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Preface

This book supplements some of our (Agarwal and O’Regan) previous books
published by Springer-Verlag. These books have been downloaded by almost
400,000 mathematicians and engineers. Over the last number of years, we realized
that in order to make these books more complete, we should include applications in
a variety of areas. Initially, we thought this would be a short project but as you can
see in this book, it amounted to a huge project of over 385 pages. In addition, some
of the applications we consider hopefully will motivate future research for engi-
neers and mathematicians, especially in the area of nonlinear boundary value
problems. In this present book, we include only the minimum required theory
(without proofs) and illustrate the theory from real-world problems with 500 or so
examples and problems.

In Chap. 1, we discuss first-order linear differential equations and a few of the
many applications in this chapter include the growth of bacteria colonies, sound
waves traveling through air, commodity prices, suspension bridges, and the motion
of oil in a cylinder. Nonlinear first-order differential equations are considered in
Chap. 2 and some of the applications here include the study of rumor spread, the
flow of water in an open tank through a small hole in the bottom, and the model
of the shape of a tsunami. Chapters 3 and 4 discuss second (and higher)-order
differential equations via Wronskian’s and power series. Among the many appli-
cations in these chapters, the authors discuss problems that arise in simple
mechanical spring—mass systems, wave motion, investment models, electrical cir-
cuits, planetary motion, models of the circulation of blood in blood vessels,
quantum mechanics, the response of the accelerogram in recording earthquakes,
chemical reaction models, and statistical mechanics. In Chap. 5, we discuss
first-order differential systems via Wronskian’s and the fundamental matrix. Linear
and nonlinear systems are both discussed. Applications in this chapter to name but a
few include models on love, price-demand—supply models, radioactive decay,
predator—prey examples, interacting SIR disease models, and probability examples.
Unfortunately, one of the major problems in differential equations is that it is
usually impossible to obtain solutions to problems in closed (exact) form. As a
result, one is forced to consider numerical methods in differential equations and this

vii



viii Preface

is discussed in Chap. 6. Here, numerical solutions are considered in a variety of
problems, for example, the effect of malaria and other diseases, fox populations in
which rabies is present and the heat flow in an electron tube filled with an inert gas.
In Chap. 7, we discuss how one could obtain qualitative information (in particular
stability information) for solutions to differential equations. This arises since usu-
ally one cannot obtain solutions in closed form and numerical solutions might give
no information on stability (that is, on what happens to the solution when one
makes small changes to the initial data). Again, a variety of applications are pre-
sented, for example, in the study of the variation of host and parasite populations
with time and the model of a simple food chain in a chemostat (a system in which
the chemical composition is kept at a controlled level). Linear boundary value
problems are discussed in Chap. 8 and among the many examples we include a
variety of elastic string (or beam) models and heat conduction problems. Our final
chapter, Chap. 9 is the most interesting for potential future research in differential
equations. We consider nonlinear boundary value problems and we pay particular
attention to the theory of upper and lower solutions. This chapter is a compendium
of applications, including examples from electricity, problems involving
non-Newtonian fluid flow, examples involving shape deformation of a membrane
cap, or problems on the analysis of the performance of solid-propellant rockets.

The field of differential equations focuses mainly on its theory regarding prop-
erties of the equations or the existence and uniqueness of their solutions, but lacks
in real-life applications that can be solved at the undergraduate level. Students
would be more motivated to study the material of differential equations and retain it
better if they are exposed to plenty of world applications. This book presents an
unprecedented number of real-life applications of differential equations together
with the underlying theory and techniques.

In writing a book of this nature no originality is claimed, only a humble attempt
is made to present the applications as simply, clearly, and accurately as possible. It
is hoped that it will motivate an inquisitive reader to generate future research
(motivated from the applications included in this book) in this vast and
ever-expanding field.

Kingsville, USA Ravi P. Agarwal
Kingsville, USA Simona Hodis
Galway, Ireland Donal O’Regan



Contents

1 First-Order Linear Differential Equations. . . . ............... .. 1
References . . ... ... 19
2 Some First-Order Nonlinear Differential Equations ... ... ... .. .. 21
References . . .. ... .. ... .. 45
3 Second- and Higher Order Differential Equations .............. 47
References . . .. ... . 83
4 Power Series Solutions . . ............... ... L. 85
References . . ... ... . . 114
5 Systems of First-Order Differential Systems . . ................. 115
References . . ... ... .. 161
6 Runge-Kutta Method . . .......... ... ... ... ... ... ... ..., 163
References . . . ... ... . 182
7 Stability Theory . ....... ... ... . ... . . . 183
References . . ... ... . . 220
8 Linear Boundary Value Problems. . .. ....................... 221
References . . . ... . 291
9 Nonlinear Boundary Value Problems . . ...................... 293
References . . .. ... .. .. . .. 375
Author Index. . . ... .. ... .. . .. 379
Subject Index. . . . ... .. .. 383

ix



Chapter 1 ®)
First-Order Linear Differential Geda
Equations

Consider the first-order linear differential equation

/ _ r_ d_
y+p®y = q@), "= T (L.D

where the functions p and g are continuous in an open interval I = («, 3) [1]. We
can find the general solution of (1.1) in terms of the known functions p and g by
multiplying both sides of (1.1) by an integrating factor "), where P (¢) is a function
such that P’(t) = p(t). Indeed, we have

EP(,)Y/ + ep(t)P(f)y = eP(t)CZ(t),

or
/
(€"y) = e g

and hence an integration gives

t
POy = / ePWq(s)ds +c,

or
y(t) = e P® |:/ eP9q(s)ds + c] , (1.2)

where c is an arbitrary constant.
If along with the differential equation (1.1) an initial condition

y(to) = yo, o€l (1.3)
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2 1 First-Order Linear Differential Equations

is given, then it is convenient to choose P (¢) such that P'(¢t) = p(t), P(t) =0, i.e.,
P() = fzz p(s)ds. Then, the unique solution of the initial value problem (1.1), (1.3)
can be written as

t
y(t) = e POy e PO / e"9q(s)ds. (1.4)

fo

If p(¢) = p, q(t) = q are constants, then P(¢t) = p(t — #p) and (1.4) reduces to
y(t) — e—P(t—fo)yo + Z (1 _ e—ﬂ(t—to)) . (1'5)
p

In many natural processes, the rate of change of a physical quantity is proportional
to the current amount of the quantity. This leads to solving a differential equation of
the form y’ = ky, where k is a constant.

Example 1.1 A pesticide sprayed onto tomatoes decomposes into a harmless sub-
stance at a rate proportional to the amount M (¢) still unchanged at time ¢. If an initial
amount of 10 pounds sprayed onto an acre reduce to 5 pounds in 6 days, when will
80% of the pesticide be decomposed?

Clearly, M (¢) satisfies the differential equation

dM
— = —kM,
dt

where k > 0 is a constant. The solution of this differential equation is M (¢) =
Mye ', where My = M (0) = 10 and 7 is the time in days. Since M (6) = 51is given,
we have 5 = 10e=% or k = — In(0.5)/6. Let T be the time when M(T) = 2, i.e.,
80% decomposed, then we have 2 = 10e %7, or T = —1n(0.2)/k = 6(—1In(0.2))/
(—1n(0.5)) ~ 13.9 days.

Example 1.2 Under certain conditions such as when enough food and space is avail-
able, bacteria colonies grow at a rate that is directly proportional to the population
of the colony. If P(¢) denotes the population of the colony at a time ¢, this means
that P’ = kP, where k is a constant. If the population of a colony of bacteria was
120 initially (¢ = 0) and after 3h (¢ = 3), the population was 200 and what was the
population when ¢ = 2, i.e., 2h after the initial time?

Since P(0) = 120 it follows that P(r) = 120¢*. We also know P (3) = 200, and
hence k = (1/3)In(5/3) ~ 0.1703. Thus, P(¢) = 120e%179% and from this we find
P(2) = 1203406 ~ 169.

Example 1.3 When sound waves travel through air (or any other medium), their
intensity / is governed by the differential equation

dl

— = —al,
dx



1 First-Order Linear Differential Equations 3
where x is the distance traveled, and a > 0 is a constant. The solution, I = Ipe™%*
show that the intensity decreases exponentially with distance. A similar law, known as
Lambert’s law (Johann Heinrich Lambert (1728-1777); however, earlier discovered
by Pierre Bouguer (1698-1758) in the year 1729), holds for the absorption of light
in a transparent medium.

Example 1.4 Consider the absorption of X-rays through a homogeneous partially
opaque body (see Fig. 1.1). The decay of X-ray intensity denoted as [ is a function
of penetration distance 7. In a thin slice of the object perpendicular to the direction
of incidence of the x-rays, the absorption, i.e., I (r + Ar) — I (r) is proportional to
the intensity, the density of the medium, and the thickness. Thus, we can write

I(r) I(r+ Ar)
Ar
Fig. 1.1
Al = I(r+Ar)—1(r) = — DI(r)Ar,

where D is a constant. This relation immediately leads to the differential equation

dl
— =-DI.
dr
Example 1.5 Suppose that a sum of money P, is deposited in a bank that pays
interest r at an annual rate. The value P (¢) of the investment at any time ¢ depends
on the frequency with which interest is compounded. Banks have different schemes
for compounding such as annually, biannually, quarterly, monthly, weekly, or even
daily. If we assume that compounding is done continuously, then we can describe
the growth of the investment with the help of the following initial value problem

ar P, PO P

o =P 0) = P
where d P /dt denotes the rate of change of the value of the investment. Clearly, its
solution P(¢#) = Pye’" indicates that a bank account with continuously compounding
interest grows exponentially. We also note that if the interest is compounded m times
per year, then

P@) = A1 +%)m
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and from calculus, we have

mt
lim Py (1 + 1) = Py
m—00 m
Example 1.6 Let N (t) denote the number of atoms of a radioactive substance present
attime 7. The physicist Lord Ernest Rutherford (1871-1937) showed that the number
of atoms that disintegrate per unit time d N /dt is proportional to N, i.e.,

dN
— =kN,
dt

and hence N (1) = Nye*’, where N is the number of atoms present at time ¢ = 0.
The disintegration of a radioactive substance governed by the differential equation
N’ = kN is called a first-order reaction. The most common measure as to how fast a
radioactive substance decomposes is its half-life, i.e., time ¢t = #; when N (¢) reduces
to Ny/2. This means

1 kt
zNo = N(t1)) = Noe™",
which gives
k= —t7"In2. (1.6)
Thus, N (¢) can be rewritten as
N(t) = Nye "@/n (1.7)

For Uranium U-238 the half-life is known to be 4.5 billion years, whereas for Carbon
C-14 it is 5730 years, and for white lead it is only 22 years (see Table 1.1).

This table explains why some of the unstable elements in the periodic table are
not found in natural minerals: whatever quantity may have been present when the
Earth was born has long since been transformed into more stable elements.

Now we shall show that if N'(T") and N’(0) are known then T can be determined.
For this, we have N'(T) = kN(T) and N’'(0) = kN (0) and hence

N'(T)  N(I) _ Ne™
N'(0) ~ N@©O =~ Ny

which gives

1 <N/(T)> f <N/(T)>
T = -In(—2) = — L in(—2). (1.8)
k N'(0) In2 N’(0)
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Table 1.1
Element Nuclide Half-life
Aluminum 261 7.4 x 10° years
Beryllium 10Be 1.51 x 10% years
Carbon l4c 5730 years
Chlorine 36C1 3.01 x 10° years
Todine 1317 8.05 days
Potassium 40K 1.2 x 10° days
Polonium 209pq 100 years
Polonium 210pg 138 days
Radon 222Rn 3.82 days
Radium 226Ra 1700 years
Radium 220Ra 23 milliseconds
Thorium 230Th 75000 years
Uranium 28y 4.51 x 10° years

An interesting application of radioactive decomposition in archeological research
is radiocarbon dating. The time of death of an ancient living thing can be determined
by measuring the proportion of radiocarbon remaining in a sample. The technique
was developed by Willard Frank Libby(1908-1980) around 1950 and this led to him
a Nobel Prize. Radiocarbon C-14 is a radioactive form of carbon that is present in
the Earth’s atmosphere. All living plants and animals absorb radiocarbon as a part of
their life processes. Thus, the radiocarbon that decays in a living thing is replaced,
so the level remains essentially constant. After the living thing dies, the C-14 is not
replaced and decays with half-life 5730 years. Based on this theory the age of the
cave paintings at Lascaux, France has been estimated as 15,500 years. Further, after
generations of controversy, in the year 1988, the Shroud of Turin was shown to have
been made later than 1200 A.D.

If a sample of charred wood from an excavated composite is found to have 16%
of the original amount of C-14, how old is the site? From (1.7) it follows that

16
_N — N 71[1(2)[/[]
100 0 = T0°
and hence 5730
t = — ——1In(0.16) =~ 15150 years.
In(2)

A piece of charcoal excavated in Nippur in 1950 registered an average of 4.029
counts per minute, (i.e., N'(T) = 4.029), while a piece of living wood registered an
average of 6.68 counts per minute, (i.e., N'(0) = 6.68) (for details, see [7]). Thus,
from (1.8), we have
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5730 4.029

T = — In{ ——— ) =~ 4180 years.
In(2) 6.68

Hence the tree was alive in 2230 B.C.

Example 1.7 Let S(t) denote the number of scientists at time 7, bS(f)At and
dS(t)At be the number of new scientists trained and retire from science in the
time period (¢, t + At). Then, we have

S+ At) —S#) = bSWAt —dS(t)At = (b—d)S(t)At

and this leads to the differential equation S’ = (b — d)S. Hence, the number of
scientists change at an exponential rate. The same model applies to science and
technology, and in particular mathematics, and double themselves in a certain period
of time. If the doubling time of scientists is less than the doubling period of the human
population (which is happening now), and this trend continues, then eventually every
human being will become a scientist.

Example 1.8 Around 1800, Rev Thomas Robert Malthus (1766—1834), a political
economist, studied the population of Europe and noted that it doubled at regular
intervals. Continued study indicated that the rate of increase of the population was
proportional to the present population. He formulated the law known as Malthusian
law of population growth as P’(t) = k P (¢). If initially the number of people P (0) is
known, then from this differential equation, the population P (¢) at a later time ¢ can
be obtained as P(¢) = P(0)e*". The population of the USA between 1790 and 1890
roughly corresponded to the formula P (t) = 3.9¢%%'%  where P(t) is the population
in millions ¢ years after 1790.

To accommodate birth and death rates in Malthus model, we can take k = b —
d, where b is the number of individuals born and d is the number of individuals
die per unit time. This gives P(t) = P(0)e®=®". Thus, if b > d the population
grows exponentially and will become double of its present (¢t = 0) size at time t; =
In2/(b — d).If b < d the population will decay exponentially and will become half
of its present size at time f, = In2/(d — b). Clearly, t; and t, are independent of
P(0) = 0. If b = d, then the population will remain constant.

If there is immigration from outside at a rate proportional to the size of the pop-
ulation, the effect will be the same as increasing the birth rate. Similarly, if there is
emigration at a rate proportional to the population size, the effect will be the same
as increasing the death rate. However, if immigration and emigration take place at
constant rate i and e, respectively, then the differential equation we need to solve is

dP
E:bP—dP—i—i—e:kP—i—q, (1.9)

whose solution in view of (1.5) can be written as
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P@t) = oM (P(O) n z) _ 4 (1.10)
k k
If k < 0, then from (1.10) it follows that lim;_, », P(¢) = —q/k, i.e., eventually
the population will stabilize at (—g/k).
The above model can be applied to a wide variety of applications. For example,
consider the timber in a forest. Planting of new plants will correspond to immigration
and cutting of trees will correspond to emigration.

Example 1.9 (Isaac Newton’s (1642—1727) law of cooling) Law of cooling states
that the rate of change of the temperature of an object is directly proportional to the
difference between its temperature 6(¢) and the temperature of its surroundings 7',
ie.,

do

o= —k@-1). (1.11)

where k > 0 (if @ > T then the object will become cooler with time, i.e., ' < 0).

In the investigation of a homicide or accidental death, it is often important to
estimate the time of death. We shall show that Eq. (1.11) can be used to estimate the
time of death. For this, let = 0 be time when the corpse was discovered and its
temperature measured to be 6. Let z; be the time of death and the body temperature
0, was normal 98.6° F. Finally, let after time #, the temperature of the body be 6.
From the differential equation (1.11) and from these measurements, we find

0t) =T +e ¥ @Oy —T),
0, =T + ek Gy —T),
0 =T +e @, —T)

b= (=T /(0 =T (1.12)
= n n . .
TGy —T 0o — T

Inparticular,if 7 = 60°F, 6y = 85°F, t; = 4hand§; = 72°F then from (1.12),
we find f; > —2.367 h. Thus, the body was discovered approximately 2 h, 22 min after
death.

and hence

Example 1.10 Let p(t) denote the price of a commodity at time ¢, then its rate of
change is proportional to the difference between the demand d (¢) and the supply s(¢)
of the commodity in the market, i.e.,

‘;_’t’ = k[d@) —s@)]. (1.13)

Clearly, if demand is more then the supply, the price increases and hence the constant
k > 0. Now we assume that d(¢) and s(¢) are linear functions of p(t), i.e.,
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d(t) = dy+dip(t) and s(¢t) = so+s1p(t), dy <0, s1>0.
Then, the Eq. (1.13) takes the form

d
= Ka=Bp0) a=(—s). f=(s—d)>0, (1.14)

The solution of (1.14) can be written as

Clearly, p(t) — /0 (equilibrium price) as t — oo.

Example 1.11 Often, it is convenient to divide a physical or biological process into
several distinct stages. The process is then described by the interactions between the
individual stages. Each such stage is named a compartment, and the process is called
a compartmental system. It is always assumed that the contents of each compartment
are homogeneous. The substance transferred from one compartment to another is
immediately merged into the latter. Here, we shall study one-compartment systems
which consist an amount y(z) of substance, an input rate /(z) at which substance
enters the system, and a fractional transfer coefficient k indicating the fraction of
the substance removed from the system per unit time (see Fig. 1.2). Thus, the rate
at which the amount y(#) changes depends on the difference between the input and
output at any time ¢, i.e.,

I(t) ky(t)
— Yt
Fig. 1.2
y'(t) = 1(t) —ky(t). (1.15)

This equation is often called an equation of continuity, or a conservation equation.

Consider a tank containing 1000 gallons of water in which 50 pounds of salt is
dissolved. Suppose 10 gallons of brine, each containing 1 pound of salt, runs into
the tank per minute, and the mixture is kept uniform by stirring, runs out of the tank
at the rate of 8 gallons per minute. We shall find the amount of salt y(¢) (in pounds)
in the tank at any time ¢ (after # minutes).

Clearly, here I (t) = 101b/min, and k is not a constant rather

4
k = k(t) = 8 - Ib/min.
1000 + 10 — 8¢ 500 + ¢
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Thus, the differential equation (1.15) takes the following form:

_ 0
dr 500+

which can be solved to obtain
y(t) = 2(500 + 1) + ¢(500 + 1)~*.

Now since y(0) = 50 it follows that ¢ = —950(500)* and hence

—4
t

t) = 2500 +1)—950(1+ — .

(1) = 2(500 + 1) <+500>

Example 1.12 A crude way of estimating the volume V of blood in the human body
is as follows: Let the initial concentration of glucose in the bloodstream be ¢(0),
which is measured by taking a sample of blood. We inject a given amount of glucose
in the bloodstream and then, say, after 2min find the increase in concentration of
glucose in a sample of blood. For greater accuracy, we introduce glucose in the blood
stream at a constant rate /. Glucose is also removed from the bloodstream due to
the physiological needs of the human body at a rate proportional to g(¢). Thus, the
continuity principle gives

dg
V=L = [ —kg. 1.16
o g (1.16)

Since I and ¢g(0) are known, to find V and k from (1.16) we need to measure concen-
tration of glucose in the blood at two different times, i.e., g(¢;) and g(#,) where t; < t,.

By all methods, the volume of blood in human body turns out to be 5-6 L which
is distributed in heart, aorta, main arteries, arterioles, capillaries, veins, etc.

Example 1.13 Let a dose D of a medicine be given to a patient at regular intervals
of duration T each. The medicine also disappears from the body according to the
following simple rule A’(f) = —kA(t), where A(¢) is the amount of the medicine at
time ¢. Since A(0) = D, it follows that

A@t) = De™™, 0<t<T.

At time T, the residue of the first dose is De " and now another dose D is given,
so that

A@t) = (De™™ +D)e ™™D = De ™™ + De™*"T) | T <t <2T. (1.17)

In (1.17), the first term gives the residual of the first dose and the second term gives
the residual of the second dose. Continuing in this way, we get
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A(t) = De ™8 4 De k=) ... 4 pe=kt=(=DT)

=D —kt 1 kT k(n—1)T
¢ [kn;”" teoote ] (1.18)

_it € -
= De ktﬁ, (n—1DT <t <nT.
From (1.18), it follows that A(¢) is discontinuous at 7', 2T, - - - . Moreover,
_ p—knT kT _ p—knT

Hence, the medicine never exceeds the amount D/(1 — ¢*T). The minimum in an
interval occurs at the end of each interval. This also increases, but always lies below
D/(e*T — 1). This gives us at least some information as to what happens to the drugs
which we take on long term basis for the illnesses such as hypertension and diabetes.
For the short term medicinal courses (say, antibiotics), it indicates the length of the
period of residue remaining in the body.

Example 1.14 Newton’s second law states that the rate of change of momentum of a
body equals the force applied. This law can be applied to bodies with variable mass,
e.g., rockets. We shall demonstrate this for motion along a straight line. Let Mv be
the momentum of the body at time ¢, and let AM (v + u) be the momentum which
is added to the body at time ¢ because the body is joined by another body of mass
AM which before joining had the velocity v + u (u is the velocity of AM relative
to M). Further, assume that at the instant of joining, the velocity of M changes from
v to v 4+ Av and AM takes on the velocity of M. Thus, the momentum at time ¢ is
Mv + AM (u + v), whereas at time t + At it is (M + AM)(v + Av). Hence, the
change of momentum A(Mv) during the time Af is

AMv) =M+ AM)(v+ Av) — Mv — AM(u +v) = MAv —uAM + AMAv.

Therefore, from Newton’s second law, we have
t+At
MAv —uAM + AMAv = / F(s)ds.
t

Dividing this relation by At and then letting Az — 0, and assuming that AM, Av
and fttJrAt F(s)ds tend to zero in such a way that the resulting limits exist, we obtain

dv dM
— —u—— = FQ),
dt dt
which is the same as
d(Mv) aM
= — 4+ F (). 1.19
i (v+u) o + F(1) (1.19)
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Now consider a rocket traveling vertically upward in such a way that its rate
of change of mass d M /dt is constant (—r). The lost mass consists of burning the
fuel, and maintains the constant exhaust speed ¢ of the rocket. The rocket is acted
upon by a gravitational force M g, where g is gravitational constant, and starts with
initial velocity vy and initial mass M. We need to find the velocity v and distance
traveled x as functions of time ¢. For this, substitutingdM /dt = —r, M = My — rt,
u=—c, F=—Mgin(1.19), we find the differential equation

dv _ cr (1.20)
dt - My —rt 9: ’
Since v(0) = vy, an integration of (1.20) gives
(1) m(1- 2 1 (1.21)
=vy—cln{l—-——) —gr. .
v Vg — C Mo g

Now since dx/dt = v and x(0) = 0, it follows that

_ Mol (TN BRI B B
x() = vot + — {1 (1 M())[l 1n<1 Mo)“ Sor’. (122)

We shall now find the burnout velocity v, of the rocket, i.e., the velocity with
which the rocket is traveling at time ¢, when the entire fuel supply is exhausted
and the remaining mass M, of the rocket is that of its structure and payload. Since,
ty = (My — My)/r, from (1.21), we have

My (My— Mg
v = v+celh— - — -7
Ml r

(1.23)

If My, M,, and My, respectively, denote the mass of the fuel, mass of the payload,
and the mass of the rocket structure, then clearly My = My + M, + M; and M, =
M, + M, and the relation (1.23) can be written as

o = voteln (14— ) _ Mg (1.24)
M, + M, r

Thus, for given fuel and payload, the higher the exhaust velocity c of the fuel and the

smaller the structural mass M, gives the higher burnout velocity v; of the rocket.

Problems

1.1 A cable of a suspension bridge supporting a uniform load of W pounds per
horizontal foot and with horizontal tension H in the cable at the origin satisfies the
differential equation (see Fig. 1.3)
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dy W

dx H

Show that the cable hangs in a parabola by solving this differential equation with the
condition y(0) = 0.

Yy
0
Fig. 1.3

1.2 If a piston has orifices, its motion through oil in a cylinder is governed by the
differential equation (see Fig. 1.4)

dv «

_ = = v’

dt
where v is the velocity and k£ > 0 is a constant. If x is the distance that piston has

moved in time ¢, (i.e., x' = v), show that x(¢) = vo(1 — e ¥)/k where vy is the
initial velocity. Find the range of distances over which the piston can move.

\
N\

ﬁq:::: \
VAN NN
4 \
Piston with orifices oil

Fig. 1.4

1.3 The form of the body of a snake during locomotion gives rise to the following

differential equation:
1dL 1

Ldr ~ 3"

where 7 is the density of the body of the snake and a is a constant. Show that the
general solution of this equation is L(¢) = ce®/3". It shows the way a section of the
snake’s body changes as it propels itself forward by muscle action.
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1.4 In cancer research, a vitally important phenomenon is the relation between the
time required for an irradiated cell to reach metaphase and the amount and rate of the
radiation dose. The principal mechanism producing metaphase delay is the failure
of chromosome coiling in prophase that is due to radiation-induced cross-linking of
chromosomal structural protein fibers. If £ represents the amount of coiling agent
per chain length, L the length of the chromosome, o the number of contractile sites
per chain length, the constant g depends on the elastic property of the protein fibers,
and ¢ is the time after cell birth (cleavage), then it follows that

d (LY _ kgL
dt\g/) i

where k is a constant. If L(0) = L, show that L(z) = Loe *¢"’, i.e., each contractile
fiber acts like a stretched spring.

1.5 Charcoal from an excavation at Jarmo (Iraq) was dated in 1970 at 5150 B.C.
How many counts per minute did the charcoal register? (see [7]).

1.6 Deep ocean water has measurably less radioactivity due to C-14 than surface
ocean water. This indicates that the rate of turnover of the ocean takes place in
thousands of years. Samples taken on the surface, and at depths of 1829m and
2743 m had average readings of 6.72, 5.45, and 5.34 counts per minute, respectively
(see [4]). Show that the respective apparent ages of the latter two samples are 1732
and 1900 years.

1.7 Suppose a wet sheet in a dryer loses its moisture at a rate proportional to its
moisture content, and it loses half of its moisture in 15 min. Find the time of losing
98% of its moisture. (84.66 min)

1.8 The economist Vilfredo Pareto (1848-1923) discovered that the rate of decrease
of the number of people N in a stable economy having an income of at least x dollars
is directly proportional to the number of such people and inversely proportional to
their income. Find a relation (Pareto’s law) between N and x. (N = cx~%)

1.9 A population is decaying exponentially. Can this decay be stopped or reversed
by an immigration at a large constant rate into the population?

1.10 The differential equation P’ = k cos(t) P, where k is a constant, is often used
as a model of a population that undergoes seasonal fluctuations. Find the solution of
this equation satisfying the initial condition P(0) = Py. (P(t) = Pyesn®))

1.11 The solutions of the differential equation

dy a—x
dx ﬂ+fyx+5x2y

give most of the important distributions of statistics for appropriate choices of the
constants «, 3, v and ¢. Solve this differential equation when
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(H)a=p8=0=0, v> 0 (exponential distribution),

2)y=6 =0, 8> 0 (normal distribution),

B3)f=6=0, v>0, a > —~ (gamma distribution),

@ B=0 v=-6, (a—1)/y <1, a/y > —1 (beta distribution).

1.12 After dinner, a couple orders coffee. The husband adds a teaspoon of cool
cream to the coffee at once but does not drink it immediately. The wife waits for
4min and then adds the cream (same amount and at the same temperature). They
then drink their coffee. Who drinks the hotter coffee?

1.13 Let y denote the equity capital of a company, N dividend payout ratio, r rate of
return on equity, and s rate of new stock financing. Then, under certain assumptions
y satisfies the differential equation (see [6])

DNy +
— = (1= N)ry+s.
dr Y

Suppose that the units have been chosen so that y(0) = 1. Find y as a function of 7.

1.14 A tank contains 100 gallons of brine whose concentration is 2.5 Ib of salt per
gallon. Brine containing 2 1b of salt per gallon runs into the tank at a rate of 5 gallons
per minute and the mixture (kept uniform by stirring) runs out at the same rate. Show
that the amount of the salt y in the tank at any instant is y(#) = 200 + 50¢~//?°. Note
that y(¢) > 200 for all ¢, and y(¢) — 200 as t — oo.

1.15 There are 100 million liters of fluoridated water in the reservoir containing
a city’s water supply, and the water contains 500 kg of fluoride. To decrease the
fluoride content, freshwater runs into the reservoir at the rate of 3 million liters per
day, and the mixture of water and fluoride kept uniform, runs out of the reservoir at
the same rate. Show that the number of kg of fluoride y in the reservoir after ¢ days
is y(¢) = 500e~0-03,

1.16 In astudy of biophysical limitations associated with deep diving, the following
differential equation occurs (see [2]):

- — bfax’
I W B+ be

where «, 3, b and a are constants. Show that the general solution of this differential
equation can be written as

b
y(x) — _ é _ e—ax +ce(}x,
o a+ta«
where c is an arbitrary constant.

1.17 An optimal control theory method to the education investment decision leads
to the differential equation (see [9])
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dy

— = 1—ky,

dt Y
where y denotes the education of an individual at time ¢ and the constant k is the
rate at which education becomes obsolete or being forgotten. Show that the general
solution of this differential equation can be written as y(¢) = ce ™ + (1/k), where
c is an arbitrary constant.

1.18 A simple mathematical model of the memorization process is given by the
differential equation

d

g; = @M —y)—by,

where M is the total amount of material to be memorized and a and b are positive
constants, y(¢) represents the amount of material memorized at time ¢, (M — y) is
the amount remaining to be memorized, and the term —by accounts for the fact that
more we memorize, the more rapidly we forget. Solve this equation subject to the
initial condition y(0) = 0 and find the limiting value of y as t — oo also interpret
the result. (y(¢t) = %(1 —e @ Ast — 00, y — % and hence if b > 0 the
material will never be completely memorized.)

1.19 A body of mass M is dropped from rest from a great height in the Earth’s
atmosphere. Assume that it falls in a straight line and that the only forces acting
on it are the Earth’s gravitational attraction Mg, and air resisting force which is
proportional to its velocity. Thus, if s = s(#) denotes the distance the body has fallen
at time ¢, and v = ds/dt represents its velocity, then by Newton’s second law the
motion of the body is governed by the initial value problem

Mv = Mg—kv, v(0)=0 (kisaconstant).
Show that

Mg - Mg  gM*  _
U:T(l—ekr/M) ands:Tt—}—?(e kt/M—l),

Further, if the initial velocity is vy, i.e., v(0) = vy, then

M
v = 7‘9 (L — e /M) 4 ype /M,

Thus, the limiting velocity, as ¢ increases without bound, is Mg/k, which is in-
dependent of vy. (If the body is a parachutist, then this fact makes a safe landing
possible.)

1.20 A constant torque T is applied to a rotating shaft. The shaft has moment of
inertia J. There is viscous damping Bw, where w is the shaft speed. Hence by
Newton’s second law of motion
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d
Jd—’f+3w — T, J>0, B>0, T #0.

(1) Given w(0) = wy, solve this equation. (woe 5/7 + (1 — e~ B/7)T/B)
(2) Show that w(¢) has a limit as ¢t — oo and compute this limit. (7/B)

1.21 A drug is infused into a patient’s bloodstream at a constant rate of ¢ grams per
second. Simultaneously, the drug is removed at a rate proportional to the amount
y(t) of the drug present at any time. Show that the differential equation y’ = ¢ — ky
governs y(¢) at any time. Find its general solution.

1.22 Suppose a cell is suspended in a solution containing a solute of constant con-
centration Cy. Further suppose that the cell has constant volume V and the area of
its permeable membrane is the constant A. According to Adolf Eugen Fick’s law
(1829-1901), the rate of change of its mass M is directly proportional to the area A
and the difference C; — C(¢), i.e.,

aM _ kA(Cy, — C(1))

dt - S 1)
where C(¢) is the concentration of the solute inside the cell at any time ¢, and k
is some constant. If M (1) = VC(t) and C(0) = Cy, show that C(¢t) = Cy + (Cy —
Cs )e—kAl/ Vv .

1.23 The kinetics of cell growth produces a differential equation governing cell

volume V as

2
Vo= W+aM+<—C) (M —bV),
ro

where b is a concentration of effective compounds outside the cell, ¢ is a permeation
constant, ry is radius of the cylindrical cell, M is quantity of macromolecules per cell,
W is the constant pool of precursor, and a is a proportionality constant. If V (0) = V,
show that

V() = A+ (Vo —Ae™,

where

2b w M 2
k=5 A="4+—(a+=).
ro k k ro

1.24 Active oxygen and free radicals are believed to be exacerbating factors in
causing cell injury and aging in living tissue (see [5]). These molecules also accelerate
the deterioration of foods. Researchers are therefore interested in understanding the
protective role of natural antioxidants. In the study of one such antioxidant (hsian-
tsao leaf gum), the antioxidation activity of the substance has been found to depend
upon concentration in the following way:

dA

i k[A* — A(©)], A©) = 0,



1 First-Order Linear Differential Equations 17

where A is a quantitative measure of antioxidant activity at concentration c, the con-
stant A* represents a limiting or equilibrium value of this activity and k is a positive
rate constant. Show that the activity A(c) never exceeds the value A*. (A*(1 — e~*¢))

1.25 In some microorganisms like algae the following problem occurs (see [3]):

dN

T ulN + A(@)], N@©) = 0,

where N represents the cell density, p the growth rate, and A is the attachment
rate. Show that when A(¢) = A is a constant, its solution can be written as N (t) =
A(e" —1).

1.26 Assume that a nerve contains two substances (or two groups of substances)
whose concentrations are x and y. The ratio x/y determines the excitation of the
nerve. Whenever x/y > ¢ (c is known as the excitation constant), excitation occurs.
Let ¢ = 1, so that the excitation occurs whenever x > y. If xy and y, be the concen-
trations of x and y in a resting nerve, then clearly xo < yo. Rashevsky [8] has shown
that

dx A ( )
— = A—a(x —x

dt 0
dy

= = B—b(y—y),
7 (y = yo)

where A, a, B and b are constants. Find x and y as functions of ¢, and y as
a function of x. (x =xo+ (1 +eNAJa, y=yo+ 1 +e)B/b, y=yy+
[1— (14 axo/A —ax/A)"*] B/b).

1.27 In order to comply with the existing law on drunken driving, an objective
measure of blood alcohol level in drivers has been established. BAC (blood alcohol
count) is a number that represents the percentage of bloodstream alcohol level. For
example, BAC = 0.08 means 0.08% of the bloodstream is occupied by alcohol. An
estimated BAC value of 0.05 is high enough to produce the usual impairment of
driving abilities. It is illegal to drive with a BAC of 0.05-0.10, depending on a state.
BAC values are dependent on several factors such as weight, gender, usual drinking
habits, and amount of food in the stomach. In this problem, only weight and amount
of alcohol in the system will be considered. We denote by

t = time (k) since commencement of drinking,
top = time at which drinking is stopped,
A(t) = number of ounces of alcohol in bloodstream at time ¢,
Ay = number of ounces of alcohol in bloodstream at the time
drinking is stopped,
B(t) = BAC attime ¢,
By = BAC at the time drinking is stopped,
C(t) = rate of alcohol intake (ounces/h), we shall assume that
C(t) = C is a constant,
W = weight (Ibs).
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It is known that B(¢) >~ 7.2A(t)/ W.

Now assume that the body eliminates alcohol from the bloodstream at a rate which
is proportional to the amount present at any time. Then, A(¢) and B(r) satisfy the
following differential equations:

, | C—-kA@®), O0<t <1, AW0)=0
Aw = {—kAm, ‘> b, |

7.2C
B = {T—kB(t), 0<t<ty, BO)=0
—kB(t), t>t,

where k is a constant.

Show that continuous for + > 0 and differentiable except at #y solutions of the
above differential equations are

c —kt
Z(l—e ), 0<t<r

Alt) =
E(l _ e—kto)e—k(t—to)’ t> t()
7.2C
- e, 0<t<t
B0 =1 72¢

WE (1 — e koye=k=10) ¢ > 40

To determine the rate of elimination of alcohol from the bloodstream, i.e., k several
methods are known. For example, according to the Traffic Institute at Northwestern
University, the rate of elimination of alcohol is 0.5 oz/h. Further, Heublein Inc. has
estimated that the rate of elimination reduces the BAC by 0.01 oz /h.

1.28 The secretion of hormones into the blood is often a periodic activity. If a
hormone is secreted on a 24h cycle, then the rate of change of the level of the
hormone in the blood may be represented by the initial value problem

dy

—a—becos (L) —ky, y©O) =
5, = a—beos vy, y(0) =y

12

where y(¢) is the amount of the hormone in the blood at time ¢, a is the average
secretion rate, b is the amount of variation in the secretion, and k is a positive constant
reflecting the rate at which the body removes the hormone from the blood. Find the so-
: ESC a 144bk mt T o mt
lution of the above initial value problem. (§ — 732 [cos () + 57 sin (5)] +

a 144bk —kt
(o — ¢ + ) e
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1.29 For a simple electric circuit with a given value of inductance L, resistance R,
and applied electromotive force E, one of the Gustav Robert Kirchhoff’s (1824—
1887) laws implies that the current i (¢) is a solution of the differential equation

di
Ld—; + Ri = Esin(kt) (kis a constant).

Show that .
RE sin(kt) — kLE cos(kt) 4 CeRILN.

R? +k2L2

i(1) =

1.30 A chain of weight w per unit length is lying on the ground, piled up in one spot.
Beginning at time r = 0, one end of the chain is hoisted up with constant velocity vy.
Determine the force F, as a function of time ¢, which is necessary for the hoisting of
the chain against the effect of gravitational acceleration g. (F = wvot + wv% /9)
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Chapter 2 ®)
Some First-Order Nonlinear Differential Check o
Equations

Certain nonlinear first-order differential equations can be reduced to linear equations
by an appropriate change of variables [1, 2]. For example, it is always possible for
the James (Jacob) Bernoulli’s (1654—1705) equation

Y +p)y = q)y", n#0, 1 (2.1)

In (2.1), n = 0 and 1 are excluded because in these cases the Eq.(2.1) is obviously
linear. Equation (2.1) is equivalent to the differential equation

Y'Y 4 p@y'" = q@). (2.2)

In (2.2) we introduce a new dependent variable z = y'™", to get

7+ pHz = q@), (2.3)

1—n

which is a first-order linear differential equation, and can be solved rather easily.
Another class of nonlinear differential equations which can be solved are of the
form
Y(y)y'+T() = 0.

Such equations are called separable equations. The general solutions (usually
implicit) of this type of equations can be obtained by direct integration and appear
as

/T(t)dt—i—/Y(y)dy = ¢,

where c is a constant.
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Example 2.1 Malthus law does not give satisfactory results particularly when the
population becomes large. This is due to the fact that as population increases, due to
overcrowding and limitations of resources, the birth rate b decreases and the death
rate increases with the population size P. Thus in Malthus law £ is not a constant, but
a function of P. The simplest assumption is to take b = by — b, P, d =d; + d, P
where by, by, di, d, > 0. Then, the Malthus model becomes
’Z—f = (b1 —b2P)P — (di + & P)P = (by —d))P — (b +dr) P> = P(a—bP), (2.4)
where a, b > 0. This model is due to the Belgian mathematician Pierre Francois
Verhulst (1804-1849) and in the literature the term P(a — bP) is referred to as
logistic growth and the Eq.(2.4) is called the logistic equation. Verhulst could not
test the accuracy of his model because of inadequate census data. This model was
rediscovered independently by two American scientists Raymond Pearl (1879-1940)
and Lowell Jacob Reed (1886—-1966). In 1920, Pearl and Reed examined how closely
the U.S. population growth curve followed a logistic curve, i.e., the solution of
the differential equation (2.4). Reasonable agreements between logistic curve and
experimental data was demonstrated by Pearl in 1930 for fruit fly populations, and
by Georgii Frantsevich Gause (1910-1986) in 1935 for flour beetle populations.
Equation (2.4) is a Bernoulli equation with p(t) = —a, g¢(t) = —bandn = 2.In
(2.4) the substitution z = P~! leads to the linear differential equation

7 +az = b, (2.5)

whose solution is
—at b
(1) = ae”™ ™ + —,
a

where «v is a constant, and hence
— = ae "+ —. (2.6)

In (2.6) using the fact that the initial population P (0) is known, we find

aP(0)
bP(0) + [a — bP(0)]ea

P@t) = 2.7)

From (2.7), it is clear that lim,_, o, P(t) = a/b regardless of the initial population
P(0). If P(0) <a/b, P(t) increases monotonically and approaches to a/b; and
if P(0) > a/b, P(t) decreases monotonically and approaches to a/b. Thus, the
logistic curve remains bounded (see Figs.2.1 and 2.2).
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o2

P(0)

Fig. 2.2

concave down

concave up

Fig. 2.3

Now a simple differentiation of (2.4) gives

d*p

5 = WP (P _ 3) (P — i) . (2.8)

b 2b

From calculus we know that the points where P” = 0 are possible points of inflection,
however, P = 0 and P = a/b can obviously be ruled out. For 0 < P < a/(2b) we
note from (2.8) that P” > 0, and a/(2b) < P < a/b implies P” < 0. Thus, the
graph of P changes from concave up to concave down at the point P = a/(2b).
Hence, P = a/(2b) is a point of inflection. If 0 < P(0) < a/(2b) the graph of P (¢)
assumes the shape of an S (Fig.2.3).

Example 2.2 Social scientists study how rumor spread. Consider a population of N
people, and let P(¢) be the number who have heard the rumor at time ¢. The more
people who have heard the rumor, the more opportunities they will have to pass it
on. However, these opportunities also depend on the number of people who have
not heard it yet, i.e., [N — P(t)]. Thus the rate at which new people hear the rumor
is proportional to the product P(N — P), i.e., P’ = kP(N — P), where k is some
constant. This equation is exactly the same as (2.4) with a = kN and b = k, thus
lim,, o P(¢t) = N, i.e., eventually all the people will hear the rumor. (A similar
differential equation can be formulated in the spread of cultural changes.)
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Example 2.3 Let N (¢t) be the number of companies, which have adopted a techno-
logical innovation till time #, then the rate of change of the number of these companies
depends both on the number of companies which have adopted this innovation and
on the number of those which have not yet adopted it. Thus, if C is the total number
of companies in the region then N’ = kN (C — N), where k is some constant. Hence,
ultimately all the companies will adopt this innovation.

Example 2.4 Let y(t) be the amount of undissolved solute in a solvent at time ¢
and let ¢y be the maximum amount of the solute that can be dissolved in a unit
volume of the solvent. Let V be the volume of the solvent. It is found that the rate at
which the solute is dissolved is proportional to the amount of undissolved solute and
the difference between the concentration of the solute at time ¢ and the maximum
possible concentration, so that

<ﬂ®—y® ) _ ky(@)
—¢) =
%

d
== o =100 — V) =y

dt

This equation is also similar to that of (2.4).

Example 2.5 Diseases such as measles, chickenpox, smallpox, and mumps are gen-
erally considered to impart immunity for life. To asses the effect of such a disease,
we consider a group of individuals born in one specific year. Let N(¢) denote the
number who have survived to age ¢, and let S(¢) be the number who have not had
the disease and are still susceptible to it at age ¢. Let 0 < p < 1 be the probability
of a susceptible getting the disease, and let 1/m be the proportion of those who die
due to the disease. To study the effects of smallpox Daniel Bernoulli (1700-1782)
in 1760 derived the following differential equation:

ﬁ__ﬂmﬂ2ﬂ+fﬁ
- P PN

dt N() dt 29)

Multiplying both sides of (2.9) by N/S?, and arranging the terms, we find

1dN NdS pN

Sdr  S*dt S

d (N _ E P
TORIO R

Clearly, (2.10) is a first-order linear differential equation in N /S, and its solution
can be written as

e
m

s

which is the same as

= CeM 4 —, @2.11)
m

where C is an arbitrary constant.
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Now since at birth every member of the group is susceptible, S(0) = N (0). Thus,
from (2.11) it follows that C = (m — 1)/m. Therefore, we have the relation

mN (1)

SO = T = Derr”

(2.12)

For the case of smallpox in Paris in 1760, Bernoulli used the available datat = 24
(years), p = 1/8 and m = 8, to obtain

8N (24
524) = 1+(7 i — 0.056498 N (24),
e

i.e., only one in about 18 of those 24 years old would not have had smallpox.

Example 2.6 A homogeneous hollow metallic ball of inner radius r; and outer radius
r, is in a stationary thermal state. The temperature on the inner surface is 7) and on
the outer surface 7,. We shall find the temperature 7 at a distance r from the center
of the ball, where r; < r < r,.

Clearly, from the symmetry it follows that T is a function of » alone. Since the
quantity of heat remains invariable between two concentric spheres with centers at
the center of the ball (their radii can vary from r; to r;), the same quantity of heat Q
flows through each sphere. Hence, the differential equation describing this process
can be written as

dT
—arkrl = 0, (2.13)

dr

where k is the coefficient of thermal conduction.
In (2.13) separating the variables and then integrating, we obtain

r " dr
47rk/ dT = -— Q/ — (recall T(r)) =T),
T n T
which gives
1 1
k(T - T) = O -——). (2.14)
r ry

Now we use the condition 7 () = T3 in (2.14), to determine the value of Q as

N 47Tk(T2 — Tl) B 4’7Tk(T2 — Tl)l”lrz
= 1 1 = :
nTn e
Example 2.7 When hydrogen is burnt in oxygen, two atoms of hydrogen combine
with one of oxygen to produce water. The rate of the reaction at time ¢ is proportional
to the product of the numbers of hydrogen and oxygen atoms present at time . We

shall find the number of water molecules x at time ¢, and calculate lim,_, o, x(¢).
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The answer depends on the amounts present initially. Let @ and b be the number
of atoms of hydrogen and oxygen (i.e., a/2 molecules of H, and b molecules of O).
Let x be the number of molecules of H, O produced at time ¢. Then,

D 200 2.15
i (a —2x)(b —x), (2.15)

which is a first- order differential equation with variables separable, and hence

Kt / dx n
= - c
(a—2x)(b—x)
_/ 1 1 2 Narte . )
) a-2b\b—x a-—2x X 4+ c (assuming a #
1 a—2x
+c.

= In

a—2b b—x

Since x = 0 when ¢t = 0, it follows that

Ina/b
c = —
a—2b
and hence
1 b(a — 2x)
Kt = ln k]
a—2b a(b—x)
which gives
a=2% _ 4ol —2b)Ki]
=% = b xp [(a .
Thus, it follows that
a(exp[(2b —a)Kt] — 1) . a(l —expl(a —2b)Kt])

- 2exp[(2b — a)Kt] — (a/b) 2 — (a/b)exp[(a — 2b)Kt]’

Hence, if a > 2b, x —> b ast — oo, and if a < 2b, x — a/2 as t — o0o. These
results are reasonable, i.e. the reaction runs until one or the other of the components
is exhausted.

Now, if a = 2b, then we have

Kt / dx L
20 — 1) 20 —x)

and hence in view of x = 0 when ¢t = 0, we find

1 1

Kt = —— — —,
2b—x) 2b
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which gives
1

YT VT ok + /by
Hence, x — bast — oo.

A reaction described by the differential equation (2.15) is called a second-order
reaction. It can be generalized as follows: Let two chemical substances combine in
the ratio a : b to form a new substance x. If x(¢) is the amount of new substance at
time ¢, then the amounts of original substances remaining at time ¢ are, respectively,

a x and B —
a+b a+b

X,

where A and B are the initial amounts of these substances. Now the rate of formation
of the new substance is proportional to the product of the remaining substances; i.e.,

dx a b
_— = k A - X B - X ’
dt a+b a+b
where k is a constant. Chemists refer to these reactions to as the law of mass action.

In an analogous way, an nth-order reaction leads to the nonlinear differential
equation

dx
i k(A; —aix)(Az —axx) --- (A, — apx),

wherea; +a, +---+a, = 1.

Example 2.8 Evangelista Torricelli’s (1608—1647) law states that water in an open
tank will flow out through a small hole in the bottom with the speed it would acquire
in falling freely from the water level to the hole (see Fig.2.4), i.e., the velocity v with
which water flows from the orifice is

v = ky/2gh, (2.16)

nl

Fig. 2.4

where k is a proportionality constant, g is the gravitational constant, and 4 is the
height of water above the orifice at any time ¢. For water it has been experimentally
determined that k = 0.6. Now, if V is the volume of water in the tank at any time ¢
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and A is the cross-sectional area of the orifice, then the rate of change of volume is
related to A by

dv
— = —Av 2.17)
dt
and hence from (2.16) it follows that
dv
I = —0.6A/2gh. (2.18)

Let V = V(h), i.e., the volume we express as a function of height &. Then, we have

dv dv  dh dh

— = — - — = Bh)—, 2.19

dt dh  dt *) dt (19
where B(h) denotes the cross-sectional area of the tank at height 4. Finally, combin-
ing (2.18) and (2.19) we get the differential equation

dh
B — = —0.642gh. (2.20)

We shall find the time ¢ needed to empty a cylindrical tank of radius 6in and
vertical height of 2 ft originally full of water and has an orifice of diameter 1/2in
at the bottom. For this, clearly we have A = w(1/48)%, V = m(1/2)?h and hence
B(h) = /4 and g = 32. Thus the differential equation (2.20) takes the form

wdh 1)?
T _06r(—) v2x32xh
4 di 7T(48) s

o dh ]
@ _
T o Vh

Separating the variables in the above equation and then integrating, we find

1
Wh = c— —t
Vho=c 120"

where c is a constant. However, since initially the height of the water is 2 ft, i.e.,
h(0) = 2 it follows that ¢ = 2+/2, and hence

t = 240(v2 — Vh).

Now the tank will be empty when & = 0, and this gives r = 2404/2 ~ 339 s = 5m
39s.
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Example 2.9 We shall find the shape of a mirror that reflects, parallel to a given
direction, all the rays emanating from a given point.

For simplicity, we locate the given point at the origin, and direct the x-axis as
parallel to the given direction. Let a ray fall on the mirror at the point P = P(x, y)
(see Fig.2.5). We assume that the section of the mirror (cut by the xy-plane) passes
through the x-axis and the point P. Let P Q be the tangent on the surface of the
mirror from the point P. Since the angle of incidence of the ray is equal to the angle
of reflection, the triangle P Q O is an isosceles triangle. Thus, we have

_ 2 2
dy Y G ) 2.21)

dx x4 x2+y2 =2 4yY)

and hence
xdx + ydy = /x%+ y2dx,
which is the same as

xdx + ydy

N

= dx. (2.22)

Integrating (2.22), we find

Vai+y? = x+e,
which is a family of parabolas
y? = 2cx + %
Example 2.10 A rocket of mass M is projected straight up from the surface of the
Earth with an initial velocity uo. We shall calculate its escape velocity. Since Earth’s

gravitational field varies with altitude, the weight w of the rocket is derived by
employing the inverse square law of gravitational attraction, i.e.,

(2.23)
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where y is the altitude above sea level, R Earth’s radius, and c is a constant. Since at
see level y = 0 and w = Mg, from (2.23) it is clear that c = M gR>. Hence,

Let the air resistance be negligible, so that ' = M x acceleration. This leads to the
following equation of motion

dv MgR?
dt ~  (y+R?

Howeyver, since
dv.  dv dy dv

a dy dr oy "

it follows that
dv gR?

Vo— = -,
dy (y + R)?

which is an equation with variables separable, and hence can be solved rather easily
to obtain

U2 _ gRZ

2 y+R

+ A. (2.24)

Finally, since when y =0, v = ug, from (2.24) we find A = (1/2)u% — gR, and
hence we have

2gR?

2 2
v° = u; —29gR + .
0 g y+ R

(2.25)

Clearly, for the rocket to escape the gravitational pull of the Earth, the velocity v
must remain positive for all y. From (2.25) it is clear that this certainly happens if
uj > 2gR. Hence, the escape velocity v, is v, = (2gR)!/* ~ 7 miles/s.

Problems

2.1 A college dormitory houses 100 students each of whom is susceptible to a
certain virus infection. A simple model of epidemics assumes that during the course
of an epidemic the rate of change with respect to time of the number of infected
students [ is proportional to the number of infected students and also proportional
to the number of uninfected students (100 — 1), i.e., fl—f = kI(100 — I), where k is
a constant. If at time # = 0 a single student becomes infected, show that the number
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of infected students at time ¢ is given by

1006100kt

I(I) = 99+6100kt'

2.2 Male walruses live in a colony with many others, however, each dominates
a certain subterritory of the land occupied by the whole colony. Thus, each male
member of the colony has under his control a packaged resource. Every new incoming
male member, including one born in the colony, must either find an unused package
or contend with a present member for his package. Competition of this type restricts
the growth of the colony’s population, and results in a reduction of growth rate. The
rate of change of the population is positive for natural propagation, but negative for
the competition. Thus, if M () denotes the male walrus population, the resulting
differential equation is
M = aM —bM(M — 1),

where a is the natural unconstrained growth rate and the constant b > 0 is called
the competition parameter. Show that lim;_, . M (¢) = (a + b) /b, i.e., the eventual
population is independent of the initial size of the population.

2.3 In a study of the behavior of flood waves in rivers, Stoker [11] obtained the
following Bernoulli’s differential equation

d
difl +ac = be?, (2.26)
where
gS 1 2 gB 3
a=-———|——5"—F% 53] ad b= ———
(vo +¢0)* \vo  3co gB + 2c; (vo + o)

and g is the acceleration due to gravity (g = 32.16 ft/s?), B is the width of the river
(any cross section of the river perpendicular to the direction of the river flow is
assumed to be a rectangle of constant width B, but variable depth y), S represents
the slope of the river bed, v, represents the initial velocity of the wave, cy = (gyo)'/?,
where yy is the initial depth, c; is an unknown function that is related to the depth
y of the river by the approximation c¢;(§) =~ (,/gy — co)/7. Further, { = x, 7=
(vo 4+ co)t — x, and ¢ is time, x is a space variable whose axis is parallel to the
direction of flow of the river. Find the solution of Eq. (2.26).

2.4 A gasistobeionized in such a way that the number of electrons per unit volume
equals the number of positive ions per unit volume. Positive ions and electrons
recombine to form neutral molecules at a rate equal to kn?, where the constantk > 0
is called the constant of recombination. Let the gas be initially (r = 0) unionized,
and for t > 0, C (a constant) ions per unit volume are produced. This leads to the
initial value problem
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dn

- = C —kn®, n(0) = 0. (2.27)

Find the solution of the problem (2.27).

2.5 Let a population be growing according to logistic law and being harvested at a
constant rate H (like hunting, fishing, or disease), so that the modified differential
equation is

dpP

~ = agP —bP*—H. (2.28)
dt

Show that if H > a? /(4b) its general solution can be written as

P(r) = 21_b |:a ++4bH — a%an(%(c —t)v4bH — a2>:|

where ¢ is a constant. What happens ultimately if H < a?/(4b)?

2.6 A modification of the logistic equation is the Benjamin Gompertz (1779—-1865)
equation

dP—P bIn(P 2.29
- = Pla—bIn(P)], (2.29)

where a and b are constants. Show that
(1) The general solution of (2.29) can be written as

t

P(t) = P, (2.30)

where c is an arbitrary constant. The graph of the function (2.30) is called a Gompertz
curve and is similar to the logistic function. Note that when b > 0, P — et as
t — 00, whereas if b < 0, ¢ > 0, P — 0ast — o0. Functions such as (2.30) are
encountered in studies of the growth or decline of certain populations, in the growth
of solid tumors, in actuarial predictions, and in the study of growth of revenue in the
sale of a commercial product.

(2) If P(0) = Py, then ¢ = 7 — In(Py).

(3) If0 < Py < e*/? and a > 0, then the point of inflection for the Gompertz curve
(2.30) is [(1/b) In[a/b — In(Pp)], e“/*71).

2.7 Often a population must attain a critical size P¢ before it can sustain itself and

grow. Show that

dp
T kP(P — Pc)(Py — P),

where k, Pc and Py, are constants with Pc < Py, represents such a situation. Solve
this equation with the initial population Py, i.e., P(0) = Py, where P, satisfies (1)
P0<Pc, (Z)PC <P0<PM,and(3)P0> PM.
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2.8 Taking into consideration that death rates are declining much faster than birth
rates because of the rapid advances in modern medical science, Foerster, Mora and
Amiot [5] postulated for the world population P that P’/P = birth rate — death
rate = kP", where k and n are positive constants. This leads to the initial value
problem P’ = kP"*!, P(0) = Py. Show that P(r) = (P;" — nkt)_l/” and hence
P(t) - ocoast — P, "/(nk). Discuss the deficiencies of the model that leads to the
unbounded population.

2.9 Aquaculture is the art of cultivating the natural products of water. A differential
equation describing the growth of catfish, say, may be expressed as

w = kw®, (2.31)

where w(t) is the weight of the fish at time #, and k and « are empirically determined
growth constants. Biologists often refer to (2.31) as the allometric equation.

(1) Solve (2.31) when o # 1.

(2) The solution obtained in part (1) grows large without bound, but in practice
there is some limiting maximum weight w,, for the fish. This limiting weight is
included in the differential equation describing growth by inserting a dimensionless
variable 4 that can range between 0 and 1 and involves an empirically determined
dimensionless parameter p. Thus, we assume

w = kwh, (2.32)

where h = 1 — (w/wy)". Solve (2.32) when u =1 — a.
(3) The differential equation describing the total cost in dollars c(¢) of raising a fish
for + months appears as

¢ = a1 +au, (2.33)

where the constant a; represents the cost per month (due to costs such as interest,
depreciation, and labor), and the constant a, multiplies the growth rate (because the
amount of food consumed by the fish is approximately proportional to the growth
rate). Solve (2.33) when w(?) is as determined in part (2) with u = 1 — a.

2.10 In a study of the rhesus monkey psychologists found that the stimulus s and
response r satisfy the following differential equation:

dr _ "
ds s

where k is a positive constant and n is a positive integer. Show that r!=" = k(1 —
n)ln(s) + c.

2.11 Inanattempt to cast the human eye-positioning mechanism into a mathematical
model Cook and Stark [4] derived the following differential equation: for an isometric
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contraction of the muscle

1.25T\ ,
T—( )x = K(x—-1L),

b+ x

where T is muscle tension controlled by the nerve signal, L is the length of the elastic
component, b = 1500, and K = 6. Find its general solution. (Write the equation as
x'=(A—-Kx)/(C+Kx).)

2.12 In autocatalytic reactions, the rate of reaction is increased by the presence of
the substance being produced. Suppose that in an autocatalytic reaction a chemical X
is being converted into a chemical Y with x and y as the concentrations of X and Y,
respectively. Assume that the rate of change of X is proportional to the product xy.
If x(0) =, y(0) =0 and o — x(¢) = y(¢t) — 3 are known, show that x satisfies
the initial value problem

X = —kx(B+a—-x), x0) = «

where k is a positive constant. Find its solution and show that lim,_ o x(¢) =
0, im0 y(t) = a4+ S.

2.13 The reaction between nitrogen oxide and oxygen to form nitrogen dioxide is
given by the balanced chemical equation 2N O 4+ O, = 2N O,. Athigh temperatures
the dependence of the rate of this reaction on the concentrations of NO, O, and
N O, is complicated. However, at 25 °C, the rate at which N O, is formed obeys the
law of mass action and is given by the rate equation

j—f - k(a—x)2<b—§),

where x (¢) denotes the concentration of N O, at time #, k is the rate constant, « is the
initial concentration of N O, and b is the initial concentration of O,. Find its general
solution.

2.14 Find the time ¢ needed to empty a cubical tank whose edge is 5 ft originally
full of water and has an orifice of diameter 1 in at the bottom.

2.15 Find the time ¢ needed to empty a hemispherical tank of radius 4 ft originally
full of water and has an orifice of diameter 1 in at the bottom. (35m 50s.)

2.16 Find the time ¢ needed to empty an inverted conical tank with the base radius
3 ft and height 6 ft originally full of water and has an orifice of diameter 1in at the
bottom.

2.17 Deoxyribonucleic acid (DNA) is the complex chemical in the cell nuclei, which
is responsible for the translation and transcription of genetic information. All organ-
isms from viruses to human have their own type of DNA. DNA is in the form of
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two very long molecular strands, which are wound helically around each other and
attached through cross-links. If DNA is heated, these links break and the double
strands dissociate, and single strands result. When the separated strands are allowed
to cool, then they reform double strands. This process of reassociation is found
experimentally to involve two different second-order chemical reactions: a very rapid
reassociation for some fraction of the DNA and a much slower reassociation for the
remaining DNA. Both reassociations obey the differential equation

y/ — _kyZ’

where y(¢) is the concentration of the dissociated fractions and k is the same for both
reactions.

(1) Show that if oy and a» are the initial concentrations of each fraction of DNA,
and 7; and 1, are the half-lifes for the two reactions, then oy = (t2/11) .

(2) For the calf DNA it is found that #, /¢, = 1000,000. Show that this implies that
initially one fraction of DNA is 100,000 times more concentrated than the remaining
portion.

Using other biological knowledge, it can be concluded that the basic genetic
information lies in the more concentrated segment and it is repeated in hundreds of
thousands of copies. It is believed that this great number of copies may account for
the great reliability of genetic transmittal and the slowness of evolution.

2.18 In considering a case of slow selection involving two genes, the following
differential equation arises (see [6]):

dy Y1 -yp@E*-d)

dx ~— x2(1 —x)(y2 —b?)’

where a and b are constants. Find its solution.

2.19 The equation
dy

7 (1 + ecfdt) y2

a
:ay—E

arises in one model of the growth process of ownership of a consumer durable (see
[9]). Solve this differential equation.

2.20 The Cobb-Douglas growth model, after Charles Wiggins Cobb (1875-1949)
and Paul Howard Douglas (1892-1976), in economics simplifies to (see [7])

where y(¢) is the aggregate input of capital stock at time ¢, and the constants a, b and
« depend on the output elasticity of capital, the input of labor, the growth of labor and
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technology, and the ratio of full employment saving to the gross national product.
Show that its solution satisfying the initial condition y(0) = yo can be written as

1/(1-a)
yo = (Fa-ae —n+y= )

2.21 A mathematical model describing the state of a learner y(¢) at time ¢ while
learning a specific task is governed by the differential equation (see [12])

dy 2k
o= b -»re
t Jm
where k and m are positive constants depending on the individual learner and the
complexity of the task, respectively. Find its solution.

2.22 According to Josef Stefan’s (1835-1893) law of radiation the rate of change
of temperature from a body at absolute temperature 6 is

do

— = k(@ -T"Y,

T ( )

where T is the absolute temperature of the surrounding medium. Show that the
solution of this differential equation can be written as

0—-T

I
MoxT

0
'—2tan1<7> = 4T3t + ¢ (c is a constant).

(It can be shown that if § — T is small compare to T, then the above equation
approximates Newton’s law of cooling).

2.23 The nonlinear differential equation

dr\? 2u
— = — +2h,
<dt> r +

where 1 and h are nonnegative constants arises in the study of the two-body problem
of celestial mechanics. Here r represents the distance between the two masses. Find
its solution.

2.24 When a viscous fluid flows through a tube, fluid pressure along the tube drops
to overcome the frictional resistance at the walls. As a result of this pressure gradient
and the elasticity of the tube wall, the radius of the tube R decreases with distance
along the axis. In cylindrical coordinates r, 8, z where r is radial and z is the distance
along the axis of the tube, scientists have considered the flow across any tube section
of radius R(z). If R(z) is constant, the tube is rigid. For a nonrigid tube, such as a
blood vessel, complicated expressions (such as the equation of elasticity, the equation
of continuity, and the Navier—Stokes equation, after Claude-Louis Navier (1785—
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1836) and George Gabriel Stokes (1819-1903), for axially symmetric study, and the
laminar flow of an incompressible fluid) have been combined to obtain the differential

equation
dR 8u0

dz EémpR?’

where E is William Henry Young’s (1863—1942) modulus, Q is the total mass flow
across a tube section, p is the density, p is the coefficient of viscosity, and J is the
wall thickness. Show that

2402\
Rz = (-
@ < E(57Tp> te

where c is a constant. Thus, the radius decreases in proportion to the cube root of the
distance z along the tube.

2.25 In astudy on accumulation processes in the primitive solar nebula, the follow-
ing differential equation occurs (see [3]):

dx ax3/6

dt (b — k)32’

where a, b and k are constants. Find its solution.

2.26 An equation of the form

Yy = py* +q)y +r) (2.34)

is called Count Jacopo Francesco Riccati’s (1676—1754) equation. In general, this
equation cannot be solved in terms of the known functions p, ¢ and r.

(1) A body of mass M falling through a viscous medium encounters a resisting force
proportional to the square of its instantaneous velocity. The motion of the body is
governed by the initial value problem

d
Md_;) = Mg—kvz, v(0) = vp.

Show that its solution can be written as

v(t) +c¢ _ vo—i—cez( KT

v(t) — ¢ vy — C

M k
c = )22 <v(t) = ctanh(,/g—t>, if U0=0>~
k M

Hence, the limiting velocity of the falling body is \/Mg/ k.

where
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(2) Show that if y;(¢) is a solution of (2.34), then the transformation y(¢) = y;(¢) +
1/z(¢) reduces it to the first-order differential equation

Z+1q@®) + 201 p®]z = —p(0).

(3) In the propagation of a single act in a large population (an act that is performed
at most once in the lifetime of an individual, such as suicide), the following Riccati
differential equation occurs (see [8, 10]):

y = (1 —=»I[S@) +dyl,

where y(¢) is the fraction of the population who performed the act at time ¢, S(¢)
is the external influence or stimulus and the product dy is the imitation component.
Show that the solution of this Riccati differential equation in the case S(z) = % —d,
is

() = 1+L
Y= tllnt +¢]’

where c is a constant.

2.27 A man standing at (0, 0) holds a rope of length a to which a weight is attached
at the point (a, 0). The man then walks along the positive y-axis, dragging the weight
after him (see Fig.2.6). Show that the differential equation of the path along which
the weight moves is

a2 — 2

dy a? — x2

dx x

and its solution satisfying the initial condition y(a) = 0 can be written as

2 _ 2
yx) = 1(+— V) -y
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This curve is called tractrix, and is of considerable importance as the surface obtained
by revolving it about y-axis is a model for Nikolai Ivanovich Lobachevsky’s (1792—
1856) version of non-Euclidean geometry.

2.28 The problem of determining the curve along which a particle slides (without
friction) from the point O to the point A in the shortest time (see Fig. 2.7), where grav-
ity is the only acting force is called the brachistochrone problem (quickest descent).
The curve that solves this problem is a solution of the differential equation

Fig. 2.7

Y1+ O = o,

where c is a constant. Clearly, this equation is the same as

y \"2
< ) dy = dx.
c—Yy

Use the substitution y = ¢sin?(¢) and the initial condition y = 0 when x = 0 to
show that the parametric form of the required curve is

x = a[f —sin(@)], y = a[l —cos(0)],

where @ = ¢/2 and 6 = 2¢. These are the standard equations of the cycloid which
is generated by a point on the circumference of a circle of radius a rolling along the
X-axis.

2.29 Let f(x,y,a) =0 and g(x, y, b) = 0 be the equations of two families of
curves each dependent upon one parameter. When each member of the second family
cuts each member of the first family according to a definite law, any curve of either
of the families is said to be a trajectory of the family. The most important case is
that in which curves of the families intersect at a constant angle. The orthogonal
trajectories of a given family of curves are the curves that cut the given family at
right angles. The slopes y| and y} of the tangents to the curves of the given family and
to the sought-for orthogonal trajectories must at each point satisfy the orthogonality
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condition y;y; = —1. Orthogonal trajectories find applications in wave propagation
such as light waves, sound waves and electromagnetic waves, in meteorological
maps, fluid flow, and heat flow.

(1) Let T (x, y) represents the temperature at the point (x, y). The curves given by
T (x,y) = c (constant) are called isotherms. The orthogonal trajectories are curves
along which heat flows. Show that the isotherms of the heat flow y? 4+ 2xy — x> = a
are x> + 2xy — y*> = b. (Both the families are hyperbolas.)

(2) If the streamlines of the flow (paths of the particles of the fluid) in a channel
are ¥ (x, y) = xy = a, show that its orthogonal trajectories (equipotential lines) are
y? — x% = b. (Both the families are hyperbolas.)

(3) In the electric field between two concentric cylinders the equipotential lines
(curves of constant potential) are circles given by U (x, y) = x4+ y2 = a (constant).
Show that their orthogonal trajectories (curves of electric force) are the straight lines
y = bx.

2.30 A given family of curves is said to be self-orthogonal if it has the property that
its family of orthogonal trajectories is the same as that of the given family. Show that
the family of parabolas y? = 2cx + ¢? is self-orthogonal.

2.31 A family of curves that intersect another family of curves at a constant angle
0 (0 # 7/2) are called isogonal (oblique) trajectories of each other. If y’ = f(x, y)
is the differential equation of the first family of curves, show that

;S y) £ tan(0)
~ 1F f(x,y) tan(0)

is the governing differential equation of the second isogonal family. Show that the

family of curves that intersect the family x> — y? = a at an angle 7 /4 is x> & 2xy —
2

y-=b.

2.32 Recall that the angle ¢ measured in the counterclockwise direction from the
radius vector to the tangent line at a point satisfies the relation tan(y)) = rd6/dr,
where r and @ are polar coordinates (see Fig.2.8). Show that two polar curves
r = fi1(#) and r = f,(#) are orthogonal at a point of intersection if and only
if tan(e)) tan(e),) = —1. In particular, verify that the orthogonal trajectories of
r =a[l — sin(f)] are r = b[1 + sin(H)].

Fig. 2.8
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2.33 Find the curves that satisfy each of the following geometric conditions:

(1) the tangent at a point is perpendicular to the line joining the point to the ori-
gin, (x2 +y? = ¢?)

(2) the part of the tangent cut off by the axes is bisected by the point of tangency, (xy =
9)

(3) the projection of the normal on the x-axis is of constant length, (y?> = 2kx + ¢)
(4) the projection of the tangent on the x-axis is of constant length, (y = ce*)

(5) the tangent makes a constant angle with the radius vector, (r = celcoray,

2.34 Four flies sit at the corners of a card table, facing inward. They start simulta-
neously walking at the same rate, each directing its motion steadily toward the fly
on its right. Find the path of each fly. (+ = ae~%¥2, a is the side).

2.35 Itis observed that a bug moves in a plane containing two lights in such a way
that the intensities of the lights on its two sides are the same. Show that the equation
of the path is kj cos(6;) — k; cos(6,) = ¢, where k; and k, are the strengths of the
lights, and 6, and 6, are interior angles at the lights in the triangle whose vertices
are the bug and the lights. Show that the bug, if approaching, will enter the first or
second light according as ¢ < k; — kp, or ¢ > ki — k.

2.36 An equation describing the process of fluid separation from an airfoil surface

1S
d%y dy\?
a7y YN o, 235

Yy +V<dn> 239

where v = (1 — p)/p. In (2.35) set p = dy/dn to obtain the first-order equation

w2 = —p?
dy ’

Hence, show that the solution of (2.35) is y(n) = [(An + B)/ul*.

2.37 In certain cases, a steady-state diffusion process can be represented by the
differential equation

where c is the diffusion constant, and v is the velocity of the process. Show that
¢(x) = A + Be" /¢, where A and B are arbitrary constants.

2.38 Stoke’s law states that for spherical droplets falling in motionless air and hav-
ing a diameter D < 0.762 cm, the acceleration due to gravity is opposed by an
amount proportional to the velocity of the raindrop, specifically by an amount equal
to (0.329 x 107°/D?)dy/dt. Thus, we can write the differential equation for the
rain drop as
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d*y 0.329 x 1073 dy
— =980 — —————.
dr? D? dt
Find the solution of this differential equation. The velocity which is an upper bound
to how fast the body can go at any time during the fall is called the terminal velocity,
at this velocity clearly the acceleration d?y/dt> = 0. Thus, the terminal velocity of
the falling droplets is dy/dt = 980 x 10° x D?/0.329 cm/s.

2.39 For spherical raindrops falling in still air and having diameter D > 0.12 cm,
the acceleration due to gravity is opposed by an amount proportional to the square
of its velocity, specifically an amount equal to (0.00046/D)(dy/dt)*. This leads to
the differential equation

d? .0004 2
dy _ 980_00006 d_y .
dt? D dt

Find the solution of this differential equation, and show that the terminal velocity is
dy/dt = (980D /0.00046)'/? cm/s.

2.40 The following differential equation arises in the design of a magnetohydrody-
namic power generator
((k+1Dy) =0,

where k is a positive constant. Find its solution.

2.41 In the study of astrodynamics, the following differential equation occurs

Y = 14+ O f(x,y, v).

Show that its solution in the particular case f (x, y, ') = ¥’ can be written as y(x) =
sin"!(Ae*) + B, where A and B are constants.

2.42 Alexis Claude Clairaut’s (1713-1765) equation

y =ty + f(y) (2.36)

can be solved directly. Indeed differentiating both sides with respect to ¢, we obtain

/

yo=y+0"+ Oy
and hence

@+ N =o.

In the above equation if y” =0, then y’ = ¢ and the general solution of (2.36)
is a collection of straight lines y = ¢t + f(c). However, if t + f’(y") = O then t =
—f(y") and Eq. (2.36) can be writtenas y = f(y’) — y' f'(y’). Thus, if welety’ = s
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then we obtain the parameterized curve t = — f'(s), y = f(s) — sf’(s) which is a
singular solution of (2.36), i.e., it cannot be obtained from the general solution
y=ct+ f(c).

(1) The differential equation

dx 2+2 dx (2.37)
x| — — = x, .
dy ydy

where x = x(y) occurs in the steady of optics. This equation describes the type of
plane curve that will reflect all incoming light rays to the same point. Show that
the substitution w = x? transforms (2.37) to a Clairaut’s equation, and its solution
represents a family of parabolas x> = cy + ¢2/4.

(2) Show that the straight lines whose segment between the positive x-axis and y-axis
has constant length 1 are solutions of the Clairaut equation y = xy’ — y'/+/1 + y'?,
whose singular solution is the astroid x*/3 4 y*/3 = 1.

2.43 Letacable of uniformly distributed weight be suspended between two supports
(see Fig.2.9). Suppose the origin of the coordinate system is at the lowest point of
the cable and any point on the cable is denoted as (x, y). The differential equation
relating x and y is

12
d? dy\?
aﬁ = [1+<£)} , (2.38)

where a is the ratio of the tension in the cable at the lowest point to the density of the
cable. Show that the solution of (2.38) subject to the conditions y(0) = a, y'(0) =0
can be written as y(x) = a cosh(x/a). The graph of this curve is called a catenary
which is the Latin word for chain (catena). Catenaries arise in a number of other
physical problems. The St. Louis arch is in the shape of a catenary. (Note that the
substitution v = y’ reduces (2.38) to a equation of first order av’ = [1 + v?]/? in
which the variables can be separated.)

2.44 A curve of pursuit is a path generated by a point P that always moves in the
direction of a second point Q constrained to move along a prescribed path. As an
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interesting example assume that a cat is chasing a rat as shown in the Fig.2.10.
Initially, the rate is at the origin and the cat is at (¢, 0). The rat and the cat run at
constant speeds v, and v., where v. > v,. The rat runs along the y-axis and the cat
always runs directly toward the rat.

Fig. 2.10

(1) Show that the points (x, y) on the path of the cat satisfy

dy
X— = Yy — VL. (2.39)
dx
2
(2) Differentiate (2.39) with respect to x and use the fact that (%)2 + ("_)) = p?
to obtain

d*y v, dy 2
— =21 - . 2.40
Y dx? Ve + (dx ) (240)
(3) Solve (2.40) with the required initial conditions y(c) = 0, Z——r, = 0 to show

that

c [ (x/e)t*or/ve (x/c)l—vr/ve 20, U,
yx) = —[ - ]

21 14+v, /v, 1 —v /v, v —v?

(4) Find the time when cat will catch the rat. (cv./(v? — v?)).

2.45 The modeling the shape of a tsunami (from the Japanese harbor, “tsu”, and
wave “nami”) leads to the differential equation (see [13])

aw
— = W4 -2W,

dx

where W (x) > 0 is the height of the wave expressed as a function of its position rel-
ative to a point offshore. Find all solutions of this differential equation. (0, 2, 2sech?

(x —0)
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2.46 The initial value problem
do
(1+e)—+60 =0, 6(00) =1
dr

occurs in cooling of a lumped system. In this problem, we let € as the perturbing
parameter and seek the solution in the form 6(7) = fo:o €"0,,(T). Show that

3
0(t) = e " +¢ (e’T — e’ZT) +é <eT — 27 4 §€3T> + 0().

Compare this approximation with the exact solution In(f) + (6 — 1) = —7.

2.47 The initial value problem

do
—4+0+e0* =0, 000) = 1
dr

occurs in cooling of a lumped system. In this problem we let € as the perturbing
parameter and seek the solution in the form 6(7) = fozo €"0,,(T). Show that

0(r) = e "+ 6% (e_4T — e_T) + ezg (6_7 — 27 4 e_77) + 0(e).

Compare this approximation with the exact solution % In((1 + €0®)/[(1 + )& =r.
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Chapter 3 ®)
Second- and Higher Order Differential Gzt
Equations

Consider the second-order linear differential equation

po®)Y" + pr()y + pa(t)y = r(1), (3.1)

where the functions pg, pi, p2, and r are continuous in an open interval I = («, [3),
and po(t) # O forallz € I [1, 2]. For (3.1) the corresponding homogeneous differ-
ential equation

po®)y" + pir()y + pa(t)y = 0 (3.2)

plays an important role. We summarize some of the well-known results for the
Egs.(3.1) and (3.2) in the following theorems.

Theorem 3.1 There exist exactly two solutions y| and y, of (3.2) which are linearly
independent (essentially different) in I, i.e., there does not exist a constant ¢ such
that yi(t) = cy,(t) forallt € I.

Theorem 3.2 Tiwo solutions y; and y, of (3.2) are linearly independent in I if and
only if the value of the Wronskian (Josef Maria Hoéne Wronski (1776—1853)) of y1
and y; defined by

yi(8) y2(2)

WO =150 %0

(3.3)

is different from zero for some t in I.

Theorem 3.3 For the Wronskian defined in (3.3) the following Niels Henrik Abel’s
(1802—1829) identity holds:
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! pi(s)
po(s)

W(t) = W(t)exp <—/ ds), o€l 34

Thus, the Wronskian is zero at some ty € I, if and only if it is zero for all t € 1.

Theorem 3.4 Ify, and y, are solutions of (3.2) and c| and ¢, are arbitrary constants,
then (c1y1 + c2y2) is also a solution of (3.2). Further, if y1 and y, are linearly
independent, then any solution y of (3.2) can be written as y = ¢,y + ¢2y2, where
¢y and ¢, are suitable constants.

