D e D D T
n=0

n=0 n=0

and so

L,(x) — nL,_(x) = —nL,_, (x) )

which is the second recurrence relation.

We now manipulate these relations to show that L, (x) is a solution to Laguerre’s
equation.

The problem now is to manipulate the recurrence relations to show that L,(x) is a
solution to Laguerre’s equation.

In Eq. (2), replace n by n 4 1 to get

L1 () = (n 4+ 1L, (x) = (n + 1L (x). (3)
Differentiate Eq. (3) to get

Ly (x) = (n+ DL(x) = (n + DL (x).
Replace n by n + 1 to get

Lo (x) = (n+2)Ly (x) = (n+2)L, 1 (x).
Use Eq. (3) to get
L ,(x)=(n+2)L (x) — (n+2)[(n+ 1)L, (x) = (n+ 1)L,(x)]
= (n+1)(n+2)[L}, (x) = 2L, (x) + Lu(x)].
The first recurrence relation is
L1 (x) + (x = 2n — 1)Ly (x) + n*L,_1 (x) = 0.

Differentiating (using the product rule on the second term) gives

L;H (x) + (x —2n — 1)L (x) + Ly(x) + n’L (x) =0.

n—1

Differentiating a second time gives
LUy (6) + (v — 20 — DLL() + L (x) + Ly () + L (x) = 0.
Replace n by n + 1 to get

Ly o (x) + XLy (x) + 2L, (x) — (204 2)L; 4 (x) + (n + 1’Ly(x) =0. (4
Substituting

Loy (x) = (n 4+ 1)L, (x) = (n+ 1)Ly(x)
Ly (x) = (n+ 1)L (x) — (n+ 1)L, (x)
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Lo (x) = (n+ 1)(n +2) Ly (x) = 2L, (x) + Ln(x)]
into Eq. (4) gives
(n+1)(n+2) [LZH(x) — 2L (x) + Ln(x)] —I—x[(n + 1)L (x) — (n+ l)L;(x)]
+2[(n+ 1)L, (x) = (n + 1)Ly(x)]
—2n+2)[(n+ DLLx) — (n+ DL, ()] + (n+ 1)*LL(x) = 0.
Collecting terms, we have
xL)(x) + (1 — x)L,(x) + nLy(x) = 0.

Thus, L,(x) is a solution to Laguerre’s equation.

EXERCISES

1. Compute the first four Laguerre polynomials using the generating function.
2. Compute the first four Laguerre polynomials using Rodrigues formula

L,(x) = ex% (F"e™).

3. Using a computer algebra system (CAS) evaluate

/ h e “Lp(x)L3(x)dx and / h e L3 (x)L3(x)dx.
0 0

7.3 HERMITE’S DIFFERENTIAL EQUATION

Hermite’s differential equation is
V() = 20/ (x) + 2ny(x) = 0.
For Hermite polynomials, we will show that the generating function is
G(x,t) = 2t

Expanding in a power series

G > (2 —12)" & (2x—1)"
(x,1) = Z n! - Z n! )
n=0 n=0
Generating functions are convenient because they provide an easy way to
compute the coefficients of a power series. Similar to Maclaurin series, if

G(x,1) = ap(x) + a1 (x)t + ax(x)? + az (x)£> + -+
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then

k
6L 1)y = Kay(x).

In our case, this means

o Hy(x)
76 0] = K= = Hi(x)
where Hy(x) is the kth Hermite polynomial.
We now compute the recurrence equations.
Since
o~ Ha(x)
2tx—t* __ n n
G(x,1) => e
n=0
we have
d &\ H,(x) &, !
a—G(x 1) =21e* " = ZtZ r;zl "= Z o Hy(x)
n=0 n=0
and we also have
a & Hn (‘x) n > tn /
5.Glrn = > = > —Hy (1),

0
d

Thus, we have computed Ep G(x,1) in two different ways. In the first method we
X

differentiated the generating function, and in the second we differentiated the power

series. We get the first recurrence relation by equating the coefficients of 7* in the two

power series expansions. Typically, we will need to reindex some of the series.
We have

o) ztn+l o
=D SH,W)
n=0 n=0
Reindexing the term on the left gives
= 2t”+‘ & 2t”
=D o)
n=0 n=1
Also,
d d
—H, =—(1)=0
dx o) dx( )
SO
=" =",
Z _!Hn(x) = Z HHn(x)

263
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and we have
n

n=1 =1

=

Equating the coefficients of ¢ gives,

SO

2nH,_1(x) = H (x). ()

n

This is the first recurrence equation that we will use later.
To get the second recurrence relation, we do a similar procedure, but using

d
—G(x,1).
S Glx.1)
We have
J _ 20— _ o Hy(x) n__ - (2x — 2t)H,(x) n
5,60 = (2x —2)e = (2« 21); P ; n! !
and
9 _ 9 o~ Ha(x) no_ o~ Ha(x) 4 o~ Ha(x) 4
&G(x,t) EZ Al —Zn a Z:n n! s
n=0 n=0 n=1
:i Ha(x) oy Hyy1(x) ,
n=1 (n - 1)' n=0 n!
Thus,
S Qoo 200§ Hor 3
n=0 n! n=0 n!
Now
i (2X - 2t)Hn(x) P zoo: _ZtHn(x) n Z ZXHH( )thrl
n! B n!
n=0 n=0 n=0
and
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Thus,
S 2nHy1(x) , | 2Ha(x) & He (1)
Z nl ! +Z l d :Z 1l .
n=1 n=0 n=0
Whenn=0
2xH,
i ,:(x) " = 2xHy(x) = 2x(1) = 2x
n!
and
H,
n+l(x)tn — Hl(x) = 2x
n!
SO
N —2nHy1(x) , o= 2xHu(x) , o~ Hpg1(x)
Z 1l r+ Z l r= Z 1l r
n=1 n=1 n=1
and so

—2nH,_1(x) + 2xH,(x) = Hyp1(x) n=1,2, ... (2)

This is the second recurrence relation. The problem now is to manipulate the
recurrence relations to show that H,(x) solves Hermite’s equation.

Differentiating Eq. (2) gives
H, | (x) = 2H,(x) + 2xH,(x) — 2nH,_,(x). 3)

n
We also found in Eq. (1) that H,(x) solves the differential equation
nH, () = Hy(x) (1)
o)
H(x) = 2nH),_, (x).
Replacing n by n + 1 Eq. (1) gives
H,/H_l(x) =2(n+ 1)Hy(x).
Thus
(x) = 2H,(x) + ZJCH,/1 (x) — ZnH:l_l(x)
is equivalent to
2(n+ 1)Hy(x) = 2H,(x) + 2xH,,(x) — H)) (x)

(since H) (x) = 2nH,_,(x) and H,,_ | (x) = 2(n + 1)H,(x))
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or
2nH,(x) = 2xH, (x) — H) (x)
S0
H)!(x) — 2xH] (x) 4+ 2nHy,(x) = 0

which is Hermite’s equation.
Thus, we have justified the claim that H,,(x) is an nth degree polynomial that sat-
isfies Hermite’s equation and so is a Hermite polynomial.

EXERCISES

1. Use the generating function for Hermite polynomials to find H,(x) for n = 1,2,3
and show

o
Hy(x) = (—1)”ex2ﬁe*x forn=1,2,3.

2. Using a CAS find

/jo efszz(x)H3(x)dx and /00 efx2H3(x)H3(x)dx.

(o] —00

7.4 GENERATING FUNCTION FOR LEGENDRE’S EQUATION

The differential equation
(1— )" (x) = 20/(x) + n(n + 1)y(x) = 0

is Legendre’s equation.
We will show that the function

1
V1 =2t 412

is the generating function for Legendre polynomials.
Denoting the Legendre polynomial of degree n by P,(x), we have

G(x, 1) =

G(x,1) = i Py(x)t".

n=0
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We will get two recursion relations by computing

d ad
—G(x,t) and i G(x,1).

ot
Letting
1
G(x, 1) = ——
V1—2tx+ 12
gives
ad t t 1
—G(x,1) = =
Ox (1—2u+2)¥* (1 =2x+1) (1 —2xr 4+ 12)'/2
t t =
(1 —2xt +12) (1) (1 —2xt + 12) ; (%)
and expressing
G(x,1) = Py(x)"
n=0
gives
o0
a—G(x, t) = ZP;(x)t”
n=0
Thus, we have
t o0 o0
—_— P,(x)" = P (x)f".
2 n
(1 —2xt+1?) ; ; "

So

IZP (1 —2xt + 1) ZP’

Expanding gives

Z P, ()C) tn+l

n=0 n

[Se]

o0
P (x)f" — Z 2xP (x) e+ Z Pl (x)" 2.
=0 n=0 n=0

Reindex to get

ZPn(x)tn—H Z Pn+l n+1 Z ZXP n+1 + ZP;—l(x)tn-H'
n=0 n=—1 n=1
So for n > 1 we have
Pu(x) = Py (x) = 2xP(x) + P, _, ey

which is our first recurrence equation.
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Also
d Gx,1) x—t x—t 1
v .x, == =
ot (1—2xt+2)7 (1=2xt+2) (| oy 4 2y
x—1 x—1 =
=G, ) = Y Pu(x)!"
(1—2xt+12) (1) (1 —2xt+12) ;O (%)
and
d 0 & =
&G(x7 1) % ZP,,(x)t" = ZnPn(x)t'“1
n=0 n=0
o)
X! ipn( )= inPn(x)t” !
2
(1 —2xt+1%) = —
or
o0 o0
(=) P = (1=2xt + )Y nPy(x)t""!
n=0 n=0
Expanding gives
Z X)t ZP” A+l — ZnP,,(x)t”” - Z2ann(x)t"
n=0 n=0 n=0 n=0
o0
+an ( )tn+1
n=0
Reindexing, we have
o o0 o0
ZxPn(x)t” - ZPn,l(x)t" = Z (n+ D)Ppy (x)f" — Z2an
n=0 n=1 n=-—1
o0
+) (n= 1Py ()"
n=0

So

XPy(x) = Pp_1(x) = (n 4 1)Ppyq(x) — 2xnP,(x) + (n — 1)P,—1(x)

(n+ DPyy1(x) — (2xn + x)Py(x) + nP,—1(x) =0 )
which is the second recurrence equation.
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Our goal is to demonstrate

(1- xz)PZ(x) + 2xP) (x) + n(n+ 1)P,(x) = 0.
This will be done by manipulating

Pu(x) +2xP,(x) = P, (x) + Py (x) - (3)

and
Py(x) +2xP, (x) = P,y (x) + Py (v). (4)
We have
(2n + 1)xPy(x) = (n + 1)Pyi1(x) + nPp_i (x) ®)
P, 1 (x) + P,_;(x) = 2xP,(x) + Py(x). (6)
Adding 2 x Eq. (5) to (2n + 1) x Eq. (6) gives
21+ 1)Py(x) = P, (x) — P, (). (7)
Computing [Eq. (6) + Eq. (7)]/2 gives
Py (x) = (n+ 1Py (x) + 2P, (). (8)

Similarly, [Eq. (6) — Eq. (7)]/2 gives
P, (x) = nPy(x) + 2P, (x). ©)
In Eq. (7), replace n by n — 1 to get
2(n = 1) +1]P,_; (x) = P, (x) = P, (%)
or
(21— 1)P,_;(x) = P, (x) = P, 5 (x). (10)
Multiply Eq. (9) by x to get
xP, | (x) = nxP,(x) + x*P, (x). (11
Add Eq. (10) to Eq. (11) to get
(1- xz)P;l(x) =nP,_1(x) — nxP,(x). (12)
Differentiate Eq. (12) to get

IR}

(1- xz)Pn (x) — 2xP,(x) = nP, | (x) — nPy(x) — nxP, (x). (13)
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Multiply Eq. (9) by n to get
nPn (X)) = n?P,(x) + nxP;l(x). (14)
Adding Eq. (13) to Eq. (14) gives
(1 = x*)P, (x) — 2xP,(x) + n(n + 1)P,(x) = 0.

Thus, P,(x) is a polynomial of degree n, which satisfies Legendre’s equation and
is a Legendre polynomial.

EXERCISES

1. Use the generating function to find Py(x), P3(x), P4(x).
2. Use a CAS to evaluate

f P3 dx
h. f P3 ( )dx
f Pa(x X)dx.
3. Show that
1 &, , 3
Psl) = 3331 o @~ 1)
4. Show that
1
P> (cos 6) = 2 (1 4+ 3cos(20))

7.5 GENERATOR FOR BESSEL FUNCTIONS OF THE FIRST KIND

Bessel’s equation is
2y (x) + 2y’ (x) + (% = n?)y(x) = 0.
We will show that
X —1
G(x,t) = —\r—t
(x) =ewp 3 (1171

is a generator for Bessel functions of the first kind.
We will show that J,,(x) satisfies Bessel’s equation.
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We will get two recurrence relations by taking the partial derivatives of the
generating function. We have

S -l
Y e

f:m<>[ £+ ()]

£ (e 5 (s

n=—0oo

We also have

WD _ 0 S b= 3 mh@r T = Y (et D0

n=—oo n=—0oo n=—0oo

Thus,

or
2n
]n—l(x) + 1 = an(x) (D)
which is the first recurrence relation.
Also,
aG(x, 1 x x 1
o —a—exp[i(t—t 1)} —exp[i(t—t ‘)} (—)(t—t )
= <2> (t t )n_Z_OOJ,,(x)t”
1 [s+] o0
= <E>[ _Z_ Jn(x)"H! Z Jo(x)1" ‘]
1 o0
=13 anfl I—Z:Jnﬂ
We also have
aG(x,1) 0 & =
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Thus,

or

In-1(x) = Jns1 (x) = 27, (x) 2

which is the second recurrence relation.
Adding Eqgs. (1) and (2) gives

@)+ =200 ()

To1 (%) = Ju1 (¥) =27,(x)  (2)
Ja-1(3) = S0 () + ()
or
XTI} (x) = xTy_1(x) — ny(x) ?3)
and so
nxd! (x) = nxJ,_ 1 (x) — n*J,(x).
Thus,
nxd’ (x) — nxJ, 1 (x) + n*J,(x) = 0. 3
Differentiating Eq. (3) gives
Xy (%) + 0, (x) = Xy (x) + Taa (x) = 0 (x)

or
X0 (x) + (n+ DI (x) = Ju—1(x) — xJ,_; (x) = 0. 4)
Multiplying Eq. (4) by x gives
X7 (x) + (n 4 D) (x) — xdp1 (x) — X2 (x) = 0. A7)

Eq. (4") — Eq. (3') gives
[szZ(x) + (n+ 1)xJ(x) — xTp—1 (x) — sz:l_l(x)] Eq. (4)
— [T} (x) — T (x) + 12, (x)] Eq. (3 3)
= 20" (x) 4 2 (x) — n2 Ty (x) + (n = Dxdy_ (x) — X2, (x) = 0.



7.5 Generator for Bessel Functions of the First Kind 273

We will show in Exercise | that
(n— Dxy_1 (x) — X2T_ (x) = X2 T (x).
Knowing this, we have
T (%) + X! (x) — 12 (x) + (n— Dady1 (x) — x2T, (%)
= 2T (x) 4 2 (x) — n2 T, (x) + 32T, (x)
= X207 (x) 4 xJ) (x) + (x2 - nz)Jn(x) =0

which is Bessel’s equation.

EXERCISE 1
Show that

(n— D)xp_ 1 (x) — X2T_ (x) = X2 (x).

n—

(6)



CHAPTER

Separation of Variables in
Cartesian Coordinates

8.1 INTRODUCTION

For the remainder of the text, we concentrate on solving partial differential equations
that involve the Laplacian. We analyze the three prototypical equations—the heat
equation, the wave equation, and the Laplace’s equation—in significant detail. We
shall consider four techniques of solving partial differential equations; separation
of variables, the Fourier transform, the Laplace transform, and Green’s functions.
In this chapter we solve each of these equations in Cartesian coordinates by separa-
tion of variables.

The idea of separation of variables is to assume that the solution to the partial
differential equation, u(«, 3, ), can be written as

u(a, B,7v) = f(a)g(B)h(v)

and determine an ordinary differential equation (ODE) that each of f(«), g(8), and
h(y) must satisfy. Each of the ODE:s is then solved, and the solutions are “pasted
together” to give the solution to the partial differential equation. The validity of
the solution should be verified because we began with the assumption that the vari-
ables could be separated.

In Section 8.2, we consider the case of Laplace’s equation in two variables. We
shall see that in all of the examples of this chapter the resulting ODEs are familiar
and elementary to solve.

In Section 8.3, we analyze Laplace’s equation in three variables.

In Section 8.4, we give a detailed description of the heat equation in one
space dimension, and in Section 8.5 we study the wave equation in one space
dimension.

8.2 SOLVING LAPLACE’S EQUATION ON A RECTANGLE

We begin with Laplace’s equation in two variables

2 2
0“u  O°u
Au(x,y) = w5 + 75 =0
dx dy
Mathematical Physics with Partial Differential Equations. https:/doi.org/10.1016/B978-0-12-814759-7.00008-9 275
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and hypothesize that
u(x,y) = X(x) Y(y).

Then
2M 2[4
G = X/ T0) and T = X T'0)
X'(x) ¥(y) + X(x) Y'(y) = 0.
Hence
X' Y0)  X@ V') X' Y'0)
Xx)Y(y) XY Xx) o Y(Q)
and thus

X" (x) B Ve (y)
X(x) Y(y)
The left-hand side of Eq. (1) is a function only of x and the right hand side a func-

tion only of y, so the common value must be a constant, which we denote 1. So we
have

ey

X(x) =2X(x) and Y(y)=—-2Y(y)
X"(x) — AX(x) =0 (2a)
Y'(y) +2Y(y) = 0. (2b)

There are three cases: A =0, A >0, and A < 0.

If 2 =0, then X”(x) = 0 and X(x) = Ax + B and likewise, Y(y) = Cy + D. The
more interesting cases that allow for nontrivial boundary conditions are A > 0 and
A <0.

Suppose that A > 0. Then X”(x) + AX(x) = 0 has the solution

X(x) = A cosV/Ax + B sinV/Ax
and Y”(y) — AY(y) = 0 has the solution

Y(y) = C coshv/Ay + D sinhv/2y.

The case A < 0 is nearly identical and is left as Exercise 1.

We continue to consider the case A > 0 and assign boundary conditions to the
rectangle 0 <x < a, 0 <y <b. See Fig. 8.2.1.

We assign the boundary conditions

u(x,0) =filx), 0<x<a; ulxb)=fx), 0<x<a
u(0,y) =g1(y), 0<y<b; u(a,y) =gy, 0<y<b.
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(0, b) 20 (a b)

9, ) 9, ()

fy (x)

(a,0)

FIGURE 8.2.1

The simplest way to solve the problem is to consider four boundary value prob-
lems Au(x, y) = 0 with the boundary values on three of the sides being zero and the
value of the given function on the fourth side. Solve each of the four problems, and
sum the solutions. The result will be Au(x, y) = 0, and all four boundary conditions
will be satisfied. One such boundary value problem, which we now consider, will be

Au(-x7y) =0,
ulx,0) =fi(x), 0<x<a, ulxb)=0, 0<x<g

We have
X(x) = A cosV/Ax 4+ B sinv/Ax, X(0) =0, X(a) = 0.
Now
X(0) = A,
o)

A=0; X(a)=BsinvVia=0.

To avoid having only the trivial solution, we must have v/Aa = n, so for each
integer n

is an eigenvalue for the boundary value problem

X" (x) +AX(x) =0, X(0) =0, X(a) =0
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and
Xp(x) = sin (Zﬂ)

is the corresponding eigenfunction.
Now consider

Y'(y) = ¥ (y) =0;  Y(b) =0. 3)
n*m?
We have determined that A, = a so Eq. (3) is

n*m?

Y'(y) ==~ Y0) =0; Y(b) =0.

The solution to

is
Y,(y) = Ccosh <@> -+ D sinh (m)
a a

and the boundary condition Y, (b) = 0 gives the solution

C cosh <@> + D sinh <@> =0
a a

SO
—C cosh (n_7rb> b
p=——~2/7_ ¢ coth(—)
. nwh a
sinh (—)
a
and

Ya(y) = Cucosh("2) + Dy sinh (")

b
=C, {cosh (@) — coth (ﬂ) sinh (@)} .
a a a

A more convenient way to write the solution is

Ya(y) = Fy sinh {w(b—y)}

as the eigenfunction for

n?m?

Y'(3) + S5-¥ () =0 Y(b) =0

as we verify in Exercise 2.
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Thus, we have

Un (%,y) = Xn(x)Yn(y) = sin (’Lﬂ) {cosh (?) — coth <naib) sinh (?)}
ﬂn(ﬁgf)ﬁnh[zzg%:32}

or

and so

9= s
=3 sin("7) eomn (") com (*77 Jsimn (") | o
= ch Sm( )s1 h[y].

We now determine the constants ¢, so that

fi(x) = u(x,0) = nﬁ::lcnun(x 0) ch sm( )smh [@}
_ch sm( )S h[mrb}

nrrb]

Letting d, = ¢, sinh["T2], we get

fi(x) = u(x,0) Zd Sm(mrx)

which is the Fourier expansion of fj(x) in a sine series. The coefficients are given by

2 [ . (X
= /0 fi (x)sm<7)dx
dy :géﬁ@m@—

mwm]

Thus

a
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and

Z Cnltn (X, y) Z Cn sm( )sinh [@}

= / Ailx sm . mmx\ . | [nw(b—y)
P SIH(T) sinh | ==
n=1 sinh {—]
a
In Exercise 3 we show the solution
Au(x,y) =0,
u(x,0)=0, 0 <x<a, ula,y) =0, 0<x<a

u(0,y) =gi1(y), 0<y<b; u(a,y)=0, 0<y<b

@ (12 P . nmy nmx
u(x,y) :Z{ [Z/o gl()’)Slany] coshT

2 b
_ [E /0 g1(y)sin _mbry dy} coth _mbra sinh _n'ibrx} sin _n;ry .
Example:

We consider the case where a = b =1, fi(x) = x2, g1y) =
Two cases are pertinent to this example. For the first case,

Au(x,y) =0,

is

ux,0)=x*, 0<x<1; u(x,1)=0, 0<x<1;
u(0,y)=0, 0<y<1; u(l,y)=0, 0<y<1

the solution is

2 1
- / X% sin (mlrx) dx

sin (@) sinh [@] .

For the second case,
Au(x,y) =0,
u(x,0)=0, 0<x<1; ulx1)=0 0<x<I;
u0,y) =y, 0<y<1l; u(l,y)=0, 0<y<1
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the solution is

0 2 1
u(x,y)zz I/o ysin?dy cosh?
n=1

2 ! 1
- |= / y sin ny dy | coth n sinh nmx sin ny
1 Jo 1 1 1 1

and we would add the solutions.

EXERCISES

1. Describe the solutions to Egs. (2a) and (2b) in the case A < 0.
2. Verify that

Y,(y) = sinh [M]

a
is a solution to

n*m?

Vo) + ) =0 ¥(b) =0,

3. Show that the solution to
Au(x,y) =0,
u(x,0) =0, 0<x<a, ula,y)=0, 0<x<a
u(0,y) =g1(y), 0<y<b; u(a,y)=0, 0<y<b

is

SN

u(x,y) = i

n=1

b
/ g1 (y)sinn—ﬂydy cosh ™%
0 b b

b
/Ogl(y)sin?dy coth?sinh% sin?.

SN
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4. Find the solution to
Au(x,y) =0,
u(x,0) =0, 0 <x<a, ulxb)=Hkx), 0<x<a

u(0,y) =0, 0<y<b; u(a,y)=0, 0<y<b.

5. Find the solution to
Au(x,y) = 0,
u(x,0)=0, 0 <x<a, ulxb)=0 0<x<a

u(0,y) =0, 0 <y <b; u(a,y) =gl(y), 0<y<b.

6. Find the solution to
Au(x,y) =0,
u(x,0) =0, O0<x<m ulx,m) =sinx, 0 <x<m

u0,y) =0, 0<y<m u(my) =0, 0<y<m.

7. Find the solution to
Au(x,y) =0,
u(x,0)=0, 0<x<m ulxm) =0 0<x<m,;

u(0,y)=cosy, 0<y<m u(my =0, 0<y<m.

8. Find the solution to
Au(x,y) =0,
u(x,0) =sinx —sin4x, 0<x<m ulx,m)=0 0<x<m,
u(0,y) = 0,u(m,y) =0.

9. Find the solution to
Au(x,y) =0,

u(x,0)0=0, 0<x<m ulxm)=m 0<x<m u(0,y)=yu(my)=y.

10. Find the solution to Laplace’s equation on the semiinfinite strip 0 < x < 1,
0 <y < oo given by

Au(x,y) =0,
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u(x,0) =f(x), 0<x<1l;
u(0,y) =0, 0<y<oo; u(l,y)=0, 0<y< oo0; ylLrIgou(x,y):O.

11. Use separation of variables to write the ODEs necessary to solve the following
problems:
a. Au(x,y) =u(x,y)
b. Au(x, y) + uy(x, y) = u(x, y)
C. Aulx, y) = uy(x, y) = uy(x, ).

12. We shall see that the steady state for the heat equation in two dimensions is
given by

Txx(x,y) + Tyy(X,)’) = O

Find the steady-state temperature distribution for the square [0, ] x [0, ] if
the boundary conditions are

T:(0,y) = Ty(m,y) =0 (which is the case for insulated edges) and
T(x,0) =0, T(x,m) = T sin x.

8.3 LAPLACE’S EQUATION ON A CUBE

We now consider Laplace’s equation on a cube. We solve the problem on a cube
whose edges are each of length 7 instead of an arbitrary parallelepiped to make
the computations somewhat less cumbersome. We model the solution on the two-
dimensional case. Major differences are that the boundary consists of six faces rather
than four edges, and the boundary conditions are functions of two variables. Accord-
ingly, we will need to solve boundary value problems of the type

Pu  Pu 0u

A

== =0, O0<x<mO<y<mO<z<m O0<z<m
Ox dy

Au(x,y,z)

M(xayaz):() if x:()ax:my:(),yzﬂ,Z:W;
M(X,y, O) Zf()@y)

The approach is identical in spirit to the two-dimensional case. We hypothesize
that u(x, y, z) = X(x)Y(y)Z(z) so that
0u 0%u 0u

T2 =X WY0)ZE), 35 =XWY'0)Z20E), 55 =XYH)Z"().
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Then

?u  0*u  0*u
5§+aﬁ+&?zx%@ﬂwﬂ@+quﬁwﬂ@+xuwoﬂ%@:0

Dividing by X(x)Y(y)Z(z) gives
X'(x) Y'(y)  Z'(z)

X(x) Yy  Z(z)

SO

X'x) Y'(y) Z'(z)
= . (D
X(x)  Y(y) Z(z)
The left-hand side of Eq. (1) is a function of x and y, and the right-hand side is a
function of z so each must be a constant that we denote «. Thus

X' Y2
Xw Tre) ™ 2
Since
X' | Y'0)
Xt )
then

X' Y0
Xw 4T Y0 @

Then, reasoning as before, each side of Eq. (2) must be a constant. Let § = );I(%).

We then have

X/I (x)
X(x)

SO

Also,
) X'
Y(y) X(x)

SO

Y'(y) = (e = B)Y(y) = 0.
Collecting the equations and noting the boundary conditions, we have

X"(x) — BX(x) =0; X(0) =X(w) =0 3)
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Y'(y) = (@=B)Y(y) =0; Y(0)=Y(m) =0 @)
Z"(2) +aZ(z) =0, Z(m) =0. 5)
We determine appropriate values for the constants. The equation
X"(x) - BX(x) =0; X(0)=X(7)=0

because of the boundary conditions must have —@ > 0. Experience with the two-
dimensional case prompts us to take 8 = —n”. We thus have Eq. (3) is

X"(x) +n’X(x) =0; X(0) = X(7) =0.
We saw in the two-dimensional case, the solution for this equation is
X, (x) = sin nx.
Likewise, for the equation
Y'(y) = (@ =B)Y(y) =0:  ¥(0)=¥(m)=0
we must have —(a—@) > 0, and we take a—@ = — m>. We then have for Eq. (4)
Y'(y) +m*Y(y) =0; Y(0)=Y(m)=0
for which the solution is
Y (y) = sin my.

2 — n? so the equation

Note that « = 8 — m* = —m
Z'(2)+aZ(z) =0, Z(m)=0
is
7" (z) — (m2 + n2)Z(z) =0, Z(m)=0
and we saw in the two-dimensional case the solution for this equation is
Zn (2) = sinhy/m? 4+ n?(7 — z).
Thus, the solution to

Pu  u  u
+—=+-—=5=0; 0<x<7m O<y<m O<z<m O0<z<m;

AM()C,y,Z) = @ 6)72 622

u(x,y,z) =0 if x=0, x=m, y=0, y=m, z=m

is

@ SN nx sin my sinhy/m?2 + n?(m — 7).

Ngk

ux,y,z) =y

m=1 n=1
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‘We now determine the constants a,,, so that u(x, y, 0) = f(x, y). We have

Gy SN 1x sin my sinhV/ m? + n*(w — 0)

u(x,y,0) =

[M]s

M E1s
e 1

Amp SIN nx sin my sinh 7V m* + n’.

3
I
—_
3
I
-

Let Cppn = amn sinh mv/m? + n2. Then

fx,y) =u(x,y,0) = Z ZC’”" sin nx sin my.

m=1 n=1

To satisfy the boundary condition u(x, y, 0) = f(x, y) we must choose

4 [T w
Cmn = —5 ( / Sf(x,y)sin nx dx> sin my dy.
™ Jo 0
Then
4 [T/ [T
j/ (/ f(x,y)sin nx dx) sin my dy
A = Cmn _ ™ Jo 0
" sinh wv/m? + n? sinh mv/m? + n? ’
Thus,
u(x,y,z) = Z Z Gmn SIN AX SiN MY sinhm(ﬂ' -2)
m=1 n=1
4 [m(oqm
—2/ </ f(x,y)sin nx dx> sin my dy
o o0 |TTJO 0
m2:21 ; sinh 7v/m?* + n*
X sin nx sin my sinhV/ m?* + n2(71' —2).
EXERCISES

1. Solve the initial value problem

Pu  u  u

Au(x,y,z)
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u(x,y,2) =0 if x=0, x=m, y=0, y=m, z=mu(x,y,0) =f(x,y)

for the following values of f (x, y).
a. f(x,y) = xg.
b. f (x, y) =y

2. Use separation of variables to solve the initial value problem

Pu  u  u

Au(x’y’z):@+w+0_z2:0; O<x<m O<y<m O<z<m O0<z<m
d
—u:O x=0, x=m u=0, y=0, y=m, z=7
0x

3. Use separation of variables to solve

Pu  u  0u
+

@4_8 62714 O<x<m O<y<m O<z<m 0O0<z<m

u=0 if x=m y=0,2z=0, uy=0 if y=m u,=0
if z=m u(x,9,0) =7(x,y).

8.4 SOLVING THE WAVE EQUATION IN ONE DIMENSION BY
SEPARATION OF VARIABLES

Consider the wave equation
(%, 1) — P (x,1) = 0; u(0,2) = u(L, 1) =0; u(x,0) =f(x), wu(x,0)=gx).

Note that in the wave equation, we need two initial conditions because of the
uy(x, t) term and two boundary conditions because of the u,,(x, f) term.
Suppose that

u(x,t) = X(x)T(1).
Then
ug(x,t) = X()T"() and  ug(x, 1) = X" (x)T(2).
Thus

U (x,1) — Cuge(x,1) = X(xX)T"(1) — X" (x)T(t) =0, or
X(x)T" (1) = X" (0)T(1).
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Dividing by X(x) 7(¢) gives

') _ oX'()
()~ X(x)

ey

The left-hand side of Eq. (1) is a function only of ¢, and the right-hand side is a
function only of x, so the common value is a constant that we denote —a. (We show
the constant must be negative in Exercise 1.)

So

T”(t)
(1)

=—a® or T'(t)+a*T(t) =0

the solution for which is
T(t) = A sin at + B cos at.
Also,

) X" (x) az
X(x)

C

the solution for which is

. ox ox
X(x) =Dsin—+ E cos—.
c c

The boundary values will determine the value of — o. Since
u(0,1) =X(0)T(r) =0

we must have

SO

Then

L
u(L,t) =X(L)T(t) =0 forces X(L)= D sina? =0.

To avoid having only the trivial solution, we must have

o, L

=nm
c
where n is an integer.
Thus
nwe
oy = ——
L

where 7 is an integer.
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Many derivations of the wave equation in one dimension will substitute ¢ = 1/v.
We now do that so as to conform to the more common expression of the solution.
Thus, we have

nw
o = —
"L
where 7 is an integer.
So
nwt nwt
T,(t) = A, sin— + B, cos —
n(?) n St vL + 5 vL
and
X
Xu(x) =D sin——

and thus, by superposition,

t
u(x,t):Zunxt ZX ZD sin {A sin L +B cos%.
v

n

We use the initial conditions to determine the constants. We have
F(x) = u(x,0) ZBD sm—
Let 8,, = B;,D,,. Then

f(x) = u(x,0) Zﬁn s1nm

2 L
——/ f(x)sinn—mdx.
L Jy L
We also have

)= [ (35) - G ) o n ()

and (), is determined by

SO

Let
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Then

nwx 2 (L nwx
= 1 _— d = — 1 —d
E,, Y sm( 7 ) and 7, L/o g(x)sin 7 x
and so

nwt
ZD sm A s1n +B cos—
vL vL

. /nwx\ . (nwt nmwx nmt
= ZA,,D,, sin (—) sin + B, D,, sin ( )cos —
L L L vL

n

= Z | <Y”1’7UTL> sin (?) sin <r$:) + 6, sin (nzx> cos <’;7TLI>}

oL\ (2 [F . hmx . (nmx\ . (nmt
= — )= | g(x)sin—dx ]sin (—) sin[ —
- nw/ \L Jy L L vL

/ f(x) sm—dx sin ( Z )cos (l:f)

We should still check that the series converges, and the series is a solution.

