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Preface

The theory of polynomials constitutes an essential part of university courses
of algebra and calculus. Nevertheless, there are very few books entirely de-
voted to this theory.1 Though, after the first Russian edition of this book was
printed, there appeared several books2 devoted to particular aspects of the
polynomial theory, they have almost no intersection with this book.
1 The following classical references (not translated into Russian and therefore not

mentioned in the Russian editions of this book) are rare exceptions:
Barbeau E. J., Polynomials. Corrected reprint of the 1989 original. Problem

Books in Mathematics. Springer-Verlag, New York, 1995. xxii+455 pp.;
Borwein P., Erdélyi T., Polynomials and polynomial inequalities. Graduate

Texts in Mathematics, 161. Springer-Verlag, New York, 1995. x+480 pp.;
Obreschkoff N., Verteilung und Berechnung der Nullstellen reeller Polynome.

(German) VEB Deutscher Verlag der Wissenschaften, Berlin 1963. viii+298 pp.

2 For example, some recent ones: Macdonald I. G., Affine Hecke algebras and orthog-
onal polynomials. Cambridge Tracts in Mathematics, 157. Cambridge University
Press, Cambridge, 2003. x+175 pp.;

Phillips G. M., Interpolation and approximation by polynomials. CMS Books in
Mathematics/Ouvrages de Mathématiques de la SMC, 14. Springer-Verlag, New
York, 2003. xiv+312 pp.;

Mason J. C., Handscomb D. C. Chebyshev polynomials. Chapman & Hall/CRC,
Boca Raton, FL, 2003. xiv+341 pp.;

Rahman Q. I., Schmeisser G., Analytic theory of polynomials, London Math.
Soc. Monographs (N.S.) 26, 2002;

Sheil-Small T., Complex polynomials, Cambridge studies in adv. math. 75,
2002;

Lomont J. S., Brillhart J., Elliptic polynomials. Chapman & Hall/CRC, Boca
Raton, FL, 2001. xxiv+289 pp.;

Krall A. M., Hilbert space, boundary value problems and orthogonal polynomi-
als. Operator Theory: Advances and Applications, 133. Birkhäuser Verlag, Basel,
2002. xiv+352 pp.;

Dunkl Ch. F., Xu Yuan, Orthogonal polynomials of several variables. Ency-
clopedia of Mathematics and its Applications, 81. Cambridge University Press,
Cambridge, 2001. xvi+390 pp. (Hereafter the translator’s footnotes.)



VI Preface

This book contains an exposition of the main results in the theory of
polynomials, both classical and modern. Considerable attention is given to
Hilbert’s 17th problem on the representation of non-negative polynomials by
the sums of squares of rational functions and its generalizations. Galois theory
is discussed primarily from the point of view of the theory of polynomials, not
from that of the general theory of fields and their extensions. More precisely:

In Chapter 1 we discuss, mostly classical, theorems about the distribution
of the roots of a polynomial and of its derivative. It is also shown how to
determine the number of real roots to a real polynomial, and how to separate
them.

Chapter 2 deals with irreducibility criterions for polynomials with integer
coefficients, and with algorithms for factorization of such polynomials and for
polynomials with coefficients in the integers mod p.

In Chapter 3 we introduce and study some special classes of polynomials:
symmetric (polynomials which are invariant when the indeterminates are per-
muted), integer valued (polynomials which attain integer values at all integer
points), cyclotomic (polynomials with all primitive nth roots of unity as roots),
and some interesting classes introduced by Chebyshev, and by Bernoulli.

In Chapter 4 we collect a lot of scattered results on properties of polyno-
mials. We discuss, e.g., how to construct polynomials with prescribed values
in certain points (interpolation), how to represent a polynomial as a sum
of powers of polynomials of degree one, and give a construction of numbers
which are not roots of any polynomial with rational coefficients (transcenden-
tal numbers).

Chapter 5 is devoted to the classical Galois theory. It is well known that
the roots of a polynomial equation of degree at most four in one variable can
be expressed in terms of radicals of arithmetic expressions of its coefficients.
A main application of Galois theory is that this is not possible in general for
equations of degree five or higher.

In Chapter 6 three classical Hilbert’s theorems are given: an ideal in a
polynomial ring has a finite basis (Hilbert’s basis theorem); if a polynomial f
vanishes on all common zeros of f1, . . . , fr, then some power of f is a linear
combination (with polynomial coefficients) of f1, . . . , fr (Hilbert’s Nullstellen-
satz); and if M = ⊕Mi is a finitely generated module over a polynomial ring
over K, then dimK Mi is a polynomial in i for large i (the Hilbert polynomial
of M).

Furthermore, the theory of Gröbner bases is introduced. Gröbner bases
are a tool for calculations in polynomial rings. An application is that solv-
ing systems of polynomial equations in several variables with finitely many
solutions can be reduced to solving polynomial equations in one variable.

In the final Chapter 7 considerable attention is given to Hilbert’s 17th
problem on the representation of non-negative polynomials as the sum of
squares of rational functions, and to its generalizations. The Lenstra-Lenstra-
Lovàsz algorithm for factorization of polynomials with integer coefficients is
discussed in an appendix.



Preface VII

Two important results of the theory of polynomials whose exposition re-
quires quite a lot of space did not enter the book: how to solve fifth degree
equations by means of theta functions, and the classification of commuting
polynomials. These results are expounded in detail in two recently published
books in which I directly participated: [Pr3] and [Pr4].

During the work on this book I received financial support from the Russian
Fund of Basic Research under Project No. 01-01-00660.

Acknowledgement. Together with the translator, I am thankful to Dr.
Eastham for meticulous and friendly editing of the English and mathematics,
to J. Borcea, R. Fröberg, B. Shapiro and V. Kostov for useful comments.

V. Prasolov

Moscow, May 1999



VIII Preface

Notational conventions

As usual, Z denotes the set of all integers, N the subset of positive integers,
Fp = Z/pZ for p prime.

(Z/nZ)∗ denotes the set of invertible elements of Z/nZ.
|S| denotes the cardinality of the set S.
R[x] denotes the ring of polynomials in one indeterminate x with coeffi-

cients in a commutative ring R.
[x] denotes the integer part of a given real number x, i.e., the greatest

integer which is ≤ x.

Numbering of Theorems, Lemmas and Examples is usually continuous
throughout each section, e.g., reference to Lemma 2.3.2 means that the Lemma
is to be found in subsection 2.3 inside the same chapter 2.

Subsections are numbered separately, so Theorem 2.3.4 may occure in
subsec. 2.3.2.

Certain Lemmas and Examples (considered of local importance) are num-
bered simply Lemma 1, and so on, and, to find it, the page is indicated in the
reference.
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1

Roots of Polynomials

1.1 Inequalities for roots

1.1.1 The Fundamental Theorem of Algebra

In olden times, when algebraic theorems were scanty, the following statement
received the title of the Fundamental Theorem of Algebra:

“A given polynomial of degree n with complex coefficients has exactly n
roots (multiplicities counted).”

The first to formulate this statement was Alber de Girard in 1629, but he
did not even try to prove it. The first to realize the necessity of proving the
Fundamental Theorem of Algebra was d’Alembert. His proof (1746) was not,
however, considered convincing. Euler (1749), Faunsenet (1759) and Lagrange
(1771) offered their proofs but these proofs were not without blemishes, either.

The first to give a satisfactory proof of the Fundamental Theorem of Al-
gebra was Gauss. He gave three different versions of the proof (1799, 1815
and 1816) and in 1845 he additionally published a refined version of his first
proof.

For a review of the different proofs of the Fundamental Theorem of Alge-
bra, see [Ti]. We confine ourselves to one proof. This proof is based on the
following Rouché’s theorem, which is of interest by itself.

Theorem 1.1.1 (Rouché). Let f and g be polynomials, and γ a closed curve
without self-intersections in the complex plane1. If

∣
∣f(z)− g(z)

∣
∣ <
∣
∣f(z)

∣
∣+
∣
∣g(z)

∣
∣ (1)

for all z ∈ γ, then inside γ there is an equal number of roots of f and g
(multiplicities counted).

1 The plane C
1 of complex variable.

1 V.V. Prasolov, Polynomials, Algorithms and Computation in Mathematics 11,
DOI 10.1007/978-3-642-03980-5_1, © Springer-Verlag Berlin Heidelberg 2010 
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Proof. In the complex plane, consider vector fields v(z) = f(z) and
w(z) = g(z). From (1) it follows that at no point of γ are the vectors v
and w directed opposite to each other. Recall that the index of the curve γ
with respect to a vector field v is the number of revolutions of the vector v(z)
as it completely circumscribes the curve γ. (For a more detailed acquaintance
with the properties of index we recommend Chapter 6 of [Pr2].) Consider the
vector field

vt = tv + (1− t)w.

Then v0 = w and v1 = v. It is also clear that at every point z ∈ γ the vector
vt(z) is nonzero. This means that the index ind(t) of γ with respect to the
vector field vt is well defined. The integer ind(t) depends continuously on t,
and hence ind(t) = const. In particular, the indices of γ with respect to the
vector fields v and w coincide.

Let the index of the singular point z0 be defined as the index of the curve
|z − z0| = ε, where ε is sufficiently small. It is not difficult to show that the
index of γ with respect to a vector field v is equal to the sum of indices of
singular points, i.e., those at which v(z) = 0. For the vector field v(z) = f(z),
the index of the singular point z0 is equal to the multiplicity of the root z0 of
f . Therefore the coincidence of the indices of γ with respect to vector fields
v(z) = f(z) and w(z) = g(z) implies that, inside γ, the number of roots of f
is equal to that of g. �

With the help of Rouché’s theorem it is not only possible to prove the
Fundamental Theorem of Algebra but also to estimate the absolute value of
any root of the polynomial in question.

Theorem 1.1.2. Let f(z) = zn + a1z
n−1 + · · · + an, where ai ∈ C. Then,

inside the circle |z| = 1+max
i
|ai|, there are exactly n roots of f (multiplicities

counted).

Proof. Let a = max
i
|ai|. Inside the circle considered, the polynomial

g(z) = zn has root 0 of multiplicity n. Therefore it suffices to verify that,
if |z| = 1 + a, then

∣
∣f(z) − g(z)

∣
∣ <
∣
∣f(z)

∣
∣ +
∣
∣g(z)

∣
∣. We will prove even that

∣
∣f(z)− g(z)

∣
∣ <
∣
∣g(z)

∣
∣, i.e.,

|a1z
n−1 + · · ·+ an| < |z|n.

Clearly, if |z| = 1 + a, then

|a1z
n−1 + · · ·+ an| ≤ a

(|z|n−1 + · · ·+ 1
)

= a
|z|n − 1
|z| − 1

= |z|n − 1 < |z|n. ��

1.1.2 Cauchy’s theorem

Here we discuss Cauchy’s theorem on the roots of polynomials as well as its
corollaries and generalizations.
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Theorem 1.1.3 (Cauchy). Let f(x) = xn − b1x
n−1 − · · · − bn, where all

the numbers bi are non-negative and at least one of them is nonzero. The
polynomial f has a unique (simple) positive root p and the absolute values of
the other roots do not exceed p.

Proof. Set

F (x) = −f(x)
xn

=
b1

x
+ · · ·+ bn

xn
− 1.

If x �= 0, the equation f(x) = 0 is equivalent to the equation F (x) = 0. As
x grows from 0 to +∞ the function F (x) strictly decreases from +∞ to −1.
Therefore, for x > 0, the function F vanishes at precisely one point, p. We
have

−f ′(p)
pn

= F ′(p) = − b1

p2
− · · · − nbn

pn+1
< 0.

Hence p is a simple root of f .
It remains to prove that if x0 is a root of f , then q = |x0| ≤ p. Suppose

that q > p. Then, since F is monotonic, it follows that q > p, i.e., f(q) > 0.
On the other hand, the equality xn

0 = b1x
n−1
0 + · · ·+ bn implies that

qn ≤ b1q
n−1 + · · ·+ bn,

i.e., f(q) ≤ 0, which is a contradiction. �

Remark. Cauchy’s theorem is directly related to the Perron-Frobenius
theorem on non-negative matrices (cf. [Wi1]).

The polynomial x2n − xn − 1 has n roots whose absolute values are equal
to the value of the positive root of this polynomial. Therefore, in Cauchy’s
theorem, the estimate

the absolute values of the roots are ≤ p

cannot, in general, be replaced by the estimate

the absolute values of the roots are < p.

Ostrovsky showed, nevertheless, that in a sufficiently general situation such
a replacement is possible.

Theorem 1.1.4 (Ostrovsky). Let f(x) = xn− b1x
n−1− · · · − bn, where all

the numbers bi are non-negative and at least one of them is nonzero.
If the greatest common divisor of the indices of the positive coefficients bi

is equal to 1, then f has a unique positive root p and the absolute values of
the other roots are < p.
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Proof. Let only the coefficients bk1 , bk2 , . . . , bkm , where k1 < k2 < · · · <
km, be positive. Since the greatest common divisor of k1, . . . , km is equal to
1, there exist integers s1, . . . , sm such that s1k1 + · · · + smkm = 1. Consider
again the function

F (x) =
bk1

xk1
+ · · ·+ bkm

xkm
− 1.

The equation F (x) = 0 has a unique positive solution p. Let x be any other
(nonzero) root of f . Set q = |x|. Then

1 =
bk1

xk1
+ · · ·+ bkm

xkm
≤
∣
∣
∣
∣

bk1

xk1

∣
∣
∣
∣
+ · · ·+

∣
∣
∣
∣

bkm

xkm

∣
∣
∣
∣
=

bk1

qk1
+ · · ·+ bkm

qkm
,

i.e., F (q) ≥ 0. We see that the equality F (q) = 0 is only possible if

bki

xki
=
∣
∣
∣
∣

bki

xki

∣
∣
∣
∣
> 0 for all i.

But in this case

bs1
k1
· . . . · bsm

km

x
=
(

bk1

xk1

)s1

· . . . ·
(

bkm

xkm

)sm

> 0,

i.e., x > 0. This contradicts the fact that x �= p and p is the only positive root
of the equation F (x) = 0. Thus F (q) > 0. Therefore, since F (x) is monotonic
for positive x, it follows that q < p. �

The Cauchy-Ostrovsky theorem implies the following estimate of the ab-
solute value of the roots of polynomials with positive coefficients.

Theorem 1.1.5. a) (Eneström-Kakeya) If all the coefficients of the polyno-
mial g(x) = a0x

n−1 + · · · + an−1 are positive, then, for any root ξ of this
polynomial, we have

min
1≤i≤n−1

{
ai

ai−1

}

= δ ≤ |ξ| ≤ γ = max
1≤i≤n−1

{
ai

ai−1

}

.

b) (Ostrovsky) Let ak

ak−1
< γ for k = k1, . . . , km. If the greatest common

divisor of the numbers n, k1, . . . , km is equal to 1, then |ξ| < γ.

Proof. Consider the polynomial

(x− γ)g(x) = a0x
n − (γa0 − a1)xn−1 − · · · − (γan−2 − an−1)x− γan−1.

By definition, γ ≥ ai

ai−1
, i.e., γai−1− ai ≥ 0. Therefore, by Cauchy’s theorem,

γ is the only positive root of the polynomial (x − γ)g(x) and the absolute
values of the other roots of this polynomial are ≤ γ.
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If ξ is a root of g, then η =
1
|ξ| is a root of an−1y

n−1 + · · ·+ a0. Hence

1
|ξ| = |η| = max

1≤i≤n−1

{
ai−1

ai

}

=
1

min
1≤i≤n−1

{
ai

ai−1

} ,

i.e.,

|ξ| ≥ δ = min
1≤i≤n−1

{
ai

ai−1

}

.

If condition b) is satisfied, the root γ of the polynomial (x − γ)g(x) is
strictly greater than the absolute values of the other roots of this polynomial.
�

Remark. The Eneström-Kakeya theorem is also related to the Perron-
Frobenius theorem, cf. [An2].

An essential generalization of the Eneström-Kakeya theorem is obtained in
[Ga1]. However, the formulation of this generalization is rather cumbersome,
and therefore we do not give it here.

1.1.3 Laguerre’s theorem

Let z1, . . . , zn ∈ C be points of unit mass. The point ζ = 1
n (z1 + · · · + zn) is

called the center of mass of z1, . . . , zn.
This notion can be generalized as follows. Perform a fractional-linear trans-

formation w that sends z0 to ∞, i.e.,

w(z) =
a

z − z0
+ b.

Let us find the center of mass of the images of z1, . . . , zn and then apply
the inverse transformation w−1. Simple calculations show that the result does
not depend on a and b, namely, we obtain the point

ζz0 = z0 + n
1

1
z1−z0

+ · · ·+ 1
zn−z0

(1)

which is called the center of mass of z1, . . . , zn with respect to z0.
Clearly,

the center of mass of z1, . . . , zn lies inside their convex hull.

This statement easily generalizes to the case of the center of mass with
respect to z0. One only has to replace the lines that connect the points zi and
zj by circles passing through zi, zj and z0. The point z0 corresponding to ∞
lies outside the convex hull.
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Theorem 1.1.6. Let f(z) = (z − z1) · . . . · (z − zn). Then the center of mass
of the roots of f with respect to an arbitrary point z is given by the formula

ζz = z − n
f(z)
f ′(z)

.

Proof. Clearly

f ′(z)
f(z)

=
1

z − z1
+ · · ·+ 1

z − zn
.

The desired statement follows directly from formula (1). �

Theorem 1.1.7 (Laguerre). Let f(z) be a polynomial of degree n and x its
simple root. Then the center of mass of all the other roots of f(z) with respect
to x is the point

X = x− 2(n− 1)
f ′(x)
f ′′(x)

.

Proof. Let f(z) = (z − x)F (z). Then f ′(z) = F (z) + (z − x)F ′(z) and
f ′′(z) = 2F ′(z) + (z − x)F ′′(z). Therefore f ′(x) = F (x) and f ′′(x) = 2F ′(x).
Applying the preceding theorem to the polynomial F of degree n − 1, and
point z = x, we obtain the desired statement. �

Theorem 1.1.8 (Laguerre). Let f(z) be a polynomial of degree n and

X(z) = z − 2(n− 1)
f ′(z)
f ′′(z)

.

Let the circle (or line) C pass through a simple root z1 of f and the other
roots of f belong to one of the two domains into which C divides the plane.
Then X(z1) also belongs to the same domain.

Proof. In the case of the “usual” center of mass, the circle C corresponds
to the line such that all the roots of f(z), except z1, lie on one side of it. The
center of mass of these roots lies on the same side of this line. �

Corollary. Let z1 be one of the simple roots of f with the maximal ab-
solute value. Then |X(z1)| ≤ |z1|, i.e.,

∣
∣
∣
∣
z1 − 2(n− 1)

f ′(z1)
f ′′(z1)

∣
∣
∣
∣
≤ |z1|.

Proof. All the roots of f lie in the disk
{

z ∈ C
∣
∣ |z| ≤ |z1|

}

, and therefore
X(z1) also belongs to this disk. �

Theorem 1.1.9. Let f be a polynomial with real coefficients and define

ζz = z − n
f(z)
f ′(z)

.

All the roots of f are real if and only if Im z · Im ζz < 0 for any z ∈ C \ R.
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Proof. Suppose first that all the roots of f are real. Let Im z = a > 0.
The line consisting of the points with the imaginary part ε, where 0 < ε < a,
separates the point z from all the roots of f since they belong to the real axis.
Therefore Im ζz ≤ ε. In the limit as ε → 0, we obtain Im ζz ≤ 0.

It is easy to verify that it is impossible to have Im ζz = 0. Indeed, let
ζz ∈ R. Consider a circle passing through z and tangent to the real axis at ζz .
Slightly jiggling this circle we can construct a circle on one side of which lie
the points z and ζz , and on the other side lie all the roots of f . If Im z = a < 0,
the arguments are similar.

Now suppose that Im z · Im ζz < 0 for all z ∈ C \ R. Let z1 be a root of f
such that Im(z1) �= 0. Then lim

z→z1
ζz = z1, and therefore Im z1 · Im ζz1 > 0. �

Our presentation of Laguerre’s theory is based on the paper [Gr], see
also [Pol].

1.1.4 Apolar polynomials

Let f(z) be a polynomial of degree n and ζ a fixed number or∞. The function

Aζf(z) =

{

(ζ − z)f ′(z) + nf(z) if ζ �=∞;
f ′(z) if ζ =∞

is called the derivative of f(z) with respect to point ζ. It is easy to verify that,
if

f(z) =
n∑

k=0

(
n

k

)

akzk, (1)

then
1
n

f ′(z) =
n−1∑

k=0

(
n− 1

k

)

ak+1z
k. (∗)

Therefore
1
n

Aζf(z) =
n−1∑

k=0

(
n− 1

k

)

(ak + ak+1ζ)zk. (2)

Let z1, . . . , zn be the roots of the polynomial (1), and let ζ1, . . . , ζn be the
roots of the polynomial

g(z) =
n∑

k=0

(
n

k

)

bkzk. (3)

Formula (2) implies that

1
n!

Aζ1Aζ2 · · ·Aζnf(z) = a0 + a1σ1 + a2σ2 + · · ·+ anσn,

where
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σ1 = ζ1 + ζ2 + · · ·+ ζn = −
(

n

1

)
bn−1

bn
,

σ2 = ζ1ζ2 + · · ·+ ζn−1ζn =
(

n

2

)
bn−2

bn
,

. . . . . . . . . . . . . . . . . . . . . . . .

σn = ζ1 · . . . · ζn = (−1)n b0

bn
.

Hence the equality Aζ1Aζ2 · · ·Aζnf(z) = 0 is equivalent to the equality

a0bn −
(

n

1

)

a1bn−1 +
(

n

2

)

a2bn−2 + · · ·+ (−1)nanb0 = 0. (4)

The polynomials f and g given by (1) and (3) and whose coefficients are
related via (4) are said to be apolar.

A circular domain is either the inner or the exterior part of a disk or the
half plane.

Theorem 1.1.10 (J. H. Grace, 1902). Let f and g be apolar polynomials.
If all the roots of f belong to a circular domain K, then at least one of the
roots of g also belongs to K.

Proof. We will need the following auxiliary statement.

Lemma 1.1.11. Let all the roots z1, . . . , zn of f(z) lie inside the circular
domain K and let ζ lie outside K. Then all the roots of Aζf(z) lie inside K.

Proof. Observe first that, if wi is a root of the polynomial Aζf(z), then ζ
is the center of mass of the roots of f(z) with respect to wi. Indeed, if ζ �=∞,
then we can express the equality Aζf(wi) = 0 in the form

(ζ − wi)f ′(wi) + nf(wi) = 0, i.e., ζ = wi − n
f(wi)
f ′(wi)

.

If ζ = ∞, then f ′(wi) = Aζf(wi) = 0, and hence

n∑

j=1

1
zj − wi

=
f ′(wi)
f(wi)

= 0.

Therefore the center of mass of the points z1, . . . , zn with respect to wi is
situated at

wi +
1

∑

j
1

zj−wi

= ∞.

Now it is clear that point wi cannot lie outside K. Indeed, if wi were
situated outside K, then the center of mass of z1, . . . , zn with respect to wi

would be inside K. However, this contradicts the fact that ζ lies outside K. �
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With the help of Lemma 1.1.11, Theorem 1.1.10 is proved as follows. Sup-
pose that all the roots ζ1, . . . , ζn of g lie outside K. Consider the polynomial
Aζ2 · · ·Aζnf(z). Its degree is equal to 1, i.e., it is of the form c(z− k). Lemma
1.1.11 implies that k ∈ K. Since f and g are apolar polynomials, it follows
that Aζ1(z − k) = 0. On the other hand, the direct calculation of the deriva-
tive shows that Aζ1(z − k) = ζ1 − k. Therefore k = ζ1 /∈ K and we have a
contradiction. �

Every polynomial f has a whole family of polynomials apolar to it. Having
selected a convenient apolar polynomial we can, thanks to Grace’s theorem,
prove that f possesses a root in a given circular domain. Sometimes for the
same goal it is convenient to use Lemma 1.1.11 directly.

Example 1. The polynomial

f(z) = 1− z + czn, where c ∈ C,

possesses a root in the disk |z − 1| ≤ 1.

Proof. The polynomials

f(z) = 1 +
(

n

1

)−1
n

z + czn and g(z) = zn +
(

n

1

)

bn−1z
n−1 + · · ·+ b0

are apolar if

1− n

(−1
n

)

bn−1 + cb0 = 0, i.e., 1 + bn−1 + cb0 = 0.

Now let ζk = 1− exp(2πik/n) for k = 1, . . . , n, and take g(z) to be

g(z) =
∏

(z − ζk) = zn +
(

n

1

)

bn−1z
n−1 + · · ·+ b0.

Then
bn−1 = −1 and b0 = ±

∏

ζk = 0.

Therefore the polynomials f(z) and g(z) are apolar. Since all the roots of g
lie in the disk |z − 1| ≤ 1, at least one of the roots of f lies in this disk. �

Example 2. The polynomial 1− z + c1z
n1 + · · ·+ ckznk , where 1 < n1 <

n2 < · · · < nk, has at least one root in the disk

|z| ≤ 1
(

1− 1
n1

)

· . . . ·
(

1− 1
nk

) .



10 1 Roots of Polynomials

Proof. Let us start with the polynomial f(z) = 1 − z + c1z
n1 . Suppose

on the contrary that all its roots lie in the domain |z| > n1
n1−1 . Then by

Lemma 1.1.11 the roots of the polynomial

A0f(z) = n1 − (n1 − 1)z

also lie in the domain |z| > n1
n1−1 . But the root of A0f(z) is equal to n1

n1−1 and
we have a contradiction.

For the polynomial f(z) = 1 − z + c1z
n1 + · · · + ckznk , we use induction

on k. Consider the polynomial

A0f(z) = nk − (nk − 1)z + c1(nk − n1)zn1 + · · ·+ ck−1(nk − nk−1)znk−1 .

In this polynomial, replace z by nk

nk−1w. By the induction hypothesis, the
roots of the polynomial obtained lie in the disk

|w| ≤ n1

n1 − 1
· n2

n2 − 1
· . . . · nk−1

nk−1 − 1
,

and hence the roots of A0f(z) lie in the disk

|z| ≤ n1

n1 − 1
· n2

n2 − 1
· . . . · nk

nk − 1
.

Therefore the hypothesis that all the roots of f(z) lie outside the disk leads
to a contradiction. �

Let f(z) =
n∑

i=1

(
n
i

)

aiz
i and g(z) =

n∑

i=1

(
n
i

)

biz
i. The polynomial

h(z) =
n∑

i=1

(
n

i

)

aibiz
i

is called the composition of f and g.

Theorem 1.1.12 (Szegö). Let f and g be polynomials of degree n, and let all
the roots of f lie in a circular domain K. Then every root of the composition
h of f and g is of the form −ζik, where ζi is a root of g and k ∈ K.

Proof. Let γ be a root of h, i.e.,
n∑

i=1

(
n
i

)

aibiγ
i = 0. Then the polynomials

f(z) and G(z) = zng(−γz−1) are apolar. Therefore, by Grace’s theorem, one
of the roots of G(z) lies in K. Let, for example, g(−γk−1) = 0, where k ∈ K.
Then −γk−1 = ζi, where ζi is a root of g. �

For polynomials whose degrees are not necessarily equal, there is the fol-
lowing analogue of Grace’s theorem.
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Theorem 1.1.13 ([Az]). Let f(z) =
n∑

i=1

(
n
i

)

aiz
i and g(z) =

m∑

i=1

(
m
i

)

biz
i be

polynomials with m ≤ n. Let the coefficients of f and g be related as follows:
(

m

0

)

a0bm −
(

m

1

)

a1bm−1 + · · ·+ (−1)m

(
m

m

)

amb0 = 0. (5)

Then the following statements hold:
a) If all the roots of g(z) belong to the disk |z| ≤ r, then at least one of the

roots of f(z) also belongs to this disk;
b) If all the roots of f(z) lie outside the disk |z| ≤ r, then at least one of

the roots of g(z) also lies outside this disk.

Proof. [Ru] a) Relation (5) is invariant with respect to the change of z
to rz in f and g, and therefore we may assume that r = 1. Suppose on the
contrary that all the roots of f(z) lie in the domain |z| > 1. Then all the
roots of the polynomial znf(1

z ) lie in the domain |z| < 1. Therefore, from the
Gauss-Lucas theorem (Theorem 1.2.1 on p. 13), it follows that all the roots
of the polynomial

f1(z) = D(n−m)

(

znf

(
1
z

))

= n(n− 1) · . . . · (m + 1)
m∑

i=0

(
m

i

)

aiz
m−i

lie in the domain |z| < 1. Therefore all the roots of the polynomial

f2(z) = zm
m∑

i=0

(
m

i

)

ai

(
1
z

)m−i

=
m∑

i=0

(
m

i

)

aiz
i

lie in the domain |z| > 1.
Relation (5) means that the polynomials f2 and g are apolar. Since all the

roots of f2 lie in the circular domain |z| > 1, it follows from Grace’s theorem
that at least one of the roots of g also lies in this domain, and we have a
contradiction.

b) All the roots of f2 lie in the domain |z| ≥ 1, hence, it follows from
Grace’s theorem that at least one of the roots of g also lies in this domain. �

1.1.5 The Routh-Hurwitz problem

In various problems on stability one has to investigate whether all the roots
of a given polynomial belong to the left half-plane (i.e., whether the real parts
of the roots are negative). The polynomials with this property are said to be
stable. The Routh-Hurwitz problem is

how to find out directly by looking at the coefficients of the polynomial
whether it is stable or not.

Several different solutions of the problem are known (see, e.g., [Po2]). We
will confine ourselves with one simple criterion given in [St3].
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First, we observe that it suffices to consider the case of polynomials with
real coefficients. Indeed, if p(z) =

∑
anzn is a polynomial with complex coef-

ficients we can consider the polynomial

p∗(z) = p(z)p(z) =
(∑

anzn
)(∑

anzn
)

.

Clearly, the real parts of the roots of p(z) are the same as those of p(z).
Moreover, the coefficients of p∗(z) are symmetric with respect to an and an.
This means that the coefficients of p∗ are invariant under conjugation, that
is, they are real.

Theorem 1.1.14. Let p(z) = zn + a1z
n−1 + · · · + an be a polynomial with

real coefficients; let q(z) = zm + b1z
m−1 + · · · + bm, where m = 1

2n(n − 1),
be the polynomial whose roots are all the sums of pairs of the roots of p. The
polynomial p is stable if and only if all the coefficients of the polynomials p
and q are positive.

Proof. Suppose that p is stable. To a negative root α of p there corre-
sponds the factor z−α with positive coefficients. To a pair of conjugate roots
with the negative real part there corresponds the factor

(z − α− iβ)(z − α + iβ) = z2 − 2αz + α2 + β2

with positive coefficients. Thus all the coefficients of p are positive.
The complex roots of q fall into the pairs of conjugate roots because the

coefficients of q are real. Further, the real parts of all the roots of q are negative.
The same arguments as for p show that all the coefficients of q are positive.

Next, let all the coefficients of p and q be positive. In this case, all the real
roots of p and q are negative. Therefore, if α is a real root of p, then α < 0, and,
if α±iβ is a pair of complex conjugate roots of p, then 2α = (α+iβ)+(α−iβ)
is a root of q; hence 2α < 0. �

1.2 The roots of a given polynomial and of its derivative

1.2.1 The Gauss-Lucas theorem

In 1836, Gauss showed that all the roots of P ′, distinct from the multiple
roots of the polynomial P itself, serve as the points of equilibrium for the field
of forces created by identical particles placed at the roots of P (provided that
r particles are located at the root of multiplicity r) if each particle creates an
attractive force inversely proportional to the distance to this particle. From
this theorem of Gauss it is easy to deduce Theorem 1.2.1 given below. Gauss
himself did not mention this. The first to formulate and prove Theorem 1.2.1
was a French engineer F. Lucas in 1874. Therefore Theorem 1.2.1 is often
referred to as the Gauss-Lucas theorem.
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Theorem 1.2.1 (Gauss-Lucas). The roots of P ′ belong to the convex hull
of the roots of the polynomial P itself.

Proof. Let P (z) = (z − z1) · . . . · (z − zn). It is easy to verify that

P ′(z)
P (z)

=
1

z − z1
+ · · ·+ 1

z − zn
. (1)

Suppose that P ′(w) = 0, P (w) �= 0 and suppose on the contrary that w does
not belong to the convex hull of the points z1, . . . , zn. Then one can draw a
line through w that does not intersect the convex hull of z1, . . . , zn. Therefore
the vectors w−z1, . . . , w−zn lie in one half-plane determined by this line.
Hence the vectors

1
w−z1

, . . . ,
1

w−zn

also lie in one half-plane, since
1
z

=
z

|z|2 . Hence,

P ′(w)
P (w)

=
1

w − z1
+ · · ·+ 1

w − zn
�= 0.

This is a contradiction, and hence w belongs to the convex hull of the roots
of P . �

Relation (1) allows one to prove the following properties of the roots of P ′

for any polynomial P with real roots.

Theorem 1.2.2 ([An1]). Let

P (z) = (z − x1) · . . . · (z − xn), where x1 < · · · < xn.

If some root xi is replaced by x′
i ∈ (xi, xi+1), then all the roots of P ′ increase

their value.

Proof. Let z1 < z2 < · · · < zn−1 be the roots of P ′, and let x1, . . . , xn

be the roots of P . Let z′1 < z′2 < · · · < z′n−1 be the roots of Q′ and let
x′

1 = x1, . . . , x
′
i−1 = xi−1, x

′
i, x

′
i+1 = xi+1, . . . , x

′
n = xn be the roots of Q. For

the roots zk and z′k, the relation (1) takes the form

n∑

i=1

1
zk − xi

= 0,

n∑

i=1

1
z′k − x′

i

= 0. (2)

Suppose that the statement of the theorem is false, i.e., z′k < zk for some k.
Then z′k − x′

i < zk − xi. Observe that the differences z′k − x′
i and zk − xi are

of the same sign. Indeed,

zj < xi, z′j < x′
i for j ≤ i− 1 and zj > xi, z′j > x′

i for j ≥ i.

Hence, 1
zk−xi

< 1
z′

k−x′
i

for all i = 1, . . . , n. But in this case relations (2) cannot
hold simultaneously. �
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1.2.2 The roots of the derivative and the focal points of an ellipse

The roots of the derivative of a cubic polynomial have the following interesting
geometric interpretation.

Theorem 1.2.3 (van der Berg, [Be2]). Let the roots of a cubic polynomial
P form the vertices of a triangle ABC in the complex plane. Then the roots
of P ′ are at the focal points of the ellipse tangent to the sides of �ABC at
their midpoints.

First proof. Observe first of all that if Q(z) = P (z − z0), then Q′(z) =
P ′(z − z0). Therefore we can take any point for the origin.

We can represent any affine transformation of the plane as a composi-
tion of an isometry, a homothety, and a transformation of the form (x, y) �→
(x, y cosα) in a Cartesian coordinate system. Therefore we may assume that
the triangle ABC is obtained from the equilateral triangle with vertices w,

εw and ε2w, where |w| = 1 and ε = exp
(

2πi

3

)

, under the transformation

z �→ z + z

2
+

z − z

2
cosα = z cos2

α

2
+ z sin2 α

2
. (1)

Then the semi-axes a and b of the ellipse considered are equal to 1
2 and 1

2 cosα;
the distance between its focal points F1 and F2 is equal to

√
a2 − b2 = 1

2 sin α.
Under the dilation with coefficient

(
1
2

sinα

)−1

=
(

sin
α

2
cos

α

2

)−1

.

points F1 and F2 transform into (±1, 0). The composition of transformation
(1) and this dilation amounts to the transformation

z �→ z cot
α

2
+ z tan

α

2

Set a = w cot α
2 . Then the polynomial with roots A, B, and C is of the

form

P (x) =
(

x− a− 1
a

)(

x− aε− 1
aε

)(

x− aε2 − 1
aε2

)

It is easy to verify that P ′(x) = 3x2 + 3ε + 3ε = 3x2 − 3, and therefore the
roots of P ′ are ±1. �

Second proof. [Sc5] Let ε = exp
(

2πi

3

)

and let z0, z1, z2 be the roots of

the polynomial P considered. Select numbers ζ0, ζ1, ζ2 so that

z0 = ζ0 + ζ1 + ζ2, z1 = ζ0 + ζ1ε + ζ2ε
2, z2 = ζ0 + ζ1ε

2 + ζ2ε, (2)
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i.e.,

3ζ0 = z0 + z1 + z2, 3ζ1 = z0 + z1ε
2 + z2ε, 3ζ2 = z0 + z1ε + z2ε

2.

In what follows we assume that z0 + z1 + z2 = 0, i.e., ζ0 = 0.
It is easy to verify that the curve ζ1e

iϕ + ζ2e
−iϕ, where 0 ≤ ϕ ≤ 2π, is

an ellipse whose semi-axes are directed along the bisectors of the exterior and
interior angles of the angle ∠ζ1Oζ2, where O is the origin, and the lengths
of the semi-axes are equal to |ζ1| + |ζ2| and ||ζ1| − |ζ2||. Indeed, the curve
considered is the image of the unit circle under the map z �→ ζ1z + ζ2z.
Further, if ζ1 = |ζ1|eiα and ζ2 = |ζ2|eiβ , then

ζ1e
iϕ + ζ2e

−iϕ = |ζ1|ei(ϕ+α) + |ζ2|ei(β−ϕ).

The absolute value of this expression attains its maximum at ϕ = α+β
2 + kπ

and its minimum at ϕ = α+β
2 + π

2 +kπ. These values of ϕ correspond precisely
to the directions of the bisectors indicated.

The focal points f1 and f2 of the ellipse ζ1e
iϕ + ζ2e

−iϕ lie on the line
corresponding to the angle ϕ = α+β

2 , i.e., f1f2
ζ1ζ2

is a positive number. Further,
the square of the distance of the focal point to the center of the ellipse is equal
to the difference of the squares of the semi-axes, i.e., it is equal to

(|ζ1|+ |ζ2|)2 − (|ζ1| − |ζ2|)2 = 4|ζ1ζ2|.

Hence f1f2 = 4ζ1ζ2.
Relations (2) for ζ0 = 0 show that the vertices z0, z1, z2 of the triangle con-

sidered lie on the ellipse ζ1e
iϕ+ζ2e

−iϕ and the mid-points of its sides lie on the
ellipse 1

2

(

ζ1e
iϕ + ζ2e

−iϕ
)

. The mid-point of a chord of the first ellipse lies on
the second ellipse only if this chord is tangent to the second ellipse. Therefore
we have to prove that the focal points of the ellipse 1

2

(

ζ1e
iϕ + ζ2e

−iϕ
)

coincide
with the roots of the derivative of the polynomial P = (z−z0)(z−z1)(z−z2).
The focal points of the ellipse satisfy the equation z2−ζ1ζ2 = 0, and the roots
of P ′ satisfy

3z2 + z0z1 + z0z2 + z1z2 = 0, i.e., 3(z2 − ζ1ζ2) = 0. �

1.2.3 Localization of the roots of the derivative

Jensen’s disks

Let f be a polynomial with real coefficients. For every pair of conjugate roots
z and z of f , the disk with diameter1 zz is called a Jensen’s disk of f .

Theorem 1.2.4 (Jensen). Any non-real root of f ′ lies inside or on the
boundary of one of the Jensen’s disks of f .
1 We mean that z and z are the endpoints of a diameter of this disk.
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Proof. Let z1, . . . , zn be the roots of f . Then

f ′(z)
f(z)

=
n∑

j=1

1
z − zj

. (1)

Let us show first of all that if z lies outside Jensen’s disk with diameter zpzq,
then

sgn Im
(

1
z − zp

+
1

z − zq

)

= − sgn Im z. (2)

Indeed,

1
z − a− bi

+
1

z − a + bi
=

2(z − a)
(

(z − a)2 + b2
)

|(z − a)2 + b2|2
and

Im
(

(z − a)|z − a|2 + (z − a)b2
)

=
(

b2 − |z − a|2) Im z.

Let us show now that if z /∈ R and zj = a ∈ R, then

sgn Im
(

1
z − zj

)

= − sgn Im z. (3)

Indeed,
1

z − a
− 1

z − a
=

z − z

|z − a|2 =
−2 Im z

|z − a|2 .

Formulas (1), (2), (3) imply that if point z /∈ R lies outside all the Jensen’s
disks, then

sgn Im
f ′(z)
f(z)

= − sgn Im z �= 0.

Hence f ′(z) �= 0, i.e., z is not a root of f ′. �

As a refinement of Jensen’s theorem, we prove the following estimate for
the number of the roots of the derivative whose real parts belongs to a given
segment.

Theorem 1.2.5 (Walsh). Let I = [α, β], and let K be the union of I and
Jensen’s disks intersecting I. If K contains k roots of a polynomial f(z), then
the number of the roots of f ′(z) that lie in K is between k − 1 and k + 1.

Proof. Let C be the boundary of the smallest rectangle whose sides are
parallel to the coordinate axes and which contain K. Consider the restriction
to C of the map z �→ eiϕ, where ϕ = arg f ′(z)

f(z) . Formulas (1), (2) and (3) imply
that the image of the part of C that lies in the upper half-plane lies on the
half-circle |z| = 1, Im z ≤ 0, whereas the image of the part of C that lies in
the lower half-plane lies on the half-circle |z| = 1, Im z ≥ 0. Therefore the
number of revolutions of the image of C around the origin is equal to either 0
or ±1. This means that the indices of C with respect to the vector fields f(z)
and f ′(z) either coincide or differ by ±1, i.e., the total numbers of the zeros
of functions f and f ′ lying inside C either coincide or differ by ±1. �
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Walsh’s theorem

Theorem 1.2.6 (Walsh). Let the roots of the polynomials f1 and f2 lie in
the disks K1 and K2 with radii r1 and r2 and centers at points c1 and c2,
respectively. Then every root of the derivative of f = f1f2 lie either in K1, or

in K2, or in the disk of radius
n2r1 + n1r2

n1 + n2
centered at

n2c1 + n1c2

n1 + n2
, where

n1 = deg f1 and n2 = deg f2.

Proof. Let z be the root of f lying outside K1 and K2. Then

f ′
1(z)f2(z) + f1(z)f ′

2(z) = 0;

moreover, f1(z), f2(z), f ′
1(z), f ′

2(z) are nonzero.
Consider ζ1 and ζ2, the centers of mass of the roots of f1 and f2 with

respect to z, respectively. By Theorem 1.1.6

ζ1 = z − n1
f1(z)
f ′
1(z)

, ζ2 = z − n2
f2(z)
f ′
2(z)

.

Hence

n2ζ1 + n1ζ2 = (n1 + n2)z − n1n2

(
f1(z)
f ′
1(z)

+
f2(z)
f ′
2(z)

)

= (n1 + n2)z,

i.e., z =
n2ζ1 + n1ζ2

n1 + n2
. Since all the roots of fi lie in Ki, it follows that ζi ∈ Ki.

It remains to observe that if points ζ1 and ζ2 of mass n2 and n1 lie in disks
K1 and K2, respectively, then their center of mass z lies in the disk K. �

The Grace-Heawood theorem

Theorem 1.2.7 (J. H. Grace, 1902; P. J. Heawood, 1907). If z1 and z2

are distinct roots of a polynomial f of degree n, then the disk |z−c| ≤ r, where

c = 1
2 (z1 + z2) and r =

|z1 − z2|
2

cot
(π

n

)

, contains at least one root of f ′.

Proof. Let1 f ′(z) =
n−1∑

k=0

(
n−1

k

)

akzk. Then

0 = f(z2)− f(z1) =

z2∫

z1

f ′(z) dz =
n−1∑

k=0

(−1)k

(
n− 1

k

)

akbn−1−k,

where the coefficients b0, . . . , bn−1 depend only on z1 and z2 and not on the
coefficients a0, . . . , an−1. Therefore, given z1 and z2, we can construct a poly-
nomial g(z) =

∑n−1
k=0

(
n−1

k

)

bkzk apolar to f ′(z).

1 This expression of f ′ differs by a factor of 1
n

from formula (∗) in sec. 1.1.4.
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To obtain an explicit formula for g, set ak = (−1)kxn−1−k, i.e., consider
h(z) = (x − z)n−1. In this case

g(x) =
n−1∑

k=0

(
n− 1

k

)

xn−1−kbn−1−k =

z2∫

z1

(x− 1)n−1dz =
(x − z1)n − (x − z2)n

n
.

The roots of g are of the form

ζk =
z1 + z2

2
+ i

z1 − z2

2
cot

kπ

n
for k = 1, 2, . . . , n− 1

and all of them lie on the boundary of the disk considered. Therefore, by
Theorem 1.1.10 (see p. 8), the disk |z − c| ≤ r contains at least one root
of f ′. �

In [Ma7], there are several other theorems on localization of the roots of
the derivative.

1.2.4 The Sendov-Ilieff conjecture

In 1962, the Bulgarian mathematician B. Sendov made the following conjec-
ture often ascribed to another Bulgarians mathematician, L. Ilieff:

“Let P (z) be a polynomial (deg P ≥ 2) all of whose roots lie in the disk
|z| ≤ 1. If z0 is one of the roots of P (z), then the disk |z− z0| ≤ 1 contains at
least one root of P ′(z)”.

This conjecture is proved for all polynomials of degree ≤ 5 and several
particular polynomials (see, e.g., [Sc4]).

We confine ourselves to the proof of the conjecture for polynomials of the
form

P (z) = (z − z0)n0(z − z1)n1(z − z2)n2 .

This proof is given in [Co2].
The case when n = n0 + n1 + n2 ≥ 4 is much the simplest. In this case we

have to prove that if |zi| ≤ 1 for i = 0, 1, 2, then the polynomial

P ′(z) = n(z − z0)n0−1(z − z1)n1−1(z − z2)n2−1(z − w1)(z − w2) (1)

has a root lying in the disk |z − z0| ≤ 1. If n0 > 1, then z0 is such a root.
We assume therefore that n0 = 1. Let us express P (z) in the form P (z) =
(z − z0)Q(z). It is clear that

P ′(z0) = Q(z0) = (z0 − z1)n1(z0 − z2)n2 . (2)
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It follows from (1) and (2) that

n(z0 − w1)(z0 − w2) = (z0 − z1)(z0 − z2). (3)

Taking into account that |z0−z1| ≤ |z0|+ |z1| = 2 and |z0−z2| ≤ 2, we obtain

|z0 − w1| · |z0 − w2| ≤ 4
n
≤ 1,

and hence either |z0 − w1| ≤ 1 or |z0 − w2| ≤ 1.
It remains to consider the case when n0 = n1 = n2 = 1. For this we need

the following auxiliary statement which we will formulate more generally than
is needed for this proof.

Lemma. Let P (z) be a polynomial of degree n, where n ≥ 2. If

|P ′′(z0)| ≥ (n− 1) |P ′(z0)| ,
then at least one of the roots of P ′ lies inside the disk |z − z0| ≤ 1.

Proof. Let w1, w2, . . . , wn−1 be the roots of P ′. We may assume that the

highest coefficient of P is equal to 1. In this case P ′(z) = n
n−1∏

j=1

(z − wj). If

P ′(z) �= 0 we may take the logarithm of both sides and differentiate. This
gives

P ′′(z)
P ′(z)

=
n−1∑

j=1

1
z − wj

.

By the hypothesis z0 is a simple root of P , i.e., P ′(z0) �= 0. Suppose that
|z0−wj | > 1 for j = 1, . . . , n−1. Then the inequality |P ′′(z0)| ≥ (n−1) |P ′(z0)|
implies that

n− 1 ≤
∣
∣
∣
∣

P ′′(z0)
P ′(z0)

∣
∣
∣
∣
≤

n−1∑

j=1

1
|z0 − wj | < n− 1,

and we have a contradiction. �

Now let us consider directly the polynomial

P (z) = (z − z0)(z − z1)(z − z2) = (z − z0)Q(z).

Clearly

P ′′(z)
P ′(z)

= 2
Q′(z)
Q(z)

= 2
(

1
z0 − z1

+
1

z0 − z2

)

=
2(2z0 − z1 − z2)

(z0 − z1)(z0 − z2)
.

Now consider the triangle ABC with vertices A = z0, B = z1, C = z2.
Obviously |z0 − z1| = c, |z0 − z2| = b and |2z0 − z1 − z2| = 2ma, where
ma is the length of the median drawn from A. By Lemma the Sendov-Ilieff
conjecture holds if 4ma ≥ 2bc.
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By the hypothesis, b ≤ 2 and c ≤ 2, and hence 2ma ≥ bc holds both for
ma ≥ b and for ma ≥ c. It remains to consider the case when ma < b and
ma < c.

Relation (3) shows that the Sendov-Ilieff conjecture holds if bc ≤ 3. There-
fore we may assume that bc > 3. In this case

b2 + c2 = (b− c)2 + 2bc > 6,

and therefore b2 +c2−a2 > 6−4 > 0, i.e., ∠A < 90◦. The inequalities b > ma

and c > ma imply that ∠C < 90◦ and ∠B < 90◦, and hence the triangle
ABC is acute.

Let R be the radius of its circumscribed circle, ha the length of the altitude

from A. Then
c

ha
= sin B =

2R

b
, i.e., bc = 2Rha ≤ 2Rma. To obtain the

inequality desired, bc ≤ 2ma, it remains therefore to prove that R ≤ 1. The
acute triangle ABC lies inside the unit circle |z| = 1. If the circumscribed
circle S of the triangle ABC lies inside the unit circle, the inequality R ≤ 1 is
obvious. Let now S and the unit circle have a common chord. Since ABC is
acute, this chord subtends an acute angle ϕ whose vertex coincides with one
of the vertices of the triangle ABC. The same chord subtends the angles ψ
and 180◦− ψ, where ψ ≤ 90◦, whose vertices lie on the unit circle. Moreover,
ψ ≤ ϕ. The inequalities ψ ≤ ϕ < 90◦ < 180◦ − ψ imply that R ≤ 1.

1.2.5 Polynomials whose roots coincide with the roots of their
derivatives

In the paper [Ya] it was stated that if P and Q are monic polynomials (i.e.,
their highest coefficients are equal to 1) and the sets of roots of P and Q
coincide, and the sets of roots of the polynomials P ′ and Q′ also coincide,
then Pm = Qn for certain positive integers m and n. Later certain gaps
were discovered in the proof of this statement and soon a counterexample
was constructed in [Ro2]. The construction of this counterexample is rather
complicated. We advise the interested reader to turn directly to [Ro2].

Concerning properties of polynomials whose roots coincide with the roots
of the derivatives see also [Do1].

1.3 The resultant and the discriminant

1.3.1 The resultant

Consider polynomials f(x) =
n∑

i=0

aix
n−i and g(x) =

m∑

i=0

bix
m−i, where a0 �= 0

and b0 �= 0. Over an algebraically closed field, f and g have a common divisor
if and only if they have a common root. If the field is not algebraically closed,
then the common divisor could be a polynomial without roots.
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The existence of a common divisor of f and g is equivalent, as one can
show, to the existence of polynomials p and q such that fq = gp, where
deg p ≤ n − 1 and deg q ≤ m − 1. Indeed, let f = hp and g = hq. Then
fq = hpq = gp. Suppose now that fq = gp, where deg q ≤ deg g − 1. If f and
g do not have a common divisor, then q divides g: a contradiction.

Let q = u0x
m−1 + · · ·+ um−1 and p = v0x

n−1 + · · ·+ vn−1. The equality
fq = gp can be expressed as a system of equations:

a0u0 = b0v0,

a1u0 + a0u1 = b1v0 + b0v1,

a2u0 + a1u1 + a0u2 = b2v0 + b1v1 + b0v2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The polynomials f and g have a common root if and only if this system has
a nonzero solution (u0, u1, . . . , v0, v1, . . . ). If, for example, m = 3 and n = 2,
the determinant of this system of equations is of the form

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a0 0 0 −b0 0
a1 a0 0 −b1 −b0

a2 a1 a0 −b2 −b1

0 a2 a1 −b3 −b2

0 0 a2 0 −b3

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= ±

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a0 a1 a2 0 0
0 a0 a1 a2 0
0 0 a0 a1 a2

b0 b1 b2 b3 0
0 b0 b1 b2 b3

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= ± detS(f, g).

The matrix

S(f, g) =









a0 a1 a2 0 0
0 a0 a1 a2 0
0 0 a0 a1 a2

b0 b1 b2 b3 0
0 b0 b1 b2 b3









is called the Sylvester matrix of the polynomials f and g. The determinant
of S(f, g) is called the resultant of f and g and is denoted by R(f, g). Clearly,
R(f, g) is a homogeneous polynomial of degree m with respect to indetermi-
nates ai and of degree n with respect to indeterminates bj. The polynomials
f and g have a common divisor if and only if the determinant of the system
considered vanishes, i.e., R(f, g) = 0.

The resultant has many different applications. For example, given poly-
nomial relations P (x, z) = 0 and Q(y, z) = 0 we can, with the help of the
resultant, obtain a polynomial relation of the form R(x, y) = 0, i.e., eliminate
z. Indeed, consider the given polynomials P (x, z) and Q(y, z) as polynomials
in z regarding x and y as constants. Then the vanishing of the resultant of
these polynomials is exactly the relation desired R(x, y) = 0.

The resultant also allows one to reduce the solution of the system of alge-
braic equations to the search for roots of polynomials. Indeed, let P (x0, y0) = 0
and Q(x0, y0) = 0. Consider P (x, y) and Q(x, y) as polynomials in y. For
x = x0, they have a common root y0. Therefore their resultant R(x) vanishes
at x = x0.
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Theorem 1.3.1. Let xi be the roots of f , and yj the roots of g. Then

R(f, g) = am
0 bn

0

∏

(xi − yj) = am
0

∏

g(xi) = bn
0

∏

f(yj).

Proof. Since f(x) = a0(x− x1) · . . . · (x− xn), it follows that

ak = ±a0σk(x1, . . . , xn),

where σk is an elementary symmetric function. Similarly,

bk = ±b0σk(y1, . . . , ym).

The resultant is a homogeneous polynomial of degree m with respect to inde-
terminates ai and of degree n with respect to the bj . Hence

R(f, g) = am
0 bn

0P (x1, . . . , xn, y1, . . . , ym),

where P is a symmetric polynomial in x1, . . . , xn and y1, . . . , ym vanishing at
xi = yj . The formula

xk
i = (xi − yj)xk−1

i + yjx
k−1
i

shows that

P (x1, . . . , ym) = (xi − yj)Q(x1, . . . , ym) + U(x1, . . . , x̂i, . . . , ym).

Substituting xi = yj into this formula we see that U is the zero polynomial.
Similar arguments show that P is divisible by S = am

0 bn
0

∏
(xi − yj).

Since g(x) = b0

m∏

j=1

(x−yj), we have
n∏

i=1

g(xi) = bn
0

∏

i,j

(xi−yj), and therefore

S = am
0

n∏

i=1

g(xi) = am
0

n∏

i=1

(b0x
m
i + b1x

m−1
i + · · ·+ bm)

is a homogeneous polynomial of degree n in indeterminates b0, . . . , bm. For
indeterminates a0, . . . , an, the arguments are similar. It is also clear that the
symmetric polynomial am

0

∏n
i=1(b0x

m
i + b1x

m−1
i + · · · + bm) is a polynomial

in a0, . . . , an, b0, . . . , bm. Hence R(f, g) = R(a0, . . . , bm) = λS, where λ is a
number which does not depend on the ai and bi.

On the other hand, the coefficient of
∏

xm
i in am

0 bn
0P (x1, . . . , ym) and S is

equal to am
0 bn

0 , hence, λ = 1. �

Corollary 1. R(g, f) = (−1)deg f deg gR(f, g).

Corollary 2. If f = gq + r, then

R(f, g) = bdeg f−deg r
0 R(r, g),

where b0 is the leading coefficient of g.
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Proof. Let yj be the roots of g. Then f(yj) = r(yj). It remains use that
R(f, g) = bdeg f

0

∏
f(yj) and R(r, g) = bdeg r

0

∏
f(yj). �

Corollary 3. R(f, gh) = R(f, g)R(f, h)

Proof. Let xi be the roots of f and a0 its leading coefficient. Then

R(f, gh) = adeg g+deg h
0

∏

g(xi)h(xi),

R(f, g) = adeg g
0

∏

g(xi),

R(f, h) = adeg h
0

∏

h(xi). ��

Theorem 1.3.2. Let f(x) =
n∑

i=0

aix
n−i and g(x) =

m∑

i=0

bix
m−i. Then there

exist polynomials ϕ and ψ with integer coefficients in indeterminates a0, . . . , an,
b0, . . . , bm and x for which the identity

ϕ(x, a, b)f(x) + ψ(x, a, b)g(x) = R(f, g)

holds.

Proof. Let c0, . . . , cn+m−1 be the columns of the Sylvester matrix S(f, g)
and yk = xm+n−k−1. Then

y0c0 + · · ·+ yn+m−1cn+m−1 = c,

where c is the column vector
(

xm−1f(x), . . . , f(x), xn−1g(x), . . . , g(x)
)T

.

Consider y0, . . . , yn+m−1 as a system of linear equations for y0, . . . , yn+m−1

and make use of Cramer’s rule in order to find yn+m−1. We obtain

yn+m−1 det(c0, . . . , cn+m−1) = det(c0, . . . , cn+m−2, c). (1)

It remains to notice that yn+m−1 = 1, det(c0, . . . , cn+m−1) = R(f, g) and
the determinant on the right-hand side of (1) can be represented in the form
desired, i.e., as ϕ(x, a, b)f(x) + ψ(x, a, b)g(x). �

1.3.2 The discriminant

Let x1, . . . , xn be the roots of the polynomial f(x) = a0x
n + · · ·+ an, where

a0 �= 0. The quantity

D(f) = a2n−2
0

∏

i<j

(ai − aj)2

is called the discriminant of f .
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Theorem 1.3.3. R(f, f ′) = ±a0D(f).

Proof. By Theorem 1.3.1 we have R(f, f ′) = an−1
0

∏

i

f ′(xi). It is easy to

verify that f ′(xi) = a0

∏

j �=i

(xj − xi). Therefore

R(f, f ′) = a2n−1
0

∏

j �=i

(xj − xi) = ±a2n−1
0

∏

i<j

(xj − xi)2. ��

Remark. It is not difficult to show that

R(f, f ′) = −R(f ′, f) = (−1)n(n−1)/2a0D(f).

Corollary. The discriminant of f is a polynomial in a0, . . . , an with in-
teger coefficients.

Theorem 1.3.4. Let f , g, and h be monic polynomials. Then

D(fg) = D(f)D(g)R2(f, g)

D(fgh) = D(f)D(g)D(h)R2(f, g)R2(g, h)R2(h, f).

Proof. Let x1, . . . , xn be the roots of f , and y1, . . . , ym the roots of g.
Then

D(fg) =
∏

(xi − xj)2
∏

(yi − yj)2
∏

(xi − yj)2 = D(f)D(g)R2(f, g).

The second formula is proved similarly. �

Theorem 1.3.5. Let f be a real polynomial of degree n without real roots.
Then sgn D(f) = (−1)n/2.

Proof. Making use of the factorization

f(x) = a0(x− x1) · . . . · (x− xn)

it is easy to verify that

D ((x− a)f(x)) = D (f(x)) (f(a))2 .

Let a and a be a pair of conjugate roots of f , i.e., f(x) = (x−a)(x−a)g(x).
Then

D (f(x)) = D (g(x)) (a− a)2 (f(a)f(a))2 .

Clearly, sgn(a − a)2 = −1 and (f(a)f(a))2 = |f(a)|4 > 0. Therefore
sgnD(f) = − sgnD(g). Now it is easy to obtain the statement required by
induction on n. �

Theorem 1.3.6. Let f(x) = xn + a1x
n−1 + · · · + an be a polynomial with

integer coefficients. Then its discriminant D(f) is equal to either 4k or 4k+1,
where k is an integer.
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Proof. Let x1, . . . , xn be the roots of f . Then

D(f) = δ2(f), where δ(f) =
∏

i<j

(xi − xj).

Consider an auxiliary polynomial δ1(f) =
∏

i<j

(xi + xj). Clearly, δ1(f) is a

symmetric function of the roots of f , and hence δ1(f) is an integer. Moreover,

δ2
1(f)− δ2(f) =

∏

i<j

(

(xi − xj)2 + 4xixj

)−
∏

i<j

(xi − xj)2 = 4U(x1, . . . , xn),

where U is a symmetric polynomial in x1, . . . , xn with integer coefficients.
Therefore D(f) = δ2

1(f) + 4k1, where k1 is an integer. It is also clear that
δ2
1(f) = 4k2 or 4k2 + 1. �

1.3.3 Computing certain resultants and discriminants

In this section we give several examples on how to compute resultants and
discriminants.

Example 1.3.7. D(xn + a) = (−1)n(n−1)/2nnan−1.

Proof. Let us make use of the fact that

D(f) = (−1)n(n−1)/2R(f, f ′) = (−1)n(n−1)/2
n∏

i=1

f ′(xi),

where x1, . . . , xn are the roots of f . In our case f ′(x) = nxn−1 and
∏

xi =
(−1)na, and therefore

∏
xn−1

i = (−1)n(n−1)an−1 = an−1. �

Example 1.3.8. Let ϕ(x) = xn−1+· · ·+1. Then D(ϕ) = (−1)(n−1)(n−2)/2nn−2.

Proof. Since (x− 1)ϕ(x) = xn − 1, it follows that

D(ϕ) (ϕ(1))2 = D ((x− 1)ϕ(x)) = D(xn − 1) = (−1)(n−1)(n−2)/2nn.

It remains to observe that ϕ(1) = n. �

Example 1.3.9. Let fn(x) = 1 + x + x2

2! + · · ·+ xn

n! . Then

D(n!fn) = (−1)n(n−1)/2(n!)n.

Proof. The polynomial gn = n!fn is monic, and hence

D(g) = (−1)n(n−1)/2R(g, g′) = (−1)n(n−1)/2
n∏

i=1

g′(αi),
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where α1, . . . , αn are the roots of fn. Clearly,

g′(αi) = n!f ′
n(αi) = n!fn−1(αi) = n!

(

fn(αi)− αn
i

n!

)

= −αn
i .

Therefore

D(g) = (−1)n(n−1)/2
n∏

i=1

(−αn
i ).

It remains to observe that
∏

αi = (−1)ng(0) = (−1)nn!. �

Example 1.3.10. Let d = (r, s), r1 =
r

d
and s1 =

s

d
. Then

R(xr − a, xs − b) = (−1)s (as1 − br1)d .

Proof. The relation R(g, f) = (−1)deg f deg gR(f, g) shows that if the de-
sired statement holds for a pair (r, s), then it also holds for a pair (s, r).
Indeed, (−1)rs+d+r = (−1)s. We may therefore assume that r ≥ s.

For s = 0, the statement is obvious. If s > 0, then having divided xr − a
by xs − b we get the residue bxr−s − a. Hence

R(xr − a, xs − b) = R(bxr−s − a, xs − b) =

= R(b, xs − b)R
(

xr−s − a

b
, xs − b

)

=

= bsR
(

xr−s − a

b
, xs − b

)

.

It is easy to see that if R(xr−s− a
b , xs−b) = (−1)s

(

(a
b )s1 − br1−s1

)

, then

R(xr−a, xs−b) = (−1)s (as1 − br1)d
.

It remains to use induction on r + s. �

Example 1.3.11. Let n > k > 0, d = (n, k), n1 =
n

d
and k1 =

k

d
. Then

D(xn + axk + b) =

(−1)n(n−1)/2bk−1
(

nn1bn1−k1 + (−1)n1+1(n− k)n1−k1kk1an1

)d

.

Proof. [Sw] The formula D(f) = (−1)n(n−1)/2R(f, f ′) gives

D(xn + axk + b) = (−1)n(n−1)/2R(xn + axk + b, nxn−1 + kaxk−1) =

= (−1)n(n−1)/2nnR(xn + axk + b, xn−1 + n−1kaxk−1).

Using the fact that

R(f, xmg) = R(f, xm)R(f, g) = (f(0))m R(f, g),
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we obtain

D(xn + axk + b) = (−1)n(n−1)/2nnbk−1R(xn + axk + b, xn−k + n−1ka).

The residue after the division of xn + axk + b by xn−k + n−1ka is equal to
a(1− n−1k)xk + b, and hence

R(xn + axk + b, xn−k + n−1ka) = R
(

a(1 − n−1k)xk + b, xn−k + n−1ka
)

.

The resultant of a pair of two binomials is computed in Example 1.3.10. �

1.4 Separation of roots

Here we discuss various theorems which allow us to compute, or at least
estimate from above, the number of real roots of a polynomial on a given
segment (a, b). Formulations of such theorems often use the notion the number
of sign changes in the sequence a0, a1, . . . , an, where a0an �= 0. This number
is determined as follows: all the zero terms of the sequence considered are
deleted and, for the remaining non-zero terms, one counts the number of
pairs of neighboring terms of different sign.

1.4.1 The Fourier–Budan theorem

Theorem 1.4.1 (Fourier–Budan). Let N(x) be the number of sign changes
in the sequence f(x), f ′(x), . . . , f (n)(x), where f is a polynomial of degree n.
Then the number of roots of f (multiplicities counted) between a and b, where
f(a) �= 0, f(b) �= 0 and a < b, does not exceed N(a) − N(b). Moreover, the
number of roots can differ from N(a)−N(b) by an even number only.

Proof. Let x be a point which moves along the segment [a, b] from a to b.
The number N(x) varies only if x passes through a root of the polynomial
f (m) for some m ≤ n.

Consider first the case when x passes through a root x0 of multiplicity
r of f(x). In a neighborhood of x0, the polynomials f(x), f ′(x), . . . , f (r)(x)
behave approximately as

(x− x0)rg(x0), (x− x0)r−1rg(x0), . . . , r!g(x0),

respectively. Therefore, for x < x0, there are r sign changes in this sequence
and for x > x0 there are no sign changes (assuming that x is sufficiently close
to x0).

Now suppose that x passes through a root x0 of multiplicity r of f (m); let
x0 be not a root of f (m−1). (Of course, x0 can be a root of f as well, as it can
be not a root of f .) We have to prove that under the passage through x0 the
number of sign changes in the sequence f (m−1)(x), f (m)(x), . . . , f (m+r)(x)
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changes by a non-negative even integer. Indeed, in a vicinity of x0 these poly-
nomials behave approximately as

F (x0), (x− x0)rG(x0), (x− x0)r−1rG(x0), . . . , r!G(x0). (1)

Excluding F (x0), we see that the remaining system has exactly r sign changes
for x < x0 and no sign changes for x > x0. Concerning the first two terms,
F (x0) and (x − x0)rG(x0), of the sequence (1) we see that if r is even, then
the number of sign changes is the same for x < x0 and x > x0 whereas if r is
odd, then the number of sign changes for x < x0 is by 1 greater or less than
for x > x0 (depending whether F (x0) and G(x0) have the same sign or the
opposite sign). Thus, for r even, the difference in the number of sign changes
is equal to r and, for r odd, the difference of the number of sign changes is
equal to r± 1. In both these cases this difference is even and non-negative. �

Corollary 1. (The Descartes Rule) The number of positive roots of the
polynomial f(x) = a0x

n + a1x
n−1 + · · · + an does not exceed the number of

sign changes in the sequence a0, a1, . . . , an.

Proof. Since f (r)(0) = r!an−r , it follows that N(0) coincides with the
number of sign changes in the sequence of coefficients of f . It is also clear
that N(+∞) = 0. �

Remark. Jacobi showed that the Descartes Rule can be used also to es-
timate the number of roots between α and β. To this end one should make

the change of variables y =
x− α

β − x
, i.e., set x =

α + βy

1 + y
, and consider the

polynomial

(1 + y)nf

(
α + βy

1 + y

)

= b0y
n + b1y

n−1 + · · ·+ bn.

The Descartes Rule applied to this polynomial yields an estimate of the num-
ber of roots between α and β. Indeed, y varies from 0 to ∞, as x varies from
α to β.

Corollary 2. (de Gua) If the polynomial lacks 2m consecutive terms
(i.e., the coefficients of these terms vanish), then this polynomial has no less
than 2m imaginary roots. If 2m + 1 consecutive terms are missing, then if
they are between terms of different signs, the polynomial has no less than 2m
imaginary roots, whereas if the missing terms are between terms of the same
sign the polynomial has no less than 2m + 2 imaginary roots.

In certain cases the comparison of the sign changes in two sequences allows
one to sharpen the estimate of the number of roots as compared with the
estimate given by the Fourier-Budan theorem. The first to formulate this
type of theorem was Newton but it was proved (by Sylvester) much later,
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in 1871. Let us replace the sequence f(x), f ′(x), . . . , f (n)(x) by the sequence
f0(x), f1(x), . . . , fn(x), where

fi(x) =
(n− i)!

n!
f (i)(x), (2)

and consider one more sequence F0(x), F1(x), . . . , Fn(x), where F0(x) = F (x),
Fn(x) = f2

n(x) and

Fi(x) = f2
i (x)− fi−1(x)fi+1(x), i = 1, . . . , n−1. (3)

Convention 1.4.1 Let us take into account only the pairs fi(x), fi+1(x) for
which sgn Fi(x) = sgn Fi+1(x).

Let N+(x) be the number of pairs for which sgn fi(x) = sgn fi+1(x) and
let N−(x) be the number of pairs for which sgn fi(x) = − sgnfi+1(x).

Theorem 1.4.2 (Newton-Sylvester). Let f be a polynomial of degree n
without multiple roots. Then the number of roots of f between a and b, where
a < b and f(a)f(b) �= 0, does not exceed either N+(b) − N+(a) or N−(a) −
N−(b).

Proof. First consider the case when f satisfies the following conditions:

1) no two consecutive polynomials fi have common roots;
2) no two consecutive polynomials Fi have common roots;
3) the roots of fi and Fi are distinct from a and b.

In this case formula (3) implies that fi and Fi have no common roots.
It is easy to derive from (2) and (3) that

f ′
i = (n− i)fi+1, (4)

fiF
′
i = (n− i− 1)(Fifi+1 + Fi+1fi). (5)

Let x move from a to b. The numbers N±(x) only vary if x passes either
through a root of fi or through a root of Fi. Consider separately the following
three cases.

Case 1: the passage through a root x0 of f0 = f . If f0(x0) = 0, then

F1(x0) = f2
1 (x0)− f0(x0)f2(x0) = f2

1 (x0) > 0.

Therefore the passage through x0 does not involve a change of sign in the
sequence F0(x) = 1, F1(x). Formula (4) implies that sgn f ′(x) = sgn f1(x).
Therefore, if f1(x0) > 0, then f0(x0 − ε) < 0 and f0(x0 + ε) > 0, whereas if
f1(x0) < 0, then f0(x0 − ε) > 0 and f0(x0 + ε) < 0. In both cases

f0(x0 − ε)f1(x0 − ε) < 0 and f0(x0 + ε)f1(x0 + ε) > 0.
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Thus, the passage through x0 increases N+ by 1 and decreases N− by 1. (We
only consider the contribution to N± of the pair f0, f1.)

Case 2: the passage through a root x0 of the polynomial fi, where i ≥ 1.
In this case the change of signs occurs in the sequence fi−1, fi, fi+1. The
possible variants of the signs of the polynomials considered at x = x0 ± ε are
considerably restricted by the following relations:

1) sgn fi+1 = sgn f ′
i due to (4);

2) sgnFi(x0) = sgn
(

f2
i (x0)− fi−1(x0)fi+1(x0)

)

=
− sgn (fi−1(x0)fi+1(x0)) due to (3);

3) sgnFi±1 = sgn f2
i±1 = 1.

If Fi(x0) < 0 the sign changes occur in the pairs Fi−1, Fi and Fi, Fi+1

but, by Convention 1 just before the theorem, we do not consider such pairs.
If Fi(x0) > 0, then fi−1(x0)fi+1(x0) < 0. The signs of the polynomials fi−1,
fi, fi+1 considered at x = x0 ± ε are completely determined by the sign of
fi+1(x0). For both values of the signs, the pairs fi−1(x0 − ε), fi(x0 − ε) and
fi(x0 − ε), fi+1(x0 − ε) contribute to N+ and N−, respectively, and then the
pairs fi−1(x0 + ε), fi(x0 + ε) and fi(x0 + ε), fi+1(x0 + ε) contribute the other
way round to N− and N+, respectively. Thus, their total contribution to N+

as well as to N− does not vary.
Case 3: passage through a root x0 of Fi. In this case the signs of the

polynomials satisfy the following relations:

1)fi−1(x0)fi+1(x0) = f2
i (x0)− Fi(x0) = f2

i (x0) > 0;
2) sgn f ′

i = sgn fi+1;
3) formula (5) implies that sgnF ′

i = sgn fi−1fi+1Fi+1.

An easy perusal of the possible scenarios shows that either both N+

and N− do not vary, or N+ increases by 2, or N− decreases by 2.
It remains to explain how to get rid of conditions 1)–3) imposed on f .

If some of these conditions are not satisfied, then after a small variation of
the coefficients of f these conditions will be satisfied. But the roots of f are
simple ones, and therefore the number of roots of f lying strictly inside the
segment [a, b] does not vary under a small variation of the coefficients. �

Remark. For the polynomial f with multiple roots, one should make use
of a slightly more subtle argument. Namely, one should consider not arbi-
trary small variations but only those for which the real root of multiplicity r
splits into r distinct real roots. To produce such a small variation, it is more
convenient to modify the roots of the polynomial rather than its coefficients.

1.4.2 Sturm’s Theorem

Consider the polynomials f(x) and f1(x) = f ′(x). Let us seek the greatest
common divisor of f and f1 with the help of Euclid’s algorithm:
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f = q1f1 − f2,

f1 = q2f2 − f3,

. . . . . . . . . . . . . . .

fn−2 = qn−1fn−1 − fn,

fn−1 = qnfn.

The sequence f, f1, . . . , fn−1, fn is called the Sturm sequence of the polyno-
mial f .

Theorem 1.4.3 (Sturm). Let w(x) be the number of sign changes in the
sequence

f(x), f1(x), . . . , fn(x).

The number of the roots of f (without taking multiplicities into account) con-
fined between a and b, where f(a) �= 0, f(b) �= 0 and a < b, is equal to
w(a) − w(b).

Proof. First, consider the case when the roots of f are simple (i.e., the
polynomials f and f ′ have no common roots). In this case fn is a nonzero
constant.

Let us verify first of all that when we pass through one of the roots of
polynomials f1, . . . , fn−1 the number of sign changes does not vary. In the
case considered, the neighboring polynomials have no common roots, i.e., if
fr(α) = 0, then fr±1(α) �= 0. Moreover, the equality fr−1 = qr−1fr − fr+1

implies that fr−1(α) = −fr+1(α). But in this case the number of sign changes
in the sequence fr−1(α), ε, fr+1(α) is equal to 2 both for ε > 0 and for ε < 0.

Let us move from a to b. If we pass through a root x0 of f , then first the
numbers f(x) and f ′(x) are of different signs and then they are of the same
sign. Therefore the number of sign changes in the Sturm sequence diminishes
by 1. All the other sign changes, as we have already shown, are preserved
during the passage through x0.

Now consider the case when x0 is a root of multiplicity m of f . In this case
f and f1 have a common divisor (x− x0)m−1, and hence the polynomials are
divisible by (x−x0)m−1. Having divided f, f1, . . . , fr by (x−x0)m−1 we ob-

tain the Sturm sequence ϕ, ϕ1, . . . , ϕr for the polynomial ϕ(x) =
f(x)

(x − x0)m−1
.

The root x0 is a simple one for ϕ, and hence the passage through x0 increases
the number of sign changes in the sequence ϕ, ϕ1, . . . , ϕr by 1. But for a fixed x
the sequence f, f1, . . . , fr is obtained from ϕ, ϕ1, . . . , ϕr by multiplication
by a constant, and therefore the numbers of sign changes in these sequences
coincide. �

1.4.3 Sylvester’s theorem

To compute the Sturm sequence is rather a laborious task. Sylvester suggested
the following more elegant method for computing the number of the real roots
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of the polynomial. Let f be a real polynomial of degree n with simple roots
α1, . . . , αn. Set sk = αk

1 + · · ·+αk
n. (Clearly, to calculate sk one does not have

to know the roots of the polynomial because sk, being a symmetric function,
is expressed in terms of the coefficients of the polynomial.)

Theorem 1.4.4 (Sylvester). a) The number of the real roots of f is equal
to the signature of the quadratic form with the matrix








s0 s1 . . . sn−1

s1 s2 . . . sn

...
...

. . .
...

sn−1 sn . . . s2n








.

b) All the roots of f are positive if and only if the matrix







s1 s2 . . . sn

s2 s3 . . . sn+1

...
...

. . .
...

sn sn+1 . . . s2n+1








.

is positive definite.

Proof. (Hermite) Let ρ be a real parameter. Consider the quadratic form

F (x1, . . . , xn) =
y2
1

α1 + ρ
+ · · ·+ y2

n

αn + ρ
, (1.1)

where yr = x1 + αrx2 + · · ·+ αn−1
r xn. (1.2)

The coefficients of the polynomial F are symmetric functions in the roots
of f , and hence they are real. In particular, this means that the form F can
be represented as

h2
1 + · · ·+ h2

p − h2
p+1 − · · · − h2

n,

where h1, . . . , hn are linear forms in x1, . . . , xn with real coefficients.
To the real root αr there corresponds the summand

y2
r

αr + ρ
=

(x1 + αrx2 + · · ·+ αn−1
r xn)2

αr + ρ
.

This summand can be represented in the form ±h2
r, where the plus sign is

taken if αr + ρ > 0 and the minus sign otherwise.
The contribution of a pair of conjugate roots αr and αs is equal to

Fr,s =
y2

r

αr + ρ
+

y2
s

αr + ρ
.
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Let yr = u + iv and
y

αr + ρ
= λ + iµ, where u, v, λ, µ are real numbers. Then

ys = u− iv and
y

αs + ρ
= λ− iµ. Therefore

Fr,s = 2λ(u2 − v2)− 4µuv.

For u = 0 and for v = 0, the values of Fr,s have opposite signs. Hence after a
change of variables we may assume that Fr,s = u2

1 − v2
1 .

As a result we see that all the roots of f are real and satisfy the inequality
αr > −ρ if and only if the form (1) is positive definite. The matrix elements
of this form are

aij =
αi+j−2

1

α1 + ρ
+ · · ·+ αi+j−2

n

αn + ρ
.

Statements a) and b) are obtained by going to the limit as ρ −→ +∞ and
taking ρ = 0, respectively. �

The quadratic form that appears in Sylvester’s theorem has quite an in-
teresting interpretation. This interpretation will enable us to obtain another
proof of Sylvester’s theorem; moreover, even for polynomials with multiple
roots.

Consider the linear space V = R[x]/(f) consisting of polynomials consid-
ered modulo a polynomial f ∈ R[x]. We assume that f is monic and deg f = n.
The polynomials 1, x, . . . , xn−1 form a basis of V . To every a ∈ V , we may
assign a linear map V → V given by the formula v �→ av (since the elements
of V are polynomials we can multiply them). Let tr(a) be the trace of this
map. Consider the symmetric bilinear form

ϕ(v, w) = tr(vw).

Theorem 1.4.5. a) Let f(x) = (x − α1) · · · · · (x − αn) ∈ R[x] and sk =
αk

1 + · · ·+ αk
n. The matrix of ϕ in the basis 1, x, . . . , xn−1 has the form








s0 s1 . . . sn−1

s1 s2 . . . sn

...
...

. . .
...

sn−1 sn . . . s2n








.

b) The signature of the form ϕ is equal to the number of distinct real roots
of f .

Proof. a) Over C, the polynomial f can be factorized into the product
of relatively prime linear factors f = fm1

1 · . . . · fmr
r . Thanks to the Chinese

remainder theorem (Lemma on p. 69) the map

h (mod f) �→ (h (mod fm1
1 ), . . . , h (mod fmr

r ))
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determines a canonical isomorphism

C[x]/(f) ∼= C[x]/(fm1
1 )× · · · × C[x]/(fmr

r ).

In this decomposition the factors are orthogonal with respect to ϕ. Indeed, let
polynomials hi and hj correspond to factors with distinct numbers i and j,
i.e., hi ≡ 0 (mod f/fmi

i ) and hj ≡ 0 (mod f/f
mj

j ). Then hihj ≡ 0 (mod f),
and therefore the map v �→ hihjv is the zero one. Hence its trace vanishes.
Therefore ϕ = ϕ1 + · · ·+ϕr, where ϕi is the restriction of ϕ onto the subspace
C[x]/(fmi

i ) = C[x]/(x − αi)mi . It remains to verify that ϕi(1, xk) = miα
k
i .

It is easy to calculate the matrix of the form ϕi in the basis

1, x−αi, . . . , (x−αi)mi−1.

Indeed, in this basis the map v �→ (x−αi)kv has a triangular matrix; and the
trace of this matrix is equal to mi if k = 0 and to 0 if k > 0. Since

0 = ϕi(1, x− αi) = ϕi(1, x)− αiϕi(1, 1) = ϕi(1, x)−miαi,

it follows that ϕi(1, x) = miαi. Next, with the help of the equality

ϕi

(

1, (x− αi)k
)

= 0

and induction on k we see that ϕi(1, xk) = miα
k
i .

b) Computing the signature we must remain in R, and therefore we de-
compose f over R into the product of relatevely prime linear or quadratic
factors: f = fm1

1 · . . . · fmr
r . Again consider the decomposition

R[x]/(f) ∼= R[x]/(fm1
1 )× · · · × R[x]/(fmr

r ).

It suffices to verify that the signature of the restriction of ϕ onto R[x]/(fmi

i )
is equal to 1 if deg fi = 1 and to 0 if fi is an irreducible over R polynomial of
degree 2. As we have already established, in the basis 1, x−αi, (x−αi)mi−1,
the matrix of ϕi is equal to








mi 0 . . . 0
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0








.

