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Preface

After the well-received book 117 Polynomial Problems from the AwesomeMath
Summer Program, we decided to publish a second book on polynomials. The
evolving landscape that makes up modern mathematical competitions has ex-
posed contestants to polynomials more than ever before. Recently, almost all
advanced mathematical competitions have at least one problem on polynomi-
als. Despite this rising importance, only a few problem books bring attention
to this topic. Thus, the vast universe that polynomials encapsulate should be
more thoroughly investigated.

The following book casts light on this topic from numerous angles. ‘We present
important theoretical facts in harmony with their showcased applications, fea-
turing 8 chapters, 252 solved examples, 105 end of chapter problems, all with
detailed solutions, as well as 77 additional awesome problems that further en-
hance the book’s exposition. In the first seven chapters, in order to help the
reader grasp and master the concepts, we underscore several strategies and
lemmas.

Chapter one deals with reciprocal polynomials and their relevant applications.
In chapter two we provide a review of complex numbers and present polyno-
mial problems that are closely linked to complex numbers. Reviewing and
internalizing this chapter is a key to helping the reader get the most out of
subsequent chapters.

Chapter three provides a cogent presentation of elementary ideas about finding
unknown polynomials. In chapter four we provide ”uniqueness lemmas” and
their profound implications. Our primary motivation to expand upon these
lemmas was to reduce the difficulties associated with solving a large class of
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polynomial equations. The difference between the traditional approaches for
solving such problems and the uniqueness lemmas are evident. We included
these two lemmas because of their great success in aiding students in our
teaching experiences.

Chapter five examines the techniques related to characterizing the roots of
polynomials along with long-run behavior. The applications go beyond the
realm of quantifying polynomials. In chapter six we provide an in-depth look
into Lagrange’s Interpolation Formula and present several interesting prob-
lems.

Chapter seven sheds light on Newton’s formulas and their applications in Al-
gebra and Number Theory and is illustrated by pertinent examples. Finally, in
chapter eight, in order to consolidate the learning outcomes of the first seven
chapters, we present 77 additional problems proposed by some of the world’s
most brilliant and creative minds.

The content of this book developed as a result of the union between algebraic
ideas and teaching experiences. It is essential to bear in mind that the so-
phisticated ability to think conceptually, deductively, and sequentially can be
achieved through focusing on training materials that are insightful, encourage
further thought, and apply to the real world. We invite readers to thoroughly
internalize the contents of each chapter.

It is worthy of note that without the exceptional work of Richard Stong,
who offered a wealth of ideas and insightful suggestions, this book would not
be what it is today. We are also grateful to Peter Boyvalenkov, Alexander
Khrabrov, Fedor Petrov, Bayasagalan Banzarach, and Yan Loi Wong for their
help.

Titu Andreescu Navid Safaei Alessandro Ventullo
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Chapter 1

On the Form z2P (1

Z

On some occasions, changing the original setting of the problem will make the
problem more approachable.

For instance, instead of working with the polynomial aza® + ...+ ap, we may
work with the polynomial agz? + ...+ aq. This, may lead us to discover some
unseen consequences of the hypotheses. We can easily transform

P(z)=agz®+...+ap to apz®+...+aq

We just take the polynpmial z?P (1).

1.1 Basic properties

Let P(z) = agz?+ ...+ ag. The polynomial

z¢p (%) =aowd+...+ad

'

is called the reciprocal polynomial or inverse polynomial of P(z).
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From now on, we will call z¢P (51;) the reciprocal polynomial.

For example, the reciprocal polynomial of P(z) = 22 — 3% + 1 is 2% — 32+ 2.
The reciprocal polynomial of Q(z) = 4% — 3z is —3z2 + 4.

In short, the reciprocal polynomial reverses the order of coefficients of the
original polynomial.

Sometimes, the reciprocal polynomial has lower degree than the original poly-
nomial. Crudely speaking, it depends on zero-multiplicity of the polynomial.
That is, if P(z) is a polynomial of degree d such that 0 is a root with multi-
plicity r, so P(z) = z"Q(z) with Q(0) # 0, we easily find that

o 2) oo 2) e (2)

The reciprocal polynomial 2¢P(z) = z47Q (L) is of degree d — r.

Example 1.1. Let P(z) be a polynomial of degree 5 with nonnegative integer ,
coefficients such that for all z # 0, P(z) = 2P <%> and P(2) = 10P(1). Find

P(3)
P(2)

the greatest possible value of

1
Solution. Let P(x) = az®+ ...+ c. If ¢ # 0, then the polynomial z6P (;)

has degree 6 and it cannot be equal to a polynomial P(z) of degree 5. Hence
¢ = 0. Putting P(z) = zQ(z) for some polynomial Q(x) of degree 4, we get

P(z) = 2Q(z) = a°P (1> = 2°Q (%) .

T
We deduce that Q(x) = 24Q (%> , which gives Q(z) = az*+bz3+cz? +bz+a

for some non-negative integers a, b, c. Moreover, from P(2) = 10P(1), we find

2Q(2) = 10Q(1).

On the Form z%P (%) 5

Thus 17a + 106 + 4¢ = 5(2a + 2b + ¢), which yields 7a = c. Moreover,
P(3) _3Q(3) 3(82a -+ 30b + 9¢)
P(3) ~ 20(2) 10(2a + 2b + ¢)

3(145a + 30b)

10(9a + 2b)

3(29a + 6b)

2(9a + 2b)

6a + 3(27a + 6b)

2(9a + 2b)

9 3a

2t %t

9

2

) 9 1 9 1 29
S — = s+t —s = i
ince 35 2 0, then 3 + P %3 < 3 + 3% The equality case occurs for

b= 0 and the polynomial P(z) = z(az* + Taz? + a) =az(zt+ 72 +1). W

1.2 Sum of squares of coefficients of a polynomial

_ d s s .
Let P(z) = agz®+ ... + ao. It is instructive to consider the product

N

1
Z) = d -
P(z)P <a:) = (agz + ... + a1z + ao) (agz d+...+a1x_1+ao).

The aboYe product is a rational function. The constant term of the above
product 1Ts of special i;lterest. Constant terms arise from the products of the
form a,2" - a,z™" = ar. Hence the constant term of the above product is the
sum of squares of the coefficients of the polynomial.

The sum of squares of the coefficients of a polynomial P(z) is the coef-
1 ,

ficient of the constant term in the product P(z)P <—>
x
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Example 1.2. Let Po,(z) = (622 + 5z + 1) and Qan(z) = (322 + Tz + 2)™.
Prove that the sum of squares of the coefficients of Pon(z) and Qon(x) are the
same.

Solution. It is known that the sum of squares of the coeflicients of Pan(x)
and Qan(z) are equal to the coefficient of z0 in the products Pon(z)Pon (%)
and Qon(z)Q2n (515) Note that

Pon(z) = (622 + 52+ 1)" = (3z + 1)*(2z + 1)"

and
Qon(z) = (322 + T2+ 2)" = (3z + 1)"(z + 2)™.
Therefore
1 " (3 \"/2  \"
Pon(z)Pon =) = @Bz+1)"Qz+1)"{=+1 —+1
T z z
_ Bz+1)™"2x+ 1)z +3)"(z+2)"
- z2n
and
= 1 n W03 \"[1 "
QZn(x)Q?n. E = (3-’1? + 1) (-'L' + 2) E +1 E +2
(3z + 1)"(z + 2)*(3 + z)"(2z + 1)
- r2n .
Comparing these we see that
1 1
Qan(x)Q2n <—> = Pon(z) Pan (—) :
z z
Thus the coefficient of 20 is the same in both products. [ ]

Example 1.3. Assume that for all z # 0:

1 12 24
(CL' =+ P + \/5) = Z exzt 2,
k=0

On the Form z%P (%) 7

i

24
Find the value of Z(—-l)kcﬁ.
k=0
Korean Mathematical Olympiad, 2nd Round 2006

1
Solution. If we use the substitution z — - we find that

1 12 A ~ 24 )
(.’L' 4= - \/5) — ck(_l)k—uwm k_ ch(_l)kwm k.
T
_ k=0 k=0
Multiplying this equality by the original equality, we get

(m+%+\/§>12<$+%_\/§>12 <<m+%>2—2>12
<x2+£§>12

24 24
- (Z ckxk—12> (Z(—l)kckxk_12> .
k=0

k=0

Examining the coefficient of 20 in the last expression, we see that

24 24 24
o (z ) (}:(—nkckxk%) _ St
k=0

k=0 k=0

\

is exactly the sum we want. Thus the answer is the coefficient of 20 in

72 24

which is the same as the coefficient of 224 in the numerator. Since

12
4, V2 12\ 4k
(z*+1)* = Z e )2

k=0

24
we obtain that the coefficient of z2* is 12 =924, so ~1)c2 =924. W
6 k
k=0



8 Chapter 1

1.3 On the roots of z%P (-91;)

-

If r # 0 is a root of a polynomial P(z), then it follows from P(r) = 0 that r1
is a root of a:dP( ) That is, the reciprocal polynomial removes zero from
the roots of polynomial P(z) and inverts the nonzero roots of P(z). More
precisely, we have the following,.

Let {r1,...,7q4} be the set of nonzero roots of a polynomlal P(z) of
degree d (ta.ken with multiplicity). The set {r%,...,r;'} is the set of
roots of the reciprocal polynomial of P(z).

Example 1.4. If the polynomial az® + bx* + ¢ has exactly three real roots
which are distinct, prove that the polynomial cx® + bz + a has exactly three
distinct real roots.

N. Aghakahanov - Russian Mathematical Olympiad, 8rd Round 2012

Solution. If r = 0 is a root of az®+ bz*+c, then ¢ = 0. Hence the polynomial
a,:z;5+ba:4 = z*(az+b) has at most two distinct real roots. Thus the polynomial
az® + bx* + ¢ has three nonzero distinct real roots r, s, t. Finally, if we put
P(z) = az®+ bx +c¢, then cz® + bz + ¢ = z5P (1/z). Hence 1/r, 1/s, 1/t are
all roots of cz® + bz + a. Furthermore, since the two remaining roots of P(x)
are non-real, the remaining roots of cz® + bz + a are non-real too. ]

Example 1.5. Let P(z) be the monic polynomial of degree 4 with roots 1,
2,3, 4. Let Q(x) be the monic polynomial of degree 4 with roots 1, 1/2, 1/3,

P(z)
1/4. Find hm
M Find 25 oGy
First Solution. Since the roots of Q(z) and P(z) are the inverse of each

other, we have Q(z) = Cz*P < ) for some C € R.

On the Form z%P (%) 9

Note that P(z) = 2* +... + a. By Vieta’s formulas, we can find that
a=1-2.3-4=24.

1
334P(;> =24zt + ... +1.

1
Comparing the coefficient of z* in both sides of Q(z) = CziP (;}) , we deduce

Hence

that 24C = 1, that is, C = 1/24. Thus Q(z) = _1_3;4 P (1> and

P(z) 24P(z)

@ - #P)
. 2U4(z-1)(z—2)(z—-3)(z—4)
S FE-DE-2C-9E 9
_ 24(z ~ 1)(z — 2)(z — 3)(z — 4)

(1—z)(1—2z)(1—3z)(1—4x)
_ 24(z — 2)(z —3)(z — 4)
T (1-2z)(1-3z)(1—4z)
for all z # 1. Thus hm Plo) _ —24. |

1Q(z)
Second Solution. From the hypotheses, we know that

P(z) = (z - 1)(z — 2)(z — 3)(z — 4)

and 1 1 1
Qz)=(z—1) (:r:—§> (m—§> (cc—z> .
Hence,
P(z) _ (z—2)(zx—3)(x—4)
Q) (-3 (-3 (=-1)
Setting £ = 1 in the previous equality, we get ggg = —24. |
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Example 1.6. Let

-

P(z) = aggx® + azd_lzw”l +...+ax+ag

be a polynomial with roots 71, ..., 794 such that for all 0 < i,5 < 2d we have
LIy Y
a2d—; a2dj

2
Let Z :—f- = k. BEvaluate the sum of roots of polynomial P(z).
ig=1"7
i

Solution. For j = d, we find that a; = 29 %ag4—;. Hence 2%a; = 2% agq_;.

It follows that . 0
2¢P(z) = £%P (E) ,

since looking at the coefficient of z* gives exactly this equality. Thus if r is

any root of P(z), then - is a root too. It is clear that

£ 8~

1]
Moreover,
2d 2d
2
D=2
i=1 ' =1
Hence
d g (2 2
ij= T i=1
1#]
which gives
2d
> ri=4/2(k +2d). ]
i=1

fom = e e o e e

On the Form z¢P (%) 11

1.4 Self-reciprocal polynomials

If we have a polynomial looking at its reciprocal polynomial may be helpful,
but an even more intriguing application of reciprocal polynomials is polyno-
mials that are their own reciprocal, that is, polynomials satisfying
_.dp(l

P(z) =zP (E) .
Such polynomials are called self-reciprocal polynomials. For example, the
polynomial £ + z + 1 is self-reciprocal.
From the definition, we immediately get one characterization of self-reciprocal
polynomials, they are polynomials that have a symmetry in their coeflicients
ag = G0, Gg—1 = ai,.... This makes it easy to decide if a given polynomial
is self-reciprocal, However for applications it is often convenient to have a
more algebraic description. We will give two constructions of an algebraic
characterization. The first is completely elementary, but uses a trick. The
second uses the fundamental theorem of algebra.

Example 1.7. Give an algebraic characterization of all self-reciprocal poly-
nomials P(z) with real coefficients of degree d.

First Solution. First consider the case where d is even. In this case, writing
15(;1:) =agz® + ...+ a1z + ap,

we find that ag_; = a; for allt = 0,1,..., %. By factoring out :c%, we find that

g g 1 1
P(z)=x2{a4| 2% +—5 +otagy, $+E +ag ).
z2
1 1 1 1
k+1 — k k—1
T +W—<w+;)<x +“a-:—k‘)—<$ +ka—_1'),

1 1
we see that zF + — can be represented as a polynomial in terms of z + —.

Since

1 1
That is, we can write z* + i Tk (w + ;) for some polynomial Ty (z) with
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real coefficients. (The formula above shows that recursively we can define T}
by To(y).= 2, T1(y) = ¥, and Ter1(y) = yTi(y) — Th-1(y) for k > 1.) Hence

P(z) = 2% (adT% (z) + ad_lT%_l(:L') +...+ a%>

a(a+3)

for some polynomial Q(z) with real coefficients.

(10

T

Now, if d is odd, setting z = —1 we find P(~1) = (-1)4P(-1) = —P(~1) so
P(~1) = 0. Thus —1 is aroot of P and hence we can write P(z) = (z+1)P1(z)
for some polynomial Py(z) of degree d — 1. Since P is self-reciprocal, we find :
that
(w+1)P(z) = Pz) = 1P (%)
o))
z z
-1 1
= % Hz+ 1)~ (—)
z
and hence

Pi(z) =z%1P (%) ,

so P is also self-reciprocal. Thus by the even degree case applied to Py, we
see that

P(z) = 257 (z+1)R (x + %)
for some polynomial R(z). |

Second Solution. It is clear that 0 is not a root of polynomial P(z) because
otherwise the reciprocal polynomial would be of degree at most d—1, a con-
tradiction. We have seen that if r is"any root of P(z), then % is a root of the
reciprocal polynomial, hence it is also a root of P(z). It would be temptmg at
this point to say that we can collect the roots of P into pairs 7; a,nd =. The

one complication is that a root r = &1 with r = ; might not be palrable

On the Form z°P (1) 13

Consider the case r = 1. Suppose 1 is a root of P(z) with multiplicity k. Then
we can write

P(z) = (&~ 1)*Pi(z),

Since P is self-reciprocal, we find

(z ~ D*Pi(z) = 2 (% - 1)k P (i) = (~1)Fz k(e — 1)*P, (%)

hence

Pi(1) #0.

Pu(z) = (—1)*<®*P, (i) .

Putting z = 1, we find that P;(1) = (=1)¥Py(1). Since P1(1) # 0 we conclude
that % is even. Thus roots of 1 can be paired.

Thus we may assume the roots of P are —1, say with multiplicity s, and some
number of pairs of roots r; and Ti‘, 1 <1< k. Since

1
(z—13) (m——) =z? — (ri+l)z+1,
Lk Ty

if we let C' denote the leading coefficient of P, we get

\ k 1
P(z)=Clz+1)° (a:Q—(i+——> +1>.
@ =0+ ] (- (n+ )=
Writing this as
i 1 1
P — k s oo X il
(z) =Cxz (m+1)g<x+m (n—{—n_)),

we see that the last expression can be written as z¥(z+1)°Q (z + 51;) for some
polynomial @Q(z) with real coefficients of degree k and s,k,d are related by
d = s+ 2k. It is clear that all such polynomials satisfy the condition of the
problem. [ |
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The astute reader will notice that the characterizations given in the two so-
lutions do_not quite match, but the difference is minor. Instead of pulling
out all roots = 1 of P, we could have paired as many as possible. This
would have left us with two cases s = 0 or s = 1 corresponding to d even
and d odd, respectively, and these would match the cases in the first solution.
Equivalently, you can think of this as using the identity

(x+1)? =2z <m+ % —-2> to reduce s.

These algebraic characterizations, particularly the second solution above,
can be used to give a third characterization of self-reciprocal polynomials
in terms of their roots. If P(z) is a self-reciprocal polynomial of even
degree, then the roots (taken with multiplicity) can be collected in pairs
r, 1/r, or equivalently we can assume the roots (with multiplicity) are
{rl,rg,...,rd/z,l/rl,l/rg,...,1/'rd/2}. If P(z) has odd degree, then there
is one unpaired root of 1 and the remaining roots can be paired.

Let P(z) = agz®+aq_12%1+. . .+a12+ao be a polynomial. If P(z) sat-

: 1
isfies the relation P(z) = z%P <E) , we say that P(z) is a self-reciprocal

polynomial. Furthermore, if P(2) is a self-reciprocal polynomial, its co-
efficients satisfy
Yk=0,1,...,d

and there is a polynomial @Q(z) such that

Q= Gd—k

Ple) = (o + 1 (241 )

where degQ(z) = k. If the degree d is even, then the
roots of P(z), taken with ‘inultiplicity, can be written as
{ri,ro, ..., Tay2,1/r1,1/r2, .. 1/7ape}. I d is odd, then they can be

{ written as {1,71,72,...,T(g—1)/2: 1/71,1/72s - - -, /7 (a-1) 2}

On the Form z%P (%) 15

Example 1.8. Characterize all polynomials P(z) of degree d with real coef-
ficients satisfying the following relations:

(i) P(z) = —z°P <1);

z

(ii) P(z) =z*P (—1).

x

Solution. As in the case of self-reciprocal polynomials, there are two sorts of
characterizations we could give, either an explicit characterization in terms of
the coefficients or an algebraic characterization.

If we write P(z) = agz®+aq_12% 1+ - -+ a1z +ao, then taking the coeficient
of z* in (i) gives

ak = —Od—k Vk=0,1,...,d
and in (ii) gives
ap = (-1)%% ey  VE=0,1,...,d.

Note that in part (ii), setting k to d— k we also get ag—r = (—1)*a), and hence
ax = (—~1)%a4_i. Hence d must be even.
We now turn to the algebraic characterizations.

(i) 1t is clear that P(1) = 0. Setting P(z) = (z — 1)"P1(z), where Pi(1) # 0,
we find that \

(z — 1)T\P1 (z) = (1) 2" (z - 1) P (%) ,
ie.,
Pi(z) = (1) zd P (%) vz €R.

Putting z = 1, we get P1(1) = (=1)"*1P(1). Since P1(1) # 0, we deduce
. 1
that 7+ 1 is even, so P(z) = ¢ P; pa that is P; is a self-reciprocal

polynomial of degree d — r. From Example 1.7, we conclude that

Pi(z) = zF(z + )T T2Q (:1; + 1)

T
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and hence

-

P(@) = o*(@ — 1) (z + 1) %Q ( i 1)

for some polynomial Q(z) of degree k with real coefficients and some
odd positive integer 7. It is easy to see that all such polynomials satisfy
the problem conditions.

P(z)

I - 1\
(ii) Using the substitution z + —1 /x, we have P ( :1:> = 1Yzt
1 P(z)

On the other hand, we know that P <_E> == Therefore d is even.

Moreover, if r is a root of P(z), then also —1/7 is a root with the same |

multiplicity. As in the second solution to Example 1.7, we can collect
the roots not equal to i into pairs r; and —;1]7, for 1 < j < k. Since P
has real coefficients the multiplicities of 4 and —i as roots must be the
same, hence they are (d — 2k)/2. Since

oo e )emsme (oo (1)

if 'we let C be the leading coefficient of P, we have

k
1

2 (d—2k)/2 2 _ L _
Pz) = C(?+1) 1;[1<x (n ri)m 1)

@ ! 1

_ k2 d—2k)/2 A
= Cz®(z“+1) g(w = (Tz ""i))

= Caf(a? +1)@W/2Q (m - 3)
x

for some polynomial Q(z) of degree k with real coefficients. u

Example 1.9. Let P(z) = an2™ + ...+ ag be a nonzero polynomial with
complex coefficients and let A € C.
We say that P(x) is A-reciprocal if an—; = Aa; for alli =0,1,...,n.

On the Form z¢P (1) 17

(i) Prove that if a polynomial is A-reciprocal, then A € {-1,1}.

(ii) If P(z) is A-reciprocal and Q(z) is u-reciprocal, prove that PQ(z) is Ap-
reciprocal (X, p € {—1,1}).

Marcel Tena - Gazeta Matematicd B 8/2007, Problem C:3205

Solution. (i) Let a; € C be a nonzero coefficient of P(z). Then
a; = an_(n_i) = /\an_i = /\(/\a,-) = )\2(1-5,
s0 A2 = 1, which gives \ € {-1,1}.

(ii) It is clear that a polynomial P(z) of degree n is A-reciprocal if and only
if A\P(z) = z"P (%), ie.,

T Al

P (l) _ )\P(m).
Likewise, a polynomial Q(z) of degree m is p-reciprocal if and only if

o(2) -2

T ™

Multiplying side by side the last two equations, we get

PQ (i) _p (l) 0 (l) _ MP@)Q(e) _ MPQ(z)

z z gntm gntm

and since PQ(z) has degree n + m, then PQ(z) is Au-reciprocal. |

Example 1.10. Assume that the polynomial P(z) = z* +az® +bz? + az +1
has two real roots whose product is —1. Find the range of ¢ and b.

Solution. Let r and s be the roots with rs = —1 and note that this forces
r# % and since r and s are real, it also forces r # s. Note that P is a self-
reciprocal polynomial of even degree, so the roots can be collected into pairs



18 Chapter 1

-

of reciprocals. Hence the four roots of P with multiplicity will be r, s, -}, %. By
Vieta’s formulas,

1 1 1 r s
r+s+—-+—-=-—aq, 24rs+—+-+-=5>
r s rs s T
Thus
2
(r+s)(rs+1)=_a, Ts+(r+s) +1=b.
rs T8
Since rs = —1, we get
1) 2
a =0, b=—(r+s)2—2=—<r—;> —2< -2
Then P(z) = z* + bz + 1 and b < -2. n

Example 1.11. Let n > 1 be an integer. Prove that the polynomial
Plz)=2"—2"'—...—z-1
has exactly one positive real root.

Solution. Counsider the polynomial
n 1 n n—1
Q(z) = —z"P -)=° +2"+ . +z—1

It is clear that the right-hand side is a strictly increasing function if z > 0.
Therefore it cuts every horizontal line at most once. This means that Q(z)
has at most one positive real root and so also P(z) has at most one positive
real root. Since Q(0) = —1 < 0 andQ(1) =n — 1 > 0, we deduce that Q(z)
has exactly one real root in the interval (0,1). Furthermore, since the map

z = % doesn’t change the sign of the roots, we obtain that the polynomial

P(z) has exactly only one positive real root (greater than 1). |
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1.5 Miscellaneous problems

In this section, we provide some relatively hard examples concerning reciprocal
polynomials. In most of them, you must consider the following steps.

(i) Define the right polynomial.

(ii) Consider its reciprocal polynomial.

(iii) Work on its roots or its coefficients.

Example 1.12. Find all polynomials with real coefficients of the form
flz) = 22 4 a1 4+ a1z ana® + 12" 4. a4+ 1
having 2n real roots and such that |a;| <2 for all i = 1,2,...,n.

Plamen Penchev - Bulgarian Team Selection Test 2015

Solution. Since f(z) is a self-reciprocal polynomial of even degree, we can

let Z1,...,Zn, w—ll, ey z—l,.' be the roots of f(z). We can write f(z) = g(z)h(z),
where N

9(@)=(@—z1)-... (&~ z4)
and

o= (o= L) o (- ).

Thus by Vieta’s formulas

9(@) = 2" +b1 2™ . . A bp_12+bn, h(z) = x”+%_—1x“‘1+. . .+Z—1x+i.
n n bn
Hence )
1 b2+...+02
|an| = bn+_+1_+L"1 <2,
b, bn
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ie.,
2 2
T —2§bn+_1_+u':l<2_
bn bn, -
Hence \
1 B2 +...+ b2
V/ bn| — + & n-l <.
< v/ [bn] |bn | -

So we must have by = ... = by_1 = 0 and b, = 1. Therefore the only possible
polynomials have the form (z" £ 1)2, where n is a positive integer. The roots
of these are the n-th roots of 1, which are complex if n > 3 or if n = 2 and
zvezhave; 2‘che upper sign. Thus the only possibilities are (z —1)?, (z + 1)%, and
x°— 1)~
If we interpret the hypothesis of 2n real roots as meaning we count the roots
with multiplicity, then these are solutions. If we interpret the hypothesis as
meaning 2n distinct roots, then there are no such polynomials. [ ]

Example 1.13. Let a € Z\ {0}. Prove that P(z) = z" +az™ 1+.. . +ar—1
(where all central coefficients are a) is irreducible over Z[z].

Marian Andronache and Ian Savu - Romanian Team Selection Test 1990

Solution. Note that
npfl 1
—z"P p =g"—az" 1 —...—azx—1.
Hence by working with the negated reciprocal polynomial if necessary, we can

assume a > 0. Since P(0) = —1 < 0 and P(1) = (n — 1)a > 0, P(z) has at
least one real root 7 in the interval (0,1). Writing

r

P(z)=(z—r) (.’L‘“"l by 2.+ 1) ,

we can find that b9 =r+a,bp—3 = 'r'bn..lg +a=a+ar+7r?and soon. It is
easy to see that 1 <bp2 <bp_3<...< - We need the following lemma.

|
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\x/

Lemma 1.1 Let Q(z) = agz®+...+ao with0 < ag < ag-1 <... <ao- Then

all of the roots of polynomial Q(z) have modulus greater than 1.

Proof. Note that (z —1)Q(z) = agzd*tt + (ag-1 — ag)z?+ ... —ao. It is clear
that 7 = 1 is not a root of Q(z). Suppose that r # 1 is a root of Q(z). Then

ag = agr®*! + (ag—1 — ad)rd + ...+ (a0 — a1)r
Thus

' Jaol = lagr®™* + (ag—1 — ea)r® + ... + (a0 —a1)r|
<lag| - [P+ ..+ a0 — a1 - 7.
Assume that |r| < 1. Then we get
ao = |ao] < ag+ag—1—aqg+...+ao—a1=ao
Thus we must have equality in every step. This means we have |r| = 1 and

all the complex numbers agr?, ..., (a1 — ag)r?, (ap — a1)r must have the same

. a1 s
argument. In particular, r must be a positive real number. Hence r

ap—a
must be positive and this tggethler with |r| = 1 gives r = 1. Since we already
saw that r # 1, this is a contradiction. This completes our proof. Q
Coming back to our problém, note that applying the Lemma to gg_%) shows that
r is the only root of P of modulus at most 1. Assume that P(z) = Q(z)R(z)
for some nonconstant polynomials Q(z) and R(z) with integer coeflicients.
Without loss of generality we can assume that Q(z) and R(z) are monic.
Since Q(0)R(0) = 1, we conclude that Q(0) = R(0) = 1. Thus the product
of roots of Q(z) is F1. Hence Q has at least one root with modulus at most 1.
Hence r must be a root of Q. But the same argument could have been made

for R(z) and r cannot be a root of both, giving a contradiction. ||

Remark. By the above result, we can prove some hard but interesting prob-
lems. The following problem appeared in the American Mathematical Monthly
in 1988, which is the particular case of the above problem with a = —1.
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Prove that the polynomial P(z) = g™ — g™ — ... —z—1is irreducible.

We continue this section with a good number theory problem.

Example 1.14. Let n > 2 be an integer and let
P(z) =z"+ 12" P+ e+l

be a polynomial with positive integer coefficients such that ax = an—x for all
k=1,2,...,n — 1. Prove that there exist infinitely many pairs of positive
integers (x,y) such that = | P(y) and y | P(2).

Remus Nicoard - Romanian Team Selection Test 1997
Solution. Since 1 | P(P(1)) and P(1) | P(1), we see that (1, P(1)) satisfies
the conditions. Now, assume (z,y) with z < y satisfies the conditions. We

. P . . .
will prove that (y, M) also satisfies the problem condition. First, since
T

Ply) Py)

z | P(y), . is an integer and clearly - | P(y). Now we only have to

prove that y | P (@) Since
X

z|P(y) =y "+ an-1y™ t+. Hary+ 1,

we conclude that ged(z,y) = 1. So = has a multiplicative inverse modulo y,
i.e., there exists 1 modulo y. Since P(y) =1 (mod y), we find that

P <f%/—)> =P (%) (mod y).

1
Moreover, the polynomial P(z) satisfies the relation =™ P (5) = P(z). Mul-
tiplying both sides of the above congruence by z™, we get:

z"P (@) =z"P <1> =P(z)=0 (mod y).

z

i
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P(y)
Hencey | znp <£@> and since ged(z,y) = 1, we obtain thaty | P ( T >
T

P
So (y, %) is a pair satisfying the condition. Finally note that

P(y) > 1+y" >y 2 ay,

0 — = >y. Thus we from any pair satisfying the problem condition, we can

arly we can iterate

produced a new such pair with larger maximal entry. Cle ™

this indefinitely to give infinitely many pairs.

Next problem has an interesting story. Navid Safael worked on it during
the time he prepared a team for the International Mathematics Competition
(IMC), a competition addressed to university students.

Example 1,15, Let P(z) = daet— 24! —z¢%~...—z -1 Prove that P(z)

has d distinct roots, and except for the root at 1, all with modulus less than
1.

Solution, Note that
(z — 1)P(z) = da®t! — (d+ 1)zt + 1.

Assume that there exists a root r with multiplicity greater than 1: The? x;vle
must have P(r) — P/(r) = 0. Therefore by differentisting both sides of £e
Previous equation, we get

d(d+ 1)z — d(d+ 1)z
d(d + 1)z%(z - 1)-

(z — 1)P’(w? + P(z)

PuUtting = . we find that 74~1(r — 1) = 0. Hence r = 0,1. It remains only
to check » — 1, but

d(d-—l)___f_%’_ﬂ>0_

P =g—(@d-1+d-2+...+1)=d"—-—
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Therefore we have no multiple roots. Now, we will show that all the roots of
P(z) except, 1 have modulus less than 1. Consider the polynomial

1
—mdP(;> =%+ %14 +z—d

We prove that all of the roots z # 1 of this polynomial satisfy the inequality
|2| > 1. Assume the contrary. Then there is at least one root such that |2| < 1.
Hence

d=20+20"1 4. + 2,

which gives

d=|2%+24"1+ < 24+ 1227+ 2
2l + 121"+ ]

< d

vt 2|

Thus equality must hold in every step above. For the first inequality this says
that z, 2%, ..., 2% lie on a ray from the origin. For the second inequality, this
2

says they all have modulus 1. Hence 2 — 2 must be positive real number

2
with modulus 1, therefore z = 1 and we are done. m

1.6 Proposed ﬁroblems

Problem 1.1. Let a1,...,a, be natural numbers whose sum is 2020. Find
the least positive real number ¢ such that the equation

n i
P
s =t

= 142
has only one positive real root.
Problem 1.2. Let ag+ a1z +aaz? +. . . + a2, %" be the polynomial obtained
expanding (1 +z + 2?)". Compute:
(i) ao+az+...+am;

S ———

On the Form z¢P (1) 25

(i) a1 +az+...+am-1;
(iii) agal — a1Gg +ag03 — ... — G2p—102n-
Ttalian Mathematical Olympiad 1994

problem 1.3. Let P(z) = anz" + ... + ao be a nonzero polynomial with
complex coefficients. We say that P(z) is reciprocal if ax = an—k for all
k€ {0,1,...,n} or ay = —an— for all k € {0,1,...,n}. To each such
polynomial we associate the symbol [P(x)] defined as follows: [P(z)] = 1
if ax = an—g for all k € {0,1,...,n} and [P(z)] = —1 if ax = —an— for all
ke {0,1,...,n}.

(a) Prove that if P(z) and Q(x) are reciprocal, then PQ(z) is reciprocal and

[PQ(z)] = [P(2)][Q(x))-
(b) Prove that if P(z) and PQ(z) are reciprocal, then Q(z) is reciprocal and
()]

_1PQ

Marcel Tena - Nicolae Teodorescu Competition 2007

Problem 1.4. A self-reciprocal polynomial

\

d
P(.’B) = Z aja:j
j=0

satisfies a1 = ag—1, G2 = @d-2,---,a4 = ag. Consider all the self-reciprocal
polynomials with integer coefficients that are factors of 184 _ g8 g 4+ 1.
Find the factor that has the largest degree.

Problem 1.5. If the monic polynomial

flz) = Z aimi

=0
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has all its roots x1, %9, ..., Z, in the interval [—1, 1] and its coeflicients satisfy
the property an—; = aj, 1 = 0,1,...,n, prove that f(z) = (z + 1)P(z — 1)%,
where p,q € N and p + 2¢ = n.
Marcel Tena - Gazeta Matematicd B 5/2009, Problem 26158
Problem 1.6. Let
P(z) = amZ" + agp—12 L + ...+ ag

such that ax = agn—x for £ =0,1,...,n.

(i) Prove that there exists a polynomial @ such that
1
P(z)=2"Q <x + E) .

(ii) If ap = agn = 1 and |an| < 2, prove that P(z) has at least one complex
root.

Romanian Mathematical Olympiad
Problem 1.7. Let P(z) = aqz® + ... + a1z + ag and define
C(P(z)) =a2+ a3 ;+...+a?+a

Let P(z) = 322 + 7z + 2. Find a polynomial @Q(z) with real coefficients such
that Q(0) = 1 and C((P(z))") = C((Q(z))™) for every positive integer n.

Problem 1.8. Find all positive integers n for which there is a polynomial
P(z) with real coefficients satisfying P(x19% — z71998) = g — 2=, vz £ 0.

Vietnamese Mathematical Olympiad 1998

Problem 1.9. Let n # 2 (mod 3).
Prove that the polynomial P(z) = z" + = + 1 is irreducible over Z[z].
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z

Problem 1.10. Let n be an even positive integer, and let ¢y, ..., ¢, be real

numbers such that n
dle-1< 1L
i=1

Prove that the polynomial

2

P(.’L‘) =24™ — cn_l:z;n—l + 0,1_2.’1:”_ - ..—cix+2

has no real roots.

Po Shen Loh - USA Team Selection Test 2014

Problem 1.11. Let aj,...,a, be complex numbers with modulus r > 0.
Denote by T, the sum of products of any s numbers from ay,...,a,. Assume

that Tn_s # 0. Prove that s
T'n,—s

— 7,2.9—71,.

Problem 1.12. For a polynomial P(z) = bgz? + ...+ by, we define the BB-
sum of P(z) as the number boby +b1ba+. ..+ b4—_1bq. Determine whether there
exist real numbers 7 and s such that for every positive integer k, the BB-sum
of (% + rx + s)* is equal to the BB-sum of (2z2 + 7z + 3)*.

Problem 1.13. Let P(z) = 2%+ ag_12% 1 4+ ... + a1z + ao be a polynomial
of degree d > 3 with integer coefficients such that a + a4 is even for k =
1,2,...,d—1 and ap is also even. If P(z) = Q(z)R(z), where R(z) and Q(z)
are nonconstant polynomials with integer coefficients and deg @(z) < deg R(z)
and all the coefficients of R(z) are odd, show that P(z) has at least one integer
root.



28

Chapter 1

Chapter 2

Corriplex Numbers and
Polynomials. Part I

2.1 There are numbers that are not real

The existence of non-real numbers was first discovered by the Italian mathe-
matician Gerolamo Cardeno around 1545 in studying cubic equations. How-
ever, this new family of numbers was not fully understood until the end of the
18-th century.

The original motivation for complex numbers was solving polynomial equa-
tions. (Even if a cubic equation has three real roots, one may need complex
numbers to express these roots by radicals.) Dealing with these new numbers
was challenging for scholars (partly because of bad notation and incorrect as-
sumptions). Finding a well-defined framework for the arithmetic of complex
numbers therefore took a long time and involved many of the biggest names
in 17th and 18th century mathematics.
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Let a,5 € R. A compler number is a number of the form a + 1b, where

i%2 = —1. We usually denote a complex number by z, i.e.,

z=a-+1ib.

If a = 0, we say that the number 2z = ib is an imaginary number.

2.2 Basic properties of complex numbers
We denote the set of complex numbers by C, that is
C={a+ib|a,beR,i=~1}.

Definition 2.1 Let z = a + ib be a complex number. The real numbers a
and b are said real part and imaginery part of z, respectively, and we denote

a = Re(z), b = Im(z).

Definition 2.2 Let z = a+ b and w = ¢+ id be complex numbers. The sum
z + w is defined naturally by

z+w=(a+1b)+ (c+id) = (a+c)+i(b+d)
By replacing w with —w, we obtain the difference of two complex numbers
z—w=(a+1ib)—(c+id)=(a—c)+ilb—d)

Clearly, z = a + ib is a real number if and only if b = 0. It follows that if
= q+ tb and w = ¢+ id, then

z=w = z~w=0 << (a—c)+ib—d)=0 & a=¢c, b=d.
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Definition 2.3 Let z = a +ib and w = c + id be two complex numbers. The
product z -w is defined by using the distributive law and the relation 2 =~1,
ie,

z-w = (a+1ib)(c+id) = ac + iad + ibc + i%bd = (ac — bd) + i(ad + bc)
Now, let 2z = a + ib # 0 be a complex number. The number

1__1 _ 1 a=ib__a _. b
2 a+ib a+ib a—ib a2+4b a2+ b?

is said to be the inverse of z. So we can define the quotient of two complex
numbers z = a + b and w = ¢+ id (w # 0) as

ac+ bd

— (a+ib) c__. d _ +_bc—ad
B +d> 2+d?)  c+d?

z
w "Cr &

gl

=2z-

Definition 2.4 Let z =4 +1b be a complex number. We define the conjugate
of z as

Z=a—1b.

Observe that the conjugate Z of a complex number z when added by z or
multiplied by 2z produces a real number. Indeed, z + Z = 2a = 2Re(2) and
z-Z=a®+b%

The complex conjugate is the extension of the conjugate in radical expressions
(ie., a — bV/d is the conjugate of a + bv/d).
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For all z,w € C, we have:
(G) ZFw =2 +;

(i) z=w=z-w

(iti) 7w =7 - W;

,\
<
-
=Y
N
S
R
N

(vii) @) = 2.

Definition 2.5 Let z = a + ib be a complex number. We define the modulus

of 2z as the real number
lz| = Va2 + b2

The modulus is a multiplicative function (i.e., |zw| = |2] - |w|) and, as we will
see, is the extension of the absolute value on the real line.

Let z,w € C. Then:

(1) —lz| < Re(2) < |2, —|2| < Im(2) < |z;

(ii) |z| = O for all z € C. Moreover, |z| = 0 if and only if z = 0;
(iif) |2] = | — 2| = [2];

(iv) 27 = ||

(v) lzw| = 2] - [w]; 0
(vi) if 2 #0, then ‘;’ = T;|;

(vii) if w # 0, then \%I = %

i
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2.3 Using conjugation

Let
P(z) =agz® + ...+ ao

be a polynomial with real coefficients. Since real numbers are there own con-
jugates, using the properties of the conjugate, we get the following important

fact:

PE) = ag@@+...+az+ao
= ag2l+...+aZ+d
agz®+ ...+ a1z + ag

P(z2).

Proceeding from this fact, we arrive at this great implication:

P(2)P(2) = P(2)P(2) = |P(2)[".

Example 2.1. Let P(z) be a polynomial with real coefficients.
If P(1+4) = 5 — 6i, then P(1 — i) = 5 + 6i.
Example 2.2. Let w = i‘;——“/g and P(z) = axz — b. Then
P(w)P(@) = (aw — b)(a@ — b) = a?w - @ — ab(w + @) + b2.
Since w - = [w|* =1 and w + @ = —1, we find that
P(w)P@) = a% + ab+ b2

On the other hand P(w) = :92‘—2" +1 (“—\2/5) Hence

3
|PW)? = = (a+ 2b)% + Za2.

i

Thus we find that

a?+ab+b* = —(a+2b)*+ %az.

o
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Example 2.3. Prove following identity:

(a® + ab + b2)(b% + be + ) (a? + ac + ¢?)

= (a®b + b%c+ c®a)? + (b%a + c*b + a%c)? + (a®b + bPc + c2a) (b2a + ¢%b + a2c).

Solution. Define P(t) = (ta — b)(tb — ¢)(tc — a). Then by Example 2.2, it
follows that

P(w)P(@) = (a® + ab + b%) (6% + be + ) (a® + ac + ¢2).
On the other hand
P(t) = abct® ~ (a2b + bPc + a)t? + (b%a + c2b + a*c)t — abe.
Since w3 = 1, we find that |
P(w) = —(a®b + b2c+ cta)w? + (b%a + b+ a’c)w.
Hence using Example 2.2 again

[P = |- (a®b+bic+ ta)w? + (b%a+ c2b + a’c)w)
: = |(b%a + c®b + a?c) — (a%b + bPc + Pa)w|?
= (a?b + bc + c?a)? + (b%a + b + a’c)?
+(a?b + bc + c?a) (b%a + b+ a’c). n

2.4 Using the modulus, argument, real and
imaginary part of a complex number

Your existing knowledge about complex numbers underpins your future read-
ings on this topic.

Example 2.4. Find the complex number w with modulus 1 which maximizes

the modulus of
z= (w+2)%w=23)2
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Solution. Let w+w = 2 Re(w) = ¢. Let a be a real number. It is clear that
lw—af? = (w-a)(@—a) =1+a®—at.

Hence
22 = (o + 212)2 - (ko = 3[%)% = (5+ 2t)° - (10 - 5¢)2.

Now, our goal is to maximize (5 + 2t)3 - (10 — 3t)2. By AM-GM Inequality, we
find that

(5+26)° - (10— 36 < (3(5+2t)+2(10—3t)>5=75'

5

Thus |2| < 73. The equality occurs when 5 + 2¢ = 10 — 3t, i.e., when ¢ = I,
yielding Re(w) = 3. This implies that w = —-J:li;' 3, -

Example 2.5. Find all complex numbers z with modulus 1 such that

1006 1006
Z |26+ 42k = Z |22k — 222,
k=1 k=1

Solution. Note that
%4 — 2] = |z~ 1] = [z - 1],

and
|Z2k _ z2k-2| — Iz2k:—2| . |z2 _ 1' — |22 _ 1|.

Therefore the statement of the problem is reduced to finding 2 such that
|z =1 =22 =1 =]z = 1] - |2+ 1],

Thus we need either |z — 1| = 0 (which gives z = 1) or |+ 1| = 1. Since 2 has
modulus 1, we have Z = 1/z. Therefore

1 1
2112 = (2 4 1) (;+1) —24z4s
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e

and therefore this becomes 22 4+ z + 1 = 0, hence z = :ﬁzﬂ@ Thus we have
three solutions: z = 1, iﬂ;—@

There is also a geometric solution to the last step of this problem using the
interpretation of the complex numbers as the plane discussed in the next
section. The numbers of modulus 1 are the unit circle centered at 0 and the

solutions to |z + 1| = 1 is the unit circle centered at —1. The intersection of

these circles is the two points z = =1£8/3, |
Example 2.6. Let z be a complex number such that ﬁ_‘”—; = 1. Prove that

|z201°+iz2°°9+...+i2009z+i2010| — IZ2010+Z2009+...+2+1|.

Solution. Let S be the set of points in the complex plane such that |z +1i| =

|142|. It is clear that all the points of S have the same distance from the points |

—i and —1. Thus S is the perpendicular bisector of the segment connecting
the points —1 and —1% in the complex plane. Hence

S={zeC|z=z(1+14),z R}

Moreover,

2010 , ;2009 2000, so010) _ |Z20Mt =201
|z 10 4 552009 L 442009, 4 42000 =12 |,
zZ2—1
and
2010 2009 20 -1

Since z € §, we find that |z — i| = |z — 1|. Thus it suffices to prove that

|Z2011 _ ,i2011~l — 11,2011 __ 1|

|2 ,
ie.,

|z2011 +’i| — |z2011 _ 1|'
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Note that

22011 (113(1 4 i))2011

$2011(1 +'l)3((1 + i)4)502

12011 . 2(’L _ 1)(_4)502

21005 . z2011 . ('L — 1).

Hence 22! ¢ R={2 € C| z=y(i — 1),y € R}. It is obvious that all points

in the set R have the property |r — 1] = |r + 1.
Hence |21 + 4| = |220M1 —1]. =

I

1

Example 2.7. Find all complex numbers z = a + bi, where a,b are rational
numbers and 2™ = 1 for some positive integer n.

Solution. Let a = g, b = L, with integers p,q,7,s, such that ¢,s > 1,
ng(pa q) = ng(T7 S) = L

Let ged(q,s) = d. Then ¢ = dgi1, s = ds; with
ged(q1, 81) = 1 and

(a2 + b2)n — ]zl2n =1.
Hence a2 + b2 = 1 and p?s? + r2¢? = d%¢}s?. It follows that s? | rg?, thus
s; = 1. Analogously, ¢; = 1 and so ¢ = s. That is, p> + r* = ¢* with
ged(p,q) = ged(r,g) = 1. It is easy to deduce that ged(p,r) = 1 and that

p,r have different parities. Therefore ¢ is odd. Finally, rewriting the equation
72" =1 as (p+ri)" = ¢",\we find that Re((p + 7i)") = ¢". Therefore

n 7 N\ n-22 ™Y n—d.4
— pn (”’)pn—2(q2 p2) (n>p'n,——4(q2 p2)2 Lol

Reducing this equation modulo g, we find that

o (1— (Z) + (Z) —) =0 (mod ).
1- (Z) + (’D . =Re((1+9)").

Moreover,
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-

Since 2" = 1, then n' = 4n also satisfies the given condition, and so by
relabeling, we can assume without loss of generality that 4 | n, that is, n = 4k
for some positive integer k. Therefore

(1+ )% = (1 +9)%)% = (20 = (-9,

implying that p**(—4)* = 0 (mod ¢). Since ¢ is odd and ged(p,q) = 1, we
find that g=1. Thusp=31,7r=0o0r p=0,r ==+1. Hence z =+£1, +i. A

2.4.1 Trigonometric representation of a complex number

The algebraic approach to the complex numbers is extremely powerful, but
there is an alternative geometric approach which is all very useful. This will
allow us to apply trigonometry in studying the complex numbers.

Consider a Cartesian coordinate system in the Euclidean plane R2. To each
complex number z = z+iy (z,y € R) we can associate a unique point P(z,y) €
R2, usually called the image of the complex number z.

In this way, we have defined a bijective map

fi € = R
z+iy — (z,9).

If the image of z is the point P, then the complex number z is called the affiz
of the point P. If we write the coordinates of P in terms of polar coordinates,

we have
{ T -
y

where p € [0, c0) is the length of segment OP and 6 € [0, 27) is the angle that
segment OP forms with the positive horizontal axis of the coordinate system.

pcosf
psind,

Definition 2.6 Let z = z + iy be a complex number and let P(z,y) and 1

0(0,0) be two points in the plane. We define argument of 2z, denoted by
Arg(z), the angle that segment OP forms with the positive horizontal axis of
the coordinate system, taken counterclockwise.
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The argument of z is defined up to multiples of 2 and when it belongs
to the interval [0,27) is called the principal argument of z and we denote
this by arg(z). By convention, we say that the argument of z = 0 is undefined.

If z = z + 1y is a complex number with |2| = p and arg(z) = 6, then we have
that £ = pcos@ and y = psinf.

Let z be a complex number and let p € [0,00) be its modulus and
6 € [0,27) be its argument. Then :

z = p(cosd + isin6). (2.1)

This is called the trigonometric representation of z.

The trigonometric representation of a complex number is useful when we have
to multiply or divide two or more complex numbers.

Theorem 2.7 Let

z = pi(cos @ + isinéy)
\
and \

w = pa(cos by + isinfby).
Then

(i) zw = p1p2 (cos(f1 + 02) + isin(f1 + 02)).
(i) Ifw#0, then i- = % (cos(6y — B3) + ésin(6; — 62)).
2

Proof. Exeréise. a

As a corollary of this theorem we get the following.
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Let z = p(cos @ + isind) be a complex number. Then

2" = p™(cosnb + isinnb)

for all n € N. If z # 0 the formula holds for any n € Z.

Proof. If n > 0, by using (i) of Theorem 2.7 with 2 = 21 = ... = 2,, we get

= P -plcos(@+6+.. +0)+zsm(0+0+ .+6)

n times n times n times

= p"(cosnfd + zsmn@).

If z # 0, for n = 0 the formula is obvious. If n < 0, take —n = m in order to
have

_ 1
z =z = ;ﬁ
1
~ p™(cosmé + isin mb)

p"(cosmb — isinmb)

p"(cosnd + isinnd). e |

The geometric locus of points satisfying |z| = 1 is the circle of radius 1 centered }

at the origin, called the unit circle. All points on the unit circle have the

trigonometric representation z = cosf + ¢sin 6. All the points inside the unit t

circle have the trigonometric representation z = p(cos §+isin §) for some p < 1

and all the points outside the unit circle have the trigonometric representa,tlon :

p(cos 8 + isinf) for some p > 1.

Let’s see some examples.

Example 2.8. Find the value of (1 + 4)2°'9 and (3 + iv/3)20%.
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Solution. Writing

1+i=— <cos +zsm7r>
V2 4
we find that
(1414)2019 = 2% ( cos 20197 + isin 2019w .
4 4
Furthermore, since -2%3’—' = 2522w + 3{, we have
os 2019w +isin 20197 _ 1 4 i
4 4 V2 V2
Thus
(1 + 'L)2019 2—1010( 1 + 1/)
Similarly,
srivioovi( V34t =2\/§(cos£+isinz) ,
2 2 6 6
S0
(3 +4/3)2010 = 3% .20 (cos 20?” + isin 2()2%)
= 38202010 (006 3T L i 3n
6 6
— 3% . 2009; N

Example 2.9. Let 2 = cos40° + ¢sin40°. Find the value of
|z +22% 4+ ... +92% L.

AHSME 1984
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2 2
Solution. It is clear that z = cos —éi + isin g Hence 2° = 1.
Set A=2z+222+...+92° Then

Z_A222+223+‘_‘+8z9+9z=A—(z+z2+...+z9)+9z.

Note that

01
z+z2+...+z9=z(1+z+...+z8)=z<zz__l> =0.

Hence z+ A= A+ 9z, that is, A = ——9—2—1 Thus

1 |e=1 _ lz—1]
Al 9l 9

Observe that
2m ., 2w
z—1 =cos§ — 1+ ¢sin—.

9
Therefore
‘ 2 2 2\ 2 ,
lz—1* = <cos—‘§7E - 1) + (sin—g—> =2- ZCOS—gE = 4sin? g
Hence |z — 1| = 2sin —g, yielding
1 2 2
I——I=§sin—g-=§sin20°. | |

Example 2.10. Let Cj,. .., Cy be real numbers and let
g(8) = C1cos6 + Creos20 + ... + Cpeosnd.

If g(8) > —1 for all § > 0, prove that C1 + ...+ Cp < 7.

Chinese Team Selection Test 2004 " :

!
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Solution. Let z = cos Tf—L + isin _7% Note that this gives

2" = cos(2n) + isin(27) = 1

and since 2! — 1 = (z — 1)(2" + 21 +... + 1) we further conclude that
2+ 2" 1+ ... +1=0. Putting

2 4 2nm
0 = ) 0 = e =
1 T 2T ny1 > On n+1'
we find that
9(91) Re(Clz + C’2z2 4ot ann) > -1,
g(8) = Re(C122+Coz* +...4 Cp2®) > 1,
g(6n) = Re(Ciz"+ Caz® + ...+ Cp2™) > —1.

By adding the above inequalities, we find that
Re((Ci+...+Cu)(z+ 22+ ... +2™) > —n.

Since 2+ 2% + ...+ 2" = —1, we are done. |

E;cample 2.11. Let z be.a complex number such that |z+1] > 2. Prove that
|2° +1] > 1.

Walter Janous - International Mathematics Competition 2012
Solution. Since
|22+ 1 =241 |22 —2+1] > 22—z +1]|.

It remains to prove that |22 — 2 + 1| > 1. Write z + 1 = p(cosa + isin ),
where p > 2. Then

—2+1 = (2+1)2-3(24+1)+3 = p?(cos 2a+isin 2cr) — 3p(cos a + isin a) + 3.
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Thus
122 =2+ 12 = ot +9p° +9 — (6p° + 18p) cosx + 6p°(2cos® o — 1)

9 2
_ _pt3 L oo o2 1 1
=12 (pcosa 1 ) +4(p 3) >0+4—4

and we are done. [ ]

Example 2.12. If A= {1,z,...,z"_1},
B={1,1+z,...,1+z+z2+...+zn"1},

d
an or . om
z = cos8 — 4 181n —,
n n
find the set AN B.

Marian Tetiva - Shortlisted Problems for Romanian Mathematical Olympiad
2003

Solution. Note that 1 € AN B. Suppose w # 1 is in both A and B. Since w

is in B, we can write
2kt —1

| W= ——
z—1"

for some 1 < k < n—1. Since 2" = 1 and [2| = 1, we see that all of the

elements of the set A have modulus 1 and all of them have n-th power equal
to 1. In particular, since w is in A, we find that |w] = 1. Thus llkg_l—l“l‘ =1

which implies that |#+! — 1| = |z — 1|. By De Moivre’s Formula, we find that

. 2Ak+ D)7
isin ———
n

.

|2F+ — 1) = cosz—(ﬁ;-l—

sin _______(k + D 2sin —-———(k + 1)7r’
n n

=2

and

2 2
|z — 1| = |cos == — 1+isin—7r-‘ =2lsinfl — 9sin —.
n n n n
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Thus

. (k+ D)7 LT
sin - = sin -
Hence
(k+Ur __ 7 _(n=Dr
n - n n

which implies that k = n — 2. Thus

A1 o1 2-1 1

w = = = o ——

z—1 z—1 z—1 z
However since w € A, we must also have 1 = w” = (—1)" = (=1)". Thus n
must be even and if n is even it is easy to check that z*/271 = —2 isin A.
Thus ANB = {1} if n is odd and AN B = {1, —11if n is even. |

Example 2.13. Let a,b,c be three complex numbers of modulus 1. Prove

that
ab

2 — 52

be
52 — 2

Michelle Bataille - Cruz Mathematicorum

ac
2 —qg2

> V3.

+ +

Solution. Clearly, we can assume that a?,b?,c? are distinct. Let

a = cosa + isina, b=cosf+isinfl, c=cosvy+isiny.

\

Then
b | 1
=
1
I(COS(O{ — B) +isin(a — B)) ~ (cos(B — a) — isin(8 — a))|
2sin(a - )|
Now we must ﬁrove
1 1 1

Er R e I o R
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Note that by the AM-GM inequality, we have
o 1 1 1
Fina—A)| w7 | 1sin(y - o)l
> 3 .
= {/lsin(a — B)sin(B — y)sin(y — a)|

Note that
isin(c — B)sin(B — y)sin(y — &)| = lsin{a — B)sin(8 — )sin(r ~ (v — a))|-

St X=a—-B,Y=0F—-7,Z=1—(7—0). Then X +Y +Z =m.
It is a well-known fact!that

3
‘ 3
|sinX -sinY -sin Z| < <1/2——> )

whenever X +Y + Z = n. Then

3 > 2v/3. [}
$/Isin(a — B)sin(B — y)sin(y — o)

2.5 Roots of unity

Definition 2.8 Let z be a complex number. A number w such that w™ = z
is called an n-th root of z.

We are interested in finding an expression for all the n-th roots of a complex

number z.

Theorem 2.9 Let z be a nonzero complex number, then z has ezactly n dis-
tinct m-th Toots. If we write z = p(cosf + isin ) with p > 0 and 6 € [0, 2m), :‘
then they are

6+ 2%kw .. 0+ 2kmw r
=3 k=0,1,...,n—1. 2.2) &
wi = Yp (cos - +isin — , ( “:k

1For the proof, see the book 112 Geometric inequalities, for example.
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Proof. Let w = r(cosp + isinp) be an n-th root of 2. Then w™ = 2, so
r™(cosny + isinny) = p(cos @ + isinh).

Since two complex numbers are equal if and only if they have the same modulus
and the arguments that differ by a multiple of 2w, we have

n

™=p  np=0+2kmn, k€ Z,

2
whencer=‘q/ﬁandgok=0+ o with k € Z, i.e.,
0 + 2k 6+ 2k
wk={'/'p'(cos + T +isin + W), keZ.
Since 0 <y < 2mfor k=0,1,...,n — 1, the n-th roots wy, w1, . ..,wn—1 are

all distinct. Let k¥ € Z and let 0 < r < n — 1 be the remainder when % is
divided by n. Then k = ng+ r with ¢ € Z and

0+2(ng+r)r 6+ 2rw
Pk = =—

. + 297 = @r +2qm,

S0 Wi = Wr, 1.6, wg € {wo,w1,...,wn_1} for all k € Z. Q

Remark. By setting z = 1 in the theorem, we get the n-th roots of unity, i.e.,
all the solutions to the equation w™ = 1. They are

wk=cos2—7]iz+z'sing%7£, k=0,1,...,n~1. (2.3)

In the complex plane, the n-th roots of a complex number z # 0 form the
vertices of & regular n-gon with center at the origin. The n-th roots of unity
form the vertices of a regular n-gon with center at the origin and with a vertex
at the point (1,0).

We can summarize and give some properties of the n-th roots of unity. The
proof of these properties is left to the reader.
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The complex roots of equation Z
If

= 1 are called the n-th roots of unity.

2k 2k
Up={2€C|2"=1}= {wk=cos—{—+isin——;7r-’ k:=0,1,...,n—1}
is the set of the n-th roots of unity, we have the following properties:
(i) if w;,w; are n-th roots of unity, then wiw; is an n-th root of unity;
(ii) non-real roots of unity can be partitioned into sets {wi, Zulj}’

(iii) for any w € Uy, and for any i,j € Z such that i = j (mod n), we
have w = w’.

Definition 2.10 An n-th root of unity is said to be primitive if it is not a
k-th root of unity for some smaller k, i.e., if

n

M=1 and 2f#1 fork=0,1,...,n—1

In other words, if w is an primitive n-th root of unity, then n is the smallest

positive integer such that w™ = 1.

2k 2k
Theorem 2.11 An n-th root of unity wg = cos 2T tisin __n_7r (0<k<n-1)
is a primitive n-th Toot of unity if and only if ged(k,n) = 1.

Proof. First, we prove that if wj is a primitive n-th root of unity, then

ged(k,n) = 1. It suffices to show that if ged(k, n) = g > 1, then wg is .
not primitive. In this case we can write k& = gky for some ki, and then we

compute that
W9 = (@R = W = () =10 =1,

So wy, is a (n/g)-th root of unity and since n/g < n, w is not primitive.
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Now, we assume that k € {0,1,2,...,n — 1}, ged(k,n) = 1 and we prove that
wg 18 a primitive n-th root of unity. Assume on the contrary, that wy is not a
primitive n-th root of unity. Then there exists m € {1,2,...,n— 1} such that
w,”cn = 1, i.e.,

2kmm . . 2kmm

cos +isin =1,

2kmm

1t follows that = 2tr for some t € Z, i.e., km = nt. So n | km. Since
ged(k, n) = 1, by Euclid’s Lemman [ m,but 1 <m <n-1,a contradiction.d

Corollary 2.12 For each positive integer n there are (n) primitive n-th roots
of unity, where  is the Euler’s totient function.

Example 2.14. Let n = 12. We have

w = co8 il + isin il w® = cos 5T + isin i
6 6" 6 6’
w’ = cos '—71 + isin T wil = cos HE + isin EE
6 6’ 6 6
These are ((12) = 4 primitive 12-th roots of unity.
Example 2.15. Let ay,...,aq be d nonzero complex numbers, not necessarily
distinct. Let k, [ be distinc\;\positive integers such that a’f, ciey a’é and aﬁ, N afi

are two identical collections of numbers. Prove that each of ay, ..., aq is a root
of unity.