Example:

Suppose that we initially distort the string by lifting it at the center of the interval
by lifting it by the amount «. See Fig. 8.4.1.

The boundary conditions are then

u(0,t) =u(L,t) =0

and one initial condition (because the string is at rest immediately before it is
released) is

u(x,0) = 0.

(L2, a)

FIGURE 8.4.1
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The other initial condition, u(x, 0), is the equation of the graph in Fig. 8.4.1. In
Exercise 2 we show that this is

20 L
= 0<x<=
u(r0) =4 L 2 @)
2—a(L ) L. <L
LY p=t=

Note that u(x, 0) is f(x) in the derivation above. Thus, in the formula we derived

2| [H22 Lo
/ flx sin—dx—L[/o %msinn—fdx+/L/2Ta(L—x)sinndex .

One can check with a computer algebra system that the value of this integral is

8a . /nmw
B, = 2 251n(2).

Since g(x) = u,(x, 0) = 0, we have

Substituting into

(o) = 32 (2 Ysin (2 )sin () i (*)eos ()|

n

e 5 () (o)

n=1

gives

Note that when 7 is even, sm( ) =0.

Example:
We compute the kinetic and potential energy of a vibrating string.
Let u(x, ) denote the vertical distance of the string at point x at time . Kinetic
energy K is computed according to
1
K=—-mv".
2
Divide the interval [0, L] into n equal subintervals of length Ax by inserting xo,
X1, X2, Xy With O = xog < x] < xp < -+ < x,, = L and Ax = x;—x;_1. The mass of the
string between x;_; and x; is pAx and the velocity at x; is

Ou(x,t)
ot

X=X,
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Thus the kinetic energy of the string is approximately given by the Riemann sum

n 2
Z lpr(aM(x, [) )
i=1 2 ot X=X,

s0, in the limit as Ax — 0 we get the exact value of the kinetic energy is

L 2
P Au(x, 1)
=5 [ (%)

To compute the potential energy, we appeal to Hooke’s law. According to
Hooke’s the force a spring exerts is proportional to the distance the spring is dis-
torted from equilibrium. If the spring constant is k and the distance the spring is dis-
torted is x, we have f= —kx. The work performed in moving a unit mass from a
displaced distance a to a displaced distance b is

b b
W:/f(x)dx:/ —kxdx:—%k[bz—az}

which is the difference in potential energy between the points.
If T is the tension of the nonstretched string then we have that the potential en-
ergy is approximately

a & i — ul\xX;—1, 2
U= % é ; (u(xi, 1) — u(xioy,1))? :g Z (u(xl’t) Ax( ! t)> Ax.

Taking the limit as Ax — 0, we get

EXERCISES
1. In Eq. (1), we derived

() LX)
0~ X
X”(x)

Since T"(¢)/T(t) is a function only of ¢ and ¢? X0 is a function only of x, it
must be that this is a constant. Show that this constant is negative.

2. Show that the equation given for u(x, 0) in the example is valid.

3. Find the solution for the wave equation if we have the same conditions as in the
example, except instead of plucking the string at the point x = L/2 we pluck it

at the point x = L/3.
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4. Solve the wave equation for the following initial conditions on 0 < x < L:
a. u(x, 0) =0, ux, 0) =2.

u(x, 0) = sin wx/L, u x, 0) = 0.

u(x, 0) = x(L—x), ux, 0) = 2.

u(x, 0) = sin wx/L, u/ x, 0) = sin wx/L.
e. ulx,0)=0, ufx, 0) = x.

5. Verify that the wave equation

20F

iy — uy = h(x, 1), with initial conditions u(x,0) = f(x), u,(x,0) = g(x)

has as its solution

fx+ct)+f(x—ct) 1 /“"’
= — 0)do
u(x, ) > + 2% ). 8(0)
1 t x+c(t—1)
+— / h(6,7)do|dx.
2¢ Jo x—c(t—1)

6. Consider an infinitely long string that is released from rest with displacement
2 . . . o e
f(x) = e™*. Show that a solution to the wave equation with these initial
conditions is

u(x, 1) = |:e—(x—ct)2 +e—<x+cz>2].

1
2

7. Show that energy is conserved in a vibrating string. To do this, show the time
derivative of the energy we derived for the vibrating string in the last example
is zero. Take T = pc”.

8. Show that the solution to

Uy =i —g, 0<x<m >0, u(0,1) =0,
u(m,t) =0, u(x,0) =0, u(x,0)=0
is
4g i sin(2n — 1)x

u(x,t) = 2 217

1
cos(2n — 1)ct — gx(ﬂ —x)|.
n=1
This models a string that is initially at rest and at equilibrium that when released
falls due to the force of gravity.
9. In this exercise we solve

uy(x,1) = Uy (x, 1) — 2au,(x,1);  w(0,1) = u(mw,t) =0; u(x,0) =0, u(x,0)=0>b.



294 CHAPTER 8 Separation of Variables in Cartesian Coordinates

a. Show that separation of variables leads to the ODEs
X"(x) 4+ AX(x) =0, X(0) =0, X(7) =0
T"(t) + 2aT'(t) + AT(t) =0, T(0) =0.

h. Show that A, = n* and that the solutions to the resulting ODEs are
X, (x) = A, sin nx

T,(t) = Bye ™ sin( n? — a2 t).

c. Conclude that

o0
u(x,t) = Z Cpe ™ sin( n? — a2 t) sin nx.
n=1

d. Use the initial condition u,(x, 0) = b to show

I Vi
Uik —a2

10. The telegraph equation is

uy (x, 1) + auy(x, 1) = buye(x, 1) — cu(x, 1)

where a, b, ¢ > 0. Show that the substitution u(x,?) = exp(—%t) y(x, 1) yields the
equation

Vir(x,1) = byee(x,1) + G a — c)y(x, 1).

8.5 SOLVING THE WAVE EQUATION IN TWO DIMENSIONS IN
CARTESIAN COORDINATES BY SEPARATION OF
VARIABLES

In this section we solve the wave equation

Pu 9 1 92
" M) " O<x<a, 0<y<hb. (1)

A e — R _—
u(x,y,1) <8x2 e c? o
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The method combines the ideas of what we did in solving Laplace’s equation in
two dimensions and what we did for the wave equation in one dimension. As we did
with Laplace’s equation, we take a =b =m to make the computations less
cumbersome.

Our boundary conditions will be

u(x,0) = u(x,7) = u(0,y) = u(w,y) =0 for all ¢
and the initial conditions will be
M(X,y,O) :f(xay), u,(x,y,O) = g(xvy)
We hypothesize
u(x,y,1) = X()Y(3)T(1).
Then Eq. (1) is
1
X" YT (@) + XY 0)T() = 5 X()Y ()T (0).
Dividing by X(x) Y(y) T(¢) gives
X' Y'0)) LT
X(x) Y/ AT

The left-hand side of Eq. (2) is a function of x and y, and the right-hand side is a
function of 7, so each must be a constant A. We show in Exercise 1 that this constant
must be negative, so we let — o? = 1. We then have

1 7T"(x)
2 T(t)

2

=—a® so T"(t)+c2a*T(r) =0. (3)

We also have

X' YN X, Y)
<X<x> * Y<y>> -

=—a . )
X(x) Y(y)

The left-hand side of Eq. (4) is a function of x, and the right-hand side is a func-
tion of y, so each must be a constant. As in the case of Laplace’s equation on a
square, we must have

X"(x):_mz and Y'(y) 2

X(x) Y(y)

where m? + n* = o>

Thus we have
X(x) +m’X(x) =0 and Y(y)+n® Y(y) = 0.
We also have the boundary conditions

X0)=X(mr)=0 and Y(0)=Y(w)=0.
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As we have seen on several occasions, the solutions are
X (x) = sin mx, Y,(y) = sin ny.
Returning to

T"(t) + 2T (1) = T"(1) + 2 (m2 + nz)T(t) =0

we have
T (t) = apy cos {(cx/ m? + n? )t} + by sin KC\/ m2 + n? )t]

Thus,
u(x,y,t) = i Umn(x,¥,1) = i {amn cos [(c\/ m? + n? )t]

mn=1 mn=1 5)
+byy SIN [(c\/ m* + n* )t} }sin mx sin ny.

We use the initial conditions to determine a,,, and b,,,,. We have

()

JFlx,y) = ulx,y,0) = Z @ SIN MX COS Ny
m,n=1
SO
4 ™ ™
Amn = — [ / F(x,y)sin ny dy} sin mx dx.
™ Jo 0

‘We also have

u:(x,y,0) = i {bmn ch/ m? + n? )} }sin mx sin ny.

myn=1

Letting ¢y = bmn KC\/ m? + n? )} we have

[s+]
g(xv}’) = ut(xayao) = Z Cpn SIN MX Sin ny

m,n=1
and
4 m ™
Cmn = —5 / {/ g(x,y)sin ny dy} sin mx dx
™ Jo 0
SO
4 [T ’T
=) [/ g(x, y)sin ny dy} sin mx dx
_Tm™Jo 0

Cmn
bmn =

cvVm? + n? cvm? +n?

Substituting the values of a,,, and b,,, into Eq. (5) gives the solution.
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Example:
Solve the wave equation on the rectangle 0 < x <, 0 <y < 7 given that

fx,y) =u(x,y,0) =x(r —x)y(r —y) and g(x,y) = u:(x,y,0) = 0.
Since g(x, y) =0, then b,,, = 0. Also

4 ™ ™
mn = —5 / {/ f(x,y)sin ny dy} sin mx dx
™ Jo 0

4 w m
== / {/ x(m — x)y(m — y)sin ny dy] sin mx dx.
™ 0 0

EXERCISES

Solve the wave equation on the rectangle 0 < x < w, 0 <y < m given the following
initial data (do not attempt to simplify the expressions for a,,, and by,,):

Sy =ux,y,0)=1— - yz; g(x, ¥) = ulx, y, 0) = sinx cosy.

Sy =ux,y,00=1—x sinyz; glx, y) =ulx, y, 0) =x — 2y.

- f(X,)’):u(xay, O): 1 —X=y ;g(-x7y):ut(-x7y7 O)ZSln-x

. f(x,y) = u(x, y, 0) = sinx siny; g(x, y) = ugx, y, 0) = 0. (It is possible to simplify
this problem with reasonable effort.)

5. Solve uy(x, y, 1) = uyl(x, y, 1) + uyy(x, , 1), 0 <x <, 0 <y <m, with boundary

conditions u(x, 0, 1) = u(x, m, £) = u(0, y, t) = u(m, y, t) = 0 and initial condi-

tions u(x, y, 0) = x(x — m)y(y — m), ulx, y, 0) = 0.

HWN =

8.6 SOLVING THE HEAT EQUATION IN ONE DIMENSION
USING SEPARATION OF VARIABLES

NO HEAT SOURCE

In one dimension the heat equation with no heat source is

0%u(x, 1) 1 du(x,1) )
dx? o2 o
Note: By using the change of variables T = ar, the 1/ term in Eq. (1) can be
eliminated. In some examples we make this substitution.

. o 0%u(x, 1
To solve the equation, we need two boundary conditions (because of ( 2’ )
N . Au(x, t N . _
and one initial condition <because of E?t’ ) . For our initial considerations we let

these be

u(0,71) =0, u(0,L) =0, u(x,0) =f(x).

297
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To apply separation of variables, we assume that the solution can be written as
the product of functions of a single variable. In this problem we assume

u(x,t) = X(x)T(1). )
From Egs. (1) and (2), we get
1
X' (x)T(t) = EX(x)T’(t). 3)

Dividing Eq. (3) by X(x) T(¢) gives

X"(x) 1 T'(1)
X(x) 2 T@) @

Eq. (4) again illustrates the salient point of the technique of separation of variables.
We have one side of the equation as a function of one set of variables (in this case, x)
and the other side as a totally different set of variables (in this case, 7). Thus, each side
must be the same constant.

Suppose

X" (x)
X(x)

1
=f and — =4.
a

Then we must solve

1" N _ T/( ) _ 2
X"(x) —BX(x) =0 and i =% g.
The solution to the second equation is

In(T(1)) = Bt +C or T(t) =T(0)e* "

We now determine the sign of 8. If 8 = 0, then 7(¢) is constant, which is impos-
sible unless u(x, 0) = f(x) = 0. This yields the trivial solution u(x, ) =0. If § >0
then 7(f) grows exponentially, which is impossible with no heat source. Thus,

B <0, and we set 8 = — 2. We must now solve
X" (x) + 2°X(x) = 0 (5a)
and
T'(t) + o> 22T (1) = 0. (5b)
The solutions to Eqgs. (5a) and (5b) are
X(x) = a; sin(Ax) + ap cos(Ax) (62)
and

T(t) = aze % (6b)
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respectively. We use the boundary conditions and initial condition to determine aj,
aj, and as.
We have

u(0,1) = X(0)T(r) =0
u(L,t) = X(L)T(t) = 0.

Since 7(f) = 0 yields the trivial solution, we must have X(0) = X(L) =
In Eq. (6a), when x = 0 we have

X(0) = a; sin(A0) + ap cos(40) = ap = 0.
So
X(x) = a; sin(Ax)
and thus when x = L we have
X(L) = a; sin(AL) = 0.

One possibility is thata; = 0, but that gives the trivial solution u(x, ) = 0. The only
other possibility is AL = nw where n is an integer. Thus, we must have 4, = nw/L
where 7 is an integer, and so

X, (x) = sin (nwa)

Thus

1) = e = exp| — (7)Y

and for any positive integer n we have

Un(x,1) = Xn(x) Tu(1) = sin (?) exp { - (%) 2;}

is a solution to

u(0,¢) = u(L,r) = 0. 7

By superposition

o0
Z CnlUp (xv t)
n=1

is also a solution to Eq. (7).
We use the initial condition u(x, 0) = f(x) to determine the c¢,’s. Now

= zw:l Cpin(x,0)
Zo:: sm( )exp{— (ozmr) ] ch Sm(nmc) = f(x).
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We need to express f (x) as a sine series. We have

- . /nTX
= sin—=
%) ;C” ( L )

SO

2 (L . (NTX
Cp = z /0 f(x)sm(T) dx.
Thus,

= Sesin(")ens] - (4]
£} frontErerml e

is the solution to the equation

2u(x, X
Pule) 10D 0 —uitn =0 o) = £l

if indeed u(x, ) can be written as X(x) 7(r). We leave it as Exercise 1 to show the
solution we have asserted is valid.

THE INITIAL CONDITION IS THE DIRAC-DELTA FUNCTION

We now consider the equation

0%u(x,1) 1 du(x,1)

wr a2
This equation would be appropriate to model a sudden release of pollution where
the boundary of the region is absorbing. (The heat equation is also models diffusion.)

To do this problem, we use the Fourier expansion of the Dirac-delta function,
dx, (x). We note that

u(—m,t) = u(mt) =0 u(x,0) = do(x).

1 [" 1
ay =— / Ox, (x)cos(nx)dx = ;cos(nxo)

™ s
b, = 1 /7T Oy, (x)sin(nx)dx = lsin(nxo)
T ) .
$0
| ®
Oy, () = 7 +— - Z cos(nxp)cos(nx) + sin(nxg)sin(nx)].

n=1
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Now
cos(nxg)cos(nx) + sin(nxg)sin(nx) = cos(nx — nxg) = cos[n(x — xo)]

so the Fourier expansion of dy,(x) is

1
2ﬂ_+ﬂ Zcos (x — xp)]

and the Fourier expansion of dy(x) is

L + 1 i cos(nx).

Tom A

As in the previous example, we assume
u(x,t) = X(x)T(1).

Since we know T(0) = 1, we have from previous examples, u(x, 0) = X(x). But

u(x,0) = dp(x 277 - Zcos (nx).

As before,
T,(f) = e
so that
u(et) = 3 X WTa(t) = Xo()To(t) + > K0T (1)
n=0 n=1

2

1+1i ( )7(12?!1
= — — cos(nx)e
™ 7Tn:1

where we use the fact that the coefficients have been determined by the initial
condition.

We note that another approach to the problem is to use the fundamental solution,
which we derive in Chapter 11, to get

1 x2
u(x, t) = o exp <_kt>

EXERCISES

1. Solve the heat equation

du(x,1) aza u(x, 1)
ot dx?

O<x<m t>0
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for the following initial and boundary conditions:
a. u(0, 1) =u(m, 1) =0; u(x, 0) = 1—cos x.
b. (0, /) = u(m, £) = 0; u(x, 0) = sin*(x).
c. u(0, 1) = u(m, 1) = 0; u(x, 0) = x(7—x).
d. u (0, 1) = um, 1) = 0; u(x, 0) = x(7w—x).
2. Solve
Ou(x, 1) 0%u(x, 1)
a ox?
Ou(m, 1)

u(0,1) =0, PR 0; u(x,0) =sinx.

—u(x,t) O0<x<m t>0

3. Solve the heat equation

du(x,t) _ 0%u(x, 1)

O<x<m t>0

ot dx2
ou(0,¢)  Ou(m,t) B
Fa 0, Fa— 0; u(x,0) =nx.

4. Solve the heat equation

du(x, 1) _ 0%u(x, 1)

—mw<x<m, t>0; u(—mt)=u(n1);

ot 9x2
Ou(—m,t)  du(m,t) _
N R u(x,0) = cop(x).

5. In this exercise we solve by separation of variables the equation

du(x,1) 0%u(x, 1)
at dx?

+au(x,t) =0 0<x<m, t>0,

u(0,1) =0, =0, u(x,0) =x(w —x).

a. Show that separation of variables yields the equations
X"(x) + 22X (x) = 0
T'(1) + (a + A*)T(t) = 0.

b. Show that the eigenvalues are 4, = n + %
c. Show that
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Tn(t) — e*[(2n71)2+ 4a]t/4; Xn(x) — sin (n — %)x

and thus

1
ZCn [2n—1)"+ da]t/4 s1n<n—§)x.

d. Let k =n— 1/2 so that
o0
0) = by sin kx = x(m — x).
k=1

Find b; and show that

Z 8 cos(n7r2) o [@n—1+4d]u/4 <n _ 1) x.
(2n -1 2

n—l

8.7 STEADY STATE OF THE HEAT EQUATION

The heat equation has a steady (equilibrium) state exactly when
Ju(x, t
lim 2450 _
-0 Ot
If we have a rod of length L, then having a steady state means for each value of x,
0 < x <L, there is a number (temperature) Ty, for which lim u(x, ) = Ty.
One of the simplest cases is constant boundary conditions’
u(0,t) =Ty, u(L,t) =Ty.

In the event that the heat equation has a heat source, g(x), which depends only on
x, the heat equation is

Ou(x,t) 0%u(x, 1)
ot 0x2

where we have rescaled the model so that o = 1.
We consider the heat equation with a source

du(x,t) 0%u(x, 1)
a ox?

(If g(x) > 0 then g(x) is said to be a heat source; if g(x) < O then g(x) is said to be
a heat sink.) If there is a steady state, then

+ g(x)

+g(x), u(0,1) =Ty, u(L,t) =T, u(x,0)=rf(x).
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. Ou(x,1) 0%u(x, 1)
tliP;.loT:O:tir{olo[ axz +g()€) .

ou(x,t 0%u(x,t

Note that if lim u(x, 1) =0, then lim u(x, 1) must exist.
f—o00 0 f—o0  Ox2
Let ug(x) be the steady state; i.e., ug(x) = lim u(x,7) = Ty. Then ug(x) must
satisfy e
d*ug(x)

2 +8(x) =0, us(0) =To, us(L) =Tr.

From u(x, ) we subtract the steady state ug(x) to obtain
v(x, 1) = u(x, 1) — us(x).

We show that v(x, f) satisfies the heat equation. We have

v(x,1) _ du(x,1)  v(x,1) _ 0%u(x, 1) B dPug(x) 0%u(x, 1) tg

ot a0 o 2 a2 a2 (x)
N
v(x,1)  du(x,t) 0%ulx,t ?v(x, 1
() _duter) _ Puten) o P
ot dt Ox Ox
and

v(0,1) = u(0,t) —us(0) =To—To =0
v(L,t) = u(L,t) —us(L) =T, — T =0
v(x,0) = f(x) —us(x) 0<x<L.
We have seen how to solve

v(x,t) 0%v(x, 1)
a 0x2

, v(0,1) =0, v(0,) = 0, v(x,0) =f(x) —us(x) 0<x<L

in the previous section. The function ug(x) must satisfy

dPug(x
U1 g(v), us(0) =T, uslL) = 1.
X
In the next two examples, we apply this method to solve forms of the heat
equation.
Example:

Suppose there is no heat source, but the body reaches a steady state.
In this problem, we continue to rescale so that & =1.
Find the steady state and the solution for the heat equation that is given by

ou(x,t) 0%u(x, 1)
a ox?

u(0,1) =Ti, u(L,t) =T, u(x,0)=f(x).
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Since we are given the temperature of the body approaches a steady state, we also
have

fim Ou(x,t)
t—ooo Ot

=0.

Because u(0, 1) = T and u(L, t) = T,, we must have

us(O) = tlingo I/I(O, l‘) =T, and us(L) = tlinolo M(L, t) =T1.

Now
. 0%u(x,t) . du(x,r)
A, ox2 A, o
and
2 2
lim 07 u(x,t) _d us(x)
t— o0 ox2 dx?
)
d2
us(x) _ g
dx?
Thus
ug(x) = Ax + B.
Wehave T) = us(0) = Band 7> = ug(L) = AL + B=AL + T|,s0A = (T,—T))/L.
Thus,
T, —T
ug(x) = (21471))6 + 1.

If, as before, we let
V(x, t) = u(x7 t) - MS(X)
then we have seen

v(x, 1) 0%v(x,1)
a0z

v(0,1) =0, v(0,7) = 0, v(x,0) =f(x) —us(x) 0<x<L.

As in the previous section, (although here we have set o = 1)

2,22

chexp< ol t) n(?>

To determine ¢, we must use

v01.0) = 1(0) = s =) = [ (BT )7 |
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Thus

Cn :%/OL [f(x) - <T1 LI - Tlx)]sin(%)dx.

Thus,

< a2n21r21>, nwx
chexp IH<T)

_ i[% /OL {f(x) - (Tl +#x)]sin(?)dx]

o*n?n’r\ | nmx
X exp| ————— sm(—).
L L

Next we consider the case where there is a constant heat source and an equilib-
rium state.

Example:
Consider the equation

Ou(x, 1) 0%u(x, )
o ox2
where (3 is a constant.
We first find the equilibrium state ug(x) that satisfies the equation

+8, u(0,1) =Ty, u(0,L) =Ts, u(x,0)=f(x) (1)

dPug(x
dsz( )+ B=0 us(0) =T, us(L) =Ts.
X
Then
d*ug(x)
dx2 =6
)

us(x) = —gxz +Ax+B.

Since ug(0) = T, we have B = T} and

us(L) =T, = —§L2 +AL+T,

SO

T, QL
L 2

T
AL:Tz—T1+§L2 and A =2
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Therefore

We let
v(x, 1) = u(x,t) — ug(x).

If we can find v(x, 1), then we know u(x, ¢). Again

vix 2y(x
ad g;t):a aiz,t)7 v(0,7) =0, v(0,7) = 0, v(x,0) =f(x) —us(x) 0<x<L.

We proceed as before to find
2,22

chexp< acn*m t) . (erx)

To determine ¢, we must use

v01.0) =) — () =) — | 57+ (BT 4 B e,

L
Thus
L J—
cn = % /0 {f(x) — {—gxz + <T2 2 h 62L>x+ Tl} }sin(nzx)dx.
Thus
o 2.2 2
v(x, 1) = ;cnexp (—a Z T t) s1n(%)
00 L _
= E/O {f(x)— [—§x2+ (TZLT‘ +57L)x+T1H
n=1

. /NTX —aznzwzt . (NTX
X sin (—) dx exXp| ——— |sin (—) .
L L L

Finally, we have

u(x,t) = v(x, 1) + ug(x)

_ :01 E /OL{f(x) - |:—§X2+ <T2ZT1 +62L)x+T1H

(]

222

. (NTX mt\ . /nmx
X sin (—) dx| exp| ———— |sin (—)
L L L

B, 6L
—&-[—zx +( i3 2>x+T1]
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EXERCISES

1. Find the steady state and the solution to the heat equation

ulx,t)  ulx,t
u(x,t) M(X,)Jr

glx) 0<x<L, t>0, u(0,1) =Ty, u(L,t) =Ty,

a ot
u(x,0) = f(x)
for the following functions g(x).

a. gx)=
b. g(x) = sin x.
c. glx) = x>
d. gx) =3¢
e. gx) =1+ 3x.

2. Find the solutions of problem 1 for f(x) = Top + (Tz — Tp)sin (;—z)
3. Solve the heat equation

du(x,t) 0%u(x, 1)
a ox?
assuming there is an equilibrium state.
4. Solve the heat equation

Ou(x, 1) Fu(x,1)
a0z
u(x,0) = (1 — x)Tp + xT

O0<x<m u0,1)="Toy, u(mt)=TL, ulx,0)=1—x

0<x<1; u(0,r)=Ty, u(l,t) =T,

assuming there is an equilibrium state.
5. In this problem we solve the heat equation

du(x,t) 0u(x, 1)
ar  ox2
u(x,0) = g(x).

+f(x1), O<x<m, t>0; u(0,1)=0, u(m1)=0,

a. Show that the solution to

du(x,t) 0%u(x, 1)

o = a2 , O0<x<m t>0; u(0,t)=0, u(m,t) =0, u(x,0)=g(x)
X

is of the form

ZAne " sin (nx)

where the A,’s are determined using g(x).
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h. Assume that f(x, f) can be expanded in a sine series

x,t) = ifn(t)sin(nx).
n=1

Show that
= % /Oﬁf(x, t)sin(nx)dx
and thus
Fler) = i E /O ", t)sin(nx)dx] sin ().
c. Let

[So]

u(x,r) = ZBn(I)sin(nx).
n=1
du(x,1)  u(x,t
Show u(x, 0) = u(x, m) = 0. Also show that "‘(ax’ ) _ L;(ﬁ )
u(x, t) as defined above gives the equation ! X

Z di t)sin(nx) inan (¢)sin(nx) + io:fn(t)sin(nx).
n—1 n=1

n=1

+ f(x,t) with

This means

TB.(0)+ W°B.1) = £, @

d. Show that the solution to Eq. (2) is

1) = [fu(t)e™ dr + C,

et
where the C,’s are to be determined.

e. Use that u(x,0) = g(x) = > >, B,(0)sin(nx) to conclude

B,(0) == /Oﬂg(x)sin(nx)dx.

f. Show C, = B,,(0) and thus

t
B,(t) = e*’”/ fu(0)e"dt + By(0)e .
0
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g. Show that

u(x, ) = iB,,(O)e*"Zf sin(nx) + i ( /0 t e"2<’f>f,,(f)df) sin(nx).

n=1 n=1

6. Use the result of problem 5 to solve

du(x, 1) 0*ulx, 1
”E;’): t;i);)erCI(t), 0<x<m t>0; u(0,1)=0,

u(mt) =0, u(x,0)=0.

It may be helpful to use the Fourier expansion

o (_1)n+1
x = ZZ sin nx.
n

n=1

8.8 CHECKING THE VALIDITY OF THE SOLUTION

In this chapter we have assumed that the solution to the initial value problem could
be written as the product of functions of one variable. With that assumption, we
found the solution. Along the way, we have cautioned that the result should be veri-
fied. In this section we show one method for checking the solution. Some facts about
series of functions that we shall use are

1. The Weierstrass M-test.
2. If > a,x" is a power series with radius of convergence R, then

a. > ayx" converges uniformly and absolutely on the interval [-R + &, R — ¢]
for any € > 0.

b. %Z ap" =3 nayx"l
C. The series Y a,n*x" has the same radius of convergence as > a,x" for any
positive integer k.

Consider the heat equation

Ue(x, 1) = %ut(x, 1); u(0,8) =u(m, 1) =0; u(x,0) =f(x).

We have found that the solution using separation of variables is

[oe]

u(x, t) = Z up(x, 1)

n=1
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where

T 2
Un(x,t) = (%/ f(x)sin nx dx)sin nxe(@n)t
™ Jo
2 ™ 2 e
—/ f(x)sin nx dx S—/ | f(x)|dx.
™ Jo ™ Jo

If f (x) is piecewise continuous, then it is bounded. Thus there is a number M for
which

Now

2 [N <

So for every positive integer n, we have

Jn (o, )] < | sim e~ | = g,
Note that
d? 5 d 5
dr ) (I/ln(x t)) = —n Mn(.x, l) and E(u"(x’ t)) = —(an) Mn(.x, t)
so that
d? d
’d 5 (n (x, t))‘ < n?Me~ (" and ‘E(M"(x’ t))‘ < 2o Me—(en)’t

Since for any ¢ > O the series of numbers

o0

2
§ :n26 n-e

n=1

converges, each of the series

o0 o0 6
Z Z—zunxt and Z (tn(x, 1))
n=1 n=1

converges uniformly for r > €, where € is an arbitrary positive number.
Thus, if we let

then
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if t > e. Since
32
@un(x, t) — ol Eun(x, t)=0 and u,(0,) = u,(mw,t) =0 for every n
we have
9 19
@u(x, 1) 2 Eu(x, t)=0 and u(0,t) =u(m,t)=0 fort>e.

Finally, we must show

limu(x, 1) = f(x).

tl0

To proceed, we assume that f'(x) is continuous on [0, ] and £ (0) = f () = 0 and
that

/W [f/(x)]zdx < .
0

The last assumption ensures that the Fourier series for f (x) converges uniformly

to f (x).
Let sy(x, f) be the Nth partial sum of

i.e.,

Then

N
sn(x,0) = Z by, sin nx.
n=1

Since the Fourier series of f(x) converges uniformly to f (x), given € > 0 there is a
number N(g) so that if n > N(e) then

sw(x.0) ()] = <3

N
Z by, sin nx — f(x)
n=1

SO

[sv (%, 0) = 5w (x, 0)] = [sw (x,0) = f(x) +f(x) = sm(x,0)] < |sw(x,0) —f (x)]

] f(x) = sm(x,0)| <§+f:e
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if M, N> N(¢). Thus {s,(x,0)} is a uniformly Cauchy sequence of continuous
functions that converges uniformly to a continuous function, and this function
must be f(x).

A fact that we do not prove (see Weinberger, pp. 58—60) is that in our setting we
must then have

|sn(x, 1) —sm(x,0)| < e if 0<x<m t>0 if M, N> N(e).
This shows

lim

thu(x’ 1) = f(x).

We note that in verifying the solution for the heat equation we were aided sub-
stantially by the fact that we had an exponentially decreasing factor. This is not true
with the wave equation. To prove validity of the solution for the wave equation, we
need some properties of the wave equation that we have not yet developed. A proof
of the validity of the solution of the wave equation may be found in Brown and
Churchill, pp. 338—341.



CHAPTER

Solving Partial Differential
Equations in Cylindrical
Coordinates Using
Separation of Variables

9.1 INTRODUCTION

In Chapter 8, we solved Laplace’s equation, the wave equation, and the heat equation
in Cartesian coordinates using separation of variables. In this chapter, we solve the
same equations in polar or cylindrical coordinates. In Cartesian coordinates, the or-
dinary differential equations (ODEs) that arose were simple to solve. We shall see
that, in cylindrical and spherical coordinates, not all the ODEs are as agreeable.
The solutions to these more difficult ODEs go by the names Bessel functions and
Legendre polynomials. In cylindrical coordinates, we need only Bessel functions.
We begin this section by showing how these equations arise.

AN EXAMPLE WHERE BESSEL FUNCTIONS ARISE

Consider the heat equation
u; = KAu.

The reason the equations that arise from separation of variables in cylindrical co-
ordinates are not as simple as in Cartesian coordinates is the form of the Laplacian.
In cylindrical coordinates, the Laplacian is given by

1 1
Au = uy +—u, + gy + Uz
r r

It will simplify our computations and still allow us to demonstrate how Bessel
functions arise if we assume that u is a function of r, 6 and ¢, but not a function

of z.
We suppose
u(r,0,t) = R(r)®(6)T (1)
so that
u, = KAu
Mathematical Physics with Partial Differential Equations. https:/doi.org/10.1016/B978-0-12-814759-7.00009-0 315
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can be expressed as

R(NOO)T'(1) = K |R"(r)®(0)T(1) —i—%R'(r)G)(é‘)T(t) +rlzR(r)®"(9)T(z) .
Dividing by KR(r)®(0)T(f) gives
17 R'(r) 1R(r) 10" |
KT@{) R(r)  rR(r  r20®0) M

The left-hand side of Eq. (1) is a function only of ¢, and the right-hand side is a
function of r and 6, so it must be that each is a constant. In Exercise 1, we show that
this is a negative number that we denote —A. Thus

% TT/((;)) = —Xor T'(1) + AKT(t) = 0. 2)
Also,
R'G) 1RG) 100
R(r) * r R(r) Jrr2 0(0) A
So
R)IR(G), . 16(0)
R TrR AT TR e
or

2[R0 1R W) ) e'0) 4
R(r) r R(r) o)
The left-hand side of Eq. (3) is a function of » and the right-hand side is a func-
tion of 4, so each must be a constant that we denote u. Thus we have

Q")+ n®() =0 )
and
2RO 1RO ) RO IR o
R(r)+r (r)+l} o R(r)+r (r)+/1 2
SO
R//(V) Jr%R/(r) + (/’L — }%)R(r) =0. (5

Thus, to solve the heat equation in polar coordinates, we need to solve Egs. (2),
(4) and (5). Of these, only Eq. (5) requires additional attention. It is (like) a Bessel
equation, and we construct its solution in the next section. This equation will arise
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when we use the Laplacian in polar or cylindrical coordinates in the wave equation
or the heat equation. In Laplace’s equation, we shall see the equation is of the form

R'(r) + % R(r) - <m2 + ﬁ)R(r) =0

and will have to be handled differently (although very similarly).
Had we assumed that the function u also depended on z and that

u(r,0,z,t) = R(r)®(6)T(t)Z(z),

Eq. (5) would still have been the only complicated ODE that would have arisen
(see Exercise 3.)