Therefore if deg fi = 1 the signature of ϕi is equal to 1.
If fi is an irreducible over R polynomial of degree 2, then R[x]/(fmi

i ) ∼=
R[x]/(x2 + 1)mi . Here we mean an isomorphism over R. Therefore it suffices
to calculate the signature of ϕ on R[x]/(x2 +1)m. It is convenient to calculate
the matrix of ϕ in the basis

1, x2, x2 + 1, x(x2 + 1), (x2 + 1)2, . . . , x(x2 + 1)m−1, (x2 + 1)m−1.
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In this basis, the operators of multiplication by x and x2 have matrices









0 1 0 0 0 . . .
−1 0 1 0 0 . . .
0 0 0 1 0 . . .
0 0 −1 0 1 . . .
...

...
...

...
...

. . .










and










−1 0 1 0 0 . . .
0 −1 0 1 0 . . .
0 0 −1 0 1 . . .
0 0 0 −1 0 . . .
...

...
...

...
...

. . .










,

respectively. Therefore the trace of the operator of multiplication by x is equal
to 0 and the trace of the operator of multiplication by x2 is equal to −2m.
The operators of multiplication by xa(x2 + 1)k, where a = 0, 1, 2 and k ≥ 1,
are represented by diagonal matrices with zero main diagonals; their traces
vanish. As a result, we see that the matrix of the form ϕ is equal to










2m 0 0 . . . 0
0 −2m 0 . . . 0
0 0 0 . . . 0
...

...
...

. . . 0
0 0 0 . . . 0










.

The signature of such a form is equal to zero. �

1.4.4 Separation of complex roots

Sturm’s theorem enables one to indicate algorithmically a set of segments that
contain all the real roots of a real polynomial and, moreover, each such seg-
ment contains precisely one root. In a series of papers (1869–1878), Kronecker
developed a theory with an algorithm to indicate a set of disks which contain
all the complex roots of a complex polynomial so that each disk contains ex-
actly one root. More exactly, Kronecker showed that the number of complex
roots inside the given disk can be computed with the help of Sturm’s theorem.

Let z = x + iy. Let us represent the polynomial P (z) in the form P (z) =
ϕ(x, y)+ iψ(x, y). We will assume that P has no multiple roots, i.e., if P (z) =
0, then P ′(z) �= 0.

To every root of P , there corresponds the intersection point of the curves
ϕ = 0 and ψ = 0. Therefore the number of roots of P lying inside a closed
non-self-intersecting curve γ is equal to the number of the intersection points
of the curves ϕ = 0 and ψ = 0 lying inside γ. This number can be calcu-
lated as follows. Let us circumscribe the curve γ in the positive direction, i.e.,
counterclockwise, and to each intersection point of the curves γ and ϕ = 0 we
assign the number εi = ±1 according to the following rule: εi = 1 if we move
from the domain ϕψ > 0 to the domain ϕψ < 0, or εi = −1 if, the other way
round, we move from the domain ϕψ < 0 to the domain ϕψ > 0.

In the general position the number of intersection points of the curves γ
and ϕ = 0 is even (since at every intersection point the function ϕ changes
its sign), and hence

∑
εi = 2k, where k is an integer.
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Theorem 1.4.6 (Kronecker). a) The number k is equal to the number of
intersection points of the curves ϕ = 0 and ψ = 0 lying inside the curve γ.

b) If γ is a circle of given radius with given center, then for the given
polynomial P the number k can be algorithmically computed.

Proof. a) Clearly, dP (z) = (ϕx + iψx)dx + (ψy − iϕy)i dy. Hence

ϕx + iψx = P ′(z) = ψy − iϕy,

and therefore
ψy = ϕx and ψx = −ϕy

(the Cauchy-Riemann relations). Therefore
∣
∣
∣
∣

φx φy

ψx ψy

∣
∣
∣
∣
=
∣
∣
∣
∣

φx φy

φy −φx

∣
∣
∣
∣
= φ2

x + ϕ2
y > 0.

This means that the rotation from the vector gradϕ = (ϕx, ϕy) to the vector
gradψ = (ψx, ψy) is a counterclockwise one. Geometrically this means that
the domains ϕψ > 0 and ϕψ < 0 are positioned as shown in Fig. 1.1.

φ = 0

ψ = 0

φψ < 0

φψ < 0

φψ > 0

φψ > 0

Figure 1.1

Let us contract the curve γ into a point. Under the passage through the
intersection point of the curves ϕ = 0 and ψ = 0 the number k diminishes by
1 (Fig. 1.2) and under the reconstruction depicted on Fig. 1.3 the number k
does not vary. It is also clear that when the curve becomes sufficiently small
it does not intersect the curves ϕ = 0 and ψ = 0, and in this case k = 0.

b) The circle of radius r and center (a, b) can be parameterized with the
real parameter t as follows:

x = a + r
1 − t2

1 + t2
, y = b + r

2t

1 + t2
.

Having substituted these expressions into ϕ(x, y) we obtain a polynomial Φ(t)
with real coefficients. The real roots of this polynomial correspond to the
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γ0

γ1

ψ = 0

φ = 0

+1

−1

Figure 1.2

γ0

γ1

φ = 0

Figure 1.3

intersection points of the curves γ and ϕ = 0. By Sturm’s theorem, for every
root, we can find a segment that contains it. Having calculated the sign of the
function ϕψ at the endpoints of this segment one can find the corresponding
numbers εi. �

1.5 Lagrange’s series and estimates of the roots of a
given polynomial

1.5.1 The Lagrange-Bürmann series

Recall that if f(z) =
∞∑

n=−∞
cn(z − a)n, then

1
2πi

∫

γ

f(z) dz = c−1,

where γ is any curve circumscribing point a. We will use this fact to obtain
the expansion of the function f(z) into a series in powers of ϕ(z) − b, where
b = ϕ(a). To be able to do so, the function ϕ(z) should be invertible in a
neighborhood of a, i.e., ϕ′(a) �= 0. If ϕ(z) is invertible, then

f ′(z)ϕ′(a)
ϕ(z)− ϕ(a)

=
f ′(z)ϕ′(a)

ϕ′(a)(z − a) + · · · =
f ′(a)
z − a

+ . . . ,

and hence
1

2πi

∫

γ

f ′(z)ϕ′(a)
ϕ(z)− ϕ(a)

dz = f ′(a).
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Having integrated this identity, we obtain

f(z)− f(a) =

z∫

a

f ′(ζ) dζ =
1

2πi

z∫

a

∫

γ

f ′(w)ϕ′(ζ)
ϕ(w) − ϕ(ζ)

dw dζ.

Let us transform the expression obtained having separated the terms ϕ(z)−b,
where b = ϕ(a):

f ′(w)ϕ′(ζ)
ϕ(w) − ϕ(ζ)

=
f ′(w)ϕ′(ζ)
ϕ(w) − b

· ϕ(w) − b

ϕ(w) − ϕ(ζ)
,

ϕ(w) − b

ϕ(w) − ϕ(ζ)
=
(

1− ϕ(ζ) − b

ϕ(w) − b

)−1

=
∞∑

m=0

(
ϕ(ζ) − b

ϕ(w) − b

)m

.

By changing the order of integration we obtain

f(z)− f(a) =
1

2πi

∫

γ





z∫

a

f ′(w)ϕ′(ζ)
ϕ(w) − b

∞∑

m=0

(
ϕ(ζ) − b

ϕ(w) − b

)m

dζ



 dw.

When we calculate the integral over ζ we only need the factors depending on
ζ:

z∫

a

ϕ′(z) (ϕ(ζ) − b)m
dζ =

ϕ(z)∫

ϕ(a)

(ϕ(ζ) − b)m
dϕ(ζ) =

(ϕ(ζ) − b)m+1

m + 1

(we have taken into account that ϕ(a)− b = 0).
Thus,

f(z)− f(a) =
∞∑

m=0

(ϕ(ζ) − b)m+1

m + 1
1

2πi

∫

γ

f ′(w) dw

(ϕ(w) − b)m+1 .

Consider a function ψ(w) such that
1

ϕ(w) − b
=

ψ(w)
w − a

, i.e.,

ψ(w) =
w − a

ϕ(w) − b
. (1)

For this function ψ(w), we have

1
2πi

∫

γ

f ′(w) dw

(ϕ(w) − b)m+1 =
1

2πi

∫

γ

f ′(w) (ψ(w))m+1
dw

(w − a)m+1
=

=
1
m!
· dm

dwm

(

f ′(w) (ψ(w))m+1
)

w=a
.
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Indeed,

f ′(w) (ψ(w))m+1 =
∞∑

k=0

ck(w − a)k,

where

ck =
1
k!
· dk

dwk

(

f ′(w) (ψ(w))k+1
)

w=a
.

The integral we are interested in is equal to cm — the coefficient of (w− a)−1

in the series
∞∑

k=0

ck(w − a)k−m−1.

As a result, we obtain the following expansion of f(z) into powers of ϕ(z)−
b:

f(z)− f(a) =
∞∑

n=1

(ϕ(z)− b)n

n!
· dn−1

dwn−1

(

f ′(w) (ψ(w))n
)

w=a
, (2)

where ψ(w) is given by formula (1). The series (2) is called Bürmann’s series.
Bürmann obtained it in 1799 while generalizing a series Lagrange obtained

in 1770. The Lagrange series can be obtained from Bürmann’s series for

ϕ(z) =
z − a

h(z)
, where h(z) is a function. In this case b = ϕ(a) = 0 and

ψ(z) =
z − a

ϕ(z)− b
= h(z).

Therefore

f(z) = f(a) +
∞∑

n=0

sn

n!
· dn−1

dan−1

(

f ′(a) (h(a))n
)

,

where s = ϕ(z). In particular,

z = a +
∞∑

n=0

sn

n!
· dn−1

dan−1
(h(a))n

. (3)

Thus, if the series (3) converges, it enables one to calculate the roots of the
equation

z = a + s h(z).

Example. Let h(z) =
1
z
. In this case the series (3) has the form

z = a +
∞∑

n=1

(−1)n−1(2n− 2)!
n! (n− 1)! a2n−1

sn. (4)

Series (4) converges for |s| < |a|2
4

. The equation under consideration,

z = a +
s

z
,
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has two roots

a

2

(

1 +

√

1 +
4s2

a2

)

and
a

2

(

1−
√

1 +
4s2

a2

)

.

The series (4) represents only the first of these roots.

1.5.2 Lagrange’s series and estimation of roots

Lagrange’s series enables one in certain cases to estimate the roots of polyno-
mials. Consider, for example, the polynomial

f(z) = a0 + a1(z − c) + a2(z − c)2 + · · ·+ ak(z − c)k.

The equation f(z) = 0 can be expressed in the form

z = c + s h(z),

where s = − 1
a1

and h(z) = a0 + a2(z − c)2 + a3(z − c)3 + · · · + ak(z − c)k.

Lagrange’s series for this equation is of the form

z = c +
∞∑

n=1

sn

n!
· dn−1

dzn−1
(hn(z))z=c .

In our case

hn(z) =
∑

ν0+ν2+···+νk=n

aν0
0 aν2

2 · . . . · aνk

k

n!
ν0! ν2! · . . . · νk!

(z − c)2ν2+···+kνk ,

and hence

dn−1

dzn−1
(hn(z))z=c =

∑ (n− 1)!
ν0! ν2! · . . . · νk!

aν0
0 aν2

2 · . . . · aνk

k , (1)

where the sum runs over the collections {ν0, ν2, . . . , νk} such that

ν0 + ν2 + · · ·+ νk = n, 2ν2 + · · ·+ kνk = n− 1.

These relations are equivalent to the relations

n− 1 = 2ν2 + · · ·+ kνk, ν0 = ν2 + 2ν3 + · · ·+ (k − 1)νk + 1.

Since s = − 1
a1

, we obtain

z = c− a0

a1

∑ (2ν2 + · · ·+ kνk)!
ν0! ν2! · . . . · νk!

(

a0a2

(−a1)2

)ν2

· . . . ·
(

ak−1
0 ak

(−a1)k

)νk

, (2)

where ν0 = ν2 + 2ν3 + · · ·+ (k − 1)νk + 1.
If the series (2) converges, the number z so determined is one of the roots

of the equation f(z) = 0.
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Theorem 1.5.1 ([Be3]). Let |a0| + |a2| + · · · + |ak| < |a1|. Then the series
(2) converges and the root z determined by the series satisfies

|z − c| ≤ − ln
(

1− 1
|a1| (|a0|+ |a2|+ · · ·+ |ak|)

)

.

Proof. Formula (1) implies that
∣
∣
∣
∣

1
n!
· dn−1

dzn−1
(hn(z))z=c

∣
∣
∣
∣
≤ 1

n
(|a0|+ |a2|+ · · ·+ |ak|)n

.

Hence

|z − c| ≤
∞∑

n=1

|a1|−n

n
(|a0|+ |a2|+ · · ·+ |ak|)n =

− ln
(

1− 1
|a1| (|a0|+ |a2|+ · · ·+ |ak|)

)

. ��

1.6 Problems to Chapter 1

1.1 Prove that a polynomial f(x) is divisible by f ′(x) if and only if f(x) =
a0(x− x0)n.

1.2 Prove that the polynomial

a0 + a1x
m1 + a2x

m2 + · · ·+ anxmn

has at most n positive roots.

1.3 [Newton] Prove that if all the roots of the polynomial

P (x) = a0x
n + a1x

n−1 + · · ·+ an

with real coefficients are real and distinct, then

a2
i >

n− i + 1
n− 1

· i + 1
i

ai−1ai+1 for i = 1, 2, . . . , n− 1.

1.4 Prove that the polynomial

a1x
m1 + a2x

m2 + · · ·+ anxmn

has no nonzero roots of multiplicity greater than n− 1.

1.5 Find the number of real roots of the following polynomials:

a) 1 + x +
x2

2
+ · · ·+ xn

n
;

b) nxn − xn−1 − · · · − 1.



42 1 Roots of Polynomials

1.6 Let 0 = m0 < m1 < · · · < mn and mi ≡ i (mod 2). Prove that the
polynomial

a0 + a1x
m1 + a2x

m2 + · · ·+ anxmn

has at most n real roots.

1.7 Let x0 be a root of the polynomial xn +a1x
n−1 + · · ·+an. Prove that for

any ε > 0 there exists a δ > 0 such that if |ai − a′
i| < δ for i = 1, . . . , n, then

the polynomial xn + a′
1x

n−1 + · · ·+ a′
n has a root x′

0 such that |x0 − x′
0| < ε.

1.8 Let the numbers a1, . . . , an be distinct and let the numbers b1, . . . , bn be
positive. Prove that all the roots of the equation

∑ bk

x− ak
= x− c, where c ∈ R,

are real.

1.9 Find all the roots of the equation

(x2 − x + 1)3

x2(x− 1)2
=

(a2 − a + 1)3

a2(a− 1)2
.

1.10 Find the number of roots of the polynomial xn +xm−1 whose absolute
values are less than 1.

1.11 Let f(z) = zn + a1z
n−1 + · · · + an, where a1, . . . , an ∈ C. Prove that

any root z of f satisfies −β ≤ Re z ≤ α, where α is the only positive root of
the polynomial

xn + (Re a1)xn−1 − |a2|xn−2 − · · · − |an|

and β is the only positive root of the polynomial

xn − (Re a1)xn−1 − |a2|xn−2 − · · · − |an|.

1.12 [Su1] Let f(z) be a polynomial of degree n with complex coefficients.
Prove that the polynomial F = f ·f ′ ·f ′′ · . . . ·f (n−1) has at least n+1 distinct
roots.

1.7 Solutions of selected problems

1.3. Set Q(y) = ynP (y−1). The roots of Q(y) are also real and distinct. Hence
the roots of the quadratic polynomial

Q(n−2)(y) = (n−2) ·(n−3) · · · ··4 ·3 (n(n− 1)any2 + 2(n− 1)an−1y + 2an−2

)
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are real and distinct. Therefore

(n− 1)2a2
n−1 > 2n(n− 1)anan−2.

If i = n− 1 the desired inequality is proved.
Now consider the polynomial

P (n−i−1)(x) = b0x
i+1 + b1x

i + · · ·+ bi+1x
2 + bix + bi−1.

Applying to it the inequality already proved we obtain

b2
i >

2(i + 1)
i

bi−1bi+1.

Since

bi+1 = (n− i + 1) · . . . · 4 · 3 ai+1,

bi = (n− i) · . . . · 3 · 2 ai,

bi−1 = (n− i− 1) · . . . · 2 · 1 ai−1,

it follows that

(2(n− i)ai)
2

>
2(i + 1)

i
2(n− i + 1)(n− i)ai−1ai+1.

After simplification we obtain the desired inequality.
1.11. As x grows from 0 to +∞, the function xn ± Re a1 monotonically

increases, whereas the function

|a2|
x

+
|a3|
x2

+ · · ·+ |an|
xn−1

monotonically decreases. Therefore each of the polynomials considered has
only one positive root.

Let f(z) = 0 and Re z > α. Then

α + Re a1 < Re(z + a1) ≤ |z + a1| =
∣
∣
∣
a2

z
+

a3

z2
+ · · ·+ an

zn−1

∣
∣
∣ ≤

≤ |a2|
|z| + · · ·+ |an|

|z|n−1
<
|a2|
α

+ · · ·+ |an|
αn−1

(the last inequality follows since |z| ≥ Re z > α). On the other hand, by the
hypothesis

α + Re a1 =
|a2|
α

+ · · ·+ |an|
αn−1

:

a contradiction.
The estimate of Re z from below is obtained as the estimate from above

of the real part of the root z of (−1)nf(−z).



44 1 Roots of Polynomials

1.12. Let z1, . . . , zm be the distinct roots of F , and let µj(r) be the multi-
plicity of zj as a root of f (r), where r = 0, 1, . . . , n−1. Consider the symmetric
functions

sk(r) =
k∑

j=1

µj(r)zk
j , (1)

i.e., sk(r) is the sum of the kth powers of the roots of f (r). The elementary
symmetric functions in the roots of f (r) will be denoted by σk(r) (for k > n−r
we set σk(r) = 0).

It is easy to verify that, if f(z) =
n∑

k=0

(−1)kakzn−k, then

f (r)(z) =
n−r∑

k=0

(−1)kak
(n− k)!

(n− k − r)!
zn−k−r.

Hence

σk(r) =
ak

a0
· (n− k)!(n− r)!

n!(n− k − r)!
=

ak

a0
· (n− k)!

n!
· (n− r) · · · · · (n− k − r + 1).

Therefore σk(r) is a polynomial of degree k in r and σk(n) = 0.
On p. 79, for k ≥ 1, the identity

sk =

∣
∣
∣
∣
∣
∣
∣
∣
∣

σ1 1 0 . . . 0
2σ2 σ1 1 . . . 0
...

...
...

. . .
...

kσk σk−1 σk−2 . . . σ1

∣
∣
∣
∣
∣
∣
∣
∣
∣

is proved. This identity implies, in particular, that sk(r), where k > 0, can
be represented as a linear combination of expressions σk1(r) · · · σkp(r), where
k1 + · · ·+kp = k, and the coefficients of this linear combination do not depend
on r. Therefore, if k ≥ 1, then sk(r) is a polynomial in r of degree not greater

than k. It is also clear that s0(r) =
m∑

j=1

µj(r) = n − r and sk(n) = 0 for all

k ≥ 0.
Consider the relation (1) for k = 0, 1, . . . , m−1 as a system of linear equa-

tions for unknowns µj(r), where j = 1, . . . , m. By the hypothesis, the numbers
z1, . . . , zm are distinct, and therefore the determinant of the system consid-
ered does not vanish (this determinant is a it Vandermond determinant, see
[Pr1]). Having solved this system of linear equations via Cramer’s algorithm
we obtain a representation of µj(r) in the form of a linear combination of the
sk(r), where k = 0, . . . , m−1, with coefficients independent of r. Hence µj(r)
is a polynomial in r of degree dj ≤ m− 1. Since sk(n) = 0 for all k, we have
µj(n) = 0.

Let the number of distinct roots of F be strictly less than n + 1, i.e.,
m < n + 1. Then dj ≤ m − 1 < n, i.e., µj(r) is a polynomial in r of degree
≤ n− 1. In this case
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deg ∆1µj(r) = µj(r + 1)− µj(r) ≤ n− 2,

deg ∆2µj(r) = ∆1µj(r + 1)−∆1µj(r) ≤ n− 3, . . . ,

∆n−1µj(r) is a constant, and ∆nµj(r) is identically zero. In particular,

∆nµj(0) =
n∑

r=0

(−1)r

(
n

r

)

µj(r) = 0.

To arrive at a contradiction, it suffices to show that ∆nµ1(0) �= 0.
Consider the convex hull of the roots of f . By the Gauss-Lucas theorem

(Theorem 1.2.1 on p. 13), this convex hull coincides with the convex hull of
the points z1, . . . , zm. We may assume that z1 is a vertex of the convex hull of
the roots of f . Then z1 lies outside the convex hull of the points z2, . . . , zm.
Let µ = µ1(0) be the multiplicity of z1 as of a root of f . Then for 0 ≤ r ≤ µ−1
the number z1 is a root of multiplicity µ − r of f (r) and f (µ)(z1) �= 0. The
convex hull of the roots of f (µ) does not contain z1, and hence f (r)(z1) �= 0
for r ≥ µ. Therefore

µ1(r) =

{

µ− r for 0 ≤ r ≤ µ− 1;
0 for r ≥ µ.

It is also clear that µ ≤ n− 1, since f has at least one root distinct from z1.
Hence

∆2µ1(r) =

{

0 for 0 ≤ r ≤ n− 1, r �= µ− 1;
1 for r = µ− 1.

Therefore, for n > 2, we obtain

∆nµ1(0) = ∆n−2
(

∆2µ1

)

(0) =
n−2∑

r=0

(−1)r

(
n− 2

r

)

∆2µ1(r) = (−1)µ−1

(
n− 2
µ− 1

)

,

and, for n = 2, we obtain µ = 1 and ∆2µ1(0) = 1. In both cases ∆nµ1(0) �= 0,
as was required.
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Irreducible Polynomials

2.1 Main properties of irreducible polynomials

2.1.1 Factorization of polynomials into irreducible factors

Let f and g be polynomials in one variable with coefficients from a field k. We
say that f is divisible by g if f = gh, where h is a polynomial (with coefficients
in k).

The polynomial d is called a common divisor of f and g if both f and
g are divisible by d. The common divisor d of f and g is called the greatest
common divisor if it is divisible by any common divisor of f and g. Clearly,
the greatest common divisor is defined uniquely up to multiplication by a
nonzero element of k.

One can find the greatest common divisor d = (f, g) of f and g with the
help of the following Euclid’s algorithm. Suppose, for the sake of definiteness,
that deg f ≥ deg g. Let r1 be the remainder after division of f by g, let
r2 be the remainder after division of g by r1, and generally let rk+1 be the
remainder after division of rk−1 by rk. Since the degrees of the polynomials
ri strictly decrease, it follows that, for some n, we have rn+1 = 0, i.e., rn−1 is
divisible by rn. We see that both f and g are also divisible by rn because rn

divides all the polynomials rn−1, rn−2, . . . . Moreover, if f and g are divisible
by a polynomial h, then rn is also divisible by h since h divides r1, r2, . . . .
Therefore rn = (f, g).

Euclid’s algorithm directly implies important corollaries which we formu-
late as a separate theorem.

Theorem 2.1.1. a) If d is the greatest common divisor of polynomials f and
g, then there exist polynomials a and b such that d = af + bg.

b) Let f and g be polynomials over the field k ⊂ K. If f and g have a
non-trivial common divisor over K, they have a nontrivial common divisor
over k also.

 V.V. Prasolov, Polynomials, Algorithms and Computation in Mathematics 11, 47
DOI 10.1007/978-3-642-03980-5_2, © Springer-Verlag Berlin Heidelberg 2010 
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A polynomial f with coefficients from a ring k is called reducible over k
if f = gh, where g and h are polynomials of positive degree with coefficients
from k. Otherwise f is called irreducible over k.

Let f = f1 · . . . · fs be a factorization of a polynomial f over a field k into
factors f1, . . . , fs which are polynomials over k. From the factorization into
the product of factors with arbitrary coefficients we can pass to factorization
into monic polynomials. Indeed, if fi(x) = aix

i + · · · is a polynomial over the

field k, then gi =
fi

ai
is a monic polynomial over k. Hence, we can replace

the factorization f = f1 · . . . · fs by the factorization f = ag1 · . . . · gs, where
a = a1 · . . . · as. We will not distinguish two factorizations of such a form that
differ only by the order of factors.

Theorem 2.1.2. Let k be a field. Then the polynomial f ∈ k[x] can be fac-
torized into irreducible factors and this factorization is unique.

Proof. The existence of the factorization is easy to prove by induction on
n = deg f . First of all, observe that, for irreducible f , the desired factorization
consists of f itself.

For n = 1, the polynomial f is irreducible. Let the factorization exist for
any polynomial of degree < n and let deg f = n. We may assume that f is
reducible, i.e., f = gh, where deg g < n and deg h < n. But the factorizations
for g and h exist by the induction hypothesis.

Let us prove now the uniqueness of the factorization. Let ag1 · . . . · gs =
bh1 ·. . .·ht, where a, b ∈ k and g1, . . . , gs, h1, . . . , ht are irreducible monic poly-
nomials over k. Clearly, in this case a = b. The polynomial g1 · · · gs is divisible
by the irreducible polynomial h1. This means that one of the polynomials
g1, . . . , gs is divisible by h1. To see this, it suffices to prove the following aux-
iliary statement.

Lemma. If the polynomial qr is divisible by an irreducible polynomial p,
then either q or r is divisible by p.

Proof. Suppose that q is not divisible by p. Then (p, q) = 1, i.e., there
exist polynomials a and b such that ap+ bq = 1. Having multiplied both sides
of this identity by r we get apr + bqr = r. But pr and qr are divisible by p,
and so r is also divisible by p. �

For definiteness, let g1 be divisible by h1. Taking into account that g1 and
h1 are monic irreducible polynomials, we deduce that g1 = h1. Let us simplify
the equality g1 · . . . · gs = h1 · . . . · ht having divided by g1 = h1. After several
such operations we deduce that s = t and g1 = hi1 , . . . , gs = his , where
{i1, . . . , is} is a permutation of the set {1, . . . , s}. �

Irreducibility of polynomials over the ring of integers Z is defined exactly
as for polynomials over fields, i.e., f ∈ Z[x] is irreducible over Z if it cannot
be represented as a product of polynomials of positive degree with integer



2.1 Main properties of irreducible polynomials 49

coefficients. But when the coefficients of the polynomial belong to a ring one
cannot always divide the coefficients by the highest coefficient; one can only
divide the coefficients by the greatest common divisor of all the coefficients.
This complication leads to the following definition. Let f(x) =

∑
aix

i, where
ai ∈ Z. The greatest common divisor of the coefficients a0, . . . , an is called
the content of f and denoted by cont(f). Clearly, f(x) = cont(f)g(x), where
g is a polynomial over Z with content 1.

Lemma. cont(fg) = cont(f) cont(g).

Proof. It suffices to consider the case where cont(f) = cont(g) = 1. In-
deed, the coefficients of the polynomials f and g can be divided by cont(f)
and cont(g) respectively.

Let f(x) =
∑

aix
i, g(x) =

∑
bix

i, fg(x) =
∑

cix
i. Suppose that

cont(fg) = d > 1 and p is a prime divisor of d. Then all the coefficients
of fg are divisible by p whereas f and g have coefficients not divisible by p.
Let ar be the first coefficient of f not divisible by p, and bs the first coefficient
of g not divisible by p. Then

cr+s = arbs + ar+1bs−1 + ar+2bs−2 + · · ·+ ar−1bs+1 + ar−2bs+2 + · · ·
≡ arbs �≡ 0 (mod p),

since
bs−1 ≡ bs−2 ≡ · · · ≡ b0 ≡ 0 (mod p),

ar−1 ≡ ar−2 ≡ · · · ≡ a0 ≡ 0 (mod p).

Thus we have a contradiction. �

Corollary. A polynomial with integer coefficients is irreducible over Z if
and only if it is irreducible over Q.

Proof. Let f ∈ Z[x] and f = gh, where g, h ∈ Q[x]. We may assume
that cont(f) = 1. For g, select a positive integer m such that mg ∈ Z[x].
Let n = cont(mg). Then the rational r =

m

n
is such that rg ∈ Z[x] and

cont(rg) = 1. Similarly, select a positive rational number s for h. Let us show
that in this case rs = 1, i.e., the factorization f = (rg)(sh) is a factorization
over Z. Indeed, thanks to Gauss’s lemma, cont(rg) cont(sh) = cont(rsgh), i.e.,
1 = cont(rsf). Since cont(f) = 1 we deduce that rs = 1. �

Kronecker suggested the following algorithm for factorization of any poly-
nomial f ∈ Z[x] into irreducible factors (Kronecker’s algorithm). Let deg f =
n and r =

[n

2

]

. If f(x) is reducible, it has a divisor g(x) of degree not higher
than r.

To find this divisor g(x), consider the numbers cj = f(j), where j = 0,
1, . . . , r. If cj = 0, then x − j divides f(x). If on the contrary cj �= 0, then
g(j) divides cj . To every set d0, . . . , dr of divisors of the numbers c0, . . . , cr,



50 2 Irreducible Polynomials

respectively, there corresponds precisely one polynomial g(x), of degree not
higher than r, such that g(j) = dj for j = 0, 1, . . . , r. Namely,

g(x) =
r∑

j=0

djgj(x), where gj(x) =
∏

0≤k≤r,k �=j

(
x− k

j − k

)

.

For each such polynomial, one has to verify if its coefficients are integers and
if it actually divides f(x).

Other, more effective, algorithms for factorization of polynomials into ir-
reducible factors are given below (see p. 71–73 and 279–288).

2.1.2 Eisenstein’s criterion

One of the best known irreducibility criteria of polynomials is the following
Eisenstein’s criterion.

Theorem 2.1.3 (Eisenstein’s criterion). Let f(x) = a0 +a1x+ · · ·+anxn

be a polynomial with integer coefficients such that the coefficient an is not
divisible by a prime p, while the coefficients a0, . . . , an−1 are divisible by p but
a0 is not divisible by p2. Then f is irreducible over Z.

Proof. Suppose that

f = gh =
(∑

bkxk
)(∑

clx
l
)

,

where g and h are polynomials of positive degree with integer coefficients. The
number b0c0 = a0 is divisible by p, and hence one of the numbers b0 and c0 is
divisible by p. Let, for the sake of definiteness, b0 be divisible by p. Then c0

is not divisible by p since a0 = b0c0 is not divisible by p2. If all the numbers
bi are divisible by p, then so is an. Therefore bi is not divisible by p for some
i, where 0 < i ≤ deg g < n; we may assume that i is the least index of the
numbers bi not divisible by p.

On the one hand, by assumption the number ai is divisible by p. On
the other hand, ai = bic0 + bi−1c1 + · · · + b0ci, where all the summands
bi−1c1, . . . , b0ci are divisible by p while bic0 is not divisible by p: a contradic-
tion. �

Example 2.1.4. Let p be a prime and let q be not divisible by p. Then xm−pq
is irreducible over Z.

Example 2.1.5. If p is a prime, then f(x) = xp−1 + xp−2 + · · · + x + 1 is
irreducible.

Indeed, one can apply Eisenstein’s criterion to the polynomial

f(x + 1) =
(x + 1)p − 1
(x + 1)− 1

= xp−1 +
(

p

1

)

xp−2 + · · ·+
(

p

p− 1

)

.
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Example 2.1.6. For any positive integer n, the polynomial

f(x) = 1 + x +
x2

2!
+ · · ·+ xn

n!

is irreducible.

Proof. We have to prove that the polynomial

n!f(x) = xn + nxn−1 + n(n− 1)xn−2 + · · ·+ n!

is irreducible over Z. To this end, it suffices to find the prime p such that n!
is divisible by p but is not divisible by p2, i.e., p ≤ n < 2p.

Let n = 2m or n = 2m + 1. Bertrand’s postulate (for its proof, see, e.g.,
[Ch1]) states that

there exists a prime p such that m < p ≤ 2m.

For n = 2m, the inequalities p ≤ n < 2p are obvious. For n = 2m + 1, we
obtain the inequalities p ≤ n− 1 and n− 1 < 2p. But in this case the number
n − 1 is even, and hence the inequality n − 1 < 2p implies n < 2p. It is also
clear that p ≤ n− 1 < n. �

2.1.3 Irreducibility modulo p

Let Fp be the residue field modulo p. Every polynomial with integer coefficients
can be also considered as a polynomial with coefficients from Fp. A polynomial
irreducible over Z can become reducible over Fp for all p, and the construction
of an example to show this is based on the following theorem.

Theorem 2.1.7. The polynomial P (x) = x4 + ax2 + b2, where a, b ∈ Z, is
reducible over Fp for all primes p.

Proof. For p = 2, there are only 4 polynomials of the form indicated,
namely,

x4, x4 + x2 = x2(x2 + 1), x4 + 1 = (x + 1)4, x4 + x2 +1 = (x2 +x +1)2.

All these polynomials are reducible.
Let p be an odd prime. Then we can select an integer s such that a ≡ 2s

(mod p). We have

P (x) = x4 + ax2 + b2 ≡ (x2 + s)2 − (s2 − b2) ≡
≡ (x2 + b)2 − (2b− 2s)x2 ≡
≡ (x2 − b)2 − (−2b− 2s)x2 (mod p).

Thus it suffices to prove that one of the numbers s2 − b2, 2b− 2s, −2b− 2s is
a quadratic residue modulo p.
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Let us recall the basic notions of the theory of quadratic residues. Under
the map x �→ x2 the elements x and −x turn into the same element. Therefore

the image of the set of nonzero elements of Fp under this map consists of
p− 1

2
elements. On the other hand, if x = y2, then x(p−1)/2 = yp−1 = 1, i.e., all

the
p− 1

2
elements of the image satisfy the equation x(p−1)/2 = 1, which

cannot have more than
p− 1

2
solutions. The elements that do not lie in the

image of the map x �→ x2 satisfy the equation x(p−1)/2 = −1. Therefore, if
two integers are not perfect squares modulo p, then their product is a perfect
square modulo p.

Suppose that 2b− 2s and −2b− 2s are not squares modulo p. Then their
product 4(s2 − b2) is a square modulo p, and hence so is s2 − b2. �

Example 1. The polynomial x4 + 1 is irreducible over Z but reducible
modulo p for all primes p.

Proof. It suffices to prove that x4 + 1 is irreducible over Z. The roots of

this polynomial are
±1± i

2
. Every polynomial with real coefficients can have

non-real roots only if they occur in complex conjugate pairs. Therefore the
only nontrivial real divisors of x4 +1 are the polynomials x2±√2x+1 whose

roots are
1± i

2
and

−1± i

2
. Both these polynomials do not lie in Z[x]. �

Example 2. Let c ∈ N and
√

c /∈ Q. Then the polynomial P (x) = x4 +
2(1− c)x2 + (1 + c)2 is irreducible over Z but reducible modulo any prime p.

Proof. It suffices to prove that P (x) is irreducible over Z. It is easy
to verify that the roots of P are equal to ±

√

−1 + c± 2i
√

c = ±i ± √c.
Combining the complex conjugate roots into pairs we obtain the polynomials
x2 ± 2

√
cx + 1 + c. These polynomials do not lie in Z[x]. �

2.2 Irreducibility criteria

2.2.1 Dumas’s criterion

Let p be a fixed prime, and let f(x) =
n∑

i=0

Aix
i be a polynomial with integer

coefficients such that A0An �= 0. Let us represent the nonzero coefficients
of f in the form Ai = aip

αi , where ai is an integer not divisible by p. To
every nonzero coefficient aip

αi we assign a point in the plane with coordinates
(i, αi). These points give rise to the Newton diagram of the polynomial f
(corresponding to p). The construction of the diagram is as follows.

Let P0 = (0, α0) and P1 = (i1, αi1), where i1 is the largest integer for which
there are no points (i, αi) below the line P0P1. Further, let P2 = (i2, αi2),
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where i2 is the largest integer for which there are no points (i, αi) below the
line P1P2, etc. (fig. 2.1). The very last segment is of the form Pr−1Pr, where
Pr = (n, αn). If some segments of the broken line P0 . . . Pr pass through points
with integer coordinates, then such points will be also considered as vertices
of the broken line. In this way, to the vertices P0, . . . , Pr, we add s ≥ 0 more
vertices. The resulting broken line Q0 . . .Qr+s is called the Newton diagram
(here Q0 = P0 and Qr+s = Pr). The segments PlPl+1 and QiQi+1 will be
called sides and segments of the Newton diagram respectively, and the vectors−−−−−→
QiQi+1 will be called the vectors of the segments of the Newton diagram.

P0 = Q0

P1 =Q1

P2 = Q2 P3 = Q4Q3

P4 = Q5

P5 = Q6

Figure 2.1

Consider the system of vectors of the segments for the Newton diagram,
taking each vector with its multiplicity, i.e., as many times as it enters the set
of vectors of segments.

Theorem 2.2.1 (Dumas, [Du2]). Let f = gh, where f , g, and h are poly-
nomials with integer coefficients. Then the system of vectors of the segments
for f is the union of the systems of vectors of the segments for g and h (pro-
vided p is the same for all the polynomials).

Proof. [W] Let

f(x) =
n∑

i=0

aip
αixi, g(x) =

m∑

j=0

bjp
βj xj , h(x) =

n−m∑

k=0

ckpγkxk,

where the numbers ai, bj , ck are not divisible by p. Take a side of the Newton
diagram for f (recall that a side PlPl+1 may consist of several segments of
the Newton diagram). Let the coordinates of Pl and Pl+1 be (i−, αi−) and
(i+, αi+) respectively. The slope of PlPl+1 is

M =
αi+ − αi−

i+ − i−
.



54 2 Irreducible Polynomials

Let αi+ − αi− = At and i+ − i− = It, where t > 0 is the greatest common
divisor of αi+ − αi− and i+ − i−. Then M = A/I, where (A, I) = 1.

The side PlPl+1 of the Newton diagram belongs to the straight line

Iα−Ai = F, where F = Iαi+ −Ai+ = Iαi− −Ai−.

By assumption all the points (i, αi), where i = 0, 1, . . . , n, lie on or above this
line, i.e., Iαi − Ai ≥ F , where this inequality is strict for i < i− and i > i+.
The number Iαi −Ai will be called the weight of the monomial apαxi, where
(a, p) = 1. The numbers i− and i+ are uniquely determined as the least and
the greatest exponents of the power of x for the monomials entering f with
the minimal weight.

For the polynomial g, consider the quantity

G = min
j=0,...,m

{Iβj −Aj},

and define j− and j+ as the least and the greatest indices for which

G = Iβj− −Aj− = Iβj+ −Aj+.

Similarly, for the polynomial h, consider the quantity

H = min
k=0,...,n−m

{Iγk −Ak},

and define k− and k+ as the least and the greatest indices for which

H = Iγk− −Ak− = Iγk+ −Ak+.

Clearly,

aj−+k−pαj−+k− =
∑

j+k=j−+k−

(bjp
βjxj)(ckpγkxk).

The weight of the product of two terms is equal to the sum of their weights,
and therefore the weight of the summand with j = j− and k = k− is equal
to G + H . The weights of all the other summands are strictly greater than
G + H since, for them, either j < j− or k < k−.

Indeed, let, for example, j < j−. Then the weight of bjp
βj xj is strictly

greater than G and the weight of ckpγkxk is not less than H .
The weight of (bjp

βj xj)(ckpγkxk) for j+k = const increases monotonically
as βj + γk grows since I > 0. In the case considered, j + k = j− + k−, and
therefore the sum βj +γk is strictly minimal at j = j− and k = k−. Therefore
the weight of aj−+k−pαj−+k− is equal to G + H .

It is also clear that for i < j− + k− the weight of aip
αixi is strictly greater

than G + H , whereas for i ≥ j− + k− the weight of aip
αixi is not less than

G + H . Therefore G + H = F and j− + k− = i−. We similarly prove that
j+ + k+ = i+. Thus,



2.2 Irreducibility criteria 55

i+ − i− = (j+ − j−) + (k+ − k−). (1)

In particular, one of the numbers j+ − j− and k+ − k− is nonzero.
If both the numbers j+ − j− and k+ − k− are nonzero, then the segment

with the end points (j−, βj−) and (j+, βj+) is a side of the Newton diagram
for g and the segment with the end points (k−, γk−) and (k+, γk+) is a side of
the Newton diagram for h. The slope of both segments is equal to M = A/I
since

βj+ − βj−

j+ − j−
=

A

I
=

γk+ − γk−

k+ − k−
.

Relation (1) shows that the sum of the lengths of the sides with slope M of
the Newton diagrams for g and h is equal to the length of the side with the
same slope M of the Newton diagram for f .

If one of the numbers j+ − j− and k+ − k− vanishes, then the Newton
diagram of one of the polynomials g or h has a side with slope M and its
length is equal to the length of the side of the Newton diagram for f , whereas
the Newton diagram of the other polynomial has no side with slope M .

Thus, the vector of the side with slope M of the Newton diagram for f
is equal to the sum of the vectors of the sides with the same slope M of the
Newton diagrams for g and h. Relation (1) shows that if one of the Newton
diagrams for g and h possesses a side with a certain slope M , then the Newton
diagram for f should also possess a side with the same slope. �

Corollary. If, for a prime p, the Newton diagram for f consists of pre-
cisely one segment, i.e., consists of a segment containing no points with integer
coordinates, then f is irreducible.

Let us give now three examples of the application of Dumas’s criterion to
the proof of irreducibility of polynomials.

Example 2.2.2 (Eisenstein’s criterion). Let f = a0 + a1x + · · · + anxn be a
polynomial with integer coefficients such that, for a prime p, the coefficient
an is not divisible by p, the coefficients a0, . . . , an−1 are divisible by p and a0

is not divisible by p2. Then f is irreducible.

Proof. The Newton diagram for f consists of one segment with the end
points (0, 1) and (n, 0); inside this segment there are no points with integer
coordinates. �

Example 2.2.3. Let p be a prime, (c, p) = 1 and (m, n) = 1. Then the polyno-
mial xn + cpm is irreducible.

Proof. The Newton diagram for the polynomial considered is a segment
with the end points (0, m) and (n, 0). Since (m, n) = 1, there are no points
with integer coordinates inside this segment. �

Example 2.2.4. Let p be a prime. If the polynomial f(x) = xn + px + bp2,
where (b, p) = 1, has no integer roots, then this polynomial is irreducible.
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Proof. The Newton diagram for f is the union of the segment with the
end points (0, 2) and (1, 1) and the segment with the end points (1, 1) and
(n, 0). Inside these segments, there are no points with integer coordinates.
Therefore the nontrivial factorization of f over Z can consist only of a linear
factor and a factor of degree n− 1. �

2.2.2 Polynomials with a dominant coefficient

In certain situations one can ensure that a polynomial with a sufficiently large
coefficient will necessarily be irreducible. Among criteria of this type, the best
known one is the following Perron’s criterion.

Theorem 2.2.5 ([Pe]). Let f(x) = xn + a1x
n−1 + · · ·+ an be a polynomial

with integer coefficients such that an �= 0.
a) If |a1| > 1 + |a2|+ · · ·+ |an|, then f is irreducible.
b) If |a1| ≥ 1 + |a2|+ · · ·+ |an| and f(±1) �= 0, then f is irreducible.

Proof. a) Let us prove first that all the roots of f , except precisely one
root, lie inside the unit disk |z| ≤ 1. Clearly, the polynomial

g(x) = xn + a1x
n−1

satisfies this property, i.e., all the roots of g, except precisely one root, lie
inside the unit disk |z| ≤ 1. Hence by Rouché’s theorem (see p. 1) it suffices
to prove that for |z| = 1 we have

∣
∣f(z)− g(z)

∣
∣ <
∣
∣f(z)

∣
∣+
∣
∣g(z)

∣
∣.

But for |z| = 1 we have, on the one hand,
∣
∣f(z)− g(z)

∣
∣ = |a2z

n−2 + · · ·+ an| ≤ |a2|+ · · ·+ |an| < |a1| − 1, (1)

and, on the other hand,
∣
∣f(z)

∣
∣+
∣
∣g(z)

∣
∣ ≥ ∣∣g(z)

∣
∣ = |zn + a1z

n−1| = |z + a1| ≥ |a1| − 1. (2)

Suppose now that, on the contrary, that f can be represented as the prod-
uct of polynomials f1 and f2 of positive degree with integer coefficients. The
product of the roots of each of the polynomials f1 and f2 is a non-zero integer,
and therefore each of these polynomials has a root whose absolute value is not
less than 1. But f has only one such root, and we have a contradiction.

b) If |a1| = 1+ |a2|+ · · ·+ |an|, then inequality (1) becomes non-strict. But
if f(±1) �= 0, inequality (2) becomes strict. Indeed, for |z| = 1 the equality

∣
∣f(z)

∣
∣+
∣
∣g(z)

∣
∣ = |a1| − 1

is only possible when simultaneously
∣
∣f(z)

∣
∣ = 0 and |z + a1| = |a1| − 1. The

latter equality can only hold if z ∈ R. Since |z| = 1, it follows that z = ±1. �
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Theorem 2.2.6 ([Br]). Let a1 ≥ a2 ≥ · · · ≥ an be positive integers and
n ≥ 2. Then the polynomial p(x) = xn − a1x

n−1 − a2x
n−2 − · · · − an is

irreducible over Z.

Proof. Consider the polynomial f(x) = (x− 1)p(x). Clearly,

f(x) = xn+1 − b1x
n + b2x

n−1 + · · ·+ bn+1,

where b1 = a1 + 1, b2 = a1 − a2, . . . , bn = an−1 − an, bn+1 = an. The numbers
b1, . . . , bn+1 are positive integers and b1 = 1 + b2 + · · ·+ bn+1. Therefore f(x)
satisfies one of the conditions of Theorem 2.2.5 (b). But it does not satisfy the
second condition since f(1) = 0. We must therefore apply a subtler argument.

Let
h(z) = b1z

n − b2z
n−1 − · · · − bn+1.

First we show that, for all sufficiently small ε > 0, we have

|h(z)| > |zn+1| = |f(z) + h(z)|

everywhere on the circle |z| = 1 + ε. Indeed, if |z| = 1 + ε, then
∣
∣h(z)

∣
∣− |zn+1| ≥ b1(1 + ε)n − b2(1 + ε)n−1 − · · · − bn+1 − (1 + ε)n+1 =

=ε
(

nb1 − (n− 1)b2 − · · · − 2bn−1 − bn − (n + 1)
)

+ · · · =
=ε
(

b2 + 2b3 + · · ·+ (n− 1)bn + nbn+1 − 1
)

+ · · ·

The coefficient of ε is positive, and therefore, for sufficiently small ε > 0,
we have

∣
∣h(z)

∣
∣− |zn+1| > 0. In this case
∣
∣f(z) + h(z)

∣
∣ = |zn+1| < ∣∣h(z)

∣
∣ ≤ ∣∣f(z)

∣
∣+
∣
∣h(z)

∣
∣.

Therefore, by Rouché’s theorem, the polynomial f(z) has as many roots inside
the disk |z| ≤ 1 + ε as h(z) does. But all the roots of h(z) lie strictly inside
the unit disk |z| ≤ 1. Indeed, if |z| ≥ 1, then

∣
∣h(z)

∣
∣ ≥ b1|z|n − b2|z|n−1 − · · · − bn+1 ≥
≥ |z|n(b1 − b2 − · · · − bn+1) = |z|n > 0.

Letting ε −→ 0, we see that inside and on the boundary of the unit disk there
are exactly n roots of the polynomial f(x) = (x− 1)p(x). Hence exactly n− 1
roots of p(x) lie inside the unit disk and at least one of its roots lies outside
it. Hence p is irreducible. �

A criterion similar to Perron’s criterion but with a condition on the con-
stant term instead of a1 also holds. It holds, however, only if the constant
term is a prime.
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Theorem 2.2.7 ([Os1]). Let f(x) = xn + a1x
n−1 + · · · + an−1x ± p be a

polynomial with integer coefficients, where p is a prime.
a) If p > 1 + |a1|+ · · ·+ |an−1|, then f is irreducible.
b) If p ≥ 1+ |a1|+ · · ·+ |an−1| and among the roots of f there are no roots

of unity, then f is irreducible.

Proof. Suppose that f(x) = g(x)h(x), where g and h are polynomials of
positive degree with integer coefficients. The product of the constant terms of
g and h is equal to ±p. Since p is prime, one of these constant terms is equal
to ±1. Therefore the product of the absolute values of the roots of one of the
polynomials g and h is equal to 1. This polynomial must therefore possess a
root α such that |α| ≤ 1. Since α is also a root of f , it follows from f(α) = 0
that

p = |αn + a1α
n−1 + · · ·+ an−1α| ≤ 1 + |a1|+ · · ·+ |an−1|.

In case a) we arrive at a contradiction.
In case b), α is not a root of unity. Hence |α| < 1, and therefore

p < 1 + |a1|+ · · ·+ |an−1|.

A contradiction again. �

2.2.3 Irreducibility of polynomials attaining small values

Theorem 2.2.8 (Pólya). Let f be a polynomial of degree n with integer
coefficients and define m =

[
n+1

2

]

. Suppose that, for n different integers
a1, . . . , an, we have

∣
∣f(ai)

∣
∣ < 2−mm! and the numbers a1, . . . , an are not roots

of f . Then f is irreducible.

Proof. We will need the following auxiliary statement.

Lemma. Let g be a polynomial of degree k with integer coefficients, and
let d0 < d1 < · · · < dk be integers. Then

∣
∣g(di)

∣
∣ ≥ k!2−k for some i.

Proof. Consider the polynomial

G(x) = (x − d0) · . . . · (x− dk)
k∑

i=0

g(di)
x− di

∏

j �=i

1
di − dj

.

It is easy to see that G(di) = g(di) for i = 0, . . . , k, and deg G ≤ k. Hence
G(x) = g(x).

The highest coefficient of G is equal to

k∑

i=0

g(di)
∏

j �=i

1
di − dj

.
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By assumption this coefficient is a nonzero integer, and hence its absolute
value is ≥ 1. Therefore one of the numbers

∣
∣g(di)

∣
∣ is not less than

1
∣
∣
∣
∣
∣

∑

0≤i≤k

∏

j �=i

1
|di−dj|

∣
∣
∣
∣
∣

≥ 1
∣
∣
∣
∣
∣

∑

0≤i≤k

∏

j �=i

1
|i−j|

∣
∣
∣
∣
∣

=

1
∑

0≤i≤k

1
i!(k−i)!

=
k!
∑

0≤i≤k

(
k
i

) =
k!
2k

. ��

Returning to the proof of the theorem, we suppose on the contrary that
f = gh, where g and h are polynomials with integer coefficients. We may
assume that deg h ≤ deg g = k. Then m ≤ k < n. Clearly, g(ai) �= 0, and
g(ai) divides f(ai). Hence

∣
∣g(ai)

∣
∣ ≤ ∣∣f(ai)

∣
∣ <

m!
2m

.

On the other hand, by Pólya’s lemma, we have
∣
∣g(ai)

∣
∣ ≥ 2−kk! for one of

the ai (we apply Pólya’s lemma to di = ai−1). It remains to notice that, since
k ≥ m, it follows that 2−kk! ≥ 2−mm!. Indeed, if m = k + r,

m!
k!

= (k + 1) · (k + 2) · . . . · (k + r) ≤ 2r =
2m

2k
. ��

Example. The polynomial (x− 1) · (x− 2) · . . . · (x− n) + 1 is irreducible.

For other irreducibility criteria for polynomials attaining small values, see
[Tv].

2.3 Irreducibility of trinomials and fournomials

2.3.1 Irreducibility of polynomials of the form xn ± xm ± xp ± 1

Let f(x) = xn + ε1x
m + ε2x

p + ε3, where n > m > p ≥ 1 and εi = ±1. Let us
find out following [Lj] when f is irreducible. We first show that it suffices to
consider the case where m + p ≥ n. Clearly, f is irreducible if and only if the
polynomial

xnf

(
1
x

)

= 1 + ε1x
n−m + ε2x

n−p + ε3x
n

is irreducible and then, if m + p < n, we have (n−m) + (n− p) > n.
We may also exclude from further considerations the trivial case f(x) =

(xm + ε2)(xp + ε1), i.e., when n = m + p and ε3 = ε1ε2.
The polynomial ϕ(x) of degree s is said to be recursive if

ϕ(x) = ±xsϕ

(
1
x

)

.
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Lemma 2.3.1. Let f(x) = ϕ(x)ψ(x), where ϕ(x) and ψ(x) are monic poly-
nomials of positive degree with integer coefficients. Then at least one of the
polynomials ϕ(x) and ψ(x) is recursive.

Proof. Let r = deg ϕ and s = n− r = deg ψ. Consider the polynomials

f1(x) = xrϕ

(
1
x

)

ψ(x) =
n∑

i=0

cix
n−i,

f2(x) = xsψ

(
1
x

)

ϕ(x) = xnf1

(
1
x

)

=
n∑

i=0

cn−ix
n−i.

Clearly,

f1(x)f2(x) = xnf

(
1
x

)

=

(xn + ε1x
m + ε2x

p + ε3)(ε3x
n + ε2x

n−p + ε1x
n−m + 1).

Comparison of the coefficients of x2n shows that c0cn = ε3, and hence c0 = ±1
and cn = ±1. Comparison of the coefficients of xn shows that

c2
0 + c2

1 + · · ·+ c2
n−1 + c2

n = 1 + ε2
1 + ε2

2 + ε2
3 = 4,

i.e., c2
1 + · · · + c2

n−1 = 2. Thus, c0 = ±1, cn = ±1, cα = ±1 and cβ = ±1
for some 1 ≤ α < β ≤ n − 1, all the other coefficients ci being zero. Hence
f1(x)f2(x) can be expressed in the following two forms:

c0cnx2n + cαcnx2n−α + cβcnx2n−β + c0cαxn+α+

c0cβxn+β + cαcβxn+β−α + 4xn + · · ·
(1)

and

ε3x
2n + ε2x

2n−p + ε1x
2n−m + ε1ε3x

n+m + ε2ε3x
n+p + ε1ε2x

n+m−p+

4xn + · · ·
(2)

In order to compare (1) and (2), let us order the monomials with respect to
the size of the degrees taking into account only the three highest monomials.
For (1), we obtain the four possibilities:

β ≤ n

2
: 2n > 2n− α > 2n− β,

β >
n

2
, α ≤ n− β : 2n > 2n− α ≥ n + β,

β >
n

2
,

n

2
≥ α > n− β : 2n > n + β > 2n− α,

β >
n

2
, α >

n

2
: 2n > n + β > n + α.
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For (2), we obtain the two possibilities:

n ≥ 2m : 2n > 2n− p > 2n−m,

2m > n ≥ n + p : 2n > 2n− p > n + m.

Comparing the three highest monomials in (1) and (2) we obtain for the pair
(α, β) the following four possibilities:

(α, β) = (p, m), (p, n−m), (m, n− p) or (n−m, n− p).

If (α, β) = (p, m), comparison of (1) with (2) shows that

c0cn = ε3, cpcn = ε2, cmcn = ε1.

Hence

f1(x) = cn(ε3x
n + ε2x

n−p + ε1x
n−m + 1) = cnxnf

(
1
x

)

.

Therefore ψ(x) = cnxsψ

(
1
x

)

.

If (α, β) = (n−m, n− p), we similarly see that

c0cn = ε3, c0cn−m = ε1, c0cn−p = ε2.

Hence
f1(x) = c0(xn + ε1x

m + ε2x
p + ε3) = c0f(x).

Therefore ϕ(x) = c0x
rϕ

(
1
x

)

.

If (α, β) = (p, n−m), then we encounter in (1) monomials of degrees

2n, 2n− p, n + m, n + p, 2n−m, 2n−m− p, n,

and in (2) monomials of degrees

2n, 2n− p, 2n−m, n + m, n + p, n + m− p, n.

Therefore the number 2n−m−p is equal to one of the three numbers: n+m,
n + p, n + m− p. The equalities 2n−m− p = n + m and 2n−m− p = n + p
contradict the assumption that n ≤ m+p. and hence 2n−m−p = n+m−p,
i.e., n = 2m. Therefore (α, β) = (p, m).

If (α, β) = (m, n − p), we similarly see that n = 2m, i.e., (α, β) = (n −
m, n− p). �
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Lemma 2.3.2. Let λ and λ−1 be the roots of f(x). Then one of the following
three pairs of conditions hold:

(I) λn = −ε3 and λm−p = −ε1ε2,

(II) λm = −ε1ε3 and λn−p = −ε2,

(III) λp = −ε2ε3 and λn−m = −ε1.

Proof. The conditions f(λ) = 0 and f(λ−1) = 0 can be expressed as

λn + ε1λ
m + ε2λ

p + ε3 = 0, λn + ε2ε3λ
n−p + ε1ε3λ

n−m + ε3 = 0.

By subtracting one equation from the other one we get

ε2ε3λ
n−p + ε1ε3λ

n−m − ε1λ
m − ε2λ

p = 0,

i.e.,
(ε2λ

m−p + ε1)(ε3λ
n−m − ε1ε2λ

p) = 0.

and hence either λp = −ε1ε2λ
m or λp = ε1ε2ε3λ

n−m. Substituting these values
of λp into the relation f(λ) = 0 we obtain accordingly either λn = −ε3 or

(λm + ε1ε2)(λn−m − ε1) = 0. ��

With the help of Lemmas 2.3.1 and 2.3.2 it is easy to prove the following
two theorems which in turn lead to a complete description of irreducible poly-
nomials of the form xn+ε1x

m+ε2x
p+ε3. In both theorems (as well as in Lem-

mas 2.3.1 and 2.3.2) we assume that n ≤ m+p and f(x) �= (xm +ε2)(xp +ε1).

Theorem 2.3.3. a) If the polynomial f(x) has no roots which are roots of
unity, then f(x) is irreducible.

b) If the polynomial f(x) has exactly q roots which are roots of unity,
then f(x) can be represented as the product of two polynomials with integer
coefficients one of which is of degree q and its roots are the given roots of
unity, while the other polynomial is irreducible.

Proof. Let f(x) = ϕ(x)ψ(x), where ϕ, ψ ∈ Z[x]. By Lemma 2.3.1 we may
assume that if λ is a root of ϕ, then λ−1 is also a root of ϕ. It then follows from
Lemma 2.3.2 that λ is a root of unity. If not all the roots of f are the roots
of unity, then either ψ is irreducible over Z or ψ = ψ1ψ2, where ψ1, ψ2 ∈ Z[x]
and all the roots of ψ1 are the roots of unity whereas ψ2 has a root which is
not a root of unity. In this case all the roots of ϕψ1 are the roots of unity. By
continuing the same arguments now applied to ψ2 we obtain the factorization
desired of f . �

It remains to determine, when f has roots which are roots of unity. The
answer is given by the following theorem.
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Theorem 2.3.4. Let d be the greatest common divisor of n, m, p. Set

n1 =
n

d
, m1 =

m

d
, p1 =

p

d
,

d1 = (n1, m1 − p1), d2 = (m1, n1 − p1), d3 = (p1, n1 −m1).

Then any root of unity which is a root of f satisfies one of the equations

xdd1 = ±1, xdd2 = ±1, xdd3 = ±1,

and it is a simple root of f .

Proof. Let λ be a root of unity which is a root of f . Then λ−1 is also a root
of f . Lemma 2.3.2 provides three possibilities for conditions on λ. Consider,
e.g., case (I): λn = −ε3 and λm−p = −ε1ε2. Clearly, (n, m − p) = dd1, and
hence there exist integers u and v such that dd1 = nu + (m− p)v. Therefore
λdd1 = (λn)u(λm−p)v = ±1 since λn = −ε3 = ±1 and λm−p = −ε1ε3 = ±1.
Cases (II) and (III) are similarly considered.

It remains to prove that λ is a simple root of f , i.e.,

λf ′(λ) = nλn + ε1mλm + ε2pλp �= 0.

Substituting (I), (II) and (III) into nλn + ε1mλm + ε2pλp = 0 we respectively
obtain

ε2λ
p(p−m) = nε3, ε2λ

p(p− n) = mε3, ε1λ
m(m− n) = pε2ε3.

The equality |λ| = 1 cannot occur in the first case whereas in the second and
third ones it means that n = m + p. If n = m + p, the relations (II) take
the form λm = −ε1ε3 and λm = −ε2 whereas relations (III) take the form
λp = −ε2ε3 and λp = −ε1. In both cases ε3 = ε1ε2 which corresponds to the
excluded polynomial f(x) = (xm + ε2)(xp + ε1). �

2.3.2 Irreducibility of certain trinomials

Making use of the results obtained in the preceding section it is not difficult
to determine which of the trinomials xn ± xm ± 1 are irreducible.

Theorem 2.3.5 ([Lj]). Let n ≥ 2m, d = (n, m), n1 =
n

d
and m1 =

m

d
.

Then the trinomial

g(x) = xn + εxm + ε′, where ε = ±1 and ε′ = ±1,

is irreducible except for the three cases in which n1 + m1 ≡ 0 (mod 3):
a) n1 and m1 are odd and ε = 1.
b) n1 is even and ε′ = 1.
c) m1 is even and ε′ = ε.
In all these cases g(x) is a product of x2d + εmε′nxd + 1 by an irreducible

polynomial.
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Proof. The case when n = 2m and ε′ = 1 is obvious. We will therefore
assume that either n = 2m and ε′ = −1 or n > 2m. For such n and ε′, we can
apply Theorems 2.3.3 and 2.3.4 to the product

(xn + εxm + ε′)(xn − ε′) = x2n + εxn+m − εε′xm − 1

since 2n > n+m > m, and if 2n = (n+m)+m, i.e., n = 2m, then ε3 �= ε1ε2.
In the notation of Theorem 2.3.4 we have

(2n, n + m, m) = (n, m) = d,
d1 = (2n1, n1) = n1,
d3 = (m1, n1 −m1) = 1

and d2 = (n1 + m1, 2n1 −m1) = (n1 + m1, 3n1). Therefore

d2 =

{

1 if n1 + m1 �≡ 0 (mod 3)
3 if n1 + m1 ≡ 0 (mod 3).

By Theorem 2.3.4 the roots of unity which are roots of g satisfy one of the
equations xdd1 = ±1, xdd2 = ±1, xdd3 = ±1. The first of these equations is of
the form xn = ±1, the third one is of the form xd = ±1 because d3 = 1.

If xn = ±1, then g(x) = ±1 + εxm ± 1 �= 0 and, if xd = ±1, then
g(x) = ±1± 1± 1 �= 0.

It remains to consider the case when d2 = 3. In Lemma 2.3.2, case (I)
leads to the relations

λ2n = ±1 and λn = ±1

whereas case (III) leads to the relations

λm = ±1 and λn−m = ±1.

In both cases we get λn = ±1, and hence g(λ) �= 0. Case (II) leads to the
relations λn+m = ε, λ2n−m = εε′, i.e., λ3n = ε′, λ3m = εε′. Therefore (λ3d)n1 =
ε′ and (λ3d)m1 = εε′, where (n1, m1) = 1 and n1 +m1 ≡ 0 (mod 3). From the
condition (n1, m1) = 1 it follows that n1u + m1v = 1 for some integers u and
v. Hence

λ3d = λ3dn1u+3dm1v = (ε′)u(εε′)v = ±1.

If n1 and m1 are odd, then λ3d = ε′ = εε′, and hence ε = 1 and λ3d = ε′.
If n1 is even, then ε′ = 1.
If m1 is even, then εε′ = 1. �

By Perron’s criterion (Theorem 2.2.5 on page 56) the trinomial xn ±
axn−1 ± 1, where a ≥ 3 is an integer, is irreducible. For a = 2, this trino-
mial is irreducible if it has no roots equal to ±1. All these statements also
hold for the trinomial xn ± ax± 1.

Irreducibility of trinomials xn ± 2xm ± 1 is studied in [Sc2].
In conclusion we formulate two further theorems on the irreducibility of

trinomials.
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Theorem 2.3.6 ([Mi2]). Let the trinomial xn ± pxm ± 1, where n > m and
p is a prime, be reducible. Then

n

(n, m)
≤ 4p2

.

Theorem 2.3.7 ([Ra2]). a) The trinomial x5 + x + n factorizes into the
product of irreducible quadratic and cubic polynomials if and only if n = ±1
or n = ±6.

b) The trinomial x5 − x + n factorizes into the product of irreducible
quadratic and cubic polynomials if and only if n = ±15, n = ±22 440 or
n = ±2 759 640.

2.4 Hilbert’s irreducibility theorem

Let f(t, x) ∈ Q[t, x] be a polynomial in two variables. The polynomial f is
called reducible if f = gh, where g, h ∈ Q[t, x] are polynomials of positive
degree.

Theorem 2.4.1 (Hilbert, [Hi3]). If f(t, x) is an irreducible polynomial
over Q, then there exist infinitely many rationals t0 for which the polynomial
f(t0, x) in one indeterminate is irreducible over Q.

We give the proof of Hilbert’s theorem due to Dörge [Do2] using the ex-
position of this proof given in [La3] and [Se2]. A proof using more modern
language can be found in [Fr].

Let us start by establishing a relation between reducibility of the poly-
nomial f(t0, x) and existence of point (t0, y0) with rational coordinates on a
certain algebraic curve. Let f(t, x) ∈ Q[t, x] be an irreducible polynomial. Let
us represent it in the form

f(t, x) = an(t)xn + · · ·+ a0(t), where ai(t) ∈ Q[t],

and we define the polynomial F (x) = f(t, x) with coefficients from the field
k = Q(t). Let k be the algebraic closure of k. Then

F (x) = an(t) · (x− α1) · . . . · (x− αn),

where α1, . . . , αn ∈ k are the roots of F (x) which is irreducible over k = Q(t).
If an(t0) �= 0 there correspond to them the roots α′

1, . . . , α
′
n ∈ Q of f(t0, x).

Suppose that f(t0, x) is reducible over Q. After a renumeration of the roots
we may assume that f(t0, x) = an(t0)g0(x)h0(x), where

g0(x) = (x− α′
1) · . . . · (x− α′

s) ∈ Q[x],
h0(x) = (x− α′

s+1) · . . . · (x− α′
n) ∈ Q[x].

Set

g(x) = (x − α1) · . . . · (x− αs) and h(x) = (x− αs+1) · . . . · (x− αn).
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Then F (x) = an(t)g(x)h(x), where g(x), h(x) ∈ k[x]. By assumption F (x)
is irreducible over k[x], and hence g(x) has a coefficient y which belongs to
k \ k. Recall that k = Q(t), so that y is algebraic over Q(t), i.e.,

bm(t)ym + bm−1(t)ym−1 + · · ·+ b0(t) = 0, where bi(t) ∈ Q(t).

As a result we obtain an algebraic curve C (with rational coefficients) in the
plane (t, y). To the coefficient y of g there corresponds a coefficient y0 ∈ Q of
the polynomial g0 and this coefficient satisfies the relation

bm(t0)ym
0 + bm−1(t0)ym−1

0 + · · ·+ b0(t0) = 0,

i.e., C has a rational point (t0, y0).
Thus, consider all polynomials of the form (x−αi1) · . . . · (x−αik

), where
1 ≤ k ≤ n− 1, and, for each of these polynomials, select the coefficient that
does not belong to Q[t]. To these coefficients we assign plane algebraic curves
C1, . . . , CM with rational coefficients. If t0 ∈ Q is such that none of the curves
C1, . . . , CM has rational points (t0, y0), the polynomial f(t0, x) is irreducible.

Let us now study rational points of the plane algebraic curve C given by
the equation

bm(t)ym + bm−1(t)ym−1 + · · ·+ b0(t) = 0, where bi(t) ∈ Z(t).

First we make the change of variable ỹ = bm(t)y. As a result we obtain the
curve

ỹm + bm−1(t)ỹm−1 + bm−2(t)bm(t)ỹm−2 + · · ·+ b0(t)
(

bm(t)
)m−1 = 0.

If (t0, ỹ0) is a rational point on this curve and t0 ∈ Z, then ỹ0 ∈ Z. In what
follows we confine ourselves to the study of integer points on the curve.

Thus, we may assume that bm(t) = 1, i.e., the curve is given by the equa-
tion

ym + bm−1(t)ym−1 + · · ·+ b0(t) = 0, where bi(t) ∈ Z(t).

Let us show that in a vicinity of the point t = ∞ the algebraic function y(t)
can be expanded as

y(t) = a( k
√

t)n + · · ·+ b + c( k
√

t)−1 + · · · ,

where k
√

t is one of the branches of the k-th root of t (to be definite, we select
the branch for which k

√
t > 0 for t > 0). The map (y, t) �→ t determines

a ramified covering M2 → CP 1 where M2 is the Riemann surface of the
algebraic function y(t). We are interested in the branches of this covering over
∞. Take one of the branches and consider its intersection with the preimage
of a neighborhood of ∞. The restriction of the ramified covering onto this set
is of the form z �→ zk. This means that y(z) is single-valued and zk = t. It is
also clear that z = ∞ is not an essentially singular point of y(z).
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We are interested in the case where there exists an infinite increasing
sequence of positive integers ti for which y(ti) is a real (and moreover integer)
number. Let us show that in this case all the coefficients of the expansion y(t)
are real. Suppose that these coefficients are not all real. Let ξts/k be the term
of highest degree s/k with non-real ξ. Then, for real values of t, the terms of
higher degree do not affect the imaginary part of the sum of the series, and
as t → +∞ the terms of lesser degree are small as compared with ξts/k and
cannot cancel its imaginary part.

It remains to perform the last step — proving that the numbers ti ∈ N for
which y(ti) ∈ Z constitute a set of zero density. This easily follows from the
next statement.

Theorem 2.4.2. Let

ϕ(t) = a( k
√

t)n + · · ·+ b + c( k
√

t)−1 + · · · ,

where t is real and the series is real and converges for t ≥ R. Suppose that
ϕ(t) is not a polynomial. Then there exist constants C > 0 and ε ∈ (0, 1) such
that the number of positive integers t ≤ N for which ϕ(t) ∈ Z does not exceed
CNε.

Proof. Observe first of all that in the expansion of the m-th derivative of
ϕ(t) there are no terms of the form tν , where ν >

n

k
−m. Therefore we can

select an integer m ≥ 1 such that ϕ(m)(t) ∼ ct−µ as t→∞, where µ > 0 and
c �= 0 (the latter property is ensured by the fact that ϕ is not a polynomial).

Lemma. There exist positive constants c1 and α such that, if T is suffi-
ciently large, then the interval [T, T +c1T

α] contains no more than m positive
integers t for which ϕ(t) ∈ Z.

Proof. Let t1 < · · · < tm+1. Consider Lagrange’s interpolation polynomial

f(t) =
m+1∑

i=1

ϕ(ti)
(t− t1) · . . . · (t− ti−1)(t− ti+1) · . . . · (t− tm+1)

(ti − t1) · . . . · (ti − ti−1)(ti − ti+1) · . . . · (ti − tm+1)
.

The function ϕ − f vanishes at t1, . . . , tm+1, and hence by Rolle’s theorem
there exists a point ξ ∈ [t1, tm+1] such that

ϕ(m)(ξ) = f (m)(ξ) =

m!
∑

1≤i≤m+1

ϕ(ti)
(ti − t1) · . . . · (ti − ti−1)(ti − ti+1) · . . . · (ti − tm+1)

.

Hence, ϕ(m)(ξ) is a rational number whose denominator does not exceed
∏

1≤i<j≤m+1

(tj − ti) < (tm+1 − t1)m(m+1)/2.
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On the other hand, if t1 is sufficiently large, then 0 <
∣
∣ϕ(m)(ξ)

∣
∣ ≤ c2t

−µ
1 .

Set ∆T = tm+1 − t1. Then
∣
∣f (m)(ξ)

∣
∣ ≥ ∆T−m(m+1)/2, and so c2t

−µ
1 ≥

∆T−m(m+1)/2, i.e., ∆T > c1T
α, where α =

2µ

m(m + 1)
and c1 = c

−2/m(m+1)
2 . �

Returning to the proof of the theorem, we select ε so that 1−αε = ε, i.e.,

ε =
1

1 + α
. Then 0 < ε < 1. Let us split the interval [1, N ] into subintervals

[1, Nε] and [Nε, N ]. By the Lemma any segment of length c1(Nε)α that lies
in [Nε, N ] contains no more than m positive integers t for which ϕ(t) ∈ Z.
and hence the total number of such positive integers in [1, N ] does not exceed

Nε + n
N −Nε

c1Nαε
< Nε +

m

c1
N1−αε = Nε +

m

c1
Nε.

Therefore we can set C = 1 +
m

c1
. �

Let B(N) be the total number of positive integers t ≤ N for which ϕ(t) ∈
Z. Then lim

N→∞
CNε

N
= lim

N→∞
C

N1−ε
= 0. This means in particular that there

exist infinitely many positive integers t for which ϕ(t) /∈ Z.

2.5 Algorithms for factorization into irreducible factors

2.5.1 Berlekamp’s algorithm

The most effective algorithms for factorizing a polynomial with integer coef-
ficients into irreducible factors uses the factorization of this polynomial over
fields Fp for a prime p. Therefore we first discuss one of the algorithms for
factorizing polynomials modulo p suggested by Berlekamp [Be4].

Let f be a polynomial with coefficients from Fp. We may assume that
the polynomial is monic. Before we apply Berlekamp’s algorithm we have
to get rid of multiple irreducible factors of f . This is done as follows. Let
f = fn1

1 · . . . ·fnk

k , where f1, . . . , fk are distinct irreducible monic polynomials.
It is easy to verify that

d = (f, f ′) =
∏

p�ni

fni−1
i

∏

p|ni

fni

i , i.e.,
f

d
=
∏

p�ni

fi.

The polynomial f factorizes into the product of d and
f

d
, and in the fac-

torization of
f

d
there are no multiple irreducible factors. If deg d < deg f ,

then we can apply the same procedure to d. If 0 < deg d = deg f , then
d =

∏

p|ni

fni

i = gp. Clearly, deg g < deg f and from factorization of g one can

recover the factorization of d.
Berlekamp’s algorithm is based on the following theorem.
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Theorem 2.5.1. Let f ∈ Fp[x] be a monic polynomial of positive degree n.
a) If h ∈ Fp[x] satisfies the relation hp ≡ h (mod f), i.e., hp−h is divisible

by f , then
f(x) =

∏

a∈Fp

(

f(x), h(x) − a
)

.

b) Let f = f1 · . . . · fk, where f1, . . . , fk are different irreducible monic
polynomials. In this case h satisfies the relation hp ≡ h (mod f) if and only
if h(x) ≡ ai (mod fi), where ai ∈ Fp. To each collection (a1, . . . , ak) there
corresponds exactly one polynomial h whose degree is less than that of f .

Proof. a) Set F (x) =
∏

a∈Fp

(

f(x), h(x) − a
)

. Polynomials h(x) − a with

distinct a are relatively prime, and hence polynomials
(

f(x), h(x) − a
)

are
relatively prime divisors of f(x). Hence f(x) is divisible by their product
F (x). On the other hand, in Fp the polynomial identity

∏

a∈Fp

(y − a) = yp − y

holds, and hence the polynomial
∏

a∈Fp

(

h(x)− a
)

=
(

h(x)
)p − h(x)

is divisible by f(x), and therefore F (x) is divisible by f(x). Thus, the poly-
nomials f and F are divisible by each other and are monic. Hence F = f .

b) If h(x) ≡ ai (mod fi), then
(

h(x)
)p ≡ ap

i ≡ ai ≡ h(x) (mod fi), and
therefore

(

h(x)
)p ≡ h(x) (mod f1 · . . . · fk). Conversely, if the polynomial

(

h(x)
)p − h(x) =

∏

a∈Fp

(

h(x)− a
)

is divisible by f , then it is divisible by all the polynomials f1, . . . , fk. It is
also clear that if the irreducible polynomial fi divides the product of pairwise
relatively prime factors h(x) − a, then it divides one of these factors, i.e.,
h(x) ≡ ai (mod fi).

The existence and uniqueness of a polynomial h corresponding to a given
collection (a1, . . . , ak) obviously follows from the next statement called the
Chinese remainder theorem for polynomials.

Lemma. Let f1, . . . , fk be relatively prime irreducible polynomials over a
field F , and let g1, . . . , gk be arbitrary polynomials over the same field. Then
there exists a polynomial h such that h(x) ≡ gi (mod fi) and this polynomial
is uniquely determined modulo f = f1 · . . . · fk.

Proof. The polynomials fi and Fi =
f

fi
are relatively prime, and hence

there exist polynomials ai and bi such that aifi + biFi = 1. Further, biFi ≡ 1
(mod fi) and biFi ≡ 0 (mod fj) for j �= i.



70 2 Irreducible Polynomials

Set h =
∑

gibiFi. Then h ≡ gibiFi (mod fi) ≡ gi (mod fi). The existence
of the required polynomial h is thereby proved.

The uniqueness of h follows from the fact that, if h1 − gi and h2 − gi are
divisible by fi, then h1 − h2 is divisible by f1 · . . . · fk = f . � �

The relation
(

h(x)
)p ≡ h(x) (mod f)

is equivalent to a system of linear equations over Fp. Indeed, recall that deg h <
deg f = n and let

h(x) = t0 + t1x + · · ·+ tn−1x
n−1.

Then
h(x)p = h(xp) = t0 + t1x

p + · · ·+ tn−1x
p(n−1).

We find the residue of each monomial xpj , where j = 0, 1, . . . , n − 1, after
division by f :

xpj ≡
n−1∑

i=0

qijx
i (mod f).

As a result we obtain a system of linear equations:

n−1∑

i=0

tjqij = ti, i = 1, . . . , n− 1.

The dimension of the space of solutions of this system is equal to k, the number
of irreducible factors of f . Clearly, q00 = 1 and qi0 = 0 for i > 0. Therefore
the system has a trivial solution t0 = c, t1 = · · · = tn−1 = 0. This solution
corresponds to the polynomial h of degree zero.

Let h1 = 1, h2, . . . , hk be a basis in the space of solutions. If k = 1, then f
is irreducible. If k > 1, let us find the greatest common divisors of polynomials
f(x) and h2(x)−a for all a ∈ Fp. As a result we obtain a collection of divisors
g1, . . . , gs of f . If s < k, then, for each gi, we compute

(

gi, h3(x)− a
)

, and
so on, until we obtain all k divisors.

It is easy to verify that at the end we necessarily obtain all the k divisors.
Indeed, let f1 and f2 be distinct irreducible divisors of f . Consider a collection
(a1, a2, . . . , ak), where a1 �= a2. Then there is a corresponding polynomial h
for which

h(x) ≡ a1 (mod f1) and h(x) ≡ a2 (mod f2).

Therefore, for a certain basic polynomial hi, we should have hi(x) ≡ a1i

(mod f1) and hi(x) ≡ a2i (mod f2), where a1i �= a2i. Such a polynomial
distinguishes factors f1 and f2.

Remark. The efficiency of Berlekamp’s algorithm can be essentially en-
hanced by using the factorization algorithm due to Cantor and Zassen-
haus [Ca2]. Namely, instead of the polynomials hi(x) − a = hi(x) − ah1(x),
we take the polynomials
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H(x) = a1h1(x) + · · ·+ akhk(x),

where a1, . . . , ak is a random collection of elements from Fp, and then
compute the greatest common divisors of f and H(p−1)/2−1. If f is reducible

and p ≥ 3, then with probability ≥ 4
9

we immediately obtain a nontrivial
factorization.

2.5.2 Factorization with the help of Hensel’s lemma

On page 49 we gave Kronecker’s algorithm for factorizing a polynomial with
integer coefficients into irreducible factors, but this algorithm requires too
much computation. Much more effective algorithms are known. The triple-L
algorithm due to Lenstra–Lenstra–Lovász which we discuss in the Appendix
(see p. 279) is of the greatest theoretical interest. In practice, however, it often
turns out to be slower than the factorization algorithm we describe now.

Let f be a polynomial with integer coefficients. If cont(f) �= 1, then having
divided f by cont(f) we get a polynomial with content 1. Let f = fn1

1 ·. . .·fnk

k

be a factorization of f over Z into irreducible factors. Then

f ′ = fn1−1
1 · . . . ·fnk−1

k g, where g∈Z[x].

Therefore, over Z, the greatest common divisor of f and f ′ is equal to fn1−1
1 ·

. . . · fnk−1
k , the same as over Q. Therefore, over Z, we can also divide f by

(f, f ′) and obtain a polynomial without multiple roots. So in what follows we
will assume that cont(f) = 1 and polynomials f and f ′ are relatively prime.

Since (f, f ′) = 1, there exist polynomials u, v ∈ Q[x] for which

uf + vf ′ = 1.

Hence there exist polynomials u, v ∈ Z[x] for which uf + vf ′ = n, where
n ∈ N. If a prime p is relatively prime to n, then, over Fp, the greatest common
divisor of f and f ′ is equal to 1. Let us consecutively calculate (f, f ′) over
Fp for p = 2, 3, 5, . . . until we get (f, f ′) = 1 and simultaneously the highest
coefficient of f will be relatively prime to p. Fix this p in what follows.

Modulo p, the polynomial f has no multiple irreducible factors. Hence we
can apply Berlekamp’s algorithm and obtain a factorization f ≡ af1 · . . . · fk

modulo p, where f1, . . . , fk ∈ Z[x] are monic polynomials, a is the highest
coefficient of f and deg f = deg f1 + · · ·+ deg fk. Hensel’s lemma given below
enables us to construct a factorization of f modulo pm starting from the above
factorization.

It suffices to consider the following situation:

f ≡ f1f2 (mod pm), where f, f1, f2 ∈ Z[x], deg f = deg f1 + deg f2,
f1 is monic, the leading coefficient of f is relatively prime to p, and
the polynomials f1 and f2 are relatively prime modulo p.

