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Preface

The major purposes of this book are to present partial differential equations (PDEs)
and vector analysis at an introductory level. As such, it could be considered a
beginning text in mathematical physics. It is also designed to provide a bridge
from undergraduate mathematics to the first graduate mathematics course in physics,
applied mathematics, or engineering. In these disciplines, it is not unusual for such
a graduate course to cover topics from linear algebra, ordinary differential equations
and partial differential equations (PDEs), advanced calculus, vector analysis,
complex analysis and probability, and statistics at a highly accelerated pace.

In this text we study in detail, but at an introductory level, a reduced list of topics
important to the abovementioned disciplines. In PDEs, we consider Green’s func-
tions, the Fourier and Laplace transforms, and how these are used to solve PDEs.
We also study using separation of variables to solve PDEs in great detail. Our
approach is to examine the three prototypical second-order PDEsdLaplace’s equa-
tion, the heat equation, and the wave equationdand solve each equation with each
method. The premise is that in doing so, the reader will become adept at each
method and comfortable with each equation.

The other prominent area of the text is vector analysis. While the usual topics are
discussed, an emphasis is placed on viewing concepts rather than formulas. For
example, we view the curl and gradient as properties of a vector field rather than
as simply equations. A significant portion of this area deals with curvilinear coordi-
nates to reinforce the idea of conversion of coordinate systems.

Reasonable prerequisites for the course are a course in multivariable calculus,
familiarity with ordinary differential equations to the point of being able to solve
a second-order boundary problem with constant coefficients, and some experience
with linear algebra.

In dealing with ordinary differential equations, we emphasize the linear operator
approach. That is, we consider the problem as being an eigenvalue/eigenvector prob-
lem for a self-adjoint operator. In addition to eliminating some tedious computations
regarding orthogonality, this serves as a unifying theme and a more mature
viewpoint.

The level of the text generally lies between that of the classic encyclopedic texts
of Boas and Kreyszig and the newer text by McQuarrie, and the PDE books of Wein-
berg and Pinsky. Topics such as Fourier series are developed in a mathematically
rigorous manner. The section on completeness of eigenfunctions of a Sturme
Liouville problem is considerably more advanced than the rest of the text and can
be omitted if one wishes to merely accept the result.

The text is written at a level where it can be used as a self-contained reference
as well as an introductory text. There was a concerted effort to avoid situations
where filling in details of an argument would be a challenge. One thought in
writing the text was that it would serve as a source for students in subsequent
courses that felt “I know I’m supposed to know how to derive this, but I don’t.”
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A couple of such examples are the fundamental solution of Laplace’s equation and
the spectrum of the Laplacian.

The major changes from the first edition are first that a chapter on generating
functions has been added. This gives a nice way of considering solutions to
LaGuerre equations, Hermite equations, Legendre’s equations, and Bessel equa-
tions. Second, in depth analyses for the rigid rotor, one-dimensional quantum me-
chanical oscillator, and the hydrogen atom are presented. Also, more esoteric
coordinate systems have been moved to an appendix.
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Preliminaries 1
1.1 SELF-ADJOINT OPERATORS
The purpose of this text is to study some of the important equations and techniques
of mathematical physics. It is a fortuitous fact that many of the most important such
equations are linear, and we can apply the well-developed theory of linear operators.
We assume knowledge of basic linear algebra but review some definitions, theorems,
and examples that will be important to us.

Definition:
A linear operator (or linear function) from a vector space V to a vector space W,

is a function L : V/W for which

Lða1bv1 þ a2bv2Þ ¼ a1Lðbv1Þ þ a2Lðbv2Þ
for all bv1; bv2 ˛ V and scalars a1 and a2.

One of the most important linear operators for us will be

L½y� ¼ a0ðxÞyðxÞ þ a1ðxÞy0ðxÞ þ a2ðxÞy00ðxÞ
where a0(x), a1(x) and a2(x) are continuous functions.

Definition:
If L : V/V is a linear operator, then a nonzero vector bv is an eigenvector of L

with eigenvalue l if LðbvÞ ¼ lbv.
Note that b0 cannot be an eigenvector, but 0 can be an eigenvalue.
Example:

For L ¼ d

dx
, we have

LðeaxÞ ¼ d

dx
ðeaxÞ ¼ aeax

so eax is an eigenvector of L with eigenvalue a.

An extremely important example is L ¼ d2

dx2
. Among its properties are

Lðsin nxÞ ¼ d2

dx2
ðsin nxÞ ¼ �n2 sin nx and

Lðcos nxÞ ¼ d2

dx2
ðcos nxÞ ¼ �n2 cos nx.
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We leave it as Exercise 1 to show that if bv is an eigenvector of L with eigenvalue
l, then abv is also an eigenvector of L with eigenvalue l.

Definition:
An inner product (also called a dot product) on a vector space V with scalar field

F (which is the real number or the complex number ) is a function
h ; i:V � V / F such that for all f, g, h e V and a e F

haf ; gi ¼ ah f ; gi;
h f ; agi ¼ ah f ; gi; where xþ iy ¼ x� iy;

h f þ g; hi ¼ h f ; hi þ hg; hi;
h f ; gi ¼ hg; f i;

h f ; f i � 0 with equality if and only if f ¼ 0.
A vector space with an inner product is called an inner product space.
If V ¼ ℝn, the usual inner product for ba ¼ ða1;.; anÞ; bb ¼ ðb1;.; bnÞ isDba; bb E ¼ a1b1 þ/þ anbn.

If the vector space is ℂn, then we must modify the definition, because, for
example, under this definition, if ba ¼ ði; iÞ, then

h ba; ba i ¼ i2 þ i2 ¼ �2:

Thus, on ℂn, for ba ¼ ða1;.; anÞ; bb ¼ ðb1;.; bnÞ, we defineDba; bbE ¼ a1b1 þ/þ anbn.

We use the notation h f ; f i ¼ k fk2, which is interpreted as the square of the
length of f, and k f � gk is the distance from f to g.

We shall be working primarily with vector spaces consisting of functions that
satisfy some property such as continuity or differentiability. In this setting, one usu-
ally defines the inner product using an integral. A common inner product is

h f ; gi ¼
Z b

a
f ðxÞgðxÞdx;

where a or b may be finite or infinite. There might be a problem with some vector
spaces in that h f ; f i ¼ 0 with f s 0. This problem can be overcome by a minor
modification of the vector space or by restricting the functions to being continuous
and will not affect our work. We leave it as Exercise 4 to show that the function
defined above is an inner product.

On some occasions it will be advantageous to modify the inner product above
with a weight function w(x). If w(x) � 0 on [a,b], then

h f ; giw ¼
Z b

a
f ðxÞwðxÞgðxÞdx

is also an inner product as we show in Exercise 5.
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Definition:
A linear operator A on the inner product space V is self-adjoint if

hAf ; gi ¼ h f ;Agi for all f ; g ε V .
Self-adjoint operators are prominent in mathematical physics. One example is

the Hamiltonian operator. It is a fact (Stone’s theorem) that energy is conserved if
and only if the Hamiltonian is self-adjoint. Another example is shown below. Part
of the significance of this example is due to Newton’s law F ¼ ma.

Example:
The operator

d2

dx2
is self-adjoint on the inner product space

V ¼ ff jf has a continuous second derivative and is periodic on ½a; b�g;
with inner product

h f ; gi ¼
Z b

a
f ðxÞgðxÞdx.

We must show

hf 00; gi ¼ h f ; g00i;
that is, Z b

a
f 00ðxÞgðxÞdx ¼

Z b

a
f ðxÞg00ðxÞdx.

To do this, we integrate by parts twice. Let

u ¼ gðxÞ du ¼ g0ðxÞ
dv ¼ f 00ðxÞ v ¼ f 0ðxÞ

so

uv�
Z

v du ¼ gðxÞf 0ðxÞ
���b
a
�
Z b

a
f 0ðxÞg0ðxÞdx.

The periodicity of f and g forces gðxÞf 0ðxÞ
���b
a
¼ 0. Thus,Z b

a
f 00ðxÞgðxÞdx ¼ �

Z b

a
f 0ðxÞg0ðxÞdx:

Integrating the integral on the right by parts with

u ¼ g0ðxÞ du ¼ g00ðxÞ
dv ¼ f 0ðxÞ v ¼ f ðxÞ

1.1 Self-Adjoint Operators 3



we have

�
Z b

a
f 0ðxÞg0ðxÞdx ¼ �

24f ðxÞg0ðxÞ����b
a

�
Z b

a
f ðxÞg00ðxÞdx

35 ¼
Z b

a
f ðxÞg00ðxÞdx.

Notice that if [a,b] is of length 2p, then fsinðnxÞ cosðnxÞjn ˛ Zg is a subset of V.
We next prove two important facts about self-adjoint operators.
Theorem:
If L : V/V is a self-adjoint operator, then

1. The eigenvalues of L are real;
2. Eigenvectors of L with different eigenvalues are orthogonal; that is, their inner

product is 0.

Proof:

1. Suppose that f is an eigenvector of L with eigenvalue l. Then

hLf ; f i ¼ hlf ; f i ¼ lh f ; f i
and

h f ;Lf i ¼ h f ; lf i ¼ lh f ; f i.
Since L is self-adjoint,

hLf ; f i ¼ h f ;Lf i so lh f ; f i ¼ lh f ; f i
and since h f ; f is0, we have l ¼ l, so l is real.
2. Suppose

Lf ¼ l1f and Lg ¼ l2g with l1sl2.

Then

hLf ; gi ¼ hl1f ; gi ¼ l1h f ; gi
and

hLf ; gi ¼ h f ;Lgi ¼ h f ; l2gi ¼ l2h f ; gi.
So

l1h f ; gi ¼ l2h f ; gi
and thus h f ; gi ¼ 0 because l1sl2.

Example:
We have Z 2p

0
sinðnxÞ cosðmxÞ dx ¼ 0;
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Z 2p

0
cosðnxÞ cosðmxÞ dx ¼ 0; if msn;

Z 2p

0
sinðnxÞ sinðmxÞdx ¼ 0; if msn;

for m and n integers. This is because sin (nx) and cos (mx) are eigenfunctions of the
self-adjoint operator d2=dx2 with the inner product defined above with different
eigenvalues.

We shall use the technique of the example above to prove the orthogonality of
functions such as Bessel functions and Legendre polynomials without having to
resort to tedious calculations.

FOURIER COEFFICIENTS
We now describe how to determine the representation of a given vector with respect

to a given basis. That is, if
nbb1; bb2; . o

is a basis for the vector space V, and ifbv ε V , we want to find scalars a1, a2,. for which

bv ¼ a1 bb1 þ a2 bb2 þ/:

If the basis satisfies the characteristic below, then this is easy.
Definition:

If
nbb1; bb2; . o

is a set of vectors from an inner product space for whichDbbi; bbjE ¼ 0 if isj;

then
nbb1; bb2; . o

is called an orthogonal set. If, in addition,Dbbi; bbiE ¼ 1 for all i;

then
nbb1; bb2; . o

is called an orthonormal set. A basis that is an orthogonal (ortho-

normal) set is called an orthogonal (orthonormal) basis.
Theorem:

If
nbb1; bb2; . o

is an orthogonal basis for the inner product space V, and if

bv ¼ a1 bb1 þ a2 bb2 þ/;

then

ak ¼
Dbv; bbkEDbbk; bbkE ¼

Dbv; bbkE���bbk���2 .

1.1 Self-Adjoint Operators 5



Proof:
We have Dbv; bbkE ¼

D
a1 bb1 þ a2 bb2 þ/; bbkE

¼ a1

Dbb1; bbkEþ/þ ak

Dbbk; bbkEþ/ ¼ ak

Dbbk; bbkE.
Thus

ak ¼
Dbv; bbkEDbbk; bbkE ¼

Dbv; bbkE���bbk���2 .

Note that if
nbb1; bb2; . o

is an orthonormal basis, then ak ¼
Dbv; bbkE.

Definition:
The constants {a1,a2,.} in the theorem above are called the Fourier coefficients

of bv with respect to the basis
nbb1; bb2; . o

.

Fourier coefficients are important because they provide the best approximation to
a vector by a subset of an orthogonal basis in the sense of the following theorem.

Theorem:
Suppose bv is a vector in an inner product space V, and B ¼

nbb1; bb2; . o
is an

orthogonal basis for V. Let {c1, c2,.} be the Fourier coefficients of bv with respect to
B. Then �����bv �Xn

i¼1

ci bbi
����� �

�����bv �Xn
i¼1

di bbi
�����

for any numbers di. Equality holds if and only if ci ¼ di for every i ¼ 1,.,n.
Proof:
We assume the constants are real, and the basis is orthonormal to simplify the

notation. We have�����bv �Xn
i¼1

di bbi
�����
2

¼
*bv �Xn

i¼1

di bbi; bv �Xn
i¼1

di bbi
+

¼ hbv; bvi � 2
Xn
i¼1

Dbv; di bbiEþ
*Xn

i¼1

di bbi;Xn
i¼1

di bbi
+
.

(1)

Now, *Xn
i¼1

di bbi; Xn
i¼1

di bbi
+

¼
Xn
i¼1

d2i ;
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since
nbb1; bb2; . o

is an orthonormal basis, as we verify in Exercise 10. Also,Dbv; di bbiE ¼ cidi.

Thus, the right-hand side of Eq. (1) is

hbv; bvi � 2
Xn
i¼1

Dbv; di bbiEþ
*Xn

i¼1

di bbi;Xn
i¼1

di bbi
+

¼ hbv; bvi � 2
Xn
i¼1

cidi þ
Xn
i¼1

di
2

¼ hbv; bvi �Xn
i¼1

ci
2 þ

 Xn
i¼1

ci
2 � 2

Xn
i¼1

cidi þ
Xn
i¼1

di
2

!
¼ hbv; bvi �Xn

i¼1

ci
2 þ

Xn
i¼1

ðci � diÞ2.

Following the first steps in the argument above, we get�����bv �Xn
i¼1

ci bbi
�����
2

¼ hbv; bvi � 2
Xn
i¼1

cici þ
Xn
i¼1

ci
2 ¼ hbv; bvi �Xn

i¼1

ci
2. (2)

Finally,

hbv; bvi �Xn
i¼1

ci
2 � hbv; bvi �Xn

i¼1

ci
2 þ

Xn
i¼1

ðci � diÞ2;

with equality if and only if ci ¼ di for all i ¼ 1,.,n.
Note that from Eq. (2), we have Bessel’s inequalityXn

i¼1

ci
2 � hbv; bvi ¼ kbvk2.

Example:
In this example, we demonstrate an application of eigenvalues and eigenfunc-

tions (eigenvectors) to solve a problem in mechanics.
Suppose that we have a body of mass m1 attached to a spring whose spring con-

stant is k1. See Fig. 1.1.1. We assume that the surface is frictionless. If x1 is the

m1

k1

FIGURE 1.1.1
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displacement of the spring from equilibrium, then, according to Hooke’s law, the
spring creates a force bF ¼ � x1 k1.

Then

bF ¼ m1
d2 x1
dt2

¼ � x1 k1.

Now consider the coupled system shown in Fig. 1.1.2.
We use the convention that force is positive if it pushes a body to the right.
We suppose that both springs are under no tension if the masses are at points a

and b.
Suppose that the masses are at points x1 and x2.
Force on mass m1:

1. Force due to spring 1: If x1 > a, then spring 1 is stretched an amount x1 � a and
pulls m1 to the left. If the spring constant of spring 1 is k1, then the force on m1

due to spring 1 is

F1;1 ¼ �k1ðx1 � a Þ:

2. Force due to spring 3: If x2 � x1 < b � a, then spring 3 is compressed an amount
(b � a) � (x2 � x1). If the spring constant of spring 3 is k3 then spring 3 pushes
the body m1 to the left with force

F1;3 ¼ �k3½ðb� aÞ � ðx2 � x1Þ� ¼ �k3½ðb� x2Þ þ ðx1 � aÞ�.
Thus, the total force on m1 is

F1 ¼ F1;1 þ F1;3 ¼ �k1ðx1 � aÞ � k3½ðb� x2Þ þ ðx1 � aÞ�. (3)

Force on mass m2:

1. Force due to spring 2: If x2 < b, then spring 2 is stretched an amount b � x2 and
pulls m2 to the right. If the spring constant of spring 2 is k2, then the force on m2

due to spring 2 is

F2;2 ¼ k2ðb� x2Þ.

a x1

m1

k1

x2

m2

k3 k2

b

FIGURE 1.1.2
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2. Force due to spring 3: If x2 � x1 < b � a, then spring 3 is compressed an amount
(b � a) � (x2 � x1). If the spring constant of spring 3 is k3 then spring 3 pushes
the body m2 to the right with force

F2;3 ¼ k3½ðb� aÞ � ðx2 � x1Þ� ¼ k3½ðb� x2Þ þ ðx1 � aÞ�:
Thus, the total force on m21 is

F2 ¼ F2;2 þ F2;3 ¼ k2ðb� x2Þ þ k3½ðb� x2Þ þ ðx1 � aÞ�. (4)

If we let z1 ¼ x1 � a and z2 ¼ x2 � b, we get from Eq. (3)

F1 ¼ �k1ðx1 � aÞ � k3½ðb� x2Þ þ ðx1 � aÞ� ¼ �ðk1 þ k3Þz1 þ k3z2

and we get from Eq. (4)

F2 ¼ k2ðb� x2Þ þ k3½ðb� x2Þ þ ðx1 � aÞ� ¼ k3z1 � ðk1 þ k3Þz2.
Using F ¼ ma ¼ �kx, we get

m1
d2z1
dt2

¼ �ðk1 þ k3Þz1 þ k3z2

m2
d2z2
dt2

¼ k3z1 � ðk1 þ k3Þz2
or

d2z1
dt2

¼ �
�
k1 þ k3

m1

�
z1 þ z2

k3
m1

(5)

d2z2
dt2

¼ k3
m2

z1 �
�
k2
m2

þ k3
m2

�
z2. (6)

Eqs. (5) and (6) can be written as the matrix equation

d2

dt2

�
z1

z2

�
¼

0BBB@
�k1 þ k3

m1

k3
m1

k3
m2

�k2 þ k3
m2

1CCCA
�

z1

z2

�
¼ A

�
z1

z2

�

where

A ¼

0BBB@
�k1 þ k3

m1

k3
m1

k3
m2

�k2 þ k3
m2

1CCCA.
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Suppose that l is an eigenvalue for A, so that

A

�
z1

z2

�
¼ l

�
z1

z2

�
.

Then we would have

d2

dt2

�
z1

z2

�
¼ l

�
z1

z2

�
so

d2zi
dt2

¼ lzi

and

ziðtÞ ¼ Bie
ffiffi
l

p
t.

The eigenvalues of A are those values of l for which det (A � lI) ¼ 0. With the
values we have, this would best be done with a computer algebra system (CAS);
however, if we set the value of each mass to be m, and the value of each spring con-
stant to be k, then the matrix A is0BBB@

�2k

m

k

m

k

m
�2k

m

1CCCA
and

detðA� lIÞ ¼

���������
�2k

m
� l

k

m

k

m
�2k

m
� l

��������� ¼ l2 þ 4k

m
lþ 3k2

m2
¼
�
lþ k

m

��
lþ 3k

m

�
.

Thus, the eigenvalues for A are l ¼ �k

m
and l ¼ �3k

m
.

Before continuing, we note there is an alternate method to calculate the equations
of motion. If V is the potential energy of the system, then

mi
d2z1
dt2

¼ �vV

vzi
.

In the spring setting,

V ¼
X
i

ki
2
d2i

where di is the distortion of the ith spring from equilibrium. In our problem

V ¼ k1
2
z1

2 þ k2
2
z2

2 þ k3
2
ðz1 � z2Þ2.

We now find the eigenvectors for the eigenvalues. For the eigenvalue l ¼ �k

m
.

Suppose that
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0BBB@
�2k

m

k

m

k

m
�2k

m

1CCCA
�
z1

z2

�
¼ �k

m

�
z1

z2

�
.

Then

�2k

m
z1 þ k

m
z2 ¼ � k

m
z1

k

m
z1 � 2k

m
z2 ¼ � k

m
z2

so z1 ¼ z2 and

�
1

1

�
is an eigenvector for l ¼ k

m
.

For the eigenvalue l ¼ �3k

m
. Suppose that0BBB@

�2k

m

k

m

k

m
�2k

m

1CCCA
�
z1

z2

�
¼ �3k

m

�
z1

z2

�
.

Then

�2k

m
z1 þ k

m
z2 ¼ �3 k

m
z1

k

m
z1 � 2k

m
z2 ¼ � 3k

m
z2

so z1 ¼ �z2 and

�
1

�1

�
is an eigenvector for l ¼ 3k

m
.

Now the motion of the two masses is given by

zðtÞ ¼ C1

�
1

1

�
exp

 
i

ffiffiffi
k

n

r
t

!
þ C2

�
1

�1

�
exp

 
i

ffiffiffiffiffi
3k

n

r
t

!
where zðtÞ ¼

�
z1ðtÞ
z2ðtÞ

�
.

The linear operators that we shall use throughout the text will be differential op-
erators. A typical example of which is

L½y� ¼ y00ðxÞ þ pðxÞy0ðxÞ þ qðxÞ.
We shall often use the Principle of Superposition, which states that if y1(x) and

y2(x) are solutions to

L½y� ¼ y00ðxÞ þ pðxÞy0ðxÞ þ qðxÞ ¼ 0

then

c1y1ðxÞ þ c2y2ðxÞ

1.1 Self-Adjoint Operators 11



is also a solution to

L½y� ¼ y00ðxÞ þ pðxÞy0ðxÞ þ qðxÞ ¼ 0

for any constants c1 and c2.

EXERCISES
1. Show that if bv is an eigenvector for Awith eigenvalue l, then for any scalar a,

the vector abv is an eigenvector of A with eigenvalue l.
2. For, h ; i an inner product, show that h f ; gþ hi ¼ h f ; gi þ h f ; hi.
3. Show that

L½y� ¼ a0ðxÞyðxÞ þ a1ðxÞy0ðxÞ þ a2ðxÞy00ðxÞ
where a0(x), a1(x) and a2(x) are continuous functions, is a linear operator.
4. Show that the function

h f ; gi ¼
Z b

a
f ðxÞgðxÞdx

where f (x) and g(x) are continuous functions on [a,b], is an inner product.
5. Show that the function

h f ; giw ¼
Z b

a
f ðxÞwðxÞgðxÞdx

where f (x), w(x) and g(x) are continuous functions on [a,b] and w(x) > 0, is an inner
product. What if w(x) < 0?
6. In ℝ2 or ℝ3 the angle q between the vectors bu and bv is determined by

cos q ¼ bu$bv
kbukkbvk:

a. Verify that
�
1
2;

ffiffi
3

p
2 ; 5

�
and

� ffiffi
3

p
2 ;

ffiffi
5

p
2 ;

ffiffiffiffiffi
24

p �
are points on the sphere of

radius
ffiffiffiffiffi
26

p
feet.

b. Find the angle between bu and bv.
c. What is the distance between bu and bv traveling along the surface of the

sphere?
7. Let L½y� ¼ 	1� x2



y00ðxÞ � 2xy0ðxÞ. Show that L is self-adjoint with the inner

product

h f ; gi ¼
Z 1

�1
f ðxÞgðxÞdx.
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8. Find the eigenvalue(s) and eigenfunction(s) for the following boundary value
problems:

a. �d2f ðxÞ
dx2

¼ lf ðxÞ; f ð0Þ ¼ f ðpÞ ¼ 0:

b. e
d2f ðxÞ
dx2

¼ lf ðxÞ; f ð0Þ ¼ f ðLÞ ¼ 0:

c. �d2f ðxÞ
dx2

¼ lf ðxÞ; f ð�p=2Þ ¼ f ðp=2Þ ¼ 0:

d. �d2f ðxÞ
dx2

¼ lf ðxÞ; f ð�LÞ ¼ f ðLÞ ¼ 0:

9. Show that if fbx1;.; bxng is a basis for the vector space V, then every vector in V
can be written as a linear combination of bx1;.; bxn in exactly one way.

10. Show that if fbx1;.; bxng is an orthogonal basis for the vector space V, and

bv ¼
Xn
i¼1

aibxi and bw ¼
Xn
i¼1

bibxi
then

hbv; bwi ¼Xn
i¼1

Xn
j¼1

aibj
�bxi; bxj� ¼Xn

i¼1

aibihbxi; bxii.
What if fbx1;.; bxng is an orthonormal basis?

11. Suppose that fbx1;.; bxng is a basis for the vector space V and T:V / V is a
linear transformation for which TðbxÞ ¼ b0 only if bx ¼ b0.
a. Show that T is a one-to-one function.
b. Show that fTðbx1Þ;.; TðbxnÞg is a basis for V.

12. For a function f (t), determine which of the following are linear transformations:

Tðf Þ ¼ af 00ðtÞ þ bf 0ðtÞ
Tðf Þ ¼ af 00ðtÞ þ bf 0ðtÞ þ 1

Tðf Þ ¼ etf 0ðtÞ
Tðf Þ ¼ ðf ðtÞÞ2.

13. Suppose that fbx1; bx2g is an orthonormal basis for V and T:V / V is a linear
transformation for which fTðbx1Þ; Tðbx2Þg is also an orthonormal basis for V.
Show that for any vector bx, kTðbxÞk ¼ kbxk. (This is also true for the case of any
finite basis.)

14. Recall that if T:V / V is a linear transformation and V is an n�dimensional
vector space then T can be represented as multiplication by an n � n matrix.
The matrix depends on the choice of the basis. In particular, if fbx1;.; bxng is a
basis for the vector space V and if

TðbxiÞ ¼ a1ibx1 þ/þ anibxn

1.1 Self-Adjoint Operators 13



then

Tðb1bx1 þ/bnbxnÞ ¼
0B@ a11 / a1n

« 1 «

an1 / ann

1CA
0B@ b1bx1

«
bnbxn

1CA ¼ Abx
where

A ¼

0B@ a11 / a1n

« 1 «

an1 / ann

1CA and bx ¼ b1bx1 þ/bnbxn.
Show that if T:V / V is a linear transformation and there is a basis of V,
fbx1;.; bxng, consisting of eigenvectors of T, so that TðbxiÞ ¼ libxi, then the
matrix of T with respect to this basis is the diagonal matrix0B@ l1 / 0

« 1 «

0 / ln

1CA.

This is important because computations with diagonal matrices are particularly
simple.

15. A linear transformation U:V / V is called an orthogonal transformation (or a
unitary transformation if the field is the complex numbers rather than the real
numbers) if kUbxk ¼ kbxk for every bx ˛V .
a. Show that if U is an orthogonal transformation then hUbx;Ubyi ¼ hbx; byi for

every pair of vectors bx; by ˛V . Hint: Use hUðbx þ byÞ;Uðbx þ byÞi ¼
hbx þ by; bx þ by i and expand both sides of the equation.

b. What is the physical interpretation of part a in the case that V is ℝ2 or ℝ3.
16. Let V be the n þ 1 dimensional space of real polynomials in x.

a. Show that {1,x,x2,.,xn} is a basis for V.

b. Let T:V / V be defined by T ¼ d

dx
. Find the matrix of Twith respect to this

basis.
c. What is the dimension of T(V)? Find a basis for T(V).
d. The kernel of a linear transformation T:V / V is



x ˛V

��TðxÞ ¼ b0�. Show
that the kernel of T is a vector space. Find the kernel of T in the case V is the
n þ 1 dimensional space of real polynomials in x of degree less than or

equal to n and T ¼ d

dx
.

17. a. Show that {1, sin(nx), cos(nx) n ¼ 1,2,.;} is an orthogonal set of functions
with respect to the inner product

h f ; gi ¼
Z p

�p

f ðxÞgðxÞdx.
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b. Find a0, a1, a2, b1, b2 for

i. ex ¼ a0 þ
P∞
n¼1

an cosðnxÞ þ
P∞
n¼1

bn sinðnxÞ.

ii. xþ x2 ¼ a0 þ
P∞
n¼1

an cosðnxÞ þ
P∞
n¼1

bn sinðnxÞ.

1.2 CURVILINEAR COORDINATES
Many problems have a symmetry associated with them and finding the solutions to
such problemsdas well as interpreting the solutiondcan often be simplified if we
work in a coordinate system that takes advantage of the symmetry. In this section we
describe the methods of transforming some important functions to other coordinate
systems. The most common coordinate systems besides Cartesian coordinates are
cylindrical and spherical coordinates, but the methods we develop are applicable
to other systems as well. In Appendix 3, we include some of the less common sys-
tems. The less common systems will not be used in later sections but are included to
reinforce the techniques of the transformations.

In Fig. 1.2.1Awe give a diagram of how cylindrical coordinates are defined and
in Fig. 1.2.1B we do the same for spherical coordinates. We note that while the

X

O

r x

z

P

Z

Yyθ

FIGURE 1.2.1A

X

φ

θ

O
r

x

z

P

P ′

Z

Yy

FIGURE 1.2.1B
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convention we use for spherical coordinates is common, it is not universal. Some
sources reverse the roles of q and 4.

Our approach will be to describe the general case of converting from Cartesian
coordinates (x, y, z) to a system of coordinates (u1, u2, u3). After making a statement
that holds in the general case, to visualize that statement, we demonstrate how the
statement applies to cylindrical coordinates.

General case: We start with Cartesian coordinates (x,y,z) and select group of vari-
ables u1,u2,u3 so that each of x,y,z is expressible in terms of u1,u2,u3; that is, we have

x ¼ xðu1; u2; u3Þ; y ¼ yðu1; u2; u3Þ; z ¼ zðu1; u2; u3Þ.
Cylindrical case: The variables in cylindrical coordinates are r,q and z. The re-

lations are

x ¼ r cos q; y ¼ r sin q; z ¼ z; 0 � r < ∞; 0 � q < 2p; �∞ < z < ∞.

We write the vector br ¼ xbi þ ybj þ zbk in terms of u1,u2,u3; that is,

br ¼ xðu1; u2; u3Þbi þ yðu1; u2; u3Þbj þ zðu1; u2; u3Þbk.
In cylindrical coordinates, this is

br ¼ r cos qbi þ r sin qbj þ zbk.
For some of our relations to be viable, the coordinates (u1, u2, u3) must be orthog-

onal. This means that the pairs of surfaces ui ¼ constant and uj ¼ constant must
meet at right angles. In the case of cylindrical coordinates, the surfaces r ¼ constant
and q ¼ constant are shown in Fig. 1.2.2A, the surfaces r ¼ constant and
z ¼ constant are shown in Fig. 1.2.2B, and the surfaces q ¼ constant and
z ¼ constant are shown in Fig. 1.2.2C. Each pair does indeed meet at right angles.
It is also possible to determine that the coordinates are orthogonal by analytical
methods, as we now describe.

In the general case the vector
vr̂

vu1
will be tangent to the u1 curve, which is the

intersection of the u2 ¼ constant and u3 ¼ constant surfaces. Similar relations hold

for
vr̂

vu2
and

vr̂

vu3
.

Surface of constant r

r y

x

z

FIGURE 1.2.2A
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In cylindrical coordinates

vbr
vu1

¼ vbr
vr

¼ v

vr

�
r cos qbi þ r sin qbj þ zbk� ¼ cos qbi þ sin qbj.

vbr
vu2

¼ vbr
vq

¼ v

vq

�
r cos qbi þ r sin qbj þ zbk� ¼ �r sin qbi þ r cos qbj.

vbr
vu3

¼ vbr
vz

¼ v

vz

�
r cos qbi þ r sin qbj þ zbk� ¼ bk.

We can show that a system of coordinates forms an orthogonal coordinate system

by showing that the vectors
vr̂

vui
are orthogonal; that is, by showing their inner prod-

uct is zero. In the cylindrical case�
vbr
vr
;
vbr
vq

�
¼
D
cos qbi þ sin qbj;�r sin qbi þ r cos qbjE

¼ �r cos q sin qþ r cos q sin q ¼ 0�
vbr
vr
;
vbr
vz

�
¼
D
cos qbi þ sin qbj; bkE ¼ 0�

vbr
vz
;
vbr
vq

�
¼
Dbk;�r sin qbi þ r cos qbjE ¼ 0:

z

z

x

y

Surface of constant z

FIGURE 1.2.2C

z

y

x

�

Surface of constant �

FIGURE 1.2.2B
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SCALING FACTORS
We know that in an orthogonal coordinate system, the vectors

vr̂

vui
are mutually

orthogonal. We create an orthonormal system of vectors fbe1; be2; be3g by setting

bei ¼
vbr
vui����vbrvui
���� .

We define the scaling factors hi by hi ¼
���� vr̂vui

����, so that

vbr
vui

¼ hibei.
In the case of cylindrical coordinates,

vbr
vu1

¼ vbr
vr

¼ cos qbi þ sin qbj; vbr
vu2

¼ vbr
vq

¼ �r sin qbi þ r cos qbj; vbr
vu3

¼ vbr
vz

¼ bk
so

h1 ¼ hr ¼
���� vbrvu1

���� ¼ 1; h2 ¼ hq ¼
���� vbrvu2

���� ¼ r; h3 ¼ hz ¼
���� vbrvu3

���� ¼ 1:

Also,

be1 ¼ ber ¼
vbr
vu1
h1

¼ cos qbi þ sin qbj;
be2 ¼ beq ¼

vbr
vu2
h2

¼ �r sin qbi þ r cos qbj
r

¼ �sin qbi þ cos qbj;
be3 ¼ bez ¼

vbr
vu3
h3

¼ bk.
Back to the general case, we have

dbr ¼ vbr
vu1

du1 þ vbr
vu2

du2 þ vbr
vu3

du3 ¼ h1be1du1 þ h2be2du2 þ h3be3du3.
For cylindrical coordinates, this is

dbr ¼ h1be1du1 þ h2be2du2 þ h3be3du3 ¼ berdr þ rbeqdqþ bezdz.
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VOLUME INTEGRALS
We now describe how to convert volume integrals to other coordinate systems.

General case: Our aim is to determine an expression for an incremental volume
element dV in a general coordinate system. The volume of the parallelepiped formed

by three noncoplanar vectors bA; bB and bC is
��� bA$� bB � bC���� (See Exercise 1). For the

Cartesian case, we compute an incremental volume element dV using

br ¼ xbi þ ybj þ zbk; dbr ¼ dxbi þ dybj þ dzbk.
Then

dV ¼
���dxbi$�dybj � dzbk���� ¼ dxdydz.

For the case

dbr ¼ h1be1du1 þ h2be2du2 þ h3be3du3.
dV ¼ jh1du1be1$ðh2du2be2 � h3du3be3Þj ¼ h1du1h2du2h3du3jbe1$ðbe2 � be3Þj

¼ h1h2h3du1du2du3

since jbe1$ðbe2 � be3Þj ¼ 1 because fbe1; be2; be3g is an orthonormal system.
Another way to do this computation is to use

dV ¼
���� vbrvu1

$

�
vbr
vu2

� vbr
vu3

����� du1du2du3
and that

vbr
vu1

$

�
vbr
vu2

� vbr
vu3

�
¼

��������������

vx

vu1

vy

vu1

vz

vu1

vx

vu2

vy

vu2

vz

vu2

vx

vu3

vy

vu3

vz

vu3

��������������
. (1)

The determinant in Eq. (1) is called the Jacobian of x,y,z with respect to u1, u2, u3

and is denoted
vðx; y; zÞ

vðu1; u2; u3Þ. So we have

dV ¼
���� vðx; y; zÞ
vðu1; u2; u3Þ

���� du1du2du3.
We now compute dV for cylindrical coordinates. We demonstrate two methods.

First, we use

dV ¼ h1h2h3du1du2du3

where u1 ¼ r, u2 ¼ q, u3 ¼ z so that du1 ¼ dr, du2 ¼ dq, u3 ¼ dz. We have previously
found that h1 ¼ 1, h2 ¼ r, h3 ¼ 1 so
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dV ¼ h1 h2 h3 du1 du2 du3 ¼ r dr dq dz.

For the second method we compute the Jacobian. We have

x ¼ r cos q; so
vx

vu1
¼ vx

vr
¼ cos q;

vx

vu2
¼ vx

vq
¼ �r sin q;

vx

vu3
¼ vx

vz
¼ 0

y ¼ r sin q; so
vy

vu1
¼ vy

vr
¼ sin q;

vy

vu2
¼ vy

vq
¼ r cos q;

vy

vu3
¼ vy

vz
¼ 0

z ¼ z; so
vz

vu1
¼ vz

vr
¼ 0;

vz

vu2
¼ vz

vq
¼ 0;

vz

vu3
¼ vz

vz
¼ 1:

Thus ��������������

vx

vu1

vy

vu1

vz

vu1

vx

vu2

vy

vu2

vz

vu2

vx

vu3

vy

vu3

vz

vu3

��������������
¼

�������
cos q sin q 0

�r sin q r cos q 0

0 0 1

������� ¼ r

and dV ¼ rdrdqdz.
In multivariable calculus, one shows that if by ¼ f ðbxÞ, thenZZZ

V
gðbyÞdy1dy2dy3 ¼ ZZZ

V0

gðf ðbxÞÞjdet JðbxÞjdx1dx2dx3 (2)

where JðbxÞ is the matrix from which the Jacobian is formed.
There are different ways that Eq. (2) is expressed in other sources. One other way

isZZZ
V
f ðx; y; zÞdxdydz ¼

ZZZ
V0

f ðxðu; v;wÞ; xðu; v;wÞ; xðu; v;wÞÞ
���� vðx; y; zÞvðu; v;wÞ

����dudvdw.
Example:
Evaluate ZZ

A
ex

2þy2dxdy

where A is the circle x2þy2 � 9, by changing to polar coordinates.
In Cartesian coordinates,ZZ

A
ex

2þy2dxdy ¼
Z 3

x¼�3

Z y¼
ffiffiffiffiffiffiffiffi
9�x2

p

y¼�
ffiffiffiffiffiffiffiffi
9�x2

p ex
2þy2dxdy.
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To convert to polar coordinates, we compute

jdetJðbxÞj ¼ ����vðx; yÞvðr; qÞ
���� ¼

��������
vx

vr

vx

vq

vy

vr

vy

vq

�������� ¼
���� cos q �r sin q

sin q r cos q

���� ¼ r.

The region A in polar coordinates is 0 � r � 3, 0 � q � 2p. So, in this case,
Eq. (2) says ZZ

A
ex

2þy2dxdy

¼
Z 3

x¼�3

Z y¼
ffiffiffiffiffiffiffiffi
9�x2

p

y¼�
ffiffiffiffiffiffiffiffi
9�x2

p ex
2þy2dxdy ¼

Z 3

r¼0

Z 2p

q¼0
er

2

rdqdr

¼ 2p

Z 3

0
er

2

rdr ¼ p
	
e9 � 1



.

Example:
We compute ZZ

A

	
x2 þ y2



dxdy

where A is the region bounded by 1 � xy � 9, and the lines y ¼ x and y ¼ 4x.
We seek a coordinate system (u,v) so that the transformed region of integration

will be a rectangle a�u � b, c � v � d. The graph of the region A is shown in
Fig. 1.2.3.

y = 4x

y

10

8

6

4

2

2 4 6 8

x

y = x

xy = 9

xy = 1

FIGURE 1.2.3
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If we let u ¼ xy then 1 � u � 9. If we let v ¼ y

x
, then 1 � v � 4. Now

uv ¼ ðxyÞ
�y
x

�
¼ y2; so y ¼ ffiffiffiffiffi

uv
p

u

v
¼ xy

y

x

¼ x2; so x ¼
ffiffiffi
u

v

r
.

We compute the Jacobian. We have

vx

vu
¼ 1

2
ffiffiffiffiffi
uv

p ;
vx

vv
¼ � 1

2v

ffiffiffi
u

v

r
;

vy

vu
¼ 1

2

ffiffiffi
v

u

r
;

vy

vv
¼ 1

2

ffiffiffi
u

v

r
.

Then

vðx; yÞ
vðu; vÞ ¼

��������
vx

vu

vx

vv

vy

vu

vy

vv

�������� ¼
����������

1

2
ffiffiffiffiffi
uv

p � 1

2v

ffiffiffi
u

v

r
1

2

ffiffiffi
v

u

r
1

2

ffiffiffi
u

v

r
����������
¼ 1

2v

and ZZ
A

	
x2 þ y2



dxdy ¼

Z 4

v¼1

0@Z 9

u¼1

�u
v
þ uv

�����vðx; yÞvðu; vÞ
����du
1Adv

¼
Z 4

v¼1

0@Z 9

u¼1

�u
v
þ vu

� 1

2v
du

1Adv ¼ 1

2

Z 4

v¼1

�
u2

2v2
þ u2

2

�����9
u¼1

dv

¼
Z 4

1
20

�
1

v2
þ 1

�
dv ¼ 75:

In the next section, we shall use the following forms of the change of variables
equation:

1. If 4�1 exists and is differentiable for 4(a) � x � 4(b), thenZ b

a
f ðtÞh½4ðtÞ�dt ¼

Z 4ðbÞ

4ðaÞ
f
�
4�1ðxÞ�hðxÞ�4�1ðxÞ�0dx.

2.
RRR

V
f ðx; y; zÞdxdydz ¼ RRR

V0

f ðx1; x2; x3Þ h1h2h3dx1dx2dx3.

THE GRADIENT
Next we determine the gradient of a function f, denoted Vf . In Cartesian coordinates

Vf ¼ vf

vx
bi þ vf

vy
bj þ vf

vz
bk.
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To compute Vf in the general case, we set Vf ¼ Abe1 þ Bbe2 þ Cbe3 and write df
in two different ways.

First, df ¼ Vf $dbr and using that dbr ¼ h1be1du1 þ h2be2du2 þ h3be3du3
we get

df ¼ Vf $dbr ¼ ðAbe1 þ Bbe2 þ Cbe3Þ$ðh1be1du1 þ h2be2du2 þ h3be3du3Þ
¼ Ah1du1 þ Bh2du2 þ Ch3du3.

(3)

Second,

df ¼ vf

vu1
du1 þ vf

vu2
du2 þ vf

vu3
du3. (4)

From Eqs. (3) and (4), we get

Ah1du1 þ Bh2du2 þ Ch3du3 ¼ vf

vu1
du1 þ vf

vu2
du2 þ vf

vu3
du3

so

A ¼ 1

h1

vf

vu1
; B ¼ 1

h2

vf

vu2
; C ¼ 1

h3

vf

vu3
.

Thus

Vf ¼ Abe1 þ Bbe2 þ Cbe3 ¼ 1

h1

vf

vu1
be1 þ 1

h2

vf

vu2
be2 þ 1

h3

vf

vu3
be3.

Accordingly, we write V as the operator

V ¼ 1

h1
be1 v

vu1
þ 1

h2
be2 v

vu2
þ 1

h3
be3 v

vu3
.

For the cylindrical coordinate case, we again have

h1 ¼ 1; h2 ¼ r; h3 ¼ 1; be1 ¼ ber; be2 ¼ beq; be3 ¼ bez
so in cylindrical coordinates,

V ¼ ber v
vr

þ 1

r
beq v
vq

þ bez v
vz

and

Vf ¼ bervf
vr

þ 1

r
beqvf
vq

þ bezvf
vz

¼ vf

vr
ber þ 1

r

vf

vq
beq þ vf

vz
bez.

THE LAPLACIAN
The final function that we consider in this section is the Laplacian, one of the most
important operators in mathematics and physics. The Laplacian of the function f,
denoted Df ( some authors use V2f ) in Cartesian coordinates is defined by

Df ¼ V2f ¼ v2f

vx2
þ v2f

vy2
þ v2f

vz2
.
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The notation V2 for the Laplacian is suggestive because V$Vf gives the Lapla-
cian of f. We have

V ¼ 1

h1
be1 v

vu1
þ 1

h2
be2 v

vu2
þ 1

h3
be3 v

vu3
; and

Vf ¼ 1

h1
be1 vf
vu1

þ 1

h2
be2 vf
vu2

þ 1

h3
be3 vf
vu3

but computing V$Vf is not as straightforward as it might seem. This is because
vêi
vuj

is
not a simple expression. In fact,

vbei
vuj

¼ bej
hi

vhj
vui

if isj and
vbei
vui

¼ �
X
ksi

1

hk

vhi
vuk
bek.

We demonstrate the validity of

vbei
vui

¼ �
X
ksi

1

hk

vhi
vuk
bek

for cylindrical coordinates with i ¼ 2. We have

be2 ¼ beq ¼ v

vq

�
r cos qbi þ r sin qbj þ zbk� ¼ �r sin qbi þ r cos qbj

so

vbeq
vq

¼ �r cos qbi � r sin qbj.
Also

be1 ¼ ber ¼ v

vr

�
r cos qbi þ r sin qbj þ zbk� ¼ cos qbi þ sin qbj.

Now

�
X
ks2

1

hk

vh2
vuk
bek ¼ �

�
1

h1

�
vh2
vu1

�be1 þ 1

h3

�
vh2
vu3

�be3�

¼ �
��

vh2
vu1

�be1 þ �vh2
vu3

�be3�
since h1 ¼ h3 ¼ 1. Now h2 ¼ r and u1 ¼ r so

�
vh2
vu1

�
¼ 1. Also u3 ¼ z so�

vh2
vu3

�
¼ 0. Thus

�
��

vh2
vu1

�be1 þ �vh2
vu3

�be3� ¼ �be1 ¼ �
�
r cos qbi þ r sin qbj�

so the formula holds in this case.
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In fact, it will be simpler to derive expressions for V2f and V� F
.

after we have
studied the divergence theorem and Stokes’ theorem in Section 2.3. For now, we
simply state the results:

V2f ¼ 1

h1h2h3

�
v

vu1

�
h2h3
h1

vf

vu1

�
þ v

vu2

�
h1h3
h2

vf

vu2

�
þ v

vu3

�
h1h2
h3

vf

vu3

��
ð4Þ

V� F
. ¼ 1

h1h2h3

����������
h1be1 h2be2 h3be3
v

vu1

v

vu2

v

vu3

h1F1 h2F2 h3F3

����������
(5)

where F
. ¼ F1be1 þ F2be2 þ F3be3.

For the case of cylindrical coordinates, we have

h1 ¼ h3 ¼ 1; h2 ¼ r; be1 ¼ ber; be2 ¼ beq; be3 ¼ bez; u1 ¼ r; u2 ¼ q; u3 ¼ z;

so

V2f ¼ 1

r

�
v

vr

�
r
vf

vr

�
þ v

vq

�
1

r

vf

vq

�
þ v

vz

�
r
vf

vz

��

¼ 1

r

�
r
v2f

vr2
þ vf

vr
þ 1

r

v2f

vq2
þ r

v2f

vz2

�
¼ v2f

vr2
þ 1

r

vf

vr
þ 1

r2
v2f

vq2
þ v2f

vz2
.

We also have

V� F
. ¼ 1

r

������������

ber rbeq bez
v

vr

v

vq

v

vz

F1 rF2 F3

������������
¼ 1

r

��
vF3

vq
� v

vz
ðrF2Þ

�ber � �vF3

vr
� vF1

vz

�
rbeq þ � v

vr
ðrF2Þ � vF1

vq

�bez�
¼
�
1

r

vF3

vq
� vF2

vz

�ber þ �vF1

vz
� vF3

vr

�beq þ 1

r

�
r
vF2

vr
þ F2 � vF1

vq

�bez.
SPHERICAL COORDINATES
One of the most commonly used three-dimensional coordinate systems is spherical
coordinates. (In the examples above, we used cylindrical coordinates because the
computations are simpler.)
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The transformations are

x ¼ r sin q cos 4

y ¼ r sin q sin 4

z ¼ r cos q.

The ranges of the variables are 0 � r<∞, 0 � q � p, 0 � 4 < 2p.
In Exercise 2, we show

hr ¼ 1; hq ¼ r; h4 ¼ r sin q

dV ¼ r2 sin q dr dq d4

Vf ¼ vf

vr
ber þ 1

r

vf

vq
beq þ 1

r sin q

vf

v4
be4

V$F
. ¼ 1

r2
v

vr

	
r2Fr


þ 1

r sin q

v

vq
ðsin qFqÞ þ 1

r sin q

vF4

v4

V2f ¼ 1

r2
v

vr

�
r2
vf

vr

�
þ 1

r2 sin q

v

vq

�
sin q

vf

vq

�
þ 1

r2 sin q

v2f

v42
.

OTHER CURVILINEAR SYSTEMS
The most common curvilinear systems are cylindrical and spherical coordinates, but
there are several lesser known systems. We shall not use these systems in the sequel,
but several are given in Appendix 3. Other examples are given in Morse and Fes-
hbach,Methods of Theoretical Physics and Arfken,Mathematical Methods for Phys-
icists, Second Edition.

APPLICATIONS
As we mentioned at the beginning of the section, the reason for considering different
coordinate systems is that many problems can be simplified if the appropriate coor-
dinate system is used. We shall see, for example, that the most important partial dif-
ferential equations in physics and mathematicsdLaplace’s equation, the heat
equation and the wave equationdcan be often be solved by separation of variables
if the problem is analyzed using Cartesian, cylindrical, or spherical coordinates.
(Separation of variables is a method by which a partial differential equation is solved
by solving two or more ordinary differential equations. We investigate this exten-
sively in subsequent chapters.) Another use is that symmetries that exist can change
the partial differential equation to an ordinary differential equation. We consider two
such examples.

26 CHAPTER 1 Preliminaries



Example:
We solve Laplace’s equation Df ¼ 0 in spherical coordinates where f is a func-

tion that depends only on the distance from the origin.
In spherical coordinates,

Df ¼ 1

r2
v

vr

�
r2
vf

vr

�
þ 1

r2 sin q

v

vq

�
sin q

vf

vq

�
þ 1

r2 sin q

v2f

v42
¼ 0;

but if f is independent of q and 4, this reduces to

Df ¼ 1

r2
d

dr

�
r2
df

dr

�
¼ d2f

dr2
þ 2

r

df

dr
¼ 0: (6)

Letting g ¼ df

dr
, Eq. (6) is

dg

dr
¼ �2

r
g or

dg

g
¼ �2

dr

r
.

Integrating gives Z
dg

g
¼ �2

Z
dr

r

so

ln g ¼ �2 ln r þ C ¼ ln

�
1

r2

�
þ ln C1 ¼ ln

C1

r2
.

Thus,

g ¼ df

dr
¼ C1

r2
.

Integrating again, we getZ
df ¼ C1

Z
r�2dr; so f ðrÞ ¼ �C1

r
þ C2.

In many situations, it will be the case that lim
r/∞

f ðrÞ ¼ 0; and if that is the case,
then C2 ¼ 0.

AN ALTERNATE APPROACH (OPTIONAL)
In the appendix we give a method of computing the Laplacian in cylindrical and
spherical coordinates using just the chain rule for derivatives. The computations
are tedious, and we include them only because this is the approach that many texts
use.
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EXERCISES
1. Show that in ℝ3 the volume of the parallelepiped formed by the noncoplanar

vectors bA; bB and bC is
��� bA$� bB � bC ����.

2. Let A be the parallelogram shown in Fig. 1.2.4.
a. Show that the equations of the lines that form the parallelogram are

y ¼ x; y ¼ x� 3; y ¼ 1

4
x; y ¼ 1

4
xþ 9

4
.

b. Use the change of variables

u ¼ x� y; v ¼ y� 1

4
x

and find the range of variables for u and v.

c. Find the Jacobian
vðx; yÞ
vðu; vÞ.

d. Use the transformed variables to findZZ
A
e2xþ4ydxdy.

3. Show that if bf ¼ f1ðx; y; zÞbi þ f2ðx; y; zÞbj þ f3ðx; y; zÞbk , then V� bf ¼ Vf1 � biþ
Vf2 � bj þ Vf3 � bk.

4. a. Compute Vrn where r ¼ jbr j ¼ ���xbi þ ybj þ zbk���.
5. Show that for f (x,y,z,t) df ¼ Vf $dbr þ vf

vt
dt.

6. Use a change of variables so that you are integrating the function
x� y

xþ y
over a

rectangle to compute the area of the region bounded by the lines x � y ¼ 0,
x�y ¼ 2, x þ y ¼ 1, x þ y ¼ 4.

7. Use a change of variables so that you are integrating over a rectangle to compute
the area of the region bounded by ax þ by ¼ 0, ax þ by ¼ 5, cx þ dy ¼ �6 and
cx þ dy ¼ 12 where a/b s c/d.

4

2

−2

−2 2 4 6 8
x

y

(3, 3)

(7, 4)

(4, 1)

FIGURE 1.2.4
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8. Use a change of variables so that you are integrating over a rectangle to compute
the area of the region bounded by y ¼ 2x, y ¼ 5x, y ¼ x2 and y ¼ 6x2.

1.3 APPROXIMATE IDENTITIES AND THE DIRAC-d FUNCTION
There are many examples in physics and engineering in which factors are extremely
concentrated or localized. For example, the force of a hammer blow is nearly instan-
taneous in time. Point sources arise in electrostatic and gravitation problems, and
point sources of heat are often considered in heat conduction.

In this section we establish a mathematical model that addresses these situations.
We consider two major topics: approximate identities and the Dirac-d function.
Their link is how they affect the integral of a function at a point where the function
is continuous.

APPROXIMATE IDENTITIES
Definition:

A sequence of functions {fn(x)} is an approximate identity at x ¼ 0 provided

1. fn(x) � 0 for n ¼ 1,2,. and �∞ < x < ∞;
2.
R∞
�∞ fnðxÞdx ¼ 1 for n ¼ 1,2,.;

3. Given ε > 0 and d > 0, there is a number N(ε,d) so that if n � N(ε,d), thenZ d

�d

fnðxÞdx > 1� ε.

Conditions 1 and 2 say that each fn(x) is a probability density function, and Con-
dition 3 says that as n becomes large the area under the graph of fn(x) becomes
concentrated near x ¼ 0. Fig. 1.3.1 illustrates the idea of an approximate identity.

15

f4

f2

f3

f1

10

−1 −0.5 10.5

5

FIGURE 1.3.1

1.3 Approximate Identities and the Dirac-d Function 29



In Exercise 1 we give several examples of approximate identities.
The next theorem gives a crucial feature of approximate identities.
Theorem:
Suppose that {fn(x)} is an approximate identity at x ¼ 0 and g(x) is a bounded

function that is continuous at x ¼ 0. Then

lim
n/∞

Z ∞

�∞
fnðxÞgðxÞdx ¼ gð0Þ.

Proof:
Let ε > 0 be given. We show that if g(x) is a bounded function that is continuous

at x ¼ 0, then there is a positive integer N(g,ε) (emphasizing that N depends on both
g(x) and ε) so that if n > N(g,ε), then���� Z ∞

�∞
fnðxÞgðxÞdx� gð0Þ

���� < ε.

The intuition of the proof is simple: For x very close to 0, g(x) is approximately
g(0) because g(x) is continuous. Also, because {fn(x)} is an approximate identity at
x ¼ 0, for d smallZ ∞

�∞
fnðxÞgðxÞdxz

Z d

�d

fnðxÞgðxÞdxz gð0Þ
Z d

�d

fnðxÞdxz gð0Þ$1 ¼ gð0Þ.

To make the argument rigorous, note that���� Z ∞

�∞
fnðxÞgðxÞdx� gð0Þ

���� ¼ ���� Z ∞

�∞
fnðxÞgðxÞdx� gð0Þ

Z ∞

�∞
fnðxÞdx

����
¼
���� Z ∞

�∞
fnðxÞ½gðxÞ � gð0Þ�dx

����.
Now���� Z ∞

�∞
fnðxÞ½gðxÞ � gð0Þ�dx

����
¼
���� Z �d

�∞
fnðxÞ½gðxÞ � gð0Þ�dxþ

Z d

�d

fnðxÞ½gðxÞ � gð0Þ�dx

þ
Z ∞

d

fnðxÞ½gðxÞ � gð0Þ�dx
����;

for any d > 0.
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Since g(x) is bounded, there is a number M > 0 so that jgðxÞj � M for all x, so���� Z �d

�∞
fnðxÞ½gðxÞ � gð0Þ�dx

���� � 2M

Z �d

�∞
fnðxÞdx;

and likewise, for
�� R∞

d
fnðxÞ½gðxÞ � gð0Þ�dx��.

We can now choose d > 0 so that if jx� 0j < d, then jgðxÞ � gð0Þj < ε

2 . After d is
chosen, we can find an N(d) so that if n > N(d), thenZ �d

�∞
fnðxÞdxþ

Z ∞

d

fnðxÞdx < ε

8M
.

Thus, we have���� Z �d

�∞
fnðxÞ½gðxÞ � gð0Þ�dxþ

Z d

�d

fnðxÞ½gðxÞ � gð0Þ�dxþ
Z ∞

d

fnðxÞ½gðxÞ � gð0Þ�dx
����

�
Z �d

�∞
jfnðxÞjjgðxÞ � gð0Þjdxþ

Z ∞

d

jfnðxÞjjgðxÞ � gð0Þjdx

þ
Z d

�d

jfnðxÞjjgðxÞ � gð0Þjdx < 2$2M$
ε

8M
þ 1$

ε

2
¼ ε.

We now heuristically describe the limit of an approximate identity. If for each n,
fn(x) is a continuous function then, under some rather reasonable conditions, for each
xs0; lim

n/∞
fnðxÞ ¼ 0. With these conditions, it must be that lim

n/∞
fnð0Þ ¼ ∞. This is

the idea behind the Dirac-d function at x ¼ 0, which we denote d0(x).
Definition:
The Dirac-d function at x ¼ 0, denoted d0(x), is defined by the conditionZ ∞

�∞
gðxÞd0ðxÞdx ¼ gð0Þ

for any function g(x) that is continuous at x ¼ 0.
We define dx0(x) ¼ d0(x � x0), so thatZ ∞

�∞
gðxÞdx0ðxÞdx ¼ gðx0Þ

for any function g(x) that is continuous at x0.
The Dirac-d function is not actually a function, but is what is known as a “gener-

alized function” or a “distribution.”
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THE DIRAC-d FUNCTION IN PHYSICS
The Dirac-d function was used by physicists before mathematicians created a struc-
ture that would make it mathematically rigorous. (This structure is called distribu-
tion theory.) We explain the ideas of the Dirac-d function by a physical example.

Suppose we want to model an impulse I as being a large constant force being
applied for a very brief period of time, such as a hammer blow. If f (t) is the force
at time t, then in general

I ¼
Z ∞

0
f ðtÞdt.

We want f (t) to be a positive constant during a small period of time, and 0 other-
wise. If [0,h] is the period for which f (t) is nonzero, then

I ¼
Z h

0
kdt ¼ kh;

so

f ðtÞ ¼

8><>:
I

h
0 � t � h;

0 otherwise.

(1)

The Heaviside function, H(t), is defined by

HðtÞ ¼
�
0 t < 0

1 t > 0
.

Some sources define H(0) ¼ 1/2, but the difference will not affect our work.
Suppose we take I ¼ 1 in Eq. (1). We want to know what happens as h / 0. As

h / 0, f (t) must change as h changes if it is to be true thatZ h

0
f ðtÞdt ¼ 1:

So, for a given h, we denote the force function by fh. With these modifications we
have

fhðtÞ ¼

8><>:
1

h
0 < t < h

0 otherwise

.

Note that

HðtÞ � Hðt � hÞ ¼
�
1 if t > 0 and t � h < 0 i.e. 0 < t < h

0 otherwise
.

32 CHAPTER 1 Preliminaries



Thus

fhðtÞ ¼ HðtÞ � Hðt � hÞ
h

. (2)

Now we could attempt to take the limit in Eq. (2) as h / 0. While this is not
appropriate mathematically, if we examine the right-hand side of Eq. (2) formally,
it appears that we are looking for the derivative of the Heaviside function. We would
have to establish a context in which this makes sense, but one could also call

dðtÞ ¼ lim
h/0

HðtÞ � Hðt � hÞ
h

the Dirac-d function. Thus, in some contexts, the Dirac-d function is said to be the
derivative of the Heaviside function.

We now establish the connection between the Dirac-d function and approximate
identities.

The graphs of
HðtÞ � Hðt � hÞ

h
for h ¼ 1; 1

2;
1
4 and 1

8 are shown in Fig. 1.3.2.

Note that the area under each graph is 1, the function is positive, and the area be-
comes more concentrated about t ¼ 0 as h / 0. Also

h = 1
8

4

1
4

1
2

1
8

2

1

8

1

1
2h = 

1
4h = 

h = 1

FIGURE 1.3.2
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Z b

a

�
HðtÞ � Hðt � hÞ

h

�
dt ¼ 1

if [a,b] is any interval that contains [0,h].
Proceeding heuristically, if we take the limit as h / 0, we haveZ b

a
dðtÞdt ¼ 1

whenever [a,b] contains 0.
Obviously, we have done some things that are not mathematically rigorous.

Notice, however, that

lim
h/0

Z b

a

�
HðtÞ � Hðt � hÞ

h

�
gðtÞdt ¼ gð0Þ

if g(t) is a function that is continuous at t ¼ 0 and 0 ˛ (a,b). Thus, we could also
define d(t) by the condition Z b

a
dðtÞgðtÞdt ¼ gð0Þ (3)

for every function g(t) that is continuous at t ¼ 0 and every interval (a,b) that con-
tains 0.

Recapping what we have done, d(t) or d0(t) is the function (actually the distribu-
tion) described by the condition of Eq. (3).

SOME CALCULUS FOR THE DIRAC-d FUNCTION
We now demonstrate some formulas involving the Dirac-d function. One such for-
mula is

xd0ðxÞ ¼ �dðxÞ.
In this and other formulas for the Dirac-d function, we mean equality in the weak

sense. That is, in the sense that if g(x) is any suitably well-behaved function, thenZ b

a
xd0ðxÞgðxÞdx ¼ �

Z b

a
dðxÞgðxÞdx.

We shall proceed formally rather than rigorously.
We give a heuristic interpretation ofZ ∞

�∞
d0ðxÞgðxÞdx.

Suppose we considerZ ∞

�∞
lim
h/0

Z ∞

�∞

dðxþ hÞ � dðxÞ
h

gðxÞdx.
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Now

1

h

Z ∞

�∞
dðxþ hÞgðxÞdx ¼ 1

h
gð�hÞ and 1

h

Z ∞

�∞
dðxÞgðxÞdx ¼ 1

h
gð0Þ;

so Z ∞

�∞

dðxþ hÞ � dðxÞ
h

gðxÞdx ¼ gð�hÞ � gð0Þ
h

.

Also

lim
h/0

gð�hÞ � gð0Þ
h

¼ �g0ð0Þ.

Thus, we define Z ∞

�∞
d0ðxÞgðxÞdx ¼ �g0ð0Þ:

With this convention, one also writesZ ∞

�∞
d0ðxÞgðxÞdx ¼ �

Z ∞

�∞
g0ðxÞdðxÞdx.

Example:
We show

xd0ðxÞ ¼ �dðxÞ
by showing that if g(x) is a differentiable function that is continuous at x ¼ 0 thenZ ∞

�∞
gðxÞ xd0ðxÞdx ¼ � d

dx
gðxÞxjx¼0 ¼ �½gðxÞ þ g0ðxÞx�jx¼0 ¼ �gðxÞ

¼ �
Z ∞

�∞
gðxÞ dðxÞdx.

Example:
Problems involving a change of variables.
We want to compute d( f (x)) where f (x) is some suitably well-behaved function.

To begin, we recall a change of variables formula of integration.
If 4�1 exists and is differentiable for 4(a) � x � 4(b), thenZ b

a
f ðtÞh½4ðtÞ�dt ¼

Z 4ðbÞ

4ðaÞ
f
�
4�1ðxÞ�hðxÞ�4�1ðxÞ�0dx. (4)

Taking h(x) ¼ d(x) in Eq. (4), we haveZ b

a
f ðtÞd½4ðtÞ�dt ¼

Z 4ðbÞ

4ðaÞ
f
�
4�1ðxÞ�dðxÞ�4�1ðxÞ�0dx.
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Suppose 4(t) is monotone increasing for a � t � b. Now	
4�1


0ðtÞ ¼ 1

40ð4�1ðtÞÞ .

Suppose also that 4(c) ¼ 0 for some c between a and b. ThenZ 4ðbÞ

4ðaÞ
f
�
4�1ðxÞ�dðxÞ�4�1ðxÞ�0dx ¼ f

�
4�1ð4ðcÞÞ��4�1ðxÞ�0���

x¼4ðcÞ
¼ f ðcÞ

40ðcÞ .

If 4(t) is monotone decreasing for a � t � b, we get the same result except for a
change in sign (Exercise 7). This yields the following result:

If 4(t) is monotone and 4(c) ¼ 0 and 40(c) s 0, then

dð4ðtÞÞ ¼ dðt � cÞ
j40ðcÞj . (5)

Example:
By (5), to compute d(3t � 6), we have 4(t) ¼ 3t � 6, so 4(t) ¼ 0 if t¼ 1/2. Then

c ¼ 1
2 and j40ð1=2Þj ¼ 3 so dð3t � 6Þ ¼ 1

3 d

�
t � 1

2

�
.

Example:
We next compute d[(t�a) (t�b)] where a < b. In this case, the function

4(t) ¼ (t�a) (t�b) is not monotone, but is decreasing for t < ðaþ bÞ=2 and
increasing for t > ðaþ bÞ=2. Also 4(a) ¼ 0 and 4(b) ¼ 0. Now

4ðtÞ ¼ t2 � ðaþ bÞt þ ab; so 40ðtÞ ¼ 2t � ðaþ bÞ.
Thus

j40ðaÞj ¼ ja� bj and j40ðbÞj ¼ jb� aj
so Z ðaþbÞ=2

�∞
f ðtÞdð4ðtÞÞdt ¼ f ðaÞ

ja� bj and

Z ∞

ðaþbÞ=2
f ðtÞdð4ðtÞÞdt ¼ f ðbÞ

jb� aj
and thus Z ∞

�∞
f ðtÞdð4ðtÞÞdt ¼ 1

ja� bj ½f ðaÞ þ f ðbÞ�.

Hence,

d½ðt � aÞðt � bÞ� ¼ 1

ja� bj ðdðt � aÞÞ þ ðdðt � bÞÞ.

This example can be generalized to show that if

f ðxÞ ¼
Y
i

ðx� xiÞ
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and f 0(xi) s 0 then

d½f ðxÞ� ¼
X
i

dðx� xiÞ
jf 0ðxiÞj .

THE DIRAC-d FUNCTION IN CURVILINEAR COORDINATES
The representation of the Dirac-d function in higher dimensions for Cartesian coor-
dinates is fairly obvious. In three dimensions, ifbx ¼ ðx; y; zÞ bx1 ¼ ðx1; y1; z1Þ
then

dðbx � bx1Þ ¼ dðx� x1Þ dðy� y1Þdðz� z 1Þ
so that ZZZ

V

f ðbxÞdðbx � bx1Þdbx ¼
�
f ðbx1Þ if bx1˛V
0 if bx1;V

.

The case of orthogonal curvilinear coordinates is not as straight forward. In
spherical coordinates, one might expect that

dðbr � br1Þ ¼ dðr � r1Þ dðq� q1Þdð4� 4 1Þ;
but this is not the case. What we are doing in 3�space in evaluating.

RRR
V
f ðbxÞdðbx �bx1Þdbx is evaluating over an increment of volume dV. The reason for the simplicity in

Cartesian coordinates, is that in that case dV ¼ dxdydz.
In curvilinear coordinates, recall from Section 1.2 that converting from Cartesian

coordinates to an orthogonal curvilinear coordinate system (x1,x2,x3) we must intro-
duce the scaling factors

hi ¼
"�

vx

vxi

�2

þ
�
vy

vxi

�2

þ
�
vz

vxi

�2
#1

2

.

For example, in spherical coordinates

x ¼ r sin q cos 4; y ¼ r sin q sin 4; z ¼ cos q

and h1 ¼ 1, h2 ¼ r, h3 ¼ r sin q. We have

dx1dx2dx3 ¼
1

h1 h2 h3
dxdydz

so ZZZ
V

f ðx; y; zÞdxdydz ¼
ZZZ

V0

f ðx1; x2; x3Þ h1h2h3dx1dx2dx3;

so that in spherical coordinates
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ZZZ
V

f ðx; y; zÞdxdydz ¼
ZZZ

V0

f ðr; q;4Þr2 sin q drdqd4.

Thus, ZZZ
V

dðbx0Þdxdydz ¼ � 1 if bx1˛V
0 if bx1;VZZZ

V0

dðbr0Þr2 sin q drdqd4 ¼
�

1 if br0˛V
0 if br0;V

.

We then have the correspondence in spherical coordinates,

dðbr � br1Þ ¼ 1

r2 sin q
dðr � r1Þ dðq� q1Þdð4� 41Þ

and, in the general case,

dðbr � br1Þ ¼ dððx1; x2; x3Þ � ðx11; x21; x31ÞÞ ¼
dðx1 � x11Þ

h1

dðx2 � x21Þ
h2

dðx3 � x31Þ
h3

.

If there is symmetry in a problem, the integral with respect to the symmetrical
variable must be projected (integrated) out. For example, in spherical coordinates,
if there is symmetry with respect to 4, we haveZ 2p

4¼0
r2 sin qd4 ¼ 2pr2 sin q

so we would have

dðbr � br1Þ ¼ 1

2pr2 sin q
dðr � r1Þ dðq� q1Þ.

We note that in spherical coordinates, it is often useful to replace the variable q
with cosq, in which case

dðbr � br1Þ ¼ 1

r2
dðr � r1Þ dðq� q1Þdð4� 41Þ

as we show in Exercise 6.

EXERCISES
1. Show that the following sequences of functions define an approximate identity

at x ¼ 0.

a. fnðxÞ ¼

8><>:
n

2
� 1

n
< x <

1

n

0 otherwise

.

b. fnðxÞ ¼ n

½pð1þ n2x2Þ� .
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c. fnðxÞ ¼
�

n

2p

�
exp

�
� n2x2

2

�
.

d. fnðxÞ ¼
(
cn
	
1� x2


n jxj < 1

0 otherwise

where cn is chosen so that
R 1
�1 cn

	
1� x2


n
dx ¼ 1.

2. Suppose that {fn(x)} is an approximate identity. Show that for any positive
integer k, {kfn(kx)} is also an approximate identity.

3. Prove the following properties for the Dirac-d function:

a. xndðnÞðxÞ ¼ ð�1Þnn!dðxÞ.
b. dðaxÞ ¼ 1

jaj dðxÞ.
c. sin x d0ðxÞ ¼ �dðxÞ.
d. cos x d0(x) ¼ d0(x).

4. a. Show that in cylindrical coordinates,

dðbr � br1Þ ¼ 1

r
dðr� r1Þdðq� q1Þdðz� z1Þ.

b. Find the Dirac-d function in the case there is symmetry about q.
5. Find the Dirac-d function in spherical coordinates when there is symmetry with

respect to both the q and 4 variables.
6. Find d(x2 � x � 12).
7. Evaluate Z ∞

�∞
ð3x� 4Þd	x2 � 4



dx.

8. Show that in spherical coordinates, if we replace the variable q with cosq, then
dðbr � br1Þ ¼ 1

r2 dðr � r1Þ dðq� q1Þdð4� 41Þ.
9. Show that if f (x), f 0(x),..,f (n) (x) are continuous at x ¼ 0, thenZ ∞

�∞
f ðxÞdðnÞðxÞdx ¼ ð�1Þnf ðnÞð0Þ.

10. Let bx ¼ ðx1; x2; x3Þ denote an arbitrary point in ℝ3 and bx ¼ ðx1; x2; x3Þdenote
an arbitrary point in an orthogonal curvilinear coordinate system. Show that

dðbx � bx0Þ ¼ d
�bx � bx0�����vðx1; x2; x3Þvðx1; x2; x3Þ

����
where

vðx1; x2; x3Þ
vðx1; x2; x3Þ

is the Jacobian.
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11. The convolution of the functions f and g, denoted f * g, is defined by

ð f � gÞðtÞ ¼
Z ∞

�∞
f ðxÞgðx� tÞdx.

What is d * g?
12. We can show Z ∞

�∞
exp

�
� x2

b2

�
dx ¼ b

ffiffiffi
p

p
.

What is

lim
bY0

1

b
ffiffiffi
p

p exp

�
� x2

b2

�
?

1.4 THE ISSUE OF CONVERGENCE
Many functions in mathematics and physics are expressed as a series of functions,
often because the desired function is the superposition of several components.
One example is that the sound of a note on a musical instrument is the result of a
fundamental frequency and many harmonics. (The reason middle C on a trumpet
sounds different from the same note on a violin is that the relative amplitudes of
the harmonics are different.)

When dealing with series, we must be careful that processes such as differenti-
ation and integration behave with infinite sums as they do with finite sums. Whether
they do depend on the way the series converges.

In this section, we discuss different types of convergence of series of functions,
how this impacts mathematical operations on such series and interchanging the order
of limits. We also discuss the representation of a function by its Taylor series.

SERIES OF REAL NUMBERS
Series are inextricably linked with sequences, and we begin with some basic ideas of
sequences of numbers. This section is intended as a review and will primarily consist
of a list of facts. A more complete discussion is available in many sources, including
Kirkwood, An Introduction to Analysis, Second Edition.

Intuitively, a sequence is an infinite list of numbers. A sequence converges to the
number L provided the numbers in the list can be made arbitrarily close to L by going
sufficiently far out in the list. More precisely:

Definition:
The sequence {an} converges to L provided given ε > 0, there is a number N(ε)

such that if n > N(ε), then jan � Lj < ε. If a sequence does not converge, then it is
said to diverge.
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Definition:
The sequence {an} is a Cauchy sequence provided given ε > 0, there is a number

N(ε) such that if n,m > N(ε), then jan � amj < ε.
Theorem:
A sequence {an} converges if and only if it is a Cauchy sequence.
Intuitively, a series is the sum of an infinite number of numbers. A series is usu-

ally represented by X∞
n¼1

an ¼ a1 þ a2 þ/;

or simply
P

an.
Associated with each series

P
an is a sequence of partial sums {Sn}, defined by

Sk ¼ a1 þ a2 þ/þ ak.

Definition:
The series

P
an converges to L if the associated sequence of partial sums {Sn}

converges to L. The series
P

an diverges if {Sn} diverges.
As was mentioned above, we shall want to know if a series of functions con-

verges in a manner that permits certain manipulations. A frequently used test (the
Weierstrass M-test) relies on knowing that a related series of numbers converges.
We now list some of the most common results pertaining to convergence of series
of numbers.

Theorem:
If
P

an converges, then lim
n/∞

an ¼ 0.

It is the contrapositive of this theorem that is most useful; i.e., if lim ans0 thenP
an diverges. There are many examples of series for which lim an ¼ 0 and

P
an

diverges. (One example: We shall see that
P

1
n diverges.)

Theorem:
If the series

P
an converges to L and the series

P
bn converges to M, then the

series
P

(aan þ bbn) converges to aL þ bM.
A series of the form

aþ ar þ ar2 þ ar3 þ/

is called a geometric series.
Theorem:
The geometric series

aþ ar þ ar2 þ ar3 þ/ ðas0Þ
converges to

a

1� r
if jrj < 1 and diverges if jrj � 1:

Theorem (Comparison tests)
Suppose 0 � an � bn.
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1. If
P

bn converges, then
P

an converges.
2. If

P
an diverges, then

P
bn diverges.

Theorem:

1. Ratio test: If
P

an is a series of positive terms, and

r ¼ lim
n/∞

anþ1

an
;

then
P

an converges if r < 1 and diverges if r > 1. The test is inconclusive if r ¼ 1.
2. Root test: If

P
an is a series of positive terms, and

r ¼ lim
n/∞

ðanÞ
1
n;

then
P

an converges if r < 1 and diverges if r > 1. The test is inconclusive if r ¼ 1.

Theorem (Integral test):
Suppose a1 � a2 � a3 �/� 0, and f (x) is a monotone decreasing function with

f (n) ¼ an for each positive integer n. Then
P

an converges if and only if
R∞
1 f ðxÞdx

converges.
Theorem ( p-series test):

The series
P 1

np
converges if p > 1 and diverges if p � 1.

Theorem:
The series X 

akn
k þ ak�1n

k�1 þ/þ a0
bjnj þ bj�1nj�1 þ/þ b0

!

converges if and only if
P nk

nj

!
converges. (This assumes that

bjn
j þ bj � 1n

j � 1 þ / þ b0 s 0 for any n, and the coefficients are bounded.)

CONVERGENCE VERSUS ABSOLUTE CONVERGENCE
The series we have considered so far, with the exception of geometric series, have
been made up of positive terms. Another type of series that often appears is alter-
nating series. An alternating series is the one in which each term differs in sign
from its predecessor. Such series are typically represented asX

ð�1Þnan or
X

ð�1Þnþ1an

where an > 0.
It may be that a series where not all terms have the same sign converges, but if we

change the series so that all terms do have the same sign, then the altered series di-
verges. Such series give rise to different notions of convergence called absolute and
conditional convergence.
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Definition:
A series

P
an is said to converge absolutely if

P janj converges. If
P

an con-
verges, but

P janj diverges, then
P

an is conditionally convergent.
Theorem:
If
P janj converges, then

P
an converges.

Theorem (Alternating series test)
Suppose

a1 � a2 � a3 � / � 0;

lim
n/∞

an ¼ 0;

then X
ð� 1Þnan and

X
ð� 1Þnþ1an

converge.

SERIES OF FUNCTIONS
The idea with series of functions is to add infinitely many functions. The approach to
developing a theory for series of functions follows that of series of numbers, in that
we begin with sequences of functions.

Our setting is for each positive integer n we have a function fn(x) defined on a set
E. We want to know if there is a “limit function” to which the sequence converges.
The first question we need to address is what is meant by a limit function. For the
limit function f (x) that we consider, we assume that for each x ˛ E, the sequence
of numbers {fn(x)} converges, and we define the limit function f (x) by

f ðxÞ ¼ lim
n/∞

fnðxÞ.

We shall see that this idea requires more precision and, as a consequence, we
distinguish between pointwise convergence and uniform convergence. So suppose
that for each x ˛ E, the sequence of numbers {fn(x)} converges, and we define
f (x) as above.

Definition:
We say that the sequence of functions { fn(x)} converges pointwise to f (x) on E if

given e > 0 and x ˛ E, there is a number N(x,e), so that if n > N(x,e), then

jfnðxÞ � f ðxÞj < e.

Note that N(x,ε) depends on both e and x in pointwise convergence.
Definition:
We say that the sequence of functions {fn(x)} converges uniformly to f (x) on E if

given e > 0 there is a number N(e), so that if n > N(e), then

jfnðxÞ � f ðxÞj < e for every x˛E.
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In uniform convergence, N(ε) depends only on ε. That is, with ε fixed, there is a
number N(ε) that works for every x ˛ E.

Example:
The sequence of functions {fn(x)} defined by fn(x) ¼ xn on E ¼ [0,1] converges

pointwise, but not uniformly, to

f ðxÞ ¼
�
0 0 � x < 1

1 x ¼ 1
.

Table 1.4.1 may help clarify the situation. Notice that for ε fixed, as x gets closer
to 1 the value of N(x,ε) needed to achieve the desired tolerance between xn and
0 grows without bound.

While the difference between pointwise and uniform convergence might seem
subtle, the implications are significant. The examples below give sequences of func-
tions that converge pointwise but not uniformly. In each example, the limit function
does not behave as one might expect.

Example:
We continue to consider fn(x) ¼ xn on [0,1]. Each function fn(x) is continuous, but

the limit function

f ðxÞ ¼
�
0 0 � x < 1

1 x ¼ 1

is not continuous. Furthermore,

lim
n/∞

�
lim
x/1

fnðxÞ
�

¼ 1 and lim
x/1

�
lim
n/∞

fnðxÞ
�
¼ 0

so we cannot interchange the order of the limits.

Table 1.4.1

.8  .9 .99 .999

.1 11 22  230  2302

.01 21 44  459  4603

.001 31  66  688  6904

.0001

.5

4

7

10

14 42  88  917  9206
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Example:
Consider

fnðxÞ ¼

8><>: n 0 < x <
1

n

0 otherwise

.

Then lim
n/∞

fnðxÞ ¼ 0 for every x, so f (x) ¼ 0. Note that for each n,
R 1
0 fnðxÞdx ¼ 1,

so

lim
n/∞

0@Z 1

0
fnðxÞdx

1A ¼ 1; but

Z 1

0

�
lim
n/∞

fnðxÞ
�
dxh

Z 1

0
f ðxÞdx ¼ 0:

Thus, in this case,

lim
n/∞

0@Z 1

0
fnðxÞdx

1As

Z 1

0

�
lim
n/∞

fnðxÞ
�
dx.

Such examples prompt caution when asserting

X∞
n¼1

0@Z b

a
fnðxÞdx

1A ¼
Z b

a

 X∞
n¼1

fnðxÞ
!
dx.

Recalling that a definite integral is the limit of Riemann sums, we again see that
we must be careful in interchanging limits.

One can visualize uniform convergence of the sequence of functions {fn(x)} to
f (x) by drawing a “belt” of radius ε about f (x) (See Fig. 1.4.1). The sequence
{fn(x)} converges uniformly to f (x) provided that if n > N(ε) then fn(x) is totally
within the belt.

In the two previous examples, the sequence of functions converged pointwise but
not uniformly. If we have uniform convergence, then we have some useful
implications.

Theorem:
Suppose that each of the functions fn(x) is continuous, and {fn(x)} converges uni-

formly to f (x). Then f (x) is continuous.

fn

f

ε

ε

FIGURE 1.4.1
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Proof:
Choose c in the domain of each fn(x). We show that if each function fn(x) is

continuous at x ¼ c and {fn(x)} converges uniformly to f (x). Then f (x) is continuous
at at x ¼ c.

Let ε > 0 be given. We show that there is a d(ε) > 0 so that if jx� cj < dðεÞ, then
jf ðxÞ � f ðcÞj < ε. We have

jf ðxÞ � f ðcÞj ¼ jf ðxÞ � fnðxÞ þ fnðxÞ � fnðcÞ þ fnðcÞ � f ðcÞj
� jf ðxÞ � fnðxÞj þ jfnðxÞ � fnðcÞj þ jfnðcÞ � f ðcÞj.

Since {fn(x)} converges uniformly to f (x), there is a number N(ε) so that if
n > N(ε), then jfnðxÞ � f ðxÞj < ε

3 for every x. So we have

jfnðxÞ � f ðxÞj < ε

3
and jfnðcÞ � f ðcÞj < ε

3
;

whenever n > N(ε). Now choose a fixed N1 > N(ε). Since fN1
ðxÞ is continuous at

x ¼ c, there is a number d(ε)>0 so that if jx� cj < dðεÞ, then
j fN1

ðxÞ � fN1
ðcÞj < ε

3. Thus if jx� cj < dðεÞ, then jf ðxÞ � f ðcÞj < ε so f (x) is
continuous at x ¼ c.

Theorem:
Suppose that each of the functions fn(x) is integrable on [a,b] and {fn(x)} con-

verges uniformly to f (x) on [a,b]. Then f (x) is integrable on [a,b] and

lim
n/∞

0@Z b

a
fnðxÞdx

1A ¼
Z b

a

�
lim
n/∞

fnðxÞ
�
dxh

Z b

a
f ðxÞdx.

We do not give a proof, which may be found in Kirkwood (1995). The difficult
part of the proof is showing that f (x) is integrable on [a,b]. We note that uniform
convergence does not ensure convergence of improper integrals as the example

fnðxÞ ¼

8><>:
1

n
0 < x < n

0 otherwise

shows.
The next example shows that uniform convergence does not ensure that deriva-

tives behave as we might hope.
Example:
Let

fnðxÞ ¼ sin nxffiffiffi
n

p .

Then jfnðxÞj � 1ffiffiffi
n

p ; so {fn(x)} converges uniformly to 0. But

f 0nðxÞ ¼
ffiffiffi
n

p
cos nx;

and so


f 0nðxÞ

�
does not converge.
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This provides an example where

lim
n/∞

�
lim
x/c

fnðxÞ � fnðcÞ
x� c

�
s lim

x/c

�
lim
n/∞

fnðxÞ � fnðcÞ
x� c

�
.

The situation for derivatives is addressed by the next theorem.
Theorem:
Let {fn(x)} be a sequence of functions that are differentiable on an open interval

containing [a,b]. Suppose that

1. there is a point x0 ˛ [a,b] where {fn(x0)} converges, and
2.


f 0nðxÞ

�
converges uniformly on [a,b].

Then

1. {fn(x)} converges uniformly to a function f (x) on [a,b] and
2. f 0ðxÞ ¼ lim

n/∞
f 0nðxÞ on (a,b).

The proof of this theorem is omitted, and we refer the reader to Kirkwood, An
Introduction to Analysis, Second Edition.

The next two theorems give criteria for when a sequence of functions converge
uniformly.

Theorem:
The sequence of functions {fn(x)} converges uniformly to f (x) on E if and only if

lim
n/∞

Mn ¼ 0, where

Mn ¼ sup
x˛E

jfnðxÞ � f ðxÞj.

The proof follows directly from the definition as is left as Exercise 19.
Example:
We show {xe�nx} converges uniformly to 0 on [0,∞).
We have

d

dx
xe�nx ¼ e�nx � xne�nx ¼ e�nxð1� nxÞ.

So d
dx xe�nx ¼ 0 if 1 � nx ¼ 0 or x ¼ 1

n. One can check that fn(x) ¼ xe�nx attains
its maximum on [0,∞) at x ¼ 1

n. Thus

Mn ¼ 1

n
e
�n
	
1
n



¼ 1

n
e�1 and lim

n/∞
Mn ¼ 0:

Theorem (Cauchy criterion for uniform convergence of sequences of
functions):

A sequence of functions {fn(x)} converges uniformly on E if and only if it is uni-
formly Cauchy on E; that is, if and only if given ε > 0, there is a number N(ε) so that
if m,n > N(ε), then

jfnðxÞ � fmðxÞj < ε

for every x ˛ E.
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Proof:
Suppose {fn(x)} is uniformly Cauchy on E. We show that {fn(x)} is uniformly

convergent. For any x0 ˛ E, {fn(x0)} is a Cauchy sequence of real numbers, and
therefore converges. For each x ˛ E define

f ðxÞ ¼ lim
n/∞

fnðxÞ.

Now {fn(x)} converges pointwise to f (x), but we must show that the convergence
is uniform. Let ε > 0 be given. There is a number N(ε) so that if m,n > N(ε), then

jfnðxÞ � fmðxÞj < ε

2

for every x˛E. Now suppose n > NðεÞ, and choose x0˛E. We shall show that
jfnð x0Þ � f ð x0Þj < ε. We have

jfnð x0Þ � f ð x0Þj � jfnð x0Þ � fmð x0Þj þ jfmð x0Þ � f ð x0Þj
for any m: Since f fmð x0Þg/ f ð x0Þ, there is a numberMðε; x0Þ (that depends on ε
and x0) so that if m > Mðε; x0Þ, then jfmð x0Þ � f ð x0Þj < ε

2. Choose
m > maxfNðεÞ; Mðε; x0Þ g. Then

jfnð x0Þ � f ð x0Þj � jfnð x0Þ � fmð x0Þj þ jfmð x0Þ � f ð x0Þj < ε

2
þ ε

2
¼ ε

if n > N(ε).
The proof that a uniformly convergent sequence of functions is uniformly

Cauchy is left as Exercise 20.
The work in this section that will be most important for us later deals with series

of functions. The connection between series and sequences of functions is the same
as with numbersdpartial sums. In particular, we say the series of functions

P
fn(x)

converges pointwise (uniformly) to f (x) on E if and only if the sequence of functions
{Sn(x)} defined by

SnðxÞ ¼ f1ðxÞ þ f2ðxÞ þ/þ fnðxÞ
converges pointwise (uniformly) to f (x) on E. We give two criteria to determine uni-
form convergence of series of functions.

Theorem (Cauchy criterion for uniform convergence of series of functions):
The series of functions

P
fn(x) converges uniformly on E if and only if given

ε > 0, there is a number N(ε) so that if m > n > N(ε), then����� Xm
i¼nþ1

fiðxÞ
����� < ε for every x˛E.

Proof:
The theorem follows by noting that
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jSmðxÞ � SnðxÞj ¼
����� Xm
i¼nþ1

fiðxÞ
�����;

where {Sn(x)} is the sequence of partial sums associated with the series
P

fn(x).
Perhaps the most frequently used test to show uniform convergence of series of

functions is the Weierstrass M-test.
Theorem (Weierstrass M-test):
Suppose

P
fn(x) is a series of functions defined on a set E. Let

Mn ¼ sup
x˛E

jfnðxÞj.

If the series of numbers
P

Mn converges, then
P

fn(x) converges uniformly on E.
Proof:
We have, for any m and n with m > n����� Xm

i¼nþ1

fiðxÞ
����� � Xm

i¼nþ1

jfiðxÞj �
Xm
i¼nþ1

Mi for every x˛E.

By the Cauchy criterion for convergence of series real numbers, givenε > 0 there
is a number N(ε) so that if m > n > N(ε), thenXm

i¼nþ1

Mi < ε.

Thus, ����� Xm
i¼nþ1

fiðxÞ
����� < ε for every x˛E

if m > n > N(ε), so
P

fn(x) converges uniformly on E.
We note that there are series of functions that converge uniformly for which the

Weierstrass M-test fails. One example is developed in Exercise 22.
Uniform convergence of

P
fn(x) on [a,b] allows us to conclude

X∞
n¼1

0@Z b

a
fnðxÞdx

1A ¼
Z b

a

 X∞
n¼1

fnðxÞ
!
dx.

POWER SERIES
A series of the form

a0 þ a1ðx� cÞ þ a2ðx� cÞ2 þ a3ðx� cÞ3 þ/ ¼
X∞
n¼0

anðx� cÞn

is called a power series. If we let z ¼ x � c, we can express the series as
P

anz
n.
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A major result about power series is the following theorem.
Theorem:
For the power series

P
anz

n there is an extended real number R, 0 � R � ∞ for
which the series

1. converges absolutely if jzj < R
2. diverges if jzj > R.
3. If 0 < R < ∞, then the power series converges uniformly on [eRþε, R�ε] for

any ε > 0.

If R ¼ 0, then the series
P

anz
n converges only for x ¼ 0. If R ¼∞, then the

series
P

anz
n converges absolutely for all values of z, and uniformly on any bounded

interval.
The number R in the theorem is called the radius of convergence of the power

series. It can be calculated in either of the following ways: For the power seriesP
anz

n, let

l ¼ lim
n/∞

�
janj1=n

�
or

l ¼ lim
n/∞

janþ1j
janj

(if both limits exist, they are equal) then

R ¼ 1

l
.

Examples:
Consider the series

P xn

n!
. Here an ¼ 1=n!, so

l ¼ lim
n/∞

janþ1j
janj ¼ lim

n/∞

1

ðnþ 1Þ!
1

n!

¼ lim
n/∞

1

nþ 1
¼ 0 and R ¼ 1

l
¼ ∞.

Thus, this series converges absolutely for all values of x.
Consider the series X n3xn

5n
.

Here, an ¼ n3
�
5n so

l ¼ lim
n/∞

�
janj1=n

�
¼ lim

n/∞

	
n3

1=n

ð5nÞ1=n
¼ lim

n/∞

	
n3

1=n
5

¼ 1

5
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since

lim
n/∞

ðn Þ1=n ¼ 1:

Thus, R ¼ 1
l
¼ 5.

TAYLOR SERIES
In Taylor series, we begin with a function f (x) that has derivatives of all orders at
x ¼ c, and then construct a polynomial of degree n, called the Taylor polynomial
of degree n, that provides “the best approximation” to f (x) at x ¼ c. To determine
this polynomial, we must define what we mean by “the best approximation.” In
the case of Taylor polynomials, if Pn(x) is the Taylor polynomial of degree n for
f (x), we require that

PnðcÞ ¼ f ðcÞ; P0
nðcÞ ¼ f 0ðcÞ; P00

nðcÞ ¼ f 00ðcÞ; .;Pn
ðnÞðcÞ ¼ f ðnÞðcÞ.

We now determine a formula for the constants ak in the Taylor polynomial for
f (x) at x ¼ c.

Suppose that f (x) that has derivatives of all orders at at x ¼ c, and let

PnðxÞ ¼ a0 þ a1ðx� cÞ þ a2ðx� cÞ2 þ/þ anðx� cÞn.
The first condition we impose is f (c) ¼ Pn(c). Now

PnðcÞ ¼ a0 ¼ f ðcÞ; so a0 ¼ f ðcÞ.
Next, we require f 0ðcÞ ¼ P0

nðcÞ We have

P0
nðxÞ ¼ a1 þ 2a2ðx� cÞ þ 3a3ðx� cÞ2 þ 4a4ðx� cÞ3 þ/þ nanðx� cÞn�1

so

P0
nðcÞ ¼ a1 ¼ f 0ðcÞ; so a1 ¼ f 0ðcÞ.

We seek to determine a formula for ak. Continuing, we have

P00
nðxÞ ¼ 2a2 þ 2$3a3ðx� cÞ þ 4$3a4ðx� cÞ2 þ/þ nðn� 1Þanðx� cÞn�2

so

P00
nðcÞ ¼ 2a2 ¼ f 00ðcÞ; and a2 ¼ f 00ðcÞ

2
.

Next,

P000
n ðxÞ ¼ 2$3a3 þ 4$3$2a4ðx� cÞ þ/þ nðn� 1Þðn� 2Þanðx� cÞn�3

so

P000
n ðcÞ ¼ 2$3a3 ¼ f 000ðcÞ; and a3 ¼ f 000ðcÞ

2$3
¼ f 000ðcÞ

3!
.
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A pattern begins to emerge (that can be proved using induction) that

ak ¼ f ðkÞðcÞ
k!

.

Definition:
Let f (x) be a function that has derivatives of all orders at x ¼ c. The Taylor series

for f (x) at x ¼ c is the power seriesX∞
n¼0

anðx� cÞn where an ¼ f ðnÞðcÞ
n!

.

If c ¼ 0, the series is called the Maclaurin series. If there is an open interval about
x ¼ c for which

f ðxÞ ¼
X∞
n¼0

f ðnÞðcÞ
n!

ðx� cÞn

then f (x) is said to be analytic at x ¼ c.
The most frequently used Taylor series (Maclaurin series) are those for ex, sin x

and cos x. We demonstrate the computations for ex and sin x.
Example:
We compute the Maclaurin series for ex. We have

f ðxÞ ¼ ex f ð0Þ ¼ e0 ¼ 1 a0 ¼ f ð0Þ ¼ 1

f 0ðxÞ ¼ ex f 0ð0Þ ¼ e0 ¼ 1 a1 ¼ f 0ð0Þ
1!

¼ 1

f 00ðxÞ ¼ ex f 00ð0Þ ¼ e0 ¼ 1 a2 ¼ f 00ð0Þ
2!

¼ 1

2!

f 000ðxÞ ¼ ex f 000ð0Þ ¼ e0 ¼ 1 a3 ¼ f 000ð0Þ
3!

¼ 1

3!

and

ak ¼ f ðkÞð0Þ
k!

¼ 1

k!
.

Thus, the Maclaurin series for ex is given byX∞
n¼0

1

k!
xk. (1)

The series in (1) converges for all values of x as we showed above. Wewould like
to say that

ex ¼
X∞
n¼0

1

k!
xk ¼ 1þ xþ x2

2!
þ/
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for all values of x, and, in fact, this is the case but we do not prove it. (For a discus-
sion of how this can be done, see Kirkwood, 1995.) For the problems that we shall
consider, if the Taylor series of a function converges, then it converges to the
function.

One use of Taylor series is to replace a function by the first few terms of its Taylor
series. This often gives a sufficiently accurate approximation of the function by a
simple expression. For example, some applications replace ex when x is close to
0 by 1 þ x or 1þ xþ x2

2!. To get a feel for the accuracy of the approximation, we
let x ¼ 0.02, and observe that

1þ 0:02 ¼ 1:02; and 1þ 0:02þ ð0:02Þ2
2!

¼ 1:0202

and note that to 6 decimal places of accuracy, e0.02 ¼ 1.020201.
Example:
We compute the Maclaurin series for sin x. We have

f ðxÞ ¼ sin x f ð0Þ ¼ sin 0 ¼ 0 a0 ¼ f ð0Þ ¼ 0

f 0ðxÞ ¼ cos x f 0ð0Þ ¼ cos 0 ¼ 1 a1 ¼ f 0ð0Þ
1!

¼ 1

f 00ðxÞ ¼ �sin x f 00ð0Þ ¼ �sin 0 ¼ 0 a2 ¼ f 00ð0Þ
2!

¼ 0

f 000ðxÞ ¼ �cos x f 000ð0Þ ¼ �cos 0 ¼ �1 a3 ¼ f 0ð0Þ

3!
¼ �1

3!
.

By taking enough terms of the series, it is not hard to convince oneself that the
Maclaurin series for sin x is

x� x3

3!
þ x5

5!
� x7

7!
þ/.

In Exercise 2 we show that the Maclaurin series for cos x is

1� x2

2!
þ x4

4!
� x6

6!
þ/.

Example:
Bessel functions are fundamental in solving differential equations where a partic-

ular type of symmetry occurs. One way to define the Bessel function J0(x) is

J0ðxÞ ¼ 1

2p

Z 2p

0
eix sin qdq.

We shall find a power series representation for J0(x).
We use the Maclaurin series expansion for eix sinq, which is

eix sin q ¼
X∞
n¼0

ðix sin qÞn
n!

.
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Now ����ðix sin qÞn
n!

���� � xn

n!

and
P∞
n¼0

xn

n! converges for every x. So

J0ðxÞ ¼ 1

2p

Z 2p

0
eix sin qdq ¼ 1

2p

Z 2p

0

X∞
n¼0

ðix sin qÞn
n!

dq ¼ 1

2p

X∞
n¼0

Z 2p

0

ðix sin qÞn
n!

dq

¼ 1

2p

X∞
n¼0

ðixÞn
n!

Z 2p

0
ðsin qÞndq.

If n is odd, then
R 2p
0 ðsin qÞndq ¼ 0, so

1

2p

X∞
n¼0

Z 2p

0

ðix sin qÞn
n!

dq ¼ 1

2p

X∞
n¼0

ðixÞ2n
ð2nÞ!

Z 2p

0
ðsin qÞ2ndq.

We show in Exercise 17 thatZ 2p

0
ðsin qÞ2ndq ¼ ð2n� 1Þ!2p

22n�1ðn� 1Þ!n! .

Thus

J0ðxÞ ¼ 1

2p

X∞
n¼0

ðixÞ2n
ð2nÞ!

ð2n� 1Þ!2p
22n�1ðn� 1Þ!n! ¼

X∞
n¼0

ð�1Þn
ðn!Þ2

�x
2

�2n
.

Another notion of convergence that will be important to us is L2[a,b] conver-
gence. The setting for L2[a,b] convergence is a vector space with inner product typi-
cally defined by an integral. We say that {fn} converges to f in the L

2 sense provided

lim
n/∞

kfn � fk ¼ 0

where

ðkfn � f2kÞ2 ¼ hfn � f ; fn � f i ¼
Z b

a
jfnðxÞ � f ðxÞj2dx.

This sense of convergence is important in many areas of mathematics, including
Fourier analysis.

There are some connections among the notions of convergence that we have
seen. These include the following:

(1) Uniform convergence implies pointwise convergence.
(2) Uniform convergence implies L2 convergence if the interval of integration is

finite.
(3) L2 convergence does not imply pointwise nor uniform convergence.
(4) Pointwise convergence does not imply L2 convergence.
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There will be many instances in which we want to “differentiate under the inte-
gral.” More precisely, we want to claim

d

dt

0@Z b

a
f ðt; xÞdx

1A ¼
Z b

a

�
v

vt
f ðt; xÞ

�
dx.

This is not always legitimate as the example

f ðt; xÞ ¼

8><>:
t3

x2
e�t2=x x > 0;

0 x ¼ 0

shows. (See Gelbaum and Olmsted, Counterexamples in Analysis.)
In most of the cases that we shall encounter, the function f (t,x) will be sufficiently

well behaved so that the equation

d

dt

0@Z b

a
f ðt; xÞdx

1A ¼
Z b

a

�
v

vt
f ðt; xÞ

�
dx

is valid. The next theorem gives a condition that enables us to move the derivative
under the integral.

Theorem:
Suppose that for each t ˛ [c,d],

FðtÞ ¼
Z b

a
f ðt; xÞdx

exists. If vf
vt is continuous on {(x,t)ja � x � b, c � t � d}, then dF

dt exists for each
t ˛ (c,d), and

dFðtÞ
dt

¼
Z b

a

�
v

vt
f ðt; xÞ

�
dx.

That is,

d

dt

0@Z b

a
f ðt; xÞdx

1A ¼
Z b

a

�
v

vt
f ðt; xÞ

�
dx.

EXERCISES
1. Suppose a sequence {an} has the property that janþ1 � anj < 1

n
. Does this mean

that {an} is a Cauchy sequence? What if janþ1 � anj < 1

ne
?

2. Find the Maclaurin series for f (x) ¼ cos x.
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3. Find the Maclaurin series for f (x) ¼ ln (1�x). What is the radius of convergence
of the power series?

4. Use the Maclaurin series for sin x, cos x and ex to find the Maclaurin expression
for the following functions:
a. sin x

x

b. x2 cosð3xÞ
c.

ex � 1� x

x2
.

