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Preface

The theory of polynomials constitutes an essential part of university courses
of algebra and calculus. Nevertheless, there are very few books entirely de-
voted to this theory.! Though, after the first Russian edition of this book was
printed, there appeared several books? devoted to particular aspects of the
polynomial theory, they have almost no intersection with this book.

! The following classical references (not translated into Russian and therefore not
mentioned in the Russian editions of this book) are rare exceptions:
Barbeau E. J., Polynomials. Corrected reprint of the 1989 original. Problem
Books in Mathematics. Springer-Verlag, New York, 1995. xxii4+455 pp.;
Borwein P., Erdélyi T., Polynomials and polynomial inequalities. Graduate
Texts in Mathematics, 161. Springer-Verlag, New York, 1995. x+480 pp.;
Obreschkoff N., Verteilung und Berechnung der Nullstellen reeller Polynome.
(German) VEB Deutscher Verlag der Wissenschaften, Berlin 1963. viii+298 pp.

For example, some recent ones: Macdonald 1. G., Affine Hecke algebras and orthog-
onal polynomials. Cambridge Tracts in Mathematics, 157. Cambridge University
Press, Cambridge, 2003. x+175 pp.;

Phillips G. M., Interpolation and approzimation by polynomials. CMS Books in
Mathematics/Ouvrages de Mathématiques de la SMC, 14. Springer-Verlag, New
York, 2003. xiv+312 pp.;

Mason J. C., Handscomb D. C. Chebyshev polynomials. Chapman & Hall/CRC,
Boca Raton, FL, 2003. xiv+341 pp.;

Rahman Q. I., Schmeisser G., Analytic theory of polynomials, London Math.
Soc. Monographs (N.S.) 26, 2002;

Sheil-Small T., Complezx polynomials, Cambridge studies in adv. math. 75,
2002;

Lomont J. S., Brillhart J., Elliptic polynomials. Chapman & Hall/CRC, Boca
Raton, FL, 2001. xxiv+289 pp.;

Krall A. M., Hilbert space, boundary value problems and orthogonal polynomi-
als. Operator Theory: Advances and Applications, 133. Birkhduser Verlag, Basel,
2002. xiv+352 pp.;

Dunkl Ch. F., Xu Yuan, Orthogonal polynomials of several variables. Ency-
clopedia of Mathematics and its Applications, 81. Cambridge University Press,
Cambridge, 2001. xvi4+-390 pp. (Hereafter the translator’s footnotes.)



VI Preface

This book contains an exposition of the main results in the theory of
polynomials, both classical and modern. Considerable attention is given to
Hilbert’s 17th problem on the representation of non-negative polynomials by
the sums of squares of rational functions and its generalizations. Galois theory
is discussed primarily from the point of view of the theory of polynomials, not
from that of the general theory of fields and their extensions. More precisely:

In Chapter 1 we discuss, mostly classical, theorems about the distribution
of the roots of a polynomial and of its derivative. It is also shown how to
determine the number of real roots to a real polynomial, and how to separate
them.

Chapter 2 deals with irreducibility criterions for polynomials with integer
coefficients, and with algorithms for factorization of such polynomials and for
polynomials with coefficients in the integers mod p.

In Chapter 3 we introduce and study some special classes of polynomials:
symmetric (polynomials which are invariant when the indeterminates are per-
muted), integer valued (polynomials which attain integer values at all integer
points), cyclotomic (polynomials with all primitive nth roots of unity as roots),
and some interesting classes introduced by Chebyshev, and by Bernoulli.

In Chapter 4 we collect a lot of scattered results on properties of polyno-
mials. We discuss, e.g., how to construct polynomials with prescribed values
in certain points (interpolation), how to represent a polynomial as a sum
of powers of polynomials of degree one, and give a construction of numbers
which are not roots of any polynomial with rational coefficients (transcenden-
tal numbers).

Chapter 5 is devoted to the classical Galois theory. It is well known that
the roots of a polynomial equation of degree at most four in one variable can
be expressed in terms of radicals of arithmetic expressions of its coefficients.
A main application of Galois theory is that this is not possible in general for
equations of degree five or higher.

In Chapter 6 three classical Hilbert’s theorems are given: an ideal in a
polynomial ring has a finite basis (Hilbert’s basis theorem); if a polynomial f
vanishes on all common zeros of f1,..., f., then some power of f is a linear
combination (with polynomial coefficients) of f1, ..., f, (Hilbert’s Nullstellen-
satz); and if M = @M, is a finitely generated module over a polynomial ring
over K, then dimg M; is a polynomial in i for large ¢ (the Hilbert polynomial
of M).

Furthermore, the theory of Grébner bases is introduced. Grobner bases
are a tool for calculations in polynomial rings. An application is that solv-
ing systems of polynomial equations in several variables with finitely many
solutions can be reduced to solving polynomial equations in one variable.

In the final Chapter 7 considerable attention is given to Hilbert’s 17th
problem on the representation of non-negative polynomials as the sum of
squares of rational functions, and to its generalizations. The Lenstra-Lenstra-
Lovasz algorithm for factorization of polynomials with integer coefficients is
discussed in an appendix.



Preface VII

Two important results of the theory of polynomials whose exposition re-
quires quite a lot of space did not enter the book: how to solve fifth degree
equations by means of theta functions, and the classification of commuting
polynomials. These results are expounded in detail in two recently published
books in which I directly participated: [Pr3] and [Pr4].

During the work on this book I received financial support from the Russian
Fund of Basic Research under Project No. 01-01-00660.

Acknowledgement. Together with the translator, I am thankful to Dr.
Eastham for meticulous and friendly editing of the English and mathematics,
to J. Borcea, R. Froberg, B. Shapiro and V. Kostov for useful comments.

V. Prasolov

Moscow, May 1999



VIII  Preface

Notational conventions

As usual, Z denotes the set of all integers, N the subset of positive integers,
F, = Z/pZ for p prime.

(Z/nZ)* denotes the set of invertible elements of Z/nZ.

|S| denotes the cardinality of the set S.

R[z] denotes the ring of polynomials in one indeterminate = with coeffi-
cients in a commutative ring R.

[x] denotes the integer part of a given real number z, i.e., the greatest
integer which is < x.

Numbering of Theorems, Lemmas and Examples is usually continuous
throughout each section, e.g., reference to Lemma 2.3.2 means that the Lemma
is to be found in subsection 2.3 inside the same chapter 2.

Subsections are numbered separately, so Theorem 2.3.4 may occure in
subsec. 2.3.2.

Certain Lemmas and Examples (considered of local importance) are num-
bered simply Lemma 1, and so on, and, to find it, the page is indicated in the
reference.
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1

Roots of Polynomials

1.1 Inequalities for roots

1.1.1 The Fundamental Theorem of Algebra

In olden times, when algebraic theorems were scanty, the following statement
received the title of the Fundamental Theorem of Algebra:

“A given polynomial of degree n with complex coefficients has exactly n
roots (multiplicities counted).”

The first to formulate this statement was Alber de Girard in 1629, but he
did not even try to prove it. The first to realize the necessity of proving the
Fundamental Theorem of Algebra was d’Alembert. His proof (1746) was not,
however, considered convincing. Euler (1749), Faunsenet (1759) and Lagrange
(1771) offered their proofs but these proofs were not without blemishes, either.

The first to give a satisfactory proof of the Fundamental Theorem of Al-
gebra was Gauss. He gave three different versions of the proof (1799, 1815
and 1816) and in 1845 he additionally published a refined version of his first
proof.

For a review of the different proofs of the Fundamental Theorem of Alge-
bra, see [Ti]. We confine ourselves to one proof. This proof is based on the
following Rouché’s theorem, which is of interest by itself.

Theorem 1.1.1 (Rouché). Let f and g be polynomials, and v a closed curve
without self-intersections in the complex plane'. If

[F(2) = g(2)| < [£(2)] + [9(2)] (1)

for all z € ~, then inside v there is an equal number of roots of f and g
(multiplicities counted).

! The plane C! of complex variable.

V.V. Prasolov, Polynomials, Algorithms and Computation in Mathematics 11, 1
DOI 10.1007/978-3-642-03980-5_1, © Springer-Verlag Berlin Heidelberg 2010



2 1 Roots of Polynomials

Proof. In the complex plane, consider vector fields v(z) = f(z) and
w(z) = g(z). From (1) it follows that at no point of ~ are the vectors v
and w directed opposite to each other. Recall that the index of the curve
with respect to a vector field v is the number of revolutions of the vector v(z)
as it completely circumscribes the curve . (For a more detailed acquaintance
with the properties of index we recommend Chapter 6 of [Pr2].) Consider the
vector field

v =tv+ (1 —t)w.

Then vy = w and vy = v. It is also clear that at every point z € v the vector
v¢(2) is nonzero. This means that the index ind(¢) of v with respect to the
vector field v; is well defined. The integer ind(¢) depends continuously on ¢,
and hence ind(¢) = const. In particular, the indices of v with respect to the
vector fields v and w coincide.

Let the index of the singular point zy be defined as the index of the curve
|z — 20| = €, where ¢ is sufficiently small. It is not difficult to show that the
index of v with respect to a vector field v is equal to the sum of indices of
singular points, i.e., those at which v(z) = 0. For the vector field v(z) = f(z),
the index of the singular point zy is equal to the multiplicity of the root zy of
f. Therefore the coincidence of the indices of v with respect to vector fields
v(z) = f(2) and w(z) = g(z) implies that, inside 7, the number of roots of f
is equal to that of g. O

With the help of Rouché’s theorem it is not only possible to prove the
Fundamental Theorem of Algebra but also to estimate the absolute value of
any root of the polynomial in question.

Theorem 1.1.2. Let f(z) = 2" +a12" ' + -+ + a,, where a; € C. Then,
inside the circle |z| = 1+ max |a;|, there are exactly n roots of f (multiplicities
1

counted).

Proof. Let a = max]|a;|. Inside the circle considered, the polynomial
(2

g(z) = 2" has root 0 of multiplicity n. Therefore it suffices to verify that,
if [z] = 1+ a, then |f(z) — g(z)| < |f(2)| + |9(z)|. We will prove even that
|f(z) - g(z)| < ‘g(z)‘, ie.,

larz" "t 4] < 2]
Clearly, if |z| = 1 + a, then

zI" =1
alzn—1+,,.+an<a(|z|n—1+,.,+1):aﬁ:|z|n_1<z", O

1.1.2 Cauchy’s theorem

Here we discuss Cauchy’s theorem on the roots of polynomials as well as its
corollaries and generalizations.
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Theorem 1.1.3 (Cauchy). Let f(z) = 2" — by~ ! — -+ — by, where all
the numbers b; are non-negative and at least one of them is nonzero. The
polynomial [ has a unique (simple) positive root p and the absolute values of
the other roots do not exceed p.

Proof. Set
F(a;):—f(f) =b—1+-~-+b—:§—1.
T T T

If « # 0, the equation f(x) = 0 is equivalent to the equation F(x) = 0. As
x grows from 0 to +o0 the function F(x) strictly decreases from +oo to —1.
Therefore, for > 0, the function F vanishes at precisely one point, p. We
have

Hence p is a simple root of f.

It remains to prove that if xq is a root of f, then ¢ = |xo| < p. Suppose
that ¢ > p. Then, since F' is monotonic, it follows that ¢ > p, i.e., f(q) > 0.
On the other hand, the equality z{ = blxg_l + .-+ + b, implies that

¢" <big" T A b,
i.e., f(¢) <0, which is a contradiction. O

Remark. Cauchy’s theorem is directly related to the Perron-Frobenius
theorem on non-negative matrices (cf. [Wil]).

The polynomial 22" — x™ — 1 has n roots whose absolute values are equal
to the value of the positive root of this polynomial. Therefore, in Cauchy’s
theorem, the estimate

the absolute values of the roots are < p
cannot, in general, be replaced by the estimate
the absolute values of the roots are < p.

Ostrovsky showed, nevertheless, that in a sufficiently general situation such
a replacement is possible.

Theorem 1.1.4 (Ostrovsky). Let f(z) = 2™ —bja" "t —-.- —b,, where all
the numbers b; are non-negative and at least one of them is nonzero.

If the greatest common divisor of the indices of the positive coefficients b;
1s equal to 1, then f has a unique positive root p and the absolute values of
the other roots are < p.
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Proof. Let only the coefficients by, , bg,, ..., b, , where k1 < ky < -+ <
km, be positive. Since the greatest common divisor of k1, ..., k,, is equal to
1, there exist integers s1, ..., Sy, such that sik; + -+ + sk, = 1. Consider

again the function
bkl bk?vn

The equation F'(xz) = 0 has a unique positive solution p. Let = be any other
(nonzero) root of f. Set ¢ = |x|. Then

b,
k1

bkm,

m

bkl L. bk?vn <

S+ _ ok by

1= co o Dm
k1

gk qhkm’

i.e., F(q) > 0. We see that the equality F'(¢q) = 0 is only possible if

b,
ki

i

by

= > 0 for all 4.
x k2

But in this case

b ()T (BT
x T\ gk U\ gkm ’

i.e., z > 0. This contradicts the fact that = # p and p is the only positive root
of the equation F(z) = 0. Thus F(¢q) > 0. Therefore, since F(x) is monotonic
for positive x, it follows that ¢ < p. O

The Cauchy-Ostrovsky theorem implies the following estimate of the ab-
solute value of the roots of polynomials with positive coefficients.

Theorem 1.1.5. a) (Enestrom-Kakeya) If all the coefficients of the polyno-
mial g(x) = apz™ ' + -+ + an_1 are positive, then, for any root & of this
polynomial, we have

. @ Qg
min =0<|f] <v= max .
1<is<n—1 ((a;—1 1<is<n—1 ((a;—1

b) (Ostrovsky) Let =%~ < v for k = k1,..., k. If the greatest common

Ak —1
divisor of the numbers n, ki, ..., km s equal to 1, then || < 7.

Proof. Consider the polynomial

(. —7)g(z) = apx™ — (yap — a1)x™ * — -+ — (Yan—2 — apn_1)T — Yan_1.

a;
a;—1’

By definition, v > i.e., va;—1 —a; > 0. Therefore, by Cauchy’s theorem,
~ is the only positive root of the polynomial (x — 7v)g(z) and the absolute

values of the other roots of this polynomial are < 7.
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1
If £ is a root of g, then n = — is a root of a,_1y" "' + --- + ag. Hence

€]

1 | ‘ a Q51 1
_— = = max =
‘£| ! 1<i<n—1 Qj min { a; }’

1<i<n—1 ( %i—1

ie.,

€] > d = min { & }
1<i<n—1 | G;—1

If condition b) is satisfied, the root + of the polynomial (z — v)g(x) is
strictly greater than the absolute values of the other roots of this polynomial.
O

Remark. The Enestrom-Kakeya theorem is also related to the Perron-
Frobenius theorem, cf. [An2].

An essential generalization of the Enestrom-Kakeya theorem is obtained in
[Gal]. However, the formulation of this generalization is rather cumbersome,
and therefore we do not give it here.

1.1.3 Laguerre’s theorem

Let 21,...,2, € C be points of unit mass. The point { = %(21 + o4 2,) 8
called the center of mass of z1,..., zp.
This notion can be generalized as follows. Perform a fractional-linear trans-
formation w that sends zp to oo, i.e.,
a

w(z) = z—zo+b'

Let us find the center of mass of the images of z1,..., 2, and then apply
the inverse transformation w—!. Simple calculations show that the result does
not depend on a and b, namely, we obtain the point

1
Czo =z20+tn 1 1 (1)
Z1—%20 T + Zn—2Z20
which is called the center of mass of z1,...,z, with respect to zy.
Clearly,
the center of mass of z1, ..., z, lies inside their convex hull.

This statement easily generalizes to the case of the center of mass with
respect to zg. One only has to replace the lines that connect the points z; and
z; by circles passing through z;, z; and zy. The point 2y corresponding to oo
lies outside the convex hull.
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Theorem 1.1.6. Let f(2) = (2 —21) ... (2 — z,). Then the center of mass
of the roots of f with respect to an arbitrary point z is given by the formula

I
7'z)

==z
Proof. Clearly
re 1o, 1

f(z) z-=z 2= 2y

The desired statement follows directly from formula (1). O

Theorem 1.1.7 (Laguerre). Let f(z) be a polynomial of degree n and x its
simple root. Then the center of mass of all the other roots of f(z) with respect
to x is the point

f'(x)

fr(@)

Proof. Let f(z) = (z — 2)F(2). Then f'(z2) = F(z) + (2 — 2)F'(2) and
f"(z) =2F'(2) 4+ (2 — ) F"'(2). Therefore f'(x) = F(z) and f"(z) = 2F'(x).
Applying the preceding theorem to the polynomial F' of degree n — 1, and
point z = x, we obtain the desired statement. O

X=z-2(n-1)

Theorem 1.1.8 (Laguerre). Let f(z) be a polynomial of degree n and
)

f(z)

Let the circle (or line) C' pass through a simple root z1 of [ and the other

roots of f belong to one of the two domains into which C divides the plane.
Then X (z1) also belongs to the same domain.

X(z)=2-2(n—-1)

Proof. In the case of the “usual” center of mass, the circle C' corresponds
to the line such that all the roots of f(z), except z1, lie on one side of it. The
center of mass of these roots lies on the same side of this line. O

Corollary. Let z; be one of the simple roots of f with the mazximal ab-
solute value. Then | X (z1)] < |z1], i.e.,

f'(=1)
f"(z1)

Proof. All the roots of f lie in the disk {z € C||z| < |21]}, and therefore
X (z1) also belongs to this disk. O

z1—2(n—1)

<zl

Theorem 1.1.9. Let f be a polynomial with real coefficients and define

f(2)
f'(2)
All the roots of f are real if and only if Imz -Im {, < 0 for any z € C\ R.

G=z-n
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Proof. Suppose first that all the roots of f are real. Let Imz = a > 0.
The line consisting of the points with the imaginary part €, where 0 < € < a,
separates the point z from all the roots of f since they belong to the real axis.
Therefore Im (., < e. In the limit as € — 0, we obtain Im ¢, < 0.

It is easy to verify that it is impossible to have Im (., = 0. Indeed, let
(. € R. Consider a circle passing through z and tangent to the real axis at (..
Slightly jiggling this circle we can construct a circle on one side of which lie
the points z and (., and on the other side lie all the roots of f. If Imz = a < 0,
the arguments are similar.

Now suppose that Im z - Im(, < 0 for all z € C\ R. Let z; be a root of f
such that Im(z1) # 0. Then Zlirrzl ¢, = z1, and therefore Imz; - Im(,, > 0. O

—ZzZ1

Our presentation of Laguerre’s theory is based on the paper [Gr], see
also [Pol].
1.1.4 Apolar polynomials

Let f(z) be a polynomial of degree n and ¢ a fixed number or co. The function

(€ =2)f'(z) +nf(z) if ¢ # oo;

Acf(z) = {f’(z) if ( =00

is called the derivative of f(z) with respect to point . It is easy to verify that,

if
=Y (Z) anzt (1)
k=0
then
1., X /n-1 &
=3 (" et ()
k=0
Therefore
1 “/n—1 .
2Acf0) =3 (") (e a0, 8
k=0

Let z1,..., 2, be the roots of the polynomial (1), and let ¢,...,(, be the

roots of the polynomial
o)=Y (:) bzt (3)

Formula (2) implies that
1
—Aa A A f(2) = a0 + @101 + azos + -+ anow,

where
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01:C1+C2+"'+Cn=—(n>b"1

02=C1C2+"'+Cn—1Cn=(

Hence the equality A¢, A¢, - -+ A¢, f(2) = 0 is equivalent to the equality

apby, — (T) arby,—1 + <Z> agbp—2 + -+ (=1)"anby = 0. (4)

The polynomials f and g given by (1) and (3) and whose coefficients are
related via (4) are said to be apolar.

A circular domain is either the inner or the exterior part of a disk or the
half plane.

Theorem 1.1.10 (J. H. Grace, 1902). Let f and g be apolar polynomials.
If all the roots of f belong to a circular domain K, then at least one of the
roots of g also belongs to K.

Proof. We will need the following auxiliary statement.

Lemma 1.1.11. Let all the roots z1,...,zn, of f(z) lie inside the circular
domain K and let ¢ lie outside K. Then all the roots of A¢ f(z) lie inside K.

Proof. Observe first that, if w; is a root of the polynomial A¢ f(z), then ¢
is the center of mass of the roots of f(z) with respect to w;. Indeed, if ¢ # oo,
then we can express the equality A¢f(w;) = 0 in the form

. f(wi)
C—w)f (w) +nf(w;) =0, ie, (=w;—n .
(¢ = w)f(ws) + n(w) e
If ¢ = oo, then f'(w;) = A¢f(w;) =0, and hence
—~ 1 f!(wi)
= =0.
1R T Wi f(wy)
Therefore the center of mass of the points zi,..., 2, with respect to w; is
situated at )
W + =——5— = .

Zj ijwi

Now it is clear that point w; cannot lie outside K. Indeed, if w; were
situated outside K, then the center of mass of z1,..., z, with respect to w;
would be inside K. However, this contradicts the fact that ¢ lies outside K. O
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With the help of Lemma 1.1.11, Theorem 1.1.10 is proved as follows. Sup-
pose that all the roots (y,...,(, of g lie outside K. Consider the polynomial
Ac, -+ A¢, f(2). Tts degree is equal to 1, i.e., it is of the form ¢(z — k). Lemma
1.1.11 implies that k£ € K. Since f and g are apolar polynomials, it follows
that A¢, (# — k) = 0. On the other hand, the direct calculation of the deriva-
tive shows that Ac, (# — k) = (1 — k. Therefore k = (1 ¢ K and we have a
contradiction. O

Every polynomial f has a whole family of polynomials apolar to it. Having
selected a convenient apolar polynomial we can, thanks to Grace’s theorem,
prove that f possesses a root in a given circular domain. Sometimes for the
same goal it is convenient to use Lemma 1.1.11 directly.

Ezxample 1. The polynomial
f(z)=1—2z+¢z", where ceC,
possesses a root in the disk [z — 1] < 1.
Proof. The polynomials

n
1

n

-1
flz)=1+ ( >72+cz" and g(z) = 2"+ (1>bn_12"—1 4+ b

are apolar if
-1 )
1—n (7) bn_1+cbyp =0, ie., 1+4+bp_1+cby=0.

Now let ( = 1 — exp(2mik/n) for k =1,...,n, and take g(z) to be

n
g(Z) = H(Z - Clc) =z"+ <1>bn12n1 + -+ bo.
Then
bn—l = —1 and bo = ﬂ:HCk =0.

Therefore the polynomials f(z) and g(z) are apolar. Since all the roots of ¢
lie in the disk |z — 1| < 1, at least one of the roots of f lies in this disk. O

Ezxample 2. The polynomial 1 — z + ¢12™ + -+ - 4+ ¢z™*, where 1 < ny <
ng < --- < ng, has at least one root in the disk

1

R

2| <
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Proof. Let us start with the polynomial f(z) = 1 — z + ¢12™'. Suppose
on the contrary that all its roots lie in the domain |z| > 3. Then by
Lemma 1.1.11 the roots of the polynomial

Aof(z)=n1 — (n1 — 1)z

n1

and
nlfl

also lie in the domain |z| > 5. But the root of Ao f(z) is equal to
we have a contradiction.

For the polynomial f(z) =1 — 2+ ¢12™ + -+ + ¢x2™*, we use induction
on k. Consider the polynomial

Aof(z)=nk — (ng — Dz +c1(ng —n1)z™ + -+ cp_1(ng — ng_1)2"*1.

ng

In this polynomial, replace z by oW, By the induction hypothesis, the
roots of the polynomial obtained lie in the disk

1 T2 Nkg—1

< .
|w|_n1—1 ng — 1 ’1711671—].7

and hence the roots of Agf(z) lie in the disk

n1 no ng

n—1 no—1 """ np—1

Therefore the hypothesis that all the roots of f(z) lie outside the disk leads
to a contradiction. O

Let f(z) = | (Ma;z" and g(z) = Zn: (")b;z". The polynomial

i=1 =1

hz) = 1 (’Dabz

1=

3

is called the composition of f and g.

Theorem 1.1.12 (Szegd). Let [ and g be polynomials of degree n, and let all
the roots of f lie in a circular domain K. Then every root of the composition
h of f and g is of the form —(;k, where ¢; is a root of g and k € K.

Proof. Let 7 be a root of h, i.e., > (”) a;b;y* = 0. Then the polynomials
i=1

f(2) and G(z) = z"g(—v2z~!) are apolar. Therefore, by Grace’s theorem, one

of the roots of G(z) lies in K. Let, for example, g(—vyk~!) = 0, where k € K.
Then —vk~! = (;, where (; is a root of g. O

For polynomials whose degrees are not necessarily equal, there is the fol-
lowing analogue of Grace’s theorem.
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Theorem 1.1.13 ([Az]). Let f(z) = En: (Maiz" and g(z) = fjl (M) bz be

1= 1=
polynomials with m < n. Let the coefficients of f and g be related as follows:

(r(r)L) wobr — (Tf) Wbt 4+ (=)™ (:) by = 0. (5)

Then the following statements hold:

a) If all the roots of g(z) belong to the disk |z| < r, then at least one of the
roots of f(z) also belongs to this disk;

b) If all the roots of f(z) lie outside the disk |z| < r, then at least one of
the roots of g(z) also lies outside this disk.

Proof. [Ru] a) Relation (5) is invariant with respect to the change of z
to rz in f and g, and therefore we may assume that » = 1. Suppose on the
contrary that all the roots of f(z) lie in the domain |z| > 1. Then all the
roots of the polynomial 2" f(1) lie in the domain |z| < 1. Therefore, from the
Gauss-Lucas theorem (Theorem 1.2.1 on p. 13), it follows that all the roots
of the polynomial

e =00 (g (1)) =m0 Y (T oz

=0

lie in the domain |z| < 1. Therefore all the roots of the polynomial

fo(z) = 2" é (T) a (%)m -y (T) ais

=0

lie in the domain |z| > 1.

Relation (5) means that the polynomials fs and g are apolar. Since all the
roots of fo lie in the circular domain |z| > 1, it follows from Grace’s theorem
that at least one of the roots of g also lies in this domain, and we have a
contradiction.

b) All the roots of fy lie in the domain |z| > 1, hence, it follows from
Grace’s theorem that at least one of the roots of g also lies in this domain. O

1.1.5 The Routh-Hurwitz problem

In various problems on stability one has to investigate whether all the roots
of a given polynomial belong to the left half-plane (i.e., whether the real parts
of the roots are negative). The polynomials with this property are said to be
stable. The Routh-Hurwitz problem is

how to find out directly by looking at the coefficients of the polynomial
whether it is stable or not.

Several different solutions of the problem are known (see, e.g., [Po2]). We
will confine ourselves with one simple criterion given in [St3].
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First, we observe that it suffices to consider the case of polynomials with
real coefficients. Indeed, if p(z) = 3 a,2™ is a polynomial with complex coef-
ficients we can consider the polynomial

P (2) =p(@p® = (Y anz") (Y a=").
Clearly, the real parts of the roots of p(Z) are the same as those of p(z).
Moreover, the coefficients of p*(z) are symmetric with respect to a,, and @,.
This means that the coefficients of p* are invariant under conjugation, that
is, they are real.

Theorem 1.1.14. Let p(z) = 2" + a1z ' + -+ + a, be a polynomial with
real coefficients; let q(z) = 2™ + b1z2™ 1 + -+ 4 by, where m = in(n — 1),
be the polynomial whose roots are all the sums of pairs of the roots of p. The
polynomial p is stable if and only if all the coefficients of the polynomials p

and q are positive.

Proof. Suppose that p is stable. To a negative root a of p there corre-
sponds the factor z — o with positive coefficients. To a pair of conjugate roots
with the negative real part there corresponds the factor

(z—a—if)(z —a+iB) = 22 —2az+a* + 3

with positive coefficients. Thus all the coefficients of p are positive.

The complex roots of ¢ fall into the pairs of conjugate roots because the
coefficients of ¢ are real. Further, the real parts of all the roots of ¢ are negative.
The same arguments as for p show that all the coefficients of ¢ are positive.

Next, let all the coefficients of p and ¢ be positive. In this case, all the real
roots of p and ¢ are negative. Therefore, if a is a real root of p, then a < 0, and,
if a£if is a pair of complex conjugate roots of p, then 2a0 = (a+13) + (a—if3)
is a root of ¢; hence 2a < 0. O

1.2 The roots of a given polynomial and of its derivative

1.2.1 The Gauss-Lucas theorem

In 1836, Gauss showed that all the roots of P’, distinct from the multiple
roots of the polynomial P itself, serve as the points of equilibrium for the field
of forces created by identical particles placed at the roots of P (provided that
r particles are located at the root of multiplicity r) if each particle creates an
attractive force inversely proportional to the distance to this particle. From
this theorem of Gauss it is easy to deduce Theorem 1.2.1 given below. Gauss
himself did not mention this. The first to formulate and prove Theorem 1.2.1
was a French engineer F. Lucas in 1874. Therefore Theorem 1.2.1 is often
referred to as the Gauss-Lucas theorem.
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Theorem 1.2.1 (Gauss-Lucas). The roots of P’ belong to the convex hull
of the roots of the polynomial P itself.

Proof. Let P(z) = (2 —21) ... (2 — zn). It is easy to verify that
P'(z) 1 1
- o ) 1
P(2) z—z1+ +z—zn (1)
Suppose that P’(w) = 0, P(w) # 0 and suppose on the contrary that w does
not belong to the convex hull of the points z1,..., z,. Then one can draw a
line through w that does not intersect the convex hull of 24, ..., z,. Therefore
the vectors w—z1,...,w— 2z, lie in one half-plane determined by this line.
Hence the vectors
1 1
w—z1 T w—zy,
1 _
also lie in one half-plane, since — = ﬁ Hence,
z z
P'(w) 1 1
= . 0.
P(w) w—zl+ +w—zn7,é

This is a contradiction, and hence w belongs to the convex hull of the roots
of P. O

Relation (1) allows one to prove the following properties of the roots of P’
for any polynomial P with real roots.

Theorem 1.2.2 ([Anl]). Let
Pz)=(z—x1) ... (z— ), where x1 < -+ < .

If some root x; is replaced by x); € (x;,xi1+1), then all the roots of P’ increase
their value.

Proof. Let z1 < zo < -+ < z,_1 be the roots of P’, and let x1,..., 2,
be the roots of P. Let z{ < 2z, < --- < z/,_; be the roots of @' and let
Y= X1, .., T = T1, TG, T = Tip1,. .., T, = T, be the roots of Q. For
the roots zj, and zj,, the relation (1) takes the form

n

1 1
2k — T ’ Zz,’f—xg @)

i=1

n
i=1
Suppose that the statement of the theorem is false, i.e., z;, < zj for some k.

Then z;, — x < 2z, — ;. Observe that the differences z;, — 2 and 2z, — z; are
of the same sign. Indeed,

zj < i, z; < for j <i—1and z; > @, 25 > a for j > i.

Hence, —— < ——~— forall i = 1,...,n. But in this case relations (2) cannot

) Zp—T; 2p —x

hold simultaneously. O
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1.2.2 The roots of the derivative and the focal points of an ellipse

The roots of the derivative of a cubic polynomial have the following interesting
geometric interpretation.

Theorem 1.2.3 (van der Berg, [Be2]). Let the roots of a cubic polynomial
P form the vertices of a triangle ABC' in the complex plane. Then the roots
of P' are at the focal points of the ellipse tangent to the sides of NABC' at
their midpoints.

First proof. Observe first of all that if Q(z) = P(z — 20), then Q'(2) =
P'(z — zp). Therefore we can take any point for the origin.

We can represent any affine transformation of the plane as a composi-
tion of an isometry, a homothety, and a transformation of the form (z,y) —
(z,ycosa) in a Cartesian coordinate system. Therefore we may assume that
the triangle ABC' is obtained from the equilateral triangle with vertices w,

2mi
ew and e%w, where |w| =1 and € = exp (T)’ under the transformation

2+z z—-Z
2 2

2&

a
z cosa:zcosz§+zsin 7 (1)

Then the semi-axes a and b of the ellipse considered are equal to 3 and 1 cos a;

the distance between its focal points F; and I is equal to va2 — b2 = % sin a.
Under the dilation with coefficient

1 . 71_ ( « a>—1
5 sin a = (sin 5 cos 5 .

points F; and Fy transform into (+1,0). The composition of transformation
(1) and this dilation amounts to the transformation

ta—l—_t a
z+— zcot — 4 Ztan —
2 2

Set a = wcot §. Then the polynomial with roots A, B, and C' is of the

form ) ) )
P(z) = (x—a——) (x—ae——) (x—aaQ——2>
a ae ag

It is easy to verify that P’(z) = 322 + 3¢ 4+ 3¢ = 322 — 3, and therefore the
roots of P’ are £1. O

-
Second proof. [Sc5] Let € = exp <%> and let zp, 21, 22 be the roots of

the polynomial P considered. Select numbers (g, (1, (2 so that

20=C+C+C, 21=C+Ge+Ge:, z2=C(+0+Ge,  (2)
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ie.,

360 =20+ 21 + 20, 3C1 =20+ 2162 + 206, 3C2 = 20+ 216 + 2067
In what follows we assume that zg + 21 + 22 = 0, i.e., (p = 0.

It is easy to verify that the curve (1e? + (2e™%, where 0 < ¢ < 27, is
an ellipse whose semi-axes are directed along the bisectors of the exterior and
interior angles of the angle Z(10(s, where O is the origin, and the lengths
of the semi-axes are equal to [(1| + |(2| and ||¢1] — |¢2||- Indeed, the curve
considered is the image of the unit circle under the map z — (12 + (Z.
Further, if ¢; = [¢1]e*® and (o = |¢2|e??, then

1€ + Goe™ ™ = |G T 4 [l

The absolute value of this expression attains its maximum at ¢ = # + km
and its minimum at ¢ = # + 5 +km. These values of ¢ correspond precisely
to the directions of the bisectors indicated.

The focal points f; and fy of the ellipse (1'% + (2™ lie on the line
corresponding to the angle ¢ = O‘Qi Le., =<2 is a positive number. Further,
the square of the distance of the focal pomt to the center of the ellipse is equal
to the difference of the squares of the semi-axes, i.e., it is equal to

(1G1] +1¢2D)* = (1G] = [G2)* = 4l¢iGal-

Hence f1f2 = 4¢1Ca.

Relations (2) for {y = 0 show that the vertices zg, 21, 22 of the triangle con-
sidered lie on the ellipse (1 e%? +(2e~* and the mid-points of its sides lie on the
ellipse % (Clei“" + Cge_w). The mid-point of a chord of the first ellipse lies on
the second ellipse only if this chord is tangent to the second ellipse. Therefore
we have to prove that the focal points of the ellipse % (Cl e + (o e*w) coincide
with the roots of the derivative of the polynomial P = (z — zg)(z — 21)(z — 22).
The focal points of the ellipse satisfy the equation 22 —(;(> = 0, and the roots
of P’ satisfy

322 + 2021 + 2022 + 2122 = 0, i.e., 3(2’2 — <1C2) =0. O

1.2.3 Localization of the roots of the derivative
Jensen’s disks

Let f be a polynomial with real coefficients. For every pair of conjugate roots
z and Z of f, the disk with diameter! 2% is called a Jensen’s disk of f.

Theorem 1.2.4 (Jensen). Any non-real root of f’ lies inside or on the
boundary of one of the Jensen’s disks of f.

! We mean that z and Z are the endpoints of a diameter of this disk.



16 1 Roots of Polynomials

Proof. Let z1,...,z, be the roots of f. Then

Fe) o1
o EEr W

Let us show first of all that if 2 lies outside Jensen’s disk with diameter z,z,
then

1
sgnIm( + > = —sgnlmz. (2)
Z—2zp Z—2g
Indeed,
1 N 1 ~ 2(2—a) ((z—a)* +b%)
z—a—bi z—a+bi (z — a)? + b2
and

Im ((Z—a)|z — af* + (z — a)b?) = (b* — |z — a|*) Im .
Let us show now that if z ¢ R and z; = a € R, then

sgnIm( >:—sgnImz. (3)
Z—Zj
Indeed,
1 1 z—2z  —2Imz
z—a Z—a |z—al? |z—al?’

Formulas (1), (2), (3) imply that if point z ¢ R lies outside all the Jensen’s
disks, then
f'(z)

f(2)

Hence f/(z) # 0, i.e., z is not a root of f'. O

sgn Im = —sgnlmz # 0.

As a refinement of Jensen’s theorem, we prove the following estimate for
the number of the roots of the derivative whose real parts belongs to a given
segment.

Theorem 1.2.5 (Walsh). Let I = [a, 3], and let K be the union of I and
Jensen’s disks intersecting I. If K contains k roots of a polynomial f(z), then
the number of the roots of f'(z) that lie in K is between k — 1 and k + 1.

Proof. Let C' be the boundary of the smallest rectangle whose sides are
parallel to the coordinate axes and which contain K. Consider the restriction

to C of the map z — e, where p = arg J;((:)). Formulas (1), (2) and (3) imply
that the image of the part of C' that lies in the upper half-plane lies on the
half-circle |z| = 1, Im z < 0, whereas the image of the part of C' that lies in
the lower half-plane lies on the half-circle |z] = 1, Imz > 0. Therefore the
number of revolutions of the image of C' around the origin is equal to either 0
or £1. This means that the indices of C' with respect to the vector fields f(z)
and f’(z) either coincide or differ by +1, i.e., the total numbers of the zeros

of functions f and f’ lying inside C' either coincide or differ by +1. O
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Walsh’s theorem

Theorem 1.2.6 (Walsh). Let the roots of the polynomials f1 and fa lie in
the disks K1 and Ko with radii v and ro and centers at points ¢ and co,

respectively. Then every root of the derivative of f = f1fe lie either in K1, or
Nnory + nqr nacy + nic
in Ko, or in the disk of radius Ity Ty centered at M, where
ny + no n1 + ng

n1 = deg f1 and ny = deg fo.

Proof. Let z be the root of f lying outside K; and Ks. Then

fi(2) f2(2) + f1(2) f2(2) = O;

moreover, f1(z2), f2(2), f1(z), f4(2) are nonzero.
Consider (; and (2, the centers of mass of the roots of f; and fy with
respect to z, respectively. By Theorem 1.1.6

fi1(2)

G=z—-m ) G2 =2—n2

f2(2)
f3(2)

Hence

f1(z)_+>jé(z)

) fé(Z)> = (m 42z,

n2C1 +n1Ge = (n1 +n2)z — ning (

ie., z= M Since all the roots of f; lie in Kj, it follows that (; € K;.
ny N9

It remains to observe that if points ¢; and (> of mass no and n, lie in disks
K, and Ko, respectively, then their center of mass z lies in the disk K. O

The Grace-Heawood theorem

Theorem 1.2.7 (J. H. Grace, 1902; P. J. Heawood, 1907). If 21 and 22
are distinct roots of a polynomial f of degree n, then the disk |z—c| < r, where

21—z ™
c=2(z1+2) andr = \172\ cot (ﬁ)’ contains at least one root of f'.

n—1
Proof. Let f'(z) = > (”gl)akzk. Then
k=0

Z2 n—1
0= fGex) = 1) = [ Fra= S04 (" b,
21 k=0

where the coefficients by, ...,b,—1 depend only on z; and 22 and not on the
coefficients ag, . .., a,—1. Therefore, given z; and z2, we can construct a poly-
nomial g(z) = Z;é ("gl)bkzk apolar to f/(2).

! This expression of f’ differs by a factor of 2 from formula (x) in sec. 1.1.4.
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kxn—l—k

To obtain an explicit formula for g, set a = (—1) , i.e., consider

h(z) = (x — z)"~ 1. In this case

n—1
-1
R Y G P

k=0
z2
- .
z1
The roots of g are of the form
— k
(= ats A2 g 2T fork=1,2,....,n—1

2 2 n

and all of them lie on the boundary of the disk considered. Therefore, by
Theorem 1.1.10 (see p. 8), the disk |z — ¢| < r contains at least one root
of f/. O

In [Ma7], there are several other theorems on localization of the roots of
the derivative.

1.2.4 The Sendov-Ilieff conjecture

In 1962, the Bulgarian mathematician B. Sendov made the following conjec-
ture often ascribed to another Bulgarians mathematician, L. Ilieff:

“Let P(z) be a polynomial (deg P > 2) all of whose roots lie in the disk
|z| < 1. If zg is one of the roots of P(z), then the disk |z — zo| < 1 contains at
least one root of P'(z)”.

This conjecture is proved for all polynomials of degree < 5 and several
particular polynomials (see, e.g., [Sc4]).
We confine ourselves to the proof of the conjecture for polynomials of the
form
P(z) = (z— 20)" (2 — 21)" (2 — 22)"2.

This proof is given in [Co2].
The case when n = ng + nj +ns > 4 is much the simplest. In this case we
have to prove that if |z;| <1 for ¢ = 0,1, 2, then the polynomial

P(z)=n(z—20)" " z—2)" "Nz —2)2 " Hz—w)(z —ws) (1)

has a root lying in the disk |z — 29| < 1. If ng > 1, then zy is such a root.
We assume therefore that no = 1. Let us express P(z) in the form P(z) =
(z — 20)Q(z). Tt is clear that

P'(z0) = Q(20) = (20 — 21)™ (20 — 22)". 2)
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It follows from (1) and (2) that
n(zo —wi)(z0 — we) = (20 — 21)(20 — 22). (3)

Taking into account that |zo — 21| < |z0|+ |21] = 2 and |z — 22| < 2, we obtain

and hence either |zg — wi| <1 or |29 — we| < 1.

It remains to consider the case when ng = ny = ny = 1. For this we need
the following auxiliary statement which we will formulate more generally than
is needed for this proof.

Lemma. Let P(z) be a polynomial of degree n, where n > 2. If
|P"(z0)| > (n — 1) [P'(20)] ,
then at least one of the roots of P’ lies inside the disk |z — zp| < 1.

Proof. Let wy,ws,...,w,_1 be the roots of P’. We may assume that the
n—1

highest coefficient of P is equal to 1. In this case P'(z) = n [] (z — w;). If
j=1

P'(z) # 0 we may take the logarithm of both sides and differentiate. This

gives
n—1

PH(Z) o Z 1
P'(z) z—wj
By the hypothesis zy is a simple root of P, i.e., P'(z9) # 0. Suppose that

|zo—w;| > 1for j =1,...,n—1. Then the inequality | P”(z0)| > (n—1) |P’(20)]
implies that

P//(Zo) n—1
n—1<|—— < <n-—1,
e DY

and we have a contradiction. O

Now let us consider directly the polynomial

P(2) = (z = 20)(z — 21)(2 — 22) = (2 — 20)Q(2).

Clearly

P’ (2) _2Q/(z) _2< 1 n 1 > _ 2(2z0 — 21 — 22)

P'(2) Q(z) 20 — 21 20— %2 (20 — 21)(20 — 22)°
Now consider the triangle ABC with vertices A = z9, B = 21, C = 25.
Obviously |z0 — z1] = ¢, |20 — 22| = b and |2z9 — 21 — 22| = 2m,, where

mg is the length of the median drawn from A. By Lemma the Sendov-Ilieff
conjecture holds if 4m, > 2bc.
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By the hypothesis, b < 2 and ¢ < 2, and hence 2m, > bc holds both for
mg > b and for m, > c. It remains to consider the case when m, < b and
mg < C.

Relation (3) shows that the Sendov-Ilieff conjecture holds if bec < 3. There-
fore we may assume that bc > 3. In this case

b +c? = (b—c)? + 2bc > 6,

and therefore b2+ c2—a? > 6—4 > 0, i.e., ZA < 90°. The inequalities b > m,
and ¢ > m, imply that ZC < 90° and ZB < 90°, and hence the triangle
ABC is acute.

Let R be the radius of its circumscribed circle, h, the length of the altitude
2R

from A. Then hi = sinB = - i.e., bc = 2Rh, < 2Rm,. To obtain the
inequality desire((ll, bc < 2my,, it remains therefore to prove that R < 1. The
acute triangle ABC lies inside the unit circle |z| = 1. If the circumscribed
circle S of the triangle ABC lies inside the unit circle, the inequality R <1 is
obvious. Let now S and the unit circle have a common chord. Since ABC' is
acute, this chord subtends an acute angle ¢ whose vertex coincides with one
of the vertices of the triangle ABC. The same chord subtends the angles 1
and 180° — 1), where 1 < 90°, whose vertices lie on the unit circle. Moreover,
1 < . The inequalities 1 < ¢ < 90° < 180° — ¢ imply that R < 1.

1.2.5 Polynomials whose roots coincide with the roots of their
derivatives

In the paper [Ya] it was stated that if P and @ are monic polynomials (i.e.,
their highest coefficients are equal to 1) and the sets of roots of P and @
coincide, and the sets of roots of the polynomials P’ and @’ also coincide,
then P™ = @™ for certain positive integers m and n. Later certain gaps
were discovered in the proof of this statement and soon a counterexample
was constructed in [Ro2]. The construction of this counterexample is rather
complicated. We advise the interested reader to turn directly to [Ro2].

Concerning properties of polynomials whose roots coincide with the roots
of the derivatives see also [Dol].

1.3 The resultant and the discriminant
1.3.1 The resultant

Consider polynomials f(z) = > a;2" " and g(z) = Y b;z™ ¢, where ag # 0
i=0 i=0

and bg # 0. Over an algebraicaﬁy closed field, f and gihave a common divisor
if and only if they have a common root. If the field is not algebraically closed,
then the common divisor could be a polynomial without roots.
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The existence of a common divisor of f and g is equivalent, as one can
show, to the existence of polynomials p and ¢ such that fq = gp, where
degp < n —1 and degqg < m — 1. Indeed, let f = hp and g = hq. Then
fq = hpg = gp. Suppose now that fq = gp, where degq < degg — 1. If f and
g do not have a common divisor, then ¢ divides g: a contradiction.

Let ¢ = upx™ ' + -+ + U1 and p = vox™ ' + --- 4+ v,,_1. The equality
fq = gp can be expressed as a system of equations:

apug = bovo,
ai1ug + apur = bivg + by,
axuo + a1 + aguz = bavg + bivy + bova,

The polynomials f and g have a common root if and only if this system has

a nonzero solution (ug, u1, ..., v, v1,...). If, for example, m = 3 and n = 2,
the determinant of this system of equations is of the form
aOOO—bOO aoalaQOO
a1 agp 0 —b1 —bo 0 ap a1 az 0
az ay agp —by —by| ==%|0 0 ag a; az| = £det S(f,g).
0 a9 a1 —bg —bg bo b1 bg bg 0
OOaQO—bg 0b0b1b2b3
The matrix

a0a1a20 0
Oa0a1a20
S(f,g)=10 0 apas as
bo by b2 bs O
0 by by by b3

is called the Sylvester matriz of the polynomials f and g. The determinant
of S(f,g) is called the resultant of f and g and is denoted by R(f,g). Clearly,
R(f,g) is a homogeneous polynomial of degree m with respect to indetermi-
nates a; and of degree n with respect to indeterminates b;. The polynomials
f and g have a common divisor if and only if the determinant of the system
considered vanishes, i.e., R(f,g) = 0.

The resultant has many different applications. For example, given poly-
nomial relations P(z,z) = 0 and Q(y,z) = 0 we can, with the help of the
resultant, obtain a polynomial relation of the form R(z,y) = 0, i.e., eliminate
z. Indeed, consider the given polynomials P(z, z) and Q(y, z) as polynomials
in z regarding x and y as constants. Then the vanishing of the resultant of
these polynomials is exactly the relation desired R(x,y) = 0.

The resultant also allows one to reduce the solution of the system of alge-
braic equations to the search for roots of polynomials. Indeed, let P(xq,y0) = 0
and Q(xo,yo) = 0. Consider P(z,y) and Q(z,y) as polynomials in y. For
x = xp, they have a common root yg. Therefore their resultant R(x) vanishes
at r = xg.
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Theorem 1.3.1. Let x; be the roots of f, and y; the roots of g. Then

R(f,9) = ag'by [ (@i —y;) = ag" [ g(e) = 05 T] £ (w)-
Proof. Since f(x) = ag(x — 1) - ... (¥ — x,), it follows that
ap = tagog(z1,...,Tn),
where oy, is an elementary symmetric function. Similarly,

bk = ibon(yh cee vym)

The resultant is a homogeneous polynomial of degree m with respect to inde-
terminates a; and of degree n with respect to the b;. Hence

R(fvg) = aanbgp(xlv ey Iny Y, 7ym)a
where P is a symmetric polynomial in x1,...,x, and y1, ..., ¥y, vanishing at
x; = y;. The formula

k—1 1

k:
Ty :( yj) + YT,

shows that

P(xlwuvym) = (x’b_yj)Q(xh7ym)+U(xlvvf/b\'L77ym)

Substituting z; = y; into this formula we see that U is the zero polynomial.
Similar arguments show that P is divisible by S = a{*by [ [(z: — y;)-

Since g(x) = bo [ (x—y;), we have [] g(zi) = bf [[(zi—y;), and therefore

J=1 i=1 o
=agy' Hg(xl) = ag' H(bo;[;;n + blx?ﬁbil 4+ 4 bm)
i=1 i=1

is a homogeneous polynomial of degree n in indeterminates by, ..., b,,. For
indeterminates ag, ..., a,, the arguments are similar. It is also clear that the
symmetric polynomial a' [T}, (b2 + biz{* "' + - + by,) is a polynomial
in ag,...,an,bo,...,bm. Hence R(f,g) = R(ao,...,bm) = AS, where \ is a
number which does not depend on the a; and b;.

On the other hand, the coefficient of [] 2" in af'bf P(x1, ..., ym) and S is
equal to ai'by, hence, A = 1. O

Corollary 1. R(g, f) = (~1)%e/ 429 R(f, g).
Corollary 2. If f = gq+r, then
R(f.g) = by "# " R(r,g).

where by is the leading coefficient of g.
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Proof. Let y; be the roots of g. Then f(y;) = r(y;). It remains use that
R(f,9) = V"' T1 f(y;) and R(r,g) = 6™ " T1 f(y)- O

Corollary 3. R(f,gh) = R(f,9)R(f,h)

Proof. Let x; be the roots of f and aq its leading coefficient. Then

R(f,gh) = g8 4" T g(x:)h(w:),
R(f.9) = az*** [[ (),
R(f,h) =ag®®" [[ h(=:). O

Theorem 1.3.2. Let f(x) = Z a;x" " and g(z) = Z b;x™~. Then there

exist polynomials p and ¥ with mteger coefficients in mdetermmates ag, ..., 0y,
bo, ..., bm and x for which the identity

o(x,a,b)f(x) +¥(z,a,b)g(z) = R(f,9)
holds.

Proof. Let co, ..., Cntm—1 be the columns of the Sylvester matrix S(f,g)
and y = 2T #~1 Then

YoCo +---+ Yn+m—1Cn+m—1 = C,

where c is the column vector

(xmflf(x), o f(x),x"flg(a:), .. ,g(x))T .

Consider yg, ..., Yn+m—1 as a system of linear equations for yo, ..., Yntm-1
and make use of Cramer’s rule in order to find y,4+m—1. We obtain

Yntm—1det(co, ..., Cnpm—1) = det(co, ..., Cntm—2,C). (1)

It remains to notice that ypim—1 = 1, det(co,...,cntm-1) = R(f,g) and
the determinant on the right-hand side of (1) can be represented in the form
desired, i.e., as ¢(z,a,b) f(z) + ¥(x,a,b)g(x). O

1.3.2 The discriminant

Let z1,...,2, be the roots of the polynomial f(x) = apz™ + -- - + a,, where
ag # 0. The quantity

_ ,2n—2 _
= Qg H a‘]
i<j

is called the discriminant of f.
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Theorem 1.3.3. R(f, f") = £aoD(f).
Proof. By Theorem 1.3.1 we have R(f, f') = a{ -1 Hf (z;). It is easy to

verify that f’(z;) = ao [] (z; — ;). Therefore
J#i

R(f, f) =ad"™ 1H - xi) = +ad"” 1H i —x;)?
J#i i<j

Remark. It is not difficult to show that

R(f,f)=—=R(f', ) = (—=1)""=D/2q,D(f).

Corollary. The discriminant of f is a polynomial in ag, ..., a, with in-
teger coefficients.

Theorem 1.3.4. Let f, g, and h be monic polynomials. Then
D(fg) = D(f)D(9)R*(f.9)
D(fgh) = D(f)D(g)D(R)R*(f, g)R*(g, h)R*(h, [).

Proof. Let z1,...,z, be the roots of f, and y1,...,y,, the roots of g.
Then

D(fg) = [T —2)* [[wi —v)* [ [(@: — v)* = D(F)D(9)R*(}, 9)-
The second formula is proved similarly. O

Theorem 1.3.5. Let f be a real polynomial of degree n without real roots.
Then sgn D(f) = (—1)"/2.

Proof. Making use of the factorization

fl@)=ao(lx—z1) ... (x —zp)

it is easy to verify that

D ((x - a)f(z)) = D(f(x)) (f(a))”.

Let a and @ be a pair of conjugate roots of f, i.e., f(z) = (x—a)(x—a)g(x).
Then
D (f(x)) = D (9(x)) (a —a)* (f(a)f @))".

Clearly, sgn(a — @)? = —1 and (f(a)f(@)® = |f(a)]* > 0. Therefore
sen D(f) = —sgnD(g). Now it is easy to obtain the statement required by
induction on n. O

Theorem 1.3.6. Let f(x) = 2™ + ayjz" ! + -+ + a, be a polynomial with
integer coefficients. Then its discriminant D(f) is equal to either 4k or 4k+1,
where k is an integer.
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Proof. Let x1,...,x, be the roots of f. Then

D(f) = 6%(f), where &(f) = [](zi — =).
i<j
Consider an auxiliary polynomial d1(f) = [](z; + x;). Clearly, 6:1(f) is a
i<j
symmetric function of the roots of f, and hence 61 (f) is an integer. Moreover,

53(F) = 0%(f) =[] ((wi — 25)* + dwsy) — [ [ (i — 2))* = AU (21, .., 7).

1<j i<j

where U is a symmetric polynomial in z1,...,x, with integer coefficients.
Therefore D(f) = 63(f) + 4k, where ki is an integer. It is also clear that
5%(f) =4k or 4ko + 1. 0O

1.3.3 Computing certain resultants and discriminants

In this section we give several examples on how to compute resultants and
discriminants.

Ezample 1.3.7. D(z™ 4 a) = (—=1)"»=D/2pngn=1,
Proof. Let us make use of the fact that
D(f) = (=1)"" DR, f) = ()" T f (@),
i=1

where w1, ..., x, are the roots of f. In our case f'(z) = nz"~! and [Jz; =
(—=1)"a, and therefore [[2 ' = (—=1)"("~ Vg~ = ¢"~1. O

Ezample 1.3.8. Let p(z) = 2" '+ --+1. Then D(p) = (—1)(»=D(=2)/2pn=2,
Proof. Since (x — 1)p(x) = 2™ — 1, it follows that
D(¢) (¢(1))* = D ((z = D)p(x)) = D(a" = 1) = (=1)"= D=2/ 2pm,
It remains to observe that ¢(1) =n. O
Ezample 1.3.9. Let fp(z) =142+ E—T +o 4 % Then
D(atfa) = (~1)" =D/ (1),

Proof. The polynomial g, = n!f, is monic, and hence

D(g) = (-1)"""V/2R(g,¢') = (-1)"" V2] ¢'(ci),
=1
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where aq, ..., a, are the roots of f,,. Clearly,
/ ! al n
g (o) =nlf] (a;) =nlfr_1(a;) = nl! (fn(ai) — ﬁ) = —al.

Therefore

It remains to observe that [[a; = (—=1)"g(0) = (—=1)"n!. O

Ezample 1.3.10. Let d = (r,s), 11 = " and s$1 = ® Then

R(z" —a,2° —b) = (—=1)° (a®* — b")%.

Proof. The relation R(g, f) = (—1)4¢&f 469 R(f g) shows that if the de-
sired statement holds for a pair (r,s), then it also holds for a pair (s,7).
Indeed, (—1)"*+4+" = (—~1)°. We may therefore assume that r > s.

For s = 0, the statement is obvious. If s > 0, then having divided 2" — a
by z® — b we get the residue bx"~° — a. Hence

R(z" —a,2° —b) = R(ba"™° —a,2° —b) =

R(z"—a,z°—b) = (=1)° (a** — b")*.
It remains to use induction on r + s. O

k
Ezample 1.3.11. Let n >k >0, d = (n,k), n; = % and k = 7 Then

D(z" + az® +b) =
d
(_1)77/(7’7,71)/21)’(?71 (nnlbnlfkl + (_1)n1+1(n _ k)’ﬂlfktl kk?l an1) .
Proof. [Sw] The formula D(f) = (=1)"»=Y/2R(f, f') gives

D(z™ + az® +b) = (=1)"""V2R(a" + az® + b,na" "' + kaa® 1) =
= (=)= D2pP R(z™ 4 az® 4 b, 2"t + 0 kaxk ).

Using the fact that

R(f,a™g) = R(f,2™)R(f,g) = (£(0))" R(f,9),
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we obtain
D(z" + az® + b) = (=)D 2R IR (2™ 4 aax® + b, 2" F + 0 ka).

The residue after the division of 2™ + az® 4+ b by "% + n='ka is equal to
a(l —n~'k)x* + b, and hence

R(z" 4 az® +b,2" % + n" ka) = R (a(1 — n k)zk + b, 2"k + n~'ka).

The resultant of a pair of two binomials is computed in Example 1.3.10. O

1.4 Separation of roots

Here we discuss various theorems which allow us to compute, or at least
estimate from above, the number of real roots of a polynomial on a given
segment (a, b). Formulations of such theorems often use the notion the number
of sign changes in the sequence ag, a1, ..., a,, where aga,, # 0. This number
is determined as follows: all the zero terms of the sequence considered are
deleted and, for the remaining non-zero terms, one counts the number of
pairs of neighboring terms of different sign.

1.4.1 The Fourier—Budan theorem

Theorem 1.4.1 (Fourier—Budan). Let N(z) be the number of sign changes
in the sequence f(x), f'(x), ..., f)(x), where f is a polynomial of degree n.
Then the number of roots of [ (multiplicities counted) between a and b, where
fla) #0, f(b) # 0 and a < b, does not exceed N(a) — N(b). Moreover, the
number of roots can differ from N(a) — N(b) by an even number only.

Proof. Let = be a point which moves along the segment [a, b] from a to b.
The number N(z) varies only if = passes through a root of the polynomial
f(m) for some m < n.

Consider first the case when x passes through a root xy of multiplicity
r of f(z). In a neighborhood of zg, the polynomials f(x), f'(z),..., f"(x)
behave approximately as

(z —x0)"g(z0), (x—z0)  'rg(zo), ..., rlg(wo),

respectively. Therefore, for x < xg, there are r sign changes in this sequence
and for x > xo there are no sign changes (assuming that x is sufficiently close
to Jfo).

Now suppose that x passes through a root zy of multiplicity r of f™); let
o be not a root of f(™=1 . (Of course, zy can be a root of f as well, as it can
be not a root of f.) We have to prove that under the passage through xo the
number of sign changes in the sequence f("=V(z), f0™(z), ..., f"*)(x)
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changes by a non-negative even integer. Indeed, in a vicinity of z( these poly-
nomials behave approximately as

F(xo), (z —x0) " G(z0), (x—xo)r_er(xo), ooy TG (o). (1)

Excluding F(zq), we see that the remaining system has exactly r sign changes
for x < x¢ and no sign changes for x > xy. Concerning the first two terms,
F(xo) and (x — 29)"G(xp), of the sequence (1) we see that if r is even, then
the number of sign changes is the same for z < z¢y and z > xy whereas if r is
odd, then the number of sign changes for x < x is by 1 greater or less than
for © > xo (depending whether F'(zy) and G(zo) have the same sign or the
opposite sign). Thus, for r even, the difference in the number of sign changes
is equal to r and, for r odd, the difference of the number of sign changes is
equal to r £ 1. In both these cases this difference is even and non-negative. O

Corollary 1. (The Descartes Rule) The number of positive roots of the
polynomial f(x) = agz™ + a1x™ ' + -+ + a, does not exceed the number of
sign changes in the sequence ag,ay, . .., 0.

Proof. Since f(r)(O) = rla,_,, it follows that N(0) coincides with the
number of sign changes in the sequence of coefficients of f. It is also clear
that N(+o00) =0. O

Remark. Jacobi showed that the Descartes Rule can be used also to es-
timate the number of roots between o and 3. To this end one should make

the change of variables y = u, ie., set x = at By
0—x 1+y

, and consider the

polynomial

a+ By
14y

(1+y)"f( )zboy"+b1y”1+~-~+bn.

The Descartes Rule applied to this polynomial yields an estimate of the num-
ber of roots between o and 3. Indeed, y varies from 0 to co, as = varies from
a to f.

Corollary 2. (de Gua) If the polynomial lacks 2m consecutive terms
(i.e., the coefficients of these terms vanish), then this polynomial has no less
than 2m imaginary roots. If 2m + 1 consecutive terms are missing, then if
they are between terms of different signs, the polynomial has no less than 2m
imaginary roots, whereas if the missing terms are between terms of the same
stgn the polynomial has no less than 2m + 2 imaginary roots.

In certain cases the comparison of the sign changes in two sequences allows
one to sharpen the estimate of the number of roots as compared with the
estimate given by the Fourier-Budan theorem. The first to formulate this
type of theorem was Newton but it was proved (by Sylvester) much later,
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in 1871. Let us replace the sequence f(z), f'(z),..., f((x) by the sequence
fo(z), fi(z),. .., fa(z), where

(n—1)!

fita) = P 0, )

and consider one more sequence Fy(x), Fy(x), ..., F,(z), where Fy(z) = F(x),
F.(z) = f2(z) and

Fi(z) = f}(x) = fic1(@) fixa(x), i=1,...,n—1. 3)

Convention 1.4.1 Let us take into account only the pairs f;(x), fiv1(x) for
which sgn F;(x) = sgn Fy1(x).

Let N4 (z) be the number of pairs for which sgn f;(z) = sgn f;+1(x) and
let N_(z) be the number of pairs for which sgn f;(x) = —sgn fi+1(x).

Theorem 1.4.2 (Newton-Sylvester). Let f be a polynomial of degree n
without multiple roots. Then the number of roots of f between a and b, where
a < b and f(a)f(b) # 0, does not exceed either N4 (b) — Ni(a) or N_(a) —
N_(b).

Proof. First consider the case when f satisfies the following conditions:
1) no two consecutive polynomials f; have common roots;

2) no two consecutive polynomials F; have common roots;

3) the roots of f; and F; are distinct from a and b.

In this case formula (3) implies that f; and F; have no common roots.
It is easy to derive from (2) and (3) that

fi=(n—19)fir1, (4)

fiF] = (n—i = 1)(Fi fiy1 + Fipr fi)- (5)

Let z move from a to b. The numbers Ny (z) only vary if « passes either
through a root of f; or through a root of F;. Consider separately the following
three cases.

Case 1: the passage through a root xg of fo = f. If fo(xo) = 0, then

Fi(z0) = fi(z0) — fo(zo) f2(z0) = fi(zo) > 0.

Therefore the passage through xy does not involve a change of sign in the
sequence Fy(z) = 1, Fi(z). Formula (4) implies that sgn f'(z) = sgn f1(z).
Therefore, if fi(z¢) > 0, then fo(zo —e) < 0 and fo(zo + €) > 0, whereas if
fi(zo) <0, then fo(xo —e) > 0 and fo(ro + ) < 0. In both cases

Jo(zo =€) fi(zo —€) <0 and  fo(zo +¢)fi(zo +€) > 0.
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Thus, the passage through z( increases Ny by 1 and decreases N_ by 1. (We
only consider the contribution to N1 of the pair fo, f1.)

Case 2: the passage through a root xo of the polynomial f;, where i > 1.
In this case the change of signs occurs in the sequence f;_1, fi, fit1. The
possible variants of the signs of the polynomials considered at @ = z¢ + ¢ are
considerably restricted by the following relations:

1)sgn fiy1 =sgn f; due to (4);

2)sgn F;(zo) = sgn (fzz(xo) — fi—1($0)fi+1(xo)) =
—sgn (fi—1(xo) fit1(z0)) due to (3);

3)sgn Fjo1 = sgn f2, = 1.

If F;(xzo) < 0 the sign changes occur in the pairs F;_1, F; and F;, Fi4q
but, by Convention 1 just before the theorem, we do not consider such pairs.
If F;(xg) > 0, then f;—1(x0)fi+1(z0) < 0. The signs of the polynomials f;_1,
fi, fi+1 considered at x = z¢ & € are completely determined by the sign of
fi+1(z0). For both values of the signs, the pairs f;_1(zo — €), fi(zo — &) and
filzo —€), fix1(xo — &) contribute to Ny and N_, respectively, and then the
pairs fi_1(zo+¢), fi(zo +¢) and fi(zo+¢), fit1(zo+ &) contribute the other
way round to IN_ and N, respectively. Thus, their total contribution to N
as well as to N_ does not vary.

Case 3: passage through a root xy of F;. In this case the signs of the
polynomials satisfy the following relations:

1) fi—1(20) fix1(z0) = f2(20) — Fi(zo) = f7(x0) > 0;
2)sgn f] = sgn fii1;
3) formula (5) implies that sgn F = sgn fi_1 fiy1Fii1.

An easy perusal of the possible scenarios shows that either both N
and N_ do not vary, or N4 increases by 2, or N_ decreases by 2.

It remains to explain how to get rid of conditions 1)-3) imposed on f.
If some of these conditions are not satisfied, then after a small variation of
the coefficients of f these conditions will be satisfied. But the roots of f are
simple ones, and therefore the number of roots of f lying strictly inside the
segment [a,b] does not vary under a small variation of the coefficients. O

Remark. For the polynomial f with multiple roots, one should make use
of a slightly more subtle argument. Namely, one should consider not arbi-
trary small variations but only those for which the real root of multiplicity r
splits into r distinct real roots. To produce such a small variation, it is more
convenient to modify the roots of the polynomial rather than its coefficients.

1.4.2 Sturm’s Theorem

Consider the polynomials f(x) and fi(xz) = f/(z). Let us seek the greatest
common divisor of f and f; with the help of Euclid’s algorithm:
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f=af1— [
fi=aqf— f3,

fn—2 - Qn—lfn—l - fna
fn—l - ann

The sequence f, f1,..., fn—1, fn is called the Sturm sequence of the polyno-
mial f.

Theorem 1.4.3 (Sturm). Let w(x) be the number of sign changes in the
sequence

f(J?), fl(x)’ tey fn(x)

The number of the roots of f (without taking multiplicities into account) con-
fined between a and b, where f(a) # 0, f(b) # 0 and a < b, is equal to
w(a) — w(b).

Proof. First, consider the case when the roots of f are simple (i.e., the
polynomials f and f’ have no common roots). In this case f, is a nonzero
constant.

Let us verify first of all that when we pass through one of the roots of
polynomials fi,..., f,—1 the number of sign changes does not vary. In the
case considered, the neighboring polynomials have no common roots, i.e., if
fr(a) = 0, then f,.11(a) # 0. Moreover, the equality f.—1 = ¢—1fr — frs1
implies that f,_1(a) = — f,+1(a). But in this case the number of sign changes
in the sequence f._1(a), €, fr+1(@) is equal to 2 both for € > 0 and for e < 0.

Let us move from a to b. If we pass through a root xg of f, then first the
numbers f(z) and f’(x) are of different signs and then they are of the same
sign. Therefore the number of sign changes in the Sturm sequence diminishes
by 1. All the other sign changes, as we have already shown, are preserved
during the passage through z.

Now consider the case when g is a root of multiplicity m of f. In this case
f and f; have a common divisor (z — z¢)™~!, and hence the polynomials are
divisible by (z —2¢)™ . Having divided f, fi1, ..., f» by (z—2¢)™ ! we ob-

f(x)

(x — xg)m—1"
The root ¢ is a simple one for ¢, and hence the passage through z( increases
the number of sign changes in the sequence ¢, @1, ..., @, by 1. But for a fixed x
the sequence f, f1, ..., f. is obtained from ¢, 1, ..., ¢, by multiplication
by a constant, and therefore the numbers of sign changes in these sequences
coincide. O

tain the Sturm sequence @, @1, . .., @, for the polynomial p(z) =

1.4.3 Sylvester’s theorem

To compute the Sturm sequence is rather a laborious task. Sylvester suggested
the following more elegant method for computing the number of the real roots
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of the polynomial. Let f be a real polynomial of degree n with simple roots
A1,y ...,0n. Set s = o/f + - —|—ozfl. (Clearly, to calculate s; one does not have
to know the roots of the polynomial because s, being a symmetric function,
is expressed in terms of the coefficients of the polynomial.)

Theorem 1.4.4 (Sylvester). a) The number of the real roots of f is equal
to the signature of the quadratic form with the matriz

So S1 ... Sp—1
S1 82 Sn
Sn—1S8n --- Son

b) All the roots of [ are positive if and only if the matrix

S1 So ... Sn
S2 83 ... Sp41
Sn Sn+1 --- S2n+1

18 positive definite.

Proof. (Hermite) Let p be a real parameter. Consider the quadratic form

yi yn
F(zy,. . ap)=— 4. .4 I 1.1
(@1, n) ar+p an+p’ (1.1)
where y, = 21 + a, 20 + -+ + afflxn. (1.2)

The coefficients of the polynomial F' are symmetric functions in the roots
of f, and hence they are real. In particular, this means that the form F' can
be represented as
2 2 2 2
hi+---+h;—hy g — = hy,

where hq,...,h, are linear forms in x1,...,x, with real coefficients.
To the real root .. there corresponds the summand

Y2 (ot at,)?

oy +p o +p

2

T

This summand can be represented in the form =+h:, where the plus sign is
taken if a,. + p > 0 and the minus sign otherwise.

The contribution of a pair of conjugate roots a,. and «; is equal to

yr N vi
ar+p  ar+p

T8
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Y

T

Let y, = u+iv and = A+ iu, where u, v, A, u are real numbers. Then

Ys = u — v and = A — ip. Therefore

s+ p
Fro=2X\(u? —v?) — dpuw.

For w = 0 and for v = 0, the values of F,. ; have opposite signs. Hence after a
change of variables we may assume that F, = u? — v?.

As a result we see that all the roots of f are real and satisfy the inequality
a, > —p if and only if the form (1) is positive definite. The matrix elements

of this form are o o
azlﬂf a}ﬂ-i-J—z

aj=———+---+ .

ap+p Qp +p
Statements a) and b) are obtained by going to the limit as p — 400 and
taking p = 0, respectively. O

The quadratic form that appears in Sylvester’s theorem has quite an in-
teresting interpretation. This interpretation will enable us to obtain another
proof of Sylvester’s theorem; moreover, even for polynomials with multiple
roots.

Consider the linear space V' = Rz]/(f) consisting of polynomials consid-
ered modulo a polynomial f € R[z]. We assume that f is monic and deg f = n.
The polynomials 1,x,...,2" "1 form a basis of V. To every a € V, we may
assign a linear map V' — V given by the formula v — av (since the elements
of V are polynomials we can multiply them). Let tr(a) be the trace of this
map. Consider the symmetric bilinear form

o(v,w) = tr(vw).

Theorem 1.4.5. a) Let f(z) = (x —a1) - -+ - (. — an) € Rlz] and s =
b + -+ aFf. The matriz of ¢ in the basis 1, x, ..., x"~' has the form
So S1 ... Sp—1
S1 S92 Sn
Sn—18n --. San

b) The signature of the form ¢ is equal to the number of distinct real roots

of f.