Solution. The statement of the problem implies that there is a bijection o :
{1,2,3,...} — {1,2,3,...} such that o'(j) = m implies that a;? = al,. Consider
the sequence 1,0(1),0(c(1)),.... Since o is a bijection on a finite set, there
are positive integers r, s such that o{") (1) = o®)(1), where 0 <r < s <n—1
(here we define ¢(®) (1) = 1). Since o is a bijection, we find that o)1) = L.
Therefore a¥ = a! 1y ak = a2 (1)- Thus ot = af: @)" Therefore

3—r 87 1s-7

6 =y = O
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Since | # k, we find that there is a positive integer n = |I*™" — k°"| such that
a? = 1. Hence a; is a root of unity. The same argument proves that each of
ai,...,aqd is a root of unity. n

Example 2.16. Let ay, ..., an be Toots of the polynomial 1+ +a?+...+2"
Find the smallest positive integer m such that the numbers o7, ..., a7’ lie on
a straight line in the complex plane whenever:

Solution. (i) Let P(z) = 1+z+2?+... + 220, Then a3, ..., ag011 are all
roots of polynomial (z —1)P(z) = 22°'2 — 1 and thus they have modulus
1. Hence these numbers lie on the unit circle. Since any straight line
intersects the circle in at most two points, call them A, B, we can assume
that a7, ...,aly;, are either A or B. Then without loss of generality,
there are at least 1006 numbers among al%,...,a%;; that are equal to
A and all of them are roots of the polynomial z™ — A. Thus m > 1006.
Now we prove that m = 1006 is the least possible number. Indeed, since

:1:2012 ~1= (321006 . 1)(331006 —+ 1),

1

each of the numbers a}®®, ..., a3d% is either 1 or —1.
(ii) We will show that aT*,...,af5;, all lie on a line if and only if m is a

multiple of 2011. Let P(z) = 1+z+x%+...+ 229, Then a1,...,a2010
are all roots of the polynomial (z — 1)P(z) = 2% — 1 and thus they
have modulus 1. More precisely, the roots of the polynomial P(x) are
the complex numbers

_ 2kw +isi 2km

Ek = o011 T ¥ 9011
for k = 1,...,2010. If m is a multiple of 2011, then af* = 1 for all k,
hence the numbers a*, ..., aJy;o all coincide and hence lie on a single

line. Now suppose m is not a multiple of 2011. Note that since 2011
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is a prime, the &4 are all primitive 2011-th roots of unity. This means
that if €}, = 1 for some integer r, then r is divisible by 2011. As in
the previous part, if e, ..., el all lie on a line, then they take on at
most 2 distinct values. Since m is not a multiple of 2011, none of these
values can be 1. Further, they cannot be —1 since if i = ~1, then
-1 = (-1)%1 = g201lm — 1, a contradiction. Thus the two values are
non-real. Since 2010 = €T, we have €J§,, = €. Thus these two values
must be ef* and e]™ = *. Hence ¢J* must be one of these two values,
which means that either é2™ = eJ' = e or e¥™ = ¢* = ¢]™ . In the
first case, we get €f* = 1 and in the second case we get e§™ = 1. In
either case we conclude that 2011 divides m, a contradiction. [ ]

2.6 Polynomials with complex roots

After some preliminaries, we have finally arrived at the main part of this
chapter. In this section we need to use all the above-mentioned techniques.
Moreover, we need full-fledged knowledge about these topics:

(i) divisibility of polynomials;

(if) concept of root; N

\

(iif) Vieta’s formulas;
(iv) if a non-real complex number z is a root of polynomial P(z) with real

coefficients then Z is another root of polynomial P(z). That is, we can
partition all non-real complex roots of P(z) into sets {z,z}.

Corollary 2.18 Fact (iv) implies that a polynomial P(z) with a non-real root
2 is divisible by

(z — 2)(z — 2) = 22 — 2 Re(2)z + |2
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Example 2.17. Let z be a non-real complex number such that 2 +1=0.

Evaluate:~*
L 2018 . 1\ 2018
z—1 z—1 )

Solution. Since 23+1 = (2+1)(22—2z+1) and z # —1, we have 22—z+1=0.

Therefore z — 1 = 22. Hence

. \ 2018 . 1 2018
z—1 z—1

4\ 2018 12018
)"+ (5

1 2018 1 2018
z ¥4
z2018+1

22018

Since 2018 = 2 (mod 3), we find that
22018 = (367252 = (—1)672. % = 22,

so this simplifies to

2z \ 2018 1 018 241 241 2
z—1 z2—1 24 —2 —z

Example 2.18. Let f(z), g(z), h(z), k(z) be polynomials such that

(2% + 1)h(z) + (z — 1) f(2) + (2 — 2)9(z) =0,
(x® + )k(z) + (z + 1) f(z) + (z + 2)g(z) =0

for all 2 € C. Prove that f(x), g(z) are divisible by z? + 1.

Solution. Putting z = ¢, we find that

(6= 1)fE)+ (E=2)g() =0, (i+1)f(E)+(E+2)9() =0.
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Solving the above system with respect to f(3), g(i), we can easily find that
f@) = g(i) = 0. Analogously, f(—i) = g(~i) = 0. Hence f(z),g(z) are
both divisible by z — i and z + i. That is, f(z),g(z) are both divisible by
(@—d)(z+i)=a>+1. [

Example 2.19. Let P(z) = 2441423+ 5222+ 562416 and let 21, 22, 23, 24 be
the roots of the polynomial P(z). If {a,b,¢c,d} = {1,2,3, 4}, find the minimal
value of the expression |2q2p + 2c2dl-

‘ 1
Solution. Observe that Q(z) = —1-6P(2ac) =gt 4+ 728+ 1322+ Tz +1isa

self-reciprocal polynomial. If r is a root of P(z), then by setting z = g, we

2 4
get that g— is a root of Q(z) and then that p is a root of Q(z). So " is a root
of P(z). Since P(0) = 16, P(—1) = —1 and P(-2) = 16, we find that P(z)
has two roots on (—oco, —2). Hence by the remarks above, it also has two roots
on (—2,0). Thus all the roots of P are negative. If we write these roots as
71 < 23 < 23 < z4 < 0, then the rearrangement inequality gives

1
|202p + 2024| = -2-(z1z4 + 2923 + 2322 + 2421) = 2124 + 2223.

Since 2124 = 2923 = 4, the minimal value is 8. |
Ay

With the next example, we aim to assess your learning outcome from the
previous chapter and what you have learned since the beginning of this chapter.

Example 2.20. Find the sum of the moduli of the roots of the polynomial
P(z) = 202® + 7iz" — Tiz + 20.

Solution. If r is a root of the polynomial P(x), then P(r) = 0. Whence

P('r) 4 . 3 7i 20 4 1 . 3 1
—i = 20r* 4 7ir —1-"_5+;‘I=20 T +;Z + T —3 )
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Now, assume that r = it. Then

-z 1 1 1 1
0=20(7‘4+-7:4—>+7i<r3—;r-§> =20(t4+—tz>+7<t3+t—3).

Lety=1t+ % Then using the polynomials T3 and T4 from the first solution
to Example 1.7, we get

20((v* —2)* - 2) + 7(y° — 3y) = 0.

Hence
20y* + 7y — 80y? — 21y + 40 = 0.

Assume that Q(y) = 20y* + 7y3 — 80y? — 21y + 40. Note that

Q(=2)>0, Q(-1)<0, Q(0)>0, Q(1)<0, Q2)>0.

Thus the polynomial @(y) has 4 real roots all of which are in (—2,2). If y is
one of these roots, then the corresponding values of ¢ satisfy ¢ + % =y, which
we can rewrite as t2 — yt + 1 = 0 and solve to get

NN P
t—2:l:2 1 i

Thus for each y we get two values of ¢, both on the unit circle. Thus we have
found 8 roots r = it of P all on the unit circle. Since the polynomial

P(z) = 2028 + Tiz" — Tiz + 20

is of degree 8, these are the only roots. Thus we have 8 roots of modulus 1
and the answer is 8. [ |

Example 2.21. The polynomial P(z) = (1 +z + ...+ z'7)2 — z!7 has 34 -

complex roots of the form
2 = Tr(cos 2wy, +sin2moy), k=1,...,34
and 0 < a3 <... € azs < 1. Find the value of

a1 +og + o3 + a4 + os.
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Solution. Summing the geometric series in P(z), we find

P) = <x18 _ 1)2 o (m18 _ 1)2 _ x”(m _ 1)2

z—1 (x—1)2
20— g9 g4 1 (21— 1)(e!7 - 1)
(-1)? - (e-1)7?

Hence
(z —1)2P(z) = (z — 1)(z'" - 1).

Note that P(1) # 0, hence the roots of P(z) are the roots of (z'® —1)(z" - 1),
other than 1. Thus the roots of the polynomial P(z) are of the form

cos%z—lw'sinzk—7r AL
17 7 or Cos 19 +zs1n—I§—.

Thenrp =1lforallkand oy =, oo =%, a3 =F, as = %, and a5 = 3.
Hence

5
159
2% =53 "
=1
Example 2.22. Let
23
P(z) =242 + 3 (24 — §)(a27 + o249),
\ j=1

and let 21, 29,...,2, be the roots of the polynomial P(z). If z,% = ay + tbg,
T

find the value of Z bk |-

i=1
Solution. Expanding the formula for P(z) we find

P(z) = z*" +22% + 32% + .- +232% 4 240% + 232 + ... 4+ 222 4 1,
hence we compute

(—DP(z)=a®+2T+.. 2B g B ... g
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and
. (z —1)?P(z) = z*° - 20% + ¢ = z(z® ~ 1)%

Since P(1) # 0, we conclude that the roots of P are 0 and the 24-th roots
roots of unit except for 1. Since the root at z = 0 contributes zero to the
desired sum, we can focus on the other 23 roots which are
2L = COS k_7r + isink—ﬂ'
12 12’
for k=1,...,23. For these we compute

9 kr .. km
zk=cos—€-+zsm———.

6

As k goes from 1 to 23, Isin L‘é’-| cycles through the values %, 3@, 1, Aé, %, 0

taking each value except the 0 four times. Hence

, 12
> bkl =8+4v3. I
i=1 :
Example 2.28. Let z1,..., 20016 7 1 be the nontrivial roots of the equation
) 2016
£2017 = 1, Find the value of Z 1 .
H k=1 1 + zk

Solution. Since all non-real roots of the polynomial 220" — 1 can be parti- |

tioned as zk, 7 = lk, we find that

V4
1008
1 1 1
= E + T
— 1+zk =1 1+2k 1+Z

1008

= Z (_.1_ + Zk )
k=1 1+ 2z 1+ 2
1008

= 21
k=1

= 1008.
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Remark. The previous problem exploited an interesting fact. If 2 is a complex

qumber on the unit circle, then Re (T—%—'E) = %

Example 2.24. Let z be a complex number such that 2 = 1. Find the
22
1

Value of kz_o————-—ZQk T zk T 1.

Solution. Note that since 222 — 1= (2 —1)(22+ 2?1 +.--+2z+1)and z # 1
(since it is complex), we have 222 + 22! 4 ... + 22 + z = —1. More generally,
if k is not a multiple of 23, then z* also satisfies (%)% = 2%% = 1 and is
not real. Hence 222k 4 221k 4 ... 4 2k = —1. (A different way to see this is
to note that the numbers k, 2k, ...,22k are all nonzero and distinct modulo
93, hence they are in the congruence classes 1,2, -+ ,22 in some order. Hence
22 2k k= 22 2 4 22 2= —1.) We have

k=0z2’°+z’“+1—3 k_1z2’°+z’°+1—3 — 23k — 1"
Since 22 = z, we have
22 22 k 2 7
1 \ _1 (224) —]. 1 3kl
YA it mor et
k=0 k=1 k=11=0

Using the computation above, we have

7 22 29 ’
sz — Z 1+ Z(zak 4B o0k 4 1%k 15k 18K z21k)
k=1 1=0 k=1 k=1

22
= 22+7-sz
k=1
= 227
15,
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s0 that
22
1 46
o __L__:—+15=— [ |
Zk_o k2841 3 3

Example 2.25. If 1, ...,72018 are the non-real roots of the equation

22019 — 1’

compute the value of
71+ ...+ roo18 + 2018

(1+7r1) ... (1 +r20s)

Solution. Since 22019 — 1 = (z — 1)(22018 + 22007 + .. 4 2+ 1), we find that

Ti,...,To018 are roots of 22018 4 22017 4 4+ 24 1. Hence
22018 4 L2017 4 Lt 1= (2~71) ... (z—T2018)-
Thus Vieta’s formula gives 1 +. .. +7908 = —1. Furthermore, putting z = -1

in the above equality, we find that

(—-1—’]‘1)-...- (—1—7‘2013) = (1+T1) (1+T2018)
— (_1)2018 + (_1)2017 o+ (_1) +1
= 1.

Thus
1+ ...+ 7018 +2018 2017

= = 2017. |
(1+7”1)-...~(1+7‘201s) 1

Example 2.26. Let P(z) = 2° — 22+ 1, Q(z) = #% + 1. Denote the roots of
P(z) by r1,72,73,74,75. Evaluate the product

Q(r1)Q(r2)Q(r3)Q(ra)Q(rs)-
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Solution. Write P(z) = (z —r1) ... (x — r5). Then we compute
5 5
Qr)Qr2)Q(r)Qr)Q(rs) = [+ ~9)
j=1 §=1
P(~i)P(3)
= |PG)?
= |i+2]
5. B

Example 2.27. Let z* + 322 + az? + bz + ¢ be a polynomial with real coef-
ficients which has four real roots in the interval (—1,1). Prove that

8
(1—a+c)?+(3-b)2> (g) .
Nguyen Viet Hung - Mathematical Reflections, Problem U392

Solution. Let P(z) = 24 + 32% + az? + bz + ¢ and let 21,9, %3, T4 be the
roots of P(z). Then we have

P(i)=1-3i~a+bi+c= (i — 21)(i — 22) (i — 23)(i - 4)

and
IP@P=0-a+c)2+@B=02=1+2)Q+z)(Q +22)(1 + ).
Now, we have to show that
5 8
1+z2H1+zHQ+2HA +2D) > <Z) :
This is equivalent to

In(1 4 z2) + In(1 4 23) + In(1 4+ 22) + In(1 + z3) > 8In ?2-
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Now, using the fact that the function g(z) = In(1 +2?) is convex on the interval
(-1,1) and. Jensen’s inequality, we get

2
4 4

and since z1 + T3 + 23 + z4 = —3, we get the conclusion. n

Example 2.28. Let P(z) and Q(z) be polynomials such that
P(z%) + Q(z) = P(&) +2°Q(z) Ve

Let deg P = 4 and P(0) = 0. Prove that all the nonzero roots of P(z) lie on
the unit circle. '

Ukrainian Mathematical Olympiad 2010

First Solution. Let P(z) = asz? + asz® + agz? + a1z. We write the original |

equation as
P(z®) - P(z) = (z° — 1)Q(2).

\

Then
P(z?) — P(z) = ag(z'? — z*) + as(2® — 2) + ag(a® — 2%) + a1 (2® — )
is divisible by «° — 1. Since

g2 —gi=22—2z* (modz®-1), i

e —az3=2t—2% (modz®-1),

P —22=z—22 (mod2®-1),

we get that
as(z® — %) + az(z* — 2% + as(z - %) + a1 (2® — )
is divisible by «° — 1. Thus

(a3 — a4‘):z:4 + (a1 — a3)a:3 + (a4 — ag)x2 + (ag —a1)z

i
[N
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is divisible by z® — 1 and hence it must be equal to zero, that is a; = ag =
a3 = a4. Hence

4-1
P(z) = a4(z* +2° + 22 + 2) = ayz (2;_1>

and we are done. Moreover, it is easy to compute that

Q(z) = ag(z” + z* + 2% + z). n

Second Solution. Let w be a primitive 5-th root of unity, that is, w® = 1
but w* #£ 1 for k =1,2,3,4. Putting = w,w?,w?, w?, we find that

Pw*) = P(w), P(’)=Pw)=P?),
P(®) = P(w*) = P(w®), P(w'?) = P(w?) = Pw?).
Hence P(w) = P(w?) = P(w?) = P(w?*). Then

P(z) = Pw)+C(z—-w)(z—uw)(z—w®)(z—w?
= PW)+C(+z+2?+2%+2%),

for some real number C.
Since, P(0) = 0, we find that P(w) = —C, which gives

P(z) = C’(m\+ 22+ 22 4+ z%) = Ca(z + 1) (2® + 1).

Hence the nonzero roots of P are —1 and =i, which are all on the unit circle.l

Example 2.29. Find all positive integers n > 4 such that there are distinct
complex numbers a, b, ¢ such that

(a~b)"+(b—c)"+(c—a)"=0
and their images in the complex plane are vertices of an equilateral triangle.

Vlad Mihaly - Romanian Mathematical Olympiad 2020
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)

Solution. Let w = '—1';—“/—3 be a primitive cube root of unity. If z is any
complex number, viewed as a point in the complex plane, then wz is the result
of rotating z by 120 degrees counterclockwise with center at the origin. If a,b,c
is an equilateral triangle, then a — b represents the vector from the vertex b
to the vertex a. Since the sides of an equilateral triangle have equal length
and the exterior angles are 120 degrees, it follows that b — ¢ and ¢ —a are
a — b rotated clockwise or counterclockwise by 120 degrees. Thus a,b,c are
the vertices of an equilateral triangle if and only if

{b-c,c—a}={wla— b),w?(a — b)}.

(A nice exercise is to show that this reduces to the fact that a, b, ¢ are the ver-
tices of an equilateral triangle if and only if a+wEtb+w*?c = 0 or equivalently
if and only if

0= (a+wb+w2c)(a+w‘1b—i—w“2c) =a?+b%+c% —ab—bc— ca,

but we will not need this form here.) Dividing the given equation by (a—0b)",

we therefore get
1+w" +w? =0.

If n is a multiple of 3, then 14 w™ <+ w2 = 3 and this equation does not hold,
but otherwise w® = w*! and this equation becomes 1 + w*! + w*2 = 0 which
does hold. Thus the answer is all n which are not multiples of 3. |

Example 2.30. Let P(z) = (2 — 2009)(x?% —2008) - ... - (z — 1). Find
all complex numbers a such that P(z) is divisible by (z — a)?.

Solution. We saw in Theorem 2.9 that the roots of the polynomial z* —k are ‘{‘;:

k equally spaced points on a circle centered at the origin with the radius ¥%. -}
In particular, all the polynomials of the form z¥ — k have only simple roots. ;
If the polynomial P(z) is divisible by (z — a)?, then it has a double root at a iF.
and it must be a root of two of these factors. Thus there exists m and n with i
1 < m < n < 2009 such that z™ — m and 2" — n have a common root. Hence s}

the corresponding circles must agree, which gives %/m = {/n. The function
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1. .
f(z) = 2= is decreasing® on (e, +00) and increasing at (1, ), since

£@) = () -2,

and thus we must have m < e < n. Thus m = 1,2 and n > 3. We cannot have
a solution for m = 1, since ¥n > 1 for all n > 1. Thus \;e must have m = 2
which gives the solution v/2 = ¥/4, and since f is decreasing on (e,00) this is
the only solution. This case gives the polynomials z2 — 2 and x4,— 4 which
have common roots /2, yielding a = £+/2. ' |

2.7 Using the modulus, real part, imaginary part,
and argument of roots

The main reason why we separate this section is the explicit need for you to

implement your knowledge about complex numbers and some extra techniques
like extremal elements, etc..

Example. 2.31. Let P(z) be a nonconstant irreducible polynomial with inte-
ger coefficients over Z[z]. Prove that for all integers n > m > 0 the polynomial

Plz+m+1)-...- P(z +n),
is not the square of anj \polynomial with rational coefficients.
Navid Safaei
Solution. Assume on the contrary that
P(z+m+1)-.... P(z +n) = Q(z)?

for.sqme Polynomial Q(z) with rational coefficients and some n > m > 0.
This implies that all of the roots of the polynomial T

Plz+m+1)..... P(z +n) = Q(z)?

2 .
It is clear that we only need a discrete versi i
i ! ersion of this statement. it ei
by induction or the AM-GM inequality. et Yo an prove t cither
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©

are multiple roots. However, we will prove that there is at least one simple root
for Q(x)2. ket a be a root of P(z) such that Re(a) is minimal. Recall that o
is a simple root of P. (Since P is irreducible, P is the minimal polynomial of
a, but if o were a double root of P, then o would be a root of P, a polynomial
of lower degree.) Hence a —n is a simple root of P(z +n). However, a —n is
not a root of any other polynomial

Pz +m+1),...,Plz+n-1).

Otherwise, & — n + k would be a root of P(z), forsomem+1<k<n-—1
But Re(a — n + k) < Re(c), contradicting the choice of o Hence we have
found at least one simple root and we are done. [ |

In the two following examples, we need to use the concept of root and what
we learned about the modulus.

Example 2.32. Let a < 1 and z be a root of the polynomial
(a — 2)z*018 + aiz?®" +aiz +2 —a.

Find the 'value of |z|.

High School Mathematics Journal 07/2018

Solution. Rearranging, we get 22°77((a — 2)z + ai) = (a — 2) — aiz. Hence

l2|2017 — (a’ - 2) —aiz
(a—2)z+ai

Now, let z = z + iy for some real numbers 2, y. Then

(a—2)—aiz| |(a—2)—ai(z+iy)| _ a—2+ay —iaz
(a—2)z+ai| |(a—2)(z+iy)+ai T lzla—2)+i(a+yla—2))|
Hence

2 (a—2+ ay)? + a’z?

" (a—2)222 + (a+yla—2))*

(@ —2) —aiz
(@a—2)z+ai
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Thus )

_ (@—2+a)?+ad’e®

T (@-2%? + (e +yla—2)’

__41-a(-(@E?+yY) 41— a)(1 — |2")
@—2P2 1 a+y@-2) (a—2%+(a+y(@a-2)"

(a —2) —aiz
(a—2)z+ai

Thus .
_ 4-a@- )
(a—2)%2 + (a+ya—2)*
Since the denominator is positive and a < 1 we find that |2{****—1 and 1— | 2|2
must have the same sign. This cannot happen unless |2| = 1.

|2[403¢ — 1

2.8 Trigonometric representation of roots

This section needs some sophisticated trigonometric techniques. You may need
to take a look at some books about trigonometry®.

Example 2.33. Find the least positive integer n such that the polynomial
P(2) = V3" — 2" —1
has a root on the unit ciicle.

Moldovan Mathematical Olympiad 2008

Solution. Assume that there is a root z for P(z) with [z| = 1. Therefore

2" (2v/3 — 1) = 1. Hence |2"|- |zv/3 — 1| = 1. Since |2| = 1, we can find that
1z\/§ - 1| = 1. Whence writing z = cos§ + isin §, we have

’z‘\/§— 1’ = ‘\/gcow— 1+ iv/3sinf| = 1,

3Tor example, you can take a look at T. Andreescu, Z. Feng - 108 Trigonometry Problems
from the Training of the USA IMO Team or T. Andreescu, V. Crigan - 115 Trigonometry
Problems from the AwesomeMath Summer Program.
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yielding )
- (ﬁcos@—l) +3sin?f = 1.

Thus 4 — 2v/3cos§ = 1. Hence cosf = @, which gives § = £%. Now
substituting this into the original equation, we find that

V3 (cos (ﬂ:%) +isin (ﬂ:%))nH - (cos (:l:%) + isin (:I:%))n —1=0.

Therefore (n+1)
n T nmw
V3 cos <:l:——6——> — cos (:i:?) —-1=0,

bl

and

V3sin <i£’1+T1)ﬂ) —sin (i%) =0.

The first equation can be rewritten as
V3 nmw 1 . /nnm nmw
L= Ve <7 cos () ~3 () ) s ()
1 nm V3 . mmy (n+2)m
Lo (3) - o (2) = (12227)
and hence it holds for n = 10 (mod 12). The second equation can be rewritten
as
V3 . /nm 1 nw . (nT
0 = V3 <7 sin (—é—) + 5 cos (F) —sin (—6—>

= Join (%) + P eos (B) =sin ({2427)

2 6 2 6 6

and hence holds for n = 4 (mod 6). Thus the polynomial has a root on the :,
unit circle if and only if n = 10 (mod12) and the answer is n = 10. mop

Example 2.34. Assume that P(z) = 2! — 2" — 1 has a root that lies on ! !

the unit circle. Prove that n + 2 is divisible by 6.
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Solution. Assume that r is a root with |r| = 1. Hence
-t =1, Mr—1)=1
Therefore |r[*|r — 1| =1, and so |r — 1| = 1. Now, we have
1=|r—1=(r—1)F—1)=|r[?+1 -2 Re(r) =2 — 2 Re(r).
Hence Re(r) = %. Thus

Im(r)=:i:\/1—i=:l:—\g—§

and 73
1 V3 _ iy .. T
r= 3 :tz-? —-cos(—3-) 4+ 4sin (5) .
Therefore
1 (n+1)w .. {(n+1
"t — % — 1 =cos (—3)—> + zsm<(——3—)7r-> - cos(%) F isin(%i) -1

=0,

implying that

cos (@) — cos\(%—w) —-1=0, sin (m—zm> —sin (%) = 0.

Applying the sum-to-product rules these become

T\ . ((2n+ )7 . 2
—2sin (E) sin (—6—> —-1=0, 2sin (%) cos (( n-é— 1)1r) ~0,
or after simplifying

sin (@_fz-g*l)w) = -1, cos <(_2%1)_7r) = 0.

These hold when 2n + 1 = 9 (mod 12), hence when n = 4 (mod 6). Thus
n+ 2 is divisible by 6. |
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Example 2.35. Let a and b be real nonzero numbers and let zp € C\R be a
root to the equation 2"+t + a2z + nb = 0, where n is a positive integer. Prove

that
|20| = “/b.
Mihdly Bencze - Mathematical Reflections, Problem U296

Solution. Let 20 = |20|(cosa + isina), where sina # 0. From the given
equation we have

20" cos(n + 1)a + a|zo| cos +nb = 0

and
| 20" sin(n + 1)a + alzo| sina = 0.

Multiplying the first equation by sin e, the second equation by cos o and sub-
tracting side by side, we get

|z0|"+! sin na = nbsina

and since sin a # 0 we get that sinno # 0 and

= nbsin o

|20 : .
sSin o

We can prove by induction on n that |sinna| < n|sina| and since sina # 0,
then |sin ne| < n|sina|. From (2.4) we have
n|sin o

nH — p|—— > |b].
ol = BT 2 B

This gives us |zo| > ™/{b| > "+Y/b and we are done. L I |

Example 2.36. Find all real roots of the polynomial

d
Pi(z) = Z ok (;Z) o*(z — 1)4F,

k=0

(2.4) :
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Solution. Clearly, P;(z) > 0 for all z > 1. Assume that z < 0. Putting
¢ = —t, where ¢t > 0, then

d
Paw) = Py(—t)= 3 2% (%) (ctyi(—p - 1)t
=3 (50) -9--)
d
= (1S 2k (2D g4 1)k,
kZ_:_O (%) (t+1)

Ifdis even, then FPy(z) > 0 and if d is odd, then Py(z) < 0. Thus P,(z) has
no roots with 2 < 0. Thus all roots z have z € [0, 1]. Then we can easily write

Piz) = Zd: (2d) ( \/2_x)2k (i \/1—__:5)2d—2k'

s 2k
If we define
d 2d 2%—1
Qa(z) = Vo T ) 202k
’ ,;0(%—0( ) (VI-o) ,
then
Py(z) + Quz) = (\/ﬁ + iM)zd,

and

. Pd($)\ - Qalz) = (V2z — iv1 = z)%,
Hence

) 2d 2d
2Py(z) = (\/23: +iv1— a:) + (\/2:13 — i1 — m) .
Note that |\/2:c +iv1— :1:] =+/14 2. Thus
2x . jl—z
\/1 +z + l\/l +z
is a point on the unit circle in the first quadrant of the complex plane. Thus

we can find an angle o € [0, 12’-] such that

2z 1-z

cos o = i =
112’ sin o T
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Then
2d
- \/23: L 1-=z = cos2d - in9d
T2 5z = cos 2d + 18ln Za¢
and
2d
2z -z ..
(\/1+x_z\/1+x> = cos 2da — isin 2da.
Hence

_ (ViTa) i % [Tz ) "
Pi(z) = 3 <\/1+x+z\/1+x> +<\/I+x—z\/1+x> ,
= (V1 +z)%o0s 2da.

Thus we find roots for P; when cos2da = 0, that is, when 2da = kw -+ g or
equivalently o = @I—;ﬁ for k=0,...,d— 1. The resulting roots are

o= cos? a cos? %Zil Ls
1+sin?a 14 sin? 2k;:11 L

These are distinct since the function

2
cos“t
) = ——
@) 1 +sin%t
is decrea,sir}g for t € [0,7/2]. Therefore we have found d distinct real roots in
[0,1] and since P; has degree d these are the only roots. ]

2.9 Triangle Inequality and polynomials

For the absolute value of real numbers, the triangle inequality says

la +b] < |a| + o]

with equality if and only if @ and b have the same sign. Similarly, we can prove :

that for each two complex numbers 21, z2 the following inequality holds:

|z1 + 221 < lzll + |ZQ|.
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One can give a geometric proof of this by noting that in the complex plane
|z — w| is the distance between the points 2 and w. Alternately, on can give
a purely algebraic proof. If 2o = 0, it reduces to |21} < |21] and we are done.
Thus we may assume 2z # 0. Dividing both sides by |22] and putting % = 23,
we arrive at the following inequality:

|23 + 1| < |23| + 1.
Now, notice that
s+ 12 = (3 + 1)@ +1) = |zl + 2 Re(zg) + 1.
Since Re(z3) < |23|, we find that
|23 + 112 < |2a]? + 2lzs| + 1 = (|23 + 1)%.

Therefore |23 + 1| < |23} + 1. Equality occurs whenever Re(z3) = |23/, that is,
z3 is a positive real number and this means that % is a positive real number.
Geometrically, this says that the images of 21,2 in the complex plane lie on
the same ray from the origin.

Combining this inequality and induction gives the following.

Corollary 2.14 (Triangle Inequality) Let 21,22,...,2, be complex num-
bers. Then the following\@'nequality holds:

|21+ 20+ ...+ 20| < |z1| + ... + |2n]-

The equality occurs whenever the images of 21,22, .+, %n in the complez plane
all lie on the same ray from the origin. Equivalently, equality occurs when %
is a positive real number for all i,j with 1 <1, j<nandz #0.

2.9.1 Some aspects of Triangle Inequality

In this section, we shall focus on some trigonometric and geometric aspects of
triangle inequality.
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o

Example 2.37. Let z,y, z be positive real numbers. Prove that

- Ty Tz
+
V@ +oz+ 2y +yz+22) /@ ey )ty +y?)
+ d > 1.
V(@ + 2z + 22)(y? + yz + %)
o or  —1+4+iV3

Solution. Let w = cos 3 + isin 5 = be a primitive cube root of
unity and consider the three complex numbers A = z, B = wy, and C = w?z.
Then |A — B| = |z — yw]|, and we compute Note that

|A - B|= /(& —yw)(z —y@) = V22 +y? —zy(w + ) = Va? +zy + 32
Analogously, |A— C|= V2 +zz+ 22, |[B—C|=+y*+yz+ 22,

Thus the original inequality reduces to

141 |B| 14]-[C] Blcl o,
[A-C|-1B-C| |A-Bl|-|B-C| |A-B|-lA-C|~
By the Triangle Inequality, we find that
*1A[-1B] |A] - 1€] 1B| - 1€
|[A-C|-[B=C| " |A-B|-|B-C| |A-B|-|4-C]|
AB BC AC 1 -

2\G=oE-0 T B-AC-4  @-BC-B)|

Example 2.38. Let a > 2 and z1,...,%, be real numbers. Prove that the
numbers

cOS I3 COS Zn,
A=cosx; + oot =,
a™~ i
. sin 2 sinzp, i
B =sinz; + =+ .t =
a a

cannot simultaneously be zero.

Gazeta Matematicd
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Solution. For n = 1, we find that A? + B? = 1. Let n > 2 and assume that
A= B=0. Let z, = coszy + isinzg for k =1,2,...,n. Then A+iB =0

implies that
Zn,

22
Zl+z‘+...+a’n_l =0.
Therefore
29 Zn
1=|21| = 'E ...+an_1
|22| |2a]
S T + “en + —(;,;'__1
1 1
- E +...+ an—1
_11gh
= — =
a
< 1 1
= -
a 1-— r
1
= <1
a~1""
contradiction. Thus A, B cannot simultaneously be zero. ]

2.9.2 Polynomials and Triangle Inequality

\
There is a standard technique for using the triangle inequality to bound the
roots of a polynomial.
Let r be a root of polynomial P(z) = agz® -+ ...+ ag. We choose one (or

‘in rare cases more than one) term in the equality P(r) = 0 and think of it

as “large”. We then isolate it on one side of the equality. For example if we

picked the leading term agr? as the large term, we would write
adrd = —-ad_lrd—l — ... —ap.

Now we take the modulus of both sides and apply the triangle inequality to
the side with a sum. For the example above we find

Iadrdl = |ad_1'l‘d_1 +...4a £ |ad_1||rd“1| + ...+ |ao].
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We then use whatever other hypotheses we have to draw a conclusion. For
example, from the inequality above if we assume |r| > 1, then we have

1
e =

lag—1]
lad]

lao|

lag-2| 1 laol
lag|

lag—1| + lag—2] + ... + |ao
lagl  [r]

lag]

).

Many problems involving roots of polynomials can be solved in this way and
we will now turn to a few examples.

Ir| <

+

Hence we conclude that any root r of P(z) has

|r| < max <1, lag—1| + lag—2| + - .- + laq|
lag|

Example 2.39. Find all complex numbers z satisfying simultaneously the
following equations:
22015 + z2014 + |Z| — 3’

352015 _ |z|2014 =1

Solution. Note that 3 = |22015 + 22014 4 |2]| < 2298 + 12| + |2|. Thus
|z > 1. Otherwise, the right-hand side of the inequality must be less than 3,
which is a contradiction. Furthermore, 322015 = Iz|2014 + z + 1. By Triangle
Inequality

3|z|2015 — |zl2014+z+1 < 1212014+|2|+1~

If |2| > 1, then |22 > |2|20%, |2]2015 > |2| and |2|%*5 > 1, which contradicts

the above inequality. So |z| = 1. Hence the equality case of Triangle Inequality -

occurs, that is, i—;ﬁi—i = z must be a positive real number. Therefore z = 1,
and one easily checks that this is a solution.

Example 2.40. Let a, b, c be three complex numbers such that all the roots

of the equation 23 4+ az? + bz + ¢ = 0 have modulus 1. Prove that all the roots ¥

of the equation z% + |a|z? + |b|z + |c| = 0 have also modulus 1.

.which has a double root at r
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Solution. Let 21, 2, 23 be the roots of polynomial z° + az® + bz + ¢ and let
r1,72,73 be the roots of polynomial 23 + |a|z? + bz +|c|. By Vieta’s formulas
we find that |¢| = |z12223| = 1,

lal = | — al = |21 + 22 + 23] < |21] + |22| +|28] = 3,
and finally
1 1 1 | | e
|b] = |2122 + 2123 + 2322| = |212223] - | = + — + —| = |z12928| - [Z1 + 22 + 73],
21 2z z3

Since |c| = 1, this gives
bl = 27 + % + 78] = [z F % F 78] = o1 + 22 + 2] = lal.
Hence
z® + lalz? + bz + |c| = 2® + |ala® + Jale + L = (¢ + 1)(@®+ (la| - D)z + 1),

The discriminant of polynomial z2 + (ja| — 1)z + 1 is (Ja| + 1)(|a| — 3). Since
la| < 3, then (la} + 1)(|a|] — 3) < 0. If the discriminant is negative, then this
quadratic polynomial has two non-real roots, say r3 = 73, and we see that

|1”2|2 =79 -Tg=1r3re=1.
Thus |re| = |r3] = 1. If the discriminant is zero, then |a| = 3. Hence it is

224 (o] - Dz +1=22+22+1=(z+1)?

—1. In both cases, all three roots of the

polynomial are of modulus 1. | |

Example 2.41. Let P(z) be a polynomial with integer coefficients such that
the absolute values of its coefficients are less than or equal to 2018. If P(2020)
is a prime number, prove that P(z) is irreducible over Z{z].

Solution. First, we prove the following lemma.

Lemma. All the roots of P(z) have absolute value less that 2019.
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5

Proof. Assume on the contrary, that there is a root 7 such that |r| > 2019.
Writing P(z) = agz® + . .. + ao, we have

irf = |r4| < lagr?] = lag—ar®" + ... +aol.
By the Triangle Inequality,
r[¢ < lag—alir/®t + ...+ laol £ 2018(|r|¢ "t + ...+ 1)

lr|¢ —1 lrj¢ -1

=201 < M= -1

2018 EE 2018 5018 [}

The above contradiction shows that our assumption was wrong and the con-
clusion follows. ' : Q
Back to our problem, we can write that P(z) = ag(z—r1) .. (z — Td).

Assume now that P(z) = Q(z)R(z) for some nonconstant polynomials Q(z)
and R(z) with integer coefficients. Since P(2020) = Q(2020)R(2020) is prime,
either |Q(2020)] = 1 or |R(2020)| = 1. Assume the latter. Letting b be the
leading coefficient of R and sy,...,8k be its roots, we can write

R(z) =b(z —s1) ... (&~ sk)-

Since each root s; of 'R is also a root of P, the Lemma tells us that
|81, - -, |sk| < 2019. Hence we conclude that

1= |R(2020)] = |b|2020 — 81| - . .. - 2020 — sk |
>1-(2020 —|s]) ... (2020 — |s|) > 1.

This is a contradiction. n

Example 2.42. Given that a,...,a101 are nonzero real numbers such that

any of the polynomials a;, % + 4,29+ .. . + iy, has an integer root, where

i1, .. .,4101 is a permutation of the numbers 1,2, . . ., 101, find all possible values
ofai + ...+ a101-

Nairi Sedrakyan J ‘
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golution. We will show that at least one of these polynomials has 1 as a root.
If we show this, then it will follow that a; + ...+ a101 =0 (and hence that 1
is always a root).
Without loss of generality, assume that |aio1| = max(|a1l, ..., |a101]). Consider
the polynomial

alolmloo + @iy 2P+ + Qivg0»

where 41, ...,%100 is an arbitrary permutation of the numbers 1,2,...,100.
If |r| > 2 is a root, then

100 99

aion”’ = —auTr — ... 7 Qiypp
or equivalently
Gy Qi100
G101 = 77 ~ 00
By Triangle Inequality,
|ai, | |@i100] 11 1
lator] € TR 4+ <ayg|c (4 ot T T
i oo < laorl (g g + o ¥ g0
1 1 1
< laiol- <§ + 1 +...+ 51%) < |aio1l-

But this is a contradiction. We also cannot have a root at zero since the a;
are nonzero. Thus all integer roots must be £1. Now we just need to show

that —1 cannot always be a root. Suppose on the contrary that it always is.
Look at the two polynomials

100
a101% + aloomgg +...4+asx+ a1

and

100
a1z + alfL‘gg + ...+ agex + a100-

If —1 is a root of both of these, then we get

a1 — a0+ agg —...—ag+a3 =0
and
@101 — 61 + a2 — ...+ agg — a100 = 0.

Adding these, we get a101 = 0, contrary to the hypotheses. Thus there must
be at least one polynomial with 1 as a root and so a1 + ...+ a1 =0. |
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In the following example we combine the Triangle Inequality with Vieta’s
formula. --

Example 2.43. Let P(x) = apz™ +a12" 1 +. ..+ an, an # 0 be a polynomial
L. |a n
with complex coefficients such that there is an m with {—| > m) Prove

On
that P has at least one zero with absolute value less than 1.

Titu Andreescu - Mathematical Reflections, Problem 083

Solution. Let wy for k =1,2,...,n be the roots of P and note that wg # 0
because an # 0. The roots of the polynomial Q(z) = anz™+an—12" "'+ . .+ag
are therefore {1/wg, k=1,...,n}.

By Vieta’s formula
Z II |w1 l
I€Tnmkel I K

am,
Gn,

where T,_m is the set of all subsets of {1,2,..., n} such that |Zy—m| = n—m.
If all roots of P have absolute value greater than or equal to 1, then 1/|wg| <1
and for any integer m € [0,n — 1]

5000

and this contradicts the hypothesis. [

Qi
O,

Example 2.44. Let 1 <t < 2be a real number. Prove that for all sufficiently

large positive integers d there is a monic polynomial P(z) of degree d, such
that all of its coefficients are either 1 or —1 and

|P(t) —2019| < 1.
Navid Safaei - Iranian Team Selection Test 2019

Solution. First we shall prove the following lemma.
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Lemma. Let (b,) be a sequence of positive real numbers satisfying
b <2bg+ b1+ ...+ br—1

for all k. Then for each real number z such that |z| < 2bg+ by + ... + by, there
are ag, - - ., an € {1, —1} such that

n
z — Zaibz-

=0

< bo.

Proof. We proceed by induction on n. The base case n = 0 is easy since if
0 < z < 2bp we can take ag = +1 and if —2by < z < 0, we can take ag = —1.
For the inductive step, we write the inequality |z| < 2bg + b1 + ...+ by, in the
form

|2 — Sgn(2)bn| < 200 + b1 + ... + bp—1,

where Sg'n(z) = 1if z > 0 and Sgn(z) = -1 if z < 0. By the inductive
hypothesis we have ag, ...,an_1 € {1, —1} such that

n—1
2z~ Sgn(2)bn — Y _ aibi| < bo,
i=0
and defining a, = Sgn(z) gives
\‘\ n
z - Z aibi < bo.
=0
This completes our proof. Q

Returning to our problem, let us define b; = #X. It is easy to deduce that

bp—bo = t*—1 = (L+t+.. A5 1) (t—1) < I+t+.. .4+t = bgtby+. . .+bp_1.

Hence the sequence (by,) satisfies the hypothesis of our Lemma. If we also
choose d large enough that t¢ > 2019, then

2019<t¢<2+t+...+1%
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e

Hence by our lemma, there are ao,..-,ad € {1, -1} such that
. i
S aitt —2019| <1
=0
and we are done. n

2.9.3 A useful lemma

One clever addition to the triangle inequality techniques we saw in the previous
section, is that we can apply them to an mulitple of P(z), for example to
(z — 1)P(z). If we find a bound for all the roots of (z — 1)P(x), of course we
have a bound for the roots of P(z).

Let us illustrate this with the following example.

Example 2.45. Let ag > a1 2 ... 2 Gd-1 > 0. Then all the roots of the
polynomial

P(z) = ag—1z 4. .+ ao
satisfy |z| > 1. If one of its roots lies on the unit circle, prove that there is an
integer m > 2, m | d, such that

R.E. Shafer - American Mathematical Monthly

Solution. Note that
(2 —1)P(z) = aqg—12% + (ag—2 — ag-1)z% 1 +...+ (a0 — a1)z — ao.
Let 7 be a root of P(z) such that |r| < 1. Then

lagl = |a.d_1'r'd + (ag—2 — ad-_.l)rd—l 4+ ...+ (ap —a1)r]
< Iad_l‘r‘dl + |(@g—2 — ad_l)'rd_1| + ...+ (a0 — ay)r|
= a4_1 + ag-2 — @41 + ...+ ap — a1 = ao-

Complex Numbers and Polynomials. Part I 81

Hence the equality case occurs throughout. Thus we must have [r| = 1. Also
because ag > 0 this means that the complex numbers

ad_lrd, (ag—2 — ad_l)rd“l, .oy (ag—an)r

must all be non-negative real numbers. In particular, r¢ is a non-negative real
pumber satisfying |r¢| = 1, which means r¢ = 1. Let m be the order of r.
Then m | d, d > 2 (it is clear that P(1) # 0). Now, for all k not divisible
by m we have 7% # 1, 50 ag—1 — ax = 0. This shows that P(z) is the linear
combination of polynomials of the form

™ -1
z—1"

gm(1+z+a’+... +2™ ) =™

Thus

P(z) = zm -1 mz:a, ;™ n
- :E—]_ mr .

The first part of this problem is interesting enough that we restate it as a
stand-alone result which is part (a) below. Applying part (a) to the reciprocal
polynomial Q(z) of P(z), or adapting the argument above gives part (b).

Corollary 2.15 (a) If the coefficients of the polynomial P(z) are positive real
numbers in ascending order, then all roots of P(x) lie outside or on the unit
circle. '

(b) If the coefficients of the polynomial Q(z) are positive real numbers in de-

_scending order, then all of the roots of Q(z) lie inside or on the unit circle.

Example 2.46. Let d > 2 be a positive integer and let z be 2 complex number
such that |2| < 1. Prove that

P(2) = 2971 4922972 4 3298 1 4+ d#0.

Solution. Since the coefficients are in a strictly increasing order, then all the
roots lie outside the unit circle. ]
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2.10 A useful identity

As always, identities help us! Below is a useful identity for solving some
problems concerning complex roots of polynomials.

Theorem 2.16 For all complex numbers 1, 2,
=2 =1 =72 = (I’ = 1)(1 = |2[*).
Proof. Observe that

Ir— 2| =1 —rz?

(r—2)F—2%)—(1-r2)(1~—7z).
Il + 12 = 1 = | - |2

(Irf = 1)1~ 2. Q-

This identity has an invaluable implication.

If |z| < 1,|r| > 1, then |r — 2| > |1 —rZ|.

If |z| < 1,|r| < 1, then |r — 2| < |1 —rZ|.

We first illustrate this idea with an example from the Serbian Olympiads that !

needs the same logic as the above lemma.

Example 2.47. Let Q(z) = P(z + i) — P(z — i). If all the roots of the
polynomial P(z) are real, prove that all the roots of the polynomial Q(z) are

real.

Serbian Mathematical Olympiad 2005 '

Solution. Let P(z) = C(z—r1)-.. .-(a,;—rd), where r1, . .., 4 are real numbers. |

If polynomial Q(z) has a root z, then

P(z+1) = P(z —1),

l
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which gives
(z4+i—r1) ..o (z4+i—rg)=(2—t—7r1) ... - (2—i—74g).

Then by taking the moduli on both sides, we find that
[(z+i—r)| ... |(z+i—rg)=|(z—t—71)] ... |z =i —7rg)|.
Now, we compare |(z 41— ;)| and |(z — i — r;)| for all j. Note that
lz+i—r)* = (z+i—r))@F+i—r5) =1+ 2> + ;% +2Im(z) — 2r; - Re(2).
Similarly,
((z—i—75)]> = (z—i—1;)Z—7~71;) = 1+[e]> + ;% — 2Im(2) — 2r; - Re(2).
If Im(z2) > 0, then |(z + i — ;)| > |(z — i — r;)|. Hence
[(z+i=r)|-...-[(z+i—rg)| > |(z—i—7)] ... |[(z =i —rg)|
Analogously, if Im(z) < 0, then |(z +¢ —r;)| < |(z — % — r;)|. Hence
[(z+i—r)| ... |[(z+i—ra| <|(z—i—71)| ... |(z =i =ra)l.

Thus equality occurs only when Im(z) = 0, which means that z must be real.ll

Example 2.48. Let PC:E\) = aqz% + ... + ao, agag # 0, be a polynomial with
complex coefficients such that all of its roots lie inside the unit circle. Let C
be a complex number such that |C| = 1. If

d

Q(z) = (ak + Cag)t,
k=0

prove that all the roots of Q(z) lie on the unit circle.

Solution. Let us denote the roots of P(z) by r1,...,rg with |r1],..., |rg] < 1.
Since ap # 0, we have r4,...,74 # 0. Now, we can write

P(z)=ag(z—71) ... - (x —Tq).
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It is easy to deduce that
Q(:c')'=ad(a:—r1)-...-(m—rd)+Ca—d(1—xﬁ)'...-(l—x'ﬁ).
Now, assume that Q(z) = 0 for some complex number z. Then
(2 =71« (2 =) = 1C] - |1 = #70) . (L= 2T

Since |C| = 1, then

(z=r1) ... (z=ra)| = |(1—zﬁ)-...-(1—zﬁ)|.
From the identity

2 —ril> = 1= 27 = (|12 - ) — Iril®),

gince 1 — |r;|* > 0, we get

|(z—'r1)-...-(z—rd)| > |(1—z7r_1)-...-(1——z7~—d)|

whenever |z| > 1 and {(z —71) - ... (z—rg)] < |1 —271) ... (1 - 273)|
whenever, |2| < 1. Hence we must have |2] = 1. u

Example 2.49. Let P(z) = apta12+.. .+a42% be a polynomial with complex
coefficients. We define its “reverse” as

P*(2) =mt + et 4. 4T

(i) Prove that P*(2) = 2P (1).

(ii) Let all roots of the polynomial gq—i(2) of degree d — [ lie inside or on the
unit circle (I > 0,1 € Z). Prove that all the roots of the polynomial

Q(2) = 2'qa—1(2) + ga-1"(2)
lie on the unit circle.

Navid Safaei - Iranian Mathematical Olympiad 2018
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Solution. (i) We have

2P <

wf]

. ax (7]
= zd<ao+—1+...+a—j)
z z

= @t +a 4. +@
P*(z).

d ai
2 -ao+‘§+...

(ii) Let qﬂz_l(z) =C(z—2z)...-(#—24-) and |z| < 1foralli=1,...,d—1L
If s is a root of P(z), then L must be a root of P*(2). This leads to

1" (2)=C(l—2z) ... (1 — zz35).

Assume that Q(r) = 0 for some complex number r. Then

rlga_i(r) + qa1*(r) = 0.
Thus rlgg_;(r) = —qa—1*(r) and then

I ga-1(r)| = laa-1" (r)].
Thus |r!| - |gg—i(r)h= lga-1*(r)], or

I —2) - (r—z-) = (A= rZD) - (L - 7233
If |z;| = 1 for some 4, then
Ir—zl=17@lIr -zl =z -1 =1 -3

Thus without loss of generality, we can assume that |z| < 1 for all i.
Now according to the above corollary, if [r| > 1 then

] lr = 21) - (r = za-)] > P (L= 72D - (1= 2]

> |1 =rz)... L=z,
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contradiction.

Moreover, if |r] < 1 then

It |(r —z1) oo (7= 2zar)] < Ir' - |(1 —7ZT) - ... (U —rZa)]
<|(l=rzD) ... (1 —rZa)|
and we obtain again a contradiction. So |r| = 1. |

2.11 Defining a polynomial with complex roots

In this section we provide some relatively innovative examples. To solve these
problems, you must first choose the right variables and the right polynomial.
Then you translate the statement of the problem to a new language using
these definitions. Finally, you must use what you have so far learned from
complex polynomials.

We start with some number theoretic problems.

Example 2.50. Find all positive integers n such that 37 divides

10...010...01.

n—1 n-—1

Solution. First, we prove the following lemma.
Lemma. The polynomial 2" + 2™ + 1 is divisible by z2 + z + 1 if and only
if n# 0 (mod 3).

Proof. The roots of z2+z+1 are w,w, where w = ‘14*‘21@ is a primitive cube
root of unity. Hence z2+z+1 divides a polynomial P(z) with real coefficients
if and only if P(w) =0.
Suppose n # 0 (mod 3). Then 2n and n have different nonzero residues
modulo 3. Hence

W+t +l=wt+w+1=0.

Thus z2 + z + 1 divides 22" + z™ + 1.
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Ifn=0 (mod 3), then w™ =1 and

w w4+ 1=3.
Hence 2" + 2" + 1 =3 (mod z2 + z + 1). a
Let P(z) = %" +z™ + 1. It is clear that

P(10) =10 + 10" + 1 =
(10) =10*" +10"+1=10...010...01L

n—1 n—1

Moreover, 102+10+1 = 111 = 3-37. Hence if n 2 0 (mod 3), then 37 divides

10...010...01 and if n =0 (mod 3), then the remainder when we divide by

n—1 n—1

371is 3. -

Example 2.51. Prove that for each M > 0 there are positive integers a, b, c
such that ged(a, b,¢) =1 and

ged(a + b+ c,a® + b% + c2, a0 4 2014 4 204y 5 pp,
V.A. Senderov - Kvant
Solution. Let P(z) = 4028 + 22 1 1 and w® = 1 with w # 1. Then
Pw)=wiB 4 *™M 1 =w? +w+1=0,
that is, P(@) = P(w) = 0 implies that P(z) is divisible by
(x—w)(z—-@) =22 +z+1.
Now assume a = z2, b=2, ¢ = 1. Then
ged(a+ b+ c,a? + b2 + 2, a20M 4 2014 ¢ 2014y

= ged(z? + o+ 1,z + 2% + 1, 2908 4 52014 1 ),
It is clear that

g+ +1=(?+z+ 1)@ -z +1),
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hence
gcd(a® + o+ 1,0t + 22 +1,8% + 0% 4 ) =g +z+ 1

2 b= -
Thus if we choose an z with 2+z+1 >Mandd.eﬁnea-ac ,b=z,¢c=1
(which are relatively prime since ¢ = 1), then we will have

8 , 2014
ged(a,byc) = ged(z? + 7 + 1,2+ 22+ 1,2%0% 4+ 2% + 1)
=g2+zx+1> M. n

Example 2.52. Prove there are infinitely many 7-tuples (x1,...,27) of nat-
ural numbers such that ged(z1,...,27) = 1 and for all k = 2,3,4,5,6,
:1:’1“+m’2°+...+x’.§isdivisibleby:z:1+...+:v7. '
l Gazeta Matematicd

Solution. First, we prove the following lemma.
Lemma. Let Py(z) = 1+aF +22* +. ..+ 28 for some k € {1,2,...,6}. Then
Py() is divisible by P(z) =1+z+...+ 8.

Proof. Since (z — 1)P(z) = z7 — 1, we see that the roots of P(z) are the
primitive 7-th roots of unity. Thus P(z) divides a p.olynorm.a.l Pi(z) if and
only if Py(w) = 0 for all six primitive 7-th roots of unity w. Since

7k —1
Pk(x) = zF — 1 3 |
it is clear that Pg(w) = 0. Hence Py(z) is divisible by P(z). Q 1
Now, choose an integer m > 2 and let
» z=1, TI=mM, .-+ :1:7=m6.

Thus
z1+ ...+ z7=P(m), :v"1°+m§+...+:z:’§=Pk(m).

Since by the Lemma P(z) divides Py(x), there exists a polynomial Qk(m)
with integer coefficients such that Py(z) = P(x)Qx(z). Hence Pyr(m) ;
P(m)Qx(m). Thus Pi(m) is divisible by P(m) for each k € {2,3,4,5,6}. |
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Example 2.53. Let z,y be two positive ra,tiolna,l m%mbers. Assume that for
some posiiliive integers m and n the number z» + y= is rational. Prove that
¢+ and y= are rational numbers.

Solution. Let o = z1/™, then « is certainly a root of the polynomial " —z, but
there is no reason this has to be the minimal polynomial of . For example,
if £ = r* for some rational number r and integer k which divides n, then
o = r¥/™ is a root of t"* — r. One might worry that o could be a root of an
even lower degree polynomial not of this form. However this is not the case
as the following lemma shows.

Lemma. Let z be a positive rational number and define o = z}/™. Then the
minimal polynomial of « is t¢ — r for some positive integer d dividing n and
some positive rational number r (and hence z = r™/9).

Proof. Let P(t) be the (monic) minimal polynomial of o and assume that it
has degree d. Since « is a root of t" — z, it follows that P(t) divides t” —x and
hence all roots of P are roots of £ — z. But these roots are aw for w some
n-th root of unity. Since Vieta’s formulas say that (—1)¢P(0) is the product
of these roots (and a product of n-th roots of unity is an n-th root of unity),
it follows that P(0) = (—1)%c%w for some n-th root of unity w. But since P
has rational coefficients, P(0) is a rational number. Hence w is real and so
w = *1. Thus P(0) = £a? is rational. Hence o = r is rational and « is a
root of the polynomial ¢%— r. Since this is a monic polynomial of the same
degree as P(t) with « as a root, it must in fact be P(t). (If they are not equal,

then P(t) — (t% — r) is a nonzero polynomial of lower degree with o as a root,
a contradiction.) Q

Returning to the problem, let o = £/ and 8 = y*/™ and let ¢ = o+ B, which
by the hypotheses is a positive rational number. By the Lemma, the minimal
polynomial of o is ¢ — r for some positive integer d and positive rational
number r and the minimal polynomial of 8 is similarly t — ¢/, Assume

- without loss of generality that d’ > d. Since o = c — 3, we see that 8 is also
' aroot of (¢ — t)% — r and hence of the monic polynomial (¢ — ¢)% + (—1)4+1r.
This is a monic polynomial of degree at most d’ with 8 as a root. Hence it
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must be the minimal polynomial of 8. Thus we conclude that d = d’ and that
" t¢—r = (t— )% + (—1)3 .

If d > 1, then the coefficient of t~! on the left of this equality is zero and
on the right is —dc which is nonzero since ¢, d are positive. This would be a
contradiction. Hence we must have d = 1 and hence « and 8 are both rational
numbers. [ |

We end this section with a great problem from the Saint Petersburg Mathe-
matical Olympiad. This problem needs great insight into polynomials. It also
has noteworthy elements of combinatorial thinking.

Example 2.54. Consider a regular n-gon with the number 1 written on one of
its vertices and number 0 is written on all the other vertices. Gabriel modifies
the numbers by a sequence of steps. At the first step, Gabriel adds to the
value at each vertex the value of its neighbor (in the clockwise direction). At
the second step, he adds to the value at each vertex the number written on
the vertex that is the neighbor of its neighbor (in the clockwise direction).
He continues in this way adding values at vertices one more step clockwise
until on the final step he adds the value of its neighbor (in counterclockwise
direction). After the above-mentioned process, it turns out that n — 1 of the
resulting numbers are équal. Find all possible values for n.

M. Antipov

Solution. Label the vertices by 0, 1,...,n—1 so that the vertex which initially
has the value 1 is vertex 0 and the clockwise neighbor has 1 lower index modulo
n. If the numbers on the vertices are ay, ..., an—1, then we associate to them
the polynomial ag+a1z+- - -+ an—12™ . Thus the polynomial corresponding
to the starting state will be just the constant polynomial 1. Note that since
the labels should be thought of as being cyclic modulo n, we should think of
this polynomial as being defined modulo z™ — 1.

The step of adding the value at the neighbor & places clockwise is the same as
multiplying by 1 + z*, and then taking the result modulo 2™ — 1. Therefore

our final polynomial will be the remainder of (1 + ) -...- (1L + 2™ !) taken |
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modulo z™ — 1. Thus we have reduced the problem to a purely polynomial
problem. If we ask that the n — 1 equal values be b and the n-th value equals
a-+ b and is at vertex m, then the problem becomes the following: Find all
integers n such that the remainder of (1+z)-...- (1 + 2™ %) modulo z" — 1
is of the form

az™ +b(l+z+...4+2"71)

for some a,b and 0 < m < n — 1. We can refine this a little more if we let
P(z)=1+z+...4+ 2" L. Since (z — 1)P(x) = z™ — 1, the desired condition
is that P(x) divides (1+z)-... (14 2" 1) — az™ for some a, m.

Suppose that (14 z)-...- (14+a™1) — az™ is a multiple of P(x).

If n is even, then —1 is a root of P(z). Thus

O=(1—1)-...- 1+ (=1)") —a(-1)™ = (~1)™*1q,

and hence @ = 0. (This says that all n values are equal.) Plugging in ¢ = 1,
we find that P(1) = n divides (1+1)-...-(14+17"1) = 27—, Hence n must be
a power of 2. Conversely, if n = 27, then the factors of (1 +x)-...- (142" 1)
include

Q+z)(1+2)1+zY ... A +27)

and the product of these is easily seen to be P(x). (This follows by induction

on 7 or by noting that it is the same as saying that any number in the range
r—1

0,1,...,2" — 1 can be written uniquely as Zdﬂi for d; € {0,1}.)
\ =0
Now suppose n is odd. We first prove the i'?ollowing lemma.
Lemma. Let n be an odd number and let w be a primitive n-th root of unity.
Then

4w I+ =1

Proof. Since the roots of ™ —1 are the n-th roots of unity which we can write
s L,w,...,w" !, we have a" — 1 = (z — 1)(z ~ w)(z — w?) -... - (x — wL).
Putting = —1 and using the fact that n is odd, we find that

~2=-2(-1-w) ..o (-1=" ) = =21+ w)-...- (1 +w™ ).
The result follows. Q
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Returning to our problem, since w is a root of P(z), we find that

-

4w .. L +w™) —aw™=0.