(∗)
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The last line implies that there exist polynomials u, v ∈ Z[x] for which uf1 +
vf2 ≡ 1 (mod p). If u′, v′ are some other such polynomials, then u′ ≡ u+wf2

(mod p) and v′ ≡ v−wf1 (mod p), where w ∈ Z[x]. Therefore the conditions
deg u < deg f2, deg v < deg f1 uniquely determine u and v modulo p.

Hensel’s continuation of the factorization f ≡ f1f2 (mod pm) is a fac-
torization f ≡ f1f2 (mod pm+1), where the polynomials f1 and f2 sat-
isfy the same conditions as f1 and f2, and where f i ≡ fi (mod pm) and
deg f i = deg fi.

Lemma. If m ≥ 1, then, for any factorization f ≡ f1f2 (mod pm) sat-
isfying the above condition (∗), there exists Hensel’s extension f ≡ f1f2

(mod pm+1) for which the polynomials f1 and f2 are uniquely determined
modulo pm+1.

Proof. We are looking for polynomials f1, f2 ∈ Z[x] such that

f i = fi + pmgi, deg f i = deg fi for i = 1, 2,

f1 is monic and the congruence f ≡ f1f2 (mod pm+1) holds, i.e.,

f1f2 + pm(g2f1 + g1f2) + p2mg1g2 ≡ f (mod pm+1).

Clearly, p2mg1g2 ≡ 0 (mod pm+1), and so we come to the congruence

g2f1 + g1f2 ≡ d (mod p), (1)

where d = p−m(f − f1f2) ∈ Z[x]. The solutions of (1) can be obtained in
terms of polynomials u and v for which uf1 + vf2 ≡ 1 (mod p). Namely,

g1 ≡ dv + wf1 (mod p) and g2 ≡ du− wf2 (mod p),

where w ∈ Z[x] is an arbitrary polynomial. Since f1 = f1 + pmg1, where f1

and f1 are monic polynomials, it follows that deg g1 < deg f1. Therefore, for
a given v, the polynomial g1 is uniquely determined modulo p. In this case
the polynomial g2 is also uniquely determined modulo p. Hence f1 and f2 are
uniquely determined modulo pm+1. �

Remark. The process of deriving the polynomial factorization modulo
pm, where m is large, can be essentially speeded up if one raises factorizations
modulo q to factorizations modulo qr, where r = (p, q). For details, see [Co3].

To obtain a factorization of f ∈ Z[x] into irreducible factors, one can use
the following procedure (we assume that cont(f) = 1 and f has no multiple
roots). By means of Mignotte’s inequality (Theorem 4.2.6 on page 152) we
get an estimate M for the coefficients of the divisors of f whose degree does
not exceed 1

2 deg f . Next, we select m such that pm > 2aM , where a > 0 is
the leading coefficient of f . Then, using Berlekamp’s algorithm and Hensel’s
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lemma, we factorize: f ≡ a · f1 · . . . · fk (mod pm), where f1, . . . , fk ∈ Z[x] are
monic polynomials.

Let g(x) = a1x
l + · · · ∈ Z[x] be a divisor of f . Then a2 = a/a1 ∈ N, and,

modulo p, the polynomial a2g is of the form a · fi1 · . . . · fid
. The condition

pm > 2aM shows that the polynomial a2g is uniquely recovered from the
polynomial a · f1 · . . . · fk (mod pm). Indeed, the coefficients of a2g lie strictly

between −mpm

2
and

pm

2
, and hence they are uniquely recovered from their

residues after division by pm.

2.6 Problems to Chapter 2

2.1 Let f ∈Z[x] be a polynomial with roots α1, . . . , αn and let M =max
i
|αi|.

Prove that, if f(x0) is a prime for an integer x0 such that |x0| > M + 1, then
f is irreducible.

2.2 Let p be a prime, and a a positive integer not divisible by p. Prove that
xp − x− a is irreducible.

2.3 For a polynomial f ∈ Z[x], let there be an integer n such that:

1) All the roots of f lie in the half-plane Re z < n− 1
2
.

2) f(n− 1) �= 0.
3) f(n) is a prime.

Prove that f is irreducible.

2.4 [Kl] a) Let f(x) = fnxn + · · · + f0 ∈ Z[x], where |f0| > 1. Further,
let {c1, . . . , cr} be the set of all divisors of |f0|. Let f assume prime values
p1, . . . , pn at n distinct integer points a1, . . . , an such that |ai| > 2 and ai

does not divide cj ± 1, where i = 1, . . . , n and j = 1, . . . , r. Prove that f is
irreducible.

b) Let a1, . . . , an, r and s be integers such that |ak| > 2. Let the numbers
q = (−1)na1 · . . . · an + s and pk = rak + s, where k = 1, . . . , n, be prime with
q ± 1 not divisible by ak. Prove that the polynomial

f(x) = (x − a1) · . . . · (x− an) + rx + s

is irreducible.

2.5 Let f(x) = xn + a1x
n−1 + · · · + an−1x + pan be a polynomial with

integer coefficients and p a prime. Prove that if p >
n−1∑

i=0

|an|n−1−i|ai|, then f

is irreducible.
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2.6 Let a1, . . . , an be distinct integers.
a) Prove that the polynomial (x−a1)(x−a2)·. . .·(x−an)−1 is irreducible.
b) Prove that the polynomial (x−a1)(x−a2)·. . . ·(x−an)+1 is irreducible

except for the following cases:

(x− a)(x− a− 2) + 1 = (x− a− 1)2;

(x− a)(x − a− 1)(x− a− 2)(x− a− 3) + 1 =
(

(x− a− 1)(x− a− 2)− 1
)2

.

c) Prove that the polynomial (x − a1)2(x − a2)2 · . . . · (x − an)2 + 1 is
irreducible.

2.7 Prove that any polynomial with integer coefficients can be represented
as the sum of two irreducible polynomials.

2.8 a) Let f(x) be a polynomial with integer coefficients assuming the value
+1 at more than three integer points. Prove that f(n) �= −1 for any n ∈ Z.

b) Let a, b ∈ Z and let the polynomial ax2+bx+1 be irreducible. Let n ≥ 7
and let a1, . . . , an be distinct integers; set ϕ(x) = (x−a1)(x−a2)·. . .·(x−an).
Prove that the polynomial a

(

ϕ(x)
)2 + bϕ(x) + 1 is irreducible.

2.9 Let F (x1, . . . , xn) ∈ Z[x1, . . . , xn]; set f(x) = F (x, . . . , x). Prove that if
f is irreducible, then F is also irreducible.

2.10 Let p > 3 be a prime and let n < 2p. Prove that the polynomial
x2p + pxn − 1 is irreducible.

2.11 Let p > 3 be a prime, a1 + · · · + ap = 2p and n < 2p. Prove that the
polynomial

xa1
1 · . . . · xap

p + xn
1 + . . . + xn

p − 1

is irreducible.

2.12 Let f be an irreducible polynomial with integer coefficients, let D be its
discriminant and p a prime. Suppose that modulo p the polynomial f factors
into k irreducible factors. Prove that D(p−1)/2 ≡ (−1)n−k (mod p).

2.7 Solutions of selected problems

2.1. Let f(x) = g(x)h(x), where g, h ∈ Z[x] and deg g ≥ 1, deg h ≥ 1. Since
f(x0) = p is a prime, we may assume that g(x0) = ±1 and h(x0) = ±p. On
the other hand, the roots β1, . . . , βk of g are also roots of f , so that |βi| ≤ M ,
and therefore

∣
∣g(x0)

∣
∣ = |a0|

∏

|x0 − βi|,
where |a0| ≥ 1 and |x0−βi| ≥ |x0|−|βi| > (M+1)−M = 1. Hence

∣
∣g(x0)

∣
∣ > 1:

a contradiction.
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2.2. Let xp−x−a be reducible over Z. Then it is reducible as a polynomial
over Zp. Thus, over Zp, we have

xp − x− a = g(x)h(x), where 1 ≤ deg g ≤ p− 1,

and the polynomial g is irreducible. If b ∈ Zp, then

g(x− b)h(x− b) = (x− b)p − (x− b)− a = xp − x− a.

Thus, the polynomial xp−x−a is divisible by p polynomials gi(x) = g(x− i),
where i = 0, 1, . . . , p − 1. As deg g ≤ p − 1, these polynomials are distinct
because

(x− i)k − (x− j)k = (j − i)kxk−1 + . . . .

Therefore p = deg(xp − x − a) ≥ p deg g. It follows that deg g = 1. But if a
is not divisible by p, the polynomial xp − x − a has no roots in Zp because
bp − b = 0 for any b ∈ Zp.

2.3. Let f(x) = g(x)h(x), where g, h ∈ Z[x] and deg g ≥ 1, deg h ≥ 1.
Since f(n) = p is prime, we may assume that g(n) = ±1 and h(n) = ±p.
On the other hand, if g(βi) = 0, then f(βi) = 0, and so Re βi < n − 1

2 , i.e.,
Re
(

n− 1
2 − βi

)

> 0. This means that
∣
∣
∣
∣
n− 1

2
− βi − t

∣
∣
∣
∣
<

∣
∣
∣
∣
n− 1

2
− βi + t

∣
∣
∣
∣

for t > 0,

and so
∣
∣
∣g
(

n − 1
2 − t

)
∣
∣
∣ <
∣
∣
∣g
(

n − 1
2 + t

)
∣
∣
∣. The condition f(n − 1) �= 0 implies

that
∣
∣g(n− 1)

∣
∣ ≥ 1. Therefore

∣
∣g(n)

∣
∣ =
∣
∣
∣g
(

n− 1
2

+
1
2
)
∣
∣
∣ >
∣
∣
∣g
(

n− 1
2
− 1

2
)
∣
∣
∣ =
∣
∣g(n− 1)

∣
∣ ≥ 1.

This is a contradiction.
2.4. a) Let f = f1f2, where f1, f2 ∈ Z[x]. Let f1(0) = b1 and f2(0) = c1.

For definiteness sake, let us assume that |b1| ≤ |c1|.
Case 1: |b1| = 1. In this case |c1| = |f0| > 1. The conditions f(ak) = pk,

where pk is a prime, implies that either

f1(ak) = ±pk and f2(ak) = ±1 (1)

or
f1(ak) = ±1 and f2(ak) = ±pk. (2)

First, suppose that f2(ak) = ±1. Then f2(ak)− f2(0) = −(c1 ± 1).
On the other hand, f2(ak)−f2(0) is divisible by ak. This is a contradiction.
It remains to assume that f1(ak) = ±1 = ±b1 = ±f1(0). If f1(ak) =

−f1(0), then f1(ak)−f1(0) = 2f1(ak) = ±2. On the other hand, f1(ak)−f1(0)
is divisible by ak, and so |ak| ≤ 2 which contradicts our assumption.
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Thus f1(ak) = f1(a0) = b1 for k = 1, . . . , n. Since deg f1 < n, we deduce
that f1(x) = b1 for all x.

Case 2: |b1| > 1. In this case b1 and c1 are on equal footing since
|c1| ≥ |b1| > 1. Let, for definiteness sake, f1(ak) = ±pk and f2(ak) = ±1.
Then f2(ak) − f2(0) = −(c1 ± 1) is divisible by ak, which contradicts to the
assumption.

b) Obviously follows from a).
2.5. As in the proof of Theorem 2.2.7, we deduce that the product of

absolute values of the roots of one of the polynomials g and h does not exceed
|an|. To obtain a contradiction, it suffices to show that for any root α of f we
have |α| > |an|. Suppose that f(α) = 0 and |α| ≤ |an|. Then

|pan| = |αn + a1α
n−1 + · · ·+ an−1α| ≤ |an|

n−1∑

i=0

|an|n−1−i|ai| < p|an|,

which is impossible.



3

Polynomials of a Particular Form

3.1 Symmetric polynomials

3.1.1 Examples of symmetric polynomials

A polynomial f(x1, . . . , xn) is called symmetric if, for any permutation σ ∈ Sn,
we have

f
(

xσ(1), . . . , xσ(n)

)

= f(x1, . . . , xn).

The main examples of symmetric polynomials are the elementary symmet-
ric polynomials

σk(x1, . . . , xn) =
∑

i1<···<ik

xi1 · . . . · xik
,

where 1 ≤ k ≤ n. It is convenient to set σ0 = 1 and σk(x1, . . . , xn) = 0 for
k > n.

One can determine elementary symmetric polynomials with the help of
the generating function

σ(t) =
∞∑

k=0

σktk =
n∏

i=1

(1 + txi).

If x1, . . . , xn are the roots of the polynomial xn + a1x
n−1 + · · · + an,

then
σk(x1, . . . , xn) = (−1)kak.

Another example of symmetric polynomials is given by the complete ho-
mogeneous symmetric polynomials

pk(x1, . . . , xn) =
∑

i1+···+in=k

xi1
1 · . . . · xin

n .

Their generating function is of the form
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p(t) =
∞∑

k=0

pktk =
n∏

i=1

1
1− txi

.

An important example of symmetric polynomials is given by the sums of
powers

sk(x1, . . . , xn) = xk
1 + · · ·+ xk

n.

Their generating function is of the form

s(t) =
∞∑

k=0

sktk−1 =
n∑

i=1

xi

1− txi
.

Sometimes one uses monomial symmetric polynomials:

mi1...in(x1, . . . , xn) =
∑

σ∈Sn

xi1
σ(1) · · · · · xin

σ(n).

The generating functions σ(t) and p(t) are related by the equation

σ(t)p(−t)= 1.

Equating the coefficients of tn, where n ≥ 1, on the two sides here, we obtain

n∑

r=0

(−1)rσrpn−r = 0. (3.1)

The generating function s(t) is expressed in terms of p(t) and σ(t) as
follows:

s(t) =
d

dt
ln p(t) =

p′(t)
p(t)

, i.e., s(t)p(t) = p′(t);

s(−t) = − d

dt
ln σ(t) = −σ′(t)

σ(t)
, i.e., s(−t)σ(t) = −σ′(t).

Equating the coefficients of tn+1 on the two sides we obtain

npn =
n∑

r=1

srpn−r, (3.2)

nσn =
n∑

r=1

(−1)r−1srσn−r. (3.3)

Relations (3.3) are called Newton’s formulas.
Let us make more explicit the relations (3.1) for n = 1, . . . , k. With σ1,

. . . , σk regarded as fixed, these relations can be considered as a system of
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linear equations for p1, . . . , pk and similarly, with p1, . . . , pk fixed, as a
system of linear equations for σ1, . . . , σk. Solving these systems we find that

σk =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

p1 1 0 . . . 0
p2 p1 1 . . . 0
...

...
...

. . .
...

pk−1 pk−2 pk−3 . . . 1
pk pk−1 pk−2 . . . p1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

, pk =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

σ1 1 0 . . . 0
σ2 σ1 1 . . . 0
...

...
...

. . .
...

σk−1 σk−2 σk−3 . . . 1
σk σk−1 σk−2 . . . σ1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

Similarly, from (3.2) we obtain

sk = (−1)k−1

∣
∣
∣
∣
∣
∣
∣
∣
∣

p1 1 0 . . . 0
2p2 p1 1 . . . 0
...

...
...

. . .
...

kpk pk−1 pk−2 . . . p1

∣
∣
∣
∣
∣
∣
∣
∣
∣

, pk =
1
k!

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

s1 −1 0 . . . 0
s2 s1 −2 . . . 0
...

...
...

. . .
...

sk−1 sk−2 sk−3 . . . −k + 1
sk sk−1 sk−2 . . . s1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

From (3.3) we deduce that

sk =

∣
∣
∣
∣
∣
∣
∣
∣
∣

σ1 1 0 . . . 0
2σ2 σ1 1 . . . 0
...

...
...

. . .
...

kσk σk−1 σk−2 . . . σ1

∣
∣
∣
∣
∣
∣
∣
∣
∣

, σk =
1
k!

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

s1 1 0 . . . 0
s2 s1 2 . . . 0
...

...
...

. . .
...

sk−1 sk−2 sk−3 . . . k − 1
sk sk−1 sk−2 . . . s1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

3.1.2 Main theorem on symmetric polynomials

The elementary symmetric polynomials are algebraically independent and
form a basis of the ring of symmetric polynomials. A more precise formu-
lation of this statement is as follows.

Theorem 3.1.1. Let f(x1, . . . , xn) be a symmetric polynomial. Then there
exists a polynomial g(y1, . . . , yn) such that f(x1, . . . , xn) = g(σ1, . . . , σn). This
polynomial g is unique.

Proof. It suffices to consider the case where f is a homogeneous polyno-
mial (a form). We will say that the order of a monomial xλ1

1 · · · · ·xλn
n is greater

than that of xµ1
1 · . . . · xµn

n if

λ1 = µ1, . . . , λk = µk and λk+1 > µk+1.

(Here k = 0 is possible.) Let axλ1
1 · . . . · xλn

n be the highest order monomial of
f . Then λ1 ≥ · · · ≥ λn. Consider the symmetric polynomial

f1 = f − aσλ1−λ2
1 · σλ2−λ3

2 · . . . · σλn
n . (1)
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The highest order term of the monomial σλ1−λ2
1 · · · · · σλn

n is equal to

xλ1−λ2
1 (x1x2)λ2−λ3 · . . . · (x1 · . . . · xn)λn = xλ1

1 · xλ2
2 · . . . · xλn

n .

Hence the order of the highest order monomial of f1 is strictly lower than that
of the highest order monomial of f .

Let us apply the operation (1) to f1, and so on. Clearly, after finitely many
such operations we obtain the zero polynomial.

Let us prove now the uniqueness of the representation f(x1, . . . , xn) =
g(σ1, . . . , σn). It suffices to verify that if

g(y1, . . . , yn) =
∑

ai1...inyi1
1 · . . . · yin

n

is a nonzero polynomial, then after the substitution

y1 = σ1 = x1 + · · ·+ xn, . . . , yn = σn = x1 · · · · · xn

this polynomial remains nonzero. Let us confine ourselves to the highest order
monomials of the form

ai1...inxi1+···+in
1 xi2+···+in

2 · . . . · xin
n ,

obtained after the substitution. It is clear that the highest among these mono-
mials cannot cancel with any other monomial. �

It is obvious from the proof of Theorem 3.1.1 that, if f(x1, . . . , xn)
is a symmetric polynomial with integer coefficients, then f(x1, . . . , xn) =
g(σ1, . . . , σn), where the coefficients of g are also integers. The determinant
formula for σk in terms of p1, . . . , pk indicates that for complete homogeneous
polynomials an analogous statement also holds.

As to sums of powers, an expression of the form f(x1, . . . , xn) = g(s1, . . . , sn)
also exists but the coefficients of g are not integers now. For example,

x1x2 =
(x1 + x2)2 − (x2

1 + x2
2)

2
=

s2
1 − s2

2
.

The main theorem on symmetric polynomials implies that, if x1, . . . , xn

are the roots of the polynomial

f(x) = xn + a1x
n−1 + · · ·+ an,

then the quantity
D =

∏

i<j

(xi − xj)2,

which represents a symmetric polynomial in x1, . . . , xn, can be polynomially
expressed in terms of a1, . . . , an. This quantity is called the discriminant of f .
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A polynomial f(x1, . . . , xn) is called skew-symmetric if

f(. . . , xi, . . . , xj , . . . ) = −f(. . . , xj , . . . , xi, . . . ),

i.e., under transposition of any two of its indeterminates xi and xj it changes
its sign. The polynomial ∆ =

∏

i<j

(xi − xj) is an example of a skew-symmetric

polynomial. Clearly, ∆2 = D.

Theorem 3.1.2. Any skew-symmetric polynomial f(x1, . . . , xn) can be repre-
sented in the form

∆(x1, . . . , xn)g(x1, . . . , xn),

where g is a symmetric polynomial.

Proof. It suffices to verify that f is divisible by ∆. Indeed, if
f

∆
is a

polynomial, then, for obvious reasons, this polynomial is symmetric. Let us
show, for example, that f is divisible by x1 − x2. We make the change of
variables x1 = u + v, x2 = u− v. As a result we obtain

f(x1, x2, x3, . . . , xn) = f1(u, v, x3, . . . , xn).

If x1 = x2, then u = 0 and so f1(0, v, x3, . . . , xn) = 0. This means that f1

is divisible by u, i.e., f is divisible by x1 − x2. We similarly prove that f is
divisible by xi − xj for all i < j. �

The equality ∆2 = D shows that the representation f = ∆g is not unique.

3.1.3 Muirhead’s inequalities

Let λ = (λ1, . . . , λn) be a partition, i.e., an ordered set of non-negative integers
λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0. Set |λ| = λ1 + · · · + λn. We say that λ ≥ µ if
λ1 + · · ·+ λk ≥ µ1 + · · ·+ µk for k = 1, 2, . . . , n.

To every partition λ one can assign a homogeneous symmetric polynomial

Mλ(x1, . . . , xn) =
1
n!

∑

σ∈Sn

x
λσ(1)
1 · . . . · xλσ(n)

n . (1)

Clearly, deg Mλ = |λ|.
Example 1. If λ = (1, . . . , 1), then Mλ(x1, . . . , xn) = x1 · . . . · xn.

Indeed, the sum (1) in this case consists of n! summands x1 · . . . · xn.

Example 2. If λ = (n, 0, . . . , 0), then Mλ(x1, . . . , xn) = 1
n (xn

1 + . . . + xn
n).
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Indeed, the sum (1) consists in this case of (n− 1)! summands xn
1 , (n− 1)!

summands xn
2 , and so on.

For positive x1, . . . , xn, the inequality

xn
1 + · · ·+ xn

n

n
≥ x1 · . . . · xn

holds (this is the well-known inequality between the arithmetic and geometric
means). The following statement is a generalization of this inequality.

Theorem 3.1.3 (Muirhead, [Mu1]). The inequality

Mλ(x) ≥ Mµ(x) (2)

holds for all vectors x = (x1, . . . , xn) with positive coordinates x1, . . . , xn if
and only if |λ| = |µ| and λ ≥ µ. The equality is only attained if λ = µ and
x1 = · · · = xn.

Proof. Suppose first that (2) holds for all x > 0. Let x1 = · · · = xk = a
and xk+1 = · · · = xn = 1. Then

1 ≤ lim
a→∞

Mλ(x)
Mµ(x)

= lim
a→∞

aλ1+···+λk

aµ1+···+µk
.

Therefore λ1 + · · ·+ λk ≥ µ1 + · · ·+ µk.
Now take k = n and x1 = · · · = xn = a. Then

Mλ(x)
Mµ(x)

=
aλ1+···+λk

aµ1+···+µk
.

For a > 1, we deduce, as earlier, that |λ| ≥ |µ| whereas, for 0 < a < 1, we
obtain |λ| ≤ |µ|.

The proof of the statement in the opposite direction is more complicated.
It makes use of the following transformation Rij . Let µi ≥ µj > 0, where
i < j. Set Rijµ = µ′, where µ′

i = µi + 1, µ′
j = µj − 1 and µ′

k = µk for k �= i, j.
It is easy to verify that µ′ > µ and |µ′| = |µ|.

Lemma 1. If λ = Rijµ, then Mλ(x) ≥ Mµ(x) and the equality is only
obtained if x1 = · · · = xn (we assume that the numbers x1, . . . , xn are posi-
tive.)

Proof. For every pair of indices p and q such that 1 ≤ p < q ≤ n, the
difference Mλ(x)−Mµ(x) contains a summand of the form

A · (xλi
p xλj

q + xλi
q xλj

p − xµi
p xµj

q − xµi
q xµj

p

)

, (3)

where A is a positive number.
To make the presentation more readable, we write xp = a, xq = b, µi = α,

µj = β. Recall that λi = α + 1, λj = β− 1 and α ≥ β. Expression (3) divided
by A is equal to
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aα+1bβ−1 + aβ−1bα+1 − aαbβ − aβbα =

(ab)β−1(a− b)(aα+1−β − bα+1−β) ≥ 0,

where the equality is only possible when a = b. Thus Mλ(x) −Mµ(x) ≥ 0
and, if among the numbers x1, . . . , xn there are at least two distinct ones,
then the inequality is strict. �

Lemma 2. If λ ≥ µ and |λ| = |µ| but λ �= µ, then λ can be obtained
from µ after a finite number of transformations Rij.

Proof. Let i be the least index for which λi �= µi. Then the condition
λ ≥ µ implies that λi > µi. The equality |λ| = |µ| means that

∑
(λk−µk) = 0,

and so λj < µj for some j. Clearly, i < j and µj > 0. Hence we can apply Rij

to µ. As a result, we obtain a sequence ν in which νi = µi + 1, νj = µj − 1,
and νk = µk for k �= i, j. Taking into account that λi > µi and λj < µj we
obtain

|λi − µi| = |λi − νi|+ 1, |λj − µj | = |λj − νj |+ 1.

Therefore ∑

|λk − νk| =
∑

|λk − µk| − 2,

i.e., using Rij we have diminished
∑ |λk−µk| by 2. Therefore, using a certain

number of transformations Rij , we can reduce
∑ |λk − µk| to zero. �

Lemmas 1 and 2 obviously imply Muirhead’s inequality. �

3.1.4 The Schur functions

Consider the infinite matrix

P =








p0 p1 p2 . . .
0 p0 p1 . . .
0 0 p0 . . .
...

...
...

. . .








,

where pi = pi(x1, . . . , xn), is the complete homogeneous polynomial of degree
n. The (i, j)th element of the matrix P is equal to pj−i. The Schur function
or S-function corresponding to a partition λ is the minor of P formed by the
first n rows 0, 1, . . . , n−1 and columns λn, λn−1 +1, . . . , λ1 +n−1. This
symmetric function in x1, . . . , xn is denoted by sλ. The function sλ can be
expressed as a determinant as follows:

sλ = |pλn+1−j+j−i|n1 = |pλj+i−j |n1 .

Considering transposed matrix we get sλ = |pλi+j−i|n1 .
The skew Schur function sλ,µ corresponding to a pair of partitions λ and

µ is the minor of the matrix P formed by the rows with numbers µn, µn−1+1,
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. . . , µ1 +n−1 and the columns with numbers λn, λn−1 +1, . . . , λ1 +n−1.
Clearly, sλ = sλ,0. A partition µ is called a subpartition of λ if λi ≥ µi for
i = 1, . . . , n. One can prove that, if µ is not a subpartition of λ, then sλ,µ = 0.

The Schur functions were introduced by Jacobi long before Schur as quo-
tients of skew-symmetric functions of a certain type. Let α = (α1, . . . , αn) be
a partition and aα the anti-symmetrization of the monomial xα1

1 · . . . · xαn
n ,

i.e.,
aα =

∑

ω∈Sn

(−1)ωω(xα),

where (−1)ω is the sign of the permutation ω and ω(xα) = xα1
ω(1) · . . . ·xαn

ω(n). It
is easy to verify that the polynomial aα(x1, . . . , xn) is equal to the determinant
|xαj

i |n1 ; in particular, this polynomial is skew-symmetric. Hence, if αi = αi+1

for some i, then aα = 0. Thus, we may assume that α = λ + δ, where

δ = (n− 1, n− 2, . . . , 1, 0).

Theorem 3.1.4 (Jacobi-Trudi identity). Let δ = (n− 1, . . . , 1, 0). Then

sλ =
aλ+δ

aδ
, i.e., |pλi+j−i|n1 =

|xλj+n−j
i |n1
|xn−j

i |n1
.

Proof. Let α = (α1, . . . , αn) be a partition. Consider the matrices

Aα =‖xαi

j ‖n
1 , Hα =‖pαi−n+j‖n

1 and M =
∥
∥(−1)n−iσn−i(x̂j)

∥
∥

n

1
,

where x̂j = (x1, . . . , xj−1, xj+1, . . . , xn). Let us show that these three matrices
are related by the formula

HαM = Aα. (1)

Let

σ(j)(t) =
n−1∑

k=0

σk(x̂j)tk =
∏

l�=j

(1 + xlt)

and

p(t) =
∞∑

k=0

pktk =
n∏

l=1

(1 − xlt)−1.

Then
p(t)σ(j)(−t) = (1 − xjt)−1.

By comparing the coefficients of tαi on both sides of this equality we deduce
that

n∑

l=1

pαi−n+l(−1)n−lσn−l(x̂j) = xαi

j .

This is precisely the relation (1) required.
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Relation (1) implies, in particular, that

detHα detM = detAα. (2)

To compute detM , we set α = δ = (n − 1, . . . , 1, 0). In this case the matrix
Hα is of the form ‖pj−i‖n

i . This matrix is triangular with elements p0 = 1
on the main diagonal. Hence detHδ = 1, and therefore det M = detAδ = aδ.
But since detHα = sα−δ, it follows that for α = λ + δ equation (2) takes the
form sλaδ = aλ+δ, i.e., sλ =

aλ+δ

aδ
. �

3.2 Integer-valued polynomials

3.2.1 A basis in the space of integer-valued polynomials

The polynomial p(x) is called integer-valued if it assumes only integer values
for all integers x.

By induction on k one can prove that the polynomial
(

x

k

)

=
x · (x− 1) · . . . · (x − k + 1)

k!

is integer-valued. Indeed, for k = 1, this is obvious. Suppose that
(
x
k

)

is an
integer-valued polynomial. It is easy to verify that

(
x + 1
k + 1

)

−
(

x

k + 1

)

=
(

x

k

)

.

Hence, for all integers m and n, the difference
(

m
k+1

)− ( n
k+1

)

is an integer. It
remains to observe that

(
0

k+1

)

= 0 for any k.
In a sense, the integer-valued polynomials are exhausted by the polynomi-

als
(
x
k

)

. Moreover, the requirement that p(n) ∈ Z for all n ∈ Z for p(x) to be
integer-valued can be considerably weakened, as we now prove.

Theorem 3.2.1. Let pk be a polynomial of degree k assuming integer values
at x = n, n + 1, . . . , n + k for an integer n. Then

pk(x) = c0

(
x

k

)

+ c1

(
x

k − 1

)

+ c2

(
x

k − 2

)

+ · · ·+ ck,

where c0, c1, . . . , ck are integers.

Proof. The polynomials
(

x

0

)

= 1,

(
x

1

)

= x,

(
x

2

)

=
x2

2
− x

2
, . . . ,

(
x

k

)

=
xk

k!
+ · · ·
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form a basis in the space of polynomials of degree not greater than k, and
hence

pk(x) = c0

(
x

k

)

+ c1

(
x

k − 1

)

+ · · ·+ ck,

where c0, c1, . . . , ck are some numbers. It only remains to prove that these
numbers are integers.

We use induction on k. For k = 0, the polynomial p0(x) = c0 assumes an
integer value at x = n for any n, and so c0 is an integer. Suppose now the
required statement is true for all polynomials of degree not greater than k.
Let the polynomial

pk+1(x) = c0

(
x

k + 1

)

+ · · ·+ ck+1

take integer values at x = n, n + 1, . . . , n + k + 1. Then the polynomial

∆pk+1(x) = pk+1(x + 1)− pk+1(x) = c0

(
x

k

)

+ c1

(
x

k − 1

)

+ · · ·+ ck

takes integer values at x = n, n + 1, . . . , n + k. Therefore c0, c1, . . . , ck are
integers, and hence so is

ck+1 = pk+1(n)− c0

(
n

k + 1

)

− c1

(
n

k

)

− · · · − ck

(
n

1

)

. ��

Theorem 3.2.2. Let R(x) be a rational function which takes integer values
at all integer x. Then R(x) is an integer-valued polynomial.

Proof. We write R(x) =
f(x)
g(x)

, where f and g are polynomials. Having

divided f by g with a residue, we see that

R(x) = pk(x) + r(x),

where pk is a polynomial of degree k and r(x) → 0 as x →∞. Therefore, for
large values of n, the values of pk(n) differ but slightly from integers. Let us
show that pk(x) is an integer-valued polynomial. This is done almost by the
same arguments as used for the proof of Theorem 3.2.1.

Let us express pk(x) in the form

pk(x) = c0

(
x

k

)

+ · · ·+ ck.

For k = 0, the number c0 is arbitrarily close to an integer, and hence c0 ∈ Z.
The polynomial

∆pk(x) = pk(x + 1)− pk(x) = c0

(
x

k − 1

)

+ · · ·+ ck−1
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also assumes almost integer values at large integer x and its degree is equal
to k − 1. Applying the induction hypothesis to it, we see that c0, c1, . . . , ck−1

are integers. It is also clear that the number

ck = pk(n)− c0

(
n

k

)

− · · · − ck−1

(
n

1

)

is also an integer. It remains to prove that r(x) = 0. As we already know
r(n) ∈ Z for n ∈ Z and r(n) → 0 as n → ∞. Therefore r(n) = 0 for all
sufficiently large integer n. But any rational function with infinitely many
zeros is identically zero. �

Corollary. Let f(x) and g(x) be polynomials with integer coefficients and
let f(n) be divisible by g(n) at all integer n. Then

f(x) =

(
m∑

k=0

ck

(
x

k

))

g(x),

where c0, . . . , cm are integers.

Pólya [Po1] has shown that if an entire analytic function f(z) assumes
integer values at all integer or positive integer values of z and grows not
too quickly, then f(z) is an integer-valued polynomial. More precisely, the
following statements hold:

1) If f(N) ⊂ N and |f(z)| < Cek|z|, where k < ln 2, then f is an integer-
valued polynomial (for a proof of this statement, see [Ge2]).

2) If f(Z) ⊂ Z and |f(z)| < Cek|z|, where k < ln
(

3+
√

5
2

)

, then f is an
integer-valued polynomial.

The examples of functions 2z and 1√
5

((

3+
√

5
2

)z

−
(

3−√
5

2

)z
)

show that

both estimates are the best possible.

3.2.2 Integer-valued polynomials in several variables

The structure of the basis for the space of integer-valued polynomials in n
variables is similar to the one-variable case.

Theorem 3.2.3 ([Os2]). The polynomial pd1...dn(x1, . . . , xn) of degree di

with respect to xi assumes integer values at x1 = a1, a1 + 1, . . . , a1 + d1,
. . . , xn = an, an + 1, . . . , an + dn if and only if

pd1...dn(x1, . . . , xn) =
∑

ck1...kn

(
x1

k1

)

· · ·
(

xn

kn

)

,

where ck1...kn are integers. In particular, such a polynomial assumes integer
values at all integer points (x1, . . . , xn).
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Proof. Let us consider the case n = 2 since the general case is similar. For
a fixed x1 ∈ {a1, . . . , a1+d1}, the polynomial pd1d2(x1, x2) takes integer values
at x2 = a2, . . . , a2 + d2. Therefore, by Theorem 3.2.1 for x1 = a1, . . . , a1 + d1,
we have the identity

pd1d2(x1, x2) =
d2∑

k2=0

ck2(x1)
(

x2

k2

)

, (1)

where ck2(a1), . . . , ck2(a1+d1) are integers. If we now consider (1) as a relation
for polynomials in variables x1 and x2, then it is clear that ck2(x1) is a uniquely
determined polynomial. As we have already shown, this polynomial (of degree
not greater than d1) assumes integer values at x1 = a1, . . . , a1 + d1, as was
required. �

3.2.3 The q-analogue of integer-valued polynomials

Gauss’s binomial coefficient, or the q-binomial coefficient, is

[n

k

]

q
=

(qn − 1)(qn−1 − 1) · . . . · (qn−k+1 − 1)
(qk − 1)(qk−1 − 1) · . . . · (q − 1)

.

In the limit as q → 1 Gauss’s binomial coefficient becomes the usual bino-
mial coefficient

(
n
k

)

. The Gauss binomial coefficient is one of the numerous
q-analogues of elementary and special functions, see, e.g., [Ki] and [Ga3].

A q-analogue of the identity
(
n+1

k

)

=
(
n
k

)

+
(

n
k−1

)

is
[
n + 1

k

]

q

=
[n

k

]

q
+
[

n

k − 1

]

q

qn−k+1. (1)

To prove (1), it suffices to observe that after simplification this identity be-
comes

qn+1 − 1
(qk − 1)(qn−k+1 − 1)

=
1

qk − 1
+

qn−k+1

qn−k+1 − 1
.

In what follows we will assume that q, n and k are integers such that q ≥ 2
and 1 ≤ k ≤ n. In this case induction on n based on formula (1) shows that
[

n
k

]

q
is an integer.

Now consider polynomials f0, f1, f2, . . . , where

f0 = 1 and fk(x) = q−k(k−1)2 (x− 1)(x− q) · . . . · (x− qk−1)
(q − 1)(q2 − 1) · . . . · (qk − 1)

for k ≥ 1. (2)

It is easy to verify that

fk(qn) = 0 for n = 0, 1, . . . , k − 1 and fk(qk) = 1. (3)

Moreover, fk(qn) =
[

n
k

]

q
for n ≥ k. In particular, for any positive integer n,

the number fk(qn) is an integer.
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Theorem 3.2.4. The polynomial pk(x) of degree k assumes integer values at
x = 1, q, q2, . . . , qk if and only if

pk(x) = ckfk(x) + ck−1fk−1(x) + · · ·+ c1f1(x) + c0, (4)

where c0, c1, . . . , ck are integers and the fi are defined by formula (2). In par-
ticular, such a polynomial assumes integer values at all x = qn (n ∈ N).

Proof. The polynomials f0, f1, . . . , fk form a basis of the linear space
of the polynomials of degree not greater than k, and so (4) holds for some
c0, c1, . . . , ck ∈ C. It remains to verify that c0, . . . , ck ∈ Z. Formulas (3) show
that

pk(1) = c0,

pk(q) = c1 + c0,

pk(q2) = c2 + c1f1(q2) + c0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

pk(qk) = ck + ck−1fk−1(qk) + · · ·+ c1f1(qk) + c0.

Therefore we obtain recursively

c0 ∈ Z =⇒ c1 ∈ Z =⇒ · · · =⇒ ck ∈ Z. ��
Lastly, observe that if an entire analytic function assumes integer values

at points 1, q, q2, . . . and grows not too quickly, then this function is a poly-
nomial. For a precise formulation and proof of this statement, see [Ge2].

3.3 The cyclotomic polynomials

3.3.1 Main properties of the cyclotomic polynomials

The polynomial
Φn(x) =

∏

(x − εk),

where ε1, . . . , εϕ(n) are the primitive n-th roots of unity, is called the cyclo-
tomic polynomial of degree n. For example,

Φ1(x) = x− 1, Φ2(x) = x + 1, Φ3(x) = x2 + x + 1, Φ4(x) = x2 + 1.

If n > 2, then ±1 are not primitive roots of unity of degree n. In this case
the primitive roots split into pairs of complex conjugate numbers. Therefore,
for n > 2, the degree of Φn is even.

We deduce directly from the definition of the cyclotomic polynomial that
∏

d|n
Φd(x) = xn − 1.
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Theorem 3.3.1. Let n > 1 be odd. Then

Φ2n(x) = Φn(−x).

Proof. If ε1, . . . , εϕ(n) are all the primitive roots of degree n, then

−ε1, . . . ,−εϕ(n)

are all the primitive roots of degree 2n. Indeed, for n odd, we have ϕ(2n) =
ϕ(n). Therefore the number of primitive n-th roots of unity is equal to the
number of primitive 2n-th roots of unity. It remains to prove that if ε is a
primitive n-th root of unity, then −ε is a primitive 2n-th root of unity. If
0 < k < n, then εk �= −1. Indeed, if εk = −1, then ε2k = 1 and ε2n−2k = 1,
but either 2k < n or 2n − 2k < n. Thus, if 0 < k < n, then (−ε)k �= 1 and
(−ε)n+k = −(−ε)k �= 1.

Therefore
Φn(−x) = (−x− ε1) · . . . · (−x− εϕ(n)),

Φ2n(x) = (x + ε1) · . . . · (x + εϕ(n)).

It remains to recall that the degree of Φn is even. �

3.3.2 The Möbius inversion formula

The relation ∏

d|n
Φd(x) = xn − 1

enables us to express Φn(x) in terms of xd − 1, where d runs over the set of
divisors of n. To this end, we have a rather general construction based on the
Möbius function

µ(n) =







1 if n = 1;
(−1)k if n = p1 · · · pk;
0 if n = p2m,

where p, p1, . . . , pk are primes.

Theorem 3.3.2 (Möbius). If F (n) =
∑

d|n
f(d), then

f(n) =
∑

d|n
µ(d)F (

n

d
) =
∑

d|n
µ
(n

d

)

F (d).

Proof. Let us verify first that
∑

d|n
µ(d) = 0 for all n > 1. Let n = pα1

1 · . . . ·
pαk

k . Then

∑

d|n
µ(d) =

∑

d|p1···pk

µ(d) = 1−
(

k

1

)

+
(

k

2

)

+ · · ·+ (−1)k = (1− 1)k = 0.
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Clearly,

∑

ab=n

F (a)µ(b) =
∑

d1d2b=n

f(d1)µ(b) =
∑

d1|n



f(d1)
∑

d2b=n/d1

µ(b)



 .

Let m =
n

d1
. Then

∑

d2b=m

µ(b) =
∑

b|m
µ(b) =

{

1 if n = d1;
0 if n �= d1.

Hence
∑

d1|n



f(d1)
∑

d2b=n/d1

µ(b)



 = f(n). ��

Corollary. If F (n) =
∏

d|n
f(d), then

f(n) =
∏

d|n
F
(n

d

)µ(d)

=
∏

d|n
F (d)µ(n/d).

For cyclotomic polynomials, the Möbius inversion formula yields

Φn(x) =
∏

d|n
(xd − 1)µ(n/d).

Theorem 3.3.3. The coefficients of Φn(x) are integers.

Proof. In the product
∏

d|n(xd − 1)µ(n/d), let us group the factors with
µ = 1 and, separately, the factors with µ = −1. As a result, we see that

Φn(x) =
P (x)
Q(x)

, where P and Q are monic polynomials with integer coeffi-

cients. The algorithm of polynomial division shows that Φn is a polynomial
with rational coefficients. Therefore there exists an integer m such that mΦn

has integer coefficients and the greatest common divisor of these coefficients is
equal to 1. By Gauss’s lemma the greatest common divisor of the coefficients
of mP = (mΦn)Q is equal to the product of the greatest common divisors of
the coefficients of mΦn and Q, i.e., is equal to 1.

On the other hand, the greatest common divisor of the coefficients of mP
is equal to m. Therefore m = ±1, i.e., the coefficients of Φn are integers. �

3.3.3 Irreducibility of cyclotomic polynomials

In the preceding subsection we have shown that the coefficients of Φn(x) are
integers.
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Theorem 3.3.4. The polynomial Φn is irreducible over Z.

Proof. Suppose that Φn = fg, where f and g are polynomials with integer
coefficients. Let ε be a root of Φn. We may assume that f(ε) = 0 and f is
irreducible. Let p be a prime relatively prime to n. Then εp is a root of Φn.
We want to prove that εp is a root of f . Suppose that εp is not a root of f .
Then we may assume that Φn = fgh, where f and g are irreducible monic
polynomials, f(ε) = 0 and g(εp) = 0.

The polynomial xn−1 and the irreducible polynomial f(x) have a common
root ε, and hence xn − 1 is divisible by f(x). Similarly, xn − 1 is divisible by
g(x). Since f and g are relatively prime, it follows that xn − 1 is divisible
by their product. Therefore the discriminant D of xn − 1 is divisible by the
resultant R(f, g), cf. Theorem 1.3.4 on page 24.

It is easy to verify that D = ±nn (see Example 1.3.7 on page 25). To get
a contradiction, it suffices to show that R(f, g) is divisible by p. We require
the following lemma.

Lemma. If p is a prime and f(x) is a polynomial with integer coeffi-
cients, then

(

f(x)
)p ≡ f(xp) (mod p).

Proof. Let f(x) = anxn + · · ·+ a1x + a0. Then

(

f(x)
)p =

∑

k0+···+kn=p

p!
k0! · . . . · kn!

(anxn)kn · . . . · (a0)k0 .

The number p!
k0!·...·kn! is not divisible by p only if one of the numbers k0, . . . , kn

is equal to p. Hence
(

f(x)
)p ≡ (anx)p + · · ·+ (a0)p (mod p).

Since ap ≡ a (mod p) for all a, we get the statement desired. �

Returning to the main proof, we let y1 = εp, y2, . . . , yk be the roots of
g. By the Lemma, f(εp) ≡ (f(ε)

)p ≡ 0 (mod p), i.e., f(y1) = pψ(y1), where
ψ is a polynomial with integer coefficients. The polynomial f − pψ and the
irreducible polynomial g have a common root y1. Hence f − pψ is divisible by
g, and therefore f(yi)− pψ(yi) = 0 for all i. Therefore

R(f, g) = ±f(y1) · . . . · f(yk) = ±pkψ(y1) · . . . · ψ(yk).

The expression ψ(y1) · . . . · ψ(yk) is a symmetric polynomial with integer co-
efficients in the roots of g. Therefore this expression is an integer, i.e., R(f, g)
is divisible by pk.

Thus, if Φn is divisible by the irreducible polynomial f and ε is a root
of f , then, for any prime p relatively prime to n, the number εp is also a
root of f . Now it is easy to demonstrate that all the roots of Φn are also the
roots of f , i.e., f = ±Φn. Indeed, any root ω of Φn is of the form εm, where
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(m, n) = 1. Let us represent m in the form m = p1 · . . . · ps, where p1, . . . , ps

are primes among which some may coincide. The condition (m, n) = 1 implies
that (pi, n) = 1 for all i. Therefore εp1 , εp1p2 , . . . , εp1···ps = ω are the roots of
f . �

3.3.4 The expression for Φmn in terms of Φn

In many cases the cyclotomic polynomial Φmn(x) can be expressed in terms
of Φn(x). We confine ourselves to the case when m = p is a prime.

Theorem 3.3.5. Let p be a prime. Then

Φpn(x) =







Φn(xp) if (n, p) = p;
Φn(xp)
Φn(x)

if (n, p) = 1.

Proof. First, consider the case where n is divisible by p. If ε is a primitive
root of degree pn, then ω = εp is a primitive root of degree n. To the root
ω, the roots ε1, . . . , εp correspond so that (x − ε1) · . . . · (x − εp) = xp − ω.
Therefore

Φpn(x) =
∏

ε

(x− ε) =
∏

ω=εp

(xp − ω) = Φn(xp).

Now consider the case where n is not divisible by p. In this case the divisors
of pn consist of the divisors of n and their products by p. Hence

Φpn(x) =
∏

d|pn

(xd − 1)µ(pn/d) =
∏

d|n
(xd − 1)µ(pn/d)

∏

d|n
(xdp − 1)µ(n/d).

Since µ
(pn

d

)

= −µ
(n

d

)

, it follows that

Φpn(x) =
∏

d|n

(xdp − 1)µ(n/d)

(xd − 1)µ(n/d)
=

Φn(xp)
Φn(x)

. ��

Using Theorem 3.3.5 we can compute Φn(±1). Let us start with Φn(1). If
n is divisible by p, then by Theorem 3.3.5 Φn(1) = Φn/p(1). Therefore, if n =
pα1
1 · . . . · pαk

k and m = p1 · . . . · pk, then Φn(1) = Φm(1). It remains to compute
Φm(1). If m = p is a prime, then Φp(1) = p. If m = p1 · . . . · pk, where k > 1,

we set p = p1 and n =
m

p
. By Theorem 3.3.5 we have Φm(1) =

Φn(1)
Φn(1)

= 1.

Thus, if n > 1,

Φn(1) =

{

p if n = pλ;
1 if n �= pλ.

Now let us compute Φn(−1). The following cases are possible:
1) n > 1 is odd. Then Φn(−1) = Φ2n(1) = 1.



94 3 Polynomials of a Particular Form

2) n = 2k. Then Φn(x) =
xn − 1

xn/2 − 1
= (xn/2 + 1). Hence Φn(−1) = 0 for

n = 2 and Φn(−1) = 2 for n = 2k, where k > 1.
3) n = 2m, where m > 1 is odd. In this case Φn(−1) = Φm(1). Therefore

Φn(−1) = p if m = pα and Φn(−1) = p if m has more than one prime divisor.
4) n = 2km, where k > 1 and m > 1 is odd. Let m = pα1

1 · · · · · pαt
t . Then

Φn(x) = Φ2r(xs), where r = p1 · . . . · pt and s = 2k−1pα1−1
1 · . . . · pαt−1

t . Hence
Φn(−1) = Φ2r(1) = 1.

3.3.5 The discriminant of a cyclotomic polynomial

Let us represent the cyclotomic polynomial Φn(x) in the form

Φn(x) =
∏

d|n
(xd − 1)µ(n/d) = (xn − 1)

∏

d|n, d �=n

(xd − 1)µ(n/d).

If ε is a root of Φn, then

Φ′
n(ε) = nεn−1

∏

d|n, d �=n

(εd − 1)µ(n/d).

Therefore the absolute value of the discriminant of Φn is
∏

ε

∣
∣Φ′

n(ε)
∣
∣ = nϕ(n)

∏

d|n, d �=n

∏

ε

|1− εd|µ(n/d).

Clearly, εd is a primitive root of degree
n

d
, i.e.,

∏

ε

(1− εd) =
(

Φn/d(1)
)ϕ(n)/ϕ(n/d)

,

since
deg Φn

deg Φn/d
=

ϕ(n)

ϕ
(n

d

) .

The value of Φn/d(x) at x = 1 can be distinct from 1 only if
n

d
= pλ. On

the other hand, µ
(n

d

)

�= 0 only if
n

d
is not divisible by the square of a prime.

Hence there remain only the values of d for which
n

d
is a prime. Thus,

∏

ε

∣
∣Φ′

n(ε)
∣
∣ =

nϕ(n)

∏

p|n
p

ϕ(n)
p−1

.

It remains to determine the sign of the discriminant of Φn. To this end,
we use the fact that Φn has no real roots and its degree is equal to ϕ(n). By
Theorem 1.3.5 on page 24 the sign of a discriminant should then be equal to
(−1)ϕ(n)/2.
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3.3.6 The resultant of a pair of cyclotomic polynomials

We begin by calculating the resultant R(Φn, xm− 1). The polynomial xm − 1
is divisible by Φ1 = x− 1, and hence R(Φ1, x

m − 1) = 0.
Let n ≥ 2. Let d = (n, m) and n1 =

n

d
. Let ξ1, ξ2, . . . be nth primitive

roots of unity, and let η1, η2, . . . be n1th primitive roots of unity. Then

R(Φn, xm − 1) =
∏

(ξm
i − 1) =

∏
(1− ξm

i ) =

= (
∏

(1 − ηi))
ϕ(n)/ϕ(n1) =

(

Φn1(1)
)ϕ(n)/ϕ(n1)

.

If n1 = 1, i.e., if m is divisible by n, then Φn1(1) = 0, and hence

R(Φn, xm − 1) = 0.

If n1 �= 1, then Φn1(1) = p for n1 = pλ and Φn1(1) = 1 for n1 �= pλ.
Passing to the calculation of R(Φn, Φm), we observe that it is an integer

that divides both R(Φn, xm − 1) and R(Φm, xn − 1). Indeed,

xm − 1 = Φm(x)f(x),

where f(x) is a polynomial with integer coefficients, and so

R(Φn, xm − 1) = R(Φn, Φmf) = R(Φn, Φm)R(Φn, f).

Further, if n > m > 1, then

R(Φm, Φn) = (−1)ϕ(m)ϕ(n)R(Φn, Φm) = R(Φn, Φm)

and R(Φm, Φn) > 0. The latter inequality can be proved, for example, as
follows. Clearly,

0 �= R(Φn, xm − 1) =
∏

d|m
R(Φn, Φd),

and hence
R(Φn, Φm) =

∏

d|m
R(Φn, xd − 1)µ(m/d) > 0.

If m is not divisible by n and n is not divisible by m, then the numbers
m

d
and

n

d
, where d = (m, n), are distinct from 1 and are relatively prime.

Therefore R(Φn, xm−1) and R(Φm, xn−1) are relatively prime, and therefore
R(Φn, Φm) = 1.

To be definite, let m be divisible by n. If m = n, then R(Φn, Φm) = 0. If
m

n
�= pλ, then R(Φm, xn − 1) = 1, and hence R(Φn, Φm) = 1. It remains to

consider the case
m

n
= pλ. Clearly,

R(Φn, Φm) =
∏

δ|n
R(Φm, xδ − 1)µ(n/δ).
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On the right-hand side all the factors are equal to 1 except those for which
m

δ
= pa.

If (n, p) = 1, the factor distinct from 1 only appears for δ = n. In this case

R(Φn, Φm) = R(Φm, xn − 1) = pϕ(m)/ϕ(m/n) = pϕ(n).

If n is divisible by p, the factors distinct from 1 only appear for δ = n and
δ =

n

p
. In this case

R(Φn, Φm) =
R(Φm, xn − 1)

R(Φm, xn/p − 1)
= pa,

where

a =
ϕ(m)

ϕ
(m

n

)− ϕ(m)

ϕ
(mp

n

) = ϕ(m)
(

1
pλ−1(p− 1)

− 1
pλ(p− 1)

)

=
ϕ(m)
pλ

= ϕ(n).

Thus, if m ≥ n,

R(Φn, Φm) =







0 if m = n;
pϕ(n) if m = npλ;
1 otherwise.

3.3.7 Coefficients of the cyclotomic polynomials

The examples of polynomials Φn(x) for small values of n show that their
coefficients are 0 and ±1. But this is not always the case. In [Su3] it is proved
that any integer may serve as a coefficient of a cyclotomic polynomial. This
proof is based on the following auxiliary statement.

Lemma. For any positive integer t ≥ 3, there exist primes p1 < p2 <
· · · < pt such that p1 + p2 > pt.

Proof. Fix t ≥ 3. Suppose on the contrary that, for any set of primes
p1 < p2 < · · · < pt, the inequality p1 + p2 ≤ pt holds. In this case 2p1 < pt,
and so between 2k−1 and 2k there are less than t primes. This means that
π(2k) < kt, where π(s) is the number of primes between 1 and s.

By Chebyshev’s theorem (see [GNS], [Da2] or [Ch1]) π(x) >
cx

ln x
, where c

is a positive constant. Hence
c2k

ln 2k
< kt, i.e., c2k < k2t ln 2. For a sufficiently

large k, this inequality will be violated. �

Let t ≥ 3 be an odd integer. Select primes p1 < p2 < · · · < pt so that
p1 + p2 > pt. Set p = pt, consider the polynomial Φn(x) modulo xp+1. For t
odd, we have
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Φp1···pt =
(xp1 − 1) · . . . · (xpt − 1)

x− 1
·
∏

(xpipjpk − 1)
∏

(xpipj − 1)
· . . .

But xpipj ≡ 0 (mod xp+1), xpipjpk ≡ 0 (mod xp+1), and so on. Hence

Φp1...pt ≡ ±
(1− xp1) · . . . · (1− xpt)

1− x
(mod xp+1).

We can select the plus sign here since Φp1···pt(0) = 1. The inequalities

pi + pj ≥ p1 + p2 > pt = p

imply that

(1− xp1) · . . . · (1− xpt) ≡ (1− xp1 − . . .− xpt) (mod xp+1).

It is also clear that (1 − x)−1 ≡ (1 + x + · · ·+ xp) (mod xp+1). Hence

Φp1···pt ≡ (1 + x + · · ·+ xp)(1− xp1 − · · · − xpt) (mod xp+1).

Among the monomials xpi , xpi+1, . . . , xpi+p, the monomial xp = xpt occurs
for all i whereas the monomials xp−1 and xp−2 occur for all i �= t. Therefore
the coefficient of xp in Φp1···pt is −t + 1 and the coefficient of xp−2 is

−(t− 1) + 1 = −t + 2.

As t runs over all the odd numbers starting with 3, the numbers −t + 1
and −t + 2 run over all the negative integers.

To see that all positive integers can be coefficients of cyclotomic polyno-
mials, consider the polynomial Φ2p1···pt , where p1 ≥ 3 and p1 + p2 > pt. The
number n = p1 · . . . · pt is odd, and hence Φ2n(x) = Φn(−x). This means that
the coefficients of xp, as well as those of xp−2, in Φ2n and Φn differ by a sign,
i.e., the coefficients of xp and xp−2 in Φ2p1···pt are t−1 and t−2, respectively.

3.3.8 Wedderburn’s theorem

One of the most interesting applications of cyclotomic polynomials is the
proof of Wedderburn’s theorem on the commutativity of finite skew fields.
This proof is due to Witt [Wi2].

A skew field is a ring in which the equations ax = b and xa = b are
uniquely solvable for all a �= 0.

Theorem 3.3.6 (Wedderburn). Any finite associative skew field R is com-
mutative, i.e., it is a field.

Proof. Let e1 and e2 be solutions of the equations ax = a and xa = a
respectively. Then ae1a = a2 = ae2a, and hence ae1 = ae2 and e1 = e2 = e.
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Let us show that be = b for any b. Indeed, let xa = b. Then be = xae = xa = b.
Similarly, eb = b.

Therefore the skew field R contains the identity 1. Consider the field Fp

generated by 1 ∈ R. The skew field R is a linear space over Fp. Let r be the
dimension of this space. Then R consists of pr elements. Let Z be the center
of R, i.e., the set of elements of R that commute with all the elements of R.
Clearly, Z is a field containing Fp. Therefore Z consists of q = ps elements.
The skew field is also a linear space over Z. If the dimension of R over Z is
equal to t, then R consists of qt elements. Therefore pr = qt = pst. We wish
to show that R = Z, i.e., t = 1.

For any element x ∈ R, consider its normalizer Nx = {y ∈ R | xy = yx}.
Clearly, Nx is a skew subfield of R containing Z. On the one hand, the skew
field Nx is a linear space over Z, and hence consists of qd elements. On the
other hand, R is a linear space (module) over Nx, and hence qt = (qd)k = qdk,
i.e., d | t.

In the multiplicative group R∗, we consider for every element x the orbit

Ox = {yxy−1 | y ∈ R∗}.

Clearly, Ox consists of

|Ox| = |R∗|
|N∗

x |
=

qt − 1
qd − 1

elements. The orbits of distinct elements either coincide or do not intersect.
Hence, R∗ splits into the disjoint union of orbits and the orbit of every element
from Z∗ consists of a single element. Therefore

qt − 1 = (q − 1) +
∑ qt − 1

qd − 1
, (1)

where the sum runs over the divisors d of t such that d < t (the equality d = t
corresponds to the case x ∈ Z∗; such elements are separated and correspond
to the summand q − 1).

With the help of the cyclotomic polynomial Φt(x) we will show that (1)
is only possible for t = 1. Indeed, the polynomial xt − 1 is divisible by Φt(x).

Moreover, if d | t and d < t, the polynomial
xt − 1
xd − 1

is also divisible by Φt(x)

since in this case the polynomials xd− 1 and Φt(x) have no common roots. In

particular, the numbers qt− 1 and
qt − 1
qd − 1

are divisible by Φt(q). Relation (1)

then shows that q − 1 is divisible by Φt(q). On the other hand,

|Φt(q)| =
∏

|q − εi| > q − 1

since |εi| = 1 and εi �= 1. �
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3.3.9 Polynomials irreducible modulo p

With the help of Möbius’s inversion formula we can obtain an expression for
the number of irreducible monic polynomials of degree n over Fp. Let us prove
first the following statement.

Theorem 3.3.7. Let Fd(x) be the product of all irreducible monic polynomials
of degree d over Fp. Then

xpn − x =
∏

d|n
Fd(x).

Proof. The polynomial xpn − x is relatively prime to its derivative
pnxpn−1− 1 = −1, and hence it has no multiple roots. Therefore it suffices to
prove that if f(x) is an irreducible monic polynomial of degree d, then f(x)
divides xpn − x if and only if d divides n.

Let α be a root of f and K = Fp(α) an extension of degree d of Fp. This
extension consists of pd elements and all its elements satisfy the equation
xpd − x = 0. Indeed, the multiplicative group of Fp is of order pd − 1, and so
any nonzero element x ∈ Fp satisfies xpd−1 = 1.

Lemma. a) Over an arbitrary field, the polynomial xn−1 divides xm−1
if and only if n divides m.

b) If a ≥ 2 is a positive integer, then an − 1 divides am − 1 if and only if
n divides m.

Proof. a) Let m = qn + r, where 0 ≤ r < n. Then

xm − 1
xn − 1

= xr xqn − 1
xn − 1

+
xr − 1
xn − 1

.

The polynomial xqn − 1 is divisible by xn − 1. Hence xm − 1 is divisible by
xn − 1 if and only if xr − 1 is divisible by xn − 1. But r < n and so xr − 1 is
divisible by xn − 1 only for r = 0.

b) is similarly proved. �

Let us continue with the proof of the theorem. First, suppose that d divides
n. Then pd − 1 divides pn − 1, and hence xpd − x divides xpn − x. A root α

of the irreducible polynomial f(x) is also a root of the equation xpd

= x, and
hence f(x) divides xpd − x.

Suppose now that f(x) divides xpn−x. Then αpn−α = 0. For an arbitrary
b1α

d−1 + b2α
d−2 + · · ·+ bd ∈ K, we have

(b1α
d−1 + · · ·+ bd)pn

= b1(αpn

)d−1 + · · ·+ bd = b1α
d−1 + · · ·+ bd.

Thus any element of K satisfies the equation xpn

= x, i.e., xpn −x is divisible
by xpd − x. Hence n is divisible by d. �
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Let Nd be the number of irreducible monic polynomials of degree d over
Fp. Then the degree of Fd is dNd, and hence

pn =
∑

d|n
dNd.

Applying Möbius inversion formula we obtain a formula for Nn:

Nn =
1
n

∑

d|n
µ
(n

d

)

pd.

In particular, Nn �= 0 since the sum
∑

d|n µ
(

n
d

)

pd is of the form

pd1 ± pd2 ± · · · ± pdk ,

where the numbers di are distinct.

3.4 Chebyshev polynomials

3.4.1 Definition and main properties of Chebyshev polynomials

Chebyshev polynomials Tn(x) constitute one of the most remarkable families
of polynomials. They often appear in various branches of mathematics —
from approximation theory to number theory to topology of three-dimensional
manifolds. We will discuss several simpler but rather important properties of
Chebyshev polynomials.

We use the definition of Chebyshev polynomials based on the fact that
cosnϕ is polynomially expressed in terms of cosϕ, i.e., there exists a polyno-
mial Tn(x) such that Tn(x) = cosnϕ for x = cosϕ. Indeed, the formula

cos(n + 1)ϕ + cos(n− 1)ϕ = 2 cosϕ cosnϕ

shows that the polynomials Tn(x) recursively defined by the relation

Tn+1(x) = 2xTn(x) − Tn−1(x)

with the initial values T0(x) = 1 and T1(x) = x, possess the property required.
These polynomials Tn(x) are called the Chebyshev polynomials.

The fact that Tn(x) = cosnϕ for x = cosϕ directly implies that |Tn(x)| ≤ 1
for x ≤ 1. The above recurrence implies that

Tn(x) = 2n−1xn + a1x
n−1 + · · ·+ an, (∗)

where a1, . . . , an are integers.
The most important property of Chebyshev polynomials was discovered

by Chebyshev himself. It consists of the following.
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Theorem 3.4.1. Let Pn(x) = xn + · · · be a monic polynomial of degree n

such that |Pn(x)| ≤ 1
2n−1

for |x| ≤ 1. Then Pn(x) =
Tn(x)
2n−1

. In other words,

the polynomial
Tn(x)
2n−1

is the monic polynomial of degree n that has the least

deviation from zero on segment [−1, 1].

Proof. We use only one property of the polynomial (∗), namely, the fact
that

Tn

(

cos
(

kπ

n

))

= cos kπ = (−1)k for k = 0, 1, . . . , n.

Consider the polynomial

Q(x) =
1

2n−1
Tn(x) − Pn(x).

Its degree does not exceed n − 1 since the leading terms of 1
2n−1 Tn(x) and

Pn(x) are equal. Since |Pn(x)| ≤ 1
2n−1 for |x| ≤ 1, it follows that at the point

xk = cos
(

kπ
n

)

the sign of Q(xk) coincides with the sign of Tn(xk). Therefore,
at the end points of each segment [xk+1, xk], the polynomial Q(x) takes values
of opposite signs, and hence Q(x) has a root on each of these segments.

xk+1 xk xk−1 xk+1 xk xk−1

Figure 3.1

If Q(xk) = 0 we need a slightly more accurate arguments. In this case either
xk is a double root or within one of the segments [xk+1, xk] and [xk, xk−1] there
is one more root. This follows from the fact that at xk+1 and xk−1 the values
of Q(x) have the same sign (Fig. 3.1)

The number of segments [xk+1, xk] is equal to n, and hence the polynomial
Q(x) has at least n roots. For a polynomial of degree not greater than n− 1,
this means that it is identically zero, i.e., Pn(x) = 1

2n−1 Tn(x). �

If z = cosϕ + i sinϕ, then z + z−1 = 2 cosϕ and zn + z−n = 2 cosnϕ.
Therefore

Tn

(
z + z−1

2

)

=
zn + z−n

2
.

Using this property we can prove the following statement.
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Theorem 3.4.2. Let m =
[n

2

]

. Then

Tn(x) =
m∑

j=0

(
n

2j

)

xn−2j(x2 − 1)j .

Proof. Let x = 1
2 (z + z−1) and y = 1

2 (z − z−1). Then y2 = x2 − 1 and

zn + z−n = (x + y)n + (x− y)n =
n∑

i=0

(
n

i

)
(

1 + (−1)i
)

xn−iyi =

= 2
m∑

j=0

(
n

2j

)

xn−2jy2j = 2
m∑

j=0

(
n

2j

)

xn−2j(x2 − 1)j .

It remains to observe that Tn(x) = 1
2 (zn + z−n). �

Corollary. Let p be an odd prime. Then

Tp(x) ≡ T1(x) (mod p).

Proof. We write p = 2m + 1. Then

Tp(x) =
m∑

j=0

(
p

2j

)

xp−2j(x2 − 1)j .

If j > 0, then
(

p
2j

)

is divisible by p. Therefore

Tp(x) ≡ xp (mod p) ≡ x (mod p) = T1(x). ��
For any pair of polynomials P and Q, define their composition naturally,

by setting
P ◦Q(x) = P (Q(x)) .

The polynomials P and Q are said to commute if P ◦Q = Q ◦ P , i.e., if

P (Q(x)) = Q (P (x)) .

Theorem 3.4.3. The polynomials Tn(x) and Tm(x) commute.

Proof. Let x = cosϕ. Then Tn(x) = cos(nϕ) = y and Tm(y) = cosm(nϕ),
and hence Tm (Tn(x)) = cosmnϕ. Similarly, Tn (Tm(x)) = cosmnϕ. Hence the
identity Tn (Tm(x)) = Tm (Tn(x)) holds for |x| < 1, and therefore it holds for
all x. �

Chebyshev polynomials are the only non-trivial example of commuting
polynomials. Indeed, the following classification theorem for pairs of commut-
ing polynomials holds. Let l(x) = ax + b, where a, b ∈ C and a �= 0. We will
say that the pair of polynomials l ◦ f ◦ l−1 and l ◦ g ◦ l−1 is equivalent to the
pair of polynomials f and g.
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Theorem 3.4.4 (Ritt). Let f and g be commuting polynomials. Then the
pair (f, g) is equivalent to one of the following pairs:

1) xm and εxn, where εm−1 = 1.
2) ±Tm(x) and ±Tn(x), where Tm and Tn are Chebyshev polynomials;
3) ε1Q

(k)(x) and ε2Q
(l)(x), where εq

1 = εq
2 = 1, and Q(x) = xP (xq), and

where Q(1) = Q, Q(2) = Q ◦Q, Q(3) = Q ◦Q ◦Q, and so on.

This theorem was proved in 1922 by the American mathematician Ritt;
all the known proofs of it are rather complicated. A modern exposition of the
proof of Ritt’s theorem is given in [Pr4].

Sometimes instead of Tn(x) it is convenient to consider the monic polyno-
mial Pn(x) = 2Tn

(x

2

)

. The polynomials Pn(x) satisfy the recurrence relation

Pn+1(x) = xPn(x) − Pn−1(x).

Hence Pn(x) is a polynomial with integer coefficients.
If z = cosϕ+ i sinϕ = eiϕ, then z+z−1 = 2 cosϕ and zn +z−n = 2 cosnϕ.

Therefore

Pn(z + z−1) = 2Tn(cos ϕ) = 2 cosnϕ = zn + z−n,

i.e., the polynomial Pn(x) polynomially expresses zn + z−n via z + z−1.
With the help of the polynomials Pn we can prove the next theorem.

Theorem 3.4.5. If both α and cos(απ) are rational, then 2 cos(απ) is an
integer, i.e., cos(απ) = 0, ± 1

2 or ±1.

Proof. Let α =
m

n
be an irreducible fraction. Set x0 = 2 cos t, where

t = απ. Then

Pn(x0) = 2 cos(nt) = 2 cos(nαπ) = 2 cos(mπ) = ±2.

Hence x0 is a root of the polynomial with integer coefficients

Pn(x) ∓ 2 = xn + b1x
n−1 + · · ·+ bn.

Let x0 = 2 cos(απ) =
p

q
be an irreducible fraction. Then

pn + b1p
n−1q + · · ·+ bnqn = 0,

and hence pn is divisible by q. But p and q are relatively prime, and so q = ±1,
i.e., 2 cos(απ) is an integer. �

It is convenient to compute the derivatives of Chebyshev polynomials start-
ing directly from the relation Tn(x) = cosnϕ, where x = cosϕ. For example,
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T ′
n(x) =

d cosnϕ

dϕ
d cosϕ

dϕ

=
n sinnϕ

sin ϕ
,

T ′′
n (x) =

d

dϕ

(
n sin nϕ

sin ϕ

) −1
sinϕ

=
n cosϕ sin nϕ− n2 cosnϕ sinϕ

sin3 ϕ
.

These formulas imply that

(1− x2)T ′
n(x) = n (Tn−1(x)− xTn(x)) ,

(1 − x2) (T ′
n(x))2 = n2 (1− Tn(x))2 ,

(1 − x2)T ′′
n (x) − xT ′

n(x) + n2Tn(x) = 0.

The identity
(1− x2) (T ′

n(x))2 = n2 (1− Tn(x))2

can be rewritten in the form

1 = T 2
n(x)− (1− x2)U2

n(x), (1)

where Un(x) =
sinnϕ

sin ϕ
and x = cosϕ. It is easy to verify that Un is a polyno-

mial with integer coefficients. Indeed, induction on n shows that

sin nx = pn(cosx) sin x, cosnx = qn(cosx),

where pn and qn are polynomials with integer coefficients.
Identity (1) can be used to solve Pell’s equation

x2 − dy2 = 1.

Indeed, if (x1, y1) is a positive integer solution of this equation, then

1 = T 2
n(x1)− (1 − x2

1)
y2
1

(y1Un(x1))
2

= T 2
n(x1)− d (y1Un(x1))

2
,

so that (Tn(x1), y1Un(x1)) is also a positive integer solution of this equation.

Remark. One can prove that if (x1, y1) is the least positive integer solu-
tion of Pell’s equation, then all its positive integer solutions are of the form
(Tn(x1), y1Un(x1)).
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3.4.2 Orthogonal polynomials

The polynomials fk(x), k = 0, 1, . . . are said to be orthogonal polynomials on
the interval [a, b] with weight function w(x) ≥ 0 if deg fk = k and

b∫

a

fm(x)fn(x)w(x) dx = 0

for m �= n.
In the space V n+1 of polynomials of degree ≤ n, we define the inner

product by

(f, g) =

b∫

a

f(x)g(x)w(x) dx.

The orthogonal polynomials f0, f1, . . . , fn form an orthogonal basis in the
space V n+1 with this inner product.

Given an interval [a, b] and a weight function w(x), the orthogonal polyno-
mials are uniquely determined up to proportionality. Indeed, they are obtained
by orthogonalization of the basis 1, x, x2, . . .

The best-known ones1 are the following orthogonal polynomials:

a b w(x) Name of the polynomial
−1 1 1 Legendre
−1 1 (1 − x2)λ−1/2 Gegenbauer
−1 1 (1 − x)α(1 + x)β Jacobi
−∞ ∞ exp(−x2) Hermite
0 ∞ xαe−x Laguerre

Theorem 3.4.6. Chebyshev polynomials form an orthogonal system on the

interval [−1, 1] with weight function w(x) =
1√

1− x2
.

Proof. Making a change of variable x = cosϕ, we have

1∫

−1

Tn(x)Tm(x)
dx√

1− x2
=

π∫

0

cosnϕ cosmϕdϕ =

=

π∫

0

cos(m + n)ϕ + cos(m− n)ϕ
2

dϕ.

1 Bochner showed that up to a complex linear change of variable, the only poly-
nomial solutions that arise as the eigenfunctions of the hypergeometric equation
are the Jacobi, Laguerre, Hermite and Bessel polynomials, of which Legendre,
Gegenbauer and other famous polynomials, e.g., Tchebyshev ones, are particular
cases, see [BCS].
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It remains to observe that
π∫

0

cos kϕdϕ = 0 if k �= 0. ��

Corollary. If Pn(x) is a polynomial of degree n and

1∫

−1

Pn(x)
xkdx√
1− x2

= 0

for k = 0, 1, . . . , n− 1, then Pn(x) = λTn(x), where λ is independent of x.

Proof. In the space V n+1 with inner product

(f, g) =

1∫

−1

f(x)g(x)
dx√

1− x2
,

the orthogonal complement1 of the space generated by the polynomials
1, x, x2, . . . , xn−1 is spanned by the Chebyshev polynomial Tn(x). �

The corollary of Theorem 3.4.6 is often convenient in proving that a given
polynomial is indeed a Chebyshev polynomial. For example, using the Corol-
lary we prove the following statement.

Theorem 3.4.7. Chebyshev polynomials can be defined by the formula

Tn(x) =
(−1)n

√
1− x2

1 · 3 · 5 · · · · · (2n− 1)
dn

dxn
(1− x2)n−1/2.

Proof. By induction on m we easily prove that for m ≤ n

dm

dxm
(1− x2)n−1/2 = Pm(x)(1 − x2)n−m−1/2,

where Pm(x) is a polynomial of degree m such that

P0(x) = 1,
P1(x) = −(2n− 1)x,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Pm+1 = 1− x2 − (2n− 2m− 1)xPm(x) for m ≥ 1.

Hence
√

1− x2
dn

dxn
(1− x2)n−1/2 = Pn(x)

is a polynomial of degree n.
1 Recall that the orthogonal complement of the subspace V ⊂ W consists of all

vectors in W which are orthogonal to V .
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Let us verify that Pn(x) = λTn(x), i.e.,

1∫

−1

xk dn

dxn
(1− x2)n−1/2dx = 0

for k = 0, 1, . . . , n− 1. Integrating by parts we obtain

1∫

−1

xk dn

dxn
(1− x2)n−1/2dx =

= xkPn−1(x)(1 − x2)1/2
∣
∣
∣

1

−1
−

1∫

−1

kxk−1 dn−1

dxn−1
(1− x2)n−1/2dx.

The first term on the right vanishes since 1− x2 = 0 at x = ±1. Then we
integrate by parts the integral term and repeat the process. In order to obtain
0 at the end, we have to integrate by parts k+1 times. At the last step we get

the derivative
dn−k−1

dxn−k−1
. This means that n − k − 1 should be non-negative,

i.e., k ≤ n− 1.
It remains to verify that λ = (−1)n1 · 3 · 5 · . . . · (2n− 1). For this, one can

compute Pn(1). Indeed, for x = 1, the recurrence

Pm+1(x) = 1− x2 − (2n− 2m− 1)xPm(x)

takes the form
Pm+1(1) = −(2n− 2m− 1)Pm(1).

Therefore Pn(1) = (−1)n1 ·3 ·5 · . . . · (2n−1). It is also clear that Tn(1) = 1. �

3.4.3 Inequalities for Chebyshev polynomials

We have shown that Chebyshev polynomials only slightly deviate from zero
on the interval [−1, 1]. This is compensated by the fact that these polynomials
and their derivatives grow rapidly outside this segment. More precisely, the
following statement holds.

Theorem 3.4.8. [Ro1] Let the polynomial p(x) = a0+a1x+· · ·+anxn, where
ai ∈ C, be such that

∣
∣p(x)

∣
∣ ≤ 1 for −1 ≤ x ≤ 1. Then

∣
∣p(k)(x)

∣
∣ ≤ ∣∣T (k)

n (x)
∣
∣

for |x| ≥ 1, x ∈ R.

Proof. We use only the fact that
∣
∣p(xi)

∣
∣ ≤ 1 for xi = cos (n−i)π

n , where
i = 0, 1, . . . , n. The polynomial p(x) is completely determined by these values
p(xi). Indeed,

p(x) =
n∑

i=0

p(xi)
gi(xi)

gi(x), (1)
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where gi(x) =
∏

j �=i

(x − xj). By differentiating (1) k times we obtain

p(k)(x) =
n∑

i=0

p(xi)
gi(xi)

g
(k)
i (x).

Since
∣
∣p(xi)

∣
∣ ≤ 1, it follows that

∣
∣p(k)(x)

∣
∣ ≤

n∑

i=0

∣
∣
∣
∣
∣

g
(k)
i (x)
gi(xi)

∣
∣
∣
∣
∣
. (2)

The value of Tn(x) at xi is cos(n− i)π = (−1)n−i. Hence

∣
∣T (k)

n (x)
∣
∣ =

∣
∣
∣
∣
∣

n∑

i=0

(−1)n−i

gi(xi)
g
(k)
i (x)

∣
∣
∣
∣
∣
.

It is also clear that sgn gi(xi) = (−1)n−i. Further, for |x| ≥ 1, the sign of
g
(k)
i (x) does not depend on i. Indeed, all roots of gi(x) belong to [−1, 1], and

hence all the roots of g
(k)
i (x) also belong to this interval. Therefore

sgn g
(k)
i (x) =

{

1 for x ≥ 1
(−1)n−k for x ≤ 1.

As a result for |x| ≥ 1 we obtain

∣
∣T (k)

n (x)
∣
∣ =

∣
∣
∣
∣
∣

n∑

i=0

g
(k)
i (x)
gi(xi)

∣
∣
∣
∣
∣
.

In this case inequality (2) implies that
∣
∣p(k)(x)

∣
∣ ≤ ∣∣T (k)

n (x)
∣
∣. �

Theorem 3.4.8 yields several useful corollaries. We formulate them as sep-
arate theorems.

Theorem 3.4.9. Let p(x) = a0 +a1x+ · · ·+anxn, where ai ∈ C, be such that
∣
∣p(x)

∣
∣ ≤ 1 for −1 ≤ x ≤ 1. Then |an| ≤ 2n−1.

Proof. Recall that Tn(x) = b0 + b1x + · · · + bnxn, where bn = 2n−1.
Therefore, applying Theorem 3.4.8 for k = n, we deduce that |an| ≤ |bn| =
2n−1. �

Theorem 3.4.10. For x ≤ −1 and x ≥ 1, we have
∣
∣T

(k)
n−1(x)

∣
∣ ≤ ∣∣T (k)

n (x)
∣
∣.

Proof. For the polynomial p(x) = Tn−1(x), the conditions of Theorem
3.4.8 hold, and hence |T (k)

n−1(x)| = |p(x)| ≤ |T (k)
n (x)|. �
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Theorem 3.4.11 ([As]). For x, y ≥ 1, we have

Tn(xy) ≤ Tn(x)Tn(y).

Proof. Fix y ≥ 1 and consider the polynomial p(x) =
Tn(xy)
Tn(y)

. Let us

verify that this polynomial satisfies the condition of Theorem 3.4.8, i.e.,
∣
∣p(x)

∣
∣ =

∣
∣Tn(xy)

∣
∣

Tn(y)
≤ 1 for |x| ≤ 1. For real s, the function

∣
∣Tn(s)

∣
∣ only

depends on |s|. Moreover, if |s| ≥ 1, then
∣
∣Tn(s)

∣
∣ monotonically increases

with |s|. Clearly,
∣
∣Tn(s)

∣
∣ ≤ 1 ≤ Tn(y) for |s| ≤ 1. Therefore, if y ≥ 1 and

|x| ≤ 1, we have
∣
∣Tn(xy)

∣
∣ ≤ Tn(y).

By Theorem 3.4.8 for x ≥ 1, we have
∣
∣p(x)

∣
∣ ≤ Tn(x), i.e., Tn(xy) ≤

Tn(x)Tn(y). �

3.4.4 Generating functions

For a sequence of functions an(x) one can consider the series

F (x, z) =
∞∑

n=0

an(x)zn.

If the radius of convergence of this series is positive, the function F (x, z) is
called the generating function of the sequence an(x).

Theorem 3.4.12. For −1 < x < 1 and |z| < 1, we have

(a) 2
∞∑

n=1

Tn(x)
n

zn = − ln(1− 2xz + z2);

(b) 1 + 2
∞∑

n=1

Tn(x)zn =
1− z2

1− 2xz + z2
.

Proof. a) Let x = cosϕ. Then

1− 2xz + z2 = (1 − eiϕz)(1− e−iϕz).

Hence ln(1− 2xz + z2) = ln(1− eiϕz) + ln(1− e−iϕz). It is also clear that

− ln(1− e±iϕz) =
∞∑

n=1

e±inϕ

n
zn

for |z| < 1. Hence

− ln(1− 2xz + z2) =
∞∑

n=1

2 cosnϕ

n
zn = 2

∞∑

n=1

Tn(x)
n

zn.
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b) By differentiating both parts of (a) with respect to z we get

2
∞∑

n=1

Tn(x)zn−1 =
2x− 2z

1− 2xz + z2
.

Therefore

1 + 2
∞∑

n=1

Tn(x)zn = 1 +
z(2x− 2z)

1− 2xz + z2
=

1− z2

1− 2xz + z2
. ��

With the help of Theorem 3.4.12 we can obtain the following explicit
expression for Chebyshev polynomials.

Theorem 3.4.13. Let n ≥ 1 and m =
[n

2

]

. Then

Tn(x) =
1
2

m∑

k=0

(−1)k n

n− k

(
n− k

k

)

(2x)n−2k.