Proof. a) Over C, the polynomial f can be factorized into the product
of relatively prime linear factors f = f{™* -...- f/r. Thanks to the Chinese
remainder theorem (Lemma on p. 69) the map

h (mod f)— (h (mod fI™),....h (mod fmr))
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determines a canonical isomorphism

Cla]/(f) = Clal/(f7™) x -+ X Cla]/(f7)-

In this decomposition the factors are orthogonal with respect to ¢. Indeed, let
polynomials h; and h; correspond to factors with distinct numbers ¢ and j,
ie., h; =0 (mod f/f™") and h; =0 (mod f/fjm’) Then h;h; =0 (mod f),
and therefore the map v +— h;h;v is the zero one. Hence its trace vanishes.
Therefore ¢ = @1+ - - -+ ,, where ¢; is the restriction of ¢ onto the subspace
Clz]/(f") = C[z]/(x — a;)™:. It remains to verify that ¢;(1,2%) = m;ak.

It is easy to calculate the matrix of the form ¢; in the basis

1, 2—ay, ..., (x—ag)™ L
Indeed, in this basis the map v + (2 — ;)*v has a triangular matrix; and the
trace of this matrix is equal to m; if £k =0 and to 0 if £ > 0. Since

0=¢i(l,z —a;) = pi(1,2) — aipi(1,1) = pi(1, ) — M,
it follows that ¢;(1,z) = m;a;. Next, with the help of the equality

i (1, (x — ai)k) =0

and induction on k we see that o;(1,z%) = m;aF.

i
b) Computing the signature we must remain in R, and therefore we de-
compose f over R into the product of relatevely prime linear or quadratic

factors: f = fi"* -.... f". Again consider the decomposition

Ri2]/(f) = Rla]/(f™) > -+ x Rlz] /(f").

It suffices to verify that the signature of the restriction of ¢ onto Rlz]/(f/™*)

is equal to 1 if deg f; = 1 and to 0 if f; is an irreducible over R polynomial of
degree 2. As we have already established, in the basis 1, z—a;, (z —a;)™ 1,

the matrix of ¢; is equal to

00...0
00...0

Therefore if deg f; = 1 the signature of ¢; is equal to 1.

If f; is an irreducible over R polynomial of degree 2, then Rlz]/(f/™*) =
R[z]/(x? + 1)™. Here we mean an isomorphism over R. Therefore it suffices
to calculate the signature of  on R[z]/(2% +1)™. It is convenient to calculate
the matrix of ¢ in the basis

12?2+ 1, z(@® + 1), 2+ 1% @+ D)™ (22 4+ 1)
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In this basis, the operators of multiplication by = and 22 have matrices

01000... ~10 1 00...
~10 1 00... 0-10 10...
00010...| 4o |0 0-101...f

00-101... 0 0 0 —-10...

respectively. Therefore the trace of the operator of multiplication by x is equal
to 0 and the trace of the operator of multiplication by z? is equal to —2m.
The operators of multiplication by 2%(x? 4 1)¥, where a = 0, 1, 2 and k > 1,
are represented by diagonal matrices with zero main diagonals; their traces
vanish. As a result, we see that the matrix of the form ¢ is equal to

2m 0 0...0
0 —2m0...0
0 0 0...0
S0
0 0 0...0

The signature of such a form is equal to zero. O

1.4.4 Separation of complex roots

Sturm’s theorem enables one to indicate algorithmically a set of segments that
contain all the real roots of a real polynomial and, moreover, each such seg-
ment contains precisely one root. In a series of papers (1869-1878), Kronecker
developed a theory with an algorithm to indicate a set of disks which contain
all the complex roots of a complex polynomial so that each disk contains ex-
actly one root. More exactly, Kronecker showed that the number of complex
roots inside the given disk can be computed with the help of Sturm’s theorem.

Let z = x + dy. Let us represent the polynomial P(z) in the form P(z) =
o(x,y)+i(x,y). We will assume that P has no multiple roots, i.e., if P(z) =
0, then P’(z) # 0.

To every root of P, there corresponds the intersection point of the curves
¢ = 0 and ¥ = 0. Therefore the number of roots of P lying inside a closed
non-self-intersecting curve = is equal to the number of the intersection points
of the curves ¢ = 0 and ¥ = 0 lying inside . This number can be calcu-
lated as follows. Let us circumscribe the curve 7 in the positive direction, i.e.,
counterclockwise, and to each intersection point of the curves v and ¢ = 0 we
assign the number ¢; = +1 according to the following rule: ; = 1 if we move
from the domain ¢y > 0 to the domain pv < 0, or ; = —1 if, the other way
round, we move from the domain ¢y < 0 to the domain @y > 0.

In the general position the number of intersection points of the curves v
and ¢ = 0 is even (since at every intersection point the function ¢ changes
its sign), and hence > e; = 2k, where k is an integer.
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Theorem 1.4.6 (Kronecker). a) The number k is equal to the number of
intersection points of the curves ¢ =0 and » = 0 lying inside the curve 7.

b) If v is a circle of given radius with given center, then for the given
polynomial P the number k can be algorithmically computed.

Proof. a) Clearly, dP(z) = (¢, + it )dx 4 (vy — ipy)idy. Hence
Pz + WT = P/(Z) = wy - i(pya
and therefore

wy =@, and Y, = —Py

(the Cauchy-Riemann relations). Therefore

b Oy| _ |0z Py

This means that the rotation from the vector grad ¢ = (¢4, ¢y) to the vector
grady = (g, y) is a counterclockwise one. Geometrically this means that
the domains ¢y > 0 and p¥ < 0 are positioned as shown in Fig. 1.1.

=¢i+<p§>0.

P =0
>0 | ¢t <0
¢=0
o <0 | oy >0
FIGURE 1.1

Let us contract the curve v into a point. Under the passage through the
intersection point of the curves ¢ = 0 and 1 = 0 the number k diminishes by
1 (Fig. 1.2) and under the reconstruction depicted on Fig. 1.3 the number k
does not vary. It is also clear that when the curve becomes sufficiently small
it does not intersect the curves ¢ = 0 and 1 = 0, and in this case k = 0.

b) The circle of radius r and center (a,b) can be parameterized with the
real parameter ¢ as follows:

1—¢2 ) 2t
J;—a—|—r—1+t2, Y= +T—1+t2'
Having substituted these expressions into ¢(x,y) we obtain a polynomial &(t)
with real coefficients. The real roots of this polynomial correspond to the
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FIGURE 1.2 FIGURE 1.3

intersection points of the curves v and ¢ = 0. By Sturm’s theorem, for every
root, we can find a segment that contains it. Having calculated the sign of the
function v at the endpoints of this segment one can find the corresponding
numbers g;. O

1.5 Lagrange’s series and estimates of the roots of a
given polynomial

1.5.1 The Lagrange-Biirmann series

Recall that if f(z) = > c¢n(z—a)”, then

n=—oo

%/f(z) dz =c_q,

where 7y is any curve circumscribing point a. We will use this fact to obtain
the expansion of the function f(z) into a series in powers of ¢(z) — b, where
b = p(a). To be able to do so, the function ¢(z) should be invertible in a
neighborhood of a, i.e., ¢'(a) # 0. If p(z) is invertible, then

fR¢a) _ Fe¢@ e

o(z) —pla)  ¢'(a)(z—a)+ z—a

L/MdZZf/(a)

+...,

and hence

2mi ) ¢(z) = p(a)
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Having integrated this identity, we obtain

- [ o= g [] v

Let us transform the expression obtained having separated the terms ¢(z) —b,
where b = ¢(a):

fw)e'(Q) _ fw)e'(Q)  _e(w) —b

p(w) =) pw)=b pw ) @)’
pw)—b (9 =b\T <~ (9O —b\"
w90 (1 o) b) 2 (so(w) - b) |
By changing the order of integration we obtain

s ([0 (292"

When we calculate the integral over ¢ we only need the factors depending on

z W(Z)
/ o(2) ((C) = b)™ dc = / (6(¢) = B)™ dp(C) =

a v(a)

(p(Q) =)™
m+1

(we have taken into account that ¢(a) — b =0).
Thus,

= (2O =p)™m F(w) dw
-3 m+1 %/w(w)—b)m*“

m=0

1
Consider a function t(w) such that = , le.,
o(w

For this function ¥ (w), we have

1 ' (w) dw 1 [ f(w) (p(w)™ ! dw

27i / (p(w) — b)™ T 2mi / (w — a)m+!

= () (o))

m!  dwm
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Indeed,
o0
+1 k
F(w) ((w))™ =Y " en(w = a)¥,
k=0

where
k
e

The integral we are interested in is equal to ¢, — the coefficient of (w —a)~!

Cr =

w=a

oo
in the series Y. ¢ (w — a)k=m1L.
k=0
As a result, we obtain the following expansion of f(z) into powers of p(z)—

b:
& 2) — )" n—1
£ - flay = Y PELZDD A

n=1

(F@@w)) . @

w=a

where ¢ (w) is given by formula (1). The series (2) is called Birmann’s series.
Biirmann obtained it in 1799 while generalizing a series Lagrange obtained
in 1770. The Lagrange series can be obtained from Biirmann’s series for

p(z) = ﬂ, where h(z) is a function. In this case b = ¢(a) = 0 and

Y(z) = o) —b h(z).
Therefore - .
£ = fla) + 3 2 (@) (@),
n=0
where s = p(z). In particular,
smat Y5 (b)) (3)
n=0 "

Thus, if the series (3) converges, it enables one to calculate the roots of the
equation
z=a+s h(z).

1
Ezample. Let h(z) = —. In this case the series (3) has the form
z

= (=11 (2n —2)!
: :”; (n! (31_1()1@%_3 s". (4)

2
. a . . .
Series (4) converges for |s| < ‘T| The equation under consideration,

S
Zz=a+ —,
z
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a / 452 a / 452
5(14— 1+?> and§<1— 1+?>

The series (4) represents only the first of these roots.

has two roots

1.5.2 Lagrange’s series and estimation of roots

Lagrange’s series enables one in certain cases to estimate the roots of polyno-
mials. Consider, for example, the polynomial

f(z) =ao+ai(z —c) +az(z — )+ +ar(z — )"
The equation f(z) = 0 can be expressed in the form

z=c+ s h(z),

1

where s = —— and h(z) = ag + az(z — ¢)? +az(z — ¢)® +--- + ap(z — c)*.
a

Lagrange’s series for this equation is of the form

s PO (O N
p=ct ) —rome (W(2).e-
n=1

In our case
n vo V2 Vi ’I’L' 2uo 4+ kv,
— : 2+ tkvg
h'(z) = Z ag’as® - ... - ay ﬁ(z—c) ,
4R c V-
votvet-trpg=n
and hence
a1t (n—1)!
n _ vo V2 | LA Vk
dzn—1 (h (Z))Z:C_ZV0!V2!'...'Vk!a0 ay ceet Qg (1)
where the sum runs over the collections {vg, va, ..., v} such that

v+rvo+ -ty =mn, 2w+ ---+kvpy=n—1.
These relations are equivalent to the relations

n—1=2vo+- - +kvg, vo=vo+2v3+- -+ (k— 1+ 1.

. 1 .
Since s = ——, we obtain
aq

1% k—1 Vi
ag 2ua + -+ kvp)! [ agag ag - a,
z=c— — e ., (2
ay volwn! - ! (—a1)? (—aq)k
where vg = vo +2v3+ -+ (k — Dy + 1.

If the series (2) converges, the number z so determined is one of the roots
of the equation f(z) = 0.
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Theorem 1.5.1 ([Be3]). Let |ag| + |az| + -+ + |ak| < |a1|. Then the series
(2) converges and the root z determined by the series satisfies
1
[z—c/<—=In(1- m(lao|+\a2\+“~+lak|) :
1
Proof. Formula (1) implies that

1 dnfl
n! dzn—!

(h"(2)) .= (laol + laz| + -+ - +lax])" .

1
<=
n

Hence

|7TL

o0
ay
o el < 3 (g 4 s - )" =
n=1

1
—ln<1—m(|ao|—|—|a2+~-~+ak)>.|]

1.6 Problems to Chapter 1
1.1 Prove that a polynomial f(z) is divisible by f/(z) if and only if f(x) =
ap(x — xo)™.
1.2 Prove that the polynomial
ag + arx™ 4+ ax™?* + -+ a,x™"
has at most n positive roots.
1.3 [Newton]| Prove that if all the roots of the polynomial
P(z) = apx™ + az" '+ +a,
with real coefficients are real and distinct, then
a? > LH-I . ﬂai,laiﬂ fori=1,2,...,n—1.
n—1 1
1.4 Prove that the polynomial
a1z™t 4+ agx™? + -+ apa™™

has no nonzero roots of multiplicity greater than n — 1.

1.5 Find the number of real roots of the following polynomials:

2 n

T T
a) l+o+—+-+ —;
2 n

b) nz" — "t — ... 1,
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1.6 Let 0 = mo < my < -+ < my and m; = i (mod 2). Prove that the
polynomial
ag +arx™ 4+ ax™? + -+ a,x™"

has at most n real roots.
1.7 Let 2 be a root of the polynomial ™ +a,2” ' +- - - +a,,. Prove that for

any € > 0 there exists a § > 0 such that if |a; — a}| < § for i = 1,...,n, then
the polynomial 2™ + ajz" ™! + - -+ 4+ a/, has a root x{, such that |zo — z{| < e.

1.8 Let the numbers aq,...,a, be distinct and let the numbers by, ..., b, be
positive. Prove that all the roots of the equation

b
Z k =x —c¢, where c€eR,
Xr — ak

are real.

1.9 Find all the roots of the equation

(a2 —xz+1)°* (a®—a+1)3
2(x—1)2  a2(a—1)2

1.10 Find the number of roots of the polynomial " + 2™ — 1 whose absolute
values are less than 1.

1.11 Let f(2) = 2" + a12" ' + -+ + a,, where a,...,a, € C. Prove that
any root z of f satisfies —0 < Rez < a, where « is the only positive root of
the polynomial

" + (Reay)z" ! — Jag|z" % — -+ — |ay|
and ( is the only positive root of the polynomial
" — (Reay)z™ ' — |agla" ™2 — - — |ay|.

1.12 [Sul] Let f(z) be a polynomial of degree n with complex coefficients.
Prove that the polynomial F = f- /- f”-...- f("=1 has at least n+ 1 distinct
roots.

1.7 Solutions of selected problems

1.3. Set Q(y) = y"P(y~1). The roots of Q(y) are also real and distinct. Hence
the roots of the quadratic polynomial

QU 2(y) =(n—2)-(n—3)-----4-3 (n(n — Dany? +2(n — an_1y + 2a,_2)
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are real and distinct. Therefore
(n—1)%a%_, > 2n(n — 1)ana,_».

If i = n — 1 the desired inequality is proved.
Now consider the polynomial

P(n_i_l)(]}) = bol‘i+1 + bll‘i + -4 b¢+11‘2 + bz +bi_1.

Applying to it the inequality already proved we obtain

21+ 1
b?> (Z:_ )bi_lbi+1.
Since
bi+1z(n—i+1)-...~4-3ai+1,
bi:(n—i)-...-3~2ai,
bi,1:(’I”L—’L.—l)-..u?-lai,l,
it follows that
20+ 1
(2(n —i)a;)® > (Z+ )2(n—i+1)(n—i)ai_1ai+1.

2

After simplification we obtain the desired inequality.
1.11. As = grows from 0 to +o0, the function 2™ 4+ Re a; monotonically
increases, whereas the function

|an]

|az|
o xn—l

T

|as|
+—++
x
monotonically decreases. Therefore each of the polynomials considered has
only one positive root.

Let f(z) =0 and Rez > «. Then

as a a
a+Rea1<Re(2+a1)§\z+a1\:?2+Z_“;’+...+ n | <

Zn—l —
|az| lan| _ laz] |an|

< — < —
=T + +|z|”*1 o +

anfl

(the last inequality follows since |z| > Rez > «). On the other hand, by the
hypothesis
a a
a+Rea; = |a—2|—|—-~-+%:
a contradiction.
The estimate of Re z from below is obtained as the estimate from above
of the real part of the root z of (—1)" f(—=z).
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1.12. Let 21, ..., 2y, be the distinct roots of F', and let p;(r) be the multi-

plicity of z; as a root of f) where r =0,1,...,n—1. Consider the symmetric
functions N
sw(r) =Y ny(r)z], (1)
j=1

i.e., sp(r) is the sum of the kth powers of the roots of f("). The elementary
symmetric functions in the roots of f(") will be denoted by oy (r) (for k > n—r

we set o (r) = 0).

It is easy to verify that, if f(z) = Y. (=1)*arz""*, then

k=0
— n—k)! ke
F2) = kZ_O(—l)’“ak—(n(_ K _)r)!"‘n o
Hence
Uk(r)_“_’“.(“_k)!("_r)!_%.M.(H_T) ..... (n—k—r+1).

T ap nln—k—7r)  ag n!

Therefore oy (r) is a polynomial of degree k in r and ok (n) = 0.
On p. 79, for k > 1, the identity

o1 1 0 ... 0

20’2 o1 1 ... 0
Sk =1 . . .

ko Op—1 Ok—o ... 01

is proved. This identity implies, in particular, that sx(r), where k& > 0, can
be represented as a linear combination of expressions oy, (r) - - - o, (), where
k1+---+kp =k, and the coefficients of this linear combination do not depend
on r. Therefore, if &k > 1, then si(r) is a polynomial in r of degree not greater

than k. It is also clear that so(r) = > u;(r) = n —r and sg(n) = 0 for all
j=1

k> 0.

Consider the relation (1) for k =0,1,...,m—1 as a system of linear equa-
tions for unknowns 4, (r), where j = 1,...,m. By the hypothesis, the numbers
Z1, ..., 2m are distinct, and therefore the determinant of the system consid-

ered does not vanish (this determinant is a it Vandermond determinant, see
[Pr1]). Having solved this system of linear equations via Cramer’s algorithm
we obtain a representation of () in the form of a linear combination of the

sk(r), where k =0, ..., m—1, with coefficients independent of r. Hence p;(r)
is a polynomial in r of degree d; < m — 1. Since si(n) = 0 for all k, we have
pi(n) = 0.

Let the number of distinct roots of F' be strictly less than n + 1, i.e.,
m < n+ 1. Then dj < m—1 < n, ie., u;(r) is a polynomial in r of degree
<n — 1. In this case
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deg Alpr(r) = i (r +1) = p(r) <n =2,
deg A%pi(r) = Alpj(r+1) — Alpj(r) <n—3, ...,

A"71ys(r) is a constant, and A™pu;(r) is identically zero. In particular,

Ary(0) = 1y (1)t =o.

r
r=0

To arrive at a contradiction, it suffices to show that A™u;(0) # 0.

Consider the convex hull of the roots of f. By the Gauss-Lucas theorem
(Theorem 1.2.1 on p. 13), this convex hull coincides with the convex hull of
the points z1, ..., z,,. We may assume that z; is a vertex of the convex hull of
the roots of f. Then z; lies outside the convex hull of the points zs, ..., zp.
Let 1o = u1(0) be the multiplicity of z; as of a root of f. Then for 0 <r < pu—1
the number z; is a root of multiplicity p — 7 of f") and f*)(z;) # 0. The
convex hull of the roots of f(*) does not contain z;, and hence f(")(z;) # 0
for r > p. Therefore

_Jp—r for0<r<p-1
pa(r) = 0 for r > p.
It is also clear that 4 < n — 1, since f has at least one root distinct from z;.
Hence
0 for0<r<n-—1,r#pu—1;

A? =
wa(r) {1 forr=p—1.

Therefore, for n > 2, we obtain

A 0) = 2 (280) 0) = S (") 2t = oy (2 72),

r=0 K= 1

and, for n = 2, we obtain y = 1 and A%1(0) = 1. In both cases A"y (0) # 0,
as was required.
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Irreducible Polynomials

2.1 Main properties of irreducible polynomials

2.1.1 Factorization of polynomials into irreducible factors

Let f and g be polynomials in one variable with coefficients from a field k. We
say that f is divisible by g if f = gh, where h is a polynomial (with coefficients
in k).

The polynomial d is called a common divisor of f and g if both f and
g are divisible by d. The common divisor d of f and g is called the greatest
common divisor if it is divisible by any common divisor of f and g. Clearly,
the greatest common divisor is defined uniquely up to multiplication by a
nonzero element of k.

One can find the greatest common divisor d = (f, g) of f and g with the
help of the following Euclid’s algorithm. Suppose, for the sake of definiteness,
that deg f > degg. Let r1 be the remainder after division of f by g, let
ro be the remainder after division of ¢ by r1, and generally let ;41 be the
remainder after division of rix_1 by ri. Since the degrees of the polynomials
r; strictly decrease, it follows that, for some n, we have r,11 = 0, i.e., rp_1 is
divisible by r,,. We see that both f and g are also divisible by r, because r,
divides all the polynomials r,,_1, r,_2, .... Moreover, if f and g are divisible
by a polynomial h, then r, is also divisible by h since h divides 71, 72, ....
Therefore r, = (f,g).

Euclid’s algorithm directly implies important corollaries which we formu-
late as a separate theorem.

Theorem 2.1.1. a) If d is the greatest common divisor of polynomials f and
g, then there exist polynomials a and b such that d = af + bg.

b) Let f and g be polynomials over the field k C K. If f and g have a
non-trivial common divisor over K, they have a nontrivial common divisor
over k also.

V.V. Prasolov, Polynomials, Algorithms and Computation in Mathematics 11, 47
DOI 10.1007/978-3-642-03980-5_2, © Springer-Verlag Berlin Heidelberg 2010
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A polynomial f with coefficients from a ring k is called reducible over k
if f = gh, where g and h are polynomials of positive degree with coefficients
from k. Otherwise f is called irreducible over k.

Let f = f1-...- fs be a factorization of a polynomial f over a field k into
factors fi,...,fs which are polynomials over k. From the factorization into
the product of factors with arbitrary coefficients we can pass to factorization
into monic polynomials. Indeed, if f;(z) = a;x* +--- is a polynomial over the

field k, then g; = 2L s a monic polynomial over k. Hence, we can replace
a

i

the factorization f = f; - ... fs by the factorization f = agy - ... - gs, where
a=aj-... as. We will not distinguish two factorizations of such a form that
differ only by the order of factors.

Theorem 2.1.2. Let k be a field. Then the polynomial f € k[z] can be fac-
torized into irreducible factors and this factorization is unique.

Proof. The existence of the factorization is easy to prove by induction on
n = deg f. First of all, observe that, for irreducible f, the desired factorization
consists of f itself.

For n = 1, the polynomial f is irreducible. Let the factorization exist for
any polynomial of degree < n and let deg f = n. We may assume that f is
reducible, i.e., f = gh, where deg g < n and degh < n. But the factorizations
for g and h exist by the induction hypothesis.

Let us prove now the uniqueness of the factorization. Let agy - ... gs =
bhy-...-hy, wherea,b € kand g1, ...,9s,h1,...,h are irreducible monic poly-
nomials over k. Clearly, in this case a = b. The polynomial g; - - - g5 is divisible
by the irreducible polynomial h;. This means that one of the polynomials
g1, ..-,s is divisible by hi. To see this, it suffices to prove the following aux-
iliary statement.

Lemma. If the polynomial qr is divisible by an irreducible polynomial p,
then either q or r is divisible by p.

Proof. Suppose that ¢ is not divisible by p. Then (p,q) = 1, i.e., there
exist polynomials a and b such that ap 4+ bqg = 1. Having multiplied both sides
of this identity by r we get apr + bgr = r. But pr and gr are divisible by p,
and so r is also divisible by p. O

For definiteness, let g1 be divisible by h;. Taking into account that g; and
h1 are monic irreducible polynomials, we deduce that g1 = h1. Let us simplify

the equality g1 ... gs = h1 - ... hy having divided by g1 = h;. After several
such operations we deduce that s = ¢ and g1 = hsy, ..., gs = h;,, where
{i1,...,1s} is a permutation of the set {1,...,s}. O

Irreducibility of polynomials over the ring of integers Z is defined exactly
as for polynomials over fields, i.e., f € Z[z] is irreducible over Z if it cannot
be represented as a product of polynomials of positive degree with integer
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coefficients. But when the coeflicients of the polynomial belong to a ring one
cannot always divide the coefficients by the highest coefficient; one can only
divide the coefficients by the greatest common divisor of all the coefficients.
This complication leads to the following definition. Let f(z) = 3" a;z*, where
a; € Z. The greatest common divisor of the coefficients aq, ..., a, is called
the content of f and denoted by cont(f). Clearly, f(z) = cont(f)g(x), where
g is a polynomial over Z with content 1.

Lemma. cont(fg) = cont(f)cont(g).

Proof. Tt suffices to consider the case where cont(f) = cont(g) = 1. In-
deed, the coefficients of the polynomials f and g can be divided by cont(f)
and cont(g) respectively.

Let f(z) = Y a2t glx) = Y. bat, fg(z) = > ciz'. Suppose that
cont(fg) = d > 1 and p is a prime divisor of d. Then all the coefficients
of fg are divisible by p whereas f and ¢ have coefficients not divisible by p.
Let a, be the first coefficient of f not divisible by p, and b, the first coefficient
of g not divisible by p. Then

Crqs = a/rbs + ar+1bs—1 + ar+2bs—2 + -+ ar—lbs+1 + ar—2b5+2 + -
= a,bs §é 0 (mOd p)7

since
b1 =bso=---=by=0 (mod p),
ar1=ar_2=--=ay=0 (mod p).

Thus we have a contradiction. O

Corollary. A polynomial with integer coefficients is irreducible over Z if
and only if it is irreducible over Q.

Proof. Let f € Z[z] and f = gh, where g,h € Q[z]. We may assume
that cont(f) = 1. For g, select a positive integer m such that mg € Z[z].

Let n = cont(mg). Then the rational r = ™ is such that rg € Zlx] and

cont(rg) = 1. Similarly, select a positive ratior?al number s for h. Let us show
that in this case rs = 1, i.e., the factorization f = (rg)(sh) is a factorization
over Z. Indeed, thanks to Gauss’s lemma, cont(rg) cont(sh) = cont(rsgh), i.e.,
1 = cont(rsf). Since cont(f) =1 we deduce that rs = 1. O

Kronecker suggested the following algorithm for factorization of any poly-
nomial f € Z[xz] into irreducible factors (Kronecker’s algorithm). Let deg f =

n and r = [g} If f(x) is reducible, it has a divisor g(z) of degree not higher

than r.

To find this divisor g(z), consider the numbers ¢; = f(j), where j = 0,
1,...,r. If ¢; = 0, then o — j divides f(z). If on the contrary ¢; # 0, then
g(j) divides ¢;. To every set do, ..., d, of divisors of the numbers co, ..., ¢,
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respectively, there corresponds precisely one polynomial g(z), of degree not
higher than r, such that g(j) = d; for j =0,1,...,r. Namely,

g(x):g)djgj(x), where g;(z) =[] (j::)

0<k<r.k#j

For each such polynomial, one has to verify if its coefficients are integers and
if it actually divides f(z).

Other, more effective, algorithms for factorization of polynomials into ir-
reducible factors are given below (see p. 71-73 and 279-288).

2.1.2 Eisenstein’s criterion

One of the best known irreducibility criteria of polynomials is the following
Eisenstein’s criterion.

Theorem 2.1.3 (Eisenstein’s criterion). Let f(x) = ag+aixz+---+apz™
be a polynomial with integer coefficients such that the coefficient a, is not
divisible by a prime p, while the coefficients aq, . .., a,—1 are divisible by p but
ag is not divisible by p*. Then f is irreducible over Z.

Proof. Suppose that

f=gh= (Z bkxk) (Z clxl> ,

where g and h are polynomials of positive degree with integer coefficients. The
number bycy = ayg is divisible by p, and hence one of the numbers by and ¢ is
divisible by p. Let, for the sake of definiteness, by be divisible by p. Then ¢g
is not divisible by p since ag = byco is not divisible by p2. If all the numbers
b; are divisible by p, then so is a,. Therefore b; is not divisible by p for some
i, where 0 < i < degg < m; we may assume that i is the least index of the
numbers b; not divisible by p.

On the one hand, by assumption the number a; is divisible by p. On
the other hand, a; = bjcog + bj_1¢1 + --- + bgc;, where all the summands
bi—_1c1,...,boc; are divisible by p while b;cq is not divisible by p: a contradic-
tion. O

Example 2.1.4. Let p be a prime and let ¢ be not divisible by p. Then ™ — pq
is irreducible over Z.

Ezample 2.1.5. If p is a prime, then f(r) = P71 +2P72 + ... + 2 + 1 is
irreducible.

Indeed, one can apply Eisenstein’s criterion to the polynomial

f(x—I-l):%:xp1+<]13>$p2+"'+<p61>'
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Ezxample 2.1.6. For any positive integer n, the polynomial
_ x? "
flx) = +x+§+~-~+ﬁ

is irreducible.
Proof. We have to prove that the polynomial
nlf(z) = 2" + na" "t 4 n(n — 1):5”‘2 4+ +nl

is irreducible over Z. To this end, it suffices to find the prime p such that n!
is divisible by p but is not divisible by p?, i.e., p < n < 2p.

Let n = 2m or n = 2m + 1. Bertrand’s postulate (for its proof, see, e.g.,
[Ch1]) states that

there exists a prime p such that m < p < 2m.

For n = 2m, the inequalities p < n < 2p are obvious. For n = 2m + 1, we
obtain the inequalities p < n —1 and n — 1 < 2p. But in this case the number
n — 1 is even, and hence the inequality n — 1 < 2p implies n < 2p. It is also
clear that p <n—1<mn. O

2.1.3 Irreducibility modulo p

Let IF), be the residue field modulo p. Every polynomial with integer coefficients
can be also considered as a polynomial with coefficients from F,,. A polynomial
irreducible over Z can become reducible over IF,, for all p, and the construction
of an example to show this is based on the following theorem.

Theorem 2.1.7. The polynomial P(x) = x* + ax® + b2, where a,b € Z, is
reducible over IFy, for all primes p.

Proof. For p = 2, there are only 4 polynomials of the form indicated,
namely,

ot 2t =222t 41, 2 +1=(z+1)Y 22t 1=(2®+2+1)N

All these polynomials are reducible.
Let p be an odd prime. Then we can select an integer s such that a = 2s
(mod p). We have
P(z) =z +az? + 0% = (22 +5)2 — (s> = b?) =
(x2 +b)% — (2b — 28)2% =
(2 —b)? — (=2b—2s)z® (mod p).

Thus it suffices to prove that one of the numbers s? — b2, 2b — 25, —2b — 25 is
a quadratic residue modulo p.
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Let us recall the basic notions of the theory of quadratic residues. Under

the map « — 22 the elements  and —z turn into the same element. Therefore
p—1

the image of the set of nonzero elements of IF, under this map consists of
elements. On the other hand, if = y?, then z(P~1/2 = yP=1 = 1 e, all

the p=

elements of the image satisfy the equation z®~1/2 = 1, which

1
solutions. The elements that do not lie in the

cannot have more than P=

image of the map x — 22 satisfy the equation z(~1/2 = —1. Therefore, if
two integers are not perfect squares modulo p, then their product is a perfect
square modulo p.

Suppose that 20 — 2s and —2b — 2s are not squares modulo p. Then their
product 4(s? — b?) is a square modulo p, and hence so is s — b%. O

Example 1. The polynomial z* 4 1 is irreducible over Z but reducible
modulo p for all primes p.

Proof. Tt suffices to prove that 2* + 1 is irreducible over Z. The roots of
+1+4

this polynomial are . Every polynomial with real coeflicients can have

non-real roots only if they occur in complex conjugate pairs. Therefore the

only nontrivial real divisors of 2* 4+ 1 are the polynomials z2 + /22 + 1 whose

1£4 -1+
roots are 5 " and 5 *. Both these polynomials do not lie in Z[z]. O

Example 2. Let ¢ € N and /c ¢ Q. Then the polynomial P(z) = 2% +
2(1 — ¢)x? + (1 + ¢)? is irreducible over Z but reducible modulo any prime p.

Proof. Tt suffices to prove that P(z) is irreducible over Z. It is easy
to verify that the roots of P are equal to £4/—1+4 ¢ =+ 2i\/c = +i + \/c.
Combining the complex conjugate roots into pairs we obtain the polynomials
2?2 + 2/cx + 1 + ¢. These polynomials do not lie in Z[z]. O

2.2 Irreducibility criteria
2.2.1 Dumas’s criterion

n

Let p be a fixed prime, and let f(z) = Y. A;x" be a polynomial with integer
coefficients such that ApA, # 0. Let Zuso represent the nonzero coefficients
of f in the form A; = a;p®, where a; is an integer not divisible by p. To
every nonzero coefficient a;p®* we assign a point in the plane with coordinates
(7, ;). These points give rise to the Newton diagram of the polynomial f
(corresponding to p). The construction of the diagram is as follows.

Let Py = (0, ) and Py = (i1, v, ), where 4y is the largest integer for which
there are no points (i, ;) below the line PyP;. Further, let Py = (ia, v, ),
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where iy is the largest integer for which there are no points (i, «;) below the
line Py P, etc. (fig. 2.1). The very last segment is of the form P._; P,, where
P, = (n, ). If some segments of the broken line Py ... P, pass through points
with integer coordinates, then such points will be also considered as vertices
of the broken line. In this way, to the vertices Py, ..., P, we add s > 0 more
vertices. The resulting broken line Qg ... Qs is called the Newton diagram
(here Qo = Py and @Q,+s = P,.). The segments P, P41 and Q;Q;+1 will be
called sides and segments of the Newton diagram respectively, and the vectors
QiQi+1 will be called the vectors of the segments of the Newton diagram.

Py = Qo Q:s

FIGURE 2.1

Consider the system of vectors of the segments for the Newton diagram,
taking each vector with its multiplicity, i.e., as many times as it enters the set
of vectors of segments.

Theorem 2.2.1 (Dumas, [Du2]). Let f = gh, where f, g, and h are poly-
nomials with integer coefficients. Then the system of vectors of the segments
for f is the union of the systems of vectors of the segments for g and h (pro-
vided p 1is the same for all the polynomials).

Proof. [W] Let
fle) = aip®a’, glx) = bpal, hix)=> cpa,
i=0 =0 k=0

where the numbers a;, b;, ¢, are not divisible by p. Take a side of the Newton
diagram for f (recall that a side PPy may consist of several segments of
the Newton diagram). Let the coordinates of P, and P41 be (i_,c;_) and
(i4, a4, ) respectively. The slope of PPy is

— Qi

(6%}
M=— "
14 — 11—



54 2 Irreducible Polynomials

Let aj, —a;_ = At and iy —i_ = It, where t > 0 is the greatest common
divisor of avj, —a;_ and iy —i_. Then M = A/I, where (A, I) = 1.
The side P, P41 of the Newton diagram belongs to the straight line

Ioo — Ai=F, where I'=Ila;, — Aiy = To;_ — Ai_.

By assumption all the points (i, «;), where ¢ = 0,1, ..., n, lie on or above this
line, i.e., Ia; — Ai > F, where this inequality is strict for ¢ < i_ and i > i.
The number Io; — Ai will be called the weight of the monomial ap®z?, where
(a,p) = 1. The numbers i_ and i; are uniquely determined as the least and
the greatest exponents of the power of x for the monomials entering f with
the minimal weight.

For the polynomial g, consider the quantity

7=0,....m
and define j_ and j; as the least and the greatest indices for which
G=1p;_ —Aj_ =18, —Aj;.
Similarly, for the polynomial A, consider the quantity

H= min {Iy — Ak},

k=0,...,n—m
and define k_ and ky as the least and the greatest indices for which
H = I’}/k_ - Ak‘_ = I’)/k+ - Ak‘+

Clearly,

aj gk pV-te = Y (bpPad)(epat).
Jbk=j_ +k_

The weight of the product of two terms is equal to the sum of their weights,
and therefore the weight of the summand with j = j_ and k = k_ is equal
to G + H. The weights of all the other summands are strictly greater than
G + H since, for them, either j < j_ or k < k_.

Indeed, let, for example, j < j_. Then the weight of bjpﬁij is strictly
greater than G and the weight of ¢, p7* 2" is not less than H.

The weight of (b;p®i27)(ckp?*a*) for j+k = const increases monotonically
as 3 + yr grows since I > 0. In the case considered, j + k = j_ + k_, and
therefore the sum 3 4 ;, is strictly minimal at j = j_ and k = k_. Therefore
the weight of a; 4, p®~**- is equal to G + H.

It is also clear that for i < j_ + k_ the weight of a;p®iz’ is strictly greater
than G + H, whereas for i > j_ + k_ the weight of a;p® 2’ is not less than
G + H. Therefore G+ H = F and j_ + k_ = i_. We similarly prove that
j+ + k‘+ = i+. Thus,
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i =i = (G =)+ (ky — ko). (1)

In particular, one of the numbers j; — j_ and ky — k_ is nonzero.

If both the numbers j; — j_ and ky — k_ are nonzero, then the segment
with the end points (j—,3;_) and (j+,3;,) is a side of the Newton diagram
for g and the segment with the end points (k—,~x_) and (k4, vk, ) is a side of
the Newton diagram for h. The slope of both segments is equal to M = A/I
since

Biv =Bi A Ve — Wk

J+ —J- I ky -k
Relation (1) shows that the sum of the lengths of the sides with slope M of
the Newton diagrams for g and h is equal to the length of the side with the
same slope M of the Newton diagram for f.

If one of the numbers j; — j_ and ky — k_ vanishes, then the Newton
diagram of one of the polynomials g or h has a side with slope M and its
length is equal to the length of the side of the Newton diagram for f, whereas
the Newton diagram of the other polynomial has no side with slope M.

Thus, the vector of the side with slope M of the Newton diagram for f
is equal to the sum of the vectors of the sides with the same slope M of the
Newton diagrams for g and h. Relation (1) shows that if one of the Newton
diagrams for g and h possesses a side with a certain slope M, then the Newton
diagram for f should also possess a side with the same slope. O

Corollary. If, for a prime p, the Newton diagram for f consists of pre-
cisely one segment, i.e., consists of a segment containing no points with integer
coordinates, then f is irreducible.

Let us give now three examples of the application of Dumas’s criterion to
the proof of irreducibility of polynomials.

Ezample 2.2.2 (Eisenstein’s criterion). Let f = ag + a1z + -+ + anz™ be a
polynomial with integer coefficients such that, for a prime p, the coefficient
an, is not divisible by p, the coefficients ag, . .., a,—1 are divisible by p and ag
is not divisible by p?. Then f is irreducible.

Proof. The Newton diagram for f consists of one segment with the end
points (0,1) and (n,0); inside this segment there are no points with integer
coordinates. O

Ezample 2.2.3. Let p be a prime, (¢,p) = 1 and (m,n) = 1. Then the polyno-
mial ™ + ¢p™ is irreducible.

Proof. The Newton diagram for the polynomial considered is a segment
with the end points (0,m) and (n,0). Since (m,n) = 1, there are no points
with integer coordinates inside this segment. O

Ezample 2.2.4. Let p be a prime. If the polynomial f(x) = 2™ + px + bp?,
where (b, p) = 1, has no integer roots, then this polynomial is irreducible.
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Proof. The Newton diagram for f is the union of the segment with the
end points (0,2) and (1,1) and the segment with the end points (1,1) and
(n,0). Inside these segments, there are no points with integer coordinates.
Therefore the nontrivial factorization of f over Z can consist only of a linear
factor and a factor of degree n — 1. O

2.2.2 Polynomials with a dominant coefficient

In certain situations one can ensure that a polynomial with a sufficiently large
coefficient will necessarily be irreducible. Among criteria of this type, the best
known one is the following Perron’s criterion.

Theorem 2.2.5 ([Pe]). Let f(z) = 2" +a;x" " + -+ a, be a polynomial
with integer coefficients such that a, # 0.

a) If la1| > 14 |az| + - - - + |an|, then f is irreducible.

b) If lai| > 1+ |az| + -+ + |an| and f(£1) # 0, then [ is irreducible.

Proof. a) Let us prove first that all the roots of f, except precisely one
root, lie inside the unit disk |z| < 1. Clearly, the polynomial

g(z) =a" + ayz" !

satisfies this property, i.e., all the roots of g, except precisely one root, lie
inside the unit disk |z| < 1. Hence by Rouché’s theorem (see p. 1) it suffices
to prove that for |z| =1 we have

[£(2) = 9(2)] < |£(2)] + |a(2)]-
But for |z| = 1 we have, on the one hand,
|£(2) = g(2)| = lazz""2 4+ -+ an| < lag| + - +an| < ar| =1, (1)
and, on the other hand,
[f@)] + 9] = [g(2)| = 2" + ar2" | =z + @] 2 |aa| = 1. (2)

Suppose now that, on the contrary, that f can be represented as the prod-
uct of polynomials f; and fy of positive degree with integer coefficients. The
product of the roots of each of the polynomials f; and fs is a non-zero integer,
and therefore each of these polynomials has a root whose absolute value is not
less than 1. But f has only one such root, and we have a contradiction.

b) If |a1| = 1+ |az|+- - -+ |an|, then inequality (1) becomes non-strict. But
if f(£1) # 0, inequality (2) becomes strict. Indeed, for |z| = 1 the equality

[F(2)] +[g(2)| = laa] = 1

is only possible when simultaneously |f(z)| = 0 and |z 4 a1| = |a1| — 1. The
latter equality can only hold if z € R. Since |z| = 1, it follows that z = +1. O
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Theorem 2.2.6 ([Br]). Let a; > az > -+ > a, be positive integers and

n > 2. Then the polynomial p(z) = 2" — ayx™ ' — asa™ 2 — .-+ — a, is
irreducible over Z.

Proof. Consider the polynomial f(x) = (z — 1)p(x). Clearly,
flz) = 2™ —big™ 4 box™ -+ by,

where by = a1+ 1,bo = a; —ag,..., by = an—1 — an,by+1 = a,. The numbers
b1,...,bnt1 are positive integers and by = 1+ bs + - - - + by, 1. Therefore f(z)
satisfies one of the conditions of Theorem 2.2.5 (b). But it does not satisfy the
second condition since f(1) = 0. We must therefore apply a subtler argument.
Let
h(z) = by12™ —bp2™ t — - — by,

First we show that, for all sufficiently small £ > 0, we have
h(2)| > 2" = |f(2) + h(2)]
everywhere on the circle |z] = 1 + €. Indeed, if |z| = 1 + ¢, then

!h(«z)‘ _|Z"+1‘ 2b1(1+5)"_b2(1+5)n—1_,,._bn+1_(1+5)n+1 _
=e(by 4+ 2b3 + - + (0 — )by + nbprq — 1) +---

The coefficient of ¢ is positive, and therefore, for sufficiently small € > 0,
we have |h(z)| — |[z"T| > 0. In this case

|F(2) + h(2)| = [z < [h(2)| < [£(2)] + [1(2)]-

Therefore, by Rouché’s theorem, the polynomial f(z) has as many roots inside
the disk |z| < 14 € as h(z) does. But all the roots of h(z) lie strictly inside
the unit disk |z| < 1. Indeed, if |z| > 1, then

|h(2)| = bulz]" = bo|z[" ™" = = by >
> |Z|n(b1 —by— - — bn+1) = ‘Z‘n > 0.

Letting ¢ — 0, we see that inside and on the boundary of the unit disk there
are exactly n roots of the polynomial f(z) = (z — 1)p(x). Hence exactly n — 1
roots of p(x) lie inside the unit disk and at least one of its roots lies outside
it. Hence p is irreducible. O

A criterion similar to Perron’s criterion but with a condition on the con-
stant term instead of a; also holds. It holds, however, only if the constant
term is a prime.
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Theorem 2.2.7 ([Osl]). Let f(z) = 2" + a12" ' + -+ + ap_17 £ p be a
polynomial with integer coefficients, where p is a prime.

a) If p> 14 |a1| + - - + |an—1], then f is irreducible.

b) If p > 14 |ai|+ - -+ |an—1| and among the roots of f there are no roots
of unity, then f is irreducible.

Proof. Suppose that f(z) = g(x)h(z), where g and h are polynomials of
positive degree with integer coefficients. The product of the constant terms of
g and h is equal to £p. Since p is prime, one of these constant terms is equal
to +1. Therefore the product of the absolute values of the roots of one of the
polynomials g and & is equal to 1. This polynomial must therefore possess a
root « such that |a] < 1. Since « is also a root of f, it follows from f(a) =0
that

p=la"+a "+ Fap1al <1+ ag| + -+ |an_1]

In case a) we arrive at a contradiction.
In case b), a is not a root of unity. Hence |a| < 1, and therefore

p<l+l|a|+--+|an—1]|

A contradiction again. O

2.2.3 Irreducibility of polynomials attaining small values

Theorem 2.2.8 (Pélya). Let [ be a polynomial of degree m with integer
coefficients and define m = ["T“] Suppose that, for n different integers

a1, ... ,0a,, we have ’f(al)| < 27™m! and the numbers ay, . .., a, are not roots
of f. Then f is irreducible.

Proof. We will need the following auxiliary statement.

Lemma. Let g be a polynomial of degree k with integer coefficients, and
let dy < dy < -+- < dj be integers. Then ’g(d2)| > K127F for some i.

Proof. Consider the polynomial

k
6w = ()oY LT
i=0 tat Y

It is easy to see that G(d;) = g(d;) for i = 0,...,k, and degG < k. Hence
G(z) = g(x).
The highest coefficient of G is equal to

k

>0t [] 7=

=0 J#i
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By assumption this coefficient is a nonzero integer, and hence its absolute
value is > 1. Therefore one of the numbers |g(d;)| is not less than

1 1
1 _1
oSk it [di—dj] —~ L1 Ji—j]
<i<k j#i 0<i<k j#i
(N B i
1 - kY — 9k’
i1 (k—1)! Z i
0Sich il(k—1) 0ik (z)

Returning to the proof of the theorem, we suppose on the contrary that
f = gh, where g and h are polynomials with integer coefficients. We may
assume that degh < degg = k. Then m < k < n. Clearly, g(a;) # 0, and
g(a;) divides f(a;). Hence
’ m/!

<_

’g(ai)’ < |f(ai) om

On the other hand, by Pdlya’s lemma, we have |g(ai)’ > 27FL! for one of
the a; (we apply Pdlya’s lemma to d; = a;—1). It remains to notice that, since
k > m, it follows that 2=Fk! > 2="ml. Indeed, if m =k +r,

m! , m
Ezample. The polynomial (x —1)-(x —2)-...-(z —n)+1 is irreducible.

For other irreducibility criteria for polynomials attaining small values, see
[Tv].

2.3 Irreducibility of trinomials and fournomials

2.3.1 Irreducibility of polynomials of the form =™ + ™ + P £+ 1

Let f(x) = 2™ +e12™ 4 eo2P + €3, where n > m > p > 1 and ¢; = 1. Let us
find out following [Lj] when f is irreducible. We first show that it suffices to
consider the case where m + p > n. Clearly, f is irreducible if and only if the
polynomial

1
" f <—> =142 ™ +e9x™ P + 32"
T

is irreducible and then, if m + p < n, we have (n —m) + (n — p) > n.

We may also exclude from further considerations the trivial case f(x) =
(™ 4 e2)(zP +€1), i.e., when n = m + p and £3 = £169.

The polynomial ¢(x) of degree s is said to be recursive if

o(z) = £3°0 (i) .
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Lemma 2.3.1. Let f(x) = p(x)(x), where p(x) and ¥ (x) are monic poly-
nomials of positive degree with integer coefficients. Then at least one of the
polynomials o(x) and ¥(x) is recursive.

Proof. Let r = degy and s =n — r = deg. Consider the polynomials

hi) =a"p (3 ) vle) = E_:x

falw) = (%) olz) = " (i) _ Zocx

Clearly,

" 1
hioha) =1 (1) =
(™ 4+ e12™ 4 eqx? + e3)(e32™ + eox™ P + 12" 4 1).

Comparison of the coefficients of 22" shows that coc,, = €3, and hence ¢y = +1
and ¢, = 1. Comparison of the coefficients of 2™ shows that

A+t A AR =1+l el =4,

ie, d+---+c2_; =2 Thus, ¢g = +1, ¢, = £1, ¢, = £1 and ¢g = +1
for some 1 < a < # < n — 1, all the other coefficients ¢; being zero. Hence
f1(z) f2(z) can be expressed in the following two forms:

coCn T + CaCn?" ™ + cgenx® P + coca O+ )

cocgz™ P + cqepr™ TP LA -
and

83.132n + 82.132n_p + glen—m + 61631‘n+m + 62631‘n+p + 81€2$n+m_p—|— (2)
43:’”’ _|_ e

In order to compare (1) and (2), let us order the monomials with respect to
the size of the degrees taking into account only the three highest monomials.
For (1), we obtain the four possibilities:

ﬂgg s 2n>2n—a>2n— 0,
ﬂ>g, a<n—0 :2n>2n—a>n+0,
n n
> J— —
b 27 2

>a>n—0 : 2n>n+[>2n—q,

ﬁ>g, a>g s22n>n+8>n+a.



2.3 Irreducibility of trinomials and fournomials 61
For (2), we obtain the two possibilities:

n>2m : 2n>2n—p > 2n —m,
2m>n>n+p : 2n>2n—p>n+m.

Comparing the three highest monomials in (1) and (2) we obtain for the pair
(ar, B) the following four possibilities:

(avﬁ) = (pvm)v (pvn - m)v (m,n _p) or (TL —m,n _p)
If (o, B) = (p, m), comparison of (1) with (2) shows that
CoCpn, = €3, CpCn = €2, CmCp = €1.

Hence

1
fi(x) = cnlesz” + ez P + 212" + 1) = cpa” f (;) :

1
Therefore ¥(z) = c,a®y (— .
T
If (o, B) = (n — m,n — p), we similarly see that
CoCn = €3, CoCpn—m = €1, CoCp—p = €2.

Hence
f1(@) = co(a™ + e1a™ + e22® + £3) = co f (z).
1
Therefore p(z) = cox” (—)
x

If (o, ) = (p,n — m), then we encounter in (1) monomials of degrees
2n, 2n—p, n+m, n+p, 2n—m, 2n —m —p, n,
and in (2) monomials of degrees
2n, 2n—p, 2n—m, n+m, n+p, n+m—p, n.

Therefore the number 2n —m — p is equal to one of the three numbers: n+m,
n+p, n+m —p. The equalities 2n —m —p=n+mand 2n—m—p=n-+p
contradict the assumption that n < m+p. and hence 2n —m —p = n+m—p,
i.e., n = 2m. Therefore (o, 5) = (p,m).

If (a, B) = (m,n — p), we similarly see that n = 2m, i.e., (a,3) = (n —
m,n —p). O
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Lemma 2.3.2. Let A and X! be the roots of f(x). Then one of the following
three pairs of conditions hold:

(I) X'=—e3 and XN"P=—¢geg,
(II) X" = —g1e3 and X'7P = —E&9,

(II1) AP = —g9e3 and X*7™ = —ey.
Proof. The conditions f(A) =0 and f(X71) = 0 can be expressed as
N e X" + e +e3=0, XN +e9e3N"" P + 163X +e3=0.
By subtracting one equation from the other one we get

n— —1 m
263N P + 163N — g1 X" — NP =0,

ie.,

(52)\m7p + 51)(53)\“77" — 6152)\p) =0.
and hence either AP = —g169 X" or \P = g1£963 X"~ ", Substituting these values
of AP into the relation f(\) = 0 we obtain accordingly either X* = —e3 or

(X" +e189)(X" —g9)=0. 0

With the help of Lemmas 2.3.1 and 2.3.2 it is easy to prove the following
two theorems which in turn lead to a complete description of irreducible poly-
nomials of the form ™ +£12" +e92P 4+£3. In both theorems (as well as in Lem-
mas 2.3.1 and 2.3.2) we assume that n < m+p and f(x) # (2™ +¢e2)(aP +&1).

Theorem 2.3.3. a) If the polynomial f(x) has no roots which are roots of
unity, then f(x) is irreducible.

b) If the polynomial f(x) has exactly q roots which are roots of unity,
then f(x) can be represented as the product of two polynomials with integer
coefficients one of which is of degree q and its roots are the given roots of
unity, while the other polynomial is irreducible.

Proof. Let f(x) = p(x)¢(x), where ¢, ¢ € Z[z]. By Lemma 2.3.1 we may
assume that if A is a root of ¢, then X~! is also a root of . It then follows from
Lemma 2.3.2 that \ is a root of unity. If not all the roots of f are the roots
of unity, then either ¢ is irreducible over Z or ¢ = 112, where 11,2 € Z[z]
and all the roots of i1 are the roots of unity whereas 1 has a root which is
not a root of unity. In this case all the roots of pi); are the roots of unity. By

continuing the same arguments now applied to 12 we obtain the factorization
desired of f. O

It remains to determine, when f has roots which are roots of unity. The
answer is given by the following theorem.
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Theorem 2.3.4. Let d be the greatest common divisor of n, m, p. Set

n m P
n :—’ m = — :—,
1 d 1 d’ p1 d
di = (n1,my —p1), da=(my,ni—p1), dz=(p1,n1—mi).

Then any root of unity which is a root of f satisfies one of the equations
gld = 41, gdd = 41, 9% = 41,
and it is a simple root of f.

Proof. Let A be a root of unity which is a root of f. Then X! is also a root
of f. Lemma 2.3.2 provides three possibilities for conditions on A. Consider,
e.g., case (I): X* = —e3 and X" P = —gyeq. Clearly, (n,m — p) = dd;, and
hence there exist integers u and v such that dd; = nu + (m — p)v. Therefore
Xt = (X)(XmP)Y = +1 since X' = —e3 = 1 and X\"7P = —g1e3 = +1.
Cases (II) and (III) are similarly considered.

It remains to prove that A is a simple root of f, i.e.,

Af'(A) = nX' 4+ egmX™ + eapA # 0.

Substituting (I), (IT) and (III) into nX* + eymXN™ + eapAP = 0 we respectively
obtain

e (p —m) =nes, e XP(p—n)=me3, e X'(m—n)= peaes.

The equality |A| = 1 cannot occur in the first case whereas in the second and
third ones it means that n = m + p. If n = m + p, the relations (II) take
the form X" = —eje3 and X" = —eo whereas relations (III) take the form
N = —e9e3 and ¥ = —e1. In both cases €3 = £169 which corresponds to the
excluded polynomial f(z) = (2™ + &2)(aP +¢1). O

2.3.2 Irreducibility of certain trinomials

Making use of the results obtained in the preceding section it is not difficult
to determine which of the trinomials ™ £ 2™ £ 1 are irreducible.

Theorem 2.3.5 ([Lj]). Letn > 2m, d = (n,m), ny = % and my = %

Then the trinomial
g(x) =2" +eax™ +¢&, wheree==+1 and &’ = +1,

is irreducible except for the three cases in which nqy +mq =0 (mod 3):
a) ny1 and my are odd and € = 1.
b) ny is even and &' = 1.
c) my is even and £ = ¢.
In all these cases g(x) is a product of x?% + ¢
polynomial.

me M +1 by an irreducible
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Proof. The case when n = 2m and & = 1 is obvious. We will therefore
assume that either n = 2m and ¢’ = —1 or n > 2m. For such n and &', we can
apply Theorems 2.3.3 and 2.3.4 to the product

(" +ex™ + &) (x" — &) = 2" +ex™T —ec/a™ — 1

since 2n > n+m > m, and if 2n = (n+m)+m, i.e., n = 2m, then €3 # 1¢,.
In the notation of Theorem 2.3.4 we have

(2n,n +m,m) = (n,m) = d,
d1 = (2’/7,1,77,1) =N,
d3 = (ml,nl —ml) =1

and do = (n1 +mq,2n; —my) = (n1 + my, 3n1). Therefore

& = 1 ifng+mp £0 (mod 3)
R E if ny +my =0 (mod 3).

By Theorem 2.3.4 the roots of unity which are roots of g satisfy one of the
equations 99 = +1, x99 = £1, z%s = 41. The first of these equations is of
the form ™ = =+1, the third one is of the form z% = +1 because ds = 1.

If 2" = =£1, then g(z) = £1 +ex™ £ 1 # 0 and, if 2¢ = £1, then
glz) =£1+1+£1#0.

It remains to consider the case when d; = 3. In Lemma 2.3.2, case (I)

leads to the relations
X" =41 and X' = +1

whereas case (III) leads to the relations
X' =+1and X’ = £1.

In both cases we get X* = 41, and hence g(\) # 0. Case (II) leads to the
relations N7 = g, ¥ =g’ ie., X" =&/, ¥ = e¢’. Therefore (X¥4)" =
¢’ and (X¥?)™ = e¢’, where (n1,m;) = 1 and ny +m; =0 (mod 3). From the
condition (n1,my) = 1 it follows that nju 4+ miv = 1 for some integers v and

v. Hence
/\3d _ /\3dn1u+3dm1v — (el)u(eg/)v — +1.

If n; and mq are odd, then X% = ¢’ = ¢/, and hence € = 1 and ¥¢ = ¢’.
If ny is even, then ¢’ = 1.
If my is even, then e’ = 1. O

By Perron’s criterion (Theorem 2.2.5 on page 56) the trinomial z™ +
ax" ' £ 1, where @ > 3 is an integer, is irreducible. For a = 2, this trino-
mial is irreducible if it has no roots equal to 1. All these statements also
hold for the trinomial =™ + ax + 1.

Irreducibility of trinomials 2™ 4 22™ £ 1 is studied in [Sc2].

In conclusion we formulate two further theorems on the irreducibility of
trinomials.
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Theorem 2.3.6 ([Mi2]). Let the trinomial ™ + px™ £ 1, where n > m and
2
<47,

p is a prime, be reducible. Then
(n,m
Theorem 2.3.7 ([Ra2]). a) The trinomial x° + x + n factorizes into the
product of irreducible quadratic and cubic polynomials if and only if n = +1
or n = %6.

b) The trinomial x® — x + n factorizes into the product of irreducible
quadratic and cubic polynomials if and only if n = +15, n = £22440 or
n = £2759640.

2.4 Hilbert’s irreducibility theorem

Let f(t,z) € Q[t,z] be a polynomial in two variables. The polynomial f is
called reducible if f = gh, where g,h € Q[t,z] are polynomials of positive
degree.

Theorem 2.4.1 (Hilbert, [Hi3]). If f(t,z) is an irreducible polynomial
over Q, then there exist infinitely many rationals ty for which the polynomial
f(to,x) in one indeterminate is irreducible over Q.

We give the proof of Hilbert’s theorem due to Dérge [Do2] using the ex-
position of this proof given in [La3] and [Se2]. A proof using more modern
language can be found in [Fr].

Let us start by establishing a relation between reducibility of the poly-
nomial f(tg,z) and existence of point (tg,yo) with rational coordinates on a
certain algebraic curve. Let f(¢,z) € Q[t, 2] be an irreducible polynomial. Let
us represent it in the form

ft,z) = an(t)z™ + -+ + ao(t), where a;(t) € Q[t],

and we define the polynomial F(z) = f(t,z) with coefficients from the field
k = Q(t). Let k be the algebraic closure of k. Then

Fx)=a,(t) - (x —a1) ... (& — an),

where a1, ..., a, € k are the roots of F'(x) which is irreducible over k = Q(t).
If a,,(to) # 0 there correspond to them the roots of,...,a}, € Q of f(to, ).
Suppose that f(to, z) is reducible over Q. After a renumeration of the roots
we may assume that f(to,x) = an(to)go(x)ho(x), where
go(@)=(z—a)) ... - (z— <)) € Qlz],
ho(z) = (x —afyy) ... (x — af,) € Q[z].
Set

gx)=(r—a1) ... - (r —as) and h(z) = (r — as1) .. (T — ap).
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Then F(x) = a,(t)g(z)h(x), where g(x), h(z) € k[z]. By assumption F(z)
is irreducible over k[z], and hence g(z) has a coefficient y which belongs to
k\ k. Recall that k = Q(¢), so that y is algebraic over Q(¢), i.e.,

bon (D)Y™ + b1 (O)y™ L 4 -+ bo(t) =0, where b;(t) € Q(t).

As a result we obtain an algebraic curve C' (with rational coefficients) in the
plane (¢,y). To the coefficient y of g there corresponds a coefficient yo € Q of
the polynomial gy and this coefficient satisfies the relation

b (t0)yg" + bm—1(to)yg" " + -+ + bo(to) = 0,

i.e., C has a rational point (to, yo).

Thus, consider all polynomials of the form (z —ay,) - ... (z — ay, ), where
1 <k <n-—1, and, for each of these polynomials, select the coefficient that
does not belong to Q[t]. To these coefficients we assign plane algebraic curves
C4,...,C)y with rational coefficients. If tg € Q is such that none of the curves
C4, ..., Cuy has rational points (¢, yo), the polynomial f(tg,x) is irreducible.

Let us now study rational points of the plane algebraic curve C given by
the equation

b () Y™ + b1 () y™ -+ bo(t) =0, where b;(t) € Z(t).

First we make the change of variable § = b,,(t)y. As a result we obtain the
curve

T+ bt (DT 4 b (b (7™ 2 + -+ bo(8) (b (1)) "' = 0.

If (t0,y0) is a rational point on this curve and ty € Z, then yy € Z. In what
follows we confine ourselves to the study of integer points on the curve.
Thus, we may assume that b,,(t) = 1, i.e., the curve is given by the equa-
tion
Y™+ b1 (Y™ A+ bo(t) =0, where  by(t) € Z(t).

Let us show that in a vicinity of the point ¢ = co the algebraic function y(t)
can be expanded as

y(t) = a(YB)" + -+ b+ (VD)4

where ¥/t is one of the branches of the k-th root of ¢ (to be definite, we select
the branch for which /¢t > 0 for t > 0). The map (y,t) — ¢t determines
a ramified covering M? — CP! where M? is the Riemann surface of the
algebraic function y(t). We are interested in the branches of this covering over
o0o. Take one of the branches and consider its intersection with the preimage
of a neighborhood of co. The restriction of the ramified covering onto this set
is of the form z ~— z*. This means that y(z) is single-valued and 2% = t. It is
also clear that z = co is not an essentially singular point of y(z).
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We are interested in the case where there exists an infinite increasing
sequence of positive integers t; for which y(;) is a real (and moreover integer)
number. Let us show that in this case all the coefficients of the expansion y(t)
are real. Suppose that these coefficients are not all real. Let £¢5/% be the term
of highest degree s/k with non-real . Then, for real values of ¢, the terms of
higher degree do not affect the imaginary part of the sum of the series, and
as t — 400 the terms of lesser degree are small as compared with £°/% and
cannot cancel its imaginary part.

It remains to perform the last step — proving that the numbers ¢; € N for
which y(t;) € Z constitute a set of zero density. This easily follows from the
next statement.

Theorem 2.4.2. Let
p(t) = a(V)" + -+ b+ (V)T 4o,

where t is real and the series is real and converges for t > R. Suppose that
(t) is not a polynomial. Then there exist constants C > 0 and € € (0, 1) such
that the number of positive integers t < N for which p(t) € Z does not exceed
CN-e.

Proof. Observe first of all that in the expansion of the m-th derivative of

n

©(t) there are no terms of the form ¢, where v > 7 Therefore we can
select an integer m > 1 such that (™ (t) ~ c¢t™* as t — oo, where p > 0 and

¢ # 0 (the latter property is ensured by the fact that ¢ is not a polynomial).

Lemma. There exist positive constants ¢y and o such that, if T' is suffi-
ciently large, then the interval [T, T+ c;T%] contains no more than m positive
integers t for which ¢(t) € Z.

Proof. Lett; < --- < ty,41. Consider Lagrange’s interpolation polynomial

m—+1
t—1t1) ...t —ti—1)(& —Cix1) - oo - (& — 1
= (t; —t1) oo (i —tim1)(ti — tiz1) - oo (t — tis1)
The function ¢ — f vanishes at t1,...,%,41, and hence by Rolle’s theorem

there exists a point £ € [t1, ty,41] such that

M (&) = fFm(¢) =
m Y o(t:)
<igmar Gi—t) o (= tio) (6 — i) - (= tgn)

Hence, (™) (€) is a rational number whose denominator does not exceed

H (tj — ti) < (tm+1 — tl)m(m+1)/2.

1<i<j<m+1
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On the other hand, if ¢; is sufficiently large, then 0 < ’go(m) (§)| < oty "
Set AT = ty11 — t1. Then |[f(™)(¢)| > AT=™(m+1/2 and so cpt; " >

2 _
AT—m+D/2 5 6 AT > ¢;T%, where a = __P_and 1=, Zm(m+1) g
m(m+ 1)
Returning to the proof of the theorem, we select € so that 1 —ae = ¢, i.e.,
1
e Then 0 < € < 1. Let us split the interval [1, N] into subintervals
«

[1, N¢] and [N¢, N]. By the Lemma any segment of length ¢;(N°)* that lies
in [N, N| contains no more than m positive integers ¢ for which p(t) € Z.
and hence the total number of such positive integers in [1, N| does not exceed
_ N¢
N* 4 n———— < N° 4 ZNt-es = No 4 DN,
ciNas c1 C1

m
Therefore we canset C =1+ —. O
C1

Let B(N) be the total number of positive integers ¢ < N for which ¢(¢) €

. CN¢ . C
2 T Jim = i i
exist infinitely many positive integers ¢ for which ¢(t) ¢ Z.

= 0. This means in particular that there

2.5 Algorithms for factorization into irreducible factors

2.5.1 Berlekamp’s algorithm

The most effective algorithms for factorizing a polynomial with integer coef-
ficients into irreducible factors uses the factorization of this polynomial over
fields IF,, for a prime p. Therefore we first discuss one of the algorithms for
factorizing polynomials modulo p suggested by Berlekamp [Bed4].

Let f be a polynomial with coefficients from [F,. We may assume that
the polynomial is monic. Before we apply Berlekamp’s algorithm we have
to get rid of multiple irreducible factors of f. This is done as follows. Let
f=f"- . fi*, where fi,..., fi are distinct irreducible monic polynomials.
It is easy to verify that

!/ n;— NG . f
d=(f.f) =111 e =111

pin; plni pini
The polynomial f factorizes into the product of d and g, and in the fac-

torization of i there are no multiple irreducible factors. If degd < deg f,

then we can apply the same procedure to d. If 0 < degd = deg f, then

d= 1] f"" = g". Clearly, deg g < deg f and from factorization of g one can
pln;

recover the factorization of d.
Berlekamp’s algorithm is based on the following theorem.
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Theorem 2.5.1. Let f € Fy[z] be a monic polynomial of positive degree n.
a) If h € Fp[z] satisfies the relation h? = h (mod f), i.e., h? —h is divisible
by f, then

a€lF,

b) Let f = f1 ...+ fr, where f1, ..., fr are different irreducible monic
polynomials. In this case h satisfies the relation h? = h (mod f) if and only
if h(z) = a; (mod f;), where a; € F,. To each collection (ai,...,ay) there
corresponds exactly one polynomial h whose degree is less than that of f.

Proof. a) Set F(z) = [] (f(z),h(z) — a). Polynomials h(z) — a with
a€l,

distinct a are relatively prime, and hence polynomials ( f(x),h(x) — a) are

relatively prime divisors of f(z). Hence f(z) is divisible by their product

F(x). On the other hand, in F,, the polynomial identity [] (y—a)=y? —y
ackF,
holds, and hence the polynomial

H (h(z) —a) = (h(a:))p — h(x)
a€l,
is divisible by f(z), and therefore F'(x) is divisible by f(x). Thus, the poly-

nomials f and F are divisible by each other and are monic. Hence F' = f.
b) If h(z) = a; (mod f;), then (h(x))p =al = a; = h(z) (mod f;), and

therefore (h(a:))p = h(x) (mod f1-...- fr). Conversely, if the polynomial
(h(2))” = h(z) = [ (A(x) - a)
a€lF,
is divisible by f, then it is divisible by all the polynomials fy, ..., fg. It is

also clear that if the irreducible polynomial f; divides the product of pairwise
relatively prime factors h(x) — a, then it divides one of these factors, i.e.,
h(z) = a; (mod f;).

The existence and uniqueness of a polynomial i corresponding to a given
collection (aq,...,ar) obviously follows from the next statement called the
Chinese remainder theorem for polynomials.

Lemma. Let f1, ..., fr be relatively prime irreducible polynomials over a
field F, and let g1, ..., gx be arbitrary polynomials over the same field. Then
there exists a polynomial h such that h(z) = g; (mod f;) and this polynomial
18 uniquely determined modulo f = f1 ...+ fg.

Proof. The polynomials f; and F; = i are relatively prime, and hence

there exist polynomials a; and b; such that lai fi + b;F; = 1. Further, b, F; =1
(mod f;) and b;F; =0 (mod f;) for j # i.



70 2 Irreducible Polynomials

Set h =3 g;ib;F;. Then h = g;b; F; (mod f;) = ¢; (mod f;). The existence
of the required polynomial & is thereby proved.

The uniqueness of h follows from the fact that, if hy — g; and he — g; are
divisible by f;, then hy — ho is divisible by f1-...- fry = f. 0 O

The relation
(h(x))p = h(z) (mod f)
is equivalent to a system of linear equations over IF,,. Indeed, recall that degh <
deg f = n and let

h(x) =tg+tix+---+ tn_ll‘n_l.

Then
h(z)P = h(zP) = to + tha? + -+t 12?7,

We find the residue of each monomial 2P/, where j = 0,1,...,n — 1, after
division by f:

n—1
zP = Zqijxi (mod f).
i=0
As a result we obtain a system of linear equations:
n—1
th(h‘j:ti» izl, ...,n—l.
i=0

The dimension of the space of solutions of this system is equal to k, the number
of irreducible factors of f. Clearly, goo = 1 and ¢g;0 = 0 for ¢ > 0. Therefore

the system has a trivial solution tg = ¢, t; = -+ = t,—1 = 0. This solution
corresponds to the polynomial h of degree zero.
Let hy =1, ho, ..., hg be a basis in the space of solutions. If k = 1, then f

is irreducible. If £ > 1, let us find the greatest common divisors of polynomials
f(z) and ho(x) —a for all a € F,. As a result we obtain a collection of divisors
g1, ..., gs of f.If s <k, then, for each g;, we compute (g, h3(x) — a), and
so on, until we obtain all k divisors.

It is easy to verify that at the end we necessarily obtain all the & divisors.
Indeed, let f; and fo be distinct irreducible divisors of f. Consider a collection
(a1,az2,...,a), where a; # as. Then there is a corresponding polynomial h
for which

h(r) =a; (mod f1) and h(z) =ay (mod f5).

Therefore, for a certain basic polynomial h;, we should have h;(xz) = ay;
(mod f1) and h;(x) = ag; (mod f2), where a1; # ag;. Such a polynomial
distinguishes factors fi; and fs.

Remark. The efficiency of Berlekamp’s algorithm can be essentially en-
hanced by using the factorization algorithm due to Cantor and Zassen-
haus [Ca2]. Namely, instead of the polynomials h;(x) — a = h;(z) — ahi(z),
we take the polynomials
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H(z) =arhi(z) + - - + aphp(z),

where a1, ..., aj is a random collection of elements from F,, and then
compute the greatest common divisors of f and H®~1/2 —1_1If f is reducible

4
and p > 3, then with probability > 9 we immediately obtain a nontrivial

factorization.