Eq. (5) is a “Bessel-like” equation. We next define a Bessel equation, demon-
strate one solution to such equations, and then make a transformation that will
enable us to solve the equation above. (Because this is a second-order differential
equation, there are two solutions, but one is unbounded at r = 0. Because of physical
considerations, this will be an inadmissible solution for our problems.)

A Bessel equation is an equation of the form

2y (x) + 1y (x) + (2 = vH)y(x) =0, 0<x< oo
The method of solution that we use is power series:
Step 1: Hypothesize a solution of the form
— i anxn—ka.
n=0

For the solution to be bounded at x = 0, we require that o > 0.
Step 2: Differentiate and collect terms. We have

0
§ : I’l-i—Oé n+oz71

SO
xy = (n+ a)x" T
n=0
o0
Z n + (X )xn+a 2
n=0
SO

o0
P Zan(n +a)(n+a— 1)K
n=0
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then

o0
2 4y 4 (P = 02) = [an(n+ @) (n+ @ — DX + [a,(n + @)t
n=0

+ [(a,,x""'“"'z) - Vzanx"+“] =0.
This can be written as

apafa — 1)+ a — Vz]x“ +a[(e+ Do+ (a+1) — 1/2]x’)‘Jrl
+ Z{an [(n+a)(n+a)—1)+ (n+a)— 1/2] + @y Jx*"
n=2
= ap (oz2 — vz)xa +a {(a +1)? - 1/2}
+°° n4a)? — v a, + ay_o bx*T = 0.
oo~ o)

The coefficient of each power of x must be 0. The coefficient of x* must be 0 and this
gives the indicial equation, from which we determine the value of «. If ag # 0, we
have

-1 =0
so o = 2. Also,
a [(a—l— 12 - V2:| =a [(a—l— 1)? - az} =a2a+1]=0.

If the solution is bounded, then « is nonnegative and a; = 0.
Step 3: The recurrence relation is

an[(n+a)(n+a) = 1)+ (n+a)—v*] +a,2=0
or
ap[(n+a)((n+a) = 1)+ (n+a) — vz} =ay, [(n +a)? - VZ} +ap,2=0.
Substituting v for « gives
an {(n + 1/)2 — VZ} =apn(n+2v) = —ay_pora, = "

Because a; = 0, then a; = 0 for every odd integer k.
Step 4: We now determine a general description of ay;. We have
ao

2(2+2v)

ay (— 1 ) (— 1 )ao

“T i) 2d+20) 22+ 20)

a) = —
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_ ay . ao
T 66 +20) 22(1-23)B3+ )2+ )1 +)

and

_ (—1)*ag
DT () (k+ )k — 1+ 2)(1 + )

Thus one of the solutions of Bessel’s equation is

e (1)t
yl(x) = apx 1+;22k(k')<k+l')(k_ 1 +V)(1 +y) ’

This is a solution for any value of ay. (Notice that we have not imposed any
boundary conditions.) This is Bessel’s function of the first kind of order », denoted
J,(x). If we let ap = 1/v12”. We can express J,(x) as

[ (_1)kx2k+v © (_1)k (§)2k+y
) = e — 2 B ©

By the ratio test, this series converges for all values of x, and in Exercise 5 we
show that it is a solution for x > 0.
In the case that the equation is of the form

R'(r) + % R(r) - <m2 + ﬁ)R(r) =0,

as will be the case for Laplace’s equation, the solution is a modified Bessel function
(sometimes called a Bessel function with imaginary argument) denoted by I,(x),
which is defined by

x2n

1+ 5 .
; 22npl(1 + ) (n+v)

xl/

hix) = 2vp!

(See Pinsky, 1998, p. 187.) The modified Bessel’s function is obtained by replac-
ing x with ix in Bessel’s equation.

Bessel’s equation is a second-order equation, so there will be two linearly inde-
pendent solutions. For our purposes, we shall not be concerned with the second so-
lution because it diverges at x = 0. The discussion and derivation of the second
solution can be found in many differential equation texts, including Boyce and
DiPrima (2008), but the second solution is of the form

¥2(x) = y1(@)nfx| + x> b
n=1
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The two equations given at the beginning of this section are of the form

0 +H D0+ (- B =0 )

In cylindrical coordinates, d = 2 and u will typically be m”. In spherical coordi-
nates, d = 3 and p will typically be k(k + 1).
In our later work we consider this to be an eigenvector—eigenvalue problem.

EXERCISES
1. Show that the constant that arises in Eq. (1) is negative.
2. Repeat the separation of variables argument in the case that

u(r,0,z,t) = R(r)®(0)T(1)Z(z).

3. Repeat the separation of variables argument for the wave equation.
4. Show that J,(x) that arises in Eq. (6) converges for x > 0 and solves

2

2y (x) + 1y (x) + (F = 1)y(x) =0, 0<x< oo

5. Give a bounded solution for the following equations:
a. X%y (x) +xy'(x) + (x> —4)y(x) = 0.
b. x2y"(x) +xy'(x) + x*y(x) = 0.

. y(3) + (1Y () + (1= 5)y(x) = 0.

9.2 THE SOLUTION TO BESSEL'’S EQUATION IN
CYLINDRICAL COORDINATES

In our analysis of the heat equation in cylindrical coordinates using separation of
variables, we arrived at an equation of the form

d’R(r)  dR(r)
2 2 —_
r— et + [Ar* — u]R(r) = 0.

For our applications, u = n? where n is an integer, so we want to solve
d*R(r)  dR(r)

dr? tr dr

r + [2* —n?]R(r) = 0. 1)
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Eq. (1) is not a Bessel equation but can be transformed into a Bessel equation by
the change of variables x = rﬂ, as we now demonstrate. We have

dR(r) dR(x) dx dR(x) V7 and

dr — dx dr dx
d’R(r)  d*R(x)
dr? dx*

A

SO

d*R(r) N rdR(r)

2
" Tan dr

+ [A? = n?]R(r) =0
is transformed to
x \ 2. d’R(x) x dR(x) @,
() e () &+ [
d’R(x dR(x
. e

Eq. (2) is a Bessel equation that has two solutions. The solution that is bounded at
x = 0 is typically the only one of interest to us. That solution is given by

R(x) = Ju(x) = Jn (rﬁ).

2

=x’ + [xz - nz}R(x) =0.

Any Bessel function of the first type has infinitely many positive roots. The
graphs of several Bessel functions of the first type are shown in Fig. 9.2.1.

0.8- Jox)

Jy(x)
0.06 - 5,0
L0 U
0.4

0.2

—-0.24

~0.4
FIGURE 9.2.1
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Let {x,,,,} denote the positive roots of J,(x); i.e., Ju(xp») = 0. In many equations
involving a cylinder, one of the boundary conditions is that the value of R(7) at the
surface of the cylinder is constant. Suppose that the radius of the cylinder is a and
R(a) = 0. (If R(a) is a different constant, this boundary condition can be obtained
by rescaling the temperature. We could also rescale the length to take a = 1, which
is common.) Thus, in cylindrical coordinates, an initial value problem of interest is

d’R(x)  dR(x)

2

Y TaR T dx
The solution to Eq. (3) that is continuous at x = 0 is R(x) = J,(x) = J,,(rﬂ) and

the boundary condition requires that J,(a) = 0. Since we have J,(x, ;) = 0, if we let

Rn(r) = Ji (3017

+ [x2 - nz]R(x) =0, R(a)=0. 3)

then

a

Rm(a) =Ju (xmma) =Ju (anm) =0.
Thus,
R(r) = Ju (30 )
r) = J,( xpm—
m n\Xnan

is an eigenfunction for the initial value problem given by Eq. (3). The eigenvalue for

X 2
R, (r) is (ﬂ) as we verify in Exercise 1.
a

In Exercise 2 we show that

x2

d’R

W, drRE)
dx? dx

is a Sturm—Liouville problem with weight function w(x) = x.

By the Sturm—Liouville theory, the eigenfunctions are complete. That is, if f(x)
is a function on [0, «a] for which

+ [xz - nz}R(x) =0, R(a)=0

/ A () 2dx < oo,
0
then
- X
f(x) = mgobm Jn (xn,mg)
where

@I ()
f()a X [JH (xn,mg)} de .

m
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The final points in this section are reiterated with some intuitive explanation in
Section 9.5 when we discuss the heat equation on a disk.

EXERCISES
1. Show that

X
Ju (xn,m_)
a

is an eigenfunction for

d’R dR
dx(zx) +x% + [x2 — nZ]R(x) =0, R(a)=0, R(x) is bounded at x =0

x2

with eigenvalue

2. Show that

d*R(x)  dR(x) - B
di2 +x7+ [xz — nz}R(x) =0, R(a)=0

is a Sturm—Liouville problem with weight function w(x) = x.

x2

9.3 SOLVING LAPLACE’S EQUATION IN CYLINDRICAL
COORDINATES USING SEPARATION OF VARIABLES

In cylindrical coordinates, Laplace’s equation is
1 1
Au(r,8,z) = uyr +—u, + —ugy + uzz = 0.
r r
We solve the boundary value problem
1 1
urr+;ur+r—2ugg+ua:0; O<r<a, 0<z<b;
u(r,0,0) =u(r,0,b) =0, u(a,b,z) =1(0,2).
We hypothesize that
u(r,60,z) = R(r)®(0)Z(z)

SO

Au(r,0,z) = R"(r)®(0)Z(z) + lR’(r)@(e)z(z)

r

+ LR(DO"(0)2() + R(NOB)Z'(2) = 0.

7
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Dividing by R(r) ®(0) Z(z) gives
R'(r) 1R(r) 10"(6) Z"(2)

RY TrrRH TR e Tz

or

R'(r) 1R(r) 1 0"(6) _7Z'(2) 0
R(r) rR(r) 200  Zi)
The left-hand side of Eq. (1) is a function of » and 6, and the right-hand side is a
function of z, so each is a positive constant that we call C. Thus we have

_Z//(Z) B
Z(z)
Z"(z) + CZ(z) = 0.
Then
Z(z) = A cos(VCz) + Bsin(VCz)
and
Z(0) =0,
)
A=0; Z(b)=0
)
\/E:—7T and C = (%)2
Thus
Zy(z) = sin (%m)
We also have
R'(r) 1R() 16
R TrR) TR e €
)

(R0 IR 00
(R(r)*rR(r) C) ()

and there is a constant D with
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SO
®"(0) + DO(H) =0
and
J[R'(r) [ LR(r) ] _
’ {Rm TR0 C} - @

The periodicity conditions ®(w) = @(—m) and ®'(7) = ®'(—m) require that
D > 0. We let D = m? and so we have
R" 1R R" 1R D
2 (I") (r)_C =Dor (r)+_ (r)_C__:O
R(r) r R(r) r?

R(r) r R(r)

SO

R(r) + %R’<r> - (C * r22>R(r) = RO)+R () - (( b

T)z + m—;)R(r) = 0.

r r

It will simplify the notation if we let b = 7, and we now make that substitution.
We then have

R"(r) + 1R/(r) —(n?+ m—z R(r)=0
r r2 '
Recapping, there are three equations we must solve:

Z"(z) + n*Z(z) =0, Z(0)=Z(x)=0
0"(0) + m*@(#) =0, O(n) =O(—x)and O (1) = O'(—7)

~

m2
R'(r) + %R’(r) - ("2 + z)R(V) =0 )

Eq. (3) has no boundary condition. Instead, we require that the solution is
bounded at r = 0.

Note that to solve Eq. (3), we will need to use a modified Bessel function.

We have shown that

Zn(z) = ay sin nz.
The equation
@"(0) + m*@(0) =0

has only the continuity conditions ®(7) = @(—m) and ®'(7) = O'(—m) so

®,,(0) = by, cos mb + ¢, sin mé.

325
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The equation

R'(r) + %R'(r) - <n2 + 'f—j)R(r) =0

has A,,,l,,(nr) as its solution. We choose A,,,, = 1/I,,(na) so that

Run(r) = Appln(nr) = %
and so
Ryn(a) = ;:EZZ; =1.

Thus, we have
U (7,0,2) = Ry (r) O (0)Z,(2)

= Apnlm (nr)(by, cos mé + ¢, sin mé)ay, sin nz

1
= Wlm (nr) (b, cos mb + ¢, sin mb)a, sin nz.

The constants can be combined to write

Unm(r,0,2) = Iy (nr)sin nz(dym cos md + epyy sin mé).

1
Iy(na)
Thus,

I & 1
0,2) == dpo——1
M(}", 3Z> ) Z nolo(na) O(nr)
n=1
= 1
+ m;:I Wlm(nr)sin nz(dum cos mé + ey, sin m#).
We apply the boundary condition u(a,d, z) = f(0, z) to get

o)

u(a,0,z) = f(6,z) = % Zdnoﬁlo(na)

n=1

> 1
+ Z Iy (na)sin nz(d,, cos m + ey, sin mf)

1 o0 o0
=3 Zdno + Z sin nz(dp, cos mé + ey, sin mo).
m, n=1
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Then

l 2 us 2T
dymn = — = / / f(0,z)cos mfd®d | sin nzdz
T, =0

and

12 ™ 2w
epn = — — / f(0,z)sin md6 | sin nzdz.
T Jz=0| Jo=0

We note that the z—coordinate can be problematic. Some sources, such as Pinsky,
Partial Differential Equations and Boundary-Value Problems with Applications,
Third Edition, do the problem in polar coordinates. If no boundary conditions on
Z(z) are given, the sign of C cannot be assigned. We have followed the problem
and solution as given in Weinberger, A First Course in Partial Differential
Equations.

EXERCISES
1. Solve

Au=0, 0<r<l, 0<z<m u(rb,0)=u(rbr)=0;
u(1,0,z) = z(1—2).
2. Solve

Au=0, 0<r<l1, 0<z<m u(r,6,0)=u(rd,m) =0;
u(l,6,z) = siné6.

3. a. Solve Laplace’s equation on a cylinder in the case that the solution is inde-

pendent of z and 6.

b. Use the result in part a to solve Laplace’s equation in the cylinder r; <r < r;
with boundary conditions u(r;) = A and u(r;) = B.

€. Recall that the solution to Laplace’s equation provides the steady state of the
heat equation. Use the result in part b to find the steady state of the tem-
perature between two concentric cylinders, where the inner cylinder is kept
at temperature A and the outer cylinder is kept at temperature B.

4. Determine the steady-state temperature of a cylinder of radius 2 and height =
where the boundary conditions, which are the top and bottom temperatures, are
kept at T = 0 and the temperature on the curved surface is 7(z) = sin z. Assume
the solution is independent of 6.

5. Solve Laplace’s equation on a cylinder of radius 1 and height 7 where the so-
lution is independent of z with boundary condition u(1,0) = sin 6.

6. a. Solve Laplace’s equation on concentric circles of radius 1 and 2 with
boundary conditions u(1,6) = sin 0; u(2,0) = 4sin 6.
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b. Find an expression the coefficients must satisfy to solve Laplace’s equation
on concentric circles of radius R; and R, with boundary conditions
u(R1,0) = f(0); u(Ry,0) = g(0).

7. In this problem we solve Laplace’s equation on a circle. Solve
1 1
Au(r,0) = uy +—uy + —ugg = 0; 0 <r<a, u(a,b)=r(0).
r r
Show the solution is of the form

u(r,0) = %0 + Z(an cos nf + by, sin nb)
n=1

and find an expression for a, and b,,.

9.4 THE WAVE EQUATION ON A DISK (THE
DRUMHEAD PROBLEM)

The wave equation on a cylinder is well illustrated by the drumhead problem, even
though the z-variable does not appear in the problem. This problem was solved by
Euler in the mid-18th century. The problem states that we have a membrane
stretched over a circular form whose radius is a. We let u(r,6,t) denote the vertical
deviation from equilibrium at the point (r,6) at time 7. We want to solve the equation

1 1
wa(r, 0,1) = FBu(r,0,1) = ¢ ( N —zuag)
r I

with boundary condition
u(a, 0,t) =0
and initial conditions
u(r,6,0) = fi(r, )
u(r,6,0) = f2(r,0).
If we proceed as we have with separation of variables, letting
u(r,8,t) = R(r)®(0)T(r)

we arrive at three ODEs:

T"(t) + 22T (1) = 0 (1a)
@"(0) +n*@(0) =0 (1b)
rzR”(r) +rR(r) + (}{2r2 — nz)R(r) =0 (1c)

as we show in Exercise 1. We note the periodicity of @(6) gives n” in Eq. (1b).
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Note that
u(a,8,r) =0

forces R(a) =0
The solutions to these equations are

T(t) = A cos(cAt) + B sin(cAt)
®,(68) = C, cos nf + D, sin nf
R, (r) = EpJy(Ar).

The boundary condition R(a) = 0 forces J,(Aa) = 0. We let x,,,, denote the mth
positive root of Jy,(x), and define

Ao = M = 0,1,2, .0 m=1,2,3, ...
a
‘We now have

Toun(t) = Apn cos(cAmnt) + B sin(cApnt)

Jn(Amnt) = T ()% r)

and so

U (1, 0,1) = J, (% r) [Cy, cos nf + Dy, sin nf) A, cos(cAmnt) + B sin(cAmynt)].
Thus

o0
(r,0,1) ZJ (xm" ) C,, cos nf + D, sin nf][A, cos(cAmnt)

m=

I

+ By sin(cAppt)]

= i io: 7, (xm,, )[Cn cos nf + Dy, sin nb|[Ay, cos(cAmnt)]

+

oo (o8]
Z Zln (xm" ) [Cp, cos nf + Dy, sin n)] By, sin(cAunt)]
=1

I
M8 .

Z Jn (x’"” ) mn €08 N6 + Fyyy sin nf][cos(cAmnt)]

m=1

3
Il
=}

o0 o0
+ Z Z Jn (xm,, ) mn €08 N0 + Hypy sin n][sin(cAyunt)]

n= =1

where Epn = ColApns Frun = DpApn, Gun = CuBiuny Hyp = DBy
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We used the boundary condition R(a) = u(a,0,f) =0 to get J,(da) =0 and
thereby determine the values of A,,,. We now use the initial conditions

u(r,H,O) :fl(ra 0)
Mt(r7 b, O) :fZ(r7 6)

to determine the constants. We have

(r,0,0) i i]n (xm,, ) mn COS 10 + Foy sin nf] = f1(r, 0)

n=0
SO

27

27T o > ‘xmn
fi(r, 8)cos kfdo = /0 Z ZJ” (7r>

0

M, x
= /0 Z Z In (? r) [Epnn cos n]cos kfdo
* / ) i iJn (@ r) [Fun sin nf]cos k6o
0 a
weeo @
= /0 Z Z In (7 l’) [Eun cos nb]cos kfd6

Then

a 2T . o0
/ ( Sfi(r,6)cos kﬁdﬁ) Ji (xjk r) rdr =m Z Eik / Jk( )Jk ( r> rdr
0 0 a m=1
= ijk/ Jk( )Jk (xr) rdr since / Jy (ka )Jk< 7k r) rdr=0 if m#j.
0 a 0 a a
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Thus,

1 a 2w o
- / ( Sfi(r,8)cos k0d0> Ji <J r) rdr

a . .
/ Ji <x/k r) Ji (ﬁ r> rdr
0 a a
By a similar analysis,

1 a 27 -
_ / ( Si(r,8)sin kﬁdﬁ) Ji (L r) rdr
T Jo 0 ,
Jk = 7 - -
/ Ji (xj_k”)Jk Cﬁi’)rdr

Eje =

n=0 m=1
so
us(r,0,0) = Z Z Jn (@ r) CAmn|Gun cos n@ + Hy,, sin nf)].
n=0 m=1 a
With an analysis very similar to the one above, we get
1 a 27 .
;/0 ( A fa(r,0)cos k0d0>]k <%r> rdr
cAinGip =
ykSjk a ik Xk
Jl =—r Jp| =71 |rdr
0 a a
SO

1 a 27 -,
_/ ( Sfo(r,8)cos kﬁdﬁ)]k(4r>rdr
T Jo 0 y
¢ Xjk Xjk
CAjk/ Je\ ==r |Jie\ =—r |rdr
0 a a
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Likewise,
1 a 2w '
p / ( fa(r, 0)sin kede) I (ﬁ r) rdr
T Jo 0 ,
chik / Ji <L r) Jk <L r> rdr
0 a a
EXERCISES

1. Show that separation of variables leads to Egs. (1a), (1b), and (1c). What does
O(7) = O(—m) and O'(w) = @'(—m) say about the values of n in Eq. (1b)?
In problems 2—6, give the formulas for the Fourier coefficients.

2. Solve the drumhead problem in the case a = 7, u/(r,6,0) = 0,
u(r,0,0) = sin 6.

3. Solve the drumhead problem in the case a = 7, u/(r,6,0) = sin 6,

u(r,0,0) = 0.

4. Solve the drumhead problem in the case a = 1, u/(r,6,0) = 0,
u(r,0,0)=1-r.

5. Solve the drumhead problem in the case a = 1, u,(r,6,0) = sin r,
u(r,60,0)=1—r.

9.5 THE HEAT EQUATION ON A DISK

In analyzing the heat equation on a disk by separation of variables, our focus will be
to better understand Bessel functions. We approach this by constructing the problem
so that the only solution of Bessel’s equation will be the Bessel function of order
zero of the first kind. We want to understand our problem as an eigenvalue/eigen-
function problem, and we examine how in some ways our solution parallels a
familiar problem that uses sine and cosine functions.

Consider a disk of radius a centered at the origin. The heat equation in polar co-
ordinates is

1 1
u(r,6,1) = K(u,,(r, 0,1) + ;u,(r, ,1) + ﬁu,g,g(r, 0, t)) )

For convenience, we set K = 1. We set the initial condition to be u(r,6,0) = f(r,0)
and to achieve the desired form of the problem, we set the boundary condition
u(a,0,t) =0, t > 0. As usual, we hypothesize

u(r,0,1) = R(r)®(0)T(1)
so that Eq. (1) becomes

R(r)®O(O)T'(t) = R"(r)®(O)T(r) + lR’(r)@(l?)T(t) + r]—zR(r)(D”(ﬁ)T(t)

r
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and dividing by R(r) ®(0) T(z) gives
Tty R'(r) 1R(r) 10"
T(t) R(r) rR(r) r> 0O@)
The left-hand side of Eq. (2) is a function of ¢, and the right-hand side is a func-

tion of r and 6, so each must be a constant that we designate k. We now determine the
sign of k. We have

2

T _,
T(r)
)
T(t) = M.
As there are no heat sources, u(r,0,t) cannot grow unboundedly. Thus k£ must be
negative. We set k = —A%. Thus we have
T'(1) = =2%T(1).
Setting
Ri(r) 1R() 100
R(r) " rR(r) r2 O
and rearranging gives
R// R/ @// 0
2 (V)_H, (r)—l—Aer:— ( )
R(r) = R(r) 0(0)

Again, this means each side of the equation must be a constant that we denote j.
We now determine the sign of j. We have
@// ( 0)
o)

SO
BO(f) =—jO(f) and O(F) +,;0(0) =0.
The periodicity conditions @ () = ®(—m), and O'(7) = O'(—) force j > 0. We

setj = U’
We thus have three equations

T'(1) = =2%T(1)
0" (0) + u*e(0) =0

2R'(r)  R'(r)

- 2
R(r) ~ R(r)

u-.

+ AZ,,Z _

333
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The last equation can be rewritten as
rzR"(r) +rR'(r) + (Azr2 - uz)R(r) =0.

We want to analyze a Bessel equation of order 0. If we assume that u(r,0,?) is in-
dependent of 6, then u*> = 0 and we get

PR"(r) + rR'(r) + 2*PR(r) = 0.
This is a Bessel equation of order 0. It has two solutions, but only Jy(r) is
bounded at r = 0 so that is the only admissible solution. Thus we have
rzR"(r) + R (r) = — }kzrzR(r)
or

R"(r) —|—%R'(r) = —A°R(r). 3)

If we take

LIR]=R"(r) + ;R'(r)

then Eq. (3) can be recognized as an eigenvalue/eigenvector problem
LIR] = —2*R(r)

for which Jy(r) is an eigenfunction.

We have imposed the boundary condition u(a,f,f) =0, t > 0, so we must have
Jo(a) = 0.

We want to emphasize the similarities between this problem and the familiar
problem

L[®] =0".
This is an eigenvalue/eigenvector problem with two eigenfunctions, sin af and

cos «fl. If we add the boundary condition ®(a) = 0, then sin af is the only admis-

2
sible eigenfunction, and o = % Thus, sin (% x) are the eigenfunctions and — (%T)

are the eigenvalues.
Returning to the Bessel function case, we know that Jy(r) (like sin ¢) has infi-
nitely many values where the function is 0. Previously, we have designated these

as xo1, Xo2, X03, --.. Then
X0,
e
a

are the eigenfunctions that satisfy the boundary conditions. Thus, the numbers

()
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are the eigenvalues for
L[R] = —2*R(r), R(a)=0.

Going back to the problem of Fourier series, recall that if {¢;(x), ¢po(x), ...} isa
complete orthogonal set of functions and f(x) is a suitably well-behaved function,
then

0= @)
n=1

where

S
" <¢)l’l7¢)n>'

The Sturm—Liouville theory tells us that {Jo (’% r> } is a complete orthogonal

set of functions. The inner product for this problem is

t.5), = /0 " f(o)re()dx

as we verified in Exercise 2, Section 6.2.

In our particular problem, we set the initial condition to be u(r,0,0) = f(r,0).
Since we later assumed independence of #, we amend this so that the initial condi-
tion is u(r,0,0) = f (r).

Because of the independence of 6, our solution is

o0 o0
u(r,t) = Z anRy(r)T(t) = Z anJo <% r)eik’
n=1 n=1
with
o0
f(r) =u(r,0)= Z ando ()% r)
n=1
so that

Thus we have

335
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EXERCISES

1. Describe (do not work out the calculus) the solution to the heat equation on a disk
of radius a with boundary condition u(a,0,r) = 0 if u(r,0) = sin(Z-).

2. Describe (do not work out the calculus) the solution to the heat equation on a disk
of radius a with boundary condition u(a,0,t) = 0 if u(r,0) =a — r.
3. Describe (do not work out the calculus) the solution to the heat equation on a disk

of radius a with boundary condition u(a,0,r) = 0 if u(r,0) = 1 — cos(™).



CHAPTER

Solving Partial Differential
Equations in Spherical
Coordinates Using
Separation of Variables

10.1 AN EXAMPLE WHERE LEGENDRE EQUATIONS ARISE

In Chapter 9 we studied solving partial differential equations (PDEs) in which the
Laplacian appeared in cylindrical coordinates using separation of variables. We
saw that among the differential equations that arose was a Bessel (or, at least a
“Bessel-like”) equation. In this chapter, we follow a similar approach except we
work in spherical coordinates. We shall see that in addition to a Bessel equation
we encounter a differential equation called Legendre’s equation.

Legendre equations arise when solving a PDE in spherical coordinates that uses
the Laplacian. We demonstrate this with the wave equation.

In spherical coordinates, the Laplacian is

19 19 1
Bu(r,0,9) = — = (rPu) + ——— - (sin 0 ug) + ————
u(r,6,9) P2 ar(r ur)+r2 sinﬁ@ﬁ(sm u6>+rzsin2 6"

so the wave equation in spherical coordinates is

1 d 1

2 .
- 9 0 -
r2 sin 6 06 (sin 6 up) + r2 sin? 01419

1
uy = KAu =K rur)—l—

0
7o at

We note that

ad
%0 (sin Gug) = cos 0 ug + sin 0 ugy

and
1

L
r2 or

1 2
(r u,) = 2 (2m, + rzu,,) = ;u, + u,,

Mathematical Physics with Partial Differential Equations. https:/doi.org/10.1016/B978-0-12-814759-7.00010-7 337
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o)
14 1 d 1
Au(r,0,9) = = — (r* B sin @ -
u(r,6,%) P or (rur) + r? sin 0 59( o) + Zsin? 6
(2+>+1(0+'0)+1 1
=|-ur+u cos Gug + sin u u
r " r? sin 0 ’ v r? sin® 0 o M
2 1 19
= |-ur +u, | +— | cot Qug + ugg +
r r 20
We assume u(r, 0,9,t) = R(r)®(0)®(F)T(¢) . Then Eq. (1) can be written as
2
Au(r,0,9) == (RO®T + R'"OPT)
r
1 1
+— <cot IRO'®T + RO"OT + —; R®<I)”T)
r sin
and
Au 2R’+R”+ 1 t0@’ @”+ 1 @
— cotl—+—+———].
u r R R ® ® sin2 g @
Also
1 M” 1 T”
Ku KT
We rewrite the wave equation as
Au 17"
u KT
or

2R R'" 1 @’ e 1 @ 177
+= <c t ) — ) )

'R R © @ snlg @ KT’

In what follows, we argue that Eq. (2) can be solved by solving four ordinary dif-
ferential equations (ODEs), one for each of the functions 7, ®, ®, and R. The algebra
is somewhat tedious, but we are doing what we have done before. That is, we show,
one step at a time, that independence of an expression of certain variables forces the
expression to be constant.

The expression on the right-hand side of Eq. (2) depends only on ¢, and the
expression on the left-hand side is independent of ¢. Therefore each side is constant.

Thus we have
1 T//
ET:—A or T" + AKT =0 3)

where A > 0.
(As before, the sign of the constants will be justified in the exercises.)
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Multiply Eq. (2) by * to get

R/ R// ®/ @// 1 d)// 1 T/l
ZVE—H’Z?—&—(COH?——F——F >: =

® ® sinzﬁg FK?_
SO
@/ @// 1 (I)// R/ R//
t0—+—F —— —=—(2r—=+ rP—+ 1? ). 4
co ®+®+sin26¢ (rR+rR+ r) “)

The left-hand side of Eq. (4) is independent of r and the right-hand side depends
only on r, so each side must be a constant. We set

@/ @// 1 q)//

t—+—+—— —=—p 5
co ®+®+sin20<1> u )
Multiply Eq. (5) by sin® 6 to get
@/ @// ‘I)//
.2 O 22 &2
sin Hcot0®+sm 0®+(IJ usin” 0
SO
@/ @l/ (I)//
sin2000t06+sin206+,usin20:—E. (6)

The terms on the left-hand side of Eq. (6) depend only on 6, and the right-hand
side depends only on ¢, so ®”/® is another constant. We set

¢//
5= 7

SO
" +vd = 0.
Thus Eq. (6) is

@/ "
sin? @ cot 06+ sin? 06—1— wsin? 0 = .

Multiply by © /sin?0 to get

®
C0t0®/+®”+ﬂ®:l/7
sin” 0

SO

cotHG)’—l—@”—l—(,u— 2 )@:0. ®)
sin” ¢

Finally, we determine the ODE that R(r) must satisfy. We began with Eq. (2)

2 Rl R/I 1 @/ @l/ 1 (I)// 1 T/I
ot (ot —— — ) =—
rR+R+r2<CO " e Tsne <IJ> KT
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and have set

1 T// "
E7_—A and - = =V
The equation
(I)”
i

can be written ®” + v® = 0. Since ® is periodic, v > 0, so we take v = m>.

So Eq. (2) could now be written

1 2 1 v 1
! R”+—R’)+—(—— )+7 )+ 2=0
R( r r? \sin’ 0 H r2 sinzﬁ( )

<R” n %R’) n (A . %)R —o.

If we look back at what we have done, we see that to solve the wave equation in
spherical coordinates using separation of variables, we need to solve the following

or

ODE:s:

T" + AKT =0 9)
" +m*d =0 (10)
COt0®/—|—®”+<,U,— ‘V20>®:O (11)

sin

i 2 / 143
<R +—R)+(A——2)R:0. (12)

r r

The first two of these equations are familiar. The fourth is a “Bessel-like” equa-
tion. It is similar to what we considered in Chapter 9, but different enough so that we
will give it a separate analysis. The third equation can be converted into a
“Legendre-like” equation that we shall study. In the next sections, we discuss the so-
lutions of these equations.