5. If
P

(�1)nan is an alternating series for which janj � janþ1j and lim
n/∞

an ¼ 0
and L is the number to which

P
(�1)nan converges, then�����Xk

n¼0

ð�1Þnan � L

����� < akþ1.

Use this fact and a CAS to calculate the following expressions to three decimal
place accuracy:

a.
R 1
0

sin x

x

b.
R 2
0 e�x2dx.

6. Find the Maclaurin series for
a. sinh x
b. cosh x.

7. Show that the following series of functions converge uniformly on the given
interval

a.
P ½sinðnxÞ�

n2
on ð�∞;∞Þ

b.
P nk

xn
on
h
2;∞

�
c.
P 1

n1þa
for a > 0 on ½eM;M�.

8. Show that if the power series
P

anx
n has radius of convergence R, then for any

positive integer k the series
P

anx
kn has radius of convergence

ffiffiffi
Rk

p
.

9. Find the radius of convergence for the series
a.
P

nkxn for k an integer

b.
P ðxþ 2Þn

ln n

c.
1$2$3/n$x2n

1$3$5/ð2n� 1Þ .
10. Use the first four terms of the Taylor series for sin x about c ¼ p

6 to estimate sin
32�. Note that 32� will have to be converted to radians.

11. Find the first four terms of the Taylor series for the following functions about
the given point.
a. cos x about x ¼ p

4

b. ln x about x ¼ 2
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c. x�1=2 about x ¼ 4

d. x2 about x ¼ 3.
12. The integral Z

ε

0

x3

ex � 1
dx

where ε is small, arises in heat capacity in solids.
a. Use Maclaurin series to show

x3

ex � 1
¼ x2

1þ x

2
þ x2

6
þ/

.

b. Write

x2

1þ x

2
þ x2

6
þ/

¼ x2ð1þ yÞ�1 where y ¼ 1þ x

2
þ x2

6
þ/.

Use geometric series to show that for jyj<1, (1 þ y)�1¼ 1� yþ y2� y3þ/
so that for powers of x up to x2�

1þ
�
x

2
þ x2

6

���1

¼ 1� 1

2
xþ 1

12
x2 þ/.

c. Evaluate Z
ε

0
x2
�
1� 1

2
xþ 1

12
x2
�
dx.

Note how the higher order terms diminish if ε 	 1.
13. For the sequence of functions fxnj 0 � x � 1g, discuss why

lim
n/∞

�
lim
x/1

fnðxÞ
�

¼ 1 and lim
x/1

�
lim
n/∞

fnðxÞ
�
¼ 0:

14. For the sequence of functions,

�
sin nxffiffi

n
p
�

discuss the difference between

lim
n/∞

�
lim
x/1

fnðxÞ
�
and lim

x/1

�
lim
n/∞

fnðxÞ
�
.

15. In the theory of relativity

E ¼ m0c
2ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2

c2

r
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where m0 is the rest mass of an object, v is the velocity of the object, E is the energy
and c is the speed of light.

a. Determine the first two nonzero terms of the Maclaurin series for	
1� x2


�1=2
, and use this to expand E in powers of v2

c2.
b. Subtract the rest mass energy m0c

2 from the approximation to E obtained in
part a to get the kinetic energy K and show

Kz
1

2
m0v

2:

16. Another formula in the theory of relativity is the displacement x of an object
with rest mass m0 due to a force m0g is

x ¼ c2

g

8<:
"
1þ

�
gt

c

�2
#1

2

� 1

9=;.

Find an approximation for the right-hand side by using the first two nonzero

terms of the Maclaurin expansion of

�
1þ

�
gt
c

�2�1
2

and compare with the

classical result

x ¼ 1

2
gt2.

17. Show that Z 2p

0
ðsin qÞ2ndq ¼ ð2n� 1Þ!2p

22n�1ðn� 1Þ!n!
by using the reduction formulaZ

sinnx dx ¼ �1

n
sinn�1 x cos xþ n� 1

n

Z
sinn�2 x dx.

18. Use the integral test to show that the series
P 1

np
converges if p > 1 and di-

verges if p � 1.
19. Prove that the sequence of functions {fn(x)} converges uniformly to f (x) on E if

and only if lim
n/∞

Mn ¼ 0, where

Mn ¼ sup
x˛E

jfnðxÞ � f ðxÞj.

20. Prove that a uniformly convergent sequence of functions is uniformly Cauchy.
21. The Lp�norm of a function f (x) on [0,1] is defined as
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kfkp ¼
0@Z 1

0
jf ðxÞjp

1A1=p

1 � p < ∞.

Find a function f (x) for which kfk1 < 1
10 and kfk2 < 10.

22. Show that uniform convergence implies L2 convergence if the interval of
integration is finite.

23. Use the fact that
R 	

1þ x2

�1

dx ¼ tan�1 x to show

a. tan�1 x ¼ x� 	x3�3
þ 	x5�5
� 	x7�7
þ/ for x ˛ ð�1; 1Þ.
b. Find a series expression for p=4 assuming that part a also holds when x ¼ 1.
c. Use this expression to find p=4 accurate to 0.2.

24. Let

fnðxÞ ¼

8><>:
1

n
2n�1 < x � 2n

0 otherwise

.

Show that the series
P

fn(x) converges uniformly, but the Weierstrass M-test
fails.

25. Use Maclaurin series to solve Z
ex � 1

x
dx.

26. The energy E of certain ionic solutions can be described by

EðxÞ ¼ r
h
xð1þ 2xÞ1=2 � x� x2

i
.

Expand ð1þ 2xÞ12 in a Maclaurin series to show that for small values of x,

Ezax3.

1.5 SOME IMPORTANT INTEGRATION FORMULAS
In later chapters, we shall solve the heat equation using the Fourier transform. In do-
ing so (and in other applications), we shall need to know the Fourier transform of a
Gaussian distribution (a function of the form e�ax2 , a > 0). This is an important in-
tegral, and we present two ways of doing the integration here. One can study the
methods now or delay them until later.
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The specific integral that we evaluate is

1

2p

Z ∞

�∞
e�ikxe�atk2dk.

Method 1 (Power Series Expansion)

We first compute
R∞
�∞ e�x2dx: We have0@Z ∞

�∞
e�x2dx

1A2

¼
Z ∞

�∞
e�x2dx

Z ∞

�∞
e�y2dy

¼
Z ∞

�∞

Z ∞

�∞
e�ðx2þy2Þdxdy

¼
Z ∞

r¼0

Z 2p

q¼0
e�r2rdqdr ¼ p

Z ∞

0
e�r22rdr ¼ p

Z ∞

0
e�udu ¼ �pe�u

��∞
0

¼ p.

Thus, Z ∞

�∞
e�x2dx ¼ ffiffiffi

p
p

.

Next we compute
R∞
�∞ e�iaxe�bx2dx. Now

e�iax ¼ cosð�axÞ þ i sinð�axÞ ¼ cosðaxÞ � i sinðaxÞ;
so Z ∞

�∞
e�iaxe�bx2dx ¼

Z ∞

�∞
cosðaxÞe�bx2dx� i

Z ∞

�∞
sinðaxÞe�bx2dx.

Since sinðaxÞe�bx2 is an odd function, the second integral is 0. In the first inte-
gral, we expand cos (ax) in a Maclaurin series. We haveZ ∞

�∞
cosðaxÞe�bx2dx ¼

Z ∞

�∞

 
1� ðaxÞ2

2!
þ ðaxÞ4

4!
/

!
e�bx2dx.

We compute
R∞
�∞ x2ne�bx2dx. Let

u ¼ e�bx2 dv ¼ x2ndx

du ¼ �2bxe�bx2dx v ¼ x2nþ1

2nþ 1
.
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So Z ∞

�∞
x2ne�bx2dx ¼

Z ∞

�∞
u dv ¼ uvj∞�∞ �

Z ∞

�∞
v du

¼ x2nþ1

2nþ 1
e�bx2

����∞
�∞

þ 2b

2nþ 1

Z ∞

�∞
x2nþ2e�bx2dx

¼ 0þ 2b

2nþ 1

Z ∞

�∞
x2nþ2e�bx2dx.

If we let I2n ¼
R∞
�∞ x2ne�bx2dx; we have shown I2n ¼ 2b

2nþ 1
I2nþ2, or

I2nþ2 ¼ 2nþ 1

2b
I2n. So

I2 ¼ 1

2b
I0;

I4 ¼ 3

2b
I2 ¼ 3

2b

1

2b
I0 ¼ 1$3

ð2bÞ2I0;

I6 ¼ 5

2b
I4 ¼ 1$3$5

ð2bÞ3 I0;

«

I2n ¼ 1$3$5/ð2n� 1Þ
ð2bÞn I0;

and thus Z ∞

�∞
cosðaxÞe�bx2dx ¼

Z ∞

�∞
e�bx2dx� a2

2!

Z ∞

�∞
x2e�bx2dx

þa4

4!

Z ∞

�∞
x4e�bx2dx/

¼ I0 � a2

2!
I2 þ a4

4!
I4 � a6

6!
I6/ ¼ I0 � a2

2!

1

ð2bÞI0 þ
a4

4!

1$3

ð2bÞ2I0 �
a6

6!

1$3$5

ð2bÞ3 I0/.

Consider

1$3$5/ð2n� 1Þ
1$2$3/ð2nÞ $

1

2n
¼

ð2nÞ!
2$4$6/ð2nÞ

ð2nÞ! $
1

2n
¼

ð2nÞ!
2nðn!Þ
ð2nÞ! $

1

2n
¼ 1

n!
$
1

4n
.
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ThusZ ∞

�∞
cosðaxÞe�bx2dx ¼ I0 � a2

2!

1

ð2bÞI0 þ
a4

4!

1$3

ð2bÞ2I0 �
a6

6!

1$3$5

ð2bÞ3 I0/

¼ I0

 X∞
n¼0

ð�1Þn
�
a2

b

�n

$
1

n!
$
1

4n

!
¼ I0

X∞
n¼0

�
�a2

4b

�n

$
1

n!
¼ I0e

�a2=4b.

Now

I0 ¼
Z ∞

�∞
e�bx2dx ¼ 1ffiffiffi

b
p

Z ∞

�∞
e�ð

ffiffi
b

p
xÞ2 ffiffiffi

b
p

dx ¼ 1ffiffiffi
b

p ffiffiffi
p

p ¼
ffiffiffi
p

b

r
.

Thus Z ∞

�∞
cosðaxÞe�bx2dx ¼

ffiffiffi
p

b

r
e�a2=4b;

so

1

2p

Z ∞

�∞
e�iaxe�bx2dx ¼ 1

2p

ffiffiffi
p

b

r
e�a2=4b ¼ 1ffiffiffiffiffiffiffiffiffi

4pb
p e�a2=4b.

For Fourier analysis, we shall use the formula

1

2p

Z ∞

�∞
e�ikxe�atk2dk ¼ 1ffiffiffiffiffiffiffiffiffiffi

4pat
p e�x2=4at

which is obtained by replacing a by x, b by at and x by k.

Method 2 (Cauchy Integral Formula)
To compute Z ∞

�∞
exp

�
�
�

t2

2s2
þ imt

��
dt (1)

note that

t2

2s2
þ imt ¼ 1

2

�
t2

s2
þ 2imt

�
¼ 1

2
m2s2 þ 1

2

�
t2

s2
þ 2imt � m2s2

�

¼ 1

2
m2s2 þ 1

2

�
t

s
þ ism

�2

.

Thus (1) is equal to

exp

�
� 1

2
m2s2

�Z ∞

�∞
exp

"
� 1

2

�
t

s
þ ism

�2
#
dt. (2)
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Let

u ¼ t þ is2m; so
u

s
¼ t

s
þ ism; u� is2m ¼ t and du ¼ dt.

Then (2) becomes

exp

�
� 1

2
m2s2

�Z ∞�is2m

�∞�is2m

exp

�
� 1

2

u2

s2

�
du. (3)

We evaluate the integral in (3) using the Cauchy integral formula. The function

f ðzÞ ¼ exp

�
� 1

2

z2

s2

�
is analytic, so that I

g

f ðzÞdz ¼ 0;

for g any simple closed curve in the complex plane. Consider the simple closed
curve g shown in Fig. 1.5.1.

We haveI
g

f ðzÞdz ¼
Z x

�x
f ðzÞdzþ

Z xþiy

x
f ðzÞdzþ

Z �xþiy

xþiy
f ðzÞdzþ

Z �x

�xþiy
f ðzÞdz ¼ 0;

so thatZ x

�x
f ðzÞdzþ

Z xþiy

x
f ðzÞdzþ

Z �x

�xþiy
f ðzÞdz ¼ �

Z �xþiy

xþiy
f ðzÞdz ¼

Z xþiy

�xþiy
f ðzÞdz.

This can be writtenZ xþiy

�xþiy
f ðzÞdz ¼

Z x

�x
f ðzÞdzþ

Z xþiy

x
f ðzÞdzþ

Z �x

�xþiy
f ðzÞdz.

γ
−x + iy

−x 0 x

x + iy

FIGURE 1.5.1

1.5 Some Important Integration Formulas 63



Now take the limit as x / ∞. Note that for z ¼ x þ iy, z2 ¼ x2 � y2 þ 2ixy, and���e�z2
��� ¼ ���e�ðx2�y2þ2ixyÞ

��� ¼ ���e�x2þy2
�����e�2ixy

�� ¼ ���e�x2þy2
���

since
��e�2ixy

�� ¼ 1. As x/∞;
���e�x2þy2

���/0, so

lim
x/∞

Z xþiy

x
f ðzÞdz ¼ 0 and lim

x/∞

Z �x

�xþiy
f ðzÞdz ¼ 0:

Thus, we have

lim
x/∞

Z xþiy

�xþiy
f ðzÞdz ¼ lim

x/∞

Z x

�x
f ðzÞdz ¼ lim

x/∞

Z x

�x
exp

�
� 1

2

x2

s2

�
.

Now let

s2 ¼ x2

2s2
; so s ¼ x

s
ffiffiffi
2

p ; dx ¼ s
ffiffiffi
2

p
ds

then

lim
x/∞

Z x

�x
exp

�
� 1

2

x2

s2

�
¼ s

ffiffiffi
2

p Z ∞

�∞
e�s2ds ¼ s

ffiffiffiffiffiffi
2p

p
.

So

exp

�
� 1

2
m2s2

�Z ∞�is2m

�∞�is2m

exp

�
� 1

2

u2

s2

�
du ¼ exp

�
� 1

2
m2s2

�
s
ffiffiffiffiffiffi
2p

p

and thus

1

2p

Z ∞

�∞
exp

�
�
�

t2

2s2
þ imt

��
dt ¼ 1

2p
exp

�
� 1

2
m2s2

�
s
ffiffiffiffiffiffi
2p

p

¼ sffiffiffiffiffiffi
2p

p exp

�
� m2s2

2

�
;

which agrees with Method 1 with m ¼ a and b ¼ 1
2s2.

OTHER FACTS WE SHALL USE LATER

1.
R∞
�∞ eimðx�xÞe�m2ktdm ¼

�
2pffiffiffiffiffiffiffiffiffiffi
4pkt

p
�
exp

�ðx� xÞ2
4kt

�
;

2. if FðmÞ ¼ R∞�∞ f ðxÞeimxdx and mðx; tÞ ¼ R∞�∞ FðmÞeimxe�m2ktdm; then

mðx; tÞ ¼
Z ∞

�∞
f ðxÞ e

�ðx�xÞ2=4ktffiffiffiffiffiffiffiffiffiffi
4pkt

p dx.
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Fact (2) follows from

Z ∞

m¼�∞

0B@ 1

2p

Z ∞

x¼�∞
f ðxÞe�imxdx

1CAeimxe�m2ktdm

¼
Z ∞

x¼�∞

0B@Z ∞

m¼�∞

1

2p
f ðxÞe�imxeimxe�m2ktdm

1CAdx

¼
Z ∞

x¼�∞
f ðxÞ

264 1

2p

Z ∞

m¼�∞
e�imxeimxe�m2ktdm

375dx
¼
Z ∞

x¼�∞
f ðxÞ2p 1

2p

e�ðx�xÞ2=4ktffiffiffiffiffiffiffiffiffiffi
4pkt

p dx

¼
Z ∞

�∞
f ðxÞ e

�ðx�xÞ2=4ktffiffiffiffiffiffiffiffiffiffi
4pkt

p dx.

ANOTHER IMPORTANT INTEGRAL
The integral Z ∞

0
e�ða2x2þb2=x2Þdx

arises in computing the Laplace transform of

2ffiffiffi
p

p
Z ∞

x
e�u2du;

and this is used in the analysis of the heat equation. We compute the integral by first
considering the integral as a function of b, and showing that it satisfies a differential
equation. We let

IðbÞ ¼
Z ∞

0
e�ða2x2þb2=x2Þdx.

Then

d

db
IðbÞ ¼ d

db

0@Z ∞

0
e�ða2x2þb2=x2Þdx

1A ¼
Z ∞

0

�
d

db

�
e�ða2x2þb2=x2Þ

��
dx

¼
Z ∞

0
e�ða2x2þb2=x2Þ

�
�2b

x2

�
dx.
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We make the change of variables

z ¼ b

ax
.

This gives

ax ¼ b

z
; a2x2 ¼ b2

z2
;

b2

x2
¼ a2z2; �2b

x2
¼ �2a2z2

b
; dx ¼ �b

a
$
1

z2
dz.

Also, if x ¼ 0, then z ¼∞, and if x ¼∞, then z ¼ 0. Thus

Z ∞

0
e�ða2x2þb2=x2Þ

�
�2b

x2

�
dx ¼

Z 0

∞
e
�
�
b2

z2
þ a2z2

�
$

�
� 2a2z2

b

��
� b

a
$
1

z2

�
dz

¼
Z 0

∞
e
�
�
b2

z2
þ a2z2

�
2adz

¼ �2a

Z ∞

0
e
�
�
b2

z2
þ a2z2

�
dz

¼ �2aIðbÞ.
Then

d

db
IðbÞ ¼ �2aIðbÞ

so Z
dIðbÞ
IðbÞ db ¼

Z
ð�2aÞdb;

so

ln IðbÞ ¼ �2abþ C0

and thus

IðbÞ ¼ eC0e�2ab.

Taking b ¼ 0 gives Ið0Þ ¼ eC0 , but

Ið0Þ ¼
Z ∞

0
e�a2x2dx ¼

ffiffiffi
p

p
2a

.

Finally, we have

IðbÞ ¼
Z ∞

0
e�ða2x2þb2=x2Þdx ¼

ffiffiffi
p

p
2a

e�2ab.
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EXERCISES
1. Show that

R∞
�∞ eimðx�xÞe�m2ktdm ¼ 2p eðx�xÞ2=4ktffiffiffiffiffiffiffi

4pkt
p .

2. Evaluate Z ∞

0
e�a2x2 cos bxdx.

Hint: Let IðbÞ ¼ R∞0 e�a2x2 cos bxdx. Differentiate with respect to b and integrate
by parts.

3. The gamma function, GðxÞ, is defined by

GðxÞ ¼
Z ∞

0
e�ttx�1dt.

a. Show that the integral that defines GðxÞ converges for x > 0.
b. Use integration by parts to show that Gðxþ 1Þ ¼ xGðxÞ x > 0.
c. Show that Gð1Þ ¼ 1.
d. Use induction to show that GðnÞ ¼ ðn� 1Þ! for every positive integer n.

(Recall that 0! ¼ 1.)

e. Show that lim
xY0

GðxÞ ¼ ∞.

The gamma function is used to extend the idea of factorial to positive
non-integer values of x. This is used in several applications, including
quantum mechanics.

4. Determine whether
R p
0

sin x
x dx converges.
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Vector Calculus 2
2.1 VECTOR INTEGRATION
In this section we present results from vector analysis that pertains to integration.
The presentation is somewhat brief, and for a more complete explanation we recom-
mend a standard text in vector analysis such as Marsden and Tromba, Vector Calcu-
lus, Third Edition. A superb reference for much of what we do in Section 2.2 is Div,
Grad, Curl, and All That by H. M. Schey.

Definition:
If f : U4Rn/R, the gradient of f, denoted Vf, in Cartesian coordinates is

Vf ¼
�
vf

vx1
;.;

vf

vxn

�
.

If Rn ¼ R3; as is often the case, then

Vf ¼
�
vf

vx
;
vf

vy
;
vf

vz

�
¼ vf

vx
bi þ vf

vy
bj þ vf

vz
bk.

We showed in Section 1.3 that in cylindrical coordinates

Vf ¼ vf

vr
ber þ 1

r

vf

vq
beq þ vf

vz
bez

and in spherical coordinates

Vf ¼ vf

vr
ber þ 1

r

vf

vq
beq þ 1

r sin q

vf

v4
be4.

Example:
Let f (x, y, z) ¼ exy2 þ 4xysin z. Then

Vf ðx; y; zÞ ¼ �exy2 þ 4y sin z
�bi þ ð2exyþ 4x sin zÞbj þ ð4xy cos zÞbk.

If f (x, y, z) ¼ constant, then the graph of the equation is a three-dimensional
surface. If (x0, y0, z0) is a point on the surface, and the surface is smooth at that point,
then a normal (perpendicular) vector to the surface at that point is Vf (x0, y0, z0).
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Example:
Let z ¼ x2y þ 3y (or x2y þ 3y � z ¼ 0). Then

Vf ðx; y; zÞ ¼ 2xybi þ �x2 þ 3
�bj � bk.

So a vector normal to the surface at (1, 2, 8) is 4bi þ 4bj � bk.
Definition:
If f : U4Rn/R, the directional derivative of f at bx in the direction of the unit

vector bv is Vf ðbxÞ$ bv. If bv ¼ ðv1;.; vnÞ then

Vf ðbxÞ$ bv ¼ vf

vx1
v1 þ/þ vf

vxn
vn.

We now describe some different kinds of integrals that are important in vector
analysis. These are (in the order in which we discuss them) as follows:

1. Path integrals, where we integrate a real-valued function along a curve.
2. Line integrals, where we integrate a vector-valued function along a curve.
3. Integration of a real-valued function over a surface.
4. Integration of a vector-valued function over a surface.

PATH INTEGRALS
A path integral is very similar to a Riemann integral on [a, b]. In constructing the
Riemann integral of f (x) on [a, b] we divide [a, b] into n subintervals by choosing
x0, x1, . , xn, with a ¼ x0 < x1 < . < xn ¼ b. This creates subintervals [x0, x1],
[x1, x2], . , [xn�1, xn] whose union is [a, b]. In each subinterval we choose a value
of x. Let xi denote the value chosen in the subinterval [xi�1, xi]. We then form the

Riemann sum,
Pn
i¼1

f ðxiÞDxi , where Dxi ¼ xi � xi�1 is the width of the ith subinterval.

If f (x) is sufficiently well-behaved, then

lim
maxDxi/0

Xn
i¼1

f ðxiÞDxi

exists, and the limit is denoted
R b
a f ðxÞdx.

In a path integral and a line integral, a path is used as the quantity over which we
integrate instead of an interval on the x-axis. Intuitively, a path is a curve in space
that has a direction associated with it. The mathematical definition is as follows.

Definition:
A path in Rn is a continuous function s : ½a; b�/Rn. The end points of the path

are s(a) and s(b). The image of s is the curve of s. The path s is differentiable if
each of the components of s is differentiable.

We often have t as the variable, and think of s(t) as being the position of a particle
at time t.
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Example:
The function s(t) ¼ (cos t, sin t), 0 � t � 2p is a path whose curve is a circle of

radius 1 centered at the origin. The motion of the particle that describes the curve
begins at (0,1) and travels counterclockwise around the circle.

Example:
The function s(t) ¼ (t, t2), �1 � t � 2, is a path whose curve is a parabola that

begins at (�1, 1) and ends at (2, 4).
If s(t) is a path, then the velocity vector is s0(t). If s(t) ¼ (x(t), y(t), z(t)), then

s0(t) ¼ (x0(t), y0(t), z0(t)). The speed of s(t) is

ks0ðtÞk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0ðtÞÞ2 þ ðy0ðtÞÞ2 þ ðz0ðtÞÞ2

q
.

We note that s0(t) is tangent to s(t), and the length of s(t) isZ b

t¼a
ks0ðtÞkdt.

We often use ds to denote an infinitesimal element of arc length. If this is the case
and s(t) ¼ (x(t), y(t), z(t)) then

ds ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dx

dt

�2

þ
�
dy

dt

�2

þ
�
dz

dt

�2
s

dt.

We shall construct Riemann sums for path integrals (where we integrate a real-
valued function) and line integrals (where we integrate a vector-valued function). In
both cases, the construction involves splitting the path into small pieces and forming
a Riemann sum, with the length of the pieces of the path taking the role of Dx in the
Riemann integral. We now investigate how these lengths are computed.

Let s : ½a; b�/Rn. Choose t0, t1, t2, . , tn with a ¼ t0 < t1 < t2 <. < tn ¼ b.
Then s(ti) is a point on the path s, and the role of Dxi ¼ xiþ1 � xi in the Riemann
sum is now played by the length between s(tiþ1) and s(ti). See Fig. 2.1.1.

σ (a)

σ (b)

σ (t1)

σ (t2)

σ (t3)

FIGURE 2.1.1
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If s is a path in R3, and s(t) ¼ (x(t), y(t), z(t)) then

sðtiþ1Þ � sðtiÞ ¼ ðxðtiþ1Þ � xðtiÞ; yðtiþ1Þ � yðtiÞ; zðtiþ1Þ � zðtiÞÞ
and

ksðtiþ1Þ � sðtiÞk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxðtiþ1Þ � xðtiÞÞ2 þ ðyðtiþ1Þ � yðtiÞÞ2 þ ðzðtiþ1Þ � zðtiÞÞ2

q
.

If s(t) is differentiable, then so are the component functions, and by the mean
value theorem

xðtiþ1Þ � xðtiÞ
tiþ1 � ti

¼ x0ðtiÞ or xðtiþ1Þ � xðtiÞ ¼ x0ðtiÞðtiþ1 � tiÞhx0ðtiÞDti

where ti is between ti and tiþ1. We have the analogous relations for the other two
components. Thus

ksðtiþ1Þ � sðtiÞkz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½x0ðtiÞ�2 þ ½y0ðtiÞ�2 þ ½z0ðtiÞ�2

q
Dti ¼ ks0ððtiÞÞkDti.

This method is applicable to curves in dimensions other than three.
We continue to work in three dimensions. Suppose f : R3/R and s : ½a; b�/R3

is a path. To construct a Riemann sum for the path integral we choose t0, t1, t2,. , tn
with a ¼ t0 < t1 < t2 < . < tn ¼ b as above and from each subinterval [ti�1, ti]
choose a point t�i . Form the Riemann sumXn

i¼1

f
�
s
�
t�i
��ksðtiþ1Þ � sðtiÞk.

Notice how this compares with an ordinary Riemann sum. Since in the limit as
max (tiþ1 � ti) / 0, we have ksðtiþ1Þ � sðtiÞk/ks0ðtiÞkdt, and we have

lim
maxðtiþ1�tiÞ/0

Xn
i¼1

f
�
s
�
t�i
��ksðtiþ1Þ � sðtiÞkh

Z
s

f ds ¼
Z b

t¼a
f ðsðtÞÞks0ðtÞkdt.

Recapping, we have the following:
Definition:
Suppose that f : Rn/R and s : ½a; b�/Rn is differentiable. The path integral

of f along s is Z
s

f ds ¼
Z b

t¼a
f ðsðtÞÞks0ðtÞkdt.

If f : R3/R, and s(t) ¼ (x(t), y(t), z(t)) thenZ
s

f ds ¼
Z b

a
f ðxðtÞ; yðtÞ; zðtÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dx

dt

�2

þ
�
dy

dt

�2

þ
�
dz

dt

�2
s

dt.
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Example:
Let f (x, y, z) ¼ x2 þ y2 þ 4z and s(t) ¼ (cos t, sin t, t) 0 � t � 2. Then

s0(t) ¼ (�sin t, cos t, 1) so ks0ðtÞk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�sin tÞ2 þ ðcos tÞ2 þ 1

q
¼ ffiffiffi

2
p

and

f (s(t))¼(cos t)2 þ (sin t)2þ4t ¼ 1 þ 4t. Thus,Z
s

fds ¼
Z b

a
f ðxðtÞ; yðtÞ; zðtÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dx

dt

�2

þ
�
dy

dt

�2

þ
�
dz

dt

�2
s

dt

¼
Z 2

0
ð1þ 4tÞ

ffiffiffi
2

p
dt ¼

ffiffiffi
2

p �
t þ 2t2

���2
0
¼ 10

ffiffiffi
2

p
.

LINE INTEGRALS
In line integrals, we use the idea of a vector field.

Definition:
A vector field on Rn is a function F

.
: Rn/Rn.

For most of our work, F
.

: R3/R3. An intuitive way to visualize a vector field is
a flowing fluid. At each point, the fluid has a particular velocity. This velocity we can
represent as an arrow. Thus each point in space has an arrow associated with it. It
may also be visualized as that at each point there is an associated force, as shown
in Fig. 2.1.2.

In the case, F
.

: R3/R3 we often write F
.ðx; y; zÞ ¼ F1ðx; y; zÞbi þ F2ðx; y; zÞbj þ

F3ðx; y; zÞbk where Fiðx; y; zÞ : R3/R.
We say that the vector field F

.
is continuous (differentiable) if each component

function is continuous (differentiable).
The idea of a line integral is well-illustrated by computing work. The work done

in moving an object along the x-axis from x ¼ a to x ¼ b by a force F (x) that acts

only in the horizontal direction is
R b
a FðxÞdx. Suppose that we are in higher

x

y

z

x

F(x)

FIGURE 2.1.2
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dimensions and we move an object along a path s from s(a) to s(b), and the object is

acted on by a vector field F
.ðx; y; zÞ. Consider what happens along an infinitesimal

part of the path. See Fig. 2.1.3.
The only portion of F

.ðx; y; zÞ that contributes to the motion of the body is that

part of F
.ðx; y; zÞ that is tangent to the path. If btðx; y; zÞ is a unit vector that is tangent

to the path at (x, y, z), then the force that contributes to work at that point is

F
.ðx; y; zÞ$btðx; y; zÞ. The body moves in almost a straight line along the path from
(x, y, z) to (x þ Dx, y þ Dy, z þ Dz). If we denote the distance between those points
as Ds, and DW is the work done in moving between those points, then

DWz F
.ðx; y; zÞ$btðx; y; zÞDs

so that in the limit as Ds / 0 we get

W ¼
Z

F
.ðx; y; zÞ$btðx; y; zÞds.

We now express F
.ðx; y; zÞ$btðx; y; zÞDs as a quantity that we can integrate. We

can express F
.ðx; y; zÞ in Cartesian coordinates as

F
.ðx; y; zÞ ¼ F1ðx; y; zÞbi þ F2ðx; y; zÞbj þ F3ðx; y; zÞbk

or

F
.ðsðtÞÞ ¼ F1ðsðtÞÞbi þ F2ðsðtÞÞbj þ F3ðsðtÞÞbk.

We noted earlier in the section on path integrals that s0(t) is tangent to s(t), so

s0ðtÞ
ks0ðtÞk

is a unit vector tangent to s(t). We also noted that Ds z ks0(t)kDt. Thus, we have

F(x, y, z)

t(x, y, z)

(x, y, z)

FIGURE 2.1.3
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W ¼
Z b

t¼a
F
.ðsðtÞÞ$ s0ðtÞ

ks0ðtÞk ks0ðtÞk dt ¼
Z b

t¼a
F
.ðsðtÞÞ$s0ðtÞdt.

Definition:
Let F

.
be a vector field on Rn and s : ½a; b� : /Rn. The line integral of F

.
along

s, denoted
R
sF
.
$dbs, is defined byZ

s

F
.

$dbs ¼ Z b

a
F
.ðsðtÞÞ$s0ðtÞdt.

We often have F
.ðx; y; zÞ ¼ F1ðx; y; zÞbi þ F2ðx; y; zÞbj þ F3ðx; y; zÞbk and

s(t) ¼ (x(t), y(t), z(t)) and writeZ
s

F
.
$dbs ¼ Z

s

F1dxþ F2dyþ F3dz.

Example:
Let F

.ðx; y; zÞ ¼ x2ybi þ xzbj þ xyzbk and s(t) ¼ (t,t2,4t) 0 � t � 2. Then

x ¼ t; y ¼ t2; z ¼ 4t

dx ¼ dt; dy ¼ 2tdt; dz ¼ 4dt

so Z
s

F
.
$dbs ¼ Z 2

0

�
t2t21þ tð4tÞ2t þ t

�
t2
�ð4tÞ4	dt

¼ t5

5
þ 8t4

4
þ 16t5

5

����2
0

¼ 17
�
25
�

5
þ 2
�
24
�
.

Example:
Compute Z

s

xy2dxþ x2dy

along the path y ¼ x2, 0 � x � 3. We have dy ¼ 2x dx soZ
s

xy2dxþ x2dy ¼
Z 3

0

h
x
�
x2
�2 þ x2ð2xÞ

i
dx ¼ x6

6
þ 2

x4

4

����3
0

¼ 36

6
þ 34

2
.

Example:
Compute Z

s

xy2dxþ x2dy

from (0, 0) to (3, 9) along the path s from (0, 0) to (3, 0) and then from (3, 0) to (3, 9).
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Let s1be the path from (0, 0) to (3, 0) and s2 be the path from (3, 0) to (3, 9). ThenZ
s

xy2dxþ x2dy ¼
Z
s1

xy2dxþ x2dyþ
Z
s2

xy2dxþ x2dy

and Z
s1

xy2dxþ x2dy ¼
Z 3

0
0dx ¼ 0

since y ¼ 0 and dy ¼ 0 on s1, andZ
s2

xy2dxþ x2dy ¼
Z 9

3
32dy ¼ 81� 27 ¼ 54:

Thus, Z
s

xy2dxþ x2dy ¼ 54:

Now compute Z
s

xy2dxþ x2dy

from (0, 0) to (3, 9) along the path y ¼ 3x. ThenZ
s

xy2dxþ x2dy ¼
Z 3

0

h
xð3xÞ2 þ x33

i
dx ¼ 12

x4

4

����3
0

¼ 243:

Notice that the answers to the last two examples are different, even though we are
integrating the same function between the same end points.

SURFACES
The next two integrals we discuss involve integrating over a surface rather than a
curve. Like line integrals that extended integrating a function over an interval to inte-
grating over a curve, surface integrals extend the idea of integrating over a planar
region to integrating over a surface.

In developing line integrals it was fundamental that we develop an approxima-
tion for an increment of the pathda quantity we denoted Ds. Our first task with
creating surface integrals is to develop an approximation for an increment of the sur-
face. We denote this incremental element DS.

The simplest situationdthe one that we now considerdis when the surface can
be expressed z ¼ f (x, y). The cases where y ¼ g(x, z) and x ¼ h(y, z) are conceptually
identical.
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Suppose that D is a region in the x,y plane and f (x, y) has continuous partial
derivatives. Divide D into small rectangles whose dimensions are Dx and Dy. We
consider the particular rectangle whose corners are (x0, y0), (x0 þ Dx, y0),
(x0 þ Dx, y0 þ Dy) and (x0, y0 þ Dy). See Fig. 2.1.4.

Denote this rectangle DA. If we project DA onto the surface z ¼ f (x, y), we get a
portion of the surface that we denote DS. To estimate the area of DS, choose a point p
on DS and construct the plane tangent to the surface at that point. It is notationally
convenient to choose p ¼ (x0, y0, f (x0, y0)). We project DA onto this plane and get a
planar region we denote DP. We compute the area of DP, and this will be our esti-
mate for the area of DS. The sides of DP are the vectors

bu ¼ Dxbi þ vf ðx0; y0Þ
vx

Dxbk
bv ¼ Dybj þ vf ðx0; y0Þ

vy
Dybk.

The area of DP ¼ kbu � bvk. Now

bu � bv ¼

�������������

bi bj bk
Dx 0

vf ðx0; y0Þ
vx

Dx

0 Dy
vf ðx0; y0Þ

vy
Dy

�������������
¼ �DxDy



vf ðx0; y0Þ

vx
bi þ vf ðx0; y0Þ

vy
bj � bk�

x

x0

z

γ

y0
y0

Q

u

vk
N

x0 + Δx

y0 + Δy

ΔA

ΔP

Δy
Δx

FIGURE 2.1.4
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so

DP ¼ kbu � bvk ¼ DxDy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
vf ðx0; y0Þ

vx

�2

þ
�
vf ðx0; y0Þ

vy

�2

þ 1

s
.

When we develop integrals over surfaces, this will be our incremental surface
element if we can write the surface as z ¼ f (x, y).

PARAMETERIZED SURFACES
In situations where the surface is not conveniently expressed as z ¼ f (x, y), such as
when cylindrical or spherical coordinates are advantageous, we parameterize the
surface with different variables.

Definition:
A parameterized surface is a function F : D3R2/R3; where D is a connected

set. The surface corresponding to F is the image of F, F(D). If F(u, v) ¼
(x(u, v), y(u, v), z(u, v)) then S ¼ F(D) is continuous (differentiable) if each of
the coordinate functions is continuous (differentiable).

Example:
The function F(q, 4) ¼ (rsin qcos 4, rsin qsin 4, rcos q) 0 � q � p, 0 �4 < 2p

is a parameterization of the surface of a sphere of radius r.
To compute the element DS in parameterized surfaces, we follow the same idea

of finding the tangent plane at a point, and estimatingDS by the area of the increment
of the tangent plane. As before, we need two nonparallel vectors that are tangent to
the surface to create the tangent plane. We now describe how to do this.

If F(u,v) ¼ (x(u, v), y(u, v), z(u, v)) is a surface and F(u0, v0) is a point on the
surface, then

bTuðu0; v0Þ ¼ vx

vu
ðu0; v0Þbi þ vy

vu
ðu0; v0Þbj þ vz

vu
ðu0; v0Þbk

is a vector tangent to the surface at the point F(u0,v0) parallel to the curve F(t,v0) on
the surface. Likewise,

bTvðu0; v0Þ ¼ vx

vv
ðu0; v0Þbi þ vy

vv
ðu0; v0Þbj þ vz

vv
ðu0; v0Þbk

is a vector tangent to the surface at the point F(u0, v0) parallel to the curve F(u0, t)

on the surface. The vector bTuðu0; v0Þ � bT vðu0; v0Þ is normal to the surface F(u, v)
at the point F(u0, v0). The surface is said to be smooth at F(u0, v0) ifbTuðu0; v0Þ � bTvðu0; v0Þsb0.

Following what we did in the case where the surface is described by z ¼ f (x, y),
our estimate for DS is

�� bTu � bT v

��DuDv.
Example:
Consider the parameterization of the sphere of radius r,

F(q, 4) ¼ (rsin qcos 4,rsin qsin 4,rcos q) 0 � q � p, 0 �4 < 2p. Then
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x ¼ r sin q cos 4; y ¼ r sin q sin 4; z ¼ r cos q

so bT q ¼ r cos q cos 4bi þ r cos q sin 4bj � r sin qbkbT4 ¼ �r sin q sin 4bi þ r sin q cos 4bj
and

bT q � bT4 ¼

��������
bi bj bk

r cos q cos 4 r cos q sin 4 �r sin q

�r sin q sin 4 r sin q cos 4 0

��������
¼ r2

h
ðsin qÞ2 cos 4bi þ ðsin qÞ2 sin 4bj þ sin q cos qbki.

Note that

bT q � bT4 ¼ r2 sin q
h
sin q cos 4bi þ sin q sin 4bj þ cos qbki

¼ r2 sin q


xbi þ ybj þ zbk� ¼ r2 sin qbr

so that the normal to the tangent plane to a sphere is radially directed, as we would
expect.

Also �� bT q � bT4

�� ¼ r2 sin q.

Thus the estimate for DS is r2sin qDqD4.
Fact:
If F(D) is a surface S, then the area of S isZZ

D

�� bTu � bTv

��dudv.
Example:
We compute the surface area S of a sphere. We have

S ¼
ZZ

D

�� bTu � bTv

��dudv ¼ Z p

q¼0

Z 2p

4¼0

�
r2 sin qd4

�
dq ¼ 2pr2

Z p

0
sin qdq

¼ �2pr2cos qjp0 ¼ 4pr2.

INTEGRALS OF SCALAR FUNCTIONS OVER SURFACES
Suppose that f : R3/R and S is a surface in R3. We begin by giving an intuitive

description of what
R
S f dS should mean. The idea is simpler than it may appear.

All we are doing is picking a point on the surface, evaluating the function at that
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point and then multiplying that number by a small amount of the surface area close
to that point. We then sum all the pieces.

As with most integrals, we can go back to Riemann sums. We approximate the
surface S by covering S with nonoverlapping planar segments, DPi, each of which is
tangent to S at one point. We described how these planar segments are determined
above. Let

kDPki ¼ diameter of DPi ¼ supfjxi � yij jxi; yi˛DPig
so that if kPik/0, then every dimension of Pi must go to 0.

For each planar segment Pi, let (xi, yi, zi) denote the point on the surface S at
which Pi is tangent to S. Form the product f (xi, yi, zi)DPi where DPi is the area of
Pi. In the work above, we showed how to calculate DPi in the special instances
that we consider. Again referring to our work above, f (xi, yi, zi)DPi is an estimate
for f (xi, yi, zi)DS. Depending on how we describe the surface, the Riemann sum
that we form is

X
f ðxi; yi; ziÞ

0@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
vf ðx0; y0Þ

vx

�2

þ
�
vf ðx0; y0Þ

vy

�2

þ 1

s 1ADxDy

or X
f ðxi; yi; ziÞ

�� bTu � bTv

��DuDv ¼X f ðFððui; viÞÞÞ
�� bTu � bT v

��DuDv.
If the function f is reasonably well behaved, then the limit of these Riemann sums

exists as kDPik/0, and we defineZZ
S
fdS ¼ lim

Dx/0;Dy/0

X
f ðxi; yi; ziÞ

�
0@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

vf ðx0; y0Þ
vx

�2

þ
�
vf ðx0; y0Þ

vy

�2

þ 1

s 1ADxDy.

(In this case, z is a function of x and y so the integrand is actually a function of x
and y.)

Likewise,ZZ
S
fdS ¼ lim

Du/0;Dv/0

X
f ðFððui; viÞÞÞ

�� bTu � bT v

��DuDv.
Example:
We compute the surface area of a cone, which is determined by

x2 þ y2 ¼ z2; 0 � z � 3

by computing
RR

S1dS. We parameterize the surface by the variables u,v with

z ¼ u; x ¼ u cos v; y ¼ u sin v; 0 � u � 3; 0 � v < 2p.
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(A more natural choice for the names of the parameterizing variables is z and q,
but we are following the notation we have established.) Then

Fðu; vÞ ¼ ðu cos v; u sin v; uÞ

bTu ¼ vF

vu
¼ cos vbi þ sin vbj þ bk

bT v ¼ vF

vv
¼ �u sin vbi þ u cos vbj

bTu � bTv ¼

��������
bi bj bk

cos v sin v 1

�u sin v u cos v 0

��������
¼ �u cos vbi � u sin vbj þ �u cos2 vþ u sin2 v

�bk�� bTu � bT v

�� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�u cos vÞ2 þ ð�u sin vÞ2 þ u2

q
¼

ffiffiffi
2

p
u.

So

S ¼
ZZ

S
1dS ¼

Z 3

u¼0

0@Z 2p

v¼0

ffiffiffi
2

p
udv

1Adu ¼ 2
ffiffiffi
2

p
p

Z 3

0
u du ¼

ffiffiffi
2

p
pu2
��3
0
¼ 9

ffiffiffi
2

p
p.

Example:
Compute the surface integral

RR
S

�
5xy3 þ 4xy

�
dS where S is the surface deter-

mined by z ¼ x2þ3y, 0 � x � y � 1.

We have

z ¼ f ðx; yÞ ¼ x2 þ 3y; so dS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
vf

vx

�2

þ
�
vf

vy

�2

þ 1

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x2 þ 10

p
and ZZ

S

�
5xy3 þ 4xy

�
dS ¼

Z 1

y¼0

0@Z y

x¼0

�
5xy3 þ 4xy

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x2 þ 10

p
dx

1Ady.

We leave it to show

Z 1

y¼0

0@Z y

x¼0

�
5xy3 þ 4xy

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x2 þ 10

p
dx

1Ady ¼ 49
ffiffiffiffiffi
14

p

15
� 485

ffiffiffiffiffi
10

p

168

as an exercise using a computer algebra system (CAS).
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SURFACE INTEGRALS OF VECTOR FUNCTIONS
A major reason why we study vector functions over a surface is to measure fluxdan
idea that we now describe.

Flux is an important concept in electricity and magnetism. In fact, much of what
we shall study in the later part of this chapter was developed as part of the effort to
give a mathematical formulation to the principles of electricity and magnetism. The
culmination of this effort was Maxwell’s equations.

An intuitive way to visualize flux is the passage of a fluid through a membrane.
We want to measure the amount of fluid that passes through one unit of area of the
membrane in one unit of time. Fig. 2.1.5 illustrates how this depends on two factors:
(1) the velocity of the fluid and (2) the orientation of the surface with respect to the
direction of flow of the fluid. The more closely the surface is to being perpendicular
to the flow of the fluid, the more fluid will pass through the surface. Thus, if F

.
is the

vector field that describes the flow of the fluid, and bn is the unit vector normal to the
surface, then F

.
$bn would be the appropriate mathematical quantity to combine these

two conditions.
If S is a given two-sided surface and F

.
is the vector field describing the motion of

the fluid, we determine how much fluid passes through, dS, a small amount of the
surface in one unit of time. (All of our surfaces are two sided. An example of a sur-
face that is one sided is a Mobius strip.)

To compute this volume of fluid, suppose that F is a parameterization of S, and
F:D/ S. Partition D into small rectangles, and consider one of the rectangles, Dij.
Suppose the length of Dij is Du and the width is Dv. Let Sij ¼ F(Dij) and suppose that
(u0, v0) is a point in Dij. Then bTuðu0; v0Þ � bTvðu0; v0Þ is a vector that is normal to Sij
at F(u0, v0), and

bn ¼
bTuðu0; v0Þ � bTvðu0; v0Þ�� bTuðu0; v0Þ � bTvðu0; v0Þ

��
is a unit vector that is normal to Sij at F(u0, v0). In the case that the surface can be
described by z ¼ f (x, y), then

bn ¼
vf ðx0; y0Þ

vx
bi þ vf ðx0; y0Þ

vx
bj � bkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

vf ðx0; y0Þ
vx

�2

þ
s �

vf ðx0; y0Þ
vy

�2

þ 1

.

Sθ

FIGURE 2.1.5
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Let q denote the angle that bn makes with F
.ðFðu0; v0ÞÞ. See Fig. 2.1.6. The paral-

lelogram with sides bTuðu0; v0ÞDu and bTvðu0; v0ÞDv has approximately the same area
as Sij. The volume of fluid that passes through Sij in one unit of time is approximately����F.ð Fðu0; v0ÞÞ

����cos q�� bTuðu0; v0Þ � bTvðu0; v0Þ
��DuDv.

But ����F.ð Fðu0; v0ÞÞ
����cos q�� bTuðu0; v0Þ � bTvðu0; v0Þ

��
¼ F

.ð Fðu0; v0ÞÞ$bn �� bTuðu0; v0Þ � bTvðu0; v0Þ
��DuDv

¼ F
.ð Fðu0; v0ÞÞ$

bTuðu0; v0Þ � bTvðu0; v0Þ�� bTuðu0; v0Þ � bTvðu0; v0Þ
�� �� bTuðu0; v0Þ � bTvðu0; v0Þ

��DuDv
¼ F

.ð Fðu0; v0ÞÞ$
� bTuðu0; v0Þ � bT vðu0; v0Þ

�
DuDv.

Also, this approximation becomes exact as Du / 0, Dv / 0. ThusX
i;j

F
.ð Fðu0; v0ÞÞ$

� bTuðu0; v0Þ � bTvðu0; v0Þ
�
DuDv

is a Riemann sum that approximates the amount of fluid that flows through the sur-
face S in one unit of time, and the exact value is given byZZ

D
F
.ð Fðu ; v ÞÞ$� bTuðu0; v0Þ � bTvðu0; v0Þ

�
dudv: (2)

v

u

x

y

z

Tu× Tv

Tv
Tu

F•(Tu× Tv)

| |Tu× Tv| |

F

Φ(D) = S

FIGURE 2.1.6
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It is common to write expression (2) as
R
s F
.
$d bS or

R
S F
.
$bn dS.

In the case the equation of the surface is z ¼ f (x, y) the integral is

ZZ
D
F
.ðx; y; zÞ$

�
vf ðx; yÞ

vx
bi þ vf ðx; yÞ

vy
bj � bk�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

vf ðx; yÞ
vx

�2

þ
�
vf ðx; yÞ

vx

�2

þ 1

s dxdy

keeping in mind that F
.ðx; y; zÞ can be expressed in terms of x and y.

The process of evaluating the integral of a vector function over a surface can be
broken down into steps.

Step 1. If the surface is described in parametric form, compute the tangent vec-
tors Tu and Tv as before; that is,

bTu ¼ vx

vu
bi þ vy

vu
bj þ vz

vu
bk

bT v ¼ vx

vv
bi þ vy

vv
bj þ vz

vv
bk.

Step 2. Form a normal vector. If the surface is described in parametric form, a
normal vector is bTu � bT v.

If the surface is described z ¼ f (x, y), a normal vector is

vf ðx; yÞ
vx

bi þ vf ðx; yÞ
vy

bj � bk.
Step 3. Normalize the vector found in Step 2.
If surface is defined parametrically, the vector is bTu � bTv and then a unit normal

vector is

bn ¼
bTu � bTv�� bTu � bTv

�� .
If the surface is defined by z ¼ f (x, y), normalize the vector in Step 2 to get

bn ¼

�
vf ðx; yÞ

vx
bi þ vf ðx; yÞ

vy
bj � bk�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

vf ðx; yÞ
vx

�2

þ
�
vf ðx; yÞ

vx

�2

þ 1

s .
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Step 4. Take the dot product of the unit normal vector with the vector field. This
is either

F
.ð Fðu ; v ÞÞ$

bTu � bT v�� bTu � bT v

��
in the parametric case or

F
.ðx; y; zÞ$

�
vf ðx; yÞ

vx
bi þ vf ðx; yÞ

vy
bj � bk�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

vf ðx; yÞ
vx

�2

þ
�
vf ðx; yÞ

vx

�2

þ 1

s
in the case z ¼ f (x, y).

Step 5. Integrate the quantity in Step 4 as a scalar function over a surface using dS
as the infinitesimal element. For example, integrating over x and y, dS ¼ dxdy; inte-
grating over the surface of a sphere of radius R, dS ¼ R2sin qdq d4.

Example:
Let bFðx; y; zÞ ¼ x2ybi þ 2yzbj þ 4xbk and S be the surface defined by

z ¼ 1 � x � 2y in the first octet. We compute
RR

S F
.
$dS.

We havebFðx; y; zÞ ¼ x2ybi þ 2yzbj þ 4xbk ¼ x2ybi þ 2yð1� x� 2y Þbj þ 4xbk.
Also,

z ¼ f ðx; yÞ ¼ 1� x� 2y;

so �
vf ðx; yÞ

vx
îþ vf ðx; yÞ

vy
ĵ� k̂

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
vf ðx; yÞ

vx

�2

þ
�
vf ðx; yÞ

vx

�2

þ 1

s ¼ �î� 2ĵ� k̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þ2þð�2Þ2þ1

p ¼ �1ffiffi
6

p

bi þ 2bj þ bk�.

Then

F
.ðx; y; zÞ$

�
vf ðx; yÞ

vx
bi þ vf ðx; yÞ

vy
bj � bk�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

vf ðx; yÞ
vx

�2

þ
�
vf ðx; yÞ

vx

�2

þ 1

s

¼
h
x2ybi þ 2yð1� x� 2y Þbj þ 4xbki$
�1ffiffiffi

6
p

bi þ 2bj þ bk��

¼ �1ffiffiffi
6

p �
x2yþ 4y� 4xy� 8y2 þ 4x

�
:
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The surface is shown in Fig. 2.1.7A, and the region of integration for x and y is
shown in Fig. 2.1.7B.

We have

ZZ
S
F
.
$dS ¼

Z 1
2

y¼0

0B@Z 1�2y

x¼0

�1ffiffiffi
6

p �
x2yþ 4y� 4xy� 8y2 þ 4x

�
dx

1CAdy.

Using a CAS

Z 1
2

y¼0

0B@Z 1�2y

x¼0

�1ffiffiffi
6

p �
x2yþ 4y� 4xy� 8y2 þ 4x

�
dx

1CAdy ¼ �1ffiffiffi
6

p
�
91

240

�
.

z

y

x

1

1

½

FIGURE 2.1.7A

y

x

1

½

FIGURE 2.1.7B
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Example:
We compute the flux of F

.ðx; y; zÞ ¼ xbi þ ybj þ zbk out of the upper half of the unit
sphere.

Parameterizing with spherical coordinates with r ¼ 1, we have

x ¼ cos 4 sin q; y ¼ sin 4 sin q; z ¼ cos q.

Now,

bT q ¼ vx

vq
bi þ vy

vq
bj þ vz

vq
bk ¼ cos 4 cos qbi þ sin 4 cos qbj � sin qbk

bT4 ¼ vx

v4
bi þ vy

v4
bj þ vz

v4
bk ¼ �sin 4 sin qbi þ cos 4 sin qbJ

so

bT q � bT4 ¼

��������
bi bj bk

cos 4 cos q sin 4 cos q �sin q

�sin 4 sin q cos 4 sin q 0

��������
¼ cos 4sin2 qbi þ sin 4sin2 qbj þ sin q cos qbk.

Then �� bT q � bT4

��2 ¼ cos2 4sin4 qþ sin2 4sin4 qþ sin2 qcos2 q

¼ sin4 qþ sin2 qcos2 q ¼ sin2 q

so bT q � bT4�� bT q � bT4

�� ¼ cos 4 sin qbi þ sin 4 sin qbj þ cos qbk:
Now

F
.ðFðq;4ÞÞ ¼ cos 4 sin qbi þ sin 4 sin qbj þ cos qbk

so

F
.ðFðq;4ÞÞ$

bT q � bT4�� bT q � bT4

�� ¼ cos2 4 sin2 qþ sin2 4 sin2 qþ cos2 q ¼ 1:

Thus the flux over the upper hemisphere isZ p
2

q¼0

Z 2p

4¼0
sin qd4dq ¼ 2p

Z p
2

0
sin qdq ¼ 2p.
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EXERCISES
1. If Vf ðbxÞsb0, show that Vf ðbxÞ points in the direction in which f is increasing most

rapidly.
2. Find the directional derivative of f ðx; y; zÞ ¼ xyz3 � 4x at the point

ð1;�3; 2Þ in the direction 4bi � 2bj þ bk.
3. Find Vf for the following functions at the given point. Find the direction in which

f is increasing most rapidly.
a. f ðx; y; zÞ ¼ xey þ sin z at (3, �2, 0).
b. f (r, q, z) ¼ zrcos q at (5, p/4, 2).
c. f ðr; q;4Þ ¼ r sin qþ r cos 4 at



3; p6;

p
3

�
.

4. Let S be the surface consisting of the points (x, y, z) for which f (x, y, z) ¼ k where
k is a constant. The equation of the plane tangent to S at the point (x0, y0, z0) is

Vf ðx0; y0; z0Þ$ðx� x0; y� y0; z� z0Þ ¼ 0:

Find the equation of the plane tangent to the following surfaces at the given point.
a. xy2 þ 3z ¼ 7 at ð1; 2; 1Þ.
b. e3x þ 4yz ¼ 8 at ð0; 1; 2Þ.

5. Find the length of the curve s(t) ¼ (cos t, sin t, t3/2) 0 � t � 1.

Path Integrals

6. Evaluate the following path integrals
R
sf ðx; y; zÞds.

a. f ðx; y; zÞ ¼ x2 þ y2 þ z2; sðtÞ ¼ ðcos t; sin t; t Þ; 0 � t � 4:

b. f ðx; y; zÞ ¼ x2 þ y þ 3z; sðtÞ ¼ ð2t; 5t; 9Þ; �1 � t � 5:

c. f ðx; y; zÞ ¼ xy; sðtÞ ¼ �2t; 3t; ffiffiffi
3

p
t
�
, 0 � t � 4.

Line Integrals

7. Compute the following line integrals.

a.
R
s
x3y dxþ xz dyþ y2dz where s(t) ¼ (t2, t3, 4), 0 � t � 2.

b.
R
s
sin zdxþ cos z dyþ 4dz where sðtÞ ¼ �cos3 t; sin3 t; t

�
; 0 � t � 3p

2 .

c.
R
syz dx� zx dyþ xy dz where s(t) consists of the line segments from
(2, 0, 0) to (0, 2, 0) to (0, 0, 2).

d.
R
s

�
x2 þ y2 þ z2

�
ds sðtÞ ¼ cos tbi þ sin tbj þ 2k from ð1; 0; 0Þ to

ð1; 0; 8pÞ.
e.
R
x2y dxþ x dy from ð0; 0Þ to ð1; 1Þ along the path y ¼ x.

f.
R
x2y dxþ x dy from ð0; 0Þ to ð1; 1Þ along the path y ¼ x2.

g.
R
s
xydxþ ðxþ yÞdy sðtÞ ¼

�
1þ 2

t ; t
3

�
, 2 � t � 4.

8. Find
R
s
bF$ds where

a. bF ¼ xy2bi � xybj ; x ¼ t3; y ¼ t; 0 � t � 1:
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b. bF ¼ x2bi þ y2bj; s is the unit circle; from 0 to 2p.

c. bF ¼ x2y2zbi þ 2yzbj � xybk; sðtÞ ¼ t2bi þ tbj � t3 bk; 0 � t � 2:

9. Find the work done going on upper half of the unit circle from (1, 0) to (�1, 0)
when the force is

F
. ¼ �y

x2 þ y2
bi þ x

x2 þ y2
bj.

10. Calculate the work done by going from (0, 0) to (1, 1) along two different paths

where F
. ¼ ðxþ yÞbi þ ðx� yÞbj. What does your answer tell you about F

.
?

11. Gravitational force is given by

bF ¼ 1

r3



xbi þ ybj þ zbk� where r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
.

Compute the work done
R
s
bF$ds where s is any path for which

ks(initial point)k ¼ R1 and ks(final point)k ¼ R2.

Integrals of Scalar Functions Over Surfaces

12. Evaluate
RR

S f ðx; y; zÞdS where f (x, y, z) ¼ 3x2, S is the surface determined by
x2 þ y2 ¼ 4, �2 � z � 2.

13. Evaluate
RR

S f ðx; y; zÞdS where f (x, y, z) ¼ 3x2cos y, S is the surface determined
by z ¼ x2, 0 � x � 2, 0 � y � p/2.

14. Evaluate
RR
S f ðx; y; zÞdS where f ðx; y; zÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
; S is the surface deter-

mined by z ¼ 9 � x2 � y2, z � 0.

15. Find the surface area of the paraboloid z ¼ 4x2 þ 4 y2, 0 � z � 16.
16. Evaluate

RR
S

�
x2yþ 3xyz

�
dS where, S is the plane in the first octet

2x þ 4 y þ z ¼ 8.
17. Let S be a sphere of radius R. EvaluateZZ

S

1h
ðx� x0Þ2 þ ðy� y0Þ2 þ ðz� z0Þ2

i dS
a. in the case

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x02 þ y02 þ z02

p
< R

b. in the case
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x02 þ y02 þ z02

p
> R.

18. Parameterize the surface of a right circular cone of radius R and height h and
find the area of the surface of the cone.

Integrals of Vector Functions Over Surfaces

19. Find the flux of the vector field F
.ðx; y; zÞ ¼ x bi þ y bj þ zbk through the upper

half of the hemisphere x2 þ y2 þ z2 ¼ 4.
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20. Find the flux of the vector field F
.ðx; y; zÞ ¼ 5bk through the surface

z ¼ 9 � x2 � y2, z � 0.

21. Find the flux of the vector field F
.ðx; y; zÞ ¼ ybj � zbk where S is the surface

consisting of two pieces y ¼ x2 þ z2 and x2 þ z2 � 1.

22. Find the flux of the vector field F
.ðx; y; zÞ ¼ 2ybj þ 5zbk and S is the plane

2x þ y þ 3z ¼ 6 in the first octet.

23. Find the flux of the vector field F
.ðx; y; zÞ ¼ 3z2bi þ 2bj þ xzbk and S is the surface

y ¼ x2 0 � x � 1, 0 � z � 2.

24. Find the flux of the vector field F
.ðx; y; zÞ ¼ 2ybj � zbk and S is the surface

bounded by the paraboloid y ¼ 4x2 þ 4z2 and the plane y ¼ 1.

25. Find the flux of the vector field F
.ðx; y; zÞ ¼ xbi þ ybj þ zbk and S is the plane

z ¼ 4 � 2x � y in the first octet.

26. Find the flux of the vector field F
.ðx; y; zÞ ¼ ybi þ xbj þ zbk and S is the surface

z ¼ 4 � x2 � y2, z � 0.

2.2 THE DIVERGENCE AND CURL
The divergence and curl are two of the most important operators in vector calculus.
One way of presenting them is to define them in terms of mathematical formulas. We
choose instead to analyze the phenomena from which they arise, and then derive the
associated formulas. Both the phenomena describe the action of a vector field at a
point. The derivation involves analyzing what happens within a small volume,
dividing by the volume to determine the effect per unit volume, and then taking
the limit as the volume goes to 0.

DIVERGENCE
Let F

.
be a vector field and S be an enclosed surface. Then the flux of F

.
through S isZZ

S
F
.
$bndS

where bn is the outward pointing unit vector to the surface of S. Let V be the volume

of the region enclosed by S. Let p ¼ (x0, y0, z0) be a point inR
3. The divergence of F

.

at p, denoted divF
.ðpÞ, is

div F
.ðpÞ ¼ lim

kVk/0; p˛V

1

V

ZZ
S
F
.
$bndS

where the limit exists.
Thus, divF

.ðpÞ is the flux of F
.

at p. The formula used to calculate the divergence
depends on the coordinate system used. We develop the formulas for Cartesian,
cylindrical, and spherical coordinates.
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CARTESIAN COORDINATE CASE
Choose the point p ¼ (x0, y0, z0) and enclose p in the center of a rectangular paral-
lelepiped. See Fig. 2.2.1.

Let Dx, Dy and Dz denote the lengths of the sides of the parallelepiped, and let

F
.ðx; y; zÞ ¼ Fxðx; y; zÞbi þ Fyðx; y; zÞbj þ Fzðx; y; zÞbk.

This notation will help keep the component functions straight, but we must
remember that for the rest of the section, the subscript does not mean a partial
derivative.

We assume for the remainder of this chapter that each component function is
differentiable. Our parallelepiped has six faces, and we computeZZ

S
F
.
$bndS

by computing the integral over each of the faces and then adding the results.
Let S1 and S2 denote the faces that are parallel to the y, z plane. See Fig. 2.2.1.

On S1; F
.
$bn ¼ F

.
$bi ¼ Fxðx; y; zÞ and on S2; F

.
$bn ¼ F

.
$
��bi � ¼ �Fxðx; y; zÞ.

(Recall that bn is the unit normal vector that points outward from the surface.) The

x coordinate of any point on S1 is x0 þ Dx
2 . If Dy and Dz are small, then

z02

S5

S2

S1

S3

S4

Δx

S6

Δy

Δz

(x0, y0, z0)
x0 – Δx )( 2

 Δz,
2

y0 + Δy, –

z02
x0 + Δx )( 2

 Δz,
2

y0 + Δy, –

FIGURE 2.2.1
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ZZ
S1

F
.
$bndS ¼

ZZ
S1

Fx

�
x0 þ Dx

2
; y; z

�
dSzFx

�
x0 þ Dx

2
; y0; z0

�ZZ
S1

dydz

¼ Fx

�
x0 þ Dx

2
; y0; z0

�
DyDz.

The x coordinate of any point on S2 is x0 � Dx
2 . If Dy and Dz are small, thenZZ

S2

F
.
$bndS ¼

ZZ
S2

� Fx

�
x0 � Dx

2
; y; z

�
dS

z � Fx

�
x0 � Dx

2
; y0; z0

�ZZ
S2

dydz ¼ �Fx

�
x0 � Dx

2
; y0; z0

�
DyDz.

ThusZZ
S1þS2

F
.
$bndSz 


Fx

�
x0 þ Dx

2
; y0; z0

�
� Fx

�
x0 � Dx

2
; y0; z0

��
DyDz

¼



Fx

�
x0 þ Dx

2
; y0; z0

�
� Fx

�
x0 � Dx

2
; y0; z0

��
Dx

DxDyDz.

Now DxDyDz ¼ V, so

1

V

ZZ
S1þS2

F
.
$bndSz



Fx

�
x0 þ Dx

2
; y0; z0

�
� Fx

�
x0 � Dx

2
; y0; z0

��
Dx

:

In the limit as Dx / 0 we have

lim
Dx/0

1

V

ZZ
S1þS2

F
.
$bndS ¼ vFxðx0; y0; z0Þ

vx
.

Similarly, if S3 and S4 are the faces that are parallel to the x, z plane as shown in
Fig. 2.2.1 then

lim
Dy/0

1

V

ZZ
S3þS4

F
.
$bndS ¼ vFyðx0; y0; z0Þ

vy

and if S5 and S6 are the faces that are parallel to the x, y plane as shown in Fig. 2.2.1
then

lim
Dz/0

1

V

ZZ
S5þS6

F
.
$bndS ¼ vFzðx0; y0; z0Þ

vz
.
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Thus,

lim
kVk/0

1

V

ZZ
S
F
.
$bndS ¼ lim

kVk/0

1

V

ZZ
S1þ/þS6

F
.
$bndS

¼ lim
kVk/0

1

V

ZZ
S1þS2

F
.
$bndSþ lim

kVk/0

1

V

ZZ
S3þS4

F
.
$bndSþ lim

kVk/0

1

V

ZZ
S5þS6

F
.
$bndS

¼ lim
Dx/0

1

V

ZZ
S1þS2

F
.
$bndSþ lim

Dy/0

1

V

ZZ
S3þS4

F
.
$bndSþ lim

Dz/0

1

V

ZZ
S’5þS6

F
.
$bndS

¼ vFxðx0; y0; z0Þ
vx

þ vFyðx0; y0; z0Þ
vx

þ vFzðx0; y0; z0Þ
vz

hdiv F
.

and �bi v
vx

þ bj v
vx

þ bk v

vx

�
$F
.

¼
�bi v

vx
þ bj v

vx
þ bk v

vx

�
$


Fxðx; y; zÞbi þ Fyðx; y; zÞbj þ Fzðx; y; zÞ

�bk
¼ vFxðx; y; zÞ

vx
þ vFyðx; y; zÞ

vy
þ vFzðx; y; zÞ

vz
.

(1)

Many texts will give the right-hand side of Eq. (1) as the definition of the
divergence of a vector field in Cartesian coordinates. It is common to refer tobi v
vx þ bj v

vx þ bk v
vx as the “del operator.”

Example:
The divergence of

F
.ðx; y; zÞ ¼ x2ey sin zbi þ 3yzbj þ xybk

is

v

vx

�
x2ey sin z

�þ v

vy
ð3yzÞ þ v

vz
ðxyÞ ¼ 2xey sin zþ 3z.

CYLINDRICAL COORDINATE CASE
In integrating in cylindrical coordinates, the incremental element of volume is
shown in Fig. 2.2.2. The volume of the incremental piece is DV ¼ rdqdrdz.

We have the faces of the incremental element and will proceed by grouping the
faces in pairs, as we did in the case of Cartesian coordinates. We describe the vector
field as

F
.ðr; q; zÞ ¼ Frðr; q; zÞber þ Fqðr; q; zÞbeq þ Fzðr; q; zÞbez.
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Consider an incremental volume element centered at p ¼ (r0, q0, z0). We
compute ZZ

S1

F
.
$bndS ¼

ZZ
S1

F
.
$bezdSzFz

�
r0; q0; z0 þ Dz

2

�
rðDqÞðDrÞ

ZZ
S2

F
.
$bndS ¼ �

ZZ
S2

F
.
$bezdSz � Fz

�
r0; q0; z0 � Dz

2

�
rðDqÞðDrÞ

soZZ
S1þS2

F
.
$bndSz 


Fz

�
r0; q0; z0 þ Dz

2

�
� Fz

�
r0; q0; z0 � Dz

2

��
rðDqÞðDrÞ

¼



Fz

�
r0; q0; z0 þ Dz

2

�
� Fz

�
r0; q0; z0 � Dz

2

��
Dz

rðDqÞðDrÞðDzÞ

z
vFzðr0; q0; z0Þ

vz
DV .

Also,ZZ
S3

F
.
$bndS ¼

ZZ
S3

F
.
$berdSzFr

�
r0 þ Dr

2
; q0; z0

��
r0 þ Dr

2

�
ðDqÞðDzÞ

ZZ
S4

F
.
$bndS ¼ �

ZZ
S4

F
.
$berdSz � Fr

�
r0 � Dr

2
; q0; z0

��
r0 � Dr

2

�
ðDqÞðDzÞ.

Δz

Δr

x

y

Δθ

z S1

S4

S2

S3

z02
r0 + Δr )( 2

 Δz,
2

(r0, θ0, z0)

θ0 –
Δθ , –

z02
r0 + Δr )( 2

 Δz,
2

θ0 +
Δθ , +

FIGURE 2.2.2
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ThusZZ
S3þS4

F
.
$bndSz 


Fr

�
r0 þ Dr

2
; q0; z0

�
� Fr

�
r0 � Dr

2
; q0; z0

��
r0ðDqÞðDzÞ

þFrðr0; q0; z0ÞðDrÞðDqÞðDzÞ

¼



Fr

�
r0 þ Dr

2
; q0; z0

�
� Fr

�
r0 � Dr

2
; q0; z0

��
Dr

r0ðDqÞðDrÞðDzÞ

þ1

r
Frðr0; q0; z0ÞðDrÞrðDqÞðDzÞz vFðr0; q0; z0Þr

vr
DV þ 1

r
Frðr0; q0; z0ÞDV .

For the remaining two faces, we haveZZ
S5

F
.
$bndS ¼

ZZ
S5

F
.
$beqdSzFq

�
r0; q0 þ Dq

2
; z0

�
ðDrÞðDzÞ

ZZ
S6

F
.
$bndS ¼ �

ZZ
S6

F
.
$beqdSz � Fq

�
r0; q0 � Dq

2
; z0

�
ðDrÞðDzÞ

so ZZ
S5þS6

F
.
$bndSz 


Fq

�
r0; q0 þ Dq

2
; z0

�
� Fq

�
r0; q0 � Dq

2
; z0

��
ðDrÞðDzÞ

¼ 1

r



Fq

�
r0; q0 þ Dq

2
; z0

�
� Fq

�
r0; q0 � Dq

2
; z0

��
Dq

�ðDrÞrðDqÞðDzÞz 1

r

vFqðr0; q0; z0Þ
vq

DV .

Putting the faces together, we haveZZ
S
F
.
$bndS ¼

ZZ
S1þ/þS6

F
.
$bndSz vFzðr0; q0; z0Þ

vz
DV þ vFðr0; q0; z0Þr

vr
DV

þ1

r
Frðr0; q0; z0ÞDV þ 1

r

vFqðr0; q0; z0Þ
vq

DV

so that

1

DV

ZZ
S
F
.
$bndSz 1

DV

ZZ
S1þ/þS6

F
.
$bndSz vFzðr0; q0; z0Þ

vz
þ vFrðr0; q0; z0Þr

vr

þ1

r
Frðr0; q0; z0Þ þ 1

r

vFqðr0; q0; z0Þ
vq

.
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As long as the component functions are continuously differentiable, we can take
the limit as kDVk / 0, and we have in cylindrical coordinates

divF
.ðr0; q0; z0Þ ¼ lim

kDVk/0

1

DV

ZZ
S
F
.
$bndS ¼ vFzðr0; q0; z0Þ

vz
þ vFrðr0; q0; z0Þ

vr

þ 1

r
Frðr0; q0; z0Þ þ 1

r

vFqðr0; q0; z0Þ
vq

¼ 1

r

v

vr
ðrFrÞ þ 1

r

vFq

vq
þ vFz

vz
.

Thus, we say

div F
. ¼ 1

r

v

vr
ðrFrÞ þ 1

r

vFq

vq
þ vFz

vz
.

Example:
We compute the divergence of

F
.ðr; q; zÞ ¼ 5r2ez sin qber þ r tan qz3beq þ zbez.

We have

div F
. ¼ 1

r

v

vr

�
r
�
5r2ez sin q

�	þ 1

r

v

vq

�
r tan qz3

�þ v

vz
ðzÞ

¼ 1

r

�
15r2ez sin q

�þ sec2qz3 þ 1 ¼ 15r ez sin qþ sec2qz3 þ 1:

SPHERICAL COORDINATE CASE
In integrating in spherical coordinates, the incremental element of volume is shown
in Fig. 2.2.3. The volume of the incremental piece is DV ¼ r2sin qd4dqdr.

We proceed as in the two previous cases. Consider an incremental volume
element centered at (r0, q0, 40). Let F

.ðr; q;4;Þ ¼ Frðr; q;4;Þber þ Fqðr; q;4;Þbeqþ
F4ðr; q;4;Þbe4. We first computeZZ

S1

F
.
$bndSþ ZZ

S2

F
.
$bndS ¼

ZZ
S1

F
.
$beqdS� ZZ

S2

F
.
$beqdS

zFq

�
r0; q0 þ Dq

2
;40

�ZZ
S1

dS� Fq

�
r0; q0 � Dq

2
;40

�ZZ
S2

dS

zFq

�
r0; q0 þ Dq

2
;40

�
r sin

�
qþ Dq

2

�
DrD4

�Fq

�
r0; q0 � Dq

2
;40

�
r sin

�
q� Dq

2

�
DrD4.
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We expand sin


qþ Dq

2

�
using the Taylor approximation

f (x þ Dx)z f (x) þ f 0(x)Dx, so that

sin

�
qþ Dq

2

�
z sin qþ cos q

Dq

2

and likewise,

sin

�
q� Dq

2

�
z sin q� cos q

Dq

2
.

Thus

Fq

�
r0; q0 þ Dq

2
;40

�
r sin

�
qþ Dq

2

�
DrD4

zFq

�
r0; q0 þ Dq

2
;40

�
r



sin qþ cos q

Dq

2

�
DrD4

Fq

�
r0; q0 � Dq

2
;40

�
r sin

�
q� Dq

2

�
DrD4

zFq

�
r0; q0 � Dq

2
;40

�
r



sin q� cos q

Dq

2

�
DrD4

Δr

x

y

z

S2

S3

S4

S1

2
r0 + Δr )( 2

,
2

φ0
Δφ

Δφ

θ0 +
Δ , +θ

Δθ

FIGURE 2.2.3
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and so

Fq

�
r0; q0 þ Dq

2
;40

�
r sin

�
qþ Dq

2

�
DrD4

�Fq

�
r0; q0 � Dq

2
;40

�
r sin

�
q� Dq

2

�
DrD4

zFq

�
r0; q0 þ Dq

2
;40

�
r sin qDrD4� Fq

�
r0; q0 � Dq

2
;40

�
r sin qDrD4

þFq

�
r0; q0 þ Dq

2
;40

�
r cos q

Dq

2
DrD4

þFq

�
r0; q0 � Dq

2
;40

�
r cos q

Dq

2
DrD4

z
Fq

�
r0; q0 þ Dq

2
;40

�
� Fq

�
r0; q0 � Dq

2
;40

�
Dq

r sin qDrD4Dq

þFqðr0; q0;40Þr cos qDqDrD4

¼ 1

r

Fq

�
r0; q0 þ Dq

2
;40

�
� Fq

�
r0; q0 � Dq

2
;40

�
Dq

�
r2 sin qDrD4Dq

�
þ 1

r sin q
Fqðr0; q0;40Þcos q

�
r2 sin qDrD4Dq

�

¼
"
1

r

Fq

�
r0; q0 þ Dq

2
;40

�
� Fq

�
r0; q0 � Dq

2
;40

�
Dq

þ 1

r sin q
Fqðr0; q0;40Þcos q

#
DV

z



1

r

vFqðr0; q0;40Þ
vq

þ 1

r sin q
Fqðr0; q0;40Þcos q

�
DV .

In our approximations we have assumed that each component of F
.

is continu-
ously differentiable.

The term

1

r

vFq

vq
þ 1

r sin q
Fq cos q

is often written in the more compact form

1

r sin q



v

vq
ðsin qFqÞ

�
.
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We next computeZZ
S3

F
.
$bndSþ ZZ

S4

F
.
$bndS ¼

ZZ
S3

F
.
$be4dS� ZZ

S4

F
.
$be4dS

zF4



r0; q0;40 þ

4

2

�
rDrDq� F4



r0; q0;40 �

4

2

�
rDrDq

¼
F4



r0; q0;40 þ

4

2

�
� F4



r0; q0;40 �

4

2

�
D4

1

r sin q
r2 sin qDrDqD4

z
1

r sin q

vF4ðr0; q0;40Þ
v4

DV .

Finally,ZZ
S5

F
.
$bndSþ ZZ

S6

F
.
$bndS ¼

ZZ
S5

F
.
$berdS� ZZ

S6

F
.
$berdS

zFr

�
r0 þ Dr

2
; q0;40

��
r0 þ Dr

2

�
sin qD4

�
r0 þ Dr

2

�
Dq

� Fr

�
r0 � Dr

2
; q0;40

��
r0 � Dr

2

�
sin qD4

�
r0 � Dr

2

�
Dq

¼ Fr

�
r0 þ Dr

2
; q0;40

�
sin qD4Dq

�
r20 þ r0Dr þ Dr2

4

�

� Fr

�
r0 � Dr

2
; q0;40

�
sin qD4Dq

�
r20 � r0Dr þ Dr2

4

�

z



Fr

�
r0 þ Dr

2
; q0;40

�
� Fr

�
r0 � Dr

2
; q0;40

��
r20 sin qD4Dq

þ 2Frðr0; q0;40Þr0Dr sin qD4Dq

¼



Fr

�
r0 þ Dr

2
; q0;40

�
� Fr

�
r0 � Dr

2
; q0;40

��
Dr

Drr20 sin qD4Dq

þ 2

r0
Frðr0; q0;40Þr20Dr sin qD4Dqz

vFrðr0; q0;40Þ
vr

DV

þ 2

r0
Frðr0; q0;40ÞDV ¼



vFrðr0; q0;40Þ

vr
þ 2

r0
Frðr0; q0;40Þ

�
DV .
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The expression

vFr

vr
þ 2

r
Fr

is often written in the final formula for the divergence as

1

r2



2rFr þ r2

vFr

vr

�
.

Thus, ZZ
S
F
.
$bndS ¼

ZZ
S1þ/þS6

F
.
$bndSz 1

r2



2rFr þ r2

vFr

vr

�
DV

þ 1

r sin q

vF4

v4
DV þ 1

r sin q



v

vq
ðsin qFqÞ

�
DV

and so

lim
kDVk/0

1

DV

ZZ
S
F
.
$bndS ¼ 1

r2



2rFr þ r2

vFr

vr

�
þ 1

r sin q

vF4

v4
þ 1

r sin q



v

vq
ðsin qFqÞ

�
.

Finally, we remark that it is important to remember that the divergence is a prop-
erty of a vector field and not a formula.

Example:
We compute the divergence of

F
.ðr; q;4Þ ¼ r2 sin q cos 4ber þ er cos q sin 4beq þ cos q cos 4be4.

We have

Fr ¼ r2 sin q cos 4; Fq ¼ er cos q sin 4; F4 ¼ cos q cos 4

so that

vFr

vr
¼ 2r sin q cos 4;

v

vq
ðsin qFqÞ ¼ v

vq
sin qer cos q sin 4 ¼ er sin 4

�� sin2 qþ cos2 q
�
;

vF4

v4
¼ �cos q sin 4.

100 CHAPTER 2 Vector Calculus



Then

div

�
F
.
�

¼ 1

r2



2rFr þ r2

vFr

vr

�
þ 1

r sin q

vF4

v4
þ 1

r sin q



v

vq
ðsin qFqÞ

�

¼ 1

r2
�
2r
�
r2 sin q cos 4

�þ r2ð2r sin q cos 4Þ	þ 1

r sin q
ð�cos q sin 4Þ

þ 1

r sin q
er sin 4

�� sin2 qþ cos2 q
�

¼ 4r sin q cos 4� 1

r sin q
cos q sin 4þ 1

r sin q
er sin 4

�� sin2 qþ cos2 q
�
.

THE CURL
The line integral of a vector field over a path gives the tendency of the vector field to
follow that path. This is often called the circulation of the vector field along the path.
A positive (negative) circulation indicates that we move with (against) the direction
of the vector field.

To compute the curl of a vector field at a point we compute the circulation of a
vector field per unit area in an infinitesimally small circle about a particular point in
a particular plane. This is equal to the component of the curl of the vector field in the
direction normal to plane. We then say that we have found the tendency of a vector
field to rotate or “curl” about the point.

Said another way, the curl of a vector field measures the tendency of a vector field
to cause rotation.

THE CURL IN CARTESIAN COORDINATES
Let the vector field be denoted

F
.ðx; y; zÞ ¼ Fxðx; y; zÞbi þ Fyðx; y; zÞbj þ Fzðx; y; zÞbk.

Choose (x0, y0, z0). We form three rectangular loops centered around (x0, y0, z0),
and compute the circulation around each. The first loop is parallel to the x,y

plane (so that it is normal to the vector bk). The coordinates of the corners of

the loop are

�
x0 � Dx

2 ; y0 � Dy
2 ; z0

�
;

�
x0 þ Dx

2 ; y0 � Dy
2 ; z0

�
;

�
x0 þ Dx

2 ; y0 þ Dy
2 ; z0

�
;�

x0 � Dx
2 ; y0 þ Dy

2 ; z0

�
. See Fig. 2.2.4.
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In this discussion bt will be either bi, bj, or bk, whichever is parallel to the path. We

compute the path integral of F
.

around the loop. On C1 and C3 the only contribution

of F
.

is due to Fxbi. ThusZ
C1

F
.
$btds ¼ Z x0þDx

2

x0�Dx
2

Fx

�
x; y0 � Dy

2
; z0

�
dx

we approximate Fx on C1 by Fx

�
x0; y0 � Dy

2 ; z0

�
. SoZ

C1

F
.
$btdszFx

�
x0; y0 � Dy

2
; z0

�
Dx.

Because the direction of the path C3, we haveZ
C3

F
.
$btdsz Z x0�Dx

2

x0þDx
2

Fx

�
x; y0 þ Dy

2
; z0

�
dxz � Fx

�
x0; y0 þ Dy

2
; z0

�
Dx

so Z
C1þC3

F
.
$btdsz 


Fx

�
x0; y0 � Dy

2
; z0

�
� Fx

�
x0; y0 þ Dy

2
; z0

��
Dx

¼
�


Fx

�
x0; y0 þ Dy

2
; z0

�
� Fx

�
x0; y0 � Dy

2
; z0

��
Dy

DxDy

z � vFxðx0; y0; z0Þ
vy

DxDy ¼ �vFxðx0; y0; z0Þ
vy

DA

where DA ¼ DxDy is the area of the loop.

(x0, y0, z0)

Δy

Δx

Δz

y

z

x

C1

C2
C3

C4

z02
x0 + Δx )( 2

 Δz,
2

y0 + Δy, –

FIGURE 2.2.4
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On C2 we haveZ
C2

F
.
$btds ¼ Z y0þDy

2

y0�Dy
2

Fy

�
x0 þ Dx

2
; y ; z0

�
dyzFy

�
x0 þ Dx

2
; y0; z0

�
Dy

and on C4Z
C4

F
.
$btds ¼ Z y0�Dy

2

y0þDy
2

Fy

�
x0 � Dx

2
; y ; z0

�
dyz � Fy

�
x0 � Dx

2
; y0; z0

�
Dy

so Z
C2þC4

F
.
$btdszFy

�
x0 þ Dx

2
; y0; z0

�
Dy� Fy

�
x0 � Dx

2
; y0; z0

�
Dy

¼



Fy

�
x0 þ Dx

2
; y0; z0

�
� Fy

�
x0 � Dx

2
; y0; z0

��
Dx

DxDy

z
vFyðx0; y0; z0Þ

vx
DA.

Thus the circulation around this loop isZ
C1þ/þC4

F
.
$btdsz�

vFyðx0; y0; z0Þ
vx

� vFxðx0; y0; z0Þ
vy

�
DA.

This is the circulation normal to the bk vector. We divide by DA and take the limit
as kDAk/0 to get

lim
kDAk/0

1

kDAk
Z
C1þ/þC4

F
.
$btds ¼ vFyðx0; y0; z0Þ

vx
� vFxðx0; y0; z0Þ

vy

is the circulation about (x0, y0, z0) in the x,y plane.
We repeat this procedure for the loop parallel to the x,z plane, so it will be

perpendicular to the bj vector. Our explanation will be more brief. The loop perpen-

dicular to the bj vector is shown in Fig. 2.2.5.
In this case we haveZ

C1

F
.
$btds ¼ Z x0þDx

2

x0�Dx
2

Fx

�
x; y0; z0 � Dz

2

�
dxzFx

�
x0; y0; z0 � Dz

2

�
Dx

Z
C3

F
.
$btds ¼ Z x0�Dx

2

x0þDx
2

Fx

�
x; y0; z0 þ Dz

2

�
dxz � Fx

�
x0; y0; z0 þ Dz

2

�
Dx
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so Z
C1þC3

F
.
$btdsz 


Fx

�
x0; y0; z0 � Dz

2

�
� Fx

�
x0; y0; z0 þ Dz

2

��
Dx

¼
�


Fx

�
x0; y0; z0 þ Dz

2

�
� Fx

�
x0; y0; z0 � Dz

2

��
Dz

DxDz

z � vFxðx0; y0; z0Þ
vz

DxDz ¼ �vFxðx0; y0; z0Þ
vz

DA

where DA ¼ DxDz is the area of the loop.
We also haveZ

C2

F
.
$btds ¼ Z z0þDz

2

z0�Dz
2

Fz

�
x0 � Dx

2
; y0; z

�
dzzFz

�
x0 � Dx

2
; y0; z0

�
Dz

Z
C4

F
.
$btds ¼ Z z0�Dz

2

z0þDz
2

Fz

�
x0 � Dx

2
; y0; z0

�
dzz � Fz

�
x0 þ Dx

2
; y0; z0

�
Dx

so Z
C2þC4

F
.
$btdszFz

�
x0 � Dx

2
; y0; z0

�
Dz� Fz

�
x0 þ Dx

2
; y0; z0

�
Dz

¼ �



Fz

�
x0 þ Dx

2
; y0; z0

�
� Fz

�
x0 � Dx

2
; y0; z0

��
Dx

ðDxÞðDzÞ

z � vFzðx0; y0; z0Þ
vx

DA.

(x, y, z)

C3 C4

C1

C2

Δy

Δx

Δz

y

z

x

FIGURE 2.2.5
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Thus the circulation around this loop isZ
C1þ/þC4

F
.
$btdsz�

vFxðx0; y0; z0Þ
vz

� vFzðx0; y0; z0Þ
vx

�
DA.

We divide by DA and take the limit as kDAk/0 to get

lim
kDAk/0

1

DA

Z
C1þ/þC4

F
.
$btds ¼ vFxðx0; y0; z0Þ

vz
� vFzðx0; y0; z0Þ

vx

is the circulation about (x0, y0, z0) in the x,z plane, which is the circulation normal to
the bj vector.

The loop perpendicular to the bi vector is shown in Fig. 2.2.6.
We leave it as an exercise to show

lim
kDAk/0

1

DA

Z
C1þ/þC4

F
.
$btds ¼ vFzðx0; y0; z0Þ

vy
� vFyðx0; y0; z0Þ

vz

is the circulation about (x0, y0, z0) in the y,z plane, which is the circulation normal to
the bi vector.

The curl of F
. ¼ Fxbi þ Fybj þ Fz

bk, denoted V� F
.
, in Cartesian coordinates is

defined to be

V� F
. ¼

�
vFz

vy
� vFy

vz

�bi þ �vFx

vz
� vFz

vx

�bj þ �vFy

vx
� vFx

vy

�bk.

(x, y, z)

C3

Δy

Δx

Δz

y

z

x

C4

C2

C1

FIGURE 2.2.6
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The formula defies memorization, but there is an easy way to do the computation,
namely

V� F
. ¼

�����������

bi bj bk
v

vx

v

vy

v

vz

Fx Fy Fz

�����������
.

Example:
The curl of

F
.ðx; y; zÞ ¼ x2ey sin zbi þ 3yzbj þ xybk

is

V� F
. ¼

�����������

bi bj bk
v

vx

v

vy

v

vz

x2ey sin z 3yz xy

�����������
¼ ðx� 3yÞbi þ �x2ey cos z� y

�bj � x2ey sin zbk.

THE CURL IN CYLINDRICAL COORDINATES
In cylindrical coordinates we denote the vector field

F
.ðr; q; zÞ ¼ Frðr; q; zÞber þ Fqðr; q; zÞbeq þ Fzðr; q; zÞbez.

Choose a point (r0, q0, z0) an construct a basic increment of volume in cylindrical
coordinates centered at (r0, q0, z0). As in the Cartesian coordinate case, we construct
three loops around the incremental piece, each centered at (r0, q0, z0) and each
perpendicular to one of the vectors ber; beq; bez. We compute the circulation around
each loop.

We first consider the loop perpendicular to bez. The coordinates of the corners of
the loop are



r0 � Dr

2 ; q0 � Dq
2 ; z0

�
;


r0 þ Dr

2 ; q0 � Dq
2 ; z0

�
;


r0 þ Dr

2 ; q0 þ Dq
2 ; z0

�
and



r0 � Dr

2 ; q0 þ Dq
2 ; z0

�
. See Fig. 2.2.7.

The path integral on C1Z r0þDr
2

r0�Dr
2

Fr

�
r ; q0 � Dq

2
; z0

�
drzFr

�
r0; q0 � Dq

2
; z0

�
Dr

where we have approximated Fr

�
r ; q0 þ Dq

2 ; z0

�
on C1 by Fr

�
r0; q0 þ Dq

2 ; z0

�
.

106 CHAPTER 2 Vector Calculus



The path integral on C3 isZ r0�Dr
2

r0þDr
2

Fr

�
r ; q0 þ Dq

2
; z0

�
drz � Fr

�
r0; q0 þ Dq

2
; z0

�
Dr

so the sum of the two integrals is approximately

Fr

�
r0; q0 � Dq

2
; z0

�
� Fr

�
r0; q0 þ Dq

2
; z0

��
Dr

¼ �



Fr

�
r0; q0 þ Dq

2
; z0

�
� Fr

�
r0; q0 � Dq

2
; z0

��
Dq

DqDr.

The area enclosed by the loop, denoted DA, is approximately

DAz r0ðDqÞðDrÞ
so

�



Fr

�
r0; q0 þ Dq

2
; z0

�
� Fr

�
r0; q0 � Dq

2
; z0

��
Dq

1

r0
r0DqDrz � 1

r0

vFrðr0; q0; z0Þ
vq

DA.

z

êz

C1

C2
C3

C4

y

x

Δr
2

Δr
2

Δr
2

Δr
2

Δ (r +     , +      , z)2

(r +     ,       , z)2

(r −     ,  −      , z)2

(r −     , +      , z)2

Δr

θ

Δθ

Δθθ

θ

Δθθ

 −θ Δθ

FIGURE 2.2.7
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The path integral on the path C3 is

Z q0þ
Dq

2

q0�
Dq

2

Fq

�
r0 þ Dr

2
; q ; z0

��
r0 þ Dr

2

�
dq

zFq

�
r0 þ Dr

2
; q0; z0

��
r0 þ Dr

2

�
Dq

and the path integral on the path C4 is

Z q0�
Dq

2

q0þ
Dq

2

Fq

�
r0 � Dr

2
; q ; z0

��
r0 � Dr

2

�
dq

z � Fq

�
r0 � Dr

2
; q0; z0

��
r0 � Dr

2

�
Dq:

Summing the integrals on C3 and C4 gives

Fq

�
r0 þ Dr

2
; q0; z0

��
r0 þ Dr

2

�
Dq� Fq

�
r0 � Dr

2
; q0; z0

��
r0 � Dr

2

�
Dq

z



Fq

�
r0 þ Dr

2
; q0; z0

�
� Fq

�
r0 � Dr

2
; q0; z0

��
r0Dqþ Fqðr0; q0; z0ÞDrDq

¼



Fq

�
r0 þ Dr

2
; q0; z0

�
� Fq

�
r0 � Dr

2
; q0; z0

��
Dr

r0DqDr þ 1

r0
Fqðr0; q0; z0Þr0DrDq

z
vFqðr0; q0; z0Þ

vr
DAþ 1

r0
Fqðr0; q0; z0ÞDA.

Combining the integrals over the four paths gives

� 1

r0

vFrðr0; q0; z0Þ
vq

DAþ vFqðr0; q0; z0Þ
vr

DAþ Fqðr0; q0; z0ÞDA.

We next consider the loop perpendicular to beq. The coordinates of the corners of
the loop are



r0 � Dr

2 ; q0; z0 � Dz
2

�
;


r0 þ Dr

2 ; q0; z0 � Dz
2

�
;


r0 þ Dr

2 ; q0; z0 þ Dz
2

�
and



r0 � Dr

2 ; q0; z0 þ Dz
2

�
. The area of the loop is DA ¼ (Dr)$(Dz). See Fig. 2.2.8.

The path integral on C1 is approximately �Fr



r0; q0; z0 � Dz

2

�
Dr, the path

integral on C3 is approximately Fr



r0; q0; z0 þ Dz

2

�
Dr so the combined value is
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Fr

�
r0; q0; z0 þ Dz

2

�
Dr � Fr

�
r0; q0; z0 � Dz

2

�
Dr

¼



Fr

�
r0; q0; z0 þ Dz

2

�
� Fr

�
r0; q0; z0 � Dz

2

��
Dz

DrDz

z
vFrðr0; q0; z0Þ

vz
DrDz ¼ vFrðr0; q0; z0Þ

vz
DA.

The path integral on C2 is approximately �Fz



r0 þ Dr

2 ; q0; z0

�
Dz; the path inte-

gral on C4 is approximately Fz



r0 � Dr

2 ; q0; z0

�
Dz so the combined value is

�Fz

�
r0 þ Dr

2
; q0; z0

�
Dzþ Fz

�
r0 � Dr

2
; q0; z0

�
Dz

¼
�


Fz

�
r0 þ Dr

2
; q0; z0

�
� Fz

�
r0 � Dr

2
; q0; z0

��
Dr

DrDz

z
�vFzðr0; q0; z0 Þ

vr
DA.

Combining the integrals on the four paths gives the integral around the loop. This
is

vFrðr0; q0; z0Þ
vz

DA� vFzðr0; q0; z0 Þ
vr

DA.

Δr
2

Δz
2

Δr
2

Δz
2

Δr
2

Δz
2

Δr
2

Δz
2

z

C3

C4

C2

C1

y

x

(r0 +     , θ, z0 +      )

(r0 –     , θ, z0 +      )

(r0 –     , θ, z0 –      )

(r0 +     , θ, z0 –      )

êθ

Δr

Δz

FIGURE 2.2.8
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We next consider the loop perpendicular to ber. The coordinates of the corners of the
loop are



r0; q0 � Dq

2 ; z0 � Dz
2

�
;


r0; q0 � Dq

2 ; z0 þ Dz
2

�
;


r0; q0 þ Dq

2 ; z0 þ Dz
2

�
and


r0; q0 þ Dq
2 ; z0 � Dz

2

�
. See Fig. 2.2.9. The length of one side of the loop is r0Dq, and

the length of the other side is Dz so the area of the loop is DA ¼ r0DqDz.
Note that the length of C1 is r0Dq so the path integral on C1 is approx-

imately Fq



r0; q0; z0 � Dz

2

�
r0Dq, the path integral on C3 is approximately

�Fq



r0; q0; z0 þ Dz

2

�
r0Dq, so the combined value is

Fq

�
r0; q0; z0 � Dz

2

�
r0Dq� Fq

�
r0; q0; z0 þ Dz

2

�
r0Dq

¼



Fq

�
r0; q0; z0 � Dz

2

�
� Fq

�
r0; q0; z0 þ Dz

2

��
Dz

r0DzDq

¼ �



Fq

�
r0; q0; z0 þ Dz

2

�
� Fq

�
r0; q0; z0 � Dz

2

��
Dz

r0DzDq

z � vFqðr0; q0; z0 Þ
vz

r0DzDq

¼ �vFqðr0; q0; z0 Þ
vz

DA.

Δz
2

Δz
2

z

x

C3

C1

C4

C2
Δz

êr

y

(r0,  +    , z0+     )
2(r0, θ θ

θ

θ

 –    , z0+     ) ΔθΔθ

Δθ

Δθ

Δθ

2

(r0,  –    , z0–     )
2

Δz
2

(r0,  +    , z0–     )
2

Δz
2
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The path integral on C2 is approximately Fz



r0; q0 þ Dq

2 ; z0

�
Dz, the path inte-

gral on C4 is approximately �Fz



r0; q0 � Dq

2 ; z0

�
Dz so the combined value is

Fz

�
r0; q0 þ Dq

2
; z0

�
Dz� Fz

�
r0; q0 � Dq

2
; z0

�
Dz

¼ 1

r0



Fz

�
r0; q0 þ Dq

2
; z0

�
� Fz

�
r0; q0 � Dq

2
; z0

��
Dq

r0DqDz

z
1

r0

vFzðr0; q0; z0 Þ
vq

DA.

Thus, the path integral around the loop is

1

r0

vFzðr0; q0; z0 Þ
vq

DA� vFqðr0; q0; z0 Þ
vz

DA.

Finally, we have that the curl of F
.ðr; q; zÞ ¼ Frðr; q; zÞber þ Fqðr; q; zÞbeqþ

Fzðr; q; zÞbez in cylindrical coordinates is

V� F
. ¼

�
1

r

vFz

vq
� vFq

vz

�ber þ �vFr

vz
� vFz

vr

�beq þ 
1
r

v

vr
ðrFqÞ � 1

r

vFr

vq

�bez.
Example:
We compute the curl of

F
.ðr; q; zÞ ¼ 5r2ez sin qber þ r tan qz3beq þ zbez.

We have

Fz ¼ z; so
vFz

vq
¼ 0 and

vFz

vr
¼ 0

Fq ¼ rðtan qÞz3 so
vFq

vz
¼ 3z2r tan q and

v

vr
ðrFqÞ ¼ 2rz3 tan q

Fr ¼ 5r2ez sin q so
vFr

vz
¼ 5r2ez sin q and

vFr

vq
¼ 5r2ez cos q.

Thus, �
1

r

vFz

vq
� vFq

vz

�
¼ �3z2r tan q;

�
vFr

vz
� vFz

vr

�
¼ 5r2ez sin q;

1

r

v

vr
ðrFqÞ � 1

r

vFr

vq
¼ 2 z3 tan q� 5r ez cos q
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so

V� F
. ¼

�
1

r

vFz

vq
� vFq

vz

�ber þ �vFr

vz
� vFz

vr

�beq þ 
1
r

v

vr
ðrFqÞ � 1

r

vFr

vq

�bez
¼ �3z2r tan qber þ 5r2ez sin qbeq þ �2 z3 tan q� 5r ez cos q

�bez.
THE CURL IN SPHERICAL COORDINATES
In spherical coordinates, we define the vector field to be F

. ¼ Frber þ Fqbeq þ F4be4.
We construct an incremental element of volume in spherical coordinates about the
point (r0, q0, 40) as shown in Fig. 2.2.10. We construct paths about (r0, q0, 40)
perpendicular to the vectors ber , beq, and be4.

We compute the path integral of F
.

around the path that is perpendicular to ber . A
diagram of the path is shown in Fig. 2.2.11.

The area enclosed by the path is DA z r0sinq0(D4)r0(Dq) ¼ r0
2sinq0(D4) (Dq).

We have the length of C1 ¼ r0 sin


q0 þ Dq

2

�
D4; the length of C2 ¼ r0Dq; the

length of C3 ¼ r0 sin


q0 � Dq

2

�
D4; the length of C4 ¼ r0Dq.

From Taylor’s theorem, we have f (x þ Dx)z f (x) þ f0(x)Dx, so sin


q0 þ Dq

2

�
z

sin q0 þ cos q0
Dq
2 and sin



q0 � Dq

2

�
z sin q0 � cos q0

Dq
2 .