In contrast with first-order linear differential equations, there is no general method
to find a solution of (3.2). However, if one solution y; of (3.2) is known, then its
second solution y, interms of known functions can be written as

Tl ¥ pi(1)
= S — dr ) ds. 3.5
y2(1) yl(l)/ 2o eXP( / o) T) s (3.5)

Moreover, if the differential equation (3.2) is with constant coefficients, i.e.,

poy' +p1y +py =0 (3.6)

then its solution can be obtained rather easily. For this based on our experience, we
assume that y = ¢™' is a solution of (3.6). Thus, it follows that

(pom* + pim + p)e™ = 0,
or
pom?> + pim + p, = 0. (3.7)

Equation (3.7) is called the characteristic equation of the differential equation (3.6).
Its significance lies in the fact that if m is a root of (3.7), then ¢™ is a solution of
(3.6). Since Eq. (3.6) has two roots, say, m| and m,, depending on the nature of these
roots, three different forms of the general solution occurs:

Case 1. my # m; (real), y(t) = Ae™' + Be™,

Case2.my =my =m, y(t) = (A + Br)e™,

Case 3.m,=p+iq, my=p—iq (i=+—1, g #0), y(t) = e’ (Acosqt +
Bsingt), where A and B are arbitrary constants.

Theorem 3.5 For the initial value problem consisting of the differential equation
(3.1) and the initial conditions

y(to) = yo. Y'(to0) = yi. toel (3.8)

there exists a unique solution y in 1. Thus, in particular for the differential equation
(3.2) the only solution y satisfying the initial conditions
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y(to) = 0, Y'(to) =0, toel (3.9

is the trivial solution, i.e., y(t) = 0 forallt € I.

Theorem 3.6 Ifu isasolution of (3.2) and v is any solution of (3.1), then y = u + v
is also a solution of (3.1). Thus, if vy, and y, are linearly independent solutions of
(3.2), and v is a solution of (3.1) satisfying the initial conditions (3.9), then the
general solution y of (3.1) can be written as

y(t) = C|y1(t) +C2y2(f) +v(t), tel. (3.10)

Moreover, the solution v in terms of the known functions can be written as

o) = / /‘y;(s) 2(5)

f y1(8) y3(s)

Example 3.1 Consider a simple mechanical system consisting of a mass M con-
nected to a spring (see Fig.3.1). If the mass is displaced from its equilibrium posi-
tion by a distance x, then by Robert Hooke’s (1635-1703) law a force F = —kx is
exerted on the mass by the spring, where k is a positive constant. Now, by Newton’s

second law F = M x acceleration = M %. Thus, it follows that

y1(5) y2(s)
yi(t) y2(1)

r(s)

3.11
po(s) G-I

——
}—mm —<TBO—
Fig. 3.1
it k (3.12)
_— = — _x, .
dt?
or
X' +w'x =0, W = k/M. (3.13)

Any mechanical system described by Eq. (3.12) is called a harmonic oscillator.
Equation (3.13) has the characteristic equation m? 4+ w? = 0 with complex roots
given by m = *iw, and hence its solution can be written as

x(t) = Acos(wt) + B sin(wt) (3.14)
A B
=+ A2+ B2 [ﬁ cos(wt) + \/ﬁ Sil’l(wl‘)i|
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= v/ A% + B2 [sin(f) cos(wt) + cos(f) sin(wt)], tan(d) = A/B
= Csin(wr +6), C = VA2+ B2, 6 = tan"'(A/B). (3.15)

Since for all t > 0, — 1 <sin(wt 4+ #) <1 it follows that —C < x(¢) < C. The
constant C is called the amplitude of the oscillation. The argument (wt + 6) is called
the phase angle. When t = 0, the phase angle is 6. Hence, 0 is called the initial
phase. Now, since

2
x<z+—7T> — Csin(wt + 214 60) = Csin(wr + 6),
w

the motion described by x in (3.15) is periodic with period 7' = 27 /w. Further, the
natural frequency f of the motion, i.e., the number of complete oscillations per unit
time is given by f = w/2.

If the initial displacement and the initial velocity are given as

x(0) = xp, v(0) = X' (0) = x, (3.16)

then from (3.14) it follows that xo = A and x; = Bw. Hence,

2
C = x§+% and 0 = tan"! (x)‘c)—”) (3.17)
1

dx

If we multiply the differential equation (3.12) by %

and integrate, we obtain

Ly (& 2+1k2—E (3.18)
R = '

The first term in Eq. (3.18) is the kinetic energy of the object, while the second term
represents the potential energy. For example, in the spring—mass system, the second
term represents the energy stored in the spring. Equation (3.18) is in fact a statement
of conservation of energy, i.e., E = total energy.

Example 3.2 (Paul Anthony Samuelson’s (1915-2009) investment model) Let C(t)
and / () represent the capital and the investment at time . We assume that
(i) the investment gives the rate of increase of capital so that

dc 1 3.19
a7 (5-19)
(i1) the deficiency of the capital below a certain equilibrium level, say, C, leads to an
acceleration of the rate of investment proportional to this deficiency, and a surplus
of the capital above C, level leads to a deceleration of the rate of investment, again
proportional to the surplus, so that
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dl

o= —mlCw=C.l. (3.20)

Let x(r) = C(t) — C,, so that (3.19) and (3.20) can be written as

dx dl
— =1, — = —mx
dt dt
and hence
d*x dl
— = — = —mx,
dt? dt
or
2x
W—i—mx = 0. (3.21)

Clearly, Eq.(3.21) is the same as (3.13). If x(0) = xo, x’(0) = I(0) = 0 then
from (3.21) it is immediate that

x(t) = xgcos(x/mt) and I(t) = — xo/m sin(/mt)

so that both x(¢) and I (¢) oscillate with a time period 27 //m.

Example 3.3 Consider an elastic string of length L whose one end is fixed and to the
other end a particle of mass M is attached. Let the string be stretched to a distance a
and then released. Let at time ¢, x(¢) be the extension, then the equation of motion
of the particle is (see Fig.3.2)

f———e —« e
0O L AaB

Fig. 3.2
dx a k (3.22)
— = —=—x = —kx, .
dt? L

where k > 0 is the elastic constant. Again Eq.(3.22) is the same as (3.12).
Now let the particle move in a resisting medium with resistance proportional to
the velocity x’. Then, Eq. (3.22) becomes

Mx" +ax' +kx = 0, (3.23)

where a > 0is called the damping constant. The term ax’ is called the damping term
and (3.23) is the equation of free damped motion.

In Eq. (3.23) for simplicity of the arguments, we let 2\ = a/M and w? = k/M
so that the characteristic equation can be written as m? + 2Am + w? = 0. The corr-



52 3 Second- and Higher Order Differential Equations

esponding roots are then m; = —\ + /A2 —w? and my = —\ — /A2 — w2 We
now need to consider the following three cases:

Case 1. \2 —w? > 0, i.e., a®> > 4Mk and hence, the damping constant a is large
compared to the spring constant k. Since the roots m; and m, are real, distinct, and
negative the solution x (f) = Ae VA=D1 L Bp(-A—VA=D1 5 (a5t — 00. The
motion in this case is called overdamped.

Case 2. \2 — w? =0, i.e., a®> = 4Mk. Since the roots m; and m, are real and equal,
the solution x(¢) = (A + Bt)e~@/2M" _ () as t — o0o. The motion in this case is
said to be critically damped.

Case 3. \2 —w? <0, i.e., a> < 4Mk and hence the damping constant g is small
compared to the spring constant k. Since the roots m; and m, are complex, the
solution x () = e~ M[A cos(v/w? — X2t) + B sin(+/w? — \2t)] always oscillates and
tends to zero (damps out) as + — oo. The motion in this case is called under-
damped. As in Example 3.1 the solution x(¢) in this case can be written as
x(t) = Ce ™M sin(vw? — A2t +6), where C = +/A2 + B? and 6 =tan"'(A/B).
The coefficient Ce™ is sometimes called the damped amplitude of vibrations. Now
since | sin(v/w? — A2t + 0)| < 1 for all ¢ the graph of x(¢) lies between the graphs
of Ce™ and —Ce™™. Thus if #; is a maximum (minimum) point of x(z), i.e.,
x(t)) = Ce™ (=Ce™) then the next maximum (minimum) point of x(¢) will be
ath, =1 + \/jz—’rf/\, Hence, the period of the oscillatory motion is

2

T 4Mm ) M 1
= = T — —,
Vw? — )2 VA4kM — a2 ko Ji_ @
kM

which is an increasing function of a, i.e., if resistance is increased, the particle
will oscillate more slowly. In fact, as a increases toward the critical damped case

a =2+kM, then (1 - 412_2114) approaches zero, and so the period grows without

bound. Finally, we note that the ratio between two consecutive maximum (minimum)
displacements x (¢;) and x(#,) is a constant given by

x(t1) — P2TVVTX
x(t2)

The number § = In (x (t)/x (tz)) = 2w\ /+/w? — A2iscalled the logarithmic decre-

ment.

Example 3.4 (Modified Samuelson’s investment model) If in Example 3.2, the rate
of investment slowed not only by excess capital, but it is also slowed by a high
investment level, then Eq. (3.19) remains the same, whereas (3.20) is modified to

ar _ C(t)—-C 1 3.24
= —mlC() —C—nl. (3.24)
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Again the substitution x(¢) = C(¢) — C, in (3.19) and (3.24) leads to the equation
x"+nx' +mx = 0,

which is exactly the same as (3.23).

Equation (3.23) also occurs in modeling several other real-world applications.
However, in many situations, instead of linear damping term ax’ in (3.23) some form
of nonlinear damping leads to better results. For example, the equation

Mx" +ax'|x'| +kx = 0,

which implies that the damping force is always directed opposite to the direction
of the motion, gives more accurate results when an airplane tires from wet snow or
slush. Stewart [19] points out that drag from only four inches of slush was enough
to cause the 1958 crash during take off of the plane carrying the Manchester United
soccer team. Large airplanes are now allowed to take off and land in no more than
one-half inch of wet snow or slush.

Example 3.5 If an external force F (¢) is applied to the spring—mass system discussed
in Example 3.1, then the resulting differential equation becomes nonhomogeneous.
Here we shall discuss the undamped motion governed by the differential equation

d*x
Mﬁ—i—kx = F(), (3.25)
or
X +wx = f@), w=k/M and f(t)=F(@t)/M. (3.26)

Clearly, in view of (3.10) and (3.11) the general solution of (3.26) can be written as

cos(ws) sin(ws)
cos(wt) sin(wt)

x(t) = Acos(wt) + B sin(wt) + f - f(s)ds
f cos(ws)  sin(ws) (3.27)

—w sin(ws) w cos(ws) '

= Acos(wt) + B sin(wt) + i / sinfw(t — s)] f(s)ds.

In particular, if F(¢) = P (constant), then (3.27) reduces to
. 1P [,

x(t) = Acos(wt) + Bsin(wt) + — —/ sin[w(t — s)]ds

w M J, (3.28)

= Acos(wt) + B sin(wt) + %(1 — cos[w(t — 19)]).
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Now we assume that the system is initially at rest in its equilibrium position before
F(¢) is applied. This means we impose the initial conditions

x(0) =0, x'(0) = 0. (3.29)
In this case solutions (3.27) and (3.28), respectively reduce to
1 t
x(t) = —/ sinfw(t — s)] f(s)ds (3.30)
w Jo
and
P
x(t) = E(l — cos(wt)). (3.31)

Thus, when F(t) = P the mass oscillates at the natural frequency of the spring—mass
system between the points O and 2P/ k.

Next, we consider the case when the forcing function is a simple periodic function
F(t) = P coswyt (sinusoidal force) where w # wy. Hence, we need to solve the
initial value problem

P
X+ wix = Mcos(wot), x(0) = 0, x'(0) = 0. (3.32)

In view of (3.30) the solution of (3.32) can be written as

x(t) = l/ sin[w(t — s)]£ cos(wps)ds
w Jo M

L2 cos(wor) — cos( 4 <0 )
— —|COS — COS —
(,u2 M wo w wzx

and hence

x() = [cos(wpt) — cos(wt)], (3.33)

M(w? — w})

i.e., the motion consists of the superposition of two modes of vibrations—the natural
mode at frequency w and the forced mode at frequency wy.
Now in view of the trigonometric identity

.(B—A\ . (A+B
cos(A)—cos(B):Zsm( 5 )sm( 5 )

the solution (3.33) can be written as
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X0 = —2 G (w_wot)sin(w+w°t>. (3.34)
w* — wy)

2 2

Thus if the forcing frequency wy is close to the natural frequency w, i.e., 0 < |w —

wo| < 1, then the period of the sine wave sin ((”_2—“’0)’) is large compared with the

period of the sine wave sin <M) . Hence, the motion described by (3.34) can be

visualized as arapid oscillation with angular frequency (w + wp)/2, but with a slowly
varying sinusoidal amplitude known as the envelope (see Fig.3.3). An oscillatory
motion possessing a periodic variation of amplitude describes the phenomenon of
beats. In the case of two tuning forks, the variation in the amplitude of the sound
is easily heard. In applications to electric circuits, the slowly varying amplitude is
usually called an amplitude modulation.

The solution for the case wy = w can be obtained from (3.33) by using Guillaume
Francois Antoine de L’Hopital’s (1661-1704) rule. Indeed, we have

x(t) = lim

P
wo—w | M(w? — w@

[cos(wot)—cos(wt)]:| = 2A]Zwtsin(wt). (3.35)

The same solution can be obtained directly from (3.30) as follows:

1 [ P
x(t) = —/ sin[w(t — s)]— cos(ws)ds

= _M / [sin(wt) + sin(wt — 2ws)]ds
cosw[(t — 2s)]

= — [t sin(wt) + ——

P
j| = t sin(wt).
0 2wM

wM 2w
z(t)
2P/M|w? — W3] F--=— -~
/] N\ 7 \
’ \ , N
/ ., N
0 JAVA AW ¢
N N A
J ) : \ /
\ /
SN\ L7 : \\’/:
| | |
<1 <
27 [|w — wo 4m [|w + wol

Fig. 3.3
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A sketch of this solution is depicted in Fig.3.4. Thus, when wy = w the forced
response is not a periodic function. It is a growing oscillatory function and the ampli-
tude becomes unbounded as t — oco. We refer to this phenomenon as resonance, and
the value wy = w is called the resonant circular frequency. Resonance occurs to sit-
uations such as vibrations in an aircraft wing, a skyscraper, a glass, or a bridge. The
excitation that leads to the vibrations of these structures include strong winds, unbal-
anced rotating devices, and moving vehicles. Naturally, if the amplitude becomes
too large, the system falls apart. This situation actually cased the Tacoma Narrows
bridge at Puget Sound (State of Washington) to collapse on November 7, 1940 only
4 months after its grand opening. In designing such structures, it is very important
to make natural frequency of the structure different (if possible) from the frequency
of any probable forcing function. Resonance also suggest the reason that soldiers
should not march in steps across bridges.

o
\
\
>\
\
\
T
-

Fig. 3.4

Example 3.6 Consider the nonhomogeneous differential equation with the damping
term of the type

Mx" +ax' +kx = F(1). (3.36)

From Theorem 3.6 its general solution x can be written as x = u + v, where u is the
general solution of the homogeneous equation

X420 +wix =0, 2A=a/M, W =k/M (3.37)
and v is any solution of the equation
X" 420 +wx = F(t)/M. (3.38)
In Example 3.3 we have seen that u assumes the form

e M (Aeo" + Be""), a=VA2—w?2, N —uw?>0
u@®) = {eMA+Br), N—w?=0
e M[Acos(ut) + Bsin(ut)], p=+vVw?—X, w?—X\>0.
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Clearly, u(t) — 0ast — oo. Thus, u contributes only initial effects to the motion of
the system. For this reason, in physical applications u is often referred to as a transient
solution. Once the initial effects diminish the particular solution v dominates the
response of the system. We call v as the steady-state solution (only that part of v
which does not vanish as 1 — o0). Now since the transient solution does not have
long term effects, it suffices to find the steady-state solution v of the differential
equation (3.38) ignoring completely the initial conditions.

Again, for simplicity we consider the forcing function F(¢) = P cos(wyt) (sinu-
soidal force), i.e., we shall solve the differential equation

P
X420 WP = i cos(wot). (3.39)

A solution of (3.39), which does not tend to zero and is independent of the sign of
(A2 — w?) can be obtained by using (3.11), and after several manipulations appears
as

P

v(t) =
2 (k — Mw})? + wia?

[(k — Mw}) cos(wot) + woa sin(wot)] . (3.40)

(The same solution can be obtained rather easily by employing the method of unde-
termined coefficients, or the method of operators.)

Clearly, the steady-state solution v obtained in (3.40) is the sum of two sinusoids
of the same frequency, and hence it can be written as

v(t) = Rcos(wot — ¢), (341

where

P woa

R = and tan(¢) = —_—.
\/(k—Mw(Z))z-i-w(z)az ke — Muwy

(3.42)

From (3.41) and (3.42), it follows that like the forcing function F (1) = P cos(wyt),
v(?) is a sinusoid with the same angular frequency wy; however, v(¢) is out of phase
with F(¢) by the angle ¢, and its magnitude is different by the factor

1 /M
G(wo) = = 2 2 5 G4
\/(k — M) + wia? \/(ﬁ —wp) + (37)" wg

The graph of G(wy) is called the frequency response curve, or resonance curve.
From (3.43) it is clear that G(0) = 1/k and G(wp) — 0 as wy — oo. Further,
since
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— () |2 — (£ - a
M 0 M~ 2M?

[~y + Gea]

G'(wp) =

G'(wp) = 0 if and only if

k 02 1/2
wy = O, or wo = w1 = (M — W) . (344)

Thus, if a? > 2Mk, w; is imaginary, and hence G’(wp) = 0 only when wy = 0.
Hence, as wp increases from zero to infinity, G(wg) decreases from 1/k to 0. If
a? < 2Mk, w, is real and positive, and G (wp) attains its maximum at w; and its
maximum value is

Gw) = —F/———. (3.45)

The value w;/(27) is called the resonance frequency for the system, and when the
external force is applied at this frequency, the system is said to be at resonance.

Example 3.7 An electrical circuit contains an inductance L, aresistance R, a capac-
itance C, a current /, and a generator which delivers E volts. These quantities satisfy
the differential equation

Ldz[ R Ly dE (3.46)
dr? dt  C = dt’ ’

which is obtained by differentiating the equation

Ldzq +qu + ! E(7), (q isthe charge) (3.47)
—_— —_— — = . 1S € charge .
dt? dt Cq q &

and using the relation / = ‘(’l—‘f Equations (3.46) and (3.47) are called LRC-circuit
systems. If E = Ej sin(vt) we shall find the steady-state solution 1, () of (3.46).
Since E = Ej sinyt we need to solve the differential equation

21 dl 1
+R=— + =1 = Eyycos(71). (3.48)

L_
dt? dt C

As earlier if R* < 4L/C the general solution of (3.48) can be written as

I1(t) = e™[Acos(Bt) + B sin(3t)]

E 1
OZ [(— — ’yzL) cos(vt) + YR sin(’yt)i| , (3.49)
(% _ ,yzL) +~2R2 L\C
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where

172
R LR

a= —— <0 and 38 = u
2L 2L

Clearly, the first term of I (¢) tends to zero as t — 0o, and hence the steady-state
solution 1, (t) of (3.46) is

E R
1,(0) = & cos(yt — ). tan() = —— =

\/(%—fyzL)z—i—'ysz (1/C) —~%L

Hence, at the steady-state the amplitude is Eg/ \/ [(1/Cy) —yL)]* + R?, which
assumes its largest value when 1/(Cvy) — vL = 0, i.e., ¥ = 1/+/LC. The maximum
amplitude is Ey/R. This (roughly) happens when one tunes a radio.

Example 3.8 A particle is attracted toward a fixed point O with a force inversely
proportional to its instantaneous distance from O. If the particle is released from
rest, we shall find the time for it to reach O.

Let O be the origin, and the particle be located on the x-axis. If at time t = 0 it
is at distance a, then by Newton’s second law, we have

x k ,
ﬁ = —;, x(0) =a, x(0) =

where M is the mass of the particle and k£ > 0 is a constant of proportionality.
Multiplying the differential equation by dx /dt and integrating, we get

M 2
— d_x = kln 4 ,
2 \ dt X
dx 2k | (a)
— = — . /— [In| =),
dt M X

where the negative sign is taken because as ¢ increases x decreases. Thus the required
time 7T is given by

1= [ o =l w [ e
_“\/; (2> - \/;

Next for a moving particle, we shall need the components of the velocity and
acceleration along radial and transverse directions. If a particle moves from a point
P to a point Q, then the displacement along the radius vector is (see Fig.3.5)

or
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Fig. 3.5

ON — OP = (r+ Ar)cos(Af) —r
and hence the radial component u of velocity is

A AB) — Ar d
u = lim L TANCS@hmr AT _dr (3.50)
At—0 At At—0 At dt

Similarly, the displacement perpendicular to the radius vector is (r + Ar) sin(A6),
and the transverse component v of velocity is

Ar) sin(Af in(A6) AO do
v = lim (r + Ar) sin(AB) = lim rsm( ) A6 =r— =rf. (3.51)
At—0 At At—0 AO At dt

Now the change in the velocity along the radius vector is (see Fig.3.6)

v+ Ay Ut Au

Fig. 3.6

(u + Au) cos(AB) — (v + Av)sin(Af) — u
and hence the radial component of acceleration is

lim (u + Au) cos(AB) — (v + Av) sin(A) — u
At—0

At
. Au—vAl du do
= lim —— = — —v—
A1—0 At dt dt

= %(r/) —r00 = r" —ro>.

(3.52)

Similarly, the transverse component of acceleration is
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. (u+ Au)sin(A0) + (v + Av) cos(Af) — v
lim

At—0

L uhd+ Av Ao v e o Ly, G5

T AT Ar St ta T +dt(r)_r(r ).
Example 3.9 Any object that swings back and forth is called a physical pendulum.
A simple pendulum is a special case of physical pendulums. It consists of a string
to which a mass is attached at one end. The swinging bob in a grandfather’s clock
and a child’s swing are examples of pendulums. In describing the motion of a simple
pendulum, we shall assume that the mass of the string is negligible and there is no
other external force on the system.

Let a particle of mass M be suspended from the end of a string of length L. Assume
that the motion is in a circle of radius r = L (see Fig.3.7). Thus, it follows that the
radial component of the velocity is ' = 0, the transverse component of velocity is
v =rb = L, the radial component of acceleration is r" — r6? = —L6?, and the
transverse component of acceleration is (1/7)(r%60'Y = (1/L)(L*#'Y = L§". Thus,
from Newton’s second law the equations of motion can be written as

MLO" = — Mgsin(h), (3.54)
—MLO? = Mgcos(9) — F, (3.55)

where F is the tension toward the origin exerted by the string to hold the mass M.
We shall see that it has a nonconstant magnitude.

Fig. 3.7

If 6 is small, i.e., the angular displacement is small, then sinf =~ @, and the
Eq. (3.54) takes the form

0" +w?0 =0, w* = g/L, (3.56)

which has exactly the same structure as the differential equation (3.13).
If 6 is not necessarily small, we multiply (3.54) by 20" and integrate, to obtain
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LO? = 2gcos(d) + c,

which is the same as

2
UZ — 2gcos(d) + ¢, (3.57)

where c is a constant. Now, let the particle be projected from the lowest point with
velocity ug, i.e., when § =0, v = L0’ = uy. Then, from (3.57) it follows that ¢ =
(ué/L) — 2g, and hence

v? = uf —2gL[1 — cos(6)], (3.58)

or

1 1 1
EMu2 = EMug — MgL(1 —cos(9)) = zMug — Mgh, (3.59)
where £ is the vertical distance traveled by the particle.

Now, from Egs. (3.55) and (3.58), we get

2 2
F = ML92+Mgc0s(9) = M%—i—Mgcos(G) = M%—2Mg+3Mgcos(9).

(3.60)

Atthe highestpoint = mand F = Mu3/L — 5Mg. Thus,ifu3 > 5Lg, the particle
will move in a complete circle again and again. However, ifu3 < 5Lg, F will vanish
before the particle reaches the highest point. When F vanishes, the particle begins to
move freely under gravity and describes a parabolic path till the string again becomes
tight and the circular motion is started again.

Equation (3.54) can be made more complicated by assuming that the pendulum of
length L and mass M is constrained to move in a plane rotating with angular velocity
2 about a vertical line through the pivot point. If 6(¢) denotes the angular deviation
of the pendulum from the vertical, the equation of motion takes the form

10" — MQ*L? sin(f) cos(#) + MgL sin(6) = 0,

where [ is the moment of inertia of the pendulum. If 6 is small, the above equation
reduces to
10"+ ML(g — Q*L)0 = 0.

When Q2L > g, the solution of this reduced equation does not display swinging
motion.

Example 3.10 1If a particle of mass M moves on the inside of a circular smooth wire
of radius a, the equations of motion are (see Fig.3.8)
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Mabl" = — Mgsin(0)

Mab? = R — Mg cos(0).

Fig. 3.8

63
(3.61)

(3.62)

Clearly, (3.61) and (3.62) are exactly the same as (3.54) and (3.55), where L
is replaced by a, and F is replaced by the normal reaction R. Thus, if the initial
velocity u3 > 5ag, the particle will make an infinite number of complete rounds
of the circular wire. And if u(z) < 5ag, the reaction R vanishes before the particle
reaches the highest point, the particle leaves the curve, describes a parabolic path till
it meets the circular wire, and then describes a circular path. This continues again

and again.

If the particle moves on the outside of a circular smooth wire from the point

A (6 = 0), the equations of motion are (see Fig.3.9)

Ma®" = Mgsin(0)

Mab? = — R+ Mg cos(6).

Fig. 3.9

Integrating (3.63), we find

2
af? = u} 4+ 2g[1 — cos(6)]
a

(3.63)

(3.64)
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and hence from (3.64) it follows that

2
R = 3Mgcos(d) — M0 —2Mmyg.
a

Thus, at the point A,

9 =0, R=Mg—M=2, (3.65)

whereas at the point B,

2

0 =2 R= M9 _2mg <o (3.66)
a

m
2
From (3.65) and (3.66) it is clear that if u% > ag, the particle leaves the contact with
the wire immediately and describes a parabolic path. If u < ag, the particle remains
in contact for some distance, but must leave contact when R vanishes, i.e., before it
reaches the point B and then it describes a parabolic path.

If the particle moves on the inside of rough vertical circular wire, then there is
an additional functional force R along the tangent opposing the motion. Thus, the
Eq. (3.62) remains the same, whereas (3.61) is modified to

Mal”" = — Mgsin(0) — pR. (3.67)

Eliminating R between Egs. (3.67), (3.62) we get the nonlinear differential equation

ab’ + pab? = — gsin(9) — pgcos(d). (3.68)
Using the substitution #’ = w so that §” = wfi—lg, Eq. (3.68) becomes
dw 5 .
aww + paw” = — gsin(f) — pgcos(h). (3.69)

Now letting w? = z in (3.69), we obtain

d
aﬁ Y 2uaz = —2gsin(@) — 2ugcos(d), (3.70)
which is a first-order linear differential equation, and can be solved rather easily.
Knowing z, we can find 6, and then determine the value of § when R vanishes.

Similarly, for the rough circular wire, the Eq.(3.64) remains the same, whereas
(3.63) is modified to

Ma®" = Mgsin(®) — uR. (3.71)
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Example 3.11 A model representing the angular displacement 6(¢) of a swinging
door is (see Fig.3.10)

Equilibrium
position
Hinge axis
Fig. 3.10
10" = — k06— k0, (3.72)

where 6 is the angle measured from the equilibrium position of the door, 7 is the
moment of inertia of the door with respect to the hinge axis, k; is the constant
of proportionality of a spring that acts to close the door, and k, is the constant
of proportionality of a hydraulic mechanism that acts as a damper opposing the
movement of the door.

Clearly, (3.72) is exactly the same as (3.23) except some different terminology.

Example 3.12 The differential equation governing the torsional motion of a weight
suspended from the end of an elastic shaft is (see Fig.3.11)

10" +ab +k0 = T(1), (3.73)
where [ is the moment of inertia, a is the damping constant, & is the shaft constant,

0(t) represents the amount of twist of the weight at any time, and 7 (¢) is the applied
torque.

.

1

\
N

0(t)
Fig. 3.11

On comparing Eqs. (3.36), (3.47) and (3.73) it is clear that with the exception of
terminology, there is no difference in mathematics.

Example 3.13 Assume that the force acting on a particle of mass M is M F(r) and
it is directed toward the origin, then the equations of motion are given by
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M —r@®)) = —MF(r) (3.74)
and
Md ,,
TE(r 0) = 0. (3.75)

From these equations, we respectively have
" —r@)? = — F@r) (3.76)
and
P20 = b, (3.77)

where £ is an arbitrary constant.
Now let u = 1/r, so that (3.77) is the same as §' = hu?, and since

, dr dr du do 1 duh ) hdu
y = —-- = ——— = — — — = —N—:,
dt  dudo di w2do " 0
d du d du do d*u d*u
4 - _h_ — _h_ = _h_h 2 — _h2 2_
" T ( dQ) a0 ( d@) d1 ae " “ae

the Eq. (3.76) can be written as

d*u 1
2.2 2.4 _
which is the same as
d*u F(1/u)
W u = W. (3.78)

Clearly, Eq. (3.78) is independent of the time ¢, and its integration provides the path
described by a particle moving under a central force F' per unit mass.

If the central force per unit mass is K /r? or Ku?, where K is a constant, then
Eq. (3.78) is the same as

d’u K

The solution of Eq. (3.79) can be written as

K
u(l) = Ccos(d — @) + ek
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or

L = 1+ ecos(d@ — o), (3.80)
.

where i = KL and e = LC.

Equation (3.80) represents a conic section (ellipse if e < 1, parabolaife = 1, and
hyperbola if e > 1) with a focus at the center of force. Thus, we can conclude that if
a particle moves under a central force K /r? per unit mass, then the path is a conic
section with a focus at the center. Conversely, if we know that the path is a conic
section with a focus at the center of force, i.e., (3.80), then the force per unit mass is
given by

d*u —ecos(@ —¢) 14 cos(d — ) K
F—hu<d92+u> hu( 7 + 7 ) I

Thus, the central force follows the inverse square law. Now since all planets are
observed to move in elliptic orbits with the Sun at one focus, it follows that the law
of attraction between different planets and Sun must be the inverse square law.

Remark 3.1 Following a long period of observations of planetary motions by his
predecessors specially of Nicolaus Copernicus (1473-1543) and Tycho Brahe (1546—
1601), Johannes Kepler (1571-1630) formulated three laws of motion empirically.
These laws can be deduced from Example 3.13 as follows:

1. Every planet describes an ellipse with Sun at one focus: From Example 3.13 it
is clear that under the inverse square law, the path has to be a conic section and this
includes elliptic orbits.

2. The radius vector from the Sun to a planet describes equal areas in equal intervals
of time: Since r20’ = h, we have

1r2A0 1
im — = —h. (3.81)
At—02 At 2

Now from Fig. 3.6 the area A A bounded by radius vectors O P and O Q and the arc
P Q is (1/2)r*sin(Af), so that (3.81) gives

m r m m — r-— .
At—>0 At 2 A0  AO  A—0 At 2 dt 2

dA . AA I, . sin(A@)l, A9_12d9_1h
dt

Thus, the rate of description of sectorial area is constant, and hence equal areas are
described in equal intervals of time.

3. The squares of periodic time of planets are proportional to the cubes of the
semimajor axes of the orbits of the planets: Let @ and b be the semimajor and
semiminor axes of the ellipse, so that its total area is wab. Since the areal velocity is
h/2, the periodic time T is given by

mab 2mab

T:mz — (3.82)




68 3 Second- and Higher Order Differential Equations

Now since the majoraxis of the ellipse is the sum of greatest and least distances from
the focus, from (3.80) it follows that

) L n L 2L 2h?
a = = = s
l—e 1+e 1 —e? K(1 —e?)

which from the well-known relation b?> = a?(1 — ¢?) gives

h%a

b = ) 3.83
X (3.83)

From (3.82) and (3.83), we have the required relation

72 4m’a’b? 47%
= — = —a .
h? K
Remark 3.2 If the central force per unit mass is K /r", then Eq.(3.78) is the same
as 5
d-u
— 4+u = Ku"2.
ar "
To find the radius r( of a circular orbit, we note that u = uy = 1/r, must be a constant,
and hence ug = Kuj 2, orug " = K, orug = K'/"=3 (n # 3). For n = 3 circular
orbits do not exist unless K = 1. Now suppose the planet is given a small “push” so
that u = ugy + €(f), where € is small. Then, we have

dZE n—2 n—2 n-3
W+u0+e:K(u0+e) >~ Kuy "+ K —2)uy e

Using ug = Ku{) > and Kuf > = 1 it follows that

d’e
W +e x~ (n — 2)6,
or
d’e
W ~ (I’l — 3)6,

which can be solved to obtain

A cosh(v/n —30) + Bsinh(v/n —360), n>3
€) ~ { AO+B, n=3

Acos(x/3 —nb) + Bsin(x/3 —nb), n <3.

So eisbounded in general only if n < 3, i.e., only in this case does a small disturbance
remains small. Hence, the trajectories are circular orbits for 1/r, 1/r? force laws,
but become degenerate conics for 1/r3, 1/r* etc.
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Example 3.14 Using clever substitutions some particular second-order differential
equations can be transformed to integrable first-order equations. In particular, we
consider the equation for the capillary curve (see [18])

d’y 4y a2 4T
= = = |14 (= , C? = —, (3.84)
C? dx 09

where T is the surface tension, p is the density of the liquid, and the physical situation
is depicted in Fig. 3.12.

Yy
'a
N Gas
T Liquid
€T
Plate
Fig. 3.12
Thus, it follows that
d
Y(0) = £, d—x(O) — —cot(). (3.85)
y

In (3.84) weset p =y, y" = pdp/dy, to obtain

pdp  _ 4ydy
1+ p2)3/2 c?’
which yields
_ 2y?

—(14+pH7? = Tt (3.86)
Since p = y’ = 0 when y = 0 it follows that ¢c; = —1, and hence Eq. (3.86) is the
same as

C? —2y?
2172 _
a+p9) = o (3.87)

Using (3.85) in (3.87), we get the expression

1 — sin(«) /T«
by = Cy)f— = Csm(———).
2 4 2
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Now from (3.87), we find

d_y o 2y(C2 _ y2)1/2

P=ax = C?_2y?

)

where we have taken the negative sign since the physical slope of the curve in Fig. 3.12
is negative for a “wetting” fluid. Separating the variables, we obtain

I — ydy c? dy
X = (CT—yI2 2 y(C2 = )12
which yields
X+ = —(Cz—y2)1/2+£sech*1 2 .
2 C
However, since y(0) = ¢ it follows that
C £y
= _(C P — )2 L Seen 20
2 ( o)+ > sec C

Example 3.15 Consider a pipe of infinite length laid along the x-axis. Assume that
the outer and inner radii of the pipe are r; and r,, respectively. Thus, the thickness
of the wall of the pipe is T = r; — r. Let the average of the internal and external
radiibe R = (r; + r2)/2. Suppose that a liquid being pumped through the pipe exerts
a constant pressure P on the wall of the pipe. This pressure causes a slight radial
deflection of the wall of the pipe. To strengthen the walls of the pipe, a reinforcing ring
is placed around the pipe at x = O (for a partial cross-sectional view see Fig.3.13).
The radial deflection of the pipe wall at a distance x from the reinforcing ring w(x)
is governed by the differential equation

d4w+ 12 12 » (3.88)
it TR T ET D :

where E is the modulus of elasticity of the pipe. At the ring we assume that there is
no deflection.

We shall find the general solution of Eq. (3.88). For this, note that the correspond-
ing homogeneous equation of (3.88) is

d*w 12

it —w =0, (3.89)

Since for the characteristic equation

m*+a*=0, a=12/R*THV*,



3 Second- and Higher Order Differential Equations 71

w(z)

je——— 7’3 ——>

Fig. 3.13

the roots are a(+1 £1i)/ V2, four linearly independent solutions of (3.89) are

ax/3 ax) V. (ax) —ax)V3 (ax) —ax VR (ax)
e cos| — |, e sinf — ), e cos| — |, e sin| — ).
<«/§ V2 V2 V2

It is also easy to verify that R>P/ET is a particular solution of (3.88). Thus, the
general solution of (3.88) can be written as

w(x) = /Y2 |:cl cos(%) + sin(%)]

ax ax R?P
Jemax/V2 |:C3 cos(—) + ¢y sin(—)] + —

V2 V2 ET "

Problems

3.1 A solid cylinder is placed on the top of an inclined plane and released from rest.
If it rolls without slipping and if a frictional force acts in the opposite direction to its
motion, the differential equation of motion is

d*s

W = kg sin(a),

where s is the distance displaced, kK > 0 is a constant, and « is the angle of the
inclined plane. Find its solution.

3.2 The relation between the national income and the burden of debt incurred by
the citizens is governed by the differential equation (see [6])

d*D
— —kD = 0,
dt?
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where D is the total public debt, and the income is assumed to grow at a constant
relative rate k (0 < k < 1). Show that its general solution can be written as D(¢) =
A cosh(+/kt) + B sinh(v/kt).

3.3 If a floating body is depressed vertically from its equilibrium position by an
amount y, the resulting motion due to Archimedes’ (287-212 BC) principle and
Newton’s second law of motion is governed by the differential equation

d’y pA

2y — o,

dr? + VR
where p is the density of the liquid, A the cross-sectional area of the body, and M is
its mass. Find its general solution.

3.4 Before using a metal in spacecrafts, a torsional stiffness test is applied to a
slender vertical rod of the test metal to which a solid metal cylinder is attached. If r
is the radius of the cylinder and k is a torsional stiffness constant, then

Mr? d*e
—— 4k =0
2 dt? +

is the differential equation that is solved for the angle 6 through which the cylinder
is twisted about an axis through the vertical rod. Here M is the mass of the system.
Find its general solution.

3.5 In the study of a one-dimensional reactor, the following differential equation is

encountered (see [15]):

d*C _—dcC
E— —-U— —kC = 0,
dz? dz

where C = C(z) is the reactant concentration, z the axial coordinate, E the axial
dispersion coefficient, U the average velocity of the reaction mixture, and k the
reaction constant. Find its general solution.

3.6 The differential equation that describes the motion of a spring—mass system
with a single degree of freedom excited by the force Px’ is

Mx" +ax' +kx = Px'.

Show that if P > a the motion of the system diverges, i.e., dynamically unstable,
if P = a the solution is the solution for a free undamped system, and if P < a the
solution is a free damped system.

3.7 When a shell is fired from a large artillery gun, the barrel recoils on a well-
lubricated guide and its rapid motion is braked by a battery of heavy springs, which
first stop the recoil and then push the barrel back into firing position. The return
motion is also braked by a hydraulic cylinder, called a dashpot, consisting of a
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closed cylinder within which slides a piston. Assuming that the firing is horizontal
and friction in the guide is negligible, the following differential equations describe
the motion of the barrel:

d*x k

W+Mx =0, x(0) = x9, x'(0) = vy (recoil) (3.90)

d? d k
d—;—k%d—:—i—ﬁx =0, x(t) = x, (1) =0, (return)  (3.91)

where k is the spring constant of the breaking system, M is the mass of the moving
system, a is the dashpot coefficient, and x; is the maximum displacement from rest,
occurring at time #;. Find the general solutions of the Eqgs.(3.90) and (3.91). In
particular, show that for the consistent constants M = 1, k =16, x; =15, a = 10
and #; = 0 the solution of (3.91) is 20e™% — 5¢~%.

3.8 The equation

_d
T dx’

!/

arx*y" +aixy +agy = 0, x>0,

where ag, a; and a, are constants is called Leonhard Euler’s (1707-1783) equidi-
mensional equation. Show that the change of independent variable x = ¢’ transforms
it into the equation with constant coefficients

@y +(a —a)y +apy = 0, "= —.

Hence, if m and m, are the roots of the characteristic equation am? + (a; — a))m +
ayp = 0, then the solution of Euler’s equation can be written as

Ax™ + Bx™ if my # m, arereal
y(x) = [A+ BIn(x)]x™ if mi=my,=m
xP[Acos(gIn(x)) + Bsin(g In(x))] if m; = p+iq, my=p —iq.

3.9 Physiologists model the circulation of blood in blood vessels by studying the
velocity of wave propagation in elastic tubes. If y is the radial displacement of the
artery wall, then the equation determined by Mirsky [14] is

;lzy Iy

2 2

7 = _—m?y =0,
d dr? rdr Y

where the constant m is derived from stress and strain components. Show that the
solution of this differential equation is y(r) = Ar™ + Br=".

3.10 The following differential equation occurs in Astronomy (see [10]):
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>y o dy
UW 4% = 0, v>0.

Show that its general solution is ¥(v) = c¢| + v 3,

3.11 The following differential equation arises in the study of peristaltic flow in
tubes (see [3])
d*p ldp
—+-—— =0, 0.
dv?:  vdv vz

Show that its general solution is p(v) = ¢| + ¢ In(v).

3.12 Lewis [11] model for the investment growth is

d’k 2 2

W + C k = C k],
where k is the capital stock, k; the desired level of capital stock, and ¢ a positive
constant. Show that the capital stock oscillates about the desired level &;.

3.13 Inastudy of riots by oppressed groups Rashevsky [17] obtained the differential
equation

d?y

— —ay = b,

arr Y
where a > 0 and b is an arbitrary constant. Solve this equation.

3.14 In an effort to describe experimental data recorded in a simple avoidance
situation using rats, the following initial value problem occurs (see [4])

d? 1d
y+;_y+by:§, y©0) = a, y'(0) =4

where y(t) represents the value of the learning curve of a rat at time ¢, b and 7 are
positive constants represent the characteristic of the experimental situation, and o
and [ are initial values. Find its solution.

3.15 In mining certain minerals, the cost rises linearly with cumulative production.
The optimum process for mining this type of minerals is governed by the differential
equation (see [9])

d’x dx r( rkK

— —r x = —_,
dr? dr b b
where r, 3, b and K are nonzero constants. Solve this equation.

3.16 Inthe study of the gravitational equilibrium of a star, an application of Newton’s
law of gravity and of the Stefan—Boltzmann (Ludwig Eduard Boltzmann (1844—
1906)) law of gases leads to the equilibrium equation
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1 d (r*dP

—— | ——) = —47pG,
rtdr ( p dr ) P

where P is the sum of the gas kinetic pressure and the radiation pressure, r is the

distance from the center of the star, p is the density of matter (assumed to be a
constant), and G is the gravitational constant. Find its general solution.

3.17 Consider the spring—mass system governed by
" 2 L 2
X"+ wx = —sin(wet), w =k/M.
M
Show that its general solution can be written as

—_— sin(wot), wo # w
x(1) = Acos(wt) + Bsin(wr) + {1 M (ulff — wp)

tcos(wt), wo=w.

2Muw
Further, if x(0) = x’(0) = 0 show that this solution reduces to

P
M(w? — wd)w

[sin(wt) — tw(coswt)], wp = w.

(wsin(wpt) — wp sin(wt)], wo # w
x(t) =

2Mw?

3.18 Consider the spring—mass system governed by
x4+ 2ax' + (W +a*)x = sin(Br), x(0) = 0, x'(0)=0.

show that its solution can be written as

BB+ Aa
w

x(t) = — [A cos(wt) + sin(wt)j| e + Acos(Bt) + B sin(ft),

A= —2aB/C, B = @+ —@), C = @+ -+ Q2ab)>

Further, show that the amplitude of the steady-state solution is C~!/2, and the value
of 3 which maximizes this amplitude is v/w? — aZ.

3.19 Show that the steady-state solution of the spring—mass system
Mx" +ax' +kx = P sin(wot)

can be written as v(t) = R sin(wot — ¢), where R and ¢ are the same as in (3.42).

3.20 Consider the LRC-circuit equation
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d’q dg 1 .
L— 4+ R— 4 —q = Ep", i=+/—1.
dr? + dt + c? 0¢ !

(1) Show that its steady-state solution is

Ey
(1/¢) = ~v*L + iR

iyt

q,(t) =

(2) Show that its steady-state current is

Ey .
R +i[yL — (1/7C)]

iyt

Ip(t) =

3.21 In a model of foreign exchange speculation under floating exchange, it is
assumed that the excess demand at time ¢ caused by speculators is of the form
[ag + a; R(t) + B cos(wt)], where ag > 0, a; < 0 and B > 0 are constants, R(¢)
is the rate of exchange at time ¢, and B cos wt represents external factors, such as
seasonal influences. It is also assumed that the expected rate of exchange at time ¢
(a value that is expected to be realized at some given time in the future) is of the
form [boR(t) + b1 R'(¢) + by R"(¢)], where by, by and b, are constants whose signs
indicate the attitude of the speculators. Based on these assumptions Gondolfo [8]
obtained the following differential equation

byR" + bR +[ar — (1= bo)IR = — ag — B cos(wr).

Find the solution of this equation for the values ¢y = 200, a; = —10, B =10, w =
4m, by =1, by = —0.4, b, = —0.2 considered in [8], satisfying the initial condi-
tions R(0) =0, R'(0) = 1.

3.22 An LC-circuit is subjected to an impressed voltage E(t) = P[sint + sinat],
where a is not an integer (E is a quasi-periodic function). Then, the differential
equation for the charge ¢ in the circuit is

2

d P
d_tz +wlq = Z[Sin(t) +sin(ar)], w>=1/(LC).

Find the forced response and discuss the following cases: a <« Wwhiakl, 1k
a<kwranearl, a=1anda = w.

3.23 Find the forced response of a pendulum of length L that starts from rest,
0(0) =0, #'(0) = 0, with a forcing function F(¢) = Z,’,V:l P, x sinnrt, where P,
are constants, i.e., solve the initial value problem

N
0" +w = > Pysin(art), 6(0)=0, 0(0)=0, w’= %

n=1
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3.24 The frequency of blowing across the open top of a flask/bottle to produce a
foghorn type of sound depends on the size of the air cavity in the flask. A flask with an
air space that is used to produce sound is called an acoustic resonator or a Hermann
von Helmholtz (1821-1894) resonator. Consider a flask with an interior cavity of
volume Vj that contains a gas of density py at some ambient pressure py. The neck
of the flask has length £ and a cross-sectional area A. If our blowing across the flask
produces a dynamic force F'(¢), the mass of gas m = py A in the neck moves to the
right by a distance x, then the mass m vibrates against the stiffness k = ypyA?/ Vy
(here ~ is the ratio of the specific heats, for air v = 1.4) in accordance with the
differential equation (see [7])

d*x A2
poAt s+
0

12 x = F(@).

Find the general solution of this differential equation.

3.25 In recording an earthquake, the response of the accelerogram is governed by
the equation
x4 2nwx’ +wix = — f(1),

where x (¢) is the instrument response recorded on the accelerogram, f (¢) the ground
acceleration, 7 the damping ratio of the instrument, and w the undamped natural
frequency of the instrument (see [13]). Find the general solution of this differential
equation.

3.26 In a study of wavelike motions of the flagellum (taillike part of an organism
such as a bacterium or protozoan) leads to the following differential equation (see
[5]) for the curvature C(s) of the flagellum at a distance s along the flagellum

dz—c—aZC— —a*Cyif s <0
ds? o 0 if s>0,

where Cj is the curvature that results if there are only contractive forces, and a > 0is
a constant which depends on physical properties of the flagellum. Find the solution of
this differential equation subject to the conditions that C and dC /ds are continuous,
lim;_, o, C(s) = Cop, and lim;_,», C(s) = 0.

3.27 The differential equation

Y 1—¢%, 0<t<l1
ATE = {0, t>1
is an undamped system in which a force acts only during the time 0 < ¢ < 1. This
occurs, for example, in a gun barrel when a shell is fired. The barrel is braked
with heavy springs. Show that its solution satisfying the initial conditions x(0) = 0,
x"(0) = 0 can be written as
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N - 3—1>—3cost, 0<r<l1
x(@0) = cos(?)[2 cos(1) + 2sin(1) — 3] + sin(¢)[2sin(1) — 2cos(1)], ¢ > 1.

3.28 Suppose a straight, light, elastic rod has one end clamped in the chunk of a
lathe, and the other end is attached with an imperfectly balanced disk of mass M.
Let i # 0O be the distance from the center of mass of the disk to the axis of the rod.
We will determine the motion of the disk when the rod is rotated. This system has
two degrees of freedom x and y in the plane in which the rotating disk vibrates. We
assume that a force kz is required to deflect the rod a distance z in the direction z.
If the rod is rotated with a constant angular velocity w, then the horizontal x, and
vertical y deflections of the disk satisfy the equations (see [12]),

d*x

M? + kx = hw? cos(wt)
d
Md—tf +ky = hw?sin(wr).

Show that the deflections x () and y(¢) given that the disk begins at rest, i.e., x (0) =
x'(0) = y(0) = y’(0) = 0 are as follows:
If w? # k/M, then

x(t) =ci cos(,/ ﬁ1:) + sin<‘/ iz‘) + h—w2 cos wt
M M k— Mw?
y(t) =c3 cos<‘/£t) +ca sin(,/ it) + h—wz sin(wt).
; M M k— Mw?

If w> = k/M, then

x(t) = ¢y cos(‘/ ﬁt) + ¢y sin(,/ iz‘) + h—wzt sin(wt)
M M 2k
[ k . [ k hw?
y()=c3 cos( Mt) +c4 s1n< Mt) + Etcos(wz‘).

3.29 The differential equation
Yoy +y) =0

arises in the study of the turbulent flow of a uniform stream past a circular cylinder.
Verify that y; (x) = exp(—dx2/2) is one solution. Show that its general solution is

X
y(x) = cle’éxz/Z/ emz/zdt—l—cze*’;"h/z.

3.30 Let a piston of mass M be placed at the midpoint of a closed cylinder of cross-
sectional area A and length 2L, as depicted in Fig.3.14. Assume that the pressure
p on either side of the piston satisfies Robert Boyle’s (1627-1691) law, (i.e., the
pressure times the volume is constant), and let p( be the pressure on both sides when
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x = 0. If the piston is disturbed from its equilibrium position x = 0, show that the
governing equation of motion is

Mx" 4+ 2ppAL——— = 0
X Po L2 — x2 = .
When the amplitude of oscillation is small compared to L, this equation can be
linearized to

Mx//

2p0A
T x =0,
+ 7 X

which is the same as (3.13) with w? = 2pyA/(LM).

Fig. 3.14

3.31 Consider a rod of length L with a point mass M at its end, where the mass of
the rod is negligible compared to M. The rod is welded at a right angle to another,
which rotates without friction about an axis that is tilted by an angle of o with respect
to the vertical (see Fig. 3.15). Let 6 denote the angle of rotation of the pendulum, with
respect to its equilibrium position (where M is at its lowest possible point, namely,
in the plane of the paper). Show that the governing equation of motion is

0 + % sin(e) sin(@) = 0.
When the amplitude of oscillation is small this equation can be linearized to
g+ sin(a)f = 0,
L
which is the same as (3.13) with w? = (g/L) sin(c).

3.32 Consider the equation of simple pendulum (3.54) together with the initial

conditions
0(0) = o, 6'(0) = 0.

Show that
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Fig- 3.15

(2) The period of the pendulum (the time for the pendulum to go from « to (—a«)
and back to o) is

a g Jo +/cos(f) — cos(a) N g Jo \/m

where k = sin(«/2). The last integral is called an elliptic integral of the first kind and
is denoted by F (k, 7/2). For this integral ready made tables are available. Obviously,
the period T depends on the length of the string and the initial displacement .

3.33 A spherical body of radius R is in equilibrium when half of it is submerged in
a liquid. If the body is pushed down and then released, its motion is governed by the
initial value problem

darr 2

d’y g[3lye (y

3
E) ] y(0) = V6R, y(0) =0

where y is the distance displaced from equilibrium, and g is the acceleration due to

gravity. Show that y(r) = v/6R sec (, / ;’—gt) .

3.34 The Emden differential equation y” — t” y4 = 0 arises in various astrophysical
problems, including the study of the density of stars. Show thatif g # 1 for each pair
(p, q) there is a unique pair of (A, n) so that y = At" is a solution. What happens if
qg=1?

3.35 The following fourth-order differential equations occur in applications as indi-
cated:

(1) y"" — k*y = 0 (vibration of a beam)

(2) """ 4+ 4k*y = 0 (beam on an elastic foundation)

(3) v — 2k*y” + k*y = 0, (bending of an elastic plate)

where k # 0 is a constant. Find their general solutions.

(Solutions): (1) (c1e® + coe™* + 3 cos(kx) + ca sin(kx))  (2) (e¥[c; cos(kx) +
¢y sin(kx)] + e **[c3 cos(kx) + ca sin(kx)]) 3) (€ (c| + c2x) + e ™ (¢35 + cax)).
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3.36 A vibration absorber consists of a gyrostat suspended about an axis perpen-
dicular to that of the torsional vibration it is supposed to suppress. The gyrostat is
attached to springs and a viscous damping mechanism that limits the vibration about
its axis. If a disturbing torque T = sin pt is applied to this vibrating absorber, rotat-
ing it through an angle 6, then the oscillation about the equilibrium satisfies (see
U g 20

o + 43517.65ﬁ + 1569600 = (1.57 — 0.04p*) sin(pt).

Find the general solution of this differential equation for p = 1.
(¢ c0s(208.61) +c, 8in(208.6¢) + 3 cos(1.97)+c4 sin(1.9¢) + 1.35 x 1073 sin(¢)).

3.37 The deflection y of a suspension bridge under a load W distributed along the
bridge is governed by the differential equation

d*y d*y h

El—
dx* H

where E is Young’s modulus, / is the moment of inertia of the cross section of the
bridge, H is the horizontal tension in the cables due to the load W, £ is the tension
in the cables when there is no load on the bridge, and g is the weight per unit length
of the bridge. The product E is known as the flexural rigidity of the beam and it is
assumed to be a constant. Find the general solution of this equation for the special
cases

(HDW —q(h/H) =0 (ci + cax + c3¢™ + cqe™™, where A = /(H + h)/(ET)
2)W —q(h/H) = x(L — x), where L is the length of the bridge.

3.38 Consider a uniform cylindrical rod whose one end (x = 0) is clamped and the
other end (x = L) is supported in a bearing and is free to rotate. It can be shown that
the deflection y of the rotating rod satisfies the differential equation

erY 1 Lyazy g

L —Wuw?y = 0,

dx3 2 Y

where W is the load at the midpoint, and w is the angular velocity. Find the general
solution of this equation.

3.39 The deflection y of an elastically supported uniform beam with a constant axial
force p satisfies the differential equation
d4 y 2

d°y
El— — +ky =0,
dx4+pdx2+ y

where k > 0 is the constant of proportionality. Show that if p?> < 4kE[ then the
general solution of this equation involves only trigonometric functions.
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3.40 Consider the following system of first-order chemical reactions

A
b
B T C
so that
dA—kC kiA
j}tg— 3 1
— =kiA— kB
j(t: 1 2
— =kyB — k3C
ar 2 3
Show that
CA b+ kD 4 ks + ks + kb 2 = 0
i 1 2 D 1K3 1k2 k) =0

Also, find the general expressions for A(z), B(t) and C(¢) in the special case k; =
ky = ky /4.

3.41 In a study which returns the economy to its equilibrium the following third-
order initial value problem occurs (see [16]),

a’p d*P dP
W+(aL+ﬁ)W+aﬁ(L+f1)E+aﬁf2P =0, t>0
PO) =0, P(0) = —a, P'(0) = a’L,

where P (t) represents the production at time ¢, and «, 3, fi, f> and L are positive
constants. Find the solution of this problem for the constants « =4, 3 =38, f; =
fr=1/2and L = 1/4usedin [16]. (=Be~" + (L + 1) ).

3.42 Show that the generalized harmonic motion equation y™ 4 —w”y = 0 has a
general solution which is unbounded as t — oo, n > 3. (A" 4+ w" =0 gives A =
w X (n-throots of (—1)). For n = 2, n-throots of —1 have no real part, whereas for
n > 3, n-throots of (—1) have negative as well as positive real parts. For example, for

n =3 the solution is y(r) = Ae~"' + ¢!/2 [a cos(v/3wt/2) + bsin(ﬁwz/z)] :
which is unbounded whether w > 0 or w < 0).

3.43 Consider the case of dropping a stone from the height 4. Let r = r(¢) denote
the distance of the stone from the surface at time 7. Then, the equation of motion is

&r M) = b F0) = 0 (3.92)
_— = = r = r = .
dt? (R+1r)?’ ’
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where R and M are the radius and the mass of the earth. Let ¢ = 1/R in (3.92), to
obtain

d*r Mé?
darr _(17+—er)2’ r©0) = h, r'(0) = 0. (3.93)

In (3.93) use the expansion r () = Z?:o €'r;(t) to show that

(t) = h 7Ml 2h t2+0 !
m= R2 R )2 RY)

3.44 Consider the satellite equation

d*y
-2 = ky?
a0 y y
together with the initial conditions y(0) = A, y’(0) = 0. Show that

1 1 1
y(t) = Acos(t) + kA2 <§ -3 cos(t) — 3 cos 21) +

s oaf 129 5 . 1 1 5
+k“A -3 + 1 cos(t) + Et sint + 5 cos(2t) + YT cos(3t) | + O(k”).
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Chapter 4 ®)
Power Series Solutions Creck for

Generally, second-order differential equations with variable coefficients cannot be
solved in terms of the known functions. However, there is a fairly large class of
differential equations whose solutions can be expressed either in terms of power
series, or as simple combination of power series and elementary functions [1-3]. It
is this class of differential equations that we shall study in this chapter. For this, it is
convenient to let the independent variable be x instead of 1. We begin by introducing
some basic concepts.

Power series. A power series is a series of functions of the form

[o.¢]
D emx —x0)" = co+er(x —x0) + a(x —x0)" + -+ Culx —x0)" + -

m=0

in which the coefficients ¢,,, m =0, 1, --- and the point x( are independent of x.
The point x is called the point of expansion of the series.

A function f(x) is said to be analytic at x = x if it can be expanded in a power
series in powers of (x — xg) in some interval of the form |x — x| < p, where 1 > 0.
If f(x) is analytic at x = xq, then

o0
fO) = D emx—x)", |x—xo| < p
m=0
where ¢, = £ (xo)/m!, m =0, 1, - -- which is the same as Taylor’s expansion of

f(x)at x = xp.
The following properties of power series are well known.
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86 4 Power Series Solutions

1. A power series Y o cu(x —xo)™ is said to converge at a point x if
lim,,_, 5 221:0 cm(x — x0)™ exists. It is clear that the series converges at x = x;
it may converge for all x, or it may converge for some values of x and not for others.

2. A power series Y ¢ (x — Xo)™ is said to converge absolutely at a point x
if the series Zf:zo lem (x — x0)™| converges. If the series converges absolutely, then
the series also converges, however, the converse is not necessarily true.

3. If the series Y . cm(x — x0)™ converges absolutely for |x — xo| < p and
diverges for |x — xo| > u, then p is called the radius of convergence. For a series
that converges nowhere except at x(, we define p to be zero; for a series that converges
for all x, we say p is infinite.

4. The derivative of a power series is obtained by term-by-term differentiation,
ie., if f(x) =Y 0" cm(x —xp)™, then

F1(x) = c1 +2ca(x — x0) + 3c3(x — x0)> + -+

=D men(x —x0)"h = Y (m+ Depar (v — x0)"

m=1 m=0

Further, the radii of convergence of these two series are the same. Similarly, the
second derivative of f(x) can be written as

f'@) = 20432 —x0) +- = Y m A+ D+ e —x0)"
m=0

Gamma and Beta functions. Itis possible to write long expressions in very compact
form using Gamma and Beta functions which we shall define now. The Gamma
function, denoted by I'(x), is defined by

o0
I'(x) =/ e 'dr, x > 0. 4.1)
0

This improper integral converges only for x > 0, thus the Gamma function is defined
by this formula only for the positive values of its arguments. It is easy to show that
(1) =1, I'(1/2) = 4/, and the recurrence formula

Frx+1) = xI'x). “4.2)
From (4.2) it is immediate that for any nonnegative integer n the function
I'(n + 1) = n!, and hence the Gamma function can be considered as a generalization

of the factorial function.
The Beta function B(x, y) is defined as

1
B(x,y) = / 71— 1), (4.3)
0



4 Power Series Solutions 87

which converges for x > 0, y > 0. Gamma and Beta functions are related as follows

I'(x) I'(y)
B(x,y) = ————. 4.4
F'x+y)
Ordinary and singular points. Consider the differential equation
Y+ pi()y + pa(x)y = 0. (4.5)

If at a point x = xq the functions p;(x) and p,(x) are analytic, then the point xy is
said to be an ordinary point of the differential equation (4.5). Further, if at x = xg
the functions p;(x) and/or p,(x) are not analytic, then xy is said to be a singular
point of (4.5). Thus, if p;(x) and p,(x) are constants, then every point is an ordinary
point for (4.5); for the equation y” + xy = 0 also every point is an ordinary point;
however, for Euler’s equation x2y” + a;xy’ + ayy = 0 the point x = 0 is a singular
point, but every other point is an ordinary point.

A singular point xy at which the functions p(x) = (x — x¢)pi(x) and g(x) =
(x — x0)% p2(x) are analytic is called a regular singular point of the differential
equation (4.5). Thus, a second- order differential equation with a regular singular
point x( has the form

4 p('x) / Cl(x)
(x — xp) (x — x0)?

y =0, (4.6)

where the functions p(x) and g (x) are analytic at x = x. Hence, for Euler’s equation
x2y” 4+ ayxy’ + ayy = 0, the point x = 0 is a regular singular point. If a singular
point x¢ is not a regular singular point, then it is called an irregular singular point.

Theorem 4.1 Let the functions p(x) and p;(x) be analytic at x = xo, and hence
these can be expressed as power series in (x — xg) in some interval |x — xo| < p.
Then, the differential equation (4.5) together with the initial conditions

y(xo) = co, ¥Y(x) = ¢ 4.7)

possesses a unique solution y(x) that is analytic at xo, and hence can be expressed
as

Y = Y emlx —x0)" (4.8)
m=0

in some interval |x — xo| < p. The coefficients c,,, m > 2 in (4.8) can be obtained
in terms of ¢y and c by substituting it in the differential equation (4.5) directly.

Theorem 4.2 (Ferdinand Georg Frobenius (1849-1917)) Let in the differential
equation (4.6) the functions p(x) and q(x) be analytic at x = x, and hence these
can be expressed as power series
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o oo
px) = Y pulx —x0)" and q(x) = Y gulx —x0)"
m=0 m=0

Jor |x — xo| < . Further, let r| and r, be the roots (called exponents) of the indicial
equation

r(r — 1)+ por +q0 = O. 4.9)
Then,

(i) if Re(r;) > Re(ry) and (r; — ry) is not a nonnegative integer, then the two
linearly independent solutions of the differential equation (4.6) are

(o]
Y@ = x=x0" Y cmlx = x0)" (4.10)
m=0
and
[o¢]
M) = |x = x| Y Culx — x0)", (4.11)
m=0

(ii) if the roots of the indicial equation are equal, i.e., ry = r| then the two linearly
independent solutions of the differential equation (4.6) are (4.10) and

oo
»2(x) = y1(x)In|x — xo| + [x = xo" Y d(x — x0)", (4.12)

m=1

(iii) if the roots of the indicial equation are such that ry — r, = n (a positive integer)
then the two linearly independent solutions of the differential equation (4.6) are
(4.10) and

o
»(x) = ey Inlx —xol +1x —x0l? Y en(x —x0)", (413

m=0

where the coefficients ¢y, Cm, dn, e, and the constant ¢ can be determined by
substituting the form of the series for y(x) in the Eq. (4.6). The constant ¢ may turn
out to be zero, in which case there is no logarithmic term in the solution (4.13). Each
of the solutions given in (4.10)—(4.13) converges at least for 0 < |x — xo| < p.

Example 4.1 Solutions of Sir George Biddell Airy’s (1801-1892) differential equa-
tion

y'—xy =0 (4.14)
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known as Airy functions find applications in physical optics, radiative transfer, fluid
mechanics, nonlinear wave propagation, propagation of light, electromagnetic waves,
electromagnetic diffraction, radiowave propagation, fluid dynamics, theory of elas-
ticity, and quantum mechanics. Clearly, for (4.14) hypotheses of Theorem 4.1 are
satisfied for all x, and hence its solutions have power series expansion about any
point x = x¢. In the case xo = 0, we assume that y(x) = Z;‘;O ¢, x™ is a solution
of (4.14). A direct substitution of this in (4.14) gives

Z(m 4+ D(m + 2)cipaax™ — x Z cux™ = 0,

m=0 m=0

which is the same as

00
2+ Z[(m + D(m + 2)Cm+2 - Cm_l]x'" = 0.

m=1
Hence, it follows that
1
=0, ¢y = —Cp_3, m=3. (4.15)
m(m — 1)
If m = 3k + 2, then (4.15) becomes
1 1-2:3-6-9..-3k)
e — S =0, k=1,2,---.
G2 = Gk )Gk 1) ! Gk+2)! 2

If m = 3k + 1, then (4.15) is the same as

1 2.5---Bk—-1)

v - k=12,
Gk + H(3k) 2 Gk+ 11 ¢!

C3k+1 =

If m = 3k, then (4.15) reduces to

1 14:7-Gk=2)
= C3k—-3 = €o, = 1,4,
GGk —1) 3!

C3k

Since

o0 o0 o0

3k 3k+1 3k42

y(x) = co+cix + E cyx”" + E C3kt1X + E C3pq2X” 7,
k=1 k=1 =1

Airy functions are given by
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B S 1d(Bk=2) 4 N 2.5 Bk —1) 5.,
y(x)_co[l +k§ GOl ]Hl[ﬁg Gk+ 1) }
= coy1(x) + c1y2(x).

(4.16)

Finally, since y;(0) = 1, y{(0) = 0, and y,(0) = 0, y(0) = I functions y;(x) and
y2(x) are linearly independent solutions of Airy’s equation (cf. Theorem 3.2).

Example 4.2 Charles Hermite’s (1822-1901) differential equation
y' —2xy' +2ay = 0 4.17)

is used in quantum mechanics to study the spatial position of a moving particle
that undergoes simple harmonic motion in time. In quantum mechanics the exact
position of a particle at a given time cannot be predicted, as in classical mechanics. It
is possible to determine only the probability of the particle being at a given location
at a given time. The unknown function y(x) in (4.17) is then related to the probability
of finding the particle at the position x. The constant a is related to the energy of
the particle. This equation also arises in the solution of Pierre Simon de Laplace’s
(1749-1827) equation in parabolic coordinates. The solutions of (4.17) are called
Hermite functions. Clearly, for (4.17) also hypotheses of Theorem 4.1 are satisfied
for all x, and hence its solutions have power series expansion about any point x = x.
In the case xo = 0, we again assume that y(x) = Z;O:o cux™ is a solution of (4.17),
and obtain the recurrence relation

o = M2 0 (4.18)

m(m — 1)
From (4.18) it is easy to find

—1)ym2mp 1 1
Com = b T et )Co, m=0,1,---
@m)'T (Ra—m+1)

and
(_1)m22m+]l-' (%a + %)

; ~c1, m=0,1,---

Com+1 =

Hence, Hermite functions can be written as

B 1 - (—1)™(2x)*"
yx) _COF<§a+l>m2=;)(2m)!F(%a—m+l)

1 1 1 o —1" (2 2m+1 (4]9)
+61—F<—a+—>z (=1 (lx) 1
2 \2 2 @m+DIT (3a—m+3)

m=0

= coy1(x) + c1y2(x).
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Obviously, y; (x) and y,(x) are linearly independent solutions of Hermite’s equation.

Ifin (4.17), a is an even integer 2n, then from (4.18) it is clear that ¢p,12 = ¢2y44
=...=0, i.e., y;(x) reduces to a polynomial of degree 2n involving only even
powers of x. Similarly, if @ = 2n + 1 then y,(x) reduces to a polynomial of degree
(2n 4 1), involving only odd powers of x. Since y;(x) and y,(x) are themselves
solutions of (4.17) we conclude that Hermite’s differential equation has a polynomial
solution for each nonnegative integer value of the parameter a. The interest is now
to obtain these polynomials in descending powers of x. For this we note that the
recurrence relation (4.18) can be written as

_ s+2)(s+1)
YT 2(s—=n)

This relation with ¢, = 2" gives

(=)™ nt2n2m

Cn—2m = .
(n —2m)! m!

Thus, Hermite polynomials of degree n represented as H, (x) appear as

[n/2] (—1)" n! o
H,(x) = mg m(zx) ) (4.20)
From (4.20), we find
Hy(x) = 1
H;(x) = 2x

Hy(x) = 4x% -2

Hi(x) = 8x3 — 12x

Hy(x) = 16x* — 48x% + 12
Hs(x) = 32x° — 160x> + 120x.

Hermite polynomials find applications in probability, combinatorics, numerical anal-
ysis, physics, systems theory, and random matrix theory.

Example 4.3 The Pafnuty Lvovich Chebyshev (1821-1894) differential equation
(1 =x)y" —xy' +a’y =0, 4.21)

where a is a real constant (parameter) finds applications in approximation theory and
numerical computation of solutions to ordinary and partial differential equations.
Since the functions

a?

X
pi(x) = T1_: and py(x) =

1 1 —x2
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are analytic for |x| < 1, x = x¢o = 0is an ordinary point. Thus, Theorem 4.1 ensures
that its series solution y(x) = Y > ¢,,x™ converges for |x| < 1. To find this solu-
tion, we substitute it directly in (4.21), to find the recurrence relation

(> —a?) >0 (4.22)
Cm = —— (= Cp, M=V, .
2T m+)m+

which can be solved to obtain

Com = B mzl

(—a*)(2* —a?)--- ((2m —2)* — az)c
2m)! 0

(1> =a®)(3* —a?) - ((2m—1)2—a)c

Com= 1.
Qm+1)! b=

Com+1 =

Hence, the solution of (4.21) can be written as

(—a» (2> —a*) - (2m —2)> —a?) Lo
y(x) = co [1 +le )
(12 —a®)3 —a?) - (2m—1)> —a?) o (4.23)
ot Z 2m + 1!

= coy1(x) + c1y2(x).

It is easy to verify that y;(x) and y,(x) are linearly independent solutions of
Chebyshev’s equation.

From the recurrence relation (4.22) it is clear that in the case a = n one of the
solutions of (4.21) reduces to a polynomial of degree n. To find this solution, in the
differential equation (4.21) with @ = n, we use the substitution x = cos 6, to obtain

d2

d92+ny 0.

Since for this differential equation sin(n6)) and cos(nf) are the solutions, the solu-
tions of (4.21) with a = n are sin(n cos™!(x)) and cos(n cos™!(x)). The solution
T, (x) = cos(n cos~!(x)) is a polynomial in x of degree n, and is called the Cheby-
shev polynomial of the first kind. To find its explicit representation, we note the
following obvious recurrence relation

Tn+1(-x) = ZXTn(-x) —T,1(x), n>=1
which gives

[n/2]

T,(x) = Z( )'”%( WM n= L (424)
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Since Ty(x) = cos(0) = 1, T;(x) = cos(cos™!(x)) = x from (4.24) it immediately
follows that

Th(x) =2x2 — 1

T5(x) = 4x3 — 3x

Tu(x) = 8x* —8x2+1

Ts(x) = 16x° — 20x3 + 5x.

The nth degree Chebyshev polynomial of the second kind is defined by the relation
[n/2]

1
Un(0) = Tl (0 = D (="
m=0

(I’l — m)‘ (2x)1172m.
m! (n —2m)!

Example 4.4 The Adrien-Marie Legendre (1752-1833) differential equation
(1 =x%)y" =2xy' +a@+1y = 0, (4.25)

where a is a real constant (parameter), arises in problems such as the flow of an ideal
fluid past a sphere, the determination of the electric field due to a charged sphere,
and the determination of the temperature distribution in a sphere given its surface
temperature. Since the functions

ala+1)
1 —x2

) = — and py(x) =

X
1 —x2

are analytic for |x| < 1, x = xo = 0 is an ordinary point for (4.25). Thus, Theorem
4.1 ensures that its series solution y(x) = Y °_, ¢,,x™ converges for |x| < 1. To find
this solution, we substitute it directly in (4.25), to obtain

(1= x%) D (m + 1) + 2)enox"=2x Y (m + Deparx™

m=0 m=0

[0¢]
+a(a + I)Zcmxm = 0,

m=0
which is the same as
o0
3 [0n + D)(m + 2)epsn — {n — Dm +2m —a(a + D}en] 2" = 0,
m=0

or

> [0n+ Dn + 2)cmia + (@ +m + 1)@ — m)cy ] 5™ = 0.

m=0
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But, this is possible if and only if
(m+1Dm+2)eni2+@+m+1)@—m)e, =0, m=0,1,---

or

_ (a+m+ 1)(a —m)

ms =0,1,---, 4.26
m+m+2 ™" (4.26)

Cm+2 =

which is the required recurrence relation.
Now a little computation gives

(=D™a+2m—1)a+2m—3)---(a+ aa—2)---(a —2m+2)

Cm = (2m)' o
- l)m r la-i-l) ( a+m+ )22’” Lo (4.27)
= co, m=1,2,--
F(a+ )T (Ja—m+1)@m!"
and
(=D"@+2m)a+2m=1)---(a+2@-D@=3)--- (@=2m+1)
Com+1 = omT D) ]
[ (3a+3)T (3a+m+1)22m+! (4.28)
=D T cr, m=1,2,---.
2T (Ja+1)T (3a—m+ %) @m + 1)

Thus, the series solution of (4.25) can be written as

(@a+Da , (@+3)a+Da(a—-2) ,
yx)=co|l— o X 1 x" -
N (a + 2)3('61 — 1)x3 n (a+4)(a+2;('a—l)(a—3)x5 o i|

= coy1(x) + c1y2(x).
(4.29)

It is clear that y;(x) and y,(x) are linearly independent solutions of Legendre’s

equation.
Exactly as for Hermite’s differential equation (4.17) if in (4.25), a is an even integer
2n, then from (4.26) it is clear that ¢y,+2 = c2p44 = - - - = 0, i.e., y;(x) reduces to a

polynomial of degree 2n involving only even powers of x. Similarly, if a = 2n + 1
then y,(x) reduces to a polynomial of degree (2n + 1), involving only odd powers
of x. Since y;(x) and y,(x) are themselves solutions of (4.25) we conclude that
Legendre’s differential equations has a polynomial solution for each nonnegative
integer value of the parameter a. The interest is now to obtain these polynomials in
descending powers of x. For this we note that the recurrence relation (4.26) can be
written as
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4+ Ds+2) .
n—s)n+s+1)

512, 8§ <n—2. (4.30)

Cy =

With the help of (4.30) we can express all nonvanishing coefficients in terms of the
coefficient ¢, of the highest power of x. It is customary to choose

e 135.--@Qn—1)
T oy T n! *-31)

so that the polynomial solution of (4.25) will have the value 1 at x = 1.
From (4.30) and (4.31) it is easy to obtain

_ iy (2n —2m)! 4.32
Cnom = (=1) 20 m) (n —m)! (n — 2m)! (332

aslongas n —2m > 0.
The resulting solution of (4.25) is called the Legendre polynomial of degree n and
is denoted as P, (x). From (4.32) this solution can be written as

[5]
" 2n —2m)! o
Pu(x) = > (1) TRyt 2m, (4.33)

m=0

From (4.33), we easily obtain

Py(x) =1
Pi(x)=x

Py(x) = 3(3x* = 1)

P3(x) = 1(5x% = 3x)

Py(x) = £(35x* — 30x2 + 3)
Ps(x) = §(63x° — 70x3 4 15x).

The other nonpolynomial solution of (4.25) is usually denoted as Q,(x), and this
solution from (3.5) can be written as

* d
0.0 = b [ = (434)

P (O

In physics, Legendre polynomials often used in the study of Charles-Augustin de
Coulomb’s (1736-1806), gravitational, and magnetic fields. In applications involving
either the Laplace or the Hermann Ludwig Ferdinand von Helmholtz (1821-1894)
equation in spherical, oblate spheroidal, or prolate spheroidal coordinates the fol-
lowing associated Legendre equation arises
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2
(1= x3)y" —2xy + |:n(n +1)— %] y = 0. (4.35)
—X

If m = O itreduces to (4.25) with a = n. When m and n are nonnegative integers the
general solution of (4.35) can be written as

yx) = AP (x) + BQ} (x),
where P (x) and Q7' (x) are called associated Legendre’s functions of the first and
second kinds respectively, and in terms of P,(x) and Q,(x) are given by
am am
Pr@) = (L=x)"Po ), 0100 = (1= 2" =20, ().

dxm

Example 4.5 The Edmond Nicolas Laguerre (1834—1886) differential equation
xy"+(@+1-x)y +by =0, (4.36)

where a and b are real constants (parameters) arises in quantum mechanics. Clearly,
in this equation p(x) = (a + 1 — x) and g(x) = bx are analytic for all x, and hence
the point x = 0 is a regular singular point. Since po = a + 1, go = 0 the indicial
equation is r(r — 1) + (a + 1)r = 0, and therefore, the exponents are r; = 0 and
rp = —a. Thus, if a is not zero or an integer, a direct substitution of the form of
solutions in Theorem 4.2(i) leads to the recurrence relations

m(m+a)c,, = (m—1—>b)c,_4

and
m(m —a)c,, = m—1—a—>b)c,_.

Hence, the solutions of (4.36) appear as

=12 bo—1)
N = T T e ety
_ i (D)"T@+ DTG+, 4.37)

mTm+a+1)T(b+1—m)

m=0

and

= (1-2F L, Jetharb-D o,
Y2 = l—a "2 d-a)2-a)

oo _1\m . (4.38)
ey —CD" Dt b+ HId —a
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Clearly, both of these solutions converge at least for 0 < |x| < oo. Further, the gen-
eral solution of (4.36) appears as y(x) = Ay;(x) + By,(x), where A and B are
arbitrary constants.

For b = n, the solution y; (x) obtained in (4.37) reduces to a polynomial of degree
n. This solution multiplied by the constant I'(n + a + 1)/[n! ['(a + 1)] is called the
Laguerre polynomial L'® (x) of degree n and it can be written as

(_1)171xl71
m\T(m+a+1)

L@(x) = l"(n—l—a—l—l)zm’(n_ (4.39)

m=0

In the particular case a = 0, Laguerre polynomial of degree n is simply represented
as L, (x) and reduces to

"1
Lo(x) = Z%(’Z)(—x)m. (4.40)

It follows that

(p) b4 dr
Ln ()C) = (_1) dx? [Ln+p(x)]» )4 :O» l’ 2a Tt
From (4.40), we have

Lo(x) =1
Li(x)=—x+1
Ly(x) = 5(x* —4x 4+ 2)

L3(x) = 3;(—x + 9x* — 18x + 6)
Li(x) = £ (x* — 16x° + 72x? — 96x + 24)
Ls(x) = 3;(—x° + 25x* — 200x3 + 600x? — 600x + 120).