10.2 THE SOLUTION TO BESSEL'S EQUATION IN
SPHERICAL COORDINATES

In spherical coordinates, the “Bessel-like” equation that must be solved when
analyzing equations that involve the Laplacian using separation of variables is

d*R(r) +g dR(r) N [A W

dr? r dr rj}R(r) =0
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or
d’R(r) dR(r)
2
2
4 dr? ter dr

In practice, it is most common that u = n(n + 1) and A = k* where n and k are
positive integers. Thus we seek a solution to

+ [sz — u|R(r) = 0.

d*R(r) 2 dR(r) , nn+1) -
> roar [" ‘T]R(”—O
or
d’R dR
P drgr) +2r d(rr) + [P = n(n+ 1D]R(r) =0 (1)

that is bounded at r = 0. We convert Eq. (1) to a Bessel equation by first making a
change of variables and then transforming a function. The change of variables is

X = kr.
Then
dR(r) dR(x) dx dR(x)k and d’R(r) dzR(x)Iz
dr~ dx dr  dx 2 dxr
$0
dR(r) x dR(x) dR(x)
= — k = d
o Tk - Tax
rzdzR(r) _ <§> 2d2R(x)k2 _ 2d2R(x)_
dr? k) dx* dx?
Thus
d*R(r) dR(r)
2 2,2
r— ot [rk* = n(n+ 1)|R(r)
d’R(x) dR(x)
— 42 2 _
=5 + 2x T + [x* = n(n+1)]R(x) = 0.
Now let
Y(x) = VaR(x) or R(x) = x 1Y (x).
Then

dR(x) LdY (x) 1 _
dx dx
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1 3 3
d’R(x)  —=d’Y(x) dY(x)1 —= 1| —=dY¥(x) 3 -5
—yx 2 _ Sx 2= |y 29W C oy
N R M ] i s S
leY( ) 3dY( ) 3 >
— Y (x 2 aY(x i
R e G
So
d*R(x) dR(x)
2 2
12 +2x T + [x* = n(n+ 1)]R(x)
L2y vy 3 ldY( =
=x*|x 2 dx(zx)—xz dEcx)+4_lx 2Y(x) +2xx27x)—§x 2Y(x)
1
+[ —n(n+1)]x 2¥(x)=0.
Multiplying by x'/? gives
d?Y(x)  _dY(x) 3 dy(x) 1 _
2 1 2 1
Al et s +Zx Y(x)| +2x 5" Y(x)

+[x* —n(n+1)]Y(x) =0

or

2 X
ddi(zx) + (—x+2x) dzi )y E— L+x* —n(n+ 1)} Y (x)

- xzdzdi(zx) + xd);ix) + [ 2 — (n2 +n+ %)] Y(x)

d*Y(x)  dY(x)

x2

:x2

N2
2
—_ _ Y = U.
12 tr— =+ <n+2> (x)=0
The equation
2Y(x)  dY(x) 1\?
2 2 —
X +x e + - n—&—i Y(x)=0

(@)
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is a Bessel equation of half-integer order. The requirement that the solution be
bounded at x = 0 means the solution is of the form

Y(x) = AJH%(x).

Now
- Y(X) o Jn+%(x) an - Jn+%(kr)
R(x) = e 7A—\/)_c d R(r) = N/

It is common to take the constant A to be 1/ /2 and denote the spherical solution
of the first kind (the solution that is bounded when r = 0) by

i = (§) 240

so that

1/2J,, 1 (kr
7r) /2J,14( )Ejn(kr).

R(r) = (—
() 2 Vkr
Next we find the solution to

)+ 20 + (1251 ) =0

I

or

rzy(r) + 21}/(1’) + [Arz — k(k + 1)]y(r) =0.
We consider the case A > 0. We let

y(r) = Z a, 't
n=0

and proceed as we did in Chapter 9. We have

* o0
y/(r) = Zan(n + a)rnﬂxfl y//(r) = Zan(n +a)(n+a— l)rn+zx72
n=0 n=0
SO

' (r) = Zan(n + o)t rzy"(r) = Zan(n +a)(n+a— 1)t
n=0 n=0
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Then

rzy(r) +2ry'(r) + [)trz —k(k+ 1)]y(r)

= oo
= Zan[(n +a)(n+a—1)+2n+a)—k(k+ 1))+ Azanrn+a+2
n=0 n=0

= Zan[(n +a)(n+a+1) —klk+ 1))+ AZanr’”‘”z
n=0 n=0

= ian[(n +a)(n+a+1) —k(k+ 1))+ Aian_zr"*“
n=0 n=2
= ap[(e)(a+ 1) — k(k+ D]r* + a1 [(1 + @) (2 + &) — k(k + 1)]r*"!

+3 {an(n+ a)(n+ a+ 1) — k(k + 1)] + Aap_o } " = 0.
n=2

Each coefficient must be 0, so agp[(a)(a+ 1) —k(k+1)] =0, and if ay # 0,
then « = k. If o = k, since a;[(1 + «)(2 + a) — k(k+ 1)] = 0, then a; = 0. Since
apln+a)(n+a+1)—k(k+1)]+ Aay—
=ayn+k)n+k+1)—k(k+1)]+ Aap_2 =0

we have the recurrence relation

) )

MM k+ 1) —k(k+1) n(n+2k+1)

If a; =0, then ay,4+1 = 0 for the very positive integer n.
By induction, one can show

y(r) = aor*

0 ( A)ann
1
T R T3k 5 T )
n=1

0 (_A)ann (3)

n=1 22’1n!<k+§> (k—i—%)m(k—i—n—k%)

Let [ = k+ 1/2. Then the right-hand side of Eq. (3) is

:aork 1+

1+ f: o
= 22l (I 4+ 1)(142)+ (I +n)

_1
aorl 2
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If we set A =1 and denote the resulting expression by jx(r), we have

ao ao

Jk(r) = \/;Jz(r) \/;Jk+l/2(r)-

The function ji(r) is called the kth spherical Bessel function.
We next show that jj (ﬁ r) satisfies

We let z = +/Ar so that 4y(z) = %y(\/}r) =2 d%y(z).

Also
2 2
jﬂy(ﬁr) rEalC)
Then
2
(Vi) 42 S (Vir) - B (var)
2
= Aj—zzy(Z) +2\—rﬁ d%y(Z) - %y(Z)
d? 2 d u
A[d—zzy(Z)Jrﬁd—zy(Z)— (\/ir)zy(Z)‘|
2
=250 +2 536 - 50| = 00
since
2
j—zzy(Z) + % d%y(Z) - Z%y(Z) =(2).

What we have done is shown that Bessel functions—the solutions to Bessel’s
equation—are eigenfunctions for a particular linear operator. In the next section
we show that Legendre polynomials—the solutions to Legendre’s equation—are
also eigenfunctions of a linear operator. These problems are one case of a general the-
ory, where the differential operator is self-adjoint so that eigenfunctions belonging to
different eigenvalues are orthogonal with respect to an appropriate weight function.

10.3 LEGENDRE’S EQUATION AND ITS SOLUTIONS

We have seen that in solving a PDE that uses the Laplacian by separation of vari-
ables in spherical coordinates, it is necessary to solve

cot0®/+®”+<,u— ”2 )@:o. (1)

S
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Our procedure will be similar to what we did in solving “Bessel-like”” equations.
‘We begin by solving Legendre’s equation. With a change of variables, Eq. (1) can be
transformed to a “Legendre-like” equation. We then solve the “Legendre-like”
equation.

Legendre’s equation is

(1 —xz)y”(x) —20/(x) +wy(x) =0 —1<x<l. (2)

We solve the equation by power series; that is, we assume

= i apx"
n=0

and determine a recurrence relation for the a,,’s. We have

'(x) = Zannx"fl and y'(x) = Zann(n —1)x"?
n=0 n=0

SO
(1—x%)y"(x) — 20 (x) + my(x)

iannnfl -2 iann(nfl)x”fZiannx”Jr,uianx”:O
n=0 n=0

n=0 n=0
(3)
Now
Zann(n— 1x"2 :Z an(n— 1)x" Zanﬂ n+2)(n+1)x"
n=0 n=2 n=0
so Eq. (3) can be written as
[oe] [oe]
Za,l+2(n +2)(n+ 1)x" — Zan[n(n —1)+2n— px"
n=0 n=0
[60] [00]
Z n+2 I’l+2 I’L+ )x" Zan[n2+n—u}x"20.
n=0 n=0

Thus we have

(n* +n—p)

2 1) = 2 — = ——qy.
an+2(n+ )(}’l—|— ) an(n +n ,LL) or dpt2 (i’l-l—Z)(I’l-i—l)an

So we have two linearly independent solutions
yo(x) = ap + apx® + agx* + -

y1(x) = aix + azx> + asx> + -+
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In many problems, the value of u is k(k + 1), where k is a positive integer. We
show that if this is the case, then there is a solution to Legendre’s equation that is
a polynomial of degree k.

First, note that in the case u = k(k + 1) we have

(n*+n—Kk* —k)

an+2 = (n i 2)(11 T 1) Qn
SO
(K +k —k* — k) 0
Apn = ay =
T k) k1)
and if ag = 0, then a1 = ag14 = agr6 = ... = 0.
To get the polynomial solution when & is even, take a; = 0 and ay # 0. The so-

lution is

y(x) = ao + agx2 + a4x4 NN akxk.
To get the polynomial solution when k is odd, take ap =0 and a; # 0. The
solution is

y(x) =aix+ azx + -+ apk

In these cases, the solution is called the Legendre polynomial of degree k.
We have seen how the differential equation

cot0®/+®”+<,u ”2 >®0
sin” 6

arises in problems that involve the Laplacian which have spherical symmetry. We
now convert this to a Legendre equation. We let x = cos §. Then

d® dO dx d®
/——:——:—. _—
O =g " mag i

To compute ®”, we have
d (d®\ d LC) d (d®\ (d®\ d

O =2 () =2 _sing?2) = —sin0Z (2) + (£2) £ (=sino).
dﬂ(dﬁ) de( - dx> o dﬁ(dx>+<dx> a9 S0

Now



348 CHAPTER 10 Solving Partial Differential Equations in Spherical

SO
d (d® de\ d
" 0— [ 2= — | —(—sin @
©" = —sin d0<dx>+<dx) A
d*e d®
= (—sin §) 2 (—sin 8) + <dx> (—cos 6)
d*e d®
— in2 _ =
= sin dez cosﬁdx.
Thus
do®
(00 + 0" ~ 2 Yo =cotd —sin0 %>
co + + (,u SinZ 0) co ( sin dx>
4’0 de v
.2
+|sin“ § —= — cos 0 —| + ——— 10
[ dx? dx ] <'u sin® 6>
e ., 4’0 d® v
:—cosﬁg—i—sm 0W_COSHE+<N_M)®
4’0 d® v
.2
=sin“ 0——= —2cos 06— + — ®=0.
dx* dx <“ sin’ 0)
Now use
cosf@=x, sin®@=1—x
to get
d*e do® v
1_ 2 ——2 —_— — = U. 4
( x)dx2 xdx+<u 1x2>® 0 “)

This is not exactly of the form of Legendre’s equation, but if we take u = I(I + 1)
and v = m?, then Eq. (4) is

d*® d® m?
(l—xz)M—Zxder(l(lJrl)—M)@0. 5)

Eq. (5) often is the equation that needs to be solved in physical problems. In such
problems, m and [ are integers with m < [. The solution is called an associated
Legendre function, which we study in the next section.

EXERCISES

1. Legendre’s polynomial of degree n, denoted P,(x), is a solution (there are two) to
the differential equation

(1—22)y"(x) = 20/ (x) + n(n + Dy(x) =0,
—-l<x<1

where n is a nonnegative integer.
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a. Verify that Po(x) = 1 and P(x) = x are Legendre polynomials.
b. Given that Legendre polynomials satisfy the recursion relation

(n+ 1Py (x) = 2n+ 1)xPy(x) + nP,y—1(x) =0, n>1,

find P5(x), P3(x), and Pa(x).

2. Rodrigues’ formula can be used to generate Legendre polynomials. This formula

1S

()"
Pa) =5 gt = %)

Verify that Rodrigues’ formula is valid for n =0, 1, 2, 3.
3. Verify forn =0, 1, 2, 3 that

1 ) B 2
[1 Paloy = 52

(Thus Legendre’s polynomials are not normalized.)
4. If

show that

[(Zk ) [ 11 f(x)Pk(x)dx} .

| =

ap =

5. Use the result of Exercise 4 to find the first two nonzero terms for the expansion

of f(x) = x* in terms of Legendre polynomials.

10.4 ASSOCIATED LEGENDRE FUNCTIONS

We relate the solution of

m2
(1=x2)y"(x) — 20/ (x) + (l(l +1)— 2)y()c) =0

to Legendre polynomials using the substitution

y(x) = (1 - xz)%u(x)

where u(x) is a solution to

(1- xz)u”(x) —2x(m + )i (x) + [I(1 + 1) + m(m + 1)]u(x) = 0.

ey
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With this substitution, we have
2 m > m_l
Y= (1-x)2 —mx(1-x*)2 u
so that

—2xy = —2x(1 — xz)%u’ + 2mx* (1 — x2)77]

Now
d m_ m_ m m
o {x(l —x%)2 ] =(1-x)2 + [x(z— 1)(1 —H)2 (= 2x)]
m,l m72
= (1-2) 22 (5 1) (1-4)°
Thus
m m Z_y
y" = (1 —xz)zu// — me(l —x2)2 u' mu(l —x2)2
+2mux? (— — 1) (1 fxz)z 2
SO
(l—xz)” _2%“ "o _2%1_ _2%
y (l x) u 2mx(l xX7)*u mu(l x)
+2mux2(—— 1) (1 —xz)% !
Since
m 4 m
—2xy = 2mx2(1 —x2)2 u—2x(1 —xz)zu’
we have

m m
2\ /o _ o 2\2 Tt _ _ 2.,/
(1 x) 2 " + 2
y Xy —(1 x) u' —2x(m 1)(1 x) u

m m_l m m_l
+|2m? (5 1) (1 =) —m(1 =) +2me (1 - 5%)2

u.
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Thus the coefficient of the u term in

2
m
(1 _x2)y//_2xy’+ <l(l—|—1)— ] 2))}

— X

=(1 —xz)%ﬂu” —2x(m+1)(1 —xz)%u/

m_q m m_y

+ [2mx2<m — l) (1 —xz)7 — m(l —xz)7 —|—2mx2(l —xz)7

m
2

=(1 —xz)%_ ! {mez(g— l) + 2mx? —mz] + (1 —xz) (I+1)—m]

m
2

:(l—xz)%_l(mz)cz—m2 + (1 =) 2[(1+1) — m)

)
= —m2(1 —xz)% + (1 —xz)%[l(H— 1) — m]

m
2

=(1-x*)2[(1+1) —m(m+1)].

Hence

2
(1-x")y—2xy' + (l(l +1) - 1 ’fxz>y
=1 f)cz)%Jr 11// —2x(m+1)(1 fx2)%u' + (1 fxz)%[l(lJr 1) —m(m+1)u

m

(1 —xz)j{(l - x2)u” —2x(m+ )’ + [I(I+ 1) — m(m+ 1)]u}.

So

(=) — 20/ + (1 +1) - " Yy o
V' = 2xy )=
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if and only if
(1 =" = 2x(m+ 1) + [I(1+ 1) — m(m + 1)Ju = 0. )

Note that if m = 0, then Eq. (2) is Legendre’s equation. Recall that Legendre’s
equation has two linearly independent solutions, and if / is a positive integer, then
one of the solutions is a polynomial that we denote Pj(x).

We now demonstrate that P;/(x) is a solution to Eq. (2) when m = 1.

Differentiating Eq. (2) gives

(1 =) — 20" — 2(m + Dl = 2x(m + D" + [I(1 + 1) — m(m + 1)]u/

=(1- xz)u/” —2x(m+2)xu" — [I(I+1) —m(m+ 1)]u’ = 0.

This means that if P;(x) is a solution to Eq. (2) for m = 0, that is, if
(1- xz)Pl”(x) —2xP/ (x) + (I + 1)P;(x) = 0
then
(1 —=x)P/" (x) = 2xP/" (x) + [I(1 + 1) — 1(1 + 1)]P/(x) = 0.

That is, P/ (x) solves Eq. (2) when m = 1. One can follow this procedure to show
inductively that d‘i—mmPl (x) is a solution to Eq. (2) for any positive integer m. This

means
m gm
— 2\2
y= (1 —X ) dximpl(x)
is a solution to Eq. (1). These solutions are denoted P;”(x) and
m 2 2a
P"(x) = (1 —x VWPI(X)

are called associated Legendre functions.
We return to the original problem of solving

v
sin? @
in the case that u = I(I + 1) and v = m* where [ and m are integers with m < [. Thus
we want to solve

cot6®'+®"+<,u— )®:O

2
cot0®’+®”+<1(z+1)—si’:2 >® . 3)

With the substitution x = cos ¢, Eq. (3) became

d’® do m?
2
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We have shown that the solution to Eq. (4) is

m gm
P/"(x) = (1 —x2)2dx—mPl(x)
and so the solution to Eq. (3) is P/™(cos 6).
EXERCISES
1. Use the formula
PO = (1) pyy)
dx™m

a. =0, m=0.

bh. I=0, m=1
c.l=1 m=1
d. /=2 m=1
e. =3 m=

10.5 LAPLACE’S EQUATION IN SPHERICAL COORDINATES

In this section, we solve the boundary value problem

Au(r,8,9)=0, 0<r<a;, u(abd,v)=rf(>6,9)

using separation of variables.
The approach is the one we have been using; namely, we hypothesize that

u(r,8,9) = R(r)®(0)®(¢)

and find an ODE of each R, ®, and ®. We solve each of the ODEs, and each solution
will involve arbitrary constants. We then wuse the boundary condition
u(a,8,9) =f(6,9) to determine the constants.

We have already done most of the preliminary work, but we now repeat it. In
Section 10.1, we found that in spherical coordinates

2 1 Uy

Following what we did in Section 9.1, we get

Au_2R’+R”+1 cot6®,+®”+ Lo _
u rR R 2 ® 0 sin2gd)
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We then get
2 R/+R// 1 t0 /+®I/+ 1 (b//
o - (cot—mF ——
r R R r2 ® ® sin2g @
SO
2RI RI/ ®/ @// 1 (I)H
2
() =cot b — e —. 1
r(rR+R) «© ®+®+sin26‘1’ M

We repeat the familiar argument that the left-hand side of Eq. (1) is a function of
r and the right-hand side is a function of # and ¢, so each is a constant (that will turn

out to be negative) that we denote —pu.

We then have
@/ @l/ 1 (D//
t—+—+—— — = — 2
co ®+®+Sin20¢ u 2)

and
2R/ R//

2
——4—] =u. 3

r(rR+R> % 3

Multiplying Eq. (2) by sin® @ gives
@/ " "
sin? 6 cot 66 + sin® 06 + i —u sin’ 0

SO
" q)//

“

/
sin’ 0cot0%+sin2 6%+ wsin® @ = o

The left-hand side of Eq. (4) is a function of 6 and the right-hand side a ¢, so each
is a constant that we denote ». We now show that » > 0. We have

(D//

. d
o)
d+vd=0.
The periodicity of ® forces » > 0. We let m* = v. Thus we have
" +m*® =0
and so
()

®,,(p) = a cos(mep) + by, sin(me).



.
10.5 Laplace’s Equation in Spherical Coordinates 355

We also have
@/ ®//
sin? 6 cot 06 + sin? 06 + wsin? 0 = m?

and multiplying by ® /sin* 4 gives
’0
cot 00" + O" 4+ u® = m_2
sin” ¢

or

2
@" + cot 00’ + (u S >® —0. 6)
sin” 6

In problems that concern us u = I(I + 1), so Eq. (6) becomes

2
0" + cot O + <l(l+ 1) —— )@ —0. 7
sin“ 0

In Section 10.4, we found that the solution to Eq. (7) is P;”(cos 8).

Eq. (3) states
/ /!
Y EELE L
rR R

SO
1 2 I
“(RTLZR ) = 2
R ( + r ) r2
or
2
R'+°R -ERr=0.
r r
If u=1I(l+ 1), then we have
2 1
R”—i——R/—l(l—; ) =0
r I
or
PR’ +2rR — (I + 1)R = 0. (8)

As we show in Exercise 1, the solution to Eq. (8) is

R(r) = ar'.
If we want R(a) = 1, we take o = l/al.
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Thus
Au(r,6,9)=0, 0<r<a

has the solution

0

u(r,0,9) = Z Umn(r,0,0)

m,n=0

[Se]

> Bul@)R(r)P," (cos 0)

m,n=0

Z  (@pn cOS(m@) + by, sin(me))P,™ (cos ).

m,n=0

The constants are determined by expanding the initial condition
u(a,8,9) = f(0,9) in a Fourier series.
To expand in the Fourier series, we need that

2 (n+m)
2n+1) (n—m)!

™
(P (cos 0), P, (cos 0)) ., = / [P, (cos 0)]2 sin 0d 6 =
‘ 0

so that expanding f(6,¢) in a Fourier series

0 e8]

f(0,0) = Z anoPp(cos 0) + Z (amn cos(me) + by sin(me))P," (cos 6)

n=0 mn=1

N =

where

2n4+1(n—m) (> [T .
U =~ En - m;! /0 /0 f(8, )P, (cos @)cos me sin 6d Odg

2n+1 (n—m)!

b =
" 2 (n+m)!

2w ™
/ f(8,9)P," (cos 6)sin me sin 8d 6de.
0o Jo

EXERCISES
1. For f(6,9) = 1, compute a,,, and b, for m, n =0, 1, 2.

10.6 RIGID ROTOR

In this section and the next two sections, we give some classical applications of some
earlier work.
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In the rigid rotor problem, we have two bodies separated by a rigid bar with no
mass of length ry. Let
m; = mass of body 1
my = mass of body 2
r1 = distance from the center of mass to body 1
ry = distance from the center of mass to body 2.
See Fig. 10.6.1.
We have
mimy

————— = reduced mass.
my + nmy

rn+mn=rg m+m=M u=
The effect of the reduced mass is to reduce a two-body problem to a one-body
problem.
m1r, = mpr, defines coordinates of atoms relative to center of mass

nmimy mimy
m m m m
T
mq myp
o Ly 15,
Kinetic Energy = Emlrl W +§m2r2 W

Hamiltonion H = Kinetic Energy + Potential Energy =7 + V.

For this problem

0 if r=r
oo if r#ry

)

my my

2 I
C = Center of mass
FIGURE 10.6.1
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SO

h2
H=T+V=T=-—V.
2u

In spherical coordinates

R N L W Sy G A S 9?
= —=—\|\1r— —_ 1 -— ———FA - -
r29r\  dr)  r2sin6 00 96/ 12 sin? 6 9>
In this situation, r has the constant value r( so terms involving d/dr do not appear
and other places r is replaced by ry, so

V2= ! sin ¢ g + ! ’
" r2sin 6 40 d0)  ry?sin? 0 dp*
Schrodinger’s equation for this model is

h2V2Y0 = EY(0
_Z (7¢)_ (ad))

or
h2 1 ) 9 1 (92
5 | o s (Sin0— | +——— = |Y(0,¢) = EY(0
2urg? Linﬁ 30 (Sm ae) Yo a(pz} (6,4) =EY(0,9)

which we rearrange to give

h2 1 9 0 h2 1 62
_——— — [ sinf— | Y (0 — EY(r, 0 =—————Y(0,9).
2uro? sin 6 96 (Sm aa) 0.9) = EY(r0.9) =5 7 w7 g 9g2 | 0:9)
Multiplying by
2urg?
h2
gives
B AT 2ury” EY(0,¢) = Liy(e )
sin 6 90 a0 ’ 2 " sin? g 92T
Setting
2,(1.}”02E
5 = h2
gives
1 9 ] 1 9
—— —(sinf— |Y(0,¢) — BY(0,¢) = —— — Y (0
sin 0 80 <Sm aa) (6,0) = BY(0,9) = 557 552 0:@)
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and multiplying by —sin” @ gives
sin 02 ('sin 62 Y(0,¢) + 8 sin® 0Y (0, $) = s Y(6,9)
ol a0 ’ T g T
We apply separation of variables to find a solution. Let

Y(0,4) = ©(0)¥(¢).

Then we have

sin 0% <sin 6%) O(0)W(p) + B sin’ 0O ()W (¢p) = 66—;6)(0)‘1/((1))
or
W (¢)sin 0 (sin ei)(a(a) L g sin? 000w (9) = —0(0) L w(g).
FTANGET, 3g?
Dividing by ®(0)¥ (¢) gives
i;’z;) % (sin a%) O(6) + B sin? 6 — _ﬁ aa—;ww). 0

The left-hand side of Eq. (1) is a function of only 6, and the right-hand side is a
function of only ¢ so each side must be a constant that we denote m?. Then

1 & s 1 o,

Thus we have

d? 5
1o V(@) + W (g) =0
for which the solution is

¥(¢p) = A sin m¢ + B cos m.

The equation,
ind d d
Sy @ (sin 0—)@(0) + Bsin® 6 = m?

as we have seen before (Section 9.3), turns into Legendre’s equation. In particular,
with the substitution

x=cosf, 1—x*=sin’, P(x) = 0O(f)

the equation

sinf d . d 25 2
@w)%(mnH%)@(ﬁ)—i—ﬁsm 6=m
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becomes

m2

1 —x2

(1 —x*)P"(x) — 2xP'(x) + (5 — )P(x) =0.

It is beyond the scope of our work, but it can be shown that the energy levels are
quantized according to
k(k + 1)h?
Eg=———
¢ 21
where

1= m1r12 + m2r22.

10.7 ONE DIMENSION QUANTUM MECHANICAL OSCILLATOR

In going from classical mechanics to quantum mechanics, position x and momentum
p are replaced by operators X and p, where X and p operate on functions according to

#0() = x () and () = —in L)

where y(x) satisfies

(s}
/ ()| < oo,
In the classical case

Total energy = kinetic energy + potential energy

and for the classical harmonic oscillator

1
kinetic energy = %pz

and

potential energy = 2 mw’>x?.

Replacing p by p and x by X, we get that in the quantum mechanical case, the
Hamiltonian H is given by
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In this case, the time-independent Schrodinger’s equation is

where E is a real number that is the time-independent energy level. It will turn out
that there are only certain acceptable values for E, and each acceptable value gives

rise to an eigenvalue problem.

The acceptable values of the energy will be shown to be

h
En = (2n+1)7w,n:0,1,2,

and the solutions will be given by

1
\Vnl2n

Yy =

where H), is the nth order Hermite polynomial that we will define.

()" emoomn (5)

Temporarily replacing y by u in the equation

Wdy 1,
Toma TNV EEY
and multiplying by
2m
A
we get
du 2m (1 5, 2m
SO
du 2m(1 5, 2m
or
d*u  2m I 55\
Let
mw
=4 /—=x
Y I
then
h
2= —y2
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o)
du  du dy du

dx dy dx dy

@_i d_u _d( ) y /m(u /mw mw d*u
A dx\dx) dy dx h dy

Thus
%—Fi—’? (E —%mw2x2>u mh(u Ziyz i:? (E — %mwz w)’2>
:"Z"% zh’? (E—%why ) 0.
Then
[ 5+ (5o )] =G 3 (2 o)

dy*  hw
Letting
2k
hw
the equation is
d2u+(e—y2)u:0. )

dy?
We solve Eq. (1) and find the allowable values of e.
We first note that as y — oo the term € — y* is dominated by y*. We thus make

the approximation that for y large

d21/l 2 d2’/l 2
d—yz—I—(e—y )uzﬁ—y u
and we can solve
d2
u—yzu—O
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to get
2 2

u(y) =Ae 2 + Be?2.

The term
2
Be2 >0 as y— £+ ©
which precludes the function being normalizable. Thus B = 0 and for y large, the
solution is approximated by

2

e
u(y) = Ae 2.

For smaller values of y, we conjecture that the solution is of the form

y2
u(y) = h(y)e 2.
We want to find conditions that will determine A(y).
We have

So we must solve
R’ (y) — 29k’ (y) + (e — 1)h(y) = 0. )

We will find A(y) using a power series expansion.
If

h(y) = Z any"
n=0
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then
o0 o0
H(y) = z:a,,ny'“1 and h’(y) = Zann(n —1)y?
n=0 n=0
SO
W' (y) = 29K () + (e = DA(Y) = > _ann(n = 1)y" > =2 " ayny”
n=0 n=0
o0
+(e—1) Zany”.
n=0
Now
o0 o0 o0
Zann(n — 1)y 2= Zann(n — 1)y 2= Zan+2(n +2)(n+1)y"
n=0 n=2 n=0
S0
Za,,n(n —1)y - ZZanny” +(e—1) Zany”
n=0 n=0 n=0
o0 o0 o0
= Za,l+2(n +2)(n+1)y" — ZZanny" +(e—1) Za,,y”
n=0 n=0 n=0
o0
= Z[an+2(n +2)(n+ 1) — 2na, + (e — )a,y" = 0.
n=0
Then
api2(n+2)(n+1)=2na,+ (¢ —1)a, =0
or
o 1—€e+2n 4
T )t )
We have

. 1 —€e+2n 2
Iim ——=—

n—oo (n+2)(n+1)

So for large n, we have

Apy2 = — dp.
n
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For n even, we claim a solution to

2
Ap+2 = —dp
n
is
C
a4 =
RGN
2
If this is the case, then
C C
ap42 = n+2 =7n '.
ar
()1 G
Thus
-1
y! y2n y2y2(n71) ) (yZ)”
hiy) = C — = —=C ——=(C
) Z{(H)l}' Z(n—l)! (n—1)! Y Z(n—l)!
2
= Cyzeyz.

But then

D
u(y) = h(y)e 2 = ez

for large values of y. This means the function cannot be normalized. The only pos-
sibility to have an acceptable solution is if the series terminates; i.e., there is a value
of n for which a, = 0.

The equation

l1—€+2n
api2 = ———0G
n+2 (n+2)(n+ 1) n
will terminate if and only if
e=2n+1

for some nonnegative integer n.
We seek functions y,(x) = H,(x) that satisfy

y" — 2xy' 4+ 2ny = 0. 3)

Eq. (3) is called the Hermite equation of order n, and H,(x) is called the Hermite
polynomial of degree n. H,(x) is the nth degree polynomial where the coefficient of
x"is 2"
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Example:

We compute Hy(x).

Set

y = Hy(x) = a+ bx + ex* + dx® + 2%

and we want Hy(x) to solve

SO

SO

Y —2xy +2(4)y =y" —2xy + 8y =0.

Now
y = b+ 2cx + 3dx* + 4(24x3)
2xy = 2bx + 4ex’ + 6dx + 8(24x4).
Also
y' = 2c+ 6dx + 12(2*x?)
y// _ 2xyl+ 8y

= [2¢+ 6dx + 12(2%x%) | — [2bx + dex® + 6dx + 8(2%x*) |
+8[a+ bx + ex? + dx’ + 2%

= (2c +8a) + (6d — 2b + 8b)x + [12((2*) — 4c + 8c]x?
+ (—6d + 8d)x> + [ — 8(2*) +8(2*)]x* = 0.

So we must have

2c+8a=0
6d —2b+8b =0
12(2%) —4c+8c =0
—6d + 84 = 0.

Eq. (7) givesd =0, so by Eq. (5), b=0

Eq. (6) says 4c = —12(2%) so ¢ = —48
and from Eq. (4) we get a = —%c =12.

Thus

Hy(x) = 12 — 48x% + 2%x* = 16x* — 48x% 4 12.

“
&)
(6)
N
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The first six Hermite polynomials are
Hy(x) =1 H)(x) =2x
Ha(x) = 4x* —2 Hi(x) = 8x° — 12x
Hy(x) = 16x* — 48x> + 12 Hs(x) = 32x° — 160x° + 120x.
We have found the solutions to
n* d

hw
" 2m dx? 2

1
lpn + imwzlepn ) (2’” + I)Wn
are

¥, (x) = NuHy (x)efﬁ/z

where N, is a constant chosen so that

/oo 1, () Px = 1.

In fact,

R e

h. 2l

Looking back at what we have done, we started with the energy of the classical
harmonic oscillator

1 1
E:% 2 —l—imwzxz

and converted to the quantum mechanical case to get the Hamiltonian

In this case, the time-independent Schrodinger’s equation is

®waw o1, ,
—_— 1t = Y =FY
2m dx? + 2"
where E is a real number that is the time-independent energy level. It turned out that
there are only certain acceptable values for E and each acceptable value gives rise to
an eigenvalue problem.

The acceptable values of the energy are

h
Ep=(2n+ 1)7‘“7n:o,1,2,...

and the solutions are given by

1 mw\ 1/4 > mw
_ mw —(mw /ﬂ'h)H jihted
¥ Vnlon (Wh) ¢ n(\/ h x)

where H,, is the nth-order Hermite polynomial.
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10.8 THE HYDROGEN ATOM

Schrodinger’s equation for the Hydrogen atom is

1 d [ 0y 1 a9/, oy 1
LG ISy (1 4 T S gy~ %Y
2u [r2 ar <r ar) 2 sing a0 (sm (90) * 12 sin® 6 d¢?

2
Multiply by — h—l; to get

2or\" ar) " 2sind o0 30
Let
W(r,0,¢9) =R(r)Y(0, ).
Then

2
oy _dR 0y _ 0¥ &y

ar " ar a0 Ragag  Rog

So the equation becomes

19 rzd—RY —5—#& sinHRa—Y +
r2 or dr r2 sin 6 96 a0

2u [ Ze?
2 \dmeyr

2
Multiply by I;_Y to get

2
1a(za_¢>+ ! a(sinﬁa—w>+ L9, 2

2 sin? 6 67)2 h?

r2 sin’ 6 0752

+E>RY =0.

Rar\' dr)  Ysiné a0

Thus

1 8 [ ,dR +2ur2 Ze? iE 1 1 9
B Ll N
Ror\  dr h? \drmeyr Y sin 0 90

19 (2dR> Ll <Sman> L1 02Y+2W2
S 9 (e L Ity L © gr
a6 Y sin® 6 d¢?

¥ = Ey.

E>¢=0.