2.5.2 Factorization with the help of Hensel’s lemma

On page 49 we gave Kronecker’s algorithm for factorizing a polynomial with
integer coefficients into irreducible factors, but this algorithm requires too
much computation. Much more effective algorithms are known. The triple-L
algorithm due to Lenstra—Lenstra—Lovasz which we discuss in the Appendix
(see p. 279) is of the greatest theoretical interest. In practice, however, it often
turns out to be slower than the factorization algorithm we describe now.

Let f be a polynomial with integer coefficients. If cont(f) # 1, then havin

divided f by cont(f) we get a polynomial with content 1. Let f = f"" ... f;'*
be a factorization of f over Z into irreducible factors. Then

fr=fmh g, where g€ Z[x].
Therefore, over Z, the greatest common divisor of f and f’ is equal to f}' 11,

e ,:”‘_1, the same as over Q. Therefore, over Z, we can also divide f by

(f, 1 ‘and obtain a polynomial without multiple roots. So in what follows we
will assume that cont(f) = 1 and polynomials f and f are relatively prime.
Since (f, f’) = 1, there exist polynomials u, v € Q[z] for which

uf +vf =1.

Hence there exist polynomials @, € Z[z] for which uf + Tf’ = n, where
n € N. If a prime p is relatively prime to n, then, over I, the greatest common
divisor of f and f’ is equal to 1. Let us consecutively calculate (f, f’) over
F, for p = 2,3,5,... until we get (f, f) = 1 and simultancously the highest
coefficient of f will be relatively prime to p. Fix this p in what follows.

Modulo p, the polynomial f has no multiple irreducible factors. Hence we
can apply Berlekamp’s algorithm and obtain a factorization f =afy ...  f
modulo p, where fi,..., fr € Z[x] are monic polynomials, a is the highest
coefficient of f and deg f = deg f1 + - - - + deg fi. Hensel’s lemma given below
enables us to construct a factorization of f modulo p™ starting from the above
factorization.

It suffices to consider the following situation:

f = fle (mOd pm)7 where f7 flaf2 € Z[l’], degf = degfl + denga
f1 is monic, the leading coefficient of f is relatively prime to p, and (%)
the polynomials fi; and fo are relatively prime modulo p.
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The last line implies that there exist polynomials u,v € Z[x] for which uf1 +
vfo =1 (mod p). If w/,v" are some other such polynomials, then v’ = u+w fo
(mod p) and v' = v—wf1 (mod p), where w € Z[z]. Therefore the conditions
degu < deg fa, degv < deg fi uniquely determine u and v modulo p.

Hensel’s continuation of the factorization f = fifo (mod p™) is a fac-
torization f = f,f, (mod p™*!), where the polynomials f, and f, sat-
isfy the same conditions as fi; and fo, and where f; = f; (mod p™) and
deg f; = deg fi.

Lemma. If m > 1, then, for any factorization f = fifs (mod p™) sat-
isfying the above condition (x), there exists Hensel’s extension f = f,f
(mod p™*1Y) for which the polynomials f, and fy are uniquely determined
modulo p™ 1.

Proof. We are looking for polynomials f;, f, € Z[z] such that
Tz:f’b"_pmg’w deg?z:degfl fOI‘Z:1,2,
£, is monic and the congruence f = f,f, (mod p™*!) holds, i.e.,

fifo+0™(g2f1 + g1f2) + " g1g2 = f  (mod p™ ).

Clearly, p™g192 = 0 (mod p™*1), and so we come to the congruence

g2fi +g1f2=d (mod p), (1)

where d = p~""(f — f1f2) € Z[z]. The solutions of (1) can be obtained in
terms of polynomials v and v for which uf; + vfy =1 (mod p). Namely,

g =dv+wf; (mod p)and g2 =du—wfe (mod p),

where w € Z[z] is an arbitrary polynomial. Since f, = fi + p™gi1, where f;
and f, are monic polynomials, it follows that deg g, < deg fi. Therefore, for
a given v, the polynomial g; is uniquely determined modulo p. In this case
the polynomial g5 is also uniquely determined modulo p. Hence f; and f, are
uniquely determined modulo p™+!. O

Remark. The process of deriving the polynomial factorization modulo
p™, where m is large, can be essentially speeded up if one raises factorizations
modulo ¢ to factorizations modulo gr, where r = (p, ¢). For details, see [Co3].

To obtain a factorization of f € Z[z] into irreducible factors, one can use
the following procedure (we assume that cont(f) = 1 and f has no multiple
roots). By means of Mignotte’s inequality (Theorem 4.2.6 on page 152) we
get an estimate M for the coefficients of the divisors of f whose degree does
not exceed %deg f- Next, we select m such that p™ > 2aM, where a > 0 is
the leading coefficient of f. Then, using Berlekamp’s algorithm and Hensel’s
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lemma, we factorize: f =a- f1-...- fr (mod p™), where f1,..., fi € Z[x] are
monic polynomials.

Let g(z) = aya! +--- € Z[z] be a divisor of f. Then az = a/a; € N, and,
modulo p, the polynomial asg is of the form a - f;, - ... fi,. The condition
p™ > 2aM shows that the polynomial asg is uniquely recovered from the
polynomial a- f1 ... fr (mod p™). Indeed, the coefficients of asg lie strictly

m m
mp and %, and hence they are uniquely recovered from their

between —

residues after division by p™.

2.6 Problems to Chapter 2

2.1 Let f €Z[x] be a polynomial with roots a, ..., a, and let M =max |a;].
1

Prove that, if f(x¢) is a prime for an integer x¢ such that |zg| > M + 1, then
f is irreducible.

2.2 Let p be a prime, and a a positive integer not divisible by p. Prove that
P — x — a is irreducible.

2.3 For a polynomial f € Z[z], let there be an integer n such that:

1
1) All the roots of f lie in the half-plane Rez < n — —.

2
2) f(n—1) £0.
3) f(n) is a prime.

Prove that f is irreducible.

2.4 [Kl] a) Let f(z) = foa™ + --- + fo € Z[z], where |fo| > 1. Further,
let {c1,...,c.} be the set of all divisors of |fy|. Let f assume prime values
P1y-..,Pn at n distinct integer points ai,...,a, such that |a;| > 2 and q;
does not divide ¢; =1, where ¢ = 1,...,n and j = 1,...,r. Prove that f is
irreducible.

b) Let ai,...,a,,r and s be integers such that |ag| > 2. Let the numbers
g=(—1)"ay-...-an + s and px = ray + s, where k = 1,...,n, be prime with

q = 1 not divisible by aj. Prove that the polynomial

f@y=(x—a) ...-(x—ap)+rx+s
is irreducible.
2.5 Let f(z) = 2™ + a;2™ ' + -+ + a,_12 + pa, be a polynomial with

n—1 .
integer coefficients and p a prime. Prove that if p > > |a,|" "' 7"|a,|, then f
i=0

is irreducible.
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2.6 Let aq,...,a, be distinct integers.
a) Prove that the polynomial (z—a1)(z—a2)-...-(x—ay,)—1 is irreducible.
b) Prove that the polynomial (x—aq)(z—as2)-...-(x—a,)+1 is irreducible
except for the following cases:

(z—a)z—a—2)+1=(z—a—1)%
(x—a)(x—a—1)($—a—2)(l‘—a—3)+1=((J:—a—l)(g;_a_Q)_l)z.

c) Prove that the polynomial (z — a1)?*(z — a2)? - ... (x —a,)? + 1 is
irreducible.

2.7 Prove that any polynomial with integer coeflicients can be represented
as the sum of two irreducible polynomials.

2.8 a) Let f(z) be a polynomial with integer coefficients assuming the value
+1 at more than three integer points. Prove that f(n) # —1 for any n € Z.

b) Let a,b € Z and let the polynomial ax?+bx+1 be irreducible. Let n > 7
and let aq, ..., a, be distinct integers; set p(z) = (x—a1)(x—az)-...-(r—ap).
Prove that the polynomial a(cp(x))2 + bp(x) + 1 is irreducible.

2.9 Let F(x1,...,2y) € Z[x1,...,2]; set f(z) = F(z,...,z). Prove that if
f is irreducible, then F' is also irreducible.

2.10 Let p > 3 be a prime and let n < 2p. Prove that the polynomial
%P 4 pa™ — 1 is irreducible.

2.11 Let p > 3 be a prime, a1 + -+ + a, = 2p and n < 2p. Prove that the
polynomial
R e o2 S S S S |

is irreducible.

2.12 Let f be an irreducible polynomial with integer coefficients, let D be its
discriminant and p a prime. Suppose that modulo p the polynomial f factors
into k irreducible factors. Prove that D®=1/2 = (—1)"=% (mod p).

2.7 Solutions of selected problems

2.1. Let f(z) = g(x)h(x), where g, h € Z[z] and degg > 1, degh > 1. Since
f(zg) = p is a prime, we may assume that g(zg) = £1 and h(zg) = £p. On
the other hand, the roots (31, ..., 0x of g are also roots of f, so that |5;| < M,

and therefore
|9(x0)| = |ac| H |0 — Bil,

where |ag| > 1 and |zo— ;] > |2o|—|B;] > (M+1)—M = 1. Hence |g(zo)| > 1:
a contradiction.
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2.2. Let 2P —x —a be reducible over Z. Then it is reducible as a polynomial
over Zy,. Thus, over Z,, we have

a? —x —a=g(x)h(x), where 1 < degg <p—1,
and the polynomial g is irreducible. If b € Zj,, then
glx=bh(z—-b)=(x—-bP —(r—-b)—a=2" -z —a.

Thus, the polynomial 2 — 2 — a is divisible by p polynomials g;(x) = g(z — 1),
where ¢ = 0,1,...,p — 1. As degg < p — 1, these polynomials are distinct
because

(x—i)f —(x—F =G —i)ka® 1., .

Therefore p = deg(aP? — x — a) > pdegg. It follows that degg = 1. But if a
is not divisible by p, the polynomial 2 — z — a has no roots in Z, because
b? — b =0 for any b € Z,.

2.3. Let f(z) = g(x)h(x), where g,h € Z[x] and degg > 1, degh > 1.
Since f(n) = p is prime, we may assume that g(n) = +1 and h(n) = +p.
On the other hand, if g(5;) = 0, then f(8;) =0, and so Re3; < n — %, ie.,
Re(n — % — ﬂz) > 0. This means that

1
n—§—ﬁi+t for t > 0,

1
- - — z_t
n 5 16} ‘<

and so ‘g(n — % — t)‘ < ’g(n — % —|—t)‘. The condition f(n — 1) # 0 implies
that |g(n — 1)| > 1. Therefore

|g(n)|:’g(n—%+%)’> ’g(n—%—%)’:’g(n—lﬂ > 1.

This is a contradiction.

2.4. a) Let f = f1f2, where f1, fa € Z[x]. Let f1(0) = by and f2(0) = ¢;.
For definiteness sake, let us assume that |by| < |eq].

Case I: |b1| = 1. In this case |c1| = |fo| > 1. The conditions f(ax) = px,
where py is a prime, implies that either

fi(ag) = £p and fa(a) = £1 (1)

or
filax) = £1 and fo(ak) = £px. (2)

First, suppose that fo(ar) = £1. Then fa(ag) — f2(0) = —(c1 £1).
On the other hand, fs(ay)— f2(0) is divisible by ag. This is a contradiction.
It remains to assume that fi(ax) = £1 = +by = +f1(0). If fi(ar) =
—f1(0), then fi(ar)— f1(0) = 2f1(ar) = £2. On the other hand, fi(ax)— f1(0)
is divisible by ay, and so |ax| < 2 which contradicts our assumption.
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Thus fi(ax) = fi(ag) = by for k = 1,...,n. Since deg f1 < n, we deduce
that f1(z) = by for all .

Case 2: |by] > 1. In this case b; and ¢; are on equal footing since
le1] > |b1| > 1. Let, for definiteness sake, fi(ar) = £pr and fo(ar) = £1.
Then fa(ar) — f2(0) = —(c1 £ 1) is divisible by aj, which contradicts to the
assumption.

b) Obviously follows from a).

2.5. As in the proof of Theorem 2.2.7, we deduce that the product of
absolute values of the roots of one of the polynomials g and h does not exceed
|ar|. To obtain a contradiction, it suffices to show that for any root a of f we
have |a| > |a,|. Suppose that f(a) =0 and |a| < |a,|. Then

n—1
[pan] = o + @10 4+ anora] < fanl 3 laal" il < plasl,
i=0

which is impossible.
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Polynomials of a Particular Form

3.1 Symmetric polynomials

3.1.1 Examples of symmetric polynomials

A polynomial f(z1,...,z,) is called symmetric if, for any permutation o € Sy,
we have

f(xa(l)a s 7370'(71)) = f(xla s ,an)~

The main examples of symmetric polynomials are the elementary symmet-
ric polynomials

O'k(xl,~-~’-rn): Z Tijy *vve s LTy

11 <o <lip

where 1 < k < n. It is convenient to set o9 = 1 and oy (z1,...,z,) = 0 for
k> n.

One can determine elementary symmetric polynomials with the help of
the generating function

n

o(t) = onth =[]+ tay).
k=0

i=1

If 21, ..., =z, are the roots of the polynomial 2" + a12" ' + --- + ay,
then
op(z1,...,xy) = (—1)kak.

Another example of symmetric polynomials is given by the complete ho-
mogeneous symmetric polynomials

pr(x1, ... ) = E e
i1+ tin=k
Their generating function is of the form

V.V. Prasolov, Polynomials, Algorithms and Computation in Mathematics 11, 77
DOI 10.1007/978-3-642-03980-5_3, © Springer-Verlag Berlin Heidelberg 2010
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pt) =t =[]
k=0 ‘

i=1

An important example of symmetric polynomials is given by the sums of
powers

Sk(xlw"vxn) :l'lf—i--i-l'ﬁ
Their generating function is of the form

n

oo
_ Z;
=Yt =Y
k=0 v

i=1

Sometimes one uses monomial symmetric polynomials:

: . = i1 e in
My .. iy (xlv cee axn) = g Zo(1) Lo(n):
ocES,

The generating functions o(t) and p(t) are related by the equation

o(Hp(—t)= 1.
Equating the coefficients of t"*, where n > 1, on the two sides here, we obtain

n

Z(_l)rarpn—r =0. (3.1)

r=0

The generating function s(¢) is expressed in terms of p(t) and o(t) as
follows:

s(t) = G na(0) = 2 e sep(t) = /0
s(—t) = — = no(t) = —‘:((f)), e, s(—t)o(t) = —o'(8)

Equating the coefficients of t**! on the two sides we obtain

Npn = Z SrPn—r, (32)
r=1

n

no, = Z(—l)“ls,«an,r. (3.3)

r=1

Relations (3.3) are called Newton’s formulas.
Let us make more explicit the relations (3.1) for n =1, ..., k. With oy,
.., o} regarded as fixed, these relations can be considered as a system of
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linear equations for py, ..., pg and similarly, with p1, ..., pg fixed, as a
system of linear equations for o1, ..., oj. Solving these systems we find that
pp 1 0 ...0 oo 1 0 ...0
D2 P1 1 ... 0 g9 g1 1 ... 0
oR=| i ol Pe= :
DPk—1 Pk—2 DPk—3 --- 1 Ok—10k—2 O3 ... 1
Pk Pk—1Pk—2 ... D1 Ok Ok—10k—2 ... 01

Similarly, from (3.2) we obtain

s -1 0 ... 0
po 1 0 ... 0 s; s1 =2 ... 0
2p2 P1 1 ... 0 1
sp = (=1)F 1| . Lo PEE o : : :
k;;m pk.—1 pk'—z ]7.1 Sk Sk—2 Sk=3 ..~k 41
Sk Sk—1 Sk—2 ... S1
From (3.3) we deduce that
o 1 0 ... 0 il 81 g 8
209 o1 1 ... 0 .
SE=0 oo R T
kak Jk',1 Jk',g ... 01 Sk—1 Sk—2 Sk—3 ... k=1
Sk Sk—1 Sk—2 - .. S1

3.1.2 Main theorem on symmetric polynomials

The elementary symmetric polynomials are algebraically independent and
form a basis of the ring of symmetric polynomials. A more precise formu-
lation of this statement is as follows.

Theorem 3.1.1. Let f(x1,...,x,) be a symmetric polynomial. Then there
exists a polynomial g(y1, ..., yn) such that f(x1,...,x,) = g(o1,...,04,). This
polynomial g is unique.

Proof. Tt suffices to consider the case where f is a homogeneous polyno-

mial (a form). We will say that the order of a monomial xi\l -o--.xn is greater
than that of 4" - ... af» if

Alzlj,l, Ceey Ak:/,l,k and Ak+1>/1/k+1-
(Here k = 0 is possible.) Let az}' - ... -z} be the highest order monomial of

f- Then A\; > -+ > \,. Consider the symmetric polynomial

fi=f—aot g2 o, (1)
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The highest order term of the monomial o712 ... .. onn is equal to
xi‘l_M (xlxg)’\zf/\?’ N ¢ AR xn)’\” = xi‘l ~x§‘2 S ~xf‘l”.

Hence the order of the highest order monomial of f; is strictly lower than that
of the highest order monomial of f.

Let us apply the operation (1) to f1, and so on. Clearly, after finitely many
such operations we obtain the zero polynomial.

Let us prove now the uniqueness of the representation f(x1,...,2,) =
g(o1,...,0n). It suffices to verify that if

915 Yn) = D i Y
is a nonzero polynomial, then after the substitution
Y1=01 =21+ +Tp, ..., Yp=0p=2=2T1 " " Tp

this polynomial remains nonzero. Let us confine ourselves to the highest order

monomials of the form

R T i
@iy i T1 x5 I N

obtained after the substitution. It is clear that the highest among these mono-
mials cannot cancel with any other monomial. O

It is obvious from the proof of Theorem 3.1.1 that, if f(x1,...,2,)
is a symmetric polynomial with integer coefficients, then f(z1,...,2z,) =
g(o1,...,0n), where the coefficients of g are also integers. The determinant
formula for oy, in terms of p1, ..., pg indicates that for complete homogeneous
polynomials an analogous statement also holds.

As to sums of powers, an expression of the form f(z1,...,2,) = g(s1,...,$n)
also exists but the coefficients of g are not integers now. For example,

P Cl v2)? — (2 +a3) _ si— s

2 2

The main theorem on symmetric polynomials implies that, if z1, ..., z,
are the roots of the polynomial

fla)=a"+aa" "+ +an,

then the quantity

D= H(CL’Z - xj)Q,

i<j
which represents a symmetric polynomial in x1, ..., x,, can be polynomially
expressed in terms of a1, ..., a,. This quantity is called the discriminant of f.
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A polynomial f(x1,...,z,) is called skew-symmetric if

i.e., under transposition of any two of its indeterminates z; and x; it changes

its sign. The polynomial A = [] (z; — x;) is an example of a skew-symmetric
z<j
polynomial. Clearly, A? =

Theorem 3.1.2. Any skew-symmetric polynomial f(x1,...,z,) can be repre-
sented in the form
Az, ..y xn)g(@r, ..., Tn),

where g is a symmetric polynomial.

Proof. 1t suffices to verify that f is divisible by A. Indeed, if % is a
polynomial, then, for obvious reasons, this polynomial is symmetric. Let us
show, for example, that f is divisible by z; — x2. We make the change of
variables ©1 = u + v, 9 = u — v. As a result we obtain

flxr, o, 2, ... xy) = f1(u,v,23,...,2,).

If 21 = x9, then v = 0 and so f1(0,v,x3,...,2,) = 0. This means that f;
is divisible by u, i.e., f is divisible by x1 — z2. We similarly prove that f is
divisible by x; — z; for all i < j. O

The equality A%2 = D shows that the representation f = Ag is not unique.

3.1.3 Muirhead’s inequalities

Let A = (A1,..., A\n) be a partition, i.e., an ordered set of non-negative integers
Al > A2 > oo >N, > 0. Set [A] = A+ + N\ We say that A > p if
Mt -+ >+ Fpupgfork=1,2,....n

To every partition A one can assign a homogeneous symmetric polynomial

0 >\0"IL
My(z1, ..., ) |Z Wz ™, (1)

€S,
Clearly, deg My = |)|.
Ezample 1. It A= (1,...,1), then My (x1,...,2,) =21 ... Tp.
Indeed, the sum (1) in this case consists of n! summands z7 - ... - x,.

Ezample 2. If X = (n,0,...,0), then Mx(z1,...,z,) = L(a7 + ...+ 27).
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Indeed, the sum (1) consists in this case of (n —1)! summands z7, (n — 1)!
summands z4, and so on.
For positive 1, ..., x,, the inequality
xn + N + xn
it S e 4 > @y ... X
n
holds (this is the well-known inequality between the arithmetic and geometric
means). The following statement is a generalization of this inequality.

Theorem 3.1.3 (Muirhead, [Mul]). The inequality
M(2) = My(x) (2)

holds for all vectors © = (x1,...,x,) with positive coordinates x1,...,x, if
and only if |\| = |p| and X > u. The equality is only attained if X\ = p and
Tl =+ =Ty.

Proof. Suppose first that (2) holds for all > 0. Let 1 = --- =2, = a
and x4 = --- =2, = 1. Then
A1+ AR
1< lim MA@ @

a—oo Mu(l‘) a—oo g1t ta

Therefore Ay + -+ X\ > pg + -+ - + .
Now take k =mn and z; = --- = x,, = a. Then

My(z) aMt i

M#(x) - aul+"'+/1/k ’

For a > 1, we deduce, as earlier, that |[\| > |u| whereas, for 0 < a < 1, we
obtain |A| < |ul.

The proof of the statement in the opposite direction is more complicated.
It makes use of the following transformation R;;. Let p; > p; > 0, where
i < j.Set Riju = p', where pj = p; + 1, py = pj — 1 and pj, = py, for k # i, 5.
It is easy to verify that u/ > p and |p/| = |pl.

Lemma 1. If A = R, then My(z) > M, (x) and the equality is only
obtained if xv1 = -+ = x, (we assume that the numbers x1,...,x, are posi-
tive.)

Proof. For every pair of indices p and ¢ such that 1 < p < ¢ < n, the
difference My(x) — M, (x) contains a summand of the form
A- (3:;‘ xg‘j + xf]‘i x;‘-f — b — it (3)
where A is a positive number.
To make the presentation more readable, we write x, = a, x4, = b, 1; = a,
w; = 3. Recall that \; = a+1, \; = f—1 and o > 5. Expression (3) divided
by A is equal to
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a® TP 4 P 1pot — 2P — P =

(ab)ﬁ_l(a - b)(aaﬂ_ﬂ - b°‘+1_ﬁ) >0,

where the equality is only possible when a = b. Thus My(z) — M,(z) > 0
and, if among the numbers z1, ..., x, there are at least two distinct ones,
then the inequality is strict. O

Lemma 2. If A > p and [N = |p| but X # u, then X can be obtained
from p after a finite number of transformations R;;.

Proof. Let i be the least index for which A; # pu;. Then the condition
A > pimplies that A; > p;. The equality |A| = |p| means that > (A —pux) = 0,
and so A\; < p; for some j. Clearly, ¢ < j and p; > 0. Hence we can apply R;;
to p. As a result, we obtain a sequence v in which v; = p; + 1, v; = pj — 1,
and v, = py for k # i,j. Taking into account that A\; > p; and A\; < p; we
obtain
(Ai =il = [N — vl + 1, A = =X -yl + 1

>k = vl =) 1w — | - 2,

i.e., using R;; we have diminished ) |Ax — px| by 2. Therefore, using a certain
number of transformations R;;, we can reduce ) |A\x — p| to zero. O

Therefore

Lemmas 1 and 2 obviously imply Muirhead’s inequality. O

3.1.4 The Schur functions

Consider the infinite matrix

PopP1 P2 ---
0 popr...
P=100p...|>
where p; = p;(z1,...,x,), is the complete homogeneous polynomial of degree

n. The (7, j)th element of the matrix P is equal to p;_;. The Schur function
or S-function corresponding to a partition A is the minor of P formed by the
first n rows 0,1, ..., n—1and columns \,,, \,_1+1, ..., Ay +n—1. This
symmetric function in 1, ..., x, is denoted by sy. The function sy can be
expressed as a determinant as follows:

Sx = [PAusa+i—ilT = [Pa+i—57-

Considering transposed matrix we get sx = |px,+j—il7-
The skew Schur function sy, corresponding to a pair of partitions A and
1 is the minor of the matrix P formed by the rows with numbers p,,, ptn—1+1,



84 3 Polynomials of a Particular Form

.., p1+n—1and the columns with numbers A\,,, A\p—1+1, ..., \i+n—1.
Clearly, sy = sx,0. A partition p is called a subpartition of A if A\; > p; for
1 =1,...,n. One can prove that, if i is not a subpartition of A, then sy , = 0.

The Schur functions were introduced by Jacobi long before Schur as quo-
tients of skew-symmetric functions of a certain type. Let a = (a1, ..., ;) be
a partition and a, the anti-symmetrization of the monomial x* - ... z®",
ie.,

a0 = 3 (-1 (),
w€ESy

where (—1)% is the sign of the permutation w and w(z%) = .rg%l) o mg’(n). It

is easy to verify that the polynomial a,(z1, ..., z,) is equal to the determinant
|x?j |T'; in particular, this polynomial is skew-symmetric. Hence, if o; = ;41
for some 7, then a, = 0. Thus, we may assume that o = \ 4§, where

d=(n—-1,n-2,...,1,0).

Theorem 3.1.4 (Jacobi-Trudi identity). Let§ = (n—1,...,1,0). Then

Xj+n—j
S A|n:\¢’ r
as ) ) i+i—il1 ‘lefj HL
Proof. Let o = (a1, ..., ay) be a partition. Consider the matrices

Aa=25 7, Ha=lpai-n+sl7 and M = [[(=1)"on—i(@;)]]},

where Z; = (21,...,%j-1,%j41,...,%s). Let us show that these three matrices
are related by the formula
H, M= A,. (1)
Let )
oD (t) =Y on@th = [+ aut)

k=0 I#£5

and - .
p(t) = Zpktk = H(l — )"

k=0 1=1

Then

p()oD) (—1) = (1 —a;t) ",

By comparing the coefficients of t% on both sides of this equality we deduce
that

n
Zpai—n-&-l(_l)nilan—l (i‘\]) = x?i .
=1

This is precisely the relation (1) required.
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Relation (1) implies, in particular, that
det H, det M = det A,. (2)

To compute det M, we set a = 6 = (n — 1,...,1,0). In this case the matrix
H, is of the form ||p;—;||?. This matrix is triangular with elements py = 1
on the main diagonal. Hence det Hs = 1, and therefore det M = det A5 = ag.

But since det H, = s4—s, it follows that for a = A 4+ ¢ equation (2) takes the
ax+5
.0
ag

form syas = axts, i€, sy =

3.2 Integer-valued polynomials

3.2.1 A basis in the space of integer-valued polynomials

The polynomial p(z) is called integer-valued if it assumes only integer values
for all integers x.
By induction on k one can prove that the polynomial

(ﬁ zo(@—1)...-(z—k+1)

k)~ k!
is integer-valued. Indeed, for k = 1, this is obvious. Suppose that (ﬁ) is an
integer-valued polynomial. It is easy to verify that

z+1 x [z
k+1 k+1) \k)
Hence, for all integers m and n, the difference (,"';) — (,%/;) is an integer. It
remains to observe that (k_?_l) = 0 for any k.
In a sense, the integer-valued polynomials are exhausted by the polynomi-

als (7). Moreover, the requirement that p(n) € Z for all n € Z for p(z) to be
integer-valued can be considerably weakened, as we now prove.

Theorem 3.2.1. Let pi be a polynomial of degree k assuming integer values

atx=n,n+1, ..., n+k for an integer n. Then
x x x
pk($)260<k> +Cl<k_1> +02<k—2> + -+,
where cg,c1, ..., ¢, are integers.

Proof. The polynomials

N_y (N, (f\_2_=z Ty 2t
o) )™ o) "2 2 0 k)T W
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form a basis in the space of polynomials of degree not greater than k, and

ence
p (QL') =C * +C . + +C

where cg,cq,...,c, are some numbers. It only remains to prove that these
numbers are integers.

We use induction on k. For k = 0, the polynomial pg(z) = ¢o assumes an
integer value at * = n for any n, and so ¢y is an integer. Suppose now the
required statement is true for all polynomials of degree not greater than k.
Let the polynomial

T

Pr+1(T) = co (k +1

>+"'+Ck+1

take integer values at x =n, n+1, ..., n+ k+ 1. Then the polynomial

x x
Apr+1(z) = prra (@ +1) = prya(z) = o (k) +a (k N 1) +o e

takes integer values at x =n, n+1, ..., n+ k. Therefore cg,cq,...,c are
integers, and hence so is

n n n
Cht1 =pk+1(n)—00<k+1> —C1<k> _"'_Clc(1>~ 0

Theorem 3.2.2. Let R(x) be a rational function which takes integer values
at all integer x. Then R(x) is an integer-valued polynomial.

f(x)

Proof. We write R(z) = 7@) where f and g are polynomials. Having
g(x

divided f by g with a residue, we see that
R(x) = pr(x) + r(2),

where py is a polynomial of degree k and r(z) — 0 as © — oo. Therefore, for
large values of n, the values of pg(n) differ but slightly from integers. Let us
show that pg(x) is an integer-valued polynomial. This is done almost by the
same arguments as used for the proof of Theorem 3.2.1.

Let us express py(x) in the form

pr() :Co(:]z> + o+ k.

For k = 0, the number ¢y is arbitrarily close to an integer, and hence ¢y € Z.
The polynomial

T

k_1>+"'+6k1

Api(@) = prle +1) — pr(e) = (
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also assumes almost integer values at large integer x and its degree is equal
to k — 1. Applying the induction hypothesis to it, we see that cg,c1, ..., cr_1
are integers. It is also clear that the number

ck = pr(n) — co (Z) ey (?)

is also an integer. It remains to prove that r(z) = 0. As we already know
r(n) € Z for n € Z and r(n) — 0 as n — oo. Therefore r(n) = 0 for all
sufficiently large integer n. But any rational function with infinitely many
zeros is identically zero. O

Corollary. Let f(x) and g(x) be polynomials with integer coefficients and
let f(n) be divisible by g(n) at all integer n. Then

() = (kfjk (z)) o(@),

where cq, ...,y are integers.

Pélya [Pol] has shown that if an entire analytic function f(z) assumes
integer values at all integer or positive integer values of z and grows not
too quickly, then f(z) is an integer-valued polynomial. More precisely, the
following statements hold:

1) If f(N) € N and |f(2)] < CeF#l where k < In2, then f is an integer-
valued polynomial (for a proof of this statement, see [Ge2]).

2) If f(Z) C Z and |f(2)| < Ce¥#l where k < In (3+2_\/g>, then f is an

integer-valued polynomial.
The examples of functions 2% and \/Lg <<3+2‘/5> — <%§ ) ) show that

both estimates are the best possible.

3.2.2 Integer-valued polynomials in several variables

The structure of the basis for the space of integer-valued polynomials in n
variables is similar to the one-variable case.

Theorem 3.2.3 ([Os2]). The polynomial pg,.. a,(T1,...,2n) of degree d;

with respect to x; assumes integer values at ©1 = a1, a1 + 1, ..., a1 + dy,
ey Ty =G, Gn + 1, ..., an +dy if and only if

€1 €T
pdlu~dn (1}1, e ,.’En) - ZC’CIH'k” (k1> o <k':>7
where ¢, .

k, are integers. In particular, such a polynomial assumes integer
values at all integer points (x1,...,%y,).
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Proof. Let us consider the case n = 2 since the general case is similar. For
afixed 1 € {ay,...,a1+d1}, the polynomial pg, 4, (21, 22) takes integer values
at xo = ag, ..., as + ds. Therefore, by Theorem 3.2.1 for 1 = aq,...,a1 + dy,
we have the identity

do
pantona) = Y e (1), m

ko=0

where ¢k, (a1), . .., cx, (a1 +dy) are integers. If we now consider (1) as a relation
for polynomials in variables x; and x4, then it is clear that ¢y, (z1) is a uniquely
determined polynomial. As we have already shown, this polynomial (of degree
not greater than d;) assumes integer values at 1 = a1,...,a1 + di, as was
required. O

3.2.3 The g-analogue of integer-valued polynomials

Gauss’s binomial coefficient, or the g-binomial coefficient, is

[n} _ @ =D =D (M )
klq (" =1(¢F 1t =1)-...-(¢g—1)

In the limit as ¢ — 1 Gauss’s binomial coefficient becomes the usual bino-
mial coefficient (Z) The Gauss binomial coefficient is one of the numerous

g-analogues of elementary and special functions, see, e.g., [Ki] and [Ga3].
A g-analogue of the identity ("'};1) =)+ (") is

[nzl]q: [ZLJF [kquqn_kH’ (1)

To prove (1), it suffices to observe that after simplification this identity be-
comes

qn+1 -1 1 qn—k—i-l

(F — D)@ F1-1) ¢ —1 - g 1
In what follows we will assume that g, n and k are integers such that ¢ > 2
and 1 < k < n. In this case induction on n based on formula (1) shows that

[Z]q is an integer.

Now consider polynomials fy, f1, fo, ..., where
@ DE =) (= gh Y
fo=1and fy(z) = ¢ Fk-12 for k>1. (2
: 1 G D@D @1 .
It is easy to verify that
fel@)=0 for n=0,1, ..., k—1 and fi(¢") =1. (3)

Moreover, fi(¢") = [Z]q for n > k. In particular, for any positive integer n,
the number fi(¢™) is an integer.
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Theorem 3.2.4. The polynomial pr(xz) of degree k assumes integer values at
r=1,q,¢%...,4¢" if and only if

Pe() = crfr(@) + ek fe1(2) +-- - + e fi(@) + co, (4)

where cg, c1,. .., c are integers and the f; are defined by formula (2). In par-
ticular, such a polynomial assumes integer values at all x = ¢ (n € N).

Proof. The polynomials fo, f1,..., fr form a basis of the linear space
of the polynomials of degree not greater than k, and so (4) holds for some
€, C1y ..., ¢ € C. It remains to verify that co,...,c, € Z. Formulas (3) show
that

pr(1) = co,
pr(q) = c1 + co,
pr(q®) = e2 + e1f1(g?) + co,

pe(d") = ek + et fo—1(d") + - + 1 fi(d") + co.
Therefore we obtain recursively
WEl—C€El— - -—c, €7Z.0

Lastly, observe that if an entire analytic function assumes integer values
at points 1,q,q?,... and grows not too quickly, then this function is a poly-
nomial. For a precise formulation and proof of this statement, see [Ge2].

3.3 The cyclotomic polynomials

3.3.1 Main properties of the cyclotomic polynomials

The polynomial

@ (z) = [ (= =),
where €1,...,€,(,) are the primitive n-th roots of unity, is called the cyclo-
tomic polynomial of degree n. For example,

Oi(x)=a—1, Po(x)=a+1, P3(x)=a>+x+1, &4(zx)=2"+1.

If n > 2, then 41 are not primitive roots of unity of degree n. In this case
the primitive roots split into pairs of complex conjugate numbers. Therefore,
for n > 2, the degree of @,, is even.

We deduce directly from the definition of the cyclotomic polynomial that

H@d(x) =z" —1.
d|n



90 3 Polynomials of a Particular Form
Theorem 3.3.1. Let n > 1 be odd. Then
Doy () = Py (—x).
Proof. If €1,...,,(,) are all the primitive roots of degree n, then

&1y ..y —Ew(n)

are all the primitive roots of degree 2n. Indeed, for n odd, we have ¢(2n) =
©(n). Therefore the number of primitive n-th roots of unity is equal to the
number of primitive 2n-th roots of unity. It remains to prove that if € is a
primitive n-th root of unity, then —e is a primitive 2n-th root of unity. If
0 < k < n, then ¥ # —1. Indeed, if €¥ = —1, then 2 = 1 and £2"~2F = 1,
but either 2k < n or 2n — 2k < n. Thus, if 0 < k < n, then (—¢)* # 1 and
(—e)mHh = —(—e)k £ 1.

Therefore
(pn(_x) = (—LE — 51) s (_515 - 5<p(n))7
Don(z) = (T +e1) .. (T +Epm))-

It remains to recall that the degree of @,, is even. O

3.3.2 The Mobius inversion formula

The relation

H!ﬁd(l‘) =z" -1
d|

enables us to express @, (z) in terms of 2% — 1, where d runs over the set of
divisors of n. To this end, we have a rather general construction based on the
Moébius function

1 ifn=1;
p(n) = (=1)F if n=pi---pi;
0 if n = p?m,
where p, p1, ..., pr are primes.

Theorem 3.3.2 (M&bius). If F(n) =5 f(d), then

d|n
fm) =Y pdF(Z) =Y u (%) Fld).
d|n d|n

Proof. Let us verify first that > u(d) =0 for alln > 1. Let n = p{* -.. .-
d|n
py*. Then

dzgu(d)= S ) =1- (i;)+(§>+...+(_1)k:(1_1)k:0'

dlp1-pr
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Clearly,
Yo Flau®)= Y fldu®d)=> | fdi) Y ub)
ab=n didab=n di|n dob=n/d;y

Let m = E. Then
dy

1 ifn=dy;
> u(b)=2u(b)={0 £t dy

dab=m blm
Hence
D) D ud) | =rfn).0
di|n dab=n/dy
Corollary. If F(n) = (g{ f(d), then
f(n) = g F (%)Md) = EF(d)“("/d).

For cyclotomic polynomials, the Mobius inversion formula yields

B, (x) = [ — 1)/,

d|n
Theorem 3.3.3. The coefficients of @,,(x) are integers.

Proof. In the product Hd‘n(xd — 1)#"/4) et us group the factors with

1 = 1 and, separately, the factors with © = —1. As a result, we see that
P
b, (z) = %, where P and ) are monic polynomials with integer coeffi-
T

cients. The algorithm of polynomial division shows that @,, is a polynomial
with rational coefficients. Therefore there exists an integer m such that m®,,
has integer coefficients and the greatest common divisor of these coefficients is
equal to 1. By Gauss’s lemma the greatest common divisor of the coefficients
of mP = (m®,,)Q is equal to the product of the greatest common divisors of
the coefficients of m®,, and @, i.e., is equal to 1.

On the other hand, the greatest common divisor of the coefficients of mP
is equal to m. Therefore m = +1, i.e., the coeflicients of @,, are integers. O

3.3.3 Irreducibility of cyclotomic polynomials

In the preceding subsection we have shown that the coefficients of ®,,(x) are
integers.
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Theorem 3.3.4. The polynomial ®,, is irreducible over Z.

Proof. Suppose that &,, = fg, where f and g are polynomials with integer
coefficients. Let £ be a root of @,,. We may assume that f(¢) = 0 and f is
irreducible. Let p be a prime relatively prime to n. Then P is a root of @,,.
We want to prove that P is a root of f. Suppose that P is not a root of f.
Then we may assume that @, = fgh, where f and g are irreducible monic
polynomials, f(g) = 0 and g(e?) = 0.

The polynomial " —1 and the irreducible polynomial f(z) have a common
root &, and hence ™ — 1 is divisible by f(z). Similarly, 2™ — 1 is divisible by
g(z). Since f and g are relatively prime, it follows that =™ — 1 is divisible
by their product. Therefore the discriminant D of 2™ — 1 is divisible by the
resultant R(f, g), cf. Theorem 1.3.4 on page 24.

It is easy to verify that D = +n™ (see Example 1.3.7 on page 25). To get
a contradiction, it suffices to show that R(f,g) is divisible by p. We require
the following lemma.

Lemma. If p is a prime and f(x) is a polynomial with integer coeffi-
cients, then (f(x))p = f(2P) (mod p).

Proof. Let f(x) = apx™ + -+ + a1 + ag. Then

@)= Y e )

Ko! -
kot thn=p °

The number ﬁ is not divisible by p only if one of the numbers kg, ..., ky,

is equal to p. Hence
(/)" = (ana)? ++ -+ (a0)? (mod p).
Since a? = a (mod p) for all a, we get the statement desired. O

Returning to the main proof, we let y; = &P, ya, ..., yi be the roots of
g. By the Lemma, f(eP) = (f(s))p =0 (mod p), i.e., f(y1) = p¥(y1), where
1 is a polynomial with integer coefficients. The polynomial f — py and the
irreducible polynomial g have a common root y;. Hence f — pt is divisible by
g, and therefore f(y;) — pw(y;) = 0 for all i. Therefore

R(f.9)=£f(1) . flye) = £p"(y1) - ... - b(yw).

The expression ©¥(y1) - ... ¥(yx) is a symmetric polynomial with integer co-
efficients in the roots of g. Therefore this expression is an integer, i.e., R(f, g)
is divisible by p*.

Thus, if @, is divisible by the irreducible polynomial f and e is a root
of f, then, for any prime p relatively prime to n, the number P is also a
root of f. Now it is easy to demonstrate that all the roots of @,, are also the
roots of f, i.e., f = +&,. Indeed, any root w of &, is of the form ™, where
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(m,n) = 1. Let us represent m in the form m = p; - ... ps, where p1, ..., ps
are primes among which some may coincide. The condition (m,n) = 1 implies
that (p;,n) = 1 for all i. Therefore P, ePP2 ... £P1""Ps = are the roots of
f.O

3.3.4 The expression for ¢,,, in terms of &,

In many cases the cyclotomic polynomial @,,,(x) can be expressed in terms
of @,,(x). We confine ourselves to the case when m = p is a prime.

Theorem 3.3.5. Let p be a prime. Then

o) in((x’;)) if (n,p) = p;
pr @T;(x) if (n,p) = 1.

Proof. First, consider the case where n is divisible by p. If ¢ is a primitive
root of degree pn, then w = €P is a primitive root of degree n. To the root

w, the roots e1,...,&, correspond so that (x —e1) ... - (x —¢p) = 2P — w.
Therefore
Bpole) = [Je — ) = [] (@ ~ ) = 2a(a?).
€ w=¢P

Now consider the case where n is not divisible by p. In this case the divisors
of pn consist of the divisors of n and their products by p. Hence

By () = H (24 — 1)nrn/d) — H(xd — 1)nlpn/d) H(xdp — 1)Hln/d),

d|pn d|n d|n

Since p (%) =—pu (%), it follows that

(zd — 1)utn/d) @, () H

xdr _ 1)p(n/d) (2P
0n(o) =[] Sy = )

d|n

Using Theorem 3.3.5 we can compute @, (+1). Let us start with @, (1). If
n is divisible by p, then by Theorem 3.3.5 @,,(1) = &,,/,(1). Therefore, if n =
piteoopptand m=py ... pg, then @, (1) = &,,(1). It remains to compute
D, (1). If m = p is a prime, then &,(1) =p. If m =py - ... pg, where k > 1,
1)
Cn(1)

we set p=p; and n = o By Theorem 3.3.5 we have &,,(1) =
p
Thus, if n > 1,

o, (1) =17 if n = p*;
1 ifn £ pt

Now let us compute @,,(—1). The following cases are possible:
1) n > 1is odd. Then @, (—1) = P3,(1) = 1.
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-1
2) n = 2F. Then &, (z) = 7]:/2 1= (z™/? +1). Hence &, (—1) = 0 for
xn J—

n=2and ®,(—1) =2 for n = 2 where k > 1.

3) n = 2m, where m > 1 is odd. In this case ®,,(—1) = @,,,(1). Therefore
®,(—1) =pif m =p* and &,,(—1) = p if m has more than one prime divisor.
4) n = 2Pm, where k > 1 and m > 1 is odd. Let m = p§* - ---- pit. Then
(z) = ®o,. (%), where 7 =p1 -...-py and s = 2= 1p =1 . p® 1 Hence

P,
By (~1) = Bop (1) = 1.

3.3.5 The discriminant of a cyclotomic polynomial

Let us represent the cyclotomic polynomial @,,(z) in the form
&, (x) = H(xd _ 1)#(n/d) = (2" = 1) H (xd _ 1)/1.(n/d).
d|n d|n,d#n
If € is a root of &,,, then
P! (e) = ne" H (e — 1)Hn/d),
d|n, d#n

Therefore the absolute value of the discriminant of @,, is

H|45;l(€)’ — nen) H H I1— €d|#(n/d)_
€

d|n,d#n €

n
Clearly, €? is a primitive root of degree T

H (1- 6d) _ (Qn/d(l))w(n)ﬂp(n/d)’

€

i.e.,

deg &, - ‘P(n)
sy

The value of @,,/4(x) at = 1 can be distinct from 1 only if % =p*. On

since

the other hand, pu (g) # 0 only if % is not divisible by the square of a prime.

n
Hence there remain only the values of d for which 7l is a prime. Thus,

It remains to determine the sign of the discriminant of @,. To this end,
we use the fact that @,, has no real roots and its degree is equal to p(n). By

Theorem 1.3.5 on page 24 the sign of a discriminant should then be equal to
(_1)so(n)/ 2.
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3.3.6 The resultant of a pair of cyclotomic polynomials
We begin by calculating the resultant R(®,,, 2™ — 1). The polynomial 2™ — 1
is divisible by @1 = x — 1, and hence R(®q,2™ — 1) =0.
Let n > 2. Let d = (n,m) and n; = g Let &1,&,... be nth primitive

roots of unity, and let 11,72, ... be nith primitive roots of unity. Then

R(@y,a™ —1) = [1(€" = 1) =11 - &) =
= (H(l — 771))90(”)/4/’("1) _ (@nl (1))90(”)/4.0(711)

If ny =1, i.e., if m is divisible by n, then @, (1) = 0, and hence
R(Pp, 2™ —1) =0.

If ny # 1, then &, (1) = p for n; = p* and &, (1) =1 for n; # p*.
Passing to the calculation of R(®,,,®,,), we observe that it is an integer
that divides both R(®,, 2™ — 1) and R(Py,, 2™ — 1). Indeed,

a™ =1 = & (2) f(2),
where f(z) is a polynomial with integer coefficients, and so
R(®Pp, 2™ — 1) = R(Py,, P f) = R(Pp, @) R(Py, f).
Further, if n > m > 1, then
R(®p, &) = (-1)PMMIR(D,,, &) = R(Py, )

and R(®,,,P,) > 0. The latter inequality can be proved, for example, as
follows. Clearly,

0# R(®p, 2™ — 1) = [ [ R(®n, a),

dlm

and hence
R(®p, &) = [[ R(®n, 2" — 1)/ D > 0.
dlm
If m is not divisible by n and n is not divisible by m, then the numbers
m n . . .
— and —, where d = (m,n), are distinct from 1 and are relatively prime.

Therefore R(®,,, 2™ —1) and R(P,, z™ —1) are relatively prime, and therefore
R(®,, D) =1

To be definite, let m be divisible by n. If m = n, then R(®,,,P,,) = 0. If
% # p*, then R(®,,,z" — 1) = 1, and hence R(®,,d,,) = 1. It remains to

m
consider the case — = p*. Clearly,
n

R(®n, @) = [ R(®pn,a® — 1)1/,
é|n
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the right-hand side all the factors are equal to 1 except those for which
= pa.

If (n,p) = 1, the factor distinct from 1 only appears for 6 = n. In this case

On
m
1)

R(®, Bpn) = R(@ 2 — 1) = p?m/#(m/m) — o),

If n is divisible by p, the factors distinct from 1 only appear for § = n and
5 =", In this case
p

R(Ppy, ™ — 1)
R(®,,P,,) = =75 =",
( )= R@p o=y P
where
p(m)  p(m) ( 1 1 > p(m)
a = — = gp(m) — - = = @(n)
MT) M@) -1 pMp-1) p*
n n
Thus, if m > n,
0 if m =n;
R(®,, D) = < p?™  if m = np;
1 otherwise.

3.3.7 Coefficients of the cyclotomic polynomials

The examples of polynomials @, (x) for small values of n show that their
coefficients are 0 and £1. But this is not always the case. In [Su3] it is proved
that any integer may serve as a coeflicient of a cyclotomic polynomial. This
proof is based on the following auxiliary statement.

Lemma. For any positive integer t > 3, there exist primes p1 < ps <
-+« < py such that py + p2 > p;.

Proof. Fix t > 3. Suppose on the contrary that, for any set of primes
p1 < p2 < --- < py, the inequality p; + p2 < p; holds. In this case 2p; < py,
and so between 2! and 2* there are less than ¢ primes. This means that
7(2F) < kt, where 7(s) is the number of primes between 1 and s.

By Chebyshev’s theorem (see [GNS], [Da2] or [Chl]) 7(z) > lc_x’ where ¢
nzx

c2k
is a positive constant. Hence — < kt, i.e., 2% < k?tIn 2. For a sufficiently

n
large k, this inequality will be violated. O
Let ¢ > 3 be an odd integer. Select primes p; < py < --- < p; so that

p1 + p2 > pi. Set p = py, consider the polynomial @, (x) modulo zP*!. For ¢
odd, we have
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& _ (@ —1)-...- (@ —1) [](=PPPe —1)
prep z—1 [1(xpPiri — 1)

But 2PiPi =0 (mod zP*1), zPiPiPk = (0 (mod zP*!), and so on. Hence

1— P} .. (1 — Pt
@plﬂ.ptzj:( z )1—x( =) (mod xP*1).

We can select the plus sign here since @y, ..., (0) = 1. The inequalities
Pitpj=p1+p2>pe=p
imply that
(1—aPr)-...-(1—aP)=(1—aP —...—2P*) (mod xPT!).
It is also clear that (1 —2)~' = (1 + 2+ -+ 2P) (mod 2P*!). Hence
Dppy =1 +x 4+ +aP)(1—aP* —-. —2P*) (mod 2PT).

Among the monomials zP?, P!, ..., zPi*P the monomial 2P = zP* occurs
for all i whereas the monomials 2P~! and 2P~2 occur for all i # t. Therefore
the coefficient of 2P in @,,...,, is —t + 1 and the coefficient of 2P~2 is

—(t—1)+1=—t+2.

As t runs over all the odd numbers starting with 3, the numbers —t 4 1
and —t 4 2 run over all the negative integers.

To see that all positive integers can be coeflicients of cyclotomic polyno-
mials, consider the polynomial @y,,,...,,, where p; > 3 and p; + p2 > p;. The
number n = p; - ... p; is odd, and hence ®s,,(z) = @,,(—x). This means that
the coefficients of P, as well as those of zP~2, in @,,, and ®,, differ by a sign,
i.e., the coefficients of 2? and zP~2 in @y,...,,, are t — 1 and ¢ — 2, respectively.

3.3.8 Wedderburn’s theorem

One of the most interesting applications of cyclotomic polynomials is the
proof of Wedderburn’s theorem on the commutativity of finite skew fields.
This proof is due to Witt [Wi2].

A skew field is a ring in which the equations ax = b and xa = b are
uniquely solvable for all a # 0.

Theorem 3.3.6 (Wedderburn). Any finite associative skew field R is com-
mutative, i.e., it is a field.

Proof. Let e; and e be solutions of the equations ax = a and xa = a
respectively. Then aeja = a? = aesa, and hence ae; = aes and e; = ey = e.
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Let us show that be = b for any b. Indeed, let za = b. Then be = xae = xa = b.
Similarly, eb = b.

Therefore the skew field R contains the identity 1. Consider the field F),
generated by 1 € R. The skew field R is a linear space over F,. Let r be the
dimension of this space. Then R consists of p” elements. Let Z be the center
of R, i.e., the set of elements of R that commute with all the elements of R.
Clearly, Z is a field containing F,. Therefore Z consists of ¢ = p°® elements.
The skew field is also a linear space over Z. If the dimension of R over Z is
equal to t, then R consists of ¢’ elements. Therefore p” = ¢* = p*. We wish
to show that R = 7, i.e., t =1.

For any element x € R, consider its normalizer N, = {y € R | 2y = yz}.
Clearly, N, is a skew subfield of R containing Z. On the one hand, the skew
field N, is a linear space over Z, and hence consists of ¢ elements. On the
other hand, R is a linear space (module) over N, and hence ¢* = (¢?)* = ¢,
e, d]|t.

In the multiplicative group R*, we consider for every element z the orbit

Or ={yzy™' |y e R*}.
Clearly, O, consists of
R ¢ -1
N[ gt -1
elements. The orbits of distinct elements either coincide or do not intersect.

Hence, R* splits into the disjoint union of orbits and the orbit of every element
from Z* consists of a single element. Therefore

|Om| =

i —1=(a-1n+Y G 1)

where the sum runs over the divisors d of ¢ such that d < ¢ (the equality d = ¢
corresponds to the case x € Z*; such elements are separated and correspond
to the summand ¢ — 1).
With the help of the cyclotomic polynomial @;(x) we will show that (1)
is only possible for ¢ = 1. Indeed, the polynomial 2t — 1 is divisible by ®;(x).
t
z 1 is also divisible by &;(x)

Moreover, if d | t and d < ¢, the polynomial )
2d —
since in this case the polynomials z¢ — 1 and &;(z) have no common roots. In
t
g7 are divisible by ®:(g). Relation (1)
q

then shows that ¢ — 1 is divisible by @;(¢). On the other hand,

particular, the numbers ¢* — 1 and

@u(q)l =[] lg—eil >q—1

since |g;| =1 and ¢; # 1. O
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3.3.9 Polynomials irreducible modulo p

With the help of Mébius’s inversion formula we can obtain an expression for
the number of irreducible monic polynomials of degree n over [F),. Let us prove
first the following statement.

Theorem 3.3.7. Let Fy(x) be the product of all irreducible monic polynomials
of degree d over F,,. Then

" = HFd(x).
d|n

Proof. The polynomial zP" — z is relatively prime to its derivative
p"aP" 1 —1 = —1, and hence it has no multiple roots. Therefore it suffices to
prove that if f(z) is an irreducible monic polynomial of degree d, then f(x)
divides 2" — z if and only if d divides n.

Let o be a root of f and K = F,(a) an extension of degree d of F,,. This
extension consists of p? elements and all its elements satisfy the equation
' — 1z =0. Indeed, the multiplicative group of F,, is of order p? — 1, and so

. d’_
any nonzero element x € F,, satisfies 27~ = 1.

Lemma. a) Over an arbitrary field, the polynomial ™ —1 divides ™ — 1
if and only if n divides m.

b) If a > 2 is a positive integer, then a™ — 1 divides a™ — 1 if and only if
n divides m.

Proof. a) Let m = gn + r, where 0 < r < n. Then

" —1 2" -1
xn—1  gn—1

e

-1

x?"

The polynomial 29" — 1 is divisible by ™ — 1. Hence 2™ — 1 is divisible by
™ — 1 if and only if ™ — 1 is divisible by 2™ — 1. But » < n and so 2" — 1 is
divisible by 2™ — 1 only for r = 0.

b) is similarly proved. O

Let us continue with the proof of the theorem. First, suppose that d divides
n. Then p? — 1 divides p™ — 1, and hence 2P" — 2 divides 27" — 2. A root «
of the irreducible polynomial f(z) is also a root of the equation 2 = x, and
hence f(z) divides P

Suppose now that f(z) divides 27" —z. Then a?” —a = 0. For an arbitrary
bra®=! + bya® 2 + ... + by € K, we have

(bra®™t + - 4+ bg)?" =bi(a? )T+ by = bratT 4 by

Thus any element of K satisfies the equation 2" = x, i.e., 2" —z is divisible
d ey
by «P — z. Hence n is divisible by d. O
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Let Ng be the number of irreducible monic polynomials of degree d over
F),. Then the degree of Fy is dNg4, and hence

pn = Zde

d|n

Applying M&bius inversion formula we obtain a formula for N,:
1 n
No==3u ()"
D)

In particular, NV,, # 0 since the sum Zd‘n I (%) p¢ is of the form
ph £ p® £

where the numbers d; are distinct.

3.4 Chebyshev polynomials

3.4.1 Definition and main properties of Chebyshev polynomials

Chebyshev polynomials T}, (x) constitute one of the most remarkable families
of polynomials. They often appear in various branches of mathematics —
from approximation theory to number theory to topology of three-dimensional
manifolds. We will discuss several simpler but rather important properties of
Chebyshev polynomials.

We use the definition of Chebyshev polynomials based on the fact that
cosng is polynomially expressed in terms of cos ¢, i.e., there exists a polyno-
mial T, (x) such that T),(z) = cosng for = cos . Indeed, the formula

cos(n + 1)p + cos(n — 1)@ = 2 cos ¢ cos ng
shows that the polynomials T}, (x) recursively defined by the relation
Tt (z) = 22T, () — Th—1 ()

with the initial values Ty(z) = 1 and T3 (x) = z, possess the property required.
These polynomials T, (z) are called the Chebyshev polynomials.

The fact that T), (z) = cos ngp for x = cos ¢ directly implies that |T;,(x)| < 1
for z < 1. The above recurrence implies that

To(z) =2""12™ + a2 ' + - + ap, (%)

where a, ..., a, are integers.
The most important property of Chebyshev polynomials was discovered
by Chebyshev himself. It consists of the following.



3.4 Chebyshev polynomials 101

Theorem 3.4.1. Let P,(z) = 2™ + --- be a monic polynomial of degree n

1 T, (x
such that | P, (z)| < 5T for |x| < 1. Then P,(x) = 2n€1).

T, , ‘ :
2n(—x1) is the monic polynomial of degree n that has the least

deviation from zero on segment [—1,1].

In other words,

the polynomial

Proof. We use only one property of the polynomial (x), namely, the fact

that )
T, (cos (%)) =coskm = (—=1)F for k=0,1,...,n.

Consider the polynomial

Q) = 5oy Talw) — Pala).

Its degree does not exceed n — 1 since the leading terms of 5:irT,(z) and
P, (z) are equal. Since |P, ()| < 5= for |z| < 1, it follows that at the point
), = cos (EZ) the sign of Q(zy,) coincides with the sign of T}, (x). Therefore,
at the end points of each segment [z 1, 2%], the polynomial Q(z) takes values
of opposite signs, and hence Q(x) has a root on each of these segments.

Tk+1 Tk Tk—1 Tr+1 Tk Tk—1
FIGURE 3.1

If Q(zx) = 0 we need a slightly more accurate arguments. In this case either
xy, is a double root or within one of the segments 211, 2] and [xy, x;_1] there
is one more root. This follows from the fact that at xx; and zp_; the values
of Q(x) have the same sign (Fig. 3.1)

The number of segments [zx41, zx] is equal to n, and hence the polynomial
Q(x) has at least n roots. For a polynomial of degree not greater than n — 1,
this means that it is identically zero, i.e., Py(z) = 52Ty (z). O

If 2 = cosp + ising, then z + 271 = 2cosg and 2" + 27" = 2cosne.

Therefore
T, 24271 :z"—i—z’”.
2 2

Using this property we can prove the following statement.
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Theorem 3.4.2. Let m = [g} Then

Proof. Let x = £(z+27") and y = (2 — z7'). Then y? = 2? — 1 and

= (w4 )"+ :i(“) —1)i) aniyi =

It remains to observe that T),(z) = (2" 4+ 27"). O
Corollary. Let p be an odd prime. Then
Ty() =Ti(x) (mod p).
Proof. We write p =2m + 1. Then

T,(z) = f: (p,>xp2j(x2 — 1),

=0\
If j > 0, then (2’;) is divisible by p. Therefore
Ty(z) =2 (modp)==z (modp)="Ti(z). O

For any pair of polynomials P and @, define their composition naturally,
by setting
PoQ(z) =P (Q(x)).
The polynomials P and @ are said to commute if Po Q = Q o P, i.e., if

P(Qx)) = Q(P(x)) .
Theorem 3.4.3. The polynomials T,,(x) and T,,(x) commute.

Proof. Let x = cos¢. Then T}, (z) = cos(ny) = y and T,,(y) = cosm(nyp),
and hence Ty, (T),(z)) = cos mnyp. Similarly, T), (T}, (x)) = cos mny. Hence the
identity T, (T (z)) = Tp, (T (z)) holds for |z| < 1, and therefore it holds for
all z. O

Chebyshev polynomials are the only non-trivial example of commuting
polynomials. Indeed, the following classification theorem for pairs of commut-
ing polynomials holds. Let I(x) = ax + b, where a, b € C and a # 0. We will
say that the pair of polynomials I o fol~! and logol~! is equivalent to the
pair of polynomials f and g.
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Theorem 3.4.4 (Ritt). Let f and g be commuting polynomials. Then the
pair (f,g) is equivalent to one of the following pairs:

1) 2™ and ex™, where €™~ = 1.

2) £T0(x) and £T,(z), where Ty, and T,, are Chebyshev polynomials;

3) e1QW(z) and £2QW (), where £§ = €% = 1, and Q(x) = xP(29), and
where QW =Q, Q¥ =QoQ, Q¥ =QoQoQ, and so on.

This theorem was proved in 1922 by the American mathematician Ritt;
all the known proofs of it are rather complicated. A modern exposition of the
proof of Ritt’s theorem is given in [Pr4].

Sometimes instead of T),(x) it is convenient to consider the monic polyno-

mial P, (z) = 2T, (;) The polynomials P, (x) satisfy the recurrence relation

Poi1(z) = xP,(x) — Pp_q(x).
Hence P, () is a polynomial with integer coefficients.
If 2 = cos p+isinp = €', then z+ 271 = 2cosy and 2"+ 2" = 2 cosn.
Therefore

Po(z 4+ 271) = 2T, (cos ) = 2cosnp = 2" + 27",

i.e., the polynomial P,(x) polynomially expresses z™ + z~" via z + 2z~ L.
With the help of the polynomials P, we can prove the next theorem.

Theorem 3.4.5. If both o and cos(ar) are rational, then 2cos(am) is an
integer, i.e., cos(am) =0, £3 or £1.

m
Proof. Let @ = — be an irreducible fraction. Set xg = 2cost, where
n

t = am. Then
P, (x0) = 2cos(nt) = 2 cos(nam) = 2 cos(mm) = £2.
Hence x( is a root of the polynomial with integer coefficients
Pi2)F2=a2"+biz" 4. 4+ b,.

Let 29 = 2 cos(am) = P be an irreducible fraction. Then
q

Pr b T g+ 4 byg" =0,

and hence p” is divisible by ¢. But p and q are relatively prime, and so ¢ = £1,
i.e., 2cos(am) is an integer. O

It is convenient to compute the derivatives of Chebyshev polynomials start-
ing directly from the relation T, (x) = cosny, where & = cos ¢. For example,
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dcosny
dp nsinnp
Tl pr— pr—
n(@) dcos p sin
dy
T (2) d (nsinnp) —1 n cos @ sinny — n? cos N sin @
€Tr) = — = .
" dy sin ¢ sin ¢ sin® ¢

These formulas imply that
(1 = 2*)Ty () = n (To-i1(2) — 2Tp(x)),
(1= 2*) (5 ()" =n* (1 - Tu(@))”,
(1 — 2T (x) — 2T (z) + n*T,(z) = 0.

The identity
(1—2?) (Th(x))” = n? (1 - Tu(2))?

can be rewritten in the form
1="T2(x) - (1—2*)Up(x), (1)

sinn
where U, (z) = — ? and & = cos w. It is easy to verify that U, is a polyno-
sin

mial with integer coefficients. Indeed, induction on n shows that
sinnx = p,(cosz) sinz, cosnz = g,(cos ),

where p,, and ¢, are polynomials with integer coefficients.
Identity (1) can be used to solve Pell’s equation

2 —dy? = 1.
Indeed, if (z1,y1) is a positive integer solution of this equation, then

1= 72w = S (0 (o)

=T (21) — d (12Un(21))?,
so that (T,,(x1),y1U,(x1)) is also a positive integer solution of this equation.

Remark. One can prove that if (x1,y1) is the least positive integer solu-
tion of Pell’s equation, then all its positive integer solutions are of the form

(T (1), y1Un(71)).
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3.4.2 Orthogonal polynomials

The polynomials fx(x), k =0,1,... are said to be orthogonal polynomials on
the interval [a, b] with weight function w(x) > 0 if deg fr, = k and

b

a

for m # n.
In the space V"t! of polynomials of degree < n, we define the inner
product by

b
(f,9) = /f(x)g(x)w(x) dz.

The orthogonal polynomials fo, fi, ..., fn form an orthogonal basis in the
space V! with this inner product.

Given an interval [a, b] and a weight function w(x), the orthogonal polyno-
mials are uniquely determined up to proportionality. Indeed, they are obtained
by orthogonalization of the basis 1,z,z?,. ..

The best-known ones! are the following orthogonal polynomials:

a |b w(z) Name of the polynomial
—111 1 Legendre
~1|1] (1—2?)*"1/2 |Gegenbauer
—1|1|(1 —2)%(1 + )8|Jacobi
—ooloo|  exp(—a?) Hermite
0 |oo x%e™" Laguerre

Theorem 3.4.6. Chebyshev polynomials form an orthogonal system on the

V1I—a2

Proof. Making a change of variable x = cos ¢, we have

interval [—1,1] with weight function w(x) =

1 g
dx
/Tn(x)Tm(x)i = /cosncpcosmgodgo =
V11— 12
—1 . 0

_ /Tr cos(m + n)p + cos(m — n)

'
de.
B) 2

0

! Bochner showed that up to a complex linear change of variable, the only poly-
nomial solutions that arise as the eigenfunctions of the hypergeometric equation
are the Jacobi, Laguerre, Hermite and Bessel polynomials, of which Legendre,
Gegenbauer and other famous polynomials, e.g., Tchebyshev ones, are particular
cases, see [BCS].
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It remains to observe that

™

/coskcpdgo:O itk+#0.0
0

Corollary. If P,(x) is a polynomial of degree n and

21
fork=0,1,...,n—1, then P,(z) = \T,,(x), where \ is independent of x.
Proof. In the space V™! with inner product

1

(f.9) = / f(@)g(z)

—1

dx
V1—a?
the orthogonal complement! of the space generated by the polynomials
1,z,22,...,2" 1 is spanned by the Chebyshev polynomial T},(x). O

The corollary of Theorem 3.4.6 is often convenient in proving that a given
polynomial is indeed a Chebyshev polynomial. For example, using the Corol-
lary we prove the following statement.

Theorem 3.4.7. Chebyshev polynomials can be defined by the formula

(=1)"v1—a? d_n(l_x2)n—1/2'
1-3-5----- (2n —1) da»

T,(z) =

Proof. By induction on m we easily prove that for m <n

ddxm (1- 332)71—1/2 = Py (z)(1 — x2)n—m—1/2’

where P, (z) is a polynomial of degree m such that

Po(z) =1,
Pi(x) =—(2n — 1)z,

Pri1=1—2% - (2n—2m — 1)aP,,(z) for m > 1.

Hence
mn

d

20 _2\n—1/2

V1i—zx dx”(l x®) = P,(x)

is a polynomial of degree n.

! Recall that the orthogonal complement of the subspace V. C W consists of all
vectors in W which are orthogonal to V.
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Let us verify that P, (z) = AT, (z), i.e.,

1
d"’L
/xkdx—n(l — 2?24 =0
e

for k=0,1,...,n — 1. Integrating by parts we obtain

1

dr
/.’Ek@(l _ x2)n71/2dx _
21

1

1 dnfl
_ ok 2\1/2 k—1 2\n—1/2
= 2"P, 1 (2)(1 — 2?)V/ ’ ) —/Im T (1 — 22" 24,

-1

The first term on the right vanishes since 1 — 22 = 0 at 2 = 1. Then we
integrate by parts the integral term and repeat the process. In order to obtain
0 at the end, we have to integrate by parts k+ 1 times. At the last step we get

n—k—1
the derivative P This means that n — k — 1 should be non-negative,
x
e, k<n-—1.
It remains to verify that A = (=1)"1-3-5-...-(2n —1). For this, one can

compute P, (1). Indeed, for x = 1, the recurrence
Prii(z) =1—2% — (2n —2m — 1)zP,, ()

takes the form
Phi1(l) = —2n—2m —1)P,(1).

Therefore P, (1) = (=1)"1-3-5-...-(2n—1). It is also clear that T,,(1) = 1. O

3.4.3 Inequalities for Chebyshev polynomials

We have shown that Chebyshev polynomials only slightly deviate from zero
on the interval [—1, 1]. This is compensated by the fact that these polynomials
and their derivatives grow rapidly outside this segment. More precisely, the
following statement holds.

Theorem 3.4.8. [Rol] Let the polynomial p(x) = ap+arz+---+a,x™, where
a; € C, be such that ’p(x)’ <1 for =1 <z <1. Then |p(k)(x)’ < ’Ty(lk)(x)’
for|x| > 1, x € R.

Proof. We use only the fact that |p(xz)| < 1 for z; = cos @, where
1 =0,1,...,n. The polynomial p(z) is completely determined by these values
p(x;). Indeed,

) = Y- Hh ), (1)
i=0 ‘

gi(
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where g;(x) = [] (z — z;). By differentiating (1) k times we obtain
J#i

zn: o

Since |p(xl)| < 1, it follows that

T ()] = Z%gﬁ)(x) .

=0

It is also clear that sgng;(z;) = (—1)""% Further, for |z| > 1, the sign of
ggk) (x) does not depend on 4. Indeed, all roots of ¢;(z) belong to [—1,1], and
hence all the roots of g(k) (z) also belong to this interval. Therefore

7

sn(k)(a:)— 1 forx > 1
s (=) R forx < 1.

As a result for |z] > 1 we obtain

n k
gf’

'LOgZ

In this case inequality (2) implies that |p(k)(x)| < ’TT(Lk) (2)]. O

Theorem 3.4.8 yields several useful corollaries. We formulate them as sep-
arate theorems.
Theorem 3.4.9. Let p(x) = ag+arz+- - -+ anx™, where a; € C, be such that
Ip(z)| <1 for =1 <z <1. Then |a,| < 2771

Proof. Recall that T, (z) = by + byx + --- + b,a™, where b, = 2"~ 1.
Therefore, applying Theorem 3.4.8 for k = n, we deduce that |a,| < |b,| =
2n=t O

Theorem 3.4.10. For x < —1 and x > 1, we have
]T(k) | |T(k) ’

Proof. For the polynomial p(x) = T,,_1(x), the conditions of Theorem
3.4.8 hold, and hence |T7(l}i)1(x)\ = |p(z)] < |T7(lk)(x)\. O
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Theorem 3.4.11 ([As]). For z,y > 1, we have
To(zy) < Ta(x)Th(y).

To(zy)
Ta(y)
verify that this polynomial satisfies the condition of Theorem 3.4.8, i.e.,

_ [TuGay)|
depends on |s|. Moreover, if [s| > 1, then |T,,(s)| monotonically increases
with |s|. Clearly, |Tn(s)| < 1 < T,(y) for |s| < 1. Therefore, if y > 1 and
lz| <1, we have |T,,(zy)| < Th(y).

By Theorem 3.4.8 for z > 1, we have |p(z)| < T,(z), ie., Ta(zy) <
T, (z)T,(y). O

Proof. Fix y > 1 and consider the polynomial p(z) = . Let us

< 1 for |z| < 1. For real s, the function |T,(s)| only

3.4.4 Generating functions

For a sequence of functions a,(x) one can consider the series

F(z,z) = Z an(x)z".
n=0

If the radius of convergence of this series is positive, the function F(z,z) is
called the generating function of the sequence a,(z).

Theorem 3.4.12. For —1 < x < 1 and |z| < 1, we have

[eS) T,
(a) 22 T(x)z” = —In(1 — 2z2z + 2?);
n=1

_ 1— 22
T 1 — 22+ 22

(b) 1+2 Z T (z)z"
n=1
Proof. a) Let x = cos . Then
1—2z2+ 22 = (1 —€2)(1 — e ¥2).
Hence In(1 — 22z + 22) = In(1 — € 2) + In(1 — e~ %2). It is also clear that

—In(1 — e*z) = Z c

n=1

+ing
Py

n

for |z| < 1. Hence

oo

2 — T
—In(1 — 22z + 2°%) = E OSP n =9 E (z) 2",
n n
n=1

n=1
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b) By differentiating both parts of (a) with respect to z we get

20— 2z
2 T, nel o o 7
nz::l ()2 1—2xz + 22
Therefore
2(2x — 22) 1— 22

1+2 T, "=1 = . O
+ nz_:l (z)z +1—2x2+22 1—2xz + 22

With the help of Theorem 3.4.12 we can obtain the following explicit
expression for Chebyshev polynomials.