Example 4.6 The Friedrich Wilhelm Bessel (1784—1846) differential equation

x2y// + xy’ + ()C2 _ a2)y — 0’ (441)
with a = n first appeared in the works of Daniel Bernoulli in 1732 and Euler in 1764;
whereas Bessel functions which are the solutions of (4.41), also sometimes termed
as cylindrical functions, were introduced by Bessel, in 1824, in the discussion of a
problem in dynamical astronomy. Clearly, in (4.41) the functions

2 2
xpi(x) = x(%) =1 and xng(x) = x? (x 2a ) = x>—a’
x x

are analytic for all x, and hence the origin is a regular singular point. Since
po = 1, gy = —a® the indicial equation is 7> — a> = 0, and therefore the exponents
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are r; = a and r, = —a. Thus, if | — r, = 2a is not an integer, a direct substitution
of the form of solutions in Theorem 4.2(i) leads to the recurrence relations

m@m+2a)c,, = —Cp_p, Mm=2,3,--- (4.42)
and
m(m —2a)c, = —cCp_n, Mm=2,3,---, (4.43)

respectively. From these relations we easily obtain two linearly independent solutions
y1(x) and y,(x), which appear as

1 1
— 1— 2 4 a
ne) [ 2at+ol’ TRt ran” }x €0
and
( ) l ] 2+ 1 4 —a *
x) = — X Xt — o x7%%p.
Y2 22(1 —a)1! 241 —a)(2 —a)2! 0
In the above solutions we take the constants
. 1
g = ———— and ¢§ = ———,
24T (1 + a) 2-aT'(1 —a)
to obtain
ad (=" (x)Zera
= —_— (= 4.44
1) ;m!r(m+l+a) 2 (444)
and
o0
(=™ <x>2m—a
= — (= . 4.45
»2(x) r;m!r‘(m+l—a) 2 (445)

These solutions are analytic for |x| > 0. The function y;(x) is called the Bessel
function of order a of the first kind and is denoted by J,(x); y»(x) is the Bessel
function of order —a and is denoted by J_, (x). The general solution of the differential
equation (4.41) is given by y(x) = AJ,(x) + BJ_,(x), where A and B are arbitrary
constants.

Similarly, for the case when r; — r, = 2a is a positive odd integer, i.e., 2a =
2n + 1 two solutions are y{(x) = Ju41,2(x) and y2(x) = J_,_1,2(x). Thus, in this
case the general solution is y(x) = AJy41/2(x) + BJ_,_1/2(x), where A and B are
arbitrary constants.
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If we take 2a as a negative odd integer, i.e., 2a = —2n — 1, then two solutions are
yi(x) = J_—12(x) and y>(x) = Jy41,2(x). Thus, in this case the general solution
isy(x) = AJ_,—12(x) + BJ,412(x), where A and B are arbitrary constants.

Next we consider the case when a = 0. In this case the exponents are r; = r, = 0.
Here the first solution is

o0

new = pw = YU (4.46)

— (m!)?

and second solution denoted as J°(x), as an application of Theorem 4.2(ii), appears as

[e¢]

—nm " 1 X\ 2m
»x) = J'x) = Jo(x)In|x| - —( —) 5) - (4.47)
ngl (m!)? ;k (2)

The general solution in this case can be written as y(x) = AJy(x) + BJ(x), where
A and B are arbitrary constants.

Now we shall consider the remaining case, namely, whenr; — r; is an even integer,
i.e., 2a = 2n. For r| = n, there is no difficulty and the first solution can be written
as y;(x) = J,(x). However, for the second solution corresponding to the exponent

r, = —n we need to use Theorem 4.2(iii), to obtain
n—1
2 X 1 n—k—1)! /x\2%-n
»=2 [(V 5w -3 ¥ 50— (3)
k=0 (4.48)
| ¢ G(m) + (n +m) (x\2mtn
- -1 m+1 - ,
+2m§)( ) m! (n +m)! (2)

where ¢(0) =0, ¢p(m) =Y |, k=" and + is the Euler constant defined by

v = lim [¢(m) —In(m)] ~ 0.5772157.

This solution y;(x) is known as Heinrich Friedrich Weber’s (1843—-1912) Bessel
Sfunction of the second kind and is denoted by Y, (x). In the literature some authors
also call Y;,(x) the Karl Gottfried Neumann (1832—1925) function.

Thus, the general solution in this case can be written as y(x) = AJ,(x) + BY, (x).

The Bessel functions of the third kind also known as Hermann Hankel (1839-1873)
functions are the complex solutions of the differential equation (4.41) for a = n and
are defined by the relations

HY(x) = J,(x) +iY,(x) (4.49)
and

HP(x) = J,(x) —i¥,(x). (4.50)
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The modified Bessel function of the first kind of order n is defined as
L(x) = i7"J(ix) = e "™, (ix). (4.51)
If n is an integer, I_,(x) = I,(x); but if n is not an integer, /,(x) and I_,(x) are
linearly independent.

The modified Bessel function of the second kind of order n is defined as

™ I_(x) — I(x)

Koy = |2 gm0 MEORET (4.52)
These functions are the solutions of the modified Bessel differential equation
X2y +xy — (x> +nH)y = 0. (4.53)
Example 4.7 Hypergeometric differential equation
x(1=x)y"+[c—(a+b+ 1x]y —aby = 0, (4.54)

where a, b and ¢ are parameters, finds applications in several problems of mathe-
matical physics, quantum mechanics, and fluid dynamics. Its solutions are known
as hypergeometric functions. The term hypergeometric series was first used by John
Wallis (1616-1703) in 1655 and used by Euler, but the first full systematic treat-
ment was given by Karl Friedrich Gauss (1777-1855) in 1813. The fundamental
treatment of hypergeometric function by means of the differential equation is due to
George Friedrich Bernhard Riemann (1826—-1866) in 1857. It is clear that x = 0 and
1 are regular singular points of (4.54), whereas all other points are ordinary points.
Also, in the neighborhood of zero we have py = ¢, go = 0, and the indicial equa-
tionr(r — 1) 4+ cr = O has the roots r; = 0 and r, = 1 — c. On substituting directly
y(x) = Z,C;o:o cmx™ in the equation (4.54), we obtain the first solution

T@+m)Tb+m) , I'(c)
yi(x) = Fa,b,c,x) = (r; T —— )r(a)r(b)' (4.55)

The second solution with the exponent r, = 1 — ¢ when c is neither zero nor a
negative integer can be obtained as follows: In the differential equation (4.54) using
the substitution y = x'~w, we obtain

x(1 =x)w” +[c1 — (a; + by + Dx]w —a1byw = 0, (4.56)

where c; =2 —c¢, aj =a —c+ 1, by = b — c + 1. This differential equation has
a series solution w(x) = F(ay, by, c1, x), and hence the second solution of the
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differential equation (4.54) is
yvx) = x'Fla—c+1,b—c+1,2—c,x). (4.57)
The general solution of the differential equation (4.54) in the neighborhood of
x = 0 is a linear combination of the two solutions (4.55) and (4.57).
Solutions of the differential equation (4.54) at the singular point x = 1 can be
obtained directly or may be deduced from the preceding solutions by a change of

independent variable r = 1 — x. Indeed, with this substitution differential equation
(4.54) reduces to

d?y dt
t(1 —t)ﬁ—i—[cl —(a—i—b—i—l)t]a—aby =0, (4.58)

wherec; =a+b—c+ 1.
Thus, we have the solutions

yvix) = F(a,b,a+b—c+1,1—x) (4.59)
and
yax) = 1=x)PF(c—b,c—a,c—a—b+1,1—x) (4.60)

provided (¢ — a — b) is not a positive integer.

Problems

4.1 Show that xo = 0 is a regular singular point of the Riccati—Bessel equation
which arises in the problem of scattering of electromagnetic waves by a sphere

2y —(x*—ky =0, —oo0<k<oo.
4.2 Show that xo = 0 is a regular singular point of the Coulomb wave equation
x3y" + [x* =20x —k]y = 0, ¢ fixed, —oo0 <k < oo.

4.3 Show that the substitution x = 1/¢ transforms the differential equation (4.5)

into the form
d*y 2 1 1 dy 1 1
— = ~ )=+ = - = 0. 4.61
dt2+<t t2pl<t>>dt+t4p2<t>y (“6D)
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Thus, the nature of the point x = oo of (4.5) is the same as the nature of the point
t = 00f(4.61). Use this to examine the nature of the point at infinity for the following:
differential equations

(1) Airy’s differential equation (4.14) (irregular singular),

(2) Hermite’s differential equation (4.17) (irregular singular),

(3) Chebyshev’s differential equation (4.21) (regular singular),

(4) Legendre’s differential equation (4.25) (regular singular),

(5) Laguerre’s differential equation (4.36) (irregular singular),

(6) Bessel’s differential equation (4.41) (irregular singular point), and

(7) Hypergeometric differential equation (4.54) (regular singular).

4.4 The Erwin Schrodinger (1887-1961) wave equation for a simple harmonic oscil-
lator is

n* d* K,
_ 4 — = FE , 4.62
8m2m dz2 2 7Y v (4.62)
where £ is Max Planck’s (1858-1947) constant, E, K and m are positive real num-
bers, and ¥ (x) is the Schrodinger wave function. Show that the change to dimen-
sionless coordinate x = az reduces (4.62) to
d2
dx?

where o* = 47?mK /h? and 2a + 1 = (47 E/ h)/m/K. Further, show that the sec-
ond change of variables ¢ = ye”‘z/ 2 reduces (4.63) to the Hermite equation (4.17).

4.5 Ina work on trigonometric components of a frequency-modulated wave, Cambi
[4] in 1948 studied the differential equation

[14+acosx)]y"+Ay =0, a#—1, (4.64)

where a and A are physical parameters. Find first few terms of the series solution
y(x) = ano:o a,,x™ of (4.64) in terms of a, \, ap and a;.

4.6 The differential equation

d2
d—tf 4 [a—2bcos(2D)]y = O,

where a and b are constants was introduced in 1868 by Emile Léonard Mathieu
(1835-1890) in a discussion of the vibration of elliptic membrane. Find first few terms
of the power series solution about t = 0 of this equation subject to the conditions

y©0) =1, y(0)=0.
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4.7 In building design it is sometimes useful to use supporting columns that are
special geometrical designs. In studying the buckling of columns of varying cross
sections, we obtain the following differential equation:

x"y" +k*y = 0, (4.65)

where k > 0 and n is a positive integer. In particular, if n = 1, the column is rect-
angular with one dimension constant, whereas if n = 4, the column is a truncated
pyramid or cone. Show that for the case n = 1, the point x = 0 is regular singular
with exponents 0 and 1. Also, find the series solution at x = 0 for the exponent

) kK3 k° 5
1. (co[x—ﬁx + o X" — 3 x +4,5,x —

4.8 A supply of hot air can be obtained by passing the air through a heated cylindrical
tube. It can be shown that the temperature 7 of the air in the tube satisfies the
differential equation

d’T upCdT 2nrh T T 0 4.66

i " kA dx T ka Tem D=0 (4.66)
where x = distance from intake end of the tube, # = flow rate of air, p = density of
air, C = heat capacity of air, k = thermal conductivity, A = cross-sectional area of
the tube, r = radius of the tube, 2 = heat transfer coefficient of air (nonconstant),
T,, = temperature of the tube. For the parameters Jenson and Jefferys [5] have taken,
the differential equation (4.66) becomes

d*T dT
—— —26200— — 11430x"Y*(T,, — T) = 0. (4.67)
dx? dx

(1) Show that the substitution y = T,, — T, x = z? transforms (4.67) into

& d
222 (1452400222 — 4572022y = 0 (4.68)
dz? dz

for which z = 0 is a regular singular point with exponents 0 and 2.

(2) Find first few terms of the series solution of (4.68) at z = 0 for the exponent
2. (co[2% + 13100z* + 30487° + 34322000,6 4 .. .T)

4.9 A large-diameter pipe such as the 30-ft diameter pipe used in the construction
of Hoover Dam is strengthened by a device called a stiffener ring. To cut down the
stress on the stiffener ring, a fillet insert device is used. In determining the radial
displacement of the fillet insert due to internal water pressure, one encounters the
fourth-order equation

x2y® 4 6xy” +6y"+y = 0, x>0. (4.69)
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Here y is proportional to the radial displacement and x is proportional to the distance
measured along an inside element of the pipe shell from some fixed point. Find series

m.2m
solution of (4.69) atx = 0 for which the limitasx — 0 exists. (c() Y «ang,l))z%
00 (=1)ymx2mt!
12 mso ((2m+1)!)2(m+1)>
4.10 The differential equation

d(y*y)
dx

+xy =0 (4.70)

arises in the application of high-temperature superconductors. Find first few terms
of the power series solution about x = 0 of (4.70) subject to the conditions y(0) =
1, y'(0) =0.

4.11 In recent years Paul Painlevé’s (1863—1933) equations (transcendent) have
occurred in modern geometry and statistical mechanics

y// 6y2 +/\x’
Yy =2y +xy+u,

where \ and p are constants. Find first few terms of the power series solution about
x = 0 of the above equations subject to the conditions y(0) = 1, y’(0) = 0.

4.12 Albert Einstein (1879-1955) in his study of the orbital motion of planets under
the assumptions of general relativity (the problem of the perihelion shift) led to the
differential equation

Y'+y = a+by 4.71)

where a and b are constants. Find first few terms of the power series solution about
x = 0 of (4.71) subject to the conditions y(0) = 1, y'(0) = 0.

4.13 Paul Gerber (1854-1909) in 1898 in an investigation of the velocity of grav-
itation was led to correct perihelion shift for Mercury by solving the differential
equation

I+ +y = a— B0, (4.72)

where «, 3 and ~y are constants. Find first few terms of the power series solution
about x = 0 of (4.72) subject to the conditions y(0) = 1, y’(0) = 0.

4.14 Balthasar van der Pol’s (1889—-1959) equation
Y +pP =Dy +y =0 (4.73)

finds applications in physics and electrical engineering. It first arose as an idealized
description of a spontaneously oscillating circuit. Find first few terms of the power
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series solution about x = 0 of (4. 73) with p = 1 subject to the conditions y(0) =
0, Y'(0) =1. (x4 3x? — gx* — §x°)

4.15 John William Strutt, Lord Rayleigh’s (1842—1919) equation
my" +ky = ay' —b(y)’ (4.74)

models the oscillation of a clarinet reed. Find first few terms of the power series solu-
tion about x = 0 of (4.74) with m =k =a =1, b= 1/3 subject to the conditions
YO) =1, y'(0) = 0. (1 — 2% — Lx’ + x5

4.16 Georg Duffing’s (1861-1944) equation
y' 46y +ay + By = ycos(wx) (4.75)

describes the motion of a damped oscillator with a more complex potential than in
simple harmonic motion, in physical terms, it models, for example, a spring pendulum
whose spring’s stiffness does not exactly obey Hooke’s law. In (4.75), § controls
the amount of damping, « controls the linear stiffness, § controls the amount of
nonlinearity in the restoring force, -y is the amplitude of the periodic driving force, and
w is the angular frequency of the periodic driving force. In particular, when g = —1
and v = 0, it models the swaying of a tall building with P-Delta effect (in structural
engineering, P-Delta effect refers to the abrupt changes in ground shear, overturning
moment, and/or the axial force distribution at the base of a sufficiently tall structure
or structural component when it is subject to a critical lateral displacement). For
the values of these parameters « = 1, =15, = 0.02, v = 8 and w = 0.5, Jules
Henri Poincaré (1854—1912) suggested chaotic behavior (highly sensitive to initial
conditions). With the same values of these parameters find first few terms of the power
series solution about y = 0 of (4.75) subject to the conditions y(0) = 1, y’(0) = 0.

4.17 Consider a spherical cloud of gas and denote its total pressure at a distance r
from the center by p(r). The total pressure is due to the usual gas pressure and a
contribution from radiation,

| RT
p = zaT*+ =

3 v
where a, T, R and v are respectively the radiation constant, the absolute temperature,
the gas constant, and the volume. Pressure and density p = v~! vary with r and
p = Kp? where v and K are constants. Let m be the mass within a sphere of radius
r and G the constant of gravitation. The equilibrium equations for the configuration

are

dp Gmp

dr r2

d
and = = 4mrip.
dr

Eliminating m yields
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1 d (r*dp
—Z(Z22) 4 anGp = 0.
r2dr<pdr>+ P

Now let v = 1 + ! and set p = A¢* so

p = Kplﬂfl = K)\l+’“'71¢)’“'+1.
Thus, it follows that
1 ,do
_ ot =
r2 dr( dr>+ 4
with »
2 4rGAIH
 (ut DK

Now with x = kr, we have

@ 2do
dx? xdr

(bl’ —

If welet A = py, the density atr = 0, then we may take ¢ = 1 atx = 0. By symmetry
the other condition is d¢p/dx = 0 when x = 0. A solution of the differential equation
satisfying these initial conditions is called a Lane—-Emden function (after Jonathan
Homer Lane (1819-1880) and Jacob Robert Emden (1862-1940)), of index p =
(7 — 1)~!. The differential equation

1 2 /
y +)—Cy +9(y) =

was first studied by Emden when he examined the thermal behavior of spherical
clouds of gas acting on gravitational equilibrium and subject to the laws of thermo-
dynamics. The usual interest is in the case g(y) = y", n > 1, i.e., in the equation

xy" +2y +xy" = 0, (4.76)

which was treated by Subramanyan Chandrasekhar (1910-1995) in his study of
stellar structure (see [6] for details),. Show that John Robinson Airey’s (1868—1937)
series solution of (4.76), with the natural initial conditions y(0) = 1, y'(0) = 0 is

)C2 x4 X6 x8
Vu(x)=1 — == +n— + (51 —8n?) P+ (70n —183n> + 122n%)
3! 5! 3. 10 9.9!

+(3150n — 1080n> + 12642n° 5032n4) 4

45 - 11!

Thus, in particular deduce that
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2 : 3
Yox) = 1_%’ ) = Sm(X), »nx) = L
X 34 x?

4.18 The Lane—Emden equation
xy" +2y +xe? =0 4.77)

appears in a study of isothermal gas spheres. Show that the series solution of (4.77)
with the initial conditions y(0) = y’(0) = 0 can be written as

o = Ly L 8 o 122, 66T

—_ —_— ]0 “ .
¢ "5t Taet Tesiet a0 T

4.19 Sir Owen Willans Richardson’s (1879-1959) equation (see Example9.5)
xy"+2y +xe¥ =0 (4.78)

appears in the theory of thermionic currents when one seeks to determine the density
and electric force of an electron gas in the neighborhood of a hot body in thermal equi-
librium. Find first few terms of the series expansion of the solution of (4.78) satisfying
the initial conditions y(0) = y (0) = 0. (If y(x)isasolution of (4.77) then —y(ix)

1.2 1 .4 8 6 _ 122 8 6161 .10 .
a solution of (4.78), y(x) = 6x X — gt~ giat 55501% )

4.20 The White-dwarf equation
xy" 42y +x(y* = O =0 (4.79)

was introduced by Chandrasekhar in his study of gravitational potential of the degen-
erate (white-dwarf) stars. This equation for C = 0 is the same as (4.76) with n = 3.
Show that the series solution of (4.79) with the initial conditions y(0) = 1, y’(0) =0
in terms of g> = 1 — C can be written as

4 e
yx) =1 —q6 2+% (5q + 14+ (339q +280)x8
7
+3 qw (1425¢* + 11436q2 + 4256)x‘° .

4.21 The Irving Langmuir (1881-1957) equation
3y + 4y + ) =14y =0 (4.80)
appears in the theory of currents limited by a space charge between coaxial cables.

Find first few terms of the power series solution about x = 0 of (4.80) subject to the
conditions y(0) = 1, y’(0) = 0.
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4.22 A nontrivial solution of the differential equation

y'+qx)y =0 (4.81)

is said to be oscillatory if it has no last zero, i.e., if y(x;) = O then there exists a
X3 > x1 such that y(x;) = 0. Equation (4.81) itself is said to be oscillatory if every
solution of (4.81) is oscillatory. A solution which is not oscillatory is called nonoscil-
latory. For example, the differential equation y” + y = 0 is oscillatory, whereas
y” —y = 0 is nonoscillatory in J = [0, co). It is known that if the function ¢ (x)
is continuous in J = (0, co), and foo q(x)dx = oo, then (3.8) is oscillatory in J.
Show that the solutions of Bessel’s differential equation (4.41) for all a are oscil-
latory.  (Use the substitution y(x) = z(x)/+/x to obtain the differential equation

z”+(1+%>z=0)

4.23 In a study of planetary motion Bessel encountered the integral

y(x) = l/7Tcos(rz(9—xsin(@))dtﬁ).
™ Jo

Show that y(x) = J,(x).

4.24 Show that for any a > 0, the function

y(x) = x*° /w cos(x cos(0)) sin®* (0)d0
0

is a solution to the Bessel differential equation (4.41).

4.25 Show that the transformation x = «z?, y = t"w, where o, 3 and -y are con-
stants, converts Bessel’s differential equation (4.41) to

2

) S+ @+ l)t—+(a2ﬁ2 Vi —adPw =0, (482)

For 8 =1, v =0, a = n (nonnegative integer) (4.82) reduces to

dz +td + (t* —n?) 0 (4.83)
—_— (0% —n)w = Lu. .
dt2 dt

(1) Show that the solution of the differential equation

d2
F+tw 0, m>0
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can be expressed as

m—+2

2 2
1) = 1| ATy many | ——t D2 + BI_ | om fm22)
w(t) «/—[ 1( +2>( T + CEE)

Thus, in particular, the solution of Airy’s differential equation (4.14) can be written

as
- 2 2
y(t) \/E(AJ1/3 <§t3/2) + BJ*[/3 <§ZS/2>> ,

(2) Express the solution of differential equation

where t = —x.

d*w

an tv =20
in terms of Bessel functions.
4.26 The differential equation

y/ — )C2 4 yZ7

was first considered unsuccessfully by John Bernoulli (1667—1748) in 1694. About
9 years later in 1703 his brother James Bernoulli obtained a solution in the form
y = F(x)/G(x), where F(x) and G(x) are power series in x. Dividing F(x) by
G (x) he obtained the following series solution

13

15
#5720 T

1 2
X7 4 "

.70 T3

() = 2+
X) = =x

Y 3
Show that the general solution of this differential equation can be written as

Toajs (42) + ey (42)

1
E)C
Ty (557) — Dya (4

yx) = x

where ¢ is an arbitrary constant.  (The transformation y = —u’/u converts the
differential equation y’ = x> + y? to u” + x*u = 0)

4.27 Consider a long, flat triangular piece of metal whose ends are joined by an
inextensible piece of string of length slightly less than that of the piece of metal (see
Figure 4.1). The line of the string is taken as the x-axis, with the left end as the
origin. The deflection y(x) of the piece of metal from horizontal at x satisfies the
differential equation

Ely"+Ty = 0,
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4

string

Fig. 4.1

where T is the tension in the string, E is Young’s modulus, and 7 is the moment of
inertia of a cross section of the piece of metal. Since the metal is triangular, I = ax
for some constant « > 0. The above equation thus can be written as

xy” +k*y = 0,
where k? = T/E«. Find the general solution of the above equation. (y(x) = /x

[AJ1 (2kv/X) + BJ_; (2ky/x)]

4.28 Consider a vertical column of length ¢, such as a telephone pole (see Fig. 4.2).
In certain cases it leads to the differential equation
d*y

P
TS5t =0,

where E is the modulus of elasticity, / the moment of inertia at the base of the column
about an axis perpendicular to the plane of bending, and P, k and a are constants.

,° Vertical Column

8

e —— —— — — >

Fig. 4.2

Find the general solutions of the above equation. (Usez =y —a, 2u=k/¢, v =
/P /EI to convert the differential equation as % + 12?7 = 0.Nowuset = vel*

to obtain tz‘% + t% + L—zzz = 0. Finally, compare this with (4.82).
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4.29 A simple pendulum initially has the length £, and makes an angle 8, with the
vertical line. It is then released from this position. If the length of the pendulum
increases with time ¢ according to £ = € + e, where € is a small constant, then the
angle 6 that the pendulum makes with the vertical line, assuming that the oscillations
are small, is the solution of the initial value problem

(z+z)d29+2d9+ 9 =0, 000) =0 dQ(O)—O
T T g T - a7

where g is the acceleration due to gravity. Find the solution of the above initial value
problem.

00 = = [an (EVaTa)+ 81 (MEVGTa)]  whee A=

\/%Jll(c)_(E/z«/g)J—l(c)e B — (e/2/9) 1 ()= J; (©) 2«/g€0)
HOT [ ©=T1©@ @ "0 7 = T, ©=-T1J© €

0y and ¢ =

4.30 The differential equation

’E E
xz% — ,uxi—x —k*’x"E =0
occurs in the study of the flow of current through electrical transmission lines; here
1, v are positive constants and E represents the potential difference (with respect to
one end of the line) at a point a distance x from that end of the line. Find its general
solution. (The transformation x = a?, y = t"w, where «, ( and -y are constants,
converts (4.53) to

d*w

d /
Py 1)td—’f £ (2B 4 2w = 0. (4.84)

B = 39 (Al (25°7) 4 BE sy, (227)

4.31 Consider the wedge-shaped cooling fin as in Fig.4.3. The differential equation
which describes the heat flow through and from this wedge is

d’y | dy
2
x—= 4+ x— —uxy = 0,

dx? ax MY
where x is distance from tip to fin, 7 temperature of fin at x, 7j constant temperature
of surrounding air, y = T — Ty, h heat transfer coefficient from outside surface of
fin to the surrounding air, k£ thermal conductivity of fin material, £ length of fin, w
thickness of fin at its base, 6 one-half the wedge angle, and p = 2h sec(€6)/kw.
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Fig. 4.3

Find the general solutions of the above equation.  (Compare with (4.84) to get
y(x) = Aly (2/nx'?) + BK, (2/1x'/?))

4.32 Consider a horizontal beam of length 2¢ supported at both ends, and laterally
fixed atits left end. The beam carries a uniform load w per unit length and is subjected
to a constant end-pull P from the right (see Fig. 4.4). Suppose that the moment of
inertia of a cross section of the beam at a distance s from its leftend is I = 2(s + 1).
If origin is the middle of the bar, then the vertical deflection y(x) at x is governed
by the nonhomogeneous differential equation

2

d 1
PEG+1+052 — Py = —w(x 4+ 0% —wx +0),
dx? 2

where E is Young’s modulus.

w

Pyl bbb

A
Q0 00

Fig. 4.4

Find the general solutions of the above equation.

00 =22 [An (J2202) + K (J222)] - B0+ 07+ (P —2E)

4.33 Show that Carl Guslov Jacob Jacobi’s (1804—-1851) differential equation
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x(1=x)y"+[a— (1 +b)xly' +nb+n)y =0

is ahypergeometric equation, and hence its general solution near x = 0 can be written
as

y(x) = ciF(n+0b, —n,a,x)+cx' *Fn+b—a+1,1—n—a,2—a,x).

4.34 In the analysis of a deformation due to a uniform load on a certain circular
plate the following equation occurs

X1 = (ex)¥1¢” 4+ x[1 — (1 + 3k)(ex)¥1¢’ — [1 — Bkv — 1)(ex)*1¢p = 0,
(4.85)

where €, k and v are constants, x is proportional to the distance from the center of the
plate and ¢ is the angle between the normal to the deformed surface of the plate and the
normal to that surface at the center of the plate. Show that the successive substitutions
7 =ex, ¢ = z1), X = o transform (4.85) to the hypergeometric equation

1—0)— =0
o=z T ™% do P

d*y [k—i—Z ( 2+3k) j|d¢ 3w+1)
T 1+ ) 22
k
withe = (k+2)/k, a+b =2+ 3k)/k, ab =3(v + 1)/ k. Hence, if « and 3 are
the roots of kA% — (2 + 3k)\ + 3(v + 1) = 0, the solution of (4.85) can be written
as ¢(x) = exF(a, B, (k +2)/k, €x5).

4.35 In the van der Pol’s equation (4.73) consider p as the perturbing parameter,
and seek its solution in the form y(x) = Z;’;O 1y, (x). Show that

a’ —4a

y(x) = acos(x +b) — < x cos(x + b) + 3ia3 sin (3(x + b))) +0(u?).

2
4.36 Consider Duffing’s equation (4.75) with 6 =0, « = 1, and v =0, i.e.,
Y'+y+B8y =0 (4.86)
together with the initial conditions
y(©0) = yo, Y'(0) = 0. (4.87)

In (4.86) let (3 be the perturbing parameter. We seek the solution of (4.86), (4.87) in
the form y(x) = Y2 3" ya(x). Show that

y(x) = ypcosx + ﬂyS (—%x sinx + 3%[005 3x — cos(x)]) + 0(3?).
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Chapter 5 ®)
Systems of First-Order Differential o
Systems

In the current chapter we will mention about partial derivatives in the context of
analyzing systems of differential equations [1]. Partial derivatives are derivatives of a
function with multiple variables, with respect to one of those variables. Mathematical
models of physical phenomena involving more than one variable are solved with
partial differential equations, but we will not cover these applications in this book,
due to the broad array of mathematical tools needed to present different techniques
of solving partial differential equations.

Consider the linear system of first-order differential equations with variable coef-
ficients

uy = anWuy +ap®uy + -+ ap, (Ou, + by (1)
uy = an(Our + an®us + -+ - + az, (Hu, + ba(r) G.0)
u;l = anl(t)ul + anZ(t)MZ +--+ ann(t)un + bn(t)~
In the matrix form this system can be conveniently written as
u = A()u+B(), (5.2)

where u=u(t) = (u,(t), - ,u,(t))T and B@) = (bi(t),---,b,(t))T are
n-dimensional vector-valued functions, and A(t) = (a;;(t)), 1 <i, j <nis an
n x n matrix-valued function. In what follows, we shall assume that A(z) and B(z)
are continuous in the interval I = («, ().

A linear differential equation of nth order with variable coefficients of the form

Y+ pr @y e @y = r@)
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can be written as (5.2) with u(t) = (@), y'(t), -+, y" D)7, B@) = (r(t),
0,---,0)7, and

0 1 0 0
0 0 1 0
A(r) = : : : :
0 0 0 - 1

—Pn(t) =pu_1(t) =pp—2(t) --- —p1(0)

For (5.2) the corresponding homogeneous system
u = A(Hu (5.3)

plays an important role.

We recall that the vector-valued functions u! (¢), - - - , w”(¢) defined in aninterval /
are said to be linearly independent in I, if the relation c;u' (t) + - - - + ¢, u” () =0
for all ¢+ € I implies that ¢; = - -- = ¢, = 0. Conversely, these functions are said
to be linearly dependent if there exist constants ¢y, - - - , ¢;; not all zero such that
cu'@®) 4+ +c,u" () =0forallr € I.

Although, the linear system (5.3) cannot be solved in terms of the known functions,
the following results are well known.

Theorem 5.1 There exist exactly n solutionsu', - - -, u" of (5.3) which are linearly

independent in I.

Theorem 5.2 The solutionsu', - - -, u" of (5.3) are linearly independent in I if and
only if the Wronskian W (t) defined by

THORERNHO)
ub(t) - ul(t)

W) = W', uh)@) = | ' (5.4)
W) 1)
is different from zero for some t in I.
The set {u' S, u"} of linearly independent solutions of (5.3) is called a funda-
mental system of solutions. Further, the n x n matrix W(z) = [u'(¢), --- , u"(t)] is

called the fundamental matrix of (5.3).

Theorem 5.3 For the Wronskian defined in (5.4) the following Abel’s identity holds

W(t) = W) exp (/ TrA(s)ds) , hhel, (5.5)

4]
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where

TrA() = Y _ai().
i=1

Thus, if the Wronskian is zero at some ty € I, then it is zero forall t € I.

Theorem 5.4 Iful, -+, u" are solutions of (5.3) and c1, - - - , ¢, are arbitrary con-
stants, then cju' + - - - + ¢, 0" is also a solution of (5.3). Further, if ¥ (t) is a funda-
mental matrix of the d.s. (5.3), then its general solution can be written as

u(t) = ¥(r)c, (5.6)

where ¢ is an arbitrary constant vector.

As a consequence of this theorem, we find that the solution of the initial value
problem: (5.3) together with the initial condition

u(ty) = u’ (5.7)
can be written as
u(t) = YO U (#)u'. (5.8)
The matrix ®(¢, ¢y) defined by
d(t, 1) = WOV (1) (5.9)

is called principal fundamental matrix. Note that ® (¢y, tp) = I,,, wherel,, isthen x n
identity matrix. In the literature ® (¢, #y) is also known as the evolution or transition
matrix.

Interms of a fundamental matrix W (¢) the general solution of the nonhomogeneous
system (5.2) can be written as

u(t) = \If(t)c+/ U)W (s)B(s)ds. (5.10)

Also, the solution of the initial value problem (5.2), (5.7) in terms of the principal
fundamental matrix ® (¢, #y) appears as

u(t) = <I>(t,t0)u0+/ @ (1, )B(s)ds. (5.11)

fo

Now we shall consider the homogeneous system (5.3) with A(z) = A, i.e.,

u = Au, (5.12)
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where A is a constant matrix. The general solution of (5.12) can be written as

u(t) = e, (5.13)
where ¢ is an arbitrary constant vector. Thus, to find the solution of (5.12) all we

need is the computation of ¢*’. For this, several algorithms are now known, however,
the following which we state as a theorem is very simple to apply.

Theorem 5.5 Let )\, -+, A\, k < n be distinct eigenvalues of the matrix A with
multiplicities ry, - - - , 1y, respectively. Define
PA) = A=A (A =)™ (5.14)
Then,
k ri—1 1
Z Mai(A)gi(A) Y {—(A by I)Jﬂ} , (5.15)
J!
i=1 =0
where
gi(N) = pAVA =), 1<i=<k (5.16)

and a;(\), 1 <i < k are the polynomials of degree less than r; in the expansion

L e aw
P S CAR T S WY

(5.17)

Corollary 5.1 Ifk = n, i.e., A has n distinct eigenvalues, then a; (A) = (1/q; (A\))],
and hence (5.15) reduces to

Z ql(A) )\t
= 161,(>\)

(5.18)
. Z A-MD--- A=A\ 1DA-XNyD---(A— /\"I)e)""
A=A N = ALD = A) N = A)

If for the matrix A, corresponding to distinct eigenvalues Ay, - - - , A, the linearly

independent eigenvectors are vl ..., v", then it follows that

A-MD--A- A DA-XnD-- (A=A {03 k #i
A = AD) = MDA = Aip) - (A = M) v k=i
Thus, from (5.18) we have

eAle — Vle)\it,
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which in turn gives

eAt[Vl vZ ... V' = [Vle)\lt Vze)\zz . Vne)\,,t] ,
and hence
AMd = [vieM vieM . vieM v VP v, (5.19)
where d is any constant vector. In (5.19), we let vl v2 ... v ld=c¢, clearly ¢

is an arbitrary vector. Thus, in view of (5.13) the general solution of (5.12) can be
written as

un) = > cvieM. (5.20)
i=1

Corollary 5.2 Ifk =1, i.e,, A has all the eigenvalues equal to A, then a;(A) =
qi(A) = 1, and hence (5.15) reduces to

n—1
Al = M Z {%(A - )\ll)ftf}. (5.21)
J!

Jj=0

Thus, in particular, if n = 2, then

A-XD ,, A-MD ,, .
- ¢ —e™ ded A A

A= onm T &)\2—)\1)6 provided A; 7 A, (5.22)
I+ (A — X \Dt]eM provided My = ).

From (5.10) it is clear that the general solution of the nonhomogeneous system
u = Au+B(), (5.23)
can be written as
t
u®) = eMc+ / ATIB(s)ds. (5.24)

Further, from (5.11) the solution of the initial value problem (5.23), (5.7) appears as

t
u(t) = Al0,0 4 / AUIB(s)ds. (5.25)

fo

Finally, we shall consider the system of nonlinear first-order differential equations
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u/]:gl(t9u17"'7un)
u,2=g2(tvulv"'vun)

(5.26)
u;:gn(tvulv"'aun)'

Clearly, the system (5.2) is a particular case of (5.26). Further, each nth-order differ-
ential equation

Y = ft,y, Y,y (5.27)

is equivalent to a system of the form (5.26). Indeed, if we take y© = u; 1, 0 <i <
n — 1, then the Eq.(5.27) can be written as

u, =uiy1, 1<i<n-—1
w= fltu, e ), (5:28)
which is of the type (5.26).

In what follows, we shall assume that the functions gy, ---, g, are at least
continuous in some domain E of (n+ 1) dimensional space R"*!'. By a solu-
tion of (5.26) in an interval / we mean a set of n functions u(¢),--- , u,(t)
such that (i) u/(t),---,u,(t) exist for all ¢+ € I, (ii) for all + € I the points

(t, ui(t), -+ ,u,(t)) € E, and (iii) u;(t) = g;(t, u1(t), -, u,(t)) forallt € I.
By setting

ll(t) = (ul(t)v 7un(t))T and g(t’u) = (gl(t’u)v"' 7gn(t9u))

and agreeing that differentiation and integration are to be performed componentwise,
e, w(r) = (u)(t), - ,u, (1)) and

B B B
f u()dt = (/ ul(t)dt,-~-,/ un(t)dt>

the problem (5.26), (5.7) can be written as

T

v = gt,u), u() = u’ (5.29)

It is easy to see that if g(#, u) is continuous in the domain E, then any solution of
(5.29) is also a solution of the integral equation

ut) = u’ + / g(s, u(s))ds (5.30)

fo

and conversely.
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Eachnonlinear system which can be solved explicitly has to be dealtindependently
with some special techniques. However, easily verifiable conditions which guarantee
the existence and uniqueness of solutions of the initial value problem (5.29) are
known. We list some of these results in the following theorems.

Theorem 5.6 (Local Existence Theorem) Let the following conditions hold

(i) g(t,u) is continuous in Q : |t — ty| < a, |u—u’|| < b and hence there exists
a M > 0 such that ||g(t,w)|| < M for all (t,u) € Q; here || - || is any convenient
norm,

(ii) g(t, ) satisfies a uniform Rudolf Otto Sigismund Lipschitz (1832—1903) condi-
tion, i.e., for all (t,u), (t,v) € 2,

g, w) —g(, V)| < Llu—v|. (5.31)

(This condition is always satisfied if the partial derivatives 0g/Ouy, k =1,--- ,n
exist and ||0g/ou| < L.)
Then, (5.29) has a unique solution in the interval Jy, : |t — ty| < h = min{a, b/M}.

Theorem 5.7 (Global Existence Theorem) Let the following conditions hold

(i) g(t,ua) is continuous in A : |t — ty| < a, |u| < oo,
(ii) g(t,w) satisfies a uniform Lipschitz condition (5.31) in A.

Then, (5.29) has a unique solution in the entire interval |t — ty| < a.

Example 5.1 Let x(¢) and y(¢) represent the numerical strengths of two armies F|
and F, engaged in combat. We assume that the two sides are engaged in open combat,
so that each side is wholly exposed to the fire of the other side. Lanchester [17, 18]
(also see [12, 14]) postulated that under this assumption the combat loss rate of
an army will vary linearly with the size of the opposing force with proportionality
constants, say, a and b indicating the efficiency of the opposite force. In addition
both armies will suffer noncombat losses which for simplicity we assume to be
constants ¢ and d, respectively. We also assume that f () and g(t), respectively,
are the reinforcement rates for the two armies during the battle. This battle can be
modeled by the following system of first-order differential equations:

d

—= —ay—c+f0)

d; (5.32)
o _bx—d+g@),

7 X +g@®)

which in system form is the same as (5.23) with

u= (' A= (_Ob _0“), B(t) = (—c+ f(0),~d +g(). (533)
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In what follows, for simplicity, we shall assume that B(#) = 0. This can happen if
f@)=c, gt)y=dor f(t) =c=0, g(t) =d = 0. The meaning in both the cases
is clear. Thus, we shall consider the system

(i) - <_Ob _oa) (;C) (5.34)

Since for this matrix A the eigenvalues are A\| = +/ab and A, = —+/ab, from (5.22)
it follows that

AT 1 <“/% —a )e«/szt _ 1 <_\/CE —a )e«/ﬂt
2Jab \ —b Vab 2ab —ab
1 (abcosh+abt —asinh~/abt
_\/ﬁ< —bsinh v/abt «/ﬁcosh«/%t>'

Hence, the solution of (5.34) satisfying the initial conditions
x(0) = «a, y0) =g (5.35)

can be written as

x@)\_ 1 Vab cosh v/abt —a sinh v/abt 1o
y®) ) Jab —bsinh «/abt ~/ab cosh «/abt

a.cosh /abt — ﬁfsmhft
- —a\/;smh\/_t+ﬂcosh\/_t (5-36)
— h
= cosh vab. z( “ \/ﬁlafn;a;_\j:w (5.37)

Now, since tanh(f) is an increasing function and tanh(f) — 1 as § — oo, from
(5.37) it is clear that the army F; survives all the time if & — S/a/b > 0, whereas

the army F; survives if —a/b/a + = —+/b/a (a — ﬁx/a/b) > (. From this the
conclusion that both the armies cannot survive forever is immediate. In fact, we have:
(1) The army F; is annihilated if & — $4/a/b < 0, and the annihilation time is

tHh = 1tanh_l @ [b
1_\/ab pVal’

(i) The army F; is annihilated if o« — 8+/a/b > 0, and the annihilation time is

t L annt (2[4
= an —./ = 1.
? Jab aVb




5 Systems of First-Order Differential Systems 123
Finally, we note that if & = (34/a/b the solution given in (5.36) reduces to

(x(t)) B (a[cosh(Mz)—sinh(Mz)])
y@®) ) — \ Blcosh(abt) — sinh(vabt)] )’

which suggest that neither army is annihilated, however, since [cosh(f) —
sinh(6)] — 0 exponentially as § — oo, both the armies decrease exponentially to
zero ast — 00.

Example 5.2 Suppose Tom is in love with Linda, but Linda is a fickle lover. The
more Tom loves Linda, the more she dislikes him; but when he loses interest in her,
her feelings for him warm up. On the other hand, when she loves him, his love for her
grows; and when she loses interest, he also loses interest. Let x (z) and y(¢) represent
Tom and Linda’s feelings at time #, then their love affair is governed by the system
of differential equations (see [28])

dx

— =ay, x(0) = «

j; (5.38)
= — —bx, y0) = 3,

T x, y(0) = p3

where a and b are positive constants, and « and (3 denote the initial feelings of Tom
and Linda, respectively.

The solution of (5.38) in view of (5.36) (replacing a by (—a)) can be written as

X0\ acos(vabt) + 3,/ sin(+v/abt)
(y(t)) - —a\/g sin(v/abt) + [3 cos(v/abt)

B \/ﬁ cos(v/abt — 0)
Ve +Eﬂ —\/gsin(«/ﬁt—ﬁ) '
§ = tan”! <\/§é>
ba

As positive and negative values of the variables x and y represent like and dis-
like, Tom’s love is maximum at time ¢ = 7y = /+/ab and is given by x(y) =
Va2 +af3?/b. However, since y(fy) = 0, Linda’s attitude at time 7 = f; is neutral.
As time passes by Tom’s love starts diminishing until it is zero at time t = #; = (26 +
7)/(2v/ab) (x(t;) = 0), and since at this time y(t;) = —/32 + ba?/a, Linda’s dis-
like for Tom is at its worst. Now, fort > ¢y untilt = t, = (6 + 7)/ Vab Tom dislikes

her and att = t, while Tom’s dislike is at its worst (x () = —y/a? + aﬁz/b) , Linda

losses her dislike for Tom (y(t;) = 0). For t > t, until ¢t = t3 = (20 + 37)/2+/ab
Linda is in love with Tom, and Tom also losses his dislike for her. In fact, at

(5.39)

where
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t =1, x(t3) =0, i.e., Tom’s dislike is over, whereas y(f3) = /(3% + ba2/a shows
that Linda’s love is maximum. For f > #; until t =14, = (60 + 27)/2+/ab Tom

loves her, whereas Linda’s love cools down (x (t4) = /a2 + abeta?/b, y(ty) = O) .

Clearly, at t = t,4 the situation is the same as at t = f#;, and hence the whole process
repeats itself. Thus, Tom and Linda are in a continuous cycle of love and hate. They
both are in love only during the time 3 < ¢ < #4.
From (5.39) it follows that
2 2
a? + 432 T3 2y 2
b a® + ’6

=1, (5.40)

and hence if a > b their love affair is best depicted in the following Fig.5.1.

Y
t3
ta Vo2 + 632
T
to 0 to

ti| —y/2a2+ B2

Fig. 5.1

Example 5.3 Let x(t) and y(t) represent the expenditures for armaments by two
countries X and Y at time ¢. Lewis Fry Richardson (1881-1953) model for arms race
makes the following assumptions:

1. The expenditure of each country increases at a rate that is proportional to the other
country’s expenditure.

2. The expenditure of each country decreases at a rate proportional to its own
expenditure.

3. The rate of change of arms expenditure for each country has a constant component
that depends on the level of antagonism of one country toward the other.

4. The effects of the assumptions 1-3 are additive.
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These assumptions lead to the system

dx n

— =ay—px+r

dt (5.41)
d_y =bx—qy+s

dt - qy k]

where the constants a, b, p, g are positive, whereas r and s may have any value,
positive in the case of mutual suspicion and negative in the case of mutual goodwill.
Equations (5.41) in the system form are the same as (5.23) with

u= (', A= <_bp _“q), B(t) = B = (r,5)". (5.42)

The eigenvalues of the matrix A are the roots of the equation

—-p—A a 2 _ _
b _q_A‘ = N+ @P+9A+(pg—ab) =0,
i.e.,

~(p+)EV(P+9)?—4pg—ab)  —(p+q) = (p—q)* +4ab
2 2

and hence both the eigenvalues A; and )\, are real and distinct. Thus, the solution of
(5.41) satisfying the initial condition (5.35) in view of (5.25) can be written as

X)) _ af« " AG—s)
<y(t))_e (ﬁ)+/(; e Bds 543

= M [(“) +A"B] — A B,

B
where A~! = ablpq <Z Z) exists provided ab — pq # 0, and hence
_ 1 r+as
AB=— (14 . 5.44

From (5.22) it is also clear that

v (A=D  A-AD
(A=) A=)

Thus, the nature of the solution (5.43) depends on the eigenvalues of A. Clearly,
(1) if pg —ab > 0, both the eigenvalues A; and A, are negative and the solution
tends to —A~!B, i.e., countries X and Y are not racing for the arms;
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(ii) if pg — ab < 0, then the eigenvalues \| and A, have opposite signs. The presence
of positive eigenvalue causes exponential growth and it becomes unbounded as time
increases. This is a situation that may result in a runaway arms race;

(iii) if pg —ab =0, then A\; =0, \; = —(p + ¢), and hence

Ar ;(‘I a)_ 1 (‘P a ) —(p+q)t
e = e .
p+q\bp P+ \ b —q

Further, a particular solution of (8.24) can be obtained rather easily and appears as

(as—l—qrt as +qr

T
-
, (1+pt)——> .
p+q a(p+q) a

Thus the countries are arm racing or not depends on (as + gr) is positive or negative.
For more details see [27].

Example 5.4 Consider the following electrical network with the assumption that
when the switch is closed each current is zero, i.e., I, (0) = I,(0) = I5(0) = 0.

Ry
—VWW l —
L I I Rs
E= Lo
Lj
. .
Fig. 5.2
In view of Kirchhoff’s laws, we have
L = L+5L (5.45)
R I +L212/ = E (5.46)
R} + R;15 + L3I§ = FE 5.47)
R3lz + L3Iy — Lol = 0. (5.48)

Note that if we subtract (5.46) from (5.47), we obtain (5.48). Eliminating /; from
Egs. (5.45), (5.46) we get

Ri(l,+ ;) + LI, = E. (5.49)
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In system form Eqgs. (5.49), (5.48) involving only I, and /3 can be written as
Ly 0\ (BY _ _(RiR\ (B, (E
—LyLy)\1;) ~ 0 R, )\ I 0)
which is the same as
BY_ (L O\ '(RR)\(L
;) \—LxLs 0 Ry J\ I3
—1
L, 0 E (5.50)
—L, Lj 0

where
R R E
— Lz Lz _ L2
A = _&_R|+R3 and B = £ |
L; L; L

which is exactly of the form (5.23) (Fig.5.2).

The eigenvalues of the matrix A are the roots of the equation

R \ R,
L, L, R Ry + R3 R?
= (2 +A) (=40 - =0
_& _Rl +R3 Y (L2 + L3 + L2L3
Ls Ls
or
Ry R+ Rs RiR;3
N4 — A = 0. 5.51
* (Lz R ) L G20

We claim that both the eigenvalues of the matrix A are distinct and negative. For this
it suffices to show that the discriminant D of (5.51) is positive. Clearly,

R,  R;+R;\> 4R/R
D=<_1+1+3>_13

L, Ls L,L;
Ri  Ry\> R} 2R (R R
= (=-2) + 2+ (2 +2) >0
L, L, L2 Ly \L, L
Now, let the eigenvalues of the matrix Abe A\ = —p, Ay = —vwherep > 0, v > 0.

Thus, in view of (5.25) the solution of (5.50) satisfying /;(0) = I3(0) = 0 can be
written as
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t
LY _ / ACIBIs = A~'(eA — B, (5.52)
I3(1) 0
where
_Ri+Ry R
A-l = LyLs L; L,
R\ R3 Ry R
L3 L2
so that
E (1
AR = & : 5.53
Ry <O) 2

and in view if (5.22),

eAt — (A + VI) e—ul + (A + 'U’I) e—l/t
(v —p) (=)

which after some computation gives

E(Ry —vL>) E(uLy — Ry)
A-IAR — RiLy(v — 1) o RiLy(v — 1) e
E(Ri—vLy)(uly—Ry) E(uly—Ry)(vLr—Ry)
RiLy(v — p) RILy(v — p)
(5.54)
Hence, in view of (5.52)—(5.54), we have
E(Ry —vL E(ulL, — R E
ny = R VL) e Eulo = RY oy B (5.55)
RiLy(v — ) RiLy(v — p) R
E(R, —vL L, — R E(ulL, — R L, —R
() = (Ry 2V 2)(uls l)e_’“ (1L : DLy l)e—m. (5.56)
RiLy(v — ) RiLy(v — )
Finally, from (5.45), we obtain
Eu(R;y —vL E L, —R
ny = BB vl oy EvgilaZ R (5.57)

R} (v — p) R} (v — p) R

From (5.55) to (5.57) it is clear that as t — oo, I1(t) > E/R;, I,(t) —> E/R;,
I3() — 0.

Example 5.5 Every radioactive substance decays by the emission of alpha particles,
which are helium nuclei consisting of two protons and two neutrons. The mother
substance decays into a daughter substance of lower atomic number, which may or
may not be radioactive. Then, the decay substance can decay into another substance.
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Once a decay product becomes the element lead, the process stops. Thus the chain
of events is a finite number. If we denote x;(¢) as the mother substance at time ¢,
then the law of radioactive decay states that

X i = — klx 1,
where k; > 0 is the mother disintegration constant. Let x,(¢#) denote the daughter
substance at time ¢, then x,(¢) will grow at the same rate k; proportional to the
quantity of the mother remaining, and if the daughter is radioactive, it will decay at
a rate proportional to its remaining quantity of matter. Thus,

!
x, = kix; — kyxo,

where k; > 0 is the daughter disintegration constant. This process continues until,
say, (n — 1)th substance is reached. This leads to the differential system

xi = —k1x1
xi/+1 =kixi —kip1xiy1, 1<i<n-—2 (5.58)
X, =kn_1x4—1, kj >0, 1 <j<n—1 anddistinct.

If initially the mother substance is «, then we need to solve the system (5.53) satis-
fying the initial conditions

x0) = a, x(0) =0, 2<i<n. (5.59)

Adding the equations in the system (5.58), we get

4

xi+xé+'“+xn =0
and hence, in view of (5.59),
x1(1) +x2) + -+ x,(1) = x1(0) + x20) +--- +x,(0) = q, (5.60)

which expresses the conservation law.
In matrix form (5.58) is the same as (5.12) withu = (x1, --- , x,,)” and

—k; 0 0 0 --- O 0
ki, =k, 0 0 --- 0 0
0

S OO

0 0 .- kn—2 _kn—l 0
0O 0 0 O0--- 0 k- O

Clearly, the eigenvalues of A are A\ = —ki, \y = —ka, -+ , \ym1 = —ky—1, A\ =
0, which are real and distinct. Hence, in view of (5.18) and (5.25) the solution of
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(5.58), (5.59) can be written as

n

x1(t) 1_[ (A+k;I) “
SOl I ) PE TR P (5:61)
: i=1 - :
(1) 1 hr iy 0
j=1,j#i

where k,, = 0.
For n = 3, (5.61) gives

xi1(t) = ae ™,
_ kla —kyt —kot
0 = ko — ki (7" =), (5.62)
) = . kle_kzt — kze‘_k]t
X3 = « kz — kl .

In (5.62) as t — oo, we find x;(t) — 0, x,(t) — 0 and x3(¢t) — «. Finally, we
remark that in (5.58) the constants k; are determined from the known half-lifes.

Example 5.6 Suppose two masses M, and M, are connected to two springs having
spring constants k; and k», respectively (see Fig.5.3). Let x; and x; denote the vertical
displacements of the masses from their equilibrium positions. When the system is in
motion, the stretching of the lower spring is (x, — x), exerting a force of k, (x; — x1)
on the upper mass M. Also, the upper spring exerts the force (—k;x;) on this mass,
and so, in view of Newton’s second law of the motion the mass M, is governed by

Mix|{ = —kixi +ka(x2 — x1). (5.63)
Similarly, the equation of motion for the lower mass M, is

szg = —kz(Xz—X]). (564)

Thus, the motion of the couple spring—mass system, in the absence of damping effects
and external forces, is governed by the system of second-order differential equations
(5.63), (5.64).

k1
B
M,y
ko
M, |

Fig. 5.3
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To write (5.63), (5.64) in the system form (5.12), we define u; = x1, u, =
X2, U3 = X|, us = x} so that

Uy = u3
wy = uy

ki + ky k2
f Ll 5.65
usz < M, )M1+Mluz (5.65)
L L I
ST Mt

If external forces F;(¢) and F,(r) are applied to the masses, the system (5.63),
(5.64) becomes

Mx{ = —kixi+ky(xo—x)+ Fi (1) (5.66)
szg = —ky(xo — x1) + F>(1). ’
Example 5.7 Consider a four compartmental system sketched in Fig.5.4. The sub-
stance is transferred between compartments as indicated by the arrows. The rates
of transfer are indicated by the constants k; > 0, 1 <i < 4. If x;(¢) represents the
amount of substance at time ¢ in the ith compartment, then it leads to the system

X = - k1X1 — kle

Xy = k]xl — k3X2

X3 = kox1 — kaxs + ksxy
Xy = k3xs + kaxz — ksxg.

(5.67)

Example 5.8 Let P;, D; and S; (i = 1, 2) denote the price, demand and supply of
the ith commodity in a interrelated market. Allen’s model [4] assumes that the rate
of change of P; is proportional to (D; — S;), i.e.,

dP;

— = o;(D; = S;), i=1,2.
T i ( ), i
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If D; and S; are linear functions of P; and P, then this system takes the form

dp
= anbP +anh+b

dt (5.68)
ap,
— = ay P +anP,+ by,
dt
which is exactly the same as (5.23) with b,(¢) = by, by(¢t) = b».

Example 5.9 In certain bacterial colonies toxic substances produced by the bacte-
ria become a limiting factor to the further growth of the bacteria. The number of
organisms will increase at a rate proportional to the number present at any time
and decrease at a rate (per organism) proportional to the concentration of the toxic
substance. The differential equation

d
d—’: = kn(1 — ac) (5.69)

describes the relation between the number of organisms 7 in the culture and the
concentration ¢ of the toxic metabolic product. Here, k and a are positive constants.
If the toxic substance is formed at a constant rate » per organism we have the equation

dc

i rn. (5.70)

Clearly, (5.69), (5.70) is a system of the form (5.26). We note that Eq. (5.70) is
the same as

c(t) = r/ n(s)ds
0

and hence (5.69) can be written as an integro-differential equation

d—n—k <1 t )d) 5.71)
dt_n —ar/on(ss. .

To find the solution of (5.71) we shall follow a clever technique proposed by Reid
[26]. We divide both sides of (5.71) by n and make the substitution n = ¢”, to obtain

d t
9 k—ark/ e’9ds.
dt 0

A differentiation of this equation with respect to ¢ gives the second-order differential
equation

dzy

i arke’. (5.72)
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We multiply (5.72) by 2(dy/dt) and integrate, to get

dy 2
— = —2arke’ +c.
dt

However, since n(0) = ng, (dy/dt)(0) = k it follows that ¢ = k% + 2arkny, and
hence

dy\’ 2 .
I = k™ + 2ark(ng — &),

which gives

1d
L :i:\//’c2 + 2ark(ng — n).
n dt

Thus, over the range where n’ is positive, we have

/’ /” du
ds = ,
0 ny Nk + 2ark(ng — u)

P 1((«/C2 2arkn—C)(k+C))
¢ \(JC?=2arkn + C)(k — C)

where C = /k% + 2arkngy. Let B = (k — C)/(k + C), then we can solve for n(z),
to obtain

or

AeC!
nit) = —m—,
@ (1 — Be€")2
where A = —2C?B/ark.
Now we differentiate the solution and set the derivative equal to zero, i.e.,

dn ACeC! 2ABCe3¢!

= =0,
dt (1 — Be€1)? + (1 — Be€1)3

which immediately gives the critical point

= ln Ctk .
C C—k

It is easy to verify that (dzn/dt2)|t=t* < 0, and hence n(t) at t* has its maxi-
mum value np,, = ng + (k/2ar). Clearly, the maximum number of organisms 7 y,x
depends only on the initial number and parameters of the species involved. Fort > ¢*
it is clear that dn/dt is negative. Further, analysis shows that the function n(¢) is
symmetric about the line ¢ = #*. We illustrate the growth curve in Fig.5.5.
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Nmax

o

Fig. 5.5

Example 5.10 Consider two populations sharing the same habitat. This may result
in competition, i.e., both populations use the same limited resources, such as food
supply; predation, i.e., one population feeds on the other; or symbiosis, i.e., the
presence of each population is beneficial to the other. Here we shall develop a model
in the case of predation. We shall assume that the species eaten (the prey) makes up an
essential part of the diet of the eating species (the predators). For example, the habitat
may be a cornfield, the prey species may be field mice, and the predator species can
be wild cats. As another example, habitant may be vegetation in a forest, prey species
may be rabbits, and the predator species can be wolves. The model we shall develop is
due to a mathematician Vito Volterra (1860—1940), and a biophysicist Alfred James
Lotka (1880-1949), and now in the literature it is known as Lotka—Volterra system.

Let x(t), y(t) respectively represent the size of predator and prey at time t. We
have seen in Chap. 1, if each of the species existed alone, they would obey simple
growth and/or decay according as x’ = ax, y’ = 3y where the parameters « and
[ are the respective differences in birth and death rates for the species. If, however,
predators eat the prey, we expect that the excess birth rate of the prey will depend on
the number of predators: The more predators are, the more prey (die) are eaten, so 8
will be a decreasing function of x. The simplest possible choice of such a function
is = K — Lx. Next, since an essential part of the predators’ diet is prey, if there
are no prey, the predators would not survive. Thus, a should be negative for y =0
and must be an increasing function of y. Again the simplest possible form of such a
function is « = —M + Py. This leads to the Lotka—Volterra system

M+ Py

— = X(— y

;” (5.73)
y

Y (K - L),

o y( X)

where K, L, M and P are positive constants.
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Clearly, (5.73) is a coupled pair of nonlinear differential equations. We cannot
solve this system analytically. In fact, if x 7~ 0, it follows that (5.73) is equivalent to
the system

_ 1 dx M

T Pxdt P
dx 1 (dx 2P+ (Lx — ) L (LMx® — KMx) = 0
— — == x— K)— X" — x) = 0.
2 x \ dt dt

Thus, although y has been eliminated, the resulting equation for x is highly nonlinear.
However, we can find a relation between x and y as follows: Clearly, the number of
prey depends on the number of predator, we can assume that y is a function of x,
i.e., y = y(x), then from (5.73) it follows that

dy dy [dx  y(K—Lx)
dx  dt/ dt  x(=M + Py)’

which can be written as

M K
(P — —) dy = <— - L) dx. (5.74)
y X
An integration of (5.74) gives
Py — MIn(y) = Kln(x) — Lx 4+ In(C), (5.75)
where C is a constant. Thus, the required relation is
ePy xK

If the initial population of predator and prey is x(0) = xo and y(0) = yy, then from
(5.76) it follows that

e (yo /M = M0 (x/xp) K. (5.77)

For fixed values of K, L, M, P, xo and yy, the graph of (5.77) is a closed curve in
the xy-plane, where (x¢, yo) is located somewhere on the curve. From this graph it
can easily be concluded that

(i) As the number of prey increases, the prey are easier to catch; this leads to an
increase in the predator population, until

(ii) the number of predators is so large that they severely deplete the quantity of prey,
causing

(iii) a large number of deaths by starvation in the predator population, and allowing
(iv) a reestablishment of the growth in the prey population.
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The system (5.73) in view of Verhulst model can be generalized to

dx
= = x(~M + Py — Qx)
g; (5.78)
— = y(K — Lx — Ry),
77 = ¢ x = Ry)
where Q and R are also positive constants.

Example 5.11 Kermack and McKendrick [19] in 1927 proposed a model which
explains the sharp rise and fall in the number of infected individuals during epidemic
outbreaks. The model was based on data sets available from plague in London (1664—
1666) and cholera in London (1865). For decades the model went largely ignored
until it was brought back to prominence by Sir Roy Malcolm Anderson (born 1947)
and Robert McCredie May (born 1936) in their publication Population Biology of
Infectious Diseases: Part Iin 1979. Here we shall discuss a simple case of this model,
which is due to Bailey [6], also see [20, 30]. Assume that a population of fixed size
N can be separated into three distinct classes: S(¢) denotes the number of individuals
in the population at time ¢ who are susceptible to a given contagious disease; I (¢) is
the number of individuals at time ¢ in the population who are infective, that is, they
have the disease and are contagious; and, R(¢) denotes the number of individuals at
time r who have recovered from the disease and are now immune to further infection.
This model is usually called an SIR epidemic. Note that this classification leads to
the equation

S+ 1()+ R() = N. (5.79)

We now assume that the spread of the disease is governed by the following rules:

(1) The rate of change of the susceptible population is proportional to the size
of the susceptible population when the number of infectives exceeds a given cutoff
value and

(i) The rate at which infectives recover from the disease is proportional to the
size of the infective population.

These rules are for simplicity, but have some connection with reality. We further
assume that when the number of infectives I () exceeds the cutoff value I,, they are
able to infect susceptible individuals in the population. This takes into account the fact
that often infectives are quarantined or kept apart from the susceptible population.
Note that this can be written as a differential equation

ds —aSif 1(t) > I,
dr {o if 1(r) < I.. (5.80)

Since each susceptible who catches the disease becomes infected, the rate of
change of the infective population is the difference between the newly infected indi-
viduals and those who are recovering from the disease. Thus, it follows that
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dl {aS = prLif 1(t) > I, (5.81)

ar | -p1 it 1@ <.
The constants of proportionality « and (3 are called the infection rate and recovery
rate, respectively. Finally, the rate of change of the recovered individuals is

dR 1 5.82
T BI. (5.82)

To determine the solution uniquely we need initial conditions. For simplicity, let
us assume that no individuals in the population are immune to the disease, that is,
R(0) = 0, and that initially 7 (0) individuals are infective. Further, we assume that
the infection and recovery rates are equal, hence o = 3 We then have two cases:
Case 1. If 1(0) < I, no further individuals will be infected since dS/dt = 0, imply
that

S = SO0) = N —-1(0),

for all ¢, by (5.79) since R(0) = 0. This represents the situation in which a very few
infectives are immediately quarantined. Then, from (5.81) and in view of o = (3, we

have
dl

— = —al,
dt
so that 1(¢) = I1(0)e~* and
R(t) = N—S(t)—1(t) = 1(0)(1 —e™™).

These expressions indicate that for the three populations the disease ran its course
without causing any further infections.
Case 2. If 1(0) > I, there must be aninterval 0 <t < T on which I (¢) > I, since
I must be continuous. For all # in [0, T) the disease will spread to the susceptible
population. Thus, from (5.80), we have

St = SO0)e ™ for 0<t<T. (5.83)
Substituting this function into (5.81), we find

dl
m +al = aS0)e ™,

which gives

I(t) = ce ™ +aS0)te™™. (5.84)
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Setting t = 0, we see that ¢ = 1(0) so (5.84) becomes
I(t) = [I0)+aSO)¢tle ™ for 0<t<T. (5.85)

Now two questions are of particular importance:
1. What is the value of 7'?
2. When will the number of infectives be at a maximum?

The first question is important since at time 7 no further susceptibles become
infective, that is, the epidemic has run its course. We know that at t = T, the right-
hand side of (5.85) will be equal to Z,, i.e.,

I. = [1(0)+ aS0)T1e 7. (5.86)

But S(T) = lim,_, S(t) = S(00) is the susceptible population that escapes infec-
tion and
S(o0) = S(T) = S(0)e T,

so that

T = lln(ﬂ). (5.87)
o \S(c0)

Thus, if we can find an expression for S(oco), we can use (5.87) to predict the end of
the epidemic. Substituting (5.87) for 7 in (5.86), we get

~ $(0) \7 S(0)
b= [l(o)”(o)m(S(oo))} 50)

from which we obtain the expression

L +1n(S(00)) = I(O)—H(SO 5.88)
S(00) n(S(oco) = 50 n(S5(0)). (5.

Since I, and all the terms on the right-hand side of (5.88) are known, we can use
this equation to determine S(00). The quantity (N — S(00)) is called the size of the
epidemic, since it consists of all the individuals who contracted the disease.

To answer the second question, we maximize I (¢) in (5.85). Letting

I'(t) = [aS(0) — al(0) — a?S(0)t]le™ = 0,

we obtain the time at which 7 attains its maximum value

Imax = l(l_LO)>
o S(0)
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Hence, substituting #;,,,x in (5.85), we obtain
Inax = SO)e TOBSOT = §(1,), (5.89)

which indicates that at time 7, there are just as many susceptibles as infectives.
Whent > T, no further susceptibles become infected, so the number of infectives
is given by
[(t) = e D,

Example 5.12 Continuing with Examples 5.11, if we assume that a person becomes
immune to a disease after recovering from it, and births and deaths in the population
are not taken into account, then the percent of persons susceptible to becoming
infected with the disease, S(), the percent of people in the population infected with
the disease, I (¢), and the percent of the population recovered and immune to the
disease, R(), can be modeled by the system

NN
I' = \SI —~I (5.90)
R =~I

SO0) = S, 1(0) =1y, RO = 0, (5.91)

where A and ~y are positive numbers. Because S(¢) + I (¢) + R(¢) = 1, once we know
S and I, we can compute R with R(t) = 1 — S(¢) — I(¢). This model is called an SIR
model without vital dynamics because once a person has had the disease he becomes
immune to it, and because births and deaths are not taken into consideration. This
model might also be used to model diseases that are epidemic to a population: those
diseases that persist in a population for short periods of time (less than one year).
Such diseases typically include influenza, measles, rubella, and chicken pox. For the
system (5.90) the following properties can be established rather easily.

(1) S(t) = Syexp (—,\ I I(T)dt) > 0 is decreasing,
I1(t) = lyexp (—fyt + /\fot S(T)d’]’) , and R(t) is increasing.
(2) lim,_, o S(t) = So and lim,_, oc R(t) = R, exist.
(3) If Sy < p, the disease dies out, while an epidemic results if Sy > p, where
p ="/
. dl P .
(4) The solution of — = — 1+ — can be written as
ds S
I+S—pnS = Ih+ So— pln Sy.

(5) If Sy > p, then I(¢) increases to a maximum value

Imax = 1—p—pIn(So/p)
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and then decreases to zero, and S(¢) decreases to a fixed value that is the unique root
of
x = 14 pln(x/So)

in the interval (0, p).
(6) The following relation holds

A(1—s ) = —1n<S°°>
")/ o0 - SO )

which shows that S, > 0.

In recent years there have been many complications introduced to the above model
(5.90). These complications generate other SIR-type models that can be used to study
different types of diseases which don’t conform to the guidelines of the simple SIR
model. Some of these complications are:

Recurrent diseases: Those recovered can again become susceptible.

Births and Deaths (from other causes) can be added to the model.

Latent class individuals may be infected, but not yet infectious.

Interacting classes: STDs, malaria, AIDS.

Variable incubation periods: AIDS.

Age-dependent classes: Some diseases affect primarily children.

Seasonal changes, for example, children share diseases more during school terms.

Interacting SIR models (humans and animals): Sometimes a disease is spread
through an animal such as a rat or mosquito. The models must account for these
other organisms as well.

Example 5.13 Consider the reaction (see [5])
ki

A] + A2 I A3

Az + Ay N Ay

k
As+ Ay —> Ag
k
A+ Ay —> Aj,
where reactant A; has an effective constant concentration C because it is in excess,

goes into solution as the reaction progresses and therefore C moles per unit volume
are always present.

The equations for the constant volume reaction are
V), = — nlkiC + kyys + ks ys + kg ye] (5.92)
vy = kiCy, —kayays (5.93)

yi = kayoys (5.94)
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Vs = —ksyys (5.95)
Yo = k3y2ys — kayaye (5.96)
y7 = kay2Ye. (5.97)

where y; is the concentration of A; in moles per unit volume and &; are the rate con-
stants in liters per gram mole second. From material balances we have the additional
relations

ys = y5(0) — y6 — y7 (5.98)

y2 = »200) — y3 —2y4 — ys — 2y7. (5.99)

These relations also follow from the above Eqs. (5.92)—(5.97). For example an addi-
tion of (5.95)—(5.97) and then integration gives (5.98).

We cannot solve the system (5.92)—(5.97) analytically, i.e., there is no way to
find the rate constants. However, it is possible to obtain some ratios between rate
constants. For example, from (5.93) and (5.94) we have

dy3 _a k C

=L 1, a=2=

dys V3 ko

and hence
a (1 _ e—(y3+y4)/a) —y; = 0,

which is an implicit relation for the rate constant ratio in terms of y; and yj.
Next, from the Eq. (5.95) we have

L. (y0) [
En(m) = [

and the sum of (5.93) and (5.94) gives

1 t
C—]ﬂ[)’3(l)+y4(t)] = /Oyz(s)ds-

Equating these two equations we obtain an explicit relation

ks __ C 1n<y5(0)>
ki 3+ ya s )
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To obtain the final ratio we note that Egs. (5.95) and (5.97) can be written as

_ ka
Yo' vy = kayy = —k—yslys.
3

However, since from (5.98), ys = y5(0) — ys — y7 it follows that
ysdy7 + blys(0) — ys — y7ldys = 0, b = ka/k;.

This equation can be solved rather easily, to obtain the implicit relation

b—1+y5 ' {ysOlys/ys(0)]° — ys} = 0.

Example 5.14 The firing of the axon of a nerve cell is the result of the change in
concentration of potassium ions within the cell and sodium ions outside the cell.
Although the firing process is complex, basically it begins when this difference in
concentration is large enough to cause sodium ions to flow through the cell walls
into interior of the axon. As sodium ions are introduced into the axon, the cell walls
become more permeable, resulting in even more sodium ions flowing into the axon.
Once a critical level of membrane permeability is reached, a rapid rise in the potential
difference occurs and the axon fires. Following the firing, the sodium ions gradually
flow outward and the potassium ions rapidly flow into the axon, and the system
returns to its initial state of rest.

Many mathematical models have been developed for this phenomenon, including
one proposed in 1952 by physiologists Sir Alan Lloyd Hodgkin (1914-1998) and
Sir Andrew Fielding Huxley (1917-2012), who were awarded the Nobel prize for
this work. A simplified model of much interest at present was proposed by Richard
FitzHugh (1922-2007) in 1961 and developed by Jin-ichi Nagumo (1926-1999) in
1962 and takes the form

ou  u
i :W—i—u(l—u)(u—a)—w
%—f:bu—’yw,

where a, b, and -y are positive constants with 0 < a < 1. In this model, u represents
membrane potential, with x measuring the distance along the axon and ¢ referring
to time. The cubic term u (1 — u)(u — a) represents the flow inward of sodium ions,
and w is arecovery variable analogous to the flow of potassium ions following firing.
The solutions depend on (x + ct) and are of the form

u(x,t) = ¢x +ct) = o(s)
w(x,t) = Px+ct) = P(s).
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By substituting the solution forms into the system, a coupled system of ordinary
differential equations is obtained

¢ =c¢ — (1l =) —a)+ ¢
' =bp -y,

where prime denotes differentiation with respectto s. By setting § = ¢/, the equations

can be written as
0 =c0—o(1l—¢)(p—a)+7
¢ =0
b
¥ =20-1y.
c c

Mathematical investigation and analysis of the differential equations reveal that
1 = 0. Thus the system simplifies to

0 =ct — (1 —P) (¢ —a)
¢ = 0.

Experimenatl evidence shows that when ¢ = +/2(1/2 —a) and 0 < a < 1/2, thena
solution curve exists in the (¢, 8) plane that leaves (0, 0) and approaches (1, 0). The
analytical solution of this system is

P(s) = (1 +e—s/f2)‘1
0(s) = %gS/ﬂ (1 +€7S/ﬂ)72-

Problems

5.1 In a study related to automobile driving, Rashevsky [25] found that a driver’s
decision to make a correction in steering is correlated with his perception of nearness
of the edge of the road and the rate at which he is approaching that edge. If y represents
the distance of the center of the car from the center of the driving lane, then

dy  d% dy

— 4+ k— B— + By = 0,

de3 + dr? +7 dt + 5y
where k, v and B are positive constants, and ¢ is the time. Write this equation in a
system of the form (5.12).

5.2 In the development of a mathematical theory of thyroid—pituitary interactions
the following third-order differential equations occur (see [10]):
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30" + "+ +(1+K)¥Y = KC, §<C

and
30" + "+ +6 =0, 6>C.

Here 6(¢) is the concentration of thyroid hormone at time ¢ and «, a, a3, K and C
are constants. Write these equations in systems of the form (5.12).

5.3 A double pendulum oscillates in a vertical plane under the influence of gravity
alone (see Fig.5.6). For small displacements it can be shown that the equations of
motion are

~

|
| L4
|
|
0, c|> M
i L
|
| M>
02
Fig. 5.6
(M + My)L30] + My L Ly0y + (My + Ma)Lig; = 0 (5.100)
M,L305 + MyLyLy0] + MaLyg6y, = 0. (5.101)

Show that both 6; and 6, are solutions of the fourth-order differential equation
) 2d49 d?
MleLleﬁ + MyLLrg(My + My)(Ly + Lz)ﬁ
+ MyLLyg*> (M, + My)0 = 0.

Further, write (5.100), (5.101) in a system of the form (5.12).

5.4 In the study of a cat’s spinal cord motoneuron, the following first-order system
appears

dx1
dt

de T2+T3 KT[ , 1 K
dt __XZK T > <T2T3>f(x):| ot T on /@

= X2
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where K is a scaling factor, 77, 7> and T3 are time constants, and f(x) is the
transmembrane current best described by

f(x) = (x1+2x)(xf + D).

LetK =2.5, T1 =T, = 1, T; = 0.5. Write this system as a standardized first-order
system, then ascribe the correct terminology to the system.

5.5 Consider the famous n-body problem of classical mechanics: Let n particles with
masses m; be located at points (x;, y;, z;) and assume that they attract one another
according to Newton’s law of gravitation. If 7;; is the distance between m; and m ;,
and if 6 is the angle from the positive x axis to the segment joining them, then the x
component of the force exerted on m; by m  is

Gm ,m, Gmimj(x; — x;)

os(d) = +’

ru Tij

where G is the gravitational constant. Since the sum of these components for all
j # i equals m;(d*x;/dt?*), we have n second-order differential equations

d%x; (xj X;)
dt2 G Z . ’
J# /

and similarly

d*yi ,(y, - )
dtz GZ . ’
J#i

and 5

ﬁ — GZmJ(Z] _Zl).

dt? —t! r3
J#i ij
Write these equations as a system of first-order 6n nonlinear equations. The existence
and uniqueness theorems presented earlier applied to this resulting system conclude
that: If the initial positions and initial velocities of the particles at a certain instant
t =1y, are known, and if the particles do not collide in the sense that the r;;’s do
not vanish, then their subsequent positions and velocities are uniquely determined.
This conclusion underlies the once popular philosophy of mechanistic determinism,
according to which the universe is nothing more than a gigantic machine whose
future is inexorably fixed by its state at any given moment.

5.6 (Domar Macro Model) Let S(¢), I(t), Y(t) be the savings, investment and
national income at time ¢#. Assume that

(1) savings are proportional to national income, so that S(¢) = aY (¢), a > 0,

(2) investment is proportional to the rate of increase of national income so that

I(t)y=p8Y'(t), B>0,
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(3) all savings are invested, so that S(¢) = I(¢).
Show that Y (1) = Y (0)e™/?, I(t) = S(t) = aY (0)e™/.

5.7 (Domar Debt Model) Let D(¢), Y (¢) be the debt and national income at time ¢.
Assume that

(1) rate at which national debt changes is proportional to national income, so that
D'(t) = aY (), a >0,

(2) rate of increase of national income is proportional to the national income so that
Y'(t) = pY(), 5> 0.

Show that Y (1) = Y (0)e”, D(tr) = D(0) + 5Y(0) (e — 1). Hence, lim,_, » %)

= 3-

5.8 Suppose that a factory has a sufficient stock of raw materials necessary for the
production of steel. Denote the maximum capacity (to produce steel) of the factory
at time ¢ by y(#) mass per time unit (for example, tons per day). Denote the total
production of steel in the interval [0, ¢] by x (¢) and call it the stockpile of the factory.
If the production capacity is constant, then the stockpile increases by ayT in the
interval [¢, t 4+ T'] where a is a constant between zero and 1. When a = 1 the factory
produces at its full capacity, and when a = 0 there is no production. Obviously, if
the production capacity is increased, the stockpile will grow faster. But to increase
the capacity, the factory must be enlarged, which, in its turn, requires steel. Steel
for this purpose is taken from the stockpile. Let a fixed fraction b of the stockpile
be used per time unit at any time ¢ to increase the production capacity. Assume that
the increase in the production capacity is directly proportional to the amount of steel
used to enlarge the factory. If the initial stockpile is « and the initial production
capacity is (. It follows that (see [8])

x' = —bx+ay
y' = bex (5.102)
x(0) = a, y0) = 4,

where c is a constant. Also, show that the solution of (5.102) can be written as

x(t) = ,uoz—i—aﬁem — Va+aﬁe”’

w—v w—v
,uﬁ+bﬂ+bcozem B Vﬂ+bﬂ+bco¢em
w—v w—r

y() =

’

where y and v are the zeros of the quadratic equation \> 4+ b\ — abc = 0.

5.9 Consider a political system consists of two parties, say Republicans and
Democrats. Suppose pollsters have observed that about 25% of the Democrats rereg-
ister as Republicans before each next election. Similarly, Republicans migrate to
the Democratic party at the rate of 30%. If D(¢), R(t) represent the number of
Democrats and Republicans at time ¢, and At is the time between elections, then it
follows that
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D(t + At) = D) — 0.25D At + 0.30R At
R(t+ At) = R(t) + 0.25D At — 0.30R At.

Now taking the limit as At — 0, it follows that

D' = —0.25D + 0.30R
R’ =0.25D — 0.30R.

Find the solution of the above system and analyze the solution as t — oco.

5.10 Let two solutions of a substance be separated by a membrane. The amount of
substance that passes through the membrane at any particular time is proportional to
the difference in the concentrations of the two solutions. The constant of proportion-
ality P(> 0) is called the permeability of the membrane and describes the ability
of substance to permeate the membrane. Let x(¢) and y(¢) represent the amount of
substance at time ¢ on each side of the membrane, and V; and V, be the respective
constant volume of each solution, then x(¢) and y(¢) are related by the following
system of differential equations

dx y X
= pl =
dt Vv, Vi

d
b _p(x 2,
dt Vi W

Solve this system with the initial conditions x(0) = «, y(0) = 3 and show that
lim; 00 x (1) = Vi(a+ B)/ (Vi + V2), limyo0 y(1) = Va(a + B)/ (Vi + V2).