£) o

azy}

Tﬂmﬂe@'

ey

The expression on the left-hand side of (1) is a function only of r, and the expres-
sion on the right-hand side of (1) is a function only of # and ¢, so each must be a

constant.
Let

1 d [ ,dR +2,ur2 Ze? VE
S Al
Ror\' dr h? \drwegr



Then

SO

Since

then

SO

or

Let

Then

so Eq. (3) is

sin 6 df
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d [ ,dR 2ur? [ Ze?
— | r"— E )R =AR
ar (r dr) T dmeyr i

or \' dr W2 \dmegr

1 0 [ ,dR 2ur’ [ Zé*
—_ 2 (28 E
dr w2 \dmeor

_ U o ey
~ ysing oo\ " 30) Y sin? 6 69

11 a(sineay>+1 1 &y
i d0) " Y sin? 0 d¢*

2
Li <sin 06Y> Jr%afg: —AY
sin” 6 d¢

1 Y 1 9%y
_—i(sinﬁa—>+ g +AY =0.

Y(6,4) = ©(0)D(¢).

Y _d® &’y d*®
W_QE and W—@)W

do) " sin? 6 de?

Dividing by ®@® gives

1d( d®) 1 1 d*®

1
- neg ="\, __- 2=
sind@do\"""a8) " sin? 0 de?

2 2
a<r2dR> 42k (Ze +E>RARO.

1 1 2d
d (sin0¢>@> + @d +AGD = 0.

+A=0.

2

9’y

3)
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Multiply by sin® § to get

1 d d® 1 d*®
sin 6 —<sin6‘—)—|———+Asin26:O.

® df do) " @ dg?
So
.1 d (. dO 5 1 d*®
sm06 dﬁ(smﬁﬁ) + A sin 0:—67&. @)

The expression on the left-hand side of (4) is a function only of 6, and the
expression on the right-hand side of (4) is a function only of ¢, so each must be
a constant.

Let

. 1d /. dO . 2
sm06%(sm0%> +Asin“ 0§ =B

or

.o ld (. dO . 2
51n06@<smﬁﬁ> +Asin“d—-B=0 ®)]

then

or

d*®
7452 + B® = 0. 6)
In Eq. (6), if we set B = mz, then we have

d*®
7 +m’d = 0. (7
One can express the solution to Eq. (7) as
®(¢) = c1 cos(me) + 3 sin(mep) or d1e™? 4 dye™™?.

The first expression perhaps makes it more transparent that m must be an integer
because of the continuity condition that ®(0) = ®(2x). Because one is free to
choose the “baseline” angle as one chooses, it is possible (and convenient) to express
the solution as

O(p) = die™?

which is the common choice in the literature.
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We now consider Eq. (5) with B = m*:
de®

. 1 d . 7{Q) ) . d . 2 2
s1nt96%(sm0%) + A sin 0—B_sm0%<51n0%)+(Asm 0—m)®

1 d d® m?
—— Y e 4 (a-" ) =0
sin 6 d@ (Sm d6’> +( sin? 0)

This is similar to Legendre’s equation. If we make the substitution
x = cos 0, P(cos §) = O(f)
then

i—@i——sinﬂi
do do dx dx

SO

1 d de m?
— 2 |sing= A——
sin 6 d@ (Sm d6> +< sin? 0)
1 Cod (. . .dP m?
_m<—sm Ga (sm 6(—sin 0)E>> + (A —m>
d 5\ dP m?
= 1= A—
dx [( o ) dx] + ( (1 —x2)>

2 2
P P
:(1—x2)d—2—2xd—+<A— e 2)20
d (1 —x%)

The equation
d’P _ dp m?
-5 —2x—+ (A———] =0
( x)dxz xdx+< (l—xz))

is similar to Legendre’s equation; in fact, it is an associated Legendre’s equation
which is discussed in Section 10.4. The solutions are associated Legendre polyno-
mials which are complicated. There are two solutions and these involve power series

of the form
o0 o0
E ar,x*" and E a2n+]x2"+l
n=0 n=0

where the coefficients satisfy

(n+m)(n+m+1)—Aa
(n+Dn+2) "

any2 =
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where m is fixed. For n large

(n+mntm+1)—A (t+mntm+1)

(n+D)n+2)  (n+1D)n+2)
so the series converge only if there are finitely many nonzero terms. This forces
A=1(1+1)

for some positive integer /.
Associated Legendre polynomials are related to Legendre polynomials accord-
ing to

m

d
dx_mPl(x)

where Pj(x) is the Legendre polynomial of order /.
We now solve Eq. (2) with A = I(I + 1). We have

0 [ ,dR\ 2u [ Ze® _ /
3r(r dr>+h2<47reor+E R—I(I+1)R=0. 29

m
2

PM(x) = (=1)"(1 - x?)

Now

d [ ,dR d’R dR
— (r2> =P 4 2r—.

ar \ dr dr? dr
So Eq. (2) can be written
d’R dR 2ur? [ Ze*
2
—+2r— E)R—II+1)R
YAt T TR (47reor+ ) 1)
d’R drR 2ur? [ Ze*
2
=r—42r— ——+4+E|R—-I(I+1)R=0.
T Ty TR (47T6()V+ ) (t+1)

Dividing by 7* gives
d’R 2dR 2u ([ Ze* (I+1
d°R © ( e E> R (I+1)

i itad =0. 8
dr? + r dr + h? \4meyr r? ®)

We investigate what happens as r — oo in Eq. (8). In that case, the equation re-
duces to

d’R 2uE
a0 ®

The solution to Eq. (9) can be expressed either as sine and cosine functions or as
exponential functions. In this case, the exponential form is more useful. So we have

2uE 2uE
R*(r) = ¢ exp(i“%r) + exp(—i”%r).
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Now E < 0, so we have

—2uE —2uE
R*(r)=cy exp(—\/h—gr> +czexp< hg r).

Since we want R*(r) — 0 as r — oo, we have

—2uE
R*(r) = ¢ exp( - hg r>.

We now write R(r) as the product of its asymptotic part and a part that reflects
what happens for r = 0. We call this second part R** so that R = R*R**. We solve
for R** as a power series so that

—2uE -
R=R'R* =¢ exp( - \/7r> > an”.

n=0

It is beyond the scope of the text to determine the ay,’s.



CHAPTER

The Fourier Transform

11.1 INTRODUCTION

Note: The article “Fourier Transform” by Terrence Tao that appears in The Princeton
Companion to Mathematics is a short, readable, and outstanding overview of the Four-
ier transform.

As Professor Tao notes, the Fourier transform is a technique that decomposes an
arbitrary function into a superposition of functions that are, in some sense, symmet-
ric. We have seen that periodic functions of a fairly general nature can be expressed
as a superposition of sine and cosine functions by Fourier series. Thus we have
decomposed a function into sine and cosine functions. The coefficients of these
sine and cosine functions describe the extent to which various frequencies are pre-
sent in the original function.

This choice of base or component functions is particularly advantageous because
they are eigenfunctions of the prominent operator dy/ dxs -

In this chapter we define the Fourier transform, describe how it decomposes
certain functions, how it can be constructed as the limit of Fourier series as the
period goes to infinity, and how it can be used to solve partial differential equations
(PDEs).

The Fourier transform is perhaps the most widely used of the integral transforms.
If f : R—C is a function for which [*_|f(x)|dx < co, then the Fourier transform
of f(x) is defined by

FHE) =F) = J% / " F)eiide,

This definition is not universal. Variations have a multiplication or division factor
of 27 and 27 may appear in the exponent of e. Also, the letter k is often used instead
of the letter &.

The Fourier transform is closely related to Fourier series in its construction and
interpretation. We shall see that the Fourier transform also decomposes a function

~

according to frequencies, and f(£) describes the extent to which the frequency &
is present in f(x).

Mathematical Physics with Partial Differential Equations. https://doi.org/10.1016/B978-0-12-814759-7.00011-9
Copyright © 2018 Elsevier Inc. All rights reserved.
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11.2 THE FOURIER TRANSFORM AS A DECOMPOSITION

The most important application of the Fourier transform for us will be in solving
PDEs. In the context of PDEs and mathematical physics, the most advantageous
choice of the component functions is plane waves. A plane wave is a function
[+ R"—>C of the form

f(x) = c(8)e™é.
The physical interpretation of the variables is
x = position, & = frequency, |c(€)| = amplitude

of the plane wave.

We need to know what functions can be represented as the superposition of plane
waves. We do not give a complete answer to this question, but Gaussian functions
(functions of the form f(x) = ae?) and other infinitely differentiable functions
that “decrease rapidly” are included. This class of functions is sufficiently rich for
our needs. With Fourier series, the superposition of the basic functions was
expressed as a sum, but in the setting now under consideration, one must use an
integral. Under some fairly general conditions, it is possible to take the inverse of
the Fourier transform, which is given by

—1 _L iy eixf
FUS) == [ e

where f (&) is determined according to

iy 1 —ix-€
T == | regea ()
As we stated in the introduction, the function f (&) given by Eq. (1) is called the
Fourier transform of f(x). N
The physical interpretation of f (&) is the prominence in f(x) of a component that
oscillates with frequency &.
One reason plane waves are the optimal choice for the component functions in
the setting mentioned is that plane waves are eigenfunctions of the Laplacian. In
particular,

A C(g)eixf _ 7|£|2C(E)627rix-f.

We now describe how the Fourier transform allows us to view the Laplacian as a
multiplication operator in Fourier space.
We express the Fourier representation of Af(x) in two ways. Since

1 ® ixt
f(x):E[wf(f)e dé
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then

@0 == [ (5) @ ez

But we also have

_ L i eixE _ le
(81 = & = / e | == / )dz

F/ ds—\/_/ FEE etz

Since (Af)(x) has a unique representation in terms of plane waves, we have

Af(£) = —4m2|£| 2f(£). One can continue this process to show

Nf(E) = (1E1%)"F ().
From this, one can define functions of A when the function is defined as a power
series. For example, since
_1 ¥ X
e X+ o + 3 +.

one can define
Af(E) = F ().

One way of describing what we have demonstrated above is that in Fourier space,
the Fourier transform diagonalizes the Laplacian.

11.3 THE FOURIER TRANSFORM FROM FOURIER SERIES

In this section we derive the formula for the Fourier transform of a function and
show how is comes from Fourier series. The idea is to consider what happens if
we begin with a periodic function and let the period go to infinity. Our arguments
will freely interchange infinite sums and integrals and will not be rigorous, but
the steps are legitimate if f(x) is sufficiently well behaved. A more rigorous state-
ment of the main result of this section is given in the next section.

Suppose f(x) is periodic on [—L, L] and is equal to its Fourier series. We use the
exponential form of the Fourier series, so that

0

flx) = Z cnexp(—m?k? /a)

n=—oo
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with
1 [E
——L/_Lf(x)e L dx
Then
s inmwx 0 1 L —inmx inmx
f(x) :n:_mcneT ZnZZ_OO oL [Lf(x)e Ldx |et.
Let
nmw ™
My = T and A,U, = z
Then

) T )
mnmx ;7
E eL —— g e’”‘nxAIu
L
n=—oo

= n=—0o0

o0 .
/ et,uxd’u
—00

and this Riemann sum converges to the integral as L — co.

So we have
o . I —inmx inmwx
f) = (— [ e L dx>e L
,,:Z_oo 2L )

= 1 L ; -
_ 2 ity gy | itax ™
n;m oy (/Lf(x)e x)e 7

is a Riemann sum for

and as L — oo

</ f ’“”de>e _)7 / (/ f i,u.xdx> eip.xdlu.
nffoo 27T

Also

® ® —iux iux _L ® [}
oo(/mf(x)e ”dx)e“d,u—\/z_w/ooF(u)e’”d,u
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where
\/—_ e My,
Thus we have the relations
\/—— e*dp 6]
E “IE . 2)

Egs. (1) and (2) provide the Fourier inversion formulas.

11.4 SOME PROPERTIES OF THE FOURIER TRANSFORM

In Chapter 1 we found that the Fourier transform of a Gaussian function is a
Gaussian function. In fact, (e"”‘z) (k) = \/ge*’fzkz/ 4. This suggests that there is

an inverse Fourier transform for a class of functions that includes the Gaussian func-
tions. Before stating a theorem that validates this, we note a relationship between a
Gaussian function and its Fourier transform; namely, the wider the dispersion of the
function, the narrower the dispersion of the Fourier transform of the function. (See
Figs. 11.4.1A and 11.4.1B.)

Theorem: (Fourier Inxersion Theorem)

Suppose that f(x) and f (&) are integrable functions and

1 ® ixt
80 = = / e,

Then g(x) = f(x) almost everywhere.
(Almost everywhere is added for accuracy. It will not affect our work.)
Thus we have the relations

G \/_/ f(x)e ™dx and f(x) \/27/ f(&)e™ds

Gaussian a =10

1
jwﬂer transform a = 10
X

-2 -1 1 2

FIGURE 11.4.1A




380 CHAPTER 11 The Fourier Transform

Fourier transform a=1/10

Gaussiana=1/10

FIGURE 11.4.1B

if f(x) is sufficiently well behaved. The latter equation defines the inverse Fourier
transform.

The proof of the Fourier inversion theorem is beyond the scope of this text. (For a
proof see Rudin, Real and Complex Analysis, Chapter 9.)

Next we describe the Fourier transform of the convolution of functions, and later
we shall see that this is very useful in solving differential equations.

The convolution of the functions f(x) and g(x), denoted (f * g)(x), is defined by

(re9w= [ " Fu)g(x — u)d.

We show in Exercise 1 that (f * g)(x) = (g *f)(x); that is,

/:,f(u)g(x —u)du = /::f(x — w)g(u)du.

Theorem: (Convolution Theorem)
If f(x) and g(x) are integrable, then

(F8) @ = vanf(e)2().
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Proof:
We have
— 1 00 i
re)e = Var / e (frg))dx
" (/:f (x- u>g<u>du> s

Let

z=x—u Thendz=dx, x=z+4u, e ™ =¢ F it
Thus

1 o © y
v /:7 £l </ e flx - M)dx> du

_ © e

= \/E/uoog(u)</z°oe e f(Z)dZ>du

= /__ g(u)e ™ du (\/%_ﬂ B e—isz(Z)dz> du = \27f ()3 ().

We use alternate notation for the following corollary. The corollary is the form of
the theorem that we shall use in solving differential equations.

Corollary:
If F(£) and G(£) are the Fourier transforms of f(x) and g(x), respectively, then

FUPEIGE) = = + )

Theorem: (Parseval’s Theorem)
If [ [f(x)]dx is finite, then
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In the language of operator theory, this says that the Fourier transform is a unitary

transformation.
Proof:
The main equations that we use in the proof are
fx) = Nr / F(k)e ™ dk > ¢ gy = 6, (x).

The second equation is developed in Exercise 7.
We have

[ irePas= [ i

_ / ” {l% /k ” F(k)eikxdk] [\/% .°° F(j)e’jxdj]dx}
X=—00 T Jk=—00 T Jj=—0

_ /kiw F(k){ [ooof( i) [% /xiw ei(fk)xdx]dj}dk

EXERCISES

1. Show that if f(x) and g(x) are integrable functions, then (f x g)(x) = (g *f)(x);
that is,

[ st wau= [ st st

2. Find the Fourier transform for

1
1-— if x| < —
N S
0 otherwise
1 a<x<b

0 otherwise -

b, 1) = {
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C. f(x)=e".
d. f(x)=e K a>o0.

e. f(x) = da(x).

3. If F(k) is the Fourier transform of f(x), show the Fourier transform of f/(x) is
ikF (k).

4. If F (k) is the Fourier transform of f(x), find
a. The Fourier transform of f(ax) in terms of F (k) for a > 0.
b. The Fourier transform of f(x — a) in terms of F (k) for a > 0.

5. Let g(x,a) be the Gaussian function

1 2
= 112
g(x,a) P e .
The Fourier transform of g(x,a) is
2.2
G(k,a) = e

Use the convolution theorem to show

g(x,a) x g(x,b) = g(x, Va2 + b2>.

6. Show that

| 1w+ soPas= [ 10 + GoPax

(e8] —0o0

11.5 SOLVING PARTIAL DIFFERENTIAL EQUATIONS USING
THE FOURIER TRANSFORM

We now show how the Fourier transform is used to solve PDEs when the space var-
iable is unbounded. In the PDEs that we consider, there will be two variables, time
and space. We can take the Fourier transform with respect to either variable, but in
most cases we take the transform with respect to the space variable. The technique
for solution of PDEs consists of three steps: First, apply the Fourier transform with
respect to the space variable, x, to the PDE and the initial conditions. This yields an
ordinary differential equation and its boundary conditions. Second, solve the ordi-
nary differential equation. Third, apply the inverse Fourier transform to the solu-
tion of the ordinary differential equation to obtain the solution to the original
PDE. We demonstrate this technique with two examples.



384 CHAPTER 11 The Fourier Transform

Example:
Solving the heat equation using the Fourier transform.
We solve the heat equation in one dimension using the Fourier transform

u(x,1) = Kuge(x,1) >0, —o0<x< o0 )
u(x,0) =f(x) —oo<x<oo. 2)

Let U(&, ) be the Fourier transform of u(x,f) and F' (&) be the Fourier transform of
f(x). Two key relations in this method are if

) == [ UGz

then

a" iz

! (x,1) = \/_/ <6t” ) e rdE (3a)
and

a" 1 « o i

) = o= [ UG (3b)

From Egq. (1), we have

_ 2 iéx
0 = u(x, 1) — Kuye(x, 1) = \/ﬁ/ [ U, 1)+ KETU(E,1)| e="dE.

Holding ¢ fixed, we solve the ordinary differential equation

d
SUED+KEUE ) =0. )
The initial condition for Eq. (4) is

U(§,0) = F(u(x,0)) = F(f(x)) = F(£).

From Eq. (4) we get
du 2
— = — [ K&“dt
=]

SO

V(1) = UE.0)e ™ = F(@)e .

To find u(x,f) we use

1= 2y i
ux, 1) = N / ’“‘d&—\/T_ﬂ / F(£)e X e de. ()
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To obtain a more explicit form of the solution, we would need to evaluate the
integral in Eq. (5). In the case that f(x) is a Gaussian function, this is reasonable to
do (because F(£) is then also Gaussian). In Exercise 2, we give such an example.

FUNDAMENTAL SOLUTION OF THE HEAT EQUATION
For the fundamental solution of the heat equation, we need to solve
ur(x, 1) = Kuye(x,2) >0, —o0 <x< o0;
u(x,0) = do(x).
In this case,
1

U(£,0) = F(§) = F(u(x,0)) = F(do(x)) = \/% [“ So(x)eENdE = N

and Eq. (5) becomes

_ 1 ® iEx _ 1 « —KE% itx
u(x, 1) U, t)e"ds = — e "l dE.

T o o 21 J_

In Section 1.5 we found

U [ ik —atk L v
— e KT g = o7 /4at
2T J_ Varat
so (taking the complex conjugate of the integral) the fundamental solution is
u(x,t) = ——e /K1,
41Kt

From this, the solution to the heat equation on an infinite bar with initial condi-
tion u(x,0) = f(x) is

1 X @
u(x,t) = e ki dy.
e L

Note that if we let
g(x) = exp (—x2 /4Kt)
then

1
VarKt

This is handy because if f(x) and g(x) are both Gaussian functions, say

f(x) =exp(—x?/2b%) and g(x) = exp(—x*/2b%)

u(x,1) =

(f * &)(x).
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then
771 exp(—x? /2 (a? 2
(F+ 90 = s (- /2( 4 1))

Example:
Solving the wave equation using the Fourier transform.
We solve the wave equation using the Fourier transform. Consider

uy(x, 1) — czuxx(x, )=0, >0, —co<x<oo 6)
u(x, O) :f(x)v ut(xv 0) = g(x)' @)

Let U(&,t) denote the Fourier transform of (x,7), F(£) the Fourier transform of
f(x), and G(&) the Fourier transform of g(x). We again use

uer) == [ vGEneas

)
P ot Brde
o1 \/EF/ an V&)
and
9" l‘ gn 1;xd€
E u(x, 1) \/_/ (i)

From Egq. (6), we have

=7 / [aﬂ 1) + 22U 1) | eat.

So, holding ¢ fixed, we need to solve the ordinary differential equation

0 = uy(x,1) — czuxx(x f)

2
AUEN+EEUEN =0 ®)
with initial conditions

Flulx,0)) = F(f(x)) = FE);  Fu(x,0)) = F(glx)) = G(E);

that 1is,

We get
U(&,1) = A(E)cos(ct) + B(€)sin(cér)
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and so
FE) = UE0) = AE@: G = U(E.0) = £ BE) or B(E) = 2.
Thus
0(e.1) = Flejeos(ez) + Zdsintezn
and so

u(x,t) = \/ﬁ/ [ Jcos(ckt) + Gc(g) sin(cér) | e de.

With some manipulation, we can show this gives d’ Alembert’s formula. We have

ickt —ickt ickt __ —ickt
cos(ct) = ¢ +2€ and sin(cér) = ¢ 2: i
So
/00 F(E)cos(cEt)eig"dE = % /00 F(&) [e"CEt + eiicgyt] e dE
:% /:: F(E) [eif(x+ct) + EiE(x_Ct)}df
:\/—_%[ Fle+et) +f(x— cf)]
and
0 ickt —ickt
[m [%g) sin(cEt)} 5 g :% /700 G(£) {e ; € ] g
1 © ei.E(erct) _ eiE(xfcl) 1 oo x+ct i
ZEKNG(E) i ]d.{_z ;dk)dE

1 x+ct [ - 1 1 x+ct
= G(8)ekds | dk = —— — /
2c x—ct /—oo (E) g vV 27 2c

Thus

u(x,1) = \[2.71._/ [ Jeos(cér) + Gc(g) sin(cgt)} & dE

xX—+ct
[f(x+ct) +flx—et)] + 1 / g(k)dk.

2¢ Jy—er

N —
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We use Laplace’s equation as an example to demonstrate another application of
the convolution theorem.

Example:

Solving Laplace’s equation using the Fourier transform.

Laplace’s equation is

U (X, ) + 1ty (x,y) = 0.

Suppose we have Laplace’s equation on the half-plane —oo0 < x < o0, y > 0 with
the boundary condition

u(x,0) =f(x) and suppose that u(x,y) is bounded.

We take the Fourier transform with respect to x to get

Fluts)) == [ uteye Par=utky)

Then

2
Flunc(x,y)} = —KU(k,y),  Fluy(x,y)} = :7 U(k,y),

Flu(x,0)} = U(k,0) = F{f(x)} = F(k).

Taking the Fourier transform of Laplace’s equation and the boundary condition
above, we get the ordinary differential equation in y,

2
;?U(k, V) = KRUKy) =0, Uk 0) = F(k).

The solution to this equation is
U(k,y) = AelD 4 Bk,
If we assume that U(k,y) is bounded as y — oo, then
U(k,y) = Be Ky,
The initial condition gives B = U(k,0) = F (k), so
U(k,y) = F(k)e kb,

If we take the inverse Fourier transform of U(k,y), we obtain the solution u(x,y).
In taking the inverse transform of F (k)e’V“y, we are taking the inverse of the
product of two transforms, and this can be accomplished by using the convolution
theorem. To apply the convolution theorem to this problem, we need to find

F{e ),
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Now
f—l{e—\k\Y} L ® e~ Ik gikx g
Ylcos(kx) + i sin(kx)|dk
G /
b [cos(kx) + i sin(kx)]dk.
\/271' /
In

/0 ¥ [cos(kx) + i sin(kx)]dk

—00

let m = —k. Then

0 0
/ ¥ [cos (kx) + i sin(kx /e [cos(—mx) + i sin(—mx)](—dm)

—00 (e8]

= /oo e "™ [cos(mx) — i sin(mx)|dm.
0

Thus

(o] . (o]
/ e Mveigr = 2 / e cos(kx)dk.
k=—00 0

Integrating by parts twice gives
/0 e cos(kx)dk = )#yz if y>0.
Thus
, 1 2y
F {eilkl}} =—
V2m x4 y?

If we let g(k) = e *I¥, we have

( ) 1 2y
X)=—— 5
& V2m X2+ y?
and
2y
gx—27) =—-"7F—>.
(x —2) +?
So

u(x,y) = F Uk y)} = FHFK)GK)} = (f * &) (x)
N A 0 {69
_7T/oo(x—z)2+yzdZ

This is one form of Poisson’s integral formula.
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In Section 12.3 we use Poisson’s integral in polar coordinates, which we devel-
oped in Exercise 8 of Section 4.3. This is the solution to the boundary value problem
on a circle

1 1
Vu(r,0) = uy + -y + sugp =0 for r <R, u(R,0) =f(0)
r r

which is given by

R*—7r2 [T flo)
0) = do.
u(r, ) 27 /,WR2 + 72 —2rR cos(0 — ¢) ¢

EXERCISES
Solve the following PDEs using the Fourier transform.
1. w(x, 1) = Kuge(x,1),  u(x,0) = ]J:—x27 — 00 <x < 00,
t>0.Assume  lim u(x,t) =0.
x— +oo
2. u(x,1) = Kuge(x,1),  u(x,0) = cefxz, — 00 < x < o0,
t>0. Assume  lim u(x,t) =0.
x—+oo

3. Use Euler’s formula

e = cos O +isinf

to show

eicEt 4 e—icit eiCEt _ e—icit

t)= ——  andsi )= ———
cos(ckt) 7 and sin(cét) %
4. Solve the wave equation
up(x,1) — Cug(x,1) =0, >0, —o0<x< oo (1)
1

u(x, 0) = m, u,(x, 0) =0.

5. In digital processing, the function
_sinx

sinc(x) = —
x
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is often used. Given that
1 if |k <1
F(sinc(x)) = f(k) = .
(sinc(x)) = £ (k) {0 otherwise
Solve the wave equation
U (x,1) — g (x, )=0, t>0, —oo<x<® 2)

u(x,0) = sinc(x), wu/(x,0)=0.
6. Solve Laplace’s equation on the half-plane —oco < x < 0o, y >0 with the
boundary condition
u(x,0) = e ¥ assuming that u(x, y) is bounded.

7. Solve Laplace’s equation on the half-plane —co < x < 0o, y >0 with the
boundary condition

I, 0<x<2
u(x,0) =

0 otherwise

8. Justify, giving necessary hypotheses on U(x,f), the formulas if

u(x, 1) = / ” U(E,1)e™ dE

(e8]

then

d ® (4 i£x
O ) = [m (5 U(S,t))eg dE

and

iu(x, 1) = /_ ” U(E,1)(i€) e**dE.

Ox o

11.6 THE SPECTRUM OF THE NEGATIVE LAPLACIAN IN ONE
DIMENSION

If Vis an n-dimensional vector space, and A:V — Vis a linear operator, then A can
be represented by an n x n matrix. (The entries of A depend on the basis of V.)
The spectrum of A is the eigenvalues of A, which are the values of A for which



392 CHAPTER 11 The Fourier Transform

there is a nonzero vector X with AX = AXx. These are the same numbers for which

(A — A1) ~" does not exist.

If Vis an infinite dimensional vector space, the spectrum is more complicated.
The resolvent of the linear operator A is the set of complex numbers z for which
(A—zD) "V — Vs a continuous (bounded) operator. The spectrum of A is the
complement of the resolvent of A. The eigenvalues of A are part of the spectrum
of A.

Our aim in this section is to show that for A = — @ / 2,2 and ¢ >0 we have

(70 == T [ exp( = Vel s

if f(x) is sufficiently well behaved.
We let m* = ¢ and consider

—u" (x) + mPu(x) = f(x) (1)

where f(x) is a rapidly decreasing, infinitely differentiable function.
Proceeding formally, we rewrite Eq. (1) as

and

Applying the Fourier transform to Eq. (1), we get
KU (k) + m*U (k) = F (k)
so
T(k) = (kK +m?) " F(k).
If there is a function g(x) for which é(k) = (k2 + m2)_1, then
Tk) = (% +m?) " 'F(k) = G(k)F (k) = (ng) (k)
and
u(x) = (8 *f)(x)-

To find g(x), we take the inverse Fourier transform of (k2 + mz)_l. That is,

s CV2m KR mE T
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e mi

FIGURE 11.6.1

We shall show that

oo ikx
/ S dk =" for m> 0.
_eokt+m m

We do this by using the residue theorem for two cases. The first case is for x > 0.
Consider the contour shown in Fig. 11.6.1.

The only pole of
ok ok
TR +m? (k— mi)(k+ mi)

(k)

that occurs within the contour is a simple pole at k = mi. The residue of f(k) at
k= mi is
e'kx ell
lim (k —mi = = .
i k=) S )~ (i) 2

i(mi)x e—mx

Thus

R ikx —mx ikx ikx
_Rrk*+m 2mi ke +m m k= +m
If k is a point on Cg, then, because the imaginary part of kK > 0 and x > 0, we have
|e**| < 1. Also for k a point on Cg,

1
k2 + m?

< 1
S R-m)

Since the length of Cy is R, we have

ikx ikx
Lt < [
ke +m Cr

TR
k2 + m?

= R_my
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e mi

FIGURE 11.6.2

and so

lim
R—

oikx
—dk| = 0.
/;l€k2 + m2 ’
Thus for x > 0 we have

co eikx T
[mmdk—ie for m > 0.

The second case is for x < 0. Consider the contour in Fig. 11.6.2.
In this case, the only pole of

eikx eikx
f(k) ) 5 — ; ;
K 4+m?  (k—mi)(k+mi)
that occurs within the contour is a simple pole at k = —mi. The residue of f(k) at
k= —miis
oikx ei(—mi)x omx
li k i = = .
P (k + mi) (k—mi)(k+mi) (—mi—mi) —2mi

Thus for x < 0

R ikx —R ikx mx ikx
e e N e
—Rk"+m R k"+m mi k™ +m

emx eikx - eikx
= —2mi ——dk =—€™ ———dk.
m<2mi> +/ckk2 . me +/C,J<2 .

If k is a point on Cg, then, because the imaginary part of k < 0 and x < 0, we have
le**| < 1. Also for k is a point on Ck,

1
k? + m?

1
R—m)*

<
(
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Since the length of Cf is R, we again have

eikx eikx 1
——dk| < / dk < 7R
/ch2 + m?2 ‘ Colk* +m? (R —m)?
and so
oikx
R— CRk +m

Thus for x < 0 we have
) ikx
/ %dk:zemx for m > 0.
—ekc+m m

From the two cases we conclude

00 ikx
/ kziizdk — Tl for m >0,
o m m
Thus

) = a0 == [ a0y === [ el

So we have formally written

4 - 1 °
(- gztnt) 0= [~ emiian ®

where m > 0. -1
2 . .
Thus [ — % + m2) is given by Eq. (3), and at least part of the spectrum of

—d? / 2 1s the positive real axis.
In fact, the positive real axis is the entire spectrum of —A. This is because

—1
(— dd—; - m2) is defined and bounded, and because — d? / A is self-adjoint,

the spectrum is a subset of the real numbers.

11.7 THE FOURIER TRANSFORM IN THREE DIMENSIONS

The Fourier transform in three dimensions in rectangular coordinates is given by

~(7 1 /// —i(kyx+kyy+k.z)
Flk)= Sx,y,z)e WYY dxdydz
( ) ( /277)3 R3




396 CHAPTER 11 The Fourier Transform

where k = (ky, ky, k). The inverse Fourier transform is determined by

flxy,2) = / / / e/ btk +k2) g ke dk,
27r R

Some of the most important appllcatlons in three dimensions occur when f(x,y,z)

depends only on r = |[F| = \/x% + y% + z2. In these instances, it is often advanta-
geous to use spherical coordinates. Recall that in spherical coordinates

dV = r? sin 8drdfdg, so that

SR 1 o0 m 27
F(k) - . / / / F(e 12 sin 0 dg do dr.
(V2m)™ Jr=0 Jo=0 Jo=0

We take k so that it is parallel to the z-axis and then k-7 = kr cos § where

k= ’l?‘ Then
R 1 ) 2w
F (k) - . ek 03 0,2 Gin g dey d6 dr.
(\/277' )‘ r=0 J6=0
Now
T 2w ) g )
/ / do e * ¥ in g do = 2 / e kreos ¥ 6in g de
0=0 \ J =0 6=0
27T ﬂkr cos 0‘ 2w (efikr(fl) _ e*ikr(]) )
ikr 6=0 — ikr
2 . _Am sin(kr)
= EQJ Sln(k}’) = T
Thus

~o 1 © . r247rsin(kr) . 2 [ rrsin(kr) .
F(k)—(\/z_%f/rzof() ) g 2 [ 0

Similarly,
2 (® ~  ksin(k
\/:/ F(k)Mdk
™ Jr=0 r

We consider the example
—Bu(X) +m’u(x) = f(r)

in three dimensions. As in the one-dimensional case, we take the Fourier transform
and find

1~

U(k) = (kK +m?)" F(k).
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We then take the inverse Fourier transform of (k2 + mz)*l; that is, we compute

® k sin(kr)
r—\[/ Ty

To compute the integral, we again use the residue theorem, but the estimates are
more delicate than in the one-dimensional case. We begin by computing

® xsinx
S 5dx
Xt tm
using the residue theorem.
Let
Z
f(z) 2+m
We compute
/ fz)edz
c

where C is the contour shown in Fig. 11.7.1. '
The function f(z)e’ has a pole of order 1 at z = mi. The residue of f(z)e” at

z=miis
Zeiz mieimi e M
lim (z — mi) - = =— .=
z—mi (z—mi)(z+mi) mi+mi 2
)
R ix —m
xe e :
———dx =2mi| — | — edz.
/,sz—f—mz l( 2 ) CRf(Z) <
Thus

R .
X sin x - ;
/4? 2l dx = Im(mie™™) — Im CRf(z)e’Zdz.