Proof. By Theorem 3.4.12 (a)

2
∞∑

n=1

Tn(x)
n

zn = − ln(1− 2xz + z2) =
∞∑

p=1

(2xz − z2)p

p
=

=
∞∑

p=1

p
∑

k=0

(−1)k 1
p

(
p

k

)

zp+k(2x)p−k.

Hence

Tn(x) =
1
2

∑

p+k=n

(−1)k n

p

(
p

k

)

(2x)p−k =

=
1
2

M∑

k=0

(−1)k n

n− k

(
n− k

k

)

(2x)n−2k.

The summation is performed until n− 2k ≥ 0, and hence M =
[n

2

]

= m. �

For the polynomial Pn(x) = 2Tn

(x

2

)

, we get a neater explicit formula,
namely:

Pn(x) =
m∑

k=0

(−1)k n

n− k

(
n− k

k

)

xn−2k, (1)

where m =
[n

2

]

.

Recall that the polynomial Pn(x) corresponds to the polynomial expression
of zn + z−n in terms of z + z−1 (this follows from the fact that, for z = eiϕ,
we have zn + z−n = 2 cosnϕ and z + z−1 = 2 cosϕ).
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It is easy to verify that for n = 2m + 1

(z + z−1)n =
m∑

k=0

(
n

k

)

(zn−2k + z2k−n),

and for n = 2m

(z + z−1)n =
m−1∑

k=0

(
n

k

)

(zn−2k + z2k−n) +
(

n

m

)

.

Therefore, if P0(x) = 1 and the polynomials Pn(x) for n ≥ 1 are given by (1),
then

xn =
m∑

k=0

(
n

k

)

Pn−2k(x), (2)

where m =
[n

2

]

.

Relations (1), (2) can be expressed as follows. Let an = xn and bn = Pn(x),
where x is fixed. Then

an =
m∑

k=0

(
n

k

)

bn−2k, bn =
m∑

k=0

(−1)k n

n− k

(
n− k

k

)

an−2k (3)

(for n = 0 the second relation takes the form b0 = a0). Let us prove that the
relations (3) are equivalent not only for the indicated sequences but also for
arbitrary sequences.

First of all, observe that the first relation is of the form

an = bn +
∑

βn−ibn−i

and the second relation is of the form

bn = an +
∑

αn−ian−i.

Hence each relation uniquely determines both the sequence an in terms of the
sequence bn and vice versa. It is also clear that for the sequences

an =
∑

λix
n
i and bn =

∑

λiPn(xi), where the λi and xi are fixed,

the relations (3) are equivalent because they are equivalent for the sequences
an = xn

i and bn = Pn(xi).
It remains to verify that for any sequence a0, a1, . . . , an we can select

numbers λ0, . . . , λn and x0, . . . , xn so that

al =
n∑

i=0

λix
l
i for l = 0, 1, . . . , n. (∗)
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Select arbitrary distinct numbers x0, . . . , xn. Then we obtain a system of linear
equations for the numbers λ0, . . . , λn with the determinant

∣
∣
∣
∣
∣
∣
∣
∣

1 . . . 1
x0 . . . xn

. . . . . . . . .
xn

0 . . . xn
n

∣
∣
∣
∣
∣
∣
∣
∣

�= 0,

hence the system (∗) has solutions for any a0, . . . , an.
Relations (3) enable us to obtain nontrivial identities involving binomial

coefficients. Let, for instance, bn = 1 for all n. Then

a2m+1 =
m∑

k=0

(
2m

k

)

= 22m,

a2m =
m∑

k=0

(
2m + 1

k

)

=
1
2

(

22m +
(

2m

m

))

;

These identities are easy to derive from the expansions of (1 + 1)2m+1 and
(1 + 1)2m via the binomial formulas. In this case the relation

bn =
m∑

k=0

(−1)k n

n− k

(
n− k

k

)

an−2k

takes the form

1 =
m∑

k=0

(−1)k 2m + 1
2m + 1− k

(
2m + 1− k

k

)

22m,

2 =
m∑

k=0

(−1)k 2m

2m− k

(
2m− k

k

)
1
2

(

22m−2k +
(

2m− 2k

m− k

))

.

3.5 Bernoulli polynomials

3.5.1 Definition of Bernoulli polynomials

Consider the function

g(z, t) =
tetz

et − 1
.

For t = 2kπi the denominator vanishes, so that at such values of t the function
g(z, t) may have singularities. But g is regular at t = 0, and therefore we can
expand g(z, t) into the series

g(z, t) =
∞∑

n=0

tn

n!
Bn(z),

which converges for |t| < 2π.
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As we will see shortly, Bn(z) is a polynomial of degree n. The Bn(z)
are called Bernoulli polynomials and the numbers Bn = Bn(0) are called
Bernoulli numbers.

The series for g(z, t) is the product of the series

g(0, t) =
∞∑

n=0

tn

n!
Bn and etz =

∞∑

n=0

tnzn

n!
.

Hence
Bn(z)

n!
=

∞∑

k=0

Bn−kzk

k! (n− k)!
,

i.e.,

Bn(z) =
∞∑

k=0

(
n

k

)

Bn−kzk.

Formally, this identity can be expressed as Bn(z) = (B + z)n, where by defi-
nition Bn−k = Bn−k.

One of the most important properties of Bernoulli polynomials is as fol-
lows:

Bn(z + 1)−Bn(z) = nzn−1. (1)

To prove (1), it suffices to observe that

∞∑

n=0

(Bn(z + 1)−Bn(z))
tn

n!
= g(t, z + 1)− g(t, z) =

=
tet(z+1)

et − 1
− tetz

et − 1
= tetz =

∞∑

n=0

tn+1zn

n!
.

Let us sum the identities (1) for z = 0, 1, . . . , m− 1. As a result we obtain

m−1∑

k=0

kn−1 =
1
n

(Bn(m)−Bn(0)) . (2)

This means, in particular, that the sum

1 + 2n−1 + · · ·+ (m− 1)n−1

is a polynomial of degree n in m. This is precisely the property that J. Bernoulli
discovered [Be6].

In 1738, Euler suggested the generating function

tetz

et − 1
=

∞∑

n=0

tn

n!
Bn(z).
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It is convenient to compute Bernoulli polynomials from the recurrence
formula

n−1∑

r=0

(
n

r

)

Br(z) = nzn−1, n ≥ 2. (3)

This formula can be proved as follows:
∞∑

n=0

tn

n!
Bn(z + 1) =

tetz

et − 1
ez =

( ∞∑

r=0

tr

r!
Br(z)

)( ∞∑

s=0

zs

s!

)

,

and hence

Bn(z + 1) =
n∑

r=0

(
n

r

)

Br(z) = Bn(z) +
n−1∑

r=0

(
n

r

)

Br(z).

It remains to use (1).
When z = 0 the relations (3) become a recurrence formula for the Bernoulli

numbers
n−1∑

r=0

(
n

r

)

Br = 0, n ≥ 2. (4)

It is easy to verify that B0 = 1. Therefore from (4) we recursively obtain

B1 = −1
2
, B2 =

1
6
, B3 = 0, B4 = − 1

30
, B5 = 0, . . .

It is not difficult to show that B2k+1 = 0 for k ≥ 1. Indeed,

t

et − 1
= 1− t

2
+

∞∑

n=2

tn

n!
Bn.

Hence, it suffices to verify that the function

t

et − 1
+

t

2
= t

et + 1
et − 1

is even, and this is evident.
In 1832, Appel showed that the Bernoulli polynomials satisfy the relation

B′
n+1(z) = (n + 1)Bn(z).

To prove this, we differentiate the identity
∞∑

n=0

tn

n!
Bn(z) =

tetz

et − 1

with respect to z. We obtain
∞∑

n=0

tn

n!
B′

n(z) =
t2etz

et − 1
=

∞∑

n=0

tn+1

n!
Bn(z).

Equating the coefficients of tn+1 we get Appel’s relation.
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3.5.2 Theorems of complement, addition of arguments and
multiplication

Bernoulli polynomials possess the following properties:

Bn(1 − z) = (−1)nBn(z) (Theorem of complement);

Bn(x + y) =
n∑

s=0

(
n

s

)

Bs(x)yn−s (Theorem of addition of arguments);

1
m

m−1∑

k=0

Bn

(

z +
k

m

)

= m−nBn(mz) (Theorem of multiplication).

All these theorems are easy to deduce from the relation
∞∑

n=0

tn

n!
Bn(z) =

tetz

et − 1
.

To prove the first property, we observe that
∞∑

n=0

tn

n!
Bn(1− z) =

tet(1−z)

et − 1
=
−te−tz

e−t − 1
=

∞∑

n=0

(−t)n

n!
Bn(z).

The second property, on the addition of arguments, is proved as follows:

∞∑

n=0

tn

n!
Bn(x + y) =

tetxety

et − 1
=

( ∞∑

s=0

ts

s!
Bs(x)

)( ∞∑

r=0

tryr

r!

)

=

=
∞∑

r, s=0

tr+s

r!s!
Bs(x)yr =

∞∑

n=0

n∑

s=0

tn

n!

(
n

s

)

Bs(x)yn−s.

To prove the multiplication property, we use the identity

1
et − 1

=
1 + et + · · ·+ e(m−1)t

emt − 1
.

This gives
∞∑

n=0

tn

n!
Bn(mz) =

temtz

et − 1
=

1
m

emtzmt(1 + et + · · ·+ e(m−1)t)
emt − 1

=

=
1
m

m−1∑

k=0

e(z+k/m)mtmt

emt − 1
=

1
m

m−1∑

k=0

∞∑

n=0

mntn

n!
Bn

(

z +
k

m

)

.

The multiplication property shows that Bn(x) is a solution of the func-
tional equation

1
m

m−1∑

k=0

f

(

x +
k

m

)

= m−nf(mx). (1)
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Theorem 3.5.1 ([Le1]). For fixed m, n > 1, there exists only one monic
polynomial of degree n satisfying (1).

Proof. The existence of the polynomial required can be proved directly,
but instead we give a proof which uses the fact already known to us, namely,
that Bernoulli polynomials satisfy the functional equation (1).

Let p(x) = xn + · · · and q(x) = xn + · · · be two distinct polynomials
satisfying (1). Their difference ∆(x) = a0x

d + · · · , where a0 �= 0 and d < n,
also satisfies (1). Comparing the coefficients of xd on both sides of the equation

1
m

m−1∑

k=0

∆

(

x +
k

m

)

= m−n∆(mx)

we see that a0 = md−na0. This contradicts the condition that m > 1 and the
assumption that a0 �= 0 and d < n. �

Making a change of variables we can reduce (1) to the form

f(x) = ms−1
m−1∑

k=0

f

(
x + k

m

)

, (2)

where s = n. Kubert [Ku] studied continuous functions f : (0, 1)→ C satisfy-
ing (1) with s a positive integer. In the more general case s ∈ C, the space of
such functions is two-dimensional and one can select a basis feven, fodd in it
so that

feven(x) = feven(1− x) and fodd(x) = −fodd(1 − x).

John Milnor wrote a long and interesting paper [Mi3] on various properties of
solutions of (2).

3.5.3 Euler’s formula

Let s ∈ C and Re s > 1. Then the series
∞∑

n=1

1
ns converges. The function

ζ(s) =
∞∑

n=1

1
ns

has an analytic continuation to the whole complex plane C. This continuation
has a simple pole at s = 1 and is regular elsewhere.

It was already Euler who considered the series
∞∑

n=1

1
ns at integer points s.

But the first to consider ζ(s) as a function of a complex variable was Riemann,
and it was Riemann who discovered the most profound properties and most
important applications of ζ(s). This is why ζ(s) is called the Riemann zeta-
function.
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Theorem 3.5.2 (Euler). If k is a positive integer, then

ζ(2k) =
(−1)k+1B2k22k−1π2k

(2k)!
.

Proof. We use the factorization of sin z into an infinite product

sin z = z

∞∏

n=1

(

1− z2

n2π2

)

.

Differentiating the logarithms of both sides we obtain

cos z

sin z
=

1
z

+
∞∑

n=1

2z

z2 − n2π2
,

i.e.,

z
cos z

sin z
= 1− 2

∞∑

n=1

∞∑

k=1

( z

nπ

)2k

. (1)

On the other hand, substituting t = 2iz into the identity

t

et − 1
= 1− t

2
+

∞∑

m=2

Bm
tm

m!
,

we obtain

z
cos z

sin z
= iz

eiz + e−iz

eiz − e−iz
= 1 +

∞∑

m=2

Bm
(2iz)m

m!
. (2)

Comparison of the coefficients of z2k in (1) and (2) yields the identity de-
sired. �

Euler’s formula for ζ(2k) makes it obvious that ζ(2k) is a transcendental
number since π is transcendental. There is no similarly convenient formula for
ζ(2k + 1). It was only in 1978 that R. Apéry proved the irrationality of ζ(3).
The simplest (known to me) proof of irrationality of ζ(3) is given in [Be7].

3.5.4 The Faulhaber-Jacobi theorem

Mathematicians were interested in the summation of the series of powers

1m + 2m + 3m + · · ·
long before Bernoulli. In 1617, the German mathematician Johann Faulhaber
(1580–1635) published a book in which he gave sums of such series for m ≤ 11.
In 1631, in the book [Fa], he extended his calculations up to m = 17.

Pierre Fermat also studied the summation of such series. In 1636 he wrote
to Mersenne:
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“. . . We do not want to dwell on this here, let us just mention that we
have obtained a solution, perhaps the simplest in the whole arithmetics of the
problem thanks to which we can not only find the sum of squares or cubes of
any progression, but in general the sum of all powers up to infinity thanks to
the most general method; squares of squares, squares of cubes, and so on.”

Many historians of mathematics are inclined to believe that Fermat really
obtained the solution of this problem almost a century before Bernoulli.

Faulhaber, in his book [Fa], observed that all the sums
∑

nk can be poly-
nomially expressed in terms of the first two sums

∑
n and

∑
n2. Two hundred

years later, in 1834, Jacobi rediscovered Faulhaber’s theorem. It is known that
Jacobi possessed Faulhaber’s book but it is not known whether he read it or
not.

For convenience, in the proof we introduce the polynomials

Sn−1(m) =
1
n

(Bn(m)−Bn(0)) .

Formula (2) on page 113 shows that

Sn(m) = 1n + 2n + · · ·+ (m− 1)n.

Theorem 3.5.3 (Faulhaber-Jacobi). Let U = S1(x) and V = S2(x). For
k ≥ 1, there exist polynomials Pk and Qk with rational coefficients, such that
S2k+1(x) = U2Pk(U) and S2k(x) = V Qk(U).

Proof. To obtain the expression for S2k+1, we use the identity

(n(n− 1))r =
∑n−1

m=1(m
r(m + 1)r −mr(m− 1)r) =

= 2
((

r
1

)∑
m2r−1 +

(
r
3

)∑
m2r−3 +

(
r
5

)∑
m2r−5 + · · · ) ,

(1)

i.e.,

(n(n− 1))i+1 =
∑
(

i + 1
2(i− j) + 1

)

S2j+1(n).

These identities can be expressed in the matrix form







n2(n− 1)2

n3(n− 1)3

n4(n− 1)4
...








= 2








2 0 0 . . .
1 3 0 . . .
0 4 4 . . .
...

...
...

. . .















S3(n)
S5(n)
S7(n)

...








.

In the infinite matrix








2 0 0 . . .
1 3 0 . . .
0 4 4 . . .
...

...
...

. . .








all the principal minors of finite order are

invertible, and hence the matrix itself is invertible and we can write
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






S3(n)
S5(n)
S7(n)

...








=
1
2

1
‖aij‖








n2(n− 1)2

n3(n− 1)3

n4(n− 1)4
...








, where aij =
(

i + 1
2(i− j) + 1

)

.

This formula shows that S2k+1(n) can be expressed in terms of n(n − 1) =
2U(n) and is divisible by (n(n− 1))2.

To obtain an expression for S2k, we use the identities

nr+1(n− 1)r =
∑n−1

m=1(m
r(m + 1)r+1 − (m− 1)rmr+1) =

=
∑

m2r
((

r+1
1

)

+
(
r
1

))

+
∑

m2r−1
((

r+1
2

)− (r2
))

+

+
∑

m2r−2
((

r+1
3

)

+
(
r
3

))

+
∑

m2r−3
((

r+1
4

)− (r4
))

+ · · · =
=
((

r+1
1

)

+
(

r
1

))∑
m2r +

((
r+1
3

)

+
(
r
3

))∑
m2r−2 + . . .

· · ·+ (r1
)∑

m2r−1 +
(
r
3

)∑
m2r−3 + · · ·

The sums of odd powers can be eliminated with the help of (1). As a result
we obtain

nr+1(n− 1)r =
nr(n− 1)r

2
+
((r + 1

1

)

+
(

r

1

))∑

m2r+

+
((r + 1

3

)

+
(

r

3

))∑

m2r−2 + · · · ,

i.e.,

ni(n− 1)i

(
2n− 1

2

)

=
∑(

(
i + 1

2(i− j) + 1

)

+
(

i

2(i− j) + 1

))

S2j(n).

Now, similarly to the above, we obtain







S2(n)
S4(n)
S6(n)

...








=
2n− 1

2
1

‖bij‖








n(n− 1)
n2(n− 1)2

n3(n− 1)3
...








,

where bij =
(

i+1
2(i−j)+1

)

+
(

i
2(i−j)+1

)

. Simple calculations show that

S2(n) =
2n− 1

2
· n(n− 1)

3
.

Therefore the polynomials S4(n), S6(n), . . . are divisible by S2(n), and
S2k(n)
S2(n)

is a polynomial in n(n− 1) = 2U(n). �
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3.5.5 Arithmetic properties of Bernoulli numbers and Bernoulli
polynomials

In this section we prove several theorems on the denominators of the values of
Bernoulli polynomials at rational points. The most interesting are the values
of Bernoulli polynomials at 0, i.e., Bernoulli numbers.

When we formulate statements on denominators of rational numbers it is
convenient to use the notion of p-integers. If p is a prime, the rational number
r is said to be a p-integer if p does not enter the denominator of r, i.e., if the
denominator t of the irreducible fraction

s

t
= r is not divisible by p.

For a rational r, the expression r ≡ 0 (mod p) will mean that the numer-
ator s of the irreducible fraction

s

t
= r is divisible by p. It is easy to verify

that if r1 ≡ r2 ≡ 0 (mod p), then r1r2 ≡ 0 (mod p) and r1± r2 ≡ 0 (mod p).
Moreover, if r1 is a p-integer and r2 ≡ 0 (mod p), then r1r2 ≡ 0 (mod p).

Theorem 3.5.4 (Kummer). Let p be a prime. If the positive integer n is

not divisible by p− 1, then
Bn

n
is a p-integer and

Bn+p−1

n + p− 1
− Bn

n
≡ 0 (mod p).

Proof. The multiplicative group of the field Fp is cyclic, and hence has a
generator. This means that there exists a positive integer a lying between 1
and p for which ak �≡ 1 (mod p) for k = 1, . . . , p− 2. Consider the function

A(t) =
at

eat − 1
− t

et − 1
=

∞∑

k=1

(ak − 1)Bk
tk

k!
=

= t

∞∑

k=1

(ak − 1)
Bk

k

tk−1

(k − 1)!
= t

∞∑

k=1

Ak
tk−1

(k − 1)!
,

where Ak−1 = (ak − 1)Bk

k .
It suffices to prove that all the numbers Ak are p-integers and

Ak+p−1 −Ak ≡ 0 (mod p).

Indeed, if n is not divisible by p−1, then an �≡ 1 (mod p) and so the equation
Bn

n
=

An−1

an − 1
shows that

Bn

n
is also a p-integer. But since ap−1 ≡ 1 (mod p)

we have

Ak+p−1 −Ak = (an+p−1 − 1)
Bn+p−1

n + p− 1
− (an − 1)

Bn

n
≡

≡
(

Bn+p−1

n + p− 1
− Bn

n

)

(an − 1) (mod p).
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Now we use the identity

∞∑

k=1

Ak
tk−1

(k − 1)!
=

a

eat − 1
− 1

et − 1
.

Set u = et − 1. Then

a

eat − 1
− 1

et − 1
=

a

(1 + u)a − 1
− 1

u
=

a

au +
∑

bsus
− 1

u
=

=
1
u






1

1 +
∑ bs

a
us−1

− 1




 =

∞∑

r=0

cru
r.

All the numbers cr are p-integers since this is true of the numbers
bs

a
. Therefore

∞∑

k=1

Ak
tk−1

(k − 1)!
=

∞∑

r=0

cr(et − 1)r,

where all the coefficients cr are p-integers.
The function (et − 1)r can be represented as a linear combination with

integer coefficients of the functions emt, where m = 0, 1, . . . , r. In turn,

emt =
∞∑

l=0

ml t
l

l!
.

Therefore Ak can be represented as a linear combination of the numbers mk−1

with p-integer coefficients. The equality cr(et − 1)r = crt
r + · · · shows that

this linear combination contains finitely many summands.
Since the sum and the product of p-integers is a p-integer, it follows that

Ak is also a p-integer. It is also clear that

m(k−1)+(p−1) −mk−1 = mk−1(mp−1 − 1) ≡ 0 (mod p).

Therefore Ak+p−1 − Ak is a linear combination with p-integer coefficients of
rational numbers whose numerators are divisible by p. This means that

Ak+p−1 −Ak ≡ 0 (mod p). ��
Theorem 3.5.5 (von Staudt). Let n be even and p a prime. If n is not
divisible by p− 1, then Bn is a p-integer and, if n is divisible by p − 1, then
pBn ≡ −1 (mod p).

Proof. By the preceding theorem if p is prime and n is not divisible by
p − 1, then the denominator of Bn is not divisible by p. Thus it remains to
consider the case where n is divisible by p− 1.
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By multiplying the identities
∞∑

k=0

Bk
tk

k!
=

t

et − 1
and

∞∑

n=0

pntn−1

n!
=

ept − 1
t

we obtain
∞∑

n,k=0

pnBktn+k−1

n! k!
=

p−1
∑

r=0

ert =
p−1
∑

r=0

∞∑

s=0

rsts

s!
.

Comparison of the coefficients of tn on each side shows that

n+1∑

k=0

pn+1−kBk

(n + 1− k)! k!
=

p−1
∑

r=1

rn

n!
.

Since Bn+1 = Bn−1 = 0 we obtain that

pBn = −
n−2∑

k=0

pBk
pn−k

n + 1− k
+

p−1
∑

r=1

rn.

For n − k ≥ 2, the number
pn−k

n− k + 1
is, clearly, a p-integer. Induction on n

shows that the numbers pB2, . . . , pBn are p-integers. (The start of the induc-
tion: pB0 = p, pB1 = − 1

2p.)

For n − k ≥ 2, the number
pn−k

n− k + 1
is not only p-integer but also its

numerator after all possible simplifications is divisible by p, i.e.,

pn−k

n− k + 1
≡ 0 (mod p).

Therefore

pBn ≡
p−1
∑

r=1

rn (mod p).

In the case considered, n is divisible by p− 1, and hence rn ≡ 1 (mod p) for
r = 1, 2, . . . , p− 1. As a result, we obtain

pBn ≡ −1 (mod p). ��

We now define B̃n(t) = Bn(t)−Bn(0), and we recall that

B̃n(m) = n
(

1n−1 + 2n−1 + · · ·+ (m− 1)n−1
)

for all positive integers m.

Theorem 3.5.6 (Almkvist-Meurman). For all positive integers h, k, and

n, the number knB̃n

(
h

k

)

is an integer.
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Proof. [Su2] The theorem on the addition of arguments

Bn(x + y) =
n∑

s=0

Bs(x)yn−s

can be expressed in the form

B̃n(x + y) =
n∑

s=0

B̃s(x)yn−s + B̃n(y).

Therefore it suffices to prove the statement required for h = 1.
For brevity, set

an = knB̃n

(
h

k

)

.

Clearly, B0(z) = B0. Therefore

∞∑

n=1

tn

n!
B̃n(z) =

∞∑

n=0

tn

n!
Bn(z)−

∞∑

n=0

tn

n!
Bn(0) =

tetz

et − 1
− t

et − 1
=

t(etz − 1)
et − 1

.

Set z =
1
k

and make the change x = kt. This gives

∞∑

n=1

anxn

n!
=

kx(ex − 1)
ekx − 1

.

Let us express this relation in two forms:

∞∑

n=1

anxn

n!
(ekx − 1) = kx(ex − 1)

and ∞∑

n=1

anxn

n!
(1 + ex + · · ·+ e(k−1)x) = kx

and use the expansions

ekx − 1 =
∞∑

r=1

krxr

r!
and ex − 1 =

∞∑

s=1

xs

s!
.

Comparing the coefficients of xn on the two sides in the first form we obtain
for all n ≥ 1

n−1∑

l=1

(
n + 1

l

)

ark
n−l = (n + 1)(1− an). (2)
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In the second form we get a1 = 1 and for n ≥ 2 we get

n−1∑

l=1

(
n

l

)

arsn−l = −kan, (3)

where s0 = k and sm = 1m + 2m + · · ·+ (k − 1)m.
We now prove by induction that an are integers, using (2) and (3). To do

this, we need the following Lemma.

Lemma. Let p be a prime, 2 ≤ l ≤ r and (p, s) = 1. Then
(

spr

l

)

is

divisible by pr−l+1.

Proof. Let us write l = tpa, where (t, p) = 1. Clearly, a ≤ l − 1 (the

equality is only possible for l = p = 2). It is easy to verify that
(

m

n

)

=

m

n

(
m− 1
n− 1

)

. Therefore

(
spr

l

)

=
(

spr

tpa

)

=
s

t
pr−a

(
spr − 1
tpa − 1

)

=
s

t
pr−a N,

where N is an integer and s and t are relatively prime to p. Hence
(
spr

l

)

is
divisible by pr−a. In turn, pr−a is divisible by pr−l+1 because a ≤ l − 1. �

Since we have not specify k for some time, recall that

an = knB̃n

(
h

k

)

.

First consider the case where k is a prime. Suppose that a1, . . . , an−1 are
integers. Then (2) and (3) imply that (n + 1)an and kan are integers. If
n + 1 is not divisible by k, then an is an integer. Now let n + 1 = skr,
where r ≥ 1 and (k, s) = 1. To establish that an is an integer, it suffices to
prove that (n + 1)an = skran is divisible by kr. Formula (2) shows that, in
turn, it suffices to prove that the numbers

(
n+1

l

)

kn−l are divisible by kr for
l = 1, 2, . . . , skr − 2. For l ≤ n− r = skr − 1− r, this is obvious.

If skr − r ≤ l ≤ skr − 2, consider the number l′ = skr − l and apply the

Lemma to it. As a result, we see that
(

skr

l

)

=
(

skr

l′

)

is divisible by kr−l′+1,

and hence
(
n+1

l

)

kn−l is divisible by kn−l+r−l′+1 = kr as was required.
The case k = pa1

1 · . . . · pam
m , where p1, . . . , pm are distinct primes, does

not involve any essentially new ideas. Suppose that a1, . . . , an−1 are integers.
Then (2) and (3) imply that (n + 1)an and kan are integers. Let us express
n + 1 in the form

n + 1 = pb1
1 · . . . · pbm

m s, where (s, pi) = 1.
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If bi ≥ 1, the same arguments as in the preceding case show that (n + 1)an is
divisible by pbi . Set

si =
n + 1
pbi

i

.

Then (si, pi) = 1 and all the numbers sian are integers. This means that the
denominator of the rational number an is not divisible by primes p1, . . . , pm.
On the other hand, the number kan is integer, and hence the denominator of
an can only contain the prime factors of k. �

3.6 Problems to Chapter 3

3.6.1 Symmetric polynomials

3.1 Let σ1, . . . , σn be elementary symmetric polynomials and let the numbers
a1, . . . , an ∈ C satisfy the system of equations

σk(a1, . . . , an) = σk(ak, . . . , ak) for k = 1, . . . , n.

Then a1 = · · · = an.

In problems 3.2 — 3.4 we assume that x = (x1, . . . , xn) and y =
(y1, . . . , yn), where all the numbers x1, . . . , xn, y1, . . . , yn are positive. The
sum x + y is defined component-wise.

3.2 [Ma5] For r = 2, . . . , n, the elementary symmetric polynomials σi satisfy
the inequality

σr(x + y)
σr−1(x + y)

≥ σr(x)
σr−1(x)

+
σr(y)

σr−1(y)
.

3.3 [Ma5] For r = 1, 2, . . . , n, we have

r
√

σr(x + y) ≥ r
√

σr(x) + r
√

σr(y).

3.4 [Wh] Fix k and define the functions Tr(x) by the relation

∞∑

r=0

Tr(x)tr =







n∏

i=0

(1 + xit)k for k > 0,
n∏

i=0

(1 − xit)k for k < 0.

In particular, if k = 1, then Tr(x) = σr(x) is the elementary symmetric
polynomial and if k = −1, then Tr(x) = pr(x) is a complete homogeneous
polynomial.

a) Prove that if k > 0, then r
√

Tr(x + y) ≥ r
√

Tr(x) + r
√

Tr(y).
b) Prove that if k < 0, then r

√

Tr(x + y) ≤ r
√

Tr(x) + r
√

Tr(y).
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3.6.2 Integer-valued polynomials

3.5 If a polynomial f(x) of degree n takes integer values at x = 0, 1, 4, 9, . . . , n2,
then it takes integer values at all x = m2, where m ∈ N.

3.6 Let m and n be positive integers. Prove that the following conditions
are equivalent.

a) There exist integers a0, . . . , an such that

GCD(a0, . . . , an, m) = 1

and the values of the polynomial anxn + an−1x
n−1 + · · ·+ a0 at all x ∈ Z are

divisible by m.

b)
n!
m
∈ Z.

3.6.3 Chebyshev polynomials

3.7 For n ≥ 2, the discriminant of the Chebyshev polynomial Tn is equal to
2(n−1)2n2.

3.8 a) If n ≥ 3 is odd, the Chebyshev polynomial Tn is reducible.
b) If n �= 2k, Tn is reducible.
c) If n ≥ 3 is odd, the polynomial Tn(x)/x is irreducible if and only if n is

a prime.

3.9 Let u(x) and v(x) be polynomials with real coefficients and let
√

1− u2 =
v
√

1− x2. Prove that
a) u′(x) = ±nv(x), where n = deg u;
b) u(x) = ±Tn(x).

3.10 a) Prove that the function y = Tn(x) satisfies the differential equation

(1 − x2)y′′ − xy′ + ny2 = 0

and any polynomial solution of this differential equation is of the form cTn,
where c is a constant.

b) Prove that the function y = Tn(x) satisfies the differential equation

(1− x2)(y′)2 = n2(1 − y2),

and this equation has only two polynomial solutions, namely, y = ±Tn(x).

3.11 Let ∆n(x) be the determinant of the n × n matrix with the diagonal
elements (x, . . . , x), and elements

(

1, 1
2 , . . . , 1

2

)

in the first super-diagonal, and
elements

(
1
2 , . . . , 1

2

)

in the first sub-diagonal, the other elements being zero,
i.e., aij = 0 for |i− j| > 1. Prove that Tn(x) = 2n−1∆n(x).

3.12 [Da1] Recall that the matrix ‖aij‖ is called a circulant if aij = bi −
bj , where bk = bl for k ≡ l (mod n). Let ∆n(x) be the determinant of the
circulant matrix with b0 = 1, b1 = −2x, b2 = 1. Prove that

∆n(x) = 2 (1− Tn(x)) .
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3.7 Solution of selected problems

3.2. For r = 2, the desired inequality follows from the identity

σ2(x + y)
σ1(x + y)

− σ2(x)
σ1(x)

− σ2(y)
σ1(y)

=

n∑

i=1

(

xi

n∑

j=1

yj − yi

n∑

j=1

xj

)2

2σ1(x)σ1(y)σ1(x + y)
.

Now suppose that r > 2 and the desired inequality is already proved for
r − 1. Consider the system of numbers x̂i = (x1, . . . , xi−1, xi+1, . . . , xn). It is
easy to verify that

n∑

i=1

xiσr−1(x̂i) = rσr(x), (3.1)

xiσr−1(x̂i) + σr(x̂i) = σr(x). (3.2)

The sum of equations (2) for i = 1, . . . , n gives

n∑

i=1

xiσr−1(x̂i) +
n∑

i=1

σr(x̂i) = nσr(x).

Subtracting equation (1) from this equation we obtain

n∑

i=1

σr(x̂i) = (n− r)σr(x). (3)

It is also clear that

σr(x) − σr(x̂i) = xiσr−1(x̂i) = xiσr−1(x) − x2
i σr−2(x̂i).

The sum of these equalities for i = 1, . . . , n, with (3) taken into account, gives

rσr(x) =
n∑

i=1

xiσr−1(x) −
n∑

i=1

x2
i σr−2(x̂i),

i.e.,

σr(x)
σr−1(x)

=
1
r

(
n∑

i=1

xi −
n∑

i=1

x2
i σr−2(x̂i)
σr−1(x)

)

=

=
1
r







n∑

i=1

xi −
n∑

i=1

x2
i

xi +
σr−1(x̂i)
σr−2(x̂i)







.
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Let us write similar identities for y and x+ y. The inequality required follows
from the fact that, if xi, yi, ai, bi, ci are positive integers such that ci ≥ ai +bi,
then

x2
i

xi+ai
+

y2
i

yi+ai
− (xi+yi)2

xi+yi+ci
≥ x2

i

xi+ai
+

y2
i

yi+ai
− (xi+yi)2

xi+yi+ai+bi
=

=
(aixi−biyi)2

(xi+ai)(yi+bi)(xi+yi+ai+bi)
≥ 0.

3.3. We use Problem 3.2 and the following auxiliary statement.

Lemma. If a1, . . . , ar, b1, . . . , br are non-negative numbers then

r
√

(a1 + b1) · · · · · (ar + br) ≥ r
√

a1 · · · · · ar + r
√

b1 · · · · · br.

Proof. Let

R(z) =
{

(z1, . . . , zr) ∈ R
r | z1 · . . . · zr = 1, zi > 0

}

.

The inequality between the arithmetic and geometric means gives

r
√

a1 · . . . · ar = min
z∈R(z)

a1z1 + . . . + arzr

r
.

Therefore

r
√

(a1 + b1) · . . . · (ar + br) = min
z∈R(z)

(a1 + b1)z1 + . . . + (ar + br)zr

r
≥

≥ min
z∈R(z)

a1z1 + . . . + arzr

r
+ min

z∈R(z)

b1z1 + . . . + brzr

r
≥

≥ r
√

a1 · . . . · ar + r
√

b1 · . . . · br. ��
Let us express σr(x + y) as the product

σr(x + y)
σr−1(x + y)

· σr−1(x + y)
σr−2(x + y)

· . . . · σ1(x + y)
1

.

By Problem 3.2
σk(x + y)

σk−1(x + y)
≥ σk(x)

σk−1(x)
+

σk(y)
σk−1(y)

.

Now use the Lemma to obtain

r
√

σr(x + y) ≥ r

√

σr(x)
σr−1(x)

· σr−1(x)
σr−2(x)

· . . . · σ1(x)
1

+

+ r

√

σr(y)
σr−1(y)

· σr−1(y)
σr−2(y)

· . . . · σ1(y)
1

= r
√

σr(x) + r
√

σr(y).
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3.4. We only consider the case k < 0 involving complete homogeneous
polynomials. Let l = −k > 0. In this case we have an integral representation
for the Γ -function:

Γ (l) =

∞∫

0

e−ttl−1 dt.

For a > 0, we can make a change t = as and get

Γ (l) = al

∞∫

0

e−assl−1 ds,

i.e.,

ak = a−l =
1

Γ (l)

∞∫

0

e−assl−1 ds.

Set ai = 1−xit. For small values of |t|, the number ai is positive, and therefore

n∏

i=1

(1− xit)k =
(

1
Γ (l)

)n
∞∫

0

· · ·
∞∫

0

f(s1, . . . , sn) ds1 · · · dsn,

where

f(s1, . . . , sn) = e−s1−...−snet(x1s1+···+xnsn)(s1 · . . . · sn)l−1.

Since

et(x1s1+···+xnsn) =
∞∑

r=0

tr(x1s1 + · · ·+ xnsn)r

r!
,

we obtain

Tr(x) =
1
r!

(
1

Γ (l)

)n
∞∫

0

· · ·
∞∫

0

(x1s1 + · · ·+ xnsn)rϕ(s1, . . . , sn) ds1 · · · dsn,

where ϕ(s1, . . . , sn) = e−s1−...−sn(s1 · . . . ·sn)l−1. The required inequality now
follows from the Minkowski inequality

r

√
√
√
√
√

b∫

a

(g(x) + h(x))r
dx ≤ r

√
√
√
√
√

b∫

a

gr(x) dx + r

√
√
√
√
√

b∫

a

hr(x) dx,

where g and h are non-negative on [a, b].
3.11. Simple calculations show that Tn(x) = 2n−1∆n(x) for n = 1 and

n = 2. For n ≥ 2, expanding the determinant ∆n(x) with respect to the last
row, we obtain
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∆n+1(x) = x∆n(x)− 1
4
∆n−1(x).

This relation corresponds to the recurrence formula

Tn+1(x) = 2xTn(x)− Tn−1(x).

3.12. Let f(t) = c0+c1t+· · ·+cntn and let ε1, . . . , εn be distinct nth roots
of unity. The determinant of the circulant matrix with elements aij = ci−j is
equal to f(ε1) · f(ε2) · . . . · f(εn). Indeed, e.g., for n = 3, we obtain





1 1 1
1 ε1 ε2

1

1 ε2 ε2
2









c0 c2 c1

c1 c0 c2

c2 c1 c0



 =





f(1) f(1) f(1)
f(1) ε1f(ε1) ε2

1f(ε1)
f(1) ε2f(ε2) ε2

2f(ε2)



 =

= f(ε1) · f(ε2) · . . . · f(εn)





1 1 1
1 ε1 ε2

1

1 ε2 ε2
2



 .

Since the determinant of the matrix





1 1 1
1 ε1 ε2

1

1 ε2 ε2
2



 does not vanish, we can

divide by it. As a result we obtain the identity required. For n > 3, the
arguments are similar.

In our case, f(t) = 1− 2xt + t2, and therefore

∆n(x) =
n∏

k=1

(1− 2xεk + ε2
k).

In other words, we have to prove that

2(1− cosnϕ) =
n∏

k=1

(1− 2εk cosϕ + ε2
k).

First, we prove that

2(1− cosnϕ) = 2n
n∏

k=1

(

1− cos
(

ϕ +
2kπ

n

))

.

This identity follows from the fact that

x2n − 2xn cosnϕ + 1 = (xn − exp(inϕ)) (xn − exp(−inϕ)) =

=
n∏

k=1

(

x− exp i

(

ϕ +
2kπ

n

)) n∏

k=1

(

x− exp i

(

−ϕ− 2kπ

n

))

=

=
n∏

k=1

(

x2 − 2x cos
(

ϕ +
2kπ

n

)

+ 1
)

.
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Then, for x = 1, we get the identity required.
Let us prove now that

2n
n∏

k=1

(

1− cos
(

ϕ +
2kπ

n

))

=
n∏

k=1

(1− 2 cosϕεk + ε2
k),

where εk = exp
(

2kπi

n

)

. Clearly,

(x− εk)(x − ε−k) = x2 − 2x cos
(

2kπ

n

)

+ 1.

Hence ε2
k + 1 = 2εk cos

(
2kπ

n

)

, and therefore

n∏

k=1

(1− 2 cosϕεk + ε2
k) =

n∏

k=1

2εk

(

cos
(

2kπ

n

)

− cosϕ

)

=

= 22n

(
n∏

k=1

εk

)
n∏

k=1

sin
(

ϕ

2
+

kπ

n

)

sin
(

ϕ

2
− kπ

n

)

.

It remains to observe that the last expression is equal to

22n
n∏

k=1

sin2

(
ϕ

2
+

kπ

n

)

= 2n
n∏

k=1

(

1− cos
(

ϕ +
2kπ

n

))

.

Indeed,
∏

εk = (−1)n+1 since xn − 1 =
∏

(x− εk). It is also clear that

sin
(

ϕ

2
+

kπ

n

)

= − sin
(

ϕ

2
− (n− k)π

n

)

for k = 1, . . . , n− 1

and

sin
(

ϕ

2
+

kπ

n

)

= sin
(

ϕ

2
− kπ

n

)

for k = n.





4.1 Polynomials with prescribed values

4.1.1 Lagrange’s interpolation polynomial

Let x1, . . . , xn+1 be distinct points in the complex plane C. Then there exists
precisely one polynomial P (x) of degree not greater than n which takes a
prescribed value ai at xi. Indeed, the uniqueness of P follows from the fact
that the difference of two such polynomials vanishes at points x1, . . . , xn+1

and at the same time has degree not greater than n. The following polynomial
clearly possesses all the necessary properties:

P (x) =
n+1∑

k=1

ak
(x − x1) · . . . · (x− xk−1) · (x− xk+1) · . . . · (x− xn+1)

(xk − x1) · . . . (xk − xk−1) · (xk − xk+1) · . . . · (xk − xn+1)
=

=
n+1∑

k=1

ak
ω(x)

(x− xk)ω′(xk)
,

where
ω(x) = (x − x1) · . . . · (x − xn+1).

The polynomial P (x) is called Lagrange’s interpolation polynomial and the
points x1, . . . , xn+1 are called the interpolation nodes.

If ak = f(xk), where f is a given function, then P is called Lagrange’s
interpolation polynomial for f .

Theorem 4.1.1. Let f ∈ Cn+1[a, b] and P Lagrange’s interpolation polyno-
mial for f with nodes x1, . . . , xn+1 ∈ [a, b]. Then

max
a≤x≤b

∣
∣P (x)− f(x)

∣
∣ ≤ M

(n + 1)!
max

a≤x≤b

∣
∣ω(x)

∣
∣,

where M = max
a≤x≤b

∣
∣f (n+1)(x)

∣
∣.
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Proof. It suffices to verify that, for any point x0 ∈ [a, b], there exists a
point ξ ∈ [a, b] such that

f(x0)− P (x0) =
f (n+1)(ξ)
(n + 1)!

ω(x0).

For x0 = xi, where 1 ≤ i ≤ n, this equality is obvious. We therefore assume
that x0 �= xi. Consider the function

u(x) = f(x)− P (x) − λω(x),

where λ is a constant. Since ω(x0) �= 0 this constant can be selected so that
u(x0) = 0. It is also clear that u(x1) = · · · = u(xn+1) = 0. The function u(x)
has at least n + 2 zeros on the interval [a, b]. Hence u′(x) has at least n + 1
zeros on this interval and u(k)(x) has at least n + 2− k zeros. For k = n + 1,
we see that

u(n+1)(x) = f (n+1)(x)− (n + 1)! λ

vanishes at a point ξ ∈ [a, b]. This means that λ =
f (n+1)(ξ)
(n + 1)!

, i.e.,

f(x0)− P (x0) =
f (n+1)(ξ)
(n + 1)!

ω(x0). ��

For a fixed interval [a, b] and a fixed degree n, the estimate given by The-
orem 4.1.1 is optimal if ω(x) is a monic polynomial of degree n with the least
deviation from zero on [a, b]. Since ω is fixed, this is a condition on its roots,
i.e., the interpolation nodes.

For example, if [a, b] = [−1, 1], then we should have ω(x) = 1
2n Tn+1(x),

where Tn+1(x) is a Chebyshev polynomial. Recall that

Tn+1(x) = cos
(

(n + 1) arccosx
)

for x ≤ 1.

The roots of Tn+1 are

xk = cos
(2k − 1)π
2(n + 1)

, k = 1, . . . , n + 1.

For such nodes, the interpolation polynomial is

P (x) =
1

n + 1

n+1∑

k=1

f(xk)(−1)k−1
√

1− x2
k

Tn+1(x)
x− xk

.

Indeed, if ω(x) = 1
2n Tn+1(x), then

ω(x)
(x− xk)ω′(x)

=
Tn+1(x)

(x− xk)T ′
n+1(x)

,
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and therefore we have to prove that

T ′
n+1(xk) =

(n + 1)(−1)k−1

√

1− x2
k

.

Since Tn+1(x) = cos(n + 1)ϕ, where x = cosϕ, we obtain

T ′
n+1(xk) =

(n + 1) sin(n + 1)ϕ
sin ϕ

.

If cosϕ = xk, then sin ϕ =
√

1− x2
k and sin(n + 1)ϕ = (−1)k−1.

In addition to Chebyshev interpolation nodes, one also makes use of the
nodes uniformly distributed on a segment of the circle. For the nodes

xk = exp
(

2πik

n + 1

)

, where k = 1, . . . , n + 1,

the interpolation polynomial is

P (x) =
1

n + 1

n+1∑

k=1

xkf(xk)
xn − 1
x− xk

.

To prove this formula, it suffices to observe that

d

dx
(xn+1 − 1)

∣
∣
∣
∣
x=xk

= (n + 1)xn
k = (n + 1)x−1

k .

The interpolation polynomial for the nodes xk = a + (k − 1)h, where
k = 1, . . . , n + 1, can be expressed in the form

P (x) = f(a) +
∆f(a)

h
(x− a) +

∆2f(a)
h2

(x − a)(x− a− h)
2!

+ . . .

. . . +
∆nf(a)

hn

(x− a)(x − a− h) · . . . · (x− a− (n− 1)h
)

n!
,

where
∆f(x) = f(x + h)− f(x),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∆k+1f(x) = ∆

(

∆kf(x)
)

=
k∑

j=0

(−1)k−j
(
k
j

)

f(x + jh).

This polynomial P (x) is called Newton’s interpolation polynomial. It is easy
to verify that P (xk) = f(xk). Indeed,

P (a) = f(a),

P (a + h) = f(a) + ∆f(a),

P (a + 2h) = f(a) + 2∆f(a) + ∆2f(a),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

P (a + mh) =
m∑

j=0

(
m
j

)

∆jf(a) = f(a + mh).

The last identity follows from the fact that ∆kf(x+h) = ∆k+1f(x)+∆kf(x).
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4.1.2 Hermite’s interpolation polynomial

Let x1, . . . , xn be distinct points of the complex plane C and α1, . . . , αn

positive integers whose sum is equal to m + 1. For each point xi, let
y
(0)
i , y

(1)
i , . . . , y

(αi−1)
i be given numbers. Then there is a unique polynomial

Hm(x) of degree not greater than m such that

Hm(xi) = y
(0)
i , H ′

m(xi) = y
(1)
i , . . . , H(αi−1)

m (xi) = y
(αi−1)
i ,

for i = 1, . . . , n. In other words, at xi the polynomial Hm has prescribed values
for its derivatives up to order αi − 1 inclusive. This polynomial Hm is called
Hermite’s interpolation polynomial.

The uniqueness of Hm(x) is quite obvious. Indeed, if G(x) is the differ-
ence of two Hermite interpolation polynomials, then deg G ≤ m and G(x) is
divisible by

Ω(x) = (x − x1)α1 · . . . · (x− xn)αn .

To construct Hermite’s interpolation polynomial, we have only to define
polynomials ϕik(x) (i = 1, . . . , n and k = 0, 1, . . . , αi − 1) such that

1) deg ϕik ≤ m;

2) ϕik(x) is divisible by the polynomial
Ω(x)

(x− xi)αi
, i.e., ϕik(x) is divisible

by (x − xj)αj for j �= i;
3) the expansion of ϕik(x) as a power series in x− xi begins with

1
k!

(x− xi)k + (x− xi)αi .

We then have

ϕ
(0)
ik (xj) = · · · = ϕ

(αi−1)
ik (xj) = 0 for j �= i,

ϕ
(k)
ik (xi) = 1

and
ϕ

(l)
ik (xi) = 0 for 0 ≤ l ≤ αi − 1, l �= k.

Thus we can define

Hm(x) =
n∑

i=1

αi−1∑

k=0

y
(k)
i ϕik(x).

To define the ϕik, we note that the function
1
k!

(x− xi)αi

Ω(x)
is regular at

xi, and therefore in a neighborhood of xi it can be expanded into the Taylor
series

1
k!

(x− xi)αi

Ω(x)
=

∞∑

s=0

aiks(x− xi)s = lik(x) +
∞∑

s=αi−k

aiks(x− xi)s.
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Here lik(x) is a polynomial of degree not greater than αi − k− 1 which is the
initial part of the Taylor series. It is not difficult to verify that the polynomial

ϕik(x) =
Ω

(x− xi)αi

(

lik(x)(x − xi)k
)

possesses all the properties required. Properties 1) and 2) are obvious, and
property 3) is proved as follows:

ϕik(x) = lik(x)(x−xi)
k

k!lik(x)+a(x−xi)αi−k+··· =
(x−xi)

k

k!

(

1 + b(x− xi)αi−k + · · · ) .

Looking at the explicit form of the initial part of the Taylor series lik(x), we
obtain

Hm(x) =
n∑

i=1

αi−1∑

k=0

αi−k−1∑

s=0

y
(k)
i

1
k!

1
s!

(
(x − xi)αi

Ω(x)

) ∣
∣
∣

(s)

x=xi

Ω(x)
(x− xi)αi−k−s

.

4.1.3 The polynomial with prescribed values at the zeros of its
derivative

In 1956, Andrushkiw [An3] announced a statement that

for any n complex numbers a1, . . . , an, there exists a monic polynomial P
of degree n+1 which takes the values a1, . . . , an at the zeros of its derivative,
P ′.

The first published proof of this statement was given, however, only 9 years
later by René Thom [Th]. We give the proof due to Yan Mycielski [My].

Theorem 4.1.2. For any given numbers a1, . . . , an ∈ C, there exist numbers
b1, . . . , bn ∈ C and a polynomial P (x) = xn+1 + p1x

n + · · · + pnx such that
P (bi) = ai and P ′(bi) = 0 for i = 1, . . . , n. Moreover, if a number β occurs k
times in the sequence b1, . . . , bn, then P (x)− P (β) is divisible by (x− β)k+1.

Proof. For b = (b1, . . . , bn) ∈ C
n, we define

Pb(x) = (n + 1)

x∫

0

(
n∏

i=1

(t− bi)

)

dt.

Clearly, Pb(0) = 0 and Pb(x) is a monic polynomial of degree n + 1. Further,

P ′
b(x) = (n + 1)(x− b1) · . . . · (x− bn),

and hence P ′
b(bi) = 0. If β occurs exactly k times in the sequence b1, . . . , bn,

then P ′
b(β) = · · · = P

(k)
b (β) = 0. Observe that any number β is a root of the
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polynomial Pb(x)−Pb(β) and
(

Pb(x)−Pb(β)
)′ = P ′

b(x). Hence Pb(x)−Pb(β)
is divisible by (x − β)k+1.

It remains to prove that the map

ϕ : C
n → C

n, ϕ(b) =
(

Pb(b1), . . . , Pb(bn)
)

is surjective. First we prove that ϕ is a local homeomorphism at any point
b = (b1, . . . , bn) such that bi �= bj for i �= j and b1 · . . . · bn �= 0. For this,

it suffices to verify that det
(

∂Pb(bi)
∂bj

)

�= 0. Suppose on the contrary that

det
(

∂Pb(bi)
∂bj

)

= 0. Then there are numbers c1, . . . , cn, not all zero, such that

n∑

j=1

cj
∂Pb(bi)

∂bj
= 0 for i = 1, . . . , n. (1)

It is easy to verify that

∂Pb(bi)
∂bj

= −(n + 1)

bi∫

0




∏

s�=j

(t− bs)



 dt

(for i = j, there appears an extra summand (n+1)
n∏

s=1
(bi−bs), but it vanishes).

Hence (1) can be expressed in the form

F (x) =

x∫

0





n∑

j=1

cj

∏

s�=j

(t− bs)



 dt = 0 for x = b1, . . . , bn.

The integrand is a polynomial in t of degree not greater than n which takes
the value cj

∏

s�=j

(t− bs) at t = bj . By hypothesis,
∏

s�=j

(t− bs) �= 0 and cj �= 0 for

some j. Hence F (x) is a nonzero polynomial of degree not greater than n+1.
On the other hand, F (x) = 0 at x = 0, b1, . . . , bn: a contradiction.

The map ϕ : C
n → C

n induces a map ϕ̃ : CPn → CPn given by the
formula1

ϕ̃
(

(b0 : . . . : bn)
)

=
(

bn+1
0 : Pb(b1) : . . . : Pb(bn)

)

.

The point is that

ϕ(λb) = λn+1ϕ(b) and ϕ−1(0) = 0.

The first of these properties is proved by the change of variable τ = λt:
1 The notation (b0 : b1 : · · · : bn), standard in projective geometry, means the

n-tuple (b0, b1, . . . , bn) defined up to a nonzero factor.
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b∫

0

(
∏n

i=1(t− bi)) dt =
λb∫

0

(∏n
i=1(λ

−1τ − bi)λ−1
)

dτ =

λ−n−1
λb∫

0

(
∏n

i=1(τ − λbi)) dτ.

The second property is proved as follows. Let ϕ(b1, . . . , bn)= (0, . . . , 0). Sup-
pose that the sequence b1, . . . , bn consists of k1 numbers β1, k2 numbers β2,
and so on, km numbers βm (here βi �= βj for i �= j). Then the polynomial
Pb(x) = Pb(x)−Pb(βi) is of degree n = k1 + · · ·+km and is divisible by x and
by (x− β1)k1+1 · . . . · (x− βm)km+1. This is only possible if b1 = · · · = bn = 0.

Let ∆ be the set of points (b0 : b1 : · · · : bn) ∈ CPn whose coordinates
satisfy one of the following equations:

bi = 0 (i = 0, . . . , n); bi = bj (1 ≤ i < j ≤ n).

The restriction of ϕ̃ to CP n \∆ is a local homeomorphism.
Moreover, ϕ̃(∆) ⊂ ∆. Indeed, if b0 = 0, then

ϕ̃
(

(b0 : b1 : . . . : bn)
)

=
(

0 : Pb(b1) : . . . : Pb(bn)
)

.

If bi = 0 for i ≥ 1, then Pb(bi) = 0 and if bi = bj for 1 ≤ i < j ≤ n, then
Pb(bi) = Pb(bj).

The image of CPn under ϕ̃ is a compact set; in particular, it is closed.
The image of CPn \ ∆ under ϕ̃ is an open set whose boundary belongs to
ϕ̃(∆) ⊂ ∆. The set ∆ does not divide CP n since it is of real codimension 2.
Hence, ϕ̃(CP n \∆) ⊃ CPn \∆ and the closure of ϕ̃(CP n \∆) coincides with
CPn. �

Remark. One should not think that ϕ̃(CP n \∆) ⊂ CPn \∆. This is false,
as the example ϕ(1, 2, 3) = (−9,−8,−9) shows.

4.2 The height of a polynomial and other norms

4.2.1 Gauss’s lemma

Let K be a field, and let x �→ |x|v ∈ R be a function on K. This function is
called an absolute value if it satisfies the following conditions:

(1) |x|v ≥ 0 and |x|v = 0 ⇔ x = 0;
(2) |xy|v = |x|v|y|v;
(3) |x + y|v ≤ |x|v + |y|v.

If instead of (3) a stronger condition
(3′) |x + y|v ≤ max {|x|v, |y|v}

holds, then this absolute value is said to be a non-Archimedean.
For the ring of rationals Q, there is a natural absolute value, namely |x|v =

|x| (the conventional absolute value of x). This absolute value is Archimedean.
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But there are also so-called p-adic absolute values defined for every prime p
as follows. Let us represent a rational x in the form x = pr m

n , where m and n
are integers not divisible by p. Set

|x|p =
1
pr

.

It is easy to verify that this absolute value is non-Archimedean. Indeed, let

x = pr m1
n1

and y = ps m2
n2

be such that r ≤ s. Then max {|x|p, |y|p} =
1
pr

and

x + y = pr m1n2 + ps−rm2n1

n1n2
.

Hence |x + y|p ≤ 1
pr

(the strict inequality is only possible for s = r).

The height of the polynomial f(x) =
∑

aix
i relative to a given absolute

value |·|v is the number H(f) = max
i
|ai|v. We will be interested in estimates of

the heights of the product of polynomials in terms of the heights of the factors.
The simplest estimate is obtained if the absolute value is non-Archimedean.

Lemma. Let H(f) be the height of the polynomial f with respect to a
non-Archimedean absolute value | · |. Then H(fg) = H(f)H(g).

Proof. Let f(x) = anxn + · · ·+a0 and g(x) = bmxm + · · ·+b0. Among the
coefficients an, . . . , a0 consider those with the maximal absolute value (there
can be several such coefficients) and select among them the coefficient ar

and with the greatest index r. Similarly select the coefficient bs of maximal
absolute value with the greatest index s.

Clearly,

(fg)(x) = f(x)g(x) = cn+mxn+m + · · ·+ c0, where ck =
∑

i+j=k

aibj .

Since | · | is a non-Archimedean absolute value, we deduce that

|ck| ≤ max
i+j=k

{|ai| · |bj |} .

Hence,

|ck| < |ar| · |bs| if k > r + s,

cr+s = arbs(1 + α), where |α| < 1,

|ck| ≤ |ar| · |bs| if k < r + s

For non-Archimedean absolute values, |α| < 1 implies that |1 + α| = 1. To
see this, we note that

|1 + α| ≤ max {1, |α|} = 1 and 1 = |1 + α− α| ≤ max {|1 + α|, |α|},
and hence, 1 ≤ |1 + α|.
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Therefore |cr+s| = |ar| · |bs| and the absolute values of the remaining
coefficients ck do not exceed |ar| · |bs|. Hence H(fg) = |cr+s| = |ar| · |bs| =
H(f)H(g). �

It goes without saying that Gauss formulated and proved his lemma using
simpler language. That is, he proved that

the greatest common divisor of the coefficients of the product of the poly-
nomials f and g is equal to the product of the greatest common divisor of the
coefficients of f and the greatest common divisor of the coefficients of g.

We can arrive at Gauss’s formulation as follows. For a p-adic absolute
value, H(f) = p−r, where r is the greatest power of p which divides the
coefficients of f . The identity H(fg) = H(f)H(g) means that, if p enters the
greatest common divisors of the coefficients of f and g with powers r and s,
respectively, then it enters the greatest common divisor of the coefficients of
fg with power r + s.

For the polynomial f(x1, . . . , xn) =
∑

ai1...inxi1
1 · . . . · xin

n in n variables,
the height is similarly defined as

H(f) = max |ai1...in |.

To prove Gauss’s lemma for polynomials in n variables, we use of the so-
called Kronecker’s substitution. Let d = deg f + deg g + 1. To the polynomial
h(x1, . . . , xn) =

∑
ck1...knxk1 · . . . · xkn , we assign the polynomial

(

Sdh
)

(y) = h
(

y, yd, . . . , ydn−1)

=
∑

ck1...knxk1+dk2+d2k3+···+dn−1kn .

If deg h < d, then the nonzero coefficients of h and Sdh are the same, and hence
H(h) = H(Sdh). Moreover, Sd(fg) = Sd(f)Sd(g). Hence, Gauss’s lemma for
polynomials in n variables follows from Gauss’s lemma for one variable.

4.2.2 Polynomials in one variable

For Archimedean absolute values, the height

H(f) = max |ai|

does not possess the multiplicativity property H(fg) = H(f)H(g). But it is
exactly for the conventional absolute value that the estimate of the height
of polynomials is most interesting. Such estimates are needed for the theory
of transcendental numbers. The estimate of the height of polynomials was
obtained by A. O. Gelfond [Ge1] as a by-product of the solution of Hilbert’s
seventh problem:

“If a �= 0, 1 is an algebraic number and b is an irrational algebraic number,
then ab is a transcendental number.”
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Later, K. Mahler[Ma2], [Ma3] found a simplified proof of Gelfond’s esti-
mates.

To estimate the height of the polynomial f(x) = ad(x−α1) · . . . · (x−αd),
Mahler used the quantity

M(f) = |ad|
d∏

i=1

max {1, |αi|} ,

which is now called Mahler’s measure of f . Clearly, Mahler’s measure is
multiplicative:

M(fg) = M(f)M(g).

Therefore the upper and lower bounds for M(f) in terms of H(f) enable us
to estimate H(fg) in terms of H(f) and H(g).

Theorem 4.2.1. Let deg f = d. Then

M(f)√
d + 1

≤ H(f) ≤ 2d−1M(f).

Proof. Let us start with a simpler inequality, H(f) ≤ 2d−1M(f). Clearly,

|ad| · |αi1αi2 · . . . · αik
| ≤

d∏

i=1

max {1, |αi|} = M(f).

Hence

|ak| ≤
(

d

k

)

M(f). (1)

Starting from the formula
(
d+1

k

)

=
(

d
k−1

)

+
(

d
k

)

it is easy to prove by induction
on d that

(
d
k

) ≤ 2d−1 for d ≥ 1. Together with (1) this proves the inequality
required.

The proof of the inequality M(f) ≤ √
d + 1H(f) is based on Jensen’s

formula in the next lemma.

Lemma. If a function f(z) is holomorphic in the disk |z| ≤ 1 and has
zeros z1, . . . , zn (multiplicities counted) inside this disk, then

1
2π

2π∫

0

ln
∣
∣f(eiϕ)

∣
∣ dϕ = ln

∣
∣f(0)

∣
∣−

n∑

k=1

ln |zk|.

Proof. Consider the auxiliary function

f1(z) =
f(z)

w1(z) · . . . · wn(z)
,
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where wk(z) =
z − zk

1− zzk
. It is easy to verify that wk conformally maps the unit

disk into itself. Indeed, if |z| = 1, then
∣
∣wk(z)

∣
∣
2 = 1, and, further, wk(zk) = 0.

The function f1 has no zeros inside the unit disk since the zeros z1, . . . , zn

of the numerator f(z) cancel the zeros of the denominator w1(z) · . . . ·wn(z).
Therefore, by the mean value theorem for the harmonic function ln

∣
∣f1(z)

∣
∣ =

Re
(

ln f1(z)
)

, we obtain

1
2π

2π∫

0

ln
∣
∣f1(eiϕ)

∣
∣ dϕ = ln

∣
∣f1(0)

∣
∣.

But
∣
∣f1(eiϕ)

∣
∣ =
∣
∣f(eiϕ)

∣
∣ and ln

∣
∣f1(0)

∣
∣ = ln

∣
∣f(0)

∣
∣−

n∑

k=1

ln |zk|. �

Corollary. Let f be a polynomial. Then

M(f) = exp

1∫

0

ln
∣
∣f(e2πit)

∣
∣ dt. (2)

Proof. Both sides of (2) are multiplicative with respect to f . Therefore it
suffices to consider the case f(x) = x − α. For |α| ≥ 1, the function has no
zeros inside the unit circle and, for |α| < 1, it has only the one zero α inside
the unit circle. Therefore, by Jensen’s formula,

1∫

0

ln
∣
∣f(e2πit)

∣
∣ dt = 1

2π

2π∫

0

ln
∣
∣f(eiϕ)

∣
∣ dϕ =

= ln
∣
∣f(0)

∣
∣− ε ln |α| = (1− ε) ln |α|,

where ε = 0 for |α| ≥ 1 and ε = 1 for |α| < 1.
On the other hand, M(f) = max {1, |α|} = |α|1−ε. �

Armed with the formula (2), we can tackle the proof that M(f) ≤√
d + 1H(f). Clearly,

1∫

0

∣
∣
∣

∑

ake2kπit
∣
∣
∣

2

dt =

1∫

0

∑

akale
2(k−l)πit dt =

∑

|ak|2.

Also, the convexity of the function exp implies that

exp

1∫

0

u(t) dt ≤
1∫

0

exp u(t) dt

for any function u(t). Taking u(t) = 2 ln
∣
∣f(e2πit)

∣
∣, we obtain
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M(f) = exp

1∫

0

u(t) dt

2
=

√
√
√
√
√exp

1∫

0

u(t) dt ≤

≤

√
√
√
√
√

1∫

0

expu(t) dt =

√
√
√
√
√

1∫

0

∣
∣f(e2πit)

∣
∣
2
dt =

=
√∑

|ak|2 ≤
√

d + 1 max |ak| =
√

d + 1H(f). ��

Using Theorem 4.2.1 we can obtain the following estimates for H(fg) in
terms of H(f) and H(g).

Theorem 4.2.2. Let d1 = deg f and d2 = deg g be such that d1 ≤ d2. Then

H(f)H(g)
2d1+d2−2

√
d1 + d2 + 1

≤ H(fg) ≤ (1 + d1)H(f)H(g).

Proof. We prove that H(fg) ≤ (1 + d1)H(f)H(g) directly, without ap-
pealing to Jensen’s formula. To do this, let

f(x) =
∑

aix
i, g(x) =

∑

bjx
j , fg(x) =

∑

ckxk.

Then

|ck| = |a0bk + a1bk−1 + · · ·+ ad1bk−d1 | ≤
≤ (1 + d1)max |ai|max |bj | = (1 + d1)H(f)H(g).

To prove that

H(f)H(g) ≤ 2d1+d2−2
√

d1 + d2 − 1 H(fg),

we use Theorem 4.2.1. This gives

H(f) ≤ 2d1−1M(f), H(g) ≤ 2d2−1M(g) and
√

d1 + d2 + 1M(fg) ≤ H(fg).

It remains to observe that M(f)M(g) = M(fg). �

With Mahler’s measure M(f) we can also estimate the length L(f) of a
polynomial f , defined by

L(f) =
d∑

k=0

|ak|.

Indeed, on the one hand, the inequality (1) on page 142 gives

L(f) =
d∑

k=0

|ak| ≤ M(f)
d∑

k=0

(
d

k

)

= 2dM(f). (3)
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On the other hand,

∣
∣f(e2πit)

∣
∣ =
∣
∣
∣

∑

ake2πit
∣
∣
∣ ≤
∑

|ak| = L(f).

Therefore

M(f) ≤ exp

1∫

0

ln L(f) dt = L(f). (4)

By combining (3) and (4) we obtain

L(f)L(g) ≤ 2d1M(f)2d2M(g) ≤ 2d1+d2L(fg).

The upper estimate for L(fg) is of the form

L(fg) ≤ L(f)L(g).

This follows immediately from the definition of the length of the polynomial:

L(fg) ≤
∑

i,j

|ai| · |bj| =
(∑

i

|ai|
)(∑

j

|bj |
)

= L(f)L(g).

4.2.3 The maximum of the absolute value and S. Bernstein’s
inequality

Initially, to estimate the height of a polynomial, Gelfond made use of max
|z|=1

∣
∣f(z)

∣
∣.

He proved the following statement.

Theorem 4.2.3. Let d1 = deg f , d2 = deg g and d = d1 + d2. Then

max
|z|=1

∣
∣f(z)

∣
∣ ·max

|z|=1

∣
∣g(z)

∣
∣ < 22d max

|z|=1

∣
∣fg(z)

∣
∣.

Proof. Without loss of generality we may assume that

max
|z|=1

∣
∣f(z)

∣
∣ = max

|z|=1

∣
∣g(z)

∣
∣ = 1.

Suppose that max
|z|=1

∣
∣fg(z)

∣
∣ ≤ 1

22d
. Then, for k = 0, 1, . . . , d, one of the numbers

∣
∣f(εk)

∣
∣ and

∣
∣g(εk)

∣
∣, where εk = exp

(
2πik
d+1

)

, does not exceed
1
2d

. Therefore

either
∣
∣f(εk)

∣
∣ ≤ 1

2d for d1 + 1 values of the index k or
∣
∣g(εk)

∣
∣ ≤ 1

2d for d2 + 1
values of the index k. To be definite, let

{ε0, . . . , εd} = {α0, . . . , αd1} ∪ {β1 . . . , βd2}
and
∣
∣f(αl)

∣
∣ ≤ 1

2d for l = 0, 1, . . . , d1.
By Lagrange’s interpolation formula, we have
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f(z) =
d1∑

l=0

f(αl)
(z − α0) · . . . · (z − αl−1)(z − αl+1) · . . . · (z − αd1)

(αl − α0) · . . . · (αl − αl−1)(αl − αl+1) · . . . · (αl − αd1)
.

Let us multiply the numerator and denominator of the l-th summand in this
formula by (αl − β1) · . . . · (αl − βd2). As a result, the denominator becomes
equal to

lim
x→αl

(x− ε0)(x − ε1) · . . . · (x− εd)
x− αl

= lim
x→αl

xd+1 − 1
x− αl

.

Since αl is a root of xd+1−1, the last limit is equal to the derivative of xd+1−1
at αl, i.e., to (d + 1)αd

l .
If |z| = 1, the numerator obtained consists of d factors and the absolute

value of each of them does not exceed 2. Hence, if |z| = 1, we have

∣
∣f(z)

∣
∣ ≤ (d1 + 1)2−d 2d

d + 1
=

d1 + 1
d + 1

< 1,

which contradicts the hypothesis that max
|z|=1

∣
∣f(z)

∣
∣ = 1. �

Remark. For polynomials with coefficients in F = C or in R, sharper
estimates can be obtained in the form

m∏

k=1

(

max
|z|=1

∣
∣fk(z)

∣
∣

)

≤ CF (m, n) max
|z|=1

∣
∣f(z)

∣
∣,

where f = f1 · . . . · fm, n = deg f and CF (m, n) is a constant (see [Bo]) which
is defined as follows. Let

I(θ) =

θ∫

0

ln
(

2 cos(
t

2
)
)

dt.

Then

CC(m, n) =

(

exp
(

m

π
I
(m

π

))
)n

and CR(m, n) = CC(2, n). Both estimates are precise.

The norm
‖f‖ = max

|z|=1

∣
∣f(z)

∣
∣

of the polynomial f satisfies the following inequality.

Theorem 4.2.4 (S. Bernstein). Let deg f = n. Then ‖f ′‖ ≤ n‖f‖.
Proof. [O] We need the following Lemma.
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Lemma. Let deg f ≤ n and let z1, . . . , zn be the roots of the polynomial
zn + 1. Then, for any t ∈ C, we have

tf ′(t) =
n

2
f(t) +

1
n

n∑

k=1

f(tzk)
2zk

(zk − 1)2
.

Proof. Set gt(z) =
f(tz)− f(t)

z − 1
. It is easy to verify that gt(1) = tf ′(t) and

gt is a polynomial in z of degree not higher than n−1. Lagrange’s interpolation
formula with nodes at z1, . . . , zn shows that

gt(z) =
n∑

k=1

gt(zk)
zn + 1

(z − zk)nzn−1
k

=
1
n

n∑

k=1

gt(zk)
zn + 1
zk − z

zk.

(We used the fact that zn−1
k = − 1

zk
.)

For z = 1, we obtain

tf ′(t) =
1
n

n∑

k=1

gt(zk)
2zk

(zk − 1)2
=

1
n

n∑

k=1

f(tzk)− f(t)
(zk − 1)2

=

=
1
n

n∑

k=1

f(tzk)
2zk

(zk − 1)2
− f(t)

n

n∑

k=1

2zk

(zk − 1)2
.

To calculate the sum
n∑

k=1

2zk

(zk−1)2 , we consider the choice f(t) = tn. Then

f(tzk) = −tn, and hence

ntn = −2tn

n

n∑

k=1

2zk

(zk − 1)2
,

i.e.,
n∑

k=1

2zk

(zk − 1)2
= −n2

2
. �� (1)

Returning to the proof of Bernstein’s theorem, we let |t| = 1. Then

∣
∣f ′(t)

∣
∣ ≤
(

n

2
f(t) +

1
n

n∑

k=1

∣
∣
∣
∣

2zk

(zk − 1)2

∣
∣
∣
∣

)

‖f‖.

Let us show that
2zk

(zk − 1)2
is a negative real number. Indeed, zk = eiϕ �= 1,

and hence

2zk

(zk − 1)2
=

2eiϕ

(eiϕ − 1)2
=

2
eiϕ − 2 + e−iϕ

=
1

cosϕ− 1
< 0.
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Hence (1) implies that

1
n

n∑

k=1

∣
∣
∣
∣

2zk

(zk − 1)2

∣
∣
∣
∣
= − 1

n

n∑

k=1

2zk

(zk − 1)2
=

n

2
,

and the theorem now follows.�

4.2.4 Polynomials in several variables

Mahler’s measure also helps to estimate the height H(F ) = max |ak1···kn | of
the polynomial F (x1, . . . , xn) =

∑
ak1···knxk1

1 · . . . · xkn
n in n variables (see

[Ma3]).
Mahler’s measure of a polynomial in one variable can be obtained by either

of the two equivalent formulas:

M(f) = |ad|
d∏

i=1

max {1, |αi|} ,

M(f) = exp

1∫

0

ln
∣
∣f(e2πit)

∣
∣ dt.

For polynomials in n variables, only the second definition is relevant:

M(F ) = exp

1∫

0



· · ·
1∫

0

ln
∣
∣F (e2πit1 , . . . , e2πitn)

∣
∣ dt1 · · ·



 dtn. (∗)

We recall that on page 142, we obtained the inequality

|ak| ≤
(

d

k

)

M(f)

for polynomials in one variable.
Using this inequality we can prove the following inequality for polynomials

in n variables:

|ak1...kn | ≤
(

d1

k1

)

· . . . ·
(

dn

kn

)

M(F ), (1)

where d1, . . . , dn are the degrees of the polynomial F with respect to x1, . . . , xn,
respectively. To do this, we express F in the form

F (x1, . . . , xn) =
d1∑

k1=1

Fk1(x2, . . . , xn)xk1
1 .

For fixed x2 = α2, . . . , xn = αn, we have the estimate
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∣
∣Fk1(α2, . . . , αn)

∣
∣ ≤
(

d1

k1

)

M(g),

where g(x) = F (x, α2, . . . , αn).
Set x = e2πit1 , α2 = e2πit2 , . . . , αn = e2πitn , and then take the logarithms

of the inequality obtained:

ln |Fk1(e
2πit2 , . . . , e2πitn)| ≤ ln

(
d1

k1

)

+
∫ 1

0

ln |F (e2πit1 , . . . , e2πitn)| dt1.

Let us integrate both parts of this inequality over t2, . . . , tn from 0 to 1, and
then take the exponent. The definition of Mahler’s measure (∗) directly implies
that as a result we obtain M(Fk1)≤

(
d1
k1

)

M(F ).
Next, we express Fk1(x2, . . . , xn) in the form

Fk1(x2, . . . , xn) =
d2∑

k2=1

Fk1k2(x3, . . . , xn)xk2
2 .

We similarly prove that

M(Fk1k2) ≤
(

d2

k2

)

M(Fk1) ≤
(

d1

k1

)(
d2

k2

)

M(F ),

and so on. It is also clear that M(ak1...kn) = ak1...kn .
As we have already mentioned, it is easy to prove by induction on d that

(
d
k

) ≤ 2d−1 for d ≥ 1. Hence (1) implies that, if d1 > 0, . . . , dn > 0, then

H(F ) ≤ 2d1+d2+···+dn−nM(F ). (2)

If, in reality, the polynomial F (x1, . . . , xn) depends only on ν(F ) indetermi-
nates, whereas the remaining n − ν(F ) indeterminates enter with degree 0,
then instead of (2) we obtain a rougher estimate

H(F ) ≤ 2d1+d2+···+dn−ν(F )M(F ). (3)

The estimate of H(F ) from below is proved in exactly the same way as on
page 143 for polynomials in one variable. This estimate is of the form

M(F ) ≤
√

d1 + 1 · . . . ·
√

dn + 1H(F ). (4)

Let F1, . . . , Fs be polynomials in x1, . . . , xn and let dl1, . . . , dln be the
degrees of the polynomial F (l) with respect to these variables; let ν(Fl) be the
number of variables on which Fl actually depends (i.e., the number of indices
j for which dlj > 0). Then by (3)

s∏

l=1

H(Fl) ≤
s∏

l=1

2dl1+dl2+···+dln−ν(Fl)M(Fl) ≤ 2d1+d2+···+dn−ν(F )M(F ).
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Now, using (4), we obtain

H(F1) · . . . ·H(Fs) ≤ 2d1+d2+···+dn−n
√

d1 + 1 · . . . ·
√

dn + 1H(F ),

where we assume that ν(F ) = n, i.e., F actually depends on all the variables
x1, . . . , xn. The upper estimate

H(F ) ≤ 2d1+d2+···+dnH(F1) · . . . ·H(Fs)

can be proved without appealing to Mahler’s measure. Indeed, the number of
nonzero coefficients of Fl does not exceed

(1 + dl1) · . . . · (1 + dln) ≤ 2dl1+dl2+···+dln .

Therefore any coefficient of F is the sum of not more than 2d1+d2+···+dn prod-
ucts of the coefficients of the polynomials F1, . . . , Fs.

Using Mahler’s measure, we can also estimate the length of the polynomial

L(F ) =
∑

|ak1...kn |.
Summing the inequalities (1) we obtain

L(F ) ≤ 2d1+d2+···+dnM(F ). (5)

For the polynomial F (x1, . . . , xn) = (1 + x1)d1 · . . . · (1 + xn)dn , inequality (5)
becomes an equality, and so the estimate is precise.

The estimate of L(F ) from below is simply obtained: from the obvious
inequality

∣
∣F (e2πit1 , . . . , e2πitn)

∣
∣ ≤ L(F )

we derive
M(F ) ≤ L(F ). (6)

For the polynomial F (x1, . . . , xn) = xd1
1 · . . . · xdn

n , inequality (6) becomes an
equality, and so the estimate is again precise.

From (5) it follows that

s∏

l=1

L(Fl) ≤
s∏

l=1

(

2dl1+dl2+···+dlnM(Fl)
)

= 2d1+d2+···+dnM(F ).

Then by (6) we obtain

L(F1) · . . . · L(Fs) ≤ 2d1+d2+···+dnL(F1 · . . . · Fs).

The estimate from above

L(F1 · . . . · Fs) ≤ L(F1) · . . . · L(Fs)

is obvious.
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4.2.5 An inequality for a pair of relatively prime polynomials

Let f(x) and g(x) be relatively prime polynomials over C. Then

m(x) = max {|f(x)|, |g(x)|} > 0

and m(x) →∞ as x →∞. Therefore the quantity

E(f, g) = min
x

m(x)

is positive. In the theory of transcendental numbers one sometimes needs to
estimate E(f, g) from below. N. I. Feldman suggested a method to obtain
a precise estimate. We give an exposition of his method following Mahler’s
paper [Ma4].

Theorem 4.2.5. Let α1, . . . , αm be the roots of a polynomial f , and let
β1, . . . , βn be the roots of a polynomial g. Then

E(f, g) ≥ min
i,j

{ |f(βi)|
2m

,
|g(αj)|

2n

}

. (1)

Proof. Fix an arbitrary number x ∈ C, and let α = min
j
|x − αj | and

β = min
i
|x− βi|. Then α = |x− αk| and β = |x− βl| for some k and l. Since

f and g are relatively prime, it follows that one of the numbers α and β is
positive.

Suppose that α ≤ β. First, consider the case where α > 0. We show that
in this case

|x− βi| ≥ |αk − βi|
2

(2)

for any i. Indeed, if |αk − βi| < 2α, then

|x− βi| ≥ β ≥ α >
|αk − βi|

2
.

If, however, |αk − βi| ≥ 2α = 2|x− αk|, Then again

|x− βi| =
∣
∣(x− αk) + (αk − βi)

∣
∣ ≥ |x− αk|+ |αk − βi| ≥ |αk − βi|

2
.

Let g(x) = b0(x − β1) · . . . · (x− βn). Inequality (2) implies that

∣
∣g(x)

∣
∣ =
∣
∣b0(x − β1) · · · · · (x− βn)

∣
∣ ≥ |b0

∏n
i=1(αk − βi)|

2n
=

∣
∣g(αk)

∣
∣

2n
.

Second, we deal with α = 0, i.e., x = αk. Then the inequality
∣
∣g(x)

∣
∣ ≥
∣
∣g(αk)

∣
∣

2n

is obviously satisfied.
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Thus, if α ≤ β, then
∣
∣g(x)

∣
∣ ≥
∣
∣g(αk)

∣
∣

2n . We similarly prove that if α ≥ β,

then
∣
∣f(x)

∣
∣ ≥
∣
∣f(βl)

∣
∣

2m . Thus in either case

m(x) ≥ min
l,k

{ |f(βl)|
2m

,
|g(αk)|

2n

}

. ��

Remark. If f(x) = (x− 1)m and g(x) = (x + 1)n, inequality (1) becomes
an equality. Hence (1) is precise.

4.2.6 Mignotte’s inequality

In this chapter we have already considered several inequalities for estimating
the coefficients of the factors of a given polynomial. An estimate of this type
follows from the next theorem due to Mignotte [Mi1].

Theorem 4.2.6. Let f(x) = a0 + a1x + · · · + amxm and g(x) = b0 + b1x +
· · ·+ bnxn be polynomials with integer coefficients. If f is divisible by g, then

|bj | ≤
(

n− 1
j

)

‖f‖+
(

n− 1
j − 1

)

|am|,

where
‖f‖ =

√

a2
0 + · · ·+ a2

m.

Proof. Together with f(x) = am

∏
(x − αi), we consider a polynomial

f̂(x) = am

∏

|αi|≥1

(x− αi)
∏

|αi|<1

(αix− 1).

We prove first that ‖f̂‖ = ‖f‖, where the norm ‖f̂‖ of f̂ is defined as for f .
This follows immediately from the next lemma.

Lemma 4.2.7. Let h(x) = c0 + c1x + · · ·+ ckxk, let h1(x) = (x−α)h(x) and
h2(x) = (αx− 1)h(x). Then ‖h1‖ = ‖h2‖.

Proof. Clearly,

‖h1‖2 =
∑

|ci−1 − αci|2 =

=
∑(|ci−1|2 + |αci|2 − 2 Re(αc1ci−1)

)

=

=
∑(|αci−1|2 + |ci|2 − 2 Re(αc1ci−1)

)

=

=
∑

|αci−1 − ci|2 = ‖h2‖2. ��
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The coefficient of the highest term xm of f̂ is am

∏

|αi|<1

αi, and the coeffi-

cient of the lowest term is ±am

∏

|αi|>1

αi (we assume that the empty product

(without any factors) is equal to 1). Set

M(f) =
∏

|αi|>1

αi, m(f) =
∏

|αi|<1

αi.