Theorem 3.4.13. Let n > 1 and m = [g] Then

70 = 5 -0t (o
k=0

Proof. By Theorem 3.4.12 (a)

o 9] Tn (o) 2 _ 2p
QZT(x)z":—ln(l—sz—Fzz):ZM:
n=1

p=1 p

Hence

I
N | —
=
|
—_
>
3
[ 3
™
7N
3
>~ |
5
~_
o
3
[v]
=

The summation is performed until n — 2k > 0, and hence M = [g] =m. O

For the polynomial P,(z) = 2T, (g), we get a neater explicit formula,

namely: m e o (n—k\ ,_ok
Py (z) = Z(—l) m( k >x ’ v
where m = [E}

Recall that the polynomial P, () corresponds to the polynomial expression
of 2™ + 27" in terms of z + 21 (this follows from the fact that, for z = e,
we have 2" + 27" = 2cosny and z + 271 = 2cos ).
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It is easy to verify that for n = 2m + 1

=3 () 2o,

k=0

and for n = 2m

(z4 2" = 7:2_:01 (Z) (s1=2k 4 2=y 4 (:;)

Therefore, if Py(z) = 1 and the polynomials P, (x) for n > 1 are given by (1),

then .
=3 (Z) Po_on(a), (2)

k=0

n
h - H
wnere m 2

Relations (1), (2) can be expressed as follows. Let a,, = 2™ and b,, = P, (),
where z is fixed. Then

an = f: (Z) bp_ok,  bn = i(—n’“n - - <n ; k) n—2k (3)

k=0 k=0

(for n = 0 the second relation takes the form by = ag). Let us prove that the
relations (3) are equivalent not only for the indicated sequences but also for
arbitrary sequences.

First of all, observe that the first relation is of the form

ap = bn + Z ﬁn—ibn—i
and the second relation is of the form
bn =an + Z Qo —iAp—i-

Hence each relation uniquely determines both the sequence a,, in terms of the
sequence b, and vice versa. It is also clear that for the sequences

an = Z Aixl and by, = Z Ai Py (x;), where the \; and z; are fixed,
the relations (3) are equivalent because they are equivalent for the sequences
an =z and b, = P, (x;).

It remains to verify that for any sequence ag, ai,...,a, we can select
numbers Ao, ..., A\, and xg,...,x, so that

al:ZAixé for [ =0,1,...,n. (%)
i=0
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Select arbitrary distinct numbers xg, . . ., z,. Then we obtain a system of linear
equations for the numbers Ag, ..., A\, with the determinant

hence the system (x) has solutions for any ao, ..., ay,.
Relations (3) enable us to obtain nontrivial identities involving binomial
coefficients. Let, for instance, b, = 1 for all n. Then

" 2m
. ( ’ ) _ g2,

k=0
" 2m 1 1/, 2m
=2 (M) =2l ()
k=0
These identities are easy to derive from the expansions of (1 + 1)?"*! and

(1 +1)?™ via the binomial formulas. In this case the relation

i n n—k
anZ(—l)km< 3 >an2k

k=0

takes the form

i 2m+1 [2m+1—k
e )2

~ om+1—k k

m 2m 2m —k\ 1 2m — 2k
2: _1k _22m—2k, .

kZ:O( )2m—k< k >2( )

3.5 Bernoulli polynomials

3.5.1 Definition of Bernoulli polynomials

Consider the function
tetz
g(z,t) = R
For t = 2kmi the denominator vanishes, so that at such values of ¢ the function
g(z,t) may have singularities. But ¢ is regular at ¢ = 0, and therefore we can
expand ¢(z,t) into the series

o) = 3 TBa(2),

n=0

which converges for |t| < 2.
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As we will see shortly, B,(z) is a polynomial of degree n. The B,(z)
are called Bernoulli polynomials and the numbers B, = B,(0) are called
Bernoulli numbers.

The series for g(z,t) is the product of the series

ot RN
9(0,t) = Z aBn and e = Z o

n=0 n=0
Hence

Bn(z) = Bn_pz

| | — k)
n = k! (n—k)

ie.,

Formally, this identity can be expressed as B, (z) = (B + z)", where by defi-
nition B % = B,,_.
One of the most important properties of Bernoulli polynomials is as fol-
lows:
B,(z+1) = B,(2) = nz""1 (1)

To prove (1), it suffices to observe that

o0

tn
> (Bu(z+1) = Bu(2)) =9tz +1) —g(t,2) =
n=0 ’
t t(z+1) t tz ot tn+1 n
_ (& _ e _ tet’z _ Z z
et —1 et —1 — nl
Let us sum the identities (1) for z =0,1,...,m — 1. As a result we obtain
m—1 1
=t = L (B (m) — B.(0) )
k=0

This means, in particular, that the sum
1+2n—1++(m_1)n—1

is a polynomial of degree n in m. This is precisely the property that J. Bernoulli
discovered [Be6].
In 1738, Euler suggested the generating function

tetz > Tk

1 nl
e 1 = !

B, (z2).
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It is convenient to compute Bernoulli polynomials from the recurrence

formula
n—1

3 (Z) Bo(z) =nz""1, n>2. (3)

r=0
This formula can be proved as follows:

S B4 1) = e = (Z i—:Br(z)> (Z Z—,) ,
n=0 r=0 " s=0 '
and hence
Boz+1) =S (") B.(2) = Bo(2) +n_1 "B, (2).
(1) ()

It remains to use (1).
When z = 0 the relations (3) become a recurrence formula for the Bernoulli

numbers )
E <n> B. =0, n>2. (4)
r

r=0

It is easy to verify that By = 1. Therefore from (4) we recursively obtain
1 1 1

By=—-—=, By=-, Bs= By=——

1 2 ) 2 6 ) 3 07 4 30 )

It is not difficult to show that Bag41 = 0 for £ > 1. Indeed,

t b =t
=1- = —B,,.
et —1 2+nz::2n!

Hence, it suffices to verify that the function

B5:07

t +t_tet+1
et—1 2 et—1

is even, and this is evident.
In 1832, Appel showed that the Bernoulli polynomials satisfy the relation

B, 11(2) = (n+ 1)By(2).

To prove this, we differentiate the identity

X in tz

te
Z nan(Z) = et —1
n=0

with respect to z. We obtain

st tn , t2et2 o0 tn+1
2 Bl = gy = 2 S B

Equating the coefficients of t"*! we get Appel’s relation.
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3.5.2 Theorems of complement, addition of arguments and
multiplication

Bernoulli polynomials possess the following properties:

B, (1 —2)=(-1)"B,(2) (Theorem of complement);

By (z+y) = Z <Z> Bs(x)y"™? (Theorem of addition of arguments);
s=0

1= k
— Z B, <z + —> =m~ "Bp(mz) (Theorem of multiplication).
m m
All these theorems are easy to deduce from the relation
X in tz
te
ﬁBn(Z) = et — 1
n=0
To prove the first property, we observe that
tet(l z) _te—tz > (_t)n
Z B —1_e—t—1:Z n! Bu(2).
n=0
The second property, on the addition of arguments, is proved as follows:
> tn tw ot X s X yr,r
te Y t t"y
> Lo = S = (3 o) (5 -
’ﬂ—O s=0 r=0
o0 (o) n
trts t" (n _
=Y e =20 () @)y
r, s=0 n=0s=0
To prove the multiplication property, we use the identity
1 _1+et+...+e(m*1)t
et —1 emt — 1 '
This gives

temtz 1 emtzmt(l + et I e(m—l)t)

Z:o ﬁBn(mz) et

"t" k
<z + —> .
m
The multiplication property shows that B, (x) is a solution of the func-
tional equation

Mg
3_3

1
m

%jlf <x—|— %) =m™" f(mz). (1)
=0
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Theorem 3.5.1 ([Lel]). For fited m, n > 1, there exists only one monic
polynomial of degree n satisfying (1).

Proof. The existence of the polynomial required can be proved directly,
but instead we give a proof which uses the fact already known to us, namely,
that Bernoulli polynomials satisfy the functional equation (1).

Let p(z) = 2" 4+ -+ and ¢(x) = 2™ + -+ be two distinct polynomials
satisfying (1). Their difference A(x) = agz? + -+ -, where ag # 0 and d < n,
also satisfies (1). Comparing the coefficients of 2¢ on both sides of the equation

m—1
1
— A (J: + E) =m~"A(mz)
m = m

k=

we see that ag = m? "ag. This contradicts the condition that m > 1 and the

assumption that ag # 0 and d < n. O
Making a change of variables we can reduce (1) to the form

mol X
e 0f< =, @)

k=

where s = n. Kubert [Ku] studied continuous functions f : (0,1) — C satisfy-
ing (1) with s a positive integer. In the more general case s € C, the space of
such functions is two-dimensional and one can select a basis feven, fodd in it
so that

feven(x) = feven(]- - LU) and fodd(x) - _fodd(l - LU)

John Milnor wrote a long and interesting paper [Mi3] on various properties of
solutions of (2).

3.5.3 Euler’s formula

o0
Let s € C and Res > 1. Then the series Z nL converges. The function

1
ns

(s) =

n=1

has an analytic continuation to the whole complex plane C. This continuation
has a simple pole at s = 1 and is regular elsewhere.
It was already Euler who considered the series Z -5 at integer points s.

n=1
But the first to consider ((s) as a function of a complex variable was Riemann,

and it was Riemann who discovered the most profound properties and most
important applications of ((s). This is why ((s) is called the Riemann zeta-
function.
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Theorem 3.5.2 (Euler). If k is a positive integer, then

(_1)kr+1 B2k22k71,ﬂ.2k
2k)!

C(2k) =

Proof. We use the factorization of sin z into an infinite product

o0 2
. z
smz:z”(l— 22).
n4m
n=1

Differentiating the logarithms of both sides we obtain

o0

coS z 1 2z
: :_+Z 2 227
sinz  z z2 —n2rw

n—=

ie.,

Cos z =/ 2 \2k
—1-2 (—) .
: sin z Z Z nm (1)
n=1k=1
On the other hand, substituting ¢t = 2iz into the identity

bt t+§:Btm
et —1 2 = "m!

we obtain
oo

cosz . eF et (2iz)™
& sin z = etr — ez + mZ:2 m)! (2)

Comparison of the coefficients of 22* in (1) and (2) yields the identity de-
sired. O

Euler’s formula for ¢(2k) makes it obvious that ((2k) is a transcendental
number since 7 is transcendental. There is no similarly convenient formula for
C(2k + 1). It was only in 1978 that R. Apéry proved the irrationality of ((3).
The simplest (known to me) proof of irrationality of ((3) is given in [Be7].

3.5.4 The Faulhaber-Jacobi theorem
Mathematicians were interested in the summation of the series of powers
1m4+2m4+3m 4.

long before Bernoulli. In 1617, the German mathematician Johann Faulhaber
(1580-1635) published a book in which he gave sums of such series for m < 11.
In 1631, in the book [Fa], he extended his calculations up to m = 17.

Pierre Fermat also studied the summation of such series. In 1636 he wrote
to Mersenne:
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“...We do not want to dwell on this here, let us just mention that we
have obtained a solution, perhaps the simplest in the whole arithmetics of the
problem thanks to which we can not only find the sum of squares or cubes of
any progression, but in general the sum of all powers up to infinity thanks to
the most general method; squares of squares, squares of cubes, and so on.”

Many historians of mathematics are inclined to believe that Fermat really
obtained the solution of this problem almost a century before Bernoulli.

Faulhaber, in his book [Fa], observed that all the sums > n* can be poly-
nomially expressed in terms of the first two sums Y n and Y_ n?. Two hundred
years later, in 1834, Jacobi rediscovered Faulhaber’s theorem. It is known that
Jacobi possessed Faulhaber’s book but it is not known whether he read it or
not.

For convenience, in the proof we introduce the polynomials

Sn-1(m) = — (Bn(m) — Ba(0)) .
Formula (2) on page 113 shows that
Sp(m) =1"+2" 4+ .- 4+ (m —1)".

Theorem 3.5.3 (Faulhaber-Jacobi). Let U = Si(x) and V = Sy(z). For
k > 1, there exist polynomials Py and Qy with rational coefficients, such that
52k+1 (x) = U2Pk(U) and Sgk(x) = VQk(U)

Proof. To obtain the expression for Soiy1, we use the identity

(n(n = 1)) = Sy (m+ 1) =’ (m —1)7) = (1)

=2(() Sm? 4 () S () Tm ),

i 1+ 1
(n(n - 1)) = Z (2@ _—;) + 1) 52j+1(n)'

These identities can be expressed in the matrix form

n?(n —1)2 200... S3(n)
n3(n —1)3 130... S5(n)
ntfn—1)*|=2]044...[]S:(n)
200...
130...

In the infinite matrix | 4 4 ... | all the principal minors of finite order are

invertible, and hence the matrix itself is invertible and we can write
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Ss(n) nign - Bi
1 non-— i+1
n*(tn—1*|> where a;; = (2( )

[l | i—j)+1

This formula shows that Sax+1(n) can be expressed in terms of n(n — 1) =
2U (n) and is divisible by (n(n —1))°.
To obtain an expression for Soi, we use the identities
W = 1) = S (17— (- 1)) =
=S (1) +0)) + S () - () +
X m 2 (1) + () + w7 - () 4=
= (T + @) Smr + (5 + (@) S

e (T mT L ()T mT B 4

The sums of odd powers can be eliminated with the help of (1). As a result

we obtain
r41 _ ro_ nr(n - 1)T r+1 r 2r
n " (n—-1)" = — + ( 1 + 1 ) Zm +

)

ie.,

n'(n—1)" <2n2_—1> _ Z((Q(i 14;)14_ 1) + (2(2, _ij) N 1>)Szj(n).

Now, similarly to the above, we obtain

Sa(n) nin—1)

San) | _op—1 1 [m(n-1)

Se(n) ~ T2 byl n3(n—1)°%1:
where b;; = (2(2,13;;“) + (2(i73‘)+1)' Simple calculations show that

Sy(n) = 2n2— 1 n(nS— 1).

Szk (n)
Sa(n)

Therefore the polynomials Sy4(n), Sg(n), .. .are divisible by Sa(n), and
is a polynomial in n(n — 1) = 2U(n). O
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3.5.5 Arithmetic properties of Bernoulli numbers and Bernoulli
polynomials

In this section we prove several theorems on the denominators of the values of
Bernoulli polynomials at rational points. The most interesting are the values
of Bernoulli polynomials at 0, i.e., Bernoulli numbers.

When we formulate statements on denominators of rational numbers it is
convenient to use the notion of p-integers. If p is a prime, the rational number
r is said to be a p-integer if p does not enter the denominator of r, i.e., if the

s
denominator t of the irreducible fraction — = r is not divisible by p.
For a rational r, the expression r = 0 (mod p) will mean that the numer-
s
ator s of the irreducible fraction ;=T is divisible by p. It is easy to verify

that if 1 =72 =0 (mod p), then r172 = 0 (mod p) and r1 72 =0 (mod p).
Moreover, if 1 is a p-integer and 72 = 0 (mod p), then r173 =0 (mod p).

Theorem 3.5.4 (Kummer). Let p be a prime. If the positive integer n is

B
not divisible by p — 1, then == is a p-integer and
n

Bn+p—1 _ Bn

— =0 d p).
P (mod p)

Proof. The multiplicative group of the field I, is cyclic, and hence has a
generator. This means that there exists a positive integer a lying between 1
and p for which a* # 1 (mod p) for k = 1,...,p — 2. Consider the function

at t =, & tk
A(t):m—mzz(a —1)Bky:
k=1
e Bk: tkfl e tk71
=t P2 S A———
;(“ A kzl T

where Aj,_1 = (a* — 1)%.
It suffices to prove that all the numbers Ay are p-integers and

Apsp—1 — A =0 (mod p).

Indeed, if n is not divisible by p—1, then ™ # 1 (mod p) and so the equation
B A

=n = 27 ghows that —= is also a p-integer. But since a?~1 =1 (mod p)
n a” —1 n

we have

Brin_1 B
Aprr 1 — Ay = (gt~ )y 2ntel o n 2R =
ktp—1 — Ar = (a )n—l—p—l (a )n

Bn+p71 _&
n+p—1 n

)@ =) (mod )
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Now we use the identity

;A’“(k—1)!:eat—1_et—1‘

Set u = e! — 1. Then
a 1 a 1 a 1

e“t—l_et—l:(1+u)“—1_a_au+2bsu5—a_

1 1 =~
:a TH—l :E Cru .
L+> —u r=0
a

: : - b,
All the numbers ¢, are p-integers since this is true of the numbers — . Therefore
a

tkfl e

ZAkm = Zcr(et -1,

k=1 r=0

where all the coefficients ¢, are p-integers.
The function (e! — 1)" can be represented as a linear combination with
integer coefficients of the functions e™¢, where m = 0,1,...,7. In turn,

oo

A
et = Z m! T
1=0 '

Therefore Ay can be represented as a linear combination of the numbers m
with p-integer coefficients. The equality c.(e! —1)" = ¢,t" + -+ shows that
this linear combination contains finitely many summands.

Since the sum and the product of p-integers is a p-integer, it follows that
Ay, is also a p-integer. It is also clear that

k—1

mF=DHE=Y) k=l — b= (P~ — 1) =0 (mod p).

Therefore Aj4p—1 — Ag is a linear combination with p-integer coeflicients of
rational numbers whose numerators are divisible by p. This means that

Apyp—1 —Ar =0 (mod p). O

Theorem 3.5.5 (von Staudt). Let n be even and p a prime. If n is not
divisible by p — 1, then B, is a p-integer and, if n is divisible by p — 1, then
pB,, = —1 (mod p).

Proof. By the preceding theorem if p is prime and n is not divisible by
p — 1, then the denominator of B, is not divisible by p. Thus it remains to
consider the case where n is divisible by p — 1.
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0o tk 0o ntn 1 ept -1
By multiplying the identities > Bky and Z =
k=0 :
we obtain ) .
e n n+k—1 P— pP—1 oo
p Bk?t rt
P oL D) P
n,k=0 r=0 r=0 s=0

Comparison of the coefficients of t” on each side shows that

n —1
Zlnr 1Rk &l

Since B, +1 = By—1 = 0 we obtain that

Zka +Zr

n—k

For n — k > 2, the number pT—l—l is, clearly, a p-integer. Induction on n
" —
shows that the numbers pBs, ..., pB,, are p-integers. (The start of the induc-

tion: pBy = p, pB1 = —%p.)
pn—k

For n — k > 2, the number is not only p-integer but also its

n—
numerator after all possible simplifications is divisible by p, i.e.,

pn—k
m = O (mod p).
Therefore
p—1
pB, = Zr" (mod p).
r=1

In the case considered, n is divisible by p — 1, and hence ™ = 1 (mod p) for
r=1,2,...,p— 1. As a result, we obtain

pB, =—-1 (mod p). O
We now define B, (t) = By (t) — B,(0), and we recall that
Bao(m)=n (1" 42" o (m - 1))
for all positive integers m.

Theorem 3.5.6 (Almkvist-Meurman). For all positive integers h, k, and
~ (h
n, the number k™ B, <E> 18 an integer.
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Proof. [Su2] The theorem on the addition of arguments

(T +y) = ZB

can be expressed in the form

n

Bu(z+y) =Y Bi(x)y" ™ + Bu(y).
s=0

Therefore it suffices to prove the statement required for h = 1.

For brevity, set
~ (h
=k"B, |- |.
(%)

(oo} n o0

Clearly, Bo(z) = By. Therefore

o0 t n
2 b ) = 2 B0 = G -

n=0 n=0

1
Set z = Z and make the change x = kt. This gives

apx”  kx(e® —1)
Z nl ekt —1
Let us express this relation in two forms:

oo
>
n=1

n

—1) =ka(e® - 1)

and

(1+e® 4+ e D7) =k

2{: Ap X

and use the expansions

oo s

:ik;T andew—lzzbz—!.

r=1 : s=1

Comparing the coefficients of 2™ on the two sides in the first form we obtain

foralln>1

M1
Lol =

("4 ok = a4 10 ).

(2)
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In the second form we get a; = 1 and for n > 2 we get

n—1
Z (7) ArSp_1 = —kay, (3)
1=1

where s = k and s, = 1™ + 2" + -+ (K — 1)™.
We now prove by induction that a,, are integers, using (2) and (3). To do
this, we need the following Lemma.

Lemma. Let p be a prime, 2 < | < r and (p,s) = 1. Then <Sll) ) s

divisible by p" 11,

Proof. Let us write | = tp®, where (t,p) = 1. Clearly, a < I — 1 (the

equality is only possible for | = p = 2). It is easy to verify that (m) =
n

m (m - 1). Therefore

n\n-—
Spr _ Spr _ fprfa Spr -1 _ fprfa N,
l tpe t tpe — 1 t
where N is an integer and s and t are relatively prime to p. Hence (SIZT) is
divisible by p"~¢. In turn, p"~¢ is divisible by p"~**t! because a <1 —1. O

Since we have not specify k for some time, recall that

~ [h
n=k"B,|—-).
a k <k>

First consider the case where k is a prime. Suppose that ai,...,a,_1 are
integers. Then (2) and (3) imply that (n + 1)a, and ka, are integers. If
n + 1 is not divisible by k, then a, is an integer. Now let n + 1 = sk",
where r > 1 and (k,s) = 1. To establish that a, is an integer, it suffices to
prove that (n + 1)a,, = sk"a,, is divisible by k”. Formula (2) shows that, in
turn, it suffices to prove that the numbers ("7')k"~! are divisible by k" for
l=1,2,...,8k" —2. For | <n —r =sk” —1 — r, this is obvious.

If sk™ —r <1 < sk™ — 2, consider the number I’ = sk” — [ and apply the

k" k" /
Lemma to it. As a result, we see that <S ) = <Sl/ ) is divisible by k"t +1,

l
and hence ("Tl)k”*l is divisible by k"~ =U'+1 — k™ as was required.
The case k = p{* - ... p%m, where p1,...,pn, are distinct primes, does
not involve any essentially new ideas. Suppose that ai,...,a,—1 are integers.

Then (2) and (3) imply that (n + 1)a,, and ka, are integers. Let us express
n + 1 in the form

n—l—l:pl{lm..-pz;"s, where (s,p;) = 1.
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If b; > 1, the same arguments as in the preceding case show that (n + 1)a,, is
divisible by p?. Set

n+1
S; = T
P
Then (s;,p;) = 1 and all the numbers s;a,, are integers. This means that the
denominator of the rational number a,, is not divisible by primes p1, ..., pm.

On the other hand, the number ka,, is integer, and hence the denominator of
a, can only contain the prime factors of k. O

3.6 Problems to Chapter 3

3.6.1 Symmetric polynomials

3.1 Let oy,...,0, be elementary symmetric polynomials and let the numbers
ai,...,a, € C satisfy the system of equations
op(a,...,an) = op(ag,...,ax) for k=1,...,n.
Then a; = -+ = a,.
In problems 3.2 — 3.4 we assume that ¢ = (21,...,2,) and y =
(Y1,---,Yn), where all the numbers x1,...,2,,y1,...,yn are positive. The

sum z + y is defined component-wise.

3.2 [Ma5] For r = 2,...,n, the elementary symmetric polynomials o; satisfy
the inequality

Ur_l(x-i-y) B O'r—l(l') i Op— y)

3.3 [Mab] For r = 1,2,...,n, we have

Vor(z+y) 2 Vor(@) + Yo (y).
3.4 [Wh] Fix k and define the functions 7).(x) by the relation

or(x+y) > or(x) ar(y)
1(

n

oo [T +zt)k for k>0,
ST =450
=0 [T(1—at)k for k <O.
i=0
In particular, if & = 1, then T,.(z) = o,(x) is the elementary symmetric
polynomial and if & = —1, then T,(z) = p.(z) is a complete homogeneous

polynomial.
a) Prove that if k > 0, then /T,.(x +y) > /T, () + /T (y).
b) Prove that if k < 0, then {/T,.(z +y) < /Tr(x) + /T (y).
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3.6.2 Integer-valued polynomials
3.5 If a polynomial f(x) of degree n takes integer valuesat x = 0, 1, 4, 9,...,n?,

then it takes integer values at all x = m?, where m € N.

3.6 Let m and n be positive integers. Prove that the following conditions
are equivalent.
a) There exist integers ao, . .., a, such that

GCD(ag, ..., an,m) =1
and the values of the polynomial a,z™ 4+ a,_12" "' +---+ap at all x € Z are
divisible by m.
|
b) “ew
m

3.6.3 Chebyshev polynomials

3.7 P;0r n > 2, the discriminant of the Chebyshev polynomial T}, is equal to
2n=1)"p2,

3.8 a) If n > 3 is odd, the Chebyshev polynomial T, is reducible.

b) If n # 2F, T, is reducible.

¢) If n > 3 is odd, the polynomial T,,(z)/x is irreducible if and only if n is
a prime.

3.9 Let u(x) and v(x) be polynomials with real coefficients and let v/1 — u? =
vV 1 — 2. Prove that
a) u'(x) = £nov(zx), where n = degu;
b) u(x) = +£T,,(z).

3.10 a) Prove that the function y = T),(z) satisfies the differential equation
1=y —ay +ny® =0

and any polynomial solution of this differential equation is of the form ¢T3,
where ¢ is a constant.
b) Prove that the function y = T;,(z) satisfies the differential equation

1 -2*)(y)* =n*(1 -y,
and this equation has only two polynomial solutions, namely, y = £7,,(x).

3.11 Let A, (x) be the determinant of the n x n matrix with the diagonal

elements (z, ..., z), and elements (1, %, ey %) in the first super-diagonal, and
elements (%, ceey %) in the first sub-diagonal, the other elements being zero,

i.e., a;; =0 for |i — j| > 1. Prove that T,,(z) = 2" 1A, (z).

3.12 [Dal] Recall that the matrix ||a;;|| is called a circulant if a;; = b; —
b;j, where by, = b, for k = [ (mod n). Let A, (z) be the determinant of the
circulant matrix with by = 1, by = —2xz, bo = 1. Prove that

An(z) =2(1 = To(a)).
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3.7 Solution of selected problems
3.2. For r = 2, the desired inequality follows from the identity

o2z +y) oaz) o2y) _ ;:1 (xij_l b 121 xj) .

o(x+y) oi(x) oily)  20(x)oi(y)or(z+y)

Now suppose that r > 2 and the desired inequality is already proved for
r — 1. Consider the system of numbers T; = (X1, ..., Ti—1, Tit1,--,Tn). 1t 18
easy to verify that

Z xior—1(2;) = ro (), (3.1)
i0r—1(Z;) + 07 (T5) = op (). (3.2)

The sum of equations (2) for i =1,...,n gives
n n
D wior 1 (@) + Y 0p(Fi) = nop ().
i=1 i=1

Subtracting equation (1) from this equation we obtain
S 0r(@) = (n = 1o (@) 3)
i=1
It is also clear that

or(2) — 00 (%) = 0, 1(T) = 0, 1(x) — 220,_o(T5).

The sum of these equalities for i = 1, ..., n, with (3) taken into account, gives
n n
rop(x) = inar_l(x) — foar_g(@),
i=1 i=1

ie.,
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Let us write similar identities for y and x + y. The inequality required follows
from the fact that, if z;, y;, a;, b;, ¢; are positive integers such that ¢; > a; + b;,
then

A L ) R S S ik ) S
rita;  yita; wmityite o wmita yita zmityitaitb
_ (aizi—biy)? >0
(zi+a;)(y;+bi) (w+ys+a;+b;) —

3.3. We use Problem 3.2 and the following auxiliary statement.

Lemma. Ifay,...,a.,b1,...,b. are non-negative numbers then
lay+b1) - (ar +b0) > ag - ar+ /by b,
Proof. Let

R(z)={(z1,...,2) ER" | z1+...- 2z, =1, z; > 0}.
The inequality between the arithmetic and geometric means gives

r

a121+ ...+ a2,

ap ... Qpr = min
zER(z) r
Therefore
b b))z,
{/(a1+b1)-...-(ar+br): min (a1 +b1)z1+ ...+ (ar + b))z .
z€R(z) r
> mp DAt O, Dot Bl
z€R(z) T 2ER(2) "

>Var ... ap+ /by-...-b.. O
Let us express o,.(x + y) as the product

o-(z +y) . or—1(z +y) . _01(x+y)
or_1(x+y) oralz+y) 1 ’

By Problem 3.2

ox(r +y) o () o
op—1(x +y) = or—1(z) - Or—1

Now use the Lemma to obtain

T > \‘/M) oril®) ),

or—1(x) op_a(x) 1

+{/afr(fé) or—1(y) _“.‘711(?/) = /o (z) + /o (y).

y) or—2(y)
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3.4. We only consider the case k < 0 involving complete homogeneous
polynomials. Let [ = —k > 0. In this case we have an integral representation
for the I'-function:

Il = /e_ttl_l dt.
0

For a > 0, we can make a change t = as and get

o0
= al/e*‘”slfl ds,
0

9]
1
k —as l—1
= — d .
a F / S S
0

Set a; = 1—u;t. For small values of |t|, the number a; is positive, and therefore

f[u_xit)’“:(ﬁ)no/ O/fsl,..., )dsy -+ dsp,

ie.,

i=1
where
f(sla s Sn) — e—sl—...—snet(mlsl—i-m—i-znsn)(81 .o Sn)l_l.
Since -
et(mlsl—"_‘”"rmnsn) _ Z tr(leSl 4+ 4+ J,‘nsn)r’
r=0 !
we obtain
oo oo
1/ 1 N
T (z) = ] F(l (x181 4+ Tpsn) ©(S1,. .., 8n)ds1 - dsp,
. 0 0
where p(s1,...,8,) = €517 (s1-...-5,)! "L The required inequality now

follows from the Minkowski inequality

b

| [ o)+ ny o< | / g7(@)d + | / v

a

where g and h are non-negative on [a, b].

3.11. Simple calculations show that T),(z) = 2" 1A, (z) for n = 1 and
n = 2. For n > 2, expanding the determinant A, (x) with respect to the last
row, we obtain
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1
Apii(x) =24, (x) — ZAn,l(x).
This relation corresponds to the recurrence formula
Thi1(z) = 22T, (z) — Thq ().

3.12. Let f(t) = co+crt+---+cept™ and let €1, . . ., €, be distincet nth roots
of unity. The determinant of the circulant matrix with elements a;; = c;—; is

equal to f(e1) - f(e2) - ... f(en). Indeed, e.g., for n = 3, we obtain
111 Cy C2 1 f) £ fQ)
lege? cregca | = | f(1)erf(er) eif(er) | =
1 E2 8% Co C1 Cp ( ) 52f(€2) €2f(€2)
111
= f(e1) - fea) -~ flen) | 11 6F
1 ¢eq €3
111
Since the determinant of the matrix | 1 & 6% does not vanish, we can
1ege3

divide by it. As a result we obtain the identity required. For n > 3, the

arguments are similar.
In our case, f(t) = 1 — 2wt + t?, and therefore

Ay (x) =
k

(1 — 2z, + €3).
1

n

In other words, we have to prove that
n
2(1 — cosnyp) = H(l — 2¢1,co8 0 + £7).
k=1

First, we prove that
- 2km
2(1 — =2 T (1~ =)
(1 — cosnyp) 11 ( cos <<p + - ))

This identity follows from the fact that

n

— exp(ing)) (¢" — exp(—iny)) =

A (D)

k=1 k=1

- 2k
= (x2—2xcos<<p+7ﬂ->—|—l>.
k=1

" —2z"cosnp +1=(x
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Then, for x = 1, we get the identity required.
Let us prove now that

2" H <1 — cos <<p+ %)) = H(l —2cospeg +e3),

k=1 k=1

2kmi
where e = exp (%) Clearly,

2k
(x —ep)(x —e_y) = 2° — 2w cos <T7T> + 1L

2k
Hence E% + 1 = 2¢g cos (—W>, and therefore
n
H(l —2cospeg +e3) = H 2y, <cos <—7r> - cos<p> =
k=1 = "

({12 5-2)

It remains to observe that the last expression is equal to
. 2k
22n — ) =2" 1-— =).
Hsm < + ) kll( cos<<p—|— n>>

Indeed, [Jer = (—1)"! since 2™ — 1 = [[(x — &). It is also clear that

Sln<90+k_7r> :-sin(%—m> fork=1,...,n—1
n

2
and L L
sin £+_7r = sin $_ET for k = n.
2 n 2 n
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Certain Properties of Polynomials

4.1 Polynomials with prescribed values

4.1.1 Lagrange’s interpolation polynomial

Let x1,...,2,41 be distinct points in the complex plane C. Then there exists
precisely one polynomial P(z) of degree not greater than n which takes a
prescribed value a; at ;. Indeed, the uniqueness of P follows from the fact
that the difference of two such polynomials vanishes at points z1,..., %41
and at the same time has degree not greater than n. The following polynomial
clearly possesses all the necessary properties:

n+1
B u (x—x) .- (r—xp1) (@ —Tpg1) - oo o (@ — Zpg1)
P(x)—; k(xk—xl)-...(xk—xk_l)-(xk—xk+1)~...-(xk—xn+1) B
n+1 w(x)
_;a (= ap)w!(z)’
where
wr)=(x—21) ... (x — Tpt1).

The polynomial P(z) is called Lagrange’s interpolation polynomial and the
points x1,...,x,4+1 are called the interpolation nodes.

If ap = f(x), where f is a given function, then P is called Lagrange’s
interpolation polynomial for f.

Theorem 4.1.1. Let f € C"Ya,b] and P Lagrange’s interpolation polyno-
mial for f with nodes x1,...,Tp41 € [a,b]. Then

M
_ < —m
ax |P@) = J(@)] < Ty e,

jw ()],

where M = max | f ) (z)].

a<z<b

V.V. Prasolov, Polynomials, Algorithms and Computation in Mathematics 11, 133
DOI 10.1007/978-3-642-03980-5_4, © Springer-Verlag Berlin Heidelberg 2010
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Proof. Tt suffices to verify that, for any point z¢ € [a,b], there exists a
point £ € [a, b] such that

(n+1)
Flan) = Plao) = Lo S tan).

For zyp = z;, where 1 < i < n, this equality is obvious. We therefore assume
that xg # x;. Consider the function

u(z) = f(x) = P(x) — (),

where A is a constant. Since w(xg) # 0 this constant can be selected so that
u(zg) = 0. It is also clear that u(z1) = -+ = u(zp4+1) = 0. The function u(z)
has at least n + 2 zeros on the interval [a,b]. Hence u/(z) has at least n + 1
zeros on this interval and u(*) (z) has at least n 4+ 2 — k zeros. For k =n + 1,

we see that
u ) (2) = FO) (2) — (n+ 1)IA

FU )
vanishes at a point £ € [a,b]. This means that A = —== i.e,,
(n+1)!
iy SOE
f(xo) — P(zo) = ) w(xp). O

For a fixed interval [a,b] and a fixed degree n, the estimate given by The-
orem 4.1.1 is optimal if w(x) is a monic polynomial of degree n with the least
deviation from zero on [a, b]. Since w is fixed, this is a condition on its roots,
i.e., the interpolation nodes.

For example, if [a,b] = [—1,1], then we should have w(z) = 5=T,41(z),
where T),+1(z) is a Chebyshev polynomial. Recall that

Tpt1(x) = cos((n+ 1) arccosz) for x < 1.

The roots of T4 are

2k — 1)

—, k=1,... 1.
2(7’l+1)7 ) ,’I’L+

T = COS

For such nodes, the interpolation polynomial is

n+1
1 + QTnJrl(x)

P(a) = —— 3 fla)(~1)F /1 - a?
k=1

n+1 T -z
Indeed, if w(z) = 5= Thy1(x), then

w@)  _ Ten
@—e'(@) (@ e)T] (@)




4.1 Polynomials with prescribed values 135

and therefore we have to prove that
+1) (=1
T! () = PFDEVT
n+1( k) m
Since Ty, 41(x) = cos(n + 1), where = cos ¢, we obtain

1)si 1
FIPREUEDE RS
sin
If cos p =y, then sing = /1 — 22 and sin(n + 1)p = (=1)*~L.
In addition to Chebyshev interpolation nodes, one also makes use of the
nodes uniformly distributed on a segment of the circle. For the nodes

n+1

the interpolation polynomial is

2mik
xk:exp( ™ ), where k=1,...,n+1,

1 & z" —1
P(z) = .
(@) =7 ;xkf(xk)x —
To prove this formula, it suffices to observe that
i(J:”Jrl -1) =(n+1ap=(n+ 1)z "
dx I
The interpolation polynomial for the nodes =y = a + (k — 1)h, where
k=1,...,n4+ 1, can be expressed in the form
A A? — —a—nh
P(z) = f(a)+ —];l(“) (¢ —a) + }{2(“) & a)@; ash)
Afla) (x—a)(w—a—h)-...- (x —a—(n—1)h)
hn n! ’
where

............................ Gt
A f(@) = A(AR (@) = X (-1 () (@ +h).
J:
This polynomial P(x) is called Newton’s interpolation polynomial. Tt is easy
to verify that P(xy) = f(xx). Indeed,

(
P(a+h) = f(a) + Af(a),
(a+2h) = f(a) + 24 f(a) + A% f(a),

Pla+mh) = Y. (T)A f(a) = f(a+mh).

=0
The last identity follows from the fact that A* f(z+h) = AL f(2) + AF f(2).
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4.1.2 Hermite’s interpolation polynomial

Let z1,...,x, be distinct points of the complex plane C and a,...,a,
positive integers whose sum is equal to m + 1. For each point x;, let
yfo),yfl), e ,yl(a"fl) be given numbers. Then there is a unique polynomial

H,,(z) of degree not greater than m such that

Hy(wi) = y,”, Hy () =y ooy HE D () = g7,
fori =1,...,n. In other words, at x; the polynomial H,, has prescribed values

for its derivatives up to order «; — 1 inclusive. This polynomial H,, is called
Hermite’s interpolation polynomial.

The uniqueness of H,,(x) is quite obvious. Indeed, if G(z) is the differ-
ence of two Hermite interpolation polynomials, then deg G < m and G(z) is
divisible by

@) =(r—21)™ .- (z—xp)".

To construct Hermite’s interpolation polynomial, we have only to define
polynomials ¢ (z) (i =1,...,nand k=0,1,...,a; — 1) such that

1) deg pir < m;

2) ik (z) is divisible by the polynomial
by (x — x;)® for j # i;

3) the expansion of y;(x) as a power series in x — x; begins with

m, i.e., @Zk(x) is divisible

1
@ )"+ (& — )™

We then have
P () = = ol (@) = 0 for j #4,

k
Qogk)(xi) =1
and
‘pgf)(%)_OfOfoSlSai—l,l;ék.

Thus we can define

n o;—1
=3 > venl
i=1 k=0
. L (=),
To define the ;;, we note that the function HT is regular at
! T

x;, and therefore in a neighborhood of z; it can be expanded into the Taylor
series

o0

% Zalks - = lix(z) + Z Qigs (@ — )%,

s=a;—k
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Here l;5(x) is a polynomial of degree not greater than «; — k — 1 which is the
initial part of the Taylor series. It is not difficult to verify that the polynomial

L () — x)t)

pik(z) = m

possesses all the properties required. Properties 1) and 2) are obvious, and
property 3) is proved as follows:

) in (@) (2= zz)" _

wlk( ) k'llk(a:)ia(z )%k T

(z— 931) (1+b($—$)a‘ k+ )

Looking at the explicit form of the initial part of the Taylor series l;x(x), we
obtain

n o;—1a;—

3D DD TEEEY L=y

i=1 k=0 s=0

G Q@)
T=T; (Z‘ — Jj‘i)az‘—k,—s :

4.1.3 The polynomial with prescribed values at the zeros of its
derivative

In 1956, Andrushkiw [An3] announced a statement that

for any n complex numbers aq, ..., a,, there exists a monic polynomial P
of degree n+ 1 which takes the values a1, ..., a, at the zeros of its derivative,
P.

The first published proof of this statement was given, however, only 9 years
later by René Thom [Th]. We give the proof due to Yan Mycielski [My].

Theorem 4.1.2. For any given numbers a,...,a, € C, there exist numbers
bi,...,b, € C and a polynomial P(x) = x" 1 + pya™ + -+ + p,x such that
P(b; ) =a; and P'(b;) =0 fori=1,...,n. Moreover, if a number 8 occurs k
times in the sequence by, ..., by, then P(x) — P(B) is divisible by (x — B)F*1.

Proof. For b = (by,...,b,) € C", we define
Py(x) = (n + 1)/ (H(t - bi)> dt.
o \i=1
Clearly, P,(0) = 0 and P,(z) is a monic polynomial of degree n 4 1. Further,
Plx)=nm+1)(x—0b1) ...  (x —by),

and hence P/(b;) = 0. If 8 occurs exactly k times in the sequence b1,..., by,
then P/(f) =--- = Pb(k) (6) = 0. Observe that any number £ is a root of the
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polynomial P,(z) — P,(83) and (Py(x) — Pb(ﬁ))/ = P/(x). Hence Py(x) — P, (3)
is divisible by (x — 3)*+1.
It remains to prove that the map

p:C"—C", p(b) = (Pb(bl), .. ,Pb(bn))

is surjective. First we prove that ¢ is a local homeomorphism at any point
b = (b1,...,b,) such that b, # b; for i # j and by - ... b, # 0. For this,

it suffices to verify that det (813—17(;”)) # 0. Suppose on the contrary that

det (a};”—b(fi)) = 0. Then there are numbers cy, ..., c,, not all zero, such that

6P
g ¢ b( —O for i=1,...,n. (1)
It is easy to verify that

b;
OF, (b:) / [Tt -0 | at
0

9; s7]

(for i = j, there appears an extra summand (n+1) [] (b;—bs), but it vanishes).
s=1
Hence (1) can be expressed in the form

zn:ch(t—bs) dt=0 for x=by,...,b,.

o \u=1 s#j

The integrand is a polynomial in ¢ of degree not greater than n which takes
the value ¢; [] (t—bs) at t = b;. By hypothesis, [] (¢t —bs) # 0 and ¢; # 0 for
s#£J S#EJ

some j. Hence F(x) is a nonzero polynomial of degree not greater than n + 1.
On the other hand, F(x) =0 at © = 0,by,...,b,: a contradiction.

The map ¢ : C* — C™ induces a map ¢ : CP™ — CP" given by the
formula!

S((bo:...:by)) = (b(’)”l tPy(by) : .. Py(bn)).

The point is that
©(Ab) = X"Tp(b) and ¢~ *(0) = 0.
The first of these properties is proved by the change of variable 7 = At:

! The notation (by : by : --- : by), standard in projective geometry, means the
n-tuple (bo, b1, ...,b,) defined up to a nonzero factor.
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Ab

(It =ba))dt = [ (ITimy (T hr = bi)XH) dr =

Ab ’
o Of (IT=1 (7 = Abi)) dr.

> O

The second property is proved as follows. Let ¢(b1,...,b,)= (0,...,0). Sup-
pose that the sequence b1, ..., b, consists of k1 numbers 1, k; numbers (o,
and so on, k,, numbers 3,, (here 8; # 0; for i # j). Then the polynomial
Py(z) = Py(x) — Py(5;) is of degree n = k1 +- - - + ky,, and is divisible by 2 and
by (z — B1)F+ ... (z — B,,)*+L. This is only possible if by = --- = b, = 0.

Let A be the set of points (by : by : -+ : b,) € CP™ whose coordinates
satisfy one of the following equations:

b; =0 (’L:O,,n), bZ:bJ (1§Z<]§’n)

The restriction of ¢ to CP™ \ A is a local homeomorphism.
Moreover, g(A) C A. Indeed, if by = 0, then

P((bo:br:...:by)) = (0: Py(br) :...: Py(by)).

If b; = 0 for 4 > 1, then Py(b;) = 0 and if b; = b; for 1 < i < j < n, then
Py(b;) = Py(b;).

The image of CP™ under ¢ is a compact set; in particular, it is closed.
The image of CP™ \ A under ¢ is an open set whose boundary belongs to
p(A) C A. The set A does not divide CP™ since it is of real codimension 2.
Hence, p(CP™\ A) D CP™\ A and the closure of g(CP™ \ A) coincides with
CpP™. O

Remark. One should not think that o(CP™\ A) C CP™\ A. This is false,
as the example ¢(1,2,3) = (=9, —8, —9) shows.

4.2 The height of a polynomial and other norms

4.2.1 Gauss’s lemma

Let K be a field, and let z — |z|, € R be a function on K. This function is
called an absolute value if it satisfies the following conditions:

(1) |z|y > 0 and |z|, =0 < z = 0;

(2) [yl = [@[o|ylo;

(3) [z +ylo < |zfv + [ylo-
If instead of (3) a stronger condition

(3') |+ ylo < max {|z], [y|o}
holds, then this absolute value is said to be a non-Archimedean.

For the ring of rationals Q, there is a natural absolute value, namely |z|, =
|z| (the conventional absolute value of ). This absolute value is Archimedean.
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But there are also so-called p-adic absolute values defined for every prime p
as follows. Let us represent a rational z in the form z = p" 2%, where m and n
are integers not divisible by p. Set

1

mp:ﬁ-

It is easy to verify that this absolute value is non-Archimedean. Indeed, let

xzp“jj—f and y = p

s ma
n2

1
be such that » < s. Then max {|z|,, |y|,} = — and
p’l"

ming + p°® "mang
c+y=p" .
ning

1
Hence |z + y|, < — (the strict inequality is only possible for s = 7).
p

The height of the polynomial f(x) = 3" a;z’ relative to a given absolute
value ||, is the number H(f) = max|a;|,. We will be interested in estimates of
K3

the heights of the product of polynomials in terms of the heights of the factors.
The simplest estimate is obtained if the absolute value is non-Archimedean.

Lemma. Let H(f) be the height of the polynomial f with respect to a
non-Archimedean absolute value |- |. Then H(fg) = H(f)H(g).

Proof. Let f(x) = apz™+---+ap and g(x) = bypa™ +- - -+ bg. Among the
coefficients a,, ..., ao consider those with the maximal absolute value (there
can be several such coefficients) and select among them the coefficient a,
and with the greatest index r. Similarly select the coefficient bs; of maximal
absolute value with the greatest index s.

Clearly,
(f9)(@) = f(@)g(2) = Cnpma™ ™ + -+ co, wherecr= Y aiby.
it+j=k
Since | - | is a non-Archimedean absolute value, we deduce that
< il 1051}
lenl < max {laal - [bj[}
Hence,

lek| < lar|-|bs| if k>r+s,
Crys = arbs(1 + @), where |af <1,
len] < lar| - |bs] if E<r+s

For non-Archimedean absolute values, |a| < 1 implies that |1+ «| = 1. To
see this, we note that

14+ a] <max{l,|a]} =1and 1 = |14+ a — a|] < max{|1+ a, |a|},

and hence, 1 < |1 + .
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Therefore |c,45| = |ar| - |bs| and the absolute values of the remaining
coefficients ¢j do not exceed |a,| - |bs|. Hence H(fg) = |crys| = |ar| - |bs| =
H(f)H(g). O

It goes without saying that Gauss formulated and proved his lemma using
simpler language. That is, he proved that

the greatest common divisor of the coefficients of the product of the poly-
nomials f and g is equal to the product of the greatest common divisor of the
coefficients of f and the greatest common divisor of the coefficients of g.

We can arrive at Gauss’s formulation as follows. For a p-adic absolute
value, H(f) = p~", where r is the greatest power of p which divides the
coefficients of f. The identity H(fg) = H(f)H (g) means that, if p enters the
greatest common divisors of the coefficients of f and g with powers r and s,
respectively, then it enters the greatest common divisor of the coefficients of
fg with power r + s. A

For the polynomial f(x1,...,2,) = Y. a4, 4, @ < ...zl in n variables,
the height is similarly defined as

H(f) = max|a;, i,

To prove Gauss’s lemma for polynomials in n variables, we use of the so-
called Kronecker’s substitution. Let d = deg f + deg g + 1. To the polynomial
h(zy,...,zn) =Yk, k,x" -...- 2% we assign the polynomial

(Sdh) (y) = h(y,yd7 o 7ydz"—l) _ ZCklmknx/ﬁ+dk2+d2k3+~~~+d"‘1kn.

If deg h < d, then the nonzero coefficients of h and Syh are the same, and hence
H(h) = H(S4h). Moreover, Sq(fg) = Sa(f)Sa(g). Hence, Gauss’s lemma for
polynomials in n variables follows from Gauss’s lemma for one variable.

4.2.2 Polynomials in one variable
For Archimedean absolute values, the height
H(f) = max|a,|

does not possess the multiplicativity property H(fg) = H(f)H(g). But it is
exactly for the conventional absolute value that the estimate of the height
of polynomials is most interesting. Such estimates are needed for the theory
of transcendental numbers. The estimate of the height of polynomials was
obtained by A. O. Gelfond [Gel] as a by-product of the solution of Hilbert’s
seventh problem:

“Ifa # 0,1 is an algebraic number and b is an irrational algebraic number,
then a’ is a transcendental number.”
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Later, K. Mahler[Ma2], [Ma3] found a simplified proof of Gelfond’s esti-
mates.

To estimate the height of the polynomial f(z) = aq(x —a1)-...- (z — aq),
Mahler used the quantity

d
M(f) = laq| ] T max {1, |ail} ,

i=1

which is now called Mahler’s measure of f. Clearly, Mahler’s measure is
multiplicative:

M(fg) = M(f)M(g)-

Therefore the upper and lower bounds for M(f) in terms of H(f) enable us
to estimate H(fg) in terms of H(f) and H(g).

Theorem 4.2.1. Let deg f = d. Then

M(f)

d—1
T < H(f) <27 M(f).

:

Proof. Let us start with a simpler inequality, H(f) < 2¢9=tM(f). Clearly,

d

|ad| . ‘ailah T 'O‘ik| < HmaX{la |O‘Z‘} = M(f)
i=1

Hence J
l <} )21 ()
Starting from the formula (d;frl) = (kil) + (Z) it is easy to prove by induction

on d that (Z) < 2971 for d > 1. Together with (1) this proves the inequality
required.

The proof of the inequality M(f) < +/d+ 1 H(f) is based on Jensen’s
formula in the next lemma.

Lemma. If a function f(z) is holomorphic in the disk |z| < 1 and has
2er08 21, . .., zn (multiplicities counted) inside this disk, then

27
1 ; B B -
%0/1n|f(e ¢)’d<p—ln’f(0)| l;ln\zk\.

Proof. Consider the auxiliary function
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5
1-2z
disk into itself. Indeed if |2] = 1, then |wy (2 | = 1, and, further, wy(z;) = 0.
The function f; has no zeros 1n51de the unit disk since the zeros z1,..., 2,
of the numerator f(z) cancel the zeros of the denominator wi(z) - ... wy(2).
Therefore, by the mean value theorem for the harmonic function ln| fi(z)] =
Re(In f1(z)), we obtain

where wi(z) = . It is easy to verify that wy conformally maps the unit

27

1 ,

o [1lAe) do =m0,
0

But ’fl(ew)’ = ’f(e“")’ and ln’fl(O)’ = 1n|f(0)| - kz: In|z|. O

Corollary. Let f be a polynomial. Then

1

M(f) = exp/ln’f(ezmt” dt. (2)

0

Proof. Both sides of (2) are multiplicative with respect to f. Therefore it
suffices to consider the case f(z) = ¢ — a. For |a| > 1, the function has no
zeros inside the unit circle and, for |a| < 1, it has only the one zero « inside
the unit circle. Therefore, by Jensen’s formula,

1 2
Ofln’f(ezmt” dt = = of In| f(e™)| dp =
= ln{f(0)| —eclnja)=(1—¢)ln|al,

where e =0 for |a] > 1 and € =1 for |a| < 1.
On the other hand, M(f) = max {1, |a|} = |a|}7¢. O

Armed with the formula (2), we can tackle the proof that M(f) <

Vd+1H(f). Clearly,

1
/ ’ E ake%””
0

Also, the convexity of the function exp implies that

1
2 .
dt = /Z akalez(kil)ﬂlt dt = Z ‘ak‘Q.
0

1 1
exp/u(t) dt < /expu(t) dt
0 0

for any function u(t). Taking u(t) = 21In|f(e*™)|, we obtain
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1 1
M(f) zexp/u(g dt _ exp/u(t)dtg
0 0

1 1
- _ omit\|2 74 _
< O/e pu(t)dt 0/’f(e )| dt

= \/Z\akP <Vd+1max|ag| =Vd+1H(f). O

Using Theorem 4.2.1 we can obtain the following estimates for H(fg) in
terms of H(f) and H(g).

Theorem 4.2.2. Let dy = deg f and dy = deg g be such that di < ds. Then

H(f)H(g)
24+ d2=2 /0, t dy + 1 < H(fg) < (1 +di)H(f)H(g).

Proof. We prove that H(fg) < (1 +d1)H(f)H(g) directly, without ap-
pealing to Jensen’s formula. To do this, let

fa)y =Y a', gla) =3 bat, foa) =3 cpat.

Then

lek| = |aobr, + a1bg—1 + -+ + ag,bk—a, | <
< (1 + dy) max |a;| max [b;| = (1 + dy)H(f)H(g).

To prove that
H(f)H(g) < 28%%72\/dy +dz — 1 H(fg),
we use Theorem 4.2.1. This gives
H(f) <2%7'M(f), H(g) <2%7"M(g) and /di +dz +1M(fg) < H(fg).

It remains to observe that M (f)M(g) = M(fg). O

With Mahler’s measure M (f) we can also estimate the length L(f) of a
polynomial f, defined by

d
L(f) = lax|.
k=0

Indeed, on the one hand, the inequality (1) on page 142 gives

d d
LN =3l < ()3 (1) =2m0h). 3
k=0 0

k=
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On the other hand,

FE ] = 3 ae?™| <3 lanl = L(f).
Therefore
1
M(f) < exp [ InL(7)dt = L(P). (1)
0

By combining (3) and (4) we obtain
L(f)L(g) < 2" M(f)22M (g) < 21" L(fg).
The upper estimate for L(fg) is of the form
L(fg) < L(f)L(g).

This follows immediately from the definition of the length of the polynomial:

L(7g) < X lal - byl = (- laul ) (D2 bs]) = L) LAg):

(2
4.2.3 The maximum of the absolute value and S. Bernstein’s
inequality
Initially, to estimate the height of a polynomial, Gelfond made use of ‘m‘ax| f(z) }
z|=1
He proved the following statement.

Theorem 4.2.3. Let dy = deg f, dy =degg and d =dy + ds. Then

max|f(2)| - max|g(z)| < 2* max|fg(z)]-

Proof. Without loss of generality we may assume that

max|f(2)| = maxg(z)| = 1.
1
Suppose that |m|a>§|fg(z)| < 324 Then, for k = 0,1,...,d, one of the numbers
) 1
|f(ex)| and |g(ek)|, where e = exp (3’:?), does not exceed vk Therefore
cither | f(ex)| < 3¢ for dy + 1 values of the index k or |g(e)| < 2 for do + 1
values of the index k. To be definite, let
{507‘”7511} = {aov"‘va!h} U{/Bl ”~7ﬁd2}

and ’f(Oll)| < 55 for1=0,1,...,d.
By Lagrange’s interpolation formula, we have
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dy

ORDIHCOF eoao) . emmo)l o) .. (2= ow)

ap—ag) .o (g —aop 1) —aggr) oo (g —agy)

=0

Let us multiply the numerator and denominator of the [-th summand in this

formula by (o — 1) - ... (o — Ba,). As a result, the denominator becomes
equal to
— — . . — d+1 _ 1
lim (x—eo)(w—e1) ... (x—€q) ~ i & .
T—ag Tr — r—op T — Qg

d+1 d+1_1

Since «y i8 a root of «
at ay, i.e., to (d+ 1)af.

If |z| = 1, the numerator obtained consists of d factors and the absolute
value of each of them does not exceed 2. Hence, if |z| = 1, we have

—1, the last limit is equal to the derivative of

24 dy +1
a2 _ 9t

O

which contradicts the hypothesis that ‘m‘a)ﬂ f(z)]=1.
2=

Remark. For polynomials with coefficients in F' = C or in R, sharper
estimates can be obtained in the form

1”__1 (max|fk ) < Cp(m,n) gl‘i)ﬂf(z)

where f = f1 ... fm, n=deg f and Cr(m,n) is a constant (see [Bo]) which

is defined as follows. Let
0
t
0)= [ In(2 =) dt
) / n( cos( 2))
0

et - on(21(2)))

and Cg(m,n) = Cc(2,n). Both estimates are precise.

Then

The norm

11l = max|f(2)]
of the polynomial f satisfies the following inequality.
Theorem 4.2.4 (S. Bernstein). Let deg f =n. Then || f'|| < n| f]|.

Proof. [O] We need the following Lemma.
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Lemma. Let deg f < n and let z1,...,z, be the roots of the polynomial
2" + 1. Then, for any t € C, we have

n

Zf (tz) Zk—l)

k=1

tf'(t) = )+

S|

ftz) = f(t)

Proof. Set g:(z) =

g: is a polynomial in z of degree not higher than n—1. Lagrange’s interpolation

. It is easy to verify that g:(1) = tf’(¢) and

formula with nodes at z1,..., 2, shows that
Z"+1 z
Zlc
Z 9 (z — zi)nz;, Z 92 z
n—1 1
(We used the fact that 27" = ——.)
Zk

For z = 1, we obtain

(1) = L3 g 22— Ly Stz - 10
tf(t)—nkz::lgt( ’“)(zk—l)z_n,; (zr —1)?
_1 - z L) y P
_nkz::lf(t k)(Zk—l)z [t (2 — 1)*

To calculate the sum Z W, we consider the choice f(t) = ™. Then

fltzr) = —t,, and hence

2" 22y
= - § "k
n kZ:l (zr, — 1)2

ie.,
2

DM e 0

k=1

Returning to the proof of Bernstein’s theorem, we let |t| = 1. Then
/ IRS
7o)< (570+ 53 || ) 171

k=1
2z . . ;
Let us show that W is a negative real number. Indeed, z = e'? # 1,
Zk —

and hence

2z 2 2 o,
(z, —1)2 (el —1)2  eiv —2+4+e7 i  cosp—1 ’
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Hence (1) implies that

and the theorem now follows.O

4.2.4 Polynomials in several variables

Mahler’s measure also helps to estimate the height H(F) = max |ay,...k, | of
the polynomial F(z1,...,2,) = S ap,..k, " - ... - 2% in n variables (see

[Mag3]).
Mahler’s measure of a polynomial in one variable can be obtained by either
of the two equivalent formulas:

d
M(f) = laal [ max {1, aul} .
i=1
1
M(f)= exp/ln|f(62mt)| dt.
0
For polynomials in n variables, only the second definition is relevant:

1 1

M(F):exp/ -~-/ln|F(62”“‘1,...,62”“‘")| dty--- | diy. (%)
0 0

We recall that on page 142, we obtained the inequality

l < (§)ar(5)

for polynomials in one variable.
Using this inequality we can prove the following inequality for polynomials

in n variables: J J
1 n

< o M (F 1

il < (30 ) e ()00t 1)

where dy, ..., d, are the degrees of the polynomial F' with respect to x1, ..., x,,
respectively. To do this, we express F' in the form

F(zy,...,z,) = Z Fy (29, ... xn)zh.

For fixed o = a2, ..., x, = a,, we have the estimate
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Fuenean)| < () 3100),

where g(z) = F(x, g, ..., ap).

Set x = 2™ qy = 272, = €™ and then take the logarithms
of the inequality obtained:

In |Fy, (62””2, ce 62””")

d ! , ,
<ln( 1) +/ In|F(e™ . e )| dty.
Ifl 0

Let us integrate both parts of this inequality over t¢s,...,t, from 0 to 1, and
then take the exponent. The definition of Mahler’s measure () directly implies
that as a result we obtain M (Fy,) < (Zi)M(F)

Next, we express Fy, (22,...,2,) in the form
do
k
Fy (za,...,xp) = E Friky (g, .o, xn)x5>.
ko=1

We similarly prove that

M) < () < (1) () v

and so on. It is also clear that M(ag, k) = ag, . .k,

As we have already mentioned, it is easy to prove by induction on d that
(z) < 297! for d > 1. Hence (1) implies that, if d; > 0,...,d, > 0, then

H(F) < 2frfdetotdn=n yropy, (2)

If, in reality, the polynomial F'(x1,...,x,) depends only on v(F') indetermi-
nates, whereas the remaining n — v(F') indeterminates enter with degree 0,
then instead of (2) we obtain a rougher estimate

H(F) < 2d1+d2+-~~+dwv(F)M(F). (3)

The estimate of H(F') from below is proved in exactly the same way as on
page 143 for polynomials in one variable. This estimate is of the form

M(F) < /di +1-...-\/dn + 1 H(F). (4)

Let Fi, ..., Fs be polynomials in z1, ..., x, and let d;1, ..., dj, be the
degrees of the polynomial F'(1) with respect to these variables; let v(F}) be the
number of variables on which F} actually depends (i.e., the number of indices
j for which d;; > 0). Then by (3)

HH(FZ) < H2d“+dl2+‘”+d“’_l’(ﬂ)M(Fl) < 2d1+d2+"'+dn_l/(F)M(F)'
=1 =1
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Now, using (4), we obtain

H(F))-...- H(F,) < 2b@tdettdu=n Jg 4 1. . .\/d, +1H(F),

where we assume that v(F) = n, i.e., F' actually depends on all the variables
T1,...,2Tn. The upper estimate

H(F) < 2+t f (R .- H(F,)

can be proved without appealing to Mahler’s measure. Indeed, the number of
nonzero coefficients of F; does not exceed

(1 + dll) DI (1 + dln) S 2d“+dl2+”‘+dln'

Therefore any coefficient of F' is the sum of not more than 2¢1+d2++dn prod-
ucts of the coeflicients of the polynomials F, ..., Fs.
Using Mahler’s measure, we can also estimate the length of the polynomial

L(F) = Z |y ko |-

Summing the inequalities (1) we obtain

L(F) < 2ditdatotdn pp( ), (5)

For the polynomial F(z1,...,z,) = (1+ 1) ... (1 4+ z,)%, inequality (5)
becomes an equality, and so the estimate is precise.
The estimate of L(F) from below is simply obtained: from the obvious
inequality
|F(627rit1’ o e27ritn)’ < L(F)

we derive
M(F) < L(F). (6)
For the polynomial F(x1,...,z,) = x‘fl -...- 29 inequality (6) becomes an

equality, and so the estimate is again precise.
From (5) it follows that

HL(FZ) < H (2dz1+dl2+‘“+de(Fl)> — 2d1+d2+~‘+an(F).
=1 =1

Then by (6) we obtain
L(Fy)-... - L(Fy) <2btdettdupp . . F,).
The estimate from above
L(Fy-...-Fy) < L(Fy)-...- L(Fy)

is obvious.
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4.2.5 An inequality for a pair of relatively prime polynomials

Let f(x) and g(x) be relatively prime polynomials over C. Then

m(x) = max {|f(z)], |lg(z)[} >0

and m(z) — oo as © — oo. Therefore the quantity
E(f,9) = minm(z)

is positive. In the theory of transcendental numbers one sometimes needs to
estimate E(f,g) from below. N. I. Feldman suggested a method to obtain
a precise estimate. We give an exposition of his method following Mahler’s
paper [Mad4].

Theorem 4.2.5. Let «aq,...,q,, be the roots of a polynomial f, and let
B1, ..., 0, be the roots of a polynomial g. Then

(U], e}

E(f,g) = min ' o

2¥)

(1)

Proof. Fix an arbitrary number z € C, and let a = min|z — «;| and
J
B =min |z — §;]. Then o = |x — ay| and = |z — ] for some k and [. Since
7

f and g are relatively prime, it follows that one of the numbers o and (3 is
positive.

Suppose that a < 3. First, consider the case where o > 0. We show that
in this case

ﬁzl
o - i) > 20 2
for any 4. Indeed, if |ax — Bi] < 2, then

|$—5¢\252a>w-

If, however, |ay — 3| > 2a = 2|z — ag|, Then again

low = Bil ﬁzl

|z = Bl = (& — aw) + (= Bi)| = |2 — | + oy, — 5] =
Let g(x) = bo(z — 1) - ... (z — Bn). Inequality (2) implies that

\bo [T (= B)|  Jglaw)]
on Toon

. . . . g(ak)
Second, we deal with a = 0, i.e., x = . Then the inequality |g(ac)| > |2—nk|

is obviously satisfied.
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Thus, if a < 3, then ’g(x)| > |g(ak)|. We similarly prove that if o > 3,

p— 27L
f(B)
2”774

then |f(z)| > . Thus in either case

|f(B1)] g(ak)} O
om 7 9n '

m(z) > I?in{

k
Remark. If f(z) = (z —1)"™ and g(x) = (z + 1), inequality (1) becomes
an equality. Hence (1) is precise.
4.2.6 Mignotte’s inequality

In this chapter we have already considered several inequalities for estimating
the coefficients of the factors of a given polynomial. An estimate of this type
follows from the next theorem due to Mignotte [Mil].

Theorem 4.2.6. Let f(x) = ap + a1z + -+ + apz™ and g(x) = by + biz +
<o+ bpx™ be polynomials with integer coefficients. If f is divisible by g, then

n—1 n—1
bj| < ml
gt ("7 s (2] el
Il = y/ag + -+ af,.

Proof. Together with f(z) = an, [[(x — ), we consider a polynomial

J?(x):am H (x—@i) H (aﬂ}—l).

las|>1 les| <1

where

We prove first that ||ﬂ| = ||f||, where the norm ||]?H of f is defined as for f.
This follows immediately from the next lemma.

Lemma 4.2.7. Let h(z) = co +c1z + - - -+ cpa®, let hy(x) = (x — a)h(x) and
ho(z) = (@x — 1)h(x). Then ||hi|| = ||he]|.

Proof. Clearly,
[ha]> = leir — aci|* =
= Z (Jei—1|* + |oci|* — 2Re(ac1 1)) =
= Z (\aci_1|2 + |CZ“2 — 2Re(aclci_1)) =
=Y lacii—al* = [h2)? O
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The coefficient of the highest term z™ of fis am [] @i, and the coeffi-
Jai|<1
cient of the lowest term is +a,, [[ @; (we assume that the empty product
Jog|>1
(without any factors) is equal to 1). Set

M(f)= 1] o m(f)

Il
—
B

Jog|>1 Jas | <1
Then R
LA1Z = I£11? = lam[? (M(f)* +m(f)?) .
Hence 1l
M(f) < Tam|’ (1)
Also

a5 = lam | [ iy i, S laml Y B By (@)

where 8; = max {1, |a;|}. Clearly, [[ 5; = M(f).
Now we need one more lemma.

Lemma 4.2.8. Letx1 > 1,...,z, > 1 and x1 - ... - xm, = M. Then
m—1 m—1
lelxlk<(k_1>M+< I >
11 <. <1

Proof. We may assume that 1 < 29 < --- < z,,. Let us replace the pair
{Zm—1,2m} by {1, Tpm—12m}. As a result, the sum considered will increase

by o(xm-1 — 1)(zm — 1), where o is the sum of products z;, - - x;,_,,
1 <iy < - <ip_1 < m— 2. Therefore, if x,,_1 > 1, the sum considered
strictly increases. Hence it will be minimal when z; = -+ = 2,1 = 1,

Ty, = M. In this case, the sum consists of (7]?__11) terms equal to M and (mlzl)
terms equal to 1. O

Applying Lemma 4.2.8 to the collection (1, ..., Bm, we see that

m—1 m—1
Sy < () s+ (00,

Now, if we take into account that (myf;il) = (mj_l) and (z:;) = (7;‘__11) we

can rewrite (2) in the form

4] < am| ((m; 1>M(f)+ (7?—_11» '

We similarly prove that

=il (" a0+ (22))): ®)
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All the roots of g are the roots of f, and hence M(g) < M (f). Further,
|bn| < |am| since by hypothesis g divides f. Using these inequalities and (1),
we can reduce (3) to the form required:

n—1 n—1
bi| < ol O
= (" s (2o
Corollary. If f, g and i are polynomials with integer coefficients, then
g

27’7, 1/2
M|§<n> I, where n = degg.

Proof. Clearly, |an| < ||f|l, and hence

n—1 n—1 n
b ‘ S ] + < j )) f B < .> f .
wl= ("7 1)+ (323)) usi= ()
Therefore ||g[|? < > (?)2 | £1|?. It remains to verify the combinatorial identity
7=0
— \J n)

To do this, it suffices to compare the coefficients of ¢t in both sides of the
identity

<

1+t)"1+t)"=(1+t)*. 0

4.3 Equations for polynomials

4.3.1 Diophantine equations for polynomials
Mason’s theorem and its corollaries

In the proof of the insolvability of various Diophantine equations for polyno-
mials the following statement is rather effective.

Theorem 4.3.1 (Mason). Let a(z), b(xz) and c(x) be pairwise relatively
prime polynomials such that a + b+ ¢ = 0. Then the degree of each of these
polynomials does not exceed ng(abc) — 1, where ng(P) is the number of distinct
roots of the polynomial P.

b
Proof. [Lad] Set f = ¢ and g = —. Then f and g are rational functions
c c

/

which satisfy f+ g+ 1 = 0. Differentiating this equality we see that f' = —¢'.
Hence,
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°_4
a f

The rational functions f and g are of a particular form:

@ |‘°\|k~|*§

H(:c —pi)", where r; € Z.

For the function R(z) = [[(z — p;)"*, we have

/ 7
E:ZQU—PJ

a@) = [ -a™, b@ =[[@=8)" o) =[J@-m™

o a; Ch
?_Zx—oq _Zx—%’
g_’_ bj _ Cl
g_zfﬂ—ﬁj ZCE—%'

Therefore, after multiplication by the polynomial
No = [[(= = ai)(@ = B;)(z — )
f g

of degree ng(abc), the rational functions — and = become polynomials of
g

degree not greater than ng(abc) — 1. Then, since a(z) and b(x) are relatively

prime and

b No%

BENACE
a N0§

the degree of each of the polynomials a(z) and b(z) does not exceed ng(abc)—1.
For ¢(x), the proof is similar. O

Theorem 4.3.1 has several interesting corollaries which we formulate as the
following Theorems 4.3.2 — 4.3.4.

Theorem 4.3.2 (Davenport). Let f and g be relatively prime polynomials
of nonzero degree. Then

1
deg(f* —g*) > deg f+1.
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Proof. If deg f? # deg g2, then
3 2 3 1
deg(f” —g%) = deg f* = 3deg f = S deg f + 1.

Thus, we may assume that deg f3 = deg g = 6k.
Now consider the polynomials F' = f3, G =g? and H = F — G = f3 — g%
Clearly, deg H < 6k. By Theorem 4.3.1

max{deg F,deg G,deg H} < no(FGH) — 1 < deg f + degg + deg H — 1,

ie.,

6k <2k + 3k +degH — 1.
HencedegHZk—i—l:%degf—i—l. O

Remark. For the polynomials
fO)=t*+2, g(t)=1"+3t,
Davenport’s inequality becomes an equality.

Theorem 4.3.3. Let f, g and h be relatively prime polynomials, at least one
of them not being a constant. Then the identity

cannot hold for n > 3.