5.11 In many situations of interest in population dynamics, we need to study the
interaction of two species. For example, one species eats the other (predator—prey
problem), or both species help each other to survive. As an example of predator—prey
problem, we can think of rabbits as the prey and fox as the predator, a small fish as the
prey for a larger fish, and so on. Let x(¢) and y(¢) denote the population of predator
and prey and at time . Let us assume that the rate of change of prey and predator be
governed by

d
. cy —dx
&
A — bx,
T ay — bx

where a takes into account the difference between the birth and death rates of the
prey, b > 0 because an increase in the predator population should cause the rate of
change of prey to diminish, ¢ > 0 because an increase in the prey population should
increase the population of the predator, and d represents the difference between birth
and death rates of the predator. Clearly, d > 0 accounts the fact that the predators
would die out altogether if there were no prey. Find the general solution of this
system.
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5.12 In the previous problem, let x(#) and y(¢) represent the number of fishermen
and fish at the lake at time ¢. If the rate of stocking the lake is denoted by S(¢), the
system becomes

dx d
— = ¢y —dx

dt Y

d

d_)t) = ay —bx + S(@).

Find the general solution of this system for S(#) = So[1 — cos(?)].

5.13 The cooling of a bare homogeneous metal ingot with a tubular shell is governed
by the system (see [29])

dTy 4 4

? = —alTl +a1T2 +A1(T] - TO)

dT;

d—tz = alTl — (Cll + aZ)TZ + AZ(T24 - T(?) + ¢

where T7 is the temperature of the ingot, 75 is the temperature of a tubular shell that
surrounds the ingot, 7Ty is the temperature of the surrounding atmosphere (assumed
constant), and the constants a;, a, are positive. Find the general solution of this
system when the radiation terms are negligible, i.e., A| = A, = 0. Further, show
that lim;_, o, 71 (¢) = lim,;_,», T»(t) = c/a,. What is the significance of these limits.

5.14 Suppose a substance S, is produced in a cell at a rate which is proportional to
its own concentration c;. A second substance S, catalyze the decomposition of S,
so that S is decomposed at a rate which is proportional to the concentration ¢; of S,.
Assume that the production of S, is catalyzed by S, at a rate which is proportional
to ¢1, while S, decomposes at a rate which is proportional to its own concentration
¢;. This leads to the system (see [24]),

dC]

— = Q|C c

T 1c1 + Bica +m
dC2

— = @pC1 + 0o + V2.
dr 2C1 522 72

Solve this system with the actual experimental data

a; = 0.1, ﬁl = —0.1, Y1 = 2x 107
a; = 0.3, B, = —0.1, Y2 = 1072.

5.15 For the detection of diabetes an oral glucose tolerance test leads to the sys-
tem (see [2])

d

d—f = —myg —myh + J(t)

dn . (5.103)
— =m3g—m ,

dt 39 4
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where all the constants m, m,, mj3, my are positive, g represents the concentration
of glucose above a fasting state level, & is the effective hormonal concentration
above fasting state level, and J and k denote exogenous inputs into the system via
intestines, or intravenously. Find the general solution of (5.103) in the special case
Jt)=J >0, k(t) =k > 0, and w? = mom3 — 3(m; — my)* > 0 so that glucose
levels are periodic (research has shown that lab results of 7 > 2w indicate a mild
case of diabetes). Further, compute lim,_, o, g(¢) and lim,_, o, /() and interpret these
values in relation to the model.

The system (5.54) with J(t) = J > 0 and k(¢#) = 0 has also been used for the
reactions of the pituitary and thyroid glands in the regulation of the metabolic rate
and reactions of the pituitary and ovary glands in the control of the menstrual cycle
(see [11, 23)).

5.16 In a study of chemical transmitter in cellular control, Grossberg [13] obtained
the following initial value problem

D ab—x)—cf

— =d —X)—C

dr ]y

d

d—f=d(x—y)—6fy—ay
db

0) = b, 0) = ——,

x(0) y0) = =

where a, b, ¢, d, and f are positive constants. Show that

(1) 200 = x(0) — y(r) = 22—
“r=a O =ra

bd a
2 £ = —(a+cf)e 1 — e—lateNry |
@) y(0) Hd[e e U

(3) y(¢) is a monotone decreasing function, and y(co) =

abd
(a+d)a+cf)

5.17 Consider the two compartment system depicted in Fig.5.7, where [; is the
rate at which material enters the compartment i, f;; is the rate at which material
passes from compartment j to compartment i, fy; is the rate at which material is
removed from compartment i, g; is the concentration of material in compartment i,
and fo1, fo2, fi2, f>1 are nonnegative. Then, it follows that (see [15])

dql

E = — (f‘()l —+ f2])ql + f126]2 + I](t)
d

% = fuq1 — (foo + fi2)g2 + (1)

710) = a, ¢0) = 5,

where « and [ are initial concentrations.
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Li(t) Ix(t)
oo I
I !
fo fo2
Fig. 5.7

(1) The system is called closed if 1,(t) = I,(t) = fo1 = fo» = 0. Show that the
general solution in this case is

Ji2 ot fore | 1
Cl|:f21 + cre RE

(2) The system is called open without intakes if /; = I, = 0. Show that the general
solution for the special case fo; = foo = fio = fo1 = ais

(3) The system is called open with intakes if 1, (¢) = ky, Ir(t) =k, and fy; # 0 #
Jo2- Find the general solution for the special case f1» = fo1 = foo = for = a.

(4) The system is called a mammillary system with intake if ;(¢) = p;, L(t) =
0, for =0, but fy # 0. Find the general solution for the special case fj; = fo; =

foo=a.

5.18 Mathematical modeling has proven to be valuable in understanding the dynam-
ics of HIV-1 infection. In 1996, Perelson et al. [21] considered the following system

dT*
=kV,;T —0T*
dt
dv; v
—_— = —C
dt !
dVyp
= NOT* — cVyy,
dt cYNI

where T represents the concentrations of uninfected target cells and 7* infected
cells that are producing virus with a constant rate k. After protease inhibitors are
given, virus V is classified as either infectious V/, i.e., not influenced by the protease
inhibitor, or as noninfectious Vy; due to the action of the protease inhibitor which
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prevents virion maturation into infectious particles (V = V; 4+ Vy ). ¢ is the rate of
loss of virus producing cells, N is the number of new virions produced per infected
cell during its lifetime, and c is the rate constant for virion clearance. Initially it is
assumed that V;(0) = V, and Vy,;(0) = 0. Show that

Vi) =Vi(0)e™
kvog (e—ét B e—ct)

T*(t) =e "' T*0) + ——
o _

NOT*(0 - No&kVyT —0 _ gt
V=N e )+ SR ([ ),

*
Further, show that if initially the system is at quasi-steady state, i.e.,att =0, — =

dt
dv
o= 0, which give the relations k VoT = dT*(0), N6T*(0) = ¢Vy, and NkT = c,

it follows that the total concentration of plasma virions is

CV()(S |: ¢ 5 (efé‘t _ efct) _ 6tecti| .
Cc — c —

5.19 The tumor growth occurs in the colon has 107 crypts (or investigations in the
lining of the colon) to help prevent uncontrolled growth of cancer cells (see [1]). Each
crypt has stem cells at its base, which produce a variety of cell types needed for tissue
renewal and regeneration after injury. Stem cells produce semi-differentiated cells,
which migrate up the crypt wall to the surface; along the way, these cells differentiate
into several types of cells. Once they reach the surface, these cells either die or are
transported away. To build a basic model, we divide the cells into three groups, stem
cells, semi-differentiated cells, and fully differentiated cells, denoted by Ny, N; and
N,, respectively.

We assume that per-capita rate of stem (respectively semidifferentiated) cell pro-
liferation by a3 (respectively, [33), differentiation by «, (respectively, 3,), and death
by «a (respectively, 3;), and the per-capita removal rate of fully differentiated cells
by ~, this leads to the system (see [16])

Vi) = V0€7m+

dNy

T = aNy, where a=a3 — o] —a;

dN,

T BN1 + aaNy, where (=3 — 1 — [ (5.104)
dN;

—— = [ N; —vN,.

dr 2Ny — yNa

Show that
No(t) = Nyoe®
Ni(t) = Ae™ + (Njg — A)e™
Ny (t) = Be® + Ce” 4+ (Nyg — B — C)e™,
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where N A N A
A X 0 g Ba L C = Bo(Nyg — )'
a—p3 7+« v+ B

Thus, the stem cell population Ny (¢) grows exponentially if a > 0, decays exponen-
tially if a < 0, or remains constant if o = 0. Use the fact that o; + ap + a3 = 1
to show that the stem cell population size remains constant if a3 = 1/2. Further,
show that if the stem cell population size is constant, i.e., & = 0, then the limit-
ing population sizes for Ny and N, when 3 < 0 and v > 0 are ap Nyy/(a — [3) and
BrazNoo/ (e — B)(y + ), respectively.

5.20 The following Fig. 5.8 represents a model for the movement of iodine through
a dog. If f; is the amount of iodine in compartment i, then the differential equations
corresponding to this model are (see [9])

Eliminated . Free iodine
iodine 03 in the blood
Compartment 0 Compartment 3
Co1 C31

Protein-bound iodine in the blood

Compartment 1

C12 C21

Protein-bound iodine in the tissues

Compartment 2

Fig. 5.8

fi=—(ca+co+ec)fi+cnf
Hh=cnfi—cunfs
f3 =ca1fi — co3 fz,

where all ¢;; are positive. Show that the eigenvalues of the corresponding matrix A
are real, distinct, and negative. Then, use (5.18) to show that all solutions of this
system tend to zero as t — 00.

5.21 Consider the following electrical network
where 1,(0) = 1,(0) = I5(0) = 0. Find 1,(¢), I(¢), I3(¢) for all time ¢ (Fig. 5.9).
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Ry
— WW —
I [21 Ry I3 R3
E =
Lo Ls
[ )
Fig. 5.9

5.22 Consider the following electrical network

Ry
— VWV —
I I l I3 R

FE sin wt @ Lo
Cs

_|

N

Fig. 5.10

153

where 1,(0) = I,(0) = I3(0) = 03(0) = 0. Find I,(t), L(¢), I3(t), Os(¢t) for all

time ¢ (Fig. 5.10).

5.23 Consider the following electrical network

Ry
—VWW —
I [21 Ry I3 Rs
E =
Lo Cs
N ]
Fig. 5.11

where 1,(0) = I,(0) = I3(0) = 03(0) = 0. Find I,(t), L(¢), Iz(t), Os(¢t) for all

time ¢ (Fig. 5.11).
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5.24 A projectile of mass M is fired into the air with the initial velocity uy and an
angle o from the horizontal. If xy-coordinate system is placed as in Fig.5.12 and if
air resists the motion with a force per unit mass of k times the velocity, the resulting
equations of motion are

d*x dx
- - =
dt? dt
d*y dy

dar? dt
x(0) = y(0) = 0, x'(0) = ugcos(a), y'(0) = ugpsin(c).

Find its solution.

Fig. 5.12

5.25 Let M and e represent the mass and charge of an electron. If electrons are
subjected to an electric field of intensity E and a magnetic field of intensity H, then
Sir Joseph John Thomson’s (1856—1940) model to determine the path of the electron
is governed by the system

d’x dy

M— + He = Fe
de? dt
d*y dx

M— — =0
dr? dt

subject to the initial conditions

x(0) = x'(0) = y(0) = y'(0) = 0.

EM He
.X'(t) = m |:1 —COS(7>ti|

N = EM He . (He
y@) = m[(y)t—sm<7)ti|,

which is a parametric representation of a cycloid.

Show that
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5.26 Consider two pendulums of equal length L and equal mass M coupled by a
spring (see Fig.5.13). Let x; and x, denote the vertical displacements of the masses
from their equilibrium positions. The action of the spring is to introduce a force
proportional to the difference of the displacements, i.e., a force k(x; — x,), where k
is the spring constant. The motion then is described by the solutions of

— T2 — I

Fig. 5.13

Mxi| + Muw?x; = —k(x; — x3)

5.105
Mx] + Mw’xy = —k(x; — x1), w?>=g/L. ( )

(1) Show that (5.105) is equivalent to the differential system (5.12) with

0 1 0 0
—wz—klo k] 0
A= 0 0 0 1]’

k1 O—wz—klo

where k| = k/M.
(2) The general solution of this first-order differential system can be written as

cos(wt)  sin(wt) cos(wit) sin(wqt)
ci
—w sin(wt) wcos(wt) —wq sin(wit) wq cos(wit) s
u(t) = ,
cos(wt)  sin(wt) —cos(wit) —sin(wit) 3
4

—wsin(wt) wcos(wt) wgsin(wit) —wjcos(wit)

where w; = w? + 2k;.

(3) Deduce the solutions of this first-order differential system satisfying the ini-
tial conditions u(0) = (1,0, 1,0)7 and u(0) = (1,0, —1, 0)7, and interpret these
solutions in relation to the original system (5.105).

5.27 Consider the mechanical system consisting of two masses M; and M, and
three springs with spring constants k;, k, and k3 (see Fig.5.14), and on each mass
a frictional force proportional to the velocity is acting. Let x; and x, denote the dis-
placement from equilibrium of the masses M and M, respectively. Then, Newton’s
second law provides
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d2X1 _ dX] (k —|—k ) —I—k
1 dr2 = M1 di 1 2)X1 2X2
e B SRR
2 dr2 = K2 dt 2X1 2 3)X2.
T T2
— —
k1 ko ks

M1_m_M2

SIS

Fig. 5.14

Show that these equations can be written as (5.12) with u(z) = (x;(¥), %,
X2 (1), G2 and
0 1 0 0

itk o ke

0
A M, M, M,
0 0 0 1
kg etk
M, M, M,

Take some reasonable values of the constants &y, k;, k3, i1, t2, My and M, to find
the solution of this system.

5.28 Consider auniform shaft with three identical disks equally spacedatx = L, 2L
and 3L along it. At the left end x = 0 the shaft is fixed while at the right end x = 3L
itis free. If w;, w, and w3 denote the angular deflections of the three disks, then the
torsional oscillations of the disks are described by the differential equations

d2w1

— = k(2w +wn)

d2

d;‘f = k(wy — 2w, + w3) (5.106)
o3 )

— = k(wy — w3),

dl‘z 2 3

where k is a constant that depends on the torsional stiffness of the shaft, the moment
of inertia of the disks, and the length of the shaft. In what follows we assume that
k=1.

(1) Write (5.106) in a system of the form (5.12) and show that the characteristic
equation of the resulting matrix A is A\® + 5A* 4 6\ + 1 = 0.
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(2) Show that all eigenvalues are complex with real parts equal to zero. For this
use the change of variable z = —\? to get z°> — 5z% + 6z — 1 = 0. This equation has
roots in (0, 1), (1, 2) and (3, 4).

(3) Use Part (ii) to describe the motion of the disks without computing w;, w, and ws.
5.29 Planck [22] postulated that the motion of a particle of negligible mass projected

from the Earth, taking into account the effects on the particle caused by the rotation
of the Earth, is governed by the following system

d*x . dy

e = Zwsm(ﬁ)Z

d? d d
d_tf = — 2w (sin(ﬁ)d—: + COS(ﬁ)d—j>
d’z dy

P = 2wcos(ﬂ)$ —-g

x(0) = y(0) = z(0) =0
X0 =u, Y0 =v, 70 =w

where the positive x-axis represents south, the positive y-axis east, and the positive
z-axis points in the direction opposite to the direction of the acceleration, g, due to
gravity, 3 represents the latitude from the origin, and w is the angular velocity of the
Earth. Show that

x(t) = i[zw cos2(3) + sin?(8) sin(2wr)] + 2 sin(8) sin2(wr)

— 2 §in(B) cos(B)[2wt — sin(wi)] + —2= sin(B) cos(B)[ws® — sin?(wi)]
2w 2w?

y(1) = =L sin(B) sin®(wr) + — sinQwr) — = cos(B) sin?(wr)
w 2w w

+- cos(B)[2wr — sin(2wr)]
402

2(t)= _zi sin(3) cos(B)[ 2wt — sin(2wr)] + zﬂ[mr sin?(8) + sin(2wr) cos>(3)]
w W
-i—E cos(B) sin®(wt) — %[wztz sin?(3) + cos? () sin®(wt)].
w w

Observe thatlim,_,g x(¢) = ut, lim,_oy() = vt, lim,_z(t) = wt — %gtz, ie.,
the solution reduces to the usual equations of motion when the Earth’s rotation is
ignored.

5.30 Let p,(¢) be the probability that there are n species at time ¢ (n is an integer
and ¢ is a real number). To compute p, (t + dt), Yule [31] assumed that:

1. If there are (n — 1) species at time #, each species has a probability rdt of
generating one new species between ¢ and (¢ + dt); in the limit dt — 0, there will
be n species at time (¢ 4+ dt) with a probability (n — 1)rdz.

2. If there are n species at time ¢, there will be n + 1 species at time ¢ + dr with a
probability nrdt.
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These assumptions lead to the following system of differential equations

dp1 - _,

_dt P1

dpy -1 9
=m—-—VDrp,_1 —nrp,, n=>

di Pn—1 14

with the initial conditions p, (0) = 0, n > 1. Show that

1) p,(t) =e™" (1 — e’”)"71 , i.e., at some fixed time 7, the distribution of prob-
abilities {p, (¢)} is geometric with a ratio between two consecutive terms equal to
(1—e™).
(2) Y02 npu(1) = €, i.e., the expected number of species increase exponentially
with time.

5.31 In the year 1966, Zimmerman [32] showed that if C = [Ca*™] and P =
[H PO, ], then the system of differential equations

dC
dt
dP

— 10(K — kCP)

- = 6(K —kCP)
C0) = P(O) =0

governs how organic acids dissolve tooth enamel. Here, K and k are reaction rate
constants. Show that C = (5/3) P and

b F | — o~ 240Kki
@ =35 1 + e—240Kki

5.32 The populations of two species of animals are described by the nonlinear system
of first-order differential equations

dx

? =kix(a — x)
y

— = koxy.

dt 2y

Show that x = ade®™?'/(1 + Ae®™"), y = B(1 4+ Aethit)ke/ki

5.33 A population model used in food science research (see [7]) is the following
pair of initial value problems:

P g [, (PO
dar = T+ a0 [1 ( P, ) }P(’)

d—il = vq(1)
PO) = Py, q(0) = qo.

(5.107)
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Here, P (t) represents the population of bacteria at time ¢; g (¢) represents the concen-
tration of critical substance present; v > 0 represents the growth rate of the critical
substance; ;. accounts for the effects of environmental conditions, such as tempera-
ture, upon the growth rate of the bacteria; Py and g represent the bacterial population
and the amount of critical substance present at time # = 0, respectively; and m is an
integer. Show that in the case p and v are constants the solution of (5.107) can be
written as

Py a0 \™"
H =g, P = P14+ (2] —1) (-9
40 = g, PO [ +<[Pj )(que,,t)

5.34 A projectile is shot vertically intro the air with an initial velocity v ft/s. Assum-
ing that air resistance is proportional to the square of the instantaneous velocity, the
motion is described by the pair of differential equations

—1/m

dv

m—— = —mg—kv?, k>0 (5.108)

for positive y-axis up with origin at ground level so that v = vy when y = 0, and

d
md—’t’ — mg—kv®, k>0 (5.109)

for positive y-axis down with origin at the maximum height 4, sothatv = Oaty = h.
Clearly, Eqgs. (5.108) and (5.109) respectively describe the motion of the projectile
when rising and falling (see Fig.5.15).

|
|
b
|
|

x
Vo (%

Fig. 5.15

Use dv/dt = vdv/dy to obtain the solutions of Egs. (5.108) and (5.109)

)
2= + kvg o—2kv/m _ M9

- and v = %(1 — e m),

Hence, deduce that
(1) h = (m/2k)In(mg + kv3)/mg
(2) terminal velocity = /mg/k
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(3) impact velocity v; = vo/,/1 + (kv3/mg), which is less than the initial veloc-
ity vy.

5.35 For the system (5.80)—(5.82) with & = 3 show that

(1) S(¢) < I(¢) onthe interval t,.x <t < T, and hence S(c0) < I,. What happens
to S(o0) if I, decrease to zero?

2) thx < 1/a.

3) I(1/a) =1/e and S(1/a) = S(0)/e, and conclude that I;,.x > 1/e.

(4) The curve I = I(¢) has an infection point at t = ty,x + 1/cv.

(5) T can be obtained from the expression

p_ (L 10
_E(S(om %)

and conclude that

What happens if I, decreases to zero?

5.36 For the system (5.80)—(5.82) assume that &« > [ and 1 (0) > I,.

(1) For0 <t < T, show that

aS(0)

— —pt —pt _ ,—at
I1(t) = I(0)e +a_ﬁ(e e ).

(2) Use (1) to show that

5 [(5) ()]
Imax = In
a—/f B a— B1(0)

(0%
Imax = _S(tmax)'

s

(3) Show that I = I(¢) has an infection point at

and

«

1
I = fmax + a——ﬁ 1n(5>

<6>3/(aﬁ)
Toax > | — .
«

(4) Show that
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(5) Show that

a/(a—p)

B 1\ (a—BI10) a—p
s = () (=22 (552)
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Chapter 6 ®)
Runge-Kutta Method i

The class of differential equations for which explicit solutions can be obtained is
rather small. In fact, in Chap. 3, we have already remarked that to find an explicit
solution of the second-order linear differential equation (3.2) there does not exist any
method. Further, the problem of finding solutions of nonlinear differential equations
is most of the time impossible. It turns out that for such problems, the only alternative
we have is to resort to numerical methods.

Although, in the literature several numerical techniques have been analyzed thor-
oughly, and now various codes which require almost no problem preparation are
readily available, for the numerical computation of solutions of initial value problems
of the type (5.29), we shall use only the fourth-order classical Runge—Kutta method
(after Carl David Tolmé Runge 1856—1927, and Martin Wilhelm Kutta 1867-1944).
Of course, for almost all the models, we shall consider it should be possible to apply
other known less accurate or more sophisticated methods.

The first step of fourth-order classical Runge—Kutta method is to partition the
interval [#y, b] on which the solution u(z) = (u1(¢), - - - , u,(t)) of (5.29) is desired
into a finite number of subintervals by the points 7y < #; < --- < ty = b. These
points are called the mesh points or the grid points. The spacing between the points,
ie,hj=t;—tj_1, j=1,2,---, N is called the mesh spacing or step length. For
simplicity, we shall assume that the points are spaced uniformly, i.e., h; =h =
(b —1t9)/N constant, j = 1,2, ---, N. Thus, the mesh points are t; = 1o + jh, j =
0,1,---,N.

The second step of the method is to construct the sequence {u_,-}j.vzo, where
u; = (41, -, U, ;) approximates the exact (but unknown) u(z;), by employing
the recurrence relation

uy = u(fy) = u

1
Uy =“j+8(K1+2K2+2K3+K4), j=01,---,N—1,

where K, = (ky,, -+, ko,)T, r =1,2,3,4 and
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kiv = hg(tj,urj,uzj, -+, ;)

kir = /’lgi(lj + 0.5h, upj+ 0.5k; 1, us;+ 0.5k2 1, -+, Un,j + 0.5k,.1)
kiz = hgi (l‘j + 0.5h, uy; + 0.5](],2, upj + 0.5](2,2, s Up Tt 05](,12)
kia=hg(t;+h,uj+kiz,usj+koz, -, uuj+ky3).

Example 6.1 In certain circumstances, how the malaria affects a community can be
represented by a system of differential equations. The model we shall develop is
due to Sir Ronald Ross (1857-1932), which seems to be the first attempt to apply
differential equations to epidemiology. Ronald Ross received the 1902 Nobel Prize
in Physiology and Medicine for his work on malaria. In what follows we let P(¢) =
human population at time #, H (f) = human population affected with malaria at time
t, F =infective rate, i.e., fraction of affected human population that is infective, R =
recovery rate, i.e., fraction of affected human population that completely recovers
per unit of time, M = human death rate. We shall also let p, i, f, r and m denote
the corresponding quantities to mosquito population.

Let a mosquito bite a human on an average b times per unit of time, then fh
infective mosquitoes will inflict b f i bites per unit of time, and a fraction of these bites
(P — H)/ P occur on healthy people. We assume that once bitten, the person becomes
affected. Then, the number of new infections per unit of time is bfh(P — H)/P.
Similarly, if a human is bitten, on an average, B times per unit of time, then the
number of new infections among the mosquitoes is BF H(p — h)/p. Clearly, the
rate at which humans are bitten, B P must be the same rate as which the mosquitoes
bite, bp. Hence, B = bp/ P, so the number of new infections per unit of time among
the mosquitoesis b F H (p — h)/ P.Next, we assume that immigration and emigration
in the area under consideration are negligible for both people and mosquitoes, then
it follows that

Rate of = Rateof @ — Death — Recovery
affection among humans  new affections rate rate,
ie.,
dH bfh
— = ~—(P—-H)—MH— RH.
dt P

Similarly, the rate of affection among the mosquitoes satisfies the equation

dh bFH
o = p (p—h) —mh —rh.

Finally, we assume that
1. the birth rate is equal to the death rate for both the humans and the mosquitoes, so
the populations P and p are constant,
2. M is negligible with respect to R, whereas r is negligible with respect to m, and
3. the humans have one unit of population and the mosquitoes have a units of
population, i.e., P =1, p = a.
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With these assumptions the above equations are simplified to the coupled nonlinear
system

dH

2 —bfh(1 — H)— RH

dt ©.1)
dh — bFH(a — h) — mh '
d[ = (0% mn.

In the year 1923, Lotka studied this system extensively, and provided the following
experimental values of the constants:

a=19.418 R =0.231046 f =0.33333

m = 3.2958 F =0.25 b =0.82396 6.2)

and time is measured in months.
Suppose that initially no humans and ten percent of the mosquitoes are affected
with malaria, i.e., for the system (6.1) we have the initial conditions

H©O) = 0, h(0) = 1.9418. 6.3)

We use Runge—Kutta method to find the numerical solution of the initial value
problem (6.1)-(6.3) on the interval [0, 200] with the step-size & = 0.5, i.e., two
weeks. Some of the computational results are given in Table6.1.

Table 6.1

J H; hj

1 0.11155425 0.68739955
3 0.15287432 0.22667077
5 0.16239231 0.19637038
7 0.16937272 0.20129841
9 0.17605928 0.20900219
15 0.19524775 0.23190164
20 0.20998105 0.24952382
30 0.23514173 0.27965990
40 0.25421765 0.30254371
50 0.26781779 0.31887773
60 0.27709391 0.33002771
80 0.28720989 0.34219576
100 0.29137086 0.34720341
150 0.29384328 0.35017964
200 0.29408185 0.35046686
250 0.29410468 0.35049434
300 0.29410686 0.35049697
350 0.29410707 0.35049722
400 0.29410709 0.35049724
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From the computed data it appears that H; and /; in the limit as j — oo approach
to about 0.29410709 and 0.35049724, respectively. In fact, these limiting values are
the constants Hy and A so that the functions H () = H, and h(t) = hg are the solu-
tions (critical points, see next chapter) of the differential system (6.1). From this table
it is also clear that the affected human population increases monotonically, whereas
the affected mosquito population initially decreases, in fact reaches a minimum, and
then increases monotonically.

Example 6.2 On October 18, 1968 Robert Beamon (born 1946), during Summer
Olympic Games in Mexico City set a world record for the long jump with a first
jump of 8.90m (29ft. 2% in.). When his teammate and coach Ralph Boston (born
1939) told him that he had broken the world record by nearly 2ft., his legs gave
way and an astonished and overwhelmed Beamon suffered a brief cataplexy attack
brought on by the emotional shock, and collapsed to his knees, his body unable
to support itself, placing his hands over his face. Many commentators referred the
length of the jump to the thinness of the air at the Mexico City. In an article, Brearley
[2] disclaimed these critics. He proposed the model

du
M=
dt

d
Md_lt) =—Mg — pkv(u?® +v*)'2,

—pku(u? + v?)'/?

(6.4)

where M = 80 (kg) is the mass of the long jumper, g is the acceleration due to gravity
(g = 9.8m/s?), at time ¢ after takeoff u and v represent the velocity components
parallel to the x and y axes, k = 0.182 m?, p =0.984 kg/m3 , and the initial conditions
are

u(0) = 9.45m/s, v(0) = 4.15 m/s. (6.5)

For the initial value problem (6.4), (6.5), we use Runge—Kutta method with the
time step-size h = 0.04 on the time interval [0, 1], which corresponds to 1s, and
obtain the following values for the horizontal u and vertical v velocity components
(see Table 6.2).

If we assume the motion through the air is described by a parabola that is symmet-
ric about its highest point, then when the vertical velocity v reaches zero (r ~ 0.4215s
for a time step-size of 5 x 107%), the jumper is at the highest point, therefore the time
to fly will be double of the time of zero vertical velocity. The jump distance is given
by the numerical integral of the horizontal velocity within the time of fly which in
this case is 7.9 m.

If we repeat the calculations for the normal air density k = 0.163m? and
p = 1.225kg/m3, the highest point occurs earlier, &~ 0.4213 s which results in a
jump distance of 7.88m which is 0.02m (0.78in.) difference from the jump in a
thinner air.
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Table 6.2

J u v

1 9.4500 4.1500
3 9.4328 3.3592
5 9.4161 2.5699
7 9.3999 1.7821
9 9.3839 0.9958
11 9.3681 0.2108
13 9.3524 —0.5729
15 9.3367 —1.3553
17 9.3208 —2.1363
19 9.3047 —2.9160
21 9.2883 —3.6941
23 9.2714 —4.4707
25 9.2541 —5.2456

Example 6.3 Continuing with Example 5.12, again we let S(¢) denote the percent
of the population susceptible to a disease, I (¢) the percent of the population infected
with the disease, and R(¢) the percent of the population unable to contract the disease.
For example, R(t) could represent the percent of persons who have had a particular
disease, recovered, and have subsequently become immune to the disease. Now
following Hethcote [3], we assume that

1. Susceptible and infected individuals die at a rate proportional to the number of
susceptible and infected individuals with proportionality constant y called the daily
death removal rate; the number 1/u is the average lifetime or life expectancy.

2. The constant A represents the daily contact rate. On average, an infected person
will spread the disease to A people per day.

3. Individuals recover from the disease at a rate proportional to the number infected
with the disease with proportionality constant +. The constant + is called the daily
recovery removal rate; the average period of infectivity is 1/~.

4. The contact number o = \/(y + p) represents the average number of contacts an
infected person has with both susceptible and infected persons.

If a person becomes susceptible to a disease after recovering from it (like gonor-
rhea, meningitis, and streptococcal sore throat), then the percent of persons suscep-
tible to becoming infected with the disease, S(¢), and the percent of people in the
population infected with the disease, I (), can be modeled by the system

S/
I/

—AST 4+ p— pS +~1
AST —~I1 — pl

SO0) =S, 10) =1, SHO+I1@) = 1. (6.7)

(6.6)
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This model is called an SIS (susceptible-infected-susceptible) model since once an
individual has recovered from the disease, the individual again becomes susceptible
to the disease.

Since S(t) = 1 — 1(t), we can write I'(t) = AIS — I 4 pl as

I't) = M1 —1)—~I — pul

and hence we need to solve the initial value problem

whose solution can be written as

I'= N=(y+wl = AI?, 10) = I,

1) =

o=

J[e(Alﬂ‘)("*l)’ —11/(c — 1)+ 1/I,

A+ 1/1

From (6.9) it follows that

lim I(1) =

—>00

(c—1Djo,o0>1
o=1
o<1.

Iy,
0,

if o1

if o=1.

(6.8)

(6.9)

(6.10)

We use Runge—Kutta method to find the numerical solution of the initial value
problem (6.8) with Iy =1/2 and (i) A=3.6,y=2,u=1, (ii)) A=3.6,7v=2,
w=1.6, and (iii) A = 3.6,y = 2, u = 2, on the interval [0, 20] with the step-size
h = 0.2, and in Table 6.3 compare the results with (6.9) and (6.10). We also graph
various solutions in Fig.6.1.

Table 6.3
t pn=1 nw=106 n=2
I (numeric) |I (exact) I (numeric) |I (exact) I (numeric) |1 (exact)

0 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000
0.2 0.2085 0.2266 0.1087 0.1078 0.0646 0.0398
0.4 0.1774 0.1862 0.0610 0.0604 0.0220 0.0103
0.6 0.1698 0.1739 0.0424 0.0420 0.0089 0.0031
0.8 0.1676 0.1695 0.0325 0.0322 0.0038 0.0010
1.0 0.1669 0.1678 0.0263 0.0261 0.0017 0.0003
1.2 0.1667 0.1671 0.0221 0.0219 0.0008 0.0001
14 0.1667 0.1668 0.0191 0.0189 0.0003 0.0000
1.6 0.1667 0.1667 0.0168 0.0166 0.0002 0.0000
1.8 0.1667 0.1677 0.0150 0.0148 0.0000 0.0000
2.0 0.1667 0.1667 0.0135 0.0000 0.0000 0.0000
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population

169

S(exact)
——— S (numeric)
—— I(exact)

I (numeric)

The incidence of some diseases, like measles, rubella, and gonorrhea, oscillate
seasonally. To model these diseases, we replace the constant contact rate, A, by
a periodic function A(f) =5 — 2sin(6¢). Again, we use Runge—Kutta method to
find the numerical solution of the initial value problem (6.8) with Iy = 1/2 and
(i) y=1,p=4, and (ii) v = 1, up = 2, on the interval [0, 20] with the step-size
h = 0.2, and in Table 6.4 present the numerical results. We also graph solutions in

Fig.6.2.
Table 6.4
t I(p=4 I(p=2)
0 0.5000 0.5000
0.2 0.1030 0.4697
0.4 0.0503 0.4476
0.6 0.0290 0.4084
0.8 0.0186 0.3656
1.0 0.0135 0.3336
1.2 0.0113 0.3211
1.4 0.0106 0.3306
1.6 0.0110 0.3591
1.8 0.0118 0.3989
2.0 0.0123 0.4383
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) =5

%)

— 2sin (6t), p=2

—— S (numeric)
0.6+ P

I (numeric)

population

T
0 2 4 6 8 10 12 14 16 18 20
time

Fig. 6.2

Example 6.4 Following May [6] consider two prey populations H, and H, and two
predator populations P; and P,.If ay, aa, by, by, oj, and [3;; are positive parameters
representing the interactions, then

H{ = Hi[a; — a1 P\ — a;p Ps]
H} = Hy[a, — a1 Py — an Pa]
P{ = Pi[=b1 + BuHi + BioH]
Py = Py[=by + (a1 Hi + B Ha].

6.11)

One set of realistic vales are a1 =a, =3, ajp=axn =2, ap=ay;=1,
bl = 40, b2 = 20, 511 = 3, and ﬁlz = 621 = ﬁzg = 1, and H](O) = 05, Hz(O) =
1, P1(0) = P»(0) = 1. We use Runge—Kutta method with the time step-size h = 0.01
on the time interval [0, 3] to find the numerical solution of the system (6.11). The
numerical values are presented in Table 6.5.
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Table 6.5
J H, Hy Py P
1 0.5000 1.0000 1.0000 1.0000
26 0.9508 1.8506 0.0001 0.0111
51 2.0114 3.9125 0.0000 0.0002
76 4.2581 8.2825 0.0000 0.0000
101 9.0144 17.5340 0.0000 0.0000
126 19.0828 37.1165 0.0000 0.0012
151 5.6893 1.5718 0.0264 22.3330
176 3.0207 0.2099 0.0000 0.3355
201 6.2661 0.4267 0.0000 0.0074
226 13.2575 0.9023 0.0000 0.0006
251 28.0627 1.9097 0.0000 0.0008
276 11.2360 1.7373 36.8127 0.1475
301 1.5385 0.9216 0.0075 0.0019

171

Based on the numerical results, we observe cyclic behavior with a time cycle
~ 1.3 (see Fig. 6.3) for prey and predator populations with increasing number of prey
species when both predator populations are small (j < 126) and rapid decrease in
pray populations when at least one predator population exceeds both pray populations

(j = 151, 276).

70l —-—— H; - preyl
——— Hy - prey2
60 T I —— P - predatorl
I
I: —— P - predator2

population
o
(=)
Il
T

1
1
30 + 1 n 1 n
l‘l n 1 " | 1
I 1 1 I
204 iy ', 1 1 'I‘: I
K \ Il | [N
1! o In I T I
1) Sy ) . I
101 ,l/ W/ [ /III ! ,'l /I/, ! !
XA H WS N,
L 27 HA l—/AI 22 L~ N7 /s 1 - ’
T T 1 T T T T T T T
0 1 3 4 5 6 7 8 9 10
time
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Problems

6.1 The following initial value problem arises in hydraulics studies
y =24y y0) = 0.7.

Use Runge—Kutta method to approximate the solution on [0, 1.5] with the step-sizes
h =0.1, 0.05 and 0.01.

6.2 Consider the modified logistic population growth equation
P' = P(a—bP)+ce ™", (6.12)

here, ¢ and k are positive constants. In (6.12) the additional term ce*” represents
the immigration. Clearly, the immigration is less when the population is large than
when it is small. This decrease may be caused, for example, by the imposition
of quotas, or by overcrowding of the region and a resulting deterioration of the
favorable conditions that had attracted immigrants. Use Runge—Kutta method to find
the solution of the initial value problem (6.12), P(0) = P, over the interval [0, 10]
whena =b =k =1, c = Py = 0.1 and the step-size # = 0.2. Compare your result
with the exact solution of (6.12), P(0) = Pywitha=b =1, ¢ =0, Py =0.1.

6.3 If the magnetic characteristic of a coil wound on an iron core is of cubic form,
then a sudden application of a periodic voltage e = ¢( sin wt across the coil gives
rise to the initial value problem

e = iR+%, Y(O0) = 0 (6.13)

where i = av + bi)® and 1) denotes the magnetic flux. In (6.13) let y = aR)/eq,
x = aRt and assume that beé = 2a*R?, 2aR = w to obtain

d

d—y — —y—2y* +sinx), y0) = 0. (6.14)
X

Use Runge—Kutta method to find the solution of the initial value problem (6.14) on

the interval [—1, 1] with the step-size h = 0.1.

6.4 In nonlinear oscillation theory in the consideration of limit cycles (see [11]) the
following differential equation arises

dv 2(v—v3/3)—§
d_§ =« — (6.15)

where v and £ are space variables and « is a parameter. Use Runge—Kutta method
to find the solution of (6.15) with = 0.5, v(0) = 1 on the interval [0, 1] with the
step-size h = 0.1.
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6.5 In the study of the nonisothermal flow of a Newtonian fluid between parallel
plates, the equation

d*y 5
— 4+x¢e¢ =0, x>0

dx?
was encountered. Using some clever substitutions this equation can be transformed
into the first-order equation

dv 1

— =3 [+ 2)v* + Qu + 5)v7]. (6.16)
Use Runge—Kutta method to find the solution v(u) of (6.16) satisfying v(2) = —4
over the interval [2, 3] with the step-size & = 0.01.

6.6 Considering the nonlinear dissipative effects in the neck of a Helmholtz cav-
ity resonator, an approximate differential equation for free oscillations of such a
resonator takes the form (see [8])

Mdzx—i—Rdx 143 ’ T Kx =0 (6.17)
dr? dt dt = ’

(1) Show that Eq. (6.17) can be written as

N (R (I

where v = dx/dt.

(2) Use Runge—Kutta method to find the numerical solution of (6.18) when K/R =
100, M/R =9, f=2x 1073, and v(0) = 700cm/s on [0, 2] with the step-size
h=0.1.

6.7 Use Runge—Kutta method to find the numerical solution of the simple pendulum
Eq.(3.54) when g = 32, L = 2 and the initial conditions are #(0) = 0.25 (radian),
#'(0) = 0 on [0, 2] with the step-size & = 0.1. Compare this numerical solution with
the exact solution of the approximate Eq. (3.56).

6.8 In the design of a sewage treatment plant, the following initial value problem
occurs (see [7]):

777H" +1942H?* + H = 60, H(©O) = H'(0) = 0, (6.19)

where H () is the level of the fluid in an ejection chamber and ¢ is the time in seconds.
Use Runge—Kutta method to find the solution of (6.19) over the interval [0, 5] with
the step-sizes 1 = 0.5 and 0.1.

6.9 For Van der Pol’s equation (4.73) with g =1 and initial conditions
y(0) =0, y¥'(0) = 1, use Runge—Kutta method to approximate the solution on [0, 5]
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with the step-sizes & = 0.1 and 0.05. Also compare this numerical solution with the
series solution given in Problem4.14.

6.10 Consider a weight attached in the middle of two springs and disturbed slightly
from its equilibrium position (see Fig.6.4). The small oscillations of the mass are
governed by the following initial value problem:

o [ |

Fig. 6.4

EONNSS
_

Y = =y, y0) =02 Y0 =0 (6.20)

Itis known that the solution of (6.20) is a periodic oscillation of period approximately
40. Use Runge—Kutta method to approximate the solution of (6.20) on [0, 80] with
the step-size i = 0.1. Does the computed solution show periodic oscillation?

6.11 In a study of the variation of flux F in a large transformer the following non-
linear differential equation occurs

d*F 3 w

el +aF +pF° = NE ,

where the design parameters o = 74, 3 = 0.22, the number of turns in the primary
winding N = 450 and E = 150 sinwt, w = 1207. Use Runge—Kutta method to find
the numerical solution of this equation with the initial conditions
F(0) =0.5, F'(0) = 0.1 on [0, 3] and the step-sizes 4 = 0.1 and 0.05.

6.12 When a charged surface is in contact with a liquid medium, it attracts ions of
the opposite charge and repels ions of the same charge. In the study of such a situation
in one dimension, the following Poisson—Boltzmann (Siméon Denis Poisson 1781—
1840) equation arises

d*y

—5 = Psinh(Qy). 6.21)

where P and Q are positive constants (see [5]). Use Runge—Kutta method to
approximate the solution of (6.21) with P = Q = 1 and initial conditions y(0) = 1,
y'(0) = 0 on [0, 2] with the step-sizes & = 0.1 and 0.05.

6.13 Enzymes have the ability to catalyze numerous chemical reactions in living

organisms. One such model for the action of enzymes is

d? a
&y _ay
dt?  b+y

= 0, (6.22)
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where y is the concentration of the substance acted upon by the enzyme, and a, b are
positive constants (see [12]). Use Runge—Kutta method to approximate the solution
of (6.22) with a = 1, b = 8 and initial conditions y(0) =1, y’(0) =0 on [0, 1]
with the step-sizes 7 = 0.1 and 0.05.

6.14 Use Runge—Kutta method to find the numerical solution of the Emden equa-
tion (4.76) with the initial conditions y(0.1) =1, y'(0.1) =0 forn =2,3,4,5 on
[0.1, 10] and the step-size & = 0.1. Compare the numerical solution for n = 5 with
the exact solution given in Problem4.17.

6.15 In constructing the dikes to hold the North Sea water and reclaim the lowlands,
the Dutch created Earth dams of the type shown in Fig. 6.5. The water from the low
side is continually pumped back up to the high side by windmills. The sizing of the
Earth dam involves solving the seepage problem to minimize the passage of water.
In a particular application, it leads to solving the following initial value problem

Y +2f@)y+y"? =0, y0) =0, y(©0) = 0.75. (6.23)
Use Runge—Kutta method to find the numerical solution of (6.23) with f(x) =

1.5sin(2x), n =4 and f(x) =4.6sin(3x), n =35 on [0, 2] with the step-size
h=0.1.

Fig. 6.5

6.16 When a fluid of low viscosity flows past a solid surface, the transition from
the velocity of the surface to that of the stream is accomplished in a narrow layer
near the surface (boundary-layer). In the year 1904 Ludwig Prandtl (1875-1953)
used approximation techniques to develop boundary-layer theory. However, in 1908,
Paul Richard Heinrich Blasius (1883—-1970) formulated a problem to steady two-
dimensional motion along a flat plate placed edgeways to the stream. When the
origin is at the forward edge, the general equations reduce to the following third-
order initial value problem

y' = =y y0) = y0) =0 » (0 =1

Use Runge—Kutta method to approximate the solution on [0, 2] with the step-sizes
h = 0.1 and 0.05.
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6.17 Let x be the segment of the total population N committing criminal acts and y
as the segment engaged in crime prevention and law enforcement, then (N — x — y)
is the remaining portion, which may also have an influence. Let p be the influence
by this largest group on the rate of change of x, and g be the influence on the rate of
change of y. These changes may be produced by varying the degree of enforcement
support, altering the parole policy, and enacting or rescinding legislation. Thus, the
contemporary social problem of crime control can be investigated by the following
system of nonlinear differential equations:

dx n 3
— = ax — Ox
di P y
dy

= =g- 5xy.
o7 =9yt oxy

In this system o > 0 and v > O imply that in the absence of a control force, the
number of violators would increase, whereas, if there were no crime, prevention
and enforcement personnel would decay in number. The interpretation of the signs
of the product terms are the incarceration of violators and intrinsic growth of an
organization. Use Runge—Kutta method to find the numerical solution of this system
with p =1.6, o =0.1, 5=0.08, ¢ =0.7, v =0.4, 6 = 0.05 with the initial
conditions x(0) = 40, y(0) = 6 on the interval [0, 4] with the step-size & = 0.1.

6.18 Consider an isolated intertidal marine community where two species live in the
same environment and compete for the same food resources, but neither is a predator
nor a prey for the other. Let x(¢) and y(¢) represent the number of each population
present at time ¢. For this situation, Volterra proposed the following model:

Z—): =[la—Bx+y)x
d
d—f = [y = 8(x + Y)ly.

where the constants «, 3, 7y, § are positive. The values of these parameters indicate
the strength of the species, their eating habits, appetites, birth and death rates. Use
Runge—Kutta method to find the numerical solution of this system with the initial
conditions x (0) = 200, y(0) = 100 on the interval [0, 4] with the step-size h = 0.01
for the following values of the constants, also in each case interpret your result.

(1) The food supply is limited compared to the species’ appetites, e.g., o = 2,
6=02,v=1,6 =0.1.

(2) Both species are tough enough to survive on what is available, e.g., a = 4,
8=0.1v=2,6 =0.05.

B)a=12,8=0.1,y=2,6 = 0.05.

@ a=12,4=0.1,y=2,§ =0.01.
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6.19 To accommodate more realistic situations Lotka—Volterra system (5.73) has
been modified in several different ways. For example, in nature the responses and
interactions between predators and prey rarely happen immediately; they usually
involve time delays, which tend to produce destabilization. To involve this, it has been
suggested that K should be replaced by r [1 — (y/C)], where r is the proportionality
constant and C is the carrying capacity set by environmental resources; and the terms
Pxy and Lxy must be, respectively, changed to Px(1 —e™) and kx (1 — e‘”—v) ,
where k and c are constants. The system (5.73) then becomes

d

d_’t‘ =x[-M+P(1-e?)] o
dy y e ’
E:ry(l—6>—kx(l—e y).

Use Runge-Kutta method to find the numerical solution of the system (6.24)
with M=r=k=1, P=1.5, ¢ =103, C = 4000, and the initial conditions
x(0) =1, y(0) = 1.8 on the interval [0, 75] with the step-sizes 4 = 1 and 0.5.

6.20 In a study of the population cycles in rodents the following nonlinear system
occurred:

d

d—): =xla1(t) — (b1 —c)y —c1(x + y)]

a (6.25)
o yl—aa2(t) + bax],

where x represents the density (in animals per acre) of emigrants, y represents the
density of tolerants, and ¢ is the time in months. Clearly, these equations repre-
sent a possible interaction between two populations. The experimental values of
the parameters are b; = 1.75 x 1073, b, =1.5x 1073, ¢, = 1.0 x 1073, and ini-
tially x(0) = y(0) = 0.5. Now assuming that the net reproduction rate is mini-
mal in late winter and maximal in late summer, it is appropriate to assume that
ay(t) =1+ 0.35sin(7t/6) and a,(¢) = 0.14 — 0.075 sin(n¢ /6), where ¢ = 0 rep-
resents mid-June in the northern hemisphere. Use Runge—Kutta method to find the
numerical solution of the system (6.25) on the interval [0, 60] with the step-size
h=1.

6.21 Consider a first-order irreversible chemical reaction under nonisothermal con-
ditions in a continuously stirred tank reactor. The control of this reactor is achieved by
manipulating the flow of cooling fluid through a cooling coil inserted in the reactor.
The dynamic-mass and heat-balance equations are

X = —(1—eMHx =05 = 1)
y = efx —89y2 —4.2254+0.5(” — 1)
y(0) = —0.1111889, z(0) = 0.0323358
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where 8 = 25y/(y + 2). This represents a self-sustained oscillation of an energy-
mass system. It leads to a closed elliptic curve (limit cycle) in the xy-plane, i.e.,
if we start with the given initial conditions, the values of x and y will change, but
eventually return to the same initial point. Use Runge—Kutta method to find the
numerical solution of this system with the step-size # = 0.001 until one cycle is
achieved.

6.22 The heart is an elastic muscle that contracts and relaxes in a regular rhythm
regulated by the pacemaker. When the chemical control present in the tissue of the
pacemaker reaches a specific value, called the threshold, an electrochemical wave
is triggered, thus causing the heart to contract. As the chemical control decreases,
the heart muscle relaxes. Based on some simplified assumptions (see [4]) it has been
shown that the cycle of the heartbeat is governed by the following nonlinear system
of differential equations:

d

ed—): =—(x3—Tx+b)
db (x — by)

— = (x — s

dt 0

(6.26)

where x(¢) represents the change in muscle fiber length and depends on time ¢, b(t)
represents a chemical control variable that governs the electrochemical wave, T =
3x§ — a > 0 is the tension in the system, x is the initial muscle fiber length, 5(0) =
by = ZxS — axy < 0, and € > 0 is a small positive constant. The constant a is chosen
so that T and b(0) are in the correct range. The resulting solution curves oscillate
about x = b = 0 such that the minimum x-value corresponds to diastolic relaxation
and while b is negative, x increases to a maximum representing systolic contraction.

Use Runge—Kutta method to find the numerical solution of the system (6.26) with
a = xo = 0.45 and € = 0.025 on the interval [0, 5] with the step-size # = 0.1. Find
the approximate diastolic and systolic equilibrium points. Next, compute the solution
when e = 0.0125. Do you find any changes at these equilibrium points?

6.23 The movement of substances through the gastral tract is usually influenced
by the tension in the circumferential muscles. If the canal is a surface of revolution
defined by r = r(z) and hydrostatic forces are taken into account, then the equilib-
rium equations are

Z—; — tan(9)

|: ) 2 d :|
T = pcos(¢) | rsec’(¢) + —— tan(¢) |,
2 dz

which on using the substitution x = pz/T, y = pr/T leads to the system
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o _2 (cos(qs) B 1)

dx y y
d
ﬁ = tan(¢).

Use Runge—Kutta method to find the numerical solution of this system with the initial
conditions y(0) = 2, ¢(0) = 0 on [0, 2] and the step-sizes & = 0.1 and 0.05.

6.24 Under certain assumptions, the FitzHugh—Nagumo equation, which arises in
the study of the impulses in a nerve fiber, can be written as the system of differential
equations

v

a ="

W o FVY+ R—uw (6.27)
dg

IR _ CGR—V —a),

d¢ u

where F(V) = (1/3)V3 —V (see [9, 10]). Use Runge—Kutta method to find the
numerical solution of the system (6.27) withe = 0.08, a = 0.7, b =0, u = 1 and
the initial conditions V(0) =1, W(0) =0, R(0) = 1 on the interval [0, 10] with
the step-sizes & = 1 and 0.5.

6.25 Consider the transient heat flow in an electron tube filled with an inert gas (see
Fig. 6.6). Assume that before the current is applied the whole system is at temperature
t1. At t = 0 the filament temperature is suddenly raised to #, > #; by the electric
current. Then, heat is converted to the surrounding gas and radiated to the tube walls.
The wall receives heat by convection from the gas and by radiation from the filament.
Finally, the wall transfers heat by convection to the surrounding atmosphere, which
is at temperature f;. Let t, = 2f;, the heat capacities C; and C, of the gas and wall
be related by C, = 2Cy, and let the radiation coefficients be known. Under these
assumptions the propagation problem in dimensionless variables is governed by the
following system:

y = =2y+z+2

7 =05y —z-0.1z*+2.1

y(0) = z(0) = L

Use Runge—Kutta method to find the numerical solution of this system on [0, 2] with
the step-sizes & = 0.1 and 0.05.
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Atmosphere

Wall

Filament

Fig. 6.6

6.26 Under various assumptions, the following system of nonlinear differential
equations:

dX X XN BXY

— =rX - —

dt v

dl

— = BXY — (0 +b+N)I

dt

e (6.28)
EZUI—(OL—Fﬂ-i-'YN)Y

dN

E:aX—(b—}—'yN)N—aY,

has been used to model a fox population in which rabies (a fatal viral disease which
infects all warm-blooded animals and has killed humans and animals for hundreds of
years) is present (see [1]). Here, X () represents the population of foxes susceptible
to rabies at time ¢; I (¢) the population that has contracted the rabies virus but is
not yet ill; Y (¢) the population that has developed rabies; N(¢) the total population
of the foxes; a represents the average per capita birth rate of foxes; 1/b denotes
fox life expectancy (without resource limitations) which is typically in the range of
1.5-2.7 years; r = a — b represents the intrinsic per capita population growth rate;
K = r/~ represents the fox carrying capacity of the defined area, which is typically
in the range of 0.1—4 foxes per km?; 1/o represents the average latent period, i.e., the
average time (in years) that a fox can carry the rabies virus but not actually be ill with
rabies, typically 1/o is between 28 and 30 days; « represents the death rate of foxes
with rabies, 1/« is the life expectancy (in years) of a fox with rabies and is typically
between 3 and 10 days; and 3 represents a transmission coefficient, typically, 1/ is
between 4 and 6 days. Use Runge—Kutta method to find the numerical solution of the
system (6.28) witha =1, b =0.5, r =0.5, K =2, 0 =12.1667, a =73, =
80 and the initial conditions X (0) = 0.93, 1(0) = 0.035, Y (0) = 0.035, N(0) =
1.0 on the interval [0, 40] with the step-sizes & = 1 and 0.5.

6.27 The motion of a moon moving in a planar orbit about a planet is governed by
the equations
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x// _ _ G& "o _ G_
N RN r3’

where r = (x> + y%)!/2, G is the gravitational constant, and M is the mass of the
moon. Assume that GM = 1. Use Runge—Kutta method to find numerical solution
of this system on the interval [0, 40] with the step-size h = 0.1

(1) with x(0) = 1, x’(0) =0, y(0) =0, y’(0) = 1, and observe that the motion is
a circular orbit of radius a = 1 and period 27 (see Remark 3.1).

(2)withx(0) = 1, x’(0) = 0, y(0) = 0, y'(0) = /6,2, and observe that the motion
is an elliptical orbit with major semiaxis a = 2 and period 47+/2.

(3) with x(0) = 1, x'(0) =1, y(0) =0, y'(0) = 1, and investigate the orbit.

6.28 Russian scientists Nikolay Mitrofanovich Krylov (1879-1955) and Nikolay
Nikolayevich Bogolyubov (1909—-1992) used the method of variation of parameters
to find a first approximation of the differential equation

Y+ Wty +pf(y.y) =0

in the form
y(x) = alx)sin(wx + ¢(x)),
where 5
d T
d_o‘ = — ZL f(asin(9), wa cos(8)) cos(0)do,
X W Jo
T

= f(asin(0), wa cos(#)) sin(0)do.
dx 2mwa

(1) For the Duffing equation (4.75) with 6 =0, o = w?, 3=,y =0, i.e.,
y” —+ wzy + ’uy3 = 0, (6.29)

show that the Krylov—Bogolyubov first approximation is

. 3 paé
y(x) = ag sm|:< » + w) X+ ¢0i|, (6.30)
where a( and ¢ are arbitrary constants. Use Runge—Kutta method to find numerical
solution of (6.29) with w = p = 1 on the interval [0, 20] with the step-size h = 0.1
and initial conditions y(0) = 1, y'(0) = 0 and compare this numerical solution with
the approximate solution (6.30).

(2) For the Van der Pol equation (4.73) show that the Krylov—Bogolyubov first
approximation is
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apge"*’?

\/1 + a2 (e — 1)/4

y(x) = sin(x + ¢p), (6.31)

where ay and ¢ are arbitrary constants. If ag = 2, the first approximation (6.31)
reduces to the periodic function y(x) = 2 sin(x + ¢g), andif 0 < ay < 2 oray > 2,

then note that n
. aget™
lim 0 = 2.

X—00 \/1 _i_ag(eux _ 1)/4

Thus for any ap > 0 except ap = 2 the nonperiodic oscillation given by (6.31) tends
to the periodic oscillation as x — 0o. Use Runge—Kutta method to find numerical
solution of (4.73) with . = 1 on the interval [0, 20] with the step-size # = 0.1 and
initial conditions y(0) = 1, ¥'(0) = 0 and compare this numerical solution with the
approximate solution (6.31).
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Chapter 7 ®)
Stability Theory st

The main aim of our previous chapters was to find analytic or numeric solutions
of differential equations. However, most of the systems which appear in real-world
applications cannot be solved analytically and their numerical solutions often fail
to provide exactly the required qualitative information. Fortunately, for many such
systems certain properties of the solutions can be established directly. In this chapter,
mainly we shall study stability of the solutions by linearizing the nonlinear differential
systems [3]. For this, in what follows we shall assume that for the initial value problem
(5.29) there always exists a solution u(t) = u(t, ty, u°) on the interval [y, 00). We
begin with the following definitions.

A solution u(z, to, u°) of the initial value problem (5.29) existing on the interval
[tg, 00) is said to be stable if small changes in u° bring only small changes in the
solutions of (5.29) for all ¢ > #;,. Otherwise, we say that the solution u(z, o, u®) is
unstable. Precisely, we have

Definition 7.1 A solution u(t) = u(t, ty, u°) of the initial value problem (5.29) is
said to be stable, if for each € > O there is a § = §(¢, tp) > 0 such that |Au®]| < §
implies that ||u(z, to, u® + Au®) — u(t, 1o, u®)| < e.

Definition 7.2 A solution u(t) = u(t, ty, u®) of the initial value problem (5.29) is
said to be unstable if it is not stable.

Definition 7.3 A solution u(t) = u(t, ty, u°) of the initial value problem (5.29) is
said to be asymptotically stable if it is stable and there exists a §y > 0 such that
| Au®|| < &y implies that

||u(t,to,u0+Au0)—u(t,to,uo)” — 0 as t — oo.

Theorem 7.1 All solutions of the differential system (5.3) are stable if and only if
they are bounded.
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Corollary 7.1 If the real parts of the multiple eigenvalues of the matrix A are neg-
ative, and the real parts of the simple eigenvalues of the matrix A are nonpositive,
then all solutions of the differential system (5.12) are stable.

Corollary 7.2 Ifthe real parts of the eigenvalues of the matrix A are negative, then
all solutions of the differential system (5.12) are asymptotically stable.

Theorem 7.2 (Adolf Hurwitz’s (1859-1919) Theorem) A necessary and sufficient
condition for the negativity of the real parts of all zeros of the polynomial

—1
X +ax" 4+ tax +ay,

with real coefficients is the positivity of all the leading principal minors of the n x n
Hurwitz matrix

a1 000---0
as dp aj 10---0
as asazaray --- 0 |,

0 000O0:---a,

iLe.,
1 aq 10
a; >0, @ > 0, azayay | >0,---.
@ a2 as a4 ajz

If the function g is independent of time, then the system u’ = g(¢, u) reduces to
an autonomous system

u = g(u). (7.1)

Solutions of g(w) = 0 are called points of equilibrium, fixed points, stationary points,
rest points, singular points, or critical points of (7.1). Clearly, critical points are the
constant solutions of the system (7.1), i.e., if u starts at a critical point, it remains at
this point. The set of all critical points is called the critical point set.

Theorem 7.3 If u(t) is a solution of the differential system (7.1) in the interval
(o, B), then for any constant ¢ the function v(t) = u(t + ¢) is also a solution of (7.1)
in the interval (o — ¢, 3 — ¢).

Obviously, the above property does not hold for nonautonomous differential
systems, e.g., a solution of u} = uy, u), = tuy is u;(t) = €', uy(t) =te’ — ¢, and
uhy(t +c¢) = (t +c)e'™ # tu;(t + ¢) unless ¢ = 0.
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If the matrix A is nonsingular, then for the system (5.12) origin is the only critical
point. In general, system (7.1) can have a finite or infinite number of fixed points.
For example, the simple pendulum equation (3.54), 0" 4+ w?sinf =0, w? = g/L
has an infinite number of critical points at 0 = nmw, n =0, £1,£2,--- .

Consider the first-order autonomous differential equation

y = fO), (7.2)

where f(y) is continuously differentiable function of y. This condition ensures that
for any given fy and yo the initial value problem (7.2), y(#)) = yo has a unique
solution. From (7.2), it is clear that if f(a) > 0, then starting at point y = a, y will
increase. On the other hand, if f(a) < 0, then starting with y = a, y will decrease.
This increase or decrease will continue until a critical point is reached. An easy way
to determine the stability of a critical point, say, c¢ is to check the sign of f(y) for
y<candy >c.If yy <cand f(y;) >0, and if y, > ¢ and f(y;) < O, then the
solution is always moving toward c. In this case we conclude that c is a stable critical
point. However, if f(y;) < 0 or f(y,) > 0, the critical point is unstable.
Now, we shall consider two-dimensional autonomous systems of the form

uy = gi(uy, uz)
7.3
uy = go(uy, uz). (7.3)

Throughout, we shall assume that the functions g; and g, together with their first
partial derivatives are continuous in some domain D of the u u,-plane. Thus, for
all (u?, ug) € D the differential system (7.3) together with u, (#y) = u?, us(ty) = ug
has a unique solution in some interval J containing #;. The main interest in studying
(7.3) is twofold:

1. A large number of dynamic processes in applied sciences are governed by such
systems.

2. The qualitative behavior of its solutions can be illustrated through the geometry
in the uu,-plane.

In the domain D of the uu,-plane, any solution of the differential system (7.3)
may be regarded as a parametric curve given by (u1(¢), u,(¢)) with ¢ as the parameter.
This curve (u(¢), u(t)) is called a trajectory or an orbit or a path of (7.3), and the
ujuy-plane is called the phase plane. Thus, from Theorem 7.3, for any constant ¢ both
(u1(t), uz(t)), t € (o, B) and (uy(t + c), up(t +¢)), t € (e — ¢, f — ¢) represent
the same trajectory. For the trajectories of the differential system (7.3), the following
property is very important.

Theorem 7.4 Through each point (u$, u3) € D, there passes one and only one tra-
Jectory of the differential system (7.3).

For the differential system u| = u,, uy = —u;, there are an infinite number of so-
lutions u(t) = sin(t + ¢), ur(t) =cos(t +c¢), 0 <c < 2w, —00 <t < 00. How-
ever, they represent the same trajectory, i.e., the circle u% + u% = 1. Thus, it is
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important to note that a trajectory is a curve in D that is represented parametri-
cally by more than one solution. Hence, in conclusion, u(¢) = (u(¢), u>(¢)) and
v(t) = (u1(t +¢), us(t + ¢)), ¢ # 0 represent distinct solutions of (7.3), but they
represent the same curve parametrically. If (cy, ¢;) is a critical point of (7.3), then
obviously u(t) = ¢y, u»(t) = c, is a solution of (7.3), and from Theorem 7.4 no
trajectory can pass through the point (¢, ¢z). A critical point (cy, ¢3) is said to be
isolated if there exists no other critical point in some neighborhood of (¢;, ¢;). By a
critical point, we shall hereafter mean an isolated critical point. If (cy, ¢;) is a critical
point of (7.3), then the substitution v; = u; — ¢y, v2 = uy — ¢ transforms (7.3) into
an equivalent system with (0, 0) as a critical point, thus without loss of generality
we can assume that (0, 0) is a critical point of the system (7.3).

An effective technique in studying the differential system (7.3) near the critical
point (0, 0) is to approximate it by a linear system of the form

/
o = (u}) _ <a11u1 +6112M2) _ (6111 a12) <u1> — Au, (7.4)
Uy aiuy + apuy app ax ) \u
where ajja» — azapx # 0, so that (0, 0) is the only critical point of (7.4). It is
expected that a “good” approximation (7.4) will provide solutions which themselves

are “good” approximations to the solutions of the system (7.3). For example, if the
system (7.3) can be written as

/
uy =ayuy +apuy +hi(uy, ur)

) 7.5
uy = axiuy + axpus + ho(uy, uy), (7.5)
where 11(0, 0) = h,(0,0) = 0 and
h b . h b
fim o) o k) (7.6)

uy,ur—0 uy,ur—0
v Jut 4 ud P Jui 3

then the following result holds.

Theorem 7.5 (i) If the zero solution of the system (7.4) is asymptotically stable,
then the zero solution of the system (7.5) is asymptotically stable.

(ii) If the zero solution of the system (7.4) is unstable, then the zero solution of the
system (7.5) is unstable.

(iii) If the zero solution of the system (7.4) is stable, then the zero solution of the
system (7.5) may be asymptotically stable, stable, or unstable.

Of course, if the functions g (i1, 1) and g, (u1, uz) possess continuous second-
order partial derivatives in the neighborhood of the critical point (0, 0), then by
Taylor’s formula differential system (7.3) can always be written in the form (7.5)
with
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g1 oq 09> 09
= —(0,0), = —(0,0), = —(0,0), = —(0,0).
ap i, 0,0), a2 8142( ), ax s 0,0), ax 3142( )

The picture of all trajectories of a system is called the phase portrait of the system.
Since the solutions of (7.4) can be determined explicitly, a complete description of
its phase portrait can be given. However, the nature of the solutions of (7.4) depends
on the eigenvalues of the matrix A, i.e., the roots of the equation

M — (a1 +an)\ +ajan — anap = 0. (1.7)

The phase portrait of (7.4) depends almost entirely on the roots A\; and A, of (7.7).
For this, there are several different cases which must be studied separately.

Case 1. \; and )\, are real, distinct, and of the same sign. If v', v? are the

corresponding eigenvectors of A, then from (5.20) the general solution of (7.4) can
be written as

uy (1) v} v?
=c N+ oy e, (7.8)
us(t) v} v3

where c¢; and ¢, are arbitrary constants.
For simplicity, we can always assume that A\; > \,. Thus, if A\ < A\; < 0 then
all solutions of (7.4) tend to (0, 0) as ¢+ — oo. Therefore, the critical point (0, 0) of
(7.4) is asymptotically stable. In case ¢; = 0 and ¢; # 0, we have uy = (v3/vi)u,
i.e., the trajectory is a straight line with slope v3/v?. Similarly, if ¢; # 0 and ¢; = 0
we obtain the straight line u, = (v% /v%)ul. To obtain other trajectories, we assume
that ¢; and ¢, both are different from zero. Then, since
u (1) clvée’\" + cavie
ui(t)  culeNt feuied vl euiee—Aor’

Aot 011)2l + czv%e(’\z_’\l)’

(7.9)

which tends to v) /v] as t — oo, all trajectories tend to (0, 0) with the slope v} /v;.
Similarly, as t — —oo all trajectories become asymptotic to the line with the slope
v% / vlz. This situation is illustrated in Fig. 7.1 for two different values of the slope
v% / vl1 and v% / vf. Here the critical point (0, 0) is called a stable node.

If A\; > A\, > 0, then all nontrivial solutions tend to infinity as ¢ tends to co.
Therefore, the critical point (0, 0) is unstable. The trajectories are same as for A\, <
A1 < 0 except that the direction of the motion is reversed as depicted in Fig. 7.2.
As t — —o0, the trajectories tend to (0, 0) with the slope v% / v%, and as t — o0
trajectories become asymptotic to the line with the slope v%/ vll. Here the critical
point (0, 0) is called an unstable node.
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U u2
>< UI UI
2
v v
—? =0, —g = 00
U1 Vi
Fig. 7.1
U2
>< ul ul
v% V5 (353 3 v 3
=0, 5 =0 T="3 2=%
Vi U1 Vi U1
Fig. 7.2

Case 2. \| and )\, are real with opposite signs. Of course, the general solution
of the differential system (7.4) remains the same (7.8). Let A\; > 0> \,. If c; =0
and ¢; # 0, then as in Case 1 we have u; = (v%/vf)ul, and as t — o0 both u;(¢)
and u,(¢) tend to zero. If ¢; # 0 and ¢, = 0, then u, = (vzl/vll)ul and both u;(¢)
and u,(¢) tend to infinity as t+ — oo, and approach zero as t — —oo. If ¢; and ¢;
both are different from zero, then from (7.9) it follows that u,/u; tends to v} /v] as
t — o0. Hence, all trajectories are asymptotic to the line with slope v} /v{ ast — oo.
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Similarly, as t — —oo all trajectories are asymptotic to the line with slope v% / vf.
Also, it is obvious that both u; () and u,(¢) tend to infinity as t — Fo0o. This type
of critical point is called a saddle point. Obviously, saddle point displayed in Fig 7.3
is an unstable critical point of the system.

u2
v3
U2 = —Z U1
v
Uy
vy
U = —1u1
Uy

Fig. 7.3

Case3. )| and )\, are equal,i.e., \; = A\, = \. In this case from (5.22), the general
solution of the differential system (7.4) can be written as

uy (1) N 14+ (@ — Nt apt \
<u2(t)) = ( ot )e + 2 (1 ¥ (@ — A)t) e, (7.10)

where ¢| and c; are arbitrary constants.
If A <0, both u;(¢) and u,(¢) tend to 0 as + — oo and hence the critical point
(0, 0) of (7.4) is asymptotically stable. Further, from (7.10), it follows that

uy et laze + (an — Nl
uy ¢+ [anes + (an — Meilt

(7.11)

Thus, in particular, if aj, = ap; =0, a;; = axp # 0, then Eq. (7.7) gives A = a;; =
an, and (7.11) reduces to u, /u; = cp/c;. Therefore, all trajectories are straight lines
with slope c;/c;. The phase portrait in this case is illustrated in Fig. 7.4a. Here, the
origin is called stable proper (star-shaped) node. In the general case as t — 00,
(7.11) tends to

azicy + (axn — Nea

ancy + (ar — Ney
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But, since (a;; — A)(ax — \) = appay; thisratio is the same as ay; /(a;; — A). Thus,
ast — =00, all trajectories are asymptotic to the line u, = (az;/(a;; — A))u;. The
origin (0, 0) here is called stable improper node, see Fig. 7.4b.

If A > 0, all solutions tend to co as t — 0o and hence the critical point (0, 0) of
(7.4) is unstable. The trajectories are the same as for A < 0 except that the direction
of the motion is reversed (see Fig. 7.5a, b).

(a) vz (b) 2
/ Uz = a21 u
2 (@ =N 1
U1 Ui
/
Fig. 7.4
(a) w2 (b) w2
/ U2 = g U
2 = (@ — V) 1
U1 Ui
/|
Fig. 7.5

Case 4. \| and )\, are complex conjugates. Let \| = p+ivand A\, = o — iv,
where we can assume that v > 0. If v = v! +iv? is the eigenvector of A corre-
sponding to the eigenvalue A; = p + iv, then a solution of (7.4) can be written

as
u(®) = e (! 4 iv?) = eM[cos(vr) + i sin(wr)] (! +iv?)

= eM[v! cos(vt) — v?sin(vt)] +ie” [v! sin(vt) + v? cos(v1)].

Therefore, it follows that
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ul(t) = e"[v' cos(vr) — v?sin(vt)] and u’(r) = e [v'sin(vr) + v cos(vr)]

are two real-valued linearly independent solutions of (7.4), and every solution u (¢) of
(7.4)is of the form u(t) = c u' (t) + cou?(t). This expression can easily be rewritten
as

u1(t) = rie’ cos(vt — ;)
ur(t) = ret cos(vt — ), (7.12)
where r; > 0, r, > 0, §; and §, are some constants.

If 4+ = 0, then both u; () = ry cos(vt — 6;) and u,(t) = rp cos(vt — 9) are pe-
riodic of period 27 /v. The function u,(¢) varies between —r| and r|, while u,(¢)
varies between —r, and r,. Thus, each trajectory beginning at the point (1}, u3) when
t = t* will return to the same point when ¢ = t* + 27 /v. Thus, the trajectories are
closed curves, and the phase portrait of (7.4) has the form described in Fig. 7.6a. In
this case the critical point (0, 0) is stable but not asymptotically stable, and is called
a center.

If 1 < 0, then the effect of the factor e/’ in (7.12) is to change the simple closed
curves of Fig. 7.6a into the spirals of Fig. 7.6b. This is because the point

(1 Qm/v), uy2m/v)) = exp 2mp/v) (ui(0), u2(0))

is closer to the origin (0, 0) than (u(0), u,(0)). In this case the critical point (0, 0)
is asymptotically stable, and is called a stable focus.

If o > 0, then all trajectories of (7.4) spiral away from the origin (0, 0) ast — oo
and are illustrated in Fig. 7.6c¢. In this case the critical point (0, 0) is unstable, and is
named an unstable focus.

@ (b) uz (©) us

2R
=
)
=/
5
S/

Fig. 7.6

We summarize the above analysis in the following theorem.

Theorem 7.6 For the differential system (7.4), let \; and )\, be the eigenvalues of
the matrix A. Then, the behavior of its trajectories near the critical point (0, 0) is as
follows:
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(i) stable node, if \; and )\, are real, distinct, and negative,

(ii) unstable node, if A\| and )\, are real, distinct, and positive,

(iii) saddle point (unstable), if A\ and \, are real, distinct, and of opposite sign,
(iv) stable node, if A\ and X\, are real, equal, and negative,

(v) unstable node, if A\1 and \, are real, equal, and positive,

(vi) stable center, if \| and )\, are pure imaginary,

(vii) stable focus, if \\ and \, are complex conjugates, with negative real part,
(viii) unstable focus, if \| and \, are complex conjugates with positive real part.

The behavior of the linear system (7.4) near the origin also determines the nature
of the trajectories of the nonlinear system (7.5) near the critical point (0, 0). For this,
we state the following result.

Theorem 7.7 For the differential system (7.4), let \; and )\, be the eigenvalues of
the matrix A. Then,

(a) the nonlinear system (7.5) has the same type of critical point at the origin as the
linear system (7.4) whenever:

(i) A # Ay and (0, 0) is a node of the system (7.4),

(ii) (0, 0) is a saddle point of the system (7.4),

(iii) A\ = X2 and (0, 0) is not a star-shaped node of the system (7.4),

(iv) (0, 0) is a focus of the system (7.4)

(b) the origin is not necessarily the same type of critical point for the two systems:

(i) if \i = Xy and (0, 0) is a star-shaped node of the system (7.4), then (0, 0) is
either a node or a focus of the system (7.5),

(ii) if (0, 0) is a center of the system (7.4), then (0, 0) is either a center or a focus
of the system (7.5).

Remark 7.1 1f the general nonlinear system (7.3) does not contain linear terms, then
an infinite number of critical points are possible. Further, the nature of these points
depend on the nonlinearity in (7.3), and hence it is rather impossible to classify these
critical points.

Now we state a general result for the system (7.1).

Theorem 7.8 Let 0 = (0,0, ---,0) be a critical point of the autonomous system
(7.1), and let g(u) be twice continuously differentiable. Further, let the Jacobian

matrix
dgi
= (50)

at 0 be nonsingular. Then, if all the eigenvalues of J(0) have negative real parts, 0
is asymptotically stable. If any eigenvalue has positive real part, then O is unstable.
Further, the local phase portrait of the linear and nonlinear system are the same
except perhaps when 0 is a center.

g1 Og g

uy duy  uy,

O Ogn O

Oouy Ouy Oou,
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Definition 7.4 A closed trajectory (closed periodic solution) of the differential sys-
tem (7.3) which is approached spirally from either the inside or the outside by a
nonclosed trajectory of (7.3) either as t — +oco orast — —oo is called a limit cycle
of (7.3) (see Fig 7.7).

The limit cycle solution is said to be a self-excited oscillation because even the
slightest disturbance from the equilibrium point at the origin results in a motion that
grows and inevitably approaches the periodic limit cycle motion as t — co.

Fig. 7.7

The following result due to Poincaré and Ivar Otto Bendixson (1861-1935) pro-
vides sufficient conditions for the existence of limit cycles of the differential system
(7.3).

Theorem 7.9 (Poincaré—Bendixson Theorem) Suppose that a solution u(t) =
(u1(t), us(t)) of the differential system (7.3) remains in a bounded region of the
u uy-plane which contains no critical points of (7.3). Then, its trajectory must spiral
into a simple closed curve, which itself is the trajectory of a periodic solution of
(7.3).

The Poincaré-Bendixson Theorem is false for systems of dimension 3 or more.
The next result provides sufficient conditions for the nonexistence of closed trajec-
tories, and hence, in particular, limit cycles of the differential system (7.3).

Theorem 7.10 (Bendixson’s Theorem) If

0g1(u1, uz) n 0g2(u1, uz)
8u1 8u2

has the same sign throughout the domain D, then the differential system (7.3) has
no closed trajectory in D.
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The following result provides sufficient conditions for the small periodic solutions
of a special two-dimensional system.

Theorem 7.11 (Poincaré) Suppose the functions g;(u1, uz), i = 1,2 of the system

uh = Buz + g1(uy, uz)
) 7.13
uy = —Buy + go(uy, us) (7.13)
satisfy the following symmetry conditions gi(uy, —u;) = —g(uy, uz) and g,

(uy, —uz) = g2(uy, uy), then all solutions u(t) = (u(t), uz(t)) of (7.13) with 3 # 0
and ||u(t)| sufficiently small are periodic. Furthermore, the orbits of these solutions
encircle the origin.

Now, we shall state a result of Alfred Marie Liénard (1869-1958), Norman Levin-
son (1912-1975), and Oliver K. Smith.

Theorem 7.12 (Liénard—Levinson—Smith Theorem) Consider the Liénard differen-
tial equation

Y+ My +9(») =0, (7.14)

where we assume that
(i) f is even and continuous for all y,
(ii) there exists a number yy > O such that

F(y) = fyf(t)dt <0
0

for 0 <y <y, and F(y) > 0 and monotonically increasing for y > yy, also
F(y) > occasy — oo,
(iii) g is odd, has a continuous derivative for all y, and is such that g(y) > 0 for

y >0,
y

(iv) G(y) = / g(t)dt — oo asy — oo.

0
Then, the differential equation (7.14) possesses an essentially unique nontrivial pe-
riodic solution.

By “essentially unique” in the above result we mean that if y = y(¢) is a nontrivial
periodic solution of (7.14), then all other nontrivial periodic solutions of (7.14) are
of the form y = y(¢ — #;) where ¢, is a real number. This, of course, implies that the
equivalent system u}| = us, u, = — f(u;)us — g(u;) has a unique closed trajectory
in the u u,-plane.

Example 7.1 Comparing Verhulst’s model (2.4) with (7.2), we have f(P) = P(a —
bP). Thus, for (2.4), P =0 and P = a/b are the stationary points. Since for a
small e > 0, f(e) = e(a — be) > 0, the stationary point P = 0 is unstable. Further,
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since f(%45) = (%<) e >0 and f (%) = (%) (—e) <0, the stationary point
P = a/b is stable. To show the importance of stability, we note that the exact values
of a and b in (2.4) are unlikely to be known. Thus, if we replace these with close
approximate values, say, @ and b, then the approximate limiting value P = /b will
be close to the actual limiting value P = a/b. In conclusion, the actual limiting
population of (2.4) is stable with respect to small perturbations.