Then
‖f̂‖2 = ‖f‖2 ≥ |am|2

(

M(f)2 + m(f)2
)

.

Hence

M(f) ≤ ‖f‖
|am| . (1)

Also
|aj | = |am| ·

∣
∣
∣

∑

αi1 · . . . · αim−j

∣
∣
∣ ≤ |am|

∑

βi1 · . . . · βim−j , (2)

where βi = max {1, |αi|}. Clearly,
∏

βi = M(f).
Now we need one more lemma.

Lemma 4.2.8. Let x1 ≥ 1, . . . , xm ≥ 1 and x1 · . . . · xm = M . Then

∑

i1<···<ik

xi1 · . . . · xik
≤
(

m− 1
k − 1

)

M +
(

m− 1
k

)

.

Proof. We may assume that x1 ≤ x2 ≤ · · · ≤ xm. Let us replace the pair
{xm−1, xm} by {1, xm−1xm}. As a result, the sum considered will increase
by σ(xm−1 − 1)(xm − 1), where σ is the sum of products xi1 · · · · · xik−1 ,
1 ≤ i1 < · · · < ik−1 ≤ m − 2. Therefore, if xm−1 > 1, the sum considered
strictly increases. Hence it will be minimal when x1 = · · · = xm−1 = 1,
xm = M . In this case, the sum consists of

(
m−1
k−1

)

terms equal to M and
(
m−1

k

)

terms equal to 1. �

Applying Lemma 4.2.8 to the collection β1, . . . , βm, we see that

∑

βi1 · . . . · βim−j ≤
(

m− 1
m− j − 1

)

M(f) +
(

m− 1
m− j

)

.

Now, if we take into account that
(

m−1
m−j−1

)

=
(
m−1

j

)

and
(
m−1
m−j

)

=
(
m−1
j−1

)

we
can rewrite (2) in the form

|aj | ≤ |am|
((

m− 1
j

)

M(f) +
(

m− 1
j − 1

))

.

We similarly prove that

|bj | ≤ |bn|
((

n− 1
j

)

M(g) +
(

n− 1
j − 1

))

. (3)



154 4 Certain Properties of Polynomials

All the roots of g are the roots of f , and hence M(g) ≤ M(f). Further,
|bn| ≤ |am| since by hypothesis g divides f . Using these inequalities and (1),
we can reduce (3) to the form required:

|bj | ≤
(

n− 1
j

)

‖f‖+
(

n− 1
j − 1

)

|am|. ��

Corollary. If f , g and
f

g
are polynomials with integer coefficients, then

‖g‖ ≤
(

2n

n

)1/2

‖f‖, where n = deg g.

Proof. Clearly, |an| ≤ ‖f‖, and hence

|bj| ≤
((

n− 1
j

)

+
(

n− 1
j − 1

))

‖f‖ =
(

n

j

)

‖f‖.

Therefore ‖g‖2 ≤
n∑

j=0

(
n
j

)2‖f‖2. It remains to verify the combinatorial identity

n∑

j=0

(
n

j

)2

=
(

2n

n

)

.

To do this, it suffices to compare the coefficients of tn in both sides of the
identity

(1 + t)n(1 + t)n = (1 + t)2n. ��

4.3 Equations for polynomials

4.3.1 Diophantine equations for polynomials

Mason’s theorem and its corollaries

In the proof of the insolvability of various Diophantine equations for polyno-
mials the following statement is rather effective.

Theorem 4.3.1 (Mason). Let a(x), b(x) and c(x) be pairwise relatively
prime polynomials such that a + b + c = 0. Then the degree of each of these
polynomials does not exceed n0(abc)−1, where n0(P ) is the number of distinct
roots of the polynomial P .

Proof. [La4] Set f =
a

c
and g =

b

c
. Then f and g are rational functions

which satisfy f + g +1 = 0. Differentiating this equality we see that f ′ = −g′.
Hence,
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b

a
=

g

f
= −

f ′

f

g′
g

.

The rational functions f and g are of a particular form:
∏

(x− ρi)ri , where ri ∈ Z.

For the function R(x) =
∏

(x− ρi)ri , we have

R′

R
=
∑ ri

x− ρi
.

Let

a(x) =
∏

(x− αi)ai , b(x) =
∏

(x− βj)bj , c(x) =
∏

(x− γk)ck .

Then

f ′

f
=
∑ ai

x− αi
−
∑ ck

x− γk
,

g′

g
=
∑ bj

x− βj
−
∑ ck

x− γk
.

Therefore, after multiplication by the polynomial

N0 =
∏

(x− αi)(x− βj)(x − γk)

of degree n0(abc), the rational functions
f ′

f
and

g′

g
become polynomials of

degree not greater than n0(abc)− 1. Then, since a(x) and b(x) are relatively
prime and

b

a
= −N0

f
f ′

N0
g
g′

,

the degree of each of the polynomials a(x) and b(x) does not exceed n0(abc)−1.
For c(x), the proof is similar. �

Theorem 4.3.1 has several interesting corollaries which we formulate as the
following Theorems 4.3.2 — 4.3.4.

Theorem 4.3.2 (Davenport). Let f and g be relatively prime polynomials
of nonzero degree. Then

deg(f3 − g2) ≥ 1
2

deg f + 1.
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Proof. If deg f3 �= deg g2, then

deg(f3 − g2) ≥ deg f3 = 3 deg f ≥ 1
2

deg f + 1.

Thus, we may assume that deg f3 = deg g2 = 6k.
Now consider the polynomials F = f3, G = g2 and H = F −G = f3− g2.

Clearly, deg H ≤ 6k. By Theorem 4.3.1

max{deg F, deg G, deg H} ≤ n0(FGH)− 1 ≤ deg f + deg g + deg H − 1,

i.e.,
6k ≤ 2k + 3k + deg H − 1.

Hence deg H ≥ k + 1 = 1
2 deg f + 1. �

Remark. For the polynomials

f(t) = t2 + 2, g(t) = t3 + 3t,

Davenport’s inequality becomes an equality.

Theorem 4.3.3. Let f , g and h be relatively prime polynomials, at least one
of them not being a constant. Then the identity

fn + gn = hn

cannot hold for n ≥ 3.

Proof. On the assumption that the identity holds, the degree of each of
the polynomials fn, gn and hn does not exceed

deg f + deg g + deg h− 1,

by Theorem 4.3.1. Adding up these three inequalities we obtain

n(deg f + deg g + deg h) ≤ 3(deg f + deg g + deg h− 1).

Hence n < 3. �

The Diaphantine equation fα + gβ = hγ for polynomials f, g, h has an
obvious solution if one of the numbers α, β, γ is equal to 1. Therefore in what
follows we assume that α, β, γ ≥ 2.

Theorem 4.3.4. Let α, β, γ be positive integers and 2 ≤ α ≤ β ≤ γ. Then
the equation

fα + gβ = hγ

has relatively prime solutions only for the following collections (α, β, γ):

(2, 2, γ), (2, 3, 3), (2, 3, 4), (2, 3, 5).
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Proof. Let a, b and c be the degrees of f , g and h respectively. Then by
Theorem 4.3.1

αa ≤ a + b + c− 1, (4.1)
βb ≤ a + b + c− 1, (4.2)
γc ≤ a + b + c− 1. (4.3)

Hence
α(a + b + c) ≤ αa + βb + γc ≤ 3(a + b + c)− 3,

giving α < 3. By hypothesis α ≥ 2, and hence α = 2. For α = 2, inequality
(1) becomes

a ≤ b + c− 1. (4)

Adding together inequalities (4), (2) and (3) we obtain

βb + γc ≤ 3(b + c) + a− 3.

Since β ≤ γ and applying (4) once again, we obtain

β(b + c) ≤ 4(b + c)− 4,

giving β ≤ 4. Hence β = 2 or 3.
It remains to prove that if β = 3, then γ ≤ 5. For β = 3, inequality (2)

becomes
2b ≤ a + c− 1. (5)

Adding together (4) and (5) we obtain

b ≤ 2c− 2.

Then (4) implies that
a ≤ 3c− 3.

The last two inequalities and (3) imply that

γc ≤ 6c− 6,

and so γ ≤ 5.
The polynomials satisfying the relation fα + gβ = hγ are closely related

to regular polyhedra. Felix Klein described this relation in detail in the book
[KF], where a method of constructing these polynomials is also given. Let us
recall the final result.

The case α = β = 2, γ = n is related to a degenerate regular polyhedron,
namely the planar n-gon. The relation in question is

(
xn + 1

2

)2

−
(

xn − 1
2

)2

= xn.
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The case α = 2, β = 3, γ = 3 is related to a regular tetrahedron. The
relation is

12i
√

3 (x5 − x)2 + (x4 − 2i
√

3x2 + 1)3 = (x4 + 2i
√

3x2 + 1)3.

The case α = 2, β = 3, γ = 4 is related to a cube and a regular octahedron.
The relation is

(x12 − 33x8 − 33x4 + 1)2 + 108(x5 − x)4 = (x8 + 14x4 + 1)3.

The case α = 2, β = 3, γ = 5 is related to a dodecahedron and an
icosahedron. The relation is

T 2 + h3 = 1728f5,

where

T = x30 + 1 + 522(x25 − x5)− 10005(x20 + x10),

H = −(x20 + 1) + 228(x15 − x5)− 494x10,

f = x(x10 + 11x5 − 1). ��

Theorem 4.3.4 was proved by H. Schwarz [Sc7]. The solution of Diophan-
tine equations of a more general type

fα + gβ = lµhγ

is given in [Ev].

Theorem 4.3.5 ([Na]). Let x(t) and y(t) be rational functions; let m ≥ 2
and n ≥ 2. Then the equation

xn − ym = 1

has solutions only for m = n = 2.

Proof. Let us express x and y in the form x =
f

g
and y =

h

k
, where f

and g are relatively prime polynomials and h and k are also relatively prime
polynomials. Then the equation considered takes the form

fmkn − hngm = gmkn. (6)

Since f and g are relatively prime, it follows that if g(α) = 0, then f(α) = 0.
In this case (6) implies that k(α) = 0. Similarly, if k(α) = 0, then g(α) = 0.
Hence g(t) =

∏
(t− αi)ai and k(t) =

∏
(t− αi)bi , where ai, bi ≥ 1.

The multiplicity of αi, as a root of the polynomials fmkn, hngm and
gmkn, is equal to nbi, mai and nbi + mai, respectively. If nbi �= mai, then
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the multiplicity of the root αi of the polynomial fmkn − hngm is strictly less
than nbi + mai. Hence nbi = mai, i.e., kn = gm.

After division by kn = gm, equation (6) becomes

fm − hn = gm.

By Theorem 4.3.4 only two possibilities can occur: {m, n} = {2, 2} or {2, 3}.
But in the second case kn = gm = l6, where l is a polynomial, and the equation
f3 − h2 = l6 has no solutions. �

Waring’s problem for polynomials

The classical Waring’s problem is as follows:

given a positive integer n, find the minimal number k = k(n) for which
any positive integer m can be represented in the form m = mn

1 + · · · + mn
k ,

where m1, . . . , mk are non-negative integers.

Several generalizations of this problem for polynomials are known. Here
by Waring’s problem for polynomials, we will mean the following problem:

given a positive integer n, find the minimal number k = k(n) for which
any polynomial g ∈ C[x] can be represented in the form g = fn

1 + · · · + fn
k ,

where fi ∈ C[x].

To solve Waring’s problem, it suffices to confine ourselves to the case
g(x) = x. Indeed, if x = fn

1 (x) + · · ·+ fn
k (x) and h(x) is an arbitrary polyno-

mial, then h(x) = fn
1 (h(x)) + · · ·+ fn

k (h(x)).
The identity

(

x + 1
4

)2 − (x− 1
4

)2 = x shows that k(2) = 2.

Theorem 4.3.6 ([Ne]). If n ≥ 3, then
a) k(n) ≥ 3;
b) k(n) ≤ n < k2(n)− k(n).

Proof. a) Suppose on the contrary that

x = fn
1 (x) + fn

2 (x) =
n∏

r=1

(f1 + εrf2),

where ε is a primitive n-th root of unity. All the factors f1 + εrf2, except
one, are constants. For n ≥ 3, there are at least two such factors. Therefore
f1 + af2 = α and f1 + bf2 = β, where a �= b and a, b, α, β ∈ C. Hence,
f1, f2 ∈ C which is impossible.

b) For any f(x), set

∆f(x) = f(x + 1)− f(x) and ∆pf = ∆(∆p−1f) for p ≥ 2.

It is easy to verify that deg(∆f) = deg f − 1, and so deg ∆n−1(xn) = 1, i.e.,
∆n−1(xn) = ax + b. On the other hand, the definition directly implies that
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∆n−1(xn) = (x + n− 1)n + c1(x + n− 2)n + · · ·+ cn−1x
n.

Indeed, for example,

∆2(x3) =
(

(x + 2)3 − (x + 1)3
)− ((x + 1)3 − x3

)

.

Making a change of variables x1 = ax + b we get a representation

x1 = fn
1 (x1) + · · ·+ fn

n (x1)

which shows that k(n) ≤ n.
Next, we prove the inequality n < k2(n)−k(n). Consider the representation

x = fn
1 (x) + · · ·+ fn

k (x), where fi ∈ C[x], with the minimal k.
Recall that the Wronski determinant, or Wronskian, W (g1, . . . , gk) of the

functions g1(x), . . . , gk(x) is the determinant of the matrix







g1(x) . . . gk(x)
g′1(x) . . . g′k(x)

...
. . .

...
g
(k−1)
1 (x) . . . g

(k−1)
k (x)








.

Consider two Wronski determinants,

W1 = W (fn
1 , fn

2 , . . . , fn
k ) and W2 = W (x, fn

2 , . . . , fn
k ).

By hypothesis, x = fn
1 + · · ·+ fn

k , and so the first column of W2 is obtained
from the first column of W1 by adding a linear combination of the other
columns of W1. Hence W1 = W2.

If the functions g1, g2, . . . , gk are linearly dependent, then W (g1, . . . , gk)
vanishes identically. The converse statement is false. For example, if g1(x) = x2

and g2(x) = x|x|, then

W (g1, g2) =
∣
∣
∣
∣

x2 x|x|
2x 2|x|

∣
∣
∣
∣
= 0,

but the functions g1 and g2 are linearly independent in any interval (−a, a).
It is known that if W (g1, . . . , gk) vanishes identically for x ∈ (a, b), then
there exists a subinterval (α, β) ⊂ (a, b) on which the functions g1, . . . , gk

are linearly dependent (for a simple proof of this statement, see [Kr2]). In
particular, for polynomials g1, . . . , gk, the fact that W (g1, . . . , gk) identically
vanishes implies that these polynomials are linearly dependent.

Since the representation x = fn
1 (x)+ · · ·+fn

k (x) is minimal, it follows that
the functions fn

1 , . . . , fn
k are linearly independent, and so W (fn

1 , fn
2 , . . . , fn

k )
is a nonzero polynomial.

The r-th derivative of fn
i is divisible by fn−r

i , and so the i-th column of
the Wronskian is divisible by fn−k+1

i . Therefore W (fn
1 , . . . , fn

k ) is divisible by
k∏

i=1

fn−k+1
i . In particular,
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deg W (fn
1 , . . . , fn

k ) ≥ (n− k + 1)
k∑

i=1

deg fi. (1)

On the other hand, we now prove that

deg W (fn
1 , . . . , fn

k ) ≤ n

k∑

i=2

deg fi − k(k − 1)
2

+ 1. (2)

First, we recall that W (fn
1 , . . . , fn

k ) = W (x, fn
2 , . . . , fn

k ). If we multiply the j-
th row of the determinant1W (x, fn

2 , . . . , fn
k ) by xj−1 we obtain a determinant

for which all the nonzero elements in the i-th column (for i ≥ 2) are of degree
n deg fi. Hence

deg W (fn
1 , . . . , fn

k ) ≤ 1 + n
k∑

i=2

deg fi − 1− 2− · · · − (k − 1) =

= n
k∑

i=2

deg fi − k(k − 1)
2

+ 1.

Comparing (1) with (2) we see that

(n− k + 1)
k∑

i=1

deg fi ≤ n

k∑

i=2

deg fi − k(k − 1)
2

+ 1,

i.e.,

n deg f1 ≤ (k − 1)
k∑

i=1

deg fi − k(k − 1)
2

+ 1.

We may assume that f1 is the polynomial of the highest degree. Then

n deg f1 ≤ k(k − 1) deg f1 − k(k − 1)
2

+ 1 < k(k − 1) deg f1.

The last inequality follows from the fact that 1 − 1
2k(k − 1) < 0 for k ≥ 3.

After division by deg f1 we obtain n < k(k − 1). �

1 By abuse of the language we mean here the matrix whose determinant — a
number without rows or columns — we consider.
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4.3.2 Functional equations for polynomials

Functional equations that determine polynomials

Every polynomial f of degree n + 1 satisfies the identity

f(x) = f(y) + (x − y)f ′(y) + · · ·+ (x − y)n+1 f (n+1)(y)
(n + 1)!

.

Here f (n+1) is a constant, hence,

(x − y)n+1 f(n+1)(y)
(n+1)! =

= (x− y)n
(

−yf(n+1)(y)
(n+1)! − c

)

+ (x− y)n
(

xf(n+1)(x)
(n+1)! + c

)

.

Therefore the functional equation

f(x) =
n∑

k=0

(x− y)kgk(y) + (x − y)nh(x) (1)

has a solution of one of the following form:

a) f is a polynomial of degree not higher than n + 1;

b) gk(y) =
f (k)(y)

k!
for k = 0, 1, . . . , n− 1;

c) gn(y) =
f (n)(y)

n!
− yf (n+1)(y)

(n + 1)!
− c;

d) h(x) =
xf (n+1)(x)
(n + 1)!

+ c.

Theorem 4.3.7 ([Cr]). Let f, g0, . . . , gn, h : R → R be arbitrary functions
which satisfy (1) for any x, y ∈ R such that x �= y. Then these functions are
of one of the above forms a)—d).

Proof. For y = 0 and y = 1, equation (1) takes the form

f(x) =
n∑

k=0

ckxk + xnh(x) for x �= 0, (2)

f(x) =
n∑

k=0

dkxk + (x − 1)nh(x) for x �= 1. (3)

Hence

h(x) =

n∑

k=0

(dk − ck)xk

xn − (x− 1)n
.
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This equality holds for x �= 0, 1 and, if n is even, we should also exclude x = 1
2 .

Fix y = 2 and y = 4. We similarly obtain the equality

h(x) =

n∑

k=0

(fk − ek)xk

(x− 2)n − (x− 4)n
,

which holds for x �= 2, 3, 4. As a result, we see that h ∈ C∞(R) but then (2)
and (3) imply that f ∈ C∞(R).

Differentiating (1) n times with respect to x, we see that

f (n)(x) = n!gn(y) +
dn

dxn
((x − y)nh(x)) .

For a fixed x, this equality implies that gn(y) is a polynomial. Now we may
differentiate (1) with respect to x not n but n− 1 times and similarly deduce
that gn−1(y) is a polynomial, and so on. In particular, g0, . . . , gn ∈ C∞(R).

Next, we differentiate (1) with respect to y and set y = 0. As a result we
obtain

0 = −
n∑

k=0

kxk−1gk(0) +
n∑

k=0

kxkg′k(0)− nxn−1h(x).

This equality implies that xn−1h(x) is a polynomial of degree not greater than
n. If we differentiate (1) n times with respect to y and set y = 0 we can show
that h(x) is a polynomial (of degree also not higher than n). But if h(x) is a
polynomial and xn−1h(x) is a polynomial of degree not higher than n, then
h(x) = ax + b.

Since h(x) = ax + b and f ∈ C∞(R), it follows that (2) implies that f(x)
is a polynomial of degree no higher than n + 1. Therefore

f(x + y) =
n+1∑

k=0

f (k)(y)
k!

xk.

On the other hand, replacing x by x + y we can rewrite (1) as

f(x + y) =
n∑

k=0

xkgk(y) + xn(ax + ay + b).

This means that

gk(y) =
f (k)(y)

k!
for k = 0, 1, . . . , n− 1,

gn(y) =
f (n)(y)

n!
− ay − b and

f (n+1)(y)
(n + 1)!

= a. ��
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Corollary 1. Let f ∈ Cn(R) and suppose that

f(x)−
n−1∑

k=0

(x−y)k

k! f (k)(y)

(x− y)n
=

f (n)(x) + f (n)(y)
(n + 1)!

for any x, y ∈ R such that x �= y. Then f is a polynomial of degree no higher
than n.

Corollary 2. ([Ha]) If

f(x)− g(y)
x− y

=
ϕ(x) + ϕ(y)

2
(4)

for any x, y ∈ R such that x �= y, then f is a polynomial of degree no higher
than 2, and g = f and ϕ = f ′.

The functional equation

f(x)− g(y)
x− y

= ϕ

(
x + y

2

)

(5)

also reduces to the functional equation (4). Indeed, if (5) holds for any x, y ∈ R

such that x �= y, then

ϕ

(
x + y

2

)

=
ϕ(x) + ϕ(y)

2
.

To prove this, in (5) we replace x by x + y and y by x− y. Then we obtain

f(x + y)− g(x− y)
2y

= ϕ(x)

for any x, y ∈ R such that y �= 0. Now replacing y by −y we obtain

f(x− y)− g(x + y)
−2y

= ϕ(x).

Hence

f(u + v + y)− g(u + v − y) = 2yϕ(u + v),
f(u− v + y)− g(u− v − y) = 2yϕ(u− v)

and

f(u + v + y)− g(u− v − y) = 2(v + y)ϕ(u),
f(u− v + y)− g(u + v − y) = −2(v − y)ϕ(u).

Therefore
ϕ(u + v) + ϕ(u− v) = 2ϕ(u).

Setting u + v = x and u− v = y we obtain the identity required

ϕ(x) + ϕ(y) = 2ϕ

(
x + y

2

)

.
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Polynomial solutions of the equation f(αx + β) = f(x)

For α = ±1, the polynomial solutions of the equation f(αx + β) = f(x) are
easy to find. If α = 1 and f(x) = a0x

n + a1x
n−1 + · · ·+ an, where a0 �= 0, we

obtain the identity

f(x) = a0x
n + a1x

n−1 + · · ·+ an = a0(x + β)n + a1(x + β)n−1 + · · ·+ an.

This identity is only possible when a1 = a1 + a0nβ, i.e., β = 0.
If α = −1, then the equation f(−x + β) = f(x) reduces under the change

g(x) = f

(

x +
β

2

)

to the equation g(x) = g(−x) whose solutions are polyno-

mials of the form
a0x

2n + a2x
2n−2 + · · ·+ a2n.

For an arbitrary α, comparison of the coefficients of the highest term of
f(x) = a0x

n + · · · shows that αn = 1. Therefore, for α �= ±1, we see that
n ≥ 3, and we deal with this case in the next theorem.

Theorem 4.3.8 ([Oz]). Let a polynomial f of degree n ≥ 3 satisfy the rela-
tion f(αx + β) = f(x), where α �= ±1 and αn = 1. Then

f(x) = a0

(

x +
β

α− 1

)n

+ c.

Proof. It suffices to consider polynomials of the form

f(x) = xn + a1x
n−1 + · · ·+ an.

We have to prove that aj =
(
n
j

)
βj

(α−1)j for j = 1, . . . , n− 1. We use induction
on j.

Comparison of the coefficients of xn−j for f(x) and f(αx + β) shows that

(1− αn−j)aj =
j−1
∑

s=0

as

(
n− s

j − s

)

αn−jβj−s. (1)

For j = 1, we obtain (1 − αn−1)a1 =
(
n
1

)

αn−1β. By the hypothesis αn = 1,
and so

a1 =
(

n

1

)
α−1β

1− α−1
=
(

n

1

)
β

α− 1
.

The start of the induction is proved.
To prove the inductive step, i.e., the passage from j = k to j = k + 1,

we again use (1) and the condition αn = 1. By the induction hypothesis,
as =

(
n
s

)
βs

(α−1)s for s = 1, . . . , k. Hence

(1− αn−k−1)ak+1 =
(

n

k + 1

)

αn−k−1βk +
k∑

s=1

(
n

s

)(
n− s

k + 1− s

)
αn−k+1βk+1

(α− 1)s
.



166 4 Certain Properties of Polynomials

It is easy to verify that
(

n

s

)(
n− s

k + 1− s

)

=
(

n

k + 1

)(
k + 1

s

)

. Hence

(1− αn−k−1)ak+1 =

=
(

n
k+1

)

αn−k−1βk+1
(

1 +
(
k+1
1

)
1

α−1 + · · ·+ (k+1
k

)
1

(α−1)k

)

.

It is also clear that the expression in the square brackets is equal to
(

1 +
1

α− 1

)k+1

−
(

1
α− 1

)k+1

=
αk+1 − 1

(α − 1)k+1
.

Therefore

ak+1 =
1

1− αn−k−1

(
n

k + 1

)

βk+1 αn − αn−k−1

(α− 1)k+1
.

Since αn = 1, we have

ak+1 =
(

n

k + 1

)
βk+1

(α− 1)k+1
. ��

4.4 Transformations of polynomials

4.4.1 Tchirnhaus’s transformation

In 1683, in the Leipzig journal “Acta eruditorum”, E. V. von Tchirnhaus
(1651–1708) published a method for the transformation of algebraic equa-
tions which, he thought, allowed the solution by radicals of algebraic equa-
tions of any degree. Leibniz immediately refuted Tchirnhaus’s claim on the
omnipotence of his transformations. Moreover, it turned out that to solve 5th
degree equations by means of Tchirnhaus’s transformations one had to solve
an equation of degree 24 and rather complicated at that.

Nevertheless, Tchirnhaus’s transformation has important applications. For
example, with the help of it any equation of degree 5 without multiple roots
can be reduced to the form y5 + 5y = a solving in the process only equations
of degree 2 and 3.

Tchirnhaus’s transformation of the equation

xn + c1x
n−1 + · · ·+ cn = 0 (∗)

consists of the following. Let x1, . . . , xn be the roots of this equation. Consider
a rational function ϕ that does not tend to infinity at points x1, . . . , xn. Set
yi = ϕ(xi) and consider the equation

R(y) = 0, where R(y) = yn + q1y
n−1 + · · ·+ qn, (∗∗)

whose roots are y1, . . . , yn. We show in what follows that if (∗) has no multiple
roots, then the xi can be expressed in terms of the yi. Selecting an appropriate
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function ϕ we can make the coefficients q1, . . . , qn−1 vanish. Unfortunately, to
do this one has to solve an equation of order (n − 1)! and this was precisely
the circumstance that Leibniz pointed to.

Without loss of generality we can take ϕ to be a polynomial of degree not
higher than n− 1 due to the following s tatement.

Theorem 4.4.1. Let x1, . . . , xn be the roots of a polynomial f of degree n

and let ϕ =
P

Q
, where P and Q are polynomials such that Q(xi) �= 0 for all

i = 1, . . . , n. Then there exists a polynomial g of degree no higher than n− 1
whose values at x1, . . . , xn coincide with the values of ϕ at these points.

Proof. By hypothesis the polynomials f and Q have no common roots, so
they are relatively prime. Hence there exist polynomials R and S such that

Rf + SQ = 1. Since f(xi) = 0, it follows that S(xi) =
1

Q(xi)
. Hence

ϕ(xi) =
P (xi)
Q(xi)

= P (xi)S(xi).

Thus, for the required polynomial g we may take the remainder after division
of PS by f . �

In what follows we assume that to equation (∗) we apply the transforma-
tion

y = g(x) = p0 + p1(x) + · · ·+ pn−1x
n−1.

Let us show in this case how we can calculate the coefficients of the polynomial
R(y), see (∗∗), with given roots yi = g(xi), i = 1, . . . , n.

To avoid cumbersome notations, we confine ourselves to the case n = 3. If
x3 = −c1x

2 − c2x− c3, then

yx = p0x + p1x
2 + p2(−c1x

2 − c2x− c3) = p′0 + p′1x + p′2x
2.

Similarly, yx2 = p′′0 + p′′1x + p′′2x2, where the p′′i are linear functions in the pi.
Therefore, if xi is a root of f and yi = g(xi), the system of equations







(p0 − y) z0 + p1z1 + p2z = 0,

p′0z0 + (p′1 − y) z1 + p′2z = 0,

p′′0z0 + p′′1z1 + (p′′2 − y) z = 0
(1)

has a nonzero solution (z0, z1, z2) = (1, xi, x
2
i ). Set

A =





p0 p1 p2

p′0 p′1 p′2
p′′0 p′′1 p′′2



 .

Then det (A − yI) = 0 for yi = g(xi). If the polynomial det (A − yI) has no
multiple roots, it coincides with the polynomial R(y) to be found. Since the
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elements of A linearly depend on the pi, the coefficient qk is a polynomial of
degree k in the pi.

If the polynomial R(y) has no multiple roots, the matrix A has no multiple
eigenvalues. Therefore to every eigenvalue of A corresponds a unique, up to a
factor, solution of (1). This means that the root yi of the initial polynomial is
uniquely recovered from the root xi of the transformed polynomial, and each
xi depends rationally on yi.

Tchirnhaus’s transformation helps also to solve 3rd and 4th degree equa-
tions by radicals. The cubic equation can be reduced to the form

y3 + q3 = 0,

solving a system consisting of a linear equation q1 = 0 and a second degree
equation q2 = 0 depending on parameters p0, p1, p2. For this, one needs to
solve a quadratic equation.

An arbitrary 4th degree equation can be reduced to the form

y4 + q2y
2 + q4 = 0.

For this, one has to solve a system consisting of linear equation q1 = 0 and a
3rd degree equation q3 = 0 which reduces to solution of a cubic equation.

4.4.2 5th degree equation in Bring’s form

Any 5th degree equation can be reduced to the form

y5 + q4y + q5 = 0,

solving a system of equations q1 = q2 = q3 = 0. For this, one has to solve a 6th
degree equation. A sharper analysis performed in 1789 by the Swedish math-
ematician Bring, shows that in this case, instead of a 6th degree Equation, it
suffices, actually, to solve equations of degree 2 and 3. To satisfy the condition
q1 = 0, we express one of the parameters p0, . . . , p4 as a linear function of the
remaining parameters. Then the coefficient q2 represents a quadratic form in
four of the parameters pi. This quadratic form can be reduced to the basic
form

u2
1 + u2

2 − v2
1 − v2

2 ,

where uj and vj are linear functions in the pi (for this, we have to take square
roots). To satisfy the equation q2 = 0, it suffices to solve the system of linear
equations u1 = v1, u2 = v2. After that there remain two parameters for which
the equation q3 = 0 is of a 3rd degree. As a result, we get an equation of the
form

y5 + q4y + q5 = 0.

If q4 �= 0, a linear substitution reduces this equation to the form y5 +5y =
a.
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Similarly, the equation

xn + c1x
n−1 + · · ·+ cn = 0, n ≥ 5, (1)

can be reduced to the form

yn + q4y
n−4 + q5y

n−5 + · · ·+ qn = 0

by means of the transformation

y = p0 + p1x + p2x
2 + p3x

3 + p4x
4.

In the process we only have to solve equations of degree 2 and 3.
Moreover, instead of a system q1 = q2 = q3 = 0 we can solve the system

q1 = q2 = q4 = 0, i.e., at the last step, instead of the cubic equation q3 = 0,
we solve the 4th degree equation q4 = 0. Then (1) will be reduced to the form

yn + q3y
n−3 + q5y

n−5 + · · ·+ qn = 0.

Making use of these transformations and the change of variable x �→ x−1

we can reduce the general 5th degree equation to any of the following forms

x5 + px + q = 0,

x5 + px2 + q = 0,

x5 + px3 + q = 0,

x5 + px4 + q = 0.

4.4.3 Representation of polynomials as sums of powers of linear
functions

The problem of representing polynomials as sums of powers of linear functions
is simplest for the quadratic x2 + 2ax + b. This problem is as follows:

Represent the given quadratic in the form

λ1(x + α1)2 + · · ·+ λm(x + αm)2

and investigate what is the minimal number of basic linear functions x +
α1, . . . , x + αm necessary to perform this.

There are two versions of this problem:

1) The basic functions are the same for all quadratics.
2) The basic functions depend on the given quadratic.

In the first case the minimal m is 3. For the basic functions we can take
any three distinct functions x + α1, x + α2, x + α3. Indeed, the system of
equations for λ1, λ2, λ3 is
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λ1 + λ2 + λ3 = 1,

α1λ1 + α2λ2 + α3λ3 = a,

α2
1λ1 + α2

2λ2 + α2
3λ3 = b.

The system always has a solution since its determinant is a non-vanishing
Vandermonde determinant. It is also clear that two functions x + α1 and
x + α2 are insufficient: λ3 = 0 only if a, b, α1 and α2 are constrained by a
relation a(α1 + α2) = b + α1α2.

In the second case, the minimal m is 2. The required representation is,
e.g., of the form

x2 + 2ax + b =
1
2

(

x + a +
√

b− a2
)2

+
1
2

(

x + a−
√

b− a2
)2

.

For polynomials of degree n, the problem of selecting the universal basic
functions x + α1, . . . , x + αm is solved exactly as for n = 2. Let us formulate
the answer as a theorem (the proof for n > 2 is the same as for n = 2).

Theorem 4.4.2. a) If α1, . . . , αn+1 are distinct numbers, then any polynomial
of degree n can be represented in the form

λ1(x + α1)n + · · ·+ λn+1(x + αn+1)n.

b) If the numbers α1, . . . , αm are such that any polynomial of degree n can
be represented in the form

λ1(x + α1)n + · · ·+ λm(x + αm)n,

then m ≥ n + 1.

It is not difficult to indicate a collection of universal basic linear forms
for polynomials of degree n in m variables as well. For convenience, instead
of a polynomial f(x1, . . . , xm) of degree n, we will consider the homogeneous
polynomial

F (x0, x1, . . . , xm) = xn
0 f

(
x1

x0
, . . . ,

xm

x0

)

.

Theorem 4.4.3 ([So]). Let α0, . . . , αn be distinct numbers, and let

Zj = x0 + αsx1 + αtx2 + · · ·+ αuxm, where αs, αt, . . . , αu ∈ {α0, . . . , αn}.

Then the forms (Zj)n generate the linear space of all homogeneous polynomials
of degree n in m + 1 variables.

Remark. The number of forms (Zj)n is equal to (n+1)m while the dimen-
sion of the space of homogeneous polynomials of degree n in m + 1 variables
is equal to

(
m+n

n

)

.
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Proof. For simplicity, we consider the case m = 2. In this case we have
to represent the polynomial

p(x, y, z) =
∑

0≤i+j≤n

aijx
n−i−jyizj

in the form

p(x, y, z) =
n+1∑

s,t=1

λst(x + αsy + αtz)n =
n+1∑

s,t=1

λst

∑

0≤i+j≤n

cnijα
i
sα

j
tx

n−i−jyizj ,

where cnij =
n!

i!j!(n− i− j)!
. We obtain the system of equations

aij = cnij

n+1∑

s,t=1

λstα
i
sα

j
t , 0 ≤ i + j ≤ n.

Let us complement this system with the equations

n+1∑

s,t=1

λstα
i
sα

j
t = 0 for i + j > n, 1 ≤ i, j ≤ n.

We then obtain a system of linear equations with the matrix V ⊗ V , where
V = ‖αj

i‖n
0 is a Vandermonde matrix. For arbitrary square matrices A and B,

of sizes a× a and b× b, respectively, it is easy to prove that

det(A⊗B) = (detA)b(det B)a,

using their Jordan normal form. Hence det(V ⊗ V ) = (det V )(n+1)2 �= 0.
For arbitrary m, we similarly obtain a system of linear equations whose

determinant is det(V ⊗ · · · ⊗ V ) = (detV )(n+1)m

. �

If for each polynomial we select its own basic linear functions, the problem
becomes much more difficult. Adding the summand bk(x + βk)n increases
the number of variable parameters by 2. The coincidence of the number of
parameters on which the polynomial of degree n depends with the number of
parameters in the expression

b1(x + β1)n + · · ·+ bk(x + βk)n

is only possible when n is odd. Then k = 1
2 (n+1). It turns out that indeed, a

generic polynomial of odd degree n can be represented as the sum of 1
2 (n+1)

summands of the form b(x+β)n. But in certain degenerate cases several extra
summands might become necessary.

Example. The polynomial x3 + x2 cannot be represented in the form
b1(x + β1)3 + b2(x + β2)3.
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Proof. Clearly, β1 �= β2 and β1β2 �= 0. In this case, the conditions b1β
2
1 +

b2β
2
2 = 0 and b1β

3
1 + b2β

3
2 = 0 imply that b1 = b2 = 0: a contradiction. �

Let us clarify, therefore, what the term “generic polynomial” does mean
in the situation considered. We keep to the case n = 5 (for other odd n the
arguments are similar). Let us express the polynomial f(x) of degree 5 in the
form

a5x
5 + 5a4x

4 + 10a3x
3 + 10a2x

2 + 5a1x + a0.

Let ∣
∣
∣
∣
∣
∣
∣
∣

1 z z3 z3

a0 a1 a2 a3

a1 a2 a3 a4

a2 a3 a4 a5

∣
∣
∣
∣
∣
∣
∣
∣

= p3z
3 + p2z

2 + p1z + p0 = p(z).

We say that f(x) is a generic polynomial if p(z) is a polynomial with precisely
three distinct roots (in particular, p3 �= 0).

Theorem 4.4.4 (Sylvester). The generic polynomial of odd degree n can
be represented as the sum

b1(x + β1)n + · · ·+ bk(x + βk)n,

where k =
n + 1

2
.

Proof. For n = 5, we have to solve the system of equations

b1β
r
1 + b1β

r
2 + b1β

r
3 = ar, r = 0, 1, . . . , 5. (1)

For β1, β2 and β3 we take the roots of the equation p(z) = 0. By the hypothesis
these roots are distinct. Hence, from the system (1) for r = 0, 1, 2 we uniquely
find b1, b2 and b3. It remains to prove that, for the values bi and βi obtained,
equations (1) are satisfied for r = 3, 4, 5.

From the definition of p(z) it follows that
∣
∣
∣
∣
∣
∣
∣
∣

x0 x1 x2 x3

a0 a1 a2 a3

a1 a2 a3 a4

a2 a3 a4 a5

∣
∣
∣
∣
∣
∣
∣
∣

= p3x3 + p2x2 + p1x1 + p0x0

for any numbers x0, x1, x2, x3. Further, if we replace the row (x0, x1, x2, x3)
by (ai, ai+1, ai+2, ai+3), where i = 0, 1, 2, the determinant vanishes. For i = 0,
we then have

p3a3 + p2a2 + p1a1 + p0a0 = 0,

i.e.,

−p3a3 = p0

∑

bi + p1

∑

biβi + p2

∑

biβ
2
i =

=
∑

bi(p + 0 + p1βi + p2β
2
i ) = −

∑

bip3β
3
i .

Since p3 �= 0, we obtain (1) for r = 3. Taking i = 1 and 2 we similarly obtain
(1) for r = 4 and 5. �
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4.5 Algebraic numbers

4.5.1 Definition and main properties of algebraic numbers

The number α ∈ C is called algebraic if it is a root of an irreducible polynomial
with rational coefficients. If the highest coefficient of the polynomial is equal
to 1 and the remaining coefficients are integers, then the number α is said
to be an algebraic integer. To every algebraic number α, there corresponds
a unique irreducible monic polynomial f . The roots of this polynomial are
called numbers conjugate to α.

It is not difficult to show that if α is a root of an arbitrary (i.e., not
necessarily irreducible) monic polynomial with integer coefficients, then α is
an algebraic integer. In other words,

if a monic polynomial with integer coefficients is represented as the product
of two monic polynomials with rational coefficients, then all these rational
coefficients are integers.

This statement is one of the possible formulations of Gauss’s lemma
(Lemma 2.1.1 on page 49).

Theorem 4.5.1. Let α and β be algebraic numbers, and let ϕ(x, y) be an
arbitrary polynomial with rational coefficients. Then ϕ(α, β) is an algebraic
number.

Proof. Let {α1, . . . , αn} and {β1, . . . , βm} be the sets of numbers conju-
gate to α and β, respectively. Consider the polynomial

F (t) =
n∏

i=1

m∏

j=1

(t− ϕ(αi, βj)) .

The coefficients of this polynomial are symmetric functions in α1, . . . , αn and
β1, . . . , βm. Hence they are rational numbers. �

Remark. One can similarly prove that, if α and β are algebraic integers
and ϕ(x, y) is a polynomial with integer coefficients, then ϕ(α, β) is an alge-
braic integer.

In particular, if α and β are algebraic numbers (integers), then so are αβ
and α ± β. Further, if α �= 0 is an algebraic number, then α−1 is also an
algebraic number. Indeed, if α is a root of the polynomial

∑
akxk of degree

n, then α−1 is a root of the polynomial
∑

akxn−k. But if α is an algebraic
integer, α−1 is not necessarily an algebraic integer.

Therefore the algebraic numbers constitute a field and the algebraic inte-
gers constitute a ring.
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Theorem 4.5.2. Let α and β be algebraic numbers constrained by the relation
ϕ(α, β) = 0, where ϕ is a polynomial with rational coefficients. Then, for any
number αi conjugate to α, there exists a number βj conjugate to β and such
that ϕ(αi, βj) = 0.

Proof. Let {α1, . . . , αn} and {β1, . . . , βm} be the sets of all numbers con-
jugate to α and β, respectively. Consider the polynomial

f(x) =
m∏

j=1

ϕ(x, βj).

The coefficients of this polynomial are rational and f(α) = 0. Hence f(x) is
divisible by

∏
(x − αi), and therefore f(αi) = 0, i.e., ϕ(αi, βj) = 0 for some

j. �

Theorem 4.5.3. Let α be a root of the polynomial

f(x) = xn + βn−1x
n−1 + · · ·+ β0,

where β0, . . . , βn−1 are algebraic integers. Then α is an algebraic integer.

Proof. Consider the polynomial

F (x) =
∏

i,...,l

(xn + βn−1,ix
n−1 + · · ·+ β0,l),

where {βn−1,i}, . . . , {β0,l} are the sets of all the numbers conjugate to βn−1,
. . . , β0, respectively. It is easy to verify that the coefficients of F are integers.
It is also clear that α is a root of F . �

The algebraic number α is called totally real if all its conjugates are real,
in other words, if all the roots of the irreducible polynomial with root α are
real.

Example. The number α = 2 cos
(

kπ

n

)

is totally real.

Indeed, α = ε + ε−1, where ε = exp
(

kπ

n

)

. Let α1 be conjugate to α.

Theorem 4.5.2 implies that α1 = ε1 + ε−1
1 , where ε1 is conjugate to ε. The

number ε satisfies the equation xn − 1 = 0, and hence ε1 is also its root, and

therefore ε1 = exp
(

lπ

n

)

. In this case α1 = 2 cos
(

lkπ

n

)

∈ R.
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4.5.2 Kronecker’s theorem

In 1857, Kronecker [Kr1] proved the following statement.

Theorem 4.5.4 (Kronecker). a) Let α �= 0 be an algebraic integer. If α
is not a root of unity, then at least one number conjugate to α has absolute
value strictly greater than 1.

b) Let β be a totally real algebraic integer. If β �= 2 cos rπ, where r ∈ Q,
then at least one number conjugate to β has absolute value strictly greater
than 2.

Proof. a) Let {α1, . . . , αn} be the set of all numbers conjugate to α. Sup-
pose on the contrary that |αi| ≤ 1, i = 1, . . . , n, and consider the polynomial

fk(x) = (x− αk
1) · . . . · (x− αk

n) = xn + ak,n−1x
n−1 + · · ·+ ak,0.

Since α is an algebraic integer, it follows that ak,n−1, . . . , ak,0 ∈ Z. The con-
ditions |αi| ≤ 1 for i = 1, . . . , n imply that |ak,s| ≤

(
n
s

)

. Therefore the coef-
ficients of the polynomials f1, f2, . . . assume only finitely many values, and
hence, among these polynomials, there are only finitely many distinct ones.
But then the set of roots of these polynomials is also finite, and all the numbers
α, α2, α3, . . . are in this set. Therefore

αp = αq for some p, q ∈ N and p �= q.

Since α �= 0, it follows that αp−q = 1.
b) Let {β1, . . . , βn} be the set of all numbers conjugate to β. By hypothesis

all of them are real. Suppose on the contrary that |βi| ≤ 2, i = 1, . . . , n. Then
the absolute values of all the numbers conjugate to

α =
β

2
+

√

β2

4
− 1

are equal to 1. Indeed, the numbers α and β satisfy α2 − βα + 1 = 0. Hence,
by Theorem 4.5.2, any number αj conjugate to α is a root of a polynomial of

the form α2
j − βiαj + 1 = 0. Since |βi| ≤ 2, we have

β2
i

4
≤ 1, and therefore

|αj |2 =
(

β2
i

2

)

+ 1−
(

β2
i

2

)

= 1.

By Theorem 4.5.3 the number α is an algebraic integer. Therefore we can
apply part a) to it. As a result, we see that α = erπi, where r ∈ Q. Therefore

β = α + α−1 = α + α = 2 cos rπ,

as was required. �

Let us give an interesting application of Kronecker’s theorem.
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Theorem 4.5.5 (Minkowski). Let A be a square matrix with integer ele-
ments. Suppose that all the elements of the matrix A− I, where I is the unit
matrix, are divisible by an integer n ≥ 2 but A �= I. Then

a) If n > 2, then Am �= I for all positive integers m;
b) If n = 2 and A2 �= I, then Am �= I for all positive integers m.

Proof. By hypothesis A = I + nB, where B is a matrix with integer
elements. In particular, all the eigenvalues of B are algebraic integers. The
eigenvalues α of A and the eigenvalues β of B are related by the equation
α = 1 + nβ.

Suppose that Am = I. Then αm = 1, and hence |α| = 1. Therefore

|β| = |α− 1|
n

≤ 2
n
≤ 1. (1)

Inequality (1) is strict except for the case when n = 2 and |α − 1| = 2, i.e.,
α = −1.

For n > 2, inequality (1) is strict. In this case the absolute value of the
algebraic integer β and of all its conjugates are strictly less than 1. Hence
β = 0, and therefore α = 1.

The identity Am = I can only hold if all the Jordan blocks of A are of size
1× 1. If all the eigenvalues of A in this case are equal to 1, then A = I.

Now consider the case n = 2. In this case α = ±1. Therefore the Jordan
form of A is a diagonal matrix with elements ±1 on the main diagonal. Hence
A2 = I which contradicts our hypothesis. �

Elementary but rather cumbersome estimates enable us to sharpen Kro-
necker’s theorem as follows.

Theorem 4.5.6 ([ScZ]). a) Let α �= 0 be an algebraic integer which is not
a root of unity, and let {α1, . . . , αn} be the set of all the conjugates of α. If
2s of the numbers α1, . . . , αn are real, then

max
1≤i≤n

|αi| > 1 + 4−s−2.

b) Let β be a totally real algebraic integer such that β �= 2 cos rπ, r ∈ Q;
let {β1, . . . , βn} be the set of all the conjugates of β. Then

max
1≤i≤n

|βi| > 2 + 4−2n−3.

4.5.3 Liouville’s theorem

Euler conjectured that not all numbers are algebraic but he could not prove
this. The first to prove the existence of transcendental (i.e., not algebraic)
numbers was Liouville in 1844. In 1874, Cantor showed that in a sense there
are more transcendental numbers than there are algebraic ones, in the sence
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that the set of algebraic numbers is countable whereas the set of all real (or
complex) numbers is uncountable.

Liouville’s proof is based on a relatively simple but important remark:
every irrational algebraic number does not have too good an approximation
by rationals. More precisely, the following statement holds.

Theorem 4.5.7 (Liouville). Let α be a root of an irreducible polynomial
f(x) = anxn + an−1x

n−1 + · · ·+ a0, where n ≥ 2. Then there exists a number
c > 0 (depending only on α) such that

∣
∣
∣
∣
α− p

q

∣
∣
∣
∣
>

c

qn
(1)

for any integer p and any positive integer q.

Proof. If
∣
∣
∣α− p

q

∣
∣
∣ ≥ 1, then (1) holds for c = 1. Hence, we assume that

∣
∣
∣α− p

q

∣
∣
∣ < 1. Let us express f(x) in the form f(x) = an

n∏

i=1

(x − αi), where

α1 = α. Then
∣
∣
∣
∣
f

(
p

q

)∣
∣
∣
∣
= |an| ·

∣
∣
∣
∣
α− p

q

∣
∣
∣
∣
·

n∏

i=2

∣
∣
∣
∣

p

q
− αi

∣
∣
∣
∣
≤

≤ |an| ·
∣
∣
∣
∣
α− p

q

∣
∣
∣
∣
·

n∏

i=2

(|α|+ 1 + |αi|) = c1

∣
∣
∣
∣
α− p

q

∣
∣
∣
∣
,

where c1 is a positive number that depends only on |an| and α.
Let us assume that a0, . . . , an are integers relatively prime to each other.

Then the number |an| is completely determined by α. Moreover, the number

qnf

(
p

q

)

= anpn + an−1p
n−1 + · · ·+ a0q

n

is an integer, and hence |qnf
(

p
q

)

| ≥ 1. Therefore

∣
∣
∣
∣
α− p

q

∣
∣
∣
∣
≥ 1

c1

∣
∣
∣
∣
f

(
p

q

)∣
∣
∣
∣
≥ 1

c1qn
=

c

qn
,

where c = c−1
1 . �

Theorem 4.5.8 (Liouville). The number α =
∞∑

k=0

2−k! is transcendental.

Proof. For any integer N , consider the number α =
N∑

k=0

2−k! = p
q , where

p is an integer and q = 2N !. We have
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∣
∣
∣
∣
α− p

q

∣
∣
∣
∣
=

1
2(N+1)!

(

1 +
1

2N+2
+

1
2(N+2)(N+3)

+ · · ·
)

<
2

2(N+1)!
=

2
qN+1

.

Suppose that α is an algebraic number of degree n, i.e., a root of a poly-
nomial of degree n with rational coefficients. Then by Theorem 4.5.7

∣
∣
∣
∣
α− p

q

∣
∣
∣
∣
≥ c

qn
,

and therefore 2q−N−1 > cq−n, i.e., c < 2qn−N−1 = 2 · 2N !(n−N−1). But
lim

N→∞
2N !(n−N−1) = 0 which is clearly a contradiction when N is large

enough. �

Inequality (1) can be expressed as

|qα− p| > c

qN−1
.

Set P (x) = qx− p. Then
|P (α)| > c

Hn−1
, (2)

where H = max {|p|, |q|} is the height of P .
An inequality similar to (2) holds also for polynomials P of arbitrary

degree.

Theorem 4.5.9. Let α be an algebraic number of degree n. Then there exists
a number c > 0 (depending only on α) such that, for any polynomial P of
degree k with integer coefficients, either P (α) = 0 or

|P (α)| > ck

Hn−1
,

where H is the height of P (i.e., the greatest of the absolute values of the
coefficients of P ).

Proof. Let P (x) = akxk + · · · + a1x + a0, where ai ∈ Z, and P (α) �= 0.
For a positive integer r, the number β = rα is an algebraic integer. Define the
polynomial Q by the relation

Q(rx) = rkP (x).

Clearly
Q(y) = rkP (

y

r
) = akyk + rak−1y

k−1 + · · ·+ rka0

is a polynomial with integer coefficients. Therefore the product Q(β1) · . . . ·
Q(βn), where β1, . . . , βn are all the numbers conjugate to β, is a nonzero
integer. Hence |Q(β)| · |Q(β2) · . . . ·Q(βn)| ≥ 1, i.e.,

rkn |P (α)| · |P (α2) · . . . · P (αn)| ≥ 1. (3)
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On the other hand,

|P (αi)| ≤ H
(

1 + |αi|+ · · ·+ |αi|k
) ≤ H (1 + |αi|)k

. (4)

Let h(α) = max {|α1|, . . . , |αn|}. Then (3) and (4) imply that

|P (α)| ·Hn−1
(

rn (1 + h(α))n−1
)k

≥ 1.

Choosing c = (1+h(α))1−n

rn we get the inequality desired. �

For n = 2, Liouville’s theorem cannot be improved in the sense that the
inequality ∣

∣
∣
∣
α− p

q

∣
∣
∣
∣
<

1
q2

has infinitely many solutions. For n > 3, however, the estimate (1) was con-
secutively sharpened by Thue, Siegel, Dyson, Gelfond, Schneider, Roth and
others. For example, Roth [Ro4] proved the following statement.

Theorem 4.5.10 (Roth). Let α be an irrational algebraic number and let
δ be a positive number however small. Then the inequality

|α− p

q
| < 1

q2+δ

holds only for finitely many pairs p and q, where q (> 0) and p are integers.

For the proof of Roth’s theorem, see, e.g., the book [Ca4].

4.6 Problems to Chapter 4

4.1 Let z1, . . . , zn be the vertices of a regular n-gon, z0 its center. Prove that,

if P is a polynomial of degree no higher than n−1, then 1
n

n∑

k=1

P (zk) = P (z0).

4.2 Let P (x, y) be a polynomial such that

P (x, y) = P (x + 1, y + 1).

Prove that P (x, y) =
∑

ak(x − y)k.

4.3 Let f(x) be a polynomial of degree n with only simple roots x1, . . . , xn.
Prove that

a)
n∑

i=1

xk
i

f ′(xi)
= 0 for k = 0, 1, . . . , n− 2;

b)
n∑

i=1

xn−1
i

f ′(xi)
= 1.
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4.4 Let P (z) be a polynomial of degree n and max
|z|=1

|P (z)| ≤ 1. Prove that,

if P (α) = 0, then

max
|z|=1

∣
∣
∣
∣

P (z)
z − α

∣
∣
∣
∣
≤ n + 1

2
and max

|z|≤1

∣
∣
∣
∣

P (z)
z − α

∣
∣
∣
∣
≤ n

1 + |α| .

4.5 Let d = x2 + ax + b ∈ Z[x].
a) Prove that the equation p2−dq2 = 1 has non-trivial solutions p, q ∈ Z[x]

in exactly the following cases:
1) a is odd and 4b = a2 − 1;

2) a is even and b =
(a

2

)2

± 1 or b =
(a

2

)2

± 2.

b) Prove that the equation p2 − dq2 = −1 has non-trivial solutions p, q ∈
Z[x] if and only if a is even and b =

(a

2

)2

+ 1.

4.6 Prove that there exists a unique, up to multiplication by −1, polynomial
f(x) of degree n for which the function (x + 1) (f(x))2 − 1 is odd.

4.7 Let Pn(x) be a polynomial of degree n over C. Prove that for n = 4, 6
and 8 almost all polynomials Pn(x) can be represented in the following form:

P4 = u4 + v4 + λu2v2;

P6 = u6 + v6 + w6 + λuvw(u − v)(v − w)(w − u);

P8 = u8 + v8 + w8 + z8λu2v2w2z2,

where u, v, w, z are linear functions and λ is a number.

4.8 Let the numbers α1, . . . , αn ∈ C be such that
∑

αm
i is an integer for

any integer m. Prove that all the coefficients of the polynomial
∏

(x−αi) are
integers.



5

Galois Theory

5.1 Lagrange’s theorem and the Galois resolvent

5.1.1 Lagrange’s theorem

Let K be a field of characteristic 0 and ϕ a rational function in variables
x1, . . . , xn over K. Let Sn We denote the permutation group of n elements.
We can assign to ϕ the stabilizer of ϕ, i.e., the group

Gϕ = {σ ∈ Sn | ϕ(xσ(1), . . . , xσ(n)) = ϕ(x1, . . . , xn)}.
For example, if ϕ is a symmetric function, then Gϕ = Sn, whereas if ϕ =
∑

aixi, where the numbers a1, . . . , an are distinct, then Gϕ contains only the
identity permutation.

Theorem 5.1.1 (Lagrange). Let ϕ, ψ ∈ K(x1, . . . , xn) and Gϕ ⊂ Gψ. Then
ψ = R(ϕ), where R is a rational function whose coefficients are symmetric
functions in x1, . . . , xn.

First proof. Let us split Gψ into non-intersecting cosets h1Gϕ = Gϕ,
h2Gϕ, . . . , hkGϕ. To every coset hiGϕ there corresponds a function ϕi, the
image of ϕ under the action of this coset; clearly, ϕi �= ϕj for i �= j. The
function ψ is Gϕ-invariant, and hence, a function ψi uniquely corresponds to
the coset hiGϕ; if Gϕ �= Gψ , then among these functions some will coincide.

The function
k∑

i=1

ψi

t− ϕi
is invariant with respect to the action of all per-

mutations from Sn. Hence

k∑

i=1

ψi

t− ϕi
=

F (t)
Ω(t)

,

where
Ω(t) = (t− ϕ1) · . . . · (t− ϕk)
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and F (t) is a polynomial in t whose coefficients are symmetric functions in
x1, . . . , xn. Since ϕi �= ϕj for i �= j, it follows that Ω′(ϕ) �= 0.

Clearly,

lim
t→ϕi

Ω(t)
t− ϕi

= lim
t→ϕi

Ω(t) −Ω(ϕi)
t− ϕi

= Ω′(ϕi).

Therefore

lim
t→ϕi

Ω(t)
Ω′(t)(t − ϕi)

=

{

0 for ϕi �= ϕ;
1 for ϕi = ϕ.

Hence
F (ϕ)
Ω′(ϕ)

=
k∑

i=1

ψi
Ω(ϕ)

Ω′(ϕ)(ϕ − ϕi)
= ψ.

�

Second proof. Let us construct functions ϕ1 = ϕ, . . . , ϕk and ψ1 =
ψ, . . . , ψk as in the first proof. Clearly,

∑

ϕs
iψi = Ts (1)

is a symmetric function in x1, . . . , xn. We consider the equalities (1) for
s = 0, . . . , k − 1 as a system of linear equations for ψ1, . . . , ψk. Solving this

system we obtain ψ1 =
D1

∆
, where

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣

1 . . . 1
ϕ1 . . . ϕk

...
. . .

...
ϕk−1

1 . . . ϕk−1
k

∣
∣
∣
∣
∣
∣
∣
∣
∣

and D1 =

∣
∣
∣
∣
∣
∣
∣
∣
∣

T0 1 . . . 1
T1 ϕ2 . . . ϕk

...
...

. . .
...

Tk−1 ϕk−1
2 . . . ϕk−1

k

∣
∣
∣
∣
∣
∣
∣
∣
∣

.

Let us express the identity obtained in the form ψ1 =
D1∆

∆2
. Clearly, ∆2 is a

symmetric function. Under the transposition of any pair of functions ϕ2, . . . ,
ϕk, both determinants D1 and ∆ change sign, and so D1∆ is a symmetric
function in ϕ2, . . . , ϕk. Hence

D1∆ = S0 + ϕ1S1 + · · ·+ ϕk−1
1 Sk−1,

where S0, . . . , Sk−1 are symmetric polynomials in ϕ2, . . . , ϕk. Therefore S0,
. . . , Sk−1 are expressed in terms of

σ̃1 = ϕ2 + · · ·+ ϕk,

σ̃2 = ϕ2ϕ3 + · · · ,
. . . . . . . . . . . . . . . . . . . . .
σ̃k−1 = ϕ2 · . . . · ϕk.
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But, as is easy to verify,

σ̃1 = σ1 − ϕ1,

σ̃2 = σ2 − ϕ1σ1 + ϕ2
1,

σ̃3 = σ3 − ϕ1σ2 + ϕ2
1σ1 − ϕ3

1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

where σ1, σ2 , . . . are elementary symmetric functions in ϕ1, . . . , ϕk. Hence
σ̃1 , . . . , σ̃k−1 are expressed in terms of σ1 , . . . , σk−1 and ϕ1. Hence D1∆
is a polynomial in ϕ1 = ϕ whose coefficients are symmetric functions in x1 ,
. . . , xn. �

Lagrange’s theorem has numerous corollaries. Let ϕ and ψ be rational
functions in x1, . . . , xn. If ψ = R(ϕ), where R is a rational function whose
coefficients are symmetric functions in x1, . . . , xn, we will briefly say that ψ
is rationally expressed in terms of ϕ.

Corollary 1 Any rational function in x1, . . . , xn is rationally expressed in
terms of a1x1 + · · ·+ anxn, where a1, . . . , an are distinct numbers.

Corollary 2 If Gϕ = Gψ, then the functions ϕ and ψ are rationally ex-
pressed in terms of each other.

Corollary 3 If the rational function r is invariant with respect to all the per-
mutations that preserve the functions r1, . . . , rn, then r is rationally expressed
in terms of r1, . . . , rn.

Proof. We may assume that the functions r1, . . . , rn are linearly inde-
pendent. Let ϕ = a1r1 + · · · + anrn, where a1, . . . , an are distinct numbers.
Then any permutation that preserves ϕ should also preserve all the functions
r1, . . . , rn. Therefore r is preserved under all the permutations that preserve
ϕ. Hence, r is rationally expressed in terms of ϕ = a1r1 + · · ·+ anrn. �

Corollary 4. Let the polynomial f(x1, . . . , xn) take only two distinct val-
ues under all possible permutations of its variables. Then

f = S1 + ∆S2,

where S1 and S2 are symmetric functions and ∆ =
∏

i<j

(xi − xj).

Proof. If f is not a symmetric function, then the substitutions that pre-
serve f form a subgroup of Sn of index 2. Therefore it suffices to prove that
Sn has only one subgroup of index 2, namely, the alternating group An. Let
G ⊂ Sn be a subgroup of index 2 and h ∈ Sn \ G. Then Sn splits into the
non-intersecting subsets G and hG = Gh. Therefore hGh−1 = G and, if
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h1, h2 ∈ Sn \G, then h1h2 ∈ G. If G had contained a transposition (ij), then
it would have contained any other transposition (pq) as well. Indeed, (pq) is
obtained from (ij) by conjugation with any permutation that sends i to p and
j to q. Therefore all the transpositions lie in Sn \G, and hence their products
lie in G. Thus, all the products of any even number of transpositions lie in G,
and therefore G ⊃ An. But |G| = |An|, and hence G = An. �

In Lagrange’s theorem we deal with the rational functions in x1, . . . , xn.
The passage from algebraically independent variables x1, . . . , xn to the con-
crete values of these variables requires certain caution. The point is that the
permutations which preserve the value of ϕ(x1, . . . , xn) for given x1, . . . , xn

may not form a group. For example, let

xk = exp
(

2πik

7

)

for k = 1, . . . , 6.

Consider the function f(x1, . . . , x6) = x1x6. Let

σ = (12)(56) and τ = (16)(23).

The permutations σ and τ send f into σf = x2x5 = 1 and τf = x6x1 = 1
respectively, i.e., both σ and τ preserve f . But τ sends σf = x2x5 to τσf =
x3x5 �= 1.

To avoid such nuisances, Galois suggested considering not all the permu-
tations of the roots of the equation but only the ones that preserve all the
rational relations between them.

More precisely, let f = xn+an−1x
n−1+· · ·+a0 be a polynomial with coeffi-

cients from a field K and let α1, . . . , αn be the roots of f . Galois suggested con-
sidering those permutations σ that for any rational function r ∈ K(x1, . . . , xn)
the identity r(α1, . . . , αn) = 0 implies the identity r(ασ(1), . . . , ασ(n)) = 0.

In modern terms this means that the permutation σ corresponds to an
automorphism of the field K(α1, . . . , αn) which preserves the ground field
K. The group of all such permutations is called the Galois group of the
polynomial f (this group depends of course on the field K).

In the example considered above, the permutations σ and τ do not enter
the Galois group of the polynomial x6 + x5 + · · · + x + 1 whose roots are
x1, . . . , x6. Indeed, the permutations σ and τ do not preserve, for example,
the relations x2 = x2

1 and x6 = x6
1.

For any rational function in the roots α1, . . . , αn of the polynomial f , we
can consider the elements of the Galois group which preserve its value. Clearly,
these elements form a group. Indeed, let σ and τ be the elements of the Galois
group of f and let r(x1, . . . , xn) be a rational function such that

r(ασ(1), . . . , ασ(n)) = r(α1, . . . , αn), (2)

r(ατ(1), . . . , ατ(n)) = r(α1, . . . , αn). (3)
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We can apply σ and τ to any rational relation between the roots α1, . . . , αn.
Hence, applying τ to the relation (2) we obtain

r(ατσ(1), . . . , ατσ(n)) = r(ατ(1), . . . , ατ(n)).

Relation (3) implies that τσ also preserves the value of r.

5.1.2 The Galois resolvent

In this section, let

f(x) = xn + an−1x
n−1 + · · ·+ a0

be a polynomial over a field K of characteristic 0 and let α1, . . . , αn be its
roots. Suppose that f has no multiple roots, i.e., the numbers α1, . . . , αn are
distinct. Consider a rational function

ψ(x1, . . . , xn) = m1x1 + · · ·+ mnxn,

where m1, . . . , mn are integers. Let us show that the numbers m1, . . . , mn can
be selected so that all the n! values ψσ = ψ(ασ(1), . . . , ασ(n)) are distinct.
Indeed, consider the function

D(t1, . . . , tn) =
∏

σ,τ

n∑

i=1

ti(ασ(i) − ατ(i)),

where the product runs over all unordered pairs of distinct permutations σ
and τ . The function D is a product of nonzero polynomials in t1, . . . , tn, and
hence D is a nonzero polynomial in indeterminates t1, . . . , tn over K. But any
nonzero polynomial function takes a nonzero value for certain integer values
of its arguments t1 = m1, . . . , tn = mn. These integers m1, . . . , mn are the
required ones.

Before we advance further, we prove one auxiliary statement.

Lemma. Any symmetric polynomial in the roots α2, . . . , αn of f is poly-
nomially expressed in terms of the root α1 and the coefficients a0, . . . , an−1.

Proof. Any symmetric polynomial in the roots α2, . . . , αn is expressed in
terms of the coefficients of the polynomial

(x− α2) · . . . · (x− αn) =
f(x)

x− α1
= xn−1 + bn−2x

n−2 + · · ·+ b0.

Here we have

an−1 = bn−2 − α1,

an−2 = bn−3 − bn−2α1,

an−3 = bn−4 − bn−3α1,

. . . . . . . . . . . . . . . . . . . . . .
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i.e.,

bn−2 = an−1 + α1,

bn−3 = an−2 + α1an−1 + α2
1,

bn−4 = an−3 + α1an−2 + α2
1an−1 + α3

1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Thus, the coefficients b0, . . . , bn−2 are polynomially expressed in terms of the
root α1 and the coefficients a0, . . . , an−1. �

Select the numbers m1, . . . , mn so that all the n! values

ψσ = m1ασ(1) + · · ·+ mnασ(n)

are distinct and consider the polynomial

F (x) =
∏

σ∈Sn

(x−m1ασ(1) − · · · −mnασ(n)).

The coefficients of this polynomial are symmetric polynomials with integer
coefficients in the roots of f , and hence they are rationally expressed in terms
of the coefficients of f . Therefore, if f is a polynomial over K, then so is F .

Let us factorize F into a product of irreducible over K monic factors. Any
such irreducible factor G is called a Galois resolvent of f . Clearly, all Galois
resolvents are obtained from each other by permutations of the roots. Having
numbered the roots we may fix the Galois resolvent, the one corresponding to
the identity permutation. For definiteness sake, we will assume that G has a
root

ψ = m1α1 + · · ·+ mnαn.

Theorem 5.1.2 (Galois). Any root of f is rationally expressed (over K) in
terms of one of the roots of G.

Proof. Consider the polynomial

F1(x) =
∏

{σ∈Sn|σ(1)=1}
(x−m1α1 −m2ασ(2) − · · · −mnασ(n)).

The coefficients of F1 are symmetric polynomials in α2, . . . , αn; hence, by the
Lemma, they are rationally expressed (over K) in terms of α1, i.e., F1(x) =
g(x, α1), where g is a polynomial in two variables over K. Clearly, g(ψ, α1) =
F1(ψ) = 0.

Now consider the polynomial

F2(x) =
∏

(x −m1α2 −m2ασ(1) − · · · −mnασ(n)),
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where the product runs over the permutations σ ∈ Sn such that σ(2) = 2.
From the proof of the Lemma we see that the coefficients of F2 are the same
as for F1 up to replacement α1 by α2, i.e., F2(x) = g(x, α2).

By the hypothsis

ψ = m1α1 + · · ·+ mnαn �= m1α2 + m2ασ(1) + · · ·+ mnασ(n),

i.e., F2(ψ) �= 0. Therefore α1 is the only common root of the polynomials f(x)
and g(ψ, x). This means that the greatest common divisor of f(x) and g(ψ, x)
is x − α1. But the greatest common divisor of two polynomials is found by
Euclid’s algorithm, and so α1 is rationally expressed in terms of ψ and the
coefficients of f and g, i.e., α1 is rationally expressed over K in terms of ψ. �

Corollary. All the roots of the Galois resolvent are rationally expressed
in terms of one of its roots.

Proof. Every root of the Galois resolvent is of the form

m1ασ(1) + · · ·+ mnασ(n).

Clearly, they are rationally expressed in terms of α1, . . . , αn. In turn, α1, . . . , αn

are rationally expressed in terms of ψ = m1α1 + · · ·+ mnαn. �

The Galois resolvents are a convenient tool for constructing the splitting
field of K(α1, . . . , αn). We recall the definition. Let f be a polynomial over
a field k without multiple roots (but not necessarily irreducible), and let
α1, . . . , αn be all the roots of f . The field K = k(α1, . . . , αn) is called the
splitting field of f .

Indeed, K(α1, . . . , αn) = K(ψ), i.e., instead of adjoining to K all the
roots of a polynomial, we can adjoin just one root of the Galois resolvent of
the polynomial.

Another application of the Galois resolvent is that it can be used to con-
struct the Galois group. (It was precisely with the help of the resolvents that
Galois initially constructed the Galois groups of the polynomials.)

Let ψ1 (= ψ), ψ2, . . . , ψr be the roots of the Galois resolvent G. As we have
shown, all of them can be rationally expressed in terms of ψ, i.e., ψi = Ri(ψ),
where Ri ∈ K(x). The relation ψi = Ri(ψ) can be considered as a relation
between the elements of the field K(ψ). Hence we may assume that Ri is a
polynomial of degree not higher than deg G − 1 = r − 1. This polynomial is
uniquely determined. The formula ψi = Ri(ψ) remains valid if we replace Ri

by Ri + aG, where a is an arbitrary polynomial.
Consider polynomials G(x) and Gi(x) = G

(

Ri(x)
)

. The coefficients of
these polynomials lie in K and the polynomials have a common root ψ. Since
by the hypothesis the polynomial G is irreducible, it follows that any root
ψj of G is also a root of Gi, i.e., Ri(ψj) = ψp for some p. This means that
Ri

(

Rj(ψ)
)

= Rp(ψ), i.e., RiRj ≡ Rp (mod G). Therefore, for any root ψs

of G, we have Ri

(

Rj(ψs)
)

= Rp(ψs). In particular, the set of polynomials
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R1, . . . , Rr and the transformations of the roots ψ1 . . . , ψr which correspond
to them is invariantly defined, i.e., does not depend on the choice of the root
ψ1.

To the number

ψi = m1ασi(1) + · · ·+ mnασi(n),

a permutation σi uniquely corresponds, and to the permutation, in its turn,
there corresponds an automorphism, which we also denote by σi, of the field
K(α1, . . . , αn) = K(ψ). Thus, to the roots ψ1, . . . , ψr of the Galois resolvent
there correspond permutations σ1, . . . , σr. To σi, we assign the polynomial Ri.
Since σi(ψ) = ψi, we see that

σiσj(ψ) = σi(ψj) = σiRj(ψ) = Rj(ψi) = Rj

(

Ri(ψ)
)

,

i.e., σiσj ↔ RjRi mod G. Therefore the group of transformation of R1, . . . , Rr

is anti-isomorphic1 to the group of permutations of σ1, . . . , σr. In order to
establish a relation with the Galois group of f , it remains to prove the following
statement.

Theorem 5.1.3. The Galois group of the polynomial f consists of the per-
mutations σ1, . . . , σr.

Proof. We have to prove that, if α1, . . . , αn are the roots of f and τ ∈ Sn,
then the condition τ ∈ {σ1, . . . , σr} is equivalent to the fact that

ϕ(α1, . . . , αn) = 0⇐⇒ ϕ(ατ(1), . . . , ατ(n)) = 0

for any rational function ϕ.
Since the roots α1, . . . , αn can be rationally expressed in terms of ψ1, it

follows that

ϕ(α1, . . . , αn) = Φ(ψ1) = Φ(m1α1 + · · ·+ mnαn),

where Φ ∈ K(x). Therefore

ϕ(ατ(1), . . . , ατ(n)) = Φ(ψ̃τ ),

where ψ̃τ = m1ατ(1)+· · ·+mnατ(n). The equivalence of the equalities Φ(ψ1) =
0 and Φ(ψ̃τ ) = 0 for all possible rational functions Φ means that ψ1 and ψ̃τ

are roots of the same irreducible polynomial, i.e., τ ∈ {σ1, . . . , σr}. �

Corollary. Let f be a polynomial over a field k with distinct roots
α1, . . . , αn. Then the order |G| of the Galois group G of f is equal to [K : k],
where K = k(α1, . . . , αn).
1 Recall that the map of groups a : G −→ H is an anti-isomorphism if a(fg) =

a(g)a(f) for any f, g ∈ G.
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Proof. Both |G| and [K : k] are equal to the degree of any Galois resolvent
of f . �

The following statement is of considerable importance for Galois theory.

Theorem 5.1.4. Let α1, . . . , αn be the roots of an irreducible polynomial f
over k, and let ϕ ∈ k(x1, . . . , xn).

a) Let ϕ(α1, . . . , αn) = ϕ(ασi(1), . . . , ασi(n)) for any permutation σi in the
Galois group. Then ϕ(α1, . . . , αn) ∈ k.

b) Let H = {σi1 , . . . , σis} be a subgroup of the Galois group {σ1, . . . , σr}
such that if ϕ(α1, . . . , αn) = ϕ(ασ(1), . . . , ασ(n)) for any permutation σ ∈ H,
then ϕ(α1, . . . , αn) ∈ k. Then H coincides with the whole Galois group.

Proof. a) The roots α1, . . . , αn can be rationally expressed in terms of ψ1,
and hence ϕ(α1, . . . , αn) = Φ(ψ1), where Φ ∈ k(x). Therefore

ϕ(ασi(1), . . . , ασi(n)) = Φ(ψi).

Thus, Φ(ψ1) = · · · = Φ(ψr), and hence

Φ(ψ1) =
1
r

(

Φ(ψ1) + · · ·+ Φ(ψr)
)

is a rational symmetric function in the roots ψ1, . . . , ψr of the Galois resolvent.
Hence ϕ(α1, . . . , αn) = Φ(ψ1) ∈ k.

b) Consider the polynomial

g(x) =
∏

σ∈H

(

x− σ(ψ)
)

= (x− ψi1) · . . . · (x − ψis).

Its coefficients are invariant with respect to the H-action, and hence all of
them belong to k. Therefore the coefficients of g(x) lie in k and g(x) has
common roots with an irreducible over k polynomial

G(x) = (x− ψ1) · . . . · (x− ψr).

Hence g(x) = G(x) and H = {σ1, . . . , σr}. �

5.1.3 Theorem on a primitive element

On page 187 we observed that the field k(α1, . . . , αn), where α1, . . . , αn are
the roots of a polynomial f , can be generated over k by one element, namely,
by a root ψ of a Galois resolvent of f . Usually, to construct the element that
generates the field, one uses the following standard construction.

Theorem 5.1.5 (On a primitive element). Let k be a field of characteris-
tic zero, and let α1, . . . , αn be algebraic elements over k. Then k(α1, . . . , αn)
is generated over k by one element.
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Proof. First, consider the case of two algebraic elements, α and β. Let
f(x) and g(x) be irreducible over k polynomials with roots α and β, re-
spectively. Let further α1 = α, α2, . . . , αr be all the roots of f and β1 =
β, β2, . . . , βs all the roots of g. Select c ∈ k so that αi + cβj �= α1 + cβ1 for
j �= 1. Set

θ = α1 + cβ1 = α + cβ.

Clearly, k(θ) ⊂ k(α, β). It remains to show that k(α, β) ⊂ k(θ). To do this, it
suffices to prove that β ∈ k(θ). Indeed, in this case α = θ − cβ ∈ k(θ).

The element β satisfies the equations

g(x) = 0 and f(θ − cx) = 0

whose coefficients belong to k(θ). The only common root of the polynomials
g(x) and f(θ− cx) is β since θ− cβj �= αi for j �= 1. The polynomial g(x) has
no multiple roots, and so the greatest common divisor of g(x) and f(θ − cx)
is x− β. The greatest common divisor of two polynomials over the field k(θ)
is a polynomial over k(θ), and hence β ∈ k(θ).

The passage from n = 2 to an arbitrary n is performed by an obvious
induction: if k(α1, . . . , αn−1) = k(θ), then k(α1, . . . , αn) = k(θ, αn) = k(θ′)
for some θ′. �

With the help of Theorem 1.5 one can prove, for example, the following
statement on prime divisors of a set of polynomials.

Theorem 5.1.6 ([Ho]). Let f1(x), . . . , fn(x) be non-constant integer-valued
polynomials, i.e., fi(m) ∈ Z for m ∈ Z. Further, let Mi be the set of all prime
divisors of all the numbers fi(m) ∈ Z, where m ∈ Z and fi(m) �= 0. Then the
set M = M1 ∪ · · · ∪Mn is infinite.

Proof. First, consider the case n = 1 (in this case the theorem was proved
by Schur [Sc6]). If f1(x) is an integer-valued polynomial of degree k, then all
the coefficients of the polynomial k!f1(x) are integers by Theorem 3.2.1 on
page 85. Passing from f1 to k!f1 we add to prime divisors of f1 only prime
divisors of the number k!, i.e., a certain finite set of divisors. Therefore it
suffices to carry out the proof for the case of the polynomial f1 with integer
coefficients.

Now f1 assumes values 0 and ±1 at finitely many points only. Therefore
the values of f1 at integer points have at least one prime divisor; in other
words, M1 �= ∅. Suppose that M1 = {p1, . . . , pr} is a finite set.

Let a ∈ Z and f1(a) = b �= 0. Let us show that

g(x) =
f1(a + bp1 · . . . · prx)

b

is a polynomial with integer coefficients such that g(x) ≡ 1 (mod p1 · . . . · pr)
for all x ∈ Z. It is easy to verify that if c ∈ Z, then (a + cx)l − al = chl(x),
where hl(x) is a polynomial with integer coefficients. Hence
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f1(a + bp1 · . . . · prx)− f1(a) = bp1 · . . . · prh(x),

where h(x) is a polynomial with integer coefficients. It remains to observe that

g(x) =

(

f1(a) + bp1 · . . . · prh(x)
)

b
= 1 + p1 · . . . · prh(x).

For a certain x ∈ Z, the integer g(x) has a prime divisor p. The congruence
g(x) ≡ 1 (mod p1 · . . . · pr) shows that p /∈ M1 = {p1, . . . , pr}. On the other
hand, the number f1(a + bp1 · . . . · prx) = bg(x) is divisible by p, and hence
p ∈M1. The contradiction obtained means that M1 is an infinite set.

The passage from n = 1 to an arbitrary n is performed with the help of
Theorem 1.5. As in the proof for n = 1, we assume that f1, . . . , fn ∈ Z[x].
Let αi be one of the roots of fi. By Theorem 1.5, Q(α1, . . . , αn) = Q(α), i.e.,
αi = ϕi(α), where ϕi(t) ∈ Q[t]. Let g be an irreducible polynomial over Q

with root α. If ϕi(0) �= 0, then replace ϕi by ϕ̃i, where

ϕ̃i(t) = ϕi(t)− ϕi(0)
g(0)

g(t).

Thus, we may assume that ϕi(0) = 0. In this case, if a number N is divisible
by the denominators of all the coefficients of ϕi, then ϕi(Nt) ∈ Z[t].

The polynomials f1

(

ϕ1(t)
)

, . . . , fn

(

ϕn(t)
) ∈ Q[t] have a common root α,

and hence all of them are divisible by g(t). Consider the polynomials

Fi(t) = fi

(

ϕi(Nt)
)

.

Clearly, Fi(t) ∈ Z[x] and Fi(t) is divisible over Q by g(Nt), i.e., Fi(t) =
g(Nt)gi(t), where gi(t) ∈ Q[t]. Let us express the polynomials g and gi in the
form

g(Nt) = rh(t) and gi(t) = sihi(t),

where r, si ∈ Q, h(t), hi(t) ∈ Z[t] and cont(h) = cont(hi) = 1.
Then Fi(t) = rsih(t)hi(t) and, by Gauss’s lemma, rsi = cont(Fi) is an

integer. This means that Fi(t) is divisible over Z by h(t). In particular, all
the divisors of the values of h at integer points are divisors of the values of Fi

which, in turn, are divisors of the values of fi. Therefore the set M contains
an infinite subset consisting of prime divisors of the polynomial h. �

5.2 Basic Galois theory

5.2.1 The Galois correspondence

Theorem 5.2.1. Any element ω ∈ K = k(α1, . . . , αn) is a root of an irre-
ducible over k polynomial h all of whose roots belong to K.
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Proof. One can represent ω in the form ω = g(α1, . . . , αn), where g ∈
k[x1, . . . , xn]. Set ωσ = g(ασ(1), . . . , ασ(n)) and consider the polynomial

h(x) =
∏

σ∈Sn

(x− ωσ).

Clearly, all the roots of h belong to K and h is a polynomial over k. Hence ω
is a root of an irreducible divisor of h. �

Corollary. If p(x) is irreducible over k and one of its roots belongs to
K = k(α1, . . . , αn), then all the other roots of p(x) belong to K.