Proof. On the assumption that the identity holds, the degree of each of
the polynomials ™, ¢g" and h™ does not exceed

deg f +degg +degh —1,
by Theorem 4.3.1. Adding up these three inequalities we obtain
n(deg f + degg + degh) < 3(deg f + degg + degh — 1).
Hence n < 3. O

The Diaphantine equation f® + ¢® = h" for polynomials f, g,k has an
obvious solution if one of the numbers «, 3, is equal to 1. Therefore in what
follows we assume that «a, 3, > 2.

Theorem 4.3.4. Let o, 3,7 be positive integers and 2 < a < 3 < . Then

the equation
frrg’=n

has relatively prime solutions only for the following collections («, 3,7):

(2,2,7v), (2,3,3), (2,3,4), (2,3,5).
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Proof. Let a, b and ¢ be the degrees of f, g and h respectively. Then by
Theorem 4.3.1

aa<a+b+c—1, (4.1)
Bb<a+b+c—1, (4.2
ye<La+b+c—1. (4.3)

Hence
afa+b+c)<aa+pb+vc<3(a+b+c)—3,

giving a < 3. By hypothesis o > 2, and hence @ = 2. For a = 2, inequality
(1) becomes
a<b+c—-1 (4)

Adding together inequalities (4), (2) and (3) we obtain
Bb+~ve <3(b+c¢)+a—3.
Since < =y and applying (4) once again, we obtain
B(b+c) <4(b+c) —4,

giving # < 4. Hence 3 =2 or 3.
It remains to prove that if 8 = 3, then v < 5. For § = 3, inequality (2)
becomes
2b<a+c—1 (5)

Adding together (4) and (5) we obtain
b<2c—2.

Then (4) implies that
a < 3c—3.

The last two inequalities and (3) imply that
vye < 6¢ — 6,

and so v < 5.

The polynomials satisfying the relation f® + g% = h7 are closely related
to regular polyhedra. Felix Klein described this relation in detail in the book
[KF], where a method of constructing these polynomials is also given. Let us
recall the final result.

The case a = § = 2, v = n is related to a degenerate regular polyhedron,
namely the planar n-gon. The relation in question is

"+ 1 2_ " —1 Q_xn
2 2 T
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The case a« = 2, B = 3, 7 = 3 is related to a regular tetrahedron. The
relation is

12iV3 (2° — 2)? + (2* — 20v32% +1)% = (2 + 2iV3 22 + 1)°.

The case a = 2, § = 3, v = 4 is related to a cube and a regular octahedron.
The relation is

(2'? — 332% — 332 +1)? + 108(2° — 2)* = (2® + 142* +1)3.

The case a = 2, 8 = 3, v = 5 is related to a dodecahedron and an
icosahedron. The relation is

T? + h3 = 17285,
where
T =230 + 1 +522(2% — 2°) — 10005(z%° + 2'0),

H = —(2* 4+ 1) + 228(2"® — 2°) — 4942,
f=a2@@%+112°-1).0

Theorem 4.3.4 was proved by H. Schwarz [Sc7]. The solution of Diophan-
tine equations of a more general type

fo+ gﬁ — MR
is given in [Ev].

Theorem 4.3.5 ([Na]). Let x(t) and y(t) be rational functions; let m > 2
and n > 2. Then the equation

=y =1
has solutions only for m =n = 2.

h
Proof. Let us express x and y in the form x = i and y = 7 where f

and ¢ are relatively prime polynomials and h and k are also relatively prime
polynomials. Then the equation considered takes the form

Since f and g are relatively prime, it follows that if g(a) = 0, then f(«) = 0.
In this case (6) implies that k(«) = 0. Similarly, if k(a) = 0, then g(a) =0
Hence g(t) = [[(t — a;)% and k(t) = [[(t — c)%, where a;, b; > 1.

The multiplicity of «;, as a root of the polynomials f™k™, h"g™ and
g"™k™, is equal to nb;, ma; and nb; + ma;, respectively. If nb; # ma;, then
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the multiplicity of the root «; of the polynomial fk™ — h™g¢™ is strictly less
than nb; + ma;. Hence nb; = ma;, i.e., k" = g™.
After division by k™ = ¢™, equation (6) becomes

fm_hn :gm.

By Theorem 4.3.4 only two possibilities can occur: {m, n} = {2, 2} or {2, 3}.
But in the second case k™ = g™ = [, where [ is a polynomial, and the equation
3 — h% =15 has no solutions. O

Waring’s problem for polynomials

The classical Waring’s problem is as follows:

given a positive integer n, find the minimal number k = k(n) for which
any positive integer m can be represented in the form m = mj} +--- + mp,
where my, ..., my are non-negative integers.

Several generalizations of this problem for polynomials are known. Here
by Waring’s problem for polynomials, we will mean the following problem:

given a positive integer n, find the minimal number k = k(n) for which
any polynomial g € Cz] can be represented in the form g = f{* +--- + f,
where f; € C[z].

To solve Waring’s problem, it suffices to confine ourselves to the case
g(x) = z. Indeed, if = f7'(z) +--- + fi’(x) and h(x) is an arbitrary polyno-
mial, then h(z) = f1" (h(z)) + -+ f7 (h(x)).

The identity (= + %)2 —(z— %)2 = x shows that k(2) = 2.

Theorem 4.3.6 ([Ne]). If n > 3, then
a) k(n) > 3;
b) k(n) <n < k?(n) — k(n).

Proof. a) Suppose on the contrary that

n

z=fi(x)+ f3@) = [[(h+ef)

r=1

where ¢ is a primitive n-th root of unity. All the factors f1 + €” f2, except
one, are constants. For n > 3, there are at least two such factors. Therefore
fi+afs = «and f1 +bfs = (3, where a # b and a, b, a, § € C. Hence,
f1, f2 € C which is impossible.

b) For any f(z), set

Af(z) = f(x +1) — f(z) and AP f = A(APTLf) for p > 2.

It is easy to verify that deg(Af) = deg f — 1, and so deg A"~ 1(2") = 1, i.e.,
A1 (2™) = az + b. On the other hand, the definition directly implies that
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A = (z4+n—1)"+ca(z+n—2)"4+ -+ cp_12™.
Indeed, for example,
A (2?) = ((z+2° - (z+1)%) — ((z+1)* —27).
Making a change of variables 1 = ax 4+ b we get a representation
x1 = fl(x1) + -+ [ (@)

which shows that k(n) < n.

Next, we prove the inequality n < k?(n)—k(n). Consider the representation
x = f{(z) + -+ fi*(x), where f; € C[z], with the minimal k.

Recall that the Wronski determinant, or Wronskian, W (g, ..., gx) of the

functions g1 (x), ..., gr(x) is the determinant of the matrix
91() gr(x)
91(x) 95 (x)

ko1 k-
o' V@) gt V@)
Consider two Wronski determinants,
Wi =W, f3,..., fi) and Wo =W(z, f3,..., 7).

By hypothesis, x = f{' 4+ --- + f’, and so the first column of W5 is obtained
from the first column of W; by adding a linear combination of the other
columns of W5. Hence Wy = Ws.

If the functions g1, go, ..., gk are linearly dependent, then W(g,...,gx)
vanishes identically. The converse statement is false. For example, if g1 (z) = 22
and go(x) = z|x|, then

22 x|z

W(glag2) = |og 2|$| =0,

but the functions g1 and go are linearly independent in any interval (—a,a).
It is known that if W (g1,...,gx) vanishes identically for x € (a, b), then
there exists a subinterval (a, 8) C (a, b) on which the functions g1, ..., gk
are linearly dependent (for a simple proof of this statement, see [Kr2]). In
particular, for polynomials g1, ..., gk, the fact that W(g,..., gx) identically
vanishes implies that these polynomials are linearly dependent.

Since the representation x = f{'(x)+- - -+ f}!(x) is minimal, it follows that
the functions f7',..., fi are linearly independent, and so W (f7, f3,..., fI)
is a nonzero polynomial.

The r-th derivative of f7 is divisible by f;'~", and so the i-th column of
the Wronskian is divisible by fi"_k'H. Therefore W(f7,..., fi) is divisible by

k
[1 /7", In particular,
i=1
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k
degW(fl', ... ff) = (n—k+1)> _ degfi. (1)

i=1

On the other hand, we now prove that

k
deg W(ff,..., fi) <n)_degf; - @

1=2

+1. 2)

First, we recall that W (f7, ..., i) = Wz, f2,..., fi). If we multiply the j-
th row of the determinant'W (z, f2,..., f*) by 27~! we obtain a determinant
for which all the nonzero elements in the i-th column (for ¢ > 2) are of degree
ndeg f;. Hence

k
degW(f',. ., [T)<14+n) degfi—1-2—-—(k—1) =

1=2

k
k(k—1
:nZdegfi—%-i—l.
i=2

Comparing (1) with (2) we see that

k k k(k — 1)
n—k+1 deg f; <n deg fi — —— +1,
( ); g f ; g f 5
ie.,
r k(k— 1)
ndeg f1 < (k—l);degfi—T+l.

We may assume that f is the polynomial of the highest degree. Then
k(k—1
ndeg f1 < k(k—1)deg fr — % +1<k(k—1)deg f1.

The last inequality follows from the fact that 1 — 2k(k — 1) < 0 for k > 3.
After division by deg f1 we obtain n < k(k —1). O

! By abuse of the language we mean here the matrix whose determinant — a
number without rows or columns — we consider.
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4.3.2 Functional equations for polynomials
Functional equations that determine polynomials

Every polynomial f of degree n + 1 satisfies the identity
f@)=fy) + @ =) f'(y) +-+ @ —y)"*
Here f("*+1) is a constant, hence,

(nt1)(,
(x — y)"+1-f(n+1§i’) =

D) 2 D) (g
= (v —y)" (_y{n+1)!(y) - C) + (x —y)" <_f(n+1)(! L4 C) ‘

Therefore the functional equation

f@) =) (z =y gr(y) + (@ —y)"h()

k=0

has a solution of one of the following form:

a) f is a polynomial of degree not higher than n + 1;

b) gr(y) = f(k]’;(y) fork=0,1,...,n—1;
) yfw)
) galy) = 1 = o
_ zf0 ()
d) h(l’) = m +c.

S (y)
(n+1)!°

Theorem 4.3.7 ([Cr]). Let f,g0,...,9n,h : R — R be arbitrary functions
which satisfy (1) for any x,y € R such that x # y. Then these functions are

of one of the above forms a)—d).

Proof. For y =0 and y = 1, equation (1) takes the form

f(z) = zn:ckxk + 2"h(z) for  # 0,
k=0

flx) = z": dpz® + (z — 1)"h(x) for z # 1.
k=0

Hence
n

Z (dk — ck)xk

_ k=0
h(z) = Py e
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This equality holds for 2 # 0, 1 and, if n is even, we should also exclude = = 1.

2
Fix y = 2 and y = 4. We similarly obtain the equality
n

> (fx — ex)a”

k=0
e

which holds for x # 2,3,4. As a result, we see that h € C°°(R) but then (2)
and (3) imply that f € C*>°(R).
Differentiating (1) n times with respect to x, we see that

mn

7 @) = nlgn(y) + o (@~ )"h(z)
For a fixed z, this equality implies that g, (y) is a polynomial. Now we may
differentiate (1) with respect to z not n but n — 1 times and similarly deduce
that ¢g,—1(y) is a polynomial, and so on. In particular, go, ..., g, € C*(R).
Next, we differentiate (1) with respect to y and set y = 0. As a result we

obtain . N
_ k k—1 0 k k 1 0) — n—lh
S ket g (0) + 3 kel (0) - na (e
k=0 k=0

This equality implies that 2 ~*h(z) is a polynomial of degree not greater than
n. If we differentiate (1) n times with respect to y and set y = 0 we can show
that h(x) is a polynomial (of degree also not higher than n). But if h(z) is a
polynomial and 2"~ 'h(z) is a polynomial of degree not higher than n, then
h(z) = ax +b.

Since h(xz) = ax + b and f € C*(R), it follows that (2) implies that f(x)
is a polynomial of degree no higher than n + 1. Therefore

LBy

el

flx+y) =
k=0

On the other hand, replacing x by x + y we can rewrite (1) as

fl@+y) = ZJT gr(y "(ax + ay + b).
This means that
(k)
gk(y)sz‘(y) for k=0,1,...,n—1,
F"(y) F ) (y)
n(y) = —ay — 2 =a.0
gn(y) " ay—b and R
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Corollary 1. Let f € C™(R) and suppose that

k=0 FM (@) + f™) (y)

(@ —y)" - (n+1)!
for any x,y € R such that x #vy. Then f is a polynomial of degree no higher
than n.

Corollary 2. ([Hal]) If
flx) —9(y) _ @) +¢y) )

T —y 2
for any z,y € R such that x # y, then f is a polynomial of degree no higher
than 2, and g = f and ¢ = f'.
The functional equation
f(x) —9(y) z+y
= 5
pra—y vl (5)

also reduces to the functional equation (4). Indeed, if (5) holds for any z,y € R
such that x # y, then

; <:v42ry> _ »@) ;rw(y).

To prove this, in (5) we replace by = +y and y by  — y. Then we obtain
flety) —g(z—y)

2y
for any z,y € R such that y # 0. Now replacing y by —y we obtain
fla—y) —gl@z+y)

= ()

oy = p(x).
Hence
flut+v+y)—glu+v—y)=2yp(u+v),
flu—v+y)—glu—v—y)=2yp(u—0v)
and
flutv+y)—glu—v—y)=2(v+y)p(u),
flu—v+y)—glutv—y)=-2v-y)p).
Therefore

p(u+v) + (u—v) = 2¢(u).
Setting u + v = x and u — v = y we obtain the identity required

o) + o) =20 (2.
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Polynomial solutions of the equation f(azx + 8) = f(x)

For o = +£1, the polynomial solutions of the equation f(ax + ) = f(z) are
easy to find. If « = 1 and f(z) = apz™ + a;2" ! +--- + a,, where ag # 0, we
obtain the identity

fx)=apz" +a1z" '+ Fap=ao(z+ )" +ar(z+ 3"+ + ap.
This identity is only possible when a1 = a1 + agnp, i.e., 6 = 0.
If & = —1, then the equation f(—x + ) = f(z) reduces under the change
g(z)=f (x + g) to the equation g(z) = g(—x) whose solutions are polyno-

mials of the form
apz?™ + asx®" 2 4 -+ agy,.

For an arbitrary «, comparison of the coefficients of the highest term of
f(x) = apz™ + -+ - shows that @™ = 1. Therefore, for o # +1, we see that
n > 3, and we deal with this case in the next theorem.

Theorem 4.3.8 ([0z]). Let a polynomial f of degree n > 3 satisfy the rela-
tion f(ax + 8) = f(x), where a # +1 and o™ = 1. Then

f(@) = ao <x+ %>n+c.

Proof. Tt suffices to consider polynomials of the form
flz)=2"+ a1zt + -+ ap.

We have to prove that a; = (") a1y 1)J for j =1,...,n— 1. We use induction
on j.
Comparison of the coefficients of z"~7 for f(z) and f(ax + ) shows that

(10 ay =3 (7 T)anip 1)

s=0

For j = 1, we obtain (1 — a" 1)a; = (?)a"‘lﬂ. By the hypothesis o™ = 1,

and so
_(n a~ '3 _(n Jé]
“T\)i—et T W)a-1

The start of the induction is proved.
To prove the inductive step, i.e., the passage from j = k to j = k + 1,
we again use (1) and the condition a™ = 1. By the induction hypothesis,

as = (Z) (aﬁ—l for s=1,...,k. Hence

o ) " . n— s an—k—i—lﬁk-ﬁ-l
(1_a kl)ak+1_<k+1> klﬁk+2(>(k+1—s>w
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n n—s n k+1
It is eas ify th. = . H
t 18 easy to verily that <s) (k—l—l—s) <k+1>< < ) ence

1 -a"* Napsy =
- (kil)o‘n_k_lﬁkﬂ (1 + (k#)ﬁ Tt ('“Zl) (a—11)k> :

It is also clear that the expression in the square brackets is equal to
- 1 k+1 1 k+1 B Oék+1 _1
a—1 a—1 I

B 1 n pop Q" — an—k-1
Wt = T k=1 (k + 1>ﬁ (o — 1)k+1 -~

Since o™ = 1, we have
T \k+1) (= DT

4.4 Transformations of polynomials

Therefore

4.4.1 Tchirnhaus’s transformation

In 1683, in the Leipzig journal “Acta eruditorum”, E. V. von Tchirnhaus
(1651-1708) published a method for the transformation of algebraic equa-
tions which, he thought, allowed the solution by radicals of algebraic equa-
tions of any degree. Leibniz immediately refuted Tchirnhaus’s claim on the
omnipotence of his transformations. Moreover, it turned out that to solve 5th
degree equations by means of Tchirnhaus’s transformations one had to solve
an equation of degree 24 and rather complicated at that.

Nevertheless, T'chirnhaus’s transformation has important applications. For
example, with the help of it any equation of degree 5 without multiple roots
can be reduced to the form 3® + 5y = a solving in the process only equations
of degree 2 and 3.

Tchirnhaus’s transformation of the equation

.’En+611’n71+"'+cn:0 (*)
consists of the following. Let z1, ..., z, be the roots of this equation. Consider
a rational function ¢ that does not tend to infinity at points z1,...,x,. Set

yi = p(x;) and consider the equation
R(y) =0, where R(y) = y" + qy" "' + - + an, (%)

whose roots are y1, ..., y,. We show in what follows that if (*) has no multiple
roots, then the x; can be expressed in terms of the y;. Selecting an appropriate
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function ¢ we can make the coefficients ¢, ..., g,—1 vanish. Unfortunately, to
do this one has to solve an equation of order (n — 1)! and this was precisely
the circumstance that Leibniz pointed to.

Without loss of generality we can take ¢ to be a polynomial of degree not
higher than n — 1 due to the following s tatement.

Theorem 4.4.1. Let x1,...,z, be the roots of a polynomial f of degree n
P
and let ¢ = 6, where P and @Q are polynomials such that Q(xz;) # 0 for all
1 =1,...,n. Then there exists a polynomial g of degree no higher than n — 1
whose values at x1, ..., T, coincide with the values of @ at these points.
Proof. By hypothesis the polynomials f and @) have no common roots, so
they are relatively prime. Hence there exist polynomials R and S such that

Rf +SQ = 1. Since f(z;) =0, it follows that S(z;) = ﬁ Hence
X

N Plx)
w(xz) B Q(ﬂfz)

Thus, for the required polynomial g we may take the remainder after division
of PS by f. O

In what follows we assume that to equation () we apply the transforma-
tion
y=yg(x) =po+pi(x)+ +pp_1z" "
Let us show in this case how we can calculate the coefficients of the polynomial
R(y), see (xx), with given roots y; = g(z;),i=1,...,n.

To avoid cumbersome notations, we confine ourselves to the case n = 3. If

23 = —c12? — cox — c3, then

yr = pox + pra’ —|—p2(—c1x2 — o — ¢3) = py + phT —|—p/2x2.
Similarly, yz? = p{ + pyx + pia?, where the p!' are linear functions in the p;.

Therefore, if z; is a root of f and y; = g(x;), the system of equations

(po —y) z0 + p121 +p2z =0,
pozo+ (P) —y) 21 +phz =0, (1)
pozo +piz1+ (P —y)z =0

5 . 3 — 2
has a nonzero solution (2o, 21, 22) = (1, z;,x7). Set

Po P1 P2

A= |py i ps

Po P P
Then det (A — yI) = 0 for y; = g(x;). If the polynomial det (A — yI) has no
multiple roots, it coincides with the polynomial R(y) to be found. Since the
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elements of A linearly depend on the p;, the coefficient ¢ is a polynomial of
degree k in the p;.

If the polynomial R(y) has no multiple roots, the matrix A has no multiple
eigenvalues. Therefore to every eigenvalue of A corresponds a unique, up to a
factor, solution of (1). This means that the root y; of the initial polynomial is
uniquely recovered from the root x; of the transformed polynomial, and each
x; depends rationally on y;.

Tchirnhaus’s transformation helps also to solve 3rd and 4th degree equa-
tions by radicals. The cubic equation can be reduced to the form

y3+(J3:0»

solving a system consisting of a linear equation ¢; = 0 and a second degree
equation g2 = 0 depending on parameters pg, p1, p2. For this, one needs to
solve a quadratic equation.

An arbitrary 4th degree equation can be reduced to the form

v+ py? +qa=0.

For this, one has to solve a system consisting of linear equation ¢; = 0 and a
3rd degree equation g3 = 0 which reduces to solution of a cubic equation.

4.4.2 5th degree equation in Bring’s form
Any 5th degree equation can be reduced to the form
v+ qy+g =0,

solving a system of equations ¢; = g2 = g3 = 0. For this, one has to solve a 6th
degree equation. A sharper analysis performed in 1789 by the Swedish math-
ematician Bring, shows that in this case, instead of a 6th degree Equation, it
suffices, actually, to solve equations of degree 2 and 3. To satisfy the condition
q1 = 0, we express one of the parameters po, ..., ps as a linear function of the
remaining parameters. Then the coefficient ¢» represents a quadratic form in
four of the parameters p;. This quadratic form can be reduced to the basic
form
ui +uj — v} — 3,

where u; and v; are linear functions in the p; (for this, we have to take square
roots). To satisfy the equation g2 = 0, it suffices to solve the system of linear
equations u; = vy, us = v9. After that there remain two parameters for which
the equation g3 = 0 is of a 3rd degree. As a result, we get an equation of the
form

y® +quy+ g5 = 0.

If g4 # 0, a linear substitution reduces this equation to the form y° + 5y =
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Similarly, the equation
2"+ ezt e, =0, n>5, (1)
can be reduced to the form
Y @y ey T g =0
by means of the transformation
y = po + prx + par® + psa’ + paz’.

In the process we only have to solve equations of degree 2 and 3.
Moreover, instead of a system ¢; = g2 = g3 = 0 we can solve the system
q1 = q2 = q4 = 0, i.e., at the last step, instead of the cubic equation g3 = 0,
we solve the 4th degree equation g4 = 0. Then (1) will be reduced to the form
Y @y gy g = 0.
Making use of these transformations and the change of variable z s 27!
we can reduce the general 5th degree equation to any of the following forms

x® +pr+q=0,
25 +pr? +q =0,
25 +p2d +q=0,
2° +prt+q=0.

4.4.3 Representation of polynomials as sums of powers of linear
functions

The problem of representing polynomials as sums of powers of linear functions
is simplest for the quadratic 2 4+ 2ax + b. This problem is as follows:
Represent the given quadratic in the form

M@+ o)+ 4+ A2+ a)?

and investigate what is the minimal number of basic linear functions x +
i, ..., x + ap necessary to perform this.
There are two versions of this problem:

1) The basic functions are the same for all quadratics.

2) The basic functions depend on the given quadratic.

In the first case the minimal m is 3. For the basic functions we can take
any three distinct functions x + a1, = 4+ as, x + as. Indeed, the system of
equations for A1, Ag, A3 is
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A+ A+ A3 =1,
a1 + ag s + agdz = a,
afz\l + agz\g + Oé%)\g =b.

The system always has a solution since its determinant is a non-vanishing
Vandermonde determinant. It is also clear that two functions x + «; and
T + ao are insufficient: A3 = 0 only if a, b, @1 and «y are constrained by a
relation a(a; + a2) = b+ aqas.

In the second case, the minimal m is 2. The required representation is,
e.g., of the form

1 2 1 2
x2+2ax+b:§<x+a+ b—a2) +§(x+a—\/b—a2) )

For polynomials of degree n, the problem of selecting the universal basic
functions x + a, ..., T + a,, is solved exactly as for n = 2. Let us formulate
the answer as a theorem (the proof for n > 2 is the same as for n = 2).

Theorem 4.4.2. a) If oy, ..., a,y1 are distinct numbers, then any polynomial
of degree n. can be represented in the form

Mz +a) 4+ + A1 (T + app)™

b) If the numbers aq, . .., ., are such that any polynomial of degree n can
be represented in the form

A4+ on)" + - Az 4 o)™,
then m >n+ 1.

It is not difficult to indicate a collection of universal basic linear forms
for polynomials of degree n in m variables as well. For convenience, instead
of a polynomial f(z1,...,z,,) of degree n, we will consider the homogeneous
polynomial

I x
F(xo,x1,...,%m) =23 f <—,...,—m>.
Zo Zo

Theorem 4.4.3 ([So]). Let ay, ..., be distinct numbers, and let
Zj =xo + 1 + 0ua + -+ 0T, where ag, 0y, . .., 0y € {ag,..., 00}

Then the forms (Z;)™ generate the linear space of all homogeneous polynomials
of degree n in m + 1 variables.

Remark. The number of forms (Z;)™ is equal to (n+1)" while the dimen-
sion of the space of homogeneous polynomials of degree n in m + 1 variables
is equal to (m;n)
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Proof. For simplicity, we consider the case m = 2. In this case we have
to represent the polynomial

pla,y,z)= Y aya" Iyt

0<i+j<n
in the form
n+1 n+1
pla,y,z) = > Aa(z+oagy+mz)"= > Ag Y cnijabala" Iy,
s,t=1 s,t=1 0<i4j<n
n! . .
where cpi; = T We obtain the system of equations
tjl(n —i— j)!
n+1
Qij = Cnij Z Asaser, 0<i+j<n.
s, t=1

Let us complement this system with the equations

n+1 )
Z Astasal =0 for i+j5>n, 1<ij<n.
s,t=1

We then obtain a system of linear equations with the matrix V' ® V', where
V = ||l is a Vandermonde matrix. For arbitrary square matrices A and B,
of sizes a X a and b x b, respectively, it is easy to prove that

det(A ® B) = (det A)®(det B)?,

using their Jordan normal form. Hence det(V ® V) = (det V)("“)2 £ 0.
For arbitrary m, we similarly obtain a system of linear equations whose
determinant is det(V @ --- ®@ V') = (det V)(n+1)’". 0

If for each polynomial we select its own basic linear functions, the problem
becomes much more difficult. Adding the summand by(x + 5x)™ increases
the number of variable parameters by 2. The coincidence of the number of
parameters on which the polynomial of degree n depends with the number of
parameters in the expression

bi(z+ B1)" + -+ bz + B)"

is only possible when n is odd. Then k = %(n +1). It turns out that indeed, a
generic polynomial of odd degree n can be represented as the sum of %(n +1)
summands of the form b(z+ 5)". But in certain degenerate cases several extra
summands might become necessary.

Ezample. The polynomial 23 + 22 cannot be represented in the form
bi(x + B1)? + ba(z + (2)3.
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Proof. Clearly, 31 # (32 and 3132 # 0. In this case, the conditions by 3% +
bgﬁ% =0 and blﬁ? + bgﬁg’ = 0 imply that b; = by = 0: a contradiction. O

Let us clarify, therefore, what the term “generic polynomial” does mean
in the situation considered. We keep to the case n = 5 (for other odd n the
arguments are similar). Let us express the polynomial f(z) of degree 5 in the
form

a5z’ + Sagxzt + 10a32® + 10as2? + 5a12 + ag.

Let

1 z 2828

ap a1 az ag
a1 a2 az a4
a2 a3z a4 as

= p3z° + pez® + p1z+po = p(2).

We say that f(x) is a generic polynomial if p(z) is a polynomial with precisely
three distinct roots (in particular, ps # 0).

Theorem 4.4.4 (Sylvester). The generic polynomial of odd degree n can
be represented as the sum

bi(z+ B1)" + -+ bz + Br)",

1
where k = n—2|— .
Proof. For n =5, we have to solve the system of equations
b1 + 0185+ 185 =a,, r=0,1,...,5. (1)

For (31, B2 and B3 we take the roots of the equation p(z) = 0. By the hypothesis
these roots are distinct. Hence, from the system (1) for » = 0, 1, 2 we uniquely
find b1, b and bs. It remains to prove that, for the values b; and 3; obtained,
equations (1) are satisfied for r = 3,4, 5.

From the definition of p(z) it follows that

To 1 T2 T3
ap a1 a2 a3
ay G2 a3 G4
a2 a3z a4 as

= p3T3 + p222 + p121 + PoTo

for any numbers xg, 21, z2, x3. Further, if we replace the row (zo,z1, 22, 23)
by (a;, ai+1, @it2,aivs), where i = 0, 1,2, the determinant vanishes. For i = 0,
we then have

p3as + p2a2 + prai + poap = 0,

ie.,

—p3as = po Z b; + p1 Z biB; + p2 Z b} =
= bi(p+0+piBi+p2f) = — > bipsfB;.

Since ps # 0, we obtain (1) for » = 3. Taking ¢ = 1 and 2 we similarly obtain
(1) for r =4 and 5. O
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4.5 Algebraic numbers

4.5.1 Definition and main properties of algebraic numbers

The number « € C is called algebraic if it is a root of an irreducible polynomial
with rational coefficients. If the highest coefficient of the polynomial is equal
to 1 and the remaining coefficients are integers, then the number « is said
to be an algebraic integer. To every algebraic number «, there corresponds
a unique irreducible monic polynomial f. The roots of this polynomial are
called numbers conjugate to a.

It is not difficult to show that if o is a root of an arbitrary (i.e., not
necessarily irreducible) monic polynomial with integer coefficients, then « is
an algebraic integer. In other words,

if a monic polynomial with integer coefficients is represented as the product
of two monic polynomials with rational coefficients, then all these rational
coefficients are integers.

This statement is one of the possible formulations of Gauss’s lemma
(Lemma 2.1.1 on page 49).

Theorem 4.5.1. Let « and [ be algebraic numbers, and let o(x,y) be an
arbitrary polynomial with rational coefficients. Then o(«, B8) is an algebraic
number.

Proof. Let {aq,...,an} and {81, ..., Bm} be the sets of numbers conju-
gate to o and (3, respectively. Consider the polynomial

F(t) = H H (t — p(as, B;)) .-

The coefficients of this polynomial are symmetric functions in aq, ..., «, and
B1, ..., 0m- Hence they are rational numbers. O

Remark. One can similarly prove that, if o and 3 are algebraic integers
and o(z,y) is a polynomial with integer coefficients, then ¢(a, 3) is an alge-
braic integer.

In particular, if a and [ are algebraic numbers (integers), then so are a3
and a £ §. Further, if o # 0 is an algebraic number, then a~! is also an
algebraic number. Indeed, if a is a root of the polynomial 3" a,z* of degree
n, then a1 is a root of the polynomial Y ayz™~*. But if o is an algebraic
integer, a~! is not necessarily an algebraic integer.

Therefore the algebraic numbers constitute a field and the algebraic inte-
gers constitute a ring.
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Theorem 4.5.2. Let o and 8 be algebraic numbers constrained by the relation
o(a, B) =0, where ¢ is a polynomial with rational coefficients. Then, for any
number a; conjugate to o, there exists a number 3; conjugate to 3 and such

that ¢(ay, ;) = 0.

Proof. Let {ai,...,a,} and {f1,..., Bm} be the sets of all numbers con-
jugate to a and 3, respectively. Consider the polynomial

7(a) = [T ol ).

The coefficients of this polynomial are rational and f(a) = 0. Hence f(z) is
divisible by [[(z — «;), and therefore f(a;) = 0, i.e., ¢(a;, ;) = 0 for some
j. O

Theorem 4.5.3. Let a be a root of the polynomial
f(@) = 2" + Bnaa™ "+ -+ Bo,
where By, . .., Bn—1 are algebraic integers. Then « is an algebraic integer.

Proof. Consider the polynomial

F(z) = H (2" + Bp—1,i2" "+ -+ Boy),

iyl

where {fn—1,i},..., {00} are the sets of all the numbers conjugate to 5,_1,
.., Bo, respectively. It is easy to verify that the coefficients of F' are integers.
It is also clear that « is a root of F. O

The algebraic number « is called totally real if all its conjugates are real,
in other words, if all the roots of the irreducible polynomial with root « are
real.

k
Ezxample. The number o = 2 cos (—W> is totally real.
n

k
Indeed, o = & + ¢~ !, where ¢ = exp (—7> Let a; be conjugate to a.
n

Theorem 4.5.2 implies that oy = g1 + 81_1, where €1 is conjugate to . The
number ¢ satisfies the equation ™ — 1 = 0, and hence &7 is also its root, and

l Ik
therefore €1 = exp <—7T> In this case ooy = 2 cos <—7T> € R.
n n



4.5 Algebraic numbers 175
4.5.2 Kronecker’s theorem
In 1857, Kronecker [Krl] proved the following statement.

Theorem 4.5.4 (Kronecker). a) Let a # 0 be an algebraic integer. If «
18 not a root of unity, then at least one number conjugate to o has absolute
value strictly greater than 1.

b) Let 8 be a totally real algebraic integer. If 5 # 2cosrm, where r € Q,
then at least one number conjugate to 3 has absolute value strictly greater
than 2.

Proof. a) Let {aq, ..., a,} be the set of all numbers conjugate to a. Sup-
pose on the contrary that |o;| < 1,7 =1,...,n, and consider the polynomial

fr(@)=(@—af) ... (z—af)=2" +apn 12"+ +ago.
Since « is an algebraic integer, it follows that ax n—1,...,ax0 € Z. The con-
ditions |a;| < 1 for ¢ = 1,...,n imply that |aj | < (7). Therefore the coef-
ficients of the polynomials fi, fo,... assume only finitely many values, and
hence, among these polynomials, there are only finitely many distinct ones.
But then the set of roots of these polynomials is also finite, and all the numbers

a,a?, o, ... are in this set. Therefore

af = a? for some p,q € N and p # q.

Since a # 0, it follows that a?~7 = 1.

b) Let {31, ..., B} be the set of all numbers conjugate to 5. By hypothesis
all of them are real. Suppose on the contrary that |5;] < 2,7 =1,...,n. Then
the absolute values of all the numbers conjugate to

are equal to 1. Indeed, the numbers o and 3 satisfy a? — o + 1 = 0. Hence,

by Theorem 4.5.2, any number a; conjugate to « is a root of a polynomial of
2

the form oz? — Bia; +1 = 0. Since |3;] < 2, we have % < 1, and therefore

\aj|2 = (%3) +1-— (%) =1.

By Theorem 4.5.3 the number « is an algebraic integer. Therefore we can
apply part a) to it. As a result, we see that a = "™, where r € Q. Therefore

f=a+a t=a+a=2cosrnm,
as was required. O

Let us give an interesting application of Kronecker’s theorem.
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Theorem 4.5.5 (Minkowski). Let A be a square matriz with integer ele-
ments. Suppose that all the elements of the matriz A — I, where I is the unit
matriz, are divisible by an integer n > 2 but A # 1. Then

a) If n > 2, then A™ # I for all positive integers m;

b) If n =2 and A% # I, then A™ # I for all positive integers m.

Proof. By hypothesis A = I + nB, where B is a matrix with integer
elements. In particular, all the eigenvalues of B are algebraic integers. The
eigenvalues o of A and the eigenvalues [ of B are related by the equation
a=1+npg.

Suppose that A™ = I. Then o™ = 1, and hence |a| = 1. Therefore

o — 1]
n

8] =

<

(1)

S
IN
—

Inequality (1) is strict except for the case when n = 2 and o — 1] = 2, i.e.,
a=—1.

For n > 2, inequality (1) is strict. In this case the absolute value of the
algebraic integer § and of all its conjugates are strictly less than 1. Hence
(=0, and therefore v = 1.

The identity A™ = I can only hold if all the Jordan blocks of A are of size
1 x 1. If all the eigenvalues of A in this case are equal to 1, then A = I.

Now consider the case n = 2. In this case @ = £1. Therefore the Jordan
form of A is a diagonal matrix with elements +1 on the main diagonal. Hence
A? = I which contradicts our hypothesis. O

Elementary but rather cumbersome estimates enable us to sharpen Kro-
necker’s theorem as follows.

Theorem 4.5.6 ([ScZ]). a) Let o # 0 be an algebraic integer which is not
a root of unity, and let {a1,...,a,} be the set of all the conjugates of «. If
2s of the numbers aq, ..., q, are real, then

-2

max |og| >1+47°
1<i<n

b) Let 8 be a totally real algebraic integer such that 3 # 2cosrm, r € Q;
let {B1,...,0n} be the set of all the conjugates of 3. Then

max |3 > 2+ 472773,
1<i<n

4.5.3 Liouville’s theorem

Euler conjectured that not all numbers are algebraic but he could not prove
this. The first to prove the existence of transcendental (i.e., not algebraic)
numbers was Liouville in 1844. In 1874, Cantor showed that in a sense there
are more transcendental numbers than there are algebraic ones, in the sence
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that the set of algebraic numbers is countable whereas the set of all real (or
complex) numbers is uncountable.

Liouville’s proof is based on a relatively simple but important remark:
every irrational algebraic number does not have too good an approximation
by rationals. More precisely, the following statement holds.

Theorem 4.5.7 (Liouville). Let o be a root of an irreducible polynomial
f(@) = anz™ + an_12" 1+ +ag, where n > 2. Then there exists a number
¢ >0 (depending only on «) such that

c
a— ’3‘ > = (1)
for any integer p and any positive integer q.

Proof. 1f ’a — %

> 1, then (1) holds for ¢ = 1. Hence, we assume that

‘a — LI < 1. Let us express f(z) in the form f(z) = an [ (z — o), where

i=1

a1 = «. Then

)

S |an| :

p
A

q

Q_B‘.H <

q 1=2

p n

a—;\-H<a+1+ai>=c1
=2

7=

p
a——,

where ¢ is a positive number that depends only on |a,| and a.
Let us assume that ay, ..., a, are integers relatively prime to each other.
Then the number |a,| is completely determined by «. Moreover, the number

q"f <§> = anp" +an_1p" "+ + aoq"

is an integer, and hence |¢" f (%) | > 1. Therefore

o
q c1q” q"

a—=[>—
C1

p‘l

where ¢ = ¢; . O

Theorem 4.5.8 (Liouville). The number o = Y. 2% is transcendental.
k=0

N
Proof. For any integer N, consider the number a = 3 27 = g, where
k=0
p is an integer and ¢ = 2V'. We have
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pl_ 1 (1 2 2
“- Ty U tovme Tammaae T ) S o T g

Suppose that « is an algebraic number of degree n, i.e., a root of a poly-
nomial of degree n with rational coefficients. Then by Theorem 4.5.7

C
ot
- n

q q

and therefore 2¢-N=1 > ¢¢7", ie., ¢ < 2¢"N-1 = 2. 2N'(n=N-1) Byt

A}im oN!(n=N-1)" — (0 which is clearly a contradiction when N is large
— 00

enough. O

Inequality (1) can be expressed as

&
lga — p| > P
Set P(x) = gqr — p. Then
&
|P(a)] > o1 (2)

where H = max {|p|, |¢|} is the height of P.
An inequality similar to (2) holds also for polynomials P of arbitrary
degree.

Theorem 4.5.9. Let a be an algebraic number of degree n. Then there exists
a number ¢ > 0 (depending only on «) such that, for any polynomial P of
degree k with integer coefficients, either P(a) =0 or

ck

P()] >z

where H s the height of P (i.e., the greatest of the absolute values of the
coefficients of P).

Proof. Let P(x) = apx® + - + a1 + ag, where a; € Z, and P(a) # 0.
For a positive integer r, the number § = r« is an algebraic integer. Define the
polynomial @@ by the relation

Q(rz) = rFP(x).

Clearly
Qy) = rkP(%) = akyk +7”ak,1yk_1 + -+ 7Fag

is a polynomial with integer coefficients. Therefore the product Q(8;) - ... -
Q(Bn), where (1,...,05, are all the numbers conjugate to [, is a nonzero

integer. Hence [Q(8)]- [Q(B2) - . .- Q(B.)] = 1, Le.,
rkn |P(a)] - |P(ag) « ...  Plan)| > 1. (3)
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On the other hand,
1P(c)] < H (14 Je| + -+ Jeq]*) < H (1 + |au])*. (4)

Let h(a) = max {|aa],. .., |an|}. Then (3) and (4) imply that
k
P(a)] - H"! (r" 1+ h(a))n_l) > 1.

(L+h(a)' ™"

rn

Choosing ¢ = we get the inequality desired. O

For n = 2, Liouville’s theorem cannot be improved in the sense that the
inequality
a——1 < =
al ¢
has infinitely many solutions. For n > 3, however, the estimate (1) was con-
secutively sharpened by Thue, Siegel, Dyson, Gelfond, Schneider, Roth and
others. For example, Roth [Ro4] proved the following statement.

p|1

Theorem 4.5.10 (Roth). Let o be an irrational algebraic number and let
6 be a positive number however small. Then the inequality

1
q2+6

|a—£|<
q

holds only for finitely many pairs p and q, where q (> 0) and p are integers.

For the proof of Roth’s theorem, see, e.g., the book [Cad].

4.6 Problems to Chapter 4

4.1 Let z1, ..., z, be the vertices of a regular n-gon, zy its center. Prove that,

if P is a polynomial of degree no higher than n—1, then 1 > P(z;,) = P(z).
k=1

4.2 Let P(xz, y) be a polynomial such that
P(z,y)=P(z+1,y+1).
Prove that P(z, ) = 3. ar(z — y)*.
4.3 Let f(z) be a polynomial of degree n with only simple roots 1, ..., z,.
Prove that
a) Y, % =0fork=0,1,...,n—2;
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4.4 Let P(z) be a polynomial of degree n and lmgx |P(z)| < 1. Prove that,
if P(a) =0, then

P(z)

Z—«

P(z)

Z—

max
|z]=1

1
nt and max

<
2 |z|<1

<

1+ |al

4.5 Let d = 22 + ax + b € Z[z].
a) Prove that the equation p? —dg? = 1 has non-trivial solutions p, q € Z[z]
in exactly the following cases:
1) a is odd and 4b = a® — 1;

a\? a\?
2)aisevenandb:(§> :I:lorb:<§> +2.
b) Prove that the equation p? — dg? = —1 has non-trivial solutions p, q €

2
Z[z] if and only if a is even and b = (g) +1.

4.6 Prove that there exists a unique, up to multiplication by —1, polynomial
f(x) of degree n for which the function (z + 1) (f(z))* — 1 is odd.

4.7 Let P,(z) be a polynomial of degree n over C. Prove that for n = 4, 6
and 8 almost all polynomials P, (x) can be represented in the following form:

Py = u* + vt + Muv?;
Ps = ub + 05 + w® + Muvw(u — v) (v — w)(w — u);
Py = u® + 08 + w® + 28 w322,

where u, v, w, z are linear functions and A is a number.

4.8 Let the numbers ay,...,a, € C be such that ) a" is an integer for
any integer m. Prove that all the coefficients of the polynomial [[(z — «;) are
integers.
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Galois Theory

5.1 Lagrange’s theorem and the Galois resolvent

5.1.1 Lagrange’s theorem

Let K be a field of characteristic 0 and ¢ a rational function in variables
T1,...,T, over K. Let S, We denote the permutation group of n elements.
We can assign to ¢ the stabilizer of ¢, i.e., the group

G<.0 = {0 € S’ﬂ ‘ Qo(xa(l)w“vxo(n)) = ‘p(xlv"'vxn)}'

For example, if ¢ is a symmetric function, then G, = S,,, whereas if ¢ =
>~ a;x;, where the numbers aq, . .., a, are distinct, then G, contains only the
identity permutation.

Theorem 5.1.1 (Lagrange). Let g,y € K(z1,...,2,) and G, C Gy. Then
¥ = R(p), where R is a rational function whose coefficients are symmetric
functions in x1,...,T,.

First proof. Let us split Gy into non-intersecting cosets hiG, = Gy,
haGy, ..., hiG,. To every coset h;G, there corresponds a function ¢;, the
image of ¢ under the action of this coset; clearly, ¢; # ¢; for i # j. The
function v is G,-invariant, and hence, a function %; uniquely corresponds to
the coset h;G,; if G, # Gy, then among these functions some will coincide.

k ,
The function Y ; Yi is invariant with respect to the action of all per-
i=10 = @i
mutations from S,,. Hence

k
Vv F(t)
;t—%‘_m’

where
Qt)=@E—p1) ..o (t—x)

V.V. Prasolov, Polynomials, Algorithms and Computation in Mathematics 11, 181
DOI 10.1007/978-3-642-03980-5_5, © Springer-Verlag Berlin Heidelberg 2010
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and F(t) is a polynomial in ¢ whose coefficients are symmetric functions in
T1,...,Ty. Since g; # @; for i # j, it follows that £2'(¢) # 0.

Clearly,
(t Q(t) — 2(p;
tim 2 gy 2O =) _ g
t—pi T — @; t—p; t— @i
Therefore
: 02(t) 0 for gi # ¢;
lm ———~—— =
ST —p) 1 forpi=.
Hence
‘P
Vi = .
'(¢0) Z () (e — %)
O
Second proof. Let us construct functions ¢1 = ¢,...,pr and ¥ =
¥, ..., as in the first proof. Clearly,

d et =T, (1)
is a symmetric function in x4, ..., x,. We consider the equalities (1) for
s =0,...,k —1 as a system of linear equations for 11, ..., 1. Solving this

D
system we obtain ¢ = Zl’ where
1 ... 1 o, 1 1
Y1 .. Pk Tn o Pk
A= . : and D; = . .
! Tpa s o g

Let us express the identity obtained in the form ¢, =

A
— - Clearly, A?isa

symmetric function. Under the transposition of any pair of functions o, ...,
K, both determinants D; and A change sign, and so DA is a symmetric

function in @9, ..., ¢i. Hence
D1A =S54+ p151+ -+ @’f‘lsk,l,

where Sy, ..., Sk_1 are symmetric polynomials in o, ...
, Si_1 are expressed in terms of
=@t T+ Pk,
=23t

, @k. Therefore S,
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But, as is easy to verify,

01 =01—©1,

~ 2

09 = 02 — Y101 +<,01,

- 2 3
03 = 03 — Y102 + 101 — 7,

where o1, 092 , ...are elementary symmetric functions in ¢, ..., k. Hence
&1, ..., 0—1 are expressed in terms of o1 , ..., ox_1 and 1. Hence D1 A
is a polynomial in ¢; = ¢ whose coefficients are symmetric functions in z; ,
e, Tp. O

Lagrange’s theorem has numerous corollaries. Let ¢ and 1 be rational
functions in 1,...,2z,. If ¥ = R(p), where R is a rational function whose
coefficients are symmetric functions in x1,...,x,, we will briefly say that
is rationally expressed in terms of .

Corollary 1 Any rational function in xy,...,x, is rationally expressed in
terms of ayxy + - -+ + anxy, where ay, ..., a, are distinct numbers.

Corollary 2 If G, = Gy, then the functions ¢ and 1 are rationally ex-
pressed in terms of each other.

Corollary 3 If the rational function r is invariant with respect to all the per-
mutations that preserve the functions ri, ..., ., then r is rationally expressed
in terms of r1,...,Tn.

Proof. We may assume that the functions rq,...,r, are linearly inde-
pendent. Let ¢ = a1r1 + -+ + a7y, where ay,...,a, are distinct numbers.
Then any permutation that preserves ¢ should also preserve all the functions
71,...,7n. Therefore r is preserved under all the permutations that preserve
. Hence, r is rationally expressed in terms of ¢ = ayry + -+ + apry. O

Corollary 4. Let the polynomial f(x1,...,x,) take only two distinct val-
ues under all possible permutations of its variables. Then

=51+ ASs,

where S1 and Sy are symmetric functions and A = ] (z; — z;).
i<j
Proof. If f is not a symmetric function, then the substitutions that pre-
serve f form a subgroup of S,, of index 2. Therefore it suffices to prove that
Sy, has only one subgroup of index 2, namely, the alternating group A4,,. Let
G C S, be a subgroup of index 2 and h € S,, \ G. Then S, splits into the
non-intersecting subsets G and hG = Gh. Therefore hGh~™! = G and, if
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hi,he € S, \ G, then hihy € G. If G had contained a transposition (i7), then
it would have contained any other transposition (pq) as well. Indeed, (pq) is
obtained from (ij) by conjugation with any permutation that sends ¢ to p and
Jj to q. Therefore all the transpositions lie in S, \ G, and hence their products

lie in G. Thus, all the products of any even number of transpositions lie in G,
and therefore G D A,,. But |G| = |A,|, and hence G = A,,. O

In Lagrange’s theorem we deal with the rational functions in x1,..., 2.
The passage from algebraically independent variables x1,...,x, to the con-
crete values of these variables requires certain caution. The point is that the
permutations which preserve the value of p(z1,...,z,) for given z1,...,z,
may not form a group. For example, let

2mik
T = exp (%) fork=1,...,6.
Consider the function f(z1,...,z¢) = z126. Let

o= (12)(56) and 7 = (16)(23).

The permutations ¢ and 7 send f into of = xox5 = 1 and 7f = xgz1 = 1
respectively, i.e., both o and 7 preserve f. But 7 sends of = xox5 to 7o f =
r3Ts 75 1.

To avoid such nuisances, Galois suggested considering not all the permu-
tations of the roots of the equation but only the ones that preserve all the
rational relations between them.

More precisely, let f = 2" +a,,_12" ' 4- - -+ag be a polynomial with coeffi-
cients from a field K and let a, .. ., a,, be the roots of f. Galois suggested con-
sidering those permutations o that for any rational function r € K(z1,..., )
the identity r(a1,...,an) = 0 implies the identity r(ay(1), ..., Qgm)) = 0.

In modern terms this means that the permutation o corresponds to an
automorphism of the field K(aq,...,«,) which preserves the ground field
K. The group of all such permutations is called the Galois group of the
polynomial f (this group depends of course on the field K).

In the example considered above, the permutations ¢ and 7 do not enter
the Galois group of the polynomial 2% + 2° + --- 4+ x + 1 whose roots are

1,...,T¢. Indeed, the permutations o and 7 do not preserve, for example,
the relations zo = x% and rg = x?.
For any rational function in the roots «q, ..., @, of the polynomial f, we

can consider the elements of the Galois group which preserve its value. Clearly,
these elements form a group. Indeed, let o and 7 be the elements of the Galois
group of f and let r(z1,...,2,) be a rational function such that

T(Qp(1)s - Qo(n)) = (01, ..., a), (2)

r(aT(l),...,aT(n)) :’/‘(Oq,...,()én). (3)
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We can apply ¢ and 7 to any rational relation between the roots aq, ..., ay,.
Hence, applying 7 to the relation (2) we obtain

r(a‘ra(l)v B a‘ra(n)) = r(aT(1)7 s 7aT(n))'

Relation (3) implies that 7o also preserves the value of r.

5.1.2 The Galois resolvent
In this section, let
fx)=2" 4+ ap_12" 1 4+ Fag

be a polynomial over a field K of characteristic 0 and let aq,...,a, be its
roots. Suppose that f has no multiple roots, i.e., the numbers aq, ..., a, are
distinct. Consider a rational function

V(X1ye oy Ty) =M1+ -+ M Ty,
where my, ..., m, are integers. Let us show that the numbers mq, ..., m, can
be selected so that all the n! values 1y = ¥(ag(1), ..., Ay(y)) are distinct.

Indeed, consider the function

D(t1, ... tn) = [[D_tilaw) — arga)),

o,7 i=1

where the product runs over all unordered pairs of distinct permutations o
and 7. The function D is a product of nonzero polynomials in ¢, ...,t,, and
hence D is a nonzero polynomial in indeterminates t¢1,...,t, over K. But any
nonzero polynomial function takes a nonzero value for certain integer values
of its arguments t; = mq,...,t, = m,. These integers mq,...,m, are the
required ones.

Before we advance further, we prove one auxiliary statement.

Lemma. Any symmetric polynomial in the roots as, ..., an of f is poly-
nomially expressed in terms of the root a and the coefficients ag, ..., an_1.
Proof. Any symmetric polynomial in the roots as, ..., a, is expressed in
terms of the coefficients of the polynomial
x
(x—ag) ... - (x —ay) = @) = 2" f by 0x™ % 4 4 b
xr — Qo

Here we have
Op—1 =bp_2 — aq,
Ap—2 = bnf?» - bnf2a17
Ap—3 = bn74 - bn73a17
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ie.,
bp—2 = an-1 + a1,
bn—3 =dap—2+ o101+ Oé%,
bn74 =0p-3 +Q10p_2 + CV%anfl + Ck:f,
Thus, the coefficients by, ..., b,_2 are polynomially expressed in terms of the
root o and the coefficients ag, ..., a,—1. O
Select the numbers my, ..., m, so that all the n! values

Yo = M1Qg(1) T+ MpQg(n)

are distinct and consider the polynomial

F(r) = H (z — miQse) = — mn%(n))-
oES),

The coefficients of this polynomial are symmetric polynomials with integer
coefficients in the roots of f, and hence they are rationally expressed in terms
of the coefficients of f. Therefore, if f is a polynomial over K, then so is F.

Let us factorize F' into a product of irreducible over K monic factors. Any
such irreducible factor G is called a Galois resolvent of f. Clearly, all Galois
resolvents are obtained from each other by permutations of the roots. Having
numbered the roots we may fix the Galois resolvent, the one corresponding to
the identity permutation. For definiteness sake, we will assume that G has a
root

Y =miag + -+ MpQy.

Theorem 5.1.2 (Galois). Any root of f is rationally expressed (over K) in
terms of one of the roots of G.

Proof. Consider the polynomial

Fi(x) = H (T —miar — Matiga) =+ — MpQg(n))-
{o€Sn|o(1)=1}

The coeflicients of F are symmetric polynomials in aso, ..., a,; hence, by the
Lemma, they are rationally expressed (over K) in terms of a1, i.e., Fi(z) =
g(z, 1), where g is a polynomial in two variables over K. Clearly, g(¢, a1) =
Fi(¢) =0.

Now consider the polynomial

Fy(z) = H(x —M1Q2 — Ma0g(1) = *** = MnQg(n)),
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where the product runs over the permutations o € S,, such that o(2) = 2.
From the proof of the Lemma we see that the coefficients of F5 are the same
as for F; up to replacement oy by aw, i.e., Fa(z) = g(x, as).

By the hypothsis

Y =miar + -+ My #F Mg + Moty + o+ MpQon),

i.e., F5(4) # 0. Therefore v is the only common root of the polynomials f(x)
and g(¢, x). This means that the greatest common divisor of f(x) and g(v, z)
is © — 1. But the greatest common divisor of two polynomials is found by
Euclid’s algorithm, and so «7 is rationally expressed in terms of ¢ and the
coefficients of f and g, i.e., o is rationally expressed over K in terms of . O

Corollary. All the roots of the Galois resolvent are rationally expressed
in terms of one of its roots.

Proof. Every root of the Galois resolvent is of the form
M1Qg(1) + -+ MpQg(n)-

Clearly, they are rationally expressed in terms of a1, . . ., . In turn, i, . ..,
are rationally expressed in terms of ¥ = mia1 + - - + mpay,. O

The Galois resolvents are a convenient tool for constructing the splitting
field of K(a1,...,a,). We recall the definition. Let f be a polynomial over
a field k& without multiple roots (but not necessarily irreducible), and let
a1, ...,ap be all the roots of f. The field K = k(ai,...,ay) is called the
splitting field of f.

Indeed, K(aq,...,a,) = K(v), ie., instead of adjoining to K all the
roots of a polynomial, we can adjoin just one root of the Galois resolvent of
the polynomial.

Another application of the Galois resolvent is that it can be used to con-
struct the Galois group. (It was precisely with the help of the resolvents that
Galois initially constructed the Galois groups of the polynomials.)

Let 11 (=), 1a, ..., 1%, be the roots of the Galois resolvent G. As we have
shown, all of them can be rationally expressed in terms of v, i.e., 1; = R;(v)),
where R; € K(z). The relation ¢; = R;(v)) can be considered as a relation
between the elements of the field K (). Hence we may assume that R; is a
polynomial of degree not higher than deg G — 1 = r — 1. This polynomial is
uniquely determined. The formula ¥; = R;(¢)) remains valid if we replace R;
by R; + aG, where a is an arbitrary polynomial.

Consider polynomials G(z) and G(z) = G(R;(x)). The coefficients of
these polynomials lie in K and the polynomials have a common root . Since
by the hypothesis the polynomial G is irreducible, it follows that any root
1; of G is also a root of Gj, ie., R;(¢;) = 1, for some p. This means that
Ri(R;(¥)) = Ry(v), ie., RiR; = R, (mod G). Therefore, for any root v,
of G, we have Ri(Rj (ws)) = R,(vs). In particular, the set of polynomials
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Ry, ..., R, and the transformations of the roots 1y ..., 1, which correspond
to them is invariantly defined, i.e., does not depend on the choice of the root
Y1.

To the number
’l/}i = M1Cs,;(1) + MpQs;(n),

a permutation ¢; uniquely corresponds, and to the permutation, in its turn,
there corresponds an automorphism, which we also denote by o;, of the field
K(ai,...,an) = K(t). Thus, to the roots 11, ..., %, of the Galois resolvent
there correspond permutations oy, ..., o,. To 0;, we assign the polynomial R;.
Since ;(¢) = 1;, we see that

0i0j (V) = 0i(1h;) = 0iR;j () = R; (i) = R;(Ri(v)),

i.e., 0505 < RjR; mod G. Therefore the group of transformation of Ry,..., R,
is anti-isomorphic! to the group of permutations of o1,...,0,. In order to
establish a relation with the Galois group of f, it remains to prove the following
statement.

Theorem 5.1.3. The Galois group of the polynomial f consists of the per-
mutations oy, ...,0..

Proof. We have to prove that, if aq, ..., a, are the roots of f and 7 € 5,,,
then the condition 7 € {01,...,0,} is equivalent to the fact that

olar,...,an) = 0= p(aray, .., Qrm)) =0

for any rational function ¢.
Since the roots aq,...,a, can be rationally expressed in terms of 1y, it
follows that

olat,...,an) =P(1) =DP(mias + -+ - + mpay),

where @ € K(z). Therefore

so(a‘r(lﬁ ceey aT(’n)) = @({E‘F)?

where 1/)T = mia )+ +Mpr(y). The equivalence of the equalities (1) =

0 and @(1/)7) = 0 for all possible rational functions ¢ means that v; and ’L/)T
are roots of the same irreducible polynomial, i.e., 7 € {o1,...,0,.}. O

Corollary. Let f be a polynomial over a field k with distinct roots
a1, ...,an. Then the order |G| of the Galois group G of f is equal to [K : k],
where K = k(aq,...,q,).

! Recall that the map of groups a : G — H is an anti-isomorphism if a(fg) =
a(g)a(f) for any f,g € G.
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Proof. Both |G| and [K : k] are equal to the degree of any Galois resolvent
of f. O

The following statement is of considerable importance for Galois theory.

Theorem 5.1.4. Let a,...,a, be the roots of an irreducible polynomial f
over k, and let p € k(x1,...,x,).
a) Let p(a1, ..., an) = ©(Qs, (1), - - -, Ao, (n)) fOr any permutation o; in the

Galois group. Then ¢(aq,...,an) € k.

b) Let H = {oy,,...,0;,} be a subgroup of the Galois group {o1,...,0.}
such that if p(ay,...,an) = (), .- Qe(n)) for any permutation o € H,
then p(aq,...,an) € k. Then H coincides with the whole Galois group.

Proof. a) The roots aq, ..., a, can be rationally expressed in terms of 91,
and hence p(a, ..., a,) = &(¢1), where ¢ € k(z). Therefore

w(aai(l)v e 70[0'1'(71)) = @(%)
Thus, ¢(11) = --- = &(¢),-), and hence

D) = () + -+ (1))

is a rational symmetric function in the roots 11, . .., 1, of the Galois resolvent.
Hence ¢(aq,...,an) = D(¢1) € k.
b) Counsider the polynomial

g@) =[] @—o) =@ —vi) ... (& —i).

oceH

Its coefficients are invariant with respect to the H-action, and hence all of
them belong to k. Therefore the coefficients of g(z) lie in k& and g(z) has
common roots with an irreducible over £ polynomial

G)=(x—v1) ... - (x —y).
Hence g(z) = G(z) and H = {o1,...,0,}. O

5.1.3 Theorem on a primitive element

On page 187 we observed that the field k(aq,...,a,), where ai,...,q, are
the roots of a polynomial f, can be generated over k by one element, namely,
by a root ¢ of a Galois resolvent of f. Usually, to construct the element that
generates the field, one uses the following standard construction.

Theorem 5.1.5 (On a primitive element). Let k be a field of characteris-
tic zero, and let aq, ..., a, be algebraic elements over k. Then k(aq, ..., o)
s generated over k by one element.
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Proof. First, consider the case of two algebraic elements, « and 3. Let
f(x) and g(z) be irreducible over k polynomials with roots « and [, re-
spectively. Let further oy = «a,aq,..., @, be all the roots of f and §; =
B, B2,...,0Bs all the roots of g. Select ¢ € k so that «; + ¢B; # o1 + ¢f1 for
Jj # 1. Set

0=a1+cf =a+cO.

Clearly, k() C k(o 8). It remains to show that k(«, 3) C k(6). To do this, it
suffices to prove that 8 € k(0). Indeed, in this case o = 0 — ¢ € k(6).
The element [ satisfies the equations

g(z)=0and f(0 —cx)=0

whose coefficients belong to k(). The only common root of the polynomials
g(x) and f(8 — cx) is (3 since § — ¢ # «; for j # 1. The polynomial g(z) has
no multiple roots, and so the greatest common divisor of g(z) and f(6 — cx)
is x — . The greatest common divisor of two polynomials over the field k(6)
is a polynomial over k(6), and hence 8 € k(9).

The passage from n = 2 to an arbitrary n is performed by an obvious
induction: if k(ay,...,a,—1) = k(0), then k(ai,...,a,) = k(0,a,) = k(0)
for some 0'. O

With the help of Theorem 1.5 one can prove, for example, the following
statement on prime divisors of a set of polynomials.

Theorem 5.1.6 ([Ho]). Let fi(x),..., fn(x) be non-constant integer-valued
polynomials, i.e., f;(m) € Z for m € Z. Further, let M; be the set of all prime
divisors of all the numbers f;(m) € Z, where m € Z and f;(m) # 0. Then the
set M = My U---U M, is infinite.

Proof. First, consider the case n = 1 (in this case the theorem was proved
by Schur [Sc6]). If fi(z) is an integer-valued polynomial of degree k, then all
the coefficients of the polynomial k!f;(x) are integers by Theorem 3.2.1 on
page 85. Passing from f; to k!f; we add to prime divisors of f; only prime
divisors of the number k!, i.e., a certain finite set of divisors. Therefore it
suffices to carry out the proof for the case of the polynomial f; with integer
coefficients.

Now f; assumes values 0 and +1 at finitely many points only. Therefore
the values of f; at integer points have at least one prime divisor; in other
words, My # @. Suppose that My = {p1,...,p,} is a finite set.

Let a € Z and f1(a) = b # 0. Let us show that

o(z) = fila+ bp1b- .. Prx)

is a polynomial with integer coefficients such that g(z) =1 (mod p1-...-p;)
for all x € Z. It is easy to verify that if ¢ € Z, then (a + cx)! — a! = chy(x),
where h;(z) is a polynomial with integer coefficients. Hence
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fila+bpy-...-prx)— fi(a) =bpy - ...  p.h(x),

where h(z) is a polynomial with integer coefficients. It remains to observe that

(fi(a) +bpy ... prh(z))

g(x) = 2

=14p1 ... p-h(z).

For a certain « € Z, the integer g(x) has a prime divisor p. The congruence
g(z) =1 (mod p1 - ... p,) shows that p ¢ My = {p1,...,pr}. On the other
hand, the number fi(a + bp; - ... pyz) = bg(zx) is divisible by p, and hence
p € M;. The contradiction obtained means that M; is an infinite set.

The passage from n = 1 to an arbitrary n is performed with the help of
Theorem 1.5. As in the proof for n = 1, we assume that fi,..., f, € Z[z].
Let «; be one of the roots of f;. By Theorem 1.5, Q(ay,...,a,) = Q(«), i.e.,
a; = ¢i(a), where ¢;(t) € Q[t]. Let g be an irreducible polynomial over Q
with root a. If ;(0) # 0, then replace ¢; by @;, where

- S0

Thus, we may assume that ;(0) = 0. In this case, if a number N is divisible
by the denominators of all the coefficients of ¢;, then ¢;(Nt) € Z[t].

The polynomials fi(1(t)), ..., fn(en(t)) € Q[t] have a common root «,
and hence all of them are divisible by g(¢). Consider the polynomials

Fi(t) = fi(@i(Nt)).

Clearly, F;(t) € Z[z] and F;(t) is divisible over Q by g(Nt), i.e., Fi(t) =
g(Nt)gi(t), where g;(t) € Q[t]. Let us express the polynomials g and g; in the
form

Pi(t) = pi(t)

g(Nt) = rh(t) and g;(t) = s;hi(1),

where 7, s; € Q, h(t), h;(t) € Z[t] and cont(h) = cont(h;) = 1.

Then F;(t) = rs;h(t)h;(t) and, by Gauss’s lemma, rs; = cont(F;) is an
integer. This means that F;(¢) is divisible over Z by h(t). In particular, all
the divisors of the values of h at integer points are divisors of the values of F;
which, in turn, are divisors of the values of f;. Therefore the set M contains
an infinite subset consisting of prime divisors of the polynomial A. O

5.2 Basic Galois theory

5.2.1 The Galois correspondence

Theorem 5.2.1. Any element w € K = k(ay,...,q,) is a root of an irre-
ducible over k polynomial h all of whose roots belong to K.
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Proof. One can represent w in the form w = g(aq,...,a,), where g €
Elz1,...,2n]. Set wy = g(ao(1); - -+, Q(n)) and consider the polynomial
ha) =[] (z —wo).
ocES,

Clearly, all the roots of h belong to K and h is a polynomial over k. Hence w
is a root of an irreducible divisor of h. O

Corollary. If p(z) is irreducible over k and one of ils roots belongs to
K =k(a,...,an), then all the other roots of p(x) belong to K.

Proof. Let w € K be a root of p and let h be an irreducible over k
polynomial all of whose roots belong to K and h(w) = 0. The polynomials h
and p are irreducible over k£ and have a common root w. Hence all the roots
of p are the roots of h, i.e., belong to K. O

A finite extension K of the field k is called a normal extension or a Galois
extension if any irreducible over k polynomial, one of whose roots belongs to
K, factorizes over K into linear factors, i.e., all its roots lie in K.

An example of a non-normal extension is the field Q(+/2). This field con-
tains only one of the roots of the polynomial 23 — 2.

By Theorem 5.2.1, the splitting field of any polynomial is a normal exten-
sion. The converse statement is also true.

Theorem 5.2.2. Let K D k be a normal extension. Then K is a splitting
field of a polynomial over k.

Proof. Let K = k(ai,...,qa,) and let f; be an irreducible polynomial
over k with root ay. Let f = f1--- fn, and let K’ be the splitting field of f

over k. On the one hand, the elements aq,...,a, are all the roots of f, and
so K C K'. On the other hand, K is a normal field over k and contains a root
of an irreducible over k polynomial f; (i = 1,...,n), and so K contains all

the roots of f, and therefore K > K’. O

Corollary. Let K D L Dk, where K is a normal extension of k, and L
an arbitrary intermediate field. Then K is a normal extension of L.

Proof. The field K is the splitting field of a polynomial f over k. This
polynomial can be considered also as a polynomial over L, and so K is the
splitting field of a polynomial over L, i.e., K is a normal extension of L. O

If K is a normal extension of k, then the Galois group of K over k is the
group of automorphisms of K preserving all the elements of k. The Galois
group of K over k will be denoted by the symbol G(K, k). If K is the splitting
field of a polynomial f, we will also denote the Galois group G(K, k) by the
symbol G (f).

The elements w and w’ of the field K D k are called conjugate over k if w
and w’ are the roots of the same polynomial irreducible over k.
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Theorem 5.2.3. Let K be a normal extension of k. The elements w,w’ € K
are conjugate over k if and only if there exists an automorphism o € G(K, k)
which sends w into w'.

Proof. Let w be a root of an irreducible over k polynomial p. If o’ = o(w),
then p(w’) = p(o(w)) = o(p(w)) = 0, and therefore w and w’ are conjugate
over k.

Now suppose that w and w’ are the roots of an irreducible over k poly-
nomial p. To construct the automorphism o, we start by constructing an
isomorphism ¢: k(w) — k(w’). Any element of the field k(w) can be uniquely
represented in the form

ap+ aw+ -+ an_lw”_l, where a; € k and n = degp.

n—1 n—1
The automorphism to be constructed is of the form 3 a;w’ — > a;(w’).

i=0 i=0
Now, select § € K \ k(w). Let p; be an irreducible over k polynomial with
root # and ¢; an irreducible over k(w) divisor of p; such that ¢;(f) = 0. Under
the isomorphism ¢: k(w) — k(w’) the irreducible over k(w) polynomial g¢q
becomes an irreducible over k(w’) polynomial g;. Let 6’ be a root of ;. The
isomorphism ¢ : k(w) — k(w’) can be extended to an isomorphism k(w, ) —
k(w’,0"). This isomorphism is of the form > b;0° — > o(b;)(6')¢, where b; €
k(w). Such extensions of isomorphisms enable one to construct an isomorphism
of K with a subfield K’ C K that sends w to w’. This isomorphism of fields
is, in particular, an isomorphism of linear spaces over k. Therefore, since the
dimension of K is finite, it follows that K’ = K, i.e., we have obtained an
automorphism of K. O

Corollary. If K is a normal extension of k, then the element w € K 1is
invariant with respect to the action of the Galois group G(K, k) if and only if
w € k.

Proof. If w € K is invariant with respect to G(K, k), then all its conju-
gates coincide with it. This means that w is a root of the polynomial x — w
with coefficients in k, i.e., w € k. O

The property that the extension be normal is very essential. For example,
any automorphism of the field Q(+/2) is the identity, i.e., the element /2 ¢ Q
is invariant under all the automorphisms.

A particular feature of normal extensions is that their group of automor-
phisms is rather large. This makes it possible to establish a one-to-one corre-
spondence between the intermediate fields and subgroups of the Galois group.

Let K be a normal extension of k. Consider an arbitrary intermediate field
L,ie.,, k C L C K. By Corollary of Theorem 5.2.2 the field K is a normal
extension of L, and therefore we can consider the Galois group G(K, L).
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Theorem 5.2.4 (The Galois correspondence). a) There is a one-to-one
correspondence between the intermediate fields k C L C K and the subgroups
of the Galois group G(K, k). To the field L, there corresponds the subgroup
G(K,L) C G(K,k) and to the subgroup H C G(K, k) there corresponds the
field consisting of the H-invariant elements of K.

b) An intermediate field L is a normal extension of k if and only if the
subgroup G(K,L) C G(K,k) is normal. In this case, we have the exact se-

quence'

0—-G(K,L)— G(K,k) — G(L,k) — 0.

Proof. a) Any automorphism of the field K that preserves the elements
of L also preserves the elements of k C L, i.e., G(K,L) C G(K, k).

To the field L, there corresponds the group G(K, L) and to the group
G(K, L) there corresponds a field L’ consisting of the elements of K invariant
with respect to all the automorphisms of K that preserve the elements of
L. Clearly, L' O L. But for the case of normal extensions any element of K
invariant with respect to G(K, L) belongs to L (Corollary of Theorem 5.2.3).
(An independent proof follows from Theorem 5.1.4 (a) on page 189.)

Therefore L = L', i.e., to every subfield there corresponds a subgroup and
this subgroup uniquely determines the subfield.