By the Lemma, we get aw™ = 1. Thus w™ must be a real number which is an
n-th root of unity. Since n is odd, this forces w™ =1 and hence m = 0. Hence
we also conclude that a = 1. (This says that the one different value is the one
at vertex 0, which is one higher than all the rest.) Thus (1+x)-.. (142 -1
is a multiple of P(z).

Now, assume that n = pl for some odd prime p and for some integer [. Let o
be a primitive p-th root of unity. Then the numbers 1,a, 02, ... ,a™ 1 cycle
through the numbers 1,0, 02,... ,aP~! taking each value ! times. Thus the
Lemma implies

2l+a) ...-(L+ao™ ) = 21 +a)-...-Q+aP ) =2
and hence
(1+a) ...-(L+ar ) =270
Since p divides n, o is also an n-th root of unity and hence a root of

n_
z _11 = P(z).

%

Hence plugging in ¢ we get
0=(1+a)-...-(Q+a"H—1=2"1-1

Whence [ = 1 and n = p is a prime number.

Conversely, if n is an odd prime number, then all roots of P(z) are primitive
n-th roots of unity. So the Lemma says that all roots of P(zx) are roots of
(1+z)-. . ~(1+2z"~1)—1. This implies that P(z) divides (1+2)-.. (142 -1
Thus the possible n are odd prime numbers and powers of 2. |

2.12 Miscellaneous probléms

Example 2.55. Let S = {z € C| |2| = 1}. Prove that there is no noncon- il

stant polynomial P(z) with real coefficients such that P(S) C R.
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Solution. Suppose that P(z) = agz®+ ...+ ag with ag # 0. Because P(z) is
real for each complex number z such that |z| = 1, it is easy to deduce that

P(z)=P@) = P(z)= P <1> .

z

Whence the equation P(z) = P (%) has infinitely many solutions. Therefore

P(z)=P (%)

: . 1
Jim P = i P (5) = PO

Hence P(z) must be constant, contrary to the hypothesis. [ |

for all , but in this case

Example 2.56. Find all polynomials P(z) with real coefficients such that for
each real number § we have

P(cos 6 + isin §) = |P(cos § + isin 8)|.
Solution. We can easily find that for each complex number z such that |2| = 1

we have P(z) = |P(2)|. This implies that P(2) is real for all || = 1. Then by
the above problem P(z) = ¢, where ¢ > 0. |

We end this chapter with two inequalities that require one to define a polyno-
mial and use complex numbers.

Example 2.57. Let a,b,c,d be real numbers satisfying
a2+ 4+ +d <.
3
Prove that 4abed — 1 < agb+ac+bc+ ed+ da+ db < 4abed + Z

Gabriel Dospinescu - Cruz Mathematicorum
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Solution. Define

S = ab + ac + bc+ cd + da + db,
Pa) = (¢ — )z — Bz = (e ~d)
— 2% — (a+b+c+ d)e® + Sz? — (abc + bed + cda + dab)z + abed.

Then

|P(it)|? = [t — St + abed +i((a + b+ ¢+ d)t* — (abe + bed + eda + dab)t)\’.

It is clear that |z + iy| > |z|. Thus |P(z’t)l2 > [t - St + abcd|2.
On the other hand,

IP@)[? = (a+at)(b+it)(c+it)d+it)(a— it)(b— it)(c — it)(d — it)
(a? + 2)(0 + t3)(? + ) (d® + 7).
Therefore we easily find that
(a2 + )2 + 2)( + )2+ %) = |t — 58 + abed).

Putting t = 3, we have

( 1 1 1 1 1 S
2, 1 24 = 2 4 241> |=—-=
(a+4><b :|.4)<c +4)<d +4>—16 4+abcd

Finally, by the AM-GM Inequality,

1 1 1 1\ _ (a2 +PP+E+d2 41\ 1
2, 2, = 2 4 2. )< = —.

2

Therefore 1S 2 1
— = < —.
‘ 6 2 +abed| < 16
Hence 1
\Z — 85 +dabed] < 1.
Thus

] ot

—-ii < S —dabed <
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Example 2.58. Let z1,...,2, be real numbers. For 1 < k < n, define

Sk= Y.

1<i1<.. <ikg<n

Tiy oot Ty,
and S = 1. Prove that

n 13 1%2*]
T +22) > 2> (—1)%8n| - > (—1)* S
k=1 k=0 k=0

High School Mathematics Journal 10/2018
Solution. Let P(z) = (z+ 1) ...  (z+zn) = 2" + 812" 14+ ...+ S,. It is
clear that

n

[10+28) = [T (@ +9) T] (2 — i) = PG)P(—i) = |P(3) %

k=1 k=1 k=1
Since
o 12] 125
P(Z) =14"+ 511 +...+ 8, =" Z(—l)kSQk —1 (—1)k52k+1 R
. k=0 k=0
we get \
([ Y ’
IPOP = | D DS | +| > (=1 Saup1 |
k=0 k=0
which is indeed greater than or equal to
53 |22
213 (-1kSw| | Y (=15 Sak
k=0 k=0

and we are done.
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o

2.13 Proposed problems
Problem 2’1 Let n =3 (mod 8) and let
(.'Jc2 +1)" = Az + Agn-12V "t + ...+ a1z + ao.
Find ag + a8 + ... + G2n—6-
Alessandro Ventullo
Problem 2.2. Let z1,22,73, T4 be the roots of the equation
a:4—(m+2)a:3+(m2_+m+1)w2+2m—2=0, m € R.
(a) zy =144, find m € R and solve the equation.
2006 4 ;3006 4. ;2006 4 23006,

(b) Under conditions of point (a), evaluate z7

Trident Competition 2006

Problem 2.3. (a) Solve in C the equation

28 4 325 + 127 + 192° + 152° + 6z + 1 =0.

6 6
1
(b) Evaluate E 1+~5;\ and E |:1:k|2, where 1, T2, T3, %4, L5, Te are the
k=1 k=1

roots of the given equation.

Vasile Berghea - Gazeta Matematicd B 9/2007 Problem C:3217

Problem 2.4. Let
Pz) = (z— 1)@ — )@ — )@ - ")

be a polynomial with real coefficients. Find all possible values of r.
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Problem 2.5. Letry,...,7T10 be the nonreal roots of polynomial 2 411z41.
10
Find the largest positive integer less than or equal to Z 7,]10 .

J=1

Korean Mathematical Olympiad, 2nd Round 2010

Problem 2.6. Let r,72,73 be the roots of polynomial P(z) = 3 +111z2+1.
Let Q(z) be a polynomial of degree 3 such that

1
Q(rﬁ-r—) =0foralli=1,2,3.

)

Q1)
Find ——=.
Q(-1)
Problem 2.7. Find the product of the roots of the iequation
017
> =0
o z— ek

where &5, are the roots of the polynomial 298 — 1, other than 1.

Problem 2.8. Let z andy be complex number and let n be a positive integer.
Prove that

2" — gy + y2n = H <x2 —2co8 <l_c£> Yy + y2> .
1<k<3n 3n
ged(k,6)=1

Roman Witula, Ddyta Hetmaniok, Damian Slota - The College Mathematics
Journal, Problem 1876

Problem 2.9. Consider the polynomial

f(:c)=xn+2mn"1+3mn_2+...+nx+n+1
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Lisi 2m
Sin
b n+

2m
and let € = cos -

. Prove that
+ 2 2

-

FEFED - FET) = (n+2)"

Mihai Piticari - Alezandru Myller Competition 2003

Problem 2.10. Let n be a positive integer and let 21,...,2n be the roots of
1+ 2", For each a > 0, prove that

1 e 1
=3

2 =
k=1 lzk - a‘l

l+a2+...+a2D
(14 am)?

Gheorghe Stoica - American Mathematical Monthly, Problem 11947

Problem 2.11. Let a # 0,b,c be real numbers. Prove that there is a poly-

nomial P(x) with real coefficients such that aP(z)%+ bP(z)+ c is divisible by
2

z¢ 4+ 1.

Alezander Golovanov '}

Problem 2.12. Prove that if k,m, n are non-negative integers, then the poly-

nomial ) _— an
P(z) = a®*+2 4 ™+ 4 g

is divisible by z? + 2z + 1.

Polish Mathematical Olympiad 1966

Problém 9.13. Prove that for every positive integer k the polynomial
@t - 1)@ -+ 1% + (z + 1)z*?

is divisible by z° -+ 1.

Polish Mathematical Olympiad 1986 '
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Problem 2.14. Let f(z) be a polynomial and let n be a positive integer.
Prove that if f (z™) is divisible by = — 1, then it is also divisible by

N L R
Polish Mathematical Olympiad 1988
Problem 2.15. Determine all pairs (n,r), where n is a positive integer and
r is a real number for which the polynomial (z + 1)™ — r is divisible by the
polynomial 222 + 2z + 1.

Polish Mathematical Olympiad 1996

Problem 2.16. Using a given sequence of positive real numbers ¢1,q2,..., a
sequence of polynomials is constructed in the following way:

folz) = 1
fi(z) z
fn+1(-’13) (1 + Q'n)mfn(x) - ann—l(m)

Prove that all real roots of these polynomials belong to the interval [—1,1].

if n> 1.

Moscow Mathematical Olympiad 1968

\

Problem 2.17. Find all complex numbers a # 0 and b such that for every
complex root z of the equation z* — az® — bz — 1 = 0, we have |a — z| > |2|.

Nikolai Nikolov - Bulgarian Mathematical Olympiad 2006

Problem 2.18. If a non-real number 2z is a root of the polynomial
2" — 22 4 az + 1, where a is any real number and n > 2, prove that

0 .
¥n

German Team Selection Test 2009
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Problem 2.19. Prove that if the roots of the polynomial
" Plz) ="+ a1a™ ...+ apaaz + (1) € Cle]
have the same modulus, then P(—1) € R.

N. Micu - Romanian Mathematical Olympiad 1974

Problem 2.20. Let d be an odd positive integer and let

P(z) =z%+ ag-1z8 1+ ... +az+ao

be a polynomial with complex coefficients such that all of its roots lie on the -

unit circle and ag # 1. Prove that a"l'_’;:‘ is a real number.

Problem 2.21. Let a # 0, m > n, m # 2n and assume that the absolute

values of all roots of polynomial az™ + ba™ + ¢ are the same. Prove that b= 0.

Problem 2.22. Let P(z) = aqr® + ag—12% 1 +...+aobea polynomial with

complex coefficients such that all of its roots lie inside the unit circle. Let

: P*(z) = z°P (-i;) .

Prove that all the roots of P(z) + P*(z) lie on the unit circle.

Problem 2.23. Let |a| < 1 be a real number. Prove that all the roots of the :

equation 2t _ ga" —azx+1=0lieon the unit circle.

Problem 2.24. Let a,b,c,d be real numbers such that b—d > 5 and all roots
z1, T2, T3, and z4 of the polynomial P(z) = 2t + azd + bx? + cx + d are real
Find the smallest value the product

(@2 +1)(z} + 1)(z3 + 1)(ad + 1)

can take.

Titu Andreescu - USA Mathematical Olympiad 2014

Chapter 3

Finding Polynomials. Part 1

Many years ago, the most important topic in polynomials was finding som

unknown polynomial(s) from one or more system of equations. Recen%ul we
have seen fewer problems from this topic in mathematical competitions y:I‘he
reason may partially be the lack of innovation or creativity in proposin : su I(:
prob-lems. Although finding polynomials is no longer a central topic ing 01C

nomials and mathematical competitions, there are plenty of problem pthy-
include some elements and ideas from this topic. g et

In this and the next two chapters, we deeply investigate finding polynomials.

3.1 Some basic properties

On many occasions, good substitutions are helpful. One technique is to find

values for the variables that 1 . L
simplifying. at lead to some expression vanishing or at least

Example 3.1. (i) Find all polynomials P(z) such that
Plz+2?) =z + 22+ .. + 22007 4 2018

(if) Find all polynomials @(z) such that

2
Q+22+1%) =z + 22 + ...+ 227 4 qz2018 4 pg2019 4 ;2020
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for some real numbers a and b.

Solution. (i) Putting z = 1, we find that P(2) = 2018. Putting z = —2, we
find that

92019 _ 7

P(2)=—-24+4~8+...+ (-2 = # 2018.

Thus there is no such polynomial.

(ii) Putting z = —1 and z = ¢ we find that

Q(-)=a~-b, Q(-1)=(1-a)+i(l-0).

Therefore b = 1, a — b = 1 — a, which gives (a,b) = (1,1). But 2 =0
andz=w=#@give

Q0) =0, Qw)=(b-a)+w(2-a)

and hence (a, b) = (2,2). Thus there is no solution. |

Examplé 3.2. Find all polynomials P(z) such that for any real numbers z,y

we have
P(z+1y) > P(z) + (z + 1)P(y).

First Solution. Putting £ = —1, we find that P(y — 1) > P(—1) for each
y. This implies that P(z) has even degree and positive leading coefficient.
Furthermore, putting z = y = 0, we find that P(0) < 0. On the other hand,
setting ¢ = —2, y = 0, we get P(0) > 0. Thus P(0) = 0. Now, setting y = —uz,
we get

P(z)+ (z+1)P(~z) <0.

The left-hand side is an odd degree polynomial with a positive leading coeffi- = [
cient. Thus the polynomial cannot be negative for all sufficiently large z > 0. " |
It follows that P(z) must be constant. Since P(0) = 0, we conclude that . |
P(z)=0. LI 4
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Second Solution. Clearly P(z) = 0 is a solution. Suppose P is not the zero
polynomial and let d = deg P > 0. Substituting y = z2? and rearranging, we
get P(z +z2) — P(z) — (z + 1)P(z?) > 0. The left-hand side is a polynomial
of degree 2d + 1, hence this cannot hold for all z. Thus the only solution is
the zero polynomial. [ |

Example 3.3. Find all pairs of positive real numbers (a, b) such that the
polynomial

| P(z) = az?+b
satisfies following inequality for all real numbers z,y:
P(zy) + P(z +y) > P(z)P(y).
Solution. By rewriting explicitly the original inequality, we get
(az®y? +b) + (a(z + y)% + b) > (az? + b)(ay® + b).
Putting y = 0, we obtain
a(l =)z +b(2—-b) >0

for all real numbers z. Thus 1 — b > 0, which gives 0 < b < 1. Substituting
y = —z, we find that '

a(1 - a)z* — 2abz? + b(2 - b) > 0
for all re%l numbers z. Thus a(l — a) >0. Hence 0 < a < 1. Ifa = 1, we
get —2bz* + b(2 — b) > 0, that is, —2z2 + 2 — b > 0. The latter inequality is
absurd for all sufficiently large z, so 0 < a < 1. Now, from

a(l - a)z* — 2abz? + b(2 — b) > 0,

we get
(a(1 - a)z® — ab)? + ab(2 — 2a — b) > 0.
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Hence 2—2a—b > 0. In short, we find that 0<a<1,0<b<1L,0< 2a+b < 2.
Now, we prove that the preceding conditions are sufficient. That is, let

Qz,y) = (az®y?+b)+ (a(z+y)*+b) — (az® + b)(ay® +b)

(@ —a®)z?y® +a(l - b)(z? + y?) + 20zy + b(2 —b).
Since a(1 —b) > 0 and 72 +y? > —2zy, we can write
Q(z,y) 2 a(l— a)z?y? + 2abzy + b(2 — b).
Let z = oy. We must study the sign of R(2) = a(l — a)z? + 2abz + b(2 — b).

By the same reasoning as before, we see that R(z) =0 for all real numbers 2
whenever 0 < 2a + b < 2 and we are done. , |

Example 3.4. Let d be a positive integer. Show that if d is odd, then there |

are no polynomials P(z), Q(x) such that the only coefficients of these polyno-
mials are 1, —1 and

Plx) _ 4_  d-1

=L =gt -+ 1

Q(z)

Solution. Let deg P(z) = p and deg Q(z) = g. Since the given equation says

P(z) = (z% — 291 + 1)Q(2), we see that p =g+ d. Since d is odd, this means . .

that p + g is odd. Plugging in = 1, we get P(1) = Q(1), hence P(1)+Q(1)
is even. However P(1) is a sum of p + 1 terms each equal to =1, that is, a
sum of p+ 1 odd numbers and similarly for @. Thus (p+ 1)+ (g +1) is even,
hence p + ¢ is even, & contradiction. u

3.2 When two polynomials are identical?

When we are trying to find the polynomials that satisfy a given equation, it is
usually the case that both sides of the equation are themselves polynomials.

Thus we need to think about what equations we can extract from an equality
of two polynomials. We saw one answer to this in the previous section, we can..
We also need to think about how we can -

plug in values to extract equations.
prove two polynomials are identical.

i
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The most direct way to answer this is probably to invoke the definition:
two polynomials P(z) and Q(z) are equal exactly when all the correspond-
ing coefficients of the polynomials are equal. In particular, this implies that
deg P(z) = deg Q(z). We will take this approach in the next section.

Before we do this, it is natural to wonder if we can use the method of the
previous section instead. That is, can we prove two polynomials are equal by
just plugging in values?

Assume that deg P(z) = p = deg Q(z) = ¢. If we have P(z) = Q(z), for at
Jeast p + 1 different complex numbers, then the polynomial P(z) — Q(z) has
degree at most p, but has at least p + 1 distinct complex roots. This means

that P(z) — Q(z) must be the zero polynomial. Therefore P(z), Q(z) are
identical (and in particular p = g).

If the equation P(z) = Q(r) has at least 1 + max{deg P(z), deg Q(z)}
distinet roots, then P(z) and Q(z) are identical.

If the equation P(z) = Q(z) has infinitely many roots, then P(z) and
Q(z) are identical.

Example 3.5. Determine all polynomials P(z) of the smallest possible degree
with the following properties:

(i) the leading coefficient is 200;
(ii) the coefficient of the lowest power which is not équa,l t0 zero is 2;
(iii) the sum of all of its coefficients is 4;

(iv) P(-1)=0;

(V) P(2)=6;

- (vi) P(3) =8.
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Solution. From condition (iii), we find that P(1) = 4. Defining
- Q(z) = P(z) - (22 +2),

we find that
QM) =Q(2) =

Thus we can write
Q(z) = P(z) — 2z + 2) = (z — 1)(z — 2)(z — 3)(z + 1) R(z)
and hence
P(z) =2z +2+ (z — 1)(z — 2)(z — 3)(z + 1) R(z)

for some polynomial R(z). Since we see that the leading coefficient of P ig
the same as the leading coefficient of R, condition (i) tells us that the leading
coefficient of R is 200. The constant coefficient of P is P(0) = 2 — 6R(0).
From condition (ii) we know that this is either 2 or 0. In the first case, we see
that R(0) = 0 and hence setting R = 200z gives a polynomial

P(z) = 2(z + 1) + 200z(z — 1)(z — 2)(z - 3)(z + 1)

of degree'5 that satisfies all the conditions of the problem. Thus we only need -, '}
to look for other solutions of degree at most 5, and hence we may assume R ." F
is constant or linear. In the second case we see that R(0) = % Since thisis
not the same as the leading coefficient of R, we see that R cannot be constant
and the only linear possibility is R(z) = 200z + % But it is easy to check :f
that in this case the z coefficient of P is not equal to either 0 or 2. Hence the - {¢.
minimal degree is 5 and the only solution of degree 5 is

P(z) = 200z(z—1)(z—2)(z - 3)(x+1)+2z+2
' 200z° — 1000z* + 10002 + 1000z — 1198z + 2. N
Example 3.6. Let m and n be positi\}_e integers with n > 1 and let a1,...,am .

be a nonconstant arithmetic progression. Find the largest value of m for “1
which there is a polynomial P(z) of degree n such that P(a1),. .., P(am) is
nonconstant arithmetic progression.
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Solution. Let az — a3 = d # 0 and P(ag) — P(a;) = D # 0. Then
ap=a1+ (k—1)d fork=1,...,m
and P(ag) = P(a1)+(k—-1)Dfork=1,...,m. Let r = %76 0. Define
Q(z) = P(z) — r(z — a1) — P(a1).
Then

Qlax) = P(ak) ~r(ax —a1) — P(a1)

P(ax) — (k—1)D — P(a1)
= 0.

Since deg Q(x) = deg P(z) = n and Q(z) has ay,. .., an as roots, we find that
n > m. Now, we provide an example for m = n. That is,

Pz)=(zx—a1) ... - (z —ap) +
Then P(ax) = ax and we are done. [ ]

We end this section with a synthetic problem concerning polynomial values
that in some sense needs the above-mentioned knowledge.

Example 8.7. Can there be a sequence (@n)n>0 of positive integers and a

%olynomial P such that an, = P(n) for all sufficiently large positive integer n
if:

(i) an =277

2
(i) ap = [%J’_IJ?

Solution. (i) First, we shall prove the following lemma.

Lemma. Let deg P(z) = d. Then for all sufficiently large z we have

P(z) < %+,
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Proof. Let P(z) = agz®+ ... + ap, and M = max |a;|.
For each £ > M + 1, we have

d+1 d+1
gt -1 =z
1+$+...+.’l}d=____ .
z—-1 M

Thusforz > M +1

d
> at

k=0

d
S M(+z+... +29) > |axfa* >
k=0

= |P(z)| 2 P(z),

and we are done. Q

Now, let deg P(z) = d and suppose P(n) = 2" for ‘all sufficiently large i

positive integers n. Then by the Lemma, for all sufficiently large positive
integers n we have 2" < n%tl, But in fact the reverse inequality holds
for all sufficiently large n, so this is a contradiction.

(ii) Suppose P(n) is a polynomial such that

P(n) = [———ng +; i 1}

for all sufficiently large positive integers n. Define

Q(n) = ﬁ_:_""_l

For alln =1 (mod 3), we have

n+n+1| nP+n+l
3 -3

Hence P(n) = Q(n) for infinitely many n, thus P and @ are identical
But if n = 3m is large enough,-then we see that ‘

9m2 4+ 3m+1

1
3 :

P(3m) = [ 3

J =3m? +m # Q(3m) = 3m® + m +
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3.3 Examining the coeflicients

As we have already said, two polynomials are identical exactly when all the
corresponding coefficients agree, and in particular the degrees are the same.
This provides another strategy for finding the polynomials satisfying a given
equation.

(i) Degree Condition (DC): examine the degree of both sides of the
polynomial identity.

(ii) Ezamining Coefficients (EC): examine the coefficients of identical
monomials on both sides.

»

For examining the coefficients, you almost always use some algebraic tech-
niques for finding the coefficient of z%. You can see the first volume of the
polynomial trilogy for this.

Example 3.8. If the polynomials

s P(z) = agz® + 3¢+ ag, Q(z) = b3z’ — z? + bz — 4

\

b are identical, then b3 = 0,/a2 = —1, by =3, a0 = —4.

Example 3.9. Polynomials P(z), Q(z) have integer coefficients and satisfy
the relation

P(Qz+1) = P(2*) (Qz+1))° V.
(i) Prove that the degree of the polynomial P(z)Q(z) is divisible by 8.
* (i) Find an example of monic polynomials satisfying the above equation.

9 (iii) Are there non-monic polynomials that satisfies the above equation?
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Solution. (i) Let deg P(z) = p and deg Q(z) = g. Then

deg P(Q(z + 1)) = py,
deg (P(x3) (Qz + 1))5) = deg P(z®) + deg (Q(z + 1))° = 3p +5¢.
Hence pq = 3p + 5¢, which gives (p — 5)(¢ — 3) = 15. Then
(p,q) € {(6,18),(8,8),(10,6), (20,4)}.

Since deg P(z)Q(z) = deg P(z) + deg Q(z) = p+ g, it is easy to check
that this is divisible by 8 for all four cases.

(i) It is easy to see that P(z) = 2P, Q(z) = (z — 1)? satisfy the statement of g

our problem for all pairs (p,q) € {(6,18), (8,8),(10,6), (20,4)}.

(iil) It is easy to see that if P(z), Q(x) satisfy the original equation, then
CP(z), Q(z), where C is a constant, satisfy it too. Thus P need not

be monic. If a # 0 is the leading coefficient of Q, then looking at the . )
leading coefficient of both sides gives af = a®, and since all four cases .:
have p even, we see that a = 1. Thus @ must be monic. B

Example 3.10. Find all polynomials P(x) such that
P(2z) + 2P(—z) =6P(z) V=

Solution. Let P(z) = aqz? + ...+ ap. Examining the coefficient of z* on
both sides, for 0 < k < d, we find that

(2k + 2(—1)k)ak = Ba.
Hence either aj, = 0 or 2% + 2(—1)5 — 6, which implies k € {2,3}. Thus

P(z) = aza® + azz®. |
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gxample 3.11. Find all polynomials P(x) with real coefficients such that
Pla+b—2¢)+ P(b+c—2a)+ P(ct+a—2b) = 3P(a—b)+3P(b—c)+3P(c—a)
for all real numbers a, b, c.

Benelur Mathematical Olympiad 2010

Solution. It is clear that if Pi(z), Pa(z) are solutions to the above equation,
then C1P1(z) + CoPy(z), where Ci,Cs € R, is also a solution. Furthermore,

I gettinga=>b=c, we get P(0)=0. If b=c =0, then
R P(—2a) = P(a) + 3P(—a).

Hence writing P(z) = agz® + ... + ap and comparing the leading coefficients,
we obtain
(-2)* =1+ 3(-1)%

Hence d € {1,2}. It is easy to check that polynomials Pi(z) = 22, Py(z) =z

.“w“f satisfy the statement of the problem. Hence all polynomials of the form

Ciz% + Cox satisfy the condition of the problem. [ |

Example 3.12. Let deg P(z) = d. Find all polynomials P(z) such that
P(z + P(z)) = P(P(z))+ P(z)*+1  Vz.

K i Mongolian Mathematical Olympiad 2015

L 1 Solution. If d = 1, then P(z) = az + b with a # 0. Therefore
s P(z+ P(z)) =a(z+az+b)+ b= (a®>+a)z +ab+b

P(P(z))+ P(z)*+1=a(az +b) +ax+2b+1=(a® +a)z+ab+2b+ 1.

. Hence b= —1 and P(z) =az — 1.
- Ifd > 1, examining the leading coefficients on both sides, we find that

d+1
a,d'" = ag"'l + ag.

- Hence af = 0, impossible. u
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Example 3.13. Find all polynomials P(z) # 0 with real coefficients such | 3.3.1 Using rewritings
that forall k=0,1,...,(deg P)? we have F

In some cases, the facts we learn about a polynomial may allow us to rewrite

P(P(R)) = (k). . the polynomial, and hence (hopefully) lead to a simpler equation. Two com-
mon cases of such rewriting are the following.

Swiss IMO Team Selection Test 2011

First Solution. Let P(x) = agz®+ ... +ag. Then for 1+ d? points, we have (i) If P(r) = 0 for some r, we can write P(z) = (z — r)*Q(z) for some
polynomial @Q(z) such that Q(r) # 0 and some positive integer k.

P(P(z)) = P(z)*. i) If
(P(x)) (z) (ii) If deg P(z) = d, we can write P(z) = agx® + Q(z) for some poly-

The polynomial Q(z) = P(P(z)) — P(z)? has 1 + d? distinct roots. Since nomial @(z) such that deg Q(z) < d.

deg Q(z) < d?, we conclude that Q(z) = 0, ie, P(P(z)) = P(z)%. The .
degree condition shows that d € {0,2}. If d = 0, then P(z) = c¢. Thus
¢c=c? ie,c=0o0rc=1 Sincec # 0, then P(z) = 1. Ifd = 2, then |
P(z) = agx® + 61z + ao. Thus

Example 3.14. Find all polynomials P(z) with real coefficients such that
P(z?) = 22(1 + 2%) P(z) Vz.

P(ag® + a1 + ao) = (a22” + a1z +a0)™. Solution. Cl i i

olution. faarly P(z) = 0 is a solution. Otherwise, let deg P(z) = d > 0.
After comparing the degree of both sides, we find that 2d = 4 + d. H;nce
d = 4. Moreover, P(0) = 0. Writing P(z) = z"Q(z), where 1 < r < 4 and
Q(0) # 0, we find that 227 Q(z?) = z+2(1 + 2?)Q(z). -
Then 27t =r+2, ?vhlc\h gives' r = 2. Thus Q(2?) = (1 + z2)Q(z) for some
quadratic polynomial Q. Putting z = i, we get Q(—1) = 0, which implies that
Q(z) = (1 + z)R(z) for some linear polynomial R(z). Then R satisfies

(14 2> R(z?) = (1 + 2z} (1 + 2)R(z).
Hence R(z?) = (1 + z)R(z). Writing R(z) = az + b, where a # 0, we have

Since -
P(agz® + a1z + alo) = ag(agz2 +az+ao)+a (agz® + a1 + ao) + ao,
examining the coefficients of z*, we find that a3 = a2. Thus ag =1 and
a1(z? + a1z + ao) + a0 = 0.

Thus a; = ap = 0, which implies that P(z) = 2? is the only nonconstant

solution. n ax? + b= (1 + z)(az +b).

Hence b = (a+b)z + b., implying a + b = 0. That is, R(z) = a(z — 1). Noting
that .the case a = 0 gives the zero polynomial, which we already saw was a
 solution, we have solutions

Second Solution. If P(z) = ¢ # 0 is a constant polynomial, then the equa-
tion becomes ¢ = ¢2, and hence ¢ = 1. If P is not constant, then we see that
P(t) = t? for infinitely many values of ¢, namely for all ¢ which are P(z) for

|

some z. Hence P(z) = 2% P(z) = az’(z? - 1), Ya. u
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Solution. The zero polynomial is clearly a solution.

Example 3.15. Let d be a positive integer. Determine all polynomials P(z) - 1
Otherwise let deg P(z) = d > 0. Then

with real eoefficients such that

(1+zHP(z) = P(z®)  Vz. deg P(P(z)) = d?, deg(z?+z +1)P(z) = 2+d.

Solution. Note that P(z) =0 is clearly a solution Hence d”> = 2 +d, that is, d = 2. Let P(z) = aga’® + a1z + ao, a2 # 0. Then
olution. Note that P(z) = .

Otherwise, let deg P(z) = D > 0. It is clear that

2
a2(a2$2 + a1z + ap) +al(a29v2+a1m+ao) +ag = (x2+:c+ 1)(a2x2+a1:c+ao).

deg(l +z?)P(z) =d+ D, deg P(z?) = 2D. Hence comparing the coefficient of z*, we find that a2 = ag. Thus ap = 1.

Therefore
Hence D = d. Now, set
. (z* + a1z + a0)® + a1(z” + a1z + ao) + ap = (z* + z + 1)(2? + a1z + ao).

= a(z% — 1 0, degQ(x)<d.
P(z) =a(z" —1)+Qs), a# gQ() ' Comparing the coefficient of z3, we find that 2a; = a; + 1, which gives a; = 1.
Then Therefore

(1+ 2% P(z) = 1+ 2%)(a(z? — 1) + Q(z)) = a(z® — 1) + (1 + 2%)Q(z) (3% + = +a0)’ + (a* + 2 + ag) + a0 = (z? + o+ 1)(z* + = + a).

. Comparing the coefficient of z, we find that 2ag + 1 = ap + 1, which gives
ap =0, and so P(z) = 22 +z. It is easy to check that this is a solution. Thus
» the solutions are P(z) = 0 or P(x) = 22 + . .

and
P(z?) = a(2z® — 1) + Q(z?).

Hence we arrive at " Example 3.17. Find the minimal degree of a polynomial Q(z) for which

d — O(?
(1+29Q(z) = Q=) there is a polynomial P(a)) with real coefficients such that
If degQ(z) = k > 0, we get d +k = 2k, i.e., k = d, a contradiction. Wel
conclude that @Q(z) = 0. Since the zero polynom1a.1 gives the case a = 0, w

have solutions

P(P(z)) = P(2)* + 28+ Q(z)  Vz.

| Solution. If P(z) = 0, then Q(z) = —z®" has degree 80. Otherwise, suppose
deg P(z) = d > 0 and write the given equation as

Qz) = P(P(z)) - P(2)* - 2*

P(z) = a(z? ~ 1), Ya.

Example 3.16. Find all polynomials P(z) such that

The three terms on the right have degrees d?, 40d, and 80, respectively. If
no two of these are equal, then the leading term cannot cancel and hence
fideg Q(z) > max(d?,40d,80) > 80. We cannot have d? = 80 since d is an
integer. If 40d = 80, so that d = 2, then the leading coefficients of the last two

P(P(z)) = (z*+z+1)P(z) Vaz.

Ukrainian Mathematical Olympiad 201
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and P(z) = 2 for d > 0. If we have any other solution, then it must have
5 complex root 7 # 0. Set y = 0. Then P(2?) = P(z)? for all z. Iterating
this (or using induction), we see that P (27") = P(z)?" for all integers n > 1.
Choose m = 2" > deg P(z) and considering the complex solutions of the
equation ™ = r, and denote them 7y,...,7m. (We saw in Theorem 2.9 that
| there are m distinct roots of this equation.) Plugging 2 = r;, it follows that

P =P () = P (1) =0.

terms are both negative and cannot cancel and again deg Q(z) = 80. Thus we
are left with the case d2 = 40d and the leading coefficients of the first two termg '
cancel. Write P(z) = agz®® + R(z) with ago # 0 and deg R(z) =k < 4y, .
Then we see that the cancellation of the leading coefficients means afy = afd, |
and hence asg = 1. In this case, we find

vy
TR

Q(z) = R(z* + R(z)) — 2.

TET

The first term on the right has degree 40k and again Q(z) will have degree at '
least 80 unless the two terms have the same degree and the leading coefficients s
cancel. Hence we are reduced to the case k = 2 and R(z) = 22+ br +cj
monic. In this case, we find

Hence 71, . .-, Tm are distinct roots of P(z). This is a contradiction since P
can only have deg P(z) roots. Thus the only solutions are the ones we found
earlier. |

Q(z) = 2(z® + bz + )z + b0+ (2% + bz + )2 + b +bz )+, ¥ Third Solution. Assume that P(z) has a root r # 0 and restrict to 2,y with
g—y=r. Then

which is a polynomial of degree 42. Thus the minimum degree is 42. R 2~y =r(z+y) = (2~ 1),

and hence the2 equation becomes P(r(2z —r)) = 0 for each z. Since r # 0, we
can set £ = Tt and then get P(¢) = O for all t. Thus P(z) = 0. So if P has
any nonzelzio root, then it is the zero polynomial. The only other possibility is
P(z) = cz® for some ¢ # 0 and d > 0. As in the previous solution, this gives
solutions P(z) = z¢ for d > 0. [ |

Example 3.18. Find all polynomials P(z) with real coefficients such that

P(a?-4?) = Plz+y)Pz—9y)  V&,u.
First Solution. Clearly P(z) = 0 is a solution. Otherwise, let deg P(z)
d > 0. Setting y = 0 gives P(z?) = P(z)? for all z. Examining the leading:
coefficients, we see that P(z) is monic, so we can write P(z) = z? + R(x)
where deg R(z) < d. Then

¢2 + R(2?) = 2?4+ R(z)* + 21%R(z).

Example 3.19. Find all polynomials with real coefficients P(z) and Q(z)
such that '

P(z)’+Q)? = PG +Q(")  Va,u.

. Vadym Radchenko - Ukrainian Mathematical Olympiad 2002
Hence R(z?) = R(z)?+22%R(z). Suppose deg R(z) = r > 0. Then the degree
of R(z?) is 2r and the degree of R(z)* + 2z¢R(z) is max(2r,r +d) = 7 +d.
Since r < d, we get a contradiction. Thus the only possibility is R(z) = 0 and.
so P(z) = ¢% It is easy to check that this is a solution, hence the solutions;
are P(z) = 0 or P(z) = z¢ ford>0. [ |

Solution. Assume that P(z) and Q(z) are nonconstant. Substituting y = 0,
we get that P(z)% — Q(2?) is constant and so P(z) and Q(z) have the same
degree. Let ‘

P(z)=age® +...+ap, Q(z)=bgz®+...+bo.

Then a2 = bg. Now, going back to the original equation, the coefficient of 3¢
on the left-hand side is b2 and on the right-hand side is ag. Hence b3 = a4 = a4,

Second Solution. If a polynomial P(z) = cz? is a solution, then we find
¢ = ¢2, hence ¢ = 0 or 1. Thus the only solutions of this form are P(z) =0
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which gives ag = 1 and then by = 1. Writing
Qz) = 2%+ Q1(z)
with deg Pi(z), deg Q1(z) < d, we obtain
P2(z) + 22°Pi(@) + QF(y) + 2% Q1(v) = P(y") + Qu(=?).

Let deg Pi(z) = m > 0 and deg Qi1(z) = n > 0, where m,n < d. Then the
left-hand side contains terms of degree d + m and d+n in z,y, but the right-
hand side contains only terms of degrees 2m and 2n in z,y. This shows that
Pi(z) = Q1(z) = 0 and so P(z) = Q(z) = zd, ]

P(z) = z% + Pi(x),

Example 3.20. Find all polynomials P(z) such that

P(z)® +3P(z)? = P(2%) - 3P(-z)  Vz.

Solution. If P(z) is a constant polynomial, say P(z) = c, then we find
A +32+2c=0
and hence P(z) =0, P(z) = -1, or P(z) = —2. )
Otherwise, let degP(z) = d > 0. Writing P(z) = aqz® + Q(z), where

degQ(z) = k < d — 1 and comparing the coefficients of 23 on both sides,
we find that a?l = ag4. Therefore ag = 1. Then the given equation becomes

(£2% + Q(2))? + 8(a® + Q(2))* = +2 + Q(a”) F 3(-1) % - 3Q(~2).
After expanding, we find that
322Q(z) + 32%Q(z)? + Q(z)® + 32% £ 629Q(z) + 3Q(z)?
= Q(z) ¥ 3(-1)%* - 3Q(~).

Assume that Q(x) is nonconstant so d > 0. Then the left-hand side has degree - |

2d + k, while the right-hand side has degree max {3k, d}, which is impossible.
Thus Q(z) = c is a constant polynomial, and we get

3¢z + 3c22% + 3 + 3% £ 6cz? + 3c2 = c ¥ 3(—1)%" — 3¢
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(3c+3)2 £ (3% + 6c+ 3(—1)Hz? + (2 + 32 +2¢) = 0.
From the coefficient of 2%, we see that 3¢ + 3 = 0, which gives ¢ = —1.

This makes the constant term cancel, but the coefficient of z¢ then gives
~-3+ 3(—1)d = 0, that is, d must be even. Hence the nonconstant solutions
are P(z) = Fz? — 1, where d is an even positive integer. |

Example 3.21. Find all real numbers a and rational functions R(z) such
that
R(z)? = R(z?) + a.

Japanese Mathematical Olympiad 1995

Solution. If R(z) = c is constant, then we get a trivial solution for a = 2 —c.
If R(z) is a nonconstant polynomial, then let deg R(z) = r > 0. We can write
R(z) = brz" + S(x) where b, # 0 and deg S(z) = s < r. Then we find

b2a® + 2b,2"S(z) + S(z)? = bra® + S(z°) + a.

From the coefficients of %" on both sides we get b2 = b, and hence b, = 1 and
the equation cancels to

22" S(z) + S(2)? = S(2?) + a.

If § is not the zero polynomial, then the left-hand side has degree r-s and the
right-hand side has degree 2s, a contradiction. Thus we must have S(z) = 0
and hence a = 0. Thus we get the solutions R(z) = z" and a = 0.

If R(z) is a non-polynomial rational function, write R(z) = %g—i% for some
coprime polynomials P(x) and Q(z) with Q(z) nonconstant and monic. Then

P()?* _  P@?
Q2 QY

Hence
P(z)’ - aQ(z)* _ P(a?)

Q) Q@)
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Since both sides are irreducible rational functions with monic denominatorg
bl
we find that

. putting T = —P(y), we get P(Q(y)— P(y)) = Q(0). Since P is not a constant
olynomial this implies that Q(y)— P(y) must be one of the finitely many roots
of P(2) = Q(0). However, since Q(y) — P(y) is a continuous function of y, it
cannot jump between the roots. Hence we must have Q(y)—P(y) = C for some
constant C, which is nonzero since we assumed P # Q. Then Q(y) = P(y)+C,

I g0 we compute
P(z)? —az® = P(z?). B . F

P
)

Q)P =Q?), P@)’-aQ() = P[). |
From the equality Q(z)* = Q(z?), we get Qz) = z% with d > 1 (see the
solutions to Example 3.18 for several proofs of this). Hence we have

P(z+ P(y)+C) =Pz + P(y)) + C.
Teking y =0 and . = 2z — P(0), we find that

Write P(z) = anz™ + ...+ a0, with an # 0. Note that since @ is nonconstant,
Q has a factor of z. Since P and Q are relatively prime, it follows that *
ap = P(0) # 0. Setting z = 0, we get a2 = ag, and hence ap = 1. Since
P clearly cannot be & constant polynomial, there is some smallest positive
index k such that ai # 0. Hence P(z) = anz™ + ...+ arzt + 1. Then the :
lowest nonconstant nonzero term in P(z)?is 2a;z* and the lowest nonconstan :
nonzero term in P(z?) is axz?*. Since 2k > k and the lowest nonconstant terms’
on the two sides of (3.1) must agree, we must have k = 2d and a = 2a;. Note;
that in particular, this implies n > k = 2d > d. Equating the coefficients
of z2® on both sides of (3.1), we get a2 = a, and hence an = 1. Let the
next most significant nonzero coefficient of P(z) be the coefficient of z™, so.
P(z) = 2"+ amz™ + ...+ L. Then the next nonzero coefficient of P(z)? is:
2amz™" and of P(z?) is amz®™. Since m+mn > 2m and the next nonzerof
coefficients on the two sides of (3.1) must agree, we must have n 4+ m = 2d.
But we already saw that n > k = 2d, hence we must have m=0,n =k = 2d,
and a = 2a, = 2. Thus we have

z?d+1

20

P(2)+C =P(z+C).

Gince this says P(z+ C) — P(2) = C is a constant polynomial, we deduce that
P(z) is linear. Writing P(z) = ax + b, we deduce that aC = C. Therefore
o= 1and P(z) = z -+ b. It follows that Q(z) = z+b+C =z+canditis
easy to check that these are solutions. [ ]

Example 3.23. Find all polynomials P(z) such that P(2014) =1 and
zP(z — c) = (z —2014)P(z), for some integer c.
Tberoamerican Mathematical Olympiad 2014

Solution. Let P(z) = a\gmd +ag_12% 1 + ...+ a1z + ap. Then

1
EE’

R(z) = _ghy a=2d>1 2(ag(z — )% + g (@ — )"+ ...+ ar(@—c) + ao)

and it is easy to check that these are solutions. = (z — 2014) (ada:d +ag_1z% 1 + ... a1z + ag).

Example 3.22. Find all polynomials P(z) and Q(z) such that ' Examining the coefficient of z¢ in the above identity, we find that

P(z+ Q) = Q= + PW))- —dcag + ag-1 = ag—1 — 2014ag.
Solution. We clearly have trivial solutions with P(z) = Q(z). Note that the
only solutions with either P or Q a constant polynomial are of this trivial
type. Thus we may assume P # ( and that neither is a constant polynomial

4} Therefore dc = 2014 and so

2014

d € {1,2,19,38,53,106,1007, 2014} and c= -
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Now, putting = = cd = 2014 into the original equation, we get gxample 3.24. Find all nonconstant polynomials P(z) and Q(z) with real

. coefficients such that
P((d—=1)c) =0. P(Q()?) = P(z)Q(z)*.

Putting = = (d — 1)c, we get P((d — 2)c) = 0. Iterating this, we get Solution. Let deg P(z) = m and deg Q(z) = n. Then

P((d=1)¢)=...=P(c) = P(0) =0. deg P(Q(z)?) = 2nm, deg P(z)Q(z)? = m + 2n.

Since deg P(z) = d and we have found d distinct roots, we obtain | Therefore 2mn = m + 2n, which gives (m — 1)(2n — 1) = 1. Since m and n
I are positive integers, we find that m = 2, n = 1. Writing

P(z) =agz(z —c)(x —2¢) ... (. — (d - 1)¢). P@)=as®+bete, a0

Since P(2014) = P(dc) = 1, we find that e find that

aQ(z)* + bQ(z)? + ¢ = P(z)Q(z)%

Hence ¢ must be divisible by Q(z)2. Since Q(z) is nonconstant, this forces
c= 0. So

1 = aged(cd — c)(cd —2¢) - ... (cd — (d — 1)c) = agcddl.
Hence a4 = E}E and then
aQ(z)? + b = P(z).
_ Substituting this into the original equation, we find that
| aQ(Q(2)%)? +b = aQ(z)* + bQ(x)*.

" Now, consider the equation

P(z) = z(zx—c){z—2c)-...- (z— (d— 1)c),

1
cdd]

where cd = 2014, d € {1,2, 19, 38, 53, 106, 1007, 2014}. N

3.4 Equations that hold for infinitely many values
v aQ(t)? + b= at? + bt
There are many important facts about polynomials that, if you know them, \
make solving problems easier. One of these we have encountered before (If
two polynomials agree at infinitely many points, then they are identical.), but -
is worth looking at in more detail. /i
One way this fact arises is in problems like: Find all polynomials P(z) such
that

This equation has Q(x)? as a root. Since Q(z) is nonconstant, it can assume
. infinitely many real values. Hence the aforementioned equation has infinitely
many roots. Thus for each real number z,

b b
Rz =2+ -z ——.
a a

P(Q(z)) =2Q(z) +1,

for some nonconstant polynomial Q(z). To solve this, we can simply note that
since Q(z) is nonconstant, it assumes infinitely many values, thus the equation
P(z) = 2z + 1 has infinitely many solutions. Therefore P(z) = 2z + 1.
We will see more elaborate uses of this fact below.

~ Whence z? + %:1: — g must be the square of a polynomial, hence it has double
root. Therefore its discriminant must be zero, implying that % € {0,-4}.
- Hence either Q(z)? = 22 or Q(z)? = (z—2)% In the first case, we get
Q(z) = £z and we find P(z) = az?. In the second we have Q(z) = +(z — 2)

and we find P(z) = a(x—2)%—4a. It is easy to check that these are solutions.l

b
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Example 3.25. Find all nonconstant polynomials P(z) and Q(z) with rea]

coefficients such that P(Q(z)) = P(z)Q(z) — P(z).
Solution. Let deg P(z) = m and deg Q(z) = n. Then
deg P(Q(x)) = mn, deg P(z)Q(z) — P() =m-+n.

Hence mn = m-+n, which gives (m—1)(n—1) = 1. Since m and n are positive
integers, we get m = n = 2. Writing P(z) = az® + bz + ¢, we get

aQ(z)” +bQ(z) = P(z)Q(z) — (P(z) + ),

implying that P(z)+c is divisible by Q(z). Since P(z) and Q(z) have the same ;|
degree, it follows that there is a real number d such that P(z) + ¢ = dQ(z). .1}

Hence P(z) = dQ(z) — c. Substituting this into the original equation, we get

dQR@) —c = (dQ(z)—)Q(z) — (dR(z) — o)
dQ(z)? — (d+¢)Q(z) +c

Considering the equation dQ(t) = dt? — (d + ¢)t + 2c, we deduce that it has i
Q(z) as a root. Since Q(z) is nonconstant, it can assume infinitely many real |

values. Hence the aforementioned equation has infinitely many roots. Thus

=2 - ¢ 2
Rlz)==z (1+d)m+d.
Since P(z) = dQ(z) — ¢, we conclude that

P(z) = da* - (d+ )z +c |
Example 3.26. Find all monic polynomials P and @, with real coefficients,
such that
P(1)+P(2)+...+ P(n) =Q(1+2+3+...+n), foralln>1.

Ovidiu Purdui - Mathematical Reflections, Problem U9
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Solution. Since 1 +2+...+n= ﬂngill, we can write the equation as

P(1)+P(2)+...+P(n)=Q<E(—7%Q>.

Gubtracting the analogous equation forn—1

P(1)+P(2)+..A—|—P(n—1)=Q(n—(7-1-2;1—)—>,

re=a(T5) - (52).

for each integer n > 2. This holds for infinitely many values, so we have the
equality of polynomials

r-a(25%) -o(25°).

Writing Q(z) = 2% + ... + b, we compute
2?4z -z
o(5%)-e(57)
2 d 2 _.\¢ 2 d-1 2 d—1
() (B2 )-

If we apply the binomial theorem to expand the first term, the z%¢ term
cancels, but the 2241 terms combine to give sf7z?*~!. Since all the other
terms are degree 2(d — 1) or less, we have

2 2 _
Pw=a(THE) - o (552) = ettt

Since P(x) is monic, we find that d = 249-1 which gives d € {1,2}. If d = 1,
then writing Q(z) = = + b, we find

P(m)=Q<£§—x> —-Q(ng) .

we get
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If d = 2, then writing Q(z) = 22 + az + b, we find

B P(m)=Q<x2;—x>~Q<m22—x>=w3+am. N

3.5 The only periodic polynomial is constant

Suppose that P(z + c¢) = P(z) for some nonzero constant number c. This
equation says that the function P(z) is periodic with period ¢, or more tersely
we say P(z) is c-periodic. Applying this formula for z = 0,¢,2¢, ..., we find
that

P(0) = P(c) = P(2¢) =...P(2019¢c) = ....

This says that the equation P(z) = P(0) has infinitely many solutions, which
implies that P(z) = P(0) for all z, that is, P(z) is a constant polynomial.
Hence we deduce the following,.

The only periodic polynomial is the constant polynomial.

Example 3.27. Find all polynomials P(z) such that
P((z+1)¥ =PE*+22+1 V.

Solution. Since 2z + 1 = (z + 1)? — 2%, we find that
P((z+1)%) — (z +1)? = P(z?) — 2%

Defining Q(c) = P(&?) — &%, we obtain Q(z) = Qe +1). Hence Q(z) s |

1-periodic and so it is constant. Thus P(z?) — 2% = C for some constant C.
This implies that P(z) = z + C for all z > 0 and therefore for all z. |

Example 3.28. Find all polynomials P(z) such that
(z2 — 6z +8)P(z) = (z*+ 22)P(z—2)  Vz.
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Solution. Write the original equation as
(z - 2)(x —4)P(z) = z(z + 2)P(z - 2).

Substituting z = 0, —2,4, we find that P(0) = P(-2) = P(2) = 0. Hence we
can write P(z) = z(z+2)(z — 2)Q(z) for some polynomial Q(x). Substituting
this into the original equation, we get (x —2)Q(z) = zQ(z—2). Setting z = 0,
we obtain Q(0) = 0. Hence we can write Q(z) = zR(z) for some polynomial

R(z) and we find that R(z) = R(z — 2). So R(z) is 2-periodic and therefore
it is constant. Thus

P(z) = z(z + 2)(z — 2)Q(z) = Cz?(z? — 4). ]

Example 3.29. Find all polynomials P(z) such that
(z — 2015)*P(z) = (z — 2016)*P(z +1)  Vz
for some positive integer k.
Solution. It is clear that (z — 2016)* divides P(x). Writing
P(z) = (z — 2016)*Q(x)
for some polynomial Q(az), we find that
(z—2015)% P(z) = (2—2015)* (z—2016)*Q(z) = (z—2016)*(z—2015)FQ(z+1).

Therefore Q(z) = Q(z + 1). Hence Q(z) is l-periodic and therefore it is
constant. Thus P(z) = C(z — 2016)* for some constant C. n

In the next problem, we shall provide a more general statement about periodi-
city, for rational functions.

Example 3.30. Find all polynomials P(z) and Q(z) such that
P@)P(z+1)-...-Plz+n) =Q(z)Qz+1)-...-Q(z + n)

for some positive integer n.
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First Solution. Using the substitution z — z +1, we find that
P(z+1)P(z+2)-...- Pz +n+1) =Qz+1)Qz+2) ... - Qz+n+1)
Comparing it with the original equation, we obtain

Q(z)P(z +n+1) = P(z)Q(z +n+1).

Now, we shall proceed our proof by introducing the greatest common divisor
of P(z) and Q(z). Let

D(z) = ged(P(z), Q(®))-

Then

ged(P(z +n+1),Qx+n+1)) = D(z+mn+1).
Putting P(z) = D(z)A(z) and Q(z) = D(z)B(z), where A(z) and B(z) have
no common factor, we find that

A(z +n+1)B(z) = A(z)B(z+n+ 1).

Since A(x) divides the left-hand side and has no common factor with B(z),
A(z) must divide A(z + n + 1). However, A(z) and A(z +n + 1) are monic -

polynomials of the same degree, so this forces Az +n+1) = A(z). Hence

!

B(zx 4+ n+1) = B(z).

This implies that A(z) and B(z) are (n + 1)-periodic, and hence A(z) and:

B(z) are constant. Hence P(z) are Q(z) are proportional, that is, there is
a constant K such that P(z) = KQ(z). Plugging this back into the original
equation, we find that K™ =1 and all such pairs satisfy the equation.
Second Solution. Rewrite the equation Q(z)P(z+n+1) = P(x)Q(m+n+1)‘

® P(a) _ Pl+n+1)

Q) QE+n+1)

Then the rational function

P(z)
Q(z)

R(z) =
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s periodic. Defining K = R(0), we find that
K = R(0) = R(n+1) = R2(n+1)) = ...
Thus R(z) = K infinitely many times. Hence the equation
P(z)
Q(z)

pas infinitely many solutions. Since the left-hand side is a polynomial, we find
that it must be equal to zero. Therefore

P(z)
Q(z)
that is, R(z) must be constant. Again, plugging in we find K™*! = 1. [ |

=K or P(z)— KQ(z) =0

=K Vz,

Third Solution. We can also use limits at infinity of rational functions to
finish the problem. Recall that if R(z) = %% is a rational function, then

lim R(z) = lim Plz)

200 T—+00 Q(:z:)
is infinity if deg P(z) > deg Q(z), is 0 if deg P(x) < deg Q(x), and is the ratio
of the leading coefficients of P(z) and Q(z) if deg P(x) = deg Q(z)-
. P(x) . . . .

After finding that c‘g‘% is (n + 1)-periodic, we choose an a with Q(a) # 0 and
we conclude that '

P(a) _ P(a+m(n+1))

Qa) Qla+m(n+1))

" for all positive integer m. If we define K = g%%, then letting m tend to

infinity, we see that a + m(n + 1) tends to infinity, so
. Pla+m(n+1)) . P(x)
K= 1 =
o Qa+m(n+1)) e Q@)
But starting from any ¢, we also have
P(¢) _ P(t+m(n+1))
Q) QE+m(n+1))
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for all positive integer m. As m tends to infinity, t + m(n + 1) also tends to
infinity, so we have

P(t) _ Pt+m(n+1)) _ P(z)

N = = lim = K.
Q(t) ml—l;noo Qt+ m(n + 1)) zo00 Q(z)
Therefore for each z we have
P(z)
= K,
Q(z)
and we finish as before. n

The three solutions of the previous problem are all really proving a stronger
statement, which is worth emphasizing in its own right.

Example 3.31. Prove that if a rational function R(z) is periodic, then it is
constant.

First Solution. Assume that R(z) is T-periodic, so that R(z) = R(z+T) for
some Th# 0. Write R(z) = %E:—;, where P(z) and Q(z) are relatively prime.
Then, clearing denominators in the equation R(z) = R(z +T), we find

P)Q(z +T) = Q(z)P(z + T).

Since P(xz) and Q(z) are relatively prime, we must have Q(z) min Q(z + T).

However, Q(z) and Q(z+T') are polynomials with the same degree and leading -

coefficient, so this implies Q(z) = Q(z + T) and hence we conclude that
P(z) = P(z +T). Thus P(z) and Q(z) are both T-periodic, and hence are

constant. Thus R(z) is constant. [

. . . P

Second Solution. Assume R(z) is"T-periodic and write R(z) =3 . Then
we see that R(0) = R(T) = R(2T) = ....

Hence the equation P(z) = R(0)Q(z) has infinitely many roots, so we conclude
that P(z) = R(0)Q(x) for all z and hence R(z) = R(0) for all z. [ |
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Third Solution. Suppose R(z) is T-periodic and choose any a with R(a)
finite. Then we find that R(a) = R(a+ mT) for all positive integers m. Since
a + mT tends to infinity as m tends to infinity, we have
R(a) = n}l_r)noo R(a+mT) = xlgx;o R(z).
Since we have R(t) = R(t + mT) for all ¢, and t + mT tends to infinity as m
tends to infinity, we have
R(t) = dim R(t+mT) = xll)ngo R(z) = R(a).
Thus R(z) = R(a) for all z. [ ]

Example 3.32. If R(z) is a rational function and R(zx) = R(z?), then R(x)
is constant.

First Solution. Let R(z) = g{% and choose a number M > 1 so that all

roots r of @Q(z) have |r| < M. Then for any ¢t > M, we see that R(t) is defined.
Iterating the equation, we find that

C=Rt)=R#)=R{tY=...=Rt*)=....
Thus the equation P(z) — CQ(z) = 0 has infinitely many roots, so
P(z) = CQ(z) and R(z) = C for all z. [ ]

Second Solution. Write R(x) = g‘%’ where P(z) and Q(z) are relatively

prime and Q(z) is monic. Then R(z) = R(z?) = g:z . The polynomials
P(2?) and Q(?) are also relatively prime, since if they had any common root
r, then r2 would be a common root of P(z) and Q(z), a contradiction. Since
Q(z?) is also monic, we must have Q(z) = Q(z?) and P(z) = P(z?). This
implies deg Q(z) = 2deg Q(z) and hence deg Q(z) = 0, so Q is constant, and
the same argument applies to P(z). [ ]

Example 3.33. Let k > 2 be an integer. Determine all polynomials P(z)
with real coefficients

P(:::)P<2:1:’°—1) =P(a:k)P(2x—1).
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Solution. Let R(z) = ﬂ}%)—ll

Hence P(2z — 1) = CP(z) for some constant C.

Suppose r # 1 is a (complex) root of P(z).

Then we find that P(2r —1) = CP(r) =0, hence 2r —1is also a 100t of P(g),
Tterating this, we find that 4r —3,8r —7,... and hence 2%(r — 1) + 1 for al}
nonnegative integer k are roots of P(z). Since r # 1, these are all distinct anq
we conclude that P(z) = 0.

Thus either P(z) = 0 or the only root of P(z) is at 1. In the latter case we

have P(z) = A(z — 1)¢ for some constant A and integer d > 0. It is easy to,
check that these are solutions to the given equation.

Example 3.34. Find all polynomials P(z) and Q(z) such that
P(z)Q(z +1) = P(z + 2016)Q(z).
Solution. Define R(z) = P(z)P(z+1)-...- P(z + 2015). Notice that

Q) _ @+
R(z) R(z+1)

Hence the rational function %g% is 1-periodic. This implies that %—% is con- '*
stant, so

0(z) = CR(z) = CP(z)P(z +1) - ... P(z +2015). n

. Then the equation becomes R(z) = R(z%), . 3

Adapting either proof of the previous example, we see that R = C is constant, ~*f
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Let P(x) = agz® + ag_12% 1 + ... + ap and assume that ag 7# 0. Then

Ps+1)—P(z) =04 ((m+1)d - acd) tag_ ((x+1)d‘1 —2%1) 4. +ag(1-1).

Expanding the first term using the binomial theorem, we see that the 2% term
cancels and the 291 term is dagz®~'. Since the %" in the second term also
cancels, all other terms have degree at most d — 2. Thus

P(z+1) — P(z) = dagz®™ + Q(m)

for some polynomial Q(xz) of degree at most d — 2. If d > 1, then dag # 0, we
get that
deg(P(z +1) — P(z)) = d — 1.

More generally:

Let ¢ be a nonzero real number. If a polynomial P(z) is of degree d > 1
with leading coefficient ag # 0, then the polynomial P(z +t) — P(z) is
of degree d — 1 with leading coefficient dtag.

Note that we can iterate this result easily. If P(z) is a polynomial of degree
d > 2 with leading coefficient ag, then

P(x+2)—2P(z+1)+ }3(:1:) = (P(x+2) — P(z+1)) - (P(z+1) — P(z))

is a polynomial of degree d — 2 with leading coefficient d(d — Dag. Ifd < 2,
then P(z+2)—2P(z+1)+P(z) = 0. (It is sometimes more convenient to shift

¢ this to P(z+1) — 2P(z) + P(z — 1), which does not change the conclusions.)
. Similarly,

3.6 The polynomial P(z + 1) — P(z)
P(z+3)—3P(z+2) +3P(zx+1) — P(z)

" is a polynomial of degree d — 3 with leading coefficient d(d — 1)(d — 2)aq.
Strictly speaking, this conclusion only follows if d > 3, but we can use it for
d < 3 if we interpret the zero polynomial as having any negative degree and
leading coefficient 0.

For a polynomial P(z), the polynomial P(z+1)—P () is a discrete version o
the derivative of P(z). As a result it has many uses and many lovely features.
For example, if we are interested in whether the sequence P(0), P(1),... s ;
increasing (or decreasing), then we can just look at whether P(z + 1) — P(
is positive (or negative).