Example 7.2 Comparing Gompertz’s model (2.29) with (7.2), we have f(P) =
Pla — bIn(P)]. Here, we assume that a and b are positive constants. Thus, for (2.29),
P =0and P = /" are the stationary points. Since forasmall e > 0, f(¢) = e[a —
blIn(e)] > O, the stationary point P = O is unstable. Further, since f (e(l’f)“/ b ) =
e1=94b(¢g) > 0 and f (e(”f)“/b) = e1794/b(—¢q) < 0, the stationary point P =
e?/? is stable.

Example 7.3 In system form, Eq. (3.23) can be written as

uy =up
k a (7.15)

’
Uy = ——U] — — U
2 M M

for which (0, 0) is the only critical point. For (7.15), Eq. (7.7) takes the form

a k
N4+ —A4+— =0,
tTuttu

which has the solutions
1
A= m(—a + vV 612 - 4Mk)

the nature of which depends on the discriminant (a> — 4Mk). We have the following
cases:

Case 1. a = 0, no damping. Since M and k are positive A = +i/k/M, this yields
Theorem 7.6(vi), i.e., stable center. Physically, this means the system (7.15) under-
goes stable sinusoidal oscillation about its equilibrium point.

Case 2. a2 — 4Mk = 0. In this case \ = —a/2M and we have Theorem 7.6(iv), i.e.,
stable node. Physically, this means the system (7.15) is critically damped and the
motion is not oscillatory, but returns to its equilibrium point.

Case 3. a> — 4Mk < 0, a # 0. In this case, the eigenvalues are complex conjugates
with negative real parts, so we have Theorem 7.6(vii), stable focus. Physically, this
means the motion of the system (7.15) is a damped oscillation which returns to the
equilibrium position as ¢t — oo.
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Case 4. a? — 4Mk > 0. In this case the eigenvalues are real, unequal, and negative,
so we have Theorem 7.6(i), stable node. Physically, this means the displacement and
velocity of the system (7.15) go to zero without oscillation. This is the overdamped
situation.

Example 7.4 Consider the equation (3.46) of the form
" / 1 I
LI" + RI +El+h(1,l) = 0, (7.16)

where the nonlinear term #, in particular, represents the induced currents from other
sources. In what follows, we assume that

h(0,0) = 3_h = 8_}1 = 0.
Ouy | .0, Quz | 9.0,
In system form, Eq. (7.16) can be written as
uy = up
M§=—$Ml —%ug—h(ul,uz) (7.17)

for which (0, 0) is the only critical point. The associated linear system for (7.17) is

i
Uy =u

!/

_ 1 R (7.18)
U, = —aul — ZMQ.

Clearly, (7.15) is the same as (7.18) with M = L,k = 1/C, and a = R. Thus, the
cases 2—4 of Example 7.3 for the system (7.18) also hold (the Case 1 does not
exist). Therefore, from Theorem 7.7, if R®> — 4L /C > 0 the critical point (0, 0) of
the system (7.17) is a stable node, and if R — 4L/C < 0itis a stable focus. In all the
cases, the critical point (0, 0) of (7.17) is asymptotically stable, hence in analyzing
the circuit Eq. (7.16), we can safely ignore the nonlinear terms for small values of 1
and I'.

Example 7.5 In system form, Van der Pol’s equation (4.73) can be written as

/o —
Uy = puy — Uy — puuy = go(u, uz),

for which (0, 0) is the only critical point. The nonlinear term in the second equation
of (7.19)is ho(uy, up) = —uu%uz, and since

2
. —puus
lim

uy,up;—0 2 2
\ Uyt uy

= 0,
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i.e., condition (7.6) is satisfied, in view of Theorem 7.7 the system (7.19) can be
linearized, i.e., we can consider the system

uy =u
Wy = s — . (7.20)

For (7.20), Eq. (7.7) takes the form
M —puA+1 =0,

which has the roots

A= %(,u:i:\/uz—4).

Now from Theorems 7.6 and 7.7, it follows that the critical point (0, 0) of the system
(7.19) is unstable focus if 0 < p < 2, unstable node if > 2, stable focus if —2 <
1 < 0, and stable node if p < —2.

From the system (7.19), we have 0g/0u; + 0g2/0us = (1 — u%). Thus, it fol-
lows from Theorem 7.10 that closed trajectories, if there are any, are not contained
in the strip |u;| < 1.

Example 7.6 In system form, simple pendulum equation (3.54) can be written as

uy =up

uhy = —w?sin(u;), w?=g/L. (7.21)
For this system, we have already mentioned that there are infinite number of critical
points (0, 0) and (n7, 0), n = £1, £2, --- . To discuss the stability of the critical
point (0, 0), we expand sin(u;) about u; = 0, i.e.,

3

. _ uy
sin(u;) = u1—§+--~,

from which and Theorem 7.7 it is clear that the system (7.21) can be lineaized to
0, (7.22)

For this system, eigenvalues are A = Fiw. Thus, from Theorem 7.6(vi) the critical
point (0, 0) of the system (7.22) is a stable center. But, then Theorem 7.7 concludes
that the critical point (0, 0) of (7.21) is either a center or a focus. We recall that
the critical point (0, 0) corresponds physically to the pendulum hanging vertically
downwards. A small displacement from this position leads to only small oscillations
about it. Thus, we can conclude that (0, 0) is a stable critical point of (7.21). In fact,
near this critical point trajectories are simple closed curves. Hence, in conclusion
(0, 0) is a stable center of (7.21). We can also conclude the same result from the
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fact that the simple pendulum is a conservative system, and hence there is no gain or
loss of energy. Now since at the critical points (2n7, 0), n = +1, £2, - - - also the
pendulum is hanging vertically downwards, all these points are stable center of (7.21).
Mathematically, if we use the substitution U; = u; F 2n7 in (7.21) and use the fact
that sin(U; &£ 2n7) = sin(U,), we find that at the critical points (£2n7,0), n =
1,2, .-, the system (7.21) remains the same.

Now we shall discuss the critical point (7, 0). For this, we expand sin «; about
the point #; = 7, which yields

1
sinu; = (W—Ml)—y(ﬂ'—ul)3+..._

Thus, the corresponding linear system is

uy =u

uh = —w(m —uy) = wu; — ). (7.23)
In (7.23), we make the substitution U; = u; — , to get the system
Ull = Uy
W = LU, (7.24)
Notice that a direct substitution U; = u; — 7 in (7.21) leads to the system
’
Uy =u (7.25)

uh = w?cos(Uy),

whose linearization is the same as (7.24). For the system (7.24), the eigenvalues
are \| = w, A\» = —w, and hence from Theorem 7.6(iii), the critical point (0, 0) of
(7.24) is an unstable saddle point. Thus, from Theorem 7.7(ii), for the system (7.21)
the critical point (7, 0) is an unstable saddle point. It is clear that the critical points
(2n+ D7, 0), n==%1,£2,--- correspond to the pendulum pointing vertically
upwards. Therefore, all these critical points are unstable saddle points. In fact, in
(7.21) the substitution Uy = u; — 2n + 1)w, n = +1, 42, --- leads to the same
system (7.25).

In conclusion, the critical points of (7.21) are alternately stable centers and un-
stable saddle points.

Now we consider the case when a simple pendulum is under the resistance of the
angular velocity, i.e., we consider the general damped oscillations model

0" + ¢t +w?sin(@) = 0, ¢ > 0. (7.26)

In system form, (7.26) can be written as
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uy =u

uh = —w?sin(u;) — cuy (7.27)
for which also (nm,0), n =0, +£1,£2,--- are the only critical points. At the the
critical point (0, 0), the associated linear system is

I Uy

iy
uhy = —wluy = cuy (7.28)

for which the eigenvalues are

A= %(—c:l:\/cz—4w2>, c>0.

Thus, from Theorem 7.6(i) and (iv) the critical point of (7.28) is a stable node if
¢ > 2w, and from Theorem 7.6(vii) stable focus if ¢ < 2w. From Theorem 7.7 this
result carries over for the system (7.28). Finally, we remark that the critical point
(7, 0) of (7.28) is still unstable saddle point.

Example 7.7 Consider the Lotka—Volterra system (5.73), where recall that x (¢), y(¢),
respectively, represent the size of predator and prey at time t. Clearly, for this sys-
tem (0, 0) and (K /L, M/ P) are the only critical points. For the critical point (0, 0)
we compare (5.73) with (7.5),toobtaina;; = —M, a1, =0, hi(x,y) = Pxy,ax =
0, ajx = K, hz(x, y) = —L)Cy, sothata11a22 — dajaypp = —MK ;ﬁ 0, andhl andh2
satisfy the conditions (7.6). Thus, in view of Theorem 7.7, the system (5.73) can be
linearized, i.e., we can consider the system

x = — Mx
y' = Ky,
for which the eigenvalues are \; = —M < Oand A\, = K > 0. Therefore, from The-

orems 7.6 ans 7.7, the critical point (0, 0) of (5.73) is a saddle point. Clearly, the
critical point (0, 0) of the system (5.73) is not of physical interest.

For the critical point (K /L, M/P), we make the change of variables u; = x —
K/L,u, =y — M/P, to obtain the system

up = Tuz—i—Puluz

/ M . (7.29)
uy, = ———uy — Luju,.

2 P 142

Since for this system (0, 0) is a critical point, we can follow the above arguments,
and linearize (7.29) to the system
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, PK

u = Tuz

s (7.30)
2 = I 1

for which the eigenvalues are A = +i+/ K M. Thus, from Theorem 7.6(vi) the critical
point (0, 0) of the system (7.30) is a stable center. But, then Theorem 7.7 tells us
that the critical point (K /L, M/P) of (5.73) is either a center or a focus. However,
fortunately for the system (5.73) in Example 5.10 we have seen that the trajectories
are closed curves in the xy-plane. Thus, the critical point (K /L, M/P) of (5.73)isa
stable center. Therefore, each solution (x (), y(¢)) of (5.73) with the initial condition
(x(0), y(0)) in the first quadrant is a periodic function of ¢ with period, say, w. Then,
the average values of the populations x (¢) and y(¢) can be given by

1 [v 1 [
X = —/ x(t)dt, y = —/ y(t)dt.
w Jo w Jo

Now integrating the first equation of (5.73) over the interval [0, w], we find
w
0= Inx(w)—Inx(0) = —Mw+ P/ y(t)dt,
0

which immediately gives y = M/ P, and similarly the second equation of (5.73)
gives X = K /L. This means that the average sizes of the populations x(¢) and y(¢)
which interact according to the system (5.73) are the same as equilibrium values.

Now assume that the prey population y(¢) is harvested in a small amount, so that
both prey and predators will decrease at the rates €y(¢) and ex(¢), where € > 0 is
small. In this case, the system (5.73) takes the form

x'=—(M + e)x + Pxy
/ 7.31
Y =(K —¢y—Lxy. (7.31)
For this system, it is easy to find that x = (K —¢)/L andy = (M + ¢)/P, i.e, the
average size of the prey is higher than before harvesting, whereas the average size
of the predator is smaller than before harvesting.

Example 7.8 The egg of a certain parasite deposited on a host when hatched kills
the host. We shall study the variation of host and parasite populations with time.
For this, let A(z) and p(¢) denote the number of hosts and parasites at any time ¢.
The number of eggs deposited per unit time depends on the probability of hosts and
parasites coming together and is proportional to the population product, i.e., K hp. If
b is the birth rate of the hosts and d is their death rate when no parasites are present,
and if d; is the death rate of parasites, then the changes in the host-population and
parasite-population are described by the differential equations

fl_’: = bh(t) — dh(t) — Kh(t)p(t)
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and d
d—f = Kh(t)P(f) - dlp(t)’

, respectively. Thus, we have the system

h' = ah— Khp

p' = Khp —dip, (732)
where a = b — d. Since h and p are nonzero, an equilibrium point for the system
(7.32) is

d) o] b—d

h = —, p = —_— = —_———

K K K
Thus, the equilibrium host-population size depends on the death rate of parasites,
whereas the equilibrium parasite-population depends on birth and death rates of the
host.

Example 7.9 Following [5], also see [1, 27], we consider the continuous-flow stirred
tank reactor (see Fig. 7.8). In this reaction, a stream of chemical C flows into the tank
of volume V, and produces as well as residue flow out of the tank at a constant rate g.
Because the reaction is continuous, the composition and temperature of the contents
of the tank are constant and are the same as the composition and temperature of the
stream flowing out of the tank. Suppose that a concentration c;,, of the chemical C
flows into the tank while a concentration ¢ flows out of the tank. In addition, suppose
that the chemical C changes into products at a rate proportional to the concentra-
tion ¢ of C, where the constant of proportionality k(7') depends on the temperature
T, k(T) = Ae 8/T . Because

Rate of change = Ratein — Rate out — Rate that Cdisappears

of amount of C of C of C by the reaction
Flow rate ¢ Flow rate ¢
Concentration ¢;, —— Volume V |—— Concentration c
Temperature T;y, Temperature T’
Tank
Fig. 7.8

We have the differential equation
d
E(VC) = gcin —qc — Vk(T)c. (7.33)

Similarly, we balance the heat of the reaction with
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Rate of change = Ratein — Rate out — Heat removed + Heat produced
of heatcontent of heat of heat by cooling by reaction.

Let C, be the specific heat so that the heat content per unit volume of the reaction
mixture at temperature 7 is C,T. If H is the rate at which heat is generated by the
reaction and V S(T') is the rate at which heat is removed from the system by a cooling
system, then we have the differential equation

T
VCPE = qCpTin —qC,T —VS(T)+ HVk(T)c, (7.34)
where T;, is the temperature at which the chemical flows into the tank.

Assuming that the volume V is constant, and there is no cooling system, i.e.,
VS(T) = 0, then the equilibrium points of the nonlinear system (7.33), (7.34) satisfy
the equations

Vv
cin—c = —ck(T), (7.35)
q

HVCZ‘,,
T-Ty = —————k(T). (7.36)
qC, + VC,k(T)

Solutions of (7.36) are called steady-state temperatures.
. _ ) . . o HVc¢i,

Notice that y = T — T;,, describes heat removal while y = VR X k(T)
represents heat production. Thus, if the slope of the heat production curve is greater
than that of the heat removal curve, the steady state is unstable. On the other hand, if
the slope of the heat production curve is less than or equal to that of the heat removal

curve,then the steady state is stable.

Example 7.10 A study of McLaren and Peterson [22] in 1994 involves balsam fir
tree, moose, and wolf. The fir trees are eaten by the moose, moose are eaten by
wolves, and the change in the wolf population affects the trees. In what follows at
time ¢, we denote by x(¢), y(), z(¢), respectively, the populations of trees, moose,
and wolves. We assume that these populations in isolation can be modeled with alogic
growth and the effect of intersection between species is proportional to the product
of the populations. Further, for simplicity, we assume that all the parameters, namely,
the growth rate, the carrying capacity, and the the effect of iteration, on which the
behavior of solutions depend are 1. This leads to the following system of equations:

X' =x(1—x)—xy
y=y(l—y)+xy—yz (7.37)
7 =z(1-2)+yz.

For this system, the critical points are (0, 0, 0), (1, 0, 0), (0, 1, 0), (0,0, 1), (1,0, 1),
and (2/3, 1/3, 4/3). Clearly, among all these critical points the only point at which all
the three species coexist is (2/3, 1/3, 4/3). To study stability of this critical point,
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in (7.37) we make the substitution x = X +2/3,y =Y +1/3,z = Z +4/3 and
obtain the Jacobian matrix at the point (0, 0, 0), which appears as

—2/3-2/3 0
13 —1/3 -1/3 |. (7.38)
0 4/3 —4/3

For this matrix, the characteristic polynomial equation is

5 1., 20 8
)\+3)\ +9)\+9 = 0.
Now from Theorem 7.2, it immediately follows that all eigenvalues of (7.38) have
negative real parts, in fact, the eigenvalues are A} = —1 and Ay 3 = 2(—1£1i)/3.
Thus, from Theorem 7.8, it follows that the critical point (2/3, 1/3,4/3) of (7.37) is
asymptotically stable, i.e., all solutions of (7.37) with initial conditions sufficiently
close to this critical point will tend toward this point.

Example 7.11 Let E and s be positive constants and let f(x) be a continuous odd
function that approaches a finite limit as x — oo, is increasing, and is concave
down for x > 0. In 1949, Androkov and Chaiken showed that the voltages over
the deflection plate in a sweeping circuit for an oscilloscope are determined by the
system

A%
— = —5V E -V
7 sVi+ f( 2)
A%
— = —sV. E—V)).
T sVo+ f( 1)

Clearly, from Theorem 7.10 this system has no limit cycles.

Example 7.12 In Van der Pol’s equation (4.73), f(y) = u(y> — 1) and g(y) = y.
Thus, it is easy to check the following:

(i) f(=y) = pu(»?* —1) = f(y), the function f is even and continuous for all y,
() F(y)=pu(*/3—y)<0for0<y< V3, F(y) > 0 and monotonically in-
creasing for y > V3, also F(y) — oo as y — 00,

(iii) g(—y) = —y = —g(y), the function g is odd; dg/dy = 1, and the derivative
of g is continuous for all y; g(y) > Ofory > 0,

(iv) G(y) =y*/2 - ocoasy — oo.

Hence, all the conditions of Theorem 7.12 for the differential equation (4.73) are
satisfied. In conclusion, we find that the d.e. (4.73) possesses an essentially unique
nontrivial periodic solution. In other words, the equivalent system (7.19) has a unique
closed trajectory in the ujus-plane. For = 0.1, 1 and 10, these trajectories are
illustrated in Fig. 7.9.
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©w=0.1 nw=1.0 ©=10.0

Fig. 7.9

Problems

7.1 The flow of chemically reacting mixtures of gases plays a fundamental role in
studying such diverse problems as the solar atmosphere and the atmosphere of other
stars, and the gas flow in the combustion chamber of a rocket engine. It can be shown
that for certain types of gases the propagation of small disturbances through the gas
at time ¢ varies is described by the differential equation

y///+ay//+by/+cy — O,

where the given constants a, b, and c are all positive. The dependent variable y
is proportional to the gas pressure. The coefficients a, b, and c are related to the
physical properties and the temperature of the gas. In particular, the constants b and
c are usually called the frozen and equilibrium sound speeds of the gas, respectively.
From the physical properties, it is known that b > c. If the differential equation
is asymptotically stable, then all disturbances to the gas will eventually disappear
because they are dissipated by the chemical reactions. If the differential equation is
not asymptotically stable, then there are disturbances which do not decay as t — oo.
Then, shock waves may form in the gas.

(1) Use the Hurwitz test (Theorem 7.2) to determine conditions on the coefficients
on the constants a, b, and ¢ for which the differential equation is asymptotically
stable.



7 Stability Theory 205

(2) Is the differential equation asymptotically stable if c = 0?

7.2 For the differential equation (2.28) find critical points and discuss their stabil-
ity properties. (The case a> —4bH < 0 gives complex critical points, which are
unrealistic).

7.3 The differential equation
P' = bP*—aP —H,

where a, b, H > 0 describes the harvesting of an unsophisticated population such
as alligators. Show that for this differential equation the critical point P; = (a +
~/a®+4bH)/(2b) > 0 is unstable, whereas the critical point P, = (a —
va*+4bH)/(2b) < 0 is stable. (P, is an unrealistic critical point). Further, show
that if P(0) = Py > Pj, then P(¢) — oo in a finite period of time, but if Py < Py,
then P(¢#) — O in a finite period of time. Thus, Py = P, is a threshold value that
increases as the harvesting rate H increases—in other words, for more alligators to
be killed annually, the initial number must be large to prevent extinction.

7.4 Gilpin and Ayala’s [10] model of a single-species population is described by the
equation
P =rP(1-(P/K)"),

where r, K, and 6 are positive constants. Find critical points of this equation and
discuss their stability properties.

7.5 Schoener’s [29] model of a single-species population with a constant energy
input is
1
P = rP(——C—bP),
P

where r, I, C, and b are positive constants. Find critical points of this equation and
discuss their stability properties.

7.6 Allee effects are broadly defined as a decline in individual fitness at low popu-
lation size or density, that can result in critical population thresholds below which
populations crash to extinction. The following Volterra’s [34] model describes this
type of situation

P = P(—d+aP —bP?),

where a, b, and d are positive constants. Find critical points of this equation and
discuss their stability properties.

7.7 A model of a single-species of a population which experiences an Allee effect
is given by the equation (see [11, 25])

, a—P
Pl=P(b+Pi 5 ) (7.39)



206 7 Stability Theory

where a, b, and c are positive constants. Find critical points of this equation and
discuss their stability properties.

7.8 If in model (7.39) an effort is applied per unit time to catch the animals in a
population is fixed, then this leads to the differential equation (see [11])

P =r(peri=t ) Ep (7.40)
- 1+cP ’ '

where a, b, ¢, and E are positive constants. [fd = E — b > 0, show that two positive
critical points of (7.40) are

P = ((a —cd) —/(a —cd)? — 4d) /2,
P = ((a —ed)+/(a—cd)? - 4d) /2.

The critical point P; is unstable, whereas P, is stable. If d < 0, then there is a unique
positive stable critical point.

7.9 Duffing’s equation (4.75) witha > 0, 3 > 0,6 > 0, and v = 0 in system form
appears as

uy =u

uy = —oay — Oup — /Bu?

Show that for this system the critical point (0, 0) is a stable node if 6> > 4, a
stable focus if 6% < 4« and a stable center if § = 0. (Note that if § = 0, then the
trajectories are 2y + 2ax? + Bx* = 2. Further, for this system with o = 1 and
6 = 0 conditions of Theorem 7.11 are satisfied.)

7.10 Rayleigh’s equation (4.74) in system form appears as

/
Uy = up
/ k a 3
Uy = ——uy + —Up — —u;.
m m

Show that for this system the critical point (0, 0) is a unstable saddle point if a> >
4km, unstable node if a® = 4km, and unstable focus if a? < 4km.

7.11 A mass m is attached to a spring and encounters friction as it moves along a
surface. The motion is governed by

mx” + psign(x’) + kx = 0,

where p is a positive constant depending on the mass of the object and the coefficient
of friction between mass and the surface, k is the spring constant, and sign(x’) is (+1)
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when x” > 0 and (—1) when x” < 0. Give a phase plane analysis for this equation
and interpret the results.

7.12 The motion of an object falling through the air is governed by the equation

x// _ _ i x/|x/|

=972 )
where x is the distance fallen and V is the terminal velocity. Give a phase plane
analysis for this equation and interpret the results.

7.13 Suppose that a satellite is in flight on the line between a planet of mass m; and
its moon of mass m, which are a constant distance r apart. The distance x between
the satellite and the planet satisfies the nonlinear differential equation

" gmi gmy
e S
X (r—x)

Give a phase plane analysis for the linearized equation and interpret the results.
(r/my/(/my — J/m3), 0), saddle point.

7.14 Consider a mass hanging on a massless rod from a support point. The support
point is allowed to oscillate in the vertical direction. Let x denote the angle in the
positive (counterclockwise) direction which the pendulum makes with the straight
down position. Then, x satisfies the equation (see [16])

b2 + rx’ + (1 + asin(wt)) sin(x) = 0, (7.41)

where b denotes the ratio of the forcing frequency to the free frequency of the
pendulum, w is typically taken to be 27, and a is the amplitude of the acceleration
applied to the support point. Show that the critical points (0, 0) and (7, 0) of (7.41)
are asymptotically stable as long as r > 0.

7.15 For the system (5.78) show that (0,0),(—M/Q,0), (0, K/R), and

KP—MR ML+KQ
PL+QR’> PL+OR

and determine whether it is a node, saddle, or focus. (Note that from biological point
of view negative critical points are not of interest; however, in particular applications
the constants in (5.78) may be negative).

) are all critical points. Study the stability of each critical point

7.16 Let x(¢) represent the income of a company and y(#) the amount of consumer
spending. Also suppose that z represents the rate of company expenditures. The
differential system which models this situation is

x/

/

y

x—ay, l<a<o
b(x—y—2z2), b>1.

(1) If z = c is constant, find and classify the critical points of the system. Also,
consider the special case when b = 1.
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(2) If the expenditure depends on income linearly, i.e., z = ¢ + dx (d > 0), find
and classify the critical points of the system.

7.17 To describe lasers with an inertialess bleachable filter, Samson [28] used the
following system:

u =vuly —1—8/(1 4+ au)]
¥ =30 — (1 +wy. (742
Here y, yo, (§ are the ratios of the gain, the unsaturated gain, and the unsaturated loss
factor of the filter to the radiation-independent loss factor; u is the ratio of probability
of an induced transition in the lasing channel to the probability of relaxation of
the active material (proportional to the density of the generated radiation); « is
a dimensionless nonlinearity parameter; v is proportional to the velocity of light,
the filling factor of the active material in the resonator, and the loss factor, and
is independent of u and inversely proportional to the relaxation probability. The
derivatives u’ and y’ are calculated with respect to the dimensionless variable T,
equal to the product of ¢ and the probability of relaxation of the active material. The
parameters v, 3, «, yo in (7.42) can vary over quite wide ranges. Find the critical
points of the system (7.42) and study their stability properties.

7.18 Consider the Lotka—Volterra type of system

) =—Mu, + P (1 - e_b”‘)uz
uy=—Kup+L (1 - e‘b"l) Uy,

where all the constants are positive and K # L. Show that for this system (0, 0) and

(l—l) In |:|L£K\ ] , % In [ ILEKI ]) are the critical points. Classify these critical points.

7.19 Consider Bonhoeffer—Van der Pol’s oscillator (this system and name was sug-
gested by FitzHugh in 1961)

Wy =uy —ui /3 —uy+1(t)
uy =c(u; +a — buy).

Find and classify the critical points (numerically) of this system when I (1) =0, a =
b=c=1.

720 (1) If T, =1, HVC;), =VC,=qC, =1, and k(T) = e VT graph y =

T—Typandy = %k(ﬂ to determine the number of roots of Eq. (7.36).

) IfT;,,=0.15, HVC;, =1, VC, =0.25, gC, =0.015, and k(T) = ¢=3/T
graphy =T —T;, and y = %k(ﬂ to determine the number of roots of
Eq. (7.36).

(3) Determine which of the temperature found in (1) and (2) are stable and which
are unstable.
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7.21 Let P be the price of a single item on the market. Let Q be the quantity of the
item available on the market. Both P and Q are functions of time. It we consider
price and quantity as two interacting species, then the following economic model

can be proposed:
dP b
— =aP|—=-P
i~ (o)

o

= _ P— ,

7 cQ(f Q)

where a, b, ¢, and f are positive constants. Find and classify critical points of this
system.

7.22 Letin Australia k() be the number of kangaroos at time ¢ (the prey) and p(t) be
the number of predators at time ¢. This prey and predators situation can be described
by the system

k' = ak — Bk* — vkp

/

p' = —op+ Mkp,
where «, 3, 7y, o, and X are constants. Find and classify critical points of this system.

7.23 The following system describes the rotational motion of a book tossed into the
air (see [6]):

X' =yz
y = —2xz (7.43)
7 =xy

(1) Show that x> + y? + z> = ¢2. Thus, if we choose ¢ = 1, then the trajectories of
(7.43) lie on the surface of a sphere of radius 1.

(2) Examine the stability of (7.43) at the critical points (£1, 0, 0), (0, &1, 0), and
0,0, £1).

7.24 In system (7.37), assume that a disease affects the population of wolves that
kills a small fraction of population each year. We accommodate this by adding the
term (—yz) in the equation z’, where +y is a small positive parameter. Then, the model
takes the form

x'=x(1—x)—xy

Y=yl =y +xy—yz

7 =z(1—2) —yz+ yz.

Show that for this system (x(7), y(7), z(7)) = (2 —7)/3, (1 +7)/3, (4 = 27)/3))
is the only critical point with all three coordinates nonzero, and it is asymptotically
stable. Further, from dz(v)/dy = —2/3,dy(v)/dy = 1/3,dx(v)/dy = —1/3 con-
clude that an increase in v decreases the number of wolves, good for the moose
population, and decreases the population of trees.
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7.25 The equations that describe a simple food chain in a chemostat (a system in
which the chemical composition is kept at a controlled level, especially for the culture
of microorganisms) are (see [30])

ds mpyS

i T

dt a+ S

dx maxy

. —x

dt a+y (7.44)
dy mpyS maxy

dt a+ S Y a +y
S0) =S8 >0, x(0)=x0>0, y(0) =y >0.

In the system (7.44), x (the predator) consumes y (the prey), y consumes the nutri-
ent S, and the constants are positive.

(1) Let) =1—S—x—ytoshowthat ) = —3 . Thus,) =) e — Oas
t — oo, and hence S = 1 — x — y. Therefore, the system (7.44) can be written as

dx myxy
dr a +y
dy — my(l—x—y)  mxy (7.45)

dt ~— l14a —x—y Y a+y
x(0) =x0 >0, y(0)=y>0.

(2) Show that Eo(0, 0) and E; (0, - m‘fll) are equilibrium points of (7.45). Be-
sides Ey and E; are there other equilibrium points?

(3) Find conditions so that E is unstable.

(4) Show that E is stable if A\; + A, > 1 and unstable saddle point if A} + X\, < 1,

where \; = a;/(m; — 1), i =1, 2.

7.26 InProblem 5.19, if we assume that the population of stem or semi-differentiated
cells increases the (per-capita) rate at which they differentiate increases in proportion,
i.e., ap and 3, are, respectively, replaced by (ap + kgNy) and (8, + k1 Ny), where
ko and k; are positive constants, then the system takes the form (see [18])

N, = aNy —koN} (7.46)
N; = BN; — ki N} + No(az + koNo) (7.47)
Ny = — N2+ Ni(B2 + ki Ny). (7.48)

(1) Show that Eq = (0,0,0) and E; = (N, N{, N) are the stationary points of
the system (7.46)—(7.48), where
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1

* &5 *
NO =7 Nl = 2k1

T [ﬁ+\/ﬂ2+4k1N3‘(a2+k0N5‘)], Ny = %(ﬂz + ki NY).
(2) Discuss stability of the critical point Ej.

(3) Compare (7.46) with (2.4) to conclude that the stem cells exhibit logistic growth,
with a carrying capacity of N (see Example2.1). If o > 0 all solutions of (7.46) are
attracted to this stable steady state. If « < 0 all solutions of (7.46) are attracted to the
equilibrium point Ny = 0. Also, conclude that there are no values of the parameters
except ko > 0 that allow unbounded growth of Ny(¢). Thus, if a3 > a; + a, the
stem cell population is able to sustain itself and reaches a nonzero steady state.

(4) Show that for the semi-differentiated cells N;(¢) the equilibrium point N} is
stable.

7.27 In Problem 5.19, we assume that o, and (3, are, respectively, increased by
a + koNo/(1 + mogNy) and B> + ky N1 /(1 4+ m Ny), where mg and m are positive
constants, then the system takes the form (see [18])

N, = aNy — koNg (7.49)
1 4+ moNy
ki N koN2
N, = BN, — N 7.50
| = BN o 1N1+20+1+m0N0 (7.50)
Ny, = — 9N+ N + kN . (7.51)
1+m N,

(1) Show that Ey = (0, 0, 0) is a stationary point of the system (7.49)—(7.51). Discuss
stability of this critical point.

(2) Show that for Eq. (7.49), the point Ny = 0 is unstable for @ > 0 and globally
attracting for o < 0.

(3) Show that for the stem cells homeostasis (the ability to maintain a constant internal
environment in response to environmental changes) exists when 0 < o < ko/mg, and
is given by Nj = a/(ko — moc). If o > ko/myg, no steady state exists and the cell
population grows unboundely.

7.28 When diseases persist in a population for long period of time, in SIR model
(see Example 5.12) births and deaths must be taken into consideration. If a person
becomes immune to a disease after recovering from it and births and deaths in the
population are taken into account, then the percent of persons susceptible to becoming
infected with the disease, S(¢), and the percent of people in the population infected
with the disease, I (¢), can be modeled by the system (see [4, 14, 23])

S'=—ASI + p— S

I'=ASI —~yI — ul (7.52)

with the conditions (5.91).
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The model (7.52) is called an SIR model with vital dynamics. This model might be
used to model diseases that are endemic to a population; those diseases that persist
in a population for long periods of time (10 or 20 years). Smallpox is an example of
a disease that was endemic until it was eliminated in 1977.

(1) Show that the equilibrium points of the system (7.52) are (1,0) and E* =
<7+u Pl — (7+u)]>

NGRS
(2) Since S(t) + I(t) + R(t) = 1, we can use the fact that S(z) + I(t) < 1 to de-
termine conditions on 7, u, and A so that the system (7.52) has the equilibrium point
E*. In this case, classify the equilibrium point.
(3) Use the fact that S(t) 4+ 1 (¢) < 1 to determine conditions on =y, i, and A so that
the system (7.52) does not have the equilibrium point E*.

7.29 Consider the situation in which the disease is periodic. The symbolic repre-
sentation is S — I — R — S, with vital dynamics, and for which S(¢) + I (¢) +
R(t) = 1. We assume that there is a temporary immunity with the rate of loss of
immunity per immune individual per unit time denoted by «. This situation can be
modeled by

S'=—-ASI +pu—pS+aR
I'=AST —~I —ul (7.53)
In the first equation, the terms in the right side are, respectively, due to: the decrease
in S due to individuals’ contracting the disease, the births into class S, the deaths
from class S, and the influx to S of persons who lost their immunity. In the second
equation, the terms in the right side are, respectively, due to: those coming from S by
having contracted the disease, the outflow that is due to recovery from the disease,
and those dying while in class 7. Observe that in view of S(¢) 4+ () + R(t) = 1 the
system (7.53) can be written as

S==ASI+@p+ao)—(pu+ao)sS—al
I' =\ (S - HT“> . (7.54)

Find and classify the critical points of the system (7.54).

7.30 Following [2] (also see [9]) assume that the fox population is divided into
susceptibles and infectives with viral disease rabies (see Problem 6.26), with their
population densities denoted by S and 7, respectively. The rate of increase of infective
foxes (rabid) is assumed to be proportional to the number of contacts between rabid
and healthy foxes. Since rabid foxes never recover and death is certain, it is assumed
that the death rate from rabies is proportional to the number of infective foxes. These
assumptions lead to the normalized system

S'=S8[b—(1+b)I —bS]

I' =1[(1—-b)S—r—bl], (7.55)
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where b = 0.022/year and r = 0.456/year represent the normalized birth and death
rates, respectively. Show that for the system (7.55) the critical points are E; =
0,0), E» = (1,0), E3 = (S*,I*), E4 = (0, —r/b), where $* = b*> + br +r and
I* = b — br — b2. Further, show that E; is unstable; if » + b < 1 then E, is unstable,
otherwise it is stable; if 7 + b < 1 and (b + br)? > 4(b* + br +r)(b — br — b?)
then E3 isastablenode;ifr + b < 1and (b> + br)? < 4(b* + br + r)(b — br — b?)
then E3 is a stable spiral; if »r +b =1 then E; is the same as E,, and when
r+b>1, I* is negative and thus E; is meaningless. Critical point E, is also
meaningless.

7.31 In modeling of porcine reproduction and respiratory syndrome with time de-
pendent infection rate, Suksamran et al. [31] obtained the following system:

/
up = u

b ch
uy = —(by —dy)uy — cuy — 7 Uvu3 + Uvu4 + Buus
, o] a (7.56)
Uz = Uyq
by —d —by+d «
W, = v(by . v)u3 " (v — Dby v)u4+ _26”1’43»
c c c

where all constants are positive. Show that
(1) The system (7.56) has two equilibrium points Ey = (0,0,0,0), and E| =

=y —dv) (by —dy)(by —dv) _ by —dy
op ,0, By by —dv) ,0) where by — dy < 0 and By By —dy < 0.

(2) The equilibrium point Ey is unstable. Further, E is a saddle pointif by — dy < 0
orby —dy > 0.
(3) The equilibrium point E| is unstable (use Theorem 7.2).

7.32 In [7], Dobson et al. have proposed the model

ar U—-dPF

U —

dt

dA

— =dPF +bU —aA

j[t] (1.57)
E =aA — (b +S)U

dP A—hP

— =rP .

dt A

These equations provide a framework which compare the impact on natural habitats
of agricultural expansions, ecological restoration, improvements in agricultural effi-
ciency, and human population growth. The model (7.57) considers the rate at which
an original area of pristine forest habitat (of area F, initially assumed to be the en-
tire forest in a country or a patch of forest connected to other patches in a spatial
array) is converted first to agriculture land (area A), which after a period of time 1/a,
becomes unused land (area U), which in turn recovers through natural succession
or ecological restoration to become forest after a time interval 1/s. The efficiency
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with which humans convert natural habitat to agricultural land is assumed to be d.
Unused land may also be restored to agriculturally viable land after a time interval
1/b. Rates of habitat conversion are assumed to be a simple function of the number
of humans P using the land at any time. Initially, this parameter is assumed to be a
constant. It is assumed that human population growth » occurs at a maximum rate of
4% and can be modeled as a simple logistic function with carrying capacity, given by
the minimum amount of land 4 required to support an individual human. The initial
assumption is that it remains constant. The basic parameters (a, b, d, h, r, s) can be
estimated from the studies of tropical and temperate forests. Show that the critical
point of (7.57) is

A*
A*=ppe U= proy

a_ s _1Fo—hy s
s+b’ ds+b~  hS+1s+b

*

(7.58)

where Fj is the initial total area. Assuming that the critical point (7.58) of the system
(7.57) is stable, what conclusions you can deduce.

7.33 For the differential system (6.11) show that (for details see [24])

(1) E; =(0,0,0,0) is a critical point and it is unstable.

(2) E; = (0, by/ 322, 0, az/crpp) is a critical point and it is stable if A} = (a1 /ayz) —
(az/an) <0, By = (b1/P12) — (b2/B22) > 0, and unstable otherwise.

(3) E; = (b1/511,0, a1/ay, 0) is a critical point and it is stable if A, = (ay/an;) —
(a1/aq1) <0, By = (by/B21) — (b1/0B11) > 0, and unstable otherwise.

4) E4 = (0, b1/B12, az/ a1, 0) is a critical point and it is stable if A, > 0, By < 0,
and unstable otherwise.

(5) Es = (b2/021, 0,0, a;/ajp) is a critical point and it is stable if A} > 0, B, < 0,
and unstable otherwise.

(6) E¢ = (B12822B1/B3, 51121 B2/ B3, appip A1/ Az, gy Ay /Az), where A3 =
a1y — aqpqay, Bz = P12 — P2/ is a critical point.

(7 If Ay >0,A;, >0, then A3 > 0; if A; <0, A, <0, then A3 <O0; if By >
0, B, > 0, then B3 > 0; and, if B; < 0, B, < 0, then B3 < 0.

@8 IfA; >0,A, >0and By >0,B, >0,0rA; <0,4, <0and B; <0,B, <0
then the critical point Ejy is stable. Further, if A3 > 0, B3 <0, or A3 <0, B3 > 0,
then Eg is unstable.

(9) For the numerical values of the constants given in Example 6.4, Eg = (10, 10, 1, 1)
and it is stable.

7.34 The fifth-order system
Vi = Yit1Yiga +Yic1Vie2 = 2Vis1Vic1, i=1,2,---.,5

where y; = y;.5 for all i, has the energy integral j—l Zf;l yi2 = 0, so the orbits are
confined to the surface of a ball in five-dimensional phase space. Show that this
system has critical points and they are all unstable (see [6]). Further, plot the graph
of y;(t) verses y,(t) and draw the conclusions.
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7.35 Show that if 6 # 0 and v = 0, Duffing’s equation (4.75) has no limit cycles.

7.36 In chemical kinetics (see [8, 17]) the following system appears:

X' =s5*(x+y—xy—qx?)
Y =(=y—xy+2) (7.59)
7 =swlkx —2),

where the parameters have range s ~ 100, g ~ 1073, sw ~ 10. Show that

(1) When1 < x < ¢!, z > Othesystem (7.59) has a critical point (8, 8/(1 — 6), 6),
where § = —— + l—i—z

2 4 q
(2) In the range of parameters, the system (7.59) has a limit cycle.

7.37 Edward Norton Lorenz (1917-2008) was an American meteorologist. In 1963
he studied the system

¥ = o(=x +)
y=rx—y-—uxz (7.60)
7/ = —bz + xy.

This system (now known as Lorenz equations) arises in fluid dynamics and in the
study of meteorology. (Actually, the system (7.60) is much simpler than originally
used for modeling the weather, it cannot tell us even tomorrow’s temperature. How-
ever, by examining this system, Lorenz made a scientific revolution in the field called
Chaos Theory.) In (7.60), o, r, and b are parameters.

(1) Locate the critical points of (7.60) and determine their local behavior.

(2) The solutions of (7.60) are extremely sensitive to parameters and perturbations in
the initial conditions. As an example, find the numerical solution (x(¢), y(¢), z(¢)) of
(7.60) with the parameters o = 10, r = 28, b = 8/3 and the initial conditions x (0) =
—8, y(0) = 8, z(0) = 27, and draw its projection in xz-plane.

(3) With the same values of the parameters as in (2) find the numerical solutions of
(7.60) with the initial conditions x (0) = 0, y(0) = 1, z(0) = 0and x(0) = 0, y(0) =
1.001, z(0) = 0. Draw the solution curves in xyz-space and x¢-plane, and respec-
tively, compare the curves. Do you find some strange patterns?

7.38 Similar to Lorenz equations another extensively studied system was introduced
in 1970 by Otto Eberhard Réssler (born in 1940)

I y—z

"=x+ay (7.61)
7 =b+z(x —o¢).

==
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(1) Locate the critical points of (7.61) and determine their local behavior.

(2) The solutions of (7.61) are extremely sensitive to parameters a, b, c. Find the
numerical solutions (x(#), y(t), z(¢)) of (7.61) with the parameters a = 0.2,a =
0.3,a =0.35,a =0.375 and b = 2, ¢ = 4 in all cases, and draw their projections
in xy-plane.

7.39 Many physical systems involve some physical parameters which vary contin-
uously. In some of these systems, there exist certain critical values of the parameters
such that the system’s qualitative behavior changes abruptly and dramatically as a
parameter passes through such a critical value. Such a critical point is called bifur-
cation (generally refers to something splitting apart) point. (The term bifurcation
was introduced by Poincaré in 1885. He also classified various types of bifurcation
points.) For example, as the amount of one of the chemicals in a certain mixture is
increased, spiral wave patterns of varying color suddenly emerge in an originally qui-
escent fluid. In several cases the mathematical modeling finally leads to the equation
of the form

x' = (R = R)x —ax>, (7.62)

where a and R, are positive constants, and R can assume various values. As an
example, R measures the amount of chemical and x measures the chemical reaction.
(In fluid mechanics Eq. (7.62) occurs in the study of the transition from laminar to
turbulent flow, and is known as Landau’s equation, after the Russian Nobel laureate
Lev Davidovic Landau (1908-1968).) For Eq. (7.62) show that
(1) If R < R, then x = 0 is the only critical point and it is asymptotically stable.
(2) If R > R., then there are three critical points x = 0 and x = +./(R — R.)/a,
where x = 0 is unstable and the other two are asymptotically stable.

Thus, R = R, is a bifurcation point. The manner in which the solution branches
at R, is called a pitchfork bifurcation. This name is justified from the graph in the
Rx-plane showing all the three critical points.

7.40 Consider the buckling of the mechanical system (see Fig. 7.10) involving two
massless rigid rods of length £ attached to a mass m and a lateral spring of stiffness k.
We assume that x = 0, when the spring is neither stretched nor compressed and the
roads are aligned vertically. As we increase the downward load P nothing happens
until we reach a critical value P,,, at which value x increases (to one side or the other,
which is difficult to predict) and the system collapses. For the displacement x(¢), an
application of Newton’s second law of motion leads to the differential equation

2Px 21712
n_ LT Y —
ma = = [1 ( z) } tkx = 0. (7.63)
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P

Fig. 7.10

Show that for the Eq. (7.63) the origin is a center if P < k€/2 and saddle point if
P > kt/2,and P = P, = k{/2 is a bifurcation point.

7.41 The system

1
x’=3<x+y——x3—c>
\ 3 (7.64)

y = —g(x + 0.8y —0.7)

is a particular case of the FitzZHugh—Nagumo equations. In (7.64), the parameter c is
the external stimulus.

(1) For ¢ = 0 show that the system (7.64) has one critical point. Find this point and
show that it is an asymptotically stable spiral.

(2) For ¢ = 0.5 show that the system (7.64) has one critical point. Find this point
and show that it is an unstable spiral.

(3) Find the critical value (bifurcation point) ¢ = ¢y where asymptotic stability
changes to instability of the system (7.64). Draw a phase portrait for the system for
C = (9.

7.42 The nonlinear system

X' =—cx+y
X (7.65)
YT e Y

arises in molecular biology (see [12]), where x and y are proportional to protein and
messenger RNA concentrations, and ¢ is a positive empirical constant associated
with the “death rate” of protein in the absence of the messenger RNA. Show that
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(1) So=1(0,0), Sy = (xy,yy)and S_ = (x_, y_), where xx = (1 £ /1 —4c?2)/
(2¢), y+ = (1 £+/1 —4c?)/2 and ¢ < 1/2 are the critical points of (7.65).

(2) The critical point Sy is a stable node.

(3) Forc < 1/2, S_ is a saddle point, whereas S, is an unstable node.

(4) Forc=1/2, S_ and S; merge and form a singularity of some other type.

(5) For ¢ > 1/2 the singularity disappears completely, and the origin is the only
stable node, i.e., bifurcation occurs at ¢ = 1/2.

7.43 An extensively studied system which presents the famous Hopf bifurcation (a
critical point where a system’s stability switches and a periodic solution arises) is
the following almost linear system:

X =ex+y—x@x>+y?)
Yy =—x+ey—ya?+y?). (7.66)
(1) Use polar coordinates x = r cos, y = r sin € to transform the system (7.66) to
r=re—r?, 0 =—1.

(2) Separate the variables and integrate directly to show thatif ¢ < O thenr(z) — 0
as t — 0o, thus in this case the origin is a stable spiral.

(3) Show thatif € > 0, then r(t) — /e ast — oo, thus in this case the origin is an
unstable spiral point.

(4) The circle r(t) = /e itself is a closed periodic solution or limit cycle. Thus, a
limit cycle of increasing size is spawned as the parameter € increases through the
critical value 0.

7.44 Lotka—Volterra system (5.73) displays closed curves in the phase plane. How-
ever, the sizes of these curves keep on increasing as we move the initial conditions
away from the critical point. This dependence is not expected in a model which is sup-
posed to represent a real situation. In [26, 33] authors studied a predator—prey model
in which the interaction term was replaced by Holling type II functional response
(Holling [15] in 1965 described three types of functional responses and Haldane
[13] in 1930 used another type which is now called Holling type-IV response.).
Their system is governed by the equations

dx Pxy

— =—-Mx+

dt y+D

d L
D gy(1-2) - L
dt L y+D

More realistic/complex systems have been examined in [19, 20, 32]. Letting y =
LY, x =KX, t = T/K this system reduces to

dx eXY
ar = Xy
a
dy Xy (7.67
=Y -Y) - ——,

dT Y+a
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wherea = D/L,b = M/K,e = P/K. Show that
(1) System (7.67) has three critical points Ey = (0,0), E;(0, 1), and E,(x*, y*),

where b b
. ae a N a

YT e (1 e—b)’ YT ey
(2) Ej is a saddle point which repels in the x-direction and attracts in y-direction.
(3) E, is a saddle point which attracts in the x-direction and repels in y-direction if
e —b > ab,andife — b < abthen E; is asymptotically stable. Further, ife < b, E;
is globally asymptotically stable, i.e., every trajectory (X (T'), Y (T)) of (7.67) tends
to £y ast — o0.
@) If (1 —a)/2 <ab/(e —b) < 1, then E; is asymptotically stable. Further, find
criteria for E; to be globally asymptotically stable.
(5) The system (7.67) undergoes a Hopf-bifurcation at y* = ab/(e — b) = (1 —
a)/2if0 <ab/(e —b) < landa < 1.

7.45 In [21] (also see [35]) the following three species food chain model having
Holling type II functional response was examined

Y= —dix + alxy Xz
14+biy 1+byx
ayxy
"=yl —y)— 7.68
y=yd-y) I+ byy (7.68)
arxzg
"= —dyz + )
¢ 27 1+ byx

where x, y, z are the densities of predator, prey, and top predator at time t, respec-
tively, and ay, ay, by, by, dy, d, are positive constants. Show that

(1) The system (7.68) has at most five nonnegative critical points: Ey(0, 0, 0),
E(0,1,0), Ex((ay — bidy — dy)/(a1 — bidy)?, di /(a1 — bidy), 0), Es(x}, ¥}, 2}),
and E4 (x5, y5, 23), where

*
X. = _—, y =
"oay—bady !

d> . bi—1 Loy V(b1 + 1)2 = daybidy/(ar — bads)
2b, 2b, ’
(a1 — bidy))y} — d,

Zi = PNE]
(a2 = bad) (1 + by y;)

i=12.

(2) Analyze the complex dynamics in the neighborhood of critical points where the
species in the food chain is absent, by illustrating the bifurcation diagrams.
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Chapter 8 ®)
Linear Boundary Value Problems e

We begin this chapter by showing that solutions of second-order linear boundary
value problems exist (and analogously for the higher order) if and only if corre-
sponding systems of algebraic equations of second (higher) order have solutions.
Then, we shall use the method of separation of variables also known as the Fourier
method (after Jean Baptiste Joseph Fourier (1768—1830)) to solve some basic partial
differential equations. An important feature of this method is that it leads to finding
the solutions of boundary value problems for ordinary differential equations. We
shall also consider problems in infinite domains which can be effectively solved by
finding the Fourier transform, or the Fourier sine or cosine transform of the unknown
function.
Consider the second-order linear differential equation

Po@®)y" + pi(®)y + p2()y = r(t), 8.1)

where the functions py, pi, p2, and r are continuous in the interval J = [a, b].
Together with the differential equation (8.1) we shall consider the boundary con-
ditions of the form

4yl = apy(a) + a1y'(a) + boy(b) + b1y'(b) = A 8.2)
L[yl = coy(a) + c1y'(a@) + doy(b) + d1y'(b) = B, '
where a;, b;, ¢;,d;, i =0, 1and A, B are given constants. In what follows, we shall
assume that these are essentially two conditions, i.e., there does not exist a constant ¢
such that (ag a; by b1) = c(co 1 dy d1). Boundary value problem (8.1), (8.2) is called
a nonhomogeneous two point boundary value problem, whereas the homogeneous
differential equation

po@®)Y" + p1@®)y + p2()y = 0, (8.3)

together with the homogeneous boundary conditions
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222 8 Linear Boundary Value Problems
Gyl =0, Lyl =0 (8.4)
will be called a homogeneous boundary value problem.
Boundary conditions (8.2) are quite general and in particular include the
(1) first boundary conditions also known as Dirichlet conditions (after Peter Gustav
Lejeune Dirichlet (1805-1859))
y@ = A, yb) = B; 8.5
(ii) second boundary conditions

y@ = A, y'() = B, (8.6)

or
Yi(a) = A, yb) = B; (8.7)

(iii) separated boundary conditions akso known as Sturm—Liouville conditions (after
Jacques Charles Francois Sturm (1803-1855) and Joseph Liouville (1809-1882))

apy(a) +ary'(a) = A 8.8)
doy(b) +diy'(b) = B, '
where a} + a? # 0 and d? + d} # 0; and
(iv) periodic boundary conditions
y@ = y®), y'@ = y'®). (8.9)

Boundary value problem (8.1), (8.2) is called regular if both a and b are finite, and
the function po(¢) # Oforalltin J.Ifa = —oo and/or b = oo and/or py(¢) = O forat
least one point # in J, then problems (8.1), (8.2) are said to be singular. By a solution
of the boundary value problem (8.1), (8.2), we mean a solution of the differential
equation (8.1) satisfying the boundary conditions (8.2). The existence and uniqueness
theory even for the regular boundary value problems is more difficult than that of
initial-value problems. In fact, in the case of boundary value problems a slight change
in boundary conditions can lead to significant change in the behavior of the solutions.
For example, the initial-value problem y” +y =0, y(0) = ¢y, y'(0) = ¢, has a
unique solution y(#) = ¢; cos(t) + c; sin(z) for any set of values c, c,. However, the
boundary value problem y” + y = 0, y(0) = 0, y(7) = €(# 0) has no solution; the
problem y” +y =0, y(0) =0, y(b) = ¢, 0 < b < 7 has a unique solution y(t) =
e sin(z)/ sin(b); while the problem y” + y = 0, y(0) = 0, y(m) = 0 has an infinite
number of solutions y(#) = c¢sin(t), where c is an arbitrary constant.

Obviously, for the homogeneous problem (8.3), (8.4) trivial solution always ex-
ists. However, from the above example, it follows that besides trivial solution ho-
mogeneous boundary value problems may have nontrivial solutions also. To find a
necessary and sufficient condition so that the problem (8.3), (8.4) has only the trivial
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solution, we note that any solution y(¢) of (8.3) in terms of two linearly independent
solutions y;(¢), y»(¢) of (8.3) can be written as

y(@) = cayi(@) + c2y2(0).
This is a solution of the problem (8.3), (8.4) if and only if

cililyil +c2lo[y2] = 0

Lileiyr + c2y2]

8.10
Galeryi + oyl = cibalyi] + exllys] = 0. (8.10)
Clearly, the system (8.10) has only the trivial solution if and only if
Lily1] £1ly2]
0. 8.11
Gl G| 7 (@.11)

We summarize this simple observation in the following theorem.

Theorem 8.1 Let yi(t), y,(t) be any two linearly independent solutions of the
differential equation (8.3). Then, the homogeneous boundary value problem (8.3),
(8.4) has

(i) only the trivial solution if and only if A # 0,

(ii) an infinite number of nontrivial solutions if and only if A = 0.

Now again let y(t), y»(t) be any two linearly independent solutions of the ho-
mogeneous differential equation (8.3) and v(t) be a particular solution of the non-
homogeneous differential equation (8.1), then the general solution of (8.1) can be
written as

y@) = ciyi(0) + coya(t) + v (). (8.12)

Clearly, this is a solution of the problem (8.1), (8.2) if and only if

Lileiyr + cay2 +v] = ciliyi] + b1 [y2] + £1[v] = A (8.13)
Olciyr + cayr + v] = cila[y1] + c2la[y2] + £2[v] = B. '
The nonhomogeneous system (8.13) has a unique solution if and only if A # 0,
i.e., if and only if the homogeneous system (8.10) has only the trivial solution. From
Theorem 8.1, A # 0 is equivalent to the homogeneous boundary value problem (8.3),
(8.4) having only the trivial solution. We state this result in the following theorem.

Theorem 8.2 The nonhomogeneous boundary value problem (8.1), (8.2) has a
unique solution if and only if the homogeneous boundary value problem (8.3), (8.4)
has only the trivial solution.

To apply the method of separation of variables for partial differential equations,
we need the following concepts.

Definition 8.1 A function f(x) is called piecewise continuous in an interval o <
x < [ if there are finitely many points & = xy < x; < --- < x, = 3 such that
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(i) f(x) is continuous in each subinterval (xg, x1), (x1, x2) - - - , (X,—1, X,), and
(ii) on each subinterval (x;_;, x;) both right-hand limit f (x;—;-+) and left-hand limit
f (xx—) exist, i.e., are finite.

Note that the function f(x) need not be defined at the points x;.

Definition 8.2 A function f(x) in an interval o < x < [ is said to be piecewise
smooth if both f(x) and f’(x) are piecewise continuous in o < x < 3.

Note that f’(x) is piecewise smooth means that f’(x) is continuous except at
S0, - -+ » Sy (these points include xg, - - - , x, where f(x) is not continuous) and in
each subinterval (s;_, sx) both f'(sx_1+) and f’(sx—) exist.

Any function f(x) defined in —m < x < 7 can be extended to a periodic func-
tion F(x) in R with period 27. The function F'(x) is called the periodic extension
of f(x). If a function f(x), — 7 <x <7 can be extended to a periodic func-
tion with period 27, we must have f(—m) = f(m). If a function g(x) is odd, i.e.,
g(—x) = —g(x) then ffag(x)dx =0, and if g(x) is even, i.e., g(—x) = g(x) then
[ g(x)dx =2 [} g(x)dx. Further, if g(x) is defined only in (0, o) we can extend
it as follows: @, 0

g(x), <X <«
9o(x) = { —g(=x), —a<x<0O.

Clearly, g,(x) is an odd function, and hence it is called an odd extension of g(x). We
can also extend g(x) as

), O0<x<a
9e(x) = {g(—x), —a<x<0.

Since, g.(x) is even it is called an even extension of g(x).
Clearly, the expression

%0 + Z[an cos(nx) + b, sin(nx)] (8.14)

n=1

is periodic of period 27. For a given piecewise continuous function f(x) in —7 <
x < m, the series (8.14) with the constants

1 ™
- f()cos(nt)dt, n>0
T

—T

Aan

(8.15)

™

l f(@)sin(nt)dt, n>1.
T

-7

by

is called the Fourier series, and until the equality is proved the correspondence is
written as

fx) ~ %" +3 " [a, cos(nx) + by sin(x)], (8.16)

n=1
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Extending a given piecewise continuous function f(x) in 0 < x < 7 to an even
function in —m < x < 7, the series (8.16) reduces to the Fourier cosine series

Fx) ~ %+;ancos(nx), (8.17)

where 5
a, = —/ f()cos(nt)dt, n > 0. (8.18)

™ Jo

Similarly, extending a given piecewise continuous function f(x)in0 < x < 7 to
an odd function in —7 < x < m, the series (8.16) reduces to the Fourier sine series

f&) ~ ) bysin(nx), (8.19)
n=1
where 5
b, = —/ f(@®)sin(nt)dt, n > 1. (8.20)
™ Jo

Theorem 8.3 Let f(x) be piecewise smooth in the interval [—m, ). Then, the
Fourier series of f(x) converges to [ f(x+) + f(x—)]/2 at each point in the open
interval (—m, m) and at x = £ the series converges to [ f (—m+) + f(7—)]/2.

Theorem 8.4 Let f(x) be piecewise smooth in the interval [0, ]. Then, the Fourier
cosine series of f(x) converges to [ f(x+) + f(x—)]1/2 at each point in the open
interval (0, m) and at x = 0 and 7 the series converges respectively to f(0+) and

f(m=).

Theorem 8.5 Let f(x) be piecewise smooth in the interval [0, 7]. Then, the Fourier
sine series of f(x) converges to [ f(x+) + f(x—)]/2 at each point in the open
interval (0, ) and at x = 0 and 7 the series converges to 0.

Theorem 8.6 If the series Y o (|an| + |bu|) converges, then the Fourier series of
f(x) converges uniformly in the interval —m < x < w to f(x) and, in fact, in the
whole interval —0o < x < 00.

Theorem 8.7 If f(x) is given in —w < x < m, and if f(x) is continuous and
bounded and has a piecewise continuous derivative, and if f (—n+) = f(w—), then
the Fourier series of f (x) converges uniformly to f (x) in the interval —m < x < 7.
The series converges to f(m—) = f(—7m+) at x = 7.

Theorem 8.8 If f(x)isgivenin0 < x < 7, and if f (x) is continuous and bounded
and has a piecewise continuous derivative, then the Fourier cosine series of f(x)
converges uniformly to f(x) in the interval 0 < x < w. The series converges to
fO+)atx =0andto f(m—) at x = .
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Theorem 8.9 If f(x) is given in 0 < x <, if f(x) is continuous and bounded
and has a piecewise continuous derivative, and if f(0+) = f(m—) = 0, then the
Fourier sine series of f(x) converges uniformly to f(x) in the interval 0 < x < .
The series converges to 0 at x = 0 and x = .

For the differentiation and integration of Fourier trigonometric series, we have
the following results.

Theorem 8.10 Suppose f(x) is continuous in —m < x <, f(—m) = f(w) and
f'(x) is piecewise continuous. Then,

o0

flx) = Z [—na, sin(nx) + nb, cos(nx)]

n=1

at each point x € (—m, w) where f”(x) exists.

Theorem 8.11 Suppose f(x) is piecewise continuous in —m < x < 7 and the cor-
respondence (8.16) holds. Then, for x € [—m, 7]

_); f)dt = /_Xﬂ %dr + ; _: [a, cos(nt) + b, sin(nt)] dt
= %(x +7) + ;:1: %[an sin(nx) — b, [cos(nx) _ (_l)n]]‘

If the piecewise continuous function f(x) is defined in —a < x < a, instead of
—m < X < T, then its Fourier trigonometric series (8.16) takes the form

fx) ~ % + HX:]: |:a,, cos(?) + b, sin(?)], (8.21)

where
1 [ nmt
a, = —/ f@)cos{ — )dt, n>0
17 . (8.22)
b, = — f(t)sin (—)dt, n>1.
al_, a
Theorem 8.12 Let f(x), — 00 < x < 00 be piecewise continuous on each finite

interval, and ffooo | f(x)| < oo. Then, the complex Fourier transform of f (x) defined
by

F(w) = \/%TT /_ Z f(x)e " dx (8.23)

exists. Further, at each x,

J% /Z F@e“ dw = %[f(x +0)+ f(x —O)].



8 Linear Boundary Value Problems 227

The representation

= \/% /_Z F(w)e™*dw (3.24)

is called the inverse Fourier transform of F(w). Equations (8.23) and (8.24) are
called Fourier transform pair. The following properties of Fourier transform are
immediate.

(P1) (Linearity Property). For arbitrary functions f(x) and g(x) whose Fourier
transforms exist and arbitrary constants a and b, F(af +bg) = aF(f) +bF(g).
(P2) (Transform of the Derivative). Let f(x) be continuous on the x-axis and
f(x)— 0 as |x| — oo. Furthermore, let f’(x) be absolutely integrable on the x-
axis. Then, F(f'(x)) = iwF(f).Itisclear that F(f") = iwF(f') = (iw)*F(f) =
W F(f).

(P3) (Convolution Theorem). Suppose that f(x) and g(x) are piecewise continuous,
bounded, and absolutely integrable functions on the x-axis. Then,

fx)

F(f*xg) = V2rF(f)F(9), (8.25)

where f * g is the convolution of functions f and g defined as

(f *9)(x) =f fgx —n)dt =/ fx —1)g)dr. (8.26)

_ By taking the inverse Fourier transform on both sides of (8.25) and writing F (f) =
f(w) and F(g) = g(w), and noting that /27 and 1/+/27 cancel each other, we get

(f*x) = / fwgw)e dw. (8.27)

We will also need the Fourier transform of f(x) = e‘”"z, a > 0. For this, we
! / [—ax?—iwx]
e ax WX dx

A 27T' —00

have
- [ (i) () ]
() L[ (e
() o e

2 1 1 2
= e _— — T = — —w /4(l.
Xp( 4a> a\/_ \/Ee

F(w) =

'_‘s"‘
3

S

5
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From (8.23), (8.24) the Fourier cosine transform pair (taking f (x) as even)

F (w) = % /00 f(x) cos(wx)dx (8.29)
™ Jo
2 o0
fx) =4 —/ F.(w) cos(wx)dw (8.30)
™ Jo
and the Fourier sine transform pair (taking f(x) as odd)
[2 [ i
F(w) = ,/— / f(x) sin(wx)dx (8.31)
™ Jo
[2 [ .
fx) = /— / Fs(w) sin(wx)dw (8.32)
™ Jo

follow immediately.

Example 8.1 One of the most commonly used elements in structures such as aircraft,
buildings, ships, and bridges is the elastic beam. A beam is a long slender rod that is
supported at either or both ends and is subjected to external forces or displacements
along its length and possibly at its ends. Beams are used for girders and for wall
and floor supports in building construction. A modern airplane contains thousands
of beams in its fuselage, wing, and tail structures. The rails of the railroad track
are examples of beams that are supported along their entire length by the roadbed
(the ties are considered as parts of the roadbed). Differential equations considered in
Problems 3.35, 3.38, 3.39 appear in beam analysis. In fact, for simplicity, we consider
a mechanical model which involves the deflection of a long beam that is supported
at one or both ends, as shown in Fig. 8.1.

Fig. 8.1

Assuming that in its undeflected form the beam is horizontal, then the deflection of
the beam can be expressed as a function of x. Suppose that the shape of the beam
when it is deflected is given by the graph of the function y(x) = —s(x), where x is
the distance from the left end of the beam and s the measure of the vertical deflection
from the equilibrium position. The boundary value problem that models this situation
is derived as follows.
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Let m(x) equal the turning moment of the force relative to the point x, and w(x)
represent the weight distribution of the beam. These two functions are related by the
equation

d*m

W = w(x)

Also, the turning moment is proportional to the curvature of the beam. Hence,

EI d’y
NP
()

where E and [ are constants related to the composition of the beam and the shape
and size of a cross section of the beam, respectively. Notice that this equation is
nonlinear. This difficulty is overcome with an approximation. For small values of y,
the denominator of the right-hand side of the equation can be approximated by the
constant 1. Therefore, the equation is simplified to

m(x) =

(x) g1y
m(x = —_—.
dx?

This equation is linear and can be differentiated twice to obtain

& d*
" - 1Y

dx2 dx*’

which is then used with the equation above relating m(x) and w(x) to obtain the
single fourth-order linear nonhomogeneous differential equation

4
Elei = w(x). (8.33)
Boundary conditions for this problem may vary. In most cases, two conditions are
given for each end of the beam. Some of these conditions that are specified in pairs
are
Fixed (embedded) end: y =0, y' =0
Freeend: y" =0, y” =0
Simple support (pinned) end: y =0, y" =0
Sliding clamped end: y’ =0, y” = 0.
In particular, if the beam is embedded at both ends and a load wy is uniformly
distributed along its length, i.e., in (8.33), w(x) = wy, 0 < x < L, then it leads to
the boundary value problem
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i (8.34)

X
y(0) =0, y(0)=0, y(L)=0, y(L)=0.
The general solution of the differential equation in (8.34) can be written as

Wo 4
X
24E1

y(x) = c1+cx + e +eax® +

This solution satisfies the boundary conditions if and only if

C1 =0
C =0
Wo
L? L} L* =0
c3L” +cy +24EI
2esL + 3l + —2L 13 = 0
3 4 6EI = U,

which gives c; =0, ¢; =0, ¢3 = woLl?/(24EI), ¢4 = —woL/(12EI). Thus, the
solution of the problem (8.34) is

L? L
wo x2— wo x4 %o xt = ) xz(L—x)z.
24E1 12E1 24E1 24E1

yx) =

Hence, the maximum deflection of the beam is y(L/2) = woL*/(384E]I).

Now assume that the beam is embedded at both ends and a load wy is uniformly
distributed on its central half length. In this case, the differential equation takes the
form

7 0, 0<x<L/4
Eld—ft = Lw, L/4<x<3L/4
* 0, 3L/4<x<L.

The solution of this differential equation satisfying the embedded conditions appears
as

Ci1x? + Dix3, 0<x<L/4
y(x) = =7 As + Box 4+ Cox? 4+ Dox® + wox*/24, L/4 < x <3L/4
C3(L — x)?> + D3(L — x)3, 3L/4<x<L.

In this solution first the unknowns A;, B,, C», D, are determined by using the
conditions y(L/4) = y(3L/4),y'(L/2) =0, y'(L/4) = —y'(BL/4), y"(L/4) =
y”(3L/4) and then the unknowns Cy, Dy, C3, D5 are calculated by using the fact
that the solution is continuously differentiable at L /4 and 3L /4. This gives



8 Linear Boundary Value Problems 231

11
—L2x* — Lx°, 0<x<L/4
16
_ _Wo L 1 17 5 » 3 4
)’(X) = 2WME] ﬁ_EL x—i—ELx —2Lx° 4+ x ,L/4SXE3L/4
11
1—6L2(L —x)? = L(L —x)?, 3L/A<x<L.

Thus, the maximum deflection of the beam is y(L/2) = 13woL*/(6144E]).
Finally, we note that if the beam is resting on an elastic foundation, then the
differential equation (8.33) must be modified to

EIy® +ky = w(x), (8.35)

where k is called the spring constant of the elastic foundation. If the beam is subjected
to an axial force 7', then the differential equation is

EIy® —Ty" = wx). (8.36)

Here T is positive if the force acts to stretch the beam.

Example 8.2 In applications the eigenvalues and eigenfunctions have important
physical interpretations. For example, in quantum mechanics eigenvalues denote
the possible energy states of a system and the eigenfunctions are the wave functions.
In buckling problems, the eigenvalues represent the critical compressive loads that a
column can withstand without buckling and the eigenfunctions provide the possible
buckling configurations of the column. Further, in vibration problems the eigenval-
ues are proportional to the squares of the natural frequencies of vibration, while the
eigenfunctions give the natural configuration modes of the system.

Columns were used extensively in Greek and Roman structures. They were de-
signed according to empirical formulas developed by the architects of these ancient
civilizations. It was Euler in the eighteenth century whose study of columns that
engineers considered rational and efficient procedure for their design. Euler consid-
ered the buckling of a long and slender elastic rod that is deformed by compressive
forces P acting axially on the ends of the rod; see Fig.8.2. Slender rods are con-
ventionally used as columns in civil, aircraft, and marine structures. For example,
in a steel-framed building the vertical columns support the weight and loads of the
structure above them. This weight induces the force P on the ends of the column. If
P is small, then the column deflects only slightly from its natural straight state. For a
sufficiently large value of P, the column suddenly bows out of the straight state, with
deflections of large amplitude. This is called buckling. Once the column buckles it
is unable to support the load. Clearly, the buckling of a single column in a building
can have a disastrous effect on the entire structure.
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~
—————— =

Fig. 8.2

If the ends of the column are simply supported then the eigenvalue problem derived
by Euler to describe the buckling of the rod is

y'+Ay =0 (8.37)
y(0) = y(1) = 0. (8.38)
Here y(x) is the lateral displacement of the column, see Fig. 8.2, and the constant

P

A= I (8.39)

We have taken the length of the column L = 1 for simplicity. Here, E > 0O is the
elastic modulus (Young’s modulus) of the rod and I > 0 is the moment of inertia
of the rod’s cross section. In Eq.(8.39), the applied force P and, consequently, A
are positive for compression and negative for tension. Compression means that the
column is squeezed by the force. Tension stretches the column. We wish to determine
the values of P and, consequently, of A (eigenvalues) for which the problem (8.37),
(8.38) has nonzero solutions (eigenfunctions). These nonzero solutions will be the
bowed shapes of the column.

If A = 0, then the general solution of (8.37) (reduced to y” = 0) is y(x) = ¢; +
cpx and this solution satisfies the boundary conditions (8.38) if and only if ¢; =
¢ =0, i.e., y(x) = 0 is the only solution of (8.37), (8.38). Hence, A = 0 is not an
eigenvalue of the problem (8.37), (8.38).

If A # 0, it is convenient to replace A by ;%>, where y is a new parameter, for
mathematical generality, assumed not necessarily real. In this case the general so-
lution of (8.37) is y(x) = c(e** + coe~**, and this solution satisfies the boundary
conditions (8.38) if and only if
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ci+c =0

crett 4 cre” = 0. (8.40)
The system (8.40) has a nontrivial solution if and only if

et —elt = 0. (8.41)
If 4 = a + ib, where a and b are real, condition (8.41) reduces to
e’[cos(a) — i sin(a)] — e ’[cos(a) + i sin(a)] = O,
or
(e’ — e cos(a) —i(e? + e7P)sin(a) = 0,
or
2 sinh(b) cos(a) — 2i cosh(b) sin(a) = 0,

or

sinh(b) cos(a) = 0 (8.42)
and

cosh(b) sin(a) = 0. (8.43)

Since cosh(b) > 0 for all values of b, Eq.(8.43) requires that a = nm, where n
is an integer. Further, for this choice of a, cos(a) # 0 and Eq.(8.42) reduces to
sinh(b) = 0, i.e., b = 0. However, if b = 0 then we cannot have a = 0, because then
1 = 0, and we have seen it is not an eigenvalue. Hence, . = nm where n is a nonzero
integer. Thus, the eigenvalues of (8.37), (8.38)are \, = u?> = (nm)>, n=1,2, - .
Further, from (8.40) since ¢; = —¢; for \, = (nm)? the corresponding nontrivial
solutions of the problem (8.37), (8.38) are

Gu(x) = c1 (™™ — 7™ = iy sin(nmx),

or simply ¢, (x) = a, sin(nmx).

The trivial solution, y(x) = 0, means that the column is straight. It is usually
called the unbuckled equilibrium state. For A < 0, as we have seen above, it is the
only solution of (8.37), (8.38). Since P < 0if A < 0, the interpretation of this result
is that a stretched column will not buckle.

For \ # (nm)?, the trivial solution y(x) = 0 is the only solution of the eigen-
value problem. For A\ = (n7)?, other solutions given by the eigenfunctions y(x) =
¢n(x) = a, sin(nmx) are possible states of equilibrium of the rod. They are called
buckled states, since the rod is not straight. The eigenfunctions corresponding to the
first three eigenvalues are sketched in Fig. 8.3.
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For A < 72, the unbuckled state is the only possible equilibrium state of the rod. As
P isincreased from zero, the column will remain straight for A < 2. When A reaches
the lowest eigenvalue 72, nontrivial solutions occur and the column will buckle. For
this reason, P = w?E is called the buckling load of the road. The amplitudes a,, of
the buckled states are not determined, since eigenfunctions are known only within
arbitrary multiplicative constants. In engineering practice, rods usually deform with
large amplitudes when the buckling load is reached. If the amplitude is sufficiently
large, the material of the column weakens and the column breaks. Consequently,
in the actual design and analysis of structures involving columns, engineers must
design the columns so that A = P/(EI) < 7. For a fixed P, this can be achieved
by making [ sufficiently large. The moment of inertia is large for cross sections
whose area is far from the centroid. This accounts for the widespread use of columns
with cross sections resembling the letters 7 and H.

Example 8.3 Consider a string of length L with constant linear density p which is
stretched along the x-axis and fixed at x = 0 and x = L. Suppose the string is then
rotated about that axis at a constant angular speed w. This is similar to two persons
holding a jump rope and then twirling it in a synchronous manner. We shall find the
differential equation which defines the shape (deflection curve away from its initial
position) y(x) of the string. For this, we consider a portion of the string on the interval
[x, x + Ax], where Ax is small. In what follows, for simplicity, we assume that the
magnitude T of the tension T acting tangential to the string is constant along the
string. Now from Fig. 8.4 it is clear that the net vertical force F acting on the string
on the interval [x, x + Ax] is

F = Tsin(#,) — T sin(6;).
If the angles 6, and 0, (measured in radians) are small, then we have
sin(6,) ~ tan(f,) >~ y'(x + Ax) and sin(f;) ~ tan(d;) =~ y'(x)

and hence
F >~ Ty (x+ Ax) — y'(x)]. (8.44)
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The net force F can also be given by Newton’s second law as F' = ma. Clearly,
the mass of the string on the interval [x, x + Ax] is m = p Ax, and the centripetal
acceleration of a point rotating with angular speed w in a circle of radius 7 is a = rw?.
Since Ax is small, we can assume that » = y. Thus another formulation of the net
force is

F ~ —(pAx)yw?, (8.45)

where the minus sign indicates the fact that the acceleration points in the direction
opposite to the positive y direction. From (8.44) and (8.45), we get

TIY' (x + Ax) — Y/ ()] =~ — (p Ax)yw?,

or
/ A v/
pYEFA) -y @) o2y,
Ax
which as Ax — 0 leads to the differential equation
dy 2
Tﬁ = — pw-y. (8.46)

Since the string is fixed at the ends, the solution y(x) of (8.46) must also satisfy the
boundary conditions y(0) = 0, y(L) = 0. Thus the shape of the string y(x) can be
determined by solving the boundary value problem

d’y  pw?

x? + Ty = 0, y(©0) = y@L) = 0. (8.47)
Clearly, the problem (8.47) is exactly the same as the eigenvalue problem (8.37),
(8.38).

Finally, we note that if the magnitude T of the tension is not constant throughout
the interval [0, L], then the boundary value problem which gives the deflection curve
of the string is

d dy 2
T <T(x)d—> +pw'y =0, y0) = yL) = 0. (8.48)
X x
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As a particular case of (8.48), we consider the singular eigenvalue problem

(I=xH)y" =2xy' +dy = (1=xH)y) + Ay =0

lim y(x) < oo, lim y(x) < co. (8.49)
In view of Example 4.4, it is clear that for (8.49) the eigenvalues are \, =
n(n+1), n=0,1,2,--- and the corresponding eigenfunctions are the Legendre
polynomials P, (x).

Example 8.4 Consider the problem of a vertical column of uniform material and
cross section, bent by its own weight. Let a long thin rod be set up in a vertical plane
so that the lower end is constrained to remain vertical (see, Fig.8.5). Suppose the
rod is of length L and weight W and has the coefficient of flexural rigidity B (> 0).
Then, if p = dy/dx, the equation describing this system can be written as (see [3,

o))
d’p W (L-x)

ap =0 8.50
x> "B 1» °? (8.50)
pO) =0 = p'(L). (8.51)
€T
Rod
Y
Fig. 8.5

One possibility that is always present is that the rod does not bend at all, which
is just another way of saying that the problem has only the trivial solution, i.e.,
p(x) = 0. One would expect that if the rod is short enough (just how short it would
need to be depends upon the constants W, and B, of course) the rod cannot bend at
all, which is to say that the trivial solution is the only solution of the problem, and
the problem is accordingly said to be stable. However, for all sufficiently large L,
the rod can bend and the problem has a nontrivial solution. Clearly, then uniqueness
no longer holds for the boundary value problem.

Equation (8.50) can be transformed into Bessel’s equation (4.41) by the substitu-
tion

172
£ = %(%> (L=x)2 p=nlL-x)" (8.52)
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In fact, it leads to the equation
d? 1d 1
—”+——’7+(1——)n:o, (8.53)

whose solution can be written as
&) = AJy;36) + BJ_13(8)
and hence the solution of (8.50) is
p© = (L—x)"?[AJ13(€) + BJ_13(O)]. (8.54)

Now it a simple matter to see that p’(L) = 0 only if A = 0, and p(0) = 0 provided
J_13(€) =0at& = (2L/3)(W/B)"2. Since

1 LW 1 L2w\?
e Y BN AW
: o (8.55)
- (—1)" LW\"
3.6.--3n)-2-5--Gn—1)\_ B

the rod remains stable provided L2 /B is less than the first zero, say, &; of (8.55). An
easy computation shows that £ = 7.84 - - - | and hence the rod will not bend by its
own weight, i.e., remain stable provided

B\ /2
L < (2.80---)<W) . (8.56)

In a similar situation, the following problem occurs:

d2¢ R2 .
752 + R(L —5)¢ =0 (8.57)
#0) = 0 = ¢'(L). (8.58)

For this problem, Egs. (8.52)—(8.56) take the following form:

£ = %%C(L—x)z, ¢ = n(L —s)"?, (8.59)
d*n ldny 1 3
@i (rea)r=o (860

D) = (L —)"*[AJ14() + BJI_1,4(9)], (8.61)
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Jo1a§) =1~— LR2L4 + ! (R2L4>2
2.6 AC 2-4-6-14\ AC
b (=) : (R2L4)n+~-~
2. 4--(2n)-6-14---8n—2) \_AC
(8.62)
(Aj)ﬁm, (8.63)

where «y is a number very close to 2.

Example 8.5 Consider a wedge-shaped canal of uniform depth L that empties into
the open sea (see Fig.8.6). Assume that the water level at the mouth of the canal
varies harmonically, i.e., the depth at the mouth of the canal is given by H cos(wt?),
where H and w are positive constants. This assumption simulates the motion of the
tides. Now the function & (x, t), which gives the depth at a distance x from the inland
end of the canal at time ¢, has the form i (x, t) = y(x) cos(wt), where y(x) satisfies
the differential equation

X%y 4+ xy +kx%y = 0, (8.64)

where k > 0 is a constant.