Δr

x

y

z

Δφ

Δθ

(r0, θ0, φ0)

FIGURE 2.2.10
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Thus, Z
C1

F
.
$btdszF4

�
r0; q0 þ Dq

2
;40

�
r0 sin

�
q0 þ Dq

2

�
D4

zF4

�
r0; q0 þ Dq

2
;40

�
r0



sin q0 þ Dq

2
cos q0

�
D4

¼ F4

�
r0; q0 þ Dq

2
;40

�
r0 sin q0D4

þF4

�
r0; q0 þ Dq

2
;40

�
r0 cos q0

Dq

2
D4Z

C3

F
.
$btdsz �

�
F4

�
r0; q0 � Dq

2
;40

�
r0 sin

�
q0 � Dq

2

�
D4

�
z �

�
F4

�
r0; q0 � Dq

2
;40

�
r0 sin q0D4

�F4

�
r0; q0 � Dq

2
;40

�
r0 cos q0

Dq

2
D4

�
.

x

C4
C1

C2

C3

y

z

êr(r0, 0 –   , 0–     )
2 2

(r0, 0 +   , 0–     )
2 2

(r0, 0 +   , φ0+     )
2 2

(r0, θ

θ

θ

θ

0 –   , φ

φ

φ

0+     )Δθ

Δθ

Δθ

Δθ

Δθ

2
Δφ

Δφ

Δφ

Δφ

Δφ

2

FIGURE 2.2.11
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So Z
C1þC3

F
.
$btdszF4

�
r0; q0 þ Dq

2
;40

�
r0 sin q0D4

þF4

�
r0; q0 þ Dq

2
;40

�
r0 cos q0

Dq

2
D4

�
�
F4

�
r0; q0 � Dq

2
;40

�
r0 sin q0D4

�F4

�
r0; q0 � Dq

2
;40

�
r0 cos q0

Dq

2
D4

�
¼


F4

�
r0; q0 þ Dq

2
;40

�
r0 sin q0D4

�F4

�
r0; q0 � Dq

2
;40

�
r0 sin q0D4

�
þF4

�
r0; q0 þ Dq

2
;40

�
r0 cos q0DqD4

¼
F4

�
r0; q0 þ Dq

2
;40

�
� F4

�
r0; q0 � Dq

2
;40

�
Dq

r0 sin q0DqD4

þF4

�
r0; q0 þ Dq

2
;40

�
r0 cos q0DqD4

z
vF4ðr0; q0;40Þ

vq
r0 sin q0D4Dqþ F4ðr0; q0;40Þr0 cos q0DqD4

¼ 1

r0

vF4ðr0; q0;40Þ
vq

r20 sin q0D4Dqþ 1

r0 sin q0
F4ðr0; q0;40Þr20 sin q0 cos q0D4Dq

¼


1

r0

vF4ðr0; q0;40Þ
vq

þ 1

r0 sin q0
F4ðr0; q0;40Þcos q0

�
DA.

Note that

1

r

vF4

vq
þ 1

r sin q
cos q F4 ¼ 1

r sin q

v

vq

�
sin qF4

�
;

and we shall use the more compact form of this expression in the final formula.
Next, Z

C2

F
.
$btdsz � Fq

�
r0; q0 þ Dq

2
;40

�
r0Dq
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and Z
C4

F
.
$btdszFq

�
r0; q0 � Dq

2
;40

�
r0Dq

so Z
C2þC4

F
.
$btdsz �



Fq

�
r0; q0 þ Dq

2
;40

�
� Fq

�
r0; q0 � Dq

2
;40

��
r0Dq

¼ � 1

r0 sin q0

"Fq

�
r0; q0 þ Dq

2
;40

�
� Fq

�
r0; q0 � Dq

2
;40

�
D4

#
r20 sin q0D4Dq

z � 1

r0 sin q0

vFqðr0; q0;40Þ
v4

DA.

Thus, we haveZ
C1þC2þC3þC4

F
.
$btdsz�


1

r0

vF4ðr0; q0;40Þ
vq

þ 1

r0 sin q0
F4ðr0; q0;40Þ

�
� 1

r0 sin q0

vFqðr0; q0;40Þ
v4

�
DA.

Dividing by DA and taking the limit as kDAk/0, we get the rotational compo-
nent of F

.
in the direction of ber is

lim
kDAk/0

1

kDAk
Z
C1þC2þC3þC4

F
.
$btds ¼ 1

r

vF4

vq
þ 1

r sin q
F4 � 1

r sin q

vFq

v4

¼ 1

r sin q

v

vq

�
sin qF4

�� 1

r sin q

vFq

v4
.

We next compute the path integral of F
.

around the path that is perpendicular tobe4. A diagram of the path is shown in Fig. 2.2.12.
The area the path is DA z r0(Dq)$(Dr). The length of C1 is

�
r0 � Dr

2

�
Dq , and the

length of C3 is
�
r0 þ Dr

2

�
Dq. The length of C2 is Dr, as is length of C4. NowZ

C1

F
.
$btdsz � Fq

�
r0 � Dr

2
; q0;40

��
r0 � Dr

2

�
Dq

¼ �Fq

�
r0 � Dr

2
; q0;40

�
r0Dqþ Fq

�
r0 � Dr

2
; q0;40

�
Dr

2
DqZ

C3

F
.
$btdszFq

�
r0 þ Dr

2
; q0;40

��
r0 þ Dr

2

�
Dq

¼ Fq

�
r0 þ Dr

2
; q0;40

�
r0Dqþ Fq

�
r0; q0 þ Dq

2
;40

�
Dr

2
Dq
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so Z
C1þC3

F
.
$btdsz 


Fq

�
r0 þ Dr

2
; q0;40

�
� Fq

�
r0 � Dr

2
; q0;40

��
r0Dq

þ Fqðr0; q0;40ÞDrDq

¼



Fq

�
r0 þ Dr

2
; q0;40

�
� Fq

�
r0 � Dr

2
; q0;40

��
Dr

ðDrÞr0Dq

þ 1

r0
Fqðr0; q0;40ÞðDrÞr0ðDqÞ

z
vFqðr0; q0;40Þ

vr
DAþ 1

r0
Fqðr0; q0;40ÞDA.

Also,Z
C2

F
.
$btdszFr

�
r0; q0 � Dq

2
;40

�
Dr

Z
C4

F
.
$btdsz � Fr

�
r0; q0 þ Dq

2
;40

�
Dr

so Z
C2þC4

F
.
$btdszFr

�
r0; q0 � Dq

2
;40

�
Dr � Fr

�
r0; q0 þ Dq

2
;40

�
Dr

¼ �



Fr

�
r0; q0 þ Dq

2
;40

�
� Fr

�
r0; q0 � Dq

2
;40

��
Dq

ðDqÞðDrÞ

z � 1

r0

vFrðr0; q0;40Þ
vq

r0ðDqÞðDrÞ ¼ � 1

r0

vFrðr0; q0;40Þ
vq

DA.

z

x

y

Δr
2

Δr
2

Δr
2

C3

C4

C1

C2

(r0 –    , θ0 –     )
2

(r0 –    , θ0 +     )
2

(r0 +    , θ0 +     )Δr
2 2

(r0 +    , θ0 –     )Δθ

Δθ

Δθ

Δθ

Δθ

2

êφ

FIGURE 2.2.12
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Dividing by DA and taking the limit as kDAk/0, we get the rotational compo-
nent of F

.
in the direction of be4 is

lim
kDAk/0

1

kDAk
Z
C1þC2þC3þC4

F
.
$btds ¼ vFq

vr
þ 1

r

vFq

vr
� 1

r

vFr

vq
¼ 1

r

v

vr
ðrFqÞ � 1

r

vFr

vq
.

We next compute the path integral of F
.

around the path that is perpendicular tobeq. A diagram of the path is shown in Fig. 2.2.13.

The area the path is DA z r0sin q0(D4)(Dr). The length of C1 is�
r0 � Dr

2

�
sin q0ðD4Þ and the length of C3 is

�
r0 þ Dr

2

�
sin q0ðD4Þ. The length of C2

is Dr, as is length of C4. NowZ
C1

F
.
$btdszF4

�
r0 � Dr

2
; q0;40

��
r0 � Dr

2

�
sin q0ðD4Þ

¼ F4

�
r0 � Dr

2
; q0;40

�
r0 sin q0ðD4Þ

� F4

�
r0 � Dr

2
; q0;40

�
sin q0

Dr

2
ðD4Þ

and Z
C3

F
.
$btdsz� F4

�
r0 þ Dr

2
; q0;40

��
r0 þ Dr

2

�
sin q0ðD4Þ

¼ �F4

�
r0 þ Dr

2
; q0;40

�
r0 sin q0ðD4Þ

� F4

�
r0; q0 þ Dq

2
;40

�
Dr

2
sin q0ðD4Þ

C4

C2

C1 C3
(r0 , θ0, φ0)

(r0, –    , θ0, φ0–    )Δr
2

Δφ
2

(r0, –    , θ0, φ0+    )Δr
2

Δφ
2

(r0, +    , θ0, φ0+    )Δr
2

Δφ
2

(r0, +    , θ0, φ0–    )Δr
2

Δφ
2

FIGURE 2.2.13
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soZ
C1þC3

F
.
$btdsz �



F4

�
r0 þ Dr

2
; q0;40

�
� F4

�
r0 � Dr

2
; q0;40

��
r0 sin q0ðD4Þ

� F4ðr0; q0;40ÞDr sin q0ðD4Þ

¼ �



F4

�
r0 þ Dr

2
; q0;40

�
� F4

�
r0 � Dr

2
; q0;40

��
Dr

ðDrÞr0 sin q0ðD4Þ

� 1

r0
F4ðr0; q0;40Þr0ðDrÞsin q0ðD4Þ

z � vF4ðr0; q0;40Þ
vr

DA� 1

r0
F4ðr0; q0;40ÞDA.

Also, Z
C2

F
.
$btdszFr

�
r0; q0;40 þ

D4

2

�
Dr

Z
C4

F
.
$btdsz � Fr

�
r0; q0;40 �

D4

2

�
Dr

so Z
C2þC4

F
.
$btdszFr

�
r0; q0;40 þ

D4

2

�
Dr � Fr

�
r0; q0;40 �

D4

2

�
Dr

¼



Fr

�
r0; q0;40 þ

D4

2

�
� Fr

�
r0; q0;40 �

D4

2

��
D4

ðD4ÞðDrÞ

z
1

r0 sin q0

vFrðr0; q0;40Þ
v4

r0 sin q0ðD4ÞðDrÞ

z
1

r0 sin q0

vFrðr0; q0;40Þ
v4

DA:

Dividing by DA and taking the limit as kDAk/0, we get the rotational compo-
nent of F

.
in the direction of beq is
lim

kDAk/0

1

kDAk
Z
C1þC2þC3þC4

F
.
$btds ¼ �vF4

vr
A� 1

r
F4 þ 1

r sin q

vFr

v4

¼ 1

r sin q

vFr

v4
� 1

r

v

vr

�
rF4

�
.
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Thus, in spherical coordinates, if F
. ¼ Frber þ Fqbeq þ F4be4, then

V� F
. ¼

�
1

r sin q

v

vq

�
sin qF4

�� 1

r sin q

vFq

v4

�ber þ � 1

r sin q

vFr

v4
� 1

r

v

vr

�
rF4

��beq
þ
�
1

r

v

vr
ðrFqÞ � 1

r

vFr

vq

� be4.
Example:
We compute the curl of

F
.ðr; q;4ÞÞ ¼ r2 sin q cos 4ber þ er cos q sin 4beq þ cos q cos 4be4:

We have

Fr ¼ r2 sin q cos 4; Fq ¼ er cos q sin 4; F4 ¼ cos q cos 4

so

v

vq

�
sin qF4

� ¼ v

vq
sin q cos q cos 4 ¼ �� sin2 qþ cos2 q

�
cos 4

vFq

v4
¼ er cos q cos 4;

v

vr
ðrFqÞ ¼ ðrer þ erÞcos q sin 4

vFr

vq
¼ r2 cos q cos 4;

vFr

v4
¼ �r2 sin q sin 4;

v

vr

�
rF4

� ¼ cos q cos 4.

Thus, the curl of F
.

is�
1

r sin q

v

vq

�
sin qF4

�� 1

r sin q

vFq

v4

�ber þ � 1

r sin q

vFr

v4
� 1

r

v

vr

�
rF4

��beq
þ
�
1

r

v

vr
ðrFqÞ � 1

r

vFr

vq

� be4
¼



1

r sin q

�� sin2 qþ cos2 q
�
cos 4� 1

r sin q
er cos q cos 4

�ber
þ

� �1

r sin q

�
r2 sin q sin 4� 1

r
cos q cos 4

�beq
þ


1

r
ðrer þ erÞcos q sin 4� 1

r
r2 cos q cos 4

�be4.
EXERCISES
1. Compute the gradient of

a. f (r, q, z) ¼ z2ersin q þ 2rz.
b. f (r, q, 4) ¼ rsin 4cos q � tan 4.
c. f (r, q, z) ¼ r2 þ rzsec q.
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d. f (r, q, 4) ¼ r q 4.
e. f (r, q, 4) ¼ ln(r4)þsin q.
f. f (r, q, z) ¼ z/rcos q.

2. Compute the curl and divergence of
a. F

.ðr; q;4Þ ¼ � 1
r tan q

be4.
b. F

.ðr; q;4Þ ¼ cos qber þ sin qbeq þ r2 tan 4be4.
c. F

.ðr; q; zÞ ¼ rbeq.
d. F

.ðr; q;4Þ ¼ sin qbeq þ r4be4.
e. F

.ðr; q; zÞ ¼ r2 tan qber þ zbeq þ erz sin qbez.
f. F

.ðr; q; zÞ ¼ ln rber � cos qbeq þ 4bez.
3.

a. In cylindrical coordinates, let F
. ¼ Frber þ Fqbeq þ Fzbez. Show that the curl of

can be computed using the formula

V� F
. ¼

������������

1

r
ber beq 1

r
bez

v

vr

v

vq

v

vz

Fr rFq Fz

������������
.

b. In spherical coordinates, let F
. ¼ Frber þ Fqbeq þ F4be4. Show that the curl of

can be computed using the formula

V� F
. ¼

������������

1

r2 sin q
ber 1

r sin q
beq 1

r
be4

v

vr

v

vq

v

v4

Fr rFq r sin qF4

������������
.

2.3 GREEN’S THEOREM, THE DIVERGENCE THEOREM, AND
STOKES’ THEOREM

In this section, our main focus is the three major theorems of integral vector
calculusdGreen’s theorem, the divergence theorem (Gauss’ theorem), and Stokes’
theorem. In a sense, each of these is an extension of the fundamental theorem of cal-
culus. We begin with Green’s theorem, which relates the line integral over the
boundary of a region to the area enclosed by the region. (This relates to the funda-
mental theorem of calculus, Z b

a
f 0ðxÞdx ¼ f ðbÞ � f ðaÞ
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in that the left-hand side is an expression over a region [a, b] and the right-hand side
is an expression over the boundary of the region.)

We assume that the boundary of the region is a simple closed curve with positive
orientation. A simple closed curve is the one that does not intersect itself. A posi-
tively oriented curve is a curve that is traversed in the counterclockwise direction,
so that the region lies on the left of the direction of transversal. See Fig. 2.3.1.

Recall that to compute Z
C
Pdxþ Qdy

we parameterize C by a function s(t) ¼ (x(t), y(t)), a � t � b and computeZ b

t¼a



PðxðtÞ; yðtÞÞ dx

dt
þ QðxðtÞ; yðtÞÞ dy

dt

�
dt.

We assume that s0(t) is piecewise continuous.
Theorem (Green’s theorem):
Let C be a simple closed curve in R2 that is positively oriented and piecewise

smooth. Let D be the region that is enclosed by C. Suppose that P : R2/R and
Q : R2/R have continuous partial derivatives on an open set containing D. ThenZ

C
Pðx; yÞdxþ Qðx; yÞdy ¼

ZZ
D

�
vQðx; yÞ

vx
� vPðx; yÞ

vy

�
dxdy.

We present a major idea in the proof for a simplified region. Consider the region
shown in Fig. 2.3.2.

We show that in this caseZZ
D

�
vPðx; yÞ

vy

�
dydx ¼ �

Z
C
Pðx; yÞdx.

FIGURE 2.3.1
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Referring to Fig. 2.3.2, we have

ZZ
D

�
vPðx; yÞ

vy

�
dydx

¼
Z b

x¼a

Z 42ðxÞ

y¼41ðxÞ

�
vPðx; yÞ

vy

�
dydx

¼
Z b

a
½Pðx;42ðxÞÞ � Pðx;41ðxÞÞ�dx.

We also haveZ
C
Pðx; yÞdx ¼

Z
C1

Pðx; yÞdxþ
Z
C2

Pðx; yÞdxþ
Z
C3

Pðx; yÞdxþ
Z
C4

Pðx; yÞdx.

Now dx ¼ 0 on C1 and C3, soZ
C
Pðx; yÞdx ¼

Z
C2

Pðx; yÞdxþ
Z
C4

Pðx; yÞdx.

Also Z
C2

Pðx; yÞdx ¼
Z a

x¼b
Pðx;42ðxÞÞdx ¼ �

Z b

x¼a
Pðx;42ðxÞÞdx

and Z
C4

Pðx; yÞdx ¼
Z b

x¼a
Pðx;41ðxÞÞdx

y = φ1 (x)

y = φ2 (x)

D

a b a b

C3

C2

C4

C1

FIGURE 2.3.2
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so Z
C
Pðx; yÞdx ¼ �

Z b

x¼a
Pðx;42ðxÞÞdxþ

Z b

x¼a
Pðx;41ðxÞÞdx

¼ �
24Z b

x¼a
Pðx;42ðxÞÞ � Pðx;41ðxÞÞdx

35.
ThusZZ

D

�
vPðx; yÞ

vy

�
dydx ¼

Z b

a
½Pðx;42ðxÞÞ � Pðx;41ðxÞÞ�dx ¼ �

Z
C
Pðx; yÞdx.

In Exercise 2 we showZ
C
Qðx; yÞdy ¼

ZZ
D

vQðx; yÞ
vx

dxdy

for a region of a particular type. Putting these results together gives Green’s theorem.
Vector form of Green’s theorem:
If F

.
is a vector field and D is a region in the x�y plane with boundary C as

mentioned above, then Z
C
F
.
$dbr ¼ ZZ

D

�
V� F

.
�
$bkdxdy.

This relates to the first statement of Green’s theorem by taking
F
. ¼ Pðx; yÞbi þ Qðx; yÞbj.

The next example illustrates that it is often easier to compute the line integral

around a simple closed curve using
RR
D

�
vQðx; yÞ

vx � vPðx; yÞ
vy

�
dxdy rather thanR

CPðx; yÞdxþ Qðx; yÞdy. On the other hand, areas can sometimes be more easily
computed using

R
CPðx; yÞdxþ Qðx; yÞdy.

Example:
We verify Green’s theorem in the case P(x, y) ¼ xy, Q(x, y) ¼ y, and D is the

region x2 þ y2 � 1.
To compute Z

C
Pdxþ Qdy

we parameterize C by s(q) ¼ (cos q, sin q) 0 � q � 2p, so that

x ¼ cos q; y ¼ sinq;
dx

dq
¼ �sin q;

dy

dq
¼ cos q; Pðx; yÞ ¼ cos q sin q;Qðx; yÞ ¼ sin q.
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Then,Z
C
Pdxþ Qdy ¼

Z 2p

0

�� sin2q cos qþ sin q cos q
�
dq ¼ �sin3q

3
þ sin2q

2

����2p
0

¼ 0:

To compute ZZ
D

�
vQðx; yÞ

vx
� vPðx; yÞ

vy

�
dxdy

note that

vQðx; yÞ
vx

¼ 0;
vPðx; yÞ

vy
¼ x

so that in polar coordinatesZZ
D

�
vQðx; yÞ

vx
� vPðx; yÞ

vy

�
dxdy ¼ �

Z 2p

q¼0

0@Z 1

r¼0
cosqr2dr

1Adq ¼ �1

3

Z 2p

0
cosqdq ¼ 0:

An Application:
If we take P ¼ �y and Q ¼ x, thenZZ

D

�
vQðx; yÞ

vx
� vPðx; yÞ

vy

�
dxdy ¼ 2

ZZ
D
dx dy ¼ 2ðArea of DÞ

so the area of D can be computed according to its line integral usingZ
C
�ydxþ xdy ¼ 2

ZZ
D
dx dy ¼ 2ðArea of DÞ

or

Area of D ¼ 1

2

Z
C
�ydxþ xdy.

We use this idea to compute the area of the ellipse

x2

a2
þ y2

b2
¼ 1:

We parameterize the boundary using

x ¼ a cos q; y ¼ b sin q; 0 � q � 2p

so that

dx

dq
¼ �a sin q;

dy

dq
¼ b cos q
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and

1

2

Z
C
�ydxþ xdy ¼ 1

2

Z 2p

0
½ð�b sin qÞð�a sin qÞ þ ða cos qÞðb cos qÞ�dq

¼ 1

2
ab

Z 2p

0

�
sin2qþ cos2q

	
dq ¼ 1

2
abð2pÞ ¼ pab.

Green’s theorem can be extended to regions with “holes” such as the one shown
in Fig. 2.3.3A. Note that each part of the boundary has been assigned an orientation.
The idea is to divide the region into parts as shown in Fig. 2.3.3B, and compute the
integral of each piece. What makes it work is that parts of the integrals cancel each
other as Fig. 2.3.3B shows.

The divergence (Gauss’) theorem:
We give the statement of the divergence theorem in two and three dimensions but

give the proof only in the two dimensional case. The intuition of the theorem is bet-
ter described in the three-dimensional case, and this is where we begin.

Recall that in Cartesian coordinates, the divergence of a vector field in three di-
mensions F

.ðx; y; zÞ ¼ F1ðx; y; zÞbi þ F2ðx; y; zÞbj þ F3ðx; y; zÞbk is given by

div

�
F
.
�

¼ V$F
. ¼

�
v

vx
bi þ v

vy
bj þ v

vz
bk�$
F1ðx; y; zÞbi þ F2ðx; y; zÞbj þ F3ðx; y; zÞbk�

¼ vF1

vx
þ vF2

vy
þ vF3

vz
.

Suppose the flow of a fluid in a region is described by the vector field F
.
. The

amount of fluid that flows through a membrane in time t depends on the area of
the surface, the orientation of the surface with the direction of the flow, and the ve-
locity of the flow. See Fig. 2.3.4.

C1

C2

(A)

(B)

FIGURE 2.3.3A AND B
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If the surface is perpendicular to the direction of flow, then the amount of flow
through the surface in time t is

velocity� area� time

and if the normal to the surface makes an angle q with the direction of flow, then the
amount of flow through the surface in time t is

velocity� area � time� cos q.

If bn is the unit vector normal to the surface, then the amount of fluid that crosses
one unit of area of the surface in one unit of time is

velocity� cos q ¼ F
.
$bn. (1)

Now consider an infinitesimal element of volume DV. For specificity, suppose
this is a parallelepiped DxDyDz and the fluid flows through six faces. See Fig. 2.3.5.

Consider the two surfaces parallel to the y�z plane that we have labeled S1 and S2,
and suppose the direction of flow is as indicated by the arrows. The net outflow per
unit time through surfaces S1 and S2 is the outflow per unit area per unit time through

S1

S2

Δy

Δx

Δz

y

z

x

(x, y + Δy, z + Δz)
(x, y, z + Δz)

(x + Δx, y, z + Δz)

(x + Δx, y + Δy, z)(x + Δx, y, z)

(x, y, z)

(x, y + Δy, z)

(x + Δx, y + Δy, z + Δz)

FIGURE 2.3.5

θ

Surface S

FIGURE 2.3.4
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surface S2 minus the inflow per unit area per unit time through surface S1 multiplied
by the area of each surface, which is DyDz. In terms of a formula, this is

½F1ðxþ Dx; y; zÞ � F1ðx; y; zÞ�DyDz ¼ ½F1ðxþ Dx; y; zÞ � F1ðx; y; zÞ�
Dx

DxDyDz

z
vF1

vx
DV .

Similar relations hold for the other pairs of faces. Summing, we get that the net
outflow through the volume DV is�

vF1

vx
þ vF2

vy
þ vF3

vz

�
DV ¼

�
V$F

.
�
dV .

The outflow through the total volume V isZZZ
V

�
V$F

.
�
dV .

But from Eq. (1), we get that this outflow is alsoZZ
S
F
.
$bn dS.

The divergence theorem is the statement that these two quantities are the same.
Theorem (divergence theorem in two dimensions):
Suppose that D is a region in R2, and C is a piecewise smooth simple closed

curve that encloses the region D. Let bn be the unit normal vector that points outward
from C (so that bn changes from point to point along C). Suppose that bF is a contin-
uously differentiable vector field on an open set that contains CWD. ThenZ

C

bF$bn ds ¼
ZZ

D

�
V$ bF�dA.

Remark:
Notice that the expression on the right is in a sense the integral of the derivative

over a region and the expression on the left is the integral of the function over the
boundary.

Proof:
Let s(t) ¼ (x(t), y(t)) be a parameterization of C that is positively oriented. Then

bn ¼ ðy0ðtÞ; �x0ðtÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½x0ðtÞ�2 þ ½y0ðtÞ�2

q
is a unit normal vector that points outward from C, as we show in Exercise 3. LetbFðx; yÞ ¼ bFðxðtÞ; yðtÞÞ ¼ QðxðtÞ; yðtÞÞbi � PðxðtÞ; yðtÞÞbj.
(We make this unusual looking choice of functions so that at the end of the compu-
tations it will be apparent how we are using Green’s theorem in the proof.)
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Now

ds ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½x0ðtÞ�2 þ ½y0ðtÞ�2

q
dt

so

bF$bn ds ¼

8><>:QðxðtÞ; yðtÞÞy0ðtÞ þ PðxðtÞ; yðtÞÞx0ðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½x0ðtÞ�2 þ ½y0ðtÞ�2

q
9>=>;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½x0ðtÞ�2 þ ½y0ðtÞ�2

q
dt

¼ ½QðxðtÞ; yðtÞÞy0ðtÞ þ PðxðtÞ; yðtÞÞx0ðtÞ�dt.
Thus Z

C

bF$bn ds ¼
Z
C
Qdyþ Pdx.

By Green’s theoremZ
C
Pdxþ Qdy ¼

ZZ
D

�
vQ

vx
� vP

vy

�
dx dy.

For our choice of bF ,
V$ bF ¼ vQ

vx
� vP

vy

so ZZ
D

�
V$ bF�dxdy ¼ ZZ

D

�
vQ

vx
� vP

vy

�
dx dy ¼

Z
C
Qdyþ Pdx ¼

Z
C

bF$bn ds.

Example:
We evaluate

RR
D

�
V$ bF�dxdy and

R
C
bF$bn ds in the casebFðx; yÞ ¼ xbi þ ybj and C : x2 þ y2 ¼ 16:

We have V$ bF ¼ 2, so
RR
D

�
V$ bF�dxdy ¼ 2

RR
D1dxdy ¼ 2ð16pÞ ¼ 32p; since the

area of the circle enclosed by C is 16p.
To find

R
C
bF$bn ds we parameterize C using x ¼ 4cos q, y ¼ 4 sinq, 0 � q � 2p.

Then

bn ¼ 4 cos qbi þ 4 sin qbjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�4 sin q Þ2 þ ð4 cos qÞ2

q ¼ cos qbi þ sin qbj and ds ¼ 4dq.

So bF$bn ds ¼


4 cos qbi þ 4 sin qbj�$
cos qbi þ sin qbj�4dq ¼ 16dq

and thus Z
C

bF$bn ds ¼
Z 2p

0
16dq ¼ 32p.
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Theorem (divergence theorem in three dimensions):
Suppose that V is a closed bounded region in R3 with piecewise smooth

boundary S, and bF ðx; y; zÞ is a continuously differentiable vector field on an
open set containing V. ThenZZZ

V

�
V$ bF�dV ¼

ZZ
S

bF$bn dS

where bn is the unit vector that points outward from the surface S.
The next example highlights the idea that it is often easier to compute the flux

through a closed surface using
RRR

UðV$FÞdV rather than
RR

vUF$dS, which is an
important application of the divergence theorem.

Example:
LetU be the cylinder whose base radius is a, which is centered at the origin of the

x,y plane, and whose height is h. Let F be the vector field F ¼ xiþ ybj þ zbk. We first
compute

RRR
UðV$FÞdV . We have

V$F ¼ vx

vx
þ vy

vy
þ vz

vz
¼ 3

so thatZZZ
U
ðV$FÞdV ¼

ZZZ
U
ð3ÞdV ¼ 3$volume of the cylinder ¼ 3pa2h.

To compute ZZ
vU
F$dS ¼

ZZ
vU
ðF$nÞdS;

we must consider three surfaces. Let

vU1 ¼ top of the cylinder;

vU2 ¼ bottom of the cylinder;

vU3 ¼ side of the cylinder.

On vU1, z ¼ h, so F ¼ xbi þ ybj þ hbk and the outward pointing unit normal is
n ¼ bk. ThusZZ

vU1

ðF$nÞdS ¼
ZZ

vU1

hdS ¼ h$Area of the top ¼ h$pa2.

On vU2, z ¼ 0, so F ¼ xiþ ybj þ 0bk and the outward pointing unit normal is
n ¼ �bk: Thus ZZ

vU2

ðF$nÞdS ¼
ZZ

vU2

0dS ¼ 0:

On vU3, the curved surface, x2 þ y2 ¼ a2, the vector

V
�
x2 þ y2

� ¼ 2xbi þ 2ybj

2.3 Green’s Theorem, the Divergence Theorem, and Stokes’ Theorem 129



is normal to the surface, so

2xbi þ 2ybjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4x2 þ 4y2

p ¼ 2xbi þ 2ybj
2a

¼ bn
is a unit vector normal to the surface. ThenZZ

vU3

ðF$nÞdS ¼
ZZ

vU3

 

xiþ ybj þ zbk�$ 2xbi þ 2ybj

2a

!!
dS

¼
ZZ

vU3

2x2 þ 2y2

2a
dS ¼

ZZ
vU3

2a2

2a
dS ¼ a$area of vU3 ¼ a$2pah

¼ 2pa2h.

ThusZZ
vU
ðF$nÞdS

¼
ZZ

vU1

ðF$nÞdS

þ
ZZ

vU2

ðF$nÞdSþ
ZZ

vU3

ðF$nÞdS ¼ h$pa2 þ 0þ 2pa2h

¼ 3pa2h.

Example:
Evaluate ZZ

S
x3dydzþ x2ydxdz þ x2zdxdy

over the surface of the cylinder bounded by x2 þ y2 ¼ 16, z ¼ 0, z ¼ 3.
Solution:
We use the divergence theorem with

F ¼ x3bi þ x2ybj þ x2zbk.
Then

V$F ¼ 3x2 þ x2 þ x2 ¼ 5x2

so that ZZ
S
x3dydzþ x2ydxdzþ x2zdxdy ¼

ZZZ
V
5x2dxdydz.
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Converting to cylindrical coordinates,ZZZ
V
5x2dxdydz ¼

Z 2p

q¼0

Z 4

r¼0

Z 3

z¼0
5r2cos2qr dzdrdq

¼ 5$3$
44

4

Z 2p

q¼0
cos2qdq ¼ 960p.

Example:
Gauss’ law for inverseesquare fields
An inverseesquare field F

.
is a vector field for which����F.���� ¼ c

kbrk2 and F
.ðbrÞ ¼ c

kbrk3 br .
In R3

F
.ðx; y; zÞ ¼ c

ðx2 þ y2 þ z2Þ32


xbi þ ybj þ zbk�.

We show in Exercise 30 that for such a vector field div F
. ðx; y; zÞ ¼ 0. Gauss’

law for inverseesquare fields says that if s is a closed orientable surface that sur-
rounds the origin, then the outward flux of F

.
across s isZZ

s

F
.
$bndS ¼ 4pc.

Let G be the region enclosed by s. To prove the result, we cannot use the diver-
gence theorem directly because F

.
is not continuous at the origin. We circumvent

this problem by constructing a sphere of radius ε about the origin where ε is small
enough so that the sphere is contained in G. See Fig. 2.3.6. Let sε denote the surface
of this sphere.

G

σε

σ

FIGURE 2.3.6
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Let Hε denote the solid that lies between s and sε. This is a solid with a hole, but
the divergence theorem applies to such regions by a proof identical in spirit to the
proof that Green’s theorem applies to a region with holes. Thus, we haveZZZ

H
ε

div F
.

dV ¼
ZZ

s

F
.
$bndSþ ZZ

s
ε

F
.
$bndS

but since div F
. ¼ 0, we haveZZ

s

F
.
$bndS ¼ �

ZZ
sε

F
.
$bndS.

Now ZZ
s
ε

F
.
$bndS ¼

ZZ
s
ε

c

kbrk3 br$
�
� br
kbrk
�
dS ¼ �c

ZZ
s
ε

kbrk2
kbrk4 dS.

On sε; kbrk ¼ ε, so

�c

ZZ
sε

kbrk2
kbrk4 dS ¼ � c

ε
2

ZZ
sε

1dS ¼ � c

ε
2
$4pε2 ¼ �4pc

since the surface area of a sphere of radius ε is 4pε2. ThusZZ
s

F
.
$bndS ¼ 4pc.

We return to the problem introduced in Section 1.2 of finding the Laplacian in a
general orthogonal coordinate system. We denote the coordinates by (u1, u2, u3) and
the scaling factors by h1, h2, h3. Consider an infinitesimal cube with sides parallel to
the curvilinear coordinate axes as shown in Fig. 2.3.7. The lengths of the edges of the
cube are h1du1, h2du2 and h3du3.

The gradient of the function J in the u1 direction is 1
h1

vJ
vu1

. The divergence of a
vector field F

. ¼ F1be1 þ F2be2 þ F3be3 at a point p is the flux through the six faces of
the infinitesimal cube centered at p divided by the volume of the cube. We consider
the flux through the pair of parallel faces labeled Face 1 and Face 2. As in the proof
of the divergence theorem, the net flow across the two faces is

v

vu1
ðh2h3F1Þdu1du2du3.

h1 du1

h3 du3

Face 1

Face 2

h2 du2

FIGURE 2.3.7
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The flow across the other pairs of faces has analogous expressions. According to
the divergence theorem,�

V$F
.
�
ðvolumeÞ ¼ v

vu1
ðh2h3F1Þdu1du2du3 þ v

vu2
ðh1h3F2Þdu1du2du3

þ v

vu3
ðh1h2F3Þdu1du2du3

so �
V$F

.
�
h1du1h2du2h3du3

¼ v

vu1
ðh2h3F1Þdu1du2du3 þ v

vu2
ðh1h3F2Þdu1du2du3

þ v

vu3
ðh1h2F3Þdu1du2du3

and so �
V$F

.
�

¼ 1

h1h2h3

�
v

vu1
ðh2h3F1Þ þ v

vu2
ðh1h3F2Þ þ v

vu3
ðh1h2F3Þ

�
. (2)

To determine an expression for the Laplacian, we let F
. ¼ Vf in Eq. (2) to get

V$Vf ¼ Df
�
or V2f

�
¼ 1

h1h2h3

�
v

vu1

�
h2h3

vf

vu1

�
þ v

vu2

�
h1h3

vf

vu2

�
þ v

vu3

�
h1h2

vf

vu3

��
.

Stokes’ theorem:
Stokes’ theorem is a generalization of Green’s theorem to R3. In Stokes’ theorem

we relate an integral over a surface to a line integral over the boundary of the surface.
We assume that the surface is two sided (a Mobius strip is an example of a one-sided
surface) that consists of a finite number of pieces, each of which has a normal vector
at each point. This allows us to consider surfaces such as cubes that do not have
normal vectors at the edges. We assume an orientation of the surface, which means
we agree on the direction of the unit normal vector. This is necessary because there
will be two unit normal vectors at each point p on the surface, bnðpÞ and �bnðpÞ. This
induces an orientation for the boundary of the surface.

Theorem (Stokes’ theorem):
Let S be an oriented surface, and let vS denote the oriented boundary of S. If F

.
is

a continuously differentiable vector field on S, thenZZ
S

�
V� F

.
�
dS ¼

Z
vS
F
.
$ds.
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We give a sketch of the central idea in the proof of Stokes’ theorem, which is
simply Green’s theorem. We begin by dividing the surface S into small squares,
and focus on one square, that we call Sij. See Fig. 2.3.8.

Let F
. ¼ Fxbi þ Fybj þ Fz

bk be a vector field and bs ¼ xbi þ ybj þ zbk, so that
d s
. ¼ dxbi þ dybj þ dzbk . We computeI

vSij

F
.

$ d s
.

by which we mean the line integral around the line integral around the boundary of
Sij. We choose the axes so that Sij is perpendicular to the z-axis. Then

F
.

$ d s
. ¼ Fxdxþ Fydyþ Fzdz:

Consider Sij as shown in Fig. 2.3.9.
We have Z

C1

F
.

$ d s
. ¼

Z x1þDx

x¼x1

Fxðx; y1Þdx

and Z
C3

F
.

$ d s
. ¼

Z x1

x¼x1þDx
Fxðx; y1 þ DyÞdx ¼ �

Z x1þDx

x¼x1

Fxðx; y1 þ DyÞdx

(x1, y1 + Δy)

(x1, y1)

(x1 + Δx, y1 + Δy)

(x1 + Δx, y1)

C3

C1

C4 C2Sij

FIGURE 2.3.9

Sij

S

s∂

FIGURE 2.3.8
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so Z
C1

F
.

$d s
. þ

Z
C3

F
.

$d s
. ¼

Z x1þDx

x¼x1

Fxðx; y1Þdx�
Z x1þDx

x¼x1

Fxðx; y1 þ DyÞdx

¼
Z x1þDx

x¼x1

½Fxðx; y1Þ � Fxðx; y1 þ DyÞ�dx

¼ �
Z x1þDx

x¼x1

½Fxðx; y1 þ DyÞ � Fxðx; y1Þ�dx.

Also Z
C2

F
.

$ d s
. ¼

Z y1þDy

y¼y1

Fyðx1 þ Dx; yÞdy

and Z
C4

F
.

$d s
. ¼

Z y1

y¼y1þDy
Fyðx1; yÞdy ¼ �

Z y1þDy

y¼y1

Fyðx1; yÞdy

so Z
C2

F
.

$d s
.þ

Z
C4

F
.

$d s
. ¼

Z y1þDy

y¼y1

½Fyðx1 þ Dx; yÞ � Fyðx1; yÞ�dy.

By Green’s theorem we haveI
vSij

F
.

$d s
. ¼

Z
C1

F
.

$d s
. þ

Z
C3

F
.

$d s
.þ

Z
C2

F
.

$d s
.þ

Z
C4

F
.

$d s
.

¼
I
vSij

Fxdxþ Fydy ¼
ZZ

Sij

�
vFy

vx
� vFx

vy

�
dxdy.

Recall that

ðV� F
. Þ$bk ¼ vFy

vx
� vFx

vy
;

so that in this special caseI
vSij

F
.

$ d s
. ¼

ZZ
S
ðV� F

. Þ$bk dS.

In the general case, the square will not be in the x�y plane but if we replace bk by
the unit normal vector bn, we getI

vSij

F
.

$ d s
. ¼

ZZ
S
ðV� F

. Þ$bn dS.
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For a second way to get the same result, note thatZ
C2

F
.

$ d s
.þ

Z
C4

F
.

$d s
. ¼

Z y1þDy

y¼y1

½Fyðx1 þ Dx; yÞ � Fyðx1; yÞ�dyz vFy

vx
DxDy

and Z
C1

F
.

$d s
.þ

Z
C3

F
.

$ d s
. ¼ �

Z x1þDx

x¼x1

½Fxðx; y1 þ DyÞ � Fxðx; y1Þ�dxz

� vFx

vy
DxDy.

Now we put the squares together. Fig. 2.3.10 describes the idea.
For adjoining squares, the contributions at the common boundary cancel one

another because they are in opposite directions. Thus, when we sum up all squares
the only pieces that do not cancel are those on the boundary of S. Thus we getZZ

S

�
V� F

.
�
dS ¼

Z
vS
F
.
$ds.

Example:
We verify Stokes’ theorem in the case F

. ¼ 3ybi þ 4xbj þ ð2xþ 2zÞbk where S is
the upper half of the hemisphere x2 þ y2 þ z2 ¼ 1.

Now vS is x2 þ y2 ¼ 1, so we let

sðtÞ ¼ ðcos t; sin t; 0Þ
and then on vS

s0ðtÞ ¼ ð � sin t; cos t; 0Þ
F
.ðsðtÞÞ ¼ ð3 sin t; 4 cos t; 2 cos tÞ
F
.ðsðtÞÞ$s0ðtÞ ¼ �3 sin2 t þ 4 cos2 t

.

Sij

FIGURE 2.3.10

136 CHAPTER 2 Vector Calculus



We then have Z
vS
F
.
$ds ¼

Z 2p

0

�� 3 sin2 t þ 4 cos2 t
�
dt ¼ p.

We next compute ZZ
S

�
V� F

.
�
dS.

We have

V� F
. ¼

�����������

bi bj bk
v

vx

v

vy

v

vz

3y 4x 2xþ 2z

�����������
¼ �2bj þ bk.

We parameterize S with spherical coordinates

x ¼ sin q cos 4; y ¼ sin q sin 4; z ¼ cos q

so that

Tq ¼ cos q cos 4bi þ cos q sin 4bj � sin qbk
T4 ¼ �sin q sin 4bi þ sin q cos 4bj

and

Tq � T4 ¼ sin2 q cos 4bi þ sin2 q sin 4bj þ sin q cos qbk
is normal to the surface. Then�

V� F
.
�
$bn ¼

�
V� F

.
�
$
�
Tq � T4

� ¼ �2 sin2 q sin 4þ sin q cos q

and

ZZ
S

�
V� F

.
�
$bn dS ¼

Z p=2

q¼0

0B@Z 2p

4¼0

�� 2 sin2 q sin 4þ sin q cos q
�
d4

1CAdq ¼ p.

Note that we could have computed the normal vector using T4 � Tq instead of
Tq � T4, in which case we would haveZZ

S

�
V� F

.
�
$bn dS ¼ �p.

To make the signs of the integrals agree in Stokes’ theorem, we must follow the
“right-hand rule” that determines the outward pointing normal for a surface that is
not closed according to the direction of the line integral of the boundary. If the signs
are opposite, you should have taken the cross product in the reverse order.
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The following theorem gives results that will be important in the solution of par-
tial differential equations.

Theorem (Green’s identities):

1. (Green’s first identity) If f and g are scalar functions with continuous partial
derivatives in a region R, and if V is a region within R with surface S, thenZZZ

V

�
fV2gþ Vf $Vg

�
dV ¼

ZZ
S
f
vg

vn
dS

where
vg

vn
¼ Vg$bn the directional derivative of g in the direction that is outward

normal to the surface S.
2. (Green’s second identity) If f and g are scalar functions with continuous partial

derivatives in a region R, and if V is a region within R with surface S, thenZZZ
V

�
fV2g� gV2f

�
dV ¼

ZZ
S

�
f
vg

vn
� g

vf

vn

�
dS.

We leave the proof of the theorem to Exercises 12 and 13.

An application of Stokes’ theorem:
We can use Stokes’ theorem to show that Ampere’s law is equivalent to one of

Maxwell’s equations. Consider a group of wires that are carrying current bI , and
the wires are enclosed by a closed loop C, as shown in Fig. 2.3.11.

Suppose the current induces a magnetic field bB. Ampere’s law saysI
C

bB$dbl ¼ bI .
Let bJ denote the current density, which is the current crossing a unit area that is

perpendicular to bJ . Then bJ$bn dS is the current across the surface element dS, wherebn is a unit vector parallel to bI . ThenZZ
S

bJ$bn dS

C

I

FIGURE 2.3.11
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is the current across any surface S that is bounded by C. So we haveI
C

bB$dbl ¼ ZZ
S

bJ$bn dS.

By Stokes’ theorem I
C

bB$dbl ¼ ZZ
S

�
V� bB�$bn dS

so ZZ
S

bJ$bn dS ¼
ZZ

S

�
V� bB�$bn dS.

Since this holds for any surface S, we have V� bB ¼ bJ , which is one of Max-
well’s equations.

Note that we could have begun with V� bB ¼ bJ and arrived at Ampere’s law by
reversing the steps.

An application of the divergence theorem:
Coulomb’s law says that the electric field E

.
at the point r due to a point charge q

located at the origin is

E
. ¼ q

4pεr2
ber;

where ber is the outward pointing unit normal vector in the direction from the origin
to r.

The electric displacement D
.

is defined by

D
. ¼ εE

. ¼ q

4pr2
ber.

If bn is the outward pointing normal to the sphere centered at the origin at the
point r, then

D
.
$bn ¼ q

4pr2
.

If S is a sphere of radius jrj centered at the origin, and vS is the boundary of S,
then

%vSD
.
$bndS ¼ %vS

q

4pr2
dS ¼ q. (3)

Gauss’ law says that Eq. (3) holds for any surface that has only the charge q in its
interior. If there is more than one charge in S, then

%vSD
.
$bndS ¼

X
qi.

Now suppose that at each point x interior to S we have a charge density r(x).
Then in the infinitesimal volume dV centered at x the quantity of charge in dV is
approximately r(x)dV
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Then

%
vS
D
.
$bn dS ¼

ZZZ
S
rðxÞdV .

But by the divergence theoremZZZ
S
rðxÞdV ¼%

vS
D
.
$bn dS ¼

ZZZ
S
V$D

.
dV .

Since this is true for any surface, we have V$D
. ¼ r, which is another of Max-

well’s equations.
Note that we could have begun with this Maxwell’s equation and derived Gauss’

law.

CONSERVATIVE FIELDS
In this section we suppose that F

.
is an R3 vector field. One way to create a vector

field is by taking the gradient of a function. Such vector fields are called gradient
fields or conservative fields. These vector fields are prominent in physics because
if f represents a potential, such as gravitational or electrical potential, then Vf repre-
sents a force. The next theorem characterizes conservative fields.

Definition:
A vector field satisfying the conditions in the theorem below is said to be

conservative.
Theorem:
Let F

.
be a differentiable R3 vector field. The following conditions are

equivalent:

1. There is a function f for which F
. ¼ Vf .

2. V� F
. ¼ 0.

3. For any oriented simple closed curve C,
R
C F
.
$dbs ¼ 0.

4. If C1 and C2 are two simple oriented curves that have the same end points, thenZ
C1

F
.
$dbs ¼ Z

C2

F
.
$dbs.

Proof:

ð1Þ0ð2Þ. In Exercise 15 we show that for any function fwith continuous second
partial derivatives, V � Vf ¼ 0.
ð2Þ0ð3Þ. Suppose that C is an oriented simple closed curve, and S is a one-
sided surface whose boundary is C. Let s be a path that represents C. Then by
Stokes’ theorem Z

C
F
.
$dbs ¼ Z

s

F
.
$dbs ¼ Z

S

�
V� F

.
�
$dS.
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But V� F
. ¼ 0, so

R
S

�
V� F

.
�
$dS ¼ RC F.$dbs ¼ 0.

ð3Þ0ð4Þ. Suppose C1 and C2 are two simple oriented curves that have the same
end points. Let �C2 denote the curve with the same image, but opposite
orientation as C2. See Fig. 2.3.12.

Then C ¼ C1Wð�C2Þ is a closed curve. The curve Cmay not be simple, but if it
is, then

0 ¼
Z
C
F
.
$dbs ¼ Z

C1Wð�C2Þ
F
.
$dbs ¼ Z

C1

F
.
$dbs þ Z

�C2

F
.
$dbs

¼
Z
C1

F
.
$dbs � Z

C2

F
.
$dbs ¼ 0

so Z
C1

F
.
$dbs ¼ Z

C2

F
.
$dbs.

If C ¼ C1Wð�C2Þ is not a simple closed curve, a more elaborate proof, that is
beyond the scope of this text, is required.

ð4Þ0ð1Þ. Let F
.ðx; y; zÞ ¼ F1ðx; y; zÞbi þ F2ðx; y; zÞbj þ F3ðx; y; zÞbk. For

ðx0; y0; z0Þ˛R3, let s be a path from (0,0,0) to (x0, y0, z0) and define

f ðx0; y0; z0Þ ¼
Z
s

F
.
$ds.

Since we assume (4) holds, the definition of f (x0, y0, z0) is independent of the
path. We shall show that

vf

vx
¼ F1;

vf

vy
¼ F2;

vf

vz
¼ F3.

We first show
vf

vz
¼ F3. Let s be the path from (0, 0, 0) to (x0, y0, z0) given by

s ¼ s1 þ s2 þ s3 where

s1 is the path along the x-axis from (0, 0, 0) to (x0, 0, 0)
s2 is the path parallel to the y-axis from (x0, 0, 0) to (x0, y0, 0)
s3 is the path parallel to the z-axis from (x0, y0, 0) to (x0, y0, z0). See Fig. 2.3.13.

C1

−C2

C2

FIGURE 2.3.12
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Then Z
s

F
.
$ds ¼

Z
s1

F
.
$ds1 þ

Z
s2

F
.
$ds2 þ

Z
s3

F
.
$ds3.

Now

F
.
$ds1 ¼



F1ðx; y; zÞbi þ F2ðx; y; zÞbj þ F3ðx; y; zÞbk�$
dx bi þ 0bj þ 0bk�

¼ F1ðx; y; zÞdx
and similarly,

F
.
$ds2 ¼ F2ðx; y; zÞdy and F

.
$ds3 ¼ F3ðx; y; zÞdz.

Note that on s1, y ¼ 0 and z ¼ 0 soZ
s1

F
.
$ds1 ¼

Z x

t¼0
F1ðt; 0; 0Þdt;

on s2, x ¼ x0 and z ¼ 0, soZ
s2

F
.
$ds2 ¼

Z y

t¼0
F2ðx0; t; 0Þdt;

and on s3, x ¼ x0 and y ¼ y0, soZ
s3

F
.
$ds3 ¼

Z z

t¼0
F3ðx0; y0; tÞdt.

Thus,

f ðx0; y0; z0Þ ¼
Z
s

F
.
$ds

¼
Z
s1

F
.
$ds1 þ

Z
s2

F
.
$ds2 þ

Z
s3

F
.
$ds3

¼
Z x0

t¼0
F1ðt; 0; 0Þdt þ

Z y0

t¼0
F2ðx0; t; 0Þdt þ

Z z0

t¼0
F3ðx0; y0; tÞdt

(x0, y0, z0)

(x0, y0, 0)

3

y

z

x

(x0, 0, 0) 

σ

2σ

1σ

FIGURE 2.3.13
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so

f ðx0; y0; z0 þ DzÞ

¼
Z x0

t¼0
F1ðt; 0; 0Þdt þ

Z y0

t¼0
F2ðx0; t; 0Þdt þ

Z z0þDz

t¼0
F3ðx0; y0; tÞdt.

Then

f ðx0; y0; z0 þ DzÞ � f ðx0; y0; z0Þ
¼
Z z0þDz

t¼0
F3ðx0; y0; tÞdt �

Z z0

t¼0
F3ðx0; y0; tÞdt

¼
Z z 0þDz

t¼z0

F3ðx0; y0; tÞdt ¼ F3

�
x0; y0; z

�
Dz

for some z˛½z0; z0 þ Dz �. So
f ðx0; y0; z0 þ DzÞ � f ðx0; y0; z0Þ

Dz
¼ F3

�
x0; y0; z

�
and

vf

vz
¼ lim

Dz/0

f ðx; y; zþ DzÞ � f ðx; y; zÞ
Dz

¼ F3ðx; y; zÞ.

To show that
vf

vy
¼ F2ðx; y; zÞ, let s be the path from (0, 0, 0) to (x0, y0, z0) given by

s ¼ s1 þ s2 þ s3 where

s1 is the path along the z-axis from (0, 0, 0) to (0, 0, z0).
s2 is the path parallel to the x-axis from (0, 0, z0) to (x0, 0, z0).
s3 is the path parallel to the z-axis from (x0, 0, z0) to (x0, y0, z0). See Fig. 2.3.14.

Similar to the analysis above, we get

f ðx0; y0; z0Þ ¼
Z z0

t¼0
F3ð0; 0; tÞdt þ

Z x0

t¼0
F1ðt; 0; z0Þdt þ

Z y0

t¼0
F3ðx0; t; z0Þdt

(0, 0, z0)

(x0, 0, z0)

z

x

y

(x0, y0, z0)

2τ

3τ

1τ

FIGURE 2.3.14
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and

f ðx0; y0 þ Dy; zÞ ¼
Z z0

t¼0
F3ð0; 0; tÞdt þ

Z x0

t¼0
F1ðt; 0; z0Þdt þ

Z y0þDy

t¼0
F3ðx0; t; z0Þdt

so

f ðx0; y0 þ Dy; z0Þ � f ðx0; y0; z0Þ ¼
Z y0þDy

t¼y0

F3ðx0; t; z0Þdt.

From this, we can arrive at
vf

vy
¼ F2ðx; y; zÞ.

In Exercise 29, we show
vf

vx
¼ F1ðx; y; zÞ.

Example:
Show that the vector field

F
.ðx; y; zÞ ¼ ð2xyzþ sin xÞbi þ x2zbj þ x2ybk

is conservative, and find a function f (x, y, z) for which F
. ¼ Vf .

We show that F
.

is conservative by showing that V� F
. ¼ 0. We have

V� F
. ¼

��������������

bi bj bk
v

vx

v

vy

v

vz

2xyzþ sin x x2z x2y

��������������
¼


v

vy

�
x2y
�� v

vz

�
x2z
��bi � 
 v

vx

�
x2y
�� v

vz
ð2xyzþ sin xÞ

�bj
þ


v

vx

�
x2z
�� v

vy
ð2xyzþ sin xÞ

�bk
¼ �x2 � x2

�bi � ð2xy� 2xyÞbj þ ð2xz� 2xzÞbk ¼ b0.
We seek a function f for which Vf ¼ vf

vx
bi þ vf

vy
bj þ vf

vz
bk ¼ F

.
. If we have

vf

vx
bi þ vf

vy
bj þ vf

vz
bk ¼ F

. ¼ F1bi þ F2bj þ F3
bk .

Then we must have

vf

vx
¼ F1;

vf

vy
¼ F2;

vf

vz
¼ F3.
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In our example, this is

vf

vx
¼ 2xyzþ sin x;

vf

vy
¼ x2z;

vf

vz
¼ x2y.

We begin our analysis with
vf

vy
¼ x2z. From this, we get

f ðx; y; zÞ ¼
Z

vf

vy
dy ¼

Z �
x2z
�
dy.

Here, we must be careful in integrating with respect to y because the constant of
integration could be a function of x or z because v

vy gðx; zÞ ¼ 0. Thus,

f ðx; y; zÞ ¼
Z �

x2z
�
dy ¼ x2yzþ gðx; zÞ.

Next we use the condition
vf

vx
¼ 2xyzþ sin x: We have

vf

vx
¼ 2yzþ v

vx
gðx; zÞ and

vf

vx
¼ F1 ¼ 2xyzþ sin x.

Thus v
vx gðx; zÞ ¼ sin x, and so gðx; zÞ ¼ �cos xþ hðzÞ. Thus, we write

f ðx; y; zÞ ¼ x2yz� cos xþ hðzÞ.
Finally, we use the condition

vf

vz
¼ x2y. We have

vf

vz
¼ x2yþ d

dz
hðzÞ and

vf

vz
¼ F3 ¼ x2y.

Thus d
dz hðzÞ ¼ 0, so h is a constant. We conclude

f ðx; y; zÞ ¼ x2yz� cos xþ C.

Theorem:
Suppose that F

.
is a conservative vector field for which F

. ¼ Vf . ThenZ ðx1; y1; z1Þ

ðx0; y0; z0Þ
F
.
$dbr ¼ Z ðx1; y1; z1Þ

ðx0; y0; z0Þ
Vf $dbr ¼ f ðx1; y1; z1Þ � f ðx0; y0; z0Þ.

Example:
The work done by the force field F

.ðx; y; zÞ ¼ ð2xyzþ sin xÞbi þ x2zbj þ x2ybk in
moving a particle from (10, �1, 4) to (10, 3, 4) isZ ð0; 3; 4Þ

ð0; �1; 4Þ

h
ð2xyzþ sin xÞbi þ x2zbj þ x2ybki$ dbr ¼ x2yz� cos x

��ð10; 3; 4Þ
ð10; �1; 4Þ

¼ 1200þ 400

since ð2xyzþ sin xÞbi þ x2zbj þ x2ybk ¼ V
�
x2yz� cos x

�
.
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EXERCISES
1. Find a unit normal vector to the following surfaces at the point (x0, y0):

a. z ¼ 9 � x2 � y2.
b. x2 � y2 þ z2 ¼ 1.
c. z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
:

2. Derive an expression for a unit normal vector to the surface y ¼ g(x, z).
3. Show that for the region shown in Fig. 2.3.15I

C
Qðx; yÞdy ¼

ZZ
S

vQðx; yÞ
vx

dxdy.

4. Show that in R3 if Sε ¼ {xjkxk < ε} and f : R3/R is bounded, then

lim
εY0

ZZZ
Sε

kxk�2f ðxÞdS ¼ 0:

5. Show that

bn ¼ ðy0ðtÞ;�x0ðtÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0ðtÞÞ2 þ ðy0ðtÞÞ2

q
is a unit vector normal to s0(t) where s(t) ¼ (x(t), y(t)).
6. If

bu ¼ u1bi þ u2bj þ u3 bk and bn ¼ cos abi þ cos bbj þ cos gbk
where a, b, and g are the angles that bn makes with the positive x, y, and z axes
respectively, thenZZ

S
ðu1 cos aþ u2 cos bþ u3 cos gÞdS ¼

ZZ
S
ðu1dydzþ u2dxdzþ u3dxdyÞ.

y = d

y = c

ψ2(y)ψ1(y)

FIGURE 2.3.15
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Problems on Green’s theorem

7. Verify Green’s theorem for the following examples. Each boundary C is assumed
to be positively oriented.

a.
H
Cx

2y dxþ xy3dy where C is the rectangle whose vertices are (0, 0), (2, 0),
(2, 2), and (0, 2).

b.

i.
H
Cy

3 dx� x3dy where C is the circle x2 þ y2 ¼ 1.
ii.
H
Cy

3 dx� x3dy where the region is between x2 þ y2 ¼ 1 and x2 þ y2 ¼ 4.
c.
H
Cy

2 dxþ x2dy where the region is between y ¼ x and y ¼ x2.
8. Evaluate using Green’s theorem:

a.
H
C2xy dxþ ðxþ yÞdy where the region is between y ¼ 0 and y ¼ 1 � x2.

b.
H
Ce

x cos y dx� ex sin ydy where C is the circle x2 þ y2 ¼ 1.
c.
H
Cð2yþ 3xÞdxþ ðy� 4xÞdy where C is the circle x2 þ y2 ¼ 9.

9. Suppose that f (x,y) has continuous second partial derivatives and

v2f

vx2
þ v2f

vy2
¼ 0:

Show that Z
vD

vf

vy
dx� vf

vx
dy ¼ 0

where D is any circle and vD is the boundary of D.

Problems on Stokes’ Theorem

10. Verify Stokes’ theorem in the following cases:

a. bF ¼ ybi þ 2xbj þ bk; S : z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9� x2 � y2

p
; z � 0.

b. bF ¼ 2ybi þ 3xbj � zbk; S : upper half of the sphere x2 þ y2 þ z2 ¼ 16.
c. bF ¼ zbi þ xbj; S is the square 0 � x � 4; 0 � y � 4; z ¼ 2.
d. bF ¼ �y2bi þ x2bj; S : x2 þ y2 � 25; z ¼ 0.
e. bF ¼ �ybi þ 2xbj þ ðxþ zÞbk; S : upper half of the sphere

x2 þ y2 þ z2 ¼ 1.
11. (Green’s first identity) Show that if f and g are scalar functions with continuous

partial derivatives in a region R, and if V is a region within R with surface S,
then ZZZ

V

�
fV2gþ Vf $Vg

�
dV ¼

ZZ
S
f
vg

vn
dS

where
vg

vn
¼ Vg$n; the directional derivative of g in the direction that is outward

normal to the surface S.
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Use this result to showZZZ
V
jVf j2dV ¼

ZZ
S

vf

vn
dS.

12. (Green’s second identity) Show that if f and g are scalar functions with
continuous partial derivatives in a region R, and if V is a region within R with
surface S, thenZZZ

V

�
fV2g� gV2f

�
dV ¼

ZZ
S

�
f
vg

vn
� g

vf

vn

�
dS.

13. The flux of a vector field bF is the flow rate of a quantity through a unit area.
If S is a surface and bn is the outward directed unit normal to the surface, then the
rate of flow through the surface S is given byZZ

S

bF$bndShZZ
S

bF$d bS.
Suppose we have a material whose density is r that flows with velocity vbk
through a hemisphere whose equation is

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � x2 � y2

p
.

a. Show that the unit normal to the surface is

bn ¼ 1

R



xbi þ ybj þ zbk�.

b. Show that bF$bn ¼ r vz
�
R.

c. Show that the flow rate through S is rvpR2.
14. Show that if S is any closed surface and bF is a vector field, thenZZ

S

�
curl bF�$bndS ¼ 0:

15. Show that for a differentiable function f (x, y, z), V � Vf ¼ 0.
16. Verify that bF is a conservative force, and find a function f for which bF ¼ Vf in

the following cases;
a. bF ¼ �2xz3 þ 6y

�bi þ ð6x� 2yzÞbj þ �3x2z2 � y2
�bk .

b. bF ¼ ð2xyþ 3Þbi þ �x2 � 4z
�bj þ 4ybk.

17. Use Stokes’ theorem to evaluate
H
C
bF$dbr in the following cases:

a. bF ¼ ybi þ 2xbj þ 2zbk; C : x2 þ y2 ¼ 4 in the z ¼ 1 plane.

b. bF ¼ x3y4bi þ 3bj þ 2zbk; C : x2 þ y2 ¼ 9 in the z ¼ 0 plane.
c. bF ¼ ð2x� yÞbi þ ð4xþ 3zÞbj þ ð2y� zÞbk, C is the boundary of the triangle

whose vertices are (0, 0, 2), (0, 2, 0), (2, 0, 0).
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18. Faraday’s law states that if a current I passes through a loop C encloses that
encloses a region S, then the electromotive force around the loop is the
negative of the rate of change of the magnetic flux through the surface. As an
equation, this is stated I

C

bE$dbI ¼ � v

vt

ZZ
S

bB$bndS
where bn is the normal vector to S.

Use Stokes’ theorem to show that Faraday’s law implies

V� bE ¼ �v bB
vt

which is one of the Maxwell’s equations.
19. The magnetic field bB due to a current loop is given by bB ¼ curl


 bA� where

bA ¼ � y

ðx2 þ y2 þ z2Þ32
bi þ x

ðx2 þ y2 þ z2Þ32
bj.

For C a circle of radius a centered at (0, 0, a) that is parallel to the xy-plane, use
Stokes’ theorem to calculate the flux of bB through C for a large.

20. A solenoid is a wound spiral of wire (see Fig. 2.3.16). A magnetic field bB is
created when current flows through the wire. We orient the solenoid so that the
axis lies along the z-axis. If the solenoid is infinitely long, then bB is zero
outside the solenoid, and bB ¼ bbk inside the solenoid, where b is a constant
that depends on the current strength and the spacing of the turns of the coil.
Suppose that the radius of the coil is a.

Show that bB ¼ curl

 bA� where

bA ¼

8>><>>:
1

2
a2b


� y

r2
bi þ x

r2
bj� if r > a

1

2
b


� ybi þ xbj� if r < a

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
.

21. Show that the flux of bB through a circle in the xy-plane of radius r < a is pr2b.

a

FIGURE 2.3.16
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Problems on Divergence Theorem

22. Verify the divergence theorem in the following cases:

a. bF ¼ y2bi þ 2xybj þ z2 bk and S is the surface of the cylinder bounded by
x2 þ y2 ¼ 9 and the planes z ¼ �2 and z ¼ 3.

b. bF ¼ xbi þ ybj þ z bk and S is the surface of the cube bounded by the planes
x ¼ 0 and x ¼ 1, y ¼ 0 and y ¼ 1, and z ¼ 0, and z ¼ 1.

23. Evaluate the following integrals using the divergence theorem:
a.
R ðxþ zÞdydzþ ðyþ zÞdxdzþ ðxþ yÞdxdy where S is the surface of prob-
lem 10(a).

b.
R
x2dydzþ y2dxdzþ z2dxdy where S is the surface of problem 10(b).

24. A function f (x, y) is harmonic on S if

v2f

vx2
þ v2f

vy2
¼ 0

on S. Show that if f (x, y) is harmonic on S, thenZZ
S

vf

vn
dS ¼ 0:

25. By letting bF ¼ Vf in

div F
.ðpÞ ¼ lim

V/0; p˛V

1

V

ZZ
S
F
.
$bndS

show that

V2f ¼ lim
V/0; p˛V

1

V

ZZ
S

vf

vn
dS.

Problems on Conservative Field

26. Show that the gravitational field

F
.ðx; y; zÞ ¼ �GMm

r2
ber

is conservative. To convert to Cartesian coordinates

ber ¼
 

xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p ;
yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2 þ z2
p ;

zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p !
.

27. Show that the vector field F
.ðx; y; zÞ ¼ �xy2 þ 3x2y

�bi þ �x3 þ x2y
�bj þ 2bk is

conservative, and find a function f (x, y, z) for which F
. ¼ Vf .
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28. Show that the vector field F
.ðx; y; zÞ ¼ ð6xyþ 2zÞbi þ 3x2bj þ 2xbk is conserva-

tive, and find a function f (x, y, z) for which F
. ¼ Vf .

29. Show that in the proof of the theorem of the equivalence of conditions for a

vector field,
vf

vx
¼ F1ðx; y; zÞ.

30. Show that the divergence of the vector field

F
.ðx; y; zÞ ¼ c

ðx2 þ y2 þ z2Þ32


xbi þ ybj þ zbk�

is 0.
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Green’s Functions 3
3.1 INTRODUCTION
In this chapter we discuss how to solve a nonhomogeneous linear second-order
ordinary differential equation with given boundary conditions by presenting the
solution in terms of an integral. More precisely, we find a function G(x,t), for which
the solution to

L½y� ¼ a0ðxÞy00ðxÞ þ a1ðxÞy0ðxÞ þ a0ðxÞyðxÞ ¼ �f ðxÞ 0 < x < 1

yð0Þ ¼ 0; yð1Þ ¼ 0
(1)

is expressed as

yðxÞ ¼
Z 1

0
Gðx; tÞf ðtÞdt.

CAUTION:
Some authors construct the solution for L[y] ¼ f (x). This means the Green’s

function we derive will be the negative of theirs. Our approach follows that given
in Weinberger, First Course in Partial Differential Equations and Pinsky, Partial
Differential Equations and Boundary-Value Problems with Applications: Third
Edition among others.

The function G(x,t) is called Green’s function after the English mathematician
George Green, who pioneered work in this area in the 1830s.

We shall demonstrate three methods of constructing Green’s functions: using (1)
the Dirac-delta function, (2) variation of parameters, and (3) eigenfunction
expansions.

What we shall do is analogous to what one does in solving matrix equations in
linear algebra. Namely, suppose A is an n � n matrix and we want to solve

Abu ¼ bf ; (2)

where bf is a known n � 1 vector and bu is an unknown vector to be determined. If A is
invertible, then regardless of what bf is, Eq. (2) will have a unique solution given by

bu ¼ A�1 bf .
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In this setting A�1 exists if and only if 0 is not an eigenvalue of A.
The same situation will be true for Green’s functions; that is, if 0 is not an eigen-

value of L, then we shall be able to construct the Green’s function that provides the
unique solution to L[y] ¼ f (x) with appropriate boundary conditions.

Unless stated otherwise, we assume that 0 is not an eigenvalue of L.

3.2 CONSTRUCTION OF GREEN’S FUNCTION USING
THE DIRAC-DELTA FUNCTION

We first provide some intuitive motivation for this approach.
Let

L½yðxÞ� ¼ a0ðxÞy00ðxÞ þ a1ðxÞy0ðxÞ þ a2ðxÞyðxÞ; 0 � x � 1:

We want to solve

L½yðxÞ� ¼ �f ðxÞ.
Fix t, 0 < t < 1. Suppose there is a function G(x,t) for which

L½Gðx; tÞ� ¼ �dðx� tÞ. (1)

Then, multiplying both sides of Eq. (1) by f (t) and integrating with respect to t
from t ¼ 0 to t ¼ 1, we getZ 1

0
fL½Gðx; tÞ�gf ðtÞdt ¼ �

Z 1

0
dðx� tÞf ðtÞdt ¼ �f ðxÞ.

Suppose further thatZ 1

0
fL½Gðx; tÞ�gf ðtÞdt ¼ L

24Z 1

0
Gðx; tÞf ðtÞdt

35.
Then

L

24Z 1

0
Gðx; tÞf ðtÞdt

35 ¼
Z 1

0
fL½Gðx; tÞ�gf ðtÞdt ¼ �f ðxÞ.

So, if

yðxÞ ¼
Z 1

0
Gðx; tÞf ðtÞdt

then

L½yðxÞ� ¼ L

24Z 1

0
Gðx; tÞf ðtÞdt

35 ¼ �f ðxÞ.
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The steps in the heuristic argument we have just given may seem plausible, but
we are doing operations on G(x,t) without knowing what G(x,t) is. Next we hypoth-
esize some conditions that G(x,t) should satisfy, and show that these conditions are
sufficient to determine G(x,t).

After solving a problem using this method, we should check that the solution is
valid.

To construct the Green’s function G(x,t) using the Dirac-delta function, we first
fix t with 0 < t < 1.

We then find G(x,t) so that G(x,t) satisfies the homogeneous equation
L(G(x,t)) ¼ 0 for 0 � x < t and t < x � 1. This means that G(x,t) will have two
parts: one for x < t and one for x > t. To do this, one finds two linearly independent
solutions to the homogeneous equation L[y] ¼ 0. Suppose these two solutions are
y1(x) and y2(x). Then there are constants, ci(t), i ¼ 1,.,4 that depend on t, for which

Gðx; tÞ ¼
�
c1ðtÞy1ðxÞ þ c2ðtÞy2ðxÞ 0 � x < t

c3ðtÞy1ðxÞ þ c4ðtÞy2ðxÞ t < x � 1
.

Once we have found each ci(t), we know G(x,t).
The procedure to find the ci(t) can be organized as follows:

1. The boundary conditions, G(0,t) ¼ y(0) ¼ 0 and G(1,t) ¼ y(1) ¼ 0 enable us to
establish some relations among the ci(t).

2. G(x,t) is continuous in x; in particular at x ¼ t. This means

lim
x[t

Gðx; tÞ ¼ lim
xYt

Gðx; tÞ.

This establishes another relation among the ci(t).

3.
dGðx; tÞ

dx
has a “jump” at x ¼ t.

We now derive the magnitude of the jump.
Consider

a0ðxÞy00ðxÞ þ a1ðxÞy0ðxÞ þ a2ðxÞyðxÞ ¼ �dðx� tÞ
where the functions ai(x) are continuous and a0(x) s 0. Let ε > 0 be given. ConsiderZ tþε

t�ε

½a0ðxÞy00ðxÞ þ a1ðxÞy0ðxÞ þ a2ðxÞyðxÞ�dx ¼
Z tþε

t�ε

�dðx� tÞdx ¼ �1:

Since the functions ai(x) are continuous, ai(x) z ai(t) if x ε ½t � ε; t þ ε� and ε is
small. In that case,Z tþε

t�ε

½a0ðxÞy00ðxÞ þ a1ðxÞy0ðxÞ þ a2ðxÞyðxÞ�dx

z a0ðtÞ
Z tþε

t�ε

y00ðxÞdxþ a1ðtÞ
Z tþε

t�ε

y0ðxÞdxþ a2ðtÞ
Z tþε

t�ε

yðxÞdx ¼ �1:
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Now Z tþε

t�ε

y0ðxÞdx ¼ yðt þ εÞ � yðt � εÞz 0

since y0(x) and y(x) are continuous and ε is small. Likewise,Z tþε

t�ε

yðxÞdxz 0.

Also

a0ðtÞ
Z tþε

t�ε

y00ðxÞdx ¼ a0ðtÞ½y0ðt þ εÞ � y0ðt � εÞ�.

Taking the limit as ε/0 inZ tþε

t�ε

½a0ðxÞy00ðxÞ þ a1ðxÞy0ðxÞ þ a2ðxÞyðxÞ�dx ¼
Z tþε

t�ε

�dðx� tÞdx ¼ �1

we get

lim
ε/0

a0ðtÞ½y0ðt þ εÞ � y0ðt � εÞ� ¼ a0ðtÞ
�
lim
tYx

dGðx; tÞ
dx

� lim
t[x

dGðx; tÞ
dx

�
¼ �1:

This gives the jump condition on G(x,t); namely

lim
xYt

dGðx; tÞ
dx

� lim
x[t

dGðx; tÞ
dx

¼ � 1

a0ðtÞ .

A final condition is that G(x,t) be symmetric; i.e., G(x,t) ¼ G(t,x).
Recapping, there are five conditions that determine G(x,t) for the differential

equation given by Eq. (1):

1. Gð0; tÞ ¼ 0.
2. Gð1; tÞ ¼ 0.
3. lim

x[t
Gðx; tÞ ¼ lim

xYt
Gðx; tÞ.

4. lim
xYt

dGðx;tÞ
dx � lim

x[t

dGðx;tÞ
dx ¼ � 1

a0ðtÞ.

5. Gðx; tÞ ¼ Gðt; xÞ.
There is an intuitive way to see how the solution to L[y] ¼ �d(x � t) yields the

solution

yðtÞ ¼ �
Z 1

0
f ðxÞGðx; tÞdx

using the example

y00ðxÞ ¼ �f ðxÞ 0 < x < 1; yð0Þ ¼ yð1Þ ¼ 0: (2)
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The explanation we give follows that in Stakgold, Green’s Functions and
Boundary-Value Problems.

A physical interpretation of Eq. (2) is we have a wire stretched between the
points x ¼ 0 and x ¼ 1. At a point x between x ¼ 0 and x ¼ 1 a vertical pressure
f (x) is applied. (We assume that f (x) is a continuous function.) The function y(x)
is the deflection of the string at the point x.

Choose a positive integer N and divide the interval [0,1] into N equal parts. The
length of each part is then 1/N. Let xk denote the center of the kth subinterval and let
Dx denote the length of each interval. We assume the deflection of the string due to
the continuous pressure f (x) is approximately equal to the deflection of the string due
to the sum of forces of magnitude f (xk)Dx each concentrated at the point xk. The
defection at x ¼ t due to the single force f (xk)Dx concentrated at xk is

Gðt; xkÞf ðxkÞDx
and, by the principle of superposition, the deflection due to the sum of the concen-
trated forces is XN

k¼1

Gðt; xkÞf ðxkÞDx: (3)

The limit of expression (3) as N / ∞ (equivalently, as Dx / 0) isZ 1

0
Gðt; xÞf ðxÞdx.

Note: For our examples we use the boundary conditions y(0) ¼ 0, y(1) ¼ 0. But
analogous ideas work if we use boundary conditions such as y0(0) ¼ 0, y0(1) ¼ 0 as
we do in some of the exercises.

Next, we give two examples that demonstrate the computations involved in
finding the Green’s function.

Example:
We find the Green’s function for

y00ðxÞ ¼ �f ðxÞ; yð0Þ ¼ 0; yð1Þ ¼ 0

using the Dirac-delta function.
Two linearly independent solutions to the associated homogeneous equation

y00ðxÞ ¼ 0

are

y1ðxÞ ¼ 1 and y2ðxÞ ¼ x.

Thus

Gðx; tÞ ¼
�
c1ðtÞ1þ c2ðtÞx 0 � x < t

c3ðtÞ1þ c4ðtÞx t < x � 1
.
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Since G(0,t) ¼ y(0) ¼ 0, we have c1(t) ¼ 0. Since G(1,t) ¼ y(1) ¼ 0 we have
c3(t)1 þ c4(t)1 ¼ 0, so c4(t) ¼ � c3(t).

To this point we have

Gðx; tÞ ¼
�
c2ðtÞx 0 � x < t

c3ðtÞ � c3ðtÞx t < x � 1
.

We now apply the continuity condition lim
x[t

Gðx; tÞ ¼ lim
xYt

Gðx; tÞ to get

c2ðtÞt ¼ c3ðtÞ � c3ðtÞt
so

c2ðtÞ ¼ c3ðtÞ � c3ðtÞt
t

.

Then

Gðx; tÞ ¼

8><>:
�
c3ðtÞ � c3ðtÞt

t

�
x 0 � x < t

c3ðtÞ � c3ðtÞx t < x � 1

.

Finally, we apply the jump condition on the derivative of G(x,t). In this example,
a0(x) ¼ 1, so

lim
xYt

dGðx; tÞ
dx

� lim
x[t

dGðx; tÞ
dx

¼ � 1

a0ðtÞ ¼ �1:

Thus

�c3ðtÞ �
�
c3ðtÞ � c3ðtÞt

t

�
¼ �1

so

c3ðtÞt þ ðc3ðtÞ � c3ðtÞtÞ ¼ t and thus c3ðtÞ ¼ t.

Finally, we have

Gðx; tÞ ¼

8><>:
�
t � t2

t

�
x 0 � x < t

t � tx t < x � 1

¼
� ð1� tÞx 0 � x < t

tð1� xÞ t < x � 1
.

We demonstrate that the answer is correct in the case f (x) ¼ x2. We assert that

yðxÞ ¼
Z x

t¼0
tð1� xÞt2dt þ

Z 1

t¼x
ð1� tÞxt2dt

solves the initial value problem

y00ðxÞ ¼ �x2; yð0Þ ¼ 0; yð1Þ ¼ 0:
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Now Z x

t¼0
tð1� xÞt2dt ¼ x4ð1� xÞ

4

and Z 1

t¼x
ð1� tÞxt2dt ¼ x

�
3x4 � 4x3 þ 1

�
12

.

Then

yðxÞ ¼ x4ð1� xÞ
4

þ x
�
3x4 � 4x3 þ 1

�
12

¼ x� x4

12

and

y00ðxÞ ¼ �x2; yð0Þ ¼ 0; yð1Þ ¼ 0:

Example:
We find the Green’s function for Bessel’s equation.
The homogeneous form of Bessel’s equation is

½xy0ðxÞ�0 � m2

x
yðxÞ ¼ xy00ðxÞ þ y0ðxÞ � m2

x
yðxÞ ¼ 0; yð0Þ ¼ yð1Þ ¼ 0: (4)

Note: Even though a0(0) ¼ 0, the technique is valid for this example because
a0(t) s 0 if ts 0.

We find the Green’s function for Bessel’s equation by following the steps given
above. We first find two linearly independent solutions of Eq. (4). We set y(x) ¼ xk in
Eq. (4) to get

xkðk � 1Þxk�2 þ kxk�1 � m2xk�1

¼ xk�1
	
kðk � 1Þ þ k � m2


 ¼ xk�1
�
k2 � m2

� ¼ 0:

The solutions to this equation are k ¼ � m.
Thus two linearly independent solutions to Eq. (4) are

y1ðxÞ ¼ xm and y2ðxÞ ¼ x�m.

The Green’s function is then

Gðx; tÞ ¼
�
c1ðtÞxm þ c2ðtÞx�m 0 � x < t

c3ðtÞxm þ c4ðtÞx�m t < x � 1
.

The boundary condition G(0, t) ¼ y(0) ¼ 0 forces c2(t) ¼ 0. Since
G(1, t) ¼ y(1) ¼ 0, we have

c3ðtÞ þ c4ðtÞ ¼ 0; or c4ðtÞ ¼ �c3ðtÞ.
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To this point, we have

Gðx; tÞ ¼
�
c1ðtÞxm 0 � x < t

c3ðtÞxm � c3ðtÞx�m t < x � 1
.

We now use the fact that G(x,t) is continuous at x ¼ t; that is,

c1ðtÞt m ¼ lim
x[t

Gðx; tÞ ¼ lim
xYt

Gðx; tÞ ¼ c3ðtÞtm � c3ðtÞt�m

to get

c1ðtÞ ¼ c3ðtÞ � c3ðtÞt�2m.

Now we have

Gðx; tÞ ¼
(	

c3ðtÞ � c3ðtÞt�2m


xm 0 � x < t

c3ðtÞxm � c3ðtÞx�m t < x � 1
.

We next use the jump condition on the derivative of G(x,t).
We have

dGðx; tÞ
dx

¼
(

mxm�1
	
c3ðtÞ � c3ðtÞt�2m



0 � x < t

mxm�1c3ðtÞ þ mx�m�1c3ðtÞ t < x � 1

so that

lim
xYt

dGðx; tÞ
dx

¼ mtm�1c3ðtÞ þ mt�m�1c3ðtÞ and

lim
x[t

dGðx; tÞ
dx

¼ mtm�1c3ðtÞ � c3ðtÞmt�m�1.

Then

� 1

a0ðtÞ ¼ �1

t
¼ lim

xYt

dGðx; tÞ
dx

� lim
x[t

dGðx; tÞ
dx

¼ 	mtm�1c3ðtÞ þ mt�m�1c3ðtÞ



� 	mtm�1c3ðtÞ � c3ðtÞmt�m�1

 ¼ 2c3ðtÞmt�m�1.

So

c3ðtÞ ¼ � tm

2m
.

Finally, we have

Gðx; tÞ ¼
(	

c3ðtÞ � c3ðtÞt�2m


xm 0 � x < t

c3ðtÞxm � c3ðtÞx�m t < x � 1
¼

8>>>><>>>>:
xm
�
t�m � tm

2m

�
0 � x < t

tm
�
x�m � xm

2m

�
t < x � 1

.
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We demonstrate that the Green’s function gives the solution in the case m ¼ 3
and f (x) ¼ x2. We haveZ 1

t¼0
Gðx; tÞf ðtÞdt ¼

Z x

t¼0
t3
�
x�3 � x3

6

�
t2dt þ

Z 1

t¼x
x3
�
t�3 � t3

6

�
t2dt.

Now Z x

t¼0
t3
�
x�3 � x3

6

�
t2dt ¼ x3

�
1� x6

�
36

and

Z 1

t¼x
x3
�
t�3 � t3

6

�
t2dt ¼ x3

�
x6 � 1

�
36

� x3 ln x

6

so

yðxÞ ¼ x3
�
1� x6

�
36

þ x3
�
x6 � 1

�
36

� x3 ln x

6
.

One can check that

x
d2

dx2

"
x3
�
1� x6

�
36

þ x3
�
x6 � 1

�
36

� x3 ln x

6

#

þ d

dx

"
x3
�
1� x6

�
36

þ x3
�
x6 � 1

�
36

� x3 ln x

6

#

�9

x

"
x3
�
1� x6

�
36

þ x3
�
x6 � 1

�
36

� x3 ln x

6

#
¼ �x2

and

lim
x/0

yðxÞ ¼ 0 and yð1Þ ¼ 0:

In Exercise 7 we show that the limit of the above Green’s function as m
approaches zero from above gives the Green’s function for

½xy0ðxÞ�0 ¼ 0:

EXERCISES
1. Find Green’s function for y00(x) þ y(x) ¼ �f (x) with the following initial

conditions:

a. yð0Þ ¼ yð1Þ ¼ 0
b. yð0Þ ¼ y0ð1Þ ¼ 0
c. y0ð0Þ ¼ y0ð1Þ ¼ 0.

2. Solve y00(x) þ y(x) ¼ x2, y0(0) ¼ y0(1) ¼ 0. Verify that your solution is valid.
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3. Find Green’s function for y00(x) ¼ � f (x) with the following initial conditions:
a. yð0Þ ¼ y0ð1Þ ¼ 0
b. y0ð0Þ ¼ yð1Þ ¼ 0.

4. Find the Green’s function for y00ðxÞ þ 1
4 yðxÞ ¼ x; y0ð0Þ ¼ yð1Þ ¼ 0. Write the

expression for the solution. If you have a computer algebra system (CAS),
simplify the expression and verify the solution.

5. Find the Green’s function for y00ðxÞ � yðxÞ ¼ �f ðxÞ; �∞ < x < ∞ lim
x/�∞

yðxÞ ¼ 0.
6. Find the Green’s function for y00(x) � y(x) ¼ �f (x), y(0) ¼ y0(1) ¼ 0.
7. Does the limit of the Green’s function for the Bessel equation as m approaches

zero from above give the Green’s function for ½xy0ðxÞ�0 ¼ 0, y(0) ¼ y(1) ¼ 0?

3.3 GREEN’S FUNCTION USING VARIATION OF PARAMETERS
A second method for constructing Green’s function is based on the following theo-
rem that uses the technique called variation of parameters to find a particular solu-
tion to certain second-order differential equations. A proof to the theorem can be
found in many ordinary differential equation textbooks including Boyce and
DiPrima (2008).

Theorem:
Suppose that y1(x) and y2(x) are linearly independent solutions to

½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ ¼ pðxÞy00ðxÞ þ p0ðxÞy0ðxÞ þ qðxÞyðxÞ ¼ 0:

A particular solution to

½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ ¼ �f ðxÞ
is given by

ypðxÞ ¼
Z x

0

 
y1ðxÞy2ðtÞ � y1ðtÞy2ðxÞ�

y1ðtÞy02ðtÞ � y2ðtÞy01ðtÞ
�
pðtÞ

!
f ðtÞdt.

One can use this to construct the Green’s function for

½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ ¼ �f ðxÞ
using the following steps:

1. Find two linearly independent solutions, y1(x) and y2(x) to

½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ ¼ 0:

2. The general solution, y(x), to

½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ ¼ �f ðxÞ
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is

yðxÞ ¼ c1y1ðxÞ þ c2y2ðxÞ þ ypðxÞ

¼ c1y1ðxÞ þ c2y2ðxÞ þ
Z x

0

 
y1ðxÞy2ðtÞ � y1ðtÞy2ðxÞ�

y1ðtÞy02ðtÞ � y2ðtÞy01ðtÞ
�
pðtÞ

!
f ðtÞdt.

where the constants c1 and c2 are determined by the boundary conditions.
3. The expression for y(x) is combined into a single integral.

Example:
We find the Green’s function for

y00ðxÞ ¼ �f ðxÞ; yð0Þ ¼ 0; yð1Þ ¼ 0

using variation of parameters.
We have seen that two linearly independent solutions to the homogeneous

equation are

y1ðxÞ ¼ 1 and y2ðxÞ ¼ x

and since p(x) ¼ 1, we have

y1ðxÞy2ðtÞ � y1ðtÞy2ðxÞ�
y1ðtÞy02ðtÞ � y2ðtÞy01ðtÞ

�
pðtÞ ¼

1$t � 1$x

1� 0
¼ t � x.

Then

yðxÞ ¼ c1y1ðxÞ þ c2y2ðxÞ þ
Z x

0

 
y1ðxÞy2ðtÞ � y1ðtÞy2ðxÞ�

y1ðtÞy02ðtÞ � y2ðtÞy01ðtÞ
�
pðtÞ

!
f ðtÞdt

¼ c1 þ c2xþ
Z x

0
ðt � xÞf ðtÞdt.

Since y(0) ¼ 0, then c1 ¼ 0, so

yðxÞ ¼ c2xþ
Z x

0
ðt � xÞf ðtÞdt.

Now

yð1Þ ¼ 0 ¼ c2$1þ
Z 1

0
ðt � 1Þf ðtÞdt so

c2 ¼ �
Z 1

0
ðt � 1Þf ðtÞdt ¼

Z 1

0
ð1� tÞf ðtÞdt.
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Thus

yðxÞ ¼ x

Z 1

0
ð1� tÞf ðtÞdt þ

Z x

0
ðt � xÞf ðtÞdt

¼ x

Z x

0
ð1� tÞf ðtÞdt þ x

Z 1

x
ð1� tÞf ðtÞdt þ

Z x

0
ðt � xÞf ðtÞdt

¼
Z x

0
½xð1� tÞ þ ðt � xÞ� f ðtÞdt þ

Z 1

x
xð1� tÞf ðtÞdt

¼
Z x

0
½x� xt þ t � x� f ðtÞdt þ

Z 1

x
xð1� tÞf ðtÞdt

¼
Z x

0
½tð1� xÞ� f ðtÞdt þ

Z 1

x
xð1� tÞf ðtÞdt.

Finally, we have

Gðx; tÞ ¼
�
tð1� xÞ t < x

xð1� tÞ t > x
.

Example:
We construct Green’s function for Bessel’s equation

½xy0ðxÞ�0 � m2

x
yðxÞ ¼ xy00ðxÞ þ y0ðxÞ � m2

x
yðxÞ ¼ �f ðxÞ; yð0Þ ¼ yð1Þ ¼ 0

using variation of parameters.
We have seen that two linearly independent solutions to the associated homoge-

neous equation are

y1ðxÞ ¼ xm and y2ðxÞ ¼ x�m

so

y01ðxÞ ¼ mxm�1 and y02ðxÞ ¼ �mx�m�1:

Then

y1ðtÞy02ðtÞ � y2ðtÞy01ðtÞ ¼ ðtmÞ��mt�m�1
�� �t�m

��
mtm�1

� ¼ �2mt�1.

So, since p(x) ¼ x,�
y1ðtÞy02ðtÞ � y2ðtÞy01ðtÞ

�
pðtÞ ¼ �y1ðtÞy02ðtÞ � y2ðtÞy01ðtÞ

�
t ¼ �2m.

Also

y1ðxÞy2ðtÞ � y1ðtÞy2ðxÞ ¼ xmt�m � tmx�m.

So the particular solution, yp(x), is

ypðxÞ ¼
Z x

0

ðtmx�m � xmt�mÞ
2m

f ðtÞdt
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and the general solution is

yðxÞ ¼ c1y1ðxÞ þ c2y2ðxÞ þ ypðxÞ

¼ c1x
m þ c2x

�m þ
Z x

0

ðtmx�m � xmt�mÞ
2m

f ðtÞdt.

We use the boundary conditions to determine c1 and c2.
Since y(0) ¼ 0, then c2 ¼ 0, so

yðxÞ ¼ c1x
m þ

Z x

0

ðtmx�m � xmt�mÞ
2m

f ðtÞdt.

Since y(1) ¼ 0,

0 ¼ c1 þ
Z 1

0

1

2m

�
tm � t�m

�
f ðtÞdt

and

c1 ¼
Z 1

0

1

2m

�
t�m � tm

�
f ðtÞdt.

Thus

yðxÞ ¼ xm
Z 1

0

1

2m

�
t�m � tm

�
f ðtÞdt þ

Z x

0

ðtmx�m � xmt�mÞ
2m

f ðtÞdt.

We have

xm
Z 1

0

1

2m

�
t�m � tm

�
f ðtÞdt ¼

Z x

0

xm

2m

�
t�m � tm

�
f ðtÞdt þ

Z 1

x

xm

2m

�
t�m � tm

�
f ðtÞdt

so

yðxÞ ¼
Z x

0

xm

2m

�
t�m � tm

�
f ðtÞdt þ

Z 1

x

xm

2m

�
t�m � tm

�
f ðtÞdt

þ
Z x

0

ðtmx�m � xmt�m
�

2m
f ðtÞdt

¼
Z x

0

1

2m

�
xmt�m � xmtm þ tmx �m � xmt�m

�
f ðtÞdt

þ
Z 1

x

1

2m
xm
�
t�m � tm

�
f ðtÞdt

¼
Z x

0

1

2m
tm
�
xm � x�m

�
f ðtÞdt þ

Z 1

x

1

2m
xm
�
t�m � tm

�
f ðtÞdt

¼
Z 1

0
Gðx; tÞf ðtÞdt
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where

Gðx; tÞ ¼

8>><>>:
1

2m
tm
�
xm � x�m

�
t < x

1

2m
xm
�
t�m � tm

�
x < t

.

This appears different from the solution we derived using the Dirac-delta
function. But, because G(x,t) ¼ G(t,x), they are equal.

EXERCISES
Use variation of parameters to solve the following problems.

1. Find Green’s function for y00(x) þ y(x) ¼ �f (x) with the following initial
conditions:
a. y(0) ¼ y(1) ¼ 0
b. y(0) ¼ y0(1) ¼ 0
c. y0(0) ¼ y0(1) ¼ 0.

2. Solve y00(x) þ y(x) ¼ x2, y0(0) ¼ y0(1) ¼ 0.
3. Find Green’s function for y00(x) ¼ �f (x) with the following initial conditions:

a. y(0) ¼ y0(1) ¼ 0
b. y0(0) ¼ y0(1) ¼ 0.

4. Solve y00ðxÞ þ 1
4 yðxÞ ¼ sin x; yð0Þ ¼ yð1Þ ¼ 0.

5. Find the Green’s function for y00(x)�y(x) ¼ �f (x), y(0) ¼ y(1) ¼ 0.

3.4 CONSTRUCTION OF GREEN’S FUNCTION FROM
EIGENFUNCTIONS

We continue to consider the operator

L½yðxÞ� ¼ ½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ.
We want to solve

L½yðxÞ� ¼ �f ðxÞ
yð0Þ ¼ 0; yð1Þ ¼ 0:

Suppose that {fn} is a complete orthonormal basis for the vector space consist-
ing of eigenvectors of L that satisfy the boundary conditions, and that ln is the eigen-
value of fn. We assume the inner product

h f ðxÞ; gðxÞi ¼
Z 1

0
f ðxÞgðxÞdx.
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Then we have

f ðxÞ ¼
X

fnfnðxÞ; yðxÞ ¼
X

ynfnðxÞ
where

fn ¼ h f ðxÞ;fnðxÞi ¼
Z 1

0
f ðxÞfnðxÞdx.

We must find the yn’s.
Since L is a linear operator and fn(x) is an eigenvector of Lwith eigenvalue ln for

each n, we have

L½yðxÞ� ¼ L
�X

ynfnðxÞ
�
¼
X

ynlnfnðxÞ.
So, from L[y(x)] ¼ � f (x), we getX

ynlnfnðxÞ ¼ �
X

fnfnðxÞ;
and, since {fn(x)} is a basis,

ynln ¼ �fn.

Now, 0 is not an eigenvalue, so

yn ¼ � fn
ln

and thus

yðxÞ ¼
X

ynfnðxÞ ¼ �
X fn

ln
fnðxÞ.

We now want to find G(x,t) so that

yðxÞ ¼
Z 1

0
Gðx; tÞf ðtÞdt;

that is, we want to find the Green’s function.
Recall

fn ¼
Z 1

0
f ðtÞfnðtÞdt

so

yðxÞ ¼ �
XfnðxÞ

ln
fn ¼ �

XfnðxÞ
ln

Z 1

0
f ðtÞfnðtÞdt ¼ �

XZ 1

0

fnðxÞfnðtÞ
ln

f ðtÞdt

¼ �
Z 1

0

�XfnðxÞfnðtÞ
ln

�
f ðtÞdt;

where we have assumed moving the summation inside the integral is legitimate.
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Thus,

Gðx; tÞ ¼ �
XfnðxÞfnðtÞ

ln
. (1)

Clearly, to find the Green’s function using this method, the crucial step is to find
the eigenvalues and eigenfunctions for L that satisfy the initial conditions.

We note that some authors consider the problem

L½yðxÞ� þ myðxÞ ¼ ½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ þ myðxÞ ¼ �f ðxÞ
where m is not an eigenvalue of L (but now 0 may be an eigenvalue of L) and obtain
the Green’s function

Gðx; tÞ ¼ �
XfnðxÞfnðtÞ

ln � m
. (2)

By adjusting either q(x) or qðxÞ, either problem can be changed into the other.
The preference would be for the version for which the eigenvalues/eigenvectors
are easier to find.

Example:
Use the eigenfunction expansion to find the Green’s function for

y00ðxÞ þ yðxÞ ¼ �f ðxÞ; yð0Þ ¼ 0; yð1Þ ¼ 0:

We consider the second form of the problem with L[y(x)] ¼ y00(x) and m ¼ 1.
The eigenvalues and eigenfunctions for

L½yðxÞ� ¼ y00ðxÞ
are

yðxÞ ¼ sinðaxÞ yðxÞ ¼ cosðaxÞ
each with eigenvalue �a2. We now find the eigenvalues for which the eigenfunc-
tions satisfy the initial conditions. Suppose

yðxÞ ¼ A sinðaxÞ þ B cosðaxÞ
and y(0) ¼ 0. Then B ¼ 0. If y(1) ¼ 0, then

yð1Þ ¼ 0 ¼ A sin a

so a ¼ np where n is an integer. (Otherwise, we have only the trivial solution.) The
eigenvalue of L for the eigenfunction jn(x) ¼ sin(npx) is �(np)2. SinceZ 1

0
sin2ðnpxÞdx ¼ 1

2
; then kjnðxÞk ¼ 1ffiffiffi

2
p .

Thus
� ffiffiffi

2
p

sinðnpxÞ� ¼ ffnðxÞg is an orthonormal set of eigenfunctions for L
that satisfy the initial conditions. So, according to Eq. (2), the Green’s function
for this example is

Gðx; tÞ ¼ �
XfnðxÞfnðtÞ

ln � m
¼ �

X	 ffiffiffi
2

p
sinðnpxÞ
	 ffiffiffi

2
p

sinðnptÞ

�ðnpÞ2 � 1

.
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EXERCISES
Then use eigenfunction expansion to find the Green’s function for the following
problems.

1. Find Green’s function for y00(x) þ y(x) ¼ �f (x) with the following initial
conditions:
a. y(0) ¼ y0(1) ¼ 0
b. y0(0) ¼ y0(1) ¼ 0.

2. Solve y00(x) þ y(x) ¼ x2, y0(0) ¼ y0(1) ¼ 0.

3.5 MORE GENERAL BOUNDARY CONDITIONS
In our construction of the Green’s functions we have restricted the initial conditions
to the case y(0) ¼ 0, y(1) ¼ 0 to arrive at the solution to

½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ ¼ �f ðxÞ; yð0Þ ¼ 0; yð1Þ ¼ 0 (1)

is given by

yðxÞ ¼
Z 1

0
Gðx; tÞf ðtÞdt.

Green’s functions are also used to solve the more general problem

½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ ¼ �f ðxÞ;
with boundary conditions

yð0Þ ¼ a

yð1Þ ¼ b.

To solve the more general problem, suppose that y1(x) and y2(x) are the linearly
independent solutions we used to construct the Green’s function. We want to find
numbers a and b so that

ay1ð0Þ þ by2ð0Þ ¼ a

ay1ð1Þ þ by2ð1Þ ¼ b.

Then

yðxÞ ¼
Z 1

0
Gðx; tÞf ðtÞdt þ ay1ðxÞ þ by2ðxÞ

is a solution to

½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ ¼ �f ðxÞ; yð0Þ ¼ a; yð1Þ ¼ b.
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Example:
We have seen in problem 1(a) of Section 3.2 that the Green’s function for

y00ðxÞ þ yðxÞ ¼ �f ðxÞ; yð0Þ ¼ 0; yð1Þ ¼ 0

is

Gðx; tÞ ¼

8>>><>>>:
�sinðt � 1Þ

sin 1
sin x; 0 � x < t

e
sin t

sin 1
sinðx� 1Þ; t < x � 1

where y1(x) ¼ cosx and y2(x) ¼ sinx. Suppose we want to solve

y00ðxÞ þ yðxÞ ¼ �f ðxÞ; yð0Þ ¼ 3; yð1Þ ¼ 2:

Then we need to find numbers a and b so that

a cos 0þ b sin 0 ¼ 3

a cos 1þ b sin 1 ¼ 2:

We find

a ¼ 3; b ¼ 2� 3 cos 1

sin 1

so that the solution is given by

yðxÞ ¼
Z 1

0
Gðx; tÞf ðtÞdt þ ay1ðxÞ þ by2ðxÞ

¼
Z x

0
e

sin t

sin 1
sinðx� 1Þf ðtÞdt þ

Z 1

x
�sinðt � 1Þ

sin 1
sin xf ðtÞdt

þ 3 cos xþ
�
2� 3 cos 1

sin 1

�
sin x.

If you have a CAS, it is interesting to verify this for some choice of f (t).

EXERCISES
Find the solution for the following initial value problems using Green’s function.
Note that the Green’s function was determined in exercises from the previous
section.

1. Find solution for y00(x) þ y(x) ¼ �f (x) with the following initial conditions:

a. y(0) ¼ 4, y(1) ¼ � 2
b. y(0) ¼ 6, y(1) ¼ 4.

2. Solve y00(x) þ y(x) ¼ x2, y(0) ¼ 1, 2y(1) ¼ 5.
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3. Find solution for y00(x) ¼ �f (x) with the following initial conditions:
a. y(0) ¼ 4, y(1) ¼ 2
b. y(0) ¼ �3, y(1) ¼ 7.

4. Solve y00ðxÞ þ 1
4 yðxÞ ¼ sin x; yð0Þ ¼ 3; yð1Þ ¼ �1.

5. Find the solution for y00(x) � y(x) ¼ � f (x), y(0) ¼ 1, y(1) ¼ � 2.

6. Describe how you would solve y00ðxÞ þ yðxÞ ¼ �f ðxÞ; y0ð0Þ ¼ 3; y0ð1Þ ¼ 5:

3.6 THE FREDHOLM ALTERNATIVE (OR, WHAT IF 0 IS AN
EIGENVALUE?)

Throughout this chapter, we have assumed that 0 is not an eigenvalue of the operator
L. As was mentioned at the beginning of the chapter, if 0 is an eigenvalue of L then

L½y� ¼ a0ðxÞy00ðxÞ þ a1ðxÞy0ðxÞ þ a0ðxÞyðxÞ ¼ �f ðxÞ
may not have a solution. This case is known as Fredholm’s alternative. To under-
stand the problem at a more elementary level, we consider an example from linear
algebra.

Suppose that T : R3/R3 is a linear operator with eigenvalue 0. Suppose that T is
self-adjoint so we may choose a basis for which the matrix representation of T is
diagonal. (This is not necessary, but it will make the ideas easier to follow.) Suppose
that in this basis the matrix representation of T is

A ¼

0B@ 1 0 0

0 2 0

0 0 0

1CA.