8
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Now suppose Q(z) is a fixed polynomial of degree d and consider the equation . [

P(z+1).7 P(z) = Q(z). The theorem tells us that if P(z) is a polynomial of
degree d+ 1, then P(z + 1) — P(z) will be a polynomial of degree d. Thus we
can hope to find a solution P(z) which is a polynomial of degree d+ 1. In fact
we can, and this follows by induction on d. If Q(z) = C' is constant, then we
can take P(z) = Cz (or more generally P(z) = Cz + C"). For the inductive
step, suppose we can find a solution for all polynomials of degree less than g,
Let ag be the leading coefficient of Q(z) and write Q(z) = agz® + R(x) where
deg R(x) < d. By the theorem, we know that if we take

Po(z) = —2-gt!

d+1 !

then Po(z + 1) — Po(z) = agz® + S(x) for some polynomial S(z) of degree

at most d — 1. Since R(z) — S(z) has degree at most d — 1, the inductive
hypothesis tells us that there is a polynomial Py(z) of degree at most d such
that Py(z + 1) — Pi(z) + R(z) — S(x). Hence if we define

P(z) = Py(z) + Pi(x),
we will have
P(@+1)—P(z) = PR(z+1)— Polz)+ Pi(z +1) — Pi(z)
o= aqz® + S(zx) + R(z) — S(z) = Q(x).
Note that if we have two solutions
P(z+1)— P(z) =Q(z) and T(z+1)-T(z)=Q(=),

then it follows that P(z) — T(z) is 1-periodic and hence constant. Thus any:.
two solutions differ by a constant and we have proven the following theorem.

. Thieoten

Let Q(z) be a polynomial of degree d. Then there is & polynomial P(z)
of degree d+1 such that P(z+1)— P(z) = Q(z). Any other polynomial
that satisfies this equation differs from P(z) by just adding a constant.
If the leading coefficient of Q(z) is ag, then the leading coefficient of
P(z) is 4.
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The proof of the theorem does give an algorithm for finding P(z), though it is
not & great one. (Let P(z) = z(z—1)---(z—d) and compute P(z+1) — P(z)
and you may discover a better one.) But let us close by just remarking that
this last theorem is related to sums. For example, if we take

_ z{z — 1)(2z — 1)

P(z) e

then we compute that

o(x+1)(2c+1) z(z-— DRx-1)
6 6 =7

and this is equivalent to the well-known summation formula

P(z+1) - P(z) =

n—1
K2 = n(n—1)(2n - 1).
2 5

Example 3.35. Find all polynomials P(z) with real coefficients such that
2(1 + P(z)) = P(z - 1) + P(z + 1),

P(0)=8, P(2)=32.

N

Solution. Write the giv\en equation as
P(z+1)—2P(z)+Plx—1)=2.

- From the theorems above, we see that if P(z) is a monic polynomial of degree
2, then P(z+1) —2P(z) + P(z —1) will be a constant polynomial with leading
coefficient 2-1-1 = 2. This just says it is a solution of the equation. If P(z)
has degree d > 2, then P(z+1) — 2P(z) + P(z — 1) will have degree d —2 and

. hence will not be constant. Thus these are the only solutions. Thus '

‘ P(z)=a2?+ bz +c.
~ Since P(0) = 8 and P(2) = 32, we obtain that P(z) = z* + 10z + 8. [ |
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Example 3.36. Let P(z) = ¢® + az? + bz + c. Show that if P(r) = 0 for (

some complex number 7, then

P(z) 2P(:r +1)
T—T z+1—r1

for all z # r,r — 1,7 — 2.

P(z+2) —9
T+2-1

Solution. Writing P(z) = (z — r)Q(z) for some monic polynomial Q(z) of
degree 2, we find that

P(z) Plz+1)
z—r z+1l-—-7

Pz +2)

2
T+ 2—r

=Q(z+2)-2Q(z+1) + Q).

Since Q(z) is a monic polynomial of degree 2, it follows from the theorem tha
R(z) = Q(z+1)—Q(z) is a linear polynomial with leading coefficient 2. Using
the theorem again we see that R(z + 1) — R(z) = 2. However

Qz+2)-Qz+1) - (Qz+1) - Q)
Q(z +2) —2Q(z + 1) + Q().

R(z +1)— R(z)

%

Example 3.37. Find all polynomials P(z) such that

P(1+1%) = P(z®) + P(z?).

Alezander Golovanov.

Solution. Suppose P(z) has degree d and leading coefficient ag # 0. Then
by the theorem, P(1 +t) — P(t) has degree d — 1 and leading coefficient dag.
Therefore P(1 + 23) — P(z®) has degree 3(d — 1) and leading coefficient dag.

Since
P(1 + 2% — P(z®) = P(z?),

comparing degrees we find that 3d — 3 = 2d, which implies d = 3. However,

comparing the leading coefficients, we get dag = ag4, which forces d = 1, a
[ |

contradiction. So there is no such a polynomial.
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gxample 3.38. Find all polynomials P(z) with real coefficients such that for
oll real numbers z,y, z we have

p(z)+PW)+ P(2)+ Pz +y+2)=Plz+y)+ P(z+2)+ P(y + z) + P(0).

golution. Let Q(z) = P(z+2)— P(z) and let R(z) = Q(z+y) — Q(z). Then
we see that

R(z) — R(0) = Q(z + y) — Q(z) — Q(y) + Q(0)
=Plz+y+2)—Plz+y)—Plz+2)—Ply+2)
+ P(z) + P(y) + P(z) — P(0) = 0.

Hence R(:L') = R(0), so R(z) is a constant polynomial. But then by the
theorem (with ¢ = y), Q(z) is a linear polynomial, and by the theorem (with
t=2), P(z) is a quadratic polynomial. - |

Remark. Suppose we drop from the hypotheses of this problem the condition
that P(z) be a polynomial. From the proof, the identity satisfied by Q(z) can
be written as Q(z+1vy) — Q(0) = (Q(z) — Q(0)) + (Q(y) — Q(0)). This says that
. Q(z) — Q(0) is additive. Without assuming that ¢ is a polynomial, it follows
" after a little work that there is a constant a (and in fact a = Q(1) — Q(0))
: such that Q(r) = ar + Q(0) for all rational r. Hence if we just assume @Q is
}' continuous, we can still conclude that Q(z) is a linear polynomial. This can
be pushed through to prove that if P(z) is continuous, it must be a quadratic
polynomial. .

Example 3.89. For each positive integer d, prove that there exists a unique
monic polynomial P(z) of degree d such that P(1) # 0 and P(z) has the
" following property:

For any sequence of real numbers a1, ag, . . . that satisfies

P(n)ay + ...+ P(l)a, =0,

for all n > 1, there exists a natural number N such that for each positive
integer m > N we have a,, = 0.

Iranian Team Selection Test 2015
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Solution. Suppose that P(z) is a monic polynomial of degree d satisfying the Looking at the leading coefficient, we see that 1 + by + ...+ bys = 0. Hence

problem conditions. Setting a; = 1, then it is clear that we can inductiVely“’ L e can write by = —1 — by — ... — bpr—1 and rewrite this as
define a sequence (an)n>1 satisfying the given recursion. We simply set E
A (P(z) — P(a— M +1) +ba(P(z —1) — Pz — M + 1)) + ...
P(2)a; P(2)az + P(3)a1 B
= ) == , etc.. ! B _ _ _ _
" P(1) s P(1) ee i +bpr—1(Plz —M+2)—Plz—M+1))=0
" ,nd then as

By hypothesis, this sequence must be eventually all zeros, so there is some . "
largest M with ay # 0 and a, = O for all n > M. For each k > M, the
recursion therefore says that v

(P(z) = P(z — 1)) + (1 + bg)(P(z — 1) — P(z — 2)) + ...
+(1+bo+...+by—1)(Plx—M+2)— Plz—M+1)) =0.

(This last step is Abel’s summation by parts. If you do not see it immediately,
compare the coefficients of P(z—k) on both sides.) But Q(z) = P(z)—P(z-1)
is a polynomial of degree d—1 and therefore the inductive hypothesis says that
| this sum must have at least (d—1)+2 = d+1 terms. Thissays M —1 > d+1
: and hence M > d + 2, completing the proof. a

a1P(k) + agP(k — 1) + ...+ apP(k — M +1) = 0. (32))

The left-hand side is a polynomial, but it has infinitely many roots, whicl
means that it is the zero polynomial.
Now, we prove the following lemma.

Lemma. For any polynomial P(z) of degree d > 1, if there are real number, ,

b, ..., by such that for each real number z we have Returning to our problem, we see from the Lemma that M > d + 2. For

k= M — 1, the polynomial identity (3.2) gives

Plz)+ Pz —1)+...+byPlx—M+1)=0,
(z) +b2P(z = 1) mP( ) a1P(M = 1) + asP(M —2) + ...+ apy_1P(1) + ape P(0) = 0

then M 2 d+2. ‘ " but the recursive definition of a M~1 gives

Il \,

Proof. We prove this lemma by induction on d. For the base case d =1, let_iw
P(z) = cz + d with ¢ # 0 is a linear polynomial, and suppose by way of
contradiction, that M < 2. Hence there is a constant by such that

a1 P(M — 1)+ agP(M — 2) + ...+ apr—1P(1) = 0.

! Comparing these and recalling that apr # 0, we get P(0) = 0. Similarly,
comparing the polynomial identity (3.2) for Kk = M — 2 and the recursive
definition of apr—g, we conclude that P(—1) = 0. Continuing in this way for
k=M-1,M —2,...,2, we conclude that

P(z)+beP(z—1) = (cx+d) + ba(cx +d—c) =0.

From the coefficient of z, we see that by = —1. But then this equation reduc
to ¢ = 0, which is not true. Thus we must have M > 3.

For the inductive step, suppose the result is true for all polynomials of degre
less than d. Suppose P(z) has degree d and we have

P(0) = P(-1)=...=P(3— M) =0.
This gives us M — 2 > d roots of P(z). Since P(1) # 0, it follows that

M = d+ 2, and since P(z) is monic, we have

Plx)+bPz—1)+...4+byPlz—M+1)=0. P@)=z(z+1)-...- (z+d—1).
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Thus we have shown that this is the only polynomial of degree d that coulq .
possibly_satisfy the conditions of the problem. It remains only to show thyy =
this polynomial does actually satisfy the conditions of the problem. It sufficeg 3
to prove it for the sequence beginning with a1 = 1 (since any other sequence '
satisfying the given recursion is just a multiple of this one). In this case, we '
claim that the resulting sequence will be

w= 0 (311),

which will be zero for k > d + 2. One can prove this directly using binomial

coefficient identities, but an easier argument is just to back up through the

proof above. For this choice of ay, the identity (3.2), which we want to hold;
becomes :
d+1 d+1\ a1fd+1

- - e Plz—d—1)=

() p@- (1T1)pe- 0+ (0 (G 1 )Ple - =0

This does hold. To see this, note that the left-hand side is the result of applying ‘f

the map P(z) — P(z) — P(z — 1) a total of d + 1 times. Since we start with

a polynomial P(z) of degree d and since each step lowers the degree by 1, it ..

follows that the result will have negative degee, and hence will be the zero

If P(z)Q(z) = R(z)S(z), and ged(P(z), R(z)) =1, then P(z) | S(z) |
and R(z) | Q(z). Furthermore, there is a polynomial T'(z) such that
S(z) = P(2)T(z) and Q(z) = R(z)T(z).

We also have the following properties.
The
(1) I ged (P (2),Q (2)) = D(x), then
ged(P(z+7), Qz+7r)=D(z+7).
(ii) If ged (P (2),Q (z)) = 1, then for each complex number c,

ged(P(z+¢),Q(z+¢) =1

. Example 3.40. Let P(z)(z +1) = Q(z)(z? — z + 1). Since

polynomial. Thus for this choice of a1,...,04+2, we will have )
. 2 —
alP(:L')+a,2P(:1:—1)+...+ad+2P(m—d—1)=0 ‘ ged(@+1,2° —z+1) =1,
for all z. The chosen P(z) has P(0) = P(-1) = ... = P3— M) =0,s0" 1" the above Theorem implies that there is a polynomial T'(x) such that
this identity for = = 2 reduces to a1 P(2) + agP(1) = 0, and similarly for each -
2 =3,...,d+2, it reduces to the recursion after we drop the vanishing terms Q(z) = (z+1)T(z) and P(z)= (2% — z + 1)T(z).
with P(k) for k < 0. For n =d+3,d+ 4,..., the recursion reduces to thi
identity since a, = 0 for n > d+2. | ' Example 3.41. Find all pairs of polynomials P(z) and Q(x) with real coef-

ficients for which

3.7 Divisibility and the greatest common divisor of |
two polynomials

P)Q(z+1)—Plz+1)Q(z) = L.

Putnam Competition 2010
We know that if ab = cd for some positive integers a,b,c,d and ged(a,c) =1, ;
then a | d and c | b. If we write d = ak for some positive integer k, then we:
also have b = ck. Analogously, we have following theorem in polynomials.

First Solution. We will show that the only such polynomials are of the form
P(z) = az + b and Q(z) = cx + d where ad — bc = —1.
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It is easy to see. that
P@)Q(z+1) - Pz +1)Q(z) =1, Plz-1)Q(z)-P(2)Qz~1)=1, -
Therefore
P(z)(Q(z + 1)+ Q(z — 1)) = Q@) (P(z — 1) + P(z + 1)).

Observe that P(z) and Q(x) have no common nonconstant factor, othep.' -
wise this common factor would divide P(z)Q(z + 1) — P(z + 1)Q(z) = 1.,

a contradiction. Hence P(z) divides P(x — 1) 4+ P(z + 1) and Q(z) dividey
Q(z+1) + Q(z — 1). But P(z) and P(z — 1) + P(z + 1) are polynomials o
the same degree and similarly for Q(z), so this means there is a constant ¢
such that

P(z—1)+P(z+1) = CP@), Q@+1)+Q~1)=CQ().

We see that the z™*" term cancels and hence all the unwritten terms are of
degree at most m + n — 2. Thus the coefficient of 2™+~ on the left-hand
side is (n — m)amby. The coefficient of z™+"~! on the right-hand side is zero.
SO m=T Z 2.

Now, if the pair (P(z), Q(z)) satisfies the given identity, then so does the pair
( P(z), @(@) — tP(z)) for any real number ¢. Since P(z) and Q(z) have the
same degree, call it n > 2, then we can choose ¢ so that deg(Q(z) ~tP(z)) < n.
But then we have a solution with two polynomials of different degree, so we
obtain a contradiction. We conclude that P(x) and Q(z) are both linear (or
constant) and we finish as in the previous solution. [ ]

Example 3.42. Let n > 2 be an integer and a # 0,+1 be a real number.
Find all polynomials P(z) such that

(1+a®z%)P(az) = (14 a®*22?) P(z).
Comparing the leading coefficients, we get C = 2, that is,

Pz —1)+P(z+1)=2P(z), Qz+1)+Q(z~1)=2Q(z).

We obtain that P(z + 1) — P(z) = P(z) — P(z — 1). Hence P(z + 1) — P(g
is periadic, hence constant, and thus P(z) is linear (or constant). The sam
argument applies to Q(z). Writing P(z) = ax + b and Q(z) = cz + d, we
compute that '

Marcel Chiritd - Mathematics Magazine 1981

Solution. Define a sequence of polynomials Qn,(z) = 1+a?™z? and note that
this gives Qm(az) = Qm+1(z). Then we can write

Q1(z)P(az) = Qn11(z) P(z).

-'Since Q;(x) is a quadratic polynomial and it has no real roots, it is irreducible
over R[z]. We have the following.

Lemma. For each i # j, ged(Q:(z), Q;(z)) = 1.

P(z)Q(z +1) — P(z + 1)Q(z) = (ax + b)(cz + c + d) — (az + a + b)(cz + d)
= bc — ad.

Thus we have a solution exactly when ad — bc = —1. Proof. If Q;(z) and Q;(z) have a common factor, then it must divide

Second Solution. Let deg P(z) = m and degQ(z) = n. Assume tha a1 Qi(z) — a¥Q;(x) = a¥ — a¥ = o (a¥ % — 1).

max{m,n} > 2. Then we can write
P(z) =amae™+...+ao "and  Q(z) = bpx™ + ... + by,

From the Lemma, Q1(z) divides P(z), and so Q1(az) = Q2(z) divides P(az),
and therefore by the Lemma again it divides P(z). Continuing in this way,
we obtain that R(z) = Q1(x)Qa(z) - ... - Qn(z) divides P(z).

where g, and by, are nonzero. Then we compute

P(z)Q(z +1) — P(z 4+ 1)Q(z) = ambo(z™(z +1)" — (z + D™z + ...
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Writing P(z) = R(z)S(z), we find that
- Q1(z)R(az)S(az) = Qn41(z) R(z)S(2)-
Since

Q1()Q1(az)Q2(az) - - .- - Qn(az)
Q1(2)Qa(z) - .. - - Qn41(7)

= Qu+1(z)R(z),
we find that S(az) = S(x). Comparing leading coefficients in S(az) = S(z),
we find that o® = 1, which forces d = 0, and so S(z) = C is a constant
polynomial. Hence P(z) = CR(z).

Q1 (z)R(ax)

Tt is easy to check that this is a solution. ' n

Example 3.43. Find all polynomials P(z) and Q(z) such that
P(z)? —Q(z): =ax+b

for some nonzero complex numbers a and b.

Solution. Let z = —5—2—‘;-'—'9. Then
P _-z2+b 3—Q _z2+b 2=—z2
a a )
Since P (—Z—Zaﬂ’) and Q (—iaﬂ) are polynomials in 22, we can write
22 +b 9 Z2+b
(-2 s, (-5

which gives f(22)° — g(22)* = —22. Hence

(9(22) — 2)(9(z2) + 2) = F(2)°.

) = g(%),

Kiirschdk Competition 2017
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Let

D(z) D(z) = ged(g(?) — 2,9(") + 2

Then D(z) must divige Hence either D(z) = 1 or
- : (9(22)+2)— (g(22)—2) = 22 1T i
D(zz) = z. Assu;nn}g the l(att)er zv?/e (Zéztgat z) divides g( 2?%), and so 22 divides
g(z%)? Thus 2* divig, ) Ve g that is, f(2%)° is divisible by

s a(22)2 4 22 = £(22)%,
20. Hence the left-hand S‘igé: 3f ;_(:2)3 _fg((zzz))z — 22 is divisible by 2* but the

right-hand side is nog contradiction. Thus the former case occurs, that is,

D(z)=1.
Thus there are pdyhOInials A(z) and B(z) such that

9(22) — = A(z)3, g(zZ) +z :;‘B(z):”.

Therefore

22 = B(2)* — 4y _ (B(2) — A (B A(2)B(z) + A(2)%).

This implies that deg( B(z < 1. It is clear that

)2 + A(2)B(z) + A(2))
deg A(z) = deg B(2) =4 Z L
Denote the leading Coe

by a and b, respectively. The
leading coefficient of

flicients of A(z) and B(2) %Y % + ab+ b? £ 0. Hence

B(2)2 4 A(2)B(2) + A2)" 8 ¢
d \
B(Bl2)? + A(2)B(r) + AR)) = 2422
contradiction. So there are no polynomials p and Q satisfying the required

conditions

Remark. A genera] ) I ials with
es f f, g, h are polynomials w1
complex coefficients SUCEIE}:JGI\?:T_O; itaf,::ei ;:;‘G if f,9;
— Iy

™9X(deg £, deg g, deg ) < deg(rad(fgR) ~
where if P(z) = C(g _ .

a . (o e\, where T1,-- Tt are distinct
complex numbers, thep 1) v (o 7)™

rad(P(g)) = (¢ —11) -+ (z —Tt)-
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To see that this general result solves the problem, note that if we have 5
solution, then comparing degrees shows that deg P(z) = 2d and deg Q(z) = 34
for some d > 1. Thus

6d = max(deg P(z)®, deg Qx)31) < deg(rad(P(z)® - Q(z)% - (az + b)) - 1.
Note that
deg(rad(P(a:)3 -Q(z)? - (az + b)) = deg(rad(P(z)Q(z)(az + b)) < 5d + 1.

Therefore 6d < 5d, impossible.

3.8 Using odd and even polynomials

3.8.1 Substituting —z instead of =
Don’t underestimate the simple substitution z — —z. It solves many prob-

lems. Let us show some examples.

Example 3.44. Find all pairs of polynomials P, @ with real coefficients such
that L \ \

P@?+1) = Q@) +22,  Q=*+1)=(P(z))
for any real number z.

Polish Mathematical Olympiad 2016

Solution. We have
2z + (Q(z))? = P(z® +1) = P ((-2)? +1) = (Q(~2))* - 2,
SO

4o = (Q(-o)) - Q)
(Q(~=) — QE))(Q(=2) + Q(z))
F(z)G(x),
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where F(z) = Q(—z) — Q(z) and G(z) = Q(—z) + Q(x). From the last
equality, we see that one of the polynomials F(x), G(z) is of degree 0 and
the other is of degree 1. Since G(z) is an even polynomial, it follows that
G(z) has even degree, so it must have degree 0, i.e., G(z) is constant (and
nonzero). Therefore the polynomial F(z) is of degree 1. As F\(0) = 0, there
exist a,c € R, a,c # 0, such that G(z) = 2c and F(z) = 2az for all z € R. So

Q@) = 5(6@) - F@) = —az+c  VaeR.

From the relation Q(z? + 1) = (P(z))? it follows that the degree of the poly-
nomial P is equal to 1, so there are o, 8 € R, a # 0, such that P(z) = az + 8.
Hence

~a(z? 4+ 1) + ¢ = a?2? + 2aBz + 52
It follows that —a = o, 208 =0, c —a = B2. Since a # 0, we get 8 = 0
and a = ¢ = —a?, i.e,, P(z) = azx and Q(z) = o?(z — 1). From the relation
P(z® +1) = (Q(2))* + 2z we obtain
a(z? 4+ 1) = ot (z - 1)? + 2z.

If x =1, we get 2a = 2, i.e., & = 1. We have proved that there is at most
one pair of such polynomials: P(z) = z and Q(z) = z — 1. It’s easy to see
that these polynomials satisfy the two given conditions and so this is the only
solution to the problem. ' [ |

Example 3.45. Find all polynomials P(z) with real coefficients which satisfy
the following equality for all real numbers z:

P(2%) + 2 (3P(z) + P(—z)) = (P(z))? + 22°.
Vietnamese Mathematical Olympiad 2006

Solution. Clearly, degP > 0. If degP = 1, then P(z) = ax + b, where
a,b € R, a # 0. Substituting this into the given equation, we have

(a®-38a+2)22+2(a—-2)z+?-b=0 VzeR,
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which gives

- a?—3a+2=>bla—2)=b>—-b=0.
Solving this system of equations, we get (a,b) € {(1,0), (2, 0),(2,1)}. There.
fore P(z) = z, P(z) = 2z, or P(z) =2z + 1.
Now, let deg P = n > 2 and let P(z) = az” + Q(z), where a # 0 and Q(z) is
a polynomial with real coefficients with deg @ = k < n. Substituting this into
the equation we get

(a® - a)2™ + (Q(2))” — Q(2?) + 202" Q(z)

= (B34 (-1)" ez + (3Q(z) + Q(—x)) = — 222  VzeR.

Observe that the degree of the right-hand side polynomial is n+1 and n+1 < i

91, s0 a? — a = 0, which gives a = 1. Hence
22"Q(z) + (Q(=))* - Q(e?)
= B+ (1™ 2"+ (3Q(z) + Q(—x)) z — 222  VzeR

Observe that the degree of the left-hand side polynomial is n + &, while the
degree of the right-hand side polynomial is n+1, so k& = 1. Moreover, ifz=0,

we get (Q(0))2—Q(0) = 0, which gives Q(0) = 0 or Q(0) = 1. Thus Q(z) =bz

or Q(z) = bx + 1.
(i) 1t Q(m‘) = bz, then

B+ (=1)" = 2b) ™ — (1* -3b+2)2? =0 VzeR

It follows that 3 + (~1)" = 2b = 0 and % — 3b+ 2 = 0, which gives .

b=1and nis odd or b = 2 and n is even. Therefore P(z) = 22" + o
or P(z) = z?" 4+ 2z, where n € N*. An easy check shows that both
polynomials satisfy the given equation (even if n =0, in which case we
recover two of the linear solutions we found earlier).

(i) If Q(z) = bz + 1, then
(3 + (—1)" = 2b) 2"+ — 22" — (6% — 3b+2)z® —2(b~2)z =0
which is impossible (the coefficient of 2™ is nonzero).

In conclusion, all the desired polynomials are P(z) = z, P(z) = z* + 2,
P(z) = 22! + z, where n € N. n

vz €R,-

ik

|

N

E

=
1
A
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3.8.2 More advanced techniques

We say a polynomial P(z) (or more generally a function) is even if it satisfies
P(-z) = P(z) and odd if it satisfies P(—z) = —P(z). One of the reasons the
substitution z — —2z works is that it allows us to split a polynomial equation
into its even and odd parts. Sometimes it helps to do this even more explicitly.

(i) A polynomial P(z)

is even if and only if there exists a polynomial
Q(z) such that P(z) = Q(z?).

(ii) A polynomial P(z) is odd if and only if there exists a polynomial
R(z) such that P(z) = zR(z?).

(iif) Each polynomial P(z) can be expressed in the form Q(z%)+zR(z?)
for some polynomials R(z) and Q(z), hence P(z) is expressed as
a sum of its even and odd parts.

Example 3.46. If R(z) is a rational function and R(z) = R(—z), prove that
R(z) = S(x?) for some rational function S(z).

Solution. Write R(z) = \%%% where P(z) and Q(z) are relatively prime.
Then

P(z) _ P(-z)
Q(z) Q(-=)’

hence P(z)Q(—z) = Q(z)P(—z). Since ged(P(z),Q(z)) = 1, we conclude
that Q(z) | Q(—z) and P(z) | P(—z). But these are polynomials of the same
degree so there is a constant C such that Q(—z) = CQ(z) and P(—z)=CP(x)

R(z) = R(~z) =

. and comparing leading coefficients, we see that C = +1. If C =1, then and

P(z) = P(—z) and Q(z) = Q(—z) are both even, and hence can be written
as polynomials in z2. Hence R(z) = S(2?). If C = —1, then P(~z) = P(z)
and Q(—z) = —Q(z), which implies P(0) = Q(0) = 0, contradicting the fact
that P(z) and Q(z) are relatively prime. |
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So we get the following.

Corollarsr‘3.1 If R(z) is a rational function and R(z) = R(1 — z), then
R(z) = S (22 — z) for some rational function S(z).

Example 3.47. Prove that for each positive integer d there exists a poly-
nomial P(z) with real coefficients of degree d such that the polynomial
zP(z)? — (P(z) — 1)? is an odd polynomial.

Nikolai Nikolov - Bulgarian Mathematical Olympiad 2010

Solution. Write P(z) = Q(z?)+zR(x?) for some polynomials Q(z) and R(z).
Then :

2P(2)? — (P(z) - 1)* = 2(Q(#%) +2R(s)’ — (Q(=) — 1 + zR(a?)".
The above expression is equal to
22%Q(2?)R(2%) — (Q(z%) — 1)? — 2?R*(a?)
+z(z?R2(z?) + Q2(2?) — 2Q(z?) R(2?) + 2R(z?)).
Since we need an odd polynomial, we must have
20%Q(2%)R(z?) - (Q(z?) — 1)? — 22 R*(a%) =,
that is,
(Q(z) — 1)? — 22Q(2) R(z) + zR*(z) = 0. (3.3)

Thus we want to generate pairs of polynomials (Q(z), R(z)) that are solutions
to (3.3). To do this, we invoke a famous recursive trick for generating solutions
to a quadratic equation in two variables. It is easy to find the trivial solution

Qo(z) = 1, R-1(z) = 0. (The unusual choice of the subscript here will make ”S}’:‘ ;
more sense later.) Suppose we fix Q(z) = Qo(z) and think of (3.3) as a "

quadratic equation in R(z). Since it is a quadratic it has two roots, one o
which is R_1(z), and Vieta’s formula tells us that the sum of the two roots
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is 2Qo(z). Therefore the second root must be Ry(z) = 2Qo(z) — R-1(z) = 2.
(It would be easy to check this, but thanks to Vieta we do not need to do so.)
Hence we have found a second solution Qo(z) = 1, Ro(x) = 2 to (3.3). Now we
turn it around and think of R(z) = Ro(z) as fixed and view (3.3) as a quadratic
equation in @(z). One root is Qo(z) and Vieta says the sum of the roots is
9+ 2zRo(z). Hence the other root is Q1(z) = 2+ 2zRo(z) — Qo(z) = 4z + 1.
Thus we have a third solution (Q1(z), Ro(z)), and we can clearly continue in
this way indefinitely. Define R_y(z) = 0, Qo(z) = 1, Ro(z) = 2 and define

Qu(z) = 2+ 22Ry-1(z) — Qk-1(z)

and
Ri(z) = 2Qx(z) — Re-1(z)

for k > 1. Then it follows by induction on & that Ri(z) and Qx(z) are poly-
nomials of degree k and that the pairs (Qk(z), Ri(z)) and (Qr+1(z), Ri(z))
are both solutions to (3.3).

Returning to P(z) and the original problem, if we take the solution
(Qr(), R(z)), then P(z) = Qi(z?) + zRy(z?) is a solution to the origi-
nal problem, and it is easy to see that deg P(z) = 2k + 1. If we take the
solution (Qr+1(x), Ri(z)), then P(z) = Qkr1(2?) + zRy(2?) is a solution to
the original problem with deg P(z) = 2k+2. Thus we have produced solutions

of all positive degrees. [ |
\\

A

3.9 Defining a new polynomial

You should be well aware that in algebra problems or inequalities, a clever
change of variables can make the problem easier or even solve it completely.
For problems where we want to find polynomial solutions, the analogous tech-
nique is to define a new polynomial and to rewrite our equation in terms of
this new polynomial.

Example 3.48. Find all nonconstant polynomials P(z) such that

P(z)? = P(z?) ~ 2P(z) Va.
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Solution. Rewriting the equality as P(z)? +2P(z) = P(2?) and adding 1 to
both sides, we get
(P(z) +1)2 = P(z®) + 1.

Defining Q(z) = P(z)+1, we get Q(z)? = Q(z?). We saw this equation in the
solutions to Example 3.18, and in particular we showed that the nonconstant
solutions are Q(z) = 2%, where d is a positive integer- So P(z)=z¢-1. W

In the next example, we introduce you to & more sophisticated argument, that
is, if P(0) = b, we can write P(z) = b+ z*Q(z) for some positive integer k
and some polynomial Q(z) such that Q(0) # 0.
Example 3.49. Find all polynomials P(z) with real coefficients such that

P(z)P(2z%) = P(2z® +2%) vz

Mathematics and Youth
Solution. Putting z = 0, we find that P(0) =0 or P(0) = 1. First assume
that P(0) = 0. Writing P(z) = z*Q(z) where k > 1 and Q(0) # 0, we get
% 34 Q(2)Q(22) = (22 + 22)FQ(22° + z?).
Thus
2k 3k Q(z)Q(22%) = (2= + 1)kQ(22® + z°).

Putting « = 0, we find that Q(0) =0, a contradiction.

Now assume that P(0) = 1. Writing P(z) = 1+ z¥Q(z) where k > 1 and
Q(0) # 0, we find that

(1+25Q(@)(1 + 227 Q(22%) = 1+ (22° + ") Q(2" +2°).
Therefore
2k 3% Q(2)Q(22%) + z*Q(z) + 2’°m2kQ(2w2) = (22% + ?)kQ(22® + z?).
Thus |
2k 22k Q(2)Q(22%) + Q(z) + kakQ(2m2) =z*(2z + 1)FQ(22® + 2?).
Putting z = 0, we get Q(0) = 0, a contradiction. u
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Example 3.50. Let k be a real number such that there exists a nonconstant
polynomial P(z) with real coefficients satisfying

P(k+z?) = P(z)? V&'
Prove that &k = 0.
Nikolai Nikolov

Solution. Since P(z)? = P(k+a?) = P(k+(—z)?) = P(—z)?, one of the two
equations P(—z) = +P(z) must have infinitely many solutions, hence must
nold for all z. Thus we find that P(z) is either even or odd.

Pirst assume that P(z) is even. Then P(z) = R(z?) for some polynomial
R(z). In terms of R the equation reads R((z? + k)?) = R(z?)?, which since
42 takes on infinitely many values, implies R(2)> = R((z + k)?). Further
writing S(z) = R(z — k), we see that S(z) satisfies S(z?+k) = (S(z))®. That
is, S(z) satisfies the same equation as P(z), but S(z) has lower degree since
deg P = 2deg S. Thus if we assume P(z) is a solution of minimal degree, then
it follows that P(z) is an odd polynomial.

Now assume that P(z) is an odd polynomial and & #£ 0. Write P(z) = zS(z?)
for some polynomial S(z). Hence

P(z® + k) = P(z)* = £25(z%)?,
and again since z° takes on infinitely many values, this implies
P(z+ k)= zS(z)?.

Since P(0) = 0, it follows that S(—k) = 0.
Hence we can write S(z—k) = z"T(z) for some polynomial T(z) with T'(0) # 0
and some r > 0. Then we get

ﬂ@=@—m$@—mf=@—mﬁvuﬁ

Since P(z) is an odd polynomial, it has no monomial of even degree. Therefore
the coefficient of z2" on the left-hand side is 0. However, the coefficient of z%"
on the right-hand side is —kT(0)?, which is nonzero since k and T'(0) are
nonzero. This is a contradiction, so we must have k=0. |
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Second Solution. Looking at leading coefficients, we see that P(z) must be
monic, hence we can write

P(z) = (@—ri)(@—r)-...- (z—rq),
where 11,73, .., 74 are the roots of P(z) taken with multiplicity. Then
P(k+1132) = (1‘2+k—7‘1)(l‘2+k—7‘2) '...-($2+k—~’l”d).

The factors in this product with distinct r; are relatively prime (since any
common factor of z2+k —r; and 22+ & — r; with r; # 7, would have to divide
(@P+k—r)~ (@2 +k—r) =1 — Tj, & nonzero constant).

Now from the equation we have

(x2+k—r1)(x2+k—r2)-...-(-x2+k—rd) = (a:-—rl)2(x—r'2)2-...-(x-rd)2.

Look at a root r of P(x) of maximum multiplicity, say multiplicity m. Then r
is a root of the right-hand side with multiplicity 2m. But by the above, r can
be a root of only one type of factor 22+ k — r; on the left, this factor occurs at
most m times (since r has maximum multiplicity), and this factor is quadratic
so 7 can be at most a double root. Thus the multiplicity of » as a root of the
left-hand side is at most 2m. Thus we must have equality throughout. This
means that 7/ = 12+ is also a root of P(z) with multiplicity m and that r is
a double root of 22 + kL v = (. The latter can only occur if k = r’ and r = 0,
Thus the only possible root of maximum multiplicity is 7 = 0, and since 7 also
has this multiplicity, we must have r = ' = 0 and hence k = ¢ — 72 — 0. N

Example 3.51. Find all polynomials P with real coefficients having the fol-

lowing property: if 2 + y is a rational number, then also P(z) + P(y) isa . i

rational number.

Polish Mathematical Olympiad 2003

Solution. First observe that the conditions of the problem are satisfied by
every polynomial of the form P(z) = az + b, where a and b are rational
numbers. We will prove that these are the only polynomials with the given
property.
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Let P be a polynomial satisfying the given conditions. For an integer n, we
consider the polynomial Q(z) = P(n + z) + P(n — z). The polynomial Q
assumes rational values for all real numbers z, so it is a constant polynomial
(by the Intermediate Value Theorem) and Q(0) = 2P(n). Hence Q(z) =
2P(n) for all z. In particular taking = = 1 we see that for any integer n we
have P(n — 1) + P(n + 1) = 2P(n). Since we can write this as

P(n)—P(n—1)=P(n+1)- P(n), -

we see that P(n) — P(n — 1) = a is constant for integer n. Hence an easy
induction gives P(n) = an+b, where b = P(0), for all positive integer n. This
is infinitely many agreements, hence P(z) = az + b for all z. n

3.9.1 Using symmetry
If P(a — z) = P(z), by making the substitution x %+ z, we have

a a
P(§+x) —P(§—x).
That is, the polynomial P (% + z) is even, and therefore
a _ 2
P(2 +m) = Q(z%),
for some polynomial Q(z). Thus

1\3(.1;)=Q(1:2—ax+az2>.

We can write this more simply as P(z) = R(z® — az) for some polynomial
R(z).
Analogously, if P(a—z) = — P(z), we find that P (% + :1:) is an odd polynomial.
Hence

p (g + 9:) = zQ(z?),

for some polynomial Q(z). Thus

2

P@)=(a-2)Q <:z:2 p +'f‘4—)
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or in a simpler form

-

P(z) = (a: - g) R(z? — az).

Thus we have shown:

(i) If P(a— z) = P(z), then P(z) = R(z* — azx).

(ii) If P(a — z) + P(z) = 0, then P(z) = (z — %) R(«® — az).

(iii) ged (P(z), P(—z)) = D(z?) for some polynomial D(z) and hence
ged (P(z), P(a — z)) = D(z? — ax) for some polynomial D(z).

d

Example 3.52. Prove that the graph of the polynomial P(z) is symmetric

with respect to the point A(a, b) if and only if there exists a polynomial Q(z)
such that
P(z) =b+ (z—a)Q ((z — a)?).

| Spanish Mathematical Olympiad 2001

Solution. The reflection of the point (a + h,b + k) through the point (a,b) j:‘

is the point (a — h,b — k). Therefore the graph of y = P(z) is symmetri

with respect to the point (a,b) if and only if for each h there is a k with

P(a+h) = b+k and P(a— h) = b— k. Since we can define k = P(a+h) —b, -
we find that this reduces to just P(a — h) + P{a + h) = 2b for all h. If w
define R(z) = P(a+)—b, we see that this is equivalent to R(z)+R(~z) =0

Hence it holds if and only if R(z) = zQ(z?) for some polynomial Q(z) and 5
this translates into P(z) = b+ (z — )Q((z — a)?), as desired. [ K

Example 3.53. Find all polynomials P(z) and Q(z) such that
P(z?) = P(z)Q(1 - z) + Q(z)P(1—z) V.

Belarusian Mathematical Olympiad 201

R P
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golution. Using the substitution z > 1 — z, we get
P(z%) = P((1 - 2)*) = P((z - 1)?).

Hence the polynomial P(z?) is 1-periodic, which means that P(z) = C for
gome constant C. Thus

C =CQ( —z) + CQ(z).

If C = 0, we are done. If C # 0, then Q(z) + Q(1 - z) = 1. Hence by using
the substitution z — % + z, we find that

1 1 1 1
Q<§+.’E> ——2'+Q<-2-—.’17) ~—§=O
Hence the polynomial
1 1
is odd. Therefore . .
o _i_ p)
Q (2 + :1:) 3 zS(z*)

for some polynomial S(z). Thus
1 1\ 1

Example 3.54. Let m > 2, be an integer. Find all polynomials P(z) such

that if 27* + 2 = 1, then P(x;) + P(22) = 1.

Solution. Let w be a primitive m-th root of unity. It is clear that
1=2P+ 23 =" + ™z

Hence P(z1) + P(z2) = 1 = P(z1) + P(wzz). Thus P(z3) = P(wzg) for
infinitely many xo. Therefore P(z) = P(wz) for each z. Write

P(z) = agz® +ag_12%t + ...+ a1z + ao.
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Then equating coefficients of ¥ in P(z) = P(wz), we get axw® = qy, which
implies that either ay = 0 or m divides k. Thus

P(z) = ag + amz™ + . .. + ag(z™)® = Qz™).
Hence for 2" + zJ* = 1, we have Q(zT*) + Q(5*) = 1. This implies that
RRR)+Q(1l—-2)=1

for infinitely many 2z and hence for all z. Thus
1 1 1 1
Q<§+Z) ——§+Q(—2-—z) —5-—0.
Therefore Q (% +2) — % is an odd polynomial, that is,
1 1 9
Q<§+z> —§—zR(z )

for some polynomial R(z). Hence

Q(z)=%+ (z——é—)R((z—%)j .
P(@) = Q™) =-;-+ (xm— %) R <<xm— %>2> .

Therefore

Remark. A similar problem posed in the Tuymaada Olympiad 2001 was the

following:

“Find all polynomials P(z) such that P(sinz) 4+ P(cosz) = 1 for all real

numbers z.”
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" 3.10 Miscellaneous problems

gxample 3.55. Find all polynomials P(z) such that, for any real numbers
5,9, % such that z +y +2 =0, the points (z, P(z)), (y,P(y)) and (z,P(z))
are collinear in the coordinate plane.

Mongolian Mathematical Olympiad 2018

golution. A little geometry shows that the points (z, P(z)), (v, P(y)) and
(z, P(2)) are collinear if and only if

(z ~y)P(2) + (y — 2)P(z) + (2 — 2) P(y) = 0.

Thus we want to find all polynomials P(x) such that this holds whenever
s+y+2=0.

Now, if Pi(z) and P(z) satisfy this condition, it is easy to deduce that
a1 P1(x) + a2 Pa(z) satisfies this condition for any constants ai,ag. It is clear

i that P(z) =1 and P(z) = g satisfy the condition, and from the identity

Alr—y)+23y—2)+1*(z-z) = —(z+y +2)(& - y)(y — 2)(z — x),

we find that the polynomial P(z) = 23 also satisfies the condition. Thus all
polynomials of the form

v P(z) = azx® + a1z + ag

are solutions to the problem.
Now, put (z,¥,2) = (z,2z,—3z). Since this satisfies z +y + 2z = 0, we find
that

—zP(-3z) + 5zP(z) — 4xP(2z) = 0.

 Write P(z) = agz® + ag—12%71 + ... + a1z + ap. Then equating coefficients of

¥+l we get that
ap((—3)F + 252 —5) =0

for all k. If k > 2 is even, then (—3)F + 2¥*2 — 5 = 2 (mod 3). Therefore
‘ (—-8)k + 2k+2 _ 5 =£ 0, and hence ax = 0, for even k > 2. Now, if k is an odd
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number and a; # 0, we must have ok+2 __ gk — 5 This is true for k = 1,3, .
But for k > 5 we have

for some polynomial R(z,y, z).

We also want these to be the only cases where the three points are collinear.
3 k > 3 5 >4 I Therefore we need an extra hypothesis that any integer solution to R{a,b,c) =
2 2 ’ 0 has either a+b+c = 1 or two of a, b, c equal. The easiest way to arrange this

hence 3% > 2¥+2 _ 5, Thus for all odd k > 5, we also have ai = 0. Tt follows B Jus.t to :S fililm © i(i’;{’ ?ut: 1:0 -tllllzteeR t}T S llgass no sgluuonshaz all. Afgdaln,

that for all k # 0,1,3, we have ax, = 0. Thus P(z) = a3z + a1z + ag are the | this 18 1O v 8 ’ we wi ab 1t 1S good enough to provide a

only solutions. - © golution.
" Thus we are reduced to looking for a polynomial Q(z) such that

(b—)Q(a) + (c=a)Q(D) + (a—b)Q(c) = (1 —a—b-c)(a=b)(b—¢)(c~a)

The highest exponent of a occurring on the right-hand side is a® and the
& term is (b — c)a®. Comparing this to the left-hand side, we see that if
there is a solution, then Q(z) must be a monic cubic polynomial. Write
‘ Q(z) = 23 + R(z), where R(z) has degree at most 2. From the identity

1
if

Example 3.56. Prove that there exists an infinite set of pointg
ooy P_g,P.1,Po, P1,... in the plane with the following property: For any
three distinct integers a,b and ¢, points Py, P, P, are collinear if and only if
a+b+c=2014.

Sam Vandervelde - USA Mathematical Olympiad 2014 |
Solution. By using the substitution a + a—671, b b—671 and ¢ — c¢—671, (b—c)a® + (c—a)b® + (a — b = —(a+b+c)(a—b)(b—c)(c—a),
we can replace the condition a + b + ¢ = 2014 with the simpler condition -
a+ b+ c=1. Thus we will do so.
We will look for an infinite family of points of the form P, = (n,Q(n)) for
some polynomial Q(z). This is not fully general, but it is the simplest possible
construction and we will see below that it is general enough to provide s
solution. Asremarked in the preceding solution, the statement that the points
(a, Q(a)), (b, Q(b)), and (c, Q(c)) are collinear is equivalent to

(b~ )Q(a) + (c = a)Q() + (a — b)Q(c) = 0.

Since Q(z) is a polynomial, the left-hand side of this equality is a polynomial
in a,b, c. To solve the problem, we want it to vanish whenever a +b+c=1,
and it will obviously vanish if any two of a, b, c are equal (geometrically, this
is just the fact that if there are only two distinct points, then they lie on a
line). Hence

we get
(b—c)R(a) + (c — a)R(b) + (a — b)R(c) = (a — b)(b— c)(c — a).

" The highest degree term in a on the right-hand side is (¢ — b)a?, hence com-
- paring to the left-hand side we see that R(z) is a quadratic polynomial with
leading coefficient —1, and since

(b—c)a? + (c—a)b® + (a—b) = —(a—b)(b—c)(c—a)

- we find that R(z) = —2? is a solution. (It should be clear from the geometry
" of the problem that the linear and constant coefficients of Q(x) can be changed
. without changing whether we have a solution.) Thus we have found a solution

Q(z) = 2% ~ 2.
(b - )Q(a) + (c—a)Q(b) + (a — 5)Q(c)

must be divisible by (1 —a — b~ ¢)(a — b)(b — ¢)(c — a), and we can write

(b—c)Q(a)+(c—a)Q(d)+(a—b)Q(c) = (1—a—b—c)(a—b)(b—c)(c—a)R(a,b;¢

 Undoing our earlier change of coordinates, we find that a solution to the
original problem is the points

P, = (n+671,Q(n)) = (n+671,n% — n?). n
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We end this chapter with a relatively hard problem from the Canadian coefﬁclent aq and R(z) has degree d+1 and 1eading coefficient -24, we conclude

a+1
Olympiad 2018 that needs great concentration on what you have learned, T ipat @Q(z) is linear and has leading coefficient 7 +1, that is,
Example 3.57. Find all polynomials P(z) with real coefficients that haye | ’} : Qz) = (z+b)
the following property: there exists a polynomial @(z) with real coefficientg d +1
such that i . ..
P(1) 4 P(2)+ ...+ P(n) = P()Q(n) for some real number b. Plugging this into (3.4), we find
for all positive integer n. ——(z+b)P(z) = ——l—P(x +1)(z+b+1-d-1).

d +1
Canadian Mathematical Olympiad 2018

(@ +b)P(z) = P(z + 1)(z + b~ d).

Now, substituting 2 = —b, we get P(1—b) = 0. Substituting z = 1 —b, we get
P(2 —b) = 0. Continuing in this way for z = —b,1 —b,...,d — 1 —b, we find

Solution. Let deg P(z) = d and write P(z) = agz® + ... + ao where a4 % 0
Writing the original equation for n + 1 and cancelhng, we get and equation
without an n-long sum,

P(n)Q(n) + P(n+1)=P(n+1)Q(n+1). P(1-b)=P2-b)=...=P(d—-b)=0.

Since the above equality is true for each positive integer n, we find that Since deg P(x) = d, and we have found d roots, we conclude that

P(2)Q(z) + P(z +1) = P(z + 1)Q(z + 1), P()=aglc+b—1)(@+b—-2)-... - (z+b—d).

or equivalently \

P(z)Q(z) = P(z +1)(Q(z +1)— 1) (3.4) that P(0)Q(0) = R(0) ~ R(0) = 0. Since

for each z. Recall from Section 3.6 that there is a polynomial R(x) of degree (@+b)(@+b-1)(@+b-2)-...-(z+b-d),

d + 1 with leading coefficient #I, such that

d+1

this condition forces -

R(z) — R(z — 1) = P(z). 0= P(0)Q(0) =

wooo(b—d),
Summing this for z = 1,...,n, we find that -

) hence we must have b € {0,1,...,d}. Thus the final answer is that
P(1) + P(2) + ...+ P(n) = R(n) — R(0).
, Pz)=a4(z+b—-1)(z+b—-2)-...- (z+b—d)
Thus we have P(n)Q(n) = R(n) — R(0) for all positive integer n, and henc

P(2)Q(z) = R(z) — R(0) for all z. Since P(z) has degree d and leading Jfor some d > 0, aq # 0, and some b€ {0,1,...,d}. n



164

3.11 Proi)osed problems

Problem 3.1. Let P(z) = 22 + a, (a # 0) and Q(z) = 2 + bz +c.
If Q(P(z)) = P(Q(z)) for all real numbers , find the value of Q(10).

Problem 3.2. Find all polynomials P(z) of degree d such that
P(1)+ P()+...+ P@®) = (1L +z+...+ 2%)P(a).

Problem 3.3. Find all polynomials P(z) such that

Ve eR.

P(2z) = 8P(z) + (z — 2)*

P. Gernek - Crech-Slovak Mathematical Olympiad 2001

Problem 3.4. Let
3P(2?) + 212222 = 2(z® + 2) P(z) + o* + 40242® + 8048z + 1959.

Find P(2013).

\

Problem 3.5. Find all polynomials P(z) with real coefficients such that for

all nonzero real numbers z we have

P(z)P e) ~1.

Problem 3.6. Find all polynomials P(z) and Q(z) such that
(z+1)P(z—1) - 2°Q(z + 1) =g2-z-1,

P(x+1)— (m_—|—2)Q(x +3)=~1.

Problem 8.7. Find all polynomials P(z) and Q(z) with rational coefficients

such that

2z + 1+ (3z + 1) P(z) = Q(z)%.
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problem 3.8. Find all polynomials P(z) and Q(z) with real coeflicients such
that

P(Q(z) +1) =1+ Q(P(z)),
Q(P(z) +1) =1+ P(Q(z)),
P(0) = Q(0) = 0.

Problem 3.9. Find all polynomials P(x) with real coefficients such that

2 2
(=) - (54
problem 3.10. Find all polynomials P(x) with complex coefficients such that
P0)=0 and for all integers n > 2 and for all real numbers a1, as, . . ., a, with

a1+a2...+an?é0,
+...+P =0.

7
Problem 3.11. Let P(z) be a nonzero polynomial such that

P(z)(@ — 1)

for some real numbers a, b, ¢. Evaluate P(1) + a? 4+ b? + 2.

zT—Y

P(z)P(y) =P 5

z+y
2

ay
a1t+az+..

an
ay+ag+...

= (22 + az + 1)% + (22 + bz + ¢)1°

Problem 3.12. Find all monic polynomials P(z) with real coefficients such
that for each real number z

P(z + P(z)) = z* + P(P(z)).

Problem 3.13. Find all monic polynomials P(z) with real coefficients such
that for each real number z
P(z + P(z)) = 22% + 2% + P(P(x)).

Problem 3.14. (a) Determine the set of all polynomials P(z) with real co-
efficients such that (z — 4)P(z + 1) — zP(z) +20 =0, Vz € R.
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(b) From the set determined in point (a), find the polynomial satisfying
P(0) = 29.

I. V. Maftei - Romanian Mathematical Olympiad 1971

Problem 3.15. Let P(z) be a polynomial with integer coefficients such that
P(a) =1, P(b) =2, P(17) = 3 for some integers a <b < 17.

(i) Prove that the equation P(z) = 5 has at most one integer solution.

(il) Find all polynomials P(z) for which the equation P(z) = 5 has exactly
one integer solution.

Problem 3.16. Anna is playing a mathematical computer game. The com-
puter is hiding a polynomial P(z). The degree and coefficients of P(z) are
unknown to Anna, but she knows that the coefficients are strictly positive
real numbers. At each move, Anna inputs a real number a and the computer
outputs P(a). This is repeated until Anna can determine what P(x) must be.
For a strategy S used by Anna, denote by S(P) the number of moves she
needs to determine P(z). Call a strategy S optimal if S(P) < §'(P) for all
possible strategies S’ and all polynomials P with strictly positive coeflicients,
Does there exist an optimal strategy? .

Problem 3.17. Find all polynomials P and @ such that for all real numbers
,

Q) = (z+1)* ~ 2 (P(2))*.

P. Cernek - Czech-Slovak Mathematical Olympiad 2001

Problem 3.18. Find all polynomials P(z) with real coefficients such that
P(z?) P (%) = (P(z))® VzeR.
Polish Mathematical Olympiad 2008

Problem 3.19. Determine all pairs of polynomials P(z) and Q(z) with real

coefficients such that z2Q(z) = P(Q(z)) for all real numbers .

B
ki
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Problem 3.20. Find all polynomials P(z) such that
1
1 I
Py ~ PP
is also a polynomial.
Adapted from Oleg Mushkarou

Problem 3.21. Find all polynomials P(z) satisfying

P(P(z)) + z = P(z + P(z)).
Problem 3.22. Find all polynomials P(z) such that

2018 2018
P(z) + ( 0 )P(m +2) 4.+ (2016)P(w +2016) + P(z + 2018)

2018 2018
=( 1 )P(x+1)+< 3 )P(m+3)+...+(Zgig)P(m+2015)

)P(w +2017).

Nordic Mathematical Contest 2018

Problem 3.23. Given a positive integer k, find all polynomials P(x) with
real coefficients such that P(P(z)) = (P(z))*.

Canadian Mathematical Olympiad 1975

Problem 3.24. Let n > 3 be an integer.
Find all polynomials fi(z),..., fo(z) such that for all L < k < n

Je(@) Fr1(@) = frer1(foa()),
where fni1(z) = fi(z), fata(z) = fo(z).

Oleg Mushkarov - Bulgarian Mathematical Olympiad 2012
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Problem 3.25. Find all polynomials P(z) with real coefficients such that problem 3.31. Find all polynomials P(z) with real coefficients which satisfy

- P(z)? — P(z — 1)P(z + 1) = 2P(x). ;"f (2% + 322 + 3z + 2)P(z — 1) = (2% — 322 4 3z — 2)P(z)
Problem 3.26. Find all polynomials P(z) with real coefficients such that for all real numbers z.
P(z—1)P(z+1) > P(w)2 _1 Vietnamese Mathematical Olympiad 2003
k
for all real numbers z. I problem 3.32. Give an example of a polynomial P(z) of degree 2001 for

] . ich the identit
Nikolai Nikoloy wii : Y Pz)+ Pl-2z)=1

Problem 3.27. Determine all polynomials P(z) with real coefficients such . holds.
that . |

(z+1)P(z - 1) - (¢ - 1)P(z)

is a constant polynomial.

V. Senderov - Moscow Mathematical Olympiad 2001

. Problem 3.38. Does there exist a positive integer d and a polynomial P(x)

Canadian Mathematical Olympiad 2013? with integer coefficients such that 2 + & + 2 = P(P(z))?

Problem 3.28. Find all polynomials P(z) with real coefficients such that f
all real numbers z,

(z+1)P(z—1) + (z — 1)P(z + 1) = 22P(x).

E. Kovdé - Czech-Slovak Mathematical Olympiad 2002

Problem 3.29. Find all polynomials P(z) with real coefficients such that :
(x—1)P(z+1)— (z+1)P(z — 1) = 4P(x). |

Belarusian Mathematical Olympiad 2013

Problem 3.30. Let a,b be real numbers with a 5 0. Find all polynornialé
P(z) such that '
zP(zx —a) = (z - b)P(z)  Vaz.

Vietnamese Mathematical Olympiad 1984
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Chapter 4

. Finding Polynomials. Part II:
Uniqueness Lemmas

4.1 First Uniqueness Lemma

In one common group of problems concerning finding a polynomial, we have
" fixed polynomials P(z), Q(z), and R(z) and we are asked to find all polyno-
* mials f(z) such that

\f(P(w))f(Q(w)) = f(R(z)).
For example, we could be asked to find all f with
f@fe+1)=f@?), f@)f(@+1)=f@®+z+1)

n this section we provide a very powerful approach to deal with such problems.

Example 4.1. Let P, @, R be three polynomials such that deg P # deg @ >
0. Prove that for all k£ > 0 there is at most one monic polynomial f of degree
k such that

F(P(2))f(Qz)) = f(R(z)).
M. Troinikov and V.A. Senderov - Kvant, Problem M1465
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More significantly, the condition that deg P # deg@ can be substanitally
‘ weakened- The only place we used this condition was to argue that the two
polynomials f(P)(£(Q)~9(Q)) and 9(Q)(f(P)—g(P)) have difference degrees,
and hence the degree of the sum is the larger degree. If deg P(z) = deg Q(z),
then these two terms have the same degree and one might worry that the lead-
ing coefficients could cancel. Using the notation from the previous discussion,
and letting the leading coefficient of f (z) — g(z) be b, we see that the leading
. coefficients of these polynomials are abpFq™ and abg®p™, respectively. Thus
the only way there can be cancellation is if

B -

' Thus it would be enough to assume ratio of the leading coefficients of P and
Q is not a root of —1. Since we are usually interested in cases where P(z) and
Q(z) are real-valued, it would be enough to assume they are real-valued and

deg(P(z) + Q(z)) = max(deg P(z), deg Q(z))-

There is one other clever addition we can make to this result. Suppose pg =r,
o that all solutions are monic. (This makes the argument cleaner, but as
we have already seen we can always reduce to this case.) Suppose f(z) is a
| k ' olution of minimal degree, and let deg f(z) = d. Then it is clear that the
Thus the leading coefficient of f must be a = (é) . Thus the leading coe . olynomial f(z)™ is a s\glution of degree dm. Now suppose g(z) is a solution
cient of f is completely determined by P(z), Q(z), R(z) and k, and hence t " of degree k. Then f (z)* and g(z)? are both solutions of degree dk, hence they
leading coefficients of f and g must cancel. Thus we may drop the hypothes . must be equal, that is, f()* = g(z)% Thus f(z) and g(z) are both powers of
that f is monic. (This does not really add any greater generality, because e, third polynomial h(z), which is also monic and of degree ged(k,d). Further,
could define by Bezout’s identity, we can write h(z) = f(z)"g(z)° for some integers 7, s
h(z)=f (&) possibly negative), and hence h(z) is also a solution. Since we assumed d was
T minimal, it follows that h(z) = f(z), k is a multiple of d, and g(z) = f (z)k/,
Thus it suffices to find one solution f(z) to the equation. If f(x) is not a power
of lower degree polynomial, then it is the solution of minimal degree. (If it is
a power, then taking the correct root of f(z) will give the solution of minimal
degree.) Once we have found this minimal solution, all other solutions are
imply powers of it.
Thus we have more generally,

b > 0. Looking at the degrees of both sides, we find that there cannot be any
solutions unless deg R = a + b. ‘ -
Assume the contrary, i.e., assume that there are at least two monic polynomials " if
f and g of degree k satisfying the condition. Then polynomial f—g is of degree '
m < k. Hence we can write

F(R) — g(R) = F(P)(F(Q) - 9(@) + 9()(f(P) — 9(P)).

The degree of the left-hand side of the above equality is m(a + b) and the
degree of the right-hand side is ka+mb (note that the second term has degre:e;
kb + ma < ka + mb, since k > m and a > b). These cannot be equal since:
m{a+ b) < ka+ mb, a contradiction.

Remark. We have reproduéed this problem exactly as it was originally posed:
but it should be clear that one can pull a lot more out of the proof. First.
note that the condition that f is monic is only used to guarantee that the:
the leading coefficients of f and g agree, so that f — g has lower degree. If
we let the leading coefficients of f, P(z), Q(z), and R(z) be a,p,q, and r;
respectively, then comparing leading coefficients we find

\ a2phg = ark.

and we would have h(x) monic and

(o) (a0) - (350).

Thus we could apply the result as originally stated to a slightly different choiée}
of polynomials P(z), Q(z), and R(z).) ;
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golution. Let f (z) = —P(z). Then f(z) satisfies the equation
f(@®) = f(@)f(z+1).

Let P(z), Q(z), R(z) be polynomials with real coefficients such that
deg(P(z) +Q(z)) = max(deg P(z),deg Q(z)). For each positive integer | ' ) ) .
d, there is at most one polynomial f(z) of degree d satisfying ¥ Hence the Lemma applies. From the easily checked identity

F(PE)FQE) = F(R(@)). | (@ - 2@+~ @@+ 1) =2’ - D(a+1) =a' -2,

© we see that f(z) = z? — z is a solution with distinct roots, hence the minimal

golution. Thus the solutions are f(z) = (¢®—z)™ and hence P(z) = —(z%~z)™
for all m >0. n

If f(z) is a solution of minimal degree, then all other solutions are
powers of f(z).