Proof. Let ω ∈ K be a root of p and let h be an irreducible over k
polynomial all of whose roots belong to K and h(ω) = 0. The polynomials h
and p are irreducible over k and have a common root ω. Hence all the roots
of p are the roots of h, i.e., belong to K. �

A finite extension K of the field k is called a normal extension or a Galois
extension if any irreducible over k polynomial, one of whose roots belongs to
K, factorizes over K into linear factors, i.e., all its roots lie in K.

An example of a non-normal extension is the field Q( 3
√

2). This field con-
tains only one of the roots of the polynomial x3 − 2.

By Theorem 5.2.1, the splitting field of any polynomial is a normal exten-
sion. The converse statement is also true.

Theorem 5.2.2. Let K ⊃ k be a normal extension. Then K is a splitting
field of a polynomial over k.

Proof. Let K = k(α1, . . . , αn) and let fi be an irreducible polynomial
over k with root αi. Let f = f1 · · · fn, and let K ′ be the splitting field of f
over k. On the one hand, the elements α1, . . . , αn are all the roots of f , and
so K ⊂ K ′. On the other hand, K is a normal field over k and contains a root
of an irreducible over k polynomial fi (i = 1, . . . , n), and so K contains all
the roots of f , and therefore K ⊃ K ′. �

Corollary. Let K ⊃ L ⊃ k, where K is a normal extension of k, and L
an arbitrary intermediate field. Then K is a normal extension of L.

Proof. The field K is the splitting field of a polynomial f over k. This
polynomial can be considered also as a polynomial over L, and so K is the
splitting field of a polynomial over L, i.e., K is a normal extension of L. �

If K is a normal extension of k, then the Galois group of K over k is the
group of automorphisms of K preserving all the elements of k. The Galois
group of K over k will be denoted by the symbol G(K, k). If K is the splitting
field of a polynomial f , we will also denote the Galois group G(K, k) by the
symbol Gk(f).

The elements ω and ω′ of the field K ⊃ k are called conjugate over k if ω
and ω′ are the roots of the same polynomial irreducible over k.
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Theorem 5.2.3. Let K be a normal extension of k. The elements ω, ω′ ∈ K
are conjugate over k if and only if there exists an automorphism σ ∈ G(K, k)
which sends ω into ω′.

Proof. Let ω be a root of an irreducible over k polynomial p. If ω′ = σ(ω),
then p(ω′) = p

(

σ(ω)
)

= σ
(

p(ω)
)

= 0, and therefore ω and ω′ are conjugate
over k.

Now suppose that ω and ω′ are the roots of an irreducible over k poly-
nomial p. To construct the automorphism σ, we start by constructing an
isomorphism ϕ : k(ω)→ k(ω′). Any element of the field k(ω) can be uniquely
represented in the form

a0 + a1ω + · · ·+ an−1ω
n−1, where ai ∈ k and n = deg p.

The automorphism to be constructed is of the form
n−1∑

i=0

aiω
i �→

n−1∑

i=0

ai(ω′)i.

Now, select θ ∈ K \ k(ω). Let p1 be an irreducible over k polynomial with
root θ and q1 an irreducible over k(ω) divisor of p1 such that q1(θ) = 0. Under
the isomorphism ϕ : k(ω) → k(ω′) the irreducible over k(ω) polynomial q1

becomes an irreducible over k(ω′) polynomial q1. Let θ′ be a root of q1. The
isomorphism ϕ : k(ω)→ k(ω′) can be extended to an isomorphism k(ω, θ) →
k(ω′, θ′). This isomorphism is of the form

∑
biθ

i �→∑ϕ(bi)(θ′)i, where bi ∈
k(ω). Such extensions of isomorphisms enable one to construct an isomorphism
of K with a subfield K ′ ⊂ K that sends ω to ω′. This isomorphism of fields
is, in particular, an isomorphism of linear spaces over k. Therefore, since the
dimension of K is finite, it follows that K ′ = K, i.e., we have obtained an
automorphism of K. �

Corollary. If K is a normal extension of k, then the element ω ∈ K is
invariant with respect to the action of the Galois group G(K, k) if and only if
ω ∈ k.

Proof. If ω ∈ K is invariant with respect to G(K, k), then all its conju-
gates coincide with it. This means that ω is a root of the polynomial x − ω
with coefficients in k, i.e., ω ∈ k. �

The property that the extension be normal is very essential. For example,
any automorphism of the field Q( 3

√
2) is the identity, i.e., the element 3

√
2 /∈ Q

is invariant under all the automorphisms.
A particular feature of normal extensions is that their group of automor-

phisms is rather large. This makes it possible to establish a one-to-one corre-
spondence between the intermediate fields and subgroups of the Galois group.

Let K be a normal extension of k. Consider an arbitrary intermediate field
L, i.e., k ⊂ L ⊂ K. By Corollary of Theorem 5.2.2 the field K is a normal
extension of L, and therefore we can consider the Galois group G(K, L).
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Theorem 5.2.4 (The Galois correspondence). a) There is a one-to-one
correspondence between the intermediate fields k ⊂ L ⊂ K and the subgroups
of the Galois group G(K, k). To the field L, there corresponds the subgroup
G(K, L) ⊂ G(K, k) and to the subgroup H ⊂ G(K, k) there corresponds the
field consisting of the H-invariant elements of K.

b) An intermediate field L is a normal extension of k if and only if the
subgroup G(K, L) ⊂ G(K, k) is normal. In this case, we have the exact se-
quence1

0 → G(K, L)→ G(K, k) → G(L, k)→ 0.

Proof. a) Any automorphism of the field K that preserves the elements
of L also preserves the elements of k ⊂ L, i.e., G(K, L) ⊂ G(K, k).

To the field L, there corresponds the group G(K, L) and to the group
G(K, L) there corresponds a field L′ consisting of the elements of K invariant
with respect to all the automorphisms of K that preserve the elements of
L. Clearly, L′ ⊃ L. But for the case of normal extensions any element of K
invariant with respect to G(K, L) belongs to L (Corollary of Theorem 5.2.3).
(An independent proof follows from Theorem 5.1.4 (a) on page 189.)

Therefore L = L′, i.e., to every subfield there corresponds a subgroup and
this subgroup uniquely determines the subfield.

To the subgroup H ⊂ G(K, k) there corresponds a field L, and to the field
L there corresponds the subgroup G(K, L) = H ′ consisting of the automor-
phisms of K that preserve the elements invariant with respect to H . Clearly,
H ′ ⊃ H . But if the subgroup H of G(K, L) is such that all the elements of
K invariant with respect to the H-action lie in L, then H coincides with the
whole Galois group G(K, L) (Theorem 5.1.4 (b) on page 189). Therefore to
each subgroup there corresponds a subfield and this subfield uniquely deter-
mines the subgroup.

b) Let L be a normal extension of k. Then any automorphism of K over
k sends L into itself (the element of L goes into a conjugate element which
again belongs to L). Therefore there is a homomorphism G(K, k)→ G(L, k).
Clearly, the group G(K, L) is the kernel of this homomorphism, and hence it
is a normal subgroup of G(K, k).

Now, let G(K, L) be a normal subgroup of G(K, k), i.e., if ϕ ∈ G(K, L)
and ψ ∈ G(K, k), then ψ−1ϕψ ∈ G(K, L). Let a ∈ L. We have to prove
that all the elements a1, . . . , al conjugate to a belong to L. By the hypothesis
a1, . . . , al ∈ K and ai = ψi(a) for some ψi ∈ G(K, k). If ϕ ∈ G(K, L), then
ψ−1

i ϕψi ∈ G(K, L). Therefore ψ−1
i ϕψi(a) = a, i.e., ϕ(ai) = ai. Hence ai ∈ L.

The description of the exact sequence

0→ G(K, L) → G(K, k)→ G(L, k)→ 0

1 Recall that a sequence of maps · · · → A
α→B

β→C → . . . is exact in B if Im(α) =
Ker(β). The sequence is exact if it is exact in all its terms except the first and
the last.
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is as follows. The field L is a normal extension of k, and so any automorphism
ϕ ∈ G(K, k) preserves L, and therefore one can consider restrictions of ϕ
onto L. This gives rise to the homomorphism G(K, k) → G(L, k). Its kernel
consists of the automorphisms of K identical on L. They constitute the group
G(K, L). The epimorphic nature of the homomorphism G(K, k) → G(L, k)
follows from the fact that any automorphism of L of k can be extended to an
automorphism of K over k. �

If L is the splitting field of g over k and K is the splitting field of f over
k, then the exact sequence

0→ G(K, L) → G(K, k)→ G(L, k)→ 0

takes the form
0 → GL(f)→ Gk(f)→ Gk(g)→ 0.

Theorem 5.2.5. Let L be an arbitrary extension of the field k and let f be a
polynomial over k. Then the Galois group GL(f) is isomorphic to a subgroup
of Gk(f).

Proof. Let α1, . . . , αn be all the roots of f . The automorphism σ ∈ GL(f)
permutes the roots α1, . . . , αn and preserves all the elements of L ⊃ k. There-
fore σ preserves the field k(α1, . . . , αn), i.e., to σ we may assign the automor-
phism σ ∈ Gk(f) which is the restriction of σ onto k(α1, . . . , αn).

If σ = id, then σ preserves all the roots α1, . . . , αn. Moreover, by definition,
σ preserves all the elements of L, and hence σ = id. Therefore the map σ �→ σ
is a monomorphism, i.e., GL(f) is isomorphic to a subgroup of Gk(f). �

5.2.2 A polynomial with the Galois group S5

In order to give an example of equation not solvable by radicals, we need a
polynomial whose Galois group is Sn, n ≥ 5. We are ready to prove that the
Galois group of the polynomial x5 − 4x + 2 over Q is equal to S5.

The subgroup G ⊂ Sn is transitive if for any two indices i, j ∈ {1, . . . , n}
there exists a permutation σ ∈ G such that σ(i) = j.

Theorem 5.2.6. The polynomial f without multiple roots is irreducible if and
only if its Galois group is transitive.

Proof. Let α1, . . . , αn be the roots of f . If f is irreducible over k, then by
definition all its roots are conjugate to each other. Hence, by Theorem 5.2.3,
there exists an automorphism of the field k(α1, . . . , αn) that sends αi to αj .

Now, suppose that the Galois group G of f is transitive. Let f1 be an
arbitrary divisor of f over k and α1 a root of f1. Take an automorphism
σi ∈ G such that σi(α1) = αi. Under σi the relation f1(α1) = 0 becomes
f1(αi) = 0, i.e., all the roots of f serve also as roots of f1. Since f has no
multiple roots, we deduce that f1 is divisible by f , i.e., f is irreducible. �
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Theorem 5.2.7. Let n be a prime and let the transitive subgroup G ⊂ Sn

contain at least one transposition (i, j). Then G = Sn.

Proof. On {1, . . . , n}, introduce a relation by setting i ∼ j if either i = j
or G has transposition (i, j). The identity (i, j)(j, k)(i, j) = (i, k) proves that
this relation is an equivalence relation.

Let E(i) be the equivalence class containing i. Let us show that
∣
∣E(i)

∣
∣ =

∣
∣E(j)

∣
∣, i.e., all the equivalence classes consist of the same number of elements.

Since G is transitive, it has an element σ such that σ(i) = j. Let a ∈ E(i),
i.e., (i, a) ∈ G. The element σ · (i, a) · σ−1 interchanges σ(a) and σ(i) leaving
the remaining elements fixed, i.e.,

σ · (i, a) · σ−1 =
(

σ(i), σ(a)
)

=
(

j, σ(a)
) ∈ G.

Therefore σ
(

E(i)
) ⊂ E(j), and hence

∣
∣E(i)

∣
∣ ≤ ∣

∣E(j)
∣
∣. The inequality

∣
∣E(j)

∣
∣ ≤ ∣∣E(i)

∣
∣ is similarly proved.

By the hypothesis n is a prime, and so there is precisely one equivalence
class. This means that G = Sn. �

Theorem 5.2.8. Let f be an irreducible polynomial over Q of prime degree
p with precisely two non-real roots. Then the Galois group of f over Q is Sp.

Proof. Since f is irreducible, its Galois group G ⊂ Sp is transitive. The
above theorem shows that to prove the statement desired it suffices to prove
that G contains a transposition. An example of such a transposition is given
by the restriction of the complex conjugation z �→ z onto the splitting field of
f . Indeed, under the complex conjugation, all the real roots of the polynomial
remain fixed whereas the two complex roots are interchanged (this implies, in
particular, that the splitting field transforms into itself). �

The polynomial f(x) = x5−4x+2 is an example of an irreducible polyno-
mial of degree 5 with precisely two complex roots . The irreducibility of this
polynomial follows from Eisenstein’s criterion. The number of real roots of f
is not less than 3 since

f(−2) < 0, f(0) > 0, f(1) < 0, f(2) > 0.

On the other hand, it cannot have more than three real roots because oth-
erwise the derivative f ′(x) = 5x4 − 4 would have had more than two real
roots.

5.2.3 Simple radical extensions

The splitting field K of the polynomial xn − c, where c ∈ k, is called a simple
radical extension of k.
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Theorem 5.2.9. a) The Galois group G(K, k) of a simple radical extension
is solvable.

b) If k contains an n-th primitive root of unity, then G(K, k) is a subgroup
of the cyclic group Z/nZ.

c) If c = 1, then G(K, k) is a subgroup of the multiplicative group (Z/nZ)∗.

Proof. a) Let α be a root of the polynomial xn− c and ε an nth primitive
root of unity. Then all the roots of xn − c are of the form α, αε, . . . , αεn−1,
and therefore K ⊂ k(α, ε). On the other hand, ε = (αε)α−1 ∈ K, and so
k(α, ε) ⊂ K, i.e., K = k(α, ε).

Let K = k(α, ε). Then σ(ε) is a root of xn − 1, i.e., σ(ε) = εa. Observe
that εa cannot be a root of xm− 1, where m < n, since otherwise the element
ε = σ−1(εa) would also have been a root of xn− 1, which contradicts the fact
that ε is primitive. Thus, (a, n) = 1.

The automorphism σ is completely determined by its values on the gen-
erators of K, i.e., σ(ε) = εa, σ(α) = εbα. Therefore such an automorphism σ
can be denoted by the symbol

σ = [a, b], where a ∈ (Z/nZ)∗ and b ∈ Z/nZ.

Observe that if σi = [ai, bi], i = 1, 2, then

σ1

(

σ2(ε)
)

= εa1a2 , σ1

(

σ2(α)
)

= εa1b2+b1α,

i.e.,
[a1, b1][a2, b2] = [a1a2, a1b2 + b1].

Consider a homomorphism ϕ : G(K, k)→ (Z/nZ)∗ which assigns σ = [a, b]
to a ∈ (Z/nZ)∗. The kernel of this homomorphism consists of the ele-
ments of the form [1, b]. For such elements the composition law is as follows:
[1, b1][1, b2] = [1, b1 + b2]. The kernel and the image of ϕ are abelian groups,
and so G(K, k) is solvable.

b) If ε ∈ k, then σ(ε) = ε. Hence σ = [1, b] ∈ Z/nZ.
c) If c = 1, we may assume that α = 1. In this case σ = [a, 0] ∈ (Z/nZ)∗.

�

5.2.4 The cyclic extensions

A normal extension K of the field k is called cyclic if the Galois group G(K, k)
is cyclic.

Theorem 5.2.10. If k contains an nth primitive root of unity, then any cyclic
extension K ⊃ k of degree n is of the form K = k(β), where β is a root of a
polynomial xn − c irreducible over k.
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Proof. We will need the fact that the characters of the group are linearly
independent. Let us recall the precise formulation and proof. Let G be a
group, K a field and K∗ the multiplicative group of the field, i.e., the set
of non-zero elements with respect to multiplication. A character of G is an
arbitrary homomorphism G→ K∗.

Lemma. Distinct characters of G are linearly independent over K.

Proof. Let {γ1, . . . , γn} be a minimal non-empty set of linearly dependent
characters, i.e.,

λ1γ1(g) + · · ·+ λnγn(g) = 0 (1)

for all g ∈ G and certain fixed λ1, . . . , λn ∈ K∗. Clearly, n ≥ 2. The
characters γ1 and γn are distinct, and so γ1(h) �= γn(h) for some h ∈ G.
Let us multiply (1) by γn(h) and subtract from the result the identity
λ1γ1(hg) + · · ·+ λnγn(hg) = 0. After simplification we obtain

λ1

(

γn(h)− γ1(h)
)

γ1(g) + · · ·+ λn−1

(

γn(h)− γn−1(h)
)

γn−1(g) = 0.

This contradicts the minimality of the set {γ1, . . . , γn}. �

If σ is an automorphism of K, then the restriction of σ onto K∗ is a
character of K∗. Therefore, if σ1, . . . , σn are distinct automorphisms of K and
α1, . . . , αn ∈ K∗, then α1σ1(α)+ · · ·+αnσn(α) �= 0 for a certain α ∈ K∗ ⊂ K.

Let us now pass to the proof of the theorem. Let σ be the generator of the
cyclic group G(K, k) and ε an nth primitive root of unity which belongs to k.
Consider the Lagrange resolvent

(ε, α)σ = α + εσ(α) + · · ·+ εn−1σn−1(α).

The automorphisms id, σ, σ2, . . . , σn−1 are distinct, and so there exists an
element α ∈ K for which (ε, α)σ = β �= 0. It is easy to verify that σ(β) = ε−1β
and σ(βn) =

(

σ(β)
)n = βn. Therefore σ(β) �= β, i.e., β /∈ k and σi(βn) = βn

for i = 1, . . . , n− 1, i.e., βn = c ∈ k.
Consider the polynomial

xn − c = (x− β)(x − εβ) · . . . · (x − εn−1β).

The field k(β) is its splitting field and k(β) ⊂ K. Since the automorphisms
id, σ, σ2, . . . , σn−1 are distinct automorphisms of k(β), it follows that the order
of the Galois group of k(β) over k is not less than n, i.e., [k(β) : k] ≥ n. On
the other hand, [K : k] = n, and so k(β) = K. The Galois group of the
polynomial xn − c is transitive, and so the polynomial is irreducible. �
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5.3 How to solve equations by radicals

An extension L of the field k is said to be radical if there exists a sequence of
intermediate fields

k = L0 ⊂ L1 ⊂ · · · ⊂ Lr = L,

such that Li = Li−1(βi), where βni

i ∈ Li−1. In other words, we consecutively
add to the field k the roots of the elements of the fields obtained at the
preceding step.

Let f be an irreducible polynomial over k and α1, . . . , αn all its roots. The
equation f(x) = 0 is said to be solvable by radicals if the field k(α1, . . . , αn)
is contained in a radical extension of k.

To formulate and prove the criterion of solvability of equations by rad-
icals, we will need the notion of solvable groups. We therefore start with a
recapitulation of the basic notions of solvable groups.

5.3.1 Solvable groups

A group G is called solvable if there exists a sequence of nested subgroups

{e} = Gr ⊂ Gr−1 ⊂ · · · ⊂ G0 = G,

such that Gi is a normal subgroup in Gi−1 and the quotient Gi−1/Gi is abelian
(for i = 1, . . . , r).

In what follows we only deal with finite groups.
For any finite abelian group G, one can construct a sequence of nested

subgroups for which all the quotient groups Gi−1/Gi are cyclic (moreover,
the Gi−1/Gi are cyclic groups of prime order). Therefore, in the definition of
a solvable group, we may assume that all the quotients Gi−1/Gi are cyclic.

In the description of the relation between solvability of a polynomial
equation f(x) = 0 by radicals and the solvability of the Galois group
of f , we use the Galois correspondence which provides an exact sequence
0→H→G→G/H→ 0. Usually, for some of these three groups, it is known
that they are solvable and we have to decide whether the remaining groups
are solvable. For this purpose, we use the following theorem.

Theorem 5.3.1. a) Any subgroup H of a solvable group G is solvable.
b) Let H be a normal subgroup of G such that H and G/H are solvable.

Then the group G is solvable.
c) Let H be a normal subgroup of a solvable group G, then G/H is solvable.

Proof. a) Let us show that the sequence of subgroups Hi = Gi ∩ H
possesses the properties required, i.e., Hi is a normal subgroup in Hi−1 and the
quotient Hi−1/Hi is abelian. Since Gi ⊂ Gi−1, it follows that Hi = Hi−1∩Gi.
Therefore Hi is a normal subgroup in Hi−1 and
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Hi−1/Hi = Hi−1/(Hi−1 ∩Gi) ∼= GiHi−1/Gi ⊂ Gi−1/Gi.

b) For solvable groups H and G/H , take the sequences that define their
solvability:

{e} = Hn ⊂ Hn−1 ⊂ · · · ⊂ H0 = H,

{H} = Am ⊂ Am−1 ⊂ · · · ⊂ A0 = G/H.

We define Gi = p−1(Ai), where p : G → G/H is the natural projection.
Clearly Gm = H and G0 = G. Let us show that the sequence of subgroups

{e} = Hn ⊂ Hn−1 ⊂ · · · ⊂ H0 = H = Gm ⊂ Gm−1 ⊂ · · · ⊂ G0 = G

possesses the properties required in the definition of a solvable group, i.e., Gi

is a normal subgroup in Gi−1 and Gi−1/Gi is abelian.
The second property follows from the fact that Gi−1/Gi

∼= Ai−1/Ai.
Let gi ∈ Gi and gi−1 ∈ Gi−1. Then

p
(

g−1
i−1gigi−1

)

= p(gi−1)
−1 p(gi) p(gi−1) ∈ Ai,

since Ai is a normal subgroup in Ai−1. Therefore g−1
i−1gigi−1 ∈ Gi, i.e., Gi is

a normal subgroup in Gi−1.
c) For a solvable group G, take the sequence of subgroups that defines

solvability:
{e} = Gr ⊂ Gr−1 ⊂ · · · ⊂ G0 = G,

and define Ai = GiH/H . Then the sequence of subgroups

{H} = Ar ⊂ Ar−1 ⊂ · · · ⊂ A0 = G/H

possesses the property required, i.e., Ai is a normal subgroup in Ai−1 and
Ai−1/Ai is abelian. Indeed, let giH ∈ Ai and gi−1H ∈ Ai−1. Then

(gi−1H)giH(gi−1H)−1 = gi−1HgiHg−1
i−1 = gi−1gig

−1
i−1H ∈ Ai.

Moreover,

Ai−1/Ai
∼= Gi−1/(GiH ∩Gi−1) ∼= (Gi−1/Gi)/

(

(GiH ∩Gi−1)/Gi

)

,

i.e., the group Ai−1/Ai is isomorphic to a quotient of an abelian group, and
hence Ai−1/Ai is an abelian group. �

5.3.2 Equations with solvable Galois group

Using the Galois correspondence and Theorem 5.2.10 on the structure of the
cyclic extension, it is not difficult to prove that any equation with solvable
Galois group is solvable by radicals.
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Theorem 5.3.2. Let f be a polynomial without multiple roots over k whose
Galois group Gk(f) is solvable. Then the equation f = 0 is solvable by radicals.

Proof. If the field k does not contain any dth primitive root of unity,
where d =

∣
∣Gk(f)

∣
∣, then we add to k a dth primitive root ε of unity, i.e.,

we consider the field L = k(ε). The Galois group GL(f) is isomorphic to a
subgroup of the solvable group Gk(f), and so GL(f) is solvable itself and
∣
∣GL(f)

∣
∣ divides d. In particular, the field L contains primitive roots of unity

of any degree that divides
∣
∣GL(f)

∣
∣.

For the solvable group GL(f), we construct a sequence of subgroups

{e} = Gr ⊂ · · · ⊂ G0 = GL(f),

in which the quotients Gi−1/Gi are cyclic. The Galois correspondence assigns
to this sequence a sequence of fields

K = Lr ⊃ · · · ⊃ L0 = L,

where K is the extension field of f over L such that the extension Li⊃Li−1 is
normal, and therefore the sequence of fields K⊃Li⊃Li−1 provides an exact
sequence

0 → G(K, Li) → G(K, Li−1) → G(Li, Li−1) → 0.

Therefore G(Li, Li−1) ∼= G(K, Li−1)/G(K, Li) = Gi−1/Gi is a cyclic group
whose order divides

∣
∣GL(f)

∣
∣. Since Li−1 ⊃ L contains a dth primitive root of

unity, where di =
∣
∣G(Li, Li−1)

∣
∣, we see that Li = Li−1(βi), where βi is a root

of the polynomial xdi − ci, where ci∈Li−1. Therefore Li is a radical extension
of Li−1, and hence K is a radical extension of L. It is also clear that L is a
radical extension of k. Therefore the splitting field of the polynomial f is a
radical extension of k, i.e., the equation is solvable by radicals. �

5.3.3 Equations solvable by radicals

We have just proved that, if the Galois group of an equation is solvable, then
this equation is solvable by radicals. Let us now prove the converse statement.

Theorem 5.3.3. Let f be a polynomial without multiple roots over a field k
and let the equation f = 0 be solvable by radicals. Then the Galois group
Gk(f) is solvable.

Proof. By the hypothesis, for some field L containing all the roots of f ,
there exists a sequence of fields

L = Lr ⊃ · · · ⊃ L0 = k, (1)

such that Li = Li−1(βi), where βni

i ∈ Li−1. Here the extension L ⊃ k is not
necessarily normal, and therefore we cannot directly apply the Galois corre-
spondence. We therefore begin with the construction of a radical extension
K ⊃ L for which the extension K ⊃ k is normal.
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We use induction on r. For r = 0, the statement is obvious. Hence, by
the inductive hypothesis, we may assume that we have already constructed a
radical extension Kr−1 ⊃ Lr−1 for which the extension Kr−1 ⊃ k is normal.
Set K ′ = Kr−1 and L′ = K ′(βr) ⊃ L. The induction step consists in the proof
of the following statement.

Lemma. Let K ′ ⊃ k be a normal extension and let L′ = K ′(β), where
βn ∈ K ′. Then there exists a radical extension K ⊃ L′ such that the extension
K ⊃ k is normal.

Proof. Consider an irreducible over k polynomial g(x) with root βn ∈ K ′.
The extension K ′ ⊃ k is normal, and so all the roots of g(x) lie in K ′. Set
h(x) = g(xn) and consider the field K, the splitting field of h over K ′. Let us
prove that K possesses all the properties required.

1. The extension K⊃k is normal. Indeed, the extension K ′⊃k is normal,
and hence K ′ is the splitting field over k of a polynomial ϕ(x). In this case K
is the splitting field over k of the polynomial h(x)ϕ(x).

2. K ⊃ L′ = K ′(β). Indeed, by definition K ′ ⊂ K. We also have β ∈ K
since h(β) = g(βn) = 0.

3. The extension K ⊃ L′ is radical. Let β̂ be a root of h(x). Then β̂n is a
root of g(x), and hence β̂n ∈ K ′ ⊂ L′. It remains to observe that the field K

is obtained by adjoining to L′ all the roots β̂ of the polynomial h(x). �

Thus, we may assume that the field L in (1) is a normal extension of k.
Moreover, we may assume that the numbers ni are primes and the degree of
the extension Li ⊃ Li−1 is equal to ni (the adjoining of a root of degree pq can
be replaced by the adjoining of a root of degree p with a subsequent adjoining
of a root of degree q).

Since the extension L ⊃ k is normal, the extension L ⊃ Li−1 is also
normal. The coefficients of the polynomial xni − βni

i belong to Li−1 and its
root βi belongs to L but not to Li−1. Therefore the polynomial xni − βni

i has
an irreducible over Li−1 divisor with root βi and this divisor is different from
x− βi. Hence the field L contains a root of the polynomial xni − βni

i distinct
from βi, and therefore the field L contains an nith primitive root of unity (we
use the fact that ni is a prime).

The field L contains primitive roots of unity of all degrees ni, and so it
contains a primitive root ε of unity whose degree is divisible by all the ni. Set
L′

i = Li(ε) and consider the sequence of subfields

L = L′
r ⊃ L′

r−1 ⊃ · · · ⊃ L′
0 = L0(ε) ⊃ L0 = k.

From the Galois correspondence we obtain a sequence of subgroups

{e} = G(L, L′
r) ⊂ G(L, L′

r−1) ⊂ · · · ⊂ G(L, L′
0) = G

(

L, k(ε)
) ⊂ G(L, k).
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The extension L′
i⊃L′

i−1 is normal because L′
i is the splitting field over L′

i−1

of the polynomial xni − βni

i . Therefore the sequence of fields L′
i−1⊂ L′

i⊂ L
provides us with an exact sequence of groups

0→ G(L, L′
i) → G(L, L′

i−1)→ G(L′
i, L

′
i−1)→ 0.

Thus, G(L, L′
i−1)/G(L, L′

i) ∼= G(L′
i, L

′
i−1) is a cyclic group of order ni. Hence

G
(

L, k(ε)
)

is a solvable group.
The next step is the proof of solvability of G(L, k). The extension k(ε) ⊃ k

is normal, so for the sequence of fields k ⊂ k(ε) ⊂ L we obtain an exact
sequence of groups

0 → G
(

L, k(ε)
)→ G(L, k)→ G(k(ε), k) → 0.

The group G(k(ε), k) is abelian by Theorem 5.2.9 (c) on page 197, and so
G(L, k) is solvable.

The last step is the proof of solvability of the group Gk(f) = G(N, k),
where N is the splitting field of the polynomial f over k. The sequence of
fields k⊂N⊂L yields an exact sequence of groups

0→ G(L, N)→ G(L, k) → G(N, k)→ 0.

Therefore G(N, k) is a quotient of the solvable group G(L, k), and hence is
solvable itself. �

Example. The equation

x5 − 4x + 2 = 0

is not solvable by radicals.

Proof. The Galois group of the polynomial x5−4x+2 = 0 over Q is equal
to S5. (See page 196). It remains to prove that S5 is non-solvable. Observe,
first of all, that if H ⊂ G is a normal subgroup such that the group G/H is
abelian, then for any x, y ∈ G the element xyx−1y−1 belongs to H . In S5,
there is a normal subgroup A5 consisting of the even permutations. It is easy
to verify that any element of A5 can be represented in the form xyx−1y−1,
where x, y ∈ A5. Indeed, any element of A5 is either a cycle of length 5, or a
cycle of length 3, or the product of two transpositions (ij)(kl) with distinct
i, j, k, l.

For the cycle (12345), set x = (12534) and y = (12)(35).
For the cycle (123), set x = (123) and y = (23)(45).
For (12)(34), set x = (14)(23) and y = (123).
Therefore, if H ⊂ S5 is a normal subgroup and the group S5/H is abelian,

then H = A5 (or S5). But already A5 has no normal subgroup K such that
A5/K is abelian. �
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5.3.4 Abelian equations

In the memoir “On a particular class of algebraically solvable equations” Abel
proved three important statements concerning solvability of equations by rad-
icals.

1. If one of the roots of an irreducible polynomial f can be rationally
expressed in terms of the other root, then the solution of the equation f(x) = 0
reduces to the solution of several equations of lesser degrees.

2. If the roots of an irreducible polynomial f are of the form x1, θ(x1),
θ2(x1) = θ (θ(x1)) , . . . , θn−1(x1), where θ is a rational function such that
θn(x1) = x1, then the equation f(x) = 0 is solvable by radicals.

3. If the roots of an irreducible polynomial f are of the form x1, θ2(x1),
θ3(x1), . . . , θn(x1), where the θi are rational functions such that θiθj(x1) =
θjθi(x1), then the equation f(x) = 0 is solvable by radicals. Moreover, if
deg f = pn1

1 · · · pnk

k , then the solution of f(x) = 0 reduces to solution of n1

equations of degree p1, n2 equations of degree p2, etc.
The polynomial f in statement 3 is called abelian, and the equation f(x) =

0 is called an abelian equation. Clearly, the Galois group of a polynomial g
is abelian if and only if the Galois resolvent of g is an abelian polynomial.
Therefore Abel’s theorem is a particular case of the Galois theorem which
reads as follows:

any equation with an abelian Galois group is solvable by radicals.

Nevertheless, the methods of Abel’s theorem still retain a certain signifi-
cance because Abel’s solution of Abel equations is rather constructive.

The polynomial f in statement 2 is called a cyclic abelian polynomial. The
Galois group of such a polynomial is cyclic.

To solve cyclic abelian equations, Abel applied methods developed by La-
grange and Gauss. His contribution consists in the fact that he separated the
most general class of equations to which these methods are applicable. More-
over, studying the theory of elliptic functions, Abel found a new interesting
example of a cyclic abelian equation, namely, the lemniscate division equation.
For a modern proof of the fact that the lemniscate division equation is a cyclic
abelian equation, see [Pr3].

Let us begin with statement 1. It deals with polynomials of a particular
form but with an arbitrary Galois group. Indeed, all the roots of the Galois
resolvent of any polynomial can be rationally expressed in terms of one of the
roots.

Theorem 5.3.4. a) Let f be an irreducible polynomial over a field k of char-
acteristic zero, one of whose roots can be rationally expressed in terms of
another root. Then all the roots of f can be organized into a table (elucidated
in the course of the proof)
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x1
1, x1

2 = θ(x1
1), . . . , x1

p = θp−1(x1
1),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xm
1 , xm

2 = θ(xm
1 ), . . . , xm

p = θp−1(xm
1 ),

where θ is the rational function such that θp(xi
1) = xi

1 for i = 1, . . . , m.
b) The problem of solving the equation f = 0 reduces to solving an equation

g = 0 of degree m with coefficients in k and cyclic abelian equations h1 =
0, . . . , hm = 0, where hi is a polynomial of degree p whose coefficients are
rationally expressed (over k) in terms of a root yi of g.

Proof. a) Let x1, . . . , xn be the roots of f and let x2 = θ(x1), where θ is

a rational function. Consider the polynomial ϕ(x) =
n∏

i=1

(x− θ(xi)). The co-

efficients of this polynomial are symmetric functions in x1, . . . , xn, and hence
belong to k. The polynomials f and ϕ have a common root x2 = θ(x1). But
the polynomial f is irreducible and deg f = deg ϕ, and so θ(x1), . . . , θ(xn) is
a permutation of the numbers x1, . . . , xn. Thus to each root xi there corre-
sponds, uniquely, a root xj , i.e., xj = θ(xi).

Consider all the possible cycles xi, θ(xi), θ2(xi), . . . , θp−1(xi), where p > 0
is the first integer such that θp(xi) = xi. Clearly, any two cycles, considered
as sets, either do not intersect or coincide. It only remains to prove that the
length of all the cycles is the same. Let p be the least length of the cycles. If
θp(x) = x for all x, then all the cycles are of length p. If θp(x) �= x, then the
equations θp(x) = x and f(x) = 0 have a common root. From the irreducibility
of f it follows that θp(xi) = xi for all i = 1, . . . , n, and hence all the cycles
are of length p.

b) To avoid cumbersome notations, we assume that p = 3 and m = 4. In
the general case the proof is the same. The table of roots can be expressed as
follows:

x1, x2 = θ(x1), x3 = θ2(x1),

x4, x5 = θ(x4), x6 = θ2(x4),

x7, x8 = θ(x7), x9 = θ2(x7),

x10, x11 = θ(x10), x12 = θ2(x10).

Let q be an arbitrary symmetric polynomial in three variables over k. Then

ϕ(x1) = q
(

x1, θ(x1), θ2(x1)
)

= q
(

θ(x1), θ2(x1), x1

)

= ϕ(x2).

Similarly, ϕ(x1) = ϕ(x3). Thus, if

ϕ(xi) = q
(

xi, θ(xi), θ2(xi)
)

,

then

ϕ(x1) = ϕ(x2) = ϕ(x3) = q1, ϕ(x4) = ϕ(x5) = ϕ(x6) = q2,

ϕ(x7) = ϕ(x8) = ϕ(x9) = q3, ϕ(x10) = ϕ(x11) = ϕ(x12) = q4.
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Hence q1 + q2 + q3 + q4 = 1
3

12∑

i=1

ϕ(xi) ∈ k. Considering the functions q2, q3, q4

instead of q, we see that
∑

q2,
∑

q3,
∑

q4 ∈ k. This means that the coefficients
of the polynomial

∏
(y − qi) lie in k.

If r is one more symmetric polynomial in three variables, we can consider
symmetric polynomials rql for l = 0, 1, 2, 3. Now, determine the ri in the same
way as the qi. Then the system of equations

r1q
l
1 + r2q

l
2 + r3q

l
3 + r4q

l
4 = Rl, where l = 0, 1, 2, 3 and Rl ∈ k,

shows that ri = Φ(qi), where Φ is a rational function (the same for all i).
Let q = t1 + t2 + t3, r = t1t2 + t2t3 + t3t1 and r̃ = t1t2t3. Then

q1 = x1 + x2 + x3 = y1

(a root of
∏

(y − qi)), and

r1 = x1x2 + x2x3 + x3x1 = Φ(y1)

and r̃1 = x1x2x3; we denote: r̃1 = Φ̃(y1). Therefore x1, x2, x3 are the roots of
the equation

x3 − y1x
2 + Φ(y1)x− Φ̃(y1) = 0,

where Φ and Φ̃ are rational functions. This equation is a cyclic abelian one
since x2 = θ(x1), x3 = θ2(x1) and x1 = θ3(x1). �

Theorem 5.3.5. a) Any cyclic abelian equation is solvable by radicals.
b) The solutions of a cyclic abelian equation of order n = pm reduces to

the solution of two cyclic abelian equations of orders p and m.

Proof. a) Let f be an cyclic abelian polynomial of degree n with roots
x1, . . . , xn and let ε be an nth primitive root of unity. Let θ be a rational
function such that xk+1 = θk(x1) and x1 = θn(x1). Consider the Lagrange
resolvent

(εr, x1) = x1 + εrθ(x1) + ε2rθ2(x1) + · · ·+ ε(n−1)rθ(n−1)(x1).

Since xk+1 = θk(x1), it follows that

(εr, xk+1) = θk(x1) + εrθk+1(x1) + ε2rθk+2(x1) + · · · =
∑

εsrθk+s(x1).

Clearly, θk+s(x1) = x1 for s = n−k, and therefore (εr, xk+1) = ε(n−k)r(εr, x1).
In particular, (εr, xk+1)n = (εr, x1)n. Hence

(εr, x1)n = (εr, x2)n = · · · = (εr, xn)n =
1
n

∑

(εr, xi)n = ur(ε),

where ur is a rational function.
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Thus

x1 + εrθ(x1) + ε2rθ2(x1) + · · ·+ ε(n−1)rθ(n−1)(x1) = n
√

ur(ε) (∗)

for r = 1, . . . , n− 1. Further, for r = 0, we see that x1 + x2 + · · ·+xn = −a1,
where a1 is the coefficient of xn−1 in the polynomial f . Adding up all the
equalities (∗) for r = 0, 1, . . . , n − 1 we see that the sum of coefficients of x1

is equal to n, and the sum of coefficients of θm(x1), where 1 ≤ m ≤ n− 1, is
equal to

1 + εm + ε2m + · · ·+ ε(n−1)m = 0.

Thus,
nx1 = a1 + n

√

u1(ε) + · · ·+ n
√

un−1(ε).

If we multiply the rth equality (∗) by ε−kr we similarly deduce that

nxk+1 = a1 + ε−k n
√

u1(ε) + · · ·+ ε−k(n−1) n
√

un−1(ε).

It is not difficult to obtain a slightly more precise expression:

nxk+1 = a1 + y + A2y
2 + · · ·+ An−1y

n−1,

where y = ε−k n
√

u1(ε) and A2, . . . , An−1 are constants which rationally de-
pend on ε. Indeed,

(εr, xk+1)
(ε, xk+1)r

=
ε(n−k)r(εr, x1)
(εn−k(εr, x1))

r =
(εr, x1)
(ε, x1)r

=
n
√

ur(ε)
(

n
√

u1(ε)
)r = Ar.

This means that Ar depends rationally on ε and symmetric functions in
x1, . . . , xn.

b) To avoid cumbersome notations, we assume that p = 3 and m = 4. In
the general case the proof is the same. Let

y1 = x1 + x5 + x9 = x1 + θ4(x1) + θ8(x1),

y2 = x2 + x6 + x10 = θ(x1) + θ5(x1) + θ9(x1),

y3 = x3 + x7 + x11 = θ2(x1) + θ6(x1) + θ10(x1),

y4 = x4 + x8 + x12 = θ3(x1) + θ7(x1) + θ11(x1).

In the situation considered, the conditions of Theorem 5.3.4 (with θ replaced
with θ4) are satisfied, and so x1, θ4(x1) and θ8(x1) are the roots of a cyclic
abelian equation of order p = 3 whose coefficients are rational functions in
y1. Further, y1, y2, y3 and y4 are the roots of an equation of degree m = 4
with rational coefficients. It only remains to prove that this equation is cyclic
abelian.
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Let

ql(x) =
(

θ(x1) + θ5(x1) + θ9(x1)
) (

x1 + θ4(x1) + θ8(x1)
)l

.

Then ql(x1) = y2y
l
1. Further,

ql(x5) = (x6 + x10 + x2)(x5 + x9 + x1)l = ql(x1).

Similarly, ql(x9) = ql(x5). Similar arguments show that

y3y
l
2 = ql(x2) = ql(x6) = ql(x10),

y4y
l
3 = ql(x3) = ql(x7) = ql(x11),

y1y
l
4 = ql(x4) = ql(x8) = ql(x12).

Hence

y2y
l
1 + y3y

l
2 + y4y

l
3 + y1y

l
4 =

1
4

12∑

i=1

ql(xi) ∈ k.

For the system of equations

y2y
l
1 + · · ·+ y1y

l
4 = Tl, where l = 0, 1, 2, 3 and Tl ∈ k,

we deduce that y2 = ϕ(y1), y3 = ϕ(y2), y4 = ϕ(y3) and y1 = ϕ(y4). �

Corollary. Any cyclic abelian equation of degree 2n can be solved by
quadratic radicals.

5.3.5 The Abel-Galois criterion for solvability of equations of
prime degree

Evariste Galois perished in a duel and had no time to publish his main results
in the study of the theory of solvability of polynomial equations by radicals.
Still, he managed to publish some of his results. In a short notice in “Bul-
letin des Sciences mathématiques” (1830) Galois communicated the following
result:

In order that an equation of prime degree be solvable by radicals it is nec-
essary and sufficient that given any two of its roots the others would rationally
depend on them.

It is interesting to observe that in 1828 Abel wrote to Crelle that he found
a criteria for solvability by radicals of the equation of prime degree. Abel
formulated his criterion in almost the same words as Galois: “In any triple of
the roots one root should be rationally expressed in terms of the other two”.
No testimony, however, on the existence of Abel’s proof has survived.



5.3 How to solve equations by radicals 209

Theorem 5.3.6. a) An irreducible over Q equation f = 0 of prime degree
p is solvable by radicals if and only if its roots can be numbered so that any
permutation σ from the Galois group is of the form σ(i) ≡ ai + b (mod p),
where a �≡ 0 (mod p).

b) An irreducible over Q equation f = 0 of prime degree p is solvable by
radicals if and only if all its roots can be rationally expressed in terms of any
two of the roots. (In other words, if α1, . . . , αp are all the roots of the equation,
then Q(α1, . . . , αp) = Q(αi, αj) for any distinct i and j).

Proof. a) For the Galois group indicated, the multiplication law is of the
form

[a1, b1][a2, b2] = [a1a2, a1b2 + b1].

The solvability of this group was proved in the theorem on simple radical
extensions (Theorem 5.2.9 on page 197). Therefore it remains to prove that,
if an irreducible equation of prime degree p is solvable by radicals, then its
Galois group consists of transformations of the form indicated.

When proving theorems on equations solvable by radicals, we have shown
that, for an equation f = 0 solvable by radicals, there exists a sequence of
radical extensions of prime degrees

L = L′
r ⊃ L′

r−1 ⊃ · · · ⊃ L′
0 = L0(ε) ⊃ L0 = Q,

where ε is an nth primitive root of unity, where n = [L : Q], the extension
L ⊃ Q is normal and L contains the splitting field N for f .

In this scenario, G(N, Q) = G(L, Q)/G(L, N). Therefore it suffices to
prove that any automorphism of L over Q permutes the roots of f in the
manner indicated above, i.e., the root number i is replaced by the root num-
ber ai + b.

We may assume that L′
r−1 does not contain all the roots of f . The proof

of the theorem is based on the fact that f is irreducible over L′
r−1 and the

degree of the extension L ⊃ L′
r−1 is equal to p. This means that, until the

very last radical extension, the polynomial f remains irreducible whereas at
the last step it factorizes into linear factors. The statement required obviously
follows from the next lemma.

Lemma. Let f be irreducible over a field k which contains a qth primitive
root of unity, where q is a prime. Further, let K = k(β), where βq ∈ k. Then,
over K, the polynomial f is either irreducible or factorizes into q irreducible
factors of equal degree.

Proof. Let L be the splitting field for f over k. The field k contains a qth
primitive root of unity, and so L(β) is the splitting field of f over k(β).

The sequences of extensions L(β) ⊃ k(β) ⊃ k and L(β) ⊃ L ⊃ k yield the
exact sequences
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0→ G(L(β), k(β)) → G(L(β), k) → G(k(β), k) → 0,

‖
0→ G(L(β), L) → G(L(β), k) → G(L, k) → 0.

Therefore
∣
∣G (L(β), k(β))

∣
∣ · ∣∣G (k(β), k)

∣
∣ =
∣
∣G(L, k)

∣
∣ · ∣∣G (L(β), L)

∣
∣.

By Theorem 5.2.5 on page 195, the groups G (L(β), k(β)) and G(L(β), L)
are subgroups in G(L, k) and G (k(β), k), respectively. Moreover, by Theorem
5.2.9 (b) on page 197, the groups G (L(β), L) and G (k(β), k) are subgroups
in Fq. By the hypothesis q is a prime, and so Fq has no nontrivial subgroups,
and therefore [

G(L, k) : G (L(β), k(β))
]

= 1 or q,

where the degree of the extension is equal to q only if G (L(β), L) is trivial,
i.e., G (L(β), k) ∼= G(L, k). In this case G (L(β), k(β)) is a normal subgroup
in G(L, k) of index q.

Recall that a polynomial (without multiple roots) is irreducible if and only
if its Galois group acts transitively on the set of its roots (Theorem 5.2.6 on
page 195). Hence we only have to consider the case when H = G(L(β), k(β))
is a normal subgroup of G = G(L, k) of index q. In this case G/H ∼= Fq, and
so

G = {H, gH, g2H, . . . , gq−1H} for some g ∈ G.

Let α1, . . . , αn be all the roots of f . We define the set Hαi =
{

h(αi) | h ∈ H
}

.
Then Hαi and Hαj either coincide or do not intersect. Therefore the sets Hα1

and gHα1 = Hg(α1) either coincide or do not intersect.
In the first case, the group H transitively acts on the set of Roots, whereas

in the second case the set of roots splits into q subsets of equal cardinality on
each of which the group H transitively acts. Let n = rq and let H transitively
act on the set αi1 , . . . , αir . Then H preserves all the coefficients of the poly-
nomial (x− αi1) · · · · · (x−αir ), and hence this polynomial is irreducible over
k(β). �

Thus, f is irreducible over L′
r−1 and it factorizes into linear factors over

L′
r = L′

r−1(β), where βq ∈ L′
r−1. This means, in particular, that q = p.

Therefore L = L′
r is a cyclic extension of L′

r−1 of degree p and L′
r−1 contains

a pth primitive root of unity. Hence G(L, L′
r−1) = Fp. Let σ be a generator of

this group. The roots α1, . . . , αp of f can be numbered so that σ(i) = i + 1,
i.e., σ sends αi into αi+1.

The group G(L, L′
r−1) is a normal subgroup of G(L, L′

r−2). Let τ be an
arbitrary element of G(L, L′

r−2). Then τστ−1 ∈ G(L, L′
r−1), i.e., τστ−1 = σa

for some a. This means that τσ(i) = σaτ(i), i.e., τ(i+1) = τ(i)+a. Therefore
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τ(2) = τ(1) + a,

τ(3) = τ(2) + a = τ(1) + 2a,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
τ(i) = τ(1) + (i− 1)a = ai + (τ(1) − a) = ai + b,

where b = τ(1) − a. The element τ is of the form required.
Let us prove now that if all the elements of G(L, L′

m) are of the form
τ(i) = ai + b, then all the elements of G(L, L′

m−1) are also of the same form.
In the proof we use the fact that G(L, L′

m) contains an element such that
σ(i) = i + 1 and G(L, L′

m) is a normal subgroup of G(L, L′
m−1). Let µ be

an arbitrary element of G(L, L′
m−1). Then µσµ−1 ∈ G(L, L′

m) so µσµ−1(i) =
ai + b. For j = µ−1(i), we have µσ(j) = aµ(j) + b, i.e., µ(j + 1) = aµ(j) + b.
Let us prove, first of all, that a = 1. Indeed,

µ(2) = aµ(1) + b,

µ(3) = aµ(2) + b = a2µ(1) + ab + b,

µ(4) = aµ(3) + b = a3µ(1) + a2b + ab + b,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

µ(j) = aj−1µ(1) + (aj−2 + aj−3 + · · ·+ a + 1)b.

Hence, µ(1) = µ(p + 1) = apµ(1) + (ap−1 + ap−2 + · · ·+ a + 1)b, i.e.,

(1 − ap)µ(1) ≡ (ap−1 + ap−2 + · · ·+ a + 1)b (mod p).

Let us multiply both sides of the last congruency by 1 − a and use the fact
that ap ≡ a (mod p). As a result, we obtain

(1− a)2µ(1) ≡ (1 − a)b (mod p).

If a �≡ 1 (mod p), then µ(1) ≡ (1 − a)−1b (mod p). But then the same argu-
ments show that µ(2) ≡ (1− a)−1b (mod p) which is impossible.

b) If an irreducible equation of prime degree is solvable by radicals, then
its Galois group consists of transformations of the form i �→ ai + b. Any
transformation of such a form with two fixed points is the identity. This means
that, after adjoining two roots αi and αj , the Galois group reduces to the
identity transformation, i.e., all the roots belong to Q(αi, αj).

Now suppose that for any two distinct roots αi and αj the field Q(αi, αj)
contains all the other roots. This means that if the transformation from the
Galois group fixes two roots, then it fixes all the other roots, i.e., any non-
identical transformation has no more than one fixed point.

The Galois group G transitively acts on the set {α1, . . . , αp} of p elements,
and so |G| is divisible by p.

Lemma. If the number of elements of the group G is divisible by a prime
p, then G contains an element of order p.
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Proof. Let |G| = n = mp. We use induction on m. For m = 1, the
statement is obvious. If G has a proper subgroup H whose index [G : H ] is
not divisible by p, then |H | is divisible by p and we can apply the inductive
hypothesis. Therefore we may assume that the index of any proper subgroup
is divisible by p.

For any x ∈ G, consider the subgroup Nx = {g ∈ G | gxg−1 = x} and
the class of conjugate elements Gx = {gxg−1 | g ∈ G}. Clearly, |Gx| =
[G : Nx]. The conjugacy classes either do not intersect or coincide, and so
n = n1 + · · · + ns, where ni is the number of elements in the ith conjugacy
class. By the hypothesis ni is either equal to 1 or divisible by p. If ni = 1,
then the corresponding element x commutes with all the elements of G, i.e.,
belongs to the center Z(G). The number of the ni equal to 1 is divisible by
p and distinct from zero (since ni = 1 corresponds to the identity element).
Hence Z(G) is an abelian group whose order is divisible by p. Therefore Z(G)
has an element of order p. �

Any element σ of order p in G ⊂ Sp is a cycle of length p. Renumbering
the roots, we may assume that σ(i) = i + 1. Let us show that σ generates a
normal subgroup in G. Let τ ∈ G. Then τστ−1 �= id and (τστ−1)p = id, i.e.,
τστ−1 is a cycle of length p. Now define a(i) by the formula

τστ−1(i) = i + a(i) = σa(i)(i).

A cycle of length p in the group Sp cannot possess fixed points, and so a(i) �= 0
for all i. Therefore the function a(i) on the set of p elements takes not more
than p − 1 distinct values, and hence it assumes a certain value a at two
distinct points, say i and j. This means that the transformation σ−aτστ−1

has two fixed points. But we know already that any transformation from G
with two fixed points is the identity. Hence τστ−1(i) = σa.

The equation τστ−1(i) = σa implies that τ(i) = ai+b, where b = τ(1)−a.
The group consisting of elements of this form is, as we know, solvable. �

Corollary. If an irreducible over Q equation of prime degree p ≥ 3 is
solvable by radicals, then the number of its real roots is equal to either 1 or p.

Proof. The number p is odd, and so any equation of degree p has at least
one real root. If an equation of prime degree p which is solvable by radicals
has two real roots αi and αj , then all its roots belong to Q(αi, αj) ⊂ R. �

5.4 Calculation of the Galois groups

5.4.1 The discriminant and the Galois group

Theorem 5.4.1. Let f ∈ Z[x] an irreducible monic polynomial of degree n.
The Galois group of f over Q is contained in the alternating subgroup An ⊂ Sn

if and only if the discriminant D(f) is a perfect square.
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Proof. Let α1, . . . , αn be all the roots of f . Then D(f) =
∏

i<j

(αi − αj)2.

Set δ = δ(f) =
∏

i<j

(αi − αj). If σ ∈ GQ(f), then

σ(δ) =
∏

i<j

(σ(αi)− σ(αj)) = (−1)σδ.

By the hypothesis f is irreducible. Therefore, in particular, δ �= 0. Hence all
the automorphisms σ ∈ GQ(f) preserve δ if and only if GQ(f) ⊂ An. On the
other hand, all the automorphisms σ ∈ GQ(f) preserve δ if and only if δ ∈ Q.
�

Example. Let f(x) = x3 + ax2 + bx+ c be an irreducible polynomial over
Z and D its discriminant. Then GQ(f) = A3 if

√
D ∈ Q and GQ(f) = S3 if√

D /∈ Q.

Proof. Since f is irreducible, its Galois group GQ(f) is transitive. In S3,
there is only one transitive group distinct from S3, namely, A3. �

5.4.2 Resolvent polynomials

Let ϕ ∈ Q[x1, . . . , xn] and

Gϕ = {σ ∈ Sn | σϕ = ϕ (i.e., ϕ(xσ(1), . . . , xσ(n)) = ϕ(x1, . . . , xn))}.
Under the action of Sn we obtain from ϕ distinct functions

ϕ1 = ϕ, ϕ2 = τ2ϕ, . . . , ϕm = τmϕ, where m = |Sn|/|Gϕ|.
Example 5.4.2. If ϕ = x1x2 + x3x4, then Gϕ consists of the identity element
and the permutations

(12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423).

So in this case ϕ2 = x1x3 + x2x4 and ϕ3 = x1x4 + x2x3.

It is easy to verify that Gϕi = τiGϕτ−1
i . Indeed, the equality σϕi = ϕi is

equivalent to στiϕ = τiϕ. Therefore τ−1
i στi ∈ Gϕi , i.e., σ ∈ τiGϕiτ

−1
i .

Let f(x) = xn + an−1x
n−1 + · · · + a0 be a polynomial with integer co-

efficients and ϕ ∈ Z[x1, . . . , xn]. Define the polynomials ϕ1, . . . , ϕm and the
respective groups Gϕi as above. The resolvent polynomial (of ϕ and f) is the
polynomial

Res(ϕ, f)(x) =
m∏

i=1

(x− ϕi(α1, . . . , αn)) ,

where α1, . . . , αn are all the roots of f .
Since the resolvent polynomial Res(ϕ, f) has integer coefficients, one can

calculate it by approximately computing the roots of f (the coefficients of the
resolvent polynomial are calculated with sufficient accuracy and rounded up
to the nearest integer).
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Theorem 5.4.3. Let the resolvent polynomial Res(ϕ, f) have no multiple
roots. Then the Galois group of f over Q is contained in the group conju-
gate to Gϕ if and only if Res(ϕ, f) has an integer root.

Proof. First, suppose that

GQ(f) ⊂ τGϕτ−1 = Gϕi ,

where ϕi = τϕ. Then the number ϕi(α1, . . . , αn) which is a root of Res(ϕ, f)
is preserved under the action of all the transformations from the Galois
group, and therefore is a rational number. But the numbers α1, . . . , αn are
algebraic integers and the coefficients of the polynomial ϕi are integers, so
ϕi(α1, . . . , αn) is an integer.

Now suppose that ϕi(α1, . . . , αn) is an integer. By the hypothesis the re-
solvent polynomial has no multiple roots. This means that, if

σϕi(α1, . . . , αn) = ϕj(α1, . . . , αn),

then τ−1
j στi ∈ Gϕ. Any element σ of the Galois group preserves the integer

ϕi(α1, . . . , αn), and hence, for this σ, we have i = j, i.e., σ ∈ τiGϕτ−1
i . �

Making use of Theorems 5.4.1 and 5.4.3 we can easily calculate the Galois
group of any irreducible polynomial of the form f(x) = x4 + a1x

3 + a2x
2 +

a3x+a4 with integer coefficients. First of all, observe that, up to conjugation,
S4 contains only the following transitive subgroups:

1) The whole group S4.
2) The alternating group A4.
3) The dihedral group of order 8 described in Example 5.4.2. (We denote

this group by D4.)
4) Klein’s Viergruppe of order 4 consisting, apart from the identity, of the

permutations (12)(34), (13)(24) and (14)(23). (We denote this group by V4.)
5) The cyclic group F4 generated by the cycle (1234).
There are the following embeddings: V4 ⊂ D4 ∩ A4 and F4 ⊂ D4 but

F4 �⊂ A4.
Let us start our calculation of the Galois group with the calculation of

the discriminant D of f and the resolvent polynomial Res(ϕ, f)(x) for ϕ =
x1x2 + x3x4. Easy calculations show that

Res(ϕ, f)(x) = x3 − a2x
2 − (a1a3 − 4a4)x− a4a

2
1 − 4a4a2 − a2

3.

It is also easy to verify that Res(ϕ, f)(x) has no multiple roots. Let, e.g.,

α1α2 + α3α4 = α1α3 + α2α4.

Then (α1 − α4)(α2 − α3) = 0. But f has no multiple roots, and so α1 �= α4

and α2 �= α3.
If the resolvent polynomial has no integer roots, then the Galois group is

equal to either S4 or A4. One can distinguish these groups with the help of
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D: if D is a perfect square, then the Galois group is equal to A4. Otherwise,
it is equal to S4.

If the resolvent polynomial has an integer root, then the Galois group is
equal to F4, V4 or D4. Of these groups only V4 is contained in A4. So if

√
D is

an integer, then the Galois group is equal to V4; otherwise it is equal to either
F4 or D4.

One can distinguish which is actually the case — that of F4 or D4 — with
the help of the resolvent polynomial corresponding to

ϕ = x1x
2
2 + x2x

2
3 + x3x

2
4 + x4x

2
1,

for which Gϕ = F4. But in this case the resolvent polynomial (of degree 6)
may have multiple roots. For example, the equality

α1α
2
2 + α2α

2
3 + α3α

2
4 + α4α

2
1 = α1α

2
2 + α2α

2
4 + α4α

2
3 + α3α

2
1

is equivalent to the equality

(α1 − α2)(α3 + α4) + α3α4 = 0. (1)

But if we replace each root αi with αi + a, then, for some a, identity (1) will
be violated.

In the general case one can get rid of the multiple roots of the resolvent
polynomial applying a more complicated Tchirnhaus transformation. This
is a useful practical device (simple calculations but does not always work),
whereas theoretically (difficult calculations but always works) one can use the
following statement.

Theorem 5.4.4. Let f ∈ Z[x] be a polynomial of degree n without multiple
roots and let G ⊂ Sn be an arbitrary subgroup. Then there exists a function
ϕ ∈ Z[x1, . . . , xn] such that Gϕ = G and the resolvent polynomial Res(ϕ, f)
has no multiple roots.

Proof. Let α1, . . . , αn be all the roots of f . We have shown in the con-
struction of the Galois resolvent that there exist integers m1, . . . , mn such
that the numbers m1ασ(1) + · · · + mnασ(n) are distinct for any σ ∈ Sn. We
define

ψ(t, x1, . . . , xn) =
∏

σ∈G

(t−m1ασ(1) − · · · −mnασ(n)).

For any τ ∈ Sn, consider the polynomial

τψ(t, x1, . . . , xn) = ψ(t, xτ(1), . . . , xτ(n)).

The polynomials τ1ψ and τ2ψ are distinct if and only if they are distinct as
polynomials in t for the fixed values x1 = α1, . . . , xn = αn.

Under the action of Sn, we construct from the function ψ(t, x1, . . . , xn) =
ψ distinct functions ψ1 = ψ, ψ2, . . . , ψm, and the polynomials in t of the
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form ψ1(t, α1, . . . , αn), . . . , ψm(t, α1, . . . , αn) are also distinct. Therefore there
exists t0 ∈ Z for which the numbers ψ1(t0, α1, . . . , αn), . . . , ψm(t0, α1, . . . , αn)
are distinct. But then the polynomial

ϕ(x1, . . . , xn) = ψ(t0, x1, . . . , xn) =

=
∏

σ∈G

(t0 −m1ασ(1) − · · · −mnασ(n))

is the one to be constructed. Indeed, if τ /∈ G, the polynomials ϕ(x1, . . . , xn)
and τϕ(x1, . . . , xn) are distinct since they have distinct values at the point
(x1, . . . , xn) = (α1, . . . , αn). �

5.4.3 The Galois group modulo p

Let f(x) = xn + a1x
n−1 + · · ·+ an be an irreducible polynomial with integer

coefficients. For any prime p, consider the polynomial f (mod p) over Fp by
replacing the coefficients of f by the corresponding residue classes modulo p.
The polynomial f (mod p) can turn out to be reducible and the structure of
its factorization into irreducible factors is closely connected with the structure
of the Galois group of f over Q. We now study this connection and apply it
to the calculation of certain Galois groups.

We only consider the primes p for which the polynomial f (mod p) has no
multiple roots, i.e., for which the polynomials f (mod p) and f ′ (mod p) are
relatively prime. The latter condition is equivalent to the fact that p does not
divide R(f, f ′) = ±D(f).

In what follows we assume that D(f) is not divisible by p.
The roots of the polynomial f (mod p) do not necessarily belong to Fp, but

there exists a finite extension of Fp which contains all the roots of f (mod p).
In order to construct such an extension, it suffices to show how to adjoin to
an arbitrary finite field Fq a root of an irreducible over Fq polynomial h. It is
easy to verify that the quotient ring

K = Fq[x]/h(x)Fq[x]

is a field. Indeed, if the polynomial g(x) ∈ Fq[x] is not divisible by h(x), then
it is relatively prime to h(x), and so u(x)g(x) + v(x)h(x) = 1 for some u(x)
and v(x) ∈ Fq[x]. Hence u ≡ g−1 (mod h(x)). Clearly K = Fq(α), where α is
the image of x under the canonical projection. Clearly h(α) = 0, i.e., α is a
root of h.

Having adjoined to Fp all the roots α1, . . . , αn of the polynomial f (mod p)
we obtain a field Fp(α1, . . . , αn) ∼= Fpr . Let Gal be the Galois group of f over
Q, and Galp the group of automorphisms of Fp(α1, . . . , αn) over Fp. Any such
automorphism sends a root αi into a root αj , and any permutation of roots
uniquely determines an automorphism. Therefore, having numbered the roots,
we may assume that Galp is a subgroup of Sn. Observe that the roots of the
polynomials f and f (mod p) belong to distinct sets, and between the roots
of these polynomials there is no natural one-to-one correspondence.
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Theorem 5.4.5. a) Under an appropriate numbering of the roots of f and f
(mod p) the group Galp becomes a subgroup of Gal.

b) Galp is a cyclic group of order r = [Fp(α1, . . . , αn) : Fp].
c) If f (mod p) is the product of several irreducible factors whose degrees

are n1, . . . , nk, then Galp contains the product of (non-intersecting) cycles
whose lengths are n1, . . . , nk.

Proof. a) One can construct a polynomial similar to the Galois resolvent
by replacing integers m1, . . . , mn by the indeterminates u1, . . . , un. Namely,
let β1, . . . , βn be all the roots of f . Consider the polynomial

F (x, u1, . . . , un) =
∏

σ∈G

(x− u1βσ(1) − · · · − unβσ(n))

and let G(x, u1, . . . , un) be its irreducible over Z divisor divisible by

x− u1β1 − · · · − unβn.

In the same way as for the Galois resolvent, we prove that the Galois group
Gal consists of the elements which correspond to the linear divisors of G.

Over Fp, the polynomial G (mod p) factorizes into irreducible factors G1

(mod p), . . . , Gl (mod p). Any permutation of the roots α1, . . . , αn of the
polynomial f (mod p) which belongs to Galp sends Gi (mod p) into the
same polynomial Gi (mod p). Therefore the same permutation of the roots
β1, . . . , βn cannot send G(x, u1, . . . , un) into another irreducible factor of
F (x, u1, . . . , un) since F (mod p) has no multiple divisors.

b) In the field of characteristic p, we have (x + y)p = xp + yp. Therefore,
if x �= y, then xp − yp = (x− y)p �= 0. Hence the map x �→ xp is an automor-
phism of the field Fpr which preserves the elements of Fp. The powers of this
automorphism send x to xp, xp2

, . . . , xpr

= x. The field Fpr is obtained from
the field Fp by adjoining a root ζ of the polynomial xq−1 − 1, where q = pr.
Here ζa �= ζb if 0 < a < b ≤ q − 1. Therefore the automorphisms

x �→ xp, x �→ xp2
, . . . , x �→ xpr

= x

are distinct. On the other hand, the degree of the extension Fpr ⊃ Fp is equal
to r, and hence ζ satisfies an algebraic equation of degree r over Fp. Any
automorphism of Fpr over Fp is uniquely determined by the image of ζ, and
therefore the number of distinct automorphisms does not exceed r.

c) The group Galp is cyclic, and so it is generated by an element σ. Let us
represent this element as a product of non-intersecting cycles:

σ = (1 2 . . . j)(j+1 . . . ) · · · ( . . . n).

The group Galp transitively acts on the elements of each cycle, and so the
cycles correspond to the irreducible factors of f (mod p). �
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Example. The Galois group of the polynomial x5 − x− 1 over Q is equal
to S5.

Proof. Modulo 2, the polynomial considered factorizes into irreducible
factors x2 + x + 1 and x3 + x2 + 1, and therefore its Galois group con-
tains an element of the form (ij)(klm), where {i, j, k, l, m} is a permutaion of
{1, 2, 3, 4, 5}.

Modulo 3, the polynomial x5−x−1 is irreducible. Indeed, if this polynomial
were reducible, it would have had a factor of degree 1 or 2. The product of all
irreducible polynomials of degree 1 or 2 over F3 is equal to x9−x (see Theorem
3.3.7 on page 99). Therefore x5 − x− 1 should have a common divisor either
with the polynomial x5 − x or with a polynomial x5 + x. Neither is possible.
Therefore the Galois group contains the cycle (12345).

The Galois group also contains the element ((ij)(klm))3 = (ij). Consider-
ing conjugations of (ij) by (12345)a, we obtain the transpositions (i+a, j+a).
For a = j − i, we consecutively obtain transpositions (ij), (jk), (kl), (lm),
(mi) which generate the whole group S5. �

Frobenius proved that, if the Galois group of an irreducible polynomial f
of degree n contains an element representable as the product of cycles whose
lengths are equal to n1, . . . , nk, then there exist infinitely many primes p for
which the polynomial f (mod p) factorizes into irreducible factors of degrees
n1, . . . , nk. He even calculated the density of such primes p. For Frobenius’s
density theorem and its generalization — Chebotaryov’s density theorem —
see [J], [Ch], [Al] and [Se1].
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Ideals in Polynomial Rings

6.1 Hilbert’s basis theorem and Hilbert’s theorem on
zeros

6.1.1 Hilbert’s basis theorem

Hilbert’s basis theorem appeared in his famous paper [Hi2]. In this work he
suggested totally new methods, using which he managed to prove the existence
of a finite basis for the invariants of forms. Previously, in 1868, Gordan proved
the existence of a finite basis only for binary forms, and this was performed by
a very labour-consuming case-checking. Hilbert, on the contrary, managed to
solve a number of central problems of invariant theory. His methods, however,
were not constructive and this prompted Gordan to complain: “This is not
mathematics. This is theology!”

Let K be a field (for example, Q, R or C) or the ring Z. Let K[x1, . . . , xn]
be a polynomial ring in n indeterminates with coefficients in K.

Theorem 6.1.1 (Hilbert). Let M ⊂ K[x1, . . . , xn] be an arbitrary subset.
Then there exists a finite set of polynomials m1, . . . , mr ∈ M , such that any
polynomial m ∈ M can be represented in the form m = λ1m1 + · · · + λrmr,
where λi ∈ K[x1, . . . , xn].

It is convenient to formulate Hilbert’s theorem in terms of ideals. Then it
will be easier to prove.

A subset I ⊂ K[x1, . . . , xn] is called an ideal if the following two conditions
hold:

1) a, b ∈ I =⇒ a + b ∈ I;
2) a ∈ I, f ∈ K[x1, . . . , xn] =⇒ fa ∈ I.
For any set M ⊂ K[x1, . . . , xn], we can consider the ideal I(M) generated

by M which consists of all sums of the form λ1m1 + · · · + λrmr, where λi ∈
K[x1, . . . , xn] and mi ∈ M .

A collection {aα | aα ∈ I} is called a basis of the ideal I if any element
a ∈ I can be represented in the form a = λ1aα1 + · · · + λtaαt , where λi ∈
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K[x1, . . . , xn]. The ideal I is said to be finitely generated if it possesses a finite
basis.

To prove Theorem 6.1.1, it suffices to prove that the ideal I(M) is finitely
generated. Indeed, in this case any element of M ⊂ I(M) can be expressed in
terms of a finite collection of elements a1, . . . , as ∈ I, and each of these ele-
ments by definition can be expressed in terms of a finite collection of elements
of M .

Theorem 6.1.2 (Hilbert’s basis theorem). Any ideal of K[x1, . . . , xn] is
finitely generated.

Proof. First, we observe that any ideal in the considered rings K is finitely
generated. Indeed, if K is a field, then any nonzero ideal coincides with K and
is generated by 1. If K = Z, then any ideal is of the form mZ and is generated
by m (to prove this, consider the smallest positive element of the ideal).

Let Ln = K[x1, . . . , xn] for n ≥ 1 and L0 = K. Then K[x1, . . . , xn+1] =
Ln[x], where x = xn+1. As we have observed, for n = 0 any ideal of Ln is
finitely generated. Therefore it suffices to prove that, if any ideal of L = Ln is
finitely generated, then any ideal I of the ring L[x] is also finitely generated.

Step 1. The leading coefficients of the polynomials which belong to the
ideal I ⊂ L[x], together with zero, constitute an ideal J in L.

Indeed, let f(x) = axn + · · · and g(x) = bxm + · · · be polynomials in I.
We may assume that m ≤ n. Then the polynomial f(x) + xn−mg(x) belongs
to I and its leading coefficient is equal to a + b. It is also clear that if λ ∈ L
and λ �= 0, then the leading coefficient of λf is equal to λa.

Let us begin the construction of a finite basis of the ideal I in L[x] by
selecting a finite basis a1, . . . , ar of the ideal J in L. The elements a1, . . . , ar

are the leading coefficients of some polynomials f1, . . . , fr ∈ I.

Step 2. There exists a positive integer n such that any polynomial in I
is the sum of a polynomial whose degree is less than n and a polynomial of
the form λ1f1 + · · ·+ λrfr, where λi ∈ L[x].

Let us prove that we can take n to be the greatest of the degrees of the
polynomials f1, . . . , fr. In I, take an arbitrary polynomial f(x) = axN + · · · of
degree N ≥ n. By definition, a ∈ J , and hence a =

∑
λiai for some λi ∈ L[x].

Consider the polynomial

g(x) = f(x)−
∑

λix
N−deg fifi.

The coefficient of xN in g is a −∑λiai = 0, and hence deg g ≤ N − 1. If
N − 1 ≥ n we can repeat this construction, and so on.

Step 3. There exists a finite set of polynomials g1, . . . , gs ∈ I such that
any polynomial in I of degree less than n can be represented in the form
λ1g1 + · · ·+ λsgs, where λi ∈ L[x].
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The coefficients of xn−1 in polynomials in I whose degrees are less than
n−1 constitute an ideal of the ring L. Let b1, . . . , bk be a basis of this ideal and
g1, . . . , gk the polynomials of degree n− 1 in I whose leading coefficients are
b1, . . . , bk, respectively. In I, take an arbitrary polynomial h of degree n− 1.
Let b be the leading coefficient of this polynomial. Then b = λ1b1 + · · ·+λkbk,
where λi ∈ L[x]. Therefore the degree of h−λ1g1−· · ·−λkgk does not exceed
n − 2. Thus, up to elements of the ideal generated by g1, . . . , gk, we have
replaced the polynomial of degree n− 1 by a polynomial of degree no higher
than n − 2. We can similarly select polynomials gk+1, . . . , gl so that, up to
elements of the ideal generated by them, any polynomial of degree n − 2 is
equal to a polynomial of degree no higher than n− 3, and so on. �

6.1.2 Hilbert’s theorem on zeros

Hilbert’s theorem on zeros appeared in another famous paper by Hilbert on
invariant theory [Hi4]. This theorem is sometimes called Hilbert’s theorem on
roots. Its German name, Nullstellensatz, is also widely used in the English
mathematical literature.

Theorem 6.1.3 (Hilbert’s Nullstellensatz). Let

f, f1, . . . , fr ∈ C[x1, . . . , xn],

where f vanishes at all the common zeros of the polynomials f1, . . . , fr. Then,
for a certain positive integer q, the polynomial f q belongs to the ideal generated
by f1, . . . , fr, i.e., f q = g1f1 + · · ·+ grfr for some g1, . . . , gr ∈ C[x1, . . . , xn].

Proof. We first prove one particular case of Hilbert’s Nullstellensatz from
which we can deduce the general case. Namely, consider the case when f = 1.

Theorem 6.1.4. Let the polynomials f1, . . . , fr ∈ C[x1, . . . , xn] have no com-
mon zeros. Then there exist polynomials g1, . . . , gr ∈ C[x1, . . . , xn] such that

g1f1 + · · ·+ grfr = 1.

Proof. Let I(f1, . . . , fr) be the ideal in K = C[x1, . . . , xn] generated by
f1, . . . , fr. Suppose that there are no polynomials g1, . . . , gr such that g1f1 +
· · ·+ grfr = 1. Then I(f1, . . . , fr) �= K.

Step 1. Let I be a nontrivial maximal ideal of K, let I ⊃ I(f1, . . . , fr).
Then the ring A = K/I is a field.

It suffices to verify that any nonzero element in K/I has an inverse. If
f /∈ I, then I + fK is an ideal strictly containing I, and so I + fK = K. This
means, in particular, that there exist polynomials a ∈ I and b ∈ K such that
a + bf = 1. Then the class b ∈ K/I is the inverse of f ∈ K/I.
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Let αi be the image of xi under the canonical projection

p : C[x1, . . . , xn] → C[x1, . . . , xn]/I = A.

Then A = C[α1, . . . , αn]. Therefore A is a finitely generated algebra over C

which at the same time is a field.

Step 2. If a finitely generated algebra A = C[α1, . . . , αn] over C is a
field, then A coincides with C.

We need the following auxiliary statement.

Lemma. In A = C[α1, . . . , αn], there exist elements y1, . . . , yk, alge-
braically independent over C, such that any element a ∈ A satisfies a normed
algebraic equation over C[y1, . . . , yk], i.e.,

al + b1a
l−1 + · · ·+ bl = 0, where b1, . . . , bl ∈ C[y1, . . . , yk].

Proof. We use induction on n. If the elements α1, . . . , αn are algebraically
independent, the statement is obvious. Let f(α1, . . . , αn) = 0 be an algebraic
relation between them. If f is a polynomial of degree m whose coefficient of
xm

n does not vanish, then

αm
n + b1α

m−1
n + · · ·+ bm = 0, b1, . . . , bm ∈ C[α1, . . . , αn−1].

It remains to use the induction hypothesis.
If the coefficient of xm

n is zero, we make the change of variables

xn = ξn and xi = ξi + aiξn for i = 1, . . . , n− 1.

Let us try to select the numbers ai ∈ C sp that the polynomial

g(ξ1, . . . , ξn−1, ξn) = f(x1, . . . , xn) = f(ξ1 + a1ξn, . . . , ξn−1 + an−1ξn, ξn)

has a nonzero coefficient of ξm
n . This coefficient is equal to

gm(0, . . . , 0, 1) = fm(a1, . . . , an−1, 1),

where fm and gm are homogeneous components of the highest degree of f and
g, respectively. Clearly, the nonzero homogeneous polynomial fm(x1, . . . , xn)
cannot be identically zero for xn = 1. �

Now we can concentrate on the proof that A coincides with C. Select the
elements y1, . . . , yk ∈ A as in Noether’s normalization lemma. Let us show
that any nonzero element x is invertible in B = C[y1, . . . , yk], i.e., B is a field.
By assumption A is a field, and so x is invertible in A. Moreover, by Noether’s
lemma the element x−1 satisfies the equation

(x−1)l + b1(x−1)l−1 + · · ·+ bl = 0, b1, . . . , bl ∈ B.
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Multiplying both sides of this equation by xl−1 we obtain

x−1 = −b1 − b2x− · · · − blx
l−1 ∈ B.

The field B = C[y1, . . . , yk] is a ring of polynomials in k indeterminates
over C, but for k �= 0 the polynomial ring cannot be a field. Hence B = C.
Any element of the field A is a root of a polynomial

(x−1)l + b1(x−1)l−1 + · · ·+ bl, b1, . . . , bl ∈ B = C.

Therefore A = C.

Step 3. The polynomials f1, . . . , fr vanish at the point

(α1, . . . , αn) ∈ C
n.

Indeed, under the canonical projection

p : C[x1, . . . , xn]→ C[x1, . . . , xn]/I = A = C

the element xi transforms into αi ∈ C, and so the polynomial ϕ(x1, . . . , xn)
transforms into ϕ(α1, . . . , αn). Since the polynomials f1, . . . , fr belong to the
ideal I, the canonical projection annihilates them.

Thus, having assumed that I(f1, . . . , fr) �= C[x1, . . . , xn], we deduce that
f1, . . . , fr have a common zero. This contradicts the assumption of the theo-
rem. �

Following [Ra1] let us show now how to deduce the general Hilbert’s Null-
stellensatz from Theorem 6.1.4. For f = 0, the statement is obvious. We
therefore assume that f �= 0. Let us add to the indeterminates x1, . . . , xn a
new indeterminate xn+1 = z and consider the polynomials f1, . . . , fr, 1− zf .
They have no common zeros, and so

1 = h1f1 + · · ·+ hrfr + h(1− zf),

where h1, . . . , hr, h are some polynomials in x1, . . . , xn, z. Set z =
1
f

. After

reducing to a common denominator we obtain

f q = g1f1 + · · ·+ grfr,

where g1, . . . , gr are some polynomials in x1, . . . , xn. This is a relation of the
form required. �

Remark. If the coefficients of the polynomials f, f1, . . . , fr are real and
f vanishes at all the common complex roots of f1, . . . , fr, then there exist
polynomials g1, . . . , gr with real coefficients such that f q = g1f1 + · · ·+ grfr.

Indeed, by Hilbert’s Nullstellensatz the equality f q = h1f1 + · · · + hrfr

holds for some polynomials h1, . . . , hr with complex coefficients. Let hj =
gj + ipj, where gj and pj are polynomials with real coefficients. But then
f q = g1f1 + · · ·+ grfr.
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Any set of homogeneous polynomials has a trivial common zero — the
origin. Therefore, for homogeneous polynomials, an analogue of the set of
polynomials without common zeros is the set of polynomials without common
nontrivial zeros.

For homogeneous polynomials the following analogue of Theorem 6.1.4
holds.

Theorem 6.1.5. Let F1, . . . , Fr ∈ C[x1, . . . , xn] be homogeneous polynomials
without common nontrivial zeros. Then the ideal I(F1, . . . , Fr) generated by
them contains all the homogeneous polynomials of degree d ≥ d0, where d0 is
a fixed number.

Proof. By assumption the only common zero of the polynomials is the
origin. Therefore the linear polynomials x1, . . . , xn vanish at all the com-
mon zeros of the polynomials F1, . . . , Fr. By Hilbert’s Nullstellensatz xpi

i ∈
I(F1, . . . , Fr) for some pi. Set d0 = (p1 − 1) + · · · + (pn − 1) + 1. Then any
monomial Xd = xa1

1 · . . . · xan
n of degree d = a1 + · · ·+ an ≥ d0 is divisible by

xpi

i for some i. Therefore Xd ∈ I(F1, . . . , Fr). �

A simple direct proof of Theorem 6.1.5 is given in the paper by Cartier
and Tate [Ca3].

6.1.3 Hilbert’s polynomial

Let us first recall certain definitions from commutative algebra. A module
over a ring A is an Abelian group M on which A acts, i.e., for any a ∈ A and
m ∈ M there is determined an element am ∈ M such that, for any a, b ∈ A
and m, n ∈ M , we have

a(m + n) = am + an, (ab)m = a(bm),

(a + b)m = am + bm, 1m = m.

For example, if A is a field, then a module over A is just a vector space over
A.

A module M over a ring A is said to be finitely generated if any element
m ∈ M can be represented in the form m =

∑
aimi, where m1, . . . , mn is a

fixed finite set of elements of M .
A ring A is said to be graded if it is of the form A =

∞⊕
i=0

Ai, where the Ai

are the additive subgroups of A and AiAj ⊂ Ai+j , and where AiAj consists
of sums of elements aiaj such that ai ∈ Ai, aj ∈ Aj . A graded module over a

graded ring A is a module M =
∞⊕

i=0
Mi, where the Mi are additive subgroups

of M such that AiMj ⊂ Mi+j , and where AiMj consists of sums of elements
aimj such that ai ∈ Ai, mj ∈Mj .
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In this section the main example of a graded ring is A = K[x0, . . . , xn],
where K is a field; the homogeneous component Ai consists of all homogeneous
polynomials of degree i.