If bb is a nonzero vector in the eigenspace of 0, say

bb ¼

0B@ 0

0

5

1CA;

then Abx ¼ bb, that is0B@ 1 0 0

0 2 0

0 0 0

1CA
0B@ x

y

z

1CA ¼

0B@ 0

0

5

1CA or

0B@ x

2y

0z

1CA ¼

0B@ 0

0

5

1CA
has no solution. If bb is in the orthogonal complement of the eigenspace of 0, say

bb ¼

0B@ 3

7

0

1CA;
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then Abx ¼ bb, that is0B@ 1 0 0

0 2 0

0 0 0

1CA
0B@ x

y

z

1CA ¼

0B@ 3

7

0

1CA or

0B@ x

2y

0z

1CA ¼

0B@ 3

7

0

1CA
has infinitely many solutions. There will be exactly one solution bx if we add the
requirement that the inner product of bx and the eigenvector of 0 is 0.

The essential points of this example that will carry over to our setting are:

1. When 0 is an eigenvalue of the operator L, we may not be able to solve the
equation

Ly ¼ f

for y. We can, however, solve the equation

Ly ¼ �ð f � gÞ (1)

where g is the projection of f onto the eigenspace of 0.
2. In the case that the dimension of the eigenspace of 0 is one, g is determined by

g ¼ h f ;jij
where j is a normalized eigenvector of 0.
3. The solution to Eq. (1) is not unique, but if we also require that hy;ji ¼ 0, then

the solution is unique.
The following example demonstrates these ideas for the case

L½yðxÞ� ¼ ½pðxÞy0ðxÞ�0 þ qðxÞyðxÞ.

Suppose

y00ðxÞ ¼ f ðxÞ 0 < x < 1:

Solutions to the homogeneous equation are

y1ðxÞ ¼ x y2ðxÞ ¼ 1

so that any function j(x) ¼ ax þ b is an eigenfunction of L[y(x)] ¼ y00(x) with eigen-
value 0. We want to specify initial conditions that cause j(x) to have only one
parameter. We then choose a value of that parameter so that j(x) will have norm
1. Some of the possible choices include

yð0Þ ¼ 0; y0ð1Þ ¼ yð1Þ gives jðxÞ ¼ ax;

y0ð0Þ ¼ 0; yð0Þ ¼ yð1Þ gives jðxÞ ¼ b;

yð0Þ ¼ y0ð0Þ gives jðxÞ ¼ axþ a.
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We analyze the case y(0) ¼ y0(0). Then j(x) ¼ ax þ a ¼ a(x þ 1) is an eigen-
vector corresponding to the initial conditions. We determine a so that j(x) will be
a unit vector. We have

hjðxÞ;jðxÞi ¼ a2
Z 1

0
ðxþ 1Þ2dx ¼ a2

ðxþ 1Þ3
3

�����
1

0

¼ 7a2

3

so

hjðxÞ;jðxÞi ¼ 1 if a ¼ �
ffiffiffi
3

7

r
.

We take jðxÞ ¼
ffiffi
3
7

q
ðxþ 1Þ. Now

f ðxÞ; hjðxÞjðxÞi ¼ jðxÞ
Z 1

0
f ðtÞjðtÞdt ¼ aðxþ 1Þ

Z 1

0
f ðtÞaðt þ 1Þdt

¼ a2ðxþ 1Þ
Z 1

0
ðt þ 1Þf ðtÞdt.

Thus, we have

y00ðxÞ ¼ �
24f ðxÞ � a2ðxþ 1Þ

Z 1

0
ðt þ 1Þf ðtÞdt

35.
Let

b ¼
Z 1

0
ðt þ 1Þf ðtÞdt.

Then

y00ðxÞ ¼ �f ðxÞ þ a2bðxþ 1Þ.
Note that if y00(x) ¼ F (x), then

y0ðxÞ ¼
Z x

0
FðtÞdt þ C

so

y0ðxÞ ¼ �
Z x

0
f ðzÞdzþ a2b

Z x

0
ðzþ 1Þdzþ C.

Then y0(0) ¼ C. Now

y0ðxÞ ¼ �
Z x

0
f ðzÞdzþ a2b

Z x

0
ðzþ 1Þdzþ C

¼ �
Z x

0
f ðzÞdzþ a2b

�
x2

2
þ x

�
þ C.
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Also, if

y0ðxÞ ¼ GðxÞ ¼
Z x

0
hðzÞdz

then

yðxÞ ¼
Z x

0
GðwÞdw ¼

Z x

0

0@Z w

0
hðzÞdz

1Adwþ D.

Thus,

yðxÞ ¼ �
Z x

0

0@Z w

0
f ðzÞdz

1Adwþ a2b

Z x

0

�
z2

2
þ z

�
dzþ Cxþ D

¼ �
Z x

0

0@Z w

0
f ðzÞdz

1Adwþ a2b

�
x3

6
þ x2

2

�
þ Cxþ D.

(2)

Note that y(0) ¼ D. Since y0(0) ¼ C and y(0) ¼ y0(0), we have C ¼ D.
Next, we reverse the limits of integration inZ x

0

0@Z w

0
f ðzÞdz

1Adw.

The region of integration for the integral is shown in Fig. 3.6.1.

wx

z
w = z

FIGURE 3.6.1

Region of integration
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We haveZ x

0

0@Z w

0
f ðzÞdz

1Adw ¼
Z x

0

0@Z x

z
f ðzÞdw

1Adz ¼
Z x

0
ðx� zÞf ðzÞdz.

So, from Eq. (2) we have

yðxÞ ¼ �
Z x

0
ðx� zÞf ðzÞdzþ a2b

�
x3

6
þ x2

2

�
þ Cxþ C

¼
Z z

0
ðz� xÞf ðzÞdzþ a2b

�
x3

6
þ x2

2

�
þ Cxþ C.

(3)

To determine C we use the orthogonality conditionZ 1

0
yðxÞjðxÞdx ¼ 0:

This givesZ 1

0

24Z x

0
ðz� xÞf ðzÞdzþ a2b

�
x3

6
þ x2

2

�
þ Cðxþ 1Þ

35aðxþ 1Þdx ¼ 0

or Z 1

0

24Z x

0
ðz� xÞf ðzÞdzþ a2b

�
x3

6
þ x2

2

�
þ Cðxþ 1Þ

35ðxþ 1Þdx ¼ 0:

We evaluate Z 1

0

24Z x

z¼0
ðz� xÞf ðzÞdz

35ðxþ 1Þdx

by reversing the limits of integration. The region of integration is shown in
Fig. 3.6.2.

We haveZ 1

0

24Z x

z¼0
ðz� xÞf ðzÞdz

35ðxþ 1Þdx ¼
Z 1

z¼0

24Z 1

x¼z
ðz� xÞðxþ 1Þdx

35f ðzÞdz.
Now Z 1

x¼z
ðz� xÞðxþ 1Þdx ¼ �z3

6
� z2

2
þ 3

2
z� 5

6
.
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So,Z 1

0

24Z x

0
ðz� xÞf ðzÞdzþ a2b

�
x3

6
þ x2

2

�
þ Cðxþ 1Þ

35ðxþ 1Þdx

¼
Z 1

z¼0

�
� z3

6
� z2

2
þ 3

2
z� 5

6

�
f ðzÞdz

þ a2b

Z 1

x¼0

�
x3

6
þ x2

2

�
ðxþ 1Þdxþ C

Z 1

x¼0
ðxþ 1Þ2dx ¼ 0:

Now Z 1

0

�
x3

6
þ x2

2

�
ðxþ 1Þdx ¼ 11

30
and

Z 1

0
ðxþ 1Þ2dx ¼ 7

3

so we haveZ 1

z¼0

�
� z3

6
� z2

2
þ 3

2
z� 5

6

�
f ðzÞdz

þ a2b

Z 1

x¼0

�
x3

6
þ x2

2

�
ðxþ 1Þdxþ C

Z 1

x¼0
ðxþ 1Þ2dx

¼
Z 1

z¼0

�
� z3

6
� z2

2
þ 3

2
z� 5

6

�
f ðzÞdzþ 11

30
a2bþ 7

3
C ¼ 0:

z = x

(1, 1)

x
1

z

FIGURE 3.6.2

Region of integration
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Also,

11

30
a2b ¼ 11

30
$
3

7

Z 1

0
ðt þ 1Þf ðtÞdt ¼ 11

70

Z 1

0
ðt þ 1Þf ðtÞdt.

We then have

7

3
C ¼

Z 1

z¼0

�
z3

6
þ z2

2
� 3

2
zþ 5

6

�
f ðzÞdz� 11

70

Z 1

0
ðt þ 1Þf ðtÞdt

so

C ¼ 3

7

Z 1

z¼0

�
z3

6
þ z2

2
� 174

105
zþ 71

105

�
f ðzÞdz.

Thus,

yðxÞ ¼
Z x

0
ðz� xÞf ðzÞdzþ a2b

�
x3

6
þ x2

2

�
þ Cðxþ 1Þ

¼
Z x

0
ðz� xÞf ðzÞdzþ 3

7

�
x3

6
þ x2

2

�24Z x

0
ðzþ 1Þf ðzÞdzþ

Z 1

x
ðzþ 1Þf ðzÞdz

35þ ðxþ 1Þ

þ
243
7

Z x

z¼0

�
z3

6
þ z2

2
� 174

105
zþ 71

105

�
f ðzÞdzþ 3

7

Z 1

z¼x

�
z3

6
þ z2

2
� 174

105
zþ 71

105

�
f ðzÞdz

35.
Thus, the Green’s function is

Gðx; zÞ ¼

8>>>><>>>>:
ðz� xÞ þ 3

7

�
x3

6
þ x2

2

�
ðzþ 1Þ þ 3

7
ðxþ 1Þ

�
z3

6
þ z2

2
� 174

105
zþ 71

105

�
z < x

3

7

�
x3

6
þ x2

2

�
ðzþ 1Þ þ 3

7
ðxþ 1Þ

�
z3

6
þ z2

2
� 174

105
zþ 71

105

�
z > x

.

In the case where 0 is not an eigenvalue for the operator L we found that the
Green’s function for L is

Gðx; tÞ ¼
X
n

jnðxÞjnðtÞ
ln

where {jn} are orthonormal eigenvectors of L with the eigenvalue of jn equal to ln.
We give an example to demonstrate that if 0 is an eigenvalue for L, then the modi-

fied Green’s function is

Gðx; tÞ ¼
X
lns0

jnðxÞjnðtÞ
ln

.
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Suppose L is an operator with an orthonormal basis of eigenvectors {j1, j2, j3}
and

Lj1 ¼ 2j1; Lj2 ¼ 3j2; Lj3 ¼ 0:

Now, L[y] ¼ f has a solution y if and only if f ¼ aj1 þ bj2. We solve

L½y� ¼ 6j1 � 5j2.

Let y ¼ aj1 þ bj þ cj3. We shall find a, b, c.
Now

L½y� ¼ Lðaj1 þ bj2 þ cj3Þ ¼ 2aj1 þ 3bj2 ¼ 6j1 � 5j2

so

a ¼ 6

2
¼ hj1; f i

l1
b ¼ �5

3
¼ hj2; f i

l2

and

y ¼
X2
n¼1

hjn; f i
ln

jn

which corresponds to

yðxÞ ¼
X2
n¼1

1

ln
jnðxÞ

Z 1

0
jnðtÞf ðtÞdt ¼

Z 1

0

 X2
n¼1

jnðxÞjnðtÞ
ln

!
f ðtÞdt.

The point of this example is if f is a function for which L[y] ¼ f has a solution,
then the eigenvector whose eigenvalue is 0 does not appear in the Green’s function.

EXERCISES
1. Repeat the example we computed for the initial conditions y0(0) ¼ 0, y(0) ¼ y(1).
2. Repeat the example we computed for the initial conditions y(0) ¼ 0, y0(1) ¼ y(1).

3.7 GREEN’S FUNCTION FOR THE LAPLACIAN IN HIGHER
DIMENSIONS

One of the most frequently encountered operators is the negative Laplacian, �D. In
this section we derive the fundamental solution or the free-space Green’s function
(the situation where we have no boundary conditions) for the negative Laplacian
in two and three dimensions.

We first note that

DGðbx; bx0Þ ¼ dðbx � bx0Þ
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has no angular dependence, so Laplace’s equation is invariant under rotation. Thus
we have

Gðbx; bx0Þ ¼ GðrÞ
where r ¼ jbx � bx0j.

We use the divergence theorem to derive the free-space Green’s function for the
negative Laplacian in two and three dimensions.

Consider

�DE ¼ �
 

v2

vx21
þ v2

vx22
þ v2

vx23

!
E ¼ dðx1; x2; x3Þ.

A common interpretation for E is the electrostatic potential at a point (x1, x2, x3)
due to a unit charge at (0, 0, 0). This interpretation leads us to pose the problem in
spherical coordinates and to assume that E depends only on r. We derived the
formula for the Laplacian in spherical coordinates earlier, and if E depends only
on r, then

DE ¼ 1

r2
v

vr

�
r2
vE

vr

�
.

Setting DE ¼ 0 yields

v

vr

�
r2
vE

vr

�
¼ 0 or r2

vE

vr
¼ C.

So �DE ¼ 0 says

vE

vr
¼ �C

r2
;

and thus

EðrÞ ¼ C

r
þ D.

If we assume (as with electrostatic potential) that lim
r/∞

EðrÞ ¼ 0, then EðrÞ ¼ C

r
.

To determine C, we shall appeal to the divergence theorem.
Recall that in spherical coordinates, if f is a function, then

Vf ¼ vf

vr
ber þ 1

r

vf

vq
beq þ 1

r sin q

vf

vf
be4.

Since E depends only on r,

VE ¼ vE

vr
ber .

We relate this particular situation to the divergence theorem. The region U will
be a sphere of radius ε, centered at the origin, which we denote Rε. The boundary of
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U, vU, is the surface of this sphere and will be denoted vRε. The vector field Fwill be
vE

vr
ber . Since our surface is that of sphere centered at the origin, the normal unit vec-

tor to the surface is ber . Thus
F
.
$ n
. ¼

�
vE

vr

�ber$ber ¼ vE

vr
;

and since U is Rε, and we shall be integrating where r ¼ ε, so we shall be integrating�
vE

vr

�
r ¼ ε

. Thus, relating our problem to one of the integrals in the divergence the-

orem, we have ZZ
vU
ðF$nÞdS ¼

Z
vR

ε

�
vE

vr

�
r¼ε

dS.

We want to find fundamental solution for

�DE ¼ dðxÞ.
In our setting,

div F ¼ V$F ¼ V$VEhDE;

so ZZZ
U
ðV$FÞdV ¼

ZZ
vU
F$dS

is expressed in our setting as

�
ZZZ

R
ε

DEdV ¼ �
ZZ

vR
ε

�
vE

vr

�
r¼ε

dS.

But we have

�DE ¼ dðxÞ;
so

�
ZZ

vR
ε

�
vE

vr

�
r¼ε

dS ¼ �
ZZZ

R
ε

DEdV ¼
ZZZ

R
ε

dðxÞdV ¼ 1:

Note that the integral on the left is a surface integral and the singularity at r ¼ 0
does not come into play. The idea is the same as the example of Gauss’s law for
inverse square fields.

Back to the three-dimensional case. Since

E ¼ C

r
;
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we have �
vE

vr

�
r¼ε

¼
�
�C

r2

�
r¼ε

¼ �C

ε
2
;

so

�C

ε
2

ZZ
vR

ε

1 dS ¼ �C

ε
2
$4pε2 ¼ �4pC.

Thus,

�
ZZ

vR
ε

�
vE

vr

�
r¼ε

dS ¼ 4pC ¼ 1;

so C ¼ 1
4p, and we have in three dimensions

�DE ¼ dðx1; x2; x3Þ ¼ dðbr0Þ if EðbrÞ ¼ 1

4pjbr � br0j .
We note an important connection. What we have just done is the equivalent of the

jump condition in the one-dimensional case. Here is a sketch of the intuition: In both

cases, we let the region about 0
�
or b0� collapse toward the origin. The property of

the d(x) function forces the integral of this region to always be 1. Speaking in an
intuitive manner, in the one-dimensional caseZ

ε

�ε

d2g

dx2
¼ g0ðεÞ � g0ð�εÞ ¼

Z
ε

�ε

dðxÞ ¼ 1;

and in higher dimensions,Z
R
ε

DgdV ¼
Z
vR

ε

ðVgÞr¼ε
dS ¼

Z
dðxÞdV ¼ 1:

In two dimensions, using polar coordinates and again assuming E depends only
on r, we have

DE ¼ 1

r

v

vr

�
r
vE

vr

�
¼ 0;

so

v

vr

�
r
vE

vr

�
¼ 0 and r

vE

vr
¼ C.

Thus

vE

vr
¼ C

r
so EðrÞ ¼

Z
C
dr

r
¼ C ln r þ D.
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If D ¼ 0, the divergence theorem gives

�
ZZ

Rε

DEdV ¼ �
Z
vRε

�
vE

vr

�
r¼ε

dS ¼ �C

ε

Z
vRε

dS ¼ �C

ε

2pε ¼ �C2p.

But

�
ZZ

R
ε

DEdV ¼
ZZ

R
ε

dðxÞdV ¼ 1;

so

�C2p ¼ 1 and C ¼ � 1

2p
.

Finally, we have

EðrÞ ¼ C ln r ¼ � 1

2p
ln r ¼ 1

2p
ln
1

r
.

Summarizing, the equation �DE ¼ d(x), assuming that E depends only on r,
gives

EðbrÞ ¼
8>>><>>>:

1

4pjbr � br0j in three dimensions

1

2p
ln

1

jbr � br0j in two dimensions

.

This gives that the fundamental solution in three dimensions is

Gðbr ; br0Þ ¼ 1

4pjbr � br0j
and in two dimensions is

Gðbr ; br0Þ ¼ 1

2p
ln

1

jbr � br0j .
One can extend this idea to higher dimensions. Suppose that

DuðbxÞ ¼ 0; bx ˛Rn.

We again use the fact that the Laplacian is invariant under rotations to let

vðrÞ ¼ DuðbxÞ where r ¼ kbxk.
Now

Duðx1;/; xnÞ ¼ v2u

vx21
þ/þ v2u

vx2n
.
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We have

vu

vxi
¼ dv

dr

vr

vxi

and

vr

vxi
¼

v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ/x2n

q
vxi

¼ xiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ/x2n

q ¼ xi
r

so

vu

vxi
¼ v0ðrÞ xi

r
.

Now

v2u

vx2i
¼ v

vxi

�
vu

vxi

�
¼ v

vxi

�
v0ðrÞ xi

r

�
¼ v

vxi

��
v0ðrÞ
r

�
xi

�
¼
�
v0ðrÞ
r

�
þ xi

v

vxi

�
v0ðrÞ
r

�
.

Also,

v

vxi

�
v0ðrÞ
r

�
¼

r
v

vxi
ðv0ðrÞÞ � v0ðrÞ v

vxi
ðrÞ

r2

and

v

vxi
ðv0ðrÞÞ ¼ v00ðrÞ xi

r
;

v

vxi
ðrÞ ¼ xi

r
.

Thus

xi
v

vxi

�
v0ðrÞ
r

�
¼ xi

264rv00ðrÞ xir � v0ðrÞ xi
r

r2

375 ¼ x2i

�
1

r2
v00ðrÞ � v0ðrÞ

r3

�

so

v2u

vx2i
¼
�
v0ðrÞ
r

�
þ x2i

�
1

r2
v00ðrÞ � v0ðrÞ

r3

�
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and we have

Duðx1;/; xnÞ ¼ v2u

vx21
þ/þ v2u

vx2n
¼
Xn
i¼1

��
v0ðrÞ
r

�
þ x2i

�
1

r2
v00ðrÞ � v0ðrÞ

r3

��

¼ n

�
v0ðrÞ
r

�
þ
Xn
i¼1

x2i
1

r2
v00ðrÞ �

Xn
i¼1

x2i
v0ðrÞ
r3

¼ ðn� 1Þ
�
v0ðrÞ
r

�
þ v00ðrÞ.

So to solve Du ¼ 0, we must solve

ðn� 1Þ
�
v0ðrÞ
r

�
þ v00ðrÞ ¼ 0:

Then

v00ðrÞ ¼ 1� n

r
v0ðrÞ so

v00ðrÞ
v0ðrÞ ¼ ð1� nÞ 1

r

and

ln v0ðrÞ ¼ ð1� nÞln r þ C.

Thus

v0ðrÞ ¼ D

rn�1

and we have

vðrÞ ¼ D

ð2� nÞrn�2
þ E.

If we assume that v(r) / 0 as r/ ∞, then E ¼ 0. If we then apply the diver-
gence theorem as we did in the two- and three-dimensional cases we get

uðbxÞ ¼ vðrÞ ¼ 1

ðn� 2ÞSðnÞ
1

rn�2
; n � 3

where S(n) is the surface area of the sphere in n dimensions.

EXERCISES
In the exercises, you may use the fact that if E depends only on R, then in N
dimensions

DE ¼ 1

rN�1

v

vr

�
rN�1vE

vr

�
.
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1. In four dimensions, the volume and surface area of a sphere of radius R are
computed by

V ¼ 1

2
p2R4 S ¼ 2p2R3.

Solve �DE ¼ d(x), assuming that E depends only on r in four dimensions.
2. In five dimensions, the volume and surface area of a sphere of radius R are

computed by

V ¼ 8

15
p2R5 S ¼ 8

3
p2R4.

Solve �DE ¼ d(x), assuming that E depends only on r in five dimensions.
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Fourier Series 4
4.1 INTRODUCTION
One technique that is often used in solving partial differential equations is separation
of variables. This method yields a set of ordinary differential equations whose solu-
tions are “pasted together” to provide a solution to the partial differential equation.

In the problems that we shall consider, each ordinary differential equation can be
considered as an eigenvalue/eigenfunction problem where the differential operator is
self-adjoint. An important question is, given the set of eigenfunctions {fk} and a
function f (x), do there exist constants ck so that the sequence of functions {Sn(x)}
defined by

fSnðxÞg ¼
Xn
k¼1

ckfk

converges to f (x).
There are three senses of convergence that we shall consider:

1. Pointwise convergence
2. Uniform convergence
3. L2convergence (also called convergence in the mean).

L2 convergence means

lim
N/∞

hSNðxÞ � f ðxÞ; SNðxÞ � f ðxÞi ¼ 0:

An advantage of L2 convergence that we know from Section 1.1 is that the con-
stants cn should be the Fourier coefficients.

In the text, we shall consider the set of trigonometric functions {sin nx, cos nx},
Bessel functions, and Legendre polynomials. Each of these sets arises as a set of
eigenfunctions for a particular self-adjoint differential operator. In this section we
analyze trigonometric Fourier series, which are series of trigonometric functions.
We choose this set because the mathematics is the best developed and is the simplest
to demonstrate. It will serve to illustrate the basic questions that need to be addressed
for each system.
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4.2 BASIC DEFINITIONS
We have seen that the operator L ¼ d2

dx2 is self-adjoint on the vector space

V ¼ f f j f is periodic of period 2p and f 00 is integrableg
with inner product

h f ; gi ¼
Z p

�p

f ðxÞgðxÞdx.

The eigenfunctions of L are�
1; sinðnxÞ; cosðnxÞ��n 3ℤþ�.

The eigenvalue of sin(nx) and cos(nx) is �n2 and the eigenvalue of 1 is 0. Since

hsinðnxÞ; cosðnxÞi ¼
Z p

�p

sinðnxÞcosðnxÞdx ¼ 1

2

Z p

�p

sinð2nxÞdx ¼ 0

and since eigenfunctions of a self-adjoint operator with distinct eigenvalues are
orthogonal, the set �

1; sinðnxÞ; cosðnxÞ��n˛ℤþ�
is an orthogonal set of eigenvectors for L. Next we compute the norm of each of
these eigenvectors.

We have

2p ¼
Z p

�p

1dx ¼
Z p

�p

sin2ðnxÞ þ cos2ðnxÞdx

¼
Z p

�p

sin2ðnxÞdxþ
Z p

�p

cos2ðnxÞdx

and Z p

�p

sin2ðnxÞdx ¼
Z p

�p

cos2ðnxÞdx

so

hsinðnxÞ; sinðnxÞi ¼
Z p

�p

sin2ðnxÞdx ¼ p

and

hcosðnxÞ; cosðnxÞi ¼
Z p

�p

cos2ðnxÞdx ¼ p.
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Also

h1; 1i ¼
Z p

�p

12 dx ¼ 2p.

Thus

ksinðnxÞk ¼ kcosðnxÞk ¼ ffiffiffi
p

p
and k1k ¼

ffiffiffiffiffiffi
2p

p
.

In Exercise 1, we show that the Fourier expansion for f (x) is

a0
2
þ
X∞
n¼1

ðan cos nxþ bn sin nxÞ

where

an ¼ 1

p

Z p

�p

f ðxÞcosðnxÞdx a0 ¼ 1

p

Z p

�p

f ðxÞdx;

so

pan ¼
Z p

�p

f ðxÞcosðnxÞ dx pa0 ¼
Z p

�p

f ðxÞdx

and

bn ¼ 1

p

Z p

�p

f ðxÞsinðnxÞdx; so pbn ¼
Z p

�p

f ðxÞcosðnxÞdx.

For the trigonometric polynomials, the function SN(x) given earlier is

SNðxÞ ¼ a0
2
þ
XN
n¼1

ðan cos nxþ bn sin nxÞ.

We begin with preliminary work on L2 convergence. We show that

Z p

�p

½ f ðxÞ � SNðxÞ�2dx ¼
Z p

�p

½ f ðxÞ�2dx� p

 
a20
2
þ
XN
n¼1

�
a2n þ b2n

�!
.

NowZ p

�p

½ f ðxÞ � SNðxÞ�2dx ¼
Z p

�p

½ f ðxÞ�2dx� 2

Z p

�p

f ðxÞSNðxÞdxþ
Z p

�p

½SNðxÞ�2dx.
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We haveZ p

�p

f ðxÞSNðxÞdx ¼
Z p

�p

f ðxÞ a0
2
dxþ

Z p

�p

f ðxÞ
 XN

n¼1

ðan cos nxÞ
!

þ
Z p

�p

f ðxÞ
 XN

n¼1

ðbn sin nxÞ
!

¼ a0
2

Z p

�p

f ðxÞdxþ
XN
n¼1

 
an

Z p

�p

f ðxÞcos nx dx
!

þ
XN
n¼1

 
bn

Z p

�p

f ðxÞsin nxdx

!

¼ a0
2
ðpa0Þ þ

XN
n¼1

anðpanÞ þ
XN
n¼1

bnðpbnÞ

¼ p

 
a20
2
þ
XN
n¼1

�
a2n þ b2n

�!
.

Also

Z p

�p

½SNðxÞ�2dx ¼
Z p

�p

"
a0
2
þ
XN
n¼1

ðan cos nxþ bn sin nxÞ
#2

dx

¼
Z p

�p

a20
4
dxþ

XN
n¼1

a2n

Z p

�p

cos2ðnxÞdx þ
XN
n¼1

b2n

Z p

�p

sin2ðnxÞdx

(by the orthogonality of {1, sin(nx), cos(nx)})

¼ 2p
a20
4
þ p

XN
n¼1

a2n þ p
XN
n¼1

b2n ¼ p

 
a20
2
þ
XN
n¼1

�
a2n þ b2n

�!
.

Thus

0 �
Z p

�p

½ f ðxÞ � SNðxÞ�2dx

¼
Z p

�p

½ f ðxÞ�2dx� 2

Z p

�p

f ðxÞSNðxÞdx þ
Z p

�p

½SNðxÞ�2dx

¼
Z p

�p

½ f ðxÞ�2dx� 2

"
p

 
a0

2

2
þ
XN
n¼1

ðan 2 þ bn
2Þ
!#

þ p

 
a0

2

2
þ
XN
n¼1

ðan 2 þ bn
2Þ
!

¼
Z p

�p

½ f ðxÞ�2dx� p

 
a0

2

2
þ
XN
n¼1

ðan 2 þ bn
2Þ
!
.

(1)
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From this computation, we get some important results:
Theorem (Bessel’s Inequality):
For every positive integer N, we have

p

 
a20
2
þ
XN
n¼1

�
a2n þ b2n

�!
�
Z p

�p

½ f ðxÞ�2dx.

Proof:
From (1), we have

0 �
Z p

�p

½ f ðxÞ � SNðxÞ�2dx ¼
Z p

�p

½ f ðxÞ�2dx� p

 
a0

2

2
þ
XN
n¼1

ðan 2 þ bn
2Þ
!
:

Corollary (RiemanneLebesgue Lemma):

If
R p
�p ½ f ðxÞ�2dx is finite and f (x) is integrable, then

lim
n/∞

Z p

�p

f ðxÞcos nx ¼ 0 and lim
n/∞

Z p

�p

f ðxÞsin nx dx ¼ 0.

Proof:
Since

XN
n¼1

an
2 �

Z p

�p

½ f ðxÞ�2dx < ∞ for every N

the sequence of partial sums for the series
P∞
n¼1

an
2 is monotone increasing and

bounded, so it converges.
Since the series converges, the terms must go to 0; i.e.,

lim
n/∞

an
2 ¼ 0:

But then

lim
n/∞

an ¼ lim
n/∞

1

p

Z p

�p

f ðxÞcos nx dx ¼ 0.

Similarly,

lim
n/∞

bn ¼ lim
n/∞

1

p

Z p

�p

f ðxÞsin nx dx ¼ 0:
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EXERCISES
1. Show that the Fourier expansion for f (x) is a0

2 þ P∞
n¼1

ðan cos nxþ bn sin nxÞ
where

an ¼ 1

p

Z p

�p

f ðxÞcosðnxÞdx a0 ¼ 1

p

Z p

�p

f ðxÞdx

so

pan ¼
Z p

�p

f ðxÞcosðnxÞdx pa0 ¼
Z p

�p

f ðxÞdx

and

bn ¼ 1

p

Z p

�p

f ðxÞsinðnxÞdx; so pbn ¼
Z p

�p

f ðxÞsinðnxÞdx.

2. The Fourier series for f (x) is given by a0
2 þ P∞

n¼1
ðan cos nxþ bn sin nxÞ where

formulas for an and bn have been derived.
a. Show that if f (x) is even; i.e., if f (x) ¼ f (�x), then bn ¼ 0.
b. Show that if f (x) is odd; i.e., if f (x) ¼ � f (�x), then an ¼ 0.

3. The function f (x) ¼ jsin xj is an even function, so the Fourier coefficients bn will
be 0. However, sin x ¼ jsin xj for 0 � x � p. Show that

sin x ¼ 2

p
� 4

p

X∞
n¼1

cosð2nxÞ
4n2 � 1

0 � x � p.

4.
a. Using the same reasoning as in Problem 3, show that

x ¼ p

2
� 4

p

X∞
n¼1

cosð2n� 1Þx
ð2n� 1Þ2 0 � x � p.

b. Use the result of part (a) to show

X∞
n¼1

1

ð2n� 1Þ2 ¼
p2

8
.
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5.

a. Show that the Fourier series for f ðxÞ ¼ xþ 1
4 x2 on ðep;pÞ is

p2

12
þ
X∞
n¼1

ð�1Þn
�
cos nx

n2
� 2

sin nx

n

	
.

b. Assuming that the Fourier series converges to the function, use the answer to
part (a) to find X∞

n¼1

ð�1Þn
n2

:

6.

a. Show that the Fourier series for f (x) ¼ x on (ep,p) is

2
X∞
n¼1

ð�1Þnþ1

n
sin nx.

b. Assuming that the Fourier series converges to the function, use the answer to
part (a) to find X∞

n¼1

ð�1Þnþ1

2n� 1
.

7. Show that a linear combination of even functions is even and a linear combi-
nation of odd functions is odd.

8. For SNðxÞ ¼ a0
2 þ PN

n¼1
ðan cos nxþ bn sin nxÞ show why

Z p

�p

½SNðxÞ�2dx ¼ p

 
a20
2
þ
XN
n¼1

�
a2n þ b2n

�!
.

9. Multiply each function by the appropriate constant to change
{1, cos x, sin x, cos 2x, sin 2x,.} from an orthogonal basis to an orthonormal
basis.
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4.3 METHODS OF CONVERGENCE OF FOURIER SERIES
We next address the question stated earlier: given a function f (x), when does

SNðxÞ ¼ a0
2
þ
XN
n¼1

ðan cos nxþ bn sin nxÞ

converge to f (x) as N /∞.
As we noted, there are three senses of convergence that we shall consider:

1. Pointwise convergence
2. Uniform convergence
3. L2 convergence.

In Fourier analysis, it is common to work with the set of functions

F ¼ ffunctions that are piecewise continuous of period 2pg.
Piecewise continuous functions are those that are continuous except at a finite

number of points, and where a discontinuity exists, the left and right hand limits
exist and are finite.

We let

RNðxÞ ¼ f ðxÞ � SNðxÞ
so that RN(x) is a “remainder term” that measures how much SN(x) differs from f (x).

Note that SN(x) converges to f (x) pointwise (uniformly, in the L2 sense) exactly
when RN(x) converges to 0 in the same sense.

In this section we shall show:

1. If f (x) is differentiable at x0, then the Fourier series for f (x) converges to f (x) at
x0. Thus if f (x) is differentiable, then the Fourier series for f (x) converges
pointwise to f (x).

2. If f (x) is continuous and f 0(x) is piecewise continuous, then the Fourier series for
f (x) converges uniformly to f (x).

3. If f (x) is continuous, then the Fourier series of f (x) converges to f (x) in the L2

sense.

We begin by determining an explicit formula for RN(x).
Definition:
The Dirichlet kernel of index N is the function DN(x) defined by

DNðxÞ ¼ 1

2
þ cos xþ cosð2xÞ þ/þ cosðNxÞ.

The graphs of D5(x)and D10(x) are shown in Fig. 4.3.1. As n becomes larger, the
peak of Dn(x) at x ¼ 0 becomes more pronounced.
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In Exercise 1, we show that

DNðxÞ ¼

8>>>>>>><>>>>>>>:

sin

�
N þ 1

2

	
x

2 sin
�x
2

� ; if xs2pm; m an integer

N þ 1

2
if x ¼ 2pm

.

Note that

1

p

Z p

�p

DNðtÞ dt ¼ 1

for every N.
Theorem:
Let f˛F and SN(x), RN(x), and DN(x) be as previously defined. Then

SNðxÞ ¼ 1

p

Z p

�p

f ðuÞDNðx� uÞdu

¼ 1

p

Z p

�p

f ðx� tÞDNðtÞ dt

¼ 1

p

Z p

�p

f ðxþ tÞDNðtÞ dt

and

RNðxÞ ¼ 1

p

Z p

�p

½ f ðxÞ � f ðx� tÞ�DNðtÞ dt.

D10(x)

D5(x)

FIGURE 4.3.1
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Proof:
We have

1

p

Z p

�p

f ðuÞDNðx� uÞdu ¼ 1

p

Z p

�p

f ðuÞ
"
1

2
þ
XN
k¼1

ðcos kðx� uÞ
#
du

¼ 1

p

Z p

�p

f ðuÞ
"
1

2
þ
XN
k¼1

ðcos kx cos kuþ sin kx sin kuÞ
#
du

¼ 1

2p

Z p

�p

f ðuÞdu þ
XN
k¼1

cos kx

0@1

p

Z p

�p

f ðuÞcos ku du

1A
þ
XN
k¼1

sin kx

0@1

p

Z p

�p

f ðuÞsin ku du

1A
¼ a0

2
þ
XN
k¼1

ðak cos kxþ bk sin kxÞ ¼ SNðxÞ.

To show Z p

�p

f ðuÞDNðx� uÞdu ¼
Z p

�p

f ðx� tÞDNðtÞdt

we make the change of variables u ¼ x � t. Then du ¼ �dt. (Remember that x is
fixed.)

If u ¼ p, then t ¼ x � p and if u ¼ � p, then t ¼ x þ p. ThusZ p

�p

f ðuÞDNðx� uÞdu ¼ �
Z x�p

xþp

f ðx� tÞDNðtÞdt ¼
Z xþp

x�p

f ðx� tÞDNðtÞdt.

Now f (x) and DN(x) are periodic of period 2p. Thus the integrals of the product
of these functions over any interval of length 2p are equal. So we haveZ xþp

x�p

f ðx� tÞDNðtÞdt ¼
Z p

�p

f ðx� tÞDNðtÞdt.

Showing that Z p

�p

f ðuÞDNðx� uÞdu ¼
Z p

�p

f ðx� tÞDNðtÞdt

is done in a similar manner and is left for Exercise 3.
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Now

RNðxÞ ¼ f ðxÞ � SNðxÞ and
1

p

Z p

�p

DNðtÞdt ¼ 1

so

f ðxÞ ¼ 1

p

Z p

�p

f ðxÞDNðtÞdt

and thus

RNðxÞ ¼ 1

p

Z p

�p

½ f ðxÞ � f ðx� tÞ�DNðtÞ dt.

We now give a sufficient condition for convergence of the Fourier series of a
function to the value of the function at a particular point.

Theorem:
Let f˛F , and suppose that f is differentiable at x0. Then

f ðx0Þ ¼ lim
N/∞

"
a0
2
þ
XN
n¼1

ðan cos nx0 þ bn sin nx0Þ
#

where an and bn are the Fourier coefficients of f.
Proof:
We have

RNðxÞ ¼ 1

p

Z p

�p

½ f ðxÞ � f ðx� tÞ�DNðtÞdt

¼ 1

p

Z p

�p

26664½ f ðxÞ � f ðx� tÞ�
sin

�
N þ 1

2

	
t

2 sin

�
t

2

	
37775dt

¼ 1

p

Z p

�p

f ðxÞ � f ðx� tÞ
2 sin

�
t

2

	 �
sin Nt cos

t

2
þ cos Nt sin

t

2

	
dt

¼ 1

p

Z p

�p

f ðxÞ � f ðx� tÞ
2 sinðt=2Þ

�
sin Nt cos

t

2

	
dt þ 1

p

Z p

�p

f ðxÞ � f ðx� tÞ
2

ðcos NtÞdt.

By the RiemanneLebesgue lemma

lim
N/∞

1

p

Z p

�p

f ðxÞ � f ðx� tÞ
2

ðcos NtÞdt ¼ 0 if f˛F .
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Next we consider Z p

�p

f ðxÞ � f ðx� tÞ
2 sinðt=2Þ

�
sin Nt cos

t

2

	
dt.

Since f˛F and sin(t/2) is continuous, the function

f ðxÞ � f ðx� tÞ
2 sinðt=2Þ

is piecewise continuous (in t) except possibly at t ¼ 0. When t ¼ 0, the function is of
the form 0/0, but if f is differentiable at x, as a function of t, we have

lim
t/0

f ðxÞ � f ðx� tÞ
2 sinðt=2Þ ¼ lim

t/0

f ðxÞ � f ðx� tÞ
t

t=2

sinðt=2Þ ¼ f 0ðxÞ

since

lim
q/0

sin q

q
¼ 1:

So if f is differentiable at x, as a function of t, the function

f ðxÞ � f ðx� tÞ
2 sinðt=2Þ cos

t

2

is in F , and by the RiemanneLebesgue lemma

lim
N/∞

Z p

�p

f ðxÞ � f ðx� tÞ
2 sinðt=2Þ

�
sin Nt cos

t

2

	
dt ¼ 0:

Thus we have that the Fourier series of a function converges to the value of the
function at points where the function is differentiable, and so if f (x) is differentiable,
the Fourier series of f (x) converges pointwise to f (x).

To begin to address the question of uniform convergence, we recall the Schwarz
inequality for real numbers.

SCHWARZ INEQUALITY
If a1, a2, ., an and b1, b2, ., bn are real numbers, then

Xn
i¼1

aibi �
 Xn

i¼1

a2i

!1=2 Xn
i¼1

b2i

!1=2

.

Theorem:
Suppose that f (x) is a continuous function of period 2p, and suppose that f 0˛F .

Then the Fourier series of f (x) converges uniformly to f.
Proof:
Suppose that

Pðan cos nxþ bn sin nxÞ is the Fourier series of f (x) andPðcn cos nxþ dn sin nxÞ is the Fourier series of f 0(x). Then
P

a2n;
P

b2n;
P

c2n;

and
P

d2n are finite.
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Now

cn ¼ 1

p

Z p

�p

f 0ðxÞcos nx dx and dn ¼ 1

p

Z p

�p

f 0ðxÞsin nx dx.

Integrating the expression for cn by parts gives

cn ¼ 1

p

 
f ðxÞcos nxjp�p þ n

Z p

�p

f ðxÞsin nx dx

!
¼ n

p

Z p

�p

f ðxÞsin nx dx ¼ nan

since f ð � pÞcosð�npÞ ¼ f ðpÞcosðnpÞ.
Thus

P∞
n¼1

n2a2n < ∞ and similarly
P∞
n¼1

n2b2n < ∞. By the Schwarz inequality

XN
n¼1

jxnynj �
 XN

n¼1

x2n

!1=2 XN
n¼1

y2n

!1=2

for every N

so that convergence of the series
P

x 2
n and

P
y 2
n implies convergence of the se-

ries
Pjxnynj. Thus

X∞
n¼1

janj ¼
X∞
n¼1

�����1n
	
ðnanÞ

���� �
"X∞

n¼1

�
1

n2

	#1=2"X∞
n¼1



n2a2n

�#1=2

and both
P∞
n¼1

�
1
n2

�
and

P∞
n¼1



n2a2n

�
are convergent. Thus

P∞
n¼1

janj converges. For every

x, we have jan cos nxj � janj, so the series
P∞
n¼1

jan cos nxj converges uniformly by the

Weierstrass M-test. Similarly,
P∞
n¼1

jbn sin nxj converges uniformly. Thus the Fourier

series converges absolutely and uniformly. Since f (x) is differentiable at all but a
finite number of points, the Fourier series of f (x) converges to f (x) except possibly
at those points. However, the uniform limit of a series of continuous functions is
continuous, so it follows that the Fourier series of f (x) converges uniformly to f (x).

Next we determine a condition on f (x) that will ensure L2 convergence. This
occurs if and only if lim

N/∞
hRNðxÞ;RNðxÞi ¼ 0.

In the proof of Bessel’s inequality, we found that if {cn} is the set of Fourier
coefficients of f (x) then

0 � h f � SN ; f � SNi ¼
Z p

�p

½ f ðxÞ�2dx�
XN
n¼1

c2n

and so XN
n¼1

c2n �
Z p

�p

½ f ðxÞ�2dx.
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Thus a necessary and sufficient condition for lim
N/∞

hRNðxÞ;RNðxÞi ¼ 0 is thatXN
n¼1

c2n ¼
Z p

�p

½ f ðxÞ�2dx.

We determine conditions on f (x) that will ensure this.
Here is an outline of how we shall proceed:

1. Let f˛F have the Fourier series

a0
2
þ
X∞
n¼1

ðan cos nxþ bn sin nxÞ

and let

SmðxÞ ¼ a0
2
þ
Xm
n¼1

ðan cos nxþ bn sin nxÞ.

We form the Cesaro sum

smðxÞ ¼ S0ðxÞ þ S1ðxÞ þ/þ SmðxÞ
mþ 1

.

(Note: Some authors, Apostol “Mathematical Analysis,” for example, define

smðxÞ ¼ S0ðxÞ þ S1ðxÞ þ/þ Sm�1ðxÞ
m

.

We follow the definition used by Rudin in “Principles of Mathematical Analysis”).
2. We form an approximate identity called the Fejer kernel, {Kn(t)}. To define the

Fejer kernel, recall that the Dirichlet kernel of index N, DN(t), is given by

DNðtÞ ¼ 1

2
þ cos t þ cosð2tÞ þ/þ cosðNtÞ.

The Fejer kernel of index N is defined by

KNðtÞ ¼ D0ðtÞ þ D1ðtÞ þ/þ DNðtÞ
N þ 1

(2)

which is the Cesaro sum for the Dirichlet kernel.
3. Derive properties of the Fejer kernel that allow us to conclude that {sm(x)}

converges to f (x) uniformly.
Graphs of the Fejer kernel for N ¼ 5 and N ¼ 10 are shown in Figure 4.3.2.

Theorem:
Let

KNðtÞ ¼ D0ðtÞ þ D1ðtÞ þ/þ DNðtÞ
N þ 1

.
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Then

1. 1
p

R p
�p

KNðtÞdt ¼ 1:

2. KNðxÞ ¼ 1
2ðNþ1Þ

sin2½ðNþ1Þx=2�
sin2
�x
2

� � 0:

3. KNðxÞ � 1
ðNþ1Þð1�cos dÞ for 0 < d � jxj � p.

4. lim
x/0

KNðxÞ ¼ Nþ1
2 .

The proof is left as Exercise 2. Note that (1) and (3) imply that {Kn(x)} when
restricted to the interval [ep,p] is an approximate identity. (More precisely, the
sequence of functions

JnðxÞ ¼
�
KnðxÞ �p � x � p

0 otherwise

is an approximate identity.)
This means that {sm(x)} converges pointwise to f (x). However, pointwise

convergence is not sufficient to ensure L2 convergence.
Theorem (Fejer’s Theorem):
Let f (x) be a continuous function of period 2p, and let

SmðxÞ ¼ a0
2
þ
Xm
n¼1

ðan cos nxþ bn sin nxÞ

be the mth partial sum of the Fourier series generated by f. Let

smðxÞ ¼ S0ðxÞ þ S1ðxÞ þ/þ SmðxÞ
mþ 1

.

Then {sm(x)} converges to f (x) uniformly.

K10(x)

K5(x)

FIGURE 4.3.2
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Proof:
Let ε > 0 be given. We must show there is a number N(ε) such that if n > N(ε),

then

jsnðxÞ � f ðxÞj < 3 for every x˛½ep;p�.
Since f (x) is continuous on [ep,p], it is bounded and uniformly continuous on

[ep,p]. Thus there is a number M such that j f (x)j � M if x ˛½ep;p� and a d > 0
such that if jx0 � x00j < d, then j f (x0) � f (x00)j < ε for x0, x00˛½ep;p�.

Now

SkðxÞ ¼ 1

p

Z p

�p

f ðx� tÞDkðtÞdt

so

snðxÞ ¼ S0ðxÞ þ S1ðxÞ þ/þ SnðxÞ
nþ 1

¼ 1

p

Z p

�p

f ðx� tÞ


D0ðtÞ þ D1ðtÞ þ/þ DnðtÞ

nþ 1

�
dt

¼ 1

p

Z p

�p

f ðx� tÞKnðtÞdt.

Since

1

p

Z p

�p

KnðtÞdt ¼ 1; then f ðxÞ ¼ 1

p

Z p

�p

f ðxÞKnðtÞdt.

Thus

jsnðxÞ � f ðxÞj ¼
������1p
Z p

�p

½ f ðx� tÞ � f ðxÞ�KnðtÞdt
������ � 1

p

Z p

�p

j f ðx� tÞ � f ðxÞjKnðtÞdt

¼ 1

p

24Z �d

�p

j f ðx� tÞ � f ðxÞjKnðtÞdt þ
Z d

�d

j f ðx� tÞ � f ðxÞjKnðtÞdt

þ
Z p

d

j f ðx� tÞ � f ðxÞjKnðtÞdt
35 � 1

p

242M
0@Z �d

�p

KnðtÞdt þ
Z p

d

KnðtÞdt
1A

þ
Z d

�d

j f ðx� tÞ � f ðxÞjKnðtÞ dt
35 for 0 < d < p.
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Now choose d so that if jtj < d, then j f ðx� tÞ � f ðxÞj < ε=2:
This will makeZ d

�d

j f ðx� tÞ � f ðxÞjKnðtÞdt < ε

2

Z d

�d

KnðtÞdt < ε

2
for every n.

Since

KNðxÞ � 1

ðN þ 1Þð1� cos dÞ for 0 < d � jxj � p;

after d has been chosen, there is a number N(ε) such that if n > N(ε), then KnðxÞ <
εp
8M if d � jxj � p. Thus if n > N(ε), then

jsnðxÞ � f ðxÞj

� 1

p

242M
0@Z �d

�p

KnðtÞdt þ
Z p

d

KnðtÞdt
1Aþ

Z d

�d

j f ðx� tÞ � f ðxÞjKnðtÞ dt
35

<
1

p

h
2M
�

3p

8M
þ 3p

8M

�
þ 3

2

i
¼ 1

p

�
3p

4
þ 3p

4
þ 3

2

�
¼ 3 if x˛½ep;p�.

Corollary:
If f (x) is piecewise continuous, then

lim
n/∞

h f ðxÞ � SnðxÞ; f ðxÞ � SnðxÞi ¼ 0:

Proof:
We have

h f ðxÞ � SnðxÞ; f ðxÞ � SnðxÞi � h f ðxÞ � snðxÞ; f ðxÞ � snðxÞi.
Since {sn(x)} converges to f (x) uniformly, then

lim
n/∞

h f ðxÞ � snðxÞ; f ðxÞ � snðxÞi ¼ lim
n/∞

Z p

�p

j f ðxÞ � snðxÞj2dx ¼ 0:

so

lim
n/∞

h f ðxÞ � SnðxÞ; f ðxÞ � SnðxÞi ¼ 0:

Corollary (Parseval’s Formula):
If f (x) is piecewise continuous, then

1

p

Z p

�p

j f ðxÞj2dx ¼ a0
2

2
þ
X∞
n¼1

ðan 2 þ bn
2Þ.

We return to a question we posed early in the section: when can a function be
represented as a Fourier series.

4.3 Methods of Convergence of Fourier Series 203



Definition:
A set of eigenfunctions {fn(x)} is complete if

lim
N/∞

h f ðxÞ � SNðxÞ; f ðxÞ � SNðxÞi ¼ 0

for every function for which h f, f i is finite. As always, if {fn(x)} is an orthonormal
basis, then

SNðxÞ ¼
XN
n¼1

hfnðxÞ; f ðxÞifnðxÞ.

We now show that the trigonometric polynomials are complete. To do so, we use
the fact that if f (x) is a function for whichZ p

�p

j f ðxÞj2dx < ∞;

then given ε > 0, there is a continuously differentiable function fε(x) for which

h f ðxÞ � fεðxÞ; f ðxÞ � fεðxÞi ¼
Z p

�p

j f ðxÞ � fεðxÞj2dx < ε

4
.

(See Rudin’s “Real and Complex Analysis,” for instance.)
Since fε(x) is continuously differentiable, there is a number N(ε) so that if

n > N(ε) then

�
SεnðxÞ � fεðxÞ; SεnðxÞ � fεðxÞ

� ¼ Z p

�p

��SεnðxÞ � fεðxÞ
��2dx < ε

4

where SεnðxÞ is the nth partial sum of the Fourier expansion of fε(x). Now,

h f ðxÞ � SNðxÞ; f ðxÞ � SNðxÞi �
�
f ðxÞ � SεnðxÞ; f ðxÞ � SεnðxÞ

�
¼
Z p

�p

�� f ðxÞ � SεnðxÞ
��2dx ¼ Z p

�p

�� f ðxÞ � fεðxÞ þ fεðxÞ � SεnðxÞ
��2dx.

We now bound�� f ðxÞ � fεðxÞ þ fεðxÞ � SεnðxÞ
��2 ¼ �ð f ðxÞ � fεðxÞÞ þ



fεðxÞ � SεnðxÞ

��2
.

Note that

ðaþ bÞ2 ¼ a2 þ 2abþ b2 and 2ab � a2 þ b2
�
since ða� bÞ2 � 0

�
.

Thus

ðaþ bÞ2 � 2a2 þ 2b2
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and soZ p

�p

�� f ðxÞ � fεðxÞ þ fεðxÞ � SεnðxÞ
��2dx

� 2

0@Z p

�p

ð f ðxÞ � fεðxÞÞ2dxþ
Z p

�p



fεðxÞ � SεnðxÞ

�2
dx

1A
< 2
�
ε

4
þ ε

4

�
¼ ε if n > NðεÞ.

Fourier Series on Arbitrary Intervals:
If instead of having our functions being periodic of period 2p they are periodic of

period 2L, the formulas for Fourier coefficients for f (x) would change to

an ¼ 1

L

Z L

�L
f ðxÞcos

�npx
L

�
dx n ¼ 0; 1; 2;.

bn ¼ 1

L

Z L

�L
f ðxÞsin

�npx
L

�
dx n ¼ 1; 2;.

and the formula the Fourier series for f (x) would change to

f ðxÞwa0
2
þ
X∞
n¼1

an cos
�npx

L

�
þ bn sin

�npx
L

�
as we verify in Exercise 4.

EXERCISES
1. Show that

DNðxÞ ¼ 1

2
þ cos xþ cosð2xÞ þ/þ cosðNxÞ

¼

8>>>>>>>><>>>>>>>>:

sin

�
N þ 1

2

	
x

2 sin
�x
2

� ; if xs2pm; m an integer

N þ 1

2
if x ¼ 2pm

:

2. Show that

A cos t þ B sin t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p
sinðt þ 4Þ

where 4 ¼ tan�1ðA=BÞ. This yields another way to express a Fourier series.
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3. Let

KNðtÞ ¼ D0ðtÞ þ D1ðtÞ þ/þ DNðtÞ
N þ 1

.

Show that

a. 1
p

R p
�p

KNðtÞdt ¼ 1:

b. KNðxÞ ¼ 1
2ðNþ1Þ

sin2½ðNþ1Þx=2�
sin2
�x
2

� � 0:

c. KNðxÞ � 1
ðNþ1Þð1�cos dÞ for 0 < d � jxj � p.

d. lim
x/0

KNðxÞ ¼ Nþ1
2 .

4. Show that Z p

�p

f ðuÞDNðx� uÞdu ¼
Z p

�p

f ðx� tÞDNðtÞdt.

5. Suppose that f (x) is piecewise continuous and periodic of period 2L. Mimic the
case for a function that is periodic of period 2p to show

an ¼ 1

L

Z L

�L
f ðxÞcos

�npx
L

�
dx n ¼ 0; 1; 2;.

bn ¼ 1

L

Z L

�L
f ðxÞsin

�npx
L

�
dx n ¼ 1; 2;.

and the formula the Fourier series for f (x) would change to

f ðxÞwa0
2
þ
X∞
n¼1

an cos
�npx

L

�
þ bn sin

�npx
L

�
.

6.

a. Find the Fourier coefficients for

f ðxÞ ¼ x.

b. Use the answer to part (a) and Parseval’s theorem to show
P∞
n¼1

1
n2 ¼ p2

6 .
7. Find the Fourier series for

f ðxÞ ¼
�
x 0 � x � p

0 �p � x < 0
:
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8. Find the Fourier series for

f ðxÞ ¼
�

x 0 � x � p

�x �p � x < 0
:

Use this to show X∞
n¼1

1

ð2n� 1Þ2 ¼
p2

8
.

Note the result is same as problem 4, Section 3.1, but the technique is different.
9. Find the Fourier series for

f ðxÞ ¼
�
cos x 0 � x � p

0 �p � x < 0
:

10. Use a CAS to plot the functions in problems 6e9 and the first n terms of the
Fourier series for n ¼ 3, 10, and 25.

11. Find the Fourier series for f (x) ¼ x2, �p < x < p and use it along with Par-
seval’s theorem to show X∞

n¼1

1

n4
¼ p4

90
.

4.4 THE EXPONENTIAL FORM OF FOURIER SERIES
In later sections, we shall sometimes find it convenient to express the Fourier series
of a function in exponential form; that is,

f ðxÞ ¼
X∞

n¼�∞
cne

inx.

This representation is possible because of Euler’s formula

einx ¼ cosðnxÞ þ i sinðnxÞ:
We will determine a formula for the coefficients cn and a relationship between cn

and the an and bn we defined previously. We haveZ p

�p

f ðxÞeikx dx ¼
Z p

�p

 X∞
n¼�∞

cne
inx

!
eikxdx ¼

X∞
n¼�∞

cn

0@Z p

�p

eiðnþkÞxdx

1A:
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Now Z p

�p

eiðnþkÞxdx ¼
�

0 if nþ ks0; i.e.; unless n ¼ �k

2p if nþ k ¼ 0; i.e.; if n ¼ �k
.

ThusZ p

�p

f ðxÞeikxdx ¼
Z p

�p

 X∞
n¼�∞

cne
inx

!
eikxdx ¼

Z p

�p

c�kdx ¼ 2pc�k

and so

c�k ¼ 1

2p

Z p

�p

f ðxÞeikxdx or ck ¼ 1

2p

Z p

�p

f ðxÞe�ikxdx.

Example:
Find the exponential form of the Fourier series for

f ðxÞ ¼
�
0 0 � x � p

x �p � x < 0
:

We have for k > 0

ck ¼ 1

2p

Z p

�p

f ðxÞe�ikxdx ¼ 1

2p

Z p

�p

xe�ikxdx.

Using integration by parts or a CASZ 0

�p

xe�ikxdx ¼ �cosðpkÞ
k2

� p
sinðpkÞ

k
þ 1

k2
þ i

�
p cosðpkÞ

k
� sinðpkÞ

k2

	
.

For k an integer, this is

�cosðpkÞ
k2

þ 1

k2
þ i

�
p cosðpkÞ

k

	
¼

8>>>><>>>>:
p

�
i

k

	
if k is even��ip

k
þ 2

k2

	
if k is odd .

Thus,

ck ¼

8>>>><>>>>:
1

2p

�
ip

k

	
if k > 0 is even

1

2p

�
� i

p

k
þ 2

k2

	
if k > 0 is odd

c�k ¼ 1

2p

Z p

�p

f ðxÞeikxdx ¼ 1

2p

Z 0

�p

xeikxdx.
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NowZ 0

�p

xeikxdx ¼ �cosðpkÞ
k2

� p
sinðpkÞ

k
þ 1

k2
þ i

�
� p cosðpkÞ

k
þ sinðpkÞ

k2

	
.

For k an integer, this is

� cosðpkÞ
k2

þ 1

k2
þ i

�
� p cosðpkÞ

k

	

� cosðpkÞ
k2

þ 1

k2
þ i

�
p cosðpkÞ

k

	
¼

8>>>><>>>>:
p

�
i

k

	
if k is even��ip

k
þ 2

k2

	
if k is odd :

Thus,

c�k ¼

8>>>><>>>>:
1

2p

�
ip

k

	
if k is even

1

2p

�
� i

p

k
þ 2

k2

	
if k is odd.

We now relate cn and the an and bn we defined previously. We have

an cosðnxÞ ¼ an
2



einx þ e�inx

�
; bn sinðnxÞ ¼ bn

2i



einx � e�inx

�
.

So X∞
n¼0

an cosðnxÞ þ bn sinðnxÞ ¼ a0 þ ða1 cosðxÞ þ b1 sinðxÞÞ

ða2 cosð2xÞ þ b2 sinð2xÞÞ þ/

¼ a0 þ a1
2



eix þ e�ix

�þ a2
2



ei2x þ e�i2x

�þ/

þ b1
2i



eix � e�ix

�þ b2
2i



ei2x � e�i2x

�
¼ a0 þ eix

�
a1
2
þ b1

2i

	
þ e2ix

�
a2
2
þ b2

2i

	
þ/

þ e�ix

�
a1
2
� b1

2i

	
þ e�2ix

�
a2
2
� b2

2i

	
þ/

X∞
n¼�∞

cne
inx ¼ c0 þ c1e

i1x þ c2e
i2x þ/þ c�1e

�ix þ c�2e
�2ix þ/.
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If X∞
n¼0

an cosðnxÞ þ bn sinðnxÞ ¼
X∞

n¼�∞
cne

inx

then we must have

c0 ¼ a0; c1 ¼
�
a1
2
þ b1

2i

	
; c2 ¼

�
a1
2
þ b2

2i

	
; c�1 ¼

�
a1
2
� b1

2i

	
; c�2 ¼

�
a1
2
� b2

2i

	
:

So

cj ¼
�
aj
2
þ bj
2i

	
; c�j ¼

�
aj
2
� bj
2i

	
.

From these equations, we also have

cj þ c�j ¼
�
aj
2
þ bj
2i

	
þ
�
aj
2
� bj
2i

	
¼ aj

and

cj � c�j ¼
�
aj
2
þ bj
2i

	
�
�
aj
2
� bj
2i

	
¼ 1

i
bj so bj ¼ iðcj � c�jÞ.

Note: if trigonometric series is as above, then c0 ¼ a0, but we often give the first
term as a0/2 in which case c0 ¼ a0/2.

EXERCISES
1. Find the exponential form of the Fourier series for the Dirac delta function,

given that the Fourier series for d(x) is

1

2p
þ 1

p

X∞
n¼1

cos nx.

2. Find the exponential form of the Fourier series for

f ðxÞ ¼
�

1 0 � x � p

�1 �p � x < 0
.

3. Find the exponential form of the Fourier series for

f ðxÞ ¼
�
x 0 � x � p

0 �p � x < 0
:
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4. Find the exponential form of the Fourier series for

f ðxÞ ¼
�

x 0 � x � p

�x �p � x < 0
:

5. Find the exponential form of the Fourier series for

f ðxÞ ¼
�
cos x 0 � x � p

0 �p � x < 0
:

6. Find the exponential form of the Fourier series for f (x) ¼ jsin xj.
7. Find ak and bk in terms of ck and c�k.
8. This exercise develops the Poisson integral formula in polar coordinates. We

suppose that u(r,q) is a solution to Du ¼ 0; uð1; qÞ ¼ f ðqÞ, which is Laplace’s
equation on a circle of radius 1.
Suppose that

uðr; qÞ ¼ 1

2p

Z p

�p

f ð4Þd4þ
X∞
n¼1

rn

24Z p

�p

f ð4Þcos nq cos n4 d4

þ
Z p

�p

f ð4Þsin nq sin n4 d4

35.
a. Show that uðr; qÞ ¼ 1

p

R p
�p

f ð4Þ
"
1
2 þ

P∞
n¼1

rn cos½nðq� 4Þ�
�
d4.

b. Show that


r2 þ 1� 2r cos q

�
 P∞
n¼1

rn cos nq

�
¼ r cos q� r2.

c. Show that


r2 þ 1� 2r cos q

�"
1
2 þ

P∞
n¼1

rn cos nq

#
¼ 1

2



1� r2

�
.

d. Replace q by (q � 4) and conclude

uðr; qÞ ¼ 1� r2

2p

Z p

�p

f ð4Þ
1þ r2 � 2r cosðq� 4Þ d4.
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In the case the radius of the circle is R, the formula changes to

uðr; qÞ ¼ R2 � r2

2p

Z p

�p

f ð4Þ
R2 þ r2 � 2rR cosðq� 4Þ d4.

Either of these formulas is the Poisson integral formula.

4.5 FOURIER SINE AND COSINE SERIES
Suppose that f (x) is a function defined on (0,p]. We can extend f (x) to be an even
function on [ep,p], which we denote by f1(x), by defining

f1ðxÞ ¼

8><>:
f ðxÞ if 0 < x � p

a0 if x ¼ 0

f ð�xÞ if � p � x < 0

.

We can then extend f1(x) to be periodic of period 2p on (�∞,∞) by defining
f1(x þ 2p) ¼ f1(x). Likewise, we can extend f (x) to be an odd function on [ep,p],
which we denote by f2(x), by defining

f2ðxÞ ¼

8><>:
f ðxÞ if 0 < x � p

0 if x ¼ 0

�f ð�xÞ if � p � x < 0

.

We can then extend f2(x) to be periodic of period 2p on (�∞,∞) by defining
f2(x þ 2p) ¼ f2(x).

If either f1(x) or f2(x) can be expressed as a Fourier series, then both can be
expressed as a Fourier series. Suppose that this is the case. Then f1(x) being an
even function can be written in its Fourier series

f1ðxÞ ¼ a0
2
þ
X∞
n¼1

an cos nx

and f2(x) being an odd function can be written in its Fourier series

f2ðxÞ ¼
X∞
n¼1

bn sin nx.

The point of this argument is that if f (x) is a suitably well-behaved function on
(0,p], then it can be expressed as either a Fourier cosine series or a Fourier sine
series. We now determine a formula for the Fourier coefficients. Consider

212 CHAPTER 4 Fourier Series



f2ðxÞ ¼
X∞
n¼1

bn sin nx.

Then

bn ¼ 1

p

Z p

�p

f2ðxÞsin nx dx.

Since both f2(x) and sin nx are odd functions, their product is an even function, so

bn ¼ 1

p

Z p

�p

f2ðxÞsin nx dx ¼ 2

p

Z p

0
f2ðxÞsin nx dx.

Thus we can expand f (x) on (0,p] into a sine series
P∞
n¼1

bn sin nx where

bn ¼ 2

p

Z p

0
f ðxÞsin nx dx.

If instead of the interval being (0,p] it is (0,L], the formula for bn will change to

bn ¼ 2

L

Z L

0
f ðxÞsin

�npx
L

�
dx.

Similarly, we can expand f (x) on (0,p] into a cosine series

a0
2
þ
X∞
n¼1

an cos nx

where

an ¼ 2

p

Z p

0
f ðxÞcos nx dx

if the interval is (0,p] and

an ¼ 2

L

Z L

0
f ðxÞcos

�npx
L

�
dx

if the interval is (0,L].
Example:
Let f (x) ¼ sin x on (0,p]. We find the cosine series for f (x). We have

an ¼ 2

p

Z p

0
f ðxÞcos nx dx ¼ 2

p

Z p

0
sin x cos nx dx.

Now

sinðxþ nxÞ ¼ sin x cos nx� sin nx cos x

sinðx� nxÞ ¼ sin x cos nxþ sin nx cos x
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so

sin x cos nx ¼ 1

2
½sinðxþ nxÞ þ sinðx� nxÞ�

and

an ¼ 2

p

Z p

0
sin x cos nxdx ¼ 1

p

Z p

0
½sinðxþ nxÞ þ sinðx� nxÞ�dx.

If n ¼ 1 then

a1 ¼ 1

p

Z p

0
½sinðxþ xÞ þ sinðx� xÞ�dx ¼ 1

p

Z p

0
½sinð2xÞ�dx ¼ 0:

Otherwise,

an ¼ 1

p

24Z p

0
sinð1þ nÞxdxþ

Z p

0
sinð1� nÞxdx

35.
Now, if n s 1Z p

0
sinð1þ nÞxdx ¼ � 1

nþ 1
cosð1þ nÞxjpx¼0 ¼ � 1

nþ 1
½cosð1þ nÞp� 1�

and Z p

0
sinð1� nÞxdx ¼ � 1

1� n
cosð1� nÞxjpx¼0 ¼

1

n� 1
½cosð1� nÞp� 1�.

Now

cosð1þ nÞp� 1 ¼ cosð1� nÞp� 1 ¼
��2 if n is even

0 if n is odd

so Z p

0
sinð1þ nÞxdxþ

Z p

0
sinð1� nÞxdx

¼

8>><>>:
2

nþ 1
� 2

n� 1
¼ �4

n2 � 1
¼ 4

1� n2
if n is even

0 if n is odd

.

Thus

an ¼ 1

p

24Z p

0
sinð1þ nÞxdxþ

Z p

0
sinð1� nÞxdx

35 ¼ 2

p
,
1þ ð�1Þn
1� n2

:
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Hence, the cosine series for f (x) ¼ sin x on (0,p] is

a0
2
þ
X∞
n¼1

an cos nx ¼ 2

p
þ 2

p

X∞
n¼2

1þ ð�1Þn
1� n2

cos nx ¼ 2

p
� 4

p

X∞
n¼1

cosð2 nxÞ
4n2 � 1

.

EXERCISES
1. Let f (x) ¼ cos x on (0,p]. Find the sine series for f (x).
2. Find the sine and cosine series for the following functions on (0,p].

a. f (x) ¼ 1.
b. f (x) ¼ x.
c. f (x) ¼ x2.

4.6 DOUBLE FOURIER SERIES
In later applications we shall want to express a function of two variables f (x,y),
0 � x � p, 0 � y � p as a double series of sine functions. That is, we want to
find constants Bmn so that

f ðx; yÞ ¼
X∞
n¼1

 X∞
m¼1

Bmn sin my

!
sin nx.

We show how the numbers Bmn are determined.
Fix y ˛ ½0;p�. Then f ðx; yÞ is a function of x. If f (x,y) is continuous in both x and

y, then

f ðx; yÞ ¼
X∞
n¼1

bnðyÞsin nx (1)

where the notation bnðyÞ is used to emphasize that the constants depend on the fixed
value of y that we have chosen. We know that bnðyÞ is computed according to

bnðyÞ ¼ 2

p

Z p

0
f ðx; yÞsin nx.

Now

f ðx; yÞ ¼
X∞
n¼1

 X∞
m¼1

Bmn sin my

!
sin nx. (2)

From Eqs. (1) and (2) we get

bnðyÞ ¼
 X∞

m¼1

Bmn sin my

!
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so

2

p

Z p

0
f ðx; yÞsin nx ¼

 X∞
m¼1

Bmn sin my

!
for each y˛½0;p�.

Now fix n and define a function of y, denoted Fn(y), by

FnðyÞ ¼ 2

p

Z p

0
f ðx; yÞsin nxdx (3)

so that

FnðyÞ ¼
 X∞

m¼1

Bmn sin my

!
. (4)

From Eq. (4) we get

Bmn ¼ 2

p

Z p

0
FnðyÞsin my dy

¼ 2

p

Z p

0

242
p

Z p

0
f ðx; yÞsin nx dx

35sin my dy

¼ 4

p2

Z p

0

Z p

0
f ðx; yÞsin nx sin my dxdy.

EXERCISES
1. Find the coefficients for the double Fourier sine series for the following functions

for 0 � x, y � p

a. f (x,y) ¼ x þ y.
b. f (x,y) ¼ xy.
c. f (x,y) ¼ x2y2.
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Three Important Equations 5
5.1 INTRODUCTION
Partial differential equations (PDEs) are extremely important in both mathematics
and physics. A major purpose of this text is to give an introduction to some of the
simplest and most important PDEs in both disciplines, and techniques for their
solution. Accordingly, we focus on three equations:

1. the heat equation

vuðt; bxÞ
vt

¼ kDuðt; bxÞ
2. the wave equation

v2uðt; bxÞ
vt2

¼ a2Duðt; bxÞ
3. Laplace’s equation

Duðx; yÞ ¼ 0:

It would appear that we are severely limiting ourselves by examining only three
equations. However, these encompass any PDE of the form

A
v2uðt; xÞ

vt2
þ B

v2uðt; xÞ
vxvt

þ C
v2uðt; xÞ

vx2
¼ 0 (1)

because by a linear transformation of variables, any equation of the form of Eq. (1)
can be transformed into one of the three equations. We show at the end of the section
that the transformation is exactly the same as transforming an equation of the form

Ax2 þ Bxyþ Cy2 ¼ 0 (2)

into the standard form of a parabola, hyperbola, or an ellipse by a rotation of axes
according to the sign of B2 � 4AC. Following the nomenclature of the geometrical
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figures, if B2 � 4AC < 0 the PDE is said to be parabolic, if B2 � 4AC ¼ 0 the
equation is elliptic, and if B2 � 4AC > 0 the equation is hyperbolic. Thus the heat
equation is the prototypical parabolic equation, the wave equation is the prototypical
wave equation, and Laplace’s equation is the prototypical elliptical equation. We
shall see that for the heat equation, the initial conditions diffuse in time whereas in
the wave equation initial conditions are propagated, changing position but not shape.

The Laplacian appears in each of these equations, and we begin by exploring the
physical significance of that operator. Consider the heat equation. Here, u(t,x,y,z) is
the temperature of a solid homogenous body at the point (x,y,z) at time t. Then
vuðt; x; y; zÞ

vt
is the rate of change of the temperature at the point (x,y,z). The temper-

ature at (x,y,z) will undergo a change if and only if the temperature in the immediate
vicinity at (x,y,z) is different than at (x,y,z). We consider the case in one space
dimension.

Suppose wewant to compare the value of a function f (x) with the average value of
the function at x þ h and x � h; i.e., we compare f (x) with ½ f ðxþ hÞ þ f ðx� hÞ�=2.
How does f 00(x) enter in? By the definition of the second derivative

f 00ðxÞ ¼ lim
h/0

f 0ðxþ hÞ � f 0ðxÞ
h

¼ lim
h/0

f 0ðxÞ � f 0ðx� hÞ
h

: (3)

We use the second limit. Approximate f 0(x) and f 0(x�h) using

f 0ðxÞ ¼ lim
h/0

f ðxþ hÞ � f ðxÞ
h

and

f 0ðx� hÞ ¼ lim
h/0

f ðxÞ � f ðx� hÞ
h

.

Substitute the approximations into Eq. (3) to get

f 00ðxÞz
f ðxþ hÞ � f ðxÞ

h
� f ðxÞ � f ðx� hÞ

h
h

¼ f ðxþ hÞ � 2f ðxÞ þ f ðx� hÞ
h2

¼ 2

h2

�
1

2
½ f ðxþ hÞ þ f ðx� hÞ� � f ðxÞ

�
.

Thus f 00(x) is a measure of the difference between the value of a function at a
point and the average of the values of the function in the immediate vicinity.

5.2 LAPLACE’S EQUATION
The simplest second-order PDE is Laplace’s equation, which in two variables is

Duðx; yÞ ¼ uxx þ uyy ¼ 0:
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Solutions to Laplace’s equation are called harmonic functions, which play a key
role in complex analysis. We review some facts from complex analysis that will be
important for us.

An analytic function f (x,y) is of the form

f ðx; yÞ ¼ uðx; yÞ þ ivðx; yÞ
where u(x,y) and v(x,y) are harmonic functions. It is not true that any combination of
two harmonic functions is an analytic function. For f (x,y) to be analytic, v(x,y) must
be a harmonic conjugate of (x,y). This means u(x,y) and v(x,y) must satisfy the
CauchyeRiemann equations, which are

vu

vx
¼ vv

vy
and

vu

vy
¼ �vv

vx
.

A domain in the complex plane is a connected open set. A simply connected
domain is a domain with no holes. If D is a simply connected domain and u(x,y)
is a harmonic function, then the function v(z) is defined by

vðzÞ ¼
Z z

z0

uxdy� uydx

for any path in D that connects z0 and z is a harmonic conjugate of u(x,y) and

f ðx; yÞ ¼ uðx; yÞ þ ivðx; yÞ
is analytic in D. From complex analysis, we have the following result:

MAXIMUM MODULUS PRINCIPLE
If f (z) is analytic and not constant on a domain D, then j f ðzÞj does not attain its
maximum on D. That is, the maximum of j f ðzÞj on the closure of D is attained
on the boundary of D.

Corollary:
If f (z) is analytic and not constant on a domain D and if f (z)s 0 on D, then

j f ðzÞj does not attain its minimum on D.

Proof:
Let gðzÞ ¼ 1

f ðzÞ. Then g(z) is analytic and jgðzÞj does not attain its maximum onD.

Corollary:
If

f ðx; yÞ ¼ uðx; yÞ þ ivðx; yÞ
is analytic and not constant on a domain D, then u(x,y) does not attain its maximum
on D.

Proof:
We have ���e f ðzÞ

��� ¼ ���euðx;yÞþivðx;yÞ
��� ¼ ���euðx;yÞ������eivðx;yÞ��� ¼ euðx;yÞ
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since ��eiq�� ¼ 1 and
���euðx;yÞ��� ¼ euðx;yÞ

and if f (z) is analytic, then e f(z) is analytic.

EXERCISES
1. Determine whether the following functions are harmonic:

a. f ðx; yÞ ¼ x2y� y2x.

b. f ðx; yÞ ¼ x3y� y3x.

c. f ðx; yÞ ¼ ex sin y.

d. f ðx; yÞ ¼ sin x� cos y.

e. f ðx; yÞ ¼ ln
�
x2 þ y2

�
f. f ðx; yÞ ¼ arctan

�
y
x

�
.

2. Show that u(r,q) ¼ ln r, r > 0, 0 < q < 2p is harmonic.
3. Determine whether uðr; qÞ ¼ ffiffi

r
p

eiq=2; r > 0; 0 < q < 2p is harmonic.

5.3 DERIVATION OF THE HEAT EQUATION IN ONE DIMENSION
Before presenting the heat equation, we review the concept of heat. Energy transfer
that takes place because of temperature difference is called heat flow. The energy
transferred in this way is called heat. Thus heat refers to the transfer of energy,
not the amount of energy contained within a system. An example of a unit of heat
is the calorie. One calorie is the amount of heat required to raise 1 g of water
from 14.5�C to 15.5�C.

The quantity of heatH required to raise a body of massm from T1 to T2 is approx-
imately proportional to DT ¼ T1 � T2, and is proportional to m. It is also dependent
on the material of the body. This quality is called the specific heat of the materiald
typically denoted c. Thus we have H ¼ mcDT. The amount of heat required for an
infinitesimal change in temperature dT is denoted dH. To summarize, heat is energy
in transit, and dH does not represent the change in the amount of heat in the body
inasmuch as “the amount of heat in a body” has no meaning. When a quantity of

heat dH is transferred in time dt, then the rate of energy transfer is dH
dt .

We now derive the heat equation in one dimension. Suppose that we have a rod of
length L. While the derivation will be for the case that the rod is one-dimensional, it
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is advantageous to visualize the rod as having a cross-sectional area of one square
unit. Let

u(x,t) ¼ the temperature of the rod at the point x (0 � x � L) at time t(t � 0).bqðx; tÞ ¼ the heat flow at point x at time t (a vector quantity)
r ¼ the density of the material (assumed to be constant)
c ¼ the specific heat of the material
DQ ¼ change in internal energy
Du ¼ change in temperature.

For bn, a unit vector, bq$bn, is the heat flux in the direction of bn. The two laws that
we use in our derivation of the heat equation are conservation of energy and Fouri-
er’s law. Fourier’s law is bqðx; tÞ ¼ �kVuðx; tÞ
which, in one dimension, is

bqðx; tÞ ¼ �k
vuðx; tÞ

vx
bi. (1)

The number k is a constant of the material called the thermal conductivity. The
reason for the negative sign is that heat flows from higher to lower temperatures and
vuðx; tÞ

vx
is positive if u(x,t) is increasing as x increases.

Consider the small segment ½x; xþ Dx�. (See Fig. 5.2.1.) The amount of heat en-
ergy passing through the segment at point x in time Dt is approximatelybqðx; tÞ$biðDtÞ, and the amount of heat energy passing through the segment at point

xþ Dx in time Dt is approximately bqðxþ Dx; tÞ$biðDtÞ. Depending on the direction
of heat flow and in the absence of a heat source or a heat sink, one of these quantities
will represent an addition to the internal energy of the segment, and the other will
represent a removal of internal energy from the segment. For definiteness, suppose
energy is being added at x and removed at xþ Dx. Then change in internal energy is

DQ ¼
hbqðx; tÞ$bi � bqðxþ Dx; tÞ$bi iDt. (2)

When the amount of energy DQ is added to a body of mass m and specific heat c,
the temperature of the body rises according to

DQ ¼ mcDu. (3)

q̂ (x, t) q̂ (x + Δx, t)

x + Δxx

FIGURE 5.2.1
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Thus from Eqs. (2) and (3) we gethbqðx; tÞ$bi � bqðxþ Dx; tÞ$biiDt ¼ mcDu

or

bqðx; tÞ$bi � bqðxþ Dx; tÞ$bi ¼ mc
Du

Dt
.

Taking the limit as Dt / 0 gives

bqðx; tÞ$bi � bqðxþ Dx; tÞ$bi ¼ mc
vu

vt
.

So, from Eqs. (1) and (2) we get

bqðx; tÞ$bi � bqðxþ Dx; tÞ$bi ¼ �k



vuðx; tÞ

vx
� vuðxþ Dx; tÞ

vx

�
¼ mc

vu

vt
¼ rðDxÞc vu

vt

or

�k



vuðx; tÞ

vx
� vuðxþ Dx; tÞ

vx

�
Dx

¼ rc
vu

vt
.

Taking the limit as Dx / 0 gives

k
v2uðx; tÞ

vx2
¼ rc

vu

vt
.

This is often written

v2uðx; tÞ
vx2

¼ 1

a2
vu

vt
;

where a2 ¼ k

rc
.

EXERCISES
1. Show that if there is a heat source f (x), then the heat equation becomes

1

a2
vu

vt
¼ v2uðx; tÞ

vx2
þ f ðxÞ.
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5.4 DERIVATION OF THE WAVE EQUATION IN ONE
DIMENSION

Suppose we have a string stretched along the x-axis between x ¼ 0 and x ¼ L with
tension T. The string is fixed at the endpoints. We distort the string in the vertical
direction by plucking it, which will cause the string to vibrate in the vertical direc-
tion. We assume there is no damping and no external forces, and we want to find the
equation that governs the dynamics of motion.

Consider Fig. 5.3.1 below that depicts the forces on a small element of string in
the interval ½x; xþ Dx�. We let

u(x,t) ¼ the vertical displacement of the string from the x-axis at point x at time t
q(x,t) ¼ the angle the string makes with a horizontal line at point x at time t
T(x,t) ¼ the tension in the string at point x at time t
r(x) ¼ the mass density of the string at point x.

We assume that the string is perfectly flexible, so that the forces that parts of the
string exert on one another are tangential to the string. This means that T(x,t) is
tangent to the string at (x,t) so

tan½qðx; tÞ� ¼ the slope of the tangent line ¼ vTðx; tÞ
vx

.

We assume that there is no net force in the horizontal direction so that the string
vibrates vertically. This means

Tðx; tÞ cos ½qðx; tÞ� ¼ Tðxþ Dx; tÞ cos ½qðxþ Dx; tÞ�;
i.e., the horizontal force to the left is equal to the horizontal force to the right.

T(x + Δx, t)

T(x, t)

x

θ(x + Δx, t)

θ(x, t)

u(x, t)

Δu

Δx

FIGURE 5.3.1
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Analysis of forces in the u (vertical) direction:
The net force in the vertical direction is not zero, and we apply Newton’s law,

Force ¼ mass � acceleration. The mass of the string between x and xþ Dx is
approximately

rðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDxÞ2 þ ðDuÞ2

q
.

The acceleration is the second derivative with respect to time, which is
v2uðx; tÞ

vt2
at the point (x,t).

The force in the u-direction is the sum of T(x,t) sin [q(x,t)] and
Tðxþ Dx; tÞ sin ½qðxþ Dx; tÞ�, which, because of the direction of T(x,t) and
Tðxþ Dx; tÞ, is

Tðxþ Dx; tÞ sin ½qðxþ Dx; tÞ� � Tðx; tÞ sin ½qðx; tÞ�.
Thus the governing equation in the u-direction is

rðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDxÞ2 þ ðDuÞ2

q
v2uðx; tÞ

vt2

¼ Tðxþ Dx; tÞ sin ½qðxþ Dx; tÞ� � Tðx; tÞ sin ½qðx; tÞ�.
(1)

This is the equation that connects the tension and the vertical displacement from
equilibrium.

Divide Eq. (1) by Dx to get

rðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
Du

Dx

�2
s

v2uðx; tÞ
vt2

¼ Tðxþ Dx; tÞ sin ðxþ Dx; tÞ � Tðx; tÞ sin ½qðx; tÞ�
Dx

.

(2)

We now work with the right-hand side of Eq. (2). Recall that

Tðx; tÞ cos ½qðx; tÞ� ¼ Tðxþ Dx; tÞ cos ½qðxþ Dx; tÞ�
so the right-hand side of Eq. (1) is equal to0BBB@

Tðxþ Dx; tÞ sin ½qðxþ Dx; tÞ�
Tðxþ Dx; tÞ cos ½qðxþ Dx; tÞ� �

Tðx; tÞ sin ½qðx; tÞ�
Tðx; tÞ cos ½qðx; tÞ�

Dx

1CCCATðx; tÞ cos ½qðx; tÞ�

¼ tan ½qðxþ Dx; tÞ� � tan ½qðx; tÞ�
Dx

Tðx; tÞ cos ½qðx; tÞ�.

(3)

Now

tan ½qðx; tÞ� ¼ vTðx; tÞ
vx
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so the right-hand side of Eq. (3) can be written0BB@
vTðxþ Dx; tÞ

vx
� vTðx; tÞ

vx
Dx

1CCATðx; tÞ cos ½qðx; tÞ�.

Thus Eq. (2) can be written

rðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
Du

Dx

�2
s

v2uðx; tÞ
vt2

¼

0BB@
vTðxþ Dx; tÞ

vx
� vTðx; tÞ

vx
Dx

1CCATðx; tÞ cos ½qðx; tÞ�.
(4)

Taking the limit as Dx / 0 in Eq. (4) gives

rðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
vu

vx

�2
s

v2uðx; tÞ
vt2

¼ v2Tðx; tÞ
vx2

Tðx; tÞ cos ½qðx; tÞ�. (5)

We want to express the right-hand side of Eq. (5) in terms of u(x,t). To do this, we
refer back to Fig. 5.3.1 and note that

vTðx; tÞ
vx

¼ tan ½qðx; tÞ� ¼ lim
Dx/0

Du

Dx
¼ vu

vx
and

v2Tðx; tÞ
vx2

¼ v2u

vx2
.

So we have

rðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
vu

vx

�2
s

v2uðx; tÞ
vt2

¼ v2u

vx2
Tðx; tÞ cos ½qðx; tÞ�. (6)

Eq. (6) is not solvable, so all derivations of the equation known as the wave equa-
tion make simplifying assumptions. (Actually, we have ignored some factors
already, including elasticity.) For a more complete derivation that includes these
factors, see Weinberger, A First Course in Partial Differential Equations. We assume
that the mass density of the string is constant and replace r(x) by r and assume that q
is small so that

Tðx; tÞ cos ½qðx; tÞ�z Tðx; tÞ and tan ½qðx; tÞ�z 0

and thus ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
vu

vx

�2
s

z 1:
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If we assume that T(x,t) is constant, T(x,t) ¼ T, with these assumptions and
approximations, Eq. (6) becomes

r
v2uðx; tÞ

vt2
¼ T

v2uðx; tÞ
vx2

or

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
(7)

where c2 ¼ T

r
.

Eq. (7) is the wave equation with no external forces. If there were external forces
present whose sum was F(x,t), then we would modify Eq. (7) to

rðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDxÞ2 þ ðDuÞ2

q
v2uðx; tÞ

vt2

¼ Tðxþ Dx; tÞ sin ½qðxþ Dx; tÞ� � Tðx; tÞ sin ½qðx; tÞ� þ Fðx; tÞ
and continue the analysis as we did. The result would be the equation

r
v2uðx; tÞ

vt2
¼ T

v2uðx; tÞ
vx2

þ Fðx; tÞ.

EXERCISES
1. Complete the derivation of the wave equation in the case there is an external

force F(x,t).
2. Show that a solution to

v2uðx; hÞ
vxvh

¼ 0

is uðx; hÞ ¼ f ðxÞ þ gðhÞ. (We use this in the next section.)
3. Show that a solution to

v2uðx; tÞ
vx2

¼ 1

v2
v2uðx; tÞ

vx2

is u(x,t) ¼ f (x � vt) þ g(x þ vt) where f and g have continuous second derivatives
with respect to x and t.

5.5 AN EXPLICIT SOLUTION OF THE WAVE EQUATION
The wave equation in one dimension

v2uðx; tÞ
vt2

� c2
v2uðx; tÞ

vx2
¼ 0
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can be solved explicitly by making a change of variables that will convert the
equation into the form

v2uðx; hÞ
vxvh

¼ 0:

We demonstrate that the change of variables

x ¼ xþ ct

h ¼ x� ct

accomplishes the desired transformation. To do this, we use the chain rule several
times. We have

vu

vx
¼ vu

vx
$
vx

vx
þ vu

vh
$
vh

vx
¼ vu

vx
$1þ vu

vh
$1:

We also have

v2u

vx2
¼ v

vx

�
vu

vx

�
¼ v

vx

�
vu

vx
þ vu

vh

�
.

Now

v

vx

�
vu

vx

�
¼ v

vx

�
vu

vx

�
$
vx

vx
þ v

vh

�
vu

vx

�
$
vh

vx
¼ v2u

vx2
$1þ v2u

vxvh
$1 ¼ v2u

vx2
þ v2u

vxvh

and

v

vx

�
vu

vh

�
¼ v

vx

�
vu

vh

�
$
vx

vx
þ v

vh

�
vu

vh

�
$
vh

vx
¼ v2u

vxvh
þ v2u

vh2
.

Thus

v2u

vx2
¼ v2u

vx2
þ 2

v2u

vxvh
þ v2u

vh2
.

We also have

vu

vt
¼ vu

vx
$
vx

vt
þ vu

vh
$
vh

vt
¼ vu

vx
$cþ vu

vh
$ð�cÞ ¼ c

�
vu

vx
� vu

vh

�
and

v2u

vt2
¼ c

v

vt

�
vu

vx
� vu

vh

�
.

Now

v

vt

�
vu

vx

�
¼ v

vx

�
vu

vx

�
$
vx

vt
þ v

vh

�
vu

vx

�
$
vh

vt
¼ v2u

vx2
$cþ v2u

vxvh
$ð�cÞ
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and

v

vt

�
vu

vh

�
¼ v

vx

�
vu

vh

�
$
vx

vt
þ v

vh

�
vu

vh

�
$
vh

vt
¼ v2u

vxvh
$cþ v2u

vh2
$ð�cÞ.

Thus

v2u

vt2
¼ c



v2u

vx2
$cþ v2u

vxvh
$ð�cÞ � v2u

vxvh
$cþ v2u

vh2
$ð�cÞ

�

¼ c2
�
v2u

vx2
� 2

v2u

vxvh
þ v2u

vh2

�
and we have

0 ¼ v2u

vt2
� c2

v2u

vx2

¼ c2
�
v2u

vx2
� 2

v2u

vxvh
þ v2u

vh2
� v2u

vx2
� 2

v2u

vxvh
� v2u

vh2

�
¼ �4c2

v2u

vxvh
.

We now solve

v2u

vxvh
¼ 0:

Integrating
v2u

vxvh
with respect to x gives

vu

vh
¼

Z
v2u

vxvh
dx ¼

Z
0 dx ¼ JðhÞ

because

d

dx
ðJðhÞÞ ¼ 0:

Integrating
vu

vh
with respect to h gives

uðx; hÞ ¼
Z

JðhÞdh ¼ pðhÞ þ qðxÞ

where pðhÞ is an antiderivative of JðhÞ that involves only h:
Thus

uðx; tÞ ¼ pðxþ ctÞ þ qðx� ctÞ
for any twice differentiable functions p and q. This is d’Alembert’s formula.

If we have appropriate initial conditions, then we can specify p and q as we now
show.
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Suppose that

uðx; 0Þ ¼ f ðxÞ and utðx; 0Þ ¼ gðxÞ.
So

uðx; 0Þ ¼ pðxþ 0Þ þ qðx� 0Þ ¼ pðxÞ þ qðxÞ ¼ f ðxÞ (1)

and

utðx; tÞ ¼ cp0ðxþ ctÞ � cq0ðx� ctÞ
so

utðx; 0Þ ¼ cp0ðxþ 0Þ � cq0ðx� 0Þ ¼ cp0ðxÞ � cq0ðxÞ ¼ gðxÞ. (2)

If we differentiate Eq. (1) and multiply by c, we get

cp0ðxÞ þ cq0ðxÞ ¼ cf 0ðxÞ. (3)

Adding Eqs. (2) and (3) gives

2cp0ðxÞ ¼ gðxÞ þ cf 0ðxÞ
so that

p0ðxÞ ¼ 1

2c
gðxÞ þ 1

2
f 0ðxÞ.

Integrating, we get

pðxÞ ¼ 1

2c

Z x

0
gðsÞdsþ K þ 1

2
f ðxÞ.

Then

qðxÞ ¼ f ðxÞ � pðxÞ ¼ f ðxÞ �
24 1

2c

Z x

0
gðsÞdsþ K þ 1

2
f ðxÞ

35
¼ 1

2
f ðxÞ � 1

2c

Z x

0
gðsÞds� K.

So

pðxþ ctÞ ¼ 1

2c

Z xþct

0
gðsÞdsþ 1

2
f ðxþ ctÞ þ K

and

qðx� ctÞ ¼ 1

2
f ðx� ctÞ � 1

2c

Z x�ct

0
gðsÞds� K

¼ 1

2
f ðx� ctÞ þ 1

2c

Z 0

x�ct
gðsÞds� K.
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Finally, we have

uðx; tÞ ¼ pðxþ ctÞ þ qðx� ctÞ ¼ 1

2
½ f ðxþ ctÞ þ f ðx� ctÞ� þ 1

2c

Z xþct

x�ct
gðsÞds.

(4)

Eq. (4) is also called d’Alembert’s formula.
We shall give the solution for the heat equation later in the text, but we give a

cartoon of graphs below showing how the solutions of the wave equation and the
heat equation evolve in time for the same initial condition of a Gaussian distribution.
In Fig. 5.4.1, we show the evolution of the wave equation, and in Fig. 5.4.2 we show
the evolution of the heat equation. Notice that for the wave equation, the distribution
splits into two equal parts, each as the same shape but one half the size as the original
distribution. The wave equation is the prototypical example of a hyperbolic PDE,
and the solutions of such equations behave in this manner. For the heat equation,
the distribution of the initial condition diffuses in time. (The heat equation is also
called the diffusion equation.) The heat equation is the prototypical example of a
parabolic PDE, and the solutions of such equations behave in this manner.

Graphs of the solution to the wave equation as it evolves from its initial condition
through t¼1, 2 and 3.

The graphs of the solution to the heat equation for t ¼ 0.2, 0.5 and 1.
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EXERCISES
1. Solve the wave equation on [0,p] if u(x,0) ¼ 0 and ut(x,0) ¼ sin x.
2. Solve the wave equation on [0,p] if u(x,0) ¼ sin x and ut(x,0) ¼ 0.
3. Solve the wave equation on [0,1] if u(x,0) ¼ 1�x2 and ut(x,0) ¼ 0.
4. Solve the wave equation on [0,1] if

uðx; 0Þ ¼

8>><>>:
x; 0 < x <

1

2

1� x;
1

2
� x < 1

; utðx; 0Þ ¼ sin px.

5. Solve the wave equation on [0,1] if u(x,0) ¼ 0 and ut(x,0) ¼ 1.
6. Consider the PDE

uttðx; tÞ þ 2autðx; tÞ þ a2uðx; tÞ ¼ a2uxxðx; tÞ t > 0;�∞ < x < ∞; a > 0 (5)

which models voltage in a power line.
a. Show that if y(x,t) satisfies ytt(x,t) ¼ a2yxx(x,t), then u(x,t) ¼ e�aty(x,t)

satisfies Eq. (5).
b. Find the solution for Eq. (5) with initial conditions u(x,0) ¼ 0 and ut(x,0) ¼

sin x.
c. Find the solution for Eq. (5) with initial conditions

u(x,0) ¼ sin x and ut(x,0) ¼ 0.
7. Solve the wave equation on �∞ < x < ∞ if

a. uðx; 0Þ ¼ 1
1þx2; utðx; 0Þ ¼ 1

1þx2.

b. uðx; 0Þ ¼ e�x2 ; utðx; 0Þ ¼ xe�x2 .

5.6 CONVERTING SECOND-ORDER PARTIAL DIFFERENTIAL
EQUATIONS TO STANDARD FORM

Next we demonstrate how to convert a second-order PDE of the form

A
v2uðx; yÞ

vx2
þ B

v2uðx; yÞ
vxvy

þ C
v2uðx; yÞ

vx2
¼ 0

into one of the three equations we studied earlier by a linear change of variables. The
process is computationally similar to rotating axes in the plane to convert an
equation of the form

Ax2 þ Bxyþ Cy2 þ Dxþ Eyþ F ¼ 0

into a parabola, ellipse, or a hyperbola in standard form.We now review that process.
Start with a vector bv. We find the coordinates of bv with respect to two sets of axes.

The first set of axes, (x,y), is in standard position, and the second set of axes, (x0,y0), is
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obtained by rotating the first set of axes counterclockwise through an angle q. (See
Fig. 5.5.1.)

Suppose in the (x0,y0) system, the vector bv makes an angle of a with the x0 axis.
Then in the (x,y) system, the vector bv makes an angle of a þ q with the x axis. Then

x0 ¼ jbvj cos a; y0 ¼ jbvj sin a

x ¼ jbvj cosðaþ qÞ; y ¼ jbvj sinðaþ qÞ.
So

x ¼ jbvj cos ðaþ qÞ ¼ jbvj½cos a cos q� sin a sin q� ¼ x0 cos q� y0 sin q

y ¼ jbvj sin ðaþ qÞ ¼ jbvj½sin a cos qþ sin q cos a� ¼ x0 sin qþ y0 cos q.

We want to find A0,., F0 so that

Ax2 þ Bxyþ Cy2 þ Dxþ Eyþ F ¼ A0x02 þ B0x0y0 þ C0y02 þ D0x0 þ E0y0 þ F0.

Now

Ax2 þ Bxyþ Cy2 þ Dxþ Eyþ F ¼ Aðx0 cos q� y0 sin qÞ2

þ Bðx0 cos q� y0 sin qÞðx0 sin qþ y0 cos qÞ þ/þ F.
(1)

If one expands the right-hand side of Eq. (1) and sets the result equal to

A0x02 þ B0x0y0 þ C0y02 þ D0x0 þ E0y0 þ F0

y ′

x ′

x
Q

Q′

y

O

P
(x, y)

(x′, y ′)

α

θ

FIGURE 5.5.1
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then one finds that

A0 ¼ A cos2qþ B sin q cos qþ C sin2 q

B0 ¼ B
�
cos2q� sin2 q

�þ 2ðC � AÞ sin q cos q

C0 ¼ A sin2 q� B sin q cos qþ C cos2q

D0 ¼ D cos qþ E sin q

E0 ¼ �D sin qþ E cos q

F0 ¼ F.

We want to choose q so there is no x0y0 term; i.e., we want B0 ¼ 0. We use the
identities

cos2q� sin2 q ¼ cosð2qÞ and 2 sin q cos q ¼ sinð2qÞ
to get

B0 ¼ B cosð2qÞ þ ðC � AÞ sinð2qÞ
so that B0 ¼ 0 if B cos(2q) ¼ (A�C) sin(2q) or

sinð2qÞ
cosð2qÞ ¼ tanð2qÞ ¼ B

A� C

so

q ¼ 1

2
tan�1

�
B

A� C

�
.

Example:
We convert the equation

x2 þ 3xyþ y2 ¼ 7

to standard form.
We have A ¼ C ¼ 1 and B ¼ 3. Thus 2q ¼ 90� so q ¼ 45� and

x ¼ x0 cos q� y0 sin q ¼ x0 � y0ffiffiffi
2

p ; y ¼ x0 sin qþ y0 cos q ¼ x0 þ y0ffiffiffi
2

p

so

x2 þ 3xyþ y2 ¼
�
x0 � y0ffiffiffi

2
p

�2

þ 3

�
x0 � y0ffiffiffi

2
p

��
x0 þ y0ffiffiffi

2
p

�
þ
�
x0 þ y0ffiffiffi

2
p

�2

¼ 5x02 � y02

2
¼ 7

which is the equation of a hyperbola.
Repeating what we said earlier, recall that if B2 � 4AC > 0 the graph is a hyper-

bola, if B2 � 4AC ¼ 0 the graph is an ellipse, if B2 � 4AC < 0 the graph is a
parabola. We follow the same nomenclature with second-order PDEs, designating
them as hyperbolic, elliptic, or parabolic according to the sign of B2 � 4AC.
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We now demonstrate by an example that the same change of variables used to
rotate the axes to convert a second-degree equation to standard form works to
convert a second-order PDE to standard form.

Example:
We convert the equation

v2 uðx; yÞ
vx2

þ 3
v2uðx; yÞ
vxvy

þ v2uðx; yÞ
vx2

¼ 7

to

A
v2uðx0; y0Þ

vx02
þ B

v2uðx0; y0Þ
vy02

¼ C

using the change of variables

x ¼ x0 � y0ffiffiffi
2

p ; y ¼ x0 þ y0ffiffiffi
2

p .

Recall the chain rule for partial derivatives: If u is a function of x and y and x and
y are each functions of x0 and y0, then

vu

vx0
¼ vu

vx

vx

vx0
þ vu

vy

vy

vx0
and

vu

vy0
¼ vu

vx

vx

vy0
þ vu

vy

vy

vy0
.

We have

vx

vx0
¼ 1ffiffiffi

2
p ;

vx

vy0
¼ �1ffiffiffi

2
p ;

vy

vx0
¼ 1ffiffiffi

2
p ;

vy

vy0
¼ 1ffiffiffi

2
p

so

vu

vx0
¼ vu

vx

1ffiffiffi
2

p þ vu

vy

1ffiffiffi
2

p ¼ 1ffiffiffi
2

p ðux þ uyÞ and

vu

vy0
¼ vu

vx

��1ffiffiffi
2

p
�
þ vu

vy

1ffiffiffi
2

p ¼ 1ffiffiffi
2

p ðuy � uxÞ.