—)

In the rest of this section, we provide you some examples that may be SOlved

Example 4.4. Find all nonconstant polynomials P(z) such that
with the above lemma. ‘

P(z?+z +1) = P(z)P(z + 1).
Example 4.2. Find all nonconstant polynomials P(z) such that ;
Solution. The identity
P(z)P(x+1) = P(z? +2). :
@+ D +1)%+1) =@ +z+1)2+1
Solution. We claim that P(z) = 22—z 42 is one solution. This is equlva,len‘ ;

. — 2 . . . . . . . »
to the 1dent1ty ‘shows that P(z) = x* + 1 is one solution, and since it has distinct roots, it is

-minimal. Thus by the Lemma, the solutions are (z? + 1)* foralln >0. MW
(@®—2+2)((g+1)° - (z+1)+2) = (2" +2) — (z* +2) +2

Example 4.5. Find all nonconstant polynomials P(z) such that
which is easily checked. The roots of P(z) are distinct, so P(z) is not the N

square of a linear polynomial. Hence it is the minimal solution and by the
Lemma, the solutions are P(z) = (z% — z + 2)" for all n > 0. [

" P(a?) = P(z)P(z — 1).

ion. From the identit
Remark. In this case there are no solutions for odd degree, as we prove Solution. Fr y

using the Lemma. One could also prove it directly. If P(z) is a solution of
odd degree, then P(z) has at least one real root. Let a be the largest real-
root. Plugging = = « into the equation, we see that o + 2 is also a real roo
But o + 2 > ¢, contradicting the assumption of maximality.

@+z+D)(z-12+(@E@-1)+1) = (P +a+ 1)@ —z+1) =2 +22+1

we see that P(z) = 2% + z + 1 is the minimal solution. Thus by the Lemma
'the solutions are (2 + z + 1)" for all n > 0. [}

Example 4.3. Find all nonconstant polynomials P(z) such that };-Example 4.6. Find all nonconstant polynomials P(z) such that

P(z?) + P(z)P(z +1) = 0. P(@®+1)= Pz +1)P(z® -z + 1).
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Solution. Since z® + 1 = (z + 1)(z% — = + 1), we see that P(z) = z is tpg
minimal solution. So by the Lemma the solutions are z" for each integey -
n > 0. N

i a solution for all m, and products of these give a whole zoo of solutions.

_gxample 4.8. Find all polynomials P(z) such that

Example 4.7. Find all nonconstant polynomials f(z) with only real roots P(z)P(2z%) = P(2z® + ).

such that
f(—acz) — (@) f(~2). International Mathematical Olympiad Shortlist

Solution. Note that in this case the Lemma does not apply since P(z) = Solution. From the identity

and Q(z) = —z so P(z)+Q(z) = 0 and deg P(z)+Q(z) < deg P(z), deg Q(x
Compearing leading coefficients will see that f(z) must be monic. Suppo

f(x) has a real root 7. Then plugging in z = r we see that —r2 is also & re
root. If |r[ > 1, then we can define a sequence (Zn)n>0 of roots by z¢ = rj,
z1 = —r?, and Tpp1 = —z2 for n > 1. Since |zo| < |z1] < |z2] < -+, wel
see that f(z) has infinitely many roots and hence f(z) = 0. Similarly, 1f f(z)
has a root 7 with 0 < |r| < 1, then we get an infinite sequence of roots with
decreasing absolute value. Thus every root of f must be in {0,1,-1} and:
hence f(z) = z"(z — 1)*(z + 1)* for some r,s,t > 0. This gives

F(@) f(—z) = (=1)r+etig? (g — 1)°+

(z% +1)(4z* +1) = 22® + 2)? + 1

e see that P(z) = z? + 1 is the minimal solution. Hence by the Lemma,
he nonconstant solutions are (z2 + 1)" for n > 0. The constant solutions are
| aasily checked to be P(z) =0 or 1. |

¢ Example 4.9. Find all nonconstant polynomials P(x) such that
P(22? + 3z — 3) = P(2z)P(2z + 1).

. 'Solution. Let P(z) = ﬁﬂ{#&”ﬂ. From the factorizations
an

f(sz) = (_1)r+s+tm2r(m2 + 1)s($2 _ 1)t,
hence we conclude that s = 0 and all nonconstant solutions are
fz) =" (@ + 1),

for some integers r,t with r +¢ > 0.

(2m?+3w—3) —2=(z—-1)(2z +5),

(2224 32— 3) + 1 = (z +2)(2z — 1),

(222 4 3z — 3) + 4 = (z + 1)(2z+ 1),

Remark. This last example shows that at least some condition on the lead; we find that
ing coefficients of P(z) and Q(z) is required in our Lemma, since we found
multiple solutions of the same degree. There even more solutions if we drop
the condition that f(z) have only real roots. The argument in the solutioh
implies that all roots of f(z) must be 0 or lie on unit circle. However, it
easy to check that '

Pladt 4 3-3) = (2 — 2)(296; )(@z+4) (20— 1)(293;— 2)(2z + 5)

= P(2z)P(2z+1).

The roots of P(z) are distinct, so it is the minimal solution and hence by the

2m+1
zmtl ] I“;emma the nonconstant solutions are ( I 2)(x+1)(x+4)) for all n > 0. ]

f@)=—77—
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Example 4.10. Find all nonconstant polynomials P(z) such that

.-

P(z? +1) = P(z)P(z +4).

Solution. In this case the Lemma does apply, but we will prove that in fact
there are no solutions, so the Lemma while applicable is unhelpful.

Suppose P(z) is a nonconstant solution and let o be a complex root. Since
the triangle inequality implies

o+ o= 4] > ¢

we can choose B to be one of & and o — 4 and to have |8] > 2. Plugging in ..
z = f, we find that

P(B%*+1)=P(B)P(B+4)=0.

Thus P(z) = 0 has a root zg = B2 + 1 with |zo| > |B]> —1 2> 3. Define
the sequence (Zn)n>0 bY Tnt+1 = z2 + 1 for n > 0. Then by induction we find
P(zn) = 0 and |@n41| > |zn| > 3. For the latter, we use the triangle inequality -

|Zns1] = [Zal? =1 = Blaal — 1> |za] 2 8.

Thus the sequence (m;)nzo are all distinct roots of P(z) and hence P(x) has
infinitely many roots, making it the zero polynomial. This is a contradiction,
so there are no nonconstant solutions. |

As the previous example shows if we pick the three inner polynomials care- ‘
lessly, then there will not be any solutions to our equation. Indeed looking g
back at the examples above, you should see that they all rely on fairly specific ' .
polynomial identities. However there are some infinite families of examples for
which solutions exist. The following example is one such.

Example 4.11. Let a and b be real numbers. Find all polynomials P such
that
P(z® +az +b) = P(z)P(z +1).
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Solutifm- Let Q(z) = 22 + (a — 1)z + b so that 22 + ax + b = z + Q(x).
Then since Q(z) divides Q(z + Q(z)) — Q(z), we conclude that Q(z) divides
Qz + Q(z)). By explicit calculation, we can find the quotient:

Q(z + Q(z)) (2 +Q(@)* + (a—1)(z + Q(2)) +b

2® +22Q(z) + Q(z)? + (a — )z + (a— 1)Q(z) + b
Q)(Q(z) + 2z +a) = Q(z)Q(z + 1).

Thus we see that Q(z) is one solution. The discriminant of Q(z) is (a—1)2—4b.
So if (@ — 1) # 4b, then the roots of Q(z) are distinct and it is the minimal

solution. Hence by the Lemma, all nonconstant solutions are (z%+(a—1)z+b)"
for n > 0. The constant solutions add the case n = 0 and the zero solution.
a—1

If (a — 1) = 4b, then
2
Q@ = (a-25+)

1 - o .
and hence :cl —n92— is the minimal solution. In this case the nonzero solutions
are (z — 251)" for all n > 0. n

The soh%tion to the preceding problem proved a very pretty identity for monic
quadratic polynomials. If Q(z) is a monic polynomial of degree 2, then

Qz + Q(z)) = Q(x)Q(z + 1).

We will use this identity\in the next example.

Example 4.12. Let b and c be integers and let P(z) = 2% + bz +c. If m > 2

i is a positive integer, prove that there are positive integers z1,...,Zpnt1 such
"R that

P(wl)P(.’Ez) Ceelt P(:L‘m) = P(:I}m+1).

Solution. As in the previous solution we compute that

P(n+ P(n)) = P(n)P(n+1)

for any n. We will use this identity and induction on m to solve the problem.
_For m = 2 choose 1 = n, 2 = n+ 1, £3 = n + P(n). Assume that the
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There are differences between this problem and the one in the previous section.
First, in that section when we found a solution f(z) of degree d, we automati-
cally got solutions of degree dm for any m > 0. For the current problem, from
5 solution of degree d, we get solutions of degrees d™ for m > 0. Thus we
get 2 much sparser set of solutions. Second, pairs of permutable polynomials
are much rarer (though proving this is beyond the scope of this book). For
smost” choices of @(z), the only solutions are the ones we have already found,
Q™ (z)-
gtill there are also similarities between the two problems. In particular, we will
gee that this problem has a similar uniqueness result: If Q(x) is nonlinear, then
given a fixed degree and leading coefficient, there is at most one polynomial
P(z) with that degree and leading coefficient such that P(Q(z)) = Q(P(z))-
The interesting case for permutable polynomials is where Q(z) is non-linear,
" put as a warm-up, we will first deal with the cases where Q(z) is constant and
linear.

statement of the problem is true for k = m — 1, that is, there are Ppositiv
integers zj,...,2m such that

P(21)P(2) - ...+ P(zm-1) = P(2m)-

Since
P(z)P(1 + 2m) = P(P(2m) + 2m),

we can multiply both sides by P(1 + zp,) and then
P(21)P(22) - ...+ P(2m—1)P(1 + zm) = P(P(2m) + zm)-

Now, putting

Z1= 2150 Tme1 = Zm—1y Tm = 1+ zm, mm+1=P(zm)+zm

we are done.

Example 4.13. If Q(z) = C is a constant polynomial, then the only poly-
" pomials P(z) which are permutable with Q(z) are the ones that have C' as a
- fixed point, that is, those with P(C) = C.

4.2 Second Uniqueness Lemma:
induction and uniqueness

Another interesting type of problem is to find, given a fixed polynomial Q(z Solution. Just plug in Q(z) = C. ]
all polynomials P(z) that satisfy P(Q(z)) = Q(P(z)). A pair of polynomi
satisfying this condition are called permutable. Similarly to the previous se
tion, if we have solutions P (z) and Pa(z) to this equation, then we can build:
more solutions. In this case, P;(Py(z)) will be a solution. Since setting P(z);
to be Q(z) always provides one solution, we can always define a whole ch

of solutions

Example 4.14. Suppoéq Q(z) = az + b with a # 0 is a linear polynomial.
Find all polynomials P(z) that are permutable with Q(z).

Solution. First suppose a # 1. Then the equation Q(r) = r has a unique

solution r = t2 and we can write Q(z) = a(z — r) +r. Letting

Q(2), Q(Q(2)), QQ(Q(2))); - - - -
It is convenient to have a notation for this, so we denote QW) = Q
and inductively define QM*D(z) = Q(Q™ (z)). Also, by convention, we set
Q©(z) = z. Note that this fits with the recursive definition of QM (z) ir
the sense that Q™+ (z) = Q™) (Q(™)(z)) for any m,n > 0. Also notice that
P(z) = z is also always a solution to our equation. Hence we can state th
Q) (z) for n > 0 are always solutions.

R(z)=P(z+7r)—r,
. we see that the equation
Pla(z —r)+r)=a(P(z) —r)+r

becomes R(a(z—r)) = aR(z—r), which we can rewrite as just R(az) = aR(z).
Writing R(z) = cgz? + cg—12%7 + ... + cp and looking at the coefficient of zk
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in this equality, we see that (a* ~a)cg = 0. Thus, if a is not a root of unity, the .
only nonzero coefficient is ¢;. Thus we find that R(z) = cz for some constay
¢ and hence P(z) = ¢(z —r) + r. If m is the order of @, s0 a™ =1 and m >
is minimal, then we see that the nonzero coefficients of R(z) are those wity
k = 1 (mod m). Hence we can write R(z) = xS(2™) for some polynomia}
S(z) and hence P(z) = zS((z —r)™) + .

Now suppose a = 1 and b # 0. Then we have P(x +b) = P(x) + b, of
equivalently P(z + b) — P(z) = b. The right hand side is a polynomial of
degree 0 and leading coefficient b, so by the results of Section 3.6, we see that,  ##]
P(z) is linear with leading coefficient 1. Thus we find P(z) = z + ¢ for some i Q(S(z)) = S(Q(=))-
constant c. ‘
Finally, if a = 1 and b = 0, that is, if Q(z) = z, then we have already seen *
that every polynomial P(z) is a solution. [

o P(z) = +P(—z). If the positive sign occurs, then there is a polynomial
. R(z) such that P(z) = R(z?). Let S(z) = R(z —1). Then

P(z) = S(z? + 1) = S(Q(z))-

P SO, o e

e

5 0(5(Q(=))) = Q(P(=)) = P@(x)) = S(QQ))-

" gince @(x) takes on infinitely many values, this implies that

ST -

deg S(z) = % deg P(z) < deg P(x),

Now we turn to some more interesting examples where Q(z) is nonlinear. the induction hypothesis implies that S(z) = Q™ (z) for some n and hence

_ nt1)
Example 4.15. Find all nonconstant polynomials P(z) such that P(z) = @™ (z).

P(z?+1) = (P(z))*+1
Serbian Mathematical Olympiad 2015

Now suppose P(z) = —P(—z). We will show that there is an increasing
equence of real numbers (z) such that P (n) = Zn. We define it as follows:

, zg =0, $n+1=$%+1 Yn > 1.
Solution. Let Q(z) = z% + 1. Then the problem is asking for polynomials
P(z) which are permutable with Q(z), that is, with P(Q(z)) = Q(P(z)).
We will prove by induction on the degree of the polynomial P(z) that the only
nonconstant polynomials of this type are the ones we have already found

z,Q(z), Q(Q(@)); - --

The base case follows from the previous example, or an easy computation. If
P(z) = az + b is linear, then we want (az + b)® +1 = a(2® + 1) +b. From th
leading coefficient we get a? = a, hence a = 1, and from the coefficient of ¢
we get 2ab = 0, hence b = 0. Thus the only solution is P(z) = z.

Now suppose we have a solution P(z) of degree d > 2 and suppose that all?}
solutions of lower degree are in the sequence above. Observe that

(P(-2))* = P(z® +1) - 1= (P(2))?,

Clearly P(0) = 0 since R(z) is odd. Inductively, we see that if P(zp) = Zn,
¥ then )
P(zn41) = P(zh +1) = (P(@n))® + 1 = 27 + 1 = Zns1.

Hence P(xn) = & for all n. Also notice that since Q(z) is an increasing
function of z for z > 0 and since zg < 1, we have 71 = Q(z¢) < Q(z1) = z2.
terating this we find that z, is an increasing sequence and hence its terms
fiare distinct. Thus the equation P(z) = z has infinitely many roots, whence
P(z) = z. |

Remark. Note that most of the solution above would be unchanged if we
replace Q(z) by Q(z) = z? + t for a constant t. In particular, the proof
that a linear P(z) must be just z did not look at the constant term, so it
is unchanged. The argument that P(z) = +P(x) only used the fact that
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Q(z) is even, which is true for all t. The argument in the case where P(z) “ ‘
is even only needs to be modified slightly to define S(z) = R(z —t), 50 that

P(z) = S(Q(z)). The only place where ¢ was used was in the argument fo, %
A we have ag = f (a1) < f(a2) = as. Iterating this we see that the sequence (an)

the case where P(z) is odd. We needed to know that z1 = Qo) > zg =

to conclude that the sequence (z,) is increasing and hence has distinct termg, |£
Thus the argument above, with only minor changes, applies for all ¢ > 0. ,‘i;.d

Example 4.16. Find all nonconstant polynomials P(z) such that

PE*-1)=(P(z))*-1 VzeR.

Polish Mathematical Olympiad (Modified) 20

Solution. As above, set Q(2) = 2 — 1. Then we want all polynomials P(z):
that are permutable with Q(z) so that P(Q(z)) = Q(P())- it
We will again prove by induction on the degree of P(z) that the only noncon- : '
stant polynomials of this type are

z,Q(z), QQ(z)), - --

As we remarked, most of the previous solution goes through without any ma,jo‘itr.,
changes. We still have ‘

(P(~2))? = P(a* — 1) + 1 = (P(2))%,

so P(z) = £P(—=). If the positive sign occurs 80 P(z) is even, then we write
P(z) = R(z?) and define §(z) = R(z+1). Then P(z) = S(2?-1) = S5(Q(x)),
so the inductive argument is unchanged. ;
The only difference is in the argument when P(z) is odd.

We still have P(0) = 0, hence P(—1) = P(Q(0)) = Q(P(0)) = Q(0) = -1
However if we try to iterate this argument, we will only get that P(0) =
again. .

Instead, we note that since P(z) is odd, we also have P(1) = —P(-1) =1
Now, notice that if z > —1, we can set T = y? — 1. Then

P(z) = Py*-1)=(P@)* -1 -1
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go for all z > —1 we have P(z) > —1. Now, we define a sequence of real
pumbers (an) by a1 = 1 and apt1 = +/1+an for all n > 1. Note that since
the function f(z) = VT¥z is increasing for > —l and 1 = a3 < az = V2,

s increasing. Hence its terms are distinct and an > 1 for n > 1. We can also
prove by induction on n that P(an) = an for all n > 1. The base case n =1
s obvious. Assume that P(an) = an. Then

(Plant+1))? = P(a24y — 1)+ 1= P(an) + 1 =an + 1 =aly,

:. which gives P(an41) = £an41. However since Plapnt+1) =2 =1 > —an41, we
- must have the plus sign. So P(an+1) = an+1 and the induction step is proven.
- Thus P(z) = z has infinitely many roots, and we conclude that Pz)=z. 1

. Remark. The argument in the previous solution actually applies for

Qle) = 2* —t

. for any t € (0,2). The only thing that needs checked is the final argument
! in the case where P(z) is odd. We find P(—t) = —t and since P(z) is odd,

P(t) = t. We then define the sequence ap by a1 =1 and any1 = VEF an.
Since 0 < t < 2, we have ag = V2 > t = a1, and hence the sequence (an)
is still increasing. In particular an, > t for n > 1. We again compute that
P(an+1) = £an+1 and that P(apy1) = —t > —anq1 so that the plus sign must
bold. Hence P(a,) = ay, for all n and P(z) = 2.

The two previous cases leave one block of polynomials Q(z) = z2 4-t unsolved,
i~ g0 let’s take care of them.

Example 4.17. Suppose t > 2. Find all nonconstant polynomials P(z) such
that

P(z?*—t) = (P(z)) -t VzeR

Solution. Set Q(z) = z? — 1, so we want all polynomials P(z) that are
permutable with Q(z) so that P(Q(z)) = Q(P(x)).

In this case the solution for the first example Q(z) = z2 + 1, works with only

‘minor changes.
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We again define a sequence z, by zo = 0 and Tn+1 = z5 — t = Q(zy,). Th
sequence (z,) is not quite increasing because z1 = —t < zo. However y
compute that

The left-hand side of this equality is a polynomial of degree km. Since we can
wrlte

m2=t2—t>2t—t>t=|m1|, Q(P2+R)=bm((P2+R)m—P2m)+bm—1((P2+R)m_1—P£n*l)+...

Hence and

zg = Q(z1) = Q(|=1]) < Q(z2) = 3.
Thus iterating this, we see that the sequence (zy) is increasing for n > 2"'".1
(Alternately, we could borrow a trick from the preceding solution and stey
the sequence at t using the fact that P(t) = —P(—t) =t and get an increas
sequence.) Thus again we have P(z,) = %, for all n and hence P(z) = z.

-1 ,.
(P, +R)’ — Pl = (’,)PiRﬂ'-i
a polynomial of degree (j — 1)d + k, we see that the right-hand side is &
olynomial of degree (m — 1)d -+ k > mk. This is a contradiction, hence we
‘have proved uniqueness. Q
The last three example combine to cover almost every polynomial of the fOr‘ y
Q(z) = z?+t. The only two missing cases are t = 0 and ¢ = —2. The attentiy
reader may recall that we have already solved the case ¢t = 0 in the solutions ¥
Example 3.18, but we will give a different proof using the following uniquenes
lemma for permutable polynomials.

Th1s Lemma has limited uses since for most polynomials Q(z) solutions only
fé;dst; for a small number of degrees. But for the last two quadratic cases it is

pectacularly helpful. We will start with the case we have already seen, and
then do the harder case.

I‘jExample 4.18. Find all nonconstant polynomials P(z) such that

Let Q(.’c) be a nonlinear polynomial. Then for any d > 1 and any
nonzero real number a, there is at most one polynomial P(x) of degree
d with leading coefficient a such that P(Q(z)) = Q(P(x)).

P(2?) = (P(z))? Vz € R.

§olut10n Note that the polynomial P(z) = z¢ has P(z?) = = (P(z))%
AHence it is a solution which is monic of degree d. Let P(z) = aqz® + . .., with
ag # 0, be any solution of degree d Then looking at the leading coefﬁments
; fP(:z:z) = (P(z))?, we get ag = a2 and hence ag = 1. Thus P(x) must be
onic and hence by the Lemma P(z) = z%. ]

Proof. Suppose Q(z) is a polynomial of degree m > 2 and write

Q) = bpa™ + bm—12™ 1+ ..+ bo

‘ xample 4.19. Find all i
with by, # 0. Suppose on the contrary that Py(z) and Py(z) are distinct pol pe ind all nonconstant polynomials P(z) such that

nomials of degree d with leading coefficient a such that P;(Q(z)) = Q(Fi(z)
Then R(z) = Pi(z) — Pa(z) is a nonzero polynomial of some degree k <
Note that h

R(Q())

P(x®)-2=(P(z)*-2 VzeR

Solution. Recall that in the first solution to Example 1.7 we defined a family

P(Q() - P2(Q(x)) = QP () - Q(Pa()) polynomials Ti(z) by Tb(z) =2, Ti(z) = =, and

Q(Py(z) + R(z)) — Q(Pa(2)).

Tiet1(z) = 2Ti(z) — Ti—1(z).-



188 ) Chapter 4 Finding Polynomials. Part II: Uniqueness Lemmas 189

We saw that Ti(z) is a monic polynomial of degree k such that

.. 1 1
Ty <x+—) =a:k+—k.
z x

Though we did not say so at the time, these polynomials are closely related ¢,
the Chebyshev polynomials, which are arguably the most remarkable family
of polynomials.
In particular, note that Tz(z) = 22 — 2. Hence we are looking for polynomiajs : -
that are permutable with T5. Since we compute that ‘

1 1 1
Tk: <Tm <$+;>) =Tk <$m+x_m> =$km —51-27‘:—7;
L1 , 1
=Inlz'+—=)=Tm Tl z+ —
' X X

and since z + 3 1 takes on infinitely many values, we conclude that the polyno- .
mials T} and Tm are permutable for all k,m. In particular, Ty(x) is a monic
polynomial of degree d that is permutable with T(z).

Now we finish exactly as in the previous solution. Let P(z) = agz? +.
with ag # 0, be degree d that is permutable with Th(z). Then looking at the
leading coefficients of P(Ty(z)) = T2(P(z)), we get aq = a2 and hence a4 =
Thus P(z) must be monic and hence by the Lemma P(z) = Ty(z).

and note that this means

R(¢(z)) = aP <(ax+ b/2) ~ b/ 2) = aP(a) + b — ¢(P(z)).

a

Then we compute that

R((6(z))* +1)

R(¢(az?® + bz + ¢)) = L(P(az® + bz + ¢))
£(aP(z)? + bP(z) + c) = (L(P(z)))* +t
(R(&(z)))? + t.

Thus R(2z? +t) = (R(z))? +t. Thus we have found that P(z) is permutable
with az? + bz + ¢ if and only if R(z) is permutable with z2 + ¢. Since the five
receding examples combined to find all such polynomials, we are in principle
one.

- More explicitly, the a.nswer 1s as follows. Let Q(z) = az?+bz+c and compute
he constant t = ac+ % — & If t # 0, 2, then the only possibilities for P(x)
are QM () for n > 0. If t = 0, then we have

Qz) = % ((aa:+-g>2-— g) .

In this case, the possible P(z) are

]

Il

\

P@) = ((am+ g)n— g)

orn > 1. If £ = —2, then we have

Example 4.20. Let a # 0 and b, ¢ be real numbers. Find all polynomials '
P(z) such that

P(az® + bz + ¢) = aP(2)? + bP(z) + c.

Solution. Define a linear function £(z) = azx + % and let ¢ = ac + % - %
Then we compute that

2
E(a:c2 +bzr+ec)= az? + abx + ac+ g = a?z? + abz + b— t+i= (3(1’))2 +t

4
Also define a new polynomial R(z) by

R(x)=aP<”_b/2>+g

a
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Remark. The previous solution gives another piece of the geners] answer.,
Suppose B(z) and Q(z) are permutable polynomials and let £(z) be any lineay
function. Then we can always define new polynomials R(x) and S(z) so they
R(#(z)) = £(P(z)) and S(i(z)) = £(Q(z)). Then R(z) and S(z) wil bg -/ odd 804 > 0.

permutable polynomials. i We will prove by induction on the degree of P(z) that the only nonconstant
With this final piece, we can now describe all pairs of permutable polynomials, "'{‘ polynomials of this type are Q™ (z) for n > 0. . ‘

This description was proven by J. F. Ritt (and in fact he gave all pairs of per. L The base case follows from the linear case above or by noting that if
mutable rational functions), but the proof is far too involved and sophisticateq N
to give here. We can build permutable functions in four basic ways:

golution. If we define Q(z) = 2% — 2, we see that the problem is asking for
olynomials P(z) that are permutable with Q(z). Since the same proof works,
we will actually consider the more general case Q(z) = 2™ —t wherem > 3 is

P(z) =az +b,

e Let @Q(x) be an arbitrary polynomial. Then the polynomials Q(m)(x ;

‘then we get
and Q™ (z) are permutable for all m,n > 0. i

a(z™ —t)+b=(ax+b™ -t

'so the coefficient of ™! gives ma™'b = 0, hence b = 0, and then the
. constant term gives —at = —¢, so a = 1.

For the induction step, suppose P(z) has degree d and that all solutions of
wer degree are of the form Q™ (z) for some n. Let w be a primitive m-th
: root of unity. Note that

o Let Q(x) = zR(z™) for some polynomial R(z). Then the polynomi
wQ™(z) and w'Q™ (z) are permutable for all m,n > 0 and any m-
roots of unity w and w’'.

of unity and ' is an (m — 1)-st root of unity. (Plwz))™ = P ((wa)™ — ) +2 = P&™ — 1) +2 = (Pa))™

e The polynomials wTi,(z) and w'Ty(x) are permutable, where w = 1
is even and w = £1 if nis odd and ' = 1 if m is even and w' = +1 if
is odd. '

L,?"Hence for every z there is an 7 (which we may assume satisfies 0 < r < m)
“such that P(wz) = w"P(z). One of the m possible values of r must occur
finﬁnitely often. Hence for that r, we have P(wz) = w"P(z) for all z. From
" this equation, we see that all monomials in P(z) (with nonzero coefficient)
'have exponents congruent to r modulo m. Thus P(z) = z"R(z™) for some
"i‘polynomial R(z).

i 1fr = 0, we set S(z) = R(z +t) so that P(z) = S(Q(x)), then

Q(S(Q(x))) = Q(P(z)) = P(Q(x)) = S(Q(Q(=))),
and we conclude that Q(S(z)) = S(Q(z)). Since

From any of the last three basic examples, we can construct additional e =
amples by using linear functions £(z) as described above. (For solutions built
from the first example using £ just gives a solution corresponding to a differeni}’

Q().)
invoking the general result above.
Example 4.21. Find all nonconstant polynomials P such that
1
P(a® —2) = (P(z))® — 2. deg S(z) = p deg P(z) < deg P(z),

¢ have S(z) = Q™ (z) for some n, and hence P(z) = Q1) (z).
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If r 0 then P(0) = 0. Define a sequence of real numbers (zn) by

-

£k#0 then P(0) = 0. Define a sequence of real numbers (zn) by

20=0, Zpyi=2zp—t Vn=>Ll zg =0, a:n+1=(xn+1)3 Vn > 1.
Since f(z) = 2™ — t is an increasing function of z (this is where we arq .
using the fact that m is odd) and z¢ = 0 > z1 = —t, we conclude that
z1 = f(xo) > f(z1) = zo. Iterating this, we see that (zn) is decreasing, hence -
it has distinct terms. Since P(zo) = Zo, we see by induction on n, that :

gince flz) = (z+ 1)3 is an increasing function of z and zo =0 < z; =1, we
compute that z1 = f(z0) < f(z1) = z2 and iterating this we see that zn is
¥ pcreasing. Further from the formula

P(@ns1) = P((zn +1)%) = (P(zn) + 1)° = (2a + 1)° = 2ns1
P(zp41) = P(a? —t) = P(za)™ ~t =2 —t = Tni1
follows by induction on n that P(z,) = @, for all n. Thus P(z) = z has
fnitely many roots and hence P(z) = z. Note that in particular, this proves
he base case of the induction since if deg P(z) < 3, then we must have k> 0.
k=0, then P(z) = R(z)® and we see that

holds for all n. Thus P(z) = z has infinitely many roots and hence holds f”:’frl
all z.

Remark. Note that either applying this result to —P(—z) or modifying tk
solution slightly solves the case @(z) = z™ + % for any ¢ > 0. (R((z + 1)®))® = (R(z)® + 1)%.

Example 4.22. Find all nonconstant polynomials P(z) such that . Since R has leading coefficient C' = 1, it follows that

P((z +1)%) = (P(z) +1)2. R((z +1)%) = R(z)® + 1.

Solution. Let Qz) =(z+ 1)3. We will prove by induction on the degre éﬁ hus if we define §(z) = R(z) ~ 1 so that P(z) = § (2)* +1 = Q(5(x)) we
P(z) that P(z) = Q") (z) for some n > 0. 3 3
Write Sz +1)%) = (S(=) +1)°

hus S(z) is also permutable with Q(z) and has lower degree than P(z), hence
y the induction hypothesis

P(z) = Cark(z—r)(z—re) - (T —Tm),

where C is the leading coefficient of P(z) and 71,...,7m are the nonzer
complex roots of P(z). Then the roots of P((z+ 1)3) are —1 with multiplicit
3k and the three roots of (z + 1)® = r; for each j. Note that if rj # i, the
the roots of (z +1)3 = r; and (z + 1)* = r; have no overlap (since a commo
root would divide r; — 1y, # 0). However since P((z + 1)%) = (P(z) + 1)%,
see that every root of P((z+ 1)) must have multiplicity a multiple of 3. Thi
each r; occurs a multiple of 3 times. Also note that looking at the leadi
coefficient of P((z + 1)°) = (P(z) + 1)3, we see that C = C3, hence C = %
Thus we can write P(z) = z*R(z)? for some polynomial R(z) with lead:
coefficient C.

5(z) = Q™ ()
and hence P(z) = Q(S(z)) = QD (). n

xample 4.23. Let n > 1. Find all polynomials f with complex coefficients
uch that

1+ f(@" +1) = f(z)™

Viad Matei - Romanian Team Selection Test 2013
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Solution. If n is odd, then defining g(z) = — f(), we see that

- -

g(z)" +1=g(z"+1).

Thus g(z) is permutable with Q(z) = 2™ + 1 and by the solution to Exampje
4.21, we see that g(z) = Q™ (z) and hence f(z) = —Q™(z) for some n >0,
Thus we may assume n is even. In this case, we will show there is no such
polynomial f. Assume on the contrary that there is such an f(z) and assume
we have chosen the example with minimal degree.

Let w be a primitive n-th root of unity. We find that

flwz)" =1+ f((wz)" + 1) =14 f(z"+1) = f(z)™.

Hence £ f“f

coefficients of both sides we find that f(z) = z™g(2") for some polynomial
g().

we have

hQ(@)" = f(2)" =1+ f(Q(z)) = 1+ HQ(Q(2))),

s0 h(z)™ = 14+ h(Q(z)). Thus h(z) is an example with lower degree than f(z), "

contrary to our assumption of minimality.
Thus we must have m > 0, so that f(0) = 0, then define a sequence by
20=0, zpp=2zp+1 VYn>1.

Since Q(z) is increasing and z¢ < x1, we see that this sequence is increasing,
hence it has distinct terms. We also see that f(zx+1) = f(zg)™ — 1. Since
f(zo) = 0, an easy induction argument shows that

flza) =0, flzopsr) =-1

for all k. But then both f(z) =0 and f(z) = —1 have infinitely many roots,
a contradiction. Thus there is no such f. |

is always an n-th root of unity. Since it is continuous except at ;

finitely many points in the complex plane, it follows that f(wz) = w™f(z) for ~
some integer m, which we may assume satisfies 0 < m < n — 1. Comparing

If m = 0, then we can define h(z) = g(z — 1) so that f(z) = h(Q(z)). Then ‘

- It follows that Q (—1) = 2n,
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Example 4.24. The degree of the polynomials P and Q with real coefficients
do not exceed n. These polynomials satisfy the identity

P(z)a™ +Q(z) (z + 1)+ = 1.
Determine all possible values of Q(—1).

K. Dilcher and M. Ulas - Tuymaada Comgpetition 2020

First Solution. We first prove that there are unique polynomials P(z), Q(z)
of degree at most n satisfying the above identity. Assume on the contrary,
that there’are two pairs of polynomials, (P(z),Q1(z)) and (Py(z), Qa(z))

such that
P (@)2" + Q1 (2) (2 + 1) = 1 = Py (2) 2™ + Qy (g (5 + 1)+,
Then
(P1(2) ~ P2 (2)) 2™ + (Q1 () — Q2 (2))(z + 1)+ = g,
Since the polynomials z™*1, (z + 1)"+! are coprime, it follows that (z+1)"+H1

divides P1(z) ~ Py(z) and z™*! divides Q1 (z) — Qa(s). This, together with the
degree condition, implies that P;(z) = Py(z) and Q:(z) = Qa(2).

. Setting x = —1 — y, we get

Q-1 =9) ()" ™ 4 P(—1 - y)(~1)" (y+ 1)r = 1.
The uniqueness argume\nt implies that
'P(z) = (-1)"HQ(-1 - z)
and
Q(z) = (-1)"*P(~1 - z).
Plugging z = —%, we obtain

()=o)
() (o)
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Second Solution. Begin as in the preceding solution, but after concludy,
that the pair (P(z), Q()), not that 8%

2n+1
1= ((x+ 1) _ $)2n+1 — ;} (_1)k (27’?«]:' 1> (:)3 + 1)2n+1—kxk

e n (_1)k 2n+1 41k
e (" Je+1rte

2n+1
(277‘;' 1) (:L‘ + 1)2n+1~kmk-n—1'

+a* Y (-

k=n+1

Thus by uniqueness we must have

"
2n+1 _
o = L0 (" e v e,
k=0
and hence we compute
1 1 (2n+1\ _22
o) () -F

Third Solution. This solution is the same, in essence, as the above solution,
Let us denote by R(z) the polynomial P(z)z™*! + Q(z)(z + 1)™*'. Since
the coefficients of z, 22, ..., z* in R(z) are zero and the coeflicients of 1,
z, 22, ..., g in P(z)z™*! are zero, we find that the constant term of Q(z)
is 1 and the coefficients of z, ..., z® in Q(z)(z + 1)™*! are zero. Now, let
Qz)=a+...+ agz®, d < n. We will prove by induction that ao,...,aq
are uniquely be determined. The base is true for ao. Assume that ao, ..., a; .
are uniquely determined. Write (z + 1)"*' = 1+bhz+...+ z"t1, Then the
coefficient of £+ is agy1+b1ag + ... + bpy1. Since t = d—1 < n—1, it follows ,
unique
that as41 is uniquely determined. This completes our proof.
According to the above fact, the polynomial P(z) is also unique. Hence we
can continue our proof as in either of the preceding solutions. u
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Fourth Solution. We first prove following lemma.
Lemma. If deg P(x) = d, k > d, and (z—1)* | P(z), then (z~1)* | zkP (%)

proof. Write P(z) = (z — 1)* R(z). Then

1 1 @
z*P (—) = ¥ (— - 1> R <1) =zF 41— 2)* (acd_"‘R (1» :
x z z x
This completes our proof.
By using the substitution z — z — 1, we obtain

Pz —1)(z-1)"" +Q(z — 1)z = 1.

Set Q(z — 1) = T(2).

It follows that (z — 1)"** divides 21 Q(z ~ 1) — 1 = z"1T(z) — 1. Since this
polynomial has degree at most 2n+ 1, we can put k = 2n+1 in the lemma to
obtain that (z — 1)+ divides z™T (1) — 22"+1. Setting S(z) = 2T (1), we
see that

1 1
degS(z) <n, @ <-§> =T (§> =27"5(2),

and (z—1)"*1 divides S(z) —z®**1. Thus z™*! divides S(z+1)— (z+1)**".
Letting A(z) = S(z + 1), it follows that z"*+! divides A(z) — (z + 1)1
Since deg A(z) < n, it follows that A(z) is the remainder upon the division of

(z+ 1)?**1 by z™+1. Thus
(2n + 1) i
R F A
i
AQ) =5@)=>_

A@) =3
> (2n :— 1) _ o

i=0
Thus

1 1 n o

Q<—§> =T(§) =27""5(2) = 2™

n
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4.3 Propoéed problems

Problem 4.1. Let R(t) be a polynomial of degree 2017. Prove that there
exist infinitely many polynomials P(z) such that

P((R®Y(t) + R(t) + 1)2 — 2) = P(R™Y(¢) + R(t) + 1)* — 2.

Chapter 5

Find a relation between those polynomials P(z).

Problem 4.2. Find all polynomials P(z) with real coeflicients such that A

P)P(z+1) = P(a® — 2+ 3). 1 Finding Polynomials.
Part 11I: Using Roots

Taiwanese Team Selection Test 2014

Problem 4.3. Prove that if the polynomial f is nonzero and for every realv '
number z,

F(@)f(z+3) = f(z* +z+3),

then f has no real roots.

5.1 Basic facts

As you may have seen in the first volume of the polynomial trilogy, decom-
posing a polynomial into products of its factors is a fruitful strategy. As you
may remember, each polynomial can be represented in the following form.

Polish Mathematical Olympiad 1986 .

Problem 4.4. Find all linear and quadratic polynomials P(z) such that
P(z)P(2 ~ ) = P(2 + 2z — z?).

Each monic polynomial P(z) with real coefficients can be expressed as
a product of the following form:

Problem 4.5. Find all nonconstant polynomials P(x) such that

P(z)P(2z” — 2) = P(22° — 57). (z—r1)® . . o (z—re)* (22 —2Re(21)z+|21|2)Pr . . .- (22—2Re(z,)z+ 25| 2P,

Problem 4.6. Find all nonconstant polynomials P(x) such that
P(z)P(z +2) = P(z* + 1).

‘for some real numbers r1,...,7; and non-real numbers 21, ..., Z.
Note that deg P(z) = a1+ ...+ s +2(B1 + ... + Bs).

o

Problem 4.7. Find all nonconstant polynomials P(x) such that

P(z® - 3z) = P(2)® — 3P(z).

The above formulation can be very helpful in many cases. However, sometimes
we restrict ourselves to some simplified cases, for example when a polynomial
‘has only real roots.
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Example 5.1. Find all nonconstant monic polynomials P(z) and Q(x) ofw

degree d_with d nonnegative integer roots such that

P(z) - Q(z) = L.
Centro-American Mathematical Olympiad 2014

First Solution. Let
P(z)=(z—a1):...-(x—aq) and Qz)=(x—b1) ...  (z—bg)

with0<a; <...<ag, 0< b <... <bgand ai, b; are integers for a]
i=1,2,...,d. Then

(x—al)-...-(zl—ad)—(w—bl)-...-(:z:—bd)=1.

Putting z = by, we find that (by —a1) ...~ (b1 —aa) = 1.
Therefore |by — a;| = 1, which gives a; € {b1 —1,b1 +1}. :
Analogously, b; € {a1 — 1,a1 + 1}. Therefore each of P(z) and Q(z) has at;
most two distinct integer roots. We next prove that one of them has exactly.!
one integer root. Assume that both b — 1 and by +1 are roots of P(z). The
using by — 1, we find that any root of Q(z) is in {b1 — 2, b1} and using b +
we find'that any root of Q(z) is in {b1,b1 + 2}. Hence by is the only root
Q(z). Now, we have two different cases.

(i) Suppose Q(x) has only one real root. Then as we saw above, we can writé]
P(z) = (z— (b~ 1))%z — (b+1))°%
for some e, c > 0 with e+ ¢ =d, and Q(z) = (z — b)%. Then
(z—(b-1))(z—-0b+1)°=(z~- b)¢ + 1.
Puttingz =b+1,weget 0 =2, a contradiction. So it must be true th
¢ =0 and hence ¢ = d. Thus (z — (b—1))% = (z —b)? + 1.

If d = 1, this holds and we have found the example P(z)=z-b+
Q(z) = z — b. Otherwise, checking the coefficient of z4~! on both sid
we find that d(b — 1) = db, contradiction. So d =1, P(z) =z - b+
Q(z) =  —b, where b > 1 is an integer, is the only example in this cas
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(if) Suppose Q(z) has two real roots. In this case wé can write
Qz) = (z—(a—1))(z — (a+1))%

for some e, ¢ > 1 with e + ¢ = d, and P(z) = (z — a)¢. Examining the
coefficient of ¢! in the identity

(@-(@a-1))(—(a+1)° = (@-a)' -1,
we find that
"da=cla—1)+e(l@a+1)=(c+e)at+te—c=dat+e—c
Therefore e = ¢. Rewriting the above identity as
@—(e-1))@—(a+1))=(@-a)*-1
and putting £ = a + 2, we get 34+ 1 =4° So c=1. Hence
Q)=(@-a+1)(z-a—-1), P@)=(z-a)

and it is easy to check that this is a solution. u

econd Solution. From the first solution, we find that either P(z) or Q(x)
s of the form (z — b)%..Thus we find that either P(z) = (z — b)¢ +1 or
Q(z) = (z — b)@ — 1. Thus the polynomial (z — )¢+ 1 or (z — b)% — 1 must
nly have integer roots. Putting y = 2 — b, then we must find all d such that
he polynomial y%+ 1 or y® —1 has only integer roots. It is clear that the only
ossible integer roots are y = 1. For y® + 1, we see that d must be odd and
= —1 is the only possible integer root. However, we can write

W=+t -y 2+ g+ 1),

and y = —1 is not a root of 4t —y4=2 4+ ... —y + 1. Therefore d = 1.

b Ebr y*—1 and d odd, we see that only y = 1 is the only possible integer root.
Since we can write

yP—1=(y-DE +y 4y + 1)
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and y = 1 is not a root of the second factor, we must have d = 1. For ¢ _ |

: cannot be d or s (since s — 8 and d — 4 are smaller). Thus s—8 = d — 4, which
and d even, we can write

gives § = d + 4. Cancelling off these common elements, we find

v - l=@- D+ DET YT ) {a—4,b—d,c—4,d+4} = {a—8b,c,d).

and neither of y = +1 is a root of the second factor. Thus d =2

Working back, these give the same two examples as the previous solution. The largest remaining element must be either a — 4 or d + 4 (from the left),

¢ and must be either a — 8 or b (from the right). However it cannot be a — 8
Example 5.2. Let deg P(z) = 2, deg Q(z) = 4. For all real number z we I (since & — 4 is larger). Thus it must be b and either b=a—4orb=d +4.
e il Similarly, the smallest remaining element must be either ¢ — 4 or d + 4 (from
. the left) and must be either a — 8 or d (from the right). However it cannot be
2 g+ 4 (since d is smaller). Thus it must be ¢ — 4 and either c— 4 = a — 8 or
-4=d. Hence c=a—4 or ¢c=d+ 4. Thus in one order or another, we see
hat b and c are a — 4 and d + 4. Hence we have a > d + 4 and

P(z)Q(z + 4) = P(z + 8)Q(x).

If P(z) and @(z) have two and four real roots respectively, and the absolute
value of the difference between the roots of P(z) is greater than the sum of
roots of Q(x) by 8, find the minimum value of the sum of the squares of the
roots of Q(z).

y

P =@—a)e=d-4), Q@) =(z—a)w—a+4)(—d-4)(c—d).

Solution. Since we may cancel off any common constant factor, we may as- In this case we have

sume P(z) and Q(z) are monic. Then we can write
P(m) =(z—r)(z—2s), Q(z) = (z —a)(z = b)(z — ¢)(z — d), J

where 7 > s and a > b > ¢ > d. The condition P(z)Q(z + 4) = P(z + 8)Q(mj
says that the roots of the left-hand side, which are

§=T={a,a—4,a—-8,d+4,d,d — 4},

o these always satisfy the polynomial condition.
ow the added cond1t10n reads @ — (d+4) = a+ (a — 4) + (d +4) + d, which
implifies to a + 3d + 12 = = 0. Note that the condition a > d + 4 means that

< —4, but otherwise d is arbltrary Writing d = —4 — ¢ and hence a = 3¢ for
some ¢ > 0, we get

S={rs,a—4,b—4,c—4,d—4},

are the same roots of the right-hand side, which are

T ={r—8,s—8,a,b,c,d}. %P(x)=(x—3t)(x+t), Qz) = (z - 3t)(x — 3t +4)(z + t)(z + t +4).

The added condition is that r — s = a + b+ c+ d -+ 8. ;he sum of the squares of roots of Q(z) is therefore

The largest element of S must be either r or a — 4 and the largest element 0
T must be either 7 — 8 or a. However these two sets are really the same, g
this largest element must be common to them. It cannot be r — 8 (since 7 i§
larger) or a — 4 (since a is larger). Thus we must have » = a. Similarly thg
smallest element must be one of s and d — 4, and one of s — 8 and d. But i

2
3)2 + (3t — 4)2 + (—t)% + (=t — 4)% = 2042 — 16¢ + 32 = 20 (t - %) + -1%.

ence the minimum is 144, attained for t = — [ |
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5.2 Constructing an infinite sequence of roots () Ifa < =2, then a2+ 2a > 0. Hence if we use the root b = a?+ 2a instead

of a, then we are in case (i).

—

The most fundamental property of the roots of a nonzero polynomial P(z)
is that there are only finitely many of them. There are many ways we cap o
exploit this property, but in this section we focus on one of them. We wil} try
to use the hypotheses of the problem to construct a sequence (r) of distinet
roots of P(x). If we can, then P(z) has infinitely many roots, and hence it i
the zero polynomial. We saw this technique several times in earlier chapters,
and the reader may notice that several of the examples below could be dong
more easily using the results of Chapter 4. '

: The remaining cases are a =0,—1,-2. fa=0and b€ {0,—1, -2}, then we
see that a -+ b-+ab = b, so the hypotheses of the problem give no new root. If
B --landb€ {0,—1,~2}, then we see that a + b+ ab = —1, so again the
§" nypotheses of the problem give no new root. If a = ~2 and b € {0,—1,-2},
1 then we s€€ that a + b+ ab = —2 — b. Checking the three cases, we see that
we get & new root only when a = b = —2, when we get that 0 is also a root.
Thus the possible roots are the subsets of {0,—1,—2}, which if they contain
_9 also contain 0. Letting C be the leading coefficient of P(z), we get the
I;olynomia,ls

¢, Cz, C(z+1), Cz(zx+1), Cz(z+2), Cz(z+1)(z+2). M

Example 5.3. Let P(z) be a polynomial P(z) with only real roots and n(;
multiple roots. Suppose that whenever a and b are roots of P(z), a+b+a}
is also a root of P(z). Find all such polynomials. |

Thailand Mathematical Olympiad 2013 Example 5.4. Find all polynomials P(z) and Q(z) with real coefficients such

that P(2) = 2, Q(z) has only positive real roots, and
(3 - 2)P(a? - DQ(z +1) = P@)Q(?) + Qz +1).
Bulgarian Festival of Young Mathematicians 2015

Solution. From the special case where a = b, we see that if a is a root o
P(z), then a® + 2a is also a root of the polynomial P(z). Thus given a root
a, we can build a sequence of roots

aya’ +2a, (a2 + 20)% + (a® + 2a),.... Solution. Setting z = 2, we get 2Q(4) + Q(3) = 0. Thus Q(z) has a root in
| ithe interval [3,4]. Let a be one such root. For any root b of Q(z) with b > 3,
tting £ = b — 1, we find that

P(b—-1)Q(b~-1)%) =0.

hus either b— 1 is a root of P(z) or (b—1)? is a root of Q(z). If P(b—1) =0,
set z = —v/b and we see that Q(1 — v/b) = 0. This is a contradiction since
it gives a negative real root of @(z). Thus we must always have the second
ase, that Q((b — 1)2) = 0. But (b — 1)2 > b, since b > 3. Hence we can find
increasing sequence () of roots of Q(z) by

We need to decide whether this sequence has infinitely many distinet values
For that, consider the following cases:

(i) If a > 0, then a? + 2a > a. Hence iterating this fact, we see that 0 < a < i
a2 +2a < (a2 +2a)? +2(a® + 2a) < .... Thus the sequence is increas
and has infinitely many values.

(ii) ¥ -1<a<0,then0>a > a? 4+ 2a > —1. Hence iterating this fact j
see that 0 > @ > a? + 2a > ....> —1. Thus the sequence is decreasin

and has infinitely many values. v 21 =a, Tni1= (zn— 1)
, = .

(i) If -2 < @ < —1, then 0 > a? + 2a > —1. Hence if we use the roo

his gives infinitely many distinct roots of Q(z). Hence Q(z) = 0 and P(z)
b= a2 + 2a instead of a, then we are in case (ii). ! n

an be any polynomial such that P(2) = 2.
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Example 5.5. Find all polynomials P(z) with only real roots such that
P(z®+1)=Plz+1)P(z® -z +1).

Solution. It is easy to see that P(z) = 0 is a solution. Assume that P(y
is nonzero and suppose P(a) = 0 for some complex number o # 1. Setting
¢ = a— 1, we find that P((ar—1)3+1) = 0.

Thus if we define a sequence (zn) by 1 = @ and = = (Tn-1 — 1)3 41
for n > 1, an easy induction shows that P(z,) = 0 for all n. Note that

the function f(z) = (z — 1)® + 1 is an increasing function of z. Thus i
z2 = (@—1)3+1 > z1, we have 23 = f(z2) > f(21) = z2, and hence iterating
this, we see that the sequence (z,) is increasing. Conversely, if zo < :1:1,";
then we have z3 = f(z2) < f(x1) = z2 and iterating this, we see that the"
sequence is decreasing. Hence we get infinitely many roots of P(z), and hence""

a contradiction, unless 29 = z;. This means
0=(a—-1P+1-a=ala~-1)(a—-2).
So a € {0,1,2} and we can write the possible polynomials as

P(z) = az™(z — 1)™(z — 2)".

By checking this, we get @ = 1, m = ¢t = 0. Thus we have shown that either

P(z) =0 or P(z) = z™ for some n > 0. n

Example 5.6. Find all polynomials such that

P(z? 4+ z) = P(z)P(z + 1).

Solution. Clearly P(z) = 0 is a solution. Assume P(z) is nonzero. Then
we can choose a root a of P(z) with maximum modulus. Setting z = o and

g =01, we get P(a?+ a) = P(o?—a)=0.
The triangle inequality gives |2 + of + [o® — a| > 2|a|, and hence

max(lo” + o, |o® — al) > |o].
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gince maximality of |a| gives the reverse inequality, we must have equality
" throughout. Equality in the triangle inequality occurs when

& a+a® 1l+4a

p. r= =

T a-a? l-a

I ' is a positive real number. Equality in taking the maximum forces r = 1. Thus
, o= 1% = 0. Thus the only possible root of P(z) is 0 and so P(z) = az™ for
some n > 0. Since it is easy to check that P(z) must be monic, we find that
cither P(z) = 0 or P(x) = z" for some n > 0. ]

Example 5.7. Find all polynomials P(x) such that
P(z)P(z+1) = P(z* + z + 1).
Solution. Clearly P(z) = 0 is a solution. Assume P(z) is nonzero. Then

-we can choose a root a of P(z) with maximum modulus. Setting £ = o and
=0 1, we get

kg

ol

P(@®+a+1)=Pl®-a+1)=0.
By the triangle inequality, we find that

lo? + a+ 1]+ |o? — o+ 1] > 2|al,

\

and hence
max(|a? + o + 1}, lo? —a+1)) > |al.

Since maximality of |c| gives the reverse inequality, we must have equality
throughout. As in the previous solution, we must have

~o?+a-—1 -1
a?+a+1 7

since equality in the triangle inequality forces the ratio to be a positive real
number, and then equality in the maximum forces it to be 1. This simplifies
F1';0 a?+1 =0, and hence a = +i. Thus every root o of P(z) has || < 1, and
if we have equality, then a = +i.
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Now we notice that looking at the leading coefficient of the equation, we see
that P(z) must be monic. Since 1 is not a root of P(z), plugging in z = g
we find that P(0) = 1. Thus from Vieta’s formula, we see that the product o%
the roots of P(z) is +1. Hence if P(z) has any root with modulus less thap
1, it must also have a root with modulus greater than 1. It follows that g}
roots of P(z) have modulus 1, and hence are at =+i. Thus since P(z) is monic,
P(z) = (z — i)™(z + 1)". Plugging this in we find that m = n, hence the
solutions are P(x) = 0 and P(z) = (22 + 1)¢ for some d > 0. n

Example 5.8. Find all polynomials P(z) with real coefficients such that
P(2019) = 2018, (1 + P(x))?> = P(1 +2?%).
Solution. Define Q(z) = 1+ P(x). Thus

Q(2019) = 2019, QU1 +z%) =1+Q(z)%

Let us define a sequence z,, with zg = 2019 and zp41 =1+ w,% for all n >0,
We can inductively prove that Q(z,) = zn, for each n, with the induction step-

being the computation
\.
Q(zn+1) = Q1+ 2)=1+Q(zn)? =1+ 12 = Tpi1.

Since Tny1 — Tn = T2 — Tn + 1 > 0, we find that the sequence is strictly

increasing. Therefore the equation Q(z) = z has infinitely many solutions,

which means that Q(z) = z. Thus P(z) =z —1.

Example 5.9. Find all polynomials with real coefficients P(z) with P(0) =

d
- P(x)=+/P(x?+1)-T7+6

forall z > 0.

Solution. Rewrite the original equation as

P(z®+1) =7+ (P(z) — 6))>.

such that

. This implies that either P(x)
' plugging in z = 0 into the original equation gives P(1) = 1, we find that
: P(z)+ P(1—z) =1. Putting z = i, we get
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Now, define the sequence g = 0, Tpy1 = m%+1 for all n > 0. We can prove by
jnduction that P (zn) = 6+ zp, with the induction step being the computation

P($n+1):P($zz+1)=7+(P($n)”‘6>)2=7+$72z:6+wn+1-

gince Tn+l — Tn = z2 — 2, + 1 > 0, the sequence is strictly increasing, and we
deduce that P(z) = 6 + z. ]

Variant:
Find all polynomials with real coefficients P(z) such that P(2014) = 2024 and

P(z)—10=+/P(z% +3) — 13

forall z > 0.
Example 5.10. Find all polynomials P(z) with real coefficients of odd degree

P(0)

0, P(a®>—z+1)=P(z)®—P(z)+1.

_ Solution. Using the substitution z = 1 — z gives

P(z®?—z4+1)=P(1-z)* - P(1-z)+1.

. Thus \

P(1-2)? — P(1 - z) = P(z)? — P(x).
P(1 — z) or P(z) + P(1 —z) = 1. Since

Now define a sequence (z,) by z1 = %, and Tpy1 = m,% —zp+1foralln>1.
An easy induction, using the inductive step

0<$n<mn+(mn~1)2=mn+1=1——:z:n(1—mn)<1,
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shows that z; € (0,1) for each ¢ and that the sequence is increasing. A secopq !

golution. Let d = deg P(z) and let r1,...,74 be the roots of P(x), which we
easy induction shows that P(zy) = x,, with the inductive step being

pssume are sorted so that

P(zpi1) = P(z — 2,4+ 1) = P(z,)? — P(zn) + 1 =22 -2y + 1 = Ty Re(r;) < Re(re) < ... < Re(ry).

Hence the equation P(z) =  has infinitely many solutions in (0, 1) and there. Since P (z)? — 1 is divisible by P(z + 1), we can write
fore P(z) = =. n P(z)? —1=P(z+1)Q()
Example 5.11. Find all polynomials P(z) such that . for some polynomial Q(z). In particular, plugging in z = r; — 1, we find that
. Py — 1)2 -1 =0, hence P(r; — 1) = £1. Since

Plz)=(z—r1) ...-(—74),

P(z?) = P(z)P(z +1).

Solution. Clearly the zero polynomial is a solution, so assume P(z) is not ;
the zero polynomial. If & is a root of P(z), plugging in ¢ = o we find that i
P(a?) = 0, and iterating this we get P(a®") = 0 for all n > 0. Since P(g)
has only finitely many roots these must repeat, that is, there are two indices
1 < 7 such that a? . Hence either o = 0 or o®~2" = 1. In the second
case taking the modulus, we find that |a| = 1.

If o is a root, we can also take z = a—1 and we conclude that P((a—1)?) =
Thus by our previous result, either o = 1 or |a~1| = 1. Putting these togethe
we find that a =0 or 1, or & satlsﬁes |el = |a— 1] = 1. In the last case, w
write @ = 7 + iy and we find that 22 + 2 = (z—1)*+¢42 = 1. So = =%

Y= izﬁ Thus there are only four possible roots: o =0, 1, or 1—:‘:;3@ The las

two cases cannot actually occur, since if & = lﬂ‘/ﬁ is a root, then o = "lﬂ
is also a root. However, this is not on our list of four possible roots. Thus w
must have a = 0 or 1.
Therefore we can write P(z) = az™(z — 1)". By checking these, we find tha
a =1 and m = n. Thus the polynomials are P(z) = 0 or P(z) = z™(z — 1)™
form > 0.

wehave
+1=P(r—-1)=—-(1—re—1)(r1—r3—1)-...-(r1 —ra—1).

‘However Re(r; — m¢ — 1) < —1, which implies that |r; —ry — 1| > 1. Thus
when we take moduli, we get

O

1=|P(ri—1)]>1-1-...-1=1.

Thus we must have equality throughout. But this says Re(ry —r — 1) =

and |r1 —T— 1] =1, hénce ry — 71, — 1= —1 and thus r; = r1. Hence all the
roots of P(z) agree and we can write P(z) = (z — 7). In this case, we need
Pz +1) = (z—r+1)

to divide

Pl —1=(z—r)*-1

) =(x—r+1)((z-r)2 11— (z-r)2 24 . +(z-r)-1).
Example 5.12. Find all monic polynomials P(z) such that P(z)% — 1 is di
visible by P(z + 1). nce we see that 7 — 1 is not a root of the second factor (it evaluates to —2d
‘at = r — 1), we see that only d = 1 gives a solution. Thus P(z) =z —r for

Serbian Mathematical Olympiad 202 rany T are the solutions. B
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5.3 Comp'aring the sets of roots of polynomials
on both sides

. Next suppose there is an a € A with a < 0. Again we must have a = b2 -1
' for some b € A, hence b = £+/1 +a. However, we cannot have the plus sign
since we saw in the previous paragraph that z; is the only possible positive
element of A (and vI+a <1 < ;). Thus b = —v/I+a. Define 2 sequence
(ca) Y CL= 0 and ci41 = —/1 +¢; for i > 1. An easy induction shows that
| the elements ¢; are all in [~1,0] and in A. The function f(z) = —v1+z is
o decreasing function of z for z € [-1,0]. Hence f(f(z)) = -V1—-V1+zis

©an increasing function. If we have c3 > c1, then it follows that

cs = f(fles)) > f(f(e1)) =c3

and hence iterating this, we find ¢; < ¢3 < ¢5 < ---. However this would give
infinitely many elements of A. Similarly if c3 < c1, then we have

cs = f(f(es)) < f(f(er)) =c3

and iterating gives c; > c3 > ¢5 > - - - and infinitely many elements of A. Thus
we must have ¢z = ¢1 = a. But working back from cs = a, we find ¢3 = a®-1
and ¢; = (a® —1)® — 1 = a* — 2a? = a. Thus any a must be a root of

If P(z) = Q(z), then the sets of roots on both sides are equal and have the
same multiplicity. What you need is succinctly enlisted here.

(i) If (r) =0, then P(r)

(ii) If the multiplicity of r in P(z) is n, then the multiplicity of r in
Q(z) must be n, too.

(iif) Order the roots of P(z) and Q(z) to arrive at some result.