To the subgroup H C G(K, k) there corresponds a field L, and to the field
L there corresponds the subgroup G(K, L) = H' consisting of the automor-
phisms of K that preserve the elements invariant with respect to H. Clearly,
H’ D H. But if the subgroup H of G(K, L) is such that all the elements of
K invariant with respect to the H-action lie in L, then H coincides with the
whole Galois group G(K, L) (Theorem 5.1.4 (b) on page 189). Therefore to
each subgroup there corresponds a subfield and this subfield uniquely deter-
mines the subgroup.

b) Let L be a normal extension of k. Then any automorphism of K over
k sends L into itself (the element of L goes into a conjugate element which
again belongs to L). Therefore there is a homomorphism G(K, k) — G(L, k).
Clearly, the group G(K, L) is the kernel of this homomorphism, and hence it
is a normal subgroup of G(K, k).

Now, let G(K, L) be a normal subgroup of G(K, k), i.e., if ¢ € G(K, L)
and v € G(K,k), then ~'pyp € G(K,L). Let a € L. We have to prove
that all the elements aq, ..., a; conjugate to a belong to L. By the hypothesis
ay,...,a; € K and a; = ¢;(a) for some ¢; € G(K,k). If ¢ € G(K, L), then
VYo € G(K, L). Therefore o; 'oi;(a) = a, i.e., p(a;) = a;. Hence a; € L.

The description of the exact sequence

0—G(K,L) — GK,k)— G(L,k) —0
! Recall that a sequence of maps - -+ — ASBLC — s ezact in B if Im(a) =

Ker(3). The sequence is ezact if it is exact in all its terms except the first and
the last.
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is as follows. The field L is a normal extension of k, and so any automorphism
¢ € G(K,k) preserves L, and therefore one can consider restrictions of ¢
onto L. This gives rise to the homomorphism G(K, k) — G(L, k). Its kernel
consists of the automorphisms of K identical on L. They constitute the group
G(K,L). The epimorphic nature of the homomorphism G(K,k) — G(L,k)
follows from the fact that any automorphism of L of k can be extended to an
automorphism of K over k. O

If L is the splitting field of g over k and K is the splitting field of f over
k, then the exact sequence

0—G(K,L) — G(K,k)— G(L,k) —0

takes the form

0— GL(f) = Gr(f) — Gr(g) — 0.

Theorem 5.2.5. Let L be an arbitrary extension of the field k and let f be a
polynomial over k. Then the Galois group G (f) is isomorphic to a subgroup

of Gi(f)-

Proof. Let oy, ..., ay be all the roots of f. The automorphism o € G, (f)
permutes the roots aq, ..., a, and preserves all the elements of L D k. There-
fore o preserves the field k(aq, ..., ay), i.e., to o we may assign the automor-
phism @ € G (f) which is the restriction of o onto k(a1, ..., ax,).

If & = id, then o preserves all the roots as, . . ., a,,. Moreover, by definition,
o preserves all the elements of L, and hence ¢ = id. Therefore the map o — @
is a monomorphism, i.e., G (f) is isomorphic to a subgroup of Gy (f). O

5.2.2 A polynomial with the Galois group Sj

In order to give an example of equation not solvable by radicals, we need a
polynomial whose Galois group is S,, n > 5. We are ready to prove that the
Galois group of the polynomial x° — 4z + 2 over Q is equal to Ss.

The subgroup G C S, is transitive if for any two indices ¢,j € {1,...,n}
there exists a permutation o € G such that o(i) = j.

Theorem 5.2.6. The polynomial f without multiple roots is irreducible if and
only if its Galois group is transitive.

Proof. Let aq,...,a, be the roots of f. If f is irreducible over k, then by
definition all its roots are conjugate to each other. Hence, by Theorem 5.2.3,
there exists an automorphism of the field k(a, ..., a;,) that sends a; to «;.

Now, suppose that the Galois group G of f is transitive. Let f; be an
arbitrary divisor of f over k and a; a root of f;. Take an automorphism
o; € G such that o;(a1) = «;. Under o; the relation fi(a;) = 0 becomes
fi(a;) = 0, ie., all the roots of f serve also as roots of fi. Since f has no
multiple roots, we deduce that f; is divisible by f, i.e., f is irreducible. O
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Theorem 5.2.7. Let n be a prime and let the transitive subgroup G C Sy,
contain at least one transposition (i,j). Then G = S,.

Proof. On {1,...,n}, introduce a relation by setting ¢ ~ j if either i = j
or G has transposition (4, 7). The identity (¢, 7)(j, k)(i,j) = (i, k) proves that
this relation is an equivalence relation.

Let E(i) be the equivalence class containing i. Let us show that |E(i)| =
|E( J)|, i.e., all the equivalence classes consist of the same number of elements.
Since G is transitive, it has an element o such that o(i) = j. Let a € E(i),
i.e., (i,a) € G. The element o - (i,a) - 0! interchanges o(a) and o (i) leaving
the remaining elements fixed, i.e.,

o (i,a) 0" = (0(i),0(a)) = (j,o(a)) € G.

Therefore o(E(i)) C E(j), and hence |E(i)| < |E(j)|. The inequality
|E(j)| < |E(i)| is similarly proved.

By the hypothesis n is a prime, and so there is precisely one equivalence
class. This means that G = S,,. O

Theorem 5.2.8. Let f be an irreducible polynomial over Q of prime degree
p with precisely two non-real roots. Then the Galois group of f over Q is S,.

Proof. Since f is irreducible, its Galois group G C S, is transitive. The
above theorem shows that to prove the statement desired it suffices to prove
that G contains a transposition. An example of such a transposition is given
by the restriction of the complex conjugation z +— Z onto the splitting field of
f- Indeed, under the complex conjugation, all the real roots of the polynomial
remain fixed whereas the two complex roots are interchanged (this implies, in
particular, that the splitting field transforms into itself). O

The polynomial f(x) = 2° — 4z +2 is an example of an irreducible polyno-
mial of degree 5 with precisely two complex roots . The irreducibility of this
polynomial follows from Eisenstein’s criterion. The number of real roots of f
is not less than 3 since

f(=2) <0, f0)>0, f(1)<o0, f(2)>0.

On the other hand, it cannot have more than three real roots because oth-
erwise the derivative f/(z) = 52% — 4 would have had more than two real
roots.

5.2.3 Simple radical extensions

The splitting field K of the polynomial ™ — ¢, where ¢ € k, is called a simple
radical extension of k.
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Theorem 5.2.9. a) The Galois group G(K, k) of a simple radical extension
1s solvable.

b) If k contains an n-th primitive root of unity, then G(K, k) is a subgroup
of the cyclic group Z/nZ.

c) Ifc =1, then G(K, k) is a subgroup of the multiplicative group (Z/nZ)*.

Proof. a) Let a be a root of the polynomial " — ¢ and € an nth primitive
root of unity. Then all the roots of 2" — ¢ are of the form «, ae,...,ac" 1,
and therefore K C k(a,€). On the other hand, ¢ = (ag)a™! € K, and so
k(a,e) C K, ie., K = k(a,¢).

Let K = k(aye). Then o(e) is a root of 2™ — 1, i.e., o(g) = &% Observe
that £* cannot be a root of 2™ — 1, where m < n, since otherwise the element
e = 0 1(?) would also have been a root of 2™ — 1, which contradicts the fact
that € is primitive. Thus, (a,n) = 1.

The automorphism o is completely determined by its values on the gen-
erators of K, i.e., o(g) = €2, o(a) = e®a. Therefore such an automorphism o
can be denoted by the symbol

o = [a,b],where a € (Z/nZ)* and b € Z/nZ.
Observe that if o; = [a;,b;], i = 1,2, then
o1(02(e)) =", oy (02(a)) =P TP,

ie.,
[a1,b1][az, ba] = [a1a2, a1bs + b1].

Consider a homomorphism ¢: G(K, k) — (Z/nZ)* which assigns o = [a, D]
to a € (Z/nZ)*. The kernel of this homomorphism consists of the ele-
ments of the form [1,b]. For such elements the composition law is as follows:
[1,01][1,b2]) = [1,b1 + ba]. The kernel and the image of ¢ are abelian groups,
and so G(K, k) is solvable.

b) If € € k, then o(e) = €. Hence o = [1,b] € Z/nZ.

c¢) If ¢ = 1, we may assume that o = 1. In this case o0 = [a,0] € (Z/nZ)*.
O

5.2.4 The cyclic extensions

A normal extension K of the field & is called cyclic if the Galois group G(K, k)
is cyclic.

Theorem 5.2.10. If k contains an nth primitive root of unity, then any cyclic
extension K D k of degree n is of the form K = k(8), where 3 is a root of a
polynomial x™ — ¢ irreducible over k.
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Proof. We will need the fact that the characters of the group are linearly
independent. Let us recall the precise formulation and proof. Let G be a
group, K a field and K* the multiplicative group of the field, i.e., the set
of non-zero elements with respect to multiplication. A character of G is an
arbitrary homomorphism G — K*.

Lemma. Distinct characters of G are linearly independent over K.

Proof. Let {71,...,7»} be a minimal non-empty set of linearly dependent
characters, i.e.,
A171(g) + -+ Anynlg) =0 (1)

for all g € G and certain fixed Ay,...,\, € K*. Clearly, n > 2. The
characters y; and 7, are distinct, and so vi(h) # y,(h) for some h € G.
Let us multiply (1) by 7,(h) and subtract from the result the identity
M1(hg) + -+ Ayn(hg) = 0. After simplification we obtain

A (Y (h) =71 (h)71(9) + -+ + Xam1 (9 () = Yn—1(h))Yn-1(g) = 0.
This contradicts the minimality of the set {y1,...,v,}. O

If ¢ is an automorphism of K, then the restriction of ¢ onto K* is a
character of K*. Therefore, if 01, ..., 0, are distinct automorphisms of K and
a1,...,an € K* then ayoy (o) +- - - +apo,(a) # 0 for a certain « € K* C K.

Let us now pass to the proof of the theorem. Let o be the generator of the
cyclic group G(K, k) and € an nth primitive root of unity which belongs to k.
Consider the Lagrange resolvent

(57 a)o =a+ 50(0{) 4+ 4 En_lo'n_l(a).

The automorphisms id,o,02,...,0" ! are distinct, and so there exists an
element o € K for which (g, ), = 3 # 0. It is easy to verify that o(3) =713
and o(8"™) = (o(ﬁ))n = ", Therefore o(8) # 3, i.e., 3 ¢ k and o*(3") = 3"
fori=1,...,n—1,ie., " =ceck.

Consider the polynomial

" —c=(@x-p)(x—ef)...-(x —e"1p).

The field k() is its splitting field and k(5) C K. Since the automorphisms
id, 0,02, ...,0" 1 are distinct automorphisms of k(/3), it follows that the order
of the Galois group of k() over k is not less than n, i.e., [k(5) : k] > n. On
the other hand, [K : k] = n, and so k() = K. The Galois group of the
polynomial ™ — ¢ is transitive, and so the polynomial is irreducible. O
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5.3 How to solve equations by radicals

An extension L of the field & is said to be radical if there exists a sequence of
intermediate fields
k=LyclLiCc---CL,.=1,

such that L; = L;_1(8;), where ;" € L;_;. In other words, we consecutively
add to the field k the roots of the elements of the fields obtained at the
preceding step.

Let f be an irreducible polynomial over k£ and «;, . . ., «, all its roots. The
equation f(x) = 0 is said to be solvable by radicals if the field k(a, ..., o)
is contained in a radical extension of k.

To formulate and prove the criterion of solvability of equations by rad-
icals, we will need the notion of solvable groups. We therefore start with a
recapitulation of the basic notions of solvable groups.

5.3.1 Solvable groups
A group G is called solvable if there exists a sequence of nested subgroups
{e}=G, CcG,_1C---CGy=G,

such that G; is a normal subgroup in G;_1 and the quotient G;_1 /G is abelian
(fori=1,...,7).

In what follows we only deal with finite groups.

For any finite abelian group G, one can construct a sequence of nested
subgroups for which all the quotient groups G;_1/G; are cyclic (moreover,
the G;_1/G; are cyclic groups of prime order). Therefore, in the definition of
a solvable group, we may assume that all the quotients G;_1/G; are cyclic.

In the description of the relation between solvability of a polynomial
equation f(z) = 0 by radicals and the solvability of the Galois group
of f, we use the Galois correspondence which provides an exact sequence
0— H—G— G/H — 0. Usually, for some of these three groups, it is known
that they are solvable and we have to decide whether the remaining groups
are solvable. For this purpose, we use the following theorem.

Theorem 5.3.1. a) Any subgroup H of a solvable group G is solvable.

b) Let H be a normal subgroup of G such that H and G/H are solvable.
Then the group G is solvable.

¢) Let H be a normal subgroup of a solvable group G, then G/H is solvable.

Proof. a) Let us show that the sequence of subgroups H; = G; N H
possesses the properties required, i.e., H; is a normal subgroup in H;_; and the
quotient H,_1/H; is abelian. Since G; C G;_1, it follows that H; = H;_1 NG;.
Therefore H; is a normal subgroup in H;_; and
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H, 1 /Hi=H,_1/(Hi-1NG;) 2 GiH;—1/G; C Gi—1/G,.

b) For solvable groups H and G/H, take the sequences that define their
solvability:

{e}=H, CH,1 C---CHy=H,
{H}ZAmCAm_l C"'CAOZG/H.

We define G; = p~1(A;), where p: G — G/H is the natural projection.
Clearly G,, = H and Gy = G. Let us show that the sequence of subgroups

{e}=H,CH, 1C---CHy=H=G, CGpr_1 C---CGy=G

possesses the properties required in the definition of a solvable group, i.e., G;
is a normal subgroup in G;_; and G;_1/G; is abelian.

The second property follows from the fact that G;_1/G; = A;—1/A;.

Let g; € G; and g;—1 € G;_1. Then

p(9:49:9:1) = p(g,1) " " plg:) plgi_1) € A,
since A; is a normal subgroup in A;_;. Therefore g;_llgigi_1 € Gy, ie., G is
a normal subgroup in G;_1.
¢) For a solvable group G, take the sequence of subgroups that defines

solvability:
{e}=G, CcG,_1C---CGy=G,

and define A; = G;H/H. Then the sequence of subgroups
{H}=A,CA._1C---CA=G/H

possesses the property required, i.e., A; is a normal subgroup in A4;_; and
A;_1/A; is abelian. Indeed, let g;H € A; and g;_1H € A;_1. Then

(9i—1H)giH (9;—1H) ™' = gio1HgiHg; ', = gi—19:9;\H € A;.
Moreover,
Ai 1 /A =G /(GHNGi 1) = (Gi1/Gy)/((GiH N Gio1)/Gl),

i.e., the group A;_1/A; is isomorphic to a quotient of an abelian group, and
hence A;_1/A; is an abelian group. O

5.3.2 Equations with solvable Galois group

Using the Galois correspondence and Theorem 5.2.10 on the structure of the
cyclic extension, it is not difficult to prove that any equation with solvable
Galois group is solvable by radicals.
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Theorem 5.3.2. Let f be a polynomial without multiple roots over k whose
Galois group G (f) is solvable. Then the equation f = 0 is solvable by radicals.

Proof. If the field k does not contain any dth primitive root of unity,
where d = |Gk(f){, then we add to k a dth primitive root ¢ of unity, i.e.,
we consider the field L = k(g). The Galois group G (f) is isomorphic to a
subgroup of the solvable group Gi(f), and so Gp(f) is solvable itself and
|G ( f)’ divides d. In particular, the field L contains primitive roots of unity
of any degree that divides ’G L(f )|

For the solvable group G (f), we construct a sequence of subgroups

{G}ZGTC'~'CG0:GL(f),

in which the quotients G;_1/G; are cyclic. The Galois correspondence assigns
to this sequence a sequence of fields

K=L.>---DLy=1,

where K is the extension field of f over L such that the extension L; D L;_; is
normal, and therefore the sequence of fields K D L; D L;_1 provides an exact
sequence

0— G(K, Lz) — G(K, Li—l) — G(Lz, Li—l) — 0.

Therefore G(L;, L;—1) =2 G(K,L;—1)/G(K,L;) = G;—1/G; is a cyclic group
whose order divides |GL(f)’ Since L;_1 D L contains a dth primitive root of
unity, where d; = |G(Li7 Li,1)’, we see that L, = L;_1(0;), where (3; is a root
of the polynomial % —¢;, where ¢; € L;_1. Therefore L; is a radical extension
of L;_1, and hence K is a radical extension of L. It is also clear that L is a
radical extension of k. Therefore the splitting field of the polynomial f is a
radical extension of k, i.e., the equation is solvable by radicals. O

5.3.3 Equations solvable by radicals

We have just proved that, if the Galois group of an equation is solvable, then
this equation is solvable by radicals. Let us now prove the converse statement.

Theorem 5.3.3. Let f be a polynomial without multiple roots over a field k
and let the equation f = 0 be solvable by radicals. Then the Galois group
Gk (f) is solvable.

Proof. By the hypothesis, for some field L containing all the roots of f,
there exists a sequence of fields

L=L,.D>---DLy=k, (1)

such that L; = L,_1(8;), where 3" € L;_;. Here the extension L D k is not
necessarily normal, and therefore we cannot directly apply the Galois corre-
spondence. We therefore begin with the construction of a radical extension
K D L for which the extension K D k is normal.
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We use induction on 7. For » = 0, the statement is obvious. Hence, by
the inductive hypothesis, we may assume that we have already constructed a
radical extension K,_1 O L,_1 for which the extension K,_; D k is normal.
Set K/ = K,_1 and L' = K'(8,) D L. The induction step consists in the proof
of the following statement.

Lemma. Let K' D k be a normal extension and let L' = K'(3), where
8" € K'. Then there exists a radical extension K D L’ such that the extension
K D k is normal.

Proof. Consider an irreducible over k polynomial g(z) with root ™ € K.
The extension K’ D k is normal, and so all the roots of g(x) lie in K’. Set
h(z) = g(z™) and consider the field K, the splitting field of h over K’. Let us
prove that K possesses all the properties required.

1. The extension K Dk is normal. Indeed, the extension K’ Dk is normal,
and hence K’ is the splitting field over k of a polynomial ¢(z). In this case K
is the splitting field over k of the polynomial h(x)p(z).

2. K D L' = K'(B). Indeed, by definition K’ C K. We also have § € K
since h(B) = g(8™) = 0.

3. The extension K O L' is radical. Let 3 be a root of h(x). Then B is a
root of g(x), and hence B\" € K' ¢ L. Tt remains to observe that the field K
is obtained by adjoining to L’ all the roots 5 of the polynomial h(z). O

Thus, we may assume that the field L in (1) is a normal extension of k.
Moreover, we may assume that the numbers n; are primes and the degree of
the extension L; D L;_1 is equal to n; (the adjoining of a root of degree pg can
be replaced by the adjoining of a root of degree p with a subsequent adjoining
of a root of degree q).

Since the extension L D k is normal, the extension L D L;_ 1 is also
normal. The coefficients of the polynomial 2™ — 3" belong to L;_1 and its
root [3; belongs to L but not to L;_1. Therefore the polynomial 2™ — 3" has
an irreducible over L;_; divisor with root (3; and this divisor is different from
x — ;. Hence the field L contains a root of the polynomial 2™ — 3;'* distinct
from f3;, and therefore the field L contains an n;th primitive root of unity (we
use the fact that n; is a prime).

The field L contains primitive roots of unity of all degrees n;, and so it
contains a primitive root ¢ of unity whose degree is divisible by all the n;. Set
L} = L;(e) and consider the sequence of subfields

L=L DL _,>--D>Ly=Loe) D Lo=k.
From the Galois correspondence we obtain a sequence of subgroups

{e}=G(L,L,) C G(L,L,._y) C - C G(L,Ly) = G(L,k(g)) C G(L, k).
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The extension L} D L}, is normal because L) is the splitting field over L} ;
of the polynomial 2™ — 3!'". Therefore the sequence of fields L; , C L;C L
provides us with an exact sequence of groups
0— G(L, L) = G(L, Li ) — G(Lj, Li_y) — 0.

Thus, G(L,L;_,)/G(L,L}) = G(L},L};_,) is a cyclic group of order n;. Hence
G(L,k(e)) is a solvable group.

The next step is the proof of solvability of G(L, k). The extension k(g) D k
is normal, so for the sequence of fields k C k(¢) C L we obtain an exact
sequence of groups

0 — G(L,k(e)) — G(L, k) — G(k(c), k) — 0.

The group G(k(¢), k) is abelian by Theorem 5.2.9 (c¢) on page 197, and so
G(L, k) is solvable.

The last step is the proof of solvability of the group Gi(f) = G(N, k),
where N is the splitting field of the polynomial f over k. The sequence of
fields kC N C L yields an exact sequence of groups

0 — G(L,N) — G(L,k) — G(N, k) — 0.

Therefore G(N, k) is a quotient of the solvable group G(L, k), and hence is
solvable itself. O

Ezxample. The equation
P —424+2=0
is not solvable by radicals.

Proof. The Galois group of the polynomial 2° — 4242 = 0 over Q is equal
to Ss. (See page 196). It remains to prove that S5 is non-solvable. Observe,
first of all, that if H C G is a normal subgroup such that the group G/H is
abelian, then for any z,y € G the element zyxz~'y~! belongs to H. In S5,
there is a normal subgroup As consisting of the even permutations. It is easy
to verify that any element of As can be represented in the form zyz~ty~!,
where x,y € As. Indeed, any element of Aj is either a cycle of length 5, or a
cycle of length 3, or the product of two transpositions (ij)(kl) with distinct
i, 5,k L.

For the cycle (12345), set x = (12534) and y = (12)(35).

For the cycle (123), set x = (123) and y = (23)(45).

For (12)(34), set « = (14)(23) and y = (123).

Therefore, if H C S5 is a normal subgroup and the group S5/H is abelian,
then H = As (or S;). But already As has no normal subgroup K such that
As /K is abelian. O
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5.3.4 Abelian equations

In the memoir “On a particular class of algebraically solvable equations” Abel
proved three important statements concerning solvability of equations by rad-
icals.

1. If one of the roots of an irreducible polynomial f can be rationally
expressed in terms of the other root, then the solution of the equation f(z) = 0
reduces to the solution of several equations of lesser degrees.

2. If the roots of an irreducible polynomial f are of the form 1, 6(x1),
0%(z1) = 0(0(x1)),...,0" Y(x1), where € is a rational function such that
0™ (x1) = x1, then the equation f(x) = 0 is solvable by radicals.

3. If the roots of an irreducible polynomial f are of the form x;, 62(x1),
03(z1), ..., 0n(x1), where the 6; are rational functions such that 6;0;(z) =
0;0;(x1), then the equation f(x) = 0 is solvable by radicals. Moreover, if
deg f = pi* ---pp*, then the solution of f(z) = 0 reduces to solution of n;
equations of degree p1, no equations of degree ps, etc.

The polynomial f in statement 3 is called abelian, and the equation f(x) =
0 is called an abelian equation. Clearly, the Galois group of a polynomial g
is abelian if and only if the Galois resolvent of g is an abelian polynomial.
Therefore Abel’s theorem is a particular case of the Galois theorem which
reads as follows:

any equation with an abelian Galois group is solvable by radicals.

Nevertheless, the methods of Abel’s theorem still retain a certain signifi-
cance because Abel’s solution of Abel equations is rather constructive.

The polynomial f in statement 2 is called a cyclic abelian polynomial. The
Galois group of such a polynomial is cyclic.

To solve cyclic abelian equations, Abel applied methods developed by La-
grange and Gauss. His contribution consists in the fact that he separated the
most general class of equations to which these methods are applicable. More-
over, studying the theory of elliptic functions, Abel found a new interesting
example of a cyclic abelian equation, namely, the lemniscate division equation.
For a modern proof of the fact that the lemniscate division equation is a cyclic
abelian equation, see [Pr3].

Let us begin with statement 1. It deals with polynomials of a particular
form but with an arbitrary Galois group. Indeed, all the roots of the Galois
resolvent of any polynomial can be rationally expressed in terms of one of the
roots.

Theorem 5.3.4. a) Let f be an irreducible polynomial over a field k of char-
acteristic zero, one of whose roots can be rationally expressed in terms of
another root. Then all the roots of f can be organized into a table (elucidated
in the course of the proof)
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x%? x% = Q(x%), ) ), = apil(x%)v
aft, ot = 0(af"), ..., xpt = 0P~ (af"),
where 0 is the rational function such that OP(z}) = 2% fori=1,...,m.

b) The problem of solving the equation f = 0 reduces to solving an equation
g = 0 of degree m with coefficients in k and cyclic abelian equations hy =
0,...,hym = 0, where h; is a polynomial of degree p whose coefficients are
rationally expressed (over k) in terms of a root y; of g.

Proof. a) Let x1,...,2, be the roots of f and let o = 0(x1), where 0 is

a rational function. Consider the polynomial p(z) = [] (z — 6(x;)). The co-
efficients of this polynomial are symmetric functions i; £1L'1, ..., Zn, and hence
belong to k. The polynomials f and ¢ have a common root o = 6(x1). But
the polynomial f is irreducible and deg f = deg ¢, and so 0(x1),...,0(x,) is
a permutation of the numbers z1,...,2,. Thus to each root x; there corre-
sponds, uniquely, a root z;, i.e., z; = 6(x;).

Consider all the possible cycles x;, 0(z;), 0 (x;), ..., 0P~ (x;), where p > 0
is the first integer such that 6P(z;) = z;. Clearly, any two cycles, considered
as sets, either do not intersect or coincide. It only remains to prove that the
length of all the cycles is the same. Let p be the least length of the cycles. If
0P (x) = x for all z, then all the cycles are of length p. If 6P (z) # x, then the
equations 6P () = x and f(z) = 0 have a common root. From the irreducibility
of f it follows that 0P(x;) = x; for all ¢ = 1,...,n, and hence all the cycles
are of length p.

b) To avoid cumbersome notations, we assume that p = 3 and m = 4. In
the general case the proof is the same. The table of roots can be expressed as
follows:

z1, o =0(21), x3=0%(z1),
ry, m5=0(x4), x6=0%(4),
z7, xs=0(x7), x9=0%(27),

10, 11 = 9(3710), T2 = 92($10)~

Let ¢ be an arbitrary symmetric polynomial in three variables over k. Then
o(x1) = q (21,0(x1),0%(21)) = q (0(x1), 0% (1), 1) = p(2).
Similarly, ¢(z1) = ¢(x3). Thus, if
(i) = q (2,0(2:), 0% (13)) ,
then

p(z1) = p(x2) = p(x3) = q1,  p(r1) = 9(x5) = p(6) = G2,
%0(379) = (s, <P($10) = 90(3711) = <,0($12) = q4.

5
8
~J
~—
I
5
8
g
~—
I
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12
Hence q1 + g2 + g3 + g1 = £ 3 ¢(;) € k. Considering the functions ¢2, ¢%, ¢*
i=1
instead of ¢, we see that > ¢, > ¢%, > ¢* € k. This means that the coefficients
of the polynomial [[(y — ¢;) lie in k.
If r is one more symmetric polynomial in three variables, we can consider
symmetric polynomials 7¢' for I = 0, 1,2, 3. Now, determine the r; in the same
way as the ¢;. Then the system of equations

rlqll —|—7‘2ql2 + qué + r4qfl = Ry, wherel =0,1,2,3 and R; € k,

shows that r; = @(g;), where @ is a rational function (the same for all 7).
Let ¢ =t1 +to +t3, r = t1la + tots + L3t and ¥ = t1tot3. Then

g1 =21 +1’2+1’3 =1
(a root of [[(y — ¢;)), and
r1 = 2172 + 2223 + 371 = D(Y1)

and 1 = x1zox3; we denote: 71 = 5(y1) Therefore a1, x2, x3 are the roots of
the equation _

2® —yia® + d(y1)x — P(y1) = 0,
where & and @ are rational functions. This equation is a cyclic abelian one

since w9 = 0(x1), 3 = 0%(x1) and x1 = 63(21). O

Theorem 5.3.5. a) Any cyclic abelian equation is solvable by radicals.
b) The solutions of a cyclic abelian equation of order n = pm reduces to
the solution of two cyclic abelian equations of orders p and m.

Proof. a) Let f be an cyclic abelian polynomial of degree n with roots
Z1,...,%, and let € be an nth primitive root of unity. Let 6 be a rational
function such that x,1 = 6%(x1) and 2, = 0"(z). Consider the Lagrange
resolvent

(6", 21) = 21 + "0(z1) + 2 0% (z1) + - - + IOV (z).
Since zp1 = 0F(x1), it follows that
(", 2pr1) = 0% (21) + 70 (1) 4+ 27052 (21) Zs”ﬁk“ (z1).
Clearly, 0*+5(2,) = for s = n—k, and therefore (¢", z341) = e F7 (", xy).
In particular, (e", z541)™ = (", 21)". Hence

(7, 0)" = (", m2)" = o = (@) = = (7, i) = u (e,

n

where w,. is a rational function.
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Thus
x1 4 e"0(z1) + 0% (1) + - -+ IO (1)) = Y, (e) (%)

forr =1, ..., n— 1. Further, for r = 0, we see that 1 + x5 +---+z,, = —ay,
where a; is the coefficient of 27! in the polynomial f. Adding up all the
equalities (%) for r = 0,1,...,n — 1 we see that the sum of coefficients of z1
is equal to n, and the sum of coefficients of ™ (x;1), where 1 <m <mn — 1, is
equal to

L+em4 e 4. felntm =,

Thus,
nzy =ar + Yui(e) + -+ Yun—1(e).

k

If we multiply the rth equality (%) by e™*" we similarly deduce that

NTp+1 = a1 + ek Yui(e) +---+ g=k(n=1) »/ Up—1(€).
It is not difficult to obtain a slightly more precise expression:
nagr = a1 +y+ Ay + -+ Anay"

where y = ¢7% ¢/uy(¢) and A, ..., A,_; are constants which rationally de-
pend on e. Indeed,

(€ appn) _ e"TPTE ) (€ m) o ule)

(e, xpp1)” (e F(em,21))"  (e,21)" ( u1(€)>r o

This means that A, depends rationally on ¢ and symmetric functions in
T1y---3Tp-

b) To avoid cumbersome notations, we assume that p = 3 and m = 4. In
the general case the proof is the same. Let

Y1 = a1 +T5+ 19 = 11 + 04(21) + 08 (1),

Yo = To + m6 + w10 = O(21) + 0°(21) + 0° (1),
ys = x3 + o7 + 211 = 0 (21) + 0%(21) + 010(21),
Ys = 24 + a8 + 212 = 03 (21) + 0" (21) + 01 (21).

In the situation considered, the conditions of Theorem 5.3.4 (with 6 replaced
with 6%) are satisfied, and so x1, 0*(x;) and 6%(x;) are the roots of a cyclic
abelian equation of order p = 3 whose coefficients are rational functions in
y1. Further, y1,y2,y3 and y, are the roots of an equation of degree m = 4
with rational coefficients. It only remains to prove that this equation is cyclic
abelian.
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Let
() = (0(z1) + 0% (1) + 07 (1)) (w1 + 0% (1) + 6%(1))" -
Then ¢(x1) = ygyll. Further,
qi(xs) = (6 + 110 + 22) (25 + 20 + 21)' = @u(21).

Similarly, ¢;(z9) = ¢i(x5). Similar arguments show that

ysyh = q(x2) = q(z6) = q(z10),
yavh = q(z3) = q(z7) = q(z1),
ylyi = QZ(M) = QI(l“s) = QI(1'12)~

Hence
122
Yo + ysys +yavh + s = 7 Y _aix) €.
i=1
For the system of equations
Yoyt 4+ -+ g1yl = Ty, where [ =0,1,2,3 and Tj € k,

we deduce that y2 = p(y1), y3 = ¢(y2), ya = »(y3) and y1 = p(y4). O

Corollary. Any cyclic abelian equation of degree 2™ can be solved by
quadratic radicals.

5.3.5 The Abel-Galois criterion for solvability of equations of
prime degree

Evariste Galois perished in a duel and had no time to publish his main results
in the study of the theory of solvability of polynomial equations by radicals.
Still, he managed to publish some of his results. In a short notice in “Bul-
letin des Sciences mathématiques” (1830) Galois communicated the following
result:

In order that an equation of prime degree be solvable by radicals it is nec-
essary and sufficient that given any two of its roots the others would rationally
depend on them.

It is interesting to observe that in 1828 Abel wrote to Crelle that he found
a criteria for solvability by radicals of the equation of prime degree. Abel
formulated his criterion in almost the same words as Galois: “In any triple of
the roots one root should be rationally expressed in terms of the other two”.
No testimony, however, on the existence of Abel’s proof has survived.
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Theorem 5.3.6. a) An irreducible over Q equation f = 0 of prime degree
p is solvable by radicals if and only if its roots can be numbered so that any
permutation o from the Galois group is of the form o(i) = ai + b (mod p),
where a # 0 (mod p).

b) An irreducible over Q equation f = 0 of prime degree p is solvable by
radicals if and only if all its roots can be rationally expressed in terms of any
two of the roots. (In other words, if ax, ..., oy are all the roots of the equation,
then Q(a1,...,ap) = Qa;, a;) for any distinct i and j).

Proof. a) For the Galois group indicated, the multiplication law is of the
form
la1, b1][az, ba] = [a1as, a1by + b1

The solvability of this group was proved in the theorem on simple radical
extensions (Theorem 5.2.9 on page 197). Therefore it remains to prove that,
if an irreducible equation of prime degree p is solvable by radicals, then its
Galois group consists of transformations of the form indicated.

When proving theorems on equations solvable by radicals, we have shown
that, for an equation f = 0 solvable by radicals, there exists a sequence of
radical extensions of prime degrees

L=L DL > D>Ly=1Lo(e) DLo=0Q,

where ¢ is an nth primitive root of unity, where n = [L : Q], the extension
L D Q is normal and L contains the splitting field N for f.

In this scenario, G(N,Q) = G(L,Q)/G(L,N). Therefore it suffices to
prove that any automorphism of L over Q permutes the roots of f in the
manner indicated above, i.e., the root number ¢ is replaced by the root num-
ber ai + .

We may assume that L’._; does not contain all the roots of f. The proof
of the theorem is based on the fact that f is irreducible over L!_; and the
degree of the extension L D L/ _; is equal to p. This means that, until the
very last radical extension, the polynomial f remains irreducible whereas at
the last step it factorizes into linear factors. The statement required obviously
follows from the next lemma.

Lemma. Let f be irreducible over a field k which contains a qth primitive
root of unity, where q is a prime. Further, let K = k(3), where 89 € k. Then,
over K, the polynomial f is either irreducible or factorizes into q irreducible
factors of equal degree.

Proof. Let L be the splitting field for f over k. The field k contains a gth
primitive root of unity, and so L(f) is the splitting field of f over k(5).

The sequences of extensions L(3) D k(8) D k and L(3) D L D k yield the
exact sequences
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0 — G(L(B), k(B)) — G(L(B), k) — G(k(B),k) — 0,

|
0— G(L(B),L) — G(LB)k) — G(Lk) — 0.

Therefore
|G (L(B), K(B))| - |G (K(B), k)| = |G(L, k)| - |G (L(B), L)|-

By Theorem 5.2.5 on page 195, the groups G (L(8),k(8)) and G(L(B),L)
are subgroups in G(L, k) and G (k(0), k), respectively. Moreover, by Theorem
5.2.9 (b) on page 197, the groups G (L(3), L) and G (k(B), k) are subgroups
in IF,. By the hypothesis ¢ is a prime, and so I, has no nontrivial subgroups,
and therefore

(G(L. k) G (L(B). k(B)] = 1or g

where the degree of the extension is equal to ¢ only if G (L(3), L) is trivial,
ie., G(L(B), k) = G(L,k). In this case G (L(8), k(8)) is a normal subgroup
in G(L, k) of index q.

Recall that a polynomial (without multiple roots) is irreducible if and only
if its Galois group acts transitively on the set of its roots (Theorem 5.2.6 on
page 195). Hence we only have to consider the case when H = G(L(8), k(3))
is a normal subgroup of G = G(L, k) of index ¢. In this case G/H = F,, and
S0

G={H, gH, ¢°H, ..., g% 'H} for some g € G.

Let aq, ..., ay be all the roots of f. We define the set Ha; = {h(ai) | h e H}
Then Hoy; and Hay either coincide or do not intersect. Therefore the sets Hay
and gHay = Hg(aq) either coincide or do not intersect.

In the first case, the group H transitively acts on the set of Roots, whereas
in the second case the set of roots splits into ¢ subsets of equal cardinality on
each of which the group H transitively acts. Let n = rq and let H transitively

act on the set oy, ,...,a;,.. Then H preserves all the coefficients of the poly-
nomial (z — g, )~ (x — a;,.), and hence this polynomial is irreducible over
k(B3). O

Thus, f is irreducible over L!_; and it factorizes into linear factors over
L, = L._,(3), where 3¢ € L/ _;. This means, in particular, that ¢ = p.
Therefore L = L is a cyclic extension of L!._; of degree p and L _; contains
a pth primitive root of unity. Hence G(L, L]._;) =TF,. Let o be a generator of
this group. The roots a1, ...,a, of f can be numbered so that (i) = ¢ + 1,
i.e., o sends «; into a;41.

The group G(L, L. _;) is a normal subgroup of G(L,L!._,). Let 7 be an
arbitrary element of G(L, L!._,). Then ror~! € G(L, L.._,), i.e., Tor~ 1 = 0°
for some a. This means that 70(i) = 0%7(i), i.e., 7(i+1) = 7(i) +a. Therefore
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where b = 7(1) — a. The element 7 is of the form required.

Let us prove now that if all the elements of G(L,L},) are of the form
7(i) = ai + b, then all the elements of G(L, L, ) are also of the same form.
In the proof we use the fact that G(L,L],) contains an element such that
o(i) =i+ 1 and G(L,L},) is a normal subgroup of G(L,L,, ). Let u be
an arbitrary element of G(L, L’ ;). Then pop~t € G(L,L!,) so pou='(i) =
ai +b. For j = p~1(i), we have po(j) = au(j) + b, ie., u(j +1) = ap(j) + b.
Let us prove, first of all, that « = 1. Indeed,

1(2) = ap(l) + 0,
1(3) = ap(2) + b= a®u(1) + ab + b,
w(4) = ap(3) +b=a*u(1) + a’*b + ab + b,

Hence, p(1) = p(p+1) = aPp(l) + (a®* +aP~2 4+ .-+ a+ 1)b, ie.,
(1—a”)p(l)= (PP +aP 2 +---+a+1)b (mod p).

Let us multiply both sides of the last congruency by 1 — a and use the fact
that a? = a (mod p). As a result, we obtain

(1—a)?u(l)=(1—-a)b (mod p).

If a # 1 (mod p), then (1) = (1 —a)~'b (mod p). But then the same argu-
ments show that 1(2) = (1 — a)~'b (mod p) which is impossible.

b) If an irreducible equation of prime degree is solvable by radicals, then
its Galois group consists of transformations of the form i +— ai + b. Any
transformation of such a form with two fixed points is the identity. This means
that, after adjoining two roots «o; and «;, the Galois group reduces to the
identity transformation, i.e., all the roots belong to Q(a, cj).

Now suppose that for any two distinct roots a; and «; the field Q(oy, ¢j)
contains all the other roots. This means that if the transformation from the
Galois group fixes two roots, then it fixes all the other roots, i.e., any non-
identical transformation has no more than one fixed point.

The Galois group G transitively acts on the set {a, ..., a,} of p elements,
and so |G| is divisible by p.

Lemma. If the number of elements of the group G is divisible by a prime
p, then G contains an element of order p.
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Proof. Let |G| = n = mp. We use induction on m. For m = 1, the
statement is obvious. If G has a proper subgroup H whose index [G : H] is
not divisible by p, then |H| is divisible by p and we can apply the inductive
hypothesis. Therefore we may assume that the index of any proper subgroup
is divisible by p.

For any = € G, consider the subgroup N, = {g € G | gzg~! = z} and
the class of conjugate elements G, = {gzg~' | g € G}. Clearly, |G,| =
[G : N.]. The conjugacy classes either do not intersect or coincide, and so
n =mny+ -+ ns, where n; is the number of elements in the ith conjugacy
class. By the hypothesis n; is either equal to 1 or divisible by p. If n;, = 1,
then the corresponding element x commutes with all the elements of G, i.e.,
belongs to the center Z(G). The number of the n; equal to 1 is divisible by
p and distinct from zero (since n; = 1 corresponds to the identity element).
Hence Z(G) is an abelian group whose order is divisible by p. Therefore Z(G)
has an element of order p. O

Any element o of order p in G C S, is a cycle of length p. Renumbering
the roots, we may assume that o(i) = ¢ + 1. Let us show that o generates a
normal subgroup in G. Let 7 € G. Then 707! # id and (ror~1)P =id, i.e.,

ot~ ! is a cycle of length p. Now define a(i) by the formula

ror (i) =i+ a(i) = 0D (i).

A cycle of length p in the group S, cannot possess fixed points, and so a(i) # 0
for all i. Therefore the function a(i) on the set of p elements takes not more
than p — 1 distinct values, and hence it assumes a certain value a at two
distinct points, say i and j. This means that the transformation o~ %ror !
has two fixed points. But we know already that any transformation from G
with two fixed points is the identity. Hence 70771 (i) = o¢.

The equation 70771 (i) = 0% implies that 7(i) = ai+b, where b = 7(1) —a.
The group consisting of elements of this form is, as we know, solvable. O

Corollary. If an irreducible over Q equation of prime degree p > 3 is
solvable by radicals, then the number of its real roots is equal to either 1 or p.

Proof. The number p is odd, and so any equation of degree p has at least
one real root. If an equation of prime degree p which is solvable by radicals
has two real roots a; and «;, then all its roots belong to Q(w;, o;) C R. O

5.4 Calculation of the Galois groups

5.4.1 The discriminant and the Galois group

Theorem 5.4.1. Let f € Z[z]| an irreducible monic polynomial of degree n.
The Galois group of f over Q is contained in the alternating subgroup A, C Sy,
if and only if the discriminant D(f) is a perfect square.
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Proof. Let aq,...,ay, be all the roots of f. Then D(f) = [ (v — a;)%.
i<j
Set § =6(f) = [[ (i — o). If 0 € Gg(f), then

i<j
a(8) = [[ (o(ei) = o(ay)) = (-1)75.
i<j
By the hypothesis f is irreducible. Therefore, in particular, § # 0. Hence all
the automorphisms o € Gg(f) preserve ¢ if and only if Gg(f) C A,. On the

other hand, all the automorphisms o € Gg(f) preserve d if and only if § € Q.
O

Ezample. Let f(x) = 2%+ az? 4 bz + ¢ be an irreducible polynomial over
7 and D its discriminant. Then Go(f) = Az if VD € Q and Go(f) = S if
VD ¢ Q.

Proof. Since f is irreducible, its Galois group Gg(f) is transitive. In S,
there is only one transitive group distinct from Sz, namely, Az. O

5.4.2 Resolvent polynomials
Let ¢ € Q[z1,...,2,] and

GW = {0' € Sn ‘ op =@ (i'e'7 (p(‘ro’(l)a s a'ro(n)) = (p(‘rla s ,an))}

Under the action of S;, we obtain from ¢ distinct functions

1L =¥, @2=T2¢ .., Pm = Tm®, Wherem:|Sn\/|G¢|

Ezxample 5.4.2. If ¢ = x1x2 4+ 2374, then G, consists of the identity element
and the permutations

(12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423).
So in this case py = x123 + 2wy and p3 = T114 + T2X3.

It is easy to verify that G, = T¢G¢Ti_1. Indeed, the equality op; = ¢; is
equivalent to o7;0 = 7;¢0. Therefore Ti_lan €Gy,,le,0€ TiG%Ti_l.

Let f(z) = 2" 4+ ap_12"" 1 + .-+ + ap be a polynomial with integer co-
efficients and ¢ € Z[z,...,x,]. Define the polynomials ¢1,. .., and the
respective groups G, as above. The resolvent polynomial (of ¢ and f) is the

polynomial
m

ReS(gD, f)(l') = H (Jf - @i(aly ey Oén)) )
i=1
where aq, ..., a, are all the roots of f.

Since the resolvent polynomial Res(ip, f) has integer coefficients, one can
calculate it by approximately computing the roots of f (the coefficients of the
resolvent polynomial are calculated with sufficient accuracy and rounded up
to the nearest integer).
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Theorem 5.4.3. Let the resolvent polynomial Res(p, f) have no multiple
roots. Then the Galois group of f over Q is contained in the group conju-
gate to G, if and only if Res(p, f) has an integer root.

Proof. First, suppose that
Go(f) C TGWfl =Gy,

where ¢; = 7. Then the number ¢; (a1, ..., a,) which is a root of Res(¢p, f)
is preserved under the action of all the transformations from the Galois

group, and therefore is a rational number. But the numbers «q,...,a, are
algebraic integers and the coefficients of the polynomial ¢; are integers, so
wilaq,...,a,) is an integer.

Now suppose that p;(aq,...,q,) is an integer. By the hypothesis the re-
solvent polynomial has no multiple roots. This means that, if

opi(ar,...,an) =pj(ar,...,an),

then Tj_lan € Gy. Any element o of the Galois group preserves the integer
wilaq, ..., ap), and hence, for this o, we have i = j, i.e., o € T¢G¢Ti_1. O

Making use of Theorems 5.4.1 and 5.4.3 we can easily calculate the Galois
group of any irreducible polynomial of the form f(x) = 2* + a123 + agz? +
asx + a4 with integer coefficients. First of all, observe that, up to conjugation,
Sy contains only the following transitive subgroups:

1) The whole group Sj.

2) The alternating group Aj.

3) The dihedral group of order 8 described in Example 5.4.2. (We denote
this group by Djy.)

4) Klein’s Viergruppe of order 4 consisting, apart from the identity, of the
permutations (12)(34), (13)(24) and (14)(23). (We denote this group by V4.)

5) The cyclic group F4 generated by the cycle (1234).

There are the following embeddings: V4, € Dy N A4 and Fy C Dy but
Fy & Ay

Let us start our calculation of the Galois group with the calculation of
the discriminant D of f and the resolvent polynomial Res(y, f)(x) for ¢ =
r1T2 + x3x4. Kasy calculations show that

Res(p, f)(x) = 2° — asx® — (a1a3 — 4as4)x — asal — 4agas — a3.
Tt is also easy to verify that Res(p, f)(x) has no multiple roots. Let, e.g.,
Q109 + 30y = 13 + aooy.

Then (a1 — a4)(ae — as) = 0. But f has no multiple roots, and so a; # ay
and as # as.

If the resolvent polynomial has no integer roots, then the Galois group is
equal to either Sy or Ay. One can distinguish these groups with the help of
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D: if D is a perfect square, then the Galois group is equal to A4. Otherwise,
it is equal to Sy.

If the resolvent polynomial has an integer root, then the Galois group is
equal to Fy, V; or Dy. Of these groups only V; is contained in A4. So if v/D is
an integer, then the Galois group is equal to Vy; otherwise it is equal to either
IF4 or D4.

One can distinguish which is actually the case — that of Fy or Dy — with
the help of the resolvent polynomial corresponding to

2 2 2 2
© = T1205 + T2x3 + X3Ty + 427,

for which G, = F4. But in this case the resolvent polynomial (of degree 6)
may have multiple roots. For example, the equality

alag + agag + agai + cua% = alag + agai + a4a§ + aga%
is equivalent to the equality
(011 — ag)(ag + a4) + agay = 0. (1)

But if we replace each root «; with «; + a, then, for some a, identity (1) will
be violated.

In the general case one can get rid of the multiple roots of the resolvent
polynomial applying a more complicated Tchirnhaus transformation. This
is a useful practical device (simple calculations but does not always work),
whereas theoretically (difficult calculations but always works) one can use the
following statement.

Theorem 5.4.4. Let f € Z[x] be a polynomial of degree n without multiple
roots and let G C S, be an arbitrary subgroup. Then there exists a function
¢ € Zlx1,...,xy,] such that G, = G and the resolvent polynomial Res(p, f)
has no multiple roots.

Proof. Let agq,...,a, be all the roots of f. We have shown in the con-
struction of the Galois resolvent that there exist integers mg,...,m, such
that the numbers mia, (1) + -+ + Mpag(,) are distinct for any o € S,,. We
define

Y, 21, ) = H (t =M1ty = = MnQgn))-
ceG

For any 7 € S,,, consider the polynomial

T¢(t,$1a s 7xn) = ¢(tax‘r(1)7 te 7377'(71))'

The polynomials ¢ and 721 are distinct if and only if they are distinct as
polynomials in ¢ for the fixed values 1 = a1, ..., z, = a,.

Under the action of S,,, we construct from the function (¢, z1,...,2,) =
¢ distinct functions ¢ = ¥, Y9, ..., ¥, and the polynomials in ¢ of the
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form o1 (t, 1, ), ooy U (t, a1, . . ., @) are also distinct. Therefore there
exists to € Z for which the numbers ¥ (to, a1, ..., @)y - - -y Ui (to, 1, -« -, Q)
are distinct. But then the polynomial

(1, ..y xn) = U(to, 1, ..., Tpn) =

=[] (to —mias) — -+ = MnQy(n))
ceG
is the one to be constructed. Indeed, if 7 ¢ G, the polynomials ¢(x1,...,x,)
and Tp(z1,...,x,) are distinct since they have distinct values at the point

(1., 2n) = (Q1,...,ay). O

5.4.3 The Galois group modulo p

Let f(x) = 2" + a12" ' + - -+ + a, be an irreducible polynomial with integer
coefficients. For any prime p, consider the polynomial f (mod p) over [, by
replacing the coefficients of f by the corresponding residue classes modulo p.
The polynomial f (mod p) can turn out to be reducible and the structure of
its factorization into irreducible factors is closely connected with the structure
of the Galois group of f over Q. We now study this connection and apply it
to the calculation of certain Galois groups.

We only consider the primes p for which the polynomial f (mod p) has no
multiple roots, i.e., for which the polynomials f (mod p) and f’ (mod p) are
relatively prime. The latter condition is equivalent to the fact that p does not
divide R(f, f') = £D(f).

In what follows we assume that D(f) is not divisible by p.

The roots of the polynomial f (mod p) do not necessarily belong to I, but
there exists a finite extension of F,, which contains all the roots of f (mod p).
In order to construct such an extension, it suffices to show how to adjoin to
an arbitrary finite field I, a root of an irreducible over I, polynomial h. It is
easy to verify that the quotient ring

K = Fy[z]/h(x)F,z]
is a field. Indeed, if the polynomial g(x) € F,[z] is not divisible by h(z), then
it is relatively prime to h(z), and so u(z)g(z) + v(z)h(z) = 1 for some u(x)
and v(z) € Fy[z]. Hence u = g~ (mod h(z)). Clearly K = F (), where « is
the image of x under the canonical projection. Clearly h(a) = 0, i.e., a is a
root of h.

Having adjoined to F, all the roots ay, . . ., ay, of the polynomial f (mod p)
we obtain a field F, (o, ..., a,) = Fpr. Let Gal be the Galois group of f over
Q, and Gal,, the group of automorphisms of Fj, (a1, ..., o) over F,. Any such
automorphism sends a root o; into a root a;, and any permutation of roots
uniquely determines an automorphism. Therefore, having numbered the roots,
we may assume that Gal, is a subgroup of S,,. Observe that the roots of the
polynomials f and f (mod p) belong to distinct sets, and between the roots
of these polynomials there is no natural one-to-one correspondence.
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Theorem 5.4.5. a) Under an appropriate numbering of the roots of f and f
(mod p) the group Gal, becomes a subgroup of Gal.

b) Gal, is a cyclic group of order r = [Fp(aq,...,an) : Fpl.

¢) If f (mod p) is the product of several irreducible factors whose degrees
are ni,...,ng, then Gal, contains the product of (non-intersecting) cycles
whose lengths are ny, ..., ng.

Proof. a) One can construct a polynomial similar to the Galois resolvent
by replacing integers my, ..., m, by the indeterminates u1,...,u,. Namely,
let (1, ..., 0y, be all the roots of f. Consider the polynomial

F(z,uy,...,up) = H (r —u1Bs1) — -+ — UnBo(n))
ceG
and let G(x,u1,...,u,) be its irreducible over Z divisor divisible by
r—uf— = upB.

In the same way as for the Galois resolvent, we prove that the Galois group
Gal consists of the elements which correspond to the linear divisors of G.

Over F), the polynomial G (mod p) factorizes into irreducible factors Gy
(mod p),...,G; (mod p). Any permutation of the roots ai,...,a, of the
polynomial f (mod p) which belongs to Gal, sends G; (mod p) into the
same polynomial G; (mod p). Therefore the same permutation of the roots
B1y...,Bn cannot send G(z,u1,...,u,) into another irreducible factor of
F(z,uy,...,u,) since F (mod p) has no multiple divisors.

b) In the field of characteristic p, we have (z + y)? = aP + yP. Therefore,
if x # y, then 2 — y? = (x — y)? # 0. Hence the map x — zP is an automor-
phism of the field IF,» which preserves the elements of IF,,. The powers of this
automorphism send x to zP, xp2, ...,xzP" = z. The field F,- is obtained from
the field F, by adjoining a root ¢ of the polynomial 2971 — 1, where ¢ = p".
Here (* # (?if 0 < a < b < ¢ — 1. Therefore the automorphisms

2 T
r—af, x—aP, .., r—af =z

are distinct. On the other hand, the degree of the extension F,» D F,, is equal
to 7, and hence ( satisfies an algebraic equation of degree r over [F,,. Any
automorphism of )~ over [F), is uniquely determined by the image of ¢, and
therefore the number of distinct automorphisms does not exceed r.

c¢) The group Gal, is cyclic, and so it is generated by an element o. Let us
represent this element as a product of non-intersecting cycles:

o=(12... )G+1...)(...n).

The group Gal, transitively acts on the elements of each cycle, and so the
cycles correspond to the irreducible factors of f (mod p). O
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Ezample. The Galois group of the polynomial 2° —x — 1 over Q is equal
to 55.

Proof. Modulo 2, the polynomial considered factorizes into irreducible
factors 22 + z + 1 and 2® + 22 4+ 1, and therefore its Galois group con-
tains an element of the form (ij)(klm), where {4, j, k,1,m} is a permutaion of
{1,2,3,4,5}.

Modulo 3, the polynomial #° —z—1 is irreducible. Indeed, if this polynomial
were reducible, it would have had a factor of degree 1 or 2. The product of all
irreducible polynomials of degree 1 or 2 over F3 is equal to 2° —z (see Theorem
3.3.7 on page 99). Therefore 2° — x — 1 should have a common divisor either
with the polynomial z° — z or with a polynomial z° + . Neither is possible.
Therefore the Galois group contains the cycle (12345).

The Galois group also contains the element ((ij)(klm))® = (ij). Consider-
ing conjugations of (i7) by (12345)%, we obtain the transpositions (i+a, j+a).
For a = j — i, we consecutively obtain transpositions (ij), (jk), (kl), (Im),
(mi) which generate the whole group Ss. O

Frobenius proved that, if the Galois group of an irreducible polynomial f
of degree n contains an element representable as the product of cycles whose
lengths are equal to nq,...,nk, then there exist infinitely many primes p for
which the polynomial f (mod p) factorizes into irreducible factors of degrees
ni,...,nk. He even calculated the density of such primes p. For Frobenius’s
density theorem and its generalization — Chebotaryov’s density theorem —
see [J], [Ch], [A]] and [Sel].
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Ideals in Polynomial Rings

6.1 Hilbert’s basis theorem and Hilbert’s theorem on
Zeros

6.1.1 Hilbert’s basis theorem

Hilbert’s basis theorem appeared in his famous paper [Hi2]. In this work he
suggested totally new methods, using which he managed to prove the existence
of a finite basis for the invariants of forms. Previously, in 1868, Gordan proved
the existence of a finite basis only for binary forms, and this was performed by
a very labour-consuming case-checking. Hilbert, on the contrary, managed to
solve a number of central problems of invariant theory. His methods, however,
were not constructive and this prompted Gordan to complain: “This is not
mathematics. This is theology!”

Let K be a field (for example, Q, R or C) or the ring Z. Let K[z1,...,zy]
be a polynomial ring in n indeterminates with coefficients in K.

Theorem 6.1.1 (Hilbert). Let M C K[z1,...,2,] be an arbitrary subset.
Then there exists a finite set of polynomials mq, ..., m, € M, such that any
polynomial m € M can be represented in the form m = A\ymq + -+ + Apm,.,
where \; € K[xy,...,Zy].

It is convenient to formulate Hilbert’s theorem in terms of ideals. Then it
will be easier to prove.

A subset I C K[x1,...,2,]is called an ideal if the following two conditions
hold:

VHabel = a+bel

Qacl, feK[ry,... ,x0n) = fael.

For any set M C K[z1,...,xy], we can consider the ideal I(M) generated
by M which consists of all sums of the form A\ymj + -+ + A\.m,., where \; €
Klxy,...,2,] and m; € M.

A collection {aq | aq € I} is called a basis of the ideal I if any element
a € I can be represented in the form a = Aaq, + -+ + A\i@q,, Where \; €

V.V. Prasolov, Polynomials, Algorithms and Computation in Mathematics 11, 219
DOI 10.1007/978-3-642-03980-5_6, © Springer-Verlag Berlin Heidelberg 2010
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Klx1,...,x,]. The ideal I is said to be finitely generated if it possesses a finite
basis.

To prove Theorem 6.1.1, it suffices to prove that the ideal I(M) is finitely
generated. Indeed, in this case any element of M C I(M) can be expressed in
terms of a finite collection of elements ai,...,as € I, and each of these ele-
ments by definition can be expressed in terms of a finite collection of elements
of M.

Theorem 6.1.2 (Hilbert’s basis theorem). Any ideal of K|x1,...,x,] is
finitely generated.

Proof. First, we observe that any ideal in the considered rings K is finitely
generated. Indeed, if K is a field, then any nonzero ideal coincides with K and
is generated by 1. If K = Z, then any ideal is of the form mZ and is generated
by m (to prove this, consider the smallest positive element of the ideal).

Let L, = K[z1,...,z,] for n > 1 and Ly = K. Then K[z1,...,2p41] =
L, [z], where = 2,,11. As we have observed, for n = 0 any ideal of L,, is
finitely generated. Therefore it suffices to prove that, if any ideal of L = L, is
finitely generated, then any ideal I of the ring L[x] is also finitely generated.

Step 1. The leading coefficients of the polynomials which belong to the
ideal I C L[x], together with zero, constitute an ideal J in L.

Indeed, let f(z) = az™ 4 --- and g(x) = bx™ + --- be polynomials in I.
We may assume that m < n. Then the polynomial f(x) 4+ 2" "g(z) belongs
to I and its leading coefficient is equal to a + b. It is also clear that if A € L
and A # 0, then the leading coefficient of A\f is equal to Aa.

Let us begin the construction of a finite basis of the ideal I in L[z] by
selecting a finite basis ai, ..., a, of the ideal J in L. The elements aq,...,a,
are the leading coeflicients of some polynomials fy,..., f,. € I.

Step 2. There exists a positive integer n such that any polynomial in I
s the sum of a polynomial whose degree is less than n and a polynomial of
the form A1 fi+ -+ A\ fr, where \; € L[x].

Let us prove that we can take n to be the greatest of the degrees of the
polynomials fi, ..., f. In I, take an arbitrary polynomial f(x) = az™ +--- of
degree N > n. By definition, a € J, and hence a = > A\;a; for some \; € L|x].
Consider the polynomial

g(x) = flx) =Y NaN el

The coefficient of 2%V in g is a—> Aa; =0, and hence degg < N — 1. If
N — 1 > n we can repeat this construction, and so on.

Step 3. There exists a finite set of polynomials ¢1,...,gs € I such that
any polynomial in I of degree less than n can be represented in the form
A1g1 + -+ Asgs, where \; € Llx].
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The coefficients of 2"~ ! in polynomials in I whose degrees are less than
n—1 constitute an ideal of the ring L. Let by, ..., b be a basis of this ideal and
g1, .-, gk the polynomials of degree n — 1 in I whose leading coefficients are
b1, ..., by, respectively. In I, take an arbitrary polynomial h of degree n — 1.
Let b be the leading coefficient of this polynomial. Then b = A1b1 + - - -+ Apby,
where \; € L[z]. Therefore the degree of h — A\1g1 — - - - — Apgr does not exceed
n — 2. Thus, up to elements of the ideal generated by g¢1,...,gx, we have
replaced the polynomial of degree n — 1 by a polynomial of degree no higher
than n — 2. We can similarly select polynomials gx1,...,¢; so that, up to
elements of the ideal generated by them, any polynomial of degree n — 2 is
equal to a polynomial of degree no higher than n — 3, and so on. O

6.1.2 Hilbert’s theorem on zeros

Hilbert’s theorem on zeros appeared in another famous paper by Hilbert on
invariant theory [Hi4]. This theorem is sometimes called Hilbert’s theorem on
roots. Its German name, Nullstellensatz, is also widely used in the English
mathematical literature.

Theorem 6.1.3 (Hilbert’s Nullstellensatz). Let

f’fly"'af’f‘e(c['rlﬂ"'vxn]a

where f vanishes at all the common zeros of the polynomials f1,..., f.. Then,
for a certain positive integer q, the polynomial f? belongs to the ideal generated

by fro.. oy fr, e, f1=gif1+ -+ grfr for some g1,...,g- € Clay, ..., zp].

Proof. We first prove one particular case of Hilbert’s Nullstellensatz from
which we can deduce the general case. Namely, consider the case when f = 1.

Theorem 6.1.4. Let the polynomials f1,..., fr € Clxy,...,x,] have no com-
mon zeros. Then there exist polynomials g1, ..., g, € Clxy,...,x,] such that

glfl+"'+grfr:1-

Proof. Let I(f1,...,fr) be the ideal in K = Clz1,...,z,] generated by
fi,-.., fr- Suppose that there are no polynomials g1, ..., g, such that g1 f1 +
o+ g fr=1Then I(f1,..., [r) # K.

Step 1. Let I be a nontrivial mazimal ideal of K, let I D I(f1,..., [r).
Then the ring A = K/I is a field.

It suffices to verify that any nonzero element in K/I has an inverse. If
f ¢ I, then [+ fK is an ideal strictly containing I, and so I + fK = K. This
means, in particular, that there exist polynomials a € I and b € K such that
a+bf = 1. Then the class b € K/I is the inverse of f € K/I.
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Let a; be the image of x; under the canonical projection
p:Clzy,...,xn] = Clzy,...,2,]/] = A.

Then A = Clay, ..., ay,]. Therefore A is a finitely generated algebra over C
which at the same time is a field.

Step 2. If a finitely generated algebra A = Clay,...,ay] over C is a
field, then A coincides with C.

We need the following auxiliary statement.

Lemma. In A = Clay,...,a,|, there exist elements yi,...,yk, alge-
braically independent over C, such that any element a € A satisfies a normed
algebraic equation over Clyy, ..., yxl, i.e.,

al+ b=t + 4 b =0, where by,....b € Clyr,-- -, yx)-

Proof. We use induction on n. If the elements a1, . . ., «,, are algebraically
independent, the statement is obvious. Let f(aq,...,a,) =0 be an algebraic
relation between them. If f is a polynomial of degree m whose coefficient of
" does not vanish, then

A b by =0, by, by €Clag, ...,

It remains to use the induction hypothesis.
If the coefficient of 2] is zero, we make the change of variables

Ty =&, and x; =& +a&, fori=1,...,n— 1.
Let us try to select the numbers a; € C sp that the polynomial

9(617 ce 7£n—1a§n) = f(xla s ,-rn) = f(£1 + algn, s agn—l + an—lgnagn)

has a nonzero coeflicient of £". This coeflicient is equal to

gm(07"'7071) = fm(a17"'7an7171)7

where f,, and g,, are homogeneous components of the highest degree of f and
g, respectively. Clearly, the nonzero homogeneous polynomial f,,(z1,...,2y)
cannot be identically zero for x,, = 1. O

Now we can concentrate on the proof that A coincides with C. Select the
elements y1,...,yr € A as in Noether’s normalization lemma. Let us show
that any nonzero element x is invertible in B = Clyy, . .., yxl, i.e., B is a field.
By assumption A is a field, and so z is invertible in A. Moreover, by Noether’s
lemma the element 27! satisfies the equation

(™ 4+ b)Y o+ by =0, bi,...,b €B.
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Multiplying both sides of this equation by z!~! we obtain

2l = by —byr—---— bt~ € B.
The field B = Clyi,...,yx] is a ring of polynomials in k indeterminates
over C, but for k # 0 the polynomial ring cannot be a field. Hence B = C.
Any element of the field A is a root of a polynomial

(™D 4+ by (@) by, by,..., b€ B=C.
Therefore A = C.
Step 3. The polynomials f1,..., fr vanish at the point
(o1,...,0p) € C".
Indeed, under the canonical projection
p: Clzy,...,xn] = Clzy,...,2,]/I=A=C

the element z; transforms into «; € C, and so the polynomial p(z1,...,2,)
transforms into ¢(aq, ..., «y,). Since the polynomials fi,..., f. belong to the
ideal I, the canonical projection annihilates them.

Thus, having assumed that I(fi,..., f;) # Clz1,..., 2], we deduce that
f1,..., [~ have a common zero. This contradicts the assumption of the theo-
rem. U

Following [Ral] let us show now how to deduce the general Hilbert’s Null-
stellensatz from Theorem 6.1.4. For f = 0, the statement is obvious. We
therefore assume that f # 0. Let us add to the indeterminates x1,...,x, a
new indeterminate x,+; = z and consider the polynomials fi,..., fr, 1 — zf.
They have no common zeros, and so

L=hifi++hefp+h(l—zf),

1
where hy,...,h,, h are some polynomials in x1,...,x,,2. Set z = ? After

reducing to a common denominator we obtain

fq:glf1+"'+grfrv

where g1, ..., g, are some polynomials in x1,...,2,. This is a relation of the
form required. O

Remark. If the coefficients of the polynomials f, fi1,..., f, are real and
f vanishes at all the common complex roots of fi,..., f,, then there exist
polynomials g1, ..., g, with real coefficients such that f? =g, f1 +---+ g, fr.
Indeed, by Hilbert’s Nullstellensatz the equality f? = hyfi + -+ + h.f»
holds for some polynomials hi,...,h, with complex coefficients. Let h; =
g;j + ipj, where g; and p; are polynomials with real coefficients. But then

fq:glfl+"'+grfr~
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Any set of homogeneous polynomials has a trivial common zero — the
origin. Therefore, for homogeneous polynomials, an analogue of the set of
polynomials without common zeros is the set of polynomials without common
nontrivial zeros.

For homogeneous polynomials the following analogue of Theorem 6.1.4
holds.

Theorem 6.1.5. Let Fi,..., F. € Clxy,...,x,] be homogeneous polynomials
without common nontrivial zeros. Then the ideal I(F, ..., F,.) generated by
them contains all the homogeneous polynomials of degree d > dy, where dy is
a fixed number.

Proof. By assumption the only common zero of the polynomials is the
origin. Therefore the linear polynomials x1,...,z, vanish at all the com-
mon zeros of the polynomials Fy,..., F,.. By Hilbert’s Nullstellensatz z!* €
I(Fy,...,F,) for some p;. Set dy = (p1 — 1) +---+ (pn — 1) + 1. Then any
monomial X4 = zi* ... 2% of degree d = a1 + --- + a,, > dp is divisible by

n

2¥" for some i. Therefore X4 € I(Fy,...,F,). O

A simple direct proof of Theorem 6.1.5 is given in the paper by Cartier
and Tate [Ca3].

6.1.3 Hilbert’s polynomial

Let us first recall certain definitions from commutative algebra. A module
over a ring A is an Abelian group M on which A acts, i.e., for any a € A and
m € M there is determined an element am € M such that, for any a,b € A
and m,n € M, we have

a(m+n) = am+ an, (ab)m = a(bm),
(a+bm=am+bm, 1lm=m.

For example, if A is a field, then a module over A is just a vector space over
A.

A module M over a ring A is said to be finitely generated if any element
m € M can be represented in the form m = > a;m;, where mq,...,my is a
fixed finite set of elements of M.

A ring A is said to be graded if it is of the form A = EB A;, where the A;

are the additive subgroups of A and A;4; C A;1;, and Where A;A; consists
of sums of elements a;a; such that a; € AZ, aj € Aj. A graded module over a

graded ring A is a module M = EB M;, where the M, are additive subgroups

of M such that A;M; C M4, and where A;M; consists of sums of elements
a;m; such that a; € AZ, mj € M;.
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In this section the main example of a graded ring is A = K[z, ..., %],
where K is a field; the homogeneous component A; consists of all homogeneous
polynomials of degree 3.

An ideal I C K|xg,...,z,] is said to be homogeneous if all the homo-
geneous components of any element of I also belong to I (the homogeneous
component of degree ¢ of a polynomial f € K|xo,...,2,] is the sum of all its
terms of degree 7). It is easy to verify that I is homogeneous if and only if it
is generated by homogeneous polynomials f1, ..., fi. Indeed, if I is homoge-
neous, then the homogeneous components of the polynomials that generate I
lie in I and generate it. If the ideal I is generated by homogeneous polyno-
mials fi,..., fr, then any element g € I can be first expressed in the form
g =Y hafa, and then one can represent every polynomial h, as the sum of
its homogeneous components. As a result, every homogeneous component g;
of g will be represented in the form g; = > x5 fs, and so g; € I.

An ideal I is homogeneous if and only if it can be represented in the form

1= EB I;, where I; = INA;. Therefore the quotient ring M = A/I is a graded

module over A whose grading is induced, i.e., is given by M; = A;/(I N A;).

Let us elucidate this. Let g,h € A = K[xo, ..., &y] be some polynomials,
and ¢g; and h; their homogeneous components of degree i. The classes g + I
and h+ I coincide if and only if the classes g; + I N A; and h; + 1N A; coincide
for all i. Therefore

M=A/T=3& AJUINA)= & M.
=0 =0

The action of A on M is as follows: for ¢ € A and f + [ € M, the element
g(f+1I) € M is defined as gf + I € M. Clearly, we have

Ai(A; /(TN A;)) C Aiy /(TN Aisy).

Theorem 6.1.6 (Hilbert). Let K be a field A = K|xo,...,x,]| and let M =
% M; be a finitely generated graded A-module. Then there exists a polynomial
i=0

p_M (t) of degree < n such that for all sufficiently large i the dimension of M;,
as a vector space over K, is equal to pps(1).

Proof. We use induction on n. The starting point of the induction is
n=—1,1e., A= K. In this case, M is a finite dimensional vector space over
K, and so M; = 0 for sufficiently large i. Therefore py; = 0.

Now let n > 0 and suppose that the statement holds for the modules over
the ring A’ = K|zg,...,2n—1], where A’ = K for n = 0. Set x = z,, and
consider the A-modules M’ = {m € M | am = 0} and M"” = M/xM. These
modules are finitely generated over A and annihilated by multiplication by
z, i.e., tM’' = 0 and zM"” = 0. Hence M’ and M" are finitely generated A’-
modules. Therefore, by the induction hypothesis, for sufficiently large i, we
have dim M} = p;(i) and dim M/ = py(i), where p; and ps are polynomials
of degree not higher than n — 1.
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For every positive integer ¢, we have the exact sequence
0 — M] — M; =% Mipq — M]' — 0,
where the map M; akd M1 is the multiplication by x. Therefore
dim M — dim M; + dim M; 41 — dim M, ; =0,

ie.,
dim M;41 — dim M; = dim M’ | — dim M.