Then

v2u

vx02
¼ v

vx0

�
vu

vx0

�
¼ v

vx0

�
1ffiffiffi
2

p ðux þ uyÞ
�

¼ 1ffiffiffi
2

p v

vx
ðux þ uyÞ vx

vx0
þ 1ffiffiffi

2
p v

vy
ðux þ uyÞ vy

vx0

¼ 1ffiffiffi
2

p ðuxx þ uxyÞ 1ffiffiffi
2

p þ 1ffiffiffi
2

p ðuyx þ uyyÞ 1ffiffiffi
2

p ¼ 1

2
uxx þ uxy þ 1

2
uyy.
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Likewise,

v2u

vy02
¼ v

vy0

�
vu

vy0

�
¼ v

vy0

�
1ffiffiffi
2

p ðuy � uxÞ
�

¼ 1ffiffiffi
2

p


v

vx
ðuy � uxÞ vx

vy0
þ v

vy
ðuy � uxÞ vy

vy0

�

¼ 1ffiffiffi
2

p
�
½uxy � uxx�

��1ffiffiffi
2

p
�
þ ½uyy � uyx�

�
1ffiffiffi
2

p
��

¼ 1

2
uxx � uxy þ 1

2
uyy.

We now show

v2u

vx2
þ 3

v2u

vxvy
þ v2u

vy2
¼

5
v2u

vx02
� v2u

vy02
2

.

We have

5
v2u

vx02
� v2u

vy02

2
¼ 5

2

�
1

2
uxx þ uxy þ 1

2
uyy

�
� 1

2

�
1

2
uxx � uxy þ 1

2
uyy

�
¼ uxx

�
5

4
� 1

4

�
þ uxy

�
5

4
þ 1

4

�
þ uyy

�
5

4
� 1

4

�
¼ uxx þ 3uxy þ uyy.

EXERCISES
1. Classify the PDEs below as parabolic, hyperbolic, or elliptic and convert them to

standard form.

a. uxx � 2uxy þ 9uyy � ux þ 5uy ¼ 0:
b. uxx þ 4uxy � 9uyy � 3uy ¼ 0:
c. uxx � uxy ¼ 0:
d. uxx � 6uxy þ 4uyy þ ux ¼ 0:
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SturmeLiouville Theory 6
6.1 INTRODUCTION
Earlier, we studied Fourier series for trigonometric functions. One reason this is
important is because the ordinary differential equation

y00ðxÞ þ lyðxÞ ¼ 0

with periodic boundary conditions arises when solving certain partial differential
equations using separation of variables. Our approach was to recognize the problem
of solving the differential equation as an eigenfunction/eigenvalue problem, the so-
lutions to the equation being the eigenfunctions. It was necessary to determine when
the Fourier expansion of a function in terms of the eigenfunctions converges to the
function. In that problem, we considered pointwise convergence, uniform conver-
gence, and L2 convergence. For the equation above, the eigenfunctions are sines
and cosines.

We shall see that other ordinary differential equations arise when the partial dif-
ferential equations that we shall study are solved by separation of variables,
including Bessel’s equation and Legendre’s equation. Each of these is a Sturme
Liouville differential equation. In this chapter, we present the problem of solving
a SturmeLiouville differential equation as an eigenfunction/eigenvalue problem
and find conditions on a function to ensure that the Fourier expansion of the function
in terms of eigenfunctions converges to the function. We shall consider only uniform
convergence and L2 convergence.

A differential equation of the form

½rðxÞy0ðxÞ�0 � qðxÞyðxÞ þ lrðxÞyðxÞ ¼ 0 for a < x < b

where r(x) and q(x) are continuous, and r(x) has a continuous derivative on (a, b),
and r(x) and r(x) are positive, and q(x) is nonnegative on [a, b] is called a Sturme
Liouville differential equation. We take a ¼ 0 and b ¼ 1 to simplify the notation.
This equation can also be written as

½rðxÞy0ðxÞ�0 � qðxÞyðxÞ ¼ �lrðxÞyðxÞ
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or

� 1

rðxÞ
n
½rðxÞy0ðxÞ�0 � qðxÞyðxÞ

o
¼ lyðxÞ.

We shall view this as the operator equation L[y] ¼ ly where

L½y� ¼ � 1

rðxÞ
n
½rðxÞy0ðxÞ�0 � qðxÞyðxÞ

o
.

We restrict L to a set of functions on which it is self-adjoint. For example,
one case that we shall see in the next section is the set of functions for which
y(0) ¼ y(1) ¼ 0.

EXERCISES
1. Show that

aðxÞy00ðxÞ þ bðxÞy0ðxÞ þ cðxÞyðxÞ þ ldðxÞyðxÞ ¼ 0; a < x < b; aðxÞs0

can be transformed to a SturmeLiouville problem by dividing by a(x) and multi-

plying by exp
� R bðxÞ

aðxÞdx
�
.

2. Use the idea of Problem 1 to convert the following to a SturmeLiouville
equation.
a.
�
1� x2

�
y00ðxÞ � 2xy0ðxÞ þ nðnþ 1ÞyðxÞ ¼ 0; �1 < x < 1. (Legendre dif-

ferential equation)

b. y00ðxÞ � 2xy0ðxÞ þ 2nyðxÞ ¼ 0; �∞ < x < ∞. (Hermite differential equation)

c.
�
1� x2

�
y00ðxÞ � xy0ðxÞ þ n2yðxÞ ¼ 0; �1 < x < 1. (Chebyshev differential

equation)
3. Show that

L½y� ¼ � 1

rðxÞ
n
½rðxÞy0ðxÞ�0 � qðxÞyðxÞ

o
is a linear operator.

6.2 THE SELF-ADJOINT PROPERTY OF A STURMeLIOUVILLE
EQUATION

We first show there is a space of functions for which

L½y� ¼ � 1

rðxÞ
n
½rðxÞy0ðxÞ�0 � qðxÞyðxÞ

o
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is self-adjoint with respect to the inner product

h f ; gir ¼
Z 1

0
f ðxÞrðxÞgðxÞdx.

So r(x) is the weight function for the inner product, which is the reason we
require r(x) > 0.

To show that L is self-adjoint on a class of functions with respect to this inner
product, we must show that

hL½y1�; y2ir ¼ hy1; L½y2�ir
for every y1, y2 in the class of functions. We determine conditions for which this is
the case.

Now

hL½y1�; y2ir ¼ �
Z 1

0

1

rðxÞ
n�

rðxÞy10ðxÞ
�0 � qðxÞy1ðxÞ

o
y2ðxÞrðxÞdx

and

hy1; L½y2�ir ¼ �
Z 1

0

1

rðxÞ
n�

rðxÞy20ðxÞ
�0 � qðxÞy2ðxÞ

o
y1ðxÞrðxÞdx

so that

hL½y1�; y2ir � hy1; L½y2�ir ¼ �
Z 1

0

n�
rðxÞy10ðxÞ

�0
y2ðxÞ �

�
rðxÞy20ðxÞ

�0
y1ðxÞ

o
dx.

(1)

A key observation is that�
rðxÞy10ðxÞ

�0
y2ðxÞ �

�
rðxÞy20ðxÞ

�0
y1ðxÞ ¼

�
rðxÞy10ðxÞy2ðxÞ � rðxÞy20ðxÞy1ðxÞ

�0
which is easily checked (Exercise 1). So

hL½y1�; y2ir � hy1; L½y2�ir ¼ �
Z 1

0

n�
rðxÞy10ðxÞ

�0
y2ðxÞ �

�
rðxÞy20ðxÞ

�0
y1ðxÞ

o
dx

¼ �rðxÞy10ðxÞy2ðxÞ � rðxÞy20ðxÞy1ðxÞ
��� x ¼ 1

x ¼ 0

¼ �rð1Þy10ð1Þy2ð1Þ � rð1Þy20ð1Þy1ð1Þ
�

� �rð0Þy10ð0Þy2ð0Þ � rð0Þy20ð0Þy1ð0Þ
�
.

(2)

Thus L will be self-adjoint when the right-hand side of Eq. (2) is zero. We now
give conditions that ensure this.

1. If the problem imposes homogeneous boundary conditions. That is, if every
function y(x) in the vector space satisfies y(1) ¼ y(0) ¼ 0.
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2. If r(1) ¼ r(0) ¼ 0. Then the right-hand side of Eq. (2) is zero regardless of the
boundary values of y(x).

3. If r(1) ¼ 0 but r(0) s 0, then for the right-hand side of Eq. (2) to be zero, we
must have

rð0Þy10ð0Þy2ð0Þ � rð0Þy20ð0Þy1ð0Þ ¼ 0: (3)

This will be the case if y1
0ð0Þy2ð0Þ � y2

0ð0Þy1ð0Þ ¼ 0.
We argue that this occurs if there are constants c1 and c2 with c2 s 0 for which

c1y1ð0Þ þ c2y1
0ð0Þ ¼ 0

and

c1y2ð0Þ þ c2y2
0ð0Þ ¼ 0:

For, if this is the case, then

c1y1ð0Þy2ð0Þ þ c2y1
0ð0Þy2ð0Þ ¼ 0

and

c1y1ð0Þy2ð0Þ þ c2y1ð0Þy20ð0Þ ¼ 0

so that

c2
�
y1

0ð0Þy2ð0Þ � y1ð0Þy20ð0Þ
� ¼ 0

which means that Eq. (3) holds.
4. If r(0) ¼ 0 but r(1) s 0, then an argument similar to the case above shows that

for the right-hand side of Eq. (2) to be zero, we must have constants d1 and d2
with d2 s 0 for which

d1y1ð1Þ þ d2y1
0ð1Þ ¼ 0

and

d1y2ð1Þ þ d2y2
0ð1Þ ¼ 0:

5. If r(0) s 0 and r(1) s 0, then the conditions of cases 3 and 4 must both hold.

EXERCISES
1. Show that if y1(x), y2(x), and r(x) are functions with second derivatives, then�

rðxÞy10ðxÞ
�0
y2ðxÞ �

�
rðxÞy20ðxÞ

�0
y1ðxÞ ¼

�
rðxÞy10ðxÞy2ðxÞ � rðxÞy20ðxÞy1ðxÞ

�0
.

2. Verify the orthogonality of the eigenfunctions for Legendre’s equation��
1� x2

�
y0ðxÞ�0 þ lyðxÞ ¼ 0; �1 < x < 1:
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What is the weight function? Are appropriate boundary conditions necessary?
3. Verify the orthogonality of the eigenfunctions for Bessel’s equation of order m

ðxy0ðxÞÞ0 þ
	
lx� m2

x



yðxÞ ¼ 0:

What is the weight function? Are appropriate boundary conditions necessary?
4. Verify the orthogonality of the eigenfunctions for Hermite’s equation

y00ðxÞ � 2xy0ðxÞ þ 2nyðxÞ ¼ 0; �∞ < x < ∞.

What is the weight function? Are appropriate boundary conditions necessary?

6.3 COMPLETENESS OF EIGENFUNCTIONS FOR
STURMeLIOUVILLE EQUATIONS

We continue to consider the problem

½rðxÞy0ðxÞ�0 � qðxÞyðxÞ ¼ �lrðxÞyðxÞ; 0 < x < 1; yð0Þ ¼ yð1Þ ¼ 0:

as an eigenvalue/eigenvector problem with

L½y� ¼ � 1

rðxÞ
n
½rðxÞy0ðxÞ�0 � qðxÞyðxÞ

o
.

Note that we have now imposed homogeneous boundary conditions, and these
conditions ensure that L is self-adjoint.

In this section, we show that if f (x) is an integrable function for which

h f ; f ir ¼
Z 1

0
j f ðxÞj2rðxÞdx < ∞

then, f (x) is the L2 limit of the Fourier series of f (x) in terms of the eigenfunctions for
the SturmeLiouville equation. That is,

lim
N/∞

Z 1

0
½SNðxÞ � f ðxÞ�2rðxÞdx ¼ 0

where

SNðxÞ ¼
XN
n¼1

hfnðxÞ; f ðxÞir
hfnðxÞ;fnðxÞir

fnðxÞ

and fn(x) is the nth eigenfunction of the SturmeLiouville equation.
This is an involved process, and the level of mathematics is more sophisticated

than in the rest of the text. If one wishes to bypass the proof and accept the result,
there is no loss of continuity.
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Here are the major steps:

1. Show that each eigenvalue is positive.
2. Since 0 is not an eigenvalue, there is a Green’s function Gðx; xÞ for the differ-

ential equation

½rðxÞy0ðxÞ�0 � qðxÞyðxÞ ¼ FðxÞ yð0Þ ¼ yð1Þ ¼ 0:

We show that if the eigenvalues are l1, l2, l3,.,lN, thenXN
n¼1

1

l2n
�
Z 1

0

Z 1

0
½Gðx; xÞ�2rðxÞrðxÞdxdx.

If there are infinitely many eigenvalues, this means the series
P∞

n¼1

�
1
�
l2n
�

converges, and so lim
n/∞

ð1=lnÞ ¼ 0.

3. Show there are infinitely many eigenfunctions. This is the most involved step and
is beyond the scope of the text

4. Show that Z 1

0
½SNðxÞ � f ðxÞ�2rðxÞdx � 1

lN
J

where J is a bounded function.
Step 1.
Suppose that y(x) is an eigenfunction of L with eigenvalue l. That is,

L½y� ¼ � 1

rðxÞ
n
½rðxÞy0ðxÞ�0 � qðxÞyðxÞ

o
¼ lyðxÞ; yð0Þ ¼ yð1Þ ¼ 0:

We show that l > 0. Using integration by parts, with

u ¼ yðxÞ du ¼ y0ðxÞ
dv ¼ ½rðxÞy0ðxÞ�0 v ¼ ½rðxÞy0ðxÞ�

we haveZ 1

0
yðxÞ½rðxÞy0ðxÞ�0dx ¼ ½yðxÞrðxÞy0ðxÞ�j x ¼ 1

x ¼ 0
�
Z 1

0
rðxÞ½y0ðxÞ�2dx.

Since y(0) ¼ y(1) ¼ 0, we haveZ 1

0
yðxÞ½rðxÞy0ðxÞ�0dx ¼ �

Z 1

0
rðxÞ½y0ðxÞ�2dx.

Now,

lhy; yir ¼ l

Z 1

0
yðxÞrðxÞyðxÞdx
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and

hy;Lyir ¼ �
Z 1

0
yðxÞrðxÞ 1

rðxÞ
n
½rðxÞy0ðxÞ�0 � qðxÞyðxÞ

o
dx

¼ �
Z 1

0
yðxÞ

n
½rðxÞy0ðxÞ�0 � qðxÞyðxÞ

o
dx

¼
Z 1

0
rðxÞ½y0ðxÞ�2dxþ

Z 1

0
yðxÞqðxÞyðxÞdx.

Since

lhy; yir ¼ hy; Lyir
we have

l

Z 1

0
yðxÞrðxÞyðxÞdx ¼

Z 1

0
rðxÞ½y0ðxÞ�2dxþ

Z 1

0
qðxÞ½yðxÞ�2dx

so

l ¼

Z 1

0
rðxÞ½y0ðxÞ�2dxþ

Z 1

0
qðxÞ½yðxÞ�2dx

hy; yir
.

Now r(x) is positive and q(x) is nonnegative, and y0ðxÞ cannot be zero every-
where. This is because if y0ðxÞ ¼ 0 everywhere, then y(x) would be constant, the
boundary condition y(0) ¼ 0 would mean that y(x) would be the zero function.
This is impossible for an eigenvector. Thus l > 0. This completes Step 1.
Step 2.
Recall that

½rðxÞy0ðxÞ�0 � qðxÞyðxÞ þ lrðxÞyðxÞ ¼ �FðxÞ; yð0Þ ¼ yð1Þ ¼ 0 (1)

has a unique solution if and only if

½rðxÞy0ðxÞ�0 � qðxÞyðxÞ þ lrðxÞyðxÞ ¼ 0; yð0Þ ¼ yð1Þ ¼ 0

has no solution other than y(x) ¼ 0.
Since 0 is not an eigenvalue for Eq. (1), there is a Green’s function for

½rðxÞy0ðxÞ�0 � qðxÞyðxÞ ¼ �FðxÞ; yð0Þ ¼ yð1Þ ¼ 0: (2)

Let Gðx; xÞ be the Green’s function for Eq. (2) and take F (x) ¼ lr(x)u(x) to get
that, if u(x) is an eigenfunction of Eq. (1), with eigenvalue l, then

uðxÞ ¼ l

Z 1

0
Gðx; xÞrðxÞuðxÞdx.
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Fix x ¼ x. Consider Gðx; xÞ. For any function f ðxÞ, we can write the Fourier
expansion of f ðxÞ in terms of the eigenfunctions of an operator (even if we do
not know the expansion converges to the function). If the eigenfunctions are u1,
u2, . and the inner product is h; ir, the Fourier expansion isX∞

n¼1

hunðxÞ; f ðxÞir
hunðxÞ; unðxÞir

unðxÞ.

We are not claiming at this point that the Fourier series of the function is equal to
the function.
We do this for f ðxÞ ¼ Gðx; xÞ to get

X∞
n¼1

hunðxÞ;Gðx; xÞir
hunðxÞ; unðxÞir

unðxÞ ¼
X∞
n¼1

� R 1
0 unðxÞGðx; xÞrðxÞdx

�
hunðxÞ; unðxÞir

unðxÞ.

Bessel’s inequality states that if
P

cnun is the Fourier expansion for f ðxÞ, then for
any N XN

n¼1

c2nhunðxÞ; unðxÞir �
Z 1

0
½ f ðxÞ�2rðxÞdx.

For this problem,

f ðxÞ ¼ Gðx; xÞ and cn ¼

Z 1

0
unðxÞGðx; xÞrðxÞdxZ 1

0
½unðxÞ�2rðxÞdx

so we have, for any N

XN
n¼1

 Z 1

0
unðxÞGðx; xÞrðxÞdx

!2

Z 1

0
½unðxÞ�2rðxÞdx

�
Z 1

0
½Gðx; xÞ�2rðxÞdx.

But Z 1

0
unðxÞGðx; xÞrðxÞdx ¼ unðxÞ

ln

so we have XN
n¼1

½unðxÞ�2
l2n

,
1Z 1

0
½unðxÞ�2rðxÞdx

�
Z 1

0
½Gðx; xÞ�2rðxÞdx. (3)
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Nowmultiply both sides of (3) by rðxÞ then integrate with respect to x from 0 to 1
to get XN

n¼1

1Z 1

0
½unðxÞ�2rðxÞdx

1

l2n

Z 1

x¼0
½unðxÞ�2 rðxÞdx

�
Z 1

x¼0

	Z 1

x¼0
½Gðx; xÞ�2rðxÞdx



rðxÞdx.

So

XN
n¼1

1

l2n
�
Z 1

0

	Z 1

0
½Gðx; xÞ�2rðxÞdx



rðxÞdx. (4)

Since Gðx; xÞ is continuous on [0, 1] � [0, 1], it is bounded, and so the right-hand
side of Eq. (4) is finite. Thus if there are infinitely many eigenvalues, then the

series
P∞
n¼1

1
l2n
must converge and lim

n/∞
ð1=lnÞ ¼ 0:

This completes Step 2.
Step 3.
The proof of this step is beyond the scope of the text. A salient part of Step 3 is
described in Step 4. A proof of Step 3 may be found in Courant and Hilbert, Vol. I.
Step 4.
In this part of the proof, we need a few facts to make the argument flow more
smoothly. First, if f (x) is continuously differentiable with f (0) ¼ f (1) ¼ 0, thenZ 1

0
rðxÞf 0ðxÞu0nðxÞdx ¼

Z 1

0
f ðxÞ�� rðxÞu0nðxÞ

�0
dx.

This is because if we integrate by parts with

w ¼ rðxÞu0nðxÞ dw ¼ �rðxÞu0nðxÞ�0
dv ¼ f 0ðxÞ v ¼ f ðxÞ

we get Z 1

0
rðxÞf 0ðxÞu0nðxÞdx ¼ rðxÞu0nðxÞf ðxÞ

��x¼1

x¼0
�
Z 1

0
f ðxÞ�rðxÞu0nðxÞ�0dx

¼
Z 1

0
f ðxÞ�� rðxÞu0nðxÞ

�0
dx

because f (0) ¼ f (1) ¼ 0.
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From this we getZ 1

0

�
rðxÞf 0ðxÞu0nðxÞ þ qðxÞf ðxÞunðxÞ

�
dx ¼

Z 1

0
f ðxÞ��� rðxÞu0nðxÞ

�0 þ qðxÞunðxÞ


dx

¼
Z 1

0
f ðxÞlnrðxÞunðxÞdx ¼ ln

Z 1

0
f ðxÞrðxÞunðxÞdx ¼ lncn

Z 1

0
rðxÞ½unðxÞ�2dx.

(5)

The last step follows because

cn ¼

Z 1

0
f ðxÞrðxÞunðxÞdxZ 1

0
rðxÞ½unðxÞ�2dx

;

so Z 1

0
f ðxÞrðxÞunðxÞdx ¼ cn

Z 1

0
rðxÞ½unðxÞ�2dx.

A second fact is that if we replace f (x) by um(x) inZ 1

0

�
rðxÞf 0ðxÞu0nðxÞ þ qðxÞf ðxÞunðxÞ

�
dx ¼

Z 1

0
f ðxÞlnrðxÞunðxÞdx

we get Z 1

0

�
rðxÞu0mðxÞu0nðxÞ þ qðxÞumðxÞunðxÞ

�
dx ¼

Z 1

0
umðxÞlnrðxÞunðxÞdx

¼

8><>: ln

Z 1

0
½unðxÞ�2rðxÞdx if m ¼ n

0 if msn

.

(6)

We now apply these equalities. We continue to assume that f (x) is a function for

which f (0) ¼ f (1) ¼ 0 and whose Fourier expansion is
P∞
n¼1

cnun with

cn ¼

Z 1

0
f ðxÞrðxÞunðxÞdxZ 1

0
rðxÞ½unðxÞ�2dx

.
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We want to establish a bound onZ 1

0
rðxÞ

"
f ðxÞ �

XN
n¼1

cnun

#2
dx

so that the bound will go to 0 as. N/∞.
A key part of the proof of Step 3 is to show that the minimum of the set8>>><>>>:
Z 1

0

h
rðxÞðf0ðxÞÞ2 þ qðxÞðfðxÞÞ2

i
dxZ 1

0
rðxÞðfðxÞÞ2dx

���������fðxÞeC
2½0; 1� and fð0Þ ¼ fð1Þ ¼ 0

9>>>=>>>;
is actually achieved, that the minimum value of this set is l1, and the minimizing
function is a multiple of. u1.

One then proceeds to take the minimum of the set above, except restricting f(x)
to be in the orthogonal complement of u1. That is, we take the minimum of the set8>>><>>>:

Z 1

0

h
rðxÞðf0ðxÞÞ2 þ qðxÞðfðxÞÞ2

i
dxZ 1

0
rðxÞðfðxÞÞ2dx

��������� fðxÞeC
2½0; 1� and

fð0Þ ¼ fð1Þ ¼ 0 and

Z 1

0
rðxÞu1ðxÞf ðxÞdx ¼ 0

9=;.

The minimum value of this set is l2 and the minimizing function is a multiple of u2.
One then continues recursively to show that lk is the minimum value of the set8>>><>>>:
Z 1

0

h
rðxÞðf0ðxÞÞ2 þ qðxÞðfðxÞÞ2

i
dxZ 1

0
rðxÞðfðxÞÞ2dx

���������fðxÞeC
2½0; 1� and

fð0Þ ¼ fð1Þ ¼ 0 and

Z 1

0
rðxÞuiðxÞfðxÞdx ¼ 0 for i ¼ 1; 2;.; k � 1

9=;
and the minimizing function is a multiple of uk.
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Thus for any function f(x) for whichZ 1

0
rðxÞuiðxÞfðxÞdx ¼ 0 for i ¼ 1; 2;.; k � 1, we have

lk �

Z 1

0

h
rðxÞðf0ðxÞÞ2 þ qðxÞðfðxÞÞ2

i
dxZ 1

0
rðxÞðfðxÞÞ2dx

. (7)

We show in Exercise 1 that

Z 1

0
rðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#
uiðxÞdx ¼ 0 for i � k � 1.

In Eq. (7) we take

fðxÞ ¼ f ðxÞ �
Xk�1

n¼1

cnunðxÞ

to get

lk �

Z 1

0

(
rðxÞ

"
f 0ðxÞ �

Xk�1

n¼1

cnu
0
nðxÞ

#2
þ qðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#2)

dx

Z 1

0
rðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#2

dx

so that

lk

Z 1

0
rðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#2

dx

�
Z 1

0

(
rðxÞ

"
f 0ðxÞ �

Xk�1

n¼1

cnu
0
nðxÞ

#2
þ qðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#2)

dx

and thus

Z 1

0
rðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#2
dx

� 1

lk

Z 1

0

8<:rðxÞ
"
f 0ðxÞ �

Xk�1

n¼1

cnu
0
nðxÞ

#2
þ qðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#29=;dx.

(8)
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Now

Z 1

0

(
rðxÞ

"
f 0ðxÞ �

Xk�1

n¼1

cnu
0
nðxÞ

#2
þ qðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#2)

dx

¼
Z 1

0
rðxÞ½ f 0ðxÞ�2dx� 2

Xk�1

n¼1

cn

Z 1

0
rðxÞf 0ðxÞu0nðxÞdx

þ
Xk�1

m¼1

Xk�1

n¼1

cncm

Z 1

0
rðxÞu0nðxÞu0mðxÞdxþ

Z 1

0
qðxÞ½ f ðxÞ�2dx

�2
Xk�1

n¼1

cn

Z 1

0
qðxÞf ðxÞunðxÞdx

þ
Xk�1

m¼1

Xk�1

n¼1

cncm

Z 1

0
qðxÞunðxÞumðxÞdx ¼

Z 1

0

n
rðxÞ½ f 0ðxÞ�2 þ qðxÞ½ f ðxÞ�2

o
dx

�2
Xk�1

n¼1

cn

Z 1

0

�
rðxÞf 0ðxÞu0nðxÞ þ qðxÞf ðxÞunðxÞ

�
dx

þ
Xk�1

m¼1

Xk�1

n¼1

cncm

Z 1

0

�
rðxÞu0nðxÞu0mðxÞ þ qðxÞunðxÞumðxÞ

�
dx.

(9)

By Eq. (5)Z 1

0

�
rðxÞf 0ðxÞu0nðxÞ þ qðxÞf ðxÞunðxÞ

� ¼ ln

Z 1

0
f ðxÞrðxÞunðxÞdx

¼ lncn

Z 1

0
rðxÞ½unðxÞ�2dx

andZ 1

0

�
rðxÞu0mðxÞu0nðxÞ þ qðxÞumðxÞunðxÞ

�
dx ¼

Z 1

0
umðxÞlnrðxÞunðxÞdx

¼

8>><>>:
ln

Z 1

0
½unðxÞ�2rðxÞdx if m ¼ n

0 if msn:
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Thus the right-hand side of Eq. (9) isZ 1

0

n
rðxÞ½ f 0ðxÞ�2 þ qðxÞ½ f ðxÞ�2

o
dx� 2

Xk�1

n¼1

cnln

Z 1

0
f ðxÞrðxÞunðxÞdx

þ
Xk�1

n¼1

c2nln

Z 1

0
½unðxÞ�2rðxÞdx ¼

Z 1

0

n
rðxÞ½ f 0ðxÞ�2 þ qðxÞ½ f ðxÞ�2

o
dx

�
Xk�1

n¼1

c2nln

Z 1

0
½unðxÞ�2rðxÞdx.

So from Eq. (8) we haveZ 1

0
rðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#2

dx

� 1

lk

8<:
Z 1

0

n
rðxÞ½ f 0ðxÞ�2 þ qðxÞ½ f ðxÞ�2

o
dx�

Xk�1

n¼1

c2nln

Z 1

0
½unðxÞ�2rðxÞdx

9=;.

Since lim
k/∞

ð1=lkÞ ¼ 0, we have

lim
k/∞

*
f ðxÞ �

Xk�1

n¼1

cnunðxÞ; f ðxÞ �
Xk�1

n¼1

cnunðxÞ
+

r

¼ lim
k/∞

Z 1

0
rðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#2
dx ¼ 0.

Thus if Z 1

0
rðxÞ½ f ðxÞ�2dx < ∞

then the Fourier series of f (x) converges to f (x) in the L2 sense (i.e., in the mean).
Said another way, the eigenfunctions for the SturmeLiouville problem are
complete.

EXERCISES
1. Show thatZ 1

0
rðxÞ

"
f ðxÞ �

Xk�1

n¼1

cnunðxÞ
#
uiðxÞdx ¼ 0 for i � k � 1:

2. Verify that the eigenvalues and eigenfunctions of

y00ðxÞ þ lyðxÞ ¼ 0; yð0Þ ¼ 0; y0ð1Þ þ yð1Þ ¼ 0

are tan
ffiffiffi
l

p ¼ � ffiffiffi
l

p
; ynðxÞ ¼ sin

�
x
ffiffiffiffiffi
ln

p �
.
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3. Find the eigenvalues and eigenfunctions for y00ðxÞ þ lyðxÞ ¼ 0 with the
following boundary conditions:
a. yð0Þ ¼ 0; y0ð1Þ ¼ 0:
b. y0ð0Þ ¼ 0; yð1Þ ¼ 0:
c. yð0Þ ¼ 0; y0ð1Þ � yð1Þ ¼ 0:

6.4 UNIFORM CONVERGENCE OF FOURIER SERIES
We want to determine conditions on f (x) that will ensure that the Fourier series of
f (x) converges uniformly to f (x). In this case, we mean Fourier series of eigenfunc-
tions of an eigenvalue problem. One example of these we have seen previouslydthe
sine and cosine functions.

Suppose that
P

cnunðxÞ is the Fourier series of f (x). Since each function un(x) is
an eigenfunction of L, in our setting, it is differentiable and thus continuous. We
shall determine conditions on f (x) that ensure

P
cnunðxÞ is uniformly Cauchy.

That will mean that
P

cnunðxÞ converges uniformly, and the limit is a continuous
function that we call g(x). It will follow that f (x) ¼ g(x).

We have shown that if G(x, y) is the Green’s function for the second-order linear
differential operator L where the interval is 0 < x < 1, and if {fn} is the set of
normalized eigenfunctions for L and lm is the eigenvalue for fm and no eigenvalue
is 0, then

Gðx; yÞ ¼
X
n

fnðxÞfnðyÞ
ln

.

If the inner product is

h f ðxÞ; gðxÞir ¼
Z 1

0
f ðxÞrðxÞgðxÞdx

we have for {un}, the set of eigenfunctions that are not necessarily normalized

Gðx; yÞ ¼
X
n

unðxÞunðyÞ
lnhun; unir

¼
X
n

unðxÞunðyÞ
ln

Z 1

0
rðwÞ½unðwÞ�2dw

.

Also recall Schwarz’s inequality states that for ai, bi, i ¼ 1,.,n

Xn
i¼1

aibi �
 Xn

i¼1

a2i

!1=2 Xn
i¼1

b2i

!1=2

so that  Xn
i¼1

aibi

!2

�
 Xn

i¼1

a2i

! Xn
i¼1

b2i

!
.
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Fix x. Let

ai ¼ ci

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
li

Z 1

0
rðxÞ½unðxÞ�2dx

s
bi ¼ uiðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

li

Z 1

0
rðxÞ½uiðxÞ�2dx

s .

Then

aibi ¼ ciuiðxÞ; a2i ¼ c2i li

Z 1

0
rðxÞ½uiðxÞ�2dx; b2i ¼

½uiðxÞ�2

li

Z 1

0
rðxÞ½uiðxÞ�2dx

and so Xn
i¼1

ciuiðxÞ
!2

�
 Xn

i¼1

c2i li

Z 1

0
rðxÞ½uiðxÞ�2dx

!0BBB@Xn
i¼1

½uiðxÞ�2

li

Z 1

0
rðxÞ½uiðxÞ�2dx

1CCCA.

Now

Gðx; xÞ ¼
X
i

½uiðxÞ�2

li

Z 1

0
rðxÞ½uiðxÞ�2dx

so  Xn
i¼1

ciuiðxÞ
!2

�
0@Xn

i¼1

c2i li

Z 1

0
rðxÞ½uiðxÞ�2dx

1AGðx; xÞ.

We want to invoke the Cauchy criterion for uniform convergence, so we change
the values over which we sum to get, for positive integers M and N with M < N, XN

i¼Mþ1

ciuiðxÞ
!2

�
0@ XN

i¼Mþ1

c2i li

Z 1

0
rðxÞ½uiðxÞ�2dx

1AGðx; xÞ.

Now Gðx; xÞ is uniformly bounded, so
PN

i¼Mþ1 ciuiðxÞ will be uniformly

Cauchy if
P∞

i¼1 c
2
i li
R 1
0 rðxÞ½uiðxÞ�2dx converges. We now derive conditions for

which that is the case.
Suppose fðxÞ ¼P cnunðxÞ. We want to find the kth Fourier coefficient in the

expansion of
1

rðxÞ
n
½rðxÞf0ðxÞ�0 � qðxÞfðxÞ

o
.

That is, we compute

ak ¼
Z 1

0

1

rðxÞ
n
½rðxÞf0ðxÞ�0 � qðxÞfðxÞ

o
rðxÞukðxÞdx

¼
Z 1

0

n
½rðxÞf0ðxÞ�0 � qðxÞfðxÞ

o
ukðxÞdx.
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We integrate
R 1
0 ½rðxÞf0ðxÞ�0ukðxÞdx by parts with

w ¼ ukðxÞ dw ¼ uk
0ðxÞ

dv ¼ ½rðxÞf0ðxÞ�0 v ¼ rðxÞf0ðxÞ
to get Z 1

0
½rðxÞf0ðxÞ�0ukðxÞdx ¼ rðxÞf0ðxÞukðxÞjx¼1

x¼0 �
Z 1

0
rðxÞf0ðxÞuk 0ðxÞdx

¼ �
Z 1

0
rðxÞf0ðxÞuk 0ðxÞdx:

We integrate
R 1
0 fðxÞ�rðxÞuk 0ðxÞ�0dx by parts with

w ¼ fðxÞ dw ¼ f0ðxÞ
dv ¼ �rðxÞuk 0ðxÞ�0 v ¼ rðxÞuk 0ðxÞ

to getZ 1

0
fðxÞ�rðxÞuk 0ðxÞ�0dx ¼ fðxÞ rðxÞuk 0ðxÞjx¼1

x¼0 �
Z 1

0
rðxÞuk 0ðxÞ f0ðxÞdx

¼ �
Z 1

0
rðxÞuk 0ðxÞf0ðxÞdx.

Thus Z 1

0
½rðxÞf0ðxÞ�0ukðxÞdx ¼

Z 1

0
fðxÞ�rðxÞuk 0ðxÞ�0dx

and soZ 1

0

n
½rðxÞf0ðxÞ�0 � qðxÞfðxÞ

o
ukðxÞdx ¼

Z 1

0
fðxÞ

n�
rðxÞuk 0ðxÞ

�0 � qðxÞukðxÞ
o
dx:

Now �
rðxÞuk 0ðxÞ

�0 � qðxÞukðxÞ ¼ �lkrðxÞukðxÞ
so Z 1

0
fðxÞ

n�
rðxÞuk 0ðxÞ

�0 � qðxÞukðxÞ
o
dx ¼ �lk

Z 1

0
fðxÞrðxÞukðxÞdx ¼ �lkck.

Thus we have the Fourier expansion

1

rðxÞ
n
½rðxÞf0ðxÞ�0 � qðxÞfðxÞ

o
w�

X
lkckuk.
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Note that

f ;
1

r

�ðrf 0Þ0 � qf
�

r

¼
Z 1

0
f ðxÞrðxÞ 1

rðxÞ
n
½rðxÞf 0ðxÞ�0 � qðxÞf ðxÞ

o
dx

+*
¼
Z 1

0
f ðxÞ

n
½rðxÞf 0ðxÞ�0 � qðxÞf ðxÞ

o
dx

¼
Z 1

0
f ðxÞ½rðxÞf 0ðxÞ�dx �

Z 1

0
qðxÞ½f ðxÞ�2dx.

We have seen that integrating by parts givesZ 1

0
f ðxÞ

n
½rðxÞf 0ðxÞ�0

o
dx ¼ �

Z 1

0
rðxÞ½ f 0ðxÞ�2dx;

so

f ;
1

r

�ðrf 0Þ0 � qf
�

r

¼ �
� Z 1

0

�
rðxÞ½ f 0ðxÞ�2 þ qðxÞ½ f ðxÞ�2

�
dx

�
.

+*

We also haveD
f ðxÞ;�

X
lkckukðxÞ

E
r
¼ �

X
lkckh f ðxÞ; ukðxÞir

¼ �
X

lkck

Z 1

0
f ðxÞrðxÞukðxÞdx.

Now

ck ¼

Z 1

0
f ðxÞrðxÞukðxÞdxZ 1

0
rðxÞ½ukðxÞ�2dx

so Z 1

0
f ðxÞrðxÞukðxÞdx ¼ ck

Z 1

0
rðxÞ½ukðxÞ�2dx

and thus

�
X

lkck

Z 1

0
f ðxÞrðxÞukðxÞdx ¼ �

X
lkckck

Z 1

0
rðxÞ½ukðxÞ�2dx

¼ �
X

lkc
2
k

Z 1

0
rðxÞ½ukðxÞ�2dx.
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Since the vectors {un} form a complete set, and since

1

rðxÞ
n
½rðxÞf0ðxÞ�0 � qðxÞfðxÞ

o
w�

X
lkckuk;

if f (x) is a function that has a continuous second derivative and f (0) ¼ f (1) ¼ 0,we
have �

f ðxÞ; 1

rðxÞ
n
½rðxÞf0ðxÞ�0 � qðxÞfðxÞ

o�
r

¼
D
f ðxÞ;�

X
lkckuk

E
r
.

That is,

�
� Z 1

0

�
rðxÞ½ f 0ðxÞ�2 þ qðxÞ½ f ðxÞ�2

�
dx

�
¼
�
f ðxÞ; 1

rðxÞ
n
½rðxÞf0ðxÞ�0 � qðxÞfðxÞ

o�
r

¼
D
f ðxÞ;�

X
lkckuk

E
r

¼ �
X

lkc
2
k

Z 1

0
rðxÞ½ukðxÞ�2dx.

ThusZ 1

0

n
rðxÞ½ f 0ðxÞ�2 þ qðxÞ½ f ðxÞ�2

o
dx ¼

X
lkc

2
k

Z 1

0
rðxÞ½ukðxÞ�2dx;

so if
R 1
0

�
rðxÞ½ f 0ðxÞ�2 þ qðxÞ½ f ðxÞ�2

�
dx is finite, then the seriesP

lkc
2
k

R 1
0 rðxÞ½ukðxÞ�2dx converges. This means we can make

PN
i¼Mþ1 c

2
i liR 1

0 rðxÞ½uiðxÞ�2dx as small as we like, by making M sufficiently large.

Summarizing, we have
If f (x) has a continuous second derivative and f (0) ¼ f (1) ¼ 0 andZ 1

0

n
rðxÞ½ f 0ðxÞ�2 þ qðxÞ½ f ðxÞ�2

o
dx

is finite, then the Fourier series of f (x) with respect to the eigenfunctions of L con-
verges uniformly to f (x).

6.4 Uniform Convergence of Fourier Series 255



Using Generating
Functions to Solve
Specialized Differential
Equations

7

7.1 INTRODUCTION
Our focus for the rest of the text will be solving Laplace’s equation, the wave equa-
tion, and the heat equation using different techniques and in different scenarios.
Some of these will involve curvilinear coordinates, and in curvilinear coordinates
certain specialized differential equations will arise. In this chapter, we describe
the solutions to these specialized equations through generating functions. We recom-
mend investigating these specific equations when the need arises.

There are several types of generating functions, and their uses in mathematics
abound. We will use generating functions to give explicit formulae for solutions
to some differential equations that occur prominently in mathematical physics. In
addition to providing solutions, the search for these functions will uncover relation-
ships among them that may not be as transparent with other techniques.

The fundamental idea of a generating function is that we express a function as a
power series, and the coefficients of the power series form a sequence.

Examples:
The function

f ðxÞ ¼ 1

1� x

can be expressed as

f ðxÞ ¼ 1þ xþ x2 þ x3 þ/:

Each coefficient of xn is 1, so f (x) generates the sequence {1,1,1,.}.
With generating functions, we are proceeding formally and will not be concerned

about convergence of the power series.
The function

f ðxÞ ¼ x

1� x� x2
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can be expressed as

f ðxÞ ¼ xþ x2 þ 2x3 þ 3x4 þ 5x5 þ/

so f (x) generates the sequence {1,1,2,3,5,.}, which is the Fibonacci sequence.
In the setting of this chapter, a generating function G(x,t) is a function of two

variables, and we will express the function as a power series in t. That is, we will
have

Gðx; tÞ ¼ P0ðxÞ þ P1ðxÞt þ P2ðxÞt2 þ P3ðxÞt3 þ/ ¼
X∞
n¼0

PnðxÞtn.

We will be given the function G(x,t) and be asked to determine the functions
Pn(x) and show that each function Pn(x) satisfies a certain differential equation.

Four important differential equations in physics are Laguerre’s equation,
Hermite’s equation, Legendre’s equation, and Bessel’s equation. Each of these has
a solution that is a polynomial of order n. For Laguerre’s equation, Hermite’s
equation, and Legendre’s equation n is any nonnegative integer, and for Bessel’s
equation, any integer n has an associated solution.

One way to obtain an expression for these polynomials is through generating
functions. The idea is that we hypothesize a generating function G(x,t), expand
G(x,t) in a Maclaurin series, and group the terms in powers of t. We then have an
expression of the form

Gðx; tÞ ¼ g0ðxÞ þ g1ðxÞt þ g2ðxÞt2 þ g3ðxÞt3 þ/.

The function gi(x) will turn out to be the ith Hermite polynomial in the case of the
generator for Hermite polynomials and, similarly, for the other cases. Thus, we have
a conceptually simple method of finding these functions.

To justify the claim that these are indeed the desired functions, we must show
that they satisfy the appropriate differential equation. To do this, one computes

v

vx
Gðx; tÞ and v

vt
Gðx; tÞ

and from these, obtains recurrence relations. With some manipulations, the functions
gi(x) are shown to satisfy the pertinent differential equations, thus justifying their
names as Hermite polynomials, Legendre polynomials, Laguerre polynomials, and
Bessel functions. This technique is also helpful in determining relationships among
different orders of the functions that might not be transparent.

The major difficulty is finding the generating function for a particular equation,
and there is not an established algorithm or strategy for doing this.

The generating functions that we will use are exponential functions that use the
Maclaurin expansion

e f ðx;tÞ ¼ 1þ f ðx; tÞ þ ð f ðx; tÞÞ2
2!

þ ð f ðx; tÞÞ3
3!

þ/.
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7.2 GENERATING FUNCTION FOR LAGUERRE POLYNOMIALS
Laguerre’s equation is a second-order differential equation of the form

xy00 þ ð1� xÞy0 þ ny ¼ 0

where n is a positive integer.
Here, we develop the solutions to Laguerre’s equation from a generating

function.
The generating function for Laguerre polynomials is

Gðx; tÞ ¼ 1

1� t
exp

�
� xt

1� t

�
¼

X∞
n¼0

LnðxÞ
n!

tn

where Ln(x) will be shown to be polynomials that satisfy Laguerre’s equation for the
value n.

We describe vG=vt in two ways, and set the expressions equal to one another.
This will yield a recursion relation. Doing the same thing for vG=vx gives a second
recursion relation. Manipulating the two relations will enable us to demonstrate that
LnðxÞ is a solution for Laguerre’s equation.

We will now determine the two recurrence relations. The first is obtained by
noting

ð1� tÞ2vG
vt

¼ ð1� t � xÞG:
This says

ð1� tÞ2
X∞
n¼0

LnðxÞ
n!

ntn�1 ¼ ð1� t � xÞ
X∞
n¼0

LnðxÞ
n!

tn:

Expanding givesX∞
n¼0

LnðxÞ
n!

ntn�1 � 2
X∞
n¼0

LnðxÞ
n!

ntn þ
X∞
n¼0

LnðxÞ
n!

ntnþ1 ¼

X∞
n¼0

LnðxÞ
n!

tn �
X∞
n¼0

LnðxÞ
n!

tnþ1 � x
X∞
n¼0

LnðxÞ
n!

tn:

Reindexing yields

�
X∞
n¼0

x
LnðxÞ
n!

tn ¼
X∞
n¼0

�
Lnþ1ðxÞ

n!
� 2n

LnðxÞ
n!

þ nðn� 1Þ Ln�1ðxÞ
n!

� LnðxÞ
n!

þ Ln�1ðxÞ
n!

�
tn:
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This lead to the first recurrence relation

ðnþ 1ÞLnþ1ðxÞ ¼ ð2nþ 1� xÞLnðxÞ � n2Ln�1ðxÞ. (1)

Next, we use the fact that

vG

vx
¼ �t

1� t
G

so

ð1� tÞ vG
vx

¼ �tG:

Now

vG

vx
¼ v

vx

X∞
n¼0

LnðxÞ
n!

tn ¼
X∞
n¼0

L’nðxÞ
n!

tn

so

ð1� tÞ vG
vx

¼ ð1� tÞ
X∞
n¼0

L’nðxÞ
n!

tn ¼
X∞
n¼0

L’nðxÞ
n!

tn �
X∞
n¼0

L’nðxÞ
n!

tnþ1:

Also

�tG ¼ �t
X∞
n¼0

LnðxÞ
n!

tn ¼ �
X∞
n¼0

LnðxÞ
n!

tnþ1:

NowX∞
n¼0

LnðxÞ
n!

tnþ1 ¼
X∞
n¼1

Ln�1ðxÞ
ðn� 1Þ!t

n ¼
X∞
n¼1

nLn�1ðxÞ
n!

tn ¼
X∞
n¼0

nLn�1ðxÞ
n!

tn ¼

X∞
n¼0

L’nðxÞ
n!

tnþ1 ¼
X∞
n¼1

L’n�1ðxÞ
ðn� 1Þ!t

n ¼
X∞
n¼1

nL’n�1ðxÞ
n!

tn ¼
X∞
n¼0

nL’n�1ðxÞ
n!

tn

so

ð1� tÞ vG
vx

¼
X∞
n¼0

L’nðxÞ
n!

tn �
X∞
n¼0

L’nðxÞ
n!

tnþ1 ¼
X∞
n¼0

L’nðxÞ
n!

tn �
X∞
n¼0

nL’n�1ðxÞ
n!

tn

and

�tG ¼ �t
X∞
n¼0

LnðxÞ
n!

tn ¼ �
X∞
n¼0

nLn�1ðxÞ
n!

tn:
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Thus we haveX∞
n¼0

L’nðxÞ
n!

tn �
X∞
n¼0

nL’n�1ðxÞ
n!

tn ¼ �
X∞
n¼0

nLn�1ðxÞ
n!

tn

and so

L’nðxÞ � nL’n�1ðxÞ ¼ �nLn�1ðxÞ (2)

which is the second recurrence relation.
We now manipulate these relations to show that LnðxÞ is a solution to Laguerre’s

equation.
The problem now is to manipulate the recurrence relations to show that Ln(x) is a

solution to Laguerre’s equation.
In Eq. (2), replace n by n þ 1 to get

L0nþ1ðxÞ ¼ ðnþ 1ÞL0nðxÞ � ðnþ 1ÞLnðxÞ. (3)

Differentiate Eq. (3) to get

L00nþ1ðxÞ ¼ ðnþ 1ÞL00nðxÞ � ðnþ 1ÞL0nðxÞ.
Replace n by n þ 1 to get

L00nþ2ðxÞ ¼ ðnþ 2ÞL00nþ1ðxÞ � ðnþ 2ÞL0nþ1ðxÞ.
Use Eq. (3) to get

L00nþ2ðxÞ ¼ ðnþ 2ÞL00nþ1ðxÞ � ðnþ 2Þ�ðnþ 1ÞL0nðxÞ � ðnþ 1ÞLnðxÞ
�

¼ ðnþ 1Þðnþ 2Þ�L00nþ1ðxÞ � 2L0nðxÞ þ LnðxÞ
�
.

The first recurrence relation is

Lnþ1ðxÞ þ ðx� 2n� 1ÞLnðxÞ þ n2Ln�1ðxÞ ¼ 0.

Differentiating (using the product rule on the second term) gives

L0nþ1ðxÞ þ ðx� 2n� 1ÞL0nðxÞ þ LnðxÞ þ n2L0n�1ðxÞ ¼ 0.

Differentiating a second time gives

L00nþ1ðxÞ þ ðx� 2n� 1ÞL00nðxÞ þ L0nðxÞ þ L0nðxÞ þ n2L00n�1ðxÞ ¼ 0.

Replace n by n þ 1 to get

L00nþ2ðxÞ þ xL00nþ1ðxÞ þ 2L0nþ1ðxÞ � ð2nþ 2ÞL00nþ1ðxÞ þ ðnþ 1Þ2L00nðxÞ ¼ 0. (4)

Substituting

L0nþ1ðxÞ ¼ ðnþ 1ÞL0nðxÞ � ðnþ 1ÞLnðxÞ
L00nþ1ðxÞ ¼ ðnþ 1ÞL00nðxÞ � ðnþ 1ÞL0nðxÞ
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L00nþ2ðxÞ ¼ ðnþ 1Þðnþ 2Þ�L00nþ1ðxÞ � 2L0nðxÞ þ LnðxÞ
�

into Eq. (4) gives

ðnþ 1Þðnþ 2Þ�L00nþ1ðxÞ � 2L0nðxÞ þ LnðxÞ
�þ x

�ðnþ 1ÞL00nðxÞ � ðnþ 1ÞL0nðxÞ
�

þ 2
�ðnþ 1ÞL0nðxÞ � ðnþ 1ÞLnðxÞ

�
� ð2nþ 2Þ�ðnþ 1ÞL00nðxÞ � ðnþ 1ÞL0nðxÞ

�þ ðnþ 1Þ2L00nðxÞ ¼ 0.

Collecting terms, we have

xL00nðxÞ þ ð1� xÞL0nðxÞ þ nLnðxÞ ¼ 0.

Thus, Ln(x) is a solution to Laguerre’s equation.

EXERCISES
1. Compute the first four Laguerre polynomials using the generating function.
2. Compute the first four Laguerre polynomials using Rodrigues formula

LnðxÞ ¼ ex
dn

dxn
�
xne�x

	
.

3. Using a computer algebra system (CAS) evaluateZ ∞

0
e�xL2ðxÞL3ðxÞdx and

Z ∞

0
e�xL3ðxÞL3ðxÞdx.

7.3 HERMITE’S DIFFERENTIAL EQUATION
Hermite’s differential equation is

y00ðxÞ � 2xy0ðxÞ þ 2nyðxÞ ¼ 0:

For Hermite polynomials, we will show that the generating function is

Gðx; tÞ ¼ e2tx�t2 .

Expanding in a power series

Gðx; tÞ ¼
X∞
n¼0

�
2tx� t2

	n
n!

¼
X∞
n¼0

tnð2x� tÞn
n!

.

Generating functions are convenient because they provide an easy way to
compute the coefficients of a power series. Similar to Maclaurin series, if

Gðx; tÞ ¼ a0ðxÞ þ a1ðxÞt þ a2ðxÞt2 þ a3ðxÞt3 þ/
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then

vk

vtk
Gðx; tÞjt¼0 ¼ k!akðxÞ.

In our case, this means

vk

vtk
Gðx; tÞjt¼0 ¼ k!

HkðxÞ
k!

¼ HkðxÞ
where Hk(x) is the kth Hermite polynomial.

We now compute the recurrence equations.
Since

Gðx; tÞ ¼ e2tx�t2 ¼
X∞
n¼0

HnðxÞ
n!

tn

we have

v

vx
Gðx; tÞ ¼ 2te2tx�t2 ¼ 2t

X∞
n¼0

HnðxÞ
n!

tn ¼
X∞
n¼0

2tnþ1

n!
HnðxÞ

and we also have

v

vx
Gðx; tÞ ¼ v

vx

X∞
n¼0

HnðxÞ
n!

tn ¼
X∞
n¼0

tn

n!
H0
nðxÞ:

Thus, we have computed
v

vx
Gðx; tÞ in two different ways. In the first method we

differentiated the generating function, and in the second we differentiated the power
series. We get the first recurrence relation by equating the coefficients of tn in the two
power series expansions. Typically, we will need to reindex some of the series.

We have

X∞
n¼0

2tnþ1

n!
HnðxÞ ¼

X∞
n¼0

tn

n!
H0
nðxÞ

Reindexing the term on the left gives

X∞
n¼0

2tnþ1

n!
HnðxÞ ¼

X∞
n¼1

2tn

ðn� 1Þ!Hn�1ðxÞ:

Also,

d

dx
H0ðxÞ ¼ d

dx
ð1Þ ¼ 0

so

X∞
n¼0

tn

n!
H0
nðxÞ ¼

X∞
n¼1

tn

n!
H0
nðxÞ
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and we have

X∞
n¼1

2tn

ðn� 1Þ!Hn�1ðxÞ ¼
X∞
n¼1

tn

n!
H0
nðxÞ:

Equating the coefficients of tn gives,

2

ðn� 1Þ!Hn�1ðxÞ ¼ 1

n!
H0
nðxÞ

so

2nHn�1ðxÞ ¼ H0
nðxÞ. (1)

This is the first recurrence equation that we will use later.
To get the second recurrence relation, we do a similar procedure, but using

v

vt
Gðx; tÞ.
We have

v

vt
Gðx; tÞ ¼ ð2x� 2tÞe2tx�t2 ¼ ð2x� 2tÞ

X∞
n¼0

HnðxÞ
n!

tn ¼
X∞
n¼0

ð2x� 2tÞHnðxÞ
n!

tn

and

v

vt
Gðx; tÞ ¼ v

vt

X∞
n¼0

HnðxÞ
n!

tn ¼
X∞
n¼0

n
HnðxÞ
n!

tn�1 ¼
X∞
n¼1

n
HnðxÞ
n!

tn�1

¼
X∞
n¼1

HnðxÞ
ðn� 1Þ! t

n�1 ¼
X∞
n¼0

Hnþ1ðxÞ
n!

tn:

Thus, X∞
n¼0

ð2x� 2tÞHnðxÞ
n!

tn ¼
X∞
n¼0

Hnþ1ðxÞ
n!

tn:

Now X∞
n¼0

ð2x� 2tÞHnðxÞ
n!

tn ¼
X∞
n¼0

�2tHnðxÞ
n!

tn þ
X∞
n¼0

2xHnðxÞ
n!

tnþ1

andX∞
n¼0

�2tHnðxÞ
n!

tn ¼
X∞
n¼0

�2HnðxÞ
n!

tnþ1 ¼
X∞
n¼1

�2Hn�1ðxÞ
ðn� 1Þ! tn ¼

X∞
n¼1

�2nHn�1ðxÞ
n!

tn.
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Thus, X∞
n¼1

�2nHn�1ðxÞ
n!

tn þ
X∞
n¼0

2xHnðxÞ
n!

tn ¼
X∞
n¼0

Hnþ1ðxÞ
n!

tn.

When n ¼ 0

2xHnðxÞ
n!

tn ¼ 2xH0ðxÞ ¼ 2xð1Þ ¼ 2x

and

Hnþ1ðxÞ
n!

tn ¼ H1ðxÞ ¼ 2x

so X∞
n¼1

�2nHn�1ðxÞ
n!

tn þ
X∞
n¼1

2xHnðxÞ
n!

tn ¼
X∞
n¼1

Hnþ1ðxÞ
n!

tn

and so

�2nHn�1ðxÞ þ 2xHnðxÞ ¼ Hnþ1ðxÞ n ¼ 1; 2; . (2)

This is the second recurrence relation. The problem now is to manipulate the
recurrence relations to show that Hn(x) solves Hermite’s equation.

Differentiating Eq. (2) gives

H0
nþ1ðxÞ ¼ 2HnðxÞ þ 2xH0

nðxÞ � 2nH0
n�1ðxÞ. (3)

We also found in Eq. (1) that Hn(x) solves the differential equation

2nHn�1ðxÞ ¼ H0
nðxÞ ð1Þ

so

H00
n ðxÞ ¼ 2nH0

n�1ðxÞ:
Replacing n by n þ 1 Eq. (1) gives

H0
nþ1ðxÞ ¼ 2ðnþ 1ÞHnðxÞ.

Thus

H0
nþ1ðxÞ ¼ 2HnðxÞ þ 2xH0

nðxÞ � 2nH0
n�1ðxÞ

is equivalent to

2ðnþ 1ÞHnðxÞ ¼ 2HnðxÞ þ 2xH0
nðxÞ � H00

n ðxÞ�
since H00

n ðxÞ ¼ 2nH0
n�1ðxÞ and H0

nþ1ðxÞ ¼ 2ðnþ 1ÞHnðxÞ
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or

2nHnðxÞ ¼ 2xH0
nðxÞ � H00

n ðxÞ
so

H00
n ðxÞ � 2xH0

nðxÞ þ 2nHnðxÞ ¼ 0

which is Hermite’s equation.
Thus, we have justified the claim that Hn(x) is an nth degree polynomial that sat-

isfies Hermite’s equation and so is a Hermite polynomial.

EXERCISES
1. Use the generating function for Hermite polynomials to find Hn(x) for n ¼ 1,2,3

and show

HnðxÞ ¼ ð�1Þnex2 d
n

dxn
e�x2 for n ¼ 1; 2; 3:

2. Using a CAS findZ ∞

�∞
e�x2H2ðxÞH3ðxÞdx and

Z ∞

�∞
e�x2H3ðxÞH3ðxÞdx:

7.4 GENERATING FUNCTION FOR LEGENDRE’S EQUATION
The differential equation�

1� x2
	
y00ðxÞ � 2xy0ðxÞ þ nðnþ 1ÞyðxÞ ¼ 0

is Legendre’s equation.
We will show that the function

Gðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2txþ t2

p

is the generating function for Legendre polynomials.
Denoting the Legendre polynomial of degree n by Pn(x), we have

Gðx; tÞ ¼
X∞
n¼0

PnðxÞtn.
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We will get two recursion relations by computing

v

vt
Gðx; tÞ and v

vx
Gðx; tÞ.

Letting

Gðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2txþ t2

p

gives

v

vx
Gðx; tÞ ¼ t

ð1� 2xt þ t2Þ3=2
¼ t

ð1� 2xt þ t2Þ
1

ð1� 2xt þ t2Þ1=2

¼ t

ð1� 2xt þ t2ÞGðx; tÞ ¼
t

ð1� 2xt þ t2Þ
X∞
n¼0

PnðxÞtn

and expressing

Gðx; tÞ ¼
X∞
n¼0

PnðxÞtn

gives

v

vx
Gðx; tÞ ¼

X∞
n¼0

P0
nðxÞtn:

Thus, we have

t

ð1� 2xt þ t2Þ
X∞
n¼0

PnðxÞtn ¼
X∞
n¼0

P0
nðxÞtn:

So

t
X∞
n¼0

PnðxÞtn ¼
�
1� 2xt þ t2

	X∞
n¼0

P0
nðxÞtn:

Expanding givesX∞
n¼0

PnðxÞtnþ1 ¼
X∞
n¼0

P0
nðxÞtn �

X∞
n¼0

2xP0
nðxÞtnþ1 þ

X∞
n¼0

P0
nðxÞtnþ2:

Reindex to getX∞
n¼0

PnðxÞtnþ1 ¼
X∞
n¼�1

P0
nþ1ðxÞtnþ1 �

X∞
n¼0

2xP0
nðxÞtnþ1 þ

X∞
n¼1

P0
n�1ðxÞtnþ1:

So for n � 1 we have

PnðxÞ ¼ P0
nþ1ðxÞ � 2xP0

nðxÞ þ P0
n�1 (1)

which is our first recurrence equation.
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Also

v

vt
Gðx; tÞ ¼ x� t

ð1� 2xt þ t2Þ32
¼ x� t

ð1� 2xt þ t2Þ
1

ð1� 2xt þ t2Þ12

¼ x� t

ð1� 2xt þ t2ÞGðx; tÞ ¼
x� t

ð1� 2xt þ t2Þ
X∞
n¼0

PnðxÞtn

and

v

vt
Gðx; tÞ ¼ v

vt

X∞
n¼0

PnðxÞtn ¼
X∞
n¼0

nPnðxÞtn�1

so

x� t

ð1� 2xt þ t2Þ
X∞
n¼0

PnðxÞtn ¼
X∞
n¼0

nPnðxÞtn�1

or

ðx� tÞ
X∞
n¼0

PnðxÞtn ¼
�
1� 2xt þ t2

	X∞
n¼0

nPnðxÞtn�1:

Expanding givesX∞
n¼0

xPnðxÞtn �
X∞
n¼0

PnðxÞtnþ1 ¼
X∞
n¼0

nPnðxÞtn�1 �
X∞
n¼0

2xnPnðxÞtn

þ
X∞
n¼0

nPnðxÞtnþ1:

Reindexing, we haveX∞
n¼0

xPnðxÞtn �
X∞
n¼1

Pn�1ðxÞtn ¼
X∞
n¼�1

ðnþ 1ÞPnþ1ðxÞtn �
X∞
n¼0

2xnPnðxÞtn

þ
X∞
n¼0

ðn� 1ÞPn�1ðxÞtn:

So

xPnðxÞ � Pn�1ðxÞ ¼ ðnþ 1ÞPnþ1ðxÞ � 2xnPnðxÞ þ ðn� 1ÞPn�1ðxÞ
or

ðnþ 1ÞPnþ1ðxÞ � ð2xnþ xÞPnðxÞ þ nPn�1ðxÞ ¼ 0 (2)

which is the second recurrence equation.
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Our goal is to demonstrate�
1� x2

	
P00
nðxÞ þ 2xP0

nðxÞ þ nðnþ 1ÞPnðxÞ ¼ 0:

This will be done by manipulating

PnðxÞ þ 2xP0
nðxÞ ¼ P0

n�1ðxÞ þ P0
nþ1ðxÞ ð3Þ

and

PnðxÞ þ 2xP0
nðxÞ ¼ P0

n�1ðxÞ þ P0
nþ1ðxÞ: ð4Þ

We have

ð2nþ 1ÞxPnðxÞ ¼ ðnþ 1ÞPnþ1ðxÞ þ nPn�1ðxÞ (5)

P’
nþ1ðxÞ þ P’

n�1ðxÞ ¼ 2xP’
nðxÞ þ PnðxÞ. (6)

Adding 2 � Eq. (5) to (2n + 1) � Eq. (6) gives

ð2nþ 1ÞPnðxÞ ¼ P’
nþ1ðxÞ � P’

n�1ðxÞ. (7)

Computing [Eq. (6) + Eq. (7)]/2 gives

P’
nþ1ðxÞ ¼ ðnþ 1ÞPnðxÞ þ xP’

nðxÞ. (8)

Similarly, [Eq. (6) � Eq. (7)]/2 gives

P’
n�1ðxÞ ¼ nPnðxÞ þ xP’

nðxÞ. (9)

In Eq. (7), replace n by n � 1 to get

½2ðn� 1Þ þ 1�P’
n�1ðxÞ ¼ P’

nðxÞ � P’
n�2ðxÞ

or

ð2n� 1ÞP’
n�1ðxÞ ¼ P’

nðxÞ � P’
n�2ðxÞ. (10)

Multiply Eq. (9) by x to get

xP’
n�1ðxÞ ¼ nxPnðxÞ þ x2P’

nðxÞ. (11)

Add Eq. (10) to Eq. (11) to get�
1� x2

	
P’
nðxÞ ¼ nPn�1ðxÞ � nxPnðxÞ. (12)

Differentiate Eq. (12) to get�
1� x2

	
P’’
n ðxÞ � 2xP’

nðxÞ ¼ nP’
n�1ðxÞ � nPnðxÞ � nxP’

nðxÞ. (13)

7.4 Generating Function for Legendre’s Equation 269



Multiply Eq. (9) by n to get

nP’
n�1ðxÞ ¼ n2PnðxÞ þ nxP’

nðxÞ: (14)

Adding Eq. (13) to Eq. (14) gives�
1� x2

	
P’’
n ðxÞ � 2xP’

nðxÞ þ nðnþ 1ÞPnðxÞ ¼ 0:

Thus, Pn(x) is a polynomial of degree n, which satisfies Legendre’s equation and
is a Legendre polynomial.

EXERCISES
1. Use the generating function to find P2(x), P3(x), P4(x).

2. Use a CAS to evaluate

a.
R 1
�1 P3ðxÞP4ðxÞdx:

b.
R 1
�1 P3ðxÞP3ðxÞdx:

c.
R 1
�1 P4ðxÞP4ðxÞdx:

3. Show that

P3ðxÞ ¼ 1

233!

d3

dx3
�
x2 � 1

	3
:

4. Show that

P2ðcos qÞ ¼ 1

4
ð1þ 3 cosð2qÞÞ

7.5 GENERATOR FOR BESSEL FUNCTIONS OF THE FIRST KIND
Bessel’s equation is

x2y00ðxÞ þ xy0ðxÞ þ �
x2 � n2

	
yðxÞ ¼ 0:

We will show that

Gðx; tÞ ¼ exp

�
x

2

�
t � t�1

	�
is a generator for Bessel functions of the first kind.

We will show that Jn(x) satisfies Bessel’s equation.
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We will get two recurrence relations by taking the partial derivatives of the
generating function. We have

vGðx; tÞ
vt

¼ v

vt
exp

�
x

2

�
t � t�1

	� ¼ exp

�
x

2

�
t � t�1

	��x
2
þ x

2t2

�
¼

�
x

2

��
1þ 1

t2

�
exp

�
x

2

�
t � t�1

	� ¼
�
x

2

��
1þ 1

t2

� X∞
n¼�∞

JnðxÞtn

¼
X∞

n¼�∞

�
x

2

�h
JnðxÞtn þ JnðxÞtn�2

i
¼

X∞
n¼�∞

�
x

2

�
JnðxÞtn þ

X∞
n¼�∞

�
x

2

�
Jnþ2ðxÞtn

We also have

vGðx; tÞ
vt

¼ v

vt

X∞
n¼�∞

JnðxÞtn ¼
X∞

n¼�∞
nJnðxÞtn�1 ¼

X∞
n¼�∞

ðnþ 1ÞJnþ1ðxÞtn:

Thus, �
x

2

�
½JnðxÞ þ Jnþ2� ¼ ðnþ 1ÞJnþ1ðxÞ

or

Jn�1ðxÞ þ Jnþ1 ¼ 2n

x
JnðxÞ (1)

which is the first recurrence relation.
Also,

vGðx; tÞ
vx

¼ v

vx
exp

�
x

2

�
t � t�1

	� ¼ exp

�
x

2

�
t � t�1

	��1
2

��
t � t�1

	
¼

�
1

2

��
t � t�1

� X∞
n¼�∞

JnðxÞtn

¼
�
1

2

�" X∞
n¼�∞

JnðxÞtnþ1 �
X∞

n¼�∞
JnðxÞtn�1

#

¼
�
1

2

�" X∞
n¼�∞

Jn�1ðxÞtn �
X∞

n¼�∞
Jnþ1ðxÞtn

#
:

We also have

vGðx; tÞ
vx

¼ v

vx

X∞
n¼�∞

JnðxÞtn ¼
X∞

n¼�∞
J0nðxÞtn.
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Thus, �
1

2

�
½Jn�1ðxÞ � Jnþ1ðxÞ� ¼ J0nðxÞ

or

Jn�1ðxÞ � Jnþ1ðxÞ ¼ 2J0nðxÞ (2)

which is the second recurrence relation.
Adding Eqs. (1) and (2) gives

Jn�1ðxÞ þ Jnþ1 ¼ 2n

x
JnðxÞ ð1Þ

Jn�1ðxÞ � Jnþ1ðxÞ ¼ 2 J0nðxÞ ð2Þ

Jn�1ðxÞ ¼ n

x
JnðxÞ þ J0nðxÞ

or

xJ0nðxÞ ¼ xJn�1ðxÞ � nJnðxÞ (3)

and so

nxJ0nðxÞ ¼ nxJn�1ðxÞ � n2JnðxÞ:
Thus,

nxJ0nðxÞ � nxJn�1ðxÞ þ n2JnðxÞ ¼ 0: (3 0)
Differentiating Eq. (3) gives

xJ00n ðxÞ þ J0nðxÞ ¼ xJ0n�1ðxÞ þ Jn�1ðxÞ � nJ0nðxÞ
or

xJ00n ðxÞ þ ðnþ 1ÞJ0nðxÞ � Jn�1ðxÞ � xJ0n�1ðxÞ ¼ 0: (4)

Multiplying Eq. (4) by x gives

x2J00n ðxÞ þ ðnþ 1ÞxJ0nðxÞ � xJn�1ðxÞ � x2J0n�1ðxÞ ¼ 0: (4 0)
Eq. (40) � Eq. (30) gives�

x2J00n ðxÞ þ ðnþ 1ÞxJ0nðxÞ � xJn�1ðxÞ � x2J0n�1ðxÞ
�

Eq. ð40Þ
� �

nxJ0nðxÞ � nxJn�1ðxÞ þ n2JnðxÞ
�

Eq. ð30Þ
¼ x2J00n ðxÞ þ xJ0nðxÞ � n2JnðxÞ þ ðn� 1ÞxJn�1ðxÞ � x2J0n�1ðxÞ ¼ 0:

(5)
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We will show in Exercise 1 that

ðn� 1ÞxJn�1ðxÞ � x2J0n�1ðxÞ ¼ x2JnðxÞ.
Knowing this, we have

x2J00n ðxÞ þ xJ0nðxÞ � n2JnðxÞ þ ðn� 1ÞxJn�1ðxÞ � x2J0n�1ðxÞ
¼ x2J00n ðxÞ þ xJ0nðxÞ � n2JnðxÞ þ x2JnðxÞ
¼ x2J00n ðxÞ þ xJ0nðxÞ þ

�
x2 � n2

	
JnðxÞ ¼ 0

(6)

which is Bessel’s equation.

EXERCISE 1
Show that

ðn� 1ÞxJn�1ðxÞ � x2J0n�1ðxÞ ¼ x2JnðxÞ.
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Separation of Variables in
Cartesian Coordinates 8
8.1 INTRODUCTION
For the remainder of the text, we concentrate on solving partial differential equations
that involve the Laplacian. We analyze the three prototypical equationsdthe heat
equation, the wave equation, and the Laplace’s equationdin significant detail. We
shall consider four techniques of solving partial differential equations; separation
of variables, the Fourier transform, the Laplace transform, and Green’s functions.
In this chapter we solve each of these equations in Cartesian coordinates by separa-
tion of variables.

The idea of separation of variables is to assume that the solution to the partial
differential equation, u(a, b, g), can be written as

uða; b;gÞ ¼ f ðaÞgðbÞhðgÞ
and determine an ordinary differential equation (ODE) that each of f (a), g(b), and
h(g) must satisfy. Each of the ODEs is then solved, and the solutions are “pasted
together” to give the solution to the partial differential equation. The validity of
the solution should be verified because we began with the assumption that the vari-
ables could be separated.

In Section 8.2, we consider the case of Laplace’s equation in two variables. We
shall see that in all of the examples of this chapter the resulting ODEs are familiar
and elementary to solve.

In Section 8.3, we analyze Laplace’s equation in three variables.
In Section 8.4, we give a detailed description of the heat equation in one

space dimension, and in Section 8.5 we study the wave equation in one space
dimension.

8.2 SOLVING LAPLACE’S EQUATION ON A RECTANGLE
We begin with Laplace’s equation in two variables

Duðx; yÞ ¼ v2u

vx2
þ v2u

vy2
¼ 0

CHAPTER
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and hypothesize that

uðx; yÞ ¼ XðxÞ YðyÞ.
Then

v2u

vx2
¼ X00ðxÞ YðyÞ and

v2u

vy2
¼ XðxÞ Y 00ðyÞ

so

X00ðxÞ YðyÞ þ XðxÞ Y 00ðyÞ ¼ 0:

Hence

X00ðxÞ YðyÞ
XðxÞ YðyÞ þ XðxÞ Y 00ðyÞ

XðxÞ YðyÞ ¼ X00ðxÞ
XðxÞ þ Y 00ðyÞ

YðyÞ ¼ 0

and thus

X00ðxÞ
XðxÞ ¼ � Y 00ðyÞ

YðyÞ . (1)

The left-hand side of Eq. (1) is a function only of x and the right hand side a func-
tion only of y, so the common value must be a constant, which we denote l. So we
have

XðxÞ ¼ lXðxÞ and YðyÞ ¼ �lYðyÞ
or

X00ðxÞ � lXðxÞ ¼ 0 (2a)

Y 00ðyÞ þ lYðyÞ ¼ 0: (2b)

There are three cases: l ¼ 0, l > 0, and l < 0.
If l ¼ 0, then X00ðxÞ ¼ 0 and X(x) ¼ Ax þ B and likewise, Y(y) ¼ Cy þ D. The

more interesting cases that allow for nontrivial boundary conditions are l > 0 and
l < 0.

Suppose that l > 0. Then X00ðxÞ þ lXðxÞ ¼ 0 has the solution

XðxÞ ¼ A cos
ffiffiffi
l

p
xþ B sin

ffiffiffi
l

p
x

and Y 00ðyÞ � lYðyÞ ¼ 0 has the solution

YðyÞ ¼ C cosh
ffiffiffi
l

p
yþ D sinh

ffiffiffi
l

p
y.

The case l < 0 is nearly identical and is left as Exercise 1.
We continue to consider the case l > 0 and assign boundary conditions to the

rectangle 0 � x � a, 0 � y � b. See Fig. 8.2.1.
We assign the boundary conditions

uðx; 0Þ ¼ f1ðxÞ; 0 � x � a; uðx; bÞ ¼ f2ðxÞ; 0 � x � a;

uð0; yÞ ¼ g1ðyÞ; 0 � y � b; uða; yÞ ¼ g2ðyÞ; 0 � y � b.
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The simplest way to solve the problem is to consider four boundary value prob-
lems Du(x, y) ¼ 0 with the boundary values on three of the sides being zero and the
value of the given function on the fourth side. Solve each of the four problems, and
sum the solutions. The result will be Du(x, y) ¼ 0, and all four boundary conditions
will be satisfied. One such boundary value problem, which we now consider, will be

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ f1ðxÞ; 0 � x � a; uðx; bÞ ¼ 0; 0 � x � a;

uð0; yÞ ¼ 0; 0 � y � b; uða; yÞ ¼ 0; 0 � y � b.

We have

XðxÞ ¼ A cos
ffiffiffi
l

p
xþ B sin

ffiffiffi
l

p
x; Xð0Þ ¼ 0; XðaÞ ¼ 0:

Now

Xð0Þ ¼ A;

so

A ¼ 0; XðaÞ ¼ B sin
ffiffiffi
l

p
a ¼ 0:

To avoid having only the trivial solution, we must have
ffiffiffi
l

p
a ¼ np, so for each

integer n

ln ¼ n2p2

a2

is an eigenvalue for the boundary value problem

X00ðxÞ þ lXðxÞ ¼ 0; Xð0Þ ¼ 0; XðaÞ ¼ 0

(a, 0)

(0, b) (a, b)
f2 (x)

g1 (y) g2 (y)

f1 (x)

FIGURE 8.2.1
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and

XnðxÞ ¼ sin
�npx

a

�
is the corresponding eigenfunction.

Now consider

Y 00ðyÞ � lnYðyÞ ¼ 0; YðbÞ ¼ 0: (3)

We have determined that ln ¼ n2p2

a2
so Eq. (3) is

Y 00ðyÞ � n2p2

a2
YðyÞ ¼ 0; YðbÞ ¼ 0:

The solution to

Y 00ðyÞ � n2p2

a2
YðyÞ ¼ 0

is

YnðyÞ ¼ C cosh
�npy

a

�
þ D sinh

�npy
a

�
and the boundary condition Yn(b) ¼ 0 gives the solution

C cosh

�
npb

a

�
þ D sinh

�
npb

a

�
¼ 0

so

D ¼
�C cosh

�
npb

a

�
sinh

�
npb

a

� ¼ �C coth

�
npb

a

�

and

YnðyÞ ¼ Cn cosh
�npy

a

�
þ Dn sinh

�npy
a

�
¼ Cn

�
cosh

�npy
a

�
� coth

�
npb

a

�
sinh

�npy
a

��
.

A more convenient way to write the solution is

YnðyÞ ¼ Fn sinh

�
npðb� yÞ

a

�
as the eigenfunction for

Y 00ðyÞ þ n2p2

a2
YðyÞ ¼ 0; YðbÞ ¼ 0

as we verify in Exercise 2.
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Thus, we have

unðx; yÞ ¼ XnðxÞYnðyÞ ¼ sin
�npx

a

��
cosh

�npy
a

�
� coth

�
npb

a

�
sinh

�npy
a

��
or

sin
�npx

a

�
sinh

�
npðb� yÞ

a

�
;

and so

uðx; yÞ ¼
X∞
n¼1

cnunðx; yÞ

¼
X∞
n¼1

cn sin
�npx

a

��
cosh

�npy
a

�
� coth

�
npb

a

�
sinh

�npy
a

��

¼
X∞
n¼1

cn sin
�npx

a

�
sinh

�
npðb� yÞ

a

�
.

(4)

We now determine the constants cn so that

f1ðxÞ ¼ uðx; 0Þ ¼
X∞
n¼1

cnunðx; 0Þ ¼
X∞
n¼1

cn sin
�npx

a

�
sinh

�
npðb� 0Þ

a

�

¼
X∞
n¼1

cn sin
�npx

a

�
sinh

�
npb

a

�
.

Letting dn ¼ cn sinh
	
npb
a



, we get

f1ðxÞ ¼ uðx; 0Þ ¼
X∞
n¼1

dn sin
�npx

a

�
which is the Fourier expansion of f1(x) in a sine series. The coefficients are given by

dn ¼ 2

a

Z a

0
f1ðxÞsin

�npx
a

�
dx.

Thus

cn ¼ dn

sinh

�
npb

a

� ¼
2

a

Z a

0
f1ðxÞsin

�npx
a

�
dx

sinh

�
npb

a

�
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and

uðx; yÞ ¼
X∞
n¼1

cnunðx; yÞ ¼
X∞
n¼1

cn sin
�npx

a

�
sinh

�
npðb� yÞ

a

�

¼
X∞
n¼1

26664
2

a

Z a

0
f1ðxÞsin

�npx
a

�
dx

sinh

�
npb

a

�
37775sin�npxa �

sinh

�
npðb� yÞ

a

�
.

In Exercise 3 we show the solution

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ 0; 0 < x < a; uða; yÞ ¼ 0; 0 < x < a;

uð0; yÞ ¼ g1ðyÞ; 0 < y < b; uða; yÞ ¼ 0; 0 < y < b

is

uðx; yÞ ¼
X∞
n¼1

("
2

b

Z b

0
g1ðyÞsin npy

b
dy

#
cosh

npx

b

�
"
2

b

Z b

0
g1ðyÞsin npy

b
dy

#
coth

npa

b
sinh

npx

b

)
sin

npy

b
.

Example:
We consider the case where a ¼ b ¼ 1, f1(x) ¼ x2, g1(y) ¼ y.
Two cases are pertinent to this example. For the first case,

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ x2; 0 < x < 1; uðx; 1Þ ¼ 0; 0 < x < 1;

uð0; yÞ ¼ 0; 0 < y < 1; uð1; yÞ ¼ 0; 0 < y < 1

the solution is

uðx; yÞ ¼
X∞
n¼1

26664
2

1

Z 1

0
x2 sin

�npx
1

�
dx

sinh

�
np1

1

�
37775sin�npx1 �

sinh

�
npð1� yÞ

1

�
:

For the second case,

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ 0; 0 < x < 1; uðx; 1Þ ¼ 0; 0 < x < 1;

uð0; yÞ ¼ y; 0 < y < 1; uð1; yÞ ¼ 0; 0 < y < 1
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the solution is

uðx; yÞ ¼
X∞
n¼1

8<:
242
1

Z 1

0
y sin

npy

1
dy

35cosh npx
1

�
242
1

Z 1

0
y sin

npy

1
dy

35coth np1
1

sinh
npx

1

9=;sin
npy

1

and we would add the solutions.

EXERCISES
1. Describe the solutions to Eqs. (2a) and (2b) in the case l < 0.
2. Verify that

YnðyÞ ¼ sinh

�
npðb� yÞ

a

�
is a solution to

Y 00ðyÞ þ n2p2

a2
YðyÞ ¼ 0; YðbÞ ¼ 0:

3. Show that the solution to

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ 0; 0 < x < a; uða; yÞ ¼ 0; 0 < x < a;

uð0; yÞ ¼ g1ðyÞ; 0 < y < b; uða; yÞ ¼ 0; 0 < y < b

is

uðx; yÞ ¼
X∞
n¼1

8<:
242
b

Z b

0
g1ðyÞsin npy

b
dy

35cosh npx
b

�
242
b

Z b

0
g1ðyÞsin npy

b
dy

35coth npa
b

sinh
npx

b

9=;sin
npy

b
.
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4. Find the solution to

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ 0; 0 < x < a; uðx; bÞ ¼ f2ðxÞ; 0 < x < a;

uð0; yÞ ¼ 0; 0 < y < b; uða; yÞ ¼ 0; 0 < y < b.

5. Find the solution to

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ 0; 0 < x < a; uðx; bÞ ¼ 0; 0 < x < a;

uð0; yÞ ¼ 0; 0 < y < b; uða; yÞ ¼ g2ðyÞ; 0 < y < b.

6. Find the solution to

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ 0; 0 < x < p; uðx;pÞ ¼ sin x; 0 < x < p;

uð0; yÞ ¼ 0; 0 < y < p; uðp; yÞ ¼ 0; 0 < y < p.

7. Find the solution to

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ 0; 0 < x < p; uðx;pÞ ¼ 0; 0 < x < p;

uð0; yÞ ¼ cos y; 0 < y < p; uðp; yÞ ¼ 0; 0 < y < p.

8. Find the solution to

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ sin x� sin 4 x; 0 < x < p; uðx;pÞ ¼ 0; 0 < x < p;

uð0; yÞ ¼ 0; uðp; yÞ ¼ 0:

9. Find the solution to

Duðx; yÞ ¼ 0;

uðx; 0Þ ¼ 0; 0 < x < p; uðx;pÞ ¼ p; 0 < x < p; uð0; yÞ ¼ y; uðp; yÞ ¼ y.

10. Find the solution to Laplace’s equation on the semiinfinite strip 0 < x < 1,
0 < y <∞ given by

Duðx; yÞ ¼ 0;
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uðx; 0Þ ¼ f ðxÞ; 0 < x < 1;

uð0; yÞ ¼ 0; 0 < y < ∞; uð1; yÞ ¼ 0; 0 < y < ∞; lim
y/∞

uðx; yÞ ¼ 0:

11. Use separation of variables to write the ODEs necessary to solve the following
problems:
a. Du(x, y) ¼ u(x, y)
b. Du(x, y) þ ux(x, y) ¼ u(x, y)
c. Du(x, y) ¼ ux(x, y) ¼ uy(x, y).

12. We shall see that the steady state for the heat equation in two dimensions is
given by

Txxðx; yÞ þ Tyyðx; yÞ ¼ 0

Find the steady-state temperature distribution for the square [0, p] � [0, p] if
the boundary conditions are

Txð0; yÞ ¼ Txðp; yÞ ¼ 0 ðwhich is the case for insulated edgesÞ and

Tðx; 0Þ ¼ 0; Tðx;pÞ ¼ T0 sin x.

8.3 LAPLACE’S EQUATION ON A CUBE
We now consider Laplace’s equation on a cube. We solve the problem on a cube
whose edges are each of length p instead of an arbitrary parallelepiped to make
the computations somewhat less cumbersome. We model the solution on the two-
dimensional case. Major differences are that the boundary consists of six faces rather
than four edges, and the boundary conditions are functions of two variables. Accord-
ingly, we will need to solve boundary value problems of the type

Duðx; y; zÞ ¼ v2u

vx2
þ v2u

vy2
þ v2u

vz2
¼ 0; 0 < x < p; 0 < y < p; 0 < z < p; 0 < z < p;

uðx; y; zÞ ¼ 0 if x ¼ 0; x ¼ p; y ¼ 0; y ¼ p; z ¼ p;

uðx; y; 0Þ ¼ f ðx; yÞ.
The approach is identical in spirit to the two-dimensional case. We hypothesize

that u(x, y, z) ¼ X(x)Y(y)Z(z) so that

v2u

vx2
¼ X00ðxÞYðyÞZðzÞ; v2u

vy2
¼ XðxÞY 00ðyÞZðzÞ; v2u

vz2
¼ XðxÞYðyÞZ 00ðzÞ.
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Then

v2u

vx2
þ v2u

vy2
þ v2u

vz2
¼ X00ðxÞYðyÞZðzÞ þ XðxÞY 00ðyÞZðzÞ þ XðxÞYðyÞZ 00ðzÞ ¼ 0:

Dividing by X(x)Y(y)Z(z) gives

X00ðxÞ
XðxÞ þ Y 00ðyÞ

YðyÞ þ Z 00ðzÞ
ZðzÞ ¼ 0

so

X00ðxÞ
XðxÞ þ Y 00ðyÞ

YðyÞ ¼ �Z 00ðzÞ
ZðzÞ . (1)

The left-hand side of Eq. (1) is a function of x and y, and the right-hand side is a
function of z so each must be a constant that we denote a. Thus

X00ðxÞ
XðxÞ þ Y 00ðyÞ

YðyÞ ¼ a and
Z 00ðzÞ
ZðzÞ ¼ �a.

Since

X00ðxÞ
XðxÞ þ Y 00ðyÞ

YðyÞ ¼ a;

then

X00ðxÞ
XðxÞ ¼ a� Y 00ðyÞ

YðyÞ . (2)

Then, reasoning as before, each side of Eq. (2) must be a constant. Let b ¼ X00ðxÞ
XðxÞ .

We then have

X00ðxÞ
XðxÞ ¼ b;

so

X00ðxÞ � bXðxÞ ¼ 0:

Also,

Y 00ðyÞ
YðyÞ ¼ a� X00ðxÞ

XðxÞ ¼ a� b

so

Y 00ðyÞ � ða� bÞYðyÞ ¼ 0:

Collecting the equations and noting the boundary conditions, we have

X00ðxÞ � bXðxÞ ¼ 0; Xð0Þ ¼ XðpÞ ¼ 0 (3)
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Y 00ðyÞ � ða� bÞYðyÞ ¼ 0; Yð0Þ ¼ YðpÞ ¼ 0 (4)

Z 00ðzÞ þ aZðzÞ ¼ 0; ZðpÞ ¼ 0: (5)

We determine appropriate values for the constants. The equation

X00ðxÞ � bXðxÞ ¼ 0; Xð0Þ ¼ XðpÞ ¼ 0

because of the boundary conditions must have �b > 0. Experience with the two-
dimensional case prompts us to take b ¼ �n2. We thus have Eq. (3) is

X00ðxÞ þ n2XðxÞ ¼ 0; Xð0Þ ¼ XðpÞ ¼ 0:

We saw in the two-dimensional case, the solution for this equation is

XnðxÞ ¼ sin nx.

Likewise, for the equation

Y 00ðyÞ � ða� bÞYðyÞ ¼ 0; Yð0Þ ¼ YðpÞ ¼ 0

we must have e(a�b) > 0, and we take a�b ¼ � m2. We then have for Eq. (4)

Y 00ðyÞ þ m2YðyÞ ¼ 0; Yð0Þ ¼ YðpÞ ¼ 0

for which the solution is

YmðyÞ ¼ sin my.

Note that a ¼ b � m2 ¼ �m2 � n2 so the equation

Z 00ðzÞ þ aZðzÞ ¼ 0; ZðpÞ ¼ 0

is

Z 00ðzÞ � �
m2 þ n2

�
ZðzÞ ¼ 0; ZðpÞ ¼ 0

and we saw in the two-dimensional case the solution for this equation is

Zmn ðzÞ ¼ sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
ðp� zÞ.

Thus, the solution to

Duðx; y; zÞ ¼ v2u

vx2
þ v2u

vy2
þ v2u

vz2
¼ 0; 0 < x < p; 0 < y < p; 0 < z < p; 0 < z < p;

uðx; y; zÞ ¼ 0 if x ¼ 0; x ¼ p; y ¼ 0; y ¼ p; z ¼ p

is

uðx; y; zÞ ¼
X∞
m¼1

X∞
n¼1

amn sin nx sin my sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
ðp� zÞ.
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We now determine the constants amn so that u(x, y, 0) ¼ f (x, y). We have

uðx; y; 0Þ ¼
X∞
m¼1

X∞
n¼1

amn sin nx sin my sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
ðp� 0Þ

¼
X∞
m¼1

X∞
n¼1

amn sin nx sin my sinh p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
.

Let cmn ¼ amn sinh p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
. Then

f ðx; yÞ ¼ uðx; y; 0Þ ¼
X∞
m¼1

X∞
n¼1

cmn sin nx sin my.

To satisfy the boundary condition u(x, y, 0) ¼ f (x, y) we must choose

cmn ¼ 4

p2

Z p

0

�Z p

0
f ðx; yÞsin nx dx

�
sin my dy.

Then

amn ¼ cmn

sinh p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p ¼
4

p2

Z p

0

�Z p

0
f ðx; yÞsin nx dx

�
sin my dy

sinh p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p .

Thus,

uðx; y; zÞ ¼
X∞
m¼1

X∞
n¼1

amn sin nx sin my sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
ðp� zÞ

¼
X∞
m¼1

X∞
n¼1

266664
4

p2

Z p

0

�Z p

0
f ðx; yÞsin nx dx

�
sin my dy

sinh p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
377775

� sin nx sin my sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
ðp� zÞ.

EXERCISES
1. Solve the initial value problem

Duðx; y; zÞ ¼ v2u

vx2
þ v2u

vy2
þ v2u

vz2
¼ 0; 0 < x < p; 0 < y < p; 0 < z < p; 0 < z < p;
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uðx; y; zÞ ¼ 0 if x ¼ 0; x ¼ p; y ¼ 0; y ¼ p; z ¼ p; uðx; y; 0Þ ¼ f ðx; yÞ
for the following values of f (x, y).
a. f (x, y) ¼ xy.
b. f (x, y) ¼ y2.

2. Use separation of variables to solve the initial value problem

Duðx; y; zÞ ¼ v2u

vx2
þ v2u

vy2
þ v2u

vz2
¼ 0; 0 < x < p; 0 < y < p; 0 < z < p; 0 < z < p;

vu

vx
¼ 0; x ¼ 0; x ¼ p; u ¼ 0; y ¼ 0; y ¼ p; z ¼ p.

3. Use separation of variables to solve

v2u

vx2
þ v2u

vy2
þ v2u

vz2
¼ u; 0 < x < p; 0 < y < p; 0 < z < p; 0 < z < p;

u ¼ 0 if x ¼ p; y ¼ 0; z ¼ 0; uy ¼ 0 if y ¼ p; uz ¼ 0

if z ¼ p; uxðx; y; 0Þ ¼ f ðx; yÞ.

8.4 SOLVING THE WAVE EQUATION IN ONE DIMENSION BY
SEPARATION OF VARIABLES

Consider the wave equation

uttðx; tÞ � c2uxxðx; tÞ ¼ 0; uð0; tÞ ¼ uðL; tÞ ¼ 0; uðx; 0Þ ¼ f ðxÞ; utðx; 0Þ ¼ gðxÞ.

Note that in the wave equation, we need two initial conditions because of the
utt(x, t) term and two boundary conditions because of the uxx(x, t) term.

Suppose that

uðx; tÞ ¼ XðxÞTðtÞ.
Then

uttðx; tÞ ¼ XðxÞT 00ðtÞ and uxxðx; tÞ ¼ X00ðxÞTðtÞ.
Thus

uttðx; tÞ � c2uxxðx; tÞ ¼ XðxÞT 00ðtÞ � c2X00ðxÞTðtÞ ¼ 0; or

XðxÞT 00ðtÞ ¼ c2X00ðxÞTðtÞ.
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Dividing by X(x) T(t) gives

T 00ðtÞ
TðtÞ ¼ c2

X00ðxÞ
XðxÞ . (1)

The left-hand side of Eq. (1) is a function only of t, and the right-hand side is a
function only of x, so the common value is a constant that we denote�a2. (We show
the constant must be negative in Exercise 1.)

So

T 00ðtÞ
TðtÞ ¼ �a2 or T 00ðtÞ þ a2TðtÞ ¼ 0

the solution for which is

TðtÞ ¼ A sin at þ B cos at.

Also,

c2
X00ðxÞ
XðxÞ ¼ �a2 or X00ðxÞ þ a2

c2
XðxÞ ¼ 0

the solution for which is

XðxÞ ¼ D sin
ax

c
þ E cos

ax

c
.

The boundary values will determine the value of � a2. Since

uð0; tÞ ¼ Xð0ÞTðtÞ ¼ 0

we must have

Xð0Þ ¼ E ¼ 0

so

XðxÞ ¼ D sin
ax

c
.

Then

uðL; tÞ ¼ XðLÞTðtÞ ¼ 0 forces XðLÞ ¼ D sin
aL

c
¼ 0:

To avoid having only the trivial solution, we must have

anL

c
¼ np

where n is an integer.
Thus

an ¼ npc

L

where n is an integer.
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Many derivations of the wave equation in one dimension will substitute c ¼ 1/y.
We now do that so as to conform to the more common expression of the solution.
Thus, we have

an ¼ np

yL

where n is an integer.
So

TnðtÞ ¼ An sin
npt

yL
þ Bn cos

npt

yL

and

XnðxÞ ¼ Dn sin
npx

L

and thus, by superposition,

uðx; tÞ ¼
X
n

unðx; tÞ ¼
X
n

XnðxÞTnðtÞ ¼
X
n

Dn sin
npx

L

�
An sin

npt

yL
þ Bn cos

npt

yL

�
.

We use the initial conditions to determine the constants. We have

f ðxÞ ¼ uðx; 0Þ ¼
X
n

BnDn sin
npx

L
.

Let bn ¼ BnDn. Then

f ðxÞ ¼ uðx; 0Þ ¼
X
n

bn sin
npx

L

and bn is determined by

bn ¼
2

L

Z L

0
f ðxÞsin npx

L
dx.

We also have

utðx; tÞ ¼
X
n

��np
yL

�
An cos

�
npt

yL

�
�
�np
yL

�
Bn sin

�
npt

yL

��
Dn sin

�npx
L

�
so

gðxÞ ¼ utðx; 0Þ ¼
X
n

�np
yL

�
AnDn sin

�npx
L

�
.

Let

gn ¼
�np
yL

�
AnDn so AnDn ¼ gnyL

np
.
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Then

gðxÞ ¼
X
n

gn sin
�npx

L

�
and gn ¼

2

L

Z L

0
gðxÞsin npx

L
dx

and so

uðx; tÞ ¼
X
n

Dn sin
npx

L

�
An sin

npt

yL
þ Bn cos

npt

yL

�

¼
X
n

AnDn sin
�npx

L

�
sin

�
npt

yL

�
þ BnDn sin

�npx
L

�
cos

�
npt

yL

�

¼
X
n

��
gnyL

np

�
sin

�npx
L

�
sin

�
npt

yL

�
þ bn sin

�npx
L

�
cos

�
npt

yL

��

¼
X
n

24�yL

np

�0@2

L

Z L

0
gðxÞsin npx

L
dx

1Asin
�npx

L

�
sin

�
npt

yL

�

þ
0@2

L

Z L

0
f ðxÞsin npx

L
dx

1Asin
�npx

L

�
cos

�
npt

yL

�35.
We should still check that the series converges, and the series is a solution.

Example:
Suppose that we initially distort the string by lifting it at the center of the interval

by lifting it by the amount a. See Fig. 8.4.1.
The boundary conditions are then

uð0; tÞ ¼ uðL; tÞ ¼ 0

and one initial condition (because the string is at rest immediately before it is
released) is

utðx; 0Þ ¼ 0:

0 L

(L 2, α)/

FIGURE 8.4.1
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The other initial condition, u(x, 0), is the equation of the graph in Fig. 8.4.1. In
Exercise 2 we show that this is

u ðx; 0Þ ¼

8>><>>:
2ax

L
0 � x � L

2

2a

L
ðL� xÞ L

2
� x � L

. (2)

Note that u(x, 0) is f (x) in the derivation above. Thus, in the formula we derived

bn ¼
2

L

Z L

0
f ðxÞsin npx

L
dx ¼ 2

L

"Z L=2

0

2ax

L
sin

npx

L
dxþ

Z L

L=2

2a

L
ðL� xÞsin npx

L
dx

#
.

One can check with a computer algebra system that the value of this integral is

bn ¼
8a

n2p2
sin

�np
2

�
.

Since g(x) ¼ ut(x, 0) ¼ 0, we have

gn ¼
2

L

Z L

0
gðxÞsin npx

L
dx ¼ 0:

Substituting into

uðx; tÞ ¼
X
n

��
gnyL

np

�
sin

�npx
L

�
sin

�
npt

yL

�
þ bn sin

�npx
L

�
cos

�
npt

yL

��
gives

uðx; tÞ ¼
X∞
n¼1

�
8a

n2p2
sin

�np
2

��
sin

�npx
L

�
cos

�
npt

yL

�
.

Note that when n is even, sin
�
np
2

�
¼ 0.

Example:
We compute the kinetic and potential energy of a vibrating string.
Let u(x, t) denote the vertical distance of the string at point x at time t. Kinetic

energy K is computed according to

K ¼ 1

2
mv2.

Divide the interval [0, L] into n equal subintervals of length Dx by inserting x0,
x1, x2,.,xnwith 0 ¼ x0 < x1 < x2 </ < xn ¼ L andDx ¼ xi�xi�1. The mass of the
string between xi�1 and xi is rDx and the velocity at xi is

vuðx; tÞ
vt






x¼xi;

.
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Thus the kinetic energy of the string is approximately given by the Riemann sumXn
i¼1

1

2
rDx

�
vuðx; tÞ

vt






x¼xi;

�2

so, in the limit as Dx/ 0 we get the exact value of the kinetic energy is

K ¼ r

2

Z L

0

�
vuðx; tÞ

vt

�2

dx.

To compute the potential energy, we appeal to Hooke’s law. According to
Hooke’s the force a spring exerts is proportional to the distance the spring is dis-
torted from equilibrium. If the spring constant is k and the distance the spring is dis-
torted is x, we have f ¼ �kx. The work performed in moving a unit mass from a
displaced distance a to a displaced distance b is

W ¼
Z b

a
f ðxÞdx ¼

Z b

a
�kx dx ¼ �1

2
k
	
b2 � a2



which is the difference in potential energy between the points.

If T is the tension of the nonstretched string then we have that the potential en-
ergy is approximately

Uz
1

2

T

Dx

Xn
i¼1

ðuðxi; tÞ � uðxi�1; tÞÞ2 ¼ T

2

Xn
i¼1

�
uðxi; tÞ � uðxi�1; tÞ

Dx

�2

Dx.

Taking the limit as Dx / 0, we get

U ¼ T

2

Z L

0

�
vu

vx

�2

dx.

EXERCISES
1. In Eq. (1), we derived

T 00ðtÞ
TðtÞ ¼ c2

X00ðxÞ
XðxÞ .

Since T 00ðtÞ=TðtÞ is a function only of t and c2
X00ðxÞ
XðxÞ is a function only of x, it

must be that this is a constant. Show that this constant is negative.
2. Show that the equation given for u(x, 0) in the example is valid.
3. Find the solution for the wave equation if we have the same conditions as in the

example, except instead of plucking the string at the point x ¼ L/2 we pluck it
at the point x ¼ L/3.
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4. Solve the wave equation for the following initial conditions on 0 < x < L:
a. u(x, 0) ¼ 0, ut(x, 0) ¼ 2.
b. u(x, 0) ¼ sin px/L, ut(x, 0) ¼ 0.
c. u(x, 0) ¼ x(L�x), ut(x, 0) ¼ 2.
d. u(x, 0) ¼ sin px/L, ut(x, 0) ¼ sin px/L.
e. u(x, 0) ¼ 0, ut(x, 0) ¼ x.

5. Verify that the wave equation

c2uxx � utt ¼ hðx; tÞ; with initial conditions uðx; 0Þ ¼ f ðxÞ; utðx; 0Þ ¼ gðxÞ
has as its solution

uðx; tÞ ¼ f ðxþ ctÞ þ f ðx� ctÞ
2

þ 1

2c

Z xþct

x�ct
gðqÞdq

þ 1

2c

Z t

0

"Z xþcðt�sÞ

x�cðt�sÞ
hðq; sÞdq

#
ds.

6. Consider an infinitely long string that is released from rest with displacement
f ðxÞ ¼ e�x2. Show that a solution to the wave equation with these initial
conditions is

uðx; tÞ ¼ 1

2

h
e�ðx�ctÞ2 þ e�ðxþctÞ2

i
.

7. Show that energy is conserved in a vibrating string. To do this, show the time
derivative of the energy we derived for the vibrating string in the last example
is zero. Take T ¼ rc2.

8. Show that the solution to

utt ¼ c2uxx � g; 0 < x < p; t > 0; uð0; tÞ ¼ 0;

uðp; tÞ ¼ 0; uðx; 0Þ ¼ 0; utðx; 0Þ ¼ 0

is

uðx; tÞ ¼ 4g

c2

"X∞
n¼1

sinð2n� 1Þx
ð2n� 1Þ3 cosð2n� 1Þct � 1

8
xðp� xÞ

#
.

This models a string that is initially at rest and at equilibrium that when released
falls due to the force of gravity.