Fig. 8.6

Comparing (8.64) with (4.83), we find that its solution can be written as

y(x) = AJy(kx) + BJ®(kx). (8.65)
Since at x = 0, the depth of the water must be finite at all times, lim,_,o y(x) has to
be finite. However, since lim,_,q |J%(kx)| = oo, (from (4.47) as x — 0, JO(x) =~

In |x|) we need to assume that B = 0. Hence, the depth i (x, #) can be written as

h(x,t) = AJy(kx)cos(wt). (8.66)
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Next using the condition that the depth at the mouth of the canal is H coswt?, we
have
H cos(wt) = h(a,t) = AJy(ka)cos(wt)

and hence A = H/Jy(ka) provided Jy(ka) # 0. Thus, the depth & appears as

Jo(kx)

h(x, 1) = Hjo(ka) c

os(wt). (8.67)

Clearly, from (4.46) we have Jy(0) = 1 and hence Jy(x) # O at least for sufficiently
small x > 0. Thus, the solution (8.67) is meaningful as long as ka is sufficiently
small.

Example 8.6 Now in Example 8.5, we assume that the depth of the canal is not
uniform, but varies according as L(x) = (3x. Figure 8.7 shows the lengthwise cross
section of the canal.

a
T x 1
—
L=px Ba Sea
Fig. 8.7

Again we assume that the water level at the mouth of the canal varies harmonically.
Then, the depth has the form A (x, ) = y(x) cos(wt), where y satisfies the differential
equation

x2y" 4+ 2xy' + k*xy = 0; (8.68)

here, k > 0 is a constant. Comparing (8.68) with (4.82), we find that its solution can
be written as

y(x) = Ax""2Jy (2kx'?) + Bx7V2 0 (2kx'?). (8.69)
Since at x = 0 the depth of the water must be finite at all times, we need to assume

that B = 0. At r = 0 we have h(x, 0) = Ox. In particular, Ba = h(a,0) = y(a) =
a~'"?AJ,(2ka'/?) and hence A = Ba’/?/J;(2ka'/?). Thus, the solution appears as

Ji (kauz
hix,t) = Ba’*x 12 —"""__7 cos(wt),
.0 =4 T (ka7 D
which is meaningful as long as 2ka'/? is small.
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Example 8.7 We recall that the fundamental principles involved in the problems of
heat conduction are (1) Heat flows from a higher temperature to the lower tempera-
ture, (2) the quantity of heat in a body is proportional to its mass and temperature,
and (3) the rate of heat flow across a surface is proportional to its area and to the rate
of change of temperature with respect to its distance normal to the surface. Consider
a homogeneous bar of uniform cross section S (cm?). Suppose that the sides are
covered with a material impervious to heat so that the stream lines of heat flow are
all parallel and perpendicular to S. Take one end of the bar as the origin and the
direction of flow as the positive x-axis (see Fig.8.8). Let p be the density (gr/cm?),
s the specific heat (cal./gr. deg.), and k the thermal conductivity (cal./cm deg. sec.).

Fig. 8.8

Let u(x, t) be the temperature at a distance x from 0. If Au is the temperature
change in a slab of thickness Ax of the bar then by the principle (2) the quantity
of heat in this slab = spSAxAu. Hence, the rate of increase of heat in this slab,
ie., spSAxu; = Ry — Ry, where R and R, are, respectively, the rates (cal./sec.)
of inflow and outflow of heat. Now since the rate of propagation of heat, (i.e., the
quantity of heat passing through a cross-sectional area S with abscissa x in unit time)
in view of (3) is given by Fourier’s Law ¢ = —ku, S, where k is a constant depending
upon the material of the body and called as the thermal conductivity, it follows that

R, = —kS a_u and R, = —kS a_u ;
ax x ax x+Ax

here, the negative sign appears as a result of (1). Hence, we have

ou Ou ou
SAx— = —kS|— kS| —
i xat (ax>x - <ax>x+Ax’

which is the same as
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Denoting the constant k/(sp) = ¢, known as the diffusivity of the substance
(cm?/s), and taking the limit as Ax — 0, we obtain the equation of heat conduction
in a homogeneous rod

Ou ,0%u

E—cﬁ, O<x<a, t>0, ¢c>0. (8.70)

This equation also arises in the study of the filtration of liquids and gases in a porous
medium, e.g., the filtration of oil and gas in subterranean sandstones, some problems
in probability theory, biology to model cell physiology, chemical reactions, nerve
impulses, the spread of populations, and so on.

For the solution of (8.70) to be definite, the function u(x, t) must satisfy some
initial and boundary conditions corresponding to the physical conditions of the prob-
lem. Let initially, i.e., when = 0 a temperature be given in various cross sections
of the rod equal to f(x), which gives the initial condition

ux,0) = f(x), 0<x<a (8.71)

and let for simplicity the ends of the rod, i.e., x = 0 and x = a, be held at zero
temperature all the time, which gives the boundary conditions

u@,t) =0, t>0 (8.72)
u(a,t) =0, t>0. (8.73)

These boundary conditions are of the first kind and known as Dirichlet conditions.

Now to solve the initial-boundary value problem (8.70)—(8.73), we shall use the
method of separation of variables. For this, we assume a solution of (8.70) of the
form u(x, t) = X(x)T(¢) # 0, so that X (x)T'(t) — > X" (x)T () = 0, or

m — gw Y
T(r) X(x)

which leads to the ordinary differential equations

A
X" — =X = 0 (8.74)
c
and
T — AT = 0. (8.75)

The boundary condition (8.72) demands that X (0)7T (¢) =0 for all # > 0, thus
X (0) = 0. Similarly, the boundary condition (8.73) requires that X (a)7 (t) = 0 and
hence X (a) = 0. Thus, the function X has to be a solution of the eigenvalue problem
(8.74),
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X©0) =0, X(a) =0. (8.76)

From Example 8.2, it is clear that the eigenvalues and eigenfunctions of (8.74), (8.76)
are

22,2
I (8.77)
a
X,(x) = sin (@> n=1,2,---. (8.78)
a

With A given by (8.77), Eq. (8.75) takes the form

n’m?c?

a2

T + T =0

whose general solution appears as
Tn (t) — Cngf(nzﬂ'zcz/az)t

where ¢, is an arbitrary constant.

We conclude that for each specific value of n (n =1,2,---) the function
X, (x)T,(t) is a solution of (8.70) that satisfies conditions (8.72) and (8.73). Now
the condition (8.71), when u(x, t) = X, (x)T,(¢) with n not specified, but otherwise
considered fixed, is satisfied provided X,,(x)7,(0) = f(x), i.e.,

nmwx
sin(—)c,, = f(x).
a

But, the only way this can happen is that f(x) to be restricted to the form
Asin(nmx /a), where A is a constant. This places too great a restriction on the per-
missible forms of f, therefore we consider an alternative approach. Since X, (x) T, (¢)
is a solution of (8.70) for each value of n (n = 1, 2, - - -) and since (8.70) is a linear
partial differential equation, it seems reasonable to expect that Y - | X, (x) T, () is
a solution of (8.70). Naturally, the question of whether or not this infinite series con-
verges is always there. We will not investigate this question here, but rather emphasize
the method of solution. Thus, we consider

o]

o0
D) = Y X, WT(t) = 3 e sin(%) (8.79)
n=1

n=I1

as a solution of (8.70) that satisfies conditions (8.72) and (8.73). Now condition
(8.71) is satisfied if and only if
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Z Cn sin(ﬂ) = f(x),
n=1 a

i.e., the Fourier sine series for f(x) in the interval 0 < x < a must be Zf,ozl Cn
sin(nmx /a). Consequently, ¢, is given by

2 ¢ . (nmx
Cy = —/ fx) 51n<—>dx, n=172.--. (8.80)
a Jo a

Hence, the solution of (8.70)—(8.71) can be written as (8.79) where ¢, is given by
(8.80).

Next we assume that the ends of the rod, i.e., x = 0 and x = a, are insulated,
which gives the boundary conditions

u,(0,t) =0, t>0 (8.81)

uc(a,t) =0, r>0. (8.82)

These boundary conditions are of the second kind and known as Neumann conditions.

Clearly in this case also, we have the same differential equations (8.74) and (8.75);
however, instead of (8.76) the new boundary conditions are

X'©0) =0, X(@ =0 (8.83)

For (8.74), (8.83), the eigenvalues and eigenfunctions are

2,22
M= -2 =01, (8.84)
a

nmwx
X,(x) = cos(—), n=0,1,--- (8.85)

a

and correspondingly

To(t) = %‘) and T,(t) = a,e- "/, (8.86)

Therefore,

u(x, 1) = Xo(@)To(t) + Y Xp ()T, (1)
n=l (8.87)

(o]
ap (2222 nmx
=—+E a,e Tl og T
2 a
n=1
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Finally, condition (8.71) implies that

o0
fx) = %0 +;an COS(?)

which is the Fourier cosine series for f(x), and hence

a, = z/a f(x)cos<@>dx, n>0. (8.88)
a Jo a

Thus, the solution of (8.70), (8.71), (8.81), (8.82) can be written as (8.87) where a,
is given by (8.88).

Finally, we consider the case when in the rod the material properties vary with
position. In this case the partial differential equation that governs the temperature
u(x, t) in the rod appears as

0

ou u
. (k(x)a—x> = p(x)c(x)a, a<x<f t>0. (8.89)

We shall consider (8.89) with the initial condition
ux,0) = f(x), a<x<pf (8.90)

and the boundary conditions

0
aou(a, t) — ala—Z(a, 1) =c¢, t>0, aé +af >0 (8.91)

o
dou (B, t)+d18—”(5, H=cn t>0 d2+d>>0 (8.92)
X

Equations (8.89)—(8.92) make up an initial-boundary value problem. The boundary
conditions (8.91) and (8.92) are of the third kind and are known as Robin’s conditions
(after Victor Gustave Robin (1855-1897)). These boundary conditions appear when
each face loses heat to a surrounding medium according to Newton’s law of cooling,
which states that a body radiates heat from its surface at a rate proportional to the
difference between the skin temperature of the body and the temperature of the
surrounding medium.

Clearly, after a long time “under the same conditions” the variation of temperature
with time dies away. In terms of the function u(x, #) that represents temperature, we
expect that the limit of u(x, ), as ¢ tends to infinity, exists and depends only on
x : lim;_ o u(x,t) = v(x) and also that lim,;_, o, #; = 0. The function v(x), called
the steady-state temperature distribution, must still satisfy the boundary conditions
and the heat equation, which are valid for all # > 0. Therefore, v(x) (steady-state
solution) should be the solution to the problem
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AL 0 3 (8.93)
- JR— = , a< < .
dx * dx *
apv(a) —av'(a) = ¢
/ 8.94
dov(8) + ' (B) = c2. (59
Equation (8.93) can be solved to obtain
(x) A[x d + B, (8.95)
v(x) = — .
o k(©)
which satisfies the boundary conditions (8.94), if and only if,
B A
agyB—a;—— = ¢
0 lk(a)
(8.96)

d(A/ﬂﬁ—i—B)—i-di—c
"\, k© k@

Clearly, we can solve (8.96), if and only if,

d£ Clld()
@ (dOfa Ko k(ﬁ)) T 7O

df aod1 a1d0
d — 0. 8.97
@ Ofa k© Tk k@ 7 897

Thus, the problem (8.93), (8.94) has a unique solution, if and only if, condition (8.97)
is satisfied.
Now we define the function

or

wx,t) = ulx,t) —vx), (8.98)

where u(x, t) and v(x) are the solutions of (8.89)—(8.92) and (8.93), (8.94) respec-
tively. Clearly,
ow(x, ) . Ou(x,t) dv(x)

Ox - Ox dx

and hence 9 9 4
w(x 1) — k(o) u(x t) k() Zix)’

k(x)

which gives

8 <k( )(’)w(x t)) _ ﬁ<k(x)6u(x,t))_i(k(x)dv(x)>' (8.99)
Ox X dx dx
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We also have

p(x)c(x) (8.100)

8w(x,t) 8u(x f)
By p(x)c(x)

Subtraction of (8.100) from (8.99) gives

0 ow ow
Ix (k(x)a) - P(X)C(X)E

0 ou ou d dv
= [a (k(x)a> — p(x)c(x)5i| I (k(x)a> =0-0=0.

Therefore,

0 ow ow

Em (k(x)a—x> = p(x)c(x)E, a<x<f, t>0. (8.101)
We also have

ow Ou ,
aow(e, 1) — ™ (a 1) = ao(u(e, t) —v() —a <a—x(a, 1) —v (a)>
= [aou(a, 1) —a a—(a, t)} — [agv(@) — arv'(a)]
X

=C] —C = 0,
ie.,
ow
aow(a,t)y —a;— (o, t) = 0, t>0 (8.102)
ox
and similarly
Jw
dow(B, 1) +di 5= (B.1) = 0, 1>0. (8.103)
X

Now we shall solve (8.101)—(8.103) by using the method of separation of variables.
We assume that w(x, r) = X (x)T(t) # 0, to obtain

d dX
(k( ) (x)) T(t) = p(x)c(x) XX T (1),

or
wkE)  Te
pX)c(x)X(x)  T@)

which in view of (8.102) and (8.103) gives

k()XY + Ap(x)c(x)X =
apX (o) — a1 X' ()
doX (B) +d\ X' (3)

(8.104)

[
oo
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and
T+ 2T = 0. (8.105)
In the literature the system (8.104) (which is a generalization of (8.37), (8.38)) is
called Sturm-Liouville problem for which the following facts are well known:
1. there are infinite number of eigenvalues 0 < A\; < A\ < -+,
2. for each eigenvalue )\, there exists a unique eigenfunction X, (x),

3. the set of eigenfunctions { X, (x)} is orthogonal with respect to the weight func-
tion p(x)c(x), i.e.,

B
/ pX)c(x) X, (X)X, (x)dx = 0, n#m.

For A = A, Eq.(8.105) becomes T, + A, T, = 0, and gives
T,(t) = ce™, n>1.

Hence, the solution of (8.101)—(8.103) can be written as
o0
wx, 1) = Y aXy(x)e . (8.106)
n=1

Finally, we note that condition (8.90) gives
wx,0) = ulx,0) —vx) = f(x) —v(x) = F(x), say. (8.107)

The solution (8.106) satisfies (8.107), if and only if,

w(x,0) = F(x) = ) a,X,(x),

n=1

which gives
/ X, (x)F
a, = Jo QSX)C(X) n(X) (X)dx’ - (8.108)
[ p(x)e(x)X2(x)dx

Therefore, in view of (8.98) and (8.106) the solution of (8.89)—(8.92) appears as

u(x,t) = v(x)+2aan(x)e_A"’, (8.109)

n=1

where a,, n > 1 are given by (8.108).
From the representation (8.109), the following properties are immediate.
(i) Since each A\, > 0, u(x,t) - v(x) ast — oo.



248 8 Linear Boundary Value Problems

(ii) For any #; > 0 the series for u(x, f;) converges uniformly in & < x < (3 because
of the exponential factors; therefore u(x, t;) is a continuous function of x.
(iii) For large r we can approximate u(x, t) by [v(x) + a1 X, (x)e”\"] .

Example 8.8 Consider a tightly stretched elastic string of length a, initially directed
along a segment of the x-axis from O to a. We assume that the ends of the string
are fixed at the points x = 0 and x = a. If the string is deflected from its original
position and then let loose, or if we give to its points a certain velocity at the initial
time, or if we deflect the string and give a velocity to its points, then the points of the
string will perform certain motions. In such a stage, we say that the string is set into
oscillation, or allowed to vibrate. The problem of interest is then to find the shape of
the string at any instant of time.

We assume that the string is subjected to a constant tension 7', which is directed
along the tangent to its profile. We also assume that 7 is large compared to the weight
of the string so that the effects of gravity are negligible. We further assume that no
external forces are acting on the string, and each point of the string makes only
small vibrations at right angles to the equilibrium position so that the motion takes
place entirely in the xu-plane. Figure 8.9 shows the string in the position O P Qa at
time 7.

Fig. 8.9

Consider the motion of the element P Q of the string between its points P (x, u)
and Q(x + Ax, u + Au) where the tangents make angles ¢ and (¢ + A¢) with the
x-axis. Clearly, this element is moving upwards with acceleration 9%u/0t?. Also the
vertical component of the force acting on this element is

T sin(¢ + A¢) — T sin(¢)
T[tan(¢ + A¢) — tan(¢)], since ¢is small

T Ou Ou

Ox x+Ax Ox X ‘
If m is the mass per unit length of the string, then by Newton’s second law of motion,
we have

[
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A &u _ 7 du du
"% T T \ox ). \ox ).

which is the same as

T
m

|:(g_)uc)x+Ax - (%)x:| )

Ax

Finally, taking the limit as Q — P, i.e., Ax — 0, we obtain

O*u 28214 , T
7 T o ST ®-110)

This partial differential equation gives the transverse vibrations of the string. It is
called the one-dimensional wave equation.

Equation (8.110) by itself does not describe the motion of the string. The required
function u(x, t) must also satisfy the initial conditions which describe the state of
the string at the initial time ¢ = 0 and the boundary conditions which indicate to
what occurs at the ends of the string, i.e., x = 0 and x = a. At ¢ = 0 the string has
a definite shape, that which we gave it. We assume that this shape is defined by the
function f(x). This leads to the condition

ux,0 = f(x), 0<x<a. (8.111)

Further, at = 0 the velocity at each point of the string must be given, we assume
that it is defined by the function g(x). Thus, we must also have

Ou

— = u;(x,0) = gx), O0<x<a. (8.112)
ot |,_

Now since we have assumed that the string at x = 0 and x = a is fixed, for any ¢ the
following conditions must be satisfied

u,t) =0, t>0 (8.113)
ua,t) = 0, t>0. (8.114)

The partial differential equation (8.110) together with the initial conditions (8.111),
(8.112) and the boundary conditions (8.113), (8.114) constitutes a typical initial-
boundary value problem.

Now we shall show that the problem of electric oscillations in wires also leads
to Eq.(8.110). The electric current in a wire is characterized by the current flow
i(x, t) and the voltage v(x, t), which are dependent on the coordinate x of the point
of the wire and on the time . On an element Ax of the wire the drop in voltage is
equal to v(x, 1) — v(x + Ax, t) >~ —(Ov/0x)Ax. This voltage drop consists of the
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ohmic drop which is equal to i RAx, and the inductive drop which is the same as
(0i/0t)L Ax. Thus, we have

ov

oi
— —Ax = iRA —LA 11
o X iRAx + B X, (8.115)

where R and L are the resistance and the coefficient of self-induction per unit length
of wire. In (8.115) the minus sign indicates that the current flow is in a direction
opposite to the build-up of v. From (8.115) it follows that

ov . oi
5 TIR+Lo =0, (8.116)

Further, the difference between the current leaving the element Ax and entering it
during the time At is

o
i f) —i(x + Ax, 1) ~ — a—leAt.
X

In charging the element Ax it requires C Ax(0v/0t) At, and in leakage through the
lateral surface of the wire due to imperfect insulation we have AvAxAtf, where
A is the leak coefficient and C is the capacitance. Equating these expressions and
canceling out AxAt, we get the equation

o0i ov
— — + Av = 0. A1
o +C3t + Av 0 (8.117)

Equations (8.116) and (8.117) are called felegraph equations.
Differentiating equation (8.117) with respect to x, (8.116) with respect to ¢ and
multiplying it by C, and subtracting, we obtain

Pi 40 RO _ T
Ox? Ox ot o2

Substituting in this equation the expression dv/0x from (8.116), we get an equation
only ini(x,1?),
d% D%

i ,
53 = CLos +(CR+AL)5 + ARI. (8.118)

Similarly, we obtain an equation for determining v(x, ?),

v _ 12 crvan? 4 ar (8.119)
- = - — v. .
Ox? or? ot
If we neglect the leakage through the insulation (A = 0) and the resistance (R =0),
then Egs. (8.118) and (8.119) reduce to wave equations
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0% % v v
2 2
¢ Ox? o Ox? or?’ (8.120)

where ¢ = 1/(CL). Again the physical conditions dictate the formulation of the
initial and boundary conditions of the problem.

Wave equation (8.110) also occurs in electric oscillations in conductors, the tor-
sional oscillations of shafts, gas vibrations, and so on.

As in Example 8.7 to solve the initial-boundary value problem (8.110)—(8.114) we
use the method of separation of variables. For this, we assume a solution of (8.110)
to be of the form u(x, 1) = X (x)T (¢t) # 0, which yields

T" = AT (8.121)

and
X" = MX. (8.122)

The boundary conditions (8.113), (8.114) lead to the conditions X (0) = 0 and
X (a) = 0. Thus, in view of (8.122) the function X has to be a solution of the eigen-
value problem

A
C

The eigenvalues and eigenfunctions of (8.123) are

n?m?c? . (nmx
A = — > X,(x) = sin| — ), n=1,2,---. (8.124)
a a

With X given by (8.124), Eq. (8.121) takes the form

2,22
< n 7r2c T — 0
a
whose solution appears as
nmct . ntct
T,(t) = ancos< )+b,, s1n< ), n=12,--- (8.125)
a a

where a, and b, are the integration constants in the general solution.

Therefore, it follows that
> > nmct nmwct nmx
)= X, ()T, (1) = n b, si in[ —
u(x,t) ; )T, (1) Z[a cos( ; )—l— sm( >i| sm( . )
(8.126)

n=1
is a solution of (8.110). Clearly, u(x, t) satisfies conditions (8.113) and (8.114), and
it will satisfy (8.111) provided
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o0
Y a sin<@) — o), (8.127)
a
n=1
which is the Fourier sine series for f(x). Consequently, a, is given by
2 ¢ . [(nmx
a, = — fx)sinf — Jdx, n=1,2,---. (8.128)
a Jo a

Likewise condition (8.112) will be satisfied provided that
o0
nmc . . (nwx
> —b, sm(—) = g(x) (8.129)
a a

and hence

which gives

a

2 . (nmx
by = — | g) sm(—)dx, n=12---. (8.130)
a

nmwce Jo

We conclude that the solution of the initial-boundary value problem (8.110)—
(8.114) is given by (8.126) where a,, and b, are as in (8.128) and (8.130), respectively.
This solution is due to Daniel Bernoulli.

Now for simplicity we assume that g(x) = 0, i.e., the string is initially at rest. We
further define f (x) for all x by its Fourier series (8.127). Then, f (x)is an odd function
of period 2a, i.e., f(—x) = — f(x) and f(x + 2a) = f(x). With these assumptions
b, =0, n > 1 and thus the solution (8.126) by the trigonometric identity

. <n7rx> <n7rct> 1 [ ) <n7r ) . (mr )]
sinf — ) cos = —|sin{ —(x +ct) | +sin| —(x — ct)
a a 2 a a

can be written as

u(x,t) = lZan [sin(ﬁ(x + ct)) + sin(ﬂ(x — ct)>:| ,
a a

n=1

[\

which in view of (8.127) is the same as

1
u(e.1) = SIf@+en) + fx=enl. (8.131)

This is d’ Alembert’s solution (Jean le Rond d’ Alembert (1717-1783)). It is easy to
verify that this indeed satisfies (8.110)—(8.114) with g(x) = 0 provided f(x) is twice
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differentiable. To realize the significance of this solution, consider the term f (x — ct)
and evaluate it at two pairs of values (xi,#) and (xp, %), where t, =1t + T,
andx, = x; 4+ ¢7.Then, x| — ct; = x, — ctr, and f(x; — ct;) = f(xp — ctp), which
means that this displacement travels along the string with velocity c. Thus, f(x — ct)
represents a wave traveling to the right with velocity ¢, and similarly, f (x + ct) rep-
resents a wave traveling to the left with velocity c. It is for this reason that (8.110) is
called the one-dimensional wave equation.

Next, suppose that the vibrating string is subject to a damping force that is propor-
tional at each instance to the velocity at each point. This results in a partial differential
equation of the form

O%u 1 82u+2k8u
ax2 2\ o2 ot

), O<x<a, t>0, ¢c>0. (8.132)

We shall consider this equation together with the initial-boundary conditions (8.111)—
(8.114). In (8.132) the constant k is small and positive. Clearly, if k = 0 the
Eq. (8.132) reduces to (8.110).
Again we assume that the solution of (8.132) can be written as u(x,t) =
X(x)T(t) # 0, so that
X’ T + 2kT’

= — = )\,
X 2T
which leads to
X"—XX =0, X0 = X@) =0 (8.133)
T" +2kT' — \*T = 0. (8.134)
For (8.133), we have
nn? . (n7mx
A = - —5 Xu(x) = sin{ — ).
a a

With A = A\, = —n’7?/a® Eq.(8.134) takes the form
n2m?c?

T, +2kT, + —
a

T, = 0. (8.135)

The auxiliary equation for (8.135) is better written as

2.2.2
(m+k? = _(n 7r2c —k2>

a

and hence

m = —k=xip, where p, =
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Recall that £k > 0 and small, so p, > 0, n > 1.
Thus, the solution of (8.135) appears as

T,(t) = e [a, cos(pnt) + by sin(u,1)] .

Therefore, the solution of (8.132) which satisfies (8.113) and (8.114) can be written
as

uGr, 1) =3 e [a cos(unt) + by sin(int)] sin<@). (8.136)
a

n=1

This solution satisfies (8.111) if

fx) = Z a, sm( il )

2 (¢ . (nmx
= — fx)sinf — Jdx, n=1,2,---. (8.137)
a Jo a

Finally, condition (8.112) is satisfied if

d . (nmx
gx) = Z(—kan + by piy) sm(T)

n=1

2 a
—ka, + by, = ;/ g(x) sin(?)d}c,
0

which gives

and hence

which gives

n 2 [
by = k& 4 / 9(x) sm(” )dx n=1,2,--. (8.138)
Hn HnaQ a

Now we shall assume that for the vibrating string the ends are free—they are
allowed to slide without friction along the vertical lines x = 0 and x = a. This
may seem impossible, but it is a standard mathematically modeled case. This leads
to the initial-boundary value problem (8.110)—(8.112), and the Neumann boundary
conditions

u(0,1) =0, t>0 (8.139)

uy(a,t)y = 0, t>0. (8.140)

For the problem (8.110)—(8.112), (8.139), (8.140) if we assume a solution in the
form u(x,t) = X(x)T(¢) # 0, then X must satisfy the eigenvalue problem
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A
X// - —2X == O
c
X'0) = X'(a) =0

for which the eigenvalues and eigenfunctions are

nemwec nmx
A = — . X, (x) = cos(—), n=0,1,---.
a a

For A\g = 0, the equation 7” — AT = 0 reduces to 7 = 0, and hence
To(t) = bot + ap.
For \, = —n*n?c?/a® the equation T" — AT = 0 is T/ + (n*w*c*/a*)T, = 0 and

hence the solution is the same as (8.125). Thus, the solution of (8.110) satisfying
(8.139), (8.140) can be written as

o0
t t
u(x,t) = (bot +ap) + Z |:a,, cos(mrc ) + b, sin(ﬂ)] cos(ﬂ).
a a a

n=1

(8.141)
The solution (8.141) satisfies (8.111) if and only if
> nmwx
fx) = ap+ ;an COS(T)
and hence
1 a
ap = —/ f(x)dx
5 % - (8.142)
a, = —/ f(x)cos(—)dx, n=1,2,---
a Jo a
Finally, the solution (8.141) satisfies (8.112) if and only if
>, nmc nmwx
g(x) = b() + HX:l:bnT COS<7>
and hence
1 a
by = —/ g(x)dx
aJo (8.143)

2 a
b, = — g(x)cos<u>dx, n=1,2,---.
nmc Jo a
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Thus, the solution of (8.110)—(8.112), (8.139), (8.140) can be written as (8.141),
where the constants a,, b,, n =0, 1, --- are given by (8.142) and (8.143) respec-
tively.

Finally, we consider the equation of the general vibrating string

2
(%(k(x)g—j:) - %%, a<x<fB, 10, ¢>0 (8.144)

subject to the initial conditions (8.90),
u(x,0) = glx), a<x<g (8.145)

and Robin’s boundary conditions (8.91), (8.92). These boundary conditions describe
some type of an elastic, or spring attachment at both ends of the string. Now following
as in Example 8.7, although there is no steady-state for the wave equation (8.144),
we let v(x) to be the solution of the problem (8.93), (8.94). Again, we define the
function w(x, t) as in (8.97), which satisfies the wave equation

0 ow\  p(x) *w

the initial conditions (8.107),
w;(x,0) = gx), a<x<f (8.147)

and the boundary conditions (8.102), (8.103). We use the substitution w(x, t) =
X ()T (t) # 0 which leads to solving

A
(k(x)X")" + C—ZP(X)X =0
apX (@) —a1 X' (@) = 0 (8.148)
doX (B) +di X' (B) = 0
and
T" +\T = 0. (8.149)

Thus, the solution of (8.146), (8.102), (8.103) in terms of the eigenvalues 0 < \; <
Ay < --- and eigenfunctions X, (x) of (8.148) appears as

o0

wix, 1) = Z[ancos(\/Y,,t)ern sin(\/ﬂt)] X, (x). (8.150)

n=1

This solution satisfies the initial conditions (8.107), (8.147) if and only if
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_ ) po0Xa (0 F ()dx _ X ogdx 1
T Twoxwdxs T e pwxiwdx

Finally, the solution of (8.144), (8.90), (8.145), (8.91), (8.92) is obtained from the
relation u(x, t) = w(x,t) + v(x).

Example 8.9 Consider the flow of heat in a metal plate of uniform thickness o (cm),
density p (gr./cm?), specific heat s (cal./gr. deg.) and thermal conductivity k (cal./cm.
s. deg.). Let X OY plane be taken in one face of the plate. If the temperature at any
point is independent of the z-coordinate and depends only on x, y, and time ¢,
(for instance, its two parallel faces are insulated) then the flow is said to be two-
dimensional. In this case, the heat flow is in the XY -plane only and is zero along the
normal to the XY -plane.

Y
D(z,y + Ay) T C(z+ Az, y + Ay)
xT
0
Fig. 8.10

Consider a rectangular element ABC D of the plate with sides Ax and Ay as
shown in Fig. 8.10. By Fourier’s Law, the amount of heat entering the element in 1s

from the side AB is
ou
= —kaAx|—
dy y

and the amount of heat entering the element in 1s from the side AD is

= —kaAy (?) .
X X

The quantity of heat flowing out through the side CD in 1sis

()
= —kaAx|—
ﬁy y+Ay

and the quantity of heat flowing out through the side BC in 1sis
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= —kaAy (g—i) .
x+Ax

Hence, the total gain of heat by the rectangular element ABCD in 1sis

koA (8”) koA <8”> + kaA (8”> +kaA <8“>
= —kalAx| — ) —ka — alAx| — o —
8)’ y Y ax X ay y+Ay Y ax x+Ax

N
)iy dy
— kanAy (6x)x+Ax (0)())( + y+Ay y
Ax Ay
(8.151)
Also the rate of gain of heat by the element is
Ou
= prAyost. (8.152)

Thus, equating (8.151) and (8.152), dividing both sides by aAx Ay, and taking limits
as Ax — 0, Ay — 0, we get

r 0%u +82u _ Ou
oz o) T P

which is the same as 5 e e
u 2 u u

7 — 4+ —, 8.153

o ¢ <8x2 + 8y2) (8.133)

where ¢? = k/(ps) is the diffusivity coefficient.

Equation (8.153) gives the temperature distribution of the plate in the transient
state. In the steady state, u is independent of ¢, so that u, = 0 and the Eq.(8.153)
reduces to

Mou = Uy, +uy, =0, (8.154)

which is the well-known Laplace’s equation in two dimensions. This equation also
occurs in the study of problems dealing with electric and magnetic fields, stationary
states, and problems in hydrodynamics. Solutions of (8.154) are often called potential
Sfunctions as well as harmonic functions. Since there is no time dependence in (8.154),
no initial conditions are required to be satisfied by its solution u(x, y). However,
certain boundary conditions on the boundary of the region must be satisfied. Thus,
a typical problem associated with Laplace’s equation is a boundary value problem.
A common way is to specify u(x, y) at each point (x, y) on the boundary, which is
known as a Dirichlet problem.

Now we shall use the method of separation of variables to solve the Dirichlet
problem on the rectangle R =0 < x < a, 0 <y < b, i.e., find the solution u(x, y)
of (8.154) on R satisfying the boundary conditions



8 Linear Boundary Value Problems 259

u(x,0) = f(x), O<x<a (8.155)
u(x,b) = gx), 0<x<a (8.156)
u©,y) =0, O<y<b (8.157)
u(a,y) =0, 0<y<b. (8.158)

This problem is illustrated in Fig. 8.11.

u(va) = g(ZC) (a,b)

u(0,y) =0 Asu =0 u(a,y) =0

0 u(z,0)=f(x) @
Fig. 8.11

We seek a solution of (8.154) in the form u(x, y) = X (x)Y (y) # 0, to obtain

X'® _YO)
X~ Yo

= )\ (constant).

Hence, we have
X' +2X =0 (8.159)

and the conditions (8.157) and (8.158) imply
X0 =0, X =0. (8.160)
Also Y satisfies the differential equation
Y =Y = 0. (8.161)

The eigenvalues and eigenfunctions of the problem (8.159), (8.160) are, respectively,

given by

n’m?

)\n = —27 n = 1,2,-'° (8162)
a

and
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. (nTXx
X, (x) = sm<—>, n=1,2---. (8.163)
a

For \ as given in (8.162) the general solution of the differential equation (8.161) is

Yo (y) = ancosh< )+b,, smh( y). (8.164)
a a

Thus, the solution of (8.154) satisfying (8.157) and (8.158) can be written as
u(x,y) = Z |:a,, cosh( ) + b, smh( >i| sin(m) (8.165)
— a a a
Now (8.165) satisfies (8.155), if and only if,
> nmx
fx) = ;an sm<7>,

which gives

2 (¢ . (nmx
a, = —/ f(x) Sln(—)dx, n=12,---. (8.166)
a Jo a

Finally, (8.165) satisfies (8.156) provided
o0
b mh
glx) = Z |:a,, cosh( ) + b, smh( )}sin(ﬂ),
n=1 a a a

which gives

b b 2 [
a, cosh<ﬂ> + b, sinh(ﬂ> = —/ g(x)sin(m)dx
a a aJy a
and therefore

b 2 (¢ b
by Sinh<ﬂ> = —/ g(x) sin(@>dx —a, cosh(ﬂ)
a a Jo a a

which in view of (8.166) gives

1 2 [
by = ———— [—/ g(x) sin(@>dx
. a Jo a

nrmh
sinh n

ntb\2 [¢ . (nmx
—cosh(—)—/ f(x)51n<—>dxj|, n=1,2,---
a Jaly a

(8.167)
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Hence, the solution of the boundary value problem (8.154)—(8.158) is given by
(8.165) where a, and b,, are as in (8.166) and (8.167), respectively.

Next we note that as for the problem (8.154)—(8.158) the solution u(x, y) of the
Dirichlet problem (8.154) on the rectangle R satisfying the boundary conditions

ux,00 =0, 0<x<a (8.168)
ux,bp) =0, 0<x<a (8.169)
u©,y) = h(y), O0<y<bd (8.170)
u(a,y) = k(y), 0<y<bd (8.171)

(see Fig. 8.12) can be written as

u(z,b) =0

u(0,y) = h(y) Asu=0 u(a,y) = k(y)

0 u(z,0) =0 a

Fig. 8.12

u(x,y) = Z |:o¢,l cosh(%) + 0, sinh<$)i| sin(?), (8.172)

n=1

where

2 (b . (nmy
Q, = — h(y)sin| — |dy, n=1,2,--- (8.173)
b Jo b

and

b
B, = ; [%/ k(y) sin(?)dy
sinh(m> 0

b (8.174)

h nwa 2/bh()' nmy J 12
—cosh{ — )= in| —— =
€08 b )by s b e T
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Finally, from the linearity of the problem as well as by direct substitution it is
clear that if u;(x, y) is the solution of the problem (8.154)—(8.158) and u,(x, y) is
the solution of the problem (8.154), (8.168)—(8.171) then

u(x,y) = ui(x,y) +us(x, y) (8.175)

is the solution of the Dirichlet problem (8.154) on the rectangle R satisfying the
boundary conditions (8.155), (8.156), (8.170), (8.171) (see Fig. 8.13).

u(z,b) = g(z) (a,b)

u(0,y) = h(y) Aou =0 u(a,y) = k(y)

0 u(z,0)=fx) ©
Fig. 8.13

Example 8.10 Consider the steady-state heat conduction problem for a flat plate in
the shape of a circular disk with the boundary curve x? + y?> = a?. In what follows
we assume that the plate is isotropic, i.e., the flat surfaces are insulated, and that
the temperature is known everywhere on the circular boundary. The temperature
inside the disk is then a solution of the Dirichlet problem (see Fig.8.14) consisting
of Laplace’s equation (8.154) in polar coordinates, i.e., x = r cos(f), y = r sin(f),

O*u  10u 1 0%u

ﬁ"";a—"r—zwzo, 0<r<a, —7T<0§7T (8176)
and the boundary condition
u(a,0) = f@, —-n<6=<m. (8.177)
1(0)

A0

Fig. 8.14
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In problem (8.176), (8.177) we notice that r = 0 is not a physical boundary,
rather we recognize it as a “mathematical boundary”, and for a solution u(r, 8) to be
physically meaningful we need to impose at r = 0 the implicit boundary condition

[u(0,0)] < oo, (8.178)

i.e., the solution remains bounded at the origin. We also wish to allow 6 to assume
any value rather than restricted to the interval —m < 6 < 7, and hence we assume
that f(0), and consequently u(r, 8) to be periodic with period 27. Thus, we also
need the conditions

u(r, ™ = u@r,—m), 0<r<a (8.179)
Ou Ou
%(7, ™ = %(h -m), O<r<a (8.180)

which are actually continuity requirements along the slit § = w. The problem
(8.176)—(8.180) is often called as an interior problem.

To solve (8.176)—(8.180) we assume that u(r, ) = R(r)©(f) # 0, which leads
to equations

O'+X0 =0, —m<fl<m7 (8.181)
and
PR'+rR —AR =0, 0<r <a. (8.182)
Now (8.179) implies
O(—m) = O(n) (8.183)
whereas (8.180) gives
Q' (—m) = O'(n). (8.184)

For (8.181), (8.183), (8.184) eigenvalues and eigenfunctions are
N =0 0)=1
Mo=n?> m>1), ©, = cos(nf) and sin(nb) (8.185)
(two linearly independent eigenfunctions).
Next, for A = 0, Eq.(8.182) is
r*Ry+rRy = 0 (8.186)

for which two linearly independent solutions are 1 and Inr. However, in view of
(8.178) the solution In r is discarded because of its behavior at 7 = 0. Thus, we have

Ro(r) = 1. (8.187)
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For A\ = )\, = n?, Eq.(8.182) is
r*R/+rR, —n’R, = 0 (8.188)

for which two linearly independent solutions are " and r~". However, since the
solution " is unbounded as r approaches zero, to fulfill condition (8.178) we need
to discard it. Thus, we obtain

R,(r) = r". (8.189)

Therefore, the solution u(r, #) can be written as

u(r, ) = %0 + " [a, cos(nb) + b, sin(n6)]. (8.190)

n=1
This solution satisfies (8.177) if
u(a, ) = fO) = %0 + Za” [a, cos(nf) + b, sin(nh)]. (8.191)

n=1

Clearly, (8.191) is a Fourier trigonometric series, and hence

an=— " 1@ cosnirds, n=0
o (8.192)
bi=— | f@sin@d)ds, n=1.

In conclusion the solution of (8.176)—(8.180) can be written as (8.190) where a, and
b, are given in (8.192).

Now in (8.190) we substitute the coefficients a,, b, from (8.192), interchange
the order of summation and integration, and use some elementary identities, to get

] ™
u(r,0) = —— f(@)do

2r J_ g
1 o0 M T ] T ]
b Y S eostut) [ prcostmardo + sinut) [ foysintuoras
17 1 & , ,
= — f| =+ Z — [cos(nB) cos(ng) + sin(nh) sin(np)] | do
T J_x _2 — a”
X _

™

L f(@) 1 + i "l (e”(9—¢)i +e—n(0—¢)i> do
o -7 2 a2

o WCIEED> e @)} d
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™

B % @ {1 * i((;ew@i)" - (;ewo)i)")} 0.

=1

Now since |¢/¥| = 1, for r < a we can sum the geometric series, to obtain

1 [ r o= r o= 0=
_ a a
utr9) = o /, FON N T gaan 1= zema-ar |99
which is the same as

a’—r’ / f(9)
2 J_.a?+r? —2racos(d — ¢)

u(, 0) = do, r <a. (8.193)

This formula is called Poisson’s integral formula. It shows that the temperature at
any interior point (r, 8) of the disk of radius ¢ may be obtained by integrating the
boundary temperatures according to the formula (8.193). In particular, if » = 0, then
the temperature at the center of the disk is

1 ™
u(0,0) = 7 f(P)do, (8.194)

i.e., the temperature at the center is the integral average of the boundary temperatures.
This fact is called the mean value theorem and holds for all functions that satisfy
Laplace’s equation on the disk.

Now we shall find the solution of the Laplace equation (8.176) outside the disk
r = a (see Fig. 8.15). For this, again we assume that the conditions (8.177), (8.179),
(8.180) are satisfied, but the condition (8.178) has to be replaced by

lim |u(r, 0)] < oo. (8.195)

Fig. 8.15
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Clearly, for this exterior problem also all the steps remain the same as for the
case r < a, except that the solution of (8.188) which satisfies the condition (8.195)
is now r~". This change leads to the solution

u(r.0) = 5+ Y r~"lay cos(nb) + B, sin(o)] (8.196)
n=1

where

= % ﬂ f(@)cos(np)dp, n =0

-7

(8.197)

n s

By = % f(@)sin(nd)dp, n=> 1.

Finally, comparing (8.190), (8.192) with (8.196), (8.197) we see that the only
difference between the two sets of formulas is that r and a are replaced by »~! and
a~!. Thus, with this change the Poisson’s formula for the exterior problem appears
as

r’—a’ /_ [ ()

90 =
u(r, 6) 2 »ar+r?2—2racos(d — ¢)

do¢, r>a. (8.198)

Example 8.11 Consider the heat flow problem of an infinitely long thin bar insulated
on its lateral surface, which is modeled by the following initial-value problem

u,=czuxx, —0<x<oo, t>0, ¢>0
u and u, finiteas |x|] — oo, t>0 (8.199)
ux,0) = f(x), —oo<x<oo,

where the function f is piecewise smooth and absolutely integrable in (—oo, 00).
Let U(w, t) be the Fourier transform of u(x, t). Thus, from the Fotransfor pair,
we have

1 o0 )
u(x,r) = «/?/ U(w, e dw
T J—00
1 o0 .
Uw,t) = \/T/ u(x, e "“dx.
T J—00

Assuming that the derivatives can be taken under the integral, we get

@_ 1 /ooaU(w,t)
ot oar)o Ot

Ou 1 /OOU( 0 )iwxd
— = — w, )(iw)e w
ox V27 J -

elw)cdx
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2 00 ‘
" Uw. 1)(iw)2e“* duw.

ﬁzm/_w

In order that u(x, t) satisfies the heat equation, we must have

_ O p0%u /
o ‘o2

Thus, U must be a solution of the ordinary differential equation

[M + WU (w, t)] & dw.

dUu
— 4+ AU = 0.
dt

The initial condition is determined by

1 o0 )
— u(x,0)e"“*dx
A/ 27 /;oo

— / h f(x)e ™ dx = F(w).
T J—00

Uw,0) =

Therefore, we have o
Uw,t) = Fw)e @ ",

and hence

u(x,t) = F(w)e ™ lel“*d. (8.200)

=
2T —00
Now since from (8.28),

00 v e—xz/(4czt)
eV e Y dw = 27

V2w /700 NZV VI

if in (8.27) we denote F (w) = f(w) and §(w) = e, then from (8.200) it follows
that

e~ = —p)?/4c?t

= Va4
u(x,t) = \/—/ S () Nzvr 1 8200,

e~ (= )? /4c* t
/ b (u)

Varclt

This formula is due to Gauss and Karl Theodor Wilhelm Weierstrass (1815-1897).

For each i, the function (x, 1) — e~ @~1°/4 / (/A7 c2{ is a solution of the heat
equation and is called the fundamental solution. Thus, (8.201) gives a representation
of the solution as a continuous superposition of the fundamental solution.
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Example 8.12 Consider the problem

u, = Cuy, x>0, t>0

u@,t) =0, t>0

u and u, finiteas x — oo, >0
ux,0) = f(x), x>0,

(8.202)

which appears in heat flow in a semi-infinite region. In (8.202), the function f is
piecewise smooth and absolutely integrable in [0, 00).
We define the odd function

= ) fx), x>0
flx) = {—f(—x), x <0.

Then, from (8.201), we have

00 ,—(x—m)?/4c%t _

u(x,t) = i Wf(ﬂ)dﬂ
0 o—G—p?/4c’t 00 p—(x—p/4c’t
=/ Wﬂu)du + | W]‘(u)du-

In the first integral, we change  to (—z) and use the oddness of f, to obtain

0 o=G—w?/4c’t _ 00 o= ()’ /4%t

. Wf(ﬂ)dﬂ = ﬁf(#)dﬂ-
Thus, the solution of the problem (8.202) can be written as
00 p=(—p? /4’ _ o= (x+i)?/Ac’t
ulx,t) = /0 T f(udp. (8.203)

The above procedure to find the solution of (8.202) is called the method of images.
In an analogous way, it can be shown that the solution of the problem

U, = czu“, x>0 >0

u,(0,t) =0, r>0

u and u, finiteas x — oo, t>0 (8.204)

ux,0) = f(x), x>0

can be written as
00 ef(xfu)2/4c2t +ef(x+,u)2/4czt
uen = [ foodp.  (8.205)

0 Varc?t
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Here, of course, we need to extend f(x) to an even function

= ) fx, x>0
Joo = {f(—x), x <0.

In (8.204), the physical significance of the condition u, (0, #) = 0 is that there is
a perfect insulation, i.e., there is no heat flux across the surface.

Example 8.13 Consider the initial-value problem for the wave equation

Uy = czuxx, —o<x<oo, t>0, ¢>0

u and u, finiteas |x|] — oo, t>0

u(x,0) = filx), —o0<x <o (8.206)
u(x,0) = forlx), —oo<x <o

where the functions f; and f, are piecewise smooth and absolutely integrable in
(—00, 00).
To find the solution of this problem, we introduce the Fourier transforms

Fi(w) = e f(xdx, j=1,2

1 o0
L / y
A/ 27T —00
and its inversion formulas

fix) = Y (wydw, j=1,2.

1 o0
A 2w —00
We also need the Fourier representation of the solution u(x, 1),

1 o0 .
u(x,t) = — U, t)e'““dw,

A/ 2T —00

where U (w, t) is an unknown function, which we will now determine. For this, we
substitute this into the differential equation (8.206), to obtain

1 o0 2 )
0 = i ‘/_OC [6 Ua(;:’ 2 + WU (w, t)] e dw.

Thus, U must be a solution of the ordinary differential equation

v, ,
W—FCWU:O,

whose solution can be written as

Uw,t) = cj(w)coswct + cr(w) sinwct.
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To find ¢ (w) and ¢, (w), we note that

c1(w)e™*dw

AG) = ux,0) = \/LZ_Wf_OO

Ou(x,0)
falx) = o m/

weey(w)e* dw

and hence F;(w) = c;(w) and F>(w) = wcer (w).
Therefore, it follows that

U(w,t) = Fi(w)cos(wct) + Fw) sin(wct)

and hence the Fourier representation of the solution is

F>(w)

u(x,t) = sin(wct)i| é“Ydw.  (8.207)

\/% f_oo |:F1 (w) cos(wct) +

Now since cos § = (¢’ + ¢77%)/2, sin@ = (¢ — e7'%)/2i, we have

1 o .
— F (w) cos(wct)e'“*dx
A/ 27 /—oo ]

— 1 1 FI(W)( iwct +e*iwct) eiwxdw

2 \/27r

iy
= E[fl(x +ct) + filx —ct)].

Fl(w) 1w(x+ct) +eiw(x—ct)) dw

Similarly,

Fy(w) sin(wct)

ol B

1 1 o0 iwet __ ,—iwct
= - — Fw)——e"“"dw
227 J- 2w) iwe

eiw(erct) _ eiw(xfct)
= —— F(w dw
2.2 /_Oo @) iwe

1 1 00 x+ct ) £d J
= —— Fw ey w
2c V2T / 2() (/):ct 5)

1 x+ct "
= ¢S Fy(w)dw | d
=3 [ [ e
x+ct
= Z—C/x%t F2(§)d¢.

eledw
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Putting these together yields d’ Alembert’s formula

xX—+ct

1 1
w@.n) = SUAG+en + fite —enl+ 5 / FOdE, (8208)

which is also obtained in Problem 8.36.

Example 8.14 We shall find the solution of the following problem involving the
Laplace equation in a half-plane:

Uyy +uyy, =0, —oc0o<x<oo, y>0
ux,0) = f(x), —o0<x < (8.209)
lu(x,y)| <M, —oco<x<oo, y>0,

where the function f is piecewise smooth and absolutely integrable in (—oo, 00).
If f(x) > 0 as |x] = oo, then we also have the implied boundary conditions
limy oo u(x,y) =0, limy_ o u(x,y) =0.

For this, as earlier, we let

fx) = \/%/_: Fw)e““dw, F(w) = \/%/;: Fo)e ™ dx
and | N |
u(x,y) = \/—2_77/_00 U(w, y)e'*dw.
We find that

Thus, U must satisfy the ordinary differential equation

and the initial condition U (w, 0) = F'(w) for each w.
The general solution of this ordinary differential equation is cje“” + cpe™”. If
we impose the initial condition and the boundedness condition, the solution becomes

Fw)e ™, w=>

- 0] _ oy
Uw,y) = {F(w)e‘”-", w<0 } = Fw)e .

Thus, the desired Fourier representation of the solution is
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1 o0 .
u(x,y) = E/ F(w)e “Mel“*duw.
—0

To obtain an explicit representation, we insert the formula for F (w) and formally
interchange the order of integration, to obtain

i /OO (/‘00 f(f)ei“5d§> el etwr g,
21 J_oo —00

1 o

_ (/ elw(x—f)e—lwydw) F©de.
27 —00 —00

Now the inner integral is

o0 oo
/ =gy = 2Re (/ e"‘”()‘@e“’ydw)
—00 0

_ m(,;) -y
y-ik—9) T Y HE-9?

Therefore, the solution u(x, y) can be explicitly written as

u(x,y) =

1 [ y
u(x,y) = — R B —— d¢€. 8.210
(9 W/_wyzﬂx_@zf(f){ (8.210)
This representation is known as Poisson’s integral formula.

Example 8.15 We shall employ the Fourier sine transform to find the solution of the
following problem involving the Laplace equation in a semi-infinite strip

Uy +yy, =0, O0<x<oo, O0<y<bd
ux,0) = f(x), 0<x<oo
w(©,y) =0, 0<y<b @211

u(x,b) =0, 0<x <oo,

where the function f is piecewise smooth and absolutely integrable in [0, 00).

We shall also need the boundary conditions lim,_, o #(x, y) = 0 and lim,_, » 1,
(x,y)=0.

For this, we let

fx) = ,/%/oo F,(w)sin(wx)dw, F,(w) = ,/%/oo f(x) sin(wx)dx
™ Jo ™ Jo
[2 [ .
u(x,y) = —/ U (w, y) sin(wx)dw.
™ Jo

This as in Example 8.14 leads to the same ordinary d.e. U/’ = w*Uj, and hence

and
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Us;(w,y) = c1(w)cosh(wy) + c2(w) sinh(wy).

Now the boundary condition U (w, b) = 0 yields

sinh(wb)
ciw) = —aoWw————7m cosh(@h)’
Thus, we have
nh(w inh —-b
Us(w, y) = —c2 (@ )S1 h(( b)) cosh(wy) + ¢3(w) sinh(wy) =c.2(w)%_
Now since Us(w, 0) = F(w), we find
cosh(wb)
= — F(w)——~
2 (w) s(w) sinh(wb)

and therefore inh(w(b )
sinh(w(b —
Usw.y) = Fyw) o ? 20

sinh(wb)
This gives the solution
— smh(w(b y))
ul, y) = \/7/ smh( b) sin(wx)dw
- o SCC =)
= ﬂﬂ /0 f(t) sin(wt) Sinh(wb) sin(wx)dtdw.
Problems

8.1 A telephone cable stretched tightly with constant tension T between supports at
x = 0 and x = 1 hangs at rest under its own weight. For small displacements y, the
equation of equilibrium and the boundary conditions are
" mg

o= -0 O<x<1, y(0) =0 = y(), (8.212)
where m is the mass per unit length of the cable, and g is the gravitational constant.
Show that the solution of (8.212) can be written as y(x) = mgx(1 — x)/(2T), i.e.,
the telephone cable hangs in a parabolic arc.
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8.2 A beam resting on two supports near its ends is called a simple beam. Let its
length be L and let W be its weight per foot. Taking the origin O = (0, 0) at the
left support and considering the portion of the beam to the left of any section at
point P = (x, y) we find that the external forces are the reaction W L /2 and the load
(—wx). Their moments about the section are W Lx /2 and (—Wx?/2), respectively.
The algebraic sum of these moments is M (x) = WLx/2 — Wx?/2. Now a result
from the theory of the strength of materials states that M(x) = EIy”. Equating
these two expressions, we obtain the boundary value problem

WLx  Wx?

2 2

Ely" = y(0) =0 = y(L).

Show that y(x) = —Wx* —2Lx3 + L3x)/(24EI) and y’(L/2) = 0 (which natu-
rally follows from the symmetry), also |y|max = |y(L/2)| = SWL*/ (384E]I) feet.
If we consider the portion of the beam to the right of the section, then it leads to the
boundary value problem

WLIL—x) WL —x)?

EIV = i
Y 2 2

y(0) =0=y(L).

Verify that it gives the same solution.

8.3 A beamis said to have a fixed or clamped end if the tangent to the elastic curve at
that end always remains horizontal. Consider a beam of length L, weight W pound
per foot, and fixed at both ends. For the portion to the left of any section x, the forces
are the same as in Problem 8.2, but there is an unknown moment M at the left support
because of the fixing of the beam. This leads to the boundary value problem

WLx Wx2

EI " —
Y 2 2

+M, y(0)=y(0)=0=y(L).

Show that y(x) = —W (x* — 2Lx3 4+ L?x?)/(24E) (the three boundary conditions
determine the constant M) and |y|max = |Y(L/2)| = WL4/(384EI) feet.

8.4 A cantilever is a long projecting beam or girder fixed at one end and the other
end free, used chiefly in bridge construction. Such a beam leads to the boundary

value problem
2

, Wx
Ely = — 5 y(0) =0=y'(L).

Show that y(x) = —W(x* — 4L3x)/(24EI) and |y|max = |Y(L)| = WL*/(8EI)
feet.

8.5 A simple beam carries a concentrated load P at a point s feet from the left
support. Letting L — s = r, we find that the reactions are Pr/L at the left support
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and Ps/L at the right support, assuming the weight of the beam can be neglected.
This leads to the differential equations

Ely) = Prx/L, 0<x<s, y(0)=0
Ely) = Prx/L—P(x —s), s<x <L, y(L)=0.

The elastic curve also have common ordinate and tangent under the load, i.e., y; (s) =
¥2(s) and y|(s) = y5(s). Show that

Pr
6LEI

yi(x) = [x3 —s(r+L)x], 0<x<s

v (x) = [r)c3 —L(x — s)3 —rs(r+L)x], s<x<L.

6LEI
Note thatif s = L/2, then y|(s) = y5(s) = 0and y;(s) = ya(s) = —PL3/(48EI).

8.6 The equation of equilibrium of a tightly stretched and initially straight elastic
string embedded in an elastic foundation of modulus k > 0 is given by

y'—=(k/T)y = 0,

where y is the deflection of the string. Here the weight of the string is neglected, the
deflections are assumed to be small, and the tension 7' is considered as a constant. The
endx = 0 ofthe string is fixed, i.e., y(0) = 0, and attheend x = L thereis adisplace-
ment given by y(L) = 8 > 0. Show that y(x) = 3 sinh(y/k/Tx)/sinh(y/k/TL) is
the solution of this boundary value problem, and maxo<,<; y(x) = y(L) = .

8.7 A cantilever of length L, weighing W per foot, has a horizontal compressive
force P acting at the free end. Taking the origin at the left free end, leads to the
following boundary value problem

/ W'x2 /
Ely" = —Py———, y(0)=0=y'(L).

2
Wo(a 2
20m? m?)’

where Q = EI, m> = P/Q, A= —-W/(Om®*), B = W[fsech — tan6)]/(Qm*),
and 8 = m L. Further, show that

Show that

y(x) = Acos(mx) + Bsin(mx) —

w 6?
[YImax = [¥y(L)| = P_? <1 - ? —sec(d) + 9(2111(9)) .
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Note that if P — 0, then m — 0 and § — 0, and then |y|nx — WL*/(8Q) as it
should (see Problem 8.4).

8.8 The deflection of a beam of length L with the end x = 0 fixed and the other
end x = L simply supported and subjected to end force P satisfies the differential

equation
2

d*y 5 wR
ﬁ—}—w y = T(L—.X)

Show that

Yoy = §<sin(wx)

— Lcos(wx)+ L —x),
w

where wL = tan(wL).

8.9 A horizontal beam of length L, weighing W pounds per foot, is fixed at both
ends. In addition, there is a horizontal pull P at each end so that the beam acts as a
tie. If the origin is taken at the left end, then it leads to the following boundary value:
problem

WLx  Wx2

2 2

ElIy' = M+ + Py, y(0)=y(0)=0=y(L)=yL),

where M is the unknown moment at the left support due to the clamping, and WL /2
is the reaction. Show that
2

2P

)

- WL, h i ™E) + sinh
y(x) = mP |:[ — cosh(mx)] co (7) + sin (mx)—mx:| +

where m = P/(E). Further, show that

N L) = £ (aun( L) - E
max — = ——(\tanb\ — )| — —/ | .
Y Y 2mP 4 4

8.10 A gas diffuses into a liquid in a narrow pipe. Let y(x) denote the concentration
of the gas at the distance x in the pipe. The gas is absorbed by the liquid at a rate
proportional to y’(x), and the gas reacts chemically with the liquid and as a result
disappears at a rate proportional to y(x). This leads to the balance equation

y" = (k/D)y =0,

where k is the reaction rate and D is the diffusion coefficient. If the initial concentra-
tion is «, i.e., y(0) = v and at x = L the gas is completely absorbed by the liquid,
i.e., y(L) = 0, show that y(x) = a sinh[«/k/D(L — x)]/ sinh[+/k/DL].

8.11 The pressure p(x) in the lubricant under a plane pad bearing satisfies the
boundary value problem
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d 1dp
—(x"— ) = =K, pa@=0=pb), 0<a<b.
dx dx

K 1 1 Kb (1 a

Pt = <x a>+a+b(a x2>'

8.12 Alongriver flows through a populated region with uniform velocity u. Sewage
continuously enters at a constant rate at the beginning of the river x = 0. The sewage
is convected down the river by the flow and it is simultaneously decomposed by
bacteria and other biological activities. Assume that the river is sufficiently narrow
so that the concentration y of sewage is uniform over the cross section and that the
polluting has been going on for a long time, so that y is a function only of the distance
x downstream from the sewage plant. If the rate of decomposition at x is proportional
to the concentration y(x) and k is the proportionality constant, then y satisfies the
differential equation

Show that

y' =By —a’y =0,

where 3 = u/D and o> = k/(AD); A is the cross-sectional area of the river and
D > 0 is a constant. If the concentrations at x = 0 and x = L are known to be

y(0) = yo, y(L) = y1 (< yo)
then show that the concentration in the stream for0O < x < L is

e L2 — yycosh(AL)
sinh(6L)

y(x) = */? [yo cosh(fx) + l sinh(é)x)] ,

where 0 = /3% + 4a2/2.

8.13 For the telephone cable considered in Problem 8.1, the large displacements y
are governed by the equation and boundary conditions

' = —ZVTHOP, 0<x<l 30 =0=yD. (8213

Show that the solution of (8.213) can be written as

T h mg h mg 1
o= () ol (1)

i.e., the telephone cable hangs in a catenary.

8.14 Suppose a hollow spherical shell has an inner radius r = « and outer radius
r = (3, and the temperature at the inner and outer surfaces are u,, and u 3, respectively.
The temperature u at a distance r from the center (o« < r < [3) is determined by the
boundary value problem
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du du _ (@) = B =
r o =0 u@ =, u = ug.

Show that

-1 -1
_upaT — uyf Uy — Ug _
u(r)y = a1 — 1 + <a1 — ﬂl)r .

8.15 A steam pipe has temperature u,, at its inner surface » = « and temperature
ug at its outer surface r = . The temperature u at a distance r from the center
(a < r < B) is determined by the boundary value problem

U A0, ) = B =
reg oo =0 u@ =, u = ug.
Show that
uoIn(r/B) —ugln(r/a)
u(r) = .

In(r/P3)

8.16 In the kidney dialysis process the following boundary value problem: occurs
(see [4])

Qpu' = —k(u—v)

—0pV = k(u—v)

uQ) = ug, v(L) =0

where u(x) represents the concentration of wastes in the blood, v(x) is the concen-
tration of wastes in the dialysis, x is the distance along the dialyser, Qp is the flow
rate of the dialysate through the machine, Qp is the flow rate of the blood through
the machine, k is the proportionality constant, L is the length of the dialyser, and u
is the initial concentration of wastes in the blood. Show that

(1) u(x) . QBenx _ QDeaL U(x) . QB(eax _ eaL)
Yecx(Qp — Qpeol)’ e (Qp — Qpel)’
(k/Q5) — (k/Qp),

(2) the amount of waste removed, i.e., fOL klu(x) — v(x)]dx satisfies the relation

where o =

L
/ klu(x) —v(x)ldx = Qplug —u(L)l,
0

(3) the clearance of a dialyser, i.e., Q g(1o — u(L))/uy satisfies the relation

1— efozL

Op
g o —u(l)) = Qp—p

Q D

8.17 The temperature y(x) in a cooling fin satisfies the following boundary value
problem
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hC
Y= n_A(y =7), yO0) =Ty, -«y(a=hly@—Tl
This means that the temperature at the left end is kept at 7y > T, while the surface of
the rod and its right end exchange heat with a surrounding medium at temperature 7.
Show that y(x) = T + ¢; cosh(Ax) 4 ¢; sinh(\x), where A = /AC/(kA) and c; =
Ty — T, ¢; = —[kAsinh(Aa) + h cosh(Aa)][Ty — T]/[kA cosh(Aa) + h sinh(\a)].

8.18 [7] A collection of nuclear fuel rods is housed in a pressure vessel that is shaped
roughly like a cylinder with flat or hemispherical ends. The temperature in the thick
steel wall of the vessel affects its strength and thus must be studied for design and
safety. Assuming the vessel as a long cylinder, so that we can ignore the effects of the
ends, for the temperature u(r) in the wall (in cylindrical coordinates) the following
differential equation occurs

1
—i<rd—u> =0, a<r<pf

(same as in Problem 8.15), where « and 3 are the inner and outer radii. The boundary
conditions involve convention, with hot pressurized at the inner radius and with air
at the outer radius, i.e.,

—ku' (@) = holT, —u(@)], wu'(B) = [T, —u(B]

Show that u(r) = ¢ In(r/«a) + ¢;, where ¢; = hoh((T, — Ty)/D, ¢ = [ho(k/B +
Iy In(B/a) Ty + (k) T,1/ D, and D = hyk/a + hok/B + hohy In(B/ ).

8.19 Imposing some ideal conditions sandwich beam analysis leads to a third-order
linear differential equation
v —k*y +r =0 (8.214)
together with three-point boundary conditions
Y'(0) = y(1/2) = y'() = 0, (8.215)
where k and r are some physical constants, for details see [S]. Show that the problem

(8.214), (8.215) has a unique solution and can be expressed in terms of elementary
functions (see [1])

) = kL% [sinh(%) — sinh(kx) + & (x - %) + tanh(; |:cosh(kx) — cosh(%)])] )

8.20 Consider the differential equation (4.65) withn = 4, i.e.,
x*y +k2y = 0. (8.216)

(1) Verify that the general solution of (8.216) is
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k [k
yx) = x |:A cos(—> + Bsm(—)] .
X X

(2) Find the eigenvalues and eigenfunctions of the problem (8.216), y(«a) =
Y =0,0<a<p. (kn = 10 Gu(x) = xsin(%))

8.21 In many beam problems, the forces or loads are moving or changing with time.
This causes the beam to vibrate. For example, some of the loads acting on a monorail
track are its own weight, the weight of the moving cars, and thermal forces. The
weight of the rail itself is a constant load, but the latter two loads are time-dependent.
In the analysis of the effect of time-dependent loads on the deflection of a simply
supported beam, the following eigenvalue problem occurs:

yP -y =0 (8.217)
y©0) = 0, y(L) =0, y'(0) =0, y'(L) = 0. (8.218)
The quantity X in Eq. (8.217) is given by

Am ,

A= —w,
El

(8.219)
where A is the cross-sectional area of the beam, m is the mass per unit volume
of the beam’s material, and w is the frequency of free vibration of the beam. Find
the eigenvalues and eigenfunctions of the problem (8.217), (8.218). For each eigen-
value w obtained from (8.219) gives a corresponding frequency of free vibration of

the beam, and the eigenfunction y(x) gives the shape of the beam as it oscillates at
the corresponding natural frequency. ()\n = ”Z—’_{A On(x) = sin(%))

8.22 Find the eigenvalues and eigenfunctions of the differential equation (8.217)
with the boundary conditions

6] y(©0) =y'(0) =y"(L) = y"(L) =0. (8.220)

()\n = (u,/L)* where 1, is the nth root of the equation cosh(u) cos(u) +1 =0,

¢ ( ) __ | cosh(uux/L)—cos(uyx/L) _ sinh(u,x/L)—sin(u,x/L)
n\X) = COSh(f1) 08 (1) sinh () sin(/i,)

©)) y(0) =y'(0) = y(L) = y'(L) = 0. (8.221)

()\,, = (un/L)* where p,, is the n—th root of the equation cosh(y) cos(u) — 1 =0,

¢ ( ) _ | cos(unx/L)—cosh(uux/L) _ sin(u,x/L)—sinh(u,x/L)
n{X) = CO(fin) —cOSh (1) Sin(ft,) —sinn ()
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8.23 Consider a long column or rod of length L that is supporting an axial compres-
sive force P applied at the top (see Fig. 8.2). We want to determine the magnitude of
the compressive force P that can be applied to the column without the occurrence
of buckling, and if buckling does occur, we then want to know the possible modes
of lateral deflection of the column from the equilibrium position (y = 0). From the
principles of beam theory, the governing equation for this problem is the differential

equation
2

dd? [EIY'|+Py" =0, O0<x<L.
where E is Young’s modulus of the beam material and 7 is the moment of inertia
of the beam’s cross section. The same differential equation occurs in studying the
deflection of beams in various structures that are likewise subject to compressive
forces. In many cases of interest the cross section of the beam is uniform throughout
the beam. Hence, in this case both E and I are constant and then the above differential
equation is expressed in the form

yH 4Ny =0, O<x<L (8.222)

where A = P/(EI). Find the eigenvalues and eigenfunctions of problem (8.222),
(8.218). Further, show that (8.222), (8.220) is not an eigenvalue problem.

(An =15 da(x) = sin(%))

8.24 The differential equation for the displacement y of a whirling shaft when the
weight of the shaft is taken into account is

w 2
EIy(“)——wy = W.
g

Taking the shaft of length 2L with the origin at the center and simply supported at
both ends, show that

yix) =

g [cosh(ax)  cos(ax) s WP
2w? | cosh(aL) = cos(al) ’ Elg

and hence the maximum deflection of the shaft is

max y(x) = y(0) = %[sech(aL)—i—sec(aL)—Z].

—L<x<L

8.25 Consider the differential equation in (8.49) together with the boundary condi-
tions
y'(0) = 0, lim1 y(x) < oo.
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Show that the eigenvalues of this problem are A\, =2n(2n+1), n=0,1,2,---
and the corresponding eigenfunctions are the even Legendre polynomials P, (x).

8.26 Consider the differential equation in (8.49) together with the boundary condi-
tions
y(0) = 0, lim1 y(x) < oo.

Show that the eigenvalues of this problem are A\, = 2n+ 1)2n +2), n =0, 1,
2,--- and the corresponding eigenfunctions are the odd Legendre polynomials

Pypy1(x).

8.27 Consider the singular eigenvalue problem
/
y' —2xy' 4+ XAy =0 = (e‘xzy/> + e ¥y

y(x) .y o
—— < o0, lim —= < oo forsome positive integer k.
X——00 |x|k x—oo xk

Show that the eigenvalues of this problem are \, =2n, n =0, 1,2, .- and the
corresponding eigenfunctions are the Hermite polynomials H,, (x).

8.28 Consider the singular eigenvalue problem

xy'"+ (1 =x)y+dy =0 = (xe’xy’), +Ae ™y

lir% ly(x)] < oo, lim L)kc) < oo for some positive integer k.
x— x—>00 X
Show that the eigenvalues of this problem are A, =n, n =0, 1,2, - - - and the cor-

responding eigenfunctions are the Laguerre polynomials L, (x).

8.29 Leta > Obefixed,and b,, n =0, 1, 2, - - - be the zeros of the Bessel function
J.(x) (see Problem 4.22). Show that the singular eigenvalue problem

2
X2y +xy + 02 —ad)y = 0 = (xy) + ()\x - a;) y

lim y(x) < oo, y(1) =0
has the eigenvalues A, = b2, n =0, 1,2, - - - and the corresponding eigenfunctions

are J,(b,x).

8.30 Show that for the heat equation (8.70) with ¢ = 1 the function

N
d(x, 1) = A—i—B/ e~ *ds
0
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as well as its partial derivatives ¢, (x, t) and ¢, (x, t) are solutions; here, A and B are
arbitrary constants.

8.31 Let ¢(7) be an arbitrary function such that

[} 1 x2
A )

is convergent. Show that ¢(x, ) is a solution of (8.70) with ¢ = 1.

8.32 In Example 8.7, suppose that the ends of the rod, i.e., x = 0 and x = a, are
kept at the fixed temperatures A and B, respectively. This means that we have the
boundary conditions

u@©,1) = A, t>0 (8.223)

u(a,t) = B, t>0. (8.224)

Let u(x, t) be a solution of (8.70), (8.71), (8.223), (8.224). Show that the function

v, 1) = u(x, 1)+ (x - “) A-Zp (8.225)
a a

is a solution of the initial-boundary value problem

v—ctuy, =0, O<x<a, t>0, ¢>0
v(0,t) =0, t>0
via,t) =0, t>0 (8.226)

—da

v(x,O):f(x)—I—( )A—;—CB, 0<x<a,

X

a
which is of the type (8.70)—(8.73), and thus we can find its solution v(x, t). The
solution u(x, t) is then obtained by the relation (8.225).

8.33 Heat conduction in a thin circular ring (consider it as a rod, bent into the shape
of a circular ring by tightly joining the two ends) of length 2a, labeled from —a
to a leads to the equation u, = c%u,,, —a < x <a, t > 0, ¢ > 0 with the initial
condition u(x,0) = f(x), —a < x < a and the periodic boundary conditions

u(—a,t) =ula,t)
uy(—a,t) =uy(a,t), t>0.

Find the solution of this initial-boundary value problem.

8.34 If the lateral surface of the rod is not insulated, there is a heat exchange by
convection into the surrounding medium. If the surrounding medium has constant
temperature Ty, the rate at which heat is lost from the rod is proportional to the
difference u — Tj. The governing partial differential equation in this situation is
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czu” = u;+bu—Tp, O0<x<a, b>0.

Show that the change of variable u(x, t) = T + v(x, t)e "' leads to the heat equation
(8.70) in v.

8.35 Consider the particular case of the telegraph equation (8.119),

vy + 2av; + a’v = c2vxx

with the initial conditions v(x, 0) = ¢(x), v,(x,0) = 0 and the boundary condi-
tions v(0, t) = v(a, 0) = 0. Show that the change of variable v(x, t) = e~ u(x, t)
transforms this initial-boundary value problem to (8.110)—(8.114) with f(x) = ¢(x)
and g(x) = ap(x).

8.36 Show that the solution (8.126) of (8.110)—(8.114) can be written as

x+ct

1 1
ulx,t) = 5[f(x+ct)+f(x—ct)]+2—C/ g(z2)dz.

x—ct

This is d’Alembert’s solution. Thus, to find the solution u (x, ) we need to know only
the initial displacement f(x) and the initial velocity g(x). This makes d’ Alembert’s
solution easy to apply as compared to the infinite series (32.24).

8.37 The partial differential equation which describes the small displacement w =
w(x, t) of a heavy flexible chain of length a from equilibrium is

O*w Ow o )82w
g ox?’

o = ox

where g is the gravitational constant. This equation was studied extensively by Daniel
Bernoulli around 1732 and later by Euler in 1781.

(1) Sety =a —x, u(y,t) = w(a — x, t) to transform the above partial differential
equation to

0%u Ou 0u
— = §— —. 8.227
oz~ 9oy +9y )2 ( )

(2) Use separation of variables to show that the solution of (8.227) which is bounded
for 0 < y < a and satisfies u(a, 1) =0 is

> <2>\n \/% [, cos(Ay) + by sin(A )],
g
n=1

where A\, = (1/2)by ,+/g/a and by, is a positive root of Jy(x).

8.38 A bar has length a, density J, cross-sectional area A, Young’s modulus E, and
total mass M = §Aa. Its end x = 0 is fixed and a mass m is attached to its free end.
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The bar initially is stretched linearly by moving m a distance d = ba to the right, and
attime ¢ = Othe systemisreleased from rest. Find the subsequent vibrations of the bar
by solving the initial-boundary value problem (8.110), u(x, 0) = bx, u,(x,0) =0,
(8.113) and mu,,(a,t) = —AEu.(a,t).

8.39 Small transverse vibrations of a beam are governed by the partial differential
equation

0? o4

—u+c2—u =0, 0<x<a, t>0,

or? Ox*

where ¢ = E1I /(Aw), and E is the modulus of elasticity, / is the moment of inertia
of any cross section about the x-axis, A is the area of cross section, and p is the
mass per unit length. Boundary conditions at the ends of the beam are usually of the
following type:

(1) a fixed end also known as built-in or a clamped end has the displacement and
slope equal to zero, (see Fig. 8.16a)

u(a,t) = %(a,t) =0

(2) a simply supported end has displacement and moment equal to zero, (see

Fig.8.16b)
2

0“u
u(a,t) = W(a,t) =0

(3) afree end has zero moment and zero shear, (see Fig. 8.16c)

i( t)—@( t)—O
o2 P T gt =

(a) (b) (c)
7 Feiﬁgd susgg:?glt}éd 7 ]é‘r(if
/i | 5 ] /I

Fig. 8.16

Find the solution for the vibration of a beam that has simply supported ends at x = 0
and x = a with the initial conditions u(x, 0) = f(x), u,(x,0) = g(x), 0 < x < a.
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8.40 Show that Neumann boundary value problem A,u =0, u,(x,0) = f(x),
uy(x,b) = g(x),uy(0,y) =0 =u,(a, y) has an infinite number of solutions.  (If
u is a solution, then (# + K) is also a solution)

8.41 A rectangular plate with insulated surface is a cm. wide and so long compared
to its width that it may be considered infinite in length without introducing an appre-
ciable error. If the temperature of the short edge y = O is givenby f(x), 0 <x <a
and the two edges x = 0, x = a are kept at 0 °C, determine the temperature at any

point of the plate in the steady state.  (u(x, 1) =Y oo e"™/gin =), an =
L AEY) sin(%)dx)

8.42 A circular plate of unit radius, whose faces are insulated, has upper half of
its boundary kept at constant temperature 77 and the lower half at constant tem-
perature 7,. Find the steady-state temperature of the plate. (% + %(Tl -

DI sin(<2n - 1)0) = A5+ A an! (—%“ff))

8.43 Show that a necessary condition for the existence of a solution to the Neumann
problem (8.176),

—u(a, ) = f(®), —m<O<mw (8.228)
or

is that .
f(@®do = 0,

i.e., the mean value of the normal derivative on the boundary is zero. (Use Green’s
theorem [ [ (fAag — gAr £)dS = . (f% - gg—;j) ds)

8.44 Solve the Laplace equation (8.176) in the wedge with three sides 8 = 0, 6 = 3,
and r = a (see Fig.8.17) and the boundary conditions u(r,0) = 0 = u(r, 5), 0 <

r<a,and (8.177) for 0 < 0 < 8.  (u(r,0) =Y oo, A,r"™/P sin(ﬂ#), A, =

Zg=nmlB f(f f(®) sin<%f’>d¢)
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8.45 Solve the same problem as in Problem 8.44 with condition (8.177) replaced
by the Neumann condition (8.228) for 0 < 6 < (3. (u(r,0) = ZleAnr””/ﬂ

sin<%>, Ay = Za'= I8 [V f(g) sin<%’>d¢)

8.46 The diameter of a semi-circular plate of radius a is kept at 0 ° C and the temper-
ature at the semi-circular boundary at T °C. Show that the steady-state temperature
in the plate is given by

u(r,0) = g 3 an_ 1 (2)2"71 sin((Zn _ 1)9).

8.47 A semi-circular plate of radius a has its circumference kept at temperature
kO(m — 0) while the boundary diameter is kept at zero temperature. Find the steady
state temperature distribution u (r, §) of the plate assuming the lateral surfaces of the

plate to be insulated. (% Y00 L (5)2"_1 X sin((Zn - 1)9))

n=1 2n—1) \a

8.48 Solve the Laplace equation (8.176) in the annulus 0 < a* < x? + y? < b? (see
Fig. 8.18) with the Dirichlet conditions u(a, ) = f(0), u(b,0) = g@), — 7w <0 <
7. (u(r,0) = %(co +doIn(r)) + Y o2 (ayr™ + d,r~)[A, cos(nf) + B, sin(nb)],
where the unknowns are determined by using the boundary conditions)

Fig. 8.18

8.49 The velocity potential function u(r, #) for steady flow of an ideal fluid around
a cylinder of radius r = a satisfies (8.176) for r > a with the boundary conditions

u(a,0) =0, u@r, 6 = u@,—0)
lim [u(r, @) — Uyr cos(8)] = 0.

Find its solution and the components of the velocity.  (%2(r? + a®) cos 0, u, =
Qlr?—a?cos(20)], uy = —“%a?sin(26))
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8.50 From the real part of the solution of Laplace’s equation in two independent

variables B
ae'® +x +iy

TOHD) = e arin

show that Poisson’s integral

aZ _ r2 /271' V((b) d¢
2r  Jo a*4r?—2arcos(@ —¢)

where x = rcosf, y =rsinf and V is an arbitrary function, is a solution.

8.51 Inelasticity certain problems in plane stress can be solved with the aid of Airy’s
stress function ¢, which satisfies the partial differential equation

¢xxxx + 2¢xxyy + ¢yyyy = 0. (8229)

This equation is called biharmonic equation and also occurs in the study of hydro-
dynamics. Show that

(D) o(x,y) = fily —ix) +xfo(y —ix) + f3(y +ix) + xfa(y + ix) is a solution
of (8.229)

(2) ifu(x, y) and v(x, y) are any two harmonic functions, then ¢(x, y) = u(x, y) +
xv(x, y) is a solution of (8.229).