Example 5.13. Vlatka wrote down a finite set of distinct real numbers (pos
sibly just one number). He then squared them all, and then subtracted on
from each number. He got the same list of numbers he started with, in some
order. What could the set of numbers have been? at~2a® —a=ala+1)@®—a-1)

Nikolai Nikolo

Thus the possible elements of A are 0,1, z1, and 9. We see that z; = x% -1
and z9 = z} — 1 map to'themselves when Vlatka rewrites and 0 = (—1)2 — 1
and —1 = 02 — 1 are interchanged. Thus if Vlatka has either 0 or —1 he must
_have both. Hence

Solution. Let Vlatka’s original set be A = {a1,...,aq}. Then after his rewrit
ings he had {a% —1,a3—1,..., ag - 1} which must again be A.
Thus each a € A must be of the form a = %> —1 for some b € A. In particular
this means that a > —1. Let a be the largest element of A. Since a? —1 mus
also be in A, we have a? — 1 < a. Denote by z1 = 1——"'2——‘/-"3 and 29 = 115@ th
roots of the polynomial 22 — z — 1. Then this says that a < z1.
Suppose there is some a € A with 0 < a < z1. Then a = b2 — 1 for som ;
b€ A, and we find b = ++/1 + a. However, since b > —1 > —+/1 + a, we must}
therefore have b = v/T+a. For 0 < 'a < z1, we have 0 < a < VI+a < Z1y
Therefore the sequence (c,) defined by ¢; = a and ¢i+1 = VIidg fori j
is increasing, contained in (0,z1), and all its elements are in A. This is &;
contradiction since A is finite. Thus A has no such element. !

A= {wl}, {332}) {mla .’.172}, {Oa -1}’ {07 —1a 931}, {Oa _1’ $2}, {0) _1) Z1, xZ}- | |

_Example 5.14. Find all polynomials P(z) having only real roots and such
*that

P(z)P(~z) = P(z* — 1).

-Solution. Clearly the zero polynomial is a solution. Assume P(z) is a nonzero
j, solution, say with degree d and leading coefficient ag. Then looking at the



214 Chapter 5 : Finding Polynomials. Part III: Using Roots 215

leading coefficients of both sides of the equation, we get (—1)da§ = ag and . Q. golution. The answer is yes. Setting
hence aq = (—1)%. Thus we can write i
’ P(z)=2% Q(z)=4% R(z)=—c?
Plzy=(r1i—z)(re—z) ...  (rqa — ), N

; U i
e s the rooks of P, Trom (3 we s " P =0P@) =+, QRE) = RQME) =

P@P(=2) = (r} =2 =) .. (g = ) It P(R@) = o # R(P@)) = —a* n

and
P(.’E2-1)=(T1+1—$2)(7‘2+1—m2)-...-(Td+1—.7:2).

Comparing these two formulas, we see that the lists of numbers r1,7,...
and 7‘1 —-1 'r% 1 ...,7"2 ~ 1 must be the same numbers, but possible in a
different order. ' !
Thus we are in the same s1tuat10n as the preceding problem, except that our
set A has been replaced with a list that may have repeated elements. The
solution to that example still applies and we conclude that the only possible
numbers on our list are 0, —1,z1, and z3 and that 0 and —1 must occur the;
same number of times. Conversely it is easy to see that these conditions suffice !
Hence either P(z) = 0 or P(z) = (z(z + 1))%(z1 — z)%(z2 — 2)° for som
nonnegative integers a, b, c. B

Example 5.16. Find all nonconstant polynomials P(z) and Q(z) such that
for all positive integer n we have

P(P(...P(1)...) = Q(n).

7

n

‘ Solution. Let p) (z) denote the nested composition of k copies of P. Then
the hypothesis says that P™ (1) = Q(n). Hence we compute

Qn+1) = PM(1) = P(P™ (1)) = P(Q(n)).

Mherefore P(Q(z)) = Q(z + 1) holds for infinitely many z, hence it holds for
‘all real numbers z. If P(z) has degree d > 1 and leading coefficient ag # 0
i and Q(z) has degree m X 1 and leading coefficient by, # 0, then we see that
P(Q(z)) has degree dm and leading coefficient agbg, and Q(z + 1) has degree
m and leading coefficient b,,. Since these agree, we conclude that d = 1 and
= 1, that is, P(z) is linear and monic. If we write P(z) = z + ¢, then we
tcompute P(™(z) = z + nc and hence Q(n) = P™(1) = nc+ 1. Thus the
solutions are P(z) = z + ¢ and Q(z) = nc+ 1 for some constant c. |

5.4 The form P(Q(:c))

Many problems about finding polynomials involve compositions of polynomi-
als. Because of the increasingly importance of this topic, we allot one section
to compositions.

5.4.1 Some basic properties

Example 5.17. Initially the polynomial z? + 1 is written on a blackboard.
Each day Vlatka removes the polynomial P(z) and write either P(z? + 1)
or P(z)?2 + 1. Prove that, a year after, the constant term of the resulting
polynomial will be greater than 2%

Example 5.15. Do there exist polynomlals P(z), Q(z), R(z) of degree af
least 2 such that

P(Q(z)) = Q(P(z)), Q(R(z)) = R(Q(=)) but P(R(z)) # R(P(2))?

Volodymyr Barayman ! Arsenii Nikolaev
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Solution. Denote by Py(z) the polynomial that is on the board at the gtgy
of day k., At the end of the year the polynomial will be Pses(z) (0r Pagr(z) fo;
a leap year). Let Q(z) = 2%+ 1 and let Q®)(z) denote the k-fold COmPosition,
of the polynomial Q(z). Vlatka starts with Pi(z) = Q(z) written on e
blackboard, and on day one she replaces it with either Pa(z) = Q(z? + 1) o,
Py(z) = Q(z)? + 1. However, both of these are just Q(Q(z)) = Q® (). Thuys
Py(z) = Q@) (z) regardless of Vlatka’s choice.

An easy induction shows that regardless of which rewriting she does, Viatiy
starts day k with Py(z) = Q®)(x) written on the board. Indeed, if she start
day k with P(z) = Q") (x), then she either produces L

QW (22 +1) = QP(Q(z)) = Q¥+ (z)

that P( P(a)) = P(P(b)), but this contradicts the hypothesis that P(P(z)) is
gtrictly monotone. Hence P(z) is strictly monotone. |

gecond Solution. A strictly monotone polynomial must have odd degree,
and hence must be surjective. Thus P(P(z)) has odd degree and is surjective.
- 1f we write P(z) = agz® + ... + ag with aq # 0, then P(P(z)) has degree d?,
 pence we see that d is odd. Further, the leading coefficient of P(P(z)) is a3,
¢ yhich is positive since d is odd. Hence P(P(z)) must be strictly increasing.
Now, choose a > b. Since P(P(z)) is surjective, there are real numbers z,
and zp such that P(P(zq)) = a and P(P(zp)) = b. Further, since P(P(z))
is strictly increasing, we get zo > @p. If P(P(P(z))) is strictly increasing, we
find that

P(a) = P(P(P(z4))) > P(P(P(z))) = P(b)-

3 Thus P(a) > P(b). This implies that P(z) is strictly increasing. On the other
" hand, if P(P(P(z))) is strictly decreasing, then

or ‘

QP(2))? +1 = QQ¥(z)) = Q¥ (z).
Thus she gets Prr1(z) = Q¥+ (2) either way. :
Hence at the end of one year Vlatka will have Q%) (z) (or Q%7 (z)) writte
on the board. Let by = Q(k)(l). Then b =2 = 22° and an easy inductio
using the calculation ‘

P(a) = P(P(P(za))) < P(P(P(zp))) = P(b).

Thus P(a) < P(b). This implies that P(z) is strictly decreasing. | |
k—1 k k

bt = BR+1> 2% ) +1=2" +1>2° 5.4.2 Roots of P(Q(z)) and roots of P(z)

Since understanding thexroots of a polynomial is always helpful, it will help if
we understand the roots of a composition P(Q(z)). Suppose we factor P(x)
a5 P(z) = C(x —r1)-... - (z —rq), where ry,...,7q are the (complex) roots of
:P(z), taken with multiplicity. Then

P(Q(z)) = (Qz) —r1) - ... (Qz) —Ta)-
Kirill Suhov - Russian Mathematical Olympiad l,, fThus the roots of P(Q(z)) are the union of the roots of the equations
Q@) =r1,...,Q) = ra.

‘Notice that the roots of Q(z) = r and the roots of Q(z) = r' are either exactly
‘the same (if » = ') or are completely disjoint (if r # /).

as the inductive step, shows that by 2> 22k-1) for k > 1.
Hence bagg > 22°° > 22°%,

Example 5.18. Let P(x) be a polynomial with real coefficients such thé,
the polynomials P(P(z)), P(P(P(x))) are strictly monotone on the real axi
Prove that P(z) is strictly monotone on the real axis.

intermediate value property shows that if Q(z) is not strictly monotone, the
there are a < b with Q(a) = Q(b). Assume P(z) is not strictly monoton
then there are a < b such that P(a) = P(b). However, we then compu



218 Chapter 5

Let ri7...,7¢ be the roots of P(z). The set of roots of polynomial

P(Q(z)) can be partitioned into the union of the set of roots of poly-
nomials Q(z) — 71, Q(z) —ra,...,Q(z) — 4.
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Thus P(z) also has n real roots, and we may further assumec; < cp < ... < ¢y,
Now draw the graph of y = Q(x). The roots of Q(z) = ¢; are the z-coordinates
of the points where the horizontal line y = ¢; crosses this graph. Hence
the roots of P(Q(z)) are the z-coordinates of the points where n different

horizontal lines cross the graph y = Q(z). Since the graph of y = Q(z) has at
most n — 1 local extrema, it must cross through all n horizontal lines, turn,
cross back through all n, turn, and repeat this until it has crossed through all
n lines a total of n times.

Thus the first horizontal line it crosses, which it will cross at z = 0, must be
crossed at the z-coordinates

Example 5.19. Are there two polynomials P(z) and Q(z) of degree 2013
with real coefficients such that the roots of P(Q(z)) are 2,2%,...,22013%9

Solution. Suppose there is such a pair of polynomials and let r1,...,ry5
be the roots of P(z). Then for each r; some 2013 of the numbers 2%, for
1 < k < 20132, must be roots.of Q(z)—r;. Conversely, each Q(2¥) in this range
must be a root of P(z). If we write Q(z) = 2013223 + 4201272912 + - - - | then

we see by Vieta’s formula that the roots of Q(z) —r; sum to “%ﬁﬂﬁ, regardless

of the value of r;. Thus we have partitioned the numbers 2,22, ..., 22013 up ‘

into 2013 disjoint sets each of size 2013 and with the same sum. But one of *

these sets must contain 22023” which alone is larger than the sum of all the |

others, so this is a contradiction. Thus there are no such polynomials. n
\ ‘

{0,2n —1,2n,4n —-1,.. .},
and the second, which it will cross at z = 1, must be crossed at
{1,2n-2,2n+ L,4n—-2,...},

and similarly for the other horizontal lines.

Each of these sets will be the roots of one of the equations Qz) =¢;. If we
write

Q(x) = anz”™ + an—12" ' + ap_oz" 2 4 ...

then Vieta’s formulas show that the sum of the roots of Qz) = ¢ is — 2=t

2 on
and the sum of the squares is (a;—;l) - 2“2;2, independent of ¢;. Note that
i this is where we are using n > 2.

For the sets above, the first two terms sum to 2n — 1, the next two sum to

bn — 1, etc. Hence the sums will be equal if and only if n is even. However it
is easy to check that

Example 5.20. Are there two polynomials P(z) and Q(z) of degree n with
real coefficients such that roots of P(Q(z)) form an nonconstant arithmetic
progression of length n2?

Solution. If n = 1, then any arithmetic progression of length 1 is constant,
so there are no examples. If n = 2, then it is easy to build examples, such
as P(z) = (z — 1)(z — 9) and Q(z) = 2 for which the roots of P(Q(z)) are
-3,-1,1,3.

Now assume n > 2. With a suitable shift and rescaling, we can assume tha
the roots of P(Q(z)) are 0,1,...,n% — 1. Let c1,¢2,...,cn be roots of P(:v)w
Then the roots of P(Q(z)) are the union of the sets of roots of the equations,
Q(z) = ¢;. Each such equation has at most n roots and P(Q(x)) has n? real
roots. Hence each such equation must have n real roots, and hence each o
must be real. ‘

2
C+n-12>12+@2n-2)?% (2n)+ (@n—1)2> @2n+ 1)+ (dn—1)?,

and similarly each pair of squares in the first list has larger sum that the
corresponding pair in the second list. Hence for n even, we have

n2
0°+(2n—1)2+(2n) 24+ (dn—1)2+... > 12+(2n—2)2+(2n+1)%+ (dn—2)2+.. ..

;T'his is a contradiction. Thus there are no such polynomials for n > 2. |
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Example 5.21. Find all polynomials P(z) and Q(z) such that
- P(Q()) = P(z)’

for some positive integer 7.

If g(z) I8 linear, then we get solutions

g@)=Fz+c, fl@)=(Fle— )P +(Fe -+ + 1L

| Now suppose both f(z) and g(z) are nonlinear. Then we can write

Rafael Rafaeloy f(z) = amz™ + P(z),
n

where deg P(z) <m—1and g = Z bizt, where m,n > 2, and a, and b, are
i=0

Solution. Comparing degrees we see that we must have deg Q) =r. 1¥.
r = 1, then Q(z) is linear. We have already seen that in this case either -
Q(z) = z or Q(z) = c—z for some ¢, and in this second case P(z) = P(c—z)
so P(z) has an axis of symmetry.

Now assume r > 1. Let the distinct roots of P(x) be z1,..., 2k, which ar
therefore the roots of P(z)". The roots of P(Q(z)) are the union of the sets o
roots of @(z) = 2;. These sets are disjoint and each has at least one element
hence we get at least &k roots. But since the two sides are equal, we get exactly
k roots and in fact each equation Q(z) = z has only one root. Thus ther
must be a permutation o such that Q(x) = 2; has only z,(;) as a root. Henc
Q(z) = a(z — 25(;))" + 2, where a # 0 is the leading coefficient of @Q(z). Sinc
degQ(z) = r > 1, we see that the coefficient of z' ! in Q(z) is ~raz,
Hence all the z,(; must be equal. Since by construction the z; are distinct
we see bhat we must have k = 1. Hence P(z) = b(z — z)! for some b # 0,2;4
and I > 0. Further, Q(z) = z must have an r-fold root at = = 2, so we mus
have Q(z) = a(x — z)" + z for some a # 0. Plugging these formulas in, we fin
that b = ba!, hence a! = b"" L.

ponzero. Thus
F(9(x)) = am (bag™ + bp—12™ 1 + -+ + o)™ + P(g(2)).

Comparing degrees, we see that mn = p — 1. The term P(g(z)) has degree at
most (m—1)n=mn—n=p—1—n < p— 3, hence from the coefficient of
-2, we get mambT1b,—1 = 1. However, this says that m divides 1, which
cannot occur since was assumed m > 2. Thus the only solutions are the ones
we found above with either f(z) or g(z) linear. |

Example 5.23. Let f(z) and h(z) be quadratic polynomials with real coef-
ficients, and let g(z) be a nonconstant polynomial such that

fg(n(z))) = h(g(f(=)))-

Prove that if there exists,a real number ¢ such that f(c) = h(c), then for all
real numbers & we have f(z) = h(z).

Example 5.22. Let p be a prime. Find all polynomials f and g with intege

coefficients such that Solution. Write f(z) = a(z—b)%+e, h(z) = A(z—B)?+ E, and assume that

9(z) has degree d > 1 and leading coefficient K # 0. Then equating leading
coefficients, we find aK2A% = AK?4??, hence a24-1 = A%-1 Since o and A
dre real, this implies a = A.

Since f(z) = f(2b— z) and h(z) = h(2B — z), we compute that

f(9(h(2B—2))) = f(g(h(=))) = h(g(f(2))) = h(g(f(2b—2))) = F(g(h(2b—2))).

Therefore the polynomial R(z) = f(g(h(z))) satisfies R(2B — z) = R(2b —x),
‘or after the substitution z — 2B — z, R(z) = R(z + 2b —2B).

f(g(x))=1+x+...+m”_l.

Cezar Lupu and Vied Matei - Romanian Team Selection Test 201

—

Solution. Comparing leading coefficients, we see that the leading coefficien
of f(z) and g(z) must both be £1. If f() is linear, then we get gsolutions

fl@) =4z +c, gl@) =% +a" 2+ +zt+l-0c).
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If b # B, then this says the polynomial R(z) is periodic, hence constant, , |
contradiction. Thus we must have b =
Finally, plugging in £ = ¢ and using that a = Aand b = B, we find that

Solutmn Clearly the zero polynomial is a solution. Otherwise, without loss
' of generality, we can assume that P(z) is monic. Then by the Theorem, there
exists & real number zo such that for all z > zo, P(z) is strictly increasing.

e = E. Hence f(z) = (:c) N . Now notice that the & = 1 term in the given sum vanishes and group the
" emaining terms in pairs to rewrite the equation as

5.5 Long-Run Behavior Lemma n
Z m(P(z +2m) — P(z + 2m + 1)) =

Let P(z) = agz® + ag_12% 1 + - - + ag be a polynomial with real coeflicientg, m=1

Then for large z, the behavior of P(x) will be dominated by the leading term
There are a number of ways to state this more formally and a number of usefy
facts we can extract from this. This section is devoted to a few of these,

The simplest version of this is probably the following. Suppose that ag > 0 ‘
Since . ;

* For > %o, we have £+ 2m + 1 > z -+ 2m > o for all m, hence by our choice
- of 2o, we have P(z+2m+1) > P(z+2m). Thus every term in the sum on the
| left-hand side is negative, a contradiction. It follows that the zero polynomial
| - is the only solution to the problem. |

. Example 5.25. Let P(z) and Q(z) be nonlinear polynomials with real co-
i efficients such that P(P(z)) = Q(Q(x)). Prove that either P(z) = Q(z) or
there is a constant C such that P(z) + Q(z) =

lim ﬂﬂ:ad>0,

Tr00 wd
P(z) will be positive for all sufficiently large z. More concretely, if a is the -
largest real root of P(z), then P(z) will be positive for z > a.
If we use a little calculus, and apply this observation to the derivative of P(z ),
we get a more powerful fact. If the leading coefficient of a polynomial P(z) ig
positive, then after we pass the last local minimum of the graph of P(z), the
polynomial is strictly increasing.

irst Solution. Comparing degrees we see that (deg P(z))? = (deg Q(z))2.
Hence the degrees of P(z) and Q(z) are equal.
et deg P(z) = deg Q(z) = d > 2, and write

P(z) = adxd +...4ag, Qz)=bgzt+...+b.

» Cons1der1ng the coefficient of z#* , we find that a‘“‘l = bd"'1 Therefore we can

Let P(z) = aqgz® + ...+ ap with ag > 0. Then for all sufficiently large’
wnte ag = ebg, where € € {—1, 1} satisfies e4t1 = 1. Now note that

z, the polynomial P(z) is increasing.

P(P(z)) = agP(x)? + ag_1 P(z)* + ... + a,
} Q(Q(®)) = baQ(2)* + ba1Q(z)4 + ... + by

or k > 0, look at the coefficient of z4¢~1+* on both sides. The terms
ombl «“.P( z)41 Q(z)41, and lower, have degree at most d(d — 1). Hence these
oefficients come entirely from ayP(z)? and byQ(z)%. Thus we have

Z( 1)’°[ JP(z-I—k)—O
; aq Z Aiy Qg * oo - By =bd Z bilbiz -...-b.,;d.

Austrian-Polish Mathematical Competition i1 igmd(d—1)+h i1t b (d—1)

Example 5.24. Find all real polynomials P(z) such that there exists a nat-
ural number n satisfying the following equation: ,
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We want to prove from these equations that ar = eb, foreach 1 < k <
We will do so by downward induction on k. The base case k = d is just oy
definition of ¢. Suppose we have proved that as = ebs for k+1 < s <d. Sing
every term in the sum has |

irst, assume that ag = bg. Then
ad(P(@) -~ Q@) (P +... + Q)"
=ag_1P(z) 4+ ... +ap~ bag—1Q(z)4t — ... — bo.
fd> 1, note that the leading coefficient of
P+ ... 4+ Qx)* !
! 15 a polynomial of degree d(d—1) with leading coefficient dag_1 # 0. Since the
jght-hand side has degree at most d(d — 1), it follows that P(z) — Q(z) = C
s constant: Therefore “
P(P(z)) = Q(Q(z)) = C + P(C + P()),
and since P(z) takes on infinitely many values, we conclude that
P(z)=C+P(z+C).

However if C # 0, we know that P(z + C) — P(z) has degree d —1 > 0. Thus
we find that C =0 and P(z) = Q(z).

Now assume that ag = —bq. Recall that in this case, d must be odd. Rewrite
the original equation as

04(P(z) + QE@)(P@)* ' - ...+ Q@) ™)

d(d—1)+k=i1+...+idSi1+d(d—1),

we see that we must have iy > k with equality if and only ifig = -+~ = i3 =g
Similarly, each index is at least k with equality if and only if all the other.
indices equal d. These d terms will contribute dakag to the left sum and db,
to the right sum. Now consider a term where all the indices are strictly great,
than k, that is, i1,...,ig > k. Such a term is

1 .
AdQiy Qig -« Biy = €d+ bdb‘ilbig S bid = bdbq;lb,,;z Ve bid-

Thus these terms cancel. After cancelling off all these terms, we have alread
shown that we will be left with daﬁak = dbgb;c = dadagbk. Therefore
conclude that aj, = eby, completing the induction step.

If ¢ = —1, then we are done, since we have shown that every term of P(x)
Q(z), except possibly the constant term, cancels. Suppose € = 1, and th
we try to extend the argument above to the coefficient of 2441, The abo

argument shows that the contributions of agP(z)% and b4Q(z)? will cance

_ d— _
except for the terms daoaﬁzl and dbobg- The only change is that we will n ; = ag1P(@)" + ...+ a0 - bd—lQ(w)d. t—... = b
get extra terms from the leading coefficients of ag—1P(z)%! and by_1Q(z)? Again, Px)* -+ Q(z)%! is of degree d(d — 1), hence the same argument
(and only from these). Hence we get ove shows that P(z) + Q(z) is constant. |

d -1 _ p1d d—1 b . .
dajag + ag-10; = dbgbo + bg—1bg . Third Solution. First we prove the following lemma (which we will see later
Since € = 1, the extra terms cancel, and we conclude that ag = bp. Thus

this case P(z) = Q(x).

et P(z) = agz? + ag-12%~1 +... 4 ao be a polynomial with real coef-
ents, and define o = ¢/Jag] and b= %=L ‘

dag ° .

hen |m1|i:r—)noo ( Y|P(z)| —a-lz+ b|> =0.

Second Solution. Follow the first solution to write

P(z) = agz® + ...+ a0, Q(z)=bazx’+...+bo,

where ag = tbg.
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Remark. The absolute values are only needed to avoid taking even roots of
negative numbers, so we could drop them if either d is odd or ag > 0. We
could also try to avoid them by working over the complex numbers, but thig
requires carefully specifying conventions.

Proof. Since we can replace P(z) by —P(z) if necessary, we can assume
ag > 0 and drop the absolute values. Then we have

/Pl - P(z) — agz?
YPlx)dT + ...+ {fad  zd-1
ad_la:d Ly +4ao

d P(.’L‘d Ty .48 d 1md—

da T =

Therefore

hm (\/W Ya :1:) = lim

|zj—o0 4 P(

a,d_l.’ltd_l +...+ap

)14+ §

ag—1
df d—1
di/a,

This completes our proof. Q

Applying this Lemma to our problem, using the notation of the first solution,
we find that

hm <\/|P(P(rzz — ag| - |P(z) + ad L ) =0
and b
Jim (IQ@@N - B o) + %2|) =0

Since P(P(ac)) = Q(Q(z)) and |ag| =

lim <
|z]—ro0

|bal, subtractmg we get

bd" ) =0.

ad_

P(z) + ——| - |Q(e) +

Gz . oo
i T
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If ag = bg, then P(z) and Q(x) have the same sign for large z, and we get
that

. _bai1—ag
|x1|1—r>noo (P(z) — Q(2)) = dag

This implies that P(z) — Q(z) is constant. We can either finish as in the first
solution, or we can note that since d > 2, the fact that P(z)—Q(z) is constant
implies that ag—1 = bg—1 and hence we find that P(z)~Q(z) = 0. If ag = —bg,
then P(z) and Q(z) have opposite signs for large , and so we get

]mlligloo(P(w) +Q(z)) +C) =0.

Thus P(z) + Q(z) is constant. ]

Remark 1. The assumption that P(x) and Q(z) are nonlinear is necessary,
since if P(z) = b— z, then we compute that P(P(z)) = z, independently of b.
Remark 2. It was not require in the preceding solutions, but in the case
where P(z) + Q(z) = C, we can describe P(z) and Q(z) more explicitly. In
this case, we have

P(P(2)) = Q(Q(z)) = C - P(C - P(z)),
and since P(z) takes on infinitely many values, this implies
P(z)+ P(C —z)=C.
Therefore the polynomial\P (§ +z) — $ is an odd polynomial and so

C c 2
P<—2-+x>—5—:cR(x )s

for some polynomial R(x). Thus we can write

P(m)=—§-+ (w—%)R((z—%)j =§+ (m—%—)T(:ﬁ—Cw)

and we find that

Q)= - <.7; - -g-) T(a? — Ca),
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Example 5.26. If P(z) and Q(z) are two polynomials with real coefficientg

Remark. In Tournament of Towns 2004, th i :
Eauaple 526,11 (s) end Q(s) e o ool oals wih e following problem was proposed:

Let P(z), @(z) be two real polynomials such that

Navid Safee; P(P(2)) = Q(Q(2)) and P(P(P(z))) = Q(Q(Q(x))).
Solution. If P(z) has degree d and leading coefficient aq, then we see that
P(P(P(z))) has degree d3 and leading coefficient a}*%+%". Since Q(z) givesan |
analogous formula, it follows that Q(z) also has degree d and since 14+d 442
is odd, it follows that the leading coefficients agree. (Note that this solves the
constant case, so we may assume d > 1 below.)
It is easy to check that if P(z) = az + b, then

Is it necessary that P = Q7
This was of course meant to be an easier question

(We have P(P(P(z))) = Q(Q(Q(IIJ))) = Q(P(P(x))). If P(z) is nonconstan
then P(P(z)) takes on infinitely values anfi vEre (cqzl)c)lufie};(lai ]SD(:UC; iOQS(t::);:

but it is amusing to note that we could have solved the problem ienori
_ first hypothesis. problem ignoring the

_ 3 2
P(P(P(z))) =a’z+ba*+a+1), Example 5.27. Let P, Q, R be real polynomials such that the polynomial

3 P(Q(z)) + P(R(z)) is a constant polynomial.

so P(P(P(z))) determines a and b, and hence P(z). Prove that either P(z) or Q(z) + R(z) is constant

Thus we may assume d > 2.

By the long-run behavior 1 find that -
y the long-run behavior lemma, we find tha Zhautykov Competition 2012

|ml|i_r,,noo (d [P(P(P(z)))] — a|P(P(z)) + b|) =0 First Solution. Assume that P(z) is not constant. Without loss of general-
| ity, we can assume that P(z) is monic. Thus we may write

and -
P(z) =a* + cp1ab 1. + .

I (V@@EN - al2(@(@) +¥1) =0,

|, Since P(Q(z)) and P(R(z)) have the same degree, we see that R(z) and Q(z)

hence
have the same degree. If we write

lim (|P(P(2))+b] - |Q(Q(x)) + ) =0.

|| o0

Since P(P(z)) and Q(Q(z)) have the same leading coefficient, they have th
same sign for large «, and hence it follows that P(P(z)) — Q(Q(z)) = b —bis.
constant.

Since d > 2, it follows that the coefficient of 2?1 in P(P(z)) - Q(Q(z)
vanishes. An easy calculation shows that this means the coefficients of z%
in P(z) and Q(z) agree. From this, we find that in the calculation abow
¥ = b, and hence we conclude that P(P(z)) = Q(Q(z)). Repeating this:
argument (which is the third solution to the previous problem), we find tha ‘

P(z) - Q(z)=0.

_ d
R(x)—adm + ...+ ag, Q(x)=bd$d+...+bo,

* then examining the leading term, we find that a§ +b% = 0. Thus k is odd and
ag+bg = 0. After rewriting the original equation, we find that

- (BEHQEN(RE) "~ +Q@)* ) = g1 (R@) 4. +Q(z) Y+
' The right-hand side has degree at most d(k—1) and as in the previous solutions

R(z)*'—.. . +Q(z)* ! has de i i
: gree d(k—1) and leading coefficient ka*~1. Th
we find that R(z) + Q(z) must be constant. ; o uIS
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Second Solution. As in the first solution, we assume that P(z) is noncoy.
stant and we find deg P(z) = k is odd and the leading coefficients of Q(z) anq :
R(z) have opposite signs.

Bllt if C # 0, this implies that Q(z) is linear, contrary to the hypotheses.
ThuS we must have C =0 and Q(z) is odd.

;5 For the second statement, Q(Q(z)) = Q(Q(—=z)). This implies that Q(Q(z))

By the long-run behavior lemma, we find that { " pas even degree, and hence Q(z) also has even degree. Since we can replace
W Q(z) by — —Q(—xz), we can also assume the leading coefficient of Q(z) is positive.
]zlliﬁloo ( TP(Q(@))] — alQ(z) + b|) =0 ; ‘j Thus by the Theorem, there is a constant C such that for all z > C, Q(z) is

o gtrictly increasing.

and ¥ Choose z large enough that Q(z),Q(—z) > C. If Q(z) > Q(—z), then
lim (\"/|P(R(x))| ——a|R(a:)+b|) = . Q) > Q(Q(-x)) and if Q(z) < Q(-z), then Q(Q(z)) < Q(Q(-z)).
|| —o0 : These are not allowed, so we must have Q(z) = Q(—=z) for all large , and
hence nence Q(z) = Q(—xz) for all z. -

o hm (1Q(z) + b — |R(z) + b]) = 0.

Since the leading coefﬁc1ents of Q(x) and R(z) have opposite signs, we con-
clude that

Example 5.29. Find all polynomials P(z) and Q(z) such that
P(P(P(P(x)))) = Q(Q(Q(Q(x))))-

lim (Q(z) + R(z)) = £2b Taiwanese Team Selection Test 2012
|z|—00 ’

Solution. Define P(P(z)) = f(z) and Q(Q(z)) = g(z). Then

f(f(z)) = g(g(z)).

‘Hence by Example 5.25 either f(z) = g(z) or f(z) + g(z) = C for some
constant C.

Assuming the former, w¢ get P(P(z)) = Q(Q(z)). Hence by Example 5.25
we get that either P(x) = Q(z) or P(z) + Q(z) = D for some constant D.
In the second case, by the remark after that example, we get that there is a
_polynomial T'(z) such that

P(z) = g + (m - g) T(2? — Dx),

and hence Q(z) + R(z) is constant.

Remark. You make recognize that the two solutions above are adapted fro
the last two solutions to Example 5.25. The first solution can also be adapte
to solve this problem.' In this solution, we use a backward induction to pro
that for

R(z) = agz® + ...+ a0, Q(z)= bgz® + ... + by,

we have a; = —b, whenever k =4d,...,1

Example 5.28. Let Q(z) be a nonlinear polynomial. If Q(Q(z)) is an o
function, prove that Q(z) is an odd function. If Q(Q(z)) is an even functio

prove that Q(z) is an even function.
2

-Assuming the latter, we have P(P(z)) + Q(Q(z)) = C. From the discussion
: after Example 5.25, we see that

P(P(z)) = 5 + (x - %) (2 — Ca),

Qz) = D_ (x - 2) T(2? — Dx).

Solution. For the first statement, we find that Q(Q(z)) + Q(Q(—2)) = 0
Then by the previous problem, we get that Q(z) + Q(—z) = C is constant.

this case we get Q(Q(z)) = —Q(Q(~z)) = —Q(C — Q(z)), which implies th
Q(z) = —Q(C — ). Hence Q(z) = -Q(C -2z) =Q(z - C) ~C.
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for some polynomial T'(z). In particular P(P(z)) has odd degree, and heng
P(z) has odd degree. But if P(z) has odd degree d and leadmg coefﬁc1ent ag
then we compute that the leading coefficient of P(P(z)) is a®*1, which is et
even power and hence positive. Since a similar argument shows that Q(Q (), 1‘
has positive leading coefficient, we cannot have P(P(z))+Q(Q(z)) = C. Thys
there are no solutions in this case. N

ctting R(z) = P(z?> —z+1) = Q(z? + z + 1), we compute that

Rl—2)=P(1-2)2~(-2)+1) = Pe®—z+1) = R(z)
— Q@+ +1)=Q((—s— 1P+ (~z—1) +1) = R(~z - 1),

)
 hence after substituting z — 1 — z, we get R(z) = R(z — 2). Thus R(z) is a
eriodic polynomial, and hence constant. Thus P(z) = Q(z) = C is constant
v : and f(z) = g(z) = Cz™ for some n > 0. |
5.6 Miscellaneous problems %

gecond Solution. Let R(z) = 1) 5 (z) = 42, Then

In this section we provide some examples for which you need to combine ide m

from these three chapters about finding polynomials. R (x2 —z+1)=58 (m2 +z+1).

Example 5.30. Let n be a positive integer. Find all real polynomials f an The computation given in the previous solution shows that
g such that T(z) = R(z? —z+1) = S(z® + 2'+ 1)

(22 +z+1)" fle—z+1)= (2 —z+ 1)"g(z® + z + 1), «-is a periodic rational function, hence constant. Thus R(z) = S(z) = C is
constant, and f(z) = g(z) = Cz™. n
for all real numbers z. ‘

Example 5.31. Find all polynomials P(z) with real coefficients such that
\ Marcel Chiritd - Mathematical Reflections, Problem U3 Examp poyR (=)

P(2? — 2z) = P(z — 2)°.
First Solution. We first claim that z™ divides f(z). If not, then we can writg,
£(z) = z*P(a) where k < n and P(0) # 0. Plugging this into the equati
and cancelling, we find that

First Solution. Clearly'the constant polynomials P(z) = 0 and P(z) =
are solutions. Assume we have a solution P(z)of degreed > 1. Let z —1 ==z
and Q(z) = P(x — 1). Then

Q(z%) = P(z® - 22) = P(z — 2)* = Q(2)".

Tterating this we find that Q(z%") = Q(z)%" for all n. In particular, we can
choose n large enough that 2" > d. Now suppose r is any nonzero root of
(z). Then setting z to be any 2"-th root of r, we find that all 2"-th roots
of r are roots of Q(z). But this would give us more than d distinct roots of a
degree d polynomial, a contradiction. Thus the only root of Q(z) is zero and
lence Q(z) = az™ for some n. Plugging in we find that Q(z) = z™ Thus
P(z) =0 or P(z) = (z +1)" for some n > 0. [ |

(z*+z+1)"P(a® ~z+1) = (z? -z + )" Fg(x® + z +1).

Now let ¢ be a primitive cube root of —1, so that € satisfies e2 —e+1 = 0,
and taking = = €, we get
(2¢)"P(0) =0,

@

and hence a contradiction. Similarly, we find that 2™ divides g(z).
Writing f(z) = " P(z) and g(z) = 2"Q(z), we find that

P —z+1)=Q(z®+z+1).
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" golution. Foreven k, let us define Q(z) = Py(z)— Pe(z—1). Then Q(n) = nk
or each integer n > 2. Thus Q(z) = z*. Therefore

Second Solution. It is easy to check that P(z) = z+1 is a solution. Hengg
by the uniqueness lemma, the nonconstant solutions are P(z) = (z + 1) f,
n > 0.

Allowing constant solutions adds the case n = 0 and the zero solution. N Pe(-=n+1) — Pe(—n) = (1~ n)k =(n— 1)ka
P(-n+2) — Pe(—n+1) = (n—2)%,..., P,(0) — P(~1) =0,

Pk(l) — Pk(O) =1.

Example 5.32. Find all polynomials P(z) with nonnegative integer coeffi.
cients such that for all positive integers n, nP(™ < P(n)™.

qumming these we get

Solution. It is easy to check that 3™ > m3 for m = 1,2 and 3™ = m3 fo;

m = 3. Since for m > 3, we have Po(1) = Pe(—n) =¥+ 0+ 1%+ .. + (n—1)F =14 Py(n-1).

(m+1)3 3 . 3 1

=1+ = + — + — <3, y. That is, for all integers n > 2, we have Py(n — 1) + Py(—n) = 0. Hence for all

m3 ‘ . /. g, we have Py(z — 1) + Pe(—x) = 0. Setting z = 3, we get P (—3)=0. N
an easy induction shows that 3™ > m3 for all positive integers m with equality- ‘
only for m = 3. Now, putting m = P(3), we get 3P() < P(3)%. Thus P(3) =3.
Let deg P(z) = d. Then 3 = P(3) > 3¢, Hence d € {0,1}. If d = 1, we find .
that P(z) = z + a with a > 0. Since P(3) = 3, we get a = 0 and P(z) =g,
If d = 0, then P(z) is constant so P(z) = P(3) = 3. Thus P(z) = z or
P(z) =3.

. Example 5.34. Find all polynomials P(z) with complex coefficients such
;. that
P(a" + P(z)) = (2" — 1)z™ + P(a™).

Solution. Let P(z) = agz® + ...+ ag. Then

L n - Yy — n d_ d — 2
Example 5.33. Consider the identity P(z"+P(z))—P(z") = aq((z" + P(z))*—2"%) +...+a1(P(2)) = (2" = 1)z™.
¢ The left-hand side of the above equality is divisible by P(z). Hence P(x)

1+2+...+n=sn(n+1) ivides " \
.. . " divides =" Therefore P(z) = agz®. Thus

2
If we set Py(z) = 3z(z + 1), then it is the unique polynomial such that for

P(z" + P(z)) = ag(z™ + agz®)? = agz" + (2" — 1)z™".
each positive integer n,

; If n > d, then the left-hand side has degree dn and the right-hand side has
degree n? > dn. If n < d, then the left-hand side has degree d? and the right-
hand side has degree dn < d2. Thus these lead to contradictions, and hence
d = n. In this case the equation becomes

P(n)=1+2+...+n.

In general, for each positive integer k, there is a unique polynomial Py(z) suc
that
Pun)=1%+.."+n* n=12....

Find the value of Pyo1p (—%)

an(l + an)"z™ = (an + (2" - 1))z™,

and hence we see that a, must be a root of an(1+ an)® = a, + 2% — 1. So the

Singaporean Mathematical Olympiad 201 solutions are P (z) = anz™, where ay, is the root of the above equation. n
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Example 5.35. Find all polynomials P(z) with real coefficients such that fop . . .

each positive integer n, we have
P(P(n)) = | P(n)?].

Solution. If P(z) = C is constant, then C = |C?], so C is a nonnegative
integer satisfying C' < C? < C + 1. It is easy to see that this gives P(z) =
or P(z) = 1. Now assume P(z) is nonconstant. Since z — 1 < |z] <z, we
have P(n)2 —1 < | P(n)?] < P(n)?, which implies that

—1< P(P(n)) — P(n)><0

for each positive integer n. Since P(z), is nonconstant |P(n)| tends to infinity “
as n tends to infinity. Hence we find that there are arbitrarily large values of-

z such that
-1< P(z)—2*<0.

A nonconstant polynomial must tend to £oo as  tends to +o0o, so this forces:
P(z) — z* to be a constant polynomial. Hence we can write P(z) = 22+ C -

for some constant C with —1 < C < 0. Hence we compute that

P(P(n)) = (n? + C)* + C =n*+2Cn* + C* + C.

co

\

From the given equation this must be an integer for all positive integer n. In
particular, for n = 1, we see that C2+3C+1 is an integer and for n = 2 we see

that C2+5C-+16 is an integer. Subtracting, we see that 2C must be an integer.
Thus C = 0 or C = —1/2. However for C = —1/2, P(P(1)) = C?2+3C+1

is not an integer. Thus only C' =0 is possible, and it is easy to see that this

works. Therefore P(z) € {z%,0,1}.

5.7 Proposed problems

Problem 5.1. Find all monic polynomials with only simple real roots such

that P(2?) = £P(z)P(~z).

Problem 5.2. Let P(z) € Z[z] be an irreducible polynomial having a root

with absolute value greater than 2. Prove that if P(c) =0, then P (14+a3) #0
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] problem 5.3. Find all polynomials P(x) with complex coefficients such that
p(z® — 1) is divisible by P(z?+z+1).

Gazeta Matematicd
problem 5.4. Find all polynomials P(z) such that
1 1
Pz =P = —=).
(z*) (a: + 2) P <.'1: 2)

problem 5.5. Find the largest ¢ € R for which there exists a nonconstant
polynomial P(z) such that

P(z%) = P(z — c)P(z + c).
Brozilian Training Camp

Problem 5.6. Find all polynomials P(z) = z® + az? + bz + ¢ such that
P(z? - 2) = —P(z)P(—z).
John Murray - Irish Mathematical Olympiad 2012
Problem 5.7. Let P(z), Q(z) be quadratic trinomials such that the numbers

-22,7,13 are three roots of the equation P(Q(z)) = 0. Find the fourth root
of this equation.

P. Cernek - Czech-Slovak Mathematical Olympiad 2000
" Problem 5.8. Let P(z) and Q(z) be polynomials with complex coeflicients

" such that P(z) and P(Q(z)) are monic, P(X) is nonconstant, and Q(z) is
. nonlinear. Let

A={zeC:P(z)=0}, B={zeC:P(Q)=0}.
. Prove that the following statements are equivalent:

(i) A= B;
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(ii) there is a complex number r such that

- P(@)=(z-7)" Qz)=w(c—7)"+r,

where n > 0, m > 1 are integers and w is an n— th root of unity.
Problem 5.9. Let f € Z[z] be a monic polynomial and let (an)n>1 be ap Chapter 6
arithmetic progression of natural numbers. Prove that if there exists k ¢ 7
with a1 = f(k), then the set

{on In21}N{f(n) | neZ}

Lagrange’s Interpolation
Formula (L.L.F.)

is infinite.

Gazeta Matematicd B 11/2011, Problem 265361,

6.1 The formula

e saw in Section 3.2 that two polynomials of degree d that agree at d + 1
oints are in fact the same polynomial. In geometric terms, this says that if
“we choose any d + 1 points in the plane (with distinct z-coordinates), then
wthere is at most one polynomial of degree d whose graph goes through them.

esult. We would like to fill in this gap, so we have the following question:

‘Suppose we are given d + 1 points in the plane (with distinct z-coordinates),
there a polynomial of degree d whose graph goes through all of them?

J1f we are given a collection of points, then a function whose graph passes
,‘:_‘through those points is said to interpolate between them. Thus we can phrase
'this as asking for a polynomial of degree d that interpolates between d + 1

efore giving Lagrange’s very pretty answer to this question, let’s think about
his problem a little. If we write down an arbitrary polynomial P(z) of degree
in the usual way as P(z) = aqz? + - - - 4 ao, then we have d + 1 unknowns,
amely the coefficients ag,a4_1,...,a9. If we ask that this polynomial pass
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through the point (z1,%1), then this says P(z1) = y1 and hence

d—1

- ada:‘li+ad_1a:1 +-.-t+ag =Y.

Since we know z; and y1, this gives us a linear equation in our d+1 unknowng,
If we want to interpolate between d + 1 points, then we will get d + 1 linear
equations of this form in our d + 1 unknowns. This is a nice situation: d 41
equations in d + 1 unknowns. The fact that there should be a unique solution
seems reasonable, but it is certainly possible to write down systems of linear
equations without solutions. For example, if we have two points with the same.
z-coordinate, but different y-coordinates, it will clearly be impossible to find 5
polynomial that interpolates through both. Still, we have reason for optimisni
and we could study these linear equations to answer our question. ‘
Lagrange resolved this in a very elegant way avoiding any tedious linear alge=’
bra. Assume that we have d + 1 distinct complex numbers 7o, 71,.. .,Tq an |
we have d + 1 matching values sp, $1,...,5q4. We want to find a polynomial
P(z) of degree at most d, such that P(ro) = s0,-- -, P(rq) = 84. Look at the’
polynomial
Qolz) = ( —r1)(—7r2) - - (T —Ta).

This polynomial is very simple to understand at £ = ry,...,7d, it is zero. It
a little trickier to understand at z = 7o, since its value will be a long produc
but we can fix this by looking at

Qo(z) _ (x—r)(z—r9):...- (T — 74)
Qo(T‘o) (1‘0 - 7‘1)(7"0 - 7‘2) et (7’0 - ’l"d)
This is still zero at = r1, ..., 74, but now its value at ro is also easy, it is just

1. Tt should be clear that we can do the same thing for each r;. Specifically,
we define

Q(:z:):(m—rg)(a:—rl)-...-(a;—rd)

_ Q=)
Qilw) = T —7;
This is a formal way of saying that Q;(z) is the product of all of z — 1o, -
& — rg, except we omit z — ;. Then the polynomial
Q,,(:E) _ (.’l:—-’l"o) Ceeat ((1:—’)"-5_1)(11;—7'1.{.1) (m—'rd)

Qi(rs)  (ri— o)+« (Ti — 1) (rs = Tig1) e (ri—ra)

and
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willbe 0 at z=70,...,Ti-1,Ti+1,---»Td and 1l atz=mr;.

" Now it is easy to see what will happen if we combine these polynomials. Look

ot the polynomial

Plz) = Qo(z) + Q1)

Qa(x)
= Qolro) " Qu(r)

§1+++ =84

Qa(ra)

~ If we evaluate it at z =y, then all terms except the Q;(z) term are obviously

gero, and the Q;(x) term is just 1 - s;. Thus P(r;)=s; fori=0,...,d. This
answers our question, you can interpolate a polynomial of degree d through
any d+1 points. The really impressive thing is that Lagrange not only proved
this, but also gave a fairly simple formula for the unique polynomial that
interpolates between them.

The aforementioned formula is called the Lagrange’s Interpolation Formula

or L.LF. for short).

Let (ro,80), - - -1 (Td) S4) be any points in the Cartesian plane with dis-
tinct z-coordinates. Then there exists exactly one polynomial of degree
at most 2 whose graph passes through these d+ 1 points. Furthermore,
* " this polynomial is given by the following formula: Define

Q(ZD)‘—‘\ (z—ro)(z—71) ... (& —7g)
and
Qi(z) = ;Qég%,
then Z

P((ZI) . QO(-’E) so+ Ql(m) s14 -+ Qd(.’L’)

= Qo(r0) " Qu(r) Qalra)

One can turn this around slightly. Instead of imagining being given d + 1

oints and asking for P(z), we could start with a polynomial of degree at

ost d. In this case the L.I.F. becomes a polynomial identity:
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gxample 6.3. Let a # 0 such that |3az? + 2bz + ¢/ < 1forall 0 < z < 1.
Find the maximum value of a.

Let P(z) be any polynomial of degree at most d and rg,71,..., 7, any
d + 1 distinct complex numbers. Then Solution. Write the L.LF. for P(z)  3az? + 256 + ¢ and the a-coordinates
Qo(x) Qa(x) 0,1,1. This says
P(z) = —=%P(ro) + ...+ P(ry).

sac?+ 2t 40— EZDE D p (@01, (;)

1
3 i 2

Example 6.1. Consider the three points (1,4), (=1,0), (0,2). According ¢
the L.LF., there exists only one polynomial of degree at most d satisfyin,
P(1) =4, P(-1) =0, P(0) = 2, and it is

z2-3) (-0 %)l(x — O)P(l).

2
Comparing the leading coefficients, we find that

z(z+1) z(z—1) (z—-1)(z+1) 1
g At 0t — 2=2z+2. 3a=2P(0) - 4P(3) +2P(1).
Example 6.2. Let P(z) be a polynomial of degree 5. When P(z) is divide . Gince [PO), |P (3)], IPQ)| < 1, we get

byz—1,2—2,z~3,z—4and 22 — 2 — 1, P(z) leaves a remainder of 3,1
7, 36 and x — 1, respectively. Find the square of the remainder when P(z) i
divided by = + 1.

1
3a = 2P(0) — 4P (5) +2P(1)<2+4+2=8

Singaporean Mathematical Olympiad 201 i Thus a < g. The equality case occurs when
Solution. We have P(1) =3, P(2) =1, P(3) =7, P(4) = 36 and
P(z)=(z*~2-1)Q(z) +z - 1,
where Q(z) is a polynomial of degree 3. Hence
QML) =-3, Q2)=0, QB)=1, Q@4) =3.
Now, by the L.IF., the polynomial Q(z) is uniquely determined and we havef;
— NV — - _ _ _
Qz) = —3- (z —2)(z —3)(z—4) 1 (z—1)(z—2)(z—4)

PO =P()=1, P (%) -1

P@) = 2 <x - %) (z = 1)P(0) — 4(z - 0)(z —1)P (%)
+2 (a: - %) (z—0)P(1)

(—1)(—=2)(-3) : @) M(=1) (22— 1)(z ~ 1) + do(z — 1) + 25 — 1)z
+3.(ac—1)(:1:—2)(:c—3) — 8228z +1.
(3) (@) (1) ' ;

Since for 0 < z < 1, we have 0 < z(1-1) < §, it is easy to see that |P(z)| < 1.

Hence Q(—1) = —27. Therefore P(—1) = —29 and so P(—1)? = 841. Thus we are done. [ ]
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once P(2019) = a1L1(2019) + ... + ag018L2018{2019).
this the optimal stra,tegles are clear. Maxim will set ag;—1 = 1 if
(2019) is positive and ag;—1 = —1 if it is negative. Vlatka, on the other

Remark. The solution to the previous example is logically sound, but the,
is still something circular about it. The reason the solution worked is beCause
we cleverly chose to apply the L.LF. at the correct points 0,3 5, 1. From t

we got the upper bound on a, and analyzing the equality case we found Our h:nd will set ag; = —1 if L2;(2019) is positive and ag; = 1 if it is negative.

polynomial P(z) and indeed the points where P(z) = £1 are exactly 0,1 1 . Notice that both the numerator and denominator of L;(2019) are products
That justified our original choice. If we had chosen three different points, we - of 2017 factors. Every factor in the numerator is of the form 2019 —j > 0.
would have gotten a different (weaker) upper bound on a, and we would haye : Hence the numerator is positive. The denominator has i — 1 positive factors

_jforl1<J< i) and 2018 — 4 negative factors (i — j for i < j < 2018).
pus the sign of the denominator will be (- 1)2018-% — (—1)¢, Thus Maxim
i1 look only at L2;—1(2019) < 0 and will set all the ag;—; = —1. Vlatka will
| at all the L9;(2019) > 0 and will set all the ag; = —1. Since Maxim and
tka both will choose a; = —1, we find that P(z) = —1 for all z, and hence
2019) = —1- .

gotten a polynomial that was +1 at our chosen points, but it would not satisfy;
the condition that |P(z)| < 1forall0<z < 1. ‘
For the quadratic case one could use symmetry or the knowledge that ¢ <i
z(1— z) < § to reason that 0,3,1 are the correct points to take. However, &
generalize thls example to higher degree polynomials, one needs a deep unde
standing of a certain type of polynomials called the Chebyshev polynomia,
We shall discuss this topic in our last (i.e., third) volume about polynomial
<ample 6.5. Let ag,...,aq be real numbers and let rg,...,rq be distinct
stional numbers such that P (z) = ag + ... + agz? has an irrational leading
oefficient. Prove that at least one of P(rg),..., P(ry) is irrational.

Example 6.4. Maxim and Vlatka play the following game:
Maxim secretly chooses numbers ay, as, ..., 02017 lymg in [-1,1]. Vlatka s
cretly chooses numbers a2, a4, . . -, @2018 lymg in [~1,1]. Then they constru
a polynomial of minimal degree such that P(i) = ai foralll <4< 20
and calculate P(2019). Maxim wants P(2019) to be as large as possible an )
Vlatka wants the value as small as possible. What can the value of P(2019) (z) =
be if both players use their best strategies? i

olution. Let us write L.LF. for P(z) and rg,...,r4. That is,

(33“"'1)‘ c(m—rg) (x—ro) ... (& —1r4_1)
(ro—r1)- ... (ro—r )P<r 0)F .-+ (rg—ro) ...~ (ra —rd_l)P(Td)'
: ow assume on the contrary, that P(ro),..., P(rq) are all rational numbers.
Volodymyr Barayman hen the right-hand side produces a polynomial with rational coefficients that
. identical to P(z), contradicting the fact that P(z) has an irrational leading

i pefficient. |
for all 1 < 4 < 2018 is the polynomial of degree at most 2017 obtained from !
the L.LF., since this is the only polynomial of degree at most 2017 with the
required values Letting

Qi(z) _ (.'1;—1)~...-(:1;—(z’—1))(9:—(z’+1))-...-(:r:—2018) ;

Q;(3) (i—l)-...-(z’"'—(i—l))(i—(i+1))-...-(i—2018)

be the polynomials for the L.LF., we will have d Ifa polynopia.l P(z) of degree d assumes rational values at any d + 1
© rational points, then all of its coefficients are rational.

'

he preceding example strikes at the very heart of the topic of rational-valued
olynomials at rational points. We succinctly provide an implication of the
efore-mentioned example.

Li(z) =

P(z) = a1L1(z) + ... + az018Lo01s(z),
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Example 6.6. If P(x) is a polynomial and P(Z) C Z, then P(x) € Ql). . urthermore, for part (ii), examining the constant term on both sides of our

| jpain identity, we find that

.

6.2 Constructing identities z2yz y’zz 22y

S E—9e-2) w-2-2) G-y

In the first volume of the polynomial trilogy we worked with identities. W
have already seen that you can interpret the L.LF. as a polynomial identity, -
but what you may not appreciate yet is the vast number of identities that age.. :
either special cases of the L.I.F. or follow easily from it. Even a very Simplé
case of the L.I.F. can give a surprising identity. For example, consider th
polynomial P(z) = z2, and choose any three distinct numbers a,b,c. Thers
according to L.I.F. we have

_(z—a)(z—D) (z—a)(z—c) (z —c)(z—b)
z’ = (c—a)(c—b) ¢+ (b—a)(b—c) b+ (a—c)(a—b)az'

Finally, examining the coefficient of ¢ on both sides, we get

__oy+2) v’ (z +2) 2(z+y)
F-y(E-2) W-2)y—) (z-2z)(z—y)

e+ y)(EtE)  yEty)(Ety) 2z +z)(2 +y)
T-y)(z-2)  (y-2y-z)  (z-z)(z-Y)

= 2160+ (z +y —2)%

Example 6.7. Let z,y, z be distinct real numbers. Prove that:

@ z? + y? N 22 _ 1 ‘left-hand side of the equation is equal to
@F-y)(z—2) H-2)y—2) (-2 (z-Y) , Bzty+z) Pr+y+z) Blet+y+2)
o zPyz yiwz s -y-2 @-2)y-2) (-z)(z-v)
S [ I s [ O Rl e B sy oz 2oy
iy PWED | vern | Ay T6m) - Aw-9) | G99
z-y)e-2) @G-2y-z) (z-2)(z-9) Since

z?yz + yirz 22xy —0
@-yz-2) @Y-2)y-2) (-z)(z-y
he problem is reduced to computing the following expression:

real numbers z,¥, 2. This reads

2 =2 —y) Y(t—2)(t—z)  ZA(t—y)(t—2)
z—y)(z—2)  (@-2y—z) (-z)(z2—y)

Examining the coefficient of > on both sides, we have that

Br+y+z)  Plet+ytz)  Pla+ytz)
z-y)(z—2) Y-2y-z) (F-o)(z-y)

@ For this reason, we shall find

22 y2 22

= + z3 y° 23
"9 G-9w-9 G-2-9)

' C-De-2 W-2w-2)  G-2G-9)
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6.3 Comparing leading coefficients

Note that
o z3 + y® " 23 After writing the L.ILF. for an arbitrary polynomial
-9E-2) @-2y-2) (E-2)(z-y) : P(2) = ag + ... + a0
—(c+y+2) ( z? + y? + 22 ) we can compare the corresponding coefficients to get more identities. This
(z-y)(@—2) W—2)y-2) (-z)(z-y) . extra step disguises the L.LF. and can lead to even more surprising identities.

For example, by examining the leading coefficients, we find the following result.

_( Xy + z) v (z + 2) 2(z +y) )
-y)(z—2) @W—2)0y—z) (z-2)(z—y)/

Since \ \ ) = P(zo) n P(za)
T + i + K4 ‘ =1’ d (mo—xl)-...-(wo—md) (:Bd—il:o)'..n(xd—:ltd_l).
@-y(@-2 y-2y-2) (-z)(z=-y)
22(y + 2) vz + 2) 2(z + ) © Don’t underestimate the above identity, you will see how it is applicable in a
@-9E-2 G-2-2 E-2E-y . variety of occasions.
we get Example 6.9. Compute the value of the following expression:
23 4 23 (a+b—c)? (c+b—a)? (c+a—b)?
+ + =z+y+ =z + .
T -9 G-A-9  G-oE-u @=9b-9  G-a)c—a)  (a-b)c-)
Therefore ' Solution. Consider the polynomial P(z) = (a + b+ ¢ — 2z)?. Then

Pla)=(c+b—a)? P@b)=(c+a—b? Pl)=(a+b—0c?

Therefore the leading coefficient formula leads to the following identity:

Plety+2)  Plety+s) | Dlatytz) ] .
z-y)z—2) (y—2)(y—2) (z_x)(z_y)—~( +y+2)°

Hence we must solve the equation 4 P(a) P(b) P(c)
a—b)(a— b—a)(b— c—a)(c—b
(¢ +y+2)? = 2160+ (z +y — 2)*. _ ((a + I))(f c)zc) ((c + 13(— a)QC) ((c + C)L(— b)2) -

Thus (a—c)b—c) (b—a)c—a) (a—b)(c—b)

4z(z + y) = 2160. J
‘Example 6.10. Let p be a prime number. For a polynomial f(z) with integer

coefficients, there is a permutation a1, . .. ,ap of the set {0,1,...,p— 1} such

Hence z(z +y) = 540 = 22. 33.5. Now it is easy to solve the above system i
that f(a;) = 2P~ (mod p). Prove that deg f > p — 1.

positive integers (though the number of solutions is quite large).
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Solution. Assume on the contrary, that deg f(z) < p—1. We write the [, ] 3
for the polynomial f(x) and the points 0,...,p — 1, which reads

Qo(z) Qp-1()
Qo(0) Qp-1(p—1)

Q=)

. Prove

L ample 6.11. Let Q(z) = (z—xy)-.. . (x—=z4) and Q;(z) =

i

fz) = fFO+...+ fle-1).

d d
;.
Z XeninpD
1 ") i=1

Considering the leading coefficients, we find that the coefficient of zP~1 oy the golution. Consider the polynomial

right-hand side must be zero. That is,

£(0) flo—1)
20 T T G- D

From the definition, we see that

Pe)=2' - Q@) =2 — (& —21) ... (z — zq).
=0.

hen deg P(z) < d — 1 and P(z;) = z¢. Writing the L.LF. for P(z) and
., x4, we find that

Ple) = ng((;)) g5

xamining the coeflicients of z4—1 on both sides, we get

d
Zl 2 Qz(xz) u

emark We can go one step farther with the above solution. Examining the
cients of z%~1 on both sides, we find that

~ S ZT; d
\Z Zixj = ZQz xz) Zi,

Qr(k) = (k-0)k—=1)-...- (k= (k=1)(k—(k+1))-...- (k= (p-1)) &
= (—-1)P" 1 F(p — k — 1)kl

Hence multiplying the above identity by (—1)P~}(p —1)!, we get

(2300 (7w (0] e - =0

Since it is a well-known fact that

(P31 =0 (modn)

1<i<j<d
d
we find that here S sz From this and the problem above, we find that
fO)+...+fp-1)=0 (mod p). =1
But, on the other hand, the hypothesis says that the numbers f(0), Zdj gt
f(p— 1), in some order, are congruent to 2°~* modulo p. Hence L Qi) Z TiTj = Z“’ + Z Zi%y-
) =1 1<i<j<d 1<i<j<d

— = P"l P— P __ — -
FO) + ...+ flo-1)=14+24+...+2 2 1=1 (mod p), ?fample 6.12. Let k be positive integer and
a contradiction. bi=(ai—a1)-...- (a; — i-1)(as — Qip1) - ... - (i — an);
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n ok
where ay, .. .,an are distinct integers. Prove that Z —l—)’— is an integer.
.- i=1 (]
Solution. Define Q(z) = (z —a1) - ... (z — an) and Qi(z) = -i—l Notice

that b; = Qs(a;). Since Q(z) is monic, we can do long d1v1s1on by Q(z) to
write

" = Q(2)S(x) + T(2),

where $(z) and T(z) are polynomials with integer coefficients and
degT(z) <mn

(If k < n, then we will of course have S(z) = 0 and T'(z) = z¥.) Putting
z=ay,...,a0, in the above equality, we find that

T(a) =af, i=1,...,n

Now, we write the L.LF. for T'(z) and ay,...,0n, which gives
Qs (-'L'
T(z) = .
(@) = Z oo af

Taking the coefficient of "™, we see that

n n
e R
—~ Qilai) b
is equal to the 2" * coefficient of T(z) and is therefore an integer. m
Example 6.13. Let ao,...,aq be pairwise distinct complex numbers. Find .+

all 21, ..., zq satisfying

d .