9. In this exercise we solve

uttðx; tÞ ¼ uxxðx; tÞ � 2autðx; tÞ; uð0; tÞ ¼ uðp; tÞ ¼ 0; uðx; 0Þ ¼ 0; utðx; 0Þ ¼ b.
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a. Show that separation of variables leads to the ODEs

X00ðxÞ þ lXðxÞ ¼ 0; Xð0Þ ¼ 0; XðpÞ ¼ 0

T 00ðtÞ þ 2aT 0ðtÞ þ lTðtÞ ¼ 0; Tð0Þ ¼ 0:

b. Show that ln ¼ n2 and that the solutions to the resulting ODEs are

XnðxÞ ¼ An sin nx

TnðtÞ ¼ Bne
�at sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � a2

p
t
�
.

c. Conclude that

uðx; tÞ ¼
X∞
n¼1

Cne
�at sin

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � a2

p
t
�
sin nx.

d. Use the initial condition ut(x, 0) ¼ b to show

Cn ¼ 2b

p
$
1� ð�1Þn
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � a2

p .

10. The telegraph equation is

uttðx; tÞ þ autðx; tÞ ¼ buxxðx; tÞ � cuðx; tÞ
where a, b, c > 0. Show that the substitution uðx; tÞ ¼ exp

�
�at

2

�
yðx; tÞ yields the

equation

yttðx; tÞ ¼ byxxðx; tÞ þ
�
1

4
a2 � c

�
yðx; tÞ.

8.5 SOLVING THE WAVE EQUATION IN TWO DIMENSIONS IN
CARTESIAN COORDINATES BY SEPARATION OF
VARIABLES

In this section we solve the wave equation

Duðx; y; tÞ ¼
�
v2u

vx2
þ v2u

vx2

�
¼ 1

c2
v2u

vt2
0 < x < a; 0 < y < b. (1)

294 CHAPTER 8 Separation of Variables in Cartesian Coordinates



The method combines the ideas of what we did in solving Laplace’s equation in
two dimensions and what we did for the wave equation in one dimension. As we did
with Laplace’s equation, we take a ¼ b ¼ p to make the computations less
cumbersome.

Our boundary conditions will be

uðx; 0Þ ¼ uðx;pÞ ¼ uð0; yÞ ¼ uðp; yÞ ¼ 0 for all t

and the initial conditions will be

uðx; y; 0Þ ¼ f ðx; yÞ; utðx; y; 0Þ ¼ gðx; yÞ.
We hypothesize

uðx; y; tÞ ¼ XðxÞYðyÞTðtÞ.
Then Eq. (1) is

X00ðxÞYðyÞTðtÞ þ XðxÞY 00ðyÞTðtÞ ¼ 1

c2
XðxÞYðyÞT 00ðtÞ.

Dividing by X(x) Y(y) T(t) gives�
X00ðxÞ
XðxÞ þ Y 00ðyÞ

YðyÞ
�

¼ 1

c2
T 00ðtÞ
TðtÞ . (2)

The left-hand side of Eq. (2) is a function of x and y, and the right-hand side is a
function of t, so each must be a constant l. We show in Exercise 1 that this constant
must be negative, so we let � a2 ¼ l. We then have

1

c2
T 00ðtÞ
TðtÞ ¼ �a2 so T 00ðtÞ þ c2a2TðtÞ ¼ 0: (3)

We also have�
X00ðxÞ
XðxÞ þ Y 00ðyÞ

YðyÞ
�

¼ �a2 so
X00ðxÞ
XðxÞ ¼ �a2 � Y 00ðyÞ

YðyÞ . (4)

The left-hand side of Eq. (4) is a function of x, and the right-hand side is a func-
tion of y, so each must be a constant. As in the case of Laplace’s equation on a
square, we must have

X00ðxÞ
XðxÞ ¼ �m2 and

Y 00ðyÞ
YðyÞ ¼ �n2

where m2 þ n2 ¼ a2.
Thus we have

XðxÞ þ m2XðxÞ ¼ 0 and YðyÞ þ n2 YðyÞ ¼ 0:

We also have the boundary conditions

Xð0Þ ¼ XðpÞ ¼ 0 and Yð0Þ ¼ YðpÞ ¼ 0:
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As we have seen on several occasions, the solutions are

XmðxÞ ¼ sin mx; YnðyÞ ¼ sin ny.

Returning to

T 00ðtÞ þ c2a2TðtÞ ¼ T 00ðtÞ þ c2
�
m2 þ n2

�
TðtÞ ¼ 0

we have

TmnðtÞ ¼ amn cos
h�

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p �
t
i
þ bmn sin

h�
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p �
t
i
.

Thus,

uðx; y; tÞ ¼
X∞
m;n¼1

um:nðx; y; tÞ ¼
X∞
m;n¼1

n
amn cos

h�
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p �
t
i

þbmn sin
h�

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p �
t
io

sin mx sin ny.

(5)

We use the initial conditions to determine amn and bmn. We have

f ðx; yÞ ¼ uðx; y; 0Þ ¼
X∞
m;n¼1

amn sin mx cos ny

so

amn ¼ 4

p2

Z p

0

� Z p

0
f ðx; yÞsin ny dy

�
sin mx dx.

We also have

utðx; y; 0Þ ¼
X∞
m;n¼1

n
bmn

h�
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p �io
sin mx sin ny.

Letting cmn ¼ bmn

h�
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p �i
we have

gðx; yÞ ¼ utðx; y; 0Þ ¼
X∞
m;n¼1

cmn sin mx sin ny

and

cmn ¼ 4

p2

Z p

0

� Z p

0
gðx; yÞsin ny dy

�
sin mx dx

so

bmn ¼ cmn

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p ¼
4

p2

Z p

0

� Z p

0
gðx; yÞsin ny dy

�
sin mx dx

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p .

Substituting the values of amn and bmn into Eq. (5) gives the solution.
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Example:
Solve the wave equation on the rectangle 0 � x � p, 0 � y � p given that

f ðx; yÞ ¼ uðx; y; 0Þ ¼ xðp� xÞyðp� yÞ and gðx; yÞ ¼ utðx; y; 0Þ ¼ 0:

Since g(x, y) ¼ 0, then bmn ¼ 0. Also

amn ¼ 4

p2

Z p

0

� Z p

0
f ðx; yÞsin ny dy

�
sin mx dx

¼ 4

p2

Z p

0

� Z p

0
xðp� xÞyðp� yÞsin ny dy

�
sin mx dx.

EXERCISES
Solve the wave equation on the rectangle 0 < x < p, 0 < y < p given the following
initial data (do not attempt to simplify the expressions for amn and bmn):

1. f (x, y) ¼ u(x, y, 0) ¼ 1 � x2 � y2; g(x, y) ¼ ut(x, y, 0) ¼ sinx cosy.
2. f (x, y) ¼ u(x, y, 0) ¼ 1 � x siny; g(x, y) ¼ ut(x, y, 0) ¼ x � 2y.
3. f (x, y) ¼ u(x, y, 0) ¼ 1 � x � y2; g(x, y) ¼ ut(x, y, 0) ¼ sinx.
4. f (x, y) ¼ u(x, y, 0) ¼ sinx siny; g(x, y) ¼ ut(x, y, 0) ¼ 0. (It is possible to simplify

this problem with reasonable effort.)
5. Solve utt(x, y, t) ¼ uxx(x, y, t) þ uyy(x, y, t), 0 � x � p, 0 � y �p, with boundary

conditions u(x, 0, t) ¼ u(x, p, t) ¼ u(0, y, t) ¼ u(p, y, t) ¼ 0 and initial condi-
tions u(x, y, 0) ¼ x(x � p)y(y � p), ut(x, y, 0) ¼ 0.

8.6 SOLVING THE HEAT EQUATION IN ONE DIMENSION
USING SEPARATION OF VARIABLES

NO HEAT SOURCE
In one dimension the heat equation with no heat source is

v2uðx; tÞ
vx2

¼ 1

a2
vuðx; tÞ

vt
. (1)

Note: By using the change of variables s ¼ at, the 1/a2 term in Eq. (1) can be
eliminated. In some examples we make this substitution.

To solve the equation, we need two boundary conditions

�
because of

v2uðx; tÞ
vx2

�
and one initial condition

�
because of

vuðx; tÞ
vt

�
. For our initial considerations we let

these be

uð0; tÞ ¼ 0; uð0; LÞ ¼ 0; uðx; 0Þ ¼ f ðxÞ.
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To apply separation of variables, we assume that the solution can be written as
the product of functions of a single variable. In this problem we assume

uðx; tÞ ¼ XðxÞTðtÞ. (2)

From Eqs. (1) and (2), we get

X00ðxÞTðtÞ ¼ 1

a2
XðxÞT 0ðtÞ. (3)

Dividing Eq. (3) by X(x) T(t) gives

X00ðxÞ
XðxÞ ¼ 1

a2
T 0ðtÞ
TðtÞ . (4)

Eq. (4) again illustrates the salient point of the technique of separation of variables.
We have one side of the equation as a function of one set of variables (in this case, x)
and the other side as a totally different set of variables (in this case, t). Thus, each side
must be the same constant.

Suppose

X00ðxÞ
XðxÞ ¼ b and

1

a2
T 0ðtÞ
TðtÞ ¼ b.

Then we must solve

X00ðxÞ � bXðxÞ ¼ 0 and
T 0ðtÞ
TðtÞ ¼ a2b.

The solution to the second equation is

lnðTðtÞÞ ¼ a2bt þ C or TðtÞ ¼ Tð0Þea2bt.

We now determine the sign of b. If b ¼ 0, then T(t) is constant, which is impos-
sible unless u(x, 0) ¼ f (x) ¼ 0. This yields the trivial solution u(x, t) ¼ 0. If b > 0
then T(t) grows exponentially, which is impossible with no heat source. Thus,
b < 0, and we set b ¼ � l2. We must now solve

X00ðxÞ þ l2XðxÞ ¼ 0 (5a)

and

T 0ðtÞ þ a2l2TðtÞ ¼ 0: (5b)

The solutions to Eqs. (5a) and (5b) are

XðxÞ ¼ a1 sinðlxÞ þ a2 cosðlxÞ (6a)

and

TðtÞ ¼ a3e
�a2l2t (6b)
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respectively. We use the boundary conditions and initial condition to determine a1,
a2, and a3.

We have

uð0; tÞ ¼ Xð0ÞTðtÞ ¼ 0

uðL; tÞ ¼ XðLÞTðtÞ ¼ 0:

Since T(t) ¼ 0 yields the trivial solution, we must have X(0) ¼ X(L) ¼ 0.
In Eq. (6a), when x ¼ 0 we have

Xð0Þ ¼ a1 sinðl0Þ þ a2 cosðl0Þ ¼ a2 ¼ 0:

So

XðxÞ ¼ a1 sinðlxÞ
and thus when x ¼ L we have

XðLÞ ¼ a1 sinðlLÞ ¼ 0:

Onepossibility is thata1 ¼ 0, but that gives the trivial solution u(x, t) ¼ 0. The only
other possibility is lL ¼ np where n is an integer. Thus, we must have ln ¼ np/L
where n is an integer, and so

XnðxÞ ¼ sin
�npx

L

�
.

Thus

TnðtÞ ¼ e�a2l2nt ¼ exp

�
�
�anp

L

�2
t

�
and for any positive integer n we have

unðx; tÞ ¼ XnðxÞ TnðtÞ ¼ sin
�npx

L

�
exp

�
�
�anp

L

�2
t

�
is a solution to

v2uðx; tÞ
vx2

¼ 1

a2
vuðx; tÞ

vt
uð0; tÞ ¼ uðL; tÞ ¼ 0: (7)

By superposition X∞
n¼1

cnunðx; tÞ

is also a solution to Eq. (7).
We use the initial condition u(x, 0) ¼ f (x) to determine the cn’s. Now

uðx; 0Þ ¼
X∞
n¼1

cnunðx; 0Þ

¼
X∞
n¼1

cn sin
�npx

L

�
exp

�
�
�anp

L

�2
0

�
¼

X∞
n¼1

cn sin
�npx

L

�
¼ f ðxÞ.
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We need to express f (x) as a sine series. We have

f ðxÞ ¼
X∞
n¼1

cn sin
�npx

L

�
so

cn ¼ 2

L

Z L

0
f ðxÞsin

�npx
L

�
dx.

Thus,

uðx; tÞ ¼
X∞
n¼1

cn sin
�npx

L

�
exp

�
�
�anp

L

�2
t

�

¼
X∞
n¼1

"
2

L

Z L

0
f ðxÞsin

�npx
L

�
dx

#
sin

�npx
L

�
exp

�
�
�anp

L

�2
t

�
is the solution to the equation

v2uðx; tÞ
vx2

¼ 1

a2
vuðx; tÞ

vt
uð0; tÞ ¼ uðL; tÞ ¼ 0 uðx; 0Þ ¼ f ðxÞ

if indeed u(x, t) can be written as X(x) T(t). We leave it as Exercise 1 to show the
solution we have asserted is valid.

THE INITIAL CONDITION IS THE DIRAC-DELTA FUNCTION
We now consider the equation

v2uðx; tÞ
vx2

¼ 1

a2
vuðx; tÞ

vt
uð�p; tÞ ¼ uðp; tÞ ¼ 0 uðx; 0Þ ¼ d0ðxÞ.

This equation would be appropriate to model a sudden release of pollution where
the boundary of the region is absorbing. (The heat equation is also models diffusion.)

To do this problem, we use the Fourier expansion of the Dirac-delta function,
dx0ðxÞ. We note that

an ¼ 1

p

Z p

�p

dx0ðxÞcosðnxÞdx ¼
1

p
cosðnx0Þ

bn ¼ 1

p

Z p

�p

dx0ðxÞsinðnxÞdx ¼
1

p
sinðnx0Þ

so

dx0ðxÞ ¼
1

2p
þ 1

p

X∞
n¼1

½cosðnx0ÞcosðnxÞ þ sinðnx0ÞsinðnxÞ�.
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Now

cosðnx0ÞcosðnxÞ þ sinðnx0ÞsinðnxÞ ¼ cosðnx� nx0Þ ¼ cos½nðx� x0Þ�
so the Fourier expansion of dx0ðxÞ is

1

2p
þ 1

p

X∞
n¼1

cos½nðx� x0Þ�

and the Fourier expansion of d0(x) is

1

2p
þ 1

p

X∞
n¼1

cosðnxÞ.

As in the previous example, we assume

uðx; tÞ ¼ XðxÞTðtÞ.
Since we know T(0) ¼ 1, we have from previous examples, u(x, 0) ¼ X(x). But

uðx; 0Þ ¼ d0ðxÞ ¼ 1

2p
þ 1

p

X∞
n¼1

cosðnxÞ.

As before,

TnðtÞ ¼ e�a2n2t

so that

uðx; tÞ ¼
X∞
n¼0

XnðxÞTnðtÞ ¼ X0ðxÞT0ðtÞ þ
X∞
n¼1

XnðxÞTnðtÞ

¼ 1

2p
þ 1

p

X∞
n¼1

cosðnxÞe�a2n2t

where we use the fact that the coefficients have been determined by the initial
condition.

We note that another approach to the problem is to use the fundamental solution,
which we derive in Chapter 11, to get

uðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffi
4pkt

p exp

�
�x2

kt

�
.

EXERCISES
1. Solve the heat equation

vuðx; tÞ
vt

¼ a2
v2uðx; tÞ

vx2
0 < x < p; t > 0
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for the following initial and boundary conditions:

a. u(0, t) ¼ u(p, t) ¼ 0; u(x, 0) ¼ 1�cos x.
b. u(0, t) ¼ u(p, t) ¼ 0; u(x, 0) ¼ sin2(x).
c. u(0, t) ¼ u(p, t) ¼ 0; u(x, 0) ¼ x(p�x).
d. ux(0, t) ¼ ux(p, t) ¼ 0; u(x, 0) ¼ x(p�x).

2. Solve

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

� uðx; tÞ 0 < x < p; t > 0

uð0; tÞ ¼ 0;
vuðp; tÞ

vx
¼ 0; uðx; 0Þ ¼ sin x.

3. Solve the heat equation

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

0 < x < p; t > 0

vuð0; tÞ
vx

¼ 0;
vuðp; tÞ

vx
¼ 0; uðx; 0Þ ¼ x.

4. Solve the heat equation

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

� p < x < p; t > 0; uð�p; tÞ ¼ uðp; tÞ;

vuð�p; tÞ
vx

¼ vuðp; tÞ
vx

; uðx; 0Þ ¼ cd0ðxÞ:

5. In this exercise we solve by separation of variables the equation

vuðx; tÞ
vt

� v2uðx; tÞ
vx2

þ auðx; tÞ ¼ 0 0 < x < p; t > 0;

uð0; tÞ ¼ 0;
vuðp; tÞ

vx
¼ 0; uðx; 0Þ ¼ xðp� xÞ.

a. Show that separation of variables yields the equations

X00ðxÞ þ l2XðxÞ ¼ 0

T 0ðtÞ þ �
aþ l2

�
TðtÞ ¼ 0:

b. Show that the eigenvalues are ln ¼ nþ 1
2.

c. Show that
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TnðtÞ ¼ e�½ð2n�1Þ2þ 4a�t=4; XnðxÞ ¼ sin

�
n� 1

2

�
x

and thus

uðx; tÞ ¼
X∞
n¼1

cne
�½ð2n�1Þ2þ 4a�t=4 sin

�
n� 1

2

�
x.

d. Let k ¼ n� 1=2 so that

uðx; 0Þ ¼
X∞
k¼1

bk sin kx ¼ xðp� xÞ.

Find bk and show that

uðx; tÞ ¼
X∞
n¼1

"
32

pð2n� 1Þ3 þ
8 cosðnpÞ
ð2n� 1Þ2

#
e�½ð2n�1Þ2þ4a�t=4 sin

�
n� 1

2

�
x.

8.7 STEADY STATE OF THE HEAT EQUATION
The heat equation has a steady (equilibrium) state exactly when

lim
t/∞

vuðx; tÞ
vt

¼ 0:

If we have a rod of length L, then having a steady state means for each value of x,
0 � x � L, there is a number (temperature) Tx, for which lim

t/∞
uðx; tÞ ¼ Tx.

One of the simplest cases is constant boundary conditions

uð0; tÞ ¼ T0; uðL; tÞ ¼ TL.

In the event that the heat equation has a heat source, g(x), which depends only on
x, the heat equation is

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

þ gðxÞ
where we have rescaled the model so that a2 ¼ 1.

We consider the heat equation with a source

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

þ gðxÞ; uð0; tÞ ¼ T0; uðL; tÞ ¼ TL; uðx; 0Þ ¼ f ðxÞ.
(If g(x) > 0 then g(x) is said to be a heat source; if g(x) < 0 then g(x) is said to be

a heat sink.) If there is a steady state, then
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lim
t/∞

vuðx; tÞ
vt

¼ 0 ¼ lim
t/∞

"
v2uðx; tÞ

vx2
þ gðxÞ

#
.

Note that if lim
t/∞

vuðx; tÞ
vt

¼ 0; then lim
t/∞

v2uðx; tÞ
vx2

must exist.

Let uS(x) be the steady state; i.e., uSðxÞ ¼ lim
t/∞

uðx; tÞ ¼ Tx. Then uS(x) must
satisfy

d2uSðxÞ
dx2

þ gðxÞ ¼ 0; uSð0Þ ¼ T0; uSðLÞ ¼ TL.

From u(x, t) we subtract the steady state uS(x) to obtain

vðx; tÞ ¼ uðx; tÞ � uSðxÞ.
We show that v(x, t) satisfies the heat equation. We have

vvðx; tÞ
vt

¼ vuðx; tÞ
vt

;
v2vðx; tÞ
vx2

¼ v2uðx; tÞ
vx2

� d2uSðxÞ
dx2

¼ v2uðx; tÞ
vx2

þ gðxÞ

so

vvðx; tÞ
vt

¼ vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

þ gðxÞ ¼ v2vðx; tÞ
vx2

and

vð0; tÞ ¼ uð0; tÞ � uSð0Þ ¼ T0 � T0 ¼ 0

vðL; tÞ ¼ uðL; tÞ � uSðLÞ ¼ TL � TL ¼ 0

vðx; 0Þ ¼ f ðxÞ � uSðxÞ 0 � x � L.

We have seen how to solve

vvðx; tÞ
vt

¼ v2vðx; tÞ
vx2

; vð0; tÞ ¼ 0; vð0; tÞ ¼ 0; vðx; 0Þ ¼ f ðxÞ � uSðxÞ 0 � x � L

in the previous section. The function uS(x) must satisfy

d2uSðxÞ
dx2

¼ �gðxÞ; uSð0Þ ¼ T0; uSðLÞ ¼ TL.

In the next two examples, we apply this method to solve forms of the heat
equation.

Example:
Suppose there is no heat source, but the body reaches a steady state.
In this problem, we continue to rescale so that a2 ¼ 1.
Find the steady state and the solution for the heat equation that is given by

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

uð0; tÞ ¼ T1; uðL; tÞ ¼ T2; uðx; 0Þ ¼ f ðxÞ.
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Since we are given the temperature of the body approaches a steady state, we also
have

lim
t/∞

vuðx; tÞ
vt

¼ 0:

Because u(0, t) ¼ T1 and u(L, t) ¼ T2, we must have

uSð0Þ ¼ lim
t/∞

uð0; tÞ ¼ T1 and uSðLÞ ¼ lim
t/∞

uðL; tÞ ¼ T2.

Now

lim
t/∞

v2uðx; tÞ
vx2

¼ lim
t/∞

vuðx; tÞ
vt

¼ 0

and

lim
t/∞

v2uðx; tÞ
vx2

¼ d2uSðxÞ
dx2

so

d2uSðxÞ
dx2

¼ 0:

Thus

uSðxÞ ¼ Axþ B.

WehaveT1 ¼ uS(0) ¼ B and T2 ¼ uS(L) ¼ AL þ B ¼ AL þ T1, so A ¼ (T2�T1)/L.
Thus,

uSðxÞ ¼ ðT2 � T1Þ
L

xþ T1.

If, as before, we let

vðx; tÞ ¼ uðx; tÞ � uSðxÞ
then we have seen

vvðx; tÞ
vt

¼ v2vðx; tÞ
vx2

; vð0; tÞ ¼ 0; vð0; tÞ ¼ 0; vðx; 0Þ ¼ f ðxÞ � uSðxÞ 0 � x � L.

As in the previous section, (although here we have set a2 ¼ 1)

vðx; tÞ ¼
X∞
n¼1

cnexp

��a2n2p2t

L

�
sin

�npx
L

�
.

To determine cn we must use

vðx; 0Þ ¼ f ðxÞ � uSðxÞ ¼ f ðxÞ �
��

T2 � T1
L

�
xþ T1

�
.
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Thus

cn ¼ 2

L

Z L

0

�
f ðxÞ �

�
T1 þ T2 � T1

L
x

��
sin

�npx
L

�
dx.

Thus,

vðx; tÞ ¼
X∞
n¼1

cnexp

��a2n2p2t

L

�
sin

�npx
L

�

¼
X∞
n¼1

"
2

L

Z L

0

�
f ðxÞ �

�
T1 þ T2 � T1

L
x

��
sin

�npx
L

�
dx

#

� exp

��a2n2p2t

L

�
sin

�npx
L

�
.

Next we consider the case where there is a constant heat source and an equilib-
rium state.

Example:
Consider the equation

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

þ b; uð0; tÞ ¼ T1; uð0; LÞ ¼ T2; uðx; 0Þ ¼ f ðxÞ (1)

where b is a constant.
We first find the equilibrium state uS(x) that satisfies the equation

d2uSðxÞ
dx2

þ b ¼ 0 uSð0Þ ¼ T1; uSðLÞ ¼ T2.

Then

d2uSðxÞ
dx2

¼ �b

so

uSðxÞ ¼ �b

2
x2 þ Axþ B.

Since uS(0) ¼ T1, we have B ¼ T1 and

uSðLÞ ¼ T2 ¼ �b

2
L2 þ ALþ T1

so

AL ¼ T2 � T1 þ b

2
L2 and A ¼ T2 � T1

L
þ bL

2
.
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Therefore

uSðxÞ ¼ �b

2
x2 þ

�
T2 � T1

L
þ bL

2

�
xþ T1.

We let

vðx; tÞ ¼ uðx; tÞ � uSðxÞ.
If we can find v(x, t), then we know u(x, t). Again

vvðx; tÞ
vt

¼ v2vðx; tÞ
vx2

; vð0; tÞ ¼ 0; vð0; tÞ ¼ 0; vðx; 0Þ ¼ f ðxÞ � uSðxÞ 0 � x � L.

We proceed as before to find

vðx; tÞ ¼
X∞
n¼1

cnexp

��a2n2p2t

L

�
sin

�npx
L

�
.

To determine cn we must use

vðx; 0Þ ¼ f ðxÞ � uSðxÞ ¼ f ðxÞ �
�
� b

2
x2 þ

�
T2 � T1

L
þ bL

2

�
xþ T1

�
.

Thus

cn ¼ 2

L

Z L

0

�
f ðxÞ �

�
� b

2
x2 þ

�
T2 � T1

L
þ bL

2

�
xþ T1

��
sin

�npx
L

�
dx.

Thus,

vðx; tÞ ¼
X∞
n¼1

cnexp

��a2n2p2t

L

�
sin

�npx
L

�

¼
X∞
n¼1

"
2

L

Z L

0

�
f ðxÞ �

�
� b

2
x2 þ

�
T2 � T1

L
þ bL

2

�
xþ T1

��

� sin
�npx

L

�
dx

#
exp

��a2n2p2t

L

�
sin

�npx
L

�
.

Finally, we have

uðx; tÞ ¼ vðx; tÞ þ uSðxÞ

¼
X∞
n¼1

"
2

L

Z L

0

�
f ðxÞ �

�
� b

2
x2 þ

�
T2 � T1

L
þ bL

2

�
xþ T1

��

� sin
�npx

L

�
dx

#
exp

��a2n2p2t

L

�
sin

�npx
L

�
þ
�
� b

2
x2 þ

�
T2 � T1

L
þ bL

2

�
xþ T1

�
:
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EXERCISES
1. Find the steady state and the solution to the heat equation

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

þ gðxÞ 0 < x < L; t > 0; uð0; tÞ ¼ T0; uðL; tÞ ¼ TL;

uðx; 0Þ ¼ f ðxÞ
for the following functions g(x).

a. g(x) ¼ 2.
b. g(x) ¼ sin x.
c. g(x) ¼ x2.
d. g(x) ¼ 3e�x.
e. g(x) ¼ 1 þ 3x.

2. Find the solutions of problem 1 for f ðxÞ ¼ T0 þ ðTL � T0Þsin
�px
2L

�
.

3. Solve the heat equation

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

0 < x < p; uð0; tÞ ¼ T0; uðp; tÞ ¼ TL; uðx; 0Þ ¼ 1� x

assuming there is an equilibrium state.
4. Solve the heat equation

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

; 0 < x < 1; uð0; tÞ ¼ T0; uð1; tÞ ¼ T1;

uðx; 0Þ ¼ ð1� xÞT0 þ xT1

assuming there is an equilibrium state.
5. In this problem we solve the heat equation

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

þ f ðx; tÞ; 0 < x < p; t > 0; uð0; tÞ ¼ 0; uðp; tÞ ¼ 0;

uðx; 0Þ ¼ gðxÞ.

a. Show that the solution to

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

; 0 < x < p; t > 0; uð0; tÞ ¼ 0; uðp; tÞ ¼ 0; uðx; 0Þ ¼ gðxÞ

is of the form X∞
n¼1

Ane
�n2t sinðnxÞ

where the An’s are determined using g(x).
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b. Assume that f (x, t) can be expanded in a sine series

f ðx; tÞ ¼
X∞
n¼1

fnðtÞsinðnxÞ.

Show that

fnðtÞ ¼ 2

p

Z p

0
f ðx; tÞsinðnxÞdx

and thus

f ðx; tÞ ¼
X∞
n¼1

�
2

p

Z p

0
f ðx; tÞsinðnxÞdx

�
sinðnxÞ.

c. Let

uðx; tÞ ¼
X∞
n¼1

BnðtÞsinðnxÞ.

Show u(x, 0)¼ u(x, p) ¼ 0. Also show that
vuðx; tÞ

vt
¼ v2uðx; tÞ

vx2
þ f ðx; tÞ with

u(x, t) as defined above gives the equationX∞
n¼1

d

dt
BnðtÞsinðnxÞ ¼ �

X∞
n¼1

n2BnðtÞsinðnxÞ þ
X∞
n¼1

fnðtÞsinðnxÞ.

This means

d

dt
BnðtÞ þ n2BnðtÞ ¼ fnðtÞ. (2)

d. Show that the solution to Eq. (2) is

BnðtÞ ¼
R
fnðtÞen2tdt þ Cn

en
2t

where the Cn’s are to be determined.

e. Use that uðx; 0Þ ¼ gðxÞ ¼ P∞
n¼1 Bnð0ÞsinðnxÞ to conclude

Bnð0Þ ¼ 2

p

Z p

0
gðxÞsinðnxÞdx.

f. Show Cn ¼ Bn(0) and thus

BnðtÞ ¼ e�n2t

Z t

0
fnðsÞen2sdsþ Bnð0Þe�n2t.
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g. Show that

uðx; tÞ ¼
X∞
n¼1

Bnð0Þe�n2t sinðnxÞ þ
X∞
n¼1

�Z t

0
e�n2ðt�sÞfnðsÞds

�
sinðnxÞ.

6. Use the result of problem 5 to solve

vuðx; tÞ
vt

¼ v2uðx; tÞ
vx2

þ xqðtÞ; 0 < x < p; t > 0; uð0; tÞ ¼ 0;

uðp; tÞ ¼ 0; uðx; 0Þ ¼ 0:

It may be helpful to use the Fourier expansion

x ¼ 2
X∞
n¼1

ð�1Þnþ1

n
sin nx.

8.8 CHECKING THE VALIDITY OF THE SOLUTION
In this chapter we have assumed that the solution to the initial value problem could
be written as the product of functions of one variable. With that assumption, we
found the solution. Along the way, we have cautioned that the result should be veri-
fied. In this section we show one method for checking the solution. Some facts about
series of functions that we shall use are

1. The Weierstrass M-test.
2. If

P
anx

n is a power series with radius of convergence R, then

a.
P

anx
n converges uniformly and absolutely on the interval [eR þ ε, R � ε]

for any ε > 0.

b. d
dx

P
anx

n ¼ P
nanx

n�1.

c. The series
P

ann
kxn has the same radius of convergence as

P
anx

n for any
positive integer k.

Consider the heat equation

uxxðx; tÞ ¼ 1

a2
utðx; tÞ; uð0; tÞ ¼ uðp; tÞ ¼ 0; uðx; 0Þ ¼ f ðxÞ.

We have found that the solution using separation of variables is

uðx; tÞ ¼
X∞
n¼1

unðx; tÞ
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where

unðx; tÞ ¼
�
2

p

Z p

0
f ðxÞsin nx dx

�
sin nxe�ðanÞ2t.

Now 





2p
Z p

0
f ðxÞsin nx dx







 � 2

p

Z p

0
j f ðxÞjdx.

If f (x) is piecewise continuous, then it is bounded. Thus there is a number M for
which

2

p

Z p

0
j f ðxÞjdx � M.

So for every positive integer n, we have

junðx; tÞj �



M sin nxe�ðanÞ2t




 ¼ Me�ðanÞ2t.

Note that

d2

dx2
ðunðx; tÞÞ ¼ �n2unðx; tÞ and

d

dt
ðunðx; tÞÞ ¼ �ðanÞ2unðx; tÞ

so that



 d2dx2
ðunðx; tÞÞ





 � n2Me�ðanÞ2t and





ddt ðunðx; tÞÞ




 � n2a2Me�ðanÞ2t.

Since for any ε > 0 the series of numbersX∞
n¼1

n2e�n2ε

converges, each of the seriesX∞
n¼1

unðx; tÞ;
X∞
n¼1

v2

vx2
ðunðx; tÞÞ and

X∞
n¼1

v

vt
ðunðx; tÞÞ

converges uniformly for t � ε, where ε is an arbitrary positive number.
Thus, if we let

uðx; tÞ ¼
X∞
n¼1

unðx; tÞ

then

v2

vx2
uðx; tÞ ¼

X∞
n¼1

v2

vx2
unðx; tÞ and

v

vt
uðx; tÞ ¼

X∞
n¼1

v

vt
unðx; tÞ
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if t � ε. Since

v2

vx2
unðx; tÞ � 1

a2
v

vt
unðx; tÞ ¼ 0 and unð0; tÞ ¼ unðp; tÞ ¼ 0 for every n

we have

v2

vx2
uðx; tÞ � 1

a2
v

vt
uðx; tÞ ¼ 0 and uð0; tÞ ¼ uðp; tÞ ¼ 0 for t � ε.

Finally, we must show

lim
tY0

uðx; tÞ ¼ f ðxÞ.

To proceed, we assume that f (x) is continuous on [0, p] and f (0) ¼ f (p) ¼ 0 and
that Z p

0
½ f 0ðxÞ�2dx < ∞.

The last assumption ensures that the Fourier series for f (x) converges uniformly
to f (x).

Let sN(x, t) be the Nth partial sum ofX∞
n¼1

bne
�ðanÞ2t sin nx

i.e.,

sNðx; tÞ ¼
XN
n¼1

bne
�ðanÞ2t sin nx.

Then

sNðx; 0Þ ¼
XN
n¼1

bn sin nx.

Since the Fourier series of f (x) converges uniformly to f (x), given ε > 0 there is a
number N(ε) so that if n > N(ε) then

jsNðx; 0Þ � f ðxÞj ¼





XN
n¼1

bn sin nx� f ðxÞ





 < ε

2

so

jsNðx; 0Þ � sMðx; 0Þj ¼ jsNðx; 0Þ � f ðxÞ þ f ðxÞ � sMðx; 0Þj � jsNðx; 0Þ � f ðxÞj
þj f ðxÞ � sMðx; 0Þj < ε

2
þ ε

2
¼ ε
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if M, N > N(ε). Thus fsnðx; 0Þg is a uniformly Cauchy sequence of continuous
functions that converges uniformly to a continuous function, and this function
must be f (x).

A fact that we do not prove (see Weinberger, pp. 58e60) is that in our setting we
must then have

jsNðx; tÞ � sMðx; tÞj � ε if 0 � x � p; t � 0 if M; N > NðεÞ.
This shows

lim
tY0 uðx; tÞ ¼ f ðxÞ.

We note that in verifying the solution for the heat equation we were aided sub-
stantially by the fact that we had an exponentially decreasing factor. This is not true
with the wave equation. To prove validity of the solution for the wave equation, we
need some properties of the wave equation that we have not yet developed. A proof
of the validity of the solution of the wave equation may be found in Brown and
Churchill, pp. 338e341.
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Solving Partial Differential
Equations in Cylindrical
Coordinates Using
Separation of Variables

9

9.1 INTRODUCTION
In Chapter 8, we solved Laplace’s equation, the wave equation, and the heat equation
in Cartesian coordinates using separation of variables. In this chapter, we solve the
same equations in polar or cylindrical coordinates. In Cartesian coordinates, the or-
dinary differential equations (ODEs) that arose were simple to solve. We shall see
that, in cylindrical and spherical coordinates, not all the ODEs are as agreeable.
The solutions to these more difficult ODEs go by the names Bessel functions and
Legendre polynomials. In cylindrical coordinates, we need only Bessel functions.
We begin this section by showing how these equations arise.

AN EXAMPLE WHERE BESSEL FUNCTIONS ARISE
Consider the heat equation

ut ¼ KDu.

The reason the equations that arise from separation of variables in cylindrical co-
ordinates are not as simple as in Cartesian coordinates is the form of the Laplacian.
In cylindrical coordinates, the Laplacian is given by

Du ¼ urr þ 1

r
ur þ 1

r2
uqq þ uzz.

It will simplify our computations and still allow us to demonstrate how Bessel
functions arise if we assume that u is a function of r, q and t, but not a function
of z.

We suppose

uðr; q; tÞ ¼ RðrÞQðqÞTðtÞ
so that

ut ¼ KDu
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can be expressed as

RðrÞQðqÞT 0ðtÞ ¼ K

�
R00ðrÞQðqÞTðtÞ þ 1

r
R0ðrÞQðqÞTðtÞ þ 1

r2
RðrÞQ00ðqÞTðtÞ

�
:

Dividing by KR(r)Q(q)T(t) gives

1

K

T 0ðtÞ
TðtÞ ¼ R00ðrÞ

RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ

1

r2
Q00ðqÞ
QðqÞ : (1)

The left-hand side of Eq. (1) is a function only of t, and the right-hand side is a
function of r and q, so it must be that each is a constant. In Exercise 1, we show that
this is a negative number that we denote el. Thus

1

K

T 0ðtÞ
TðtÞ ¼ el or T 0ðtÞ þ lKTðtÞ ¼ 0: (2)

Also,

R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ

1

r2
Q00ðqÞ
QðqÞ ¼ el:

So

R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ l ¼ � 1

r2
Q00ðqÞ
QðqÞ

or

r2
�
R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ l

�
¼ �Q00ðqÞ

QðqÞ . (3)

The left-hand side of Eq. (3) is a function of r and the right-hand side is a func-
tion of q, so each must be a constant that we denote m. Thus we have

Q00ðqÞ þ m QðqÞ ¼ 0 (4)

and

r2
�
R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ l

�
¼ m or

R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ l ¼ m

r2

so

R00ðrÞ þ 1

r
R0ðrÞ þ

�
l� m

r2

�
RðrÞ ¼ 0: (5)

Thus, to solve the heat equation in polar coordinates, we need to solve Eqs. (2),
(4) and (5). Of these, only Eq. (5) requires additional attention. It is (like) a Bessel
equation, and we construct its solution in the next section. This equation will arise

316 CHAPTER 9 Solving Partial Differential Equations



when we use the Laplacian in polar or cylindrical coordinates in the wave equation
or the heat equation. In Laplace’s equation, we shall see the equation is of the form

R00ðrÞ þ 1

r
R0ðrÞ �

�
m2 þ n2

r2

�
RðrÞ ¼ 0

and will have to be handled differently (although very similarly).
Had we assumed that the function u also depended on z and that

uðr; q; z; tÞ ¼ RðrÞQðqÞTðtÞZðzÞ;
Eq. (5) would still have been the only complicated ODE that would have arisen

(see Exercise 3.)
Eq. (5) is a “Bessel-like” equation. We next define a Bessel equation, demon-

strate one solution to such equations, and then make a transformation that will
enable us to solve the equation above. (Because this is a second-order differential
equation, there are two solutions, but one is unbounded at r ¼ 0. Because of physical
considerations, this will be an inadmissible solution for our problems.)

A Bessel equation is an equation of the form

x2y00ðxÞ þ xy0ðxÞ þ �x2 � n2
	
yðxÞ ¼ 0; 0 � x < ∞.

The method of solution that we use is power series:

Step 1: Hypothesize a solution of the form

y ¼
X∞
n¼0

anx
nþa.

For the solution to be bounded at x ¼ 0, we require that a � 0.
Step 2: Differentiate and collect terms. We have

y0 ¼
X∞
n¼0

anðnþ aÞxnþa�1

so

xy0 ¼
X∞
n¼0

anðnþ aÞxnþa

y00 ¼
X∞
n¼0

anðnþ aÞðnþ a� 1Þxnþa�2

so

x2y00 ¼
X∞
n¼0

anðnþ aÞðnþ a� 1Þxnþa
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then

x2y00 þ xy0 þ �x2 � n2
	 ¼X∞

n¼0



anðnþ aÞðnþ a� 1Þxnþa

�þ 
anðnþ aÞxnþa
�

þ 
�anxnþaþ2
	� n2anx

nþa
� ¼ 0:

This can be written as

a0


aða� 1Þ þ a� n2

�
xa þ a1


ðaþ 1Þaþ ðaþ 1Þ � n2
�
xaþ1

þ
X∞
n¼2

�
an

ððnþ aÞÞððnþ aÞ � 1Þ þ ðnþ aÞ � n2

�þ an�2



xaþn

¼ a0
�
a2 � n2

	
xa þ a1

h
ðaþ 1Þ2 � n2

i
þ
X∞
n¼2

nh
ðnþ aÞ2 � n2

i
an þ an�2

o
xaþn ¼ 0:

The coefficient of each power of xmust be 0. The coefficient of xamust be 0 and this
gives the indicial equation, from which we determine the value of a. If a0 s 0, we
have

a2 � n2 ¼ 0

so a2 ¼ n2. Also,

a1

h
ðaþ 1Þ2 � n2

i
¼ a1

h
ðaþ 1Þ2 � a2

i
¼ a1½2aþ 1� ¼ 0:

If the solution is bounded, then a is nonnegative and a1 ¼ 0.
Step 3: The recurrence relation is

an

ðnþ aÞððnþ aÞ � 1Þ þ ðnþ aÞ � n2

�þ an�2 ¼ 0

or

an

ðnþ aÞððnþ aÞ � 1Þ þ ðnþ aÞ � n2

� ¼ an

h
ðnþ aÞ2 � n2

i
þ an�2 ¼ 0:

Substituting n for a gives

an

h
ðnþ nÞ2 � n2

i
¼ annðnþ 2nÞ ¼ �an�2 or an ¼ �an�2

nðnþ 2nÞ .

Because a1 ¼ 0, then ak ¼ 0 for every odd integer k.
Step 4: We now determine a general description of a2k. We have

a2 ¼ � a0
2ð2þ 2nÞ

a4 ¼ � a2
4ð4þ 2nÞ ¼

ð�1Þ
4ð4þ 2nÞ

ð�1Þa0
2ð2þ 2nÞ
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a6 ¼ � a4
6ð6þ 2nÞ ¼ � a0

23ð1$2$3Þð3þ nÞð2þ nÞð1þ nÞ
and

a2k ¼ ð�1Þka0
22kðk!Þðk þ nÞðk � 1þ nÞ/ð1þ nÞ .

Thus one of the solutions of Bessel’s equation is

y1ðxÞ ¼ a0x
n

"
1þ

X∞
k¼1

ð�1Þkx2k
22kðk!Þðk þ nÞðk � 1þ nÞ/ð1þ nÞ

#
.

This is a solution for any value of a0. (Notice that we have not imposed any
boundary conditions.) This is Bessel’s function of the first kind of order n, denoted
Jn(x). If we let a0 ¼ 1=n!2n. We can express Jn(x) as

JnðxÞ ¼
X∞
k¼0

ð�1Þkx2kþn

22kþnk!ðk þ nÞ! ¼
X∞
n¼0

ð�1Þk
�x
2

�2kþn

k!ðk þ nÞ! . (6)

By the ratio test, this series converges for all values of x, and in Exercise 5 we
show that it is a solution for x > 0.

In the case that the equation is of the form

R00ðrÞ þ 1

r
R0ðrÞ �

�
m2 þ n2

r2

�
RðrÞ ¼ 0;

as will be the case for Laplace’s equation, the solution is a modified Bessel function
(sometimes called a Bessel function with imaginary argument) denoted by In(x),
which is defined by

InðxÞ ¼ xn

2nn!

"
1þ

X∞
n¼1

x2n

22nn!ð1þ nÞ/ðnþ nÞ

#
.

(See Pinsky, 1998, p. 187.) The modified Bessel’s function is obtained by replac-
ing x with ix in Bessel’s equation.

Bessel’s equation is a second-order equation, so there will be two linearly inde-
pendent solutions. For our purposes, we shall not be concerned with the second so-
lution because it diverges at x ¼ 0. The discussion and derivation of the second
solution can be found in many differential equation texts, including Boyce and
DiPrima (2008), but the second solution is of the form

y2ðxÞ ¼ y1ðxÞlnjxj þ jxjn
X∞
n¼1

bnx
n.
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The two equations given at the beginning of this section are of the form

y00ðrÞ þ ðd � 1Þ
r

y0ðrÞ þ
�
l� m

r2

�
yðrÞ ¼ 0: ð1Þ

In cylindrical coordinates, d ¼ 2 and m will typically be m2. In spherical coordi-
nates, d ¼ 3 and m will typically be k(k þ 1).

In our later work we consider this to be an eigenvectoreeigenvalue problem.

EXERCISES
1. Show that the constant that arises in Eq. (1) is negative.
2. Repeat the separation of variables argument in the case that

uðr; q; z; tÞ ¼ RðrÞQðqÞTðtÞZðzÞ.
3. Repeat the separation of variables argument for the wave equation.
4. Show that Jn(x) that arises in Eq. (6) converges for x � 0 and solves

x2y00ðxÞ þ xy0ðxÞ þ �x2 � n2
	
yðxÞ ¼ 0; 0 � x < ∞.

5. Give a bounded solution for the following equations:

a. x2y00ðxÞ þ xy0ðxÞ þ �x2 � 4
	
yðxÞ ¼ 0:

b. x2y00ðxÞ þ xy0ðxÞ þ x2yðxÞ ¼ 0:

c. y00ðxÞ þ ð1=xÞy0ðxÞ þ
�
1� 9

x2

�
yðxÞ ¼ 0:

9.2 THE SOLUTION TO BESSEL’S EQUATION IN
CYLINDRICAL COORDINATES

In our analysis of the heat equation in cylindrical coordinates using separation of
variables, we arrived at an equation of the form

r2
d2RðrÞ
dr2

þ r
dRðrÞ
dr

þ 
lr2 � m
�
RðrÞ ¼ 0:

For our applications, m ¼ n2 where n is an integer, so we want to solve

r2
d2RðrÞ
dr2

þ r
dRðrÞ
dr

þ 
lr2 � n2
�
RðrÞ ¼ 0: (1)
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Eq. (1) is not a Bessel equation but can be transformed into a Bessel equation by
the change of variables x ¼ r

ffiffiffi
l

p
, as we now demonstrate. We have

dRðrÞ
dr

¼ dRðxÞ
dx

dx

dr
¼ dRðxÞ

dx

ffiffiffi
l

p
and

d2RðrÞ
dr2

¼ d2RðxÞ
dx2

l

so

r2
d2RðrÞ
dr2

þ r
dRðrÞ
dr

þ 
lr2 � n2
�
RðrÞ ¼ 0

is transformed to�
xffiffiffi
l

p
�2

l
d2RðxÞ
dx2

þ
�

xffiffiffi
l

p
� ffiffiffi

l
p dRðxÞ

dx
þ
�
l
x2

l
� n2

�
RðxÞ

¼ x2
d2RðxÞ
dx2

þ x
dRðxÞ
dx

þ 
x2 � n2
�
RðxÞ ¼ 0:

(2)

Eq. (2) is a Bessel equation that has two solutions. The solution that is bounded at
x ¼ 0 is typically the only one of interest to us. That solution is given by

RðxÞ ¼ JnðxÞ ¼ Jn

�
r
ffiffiffi
l

p �
.

Any Bessel function of the first type has infinitely many positive roots. The
graphs of several Bessel functions of the first type are shown in Fig. 9.2.1.

1

0.8
J0(x)

y

J1(x)
J2(x)

J3(x) J4(x) J5(x)

x

0.06

0.4

0.2

–0.2
2 4 6 8 10

–0.4

FIGURE 9.2.1

9.2 The Solution to Bessel’s Equation in Cylindrical Coordinates 321



Let {xn,m} denote the positive roots of Jn(x); i.e., Jn(xn,m) ¼ 0. In many equations
involving a cylinder, one of the boundary conditions is that the value of R(r) at the
surface of the cylinder is constant. Suppose that the radius of the cylinder is a and
R(a) ¼ 0. (If R(a) is a different constant, this boundary condition can be obtained
by rescaling the temperature. We could also rescale the length to take a ¼ 1, which
is common.) Thus, in cylindrical coordinates, an initial value problem of interest is

x2
d2RðxÞ
dx2

þ x
dRðxÞ
dx

þ 
x2 � n2
�
RðxÞ ¼ 0; RðaÞ ¼ 0: (3)

The solution to Eq. (3) that is continuous at x ¼ 0 is R(x) ¼ Jn(x) ¼ Jn(r
ffiffiffi
l

p
) and

the boundary condition requires that Jn(a) ¼ 0. Since we have Jn(xn,m) ¼ 0, if we let

RmðrÞ ¼ Jn

�
xn;m

r

a

�
then

RmðaÞ ¼ Jn

�
xn;m

a

a

�
¼ Jn

�
xn;m

	 ¼ 0:

Thus,

RmðrÞ ¼ Jn

�
xn;m

r

a

�
is an eigenfunction for the initial value problem given by Eq. (3). The eigenvalue for

Rm(r) is
�xn;m

a

�2
as we verify in Exercise 1.

In Exercise 2 we show that

x2
d2RðxÞ
dx2

þ x
dRðxÞ
dx

þ 
x2 � n2
�
RðxÞ ¼ 0; RðaÞ ¼ 0

is a SturmeLiouville problem with weight function w(x) ¼ x.
By the SturmeLiouville theory, the eigenfunctions are complete. That is, if f (x)

is a function on [0, a] for whichZ a

0
x½ f ðxÞ�2dx < ∞;

then

f ðxÞ ¼
X∞
m¼0

bm Jn

�
xn;m

x

a

�
where

bm ¼
R a
0 f ðxÞx Jn

�
xn;m

x

a

�
dxR a

0 x
h
Jn

�
xn;m

x

a

�i2
dx

.
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The final points in this section are reiterated with some intuitive explanation in
Section 9.5 when we discuss the heat equation on a disk.

EXERCISES
1. Show that

Jn

�
xn;m

x

a

�
is an eigenfunction for

x2
d2RðxÞ
dx2

þ x
dRðxÞ
dx

þ 
x2 � n2
�
RðxÞ ¼ 0; RðaÞ ¼ 0; RðxÞ is bounded at x ¼ 0

with eigenvalue �xn;m
a

�2
.

2. Show that

x2
d2RðxÞ
dx2

þ x
dRðxÞ
dx

þ 
x2 � n2
�
RðxÞ ¼ 0; RðaÞ ¼ 0

is a SturmeLiouville problem with weight function w(x) ¼ x.

9.3 SOLVING LAPLACE’S EQUATION IN CYLINDRICAL
COORDINATES USING SEPARATION OF VARIABLES

In cylindrical coordinates, Laplace’s equation is

Duðr; q; zÞ ¼ urr þ 1

r
ur þ 1

r2
uqq þ uzz ¼ 0:

We solve the boundary value problem

urr þ 1

r
ur þ 1

r2
uqq þ uzz ¼ 0; 0 < r < a; 0 < z < b;

uðr; q; 0Þ ¼ uðr; q; bÞ ¼ 0; uða; q; zÞ ¼ f ðq; zÞ.
We hypothesize that

uðr; q; zÞ ¼ RðrÞQðqÞZðzÞ
so

Duðr; q; zÞ ¼ R00ðrÞQðqÞZðzÞ þ 1

r
R0ðrÞQðqÞZðzÞ

þ 1

r2
RðrÞQ00ðqÞZðzÞ þ RðrÞQðqÞZ 00ðzÞ ¼ 0:
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Dividing by R(r) Q(q) Z(z) gives

R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ

1

r2
Q00ðqÞ
QðqÞ þ Z 00ðzÞ

ZðzÞ ¼ 0

or

R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ

1

r2
Q00ðqÞ
QðqÞ ¼ �Z 00ðzÞ

ZðzÞ . (1)

The left-hand side of Eq. (1) is a function of r and q, and the right-hand side is a
function of z, so each is a positive constant that we call C. Thus we have

�Z 00ðzÞ
ZðzÞ ¼ C

so

Z 00ðzÞ þ CZðzÞ ¼ 0:

Then

ZðzÞ ¼ A cos
� ffiffiffiffi

C
p

z
	þ B sin

� ffiffiffiffi
C

p
z
	

and

Zð0Þ ¼ 0;

so

A ¼ 0; ZðbÞ ¼ 0

so ffiffiffiffi
C

p
¼ np

b
and C ¼

�np
b

�2
.

Thus

ZnðzÞ ¼ sin
�npz

b

�
.

We also have

R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ

1

r2
Q00ðqÞ
QðqÞ ¼ C

so

r2
�

R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ � C

�
¼ �Q00ðqÞ

QðqÞ
and there is a constant D with

�Q00ðqÞ
QðqÞ ¼ D
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so

Q00ðqÞ þ DQðqÞ ¼ 0

and

r2
�
R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ � C

�
¼ D. (2)

The periodicity conditions Q(p) ¼Q(�p) and Q0(p) ¼Q0(�p) require that
D > 0. We let D ¼ m2 and so we have

r2
�
R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ � C

�
¼ D or

R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ � C � D

r2
¼ 0

so

RðrÞ þ 1

r
R0ðrÞ �

�
C þ D

r2

�
RðrÞ ¼ RðrÞ þ 1

r
R0ðrÞ �

��np
b

�2
þ m2

r2

�
RðrÞ ¼ 0:

It will simplify the notation if we let b ¼ p, and we now make that substitution.
We then have

R00ðrÞ þ 1

r
R0ðrÞ �

�
n2 þ m2

r2

�
RðrÞ ¼ 0:

Recapping, there are three equations we must solve:

Z 00ðzÞ þ n2ZðzÞ ¼ 0; Zð0Þ ¼ ZðpÞ ¼ 0

Q00ðqÞ þ m2QðqÞ ¼ 0; QðpÞ ¼ Qð�pÞ and Q0ðpÞ ¼ Q0ð�pÞ

R00ðrÞ þ 1

r
R0ðrÞ �

�
n2 þ m2

r2

�
RðrÞ ¼ 0: (3)

Eq. (3) has no boundary condition. Instead, we require that the solution is
bounded at r ¼ 0.

Note that to solve Eq. (3), we will need to use a modified Bessel function.
We have shown that

ZnðzÞ ¼ an sin nz.

The equation

Q00ðqÞ þ m2QðqÞ ¼ 0

has only the continuity conditions Q(p) ¼ Q(�p) and Q0(p) ¼ Q0(�p) so

QmðqÞ ¼ bm cos mqþ cm sin mq.
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The equation

R00ðrÞ þ 1

r
R0ðrÞ �

�
n2 þ m2

r2

�
RðrÞ ¼ 0

has AmnIm(nr) as its solution. We choose Amn ¼ 1/Im(na) so that

RmnðrÞ ¼ AmnImðnrÞ ¼ ImðnrÞ
ImðnaÞ

and so

RmnðaÞ ¼ ImðnaÞ
ImðnaÞ ¼ 1:

Thus, we have

umnðr; q; zÞ ¼ RmnðrÞQmðqÞZnðzÞ
¼ AmnImðnrÞðbm cos mqþ cm sin mqÞan sin nz

¼ 1

ImðnaÞImðnrÞðbm cos mqþ cm sin mqÞan sin nz.

The constants can be combined to write

unmðr; q; zÞ ¼ 1

ImðnaÞImðnrÞsin nzðdnm cos mqþ enm sin mqÞ.

Thus,

uðr; q; zÞ ¼ 1

2

X∞
n¼1

dn0
1

I0ðnaÞI0ðnrÞ

þ
X∞

m; n¼1

1

ImðnaÞImðnrÞsin nzðdnm cos mqþ enm sin mqÞ.

We apply the boundary condition u(a,q, z) ¼ f (q, z) to get

uða; q; zÞ ¼ f ðq; zÞ ¼ 1

2

X∞
n¼1

dn0
1

I0ðnaÞI0ðnaÞ

þ
X∞

m; n¼1

1

ImðnaÞImðnaÞsin nzðdnm cos mqþ enm sin mqÞ

¼ 1

2

X∞
n¼1

dn0 þ
X∞

m; n¼1

sin nzðdnm cos mqþ enm sin mqÞ.
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Then

dnm ¼ 1

p

2

p

Z p

z¼0

24Z 2p

q¼0
f ðq; zÞcos mqdq

35sin nzdz

and

enm ¼ 1

p

2

p

Z p

z¼0

24Z 2p

q¼0
f ðq; zÞsin mqdq

35sin nzdz.

We note that the z�coordinate can be problematic. Some sources, such as Pinsky,
Partial Differential Equations and Boundary-Value Problems with Applications,
Third Edition, do the problem in polar coordinates. If no boundary conditions on
Z(z) are given, the sign of C cannot be assigned. We have followed the problem
and solution as given in Weinberger, A First Course in Partial Differential
Equations.

EXERCISES
1. Solve

Du ¼ 0; 0 < r < 1; 0 < z < p; uðr; q; 0Þ ¼ uðr; q;pÞ ¼ 0;

uð1; q; zÞ ¼ zð1� zÞ.
2. Solve

Du ¼ 0; 0 < r < 1; 0 < z < p; uðr; q; 0Þ ¼ uðr; q;pÞ ¼ 0;

uð1; q; zÞ ¼ sin q.

3. a. Solve Laplace’s equation on a cylinder in the case that the solution is inde-
pendent of z and q.

b. Use the result in part a to solve Laplace’s equation in the cylinder r1 <r < r2
with boundary conditions u(r1) ¼ A and u(r2) ¼ B.

c. Recall that the solution to Laplace’s equation provides the steady state of the
heat equation. Use the result in part b to find the steady state of the tem-
perature between two concentric cylinders, where the inner cylinder is kept
at temperature A and the outer cylinder is kept at temperature B.

4. Determine the steady-state temperature of a cylinder of radius 2 and height p
where the boundary conditions, which are the top and bottom temperatures, are
kept at T ¼ 0 and the temperature on the curved surface is T(z) ¼ sin z. Assume
the solution is independent of q.

5. Solve Laplace’s equation on a cylinder of radius 1 and height p where the so-
lution is independent of z with boundary condition u(1,q) ¼ sin q.

6. a. Solve Laplace’s equation on concentric circles of radius 1 and 2 with
boundary conditions u(1,q) ¼ sin q; u(2,q) ¼ 4sin q.
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b. Find an expression the coefficients must satisfy to solve Laplace’s equation
on concentric circles of radius R1 and R2 with boundary conditions
u(R1,q) ¼ f (q); u(R2,q) ¼ g(q).

7. In this problem we solve Laplace’s equation on a circle. Solve

Duðr; qÞ ¼ urr þ 1

r
ur þ 1

r2
uqq ¼ 0; 0 < r < a; uða; qÞ ¼ f ðqÞ.

Show the solution is of the form

uðr; qÞ ¼ a0
2
þ
X∞
n¼1

ðan cos nqþ bn sin nqÞ

and find an expression for an and bn.

9.4 THE WAVE EQUATION ON A DISK (THE
DRUMHEAD PROBLEM)

The wave equation on a cylinder is well illustrated by the drumhead problem, even
though the z-variable does not appear in the problem. This problem was solved by
Euler in the mid-18th century. The problem states that we have a membrane
stretched over a circular form whose radius is a. We let u(r,q,t) denote the vertical
deviation from equilibrium at the point (r,q) at time t. We want to solve the equation

uttðr; q; tÞ ¼ c2Duðr; q; tÞ ¼ c2
�
urr þ 1

r
ur þ 1

r2
uqq

�
with boundary condition

uða; q; tÞ ¼ 0

and initial conditions

uðr; q; 0Þ ¼ f1ðr; qÞ
utðr; q; 0Þ ¼ f2ðr; qÞ.

If we proceed as we have with separation of variables, letting

uðr; q; tÞ ¼ RðrÞQðqÞTðtÞ
we arrive at three ODEs:

T 00ðtÞ þ c2l2TðtÞ ¼ 0 (1a)

Q00ðqÞ þ n2QðqÞ ¼ 0 (1b)

r2R00ðrÞ þ r R0ðrÞ þ �l2r2 � n2
	
RðrÞ ¼ 0 (1c)

as we show in Exercise 1. We note the periodicity of Q(q) gives n2 in Eq. (1b).

328 CHAPTER 9 Solving Partial Differential Equations



Note that

uða; q; tÞ ¼ 0

forces R(a) ¼ 0.
The solutions to these equations are

TðtÞ ¼ A cosðcltÞ þ B sinðcltÞ
QnðqÞ ¼ Cn cos nqþ Dn sin nq

RnðrÞ ¼ EnJnðlrÞ.
The boundary condition R(a) ¼ 0 forces Jn(la) ¼ 0. We let xmn denote the mth

positive root of Jn(x), and define

lmn ¼ xmn
a
; n ¼ 0; 1; 2;.; m ¼ 1; 2; 3;..

We now have

TmnðtÞ ¼ Amn cosðclmntÞ þ Bmn sinðclmntÞ

JnðlmnrÞ ¼ Jn

�xmn
a

r
�

and so

umnðr; q; tÞ ¼ Jn

�xmn
a

r
�
½Cn cos nqþ Dn sin nq�½Amn cosðclmntÞ þ Bmn sinðclmntÞ�.

Thus

uðr; q; tÞ ¼
X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
½Cn cos nqþ Dn sin nq�½Amn cosðclmntÞ

þ Bmn sinðclmntÞ�

¼
X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
½Cn cos nqþ Dn sin nq�½Amn cosðclmntÞ�

þ
X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
½Cn cos nqþ Dn sin nq�½Bmn sinðclmntÞ�

¼
X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
½Emn cos nqþ Fmn sin nq�½cosðclmntÞ�

þ
X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
½Gmn cos nqþ Hmn sin nq�½sinðclmntÞ�

where Emn ¼ CnAmn, Fmn ¼ DnAmn, Gmn ¼ CnBmn, Hmn ¼ DnBmn.
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We used the boundary condition R(a) ¼ u(a,q,t) ¼ 0 to get Jn(la) ¼ 0 and
thereby determine the values of lmn. We now use the initial conditions

uðr; q; 0Þ ¼ f1ðr; qÞ
utðr; q; 0Þ ¼ f2ðr; qÞ

to determine the constants. We have

uðr; q; 0Þ ¼
X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
½Emn cos nqþ Fmn sin nq� ¼ f1ðr; qÞ

so Z 2p

0
f1ðr; qÞcos kqdq ¼

Z 2p

0

X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�

� ½Emn cos nqþ Fmn sin nq�cos kqdq

¼
Z 2p

0

X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
½Emn cos nq�cos kqdq

þ
Z 2p

0

X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
½Fmn sin nq�cos kqdq

¼
Z 2p

0

X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
½Emn cos nq�cos kqdq

¼
X∞
m¼1

Z 2p

0
Jk

�xmk
a

r
�
½Emk cos kq�cos kqdq

¼ p
X∞
m¼1

EmkJk

�xmk
a

r
�
.

Then

Z a

0

�Z 2p

0
f1ðr; qÞcos kqdq

�
Jk

�
xjk
a
r

�
rdr ¼ p

X∞
m¼1

Emk

Z a

0
Jk

�xmk
a

r
�
Jk

�
xjk
a
r

�
rdr

¼ pEjk

Z a

0
Jk

�
xjk
a
r

�
Jk

�
xjk
a
r

�
rdr since

Z a

0
Jk

�xmk
a

r
�
Jk

�
xjk
a
r

�
rdr ¼ 0 if msj.
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Thus,

Ejk ¼

1

p

Z a

0

�Z 2p

0
f1ðr; qÞcos kqdq

�
Jk

�
xjk
a
r

�
rdr

Z a

0
Jk

�
xjk
a
r

�
Jk

�
xjk
a
r

�
rdr

.

By a similar analysis,

Fjk ¼

1

p

Z a

0

�Z 2p

0
f1ðr; qÞsin kqdq

�
Jk

�
xjk
a
r

�
rdr

Z a

0
Jk

�
xjk
a
r

�
Jk

�
xjk
a
r

�
rdr

.

Now,

utðr; q; tÞ ¼
X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
clmn½Emn cos nqþ Fmn sin nq�½ � sinðclmntÞ�

þ
X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
clmn½Gmn cos nqþ Hmn sin nq�½cosðclmntÞ�

so

utðr; q; 0Þ ¼
X∞
n¼0

X∞
m¼1

Jn

�xmn
a

r
�
clmn½Gmn cos nqþ Hmn sin nq�.

With an analysis very similar to the one above, we get

cljkGjk ¼

1

p

Z a

0

�Z 2p

0
f2ðr; qÞcos kqdq

�
Jk

�
xjk
a
r

�
rdr

Z a

0
Jk

�
xjk
a
r

�
Jk

�
xjk
a
r

�
rdr

so

Gjk ¼

1

p

Z a

0

�Z 2p

0
f2ðr; qÞcos kqdq

�
Jk

�
xjk
a
r

�
rdr

cljk

Z a

0
Jk

�
xjk
a
r

�
Jk

�
xjk
a
r

�
rdr

.
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Likewise,

Hjk ¼

1

p

Z a

0

 Z 2p

0
f2ðr; qÞsin kqdq

!
Jk

�
xjk
a
r

�
rdr

cljk

Z a

0
Jk

�
xjk
a
r

�
Jk

�
xjk
a
r

�
rdr

.

EXERCISES
1. Show that separation of variables leads to Eqs. (1a), (1b), and (1c). What does

Q(p) ¼ Q(�p) and Q0(p) ¼ Q0(�p) say about the values of n in Eq. (1b)?
In problems 2e6, give the formulas for the Fourier coefficients.

2. Solve the drumhead problem in the case a ¼ p, ut(r,q,0) ¼ 0,
u(r,q,0) ¼ sin q.

3. Solve the drumhead problem in the case a ¼ p, ut(r,q,0) ¼ sin q,
u(r,q,0) ¼ 0.

4. Solve the drumhead problem in the case a ¼ 1, ut(r,q,0) ¼ 0,
u(r,q,0) ¼ 1 � r.

5. Solve the drumhead problem in the case a ¼ 1, ut(r,q,0) ¼ sin pr,
u(r,q,0) ¼1 � r.

9.5 THE HEAT EQUATION ON A DISK
In analyzing the heat equation on a disk by separation of variables, our focus will be
to better understand Bessel functions. We approach this by constructing the problem
so that the only solution of Bessel’s equation will be the Bessel function of order
zero of the first kind. We want to understand our problem as an eigenvalue/eigen-
function problem, and we examine how in some ways our solution parallels a
familiar problem that uses sine and cosine functions.

Consider a disk of radius a centered at the origin. The heat equation in polar co-
ordinates is

utðr; q; tÞ ¼ K

�
urrðr; q; tÞ þ 1

r
urðr; q; tÞ þ 1

r2
uqqðr; q; tÞ

�
. (1)

For convenience, we set K ¼ 1. We set the initial condition to be u(r,q,0) ¼ f (r,q)
and to achieve the desired form of the problem, we set the boundary condition
u(a,q,t) ¼ 0, t > 0. As usual, we hypothesize

uðr; q; tÞ ¼ RðrÞQðqÞTðtÞ
so that Eq. (1) becomes

RðrÞQðqÞT 0ðtÞ ¼ R00ðrÞQðqÞTðtÞ þ 1

r
R0ðrÞQðqÞTðtÞ þ 1

r2
RðrÞQ00ðqÞTðtÞ
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and dividing by R(r) Q(q) T(t) gives

T 0ðtÞ
TðtÞ ¼ R00ðrÞ

RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ

1

r2
Q00ðqÞ
QðqÞ . (2)

The left-hand side of Eq. (2) is a function of t, and the right-hand side is a func-
tion of r and q, so each must be a constant that we designate k. We now determine the
sign of k. We have

T 0ðtÞ
TðtÞ ¼ k

so

TðtÞ ¼ ekt.

As there are no heat sources, u(r,q,t) cannot grow unboundedly. Thus k must be
negative. We set k ¼ �l2. Thus we have

T 0ðtÞ ¼ �l2TðtÞ.
Setting

R00ðrÞ
RðrÞ þ 1

r

R0ðrÞ
RðrÞ þ

1

r2
Q00ðqÞ
QðqÞ ¼ �l2

and rearranging gives

r2
R00ðrÞ
RðrÞ þ r

R0ðrÞ
RðrÞ þ l2r2 ¼ �Q00ðqÞ

QðqÞ .

Again, this means each side of the equation must be a constant that we denote j.
We now determine the sign of j. We have

�Q00ðqÞ
QðqÞ ¼ j

so

QðqÞ ¼ �jQðqÞ and QðqÞ þ jQðqÞ ¼ 0:

The periodicity conditionsQ(p) ¼ Q(�p), andQ0(p) ¼Q0(�p) force j � 0. We
set j ¼ m2.

We thus have three equations

T 0ðtÞ ¼ �l2TðtÞ
Q00ðqÞ þ m2QðqÞ ¼ 0

r2
R00ðrÞ
RðrÞ þ r

R0ðrÞ
RðrÞ þ l2r2 ¼ m2.
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The last equation can be rewritten as

r2R00ðrÞ þ rR0ðrÞ þ �l2r2 � m2
	
RðrÞ ¼ 0:

We want to analyze a Bessel equation of order 0. If we assume that u(r,q,t) is in-
dependent of q, then m2 ¼ 0 and we get

r2R00ðrÞ þ rR0ðrÞ þ l2r2RðrÞ ¼ 0:

This is a Bessel equation of order 0. It has two solutions, but only J0(r) is
bounded at r ¼ 0 so that is the only admissible solution. Thus we have

r2R00ðrÞ þ rR0ðrÞ ¼ � l2r2RðrÞ
or

R00ðrÞ þ 1

r
R0ðrÞ ¼ �l2RðrÞ. (3)

If we take

L½R� ¼ R00ðrÞ þ 1

r
R0ðrÞ

then Eq. (3) can be recognized as an eigenvalue/eigenvector problem

L½R� ¼ �l2RðrÞ
for which J0(r) is an eigenfunction.

We have imposed the boundary condition u(a,q,t) ¼ 0, t > 0, so we must have
J0(a) ¼ 0.

We want to emphasize the similarities between this problem and the familiar
problem

L½Q� ¼ Q00.

This is an eigenvalue/eigenvector problem with two eigenfunctions, sin aq and
cos aq. If we add the boundary condition Q(a) ¼ 0, then sin aq is the only admis-

sible eigenfunction, and a ¼ np
a . Thus, sin

�
np
a x
�
are the eigenfunctions and�

�
np
a

�2
are the eigenvalues.

Returning to the Bessel function case, we know that J0(r) (like sin q) has infi-
nitely many values where the function is 0. Previously, we have designated these
as x01, x02, x03, .. Then

J0

�x0n
a

r
�

are the eigenfunctions that satisfy the boundary conditions. Thus, the numbers

�
�x0n
a

�2
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are the eigenvalues for

L½R� ¼ �l2RðrÞ; RðaÞ ¼ 0:

Going back to the problem of Fourier series, recall that if {f1(x), f2(x), .} is a
complete orthogonal set of functions and f (x) is a suitably well-behaved function,
then

f ðxÞ ¼
X∞
n¼1

anfnðxÞ

where

an ¼ hf ;fni
hfn;fni

.

The SturmeLiouville theory tells us that
n
J0

�
x0n
a r
�o

is a complete orthogonal

set of functions. The inner product for this problem is

hf ; gir ¼
Z a

0
f ðxÞxgðxÞdx

as we verified in Exercise 2, Section 6.2.
In our particular problem, we set the initial condition to be u(r,q,0) ¼ f (r,q).

Since we later assumed independence of q, we amend this so that the initial condi-
tion is u(r,q,0) ¼ f (r).

Because of the independence of q, our solution is

uðr; tÞ ¼
X∞
n¼1

anRnðrÞTðtÞ ¼
X∞
n¼1

anJ0

�x0n
a

r
�
e�kt

with

f ðrÞ ¼ uðr; 0Þ ¼
X∞
n¼1

anJ0

�x0n
a

r
�

so that

an ¼
R a
0 f ðrÞrJ0

�x0n
a

r
�
drR a

0 J0

�x0n
a

r
�
rJ0

�x0n
a

r
�
dr

.

Thus we have

uðr; tÞ ¼
X∞
n¼1

264
R a
0 f ðrÞrJ0

�x0n
a

r
�
drR a

0 J0

�x0n
a

r
�
rJ0

�x0n
a

r
�
dr

375J0�x0n
a

r
�
.

9.5 The Heat Equation on a Disk 335



EXERCISES
1. Describe (do not work out the calculus) the solution to the heat equation on a disk

of radius a with boundary condition u(a,q,t) ¼ 0 if uðr; 0Þ ¼ sin
�
pr
a

	
.

2. Describe (do not work out the calculus) the solution to the heat equation on a disk
of radius a with boundary condition u(a,q,t) ¼ 0 if u(r,0) ¼ a � r.

3. Describe (do not work out the calculus) the solution to the heat equation on a disk

of radius a with boundary condition u(a,q,t) ¼ 0 if uðr; 0Þ ¼ 1� cos
�
pr
a

	
.
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Solving Partial Differential
Equations in Spherical
Coordinates Using
Separation of Variables

10

10.1 AN EXAMPLE WHERE LEGENDRE EQUATIONS ARISE
In Chapter 9 we studied solving partial differential equations (PDEs) in which the
Laplacian appeared in cylindrical coordinates using separation of variables. We
saw that among the differential equations that arose was a Bessel (or, at least a
“Bessel-like”) equation. In this chapter, we follow a similar approach except we
work in spherical coordinates. We shall see that in addition to a Bessel equation
we encounter a differential equation called Legendre’s equation.

Legendre equations arise when solving a PDE in spherical coordinates that uses
the Laplacian. We demonstrate this with the wave equation.

In spherical coordinates, the Laplacian is

Duðr; q;wÞ ¼ 1

r2
v

vr

�
r2ur

�þ 1

r2 sin q

v

vq
ðsin q uqÞ þ 1

r2 sin2 q
uww

so the wave equation in spherical coordinates is

utt ¼ KDu ¼ K

�
1

r2
v

vr

�
r2ur

�þ 1

r2 sin q

v

vq
ðsin q uqÞ þ 1

r2 sin2 q
uww

�
.

We note that

v

vq
ðsin quqÞ ¼ cos q uq þ sin q uqq

and

1

r2
v

vr

�
r2ur

� ¼ 1

r2
�
2rur þ r2urr

� ¼ 2

r
ur þ urr
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so

Duðr; q;wÞ ¼ 1

r2
v

vr

�
r2ur

�þ 1

r2 sin q

v

vq
ðsin quqÞ þ 1

r2 sin2 q
uww

¼
�
2

r
ur þ urr

�
þ 1

r2 sin q
ðcos quq þ sin quqqÞ þ 1

r2 sin2 q
uww

¼
�
2

r
ur þ urr

�
þ 1

r2

�
cot quq þ uqq þ uww

sin2 q

�
.

(1)

We assume uðr; q;w; tÞ ¼ RðrÞQðqÞFðwÞTðtÞ . Then Eq. (1) can be written as

Duðr; q;wÞ ¼ 2

r
ðR0QFT þ R00QFTÞ

þ 1

r2

�
cot qRQ0FT þ RQ00FT þ 1

sin2 q
RQF00T

�
and

Du

u
¼ 2

r

R0

R
þ R00

R
þ 1

r2

�
cot q

Q0

Q
þQ00

Q
þ 1

sin2 q

F00

F

�
.

Also

1

K

utt
u

¼ 1

K

T 00

T
.

We rewrite the wave equation as

Du

u
¼ 1

K

T 00

T

or

2

r

R0

R
þ R00

R
þ 1

r2

�
cot q

Q0

Q
þQ00

Q
þ 1

sin2 q

F00

F

�
¼ 1

K

T 00

T
. (2)

In what follows, we argue that Eq. (2) can be solved by solving four ordinary dif-
ferential equations (ODEs), one for each of the functions T,Q,F, and R. The algebra
is somewhat tedious, but we are doing what we have done before. That is, we show,
one step at a time, that independence of an expression of certain variables forces the
expression to be constant.

The expression on the right-hand side of Eq. (2) depends only on t, and the
expression on the left-hand side is independent of t. Therefore each side is constant.
Thus we have

1

K

T 00

T
¼ �l or T 00 þ lKT ¼ 0 (3)

where l > 0.
(As before, the sign of the constants will be justified in the exercises.)

338 CHAPTER 10 Solving Partial Differential Equations in Spherical



Multiply Eq. (2) by r2 to get

2r
R0

R
þ r2

R00

R
þ
�
cot q

Q0

Q
þQ00

Q
þ 1

sin2 q

F00

F

�
¼ r2

1

K

T 00

T
¼ �lr2

so

cot q
Q0

Q
þQ00

Q
þ 1

sin2 q

F00

F
¼ �

�
2r

R0

R
þ r2

R00

R
þ lr2

�
. (4)

The left-hand side of Eq. (4) is independent of r and the right-hand side depends
only on r, so each side must be a constant. We set

cot q
Q0

Q
þQ00

Q
þ 1

sin2 q

F00

F
¼ �m. (5)

Multiply Eq. (5) by sin2 q to get

sin2 q cot q
Q0

Q
þ sin2 q

Q00

Q
þ F00

F
¼ �m sin2 q

so

sin2 q cot q
Q0

Q
þ sin2 q

Q00

Q
þ m sin2 q ¼ �F00

F
. (6)

The terms on the left-hand side of Eq. (6) depend only on q, and the right-hand

side depends only on 4, so F00=F is another constant. We set

F00

F
¼ �n (7)

so

F00 þ nF ¼ 0:

Thus Eq. (6) is

sin2 q cot q
Q0

Q
þ sin2 q

Q00

Q
þ m sin2 q ¼ n.

Multiply by Q
�
sin2q to get

cot qQ0 þQ00 þ mQ ¼ n
Q

sin2 q

so

cot qQ0 þQ00 þ
�
m� n

sin2 q

�
Q ¼ 0: (8)

Finally, we determine the ODE that R(r) must satisfy. We began with Eq. (2)

2

r

R0

R
þ R00

R
þ 1

r2

�
cot q

Q0

Q
þQ00

Q
þ 1

sin2 q

F00

F

�
¼ 1

K

T 00

T
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and have set

1

K

T 00

T
¼ �l and

F00

F
¼ �n.

The equation

F00

F
¼ �n

can be written F00 þ nF ¼ 0. Since F is periodic, n > 0, so we take n ¼ m2.
So Eq. (2) could now be written

1

R

�
R00 þ 2

r
R0
�
þ 1

r2

�
n

sin2 q
� m

�
þ 1

r2 sin2 q
ð�nÞ þ l ¼ 0

or �
R00 þ 2

r
R0
�
þ
	
l� m

r2



R ¼ 0:

If we look back at what we have done, we see that to solve the wave equation in
spherical coordinates using separation of variables, we need to solve the following
ODEs:

T 00 þ lKT ¼ 0 (9)

F00 þ m2F ¼ 0 (10)

cot qQ0 þQ00 þ
�
m� n

sin2 q

�
Q ¼ 0 (11)�

R00 þ 2

r
R0
�
þ
	
l� m

r2



R ¼ 0: (12)

The first two of these equations are familiar. The fourth is a “Bessel-like” equa-
tion. It is similar to what we considered in Chapter 9, but different enough so that we
will give it a separate analysis. The third equation can be converted into a
“Legendre-like” equation that we shall study. In the next sections, we discuss the so-
lutions of these equations.

10.2 THE SOLUTION TO BESSEL’S EQUATION IN
SPHERICAL COORDINATES

In spherical coordinates, the “Bessel-like” equation that must be solved when
analyzing equations that involve the Laplacian using separation of variables is

d2RðrÞ
dr2

þ 2

r

dRðrÞ
dr

þ
h
l� m

r2

i
RðrÞ ¼ 0
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or

r2
d2RðrÞ
dr2

þ 2r
dRðrÞ
dr

þ �lr2 � m
�
RðrÞ ¼ 0:

In practice, it is most common that m ¼ n(n þ 1) and l ¼ k2 where n and k are
positive integers. Thus we seek a solution to

d2RðrÞ
dr2

þ 2

r

dRðrÞ
dr

þ
�
k2 � nðnþ 1Þ

r2

�
RðrÞ ¼ 0

or

r2
d2RðrÞ
dr2

þ 2r
dRðrÞ
dr

þ �k2r2 � nðnþ 1Þ�RðrÞ ¼ 0 (1)

that is bounded at r ¼ 0. We convert Eq. (1) to a Bessel equation by first making a
change of variables and then transforming a function. The change of variables is
x ¼ kr.

Then

dRðrÞ
dr

¼ dRðxÞ
dx

dx

dr
¼ dRðxÞ

dx
k and

d2RðrÞ
dr2

¼ d2RðxÞ
dx2

k2

so

r
dRðrÞ
dr

¼ x

k

dRðxÞ
dx

k ¼ x
dRðxÞ
dx

and

r2
d2RðrÞ
dr2

¼
�
x

k

�2d2RðxÞ
dx2

k2 ¼ x2
d2RðxÞ
dx2

.

Thus

r2
d2RðrÞ
dr2

þ 2r
dRðrÞ
dr

þ �r2k2 � nðnþ 1Þ�RðrÞ
¼ x2

d2RðxÞ
dx2

þ 2x
dRðxÞ
dx

þ �x2 � nðnþ 1Þ�RðxÞ ¼ 0:

Now let

YðxÞ ¼ ffiffiffi
x

p
RðxÞ or RðxÞ ¼ x�

1
2YðxÞ.

Then

dRðxÞ
dx

¼ x�
1
2
dYðxÞ
dx

� 1

2
x�

3
2YðxÞ
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d2RðxÞ
dx2

¼ x
�
1

2
d2YðxÞ
dx2

� dYðxÞ
dx

1

2
x
�
3

2 � 1

2

264x�32dYðxÞ
dx

� 3

2
x
�
5

2YðxÞ

375

¼ x
�
1

2
d2YðxÞ
dx2

� x
�
3

2
dYðxÞ
dx

þ 3

4
x
�
5

2YðxÞ.

So

x2
d2RðxÞ
dx2

þ 2x
dRðxÞ
dx

þ �x2 � nðnþ 1Þ�RðxÞ
¼ x2

264x�12d2YðxÞ
dx2

� x
�
3

2
dYðxÞ
dx

þ 3

4
x
�
5

2YðxÞ

375þ 2x

264x�12 dYðxÞ
dx

� 1

2
x
�
3

2 YðxÞ

375
þ�x2 � nðnþ 1Þ�x�12 YðxÞ ¼ 0:

Multiplying by x1=2 gives

x2
�
d2YðxÞ
dx2

� x�1dYðxÞ
dx

þ 3

4
x�2YðxÞ

�
þ 2x

�
dYðxÞ
dx

� 1

2
x�1 YðxÞ

�
þ�x2 � nðnþ 1Þ�YðxÞ ¼ 0

or

x2
d2YðxÞ
dx2

þ ð�xþ 2xÞ dYðxÞ
dx

þ
�
3

4
� 1þ x2 � nðnþ 1Þ

�
YðxÞ

¼ x2
d2YðxÞ
dx2

þ x
dYðxÞ
dx

þ
�
x2 �

�
n2 þ nþ 1

4

��
YðxÞ

¼ x2
d2YðxÞ
dx2

þ x
dYðxÞ
dx

þ
"
x2 �

�
nþ 1

2

�2
#
YðxÞ ¼ 0:

The equation

x2
d2YðxÞ
dx2

þ x
dYðxÞ
dx

þ
"
x2 �

�
nþ 1

2

�2
#
YðxÞ ¼ 0 (2)
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is a Bessel equation of half-integer order. The requirement that the solution be
bounded at x ¼ 0 means the solution is of the form

YðxÞ ¼ AJnþ1
2
ðxÞ.

Now

RðxÞ ¼ YðxÞffiffiffi
x

p ¼ A
Jnþ1

2
ðxÞffiffiffi
x

p and RðrÞ ¼ A
Jnþ1

2
ðkrÞffiffiffiffiffi
kr

p .

It is common to take the constant A to be
ffiffiffiffiffiffiffiffi
p=2

p
and denote the spherical solution

of the first kind (the solution that is bounded when r ¼ 0) by

jnðrÞ ¼
	p
2


1=2Jnþ1
2
ðrÞffiffi
r

p

so that

RðrÞ ¼
	p
2


1=2Jnþ1
2
ðkrÞffiffiffiffiffi
kr

p hjnðkrÞ.

Next we find the solution to

yðrÞ þ 2

r
y0ðrÞ þ

�
l� kðk þ 1Þ

r2

�
yðrÞ ¼ 0

or

r2yðrÞ þ 2ry0ðrÞ þ �lr2 � kðk þ 1Þ�yðrÞ ¼ 0:

We consider the case l > 0. We let

yðrÞ ¼
X∞
n¼0

anr
nþa

and proceed as we did in Chapter 9. We have

y0ðrÞ ¼
X∞
n¼0

anðnþ aÞrnþa�1 y00ðrÞ ¼
X∞
n¼0

anðnþ aÞðnþ a� 1Þrnþa�2

so

ry0ðrÞ ¼
X∞
n¼0

anðnþ aÞrnþa r2y00ðrÞ ¼
X∞
n¼0

anðnþ aÞðnþ a� 1Þrnþa.
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Then

r2yðrÞ þ 2ry0ðrÞ þ �lr2 � kðk þ 1Þ�yðrÞ
¼
X∞
n¼0

an½ðnþ aÞðnþ a� 1Þ þ 2ðnþ aÞ � kðk þ 1Þ�rnþa þ l
X∞
n¼0

anr
nþaþ2

¼
X∞
n¼0

an½ðnþ aÞðnþ aþ 1Þ � kðk þ 1Þ�rnþa þ l
X∞
n¼0

anr
nþaþ2

¼
X∞
n¼0

an½ðnþ aÞðnþ aþ 1Þ � kðk þ 1Þ�rnþa þ l
X∞
n¼2

an�2r
nþa

¼ a0½ðaÞðaþ 1Þ � kðk þ 1Þ�ra þ a1½ð1þ aÞð2þ aÞ � kðk þ 1Þ�raþ1

þ
X∞
n¼2

fan½ðnþ aÞðnþ aþ 1Þ � kðk þ 1Þ� þ lan�2grnþa ¼ 0:

Each coefficient must be 0, so a0½ðaÞðaþ 1Þ � kðk þ 1Þ� ¼ 0, and if a0 s 0,
then a ¼ k. If a ¼ k, since a1½ð1þ aÞð2þ aÞ � kðk þ 1Þ� ¼ 0, then a1 ¼ 0. Since

an½ðnþ aÞðnþ aþ 1Þ � kðk þ 1Þ� þ lan�2

¼ an½ðnþ kÞðnþ k þ 1Þ � kðk þ 1Þ� þ lan�2 ¼ 0

we have the recurrence relation

an ¼ �lan�2

ðnþ kÞðnþ k þ 1Þ � kðk þ 1Þ ¼
�lan�2

nðnþ 2k þ 1Þ .

If a1 ¼ 0, then a2nþ1 ¼ 0 for the very positive integer n.
By induction, one can show

yðrÞ ¼ a0r
k

"
1þ

X∞
n¼1

ð�lÞnr2n
2nn!ð2k þ 3Þð2k þ 5Þ/ð2k þ 2nþ 1Þ

#

¼ a0r
k

"
1þ

X∞
n¼1

ð�lÞnr2n

22nn!

�
k þ 3

2

��
k þ 5

2

�
/

�
k þ nþ 1

2

�#. (3)

Let l ¼ k þ 1=2. Then the right-hand side of Eq. (3) is

a0r
l�1

2

"
1þ

X∞
n¼1

ð�lÞnr2n
22nn!ðlþ 1Þðlþ 2Þ/ðlþ nÞ

#
.
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If we set l ¼ 1 and denote the resulting expression by jk(r), we have

jkðrÞ ¼ a0ffiffi
r

p JlðrÞ ¼ a0ffiffi
r

p Jkþ1=2ðrÞ.

The function jk(r) is called the kth spherical Bessel function.
We next show that jk

� ffiffiffi
l

p
r
�
satisfies

y00ðrÞ þ 2

r
y0ðrÞ � m

r2
yðrÞ ¼ lyðrÞ.

We let z ¼ ffiffiffi
l

p
r so that d

dr yðzÞ ¼ d
dr y
� ffiffiffi

l
p

r
� ¼ ffiffiffi

l
p

d
dz yðzÞ.

Also

d2

dr2
y
	 ffiffiffi

l
p

r


¼ l

d2

dz2
yðzÞ.

Then

d2

dr2
y
	 ffiffiffi

l
p

r


þ 2

r

d

dr
y
	 ffiffiffi

l
p

r


� m

r2
y
	 ffiffiffi

l
p

r



¼ l
d2

dz2
yðzÞ þ 2

ffiffiffi
l

p

r

d

dz
yðzÞ � m

r2
yðzÞ

¼ l

"
d2

dz2
yðzÞ þ 2ffiffiffi

l
p

r

d

dz
yðzÞ � m	 ffiffiffi

l
p

r

2 yðzÞ

#

¼ l

�
d2

dz2
yðzÞ þ 2

z

d

dz
yðzÞ � m

z2
yðzÞ

�
¼ lyðzÞ

since

d2

dz2
yðzÞ þ 2

z

d

dz
yðzÞ � m

z2
yðzÞ ¼ yðzÞ.

What we have done is shown that Bessel functionsdthe solutions to Bessel’s
equationdare eigenfunctions for a particular linear operator. In the next section
we show that Legendre polynomialsdthe solutions to Legendre’s equationdare
also eigenfunctions of a linear operator. These problems are one case of a general the-
ory, where the differential operator is self-adjoint so that eigenfunctions belonging to
different eigenvalues are orthogonal with respect to an appropriate weight function.

10.3 LEGENDRE’S EQUATION AND ITS SOLUTIONS
We have seen that in solving a PDE that uses the Laplacian by separation of vari-
ables in spherical coordinates, it is necessary to solve

cot qQ0 þQ00 þ
�
m� n

sin2 q

�
Q ¼ 0: (1)
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Our procedure will be similar to what we did in solving “Bessel-like” equations.
We begin by solving Legendre’s equation. With a change of variables, Eq. (1) can be
transformed to a “Legendre-like” equation. We then solve the “Legendre-like”
equation.

Legendre’s equation is�
1� x2

�
y00ðxÞ � 2xy0ðxÞ þ myðxÞ ¼ 0 � 1 < x < 1: (2)

We solve the equation by power series; that is, we assume

yðxÞ ¼
X∞
n¼0

anx
n

and determine a recurrence relation for the an
0s. We have

y0ðxÞ ¼
X∞
n¼0

annx
n�1 and y00ðxÞ ¼

X∞
n¼0

annðn� 1Þxn�2

so �
1� x2

�
y00ðxÞ � 2xy0ðxÞ þ myðxÞ

¼
X∞
n¼0

annðn� 1Þxn�2 �
X∞
n¼0

annðn� 1Þxn � 2
X∞
n¼0

annx
n þ m

X∞
n¼0

anx
n ¼ 0:

(3)

NowX∞
n¼0

annðn� 1Þxn�2 ¼
X∞
n¼2

annðn� 1Þxn�2 ¼
X∞
n¼0

anþ2ðnþ 2Þðnþ 1Þxn

so Eq. (3) can be written asX∞
n¼0

anþ2ðnþ 2Þðnþ 1Þxn �
X∞
n¼0

an½nðn� 1Þ þ 2n� m�xn

¼
X∞
n¼0

anþ2ðnþ 2Þðnþ 1Þxn �
X∞
n¼0

an
�
n2 þ n� m

�
xn ¼ 0:

Thus we have

anþ2ðnþ 2Þðnþ 1Þ ¼ an
�
n2 þ n� m

�
or anþ2 ¼

�
n2 þ n� m

�
ðnþ 2Þðnþ 1Þan.

So we have two linearly independent solutions

y0ðxÞ ¼ a0 þ a2x
2 þ a4x

4 þ/

y1ðxÞ ¼ a1xþ a3x
3 þ a5x

5 þ/.
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In many problems, the value of m is k(k þ 1), where k is a positive integer. We
show that if this is the case, then there is a solution to Legendre’s equation that is
a polynomial of degree k.

First, note that in the case m ¼ k(k þ 1) we have

anþ2 ¼
�
n2 þ n� k2 � k

�
ðnþ 2Þðnþ 1Þ an

so

akþ2 ¼
�
k2 þ k � k2 � k

�
ðk þ 2Þðk þ 1Þ ak ¼ 0

and if a0 ¼ 0, then akþ2 ¼ akþ4 ¼ akþ6 ¼. ¼ 0.
To get the polynomial solution when k is even, take a1 ¼ 0 and a0 s 0. The so-

lution is

yðxÞ ¼ a0 þ a2x
2 þ a4x

4 þ/þ akx
k.

To get the polynomial solution when k is odd, take a0 ¼ 0 and a1 s 0. The
solution is

yðxÞ ¼ a1xþ a3x
3 þ/þ akx

k.

In these cases, the solution is called the Legendre polynomial of degree k.
We have seen how the differential equation

cot q Q0 þQ00 þ
�
m� n

sin2 q

�
Q ¼ 0

arises in problems that involve the Laplacian which have spherical symmetry. We
now convert this to a Legendre equation. We let x ¼ cos q. Then

Q0 ¼ dQ

dq
¼ dQ

dx

dx

dq
¼ �sin q

dQ

dx
.

To compute Q00, we have

Q00 ¼ d

dq

�
dQ

dq

�
¼ d

dq

�
� sin q

dQ

dx

�
¼ �sin q

d

dq

�
dQ

dx

�
þ
�
dQ

dx

�
d

dq
ð�sin qÞ.

Now

d

dq

�
dQ

dx

�
¼ d

dx

�
dQ

dx

�
dx

dq
¼ d2Q

dx2
ð�sin qÞ
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so

Q00 ¼ �sin q
d

dq

�
dQ

dx

�
þ
�
dQ

dx

�
d

dq
ð�sin qÞ

¼ ð�sin qÞ d
2Q

dx2
ð�sin qÞ þ

�
dQ

dx

�
ð�cos qÞ

¼ sin2 q
d2Q

dx2
� cos q

dQ

dx
.

Thus

cot qQ0 þQ00 þ
	
m� n

sin2 q



Q ¼ cot q

�
� sin q

dQ

dx

�

þ
�
sin2 q

d2Q

dx2
� cos q

dQ

dx

�
þ
�
m� n

sin2 q

�
Q

¼ �cos q
dQ

dx
þ sin2 q

d2Q

dx2
� cos q

dQ

dx
þ
�
m� n

sin2 q

�
Q

¼ sin2 q
d2Q

dx2
� 2 cos q

dQ

dx
þ
�
m� n

sin2 q

�
Q ¼ 0:

Now use

cos q ¼ x; sin2 q ¼ 1� x2

to get �
1� x2

� d2Q
dx2

� 2x
dQ

dx
þ
�
m� n

1� x2

�
Q ¼ 0: (4)

This is not exactly of the form of Legendre’s equation, but if we take m ¼ l(l þ 1)
and n ¼ m2, then Eq. (4) is�

1� x2
� d2Q
dx2

� 2x
dQ

dx
þ
�
lðlþ 1Þ � m2

1� x2

�
Q ¼ 0: (5)

Eq. (5) often is the equation that needs to be solved in physical problems. In such
problems, m and l are integers with m � l. The solution is called an associated
Legendre function, which we study in the next section.

EXERCISES
1. Legendre’s polynomial of degree n, denoted Pn(x), is a solution (there are two) to

the differential equation�
1� x2

�
y00ðxÞ � 2xy0ðxÞ þ nðnþ 1ÞyðxÞ ¼ 0;

�1 < x < 1

where n is a nonnegative integer.
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a. Verify that P0(x) ¼ 1 and P1(x) ¼ x are Legendre polynomials.
b. Given that Legendre polynomials satisfy the recursion relation

ðnþ 1ÞPnþ1ðxÞ � ð2nþ 1ÞxPnðxÞ þ nPn�1ðxÞ ¼ 0; n � 1;

find P2(x), P3(x), and P4(x).
2. Rodrigues’ formula can be used to generate Legendre polynomials. This formula

is

PnðxÞ ¼ ð�1Þn
2nn!

dn

dxn
�
1� x2

�n
.

Verify that Rodrigues’ formula is valid for n ¼ 0, 1, 2, 3.
3. Verify for n ¼ 0, 1, 2, 3 thatZ 1

�1
½PnðxÞ�2dx ¼ 2

2nþ 1
.

(Thus Legendre’s polynomials are not normalized.)
4. If

f ðxÞ ¼
X∞
n¼0

anPnðxÞ

show that

ak ¼ 1

2

�
ð2k þ 1Þ

Z 1

�1
f ðxÞPkðxÞdx

�
.

5. Use the result of Exercise 4 to find the first two nonzero terms for the expansion
of f (x) ¼ x2 in terms of Legendre polynomials.

10.4 ASSOCIATED LEGENDRE FUNCTIONS
We relate the solution of�

1� x2
�
y00ðxÞ � 2xy0ðxÞ þ

�
lðlþ 1Þ � m2

1� x2

�
yðxÞ ¼ 0 (1)

to Legendre polynomials using the substitution

yðxÞ ¼ �1� x2
�m
2uðxÞ

where u(x) is a solution to�
1� x2

�
u00ðxÞ � 2xðmþ 1Þu0ðxÞ þ ½lðlþ 1Þ þ mðmþ 1Þ�uðxÞ ¼ 0:
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With this substitution, we have

y0 ¼ �1� x2
�m
2u0 � mx

�
1� x2

�m
2�1

u

so that

�2xy0 ¼ �2x
�
1� x2

�m
2u0 þ 2mx2

�
1� x2

�m
2�1

u.

Also

y00 ¼ �1� x2
�m
2u00 � mx

�
1� x2

�m
2�1

u0 �
�
mx
�
1� x2

�m
2�1

u0 þ mu
d

dx
x
�
1� x2

�m
2�1
�
.

Now

d

dx

24x�1� x2
�m
2�1

35 ¼ �1� x2
�m
2�1 þ

24x	m
2
� 1

�

1� x2
�m
2�2ð� 2xÞ

35
¼ �1� x2

�m
2�1 � 2x2

	m
2
� 1

�

1� x2
�m
2�2

.

Thus

y00 ¼ �1� x2
�m
2u00 � 2mx

�
1� x2

�m
2�1

u0 � mu
�
1� x2

�m
2�1

þ2mux2
	m
2
� 1

�

1� x2
�m
2�2

so �
1� x2

�
y00 ¼ �1� x2

�m
2þ1

u00 � 2mx
�
1� x2

�m
2u0 � mu

�
1� x2

�m
2

þ2mux2
	m
2
� 1

�

1� x2
�m
2�1

.

Since

�2xy0 ¼ 2mx2
�
1� x2

�m
2�1

u� 2x
�
1� x2

�m
2u0

we have�
1� x2

�
y00 � 2xy0 ¼ �1� x2

�m
2þ1

u00 � 2xðmþ 1Þ�1� x2
�m
2u0

þ
242mx2	m

2
� 1

�

1� x2
�m
2�1 � m

�
1� x2

�m
2 þ 2mx2

�
1� x2

�m
2�1

35u.
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Thus the coefficient of the u term in

�
1� x2

�
y00 � 2xy0 þ

�
lðlþ 1Þ � m2

1� x2

�
y

¼ �1� x2
�m
2þ1

u00 � 2xðmþ 1Þ�1� x2
�m
2u0

þ
242mx2	m

2
� 1

�

1� x2
�m
2 � 1 � m

�
1� x2

�m
2 þ 2mx2

�
1� x2

�m
2�1

þ
�
lðlþ 1Þ � m2

1� x2

��
1� x2

�m
2

35u ¼ 0

is

2mx2
	m
2
� 1

�

1� x2
�m
2�1 � m

�
1� x2

�m
2 þ 2mx2

�
1� x2

�m
2�1

þ
�
lðlþ 1Þ � m2

1� x2

��
1� x2

�m
2

¼ �1� x2
�m
2 � 1h

2mx2
	m
2
� 1


þ 2mx2 � m2

i
þ �1� x2

�m
2 ½lðlþ 1Þ � m�

¼ �1� x2
�m
2 � 1�

m2x2 � m2
�þ �1� x2

�m
2 ½lðlþ 1Þ � m�

¼ �m2
�
1� x2

�m
2 þ �1� x2

�m
2 ½lðlþ 1Þ � m�

¼ �1� x2
�m
2 ½lðlþ 1Þ � mðmþ 1Þ�.

Hence�
1� x2

�
y� 2xy0 þ

�
lðlþ 1Þ � m2

1� x2

�
y

¼ �1� x2
�m
2 þ 1

u00 � 2xðmþ 1Þ�1� x2
�m
2u0 þ �1� x2

�m
2 ½lðlþ 1Þ � mðmþ 1Þ�u

¼ �1� x2
�m
2
��

1� x2
�
u00 � 2xðmþ 1Þu0 þ ½lðlþ 1Þ � mðmþ 1Þ�u�.

So �
1� x2

�
y00 � 2xy0 þ

�
lðlþ 1Þ � m2

1� x2

�
y ¼ 0
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if and only if�
1� x2

�
u00 � 2xðmþ 1Þu0 þ ½lðlþ 1Þ � mðmþ 1Þ�u ¼ 0: (2)

Note that if m ¼ 0, then Eq. (2) is Legendre’s equation. Recall that Legendre’s
equation has two linearly independent solutions, and if l is a positive integer, then
one of the solutions is a polynomial that we denote Pl(x).

We now demonstrate that Pl
0ðxÞ is a solution to Eq. (2) when m ¼ 1.