Cr

e mi

Y

FIGURE 11.7.1
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Consider

f(z)edz
Cr

If z is a point on Cg, then
R

|f(2)] Sm

and the length of Cg is mR. So we can say

< 27rR

R —m)

fz)edz
Cr

but

R
lim ——— mR#0.
R—co (R —m)

Thus more is needed to conclude that

lim =0.
R— o0

f(z)edz
Cr

The pertinent result is Jordan’s lemma. (See Brown and Churchill, p. 272.) It
states that if f(z) is analytic at all points in the upper half plane that are exterior
to a circle |z] = Ro and Cy denotes a semicircle z = Re, 0<6 < where
R > Ry and | f(z)| < Mg for z on Cg and

lim Mrp =0
R— 0 R
then for every positive real number a,

lim /f(z)ei“zdzz 0.
Cr

R—

Thus

® xsin x . R xsinx
5 2dx: lim 5 2dx
—co X"+ m R—oo | _px“+m

= Im(mie™™) — Im lim /f(z)eizdz = Im(mie ™) = me™".
Cr

R—
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Now consider
® k sin( kr 2 1 © rk sin( kr
12 L 2\ 12 L 2\ rdk
— r k + m? k + m?
2 k sin(kr)
f r / 7 szm r) rdk
k +m
21 [®  rksin(kr)
=4/— - rdk
\/; r 100 (r*k? + r*m?)

2 i 1
\/7 - sm(2 )2 du = 2m ;efmr.

u +r'm )
k sin(kr)

Since Ftm?) is an even function in k, and r > 0
® ki 21

/ sin(kr) dk — \/: 1w
o r(k? 4+ m?) T

T(k) = (% +m?) "' F(k)

Returning to

we now know

u(®) = (g +/)(F F///ylx—yl e (5)d5.

EXERCISES

1. In three dimensions, find the Fourier transform of

1 2
- /4
f(r)_(47rr)3/2e .



CHAPTER

The Laplace Transform

12.1 INTRODUCTION

A second integral transform that plays a prominent role in the solution of differential
equations is the Laplace transform. If f(x) is a piecewise continuous function for
which

fx)=0 ifx<0
then the Laplace transform of f(x), denoted (Lf)(s), is defined to be

(LF)(s) = /0 " e ()

for functions for which the integral converges.
We note a relationship between the Laplace transform and the Fourier transform.
We have

1 ® —ixs
N6 == [ et

SO

i == [ s = [ e
If f(x) = 0 for x < 0, then

is) = ” )ce_’”x:L ” )ce_“x:L s
F-ie) == [ e == [T pwe e = ——ep). o

(This is one place where our definition of the Fourier transform makes things a
little messier. There is a definition of the Fourier transform for which

(FF)(=is) = (£f)(s)-)

Mathematical Physics with Partial Differential Equations. https:/doi.org/10.1016/B978-0-12-814759-7.00012-0 401
Copyright © 2018 Elsevier Inc. All rights reserved.
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EXERCISES
1. Show that

n!

F s > 0.

L[] =

2. Use the Maclaurin series for sin ¢ and assume that the series can be integrated
term by term to show

Lsint} = , > 1.
{sin 1} S s
3. Use the Maclaurin series for
sin ¢
— t#0
f)y=9 ¢
1, t=0

and assume that the series can be integrated term by term to show

L)Y =tan"'(1/s), s> 1.

Note that the Taylor series for tan~! x is x — % %5 - x< 1
4. Use the Maclaurin series expansion for the order zero Bessel function

i (_l)nt2n
o) =) ——
2
n=0 22 (n')
and assume that the series can be integrated term by term to show

clhmr=+1)""7 s>1

12.2 PROPERTIES OF THE LAPLACE TRANSFORM

The relationship between the Laplace and Fourier transforms suggests that certain
properties of the two transforms are shared. For example, the Laplace transform
can be viewed as a method to decompose a function. Also, as we now show, the anal-
ogous result about the Laplace transform of the convolution of two functions is the
product of the Laplace transforms.

Theorem:

Let F(s) and G(s) denote the Laplace transforms of f(x) and g(x), respectively.
Then

(L(f %8))(s) = F(s)G(s).
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Proof:
We have

[Se]

(L)) = [

t=0

(f*g)(r)e *dr = /t=0 /zof(z)g(t—z)dz e dt. (1)

The reason the limits of integration are as they are in fzt _of(2)g(t — 2)dz is
because f(z) =0 if z< 0, and g(tr — z) = 0if z > r. This is why the convolution
of functions f(x) and g(x) that have a Laplace transform is usually given by

o= [ et

rather than

oo

(f * )(x) = / F(D)glx — 2)d.

=—00

We change the order of integration in the double integral in Eq. (1). The region of
integration is shown in Fig. 12.2.1.

FIGURE 12.2.1

Changing the order of integration gives

/[:) /Z;Of(Z)g(t—z)dz e Mdt = /Z:) /t::f(z)g(t—z)e”dt dz

_ /;;f(z) /: gt — 2)e 't | dz.

(s
/ gt —z)e "dt
t

=z

In the integral



404 CHAPTER 12 The Laplace Transform

we make the change of variables u=1t—z Whent =z then u=0.
When ¢ = oo, then u = c0. Also, df =du and e = e 5t = g=sug—sz,
Thus

/ g(t - Z)eisrdt = / g(u)ef“'“e*“du = efsz/ g(u)efs"du
! u

=z u=0 =0

[ [osesea)
= (/ZOf(Z)eszdz) (/u() g(u)esudu) = F(s)G(s).
Corollary:

With the notation of the theorem above

~1
L7(F(5)G(s)) = (f * &) (x).
As with the Fourier transform, it is the corollary that is useful in solving differ-
ential equations.
Some important results that we shall use in solving differential equations with the
Laplace transform are the following theorem and its corollaries.

SO

Theorem:
Suppose that the Laplace transform of f(x) and f’(x) exist and f(x) is continuous.
Then
(Lf")(s) = s(Lf)(s) = £(0).
Proof:

Integrating by parts with u = ¢~ and dv = f/, we have
(Lf')(s) = /O e (W)dx = e f ()L + s /0 e " f(x)dx = s(Lf)(s) = f(0).

Corollary:
Suppose that the Laplace transform of f(x), f’(x), and f”(x) exist and f(x) and
f'(x) are continuous. Then

(Lf")(s) = s (LS)(s) — 5 (0) — f'(0).
Proof:
By the theorem, we have

(Lf")(s) = s(Lf))(s) = f'(0) = s[s(Lf)(s) = f(0)] = £(0)
= s>(Lf)(s) — s(0) = £'(0).
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Continuing the idea of the above corollary, we have the following result.

Corollary:
Suppose the Laplace transform of f(x), f'(x), ..., f®(x) exist and
F(x), f'(x), ..., =V (x) are continuous. Then
(L") (s) = (LA s) — 1 £(0) =+ = 57 2(0) — £V (0).

Table 12.2.1 gives some formulas for the Laplace transform. Several of these are
proven in the exercises. In the table, F(s) is the Laplace transform of f(x).

Table 12.2.1 Some Properties and Formulas for the Laplace Transform
L(af(x) +bg(x)) = aF(s) + bG(s)
L(xf(x)) = —&F(s)
LK(x)] = (—1)" G F (s)
L[f(ax — b)) = Lebs/a F(g) a>0, b>0
LIe¥f(x)] =F(s—a)

c[ fy foyat] =1FGs)

L[(F +9)] = F(5)G(s)
L[ (00] = F(s) - "1H(0) " 2F(0) — - — £ (0)

1ifx>0 ; -
Ifu(x) = 0 ifx<0 then L[u(x)] = g and L[u(x —a)] =&~ s >0, then

Llu(x —a)f(x —a)] = e ¥F(s)
LX=% s>0
L =L s>0

Le¥] =1

Llsin@x)] =gz $>0
Llcos(@x)] = z3zm $>0
L[x sin(a)] = szia;(z s>

L]x cos(ax)] = (52;:;)2 s> |a]

Llf(ax)|= F<) a>0

L[e¥x"] = # s>a

L[ sin(bx)] = (s—al)j2+b2 s>a
Le* cos(bx)] = (S_;ﬁ s>a

Llé(s—a)=e"%
L[(=x)"fx)] = F™)(s)
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EXERCISES
1. Show that
a. L(xf(x)) = —%F(s).
b. Llsin(ax)] = z{> s>0.
c. L]

2—a?
(s2+a2)2 s> |a|

2. If F(s) = L{f(¢)}, show that if F(s) exists for s > b > 0, then
a. L{f(a)} = éF(é), s > ab.
b. L{e"f(t)} =F(s—a), s>a+b.

c. E{%e’ht/“f(é)} =F(as+b), a>0.
3. Find the Laplace transform for the Dirac-0 function.
4. Find the Laplace transform of the functions below:
t .
a. [y(t—7)sin d.
b. [ycos(t— 1)e*dr.
c. [yt —1)sin(4r)dr.
5. Use the convolution theorem to find the inverse Laplace transform of the given

functions:

1
s2(s2+ 1)
2
s2(s2 4+ 4)
S
C. —

(s? +4)

x cos(ax)] =

a.

b.

12.3 SOLVING DIFFERENTIAL EQUATIONS USING THE
LAPLACE TRANSFORM

The Laplace transform can be applied to solve both ordinary and partial differential
equations.

We first demonstrate how the Laplace transform can be used to solve ordinary
differential equations. The major steps of the process are as follows:

1. Apply the Laplace transform to the ordinary differential equation. We shall see
that in the case where the coefficients are constants, this converts the ordinary
differential equation to an algebraic equation. The point of the process is that the
algebraic equation is easier to solve.

Solve the resulting algebraic equation.

Find the function whose Laplace transform is that of the solution found in
Step (2). The result is the solution to the differential equation.

W

Like with solving differential equations with the Fourier transform, it is the third
step, where we find the “inverse Laplace Transform” of a function that is the most
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difficult. There is a transform that accomplishes this, called the Mellin transform, but
it is beyond the scope of this text.

We give two examples of how to use the Laplace transform to solve ordinary dif-
ferential equations.

Example:
Solve the differential equation

Y1) +6y'(1) +5y(1) = (1), ¥(0) =1, y'(0)=0

using the Laplace transform.

This example demonstrates how the Laplace transform converts an ordinary dif-
ferential equation with constant coefficients into an algebraic equation and use of the
convolution theorem.

Solution:
Letting Ly(f) = Y(s), we have

Ly"(t) = s*Y(s) — sy(0) — y'(0) = s*Y(s) — s
Ly (t) = sY(s) — y(0) = sY(s) — 1
and we let F(s) = Lf (7).
Thus taking the Laplace transform of the equation yields

s2Y(s) — s+ 6[sY(s) — 1] + 5Y(s) = F(s)

or
(s2—|-6s+5)Y(s) —s—6=F(s).
So
6 F 6 F
Y(S) =72 s + 2 (S) = S + (S) .
(s24+6s+5) (s24+6s+5) (s+35)(s+1) (s+5)(s+1)
Taking the inverse Laplace transform gives
_ _ +6 F(s)
) =LY(s)=L£7" i + >
y() (¥(s)) ((s—|—5)(s—|—1) G156+
(s+35)(s+1) (s+5)(s+1)
Using a CAS to decompose the first expression on the right into partial fractions
yields

s+ 6 5 1

(s+5)(s+1) 4(s+1) 4(s+5)°
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ewmern) ~¢ (@ wrs)

5 1 1 1 5 1
:—£71 __£71 _ T, _ *51'
4 (s+ 1) 4 <s—|—5> 4¢ T4°

We use the convolution theorem to get

! ((L) — ()0

s+5)(s+1)
where
0= (rsrm) = () —a -
So
00 = [ et -wai= [ w3 (e -5 a
Finally,

_§ —t_l -5t /t l —(t—u) _ ,—5(t—u)
y(t)—4e ¢ + Of(u) 4(6 e ) du.

The next example gives a linear equation where the coefficients are not constants.
The main point of the example is to demonstrate a use of the relation

L) =5[],

Example:
Solve the equation

Y'(1) + 1y (1) + (1) =0, y(0) =1, y(0) =0.
Solution:
Letting Ly(t) = Y(s), we have

£y/(1) = ¥(s) = 5y(0) = ¥/(0) = ¥(s) — s
Ly'(t) = sY(s) — y(0) = sY(s) — 1.
Then

d d
Ll (1)) = =5 L] = =[5V (5) = 1] = = ¥(5) = s¥'(s).
Taking the Laplace transform of the differential equation thus yields

[SZY(S> — s] +[=Y(s) —sY' ()] +[Y(s)] =0
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or
s2Y(s) —sY'(s) —s =0
or
Yi(s) —sY(s) = 1.

In this case, taking the Laplace transform has reduced the order of the differential
equation from two to one. The resulting differential equation is one that is familiar in
a first differential equations course. It is solved by multiplying by an integrating fac-
tor, which in this case is e~*"/ 2 to give

e_sz/zY'(s) — 5% Y(s) = e 2

But
STV = e Y ) e P ()
so we have
(e*z/zy(s))/ =2,
Then

efsz/zY(s) - C:/ (efzz/zY(z))/dzz/ e 724z

N s
where C = lim e </2Y(z) = 0.
/00

Integrating and simplifying gives

Y(s):esz/2 / e i)

Now,

Y(s) = / e 51252, z/ e @2y,

We can find y(f) by making the change of variables u =z —s. Then
du=dz; 72 —5*>=(z—s)(z+5) = u(u+2s) =u? + 2su; if 7 = s, thenu = 0;
if z = o0, then u = oo.

So

Y(S):/ e_(zz_sz)/de:/ e_(”2+2m)/2du:/ e e 2y,
s 0 0
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We recognize that the expression on the right is the Laplace transform of e /2,
Thus the solution to the differential equation is

i) =e "2
Example:

In this example we show how to find the Laplace transform of a function with a
jump discontinuity. Let
0 t<c
u.(t) = {

1 t>c¢

In Exercise 6 at the end of this section, we show L{u.(1)f(t — c)} = e “F(s).
Let

R 0<r<2
) = {t+(t—2)3 1>2
Then f (1) = t + uc(t)(t — 2)°. So
LIF(0)} = £{r} + E{uc(t)(t - 2)3} = {1} + e =LA}
Consider the initial value problem
Y'(1) +2y/(1) — 8y() = 300(t — 2);  ¥(0) =2, y'(0) = —1.
Taking the Laplace transform, we have
[SZY(S) —sy(0) —y'(0)] + 2[s¥(s) — y(0)] — 8Y(s)
= 52Y(s) — 25+ 1 +25Y(s) — 4 — 8Y(s) =3¢ >

$0
Y(s)(s* +25 — 8) =3¢ > + 25 + 3.
Thus
3 2s+3
i e A e
Using
3 1 1 1 1 2543 5 1 7 1
GI1a)-2) 252 2544™Gra6-2) 66+4 6(-2)
we have
Y(s) = e Y (s) + Ya(s)
where

1 5 1 7 1

1 1 1
N =3 5= 267 ™M = xa s oo
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So
1 2(1-2) 1 —4(1-2) 5 —4t 7 2t
(1) = up(t)y1(t = 2) + ya2(t) = ua(t) |z e ——e +oe e
2 2 6 6
EXERCISES
Use the Laplace transform to solve the following initial value problems:
1 y'(x) +y(x) =0, y(0) =2,'(0) =3.
2. y"(x) + 7Y (x )+12y( )—0 ¥(0) =3, y/(0) =
3. y”(X) +4y'(x) +3y(x) =x, ¥(0 ) =0,(0) =
4. Y'(x) +5y(x) + by(x) =7, y(0) = ¥'(0) =
5. Y'(x) —4y'(x )+3y(X)=Smx (0)—27 (0)=0-
6. For ¢ > 0 define

uc(t){o t<c'

1 t>c¢
Show that L{u.(2)f(t — ¢)} = e"““F(s). This is used in the next two exercises.
7. Use the Laplace transform to solve the initial value problem

¥ (x) +¥'(x) = 12y(x) = do(x — 1),  y(0) =0, y'(0) = 1.

8. A spring system is modeled by the differential equation

mx (1) + X' (1) + k(1) = f(2)
where m = mass of the spring, ¢ = damping factor, k = spring constant, f(r) =
force, x(r) = displacement from equilibrium. Suppose a spring is hit with a
hammer at ¢=2 that imparts a nearly instantaneous impulse of
1, so thatf(t) = do(r —2). Find x(¢) if m=1, ¢ =8 and k =15 using the
Laplace transform.

12.4 SOLVING THE HEAT EQUATION USING THE LAPLACE
TRANSFORM

As with the Fourier transform, we shall use the Laplace transform to solve partial
differential equations. Consider two forms of the heat equation problem.

ou(x,1)  u(x,1)
i o2
u(x,0) =f(x), u(0,1) =g(r)

=0, —oo<x<oo, t>0
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and
ou(x,1)  0%u(x,1)
o 0x2
u(x, 0) :f(x)’ M(O, t) = g(t)

=0, 0<x<oo, t>0

where g(r) =0 if < 0.

Since u(x, t) is a function of two variables, it might seem that we could apply the
Laplace transform with respect to either variable. However, the Laplace transform is
defined only for functions that are zero when the variable is negative. Thus we could
apply the Laplace transform with respect to either variable in the second problem,
but only with respect to ¢ in the first problem.

Let u(x, t) be a function for which u(x,7) = 0 if x <0 or ¢ < 0. Then we can
take the Laplace transform of u(x, ) with respect to either variable.

Let £, denote the Laplace transform with respect to ¢ and £, denote the Laplace
transform with respect to x. That is,

Li(u(x, 1)) = U(x,s) = /000 u(x,t)e*dt

Ly(u(x, 1)) =Ul(s,t) = /000 u(x, t)e”*dx.

If we take the Laplace transform with respect to ¢, then

Lt(&ué}«;t)) = /Oooaug;’t)e_“dt =sU(x,s) — u(x,0) =s U(x,s) — f(x)

and

dx2 dx2 T o2 dx2

Analogous equations hold if one takes the Laplace transform with respect to x.
The boundary condition transforms to

L:(u(0,1)) = /Ooog(t)e_“dt = G(s).

Thus taking the Laplace transform with respect to ¢ of the given equation yields

2 00 42 2 o0 2
Ly (a u(x, t)) :/ ulx 1) e Vdt = g / u(x,t)e”'dr = 9U(x,s) S).
0 0

0*U(x,s)
R
In the next example, we solve such a problem for given functions f(x) and g(z).
As one would expect because of the relationship between the Fourier transform and
the Laplace transform given by Eq. (1) in Section 12.1, the process of solving partial

sU(x,s) — flx) =0 U(0,s) = G(s).
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differential equations with the two techniques is virtually identical. We recall that
the major steps with the Fourier transform were as follows:

1. Convert the PDE to an ODE using the transform.
2. Solve the ODE.
3. Convert the solution back to the original space-time variables.

We reiterate that the Fourier transform when applied to the space (x) variable is
valid for all problems, but to apply the Laplace transform to the x variable, the func-
tion must be zero when x is negative.

Example:
We solve the heat equation

du(x,t) 0%u(x, 1)
ot dx?

u(x,0) =1, u(0,r) = {

=0, 0<x<oo, t>0

1 0<t<?2

0 otherwise
using the Laplace transform.

Solution:
We apply the Laplace transform with respect to time to the equation. Since

c(a"(x’ ’)> - /0 T sty s Ury5) — u(x,0) =5 Ux,5) — 1

ot ot
and
u(x, ) 0*U(x,s)
axz  ox?
we have
a*u
sU(x,s)— 1— d)(;’s)fo

or

d*U(x,s)

7 ) U()C7 S) =1

where the equation becomes an ordinary differential equation because we are
assuming that s is fixed.
The boundary condition is

672_?

2
U(0,5) = L[u(0,1)] = /0 et = L

s s
The associated homogeneous equation is

d*U(x,s)

R sU(x,s) =0,
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for which the solution is

Un(x,5) = c1(s)e V™ + ca(s)eV™™. (1)

It must be remembered that we are solving the equation for a fixed s, and the
“constants” of integration depend on s.

To find a particular solution, we use variation of parameters as we did in the sec-
tion on Green’s functions.

Two linearly independent solutions to the homogeneous equation are

i) = eV y(x) = eV,
So
v (@) = —VEe V) (x) = VeV
and
T y1(Oy2(x) = y1(x)y2()
— d
) = [ e
X e—\/fte\/gx . sxe\/Et
— 1)d
0 e VS /seVst eiﬁt(—\/E)e‘/E’( )

= /x ¢ Ve — VeV dt = L /x {eﬁ(X—t) _ e VS| gy
0 2y/s 2vs Jo
Now
* 1 1 . 1 1
VS=t) | ge — =~ p/sx V(=) | gy — T ,m/sx
/0 [e ]dt \/§+\/§e ,amd/0 {e }dt 7 \/ge

SO

) =5z [ (- e Jee®) - (G- e ™))

— ,1+ie\/gx+ie— Sx

s 2s 2s

We add the particular solution to the solution to the homogeneous equation given
by Eq. (1) to get the general solution

1 1 1
U(x,s) = Un(x,s) + Up(x,s) = ci1(s)e VS 4 cp(s)eV™ — 3 eV eV

2s 2s
1 1 1
- eV eV _ =
= (cl (s) + 2s> e + (cz(s) + 2s> e .
=C (s)efﬁx + CQ(S)E\/EX - %

Ci(s) =ci(s) +2is and Cy(s) = ca(s) —l—zis.
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We use the requirement that U(x, s) is bounded as s — oo to get C(s) = 0. Thus
we have to this point

Ulx,s) = Ci(s)e” V™ + %

We have the boundary condition

2 1 672“‘
U(0,5) = L[u(0,1)] = / e =1 ¢
0 s s
Now
U(0.5) = Ci(s)ev® 1 L1
A s s s
and thus
—2s
e
Ci(s) = —
1(s) .
Finally, we have
—2s
1
Ux,s) = B
s s

To find u(x, t) we must find the inverse Laplace transform of U(x,s). Now

“()-

and we use the convolution theorem to find

—2s
E_l(—e—e_ sx>.
S

We find
~1 e 1 —sx
L — and L (e )
s
We have
,c‘( e2S>_{ 0 ifr<2
s ) -1 ifr>2"
The inverse transform
E_l(e_‘/}x)

often does not appear in tables. We show that

if £(1) = \/%ﬁe*xz/‘”, 1>0
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then
LIF(0) =

In Section 1.5 we showed that

/°° e*(“zxsz—;) dx — VT o2ab
0 2(1
Consider
o X 5
LIf(@)] = / e we s,
) 0 Vans
Let u = ﬁ Then
2 2 2
X R X SX
dy = ———— =—, t=——>andst=—
“EeaE Y T a2 T T gy,
If +=0, then u = oco0; and if t = oo, thenu = 0.
Thus
2 sx2
X 2
) — 2 (U (u + )
/ Y e = / e 4 (—du)
0 47t VLS
2
X 2x+/s
2 o (u2+ 4u2) 2 ﬁ B \/‘ -
=— e di=—="—¢ 2 =V
VT Jo Vm o2
Thus
E[ al e_xz/ﬂ =5 and E_l[e_x\/g} —_* . 5
473 473
Finally,
—2s 2s
1 1
u(x, 1) E_l{e—e_ ”+—} =L H +c—1[ e }
s s s s
2 - ©
=1- AT (x)=1- al ¢ (1=Dar
3 (2,00]
4mt 2 47r(t — ’L')3

where
1 ifx>2

0 otherwise

1) = {
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EXERCISES
1. Show thatif f(z) = \/Lﬂ—te”g/‘”, t >0 then L[f(z)] = %e’k\ﬁ. Hint: Note that
—k? 2
%#e k/4t:7ﬁe K41

2. Use the Laplace transform to solve the heat equation

2
fulv,t) U1 o 0) =0, u(0,0) = 4;  lim u(x,r) =0,
ot 9x> x— o0

0<x<oo,t>0.

3. Use the Laplace transform to solve the heat equation

0 02
unt) M o 0) =0, u (0,1) =sinr: Tim u(x,f) =0,
ot dx> x— o0

0<x<oo, t>0.

4. Use the Laplace transform to solve the heat equation

2
Qulvt) U0 o 00 =0, w(0,6)=f(r);  lim u(x) =0,
ot axz X— 00

0<x<oo,t>0.

a. Use the Laplace transform to solve the heat equation

2
dulx,t) U0 o 0) =0, ui(00) = £():  Tim u(x 1) =0,
ot axz X— 00

0<x<oo,t>0.

b. Show that for > 0
t
f(7)
u(0,1 :/ SO 4
0=}, V-0
6. The flux at x =0 is

_a M(x, t)|x:0'
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Let

du(x,t)  0%u(x,1) B B IRV _
ot - axz - Oa M(X, O) - Ov M(O,I) _f(t)a xlingo u(xv t) - Oa

0<x<oo,t>0.

We have shown that U(x, s) = f(s)e V" so that E[ — L u(x, t)} =2 U(x,s) =
\ﬁf(s) —V5 50 that —2 U(x, s)|,_o = V57 (), and —& u(x,1)],_g
£7Vsfw)] = £ [ Lo )]
Use
£ {] L g [s 7] =1
V|V

to find £ [\/E f(s)}.

12.5 THE WAVE EQUATION AND THE LAPLACE TRANSFORM

We apply the Laplace transform to solve the wave equation

azu(x,t)i 50%u(x, 1)
& e

, —oo<x<oo, t>0,

P ey
ux,0) = 1), 200D _ o)

The steps in the solution are as follows:

1. Take the Laplace transform with respect to ¢ to change the partial differential
equation to an ordinary differential equation.

Solve the ordinary differential equation using a variation of parameters.

Take the inverse Laplace transform of the ordinary differential equation to obtain
the solution to the original partial differential equation.

won

Let U(x,s) denote the Laplace transform of u(x,t) with respect to . That is,

Ulx,s) = Llu(x,1)] = / eulx, 1)dr.
0
Recall that

du(x,0)
ot

c {az’g(;’ ’)} = 2U(x,s) — s u(x,0) —

so that taking the Laplace transform of Eq. (1) gives

Ou(x, O) 2 0*U(x, s)
ot dx?

s2U(x,s) — s u(x,0) —
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or
2
sU(x,s) = sf(x) — g(x) = CZ%W
SO
2
5109 80 =70 - 2
or
PU(x,s) s !
_Egﬁ_%yww:—gﬂ@—;ﬂw @

We fix s and then regard Eq. (2) as an ordinary differential equation with respect
to the variable x. Two linearly independent solutions of the associated homogeneous
equation

d’U(x,s) s°
& plE9=0
are
)’I(X, S) =¢< and yz(x, s) — eo.
We find a particular solution to Eq. (2) using

_ ! yl(gvs)y2(xas) _yl(x’s)y2(57s) s
R At e e | LR

where
1
hEss) = —f(€) = 52(6)
Now
_— —st < 2
Vi s)y2'(6,s) —yi' (€, 5)y2(E,s) = ever (E) - eT(—;) ec = ?S
and

—sé=x9) —s=f)

yl(E7S)y2(x,S) —yl(x,s)yz(g,s) —e¢ ¢ —e ¢
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Thus the general solution to Eq. (2) is

U(x,s)=y(x,s)

[ g
= AGmiles) + B+ (5 |e e —e e [iEsds

0 <8
3)
Substituting
yl(x7 S) = e%" andyg(x,s) = e%

Eq. (3) may be written

U(x,s)=y(x,s)
—SX SX c x 5 ;‘gg x X g
=A(s)e ¢ +B(s)e€ +2— / ece € (h(E,s))dS—/ e ¢ ec(h(gs))dE
S 1Jo 0

—SX ¢ X g ol c X ;S%
=e C [A(S)_Z_s/g eC(h(g,s))dg] +ec [B(S)+2_s/0 e c (h(g,s))dg}

If lim U(x,s) is finite, then we must have

Jim () 5 [ e hzsaz =0

SO
At =< [T Emesds =< [ Enes)a
O =5 | =5 [ Enieaz
If xlingo U(x, s) is finite, then we must have

lim B(s) + < / " (h(E, s))dE = 0

X— 00 2S 0
SO

B(s) = — | ¢ (h(,s))dE.

2S0
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W[ o
+ec {—2/0 ee sy [ e <h<s,s>>ds]
c ;SX 0 g X é
==5.¢ ¢ |:/wec(h(§,s))d€+/0 eC(h(E,s))dE]
SX —s€ —s€

. SE—x) w S—9)
2—{/& e <h<s,s>>ds]
e sk
=—— e ¢ h(&s)dE

Now
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SO
o g SEE] o g SEZEL |
Ut = [~ mes =5 [T e [~ dete)]ae
| e —slx —¢| L e —s|x — £
S G /_ FRRGE

We now find £~ '[U(x, s)] We first note that

c [ s n- s|)ds] - [ [ [ re(i-n- sl)ds] et

Interchanging the order of integration, this is

/- [ / °°e“a(r e El)dt}f@)d& - [ e

Since

then

o [ I e%f<£>ds] S RGL G )

If H(¢) is the Heaviside function, then

ﬁ{/ig(&)H(f—bx—ﬂ)d&]
_ /Ooo |:/Zg(E)H<t —%|x - g|)d5] e,

Interchanging the order of integration, this is

/- [ / me”H(t—bx—a)dt} (¢) dz. ©)



12.5 The Wave Equation and the Laplace Transform

423
Now
/oo ‘“H(t—llx—ﬂ)dt_/oo Sty = = e
0 C %Ix,ﬂ S
so Eq. (6) is
| e e a
So, since
o0 1 1 sl
c[/ g(&)H(t—;u—a)ds] e Gl
then
S| [P e « 1
o [Creow = [Caon(i-th-d)e o
Thus
e o] ey Skdl
u(x, 1) = £—1[U(x,s)] =1 [2c /_ooe c f(E)d§+2—c /_Oo;e c  g&)dé

= {ﬁ‘ [ / Z e_S|xc_ gIf(&)d&] s { / Z : eyg(wg] }
. [/Zf(&)a(r—l|x—s|)d5+/°° g(E)H<t—Z|x—5l>d§}

[Se]

(®)
Consider the first integral on the right-hand side of Eq. (8). We have

1 [eo]

1 1 [® 1 d
i [ res(i-tu-a)ae =1 [ res(i-tn-al) £

[Se]

Letz:% Thendz:%, E=cz, f(E)=f(cz)andt —Lx — g =1 —L|x — cz.

Now t —L|x — ¢z| = 0if x — cz = ¢t or x — cz = —t, which occurs when

X —ct X+ ct
7= orz—= .
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Then

3 | res(i-ti-a) E= [ s - Lo coe)
_%P<4?Ccv>+f(4?tcv)]:%wﬁ—cﬂ+ﬂ +er)].

Next, consider the second integral in the right-hand side of Eq. (8). Note that

H<t—lx—5> =
c

Now, ¢ —1|x — £| > 0 if and only if |x — | < ct; that is, if and only if

1
0 if t—;|x—f| <0

1 .
1 ift——x—£ >0
C

—ct< E—x<ct or x—ct<&E<x+ct.

2 [ s (——|x—s|) | R ers

So,

Thus
1 1 x+ct
e = 3L+ 1 —enl+ 50 [ ez
which is d’Alembert’s formula.

EXERCISES

1. Use the Laplace transform to solve the wave equation

u(x,t)  50%u(x,1)

372 =c Freanl 0<x<oo, t>0; u(x,0) =u(x,0) =0, u(0,1)
=f(r), lim u(x,r) =0.
X— 00

2. Use the Laplace transform to solve the wave equation

02 02
';(;’t):cz ';();’t), O<x<m t>0;
X

u(x,0) =sinx, u/(x,0) =0, u(0,¢) =u(m,1)=0.
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3. Use d’Alembert’s formula to solve the wave equation

FPu(x,r)  50%u(x, 1)
T
for the following initial conditions:
a. u(x,0)=e, wu(x,0) = sinx.
b. u(x,0) =z w(x,0)=0.
c. u(x,0) =cosx, u(x,0)=sinux.

, —oo<x<oo,t>0, lim u(x,7)=0.
X—> 00

Check the validity of your answer by substituting the solution into the wave
equation.



CHAPTER

Solving PDEs With Green’s
Functions

13.1 SOLVING THE HEAT EQUATION USING GREEN’S
FUNCTION

We construct Green’s function for the heat equation using the Dirac-6 function,
following the method of Section 3.1. The first form of the problem we consider is

Duy(x,t) = u(x,t) —o0o<x<oo, >0
u(x,0) = 6(x — xp). ()

We solve this problem using the Fourier transform. Recall that if the Fourier
transform of u(x,r) with respect to x is denoted by U(k,t), then

— u(x, t)e —iK e
r/
— Uk, t)e™dk
\/_
an an kx
6t" - / { } dk
and
1
a / Uk, )(ik)"e™*dk.

From Eq. (1), we have

_ _ b [®]oU(k 1) 2 ikx
0= u(x,t) — Duxx(x,t)—m/ [ 3 + Dk“U(k,t) | "™ dk.

Thus, we need to solve the ordinary differential equation

dU (k,t)
)
—— 4 DK*U(k,1) = 0. )
dt
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is

The initial condition for Eq. (2) is
U(k,0) = F(u(x,0)) = F (6(x — x0))

1 o .
=— 0(x — xo)e ®Fdx =
V2w /;oo (x xo)e * V2

The solution to

+DK*U(k,t) =0, U(k,0) = ——e %0
% (k,1) (k,0) e

Uk, 1) = —— 001

V% o
To find u(x,r) we take the inverse Fourier transform of U(k,t), which is
1 ® 1 ik —keDr ke
— ——e e e"™dk.
V% o [00 27
In Section 1.5, we showed that

(x— xo)2
4Dt

1 o 2y 1
ulx,t) = — e~ ko =KDt ikx g — ex
(x.1) 2w /_oo VarDt P

Thus the Green’s function is

(x—s)?