Zz.alg= 0, ifk=0,1,...,d—1,
£ "I 1, fk=d.

3=0
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Solution. Let
Qo(z)=(z—ay) ...

(z —ag) = 2% — sg—12% 4 .. 4 (=1)%so.
d
Multiply the first equation (i.e., Z zj = 0) by (—1)%so, the second by
=0
(~1)3"1s1, and the last one by 1. Then adding all of them, we find that

20Qo(ao) + 21Qo(a1) + ... + 2aQo(aa) = 1.

.. = Qolag) =0, we get
1 1
Qo(ao) ~ (a0 —a1) -

Since Qo(a1) =

z20 —

.+ (a0 — aq)

Q(w)

az

Analogously, if we define Q(z) = (x —ao) ... (z — aq) and Q;(z) =

we have 1 )

Qk(ak) - (ak — ao) Ceeet (a,k - ad)'
On the other hand, writing L.LF. for the polynomial zk, 0 < k < d and
numbers ag, . . ., ag, we get the following equality:

Qz(m) k:
. ,LZ(:) Qz(az)

Zp =

5,

By checking the coefficient of 22 in £* (which is zero for 0 <k < d—1 and is

i+ 1 for k = d), we find that

i af [0, fk=0,1,...,d—1, .
= Qi(ai) 1, ifk=d.
Example 6.14. Let n > 2 and 2y, ..., 2, be distinct nonzero complex num-
.bers. Prove that
(-1

1
Zzl(Z1 —zg) L

(21— 2n) 21ce..cZn
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Solution. erte the L. I. F for the polynomial P(z) = 1 at points 2z, .

ince Qi) = (=1)%!(p — 1 — i)l this implies
It follows that

p—1
(p—Dlap-1 =D (-1) (p; 1) R(3).
=0

Smce( ) (=1)* (mod p), we find that

1=Z((m—-z2)-...-(m—zn) .

21—~ 29) ... (21— 2n)

Examining the constant terms on both sides, we find that

1=§:( (=D Llag-i..v 2y

21— 29) .. (21— 2pn)

p—1
| (p=Day_ = ZR(z) (mod p).
Hence after dividing both sides by (—1)"712; - ... - 2, the result follows, N . =0

: ince Wilson’s theorem says that (p — 1)! = —1 (mod p), we get
Example 6.15. Let R(z) =ag+...+ap~12°"! be a polynomial with integ, ‘
coefficients, where p is an odd prime number. We know that p doesn’t divide

R(a) — R(b) whenever p doesn’t divide a — b. Prove that ap-1 is divisible by G Gp-1 =~ Z R(:) (mod p).

i=0
s Therefore ap—1 = 0 (mod p). |

Solution. The hypothesis that p doesn’t divide R(a) — R(b) whenever p
. L

doesn’t divide a — b, means that the numbers R(0), R(1),...,R(p —~ 1) ar
all in different congruence classes modulo p. Since there are p of these, the
must be exactly one in each congruence class. (In this case, one says th
{R(0),...,R(p —1)} forms a complete residue system mod p.) In particular
this means that

emark 1. The proof of the preceding example proves a very interesting
esult, so it is worth highlighting it. The proof shows that if R(z) is any
olynomlal of degree at most p — 1 with integer coefficients and a,—; is the
171 coefficient of R(z), then

-1
= ~1 =5
S RGE)=0+1+...4p—1= 1‘% =0 (mod p). Y. R(i) = —ap-1 (mod p).
Note that, if we write the L.LF. for R(z) and 0,1,...,p — 1, we get Tor the special cases of the polynomials R(z) = 1,,...,27"1, we get
p—-1 .
k_J0 ifk=0,...,p-2
R(z) = ZQz R(i). E i _{_1, Fh=p—1 (mod p).

onversely, since any polynomial of degree at most p—1 is a linear combination
these polynomials, this special case implies the general formula.
his result (and an extension to higher powers) can be easily proved using

prumtlve roots, and we will give another proof in the next chapter using
Newton s Identities.

Therefore comparing the leading coefficients, we find that
p—1
R(i)
Apn-.1 =
1= 2L 50

=0
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Remark 2. Part of what is going on here is that there the L.LF. modulo p for golution. Since P(z) isa polynomial with integer coefficients, P(i+p) = P(%)
polynomials of degree p—1 and the points 0,1,...,p—1 is a very special case, ; (mOd p). Therefore instead of interpreting the indices as cyclic in the above
Recall that the key step in our proof of the L.LF. was to build a polynomiaj formula, we can just look at the sum

%1% of degree d which vanished the d points not equal to 7; and was equal P »

to 1 at r;. Working modulo p and with the points 0,1,...,p — 1, Fermags Z(P(z +d)— P(#)*= Z(aHd —;)® (mod p).

Little Theorem gives us a novel way to find such a polynomial. Specifically, if =1 =1

we look at = — %, then this is equal to 0 if z = 1 and otherwise it is relatively

prime to p. Hence by Fermat’s Little Theorem we have Let Q(x) = P(z+d+1)— P(z +1). Then Q(z) is a polynomial of degree at

most E;i with integer coefficients. Hence we can write

Qz)? = ap_ga:p_?’ + ap_4:rp—4 + -+ ao,

__'P—1= ]
(z —1) _{1, z=0,1,...,4—1,i+1,...,p—1 (mod p).

for some integers ai. Summing over & and using Remark 1 above, we find that

P p—1 p—3 p-1
S (P(i+d) - P(i)* = STQGEP= axy i*=0 (modp).
i=1 1=0 k

=0 =0

Thus the polynomial 1— (z— i)P~! is congruent to 1 at z =1 and is congruent
to 0 at the other points. Thus

p—1
P(z) =Y a(l—(z—i"")

i=0

Remark. One can prove that the converse to this result. That is, if for any
d< Eg—l we have

p
Z(ai.;.d - ai)2 =0 (mod p),

i=1

is a polynomial of degree at most p — 1 with integer coefficients, such that
P(i) = a; (mod p), for i =0,...,p— 1.

_ then there exists a polynomial P(z) with integer coefficients of degree at most
7’—5—1 such that P(i) = as, (mod p) for all 1 < i < p. We will prove this in the
next volume of the polynemial book.

To illustrate the first Remark, here is a nice Chinese Mathematical Olympiad
problem, which follows quickly from it. ‘

We continue this section with a good example that has strong implications for

Example 6.16. Let p be an odd prime number and ay,...,a, be integers
xamp P e Lo a P 8 the irreducibility of polynomials with integer coefficients.’

Prove that if there exists a polynomial P(z) with integer coefficients of degree
at most &5 such that P(é) = a; (mod p) for all 1 < i < p, then for any

i< p_;_l we have Example 6.17. Let Q(z) be a monic polynomial of degree d and let zg,...,Zd

v be distinct integers. Prove that
> (@ira - 2;)>=0 (mod p),

d!
. > —.
q=1 OI_<r_11,a§(d|Q(m’L)| = 2d

where the indices are taken modulo p. G. Polya

Chinese Mathematical Olympz'ad 201 © 18ee for example, Problems from the book, Chapter 21, practice problem 16, pp. 515.



Chapter . Lagrange’s Interpolation Formula (L.I.F.) 259

258

Solution. Assume without loss that o < z1 < -+ < 4. Writing the [, LF.
for the polynomial Q(z) and the points o, ...,Z4, and comparing leading
coefficients on both sides, we get

golution. If we let n = k!, then we see that

k!
g (k)=(k!—l)(k!—2)~...-(k!—(k~1))-
Q(xo?( — Lo e .Q( ~d2x —. b Hencen—1,...,n—k+1 all divide (%). Thus we can have k — 1 divisors
(mo—z1) ... (20— x4 d 0) ... (xg d-1) *  among the k numbers listed. The tricky part of this problem is proving that
Taking the modulus on both sides and using the triangle inequality, it follows | " we cannot have all k being divisors, which we will do with a clever use of the
g
i

1=

that 4 LIF.
! Let
|Q(z0)] Q(z4)| :
1< e Q(IL‘) )
(w0 —21) - ... - (0 — za)| |(a = o) - ... - (2 = 2g-1)| Q@) =a(z=1)...-(z—k+1), Qjz)=- §=01...,k-1.
1 o1 ‘
+...+ .LF. i = i ok —
<012a2c lQ(xz)l(Ka:o—m) T (mo—2d)] [CTEr E— (wd—xd—l)l) | ;I:;ZSL LF. for the constant polynomial P(x) = 1 at the points 0,...,k — 1,
Since |(z; — 1) - .. .- (@i — zq)| = (d — i)}, s gives . lcZ (@)
1 1 — QJ(.?)
1< male( 1,)‘( +—'—_—|+...+-—'—"). .
0<i<d old!  1i(d— 1)! dlo! ~ We compute Q;(j) = (—=1)*k=3=15}(k — j — 1)! and
That is, -1-..-(n—k+1 k!
Coa< do_d & Qs(n) = 2221 n—g(‘n +)=n_-<Z>'
e Q) g g T o J
d d Therefore this formula g;ives
= o =2¢.
g0l ((§) ++ () =2 e 0t e o 1
: _Z 9" Z( 1)k—31 N _1 ()
Whence d! k J n—j\k
o%%ilQ(%)l = od u
The left-hand side is not an integer, therefore at least one of n—ij(g) is not an
We end this section with two number theoretic problems that would be difficult , ;; integer. Therefore the number of divisors is at most k& — 1. n

to solved without the L.I.F.

" Example 6.19. Let d > 1 be an integer and let ay,. .. ,0d+1 be distinct pos-
' itive integers. Does there exist a polynomial P(z) with integer coefficients of

Example 6.18. Let k& > 2. Find the largest number of divisors of (Z) that .
] degree at most d that satisfies the following conditions?

may be among the numbers n —k +1,...,n.

Romanian Team Selection Test 2015 () For all 1 < i< j <d+1, ged(P(a;), P(a;)) > 1.
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(ii) Forall1<i<j<k<d+1, ged(P(ai), P(aj), Plax)) = 1.

- Hlence the polynomial
. Mojtaba Zare - Iranian Team Selection Test 2018“ |

!
Qi(z)
P(.’I)) =1+ ———=d;
c; Qi(as)

pas integer coefficients and satisfies the desired conditions. ®

Solution. Let b;; for 1 <4, <d+1be positive integers such that for every
i, g, k, | with {i,j} # {k,l} we have ged(bi 5, bey) = 1 and bij = by ACCording
to the L.LF., there is a polynomial P(z) with rational coefficients of degree at
most d such that

d+1

P(a;) = [ ] bis-

j=1

6.4 A useful special case

..part of the power of the Lagrnage Interpolation Formula is that it applies for
L any set of points, but there is one particular case that arise more often than
ol the others and it is worth writing down this special case in some detail.
.quppose P(z) = agz® + ...+ ag is a polynomial of degree at most d. When
we write the L.LF. for the points 0,1,...,d, we get '

For each 1 < i< d+ 1, we have
ged(P(as), Pag)) =iy > 1,
ged(P(as), P(a;), P(ax)) = ged(big, P(ak)) = 1.
Hence it suffices to prove that the above-mentioned polynomial can be chos

to have integer coefficients. To do so we will impose one more condition on’
the numbers b; ;. Note that ‘

d
P =Y L p0),
i=0

%

here Q(z) =z(z —1) ... (z —d) anin(x)zQ—(Qfori=0,...d.

T —1

d+!
Qi(z)
P(z)= P(a;).
. ( ) ; Qi(a'i) ( 1)
Define ¢ = Q1(a1) . .. Qa+1(aq), and further assume that b;; =1 (mod c),
each 1, 5. Then P(a;) =1 (mod c), so we can write P(a;) = 1+ cd; for so
integer d;. Note that

this case we compute

Qi(i) =i-(i—1)'...-(i—\(i—l))-(i—(z’+1))-...-(z'—d) = (—=1)4"%!(d —i)l.

Hence the formula simplifies to

d+ d+! d+1 d+!
9@ 5oy o Q) g Ly = Qi() Qi(z)
PO =3 e = Lo T T 0w e e ) e @)
a+! P(z) = z(-l) z) P(i)- di(z — 1) '
i = et Qz_(i)_ d: - P i=0 :
Since ¢ = Q1(a1) - - .- Qa+1(aq), we find that c; Qi(as) i bas infeger COSy If we further restrict to (large) positive integer values for z, we can write this

d+! Qi) en more succinctly as
cients. Furthermore, Z L is the. L.L.F. for the polynomial 1. Therefor¢
= @i(a) B . (—1)%E (d\ () .
P(n):z — \i)\a P(i).
=0

!
Qi(x) _
; Qi(a:) ~ b
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First Solution. Assume on the contrary, that

For each polynomial P(z) of degree at most d, we have 1 ; ) a—1\¢
4 laf - P()| <
d s
_(d L zz=1)-...-(z—d 3
P(z) = Z(—l)d ‘(i)P(z) : ( d)'(x — z)( ) , foreach i=0,1,...,d+ 1. This means that
=0 ) 4
e . : i a—1 d . i a—1 d
and hence for positive integer n > d, b a' — 5 <P@E)<a + 3
P(n) = Xd: ("Udai (d) <n> P(i) foreach : =0,1,...,d+ 1. Note that we can rewrite this inequality as
i=0 n=1 ¢ d . a-—1 d . . a—1 d
(—1)Ya* — (—2-—) < (-1)'P(i) < (—=1)*a* + ( 5 ) .
A truly remarkable identity arises if we assume P(z) has dégree at most d—1 . ¢
and taking the 2% coefficients of both sides Hence summing we ge
dtl d d-+1
d +1 i a—1 i d +1 .
. : ; Z( . ){( 1)a-—< 5 ) <Z(—1) . )P(z)
For each polynomial P(z) of degree at most d — 1, we have =0 i=0

() e ()]

From the Lemma above, we have

f(—ni (‘;)P(i) —0.

=0

\

This identity is very useful, since it shows that many very complicated lookin

1
sums actually vanish. We will see some examples of this below. 4 Z (=1)f (d + 1) P(i) =0
We saw this identity before in Section 3.6, but the L.I.F. has the nice feature’ =0 i ’

between this easiest case of the L.I.F. and Section 3.6, we will see that many’

i

and the sums on the ends can be done using the binomial theorem, so we get

—1\¢ 1\ d
(1 _ a)d-l-l _ 2d+1 (9’7}_) <0< (1 _ a)d+1 + 2d+1 <a_2l) .

of the results below can also be proved using induction and the methods of’
that section.

Example 6.20. Let a > 3 and let P(z) be a polynomial with real coefficient However, we can rewrite this as

of degree d. Prove that
&t (@a—1)%1 = |1 — g|™! < 2(a — 1)¢

b

0<i<d+1

max |a — P(i)| > (“;1>d.

But, a — 1 > 2, so this is a contradiction. |
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R(x)zP(d;x>.

Then for each z € [0,d] we have |R(z)| < 1 and we want to prove that
R(d+1) <24 —1.

Second Solution. There is a nice and interesting approach, based Sectiop ..
3.6. We argue by induction on the degree d of P(z). If d = 0, the resultl:
follows from the triangle inequality, since for P(z) = ¢ constant, we get

girst Solution. Let

—c+c—1 a-—1
2 T2

Now, suppose the statement of problem holds true for all polynomials of degree

at most d — 1. Define

max {|1 - |, Ja— [} > =

gince R(z) has degree d, applying the Lemma, for d + 1 gives

d+1

! which we can rearrange to read

Rd+1)=> (-1)** <d“]: 1) R(k).

d
k=0

We know that deg Q(z) is equal to d — 1, so by the inductive hypothesis

. , a —_ 1 d_].
- e@iz (45
for some %,0 < i < d. If we substitute Q(x) we can see that Hence

a—1

(PG +1) — @t — (P(5) — a¥)| 2 (—2—>d_1 (a—1)=2 (“gl)d.

Hence

|R(d+1)]

é(—l)d"“ @SLC

> (1 )mee

k=0

d
Z<d21>=2d+1_1 ]

k=0

IN

d
ma.x{lP(i-l— 1) — G:'H_l‘a IP(i) - a‘il} z (%-]—-) ’

and we are done.

4

The first solution to the following example uses the Lemma above, and the
second solution is another nice application of induction and Section 3.6. Wel
would like that the reader learns these techniques thoroughly. However, we
shall prove a slightly stronger result using some knowledge about Chebyshe‘i)f
polynomials in our third book. '

Second Solution. Define R(z) as in the first solution. We will prove the
sired bound by induction on d. The case d = 0 is trivial. Assume that the
inequality is true for all polynomials of degree less than or equal to d — 1. Let
'S(z) = L(R(z+1) — R(z)). Then deg S(z) = d—1 and for all = € [0,d — 1], we
ve |S(z)| < 1. Hence by the induction hypothesis, we have S(d) < 24— 1.
ince R(d + 1) = 25(d) + R(d), we get

R(d+1) <28t —241 =201 -1,

tand we are done. |

Example 6.21. Let P(z) be a polynomial of degree d for which |P(z)| <1
for all 0 < 2 < 1. Prove that i

1 d+1
—— | < — 1.
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Example 6.22. Let P(z) be a polynomial with real coefficients wity
deg P < 2d. Prove that

|P(d)] < 2Vdmax {|PQO)},...,|P(d— 1)}, [P(d+1)l,..., P(2d)|}.

Komal

Solution. To solve this problem, we will need the well-known inequality
22d—1

(07

for d > 1. This inequality is easy to prove by induction on d. In the bage
case d = 1 it reads 2 > 2, which is true. For the inductive step, we use the
inequality (2d — 1)? > 4d(d — 1) and then the inductive hypothesis to show

that
2d 2(2d—1) (2d -2\ _ 4/d—1 <2d - 2) 22d-1
= — > — > —_—
d d d-1/~ d d-1/~ 4
Turning to our problem, we rewrite the Lemma for degree 2d, which reads

2d

> -0 Po=o

=0

(4)ro

Hence by triangle inequality,

1_021#( 1)d-i- 1<2d) Pi).

2d & a2 2 (2
(%) P@1- e (%)ra Si%éd(z)'m'
Let M = max{|P(0)},...,|P(d—1)|,|P(d+1)},...,|P(2d)|}. Then the left-

hand side is at most

vy

1=0,i7%d

(2) =2 (- (2))
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Hence using the inequality above,
92d _ (2d) 92d
|P(d)] € —51 %M < =M < 2VdM. |

2d 724y
(2) (2)
We finish this section with an example that was the substantial part of the
solution of a recent USA TST problem. It uses the following notation. If m

is an integer, then (m mod n) denotes the remainder after dividing m by n,
which is a number in the set {0,1,...,n — 1}.

Example 6.23. The function g(z) from {0,1,..
is a bijective function such that the functions

.,n—1} onto {0,1,...,n—1}

(9(z) +z mod n),...,(g(z) + (p— 1)z mod n)

are all bijective for some odd prime p. Prove that for all 1 < k < p — 1 the

n—1
number k! Z i* is divisible by n.
i=0

Solution. If h(z) is a bijective function from {0, 1, ..

then we have
S heyt - Zz :
‘ =0
since the terms in the two sums are the same but possibly reordered.

Hence from the bijectivity hypothesis of the problem, we find that for all
1<k<p-—-1,

. n-1}t0{0,1,...,n~1},

Zg ) = Z (9(z) +a)* = ---“Z(g(w +(z>—1)-'ic)'°—22’c (mod n).

z=0 =0 1=0

- Now treat (g(z) + yz)* as a polynomial of degree k in the variable y.
; Then our special case of the L.L.F. reads

k

(9(z) +yz)* =D (-1)*

J=0

k vk Yy=1-...-(y—k)
(j) 9@ + 32" == T
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Taking the coefficient of y* on both sides, and multiplying through by k!, we =

get

.-

k

piat = >0 (B ate) + 5"

§=0

Summing over z, we get

n—1 k (ke n—1
By et = S0 () Tlate) + o
3=0

=0 =0

Hence by the result above, we get

n—1 k k n—1
k! Zwk = Z(—l)"‘J ( ) . Z *=0 (mod n),
=0 J

where we have used the fact that since k > 1 the binomial theorem gives

]zi:o(_l)k—j (’;) =(1-1F=0.

n-1

Hence for all 0 < k < p — 1, the number &! Z z¥ is divisible by n. [}

| z=0

6.5 The uniqueness/existence proofs

While the Lagrange Interpolation Formula is incredibly powerful, there are
some problems where what matters is just the existence/uniqueness parts of

the theorem and not the formula itself.
Let us see some examples.

Example 6.24. Let d > 2 be an integer. Find the total number of polyno-

mials Q(x) of degree at most d — 1 such that
a:(:z:—1)(1:—2)-...-(w—d)Q(:l:)+:I:2+1 = f(z)?

for some polynomial f(z) with real coeflicients.
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Solution. Comparing degrees we see that the condition that deg Q(z) < d—1
s equivalent to deg f (z) < d. Thus the possible polynomials f(z) are the
olynomials of degree at most d such that there is some choice of signs for
which f(k) = £V1+k? for k=0,...,d.
We have 94+1 choices for the d + 1 signs, and the L.IF. implies that for
each choice, we will get a unique polynomial f(z) of degree at most d. Thus
we have 2¢%1 distinct polynomials f(z). For any such f (z), the polynomial
f($)2 — 2 — 1 has roots at x = 0,1,...,d, so the quotient

_ f(z)?~2% -1
Tzlz—-D(z-2)-...-(z—d)

will be a polynomial Q(z) of degree at most d—1. However, we must be careful
that we want to count possibilities for Q(x), and not for f(z). If two polyno-
mials fo(z) and fi(z) give the same polynomial Q(z), then fo(z)* = fi(z)?
and hence f1(z) = £fo(x). We see that flipping all the signs on f(0),..., f(d)
will replace f(z) by its negative, and hence give the same Q(z). Thus the
9d+1 possibilities for f(z) split into 24 pairs, each of which gives the same
polynomial Q(z). Thus the total number of Q(z) is 24, |

Q(z)

Example 6.25. Let P(z) = (z—1)(z —2)(z —3). For how many polynomials
Q(z) there exists a polynomial R(z) of degree 3 such that

P(Q(z)) = P(z)R(z)?

Solution. Note that
P(Q(z)) = (Q(z) — (Q(z) — 2)(Q(z) — 8) = R(z)(z — 1)(z — 2)(z — 3).
Therefore
P(Q(1)) = P(Q(2)) = P(Q(3))-
Hence Q(1), Q(2),Q(3) € {1,2,3}.

Moreover, it is easy to find that deg Q(z) = 2. Now, we have 33 total possibil-

ities for Q(z). According to the L.LF., each possibility produces a polynomial
of degree at most 2. It is easy to check that Q(z) = 1,2,3,z,4 — z are the
only nonquadratic polynomials produced from the set of choices. Therefore
we have 22 different possibilities for Q(zx). |
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We continue this section with a good instructive example about applicationg ” ? gxample 6.27. Prove that for any set of d ordered pairs of real numbers

of the L.LE. +§ (zpyl)’ ooy (%4, ya) With z; # z; for all i # j, there exists a unique monic
4 polynomial with real coefficients of degree d such that P(z;) = y; for all

Example 6.26. Six members of the Italian team for the International Math. i i=1 2,...,d.

ematical Olympiad are to be selected from 13 candidates. At the TST the cap. '

didates got scores ay, ...,a13 with a; # a; whenever i # j. The team leader First Solution. By the L.LF. there is a polynomial Q(z) of degree at most
has already selected the 6 candidates he wants to put on the team. Wity d—1such that Q(z;) = y; foralli = 1,2,...,d. Then adding to this polynomial
this in mind, he constructs a polynomial P(z) and he claims that ¢; = P(qy) |3 (z- z1) ...+ (T — z4) we get a polynomial

is the creative potential of candidate ¢, and that the team should be the gy - ‘i’
candidates with highest creative potential. Find the least possible d such that ', )
he can always find a polynomial P(z) of degree not exceeding d such that the..;
creative potential of all 6 already selected candidates is strlctly more than thay y
of remaining 7 candidates.

Pz)=Q@)+ (zx—z1) ... (z — zq)

which is monic, has degree d, and still passes through these d points. To
prove uniqueness, assume we have another such polynomial R(z). Then the
polynomial R(z) — P(z) has degree at most d — 1 and has d real roots. Hence
Solution. The answer is 12. First, we will show that d > 12. . R(z) = P(z). u
Assume that the six selected candidates get scores 2, 4, 6, 8, 10, 12 and the ’
other members get scores 1, 3, 5, 7, 9, 11, 13. For any polynomial P(z) the
coach wants there is a real number C greater than P(1), P(3),..., P(13), but
less than P(2),... P(12). In this case, the polynomial P(z)~C assumes values
with opposite signs at the ends of the intervals [¢,7 + 1] for¢ = 1,...,12. Hence‘
P(z) has at least 12 distinct real roots, and therefore

Second Solution. By the L.LF. there is a unique polynomial Q(z) of degree
at most d — 1 such that Q(z;) = y; — z¢. Therefore if we choose

P(z) = Q(z) + 2*
we will get a monic polynomial of degree d that passes through all d points.

Uniqueness is proved as ip the first solution. [ |

\

deg(P(z) — C) = deg P(z) > 12.

Example 6.28. A teacher gives the students a task of the following kind. He
informs them that he has in mind a monic polynomial P(z) of degree 2017
th integer coefficients. Then he tells them k integers ny,no, ..., n; and also
informs them of the value of the expression P(ni)P(ng)- ... P(ng). The
teacher then asks the students to find a polynomial that, according to this
ta, could be the one he has in mind. What is the smallest k such that the
feacher can compose a task of this kind so that the polynomial found by the

i udents must necessarily coincide with the one he has in mind?
Next examples have more subtle implications, that is finding a polynomial of}

degree d passing through d points in the plane. All of them have L.LF. as
essential part in line with some adequate refinements.

Now, we will prove it is always possible to construct a polynomial of degr
at most 12 satisfying the problem conditions. Let us arrange the numbers ag'
o < a2 < ... < a13. Now, we construct a polynomial that assumes positiv?u
values at the scores of the six already selected candidates and assumes negatlve
values at other 7 scores. By the L.LF. there is a polynomial of degree at mo !
12 with these values the coach can choose, and this polynomial will put hisi
chosen candidates on the team.

Russian Mathematical Olympiad 2017
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Solution. If k < 2016, write Q(z) = P(z) + (z —mn1) ..~ (z — ng). Then
Q(z) is monic, has deg Q(z) = 2017, and P(n;) = Q(n;) foreachi=1,.., g
Thus

even 4 choose y; > min{0,2P(z;)} = 0. Let R(z) be a monic polynomial of
degree d such that

P(ny)P(ng) - ... P(ny) = , T . _
(n1)P(ng) (nk) = Q(n1)Q(n2) Q(n) Let Q(x) = 2P(z)— R(z). Since yok > 0 > yok41, the signs of R(x) at the ends
hence P(x) cannot be uniquely determined. | of each interval (i1, ;) are different, hence R(z) has a root in the interval

Now, we prove that k = 2017 works. Put n; = 4i, ¢ = 1,...,k. Suppose the (:ci+1,ﬂ’f'i)’ for each i = 1,...,d — 1. Moreover,
teacher chooses »,“{;11,‘

Q(zars1) = 2P(T2k+1) — Yor41 > 0> 2P(zor) — Yok = Q(z2k),

P(z)=1+(z—n1)- ... (z — naorr)- s0 Q(z) also has a root in each interval (241, 2;). This forces R(z) and Q(z)
o each have at least d—1 real roots. However, since complex roots must come

in conjugate pairs and deg R(z) = deg Q(z) = d, this means that R(z) and
Q) actually have d real roots each. Finally, R(z) and Q(z) average to P(x)

" since
Py = AR TEE),

" We continue this section by extending one corollary of the L.LF. to rational
y functions.

Then P(n;)P(ns) - ... P(ng) = 1. Suppose a student finds that the monic’
polynomial Q(z) with integer coefficients of degree 2017 works. Then

Qn)QMma) - .. Q) = 1,

so we must have Q(n;) = £1. If two different signs occur, then there are indices *
r,s with 1 < r, s < k such that Q(n,) =1, Q(ns) = —1. Since Q(z) has integer
coefficients, we find that n, —ns = 4(r — s) divides Q(n,) — Q(ns) = 2. Hence:
4| 2, which is impossible. Thus all the Q(n,) are equal. Since they are all &1,
there are an odd number of them, and their product is 1, we must have ‘

Q(n1) =Q(ng) = ... = Q) = 1.

Hence P(z) — Q(z) has 2017 distinct real roots but its degree is at most 2016.
Thus Q(z) = P(z), and so the student must have found the polynomial chosen
by the teacher. |

"

3 Example 6.30. Prove that if a rational function that is not a polynomial
assumes rational values at each positive integer point, then it is the quotient
$ of two relatively prime polynomials with integer coefficients.

Solution. Let the rational function in question be

_ P(@)
Qz)’

where P(z) and Q(z) are relatively prime polynomials.

Let r = deg P(z) + deg Q(z). We prove the statement by induction on r.

For r = 0, R(x) is constant and the problem is obvious.

‘Now we turn to the induction step. If degQ(z) > deg P(z), then we may
;consider 'R%Ei instead of R(x). Thus we may assume that deg P(z) > deg Q(z).

Look at
R(z+1) - R(1)
Ea—

R(z)

Example 6.29. Prove that every monic polynomial of degree d with real
coefficients is the average of two monic polynomials of degree d with d real
roots.

Titu Andreescu - USA Mathematical Olympiad 200

Solution. Choose a strictly decreasing sequence of d real numbers z1 > ... >

4. For each odd i choose y; such that y; < min{0,2P(z;)} < 0, and for eac Ri(z) =
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Since R(1) is rational, R;(z) is a rational function that assumes rational values . fi . and R(z) a polynomial of degree 48. Note that
at each positive integer point. Since E

TER (2 Yoo (EV\r(E
Bieym - L P00 - Q)P P(s) -9 (@)7 () 2 (5) 2 (%) =@ (35) ()
Qz+1) Q(l)z .
. . " Therefore
and the second factor is a polynomial, we see that we can write Ri(z) ag 4 ; . o
quotient whose denominator Q(z + 1) has the same degree as Q(z), but whoge R ( K2 ) _ P (5—0) _ 1 . i=1.9 .. 49,
numerator has lower degree than P(x). Thus by the induction hypothesis, we ” 50 Q (-5’—0) Q' (5—‘0) ! T

can write

Py (z)

Qu(z)’

where Pi(z) and Qi(z) are relatively prime polynomials with integer coeffi.
cients. Writing R(1) = £ for integer p, ¢, we see that :

R(z) = gz —1)Pi(z— 1)+ pQi(z - 1)

qQ1(z — 1) |

is a quotient of two polynomials with integer coefficients. Furthermore, since .,
ged(Py(z), Q1(x)) = 1, we have ged(Pi(z — 1), Qi(z — 1)) = 1 and since R(1 )
is rational we have Q1(0) # 0. Thus the numerator and denominator are;
relatively prime polynomials. B

" By the L.LF., there is a unique polynomial R(z) of degree at most 48 with
 these values, but we need to prove that deg R(z) = 48. To see this, note that
' in the sequence Q' (%),---» @ (&), we have 48 sign changes and hence R(z)

" has at least 48 real roots. Thus deg R(x) > 48, and so R(z) has degree 48. B

Ryi(z) =

6.6 A novel interpretation of (2)

- The standard expression for a polynomial P(z) = agz® + --- + ao writes a
polynomial as a linear combination of the polynomials 1,z,...,29 1. The

LLF. writes a polynomial of degree at most d as a linear combination of
ertain polynomials of degree d, i.e.,

Example 6.31. ? Prove that there is a polynomial P(z) of degree 99 with ” Qi(z) - E—r)-..(@=m)-... (T =) )
positive leading coefficient such that 0, g5, &,.. ., o2, 1 are roots of P(z) and v Qir)  (ri—r)ee (rimri)... (rs — rq)

' (The hat here is a common notation telling you to omit one term in the
% - product, the one with the hat. ) Both of these representations tell us interesting

i things about the polynomial. In this section, we will consider a different
" representation. We will use the formula

(Z) _ x(x—l)-..(.ﬂ- (x—d+1)

0 view the binomial coefficient ( d) as a polynomial of degree d with rational
‘coefficients. Then we would like to consider P(z) as a linear combma‘mon of

(3)-r () - ()~

Solution. From the given list of roots we know that we can write

P(z) = Q(z)R(z)

o)== (5= &) (- 2) o (-2 -

%If you are not familiar with derivatives, you can skip this example.

with




276 Chapter ¢ jagrange ’s Interpolation Formula (L.I.F.) 277

Example 6.32. Prove that every polynomial P(z) of degree d can be writtey, |

uniquely as
z z x z
P(z) = ao<0> +a1(1> +a2<2) + ...+ad<d)

for some numbers ag, . . . , 4q4-

Taking the coefficient of zF on both sides, we find that

0= ar — by
Tk
ar = bk, a contradiction. ]
hence Gk

Remark. We have been a little vague in the above argument about what the
qumbers a; are. If P(z) has rational, real, or complex coefficients, then the

Solution. First we will prove this by induction on the degree d of P(z) that
argument implies that the a; are rational, real, or complex, respectively.

every polynomial has such a representation. For the base case, if d = q, |
then P(z) = C is a constant polynomial and we have P(z) = C(}). For
the inductive step, suppose every polynomial of degree less than d has syc
a representation. Write P(x) = bz? + Q(x), where b # 0 and deg Q(z) < d
Then the polynomial . 1

P(z) - d!b(fl) =b (md —d! @)) +Q(z)

has degree at most d — 1. Hence by the inductive hypothesis we have

PFz)—d!b(‘Z) =ao<g> +a1(::> +a2<:;) +...+ad_1(df1>,

and so &eﬁning ag = dlb, we have %

pe)=an(2) ¢ () wen(Z) o)

To see that this representation is unique, suppose the contrary. Then there
some polynomial P(z) which we can write in two different ways as

(%) +a(5) +en(3) +ovaa(?)
w(5) <) +5() + o)

Then there is some largest index k such that ax # by, and we have

0= (ao—bo)(g> +(a1—b1)<”1”) +...+(ak—bk)<z).

The cases where the a; are integers and where P(z) has integer coefficients do
ot quite align, but still they are interesting as the next two results show.

‘gxample 6.33. Prove that if P(z) is an integer-valued polynomial (ie.,
P(Z) C Z) of degree d and

P(m):a()(g) +a1(315> +a2<§> +...+ad<§>,

‘L‘then a; must be an integer for all i =0,1,..., d.

olution. Note that the converse to this example is something you already
know. If the a; are integers, then

P(n) ;ao<g> +a1<rll> +...+ad<7;)

s an integer for any integer n. Hence

Py = ao?) +an () ()

% is an integer-valued polynomial.
Now suppose P(z) is an integer-valued polynomial and by the previous exam-

le write
z
P(x) =a0(0> +a1<:;) +...+ad(z>.

P(z)



278 Chapter ¢ - Lagrange’s Interpolation Formula (L.IF.) 279

Suppose on the contrary that the a; are not all integers. Then there is Some -
largest index k such that ay is not an integer. Then

gxample 6.35. Consider the set of integers {ag, a1, ...,aq}.
M prove that there exists an integer-valued polynomial P(z) of degree at most
& jsuch that P(k) =ay forall k=0,1,...,d.

P z T x x x i
(z) = k41 k41 - ...—aq d =ag 0 +ai 1 + ...+ ag . L i3

k § golution. We shall prove the statement by induction on d. The base case
4 = 0 is easy, since we can just take P(x) = ag. Now for the inductive step,

All of a1, ..., aq are integers, so the left-hand side is an integer-valued poly- ) .
nomial. However if we plug in = = k, then the right-hand side becomes ag, suppose there e)l{ll sts a polynomial Pl(x) .Of degree at most d — 1 such that
which is not an integer, a contradiction. Thus the a; are all integers. n | P(k)=ax forall k=0,1,...,d 1. Setting

Example 6.34. If P(z) is a polynomial with integer coefficients and

P(z) = ao +.a1<f> +a2<z> +...+ad<z>,

then each ag is an integer and a multiple of k!

Ple) = Pia) + (a0~ 2@) (5

gives & polynomial P(z) of degree at most d with P(k) = Pi(k) = a for
=0,1,...,d -1, and with P(d) = aq. This completes the proof. [ |

Remark. This last example shows that the polynomials (§ ) provide an alter-
native to the L.LLF. in the special case of points 0, 1, ..., d, since they allow us
to inductively build up polynomials with prescribed values. They have the ad-
vantage of giving formulas which are usually simpler than the L.I.F. formulas,
‘but the disadvantage that the process is inductive instead of a single formula
e the L.I.F. is.

‘There are a few special cases where with the binomial theorem we can write
down the polynomials istantly. For example, the binomial formula shows

()0 ()5

forallk=0,1,...,d, hence

r=ie 1)+ (3) o+ )

a polynomial of degree d such that P(k) = 2* for all k =0,1...,d.
More generally,

P(z) =1+(a—1)<f) +(a—1)2(;’) +,__+(a_1)d<2)

Solution. As in the previous example, the converse is obvious since

k'(i) =z(z—1)...-(z— (k- 1))

is a polynomial with integer coefficients.
Now suppose P(z) has integer coefficients and write

p<x>=01bo(§) 1'b1(>+ +dbd(d>

Suppose on the contrary that the b; are not all integers. Then there is some!
largest index & such that by is not an integer. Then 1

P(z) — (k + Dlbes (k_‘il) — = diby (Z) = 0lbg (‘g) ERy oI (:) ‘

All of bgt1, ..., by are integers, so the left-hand side is polynomial with inte
coefficients, but the leading coefficient of the right-hand side is bg, WhJCh
not an integer, a contradiction. Thus the b; are all integers.
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is a polynomial of degree d such that P(k)=d* forallk=0,1...,d. golution. Look at

Ple) - (1+ (f) + @ - (2512» |

This is & polynomial of degree at most 2012 and we compute that

.-

Example 6.36. How many polynomials P(x) of integer coefficients and de. ‘ I
gree at most 4 satisfy 0 < P(r) <72 forallz € {0,1,2,3,4}?

Solution. Write P(1)=P(2) = -+~ = P(2012) = 0.

a5 () ) )

Since P(z) has integer coefficients, Example 6.34 shows that ao,...,aq are.
integers, a4 must be multiple of 24, a3 must be a multiple of 6, and ap must
be a multiple of 2. , :
Note that the conditions 0 < P(z) < 72 can be translated to the following "
inequalities:

Therefore

p(x)=14-<91:>+(;)-}—...—f—(2;12>+C’(x~—1)(:v—2)-...-(x—2012)

 for some constant C.
~ putting = = 0, we find that

P(0) =1+ (~1)%122012! - C = 1+ 2012! - C,

0<ap<T2 0<Za+a<T72 0< ag+2a +a2 <72 ‘a,ndputtingm=2013,weget

0<ag+3a1+3ag+a3 <72 0<ao+4ar+ 6ag + dag + ag < 72. P(2013) = 22018 — 1 +2012! - C.
‘We ha,v\e~ 72 choices for ag. Since —ag < a1 < 72 — ao, We have T2 choices als
for a;. Since —ap — 201 < az < 72—ap — 2q; and as must be even, we only
have 36 choices for ag. Since —ag — 3a1 —3a2 S a3 < 72 — ag — 3a1 — a2 a.nd.‘.}
a3 is a multiple of 6, we only have 12 choices for az. Finally, since .

¢ Hence
P(0) + P(2018)% = (1 +2012!- C) + (2% — 1+ 2012! - C)2.

This is a quadratic function of C, so we find that the minimum is achieved
Y. when

—ap —4a; — 6ag —4a3 < ag < 72 — ag — 4a; — 6ag — 4dag 92012
€=~ @)
and a4 is a multiple of 24, we have only 3 choices for as. Thus the total numbe L. . )
of choices is and this minimum is
7923612 3 = 2502%. P(0) = 2(2% — 1), n

Example 6.38. Prove that for each polynomial P(z) there are polynomials
'Q(z) and R(z) such that

Q(R(z)) — R(Q(=)) = P(z).

Example 6.37. Given that P(z) is a real polynomial of degree at most 20
that satisfies P(n) = 2" for all n = 1,2,...,2012, what choice(s) of P
produce(s) the minimum value of P(0)2 + P(2013)*?
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Solution. The sneaky trick here is to just try R(z) = 2 + 1. Then the givey
equation reduces to Q(z+1)—Q(z) = P(z)+1. We saw in Section 3.6 that we
can always find a polynomial Q(z) that satisfies this condition, so that solves
the problem. However, with the notation of this section we can do much bettey
by giving an explicit formula for Q(z). The usual Pascal’s triangle identity

(nzl> B <Z> i (ki1>

holds for all positive integers k and n > k. Since this is infinitely values of n,
we deduce that as polynomials

() =@+ (2

This can also be easily checked by writing out the right-hand side and pulling
out the common factors. Interpret this formula as saying that the polynomial
g(z) = (}) is a polynomial such that

g(z +1) —g(z) = (x-,:l) - (2) - (kf1>

Then we have proven the following improvement on the result of Section 3.6:

For any polynomial P(z) of degree d, there is a polynomial Q(z) of
degree d + 1 such that Q(z + 1) — Q(z) = P(z). In fact, if we write

P(z) =ao(g> +a1<910) +-..+ad<z>a

then the polynomials satisfying this are

Q) =c<g> +ao<“1’)‘+'a1<;”> + ...+ad<df_1),

where C is an arbitrary constant.
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Returning to our problem, this says that if we write

P(x)+1=b0+bl<:;>+-~-+bd(z>,

then

d+1

is a solution to the problem. [ ]

R(z)=z+1, Q($)=bo<gf>+b1(;)+...+bd( v )

6.7 Proposed problems

Problem 6.1. Let P(z) be a polynomial with integer coefficients of degree d
such that for some prime g > d we have P(k) = 0 (mod q) for all k. Prove
that all the coefficients of P(z) are divisible by q.

Problem 6.2. Prove that any polynomial

P(z)=ag+a1x+...+ap_12"!

' can be written as

2" -1

z—wg’

1 n
P(z) = — Zka(wk)
N gt
where wiy,ws, . ..,w, are the n~th roots of unity.

Radu Gologan

- Problem 6.3. Let Q(z) be a polynomial with real coefficients of degree d.
| Consider the real numbers b; < ... < bgy1. Prove that the polynomial

d+1

Fl@) = aiQ(z +b),

i=1

. 1 )
with a; = H " is constant.
iAo
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Problem 6.4. Let op(z1,...,2n) be the sum of all products of subsets of ,
size m of Z1,...,%n. Let m,k > 0 be any integers withm+k <nandleg | ,
1,...,Tn e real numbers. Prove that

n

foom(xl,...,mi_l,miﬂ,...,zn) _ { (_1)m m+k=n-—1,
—~ H (z; — :z:j) 0 otherwise.
J#i

Problem 6.5. Let ai,...,an be distinct real numbers. Consider arbitrary

real numbers b1,. .., bn.

(i) Prove that if & > 0, then there exists a polynomial P(x) with real coeffi-

cients of degree less than 2n that has no real roots and P(a;) = b;.

(ii) Prove that there exists a polynomial P(z) with real coefficients of degree .

less than 2n that has only real roots and P(a;) = bi.

Problem 6.6. Prove that there exists a polynomial P such that for all

k=1,2,...,2019, P assumes the value k at exactly k different points.

Chapter 7

Newton’s Identities

7.1 Two forms of Newton’s Identities

Suppose we are handed a polynomial P(z) of degree d. As we have seen repeat-
edly, a very powerful way of studying P(z) is to look at its roots, 71,72, ..., 74.
This leads to the natural question: What interesting things can we build from
the roots of P(z)?

There are of course innumerable things we could build from the roots, but
some are just not natl\%ra,l, and therefore tend not to arise. For example, we
could look at 71 +2rg ++ - -+dry. We don’t, because this depends on the order
in which we right down the roots. Taking this as a principle, we should focus
on functions of the roots that are symmetric, that is, which don’t change when
we reorder the roots. This still leaves a vast number of possibilities, so let’s
further restrict to the easiest sorts of functions, namely polynomials.

Thus by thinking about the roots of polynomials, we are somewhat naturally
lead to the topic of symmetric polynomials. This turns out to be a huge subject
within polynomials, and we won’t have the space to do more than study a
~ few simple symmetric polynomials. The symmetric polynomials one usual
. encounters first are the elementary symmetric polynomials, usually denoted
ox(z1,To,. . ., Zn). Informally, ok (z1,Ta,...,Tys) is the sum of all monomials
*“in the variables z1,Za, . - . , T, which consist of products of k of these variables.
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In formulas, we can write We already saw one very special case of Newton’s identities back i 1n Chapter
_We showed that we can write zk + —,; as a polynomial in x + . The first

few steps of this were

1 1\? 1 1\8 1
:c2+——2-=(x+—> -2, x3+—3=($+—> —3(:5-%——),
T T T X T

., and for larger k, we could use the recursion
1
k1)

k+1 k —

This lead us to a family of polynomials Ty (z) such that

1 1
Tk($+—>:$k+—k.
T x

9o now let’s take this idea and use it to derive Newton’s identities for the
special case of two variables. Call the two variables a,b. Then the elementary
symmetric polynomlals are oy = a + b and o9 = ab, and we want formulas
for S, = a* + b*. We can implement the same approach as above. We can
certainly find formulas for Sy for small k. We have Sy = 2 (by convention),
Si=a+ b = 01, and you probably are already aware that

O'k<(l:1,.’1:2,...,$n)= E Tjy Lin * Ty
1<ii1<ig << <n

or

ox(T1,Z2, ... ZTn) = E Hzi.

IC{1,2,...m} I |=k i€l

The main reason one encounters these first is of course Vieta’s formulas,
If we further assume that P(z) is monic, then we have

P)y=(z—r)(z—7r2)-...-(x —7a) =$d“0'1-’17d—1+---+(_1)d0.d,

where oy, = o%(T1,72,...,74) are the elementary symmetric polynomials in ¢
roots.

Vieta’s formulas give us one answer to the question we asked above. We ¢
easily find the value of any elementary symmetric polynomial in the roots
P(z). Indeed, we can read them off almost instantly from the coefficients of
P(z). The only problem with the elementary symmetric polynomials is tha,’o'
they can get quite large. If we write out ox(z1, 2, . .., &) completely, then
we will get (Z) terms and the binomial coefficients grow pretty fast. A fey
moments of thought will lead you to another set of symmetric polynomialg
which avoid this problem, the power sums ‘
Sy = a* -i-b2 (a+b)% —2ab= 0% — 205,
Sp(x1, T2y ..y Zp) =28+ 25+ +zk.
To extend this list, we define a monic quadratic polynomial P(x) with roots
These are just n terms and still give us one polynomial of every possib a and b, that is,
total degree. (By convention, one often sets oo(z1,Z2,...,%n) = 1 and
SO(xly L2y - e ,xn) = n)
The topic of this chapter is basically to understand how these two lists of
elementary symmetric polynomials relate. Given the elementary symmet
polynomials, we could obviously write down the polynomial P(z) above, fing
its roots, and then calculate Si. Is there a better way to get Sy from orl
What about the other direction, if we know the Sk, can we find ox? The
answer is that we can, and the way we will go from one to the other
Newton'’s identities.

P(z) = (z —a)(z — b) = 22 — (a + b)z + ab = 2% — 512 + 00

Then since a and b are roots of P(z), we have

\ a? =01a—03, b®=o01b— 09

ﬁow multiplying the first equality by a*~! and the second equality by &1

"t = gla® — gpdF ", BFFL = oy bF — ogbtl,
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Adding these equalities side by side, we find that

..

Sk+1 = 0'15k - O'QSk__l.

Thus we could inductively write down formulas for each Sk as a polynomia]
in o1 and oy (with integer coefficients). The next few are

S3 = 0153 — 0951 = 0':13 — 30109,
and
Sy =0183 — 0252 = af — 40109 + 20'%.
Example 7.1. Let ¢ and d be complex numbers. What can be said about - .
Ty, = ca + db*?

Solution. Multiply the equality a¥*! = 01a* — g2a®~! by ¢ and the equality-
b+l = 516 — oob* ! by d and add them side by side. The result is

Tiy1 = 01Ty — 02Tp—1.

Surprisingly, Tj satisfies the same recursion as Sx. (As you may suspect
there is something deeper going on here. In this case, the theory of constan
coefficient linear recursions.)

Let’s generalize this one more step, to three variables. ,
If we have variables a,b,c, then the elementary symmetric polynomials are:,
01 =a+b+c, 09 =ab+ac+bec, 03 = abe. Can we do the same thing we di
before and find polynomial formulas for Sy, = a* + b* 4 c¥? The answer is yes
Again, we can find a few starting values Sp = 3, S1 = 01, and as you ar
doubtless aware we still have

Sp=a®+b+c* = (a+b+c)2—2(ab+bc+ca)=U%—202.

So as for the two-variable case, it W;J;lld suffice to find a recursive formula fo
Sk. Define the polynomial

P(z) = (z —a)(z — b)(z — ¢) = 2° — 012° + o9z — 03.
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and the same holds for b and ¢. Multiplying the

2
Then ad = 010 — 09a + 03, .
-2

M gt equality by a®=2, the second equality by b*~2 and the last one by ¢*72,

: ond adding all three, we find that [
Sk+1 = 018k — 02Sk—1 + 03Sk—2.

Thus we can write each Sk as a polynomial with integer coefficients in
01,02, 03- The next two are

S3 = 0189 — 0251 + 035y = U% — 30109 + 303,

81 = 0153 — 09852 + 0351 = 0'411 — 40'%0‘2 + 20‘% + 4o1073.

Example 7.2. If o3 # 0, can we similarly find the value of
S_p= a7k 4+ bk 4k

for some positive integer k7

First Solution. The answer is of course yes. Multiplying the equality

o= 01a2 —o09a+ 03

2

a 1

=16 — 02+ 0302 .
Adding the three similar\‘qqualities we get

So = 0151 + 0250 + 035_1.
Therefore S—; can be determined in terms of S, S1, So. By the same approach,
after multiplying the equality

a3

= 0’1(12 — 090 + 03
by a~%~2 and adding the two similar equalities side by side, we find that
S_g—1 =015 — 02S_p11+ 035 12

“Thus we find that S_j are rational functions in o1, 079,03, and in fact the

denominator is always o%. |
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Second Solution. The answer is of course yes. For positive k, we used the

_ golution. Multiplying the equality atl = giak — ggak~! + o3aF? by
polynomial +

", the equality 6**! = o1b* — oobf~1 + o3b%~2 by ¢y and the equality

qr — - . . .
Bl = o1k — goc®™ + 03¢f~2, by c3, and adding them side by side, we

P(@) = (z— a)(@~ b)(z — &) = 2 — 1 + o9z — 0. [ fad that
- Tq1 = 01Tk — 09Tk -1 + 03T —2. L
For negative k, we simply use the reciprocal polynomial 4
'v
38 /1 1 1 1 le 7.5. L iti
Tp <_> = (m - _) <x — _) (m _ _) —gd 022 T i x | Example et a, b, ¢ be positive real numbers such that
3 x a b c g3 o3 o3 g

abc=1, ad+b+S=4

Example 7.3. Let a,b, ¢ be real numbers and S, = a” + b™ + ™. It is known
that S1 = 2, S = 6, S3 = 14. Show that |S2 — Sp—19n+1| = 8 for each positive
integer n > 1.

a® I o
e-De-0 " t=0b-a T c—ac-0)

=5+ (a®b+ b2c+ ca+ a’c + ba + c%b).

Solution. By the formulas above

fuy

i Solution. Let Ty, = (¢ — b)a™ + (a — ¢)b™ + (b — a)c™. As we have just seen,

op=51=2, 02= i i
J T, satisfies the recursion

1
(0} -82)=-1, o3= —5(0152 — 83 — 0103) =0.

[ V]

Therefore abc = 0. Assume without loss that ¢ = 0. Then Thi3 = 01Tn+2 — 02Tp1 + 03T

5721. _ Sn—lSn+|1 — (an 4 bn)Z _ (an+1 + bn+1)(an—1 + bn—l)
= (ab)"*(2ab — a® - b?)
= —(ab)"}(a—b)?
= —(ab)" ((a+b)? — 4ab).

V.‘Since To =T1 =0 and T = (a — b)(b — ¢)(c — a), we compute that
b N

) T3 = 0113,

Ty = 0113 — 09Ts = O'%Tz — o913,
Note that g = ab= —1, S1 = b=2 b)? = b)? nd

ote that og = ab= -1, 51 =a+b=2,50 (a—b)* = (a+b)* —4dab =8 Ts = 01Ty — 09T3 + 03Ts = (02 — 20102 + 03)Th.
Therefore
—(ab)”"l((a +b)% — dab) = 8- (—1)". Thus we compute

5

That is, |SZ — Sn—1Sn+1] = 8. o R L
(a=b)la—c) (b—c)(b—a) (c—a)(c—b)

_afc=b)+ba—c)+P(b—a) Ts 3
= DI —-E—al—20102+03.

Example 7.4. How about T} = c1a* + cob + cac® for some complex numbers
c1, 2,37
1, €2, €3
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Since a3 + b3+ =83 = a{’ — 30109 + 303, and we compute that

Let c1,-++1Cn De complex numbers, oy the elementary symmetric poly-
nomials in 7 variables 21,...,2n, and let Ty = clz’f +...+ cnzﬁ Then
for each non-negative integer 7,

a2b+Bc+ 2a+ ale+ b2a + ¢2b = a*(o1 — a) + b*(01 — b) + oy ~ c)

= 018y — 83 = o109 — 303,

we have n—-1
Tnar = 01Tp4r—1 — 02Tngr—2+ ... + (-1 onTr.

— J

——2- = 0‘% ~ 20100+ 03 = (53 +03) + (010’2 - 30’3)

- 2 2 2 2 2 2 ‘,
5+ (a®b + b%c + c*a + a’c+ b%a +c°b). gxample 7.6. Let P(z) = 28 —25—23—z2—z+1 and Q(z) = S N S

So we are done. 1fz1,..., %4 8T€ roots of Q(:L'), find the value of P(zl) + P(Zz) + P(Z3) + P(Z4).
Having done the cases of 2 and 3 variables, it is time to see what we can d(; !
with the general case. It should be clear how the derivation of the recursion
generalizes to more variables. Let 21,...,2n be complex numbers and define
Sk = 2 + ...+ zk. The monic polynomial

Solution. Note that P(z) = Q(z)(z? + 1) + 22 4 2. Therefore P(z;) = 27 +2.
Hence (

4
8+zzi2

P(21) + P(z2) + P(z3) + P(24)

1l

—t
Pa)=(z—21) .. (€—2m)=2"— 012" +...+(~1)"0n 8+f92
vanishes at each zj, therefore multiplying by 2%, we get = Sio1— 207
: = 1+2
zZ+T = alz,f"'r"l — g2 4o (=1)" o2 3 -

Adding these n equalities for k = 1,2,...,n, we get Tt is great that we found\a recursion for the power sums, but to exploit this

irecursion, we also need some initial values. We could derive a few of these.

n—1
) “We always have S = 01, and we know that

Spar = o18n4r—1 — 09Sn4r—2+ ...+ ("1 onSr.

This is one form of Newton’s identities oy, Se=4..t+2=(nt.Fm)P -2 Y zz =0} 20

1<i<ji<n

. Newton’s Identities - First Form

: | . ight even be able t te that for n >
Let S and oy, be the power sum and elementary symmetric polynomials; ou might even be able to compute that for 7 = 3

in n variables. Then
S3=B 4. A=t ) =3t ) Z 2i%;

Sptr = 01Sn+r—1 — o2 ntr—2+ ...+ (—1)""1onS,. il 1<i<j<n
| : +3 Z Ziijk=0':f—30’20’1+30‘3.
The same argument as in the preceding example also gives the following resq} ; 1<i<j<k<n
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] oW think about the monomials that occur. First, let us focus on monomials
‘yhere one variable occurs with an exponent greater than 1. These can only
urise from the first sum. For a subset A C {1,2,...,n}, let Z4 = [Meca 2
hen the monomials coming from the first sum have the form Z Az;-““r for some
qubset A with |A| = 7 < k. An exponent greater than 1 means that either
-7 > lork—r=1and j € A. In fact, from this we see that there isa
ittle ambiguity here, since we may have j € A. Let’s remove this by insisting
hat j A, which we can always arrange by removing j from A and raising
he exponent of z;. Thus we only need to think about monomials zAzJ’F_lAI,
where |A| = s <k — 1 is a set that does not contain j. Such a monomial can
yrise in only two ways in the sum above. It could come from the r = s term
ﬁthe first sum, when i; < i3 < --. < i, are the elements of A. The coefficient
f such & monomial is (—1)". It could also arise from the r = s + 1 term in
he first sum, when 4; < i3 < --- < i.,; are the elements of A and also j. The
oefficient of such a monomial is (—1)"+!. Thus this monomia] arises exactly
wice with opposite signs, hence they cancel.
ow consider a monomial where every exponent is equal to 1. Any such
onomial is Z4 for some set A C {1,2,...,n} with |A| = k. These can arise
n two ways. They could come from the first sum in the case where r = k — 1
and 41 < 42 < +-+ < ix_y are all but one of the elements of A, and the missing
lement comes from the oy = 23+ 23+ - - + 2,, factor. There are k such terms,
fone for each element of A, and they all occur with a sign of (~1)%~1, so the
otal contribution of these terms is (~1)*~1k. These terms also arise from the
econd sum, where of course they have the cancelling coefficient (—1)*k. Thus
hese terms cancel as well.
ince we have shown that every monomial that occurs cancels, it follows that
‘the whole sum is 0, as desired. Q

Unfortunately, the formulas are starting to get a little long. The thi
will very, quickly notice is that we are getting the same formulas for
k>0, as long as n > k. Y
Let’s suppose for a second that this is always true. For n = k, we proved the;:}‘
formula

g yo
Sk Withz;

Sy = 018k-1 — c9Sp—9+ ...+ (—1)k0k_151 -+ (—1)k+lkak,

where we have written k instead of Sy because something weird is happening
with So. If we already have S1,...,Sk-1 as polynomials in the o;, thep this
will give us Sy, as such a polynomial. If it really is the same polynomia] fo.
every n, then we have the following educated guess:

Let S; and o; be the power sum and elementary symmetric polynomials *
in n > k variables. Then

Sk =018k-1 —02Sk_a+ ...+ (—l)kak_lsl -+ (—1)k+1k0k.

Guessing the correct answer is often a big step towards a proof, but now w
have t0 prove this formula. We will give three proofs. First, let’s give
combinatorial proof., The advantage to this proof is that it really dives in an ‘
shows how the terms align.
Proof. (Combinatorial proof) Writing out the formula we are trying to prove;

Sk —018k—1+02Sk_0+ ...+ (—l)k—lak_lsl + (—l)kkO‘k =0,

we get

b1 n Now let’s give an algebraic proof. This proof has the advantage of justifying
Z(_l)r Z Ziy .. 7, Z z;?—r ?;pur intuition above. We were not just guessing the answer above, we were
=0 1<, <, <ir<n i=1 "proving it but didn’t know that yet.

H(=1)kk Z Ziyeeoz, | =0, : Proof. (Algebraic proof) Let Sy = z¥ + 2K+ 4 2k and let

150 < << R = 01861 — 028k—2 + ... + (—=1)%03_1 81 + (~1)F*1koy,
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be the polynomial given by the recursion. Note that Ry is a polynomial in the
variables zi, ..., Zn, but because of the recursion we can also think of Ry as a
polynomial in the elementary symmetric functions oi(z1,22, ..., 2n) for i <k,
We want to prove that Sy = Ry.

Look at what happened to the elementary symmetric function oi(z1,29,..., Zn)
when we set one of the variables, say zn, to zero. Every monomial involving
2p, vanishes. Hence we are just left with monomials with i out of the variables
21,2244+ -92n~1- Thus

oi(21, 22, -, 2n—1,0) = 03(21, 22, - - -, Zn—1)-

This says something very nice about Ry. If we set any n —k of the variables
21, ..., 2n to zero, then Ry will be the polynomial that satisfies the recursion
above for the remaining k variables. But this is the case were we have already
proved the recursion for the Newton’s identities. Thus if we set any n — k
variables equal to 0, leaving only the variables with indices 1y <2 < -+ <i,
then

Ry = z + z +- = Sk.