Differentiating Eq. (2) gives�
1� x2

�
u000 � 2xu00 � 2ðmþ 1Þu0 � 2xðmþ 1Þu00 þ ½lðlþ 1Þ � mðmþ 1Þ�u0

¼ �1� x2
�
u000 � 2xðmþ 2Þxu00 � ½lðlþ 1Þ � mðmþ 1Þ�u0 ¼ 0:

This means that if Pl(x) is a solution to Eq. (2) for m ¼ 0, that is, if�
1� x2

�
Pl

00ðxÞ � 2xPl
0ðxÞ þ lðlþ 1ÞPlðxÞ ¼ 0

then �
1� x2

�
Pl

000ðxÞ � 2xPl
00ðxÞ þ ½lðlþ 1Þ � 1ð1þ 1Þ�Pl

0ðxÞ ¼ 0:

That is, Pl
0ðxÞ solves Eq. (2) when m ¼ 1. One can follow this procedure to show

inductively that dm

dxmPlðxÞ is a solution to Eq. (2) for any positive integer m. This

means

y ¼ �1� x2
�m
2
dm

dxm
PlðxÞ

is a solution to Eq. (1). These solutions are denoted Pl
mðxÞ and

Pl
mðxÞ ¼ �1� x2

�m
2
dm

dxm
PlðxÞ

are called associated Legendre functions.
We return to the original problem of solving

cot qQ0 þQ00 þ
	
m� n

sin2 q



Q ¼ 0

in the case that m ¼ l(l þ 1) and n ¼ m2 where l and m are integers with m � l. Thus
we want to solve

cot q Q0 þQ00 þ
�
lðlþ 1Þ � m2

sin2 q

�
Q ¼ 0: (3)

With the substitution x ¼ cos q, Eq. (3) became

�
1� x2

� d2Q
dx2

� 2x
dQ

dx
þ
�
lðlþ 1Þ � m2

1� x2

�
Q ¼ 0: (4)
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We have shown that the solution to Eq. (4) is

Pl
mðxÞ ¼ �1� x2

�m
2
dm

dxm
PlðxÞ

and so the solution to Eq. (3) is Pl
mðcos qÞ.

EXERCISES
1. Use the formula

Pl
mðxÞ ¼ �1� x2

�m
2
dm

dxm
PlðxÞ

to compute Pl
mðcos qÞ for

a. l ¼ 0; m ¼ 0:
b. l ¼ 0; m ¼ 1:
c. l ¼ 1; m ¼ 1:
d. l ¼ 2; m ¼ 1:
e. l ¼ 3; m ¼ 3:

10.5 LAPLACE’S EQUATION IN SPHERICAL COORDINATES
In this section, we solve the boundary value problem

Duðr; q;wÞ ¼ 0; 0 < r < a; uða; q;wÞ ¼ f ðq;wÞ
using separation of variables.

The approach is the one we have been using; namely, we hypothesize that

uðr; q;wÞ ¼ RðrÞQðQÞFð4Þ
and find an ODE of each R,Q, andF. We solve each of the ODEs, and each solution
will involve arbitrary constants. We then use the boundary condition
uða; q;wÞ ¼ f ðq;wÞ to determine the constants.

We have already done most of the preliminary work, but we now repeat it. In
Section 10.1, we found that in spherical coordinates

Duðr; q;wÞ ¼
�
2

r
ur þ urr

�
þ 1

r2

	
cot quq þ uqq þ uww

sin2 q



.

Following what we did in Section 9.1, we get

Du

u
¼ 2

r

R0

R
þ R00

R
þ 1

r2

�
cot q

Q0

Q
þQ00

Q
þ 1

sin2 q

F00

F

�
¼ 0:
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We then get

2

r

R0

R
þ R00

R
¼ � 1

r2

�
cot q

Q0

Q
þQ00

Q
þ 1

sin2 q

F00

F

�
so

�r2
�
2

r

R0

R
þ R00

R

�
¼ cot q

Q0

Q
þQ00

Q
þ 1

sin2 q

F00

F
. (1)

We repeat the familiar argument that the left-hand side of Eq. (1) is a function of
r and the right-hand side is a function of q and 4, so each is a constant (that will turn
out to be negative) that we denote �m.

We then have

cot q
Q0

Q
þQ00

Q
þ 1

sin2 q

F00

F
¼ �m (2)

and

r2
�
2

r

R0

R
þ R00

R

�
¼ m. (3)

Multiplying Eq. (2) by sin2 q gives

sin2 q cot q
Q0

Q
þ sin2 q

Q00

Q
þ F00

F
¼ �m sin2 q

so

sin2 q cot q
Q0

Q
þ sin2 q

Q00

Q
þ m sin2 q ¼ �F00

F
. (4)

The left-hand side of Eq. (4) is a function of q and the right-hand side a 4, so each
is a constant that we denote n. We now show that n > 0. We have

�F00

F
¼ F

so

Fþ nF ¼ 0:

The periodicity of F forces n > 0. We let m2 ¼ n. Thus we have

F00 þ m2F ¼ 0

and so

Fmð4Þ ¼ am cosðm4Þ þ bm sinðm4Þ. (5)
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We also have

sin2 q cot q
Q0

Q
þ sin2 q

Q00

Q
þ m sin2 q ¼ m2

and multiplying by Q
�
sin2 q gives

cot qQ0 þQ00 þ mQ ¼ m2Q

sin2 q

or

Q00 þ cot qQ0 þ
�
m� m2

sin2 q

�
Q ¼ 0: (6)

In problems that concern us m ¼ l(l þ 1), so Eq. (6) becomes

Q00 þ cot qQ0 þ
�
lðlþ 1Þ � m2

sin2 q

�
Q ¼ 0: (7)

In Section 10.4, we found that the solution to Eq. (7) is Pl
mðcos qÞ.

Eq. (3) states

r2
�
2

r

R0

R
þ R00

R

�
¼ m

so

1

R

�
R00 þ 2

r
R0
�

¼ m

r2

or

R00 þ 2

r
R0 � m

r2
R ¼ 0:

If m ¼ l(l þ 1), then we have

R00 þ 2

r
R0 � lðlþ 1Þ

r2
¼ 0

or

r2R00 þ 2rR0 � lðlþ 1ÞR ¼ 0: (8)

As we show in Exercise 1, the solution to Eq. (8) is

RðrÞ ¼ arl.

If we want R(a) ¼ 1, we take a ¼ 1
�
al.
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Thus

Duðr; q;wÞ ¼ 0; 0 < r < a

has the solution

uðr; q;wÞ ¼
X∞
m;n¼0

um;nðr; q;wÞ

¼
X∞
m;n¼0

Fmð4ÞRðrÞPn
mðcos qÞ

¼
X∞
m;n¼0

rlðamn cosðm4Þ þ bmn sinðm4ÞÞPn
mðcos qÞ.

The constants are determined by expanding the initial condition
uða; q;wÞ ¼ f ðq;wÞ in a Fourier series.

To expand in the Fourier series, we need that

�
Pn

mðcos qÞ;Pn
mðcos qÞ�

sin q
¼
Z p

0

�
Pn

mðcos qÞ�2 sin qd q ¼ 2

ð2nþ 1Þ
ðnþ mÞ!
ðn� mÞ!

so that expanding f (q,4) in a Fourier series

f ðq;4Þ ¼
X∞
n¼0

1

2
an0Pnðcos qÞ þ

X∞
m;n¼1

ðamn cosðm4Þ þ bmn sinðm4ÞÞPn
mðcos qÞ

where

amn ¼ 2nþ 1

2p

ðn� mÞ!
ðnþ mÞ!

Z 2p

0

Z p

0
f ðq;4ÞPn

mðcos qÞcos m4 sin qd qd4

bmn ¼ 2nþ 1

2p

ðn� mÞ!
ðnþ mÞ!

Z 2p

0

Z p

0
f ðq;4ÞPn

mðcos qÞsin m4 sin qd qd4.

EXERCISES
1. For f (q,4) ¼ 1, compute amn and bmn for m, n ¼ 0, 1, 2.

10.6 RIGID ROTOR
In this section and the next two sections, we give some classical applications of some
earlier work.
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In the rigid rotor problem, we have two bodies separated by a rigid bar with no
mass of length r0. Let

m1 ¼ mass of body 1

m2 ¼ mass of body 2

r1 ¼ distance from the center of mass to body 1

r2 ¼ distance from the center of mass to body 2.

See Fig. 10.6.1.
We have

r1 þ r2 ¼ r0 m1 þ m2 ¼ M m ¼ m1m2

m1 þ m2
¼ reduced mass.

The effect of the reduced mass is to reduce a two-body problem to a one-body
problem.

m1r1 ¼ m2r2 defines coordinates of atoms relative to center of mass

r1 ¼
m1m2

m1 þ m2

m1
r0 r2 ¼

m1m2

m1 þ m2

m2
r0

Kinetic Energy ¼ 1

2
m1r1

2u2 þ 1

2
m2r2

2u2

Hamiltonion H ¼ Kinetic Energy þ Potential Energy ¼ T þ V .

For this problem

V ¼
�

0 if r ¼ r0

∞ if rsr0

r0

C

C = Center of mass

m1m2

r2 r1

FIGURE 10.6.1
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so

H ¼ T þ V ¼ T ¼ �h2

2m
V2.

In spherical coordinates

V2 ¼ 1

r2
v

vr

�
r2

v

vr

�
þ 1

r2 sin q

v

vq

�
sin q

v

vq

�
þ 1

r2 sin2 q

v2

v42
:

In this situation, r has the constant value r0 so terms involving v=vr do not appear
and other places r is replaced by r0, so

V2 ¼ 1

r02 sin q

v

vq

�
sin q

v

vq

�
þ 1

r02 sin
2 q

v2

v42
:

Schrodinger’s equation for this model is

�h2

2m
V2Yðq;fÞ ¼ EYðq;fÞ

or

� h2

2mr02

�
1

sin q

v

vq

�
sin q

v

vq

�
þ 1

sin2 q

v2

v42

�
Yðq;fÞ ¼ EYðq;fÞ

which we rearrange to give

� h2

2mr02
1

sin q

v

vq

�
sin q

v

vq

�
Yðq;fÞ � EYðr; q;fÞ ¼ h2

2mr02
1

sin2 q

v2

v42
Yðq;fÞ.

Multiplying by

2mr0
2

h2

gives

� 1

sin q

v

vq

�
sin q

v

vq

�
Yðq;fÞ � 2mr0

2

h2
EYðq;fÞ ¼ 1

sin2 q

v2

v42
Yðq;fÞ:

Setting

b ¼ 2mr0
2E

h2

gives

� 1

sin q

v

vq

�
sin q

v

vq

�
Yðq;fÞ � bYðq;fÞ ¼ 1

sin2 q

v2

v42
Yðq;fÞ
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and multiplying by �sin2 q gives

sin q
v

vq

�
sin q

v

vq

�
Yðq;fÞ þ b sin2 qYðq;fÞ ¼ v2

v42
Yðq;fÞ:

We apply separation of variables to find a solution. Let

Yðq;fÞ ¼ QðqÞJðfÞ.
Then we have

sin q
v

vq

�
sin q

v

vq

�
QðqÞJðfÞ þ b sin2 qQðqÞJðfÞ ¼ � v2

v42
QðqÞJðfÞ

or

JðfÞsin q
v

vq

�
sin q

v

vq

�
QðqÞ þ b sin2 qQðqÞJðfÞ ¼ �QðqÞ v2

v42
JðfÞ.

Dividing by QðqÞJðfÞ gives
sin q

QðqÞ
v

vq

�
sin q

v

vq

�
QðqÞ þ b sin2 q ¼ � 1

JðfÞ
v2

v42
JðfÞ: (1)

The left-hand side of Eq. (1) is a function of only q, and the right-hand side is a
function of only f so each side must be a constant that we denote m2. Then

� 1

JðfÞ
d2

d42
JðfÞ ¼ m2 or

1

JðfÞ
d2

d42
JðfÞ ¼ �m2:

Thus we have

d2

d42
JðfÞ þ m2JðfÞ ¼ 0

for which the solution is

JðfÞ ¼ A sin mfþ B cos mf.

The equation,

sin q

QðqÞ
d

dq

�
sin q

d

dq

�
QðqÞ þ b sin2 q ¼ m2

as we have seen before (Section 9.3), turns into Legendre’s equation. In particular,
with the substitution

x ¼ cos q; 1� x2 ¼ sin2q; PðxÞ ¼ QðqÞ
the equation

sin q

QðqÞ
d

dq

�
sin q

d

dq

�
QðqÞ þ b sin2 q ¼ m2
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becomes �
1� x2

�
P00ðxÞ � 2xP0ðxÞ þ

�
b� m2

1� x2

�
PðxÞ ¼ 0:

It is beyond the scope of our work, but it can be shown that the energy levels are
quantized according to

Ek ¼ kðk þ 1Þh2
2I

where

I ¼ m1r1
2 þ m2r2

2.

10.7 ONE DIMENSION QUANTUM MECHANICAL OSCILLATOR
In going from classical mechanics to quantum mechanics, position x and momentum
p are replaced by operators bx and bp, where bx and bp operate on functions according to

bxjðxÞ ¼ xjðxÞ and bpjðxÞ ¼ �ih
vjðxÞ
vx

where j(x) satisfies Z ∞

�∞
jjðxÞj2dx < ∞.

In the classical case

Total energy ¼ kinetic energyþ potential energy

and for the classical harmonic oscillator

kinetic energy ¼ 1

2m
p2

and

potential energy ¼ 1

2
mu2x2.

Replacing p by bp and x by bx, we get that in the quantum mechanical case, the
Hamiltonian H is given by

H ¼ � h2

2m

d2

dx2
þ 1

2
mu2x2.
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In this case, the time-independent Schrodinger’s equation is

�h2

2m

d2j

dx2
þ 1

2
mu2x2j ¼ Ej

where E is a real number that is the time-independent energy level. It will turn out
that there are only certain acceptable values for E, and each acceptable value gives
rise to an eigenvalue problem.

The acceptable values of the energy will be shown to be

En ¼ ð2nþ 1Þ hu
2
; n ¼ 0; 1; 2; .

and the solutions will be given by

jn ¼
1ffiffiffiffiffiffiffiffiffi
n!2n

p
	mu
ph


1=4
e�ðmu2=phÞHn

� ffiffiffiffiffiffiffi
mu

h

r
x

�
where Hn is the nth order Hermite polynomial that we will define.

Temporarily replacing j by u in the equation

�h2

2m

d2j

dx2
þ 1

2
mu2x2j ¼ Ej

and multiplying by

�2m

h2

we get

d2u

dx2
� 2m

h2

�
1

2
mu2x2u

�
¼ �2m

h2
Eu

so

d2u

dx2
� 2m

h2

�
1

2
mu2x2u

�
þ 2m

h2
Eu ¼ 0

or

d2u

dx2
þ 2m

h2

�
E � 1

2
mu2x2

�
u ¼ 0:

Let

y ¼
ffiffiffiffiffiffiffi
mu

h

r
x

then

x2 ¼ h

mu
y2
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so

du

dx
¼ du

dy

dy

dx
¼ du

dy

ffiffiffiffiffiffiffi
mu

h

r

d2u

dx2
¼ d

dx

�
du

dx

�
¼

d

�
du

dx

�
dy

dy

dx
¼ d2u

dy2

ffiffiffiffiffiffiffi
mu

h

r ffiffiffiffiffiffiffi
mu

h

r
¼ mu

h

d2u

dy2
.

Thus

d2u

dx2
þ 2m

h2

�
E � 1

2
mu2x2

�
u ¼ mu

h

d2u

dy2
þ 2m

h2

�
E � 1

2
mu2 h

mu
y2
�

¼ mu

h

d2u

dy2
þ 2m

h2

�
E � 1

2
uhy2

�
¼ 0.

Then

h

mu

�
mu

h

d2u

dy2
þ 2m

h2

�
E � 1

2
uhy2

�
u

�
¼ d2u

dy2
þ h

mu

2m

h2

�
E � 1

2
uhy2

�
u

¼ d2u

dy2
þ 2

hu

�
E � 1

2
uhy2

�
u ¼ d2u

dy2
þ
�
2E

hu
� y2

�
u ¼ 0:

Letting

e ¼ 2E

hu

the equation is

d2u

dy2
þ �e� y2

�
u ¼ 0: (1)

We solve Eq. (1) and find the allowable values of e.
We first note that as y / �∞ the term e � y2 is dominated by y2. We thus make

the approximation that for y large

d2u

dy2
þ �e� y2

�
uz

d2u

dy2
� y2u

and we can solve

d2u

dy2
� y2u ¼ 0
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to get

uðyÞ ¼ Ae�
y2

2 þ Be
y2

2 .

The term

Be
y2

2/∞ as y/�∞

which precludes the function being normalizable. Thus B ¼ 0 and for y large, the
solution is approximated by

uðyÞ ¼ Ae�
y2

2 .

For smaller values of y, we conjecture that the solution is of the form

uðyÞ ¼ hðyÞe�
y2

2 .

We want to find conditions that will determine h(y).
We have

u0ðyÞ ¼ hðyÞe�
y2

2 ð�yÞ þ h0ðyÞe�
y2

2 ¼ e�
y2

2 ½h0ðyÞ � yhðyÞ�

u00ðyÞ ¼ e�
y2

2 ð�yÞ½h0ðyÞ � yhðyÞ� þ e�
y2

2 ½h00ðyÞ � hðyÞ � yhðyÞ�

¼ e�
y2

2
�� yh0ðyÞ þ y2hðyÞ þ h00ðyÞ � hðyÞ � yh0ðyÞ�

¼ e�
y2

2
�
y2hðyÞ � 2yh0ðyÞ þ h00ðyÞ�.

Then

d2u

dy2
þ �e� y2

�
u ¼ e�

y2

2
�
h00ðyÞ � 2yh0ðyÞ þ hðyÞ�y2 � 1þ e� y2

��
¼ e�

y2

2 ½h00ðyÞ � 2yh0ðyÞ þ ðe� 1ÞhðyÞ� ¼ 0:

So we must solve

h00ðyÞ � 2yh0ðyÞ þ ðe� 1ÞhðyÞ ¼ 0. (2)

We will find h(y) using a power series expansion.
If

hðyÞ ¼
X∞
n¼0

any
n
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then

h0ðyÞ ¼
X∞
n¼0

anny
n�1 and h00ðyÞ ¼

X∞
n¼0

annðn� 1Þyn�2

so

h00ðyÞ � 2yh0ðyÞ þ ðe� 1ÞhðyÞ ¼
X∞
n¼0

annðn� 1Þyn�2 � 2
X∞
n¼0

anny
n

þ ðe� 1Þ
X∞
n¼0

any
n.

Now

X∞
n¼0

annðn� 1Þyn�2 ¼
X∞
n¼2

annðn� 1Þyn�2 ¼
X∞
n¼0

anþ2ðnþ 2Þðnþ 1Þyn

so X∞
n¼0

annðn� 1Þyn�2 � 2
X∞
n¼0

anny
n þ ðe� 1Þ

X∞
n¼0

any
n

¼
X∞
n¼0

anþ2ðnþ 2Þðnþ 1Þyn � 2
X∞
n¼0

anny
n þ ðe� 1Þ

X∞
n¼0

any
n

¼
X∞
n¼0

½anþ2ðnþ 2Þðnþ 1Þ � 2nan þ ðe� 1Þan�yn ¼ 0:

Then

anþ2ðnþ 2Þðnþ 1Þ � 2n an þ ðe� 1Þan ¼ 0

or

anþ2 ¼ 1� eþ 2n

ðnþ 2Þðnþ 1Þan:

We have

lim
n/∞

1� eþ 2n

ðnþ 2Þðnþ 1Þ ¼
2

n
:

So for large n, we have

anþ2z
2

n
an:

364 CHAPTER 10 Solving Partial Differential Equations in Spherical



For n even, we claim a solution to

anþ2 ¼ 2

n
an

is

an ¼ Ch	n
2



� 1
i
!
.

If this is the case, then

anþ2 ¼ C��
nþ 2

2

�
� 1

�
!

¼ C	n
2



!
.

Thus

hðyÞzC
X ynh	n

2



� 1
i
!
zC

X y2n

ðn� 1Þ! ¼ C
X y2y2ðn�1Þ

ðn� 1Þ! ¼ Cy2
X�

y2
�n�1

ðn� 1Þ!

¼ Cy2ey
2

.

But then

uðyÞ ¼ hðyÞe�
y2

2 z e
y2

2

for large values of y. This means the function cannot be normalized. The only pos-
sibility to have an acceptable solution is if the series terminates; i.e., there is a value
of n for which an ¼ 0.

The equation

anþ2 ¼ 1� eþ 2n

ðnþ 2Þðnþ 1Þan

will terminate if and only if

e ¼ 2nþ 1

for some nonnegative integer n.
We seek functions yn(x) ¼ Hn(x) that satisfy

y00 � 2xy0 þ 2ny ¼ 0: (3)

Eq. (3) is called the Hermite equation of order n, and Hn(x) is called the Hermite
polynomial of degree n. Hn(x) is the nth degree polynomial where the coefficient of
xn is 2n.
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Example:
We compute H4(x).
Set

y ¼ H4ðxÞ ¼ aþ bxþ cx2 þ dx3 þ 24x4

and we want H4(x) to solve

y00 � 2xy0 þ 2ð4Þy ¼ y00 � 2xy0 þ 8y ¼ 0:

Now

y0 ¼ bþ 2cxþ 3dx2 þ 4
�
24x3

�
so

2xy0 ¼ 2bxþ 4cx2 þ 6dx3 þ 8
�
24x4

�
.

Also

y00 ¼ 2cþ 6dxþ 12
�
24x2

�
so

y00 � 2xy0þ 8y

¼ �2cþ 6dxþ 12
�
24x2

� �� �2bxþ 4cx2 þ 6dx3 þ 8
�
24x4

� �
þ 8
�
aþ bxþ cx2 þ dx3 þ 24x4

�
¼ ð2cþ 8aÞ þ ð6d � 2bþ 8bÞxþ �12��24�� 4cþ 8c

�
x2

þ ð�6d þ 8dÞx3 þ �� 8
�
24
�þ 8

�
24
��
x4 ¼ 0:

So we must have

2cþ 8a ¼ 0 (4)

6d � 2bþ 8b ¼ 0 (5)

12
�
24
�� 4cþ 8c ¼ 0 (6)

�6d þ 8d ¼ 0: (7)

Eq. (7) gives d ¼ 0, so by Eq. (5), b ¼ 0

Eq. (6) says 4c ¼ �12
�
24
�
so c ¼ �48

and from Eq. (4) we get a ¼ �1
4 c ¼ 12:

Thus

H4ðxÞ ¼ 12� 48x2 þ 24x4 ¼ 16x4 � 48x2 þ 12:
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The first six Hermite polynomials are

H0ðxÞ ¼ 1 H1ðxÞ ¼ 2x

H2ðxÞ ¼ 4x2 � 2 H3ðxÞ ¼ 8x3 � 12x

H4ðxÞ ¼ 16x4 � 48x2 þ 12 H5ðxÞ ¼ 32x5 � 160x3 þ 120x.

We have found the solutions to

� h2

2m

d2

dx2
jn þ

1

2
mu2x2jn ¼

hu

2
ð2nþ 1Þjn

are

jnðxÞ ¼ NnHnðxÞe�x2=2

where Nn is a constant chosen so thatZ ∞

�∞
jjnðxÞj2dx ¼ 1:

In fact,

jnðxÞ ¼
	mu
ph


1=4 1ffiffiffiffiffiffiffiffiffi
2nn!

p HnðxÞe�x2=2.

Looking back at what we have done, we started with the energy of the classical
harmonic oscillator

E ¼ 1

2m
p2 þ 1

2
mu2x2

and converted to the quantum mechanical case to get the Hamiltonian

H ¼ �h2

2m

d2

dx2
þ 1

2
mu2x2.

In this case, the time-independent Schrodinger’s equation is

� h2

2m

d2J

dx2
þ 1

2
mu2x2J ¼ EJ

where E is a real number that is the time-independent energy level. It turned out that
there are only certain acceptable values for E and each acceptable value gives rise to
an eigenvalue problem.

The acceptable values of the energy are

En ¼ ð2nþ 1Þ hu
2
; n ¼ 0; 1; 2;.

and the solutions are given by

jn ¼
1ffiffiffiffiffiffiffiffiffi
n!2n

p
	mu
ph


1=4
e�ðmu2=phÞHn

� ffiffiffiffiffiffiffi
mu

h

r
x

�
where Hn is the nth-order Hermite polynomial.
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10.8 THE HYDROGEN ATOM
Schrodinger’s equation for the Hydrogen atom is

�h2

2m

�
1

r2
v

vr

�
r2
vj

vr

�
þ 1

r2 sin q

v

vq

�
sin q

vj

vq

�
þ 1

r2 sin2 q

v2j

vf2

�
� Ze2

4pe0r
j ¼ Ej:

Multiply by � 2m

h2
to get

1

r2
v

vr

�
r2
vj

vr

�
þ 1

r2 sin q

v

vq

�
sin q

vj

vq

�
þ 1

r2 sin2 q

v2j

vf2
þ 2m

h2

�
Ze2

4pe0r
þ E

�
j ¼ 0:

Let

jðr; q;fÞ ¼ RðrÞYðq;fÞ.
Then

vj

vr
¼ dR

dr
Y ;

vj

vq
¼ R

vY

vq
;
v2j

vf2
¼ R

v2Y

vf2
:

So the equation becomes

1

r2
v

vr

�
r2
dR

dr
Y

�
þ 1

r2 sin q

v

vq

�
sin qR

vY

vq

�
þ 1

r2 sin2 q
R
v2Y

vf2

þ 2m

h2

�
Ze2

4pe0r
þ E

�
RY ¼ 0:

Multiply by r2

RY
to get

1

R

v

vr

�
r2
dR

dr

�
þ 1

Y

1

sin q

v

vq

�
sin q

vY

vq

�
þ 1

Y

1

sin2 q

v2Y

vf2
þ 2mr2

h2

�
Ze2

4pe0r
þ E

�
¼ 0:

Thus

1

R

v

vr

�
r2
dR

dr

�
þ 2mr2

h2

�
Ze2

4pe0r
þ E

�
¼ �

�
1

Y

1

sin q

v

vq

�
sin q

vY

vq

�
þ 1

Y

1

sin2 q

v2Y

vf2

�
:

(1)

The expression on the left-hand side of (1) is a function only of r, and the expres-
sion on the right-hand side of (1) is a function only of q and f, so each must be a
constant.

Let

1

R

v

vr

�
r2
dR

dr

�
þ 2mr2

h2

�
Ze2

4pe0r
þ E

�
¼ A:
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Then

v

vr

�
r2
dR

dr

�
þ 2mr2

h2

�
Ze2

4pe0r
þ E

�
R ¼ AR

so

v

vr

�
r2
dR

dr

�
þ 2mr2

h2

�
Ze2

4pe0r
þ E

�
R� AR ¼ 0: (2)

Since

A ¼ 1

R

v

vr

�
r2
dR

dr

�
þ 2mr2

h2

�
Ze2

4pe0r
þ E

�

¼ �
�
1

Y

1

sin q

v

vq

�
sin q

vY

vq

�
þ 1

Y

1

sin2 q

v2Y

vf2

�
then

1

Y

1

sin q

v

vq

�
sin q

vY

vq

�
þ 1

Y

1

sin2 q

v2Y

vf2
¼ �A

so

1

sin q

v

vq

�
sin q

vY

vq

�
þ 1

sin2 q

v2Y

vf2
¼ �AY

or

1

sin q

v

vq

�
sin q

vY

vq

�
þ 1

sin2 q

v2Y

vf2
þ AY ¼ 0: (3)

Let

Yðq;fÞ ¼ QðqÞFðfÞ.
Then

vY

vq
¼ F

dQ

dq
and

v2Y

vf2
¼ Q

d2F

df2

so Eq. (3) is

1

sin q

d

dq

�
sin qF

dQ

dq

�
þ 1

sin2 q
Q

d2F

df2
þ AQF ¼ 0:

Dividing by QF gives

1

sin q

1

Q

d

dq

�
sin q

dQ

dq

�
þ 1

F

1

sin2 q

d2F

df2
þ A ¼ 0:
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Multiply by sin2 q to get

sin q
1

Q

d

dq

�
sin q

dQ

dq

�
þ 1

F

d2F

df2
þ A sin2 q ¼ 0:

So

sin q
1

Q

d

dq

�
sin q

dQ

dq

�
þ A sin2 q ¼ �1

F

d2F

df2
: (4)

The expression on the left-hand side of (4) is a function only of q, and the
expression on the right-hand side of (4) is a function only of f, so each must be
a constant.

Let

sin q
1

Q

d

dq

�
sin q

dQ

dq

�
þ A sin2 q ¼ B

or

sin q
1

Q

d

dq

�
sin q

dQ

dq

�
þ A sin2 q� B ¼ 0 (5)

then

1

F

d2F

df2
¼ �B

or

d2F

df2
þ BF ¼ 0: (6)

In Eq. (6), if we set B ¼ m2, then we have

d2F

df2
þ m2F ¼ 0: (7)

One can express the solution to Eq. (7) as

FðfÞ ¼ c1 cosðmfÞ þ c2 sinðmfÞ or d1e
imf þ d2e

�imf.

The first expression perhaps makes it more transparent that m must be an integer
because of the continuity condition that F(0) ¼ F(2p). Because one is free to
choose the “baseline” angle as one chooses, it is possible (and convenient) to express
the solution as

FðfÞ ¼ d1e
imf

which is the common choice in the literature.
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We now consider Eq. (5) with B ¼ m2:

sin q
1

Q

d

dq

�
sin q

dQ

dq

�
þ A sin2 q� B ¼ sin q

d

dq

�
sin q

dQ

dq

�
þ �A sin2 q� m2

�
Q

¼ 1

sin q

d

dq

�
sin q

dQ

dq

�
þ
�
A� m2

sin2 q

�
¼ 0:

This is similar to Legendre’s equation. If we make the substitution

x ¼ cos q;Pðcos qÞ ¼ QðqÞ
then

d

dq
¼ dx

dq

d

dx
¼ �sin q

d

dx

so

1

sin q

d

dq

�
sin q

dQ

dq

�
þ
�
A� m2

sin2 q

�

¼ 1

sin q

�
� sin q

d

dx

�
sin qð�sin qÞ dP

dx

��
þ
�
A� m2

sin2 q

�

¼ d

dx

��
1� x2

� dP
dx

�
þ
�
A� m2

ð1� x2Þ

�

¼ �1� x2
� d2P
dx2

� 2x
dP

dx
þ
�
A� m2

ð1� x2Þ

�
¼ 0:

The equation �
1� x2

� d2P
dx2

� 2x
dP

dx
þ
�
A� m2

ð1� x2Þ
�

¼ 0

is similar to Legendre’s equation; in fact, it is an associated Legendre’s equation
which is discussed in Section 10.4. The solutions are associated Legendre polyno-
mials which are complicated. There are two solutions and these involve power series
of the form X∞

n¼0

a2nx
2n and

X∞
n¼0

a2nþ1x
2nþ1

where the coefficients satisfy

anþ2 ¼ ðnþ mÞðnþ mþ 1Þ � A

ðnþ 1Þðnþ 2Þ an.
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where m is fixed. For n large

ðnþ mÞðnþ mþ 1Þ � A

ðnþ 1Þðnþ 2Þ z
ðnþ mÞðnþ mþ 1Þ

ðnþ 1Þðnþ 2Þ z 1

so the series converge only if there are finitely many nonzero terms. This forces

A ¼ lðlþ 1Þ
for some positive integer l.

Associated Legendre polynomials are related to Legendre polynomials accord-
ing to

Pl
mðxÞ ¼ ð�1Þm�1� x2

�m
2
dm

dxm
PlðxÞ

where Pl(x) is the Legendre polynomial of order l.
We now solve Eq. (2) with A ¼ l(l þ 1). We have

v

vr

�
r2
dR

dr

�
þ 2m

h2

�
Ze2

4pe0r
þ E

�
R� lðlþ 1ÞR ¼ 0: (20)

Now

v

vr

�
r2
dR

dr

�
¼ r2

d2R

dr2
þ 2r

dR

dr
:

So Eq. (20) can be written

r2
d2R

dr2
þ 2r

dR

dr
þ 2mr2

h2

�
Ze2

4pe0r
þ E

�
R� lðlþ 1ÞR

¼ r2
d2R

dr2
þ 2r

dR

dr
þ 2mr2

h2

�
Ze2

4pe0r
þ E

�
R� lðlþ 1ÞR ¼ 0:

Dividing by r2 gives

d2R

dr2
þ 2

r

dR

dr
þ 2m

h2

�
Ze2

4pe0r
þ E

�
R� lðlþ 1Þ

r2
¼ 0: (8)

We investigate what happens as r /∞ in Eq. (8). In that case, the equation re-
duces to

d2R

dr2
þ 2mE

h2
¼ 0: (9)

The solution to Eq. (9) can be expressed either as sine and cosine functions or as
exponential functions. In this case, the exponential form is more useful. So we have

R�ðrÞ ¼ c1 exp

 
i

ffiffiffiffiffiffiffiffiffi
2mE

h2

r
r

!
þ c2 exp

 
� i

ffiffiffiffiffiffiffiffiffi
2mE

h2

r
r

!
.
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Now E < 0, so we have

R�ðrÞ ¼ c1 exp

 
�

ffiffiffiffiffiffiffiffiffiffiffiffi
�2mE

h2

r
r

!
þ c2 exp

 ffiffiffiffiffiffiffiffiffiffiffiffi
�2mE

h2

r
r

!
.

Since we want R*(r)/ 0 as r /∞, we have

R�ðrÞ ¼ c1 exp

 
�

ffiffiffiffiffiffiffiffiffiffiffiffi
�2mE

h2

r
r

!
.

We now write R(r) as the product of its asymptotic part and a part that reflects
what happens for r z 0. We call this second part R** so that R ¼ R*R**. We solve
for R** as a power series so that

R ¼ R� R�� ¼ c1 exp

 
�

ffiffiffiffiffiffiffiffiffiffiffiffi
�2mE

h2

r
r

!X∞
n¼0

anr
n.

It is beyond the scope of the text to determine the an
0s.
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The Fourier Transform 11
11.1 INTRODUCTION
Note: The article “Fourier Transform” by Terrence Tao that appears in The Princeton
Companion toMathematics is a short, readable, and outstanding overview of the Four-
ier transform.

As Professor Tao notes, the Fourier transform is a technique that decomposes an
arbitrary function into a superposition of functions that are, in some sense, symmet-
ric. We have seen that periodic functions of a fairly general nature can be expressed
as a superposition of sine and cosine functions by Fourier series. Thus we have
decomposed a function into sine and cosine functions. The coefficients of these
sine and cosine functions describe the extent to which various frequencies are pre-
sent in the original function.

This choice of base or component functions is particularly advantageous because
they are eigenfunctions of the prominent operator d2=dx2

.

In this chapter we define the Fourier transform, describe how it decomposes
certain functions, how it can be constructed as the limit of Fourier series as the
period goes to infinity, and how it can be used to solve partial differential equations
(PDEs).

The Fourier transform is perhaps the most widely used of the integral transforms.

If f : R/ℂ is a function for which
R∞
�∞j f ðxÞjdx < ∞; then the Fourier transform

of f (x) is defined by

Fð f ÞðxÞ ¼ bf ðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
f ðxÞe�ixxdx.

This definition is not universal. Variations have a multiplication or division factor
of 2p and 2pmay appear in the exponent of e. Also, the letter k is often used instead
of the letter x.

The Fourier transform is closely related to Fourier series in its construction and
interpretation. We shall see that the Fourier transform also decomposes a function

according to frequencies, and bf ðxÞ describes the extent to which the frequency x

is present in f (x).
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11.2 THE FOURIER TRANSFORM AS A DECOMPOSITION
The most important application of the Fourier transform for us will be in solving
PDEs. In the context of PDEs and mathematical physics, the most advantageous
choice of the component functions is plane waves. A plane wave is a function
f : Rn/ℂ of the form

f ðxÞ ¼ cðxÞeix$x.
The physical interpretation of the variables is

x ¼ position; x ¼ frequency; jcðxÞj ¼ amplitude

of the plane wave.
We need to know what functions can be represented as the superposition of plane

waves. We do not give a complete answer to this question, but Gaussian functions
(functions of the form f ðxÞ ¼ ae�bx2 ) and other infinitely differentiable functions
that “decrease rapidly” are included. This class of functions is sufficiently rich for
our needs. With Fourier series, the superposition of the basic functions was
expressed as a sum, but in the setting now under consideration, one must use an
integral. Under some fairly general conditions, it is possible to take the inverse of
the Fourier transform, which is given by

F�1ð f ðxÞÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z
Rn

bf ðxÞeix$xdx.
where bf ðxÞ is determined according to

bf ðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z
Rn
f ðxÞe�ix$xdx. (1)

As we stated in the introduction, the function bf ðxÞ given by Eq. (1) is called the
Fourier transform of f (x).

The physical interpretation of bf ðxÞ is the prominence in f (x) of a component that
oscillates with frequency x.

One reason plane waves are the optimal choice for the component functions in
the setting mentioned is that plane waves are eigenfunctions of the Laplacian. In
particular,

D cðxÞeix$x ¼ �jxj2cðxÞe2pix$x.
We now describe how the Fourier transform allows us to view the Laplacian as a

multiplication operator in Fourier space.
We express the Fourier representation of Df ðxÞ in two ways. Since

f ðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
bf ðxÞeixxdx
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then

ðDf ÞðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞

�cDf � ðxÞeixx dx.

But we also have

ðDf ÞðxÞ ¼ D

0@ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
bf ðxÞeixxdx

1A ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
D
�bf ðxÞeixx�dx

¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞

�bf ðxÞDeixx�dx ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
bf ðxÞðjxj 2Þeixxdx.

Since ðDf ÞðxÞ has a unique representation in terms of plane waves, we havecDf ðxÞ ¼ �4p2jxj 2bf ðxÞ. One can continue this process to showdDnf ðxÞ ¼ ðjxj 2Þnbf ðxÞ.
From this, one can define functions of D when the function is defined as a power

series. For example, since

ex ¼ 1þ xþ x2

2!
þ x3

3!
þ.

one can define deDf ðxÞ ¼ e�x2 bf ðxÞ.
One way of describing what we have demonstrated above is that in Fourier space,

the Fourier transform diagonalizes the Laplacian.

11.3 THE FOURIER TRANSFORM FROM FOURIER SERIES
In this section we derive the formula for the Fourier transform of a function and
show how is comes from Fourier series. The idea is to consider what happens if
we begin with a periodic function and let the period go to infinity. Our arguments
will freely interchange infinite sums and integrals and will not be rigorous, but
the steps are legitimate if f (x) is sufficiently well behaved. A more rigorous state-
ment of the main result of this section is given in the next section.

Suppose f (x) is periodic on [�L, L] and is equal to its Fourier series. We use the
exponential form of the Fourier series, so that

f ðxÞ ¼
X∞

n¼�∞
cnexp

��p2k2
�
a
�
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with

cn ¼ 1

2L

Z L

�L
f ðxÞe�inpx

L dx.

Then

f ðxÞ ¼
X∞

n¼�∞
cne

inpx
L ¼

X∞
n¼�∞

 
1

2L

Z L

�L
f ðxÞe�inpx

L dx

!
e
inpx
L .

Let

mn ¼
np

L
and Dm ¼ p

L
.

Then X∞
n¼�∞

e
inpx
L
p

L
¼
X∞

n¼�∞
eimnxDm

is a Riemann sum for Z ∞

�∞
eimxdm

and this Riemann sum converges to the integral as L/∞.
So we have

f ðxÞ ¼
X∞

n¼�∞

 
1

2L

Z L

�L
f ðxÞe

�inpx

L dx

!
e

inpx

L

¼
X∞

n¼�∞

1

2p

 Z L

�L
f ðxÞe�imnxdx

!
eimnx

p

L

and as L/∞

X∞
n¼�∞

1

2p

 Z L

�L
f ðxÞe�imnxdx

!
eimnx

p

L
/

1

2p

Z ∞

�∞

 Z ∞

�∞
f ðxÞe�imxdx

!
eimxdm.

Also

1

2p

Z ∞

�∞

 Z ∞

�∞
f ðxÞe�imxdx

!
eimxdm ¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

�∞
FðmÞeimxdm
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where

FðmÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
f ðxÞe�imxdx.

Thus we have the relations

f ðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
FðmÞeimxdm (1)

FðmÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
f ðxÞe�imxdx. (2)

Eqs. (1) and (2) provide the Fourier inversion formulas.

11.4 SOME PROPERTIES OF THE FOURIER TRANSFORM
In Chapter 1 we found that the Fourier transform of a Gaussian function is a

Gaussian function. In fact, F
�
e�ax2

�
ðkÞ ¼ ffiffiffi

p
a

p
e�p2k2=a. This suggests that there is

an inverse Fourier transform for a class of functions that includes the Gaussian func-
tions. Before stating a theorem that validates this, we note a relationship between a
Gaussian function and its Fourier transform; namely, the wider the dispersion of the
function, the narrower the dispersion of the Fourier transform of the function. (See
Figs. 11.4.1A and 11.4.1B.)

Theorem: (Fourier Inversion Theorem)
Suppose that f (x) and bf ðxÞ are integrable functions and

gðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
bf ðxÞeixxdx.

Then g(x) ¼ f (x) almost everywhere.
(Almost everywhere is added for accuracy. It will not affect our work.)
Thus we have the relations

bf ðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
f ðxÞe�ixxdx and f ðxÞ ¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

�∞
bf ðxÞeixxdx

y

x

2

1

21−2 −1

Gaussian a = 10

Fourier transform a = 10

FIGURE 11.4.1A
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if f (x) is sufficiently well behaved. The latter equation defines the inverse Fourier
transform.

The proof of the Fourier inversion theorem is beyond the scope of this text. (For a
proof see Rudin, Real and Complex Analysis, Chapter 9.)

Next we describe the Fourier transform of the convolution of functions, and later
we shall see that this is very useful in solving differential equations.

The convolution of the functions f (x) and g(x), denoted ð f � gÞðxÞ, is defined by

ð f � gÞðxÞ ¼
Z ∞

�∞
f ðuÞgðx� uÞdu.

We show in Exercise 1 that ð f � gÞðxÞ ¼ ð g � f ÞðxÞ; that is,Z ∞

�∞
f ðuÞgðx� uÞdu ¼

Z ∞

�∞
f ðx� uÞgðuÞdu.

Theorem: (Convolution Theorem)
If f (x) and g(x) are integrable, then�df � g�ðxÞ ¼ ffiffiffiffiffiffi

2p
p bf ðxÞbgðxÞ.

Gaussian a = 1 / 10

Fourier transform a = 1 / 10

−3 −2 −1

−1

−2

1

1

2

3

4

5

y

x
2 3 4

FIGURE 11.4.1B
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Proof:
We have �df � g�ðxÞ ¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

x¼�∞
e�ixxð f � gÞðxÞdx

¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

x¼�∞
e�ixx

 Z ∞

u¼�∞
f ðuÞgðx� uÞdu

!
dx

¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

x¼�∞
e�ixx

 Z ∞

u¼�∞
f ðx� uÞgðuÞdu

!
dx

¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

u¼�∞
gðuÞ

 Z ∞

x¼�∞
e�ixxf ðx� uÞdx

!
du.

Let

z ¼ x� u. Then dz ¼ dx; x ¼ zþ u; e�ixx ¼ e�izxe�iux.

Thus

1ffiffiffiffiffiffi
2p

p
Z ∞

u¼�∞
gðuÞ

 Z ∞

x¼�∞
e�ixxf ðx� uÞdx

!
du

¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

u¼�∞
gðuÞ

 Z ∞

z¼�∞
e�izxe�iuxf ðzÞdz

!
du

¼
Z ∞

u¼�∞
gðuÞe�iuxdu

 
1ffiffiffiffiffiffi
2p

p
Z ∞

z¼�∞
e�izxf ðzÞdz

!
du ¼

ffiffiffiffiffiffi
2p

p bf ðxÞbgðxÞ.
We use alternate notation for the following corollary. The corollary is the form of

the theorem that we shall use in solving differential equations.
Corollary:
If FðxÞ and GðxÞ are the Fourier transforms of f (x) and g(x), respectively, then

F�1ðFðxÞGðxÞÞ ¼ 1ffiffiffiffiffiffi
2p

p ð f � gÞðxÞ.

Theorem: (Parseval’s Theorem)
If
R∞
�∞ ½ f ðxÞ�2dx is finite, thenZ ∞

�∞
½ f ðxÞ�2dx ¼

Z ∞

�∞
½FðkÞ�2dk.
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In the language of operator theory, this says that the Fourier transform is a unitary
transformation.

Proof:
The main equations that we use in the proof are

f ðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
FðkÞe�ikxdk

1

2p

Z ∞

�∞
eiðx�x0Þdx ¼ dx0ðxÞ.

The second equation is developed in Exercise 7.
We haveZ ∞

�∞
j f ðxÞj2dx ¼

Z ∞

�∞
f ðxÞ f ðxÞdx

¼
Z ∞

x¼�∞

("
1ffiffiffiffiffiffi
2p

p
Z ∞

k¼�∞
FðkÞe�ikxdk

#"
1ffiffiffiffiffiffi
2p

p
Z ∞

j¼�∞
Fð jÞeijxdj

#
dx

)

¼
Z ∞

k¼�∞
FðkÞ

(Z ∞

j¼�∞
Fð jÞ

"
1

2p

Z ∞

x¼�∞
eið j�kÞxdx

#
dj

)
dk

¼
Z ∞

k¼�∞
FðkÞ

(Z ∞

j¼�∞
Fð jÞdkð jÞdj

)
dk

¼
Z ∞

�∞
FðkÞFðkÞdk ¼

Z ∞

�∞
jFðkÞj2dk.

EXERCISES
1. Show that if f (x) and g(x) are integrable functions, then ð f � gÞðxÞ ¼ ð g � f ÞðxÞ;

that is, Z ∞

�∞
f ðuÞgðx� uÞdu ¼

Z ∞

�∞
f ðx� uÞgðuÞdu.

2. Find the Fourier transform for

a. f ðxÞ ¼

8><>: að1� ajxjÞ if jxj < 1

a

0 otherwise

.

b. f ðxÞ ¼
�
1 a � x � b

0 otherwise
.
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c. f ðxÞ ¼ e�x2 .

d. f ðxÞ ¼ e�ajxj; a > 0:

e. f ðxÞ ¼ daðxÞ.
3. If F (k) is the Fourier transform of f (x), show the Fourier transform of f 0(x) is

ikF (k).
4. If F (k) is the Fourier transform of f (x), find

a. The Fourier transform of f (ax) in terms of F (k) for a > 0.
b. The Fourier transform of f (x � a) in terms of F (k) for a > 0.

5. Let g(x,a) be the Gaussian function

gðx; aÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
2pa2

p e�
x2

2a2 .

The Fourier transform of g(x,a) is

Gðk; aÞ ¼ e�
k2a2

2 .

Use the convolution theorem to show

gðx; aÞ � gðx; bÞ ¼ g
�
x;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p �
.

6. Show that Z ∞

�∞
j f ðxÞ þ gðxÞj2dx ¼

Z ∞

�∞
jFðkÞ þ GðkÞj2dk.

11.5 SOLVING PARTIAL DIFFERENTIAL EQUATIONS USING
THE FOURIER TRANSFORM

We now show how the Fourier transform is used to solve PDEs when the space var-
iable is unbounded. In the PDEs that we consider, there will be two variables, time
and space. We can take the Fourier transform with respect to either variable, but in
most cases we take the transform with respect to the space variable. The technique
for solution of PDEs consists of three steps: First, apply the Fourier transform with
respect to the space variable, x, to the PDE and the initial conditions. This yields an
ordinary differential equation and its boundary conditions. Second, solve the ordi-
nary differential equation. Third, apply the inverse Fourier transform to the solu-
tion of the ordinary differential equation to obtain the solution to the original
PDE. We demonstrate this technique with two examples.

11.5 Solving Partial Differential Equations Using the Fourier Transform 383



Example:
Solving the heat equation using the Fourier transform.
We solve the heat equation in one dimension using the Fourier transform

utðx; tÞ ¼ Kuxxðx; tÞ t > 0; �∞ < x < ∞ (1)

uðx; 0Þ ¼ f ðxÞ �∞ < x < ∞. (2)

LetUðx; tÞ be the Fourier transform of u(x,t) and FðxÞ be the Fourier transform of
f (x). Two key relations in this method are if

uðx; tÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
Uðx; tÞeixxdx

then

vn

vtn
uðx; tÞ ¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

�∞

	
vn

vtn
Uðx; tÞ



eixxdx (3a)

and

vn

vxn
uðx; tÞ ¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

�∞
Uðx; tÞðixÞn eixxdx. (3b)

From Eq. (1), we have

0 ¼ utðx; tÞ � Kuxxðx; tÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞

�
v

vt
Uðx; tÞ þ Kx2Uðx; tÞ

�
eixxdx.

Holding x fixed, we solve the ordinary differential equation

d

dt
Uðx; tÞ þ Kx2Uðx; tÞ ¼ 0: (4)

The initial condition for Eq. (4) is

Uðx; 0Þ ¼ Fðuðx; 0ÞÞ ¼ Fð f ðxÞÞ ¼ FðxÞ.
From Eq. (4) we get Z

dU

U
¼ �

Z
Kx2dt

so

Uðx; tÞ ¼ Uðx; 0Þe�Kx2t ¼ FðxÞe�Kx2t.

To find u(x,t) we use

uðx; tÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
Uðx; tÞeixxdx ¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

�∞
FðxÞe�Kx2teixxdx. (5)
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To obtain a more explicit form of the solution, we would need to evaluate the
integral in Eq. (5). In the case that f (x) is a Gaussian function, this is reasonable to
do (because FðxÞ is then also Gaussian). In Exercise 2, we give such an example.

FUNDAMENTAL SOLUTION OF THE HEAT EQUATION
For the fundamental solution of the heat equation, we need to solve

utðx; tÞ ¼ Kuxxðx; tÞ t > 0; �∞ < x < ∞;

uðx; 0Þ ¼ d0ðxÞ.
In this case,

Uðx; 0Þ ¼ FðxÞ ¼ F�uðx; 0Þ� ¼ F�d0ðxÞ� ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
d0ðxÞe�ixxdx ¼ 1ffiffiffiffiffiffi

2p
p

and Eq. (5) becomes

uðx; tÞ ¼ 1

2p

Z ∞

�∞
Uðx; tÞeixxdx ¼ 1

2p

Z ∞

�∞
e�Kx2teixxdx.

In Section 1.5 we found

1

2p

Z ∞

�∞
e�ikxe�atk2dk ¼ 1ffiffiffiffiffiffiffiffiffiffi

4pat
p e�x2=4at

so (taking the complex conjugate of the integral) the fundamental solution is

uðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
4pKt

p e�x2=4Kt.

From this, the solution to the heat equation on an infinite bar with initial condi-
tion u(x,0) ¼ f (x) is

uðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
4pKt

p
Z ∞

�∞
e�

ðx�yÞ2
4Kt f ðyÞdy.

Note that if we let

gðxÞ ¼ exp
��x2

�
4Kt
�

then

uðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
4pKt

p ð f � gÞðxÞ.

This is handy because if f (x) and g(x) are both Gaussian functions, say

f ðxÞ ¼ exp
��x2

�
2b2
�
and gðxÞ ¼ exp

��x2
�
2b2
�
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then

ð f � gÞðxÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pða2 þ b2Þ

p exp
��x2

�
2
�
a2 þ b2

��
.

Example:
Solving the wave equation using the Fourier transform.
We solve the wave equation using the Fourier transform. Consider

uttðx; tÞ � c2uxxðx; tÞ ¼ 0; t > 0; �∞ < x < ∞ (6)

uðx; 0Þ ¼ f ðxÞ; utðx; 0Þ ¼ gðxÞ. (7)

Let Uðx; tÞ denote the Fourier transform of (x,t), FðxÞ the Fourier transform of
f (x), and GðxÞ the Fourier transform of g(x). We again use

uðx; tÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
Uðx; tÞeixxdx

so

vn

vtn
uðx; tÞ ¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

�∞

	
vn

vtn
Uðx; tÞ



eixxdx

and

vn

vxn
uðx; tÞ ¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

�∞
Uðx; tÞðixÞn eixxdx.

From Eq. (6), we have

0 ¼ uttðx; tÞ � c2uxxðx; tÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞

�
v2

vt2
Uðx; tÞ þ c2x2Uðx; tÞ

�
eixxdx.

So, holding x fixed, we need to solve the ordinary differential equation

d2

dt2
Uðx; tÞ þ c2x2Uðx; tÞ ¼ 0 (8)

with initial conditions

Fðuðx; 0ÞÞ ¼ Fðf ðxÞÞ ¼ FðxÞ; Fðutðx; 0ÞÞ ¼ FðgðxÞÞ ¼ GðxÞ;
that is,

Uðx; 0Þ ¼ FðxÞ; Utðx; 0Þ ¼ GðxÞ.
We get

Uðx; tÞ ¼ AðxÞcosðcxtÞ þ BðxÞsinðcxtÞ
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and so

FðxÞ ¼ Uðx; 0Þ ¼ AðxÞ; GðxÞ ¼ Utðx; 0Þ ¼ cx BðxÞ or BðxÞ ¼ GðxÞ
cx

.

Thus

Uðx; tÞ ¼ FðxÞcosðcxtÞ þ GðxÞ
cx

sinðcxtÞ

and so

uðx; tÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞

�
FðxÞcosðcxtÞ þ GðxÞ

cx
sinðcxtÞ

�
eixxdx.

With some manipulation, we can show this gives d’Alembert’s formula. We have

cosðcxtÞ ¼ eicxt þ e�icxt

2
and sinðcxtÞ ¼ eicxt � e�icxt

2i
.

So Z ∞

�∞
FðxÞcosðcxtÞeixxdx ¼ 1

2

Z ∞

�∞
FðxÞ
eicxt þ e�icxt

�
eixxdx

¼ 1

2

Z ∞

�∞
FðxÞ

h
eixðxþctÞ þ eixðx�ctÞ

i
dx

¼ 1ffiffiffiffiffiffi
2p

p 1

2
½ f ðxþ ctÞ þ f ðx� ctÞ�

and Z ∞

�∞

�
GðxÞ
cx

sinðcxtÞ
�
eixxdx ¼ 1

2

Z ∞

�∞
GðxÞ

�
eicxt � e�icxt

icx

�
eixxdx

¼ 1

2

Z ∞

�∞
GðxÞ

"
eixðxþctÞ � eixðx�ctÞ

icx

#
dx ¼ 1

2c

Z ∞

�∞
GðxÞ

0@Z xþct

x�ct
eixkdk

1Adx

¼ 1

2c

Z xþct

x�ct

0@Z ∞

�∞
GðxÞeixkdx

1Adk ¼ 1ffiffiffiffiffiffi
2p

p 1

2c

Z xþct

x�ct
gðkÞdk.

Thus

uðx; tÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞

�
FðxÞcosðcxtÞ þ GðxÞ

cx
sinðcxtÞ

�
eixxdx

¼ 1

2
½ f ðxþ ctÞ þ f ðx� ctÞ� þ 1

2c

Z xþct

x�ct
gðkÞdk.
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We use Laplace’s equation as an example to demonstrate another application of
the convolution theorem.

Example:
Solving Laplace’s equation using the Fourier transform.
Laplace’s equation is

uxxðx; yÞ þ uyyðx; yÞ ¼ 0:

Suppose we have Laplace’s equation on the half-plane�∞ < x <∞, y > 0 with
the boundary condition

uðx; 0Þ ¼ f ðxÞ and suppose that uðx; yÞ is bounded.
We take the Fourier transform with respect to x to get

Ffuðx; yÞg ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
uðx; yÞe�ikxdxhUðk; yÞ.

Then

Ffuxxðx; yÞg ¼ �k2Uðk; yÞ; Ffuyyðx; yÞg ¼ d2

dy2
Uðk; yÞ;

Ffuðx; 0Þg ¼ Uðk; 0Þ ¼ Fff ðxÞg ¼ FðkÞ.

Taking the Fourier transform of Laplace’s equation and the boundary condition
above, we get the ordinary differential equation in y,

d2

dy2
Uðk; yÞ � k2Uðk; yÞ ¼ 0; Uðk; 0Þ ¼ FðkÞ.

The solution to this equation is

Uðk; yÞ ¼ Aejkjy þ Be�jkjy.

If we assume that U(k,y) is bounded as y /∞, then

Uðk; yÞ ¼ Be�jkjy.

The initial condition gives B ¼ U(k,0) ¼ F (k), so

Uðk; yÞ ¼ FðkÞe�jkjy.

If we take the inverse Fourier transform of U(k,y), we obtain the solution u(x,y).
In taking the inverse transform of FðkÞe�jkjy, we are taking the inverse of the

product of two transforms, and this can be accomplished by using the convolution
theorem. To apply the convolution theorem to this problem, we need to find

F�1
�
e�jkjy�.
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Now

F�1
n
e�jkjy

o
¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

k¼�∞
e�jkjyeikxdk

¼ 1ffiffiffiffiffiffi
2p

p
Z 0

�∞
eky½cosðkxÞ þ i sinðkxÞ�dk

þ 1ffiffiffiffiffiffi
2p

p
Z ∞

0
e�ky½cosðkxÞ þ i sinðkxÞ�dk.

In Z 0

�∞
eky½cosðkxÞ þ i sinðkxÞ�dk

let m ¼ �k. ThenZ 0

�∞
eky½cosðkxÞ þ i sinðkxÞ�dk ¼

Z 0

∞
e�my½cosð�mxÞ þ i sinð�mxÞ�ð�dmÞ

¼
Z ∞

0
e�my½cosðmxÞ � i sinðmxÞ�dm:

Thus Z ∞

k¼�∞
e�jkjyeikxdk ¼ 2

Z ∞

0
e�ky cosðkxÞdk.

Integrating by parts twice givesZ ∞

0
e�ky cosðkxÞdk ¼ y

x2 þ y2
if y > 0:

Thus

F�1
n
e�jkjy

o
¼ 1ffiffiffiffiffiffi

2p
p 2y

x2 þ y2
:

If we let bgðkÞ ¼ e�jkjy, we have

gðxÞ ¼ 1ffiffiffiffiffiffi
2p

p 2y

x2 þ y2

and

gðx� zÞ ¼ 2y

ðx� zÞ2 þ y2
.

So

uðx; yÞ ¼ F�1fUðk; yÞg ¼ F�1fFðkÞGðkÞg ¼ ðf � gÞðxÞ

¼ 1

p

Z ∞

�∞

y f ðzÞ
ðx� zÞ2 þ y2

dz.

This is one form of Poisson’s integral formula.
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In Section 12.3 we use Poisson’s integral in polar coordinates, which we devel-
oped in Exercise 8 of Section 4.3. This is the solution to the boundary value problem
on a circle

Vuðr; qÞ ¼ urr þ 1

r
ur þ 1

r2
u qq ¼ 0 for r < R; uðR; qÞ ¼ f ðqÞ

which is given by

uðr; qÞ ¼ R2 � r2

2p

Z p

�p

f ð4Þ
R2 þ r2 � 2rR cosðq� 4Þ d4.

EXERCISES
Solve the following PDEs using the Fourier transform.

1. utðx; tÞ ¼ Kuxxðx; tÞ; uðx; 0Þ ¼ 1
1þx2 ; �∞ < x < ∞;

t � 0: Assume lim
x/�∞

uðx; tÞ ¼ 0:

2. utðx; tÞ ¼ Kuxxðx; tÞ; uðx; 0Þ ¼ ce�x2 ; �∞ < x < ∞;

t � 0: Assume lim
x/�∞

uðx; tÞ ¼ 0:

3. Use Euler’s formula

eiq ¼ cos qþ i sin q

to show

cosðcxtÞ ¼ eicxt þ e�icxt

2
and sinðcxtÞ ¼ eicxt � e�icxt

2i
.

4. Solve the wave equation

uttðx; tÞ � c2uxxðx; tÞ ¼ 0; t > 0; �∞ < x < ∞ (1)

uðx; 0Þ ¼ 1

1þ x2
; utðx; 0Þ ¼ 0:

5. In digital processing, the function

sincðxÞ ¼ sin x

x
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is often used. Given that

FðsincðxÞÞ ¼ bf ðkÞ ¼ � 1 if jkj < 1

0 otherwise
:

Solve the wave equation

uttðx; tÞ � c2uxxðx; tÞ ¼ 0; t > 0; �∞ < x < ∞ (2)

uðx; 0Þ ¼ sincðxÞ; utðx; 0Þ ¼ 0:

6. Solve Laplace’s equation on the half-plane �∞ < x <∞, y > 0 with the
boundary condition

uðx; 0Þ ¼ e�jxj; assuming that uðx; yÞ is bounded.

7. Solve Laplace’s equation on the half-plane �∞ < x <∞, y > 0 with the
boundary condition

uðx; 0Þ ¼
�
1; 0 � x � 2

0 otherwise
.

8. Justify, giving necessary hypotheses on U(x,t), the formulas if

uðx; tÞ ¼
Z ∞

�∞
Uðx; tÞeixxdx

then

v

vt
uðx; tÞ ¼

Z ∞

�∞

	
v

vt
Uðx; tÞ



eixxdx

and

v

vx
uðx; tÞ ¼

Z ∞

�∞
Uðx; tÞðixÞ eixxdx.

11.6 THE SPECTRUM OF THE NEGATIVE LAPLACIAN IN ONE
DIMENSION

If V is an n-dimensional vector space, and A:V / V is a linear operator, then A can
be represented by an n � n matrix. (The entries of A depend on the basis of V.)
The spectrum of A is the eigenvalues of A, which are the values of l for which
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there is a nonzero vector bx with Abx ¼ lbx. These are the same numbers for which

ðA� lIÞ�1 does not exist.
If V is an infinite dimensional vector space, the spectrum is more complicated.

The resolvent of the linear operator A is the set of complex numbers z for which
(A � zI)�1:V / V is a continuous (bounded) operator. The spectrum of A is the
complement of the resolvent of A. The eigenvalues of A are part of the spectrum
of A.

Our aim in this section is to show that for A ¼ � d2
�
dx2 and c > 0 we have

ðAþ cÞ�1f ðxÞ ¼ 1ffiffiffiffiffiffi
2p

p pffiffiffi
c

p
Z ∞

�∞
exp
�� ffiffiffi

c
p jx� yj�f ðxÞdx

if f (x) is sufficiently well behaved.
We let m2 ¼ c and consider

�u00ðxÞ þ m2uðxÞ ¼ f ðxÞ (1)

where f (x) is a rapidly decreasing, infinitely differentiable function.
Proceeding formally, we rewrite Eq. (1) as	

� d2

dx2
þ m2



uðxÞ ¼ f ðxÞ

and

uðxÞ ¼
	
� d2

dx2
þ m2


�1

f ðxÞ.

Applying the Fourier transform to Eq. (1), we get

k2 bUðkÞ þ m2 bUðkÞ ¼ bFðkÞ
so

bUðkÞ ¼ �k2 þ m2
��1 bFðkÞ.

If there is a function g(x) for which bGðkÞ ¼ �k2 þ m2
��1

; then

bUðkÞ ¼ �k2 þ m2
��1 bFðkÞ ¼ bGðkÞ bFðkÞ ¼ �dg � f �ðkÞ

and

uðxÞ ¼ ðg � f ÞðxÞ.
To find g(x), we take the inverse Fourier transform of (k2 þ m2)�1. That is,

gðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞

eikx

k2 þ m2
dk. (2)
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We shall show thatZ ∞

�∞

eikx

k2 þ m2
dk ¼ p

m
e�mjxj for m > 0:

We do this by using the residue theorem for two cases. The first case is for x > 0.
Consider the contour shown in Fig. 11.6.1.

The only pole of

f ðkÞ ¼ eikx

k2 þ m2
¼ eikx

ðk � miÞðk þ miÞ
that occurs within the contour is a simple pole at k ¼ mi. The residue of f (k) at
k ¼ mi is

lim
k/mi

ðk � miÞ eikx

ðk � miÞðk þ miÞ ¼
eiðmiÞx

ðmiþ miÞ ¼
e�mx

2mi
.

ThusZ R

�R

eikx

k2 þ m2
dk ¼ 2pi

	
e�mx

2mi



�
Z
CR

eikx

k2 þ m2
dk ¼ p

m
e�mx �

Z
CR

eikx

k2 þ m2
dk.

If k is a point on CR, then, because the imaginary part of k > 0 and x > 0, we have��eikx�� < 1: Also for k a point on CR,���� 1

k2 þ m2

���� � 1

ðR� mÞ2 .

Since the length of CR is pR, we have����Z
CR

eikx

k2 þ m2
dk

���� � Z
CR

���� eikx

k2 þ m2

����dk � 1

ðR� mÞ2 pR

−R

mi

R

CR

FIGURE 11.6.1
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and so

lim
R/∞

����Z
CR

eikx

k2 þ m2
dk

���� ¼ 0:

Thus for x > 0 we haveZ ∞

�∞

eikx

k2 þ m2
dk ¼ p

m
e�mx for m > 0:

The second case is for x < 0. Consider the contour in Fig. 11.6.2.
In this case, the only pole of

f ðkÞ ¼ eikx

k2 þ m2
¼ eikx

ðk � miÞðk þ miÞ
that occurs within the contour is a simple pole at k ¼ �mi. The residue of f (k) at
k ¼ �mi is

lim
k/�mi

ðk þ miÞ eikx

ðk � miÞðk þ miÞ ¼
eið�miÞx

ð�mi� miÞ ¼
emx

�2mi
.

Thus for x < 0Z R

�R

eikx

k2 þ m2
dk ¼ �

Z �R

R

eikx

k2 þ m2
dk ¼ �

"
2pi

	
emx

�2mi



�
Z
CR

eikx

k2 þ m2
dk

#

¼ �2pi

	
emx

�2mi



þ
Z
CR

eikx

k2 þ m2
dk ¼ p

m
emx þ

Z
CR

eikx

k2 þ m2
dk.

If k is a point on CR, then, because the imaginary part of k < 0 and x < 0, we have��eikx�� < 1: Also for k is a point on CR,���� 1

k2 þ m2

���� � 1

ðR� mÞ2 .

−R R

CR

mi

FIGURE 11.6.2
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Since the length of CR is pR, we again have����Z
CR

eikx

k2 þ m2
dk

���� � Z
CR

���� eikx

k2 þ m2

����dk � 1

ðR� mÞ2 pR

and so

lim
R/∞

����Z
CR

eikx

k2 þ m2
dk

���� ¼ 0:

Thus for x < 0 we haveZ ∞

�∞

eikx

k2 þ m2
dk ¼ p

m
emx for m > 0:

From the two cases we concludeZ ∞

�∞

eikx

k2 þ m2
dk ¼ p

m
e�mjxj for m > 0:

Thus

uðxÞ ¼ df � gðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
gðx� yÞf ðyÞdy ¼ 1ffiffiffiffiffiffi

2p
p p

m

Z ∞

�∞
e�mjx�yjf ðyÞdy.

So we have formally written	
� d2

dx2
þ m2


�1

f ðxÞ ¼ 1ffiffiffiffiffiffi
2p

p p

m

Z ∞

�∞
e�mjx�yjf ðyÞdy; (3)

where m > 0.
Thus

�
� d2

dx2 þ m2
��1

is given by Eq. (3), and at least part of the spectrum of

� d2
�
dx2 is the positive real axis.

In fact, the positive real axis is the entire spectrum of �D. This is because�
� d2

dx2 � m2
��1

is defined and bounded, and because � d2
�
dx2 is self-adjoint,

the spectrum is a subset of the real numbers.

11.7 THE FOURIER TRANSFORM IN THREE DIMENSIONS
The Fourier transform in three dimensions in rectangular coordinates is given by

bF�bk� ¼ 1� ffiffiffiffiffiffi
2p

p �3 ZZZ
R3

f ðx; y; zÞe�iðkxxþkyyþkzzÞdxdydz
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where bk ¼ ðkx; ky; kzÞ. The inverse Fourier transform is determined by

f ðx; y; zÞ ¼ 1� ffiffiffiffiffiffi
2p

p �3 ZZZ
R3

bF�bk�eiðkxxþkyyþkzzÞdkxdkydkz

Some of the most important applications in three dimensions occur when f (x,y,z)

depends only on r ¼ jbr j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
. In these instances, it is often advanta-

geous to use spherical coordinates. Recall that in spherical coordinates

dV ¼ r2 sin qdrdqd4; so that

bF�bk� ¼ 1� ffiffiffiffiffiffi
2p

p �3 Z ∞

r¼0

Z p

q¼0

Z 2p

4¼0
f ðrÞe�ik̂$r̂r2 sin q d4 dq dr.

We take bk so that it is parallel to the z-axis and then bk$br ¼ kr cos q where

k ¼
��� bk���. Then

bF�bk� ¼ 1� ffiffiffiffiffiffi
2p

p �3 Z ∞

r¼0

Z p

q¼0

Z 2p

4¼0
f ðrÞe�ikr cos qr2 sin q d4 dq dr.

Now Z p

q¼0

 Z 2p

4¼0
d4

!
e�ikr cos q sin q dq ¼ 2p

Z p

q¼0
e�ikr cos q sin q dq

¼ 2p

ikr
e�ikr cos q

��p
q¼0

¼ 2p

ikr

�
e�ikrð�1Þ � e�ikrð1Þ

�
¼ 2p

ikr
2i sinðkrÞ ¼ 4p sinðkrÞ

kr
.

Thus

bFðkÞ ¼ 1� ffiffiffiffiffiffi
2p

p �3 Z ∞

r¼0
f ðrÞ r2 4p sinðkrÞ

kr
dr ¼

ffiffiffi
2

p

r Z ∞

r¼0
f ðrÞ r sinðkrÞ

k
dr.

Similarly,

f ðrÞ ¼
ffiffiffi
2

p

r Z ∞

r¼0

bFðkÞ k sinðkrÞ
r

dk.

We consider the example

�DuðbxÞ þ m2uðbxÞ ¼ f ðrÞ
in three dimensions. As in the one-dimensional case, we take the Fourier transform
and find

bUðkÞ ¼ �k2 þ m2
��1 bFðkÞ.
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We then take the inverse Fourier transform of (k2 þ m2)�1; that is, we compute

gðrÞ ¼
ffiffiffi
2

p

r Z ∞

0

k sinðkrÞ
rðk2 þ m2Þ dk.

To compute the integral, we again use the residue theorem, but the estimates are
more delicate than in the one-dimensional case. We begin by computingZ ∞

�∞

x sin x

x2 þ m2
dx

using the residue theorem.
Let

f ðzÞ ¼ z

z2 þ m2
.

We compute Z
C
f ðzÞeizdz

where C is the contour shown in Fig. 11.7.1.
The function f (z)eiz has a pole of order 1 at z ¼ mi. The residue of f (z)eiz at

z ¼ mi is

lim
z/mi

ðz� miÞ zeiz

ðz� miÞðzþ miÞ ¼
mieimi

miþ mi
¼ e�m

2

so Z R

�R

xeix

x2 þ m2
dx ¼ 2pi

	
e�m

2



�
Z
CR

f ðzÞeizdz.

Thus Z R

�R

x sin x

x2 þ m2
dx ¼ Im

�
pie�m

�� Im

Z
CR

f ðzÞeizdz.

−R

mi

R

CR

FIGURE 11.7.1
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Consider ����Z
CR

f ðzÞeizdz
����.

If z is a point on CR, then

j f ðzÞj � R

ðR� mÞ2

and the length of CR is pR. So we can say����Z
CR

f ðzÞeizdz
���� � R

ðR� mÞ2 pR

but

lim
R/∞

R

ðR� mÞ2 pRs0:

Thus more is needed to conclude that

lim
R/∞

����Z
CR

f ðzÞeizdz
���� ¼ 0:

The pertinent result is Jordan’s lemma. (See Brown and Churchill, p. 272.) It
states that if f (z) is analytic at all points in the upper half plane that are exterior

to a circle jzj ¼ R0 and CR denotes a semicircle z ¼ Reiq; 0 � q � p; where
R > R0 and j f ðzÞj � MR for z on CR and

lim
R/∞

MR ¼ 0

then for every positive real number a,

lim
R/∞

Z
CR

f ðzÞeiazdz ¼ 0:

ThusZ ∞

�∞

x sin x

x2 þ m2
dx ¼ lim

R/∞

Z R

�R

x sin x

x2 þ m2
dx

¼ Im
�
pie�m

�� Im lim
R/∞

Z
CR

f ðzÞeizdz ¼ Im
�
pie�m

� ¼ pe�m.
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Now considerffiffiffi
2

p

r Z ∞

�∞

k sinðkrÞ
r
�
k2 þ m2

� dk ¼
ffiffiffi
2

p

r
1

r3

Z ∞

�∞

rk sinðkrÞ�
k2 þ m2

� rdk
¼

ffiffiffi
2

p

r
r2

r3

Z ∞

�∞

rk sinðkrÞ
r2
�
k2 þ m2

� rdk
¼

ffiffiffi
2

p

r
1

r

Z ∞

�∞

rk sinðkrÞ
ðr2k2 þ r2m2

� rdk
¼

ffiffiffi
2

p

r
1

r

Z ∞

�∞

u sinðuÞ
ðu2 þ r2m2

� du ¼
ffiffiffiffiffiffi
2p

p 1

r
e�mr .

Since
k sinðkrÞ
rðk2þm2Þ is an even function in k, and r � 0Z ∞

0

k sinðkrÞ
rðk2 þ m2Þ dk ¼

ffiffiffi
2

p

r
1

r
e�mr .

Returning to

bUðkÞ ¼ �k2 þ m2
��1 bFðkÞ

we now know

uðbxÞ ¼ ðg � f ÞðbxÞ ¼ 1ffiffiffiffiffiffi
2p

p 3

ZZZ
ŷ

1

jbx � byje�mjx̂�ŷjf ðbyÞdby.
EXERCISES
1. In three dimensions, find the Fourier transform of

f ðrÞ ¼ 1

ð4prÞ3=2
e�r2=4.
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The Laplace Transform 12
12.1 INTRODUCTION
A second integral transform that plays a prominent role in the solution of differential
equations is the Laplace transform. If f ðxÞ is a piecewise continuous function for
which

f ðxÞ ¼ 0 if x < 0

then the Laplace transform of f ðxÞ; denoted ðLf ÞðsÞ; is defined to be

ðLf ÞðsÞ ¼
Z ∞

0
e�sxf ðxÞdx

for functions for which the integral converges.
We note a relationship between the Laplace transform and the Fourier transform.

We have

ðF f ÞðsÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
f ðxÞe�ixsds

so

ðF f Þð�isÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
f ðxÞe�ixð�isÞdx ¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

�∞
f ðxÞe�xsdx.

If f ðxÞ ¼ 0 for x < 0; then

ðF f Þð�isÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
f ðxÞe�xsdx ¼ 1ffiffiffiffiffiffi

2p
p

Z ∞

0
f ðxÞe�xsdx ¼ 1ffiffiffiffiffiffi

2p
p ðLf ÞðsÞ: (1)

(This is one place where our definition of the Fourier transform makes things a
little messier. There is a definition of the Fourier transform for which
ðF f Þð�isÞ ¼ ðLf ÞðsÞ.)
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EXERCISES
1. Show that

L½tn� ¼ n!

snþ1
s > 0:

2. Use the Maclaurin series for sin t and assume that the series can be integrated
term by term to show

Lfsin tg ¼ 1

s2 þ 1
; s > 1:

3. Use the Maclaurin series for

f ðtÞ ¼

8><>:
sin t

t
; ts0

1; t ¼ 0

and assume that the series can be integrated term by term to show

Lff ðtÞg ¼ tan�1ð1=sÞ; s > 1:

Note that the Taylor series for tan�1 x is x� x3

3 þ x5

5 �/ x < 1:
4. Use the Maclaurin series expansion for the order zero Bessel function

J0ðtÞ ¼
X∞
n¼0

ð�1Þnt2n
22nðn!Þ2

and assume that the series can be integrated term by term to show

LfJ0ðtÞg ¼ �
s2 þ 1

��1=2
; s > 1:

12.2 PROPERTIES OF THE LAPLACE TRANSFORM
The relationship between the Laplace and Fourier transforms suggests that certain
properties of the two transforms are shared. For example, the Laplace transform
can be viewed as a method to decompose a function. Also, as we now show, the anal-
ogous result about the Laplace transform of the convolution of two functions is the
product of the Laplace transforms.

Theorem:
Let FðsÞ and GðsÞ denote the Laplace transforms of f ðxÞ and gðxÞ, respectively.

Then

ðLð f � gÞÞðsÞ ¼ FðsÞGðsÞ.

402 CHAPTER 12 The Laplace Transform



Proof:
We have

ðLð f � gÞÞðsÞ ¼
Z ∞

t¼0
ð f � gÞðtÞe�stdt ¼

Z ∞

t¼0

0@Z t

z¼0
f ðzÞgðt � zÞdz

1Ae�stdt: (1)

The reason the limits of integration are as they are in
R t
z¼0 f ðzÞgðt � zÞdz is

because f ðzÞ ¼ 0 if z < 0; and gðt � zÞ ¼ 0 if z > t. This is why the convolution
of functions f ðxÞ and gðxÞ that have a Laplace transform is usually given by

ð f � gÞðxÞ ¼
Z t

z¼0
f ðzÞgðx� zÞdz

rather than

ð f � gÞðxÞ ¼
Z ∞

z¼�∞
f ðzÞgðx� zÞdz:

We change the order of integration in the double integral in Eq. (1). The region of
integration is shown in Fig. 12.2.1.

Changing the order of integration givesZ ∞

t¼0

0@Z t

z¼0
f ðzÞgðt � zÞdz

1Ae�stdt ¼
Z ∞

z¼0

0@Z ∞

t¼z
f ðzÞgðt � zÞe�stdt

1Adz

¼
Z ∞

z¼0
f ðzÞ

0@Z ∞

t¼z
gðt � zÞe�stt

1Adz:

In the integral Z ∞

t¼z
gðt � zÞe�stdt

t

z = t

z

FIGURE 12.2.1
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we make the change of variables u ¼ t � z: When t ¼ z; then u ¼ 0:
When t ¼ ∞; then u ¼ ∞. Also; dt ¼ du and e�st ¼ e�sðuþzÞ ¼ e�sue�sz:

ThusZ ∞

t¼z
gðt � zÞe�stdt ¼

Z ∞

u¼0
gðuÞe�sue�szdu ¼ e�sz

Z ∞

u¼0
gðuÞe�sudu

so Z ∞

z¼0
f ðzÞ

0@Z ∞

t¼z
gðt � zÞe�stdt

1Adz

¼
0@Z ∞

z¼0
f ðzÞe�szdz

1A0@Z ∞

u¼0
gðuÞe�sudu

1A ¼ FðsÞGðsÞ:

Corollary:
With the notation of the theorem above

L�1ðFðsÞGðsÞÞ ¼ ðf � gÞðxÞ:
As with the Fourier transform, it is the corollary that is useful in solving differ-

ential equations.
Some important results that we shall use in solving differential equations with the

Laplace transform are the following theorem and its corollaries.

Theorem:
Suppose that the Laplace transform of f ðxÞ and f 0ðxÞ exist and f ðxÞ is continuous.

Then

ðLf 0ÞðsÞ ¼ sðLf ÞðsÞ � f ð0Þ:
Proof:
Integrating by parts with u ¼ e�sx and dv ¼ f 0; we have

ðLf 0ÞðsÞ ¼
Z ∞

0
e�sxf 0ðxÞdx ¼ e�sxf ðxÞ��∞

x¼0
þ s

Z ∞

0
e�sxf ðxÞdx ¼ sðLf ÞðsÞ � f ð0Þ:

Corollary:
Suppose that the Laplace transform of f ðxÞ; f 0ðxÞ, and f 00ðxÞ exist and f ðxÞ and

f 0ðxÞ are continuous. Then

ðLf 00ÞðsÞ ¼ s2ðLf ÞðsÞ � sf ð0Þ � f 0ð0Þ:
Proof:
By the theorem, we have

ðLf 00ÞðsÞ ¼ sðLf 0ÞðsÞ � f 0ð0Þ ¼ s½sðLf ÞðsÞ � f ð0Þ� � f 0ð0Þ
¼ s2ðLf ÞðsÞ � sf ð0Þ � f 0ð0Þ:
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Continuing the idea of the above corollary, we have the following result.

Corollary:
Suppose the Laplace transform of f ðxÞ; f 0ðxÞ; . ; f ðnÞðxÞ exist and

f ðxÞ; f 0ðxÞ; . ; f ðn�1ÞðxÞ are continuous. Then�
Lf ðnÞ

�
ðsÞ ¼ snðLf ÞðsÞ � sn�1 f ð0Þ �/� sf ðn�2Þð0Þ � f ðn�1Þð0Þ:

Table 12.2.1 gives some formulas for the Laplace transform. Several of these are
proven in the exercises. In the table, FðsÞ is the Laplace transform of f ðxÞ:

Table 12.2.1 Some Properties and Formulas for the Laplace Transform

LðafðxÞ þ bgðxÞÞ ¼ aFðsÞ þ bGðsÞ
LðxfðxÞÞ ¼ � d

ds FðsÞ
L½xnfðxÞ� ¼ ð�1Þn dn

dsn FðsÞ
L½fðax � bÞ� ¼ 1

a e
�bs=a F

�
s
a

�
a > 0; b � 0

L½eaxfðxÞ� ¼ Fðs� aÞ

L
h R x

0 fðtÞdt
i
¼ 1

s FðsÞ

L½ðf � gÞ� ¼ FðsÞGðsÞ
L�f ðnÞðxÞ	 ¼ snFðsÞ � sn�1fð0Þ � sn�2f 0ð0Þ �/� f ðn�1Þð0Þ

If uðxÞ ¼
(
1 if x � 0

0 if x < 0
then L½uðxÞ� ¼ 1

s and L½uðx � aÞ� ¼ e�as

s s > 0; then

L½uðx � aÞfðx � aÞ� ¼ e�asFðsÞ
L½x� ¼ 1

s2
s > 0

L½xn� ¼ n!
snþ1 s > 0

L½eax � ¼ 1
s�a

L½sinðaxÞ� ¼ a
s2þ a2

s > 0

L½cosðaxÞ� ¼ s
s2þ a2

s > 0

L½x sinðaÞ� ¼ 2ax
ðs2þ a2Þ2 s > jaj

L½x cosðaxÞ� ¼ s2� a2

ðs2þ a2Þ2 s > jaj

L½fðaxÞ�¼ 1
a F

�
s
a

�
a > 0

L½eaxxn� ¼ n!
ðs�aÞnþ1 s > a

L½eax sinðbxÞ� ¼ b
ðs�aÞ2þb2

s > a

L½eax cosðbxÞ� ¼ s�a
ðs�aÞ2þb2

s > a

L½dðs� aÞ� ¼ e�as

L½ð�xÞnfðxÞ� ¼ F ðnÞðsÞ
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EXERCISES
1. Show that

a. Lðxf ðxÞÞ ¼ � d
ds FðsÞ.

b. L½sinðaxÞ� ¼ a
s2þa2 s > 0.

c. L½x cosðaxÞ� ¼ s2�a2

ðs2þa2Þ2 s > jaj:
2. If FðsÞ ¼ Lff ðtÞg, show that if FðsÞ exists for s > b � 0; then

a. Lff ðatÞg ¼ 1
a F

�
s
a

�
; s > ab:

b. Lfeatf ðtÞg ¼ Fðs� aÞ; s > aþ b:

c. L
n
1
a e

�bt=af
�
t
a

�o
¼ Fðasþ bÞ; a > 0:

3. Find the Laplace transform for the Dirac-d function.
4. Find the Laplace transform of the functions below:

a.
R t
0ðt � sÞsin sds:

b.
R t
0 cosðt� sÞesds:

c.
R t
0ðt � sÞsinð4sÞds:

5. Use the convolution theorem to find the inverse Laplace transform of the given
functions:

a.
1

s2ðs2 þ 1Þ:

b.
2

s2ðs2 þ 4Þ:

c.
s

ðs2 þ 4Þ2
:

12.3 SOLVING DIFFERENTIAL EQUATIONS USING THE
LAPLACE TRANSFORM

The Laplace transform can be applied to solve both ordinary and partial differential
equations.

We first demonstrate how the Laplace transform can be used to solve ordinary
differential equations. The major steps of the process are as follows:

1. Apply the Laplace transform to the ordinary differential equation. We shall see
that in the case where the coefficients are constants, this converts the ordinary
differential equation to an algebraic equation. The point of the process is that the
algebraic equation is easier to solve.

2. Solve the resulting algebraic equation.
3. Find the function whose Laplace transform is that of the solution found in

Step (2). The result is the solution to the differential equation.

Like with solving differential equations with the Fourier transform, it is the third
step, where we find the “inverse Laplace Transform” of a function that is the most
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difficult. There is a transform that accomplishes this, called the Mellin transform, but
it is beyond the scope of this text.

We give two examples of how to use the Laplace transform to solve ordinary dif-
ferential equations.

Example:
Solve the differential equation

y00ðtÞ þ 6y0ðtÞ þ 5yðtÞ ¼ f ðtÞ; yð0Þ ¼ 1; y0ð0Þ ¼ 0

using the Laplace transform.
This example demonstrates how the Laplace transform converts an ordinary dif-

ferential equation with constant coefficients into an algebraic equation and use of the
convolution theorem.

Solution:
Letting LyðtÞ ¼ YðsÞ; we have

Ly00ðtÞ ¼ s2YðsÞ � syð0Þ � y0ð0Þ ¼ s2YðsÞ � s

Ly0ðtÞ ¼ sYðsÞ � yð0Þ ¼ sYðsÞ � 1

and we let FðsÞ ¼ Lf ðtÞ:
Thus taking the Laplace transform of the equation yields

s2YðsÞ � sþ 6½sYðsÞ � 1� þ 5YðsÞ ¼ FðsÞ
or �

s2 þ 6sþ 5
�
YðsÞ � s� 6 ¼ FðsÞ:

So

YðsÞ ¼ sþ 6

ðs2 þ 6sþ 5Þ þ
FðsÞ

ðs2 þ 6sþ 5Þ ¼
sþ 6

ðsþ 5Þðsþ 1Þ þ
FðsÞ

ðsþ 5Þðsþ 1Þ:

Taking the inverse Laplace transform gives

yðtÞ ¼ L�1ðYðsÞÞ ¼ L�1



sþ 6

ðsþ 5Þðsþ 1Þ þ
FðsÞ

ðsþ 5Þðsþ 1Þ
�

¼ L�1



sþ 6

ðsþ 5Þðsþ 1Þ
�
þ L�1



FðsÞ

ðsþ 5Þðsþ 1Þ
�
:

Using a CAS to decompose the first expression on the right into partial fractions
yields

sþ 6

ðsþ 5Þðsþ 1Þ ¼
5

4ðsþ 1Þ �
1

4ðsþ 5Þ :
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Now

L�1



s

ðsþ 5Þðsþ 1Þ
�

¼ L�1



5

4ðsþ 1Þ �
1

4ðsþ 5Þ
�

¼ 5

4
L�1



1

sþ 1

�
� 1

4
L�1



1

sþ 5

�
¼ 5

4
e�t � 1

4
e�5t:

We use the convolution theorem to get

L�1



FðsÞ

ðsþ 5Þðsþ 1Þ
�

¼ ð f � gÞðtÞ

where

gðtÞ ¼ L�1



1

ðsþ 5Þðsþ 1Þ
�

¼ L�1



1

4ðsþ 1Þ �
1

4ðsþ 5Þ
�

¼ 1

4

�
e�t � e�5t

�
:

So

ð f � gÞðtÞ ¼
Z t

0
f ðuÞgðt � uÞdu ¼

Z t

0
f ðuÞ

�
1

4

�
e�ðt�uÞ � e�5ðt�uÞ

�

du:

Finally,

yðtÞ ¼ 5

4
e�t � 1

4
e�5t þ

Z t

0
f ðuÞ

�
1

4

�
e�ðt�uÞ � e�5ðt�uÞ

�

du:

The next example gives a linear equation where the coefficients are not constants.
The main point of the example is to demonstrate a use of the relation

Lðty0Þ ¼ � d

ds
L�y0	:

Example:
Solve the equation

y00ðtÞ þ ty0ðtÞ þ yðtÞ ¼ 0; yð0Þ ¼ 1; y0ð0Þ ¼ 0:

Solution:
Letting LyðtÞ ¼ YðsÞ; we have

Ly00ðtÞ ¼ s2YðsÞ � syð0Þ � y0ð0Þ ¼ s2YðsÞ � s

Ly0ðtÞ ¼ sYðsÞ � yð0Þ ¼ sYðsÞ � 1:

Then

L½ty0ðtÞ� ¼ � d

ds
L�y0	 ¼ � d

ds
½sYðsÞ � 1� ¼ �YðsÞ � sY 0ðsÞ:

Taking the Laplace transform of the differential equation thus yields�
s2YðsÞ � s

	þ ½� YðsÞ � sY 0ðsÞ� þ ½YðsÞ� ¼ 0
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or

s2YðsÞ � sY 0ðsÞ � s ¼ 0

or

Y 0ðsÞ � s YðsÞ ¼ 1:

In this case, taking the Laplace transform has reduced the order of the differential
equation from two to one. The resulting differential equation is one that is familiar in
a first differential equations course. It is solved by multiplying by an integrating fac-
tor, which in this case is e�s2=2; to give

e�s2=2Y 0ðsÞ � e�s2=2s YðsÞ ¼ e�s2=2.

But

d

ds

�
e�s2=2YðsÞ

�
¼ e�s2=2Y 0ðsÞ � e�s2=2s YðsÞ

so we have �
e�s2=2YðsÞ

�0 ¼ e�s2=2:

Then

e�s2=2YðsÞ � C ¼
Z ∞

s

�
e�z2=2YðzÞ

�0
dz ¼

Z ∞

s
e�z2=2dz

where C ¼ lim
z/∞

e�z2=2YðzÞ ¼ 0:

Integrating and simplifying gives

YðsÞ ¼ es
2=2

24Z ∞

s
e�z2=2z

35:
Now,

YðsÞ ¼
24Z ∞

s
e�z2=2es

2=2dz

35 ¼
Z ∞

s
e�ðz2�s2Þ=2dz:

We can find yðtÞ by making the change of variables u ¼ z� s. Then
du ¼ dz; z2 � s2 ¼ ðz� sÞðzþ sÞ ¼ uðuþ 2sÞ ¼ u2 þ 2su; if z ¼ s; then u ¼ 0;
if z ¼ ∞; then u ¼ ∞.

So

YðsÞ ¼
Z ∞

s
e�ðz2�s2Þ=2dz ¼

Z ∞

0
e�ðu2þ2suÞ=2du ¼

Z ∞

0
e�sue�u2=2du:
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We recognize that the expression on the right is the Laplace transform of e�t2=2:
Thus the solution to the differential equation is

yðtÞ ¼ e�t2=2:

Example:
In this example we show how to find the Laplace transform of a function with a

jump discontinuity. Let

ucðtÞ ¼
�
0 t < c

1 t � c
:

In Exercise 6 at the end of this section, we show LfucðtÞf ðt � cÞg ¼ e�csFðsÞ:
Let

f ðtÞ ¼
�
t 0 � t � 2

t þ ðt � 2Þ3 t > 2
:

Then f ðtÞ ¼ t þ ucðtÞðt � 2Þ3: So

Lff ðtÞg ¼ Lftg þ L
n
ucðtÞðt � 2Þ3

o
¼ Lftg þ e�2sL�t2�:

Consider the initial value problem

y00ðtÞ þ 2y0ðtÞ � 8yðtÞ ¼ 3d0ðt � 2Þ; yð0Þ ¼ 2; y0ð0Þ ¼ �1:

Taking the Laplace transform, we have�
s2YðsÞ � syð0Þ � y0ð0Þ	þ 2½sYðsÞ � yð0Þ� � 8YðsÞ

¼ s2YðsÞ � 2sþ 1þ 2sYðsÞ � 4� 8YðsÞ ¼ 3e�2s

so

YðsÞ�s2 þ 2s� 8
� ¼ 3e�2s þ 2sþ 3:

Thus

YðsÞ ¼ e�2s 3

ðsþ 4Þðs� 2Þ þ
2sþ 3

ðsþ 4Þðs� 2Þ:

Using

3

ðsþ 4Þðs� 2Þ ¼
1

2

1

s� 2
� 1

2

1

sþ 4
and

2sþ 3

ðsþ 4Þðs� 2Þ ¼
5

6

1

ðsþ 4Þ þ
7

6

1

ðs� 2Þ
we have

YðsÞ ¼ e�2sY1ðsÞ þ Y2ðsÞ
where

Y1ðsÞ ¼ 1

2

1

ðs� 2Þ �
1

2

1

ðsþ 4Þ and Y2ðsÞ ¼ 5

6

1

ðsþ 4Þ þ
7

6

1

ðs� 2Þ:

410 CHAPTER 12 The Laplace Transform



So

yðtÞ ¼ u2ðtÞy1ðt � 2Þ þ y2ðtÞ ¼ u2ðtÞ
�
1

2
e2ðt�2Þ � 1

2
e�4ðt�2Þ



þ 5

6
e�4t þ 7

6
e2t:

EXERCISES
Use the Laplace transform to solve the following initial value problems:

1. y00ðxÞ þ yðxÞ ¼ 0; yð0Þ ¼ 2; y0ð0Þ ¼ 3:
2. y00ðxÞ þ 7y0ðxÞ þ 12yðxÞ ¼ 0; yð0Þ ¼ 3; y0ð0Þ ¼ �2:
3. y00ðxÞ þ 4y0ðxÞ þ 3yðxÞ ¼ x; yð0Þ ¼ 0; y0ð0Þ ¼ 4:
4. y00ðxÞ þ 5y0ðxÞ þ 6yðxÞ ¼ e�x; yð0Þ ¼ y0ð0Þ ¼ 0:
5. y00ðxÞ � 4y0ðxÞ þ 3yðxÞ ¼ sin x; yð0Þ ¼ 2; y0ð0Þ ¼ 0:
6. For c > 0 define

ucðtÞ ¼
�
0 t < c

1 t � c
:

Show that LfucðtÞf ðt � cÞg ¼ e�csFðsÞ: This is used in the next two exercises.
7. Use the Laplace transform to solve the initial value problem

y00ðxÞ þ y0ðxÞ � 12yðxÞ ¼ d0ðx� 1Þ; yð0Þ ¼ 0; y0ð0Þ ¼ 1:

8. A spring system is modeled by the differential equation

mx00ðtÞ þ cx0ðtÞ þ kxðtÞ ¼ f ðtÞ
where m ¼ mass of the spring; c ¼ damping factor; k ¼ spring constant; f ðtÞ ¼
force; xðtÞ ¼ displacement from equilibrium: Suppose a spring is hit with a
hammer at t ¼ 2 that imparts a nearly instantaneous impulse of
1; so that f ðtÞ ¼ d0ðt � 2Þ: Find xðtÞ if m ¼ 1; c ¼ 8 and k ¼ 15 using the
Laplace transform.

12.4 SOLVING THE HEAT EQUATION USING THE LAPLACE
TRANSFORM

As with the Fourier transform, we shall use the Laplace transform to solve partial
differential equations. Consider two forms of the heat equation problem.

vuðx; tÞ
vt

� v2uðx; tÞ
vx2

¼ 0; �∞ < x < ∞; t > 0

uðx; 0Þ ¼ f ðxÞ; uð0; tÞ ¼ gðtÞ
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and

vuðx; tÞ
vt

� v2uðx; tÞ
vx2

¼ 0; 0 < x < ∞; t > 0

uðx; 0Þ ¼ f ðxÞ; uð0; tÞ ¼ gðtÞ
where gðtÞ ¼ 0 if t < 0:

Since uðx; tÞ is a function of two variables, it might seem that we could apply the
Laplace transform with respect to either variable. However, the Laplace transform is
defined only for functions that are zero when the variable is negative. Thus we could
apply the Laplace transform with respect to either variable in the second problem,
but only with respect to t in the first problem.

Let uðx; tÞ be a function for which uðx; tÞ ¼ 0 if x < 0 or t < 0: Then we can
take the Laplace transform of uðx; tÞ with respect to either variable.

Let Lt denote the Laplace transform with respect to t and Lx denote the Laplace
transform with respect to x: That is,

Ltðuðx; tÞÞ ¼ Uðx; sÞ ¼
Z ∞

0
uðx; tÞe�stdt

Lxðuðx; tÞÞ ¼ Uðs; tÞ ¼
Z ∞

0
uðx; tÞe�sxdx:

If we take the Laplace transform with respect to t; then

Lt



vuðx; tÞ

vt

�
¼

Z ∞

0

vuðx; tÞ
vt

e�stdt ¼ s Uðx; sÞ � uðx; 0Þ ¼ s Uðx; sÞ � f ðxÞ

and

Lt



v2uðx; tÞ

vx2

�
¼

Z ∞

0

v2uðx; tÞ
vx2

e�stdt ¼ v2

vx2

Z ∞

0
uðx; tÞe�stdt ¼ v2Uðx; sÞ

vx2
:

Analogous equations hold if one takes the Laplace transform with respect to x:
The boundary condition transforms to

Ltðuð0; tÞÞ ¼
Z ∞

0
gðtÞe�stdt ¼ GðsÞ:

Thus taking the Laplace transform with respect to t of the given equation yields

s Uðx; sÞ � f ðxÞ � v2Uðx; sÞ
vx2

¼ 0 Uð0; sÞ ¼ GðsÞ:
In the next example, we solve such a problem for given functions f ðxÞ and gðtÞ:

As one would expect because of the relationship between the Fourier transform and
the Laplace transform given by Eq. (1) in Section 12.1, the process of solving partial
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differential equations with the two techniques is virtually identical. We recall that
the major steps with the Fourier transform were as follows:

1. Convert the PDE to an ODE using the transform.
2. Solve the ODE.
3. Convert the solution back to the original space-time variables.

We reiterate that the Fourier transform when applied to the space ðxÞ variable is
valid for all problems, but to apply the Laplace transform to the x variable, the func-
tion must be zero when x is negative.

Example:
We solve the heat equation

vuðx; tÞ
vt

� v2uðx; tÞ
vx2

¼ 0; 0 < x < ∞; t > 0

uðx; 0Þ ¼ 1; uð0; tÞ ¼
�
1 0 < t < 2

0 otherwise

using the Laplace transform.

Solution:
We apply the Laplace transform with respect to time to the equation. Since

L


vuðx; tÞ

vt

�
¼

Z ∞

0

vuðx; tÞ
vt

e�stdt ¼ s Uðx; sÞ � uðx; 0Þ ¼ s Uðx; sÞ � 1

and

L v2uðx; tÞ
vx2

¼ v2Uðx; sÞ
vx2

we have

s Uðx; sÞ � 1� d2Uðx; sÞ
dx2

¼ 0

or

d2Uðx; sÞ
dx2

� s Uðx; sÞ ¼ 1

where the equation becomes an ordinary differential equation because we are
assuming that s is fixed.

The boundary condition is

Uð0; sÞ ¼ L½uð0; tÞ� ¼
Z 2

0
e�stdt ¼ 1

s
� e�2s

s
:

The associated homogeneous equation is

d2Uðx; sÞ
dx2

� sUðx; sÞ ¼ 0;
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for which the solution is

UHðx; sÞ ¼ c1ðsÞe�
ffiffi
s

p
x þ c2ðsÞe

ffiffi
s

p
x: (1)

It must be remembered that we are solving the equation for a fixed s; and the
“constants” of integration depend on s.

To find a particular solution, we use variation of parameters as we did in the sec-
tion on Green’s functions.