G(x,t,s) = Y

1
ex
VanDt P

When we studied deriving Green’s functions from the Dirac-6 function earlier,
we gave a procedure to solve a differential equation with initial condition
u(x,0) = f (x), where f (x) is a piecewise continuous function, once we knew the so-
Iution for the initial condition being a Dirac-6 function. We now review that

procedure.

Suppose that f(x) is a piecewise continuous function. Divide the x-axis into small

subintervals of width Ax, and construct a step function

)= f)a,(x)
k

where f(x;) is the value of f(x) in the center of the kth interval, and

1 if x is in the kth interval

0a.0 = {

0 otherwise
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By superposition and the fact that the effect of f*(x) is the same as
> 1S (xk)Axd(x — xi), we have that u(x,r) is approximated by

1 (x —x3)?
X ex Ax.
Ek f(xk) 5P| D
Taking the limit as Ax — 0, we have
(x—s)°

ds.

oo 1
u(x, 1) = / ) =[S

GREEN’S FUNCTION FOR THE NONHOMOGENEOUS HEAT EQUATION

Consider the equation
u(x,1) = Duyge(x,1) +f(x,1) —oco<x<oo, t>0, ulx0)=0  3)
We find the Green’s function for Eq. (3) by solving

ur(x,1) — Duyy(x,1) = 0(x —y)o(t —s) —oo<x<oo, t>0, u(x,0)=0.
“)
Taking the Fourier transform of Eq. (4) with respect to x gives
dU(k,t
% + K2DU (k, 1)

= /:’0 o(x —y)o(r — s)e_ikxdx

=0(t—ys) / O(x — y)e ®dx = 6(1 — s)e ™™,

The initial condition is
F(u(x,0)) = U(k,0) = F(0) =0.
Thus, we seek to solve

dU(k,t j
% + K2DU (k1) = 6(t —s)e™ ™, U(k,0) = 0. (5)
One method of solving an equation such as Eq. (5) is to multiply by an inte-
grating factor (see Edwards and Penny [2008] for example) which for this problem
2
is e€'P'. This gives
kZD[ dU(k, t)
e

— FPRDU(k, 1) = & P(t — s)e .

The point of the integrating factor is

dU (k, t d
ekth# + FPUIDU (K, 1) = - (e"ZD’U(k, t))
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so that

d ( b _ KDt —iky
o (e U(k,t)) =e"o(r— s)e

and

t

2 2 . 2 Ty

&Pk, 1) = / &Pt — s)e M dr = P for s < 1.
0

Thus

Uk, 1) = exp(—k*Dt)exp (k*Ds)exp(—iky) for s <t
, for s> 1

To find the Green’s function, we apply the inverse Fourier transform to U(k,t).
Thus, we have

1 (o)
G(x,t;s,y) :E / e
— 0

L (7% eD(—s)—ik(y—x)
=— e dk for s < t.
vV 27 /—oo

T ) .
lkxe thesze zkydk

Since
i ik ﬂxtkzdk 1 —x?/4at
27 J_» 4ot
we have
2
i ® o RD(t=5)—~ik(y=x) g — 1 exp —(y—x)
27 ) o 4wD(t —s) 4D(t —s)
and thus

2
exp b x)] for s <t

G(x,1;5,y) = 4wD(t — 5) 4D(t - s)
0 for s >t
By superposition, the solution to
ur(x, 1) = Duyy(x, 1) +f(x,8) —oo<x<oo, t>0, u(x,00=0

is

ey = [ / Gl Oy
—(y—x)*
4D(t — s)

]f(y7 s)dyds.

t (o]
1
= / / exp
5=0 Jy=—co 1/4TD(t — 5)
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EXERCISES

In the following exercises it may be difficult to find the inverse Fourier transform
that gives the solution. If that is the case, find the function that is to be inverted
and give the solution as expressed by the Green’s function.

1. Solve

wi(x,1) = Duge(x, 1) + e P sinz, >0, —c0 <x<o0; u(x,0)=0.

2. Solve

Duy(x,1) = u(x,1) —o0<x<oo, t>0; u(x,0)=e M.
3. Solve

Duy(x,1) = us(x,1) —o0o <x<oo, t>0; u(x,0)= 1 —ixz'
4. Solve

ur(x,1) = Duyy(x,1) + 1", 1 >0, —c0 <x < 005 u(x,0) =0.

13.2 THE METHOD OF IMAGES

The method of images is a technique for solving heat equation—type problems on a
bounded interval or semiinfinite interval. It uses imaginary heat sources or sinks at
points outside the interval to obtain the desired boundary conditions.

METHOD OF IMAGES FOR A SEMIINFINITE INTERVAL

Example:
Consider the heat equation

ur(x,1) = Duye(x,1), 0<x<oo, 0<1t<o0;
u(x,0) = 6(xg — x), u(0,¢t)=0.

We present two methods to find the Green’s function.
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Method 1

In the first section of this chapter we saw that the Green’s function for
u(x,t) = Duye(x,1), —o0 <x< oo, 0<t< o0;
u(x,0) = 6(xo — x), u(0,7)=0
is
—(x — x0)*
4Dt

G(X, Z XO) =

1
ex
V4Dt P

The problem that we now consider is on a semiinfinite interval and has a
boundary condition. We construct a second Green’s function where an added
Dirac-¢ function balances the given Dirac-6 function at x = 0. That is, we construct
the Green’s function for

ur(x,1) = Dugy(x,1), —o0o<x<o0, 0<1< o0;
u(x,0) = —=6(—xo —x), u(0,¢) =0. )

One way to visualize this is to consider the following example from electro-
statics: To balance the effect at x = 0 of a positive unit charge placed at x = x, place
a negative unit charge at x = —x.

The Green’s function for Eq. (1) is

[ — (—x0)]? (x +x0)?
4Dt 4Dt
Gr(x,t,—xg) = — G(x,t, —xg) = —eXxp——— = —eXp——.
1ty =) = = Glat, —x0) = —exp—72 P anDi
Then
(x—)co)2 1 ()c—l—xo)2

1
G(x,t Gy(x,t, — = —
(.X, ’ .X()) + 1()67 y XO) /—47TDI exp 4Dt /—47TD[ exp 4Dt

solves
ur(x,1) = Dugy(x,1), —o0 <x< o0, 0<t< o0;
u(x,0) = 6(xg —x) — 6(—xp —x), u(0,7) =0.
Now consider the problem
ur(x, 1) = Duge(x,1), 0<x<o0, 0<t< o0;
u(x,0) =f(x), u(0,1)=0. 2)
The solution to

ur(x,1) = Dugy(x,1), —o0o<x<oo, 0<t< o0;

u(x,0) =f(x), u(0,£)=0
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where
~ . [f(x) if x>0
f(x)_{o if x<0
is given by
u(x, 1) = / TG0t 5) + Gi(x, 1, —s)|F(s)ds

- /0 oo[G(x, t, 5) + Gi(x,1,—s)|f (s)ds

- /0 oo[G(x, t, s) + Gr(x,t,—s)|f (s)ds
1 (x — s)2 1 (x + 5)2

= X — X
/0 JarDi P 4Dr  anDi P 4Dt

This is the same as the solution to

f(s)ds.

u(x,1) = Duyy(x, 1), 0<x<oo, 0<1t< o0;

u(x,0) =7(x), u(0,1)=0. 3)
Thus the Green’s function for Eq. (3) is
~ 1 (x—s)? 1 (x+ )
G(x,t,s) = ex — ex
( ) V4nDt P 4Dt VA4nDt P 4Dr
Method 2
In this method we use the fact that we know the solution to
ur(x,1) = Duyy(x,1), —o0o<x<oo, 0<t< o0;
u(x,0) = g(x)

to construct the solution to
u(x,1) = Duyy(x, 1), 0<x<oo, 0<1t< o0;
u(x,0) =f(x), u(0,7)=0.
We are doing something similar to what we did in the first method. We are

“balancing” the function u(x,0) =f(x), 0 <x < oo, by extending the function
to —oco < x < o0, so that it is an odd function. We let

[ f®) if x>0
g(x)_{—f(—x) if x<0
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Then
© 1 (x —s)?
u(x,t) = ex s)ds
(0 = [ —=exp | st
0 2 ) 2
1 (x—3s) / 1 (x—s)
= ex s)ds + ex s)ds
| e | S s+ [ e | et
0 2 o0 2
| (x— ) / (x— )
=— ex —s)ds + ex s)ds
[oo Va4mwDt P 4Dt f( ) 0 47Dt P 4Dt f( )
In
0 2
1 (x—3s)
— ex — 8)ds
/—oo 47Dt P 4Dt f( )
we make the change of variables w = —s. Then ds= —dw; if s= —o0,
thenw = o0; if s =0, thenw =0, so
0 2 0 2
1 (x—1s) / 1 (x—w)
- ex —s)ds = — ex w)(—dw
/m Vi P ape | Y o VD P ap )
© 1 (x —w)?
=— ex w)dw
| = S o)
Thus, we have
0 2 oo 2
1 (x—1s) / 1 (x—s)

u(x,t) = — ex —s)ds + ex s)ds
w0 == [ e o fds+ [T e |5 )
© 1 (x —w)? /°° 1 (x—s)?
=— ex w)dw + ex s)ds
/0 V4nDt P 4Dt flw) o VanDt p 4Dt /(s)

*© 1 (x—s)? 1 (x+ )
= ex — ex s)ds.
/0 ;T d TS e e e s v R A

which is what we concluded in Method 1.
We can use a modification of the ideas in Method 2 to solve the heat equation
with a Neumann boundary condition at x = 0. Now we want to solve

ur(x,1) = Duye(x,2), 0<x<o0, 0<1t< o0;
M(X,O) :f(x)’ ux(07t) =0.

The difference in the approach to the problems is that now we want to balance the
derivative of the function u(x,0) = f(x), 0 < x < oo, by extending the function f(x)
to —oo < x < o0. We do this by extending f(x) to be an even function. For if

f(=x) =f(x) then f'(—x) = —f"(—x) = —f'(x).



13.2 The Method of Images 435

Accordingly, we define

) fx) i x>0
gl) = f(=x) if x<0’

If we repeat the ideas of Method 2, we need to evaluate

(x,1) /00 ! ex (x =9’ (s)ds
u(x,t) =
—o0 V4mDt P 4Dt §
0 2 oo 2
| (x— ) / 1 (x— )
= ex s)ds + ex s)ds
[m VAamwDt P aDr 8(5) 0o V4rDt P any 8(s)
0 2 © 2
1 (x—s) / 1 (x—1s)
= — ex —s)ds + ex s)ds
/700 4Dt P aDr (=) o V4rDt P apy /)
We again make the change of variables w = —s in
0 2
1 (x—1s)
ex —s)ds
to obtain
0 2 0 2
1 (x—3s) / 1 (x+w)
ex —s)ds = ex w)(—dw
| et s = [ et ()
© 1 (x +w)?
= ex w)dw
| e p )
so that

LS| (x—s)? ® 1
u(x,t) = ex —s ds+/ ex s)ds
) = [ e fgas+ [ et ()

_/00 ! ex -+ w)? fw)dw +
0 VA4mDt P4

® 1
ex
/0 VarDt P 4Dt

1 o 2 2
/ exp (x + S) _|_ expu
VarDr Jo 4Dt 4Dt

Thus, for the Neumann boundary condition we have

(ts)? (- S)Z]'

F(s)ds

G(x,t,x0) = + ex

4Dt P 4Dt

1
ex
VawDt
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METHOD OF IMAGES FOR A BOUNDED INTERVAL

Now we consider the heat equation

ur(x,t) = Duyy(x,1), —L<x<L,
0<t<oo; u(L,t)=u(-L,t)=0, u(x,0)=0d(xo—x).

We want to do something similar to the semiinfinite case, but now the
“balancing” is more involved. Our approach will be similar to Method 1 for the
semiinfinite interval. We again use an example from electrostatics to develop
some intuition.

Consider a charge g to be placed at x = 0 on the interval [—L, L]. We want to
place charges —qg or ¢ outside the interval so that the potential at x = —L and
x = L will be zero.

We proceed in steps:

Step 1. We make the potential at x = L be 0 by balancing the charge g at x =0
with a charge of —g at x = 2L as shown in Fig. 13.2.1A.

o -Q
-

FIGURE 13.2.1A

Step 2. We make the potential at x = —L be 0 by adding two charges; one to
balance the charge at x = 0 and another to balance the charge at x = 2L. To
balance the charge g at x = 0 we add a charge of —q at x = —2L. To balance the
charge —q at 2L we add a charge g at x = —4L. We now have the charges as
shown in Fig. 13.2.1B.

L L
e Ve

q -q q -q

& | & | & | |

hd hd T hd T T
—4L -3L 2L -L 0 L 2L

| v

3L 3L

FIGURE 13.2.1B

Step 3. We return to make the potential at x = L be 0. To do this, we must
balance the charges we added in Step 2. In Fig. 13.2.1C we show only the
charges we added in Step 2.
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q —-q
|
I

—4] 2L
FIGURE 13.2.1C

To balance the charge of —g at x = —2L we add the charge of g at x =4L. To

balance the charge of g at x = —4L we add the charge of —g at x = 6L. See
Fig. 13.2.1D.

5L
— —
q -q q -q
| 6 | é 6
T hd T hd hd
—4L 2L L 4L 6L
3L 3L

FIGURE 13.2.1D

The charges to this point are shown in Fig. 13.2.1E.

q -q q -q q q

3 3 : 3 3 3

\f * * t * M
—4L —2L 0 2L 4L 6L

FIGURE 13.2.1E

We can perhaps see a pattern emerging that we are adding charges —q at
x ==+2L, +6L, £10L,... and charges g at x = £4L, £8L, +12L,....
We can now find Green’s function for

u(x,1) = Duyy(x,1), —L<x<L, 0<t< oo;
u(L,t) =u(-L,t) =0, u(x,0)=6(0—x).
(Conceptually, this is the problem we just solved.) We get

L S P N 79 S N (G /O
\4nDt P 4Dt P 4Dt P 4Dt

(x—4L)® (x +4L)°
+exp<— W) +exp<— T) - 1 .

G(x,1,0) =
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For the last example of using the method of images, we demonstrate how to bal-

ance a charge of g at xo € (—L, L) so that the potential at x = L and x = —L is zero.
Consider Fig. 13.2.2A.

a

QK\/;/_\

| &
I T

-L Xo
FIGURE 13.2.2A

We let

a = L — x¢ = the distance from xy to L.
We follow the same ideas as in the previous example.

We first make the potential at x = L be zero by putting a charge of —g at
x =L+ a (see Fig. 13.2.2B).

q -q

| | |

I I I
Xo —L L+a
K_,_v\/\_,_\/\/

a a

FIGURE 13.2.2B

Figs. 13.2.2C—2F illustrate how we proceed. In Fig. 13.2.2C we show how the
charges after the first step are configured with respect to —L. In Fig. 13.2.2D we
show how to add charges so that the potential at x = —L will be zero.

0 L L+a
FIGURE 13.2.2C

2L +a 2L+ a

q —-q —-q
| | | | |
| | | | |
-3L-a 3L +a -L L L+a
FIGURE 13.2.2D

2a
f\/\_’\

X 1<
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4L —-a

q —-q
| | |
T T T
-
4L + a
FIGURE 13.2.2E
4 — a
q -q
| | |
I I I
L
4L +a

FIGURE 13.2.2F

In Fig. 13.2.2E we show the distances the new charges are from L, and in
Fig. 13.2.2F we show how to place additional charges so that the potential at

x = L will be zero.
Finally, Fig. 13.2.2G shows the positioning of the charges so far.

q -q q -q q -q

Py Py | Py | Py | |

A A T b T h T T
-3L-a -3L+a -L Xo L L+a 5L-a 5L+a

FIGURE 13.2.2G

We now determine a pattern for the placement of the charges.
We have placed charges ¢ at
x=-3L—a,L—a, and S5L-—a.
Since a = L — x, these points are
x=-3L—(L—1xp), L—(L—xp), and 5L — (L — xo)
= —4L +x9, xo0, 4L+ xo.
It appears that it is correct to place a charge g at x = 4nL + xo where n is an

integer.
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We have placed charges —q at
x=-3L+a, L+a, and 5L—+a
= —3L+ (L—x), L+ (L—x0), and 5L+ (L — xo)
= —2L —x9, 2L —xp, 6L — xgp.

It appears that a charge of —¢g should be placed at x = 4 nL + 2L—x, where n is
an integer.
We can now find the Green’s function for

u(x,1) = Duyge(x,1), —L<x<L, 0<t< oo
u(L,t) =u(—L,t) =0, u(x,0)=cé(xo— x).

Following the analysis for the electrostatic potential, we get

G(x,1,x9) = \/ﬁ{ io: [exp[ —(x—x0+ 4nL)2/4Dt}

n——0o0

[s9)
- Z [exp[— (x —xo +2L+4nL)2/4Dt} }
n=—0oo
Thus the solution to
u(x,1) = Duyy(x,1), —L<x<L, 0<t<oo;

u(L,t) =u(-L,t) =0, u(x,0)=f(x)
L

M(x7t):\/él—irﬁ i i/_Lf(u) lexp[—(x—xo+4nL)2/4Dt}

n=—oo

- [exp{ —(x—xp+2L+ 4nL)2/4Dt} du

We have found the Green’s function for several forms of the heat equation. There
are a few factors that can complicate a particular form of the heat equation, including
boundary terms, initial conditions, and existence of a heat source or sink. When
complicating factors are present, it is sometimes advantageous to separate the prob-
lem into pieces, each of which contains one of the complicating factors. The solu-
tions to each of the pieces are added together to give the solution to the original
problem. We give two examples of this method.
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Example:
Consider

ur(x,1) = Duye(x,1) +f(x,1), —o0o<x<o0, 0<t<oo; u(x,0)=gx).
Suppose that v(x,f) solves
ve(x, 1) = Dy (x, 1) + f(x,1), —o0o<x<o0, 0<t<oo; v(x,0)=0
and w(x,t) solves
wi(x,1) = Dwy(x,1) —oo <x< o0, 0<t< o0, wx,0)=gx).

(Note that we have found v(x,f) and w(x,t) earlier.)
Let u(x,t) = v(x,t) + w(x,t). Then

ur(x, 1) = ve(x, 1) + we(x, 1) = Dvge(x, 1) + f(x, 1) + Dwyy(x, 1)
= D(vyr(x, 1) + wix(x, 1)) + f(x, 1)
= Duy(x, 1) +f(x,1), —oco<x<o0o, 0<1t<o0;
u(x,0) = v(x,0) + w(x,0) =0+ g(x) = g(x).

Example:
Suppose

ur(x, 1) = Duyge(x, 1) +f(x,1), 0<x<oo0, 0<1<o0;
u(x,0) = g(x), u(0,1) = h(t).
Suppose p(x,t) solves

pi(x,1) = Dpyx(x,1) + f(x,1), 0 <x< o0, 0<t<o0; p(x,0)=0, p(0,¢) =0,

and g(x,t) solves
Gi(x,1) = Dgxe(x,1), 0<x<o0, 0<t<oo; g(x,0)=gx), ¢(0,1)=0
and r(x,r) solves
re(x,1) = Dry(x,1), 0<x< oo, 0<t<oo; r(x,0)=0, r(0,1) =h(r).
We have already found the solutions for p(x,t), g(x,t), and r(x,t). Let
u(x,t) =p(x,t) + q(x, 1) + rx,1).
Then
ur(x, 1) = pe(x, 1) + q:(x, 1) + re(x, 1)
= Dpyi(x,1) + f(x, 1) + Dgx(x, ) + Dryc(x, 1)
= D(pax(x,1) + qux(x, 1) + rax(x,1)) + £ (x,7)
= Duy(x,1) + f(x,2), 0<x < o0;
u(x,0) = p(x,0) + q(x,0) + r(x,0) =0+ g(x) + 0 = g(x)
u(0,1) = p(0,1) +q(0,1) + r(0,1) =0+ 0+ h(r) = h(r).
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EXERCISES

1. Solve the heat equation

ur(x, 1) — Duyy(x,2) =0, —l<x<l1, t>0; u(—1,t)=u(l,t)=0,

u(x,0) = f(x)
using the method of images.
2. Solve

u(x,1) — Dy (x,0) =0, 0<x<oo, t>0; u(x,0)=0,
uy(0,¢) = cos ¢ lim u(x,t) = 0.
X—> 00

If you do this using the Laplace transform,

£ e —Le
Vs | Vm

202

4t

is helpful.
3. Solve

ur(x, 1) — Duyy(x,1) = 0,
—L<x<L, t>0; u(x,0)=sinx, u(L,t)=u(-L,t)=0.

4. Solve

ur(x,1) = Duy(x,1) + e, 0<x<oo, 0<t< o0;
1

u(x,0) =sinx, u(0,1) = 7

13.3 GREEN’S FUNCTION FOR THE WAVE EQUATION

Consider the wave equation in one dimension. Let G(x,#;x¢,ty) denote the deflection
of a string initially at rest when a unit force is applied at the point xq at the time #,.
Then G(x,t;x0,t0) satisfies the equation

(92G()c7 15 X0, 10) _ CzaZG(x, 1; X0, 10)
ar? ox?

+0(x —x0)0(t — 1), > to;

G(x, t;xo,t()) =0 for t <.
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Applying the Fourier transform with respect to x gives

. — )Gk t;Xo,to)JrEe 04(t —19) (1)
where
~ 1 oo .
G(k,t;x0,10) = E [W G(x,t;x0,10)e i .
Also,
Gk, 1;x0,10) = 0 for t < 1. 2)
Solving for (1) and (2) gives
@(k £:30.10) 0 for t <19 3)
) 15 X0, = i i
0>70 ae™t + pe= ket for t > 1y
where
a= a(k,xo, t()) and b = b(k,xo, t()).
For € > 0 we have
to+e 626 k.t ¢ tote .
Gk tixo.t0) 4\ PG (k, 1; x0, t0)dt
a2
to—e to—e
1 . fot+e ( )
= ¢ 0 ot — to)dt. 4)
Vv 27( fo—¢€
Since G and G are continuous,
fot+e R
lim G (k, t; xo, fo)dt = 0.
E‘J’O fh—¢€

Also

or? ot ot

/r0+e 62§(k7 1; X0, 10) di — a@(k, 1+ € x0,10) 8§(k, t — & x9, to)
to—e

and

L ik / to+£6(t fo)dt L ik
—e — to)dt = ——e ",
V27 fo—e V2T
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Thus from Eq. (4), we have

. aé(k,t—l—e;xo,to) 66(1(,1— €;X0,10) 1 i
lim — = e ",
£l0 ot ot V2w

We use these conditions to solve for a = a(k,xo,ty) and b = b(k,xp,tp) in Eq. (3).
Since G(k,t; xp, o) is continuous in

&)

lim @(k, t; X0, fo) = lim é(k, t; X0, 0)-
t1ty tlty

Then

aeikct() + be—ikct() — 0

S0
b — _anikctol

Differentiating Eq. (3) gives

dG(k,t;x0,10) [0 for 1< to ©

ot | ikcae™™ — ikcbe M for t > 1y
Substituting b = ae**® into Eq. (6) gives
ike [aeickt _ (_ anikcto)e—ickt] — ikca (eickt + e2ikct0—ikct).
Ast — 1y
ikca (eickt + e2ikct07ikct) N Zikcaeikcto )

Eq. (5) says that the jump condition on the derivative of G is ﬁe’ik"o, so by

Eq. (6), we have

2ikcae'* — Le_"k"0
T )
S0
o~ ikxo p—ikety
T amike
and thus

e_iker_ikCtl)

vV 2m2ike

—ikxy ket
dikety €€
vV 2m2ike

b — _aEZikcto —
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Thus
R 0 for t <ty
G(k,t;x()v()) = ) .
ae™® + be~ et for 1> 1
0 for t <ty
= e*ikXo e*ikclo et e*ikxo eikcto "
— |e + | ——— e~ for t >t
( V2m2ike ) V2m2ike ’
0 for t <t
= ) eikc(t—to) _ e—ikc(t—tu) .
e~k for t >t
[ V2n2ike 0
(7
Now

e — 7% = (cos 0 + i sin #) — (cos § — i sin #) = 2i sin @

SO
ol _ =it
ng_C —¢
sin 5
Thus, Eq. (7) can be expressed
0 for t <1y
é(k, Z;XO,IO) = 67ikx0 .
———sinlke(t — ¢ for t >t
\/ﬂkc [ ( 0)] 0

We now show that taking the inverse Fourier transform of G (k,t;x0,10) gives

1
— if |x— x| <c(t—t
G(x,t;x0,10) = § 2 | ol <<l 0)~

0 if |x —xo| > c(t—1to)

We note that |x — xo| < c(t — to) if and only if xg — x & (—c(t — to), c(t — 19)) if
and only if xg € (x—c(t — tp), x + c(t — tp)).

445
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To prove the claim, we compute for ¢ > f
—ikx,

1 /00 eikxe KXo

V2T J o ke

_ 11 /oo eikxe—ikxoeikc(“"’) — o ike(t=to) 0
V212 ) ikc )

1 1 /oo ik /X+C(t—t0) e
=—— e e dt | dk.
V2w 2¢ J x—c(t—to)

Reversing the limits of integration, we have

1 1 o] . x+c(lft0) .
— / e~ ko / e* e | ak
27 2¢ ) —c(i—1o)

1 1 x+c(t—1to) © T
— — TIKXp LK
5= 2 /xmm [we edk | dé.

sinfke(t — to)]dk

— /jo e ek g = F1 (e ™0) = F~H(F(6(x0))) = 6(x0).

1 1 /oo ik /x+c(ttg) ikfdg "
e e e
V212 J_ o x—c(r—tp)

1 1 x+c(t—to) o ) .
- = / . / e 00 g |
Vv x—c(t—ty —00

1 x+c(t—1to)

(0(x0)) d&

_Z x—c(t—1y)
r .
% if xo e (x—c(t—19), x+ c(t —19))
c

0  otherwise

We note that xg e(x — c(t — tg), x + c(t — tp)) if and only if xg — x & (—c(t — 1),
c(t — tp)) if and only if |x — xo| < c(t — tp).
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Thus the solution to

0u(x,t 0u(x,t
Lg(;,):cz L(;E;’)—Ff(x,t), —0 <x< o0, t>0;

u(x,0) = 0, du(x,0)

ot
is

o0 [e] 1
u(x, t) = / / G(x, t; X0, t())f(xO, t())dl‘()d)C() = 2—//f(x0, l())d[()d)(()
Xo=—00 J1y=0 cJJa

where Q is the region {(xo,to) |0 <1< t—%x—x0|}.

Example:
Solve

0%u(x, 1) B Czazu(x, 1)

du(x,0
FYe 7o e <x<oo, 1>0; u(x,0)=0, u(x,0)

Solution:

In this problem there is no forcing term, but there is an initial velocity. We show

that this is equivalent to having a forcing term that acts only at r = 0. We replace the
given equation by

FPu(x, 1) ,0%u(x, 1) du(x,0)
012 =c 0x2 + g('x>6(t - 0)7 u('xv O) =0, ot

=0.
If this replacement is valid, then the solution will be

u(x,1) = / / G(x,1;x0,10)g(x0)0(t9 — 0)dtodxo
Xo=—00 J1r=0

= / G(x,1;x0,10)g(x0)dxo.
X

0=—00

We now demonstrate that this is the case.
Suppose G(x,t;x0,ty) satisfies

aZG(x, t;X()Jo) 262G(x7 t;xO,lo)
FPo =c 2 + 0(x — x0)0(r — 19).

We show

u(x, 1) = / G(x, 15 X0, 10)g (%0 )dxo

o0
satisfies

u(x,t)  50%u(x,1)
T T a8
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We have
Qu(x,t)  50%u(x,1) /°° [BZG()C, :x0,0)  ,0°G(x,1;x0,0)
—c = —c X0 )dx;
or o ol e e R
(s
= 6(t—0) / 0(x — x0)g(x0)dxo = 6(t — 0)g(x) =0 if t> 0.
Also
ue.0) = [~ 6(x0:20,0)glo)d.
Now
! if | | <e(t—to)
— X — X c(t—
G(x, t;x0,10) = { 2¢ 0 0
0 if |x—xo| > c(t —10)
SO
G(x,0;x0,0) = 0 = u(x,0).
Now
! it | | < c(t+ Ar)
— if |Jx—x c
G(x,t+ At;x9,0) = ¢ 2c 0
0  otherwise
SO

G(x,t+ At;x9,0) — G(x,1;x9,0) = 0 unless |x — xg| < cAf;
that is, unless

—cAr < xg —x < cAt or x — cAr < xg < x + cAt.

So

u(x, At) — u(x,0 ® [G(x,t + At;x0,0) — G(x,1;x9,0

() ~ulx) _ * [ )= Glerxo0]

t o At
1 x+cAt 1 1
=— — dxg = —— 2cAt Ar—0.

5 | esllds = s e(ear () as Ao

Thus,
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Example:
Show that
aZM(x’ l‘) 26214()6, l‘) au(x, O)
a2 = 0x2 —oco<x<oo, t>0, u(x,0)=f(x), dt =0

has the solution

o) = — [ 0D g gy SEED T

It is easy to check that

Sflx+ct) +f(x—cr)

u(x,t) = 5

satisfies the equation.
To show that the integral form of the solution is valid, we express G(x,;x0,t)
in terms of the Heaviside function. Recall that the Heaviside function, H(x), is

defined by
0 ifx<O
H(x) = ) .
1 ifx>0
Also, the derivative of the Heaviside function is the Dirac-0 function. We have
L it e — ol < et — 10)
— if [x —x c(t —
G(x,1;x0,10) = { 2¢ ‘ o
0 if |x —xo| > c(t —10)

Note that H(«) — H(8) = 1 if and only if « > 0 and 8 < 0.
Now —b < a < b if and only if |a| < b, so

x — xo| < c(t—10)
if and only if
—c(t—19) <x—x9 <c(t—1t9)

which is true if and only if

(x—x0)+ c(t—1) >0 and (x —xp) — c(t —1t9) <O.

Thus

H((x —x0) + c(t —19)) — H((x —x0) — (1 —19)) = 1

if and only if

|x — xo| < c(t — to).
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So we have

1
G(x,15%0,10) = - [H((x = x0) + ¢(t = f0)) = H((x = x0) — ¢(r —10))].
Keeping in mind that the derivative of the Heaviside function is the Dirac-¢ func-
tion, we have

06t x0:10) _ Lyt xo) 4 et — ))(—e) — o(x — x0) — elt — 0))(c)}]

dty 2c

{ = 6[(x = x0) + ¢(z = 10)] = O[(x = x0) — ¢(t = 10)]}]

2¢
B _% {0[(x = x0) + c(t = 10)] = 0[(x — x0) — (t — 10)]}.

Thus,

%&)@M - _% {0l(x = x0) + ] = 8[(x —x0) — et]}
and so

= f(x0)dxo

B /°° G(x, 1; x9,0)

o al‘o

o0

- ;{ /:: 8[(x — x0) + ct]f(xo)dxo + /j" 0[(x —x) — Cf]f(xo)dxo}.

Now
(x—x0)+ ct=01if xo=x+ct and (x —x9) — ct=0 if xo =x—ct

SO

oo

% { /_Z 0[(x — x0) + ct]f (x0)dxo + /_°° 0[(x —x0) — ct]f(xo)dxo}

Ffx+ct) +f(x—ct)
5 .
Combining the examples above, we have the solution to
0%u(x, 1) B 50%u(x, 1)
a2 dx2

+0(x,1), —o0<x<o0, t>0

du(x,0)

u(,0) = 1), o = g(v)




13.4 Green’s Function and Poisson’s Equation 451

is

_ x+-ct
flx+cet)+fx—ecr) 1 / o(x0)dxo

1
1) =— to)dxodt —
u(x, ) 2c//QQ(x°’ 0)dxodto + 5 +3

where Q is the region { (x0,70) [0 <19 <t—1|x —xo}.

—ct

EXERCISES
1. Solve
Pu(x, 1) 50%u(x, 1)
32 =c FRCR —oo <x < oo, t>0;
du(x,0)  _
0)=0 =,

u(x,0) , o e

2. Solve
ulx,t)  H0%u(x,r) .
ar = +e'siny, —co<x<oo, t>0;
1 Ou(x,0)
M(x, O) - 1 +x27 ot = COS X.
3. Solve
azu(x, 1) zazu(x, 1) _2  Ou(x,0)
Fr R v —o<x<oo, t>0; ux,0) =e", 3 =0.

13.4 GREEN’S FUNCTION AND POISSON’S EQUATION

In this section we find the solution to Laplace’s equation and Poisson’s equation in
R? using Green’s function.
A boundary value problem for Laplace’s equation on a domain D is

Au=0 on D; u=f on dD.

Poisson’s equation is the nonhomogeneous form of Laplace’s equation. A bound-
ary value problem for Poisson’s equation is

Au=—g on D; u=f on dD.
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The pattern that we follow is conceptually the same as what one does in ordinary
differential equation to find the solution to a nonhomogeneous problem. Namely, we
find the solution to the homogeneous problem and a particular solution. One then
gets the general solution by adding the two. To determine the solution to Poisson’s
equation, we find the superposition of ugand u, where uyis the solution to Laplace’s
equation

Aug =0 on D; ur=f on dD
and u, is the solution to
Au, = —g on D; u, =0 on dD.
We consider the problem on the disk
Au(r,0) =0, u(R,0)=f(6).

We have previously noted (in Exercise 8, Section 4.3 and at the end of Section

10.5) that the solution is given by the Poisson integral formula
R 2_ 2

u(r, ) = % /0 1@ R? — 2rRRcos(¢;— 7) + 12 dr.