8.52 Show that the solution (8.201) can be written as
w0 = o= [V a2l
u(x,t) = — e X c/t w)dw.
ﬁ —00

(Use the substitution 1 = x + 2c+/t w)

8.53 Show that the solution (8.203) can be written as
2 [ [ —RWt .
u(x,t) = — f()e " sin(wp) sin(wx)dwd .
™Jo Jo

(Use e = = [ e~ % cos(wx)dw)

N
8.54 Show that the solution (8.205) can be written as

u(x,t) = %/ / f(u)e_czwz’ cos(wp) cos(wx)dwd .
o Jo

8.55 Use the Fourier cosine transform to solve the following problem:
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Uy = Uy, x>0, t>0
ux,0) =0, x>0

u(x,t) - 0 as x > o0, t>0
uy(0,t) = f(@), t>0

where the function f is piecewise smooth and absolutely integrable in [0, 00).

W, 1) = === fo 7=/ W exp(—«f—fu)>dﬂ)

8.56 Use the Fourier transform to solve the following problem for a heat equation
with transport term:

u, = ctuy +ku,, —oco<x<oo, t>0, ¢>0, k>0
ux,0 = f(x), —oco<x <o
u(x,t) and wu,(x,t) finiteas |x| — oo, >0,

where the function f is piecewise smooth and absolutely integrable in (—oo0, 00).
— k)2 [ (4c2 1)

wx, 1) = [ f(M)NWdM)

8.57 Use the Fourier transform to solve the following nonhomogeneous problem:

u,:czuxx—f—q(x,t), —0o<x<oo, t>0
ux,0) = f(x), —oo<x <o
ux,t) > 0, wu,(x,t) - 0 as |x|] > o0, t>0,

where the function f is piecewise smooth and absolutely integrable in (—oo0, 00).
—=)?/(?n) —(—m? /(42 t—7))

00 e t oo e
("o F) —=—dp + Jo oo a(us T)Wdﬂdﬂ
8.58 Use the Fourier sine transform to solve the following problem:

Uy = Uy, x>0, >0

ux,00 =0, x>0

u,(x,0) =0, x>0

u©,t) = f(@), t>0

u(x,t) and wu,(x,t) - 0 as x > o0, t>0

where the function f is piecewise smooth and absolutely integrable in [0, 00).
t . N
e, 1) =2 ;7 fo £ sin(w(t — w) sin(wx)d pdw)

8.59 Find the solution of the wave equation
ut,zczum—ku, —oo<x<oo, t>0, ¢>0, k>0
satisfying the same conditions as in (8.206). (\/%TT [ZLF (W) cos(tvk+w?c?)

() LS e dw)
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8.60 Show that the solution of the following Neumann problem:

Uy + Uy, =0, —oc0<x<oo, y>0
uy(x,0) = f(x), —o00<x <o
u(x,y) and wuy(x,y) - 0 as (x*>+y?) — oo,

where the function f is piecewise smooth and absolutely integrable in (—oo, 00),
can be written as

1 o0
ue.y) = e+ 5 / FEO D + (xr — ©21de,

where c is an arbitrary constant.

8.61 Find the solution of the following problem:

Uy +yy =0, O0<x<oo, O0<y<bd
ux,0) = f(x), 0<x <oo

u,(0,y) =0, 0<y<bd

uy(x,b) =0, 0<x <oo

where the function f is piecewise smooth and absolutely integrable in [0, 00).

x, y) = 2[5 [o° £ (@) cos(wr) el cos (wx)didw)

8.62 Find the bounded solution of the following problem

Uy +tyy, =0, O0<x<ec, O0<y<oo
uy(x,0) =0, 0<x<c

u@0,y) =0, 0<y<oo

ug(e,y) = f(y), 0<y<oo

where the function f is piecewise smooth and absolutely integrable in [0, 00).
w(x,y) =2 [7° [ £ () cos(wt) 2D cos(wy)dtdw)

w cosh(wc)

8.63 The nonhomogeneous Laplace equation known as Poisson’s equation
Mo = Uy, +uy, = qx,y), 0O<x<a, O0<y<b (8.230)
appears in many problems in engineering and physics, in particular, in electrostatics

theory. Show that solution of the boundary value problem (8.230), (8.155)—(8.158)
can be written as

- 1 . (nm(b—y) .. [nmy
u(x’y)zzsinh—”ib a, sinh Y + b, sinh -

n=1

_ y
_4 [mm(m Vr) / S, (7) sinh(m)dr
nm a 0 a
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b
b—
+sinh(m>/ S, (1) sinh<M>dT]> sin<@>,
a . a a
2 (¢ . (nmx 2 (¢ . (nmx
a, = —/ fx)sin| — )dx, b, = —/ g(x)sin| — )dx

a Jo a a Jo a

2 a
S,(y) = —f q(x,y)sin<@)dx.

a Jo a

8.64 The boundary value problem

where

and

(12_U+ld_U = —P+eb
dR*>  RdR
d29+1d9 _ U
dR*>  RdR

U0 =60 =0, UQ) =01) =0
occurs in a flow of a fluid. Show that

UR) =L (R 1)+ L (RS _ 9R* + 278> — 19)
4 2304
2P

—mm'o — 25R® 4 300R® — 1900R* 4+ 5275R* — 3651) + O (&)

eP

147456(138 + 16R®—108R* + 304R*—211)

P
O(R) = — (R*—4R*>+3
(R) 64( +3)+

2
P
f— T (R™ —36R" 4+ 675R® — T600R® + 47475R* — 131436R>
2123366400

+90921) + O().
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Chapter 9 ®)
Nonlinear Boundary Value Problems e

In this chapter, mainly we shall show the importance of the method of upper and
lower solutions [6, 13, 22, 24] to nonlinear boundary value problems which appear in
real-world phenomena. The main advantage of this method is that besides proving the
existence of the solutions it also provides upper and lower bounds on the solutions.
These bounds are of immense value in numerical computations of the solutions
[99-101].

Example 9.1 (Electrically Conducting Solids) The boundary value problem
Y= Ae, y(0) = y(1) =0 9.1

arises in applications involving the diffusion of heat generated by positive
temperature-dependent sources. For instance, if ;¢ = 1, it arises in the analysis of
Joule losses in electrically conducting solids, with A representing the square of the
constant current and e” the temperature-dependent resistance, or in frictional heating
with \ representing the square of the constant shear stress and e’ the temperature-
dependent fluidity, see [3, 33]. The problem (9.1) was first studied by Gheorghe Bratu
(1881-1941), and now in the literature known as Bratu’s problem. This problem has
been discussed by several numerical analysts, e.g., see [119] and the references
therein.

If uA = 0, the problem (9.1) has a unique solution
(i) if A =0, then y(r) =0,
(i) if p =0, then y(t) = At (r — 1)/2.

If pX < 0, the problem (9.1) has as many solutions as the number of roots of the
equation ¢ = /2[uA] cosh(c/4), also for each such ¢;,

0= =25 -2) w(ont)]
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From the equation ¢ = /2|u\| cosh(c/4), it follows that

<1, (9.1) has two solutions
[uA] . cosh(c/4)

A Ig(r)lw =1, (9.1) has one solution

> 1, (9.1) has no solution.

Note that min.>¢ cosh(c/4)/(c/4) >~ 1.50887956.
If X > 0, the problem (9.1) has a unique solution and it can be written as

0= eol) e Y] oo

where c is the unique root of the equation ¢ = +/2u\ cos(c/4).

Thus, in particular if A = 1 and p = —1 the boundary value problem (9.1) has two
solutions y; (f) and y, () of parabolic form, concave to the x-axis and pass through
the points x = 0 and x = 1. Solution y,(#) drops below up to (—0.14050941 - - -)
and y,(¢) up to (—4.0916146 - - -).

Motivated by problem (9.1), we present a general existence result for the two-point
boundary value problem

y'= f@t,y), t€[0,a]

9.2
y0) = ¢y, yla) = c. ©-2)

We say 3 € C?[0, a]is anupper solutionto (9.2)if 3" < f(¢t, 3), t € [0, al, B(0) >
co, B(a) > c1, and o € C?[0, a] is a lower solution to (9.2) if o’ > f(t, ), t €
[0’ a]» a(O) S €0, Oé(a) S Cr.

Theorem 9.1 ([3]) Suppose that
(CI) f:[0,a] x R — R is continuous, and
(C2) there exist o, 3, respectively, lower and upper solutions of (9.2) with a(t) <
B(¢t) fort € [0, al.
Then, (9.2) has a solution y € C*[0, a] with a(t) < y(t) < B(t) fort € [0, al.

To show that (9.1) for A = 1, p = —1 has a solution we will apply Theorem 9.1
with f(t,y) = e, ¢co =c; =0, a = 1. Clearly (C1) holds. We claim that § = 0
is an upper solution of (9.1). For this notice that

B(0)=0, B(1)=0 and " — f(t,8) =—1<0 for t €[0,1].
Next we shall find k£ > 0 so that « = —kz (1 — t) is a lower solution of (9.1). Since

a0 =a(l)=0 and o’ — f(t,a) =2k — D 1 €]0,1]
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this « is a lower solution provided 2k — /4 >0, ie., 0.577685412 <k <
13.04674274. Note that the lower solution « = —0.577685412 ¢ (1 — ¢) drops below
up to (—0.144421353), and hence this choice of the lower solution is reasonably
good.

Explicit solutions of (9.1) when A and/or u are functions of ¢ have been obtained
in [45, 63, 82].

Example 9.2 (Electrical Potential Theory) In 1927, Thomas [108] and Fermi [58]

independently derived a boundary value problem for determining the electrical poten-

tial in an atom. Their analysis leads to the nonlinear second-order differential equation
y// — t_1/2y3/2. (93)

The boundary conditions in investigating

(1) the ionized atom are given by

y©O0) =1, y@ = 0; 04

(2) the neutral atom with Niels Henrik David Bohr (1885-1962) radius a are given
by
y©0) =1, ay'(a) = y(a); 9.5)

(3) the isolated neutral atom are given by

yO0) =1, lim y(@) = 0, (9.6)

Motivated by the ionized atom Thomas—Fermi problem (9.3), (9.4) we present a
general existence result for the two point boundary value problem

v = qf(t,y), O<t<a

9.7)
y(0) = co, y(a) = cy.
By an upper solution 3 to (9.7), we mean a function 3 € C'[0, a] N C?(0, a) with
B’ <qf,B), 0<t<a, BO)>cy, [(a)>ci, and by a lower solution « to
(9.7) we mean a function & € C'[0, a] N C?(0, a) with o > qf(t, ), 0 <t <
a, a(0) < co, afa) <cy.

Theorem 9.2 ([9, 19]) Suppose that

(C3) q € C(0,a)N L0, a]withqg > 0on(0,a),

(C4) f :10,a] x R — R is continuous, and

(C5) there exist o, 3, respectively, lower and upper solutions of (9.7) with a(t) <
B(t) fort € [0, al.

Then, (9.7) has a solution y € C'[0, a] N C?(0, a) with a(t) < y(t) < B(t) fort €
[0, a].
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To show that (9.3), (9.4) has a solution we will apply Theorem 9.2 to the boundary
value problem
y' = t712yP? 0<t<a

y0) =1, yl@ =0 O

withcg =1, ¢; =0, g(t) =t~"?and f(t, y) = |y|*?. Clearly (C3) and (C4) hold.
We claim that & = 0 is a lower solution of (9.8). For this notice that

a0)=0<1, a(@ =0 and o’ —qf(t,a) =0 for t € (0, a).

Next we shall show that 3(¢) = (a — t)/a is an upper solution of (9.8). Indeed, we
have

32

a—t
— <0, O0<t<a.

BO)=1, Ba)=0 and B’ —qf(t,B) =—t"">

a

Theorem 9.2 thus guarantees that there exists a solution y € C'[0, a] N C2(0, a) to
(9.8) with
a—t
0 <y =

for t € [0, a].
a

Since y(¢) > 0 for ¢t € [0, a] we have that y is a solution of (9.3), (9.4).
Now we shall show that the Bohr radius Thomas—Fermi problem (9.3), (9.5) has
a solution. Thus, we shall deduce from a general existence theorem for the boundary
value problem
y' = qf(t,y), O0O<t<a

ky'(a) = y(a), k=a

where a > 0 is fixed. By an upper solution 3 to (9.9) we mean a function 3 €
C'[0,a]l N C?(0, a) with 3" < qf(t,B), 0 <t <a, B0)>co, kB'(a)> B(a),
and by a lower solution « to (9.9) we mean a function o € C'[0, a] N C?(0, a) with
" >qf(t,a), 0 <t <a, a(0) < ¢y, ka'(a) < ala).

Theorem 9.3 ([9, 19]) Suppose that in addition to (C3) and (C4) the following
holds:

(C6) there exist o, (3 respectively lower and upper solutions of (9.9) with a(t) < 3(t)
fort € [0, al.

Then, (9.9) has a solution y € C'[0, a] N C?(0, a) with a(t) < y(t) < B(t) fort €
[0, a].

To show that (9.3), (9.5) with a® > 9/4 has a solution, we will apply Theorem 9.3
to the boundary value problem
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y// — t‘1/2|y|3/2, O<t<a

(9.10)
y©0) =1, ay'(a) = y(a)

withk =a, co =1, q(t) =t~"?and f(¢, y) = |y|>?. Clearly (C3) and (C4) hold
and o = 0 is a lower solution of (9.10). Next we shall show that

4 5 2
PN V- S V)
B(t) 3 +3a

is an upper solution of (9.10). Notice that

2 23
B80) = §a3/2 =35 = 1 since a’ >

L =)

and since 3'(t) = 2¢'/? we have
/ 3/2 4 35,2 3p 3/2 /
a f(a) =2a** and B(a) = Ja a7 = 2077, so a f3(a) = B(a).

Now since §"(r) = 1~'/?, we have
B —qft,p) = t7\2 =7 PBPR = 72 (1-[BP?) <0

fort € (0, a), since 3(t) > (2/3)a*’* > 1fort € (0, a). Thus 3 is an upper solution
of (9.10) so (C6) holds. Theorem 9.3 now guarantees that there exists a solution
y € C'[0,a] N C?(0, a) to (9.10) with

4 2
0 < y@) < §t3/2+§a3/2 for t € [0, al.

Again since y(¢) > 0 for ¢ € [0, a] we have that y is a solution of (9.3), (9.5).
For the problem (9.3), (9.6) Fermi used graphical method to obtain the following
approximation for values of ¢ in the neighborhood of the origin:

4
y(t) = 1 — Bt + §z3/2, B ~ 1.8.
This approximation was extended and improved by Edward B. Baker in 1930 to

=1 Bt+lt3 23t4+
Y= 37 775

4 2 3 4 (2 B3
3/2 2.2 3
4837 |2 —ZBr+ =B+ —(Z+ =)+ --|,

[3 5 70 63(3 16) }

where B ~ 1.588588. Arnold Johannes Wilhelm Sommerfeld (1868—1951) observed
that y;(z) = 144/t is a particular solution of (9.3), which satisfies the second con-
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dition of (9.6) but not the first, he gave the following interesting approximation:

y©) = y@ {1+ O™},

where A\ = 0.772 is the positive root and A, = —7.772 is the negative root of the
equation A2 + 7\ — 6 = 0.

Finally, we shall show that the generalized Emden—Fowler (Sir Ralph Howard
Fowler 1889-1944) problem which includes isolated neutral atom problem (9.3),
(9.6) as a special case

tyy = dotey", 0<t<oo
y(©0) =c =0, lim y@) =0, .11
—> 00

where 0 < j <1, dy > 0, n >0, § > —1 has a nonnegative solution.
For this, we state an existence result for the general boundary value problem

1 AN

;(P)’) = qf(t,y), 0<t<oo

—apy(0) + by lir(gg p)Y ) = co, ay>0, by=>=0, cg<0 9.12)
t—

lim y(r) = 0.
—00

Theorem 9.4 ([9, 19]) Assume that

(C7) f :10,00) x R — R is continuous,

(C8) g € C(0,00) withg > 0 on (0, 00),

(C9) p e C[0,00) NC(0, 00) with p > 0 on (0, 00),

(C10) [;'ds/p(s) < ooand [y p(s)q(s)ds < oo for any i1 > 0,

(Cl1) f(t,0) <0fort € (0, 00),

(C12) there exists ro > —co/ap with f(t,rg) = 0 fort € (0, 00),

(C13) there exists M > O with | f(t,u)| < M fort € [0, co) and u € [0, r¢],
(C14) for any constant A € (0, ry] there exists a constant K > 0 (which may depend
on A) and a constant ¢, > 0 (which may depend on A) with f(t,u) > K for A <
u<rgandt > c,,

(C15) f(t,u) >0for0<u<ryandt € [0, 00), and

(CI6) lim,_ (BO JLds/p(s)+Co [L(1/p(s)) [ p(ch)q(ch)dxds) = o0 for
any constants By, Cy > 0 and p > 0.

Then, (9.12) has a solution y € C[0, 00) N C*(0, co) with py’ € C[0, 00) and 0 <
y() < rofort €0, 00).

To see that (9.11) has a solution, we apply Theorem 9.4 to the boundary value
problem ‘
1y = dot’ly|", 0<t<o0

yO) = ¢ =0, lim y() = 0. ©.13)



9 Nonlinear Boundary Value Problems 299

We let p(t) =1/, q(t) = 19, f@t,y)=doly|", ap=1, by =0 and ¢y = —c.
Clearly, (C7)—(C11), (C12) with ry = ¢, (C13), (C14) with K = dyA", (C15) and
(C16) hold. Now Theorem 9.4 implies that (9.13) has a solution y with y > 0 on
m0, 00). This y is a solution of (9.11).

More detailed results on these problems are available in [27, 48, 64, 73, 84, 87,
88, 98].

Example 9.3 (Circular Membrane Theory) The equation for a circular membrane
subjected to a normal uniform pressure can be reduced to (see [52, 55, 102])

" k 3,
Y+ 5+=y =0 0<x<l 9.14)
y2 o x

here k > 0 is a constant, x is the radial coordinate and y(x) the radial stress. At the
edge (x = 1), we have the condition

y() = X > 0, (9.15)

or
apy()+y'(1) =0, ap>0 (9.16)

and at the center (for symmetry)
y'(0) = 0. 9.17)

Making the change of variable x = 1/¢, the problem (9.14), (9.15) is transformed

to
/,+k 1 I, 0 1<t
— — — = = 0, <t <o
y 42 ty

y) = A,

(9.18)

which is a second-order problem on the infinite interval.

First, we shall prove the existence of solutions of (9.14), (9.15), (9.17) and (9.14),
(9.16), (9.17) by applying the following general existence theorem for the boundary
value problem:

1
;(py/)/ = qf@t.y), 0<r<l1
lim p()y'(t) = 0 (9.19)
t—0+t
aopy(1) + bo liI{I p®)y'(t) = co, ag >0, by=>0.
t—1-
Recall that by an upper solution 3 to (9.19), we mean a function g € C[0, 1] N

C%(0,1) with p3 e C[0,1] that satisfies (1/p)(pB) <qf( B), 0 <t <1,
lim, o+ p(1)3'(¢) <0, apB(1) + bglim,_, - p(t)F'(¢) > co. Similarly, by a lower
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solution « to (9.19), we mean a function o € C[0, 11N C%(0, 1) with pa’ € C[0, 1]
that satisfies (1/p)(pa’) > qf(t, ), 0 <t < 1, lim,_ o+ p()a/(t) > 0, apa(1) +
bolim, 1~ p(t)a/'(t) < co.

Theorem 9.5 ([7, 17]) Assume that

(C17) p € C[0,11NC'(0, 1) with p > 0 0on (0, 1),

(C18) q € C(0,1), g >00n (0,1) and fol p(s)q(s)ds < oo,

(C19) f:10,1] x R — IR is continuous,

(C20) fol(l/p(t)) fot p($)q(s)dsdt < oo, and

(C21) there exist ., (3 respectively lower and upper solutions of (9.19) with o < 3.
Then, (9.19) has a solution y € C[0, 1] N C%(0, 1) with py' € C[0, 1] and a(t) <
y(t) < B(¢t) fort € [0, 1]. In addition, if p(0) # 0, or p(0) = 0 and lim,_,o+[p(t)
q(t)/p’ (1)] exists, then

0 i 0 0
() — y(0) f @ #
lim 22 Y0 e -
1 £,y tim 2D 40y~
=0t p'(t)

and y € C[0,1]1N C'[0, 1) N C?(0, 1).

Now with (9.14), (9.15), (9.17) in mind, we consider the problem

3 t
y”+—y’=—&, 0<r<l
p (9.20)

y'(©0) =0, y(1) = A>0,

where ¢ : [0, 1] — [0, c0) continuous, g > 0 on (0, 1) and 0 < g(¢) < M for ¢t €
[0, 1]. Existence of a solution to (9.20) will be established using Theorem 9.5. For
this we first look at (9.19) with p(t) =13, a9y =1, by =0, ¢y = ) and

—1/y% oy =

J.y) = {— /)2, y <A

Clearly (C17)—(C20) hold. It remains to show (C21). Let a(t) = A for t € [0, 1].
Notice that a(1) = 1, lim,_¢+ 3¢/ () = 0 and

1 t
t—3(t30/)/—qf(t,a) = o+% > 0 for te(0,1),

so « is a lower solution of (9.19). Next, let

M,
B) = 8)\2(1 ty+ X for te]0,1].

Clearly 3(t) > a(t) for t € [0, 1]. Notice 3(1) = 1, lim,_q+ 33 (t) = 0 and
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| RN M q@t) M M

t_3(t B8Y —qft,pB) = — E—i_% < - p-l-ﬁ = 0 for r e (0,]1).
So (3 is an upper solution of (9.19). Now Theorem 9.5 guarantees that (9.19) has a
solution y € C[0, 11N C?(0, 1) with 3y’ € C[0, 1] and

M 2
A<y < o=+ for 1€[0.1]

Finally, since
t t 1
im pq(1) = - lim #q() = 0,
=0t p/(t) 3 =0t

we have y'(0) = 0. As aresult, y € C'[0, 1] and y is a solution of (9.20).
Now with (9.14), (9.16), (9.17) in mind, we consider the problem

V4 3 / q(t)
+ = = — —, O0<t<l1
yryY y2 9.21)

y©0) =0, y(H)+A—-v)y(1) =0, 1—v>0,
where ¢ : [0, 1] — [0, co) continuous and 0 < K < ¢q(t) < M fort € [0, 1]. Exis-
tence of a solution of (9.21) will be established by using Theorem 9.5. For this, we

first look at (9.19) with p(¢) = B, bo=1,a0=1—v, ¢og =0and

—1/3%@), y > B@)

fe,y) =4 —=1/y* a@) <y =<p@)
—1/2(1), y <a@)
with
o 1[1((1—1))2}”3[3—1;_4 0.7
=31 G I—v ©:22)
and U
_ M(1—v) 3—v_ )
ﬂ(t)—[ % } [1—1) t] (9.23)

fort € [0, 1]. Clearly (C17)—~(C19) (note o # O and 3 # O since 3 — v)/(1 —v) =
14+ [2/(1 —v)] > 1) and (C20) hold. So it remains to show (C21). Notice

K —U)Z}”t

aw=- [(3—v>2

so lim,_,o+ 3¢/ () = 0 and
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1—v[K(1-v)2]" 2
]

K1 —v?]"
_[<3—v)2] =0

(I = va(l) + lim a/ (1) = —

Also for t € (0, 1), we have

Lo RLCED 0!
t_3(t a) —qft,a)=—-4 _W_ a2(1)
[K(1—v)2]"?
) ULl K ;
| 3—v)* | {ll:l((l—v)z:ll/33_v}
2| (B3-v)? 1—v
kA -] K1 -v21"
=0 +4[<3—v>2} =0

so « is a lower solution of (9.19). Notice a(t) < 3(¢) for t € [0, 1] since we note
that

M(3 )2 > M4 M > K
- — v —_— == )
4 T4 B
and so
K(1-v? _ Md-v)
83—-v)? — 32
Also notice that 13
M(1 —v)?
) = — 2| ——— t,
8 [ 5 }

so lim,_,o+ £33'(t) = 0 and

_ 2713
(1—v)B) + lim 28 = (1 _v)[M(l v) ] 2
t—1- 32 1

291/3
) [M(l—_“)] — 0.
32

— v

Also for ¢ € (0, 1) we have
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15, o Ma-v21" 0 qo
S8 —af 0.5 = 8| —— + 20

TM(1— )21 M

_l’_
L 32 | {I:M(lv)z:ll/:ii}
32 1-v

‘M(l—u)2“/3+32 M1 —v)21"?
32 4 32

5_8 2

:—8 == 0,

so [ is an upper solution of (9.19). Now Theorem 9.5 guarantees that (9.19) has
a solution y € C[0, 11N C?(0, 1) with £y’ € C[0, 1] and «(t) < y(t) < 3(¢t) for
t € [0, 1] where « (respectively () is given in (9.22) (respectively (9.23)). Finally,
since lim,_ o+ [p(1)g(t)/ p'(t)] = 0 we have y'(0) = 0. Asaresult, y € C'[0, 1] and
v is a solution of (9.21).

Now we shall establish the existence of a solution of (9.18) by applying the
following general existence theorem for the infinite interval boundary value problem

Y =qf(t,y,y), a<t<oo
—apy(a) + boy'(a) = co, ap>0, by=>0 (9.24)
y(t) bounded on [a, 00);

here a > 0 is fixed. We recall that by an upper solution 3 to (9.24) we mean a func-
tion 3 € BC[a, 00) N C*(a, o), ' € BCla, 0o) with 3" < qf(t,3,3), a <t <
00, —apfB(a) + byf'(a) < ¢y, B(t) bounded on [a, 0o0); here BC[a, 00) denotes
the space of continuous, bounded functions from [a, co) to RR. Similarly, by a
lower solution « to (9.24) we mean a function & € BC[a, 00) N C%(a, 00), o/ €
BCla, o0) with o’ > qf(t,a, /), a <t <00, —apa(a)+ bpa'(a) > ¢y, alt)
bounded on [a, 00).

Theorem 9.6 ([7, 17]) Suppose that

(C22) f :la,o0) x R?> — R is continuous,

(C23) g € C(a, o0) withq > 0 on (a, 00),

(C24) [V q(s)ds < oo forany p > a,

(C25) there exists o, (3 respectively lower and upper solutions of (9.24) with a(t) <
B(1) fort € [a, 00),

(C26) there exists a continuous 1) : [0, 00) — (0, 00) with | f(t, u, v)| < ¥ (|v]) for
(t,u) € [a, 0) x [a(t), B(t)], and

(C27) q is bounded on [a, 00) with Ao SUP, (4 00y 4 (1) < fdzo[u/ql)(u)]du; here

Ag = max{0(t) —a(x): t, x € [a, )}

with
dy = |Co|+|ao|maxb{|a(a)|, [B@)} if bo=0
0
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whereas

dy = |:max{|a(a+l)|, |5(a+1)|}+|2—0|] if by=0.
0

Then, (9.24) has a solution y € BC[a, o0) N C?(a, o), y’ € BCla, oo) with

a@) < y(@) < B) and |y < T <A0 sup q(f)) Jor t € [a, 00);
t€la,00)
here J : [dy, 00) — [0, 00) is given by J(z) = fdzo[u/w(u)]du.

Now with Theorem 9.6 in mind for (9.18) we consider the boundary value problem

v+ f(t,y,y) =0, 1<t<oo

y() = A (9.25)
y(¢t) bounded on [I, c0)
with '
v
- [,— - ?} o y=A
fy,v) = ky v
- [ﬁ - 7} o y=A

We will apply Theorem 9.6 with

k 1
a =1 g=1, af) = X and () :A+W<l_t_2)'

Clearly (C22)—(C24) hold. In addition, « is a lower solution of (9.25) since (1) = A
and

>0 for 1 <t < o0.

O//_q(t)f(tvav a/) - W -

We next show [ is an upper solution of (9.25). Note #(1) = A and for 1 <t < o0

we have 3% 1 K 1 K
B —q)f, B,8) = 4—)\274"‘ (FW _W>

-3k 1 k1 k
< — —4|{-—= - —
T 4)2 ¢4 2 4Nt
=0.

Thus (C25) holds. Also since

k
If@y. vl = 5+ vl for (t,y) €1, 00) x [A 5(®)],
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clearly (C26) and (C27) hold. Theorem 9.6 now guarantees that (9.25) has a solution
y € BC[1, 00) N C%(1, 00), ¥ € BC[1, c0) with

k 1
W 1_[_2 for t €1, 00).

As a result (from the transformation x = 1/¢), we find that y(x) is a solution of
(9.14), (9.15) with

<y® < A+

k
A< y(x) < A+ oz (1—-x%) for 0<x<1. (9.26)

From (9.26), it is clear that this solution y(x) remains bounded as x — 0. Now
we will now show y’(0) = 0 and y € CJO0, 1] (if these are true then y € C[0, 1]is a
solution of (9.14), (9.15), (9.17)). Certainly y € C(0, 1] with

1 3
3.7 _ /
¥y () = y(1)~|—k/x Sds

_ y' (D)
y(x) = A+ T( ) / / 2(S)a'é‘dt

2 e -n-e [
x2y(x) = Ax? + > x 1 — kx? = 2(S)dsa’t

Now (9.26) implies

1 1 1 3 1 1 1
/—3/ — dsdtz—z/ 3/ Sdsdi = oo,
o 2 Jr yA(s) A+ &) ot

so L’Hopital’s rule gives

SO

Thus

/ 1 3
ya _ _k / 5
y2(s)

Consequently,

kb os3 1
=2y y2<s>ds< __2> /ﬁ/ Z(s)d“”

k[t s 1

ZA"f y2(s) (1—x—2)
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' 1/1 S 4 1 /1 $3 4
2 ) e 2w ) o
k 1 3 k X 3 k 1
=>\——/ s—ds+—/ S—ds+—/ 2 s
2 Jo y2(s) 2x2 Jo y2(s) 2/ y3)
with N ;
k s
/
= L 2
e x3/0 RO

Note that (9.26) implies

1 3 1 1
/ 2S ds < —2/ s3ds.
o y=(s) A% Jo

Now L’Hopital’s rule gives

1m =
3 =0t y2(x)

Jo Sid 1
/ . 0 y2(s s . X

It is also immediate that y € C[0, 1] since (L’Hopital’s rule)

k1S3 k' s
(0):)\——/ —ds—i——/ —ds.
Y 2 )y YO T2 ) Y6

Example 9.4 (Kinetics and Heat Transfer) Let Q be the monomolecular heat of
reaction, k the thermal conductivity, W the reaction velocity, ¢ the concentration,
a the frequency factor, E the energy of activation, R the gas constant, and T the
temperature. Then, an appropriate equation for the thermal balance between the heat
generated by a chemical reaction and that conducted away can be written as

kVT = — QW, (9.27)

where V? represents the Laplace operator, and the expression for W is the Svante
August Arrhenius (1859-1927) relation

W = caexp(—E/(RT)). (9.28)

In the case of small temperature ranges, we can write

E E 1
RT  RT) |14+ (T —Ty)/Tpy

E |, T—T0+ T —Tp\>
RT, T T
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L _E[,_T-T
= RT, o |

Using this approximation in (9.28), we find the equation for dimensionless tem-
perature, § = E(T — Ty)/(RTZ) to be

V20 + Ae? = 0, (9.29)

QFEca E
A= ——exp|——+)-
kRT; RTy

Equation (9.29) also appears in certain problems of two- dimensional vortex
motion of incompressible fluids, in the theory of the space charge of electricity
around a glowing wire, and in the nebular theory for the distribution of mass of
gaseous interstellar material under the influence of its own gravitational field, see
[35, 78, 83, 114].

In one dimension, Eq. (9.29) by using Cartesian, circular cylindrical, and spherical
coordinates becomes

where

d*0  ndo . Ao 9.30)

dx?  xdx ¢ '
with the boundary conditions

00 =0, (1) =0 (9.31)

where, respectively, n =0, 1, 2. In the literature, (9.30) is known as the radial
Liouville-Gelfand (Israel Moiseevich Gelfand 1913-2009) equation.
An explicit solution for the case n = 0 can be obtained and appears as

#(x) = 2[In(cosh(c)) — In(cosh(cx))], (9.32)

where c is a root of the equation ¢ = +/A/2 cosh(c). Thus, for the problem (9.30)
withn =0, (9.31) if

< 1 there are two solutions

— min = 1 there is a unique solution

> 1 there is no solution

We note that min.>o[cosh(c)/c] =~ 1.50887956.
Forn = 1, we shall follow the ingenious method of Chambré (see [47]). Forn = 1
Eq.(9.30) is the same as
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d (40 _ Axé’ (9.33)
I xdx = xe’. .
We use the transformation
do
w=x—, u = xPe (9.34)
dx

where p will be chosen later. Clearly,

dw dw du dw P14 b gdo dw -y do
— = —— = — |pxPTe" +xPe"—| = u—|px —
dx  dudx  du|? dx du | dx

and hence

xoo = uﬁ[p + wl],

which in view of (9.33) is the same as
d
— A2 = ulp ). (9.35)
du

We can integrate (9.35) provided its left-hand side is a function of # and w. We note
that for p = 2 the left-hand side is (—Au), and therefore

dw A
du 2+w’
which immediately gives
WHdw = —2Au+c. (9.36)

Clearly,atx = 0, u = Oand sincew = xdf/dx, w = 0. Thus, from (9.36), it follows
that ¢; = 0. Using (9.34) in (9.36), we obtain the relation in terms of the original
variables

o\’ do
=) +4x— = —24x%. (9.37)
dx dx

Now multiplying (9.30) for n = 1 by 2x?, we get

d2o do
ZXZW + ZxE = —2Ax%e. (9.38)

Equating (9.37) and (9.38), we find a simpler differential equation

a0 140 1 [(do\*
- (9.39)

dx?  xdx 2 \dx
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Since (9.39) is a Bernoulli equation in d6/dx, we can integrate to obtain

do . 4Bx 9.40)
dx Bx2+1’ ’
where B is an integration constant. Now an integration of (9.40) gives
O(x) = C—2In(Bx*+1), (9.41)

where C is another integration constant. We note that to get (9.41) the condition
0'(0) = 0 has already been used, and the condition #(1) = 0 immediately gives C =
21In(B + 1) and hence, we have

0(x) = 2In(B+1) —2In(Bx>+1) = 21In (B—H) (9.42)
Bx%+1

Finally, the constant B is computed by requiring that (9.42) is a solution of (9.30)
for n = 1. This leads to the equation 8B = A(B + 1)2, and hence

8 —2A +[(8 —24)2 —4A%)/?
B - o2 Ar = 9.43)

which is valid only if 0 < A < 2. Thus, the problem (9.30) with n = 1, (9.31) has
two solutions, one solution, and no solution accordingas0 < A <2, A =2, A > 2.

For n = 2, there does not seem to be a way to find an explicit solution of (9.30),
(9.31). However, we can use Theorem 9.5 to prove the existence of a solution for
eachn > 1 (not necessarily an integer). We note that for n > 1 Eq. (9.30) is the same

as
xin% (ﬂ%) = — A (9.44)
We consider the boundary value problem
1 N/
Sy = Al

(9.45)
lim "y'(1) = 0, y(1) = 0.
t—0t

Comparing (9.45) with (9.19), we find p(¢) =t", q(t) =1, f(t,y) = —Ae”, by =
co =0, ap = 1. Clearly, conditions (C17)—(C20) are satisfied. Now we shall show
that a(#) = 0 is a lower solution of (9.45). For this, it suffices to note that (1/¢")
"/ (1)) =0 > —Ae®® = —A, 0 <t < 1. Finally, we shall compute B so that

B@) = 2In(B+1) —2In(Bt> + 1)

is an upper solution of (9.45). For this, all we need is to satisfy the inequality
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1d —4Bt B+1Y\°
—— (" < —A , O0<t<1
t" dt B2 +1 B2 +1

which is the same as

AB+1? < 4n+1DB+4(n—1)B%*>, 0<t<1.

This inequality certainly holds if A(B + 1?2 <4(m+1)B, or

[4(n + 1) —2A] — V[4(n + 1) — 2A4]2 — 4A2
2A
[4(n + 1) — 241+ V/[4(n + 1) — 2A]% — 4A2
2A ’

< B <

(9.46)

which is valid only if 0 < A < (n + 1).

Thus, in view of Theorem 9.5, the problem (9.45) has a solution y € C[0, 1] N
C?(0,1) with "y’ € C[0,1] and 0 < y(t) <2In(B+ 1) —2In(Bt* + 1) for t €
[0, 1]. Further, since p(0) = 0 and lim,_,o+[p(¢)g(¢)/p’(¢)] exists,

i y(@) — y(©0)
m ———

t—0+ t

t)q(t t"
p)q (1) — — A0 im

= 0,
p'(t) =0t ntn—1

= £(0.3(0)) lim

iee., y'(0) =0, and y € C[0, 11N C'[0, 1) N C>(0, 1).
Thus, in conclusion the problem (9.44), (9.31) for each n > 1 has a solution
6 € C[0, 11N C'0, 1) N C?(0, 1) with

0 < 6(x) < 2In(B+1)—2In(Bx>+ 1), (9.47)

where B satisfies the inequality (9.46).
For the boundary value problem (9.30), (9.31) one of the best possible results is
given in Problem 9.9.

Example 9.5 (Emission of Electricity from Hot Bodies) A counterpart of (9.30) is
the following equation:

PO 10 e 9.48

dx?  xdx ¢ ©48)
which for n = 2 appears in Richardson’s [93] (also see [54]) theory of thermionic
currents when one seeks to determine the density and electric force of an electron gas
in the neighborhood of a hot body in thermal equilibrium (also see Problem 4.19).
According to Richardson, the general condition for this equilibrium at constant tem-
perature is that the force on the electron in any element of volume arising from the
electric field should balance the force on the same element of volume arising from
the pressure gradient. This is equivalent to having the electric intensity E satisfy the
following nonlinear partial differential equation
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. KT
E div(E) + —V?E = 0
€0
with the additional condition

grad(In(n)) = L0 E,
wT

where « is Boltzmann’s constant, 7' the constant temperature, ey the charge on the
electron, and n the number of electrons per unit volume.

Let v be the volume of unit mass. To find the differential equation for v, we first
need to compute the work done when unit mass is moved from a point A in the field
to a second point B against a pressure p. Denoting this work by w, we have

B
w = / pdv. (9:49)
A

But since the gas is in equilibrium, the work done on the electron by the electric
force is equal to w. Denoting this work by w’, we get

, B dv
w = — / N()E()—dS, (950)
A ds

where V is the potential, Ny the number of electrons per unit mass, and ds is the
element of the path from A to B.
Equating (9.49) and (9.50), we obtain

B B dv
f pdv—l—/ Noeg—ds = 0. 9.51)
A A ds

However, since p = RT /v Eq.(9.51) can be written as

BRT d B av

/ ——Uds—i—/ Noeg—ds = 0,
A v ds A ds

which leads to the equation

RT dv dv
—— + Noeg— = 0. (9.52)
v ds ds

Now the potential V satisfies Poisson’s equation
V2V = 4mp = 4nNyeo/v. (9.53)

If the thermionic emission is from a flat plate of infinite extent, then ds = dx and
(9.53) is the same as
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d*v

—5 = 4. (9.54)

Eliminating V from (9.52) and (9.54), we get the equation of Richardson for
thermionic distribution in the neighborhood of flat surfaces

d?v 1 (dv\* -
If the emission is from a spherical surface with radial symmetry, then Eq. (9.53)
must be expressed in polar coordinates, and hence

1 d ,dV
) = 4np. 9.56
r2dr (r dr) TP ( )

Using (9.56), we eliminate V from (9.52) to get the following nonlinear differential
equation:
dv 1 (dv\* 2d
o (Z) +22 1 =0 9.57)
drr v

0

Finally, the substitution v = ¢”, r = ax transforms (9.57) to the equation

da’0 2do

_ 2 _—0
W xa = —Cae™’. (958)

Now, we shall discuss the existence and uniqueness of the solutions of the bound-
ary value problem (9.48), (9.31). For the case n = 0, there exists a unique solution
and it can be written as

8(x) = 2[In(cos(cx)) — In(cos(c))], c € (—=m/2,7/2) (9.59)

where c is the unique root of the equation ¢ = /A /2 cos(c).
Next, we shall use Theorem 9.5 to prove the existence of a solution foreachn > 0
(not necessarily an integer). We note that for n > 0 Eq. (9.48) is the same as

1 d do
—— [x"—=) = — A, (9.60)
x" dx dx

We consider the boundary value problem

1

—"yY = —Ae™
" (9.61)
lir(r)l "Y't =0, y1) =0

t—0t
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and compare it with (9.19), so that p(t) =t", q(t) =1, f(t,y) = —Ae™”, by =
co =0, ap = 1. Clearly, conditions (C17)—(C20) are satisfied, and () =0 is a
lower solution of (9.61). Now we shall that

— A _ 42
B0 = o=

is an upper solution of (9.61). For this, all we need is to satisfy the inequality

ld —2At A
(t—)f—Aexp( (—z)) 0<t<1
mdt \' 2+ 1) 2(n+1)

which is the same as

A
1 > exp ——(l—tz) , O0<t <.
2(n+1)

Finally, following exactly the same as for (9.45) we find that the problem (9.60),
(9.31) has a solution 8 € C[0, 11N C'[0, 1) N C2(0, 1) with

A

0 <f0kx) < ——(1—x?). (9.62)
2(n+1)

Finally, we shall show that the problem (9.60), (9.31) for all n > 0 has at most one

solution. For this, let 6, (x) and 6, (x) be two solutions, and without loss of generality

assume that there exists a point xy € [0, 1) where the function ¢(x) = 6,(x) — 6,(x)

assumes a positive maximum, i.e., ¢(xg) > 0. If xo € (0, 1), then we must have
¢ (x9) =0, ¢"(x0) <0.However, from Eq.(9.48) we have

¢ (x0) = _A(e—F/l(Xo) _e—é‘z(xo)) > 0,

which is a contradiction. If xy = 0, then there exists an interval [0, ), § < 1 in
which ¢(x) > 0. Thus for all 0 < € < x < 4, from Eq.(9.60) we have

ii (x”@) - —A (6*91()6) _6*92()6)) > 0,

x"dx dx

and hence x"¢’(x) is increasing in (e, §). However, since ¢’'(0) = 0 there must be a
1 > 0 so that ¢'(x) > 0, x € (0, u). But, this contradicts the fact that ¢(x) attains
its maximum at xo = 0.

Example 9.6 (Non-Newtonian Fluid Flows) The Augustin—Louis Cauchy (1789-
1857) stress T in an incompressible homogeneous fluid of third grade has the form

T = —pl+ pA; + 1Ay + axAT + B1As + Bo[A 1A + AsA ] + B Tr(ADA,,
(9.63)
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where —pI is the spherical stress due to the constraint of incompressibility,
u, ai, ao, B, [, (3 are material moduli, and A;, A, Aj are the first three
Rivlin—Ericksen (after R. S. Rivlin and J. L. V. Ericksen 1955) tensors given by

dA

A = L+L7, A, = d—t1+LTA1+A1L
and JA
Az = d—t2+LTA2+A2L;

here L represents the spatial gradient of velocity and d /dt the material time derivative.
Now consider the flow of a third grade fluid, obeying (9.63), maintained at a cylinder
(of radius R) by its angular velocity (£2). The steady-state equation for this fluid is

0 = [0 1AV 8], (db BV [ 2db 20
~Mam TRaF TR i F) aP " Fai P

with boundary conditions

V= RQ at ¥ = R, and v — 0 as 7 — oc;

here v is the nonzero velocity in polar coordinates and x and 3 are material constants.
Making the change of variables

<

and v = —

= |
=
Q

our problem is transformed to

d2U+1dv v+ dv  v\? 6d2v 2dv+2v _ 0 9.64)
¢ dr r dr2  rdr 2| ’

for 1 < r < oo, with boundary conditions
v=1ifr=1 v—>0 as r — oo; (9.65)

here € = Q?3/ 1. As a result, our non-Newtonian fluid problem reduces to a second-
order boundary value problem on the infinite interval, see [60, 113].

It is easily seen that (9.64), (9.65) can be written as
)2)

N e

(=2
v+ -

" (146 (v = 2)?
v(l) =1, lim v(r)

Fr—00

(v — —) 0, 1<r<o ©.66)

\Ic:
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To show that (9.66) with ¢ < 1/2 has a solution v € BC[1, 0o) N C%(1, co) we will
apply Theorem 9.6. With this in mind we consider the boundary value problem, see

T )
P (1=2e(v — %)2 , v
;(1+6e(v’—%)2> <U - )

v(l) = 1, v(r) boundedon [I1,c0).

v+ =0 1l<r<oo

(9.67)

Since € < 1/2 there exists § > 0 such that 1/+/2¢ — § > 1. Now choose 6 € (0, 1)
with

1—-6 1
\/26(39 + 1O+ 1) z E -9, (9.68)
and let
- — (9.69)
T TN 2GO+ DO+ 1) :

We will apply Theorem 9.6 with

, 2
B 1 N (1_260_:)) ;Y
a=1 4q@r) =—-, fryy) = — > (y——),
r (1+66(y/_%)) r
a =0 and B(r) = le
r
Note that if
(w) = 1—-2w 0
guw = 1+6w’ =
then
'(w) =S _ 0 with lim (w) =1 and lim g(w) !
w) = w) = w) = — =.
g (1+6 )2 w~>0g w—>oog 3
(9.70)
As aresult ]
3 < gw) <1 for w=>0. 9.71)

Clearly (C22)—(C24) of Theorem 9.6 hold. In addition « is a lower solution of (9.67)
since a(1) =0 < 1 and

” / " 1 / a2 , @
o —qf(r,a,a’) = o'+ —g e(a——) (a——)=0f0r1<r<oo.
r r
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Next we show [ is an upper solution of (9.67). First note (1) = 7 > (1/\/2_6) -6 >
1. Also for 1 < r < oo we have

2
B —af(rB.8) =B + g (e (,6” - @> ) (B’ - 9)
r r r
0O +1) 1 B\ 7@+ 1)
L (-2 ) [
@+1) . BY
27—,,9—4-2{0_*(](6(/8_7))}'

2 2 2
€ (Ig/ _ é) — 67—(9—+1) < 672(9 4 1)2
;

Now since

F20+2

we have from (9.70) that

ﬁ 2
g(é(ﬁ’— )) > g(er?@+1?) for r>1,

7
and this together with the above inequality yields

8" —qf(r,p,8) < %{9—9(67’2(94-1)2)} =0 for 1 <r <o

since from (9.69) we have

1 —2er?(0 + 1)
1+ 6e72(0 + 1)?2

1— =0

—0— {&}
3(1=0)
1+ 55

=0-60 = 0.

(9—9(67’2(9+ 1)2) =0 -

Thus (C25) of Theorem 9.6 holds. Also notice that (9.70) implies
[Feouv] < lol+7 for (nu) e l1,00) x [0, 5],
r

so (C26) of Theorem 9.6 is satisfied with ¥(z) = |z| + 7. Finally notice that (C27)
of Theorem 9.6 holds since

® oy ® oy
du = / du = oo and Ap sup g¢q(r) < oo.
./:10 »(u) do UTT rell,00)
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Thus, Theorem 9.6 guarantees that (9.67) has a solution v € BC[1, oo) N C%(1, 00),
v’ € BC[1, 00) with

0 < v(r) < = for rell o)
r

Now lim,_, o, (7/r’) =0, so v is a solution of (9.64), (9.65).

Example 9.7 (Membrane Response of a Spherical Cap) The boundary value problem

t? A2
it -2 ) =0, 0<r<1 9.72
Y <32y2 8) == ©.72)

y0) =0, 2y(H)—(1A+v)y(1) =0, 0<v<1 and A\>0 (9.73)

arises in nonlinear mechanics. The problem models the large deflection membrane
response of a spherical cap, see [38]. Here S, = y/¢ is the radial stress at points on
the membrane, d(pS,)/dp is the circumferential stress (p = t2), A is a load geometry
parameter and v is the Poisson ratio.

Motivated by the above problem, we present two existence results for the differ-
ential equation
y'4+qft,y)=0, 0<r<1. (9.74)

The first result is for the problem (9.74), (9.73), whereas the second is for (9.74)
together with the more general conditions

y(©0) =0, Y +vH1) = 0. 9.75)

Theorem 9.7 ([4]) Suppose that

(C28) there exists 3 € C[0, 11N C*(0, 1) with ' € AC[0, 1], B(0) >0, q(t)f
(t, (1) + 8"(t) < 0fort € (0,1), and 23'(1) — (1 +v)B(1) > 0,

(C29) there exists o € C[0, 11N C2(0,1) with o € AC[0, 1], a(t) < B(t) on
[0,1], a(0) <0, g@®)f @, a@®)+a"@#) >0 for t € (0,1), and 2a/(1) — (1 +
v)a(l) <0,

(C30) g € C(O, )N L'[0, 1Jwithq > 00on (0, 1) andforeacht € [0, 1], f(t,u) €
R foru € [a(t), B(t)], and

(C31) the function f* :[0, 1] x R — R defined by

f@, @) +rB@)—y), y=p@
fry) = ft,y), at)<y<pB®)
f, a@®)+ra@)—y), y=<al)

where r : R — [—1, 1] is the radial retraction defined by
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x, x| =1
r(x) =
x/|x|, x| >1

is continuous.

Then, (9.74), (9.73) has a solution y € C[0, 11N C2(0, 1) with ¥y € ACJO0, 1] and
a(t) < y() < p@) fort € [0, 1].

We shall apply Theorem 9.7 to show that (9.72), (9.73) has a solution y €
C[0, 11N C?(0, 1) with y’ € ACI0, 1] and

a t
’(5‘“) < y(0) < 5y for 1€[0.1] (9.76)

a (1—v A2
v=5(52) ™ o= rTam o

Notice first that (a/2\) > bsince 0 < (1 —v)/(3 —v) < landsoa/(2)\) — bt > 0
fort € [0, 1]. In Theorem 9.7 we let g = 1, f(t,y) = (t*/32y?) — \*/8 and

here

t

alt) = t(za—/\ —bt) and 5(1) = 3 (9.78)

Let

Fen=13:"%
2
m—%ﬁ—r(t[za—)\—bt]—y), y§t<2a—)\—bt).

Notice (C30) and (C31) are satisfied since a/(2\) — bt > 0 for ¢ € [0, 1]. To see
(C28) notice that 3(0) =0, 26'(1) — (1 +v)B(1) =[1 -1+ v)/2]/A >0 and
q@) f(, B@)) + B"(t) =0 for ¢ € (0, 1). Finally, to show (C29) we notice that
a(0) =0and

20/(1) = (1 + v)a(l) =2 (;—A - 2b) —(I+v) (;—A - b)

a
=b(—3~|—v)+5(l—v)=0.

Now since @ < 1 in view of 8 > 8a(l — v)/(3 — v) it follows that 8/ A > 16b and

hence 5 5
2 A A

a” = <
N1 @A) - Nti6b
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and so fort € (0, 1),

t? A2
g ft,a)+ao"(t) = a2 b _ ? —2b
1 22
> —2b

320a/CN? 8

—)\2 ! 1 2b
T8 \a?

A2 (N2 16D
> (222 _1)-2p = 0.
=5 ()

Now Theorem 9.7 guarantees that (9.72), (9.73) has the desired solution.

Theorem 9.8 ([11]) Let ny € {3, 4, - - - } be fixed and suppose that

(C32) f:10,1] x (0, 00) — R is continuous,

(C33) q : C(0, 1) withqg > 0on (0,1) and tq € L'[0, 1],

(C34) ¥ : R — R is continuous,

(C35) let n € {ng,ng+1,---}=IWNy and associated with each n there exists a
constant p, such that {p,} is a nonincreasing sequence with lim,_, », p, = 0 and
such that for 1/n <t <1, q(t)f(t, pn) =0,

(C36) there exists o € C[0,11NC'(0,11NC*(0, 1) with «(0) =0, /(1) +
W(a(l)) <0, a > 0o0n (0, 1] such that for eachn € N,, q(t) f (¢, a(t)) + a”(t) >
Ofort € [1/n,1)and q@)f(1/n, a(t)) + ") > 0fort € (0, 1/n),

(C37) foreachn € INg there exists 3, € C[0, 11N C'(0, 11N C%(0, 1) with 3,(t) >
a(t) and B,(t) = p, for t € 10, 11, B,(1) + ¥ (B,(1)) = 0, and q(1) f(t, B,(1)) +
By(t) =0 fort e [1/n,1)withq(t)f(1/n, 3,(t)) + B,(t) <0 fort € (0,1/n),
(C38) ap = max{sup,cjo.1) Bu(t) : n € Ny} < o0,

(C39) |f(t,y)| <g(y)on[0, 1] x (0, ag] with g > O continuous and nonincreasing
on (0, 00), and

(C40) forany R > 0, 1/gis differentiable on (0, Rlwithg' < Oa.e.on (0, R], ¢'/¢>
€ L'[0, Rl and [;"(1g'()|'/9(1))dt = oc.

Then, (9.74), (9.75) has a solution y € C[0, 11N C'(0, 11N C*(0, 1) with y(t) >
a(t) fort € [0, 1].

Corollary 9.1 Ifin Theorem 9.8 conditions (C35)—(C37) are replaced by

(C41) for eachn € Ny there exists 3, € C[0, 11N C'(0, 11N C?(0, 1) with 3,(t) >
pn for t €10, 1], B,(1) +¥(B8,(1)) = 0 and q(t) f(t, 3,(1)) + B,(t) <0 for t €
[1/n, 1) with q(t) f(1/n, 3,(2)) + B,(t) < 0fort € (0,1/n),

(C42) ifx >0, y > 0withx —y < ¥(y) —¥(x) thenx —y <0, (ifp(u) = —bou
for by < 1 then this condition is obviously satisfied),

(C43) Y(u) = —bou, 0 < by < 1 and there exists T € (0, 1) with f(t,y) > 0 for
telr,)and0 <y < p,[1 —bo(1 — 1,

(C44) let n € INg and associated with each n there exist a constant p, such that {p,}
is a decreasing sequence with lim,,_, o, p, = 0 and there exists a constant ky > 0
such that for 1/n <t <land0 <y < p,, q(t) f(t,y) > ko, and



320 9 Nonlinear Boundary Value Problems

(C45) f(-,y) is nondecreasing on (0, 1/3) for each fixed y € (0, 00).
Then, (9.74), (9.75) has a solution y € C[0,1]1N C'(0,1]1N C%(0, 1) with y(@) >0
fort € (0, 1].

First, we shall apply Corollary 9.1 to show that (9.72), (9.73) has a solution
y € C[0,11N C'(0, 11N C?(0, 1) with y(t) > 0 for t € (0, 1]. For this, we let g =
1, g(») = 1/(32y%), ¥(z) = —(1 +v)z/2and by = (1 + v)/2. Choose and fix ng €
{3,4,---} with

1 (1 —v)@+1H)!/2 q L A2 ©.79)
< an — . .
N Al +v) ng — 84+ A2
Let {
pn = —————— and ko = 1.

2n(8 4+ \2)1/2

Clearly, (C32)—(C34), (C40), (C42) and (C45) hold. Next notice that for n € INy =

{no,no+1,---}, 1/n <t <land0 <y < p, we have
1 A2 1 A2 B+ A2
DY) > ——=—— > ———— = -2 =,
GOS0 = 505 7% = S % 8 8
so (C44) is satisfied. Now let
t
Bu(t) = 5+¢n_opn. (9.80)

Also notice that for n € IN that 3,(t) > p, for ¢ € [0, 1] and

1 1 1
G0+ vy = 5 - Y (ﬁ + \/n_opn>

I-v) d+4v)

= V , > 0
AN ) no pn =
since (9.79) implies
/70 V1o 1 1—v

= < = < .
Vo on 2nB+X)12 T 2n0B+A)12 T 2 /ng(B8+A)12 T 2A(1 4 v)

Now if n € Ngand ¢t € [1/n, 1) we have
12 A2 420> N2
- <

(1) +q () f (1, Ba(0) = < o
’ a0 32 (55 + rops) 8 322 8

whereas if n € INg and 7 € (0, 1/n) we have from (9.79) that
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1 A2
Bl +q@)f(A/n, 5,(1)) = . 17 g
32n2 (35 + /10pn)
1 )\2 8+/\2 )\2
= 32n%nop2 8 8ng 8 ~

Thus (C41) holds. It remains to check (C43). Let 7 = 1/(1 — by). Now if ¢ € [T, 1)
and 0 < y < p,,[1 —bo(1 — 7)]~! then we have

72 A2 - 2 [ =by(1 -1 N

322 8 T 32 02, 8
T =b)? N A -b)’ngB+ ) N
3202, 8 8 8
A\ N A\ N
> 1 -b)*(1+5 ) -5 = (145 ) -5 = 1.
> 7 0) ( +3 3 +3 3

Thus (C43) holds. Existence of a solution to (9.72), (9.73) is now guaranteed from
Corollary 9.1.

Now we shall apply Theorem 9.8 to show that (9.73), (9.74) has a solution. For
this, let a(t) be as in (9.78) with b and a are defined by (9.77), and 3, is as in
(9.80). Clearly (C32)-(C35), (C37)—(C40) hold. It remains to show (C36). Now as
in the illustration of Theorem 9.7 we have a(0) =0, /(1) + ¥ (a(1)) = 0, and
a/(2\) > b and a*> < \?/(\> + 16b) implies q(t) f(t, a(t)) + (1) > 0 for n €
INp and ¢ € [1/n, 1). Further, if n € INy and ¢ € (0, 1/n) then since nt < 1 we have

g@®) f(1/n, o)) + o (1)

_ 1 A2 1 A2
3202 [at/@N) — bi2] 8 = 322 [a/2N) 8
1 A2 N (A2 4 16b
>N gy s o (A0 ) g =)
32[la/2N]* 8 8 A2

Existence of a solution to (9.72), (9.73) now follows from Theorem 9.8.
For more details, about the above problem see [25, 89, 90].

Example 9.8 (Deformation Shape of a Membrane Cap) Consider the deformation
shape of a membrane cap which is subjected to a uniform vertical pressure P and
either a radial displacement or a radial stress on the boundary. Assuming the cap
is shallow, (i.e., nearly flat), the strains are small, the pressure P is small, and the
undeformed shape of the membrane is radially symmetric and described in cylindrical
coordinates by z = C(1 —r?) (where 0 <r < 1 and v > 1) where the undeformed
radiusis7 = 1 and C > 0 is the height at the center of the cap. Then, for any radially
symmetric deformed state the scaled radial stress S, satisfies the differential equation
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2P Bur? r2

r’S! 4+ 3rS. = s+ 5 8 (9.81)
the regularity condition
S,(r) boundedas r — 0 (9.82)
and the boundary condition
boS,(1) + b, S (1) = A, (9.83)

where \ and [ are positive constants depending on the pressure P, the thickness
of the membrane, and Young’s modulus, by > 0, b; > 0 and A > 0. For the stress
problem by = 1, b; = 0 whereas for the displacement problem by =1 — v, by = 1
where v (0 < v < 0.5) is the Poisson ratio, see [39, 56, 75].

To move the singularity from » = 0 to oo in (9.81)—(9.83), we use the substitution
t =r~2, u(t) = S,(r) to obtain the infinite interval problem
DS LR B
u — = — 1, <t <00
872 32u?  4u
apu(l) —au’(1) = A, u(t) boundedas r— oo,

s

(9.84)

where u = B v, ag = by, and a; = 2b;.

In what follows, we assume that ay > 0, a; >0, A >0, A > 0and v > 1. To
show (9.84) has a solution, we need the following general existence criterion for the
boundary value problem:

y' = qf(t,y), a<t<oo, a>0 isfixed
—apy(a) +boy'(a) = co, ap >0, bp>0 (9.85)
y(t) bounded on [a, 00).

Recall that by an upper solution (3 to (9.85) we mean a function 3 € BC[a, co) N
C*(a,0), (' € Cla, 00) with " < qf (1, 3), a <t < 00, —apB3(a) + by (a) <
cog, [(t) bounded on [a, o0); here BC[a, o0) denotes the space of continuous,
bounded functions from [a, 0o0) to R. Similarly, by a lower solution « to (9.85) we
mean a function a € BC[a, 00) N C%(a, >0), & € Cla, o0) with o’ > gf(t, o),
a<t<oo, —apa(a)+ by (a) > ¢y, a(t) bounded on [a, 00).

Theorem 9.9 ([19, 21]) Assume that

(C46) f :la,o0) x R — R is continuous,

(C47) g € C(a, o0) withq > 0 on (a, 00),

(C48) faﬂq(s)ds < oo forany u > a,

(C49) there exist o, 3, respectively, lower and upper solutions of (9.85) with a(t) <
B(t) fort € [a, 00), and
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(C50) there exists a constant M > 0 with | f(t,u)| < M fort € [a,o0) and u €

[a(2), B(D)].
Then, (9.85) has a solution y € BC[a, 0c0) N C*(a, 00), ¥ € Cla, 00) with a(t) <

y(1) = B(t) fort € [a, 00).

With respect to the problem (9.84), we consider the following four cases:
Case 1. v > 0, v > 2. In this case, we let

A 1
p) = maX{—, —} = 5
ap 8u
and

A 2 1
a(t):min{—,—ﬁ—i- M——l——} = ap.
ap

Notice Gy > 0, ap > 0 and a(r) < B(¢) fort € [1, 0). Letg = 1 and

1 A2 1 7 -

A8 2 302 Ay TN
[y = 5

1 A 1 n " -

= |l=—=— =+ —1, y>a.

582 32y Tay | Y=

Clearly (C46)—(C48) and (C50) hold. It remains to check (C49). First we show [ is
an upper solution for (9.85). If 1 < ¢ < oo then

1 1 A2
80— g f (1. 50) = [W e ﬁ}
0

1T X
T 4508 (85 M| s S
In addition, ap5(1) — a15'(1) = apfy > apA/ap = A, so ( is an upper solution for

(9.85). To show « is a lower solution for (9.85) first notice that aga (1) — a;c/(1) =
apay < apAjap = A. Also for 1 <t < 0o in view of v > 2 we have

1 1 22
" (1) —q@) f(t,a(t) = = [ -~ L]

1313203 81772 4ay
%
=—|1-8uag— 2
320313 [ Hoo = 52 ]

1

242

\2 5 L 1
= Tsar i+ 25500 533]
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2
=—8a—(2)t3(040—x0)(010+x1) >0

since g < Xxo; here

[ 12 po,o e 1
X0 = ——+ )\4+—2 and X = V—i_ F—i_m

Thus « is a lower solution of (9.85), so (C49) holds. Theorem 9.9 guarantees that
(9.85) has a solution y € BC[1, 00) N C2(1, 00), ¥y’ € C[1, 0o) with g < y(t) <
Bo for t € [1, o0). This y is a solution of (9.84).
Case2. v > 0, 1 < < 2. In this case, we let

B() = max{é, i} = S

ap  8u
and
0 = =1 wh in| 4 wo eyl
a(t) = ———— where o = min , — — L —
122 ! a+ 4 22 M
Notice
A A
a(t) < o < — < — < B(@t) for t €[l,00),
a0+7‘ ap

and «, [ are bounded on [1, 00) (note 1 <y < 2).Letg =1 and

A2 1 u

- @-n/2
ft,y) = 8171+1 32a%l”+1 * 4oyt /2’ y<a/t
YY) = l A2 3 L + . > /t(27'y)/2
82 32y2 4y |’ yz o .

Clearly (C46)—(C48) and (C50) hold. The same argument as in Case 1 guarantees
that 3 = (3, is an upper solution for (9.85). To show « is a lower solution for (9.85)
first notice that since 1 < v < 2 that

-2 -2
apa(1) — a1/ (1) = apa; — ayo (VT) = oy |:a0 —a (VT):|

aj
< a (a0+5) < A

Also for 1 <t < oo we have since 1 < v < 2 that
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o’ (t) —q () f(t, (1))

N y=2\ (v—4 1 +1 > A2 _,ut(zﬂ)/2
"\ 2 2 t<6 /2 3207 812 day

_a(y =2 (y - 4) | — o2 — Sua

- 41(6-7)/2 32a tr+1 YT e
uy =0 =4 )

= 4¢6-71)/2 32041 P [1 4N aj — 8ua1]

_a( =90 =4hH N ) L

o 46 8ot XN e

_a(y=2(y -4 A

= 41672 - 8o (ay —xp)(a1+x1) =0

since oy < xg; here

1 12 1
X0 =——+ )\4+—2 and X1=—+ F-ﬁ-m

Thus « is a lower solution of (9.85), so (C49) holds. Theorem 9.9 guarantees that
(9.85) has a solution y € BC[1, c0) N C%(1, 00), y' € C[1, c0) with

aj
=Y < y(@) < By for te[l,o0).

As aresult, y is a solution of (9.84).
Case 3. v =0, v > 2. In this case we let

A 2 1 1
¢ L d B = — (1—— ) +do;
a(t) = mm{ao )\} a and f(t) 24d§( «/;>+ o
here dy > 0 is chosen so that

A
dyo > — and apdy — a >
a0 4842

Notice a(t) < A/ayg < dy < ((t) for t € [1, 00), and «, (3 are bounded on [1, 00).
Letg =1 and

f@y) =
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Clearly (C46)—(C48) and (C50) hold. It remains to check (C49). First we show « is
a lower solution for (9.85). If | < ¢ < oo then v > 2 gives

1 1 A2
") —qO) ft, al) = = ( )

3 \32a2 82

1 /)2 A2 1 \2 1
> _(——-——)=="=(1—-—]>0.
“ B\ 8 82 38 =) =

In addition, apa(1) — a1a’(1) = agar, < A, so « is a lower solution of (9.85). To
show [ is an upper solution of (9.85) first notice that

apB(1) —arB'(1) = aody _a148d§ >

Also for 1 <t < oo we have

i 11 1/ 1 A2
B0 —q@) f, p@) = TR T (ﬂ - _8,7-2)

1 NG L] A2

- B\ 3247 3247 812

_ 1 L 22

T3\ 32df 3247 812
1 A2

B |:_8ﬁ’21| =0

Thus § is an upper solution of (9.85), so (C49) holds. Theorem 9.9 guarantees that
(9.85) has a solution y € BC[1, co) N C%(1, 00), y' € C[1, co) with

1 1
<yt < — (1 - — dy for tell, .
ay < y() _24d§< ﬁ>+0 or [1, 00)

This y is a solution of (9.84).
Case 4. v =0, 1 <y < 2. In this case, we let

_ a3 h _ . A 1
a(r)_m where oz = min ao—i—%’ﬂ
and A 1
1) = —_, — = .
B(1) max{a0 M} B
Note that
A A
a(t) < < — < B@) for tell,o0),

(10~|—%1 ap
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and «, [ are bounded on [1, 00). Let g = 1 and

A2 1 < e =2
871 32020+ Y = asft
[,y = )
1A 1 e/
olsem Tmy | EeT

Clearly (C46)—(C48) and (C50) hold. In addition, notice that ap5(1) — a1 5'(1) =
apf) > A, and for 1 <t < oo we have since 1 < v < 2 that

1 1 A2
B'(t) —q) f(t, B(1) = = [ — }

3 326F 82
1A 2 A2 .
<5l5 ) gl =0

Thus, [ is an upper solution for (9.85). To show « is a lower solution for (9.85)
notice, since 1 < v < 2 that

-2 -2
apa(1) — a1/ (1) = apaz — aja; (%) =3 |:ao —a (%)]

a
<o (ao+3> < A,

and for 1 <t < oo we have

a’(t)y —q@) f(t, a))
B y=2\ [(y—4 1 1 [ A2
A 2 Jienta 320} 82
2
> L L — >\_ > 0
- o+l 3204% 8 -

since iz < 1/(2X). Thus, «vis a lower solution of (9.85), so (C49) holds. Theorem 9.9
guarantees that (9.85) has asolutiony € BC[1, co) N C%(1, 00), y' € C[1, oo) with

(0%}
PeEYs) < y@) < B for tel[l,o0).

This y is a solution of (9.84).

Example 9.9 (Plasma Physics) In 1982, in the study of plasma physics, Gregus [66]
formulated the boundary value problem
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1 1
—2(t2y’)’ = sinh(y) — — e 0<t <00
t o3 (9.86)
Y(©) = 0, limy@) =0, lLmy(@#) =0

—00 11— 00

with a and 3 positive parameters.

Motivated by the problem (9.86), we state the following existence principle for
the general boundary value problem

y”—i—%y/ = qf(t,y), 0<t<oo, v>1

(9.87)
y(0) =0, lim y@) = 0.
1—>00
Theorem 9.10 ([19]) Assume that
(C51) f:[0,00) x R — IR is continuous,
(C52) g € C(0, 0o) with g > 0 on (0, 00),
(C53) [y s7q(s)ds < oo, [)'t77 fot s7q(s)dsdt < co and lim,_ f; 5TV
f; g (T)dTds = oo for any i > 0,
(C54) f(t,0) <O0fort € (0, 00),
(C55) there exists ro > 0 with f(t,ry) > 0 fort € (0, 00),
(C56) there exists M > O with | f(t,u)| < M fort € [0, co) and u € [0, ro],
(C57) [5° s7q ()| f(s,0)|ds < 0o and [, sq(s)|f(s,0)|ds < oo,
(C58) lim,_, o+ tzq(t)f(t, 0) exists,
(C59) f(t,u)— f(t,0) > 0fort € [0, 00) and u € [0, ry],
(C60) for any constant A € (0, ry] there exists a constant K > 0 (which may depend
on A) and a constant ¢, > 0 (which may depend on A) with f(t,u) > K for A <
u<rogandt > cy,
(C61) there exists h : (0, 00) — (0, 00) with |f(t,u)| < h(t) for t € (0, 0) and
u € [0, w(t)]; here

1—v
w(t) = —

t o0

/ s7q(s) f(s,0)ds — ;/ 5q(s) f (s, 0)ds,
y—1Jo y—1J
(C62) lim,_, o+ th(t)q(t) = 0.
Then, (9.87) has a solution y € C'[0, 00) N C?(0, 00) with 0 < y(t) < w(t) for
t € [0, 00). In addition, assume
(1) limy oo gq(t)h(t) =0 iffooo s7q(s)h(s)ds = oo, then lim,_, o, ¥'(t)/t =0,
(2) limy_ oo tq(t)h(t) =0 iffooo s7q(s)h(s)ds = oo, then lim,_, o, y'(t) = 0,
(3) lim;, o w'(t) = 0 and sup, (g« q(t) < 00, then lim; . y'(t) = 0.

We shall apply Theorem 9.10 to show that (9.86) has a solution y € C'[0, oco) N
C?(0, 0o) with

28% (1 —e'/7)

- — o™ for t € [0, 00); (9.88)

0=y =
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here o = 1/(a3*). For this, we let

1
¥y =2 g=1,r =0 and f(t,y) =sinh(y) — — e /7

a3
Clearly, conditions (C51)—(C54) are satisfied. Now since
= 1
f(t, ro) = sinh(ro) —rg e/’ = Z —rgk“ —rge P
= 2k + 1!
o0
_ 2k+1 -t/
=2 @y tel-a?) = o

so (C55) holds. Also,
|f(t,u)] < sinh(rg) +ry for t €[0,00) and u € [0, ro],
50 (C56) is satisfied. Further, (C57) since [, s>¢™*/’ds < oo and [;° sx e=*/Pds <

00, (C58) since lim,_, ¢+ 2¢~"/# = 0, and (C59) since f (¢, u) — f(t,0) = sinh u >
0 for u > 0 hold. If A € (0, o] notice that forr € [0,00) and A < u < o,

f(t,u) = sinh(u) — o e /% > sinh(A) — o e7"/5.

t

Also since lim,_, o e~"/? = 0 there exists ¢; > 0 with

inh(A
sz( ) for t>c¢, and A <u <o,

ft,u) >

so (C60) is satisfied. Conditions (C61) and (C62) hold with h(t) = sinh(w(t)) +

o e~'7. Here it is immediate to obtain

250 (1—e'lf)
t

w(t) = —oB*e P,

Now Theorem 9.10 guarantees that (9.86) without condition lim,_, o, ¥'(t) = 0 has
a solution y € C'[0, c0) N C2(0, co) with 0 < y() < w(t) fort € [0, 00).
Next, notice that

/ s2q(s)h(s)ds = / szsinh(w(s))ds—}—of s2e™Pds = 0o
0

0 0

since sinh u > u for u > 0 and
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o0 t
/ s2sinh(w(s))ds > f s2w(s)ds
0 0
= of* (B* + Brre™P + 4% + 40 — 45%)
Further, we have

lim q(Oh() = lim [sinh(w(?)) + oe™/%] = sinh(0) = 0.

Thus from the conclusion (1) it follows that lim,_, o, y'(¢)/t = 0.
Finally, we show that lim, ,, y’(¢#) = 0. For this in view of conclusion (3) it
suffices to check that lim,_, ., w’(¢) = 0. This holds immediately since

3
w'(t) = Zfzo [%te"/g -(1- e_’/g)i| +oBe"/P.

Thus y is a solution of (9.86) and (9.88) holds.

Example 9.10 (Theory of Colloids) In the theory of colloids [29], it is possible to
relate particle stability with the charge on the colloidal particle. We model the particle
and its attendant electrical double layer using Poisson’s equation for a flat plate. If W is
the potential, p the charge density, D the dielectric constant, and y the displacement,

then we have
d*w 4mp

dy> D

We assume the ions are point charged and their concentrations in the double layer
satisfies the Boltzmann distribution

% —Zié‘\y
Ci = ¢; €Xp T ,

where c¢; is the concentration of ions of type i, ¢/ = limy_.0c;, ~ the Boltzmann
constant, 7" the absolute temperature, e the electrical charge, and z the valency of the
ion. In the neutral case, we have

p = cyzye+c_z_e, or p = ze(cy —c-),

where z = z — z_. Then, we have using

that
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where the potential initially takes some positive value ¥ (0) = W and tends to zero
as the distance from the plate increases, i.e., ¥ (co) = 0. Using the transformation

zeW(y) 4mcz2e?
= d = N
o(y) — and x vV 7D

the problem becomes [53]

d*¢
—— = 2 sinh(¢), 0 <x <00
dx? @) (9.89)

#»0) = ¢1, lim ¢(x) =0

where ¢; = zeWy/(kT) > 0. From a physical point of view, we wish the solution ¢
in (9.89) to also satisfy lim, _, o, ¢'(x) = 0.

To show (9.89) has a solution, we need the following general existence principle
for the boundary value: problem

1 /

E(py)/ = qf(t,y), 0<t<o0

—apy(0) + by lirg+ p@)y' ) = co, ap>0, by>0, coy<0 (9.90)
—

lim y(r) = 0.
11— 00

Theorem 9.11 ([12]) Assume that

(C63) f :[0,00) x R — R is continuous,

(C64) q € C(0, o0) with g > 0 on (0, 00),

(C65) p e C[0, 00) N CL(0, co) with p > 0 on (0, 00) and fooo ds/p(s) = oo,
(C66) [4'ds/p(s) < ooand [ p(s)q(s)ds < oo for any yu > 0,

(C67) f(t,0) <O0fort € (0, 00),

(C68) there exists ro > — co/ap with f(t,rg) > 0fort € (0, 00),

(C69) there exists M > 0 with | f(t,u)| < M fort € [0, co) and u € [0, ro],
(C70) there exists a constant m > 0 with q(t) p>()[ f(t, u) — f(t,0)] > m>u for
t € (0,00) and u € [0, o],

(C71) [y~ p(x)exp (=m [y ds/p(s)) ()| f (x, 0)ldx < oo,

(C72) lim,, p*(t)q(t) f(t,0) = 0, and

(C73) Nimioo (Bo [(1/p() [, (1/p)dxds + Co [ ds/p(s)) = o0 for any
constants By > 0, Cyp € R and p > 0.

Then, (9.90) has a solution y € C[0, 00) N C2(0, 0o) with py’ € C[0, o0) and 0 <
y(t) < w(t) fort € [0, 00), where w is the nonnegative solution of the problem
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1 " m?
—(pw) ——w = g@t) = q()f,0)
p p

—aow(0) + by lir(r]l pOW' (@) = co 9.91)
t—0t

lim w() = 0,

—00

= —1 <_ /ﬁ)
v ~ ap+ bym A o p(s)
X |:Co+bof p(x)exp <—m/ ﬂ) g(x)dx]
0 o p(s)
_/’Lex <_m/’£>
o Q) P ¢ p(s)

x (/OO p(x)exp <—m / s ) g(x)dx) dc.
¢ ¢ p(s)
If in addition

(C74) f(t,u) > 0fort € [0,00) and u € [0, w(t)], and
(C75) lim;—, p(t) € (0, 00]
then lim,_, o, y'(¢) = 0.

(9.92)

In terms of our notation problem, (9.89) can be written as

y’ =2 sinh(y), 0<t < o0

y0) = c >0, lim y@) = 0. (9.93)

We will apply Theorem 9.11 to show that (9.93) has a solution y € C[0, co) N
C%(0, co0) with
0 < y(t) < ce™" for t€[0,00). (9.94)

Toseethisletp =1, g =1, ap =1, co = —c, by =0, and ryg = c. Clearly (C63)—
(C69), (C70) since f(t,u) — f(t,0) =sinh u > u for u > 0, (C71)-(C73) hold.
Thus Theorem 9.11 guarantees that (9.93) has a solution y € C[0, c0) N C2(0, 00)
with 0 < y(¢) < w(t) for t € [0, 00). It is immediate from (9.92) (since g = 0)
that w(z) = ce™" for t € [0, 00). Finally, we remark that this solution y satisfies
lim,_, o y'(¢) = 0. To see this we need only to check that (C74) and (C75) hold, but
these are immediate.

Next, we shall deduce the existence of a solution of (9.93) by employing the
following existence principle for the boundary value problem
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1

—(py) = qf(t,y), a<t<oo (a>0 isfixed)

p

—aoy(a) + bo lim p()y'(t) = co, ao >0, by >0 (9.95)
t—at

lim y(r) = A,.
11— 00

Theorem 9.12 ([14]) Assume that

(C76) g € C(a, o0) withq > 0 on (a, ),

(C77) p € Cla,00) N C'(a, co0) with p > 0on (a, ),

(C78) fa"' ds/p(s) < oo and fa”p(s)q(s)ds < oo forany i > a,

(C79) there exists a function o € BCla, 00) N C%(a, 00), pa’ € Cla, o0) with
(1/p)(pa) = qf(t,a), a <t <00, —apa(a)+ bolim, .+ p(t)a/(t) > co and
a(t) is bounded on [a, o0),

(C80) there exists a function 3 € BCla, 00) N C*(a, 00), pf € Cla, o0) with
(/p)(pB)Y <qf®,B), a <t <oo, —apf(a)+bolim,,q+ p(t)3'(t) < co and
B(t) is bounded on [a, 00), also a(t) < [(t) fort € [a, 0),

(C81) im0 a(t) = Ag = lim; o B(2),

(C82) foreach N € {1,2,---}, f:la, N]x [ay, Bv] = R is continuous; here
ay = Minyep, Ny (t) and By = maxea Ny B(t), and

(C83) there exists a constant My > 0 with | f(t,u)| < My fort € [a,o0) and u €
[au(2), B(D)].

Then, (9.95) has a solutiony € BCla, co) N C*(a, 00), py' € Cla, oo) with a(t) <
y() < (@) fort € [a, 00).