An ideal I ⊂ K[x0, . . . , xn] is said to be homogeneous if all the homo-
geneous components of any element of I also belong to I (the homogeneous
component of degree i of a polynomial f ∈ K[x0, . . . , xn] is the sum of all its
terms of degree i). It is easy to verify that I is homogeneous if and only if it
is generated by homogeneous polynomials f1, . . . , fk. Indeed, if I is homoge-
neous, then the homogeneous components of the polynomials that generate I
lie in I and generate it. If the ideal I is generated by homogeneous polyno-
mials f1, . . . , fk, then any element g ∈ I can be first expressed in the form
g =
∑

hαfα, and then one can represent every polynomial hα as the sum of
its homogeneous components. As a result, every homogeneous component gi

of g will be represented in the form gi =
∑

xβfβ, and so gi ∈ I.
An ideal I is homogeneous if and only if it can be represented in the form

I =
∞⊕

i=0
Ii, where Ii = I∩Ai. Therefore the quotient ring M = A/I is a graded

module over A whose grading is induced, i.e., is given by Mi = Ai/(I ∩Ai).
Let us elucidate this. Let g, h ∈ A = K[x0, . . . , xn] be some polynomials,

and gi and hi their homogeneous components of degree i. The classes g + I
and h+ I coincide if and only if the classes gi + I ∩Ai and hi + I ∩Ai coincide
for all i. Therefore

M = A/I =
∞⊕

i=0
Ai/(I ∩Ai) =

∞⊕
i=0

Mi.

The action of A on M is as follows: for g ∈ A and f + I ∈ M , the element
g(f + I) ∈ M is defined as gf + I ∈M . Clearly, we have

Ai

(

Aj/(I ∩Aj)
) ⊂ Ai+j/(I ∩Ai+j).

Theorem 6.1.6 (Hilbert). Let K be a field A = K[x0, . . . , xn] and let M =
∞⊕

i=0
Mi be a finitely generated graded A-module. Then there exists a polynomial

pM (t) of degree ≤ n such that for all sufficiently large i the dimension of Mi,
as a vector space over K, is equal to pM (i).

Proof. We use induction on n. The starting point of the induction is
n = −1, i.e., A = K. In this case, M is a finite dimensional vector space over
K, and so Mi = 0 for sufficiently large i. Therefore pM = 0.

Now let n ≥ 0 and suppose that the statement holds for the modules over
the ring A′ = K[x0, . . . , xn−1], where A′ = K for n = 0. Set x = xn and
consider the A-modules M ′ = {m ∈ M | xm = 0} and M ′′ = M/xM . These
modules are finitely generated over A and annihilated by multiplication by
x, i.e., xM ′ = 0 and xM ′′ = 0. Hence M ′ and M ′′ are finitely generated A′-
modules. Therefore, by the induction hypothesis, for sufficiently large i, we
have dim M ′

i = p1(i) and dimM ′′
i = p2(i), where p1 and p2 are polynomials

of degree not higher than n− 1.
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For every positive integer i, we have the exact sequence

0 →M ′
i →Mi

×x→ Mi+1 →M ′′
i → 0,

where the map Mi
×x→ Mi+1 is the multiplication by x. Therefore

dimM ′
i − dim Mi + dim Mi+1 − dimM ′′

i+1 = 0,

i.e.,
dimMi+1 − dimMi = dim M ′′

i+1 − dimM ′
i .

For sufficiently large i, we have

dimM ′′
i+1 − dimM ′

i = p2(i + 1)− p1(i) = q(i),

where q(i) is a polynomial of degree no higher than n− 1.
Let f(i) = dim Mi. For sufficiently large i, we have f(i + 1)− f(i) = q(i),

where q is a polynomial of degree no higher than n − 1. Therefore f is a
polynomial of degree no higher than n for sufficiently large i. Set

x(m) = x(x− 1) · . . . · (x−m + 1).

It is easy to verify that

(x + 1)(m) − x(m) = mx(m−1).

The polynomials x(0) = 1, x(1), . . . , x(n−1) constitute a basis of the space of
polynomials of degree no higher than n− 1, and so we can represent q in the

form q(x) =
n−1∑

s=0
asx

(s). Thus, the polynomial f0(x) =
n−1∑

s=0

as

s+1x(s+1) satisfies

the relation f0(i + 1) − f0(i) = q(i). It is also clear that the function c(i) =
f(i)− f0(i) satisfies the relation c(i +1)− c(i) = 0 for sufficiently large i, and

so c(i) = c is a constant. Therefore f(x) =
n−1∑

s=0

as

s+1x(s+1) + c is a polynomial

of degree no higher than n. �

The polynomial pM (i) is called Hilbert’s polynomial of the module M .
Clearly, this polynomial is integer-valued (see page 85), and so it can be

represented in the form

pM (i) = c0

(
i

m

)

+ c1

(
i

m− 1

)

+ · · ·+ cm,

where c0, . . . , cm are integers and m ≤ n. We assume that c0 �= 0. If M =
C[x0, . . . , xn]/I, where I is a homogeneous ideal, then, under certain natural
restrictions, the numbers c0 and m have the following geometric interpretation.

To a homogeneous ideal I there corresponds an algebraic set V (I) in the
projective space CPn, namely
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V (I) =
{

(a0, . . . , an) ∈ CPn | f(a0, . . . , an) = 0 for any f ∈ I
}

.

The ideal I is said to be prime if fg ∈ I implies either f ∈ I or g ∈ I.
For a prime ideal I, the algebraic set V (I) is irreducible, i.e., it cannot be
represented as a union of V (I1) and V (I2), where I1 and I2 are nontrivial
homogeneous ideals. The restriction mentioned above is that I should be a
prime ideal. Then m coincides with the dimension of the projective algebraic
variety V (I) and c0 coincides with the degree of this variety (the degree of a
variety of dimension m in CPn is defined as the number of intersection points
of this variety with the generic subspace of dimension n−m, in other words,
with almost all such subspaces). For the proof of this statement, see [Mu2].

Example 1. If M = C[x0, . . . , xn], then m = n and c0 = 1.

Indeed, Mi consists of homogeneous polynomials of degree i in n + 1 in-
determinates. We assign to a monomial xi0

0 · · ·xin
n the sequence consisting of

i0 zeros and one unit, followed by i1 zeros and one unit, and so on, and the
sequence ends with in zeros. This sequence consists, therefore, of i + n num-
bers among which there are i zeros and n units. The total number of such
sequences is

(
i + n

n

)

=
(i + n) · . . . · (i + 1)

n!
=

in

n!
+ · · · =

(
i

n

)

+ · · ·

Therefore pM (i) = dimMi =
(

i
n

)

+ · · · .
Example 2. If M = A/fdA, where A = C[x0, . . . , xn], and fd is a homo-

geneous polynomial of degree d, then m = n− 1 and c0 = d.

Indeed, multiplication by fd yields the exact sequence

0 → Hi−d
×fd→ Hi →Mi → 0,

where Hi is the space of homogeneous polynomials of degree i in n + 1 inde-
terminates. In Example 1 it is shown that dimHi =

(
i+n
n

)

, and so

dimMi = dim Hi − dim Hi−d =
(

i + n

n

)

−
(

i− d + n

n

)

=

= d
in−1

(n− 1)!
+ · · · = c0

(
i

m

)

+ · · · ,

where c0 = d and m = n− 1.
Let M be a graded finitely generated A-module and pM (i) = c0

(
i
m

)

+ · · ·
its Hilbert’s polynomial. Then the number m = dim M will be called the
dimension of M and c0 = deg M its degree. As we have already mentioned
(and examples 1 and 2 support), if I⊂C[x0, . . . , xn] is a homogeneous prime
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ideal and M = C[x0, . . . , xn]/I, the number dimM is the dimension of the
variety V (I)⊂CPn and deg M is the degree of this variety.

Let us discuss now certain properties of the degree and the dimension of
graded A-modules M which we will need in section 6.1.4. We are especially
interested in the case when M = A/I, where I is a homogeneous prime ideal.
In this case M is a ring without zero divisors, i.e., an integer domain.

On the other hand, the homogeneous ideal I is prime if and only if the
A-module M = A/I possesses the following property: if f /∈ I, then fm �= 0
for m �= 0 (here f ∈ A and m ∈ M). In the general case the A-module M is
said to be integral if for any f ∈ A either fM = 0 or fm �= 0 for m �= 0.

In the rest of this section we will assume that A = K[x0, . . . , xn], where K

is a field and A is endowed with the natural grading A =
∞⊕

i=0
Ai, where Ai is

the set of homogeneous polynomials of degree i. Let M be the graded finitely
generated A-module such that dim M ≥ 0, i.e., pM �= 0.

Theorem 6.1.7. Let M be an integral module and let f ∈ Ad be a homoge-
neous polynomial of degree d such that fM �= 0. Then

dim(M/fM) = dimM − 1 and deg(M/fM) = d deg M.

In geometric terms, this statement looks as follows: a hypersurface of de-
gree d singles out a subvariety of dimension m−1 and degree dr in a projective
algebraic variety of dimension m and degree r.

Proof. Let M ′ = {m ∈ M | fm = 0}. The multiplication by f gives us
the exact sequence

0 →M ′
i−d →Mi−d

×f→ Mi → (M/fM)i → 0.

From the hypothesis of the theorem it follows that M ′ = 0. Therefore, for
sufficiently large i, we have

pM/fM (i) = pM (i)− pM (i− d).

Let dim M = m and deg M = r. Then

pM (i)− pM (i− d) = r

(
i

m

)

− r

(
i− d

m

)

+ · · · =
r

m!
(

im − (i− d)m
)

+ · · · =

=
rmd

m!
im−1 + · · · = rd

(m− 1)!
im−1 + · · · ,

i.e., pM/fM (i) = dr
(

i
m−1

)

+ · · · as was required. �
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A submodule S ⊂ M is said to be homogeneous if it is generated by
homogeneous elements (i.e., the elements from homogeneous summands Mi).

An equivalent condition is that S =
∞⊕

i=0
Si, where Si = S ∩Mi. The quotient

module M/S inherits the natural grading: M/S =
∞⊕

i=0
(Mi/Si).

Theorem 6.1.8. Let p be a prime which does not divide deg M . Then deg M
has a homogeneous submodule S such that the quotient N = M/S satisfies
the following conditions:

(a) dim N = dim M ;
(b) deg N is not divisible by p;
(c) the module N is integral.

In geometric terms this corresponds to separation of an irreducible com-
ponent of the maximal dimension from an arbitrary algebraic set consisting
of several components.

Proof. Properties (a) and (b) hold for S = 0. In addition, M is finitely
generated over A = K[x0, . . . , xn], and so any increasing sequence of submod-
ules of M stabilizes. Therefore there exists a maximal homogeneous submodule
S with properties (a) and (b). Let us show that this maximal submodule S
also possesses property (c), i.e., the module N = M/S is integral.

We have to prove that if f ∈ A, then either fn = 0 for all n ∈ N or
fn �= 0 for all n �= 0. It suffices to prove this statement for any homogeneous
f . Indeed, for an arbitrary polynomial we could then deduce the statement
desired as follows. Let us decompose f and n into homogeneous constituents:
f = fs +fs+1+ · · · and n = nt +nt+1+ · · · , where fs �= 0 and nt �= 0. Suppose
that fn = 0, i.e.,

fsnt = 0, fs+1nt + fsnt+1 = 0, fs+2nt + fs+1nt+1 + fsnt+2 = 0, . . . .

Since nt �= 0, we consecutively get fsN = 0, fs+1N = 0, fs+2N = 0, . . .
Hence, fN = 0.

Now, let f be a homogeneous polynomial of degree d and fN �= 0. Set
N ′ = {n ∈ N | fn = 0}. Then multiplication by f yields the exact sequence

0 → N ′
i−d → Ni−d

×f→ Ni → (N/fN)i → 0,

and hence
0 → Ni−d/N

′
i−d → Ni → (N/fN)i → 0.

Therefore, for large i, we have

pN(i) = pN/fN(i) + pN/N ′(i− d). (1)

The condition fN �= 0 means that fM + S �= S. Since S is maximal, the
module
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N/fN = (M/S)/f(M/S) ∼= M/(S + fM)

cannot simultaneously possess properties (a) and (b). Therefore either (i)
dim(N/fN) < dim N = dim M or (ii) dim(N/fN) = dim M and deg(N/fN)
is divisible by p.

In case (i) by formula (1)

pN/N ′(i− d) =
rin

n!
+ · · · ,

where n = dim N , r = deg N .
In case (ii)

pN/N ′(i− d) =
(r − r1)in

n!
+ · · · ,

where r1 = deg(N/fN). Since r is not divisible by p and r1 is divisible by
p, it follows that in both cases dim(N/N ′) = n = dimM and the number
deg(N/N ′), which is either r or r − r1, is not divisible by p. Therefore the
module N/N ′ possesses properties (a) and (b). The module N/N ′ is of the
form M/S′, where S′ is a homogeneous submodule of M containing S. From
the maximality of S it follows that S′ = S, i.e., N ′ = 0, as was required. �

Theorem 6.1.9. Let I ⊂ A = K[x0, . . . , xn] be a homogeneous prime ideal
and suppose that the dimension of the integral A-module M = A/I is equal to
zero and its degree is equal to r �= 0, i.e., pM (i) = r �= 0. Then

a) xM �= 0 for some x = xj;
b) L = M/(x− 1)M is a field which is an extension of degree r of K.

Proof. a) If xjM = 0 for j = 0, . . . , n, then xj ∈ I for all j, and therefore
M = K. Thus, pM (i) = 0 which contradicts the assumption that pM (i) = r �=
0.

b) Fix x = xj such that xM �= 0. Then xm �= 0 for m �= 0 since M is
an integral module. This means that the map M

×x→ M is monomorphic. For
sufficiently large i, we have dim Mi = pM (i) = r, and so dimMi+1 = dim Mi.
Hence, for sufficiently large i, the map Mi

×x→ Mi+1 is one-to-one.
In M , consider a non-homogeneous submodule (x− 1)M . Let

π : M →M/(x− 1)M = L

be the natural projection. Then π(xm) = π(m). Clearly, xπ(m) = π(xm).
Hence L

×x→ L is the identity map.
Let, for definiteness sake, Mi

×x→ Mi+1 be one-to-one for i ≥ a. Let us show
then that L = π(Ma) = π(Ma+1) = · · · . Let us express m ∈ M in the form
m = m0 + · · ·+ ma + ma+1 + · · ·+ mk, where ms ∈Ms. Clearly,

π(m0 + · · ·+ ma) = π(xam0 + xa−1m1 + · · ·+ ma) = π(m′),

where m′ = xam0 + xa−1m1 + · · ·+ ma ∈Ma. Moreover,



6.1 Hilbert’s basis theorem and Hilbert’s theorem on zeros 231

ma+1 = xma,1, ma+2 = x2ma,2, , . . . , mk = xk−ama,k−a,

where ma,s ∈ Ma. Therefore

π(ma+1 + · · ·+ mk) = π(ma,1 + · · ·+ ma,k−a) = π(m′′),

where m′′ = ma,1 + · · ·+ ma,k−a ∈Ma. Thus the natural projection Ma → L
is onto.

On the other hand, for obvious reasons, this projection is monomorphic:
if π(ma) = 0, then ma = (x− 1)m but no homogeneous element ma �= 0 can
be represented in the form (x − 1)m. Therefore the projection Ma → L is
one-to-one and dim L = dim Ma = r.

In the situation considered, L is an r-dimensional algebra over K (i.e., a
commutative ring and simultaneously a linear space over K). Let us show that
L has no zero divisors. Let l′, l′′ ∈ L and l′l′′ = 0. We have shown above that
l′ = π(m′) and l′′ = π(m′′) for some m′, m′′ ∈ Ma. Hence 0 = l′l′′ = π(m′m′′),
where m′m′′ ∈ M2a. For b ≥ a, the projection Mb → L is an isomorphism,
and therefore m′m′′ = 0. By assumption the ideal I is prime, and so in the
ring M = A/I there are no zero divisors. Hence either m′ = 0 or m′′ = 0, i.e.,
either l′ = 0 or l′′ = 0.

Now it is easy to show that L is a field, i.e., any nonzero element l ∈ L
is invertible. Indeed, the map x �→ lx, where x ∈ L, is a linear map L →
L with the zero kernel. In the finite-dimensional case, any such map is an
isomorphism, and so, in particular, lx = 1 for some x ∈ L. �

6.1.4 The homogeneous Hilbert’s Nullstellensatz for p-fields

The following statement was first proved in Hilbert’s paper [Hi4] though many
mathematicians of 19th century already applied it, albeit without proper jus-
tification.

Theorem 6.1.10. Let K be an algebraically closed field, and, for n ≥ 1, let
A = K[x0, . . . , xn]. Then any homogeneous polynomials f1, . . . , fn ∈ A have
a common zero distinct from the origin.

A similar statement holds also for so-called p-fields among which we en-
counter in particular, the field of real numbers R.

Let p be a prime. The field K is called a p-field if the degree of any finite
extension of K is of the form ps. In particular, any algebraically closed field
is a p-field for all primes p, and R is a 2-field.

Theorem 6.1.11. Let K be a p-field, and let A = K[x0, . . . , xn], where n ≥ 1.
Then any homogeneous polynomials f1, . . . , fn ∈ A whose degrees are not
divisible by p have a common non-trivial zero.
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Proof. [H. Fendrich; see [Pf2], ch. 4] We use the results of the preceding
section, namely Theorems 6.1.7-6.1.9.

Let us start with the construction of a sequence of integral finitely gen-
erated graded A-modules M0 = A, M1 = A/I1, . . . , Mn = A/In such that
dimMi = n− i, deg Mi is not divisible by p and the homogeneous prime ideal
Ii contains the polynomials f0, . . . , fi. The module M0 = A satisfies these
conditions since dimM0 = n and deg M0 = 1 (see Example 1 on page 227).

Suppose that the modules M0, . . . , Mi (i ≥ 0) are already constructed.
Let us show how to construct Mi+1 given Mi = A/Ii and fi+1. There are two
cases to consider.

Case 1: fi+1 /∈ Ii, i.e., fi+1Mi �= 0. Set

Ni+1 = Mi/fi+1Mi
∼= A/(Ii + fi+1A).

By Theorem 6.1.7,

dim Ni+1 = dim Mi − 1 = n− (i + 1)

and
deg Ni+1 = deg fi+1 deg Mi.

The number deg Ni+1 is not divisible by p since neither deg fi+1 nor deg Mi

is divisible by p.
Case 2: fi+1 ∈ Ii. From the condition dim Mi ≥ 0 it follows that x /∈ Ii,

i.e., xMi �= 0 for some x = xj . Indeed, if x0, . . . , xn ∈ Ii, then either Mi = K
or Mi = 0 , and so pMi = 0.

Set Ni+1 =Mi/xMi. By Theorem 6.1.7, dim Ni+1 =dimMi−1 = n−(i+1)
and deg Ni+1 = deg Mi since the degree of the polynomial x is equal to 1.

In both cases we have obtained a module Ni+1 but it is not necessarily
an integral one. To obtain an integral module, we use Theorem 6.1.8. By this
theorem Ni+1 has an homogeneous submodule Si+1 such that the quotient

Mi+1 = Ni+1/Si+1 = A/Ii+1

possesses all the properties desired: dim Mi+1 = dim Ni+1 = n − (i + 1),
deg Mi+1 is not divisible by p and Mi+1 is integral; here Ii+1 is a homogeneous
ideal containing f1, . . . , fi+1.

The dimension of the last of the constructed modules Mn is equal to
zero, And so we can apply Theorem 6.1.9 to it. As a result, we obtain a
field L = Mn/(xj − 1)Mn

∼= A/I. Here I is an inhomogeneous prime ideal
which possesses two properties important for us: (1) xj ≡ 1 (mod I) and (2)
I ⊃ In � f1, . . . , fn.

The field L is an extension of K of degree deg Mn. But on the one hand,
deg Mn is not divisible by p while, on the other hand, the degree of any
extension of K is of the form ps. Hence, L = K.
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Let ai ∈ K be the image of xi under the natural projection

A = k[x0, . . . , xn]→ A/I = L = K.

Property (1) implies that aj = 1, and so a = (a0, . . . , an) �= 0. Property (2)
implies that f1(a) = · · · = fn(a) = 0. �

Theorem 6.1.11 enables to prove purely algebraically, for the case of poly-
nomial functions, the well-known Borsuk–Ulam theorem on the common zero
of odd functions on the sphere.

Theorem 6.1.12. Let q1, . . . , qn ∈ R[x1, . . . , xn+1] be odd polynomials, i.e.,
qi(−x) = −qi(x). Then these polynomials have a common zero on the unit
sphere x2

1 + · · ·+ x2
n+1 = 1.

Proof. Let us pass from qi to the homogeneous polynomial q̃i with the help
of an extra indeterminate x0. Under this passage the monomial xa1

1 · . . . · xan
n

in qi is replaced by xm0
0 xm1

1 · . . . · xmn
n , where m0 = deg qi −m1 − · · · −mn.

The degrees of all terms of any odd polynomial are odd, and so the numbers
deg qi and m1 + · · ·+ mn are odd, and therefore m0 is even. Having replaced
x2

0 by x2
1 + · · · + x2

n+1 we obtain from q̃i a homogeneous polynomial fi of
odd degree. By Theorem 6.1.11 the polynomials f1, . . . , fn have a common
zero a = (a1, . . . , an+1) �= 0. For all t ∈ R the point ta is also a common
zero of the homogeneous polynomials f1, . . . , fn, and so we may assume that
a2
1 + · · ·+ a2

n+1 = 1. Then qi(a) = q̃i(1, a) = fi(a) = 0, as was required. �

From Theorem 6.1.12 we can derive the usual Borsuk–Ulam theorem for
odd continuous functions g1, . . . , gn by approximating these functions by poly-
nomials.

6.2 Gröbner bases

In solutions of various computational problems related to ideals in polynomial
rings, Gröbner bases are very convenient. Bruno Buchberger introduced this
notion in his thesis [Bu1] written under the scientific guidance of Wolfgang
Gröbner, see also [Bu2]. Buchberger also suggested a convenient algorithm
for calculating Gröbner bases; this made Gröbner bases an effective compu-
tational tool.

Our exposition of the theory of Gröbner bases is largely based on the first
chapter of the book [Ad]. For further details with various aspects of the theory
of Gröbner bases, see the book [Bu3].
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6.2.1 Polynomials in one variable

In case of polynomials in one variable over a field K, the algorithm for finding
a basis of the ideal is based on the division with residue of one polynomial by
another one. The first step in division with residue is performed as follows.
Let

f(x) = anxn + · · ·+ a0 and g(x) = bmxm + · · ·+ b0, where n ≥ m.

Set
f1(x) = f(x)− anxn

bmxm
g(x).

If deg f1 ≥ deg g, we apply the same procedure to f1, and so on. Finally we
obtain f = qg + r, where deg r < deg g (or r = 0). Here the polynomials q
and r are uniquely defined.

Theorem 6.2.1. Any ideal I in the ring K[x] of polynomials in one variable
is a principal one, i.e., is generated by one element.

Proof. In I, select a polynomial g of the least degree. Let f ∈ I. Then
f = qg + r, where deg r < deg g. But r = f − qg ∈ I, and hence r = 0. This
means that I is generated by g. �

Let I(f1, . . . , fn) be the ideal generated by f1(x), . . . , fn(x). The polyno-
mial g(x) which generates this ideal is denoted by (f1, . . . , fn) and is called
the greatest common divisor (GCD) of the polynomials f1(x), . . . , fn(x). The
greatest common divisor possesses the following properties:

(1) f1, . . . , fn are all divisible by g;
(2) if f1, . . . , fn are all divisible by a polynomial h, then h is divisible by

g.
Property (1) follows from the fact that f1, . . . , fn ∈ I(f1, . . . , fn) = I(g).

Property (2) follows from the fact that g ∈ I(f1, . . . , fn), i.e.,

g = u1f1 + · · ·+ unfn, where u1, . . . , un ∈ K[x].

Properties (1) and (2) determine the polynomial g uniquely up to a con-
stant factor. Indeed, if the polynomials g1 and g2 are divisible by each other,
they are proportional.

The greatest common divisor (f1, f2) of two polynomials f1 and f2 can be
found with the help of Euclid’s algorithm.

From properties (1) and (2) it follows easily that

(f1, f2, . . . , fn) =
(

f1, (f2, . . . , fn)
)

.

This remark reduces the calculation of the greatest common divisor of n poly-
nomials to the calculation of the greatest common divisor of two polynomials.



6.2 Gröbner bases 235

6.2.2 Division of polynomials in several variables

To determine the division with residue for polynomials in several variables, we
have to fix an order in the set of monomials. In what follows we assume that the
monomials are ordered lexicographically, i.e., the monomial xα = xα1

1 ·. . .·xαn
n

is greater than xβ = xβ1
1 · . . . · xβn

n if α1 = β1, . . . , αk = βk and αk+1 > βk+1

(perhaps k = 0).
The expression f = aαxα + · · · will mean that aαxα is the highest term

of f , i.e., xα is the highest monomial entering f .
Let f = aαxα + · · · and g = bβxβ + · · · be two polynomials in n variables.

If a term cγxγ of f is divisible by xβ , we define

f1 = f − cγxγ

bβxβ
g.

If a term of f1 is divisible by xβ we apply to f1 a similar transformation etc.
For this process to converge after finitely many steps, we should proceed,

for example, as follows. For the term cγxγ we take the highest of all the
monomials of f divisible by xβ . In this way the order of the highest term of
f divisible by xβ will be strictly decreasing. Clearly, any strictly decreasing
sequence of monomials in n variables is finite. Indeed, after finitely many
steps, first x1 vanishes, then after finitely many steps x2 vanishes, etc.

Similarly, one can define division with residue of a polynomial by several
polynomials. As a result, we obtain a representation

f = u1f1 + · · ·+ usfs + r,

where the polynomial r has no terms divisible by the highest monomial of the
polynomials f1, . . . , fs. In this case we say that r is the residue after division
of f by polynomials f1, . . . , fs. Observe that r is not uniquely defined. One of
the possible definitions of the Gröbner basis consists precisely in the fact that
f1, . . . , fs is a Gröbner basis if the residue after division of any polynomial f
by f1, . . . , fs is uniquely defined.

6.2.3 Definition of Gröbner bases

We say that (nonzero) polynomials g1, . . . , gt ∈ I constitute a Gröbner basis
of the ideal I if the highest term of any (nonzero) polynomial f ∈ I is divisible
by the highest term of one of the polynomials g1, . . . , gt.

Theorem 6.2.2. The polynomials g1, . . . , gt form a Gröbner basis of an ideal
I if and only if one of the following equivalent conditions holds:

(a) f ∈ I ⇐⇒ the residue after division of f by g1, . . . , gt is equal to 0;
(b) f ∈ I ⇐⇒ f =

∑
higi and the highest monomial of f is equal to the

highest of the products of the highest monomials of hi and gi;
(c) The ideal L(I) generated by the highest terms of the elements of I is

also generated by the highest terms of the polynomials g1, . . . , gt.
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Proof. First, we prove that if g1, . . . , gt is a Gröbner basis of I, then
condition (a) holds. It suffices to prove that if r is the residue after division
of f ∈ I by g1, . . . , gt, then r = 0. Clearly, r = f −∑higi ∈ I. Therefore,
if r �= 0, the highest term of r is divisible by the highest term of one of the
polynomials g1, . . . , gt which contradicts the definition of r.

(a)=⇒ (b) By definition of division with residue, f =
∑

higi+r, where the
highest monomial of f is equal to the highest of the products of the highest
monomials of hi and gi. Condition (a) implies that if f ∈ I, then r = 0.

(b)=⇒ (c) If f = axα + · · · ∈ I, then f =
∑

higi, where hi = bix
βi + · · ·

and gi = cix
γi + · · · and all the monomials xβixγi are not greater than xα.

Therefore axα =
∑

i bix
βicix

γi , where the sum runs over the i for which
xβixγi = xα. Since cix

γi ∈ L(I), it follows that axα ∈ L(I).
It remains to prove that if (c) holds, then g1, . . . , gt is a Gröbner basis. Let

f = axα + · · · ∈ I. Then

axα =
∑

i

bix
βicix

γi ,

where the cix
γi are the highest terms of some of the polynomials g1, . . . , gt.

Clearly, xα is divisible by xγi for some i. �

Corollary. If g1, . . . , gt is a Gröbner basis of an ideal I, then the poly-
nomials g1, . . . , gt generate I.

This follows from (a).

Theorem 6.2.3. Every nonzero ideal I ⊂ K[x1, . . . , xn] possesses a Gröbner
basis.

Proof. Consider an ideal L(I) generated by the highest monomials Xα of
all the polynomials gα = aαXα + · · · ∈ I. Clearly, f ∈ L(I) if and only if any
monomial of f is divisible by a monomial Xα. By Hilbert’s basis theorem, the
ideal L(I) is generated by finitely many monomials f1, . . . , fk. Every monomial
of any of these polynomials is divisible by a monomial Xα. As a result, we
obtain a finite set of monomials X1, . . . , Xt which generate the ideal L(I).
These monomials are highest monomials of the polynomials g1, . . . , gt. By
Theorem 6.2.2 (c) the polynomials g1, . . . , gt generate a Gröbner basis of I. �

We will say that polynomials g1, . . . , gt constitute a Gröbner basis if they
constitute a Gröbner basis of the ideal which they generate.

Theorem 6.2.4. Nonzero polynomials g1, . . . , gt constitute a Gröbner basis if
and only if the residue after the division of any polynomial f by g1, . . . , gt is
uniquely determined.

Proof. First, suppose that the polynomials g1, . . . , gt constitute a Gröbner
basis. Let r1 and r2 be residues after division of f by g1, . . . , gt. Then the
polynomials f − r1 and f − r2 belong to the ideal I generated by g1, . . . , gt.
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Therefore r1− r2 = (f − r2)− (f− r1) ∈ I. By definition of the Gröbner basis,
the highest monomial of the polynomial r1 − r2 is divisible by the highest
monomial of one of the polynomials g1, . . . , gt. On the other hand, neither
r1 nor r2 has terms divisible by the highest monomials of g1, . . . , gt. Hence
r1 − r2 = 0.

Now suppose that the residue after division of any polynomial f by
g1, . . . , gt is uniquely determined. We have to prove that if f ∈ I, then the
residue r after division of f by g1, . . . , gt is zero.

First let us show that, if a is a number, then the polynomials f and
f − axαgi, where xα is a monomial, give identical residues after division by
g1, . . . , gt. Recall that, during the division with residue, an elementary trans-
formation consists in annihilating a monomial cγxγ of f by replacing f with
f − dxδgi.

Let gi = bxβ + · · · . If, for one of the polynomials f and f−axαgi, the coef-
ficient of xα+β vanishes, then the polynomial with a nonzero coefficient of this
monomial can be reduced by an elementary transformation to a polynomial
with the zero coefficient.

If the coefficients of xα+β for both polynomials f and f−axαgi are nonzero,
then both polynomials can be reduced by an elementary transformation to the
polynomial f − cxαgi with a nonzero coefficient of xα+β .

In all the cases the polynomials f and f − axαgi can be reduced by an
elementary transformation to the same polynomial. Hence, after division by
g1, . . . , gt, their residues are identical (we make use of the assumption on the
uniqueness of the residue).

Now it is easy to prove the desired result. If f ∈ I, then f =
∑

higi.
Having expressed each polynomial hi as the sum of monomials, we obtain
f =

∑
aαxαgiα . The polynomials f and f −∑ aαxαgiα = 0 give the same

residues after division by g1, . . . , gt. But, for the zero polynomial, the residue
after division is equal to zero. Hence the same holds for f . �

6.2.4 Buchberger’s algorithm

None of the preceding definitions of the Gröbner basis allowed us to determine
in finitely many steps whether the set g1, . . . , gt is a Gröbner basis or not. Let
us give at last a definition which enables us to deal with this.

Let f = axα + · · · , g = bxβ + · · · and let xγ be the least common multiple
of xα and xβ . Set

S(f, g) =
xγ

axα
f − xγ

bxβ
g.

We construct S(f, g) so that the highest terms of two of its constituents cancel.

Theorem 6.2.5 (Buchberger). The polynomials g1, . . . , gt constitute a
Gröbner basis if and only if, for all i �= j, the residue after division of S(gi, gj)
by g1, . . . , gt is zero.
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Proof. If g1, . . . , gt constitute a Gröbner basis, then by Theorem 6.2.2 (a)
the polynomial S(gi, gj) which belongs to the ideal I generated by the polyno-
mials gives residue 0 after division by them. Therefore we only have to prove
that if the residue after division of S(gi, gj) by g1, . . . , gt is 0 for all i �= j, then
the polynomials g1, . . . , gt form a Gröbner basis, i.e., any polynomial f ∈ I
can be represented in the form f =

∑
higi, where the highest monomial of f

is equal to the highest of the products of the highest monomials of hi and gi

(see Theorem 6.2.2 (b)).
Let us first prove one auxiliary statement.

Lemma. Let f1, . . . , fs be polynomials with the same highest monomial
xα. If the highest monomial of f =

∑
λifi, where λi are numbers, is strictly

smaller than xα, then f =
∑

i<j

µijS(fi, fj).

Proof. By the hypothesis fi = aix
α + · · · and fj = ajx

α + · · · , and so
S(fi, fj) = fi

ai
− fj

aj
. It is also clear that

f =
∑

λifi = λ1a1

(
f1

a1
− f2

a2

)

+ (λ1a1 + λ2a2)
(

f2

a2
− f3

a3

)

+ · · ·

· · ·+ (λ1a1 + · · ·+ λs−1as−1)
(

fs−1

as−1
− fs

as

)

+ (λ1a1 + · · ·+ λsas)
fs

as
.

It remains to observe that λ1a1 + · · ·+λsas = 0. Indeed, the coefficient of the
monomial xα in the polynomial f =

∑
λifi equals exactly λ1a1 + · · ·+ λsas

and, by assumption, the highest monomial of f is strictly smaller than xα. �

There are several ways to represent f = axα + · · · ∈ I in the form

f =
∑

higi. (∗)

Let hi = bix
βi +· · · and gi = cix

γi +· · · . Denote the highest of the monomials
xβixγi , where i = 1, . . . , t, by xδ. Select a representation (∗) so that the
monomial xδ is the minimal one. We have to prove that in this case xδ = xα.
Clearly, xα cannot be higher than xδ. Suppose that xδ is higher than xα. We
may assume that xβixγi = xδ for i = 1, . . . , M and, for i = M + 1, . . . , t, the
monomial xδ is higher than xβixγi .

Consider the polynomial g =
M∑

i=1

bix
βigi. The coefficients of xδ in this

polynomial and in f coincide. Hence g is a linear combination of polynomials
with the highest monomial xδ and all the highest monomials cancel each other.
In this case, thanks to the Lemma,

g =
∑

µijS
(

xβigi, x
βj gj

)

, (1)
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where summation runs over pairs i, j such that 1 ≤ i ≤ j ≤ M . The highest
monomials of xβigi and xβj gj coincide, and so

S
(

xβigi, x
βj gj

)

=
xδ

cixγi
gi − xδ

cjxγj
gj =

xδ

cjxγij
S(gi, gj),

where xγij is the least common multiple of xγi and xγj .
By assumption, the residue after division of S(gi, gj) by g1, . . . , gt is equal

to 0. The polynomial S
(

xβigi, x
βj gj

)

is divisible by S(gi, gj), and hence the
residue after its division by g1, . . . , gt is also zero. The algorithm of division
with residue gives a representation

S
(

xβigi, x
βj gj

)

=
∑

hijνgν ,

where the highest of the products of the highest monomials of the polynomials
hijν and gν coincides with the highest monomial of S

(

xβigi, x
βj gj

)

. The latter
monomial is strictly less than xδ. Let us substitute the obtained representation
of S

(

xβigi, x
βj gj

)

into (1) and then substitute the obtained representation
of g into f = g + · · · As a result, we obtain a representation of f that
contradicts the assumption on the minimality of xδ. This contradiction shows
that xδ = xα. �

With the help of Theorem 6.2.5 it is easy to show that the following al-
gorithm enables us to find a Gröbner basis of the ideal generated by polyno-
mials f1, . . . , fs. Let us calculate the residues after division of the polynomi-
als S(fi, fj) by f1, . . . , fs and add all the nonzero residues to the collection
f1, . . . , fs. Let us repeat this procedure for the obtained set of polynomials,
etc. Clearly, this sequence of operations will terminate after finitely many
steps, and Theorem 6.2.5 ensures that as a result we obtain a Gröbner basis
of the ideal generated by f1, . . . , fs. This algorithm for calculating a Gröbner
basis is called Buchberger’s algorithm.

6.2.5 A reduced Gröbner basis

For the same ideal, Buchberger’s algorithm leads to distinct finite results de-
pending on the choice of generators of the ideal and the sequence of operations.
One can however modify the algorithm so that the final result only depends
on the ideal I itself; this modification also belongs to Buchberger.

First of all, let us ensure that the number of elements of the Gröbner
basis is uniquely determined. We call a Gröbner basis g1, . . . , gt minimal if
gi = xαi + · · · and the monomials xαi and xαj are not divisible by each other
for i �= j.

Any ideal I has a minimal Gröbner basis.

Indeed, let g1, . . . , gt be a Gröbner basis of I. We may assume that gi =
xαi + · · · . If xα1 is divisible by xα2 , then already g2, . . . , gt is a Gröbner basis
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of I. Indeed, if f = xα + · · · ∈ I, then, by definition of the Gröbner basis,
xα is divisible by xαi for some i. But xα1 is divisible by xα2 , and therefore
xα is divisible by xαi for i ≥ 2. This means that g2, . . . , gt is a Gröbner basis
of I. Consecutively, deleting the polynomials whose highest monomials are
divisible by the highest monomials of other polynomials of the basis, we can
pass from an arbitrary Gröbner basis g1, . . . , gt to a minimal Gröbner basis.

Theorem 6.2.6. If g1, . . . , gt and f1, . . . , fs are two minimal Gröbner bases
of the same ideal I, then s = t and the highest monomials of the polynomials
gi and fσ(i), where σ is a permutation of indices, coincide.

Proof. Let gi = xαi + · · · and fj = xβj + · · · On the one hand, f1 ∈ I and
g1, . . . , gt is a Gröbner basis of I. Therefore xβ1 is divisible by xαi for some i.
After renumbering we may assume that i = 1. On the other hand, g1 ∈ I and
f1, . . . , fs is a Gröbner basis of I. Therefore xα1 is divisible by xβj for some j,
and hence xβ1 is divisible by xβj . From the minimality of the Gröbner basis
f1, . . . , fs, it follows that j = 1. The monomials xα1 and xβ1 are divisible by
each other, and so xβ1 = xα1 .

Similar arguments show that xβ2 is divisible by xαi . From the minimality
of the Gröbner basis f1, . . . , fs it follows that xαi �= xβ1 , i.e., i �= 1. Therefore,
after renumbering, we obtain xα2 = xβ2 , etc. Clearly, the sets of polynomials
g1, . . . , gt and f1, . . . , fs should be exhausted simultaneously, i.e., s = t. �

Now we can ensure that, not only the number of the elements in the
Gröbner basis is uniquely defined, but also the elements themselves. Call a
Gröbner basis g1, . . . , gt reduced if gi = xαi + · · · and the residue after division
of gi by g1, . . . gi−1, gi+1, . . . , gt coincides with gi, i.e., none of the monomials
that enter gi is divisible by xαj for j �= i.

Obviously, any reduced basis is also a minimal one. With the help of a min-
imal Gröbner basis g1, . . . , gt, we can construct a reduced basis of I generated
by the polynomials g1, . . . , gt as follows. Let h1 be the residue after division
of g1 by g2, . . . , gt; let h2 be the residue after division of g2 by h1, g3, . . . , gt;
let h3 be the residue after division of g3 by h1, h2, g4, . . . , gt; etc., let ht be the
residue after division of gt by h1, h2, . . . , ht−1.

Then h1, . . . , ht is the reduced Gröbner basis of I. Indeed, the minimality
of the Gröbner basis g1, . . . , gt implies that the highest monomials of the poly-
nomials hi and gi coincide for all i. Hence h1, . . . , ht is a minimal Gröbner basis
of I. Besides, after division of gi by h1, . . . hi−1, gi+1, . . . , gt we get the residue
hi which does not contain the terms divisible by the highest monomials of the
polynomials h1, . . . hi−1 and gi+1, . . . , gt. The latter monomials coincide with
the highest monomials of the polynomials hi+1, . . . , ht. Therefore h1, . . . ht is
a reduced Gröbner basis.

Theorem 6.2.7 (Buchberger). For any ideal I, there exists precisely one
reduced Gröbner basis.
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Proof. We have just proved the existence of a reduced Gröbner basis. It
remains to prove its uniqueness. Let f1, . . . , ft and g1, . . . , gs be two reduced
Gröbner bases of I. The reduced bases are minimal, and so by Theorem 6.2.6
we have s = t and we may assume that the highest monomials of fi and gi

coincide. Suppose that fi−gi �= 0. Then the highest monomial of fi−gi ∈ I is
divisible by the highest monomial of some polynomial gj . Here j �= i since the
highest monomial of fi−gi is strictly less than the highest monomial of gi. On
the other hand, if the highest monomial of gj divides the highest monomial
of fi − gi, then it should divide some monomial of one of the polynomials fi

and gi. But this contradicts the fact that the bases f1, . . . , ft and g1, . . . , gt

are reduced (recall that the highest monomials of gj and fj coincide). �
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Hilbert’s Seventeenth Problem

7.1 The sums of squares: introduction

7.1.1 Several examples

It is not difficult to prove that any polynomial p(x) with real coefficients
which takes non-negative values for all x ∈ R can be represented as the sum
of squares of two polynomials with real coefficients. Indeed, the roots of a
polynomial with real coefficients can be divided into the real roots and pairs
of complex conjugate ones. Therefore

p(x) = a
s∏

j=1

(x− zj)(x− zj)
t∏

k=1

(x− αk)mk ,

where αk ∈ R. If p(x) ≥ 0 for all x ∈ R, then a ≥ 0 and all the numbers mk

are even, and so the real roots also split into pairs. Hence

p(x) =
(√

a

l∏

j=1

(x − zj)
)(√

a

l∏

j=1

(x − zj)
)

,

where some of the zj can be real. Let

√
a

l∏

j=1

(x − zj) = q(x) + ir(x),

where q and r are polynomials with real coefficients. Then

√
a

l∏

j=1

(x − zj) = q(x) − ir(x).

As a result, we obtain p(x) = (q(x))2 + (r(x))2.

 V.V. Prasolov, Polynomials, Algorithms and Computation in Mathematics 11, 243
DOI 10.1007/978-3-642-03980-5_7, © Springer-Verlag Berlin Heidelberg 2010 
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For polynomials in several indeterminates, a similar statement is not al-
ways true, i.e., there exist non-negative polynomials — by which we mean
polynomials with real coefficients whose values are always non- negative for
real values of the variables — that cannot be represented as the sum of squares
of polynomials with real coefficients. Hilbert was the first to prove this in 1888
[Hi1] but he did not give an explicit example of such a polynomial. The first
simple example was given by T. Motzkin in 1967.

Example 7.1.1. [Mo] The polynomial

F (x, y) = x2y2(x2 + y2 − 3) + 1

is non-negative but it cannot be represented as the sum of squares of polyno-
mials with real coefficients.

Proof. First let us verify that F (x, y) ≥ 0. If x = 0 or y = 0, then
F (x, y) = 1. We therefore consider xy �= 0. In this case, x2, y2 and x−2y−2

are positive and their product is equal to 1. Hence

x2 + y2 + x−2y−2 ≥ 3,

and therefore x2y2(x2 + y2 − 3) + 1 ≥ 0 as required.
Now, suppose that F (x, y) =

∑
fj(x, y)2, where fj are polynomials with

real coefficients. Then
∑

fj(x, 0)2 = F (x, 0) = 1. Hence fj(x, 0) = cj is a
constant, and therefore fj(x, y) = cj +ygj(x, y). Similar arguments show that
fj(x, y) = c′j +xg′j(x, y). Clearly, cj = c′j and fj(x, y) = cj +xyhj(x, y). Thus,

x2y2(x2 + y2 − 3) + 1 = x2y2
∑

h2
j + 2xy

∑

cjhj +
∑

c2
j ,

i.e.,
x2y2(x2 + y2 − 3)− x2y2

∑

h2
j = 2xy

∑

cjhj +
∑

c2
j − 1.

All the monomials on the right-hand side of this equality are of degree no
higher than 3, and all the monomials on the left-hand side of this equality are
of degree no less than 4. Indeed,

deg hj = deg fj − 2 ≤ 1
2

deg F − 2 = 1.

Hence, x2y2(x2y2 − 3)− x2y2
∑

h2
j = 0, and therefore x2 + y2 − 3 =

∑
h2

j . A
contradiction since x2 + y2 − 3 < 0 for x = y = 0. �

Example 7.1.2. (R. M. Robinson, 1973) The polynomial

S(x, y) = x2(x2 − 1)2 + y2(y2 − 1)2 − (x2 − 1)(y2 − 1)(x2 + y2 − 1)

is non-negative but it cannot be represented as the sum of squares of polyno-
mials with real coefficients.
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Proof. First let us verify that S(x, y) ≥ 0. This is obvious for the points
lying in the non-shaded part of the plane on Fig.7.1 since for any such point
either x2 + y2 − 1 ≤ 0 and (x2 − 1)(y2 − 1) ≥ 0, or x2 + y2 − 1 ≥ 0 and
(x2 − 1)(y2 − 1) ≤ 0. But S(x, y) can be xpressed differently, namely,

S(x, y) = (x2 + y2 − 1)(x2 − y2)2 + (x2 − 1)(y2 − 1).

This expression makes it clear that S(x, y) ≥ 0 for the points lying in the
shaded domain since for any such point x2+y2−1 ≥ 0 and (x2−1)(y2−1) ≥ 0.

y = 1

y = −1

x = −1 x = 1

Figure 7.1

x

y

1

1−1

−1

Figure 7.2

Now, suppose that S(x, y) =
∑

fj(x, y)2. The function S vanishes at 8
points depicted on Fig.7.2. Therefore, at these points, each of the functions fj

vanishes. But deg fj ≤ 1
2 deg S = 3 and if a curve of degree no greater than 3

passes through the 8 points indicated, it necessarily passes through the origin
as well, as we will prove in a moment. Thus, fj(0, 0) = 0 for all j, and hence
S(0, 0) = 0. But, obviously, S(0, 0) = 1. The contradiction obtained shows
that S(x, y) cannot be represented as the sum of squares of polynomials.

The proof of the fact that any cubic curve passing through the 8 inter-
section points of the lines pi and qj (i, j = 1, 2, 3) must pass through the
9th point can be found in the book [Pr3]. For the configuration of the points
considered, we can give a simpler proof. Let us ascribe weight 1 to the points
(±1,±1), weight −2 to the points (±1, 0) and (0,±1), and weight 4 to the
origin (0, 0). Consider the sum over all these points of the values of the func-
tion xpyq multiplied by the corresponding weights. If pq = 0, the sum is zero.
If p > 0 and q > 0, only the points (±1,±1) give a non-zero contribution to
the sum. Moreover, the sum is non-zero only if both p and q are even. But the
polynomial fj of degree not greater than 3 has no such monomials. Therefore
the weighted sum of the values of fj over the 9 points considered is zero. In
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particular, if fj vanishes at 8 of the points, then it vanishes at the 9th point
as well. �

Example 7.1.3. (R. M. Robinson, 1973) The polynomial

Q(x, y, z) = x2(x − 1)2 + y2(y − 1)2 + z2(z − 1)2 + 2xyz(x + y + z − 2)

is non-negative but it cannot be represented as the sum of squares of polyno-
mials.

Proof. Suppose that Q(x, y, z) =
∑

fj(x, y, z)2. Then the degree of each
polynomial fj does not exceed 2. Since the function Q(x, y, z) vanishes at
all the points (x, y, z) with the coordinates x, y, z = 0 or 1, except for the
point (1, 1, 1), then the functions fj also vanish at all these points. As we
will establish shortly, this implies that fj(1, 1, 1) = 0. But then Q(1, 1, 1) = 0
whereas, evidently, Q(1, 1, 1) = 2.

z

x

y
− +

−+

−

− +

+

Figure 7.3

Let us ascribe to the 8 points considered weights ±1 as indicated in Fig.7.3
and consider the weighted sum over these points of the values fj(x, y, z). It
is easy to verify that the sum considered vanishes for the following functions:
1, x, xy, x2. Hence it is equal to zero for the function fj(x, y, z) as well, since
deg fj ≤ 2. Hence, if the function fj vanishes at any seven of the 8 points
considered, it vanishes in the 8th point as well.

Let us prove now that Q(x, y, z) ≥ 0. To this end, let us express Q variously
as

Q = x2(x− 1)2 + (y(y − 1)− z(z − 1))2 + Qx

= y2(y − 1)2 + (z(z − 1)− x(x − 1))2 + Qy

= z2(z − 1)2 + (x(x− 1)− y(y − 1))2 + Qz,
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where

Qx = 2yz(x + y − 1)(x + z − 1),
Qy = 2xz(x + y − 1)(y + z − 1),
Qz = 2xy(x + z − 1)(y + z − 1).

It suffices to prove that at any point (x, y, z) one of the functions Qx, Qy, Qz

is non-negative. But these functions cannot be simultaneously negative since
their product is the square of the polynomial

2
√

2xyz(x + y − 1)(x + z − 1)(y + z − 1). ��

Example 7.1.4. (Anneli Lax, Peter D. Lax, 1978) The form

A(x) = A1(x) + A2(x) + A3(x) + A4(x) + A5(x),

where x = (x1, x2, x3, x4, x5) and Ai(x) =
∏

j �=i

(xi − xj), is non-negative but it

cannot be represented as a sum of squares of forms.

Remark. The form A(x) only depends on differences of the variables, and
so it can be represented as a form in four indeterminates. On dividing this new
form by the 4th power of one of the indeterminates, we obtain a polynomial
of degree 4 in 3 variables.

First we verify that A(x) ≥ 0. The value of A(x) does not vary under any
permutation of the variables, and so we may assume that

x1 ≥ x2 ≥ x3 ≥ x4 ≥ x5.

In this case

A1(x) + A2(x) =
= (x1 − x2) ((x1 − x3)(x1 − x4)(x1 − x5)− (x2 − x3)(x2 − x4)(x2 − x5)) ≥ 0.

We similarly prove that A4(x) + A5(x) ≥ 0. It is also clear that A3(x) is the
product of two non-positive and two non-negative factors, and so A3(x) ≥ 0.

Now suppose that A(x) =
∑

Qj(x)2, where the Qj are quadratic forms. If
any xi is equal to any other xk, then A(x) = 0, and hence Qj(x) = 0. Therefore
the quadric Qj(x) = 0 in RP 4 contains a projective line x1 = x2, x3 = x4 = x5.
Under permutation of coordinates we obtain 10 lines of this form (to determine
a line one should select 2 coordinates of 5). These lines intersect a generic
hyperplane at 10 points and the quadric Qj(x) = 0 should pass through these
points. But in three-dimensional space the quadric does not pass through
10 generic points. Therefore one should expect that the form Qj vanishes
identically. We will establish shortly that this is indeed the case, and therefore
reach a contradiction.
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Let Q(x) =
∑

cijxixj with cij = cji. By the hypothesis

0 = Q(s, s, t, t) = (c11 + 2c12 + c22)s2+
+2(c13 + c14 + c15 + c23 + c24 + c25)st+

+(c33 + c44 + c55 + 2c34 + 2c35 + 2c45)t2.

Hence
c11 + 2c12 + c22 = 0, (1)

c13 + c14 + c15 + c23 + c24 + c25 = 0, (2)

c33 + c44 + c55 + 2c34 + 2c35 + 2c45 = 0. (3)

Moreover, similar equalities obtained under any permutation of indices also
hold. In particular, (1) implies that

c33 + 2c34 + c44 = 0. (4)

Subtracting (4) from (3) we obtain

c55 + 2c35 + 2c45 = 0.

Let c55 = λ. Then, for distinct i and j different from 5, we have ci5+cj5 = −λ

2
.

Hence c15 = c25 = c35 = c45 = −λ

4
. Similarly, c21 = c31 = c41 = c51 = a15 =

−λ

4
, and so on. As a result, we get cii = λ and cij = −λ

4
for i �= j. But then

(2) implies that λ = 0, i.e., Q(x) = 0 for all x.

7.1.2 Artin-Cassels-Pfister theorem

In subsection 7.1.1 we gave several examples of non-negative polynomials that
cannot be represented as the sum of squares of polynomials. In what follows
we will show that any non-negative polynomial can be represented as the
sum of squares of rational functions. But for polynomials in one variable,
the difference between representations as the sum of squares of polynomials
and as the sum of squares of rational functions is inessential, as the following
statement shows.

Theorem 7.1.5. Let K be a field of characteristic distinct from 2 and let
f(x) be a polynomial over K. Suppose that

f(x) = α1r1(x)2 + · · ·+ αnrn(x)2,

where αi ∈ K and ri(x) are rational functions over K. Then

f(x) = α1p1(x)2 + · · ·+ αnpn(x)2,

where pi(x) are polynomials over K.
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This theorem has a long history. In 1927, Artin [Ar1] proved that

f(x) = β1p1(x)2 + · · ·+ βmpm(x)2,

where m is a number not necessarily equal to n. Next, in 1964, Cassels [Ca5]
showed that one may assume that m = n. And, in 1965, Pfister [Pf1] proved
that one may assume that βi = αi.

Theorem 7.1.5 can be applied as well to any polynomial f(x1, . . . , xn) in
n indeterminates over a field L. For this, we take, for example, x = x1 and
allow K = L(x2, . . . , xn) to be the field of rational functions in indeterminates
x2, . . . , xn over L. As a result, we see that in the representation of f as the
sum of squares of rational functions we can remove any of the indeterminates
in the denominators of these rational functions. But we cannot remove all the
indeterminates simultaneously.

Proof. For n = 1, the statement is obvious, and so in what follows we
assume that n > 1 and αi �= 0 for all i. It is convenient to carry out the proof
in terms of quadratic forms over the field K(x). Let v = (v1, . . . , vn) be a
vector with coordinates from K(x). Define

ϕ(u, v) =
∑

αiuivi.

We have to prove that if f ∈ K[x] and f = ϕ(u, u), where ui ∈ K(x), then
f = ϕ(w, w), where wi ∈ K[x]. The quadratic form ϕ(u, u) can be either
isotropic, (i.e., ϕ(u, u) = 0 for some u �= 0) or anisotropic (i.e., ϕ(u, u) �= 0 for
all u �= 0).

Case 1: the form ϕ(u, u) is isotropic. In this case we will not even need
the condition f = ϕ(u, u) for ui ∈ K(x). In other words, for any polynomial
f , there exists a vector u with coordinates from K[x] such that f = ϕ(u, u).

In the equality ϕ(u, u) = 0, we may assume that u is a polynomial: indeed,
it suffices to reduce the rational functions ui to the common denominator.
We may also assume that the polynomials u1, . . . , un are relatively prime in
totality. Then there exist polynomials v1, . . . , vn such that u1v1 + · · ·+unvn =
1.

Indeed, we first represent GCD(f1, f2) in the form u1f1 + u2f2; then we
represent GCD(f1, f2, f3) in the form (u1f1+u2f2)g1+u3f3, and so on. Having
divided each polynomial vi by the number 2αi, we obtain a vector v such that
ϕ(u, v) = 1

2 . But since

ϕ(u, v + λu) = ϕ(u, v) and ϕ(v + λu, v + λu) = ϕ(v, v) + λ,

and since we can replace v by v − ϕ(v, v)u, we may assume that ϕ(v, v) = 0.
The identity

ϕ(fu + v, fu + v) = f2ϕ(u, u) + 2fϕ(u, v) + ϕ(v, v) = f

shows that any polynomial f can be expressed as f = ϕ(w, w), where w =
fu + v.
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Case 2: the form ϕ(u, u) is anisotropic. In this case we need the condition
f = ϕ(u, u) for ui ∈ K(x). This is clear from the following example: K = R,
f(x) = −1 and ϕ(u, u) = u2

1 + · · ·+ u2
n.

Let us multiply both sides of the equality f = ϕ(u, u) by the common
denominator of the rational functions u1, . . . , un. As a result, we obtain an
equality of the form α1u

2
1+· · ·+αnu2

n = fu2
0, where u0, . . . , un are polynomials.

Among all the equalities of this form, we may select the equality with the least
degree r of the polynomial u0. We have to prove that r = 0. Suppose that
r = deg u0 > 0. Let us divide ui by u0 with a residue, and therefore find a
polynomial vi such that deg(ui − u0vi) ≤ r − 1.

In addition to vectors u = (u1, . . . , un) and v = (v1, . . . , vn), we consider
vectors ũ = (u0, . . . , un) and ṽ = (v0, . . . , vn), where v0 = 1. Let us also
consider the form

ϕ̃(x̃, ỹ) = ϕ(x, y)− fx0y0.

By the hypothesis ϕ̃(ũ, ũ) = ϕ(u, u)−fu2
0 = 0. Moreover, ϕ̃(ṽ, ṽ) = ϕ(v, v)−f ,

since v0 = 1. Therefore the equality ϕ̃(ṽ, ṽ) = 0 contradicts the condition
r > 0. In what follows we assume that ϕ̃(ṽ, ṽ) �= 0.

This means, in particular, that the vectors ũ and ṽ are not proportional.
Therefore the vector

w̃ = ϕ̃(ṽ, ṽ)ũ− 2ϕ̃(ũ, ṽ)ṽ

is nonzero and ϕ̃(w̃, w̃) = 0 since

ϕ̃(λũ− µṽ, λũ − µṽ) = µ (−2λϕ̃(ũ, ṽ) + µϕ̃(ṽ, ṽ)) = 0

for λ = ϕ̃(ṽ, ṽ) and µ = ϕ̃(ũ, ṽ).
Thus we have constructed a nonzero vector w̃ = (w0, w) with polynomial

coordinates such that ϕ(w, w)− fw2
0 = 0. To reach a contradiction, it suffices

to verify that deg w0 < r. Since v0 = 1, we obtain

w̃0 = ϕ̃(ṽ, ṽ)u0 − 2ϕ̃(ũ, ṽ)v0 =
( n∑

i=1

αiv
2
i − f

)

u0 − 2
( n∑

i=1

αiuivi − fu0

)

=
n∑

i=1

αi

(

v2
i u0 − 2uivi + u2

i

u0

)

−
n∑

i=1

αiu
2
i

u0
+ fu0 = 1

u0

n∑

i=1

αi(ui − u0vi)2

because
n∑

i=1

αiu
2
i = fu2

0.

Recall that deg(ui − u0vi) ≤ r − 1. Hence

deg w0 = deg
( n∑

i=1

αi(ui − u0vi)2
)

− deg u0 ≤ 2(r − 1)− r = r − 2. ��

With the help of Theorem 7.1.5 we can indicate a non-negative polynomial
in n indeterminates that cannot be represented as the sum of n squares of
rational functions.
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Theorem 7.1.6. The polynomial x2
1 + · · · + x2

n + 1 cannot be represented as
the sum of n squares of rational functions in indeterminates x1, . . . , xn over
R.

Proof. Set K = R(x1, . . . xn−1) and x = xn in the conditions of Theorem
7.1.5. Suppose that we have represented the polynomial x2

1 + · · ·+ x2
n + 1 as

the sum of n squares of rational functions in x1, . . . , xn. This means that the
polynomial x2 + d, where d = x2

1 + · · ·+ x2
n−1 + 1 ∈ K, can be represented as

the sum of n squares of elements of the field K(x). In this case, by Theorem
7.1.5, the polynomial x2 +d can be represented as the sum of n squares of the
elements from K[x], i.e.,

x2 + d =
n∑

i=1

(

ai0 + ai1x + ai2x
2 + · · · )2 .

Obviously, in such a representation, we have ai2 = ai3 = · · · = 0. Therefore

x2 + d =
n∑

i=1

(aix + bi)2, ai, bi ∈ K.

Let us substitute in this identity the value x = c such that c2 = (anc + bn)2,
i.e., (1± an)c± bn = 0 (for an �= ±1, we may take any sign and, for an = ±1,

only one of the signs will do). As a result, we obtain d =
n−1∑

i=1

(aic+ bi)2, where

c, ai, bi ∈ K. In other words, the polynomial x2
1 + · · · + x2

n−1 + 1 admits the
representation as the sum of n−1 squares of rational functions in x1, . . . , xn−1

over R. Repeating similar arguments we will obtain finally that the polynomial
x2

1 + 1 is the square of a rational function in x1 over R. A contradiction. �

7.1.3 The inequality between the arithmetic and geometric means

The inequality between the arithmetic and geometric means consists in the
following. If x1, . . . , xn are non-negative numbers, then

x1 + x2 + · · ·+ xn

n
≥ n
√

x1x2 · · ·xn .

Let us replace xi by t2n
i . Then this inequality becomes

P (t1, . . . , tn) =
t2n
1 + t2n

2 + · · ·+ t2n
n

n
− t21t

2
2 · . . . · t2n ≥ 0.

Theorem 7.1.7 (Hurwitz [Hu]). The polynomial P (t1, . . . , tn) can be rep-
resented as the sum of squares of polynomials.
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Proof. Let yi = t2i . For any function f(y1, . . . , yn), we define

Sf(y1, . . . , yn) =
∑

σ∈Sn

f(yσ(1), . . . , yσ(n)).

For example,

Syn
1 = (n− 1)!(yn

1 + · · ·+ yn
n),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .







Sy1 · . . . · yn = n! y1 · . . . · yn.

(1)

Consider the functions

ϕ1 = S
(

(yn−1
1 − yn−1

2 )(y1 − y2)
)

,

ϕ2 = S
(

(yn−2
1 − yn−2

2 )(y1 − y2)y3

)

,

ϕ3 = S
(

(yn−3
1 − yn−3

2 )(y1 − y2)y3y4

)

,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ϕn−1 = S ((y1 − y2)(y1 − y2)y3y4 · . . . · yn) .

It is easy to verify that

ϕ1 = Syn
1 + Syn

2 − Syn−1
1 − Syn−1

2 y1 = 2Syn
1 − 2Syn−1

1 y2.

Similarly,

ϕ2 = 2Syn−1
1 y2 − 2Syn−2

1 y2y3,

ϕ3 = 2Syn−2
1 y2y3 − 2Syn−3

1 y2y3y4,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ϕn−1 = 2Sy2
1y2y3 · . . . · yn−1 − 2Sy1y2 · . . . · yn.

Hence
ϕ1 + ϕ2 + · · ·+ ϕn−1 = 2Syn

1 − 2Sy1y2 . . . yn.

Taking into account relations (1) we obtain

yn
1 + yn

2 + · · ·+ yn
n

n
− y1y2 · . . . · yn =

1
2n!

(ϕ1 + ϕ2 + · · ·+ ϕn−1),

i.e.,

t2n
1 + t2n

2 + · · ·+ t2n
n

n
− t21t

2
2 · . . . · t2n =

1
2n!

(ϕ1 + ϕ2 + · · ·+ ϕn−1),

where

ϕk = S
(

(yn−k
1 − yn−k

2 )(y1 − y2)y3y4 · . . . · yk+1

)

= S
(

(y1 − y2)2(yn−k−1
1 + yn−k−2

1 y2 + · · ·+ yn−k−1
2 )y3y4 · . . . · yk+1

)

= S
(

(t21 − t22)
2(t2(n−k−1)

1 + t
2(n−k−2)
1 t22 + · · ·+ t

2(n−k−1)
2 )t23t

2
4 · . . . · t2k+1

)

.

Thus ϕk is the sum of squares of polynomials in t1, . . . , tn. �
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7.1.4 Hilbert’s theorem on non-negative polynomials p4(x, y)

Let pk be a polynomial of degree k. In section 7.1.1 we gave examples of non-
negative polynomials p6(x, y) and p4(x, y, z) that cannot be represented as the
sums of squares of polynomials. For polynomials p2(x1, . . . , xn), there are no
such examples. Indeed, to any polynomial p2(x1, . . . , xn), there corresponds
the quadratic form

F2(y1, . . . , yn+1) = y2
n+1p2(

y1

yn+1
, . . . ,

yn

yn+1
)

and any quadratic form can be represented in the form

f2
1 + · · ·+ f2

k − f2
k+1 − · · · − f2

n+1,

where f1, . . . , fn+1 are linear forms. Clearly, the polynomial p2 is non-negative
only if fk+1 = · · · = fn+1 = 0.

It is much more difficult to prove that any non-negative polynomial p4(x, y)
can be represented as the sum of squares of polynomials.

Theorem 7.1.8 (Hilbert). Any non-negative polynomial p4(x, y) can be
represented as the sum of three squares of polynomials.

We will give two proofs of this theorem. The first proof is simpler but it only
enables us to prove a weaker statement, namely, we will show that p4(x, y)
can be represented as the sum of several (not necessarily three) squares of
polynomials. The second one is the original Hilbert’s proof.

It is more convenient to give both proofs not for polynomials but for ho-
mogeneous forms F4(x, y, z).

First proof. (Choi–Lam) We will prove that any non-negative homoge-
neous form F4(x, y, z) can be represented as the sum of squares of homoge-
neous forms. The first part of the proof concerns forms of any degree in any
number of indeterminates.

To a pair of forms P and Q of degree n in m indeterminates, we can assign
the form λP + µQ, i.e., the set of all such forms is naturally endowed with
the structure of a linear space. The origin of this linear space is obviously the
zero form.

The non-negative forms constitute a closed convex cone C with the vertex
at the origin O. Clearly, if Q is a non-zero form and Q ∈ C, then −Q /∈ C.
Therefore any plane passing through O and Q intersects C in a (closed) angle
Q1OQ2 whose value is strictly less than π. The form Q is a convex linear
combination of the forms Q1 and Q2, i.e. Q = λ1Q1 +λ2Q2, where λ1, λ2 ≥ 0
and λ1 + λ2 = 1.

Let us draw hyperplanes of support to the cone C passing through the
rays OQ1 and OQ2. They intersect C in certain convex cones of strictly lesser
dimension. Consider the section of each of these cones by a plane passing
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through O and Q. After several such operations we will necessarily arrive at
the cones of dimension 1 (rays).

A point A of a closed convex cone C is called extremal if there exists a
hyperplane of support intersecting the cone C only along the ray OA. In other
words,

the point A is extremal if it is not the inner point of the segment whose
end-points belong to C but do not lie on the ray OA.

The above described construction shows that

any non-negative homogeneous form Q is a convex linear combination of
extremal non-negative forms.

So far we have considered forms of any degree in any number of indeter-
minates. The following statement only holds for forms of degree 4 in three
indeterminates.

Lemma 7.1.9. Any non-negative homogeneous form T (x, y, z) �= 0 of degree
4 can be represented in the form

T = q2 + T1,

where q �= 0 is a quadratic form and T1 a non-negative form.

Corollary. Any extremal non-negative form T (x, y, z) of degree 4 is a
total square.

The corollary obviously follows from Lemma: for an extremal non-negative
form T , the decomposition T = q2 + T1 must be trivial, i.e., q2 and T1 should
be proportional.

In turn, the corollary obviously implies the theorem. Indeed, the convex
linear combination of extremal non-negative forms of degree 4 in 3 indetermi-
nates is a sum of squares of quadratic forms.

Proof. Let Z(T ) be the set of zeros of the form T considered up to pro-
portionality, i.e., the set of zeros of this form in RP 2.

Case 1: Z(T ) = ∅. On the unit sphere x2 +y2 +z2 = 1 the function attains
a minimal value µ > 0 , and so T (x, y, z) ≥ µ(x2 + y2 + z2)2 for all (x, y, z).

Case 2: Z(T ) consists of one point; without loss of generality we may
assume that T (1, 0, 0) = 0. In this case the coefficient of x4 is equal to 0, and
so

T (x, y, z) = x3(α1y + α2z) + x2f(y, z) + 2xg(y, z) + h(y, z).

If α1 �= 0 and α2 �= 0, then as x → ±∞ we can obtain negative values of T .
Hence,

T (x, y, z) = x2f + 2xg + h.

It is also clear that f ≥ 0 and h ≥ 0.
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In the decomposition

fT = (xf + g)2 + (fh− g2)

the form fh−g2 is non-negative. Indeed, if fh−g2 < 0 at (a, b), then f(a, b) �=
0. Setting x = − g(a, b)

f(a, b)
we see that fT < 0 at (x, a, b).

Any non-negative quadratic form f(x, y) can be represented either as the
square of a linear form or as the sum of two squares of linear forms. Accord-
ingly, consider two possibilities.

(a) f = f2
1 , where f1 = αy + βz. At the point (−β, α) we have fh− g2 =

−g2 ≤ 0. Hence g(−β, α) = 0 since the form fh−g2 is non-negative. Therefore
g = f1g1, and hence

fT ≥ (xf + g)2 = (xf2
1 + f1g1)2 = f2

1 (xf1 + g1)2 = f(xf1 + g1)2

and thus T ≥ (xf1 + g1)2.
(b) f = f2

1 + f2
2 , where f1 and f1 are linear forms without non-trivial (i.e.,

distinct from the origin) common zeros. Then f(y, z) > 0 for (y, z) �= (0, 0).
Suppose that fh−g2 = 0 for (y, z) = (a, b) �= (0, 0). Then T = 0 for (x, y, z) =
(

− g(a, b)
f(a, b)

, a, b

)

. This is a contradiction since, by the hypothesis, T has only

one zero in RP 2, namely (1, 0, 0).

Thus fh − g2 > 0 for (y, z) �= (0, 0), and therefore
fh− g2

f3
≥ µ > 0 on

the unit circle. Hence fh− g2 ≥ µf3 for all (y, z). Therefore

T ≥ fh− g2

f
≥ µf2 = (

√
µf)2.

Case 3: Z(T ) contains no less than two points; without loss of generality
we may assume that T (1, 0, 0) = T (0, 1, 0) = 0. As in Case 2, the form T
cannot contain the terms with x4 and x3 nor can it contain terms with y4 and
y3. Hence

T (x, y, z) = x2f(y, z) + 2xzg(y, z) + z2h(y, z).

In the decomposition

fT = (xf + zg)2 + z2(fh− g2)

the form fh− g2 is non-negative.
While considering subcase (a) of Case 2 we did not use the fact that the

form T has precisely one zero. Therefore, if f = f2
1 (or h = h2

1), we may apply
the same arguments. It remains to consider the case when f > 0 and g > 0.
Again, consider two possibilities.

(a) fh− g2 has a non-trivial zero (a, b). Let α=− g(a, b)
f(a, b)

and define
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T1(x, y, z) = T (x + αz, y, z) = x2f + 2xz(g + αf) + z2(h + 2αg + α2f).

At (a, b), we have

h + 2αg + α2f = h + 2
−g

f
g +

g2

f2
f = h− g2f =

hf − g2

f2
= 0.

Therefore h + 2αg + α2f = h2
1. Thus T1(x, y, z) ≥ (zh1)2, and therefore

T (x, y, z) = T1(x− αz, y, z) ≥ (zh1(x− αz, y, z))2 .

b) fh− g2 > 0. Then

fh− g2

(y2 + z2)f
≥ µ > 0,

and therefore

fT = (xf + zg)2 + z2(fh− g2) ≥ z2(fh− g2) ≥ µz2(y2 + z2)f.

As a result, we obtain T ≥ (
√

µzy)2 + (
√

µz2)2 ≥ (
√

µz2)2. �

�

Second proof. (Hilbert) The main idea of this proof is to consider the set
A consisting of the real forms in three indeterminates that can be represented
in the form f2 + g2 + h2, where f, g, h are real quadratic forms without non-
trivial common zeros over the field of complex numbers.

Lemma 7.1.10. The set A is open.

Proof. The coefficients aijk of the form
∑

aijkxiyjzk can be considered
as coordinates in R

n. Therefore the map

Φ : (f, g, h) �→ F = f2 + g2 + h2

is an algebraic map R
18 → R

15 (the quadratic form in 3 indeterminates is
determined by 6 coefficients and the form of degree 4 is determined by 15
coefficients).

It suffices to prove that if (f, g, h) ∈ A, then the rank of the differential
dΦ of the map Φ at point (f, g, h) is equal to 15, i.e., dimker Φ = 3. Clearly,

dΦ(u, v, w) = 2(uf + vg + wh),

where (u, v, w) ∈ R
18 is a triple of quadratic forms and uf +vg+wh is a form

of degree 4.
The quadratic forms f, g, h have no non-trivial common zeros over C. Let

us prove that the equation
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uf + vg + wh = 0 (1)

(u, v, w are quadratic forms) then implies that

u = νg − µh, v = λh− νf, w = µf − λg

for some λ, µ, ν ∈ C.
It suffices to prove that

u = ν1g − µ1h, v = λ1h− ν2f, w = µ2f − λ2g

because (1) then gives

(λ1 − λ2)hg + (µ2 − µ1)fh + (ν1 − ν2)fg = 0.

The curves f = 0, g = 0 and h = 0 are distinct. So, on the curve f = 0, there
is a point which does not belong to either g = 0 or h = 0. Having considered
the values of f, g and h at this point, we obtain λ1 = λ2. We similarly prove
that µ1 = µ2 and ν1 = ν2.

Let us now prove, for example, that w = µ2f −λ2g. By Hilbert’s Nullstel-
lensatz the ideal generated by f, g and h contains a power of any polynomial
since these forms have no common zeros. In particular, xn can be represented
for some n in the form

xn = rf + sg + th, (2)

where r, s, t are forms of degree n−2. Consider equation (2) with the minimal
n. From (1) and (2) we deduce that

uft + vgt + wht = 0, xnw = rfw + sgw + thw

and therefore

xnw = (rw − ut)f + (sw − vt)g = af + bg, (3)

where a and b are forms of degree n.
If n = 0, we get the equality desired.
If n > 0, we obtain a contradiction to the minimality of n. Indeed, for

x = 0, the equality (3) becomes

a0f0 + b0g0 = 0,

where a0 = a(0, y, z), etc. Since f0 and g0 have no common zeros, a0 = d0g0

and b0 = −d0f0 for a polynomial d0(y, z). Set d(x, y, z) = d0(y, z) and consider
the polynomials a1 = a− dg and b1 = b + dg. Clearly,

a1f + b1g = af + bg = xnw

and a1(0, y, z) = b1(0, y, z) = 0, i.e., a1 and b1 are divisible by x. Dividing by
x we obtain an equality of the form a2f + b2g = xn−1w which contradicts the
fact that n is minimal.
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Thus, the kernel of the map

dΦ : (u, v, w) �→ 2(uf + vg + wh)

consists of the vectors of the form

(νg − µh, λh− νf, µf − λg) = λ(0, h,−g) + µ(−h, 0, f) + ν(g,−f, 0),

and therefore the dimension of the kernel is 3. �

Lemma 7.1.11. Let F ∈ A \ A, where A is the closure of A. Then either F
has a nontrivial real zero or, over C, the curve F = 0 has at least two double
points.

Proof. Clearly, F = f2 + g2 + h2, where f, g and h have a common non-
trivial zero (a, b, c). If this zero is not real, then the points (a, b, c) and (a, b, c)
are two distinct double points on the curve F = 0. Indeed, these points are
zeros of the functions f, g, h, and so they are zeros of multiplicity 2 of the
functions f2, g2, h2. Hence, they are zeros of multiplicity 2 of the function
F = f2 + g2 + h2. �

Let us now move on to the proof of the theorem proper. We have to prove
that any non-negative form lies in A. The open set A is bounded by the
surface ∂A = A \A. Let F1 be an arbitrary non-negative form of degree 4 in
3 indeterminates. If F1 ∈ A we have nothing more to prove. So let us assume
that F1 �∈ A. Then the segment F0F1, where F0 ∈ A is an arbitrary point,
should intersect ∂A at a point Ft. It suffices to prove that we can select F0

so that Ft coincides with F1 (then F1 = Ft ∈ ∂A ⊂ A)). Assume that Ft

is an interior point of the segment F0F1. We can select F0 so that Ft has a
non-trivial real zero. Indeed, by Lemma 7.1.11 the forms that belong to ∂A
and do not have non-trivial real zeros correspond to curves with two double
points, and such forms constitute a set of codimension no less than 2. Indeed,
the curve F = 0 has a double point if the system of equations

F = 0, Fx = 0, Fy = 0, Fz = 0

has a solution. The first equation can be disregarded since

xFx + yFy + zFz = nF,

where n is the degree of F (in our case n = 4). The curves Fx = 0 and Fy = 0
intersect at (n− 1)2 points. The curve F = 0 has k double points if the curve
Fz = 0 passes through the k intersection points of the curves Fx = 0 and
Fy = 0. This imposes k algebraic relations on the coefficients of F .

Thus, the form Ft = (1 − t)F0 + tF1 has a non-trivial real zero. But this
contradicts the fact that Ft �= F1. Indeed, F0 > 0 and F1 ≥ 0, and so, for
t �= 1, the form (1 − t)F0 + tF1 takes strictly positive values at all points
distinct from the origin. �
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7.2 Artin’s theory

This section is mainly devoted to Artin’s solution of Hilbert’s seventeenth
problem on the representability of a non-negative polynomial as the sum of
squares of rational functions. Artin’s proof gives no estimates of the sufficient
number of these rational functions in the representation of a polynomial in
n indeterminates. This estimate is due to Pfister: a non-negative polynomial
in n indeterminates can be represented as the sum of 2n squares of rational
functions. Pfister’s theory will be discussed in Section 7.3.

In Sections 7.2.1 and 7.2.2 we give necessary preliminaries from the theory
of real fields; the results of these sections are due to Artin and Shreier [Ar2].
The solution proper of Hilbert’s seventeenth problem is contained in 7.2.3.
This proof is based on a theorem of Sylvester which enables us to calculate
the number of real roots of a polynomial in terms of the index of a quadratic
form (see page 33). Our exposition follows [Sc1].

7.2.1 Real fields

A field K is said to be ordered if it is split into three non-intersecting subsets

K = N ∪ {0} ∪ P

such that N = −P (the subset N of negative numbers and the subset P of
positive numbers), where the sum and the product of two positive numbers
are positive.

For any ordered field, we may set x − y > 0 if x − y ∈ P (we also write
x ≥ y if either x− y ∈ P or x = y).

Set

|a| =







a for a > 0,

0 for a = 0,

−a for a < 0.

It is easy to verify that |ab| = |a| · |b| and |a + b| ≤ |a|+ |b|.
In any ordered field we have 1 > 0 since the opposite inequality −1 > 0

leads to a contradiction because 1 = (−1)(−1) > 0 but if a > 0, then −a < 0
for any a �= 0. In particular, the characteristic of any ordered field is equal
to zero since 1 + · · · + 1 > 0 for any nonzero number of summands. In any
ordered field x2 > 0. Indeed, both inequalities x > 0 and −x > 0 imply the
same inequality x2 > 0.

There is only one ordering of the field Q, namely,
p

q
> 0 if and only

if pq > 0. Indeed, the numbers
p

q
and pq are obtained from each other by

multiplication by q±2 > 0.
Any field L in which −1 is the sum of squares (and the characteristic of

L is distinct from 2) is an example of a field that cannot be ordered. Indeed,
any element a of such a field L is the sum of squares
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a =
(

1 + a

2

)2

+ (−1)
(

1− a

2

)2

.

The field K is called formally real if −1 cannot be represented as the sum
of squares of of elements from K. An equivalent condition: if b2

1 + · · ·+ b2
n = 0,

where b1, . . . , bk ∈ K, then b1 = · · · = bn = 0. For brevity, we will call formally
real fields just real ones.

The characteristic of any real field is equal to 0. Indeed, if the characteristic
is equal to p, then −1 = 12 + · · ·+ 12

︸ ︷︷ ︸

p−1

.

Theorem 7.2.1. Let K be a real field, and let a ∈ K.
a) If a is the sum of squares of elements from K, then K(

√
a) is real.

b) If K(
√

a) is not real, then −a is the sum of squares of some elements
from K.

Proof. To prove a), we suppose on the contrary that K(
√

a) is not real.
Then, in particular, K(

√
a) �= K, i.e.,

√
a /∈ K. Moreover, −1 is the sum of

squares of some elements from K(
√

a), i.e., there exist elements bi, ci ∈ K
such that

−1 =
∑

(bi + ci
√

a)2 =
∑

b2
i + 2

√
a
∑

bici + a
∑

c2
i . (1)

Formula (1) shows that, if
∑

bici �= 0, then
√

a ∈ K. Therefore

−1 =
∑

b2
i + a

∑
c2
i . (2)

Let a be the sum of squares of some elements from K. Formula (2) shows
that in this case our supposition that K(

√
a) is not real leads to a contradic-

tion. This proves statement a).
To prove b), we write (2) in the form

−a =
1 +
∑

b2
i

∑
c2
i

.

It remains to observe that if p and q are sums of squares, then so is
p

q
=

pq

q2
.

�

Corollary. For a real field K, one of the fields K(
√

a) and K(
√−a) is

necessarily real.

Proof. If K(
√

a) is not real, then−a is the sum of squares, and so K(
√−a)

is a real field. �

Theorem 7.2.2. Let K be a real field and let f ∈ K[x] be an irreducible
polynomial of odd degree. Then the field K(α), where α is a root of f , is real.
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Proof. Let n = deg f . Suppose that the field K(α) is not real. Then

−1 =
∑

gi(α)2,

where gi are polynomials of degree no higher than n− 1. Since α is a root of
1 +
∑

gi(x)2, the latter is divisible by f , i.e.,

−1 =
∑

gi(x)2 + h(x)f(x),

where h is a polynomial. Suppose if possible that h = 0. Then −1 =
∑

gi(x)2.
If max

i
(deg gi) = m > 0, then the sum of squares of the coefficients of xm in

the polynomials gi is equal to zero. If gi = ci ∈ K, then −1 =
∑

c2
i . Both

versions contradict the fact that K is real, and so h �= 0.
The degree of the polynomial

∑
gi(x)2 is even and does not exceed 2n−2.