For sufficiently large i, we have
dim M| — dim M; = py(i 4+ 1) — p1(i) = q(i),

where ¢(i) is a polynomial of degree no higher than n — 1.

Let f(i) = dim M;. For sufficiently large i, we have f(i + 1) — f(i) = ¢(i),
where ¢ is a polynomial of degree no higher than n — 1. Therefore f is a
polynomial of degree no higher than n for sufficiently large 7. Set

2™ =gz —1)-... (x—m+1).
It is easy to verify that

(z + 1) — z(m) = pp(m=1),
The polynomials z(© = 1,21 ... 2"~ constitute a basis of the space of
polynomials of degree no higher than n — 1, and so we can represent g in the

n—1
form ¢(z) = Y asz'®). Thus, the polynomial fo(z) = 3 S“ﬁx(‘q“) satisfies

the relation fo(i + 1) — fo(i) = q(7). Tt is also clear that the function c(i) =
f@) — fo(i) satisfies the relation ¢(i + 1) — ¢(i) = 0 for sufficiently large i, and

n—1
so ¢(i) = ¢ is a constant. Therefore f(z) = > S‘Lﬁx(s“‘l) + ¢ is a polynomial
s=0

of degree no higher than n. O

The polynomial pys(i) is called Hilbert’s polynomial of the module M.
Clearly, this polynomial is integer-valued (see page 85), and so it can be
represented in the form

pM(’L):CO< >+Cl< >+-~-+cm,
m m—1

where cg, ..., ¢, are integers and m < n. We assume that ¢g # 0. If M =
Clxo, . ..,xn]/1, where I is a homogeneous ideal, then, under certain natural
restrictions, the numbers ¢y and m have the following geometric interpretation.

To a homogeneous ideal I there corresponds an algebraic set V' (I) in the
projective space CP™, namely
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V(I) ={(ao,...,an) € CP"| f(ao,...,an) =0 for any f € I}.

The ideal I is said to be prime if fg € I implies either f € [ or g € I.
For a prime ideal I, the algebraic set V(I) is irreducible, i.e., it cannot be
represented as a union of V(I;) and V(I3), where I; and I are nontrivial
homogeneous ideals. The restriction mentioned above is that I should be a
prime ideal. Then m coincides with the dimension of the projective algebraic
variety V(I) and ¢g coincides with the degree of this variety (the degree of a
variety of dimension m in CP™ is defined as the number of intersection points
of this variety with the generic subspace of dimension n — m, in other words,
with almost all such subspaces). For the proof of this statement, see [Mu2].

Ezample 1. It M = Clxo, ..., 2], then m =n and ¢o = 1.

Indeed, M; consists of homogeneous polynomials of degree i in n + 1 in-
determinates. We assign to a monomial z’ - - - 2% the sequence consisting of
ig zeros and one unit, followed by ¢; zeros and one unit, and so on, and the
sequence ends with 4, zeros. This sequence consists, therefore, of ¢ + n num-
bers among which there are i zeros and n units. The total number of such
sequences is

C+w:u+mnwu+nzﬁ+m:<q+m

n n! n!

Therefore pys(i) = dim M; = (:L) + -
Ezample 2. It M = A/ fqA, where A = Clzg,...,x,], and fq is a homo-
geneous polynomial of degree d, then m =n — 1 and ¢y = d.

Indeed, multiplication by f; yields the exact sequence

0— Hi_g 5 H, — M, -0,
where H; is the space of homogeneous polynomials of degree i in n + 1 inde-
terminates. In Example 1 it is shown that dim H; = (Z';"), and so

dim M; = dim H; — dim H;_y = (””) . <Z_d+”> -
n n

L A
T =) "\ m ’

where co =d and m =n — 1.

Let M be a graded finitely generated A-module and py(i) = ¢ (;l) +---
its Hilbert’s polynomial. Then the number m = dim M will be called the
dimension of M and ¢y = deg M its degree. As we have already mentioned

(and examples 1 and 2 support), if I CClxo, ..., 2,] is a homogeneous prime
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ideal and M = Clxo,...,x,]/I, the number dim M is the dimension of the
variety V(I) CCP"™ and deg M is the degree of this variety.

Let us discuss now certain properties of the degree and the dimension of
graded A-modules M which we will need in section 6.1.4. We are especially
interested in the case when M = A/I, where I is a homogeneous prime ideal.
In this case M is a ring without zero divisors, i.e., an integer domain.

On the other hand, the homogeneous ideal [ is prime if and only if the
A-module M = A/I possesses the following property: if f ¢ I, then fm # 0
for m # 0 (here f € A and m € M). In the general case the A-module M is
said to be integral if for any f € A either fM =0 or fm # 0 for m # 0.

In the rest of this section we will assume that A = K[xo, .o, Tp], where K

is a field and A is endowed with the natural grading A = EB AZ, where A; is

the set of homogeneous polynomials of degree i. Let M be the graded finitely
generated A-module such that dim M > 0, i.e., pps # 0.

Theorem 6.1.7. Let M be an integral module and let f € Ay be a homoge-
neous polynomial of degree d such that fM # 0. Then

dim(M/fM)=dimM —1 and deg(M/fM)=ddeg M.

In geometric terms, this statement looks as follows: a hypersurface of de-
gree d singles out a subvariety of dimension m—1 and degree dr in a projective
algebraic variety of dimension m and degree 7.

Proof. Let M' = {m € M | fm = 0}. The multiplication by f gives us
the exact sequence

0— M_,— Mg L M; — (M/fM); — 0.

From the hypothesis of the theorem it follows that M’ = 0. Therefore, for
sufficiently large 7, we have

paypar (i) = pau (i) — (i — d).

Let dim M = m and deg M = r. Then

pac(i) = pae(i — d) :7«(;) —r(i;nd> b

" om : m

%(z —(i=d)") 4+ =

—@Z 1+..._Lim*1+...
 m!  (m—1)! ’

i

ie., paypn(i) = dr(m71> + -+ as was required. O
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A submodule S C M is said to be homogeneous if it is generated by
homogeneous elements (i.e., the elements from homogeneous summands M;).

An equivalent condition is that S = % S;, where S; = S N M,;. The quotient
i=0

module M/S inherits the natural grading: M/S = ?.SO(MZ»/SZ»).
Theorem 6.1.8. Let p be a prime which does not divide deg M. Then deg M
has a homogeneous submodule S such that the quotient N = M/S satisfies
the following conditions:

(a) dim N = dim M

(b) deg N is not divisible by p;

(¢) the module N is integral.

In geometric terms this corresponds to separation of an irreducible com-
ponent of the maximal dimension from an arbitrary algebraic set consisting
of several components.

Proof. Properties (a) and (b) hold for S = 0. In addition, M is finitely
generated over A = K|[xg,...,x,], and so any increasing sequence of submod-
ules of M stabilizes. Therefore there exists a maximal homogeneous submodule
S with properties (a) and (b). Let us show that this maximal submodule S
also possesses property (c), i.e., the module N = M/S is integral.

We have to prove that if f € A, then either fn = 0 for all n € N or
fn # 0 for all n # 0. It suffices to prove this statement for any homogeneous
f. Indeed, for an arbitrary polynomial we could then deduce the statement
desired as follows. Let us decompose f and n into homogeneous constituents:
f=fs+fst1+-- andn =mns+n411+---, where f; # 0 and n; # 0. Suppose
that fn =0, ie.,

fsnt - 07 f8+1nt + fsnt+1 = 07 f8+2nt + fs+1nt+1 + fsnt+2 - 07 e e

Since ny # 0, we consecutively get fsN = 0, fs41N = 0, feqoN = 0,...
Hence, fN = 0.

Now, let f be a homogeneous polynomial of degree d and fN # 0. Set
N'={n € N | fn=0}. Then multiplication by f yields the exact sequence

0— N/_,— Ni—a L N; — (N/FN); — 0,

and hence

Therefore, for large i, we have
pN (i) = pnygn (i) + payne (i — d). (1)

The condition fN # 0 means that fM + S # S. Since S is maximal, the
module
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N/fN = (M/S)/f(M]S) = M/(S+ fM)
cannot simultaneously possess properties (a) and (b). Therefore either (i)
dim(N/fN) < dim N = dim M or (ii) dim(N/fN) = dim M and deg(N/fN)
is divisible by p.
In case (i) by formula (1)

_ i
pn/N (i —d) = T +e
where n = dim N, r = deg N.
In case (ii)
) (r—mry)i™
pNi(i—d) = T

where r1 = deg(N/fN). Since r is not divisible by p and r; is divisible by
p, it follows that in both cases dim(N/N’) = n = dim M and the number
deg(N/N'), which is either r or r — 71, is not divisible by p. Therefore the
module N/N’ possesses properties (a) and (b). The module N/N’ is of the
form M/S’, where S’ is a homogeneous submodule of M containing S. From
the maximality of S it follows that S’ = S, i.e., N’ = 0, as was required. O

Theorem 6.1.9. Let I C A = Klxo,...,x,] be a homogeneous prime ideal
and suppose that the dimension of the integral A-module M = A/I is equal to
zero and its degree is equal to r # 0, i.e., pp(i) =1 # 0. Then

a) M # 0 for some x = x;;

b) L =M/(x — 1)M is a field which is an extension of degree r of K.

Proof. a) If z;M =0 for j =0,...,n, then x; € I for all j, and therefore
M = K. Thus, pa(i) = 0 which contradicts the assumption that pys(i) = r #
0.

b) Fix ¢ = x; such that @M # 0. Then xm # 0 for m # 0 since M is

an integral module. This means that the map M M is monomorphic. For
sufficiently large i, we have dim M; = pys(i) = r, and so dim M, = dim M;.
Hence, for sufficiently large i, the map M; a4 M, is one-to-one.

In M, consider a non-homogeneous submodule (x — 1)M. Let

M —>M/(x—1)M=1L

be the natural projection. Then w(xm) = w(m). Clearly, zmw(m) = w(xm).
Hence L % L is the identity map.

Let, for definiteness sake, M; akd M1 be one-to-one for ¢ > a. Let us show
then that L = 7(M,) = 7(My+1) = --- . Let us express m € M in the form
m=mg+--+mg+ mgy1 + -+ + mg, where mg € M. Clearly,

7T(m0 4ot ma) = ﬂ(xamo + xa_lml + -+ ma) = ﬂ(m/),

where m’ = 2%mg + 2% *mq + - -+ + mq € M,. Moreover,
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Matl = TMa1, Matz =T Ma2, ..., Mp =" "Mapq,
where m,, s € M,. Therefore
T(Mag1 + -+ +mp) = T(may + - + Mg p—a) = 7(m"),

where m” = mg 1+ +mgp—q € M,. Thus the natural projection M, — L
is onto.

On the other hand, for obvious reasons, this projection is monomorphic:
if m(mg) = 0, then mg = (x — 1)m but no homogeneous element m, # 0 can
be represented in the form (z — 1)m. Therefore the projection M, — L is
one-to-one and dim L = dim M, = r.

In the situation considered, L is an r-dimensional algebra over K (i.e., a
commutative ring and simultaneously a linear space over K ). Let us show that
L has no zero divisors. Let I’,1” € L and I'l"” = 0. We have shown above that
I'=n(m') and I” = w(m") for some m’,m"” € M,. Hence 0 = I'l" = w(m'm”),
where m'm” € Mos,. For b > a, the projection M, — L is an isomorphism,
and therefore m’m” = 0. By assumption the ideal I is prime, and so in the
ring M = A/I there are no zero divisors. Hence either m’ =0 or m” =0, i.e.,
either I’ =0 or I” = 0.

Now it is easy to show that L is a field, i.e., any nonzero element [ € L
is invertible. Indeed, the map = — Iz, where z € L, is a linear map L —
L with the zero kernel. In the finite-dimensional case, any such map is an
isomorphism, and so, in particular, [x = 1 for some xz € L. O

6.1.4 The homogeneous Hilbert’s Nullstellensatz for p-fields

The following statement was first proved in Hilbert’s paper [Hi4] though many
mathematicians of 19th century already applied it, albeit without proper jus-
tification.

Theorem 6.1.10. Let K be an algebraically closed field, and, for n > 1, let
A = Klxo,...,zn]. Then any homogeneous polynomials f1,..., fn € A have
a common zero distinct from the origin.

A similar statement holds also for so-called p-fields among which we en-
counter in particular, the field of real numbers R.

Let p be a prime. The field K is called a p-field if the degree of any finite
extension of K is of the form p°. In particular, any algebraically closed field
is a p-field for all primes p, and R is a 2-field.

Theorem 6.1.11. Let K be a p-field, and let A = K|z, ..., zy], wheren > 1.
Then any homogeneous polynomials f1,...,fn € A whose degrees are not
divisible by p have a common non-trivial zero.
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Proof. [H. Fendrich; see [Pf2], ch. 4] We use the results of the preceding
section, namely Theorems 6.1.7-6.1.9.

Let us start with the construction of a sequence of integral finitely gen-
erated graded A-modules My = A, My, = A/IL1,..., M, = A/I, such that
dim M; = n —1, deg M; is not divisible by p and the homogeneous prime ideal
I; contains the polynomials fo, ..., fi. The module My = A satisfies these
conditions since dim My = n and deg My = 1 (see Example 1 on page 227).

Suppose that the modules My, ..., M; (i > 0) are already constructed.
Let us show how to construct M, 1 given M; = A/I; and f;y1. There are two
cases to consider.

Case 1: fit1 ¢ 1;, ie., fix1M; # 0. Set
Nit1 = M/ fix1M; = A/(I; + fis1 A).
By Theorem 6.1.7,
dim N,y =dimM; —1=n—(i+1)

and
deg Niy1 = deg fi1 deg M;.

The number deg N;41 is not divisible by p since neither deg f;+1 nor deg M;
is divisible by p.

Case 2: fiy1 € I;. From the condition dim M; > 0 it follows that « ¢ I,
i.e., zM; # 0 for some x = x;. Indeed, if zo,...,x, € I;, then either M; = K
or M; =0, and so py;, = 0.

Set N;y1=M,;/xM;. By Theorem 6.1.7, dim N;y; =dim M; —1 =n—(i+1)
and deg N,;;1 = deg M; since the degree of the polynomial x is equal to 1.

In both cases we have obtained a module N;y; but it is not necessarily
an integral one. To obtain an integral module, we use Theorem 6.1.8. By this
theorem N;;1 has an homogeneous submodule S;;; such that the quotient

Mit1 = Nip1/Siq1 = A/Liq

possesses all the properties desired: dim M;y; = dim N;41 = n — (i + 1),
deg M1 is not divisible by p and M, is integral; here I;11 is a homogeneous
ideal containing f1,..., fit1.

The dimension of the last of the constructed modules M,, is equal to
zero, And so we can apply Theorem 6.1.9 to it. As a result, we obtain a
field L = M, /(z; — 1)M,, = A/I. Here I is an inhomogeneous prime ideal
which possesses two properties important for us: (1) z; =1 (mod I) and (2)
ID0,35 fi,..., fn-

The field L is an extension of K of degree deg M,,. But on the one hand,
deg M, is not divisible by p while, on the other hand, the degree of any
extension of K is of the form p°. Hence, L = K.
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Let a; € K be the image of x; under the natural projection
A=Eklxg,...,zn] = A/ I=L =K.

Property (1) implies that a; = 1, and so a = (ag, ..., a,) # 0. Property (2)
implies that fi(a) =--- = fn(a) =0. O

Theorem 6.1.11 enables to prove purely algebraically, for the case of poly-
nomial functions, the well-known Borsuk—Ulam theorem on the common zero
of odd functions on the sphere.

Theorem 6.1.12. Let q1,...,q, € Rlz1,...,2541] be odd polynomials, i.e.,
qi(—x) = —qi(x). Then these polynomials have a common zero on the unit
sphere x1 + -+ + a2, =1,

Proof. Let us pass from ¢; to the homogeneous polynomial ¢; with the help

of an extra indeterminate zo. Under this passage the monomial z{* - ... 2%
in ¢; is replaced by zjx]™ - ... -z, where my = degq; —m1 — -+ — My,

The degrees of all terms of any odd polynomial are odd, and so the numbers
deg ¢; and my1 + - - -+ m,, are odd, and therefore mg is even. Having replaced
23 by 22 + - + 22 41 we obtain from ¢; a homogeneous polynomial f; of
odd degree. By Theorem 6.1.11 the polynomials fi,..., f, have a common
zero a = (a1,...,an+1) # 0. For all ¢ € R the point ta is also a common
zero of the homogeneous polynomials f1,..., f,, and so we may assume that
al+---+a2,, =1 Then ¢;(a) = ¢(1,a) = fi(a) =0, as was required. O

From Theorem 6.1.12 we can derive the usual Borsuk—Ulam theorem for
odd continuous functions g1, . . ., g, by approximating these functions by poly-
nomials.

6.2 Grobner bases

In solutions of various computational problems related to ideals in polynomial
rings, Grobner bases are very convenient. Bruno Buchberger introduced this
notion in his thesis [Bul] written under the scientific guidance of Wolfgang
Grobner, see also [Bu2]. Buchberger also suggested a convenient algorithm
for calculating Grobner bases; this made Grobner bases an effective compu-
tational tool.

Our exposition of the theory of Grébner bases is largely based on the first
chapter of the book [Ad]. For further details with various aspects of the theory
of Grébner bases, see the book [Bu3].
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6.2.1 Polynomials in one variable

In case of polynomials in one variable over a field K, the algorithm for finding
a basis of the ideal is based on the division with residue of one polynomial by
another one. The first step in division with residue is performed as follows.
Let

f@) =an2" + -+ ap and g(z) = bypx™ + - -+ + by, where n > m.

Set
anpx”

filw) = @) - 72g )
If deg f1 > degg, we apply the same procedure to f;, and so on. Finally we
obtain f = qg + r, where degr < degg (or r = 0). Here the polynomials ¢

and r are uniquely defined.

Theorem 6.2.1. Any ideal I in the ring K|z| of polynomials in one variable
18 a principal one, i.e., is generated by one element.

Proof. In I, select a polynomial g of the least degree. Let f € I. Then
f =qg+r, where degr < degg. But r = f — qg € I, and hence r = 0. This
means that I is generated by ¢g. O

Let I(f1,...,fn) be the ideal generated by fi(z),..., fn(z). The polyno-
mial g(z) which generates this ideal is denoted by (f1, ..., fn) and is called
the greatest common divisor (GCD) of the polynomials fi(z), ..., fn(x). The
greatest common divisor possesses the following properties:

(1) f1,..., fn are all divisible by g;

(2) if f1,..., fn are all divisible by a polynomial h, then h is divisible by
g.

Property (1) follows from the fact that fi,...,fn € I(f1,..., fn) = I(g).
Property (2) follows from the fact that g € I(f1,..., fn), i€,

g=uifi+ -+ unfn, whereuy,...,u, € Klz].

Properties (1) and (2) determine the polynomial g uniquely up to a con-
stant factor. Indeed, if the polynomials g1 and g- are divisible by each other,
they are proportional.

The greatest common divisor (f1, f2) of two polynomials f; and fs can be
found with the help of Euclid’s algorithm.

From properties (1) and (2) it follows easily that

(flzan"'afn) = (fla(f27"'afn)>'

This remark reduces the calculation of the greatest common divisor of n poly-
nomials to the calculation of the greatest common divisor of two polynomials.
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6.2.2 Division of polynomials in several variables

To determine the division with residue for polynomials in several variables, we
have to fix an order in the set of monomials. In what follows we assume that the

monomials are ordered lexicographically, i.e., the monomial ® = z{*-....x
B1
1

Qp,
n

is greater than 2 = 7' - ... ~x§" if g =B, ., = Bk and agy1 > Brtl
(perhaps k = 0).

The expression f = aqx® 4 --- will mean that a,x® is the highest term
of f,i.e., x® is the highest monomial entering f.

Let f =aqx*+--- and g = ngﬂ + - -+ be two polynomials in n variables.
If a term c,z” of f is divisible by 2%, we define

cyx”
ngﬁ 9

h=Ff-

If a term of f; is divisible by z° we apply to fi a similar transformation etc.

For this process to converge after finitely many steps, we should proceed,
for example, as follows. For the term cyz” we take the highest of all the
monomials of f divisible by «”. In this way the order of the highest term of
f divisible by 2? will be strictly decreasing. Clearly, any strictly decreasing
sequence of monomials in n variables is finite. Indeed, after finitely many
steps, first 1 vanishes, then after finitely many steps x2 vanishes, etc.

Similarly, one can define division with residue of a polynomial by several
polynomials. As a result, we obtain a representation

f:u1f1+"'+usfs+rv

where the polynomial r has no terms divisible by the highest monomial of the
polynomials f1,..., fs. In this case we say that r is the residue after division
of f by polynomials fi,..., fs. Observe that r is not uniquely defined. One of
the possible definitions of the Grobner basis consists precisely in the fact that
fi,-.., [s is a Grobner basis if the residue after division of any polynomial f
by fi,..., fs is uniquely defined.

6.2.3 Definition of Grobner bases

We say that (nonzero) polynomials g1, ..., g € I constitute a Grobner basis
of the ideal I if the highest term of any (nonzero) polynomial f € I is divisible
by the highest term of one of the polynomials g1, ..., g:.

Theorem 6.2.2. The polynomials g1, ...,g: form a Gribner basis of an ideal
I if and only if one of the following equivalent conditions holds:

(a) f €I < the residue after division of f by gi1,...,9: is equal to 0;

(b) f €l < f=> hig; and the highest monomial of [ is equal to the
highest of the products of the highest monomials of h; and g;;

(¢) The ideal L(I) generated by the highest terms of the elements of I is
also generated by the highest terms of the polynomials g1, ..., g:.
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Proof. First, we prove that if gi,...,g; is a Grobner basis of I, then
condition (a) holds. It suffices to prove that if r is the residue after division
of f € I by gi,...,q:, then r = 0. Clearly, r = f — > h;g; € I. Therefore,
if r # 0, the highest term of r is divisible by the highest term of one of the
polynomials g1, ..., g: which contradicts the definition of r.

(a) = (b) By definition of division with residue, f = > h;g;+r, where the
highest monomial of f is equal to the highest of the products of the highest
monomials of h; and g;. Condition (a) implies that if f € I, then r = 0.

(b)==(c) If f =ax®+--- € I, then f = h;g;, where h; = bz’ + ---
and g; = ¢;27 + --- and all the monomials 2”27 are not greater than z®.
Therefore az® = Zz bizPic;xY, where the sum runs over the ¢ for which
2Pz = 2. Since ¢;27 € L(I), it follows that az® € L(I).

It remains to prove that if (¢) holds, then g, ..., g; is a Grobner basis. Let
f=ax*+--- €. Then

axr® = E biaPic; a0,
i

where the ¢;z7 are the highest terms of some of the polynomials ¢, ..., g;.
Clearly, x is divisible by 27 for some 7. O

Corollary. If g1,...,g: is a Grébner basis of an ideal I, then the poly-
nomials g1, ...,g: generate I.

This follows from (a).

Theorem 6.2.3. Every nonzero ideal I C K[x1,...,x,]| possesses a Grobner
basis.

Proof. Consider an ideal L(I) generated by the highest monomials X, of
all the polynomials g, = aq X + -+ € I. Clearly, f € L(I) if and only if any
monomial of f is divisible by a monomial X . By Hilbert’s basis theorem, the
ideal L(I) is generated by finitely many monomials f1, ..., fi. Every monomial
of any of these polynomials is divisible by a monomial X,. As a result, we
obtain a finite set of monomials Xi,..., X; which generate the ideal L(I).
These monomials are highest monomials of the polynomials g1,...,¢9:. By
Theorem 6.2.2 (¢) the polynomials ¢1, ..., g: generate a Grobner basis of I. O

We will say that polynomials g1, ..., g; constitute a Grobner basis if they
constitute a Grobner basis of the ideal which they generate.

Theorem 6.2.4. Nonzero polynomials g1, . .., g constitute a Grébner basis if
and only if the residue after the division of any polynomial f by g1,...,g; is
uniquely determined.

Proof. First, suppose that the polynomials g1, .. ., g; constitute a Grobner
basis. Let r; and ro be residues after division of f by ¢1,...,9;. Then the
polynomials f — r; and f — ry belong to the ideal I generated by g1, ..., g;.
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Therefore 11 —ro = (f —r2) — (f —r1) € I. By definition of the Grobner basis,
the highest monomial of the polynomial 1 — ro is divisible by the highest

monomial of one of the polynomials gi,...,g¢. On the other hand, neither
r1 nor 7o has terms divisible by the highest monomials of ¢, ..., g;. Hence
M —T9 = 0

Now suppose that the residue after division of any polynomial f by
g1, --.,0¢ is uniquely determined. We have to prove that if f € I, then the
residue r after division of f by ¢1,...,g; is zero.

First let us show that, if a is a number, then the polynomials f and
f — ax®g;, where x“ is a monomial, give identical residues after division by
g1, - .., 0. Recall that, during the division with residue, an elementary trans-
formation consists in annihilating a monomial ¢,z of f by replacing f with
f= d$59i~

Let g; = ba? +-- - If, for one of the polynomials f and f —axz®g;, the coef-
ficient of 2%t# vanishes, then the polynomial with a nonzero coefficient of this
monomial can be reduced by an elementary transformation to a polynomial
with the zero coefficient.

If the coefficients of 2**# for both polynomials f and f—axz®g; are nonzero,
then both polynomials can be reduced by an elementary transformation to the
polynomial f — cx®g; with a nonzero coefficient of z*+5.

In all the cases the polynomials f and f — ax®g; can be reduced by an
elementary transformation to the same polynomial. Hence, after division by
J1,-- -, g, their residues are identical (we make use of the assumption on the
uniqueness of the residue).

Now it is easy to prove the desired result. If f € I, then f = > h;g;.
Having expressed each polynomial h; as the sum of monomials, we obtain
f =3 anx%g;,. The polynomials f and f — > asx“g;, = 0 give the same
residues after division by g1, ..., g;. But, for the zero polynomial, the residue
after division is equal to zero. Hence the same holds for f. O

6.2.4 Buchberger’s algorithm

None of the preceding definitions of the Grobner basis allowed us to determine
in finitely many steps whether the set g1,. .., g; is a Grobner basis or not. Let
us give at last a definition which enables us to deal with this.

Let f =ax®+---, g =>bxf +--- and let 27 be the least common multiple

of 2% and 2. Set N N
T T
S(fig9)=—f~- bx—ﬂg’

ar®
We construct S(f, g) so that the highest terms of two of its constituents cancel.
Theorem 6.2.5 (Buchberger). The polynomials ¢1,...,g: constitule a

Grobner basis if and only if, for alli # j, the residue after division of S(gs, g;)
by g1, ..., g¢ is zero.
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Proof. If g1, ..., g: constitute a Grébner basis, then by Theorem 6.2.2 (a)
the polynomial S(g;, g;) which belongs to the ideal I generated by the polyno-
mials gives residue 0 after division by them. Therefore we only have to prove
that if the residue after division of S(g;, g;) by ¢1,...,¢g¢is 0 for all ¢ # j, then
the polynomials gy,...,g; form a Grobner basis, i.e., any polynomial f € I
can be represented in the form f = > h;g;, where the highest monomial of f
is equal to the highest of the products of the highest monomials of h; and g;
(see Theorem 6.2.2 (b)).

Let us first prove one auxiliary statement.

Lemma. Let f1,...,fs be polynomials with the same highest monomial
x®. If the highest monomial of f =Y \;fi, where \; are numbers, is strictly
smaller than x®, then f = 3" 1; S(fi, f;)-

i<j

Proof. By the hypothesis f; = a;z® 4 --- and f; = a;z% + ---, and so

S(fi, fj) = L& - Z—j It is also clear that

aj

f:Z)\zfz:)\lal <ﬁ_é> +()\1@1+)\26LQ) (é—é> + ..

ai az a2 asg
fsfl N E &
S

As—1 s

cob (AMan e Aam1aso1) (

It remains to observe that A\ja; + - - -+ Asas = 0. Indeed, the coefficient of the
monomial % in the polynomial f = >\, f; equals exactly \a; + -+ + Asas
and, by assumption, the highest monomial of f is strictly smaller than x®. O

There are several ways to represent f = ax® 4 --- € I in the form

[= Z hig;. (*)

Let h; = bz’ +--- and g; = c;xVi+---. Denote the highest of the monomials
2Pz where i = 1,...,t, by x°. Select a representation (x) so that the
monomial ¢ is the minimal one. We have to prove that in this case z% = 2.
Clearly, 2 cannot be higher than x°. Suppose that x° is higher than z®. We
may assume that %% = 2% for i = 1,..., M and, for i = M +1,...,t, the
monomial z° is higher than 2%z .

M
Consider the polynomial g = > b;z%g,. The coefficients of ° in this
i=1
polynomial and in f coincide. Hence g is a linear combination of polynomials
with the highest monomial 2° and all the highest monomials cancel each other.

In this case, thanks to the Lemma,

g= ZMijS (2" gi, 2% g;) . (1)
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where summation runs over pairs ¢, j such that 1 <1 < 57 < M. The highest
monomials of 27 g; and 2% g; coincide, and so

z° 20 z°

Big. wBig.) — A - . q.
S(x 9i> 791) cix%‘gl Cj:c%‘gj ij“/ns(g“gj)’

where z7 is the least common multiple of z7¢ and z7.

By assumption, the residue after division of S(gs,g;) by g1, .., ¢: is equal
to 0. The polynomial S (xﬁigi,xﬁfgj) is divisible by S(g;, g;), and hence the
residue after its division by g1,...,g; is also zero. The algorithm of division
with residue gives a representation

S (‘rﬁbgwxﬁJgj) = Zhijygl/v

where the highest of the products of the highest monomials of the polynomials
hij, and g, coincides with the highest monomial of S (xﬁi Gis P gj). The latter
monomial is strictly less than 2°. Let us substitute the obtained representation
of S (xﬁigi,xﬁfgj) into (1) and then substitute the obtained representation
of ginto f = g+ --- As a result, we obtain a representation of f that
contradicts the assumption on the minimality of z°. This contradiction shows
that 20 = z®. O

With the help of Theorem 6.2.5 it is easy to show that the following al-
gorithm enables us to find a Grobner basis of the ideal generated by polyno-
mials fi,..., fs. Let us calculate the residues after division of the polynomi-
als S(fi, f;) by fi,..., fs and add all the nonzero residues to the collection
f1,..., [s. Let us repeat this procedure for the obtained set of polynomials,
etc. Clearly, this sequence of operations will terminate after finitely many
steps, and Theorem 6.2.5 ensures that as a result we obtain a Grobner basis
of the ideal generated by fi, ..., fs. This algorithm for calculating a Grébner
basis is called Buchberger’s algorithm.

6.2.5 A reduced Grobner basis

For the same ideal, Buchberger’s algorithm leads to distinct finite results de-
pending on the choice of generators of the ideal and the sequence of operations.
One can however modify the algorithm so that the final result only depends
on the ideal I itself; this modification also belongs to Buchberger.

First of all, let us ensure that the number of elements of the Grobner
basis is uniquely determined. We call a Grobner basis g1, ..., g: minimal if
g; = %" +--- and the monomials % and x® are not divisible by each other

for i # j.
Any ideal I has a minimal Grébner basis.

Indeed, let g1,...,g: be a Grobner basis of 1. We may assume that g; =
x4 -« If 2™ is divisible by 2, then already g2, ..., g: is a Grobner basis
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of I. Indeed, if f = x® + --- € I, then, by definition of the Grobner basis,
z® is divisible by z%¢ for some i. But ! is divisible by z*2, and therefore
z® is divisible by z®* for ¢ > 2. This means that gs, ..., g; is a Grobner basis
of I. Consecutively, deleting the polynomials whose highest monomials are
divisible by the highest monomials of other polynomials of the basis, we can
pass from an arbitrary Grobner basis g1, ..., g; to a minimal Grobner basis.

Theorem 6.2.6. If g1,...,g9; and f1,..., fs are two minimal Grébner bases
of the same ideal I, then s =t and the highest monomials of the polynomials
gi and fy(;y, where o is a permutation of indices, coincide.

Proof. Let g; = % +--- and f; = 2% 4. .. On the one hand, f; € I and
g1,--.,9¢ is a Grobner basis of I. Therefore 271 is divisible by z®¢ for some i.
After renumbering we may assume that ¢ = 1. On the other hand, ¢g; € I and
fi,-.., fs is a Grobner basis of I. Therefore 2! is divisible by 2% for some j,
and hence z7 is divisible by 2. From the minimality of the Grébner basis
fi,..., fs, it follows that j = 1. The monomials z®* and 2" are divisible by
each other, and so 2% = z°1.

Similar arguments show that 272 is divisible by ®:. From the minimality
of the Grobner basis f1,. .., fs it follows that 2 # 2%, i.e., i # 1. Therefore,
after renumbering, we obtain 22 = 272, etc. Clearly, the sets of polynomials
gi,--.,9¢ and f1,..., fs should be exhausted simultaneously, i.e., s =t. O

Now we can ensure that, not only the number of the elements in the
Grobner basis is uniquely defined, but also the elements themselves. Call a
Grobner basis g1, .. ., g reduced if g; = x® +- -+ and the residue after division
of gi by 91,...Gi—1,9i+1,- .., gt coincides with g;, i.e., none of the monomials
that enter g; is divisible by x® for j # 4.

Obviously, any reduced basis is also a minimal one. With the help of a min-
imal Grobner basis g1, .. ., gt, we can construct a reduced basis of I generated
by the polynomials g1, ..., g: as follows. Let hy be the residue after division
of g1 by ga,...,g:; let ho be the residue after division of go by h1,9s3,...,09:;
let hs be the residue after division of g3 by hi, hs, ga, . - ., g¢; etc., let hy be the
residue after division of g; by hy, ha, ..., hi—1.

Then hq, ..., h; is the reduced Grébner basis of 1. Indeed, the minimality
of the Grébner basis g1, . .., g; implies that the highest monomials of the poly-
nomials h; and g; coincide for all . Hence hq, . .., h; is a minimal Grobner basis
of I. Besides, after division of g; by hi,...hi—1, gi+1,-- -, g+ We get the residue
h; which does not contain the terms divisible by the highest monomials of the
polynomials Ay, ...h;—1 and g;t1,...,g;. The latter monomials coincide with
the highest monomials of the polynomials h;11, ..., hs. Therefore hq, ... h; is
a reduced Grébner basis.

Theorem 6.2.7 (Buchberger). For any ideal I, there exists precisely one
reduced Grobner basis.
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Proof. We have just proved the existence of a reduced Grobner basis. It
remains to prove its uniqueness. Let fi,..., f; and g1,...,gs be two reduced
Grobner bases of I. The reduced bases are minimal, and so by Theorem 6.2.6
we have s = ¢ and we may assume that the highest monomials of f; and g;
coincide. Suppose that f; —g; # 0. Then the highest monomial of f; —g; € I is
divisible by the highest monomial of some polynomial g;. Here j # i since the
highest monomial of f; —g; is strictly less than the highest monomial of g;. On
the other hand, if the highest monomial of g; divides the highest monomial
of f; — g;, then it should divide some monomial of one of the polynomials f;
and g;. But this contradicts the fact that the bases fi1,..., f; and g1,...,9:
are reduced (recall that the highest monomials of ¢g; and f; coincide). O






7

Hilbert’s Seventeenth Problem

7.1 The sums of squares: introduction

7.1.1 Several examples

It is not difficult to prove that any polynomial p(x) with real coefficients
which takes non-negative values for all x € R can be represented as the sum
of squares of two polynomials with real coefficients. Indeed, the roots of a
polynomial with real coefficients can be divided into the real roots and pairs
of complex conjugate ones. Therefore

s t

p(x):aH(x—zJ T —%) Hm—ak Mk

j=1

where ai € R. If p(z) > 0 for all € R, then a > 0 and all the numbers my,
are even, and so the real roots also split into pairs. Hence

l !
- (valle =) (valle-=)
=1 =1
where some of the z; can be real. Let

l
Vall(@ - z) = q@) +ir(x),
j=1
where ¢ and r are polynomials with real coefficients. Then
WH (z = %) = q) — ir(2).
j=1
As a result, we obtain p(z) = (¢(z))? + (r(z))*

V.V. Prasolov, Polynomials, Algorithms and Computation in Mathematics 11, 243
DOI 10.1007/978-3-642-03980-5_7, © Springer-Verlag Berlin Heidelberg 2010
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For polynomials in several indeterminates, a similar statement is not al-
ways true, i.e., there exist non-negative polynomials — by which we mean
polynomials with real coefficients whose values are always non- negative for
real values of the variables — that cannot be represented as the sum of squares
of polynomials with real coefficients. Hilbert was the first to prove this in 1888
[Hil] but he did not give an explicit example of such a polynomial. The first
simple example was given by T. Motzkin in 1967.

Ezample 7.1.1. [Mo] The polynomial
F(z,y) =2y (@ +y* - 3) + 1

is non-negative but it cannot be represented as the sum of squares of polyno-
mials with real coeflicients.

Proof. First let us verify that F(x,y) > 0. If x = 0 or y = 0, then
F(x,y) = 1. We therefore consider xy # 0. In this case, 22,y? and z~2y~?2
are positive and their product is equal to 1. Hence

2+ y2 + x_2y_2 >3,

and therefore z%y*(z% + y? — 3) + 1 > 0 as required.

Now, suppose that F(z,y) = > fj(x,y)?, where f; are polynomials with
real coefficients. Then Y f;(z,0)> = F(z,0) = 1. Hence f;(z,0) = ¢; is a
constant, and therefore f;(z,y) = ¢; +yg;(z,y). Similar arguments show that
fi(z,y) = ¢ +xgi(z,y). Clearly, ¢; = ¢ and f;(z,y) = ¢; +xyh;(z,y). Thus,

2

$y2($2+y2 1—xy22h2+2xy203h —|—ch,
22y (2% + 9% = 3) —nyQZhg = 2xchjhj +ZC? — 1.

All the monomials on the right-hand side of this equality are of degree no
higher than 3, and all the monomials on the left-hand side of this equality are
of degree no less than 4. Indeed,

ie.,

1
degh; =degf; —2 < 5degF—2:1.

Hence, 2%y?(2%y? — 3) — 22y> > h? =0, and therefore 2% +y? -3 =" h? A
contradiction since 22 +y? —3 <0 forz =y =0. O
Ezample 7.1.2. (R. M. Robinson, 1973) The polynomial

S(a,y) = a?(2® = 1)? + (" = 1)* = (2® = 1)(y* = )(a® +y* — 1)

is non-negative but it cannot be represented as the sum of squares of polyno-
mials with real coeflicients.
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Proof. First let us verify that S(x,y) > 0. This is obvious for the points
lying in the non-shaded part of the plane on Fig.7.1 since for any such point
either 22 +y?> —1 < 0 and (2?2 — 1)(y?> = 1) > 0, or 22 +y*> — 1 > 0 and
(z2 = 1)(y?> — 1) < 0. But S(z,y) can be xpressed differently, namely,

S(z,y) = (2" +y* —1(a® —¢y*)* + (& - 1)y - 1).

This expression makes it clear that S(x,y) > 0 for the points lying in the
shaded domain since for any such point 22 +y?—1 > 0 and (22 —1)(y*—1) > 0.

r=—1 =1 —1

FIGURE 7.1 FIGURE 7.2

Now, suppose that S(z,y) = > fj(x,y)?. The function S vanishes at 8
points depicted on Fig.7.2. Therefore, at these points, each of the functions f;
vanishes. But deg f; < %degS = 3 and if a curve of degree no greater than 3
passes through the 8 points indicated, it necessarily passes through the origin
as well, as we will prove in a moment. Thus, f;(0,0) = 0 for all j, and hence
S5(0,0) = 0. But, obviously, S(0,0) = 1. The contradiction obtained shows
that S(x,y) cannot be represented as the sum of squares of polynomials.

The proof of the fact that any cubic curve passing through the 8 inter-
section points of the lines p; and ¢; (4,7 = 1,2,3) must pass through the
9th point can be found in the book [Pr3]. For the configuration of the points
considered, we can give a simpler proof. Let us ascribe weight 1 to the points
(£1,+1), weight —2 to the points (£1,0) and (0,%1), and weight 4 to the
origin (0,0). Consider the sum over all these points of the values of the func-
tion zPy? multiplied by the corresponding weights. If pg = 0, the sum is zero.
If p > 0 and ¢ > 0, only the points (£1,+1) give a non-zero contribution to
the sum. Moreover, the sum is non-zero only if both p and ¢ are even. But the
polynomial f; of degree not greater than 3 has no such monomials. Therefore
the weighted sum of the values of f; over the 9 points considered is zero. In
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particular, if f; vanishes at 8 of the points, then it vanishes at the 9th point
as well. O

Ezample 7.1.3. (R. M. Robinson, 1973) The polynomial
Qz,y,2) = 2%(x = 1)* + 4 (y = 1)* + 2%(z = 1)* + 2zy2(x + y + 2 — 2)

is non-negative but it cannot be represented as the sum of squares of polyno-
mials.

Proof. Suppose that Q(z,y,2) = > fi(z,y,2)? Then the degree of each
polynomial f; does not exceed 2. Since the function Q(z,y,z) vanishes at
all the points (x,y, z) with the coordinates z,y,z = 0 or 1, except for the
point (1,1,1), then the functions f; also vanish at all these points. As we
will establish shortly, this implies that f;(1,1,1) = 0. But then Q(1,1,1) =0
whereas, evidently, Q(1,1,1) = 2.

FIGURE 7.3

Let us ascribe to the 8 points considered weights 1 as indicated in Fig.7.3
and consider the weighted sum over these points of the values f;(x,y,2). It
is easy to verify that the sum considered vanishes for the following functions:
1,z,xy, 2. Hence it is equal to zero for the function f;(z,y,2) as well, since
deg f; < 2. Hence, if the function f; vanishes at any seven of the 8 points
considered, it vanishes in the 8th point as well.

Let us prove now that Q(x,y, z) > 0. To this end, let us express @) variously
as

Q=@ -1+ (yly—1) -2~ 1)) + Qu
=y -1+ (2(z — 1) — 2@ - 1)* +Q,
=2 -1+ (e - 1) —yly - 1)* + Q-,
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where

Q. =2yz(z+y—1)(z+2z-1),
Qy=2zz(z+y—-1)(y+z-1),
Q.=2zylx+z—1)(y+2—-1).

It suffices to prove that at any point (x,y, z) one of the functions @, @y, Q-
is non-negative. But these functions cannot be simultaneously negative since
their product is the square of the polynomial

2V2ryz(e+y— (e +2-1)(y+2—1).0
Ezample 7.1.4. (Anneli Lax, Peter D. Lax, 1978) The form
A(x) = Ay(x) + Az(z) + As(z) + Aa(x) + As(2),

where x = (21, 2, x3, 24, x5) and A;(x) = [] (z; — x;), is non-negative but it
J#i
cannot be represented as a sum of squares of forms.
Remark. The form A(z) only depends on differences of the variables, and
S0 it can be represented as a form in four indeterminates. On dividing this new
form by the 4th power of one of the indeterminates, we obtain a polynomial
of degree 4 in 3 variables.

First we verify that A(x) > 0. The value of A(z) does not vary under any
permutation of the variables, and so we may assume that

T > T2 > XT3 > Xy = T
In this case

Ar(z) + Az(z) =

= (z1 — x2) (21 — 23) (21 — 24) (21 — @5) — (w2 — x3) (w2 — x4) (w2 — x5)) > 0.

We similarly prove that A4(x) + As(z) > 0. It is also clear that Ag(x) is the
product of two non-positive and two non-negative factors, and so As(z) > 0.

Now suppose that A(z) = > Q;(x)?, where the @; are quadratic forms. If
any x; is equal to any other x, then A(z) = 0, and hence @ ;(z) = 0. Therefore
the quadric @;(z) = 0in RP* contains a projective line x; = x5, 23 = 24 = 5.
Under permutation of coordinates we obtain 10 lines of this form (to determine
a line one should select 2 coordinates of 5). These lines intersect a generic
hyperplane at 10 points and the quadric Q;(z) = 0 should pass through these
points. But in three-dimensional space the quadric does not pass through
10 generic points. Therefore one should expect that the form @; vanishes
identically. We will establish shortly that this is indeed the case, and therefore
reach a contradiction.
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Let Q(x) =Y ¢ijzix; with ¢;; = ¢j;. By the hypothesis

0= Q(s, S,t,t) = (611 + 2¢19 + 022)82+
+2(c13 + €14 + €15 + Cog + Cog + co5)st+
+(c33 + Caa + €55 + 2¢34 + 2¢35 + 2c45)t%.

Hence
ci1 + 2ci2 +co2 =0, (1)
€13+ c14 + c15 + co3 + co4 + co5 = 0, (2)
€33 + C44 + C55 + 2¢34 + 2¢35 + 2¢45 = 0. (3)

Moreover, similar equalities obtained under any permutation of indices also
hold. In particular, (1) implies that

33 + 234 + a4 = 0. (4)
Subtracting (4) from (3) we obtain

cs5 + 2c35 + 2¢45 = 0.
Let cs5 = A. Then, for distinct 7 and j different from 5, we have ¢;5+cj5 = —3
Hence c15 = co5 = ¢35 = ¢c45 = —%. Similarly, co1 = ¢31 = ¢41 = 51 = a15 =
—%, and so on. As a result, we get ¢;; = A and ¢;; = —% for ¢ # j. But then
(2) implies that A =0, i.e., Q(z) = 0 for all z.

7.1.2 Artin-Cassels-Pfister theorem

In subsection 7.1.1 we gave several examples of non-negative polynomials that
cannot be represented as the sum of squares of polynomials. In what follows
we will show that any non-negative polynomial can be represented as the
sum of squares of rational functions. But for polynomials in one variable,
the difference between representations as the sum of squares of polynomials
and as the sum of squares of rational functions is inessential, as the following
statement shows.

Theorem 7.1.5. Let K be a field of characteristic distinct from 2 and let
f(z) be a polynomial over K. Suppose that

f(@) = arr(z)® + - + anra(2)?,
where o; € K and  r;(z) are rational functions over K. Then

f(x) = api(x)® + - + anpa(z)?,

where p;(x) are polynomials over K.
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This theorem has a long history. In 1927, Artin [Arl] proved that

f(x) = 51171(90)2 +F ﬂmpm(x)2v

where m is a number not necessarily equal to n. Next, in 1964, Cassels [Caj|
showed that one may assume that m = n. And, in 1965, Pfister [Pf1] proved
that one may assume that §; = «;.

Theorem 7.1.5 can be applied as well to any polynomial f(x1,...,x,) in
n indeterminates over a field L. For this, we take, for example, x = x; and
allow K = L(za,...,2,) to be the field of rational functions in indeterminates
To,..., T, over L. As a result, we see that in the representation of f as the
sum of squares of rational functions we can remove any of the indeterminates
in the denominators of these rational functions. But we cannot remove all the
indeterminates simultaneously.

Proof. For n = 1, the statement is obvious, and so in what follows we
assume that n > 1 and «; # 0 for all 4. It is convenient to carry out the proof
in terms of quadratic forms over the field K(x). Let v = (v1,...,v,) be a
vector with coordinates from K (z). Define

p(u,v) = Z QU;V;.

We have to prove that if f € K[z] and f = ¢(u,u), where u; € K(z), then
f = o(w,w), where w; € Klx]. The quadratic form ¢(u,u) can be either
isotropic, (i.e., ¢(u,u) = 0 for some u # 0) or anisotropic (i.e., p(u,u) # 0 for
all u # 0).

Case 1: the form ¢(u,u) is isotropic. In this case we will not even need
the condition f = p(u,u) for u; € K(x). In other words, for any polynomial
f, there exists a vector u with coordinates from K|[z]| such that f = ¢(u,u).

In the equality ¢(u,u) = 0, we may assume that u is a polynomial: indeed,
it suffices to reduce the rational functions u; to the common denominator.

We may also assume that the polynomials uy, ..., u, are relatively prime in
totality. Then there exist polynomials v1, ..., v, such that uivy +- - - +unv, =
1.

Indeed, we first represent GCD(f1, f2) in the form uq f1 + uafo; then we
represent GCD( f1, fa, f3) in the form (u1 f1 +usaf2)g1+usf3, and so on. Having
divided each polynomial v; by the number 2c;, we obtain a vector v such that
¢(u,v) = 1. But since

o(u, v+ Au) = p(u,v) and (v + Au, v + Au) = p(v,v) + A,

and since we can replace v by v — ¢(v, v)u, we may assume that p(v,v) = 0.
The identity

p(fu+v, futv) = fo(u,u) +2fo(u,v) + ov,0) = f

shows that any polynomial f can be expressed as [ = p(w,w), where w =
fu+wv.
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Case 2: the form p(u,wu) is anisotropic. In this case we need the condition
f = p(u,u) for u; € K(x). This is clear from the following example: K = R,
f(x) = —1 and p(u,u) = u? + - +u.

Let us multiply both sides of the equality f = ¢(u,u) by the common
denominator of the rational functions wq,...,u,. As a result, we obtain an
equality of the form ayu?+- - -+a,u? = fu3, where ug, . . ., u,, are polynomials.
Among all the equalities of this form, we may select the equality with the least
degree r of the polynomial ug. We have to prove that » = 0. Suppose that
r = degug > 0. Let us divide u; by ug with a residue, and therefore find a
polynomial v; such that deg(u; — upv;) <r — 1.

In addition to vectors u = (u1,...,u,) and v = (v1,...,v,), we consider
vectors u = (ug,...,u,) and v = (vg,...,v,), where vg = 1. Let us also
consider the form

(@, y) = »(z,y) — froyo.

By the hypothesis ¢(t, @) = ¢(u, u)— fud = 0. Moreover, (7, ) = (v, v)—f,
since vg = 1. Therefore the equality ¢(v,v) = 0 contradicts the condition
r > 0. In what follows we assume that @(v,v) # 0.

This means, in particular, that the vectors @ and v are not proportional.
Therefore the vector

w = ¢(v,0)u — 2¢(u,v)v
is nonzero and @(w,w) = 0 since
QAU — po, Nu — pv) = p (=22p(u, v) + pp(0,0)) =0

for A = ¢(v,v) and p = @(u, ).

Thus we have constructed a nonzero vector w = (wp,w) with polynomial
coordinates such that ¢(w,w) — fwg = 0. To reach a contradiction, it suffices
to verify that degwgy < r. Since vy = 1, we obtain

n

wo = p(v,0)ug — 2¢(w, v)vy = (gn: av? — f)uo — 2(2 QUv; — fuo)

i=1

2 n n
o (v?uo — 2uv; + Z—O) P + fug = uio S ai(u; — ugv;)?
=1 i=1

I
M=

1

o
I

n
because > ou? = fu?.
i=1
Recall that deg(u; — ugv;) < r — 1. Hence

degwy = deg(X:oz2 Ui — UQ;) )—degu0§2(r—1)—r:r—2.ﬂ

With the help of Theorem 7.1.5 we can indicate a non-negative polynomial
in n indeterminates that cannot be represented as the sum of n squares of
rational functions.
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Theorem 7.1.6. The polynomial 3 + -+ + x2 + 1 cannot be represented as
the sum of n squares of rational functions in indeterminates x1,...,x, over
R.

Proof. Set K = R(x1,...x,—1) and x = x,, in the conditions of Theorem
7.1.5. Suppose that we have represented the polynomial z2 + --- 4+ 22 4 1 as
the sum of n squares of rational functions in x1, ..., x,. This means that the
polynomial 22 + d, where d = 22 +--- +22_; + 1 € K, can be represented as
the sum of n squares of elements of the field K (x). In this case, by Theorem
7.1.5, the polynomial x2 +d can be represented as the sum of n squares of the
elements from K[z], i.e.,

n
x2+d:Z(aio+ai1$+ai29€2+~-~)2.
i=1

Obviously, in such a representation, we have a;o = a;3 = - -- = 0. Therefore

2 4+d= Z(aix + b))%  ai,b; € K.
i=1

Let us substitute in this identity the value x = ¢ such that ¢ = (anc + b,)?,

ie, (1+ap)ctb, =0 (for a, # +1, we may take any sign and, for a,, = £1,
n—1

only one of the signs will do). As a result, we obtain d = Y (a;c+b;)?, where
i=1

¢,a;,b; € K. In other words, the polynomial 2 + --- + 22 _; + 1 admits the

representation as the sum of n—1 squares of rational functions in x1,...,2,_1

over R. Repeating similar arguments we will obtain finally that the polynomial

22 + 1 is the square of a rational function in z; over R. A contradiction. O

7.1.3 The inequality between the arithmetic and geometric means

The inequality between the arithmetic and geometric means consists in the
following. If x4, ..., x, are non-negative numbers, then

1 +xo+ -+ Ty
n

> Yrixre -1y, -

Let us replace x; by t?". Then this inequality becomes

P(tlw"vtn) n

242 2
— 2.2 >0,

Theorem 7.1.7 (Hurwitz [Hu]). The polynomial P(t1,...,t,) can be rep-
resented as the sum of squares of polynomials.
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Proof. Let y; = t?. For any function f(yi,...,yn), we define
Sf(ylv s 7yn) = Z f(y0(1)7 s 7ya'(n))
oESy

For example,

.................................. (1)
Svy1 “Yn =nlyr Yn
Consider the functions
o1 =S (W =y D —w2),
w2 =5 (> —y5 ) (Y1 — y2)y3)
w3 =5 (7> — 5™ ) (Y1 — y2)yswa)
on—1=S((y1 —y2)(Yy1 — Y2)ysya - - .. - Yn).
It is easy to verify that
1 = Syl + Syy — Syt — Syy g = 25y — 2Sy1 e,
Similarly,
P2 = 257 tys — 28y 2yays,
03 = 25Y7 yays — 25y Py2y3ya,
1 =25Y1Y2Ys - Yn—1 — 25Y1Y2 ... Yn.
Hence
Y1+ 2+ op_1 =257 —2Sy1y2 .. . Yn-
Taking into account relations (1) we obtain
n _|_ n _"_ . _"_ n 1
Y1 T Y2 y"—y1y2-.-.~yn=—'(@1+§02+"'+§0n—1),
n 2n!
ie.,
B+ -+ 5, o 1
- —t1t2'~-~'tn=@(¢1+%02+"'+<Pn—1),
where
o =S (WP " =y ")y — y2)ysya - Yrr1)
=S (1 — )y oy P+ T sy k)
=S ((tf 22 gpnmkmye g g2k 2 -tiﬂ) .

Thus ¢y, is the sum of squares of polynomials in ¢4, ...,t,. O
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7.1.4 Hilbert’s theorem on non-negative polynomials p4(x,y)

Let pi be a polynomial of degree k. In section 7.1.1 we gave examples of non-
negative polynomials pg(x, y) and p4(z,y, z) that cannot be represented as the
sums of squares of polynomials. For polynomials ps(x1,...,2,), there are no
such examples. Indeed, to any polynomial ps(z1,...,2,), there corresponds
the quadratic form

LE n_
Yn+1 ’ ’ yn+1

By(y1, -y Ynt1) = Yo p1p2(

and any quadratic form can be represented in the form

Bt R f = P,
where f1,..., fn+1 are linear forms. Clearly, the polynomial p, is non-negative
only if fry1 == fnp1 =0.

It is much more difficult to prove that any non-negative polynomial py(z, y)
can be represented as the sum of squares of polynomials.

Theorem 7.1.8 (Hilbert). Any non-negative polynomial ps(z,y) can be
represented as the sum of three squares of polynomials.

We will give two proofs of this theorem. The first proof is simpler but it only
enables us to prove a weaker statement, namely, we will show that ps(x,y)
can be represented as the sum of several (not necessarily three) squares of
polynomials. The second one is the original Hilbert’s proof.

It is more convenient to give both proofs not for polynomials but for ho-
mogeneous forms Fy(z,y, z).

First proof. (Choi-Lam) We will prove that any non-negative homoge-
neous form Fy(z,y,z) can be represented as the sum of squares of homoge-
neous forms. The first part of the proof concerns forms of any degree in any
number of indeterminates.

To a pair of forms P and @ of degree n in m indeterminates, we can assign
the form AP + u@, i.e., the set of all such forms is naturally endowed with
the structure of a linear space. The origin of this linear space is obviously the
zero form.

The non-negative forms constitute a closed convex cone C' with the vertex
at the origin O. Clearly, if @ is a non-zero form and Q € C, then —Q ¢ C.
Therefore any plane passing through O and @ intersects C' in a (closed) angle
10Q4 whose value is strictly less than . The form @ is a convex linear
combination of the forms Q1 and @2, i.e. Q = A1 Q1+ A2Q2, where A\, Ao > 0
and \1 + X\ = 1.

Let us draw hyperplanes of support to the cone C' passing through the
rays OQ1 and OQs. They intersect C' in certain convex cones of strictly lesser
dimension. Consider the section of each of these cones by a plane passing
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through O and Q. After several such operations we will necessarily arrive at
the cones of dimension 1 (rays).

A point A of a closed convex cone C' is called extremal if there exists a
hyperplane of support intersecting the cone C only along the ray OA. In other
words,

the point A is extremal if it is not the inner point of the segment whose
end-points belong to C' but do not lie on the ray OA.

The above described construction shows that

any non-negative homogeneous form @ is a convex linear combination of
extremal non-negative forms.

So far we have considered forms of any degree in any number of indeter-
minates. The following statement only holds for forms of degree 4 in three
indeterminates.

Lemma 7.1.9. Any non-negative homogeneous form T(x,y,z) # 0 of degree
4 can be represented in the form

T = q2 + T17
where q¢ # 0 is a quadratic form and T a non-negative form.

Corollary. Any extremal non-negative form T(x,y,z) of degree 4 is a
total square.

The corollary obviously follows from Lemma: for an extremal non-negative
form T, the decomposition T = ¢ 4+ T} must be trivial, i.e., ¢ and T} should
be proportional.

In turn, the corollary obviously implies the theorem. Indeed, the convex
linear combination of extremal non-negative forms of degree 4 in 3 indetermi-
nates is a sum of squares of quadratic forms.

Proof. Let Z(T) be the set of zeros of the form T considered up to pro-
portionality, i.e., the set of zeros of this form in RP2.

Case 1: Z(T) = (). On the unit sphere 2 +y% + 22 = 1 the function attains
a minimal value u > 0 , and so T'(x,y, 2) > p(z? + y? + 2%)? for all (z,y, 2).

Case 2: Z(T) consists of one point; without loss of generality we may
assume that T'(1,0,0) = 0. In this case the coefficient of z* is equal to 0, and
SO

T(z,y,2) = a*(ary + azz) + 2° f(y, 2) + 229(y, 2) + h(y, 2).

If g # 0 and g # 0, then as © — oo we can obtain negative values of 7.
Hence,
T(x,y,2) = 2> f + 2xg + h.

It is also clear that f > 0 and h > 0.
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In the decomposition

fT = (af +9)* + (fh— g°)
the form fh— g? is non-negative. Indeed, if fh—g? < 0 at (a,b), then f(a,b) #

?((a, Z; we see that fT' < 0 at (z,a,b).
a,

Any non-negative quadratic form f(x,y) can be represented either as the
square of a linear form or as the sum of two squares of linear forms. Accord-
ingly, consider two possibilities.

(a) f = f?, where f1 = ay + (B2z. At the point (—f,a) we have fh — g =
—g? < 0. Hence g(—f3, ) = 0 since the form fh—g? is non-negative. Therefore
g = f1g1, and hence

T > (xf +9)* = (@f] + fig1)” = fL(@f1 + 91)° = f(zfr + @)’

and thus T > (zf1 + g1)%
(b) f = f2+ f2, where fi and f; are linear forms without non-trivial (i.e.,
distinct from the origin) common zeros. Then f(y,z) > 0 for (y,z) # (0,0).
Suppose that fh—g? = 0 for (y,z) = (a,b) # (0,0). Then T = 0 for (x,y,2) =
b
<—%, a, b). This is a contradiction since, by the hypothesis, T' has only
a,
one zero in RP?, namely (1,0,0).
Thus fh — g? > 0 for (y,z) # (0,0), and therefore /

the unit circle. Hence fh — g% > uf? for all (y, z). Therefore

2
P29 s = (v

0. Setting x = —

h — ¢?
3

> p >0 on

>
=77
Case 8 Z(T) contains no less than two points; without loss of generality
we may assume that 7°(1,0,0) = 7(0,1,0) = 0. As in Case 2, the form T
cannot contain the terms with 2* and 2% nor can it contain terms with y* and
y>. Hence
T(z,y,2) = a* f(y, 2) + 2x29(y, 2) + 2°h(y, 2).

In the decomposition

IT = (xf + 29)* + 2°(fh — ¢°)

the form fh — ¢2 is non-negative.

While considering subcase (a) of Case 2 we did not use the fact that the
form T has precisely one zero. Therefore, if f = fZ (or h = h?), we may apply
the same arguments. It remains to consider the case when f > 0 and g > 0.
Again, consider two possibilities.

b
(a) fh — g* has a non-trivial zero (a,b). Let a=— 9(a,b) and define
a
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Ti(z,y,2) = T(x + az,y,2) = 2°f + 202(g + of ) + 2°(h + 2ag + > ).

At (a,b), we have

2 2
-9 .9 hf—g

h+2ag+’f=h+2—2g+ = =0.
f f? f?

Therefore h + 2ag + o f = h?. Thus Ty (z,y, 2) > (zh1)?, and therefore

f=h-gf

T(z,y,2) =Ti(z — az,y,2) > (zhi(z — az,y,2))>.
b) fh — g? > 0. Then
2
(.y];z%)f > p>0,
and therefore
JT = (af +29)* +2°(fh = g°) = 22(fh — ¢%) = pz*(y* + 2°) f.
As a result, we obtain T > (/zizy)? + (\/nz?)? > (pz?)?. O
O

Second proof. (Hilbert) The main idea of this proof is to consider the set
A consisting of the real forms in three indeterminates that can be represented
in the form f2 + g% + h?%, where f, g, h are real quadratic forms without non-
trivial common zeros over the field of complex numbers.

Lemma 7.1.10. The set A is open.

Proof. The coefficients a;j; of the form > aijkxiyj 2F can be considered
as coordinates in R™. Therefore the map

®: (f,g,h)— F=f>+g>+n*

is an algebraic map R'® — R!% (the quadratic form in 3 indeterminates is
determined by 6 coefficients and the form of degree 4 is determined by 15
coefficients).

It suffices to prove that if (f,g,h) € A, then the rank of the differential
d® of the map @ at point (f,g,h) is equal to 15, i.e., dimker @ = 3. Clearly,

dP(u,v,w) = 2(uf + vg + wh),

where (u,v,w) € R8 is a triple of quadratic forms and uf +vg+wh is a form
of degree 4.

The quadratic forms f, g, h have no non-trivial common zeros over C. Let
us prove that the equation
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uf +vg+wh=0 (1)
(u,v,w are quadratic forms) then implies that
u=vg—ph, v=A—vf w=upf—>Ag

for some A, pu, v € C.
It suffices to prove that

u=wvig—pth, v=Ah—vaf, w=psf— Ny
because (1) then gives

(A1 = A2)hg + (p2 — p1) fh+ (v1 — 12) fg = 0.

The curves f = 0,9 =0 and h = 0 are distinct. So, on the curve f = 0, there
is a point which does not belong to either g = 0 or h = 0. Having considered
the values of f,g and h at this point, we obtain A\; = A2. We similarly prove
that p; = po and v = vs.

Let us now prove, for example, that w = psf — Aag. By Hilbert’s Nullstel-
lensatz the ideal generated by f, g and h contains a power of any polynomial
since these forms have no common zeros. In particular, ™ can be represented
for some n in the form

" =rf 4+ sg+th, (2)

where 7, s,t are forms of degree n — 2. Consider equation (2) with the minimal
n. From (1) and (2) we deduce that

uft +vgt +wht =0, z"w =rfw+ sgw + thw
and therefore
2"w = (rw —ut)f 4+ (sw —vt)g = af + bg, (3)

where a and b are forms of degree n.

If n = 0, we get the equality desired.

If n > 0, we obtain a contradiction to the minimality of n. Indeed, for
2 = 0, the equality (3) becomes

ao fo + bogo = 0,

where ag = a(0,y, z), etc. Since fy and go have no common zeros, ap = dogo
and by = —dj fo for a polynomial do(y, 2). Set d(z,y, z) = do(y, z) and consider
the polynomials a; = a — dg and by = b + dg. Clearly,

arf +big=af+bg=z"w

and a1(0,y,2) = b1(0,y,2) =0, i.e., a; and by are divisible by z. Dividing by
x we obtain an equality of the form as f + bag = 2™ 'w which contradicts the
fact that n is minimal.
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Thus, the kernel of the map
d®: (u,v,w) — 2(uf + vg + wh)
consists of the vectors of the form

(vg — ph, \b—vf,uf — Ag) = M0, h, —g) + u(=h,0, f) + v(g, - f,0),

and therefore the dimension of the kernel is 3. O

Lemma 7.1.11. Let F' € A\ A, where A is the closure of A. Then either F
has a nontrivial real zero or, over C, the curve ' = 0 has at least two double
points.

Proof. Clearly, F = f2 4 ¢g? + h?, where f, g and h have a common non-
trivial zero (a, b, ¢). If this zero is not real, then the points (a, b, ¢) and (@, b, )
are two distinct double points on the curve F' = 0. Indeed, these points are
zeros of the functions f,g,h, and so they are zeros of multiplicity 2 of the
functions f2,¢?, h%. Hence, they are zeros of multiplicity 2 of the function
F=f2+g¢2+h% 0O

Let us now move on to the proof of the theorem proper. We have to prove
that any non-negative form lies in A. The open set A is bounded by the
surface 9A = A\ A. Let F| be an arbitrary non-negative form of degree 4 in
3 indeterminates. If F} € A we have nothing more to prove. So let us assume
that I} ¢ A. Then the segment FyFy, where Fy € A is an arbitrary point,
should intersect JA at a point F;. It suffices to prove that we can select Fy
so that Fy coincides with F} (then Fy = F; € A C A)). Assume that F}
is an interior point of the segment FjF;. We can select Fy so that F} has a
non-trivial real zero. Indeed, by Lemma 7.1.11 the forms that belong to 0A
and do not have non-trivial real zeros correspond to curves with two double
points, and such forms constitute a set of codimension no less than 2. Indeed,
the curve F' = 0 has a double point if the system of equations

F=0, F,=0, F,=0, F,=0
has a solution. The first equation can be disregarded since
Py +yly + zF, = nl,

where n is the degree of F' (in our case n = 4). The curves F, =0 and F}, =0
intersect at (n — 1)? points. The curve F' = 0 has k double points if the curve
F. = 0 passes through the k intersection points of the curves F, = 0 and
F, = 0. This imposes k algebraic relations on the coefficients of F.

Thus, the form F} = (1 — t)Fy + tFy has a non-trivial real zero. But this
contradicts the fact that Iy # Fj. Indeed, Fy > 0 and F} > 0, and so, for
t # 1, the form (1 — t)Fy + tF; takes strictly positive values at all points
distinct from the origin. O
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7.2 Artin’s theory

This section is mainly devoted to Artin’s solution of Hilbert’s seventeenth
problem on the representability of a non-negative polynomial as the sum of
squares of rational functions. Artin’s proof gives no estimates of the sufficient
number of these rational functions in the representation of a polynomial in
n indeterminates. This estimate is due to Pfister: a non-negative polynomial
in n indeterminates can be represented as the sum of 2" squares of rational
functions. Pfister’s theory will be discussed in Section 7.3.

In Sections 7.2.1 and 7.2.2 we give necessary preliminaries from the theory
of real fields; the results of these sections are due to Artin and Shreier [Ar2].
The solution proper of Hilbert’s seventeenth problem is contained in 7.2.3.
This proof is based on a theorem of Sylvester which enables us to calculate
the number of real roots of a polynomial in terms of the index of a quadratic
form (see page 33). Our exposition follows [Scl].

7.2.1 Real fields
A field K is said to be ordered if it is split into three non-intersecting subsets
K=NU{0}UP

such that N = —P (the subset N of negative numbers and the subset P of
positive numbers), where the sum and the product of two positive numbers
are positive.
For any ordered field, we may set x —y > 0 if x —y € P (we also write
x>y if either z —y € P or x = y).
Set
a for a > 0,
laj=<0  fora=0,
—a fora<0.

It is easy to verify that |ab| = |a| - [b] and |a 4+ b| < |a| + [b].

In any ordered field we have 1 > 0 since the opposite inequality —1 > 0
leads to a contradiction because 1 = (—1)(—1) > 0 but if @ > 0, then —a < 0
for any a # 0. In particular, the characteristic of any ordered field is equal
to zero since 1 + --- 4+ 1 > 0 for any nonzero number of summands. In any
ordered field 22 > 0. Indeed, both inequalities 2 > 0 and —z > 0 imply the
same inequality 22 > 0.

There is only one ordering of the field @, namely, g > 0 if and only

if pg > 0. Indeed, the numbers d and pq are obtained from each other by
q

multiplication by ¢=2 > 0.

Any field L in which —1 is the sum of squares (and the characteristic of
L is distinct from 2) is an example of a field that cannot be ordered. Indeed,
any element a of such a field L is the sum of squares
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2 2
1+a 1—-a
= -1 .
= (50) v (%)

The field K is called formally real if —1 cannot be represented as the sum
of squares of of elements from K. An equivalent condition: if b2 4 - - -+ b2 = 0,
where by, ...,b; € K, then by = --- = b, = 0. For brevity, we will call formally
real fields just real ones.

The characteristic of any real field is equal to 0. Indeed, if the characteristic
is equal to p, then —1 = 1% + ... + 1%
——

p—1

Theorem 7.2.1. Let K be a real field, and let a € K.

a) If a is the sum of squares of elements from K, then K(\/a) is real.

b) If K(y/a) is not real, then —a is the sum of squares of some elements
from K.

Proof. To prove a), we suppose on the contrary that K(y/a) is not real.
Then, in particular, K (y/a) # K, i.e., v/a ¢ K. Moreover, —1 is the sum of
squares of some elements from K (y/a), i.e., there exist elements b;,¢; € K
such that

—1= (b +civ/a)? = b7 +2y/ad bici +adl . (1)
Formula (1) shows that, if > b;c; # 0, then y/a € K. Therefore

—1=>b+ad (2)

Let a be the sum of squares of some elements from K. Formula (2) shows
that in this case our supposition that K (y/a) is not real leads to a contradic-
tion. This proves statement a).

To prove b), we write (2) in the form

RN
o Yag

pq

It remains to observe that if p and ¢ are sums of squares, then so is b 5
q q

O

Corollary. For a real field K, one of the fields K(\/a) and K(\/—a) is
necessarily real.

Proof. 1f K(/a) is not real, then —a is the sum of squares, and so K (v/—a)
is a real field. O

Theorem 7.2.2. Let K be a real field and let f € Kl[z] be an irreducible
polynomial of odd degree. Then the field K («), where «v is a root of f, is real.
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Proof. Let n = deg f. Suppose that the field K(«) is not real. Then

1= Zgi(a)zv

where g; are polynomials of degree no higher than n — 1. Since « is a root of
1+ gi(x)?, the latter is divisible by £, i.e.,

—1=3gi(z)* + h(z)f(z),

where h is a polynomial. Suppose if possible that A = 0. Then —1 = 3" g; ().
If max(degg;) = m > 0, then the sum of squares of the coefficients of ™ in

the polynomials g; is equal to zero. If g; = ¢; € K, then —1 = Y ¢2. Both
versions contradict the fact that K is real, and so h # 0.