Two linearly independent solutions to the homogeneous equation are

y1ðxÞ ¼ e�
ffiffi
s

p
x; y2ðxÞ ¼ e

ffiffi
s

p
x:

So

y1
0ðxÞ ¼ � ffiffi

s
p

e�
ffiffi
s

p
x; y2

0ðxÞ ¼ ffiffi
s

p
e

ffiffi
s

p
x

and

Upðx; sÞ ¼
Z x

0

y1ðtÞy2ðxÞ � y1ðxÞy2ðtÞ
y1ðtÞy2 0ðtÞ � y1

0ðtÞ y2ðtÞ
f ðtÞdt

¼
Z x

0

e�
ffiffi
s

p
te

ffiffi
s

p
x � e�

ffiffi
s

p
xe

ffiffi
s

p
t

e�
ffiffi
s

p
t ffiffi

s
p

e
ffiffi
s

p
t � e�

ffiffi
s

p
t
�� ffiffi

s
p �

e
ffiffi
s

p
t
ð1Þdt

¼
Z x

0

e�
ffiffi
s

p
te

ffiffi
s

p
x � e�

ffiffi
s

p
xe

ffiffi
s

p
t

2
ffiffi
s

p dt ¼ 1

2
ffiffi
s

p
Z x

0

h
e

ffiffi
s

p ðx�tÞ � e�
ffiffi
s

p ðx�tÞ
i
dt:

NowZ x

0

h
e

ffiffi
s

p ðx�tÞ
i
dt ¼ � 1ffiffi

s
p þ 1ffiffi

s
p e

ffiffi
s

p
x; and

Z x

0

h
e�

ffiffi
s

p ðx�tÞ
i
dt ¼ 1ffiffi

s
p � 1ffiffi

s
p e�

ffiffi
s

p
x

so

ypðxÞ ¼ 1

2
ffiffi
s

p
�


� 1ffiffi
s

p þ 1ffiffi
s

p e
ffiffi
s

p
x

�
�



1ffiffi
s

p � 1ffiffi
s

p e�
ffiffi
s

p
x

�


¼ �1

s
þ 1

2s
e

ffiffi
s

p
x þ 1

2s
e�

ffiffi
s

p
x:

We add the particular solution to the solution to the homogeneous equation given
by Eq. (1) to get the general solution

Uðx; sÞ ¼ UHðx; sÞ þ Upðx; sÞ ¼ c1ðsÞe�
ffiffi
s

p
x þ c2ðsÞe

ffiffi
s

p
x � 1

s
þ 1

2s
e

ffiffi
s

p
x þ 1

2s
e�

ffiffi
s

p
x

¼


c1ðsÞ þ 1

2s

�
e�

ffiffi
s

p
x þ



c2ðsÞ þ 1

2s

�
e

ffiffi
s

p
x � 1

s

¼ C1ðsÞe�
ffiffi
s

p
x þ C2ðsÞe

ffiffi
s

p
x � 1

s
:

C1ðsÞ ¼ c1ðsÞ þ 1

2s
and C2ðsÞ ¼ c2ðsÞ þ 1

2s
:
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We use the requirement that Uðx; sÞ is bounded as s/∞ to get C2ðsÞ ¼ 0: Thus
we have to this point

Uðx; sÞ ¼ C1ðsÞe�
ffiffi
s

p
x þ 1

s
:

We have the boundary condition

Uð0; sÞ ¼ L½uð0; tÞ� ¼
Z 2

0
e�stdt ¼ 1

s
� e�2s

s
:

Now

Uð0; sÞ ¼ C1ðsÞe�
ffiffi
s

p
0 þ 1

s
¼ 1

s
� e�2s

s

and thus

C1ðsÞ ¼ �e�2s

s
:

Finally, we have

Uðx; sÞ ¼ �e�2s

s
e�

ffiffi
s

p
x þ 1

s
:

To find uðx; tÞ we must find the inverse Laplace transform of Uðx; sÞ: Now

L�1



1

s

�
¼ 1

and we use the convolution theorem to find

L�1



� e�2s

s
e�

ffiffi
s

p
x

�
:

We find

L�1



� e�2s

s

�
and L�1

�
e�s

ffiffi
x

p �
:

We have

L�1



� e�2s

s

�
¼

�
0 if t < 2

�1 if t � 2
:

The inverse transform

L�1
�
e�

ffiffi
s

p
x
�

often does not appear in tables. We show that

if f ðtÞ ¼ xffiffiffiffiffiffiffiffiffi
4pt3

p e�x2=4t; t > 0
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then

L½ f ðtÞ� ¼ e�x
ffiffi
s

p
:

In Section 1.5 we showed that

Z ∞

0
e
�
�
a2x2þb2

x2

�
dx ¼

ffiffiffi
p

p
2a

e�2ab:

Consider

L½ f ðtÞ� ¼
Z ∞

0

xffiffiffiffiffiffiffiffiffi
4pt3

p e�
x2

4t e�stdt:

Let u ¼ x
2
ffiffi
t

p . Then

du ¼ � x

4
ffiffiffiffi
t3

p ; u2 ¼ x2

4t
; t ¼ x2

4u2
and st ¼ sx2

4u2
:

If t ¼ 0; then u ¼ ∞; and if t ¼ ∞; then u ¼ 0:

Thus

Z ∞

0

xffiffiffiffiffiffiffiffiffi
4pt3

p e�
x2

4t e�stdt ¼ 2ffiffiffi
p

p
Z 0

∞
e
�



u2þ

sx2

4u2

�
ð�duÞ

¼ 2ffiffiffi
p

p
Z ∞

0
e
�



u2þ

sx2

4u2

�
du ¼ 2ffiffiffi

p
p

ffiffiffi
p

p
2

e�
2x

ffiffi
s

p
2 ¼ e�x

ffiffi
s

p
:

Thus

L
�

xffiffiffiffiffiffiffiffiffi
4pt3

p e�x2=4t



¼ e�x

ffiffi
s

p
and L�1

h
e�x

ffiffi
s

p i
¼ xffiffiffiffiffiffiffiffiffi

4pt3
p e�

x2

4t :

Finally,

uðx; tÞ ¼ L�1

�
� e�2s

s
e�

ffiffi
s

p
x þ 1

s



¼ L�1

�
1

s



þ L�1

�
� e�2s

s
e�

ffiffi
s

p
x




¼ 1�

0B@ xffiffiffiffiffiffiffiffiffi
4pt3

p e�
x2

4t

1CA � 1½2;∞�ðxÞ ¼ 1�
Z ∞

2

xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pðt � sÞ3

q e
�

x2

ðt � sÞds

where

1½2;∞�ðxÞ ¼
�
1 if x � 2

0 otherwise
:
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EXERCISES
1. Show that if f ðtÞ ¼ 1ffiffiffiffiffi

pt
p e�k2=4t; t > 0 then L½f ðtÞ� ¼ 1ffiffi

s
p e�k

ffiffi
s

p
: Hint: Note that

d
dk

1ffiffiffiffiffi
pt

p e�k2=4t ¼ � kffiffiffiffiffiffiffi
4pt3

p e�k2=4t:

2. Use the Laplace transform to solve the heat equation

vuðx; tÞ
vt

� v2uðx; tÞ
vx2

¼ 0; uðx; 0Þ ¼ 0; uð0; tÞ ¼ 4; lim
x/∞

uðx; tÞ ¼ 0;

0 < x < ∞; t > 0:

3. Use the Laplace transform to solve the heat equation

vuðx; tÞ
vt

� v2uðx; tÞ
vx2

¼ 0; uðx; 0Þ ¼ 0; u ð0; tÞ ¼ sin t; lim
x/∞

uðx; tÞ ¼ 0;

0 < x < ∞; t > 0:

4. Use the Laplace transform to solve the heat equation

vuðx; tÞ
vt

� v2uðx; tÞ
vx2

¼ 0; uðx; 0Þ ¼ 0; uð0; tÞ ¼ f ðtÞ; lim
x/∞

uðx; tÞ ¼ 0;

0 < x < ∞; t > 0:

5.

a. Use the Laplace transform to solve the heat equation

vuðx; tÞ
vt

� v2uðx; tÞ
vx2

¼ 0; uðx; 0Þ ¼ 0; uxð0; tÞ ¼ f ðtÞ; lim
x/∞

uðx; tÞ ¼ 0;

0 < x < ∞; t > 0:

b. Show that for t > 0

uð0; tÞ ¼
Z t

0

f ðsÞffiffiffi
p

p ðt � sÞ ds:

6. The flux at x ¼ 0 is

� v

vx
uðx; tÞjx¼0:
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Let

vuðx; tÞ
vt

� v2uðx; tÞ
vx2

¼ 0; uðx; 0Þ ¼ 0; uð0; tÞ ¼ f ðtÞ; lim
x/∞

uðx; tÞ ¼ 0;

0 < x < ∞; t > 0:

We have shown thatUðx; sÞ ¼ bf ðsÞe�x
ffiffi
s

p
so that L

h
� v

vx uðx; tÞ
i
¼� v

vx Uðx; sÞ ¼ffiffi
s

p bf ðsÞe�x
ffiffi
s

p
so that � v

vx Uðx; sÞjx¼0 ¼
ffiffi
s

p bf ðsÞ; and � v
vx uðx; tÞjx¼0

¼ L�1
h ffiffi

s
p bf ðsÞi ¼ L�1

h
1ffiffi
s

p sbf ðsÞi.
Use

L�1

�
1ffiffi
s

p


¼ 1ffiffiffiffiffi

pt
p and L�1

h
s bf ðsÞi ¼ f 0ðtÞ

to find L�1
h ffiffi

s
p bf ðsÞi.

12.5 THE WAVE EQUATION AND THE LAPLACE TRANSFORM
We apply the Laplace transform to solve the wave equation

v2uðx; tÞ
v2

¼ c2
v2uðx; tÞ

vx2
; �∞ < x < ∞; t > 0;

uðx; 0Þ ¼ f ðxÞ; vuðx; 0Þ
vt

¼ gðxÞ:
(1)

The steps in the solution are as follows:

1. Take the Laplace transform with respect to t to change the partial differential
equation to an ordinary differential equation.

2. Solve the ordinary differential equation using a variation of parameters.
3. Take the inverse Laplace transform of the ordinary differential equation to obtain

the solution to the original partial differential equation.

Let Uðx; sÞ denote the Laplace transform of uðx; tÞ with respect to t: That is,

Uðx; sÞ ¼ L½uðx; tÞ� ¼
Z ∞

0
e�stuðx; tÞdt:

Recall that

L
�
v2uðx; tÞ

vt2



¼ s2Uðx; sÞ � s uðx; 0Þ � vuðx; 0Þ

vt

so that taking the Laplace transform of Eq. (1) gives

s2Uðx; sÞ � s uðx; 0Þ � vuðx; 0Þ
vt

¼ c2
v2Uðx; sÞ

vx2
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or

s2Uðx; sÞ � s f ðxÞ � gðxÞ ¼ c2
v2Uðx; sÞ

vx2

so

�s f ðxÞ � gðxÞ ¼ c2
v2Uðx; sÞ

vx2
� s2Uðx; sÞ

or

v2Uðx; sÞ
vx2

� s2

c2
Uðx; sÞ ¼ � s

c2
f ðxÞ � 1

c2
gðxÞ: (2)

We fix s and then regard Eq. (2) as an ordinary differential equation with respect
to the variable x: Two linearly independent solutions of the associated homogeneous
equation

d2Uðx; sÞ
dx2

� s2

c2
Uðx; sÞ ¼ 0

are

y1ðx; sÞ ¼ e
�sx
c and y2ðx; sÞ ¼ e

sx
c :

We find a particular solution to Eq. (2) using

ypðx; sÞ ¼
Z x

0

h y1ðx; sÞy2ðx; sÞ � y1ðx; sÞy2ðx; sÞ
y1ðx; sÞy2 0ðx; sÞ � y1 0ðx; sÞy2ðx; sÞ

i
hðx; sÞdx

where

hðx; sÞ ¼ � s

c2
f ðxÞ � 1

c2
gðxÞ:

Now

y1ðx; sÞy2 0ðx; sÞ � y1
0ðx; sÞy2ðx; sÞ ¼ e

�s
c e

sx
c

�s
c

�
� e

�sx
c

�
�s

c

�
e
sx
c ¼ 2s

c

and

y1ðx; sÞy2ðx; sÞ � y1ðx; sÞy2ðx; sÞ ¼ e
�sðx�xÞ

c � e
�sðx�xÞ

c :
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Thus the general solution to Eq. (2) is

Uðx; sÞhyðx; sÞ

¼ AðsÞy1ðx; sÞ þ BðsÞy2ðx; sÞ þ
Z x

0

c

2s

h
e

�sðx� xÞ
c � e

�sðx� xÞ
c

i
hðx; sÞdx:

(3)

Substituting

y1ðx; sÞ ¼ e
�sx
c and y2ðx; sÞ ¼ e

sx
c

Eq. (3) may be written

Uðx; sÞhyðx; sÞ

¼ AðsÞe
�sx
c þ BðsÞe

sx
c þ c

2s

24Z x

0
e

sx

c e

�sx
c ðhðx; sÞÞdx�

Z x

0
e

�sx

c e

sx

c ðhðx; sÞÞdx
35

¼ e
�sx
c

24AðsÞ � c

2s

Z x

0
e

sx

c ðhðx; sÞÞdx
35þ e

sx

c

24BðsÞ þ c

2s

Z x

0
e

�sx
c ðhðx; sÞÞdx

35:
If lim

x/�∞
Uðx; sÞ is finite, then we must have

lim
x/�∞

AðsÞ � c

2s

Z x

0
e
sx
c ðhðx; sÞÞdx ¼ 0

so

AðsÞ ¼ c

2s

Z �∞

0
e
sx
c ðhðx; sÞÞdx ¼ � c

2s

Z 0

�∞
e
sx
c ðhðx; sÞÞdx:

If lim
x/∞

Uðx; sÞ is finite, then we must have

lim
x/∞

BðsÞ þ c

2s

Z x

0
e
�sx
c ðhðx; sÞÞdx ¼ 0

so

BðsÞ ¼ � c

2s

Z ∞

0
e
�sx
c ðhðx; sÞÞdx:
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Thus

Uðx; sÞhyðx; sÞ

¼ e

�sx

c

24AðsÞ � c

2s

Z x

0
e

sx

c ðhðx; sÞÞdx
35

þ e

sx

c

24BðsÞ þ c

2s

Z x

0
e

�sx

c ðhðx; sÞÞdx
35

¼ e

�sx

c

24� c

2s

Z 0

�∞
e

sx

c ðhðx; sÞÞdx� c

2s

Z x

0
e

sx

c ðhðx; sÞÞdx
35

þ e

sx

c

24� c

2s

Z ∞

0
e

�sx

c ðhðx; sÞÞdxþ c

2s

Z x

0
e

�sx

c ðhðx; sÞÞdx
35

¼ � c

2s
e

�sx

c

24Z 0

�∞
e

sx

c ðhðx; sÞÞdxþ
Z x

0
e

sx

c ðhðx; sÞÞdx
35

� c

2s
e

sx

c

24Z ∞

0
e

�sx

c ðhðx; sÞÞdx�
Z x

0
e

�sx

c ðhðx; sÞÞdx
35

¼ � c

2s

8<:e

�sx

c

24Z x

�∞
e

sx

c ðhðx; sÞÞdx
35þ e

sx

c

Z ∞

x
e

�sx

c ðhðx; sÞÞdx
9=;

¼ � c

2s

24Z x

�∞
e

sðx� xÞ
c hðx; sÞdxþ

Z ∞

x
e

sðx� xÞ
c ðhðx; sÞÞdx

35

¼ � c

2s

Z ∞

�∞
e

�sjx� xj
c hðx; sÞdx:

Now

hðx; sÞ ¼ � s

c2
f ðxÞ � 1

c2
gðxÞ
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so

Uðx; sÞ ¼ � c

2s

Z ∞

�∞
e

�sjx� xj
c hðx; sÞdx ¼ � c

2s

Z ∞

�∞
e

�sjx� xj
c

�
� s

c2
f ðxÞ � 1

c2
gðxÞ



dx

¼ 1

2c

Z ∞

�∞
e

�sjx� xj
c f ðxÞdxþ 1

2c

Z ∞

�∞

1

s
e

�sjx� xj
c gðxÞdx:

We now find L�1½Uðx; sÞ� We first note that

L
24Z ∞

�∞
f ðxÞd



t � 1

c
jx� xj

�
dx

35 ¼
Z ∞

0

24Z ∞

�∞
f ðxÞd



t � 1

c
jx� xj

�
dx

35e�stdt:

Interchanging the order of integration, this isZ ∞

�∞

24Z ∞

0
e�std



t � 1

c
jx� xj

�
dt

35f ðxÞdx ¼ Z ∞

�∞
e
�sjx�xj

c f ðxÞx:

Since

L
24Z ∞

�∞
f ðxÞd



t � 1

c
jx� xj

�
dx

35 ¼
Z ∞

�∞
e
�sjx�xj

c f ðxÞdx

then

L�1

24Z ∞

�∞
e
�sjx�xj

c f ðxÞdx
35 ¼

Z ∞

�∞
f ðxÞd



t � 1

c
jx� xj

�
dx: (5)

If HðtÞ is the Heaviside function, then

L
24Z ∞

�∞
gðxÞH



t � 1

c
jx� xj

�
dx

35
¼

Z ∞

0

24Z ∞

�∞
gðxÞH



t � 1

c
jx� xj

�
dx

35e�stdt:

Interchanging the order of integration, this isZ ∞

�∞

24Z ∞

0
e�stH



t � 1

c
jx� xj

�
dt

35gðxÞ dx: (6)
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Now Z ∞

0
e�stH



t � 1

c
jx� xj

�
dt ¼

Z ∞

1
c
jx�xj

e�stdt ¼ 1

s
e
�sjx�xj

c

so Eq. (6) is Z ∞

�∞

1

s
e
�sjx�xj

c gðxÞ dx:

So, since

L
24Z ∞

�∞
gðxÞH



t � 1

c
jx� xj

�
dx

35 ¼
Z ∞

�∞

1

s
e
�sjx�xj

c gðxÞ dx

then

L�1

24Z ∞

�∞

1

s
e
�sjx�xj

c gðxÞ dx
35 ¼

Z ∞

�∞
gðxÞH



t � 1

c
jx� xj

�
dx: (7)

Thus

uðx; tÞ ¼ L�1½Uðx; sÞ� ¼ L�1

24 1

2c

Z ∞

�∞
e

�sjx� xj
c f ðxÞdxþ 1

2c

Z ∞

�∞

1

s
e

�sjx� xj
c gðxÞdx

35

¼ 1

2c

8<:L�1

24Z ∞

�∞
e

�sjx� xj
c f ðxÞdx

35þ L�1

24Z ∞

�∞

1

s
e

�sjx� xj
c gðxÞdx

359=;
¼ 1

2c

24Z ∞

�∞
f ðxÞd



t � 1

c
jx� xj

�
dxþ

Z ∞

�∞
gðxÞH



t � 1

c
jx� xj

�
dx

35:
(8)

Consider the first integral on the right-hand side of Eq. (8). We have

1

2c

Z ∞

�∞
f ðxÞd



t � 1

c
jx� xj

�
dx ¼ 1

2

Z ∞

�∞
f ðxÞd



t � 1

c
jx� xj

�
dx

c
:

Let z ¼ x
c. Then dz ¼ dx

c ; x ¼ cz; f ðxÞ ¼ f ðczÞ and t � 1
c jx� xj ¼ t � 1

c jx� czj:
Now t � 1

c jx� czj ¼ 0 if x� cz ¼ ct or x� cz ¼ �t; which occurs when

z ¼ x� ct

c
or z ¼ xþ ct

c
:
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Then

1

2

Z ∞

�∞
f ðxÞd



t � 1

c
jx� xj

�
dx

c
¼ 1

2

Z ∞

�∞
f ðczÞd



t � 1

c
jx� czjdz

�
¼ 1

2

�
f



c



x� ct

c

��
þ f



c



xþ ct

c

��

¼ 1

2
½ f ðx� ctÞ þ f ðxþ ctÞ�:

Next, consider the second integral in the right-hand side of Eq. (8). Note that

H



t � 1

c
jx� xj

�
¼

8>><>>:
0 if t � 1

c
jx� xj < 0

1 if t � 1

c
jx� xj > 0

:

Now, t � 1
c jx� xj > 0 if and only if jx� xj < ct; that is, if and only if

�ct < x� x < ct or x� ct < x < xþ ct:

So,

1

2c

Z ∞

�∞
gðxÞH



t � 1

c
jx� xj

�
dx ¼ 1

2c

Z xþct

x�ct
gðxÞdx:

Thus

uðx; tÞ ¼ 1

2
½ f ðxþ ctÞ þ f ðx� ctÞ� þ 1

2c

Z xþct

x�ct
gðxÞdx

which is d’Alembert’s formula.

EXERCISES
1. Use the Laplace transform to solve the wave equation

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
; 0 < x < ∞; t > 0; uðx; 0Þ ¼ utðx; 0Þ ¼ 0; uð0; tÞ

¼ f ðtÞ; lim
x/∞

uðx; tÞ ¼ 0:

2. Use the Laplace transform to solve the wave equation

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
; 0 < x < p; t > 0;

uðx; 0Þ ¼ sin x; utðx; 0Þ ¼ 0; uð0; tÞ ¼ uðp; tÞ ¼ 0:
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3. Use d’Alembert’s formula to solve the wave equation

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
; �∞ < x < ∞; t > 0; lim

x/∞
uðx; tÞ ¼ 0:

for the following initial conditions:
a. uðx; 0Þ ¼ e�x2 ; utðx; 0Þ ¼ sin x:
b. uðx; 0Þ ¼ 1

1þx2; utðx; 0Þ ¼ 0:
c. uðx; 0Þ ¼ cos x; utðx; 0Þ ¼ sin x:

Check the validity of your answer by substituting the solution into the wave
equation.

12.5 The Wave Equation and the Laplace Transform 425



Solving PDEs With Green’s
Functions 13
13.1 SOLVING THE HEAT EQUATION USING GREEN’S

FUNCTION
We construct Green’s function for the heat equation using the Dirac-d function,
following the method of Section 3.1. The first form of the problem we consider is

Duxxðx; tÞ ¼ utðx; tÞ �∞ < x < ∞; t > 0

uðx; 0Þ ¼ dðx� x0Þ: (1)

We solve this problem using the Fourier transform. Recall that if the Fourier
transform of u(x,t) with respect to x is denoted by U(k,t), then

Uðk; tÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
uðx; tÞe�ikxdx

uðx; tÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
Uðk; tÞeikxdk

vnuðx; tÞ
vtn

¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞

�
vnUðk; tÞ

vtn

�
ekxdk

and

vnuðx; tÞ
vxn

¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
Uðk; tÞðikÞneikxdk:

From Eq. (1), we have

0 ¼ utðx; tÞ � Duxxðx; tÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞

�
vUðk; tÞ

vt
þ Dk2Uðk; tÞ

�
eikxdk:

Thus, we need to solve the ordinary differential equation

dUðk; tÞ
dt

þ Dk2Uðk; tÞ ¼ 0: (2)
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The initial condition for Eq. (2) is

Uðk; 0Þ ¼ Fðuðx; 0ÞÞ ¼ F ðdðx� x0ÞÞ

¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
dðx� x0Þe�ikxdx ¼ 1ffiffiffiffiffiffi

2p
p e�ikx0 :

The solution to

dUðk; tÞ
dt

þ Dk2Uðk; tÞ ¼ 0; Uðk; 0Þ ¼ 1ffiffiffiffiffiffi
2p

p e�ikx0

is

Uðk; tÞ ¼ 1ffiffiffiffiffiffi
2p

p e�ikx0e�k2Dt:

To find u(x,t) we take the inverse Fourier transform of U(k,t), which is

1ffiffiffiffiffiffi
2p

p
Z ∞

�∞

1ffiffiffiffiffiffi
2p

p e�ikx0e�k2Dteikxdk:

In Section 1.5, we showed that

uðx; tÞ ¼ 1

2p

Z ∞

�∞
e�ikx0e�k2Dteikxdk ¼ 1ffiffiffiffiffiffiffiffiffiffiffi

4pDt
p exp

"
ðx� x0Þ2

4Dt

#
.

Thus the Green’s function is

Gðx; t; sÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
.

When we studied deriving Green’s functions from the Dirac-d function earlier,
we gave a procedure to solve a differential equation with initial condition
u(x,0) ¼ f (x), where f (x) is a piecewise continuous function, once we knew the so-
lution for the initial condition being a Dirac-d function. We now review that
procedure.

Suppose that f (x) is a piecewise continuous function. Divide the x-axis into small
subintervals of width Dx, and construct a step function

f �ðxÞ ¼
X
k

f ðxkÞjDk
ðxÞ

where f (xk) is the value of f (x) in the center of the kth interval, and

jDk
ðxÞ ¼

�
1 if x is in the kth interval

0 otherwise
.
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By superposition and the fact that the effect of f*(x) is the same asP
k f ðxkÞDxdðx� xkÞ, we have that u(x,t) is approximated byX

k

f ðxkÞ 1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� xkÞ2

4Dt

#
Dx:

Taking the limit as Dx/ 0, we have

uðx; tÞ ¼
Z ∞

�∞
f ðsÞ 1ffiffiffiffiffiffiffiffiffiffiffi

4pDt
p exp

"
ðx� sÞ2
4Dt

#
ds:

GREEN’S FUNCTION FOR THE NONHOMOGENEOUS HEAT EQUATION
Consider the equation

utðx; tÞ ¼ Duxxðx; tÞ þ f ðx; tÞ �∞ < x < ∞; t > 0; uðx; 0Þ ¼ 0: (3)

We find the Green’s function for Eq. (3) by solving

utðx; tÞ � Duxxðx; tÞ ¼ dðx� yÞdðt � sÞ �∞ < x < ∞; t > 0; uðx; 0Þ ¼ 0:

(4)

Taking the Fourier transform of Eq. (4) with respect to x gives

dUðk; tÞ
dt

þ k2DUðk; tÞ

¼
Z ∞

�∞
dðx� yÞdðt � sÞe�ikxdx

¼ dðt � sÞ
Z ∞

�∞
dðx� yÞe�ikxdx ¼ dðt � sÞe�iky:

The initial condition is

Fðuðx; 0ÞÞ ¼ Uðk; 0Þ ¼ Fð0Þ ¼ 0:

Thus, we seek to solve

dUðk; tÞ
dt

þ k2DUðk; tÞ ¼ dðt � sÞe�iky; Uðk; 0Þ ¼ 0: (5)

One method of solving an equation such as Eq. (5) is to multiply by an inte-
grating factor (see Edwards and Penny [2008] for example) which for this problem
is ek

2Dt. This gives

ek
2Dt dUðk; tÞ

dt
þ ek

2Dtk2DUðk; tÞ ¼ ek
2Dtdðt � sÞe�iky:

The point of the integrating factor is

ek
2DtdUðk; tÞ

dt
þ ek

2Dtk2DUðk; tÞ ¼ d

dt

�
ek

2DtUðk; tÞ
�
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so that

d

dt

�
ek

2DtUðk; tÞ
�
¼ ek

2Dtdðt � sÞe�iky

and

ek
2DtUðk; tÞ ¼

Z t

0
ek

2Dtdðt � sÞe�ikydt ¼ ek
2Dse�iky for s < t:

Thus

Uðk; tÞ ¼
(
exp
��k2Dt

	
exp
�
k2Ds

	
expð�ikyÞ for s < t

0 for s > t
:

To find the Green’s function, we apply the inverse Fourier transform to U(k,t).
Thus, we have

Gðx; t; s; yÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
eikxe�k2Dtek

2Dse�ikydk

¼ 1ffiffiffiffiffiffi
2p

p
Z �∞

�∞
e�k2Dðt�sÞ�ikðy�xÞdk for s < t:

Since

1

2p

Z ∞

�∞
e�ikxe�atk2dk ¼ 1ffiffiffiffiffiffiffiffiffiffi

4pat
p e�x2=4at

we have

1

2p

Z ∞

�∞
e�k2Dðt�sÞ�ikðy�xÞdk ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4pDðt � sÞp exp

"
�ðy� xÞ2
4Dðt � sÞ

#
and thus

Gðx; t; s; yÞ ¼

8>><>>:
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4pDðt � sÞp exp

"
�ðy� xÞ2
4Dðt � sÞ

#
for s < t

0 for s > t

:

By superposition, the solution to

utðx; tÞ ¼ Duxxðx; tÞ þ f ðx; tÞ �∞ < x < ∞; t > 0; uðx; 0Þ ¼ 0

is

uðx; tÞ ¼
Z ∞

s¼0

Z ∞

y¼�∞
Gðx; t; s; yÞf ðy; sÞdyds

¼
Z t

s¼0

Z ∞

y¼�∞

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pDðt � sÞp exp

"
�ðy� xÞ2
4Dðt � sÞ

#
f ðy; sÞdyds:
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EXERCISES
In the following exercises it may be difficult to find the inverse Fourier transform
that gives the solution. If that is the case, find the function that is to be inverted
and give the solution as expressed by the Green’s function.

1. Solve

utðx; tÞ ¼ Duxxðx; tÞ þ e�jxj sin t; t > 0; �∞ < x < ∞; uðx; 0Þ ¼ 0:

2. Solve

Duxxðx; tÞ ¼ utðx; tÞ �∞ < x < ∞; t > 0; uðx; 0Þ ¼ e�jxj:

3. Solve

Duxxðx; tÞ ¼ utðx; tÞ �∞ < x < ∞; t > 0; uðx; 0Þ ¼ 1

1þ x2
:

4. Solve

utðx; tÞ ¼ Duxxðx; tÞ þ te�t; t > 0; �∞ < x < ∞; uðx; 0Þ ¼ 0:

13.2 THE METHOD OF IMAGES
The method of images is a technique for solving heat equationetype problems on a
bounded interval or semiinfinite interval. It uses imaginary heat sources or sinks at
points outside the interval to obtain the desired boundary conditions.

METHOD OF IMAGES FOR A SEMIINFINITE INTERVAL
Example:

Consider the heat equation

utðx; tÞ ¼ Duxxðx; tÞ; 0 < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ dðx0 � xÞ; uð0; tÞ ¼ 0:

We present two methods to find the Green’s function.
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Method 1
In the first section of this chapter we saw that the Green’s function for

utðx; tÞ ¼ Duxxðx; tÞ; �∞ < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ dðx0 � xÞ; uð0; tÞ ¼ 0

is

Gðx; t; x0Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
�ðx� x0Þ2

4Dt

#
:

The problem that we now consider is on a semiinfinite interval and has a
boundary condition. We construct a second Green’s function where an added
Dirac-d function balances the given Dirac-d function at x ¼ 0. That is, we construct
the Green’s function for

utðx; tÞ ¼ Duxxðx; tÞ; �∞ < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ �dð�x0 � xÞ; uð0; tÞ ¼ 0: (1)

One way to visualize this is to consider the following example from electro-
statics: To balance the effect at x ¼ 0 of a positive unit charge placed at x ¼ x0, place
a negative unit charge at x ¼ �x0.

The Green’s function for Eq. (1) is

GIðx; t;�x0Þ ¼ � Gðx; t; �x0Þ ¼ �exp

½x� ð�x0Þ�2
4Dtffiffiffiffiffiffiffiffiffiffiffi
4pDt

p ¼ �exp

ðxþ x0Þ2
4Dtffiffiffiffiffiffiffiffiffiffiffi
4pDt

p :

Then

Gðx; t; x0Þ þ GIðx; t;�x0Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðx� x0Þ2

4Dt
� 1ffiffiffiffiffiffiffiffiffiffiffi

4pDt
p exp

ðxþ x0Þ2
4Dt

solves

utðx; tÞ ¼ Duxxðx; tÞ; �∞ < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ dðx0 � xÞ � dð� x0 � xÞ; uð0; tÞ ¼ 0:

Now consider the problem

utðx; tÞ ¼ Duxxðx; tÞ; 0 < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ f ðxÞ; uð0; tÞ ¼ 0: (2)

The solution to

utðx; tÞ ¼ Duxxðx; tÞ; �∞ < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ ef ðxÞ; uð0; tÞ ¼ 0
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where

ef ðxÞ ¼ � f ðxÞ if x > 0

0 if x � 0

is given by

uðx; tÞ ¼
Z ∞

�∞
½Gðx; t; sÞ þ GIðx; t;�sÞ�ef ðsÞds

¼
Z ∞

0
½Gðx; t; sÞ þ GIðx; t;�sÞ�ef ðsÞds

¼
Z ∞

0
½Gðx; t; sÞ þ GIðx; t;�sÞ�f ðsÞds

¼
Z ∞

0

"
1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðx� sÞ2
4Dt

� 1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðxþ sÞ2
4Dt

#
f ðsÞds:

This is the same as the solution to

utðx; tÞ ¼ Duxxðx; tÞ; 0 < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ f ðxÞ; uð0; tÞ ¼ 0: (3)

Thus the Green’s function for Eq. (3) is

eGðx; t; sÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðx� sÞ2
4Dt

� 1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðxþ sÞ2
4Dt

:

Method 2
In this method we use the fact that we know the solution to

utðx; tÞ ¼ Duxxðx; tÞ; �∞ < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ gðxÞ
to construct the solution to

utðx; tÞ ¼ Duxxðx; tÞ; 0 < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ f ðxÞ; uð0; tÞ ¼ 0:

We are doing something similar to what we did in the first method. We are
“balancing” the function u(x,0) ¼ f (x), 0 < x < ∞, by extending the function
to �∞ < x < ∞, so that it is an odd function. We let

gðxÞ ¼
�
f ðxÞ if x > 0

�f ð�xÞ if x < 0
:
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Then

uðx; tÞ ¼
Z ∞

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
gðsÞds

¼
Z 0

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
gðsÞdsþ

Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
gðsÞds

¼ �
Z 0

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
f ð�sÞdsþ

Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
f ðsÞds:

In

�
Z 0

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
f ð� sÞds

we make the change of variables w ¼ �s. Then ds ¼ �dw; if s ¼ �∞;
then w ¼ ∞; if s ¼ 0; then w ¼ 0, so

�
Z 0

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
f ð�sÞds ¼ �

Z 0

∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� wÞ2

4Dt

#
f ðwÞð�dwÞ

¼ �
Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� wÞ2

4Dt

#
f ðwÞdw:

Thus, we have

uðx; tÞ ¼ �
Z 0

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
f ð�sÞdsþ

Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
f ðsÞds

¼ �
Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� wÞ2

4Dt

#
f ðwÞdwþ

Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
f ðsÞds

¼
Z ∞

0

"
1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
� 1ffiffiffiffiffiffiffiffiffiffiffi

4pDt
p exp

"
ðxþ sÞ2
4Dt

##
f ðsÞds:

which is what we concluded in Method 1.
We can use a modification of the ideas in Method 2 to solve the heat equation

with a Neumann boundary condition at x ¼ 0. Now we want to solve

utðx; tÞ ¼ Duxxðx; tÞ; 0 < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ f ðxÞ; uxð0; tÞ ¼ 0:

The difference in the approach to the problems is that now wewant to balance the
derivative of the function u(x,0) ¼ f (x), 0 < x < ∞, by extending the function f (x)
to �∞ < x <∞. We do this by extending f (x) to be an even function. For if

f ð�xÞ ¼ f ðxÞ then f 0ð�xÞ ¼ �f 0ð�xÞ ¼ �f 0ðxÞ:
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Accordingly, we define

gðxÞ ¼
(
f ðxÞ if x > 0

f ð�xÞ if x < 0
:

If we repeat the ideas of Method 2, we need to evaluate

uðx; tÞ ¼
Z ∞

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
gðsÞds

¼
Z 0

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
gðsÞdsþ

Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
gðsÞds

¼ �
Z 0

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
f ð�sÞdsþ

Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
f ðsÞds:

We again make the change of variables w ¼ �s inZ 0

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp

"
ðx� sÞ2
4Dt

#
f ð�sÞds

to obtainZ 0

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðx� sÞ2
4Dt

f ð�sÞds ¼
Z 0

∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðxþ wÞ2

4Dt
f ðwÞð�dwÞ

¼
Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðxþ wÞ2

4Dt
f ðwÞdw

so that

uðx; tÞ ¼
Z 0

�∞

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðx� sÞ2
4Dt

f ð�sÞdsþ
Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðx� sÞ2
4Dt

f ðsÞds

¼
Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðxþ wÞ2

4Dt
f ðwÞdwþ

Z ∞

0

1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p exp
ðx� sÞ2
4Dt

f ðsÞds

¼ 1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p
Z ∞

0

"
exp

ðxþ sÞ2
4Dt

þ exp
ðx� sÞ2
4Dt

#
f ðsÞds:

Thus, for the Neumann boundary condition we have

Gðx; t; x0Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p
"
exp

ðxþ sÞ2
4Dt

þ exp
ðx� sÞ2
4Dt

#
:
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METHOD OF IMAGES FOR A BOUNDED INTERVAL
Now we consider the heat equation

utðx; tÞ ¼ Duxxðx; tÞ; �L � x < L;

0 < t < ∞; uðL; tÞ ¼ uð�L; tÞ ¼ 0; uðx; 0Þ ¼ dðx0 � xÞ:
We want to do something similar to the semiinfinite case, but now the

“balancing” is more involved. Our approach will be similar to Method 1 for the
semiinfinite interval. We again use an example from electrostatics to develop
some intuition.

Consider a charge q to be placed at x ¼ 0 on the interval [�L, L]. We want to
place charges eq or q outside the interval so that the potential at x ¼ �L and
x ¼ L will be zero.

We proceed in steps:

Step 1. We make the potential at x ¼ L be 0 by balancing the charge q at x ¼ 0
with a charge of �q at x ¼ 2L as shown in Fig. 13.2.1A.

Step 2. We make the potential at x ¼ �L be 0 by adding two charges; one to
balance the charge at x ¼ 0 and another to balance the charge at x ¼ 2L. To
balance the charge q at x ¼ 0 we add a charge of�q at x ¼ �2L. To balance the
charge �q at 2L we add a charge q at x ¼ �4L. We now have the charges as
shown in Fig. 13.2.1B.

Step 3. We return to make the potential at x ¼ L be 0. To do this, we must
balance the charges we added in Step 2. In Fig. 13.2.1C we show only the
charges we added in Step 2.

−L L0

q –q

2L

FIGURE 13.2.1A

−L

L L

−2L−3L−4L 2L

3L3L

L0

qq −q–q

FIGURE 13.2.1B
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To balance the charge of eq at x ¼ �2L we add the charge of q at x ¼ 4L. To
balance the charge of q at x ¼ �4L we add the charge of �q at x ¼ 6L. See
Fig. 13.2.1D.

The charges to this point are shown in Fig. 13.2.1E.

We can perhaps see a pattern emerging that we are adding charges eq at
x ¼ �2L, �6L, �10L,. and charges q at x ¼ �4L, �8L, �12L,..

We can now find Green’s function for

utðx; tÞ ¼ Duxxðx; tÞ; �L � x < L; 0 < t < ∞;

uðL; tÞ ¼ uð�L; tÞ ¼ 0; uðx; 0Þ ¼ dð0� xÞ:
(Conceptually, this is the problem we just solved.) We get

Gðx; t; 0Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
4pDt

p
"
exp



� x2

4Dt

�
� exp

 
� ðx� 2LÞ2

4Dt

!
� exp

 
� ðxþ 2LÞ2

4Dt

!

þ exp

 
� ðx� 4LÞ2

4Dt

!
þ exp

 
� ðxþ 4LÞ2

4Dt

!
�/

#
:

–4L –2L

q –q

FIGURE 13.2.1C

L

5L 5L

–2L–4L 6L

3L3L

4L

qq –q–q

FIGURE 13.2.1D

–4L

q

4L

q

6L

q

0

q

–2L

–q

2L

–q

FIGURE 13.2.1E
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For the last example of using the method of images, we demonstrate how to bal-
ance a charge of q at x0 ˛ (�L, L) so that the potential at x ¼ L and x ¼ �L is zero.

Consider Fig. 13.2.2A.

We let

a ¼ L� x0 ¼ the distance from x0 to L:

We follow the same ideas as in the previous example.
We first make the potential at x ¼ L be zero by putting a charge of �q at

x ¼ L þ a (see Fig. 13.2.2B).

Figs. 13.2.2Ce2F illustrate how we proceed. In Fig. 13.2.2C we show how the
charges after the first step are configured with respect to eL. In Fig. 13.2.2D we
show how to add charges so that the potential at x ¼ �L will be zero.

–L Lx0

q
a

FIGURE 13.2.2A

–L L + ax0

q –q

a a

FIGURE 13.2.2B

–L L + aLx0

q –q

a2L – a a

FIGURE 13.2.2C

–L L + a

2L+ a2L + a

Lx0

q q –q

2a2L – a 2L – a

–3L – a

–q

–3L + a

2a

FIGURE 13.2.2D
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In Fig. 13.2.2E we show the distances the new charges are from L, and in
Fig. 13.2.2F we show how to place additional charges so that the potential at
x ¼ L will be zero.

Finally, Fig. 13.2.2G shows the positioning of the charges so far.

We now determine a pattern for the placement of the charges.
We have placed charges q at

x ¼ �3L� a; L� a; and 5L� a:

Since a ¼ L � x0, these points are

x ¼ �3L� ðL� x0Þ; L� ðL� x0Þ; and 5L� ðL� x0Þ
¼ �4Lþ x0; x0; 4Lþ x0:

It appears that it is correct to place a charge q at x ¼ 4nL þ x0 where n is an
integer.

4L + a

L

q –q

4L – a

FIGURE 13.2.2E

4L + a

L

–qq

4L – a

FIGURE 13.2.2F

–L

=

L L + a 5L – a 5L + a–3L – a –3L + a

L – a

x0

q q q–q –q –q

FIGURE 13.2.2G

13.2 The Method of Images 439



We have placed charges �q at

x ¼ �3Lþ a; Lþ a; and 5Lþ a

¼ �3Lþ ðL� x0Þ; Lþ ðL� x0Þ; and 5Lþ ðL� x0Þ
¼ �2L� x0; 2L� x0; 6L� x0:

It appears that a charge of �q should be placed at x ¼ 4 nL þ 2L�x0 where n is
an integer.

We can now find the Green’s function for

utðx; tÞ ¼ Duxxðx; tÞ; �L � x < L; 0 < t < ∞;

uðL; tÞ ¼ uð�L; tÞ ¼ 0; uðx; 0Þ ¼ cdðx0 � xÞ:
Following the analysis for the electrostatic potential, we get

Gðx; t; x0Þ ¼ cffiffiffiffiffiffiffiffiffiffiffi
4pDt

p
( X∞

n¼�∞

"
exp
h
� ðx� x0 þ 4nLÞ2

.
4Dt
i#

�
X∞

n¼�∞

"
exp
h
� ðx� x0 þ 2Lþ 4nLÞ2

.
4Dt
i#)

:

Thus the solution to

utðx; tÞ ¼ Duxxðx; tÞ; �L < x < L; 0 < t < ∞;

uðL; tÞ ¼ uð�L; tÞ ¼ 0; uðx; 0Þ ¼ f ðxÞ
is

uðx; tÞ ¼ cffiffiffiffiffiffiffiffiffiffiffi
4pDt

p
X∞

n¼�∞

8<: 1

2L

Z L

�L
f ðuÞ

8<:
"
exp
h
� ðx� x0 þ 4nLÞ2

.
4Dt
i#

�
"
exp
h
� ðx� x0 þ 2Lþ 4nLÞ2

.
4Dt
i#9=;du

9=;:

We have found the Green’s function for several forms of the heat equation. There
are a few factors that can complicate a particular form of the heat equation, including
boundary terms, initial conditions, and existence of a heat source or sink. When
complicating factors are present, it is sometimes advantageous to separate the prob-
lem into pieces, each of which contains one of the complicating factors. The solu-
tions to each of the pieces are added together to give the solution to the original
problem. We give two examples of this method.
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Example:
Consider

utðx; tÞ ¼ Duxxðx; tÞ þ f ðx; tÞ; �∞ < x < ∞; 0 < t < ∞; uðx; 0Þ ¼ gðxÞ:
Suppose that v(x,t) solves

vtðx; tÞ ¼ Dvxxðx; tÞ þ f ðx; tÞ; �∞ < x < ∞; 0 < t < ∞; vðx; 0Þ ¼ 0

and w(x,t) solves

wtðx; tÞ ¼ Dwxxðx; tÞ �∞ < x < ∞; 0 < t < ∞; wðx; 0Þ ¼ gðxÞ:
(Note that we have found v(x,t) and w(x,t) earlier.)
Let u(x,t) ¼ v(x,t) þ w(x,t). Then

utðx; tÞ ¼ vtðx; tÞ þ wtðx; tÞ ¼ Dvxxðx; tÞ þ f ðx; tÞ þ Dwxxðx; tÞ
¼ Dðvxxðx; tÞ þ wxxðx; tÞÞ þ f ðx; tÞ
¼ Duxxðx; tÞ þ f ðx; tÞ; �∞ < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ vðx; 0Þ þ wðx; 0Þ ¼ 0þ gðxÞ ¼ gðxÞ:
Example:
Suppose

utðx; tÞ ¼ Duxxðx; tÞ þ f ðx; tÞ; 0 < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ gðxÞ; uð0; tÞ ¼ hðtÞ:
Suppose p(x,t) solves

ptðx; tÞ ¼ Dpxxðx; tÞ þ f ðx; tÞ; 0 < x < ∞; 0 < t < ∞; pðx; 0Þ ¼ 0; pð0; tÞ ¼ 0;

and q(x,t) solves

qtðx; tÞ ¼ Dqxxðx; tÞ; 0 < x < ∞; 0 < t < ∞; qðx; 0Þ ¼ gðxÞ; qð0; tÞ ¼ 0

and r(x,t) solves

rtðx; tÞ ¼ Drxxðx; tÞ; 0 < x < ∞; 0 < t < ∞; rðx; 0Þ ¼ 0; rð0; tÞ ¼ hðtÞ:
We have already found the solutions for p(x,t), q(x,t), and r(x,t). Let

uðx; tÞ ¼ pðx; tÞ þ qðx; tÞ þ rðx; tÞ:
Then

utðx; tÞ ¼ ptðx; tÞ þ qtðx; tÞ þ rtðx; tÞ
¼ Dpxxðx; tÞ þ f ðx; tÞ þ Dqxxðx; tÞ þ Drxxðx; tÞ
¼ Dðpxxðx; tÞ þ qxxðx; tÞ þ rxxðx; tÞÞ þ f ðx; tÞ
¼ Duxxðx; tÞ þ f ðx; tÞ; 0 < x < ∞;

uðx; 0Þ ¼ pðx; 0Þ þ qðx; 0Þ þ rðx; 0Þ ¼ 0þ gðxÞ þ 0 ¼ gðxÞ
uð0; tÞ ¼ pð0; tÞ þ qð0; tÞ þ rð0; tÞ ¼ 0þ 0þ hðtÞ ¼ hðtÞ:
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EXERCISES
1. Solve the heat equation

utðx; tÞ � Duxxðx; tÞ ¼ 0; �1 < x < 1; t > 0; uð�1; tÞ ¼ uð1; tÞ ¼ 0;

uðx; 0Þ ¼ f ðxÞ
using the method of images.

2. Solve

utðx; tÞ � Duxxðx; tÞ ¼ 0; 0 < x < ∞; t > 0; uðx; 0Þ ¼ 0;
uxð0; tÞ ¼ cos t lim

x/∞
uðx; tÞ ¼ 0:

If you do this using the Laplace transform,

L�1

(
e�Dx

ffiffi
s

pffiffi
s

p
)

¼ 1ffiffiffiffiffi
pt

p e�
x2D2

4t

is helpful.
3. Solve

utðx; tÞ � Duxxðx; tÞ ¼ 0;

�L < x < L; t > 0; uðx; 0Þ ¼ sin x; uðL; tÞ ¼ uð�L; tÞ ¼ 0:

4. Solve

utðx; tÞ ¼ Duxxðx; tÞ þ e�t; 0 < x < ∞; 0 < t < ∞;

uðx; 0Þ ¼ sin x; uð0; tÞ ¼ 1

1þ t
:

13.3 GREEN’S FUNCTION FOR THE WAVE EQUATION
Consider the wave equation in one dimension. Let G(x,t;x0,t0) denote the deflection
of a string initially at rest when a unit force is applied at the point x0 at the time t0.
Then G(x,t;x0,t0) satisfies the equation

v2Gðx; t; x0; t0Þ
vt2

¼ c2
v2Gðx; t; x0; t0Þ

vx2
þ dðx� x0Þdðt � t0Þ; t � t0;

Gðx; t; x0; t0Þ ¼ 0 for t < t0:
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Applying the Fourier transform with respect to x gives

v2 bGðk; t; x0; t0Þ
vt2

¼ c2ðikÞ2 bGðk; t; x0; t0Þ þ 1ffiffiffiffiffiffi
2p

p e�ikx0dðt � t0Þ (1)

where

bGðk; t; x0; t0Þ ¼ 1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
Gðx; t; x0; t0Þe�ikxdx:

Also, bGðk; t; x0; t0Þ ¼ 0 for t < t0: (2)

Solving for (1) and (2) gives

bGðk; t; x0; t0Þ ¼
�
0 for t < t0

aeikct þ be�ikct for t > t0
(3)

where

a ¼ aðk; x0; t0Þ and b ¼ bðk; x0; t0Þ:
For ε > 0 we haveZ t0þε

t0�ε

v2 bGðk; t; x0; t0Þ
vt2

dt þ
Z t0þε

t0�ε

c2k2 bGðk; t; x0; t0Þdt

¼ 1ffiffiffiffiffiffi
2p

p e�ikx0

Z t0þε

t0�ε

dðt � t0Þdt: (4)

Since G and bG are continuous,

lim
εY0

Z t0þε

t0�ε

c2k2 bGðk; t; x0; t0Þdt ¼ 0:

AlsoZ t0þε

t0�ε

v2 bGðk; t; x0; t0Þ
vt2

dt ¼ v bGðk; t þ ε; x0; t0Þ
vt

� v bGðk; t � ε; x0; t0Þ
vt

and

1ffiffiffiffiffiffi
2p

p e�ikx0

Z t0þε

t0�ε

dðt � t0Þdt ¼ 1ffiffiffiffiffiffi
2p

p e�ikx0 :

13.3 Green’s Function for the Wave Equation 443



Thus from Eq. (4), we have

lim
εY0

"
v bGðk; t þ ε; x0; t0Þ

vt
� v bGðk; t � ε; x0; t0Þ

vt

#
¼ 1ffiffiffiffiffiffi

2p
p e�ikx0 : (5)

We use these conditions to solve for a ¼ a(k,x0,t0) and b ¼ b(k,x0,t0) in Eq. (3).
Since bGðk; t; x0; t0Þ is continuous in t,

lim
t[t0

bGðk; t; x0; t0Þ ¼ lim
tYt0

bGðk; t; x0; t0Þ:

Then

aeikct0 þ be�ikct0 ¼ 0

so

b ¼ �ae2ikct0 :

Differentiating Eq. (3) gives

v bGðk; t; x0; t0Þ
vt

¼
�
0 for t < t0

ikcaeickt � ikcbe�ickt for t > t0
: (6)

Substituting b ¼ ae2ikct0 into Eq. (6) gives

ikc
�
aeickt � �� ae2ikct0

	
e�ickt


 ¼ ikca
�
eickt þ e2ikct0�ikct

	
:

As t/ t0

ikca
�
eickt þ e2ikct0�ikct

	
/ 2ikcaeikct0 :

Eq. (5) says that the jump condition on the derivative of bG is 1ffiffiffiffiffi
2p

p e�ikx0 , so by
Eq. (6), we have

2ikcaeikct0 ¼ 1ffiffiffiffiffiffi
2p

p e�ikx0 ;

so

a ¼ e�ikx0e�ikct0ffiffiffiffiffiffi
2p

p
2ikc

and thus

b ¼ �ae2ikct0 ¼ �e�ikx0e�ikct0ffiffiffiffiffiffi
2p

p
2ikc

e2ikct0 ¼ �e�ikx0eikct0ffiffiffiffiffiffi
2p

p
2ikc

:
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Thus

bGðk; t; x0; 0Þ ¼
8<: 0 for t < t0

aeikct þ be�ikct for t > t0

¼

8>>>><>>>>:
0 for t < t0 
e�ikx0e�ikct0ffiffiffiffiffiffi

2p
p

2ikc

!
eikct þ

 
� e�ikx0eikct0ffiffiffiffiffiffi

2p
p

2ikc

!
e�ikct for t > t0

¼

8>>><>>>:
0 for t < t0

e�ikx0

"
eikcðt�t0Þ � e�ikcðt�t0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p2ikc
p

#
for t > t0

:

(7)

Now

eiq � e�iq ¼ ðcos qþ i sin qÞ � ðcos q� i sin qÞ ¼ 2i sin q

so

sin q ¼ eiq � e�iq

2i
:

Thus, Eq. (7) can be expressed

bGðk; t; x0; t0Þ ¼

8><>:
0 for t < t0

e�ikx0ffiffiffiffiffiffi
2p

p
kc

sin½kcðt � t0Þ� for t > t0
:

We now show that taking the inverse Fourier transform of bGðk; t; x0; t0Þ gives

Gðx; t; x0; t0Þ ¼

8><>:
1

2
if jx� x0j < cðt � t0Þ

0 if jx� x0j > cðt � t0Þ
:

We note that jx � x0j < c(t � t0) if and only if x0 � x ε (�c(t � t0), c(t � t0)) if
and only if x0 ε (x�c(t � t0), x þ c(t � t0)).
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To prove the claim, we compute for t > t0

1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
eikx

e�ikx0

kc
sin½kcðt � t0Þ�dk

¼ 1ffiffiffiffiffiffi
2p

p 1

2

Z ∞

�∞
eikxe�ikx0

eikcðt�t0Þ � e�ikcðt�t0Þ

ikc
dk

¼ 1ffiffiffiffiffiffi
2p

p 1

2c

Z ∞

�∞
e�ikx0

0B@Z xþcðt�t0Þ

x�cðt�t0Þ
eikxdx

1CA dk:

(8)

Reversing the limits of integration, we have

1ffiffiffiffiffiffi
2p

p 1

2c

Z ∞

�∞
e�ikx0

0B@Z xþcðt�t0Þ

x�cðt�t0Þ
eikxdx

1CAdk

¼ 1ffiffiffiffiffiffi
2p

p 1

2c

Z xþcðt�t0Þ

x�cðt�t0Þ

0@Z ∞

�∞
e�ikx0eikxdk

1Adx:

Now

1ffiffiffiffiffiffi
2p

p
Z ∞

�∞
e�ikx0eikxdk ¼ F�1

�
e�ikx0

	 ¼ F�1ðFðdðx0ÞÞÞ ¼ dðx0Þ:

Thus

1ffiffiffiffiffiffi
2p

p 1

2c

Z ∞

�∞
e�ikx0

0B@Z xþcðt�t0Þ

x�cðt�t0Þ
eikxdx

1CAdk

¼ 1ffiffiffiffiffiffi
2p

p 1

2c

Z xþcðt�t0Þ

x�cðt�t0Þ

0@Z ∞

�∞
e�ikx0eikxdk

1Adx

¼ 1

2c

Z xþcðt�t0Þ

x�cðt�t0Þ
ðdðx0ÞÞ dx

¼

8>><>>:
1

2c
if x0 ε ðx� cðt � t0Þ; xþ cðt � t0ÞÞ

0 otherwise

:

We note that x0 ε(x � c(t � t0), x þ c(t � t0)) if and only if x0 � x ε (�c(t � t0),
c(t � t0)) if and only if jx � x0j < c(t � t0).
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Thus the solution to

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
þ f ðx; tÞ; �∞ < x < ∞; t > 0;

uðx; 0Þ ¼ 0;
vuðx; 0Þ

vt
¼ 0

is

uðx; tÞ ¼
Z ∞

x0¼�∞

Z ∞

t0¼0
Gðx; t; x0; t0Þf ðx0; t0Þdt0dx0 ¼ 1

2c

ZZ
U
f ðx0; t0Þdt0dx0

where U is the region

�
ðx0; t0Þ j 0 < t0 < t � 1

c jx� x0j
�
.

Example:
Solve

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
; �∞ < x < ∞; t > 0; uðx; 0Þ ¼ 0;

vuðx; 0Þ
vt

¼ gðxÞ:

Solution:
In this problem there is no forcing term, but there is an initial velocity. We show

that this is equivalent to having a forcing term that acts only at t ¼ 0. We replace the
given equation by

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
þ gðxÞdðt � 0Þ; uðx; 0Þ ¼ 0;

vuðx; 0Þ
vt

¼ 0:

If this replacement is valid, then the solution will be

uðx; tÞ ¼
Z ∞

x0¼�∞

Z ∞

t0¼0
Gðx; t; x0; t0Þgðx0Þdðt0 � 0Þdt0dx0

¼
Z ∞

x0¼�∞
Gðx; t; x0; t0Þgðx0Þdx0:

We now demonstrate that this is the case.
Suppose G(x,t;x0,t0) satisfies

v2Gðx; t; x0; t0Þ
vt2

¼ c2
v2Gðx; t; x0; t0Þ

vx2
þ dðx� x0Þdðt � t0Þ:

We show

uðx; tÞ ¼
Z ∞

�∞
Gðx; t; x0; t0Þgðx0Þdx0

satisfies

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
; uðx; 0Þ ¼ 0;

vuðx; 0Þ
vt

¼ gðxÞ:
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We have

v2uðx; tÞ
vt2

� c2
v2uðx; tÞ

vx2
¼
Z ∞

�∞

�
v2Gðx; t; x0; 0Þ

vt2
� c2

v2Gðx; t; x0; 0Þ
vx2

�
gðx0Þdx0

¼ dðt � 0Þ
Z ∞

�∞
dðx� x0Þgðx0Þdx0 ¼ dðt � 0ÞgðxÞ ¼ 0 if t > 0:

Also

uðx; 0Þ ¼
Z ∞

�∞
Gðx; 0; x0; 0Þgðx0Þdx0:

Now

Gðx; t; x0; t0Þ ¼

8><>:
1

2c
if jx� x0j < cðt � t0Þ

0 if jx� x0j > cðt � t0Þ
so

Gðx; 0; x0; 0Þ ¼ 0 ¼ uðx; 0Þ:
Now

Gðx; t þ Dt; x0; 0Þ ¼

8><>:
1

2c
if jx� x0j < cðt þ DtÞ

0 otherwise

so

Gðx; t þ Dt; x0; 0Þ � Gðx; t; x0; 0Þ ¼ 0 unless jx� x0j < cDt;

that is, unless

�cDt < x0 � x < cDt or x� cDt < x0 < xþ cDt:

So

uðx;DtÞ � uðx; 0Þ
Dt

¼
Z ∞

�∞

�
Gðx; t þ Dt; x0; 0Þ � Gðx; t; x0; 0Þ

Dt

�
gðx0Þdx0

¼ 1

Dt

Z xþcDt

x�cDt

1

2c
gðx0Þdx0z 1

2cDt
gðxÞ2cDt/gðxÞ as Dt/0:

Thus,

vuðx; 0Þ
vt

¼ gðxÞ:
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Example:
Show that

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
�∞ < x < ∞; t > 0; uðx; 0Þ ¼ f ðxÞ; vuðx; 0Þ

vt
¼ 0

has the solution

uðx; tÞ ¼ �
Z ∞

�∞

vGðx; t; x0; 0Þ
vt0

f ðx0Þdx0 ¼ f ðxþ ctÞ þ f ðx� ctÞ
2

:

It is easy to check that

uðx; tÞ ¼ f ðxþ ctÞ þ f ðx� ctÞ
2

satisfies the equation.
To show that the integral form of the solution is valid, we express G(x,t;x0,t0)

in terms of the Heaviside function. Recall that the Heaviside function, H(x), is
defined by

HðxÞ ¼
�
0 if x < 0

1 if x > 0
:

Also, the derivative of the Heaviside function is the Dirac-d function. We have

Gðx; t; x0; t0Þ ¼

8><>:
1

2c
if jx� x0j < cðt � t0Þ

0 if jx� x0j > cðt � t0Þ
:

Note that H(a) � H(b) ¼ 1 if and only if a > 0 and b < 0.
Now �b < a < b if and only if jaj < b, so

jx� x0j < cðt � t0Þ
if and only if

�cðt � t0Þ < x� x0 < cðt � t0Þ
which is true if and only if

ðx� x0Þ þ cðt � t0Þ > 0 and ðx� x0Þ � cðt � t0Þ < 0:

Thus

Hððx� x0Þ þ cðt � t0ÞÞ � Hððx� x0Þ � cðt � t0ÞÞ ¼ 1

if and only if

jx� x0j < cðt � t0Þ:
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So we have

Gðx; t; x0; t0Þ ¼ 1

2c
½Hððx� x0Þ þ cðt � t0ÞÞ � Hððx� x0Þ � cðt � t0ÞÞ�:

Keeping in mind that the derivative of the Heaviside function is the Dirac-d func-
tion, we have

vGðx; t; x0; t0Þ
vt0

¼ 1

2c
½fd½ðx� x0Þ þ cðt � t0Þ�ð�cÞ � d½ðx� x0Þ � cðt � t0Þ�ðcÞg�

¼ c

2c
½f � d½ðx� x0Þ þ cðt � t0Þ� � d½ðx� x0Þ � cðt � t0Þ�g�

¼ �1

2
fd½ðx� x0Þ þ cðt � t0Þ� � d½ðx� x0Þ � cðt � t0Þ�g:

Thus,

vGðx; t; x0; 0Þ
vt0

¼ �1

2
fd½ðx� x0Þ þ ct� � d½ðx� x0Þ � ct�g

and so

¼ �
Z ∞

�∞

vGðx; t; x0; 0Þ
vt0

f ðx0Þdx0

¼ 1

2

8<:
Z ∞

�∞
d½ðx� x0Þ þ ct� f ðx0Þdx0 þ

Z ∞

�∞
d½ðx� x0Þ � ct� f ðx0Þdx0

9=;:

Now

ðx� x0Þ þ ct ¼ 0 if x0 ¼ xþ ct and ðx� x0Þ � ct ¼ 0 if x0 ¼ x� ct

so

1

2

8<:
Z ∞

�∞
d½ðx� x0Þ þ ct� f ðx0Þdx0 þ

Z ∞

�∞
d½ðx� x0Þ � ct� f ðx0Þdx0

9=;
¼ f ðxþ ctÞ þ f ðx� ctÞ

2
:

Combining the examples above, we have the solution to

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
þ Qðx; tÞ; �∞ < x < ∞; t > 0;

uðx; 0Þ ¼ f ðxÞ; vuðx; 0Þ
vt

¼ gðxÞ
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is

uðx; tÞ ¼ 1

2c

ZZ
U
Qðx0; t0Þdx0dt0 þ f ðxþ ctÞ þ f ðx� ctÞ

2
þ 1

2c

Z xþct

x�ct
gðx0Þdx0

where U is the region

�
ðx0; t0Þ j 0 < t0 < t � 1

c jx� x0j
�
.

EXERCISES
1. Solve

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
; �∞ < x < ∞; t > 0;

uðx; 0Þ ¼ 0;
vuðx; 0Þ

vt
¼ e�x:

2. Solve

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
þ e�t sin x; �∞ < x < ∞; t > 0;

uðx; 0Þ ¼ 1

1þ x2
;

vuðx; 0Þ
vt

¼ cos x:

3. Solve

v2uðx; tÞ
vt2

¼ c2
v2uðx; tÞ

vx2
; �∞ < x < ∞; t > 0; uðx; 0Þ ¼ e�x2 ;

vuðx; 0Þ
vt

¼ 0:

13.4 GREEN’S FUNCTION AND POISSON’S EQUATION
In this section we find the solution to Laplace’s equation and Poisson’s equation in
R2 using Green’s function.

A boundary value problem for Laplace’s equation on a domain D is

Du ¼ 0 on D; u ¼ f on vD:

Poisson’s equation is the nonhomogeneous form of Laplace’s equation. A bound-
ary value problem for Poisson’s equation is

Du ¼ �g on D; u ¼ f on vD:
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The pattern that we follow is conceptually the same as what one does in ordinary
differential equation to find the solution to a nonhomogeneous problem. Namely, we
find the solution to the homogeneous problem and a particular solution. One then
gets the general solution by adding the two. To determine the solution to Poisson’s
equation, we find the superposition of uf and ug where uf is the solution to Laplace’s
equation

Duf ¼ 0 on D; uf ¼ f on vD

and ug is the solution to

Dug ¼ �g on D; ug ¼ 0 on vD:

We consider the problem on the disk

Duðr; qÞ ¼ 0; uðR; qÞ ¼ f ðqÞ:
We have previously noted (in Exercise 8, Section 4.3 and at the end of Section

10.5) that the solution is given by the Poisson integral formula

uðr; qÞ ¼ 1

2p

Z R

0
f ðsÞ R2 � r2

R2 � 2rR cosðq� sÞ þ r2
ds:

The second part of the problem is a boundary value problem with homogeneous
boundary conditions, and we find the solution using Green’s function.

We find Green’s function for Poisson’s equation inside a circle of radius R
centered at the origin. We want to find Gðbx; bx0Þ so that

DGðbx; bx0Þ ¼ dðbx � bx0Þ
inside the circle and satisfies the boundary condition

Gðbx; bx0Þ ¼ 0 if jbxj ¼ R:

To achieve the boundary condition we use the method of images. We follow the
ideas of the previous section and hypothesize that we balance a charge q within
the circle at point bx0 by a chargeeq at point outside the circle at point bx�0. We situate
the point bx�0 so that bx0 and bx�0 lie on the same radial line from the origin. See
Fig. 13.4.1.

x̂

x̂0

x̂*
0

θ

FIGURE 13.4.1
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We must determine the distance from the origin to bx�0 so that

Gðbx; bx0Þ ¼ 0 if jbxj ¼ R:

We have

Gðbx; bx0Þ ¼ 1

2p
lnjbx � bx0j � 1

2p
ln
��bx � bx�0��þ C

¼ 1

4p
ln

jbx � bx0j2��bx � bx�0��2 �
1

4p
ln e�4pC

¼ 1

4p
ln

jbx � bx0j2
e�4pC

��bx � bx�0��2
¼ 1

4p
ln

jbx � bx0j2
D
��bx � bx�0��2 where D ¼ e�4pC:

For jbxj ¼ R, we want Gðbx; bx0Þ ¼ 0,which will be true if and only if

jbx � bx0j2
D
��bx � bx�0��2 ¼ 1;

that is, if and only if

jbx � bx0j2 ¼ D
��bx � bx�0��2:

Since bx0 and bx�0 are on the same radial line from the origin, then bx�0 ¼ abx0. We
must find D and a. Now

jbx � bx0j2 ¼ hbx � bx0; bx � bx0i ¼ hbx; bxi þ hbx0; bx0i � 2hbx; bx0i
¼ jbxj2 þ jbx0j2 � 2jbxjjbx0jcos q

where q is the angle between bx and bx0. Likewise,��bx � bx�0��2 ¼ jbxj2 þ ��bx�0��2 � 2jbxj��bx�0��cos q:
If bx is on the boundary of the circle, then jbxj ¼ R. We let jbx0j ¼ r, so that��bx�0�� ¼ ar. Thus, we have

R2 þ r2 � 2rR cos q ¼ D
�
R2 þ a2r2 � 2arR cos q

	
(1)

and Eq. (1) must hold for all angles q. Letting q ¼ p/2 we have

R2 þ r2 ¼ D
�
R2 þ a2r2

	
:
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Then

R2 þ r2 � 2rR cos q ¼ D
�
R2 þ a2r2

	� 2rR cos q ¼ D
�
R2 þ a2r2 � 2arR cos q

	
¼ D

�
R2 þ a2r2

	� D2arR cos q

so

2rR cos q ¼ D2arR cos q and thus aD ¼ 1:

One can use the quadratic formula applied to

R2 þ r2 ¼ D
�
R2 þ a2r2

	 ¼ 1

a

�
R2 þ a2r2

	
or a2r2 � a

�
R2 þ r2

	þ R2 ¼ 0

to get

a ¼ R2

r2
and thus D ¼ 1

a
¼ r2

R2
:

Finally, we have

Gðbx; bx0Þ ¼ 1

4p
ln

jbx � bx0j2
D
��bx � bx�0��2 ¼

1

4p
ln
R2

r2
jbx � bx0j2��bx � bx�0��2 ¼

1

2p
ln
R

r

jbx � bx0j��bx � bx�0��
¼ 1

2p
ln

R

jbx0j jbx � bx0j��bx � bx�0��
where

bx�0 ¼ R2

jbx0j2bx0:
We thus have the following result:
Theorem:
The solution to

Dug ¼ �g on D; ug ¼ 0 on vD

where D is a disc of radius R is

uðPÞ ¼
Z
jQj¼R

1

2p
ln

R

jQj
jP� Qj
jP� Q0j gðQÞdSQ

where

Q0 ¼ R2

jQj2 Q.
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We thus have the following result:
Theorem:
The solution to

Du ¼ �g on D; u ¼ f on vD

where D is the disc of radius R is given by

uðr; qÞ ¼ 1

2p

Z p

�p

f ðqÞ R2 � r2

R2 � 2Rr cosðq� q0Þ þ r2
dq

þ
Z
jQj¼R

1

2p
ln

R

jQj
jP� Qj
jP� Q0j gðQÞdSQ

where P ¼ ðr; qÞ:
We note thatZ

jQj¼R

1

2p
ln

R

jQj
jP� Qj
jP� Q0j gðQÞdSQ

¼ 1

2p

Z
jQj¼R



ln

1

jP� Qj � ln
1

jP� Q0j
�
gðQÞdSQ:

We note also that if P ¼ (r0,q0) and Q ¼ (r,q) then jP� Qj ¼ r2 þ r20�
2rr0 cosðq� q0Þ and Q0 ¼ �R2

r ; q
	
so that jP� Q0j ¼ R4

r2 þ r20 � 2 R2

r cosðq� q0Þ.
Thus, u(r,q) can be expressed as

uðr; qÞ ¼ 1

2p

Z p

�p

f ðqÞ R2 � r2

R2 � 2Rr cosðq� q0Þ þ r2
dq

þ 1

2p

Z p

�p

266664ln
 

1

r2 þ r20 � 2rr0 cosðq� q0Þ

!

� ln

0BBB@ 1

R4

r2
þ r20 � 2

R2

r
cosðq� q0Þ

1CCCA
377775gðRqÞdq:
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EXERCISES
1. Let D be the disc of radius.
2. Find an expression for the solution to Du ¼ �g on D,u ¼ f on vD for the

following functions:
a. f ¼ r sin q; g ¼ cos q.
b. f ¼ 3; g ¼ sin2 q.

c. f ¼ cos q

1þ r2
; g ¼ 1.

456 CHAPTER 13 Solving PDEs With Green’s Functions



Appendix 1

COMPUTING THE LAPLACIAN WITH THE CHAIN RULE

Here we compute the Laplacian in polar and spherical coordinates using the chain
rule. The computations are tedious and are presented only because this is the
approach of many texts.

Suppose that we are in the (x,y,z) coordinate system, and we want to convert to
the (a,b,c) coordinate system where a, b, and c are functions of x, y, and z. The chain
rule says that

vf

vx
¼ vf

va
$
va

vx
þ vf

vb
$
vb

vx
þ vf

vc
$
vc

vx
. (1)

Note that
vf
vx is expressed in terms of x, y, and z, and the right-hand side of Eq. (7)

is in terms of a, b, and c. Also
vf
vy and

vf
vz are expressed in a similar manner. We shall

apply the idea of Eq. (1) several times to find

v2f

vx2
þ v2f

vy2
þ v2f

vz2

in cylindrical and spherical coordinates.

CYLINDRICAL COORDINATES
Cylindrical coordinates are related to rectangular coordinates by

x ¼ r cos q; y ¼ r sin q; z ¼ z;

or

r2 ¼ x2 þ y2; q ¼ tan� 1

�
y

x

�
; z ¼ z:

Thus r ¼
�
x2 þ y2

�1
2
, so

vr

vx
¼ x
�
x2 þ y2

�� 1
2 ¼ x

r
¼ r cos q

r
¼ cos q;

vq

vx
¼ 1

1þ
�
y

x

�2
$y

�� 1

x2

�
¼ � y

x2 þ y2
¼ � r sin q

r2
¼ � sin q

r
;
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vz

vx
¼ 0:

Similarly,

vr

vy
¼ sin q;

vq

vy
¼ cos q

r
;

vz

vy
¼ 0;

and

vr

vz
¼ 0;

vq

vz
¼ 0;

vz

vz
¼ 1:

So

vf

vx
¼ vf

vr
$
vr

vx
þ vf

vq
$
vq

vx
þ vf

vz
$
vz

vx
¼ vf

vr
cos qþ vf

vq

�
� sin q

r

�
:

Also

vf

vy
¼ vf

vr
sin qþ vf

vq

cos q

r

vf

vz
¼ vf

vz
:

We next compute
v2 f
vx2 . We have

v2f

vx2
¼ v

vx

�
vf

vx

�
¼ v

vx

�
vf

vr
cos q

�
� v

vx

�
vf

vq

sin q

r

�
:

Now

v

vx

�
vf

vr
cos q

�
¼ v

vr

�
vf

vr
cos q

�
vr

vx
þ v

vq

�
vf

vr
cos q

�
vq

vx
þ v

vz

�
vf

vr
cos q

�
vz

vx
:

Consider

v

vr

�
vf

vr
cos q

�
¼ v2f

vr2
cos qþ vf

vr
$
v

vr
cos q ¼ v2f

vr2
cos q:

So

v

vr

�
vf

vr
cos q

�
vr

vx
¼ v2f

vr2
cos2 q:

Now

v

vq

�
vf

vr
cos q

�
¼ v2f

vrvq
cos q� vf

vr
sin q
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so

v

vq

�
vf

vr
cos q

�
vq

vx
¼
�

v2f

vrvq
cos q� vf

vr
sin q

��
� sin q

r

�
¼ � v2f

vrvq

cos q sin q

r
þ vf

vr

sin2 q

r
:

Also

vz

vx
¼ 0.

Thus

v

vx

�
vf

vr
cos q

�
¼ v

vr

�
vf

vr
cos q

�
vr

vx
þ v

vq

�
vf

vr
cos q

�
vq

vx
þ v

vz

�
vf

vr
cos q

�
vz

vx

¼ v

vr

�
vf

vr
cos q

�
vr

vx
þ v

vq

�
vf

vr
cos q

�
vq

vx

¼
�
v2f

vr2
cos2 q� v2f

vrvq

cos q sin q

r
þ vf

vr

sin2 q

r

�
:

(2)

Similarly,

v

vx

�
vf

vq

sin q

r

�
¼ v

vr

�
vf

vq

sin q

r

�
vr

vx
þ v

vq

�
vf

vq

sin q

r

�
vq

vx
þ v

vz

�
vf

vq

sin q

r

�
vz

vx

¼ v

vr

�
vf

vq

sin q

r

�
vr

vx
þ v

vq

�
vf

vq

sin q

r

�
vq

vx
:

We have

v

vr

�
vf

vq

sin q

r

�
¼ v2f

vrvq
$
sin q

r
� vf

vq

sin q

r2
;

so

v

vr

�
vf

vq

sin q

r

�
vr

vx
¼ v2f

vrvq
$
sin q cos q

r
� vf

v

sin q cos q

r2
:

Likewise,

v

vq

�
vf

vq

sin q

r

�
¼ v2f

vq2
$
sin q

r
þ vf

vq
$
cos q

r
;
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so

v

vq

�
vf

vq

sin q

r

�
vq

vx
¼
�
v2f

vq2
$
sin q

r
þ vf

vq
$
cos q

r

��
� sin q

r

�

¼ � v2f

vq2
sin2 q

r2
� vf

vq

sin q cos q

r2
:

Thus

v

vx

�
vf

vq

sin q

r

�
¼ v2f

vrvq
$
sin q cos q

r
� vf

vq

sin q cos q

r2

� v2f

vq2
sin2 q

r2
� vf

vq

sin q cos q

r2
:

(3)

To obtain
v2f
vx2, we subtract expression (3) from expression (2) to get

v2f

vx2
¼ v

vx

�
vf

vr
cos q

�
� v

vx

�
vf

vq

sin q

r

�

¼
�
v2f

vr2
cos2 q� v2f

vrvq

cos q sin q

r
þ vf

vr

sin2 q

r

�

�
�
v2f

vrvq
$
sin q cos q

r
� vf

vq

sin q cos q

r2
� v2f

vq2
sin2 q

r2
� vf

vq

sin q cos q

r2

�

¼ v2f

vr2
cos2 q� 2

v2f

vrvq

cos q sin q

r
þ v2f

vq2
sin2 q

r2

þ 2
vf

vq

sin q cos q

r2
þ vf

vr

sin2 q

r
:

(4)

Likewise, we must calculate
v2f
vy2:

We have

vf

vy
¼ vf

vr
sinþ vf

vq

cos q

r
;

so

v2f

vy2
¼ v

vy

�
vf

vr
sin q

�
þ v

vy

�
vf

vq

cos q

r

�
:

Now

v

vy

�
vf

vr
sin q

�
¼ v

vr

�
vf

vr
sin q

�
vr

vy
þ v

vq

�
vf

vr
sin q

�
vq

vy
:

460 Appendix 1



We have

v

vr

�
vf

vr
sin q

�
vr

vy
¼ v2f

vr2
sin q$sin q;

and

v

vq

�
vf

vr
sin q

�
vq

vy
¼
�
v2f

vqvr
sin qþ vf

vr
cos q

�
cos q

r
:

So

v

vy

�
vf

vr
sin q

�
¼ v2f

vr2
sin2 qþ v2f

vqvr

sin q cos q

r
þ vf

vr

cos2 q

r
: (5)

Also

v

vy

�
vf

vq

cos q

r

�
¼ v

vr

�
vf

vq

cos q

r

�
vr

vy
þ v

vq

�
vf

vq

cos q

r

�
vq

vy
:

Now

v

vr

�
vf

vq

cos q

r

�
vr

vy
¼
�
v2f

vrvq

cos q

r
� vf

vq

cos q

r2

�
sin q

¼ v2f

vrvq

cos q sin q

r
� vf

vq

cos q sin q

r2
; (6)

and

v

vq

�
vf

vq

cos q

r

�
vq

vy
¼
�
v2f

vq2
cos q

r
� vf

vq

sin q

r

�
cos q

r

¼ v2f

vq2
cos2 q

r2
� vf

vq

cos q sin q

r2
:

(7)

Adding (6) and (7) gives

v

vy

�
vf

vq

cos q

r

�
¼
�
v2f

vrvq

cos q sin q

r
� vf

vq

cos q sin q

r2

�

þ
�
v2f

vq2
cos2 q

r2
� vf

vq

cos q sin q

r2

�

¼ v2f

vrvq

cos q sin q

r
� 2

vf

vq

cos q sin q

r2
þ v2f

vq2
cos2 q

r2
:

(8)
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Adding (5) and (8) yields

v2f

vy2
¼ v

vy

�
vf

vr
sin q

�
þ v

vy

�
vf

vq

cos q

r

�

¼
�
v2f

vr2
sin2 qþ v2f

vqvr

sin q cos q

r
þ vf

vr

cos2 q

r

�

þ
�
v2f

vrvq

cos q sin q

r
� 2

vf

vq

cos q sin q

r2
þ v2f

vq2
cos2 q

r2

�
:

Adding the expressions for
v2f
vx 2 and

v2f
vy2 gives

v2f

vx 2
þ v2f

vy2
¼
�
v2f

vr2
cos2 q� 2

v2f

vrvq

cos q sin q

r
þ v2f

vq2
sin2 q

r2

þ 2
vf

vq

sin q cos q

r2
þ vf

vr

sin2 q

r

	

þ
��

v2f

vr2
sin2 qþ v2f

vqvr

sin q cos q

r
þ vf

vr

cos2 q

r

�

þ
�
v2f

vrvq

cos q sin q

r
� 2

vf

vq

cos q sin q

r2
þ v2f

vq2
cos2 q

r2

�	

¼ v2f

vr2
cos2 qþ v2f

vr2
sin2 qþ vf

vr

sin2 q

r

þ vf

vr

cos2 q

r

v2f

vq2
sin2 q

r2
þ v2f

vq2
cos2 q

r2

¼ v2f

vr2
þ 1

r

vf

vr
þ 1

r2
v2f

vq2
:

Thus the Laplacian in cylindrical coordinates is given by

Df ¼ v2f

vr2
þ 1

r

vf

vr
þ 1

r2
v2f

vq2
þ v2f

vz2
: (9)
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Appendix 2

THE LAPLACIAN IN SPHERICAL COORDINATES

To compute the Laplacian in spherical coordinates, we use the variables r, q, f,where
q and f are as shown in Fig. A.1 and r2 ¼ x2 þ y2 þ z2. We have

x ¼ r sin q cos f;

y ¼ r sin q sin f;

z ¼ r cos q.

We shall adapt some of our computations from cylindrical coordinates. In doing so
we must be careful, because the standard representation of r in spherical coordinates
is not the same r as in cylindrical coordinates. If we take r in spherical coordinates
to be

r2 ¼ x2 þ y2;

z

x

y

r

(r, θ, φ)

θ

φ

FIGURE A.1
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then r corresponds to r in cylindrical coordinates. Also f in spherical coordinates
was q in cylindrical coordinates. We shall also use the subscript notation for partial
derivatives.

Adapting what we found in cylindrical coordinates to spherical coordinate nota-
tion, and using u to stand for the function instead of f, we have

uxx þ uyy ¼ urr þ 1

r
ur þ 1

r2
uff: (10)

We need to convert from the variable r to the standard spherical coordinates of
r, q, and f.

A key observation is that z and r in spherical coordinates are obtained from r and
q by the same functions that give x and y from r and f. Namely,

x ¼ r cos f and y ¼ r sin f;

and

z ¼ r cos q and r ¼ r sin q;

The last relationship follows from

r2 ¼ x2 þ y2 ¼ ðr sin q cos fÞ2 þ ðr sin q sin fÞ2

¼ ðr sin qÞ2�cos2 fþ sin2 f
� ¼ ðr sin qÞ2

so

r ¼ r sin q:

This correspondence means that since we have in cylindrical coordinates

uxx þ uyy ¼ urr þ 1

r
ur þ 1

r2
uff;

we have in spherical coordinates

uzz þ urr ¼ urr þ 1

r
ur þ 1

r2
uqq: (11)

We want to compute uxx þ uyy þ uzz: Adding Eqs. (10) and (11) gives

uxx þ uyy þ uzz þ urr ¼ urr þ 1

r
ur þ 1

r2
uff þ urr þ 1

r
ur þ 1

r2
uqq

so

uxx þ uyy þ uzz ¼ 1

r
ur þ 1

r2
uff þ urr þ 1

r
ur þ 1

r2
uqq: (12)
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To convert Eq. (12) to the desired form, we must eliminate the variable r. If we
can express ur in terms of r, q, and f, the rest will be easy. The chain rule gives

vu

vr
¼ vu

vr
$
vr

vr
þ vu

vq
$
vq

vr
þ vu

vf
$
vf

vr
:

Now r ¼ �r2 þ z2
�1
2; q ¼ tan�1r

z
; f ¼ f; so

vr

vr
¼ r

ðr2 þ z2Þ12
¼ r

r
;

vq

vr
¼ 1

1þ
�r
z

�2 $ 1z ¼ z

z2 þ r2
¼ z

r2
¼ r cos q

r2
¼ cos q

r
;

vf

vr
¼ 0:

Thus

vu

vr
¼ vu

vr
$
r

r
þ vu

vq
$
cos q

r
þ vu

vf
$0:

Or, converting to subscript notation,

ur ¼ ur
r

r
þ uq

cos q

r
:

Substituting into Eq. (12) gives

uxx þ uyy þ uzz ¼ 1

r
ur þ 1

r2
uff þ urr þ 1

r
ur þ 1

r2
uqq

¼ 1

r

�
ur
r

r
þ uq

cos q

r

�
þ 1

r2
uff þ urr þ 1

r
ur þ 1

r2
uqq

¼ ur
r
þ uq

1

r

cos q

r
þ 1

r2
uff þ urr þ 1

r
ur þ 1

r2
uqq

¼ 2

r
ur þ uq

1

r

cos q

r
þ 1

r2
uff þ urr þ 1

r2
uqq:

Substituting r sin q for r gives

uxx þ uyy þ uzz ¼ 2

r
ur þ uq

1

r sin q

cos q

r
þ 1

ðr sin qÞ2uff þ 1

r2
uqq þ urr;

which may be rearranged to yield

Du ¼ urr þ 2

r
ur þ 1

r2

�
uqq þ cot quq þ 1

sin2 q
uff

�
:

We note that other sources may express this formula in a slightly different way.
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Appendix 3

SOME OTHER COORDINATE SYSTEMS

ELLIPTIC CYLINDRICAL COORDINATES
In elliptic cylindrical coordinates the transformations are

x ¼ a cosh u sin v

y ¼ a sinh u sin v

z ¼ z

0 � u < N; 0 � v < 2p; �N < z < N

where a is a positive constant.

We take u1 ¼ u; u2 ¼ v; u3 ¼ z. We have

br ¼ xbi þ ybj þ zbk ¼ a cosh u cos vbi þ a sinh u sin vbj þ zbk;
so

vbr
vu1

¼ vbr
vu

¼ a sinh u cos vbi þ a cosh u sin vbj
vbr
vu2

¼ vbr
vv

¼ �a cosh u sin vbi þ a sinh u cos vbj
vbr
vu3

¼ vbr
vz

¼ bk:
1. We demonstrate that the system is orthogonal. We have�

vbr
vu

;
vbr
vv

�
¼ �a2 sinh u cos v cosh u sin vþ a2 cosh u sin v sinh u cos v

¼ 0:

Clearly, �
vbr
vu

;
vbr
vz

�
¼ 0 and

�
vbr
vv
;
vbr
vz

�
¼ 0:
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2. We compute the scaling factors. We have

h1 ¼
h
ða sinh u cos vÞ2 þ ða cosh u sin vÞ2

i1=2
¼ a

�
sinh2 u cos2 vþ cosh2 u sin2 v

�1=2
¼ a

�
sinh2 u cos2 vþ �

1þ sinh2 u
�
sin2 v

�1=2
since cosh2 u ¼ 1þ sinh2 u.

Then

a
�
sinh2 u cos2 vþ �

1þ sinh2 u
�
sin2 v

�1=2
¼ a

�
sinh2 u

�
cos2 vþ sin2 v

�þ sin2 v
�1=2

¼ a
�
sinh2 uþ sin2 v

�1=2
:

Thus

h1 ¼ hu ¼ a
�
sinh2 uþ sin2 v

�1=2
:

Also

h2 ¼ hv ¼
h
ð�a cosh u sin vÞ2 þ ða sinh u cos vÞ2

i1=2
¼ a

�
cosh2 u sin2 vþ sinh2 u cos2 v

�1=2
¼ a

�
sinh2 uþ sin2 v

�1=2
:

Finally, h3 ¼ hz ¼ 1.
3. The orthonormal basis fbe1; be2; be3g is

be1 ¼ beu ¼ sinh u cos v

½sinh2 uþ sin2 v�1=2
bi þ cosh u sin v

½sinh2 uþ sin2 v�1=2
bj

be2 ¼ bev ¼ �cosh u sin v

½sinh2 uþ sin2 v�1=2
bi þ sinh u cos v

½sinh2 uþ sin2 v�1=2
bj

be3 ¼ bek ¼ bk:
4. We have

dV ¼ h1h2h3dudvdz ¼ a2
�
sinh2 uþ sin2 v

�
dudvdz:

5. Now,

Vf ¼ 1

h1
be1 vf
vu1

þ 1

h2
be2 vf
vu2

þ 1

h3
be3 vf
vu3

¼ 1

a
�
sinh2 uþ sin2 v

�1=2 vf

vu
beu þ 1

a
�
sinh2 uþ sin2 v

�1=2 vf

vv
bev þ vf

vz
bez:
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6. Next

V2f ¼ 1

h1h2h3

�
v

vu1

	
h2h3
h1

vf

vu1



þ v

vu2

	
h1h3
h2

vf

vu2



þ v

vu3

	
h1h2
h3

vf

vu3


�

¼ 1

a2
�
sinh2 uþ sin2 v

� " v

vu

�
sinh2 uþ sin2 v

�1=2�
sinh2 uþ sin2 v

�1=2 vf

vu

þ v

vv

�
sinh2 uþ sin2 v

�1=2�
sinh2 uþ sin2 v

�1=2 vf

vv
þ v

vz
a2
�
sinh2 uþ sin2 v

� vf
vz

#

¼ 1

a2
�
sinh2 uþ sin2 v

� �v2f
vu2

þ v2f

vv2
þ a2

�
sinh2 uþ sin2 v

� v2f
vz2

�
:

7. Finally,

V� F
. ¼ 1

h1h2h3

������������

h1be1 h2be2 h3be3
v

vu1

v

vu2

v

vu3

h1F1 h2F2 h3F3

������������

¼ 1

a2
�
sinh2 uþ sin2 v

�
�������������

a
�
sinh2 uþ sin2 v

�1=2beu a
�
sinh2 uþ sin2 v

�1=2bev bez
v

vu

v

vv

v

vz

a
�
sinh2 uþ sin2 v

�1=2
F1 a

�
sinh2 þ sin2 v

�1=2
F2 F3

�������������
¼ 1

a2
�
sinh2 uþ sin2 v

�
�
vF3

vv
� a

�
sinh2 uþ sin2 v

�1=2vF2

vz

�
a
�
sinh2 uþ sin2 v

�1=2beu
�
�
vF3

vu
� a

�
sinh2 uþ sin2 v

�1=2vF1

vz

�
a
�
sinh2 uþ sin2 v

�1=2bev
þ
�
a
�
sinh2 uþ sin2 v

�1=2vF2

vu
þ a

�
sinh2 uþ sin2 v

��1=2
sinh u cosh u F2

�a
�
sinh2 uþ sin2 v

�1=2vF1

vv
� a

�
sinh2 uþ sin2 v

��1=2
sin v cos v

�bez�:
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We present some additional examples.

1. Parabolic cylindrical coordinates (x; h; z) whose transformation equations are

x ¼ xh

y ¼ 1

2

�
h2 � x2

�
z ¼ z:

The ranges of the variables are�N < x < N; 0� h < N, and�N < z < N.
It can be shown that

hx ¼ hv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ x2

q
; hz ¼ 1;

dV ¼ �
h2 þ x2

�
dh dx dz;

Df ¼ V2f ¼ 1

h2 þ x2

	
v2f

vh2
þ v2f

vh2



þ v2f

vz2
:

One example where these coordinates could be used is to describe an electric
field around a semiinfinite conducting plate.

2. Parabolic coordinates (x; h;4) whose transformation equations are

x ¼ xh cos 4

y ¼ xh sin 4

z ¼ 1

2

�
h2 � x2

�
:

The ranges of the variables are 0 < x < N; 0� h < N, are 0� 4 < 2p. It can
be shown that

hx ¼ hh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ x2

q
; hz ¼ xh;

dV ¼ xh
�
h2 þ x2

�
dx dh dz;

Df ¼ V2f ¼ 1

h2 þ x2

�
1

x

v

vx

	
x
vf

vx



þ 1

h

v

vh

	
h
vf

vh


�
þ 1

x2h2

v2f

v42
:

3. Bipolar coordinates (x; h; z) whose transformation equations are

x ¼ a sinh h

cosh h� cos x

y ¼ a sin x

cosh h� cos x

z ¼ z:
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where 0 � x < 2p; �N < h < Nand �N < z < N. It can be shown that

hx ¼ hh ¼ a

cosh h� cos x
; hz ¼ 1;

dV ¼ a2

ðcosh h� cos xÞ2 dx dh dz;

Df ¼ V2f ¼ ðcosh h� cos xÞ2
a2

	
v2f

vh 2
þ v2f

vx 2



þ v2f

vz2
:

An example where these coordinates could be used is in describing the electric
field around two parallel cylindrical cylinders.

4. Prolate spheroidal coordinates (u; v;fÞ whose transformation equations are

x ¼ a sinh u sin v cos f

y ¼ a sinh u sin v sin f

z ¼ a cosh u cos v:

The ranges of the variables are 0 � u < N; 0 � v � p, are 0 � f < 2p. It can
be shown that

hu ¼ hv ¼ a
�
sinh2 uþ sin2 v

�1=2
; hf ¼ a sinh u sin v;

dV ¼ a3
�
sinh2 uþ sin2 v

�
sinh u sin v;

Df ¼ V2f

¼ 1

a2ðsinh2 uþ sin2 vÞ

�
v2f

vu2
þ v2f

vv2
þ 1

tanh u

vf

vu
þ 1

tan v

vf

vv

�
þ 1

2sinh2 u sin2 v

v2f

vf2
:

Prolate spheroidal coordinates is a coordinate system that results from rotating an
ellipse about the axis on which the foci are located. Oblate spheroidal co-
ordinates is a coordinate system that results from rotating an ellipse about the
axis that separates the foci. Both coordinates are sometimes used to solve partial
differential equations when the boundary conditions are defined on particular
shapes.
Prolate spheroidal coordinates could be used to describe the electric field
generated by two electrode tips.

5. Oblate spheroidal coordinates (u; v;fÞ whose transformation equations are

x ¼ a cosh u cos v cos f

y ¼ a cosh u cos v sin f

z ¼ a sinh u sin v:
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The ranges of the variables are 0 � u < N; �p
2 � v � p

2, are 0 � f < 2p. It can
be shown that

hu ¼ hv ¼ a
�
sinh2 uþ sin2 v

�1=2
; hf ¼ cosh u cos v;

dV ¼ a3 cosh u cos v
�
sinh2 uþ sin2 v

�
du dv df;

Df ¼ V2f

¼ 1

a2ðsinh2 uþ sin2 vÞcosh u cos v

"
v

vu

	
a cosh u cos v

vf

vu




þ v

vv

	
a cosh u cos v

vf

vv



þ a2

�
sinh2 uþ sin2 v

�
a cosh u cos v

v2f

vf2

#
:

Oblate coordinates can be used in diffusion problems such as the scattering of
sound through a circular hole or flow of liquid through a hole.
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Calculus for Dirac-d function, 34e37
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separation of variables, 275e313
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for uniform convergence of sequences of
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Cauchy integral formula, 62e64

Cauchy sequence, 41
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Change of variables (integration), 28e29

Circulation, 101
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Continuity of limit function, 43

Convergence, 40e59, 187
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L2 convergence, 187

numbers, 40e42

Convolution of functions, 40

Fourier transform, 380
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Cartesian coordinates, 15
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orthogonal, 16, 16fe17f
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Cosine series
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104fe105f

cylindrical coordinates, 106e112, 107f,

109fe110f
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Curvilinear systems, 26
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Bessel’s equation in, 320e323, 321f
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D
Del operator, 93

Dirac-d function, 32e34, 33f, 300e301

calculus for, 34e37

in curvilinear coordinates, 37e38

in Fourier series, 300e301

Green’s function, construction, 154e162

Directional derivative, 70

Dirichlet kernel, 194

Divergence, 90e120

Cartesian coordinate case, 91e93, 91f

cylindrical coordinate case, 93e96,

94f

spherical coordinate case, 96e101,

97f
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Divergence theorem, 120e151, 179

application of, 138e139

exercises, 147e149

for inverse square fields, 131

in three dimensions, 129

in two dimensions, 127

Dot product. See Inner product

Double Fourier series, 215e216

Drum head problem, 328e332

D’Alembert’s formula, 230, 424

E
Eigenfunctions

completeness of, 241e251

Green’ function from, 166e169

Eigenvalue, 1

Eigenvector, 1

Elliptic equation, 217e218

Equilibrium (steady) state of the heat equation,

303e310

F
Fibonacci sequence, 257e258

Fejer kernel, 200

Fejer’s theorem, 201

Flux, 82

Fourier coefficients, 5e12

Fourier inversion theorem, 379e380

Fourier series, 187e216

on arbitrary intervals, 205

convergence methods, 194e207, 195f

definitions, 188e193

double, 215e216

eigenfunctions, 188

exponential form of, 207e212

pointwise convergence, 187, 194

sine and cosine series, 212e215

uniform convergence, 187, 194,

251e255

Fourier transform, 375e399

as decomposition, 376e377

from Fourier series, 377e379

fundamental solution of, 385e390

of Gaussian distribution, 59, 379e383,

379fe380f

heat equation, solving, 384

Laplace’s equation, solving, 388

negative Laplacian spectrum, in one

dimension, 391e395, 393fe394f

partial differential equations, solving,

383e391

properties of, 379e383, 379fe380f

in three dimensions, 395e399, 397f

wave equation, solving, 386e387

Fourier’s law, 221

Fredholm alternative, 171e178, 174f, 176f

G
Gamma function, 67

Gaussian functions, 379e383, 379fe380f

Gauss’s law for inverse square fields, 131,

139

Gauss’ theorem. See Divergence theorem

Generating functions, 257e273

for Bessel functions of the first kind, 270e273

for Hermite’s differential equation, 262e266

for Laguerre’s equation, 259e262

for Legendre’s equation, 266e270

Geometric series, 41

Gradient, 22e23

Cartesian coordinates, 22

cylindrical coordinates, 23

Green’ function, 153e185

for Bessel’s equation, 159, 164

and Dirac-d function, 154e162

from eigenfunctions, 166e169

general boundary conditions, 169e171

for heat equation, 427e431

for the Laplacian, 178e185

for Poisson’s equation, 451e456, 452f

for wave equation, 442e451

using variation of parameters, 162e166

Green’s identities, 138, 147e148

Green’s theorem, 120e151

exercises, 147

H
Hamiltonian operator, 3

Heat equation, 217

derivation, in one dimension, 220e222, 221f

on disk, 332e336

Fourier transform, 384

fundamental solution of, 385e390

Green’s function, 427e431

Laplace transform, 411e418

method of images, 431e442

nonhomogeneous, 429e430

in one dimension, 297e303

with no heat source, 297e300

steady state of, 303e310

Heaviside function, 32, 422, 449

Hermite equation

generating function for, 258, 262e266

of order n, 365
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Hermite polynomial of degree n, 365

Hydrogen atom, 368e373

Hyperbolic equation, 217e218

I
Increments of volume, 19

Inner product, 2

Integrals, 69e90

line, 73e76, 73fe74f

parameterized surfaces, 78e79

path, 70e73

of scalar functions over surfaces, 79e81, 89

surface, 76e78, 77f, 82e87, 82fe83f, 89e90

Integral test, 42

Integration formulas, 59e67

Inverse square field, 131

J
Jacobian, 19e20

Jordan’s lemma, 398

Jump condition on Green’s function, 156

K
Kernel, 14

L
Laguerre’s equation, 258

generating function for, 259e262

Laplace transform, 401e425

of convolution of functions, 402e406, 403f

heat equation, 411e418

properties and formulas for, 355t

solving differential equations, 406e411

using Fourier transform to solve, 388

wave equation, 418e425

Laplace’s equation, 27, 217e220

on cube, 283e287

in cylindrical coordinates, 323e328

on rectangle, 275e283

spherical coordinates, 337, 353e356

Laplacian, 23e25, 132, 218

cylindrical coordinates, 24

Green’s function, 178e185

spherical coordinates, 25e26

Legendre equation, 337e340, 345e349

associated Legendre function, 349e353

generating function for, 258, 266e270

Legendre polynomial, 347

Linear function. See Linear operator

Linear operator, 1

self-adjoint, 1e15

Line integrals, 73e76, 73fe74f

exercises, 88e89

M
Maclaurin series, 52, 258

Maximum modulus principle, 219e220

Method of images, 431e442

on bounded interval, 436e441, 436fe439f

on semi-infinite interval, 431e435

N
Newton’s law, 3, 224

O
One dimension quantum mechanical oscillator,

360e367

Ordinary differential equations (ODEs), 26, 187,

237, 315, 406

Orthogonal

basis, 5

coordinates, 16, 16fe17f

set, 5

transformation, 14

vectors, 13

Orthogonal coordinate system, 17e18

Orthonormal

basis, 5

set, 5

P
Parabolic equation, 217e218

Parameterized surfaces, 78e79

Parseval’s formula, 203

Parseval’s theorem, 381e382

Partial differential equations (PDEs)

second-order, converting to standard form,

232e236, 233f

solving, 383e391

Path integrals, 70e73

exercises, 88

Poisson’s equation, 451e456, 452f

Poisson’s integral formula, 211e212, 389

Polar coordinates, 332

Power series, 49e51

Power series expansion, 60e62

Principle of Superposition, 11e12

p-series test, 42

R
Radius of convergence, 50

Ratio test, 42

Real numbers, series of, 40e42

Resolvent, 392

Riemann-Lebesgue lemma, 191

Rigid rotor, 356e360

Root test, 42
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S
Scaling factors, 18

Schrodinger’s equation

for hydrogen atom, 368

for rigid rotor, 358

Schwarz inequality, 198e205

Second-order PDEs to standard form, converting,

232e236, 233f

Self-adjoint operator, 1e15, 188e193, 238e241

Separation of variables

in Cartesian coordinates, 275e313

heat equation, 297e310

Laplace’s equation, 275e283, 277f

wave equation, 287e294

in cylindrical coordinates, 315e336

Bessel functions, 315e320

Bessel’s equation, 320e323, 321f

heat equation, on disk, 332e336

Laplace’s equation, 323e328

wave equation, on disk, 328e332

Sequences

functions, 43

numbers, 40

Series

cosine series, 212e215

of functions, 43e49, 44t

power series, 49e51

of real numbers, 40e42

sine series, 212e215

Taylor series, 51e55

Spectrum, 391e395, 393fe394f

Spherical coordinates, 15e16, 15f, 25e26

Bessel’s equation in, 340e345

curl in, 112e119

Laplace’s equation in, 353e356

Steady state (heat equation), 303e310

Stokes’ theorem, 120e151

application of, 138e139

exercises, 147e149

Stone’s theorem, 3

Sturm-Liouville theory, 237e255, 322

eigenfunctions completeness for, 241e251

self-adjoint property of, 238e241

uniform convergence of Fourier series, 251e255

Surface, 76e78, 77f

parameterized, 78e79

Surface integral, 76e78, 82e87, 83f, 89e90

T
Taylor polynomial, 51

Taylor series, 51e55

Telegraph equation, 294

Trigonometric polynomials, 189

U
Uniform convergence, 43e44, 47e48

of Fourier series, 251e255

V
Variation of parameters, 162e166

Vector calculus, 69e151

integrals, 69e90

line, 73e76, 73fe74f

parameterized surfaces, 78e79

path, 70e73

of scalar functions over surfaces, 79e81

surface, 76e78, 77f, 82e87, 83f

Vector field, 73

Volume integrals, 19e22

W
Wave equation, 217, 328e332

on disk, 328e332

explicit solution of, 226e232, 230fe231f

Fourier transform, 386e387

Green’s function, 442e451

Laplace transform, 388, 418e425

in one dimension

derivation, 223e226, 223f

separation of variables, 287e294

spherical coordinates, 328e332

in two dimension, 294e297

Weierstrass M-test, 49, 310

Weight function, 2, 239, 322
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