To apply Theorem 9.12 for the problem (9.93), weletp =g =1, ap =1, ¢p =
—c¢, bp=0and f(¢, y) = 2sinh y. Also we let

/2 sinh(c)
at) = cexp(—t 7) (9.96)

B(r) = cexp(—zﬁ>. (9.97)

and

Clearly (C76)—(C78), (C82) and (C83) hold. To check (C79) first notice that

2 sinh
o = 23O © a, a0) = c.
c

Thus in view of sinh(x)/x nondecreasing for x > 0,

inh
sin (C)a _ 0

o —qf(t,a) = " —2 sinh(a) > o’ =2

for ¢t € (0, 00).
Next to show (C80) we note that
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g’ =128, BO) =c

Thus in view of sinh x > x for x > 0,

B'—qf@.B) = p"—2sinh(®) < f"'-28 =10

fort € (0, 00). Further a(t) < B(t) fort € [0, 00) is obvious. The existence of a solu-
tion y to (9.93) follows from Theorem 9.12 since lim,;_, o, a(t) = 0 = lim,_, o, B(¢)
(condition (C81)). Note as well that a(t) < y(¢) < §(¢) for ¢t € [0, c0) where «
(respectively () is given in (9.96) (respectively (9.97)).

Example 9.11 (Flow and Heat Transfer Over a Stretching Sheet) The boundary
value problem

p —B(1—e ")y + (Re™" — A)y — (')?
y = , a<t<o
l+y (9.98)

y(@) = b, limy@) =0
—00

arises [105] in the flow and heat transfer over a stretching sheet; here
a >0, b>0, B > 0 areconstants (9.99)
with
A <0 if R >0 whereas Re“—A > 0 if R < 0. (9.100)

We shall establish the existence of a solution of (9.98) by employing the following
general result for the boundary value problem:

1

—(py) = qf(t,y.py), a<t<oo (a=0 isfixed)

14

—agy(a) + by lim p(t)y'(t) = ¢y, a9 >0, bg>0, ¢g <0 (9.10D)
t—at

lim y(t) = 0.
t— 00

Theorem 9.13 ([7]) Assume that

(C84) f :[a,o00) x R? — IR is continuous,

(C85) g € C(a, o0) withq > 0on (a, o),

(C86) p € Cla,00)N C'(a, 0o0) with p > 0on (a,0),

(C87) fau ds/p(s) < oo and fa” p(s)q(s)ds < oo for any p > a,

(C88) f(t,0,0) <O0fort € (a, oc0),

(C89) there exists ro > —co/ag with f(t,rg,0) > 0 fort € (a, 00),

(C90) there exists a continuous 1 : [0, 00) — (0, oo) with | f (¢, u, v)| < ¥ (|v]) for
(t,u) € [a, o0) x [0, ro],
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(C91) p2q is bounded on [a, 00) with

ro sup pz(t)q(t) < / “ du;
d

tela,00) o 7/’(”)
here
—co +aoro . Co .
dy = —— if by>0 and dy = |ro— — sup p(t) lfb():O,
by ap | refa,a+1)

(C92) f(t,u,0) > 0fort € (a,o0), u € (0, rol,

(C93) for any v € (0, ry] there exists a constant K > 0 (which may depend on vy), a
function h € BCla, oo) with h'(t) < 0 fort > a, a bounded differentiable function
g : [0, ro] — [0, 00) with g(w) > 0 for w € (0, ro] and a constant c¢; > a (which
may depend on ) with

g W) 2 h(t)
pOaO b, vy > 20t o RPOIO
T g(u)

forvy <u<ry, ve[—M,M]andt > cy; here

Z

M=J"ry sup p2()q(t)) and J(z) = / M,
t€fa,00) 4 Y@W)
(C94) lim,_, o f; p(s)q(s)ds = oo for any ¢, > a.
Then, (9.101) has a solution y € BC[a, 00) N C*(a, o0), py’ € BCla, o0) with
0 < y(®) <roand |p(t)y'(t)] < M fort € [a, 00).

To show that (9.98) has a solution y € BC[a, c0) N C*(a, 0o) with0 < y(f) < b
fort € [a, 00) in the above theoremweletp =g =1, ay = —1, by =0, ¢ = —b
and

—B(l —e v+ (Re™! — A)u — v?
ft,u,v) = 14+ u
—B(l1—eHv—v* if u<DO.

if u>0

It is immediate that (C84)—(C88) hold. Let ro = b, then

Re™' — A)b
f(t,b,0) = % >0 for t>a

in view of (9.100), and hence (C89) holds. Let /(v) = Bv + v> + (Re @ — A)b
then since f dzo (u/v(u))du = oo conditions (C90) and (C91) are satisfied. Conditions
(C92) and (C94) are also clear. So, it remains to check (C93). Let
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gw) = 1+u and h(t) = — B —e").

Note /(1) = —Be™ < 0fort > a.Let~y € (0, 9], ¢; = 2a and notice that for any
vy <u<ry veR,andr > ¢, that (note ¢'(u) = 1),

g f(t,u,v) = —gdWv*+h)v+ (Re™" — Au > — g > +h(t)v+ K

where

P —Ay if R>0
| (Re ™ — A)y if R<O.

Thus (C93) holds. The existence of a solution now follows from Theorem 9.13.

Example 9.12 (Flow of a Gas Through a Semi-infinite Porous Medium) In the study
of the unsteady flow of a gas through a semi-infinite porous medium initially filled
with gas at a uniform pressure py > 0, at time ¢t = 0, the pressure at the outflow
face is suddenly reduced from py to p; > 0 (p; = 0 in the case of diffusion into a
vacuum) and is thereafter maintained at this lower pressure. The unsteady isothermal
flow of gas is described by the nonlinear partial differential equation

op

V2i(p?) = 24
(p") TR

where the constant A is given by the properties of the medium. In the one-dimensional
medium extending from x = 0 to x = oo, this reduces to

0 op\ _ A@p
Ox pax Y

with the boundary conditions

p(x,0) = pg, 0<x <00
p0,1) = p1 (< po), 0=t <o0.

To obtain a similarity solution, we introduce the new independent variable

_x [ A
Z_Z Pot

and the dimension-free dependent variable w, defined by

2 2
w(z) = o <1 _P (2x)> where o = 1 — p_;
Po Po

In terms of the new variable, Kidder’s problem [33, 77, 85] takes the form
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2z
w @)+ —m—=w'(z) =0, 0<z<o0
@ 1 —aw(z) @ (9.102)

w@) =1, w(oo) = 0.

Making the change of variable u(z) = 1 — aw(z), we have the boundary value prob-
lem

2z,
Uiz =0, 0<z<oo

Ju(z) (9.103)

u@ =1—-a, 0<a=<l, u(c0)=1.

u//(z) +

Motivated by the above problem, we shall present three existence principles. Out
first result is for the nonsingular boundary value problem

Y 4+qft, y,y) =0, 0<t <o

y(0) = ¢y, 0<co <, lll)rgo y() = 1. (9.104)
Theorem 9.14 ([10, 14]) Assume that

(C95) f :[0,00) X [cp, 0) x R — IR is continuous (nonlinearity is nonsingular),
(C96) g € C[0, o0) with g > 0 on (0, 00),

(C97) zf(t,y,z) = 00n[0,00) X [cg, 0) X IR,

(C98) there exists a continuous function T : [0, co) — (0, co) with f(t, v, z) < 7(2)
on [0, 00) x [cg, 1] x [0, 00),

(C99) [ dujr(u) > [}~ du/r(u) + [} q(s)ds,

(C100) q is nondecreasing on (0, 00), and

(C101) for constants H > ¢y, K > 0 there exists a function ¥y g continuous on
[0, 00) and positive and nondecreasing on (0, 00), and a constant 1 <r < 2 with
f(t,y,2) = Y k7" on|0,00) x [co, H] x [0, K].

Then, (9.104) has a solution y € C?[0, 00) with 1 > y(t) > ¢ fort € [0, 00).

In terms of our notation problem (9.103) with o < 1 is the same as

" 2t !/
yV+—y =0, 0<t<ox
VY (9.105)
y0) =1—-¢a, O<a<l, tlim y(@) = 1.
—00

We shall apply Theorem 9.14 to conclude that (9.105) has a solution y € C?[0, 00)
with y(¢) > 1 — a for ¢ € [0, 00). For this, we let

co=l-a, q@) =2t f(t.y.2) =2/y"? and 7(x) = @+ /ey,

Clearly, (C95)—(C98), (C99) since fooo du/7(u) = oo and (C100) are satisfied. Also
(C101) holds with )y ¢ = H~'/? and r = 1. Now Theorem 9.14 guarantees that
(9.105) has the desired solution.

Our next result is for the singular boundary value problem
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Y 4+qf@,y,y) =0, 0<t<o0

y(©0) =0, lim y() = 1. (9.106)
—>00

Theorem 9.15 ([10, 14]) Assume that in addition to (C96) and (C100) the following

hold

(C102) f :[0,00) x (0,00) x R — R is continuous (nonlinearity is singular at

y=0),

(CI103) zf (t,y,2) = 00on [0, 00) x (0,00) x R,

(C104) there exists a continuous function T :[0,00) — (0,00), and a contin-

uous nonincreasing function g : (0, 00) — (0, 00) with f(t,y,2) < g(y)1(2) on

[0, 00) x (0, 1] x [0, 00),

(C105) [ g(u)du < oo,

(C106) fooo du/T(u) > fol du/7(u) + q(1) fol g(w)dv, and

(C107) for constants H > 0, K > 0 there exist a function 1y g continuous on

[0, 00) and positive and nondecreasing on (0, 00), and a constant 1 < r < 2 with

f(t,y,2) = Yy k7" on[0,00) x (0, H] x [0, K].

Then, (9.106) has a solution y € C'[0, 0o) N C%(0, c0) with 1 > y(t) > 0 for t €

(0, 00).

In terms of our notation, problem (9.103) with a = 1 is the same as
2t
yV+—y =0, 0<t<oo
y

vy 9.107)
y(0) = 0, llim y(@) = 1.

We shall apply Theorem 9.15 to show that (9.107) has a solution y € C'[0, co) N
C?(0, 00) with y(¢) > 0 for ¢ € (0, 00). For this, we let

q(t)y = 2t, f(t,y,2) = z/y'" g(y) = 1/y"* and 7(z) = z+1.

Clearly, (C96), (C100), (C102)—(C106) are satisfied. Also (C107) holds with 1y x =
H~'/? and r = 1. The existence of a required solution of (9.107) now follows from
Theorem 9.15.

Our final result is for the boundary value problem

%(py’)’ = qf(t,y,py), a<t<oo (a=>0 isfixed)
—apy(a) + bo tlirzl+ p®)Y (@) = ¢y, agp>0, bp=>0 (9.108)
lim y(r) = Ao.

Theorem 9.16 ([10, 14]) Assume that

(C108) g € C(a, oco) with g > 0 on (a, 00),
(C109) p € Cla, o) N C'(a, 00) with p > 0 on (a, ),
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(C110) f:ds/p(s) < oo and fa“p(s)q(s)ds < oo forany u > a,

(C111) there exists a function o € BC[a, co) N C%(a, 00), pa’ € BCla, oo) with
A/p)(pa)) = qf(t,a, pa'), a <t <00, —apala)+ bolim,_ .+ p()o/(t) > co
and «o(t) is bounded on [a, 00),

(C112) there exists a function 3 € BCla, 00) N C*(a, 00), pf € BCla, oo) with
A/p)(pB) <qf(t, B, pB), a <t <oo, —apf(a)+bolim, .+ p(t)F(t) < co
and (3(t) is bounded on [a, 0), also a(t) < ((t) fort € [a, 00),

(C113) lim,_, o a(t) = Ag = lim,_, o, 5(2),

(C114) for each N € {1,2,---}, f :[a, N] x [ay, By] X R — R is continuous;
here ooy = minyepg ) (t) and By = max,epa vy B(t), and

(C115) for each N € {1,2,---}, zf(t,y,2) <0 for (t,y,z) € [a, N] x [a(t),
B®)] x R.

(I) by >0. Then, (9.108) has a solution y € BCla, o0) N C?*(a, o0), py €
BCla, o0) with a(t) < y(t) < B(t) fort € [a, ).

(II) by = 0. Assume in addition that

(C116) there exists a continuous ) : [0, 00) — (0, co) with | f (¢, y, 2)| < ¥(|z|) for
(t,y) € la, 00) x [a(2), B(1)], and

© dy u a+1
(CI]7)/0 w(u)du >/(; 1/1(M)du+/a p(s)q(s)ds; here

dy = |:max{|a(a+1)|, |ﬂ(a+1)|}+|c—0|:| sup  p(t).
ao | refa,a+1]

Then, (9.108) has a solution y € BCla, 0co) N C%*(a, 00), py' € BCla, 00) with
a(t) < y() < B(t) fort € [a, 00).

In terms of our notation, problem (9.102) with o < 1 is the same as

2t ,
=0 O<t<oo

V1 —=2Ay g (9.109)
y©) =1, lim y@) =0

y// +

with 0 < A < 1. We will use Theorem 9.16(II) to show (9.109) has a solution.
Letp=1, q(t) =2t, ap =1, ¢y = —1,

Z z+1
fty,2) = Vi and Y(z) = Y
Also we let
14 pr
at) = 1—% /O exp(—(l —A)_1/2x2>dx (9.110)

and
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B(t) = 1—%/ exp(—x2>dx. 9.111)
0

Notice o, 3, ', ' € BC[0, 00) and clearly (C108)—(C110) hold. To check (C111)

notice first that
2t

1-A

o + o =0, a0 = 1.
Thusinviewof 1 — A <1 —Xa() <1, t € [0,0),and o’ < 0 on (0, 00),

2t 2t
—Oé/ 2 a// +
V1= V1= A

Next to show (C112) we note that

o —qf(t,a, o) = o + o = 0 for t € (0, 00).

p"+2p =0, B0) = 1.
Hence, inviewof 1 = A <1 —-A3(#) <1, t € [0,00) and 3 < 0 on (0, 00),

" N /! 2t / 1/ /
B —qf@, B8,8) =3 +—mﬂ < pB'+2t3 =0 for te(0,00).

Further, a(t) < §(t) for t € [0, c0) is obvious. In addition (C114), (C115), and
(C116) hold; notice that for each N € {1, 2, ---}, ay = minsep n)a(t) = a(N) €
(0,1), By =max;eon B() =06(0)=1 and 0 < A < 1. Finally (C117) is true
since fooo[u /¥ (u)]du = oco. The existence of a solution y to (9.109) follows from
Theorem 9.16(II) since lim;_, o, a(t) = 0 = lim,_, o, #(¢) (condition (C113)). Note
as well that «(¢) < y(t) < B(¢) for t € [0, co) where « (respectively 3) is given in
(9.110) (respectively (9.111)).

Example 9.13 (Draining Flow) Differential equations arise naturally in the study of
flow of a thin film of viscous fluid over a solid surface. When such a film drains down
a vertical wall and the effects of surface tension, gravity, and viscosity are taken into
account one encounters the equation

d*u

i S )

for the flow profile u(x) in a coordinate frame moving with the fluid, see [41, 74,
106, 111, 112]. When the surface is dry this leads to the function

1
fw = — (9.112)
u

(note that (9.112) occurs also in the spreading of oil drops on horizontal surfaces).
The problem in its entirety involves looking for a smooth function u(x) defined on
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(—00, 00) with

, 1
u// — ﬁ
u@ =1, ') =0 (9.113)
lim u”(x) = 0.
X——00

If uis asolution of (9.113) then u”’(x) > 0 forall x, together with lim,_, _, u”(x) =
Ogivesu”(x) > Oforallx € (—o0, 00). Alsou’(x) > 0ifx > Oandu’(x) < Oifx <
0, and sowe have u(x) > 1forallx € (—o0, 0o) withlim,_, o, u(x) = co. We may
introduce u as an independent variable and introduce the function y(u) = [u/(x)]?
as a dependent variable. Carrying out the transformation leads to the boundary value
problem

"

Yo+ 0, 1<u<oo

1
w2y

y(1) =0, lim y @) =0 9.114)

y > 0 on (1,00).

We shall establish the existence of solutions of (9.114) by employing the following
general existence theorem for the singular boundary value problem:

y'4+qf(t,y) =0, a<t<oo

y@ =0, lim y(t)=0. ©.115)
—>00

Theorem 9.17 ([5]) Assume that

(C118) f : [a, 00) x (0, 00) — [0, 00) is continuous,

(C119) q € C(a, co) with g > 0 on (a, 00),

(CI120) [, q(s)ds < oo forany b > a,

(CI121)0 < f(t,u) < g(u) on (a, o00) x (0, 00) with g > 0 continuous and nonin-

creasing on (0, 00),

(CI122) faoo q(s)gko(s — a))ds < oo for any kg > 0, and

(C123) for any fixed k > a if y € Cla, k] satisfies

y(t) < G {G(1)+/ /ooq(x)dxds}

fort € [a, k] then there exists a continuous function v : [a, 00) — (0, 00) (indepen-
dent of k) with f(t, y(t)) > ¥(¢) fort € (a, k); here G(z) = fo du/g(u).

Then, (9.115) has a solution y € C'[a, 00) N C%(a, 00) with y" € BCla, c0) and
y() > O0fort € (a, 00).
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We shall apply Theorem 9.17 to show that the problem

21

—— =0, l<t<

.y (9.116)
O’

y) = lim y'(t) = 0
—>00

y// +

has a solution y € C'[1, 00) N C2(1, 00) with y € BC[1,00) and y(¢) > O for
t € (1,00). For this let a = 1, ¢q(t) =2/t* and f(t,y) = g(y) = 1/./y. Clearly
(C118)—(C122) hold. To check (C123) we fix k > a and y € Cla, k] with

y(t) < G {G(l)—}-/ /ooq(x)dxds} for t € [a,k].

This means that
y(t) < [1+3In)]*? for te[l, k]

Thus (C123) is immediate since

1 1
5O - 43007

Theorem 9.17 now guarantees that (9.116) has the desired solution.

f,y@) =

= ¢(t) for te[l,k].

Example 9.14 (Homann Flow) In the axisymmetric stagnation flow, i.e., Homann
flow (Fritz Homann was a fishing trawler that was built in 1930) the Navier—Stokes
equation can be reduced to the third order Falkner—Skan, after V. M. Falkner and
Sylvia W. Skan in 1930, equation (for f (7))

" " 1 N2
"+ ff +§[1—(f)]=o, 0<n<oo 9.117)
with boundary conditions
fO) =0, f(0) =0 and f'(c0) = 1, (9.118)
see [103, 116]. Assume f(n) is a solution of (9.117), (9.118) and f”(n) > 0 for
all n > 0. Then, n = ¢(¢), the inverse function to t = f’(n), exists and is strictly
increasing on (0, 1) with g(0) = 0 and

t = f'(g(t)) forall e (0,1).

Differentiating with respect to ¢, we obtain

w() = f"(g) =

, O0<t<1.

g'(@)
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For simplicity, a prime will denote differentiation with respect to ¢ or 7. Substituting
n = g(¢) into (9.117), and using

W) = g = 19D,
w(t)
we find
w' Ow() + fFlg)w(t) + %(1 -2 =0, 0<t<l. (9.119)

Dividing by w and differentiating with respect to 7, we get

poo tw@+ 30 —w'@) (1= Hw' ()
Wi = w(7) Twn - e 0sr=lh

Notice also that (9.118) and (9.119) imply
, 1
w (0)w0) = —3 and w(l) = 0.
As a result, w satisfies
1(1—tHw'(t
_HA=0w@ g o

2w (9.120)
w O)w(0) = —% and w(l) = 0.

w”(t)

From a physical point of view, it is of interest to look for solutions to (9.120) with
w(t) > 0fort € [0, 1). Itis clear that if w satisfies the integral equation

1 _ 1,3 t
w() = / (IS)(—Z_‘_ZS)dS + (1 — t)/ i ds, 0<t<1 (9.121)
: w(s) o w(s)

with w(t) > 0, t € [0, 1) and w(1) = 0, then w is a solution of (9.120).
Clearly (9.121) motivates the study of the integral equation

1
y@) = / k(t,s)[g(y(s)) + h(y(s)Ids, t€][0,1]. (9.122)
0

Here g may be singular at y = 0. We shall establish the existence of solutions of
(9.120) by employing the following general existence theorem for the singular inte-
gral equation (9.122).

Theorem 9.18 ([8, 20]) Assume that
(C124) g > 0 is continuous and nonincreasing on (0, 00),
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(C125) h = 0 is continuous on [0, 00) and h/g is nondecreasing on [0, 00),
(C126) k;(s) = k(t,s) € L'[0, 1] for each t € [0, 1],

(C127) the map t — k; is continuous from [0, 1] to L'0, 1],

(C128) for each t € [0, 1], k(t,s) = 0 fora.e. s € [0, 1],

(CI129) fort;, t, € (0, 1) with t; < t, we have k(t1, s) > k(t2, s) for a.e. s € [0, 1],
(C130) fol k(0, $)g(a(s))ds < 0o where a(s) = G™! (fxl k(s,x)dx) fors € [0, 1]
and G(z) = z/9(z) forz > 0,

(C131) there exists r € C[0, 1] with fol [k(t,s) — k(x, s)]g(a(s))ds < |r(x) —r(t)]
fort, x € [0, 1]witht < x, and

(C132) if z > O satisfiesz < a+ b [l + h(z)/g9(2)] for constants a > 0, b > O then
there exists a constant M (which may depend on a and b) with z < M.

Then, (9.122) has a solution y € C[0, 1] with y(t) > «a(t) for t € [0, 1] (here « is
as in (C130)).

As anapplication of Theorem 9.18 we shall show that the singular integral equation
(9.121) on [0, 1] has a solution. Notice that (9.121) is of the form (9.122) with
g(y)=1/y, h =0and

(1—)(14—3) >t
K(t.s) — {5+355). s

(I—1)s, s<t.

Clearly (C124)—(C128), and (C132) hold. In addition, (C129) is immediate since if
t1, t, € (0,1) with t; < t, then

=s(thb—1)>0, 0<s<n

_q 1 3 |
= ( _S)<§+§s>_( —h)s

k(ti,s) —k(t2,8) { > (1 —s) G + %s) —(1=s9)s

1 2
:5(1—5)20, H<s<tb

=0, h<s<l.

In our problem G(z) = z2 so for ¢ € [0, 1], we have

! 1 3
a(t):\// (l—s)<§+§s)ds ,

1—102 1 —1)2 1—1)3
a(t)z\/( 40 +3t(4 2 -|—( 4”, t €[0,1]. (9.123)

SO

Note that a(¢t) > (1 —¢)/2 fort € [0, 1] and
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1 1 1 3 2 1
/ k(0, s)g(a(s))ds 5/ (1—y) (——i——s) ds =/ (1+3s)ds < oo,
0 0 2 2 1—ys 0

so (C130) holds. It remains to check (C131). Let ¢, x € [0, 1] with # < x. Then,
since a(t) > (1 —1)/2, t € [0, 1], we have

1
/0 [k(t,s) — k(x, s)]g(a(s))ds

= (x—-1) sg(a(s))ds +/ |:(1 —5) <% + %s) -1 - x)si| g(a(s))ds
0 t
= /x /Z sg(a(s))dsdz — /x s(x —s)g(a(s))ds
t 0 t

+/ |:(1 —5) <% + ;s> - (- x)si| g(a(s))ds

= / / sg(a(s))dsdz + %/ (I =)L +s5)g(als))ds

= [

= Zf [— z—ln(l—z)]dz+f (1 +s)ds
= r(x) —r(),

dsdz-i—/ (14 s)ds

where
2

r) = — % +2(1 =) In(1 — 2) 4 32.

Notice that r € C[0, 1] and by I’Hopital’s rule

In(1 - 2)

hm(l—z)ln(l—z) = 1 W

= lim(l1 —z) =

z—1
Thus (C131) holds. The existence of a solution y to (9.121) now follows from The-
orem 9.18. Note as well that y(#) > «(¢) for ¢ € [0, 1] where « is given in (9.123).

We also note that y is a solution of (9.120). This is immediate once we check
y(1) = 0. Notice that for r € (0, 1) that

=21 -0 [t —In(1 —1)],

and as a result

Thus y(1) = 0.
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Example 9.15 (Pseudoplastic Fluids) The boundary layer equations for steady flow
over a semi-infinite plate are

Uox " Var =5 ar
ou oV
X oy

where the X and Y axes are taken along and perpendicular to the plate, p is the
density, U and V are the velocity components parallel and normal to the plate and
the shear stress 7y y = K (QU /9Y)" . The case n = 1 corresponds to a Newtonian
fluid and for 0 < n < 1 the power law relation between shear stress and rate of strain
describes pseudoplastic non-Newtonian fluids. The fluid has zero velocity on the
plate and the flow approaches stream conditions far from the plate, i.e.,

UX,0) = V(X,0) = 0, U(X,00) = Us,

where U, is the uniform potential flow. The above results (if we use stream function-
similarity variables) in a third order infinite interval problem

F" + F(F*™ =0, FO) = F'(0) = 0, F'(x0) = 1,

see [2, 46, 86, 104, 122]. Now using the Luigi Crocco (1909-1986) type transfor-
mationu = F’ and G = F”, we find

G"G"+(n—1DG" NG 4+u =0, GO =0, G(1)=0.
Setting y = G", we obtain

Yy +nu =0, 0<u<1

, (9.124)
y(©0) = y1) = 0.
We shall prove the existence of solutions of (9.124) by employing the following
general existence result for the mixed boundary value problem

1
—(py) +qft,y) =0, 0<t<l1
P (9.125)

lim p@)y'()) = y(1) = 0.

Theorem 9.19 ([16]) Assume that

(C133) p € C[0, 11N CY (0, 1) with p > 0 0n (0, 1),

(Ci134) g € C(0, 1) withq > 0 on (0, 1),

(C135) /01 p(s)q(s)ds < oo and fol(l/p(t)) fot p(s)g(s)dsdt < oo,
(C136) f : [0, 1] x (0, 00) — R is continuous,
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(C137) there exists ng € {1, 2, - - - } and associated with each m € Ny = {ng, no +
1,---}, there exists o, € C[0,1]1N C%(0, 1), pa, € AC[0, 1], with p(t)q(t) f
t, (@) + (p)a,, (1)) =0 for te(0,1), lim_o+ p(t)a),(t) >0 and
0<an() =1/m,

(C138) there exists o € C[0, 1], a > 0o0n [0, 1) and a(t) < o, (2), t € [0, 1] for
each m € Ny,

(C139) there exists 3 € C[0,11NC%(0,1), pp e AC[O, 1] with p(t)q(t)x
f@, B@®)+ (p0O)p @) <0 for t € (0,1), limo+ p(1)F'(t) <0 and B(1) >
Bo >0,

(C140) oy, (1) < B(1), t € [0, 1] for each m € Ny, and

(CI141) 0 < f(t,y) < g(y) on [0, 1] x (0, ag] with g > O continuous and nonin-
creasing on (0, 00), where ay = sup, (o 1 B(t), or

(C142) f(t,x) — f(t,y) > 0for0 < x < y and each fixed t € (0, 1).

Then, (9.125) has a solution y € C[0, 11N C2(0, 1) with y(t) > «(t) fort € [0, 1].

Notice that the problem (9.124) can be written as

vt
I = 0, 0 <t < 1
yiv (9.126)

y'(©0) =y =0,

y// +

where 0 < v < 1. We will show using Theorem 9.19 that (9.126) has a solution.
First we choose ng € {1, 2, - - - } so that

Yol o1 ana (” 1) LI (9.127)
-+ — an - — — ) )
6 nyg — 6 v+1 ng —

Let p =1, ¢g(¢) = 2t and clearly (C133)—(C136) hold. Also let

v 3 1
am(t) = _(1 _t‘)"‘ - (9128)

6 m

v 3
at) = 6(1 —t) 9.129)
and y
1 _ 3

B =1 _1/+ lt . (9.130)

To check (C137), form € Ny = {ng, no + 1, - - - }, notice that v, (1) = 1/m, «,(0)
= 0and

vt

" t,ay) = —ut s
a, +qf, am) vt + o O] =

—vt+vt = 0 for t € (0,1),

since o, (t) <v/6+1/ny <1, t € [0, 1] from (9.127). Thus (C137) holds and
(C138) is immediate. To check (C139) notice that (1) =1 — [v/(v + 1)] = [y,
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5'(0) =0 and

B+ qf(t. B) = —61/t+ vt - —6ut+ " +1)1/U
=T T o S e Y

-6
:yt{ +(u+1)1/”} < 0 for t€(0,1),
v+1

since B(¢) = 1/(w+1) for t €[0,1], and (v + D*D/" <4 <6 for 0 <v <1
(note with f(x) = (x + )®*TD/* we have f(07) =e, f(1)=4 and f'(x) >0
on (0, 1)). Thus (C139) holds. In addition (C140) is true since (9.127) implies for
m € INj that

a(t)_z(l—t3)+l<z(l— v t3>+i
"6 m ~ 6 v+1 no
v 1 1 v
g+ = ﬁ(t)+{%+(g—l>ﬂ(t)}

B(I)+{nio+(%_l)ui1}

< B@) for t€(0,1)

IA

since v/(v + 1) < 1 and

(1/ 1) 1 +1 <0
6 V+1 I’l()_.

Finally (C141) with g(y) = y~/% (or (C142) since if 0 < x < y then x!/¥ < y!/?)
holds. The existence of a solution y to (9.126) now follows from Theorem 9.19. Note
as well that y(¢) > «a(t) fort € [0, 1], where « is given in (9.129).

Example 9.16 (Percolation of Water) Suppose we are given a cylindrical reservoir
filled with water surrounded by dry soil. The bottom of the reservoir touches a
horizontal impermeable layer having a plane upper boundary. In such a situation,
the flow percolates from the reservoir into the surrounding unsaturated region. If we
suppose that the reservoir is refilled continuously with water and that the surrounding
area is sufficiently big, then the process described above may be observed over a long
time. Describing the time dependence of this phenomena leads to a nonstationary
percolation problem. Throughout, we assume the soil is homogeneous and isotropic
so that the coefficients of hydraulic conductivity K and of permeability of the soil
m are constant. Neglecting the effects of capillarity we suppose the water table
divides the soil into two regions, a saturated one and a dry one. Using the hydraulic
model of filtration the nonstationary percolation is described by the Joseph Valentin
Boussinesq (1842—-1929) equation

1 ) m
EAx’yh = ?ht, (9.131)
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where the upper boundary of the impermeable layer is taken as the (x, y) plane and
h denotes the height of the saturated region (so z = h(x, y, t) is the water table at
time ¢). Also A, , denotes the Laplace operator (in the plane). We assume the z-axis
is at the same time the axis of the reservoir whose radius is one, and hence i|,—; = «
(o a constant), so for simplicity we can assume

hlo = L. (9.132)

One expects the percolation process to have radial symmetry so we are interested
only in solutions of (9.131) of the form

h = h(r,t) where r = /x2+ y2.

Using polar coordinates we obtain

1 1
E(hz)w - ;(hz)r = h,, (9.133)

where for simplicity we assume m /K = 1. Also, we assume the reach of the saturated
region is finite at each r > 0 and

hly=ro@y = 0, (9.134)
where ry(?) is the reach of the infiltrating water at r. We are interested in solutions

of (9.133) for 1 < r < ry(t), t > 0 which satisfy (9.132) and (9.134). Here we are
interested in solutions of the form

h(r,t) = p(s) where s = o)’

In this situation, we also assume
ro)rg(t) = ¢,
where ¢ is a positive constant. Now since at the beginning the soil is dry we have

r0(0) = 1, and so we have
ro(t) = ~/1+2ct.

Fix ¢t > 0. With the above substitution, it is easy to see that our problem reduces to

1 d 1
(P +pp'+-pp +csp =0, '=—, b<s<1 with b =
s ds ro()
pb) =1, p) =0.
(9.135)

If we make the change of variables
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s = b* and ¢q(x) = p(s), 0<x<1
then (9.135) reduces to

(¢)" =2BA™¢, '=—, 0<x<1
q(0) =0, g1 =1,

(9.136)

where A = rg(t) =142ctand B = —cIn(b) = —cIn(v/A) = cIln(A)/2 and t >
0 is fixed. Finally letting u(x) = B~!'q(x) our problem reduces to

@ =247, 0<x<1

u©) = 0, u(l) = B! (9.137)

where A =1+ 2¢t and B = cIn(v/A) for each 1 > 0 fixed. For simplicity, we
assume ¢ = 1 so to solve our percolation problem we need to solve

W =247, 0<x <1

u@©) =0, u(l) = B, (9.138)

where A = 1 + 2t and B = In(v/A) foreach 7 > 0 fixed. For more details about this
problem see [62].

For the existence of a solution of (9.138), we shall establish from the following
general results for the boundary value problems:

d
G/ my/ t, — p m’ I — —, 0 t 1
(G' )+ py") +aft,y) = py ar <I=< (9.139)
y©0) =0, y1) =by >0
and d
m iz my/ t =0, '=—, 0<t<l
O"y) +pO") +af@.y) ar <I=< (9.140)

y©0) =0, y(1) = by >0

where G(z) = [; g(x)dx and

x™ x>0
gx) =
—X X

with m > 0 odd. It follows that
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m+1
Z_—H’ z 2 0
m
G(Z) = m+1 m+1
-z |z
= ——, 2z<0.
m+1 m—+1

By a solution to (9.139), we mean a function y € C[0, 1] with G(y) € C'[0, 1],
G'(y) + p y™ € AC[0, 11N C(0, 1) which satisfies y(0) = 0, y(1) = by and the
differential equation (9.139) on (0, 1). Similarly, by a solution to (9.140), we
mean a function y € C[0, 11N C'(0, 1] with y"y" € C'(0, 1) which satisfies y(0) =
0, y(1) = by and the differential equation (9.140) on (0, 1).

Theorem 9.20 ([26]) Suppose that

(C143) f : [0, 1] x R — R is continuous,

(Cl144) g € C(0,1) N L'[0, 1] with g > 0 on (0, 1),

(C145) p € C'[0, 1] with p <0 on [0, 1],

(C146) f(t,0) =0 fort € (0, 1), and

(C147) f(t,bg) <O0fort € (0,1).

Then, (9.139) has a solution y with 0 < y(t) < by fort € [0, 1].

Theorem 9.21 ([26]) Suppose that in addition to (C143)—(C147) the following hold:
(C148) there exists o € C[0, 1] with G(a) € C'[0, 1], G'(a) + pa™ € AC[0, 11N
C'(0, D) withby > a> 00n (0, 1], a(0) =0, a(l) < by, and (G' () + pa™y +
g f(t,0) = p'(H)a™ () on (0, 1),

(C149)foreacht € (0, 1) we have g(t)[ f(t, y) — f(t, a(t))] = 0for0 <y < aft),
and

(C150) p’ > 0on (0, 1).

Then, (9.139) has a solution y with a(t) < y(t) < by for t € [0, 1]. In addition
y € C'(0, 1] with G'(y) = y"y' on (0, 1) and y is a solution of (9.140).

Theorem 9.22 ([26]) Suppose that in Theorem 9.2 1 the condition (C148) is replaced
by

(C151) there exists o € C[0, 11N C'(0, 1) with G(a) € C'[0, 1], &’ € C'(0, 1),
by > a > 00n(0,1], «(0) =0, a(l) < bgand (") + p(a™) +qt) f(t, ) >
0Oon (0,1).

Then, (9.140) has a solution y with a(t) < y(t) < by fort € [0, 1].

We note that for r = 1, u = y the problem (9.138) is the same as

) =2x37%y, 0<x<1

(9.141)
y©0) =0, y() = B,
where B = ln(«/§).
We will use Theorem 9.22 to show that (9.141) has a solution. To see this, consider
the problem
(yy)Y —=3%y =0, 0<x<l1

y©0) =0, y1) = Bl (9.142)
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Weletm=1, p=—-37",¢=0, f(x,y)=0, by = B! =2/In(3) and

z, z>=0
9(z) =
-z, z<0.

Clearly (C143)—(C147), (C149), and (C150) hold. Let

X

for 0<x <1.
In(3)

a(x) =

Now o(0) = 0and (1) = 2/In(3) = B~'. Also o/ = 3%, a’ = (3% —3%)/In (3),
so for x € (0, 1) we have

(ad) =37 = 2x3%=3)—-1 =32x3-1)—1> 0.

Thus (C151) holds and so Theorem 9.22 guarantees that there exists a solution y to
(9.142) with

3 —1 2
nG) < yx) < @ for x € [0, 1]. (9.143)

Also since y' € C(0, 1) we have (y?) =2yy’ on (0, 1) and so y is a solution of
(9.141).
Notice that, in terms of our initial problem (9.135), inequality (9.143) becomes

1<3—1> < h(r1) <1 for re[l, V3] (9.144)

2 \r2

Example 9.17 (Slender Dry Patch in a Liquid Film) Consider a thin film of vis-
cous liquid with constant density p and viscosity p flowing down a planer substrate
inclined at an angle o (0 < v < 7/2) to the horizontal. We adopt Cartesian coor-
dinates (x, y, z) with the x-axis down the greatest slope and the z-axis normal to
the plane. With the usual lubrication approximation the height of the free surface
z = h(x,y, z) satisfies

3uh, = V- [B*V(pgh cos(a) — aV?h)] — pgsin(a)[A], (9.145)

where ¢ denotes time, g the magnitude of acceleration due to gravity, and o the
coefficient of surface tension. We are interested in solutions symmetric about y = 0,
and seek a steady-state solution for a slender dry patch for which the length scale
down the plane (i.e., in the x-direction) is much greater than in the transverse direction
(i.e., in the y-direction), so the Eq.(9.145) is approximated by

[h3(pgh cos(a) — ohyy)y 1, — pgsin()[h’], = 0. (9.146)
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The velocity component down the plane is u(x, v, z) = pgsin(a)(2hz — z2)/(21)
and so for a slender dry patch of semi-width y, = y.(x) the average volume flux
around the dry patch per unit width in the transverse direction down the plane (denoted
by Q(x)) is approximately

. L
o = PISN@ —/ [h(x, w)] dw. (9.147)
3 y=ooy Jym

We seek a similarity solution to Eq. (9.146) of the form A = f(x)H (1) where n =
v/y.(x). Note H(1) = 0 and (9.146) takes the form

pgcos(@) f2y2(HH') — o f2(H H"")

: 3g2¢ ¢/ 1,/ (9148)
—3pgsin(a) yH*(f'Hy, — fH'y,n) = 0

with the corresponding expression for Q being

sin 1 "
o = L9sin(@ 5 —/ [Hw) dw.
3p =00 Ji
For weak surface-tension effects, the second term in (9.148) can be neglected and so
the only relevant similarity solution is given (after a suitable choice of origin in x)
by
f) = blex)" and y.(x) = (ex)*,

where the coefficients b and ¢ and the exponents m and k are constants with m =
2k — 1. In this case, o # 7/2 and so we may choose without loss of generality
b = ck tan o and so (9.148) becomes

((H' + ) H?) — (7 _ %) HY = 0. (9.149)

The unknown exponent k is determined by the requirement that the average volume
flux per unit width around the dry patch, Q, is independent of x. This is possible
only if m = 0 and H ~ Hy > 0 (a constant) as 7 — oo. Thus

pg sin()

1
3 (bHp)? andso m =0, k= 5

0 =

Setting k = 1/2 in (9.149) yields
(H*H'"Y +n(H* = 0. (9.150)
Also the solutions to (9.150) must satisfy the boundary condition H (1) = 0 and the

far-field condition lim,_, . H (7)) = Hp. As aresult, one is interested in the boundary
value problem, see [118]
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(HHY +n(H3 =0, 1<n<oo

H(1) = 0, lim H(j) = Hy > 0. ©.151)
7—>00

For the existence of a solution of (9.151) we shall establish from the following
general results for the boundary value problems

(G’ +py™) +qft,y) = py", a<t<oo

(9.152)
y(@) = 0, y boundedon [a,c0)

and
@YY +pO™) +qf(t,y) =0, a<t<oo

(9.153)
y(a) = 0, y boundedon [a, o)

where G(z) = foz g(x)dx and

x™, x>0
gx) = :

—x", x <0

with m > 0 odd. It follows that

m+1
Z+1’Zzo
m
G(Z) = m+1 m+1
-z |z]
= — , z<0.
m+ 1 m—+1

By a solution to (9.152), we mean a function y € BCl[a, co) (bounded continu-
ous functions on [0, 00)) with G(y) € C![a, 00), G'(¥) + p y" € ACjcla, 00) N
C'(a, co) which satisfies y(a) = 0 and the differential equationin (9.152) on (a, c0).
Similarly, by a solution to (9.153) we mean a function y € BC[a, c0) N C'(a, o)
with y"y’ € C'(a, co) which satisfies y(a) = 0 and the differential equation in
(9.153) on (a, 00).

Theorem 9.23 ([18]) Suppose the following conditions are satisfied:

(C152) f :la, 00) x R — R is continuous,

(C153) q € C(a,o0) N L}Oc[a, oo) with g > 0 on (a, 00),

(C154) p € C'[a, 0o) with p > 0 on [a, 00),

(C155) f(t,0) =0 fort € (a, ),

(C156) there exists by > 0 with f(t, by) < 0fort € (a, 00), and

(C157) there exists i € L}”C[a, oo) with | f(t,u)| < u(t) for a.e. t € [a, 00) and
u e [O, bo]

Then, (9.152) has a solution y with 0 < y(t) < by fort € [a, 00).

Theorem 9.24 ([18]) Suppose that in addition to (C152)—(C157) the following hold:
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(C158) there exists o € BCla, o) with G(a) € Clla,00), G'(a)+p o™ e
ACpe[a, 00) N Cl(a, 00) with by > o > 0 on (a,o0), ala) =0 and (G'(e) +
pa™)(t) +q(t) f(t, o) = p'(H)a™ (1) on (a, 00),

(C159) for each t € [a, 00) we have q(t)[f(t,y) — ft,a(t)] =0 for 0 <y <
a(t), and

(C160) p' > 0 on (a, 00).

Then, (9.152) has a solution y with 0 < y(t) < by for t € [a, 00). In addition y €
Cl(a, co) with G'(y) = Y™y’ on (a, 00) and y is a solution of (9.153).

Remark 9.1 1If lim,_, o a(t) = by (here by is as in (C156)), then the solution y to
(9.152) (guaranteed from Theorem 9.24) is a solution of the boundary value problem

GMYY +pOy™) +qf(t,y) =0, a<t<oo

Y@ =0, lim y(&) = bo. (9.154)

Theorem 9.25 ([18]) Suppose that in Theorem 9.24 the condition (C158) is replaced
by

(C161) there exists o € BCla, 00) N C'(a, 00) with G(a) € C'[a, 00), o™/ €
C'(a, 00), by > o > 0 on (a, 00), ala) =0and (&) + p(&") +q@) f(t, )
> 0on (a, 00).

Then, (9.153) has a solution y with a(t) < y(t) < by fort € [a, 00).

Remark 9.2 If lim,_, o a(t) = by (here by is as in (C156)) then the solution y to
(9.153) (guaranteed from Theorem 9.25) is a solution of (9.154).
In terms of our notation, problem (9.151) is the same as

Y)Y +1t(G3 =0, 1<t<o0

y) =0, [lim y(t) = Hy > 0. (9.155)
—00

We will now use Theorem 9.25 (with Remark 9.2) to show that (9.155) has a solution.
To see this we consider

3.,/ 3y/ 3
+t = , I <t<o
7y ) Y (9.156)
y(1) = 0, y boundedon [1,c0).

Clearly, y = Oisasolution of (9.156).Letm =3, a=1, p=t, g =0, f(t,y)

= 0, b() = Ho, and
2, 220
9(z) =

-2 = |z]’, z<0O.

Clearly (C152)~(C157), (C159), and (C160) hold. Let

at) = Af o(s)ds,
1
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where
2

3t H,
o(t) = exp A and A =
0

floo o(s)ds

Note that (1) = 0 and

Also for ¢ € (1, 00) we have
t 2 3t t
(@) +t(a?) = A* </ U(s)ds> [3 [o(H)])? — —U(t)/ a(s)ds}
1 Hy 1

' 2
+31A° ( / J(S)ds) a(t)
tl 2 t
3 A
=3tA </ a(s)ds) o(t) |:1——/ o(s)ds:|
1 Hy J

; 2
1344 ( / a(s)ds) [ = 0,
1

since

i/ta(s)ds - M <1
Hy J, [ o(s)ds

Thus, (C161) holds and hence Theorem 9.25 guarantees that (9.156) has a solution
y with a(?) < y(¢) < Hp for t € [1, 00). Also since lim,_, o, a(t) = Hj this y is a
solution of (9.155).

Example 9.18 (Semiconductor Theory) Supposea, b, £, «, 3, v, 6, A, B, C, D,
F are positive numbers. A fourth-order boundary value problem which arose in the
theory of semiconductors [96, 97] can be written as

y(4) _a[y//+b(y/y///+y//2)] =0, 0<t<¢ 9.157)

y(0) = a{Fy”(0) — By'(0)[C + Dy"(0)]}
y'(0) = B{Fy”(0) — By'(0)[C + Dy"(0)]}
y() = A—~A{Fy" () — By'(OIC + Dy" (D]}
Y'(#) = 6{Fy"(£) — By (O)[C + Dy"(O)]}.

(9.158)

A solution of (9.157), (9.158) represents potential and the function z defined in terms
of y by

z=Fy"” — By'(C + Dy") (9.159)
means current in a semiconductor.

Integrating (9.157) twice and assuming that
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Fab— BD = 0, (9.160)

the problem (9.157), (9.158) can be reduced to four different types of boundary value
problems:
1. B(Fa— BC) — 1 =0(Fa— BC) — 1 =0, then (9.157), (9.158) reduces to

b
Y = a <y + Ey”) + ¢ 9.161)

2y -y =0
,ﬁy 9.162)
VO +y® -4 =0

and the associated function z = y’/(3.
2. B(Fa— BC)—1=0# §(Fa— BC) — 1, then (9.157), (9.158) reduces to
(9.161),
SY(0) =y =0
5 (9.163)
yi) = A, y) =0

and the associated function z = y’/(.
3. B(Fa—BC)—1#0=0(Fa— BC) — 1, then (9.157), (9.158) reduces to
9.161),
y(©0) = y'(©0) =0
v, (9.164)
57 O+yl)—A =0

and the associated function z = y’ /4.
4. B(Fa— BC)—1#0#0(Fa— BC) — 1, then (9.157), (9.158) reduces to

b
y'=a (y + Ey’2> +at+e (9.165)
_ aFc , _ ﬁFCI
YO = T 5Fa—soy YO = T 5(Fa— B0y
(9.166)
O = A0 =
Y 1—6(Fa — BC)’ 1 —6(Fa — BC)

and the associated function z = (Fa — BC)y' + Fc;.

In all the above problems c;, ¢; € R are arbitrary. It is clear that the boundary
value problem (9.165), (9.162) contains other problems as special cases.

We shall prove the existence and uniqueness of solutions of (9.165), (9.162) by
using the general theory for the boundary value problem
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Y= y.y) (9.167)
gly(0), y' (0] = 0 = hly(0), y'(©]. (9.168)

In what follows, we shall assume that the function f = f (¢, y, y’) is defined
and continuous on the set S = {(¢, y,y") : 0 <t < ¢, |y|+ |y'| < co}. By alower
solution of (9.167) we mean a function ¢ € C?[0, £] such that ¢” > f(t, ¢, ¢), t €
[0, £], and similarly, 1) € C?[0, £]is an upper solution of (9.167)if " < f(t, 1, '),
t € [0, £].

We also recall that the function f = f(¢, y, y’) is said to satisfy a Mitio Nagumo
(1905-1995) condition with respect to the pair ¢, 1 € C[0, £] where ¢ < on
[0, €] if there is a positive function & € C[0, 0o) such that | f(z, y, ¥)| < h(|y'|) for
allr € [0,£], ¢(t) <y <9(@), [y'| <ooand

*® sds .
fA max () — min, o(1)

— >
h(s) tel0,€]

with Al = max{|¢(€) — ¥(0)], [¢(0) — (O]}

If ¢ is alower and ¢) an upper solution of (9.167) and ¢(0) < ¥ (0) (¢(£) < ¥ (¥)),
then H; (H,) denotes the class of all continuous functions g = g(y,y’) (h =
h(y,y")) defined on [¢(0), ¥(0)] x R ([¢(£), ¥ (£)] x R) which are nondecreas-
ing in y" and satisfy g[#(0), ¢'(0)] >0, g[(0), ¥'(0)] <0 (h[p(£), ¢'(€)] <
0, hly(£), ' (€)] = 0). Further, H3 (H,) represents the class of all continuous func-
tions g = g(v, ') (h = h(y, y")) defined on R? which are nonincreasing in y (non-
decreasing in y) and nondecreasing in y’.

Theorem 9.26 ([57]) Suppose that

(C162) f is defined and continuous on S,

(C163) there exist ¢, 1, respectively, lower and upper solutions of (9.167) with
o(t) = (1) fort € [0, €], $(0) < (0), ¢(€) < P(b),

(C164) f satisfies a Nagumo condition with respect to the pair ¢, 1, and

(C165) g € Hy, h € H,.

Then, (9.167), (9.168) has a solution y € C?[0, £] with ¢(t) < y(t) < (t) fort €
[0, €].

Theorem 9.27 ([96, 97]) Suppose that

(C166) fi= fi(t,y,Y"), f» = fo(t,y, V) are defined and continuous, and f; <
L iz f)onS,

(C167) limy_, _o fo(t,y,y") = —oo (limy_,o fo(t,y,y") = 00) uniformly int, y’
on any compact subset of [0, £] x R,

(C168) f, satisfies a Nagumo condition with respect to any pair ¢, 1 € C[0, £], ¢ <
P, and

(C169) g € H3, h € Hy.

Then, if there is a solution y; of the problem (9.168),

Y= filt,y,y), (9.169)
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there also exists a solution y, of the problem (9.168),

Y=ty y) (9.170)
and a number ¢ > QO suchthat y; —c <y, <y, (y1 <y <y +c¢c)on|0,£].

Theorem 9.28 ([96, 97]) Suppose that in addition to (C162),
(C170) f isincreasinginy on S, and
(C171) g (h) is decreasing in y (increasing in y) and nondecreasing in y' on R?.
Then, (9.167), (9.168) has at most one solution.
Clearly, the problem (9.165), (9.162) is the same as (9.167), (9.168) with

b
f = a(y+§y’2> +at+o
o - (9.171)
9. y) = =y =y, h(,Y) = oY +y— A
1] 1)
For these functions f, g, h the conditions (C162), (C170), and (C171) are obviously
satisfied, and hence the problem (9.165), (9.162) has at most one solution.

Next, we note that this function f satisfies Nagumo condition with respect to
any pair of functions ¢, ¥ € C[0, £], ¢ < 1. This follows from the estimate | f| <
M + (ab/2)y’2 which holds with a suitable constant M > Oforallz € [0, €], ¢(t) <
y < (t), arbitrary y’, and the fact that

*  sds
— = o0.
M + %sz
Thus the condition (C164) is satisfied.
Now we shall show that the functions
c c
o = ——ttq W0 =~ it 9.172)
where )
. o C1> c1L [y [653 bcy
Y U A L4
a mm{ﬁ( a a \¢ a 2a2}
and 5
« cl) c1 /v ¢ be
= ma ———,A-i-—(—-i-ﬁ), - - =
2 * { 164 ( a a \¢ a 2a2}

satisfy the conditions (C163) and (C165). For this, we note that
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f6().6/0) =a (—C—‘t T (—2)2) +eit+ e
a 2\ a

b 2
—agi+ Lt <0 = ¢'(0),
2a

and similarly,

b 2
£ @), (1) = aq2+£+c2 >0 = ¢'().

The inequalities ¢(z) < (t), t € [0, £], #(0) < ¥(0), ¢(£) < 1(£) are obvious.
Next, we note that

g0, 501 = 5 (=) ~ay

v
e

g0, 01 = S (=)@ =0
)

now, o) = 1 (-2

|
I
~
_|_
=
|
S
IA
L

\Y

h[p(0), ¢ ()] = g(—ca—‘) —;—18+q2—A > 0.

Thus, in view of Theorem 9.26, problems (9.165), (9.162) have a solution y €
C?[0, £] with —(c;/a)t +q, < y(t) < —(c1/a)t + g, for t € [0, £]. In what fol-
lows, we shall denote this solution by y(cy, ¢3, t).

Finally, as an application of Theorem 9.27, we shall show that if ¢|f + ¢} >
cit + ¢ on [0, £] and

1, /
c = trer%(zi)é] ;[clt +cy — (cit + c2)], (9.173)
then
y(cr, e, t) — ¢ < y(c), ¢y, 1) < y(cr,ca,t) on [0, £]. (9.174)

For this, we note that the functions f; =a (y + %y/2> +cit+c, fr=

aly+ g y’2) + ¢t + ¢, and the functions involved in the boundary conditions

(9.162) satisfy all assumptions of Theorem 9.27. Thus by the uniqueness of y(c}, ¢5, 1)
there is a ¢ > 0 such that y(cy, ¢2, 1) — ¢ < y(c}, ¢, 1) < y(ci, 2, t) for t € [0, £].
A direct calculation shows that ¢ given in (9.173) can be chosen. To show the strict
inequality in (9.174), consider the case y(c}, ¢}, to) = y(ci, 2, o) at a point fy €
[0, £]. Then, it is necessary that y'(c}, ¢}, to) = ¥'(c1, ¢2, tp) and hence y”(c], ¢, o)
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> y"(c1, c2, to). But, this contradicts the inequality y(c}, ¢, 1) < y(c1, ¢2, ). Hence,
(9.174) holds.

Several other results for the boundary value problems (9.157), (9.158) and (9.165),
(9.162), and the related function z defined in (9.159) are given in Problems 9.27-9.33.

Problems

9.1 ([3, 33]) Consider the boundary value problem
Y+ fty,y) =0 (9.175)
ya = A, yb) =B (9.176)
where f is continuous on [a, b] x R? and is bounded for all values of its arguments,

ie., |f(t,y,y)| < M. Show that (9.175), (9.176) has a solution y € C?[a, b]. In
particular, show that the simple pendulum equation

y”+-%§snmya» — 6(), 9.177)

together with the boundary conditions (9.176) has a solution provided the driving
function ¢(¢) is continuous on [a, b].

9.2 ([33]) Suppose f(t,y,y’) is continuous and satisfies the generalized Lipschitz
condition

Gl(y_x7y/_-x/) = f(t7y7y/)_f(tv-xv-x/) =< GZ(y_xvy/_x,)a

where
Kiy+Liy, y=0, y>0
N _ JKiy+Ly, y=0, y <0
Gi(y,y) = Kyy+ Ly, y<0, y <0
Koy+ Ly, y<0, y>0
and
Kyy+ Loy, y>=0, y >0
Ny JKy+ Ly, yz0, v <0
G200 = YKy 4Ly, y<0, ¥ <0
Kiy+ Ly, y=<0, y=0

on [a, b] x IR%. We define
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L
cosh™' <—) if 4K —L? <0,

_ L2 —4K WK
all, K) = L>0 K>0
2
- if 4K —-1>=0, L>0
o) otherwise

2 [ —L
———cos ' —=) if 4K —L2>0
VAK =12 <2«/K)

2 i —LY. 2
——————cosh ——)if 4K —-L- <0,
B(L.K) = L7 —4K 2K
’ L<0, K=>0
2 . )
-7 if 4K —-1L°*=0, L<0
o) otherwise.

Show that
(1) the differential equation (9.175) together with the boundary conditions

ya = A, y'(®b) =m (9.178)

has a unique solution provided 0 < b — a < a(L,, K3),
(2) the differential equation (9.175) together with the boundary conditions

y'(@) = m, yb) =B 9.179)

has a unique solution provided 0 < b —a < B(Ly, K3),
(3) the boundary value problem (9.175), (9.176) has a unique solution provided
O<b—a< Oé(Lz, Kg) —{-6(141, KQ)
These results are the best possible in the sense that in case of equality either existence
or uniqueness fails.

In particular, show that the problem (9.177), (9.176) has a unique solution provided
¢(t) is continuous on [a, b], and

0 <b—a < a@,Ky) +530,Ky) = 7 £ (9.180)
mg

Further, show that a violation of inequality (9.180) may lead to nonuniqueness of
solutions.

9.3 ([33]) Assume that f(¢, y, y') is continuous on [a, b] X R?, and that the differ-
ential equation (9.175) has the following properties:
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(1) allinitial value problems have unique solutions which exist throughout the interval
[a, b], and

(ii) two different solutions of (9.175) cannot agree in value at more than one point of
[a, b], i.e., solutions of (9.175) with u(t;) = «, u(t;) = 8, wherea <t; <t, <b,
if exist, are unique.

Further, let z(¢) be a twice continuously differentiable function on [a, b] satisfying

')+ f(t,z2(1), 2 () = 0. (9.181)

Show that
(1) if y(¢) is a solution of (9.175) which agrees with z(¢) in both value and slope at
some point ty € [a, b], then

() = y(0), t#1o, (9.182)
(2) if y(¢) is a solution of (9.175) which agrees with z(¢) in value at a and at b, then
zZ(t) < y(@), t#a, b (9.183)

The inequality sign may be reversed throughout.

9.4 ([33]) Assume that in addition to assumptions in Problem 9.3, no two solutions
of (9.175) can agree in value at one point as well as in slope at another point to the
right of the first. Show that
(1) if y(¢) is a solution of (9.175) which agrees with z(¢) in both value and slope at
a, then

7@ = y @), t#a, (9.184)

(2) if y(¢) is a solution of (9.175) which agrees with z(¢) in value at a and slope at
b, then

z(t) < y(@), t#a. (9.185)

If f(¢, y, ') is increasing in y then also z'(t) < y'(¢), t # b. The inequality sign
may be reversed throughout.

9.5 ([33]) Assume that in addition to assumptions in Problem 9.3, no two solutions
of (9.175) can agree in value at one point as well as in slope at another point to the
left of the first. Show that
(1) if y(¢) is a solution of (9.175) which agrees with z(¢) in both value and slope at
b, then

7@ < y(t), t#b, (9.186)

(2) if y(¢) is a solution of (9.175) which agrees with z(¢) in value at b and slope at
a, then
z(1) < y(@), t#b. (9.187)



364 9 Nonlinear Boundary Value Problems

If f(¢,y,y’) is increasing in y then also z'(¢) > y'(¢), t # a. The inequality sign
may be reversed throughout.

9.6 ([33]) Consider a long, thin cantilever beam of length L and flexural rigidity B
subjected to a concentrated vertical load P at the free end. The resultant displace-
ment can be described in terms of the arc length s and slope angle ¢(s) where ¢ is
determined by the boundary value problem

d2
s f cos(¢(s)) (9.188)
#0) =0, ¢(L) = 0. (9.189)

The solution of (9.188), (9.189) in terms of elliptic integrals is known, see Bisshopp
and Drucker [43]. From physical grounds, it is clear that 7/2 > ¢(s) > 0. One of
the quantities of interest is (L — A)/L, where A is the horizontal component of the
displacement of the loaded end of the beam and is given in terms of ¢ by

L—-A
L

— B /0
—ﬁ@b()

Consider the modified differential equation

¢"(s) + f(é(s) = 0, (9.190)
where
P/B if ¢<0
f(@) = { (P/B)cos(p) if 0<¢=<m/2
0 if ¢>m/2.
Show that

(1) in (9.190) the function f(¢) satisfies generalized Lipschitz condition with L; =
L,=0, Ky =—-P/B, K, =0,

(2) for (9.190) conditions (i) and (ii) of Problem 9.3 are satisfied throughout the
interval [0, L],

(3) the unique solution ¢(s) of (9.190), (9.189) satisfies

1) = \/? sinh (so/P/B) P PL  Ps?

— st S0 = s — o =0 (),

B cosh (L/P/B) 2B B 2B

B 1= 0 2 200 = =2 = 24 0) 1
= —U _ = —U =,
PL > T PL L ~—prL! cosh (L/P/B)
(5) the unique solution ¢(s) of (9.190), (9.189) also satisfies 0 < ¢(s) < w/2 for
0 < s < L and hence is a solution of (9.188), (9.189).
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9.7 ([33]) The problem for the stationary temperature distribution in a bar whose

ends t = %1 are kept at the temperature y = 1 and which transfers heat to the envi-
ronment at the temperature y = O proportional to (y + y*/4) is

7 1 2
Y- y+Zy =0 (9.191)
y=bh =1 y@) =1 (9.192)

On physical grounds, it is expected that a solution y(¢) of (9.191), (9.192) exists such
that 0 < y(¢) < 1 forall —1 <t < 1. Consider the modified differential equation

Y'+ ) =0, (9.193)
where

: 3 if 1<

R i

42 =

_ 1
A —y(l—i—Zy) if 0<y<l1

-y if y<O.

Show that

(1) in (9.193) the function f(y) satisfies generalized Lipschitz condition with L| =
L,=0, Ky =-3/2, K, =—1,
(2) problems (9.193), (9.192) have exactly one solution y(¢) such that

0 < sech(y/3/2) cosh(y/3/2)t < y(¢t) <sech(l) cosh(r) <1, —-1<r<]1

(3) problems (9.191), (9.192) have two solutions y;(¢) = y(t) and y,(¢), both
parabolic, where y,(¢) drops below up to —17.

9.8 Show that problems (9.30), (9.31) for each n > 0 has a solution 6(x) such that
0 < O(x) < 2[In(cosh(c)) — In(cosh(cx))]

provided /A/[2(1 + n)] cosh(c) < c.

9.9 ([72, 76]) Show that

(1) if 0 < n < 1 there exists A* > 0 such that problems (9.30), (9.31) have exactly
one solution for A = A* and exactly two solutions for each A € (0, A*),

(2) if 1 < n < 9, problems (9.30), (9.31) have an unbounded continuum of solutions
which oscillates around the line A = 2(n — 1) with the amplitude of oscillation
tending to zero as 0(0) — oo,

(3) ifn = 9, problems (9.30), (9.31) have a unique solution for each A € (0, 2(n —
1)) and no solution for A > 2(n — 1). Further, ||f|] > coas A — 2(n — 1).
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9.10 The boundary value problem

d’9 249 ¢
+-—+= =0, 0 R 9.194
dr?  rdr k == ( )

do
00) finite, —k—— = f(0—0,) at r=R (9.195)
r

arises in the study of the distribution of heat sources in the human head, see Thron
[110]. Here g is the heat production rate per unit volume, 6 is the absolute temperature,
r is the radial distance from the center, k is the thermal conductivity (average) inside
the head, (3 is a heat exchange coefficient, and 6, is the ambient temperature. Show
that
(D) Ifg=q r2 (g1 1s a constant) considered by Flesch [59], then the general solution
of Eq.(9.194) is
1 1 q1 4
0(r) = - — —=r",
) =ater =gy
and hence find ¢ and c; satisfying the boundary conditions (9.195).
(2) If g = g2r* (g2 is a constant) considered by Flesch [59], then the general solution
of the Eq. (9.194) is
1 1 q> 5
0@r) = - — —==r,
) =atear =55y
and hence find ¢; and c¢; satisfying the boundary conditions (9.195).
3) Ifg = ae N o >0, N > 0 considered by Anderson and Arthurs [31], then
with the substitution r = Rx, ¢ = N(0 — 0,)/«, problem (9.194), (9.195) can be

written as L d do
(42 ZE) = .0 1
X2 dx (x dx) F@. 0<x< (9.196)
#(0) finite, ¢'(1) +bp(1) = 0,
where 5
‘ NR R
f(@) = ae™®, a = = e Nl p = %

Discuss existence results for the problem (9.196); to help the reader consider, for
example (note one could also consider a more general situation),

_ii <x2@) = f(¢), 0<x<1

x2dx dx

lim x*¢/(x) =0, ¢/(1) +bg(1) = 0,

(9.197)

@) If f(¢) = a(l — ¢), similar to the case considered by Gray [65], the solution of
the problem (9.196) can be written as
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o0 =1+ B sinh(v/ax),
X

where

B = —b/[(b—1)sinh(va) + acosh(va)],
9.11 The boundary value problem

d2u+2du au 0 ]
— - = , <x <
dx?  xdx u—+ K,

W) =0, () = HI —u(l))

(9.198)

arises in the study of steady-state oxygen diffusion in a cell with Michaelis—Menten
(after Leonor Michaelis 1875-1949 and Maud Leonora Menten 1879-1960) uptake
kinetics, see [30, 32, 71, 80, 81]. Here a,, H and K, are positive constants involving
the reaction rate, permeability, and Michaelis constant. Show that problem (9.198)
has a unique solution u(x) satisfying 0 < u(x) < 1. Further, show that

H sinh(kx)

u(x) < - , 0<x <1,
k cosh(k) — (1 — H) sinh(k) X

where k2 = o/(1 + K,,).

9.12 ([85]) In an analysis of the heat transfer in the radial flow between parallel
circular disks, the following infinite interval problem occurs:

&f , odf

where « is a physical constant. Discuss existence results for this problem.

9.13 ([85]) In an analysis of the problem of phase change of solids with temperature-
dependent thermal conductivity, the temperature distribution 6 is found by solving
the following infinite interval problem:

dn dn dn

where [ is a physical constant. Discuss existence results for this problem.

9.14 ([91, 117]) Related to Example 9.13 the following boundary value, problem
arises in modeling the flows draining down a dry vertical wall

y'=f», x>0

y(0) =0, y(o) =1, y(00)=0, y'(c0) = 0. (9.199)
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In (9.199), the case f(y) = y‘3(1 — y) is the simplest and most important. With
respect to (9.199) assume that there exists a positive number A and a function
g(y) such that f(y) = (1 — y)*¢g(y), where ¢(y) is defined, continuous, and non-
increasing on (0, 1] and ¢g(1) > 1. Show that problem (9.199) has a solution
y(x) € C[0, 00) N CP (0, 00). Moreover, if A > 1, then

1
~ (L4 (p— DAN)YeD

yx) > 1 forall x > 0;

if A =1, then
y(x) > 1—e* forall x >0,

and, if A € (0, 1) then there exists an x; € (0, x;), where x; = 1/(1 — p) A such that
y(x) = 1forall x > x;. Here,

Atz 2 1
p=—— > - an = =
3 vp2p—1)

If g(y) =1, then

1

1 - b
[1+(p—1)Ax]"/e=D
YO = e, A=1

A > 1

1-[1—(1-pAx]Y"”, 0< X <1,

is a solution of (9.199). Here [a], = max{a, 0}.

9.15 ([68, 116, 120, 121]) The boundary value problem (for f (7))
"+ +A[1=(f)] =0, 0<n<oo (9.200)
f©) =0, f'(0) =0 and f'(c0) =1 (9.201)

is of great importance in the boundary layer theory in fluid mechanics. The cases
A =0and A = 1/2 (see Problem 6.16 and Example 9.14) of (9.200) are often called
the Blasius and Homann differential equations. Using the same transformations as
in Example 9.14, problems (9.200), (9.201) become

, -2\
w(t)-i-)\(w(t))-i-m—o, 0<t<l1 (9.202)

w(Ow@) = — X and w(l) = 0.

Show that
(1) for each fixed A > 0, problem (9.202) has a unique positive solution w(t, A),
ie.,we C[0,11NC?[0,1), w(t, \) > 0forallz € [0, 1), with
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A(l—1) < w(t,)) < A" 0 —=DR2A+1—In(1 —1)], te[0,1]
where A = [(4)\ + 1)/6]'/2, further
w(, A1) = w(t, X)), tel0,1] if Ay =X >0

and
w0, \)) > w(0, X)), if A > X >0,

(2) for each fixed A > 0, the problem (9.200), (9.201) has a unique positive solution
f(t, A), which satisfies

0< ffmAN <1, ", N >0, n=>0, (9.203)
) > ffin,A), n>0if Ay >X >0

and
exp(—(2)\+l)(e"/A —1)) <1—=f(pXN <e™ n=>0,

(3) for each fixed A < —1/2, the problem (9.202) has no positive solution,

(4) foreach fixed A < —1/2, the problem (9.200), (9.201) has no solution satisfying
(9.203),

(5) for each fixed A € (\g, 0), the problem (9.202) has a positive solution, where
M =max{A: HA) =0, —1/2 <X <0}, and

24NN [ = QA+ D 3@A+ 1D [ =X\
HO) = —“A+1/2 —)\+1/2+ A+ 1)2 + A+ 1 ()\—i—l) ’
HO) = 1, H(_l> = _5V2

(6) foreachfixed A € (\g, 0), problems (9.200), (9.201) has a solution which satisfies
(9.203),

(7) foreachfixed A € (—1/2, 0), problems (9.200), (9.201) have a solution f (7, \) €
C'[0, o) which satisfies the differential equation (9.200) only a.e. in (0, co), and
0<f'n, M) <1, n=>0.

9.16 ([85]) The analysis of the performance of solid-propellant rockets leads to the
following problem:
14+¢e Nd*N dN

1R ap Ty

N@©) = 0, N(c0) = 1,
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where the function f which relates to the flow around the probe (stagnation point
flow in the viscous flow theory) is given by the solution of (9.200), (9.201) with
A = 1/2. Discuss existence results for this problem.

9.17 ([94]) The flow of an electrically conducting fluid up a hot vertical plate in the
presence of strong magnetic field normal to the plate is governed by the boundary
value problem

1
FrESE =00 fO) =0, f0) = 1. fi(0) = 0.

Discuss existence results for this problem.

9.18 ([115]) The following boundary value problem describes an axisymmetric flow
due to stretching of flat surface:

FA2ff = (fH)* =0, f(O) =0, f(© =1, f(0) =0.

Discuss existence results for this problem.

9.19 ([1]) The natural convection (the movement caused within a fluid by the ten-
dency of hotter and therefore less dense material to rise, and colder, denser material to
sink under the influence of gravity, which consequently results in transfer of heat) at
high Prandtl’s number (the Ludwig Prandtl (1875-1953) number is a dimensionless
number approximating the ratio of momentum diffusivity to thermal diffusivity) on
a horizontal plate is governed by the boundary value problem

3 1
[ = U =00 fO) =0, f1O) =1, f(ee) = 0.

Discuss existence results for this problem.

9.20 ([34]) The two-dimensional flow due to stretching wall is described by the
boundary value problem

"+ =B =0, fO) =0, f©0) =1, f(0) =0,
where § = 2m /(1 + m) is a parameter. Discuss existence results for this problem.

9.21 ([1]) The study of condensation and natural convection at high Prandtl’s number
on a vertical plate leads to the boundary value problem

3L =20 =0, f(0) = ¢ fO0) =1, f(o0) =0,
where c is suction parameter. Discuss existence results for this problem.

9.22 ([40]) The following boundary value problem is encountered in the study of
free convection along a vertical flat plate embedded in a porous medium:
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a+1

2 [P =a(f)* =0, fO) =0, f(©O) =1, f() =0,

f/// _"_

where « pertains to the temperature distribution prescribed on the wall. Discuss
existence results for this problem.

9.23 ([44]) The description of convection in a porous medium leads to the following
boundary value problem

f"HAff B =0, f0) =0, f'0) = —1, f(o0) =0,
where A, B are constants. Discuss existence results for this problem.

9.24 ([37]) The boundary value problem encountered in the study of thermal capil-
lary flows in viscous layers (the flow in the pre surface layer) is

SF"H6ff"+3(f) =0, f(0) =0, f'0) = =1, f(c0) =0,

Discuss existence results for this problem.

9.25 ([37]) The boundary value problem encountered in the study of thermal capil-
lary flows in viscous layers (the axially symmetric case) is

f///+2ff//_(f/)2 — 0, f(O) — O, f//(o) — _ 1’ f/(OO) = 0.

Discuss existence results for this problem.

9.26 ([42, 95]) The following boundary value problem occurs in the plane hydro-
dynamic jet theory:

dx3 dx? dx
y(0) = y"(0) = 0, y(o0) = 0.

a3 d? dy\?
3e—y~|-y—y+<—y) —0

Show that y = a tanh(ax/(6¢)), where a is an arbitrary constant, is a solution of this
problem.

9.27 Letforfixedc;, ¢z, y(ci, 2, t) be the solution of the problem (9.165), (9.162).
Show that for any two numbers ¢, d there exist uniquely determined numbers ¢}, ¢/
such that y(c1, ¢5,0) =d = y(ci, 5, £).

9.28 Letforfixedc;, ¢z, y(ci, 2, t) be the solution of the problem (9.165), (9.162).
Show that
(1) if y"(c1, c2,t) > 01in [0, £], then

y(cr,¢2,0) < g)’(01762,5)/ (4—!—%),
B B
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yer, e, 0) = %)’(01, 2, 0)/ (Z + %)

+A[(z+g)(z+g)_gg}/[(g+g+g)(e+g)]

(2) if y”(cy, ¢c2,1) <0in [0, £], then

yict, e2,0) > gy(cl,q,@/ <£+3>,
3 3

y(cr, e, 8) > %}’(61762,0)/ (€~I—%>.

929 Let Fab— BD =0, =6, Fa— BC = 1/3. Show that
(1) for each number yj there exists a unique solution y, (¢) of the problem (9.157),
(9.158) such that y,, (0) = yo,
(2) if yo < y1, then y,,(¢) < y,,(t) on [0, £] and y,, (t) continuously depends on yy,
(3) thereis aunique ¢y, 0 < ¢p < A such that for yy > ¢y, or for yy < O there exists
anumber dy = dy(y0), 0 < dy < € for which the following is true:

When yg > ¢g, then y;o(t) > 0for0 <t < dyand y;o(t) <Ofordy <t <. If
yo < 0, then y;o(t) <O0for0 <t <dyand y;o(t) >O0fordy <t <U¥.

When 0 < yy < ¢y, then y;,o (t) = 0 on [0, £] and there is at most one zero point
of y;o ).

9.30 Let Fab— BD =0, 8 #6, Fa— BC =1/3(Fa — BC = 1/§). Show that
there exists a unique solution y(¢) of the problem (9.157), (9.158). Further, show
that this solution satisfies the inequalities y(t) > 0, y'(#) >0, y"(t) <0 (y(t) >
0, y'(r) =0, y'(t) <0) fort € [0, £], and the only zero of y’(¢) is at £ (at 0).

9.31 Let Fab — BD = 0 and let either (1) 1 —3(Fa— BC) >0, 1 —6(Fa —
BC) >0, ¢{ <aaF/[l —pB(Fa—BC)], or 2) 1—p(Fa—BC)<0, 1-6
(Fa — BC) < 0. Show that there exists a unique solution y(¢) of the problem (9.157),
(9.158). Further, in the case (1) the corresponding associated function z(¢) defined
in (9.159) is positive, while in the case (2) z(¢) is either positive or its only local
extremum is a local minimum. When £ is sufficiently small, this minimum is posi-
tive.

932 Let Fab— BD =0, 1 — 3(Fa — BC) <0, 1 — §(Fa — BC) > 0. Further,
let

% _<1+%>;
1—6(Fa—BC) a ) 1= 3(Fa—BC)’

or
ol ol o !

| —6(Fa—BC) = 61—pB(Fa—BC)l+ (/o)

Show that there exists at least one solution y(¢) of the boundary value problem
(9.157), (9.158). In the former case (the latter case), the associated function z(z)
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defined in (9.159) satisfies the inequalities z(0) < 0, z(£) > 0, Z'(¢) > 0 for all
t€[0,£](z(0) >0, z(£) <0, Z/(t) <0forr €0, £]).

933 Let Fab— BD =0, 1 — 3(Fa— BC) >0, 1 — §(Fa — BC) < 0. Further,
let

v —(1+@)+
1 —0(Fa— BC) a ) 1= B(Fa—BC)’
or

N S Rl a _ p
1 —6(Fa — BC) 6(€+%)[1—6(Fa—BC)]’ 51— p(Fa— BC)

Show that there exists at least one solution y(¢) of the boundary value problem
(9.157), (9.158). In the former case (the latter case), the associated function z(t)
defined in (9.159) satisfies the inequalities z(0) < 0, z(¢) > 0, and either z'(¢) > 0
for ¢ € [0, £], or there is a subinterval [0, £1] such that z'(z) > 0, ¢ € [0, ¢;] and
7(t) <0, t €[, £](z(0) > 0, z(£) < 0, andeitherz’'(t) < Ofort € [0, £], or there
is a subinterval [0, £;] such that 7’(¢) <0, r € [0, £;]and Z'(¢) > 0, r € [£1, £]).

9.34 ([28, 51, 109]) Certain chemical reactions in tubular reactors can be mathe-
matically described by the boundary value problem

y' = 0'=g)/e, 0<x=<1 (9.204)
Y0 —£y©) =0 =y, (9.205)

where y is the temperature in the reactor,
9(s) = dg—5)e I 0<s<gq (9.206)

is the rate of chemical production of the species in the reactor and ¢, £, d and g are
known positive constants.

In (9.204) assume that (i) g is twice continuously differentiable, (ii) g(s) > 0 for
s <q, g@s) <O0fors > ¢, and (iii) f" ds/g(s) = oo. Note that g given by (9.206)
satisfies (1)—(iii).

For the problem (9.204), (9.205) show that
(1) any solution y satisfies0 < y < ¢ and y’ > 0 on [0, 1],
(2) there is a minimal solution y,, and a maximal solution y,;,

3) ym = yu if J
—<£S)> < 0 for 0<s<g
ds s

and hence the solution is unique,
(4) the set
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S={{eR:3Ja, b, 0<b<a<e suchthat g(b)/b <l < g(a)/a} # ¢

if and only if

d
—<@> > 0 forsome s, 0<s<gqg
ds s

(5) if £ € S and ¢ > 0 is sufficiently small, there are at least three solutions of
(9.204), (9.205).

9.35 ([50, 67, 69, 70, 79, 92]) The generalized Painlevé equation
y// — y2n+l _ (l _ C)2k+1y2(n—k)—l’ te (0, OO) (9207)

models a superheating field attached to a semi-infinite superconductor. Show that
forany0 < 8 <1, M > 0and n, k € IN with k < n there exists a strictly positive
solution y(¢) of (9.207) satisfying

t 7
y(0) = 0, lim &3) = M and tlirglo t”jy’(t) = (M.

t—o0 !
9.36 The boundary value problem

d*0
m—ee“ =0, 00 =0, 61 =1

occurs in heat transfer. Show that
| 21 4 2 3
0(X) =1 +e§(X —1)+e E(X —6X“+5 + 0().
9.37 The boundary value problem

d%0 do\?
( -|-€9)a,X2 +6(dX> N-0 0, 60 0, 6

occurs in heat transfer. Show that
1
0(X) = sech(N) cosh(NX) + 65 sech?(N)(cosh(2N)sech N cosh(N X)
21 3 4 2 2 1
—cosh(2N X)) + € gsech (N) gsech (N)cosh“(2N) — ENtanh(N)
9 4
—3 sech(N) cosh(SN)) cosh(NX) — 3 sech(N) cosh(2N) cosh(2N X)

9 1
+3 cosh3NX) + 5Nx sinh(NX)] + 0(e).
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9.38 ([36, 49, 61, 107]) The equation

Ou u o*u ou

— = —+A—+B— +u—u’ 9.208

ot Ox6 ox* Ox? ( )
is amodel for describing the behavior of phase fronts in materials that are undergoing
a transition between the liquid and solid state. In this equation A and B are positive
constants and satisfy the inequality A?> < 4B. Clearly, the stationary solutions of
(9.208) are given by the sixth-order differential equation

dou A g s (9.209)
dx® dx* de2 T T '
For (9.209), the natural boundary conditions (known as Lidstone conditions [23])
are
u®©0) = u® (L) =0, i=0,1,2. (9.210)

Show that
(1) the problem (9.209), (9.210) has only the trivial solution if

A2 1/2 A2 1/6
0 < L <Ly = mmax (B_T> ’(1_E> ,

(2) the problem (9.209), (9.210) has m € IN distinct pairs of nontrivial solution s if
L >mL,, (L, > L) where

1 1
12 — M3 L IRty 3 L J g2
5 +9 s —|—3 s
and |
M = (5 EB3+ \/81—1—1283)
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