The degree of the polynomial Y g;(x)? is even and does not exceed 2n — 2.
Therefore the degree of h is odd and does not exceed n — 2. The polynomial
h has an irreducible factor A; whose degree is odd and does not exceed n — 2.
Let 3 be a root of hy. Then —1 = " g:(8)?, i.e., —1 is the sum of squares of
elements from K (). Repeating for h; the same arguments as for f, we see
that —1 is the sum of squares of elements from the field K (v), where v is a
root of an irreducible polynomial of odd degree that does not exceed n — 4,
etc. Thus we have a contradiction. O

The field K is called real closed if it is real and any real algebraic extension
of it coincides with K.

Theorem 7.2.2 implies that in any real closed field any polynomial of odd
degree has a root.

A real closure of a real field K is any real closed field R algebraic over K.

Any real field K has a real closure. Indeed, consider the partially ordered
set of all real fields algebraic over K. By Zorn’s lemma this set has at least
one maximal element, R. Clearly, R is a real closed field.

Theorem 7.2.3. The real closed field R has precisely one ordering, namely,
the nonzero element a € R is positive if and only if it is a square.

Proof. Clearly, the equalities a = t2 and —a = t3, where t1,t, € R, cannot
t
be satisfied simultaneously since otherwise —1 = <t_1> . Therefore it suffices
2
to prove that +a = t2, where t € R.
If a # ¢, then the field R(,/a) is a proper extension of R, so it is not real.
In this case, by Theorem 7.2.1 (b), the element —a is the sum of squares of
elements from R. Then by Theorem 7.2.1 (a) the field R(v/—a) is real, and so
it coincides with R. This means that «/—a € R, i.e., —a = %, where t € R. O

Theorem 7.2.4. Let K be a real field and suppose that the element a € K
cannot be represented as the sum of squares. Then there exists an ordering of
K for which a < 0.
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Proof. By Theorem 7.2.1 (b) the field K(y/—a) is real. Let R be a real
closure of K (v/—a). By Theorem 7.2.3 the field R has an ordering under which
the element —a = (v/—a)? is positive, i.e., a is negative. The restriction of this
ordering onto K C R is the ordering desired. O

Denote the algebraic closure of R by R.

Theorem 7.2.5. The field R is real closed if and only if R # R and R =
R(v-1).

Proof. First, suppose that R is real closed. Then the equation z? 4+ 1 = 0
has no solutions in R. So R # R. Let us prove that R = R(y/—1).

For brevity, set i = v/—1. First we show that any second order equation
has a root in R(i). The roots of the quadratic 2? + 2px + ¢ are given by the
formula z12 = —p £ \/p? — ¢, and so it suffices to prove that, if a,b € K,
then va+1ib € K(i). In other words, we have to select ¢,d € K, so that
(c+di)? = a+bi,ie., ¢ —d*=a and 2cd = b. Clearly, a® + b2 = (¢? + d*)%.

Therefore
, VEIPta o, VPP
“ - 2 0T 2

looks like an appropriate choice. Let us verify first of all that numbers ¢ and d
thus defined actually belong to R. Since a? > 0 and b > 0, then a? +b> > 0,
so va?+0b? € R by Theorem 7.2.3. Further, Va2 + 02 > Va2 > +a (here
Va2 + b2 and Va2 are non-negative numbers). Therefore a2+ 02 + a > 0,
i.e., c and d belong to R. The equality ¢? — d? = a is automatically satisfied
and the equality 2cd = b will be satisfied if we correctly select the signs of ¢
and d.

Let us now consider an arbitrary polynomial f irreducible over R. Let
us express its degree n in the form n = 2"¢q, where ¢ is odd. We prove by
induction on m that f has a root in R(4). For m = 0 this follows from Theorem
7.2.2. Now suppose that m > 0 and the statement required is already proved
for1,...,m—1.

Let aq, ..., a, beall the roots of f; they belong to some extension of R. Se-
lect ¢ € R so that all the numbers axo; + c(ax +«;), where k # [, are distinct.

n(n —1)
2
cients from R (the coefficients belong to R since they are symmetric functions

-1
% is of the form 2™~ tq(n — 1),
where g(n — 1) is odd. We can therefore apply to ¢ the induction hypothesis.
Without loss of generality we may assume that the root ajas + ¢(ag + az) of
g belongs to R(i).

Let us prove that R(ajas, a1 + a2) = R(ajas + ¢(a; + az)). To this end,

consider the polynomial F' with the roots axa; and the polynomial G with
the roots ay + «. The coefficients of F' and G belong to R. Let

These numbers are the roots of a polynomial g of degree with coeffi-

in ap,...,a,). The number degg =

0 = arag + c(ag + a9).
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Clearly, G(a1 + ag) = 0 and
F (0 —cla; +a2)) = Flagag) = 0,

ie., a1 + ag is a common root of the polynomials G(x) and F(0 — cx) with
coefficients in R(6). The condition 6 — c(ay + ;) # ooy for k, 1 # 1,2 implies
that a3 + ao is the only common root of these polynomials. Moreover, this
common root is a simple one since it is a simple root of G. Hence, the greatest
common divisor of G(z) and F(0 — cx) is of the form x — (a1 + ag). The
coefficients of these polynomials lie in R(f), so oy + a2 € R(0) and

aras =60 —c(a; + az) € R(0) = R(ajas + c(ag + a2)) .

So we have proved that R(aqag, a1 +a2) C R(aias+c(ar+az)). The opposite
inclusion R(ajas + c(aq + as2)) C R(aqag, ag + awg) is obvious.

Thus, ayas, aj+as € R(ajas + c(a + az)) and R (ajas + c(ag + ag)) C
R(i). Therefore a; and «ay are the roots of a second order polynomial with
coefficients in R(7). But we have already proved that the roots of any second
order polynomial with coefficients from R(7) belong to R(i). Therefore f has
a root a; which belongs to R(i). This means that R = R(i).

The converse statement (if R # R and R = R(i), then R is real closed)
is much easier to prove. There are no intermediate fields between R and R =
R(i), and so it suffices to prove that R is real, i.e., —1 is not the sum of squares
of elements of R. By the hypothesis ¢ ¢ R, i.e., —1 is not a square. Thus, it
suffices to prove that in R the sum of squares is a square itself. Since R(i)
is algebraically closed, it follows that, if a,b € R, then va + bi € R(i), i.e.,
there are elements ¢ and d in R such that a + bi = (¢ + di)?. In this case, we
also have a — bi = (¢ — di)?. Therefore

a’? +b% = (a+bi)(a—bi) = (c+di)*(c — di)* = (¢ + d*)%.

It remains to observe that, if the sum of two squares is a square itself, then
the sum of any number of squares is also a square. O

7.2.2 Sylvester’s theorem for real closed fields

Let K be an ordered field, and f an irreducible polynomial over K. We call a
real closed field R D K a real closure of K if R is algebraic over K and the
ordering of K induced by the ordering of R coincides with the initial ordering
of K.

The number of distinct real roots of a real polynomial can be computed
without going outside R. This can be done by two methods: with the help of
Sturm’s theorem or with the help of Sylvester’s theorem. Both these theorems
can be proved for any ordered field. The most important corollary of this
situation is as follows:
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if f is a polynomial over an ordered field K, then in any real closure R of
K the number of the roots of f is the same.

Initially, Artin’s theory was based on Sturm’s theorem; for a modernized
construction of Artin’s theory based on Sturm’s theorem, see the book [La2].
Sylvester’s theorem, however, is in many ways more convenient. Following
[Sc1] we give the solution of Hilbert’s seventeenth problem based on Sylvester’s
theorem.

Over an ordered field K, the signature of a quadratic form ¢ is defined as
follows. Over K, a quadratic form ¢ can be reduced to the form

() = Mo + - + Anl. (1)

As for R, the number of positive coefficients A; and the number of the negative
ones do not depend on the way we reduce the form ¢ to the canonical form
(1). Indeed, suppose that there exist two decompositions

VieV_oe V=W, e W_oW,.

Then Vo N(W_®Wy) = 0so dim Vi +dim W_ 4+dim Wy < 0. Hence dim V; <
dim W, . Similarly, dim W, < dim V.

Let R be a real closure of K. Theorem 7.2.5 implies that the degree of
any irreducible over R polynomial is equal to 1 or 2. Therefore an obvious
modification of the arguments used in the proof of Theorem 1.4.5 (see page 33)
enables one to prove the following statement.

Theorem 7.2.6. Let f be a polynomial over K and ¢(x, y) a bilinear sym-
metric form on the space K[x]/(f) equal to the trace of the operator of mul-
tiplication by xy. Then the signature of ¢ is equal to the number of distinct
roots of f which lie in the real closure R of K.

In particular, as we have already mentioned, the number of the distinct
roots of f is the same for all real closures of K.
The form ¢ will be called the trace form of the space K[z]/(f).

Theorem 7.2.7 (Artin-Schreier). Let K be an ordered field, and let R
and R' be real closures of K. Then there exists precisely one isomorphism
o: R — R over K and this isomorphism preserves the ordering.

Proof. In the real closed field, the condition > y is equivalent to the
fact that & — y is a square. Therefore any isomorphism o: R — R’ preserves
the ordering.

The field R is algebraic over K, and so any element o € R is a root of
an irreducible polynomial f over K. Theorem 7.2.6 implies that f has the
same number of roots in R and in R’. Let these roots be a1 < --- < o, and
o) < - < o, respectively. In R, select elements ¢; so that t? = a; 41 — ;.
By the theorem on a primitive element,
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K(Oél,. .. ,Oén,tl, e atn—l) = K(G),

where 0 € R is a root of an irreducible over K polynomial g. In R’, the
polynomial g has the same number of roots as in R. In particular, it has
a root ' € R'. Over K, there exists an isomorphism K (0) — K(6'). This
isomorphism is an embedding

o: K(ag,...,an,t1,...,th—1) — R.

It is easy to verify that o(a;) = /. Indeed, o sends a root of f into a root
of f, so that o(a1) — o(a;) = o(t7) > 0. On K(aq,...,a,), the map o is
uniquely defined. In particular, the image of « is uniquely defined. Now, with
the help of Zorn’s lemma, we may construct a uniquely defined isomorphism
between R and R’ over K. O

Let us prove now that every ordered field has a real closure.

Theorem 7.2.8. Let K be an ordered field, and K' its extension in which
there are no relations of the form —1 = Z)\ia?, where \; are positive ele-
ments of K and a; € K'. Then the field L obtained from K' by adjoining the
quadratic roots of all the positive elements of K is a real field.

Proof. Suppose on the contrary that the field L is not real. Then —1 =
S b?, where b; € L. Therefore, in L, we have the relation of the form —1 =
SN bZ where the \; are positive elements of K and b; € L. By the hypothesis
not all the b; can simultaneously lie in K’. Therefore there exists a least
positive integer r for which a relation of the form indicated holds with b; €
K’ \/—1, .. \/,u_r where p1, ..., p, are positive elements of K.

Let us express b; as b; = x; + yi/lir, where 2, y; € K'(\/It1, -+, /Tor—1)-
Then

—1=) Nl +yi/in)? = Y Niled + Vi) + 2y Y iy

If Y ay; # 0, then /i, € K'(\/ii1, -+, /Tir—1), which contradicts the as-
sumptions on the minimality of r. Therefore

1= Nwl ) Ny,

where \; and \;p, are positive elements of K and x;, y; € K'(\/li1, - -« yn/Hor—1)-
This also contradicts the assumptions on the minimality of r. O

Corollary 1. Any ordered field K has a real closure.

Proof. Set K’ = K. In K, there are no relations of the form —1 = " \;a?
with A; positive. Therefore the field L obtained from K by adjoining square
roots of all the positive elements of K is real. The real closure of L is the
required real closure of K. O
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Corollary 2. Let K be an ordered field and let K" be an extension of K.
An ordering of K can be extended to K' if and only if there are no relations
of the form —1 =Y \;a? in K', where the \; are positive elements of K and
a; € K'.

Proof. Clearly, if a relation of the form indicated exists, then it is impos-
sible to extend the ordering from K to K'. Suppose that there are no such
relations. Then one can construct a real field L D K’. Consider its real closure
R. The ordering of R induces an ordering of K’ required. O

7.2.3 Hilbert’s seventeenth problem

In this section we will finally prove that, if a real rational function r(x1, ..., z,)
is non-negative for all real values of z1,...,z,, then it can be represented as
the sum of squares of real rational functions. This proof holds not only for R
but for an arbitrary real closed field R. The proof is easy to deduce from the
following rather difficult theorem.

Theorem 7.2.9 (Artin—Lang). Let R be a real closed field and let K =
R(z1,...,xy,) be an ordered finitely generated extension of R such that the
ordering of K is compatible with the ordering of R. Then there exists an R-
algebra homomorphism

¢: Rlxy,...,2n] = R

identical on R.

Proof. First, consider the case when the transcendence degree of K over
R is equal to 1. We may assume that the element z; = x is transcendental
over R. Then K is a finite algebraic extension of R, and so by Theorem 21.5
(on a primitive element) K = R(x)[y]. Precisely the same arguments as in the
proof of Noether’s lemma on normalization (see Lemma on page 222) show
that one can select y which satisfies the equation

y e (x)y' " 4+ az) = 0,where ¢ (z), . .., c(x) € Rlz].

We assume here that [ is the least possible.
Consider a polynomial

f(X7 Y) — Yl +61(X)Yl71 + .. +C[(X)

in indeterminates X and Y. To any pair of elements a, b € R such that
f(a, b) = 0, there corresponds an R-algebra homomorphism o: R[z,y] — R
given by the formulas o(z) = a and o(y) = b. Let us show that there are
infinitely many such pairs a, b € R. _

Let Rx be a real closure of K. The polynomial f(Y) = f(z, Y) € R(z)[Y]
has a root y in Rg, and so by Theorem 7.2.6 the signature of the trace form
 on the space
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R()[Y]/(f) = R(@)[y)/R(x) = K/R(x)

is positive. This form can be reduced to the diagonal form with the elements
hi(x),...,hs(z) € R[z] on the diagonal.

Over a real closed field R, any polynomial factorizes into linear and irre-
ducible quadratic factors. The quadratic factors are of the form (x + a)? + 32,
where a, 3 € R. They are therefore positive as elements of R(z), and for all
a € R the elements (a + a)? + 32 € R are also positive.

Let x — A1, ..., — A be all the distinct linear factors in the factorizations
of the polynomials hq(x),. .., hs(z). Let us order the elements z, A\1,..., \ €
R(z). The following possibilities might occur:

e < <A< or << oor <A< ...

Let a be an arbitrary element of R satisfying, respectively, inequalities A; <
a < Ajor\ <aora<A\; (there are infinitely many such elements a). Then
the signs of hi(a) and hy(z) coincide for all & = 1,...,s. The signature of
the form ¢ is therefore equal to the signature of the form with the diagonal
elements hi(a),..., hs(a).

Let us show that, for almost all a, the trace form ¢, on the space
R[Y]/ (f(a,Y)) can be reduced to the diagonal form with the elements
hi(a),...,hs(a) on the main diagonal. Indeed, let A(z) = (ai;(x)) be the
matrix of the form ¢ in the basis 1,Y,..., Y™ and B(z) = (b;;(x)) the
matrix such that

(B(@))" A(x)B(z) = diag (h1 ()., hy()) -

Then, if det B(a) # 0 and none of the denominators of the rational functions
b;;(x) vanishes at © = a, we have

(B(a))T A(a)B(a) = diag (h1(a), ..., hs(a)) .

It remains to observe that A(a) is the matrix of the form ¢, in the basis
1L,Y,...,Yi-1

Thus, there exist infinitely many elements a € R for which the signature
of the form ¢, is positive. For all such a, the polynomial f(a,Y’) has a root
b€ R,ie. f(a,b) = 0. As we have already observed, to any such pair there
corresponds an R-algebra homomorphism o: R[z, y] — R. Let us show that
almost all such homomorphisms can be extended to

Rlx,y,x2,...,2,] D R[z,y].

Recall that xo,...,2, € R[z1,...,2,] = K = R(z)[y], and therefore z; =
pi(z,y)
qi(x
o (q(x)) = q(a) # 0 for almost all a. In these cases the homomorphism o can

be extended to

, where p; and ¢; are polynomials. Let ¢ = ¢1 -. .. q,. By construction



268 7 Hilbert’s Seventeenth Problem

Rz, y] {L} D Rlz,y,x2,...,2n] D Rlx1,...,2,] = K.
q(x)

The passage from the case when the transcendence degree of K over R is
equal to 1 to the case of transcendence degree m > 1 is performed by a simple
induction on m. Suppose that the existence of the homomorphism required
is proved for all fields K whose transcendence degree over R is strictly less
than m. Consider a field K = R(z1,...,2,) whose transcendence degree over
R is equal to m. Select an intermediate field F: R C F C K for which the
transcendence degree of K over I is equal to 1. Let Rp C Rk be real closures
of F' and K. The transcendence degree of Rx over Rp is equal to 1, and so
there exists an Rp-algebra homomorphism ¢: Rp[z1,...,2,] — Rp.

The transcendence degree of Rp over R is equal to m — 1, and so the
transcendence degree of the field R (¢¥(x1),...,%(x,)) C Rr over R does not
exceed m — 1. It is also clear that an ordering of Ry induces an ordering of the
field R (¢(z1), - .., ¢ (2n)). Therefore there exists an R-algebra homomorphism
o: R[w(xl), e ,1/)(xn)] — R. The restriction of the composition of the maps
1 and o onto the subalgebra

Rlx1,...,2,] C Rplz1,. .., 24)
is the homomorphism required. O

Now it is easy to prove Artin’s theorem on non-negative rational functions.
Let k be an ordered field. The rational function

r(zy, ..., x,) = M, where p,q € kl[z1,...,2,),
q(z1,...,x,)
is called non-negative if r(a1,...,a,) > 0 for all a1,...,a, € k such that

qlar,...,a,) #0.

Theorem 7.2.10 (Artin). Let R be a real closed field, let r € R(x1, ..., %)
be a non-negative rational function. Then r can be represented as the sum of
squares of elements of R(x1,...,x,).

Proof. Suppose on the contrary that r is not the sum of squares of el-
ements of the field R(z1,...,2z,). Then by Theorem 7.2.4 there exists an
ordering of the field R(z1,...,z,) for which » < 0. Let us express r as an
irreducible fraction p/q, where p,q € R[z1,...,x,]. Consider an R-algebra

Rl|zy,...,0p, ——————
q(z1,...,x)

that contains 7.
In R, the real closure of the ordered field R(x1,...,x,), there exists an
element 7 such that 42 = —r > 0. The field R(z1,...,2,,7) is contained in
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R,,, and therefore the ordering of R,, induces an ordering of R(x1,...,Zn,7).
By the Artin-Lang theorem there exists a homomorphism

1 1
Vs _:| - Rv
)y

@: R[xl,...,xn,i
q(x1,...,xn

identical on R.
Clearly, ¢(v) gp(%) = 1 and p(q) w(%) = 1. Hence ¢(v) # 0 and ¢(q) # 0.
Hence also o(r) = —p(72) = — (¢(v))* < 0. But

o(r) = M, where a; = ¢(z;).

qlay,...,an)
Here g(ai,...,an) = ¢(¢) # 0. The inequality r(a1,...,a,) < 0 contradicts
the hypotheses of the theorem. O

For an arbitrary (i.e., not necessarily real closed) ordered field, Artin’s the-
orem is false (the first example of such a field is given in [Dul]; a simpler proof
can be found on page 86 of the book [Pf2]). However, with a slight sharpening
of the proof of Theorem 7.2.10, we can prove the following statement for an
arbitrary ordered field k.

Theorem 7.2.11. Let k be an ordered field and R its real closure. If a rational
functionr € k(xq,...,x,) is such that r(a1,...,a,) >0 for allas,...,a, € R
(if, of course, the value r(a1,...,a,) is defined), then r can be represented as
the sum of squares of elements of k(z1,...,x,).

Proof. If r is not the sum of squares of elements of k(x1,...,x,), then
there exists an ordering of the field k(x1, ..., x,) for which » < 0. Let R’ be a
real closure of the field k(x1,...,x,) with such an ordering. We may assume
that R C R’ (the real closure of the field k(z1,...,x,) contains a real closure
Ry of k, and R; and R are isomorphic as real closures of the same field). In
R’, there exists an element v such that 2 = —r > 0. In the R-algebra

1 1

R L1yeeoyTny 77— V) CR/?
Q(xly"'vxn) Y

we introduce an ordering induced by the ordering in R’. The remaining argu-
ments are precisely the same as in the proof of Theorem 7.2.10. O

Corollary. Let the ordering of the field k be such that the condition

“r(x1,...,zn) < 0 for all x1,...,2, € k7 implies that r(xz1,...,x,) < 0
for all x1,... 2, € R, where R is a real closure of k. Then Artin’s theorem
for k holds.

In particular, Artin’s theorem holds for the field of rationals Q, i.e., any
non-negative rational function with rational coefficients is the sum of squares
of rational functions with rational coefficients.
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In conclusion we give formulations of two interesting theorems whose
proofs are based on Artin’s theorem. More precisely, the first of these the-
orems is deduced from Artin’s theorem and the second follows from the first.

Theorem 7.2.12 ([Ri]). Let I be an ideal in the ring Rlxy,...,x,]. Then
the following conditions are equivalent:

(1) Any polynomial that vanishes at all the common real zeros of the poly-
nomials from I belongs to I itself;

(2) If the sum of squares of the polynomials from the ring Rlzq, ..., x,]
belongs to I, then these polynomials themselves belong to I.

Theorem 7.2.13 ([St1]). The homogeneous form F is non-negative if and
only if there exists a homogeneous polynomial relation of the form o(—F) = 0,
where

2n+1

p(u) =u +a1u® + -+ agy

and the coefficients ay, . . ., asy, are the sums of squares of homogeneous forms.

7.3 Pfister’s theory

7.3.1 The multiplicative quadratic forms

In this section we consider quadratic forms over an arbitrary field & whose
characteristic is distinct from 2. Any quadratic form ¢ on the space k" is
given by a symmetric n x n matrix A. Namely, if x = (z1,...x,) € k", then

o(x) = zAz” Z il Qi

The quadratic forms ¢ and ¢ are called equivalent if there exists a non-
singular n x n matrix P such that ¢(z) = ¢¥(Pz). Then v is given by the
matrix PAPT. For equivalent forms we write ¢ 2 ).

We say that the form ¢ represents an element a € k if a = ¢(x) for some
x € k™. For example, the form ¢(z) = 22 + --- + 22 represents a if and only
if a can be represented as the sum of n squares.

The main tools of Pfister’s theory are multiplicative forms of a particular
type he introduced. Recall that the quadratic form ¢ is multiplicative if the
forms ¢ and ap are equivalent for any nonzero element a representable by .

Any multiplicative form ¢ possesses the following remarkable property: if
a and b are representable by ¢, then ab is also representable by ¢. Indeed,
equivalent forms represent the same set of elements of the field k. Now if a
multiplicative form ¢ represents a and b, then the form ay equivalent to ¢
represents ab.

We introduce the following notations. Denote

2 2
(a1,...,an) = a2 + -+ + anx;,
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For the forms ¢ = {(a1,...,a;) and ¥ = (by,...,b,), we define

80@1/}: <a’17"‘7am7b17"'7bn>7
e @1 = (a1by, ..., amb1,a1ba, ..., amba, ... a1by, ... amby).

Pfister introduced the forms
({a1,...,an)) = (1,a1) ® (1,a2) ® --- ® (1, a,), where ay ---a, # 0,

which play the main role in his theory. The most interesting for us is the form

((1,...,1)), i.e., the sum of 2" squares. However, in the proof by induction on
——
n
n we cannot avoid considering the general case ((ai,...,a,)).

Theorem 7.3.1 (Pfister). The form ({(a1,...,a,)) is multiplicative.

Proof. We consider first the case n = 1. Let the form ((a1)) = 27 + a;23
represent b # 0, i.e., b= c? + ajc3. Set A = <(1) CZ) and P = (_2182 Z) It
is easy to verify that PAPT = bA and det P # 0. This means that {(a;)) =
b{(a1)).

The form ({(ay,...,ay)) is of the type ¢ D anp, where ¢ = ((a1,...,a,-1)).
It therefore suffices to prove that if ¢ is multiplicative and a # 0, then the
form ¢ @ ayp is also multiplicative. Let b = p(x) +ap(y) = £+ an # 0, where £
and 7 are representable by . If £ = 0, then 1 # 0, and hence, o = . Hence
again

b(e @ ap) = an(p @ ap) = ap @ a’p = ¢  ap,

since a?p = . The case 7 = 0 is similarly considered. It remains to consider
the case £n # 0. In this case ¢ = £p and ¢ = 1 = (n¢~1)p. Hence

b(p @ ap) = (£ +an)(p ® ap) = (1+ang ") (e & (an ™ )yp)
= (L+ang ") {(ang™)) @ .

When we considered the case n = 1 we showed that the form ((ané=1)) is
multiplicative. This form represents an element 1+ ané~! = b¢~1 # 0. Hence
(1 +ané~H({an&=1)) =2 ((ang~1)), and therefore

bp @ ap) = ((an™) @ p = 0 @ (an€ ™)y = o @ ap,
as was required. O

In the proof of Pfister’s theorem we did not use the fact that chark # 2,
and therefore it is true for any field. The case where ¢y = -+ = a,, = 1 is
particularly interesting. In this case Pfister’s theorem implies that

in any field the product of elements each representable as the sum of 2"
squares is also representable as the sum of 2" squares.
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For n = 1,2, 3, there are explicit general formulas for the representation.
For example, when n = 1 and we have the sum of two squares, the corre-
sponding identity is

(23 + 23) (Y3 +v3) = (x191 + 22y2)° + (T1y2 — 2201)%.

But for n > 3 there are no identities of similar form.
We will need the following auxiliary statement.

Lemma 7.3.2. Let us represent the form
o= ({a1,...,ay)), whereay---a, #0,

as o = (1) ® ¢'. Let ¢ represent an element by # 0. Then ¢ = ((b1,...,by))
for some nonzero by, ..., b,.

Proof. We use induction on n. For n = 1, the form ¢’ is of the type a;z?.
If by = a1c?, then bia? = ay(cr1)? = a;2?. Thus (a1) = (by), and therefore
({a)) = {(b1)).

Now suppose that the statement required is proved for all the forms of the
type ({¢1,...,¢n_1)), where ¢1 ---¢,—1 # 0. To prove the statement required
for the form ¢ = ({(a1,...,an)), consider the form

= "{la,...,an_1)) = (1) DY

Clearly, ¢ = ¥®a, and ¢’ = 1)’ Day,1p. Therefore the element by representable
by the form ¢’ can be expressed as by = b} + a,b, where the elements b] and
b are represented by the forms ¢ and 1), respectively.

First, let b = 0. In this case, b} = b;. By the induction hypothesis 1) =
({b1,...,bp_1)), and therefore v = ((b1,...,bn_1,an)).

Now consider the case b # 0. In this case, the form 1 represents a nonzero
element b. By Pfister’s theorem, the form v is multiplicative, and so ¢ = .
Hence

¢ =0 @ (anb)(07'Y) 2V @ et

where ¢, = anb. Here by = b} + ¢,,. Let b} = 0. Then b; = ¢, and

02 {(en)) @0 = {{cn,a1,...,an—1)) = {(br,a1,...,an_1)).

It remains to consider the case when by = b} + ¢, and V)¢, # 0. The form
¢’ represents b), and so by the induction hypothesis ) = (b}, b2, ..., bu_1)).
Hence,

|74

(B, b2y b1y €n)) = (B, Cny b2,y b))
= (B, a)) © (B2, - b)),

2
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Let A =0} and 1 = ¢,,. Then A+ p = by # 0. The identity

(1 1><)\0><1 M):<A+u 0 )
mu —XA) \0p) \1—-X\ 0 (A
shows that (b], ¢, ) = (b1, b1b}c,,). Hence
(B, en)) = (1, b1, cn, hen) = (L, by, hen, Dibien) = (b1, Uicn)).
Set by, = bjc,. Then

p = <<b17bn>> ® <<b277bn>> = <<b177bn>> u

7.3.2 C;-fields

In the preceding section we met one of the tools of Pfister’s theory — multi-
plicative forms. The other tool of this theory — Cj-fields — was developed in
1933-1936 by the Chinese mathematician Tsen Chiungze and rediscovered in
1952 by Lang.

The field K is called a C;-field if any system of homogeneous polynomials

fl,...,fr EK[]Jl,...,an}
such that di +-- -+di < n, where ds = deg fs, has a common non-trivial zero.

Theorem 7.3.3 (Tsen-Lang). If the field L is algebraically closed, then the
field K = L(ty,...,t;), i.e., the field of rational functions in i indeterminates
over L, is a C;-field.

Proof. We use induction on i. For ¢ = 0, the field K coincides with L,
i.e., K is algebraically closed and the condition di + --- + d. < n means that
r < n. In this case the statement required coincides with the homogeneous
Hilbert’s Nullstellensatz (Theorem 6.1.10 on page 231).

The inductive step consists in the proof of the fact that, if L is a C;-field,
then K = L(t) is a Cyiq1-field. Let fi,..., fr € K[x1,...,2,] be homogeneous
polynomials such that d’ﬁl 4+ -+ di‘“ < n, where d;, = deg fs. We have to
prove that fi,..., f, have a common non-trivial zero in K. The coefficients
of the polynomials fi,..., f, belong to K = L(t), i.e., they are rational func-
tions in ¢ over L. Having multiplied all these coefficients by an appropriate
polynomial from L[t] we may assume that the coefficients of the polynomials
fi,-.., fr belong to L[t], i.e., these coeflicients are polynomials in ¢ over L.
The degrees of these polynomials are bounded by a number m, and so any
coefficient « can be expressed as

a=ag+ait+---+ant™, where aq,...,a,, € L. (1)
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For p=1,...,n, define

Tp = Tpo + Tp1t + -+ - + Tpst?, (2)
where xp0,...,2,s are independent variables over L and s is sufficiently
large (we will determine this number shortly). In every homogeneous form
fi,--+, fr, replace the coefficients and indeterminates by expressions (1) and

(2), respectively. As a result, the form f; takes the form
go + g1t + -+ gnt",

where N = sd; + m and go,...,gn are the forms of degree d; in (s + 1)n
variables x,, over L. By the induction hypothesis all the forms g for the
polynomials f1,..., f, have a common non-trivial zero if

> (sdj +m+1)dj < (s + n,
j=1
ie.,
(m+ 1)Zd§ —n < s(n— Zd;“).
By the hypothesis we have n — Zd;‘H > 0, and so the inequality required
holds for sufficiently large values of s, such as s > (m + 1) d}. O

7.3.3 Pfister’s theorem on the sums of squares of rational functions

In the two preceding sections we have prepared the main tools for the proof of
Pfister’s theorem. We will also need the following property of quadratic forms:
if the non-degenerate quadratic form ¢ over K is isotropic (i.e., p(u) = 0 for
some u # 0), then it is universal, i.e., it represents all the elements of the
field K. Indeed, to any non-degenerate quadratic form ¢ there corresponds a
non-degenerate bilinear symmetric form

Flay) = 5 (pla +y) = o(z) - oly)

Therefore there exists a vector v such that f(u,v) = 1. In this case
o(v+ Au) = o(v) + e(Au) + 2f (v, Au) = (v) + 2X.

For any b € K, we can select a A such that p(v) +2X = b.

Theorem 7.3.3 implies that, if L is algebraically closed, then any non-
degenerate quadratic form ¢ in 2™ variables over K = L(t1,...,t,) is univer-
sal. Indeed, let » € K. Consider an auxiliary quadratic form

G(u,t) = o(u) —rt’

in 2" 41 variables. By Theorem 7.3.3 the form @ has a non-trivial zero (ug, to).
If to = 0, then ¢(ug) = 0 for some ug # 0. This means that ¢ is isotropic, and

u
therefore universal. If ¢y # 0, then ¢ t_0> =r, i.e., ¢ represents r.
0
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Theorem 7.3.4 (Pfister). Let R be a real closed field; let o = ({(a1,...,an))
be a non-degenerate quadratic form in 2™ variables over R(x1,...,xp). If b is
the sum of squares of elements R(x1,...,x,), then ¢ represents b.

Proof. If the form ¢ is isotropic, then it is universal. We may therefore
assume that ¢ is anisotropic, i.e., p(u) # 0 for u # 0. By the hypothesis
b =03+ --+b2,. Let us use induction on m. For m = 1, the statement is
obvious, since any multiplicative form represents 1, and hence it represents
b? -1 as well.

Now let m = 2, i.e., b = b7 + b3, where biby # 0. Let L = R(i) be the
algebraic closure of R. Let 8 = by + ibs generate the field L(x1,...,2,) over
the field R(z1,...,zy), i€,

L(x1,...,xn) = R(x1, ..., 2,)(0).

The field R is real, and so ¢ ¢ R(x1,...,x,) and 8 ¢ R(z1,...,Ty).

The form ¢ can be also considered as a form over the field L(z1,...,2,) D
R(x1,...,xy,). Over this field ¢ is universal since L is algebraically closed.
Therefore there exist 2”-dimensional vectors u, v over R(z1,. .., xy) for which
plu+ Bv) = B, i,

p(u) + 26 (u,v) + B2 (v) = B, (1)
where f is a bilinear symmetric form corresponding to ¢. Here v # 0 since
otherwise 8 = ¢(u) € R(x1,...,x,). Since ¢ is anisotropic, it follows that

p(v) # 0.
An irreducible over R(z1,...,,) equation for 3 is of the form (3 —b;1)? +
b3 =0, ie.,
% —2b18+b=0. (2)

Comparing (1) and (2) we deduce that b = p(u)/p(v). Since ¢ is multiplica-

and the product of p(u) and L
- o (v) p(v)’
ie., b.

Now suppose that the statement required is proved for some m > 2, i.e.,
any form ¢ of the type ¢ = ((a1,...,a,)) represents any element of the type
b? +---+b2,. We have to prove that the form ¢ represents any element of the
type b3 + -+ b2, + b2, |, where b, 11 # 0. Let us express this element in the
form b2, ;(b+ 1), where b is the sum of m squares. It suffices to prove that
the form ¢ represents an element ¢ = b+ 1. We may assume that ¢ # 0.

To make use of Lemma 7.3.2 (see page 272), we express the form ¢ as
¢ = (1) ® ¢'. By the induction hypothesis ¢ represents b, i.e., b = b2 + V',
where ¥ is represented by ¢’. Consider the multiplicative form ¥ = p®(1, —c)
in 27*! variables. Clearly,

Yp=() @Y a(—cp=(1)a,

where the form ¢’ = ¢’ ® (—cyp) represents the element

tive, it follows that ¢ represents both
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V—c=(b-0b)—(1+b)=—-1-0.

Here —1 — b2 # 0 since i ¢ R(z1,...,2,). In this case we may apply Lemma
7.3.2 to the form ¢ and the element —1 — b3.
As a result, we find that there exist non-zero elements ci,...,c, €

R(x1,...,xy,) such that
¢ = <<_1 - b%7cly' . 'acn>>a

fe, 2 (~1-03) @ x =x® (-1 —b§)x, where x = ({c1,...,cn)).

Let us now apply the induction hypothesis again, this time to the form x.
The element 1+ b2 is the sum of not more than m squares, and so the form y
represents it. It then follows from the multiplicativity of x that y = (1+b2)x,
and therefore

P@(—cp) =1 = x B (=1 —b5)x = (1+b5)x & (=1 —bj)x-
Let £ = (1 + b3)x. Then
o(Pr + Qy) — cp(Rr + Sy) = &(z) — £(y),

PQ
RS

where = U is a non-singular 2" x 2™ matrix. By setting z = y we find

that
o(Az) = cp(Bz), where A=P+Qand B=R+ S.

Since U is non-singular, it follows that, if 2 # 0, then (Az, Bx) # (0,0).
If at least one of the matrices A and B were singular, the form ¢ would be
isotropic, whereas we are considering an anisotropic form. Since therefore both
the matrices are invertible, ¢ = cp, and therefore the multiplicative form ¢
represents the element ¢. O

By Artin’s theorem any non-negative element of the field R(x1,...,z,),
where R is a real closed field, is the sum of squares. The multiplicative form
((1,...,1)) represents, therefore, any non-negative element of R(z1,...,x,),

——

n
i.e., any non-negative element of this field can be represented as the sum of

2™ squares.

On page 251 we gave example of an element of R(z1,...,z,) that cannot
be represented as the sum of n squares. Therefore, if N is the least number for
which any element of the field R(z1,...,2,) can be represented as the sum of
N squares, then n+1 < N < 2™,

In the general case no other estimates on N are known. Only for n = 2 it
is known that N = 4. This statement is proved in two distinct ways but both
the proofs are rather complicated. One of the proofs uses the theory of elliptic
curves over the field C(z) (see [Ca6] and [Ch2]). The other proof is based on
the Noether—Lefshetz theorem which states that
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on any generic surface of degree d > 4 in three-dimensional projective
space, any curve is singled out as the intersection with certain other surface
(see [Col]).

In the proof of Pfister’s theorem one essentially uses the fact that R is
real closed. For Q, Pfister’s theorem is false. This is clear already for n = 0.
Indeed, not every positive rational number is the square of a rational number.
But for n = 0 the estimate required is known:

every positive rational number is the sum of squares of four rational num-
bers.

Indeed, by Meier’s theorem (see [BS], [Ca7] or [Sel]) any non-degenerate
quadratic form over Q in n > 5 indeterminates non-trivially represents 0 if it
represents 0 over R. In particular, if » > 0, the form

2 2 2 2 2
x|+ x5 + x5+ x5 —ray

represents 0 over Q.

For n =1, i.e., for the polynomials over QQ in one indeterminate, the first
to obtain the estimate was E. Landau in the 1906 paper [Lal]. He showed that
any non-negative polynomial (in one indeterminate) with rational coefficients
can be represented as the sum of 8 squares of polynomials with rational coef-
ficients (a simple proof of Landau’s theorem is given in Chapter 7 of the book
[Pf2]). But this estimate is not an exact one. The exact estimate was obtained
by Pourchet [Po3]. Every non-negative polynomial over Q can be represented
as the sum of squares of 5 polynomials over Q. Chapter 17 of the book [Ra3]
is devoted to the detailed exposition of Pourchet’s theorem.

For polynomials with certain special properties more precise results can be
obtained. For example, in [Da3d] it is shown that, if the values of a polynomial
f(x) at all integer, = are the sums of squares of two integers, then f(z) is the
sum of squares of two polynomials with integer coefficients.

An example of a non-negative polynomial which cannot be represented over
Q as the sum of squares of four polynomials is sufficiently easy to construct.
To see this, suppose that

4
ar® +br +c= Z(asx +by)2.

s=1

Then 4ac — b? is the sum of squares of three rational numbers. Indeed,

dac —b* =4 (Z ai) (Z b?) —4 (Z asbs)2

and, if we consider the product of quaternions a; + asi + aszj + a4k and
b1 — bat — baj — bak, we see that

(Z ai) (Z bf) = (Z asb5>2 plus the sum of three squares.
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Now it is easy to show that the quadratic 22 4z +4 cannot be represented
as the sum of squares of four polynomials. In this case 4ac — b*> = 15 and we
have to prove that 15 cannot be represented as the sum of squares of three
rational numbers. If 15 were equal to p? + ¢? + r2 then, after reducing to the
common denominator, we would have obtained the congruence

a4+ 0%+ =15d* (mod 8) = —d*> (mod 8),

where at least one of the numbers is odd. But such a congruence is impossible.
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Appendix

8.1 The Lenstra-Lenstra-Lovasz algorithm

In 1982, in the paper [Le2], there was suggested an algorithm called The

Lenstra-Lenstra-Lovdsz algorithm, or the LLL-algorithm for short. It enables

one to factorize any polynomial over Z into irreducible factors over a polyno-
n n

mial time. More precisely, if f(z) = Y a;z* € Z[z] and |f| = /> a2, then,
i=0 i=0

to factorize f into irreducible factors with this algorithm, one needs not more

than O (n'? +n?(In|f])?) operations.

The LLL-algorithm is of huge theoretical interest, but practically it is no
more effective than a comparatively simple algorithm we described in sec-
tion 2.5.2. At the outset both algorithms work similarly: we factorize f into
irreducible factors modulo a prime p with the help of Berlekamp’s algorithm,
and then with the help of Henzel’s lemma we compute, with certain accuracy,
a p-adic irreducible factor h of f. After that the LLL-algorithm proceeds dif-
ferently: for h, we seek an irreducible divisor hy of f in Z[z] divisible by h
modulo p. The condition of divisibility of hg by h means that the coefficients
of the polynomial hy are the coordinates of points on a lattice, and the con-
dition of divisibility of f by hg means that the coefficients of hg are not too
high.

To determine hg, we use an algorithm for constructing a reduced basis of
a lattice. Observe that the latter algorithm also has numerous applications
that go beyond the problem of factorization of polynomials.

8.1.1 The general description of the algorithm

Let us pass directly to the description of the factorization algorithm. We
assume that the polynomials f and f’ are relatively prime and cont(f) = 1.
Let us start by computing the resultant R(f, f') € Z. Let p be the least prime
which does not divide R(f, f). Then the degree of f (mod p) is equal to n
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and the polynomials f (mod p) and f’ (mod p) are relatively prime. To prove
this, it suffices to observe that R(f, f’) = +a,D(f) (and therefore a,, is not
divisible by p) and R(f, f') = of + & f', where ¢, € Z[z].

The polynomial f (mod p) has no multiple divisors, and so it can be fac-
torized into irreducible factors using Berlekamp’s algorithm.

Let h (mod p) be one of the irreducible factors of f (mod p). In what
follows we assume that h is a monic polynomial and the coefficients of h are
reduced modulo p, i.e., lie between 0 and p — 1.

Consider the factorization of f into irreducible factors over Z and pass from
this factorization to a factorization modulo p. The polynomial f (mod p) has
no multiple irreducible factors, and so the polynomial A (mod p) corresponds
to precisely one irreducible factor hg of f over Z. Therefore there exists pre-
cisely one irreducible factor hg of f over Z for which hg (mod p) is divisible
by A (mod p).

If one knows an algorithm which recovers hg from h, it is easy to factorize
f. Indeed, let the factorization f = f;fo over Z be given, where the complete
factorization of f; over Z is known and for fs the complete factorization
modulo p is known (at the first step f1 = 1 and fo = f). Take an irreducible
divisor h (mod p) of f2 (mod p) and find the irreducible divisor hg of fa over
Z for which hy (mod p) is divisible by h (mod p). Replace f1 by fiho and
fa by fa/ho. After that we repeat this operation until we obtain a complete
factorization of f.

The algorithm which computes hg for a given A (mod p)will be described
later in Section 8.1.3. This algorithm uses the algorithm that computes a
reduced basis of the lattice. We therefore first discuss the notion of a reduced
basis of a lattice and the algorithm of calculating the reduced basis (this
algorithm was also suggested in [Le2], and therefore is also called an LLL-
algorithm).

8.1.2 A reduced basis of the lattice

A subset L C R" is called a lattice of rank n if there exists a basis by, ..., b,
in R™ such that

L= ZZblz{ZT1b1|’/‘ZEZ}
i=1

i=1

The determinant of the lattice L is the number
d(L) = |det(by, ..., bn)],

where b; denotes the column-vector of coordinates of the vector b;. The deter-
minant of the lattice is equal to the volume of the parallelepiped spanned by
b1,...,b,. There are several bases of the lattice but the determinant of tran-
sition from one basis to another is equal to £1, and so the number d(L) > 0
does not depend on the choice of a basis.
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Let by, ..., b, be a basis of L. The Gram—Schmidt orthogonalization yields
an orthogonal (not necessarily orthonormal) basis

i1
by, b
bj =bi— Y pib;, where ;= ((b* bj*))v l<j<isn
= 50

A basis by, ..., b, of the lattice L is called reduced if

b7_,|? for 1 < i < n.

=] w

1
| < 5 for 1 <j<i<nand|b] +,um'_1bf71|2 >

Theorem 8.1.1 (Hadamard’s inequality). The volume of a given paral-
lelepiped does not exceed the product of the length of its edges, i.e.,

d(L) < [T Ibil.
i=1

Proof. The vectors b} are orthogonal, and so

i—1
0al> = 16717 + D w0517 < 1671

j=1
Moreover, d(L) = [] |bf]. O
i=1

In the following theorem we have collected the main inequalities for the
vectors of a reduced basis.

Theorem 8.1.2. Let by, ...,b, be a reduced basis of the lattice L. Then:
a) d(L) < [J |bs] < 27»=D/44(L) .
i=1

[bj| < 207D72(b| for 1 <j<i<n.

b)

c) |by| < 20r=D/4q(L)Y/ .

d) If v € L and x # 0, then |by| < 2n=1/2||.

e) If the vectors x1,...,x; € L are linearly independent, then
;| < o(n=1)/2 max{|z1],..., |z} for 1 <j <t

Proof. a) From the definition of a reduced basis it follows that

* 3 * *
|b; |2 > (Z - N?,i—l) |bi—1‘2 2 |bi—1‘27

| =

since |pii—1| < %
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A simple induction shows that [b%|* < 2°77|bf[* for i > j. Therefore
i1

142442072 14271
2 |1k |2 2 |11.%x|2 *|2 _L*|2
=02+ Yo < o (1 SR e (B2 ),

Jj=1

Hence

n

u 1+1 142 142771
i=1

5 5 3

i=1
b) From the inequalities
03> < 27 |by|? for i > j

14271

bil? <
‘J‘ — 2

5P < 297
we deduce that
|b;|* <2077 Qj_l‘bﬂz =207 b7 2 for i > 5.
¢) Thanks to b) we have
[b1] < [b71%,
[ba]? < 20b3?,

b2 < 2oy 2.

The product of these inequalities yields

|b1|2n < 2n(n—1)/2 H ‘b:|2 — Q(n_l)/Qd(L)2.
i=1

d) Express z in the form . = > r;b; = > $;bF, where r; € Z and s; € R.

i=1 i=1
Let ip be the greatest index for which r; # 0. Then r;, = s;,. Hence
jw|? > 3, |07, 12 = o}, |05, 17 = b7, 17 = 21770 by 2 > 2177 by 2
e) The vectors x1,...,2; cannot all belong to the subspace spanned by
bi,...,b—1. Hence, for a vector x5, we have |zg| > [b}|?, where i >t (see d)).

Therefore, for 7 < ¢, we obtain

s |? 2 |72 > 277 b7 > 2777 217 by P = 207y > 27 byl O
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Let us now describe the algorithm for calculating a reduced basis of the
lattice L. Suppose that the vectors by,...,br_1 form a reduced basis of the
lattice they span (we start with one vector, i.e., with & = 2). We adjoin
to them a vector by which belongs to L but does not lie in the subspace

spanned by b1, ...,bg_1. The construction of the basis of the lattice generated
by b1, ..., by is performed as follows.
Step 1(Fulfilling the condition || < 4.) Recall that p;; = % Start
37

with | = k and suppose that |p;| < % for [ < j < k. Replace b by by, — qby,
where ¢ is the integer nearest to py;. This transformation preserves py; for
j > 1 (since b L b for I < j) and replaces pu by pr—g since (b, b) = (b7, ;).
Clearly, |ur —q| < %, and so after such a modification of the b; the condition
k| < % will be satisfied for [ — 1 < j < k. Now repeat the operation.

Step 2 (Fulfilling the condition [b}|? > (2 —ui,m)\b}iqlz-) Suppose that

* 3 *
bx]* < (Z - /‘i,kflﬂbkfl‘z'
Then we replace the ordered set (bi,...,bk—2,bx—1,bx) by the ordered set
(b1,...,bp—2,b,bx—1). Under this change bj_, will be replaced by bj +
fik—1b5_ 4, and so [b}_,|* will be replaced by

. . 3 . ) 5
2 bl < (5 ) WP sl = S0P

Let us consider the reduced basis by, ..., bx—2 and apply the first step of the
algorithm to it. Since |b}_, |2 decreases it follows that the algorithm converges
(for the rigorous proof of the convergence of the algorithm, see [Le2] and

[Co3)).

8.1.3 The lattices and factorization of polynomials

We recall that it remains to construct an algorithm which, for an irreducible
divisor h (mod p) of the polynomial f (mod p) without multiple divisors,
computes an irreducible divisor hg of f for which hy (mod p) is divisible by
h (mod p). In doing so, we may assume that h is a monic polynomial.

In intermediate calculations we have to consider divisibility modulo p*.
We therefore consider a more general case: let us assume that h (mod p*) is
an irreducible divisor of the polynomial f (mod p*) without multiple divisors,
the polynomial A is monic and hg is an irreducible divisor of f for which hg
(mod p) is divisible by h (mod p). It is easy to verify that in this case hg

(mod p*) is divisible by A (mod p*). Indeed, the polynomial hi (mod p) is
0

not divisible by the irreducible polynomial A (mod p), i.e., these polynomials
are relatively prime. Therefore

Ah + uhi =1—pv for some A\, u,v € Z[z].
0
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Let us multiply both sides of this equality by (1 +pv+4---+p* =1k~ 1)hg. As
a result, we obtain A\yh + 1 f = ho (mod p*). But f (mod p*) is divisible by
h (mod p*), and so hy (mod p*) is divisible by h (mod p*).

Let n = deg f and [ = degh. Fix an integer m > [ and consider the set of
all polynomials with integer coefficients of degree not greater than m which
are divisible by p¥ modulo h. As we have just shown, ho belongs to this set if
deg hg < m.

To g(x) = ag + -+ + a,x™, we assign the point (ag,...,a,) € R™*L
Under this map the polynomials considered form a lattice L. Clearly, the
norm |g| = /Y. a? is just the Euclidean length in R™*1.

The basis of the lattice L consists of the polynomials p*z?, where 0 < i < I,
and the polynomials h(z)z?, where 0 < j < m — [. The coordinates of these

vectors (polynomials) relative to the basis 1,z,...,2™ constitute a matrix
k1 o«
of the form <p0 ! I/>’ where I; is the [ x [ unit matrix and I’ is an upper

triangular matrix with units on the main diagonal. Hence d(L) = p*'.

Before we start describing the algorithm for calculating the polynomial Ay,
we prove two theorems which provide the estimates we need.

Theorem 8.1.3. If a polynomial b € L is such that |b|™ - |f|™ < p*', then b is

divisible by hg. (In particular, (f,b) # 1, where (f,b) is the greatest common
divisor of f and b.)

Proof. We may assume that b # 0. Set g = (f,b). We would like to prove
that ¢ is divisible by hg. To this end, it suffices to prove that g (mod p) is
divisible by h (mod p). Indeed, if ¢ (mod p) is divisible by h (mod p) and
/ € Z[z], then / is not divisible by hg because h (mod p) is a simple (of

rglultiplicity 1) digisor of f (mod p). Hence g is divisible by hyg.

Suppose that g (mod p) is not divisible by h (mod p). The polynomial h
(mod p) is irreducible, and so g (mod p) and h (mod p) are relatively prime,
i.e., there exist polynomials Ay, pu1,v1 € Z[z] such that

)\1h+ulg:1—p1/1. (1)
Let e = deg g and m’ = degb. Clearly, 0 < e < m’ < m. Set

M ={\f+ub|\p€Zz], degh <m' —e, degpu <n—e}
CLZ+Z x+- - +Z-gntm—e1
Denote by M’ the image of M under the natural projection onto
Z_xe+_._+Z_xn+mlfefl.

First we show that, if the image of \f + ub € M is equal to 0 € M’, then
A = = 0. Indeed, in this case deg(Af + ub) < e, but Af 4 ub is divisible by ¢
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b
and degg = e. Hence A\f 4+ ub =0, i.e., A (5) = —u (;) The polynomials

f

= and — are relatively prime, and so p is divisible by —. But degu <n—e =
g g g

deg 5 Hence p = 0, and therefore A = 0.

Thus, the projections of the sets {zf | 0 <i < m/—e} and {27b |0 < j <
n —e} onto M’ are, on the one hand, linearly independent and, on the other
hand, generate M’. This means that the projections of these two sets form a
basis of the lattice M’. In particular, the rank of the lattice M’ is equal to
n +m/ — 2e. Moreover, by Hadamard’s inequality d(M’) < |f|™ ~¢[b|"~¢.

By the hypothesis, |f|™|b]" < p*!. Since m’ < m, we have

d(M') < |f™[b™ < p. (2)

Let us show that, if v € M and degv < e + [, then p~*v € Z[z]. Indeed, the
polynomial v = Af + b is divisible by g = (f,b), and so having multiplied

(1) by (14+pvqg +--- —|—pk_11/f_1)g we obtain
_r k

Aoh + psh = 7 (mod p"). (3)
We consider the situation when f (mod p*) is divisible by A (mod p*). Fur-
ther, b€ L, and so b (mod p*) is divisible by h (mod p¥). Since v € M, it
follows that v = Af 4 ub, so v (mod p*) is divisible by A (mod p*). Therefore
(3) implies that v/g (mod p*) is also divisible by h (mod p*). But

deg (g (modpk)) <e+l—e=l

and h (mod p*) is a monic polynomial of degree I. Hence — = 0 (mod p"),

QI

and therefore v =0 (mod p*).
In M’', we can select a basis be,bet1, ..., bptm/—e—1 such that degb; = j.
Tt is easy to verify that e+1—1 < n+m’ —e — 1. Indeed, the polynomial b is

divisible by ¢, and so ¢ = deg g < degb = m/; also 5 (mod p) is divisible by
h (mod p), and so
l=degh <degf—degg=n—e.

The elements b, . . ., bet;—1 € M’ are obtained from the polynomials that lie in
M and are divisible by p* under the projection that annihilates terms of degree
lower than e. Therefore all the coefficients of the polynomials b, ..., bet1—1
(in particular, their highest coefficients) are divisible by p*.

Clearly, the discriminant d(M’) is equal to the absolute value of the prod-
uct of the highest coefficients of the polynomials b, ..., b, 1m/—c—1, and so it
is not less than the product of the absolute values of the highest coefficients
of be, ..., beri—1. Hence d(M') > p*l. This contradicts inequality (2). O
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In the next theorem we, as earlier, assume that h is a monic polynomial
and f (mod p*) is divisible by h (mod p*); L is the lattice of polynomials
of degree not higher than m and divisible by A modulo p*; | = degh and
n = deg f; ho is an irreducible divisor of f for which hy (mod p) is divisible
by h (mod p), i.e., hg (mod p*) is divisible by h (mod p*).

Theorem 8.1.4. Let by, ba,...,byt1 be a reduced basis of the lattice L. Sup-

pose that
kl mn/2 2m n/2 m+n
P >2 LI
m

a) Then degho < m if and only if

kl

n p
bi| < —_
brl </ 77

b) Suppose that, for a basis vector bj, we have

kl
n p
|b;] < T (*)

Let t be the greatest of all such indices j. Then
degh0:m+1—t; hOZGCD(bl,...,bt);
and inequality (x) holds for j =1,...,t.

pkl

Lf1m
by Theorem 8.1.3, the polynomial b; € L is divisible by hy. On the other
hand, the condition by € L implies that degb; < m. Thus deg hg < m.

Now suppose that deghg < m, i.e., hy € L. By Corollary of Mignotte’s
theorem (see page 154), |ho| < 4/ (27;”)|f\ By applying Theorem 8.1.2 (d) for
x = hg, we obtain

Proof. a) First, suppose that [bi| < { ie. |bi|" - |f|™ < p*. Then

2m
b <277l < 2 () 7). (@

By the hypothesis, 2m"/2 (zﬁ)n/z\ﬂ” < %, ie.,

m/2 | (2m of P
o o

ki
ol P

Formulas (1) and (5) yield the inequality desired: |b;| < T
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b) Let J be the set of all the indices j for which (%) holds. By Theorem
8.1.3, if j € J, then b, is divisible by hg. Therefore hy = GCD(b; | j € J) is
divisible by hg. Here if j € J, then b; is divisible by h; and degb; < m, i.e.,
bj belongs to the lattice

Z - hy +Z~h1$+~'~+Z~h1$m7dEghl.
Since the vectors by, ..., b,, are linearly independent, it follows that
< m+ 1 degh, (6)

where |J| is the cardinality of J.
By Corollary of Mignotte’s theorem (see page 154), we have

. 2
lhoa] = |ho| < ( m>f| for any i > 0.
m

By definition, i = 0,1,...,m — deghg for hox' € L and these vectors are
linearly independent. Theorem 8.1.2 (e) is therefore applicable to them:

. 2
|bj| < 2™/2|hox’| < 2m/? <m>f| for 1<j<m+1-degho.
m

kl

By the hypothesis, 2/2, /(*™)|f| < { , and so

P
Lfm
{1,2,...,m+1—degho} C J.

Since h; is divisible by hg, it follows that deg hy < deghg, and therefore
|J| >m+1—degho >m+1—degh;. (7)

By comparing the inequalities (6) and (7) we see that deghy = deghy =t
and J ={1,2,...,t}.

It remains to verify that hg = £h;. Since hg is a divisor of the polynomial
f with content 1, it follows that cont(hy) = 1. Let j € J and d; = cont(b;).
By Theorem 8.1.3, the polynomial b; is divisible by hg. Therefore d—J is also

J
b.

divisible by hg. Since hg € L, we deduce that d_j € L. But b; is a basis

J
element of the lattice L, and so d; = 1. This means that cont(h;) = 1, since
b; is divisible by hq. Thus h is divisible by ho and cont(h:) = 1, and so
ho = £hy. O

Now we are able to describe the algorithm for calculating the polynomial
ho.
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An auxiliary algorithm. (For a fixed m, this algorithm verifies whether
or not deg hg < m. If this is true, then it calculates the polynomial hg.)

INITIAL DATA:
e polynomial f of degree n;
e a prime p;
e a positive integer k;
e a monic polynomial h for which f (mod p¥) is divisible by A (mod p*);
the polynomial & (mod p) is irreducible and f (mod p) is not divisible by
h? (mod p).

We also assume that the coefficients of h are reduced modulo p*, in
other words, lie between 0 and p* — 1 (here |h|? < 1+ Ip?F.)
e a positive integer m > [ = deg h such that

kl mn/2 2m n/? m+n
pr>2 LI (8)
m

ALGORITHM’S PERFORMANCE. For a lattice L with basis
{pFa’ |0 <i <1} U{h*2d |0 <j<m—1},

we find a reduced basis by, ..., by41-

[ Phl
If |by| > ¢ |f‘ , then deg hg > m and the algorithm stops.

kl

\f ™
determined in the formulation of Theorem 8.1.4 (b).

Main algorithm. (The algorithm calculates an irreducible divisor hg of
f such that hy (mod p) is divisible by A (mod p)).

We may assume that [ = degh < deg f = n and the coefficients of h are
reduced modulo p, i.e., lie between 0 and p — 1.

ALGORITHM’S PERFORMANCE. First, we compute the least positive integer
k for which inequality (8) holds for m = n — 1:

n/2
_ 2(n—1 .
pkl > 2n(n 1)/2( Sl_ )) |f‘2 1.

If b1 < ¢ , then deghg < m and hg = GCD(by,...,b), where ¢ is

1

Next, for the factorization f = hg (mod p), we calculate its Henzel’s lift
f = hg (mod p*), where k is the positive integer just computed. Here h = h
(mod p) and the coefficients of h are assumed to be reduced modulo p*.

n—l We consecutively execute

u Qu—1 2 ’
compute hg. If we are unable to compute hg, then deghg >n—1 and hg = f,
i.e., f is irreducible.

the auxiliary algorithm for m = ["‘1}, [7?_1 }, ce {"—_1} n — 1 until we
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V"L the space of polynomials of
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Res(ip, f)(x), see polynomial, resolvent,
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the polynomial P, 154
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Artin’s theorem, 268
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Berlekamp’s algorithm, 68
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Bernoulli polynomial, 113
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Borsuk—Ulam theorem, 233
Buchberger’s algorithm, 239
Buchberger’s theorem, 237, 240

Cantor and Zassenhaus algorithm, 70
Cauchy’s theorem, 3

Cauchy-Riemann relations, 36

center of mass, 5

center of mass with respect to a point, 5
character, 198

Chinese remainder theorem, 69
Choi-Lam proof, 253

circulant, 126
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circular domain, 8

closure, real, 263

closure, real of a field, 261
composition of polynomials, 10, 102
conjecture, Sendov-Ilieff, 18
conjugate elements, 192
content of a polynomial, 49
continuation, Hensel, 72
criterion, Abel-Galois, 208
criterion, Dumas, 55
criterion, Eisenstein, 50, 55
cyclic extension, 197

Davenport’s inequality, 155

degree of a variety, 227

degree of the module, 227

derivative of f(z) with respect to a
point, 7

Descartes Rule, 28

dimension of the module, 227

discriminant, 23, 80

disk, Jensen, 15

divisor, common, 47

divisor, common, greatest, 47

domain, circular, 8

Dumas’s criterion, 55

Dumas’s theorem, 53

Eisenstein’s criterion, 50, 55
elements, conjugate , 192
Enestrom-Kakeya theorem, 4
equation, abelian, 204

equation, lemniscate division, 204
equation, Pell, 104

equation, solvable by radicals, 199
equivalence of quadratic forms, 270
FEuclid’s algorithm, 47

Euler’s formula, 116

Euler’s theorem, 117

extension, cyclic, 197

extension, Galois, 192

extension, normal, 192

extension, radical, 199

extension, simple radical, 196
extremal point, 254

Faulhaber-Jacobi theorem, 118
Feldman’s theorem, 151
field, (formally) real, 260

field, ordered, 259

field, real closed, 261

field, skew, 97

field, splitting, 187

form represents an element, 270
form, universal, 274

forms quadratic, equivalent, 270
forms quadratic, multiplicative, 270
formula, Euler, 116

formula, inversion, Mobius, 90
Fourier-Budan theorem, 27
function, generating, 77, 109
function, Mo6bius, 90

Galois extension, 192

Galois group, 184, 192

Galois resolvent, 186

Gauss’s binomial coefficient, 88
Gauss’s lemma, 49, 140
Gauss-Lucas theorem, 13
GCD, see greatest common divisor, 234
Gelfond’s theorem, 145
generating function, 77, 109
Grobner basis, 235, 236
Grobner basis, minimal, 239
Grobner basis, reduced, 240
Grace’s theorem, 8
Grace-Heawood theorem, 17
greatest common divisor, 234
group solvable, 199

group, Galois, 184, 192

Hadamard’s inequality theorem, 281

height of a polynomial, 140

height of the polynomial in several
variables, 141

Hensel’s continuation, 72

Hensel’s lemma, 72

Hermite’s interpolation polynomial, 136

Hilbert’s basis theorem, 219, 220

Hilbert’s irreducibility theorem, 65

Hilbert’s polynomial, 224, 226

Hilbert’s seventeenth problem, 266

Hilbert’s seventh problem, 141

Hilbert’s theorem, 225, 253

Hilbert’s theorem on non-negative
polynomials, 253

Hilbert’s theorem on roots, 221

Hilbert’s theorem on zeros, 221



homogeneous ideal, 225
homogeneous submodule, 229
Hurwitz’s theorem, 251

ideal, 219
ideal, finitely generated, 220
ideal, homogeneous, 225
ideal, prime, 227
identity, Jacobi-Trudi, 84
inequality between the arithmetic and
geometric means, 251
inequality, Davenport, 155
inequality, Hadamard, 281
integer, algebraic , 173
integer-valued polynomial, 85
interpolation nodes, 133

Jacobi-Trudi identity, 84
Jensen’s disk, 15
Jensen’s formula, 142
Jensen’s theorem, 15

Kronecker’s algorithm, 49

Kronecker’s substitution, 141
Kronecker’s theorem, 36, 175, 176, 212
Kummer’s theorem, 120

Lagrange resolvent, 198, 206

Lagrange’s interpolation polynomial,
133

Lagrange’s interpolation theorem, 133

Lagrange’s series, 39

Lagrange’s theorem, 181

Laguerre’s theorem, 6

lattice, 280

lattice, determinant of, 280

lattice, rank of, 280

Lehmer’s theorem, 116

Lemma, Gauss, 49, 140

Lemma, Hensel, 72

Lemma, Jensen, 142

Lemma, Noether’s on normalization,
222

Lemma, Pélya, 58

length of the polynomial, 144

Lenstra-Lenstra-Lovasz algorithm, 279

lexicographical order, 235

Liouville’s theorem, 177

Ljunggren’s theorem, 63

Index 299

LLL’s theorem, 284, 286
LLL-algorithm, 279, 280

Mobius function, 90

Mobius inversion formula, 90
Mobius’s theorem, 90
Mahler’s measure, 142, 148
Mason’s theorem, 154
matrix, Sylvester, 21
measure, Mahler, 142, 148
Meier’s theorem, 277
Mignotte’s theorem, 152
Minkowski’s theorem, 176
module, 224

module, degree of, 227
module, dimension of, 227
module, finitely generated, 224
module, graded, 224
module, integral, 228
Muirhead’s theorem, 82

Nathanson’s theorem, 158

Newman’s theorem, 159

Newton diagram of the polynomial, 52

Newton diagram, segment of, 53

Newton diagram, side of, 53

Newton diagram, the vector of a
segment, 53

Newton’s formulas, 78

Newton’s interpolation polynomial, 135

Newton’s problem, 41

Newton-Sylvester theorem, 29

nodes of interpolation, 133

Noether’s lemma on normalization, 222

Noether—Lefshetz theorem, 276

non-negative polynomial, 244

norm of the polynomial, 146

normal extension, 192

Nullstellensatz, 221

number of sign changes, 27

number, algebraic, 173

number, algebraic, totally real, 174

number, Bernoulli, 113

number, transcendental, 176

numbers, conjugate, 173

order of monomial, 79
order, lexicographical, 235
Ostrovsky’s theorem, 3, 4
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Pélya’s lemma, 58

Pélya’s theorem, 58

partition, 81

Pell’s equation, 104

Perron’s theorem, 56

Pfister’s theorem, 271, 275

point, extremal, 254

polynomial divisible, 47

polynomial, apolar, 8

polynomial, abelian, 204

polynomial, abelian, cyclic, 204

polynomial, Bernoulli, 113

polynomial, cyclotomic, 89

polynomial, generic, 172

polynomial, height of, 140, 141

polynomial, Hilbert, 224

polynomial, Hilbert’s, 226

polynomial, interpolation, 133, 135, 136

polynomial, irreducible, 48

polynomial, length of, 150

polynomial, monic, 20

polynomial, non-negative, 244, 268

polynomial, recursive, 59

polynomial, reducible, 48

polynomial, reducible, in several
variables, 65

polynomial, resolvent, 213

polynomial, skew-symmetric, 81

polynomial, Sturm sequence of, 31

polynomial, symmetric, 77

polynomial, symmetric, complete
homogeneous, 77

polynomial, symmetric, elementary, 77

polynomial, symmetric, monomial, 78

polynomial, the content of, 49

polynomials, commuting, 102

polynomials, equivalent pairs of, 102

polynomials, orthogonal, 105

polynomials, stable, 11

postulate, Bertrand, 51

prime ideal, 227

Problem, Newton, 41

problem, Routh-Hurwitz, 11

Problem, Waring, 159

problem, Waring, for polynomials, 159

reduced basis of the lattice, 281
relation, Appel, 114
residue, 235

resolvent polynomial, 213
resolvent, Galois, 186
resolvent, Lagrange, 198, 206
resultant, 21

Riemann zeta-function, 116
ring, graded, 224

Risler’s theorem, 270

Ritt’s theorem, 103
Rogosinski’s theorem, 107
Roth’s theorem, 179
Rouché’s theorem, 1

Routh- Hurwitz problem, 11
Rule, Descartes, 28

S-function, 83

S. Bernstein’s theorem, 146
Schur function, 83

Schur function, skew, 83
Sendov-Ilieff conjecture, 18
series, Blirmann, 39

series, Lagrange, 39

skew field, 97
Sonnenschein’s theorem, 170
stable polynomials, 11
Stengle’s theorem, 270
Sturm sequence, 31

Sturm’s theorem, 31
subgroup, transitive, 195
submodule homogeneous, 229
subpartition, 84

sums of powers, 78
Sylvester matrix, 21
Sylvester’s theorem, 32, 172
Szegd’s theorem, 10

Tchirnhaus transformation, 166

Theorem of addition of arguments, 115

Theorem of complement, 115

Theorem of multiplication, 115

Theorem on a primitive element, 189

Theorem on Hadamard’s inequality, 281

Theorem on the center of mass, 6

Theorem on the Galois correspondence,
194

Theorem, Almkvist-Meurman, 122

Theorem, Anderson, 13

Theorem, Andrushkiw-Thom, 137

Theorem, Artin, 268

Theorem, Artin—-Lang, 266



Theorem, Artin-Cassels-Pfister, 248

Theorem, Artin-Schreier, 264

Theorem, Askey, 109

Theorem, Aziz, 11

Theorem, Borsuk—Ulam, 233

Theorem, Buchberger, 237, 240

Theorem, Cauchy, 3

Theorem, Chinese remainder, 69

Theorem, Dumas, 53

Theorem, Enestrom-Kakeya, 4

Theorem, Euler, 117

Theorem, Faulhaber-Jacobi, 118

Theorem, Feldman, 151

Theorem, Fourier-Budan, 27

Theorem, Gauss-Lucas, 13

Theorem, Gelfond, 145

Theorem, Grace, 8

Theorem, Grace-Heawood, 17

Theorem, Hilbert, 225, 253

Theorem, Hilbert, on basis, 219, 220

Theorem, Hilbert, on irreducibility, 65

Theorem, Hilbert, on roots, 221

Theorem, Hilbert, on zeros, 221

Theorem, Hurwitz, 251

Theorem, Jensen, 15

Theorem, Kronecker, 36, 175, 176, 212

Theorem, Kummer, 120

Theorem, Lagrange, 181

Theorem, Lagrange’s interpolation, 133

Theorem, Laguerre, 6

Theorem, Lehmer, 116

Theorem, Liouville, 177

Theorem, Ljunggren, 63

Theorem, LLL, 284, 286

Theorem, Mébius, 90

Theorem, Main, on symmetric
polynomials, 79

Theorem, Mason, 154

Theorem, Meier, 277

Theorem, Mignotte, 152

Theorem, Minkowski, 176

Theorem, Muirhead, 82

Theorem, Nathanson, 158
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Theorem, Newman, 159

Theorem, Newton-Sylvester, 29

Theorem, Noether—Lefshetz, 276

Theorem, of Algebra, Fundamental, 1

Theorem, on ideals in K[x], 234

Theorem, on skew-symmetric polynomi-
als, 81

Theorem, on uniqueness of factorization
for polynomials, 48

Theorem, Ostrovsky, 3, 4

Theorem, Pdlya, 58

Theorem, Perron, 56

Theorem, Pfister, 271, 275

Theorem, Risler, 270

Theorem, Ritt, 103

Theorem, Rogosinski, 107

Theorem, Roth, 179

Theorem, Rouché, 1

Theorem, S. Bernstein, 146

Theorem, Sonnenschein, 170

Theorem, Stengle, 270

Theorem, Sturm, 31

Theorem, Sylvester, 32, 172

Theorem, Szegd, 10

Theorem, Tsen-Lang, 273

Theorem, van der Berg, 14

Theorem, von Staudt, 121

Theorem, Walsh, 16, 17

Theorem, Wedderburn, 97

trace form, 264

transformation, Tchirnhaus, 166

triple-L algorithm, see LLL-algorithm,
71

Tsen Chiungze, 273

Tsen-Lang theorem, 273

van der Berg theorem, 14
von Staudt’s theorem, 121

Walsh’s theorem, 16, 17

Waring’s problem, 159

Waring’s problem for polynomials, 159
Wedderburn’s theorem, 97
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