Therefore the degree of h is odd and does not exceed n− 2. The polynomial
h has an irreducible factor h1 whose degree is odd and does not exceed n− 2.
Let β be a root of h1. Then −1 =

∑
gi(β)2, i.e., −1 is the sum of squares of

elements from K(β). Repeating for h1 the same arguments as for f , we see
that −1 is the sum of squares of elements from the field K(γ), where γ is a
root of an irreducible polynomial of odd degree that does not exceed n − 4,
etc. Thus we have a contradiction. �

The field K is called real closed if it is real and any real algebraic extension
of it coincides with K.

Theorem 7.2.2 implies that in any real closed field any polynomial of odd
degree has a root.

A real closure of a real field K is any real closed field R algebraic over K.
Any real field K has a real closure. Indeed, consider the partially ordered

set of all real fields algebraic over K. By Zorn’s lemma this set has at least
one maximal element, R. Clearly, R is a real closed field.

Theorem 7.2.3. The real closed field R has precisely one ordering, namely,
the nonzero element a ∈ R is positive if and only if it is a square.

Proof. Clearly, the equalities a = t21 and −a = t22, where t1, t2 ∈ R, cannot

be satisfied simultaneously since otherwise −1 =
(

t1
t2

)2

. Therefore it suffices

to prove that ±a = t2, where t ∈ R.
If a �= t2, then the field R(

√
a) is a proper extension of R, so it is not real.

In this case, by Theorem 7.2.1 (b), the element −a is the sum of squares of
elements from R. Then by Theorem 7.2.1 (a) the field R(

√−a) is real, and so
it coincides with R. This means that

√−a ∈ R, i.e., −a = t2, where t ∈ R. �

Theorem 7.2.4. Let K be a real field and suppose that the element a ∈ K
cannot be represented as the sum of squares. Then there exists an ordering of
K for which a < 0.
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Proof. By Theorem 7.2.1 (b) the field K(
√−a) is real. Let R be a real

closure of K(
√−a). By Theorem 7.2.3 the field R has an ordering under which

the element −a = (
√−a)2 is positive, i.e., a is negative. The restriction of this

ordering onto K ⊂ R is the ordering desired. �

Denote the algebraic closure of R by R.

Theorem 7.2.5. The field R is real closed if and only if R �= R and R =
R(
√−1).

Proof. First, suppose that R is real closed. Then the equation x2 + 1 = 0
has no solutions in R. So R �= R. Let us prove that R = R(

√−1).
For brevity, set i =

√−1. First we show that any second order equation
has a root in R(i). The roots of the quadratic x2 + 2px + q are given by the
formula x1,2 = −p ±

√

p2 − q, and so it suffices to prove that, if a, b ∈ K,
then

√
a + ib ∈ K(i). In other words, we have to select c, d ∈ K, so that

(c + di)2 = a + bi, i.e., c2 − d2 = a and 2cd = b. Clearly, a2 + b2 = (c2 + d2)2.
Therefore

c2 =
√

a2 + b2 + a

2
, d2 =

√
a2 + b2 − a

2
looks like an appropriate choice. Let us verify first of all that numbers c and d
thus defined actually belong to R. Since a2 ≥ 0 and b2 ≥ 0, then a2 + b2 ≥ 0,
so
√

a2 + b2 ∈ R by Theorem 7.2.3. Further,
√

a2 + b2 ≥
√

a2 ≥ ±a (here√
a2 + b2 and

√
a2 are non-negative numbers). Therefore

√
a2 + b2 ± a ≥ 0,

i.e., c and d belong to R. The equality c2 − d2 = a is automatically satisfied
and the equality 2cd = b will be satisfied if we correctly select the signs of c
and d.

Let us now consider an arbitrary polynomial f irreducible over R. Let
us express its degree n in the form n = 2mq, where q is odd. We prove by
induction on m that f has a root in R(i). For m = 0 this follows from Theorem
7.2.2. Now suppose that m > 0 and the statement required is already proved
for 1, . . . , m− 1.

Let α1, . . . , αn be all the roots of f ; they belong to some extension of R. Se-
lect c ∈ R so that all the numbers αkαl +c(αk +αl), where k �= l, are distinct.

These numbers are the roots of a polynomial g of degree
n(n− 1)

2
with coeffi-

cients from R (the coefficients belong to R since they are symmetric functions

in α1, . . . , αn). The number deg g =
n(n− 1)

2
is of the form 2m−1q(n − 1),

where q(n− 1) is odd. We can therefore apply to g the induction hypothesis.
Without loss of generality we may assume that the root α1α2 + c(α1 + α2) of
g belongs to R(i).

Let us prove that R(α1α2, α1 + α2) = R (α1α2 + c(α1 + α2)). To this end,
consider the polynomial F with the roots αkαl and the polynomial G with
the roots αk + αl. The coefficients of F and G belong to R. Let

θ = α1α2 + c(α1 + α2).
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Clearly, G(α1 + α2) = 0 and

F (θ − c(α1 + α2)) = F (α1α2) = 0,

i.e., α1 + α2 is a common root of the polynomials G(x) and F (θ − cx) with
coefficients in R(θ). The condition θ− c(αk +αl) �= αkαl for k, l �= 1, 2 implies
that α1 + α2 is the only common root of these polynomials. Moreover, this
common root is a simple one since it is a simple root of G. Hence, the greatest
common divisor of G(x) and F (θ − cx) is of the form x − (α1 + α2). The
coefficients of these polynomials lie in R(θ), so α1 + α2 ∈ R(θ) and

α1α2 = θ − c(α1 + α2) ∈ R(θ) = R (α1α2 + c(α1 + α2)) .

So we have proved that R(α1α2, α1+α2) ⊂ R(α1α2+c(α1+α2)). The opposite
inclusion R(α1α2 + c(α1 + α2)) ⊂ R(α1α2, α1 + α2) is obvious.

Thus, α1α2, α1+α2 ∈ R (α1α2 + c(α1 + α2)) and R (α1α2 + c(α1 + α2)) ⊂
R(i). Therefore α1 and α2 are the roots of a second order polynomial with
coefficients in R(i). But we have already proved that the roots of any second
order polynomial with coefficients from R(i) belong to R(i). Therefore f has
a root α1 which belongs to R(i). This means that R = R(i).

The converse statement (if R �= R and R = R(i), then R is real closed)
is much easier to prove. There are no intermediate fields between R and R =
R(i), and so it suffices to prove that R is real, i.e., −1 is not the sum of squares
of elements of R. By the hypothesis i /∈ R, i.e., −1 is not a square. Thus, it
suffices to prove that in R the sum of squares is a square itself. Since R(i)
is algebraically closed, it follows that, if a, b ∈ R, then

√
a + bi ∈ R(i), i.e.,

there are elements c and d in R such that a + bi = (c + di)2. In this case, we
also have a− bi = (c− di)2. Therefore

a2 + b2 = (a + bi)(a− bi) = (c + di)2(c− di)2 = (c2 + d2)2.

It remains to observe that, if the sum of two squares is a square itself, then
the sum of any number of squares is also a square. �

7.2.2 Sylvester’s theorem for real closed fields

Let K be an ordered field, and f an irreducible polynomial over K. We call a
real closed field R ⊃ K a real closure of K if R is algebraic over K and the
ordering of K induced by the ordering of R coincides with the initial ordering
of K.

The number of distinct real roots of a real polynomial can be computed
without going outside R. This can be done by two methods: with the help of
Sturm’s theorem or with the help of Sylvester’s theorem. Both these theorems
can be proved for any ordered field. The most important corollary of this
situation is as follows:
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if f is a polynomial over an ordered field K, then in any real closure R of
K the number of the roots of f is the same.

Initially, Artin’s theory was based on Sturm’s theorem; for a modernized
construction of Artin’s theory based on Sturm’s theorem, see the book [La2].
Sylvester’s theorem, however, is in many ways more convenient. Following
[Sc1] we give the solution of Hilbert’s seventeenth problem based on Sylvester’s
theorem.

Over an ordered field K, the signature of a quadratic form ϕ is defined as
follows. Over K, a quadratic form ϕ can be reduced to the form

ϕ(x) = λ1x
2
1 + · · ·+ λnx2

n. (1)

As for R, the number of positive coefficients λi and the number of the negative
ones do not depend on the way we reduce the form ϕ to the canonical form
(1). Indeed, suppose that there exist two decompositions

V+ ⊕ V− ⊕ V0 = W+ ⊕W− ⊕W0.

Then V+∩(W−⊕W0) = 0 so dim V++dimW−+dimW0 ≤ 0. Hence dim V+ ≤
dimW+. Similarly, dimW+ ≤ dimV+.

Let R be a real closure of K. Theorem 7.2.5 implies that the degree of
any irreducible over R polynomial is equal to 1 or 2. Therefore an obvious
modification of the arguments used in the proof of Theorem 1.4.5 (see page 33)
enables one to prove the following statement.

Theorem 7.2.6. Let f be a polynomial over K and ϕ(x, y) a bilinear sym-
metric form on the space K[x]/(f) equal to the trace of the operator of mul-
tiplication by xy. Then the signature of ϕ is equal to the number of distinct
roots of f which lie in the real closure R of K.

In particular, as we have already mentioned, the number of the distinct
roots of f is the same for all real closures of K.

The form ϕ will be called the trace form of the space K[x]/(f).

Theorem 7.2.7 (Artin-Schreier). Let K be an ordered field, and let R
and R′ be real closures of K. Then there exists precisely one isomorphism
σ : R → R′ over K and this isomorphism preserves the ordering.

Proof. In the real closed field, the condition x > y is equivalent to the
fact that x − y is a square. Therefore any isomorphism σ : R → R′ preserves
the ordering.

The field R is algebraic over K, and so any element α ∈ R is a root of
an irreducible polynomial f over K. Theorem 7.2.6 implies that f has the
same number of roots in R and in R′. Let these roots be α1 < · · · < αn and
α′

1 < · · · < α′
n, respectively. In R, select elements ti so that t2i = αi+1 − αi.

By the theorem on a primitive element,
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K(α1, . . . , αn, t1, . . . , tn−1) = K(θ),

where θ ∈ R is a root of an irreducible over K polynomial g. In R′, the
polynomial g has the same number of roots as in R. In particular, it has
a root θ′ ∈ R′. Over K, there exists an isomorphism K(θ) → K(θ′). This
isomorphism is an embedding

σ : K(α1, . . . , αn, t1, . . . , tn−1) → R.

It is easy to verify that σ(αi) = α′
i. Indeed, σ sends a root of f into a root

of f , so that σ(αi+1) − σ(αi) = σ(t2i ) > 0. On K(α1, . . . , αn), the map σ is
uniquely defined. In particular, the image of α is uniquely defined. Now, with
the help of Zorn’s lemma, we may construct a uniquely defined isomorphism
between R and R′ over K. �

Let us prove now that every ordered field has a real closure.

Theorem 7.2.8. Let K be an ordered field, and K ′ its extension in which
there are no relations of the form −1 =

∑
λia

2
i , where λi are positive ele-

ments of K and ai ∈ K ′. Then the field L obtained from K ′ by adjoining the
quadratic roots of all the positive elements of K is a real field.

Proof. Suppose on the contrary that the field L is not real. Then −1 =
∑

b2
i , where bi ∈ L. Therefore, in L, we have the relation of the form −1 =

∑
λib

2
i , where the λi are positive elements of K and bi ∈ L. By the hypothesis

not all the bi can simultaneously lie in K ′. Therefore there exists a least
positive integer r for which a relation of the form indicated holds with bi ∈
K ′(
√

µ1, . . . ,
√

µr), where µ1, . . . , µr are positive elements of K.
Let us express bi as bi = xi + yi

√
µr, where xi, yi ∈ K ′(

√
µ1, . . . ,

√
µr−1).

Then

−1 =
∑

λi(xi + yi
√

µr)2 =
∑

λi(x2
i + y2

i

√
µr) + 2

√
µr

∑

xiyi.

If
∑

xiyi �= 0, then
√

µr ∈ K ′(
√

µ1, . . . ,
√

µr−1), which contradicts the as-
sumptions on the minimality of r. Therefore

−1 =
∑

λix
2
i +
∑

λiµry
2
i ,

where λi and λiµr are positive elements of K and xi, yi∈K ′(
√

µ1, . . . ,
√

µr−1).
This also contradicts the assumptions on the minimality of r. �

Corollary 1. Any ordered field K has a real closure.

Proof. Set K ′ = K. In K, there are no relations of the form −1 =
∑

λia
2
i

with λi positive. Therefore the field L obtained from K by adjoining square
roots of all the positive elements of K is real. The real closure of L is the
required real closure of K. �
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Corollary 2. Let K be an ordered field and let K ′ be an extension of K.
An ordering of K can be extended to K ′ if and only if there are no relations
of the form −1 =

∑
λia

2
i in K ′, where the λi are positive elements of K and

ai ∈ K ′.

Proof. Clearly, if a relation of the form indicated exists, then it is impos-
sible to extend the ordering from K to K ′. Suppose that there are no such
relations. Then one can construct a real field L ⊃ K ′. Consider its real closure
R. The ordering of R induces an ordering of K ′ required. �

7.2.3 Hilbert’s seventeenth problem

In this section we will finally prove that, if a real rational function r(x1, . . . , xn)
is non-negative for all real values of x1, . . . , xn, then it can be represented as
the sum of squares of real rational functions. This proof holds not only for R

but for an arbitrary real closed field R. The proof is easy to deduce from the
following rather difficult theorem.

Theorem 7.2.9 (Artin–Lang). Let R be a real closed field and let K =
R(x1, . . . , xn) be an ordered finitely generated extension of R such that the
ordering of K is compatible with the ordering of R. Then there exists an R-
algebra homomorphism

ϕ : R[x1, . . . , xn]→ R

identical on R.

Proof. First, consider the case when the transcendence degree of K over
R is equal to 1. We may assume that the element x1 = x is transcendental
over R. Then K is a finite algebraic extension of R, and so by Theorem 21.5
(on a primitive element) K = R(x)[y]. Precisely the same arguments as in the
proof of Noether’s lemma on normalization (see Lemma on page 222) show
that one can select y which satisfies the equation

yl + c1(x)yl−1 + · · ·+ cl(x) = 0, where c1(x), . . . , cl(x) ∈ R[x].

We assume here that l is the least possible.
Consider a polynomial

f(X, Y ) = Y l + c1(X)Y l−1 + · · ·+ cl(X)

in indeterminates X and Y . To any pair of elements a, b ∈ R such that
f(a, b) = 0, there corresponds an R-algebra homomorphism σ : R[x, y] → R
given by the formulas σ(x) = a and σ(y) = b. Let us show that there are
infinitely many such pairs a, b ∈ R.

Let RK be a real closure of K. The polynomial f̃(Y ) = f(x, Y ) ∈ R(x)[Y ]
has a root y in RK , and so by Theorem 7.2.6 the signature of the trace form
ϕ on the space
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R(x)[Y ]/(f̃) ∼= R(x)[y]/R(x) = K/R(x)

is positive. This form can be reduced to the diagonal form with the elements
h1(x), . . . , hs(x) ∈ R[x] on the diagonal.

Over a real closed field R, any polynomial factorizes into linear and irre-
ducible quadratic factors. The quadratic factors are of the form (x+α)2 +β2,
where α, β ∈ R. They are therefore positive as elements of R(x), and for all
a ∈ R the elements (a + α)2 + β2 ∈ R are also positive.

Let x−λ1, . . . , x−λt be all the distinct linear factors in the factorizations
of the polynomials h1(x), . . . , hs(x). Let us order the elements x, λ1, . . . , λt ∈
R(x). The following possibilities might occur:

· · · < λi < x < λj < . . . or · · · < λi < x or x < λj < . . .

Let a be an arbitrary element of R satisfying, respectively, inequalities λi <
a < λj or λi < a or a < λj (there are infinitely many such elements a). Then
the signs of hk(a) and hk(x) coincide for all k = 1, . . . , s. The signature of
the form ϕ is therefore equal to the signature of the form with the diagonal
elements h1(a), . . . , hs(a).

Let us show that, for almost all a, the trace form ϕa on the space
R[Y ]/ (f(a, Y )) can be reduced to the diagonal form with the elements
h1(a), . . . , hs(a) on the main diagonal. Indeed, let A(x) = (aij(x)) be the
matrix of the form ϕ in the basis 1, Y, . . . , Y l−1 and B(x) = (bij(x)) the
matrix such that

(B(x))T
A(x)B(x) = diag (h1(x), . . . , hs(x)) .

Then, if detB(a) �= 0 and none of the denominators of the rational functions
bij(x) vanishes at x = a, we have

(B(a))T
A(a)B(a) = diag (h1(a), . . . , hs(a)) .

It remains to observe that A(a) is the matrix of the form ϕa in the basis
1, Y, . . . , Y l−1.

Thus, there exist infinitely many elements a ∈ R for which the signature
of the form ϕa is positive. For all such a, the polynomial f(a, Y ) has a root
b ∈ R, i.e., f(a, b) = 0. As we have already observed, to any such pair there
corresponds an R-algebra homomorphism σ : R[x, y] → R. Let us show that
almost all such homomorphisms can be extended to

R[x, y, x2, . . . , xn] ⊃ R[x, y].

Recall that x2, . . . , xn ∈ R[x1, . . . , xn] = K = R(x)[y], and therefore xi =
pi(x, y)
qi(x)

, where pi and qi are polynomials. Let q = q1 · . . . · qn. By construction

σ (q(x)) = q(a) �= 0 for almost all a. In these cases the homomorphism σ can
be extended to
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R[x, y]
[

1
q(x)

]

⊃ R[x, y, x2, . . . , xn] ⊃ R[x1, . . . , xn] = K.

The passage from the case when the transcendence degree of K over R is
equal to 1 to the case of transcendence degree m ≥ 1 is performed by a simple
induction on m. Suppose that the existence of the homomorphism required
is proved for all fields K whose transcendence degree over R is strictly less
than m. Consider a field K = R(x1, . . . , xn) whose transcendence degree over
R is equal to m. Select an intermediate field F : R ⊂ F ⊂ K for which the
transcendence degree of K over F is equal to 1. Let RF ⊂ RK be real closures
of F and K. The transcendence degree of RK over RF is equal to 1, and so
there exists an RF -algebra homomorphism ψ : RF [x1, . . . , xn]→ RF .

The transcendence degree of RF over R is equal to m − 1, and so the
transcendence degree of the field R (ψ(x1), . . . , ψ(xn)) ⊂ RF over R does not
exceed m−1. It is also clear that an ordering of RF induces an ordering of the
field R (ψ(x1), . . . , ψ(xn)). Therefore there exists an R-algebra homomorphism
σ : R

[

ψ(x1), . . . , ψ(xn)
]→ R. The restriction of the composition of the maps

ψ and σ onto the subalgebra

R[x1, . . . , xn] ⊂ RF [x1, . . . , xn]

is the homomorphism required. �

Now it is easy to prove Artin’s theorem on non-negative rational functions.
Let k be an ordered field. The rational function

r(x1, . . . , xn) =
p(x1, . . . , xn)
q(x1, . . . , xn)

, where p, q ∈ k[x1, . . . , xn],

is called non-negative if r(a1, . . . , an) ≥ 0 for all a1, . . . , an ∈ k such that
q(a1, . . . , an) �= 0.

Theorem 7.2.10 (Artin). Let R be a real closed field, let r ∈ R(x1, . . . , xn)
be a non-negative rational function. Then r can be represented as the sum of
squares of elements of R(x1, . . . , xn).

Proof. Suppose on the contrary that r is not the sum of squares of el-
ements of the field R(x1, . . . , xn). Then by Theorem 7.2.4 there exists an
ordering of the field R(x1, . . . , xn) for which r < 0. Let us express r as an
irreducible fraction p/q, where p, q ∈ R[x1, . . . , xn]. Consider an R-algebra

R

[

x1, . . . , xn,
1

q(x1, . . . , xn)

]

that contains r.
In R̄n, the real closure of the ordered field R(x1, . . . , xn), there exists an

element γ such that γ2 = −r > 0. The field R(x1, . . . , xn, γ) is contained in
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R̄n, and therefore the ordering of R̄n induces an ordering of R(x1, . . . , xn, γ).
By the Artin–Lang theorem there exists a homomorphism

ϕ : R

[

x1, . . . , xn,
1

q(x1, . . . , xn)
γ,

1
γ

]

→ R,

identical on R.
Clearly, ϕ(γ)ϕ

(
1
γ

)

= 1 and ϕ(q)ϕ
(

1
q

)

= 1. Hence ϕ(γ) �= 0 and ϕ(q) �= 0.

Hence also ϕ(r) = −ϕ(γ2) = − (ϕ(γ))2 < 0. But

ϕ(r) =
p(a1, . . . , an)
q(a1, . . . , an)

, where ai = ϕ(xi).

Here q(a1, . . . , an) = ϕ(q) �= 0. The inequality r(a1, . . . , an) < 0 contradicts
the hypotheses of the theorem. �

For an arbitrary (i.e., not necessarily real closed) ordered field, Artin’s the-
orem is false (the first example of such a field is given in [Du1]; a simpler proof
can be found on page 86 of the book [Pf2]). However, with a slight sharpening
of the proof of Theorem 7.2.10, we can prove the following statement for an
arbitrary ordered field k.

Theorem 7.2.11. Let k be an ordered field and R its real closure. If a rational
function r ∈ k(x1, . . . , xn) is such that r(a1, . . . , an) ≥ 0 for all a1, . . . , an ∈ R
(if, of course, the value r(a1, . . . , an) is defined), then r can be represented as
the sum of squares of elements of k(x1, . . . , xn).

Proof. If r is not the sum of squares of elements of k(x1, . . . , xn), then
there exists an ordering of the field k(x1, . . . , xn) for which r < 0. Let R′ be a
real closure of the field k(x1, . . . , xn) with such an ordering. We may assume
that R ⊂ R′ (the real closure of the field k(x1, . . . , xn) contains a real closure
R1 of k, and R1 and R are isomorphic as real closures of the same field). In
R′, there exists an element γ such that γ2 = −r > 0. In the R-algebra

R

[

x1, . . . , xn,
1

q(x1, . . . , xn)
γ,

1
γ

]

⊂ R′,

we introduce an ordering induced by the ordering in R′. The remaining argu-
ments are precisely the same as in the proof of Theorem 7.2.10. �

Corollary. Let the ordering of the field k be such that the condition
“r(x1, . . . , xn) < 0 for all x1, . . . , xn ∈ k” implies that r(x1, . . . , xn) < 0
for all x1, . . . , xn ∈ R, where R is a real closure of k. Then Artin’s theorem
for k holds.

In particular, Artin’s theorem holds for the field of rationals Q, i.e., any
non-negative rational function with rational coefficients is the sum of squares
of rational functions with rational coefficients.
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In conclusion we give formulations of two interesting theorems whose
proofs are based on Artin’s theorem. More precisely, the first of these the-
orems is deduced from Artin’s theorem and the second follows from the first.

Theorem 7.2.12 ([Ri]). Let I be an ideal in the ring R[x1, . . . , xn]. Then
the following conditions are equivalent:

(1) Any polynomial that vanishes at all the common real zeros of the poly-
nomials from I belongs to I itself;

(2) If the sum of squares of the polynomials from the ring R[x1, . . . , xn]
belongs to I, then these polynomials themselves belong to I.

Theorem 7.2.13 ([St1]). The homogeneous form F is non-negative if and
only if there exists a homogeneous polynomial relation of the form ϕ(−F ) = 0,
where

ϕ(u) = u2n+1 + a1u
2n + · · ·+ a2n

and the coefficients a1, . . . , a2n are the sums of squares of homogeneous forms.

7.3 Pfister’s theory

7.3.1 The multiplicative quadratic forms

In this section we consider quadratic forms over an arbitrary field k whose
characteristic is distinct from 2. Any quadratic form ϕ on the space kn is
given by a symmetric n× n matrix A. Namely, if x = (x1, . . . xn) ∈ kn, then

ϕ(x) = xAxT =
∑

xixjaij .

The quadratic forms ϕ and ψ are called equivalent if there exists a non-
singular n × n matrix P such that ϕ(x) = ψ(Px). Then ψ is given by the
matrix PAP T . For equivalent forms we write ϕ ∼= ψ.

We say that the form ϕ represents an element a ∈ k if a = ϕ(x) for some
x ∈ kn. For example, the form ϕ(x) = x2

1 + · · ·+ x2
n represents a if and only

if a can be represented as the sum of n squares.
The main tools of Pfister’s theory are multiplicative forms of a particular

type he introduced. Recall that the quadratic form ϕ is multiplicative if the
forms ϕ and aϕ are equivalent for any nonzero element a representable by ϕ.

Any multiplicative form ϕ possesses the following remarkable property: if
a and b are representable by ϕ, then ab is also representable by ϕ. Indeed,
equivalent forms represent the same set of elements of the field k. Now if a
multiplicative form ϕ represents a and b, then the form aϕ equivalent to ϕ
represents ab.

We introduce the following notations. Denote

〈a1, . . . , an〉 = a1x
2
1 + · · ·+ anx2

n.
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For the forms ϕ = 〈a1, . . . , am〉 and ψ = 〈b1, . . . , bn〉, we define

ϕ⊕ ψ = 〈a1, . . . , am, b1, . . . , bn〉,
ϕ⊗ ψ = 〈a1b1, . . . , amb1, a1b2, . . . , amb2, . . . , a1bn, . . . , ambn〉.

Pfister introduced the forms

〈〈a1, . . . , an〉〉 = 〈1, a1〉 ⊗ 〈1, a2〉 ⊗ · · · ⊗ 〈1, an〉, where a1 · · · an �= 0,

which play the main role in his theory. The most interesting for us is the form
〈〈1, . . . , 1
︸ ︷︷ ︸

n

〉〉, i.e., the sum of 2n squares. However, in the proof by induction on

n we cannot avoid considering the general case 〈〈a1, . . . , an〉〉.
Theorem 7.3.1 (Pfister). The form 〈〈a1, . . . , an〉〉 is multiplicative.

Proof. We consider first the case n = 1. Let the form 〈〈a1〉〉 = x2
1 + a1x

2
2

represent b �= 0, i.e., b = c2
1 + a1c

2
2. Set A =

(
1 0
0 a1

)

and P =
(

c1 c2

−a1c2 c1

)

. It

is easy to verify that PAPT = bA and det P �= 0. This means that 〈〈a1〉〉 ∼=
b〈〈a1〉〉.

The form 〈〈a1, . . . , an〉〉 is of the type ϕ⊕anϕ, where ϕ = 〈〈a1, . . . , an−1〉〉.
It therefore suffices to prove that if ϕ is multiplicative and a �= 0, then the
form ϕ⊕aϕ is also multiplicative. Let b = ϕ(x)+aϕ(y) = ξ +aη �= 0, where ξ
and η are representable by ϕ. If ξ = 0, then η �= 0, and hence, ηϕ ∼= ϕ. Hence
again

b(ϕ⊕ aϕ) = aη(ϕ⊕ aϕ) ∼= aϕ⊕ a2ϕ ∼= ϕ⊕ aϕ,

since a2ϕ ∼= ϕ. The case η = 0 is similarly considered. It remains to consider
the case ξη �= 0. In this case ϕ ∼= ξϕ and ϕ ∼= ξ−1ϕ ∼= (ηξ−1)ϕ. Hence

b(ϕ⊕ aϕ) = (ξ + aη)(ϕ ⊕ aϕ) ∼= (1 + aηξ−1)(ϕ ⊕ (aηξ−1)ϕ)
∼= (1 + aηξ−1)〈〈aηξ−1〉〉 ⊗ ϕ.

When we considered the case n = 1 we showed that the form 〈〈aηξ−1〉〉 is
multiplicative. This form represents an element 1 + aηξ−1 = bξ−1 �= 0. Hence
(1 + aηξ−1)〈〈aηξ−1〉〉 ∼= 〈〈aηξ−1〉〉, and therefore

b(ϕ⊕ aϕ) ∼= 〈〈aηξ−1〉〉 ⊗ ϕ = ϕ⊕ (aηξ−1)ϕ ∼= ϕ⊕ aϕ,

as was required. �

In the proof of Pfister’s theorem we did not use the fact that chark �= 2,
and therefore it is true for any field. The case where a1 = · · · = an = 1 is
particularly interesting. In this case Pfister’s theorem implies that

in any field the product of elements each representable as the sum of 2n

squares is also representable as the sum of 2n squares.
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For n = 1, 2, 3, there are explicit general formulas for the representation.
For example, when n = 1 and we have the sum of two squares, the corre-
sponding identity is

(x2
1 + x2

2)(y
2
1 + y2

2) = (x1y1 + x2y2)2 + (x1y2 − x2y1)2.

But for n > 3 there are no identities of similar form.
We will need the following auxiliary statement.

Lemma 7.3.2. Let us represent the form

ϕ = 〈〈a1, . . . , an〉〉, where a1 · · ·an �= 0,

as ϕ = 〈1〉 ⊕ ϕ′. Let ϕ′ represent an element b1 �= 0. Then ϕ ∼= 〈〈b1, . . . , bn〉〉
for some nonzero b2, . . . , bn.

Proof. We use induction on n. For n = 1, the form ϕ′ is of the type a1x
2
1.

If b1 = a1c
2, then b1x

2
1 = a1(cx1)2 ∼= a1x

2
1. Thus 〈a1〉 ∼= 〈b1〉, and therefore

〈〈a1〉〉 ∼= 〈〈b1〉〉.
Now suppose that the statement required is proved for all the forms of the

type 〈〈c1, . . . , cn−1〉〉, where c1 · · · cn−1 �= 0. To prove the statement required
for the form ϕ = 〈〈a1, . . . , an〉〉, consider the form

ψ = 〈〈a1, . . . , an−1〉〉 = 〈1〉 ⊕ ψ′.

Clearly, ϕ = ψ⊕anψ and ϕ′ = ψ′⊕anψ. Therefore the element b1 representable
by the form ϕ′ can be expressed as b1 = b′1 + anb, where the elements b′1 and
b are represented by the forms ψ′ and ψ, respectively.

First, let b = 0. In this case, b′1 = b1. By the induction hypothesis ψ ∼=
〈〈b1, . . . , bn−1〉〉, and therefore ϕ ∼= 〈〈b1, . . . , bn−1, an〉〉.

Now consider the case b �= 0. In this case, the form ψ represents a nonzero
element b. By Pfister’s theorem, the form ψ is multiplicative, and so ψ ∼= bψ.
Hence

ϕ′ = ψ′ ⊕ (anb)(b−1ψ) ∼= ψ′ ⊕ cnψ,

where cn = anb. Here b1 = b′1 + cn. Let b′1 = 0. Then b1 = cn and

ϕ ∼= 〈〈cn〉〉 ⊗ ψ = 〈〈cn, a1, . . . , an−1〉〉 = 〈〈b1, a1, . . . , an−1〉〉.

It remains to consider the case when b1 = b′1 + cn and b′1cn �= 0. The form
ψ′ represents b′1, and so by the induction hypothesis ψ ∼= 〈〈b′1, b2, . . . , bn−1〉〉.
Hence,

ϕ ∼= 〈〈b′1, b2, . . . , bn−1, cn〉〉 ∼= 〈〈b′1, cn, b2, . . . , bn−1〉〉
∼= 〈〈b′1, cn〉〉 ⊗ 〈〈b2, . . . , bn−1〉〉.
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Let λ = b′1 and µ = cn. Then λ + µ = b1 �= 0. The identity
(

1 1
mu −λ

)(
λ 0
0 µ

)(
1 µ
1 −λ

)

=
(

λ + µ 0
0 (λ + µ)λµ

)

shows that 〈b′1, cn〉 ∼= 〈b1, b1b
′
1cn〉. Hence

〈〈b′1, cn〉〉 = 〈1, b′1, cn, b′1cn〉 ∼= 〈1, b1, b′1cn, b1b
′
1cn〉 = 〈〈b1, b

′
1cn〉〉.

Set bn = b′1cn. Then

ϕ ∼= 〈〈b1, bn〉〉 ⊗ 〈〈b2, . . . , bn〉〉 ∼= 〈〈b1, . . . , bn〉〉. ��

7.3.2 Ci-fields

In the preceding section we met one of the tools of Pfister’s theory — multi-
plicative forms. The other tool of this theory — Ci-fields — was developed in
1933–1936 by the Chinese mathematician Tsen Chiungze and rediscovered in
1952 by Lang.

The field K is called a Ci-field if any system of homogeneous polynomials

f1, . . . , fr ∈ K[x1, . . . , xn]

such that di
1 + · · ·+di

r < n, where ds = deg fs, has a common non-trivial zero.

Theorem 7.3.3 (Tsen-Lang). If the field L is algebraically closed, then the
field K = L(t1, . . . , ti), i.e., the field of rational functions in i indeterminates
over L, is a Ci-field.

Proof. We use induction on i. For i = 0, the field K coincides with L,
i.e., K is algebraically closed and the condition di

1 + · · ·+ di
r < n means that

r < n. In this case the statement required coincides with the homogeneous
Hilbert’s Nullstellensatz (Theorem 6.1.10 on page 231).

The inductive step consists in the proof of the fact that, if L is a Ci-field,
then K = L(t) is a Ci+1-field. Let f1, . . . , fr∈K[x1, . . . , xn] be homogeneous
polynomials such that di+1

1 + · · · + di+1
r < n, where ds = deg fs. We have to

prove that f1, . . . , fr have a common non-trivial zero in K. The coefficients
of the polynomials f1, . . . , fr belong to K = L(t), i.e., they are rational func-
tions in t over L. Having multiplied all these coefficients by an appropriate
polynomial from L[t] we may assume that the coefficients of the polynomials
f1, . . . , fr belong to L[t], i.e., these coefficients are polynomials in t over L.
The degrees of these polynomials are bounded by a number m, and so any
coefficient α can be expressed as

α = a0 + a1t + · · ·+ amtm, where a0, . . . , am ∈ L. (1)
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For p = 1, . . . , n, define

xp = xp0 + xp1t + · · ·+ xpst
s, (2)

where xp0, . . . , xps are independent variables over L and s is sufficiently
large (we will determine this number shortly). In every homogeneous form
f1, . . . , fr, replace the coefficients and indeterminates by expressions (1) and
(2), respectively. As a result, the form fj takes the form

g0 + g1t + · · ·+ gN tN ,

where N = sdj + m and g0, . . . , gN are the forms of degree dj in (s + 1)n
variables xpq over L. By the induction hypothesis all the forms g for the
polynomials f1, . . . , fr have a common non-trivial zero if

r∑

j=1

(sdj + m + 1)di
j < (s + 1)n,

i.e.,
(m + 1)

∑

di
j − n < s(n−

∑

di+1
j ).

By the hypothesis we have n −∑ di+1
j > 0, and so the inequality required

holds for sufficiently large values of s, such as s > (m + 1)
∑

di
j . �

7.3.3 Pfister’s theorem on the sums of squares of rational functions

In the two preceding sections we have prepared the main tools for the proof of
Pfister’s theorem. We will also need the following property of quadratic forms:
if the non-degenerate quadratic form ϕ over K is isotropic (i.e., ϕ(u) = 0 for
some u �= 0), then it is universal, i.e., it represents all the elements of the
field K. Indeed, to any non-degenerate quadratic form ϕ there corresponds a
non-degenerate bilinear symmetric form

f(x, y) =
1
2

(ϕ(x + y)− ϕ(x) − ϕ(y)) .

Therefore there exists a vector v such that f(u, v) = 1. In this case

ϕ(v + λu) = ϕ(v) + ϕ(λu) + 2f(v, λu) = ϕ(v) + 2λ.

For any b ∈ K, we can select a λ such that ϕ(v) + 2λ = b.
Theorem 7.3.3 implies that, if L is algebraically closed, then any non-

degenerate quadratic form ϕ in 2n variables over K = L(t1, . . . , tn) is univer-
sal. Indeed, let r ∈ K. Consider an auxiliary quadratic form

ϕ̃(u, t) = ϕ(u)− rt2

in 2n+1 variables. By Theorem 7.3.3 the form ϕ̃ has a non-trivial zero (u0, t0).
If t0 = 0, then ϕ(u0) = 0 for some u0 �= 0. This means that ϕ is isotropic, and

therefore universal. If t0 �= 0, then ϕ

(
u0

t0

)

= r, i.e., ϕ represents r.
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Theorem 7.3.4 (Pfister). Let R be a real closed field; let ϕ = 〈〈a1, . . . , an〉〉
be a non-degenerate quadratic form in 2n variables over R(x1, . . . , xn). If b is
the sum of squares of elements R(x1, . . . , xn), then ϕ represents b.

Proof. If the form ϕ is isotropic, then it is universal. We may therefore
assume that ϕ is anisotropic, i.e., ϕ(u) �= 0 for u �= 0. By the hypothesis
b = b2

1 + · · · + b2
m. Let us use induction on m. For m = 1, the statement is

obvious, since any multiplicative form represents 1, and hence it represents
b2
1 · 1 as well.

Now let m = 2, i.e., b = b2
1 + b2

2, where b1b2 �= 0. Let L = R(i) be the
algebraic closure of R. Let β = b1 + ib2 generate the field L(x1, . . . , xn) over
the field R(x1, . . . , xn), i.e.,

L(x1, . . . , xn) = R(x1, . . . , xn)(β).

The field R is real, and so i /∈ R(x1, . . . , xn) and β /∈ R(x1, . . . , xn).
The form ϕ can be also considered as a form over the field L(x1, . . . , xn) ⊃

R(x1, . . . , xn). Over this field ϕ is universal since L is algebraically closed.
Therefore there exist 2n-dimensional vectors u, v over R(x1, . . . , xn) for which
ϕ(u + βv) = β, i.e.,

ϕ(u) + 2βf(u, v) + β2ϕ(v) = β, (1)

where f is a bilinear symmetric form corresponding to ϕ. Here v �= 0 since
otherwise β = ϕ(u) ∈ R(x1, . . . , xn). Since ϕ is anisotropic, it follows that
ϕ(v) �= 0.

An irreducible over R(x1, . . . , xn) equation for β is of the form (β− b1)2 +
b2
2 = 0, i.e.,

β2 − 2b1β + b = 0. (2)

Comparing (1) and (2) we deduce that b = ϕ(u)/ϕ(v). Since ϕ is multiplica-

tive, it follows that ϕ represents both
1

ϕ(v)
and the product of ϕ(u) and

1
ϕ(v)

,

i.e., b.
Now suppose that the statement required is proved for some m ≥ 2, i.e.,

any form ϕ of the type ϕ = 〈〈a1, . . . , an〉〉 represents any element of the type
b2
1 + · · ·+ b2

m. We have to prove that the form ϕ represents any element of the
type b2

1 + · · ·+ b2
m + b2

m+1, where bm+1 �= 0. Let us express this element in the
form b2

m+1(b + 1), where b is the sum of m squares. It suffices to prove that
the form ϕ represents an element c = b + 1. We may assume that c �= 0.

To make use of Lemma 7.3.2 (see page 272), we express the form ϕ as
ϕ = 〈1〉 ⊕ ϕ′. By the induction hypothesis ϕ represents b, i.e., b = b2

0 + b′,
where b′ is represented by ϕ′. Consider the multiplicative form ψ = ϕ⊗〈1,−c〉
in 2n+1 variables. Clearly,

ψ = 〈1〉 ⊕ ϕ′ ⊕ (−c)ϕ = 〈1〉 ⊕ ψ′,

where the form ψ′ = ϕ′ ⊕ (−cϕ) represents the element
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b′ − c = (b− b2
0)− (1 + b) = −1− b2

0.

Here −1 − b2
0 �= 0 since i /∈ R(x1, . . . , xn). In this case we may apply Lemma

7.3.2 to the form ψ and the element −1− b2
0.

As a result, we find that there exist non-zero elements c1, . . . , cn ∈
R(x1, . . . , xn) such that

ψ ∼= 〈〈−1− b2
0, c1, . . . , cn〉〉,

i.e., ψ ∼= 〈−1− b2
0〉 ⊗ χ = χ⊕ (−1− b2

0)χ, where χ ∼= 〈〈c1, . . . , cn〉〉.
Let us now apply the induction hypothesis again, this time to the form χ.

The element 1 + b2
0 is the sum of not more than m squares, and so the form χ

represents it. It then follows from the multiplicativity of χ that χ ∼= (1+ b2
0)χ,

and therefore

ϕ⊕ (−cϕ) = ψ ∼= χ⊕ (−1− b2
0)χ ∼= (1 + b2

0)χ⊕ (−1− b2
0)χ.

Let ξ = (1 + b2
0)χ. Then

ϕ(Px + Qy)− cϕ(Rx + Sy) = ξ(x)− ξ(y),

where
(

P Q
R S

)

= U is a non-singular 2n×2n matrix. By setting x = y we find

that
ϕ(Ax) = cϕ(Bx), where A = P + Q and B = R + S.

Since U is non-singular, it follows that, if x �= 0, then (Ax, Bx) �= (0, 0).
If at least one of the matrices A and B were singular, the form ϕ would be
isotropic, whereas we are considering an anisotropic form. Since therefore both
the matrices are invertible, ϕ ∼= cϕ, and therefore the multiplicative form ϕ
represents the element c. �

By Artin’s theorem any non-negative element of the field R(x1, . . . , xn),
where R is a real closed field, is the sum of squares. The multiplicative form
〈〈1, . . . , 1
︸ ︷︷ ︸

n

〉〉 represents, therefore, any non-negative element of R(x1, . . . , xn),

i.e., any non-negative element of this field can be represented as the sum of
2n squares.

On page 251 we gave example of an element of R(x1, . . . , xn) that cannot
be represented as the sum of n squares. Therefore, if N is the least number for
which any element of the field R(x1, . . . , xn) can be represented as the sum of
N squares, then n + 1 ≤ N ≤ 2n.

In the general case no other estimates on N are known. Only for n = 2 it
is known that N = 4. This statement is proved in two distinct ways but both
the proofs are rather complicated. One of the proofs uses the theory of elliptic
curves over the field C(x) (see [Ca6] and [Ch2]). The other proof is based on
the Noether–Lefshetz theorem which states that
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on any generic surface of degree d ≥ 4 in three-dimensional projective
space, any curve is singled out as the intersection with certain other surface
(see [Co1]).

In the proof of Pfister’s theorem one essentially uses the fact that R is
real closed. For Q, Pfister’s theorem is false. This is clear already for n = 0.
Indeed, not every positive rational number is the square of a rational number.
But for n = 0 the estimate required is known:

every positive rational number is the sum of squares of four rational num-
bers.

Indeed, by Meier’s theorem (see [BS], [Ca7] or [Se1]) any non-degenerate
quadratic form over Q in n ≥ 5 indeterminates non-trivially represents 0 if it
represents 0 over R. In particular, if r > 0, the form

x2
1 + x2

2 + x2
3 + x2

4 − rx2
5

represents 0 over Q.
For n = 1, i.e., for the polynomials over Q in one indeterminate, the first

to obtain the estimate was E. Landau in the 1906 paper [La1]. He showed that
any non-negative polynomial (in one indeterminate) with rational coefficients
can be represented as the sum of 8 squares of polynomials with rational coef-
ficients (a simple proof of Landau’s theorem is given in Chapter 7 of the book
[Pf2]). But this estimate is not an exact one. The exact estimate was obtained
by Pourchet [Po3]. Every non-negative polynomial over Q can be represented
as the sum of squares of 5 polynomials over Q. Chapter 17 of the book [Ra3]
is devoted to the detailed exposition of Pourchet’s theorem.

For polynomials with certain special properties more precise results can be
obtained. For example, in [Da3] it is shown that, if the values of a polynomial
f(x) at all integer, x are the sums of squares of two integers, then f(x) is the
sum of squares of two polynomials with integer coefficients.

An example of a non-negative polynomial which cannot be represented over
Q as the sum of squares of four polynomials is sufficiently easy to construct.
To see this, suppose that

ax2 + bx + c =
4∑

s=1

(asx + bs)2.

Then 4ac− b2 is the sum of squares of three rational numbers. Indeed,

4ac− b2 = 4
(∑

a2
s

)(∑

b2
t

)

− 4
(∑

asbs

)2

and, if we consider the product of quaternions a1 + a2i + a3j + a4k and
b1 − b2i− b2j − b2k, we see that

(∑

a2
s

)(∑

b2
t

)

=
(∑

asbs

)2

plus the sum of three squares.
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Now it is easy to show that the quadratic x2 +x+4 cannot be represented
as the sum of squares of four polynomials. In this case 4ac− b2 = 15 and we
have to prove that 15 cannot be represented as the sum of squares of three
rational numbers. If 15 were equal to p2 + q2 + r2 then, after reducing to the
common denominator, we would have obtained the congruence

a2 + b2 + c2 ≡ 15d2 (mod 8) ≡ −d2 (mod 8),

where at least one of the numbers is odd. But such a congruence is impossible.
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Appendix

8.1 The Lenstra-Lenstra-Lovász algorithm

In 1982, in the paper [Le2], there was suggested an algorithm called The
Lenstra-Lenstra-Lovász algorithm, or the LLL-algorithm for short. It enables
one to factorize any polynomial over Z into irreducible factors over a polyno-

mial time. More precisely, if f(x) =
n∑

i=0

aix
i ∈ Z[x] and |f | =

√
n∑

i=0

a2
i , then,

to factorize f into irreducible factors with this algorithm, one needs not more
than O

(

n12 + n9(ln |f |)3) operations.
The LLL-algorithm is of huge theoretical interest, but practically it is no

more effective than a comparatively simple algorithm we described in sec-
tion 2.5.2. At the outset both algorithms work similarly: we factorize f into
irreducible factors modulo a prime p with the help of Berlekamp’s algorithm,
and then with the help of Henzel’s lemma we compute, with certain accuracy,
a p-adic irreducible factor h of f . After that the LLL-algorithm proceeds dif-
ferently: for h, we seek an irreducible divisor h0 of f in Z[x] divisible by h
modulo p. The condition of divisibility of h0 by h means that the coefficients
of the polynomial h0 are the coordinates of points on a lattice, and the con-
dition of divisibility of f by h0 means that the coefficients of h0 are not too
high.

To determine h0, we use an algorithm for constructing a reduced basis of
a lattice. Observe that the latter algorithm also has numerous applications
that go beyond the problem of factorization of polynomials.

8.1.1 The general description of the algorithm

Let us pass directly to the description of the factorization algorithm. We
assume that the polynomials f and f ′ are relatively prime and cont(f) = 1.
Let us start by computing the resultant R(f, f ′) ∈ Z. Let p be the least prime
which does not divide R(f, f ′). Then the degree of f (mod p) is equal to n
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and the polynomials f (mod p) and f ′ (mod p) are relatively prime. To prove
this, it suffices to observe that R(f, f ′) = ±anD(f) (and therefore an is not
divisible by p) and R(f, f ′) = ϕf + ψf ′, where ϕ, ψ ∈ Z[x].

The polynomial f (mod p) has no multiple divisors, and so it can be fac-
torized into irreducible factors using Berlekamp’s algorithm.

Let h (mod p) be one of the irreducible factors of f (mod p). In what
follows we assume that h is a monic polynomial and the coefficients of h are
reduced modulo p, i.e., lie between 0 and p− 1.

Consider the factorization of f into irreducible factors over Z and pass from
this factorization to a factorization modulo p. The polynomial f (mod p) has
no multiple irreducible factors, and so the polynomial h (mod p) corresponds
to precisely one irreducible factor h0 of f over Z. Therefore there exists pre-
cisely one irreducible factor h0 of f over Z for which h0 (mod p) is divisible
by h (mod p).

If one knows an algorithm which recovers h0 from h, it is easy to factorize
f . Indeed, let the factorization f = f1f2 over Z be given, where the complete
factorization of f1 over Z is known and for f2 the complete factorization
modulo p is known (at the first step f1 = 1 and f2 = f). Take an irreducible
divisor h (mod p) of f2 (mod p) and find the irreducible divisor h0 of f2 over
Z for which h0 (mod p) is divisible by h (mod p). Replace f1 by f1h0 and
f2 by f2/h0. After that we repeat this operation until we obtain a complete
factorization of f .

The algorithm which computes h0 for a given h (mod p)will be described
later in Section 8.1.3. This algorithm uses the algorithm that computes a
reduced basis of the lattice. We therefore first discuss the notion of a reduced
basis of a lattice and the algorithm of calculating the reduced basis (this
algorithm was also suggested in [Le2], and therefore is also called an LLL-
algorithm).

8.1.2 A reduced basis of the lattice

A subset L ⊂ R
n is called a lattice of rank n if there exists a basis b1, . . . , bn

in R
n such that

L =
n∑

i=1

Z · bi =
{

n∑

i=1

ribi | ri ∈ Z

}

.

The determinant of the lattice L is the number

d(L) =
∣
∣det(b1, . . . , bn)

∣
∣,

where bi denotes the column-vector of coordinates of the vector bi. The deter-
minant of the lattice is equal to the volume of the parallelepiped spanned by
b1, . . . , bn. There are several bases of the lattice but the determinant of tran-
sition from one basis to another is equal to ±1, and so the number d(L) > 0
does not depend on the choice of a basis.
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Let b1, . . . , bn be a basis of L. The Gram–Schmidt orthogonalization yields
an orthogonal (not necessarily orthonormal) basis

b∗i = bi −
i−1∑

j=1

µijb
∗
j , where µij =

(bi, b
∗
j)

(b∗j , b
∗
j )

, 1 ≤ j < i ≤ n.

A basis b1, . . . , bn of the lattice L is called reduced if

|µij | ≤ 1
2

for 1 ≤ j < i ≤ n and |b∗i + µi,i−1b
∗
i−1|2 ≥

3
4
|b∗i−1|2 for 1 < i ≤ n.

Theorem 8.1.1 (Hadamard’s inequality). The volume of a given paral-
lelepiped does not exceed the product of the length of its edges, i.e.,

d(L) ≤
n∏

i=1

|bi|.

Proof. The vectors b∗i are orthogonal, and so

|bi|2 = |b∗i |2 +
i−1∑

j=1

µ2
ij |b∗j |2 ≤ |b∗i |2.

Moreover, d(L) =
n∏

i=1

|b∗i |. �

In the following theorem we have collected the main inequalities for the
vectors of a reduced basis.

Theorem 8.1.2. Let b1, . . . , bn be a reduced basis of the lattice L. Then:

a) d(L) ≤
n∏

i=1

|bi| ≤ 2n(n−1)/4d(L) .

b) |bj| ≤ 2(i−1)/2|b∗i | for 1 ≤ j ≤ i ≤ n.
c) |b1| ≤ 2(n−1)/4d(L)1/n.
d) If x ∈ L and x �= 0, then |b1| ≤ 2(n−1)/2|x|.
e) If the vectors x1, . . . , xt ∈ L are linearly independent, then

|bj | ≤ 2(n−1)/2 max
{|x1|, . . . , |xt|

}

for 1 ≤ j ≤ t.

Proof. a) From the definition of a reduced basis it follows that

|b∗i |2 ≥
(

3
4
− µ2

i,i−1

)

|b∗i−1|2 ≥
1
2
|b∗i−1|2,

since |µi,i−1| ≤ 1
2 .
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A simple induction shows that |b∗j |2 ≤ 2i−j |b∗i |2 for i ≥ j. Therefore

|bi|2 = |b∗i |2 +
i−1∑

j=1

µ2
ij |b∗j |2 ≤ |b∗i |2

(

1 +
1+2+· · ·+2i−2

2

)

= |b∗i |2
(

1+2i−1

2

)

.

Hence
n∏

i=1

|bi|2≤ 1+1
2
· 1+2

2
·. . .· 1+2n−1

2

n∏

i=1

|b∗i |2≤1·2·. . .·2n−1d(L)2 =2n(n−1)d(L)2.

b) From the inequalities

|b∗j |2 ≤ 2i−j|b∗i |2 for i ≥ j

|bj |2 ≤ 1 + 2j−1

2
|b∗j |2 ≤ 2j−1|b∗j |2

we deduce that

|bj|2 ≤ 2i−j · 2j−1|b∗j |2 = 2i−1|b∗i |2 for i ≥ j.

c) Thanks to b) we have

|b1|2 ≤ |b∗1|2,
|b1|2 ≤ 2|b∗2|2,
. . . . . . . . . . . . . . . . .

|b1|2 ≤ 2n−1|b∗n|2.

The product of these inequalities yields

|b1|2n ≤ 2n(n−1)/2
n∏

i=1

|b∗i |2 = 2(n−1)/2d(L)2.

d) Express x in the form x =
n∑

i=1

ribi =
n∑

i=1

sib
∗
i , where ri ∈ Z and si ∈ R.

Let i0 be the greatest index for which ri �= 0. Then ri0 = si0 . Hence

|x|2 ≥ s2
i0 |b∗i0 |2 = r2

i0 |b∗i0 |2 ≥ |b∗i0 |2 ≥ 21−i0 |b1|2 ≥ 21−n|b1|2.

e) The vectors x1, . . . , xt cannot all belong to the subspace spanned by
b1, . . . , bt−1. Hence, for a vector xs, we have |xs| ≥ |b∗i |2, where i ≥ t (see d)).
Therefore, for j ≤ i, we obtain

|xs|2 ≥ |b∗i |2 ≥ 2j−i|b∗j |2 ≥ 2j−i · 21−j|bj |2 = 21−i|bj |2 ≥ 21−n|bj |2. ��
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Let us now describe the algorithm for calculating a reduced basis of the
lattice L. Suppose that the vectors b1, . . . , bk−1 form a reduced basis of the
lattice they span (we start with one vector, i.e., with k = 2). We adjoin
to them a vector bk which belongs to L but does not lie in the subspace
spanned by b1, . . . , bk−1. The construction of the basis of the lattice generated
by b1, . . . , bk is performed as follows.

Step 1(Fulfilling the condition |µkj | ≤ 1
2 .) Recall that µij =

(bi,b
∗
j )

(b∗j ,b∗j ) . Start

with l = k and suppose that |µkj | ≤ 1
2 for l < j < k. Replace bk by bk − qbl,

where q is the integer nearest to µkl. This transformation preserves µkj for
j > l (since b∗j ⊥ bl for l < j) and replaces µkl by µkl−q since (bl, b

∗
l ) = (b∗l , b

∗
l ).

Clearly, |µkl − q| ≤ 1
2 , and so after such a modification of the bi the condition

|µkj | ≤ 1
2 will be satisfied for l − 1 < j < k. Now repeat the operation.

Step 2 (Fulfilling the condition |b∗k|2 ≥ (3
4 −µ2

k,k−1)|b∗k−1|2.) Suppose that

|b∗k|2 < (
3
4
− µ2

k,k−1)|b∗k−1|2.

Then we replace the ordered set (b1, . . . , bk−2, bk−1, bk) by the ordered set
(b1, . . . , bk−2, bk, bk−1). Under this change b∗k−1 will be replaced by b∗k +
µk,k−1b

∗
k−1, and so |b∗k−1|2 will be replaced by

|b∗k|2 + µ2
k,k−1|b∗k−1|2 <

(
3
4
− µ2

k,k−1

)

|b∗k−1|2 + µ2
k,k−1|b∗k−1|2 =

3
4
|b∗k−1|2.

Let us consider the reduced basis b1, . . . , bk−2 and apply the first step of the
algorithm to it. Since |b∗k−1|2 decreases it follows that the algorithm converges
(for the rigorous proof of the convergence of the algorithm, see [Le2] and
[Co3]).

8.1.3 The lattices and factorization of polynomials

We recall that it remains to construct an algorithm which, for an irreducible
divisor h (mod p) of the polynomial f (mod p) without multiple divisors,
computes an irreducible divisor h0 of f for which h0 (mod p) is divisible by
h (mod p). In doing so, we may assume that h is a monic polynomial.

In intermediate calculations we have to consider divisibility modulo pk.
We therefore consider a more general case: let us assume that h (mod pk) is
an irreducible divisor of the polynomial f (mod pk) without multiple divisors,
the polynomial h is monic and h0 is an irreducible divisor of f for which h0

(mod p) is divisible by h (mod p). It is easy to verify that in this case h0

(mod pk) is divisible by h (mod pk). Indeed, the polynomial
f

h0
(mod p) is

not divisible by the irreducible polynomial h (mod p), i.e., these polynomials
are relatively prime. Therefore

λh + µ
f

h0
= 1− pν for some λ, µ, ν ∈ Z[x].
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Let us multiply both sides of this equality by (1 + pν + · · ·+ pk−1νk−1)h0. As
a result, we obtain λ1h + µ1f ≡ h0 (mod pk). But f (mod pk) is divisible by
h (mod pk), and so h0 (mod pk) is divisible by h (mod pk).

Let n = deg f and l = deg h. Fix an integer m ≥ l and consider the set of
all polynomials with integer coefficients of degree not greater than m which
are divisible by pk modulo h. As we have just shown, h0 belongs to this set if
deg h0 ≤ m.

To g(x) = a0 + · · · + amxm, we assign the point (a0, . . . , am) ∈ R
m+1.

Under this map the polynomials considered form a lattice L. Clearly, the
norm |g| =√∑ a2

i is just the Euclidean length in R
m+1.

The basis of the lattice L consists of the polynomials pkxi, where 0 ≤ i < l,
and the polynomials h(x)xj , where 0 ≤ j ≤ m − l. The coordinates of these
vectors (polynomials) relative to the basis 1, x, . . . , xm constitute a matrix

of the form
(

pkIl ∗
0 I ′

)

, where Il is the l × l unit matrix and I ′ is an upper

triangular matrix with units on the main diagonal. Hence d(L) = pkl.
Before we start describing the algorithm for calculating the polynomial h0,

we prove two theorems which provide the estimates we need.

Theorem 8.1.3. If a polynomial b ∈ L is such that |b|n · |f |m < pkl, then b is
divisible by h0. (In particular, (f, b) �= 1, where (f, b) is the greatest common
divisor of f and b.)

Proof. We may assume that b �= 0. Set g = (f, b). We would like to prove
that g is divisible by h0. To this end, it suffices to prove that g (mod p) is
divisible by h (mod p). Indeed, if g (mod p) is divisible by h (mod p) and
f

g
∈ Z[x], then

f

g
is not divisible by h0 because h (mod p) is a simple (of

multiplicity 1) divisor of f (mod p). Hence g is divisible by h0.
Suppose that g (mod p) is not divisible by h (mod p). The polynomial h

(mod p) is irreducible, and so g (mod p) and h (mod p) are relatively prime,
i.e., there exist polynomials λ1, µ1, ν1 ∈ Z[x] such that

λ1h + µ1g = 1− pν1. (1)

Let e = deg g and m′ = deg b. Clearly, 0 ≤ e ≤ m′ ≤ m. Set

M =
{

λf + µb | λ, µ ∈ Z[x], deg λ < m′ − e, deg µ < n− e
}

⊂ Z + Z · x + · · ·+ Z · xn+m′−e−1.

Denote by M ′ the image of M under the natural projection onto

Z · xe + · · ·+ Z · xn+m′−e−1.

First we show that, if the image of λf + µb ∈ M is equal to 0 ∈ M ′, then
λ = µ = 0. Indeed, in this case deg(λf +µb) < e, but λf +µb is divisible by g
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and deg g = e. Hence λf + µb = 0, i.e., λ

(
f

g

)

= −µ

(
b

g

)

. The polynomials

f

g
and

b

g
are relatively prime, and so µ is divisible by

f

g
. But deg µ < n− e =

deg
f

g
. Hence µ = 0, and therefore λ = 0.

Thus, the projections of the sets {xif | 0 ≤ i < m′− e} and {xjb | 0 ≤ j <
n− e} onto M ′ are, on the one hand, linearly independent and, on the other
hand, generate M ′. This means that the projections of these two sets form a
basis of the lattice M ′. In particular, the rank of the lattice M ′ is equal to
n + m′ − 2e. Moreover, by Hadamard’s inequality d(M ′) ≤ |f |m′−e|b|n−e.

By the hypothesis, |f |m|b|n < pkl. Since m′ ≤ m, we have

d(M ′) ≤ |f |m|b|n < pkl. (2)

Let us show that, if ν ∈ M and deg ν < e + l, then p−kν ∈ Z[x]. Indeed, the
polynomial ν = λf + µb is divisible by g = (f, b), and so having multiplied
(1) by (1 + pν1 + · · ·+ pk−1νk−1

1 )
ν

g
we obtain

λ2h + µ2h ≡ ν

g
(mod pk). (3)

We consider the situation when f (mod pk) is divisible by h (mod pk). Fur-
ther, b ∈ L, and so b (mod pk) is divisible by h (mod pk). Since ν ∈ M , it
follows that ν = λf +µb, so ν (mod pk) is divisible by h (mod pk). Therefore
(3) implies that ν/g (mod pk) is also divisible by h (mod pk). But

deg
(

ν

g
(mod pk)

)

< e + l − e = l

and h (mod pk) is a monic polynomial of degree l. Hence
ν

g
≡ 0 (mod pk),

and therefore ν ≡ 0 (mod pk).
In M ′, we can select a basis be, be+1, . . . , bn+m′−e−1 such that deg bj = j.

It is easy to verify that e + l− 1 ≤ n + m′− e− 1. Indeed, the polynomial b is

divisible by g, and so e = deg g ≤ deg b = m′; also
f

g
(mod p) is divisible by

h (mod p), and so

l = deg h ≤ deg f − deg g = n− e.

The elements be, . . . , be+l−1 ∈M ′ are obtained from the polynomials that lie in
M and are divisible by pk under the projection that annihilates terms of degree
lower than e. Therefore all the coefficients of the polynomials be, . . . , be+l−1

(in particular, their highest coefficients) are divisible by pk.
Clearly, the discriminant d(M ′) is equal to the absolute value of the prod-

uct of the highest coefficients of the polynomials be, . . . , bn+m′−e−1, and so it
is not less than the product of the absolute values of the highest coefficients
of be, . . . , be+l−1. Hence d(M ′) ≥ pkl. This contradicts inequality (2). �
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In the next theorem we, as earlier, assume that h is a monic polynomial
and f (mod pk) is divisible by h (mod pk); L is the lattice of polynomials
of degree not higher than m and divisible by h modulo pk; l = deg h and
n = deg f ; h0 is an irreducible divisor of f for which h0 (mod p) is divisible
by h (mod p), i.e., h0 (mod pk) is divisible by h (mod pk).

Theorem 8.1.4. Let b1, b2, . . . , bm+1 be a reduced basis of the lattice L. Sup-
pose that

pkl > 2mn/2

(
2m

m

)n/2

|f |m+n.

a) Then deg h0 ≤ m if and only if

|b1| < n

√

pkl

|f |m .

b) Suppose that, for a basis vector bj, we have

|bj | < n

√

pkl

|f |m . (∗)

Let t be the greatest of all such indices j. Then

deg h0 = m + 1− t; h0 = GCD(b1, . . . , bt);

and inequality (∗) holds for j = 1, . . . , t.

Proof. a) First, suppose that |b1|< n

√

pkl

|f |m , i.e., |b1|n · |f |m < pkl. Then

by Theorem 8.1.3, the polynomial b1 ∈ L is divisible by h0. On the other
hand, the condition b1 ∈ L implies that deg b1 ≤ m. Thus deg h0 ≤ m.

Now suppose that deg h0 ≤ m, i.e., h0 ∈ L. By Corollary of Mignotte’s

theorem (see page 154), |h0| ≤
√
(
2m
m

)|f |. By applying Theorem 8.1.2 (d) for
x = h0, we obtain

b1 ≤ 2m/2|h0| ≤ 2m/2

√
(

2m

m

)

|f |. (4)

By the hypothesis, 2mn/2
(
2m
m

)n/2|f |n < pkl

|f |m , i.e.,

2m/2

√
(

2m

m

)

|f | < n

√

pkl

|f |m . (5)

Formulas (1) and (5) yield the inequality desired: |b1| < n

√

pkl

|f |m .
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b) Let J be the set of all the indices j for which (∗) holds. By Theorem
8.1.3, if j ∈ J , then bj is divisible by h0. Therefore h1 = GCD(bj | j ∈ J) is
divisible by h0. Here if j ∈ J , then bj is divisible by h1 and deg bj ≤ m, i.e.,
bj belongs to the lattice

Z · h1 + Z · h1x + · · ·+ Z · h1x
m−deg h1 .

Since the vectors b1, . . . , bm are linearly independent, it follows that

|J | ≤ m + 1− deg h1, (6)

where |J | is the cardinality of J .
By Corollary of Mignotte’s theorem (see page 154), we have

|h0x
i| = |h0| ≤

√
(

2m

m

)

|f | for any i ≥ 0.

By definition, i = 0, 1, . . . , m − deg h0 for h0x
i ∈ L and these vectors are

linearly independent. Theorem 8.1.2 (e) is therefore applicable to them:

|bj | ≤ 2m/2|h0x
i| ≤ 2m/2

√
(

2m

m

)

|f | for 1 ≤ j ≤ m + 1− deg h0.

By the hypothesis, 2m/2
√
(
2m
m

)|f | < n

√

pkl

|f |m , and so

{1, 2, . . . , m + 1− deg h0} ⊂ J.

Since h1 is divisible by h0, it follows that deg h1 ≤ deg h0, and therefore

|J | ≥ m + 1− deg h0 ≥ m + 1− deg h1. (7)

By comparing the inequalities (6) and (7) we see that deg h0 = deg h1 = t
and J = {1, 2, . . . , t}.

It remains to verify that h0 = ±h1. Since h0 is a divisor of the polynomial
f with content 1, it follows that cont(h0) = 1. Let j ∈ J and dj = cont(bj).

By Theorem 8.1.3, the polynomial bj is divisible by h0. Therefore
bj

dj
is also

divisible by h0. Since h0 ∈ L, we deduce that
bj

dj
∈ L. But bj is a basis

element of the lattice L, and so dj = 1. This means that cont(h1) = 1, since
bj is divisible by h1. Thus h1 is divisible by h0 and cont(h1) = 1, and so
h0 = ±h1. �

Now we are able to describe the algorithm for calculating the polynomial
h0.
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An auxiliary algorithm. (For a fixed m, this algorithm verifies whether
or not deg h0 ≤ m. If this is true, then it calculates the polynomial h0.)

Initial data:
• polynomial f of degree n;
• a prime p;
• a positive integer k;
• a monic polynomial h for which f (mod pk) is divisible by h (mod pk);
the polynomial h (mod p) is irreducible and f (mod p) is not divisible by
h2 (mod p).

We also assume that the coefficients of h are reduced modulo pk, in
other words, lie between 0 and pk − 1 (here |h|2 ≤ 1 + lp2k.)
• a positive integer m ≥ l = deg h such that

pkl > 2mn/2

(
2m

m

)n/2

|f |m+n. (8)

Algorithm’s performance. For a lattice L with basis

{pkxi | 0 ≤ i < l} ∪ {hkxj | 0 ≤ j < m− l},

we find a reduced basis b1, . . . , bm+1.

If |b1| ≥ n

√

pkl

|f |m , then deg h0 > m and the algorithm stops.

If |b1| < n

√

pkl

|f |m , then deg h0 ≤ m and h0 = GCD(b1, . . . , bt), where t is

determined in the formulation of Theorem 8.1.4 (b).
Main algorithm. (The algorithm calculates an irreducible divisor h0 of

f such that h0 (mod p) is divisible by h (mod p)).
We may assume that l = deg h < deg f = n and the coefficients of h are

reduced modulo p, i.e., lie between 0 and p− 1.
Algorithm’s performance. First, we compute the least positive integer

k for which inequality (8) holds for m = n− 1:

pkl > 2n(n−1)/2

(
2(n− 1)
n− 1

)n/2

|f |2n−1.

Next, for the factorization f ≡ hg (mod p), we calculate its Henzel’s lift
f ≡ hg (mod pk), where k is the positive integer just computed. Here h ≡ h
(mod p) and the coefficients of h are assumed to be reduced modulo pk.

Let u be the largest integer for which l ≤ n−1
2u . We consecutively execute

the auxiliary algorithm for m =
[

n−1
2u

]

,
[

n−1
2u−1

]

, . . . ,
[

n−1
2

]

, n − 1 until we
compute h0. If we are unable to compute h0, then deg h0 > n− 1 and h0 = f ,
i.e., f is irreducible.
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Tchebychev de première espec̀e, C. R. Acad. Sci. Paris 268 (1969), A385–
A386.

[Da2] Davenport H., Multiplicative number theory, Markham Publ. Co., Chicago,
1967.

[Da3] Davenport H., Lewis D. J., Schinzel A., Polynomials of certain special types,
Acta Arithm. 9 (1964), 108–116.

[Do1] Dobbertin H., Schmieder G., Zur Charakterisierung von Polynomen durch
ihre Null- und Einsstellen, Arch. Math. 48 (1987), 337–342.

[Do2] Dörge K., Einfacher Beweis des Hilbertschen Irreduzibilitätssatzes, Math.
Ann. 96 (1927), 176–182.

[Du1] Dubois D. W., Note on Artin’s solution of 17th Hilbert’s problem, Bull. Amer.
Math. Soc. 73 (1967), 540–541.

[Du2] Dumas G., Sur quelques cas d’irréductibilité des polynômes à coefficients
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(a, b), (a, ..., z), see divisor, common,
greatest, 47

(f1, . . . , fn), see GCD, 234
Ci-field, 273
G(K, k), Gk(f), see Galois group, 192
V n+1, the space of polynomials of

degree ≤ n, 105
Gal, see Galois group, 216
Galp, see Galois group, 216
Res(ϕ, f)(x), see polynomial, resolvent,

213
≥ and > orderings of a field, 259
λ ≥ µ for partitions, 81
〈a1, . . . , an〉, 270
〈〈a1, . . . , an〉〉, 271
∼, a relation, 196
ζ(s), Riemann zeta-function, 116
n0(P ), the number of distinct roots of

the polynomial P , 154
p-field, 231
p-integer number, 120
q-binomial coefficient, 88
[a, b], an automorphism of K = k(α, ε),

197

Abel-Galois criterion, 208
absolute value, 139
absolute value non-Archimedean, 139
absolute value p-adic, 140
algorithm, Berlekamp, 68
algorithm, Buchberger, 239
algorithm, Cantor and Zassenhaus, 70
Algorithm, Euclid, 47
algorithm, Euclid, 47

algorithm, Kronecker, 49
algorithm, Lenstra-Lenstra-Lovász, 279
Almkvist-Meurman theorem, 122
Anderson’s theorem, 13
Andrushkiw-Thom theorem, 137
Appel’s relation, 114
Artin’s theorem, 268
Artin–Lang theorem, 266
Artin-Cassels-Pfister theorem, 248
Artin-Schreier theorem, 264
Askey’s theorem, 109
Aziz’s theorem, 11

Bürmann’s series, 39
basis of the lattice, reduced, 281
basis, Gröbner, 235, 236
Berlekamp’s algorithm, 68
Bernoulli number, 113
Bernoulli polynomial, 113
Bertrand’s postulate, 51
binomial coefficient, Gauss, 88
Borsuk–Ulam theorem, 233
Buchberger’s algorithm, 239
Buchberger’s theorem, 237, 240

Cantor and Zassenhaus algorithm, 70
Cauchy’s theorem, 3
Cauchy-Riemann relations, 36
center of mass, 5
center of mass with respect to a point, 5
character, 198
Chinese remainder theorem, 69
Choi–Lam proof, 253
circulant, 126
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circular domain, 8
closure, real, 263
closure, real of a field, 261
composition of polynomials, 10, 102
conjecture, Sendov-Ilieff, 18
conjugate elements, 192
content of a polynomial, 49
continuation, Hensel, 72
criterion, Abel-Galois, 208
criterion, Dumas, 55
criterion, Eisenstein, 50, 55
cyclic extension, 197

Davenport’s inequality, 155
degree of a variety, 227
degree of the module, 227
derivative of f(z) with respect to a

point, 7
Descartes Rule, 28
dimension of the module, 227
discriminant, 23, 80
disk, Jensen, 15
divisor, common, 47
divisor, common, greatest, 47
domain, circular, 8
Dumas’s criterion, 55
Dumas’s theorem, 53

Eisenstein’s criterion, 50, 55
elements, conjugate , 192
Eneström-Kakeya theorem, 4
equation, abelian, 204
equation, lemniscate division, 204
equation, Pell, 104
equation, solvable by radicals, 199
equivalence of quadratic forms, 270
Euclid’s algorithm, 47
Euler’s formula, 116
Euler’s theorem, 117
extension, cyclic, 197
extension, Galois, 192
extension, normal, 192
extension, radical, 199
extension, simple radical, 196
extremal point, 254

Faulhaber-Jacobi theorem, 118
Feldman’s theorem, 151
field, (formally) real, 260

field, ordered, 259
field, real closed, 261
field, skew, 97
field, splitting, 187
form represents an element, 270
form, universal, 274
forms quadratic, equivalent, 270
forms quadratic, multiplicative, 270
formula, Euler, 116
formula, inversion, Möbius, 90
Fourier–Budan theorem, 27
function, generating, 77, 109
function, Möbius, 90

Galois extension, 192
Galois group, 184, 192
Galois resolvent, 186
Gauss’s binomial coefficient, 88
Gauss’s lemma, 49, 140
Gauss-Lucas theorem, 13
GCD, see greatest common divisor, 234
Gelfond’s theorem, 145
generating function, 77, 109
Gröbner basis, 235, 236
Gröbner basis, minimal, 239
Gröbner basis, reduced, 240
Grace’s theorem, 8
Grace-Heawood theorem, 17
greatest common divisor, 234
group solvable, 199
group, Galois, 184, 192

Hadamard’s inequality theorem, 281
height of a polynomial, 140
height of the polynomial in several

variables, 141
Hensel’s continuation, 72
Hensel’s lemma, 72
Hermite’s interpolation polynomial, 136
Hilbert’s basis theorem, 219, 220
Hilbert’s irreducibility theorem, 65
Hilbert’s polynomial, 224, 226
Hilbert’s seventeenth problem, 266
Hilbert’s seventh problem, 141
Hilbert’s theorem, 225, 253
Hilbert’s theorem on non-negative

polynomials, 253
Hilbert’s theorem on roots, 221
Hilbert’s theorem on zeros, 221
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homogeneous ideal, 225
homogeneous submodule, 229
Hurwitz’s theorem, 251

ideal, 219
ideal, finitely generated, 220
ideal, homogeneous, 225
ideal, prime, 227
identity, Jacobi-Trudi, 84
inequality between the arithmetic and

geometric means, 251
inequality, Davenport, 155
inequality, Hadamard, 281
integer, algebraic , 173
integer-valued polynomial, 85
interpolation nodes, 133

Jacobi-Trudi identity, 84
Jensen’s disk, 15
Jensen’s formula, 142
Jensen’s theorem, 15

Kronecker’s algorithm, 49
Kronecker’s substitution, 141
Kronecker’s theorem, 36, 175, 176, 212
Kummer’s theorem, 120

Lagrange resolvent, 198, 206
Lagrange’s interpolation polynomial,

133
Lagrange’s interpolation theorem, 133
Lagrange’s series, 39
Lagrange’s theorem, 181
Laguerre’s theorem, 6
lattice, 280
lattice, determinant of, 280
lattice, rank of, 280
Lehmer’s theorem, 116
Lemma, Gauss, 49, 140
Lemma, Hensel, 72
Lemma, Jensen, 142
Lemma, Noether’s on normalization,

222
Lemma, Pólya, 58
length of the polynomial, 144
Lenstra-Lenstra-Lovász algorithm, 279
lexicographical order, 235
Liouville’s theorem, 177
Ljunggren’s theorem, 63

LLL’s theorem, 284, 286
LLL-algorithm, 279, 280

Möbius function, 90
Möbius inversion formula, 90
Möbius’s theorem, 90
Mahler’s measure, 142, 148
Mason’s theorem, 154
matrix, Sylvester, 21
measure, Mahler, 142, 148
Meier’s theorem, 277
Mignotte’s theorem, 152
Minkowski’s theorem, 176
module, 224
module, degree of, 227
module, dimension of, 227
module, finitely generated, 224
module, graded, 224
module, integral, 228
Muirhead’s theorem, 82

Nathanson’s theorem, 158
Newman’s theorem, 159
Newton diagram of the polynomial, 52
Newton diagram, segment of, 53
Newton diagram, side of, 53
Newton diagram, the vector of a

segment, 53
Newton’s formulas, 78
Newton’s interpolation polynomial, 135
Newton’s problem, 41
Newton-Sylvester theorem, 29
nodes of interpolation, 133
Noether’s lemma on normalization, 222
Noether–Lefshetz theorem, 276
non-negative polynomial, 244
norm of the polynomial, 146
normal extension, 192
Nullstellensatz, 221
number of sign changes, 27
number, algebraic, 173
number, algebraic, totally real, 174
number, Bernoulli, 113
number, transcendental, 176
numbers, conjugate, 173

order of monomial, 79
order, lexicographical, 235
Ostrovsky’s theorem, 3, 4
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Pólya’s lemma, 58
Pólya’s theorem, 58
partition, 81
Pell’s equation, 104
Perron’s theorem, 56
Pfister’s theorem, 271, 275
point, extremal, 254
polynomial divisible, 47
polynomial, apolar, 8
polynomial, abelian, 204
polynomial, abelian, cyclic, 204
polynomial, Bernoulli, 113
polynomial, cyclotomic, 89
polynomial, generic, 172
polynomial, height of, 140, 141
polynomial, Hilbert, 224
polynomial, Hilbert’s, 226
polynomial, interpolation, 133, 135, 136
polynomial, irreducible, 48
polynomial, length of, 150
polynomial, monic, 20
polynomial, non-negative, 244, 268
polynomial, recursive, 59
polynomial, reducible, 48
polynomial, reducible, in several

variables, 65
polynomial, resolvent, 213
polynomial, skew-symmetric, 81
polynomial, Sturm sequence of, 31
polynomial, symmetric, 77
polynomial, symmetric, complete

homogeneous, 77
polynomial, symmetric, elementary, 77
polynomial, symmetric, monomial, 78
polynomial, the content of, 49
polynomials, commuting, 102
polynomials, equivalent pairs of, 102
polynomials, orthogonal, 105
polynomials, stable, 11
postulate, Bertrand, 51
prime ideal, 227
Problem, Newton, 41
problem, Routh-Hurwitz, 11
Problem, Waring, 159
problem, Waring, for polynomials, 159

reduced basis of the lattice, 281
relation, Appel, 114
residue, 235

resolvent polynomial, 213
resolvent, Galois, 186
resolvent, Lagrange, 198, 206
resultant, 21
Riemann zeta-function, 116
ring, graded, 224
Risler’s theorem, 270
Ritt’s theorem, 103
Rogosinski’s theorem, 107
Roth’s theorem, 179
Rouché’s theorem, 1
Routh- Hurwitz problem, 11
Rule, Descartes, 28

S-function, 83
S. Bernstein’s theorem, 146
Schur function, 83
Schur function, skew, 83
Sendov-Ilieff conjecture, 18
series, Bürmann, 39
series, Lagrange, 39
skew field, 97
Sonnenschein’s theorem, 170
stable polynomials, 11
Stengle’s theorem, 270
Sturm sequence, 31
Sturm’s theorem, 31
subgroup, transitive, 195
submodule homogeneous, 229
subpartition, 84
sums of powers, 78
Sylvester matrix, 21
Sylvester’s theorem, 32, 172
Szegö’s theorem, 10

Tchirnhaus transformation, 166
Theorem of addition of arguments, 115
Theorem of complement, 115
Theorem of multiplication, 115
Theorem on a primitive element, 189
Theorem on Hadamard’s inequality, 281
Theorem on the center of mass, 6
Theorem on the Galois correspondence,

194
Theorem, Almkvist-Meurman, 122
Theorem, Anderson, 13
Theorem, Andrushkiw-Thom, 137
Theorem, Artin, 268
Theorem, Artin–Lang, 266
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Theorem, Artin-Cassels-Pfister, 248
Theorem, Artin-Schreier, 264
Theorem, Askey, 109
Theorem, Aziz, 11
Theorem, Borsuk–Ulam, 233
Theorem, Buchberger, 237, 240
Theorem, Cauchy, 3
Theorem, Chinese remainder, 69
Theorem, Dumas, 53
Theorem, Eneström-Kakeya, 4
Theorem, Euler, 117
Theorem, Faulhaber-Jacobi, 118
Theorem, Feldman, 151
Theorem, Fourier–Budan, 27
Theorem, Gauss-Lucas, 13
Theorem, Gelfond, 145
Theorem, Grace, 8
Theorem, Grace-Heawood, 17
Theorem, Hilbert, 225, 253
Theorem, Hilbert, on basis, 219, 220
Theorem, Hilbert, on irreducibility, 65
Theorem, Hilbert, on roots, 221
Theorem, Hilbert, on zeros, 221
Theorem, Hurwitz, 251
Theorem, Jensen, 15
Theorem, Kronecker, 36, 175, 176, 212
Theorem, Kummer, 120
Theorem, Lagrange, 181
Theorem, Lagrange’s interpolation, 133
Theorem, Laguerre, 6
Theorem, Lehmer, 116
Theorem, Liouville, 177
Theorem, Ljunggren, 63
Theorem, LLL, 284, 286
Theorem, Möbius, 90
Theorem, Main, on symmetric

polynomials, 79
Theorem, Mason, 154
Theorem, Meier, 277
Theorem, Mignotte, 152
Theorem, Minkowski, 176
Theorem, Muirhead, 82
Theorem, Nathanson, 158

Theorem, Newman, 159
Theorem, Newton-Sylvester, 29
Theorem, Noether–Lefshetz, 276
Theorem, of Algebra, Fundamental, 1
Theorem, on ideals in K[x], 234
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