The second part of the problem is a boundary value problem with homogeneous
boundary conditions, and we find the solution using Green’s function.

We find Green’s function for Poisson’s equation inside a circle of radius R
centered at the origin. We want to find G(x, X) so that

AG(x, xo) = 6(x — Xo)

inside the circle and satisfies the boundary condition
G(x, xo) =0 if |x] =R.
To achieve the boundary condition we use the method of images. We follow the
ideas of the previous section and hypothesize that we balance a charge g within
the circle at point Xy by a charge —q at point outside the circle at point x;,. We situate

the point X, so that Xy and X lie on the same radial line from the origin. See
Fig. 13.4.1.

AK

FIGURE 13.4.1




13.4 Green’s Function and Poisson’s Equation 453

We must determine the distance from the origin to X; so that
G(x, xo) =0 if |x|=R.
We have
G(%, To) = —Inl% — ol — —In|& — 53| + C
2w 27
1 |x—%o)

_ _i —4nC
= 477111’)?—558‘2 471’lne

1 x — %ol

15— %)

- 7411'C.
o ple- &

where D = ¢

For |x| = R, we want G(X, Xo) = 0,which will be true if and only if
X = %ol _
D 5

)

that is, if and only if
% - %o|* = D[z — x|

Since Xp and X, are on the same radial line from the origin, then 558 = axy. We
must find D and «. Now

|x — )?0|2 = (X — X0, X — Xo) = (X, X) + (X0, X0) — 2(X, X0)
= |2)* 4 |%ol* — 2|%]|Zo|cos @
where 6 is the angle between X and Xj. Likewise,
% - x5 = 212 + | — 21717 |cos 6.

If X is on the boundary of the circle, then |X] = R. We let |Xo| = r, so that
’5?6} = ar. Thus, we have

R* +r* —2rR cos 0 = D(R* + a*r* — 2arR cos 0) (1)
and Eq. (1) must hold for all angles 6. Letting 6 = 7/2 we have

R? + = D(R2 + a2r2).
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Then
R*>+r*> —2rRcos = D(R2 + azrz) —2rR cos § = D(R2 + a?r? — 2arR cos 0)
= D(R* + &*r*) — D2arR cos §
o)

2rR cos @ = D2«rR cos 6 and thus aD = 1.

One can use the quadratic formula applied to

R? + = D(R2 + a2r2) = l (R2 + a2r2) or o2 — oz(R2 + r2) + RZ=0
o

to get

R? I

a=— andthusD:—:r—z.

r o« R

Finally, we have

S 1 |x=xf 1. R |x—%f 1. R |x—%|
Gx, x)=—Ih————-=—In————=—In——
(% %) =73 -z 4m Plr_mf 2 r [f-%

=—In— —
21 %ol |x — g
where
~_ R
Xo = < 3%0
Y

We thus have the following result:
Theorem:
The solution to

Aug =—g on D; u,=0 on 9D

where D is a disc of radius R is

I R IP-0)
P) = —In— ds,
”)L@ﬂ%“@w—gﬂw e

where

R2
0=—0.
o



13.4 Green’s Function and Poisson’s Equation 455

We thus have the following result:
Theorem:
The solution to

Au=—g on D; u=f on dD

where D is the disc of radius R is given by

o= [ s R df
u(r, )—E[ A )R2—2chos(6—6’o)+r2

P -0
+ In das
/|QR27r |Q| |P— o | £Q)

where P = (r, 6).
We note that

R |P—0|
—1In ds,
/Q g P90

1 1 |
_ /Q R( ‘P Q| |P—Q’|>g(Q)dSQ

We note also that if P = (rp,lp) and Q= (r,0) then [P —Q|=r>+ r%—
2rrg cos(f — ) and Q' = (RTZ, 0) so that |[P—Q'| = If—: +r3 - ZRTZCOS(B —0p).

Thus, u(r,f) can be expressed as

R2_ 2
f() ’ Sdf

0
ulr,9) = 2 R? — 2Rr cos(f — ) + r

—i—i " In !
2w J_x 4+ r% — 2rrg cos(f — o)

1

R R?
— + 13 —2=cos(f — )
r r

—In

g(RO)dH.
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EXERCISES

1. Let D be the disc of radius.
2. Find an expression for the solution to Au= —g on D,u=f on 0D for the
following functions:
a. f=rsinf, g =cosf.
h. f =3, g =sin’ 4.
cos

C. f=—— g=1.
f 28



Appendix 1

COMPUTING THE LAPLACIAN WITH THE CHAIN RULE

Here we compute the Laplacian in polar and spherical coordinates using the chain
rule. The computations are tedious and are presented only because this is the
approach of many texts.

Suppose that we are in the (x,y,z) coordinate system, and we want to convert to
the (a,b,c) coordinate system where a, b, and ¢ are functions of x, y, and z. The chain
rule says that

o i da o b o de
dx  da 0x  db dx  dc Ix’
f

Note that % is expressed in terms of x, y, and z, and the right-hand side of Eq. (7)
af f

is in terms of a, b, and c. Also 3y and g—z are expressed in a similar manner. We shall

ey

apply the idea of Eq. (1) several times to find
Ff  f o

ax2  dyr  9z2

in cylindrical and spherical coordinates.

CYLINDRICAL COORDINATES

Cylindrical coordinates are related to rectangular coordinates by
x =rcosf, y = rsinf, z = z
or
o= xXX+y, 0 tan_l()—)), = 2z
X
Thus r = (x2 + y2)2, SO

d -3 cos 0
—r:x<x2+y2) 2:{:” :COSH;
ox r r

Xy ) ’

—l> -y rsinf  sin@
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9z _
ax
Similarly,
Jar . d0 cos 6 0z
a—smﬁ, @— ; y a—y—o,
and
ar a0 0z
6_Z 0, 6_Z =V, a—z = 1
So
of af ar af a0 Gf dz Of af sin 6
==cosb+—(——1.
ox _ Or dx ' 00 ox dz Ox  Or a0 r
Also
o o . Jf cos 6
ay "ot o
o _of
dz 9z

2
We next compute %T{ We have

@ 9 (o) _ U df sin ¢
a2 ax \ox ax ar ax a0 r )
Now
d (of of of of
ax<ar°030) 8r<6r 50> ax +ae(a 50> ax +6z<6 0s 6 ax'
Consider
a (of ¥ of 9 ¥
5(@0050)5 0+$ EC /) mcosﬁ
So
a (of o Of
ar(arcos 0) 3 WCOS %)
Now
of o of
@<50036‘> =3 600 os 0 — a—smﬁ
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SO

9 o) 9 9f g Vo) (_sind
90 \ar 7 ) ax ~ \araa“ " " 3" r

0*f cos fsin @ LU of sin’ 0
 9raf r ar r

Also

0z

Thus
3 (of 3 (of of 30 of
dx (arcos‘9> or <6r Se) ax a0 (a 56) FrF <ar os 0 ax

9 [(of ar af a0
—$<$cos0> P +86(6 cos0> E

0%f cos @ sin 0 n al sin” 0
or? daraf r ar r '

2

Similarly,

6f sin 6 af sin @ 6r+ 6f sin 0 %+ af sin \ 0z
ax 0 r ar 3 r ) ax 90\30 r ) ox 9z\d0 r ) ox

afsmﬁ ﬂ_'_ Ofsmt? %
ar 30 r dx 90 \a0 r dx’

6f sin 0\ 0*f _sin0 af sin 6
ar a0 r ) ardd r a0 2’

We have

SO

d (of sin@\ dr 9*f sinfcos 0 af sin 6 cos 6
or\a0 r ) ax  aro6 r 9 2

Likewise,

6fs1n6’ _ﬁ.sinﬁjLé_f‘cosﬂ
60 30 r T00% d r’
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SO

6f s1n0 a0 azf.sinﬁ_'_éf_cosﬁ sin 6
6 30 r ax  \98*> r 0 r r
ﬁ sin’ 0 6f sin 6 cos 6
02 2 90 r

Thus

af sin 0\ *f 'sin 0 cos 0 6f sin 6 cos 0
6x 0 r ) orde r Y 2

3

B ﬁ sin’ b 8f sin € cos 6
. N

To obtain %, we subtract expression (3) from expression (2) to get

ﬂ 9 6f P 6fsm0
02 ax ar <% 6x 0 r

2 2 : ‘2
_ a_fcosz o 0°f cosfsind df sin” 0
or’ ardd r ar r

al"aﬁ r (319 r2 602 r2 a6 r2

[ 62f sin 6 cos 0 af sin 6 cos 6 62f sin” ¢ df sin 6 cos 0 )

0%f cos @ sin 0 n ﬁ sin” 0
or? ara r 06> r?

df sin 6 cos § Of sin’ 0

+2-L
ol P2 tor ar r
&
Likewise, we must calculate Fes
We have
af af e df cos @
dy ar T
SO
ﬁ Gf 0o + Gf cos 0
dy? 6 6r dy 0 r )
Now

of of of
ay (ar n0> ~or (6rsm 0) ERREFY (a sin 0) y’
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We have
d (of ar 0f
a <Esm 0) G_y = ﬁsm 0-sin 6,
and
d (of a0 2f of cos
£<Esm0> Fe [666 snﬂ—}—Ecosﬂ .
So
of . 0*f ) 0*f sinfcosd If cos®d
o (a 9) =52 0 559, o ©)
Also
i alcosﬂ chosﬁ 6r+ 9f cos 0 %
dy\dd r ar 9 r dy 90 \d0 r dy’
Now
Gf cos 0\ dr 0*f cos af cos 0 sin 0
ar 0 r ay  |ora0 r 90 2
B 0*f cos 0 sin b af cos 6 sin ©)
~ 0rde r 90 2
and
af cos 0\ a0 0%f cos 0 B al sin 4| cos 6
(9 0 r dy 90> r a0 r r
@)
_ ﬁ cos? o 6f cos 6 sin 6’
9k 2 a0 r?
Adding (6) and (7) gives
df cos 0%f cos @ sin b 6f cos d sin
ay a0 r drad r 90 P
ﬁ cos? 0 6f cos  sin 6 3)
0> 2 a0 r?
0°f cos 6 sin 0 Gf cosfsind 9*f cos’ §
6r60 r (96' r2 (96‘2 r2
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Adding (5) and (8) yields

a_z‘f—i a_fsinﬁ +i a_fcose
ay> 9y \or dy \dad r

Ff
= |—%sin” § +
L?r2

0°f sin @ cos 0 L of cos> 6
0600r r or r

62f cos @ sin 6 B Jf cos 0 sin 6 n 62f cos” 0
drdf r a6 r2 662 r2

2 2
Adding the expressions for % and g—y]; gives

ﬁ ﬁ_{ﬁ 20_262fcosﬁsin0 ﬁsinzﬁ

ax? o Lt aroe r 90*
+26_fsin¢9cosn9 alsinzﬁ
a6 2 oar r
L ﬁsinz 04 0%f sin 6 cos 0 +0_f cos? 0
ar? addr r ar r
0%f cos @ sin 6 ) Jf cos 0 sin 6 n 0%f cos> §
drof r a6 r2 602 r2
9 9 df sin® 6
= —fcosz 0+ —fsinz 0+ 9f sin
ar? ar? or r

ai cos? 6 ﬁ sin? +ﬁ cos? 6
ar r o 90* 9%

_G e 1o
S rar 2

Thus the Laplacian in cylindrical coordinates is given by

O Ly 1P S

M=t it o ©
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THE LAPLACIAN IN SPHERICAL COORDINATES

To compute the Laplacian in spherical coordinates, we use the variables r, 6, ¢, where
6 and ¢ are as shown in Fig. A.1 and r* = x* + y* + z. We have

x =rsin 6 cos ¢;
y = rsin § sin ¢;
z=rcos 0.

We shall adapt some of our computations from cylindrical coordinates. In doing so
we must be careful, because the standard representation of r in spherical coordinates
is not the same r as in cylindrical coordinates. If we take p in spherical coordinates
to be

p=x 4

<V

FIGURE A.1
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then p corresponds to 7 in cylindrical coordinates. Also ¢ in spherical coordinates
was 0 in cylindrical coordinates. We shall also use the subscript notation for partial
derivatives.

Adapting what we found in cylindrical coordinates to spherical coordinate nota-
tion, and using u to stand for the function instead of f, we have

1 1
Uxy + Uyy = Upp + ;up + p—2u¢¢. (10)

We need to convert from the variable p to the standard spherical coordinates of
r, 0, and ¢.

A key observation is that z and p in spherical coordinates are obtained from r and
6 by the same functions that give x and y from p and ¢. Namely,

x=pcos¢ and y = psin @,
and

z=rcosf and p=rsind,

The last relationship follows from
p> = x> 4+ y> = (rsin 0 cos ¢)* + (r sin 6 sin ¢)?
= (rsin 0)* (0052 ¢ + sin® ¢) = (rsin 0)*
o)
p= rsind.

This correspondence means that since we have in cylindrical coordinates
1 1
e o+ Uy = tpp o+ lhp =~ llgg

we have in spherical coordinates

1 1
Uzz + Upp = Upr + ;ur + r_2”0(9~ (11)

We want to compute uyy + iyy + ;. Adding Egs. (10) and (11) gives

1 1 1 1
Uy Uy F Uzz - lhpp = Upp e T oates Tttt oy + gy

SO

1 1 1 1
Uyy + Uyy + Uz = ;ul, + Fud)d) + uy + ;ur + r—zugg. (12)
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To convert Eq. (12) to the desired form, we must eliminate the variable p. If we
can express up in terms of 7, , and ¢, the rest will be easy. The chain rule gives

au_au'6r+8u.60+6u_6¢
dp dr dp 90 dp 9P Ip

Now r= (p* +22)?, 0= tan"ﬁ, ¢ =, so
z

ar B 0 P
dp (2 +ZZ)% r’
a0 1 1 z z rcosf cosfb
9 R T, T, E N, B ;
ap 14 (g) z z=+pc r r r
Z
0
9% _y,
dp
Thus
0 d d
du_Ou p Ou cosf ou
dp Oor r 96 r d¢p
Or, converting to subscript notation,
p cos 0

Up = Uy~ + Uy .
r r

Substituting into Eq. (12) gives

1 1 1 1
Uyx + Uyy + Uzz = ;up + pﬁ”d)qﬁ + Uy + ;Mr + rfzuﬂo

1( p cos 0

1 1 1
ur; + ug . > + ?ud)(b + up + ;ur + r_2u€0

U n 1 cos @ n 1 T 1 n 1
= —+ up— —uU u —Uy + —u
r 0,0 ,02 1020) rr ’ r r2 06

2 n 1 cos @ n 1 n n 1
= —u, + ug— —u Uy + —Ugg.
P 6,0 p2 00 7'2 06

Substituting 7 sin 0 for p gives

1 cosé 1

rsinf r (r sin 0)

1
Uyx + Uyy + Uzz = ;ur + uy FUpp + ﬁ”ﬂﬁ + Uy,

which may be rearranged to yield
Au = uy + 2 + ! + cot Ouy + !
u=u —Uur+—\u cot Oug + —5—u .
rr - r r2 66 4 Si[l2 9 020

We note that other sources may express this formula in a slightly different way.
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SOME OTHER COORDINATE SYSTEMS
ELLIPTIC CYLINDRICAL COORDINATES
In elliptic cylindrical coordinates the transformations are

x =acosh u sinv

y = a sinh u sin v

7=z
O<u< o, 0<v<2m, —0 <z< ®
where a is a positive constant.
We take u; = u, up =v, uz = z. We have

F=xi+ yf—i— zk = a cosh u cos vi + a sinh u sin vf—l— Z/;,

o)
a;‘\ a? . > . >
—— = — = asinh u cos vi + a cosh u sin vj
du; Ou
a? a? . > . >
—— = — = —acosh u sin vi 4 a sinh u cos vj
3142 dv
ar dar -~
—=—=k.
6u3 0z

1. We demonstrate that the system is orthogonal. We have

ar ar
<6_’ )= —a? sinh u cos v cosh u sin v + a? cosh u sin v sinh u cos v
u dv

=0.
Clearly,

467



468

Appendix 3

2. We compute the scaling factors. We have
) 5 L
h = [(a sinh u cos v)” 4 (a cosh u sin v) }

. . 1/2
=a [smh2 u cos® v + cosh? u sin® v} /

= a[sinh2 ucos® v+ (1+ sinh? )sm v] 172

since cosh? u = 1 + sinh? u

Then
a [sinh2 ucos® v+ (1 + sinh? u) sin® v} 172
= a[sinh2 (cos v+ sin v) + sin? v}l/ 2
= a[sinh2 u+ sin? v] 17z
Thus
.12 .0 q1/2
hy = h, = a[sinh” u+ sin® v] "~
Also

. 2 . 2 1/2
hy =h, = {(fa cosh u sin v)“ 4 (a sinh u cos v) }

. . 172
=a [cosh2 u sin® v + sinh? u cos? v /

= [smhzu—i— sin v] /2.
Finally, h3 = h, = 1.
3. The orthonormal basis {e1, €3, e3} is

R =R sinh u cos v ,A+ cosh u sin v ~

e1=e, = i Jj
) . 1/2 2
[sinh? u + sin® v] / [sinh? u + sin® v] Y

R R —cosh u sin v > sinh u cos v ,A
€2=¢6v= 2! 12/

[sinh? u + sin? v] [sinh? u + sin? v]

ez =e; = k.

4. We have
dV = hihyhsdudvdz = a* [sinh? u + sin® v|dudvd.
5. Now,
Lo 1o of o
Vf = —é1-—
g h]e duq + 6u + e 8143
1 of 1 of . o
= f + f €y + er'

172 9u°" 1/2 9y

[smh2 u+ sin v} [smh2 u+ sin v]
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6. Next
1 [0 (hhs of hihy Of hihy Of
e —
f h1h2h3 [aul ( h] aul +(9M2 /’12 6u2 +6u3 h3 8u3
B 1 d [sinh? u + sin’ v]l/z of
B [smh2 u -+ sin v] du [smh2 u-+ sin v] 1/2 u
9 [sinh? J ]
L9 [sm u+ sin V}l/z —f—i——a [sinhzu—i— sin? v} l]
v [sinh2 u+ sin® v} dv 9z dz
1 I f oS > 02f]
= +—L + a*(sinh® u + sin®v) —%|.
a* [sinh2 u+ sin’ v [au > i ) 072
7. Finally,
hier hey hies
- 1 0 0 0
VxF= - 2 2
% h1h2h3 (9141 auz 8u3
mFy hF h3F3
a[sinh2 u+ sin? v I/ZEM a[sinh2 u+ sin? v I/ZEV e,
_ ! 9 9 9
a* [sinh2 u+ sin? v du dv 9z
a[sinh2 u+ sin’ v]l/zFl a[sinh2 + sin® V]I/ZFZ F;3
1 0F5 .9 9 1/26F2} .9 .o q1/2
= —— —alsinh” u + sin“ v ——|a|sinh” u + sin“ v e
2[smh u+ sin v] {[av [ ] 0z [ ] !

JIF oF ~
- [6—3 —a [sinh2 u+ sin? v] 1/26—1} a[sinh2 u+ sin’ v l/zev
u J4

oF _
+ [a [sinh? u + sin? v] 1/26—2 + a[sinh? u + sin® v 1/2 Ginh u cosh u F
u

aF - ~
—asinh? u + sin? v 1/2_8 L 4 [sinh? u + sin? v] 172 Ginv cos v} ez}.
A%
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We present some additional examples.

. Parabolic cylindrical coordinates (£, 17, z) whose transformation equations are

x= §&n
_l 2 g2
y_2< g)

=2z

The ranges of the variables are —© < £ < o, 0<n < w,and —® <7< .

It can be shown that
he =hy =\ +&% h.=1;

dv = (n* + €%)dn d¢ dz;

N AW
2+ 2\ o 922"
One example where these coordinates could be used is to describe an electric

field around a semiinfinite conducting plate.
Parabolic coordinates (§, 1, ¢) whose transformation equations are

Af =V =

x= &ncos g
y= énsing

1
e=5 (-2,

The ranges of the variablesare 0 < § < o, 0<n < o, ,are 0 < ¢ < 27 Itcan

be shown that
hﬁf:hﬂ: Y "72"‘527 h, = &n;

dv = En(n* + £)dE dn dz;

Af =V = tofeoay Lo oy, 1 oF
/ / n? + £ {5 0¢ (5 05) +7] an \an Jr;’:2,72 32

3. Bipolar coordinates (£, ,z) whose transformation equations are

_ asinhp
x_coshn—COSS
B asin &
y_coshn—COSE

1=z
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where 0 <& <2m, —o <7< wand —» < z < o, It can be shown that

a
hemhy=——% =1
* " coshn—cosé C

a2

av=— % _graydz
(cosh 1 — cos £)?

(cosh 1 — cos £)? ﬁ ﬁ n ﬁ
a? an?  0£2 4%
An example where these coordinates could be used is in describing the electric

field around two parallel cylindrical cylinders.
4. Prolate spheroidal coordinates (u, v, ¢) whose transformation equations are

Af = Vf =

x = a sinh u sin v cos ¢
y = a sinh u sin v sin ¢
z = a cosh u cos v.
The ranges of the variablesare 0 < u < o, 0 <v < are 0 < ¢ < 2m. It can
be shown that
.12 .o 11/2 . .
h,=h, = a[smh u + sin v] , hg = asinh u sin v;

av =da’° (sinh2 u+ sin’ v) sinh u sin v;

Af = V*f
R o I S
a2(sinh? u + sin® v) [0u?> ~ 9v?>  tanhu du  tanv dv
1 0%f

to———— 5
2sinh? u sin? v 9¢?

Prolate spheroidal coordinates is a coordinate system that results from rotating an
ellipse about the axis on which the foci are located. Oblate spheroidal co-
ordinates is a coordinate system that results from rotating an ellipse about the
axis that separates the foci. Both coordinates are sometimes used to solve partial
differential equations when the boundary conditions are defined on particular
shapes.
Prolate spheroidal coordinates could be used to describe the electric field
generated by two electrode tips.

5. Oblate spheroidal coordinates (u, v, ¢) whose transformation equations are

x = a cosh u cos v cos ¢
y = a cosh u cos v sin ¢

z = a sinh u sin v.
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The ranges of the variables are 0 < u < oo —%’ <v< g, are 0 < ¢ < 2. It can
be shown that

hy = hy = a[sinh® u + sin” v] 1/2, hg = cosh u cos v;
dV = a® cosh u cos v(sinh? u + sin” v)du dv d¢;
Af = V¥

1
= — | a cosh u cos v—
a?(sinh? u + sin® v)cosh u cos v [au ( 6u>

9 df\  a*(sinh? u+ sin?v) 6%
9 h = a2 |’
+ dv (a cosnpeosy 6v> * acoshucosv  9d¢?

Oblate coordinates can be used in diffusion problems such as the scattering of
sound through a circular hole or flow of liquid through a hole.
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‘Note: Page numbers followed by “f” indicate figures and “t” indicate tables.’

A

Absolute convergence, 42—43

Alternating series test, 43

Ampere’s law, 138

Analytic function, 52, 219

Approximate identities, 29—31, 29f
and Dirac-6 function, 29—40
examples of, 38—40

Associated Legendre function, 349—353

B
Bessel equation, 159, 164, 317, 319
cylindrical coordinates, 320—323, 321f
generating function for, 258
of half-integer order, 342—343
order 0, 334
second solution, 319
in spherical coordinates, 340—345
Bessel function, 53, 315—320
cylindrical coordinates, 320—323, 321f
of first kind of order, 319
modified (with imaginary argument), 319
Bessel’s inequality, 7, 191, 199, 242—250

C
Calculus for Dirac-9 function, 34—37
Cartesian coordinates, 15, 23, 69, 125
curl in, 101—106, 102f, 104f—105f
cylindrical case, 16
general case, 16
separation of variables, 275—313
Cauchy criterion
for uniform convergence of sequences of
functions, 47
for uniform convergence of series of functions, 48
Cauchy integral formula, 62—64
Cauchy sequence, 41
Cesaro sum, 200
Change of variables (integration), 28—29
Circulation, 101
Comparison test, 41—42
Completeness of eigenfunctions, 204, 241—251
Conservative fields, 140—145
exercises, 150—151
Continuity of limit function, 43
Convergence, 40—59, 187
absolute, 42—43

conditional, 42—43
functions, 43—49, 44t
pointwise, 43, 187
uniform, 43—44, 187
L? convergence, 187
numbers, 40—42
Convolution of functions, 40
Fourier transform, 380
Laplace transform, 402—406, 403f
Convolution theorem, 380
Coordinates
Cartesian coordinates, 15
curvilinear, 15—29
cylindrical, 15—16, 15f
orthogonal, 16, 16f—17f
spherical, 15—16, 15f, 25—26
Cosine series
and Fourier series, 212—215
Coulomb’s law, 139
Coupled spring system, 7—8

Curl, 90—120
Cartesian coordinates, 101—106, 102f,
104f—105f
cylindrical coordinates, 106—112, 107f,
109f—110f

spherical coordinates, 112—119
Curvilinear coordinates, 15—29, 101—106
Curvilinear systems, 26
Cylindrical coordinates, 15—16, 15f—16f

Bessel’s equation in, 320—323, 321f

curl in, 106—112, 107f, 109f—110f

D
Del operator, 93
Dirac-9 function, 32—34, 33f, 300—301
calculus for, 34—37
in curvilinear coordinates, 37—38
in Fourier series, 300—301
Green’s function, construction, 154—162
Directional derivative, 70
Dirichlet kernel, 194
Divergence, 90—120
Cartesian coordinate case, 91—93, 91f
cylindrical coordinate case, 93—96,
94f
spherical coordinate case, 96—101,
97t
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Divergence theorem, 120—151, 179
application of, 138—139
exercises, 147—149
for inverse square fields, 131
in three dimensions, 129
in two dimensions, 127

Dot product. See Inner product

Double Fourier series, 215—216

Drum head problem, 328—332

D’Alembert’s formula, 230, 424

E

Eigenfunctions
completeness of, 241—251
Green’ function from, 166—169
Eigenvalue, 1
Eigenvector, 1
Elliptic equation, 217—218
Equilibrium (steady) state of the heat equation,
303—-310

F
Fibonacci sequence, 257—258
Fejer kernel, 200
Fejer’s theorem, 201
Flux, 82
Fourier coefficients, 5—12
Fourier inversion theorem, 379—380
Fourier series, 187—216
on arbitrary intervals, 205
convergence methods, 194—207, 195f
definitions, 188—193
double, 215-216
eigenfunctions, 188
exponential form of, 207—212
pointwise convergence, 187, 194
sine and cosine series, 212—215
uniform convergence, 187, 194,
251-255
Fourier transform, 375—399
as decomposition, 376—377
from Fourier series, 377—379
fundamental solution of, 385—390
of Gaussian distribution, 59, 379—383,
379f—380f
heat equation, solving, 384
Laplace’s equation, solving, 388
negative Laplacian spectrum, in one
dimension, 391—395, 393f—394f
partial differential equations, solving,
383—391
properties of, 379—383, 379f—380f

in three dimensions, 395—399, 397f
wave equation, solving, 386—387
Fourier’s law, 221
Fredholm alternative, 171—178, 174f, 176f

G
Gamma function, 67
Gaussian functions, 379—383, 379f—380f
Gauss’s law for inverse square fields, 131,
139
Gauss’ theorem. See Divergence theorem
Generating functions, 257—273
for Bessel functions of the first kind, 270—273
for Hermite’s differential equation, 262—266
for Laguerre’s equation, 259—262
for Legendre’s equation, 266—270
Geometric series, 41
Gradient, 22—23
Cartesian coordinates, 22
cylindrical coordinates, 23
Green’ function, 153—185
for Bessel’s equation, 159, 164
and Dirac-9 function, 154—162
from eigenfunctions, 166—169
general boundary conditions, 169—171
for heat equation, 427—431
for the Laplacian, 178—185
for Poisson’s equation, 451—456, 452f
for wave equation, 442—451
using variation of parameters, 162—166
Green’s identities, 138, 147—148
Green’s theorem, 120—151
exercises, 147

H

Hamiltonian operator, 3
Heat equation, 217
derivation, in one dimension, 220—222, 221f
on disk, 332—336
Fourier transform, 384
fundamental solution of, 385—390
Green’s function, 427—431
Laplace transform, 411—418
method of images, 431—442
nonhomogeneous, 429—430
in one dimension, 297—303
with no heat source, 297—300
steady state of, 303—310
Heaviside function, 32, 422, 449
Hermite equation
generating function for, 258, 262—266
of order n, 365



Hermite polynomial of degree n, 365
Hydrogen atom, 368—373
Hyperbolic equation, 217—218

Increments of volume, 19
Inner product, 2
Integrals, 69—90
line, 73—76, 73f—74f
parameterized surfaces, 78—79
path, 70—73
of scalar functions over surfaces, 79—81, 89
surface, 76—78, 77f, 82—87, 82f—83f, 89—90
Integral test, 42
Integration formulas, 59—67
Inverse square field, 131

J

Jacobian, 19—20

Jordan’s lemma, 398

Jump condition on Green’s function, 156

K
Kernel, 14

L
Laguerre’s equation, 258
generating function for, 259—262
Laplace transform, 401—425
of convolution of functions, 402—406, 403f
heat equation, 411—418
properties and formulas for, 355t
solving differential equations, 406—411
using Fourier transform to solve, 388
wave equation, 418—425
Laplace’s equation, 27, 217—220
on cube, 283—287
in cylindrical coordinates, 323—328
on rectangle, 275—283
spherical coordinates, 337, 353—356
Laplacian, 23—25, 132, 218
cylindrical coordinates, 24
Green’s function, 178—185
spherical coordinates, 25—26
Legendre equation, 337—340, 345—349
associated Legendre function, 349—353
generating function for, 258, 266—270
Legendre polynomial, 347
Linear function. See Linear operator
Linear operator, 1
self-adjoint, 1—15
Line integrals, 73—76, 73f—74f
exercises, 88—89

Index 477

Maclaurin series, 52, 258
Maximum modulus principle, 219—220
Method of images, 431—442
on bounded interval, 436—441, 436f—439f
on semi-infinite interval, 431—435

Newton’s law, 3, 224

0
One dimension quantum mechanical oscillator,
360—367
Ordinary differential equations (ODEs), 26, 187,
237, 315, 406
Orthogonal
basis, 5
coordinates, 16, 16f—17f
set, 5
transformation, 14
vectors, 13
Orthogonal coordinate system, 17—18
Orthonormal
basis, 5
set, 5

P

Parabolic equation, 217—218
Parameterized surfaces, 78—79
Parseval’s formula, 203
Parseval’s theorem, 381—382
Partial differential equations (PDEs)
second-order, converting to standard form,
232-236, 233f
solving, 383—391
Path integrals, 70—73
exercises, 88
Poisson’s equation, 451—456, 452f
Poisson’s integral formula, 211—212, 389
Polar coordinates, 332
Power series, 49—51
Power series expansion, 60—62
Principle of Superposition, 11—12
p-series test, 42

R

Radius of convergence, 50
Ratio test, 42

Real numbers, series of, 40—42
Resolvent, 392
Riemann-Lebesgue lemma, 191
Rigid rotor, 356—360

Root test, 42
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S self-adjoint property of, 238—241
Scaling factors, 18 uniform convergence of Fourier series, 251—255
Schrodinger’s equation Surface, 76—78, 77t
for hydrogen atom, 368 parameterized, 78—79
for rigid rotor, 358 Surface integral, 76—78, 82—87, 83f, 89—90
Schwarz inequality, 198—205
Second-order PDEs to standard form, converting, T
232—236, 233f Taylor polynomial, 51
Self-adjoint operator, 1—15, 188—193, 238—241 Taylor series, 51—55
Separation of variables Telegraph equation, 294
in Cartesian coordinates, 275—313 Trigonometric polynomials, 189
heat equation, 297—310
Laplace’s equation, 275—283, 277f U
wave equation, 287—294 Uniform convergence, 43—44, 47—48
in cylindrical coordinates, 315—336 of Fourier series, 251—255
Bessel functions, 315—320
Bessel’s equation, 320—323, 321f v
heat equation, on disk, 332—336 Variation of parameters, 162—166
Laplace’s equation, 323—328 Vector calculus, 69—151
wave equation, on disk, 328—332 integrals, 69—90
Sequences line, 73—76, 73f—74f
functions, 43 parameterized surfaces, 78—79
numbers, 40 path, 70—73
Series of scalar functions over surfaces, 79—81
cosine series, 212—215 surface, 76—78, 77f, 82—87, 83f
of functions, 43—49, 44t Vector field, 73
power series, 49—51 Volume integrals, 19—22
of real numbers, 40—42
sine series, 212—215 w
Taylor series, 51—55 Wave equation, 217, 328—332
Spectrum, 391—-395, 393f—394f on disk, 328—332
Spherical coordinates, 15—16, 15f, 25—26 explicit solution of, 226—232, 230f—231f
Bessel’s equation in, 340—345 Fourier transform, 386—387
curl in, 112—119 Green’s function, 442—451
Laplace’s equation in, 353—356 Laplace transform, 388, 418—425
Steady state (heat equation), 303—310 in one dimension
Stokes’ theorem, 120—151 derivation, 223—226, 223f
application of, 138—139 separation of variables, 287—294
exercises, 147—149 spherical coordinates, 328—332
Stone’s theorem, 3 in two dimension, 294—297
Sturm-Liouville theory, 237—255, 322 Weierstrass M-test, 49, 310

eigenfunctions completeness for, 241—251 Weight function, 2, 239, 322
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