Now suppose S— Ry, is nonzero. Then when we wrlte it out, there will be some
monomial that has a nonzero coefficient. Since every term in Sy and Rk has
total degree k, this monomial must be 2;, zi; « - - 23y, for some i3 < ig < -+ < 4.
But then if we set all the other variables equal to 0 and these k varlables to 1,
all the other monomials will vanish and we will find that S, — Ry # 0. But we
just saw that in this case Sy = Ry, so this is a contradiction. So Sy = Ry.

The proof above also says something important, that we already had observed
but hadn’t proven. There is really only one formula for Sy as a polynomial
in the elementary symmetric polynomials o;. If the number of variables is at
least k, then this is exactly the formula we get. If not, then we just set any
om With m larger than the number of variables to 0. So for example, from the
general formula for S,

53 = 0‘% - ?;;720'1 + 30’3,
we get the formula for two variables

a® + b = (a +b)® — 3ab(a +b)

o amara

Glla -
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by just setting o3 to zero.

Finally we give a calculus proof. If you haven’t had calculus, please feel free
to skip this proof. Two proofs should be enough. However, the power series
ot the end, which you can think of as “infinite degree polynomials”, provide
fabulous identities you should be able to understand without calculus.

Proof. (Calculus proof) Consider the polynomial

Q(t) =(1- zit) - : (1 — zpt) =1~ o1t + O‘gt2 e (—1)n0ntn.
Then we compute
Q@) =—z1(1—20t) ..o (1 — zt) — 22(1 — 218)(1 — 23t) - ... - (1= 2nt) —

—zy(l—2ot) ... (1 — 2p_1t) = —01+ 200t — ... + n(—l)”ant"‘l.
Therefore
Q' (¢) tz tzn, >
- = - k_ k
) 1—z1t+ 1-—znt 2_: Zz t —;S’kt.
Therefore
9 o0
o1t — 200t — ..+ n(=1)""lopt" = (L—ait+ a9t — .. .+ (= 1)"ont™) Z Syt®.

k=1
Comparing the coefficients of ¢" on both sides, our educated guess is proved.
This calculus proof is incredibly powerful. Pulling out the higher coefficients

gives the previous result for Sp4, with » > 0. You can even go further.
Dividing by ¢ and integrating both sides, we get

= 5
~log Q(t) = Z ?ktk.
k=1
If we plug in the Taylor series for the function —log(1 — z), then we get

o0
>

k=1

o0
1
SE

m=1

(Ult - 02t2 + o4 (___1)'n~1tn)m
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If we take the coefficient of ¢* in this formula, we get a non-recursive formulg,
for Sy, as a polynomial in the o;. If we exponentiate, then we get

OOSkk oo(_l)m ooSkk'm
em{ £3)-2 ()
Pl T n e

Taking the coefficient of ¢* in this formula, we get a formula for the elementary
symmetric polynomials in terms of the power sums. Q

Remark. The identities
Sntr = 018n4r—1 — 028 4r—2+ ... + (—1)"onSr
for r > 0 and
S, = 01851 — 03552 + + . + (=1)¥ok_151 + (~1)¥* koy,

for n > k are called Newton’s Identities. The interesting issue is that for r =0,
the former coincides to the latter for k& = n. The algebraic and calculus proofs
(and the combinatorial proof with a little more work) above show that you
can just use the last formula for all k, with the convention that o = 0 if k
exceeds the number of variables.

Examplé 7.7. Let r1,...,7n be the roots of polynomial
¥ —22" 4+ 32" 2 4+ (1) (n+1).
Prove that for al m=1,2,...,n
=21
Solution. From Vieta’s formulas we tead off o1 = S1 = 2, 00 = 3, ...,
on = n+ 1. Hence Newton’s Identities for m < n read
Sm = 25m—1 — 38m—2 + ... + (=1)™mS; + (=1)™ T m(m + 1).
An easy induction proof, with induction step,

S, = (——1)m—2<4 +6+...+2m—m(m+1)) = 2(—1)™1.

shows that §; = 2(=1)""' fori=1,...,m -1 ]
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Example 7.8. Let P(z) be a monic polynomial of degree n, with integer
coefficients and d complex roots z1,...,2,. Prove that S, = z’f +...+ zﬁ is
an integer for each k.

Solution. This was really all proved above, but it is important enough to
be worth emphasizing. Since P(z) is monic with integer coefficients, Vieta’s
formulas say that all the elementary symmetric polynomials o}, are all integers.
However, Newton’s identities imply that each power sum is a polynomial with
integer coefficients in the 0. Hence all the power sums are also integers. M

7.2 Newton’s Identity and number theory:
elementary problems

Example 7.9. Let n be an integer and let a, b, ¢, d be integers such that
a+b+c+dand a®+b* +c? + d?
are divisible by n. Prove that
n| (a* +b* + ¢* + d* + 4abed).
Solution. Let
Pz)=(z—a)(z—-b)(z—c)(z—d) = zt — 0128 + o9z? — o3z + 04

We know that S1 = o1 and Sy are divisible by n. Now by Newton’s Identities,
we have

S4 = 0183 — 0955 + 0351 — 4o3.

Hence reducing modulo n, we get
S4 = —404 (mod n)

Therefore n divides Sy + 404 = a* + b2 + ¢ + d* + 4dabcd. ]
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Example 7.10. Let p be an odd prime numbers and a,b,c,d,e be integerg
such that g+ b+ c+d+e and a® +b? + ¢? + d? + €? are divisible by p. Proye
that a® + b® + ¢® + d5 + e® — Babcde is divisible by p.

Solution. Let
(z —a)(z—b)(z - )(z—d)(z —e) = 2° — 012" + 022" — 532® + 04z — o,

We know that S1 = o1 and Sz = 5% — 209 are divisible by p. Hence o and oy
are divisible by p. According to Newton’s Identities

S5 = 0154 — 0253 + 0352 — 0451 + bos.

Taking this equation modulo p, we find that S5 = 505 (mod p). Hence p

divides
Ss—505=a5+b5+c5+d5+e5—5abcde. [}

Example 7.11. Three real numbers a, b, ¢ satisfy the following conditions:
for each positive integer n, the sum a™ 45" +¢” is an integer. Prove that there
exist three integers p, g, r such that a, b, ¢ are the roots of the equation

23 —pz?+qz—r=0.

Vietnamese Mathematical Olympiad 2009

Solution. Writing (z — a)(x —b)(z — ¢) = «® — pz®+ gz —r, we want to prove

that p, g, are integers. According to Newton’s Identities, ‘
Sn+3 = pSpt2 — ¢Sn+1 + rSn.

Tt is clear that p = S is an integer. Moreover, from Sy = p? — 2g, we find ’chat“",
2q is an integer. Furthermore, since

S3 = pSs — gS1 + 3r = p® — 3pg + 3r,
we get 253 = 2p® — 3p - 2¢ + 6r. Therefore 6r is an integer. Now note that
Sy = pSs—gSz+51 = p(p® —3pg+3r) —q(p® —2q)+pr = p* —4dgp® +4pr +2¢°
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Multiplying both sides by 3, we get that 6¢> is an integer.

Therefore 2% = 692 —(2q)? is an integer. However, this means that (2¢)2 = 442
is an even integer, hence 2q is an even integer, and we find that ¢ is an integer.
Now, the formula above S3 = p® —3pg+ 3r gives that 3r is an integer. Assume

" that 7 is not an integer. Then r = % for some integer k which is not a multiple

of 3. From the formula above for Sy, we conclude that %Lk is an integer, so
3| p. From the Newton Identity for Se,

k
Se = pSs — ¢Sy + 55'3,

we find that 3 I Ss.
However, this means that from the identity S3 = p3 — 3pq + k, we conclude
that k is a multiple of 3, a contradiction. Thus r is an integer. |

Remark. There is a general statement that was posed in American Mathe-
matical Monthly by early 80s. The solution needs more advanced tools. We

* shall discuss it in the next volume.

n
" Let 21, 22, - - . , 2n, be complex numbers such that Z z;" is an integer for every
‘ s
* positive integer m. Show that the polynomial (z—z1)-...- (2~ 2,) has integer

oefficients.

Michael Larse(% - American Mathematical Monthly, Problem E2993

\

Example 7.12. Let a, b, ¢ be integers such that a + b+ ¢ = 0. Prove that for

. all positive integer n we have

a2 + b2 + 2 | an2+1 + bn2+1 +cn2+1_
olution. Note that

o1r=a+b+c=0, 02=ab+ac+bc=—%(a2+b2+c2)=_%52,

1
Sm = —098m—2 + 035m_3 = §(a2 + b2 + ) Sm_2 + 035m-3.
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Since a + b+ ¢ = 0, we find that Sy, is even for each m. Therefore we can
write

-

Sm = 5"5_2 (a® + b2 + *) + 935m-3.

Hence Sy, = 03Sm—3 (mod Sp). If m =1 (mod 3), we have Sp, = 0351 =0
(mod 85) and if m = 2 (mod 3), we have Sm = 0392 = 0 (mod S2). Since
n2+1=1,2 (mod 3), we are done. |

Example 7.13. Prove that for all positive integers we have

| (1498)7

Solution. Let z; = 1 ++/3 and 2o = 1 — /3. Then 01 = 2z + 22 = 2 and
09 = 2129 = —2. Set Sy, = 27 + 2. Then Newton’s Identities read

An easy induction on n shows that Son—1 and So, are divisible by 2.
In particular,

2n+1 oan+l _ on+l
S2n+1 - Zln+ + ZZ - 2 k

for some positive integer k. Therefore

I

Since 0 < —z%"'*'l < 1, we find that I_zf"‘*'lj = 2ntlg,
Thus 27+ | | (1 + v3)2H | |

7.3 Newton’s Identities and polynomials

One interesting feature of the power sums Sk = 2+ ...+ 2F is that as k gets

large the term (or terms if there is a tie) with largest modulus dominate the
sum. This is particularly dramatic in the case when all but one of the roots
have modulus less than 1. In this special case, one term is growing and all the
other terms are getting small.
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This leads to many interesting problems which require Newton’s Identities.
Newton’s Identities allow you to say some things about what happens to the
power sums for large k (maybe just that they are integers), and the largest
term lets you say something else about it. When you compare the two, you
get interesting conclusions.

Example 7.14. Let o be the greatest root of the polynomial 2% — 322 + 1.
Prove that |_a2°2°J is divisible by 17.

Solution. ‘First, let us look at what Newton’s Identities tell us about the
power sums of the roots. Let o > 8 > v be the three roots (which we will see
below are all real, but we don’t need this yet). Let Sk = o + B* + +* be the
power sum. Then Newton’s Identities let us compute So = S1 = 3, S2 = 9,
and Sp4+3 = 3Sn42 — S, for n > 0. Since the current problem asks for a result
modulo 17, we look at this recursion modulo 17. Stepping it out (which takes
a little work) modulo 17, we find that Spy16 = S, (mod 17). Thus

52020 = 516-126+4 = S4 =1 (mod 17):
This says that

Saoz0 = 02020 4 52020 4 42020 — 17k + 1
for some positive integer k.

Now, let us look at what the sizes of the roots tell us. Write P (z) = z3-322+1,
we have "

P(-1)=-3<0, P(0)=1>0, P(1)=-1<0, P(3)=1>0.

Hence, using the notation we set in the previous paragraph, we find that

-1<v<0<B<1<a<3. Thus we have two roots of absolute value less

than 1, and one root o which is greater than 1. Thus for large k, S will be

;r}e:ry close to o*. More precisely, combining this with the result above, we find
at

a2020 =17Tk+1— ,32020 _ 72020‘

Since 2020 is even, we see that a?0%0 < 17k + 1, so to complete the proof, we

% only need to show that

'82020 +,72020 < 1.
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Unfortunately the bounds above only get us f202° 4+ 9% < 2, 50 we have to
improve them a little. Here is one way. Note that P (2\/5) =16v/2-23 < 0,
so we find 2v/2 < « < 3. This gives

2
0< DLy c P =0-o? <9 (23) =1.
Therefore 32020 4 42020 ¢ (0, 1), and we conclude that Lam?o_l = 17k. n

Example 7.15. Let n be a positive integer. Prove that ]_(\3/% -3) ‘n_l is not
divisible by 6.

German Team Selection Test 2011

Solution. Let z; = ¥/28 — 3. Then (3 + 21)% = 28, which yields
23 49224+ 275 —1=0.
Thus 2; is a root of 22 + 922 + 27z — 1, and the other two roots are
22=LU\3/%—3, z3=w2\3/%—3,

where w is a primitive third root of unity. Note that |2e| = |23]. Furthermore, :
1
2
2" = — > 1
ol = > L

50 |zg| = |23| > 1. By Newton’s Identities, we know that

Since

S_pn=8pa1+Spn2+t S_n-3 (mOd 2)

and
Se =27, S1=-9, S =3,

we find that S, is odd for each n. Notice that S_n = S—n—3 (mod 3). Thu
S_,, is divisible by 3. Thus

S pn=2"+2" 423" =6t +3,
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for some positive integer ¢.
Finally, assume that |z7"| = k. Then |k — z7™| < 1, and so

Je—6t—3| = k= Sn| = [k—2" = 2" — 23| <[k — 27"+ |2 "| +]25"] < 3.

Hence k =6t £ 1, 6¢ = 2. In each case, k is not divisible by 6. - |

There is a general strategy here for problems that ask about integers close to
a power of some algebraic number . (The problem might for example ask
about some property of |a"], or of the ceiling.)

(i) Find a polynomial P(z) satisfied by c, usually the minimal one.
(ii) Factor P(z) = (z — 21) - ... (z — zg) and analyze the roots.
(iii) Check if o™ is close to Sp,.

(iv) Apply Newton’s Identities to find the recursion satisfied by Sy,.

(v) Use some algebraic or number theoretic facts, and possibly induc-
tion, to prove something about S,

(vi) Hey prestol

. Example 7.16. Let o and 8 be the roots of the polynomial 22 — gz +1, where
- ¢ is a rational number greater than 2. Let S = a+ 8 and T} = 1. For n > 2,

efine S, = o™ + ™ and

Th=8-1+25_2+...+(n—1)S; +n.

rove that for odd n, T}, is a rational number.

Centro-American Mathematical Olympiad 2014
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First Solution. Since af = 1, we have Sp41 = 515 — Sn—1. A simple
induction_implies that S, is a rational number for all n. Now, we will prove
by induction that

=(1+S+...+5n)?

for each positive integer m. The base case m = 0 is trivial. For the inductive
step, we have

Tomy1

Toma1 = Tom—1 + Som + 2+ 2(81 + ... + Sam-1)-

By the inductive hypothesis Top—1 = (1 +S1+ ... + Sm-1)?,

that
Tomar = (1481 4.+ Sme1)® + Som +2+2(S1 + ... + Som—1).
Note that '
Som +2 = o™ 4 BT+ 2(af)™ = (™ + ™) = ST
Furthermore,
St ..t Somr=(atad -+ (BB + T
=a™(a! BB BT+ AT,

Since '
™t ™ot

—m+a2—m+“.+am—1)+

=B+F+. .+ BT
and similary for 8, we have that
S14.c.+Smo1 =@ +8M(1+a+p+...+

= Sm(1+51+...+sm_1).

am—l + I@m—l)

Therefore

+ Som—1)
.+ Sm—l)

Tomi1 = (1481 +...+ Sm1)? + Som +2(1 + S1 + ...
=(1+S1+. .+ Sm-1)®+ 5% + 25,1+ 81+ ..
=148 +...+5m)

Since 1+ Sy + ...+ Sm is a rational number, our proof is complete.

so this implies "
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. Second Solution. Since 8 = o~ !, we have

s 148 +...4Sm=1+a+a?+...+d™+a l+...+a ™

£ Look at what happens when we square this. A term in the product will be o +*

for some 7, 8 with —m < 7,8 < m. Thus we get a term of o for each solution to

s = with r, s in this range. If j > 0, wesee that j—m <r =s5—j < j+m,
. g0 we must have j —m < r < m. Conversely, for any r in the range, we can

. define s = j —r and we will have —m < r,5 < m. Thus there are 2m + 1 —

! terms which equal af. Since we get the same number for a7, we find that

“; (1+.. ASm)? = (@™o~ ™) +2(a?™ 4o P L+ 2m (et ) +2m+ 1

= Som + 2S2m—1+ ...+ (2m —1)S1 +2m + 1 = Tomqa.

‘Hence
=148 +...+5,)%

i Now, by the above argument, we know that 1 + 51 +.

Tom+1

..+ S is rational. W

Example 7.17. Let a1,...,an be integers and A = (a2 —1)-...- (a2 —1). If
n
1
A -
| ; (af —1)(ai +1)
s an integer, prove that (_a?:m is integer for i = 1,2,...,n.

A

n
m . = Zzi is an integer by hy-
1

i=1

olution. Let z; = Then o7

%’»pothesis. Since
: A?=(a?-1)2-... (a2 - 1)

a multiple of (a?)(a; +1)(a2 — 1)(a; + 1) for every i, j, we see that

1
= Y uy=4A Z (@ —1)(a2 — D@ + L)(a; + 1)

1<icjsn 1<i<j<n
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is an integer. By the same argument,

O = E 2§y Rin "t et Ry

1< <ig<...<ip <0

‘golution- It is known that
o; = > Jie--Jie
1<51 < <o <p—1

is an integer for each k = 1,...,n. Hence the polynomial Let g be & primitive root modulo p. Note that the set {g,2g,...,(p — 1)g}

coincides with the set {1,2,...,p —1}. Thus

gioi = Z 9j1-..95; = Z J1-..Ji=0; (mod p).
1<H1 <. <G, <p—1 1<1 <. <5, <p—1

P@)=(@=2) ... (@=2) = 2"~ 1" 4 ... + (1",

is monic, has integer coeflicients and has rational roots. Therefore its roof
are integers.
Therefore (¢t —1)o; =0 (mod p). Since g is a primitive root and i < p—1,

Example 7.18. Solve the following system in complex numbers 1 is not divisible by p. Hence o; = 0 (mod p). B

931.+a:2+...+mn = a
22+ 22 +...+22 = a? xample 7.20. Let pkbe an odd prime number, k a positive integer, and
, Sy =1+ ...+ (p—1)". Prove that
a4+ al+...+a? = am ' 0, ifp—11k
S = ’
: k -1, ifp—1|k (mod p).

Solution. Let (z—21) ... (= zp) = 2" — 12" 1 +... + (=1)"0,. Sinc
o1 = 81 = a, iteratively looking at Newton’s Identities ; lution. By Fermat’s Little Theorem, it is enough to restrict k in the set

+2,+..,0— 1}. According to Newton’s Identities,

o

ko:k = (—1)’°—1,S'k + (—-1)k_2015k_1 +... o181, k=2,...,n,
! Sy = 015,17 — 09Sk_9+ ...+ (-—1)k+1k0'k,

shows that o9 = ... = g, = 0. Thus ; \
n 1 for k=1,2,...,p—1. Now, for k =1, §; = 01 = 0 (mod p). Thus for all
(—z1)-...-(@—zn) =2" —az"". k=1,2,...,p~ 2, we find that S, =0 (mod p). Now, for k = p — 1 we have
and hence (z1,z9,...,2p) = (a,0,0,...,0), or a permutation of this.

Sp—1 = 015p_1 — 02Sp2+...+ (=1)P(p— 1)op-1.
‘ d‘ . . o« »

the first by classical number theoretic approaches, but second by Newton eeeding as i the above example, a1,..., Ip-2 are all divisible by p, thus

Identities. : Sp-1 =0p—1 (mod p).

Example 7.19. Let p be an odd prime number and let by Wilson’s Theorem,

(z=1) .- (—p+1) =2P =012 2+ ...+ 0py. op-1=(p—1)!=-1 (mod p).

Prove that o1,...,0p—9 are all divisible by p. dlierefore Sp_1 = —1 (mod p). [ |
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7.4 Newton’s Identity and number theory: Solution. Let D be the order of (ab)> modulo p, that is, D is the smallest
advanced problems positive integer such that (@b)?P =1 (mod p). If D = 2m is even, then
¢ = (ab)™ (mod p) cannot be 1 (since D is minimal) and satisfies z% = 1
Finally, we arrive at the last part of this chapter. We have learned many (mod p). Thus z = —1 (mod p), and hence (ab)™ = —1 (mod p). In this case
interesting aspects of Newton’s Identities. We have found that it has differ- we can just take n = (2k +1)m = kD +m. This will give (ab)" = (ab)™ = —1’
ent applications in Number Theory, Polynomials etc.. Here are some more (mod p), which means that p will divide 1 + (ab)™.
advanced problems, where Newton’s Identities can be used to help solve the Thus we may assume that D is odd. Note that Newton’s Identities give

problem. id ke
] gkt 4 b = (0% 4 %) (0" + 55F2) — (ab)2(a* 4 BF).
Example 7.21. Let a,b,¢ be the roots of the polynomial :
Hence

P(z) =z -3z + 1. g aFt + 6 = —(ab)?(a® + b¥) (mod p),

Prove that for each n > 1, and iterating this we get

a4 b7 4 ¢t — 47 — 5P — 117 |
17

a*+t 4 o = (—1)%(ab)*(a +b)  (mod p).

T T I ST T <

Now choose k = (2m + 1)D. Since k is odd and (ab)?? =1 (mod p), we get

is an integer.
4@2m+1)D+1 | p4(2m+1)D41

a +b =—(a+bd

Solution. Let Sy, = a™+b™ + ¢ be the power sums of the roots of P(z) and- ( ) (mod p).

T, = 4™ + 5™ 4+ 11™ the power sums for 4,5,11. From Newton’s Identities, we .

know that So = S1 = 3, S2 = 9 and Sy, satisfies Sn43 = 3Snt+2 — Sy, for n > 0.

We also get that Tp = 3, Ty = 20, Ty = 162, and

Hence if we let n = 4(2m + 1)D + 1, then we find a” + b" + g + b is divisible
by p. |

Example 7.23. Let ai,...,on, be integers and assume that for all

T = 20Tn 2 — 1197541 + 2207, i=1,2,...,k— 1 we have the following equality:

for n > 0. Reducing these modulo 17, we see that T} = 51, Th = So, and a1+ 2iag + ...+ nia, =0
een n=0.

Tpt3 = 3Tn+2 — Tn  (mod 17). ‘Prove that k! | (a1 + 2%as + ... +n¥ay).

Thus Tp, = Sy, (mod 17) for all n and we are done. ,

. Polish Mathematical Olympiad
Example 7.22. Let p= a2 +b? for some positive integers a and b. Prove that
there are infinitely many natural numbers n such that (a™-+b"+a+b)(1+(ab)").
is divisible by p. g

' Solution. Let Ty = a1+ %ag + -+ nkan and define

Q@) =a(@—1) ... (e—k+1) =" — b 12" 4 (—1)F Lk — 1)z
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For each positive integer m, Q(m) = k!(T) is divisible by k!. Hence we goq! gxample 7.25. Let p be a prime number and n > p. Prove that p divides

()

g ()

r>0

that Z a:j‘Q(j) is a multiple of k!. However, we compute that
=1

n
3 4jQ() = Tie = bp1Thet + -+ (=D Mk = DT =T,
=1

golution. Let

Therefore T}, is a multiple of k!, as desired.

Remark. We could carry this further using Newton’s Identities. Take Q(z) = (1 — z)". If w is a primitive p-th root of unity, then

The T}, satisfy the recurrence

-1 n
Tk = bp 1Tkt + - -+ (= 1)F(k = DT QU +QW)+.-+QW =3 > C) (-1

k=0 j=0

-3 (g

Jj=0

for n > 0. Hence an easy induction shows that T}, is a multiple of k! for all

Example 7.24. Let p be a prime number and let k be a positive intege
k<p Ifzi,...,2, € Z and ‘

p—1
Ifp{ j, then we have Zw'” =
k=0

:1:1+...+mk,...,w1k+...+mkk

—0 pr]g,thenZwa—Zl—

\

are all divisible by p, prove that p | z1,...,Tk- Thus we find that

Mongolian Mathematical Olympiad 20 Q) + QW)+ ...+ QwP™)

' p

= A.
Solution. By Newton’s Identities, we have ; .
Now, it suffices to prove
Sk = 0618k—1 — 028g—2+ ... + (—1)k+1ko‘k.

QL)+ QW) +... + QW H=1-1)"+ (1 ~w)"+...+ (1 —w?)"
Since p | S; forall i = 1,.. .,k and k < p, we find that p [ ox =21 -... )= Fr =) -

Then p divides at least one of z1,..., Tk Assume that p | zx. Hence the pow divisible by p?. Let zj = 1—w?, j =0,...,p—1, and consider the polynomial
sums for z1,...,Zk—1 are all mult1p1es of p. Therefore we can repeat the s

argument to we ﬁnd that p divides 7 - ... - x—1. Continuing in this way, (z—20) ... (¢ — 2p-1) = 2P — 12?7 . 4 (=1)Pay.

conclude that p | z1,...,Tk- ‘

ote that this choice means that
By the last example, we adopt a synthetic approach based on Newton’s Id

tities and complex numbers. Q)+ QW)+ ...+ QwP™) = Sy,
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so it suffices to show that Sy, is a multiple of p2 for n > p. Since Problem 7.3. Let z, y and 2z be distinct integers and n be a non-negative

eger. Prove that

xn yn zn
G- -7 w-2u-2)  c-2E-9)

is an integer.

. (2 —1)P = (_wj):D = (-1)7, int

each z; is a root of (z —1)? — (=1), and we see that this polynomial is

p e e

_ Kiirschdk Competition 1959

(z—20) (T —2p-1) = (x— P+ (-1)F = Z(_l)p k (i) ok rschd petition
k= : . e

' . problem 7.4. Find all positive integers n such that for all real numbers z, y, 2
Thus o7, . .., 0p—1 are all divisible by p and o = 0. Since Newton’s Identities with z+y+ 2 = 0 and zyz = 1, the expression S, = ™ +y" + 2" is constant.
show that all the power sums Sy are polynomials in the elementary symmetric
polynomials oy, with integer coefficients, it follows that S are all divisible by

Problem 7.5. Let
p. Moreover, for r > 0, Newton’s Identities read .

T1+x2+ 23+ x4 =y1 + Y2+ Y3+ yg,
2

ot +a3+ 23+ 2f =yl +95+ 95+ i,
gd+ad+ad+al=v}+u5+03 4+

Sp+1~ = 0'1Sp+r_.1 - O'QSP.H»_Q +...— S’rap
= 01 Sptr—1 — 028p+r—2 + Sr410p-1.
s . - ]‘Prove that
Every term on the right is a product of two factors both of which are divisibl k.
by p. Hence it follows that Sp4 is divisible by p?, and thus that Sy is divisibl (21— y2) (%1 — y3) (21 — ya) = (y1 — z2)(y1 — T3)(y1 — Ta).
by p? for n > p.
roblem 7.6. Show that there is a positive integer k with the following prop-
ty: if a, b, ¢, d, f are integers and m is a divisor of ™ +b" + " —d" — €™ — f"
r all integers n = 1,2, .\‘.-\. , k then m is a divisor of

7.5 Proposed problems

Problem 7.1. Let a,b,¢ be distinct real numbers with a +b+ ¢ = i a*+ "+t —dt—e" — f°
Evaluate the sum r all positive integers n.
a(b — c)? b(c - a)? c(a — b)?

-5 T a-0-0 G-oc-a

Problem 7.2. Find all positive integers a, b, ¢ such that

roblem 7.7. Let aj,...,a, be distinct real numbers such that no subset of
hem sums to zero. Solve following system of equations:

a121+agzo + ...+ anxTy =0,
at bt ct
+ +
@-0a—0  G-06-a)  (c-a)c—b)

alx% + agxg + ...+ apz: =0,
= 47. .

a1z + agzh + ... + anzp = 0.
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Problem 7.8. Let 2, ..., 2, be complex numbers and k be a positive integer
such that ‘
z’f—}-...+zﬁ=z’f+1+...+z,,’§+1=...=z’f+n'1+...+zﬁ+“_1=0.
Prove that z1 = ... =z, = 0.
Chapter 8
Problem 7.9. Prove that for any 21,22,...,2, € C there exists a positive

integer k < 2n + 1 such that
Re(eh 4+ + ... +2) 20. Additional Problems
Problem 7.10. Let a,b, ¢ be complex numbers and let
Sp=a™+b"+c". Problem 8.1. Suppose that

Assume that S1, So,S3 are integers and 551 —355—283 is divisible by 6. Prov
that Sy, is an integer for each n.

(m2 —z+ 1)3(:1:3 +4a® + 42+ 1)5 = a1z + agez + ...+ ao.

' What is the value of a1 + ... + a10?
Problem 7.11. Let p and ¢ be prime numbers and let ai,...,ap, b1,...,b;
be integers such that a;+b; form a complete residue system modulo pq. Prov
that a1, ...,ap form a complete residue system modulo p.

roblem 8.2. Let P(z) be an irreducible monic polynomial with rational
oefficients. Assume that P(z) has two roots whose product is equal to 1.
‘ that the d f the pol ial i .
Sergei Ivanov - Saint Petersburg Mathematical Olympiad 200 rove thab the degree \ ¢ polynomial is even
roblem 8.3. Consider a third degree polynomial. We are allowed to per-

Problem 7.12. Let (an) and (br) be two sequences such that orm the following two operations arbitrarily many times:

da1 — 261 =1,
an41 = a,% - 2bn
bn+1 = b% - 2an.

i) reverse the order of its coefficients including zeroes (for instance, from the
polynomial 23 — 222 — 3 we can obtain —323 — 2z + 1);

Find the value of 252a10 — byo. change polynomial P(z) to the polynomial P(z + 1).

Is it possible to obtain the polynomial 3 ~ 8z% + 3z — 3 from the polynomial

Belarusian Mathematical Olympia 07

Alezander Golovanov
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roblem 8.10. (a) Prove that there exists a polynomial P with integer co-

Problem 8.4. Let 21, ..., 22, be nonreal 2n + 1-th roots of unity. Prove thajs
i efficients of degree 502 such that

.

21—z
21 k—oma.

1+2% + 2% + 2124 . 4228 = p(3)P(~2)P(iz)P(~iz) Vz €C.
(b) Prove that if ag,ay,...,a, € C, a, # 0, then there exists a polynomial Q

Problem 8.5. Prove that for any integer a the polynomial 322" + gz 4 2is ith comple fRcients of d
wi X coethicients of degree n such that

not divisible by 2z2™ + az™ + 3.

Moscow Mathematical Olympiad 195 ao + a1z + ag2® 4 . . + anz®® = Q(z)Q(—z)Q(iz)Q(—ix) Ve € C.

Problem 8.6. Assume that o?°% + 8205 can be expressed as a polynom Marcel Tena - Nicolae Teodorescu Competition 2008
in @ + B and af. Find the sum of the coefficients of the polynomial. 4
roblem 8.11. Let d be an integer greater than 1 and let ap,ay...,aq be

China Western Mathematical Olympiad 2003 real numbers with @y = ay_; = 0. Prove that for any real number k,

Problem 8.7. Determine all polynomials with non-negative real coefficienis d-2
satisfying the following conditions: lao| — |ag| < Z la; — kaiy1 ~ aipal.
=0

p(0)=0, p(z))<z*+y* VzeC,
Canadian Mathematical Olympiad 2019
where || is the modulus of the complex number z = z + iy.

roblem 8.12. Let (a,)nen be a sequence of real numbers defined by

‘ 3 2
. a =a, —3a;, +3
Problem 8.8. Let m be a positive integer and .o " nt
6m—1 . St
P(w)=2x2 =z+al+...+a2t
k=0

Qz) = g2y g2l

— .d d—1
Prove that P(z) is divisible by Q(z). P()=2"+a1z" ' +.. . +a412—1

B
25 T00tS 71, ..., Tg such that |rj| =rfor j=1,... ,d. Prove that

3

Problem 8.9. Let n, k be positive integers with k < n and let o be a rqf
number with jo| < 1.
Prove that all the roots of polynomial z” + cz™* + az® 4 1 are on the uni
circle.

Im(rj +r1...rjcarjpn..org) =0

or each j. Mofeover, prove that Im(ax) = Im(ag—x) for each k.
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Problem 8.14. Let n > 3 be an integer. Do there exist positive real numbe,
a1,az,a3,; - - G, Such that for any k =1,2,...,n every root of the polynomig)
Ghpn-12" L + ...+ ag412 + a (where @j1n = a; forall i =1,2,... . n_ 1)
satisfies the inequality |Im z| < |Re 2|?

roblem 8.20. Let C € (0,1) and let d be a positive integer. Prove that the
- oduli Of all the roots of polynomial

P(z) = Zd: <Z> Ckla—k) k

Chinese Team Selection Test 2003 - =0

’ - gre equa.l to 1.
Problem 8.15. Let P(z) = z%*! +a12% +apz?24...+ag bea POlynomialJ |
with complex coefficients. Consider r = max {|a1],...,|aq4]}. Prove that fo;
each of its roots r; we have |r;|(jrs| — 1) < 7.

Chinese Team Selection Test 2018

oblem 8.21. Find all nonconstant polynomials P(z) with complex coeffi-

Marcel Chiri ents for which all complex roots of P(2) and P(z) — 1 have absolute value 1.

Ankan Bacharia - USA Team Selection Test 2021
Problem 8.16. Let a and b be two positive integers. Prove that
roblem 8.22. Let D = {z € C: Re(z) < 1}. Let d > 1 be a positive integer
+nd let ao, . .-, a4 be real numbers such that 0 < ap < a1 < ... < ag—; and
41> aa > 0. Prove that all the roots of P(z) = agz® + ag_12% 1 +...+ag

2a® — ab+ b)) | (a—b)¥ + a? +b%".

Gazeta Matematic
Problem 8.17. Let P(z) be a polynomial with integer coefficients and le
w be a complex number such that |w| = 1. Let P(w) = ¢, where cis ar

number. Prove that there exists a polynomial Q(z) with integer coefficient;

such that .
c=Q (w + —) .
w

Problem 8.18. Let z be a complex number of modulus 1. Prove that ther " o ) )
exists a polynomial of degree d such that all of its coefficients are +1 or ove that the sequence has infinitely many terms which are negative real
and |P(2)| < 4. mbers.

‘problem 8.23. The polynomial
P(z) =rad 4+ qz® +pz+1

as positive real coefficients and only one real root. Define the sequence ay = 1,
» = —D, a3 = p> — g and.for each n > 1,

an+3 + Pant2 + qant1 + ran = 0.

Vietnamese Team Selection Test 2009
Kom

oblem 8.24. Let P(z) and Q(z) be monic polynomials with complex coef-

Problem 8.19. Let r be the real root of the polynomial z® —z? — 1. A re hients such that

number a is good if it is equal to the sum of the elements of a finite subset.
the set {1, T2, .. } Is it true that for each € > 0 there are two good numbet
a and bsuch that 0 <a—b < e? ‘

n

P(z) - Q) = [[(ajz + bjy + ¢;)

j=1
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for some nonzero complex numbers a;,b;,c;. Prove that there are Ccompley

Problem 8.29. Find all positive integers n such that there are n points
numbers g, b, ¢ such that

[ P, on the unit ncircle satisfying the following property: for any point

3 M on the unit circle, Z M P} is a fixed value for

i=1

P@)=(z+a)+¢, Qz)=(a+b)"+c

- : = 18,
Problem 8.25. Find all positive integers n such that the polynomial (i) k 20
(ii) k= 2019.

nip _ LY ne, _

a"(b—c)+bc—a)+a—b) Chinese Team Selection Test 2019
has a? + b? + ¢ + ab + ac + be as factor. .
‘Problem 8.30. Polynomials u;(z) = a;z + b; (a;,b; € R, i = 1,2,3) satisfy
(ur(2))™ + (ug(2))™ = (us(z))"

r some natural number n > 2. Prove that there exist real numbers A, B, ¢,
“cg, c3 such that ui(z) = ¢;(Az + B) for i = 1,2, 3.

American Mathematical Monthly, Problem 1030

Problem 8.26. Let P and @Q be two nonzero polynomials with complex co-
efficients. Prove that P and @ have the same roots with the same multiplicit
for correspondent roots if and only if the function f : C — R defined b

f(z) = |P(z)| — |Q(z)| has constant sign on C (it can also vanish). Polish Mathematical Olympiad 1972

Marcel Tena - Romanian Mathematical Olympiad 197 _roblem 8.31. Determine all pairs of polynomials P and Q with complex
, efficients such that for all complex numbers z, we have

Problem 8.27. Let f = z?" + ag, 12”1 + ... + a1z + 1 € C[z] be a poly : P(P(z)) — = j ;
womial oot thot o = ar. Vh a2, 1) : (P(z)) ~ Q=) =144, PQ(z) - Q(P(z)) =1—i.

roblem 8.32. Let P(z) = ao+a17+0a97% 4010210+ ag1 2 + ag95 12+ ar3z??,
13 # 0 and Q(x) = bO + 1m '+' b2$2 + b3$3 + blo.’ElO + bl]_.'l:ll + b12$12 + b13$13,
b3 # 0. Let D(z) = ged(P(z), Q(z)). Find the maximum value of deg D(z).

|a1| + |a2| +...+ |a2n_1| < 2.

If o is a root of f, prove that

1
a+—‘<2.
o

gProblem 8.33. Determine all polynomials P such that for every real num-

Alin Pop - Gazeta Matematicd B 12/2003, Problem C:269 ber z,

(P(2))* + P(~a) = P(2?) + P(a).
P. Caldbec - Czech-Slovak Mathematical Olympiad 2001

Problem 8.28. Let a,b,c,d > 0. Prove that

R e ) o

> ab+ bc+ cd + da + ac + bd.

roblem 8.34. Find all monic polynomials P(z), Q(z) of the same degree
ch that for all real numbers z,

P(z)? - P(2?) = Q(x).
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Problem 8.35. Find all monic polynomials P(z), Q(z) such that P(1) =y

and . 1)2 ( 1)2
z+ z-
2P(m)=Q<-—————( 5 )"Q( 5 ) & .
T | problem 8.42. Find all the polynomials P € Rlz] such that

Greek Mathematical Olympiad 2016 | P(sinz) = P(tan ) P(cos z) for any = € (g’ E) .
Viadimir Magek - Romanian Mathematical Olympiad 1986

for every real number 6. Prove that P(z) = Q((1 — x2)?) for some polynomial
Q(z) with real coefficients.

Problem 8.36. Find all polynomials P(z) with real coefficients such that for

all |z} < 1,
P (av3) = P (s + VI=59).

i problem 8.43. Find all quadruples of polynomials Py(z), Px(z), Ps(x),

‘ Pi(z) with real coefficients such that for each quadruple of integers z,¥, 2,t
guch that zy — 2t = 1, one has

Pi(z)Py(y) — P3(2)Py(t) = 1.
Alezander Golovanov - Saint Petersburg Mathematical Olympiad 1996

USA TSTST 2014

Problem 8.37. Find all polynomials P(z) with real coefficients for which
there is a unique polynomial Q(z) with Q(0) = 0 such that

z+Q(y+ P(z)) =y+Q(z+P(y) Vz,u. . Problem 8.44. Suppose that F, G, H are polynomials of degree at most 2n+1

. with real coeflicients such that:
(i) For all real = we have F'(z) < G(z) < H(=z).
There exist distinct real numbers zy, zo, ..., z, such that

Problem 8.38. Do there exist a polynomial P(z) of degree d > 0 with ra- '

tional coefficients such that some of its coefficients are not integers and

polynomial Q(z) with integer coefficients and a set S of d + 1 integers su

that P(s) = Q(s) for each s € S7 F(zi) = H(z;) fori=1,2,3,...,n

iif) There exists a real number z; different from z1,z9, ..., z, such that
' F(20) + H(zo) = 2G(w0).

rove that F'(z) + H(x) = 2G(z) for all real numbers z.

|
|
s

Problem 8.39. Find all the polynomials P(z) with real coefficients such that
|P(z)| < z for all real numbers z. ’

Romanian Mathematical Olympiad 1974;

Bgltic Way 2007

Problem 8.40. Let P € R[z] such that P(sint) = P(cost) for all ¢ € R/

Prove that there exists a polynomial Q € R[z] such that P(z) = Q(z* — ?). ; roblem 8.45. Consider two polynomials P and Q with real coefficients hav-

ng the property that the sets

Viadimir Magsek - Romanian IMO Team Selection Test 1983, ‘
- . {neN|P(n)<Q(n)} and {neN|Q(n)< P(n)}

Problem 8.41. Let P(z) be a polynomial with real coefficients satisfying the; are infinite. Prove that P = Q.

condition

P (cos 8 + sin ) = P (cos§ — sin 6) Laurentiu Panaitopol, Laurentiu Panaitopol Competition 2010
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Problem 8.46. Prove that there doesn’t exist a rational function R(z) such
that R(n) = n! for all natural numbers n.

Jacques Marion - Cruz Mathematicorum 5/1976
Problem 8.47. Find all polynomials P(z) such that
P(z)P(2x%) = P(z + z%).
Mathematics and Youth Journal

Problem 8.48. Prove that for each positive integer n, there exists a polyno-
mial of degree n with n distinct real roots such that

P(z(4 —z)) = P(z)P(4 —x).
Mongolian Mathematical Olympiad

Problem 8.49. Find all polynomials P with real coefficients such that

Py(:) * Pz(j) + P:z;(;) =Pz —y)+Ply—2)+P(z—x)

holds for all nonzero real numbers z, y, z satisfying
2zyz =z +y-+z.
Titu Andreescu and Gabriel Dospinescu - USA Mathematical Olympiad 2019
Problem 8.50. Find all polynomials P(z) for which:
P(a+b) = 6 (P(a) + P(b)) + 15a%b%(a + b),

for all complex numbers a and b such that a? + b% = ab.

Titu Andreescu and Mircea Becheanu - Mathematical Reflections,

Problem U484

itional P
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Problem 8.51. Find all polynomials P with complex coefficients such that
P(a) + P(b) = 2P(a+ ),
whenever a and b are complex numbers satisfying a2 + 5ab +b2 =,

Titu Andreescu and Mircea Becheanu - Mathematicq] Reflections
Problem U491

Problem 8.52. Let a be a positive integer such that
f(z) = 2® + az + 20171,

has no real roots. Prove that there is no integer k such that [z

ky : .
over Z[w] ) is reducible

Probler.n 8.53. Find all ordered pairs (m,n) of positive integers such that
there exist polynomials P(z), Q(z) of degree m, n respectively, and with real
coeficients, such that the numbers 1,2, ..., mn are roots of P(Q()).

Problem 8.54. Find all monic polynomials P(z), Q() such that
P(Q(z)) = =,

\
Problem 8.55. Let P Q, R be nonconstant polynomials with integer coeffi-
cients such that for any real number z,

P(Q()) = Q(R()) = R(P(a))
Show that P =Q = R.
Polish Mathematicg] Olympiad 2009

Problem 8.56. Find all polynomials P(x) Q(z) with real ¢ ;
’ oefficient
that P(P(z)) = Q(Q(1 — z)). cients such

Belarusian Mathematicq] Olympiad 2001
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Problem 8.57. Let k be odd. Let fy,...
cients such that

, fr be polynomials with real coeffi-

fi(fa(z)) =
= fe

fa(fs(z)) = ... = fu(fi(z)).

Prove that f1 =

Problem 8.58. Do there exist polynomials P(z) and Q(z) with integer co-
efficients of degree at least 2018 such that

P(Q(z)) - 3Q(P(z)) = 17

Problem 8.59. Let P(z) be a nonconstant polynomial with integer coeffi-
cients such that for all but finitely many positive integer n, P(1) 4 ...+ P(n)
divides nP(n + 1). Prove that there is a non-negative integer k£ such that for
each positive integer n we have

P(n) = (" + ""‘) P(1).

Problem 8.60. Find all polynomials P(z) with integer coefficients such that
for all positive integers @, b, ¢ that are the side lengths of a right-angled tri-
angle, the numbers P(a), P(b), P(c) are also the side lengths of a right-angled
triangle.

Problem 8.61. Find all polynomials P, Q with real coefficients such that
P(Q(z)) = P(z)*"".

Problem 8.62. Evaluate the sum

—3h) . (2
—ok— 1)(2k

1000
(

Z (2k 21) (

— 31000
2Ly . (2F —

21000)”
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Problem 8.63. Let A = {ai,...,a,} and B = {b1,...,b,}. Prove that

n H(ak+b) n H(bk+az)
=1 1=
; (ar — a:) kZH (b — bs)

i
=

Chinese Team Selection Test 2010

Problem 8.64. Let b; = (a; —ay) - ... -

(a; — an).
Prove that (n — 1)! divides lem(by, . . -

(ai - ai_l)(ai - ai+1) el
» bn)-

Fedor Petrov - Saint Petersburg Mathematical Olympiad 2005

Problem 8.65. Let P(z) be a nonconstant polynomial with real coefficients.
For all positive real numbers M, prove that there is a positive integer m such
that for any monic polynomial Q(x) of degree greater than or equal to m, the

total number of integer solutions of the inequality |P(Q(z))] < M does not
exceed deg Q(z).

Navid Safaei - Iranian Mathematical Olympiad 2018

Problem 8.66. Find all distinct positive integers ay, . . .

T , G, such that for each
positive integer k = 1,...,n the number a; -..

.-ap, divides (k+a1)-...-(k+ap).
Problem 8.67. Let d be a positive integer. Find the largest value of the

con§tant C(d) such that for any polynomial P(z) = ag + ...+ agz® of degree
d with complex coefficients and every permutation (zo,...,zq) of (0,1,...,d),

we have
d
> 1P(zk) — P(zr41)| = Clagl,
k=0

where z4,; = 2.

Chinese Team Selection Test 2010
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Problem 8.68. Let d > 1 be an odd integer and let P(z) be a polynomial of
degree d. Suppose that P(k) = 2% for k = 0,1,2,...,d. Prove that P(z) is
divisible by z + 1, but it is not divisible by (z + 1)

Navid Sefaei

Problem 8.69. Let d > 1 be an odd integer and P(z) be a polynomial of
degree d. Suppose that P(k) = 2% for k =0,1,2,...,d. Prove that there exist
at most finitely many integers z such that P(k) is some power of 2.

Taiwanese Team Selection Test 2018

Problem 8.70. A polynomial .P(x) of degree d satisfies P(k) = 2k for all
integers k =0, 1,...,d.
Prove that P(k) > 28! for all integers k=d +1,d+2,...,2d+ 1.

Problem 8.71. Let P(z) be a polynomial with complex coefficients of degree
d such that P(0) = 0. Show that for each complex number o, || < 1, there
are complex numbers z1,. .., 24+2 on the unit circle such that

d+2

' Pla) = Z P(z).

American Mathematical Monthly 11432
Problem 8.72. Let a,b, ¢ be integers such that a + b+ ¢ = 0. Prove that:
(i) (a%b? + b2 + a%c?) | (a%B° + °b° + a°cP);
(ii) If n — 1 is divisible by 3, then (a® + 0% + c?) | (a® + " +c);
(iii) if n— 2 is divisible by 3, then (6% + ¢?b% +a’c?) | (a"b" +"b" + cva™).

Kuvant, Problem M2023

Additional Problems 331

Problem 8.73. Let z1,...,z, € Z satisfy ged(z1,...,2,) = 1.
Define sy = ¥ +... + z£. Prove that

ged(s1, ..., 8n) | lem(1,2,...,n).
Komal

Problem 8.74. Let zi,...,Z1000 be integers such that

1000
> k=0 (mod2017) forall k=1,2,...,672.
=1
Prove that 2017 | z; for all s = 1, 2,...,1000.

Japanese Mathematical Olympiad 2017

Problem 8.75. Let n be an integer not divisible by 3. Find all integer solu-
tions of the equation

(a® — be)"™ + (b% — ac)™ + (c? — ab)™ = 1.
H. Van Der Berg - Mathematical Reflections, Problem 052

Problem 8.76. Let r >0 and r = r3 + 1. Prove that there exists a positive
integer NV such that

40| N — 2 < 1.,

Problem 8.77. Find all integers n such that for any positive real numbers
a,b,c, z,y, z such that

max(a,b,¢c,2,9,2) =a, a+b+c=z+y+2z abc= Y2,
the inequality a™ 4+ b™ + ¢™ > =™ + y™ + 2™ holds.

Chinese Team Selection Test 2018
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Chapter 1

On the Form z¢P (1

X

Problem 1.1. Let ay,...,a, be natural numbers whose sum is 2020. Find
the least positive real number ¢ such that the equation

Z iia
1+z%
has only one positive real root.

LI
Solution. Let = ) —
olution f(=z) 2. T oo
Hence if r is any root of f(z) = ¢, then % is another root of the same equation
unless r = %, that is » = &1. Thus if there is exactly one positive real root it

must be r = 1. Plugging in £ = 1, we find that t = 1010. Moreover,

n .

_ai@t ai(zt —1)?
-1010=—-) 2= . <0

T+ a2 010 = ; 1122 =

. Tt is easy to check that f(z) = f(3).

z

with equality only at z = 1. Thus for ¢ = 1010, z = 1 is the only root. [ |

Problem 1.2. Let ag+ a1z + aox? + . . .+ agnx?® be the polynomial obtained
expanding (1 + z + z2)". Compute:
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(i) ap+ag+ ...+ aom;
(ii) a1 + a3+ ...+ a2n-1;
(iil) apd1 — G109 + G203 — ... — G2p—102n-

Ttalian Mathematical Olympiad 1994

Solution. Let P(z) = (1+z+ )" = ap + a1z + asz? + ... + agnz®™.
‘We have o
P(1) =gy +ar+...+am=(1+1+1)"=3"
and .
P(-1)=ap—a1+a2— .. +a2n=(1—1+1) =1
Adding and subtracting side by side the two identities, we get
P(1) + P(— 1) 3”4+ 1
2 2
P(1) - P(-1) _3&r-1
2 2

ag+ag+...tam =

a1+as+...tam-1 =

Now, for point (iii), observe that

. P (—:15) = ———P(w),

SO @i = Qop; for all i =0,1,...,n — 1. It follows that a;a;4+1 = Gop—1-i02n—i
foralli=0,1,...,n—1. So
n~-1 .
apay — G189 + @203 — ... ~ G2n—102n Z(—l)z(aiaﬂl — Ggn—1-i02n—i)
i=0 :

= 0. LI

Problem 1.3. Let P(z) = anz" + ... + ao be a nonzero polynomial with -

complex coefficients. We say that P(a:) is reciprocal if ay = ap—i for all
k € {0,1,...,n} or ax = —an— for all k € {0,1,...,n}. To each such
polynomxa.l we associate the symbol [P(x)] defined as follows: [P(z)] =
if ax = an_y for all k € {0,1,...,n} and [P(z)] = -1 if ag = —an-i for all
ke {0,1,...,n}.

On the Form z%P (;El-) 337

(a) Prove that if P(z) and Q(z) are reciprocal, then PQ(z) is reciprocal and
[PQ(z)] = [P(2)][Q(=)].
(b) Prove that if P(az) and PQ(z) are reciprocal, then Q(z) is reciprocal and

[ (w)]

Marcel Tena - Nicolae Teodorescu Competition 2007

Solution. If P(z) is a reciprocal polynomial, we observe that the following
are equivalent:

[Pl=1 « P (%) - gﬁp(x), [Pl=—1 < P <l> = —LpE@).

x z"

2 <1> - %‘Lﬂp(gg). (1.1)

Hence

T

(a) If P(z) and Q(z) are reciprocal, deg P(z) = n, deg Q(z) = m, then from
(1.1), we have

p(1) - E8lp, o(L)-12lan

Multiplying these equatibns side by side, we get

PQ (i—) - PO pg )

which proves that PQ(z) is a reciprocal polynomial and

[PQ(z)] = [P(2)][Q(=)]-

(b) Let deg P(z) = n and deg Q(z) = m. If P(z) and PQ(z) are reciprocal,
from (1.1) we have

p(2)-Elrw, ro(L)- % poq,

n+m
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Dividing the second equation by the first, we get

. a(;) j’%f(fi—%cm),

z

which proves that Q(z) is a reciprocal polynomial and [Q(z)] =

. d 1 .
Problem 1.4. A self-reciprocal polynomial P(z) = > ._,a;z’ satisfies
a1 = Gd-1, G2 = Gd-2,...,04 = 4g.

Consider all the self-reciprocal polynomials with integer coefficients that are
factors of z123¢ — 23 — 2+ 1. Find the factor that has the largest degree.

Solution. Assume that Q(z) be a self-reciprocal factor of z1234 — 23 — 2 41
and let d = deg Q(X). Then we can write z*23¢ — 23 —z + 1 = Q (z) R (z),
where deg R(z) = 1234 — d. Moreover, by the substitution z — - and the fact
that @ is self-reciprocal, we get

1234 _ 1288 _ 1281 9 Q () <x1234“dR (l)) .

x

ST 1234 _ 1233 _,,1231
Hence Q(x) is a common divisor of 21234 —z%—z+1 and z'?% —z 1Bl
Note that

28 (12— 198 _ 1B 1) (o g2 — 1) (2150 — o — p 4 1)
=(@-1)2(z+1) (z®+=z+1).

Whence Q(z) divides (z — 1) (22 + 1) (z® + z + 1). ,
First, we will show that #1234 — 23 — £ 4 1 is divisible by 22 + 1 and

(e +z+D)(z-1)=2>-1

For z? + 1, writing the polynomial as 124 +1—z (x2 + 1), it remains to show
that 21234 + 1 is divisible by z2 + 1, which is clear, because

2B 41 = (22817 4+ 1817 = (o2 +1) (($2)616 — (@) 4 — g 1),
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For z3 — 1, writing the polynomial as z (28— 1) — (2% - 1), we have that
' — 1 is divisible by 2° — 1 because 1233 is divisible by 3.
Next, we prove that (z — 1) doesn’t divide 234 — 23 — z + 1. Assume on the
contrary, that z'%* — 2% — z 4+ 1 = (z — 1)T () for some polynomial T(z)
with real coefficients. By the substitution z — z + 1, we get

@+ 1) —(z+1° -z =2"T(z +1).

The coefficient of z on the left-hand side is 1234 — 3 — 1 = 1230, but on the
right-hand side it is 0, a contradiction. Therefore Q(z) cannot be divisible by
(z —1)%.and so Q (z) must divide (z — 1) (z2+1) (2 + z+1).

However, if z—1 is a factor of Q (z), then since Q is self-reciprocal (z—1)2 must
be a factor. Thus @ must divide (22 + 1) (22 +z +1). Hence Q has degree at
most 5 and (a:2 + 1) (m2 +z+ 1) is a self-reciprocal factor of 21234 — 23 _ g4 1
of degree 5. Thus it is the highest degree self-reciprocal factor. |

n
Problem 1.5. If the monic polynomial f(z) = Zaixi has all its roots

=0
1,2, %y in the interval [-1,1] and its coefficients satisfy the property
@n—i = ai, ©=0,1,...,n, prove that f(z) = (z + 1)P(z — 1)2, where p,q € N
and p+ 29 = n.

Marcel Tena - Gazeta Matematicd B 5/2009, Problem 26158

N\,

Solution. Since f is monic, an, = ag = 1, so F(0) =1 #0. So zx # 0 for all
k=1,2,...,n. We have

1 “a 1 & .
TEAIS ST e

b on
T =0 Tk zy =

1 “ n—i 1
= D on-izy = -/ (@)
k =0 k

= (),

1

80 — € [~-1,1] for all k = 1,2,...,n. Since zx € [—1,1], we conclude that
k

zi € {—1,1} for all k = 1,2,...,n and therefore (@) = (x+ 1)P(z ~ 1)*P,
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where p is the multiplicity of the root —1. As F(0) =1, we get 1 = (=1)"7P,
so n — p =2q for some g € N. | |

Problem 1.6. Let P(z) = aont 2 +agn_122" 1 +. . .4ag such that ax = agn—p
for k=0,1,...,n.

(i) Prove that there exists a polynomial @ such that [

P(z) =2"Q (.’13 + ?11;-) .

(ii) If ap = agn = 1 and |an| < 2, prove that P(z) has at least one complex
root.

Romanian Mathematical Olympiad

Solution. (i) Divide the polynomial P(z) by ™. Then

P(z) _ Aonx?™ + agn_122" 1+ ...+ ao
" - n
ap n—1 ai
n
\ = agpx" + ?L- + aon—1T + 71 +...+an.

Since a = agn—k, we find that

P 1 _ 1
_?(:—) = Qop (a:”—l— F) + aon—1 (x” LR m"—1> + ...+ an.

We can easily prove by induction that =" + % is a polynomial in z + % for ::11.11
positive integer r. Thus the left-hand side of the above equality is a polynomial
in z + % Therefore there is a polynomial Q(z) such that

2 a(erd).

z

(ii) We have P (z) = 22" + gop1z L4+, 4+ 1.

Since P is a self-reciprocal polynomial of even degree, it follows from Example

. . . . 1 1
1.7 that we can write the roots, with multiplicity, as {21, .., Zn; 775+ +» ;;}
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HA

1
Letting g(z) = (z —z1) -... - (z —zy) and h(z) = (w— ;)
1
we have P(z) = g(z)h(z). By Vieta’s Formulas, we have

- b
g(z) = "+ b1z 4. dby_12+by, h(z) = 2"+ L L S
Comparing the coefficients of " in P(z) and in g(z)h(z), we find that
1 b2 b2 b2
ST TS R =
an=bn+ o Gt

Hence

~b2 —apby —1=02_; +b2 o +...+ b2
Let Q(z) = —z% — apz — 1. Note that the discriminant of the quadratic
polynomial Q(z) is a2 —4 < 0. Since the leading coefficient of Q(z) is negative,
we have that Q(z) < 0 for all z. Now, if all the roots of the polynomial
P(z) were real, then by Vieta’s Formulas we would find that all the values of

bi,...,bn—1 are real. Thus Q(b,) = b2 _; +b2_o+...+b? > 0, a contradiction.
Thus P must have a complex root. [ ]

Problem 1.7. Let P(2) = agz®+ ...+ a1z + ap and define
C(P(z)) = a2+a2  +...+a+ad

Let P(z) = 322 + Tz + 2. Find a polynomial Q(z) with real coeficients such
that Q(0) =1 and C((P(z))") = C((Q(z))™) for every positive integer n.

Solution. It is easy see that the coefficient of 20 in P(z)P (%) is equal to
C(P(z)). If we find a polynomial @ with Q(0) =1 and

1 1
Qz)Q <Z) = P(z)P (E) ;
then we will have Q(z)"Q (%)n = P(z)"P (%)n for all positive integer n and
2
)

hence C(Q(z)"™) = C(P(z)?) for all positive integer n. Thus we will have the
desired example.
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To find such a Q, note that P(z) = (3z + 1)(z + 2), so if we take
- Qz) = (3z+1)(2z +1) =6z + 5z + 1,
then we will have Q(0) =1 and

Bz + 1)@ +2) (%-&-1) (é +2>

Bz + 1)(z+3)(z+2)(2z + 1)
2

3
&
i)
T~
81—
~—
I

and
Q)0 <-31;> - (Be+1)(2z+1) (% + 1> (; + 1)
Bz +1)(z+3)(z+2)(2x+1)
= pe
will be equal. | |

Remark. There are many other possibilities for the polynomial Q(z).
For example, the polynomials
Q(z) = (3z* + 1)(2z* + 1) and Q(z) = (3" — 1)(2z* — 1) would also work.

Problem1.8. Find all positive integers n for which there is a polynomial
P(z) with real coefficients satisfying
P(m1998 _ x—1998) =g — g Y 76 0.

Vietnamese Mathematical Olympiad 1998

Solution. We prove the general case, i.e., we find all positive integers k, n for
which there is a polynomial P(z) with real coefficients satisfying

Pzt -2z *)=2"—z™  Vz #0.

m

Let P(z) = Zaim‘, where am, # 0. Then P(z*—27%) = 2" —z~" is equivalent
i=0

to '

m k i 2n
(% —-1)" g -1
i_E - a; ) = " s (1.2)

A SR T

IR TETY
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i.e.,

m

Z aiz™(z%* — 1)ighm—9 = k™ (220 — 1) Yz # 0.

=0
Since the polynomial on the left-hand side is of degree n + 2km and the poly-
nomial on the right-hand side is of degree 2n + km, then n+2km = 2n+ km,
which gives n = km. We will prove that m must be odd. Indeed, assume that
m is even. Setting y = z*, we can write the given equation as

P(y—%)w’n—yim Yy £ 0. (1.3)

1
Substituting y = 2 and y = —3 into (1.3), we get

3\ .. 1 3\ 1 ..

a contradiction. Hence if there exists a polynomial satisfying the given prop-
erties, it follows that n = km with m odd.

Now we prove that the converse is also true. Assume that n = km with m
odd. Setting again y = z*, we prove by induction on m that there exists a
polynomial P(z) satisfying (1.3)

If m = 1, we see that Pi(y) = y satisfies (1.3). If m = 3, then P5(y) = 4° + 3y
satisfies (1.3). Suppose that Py, Ps, ..., Py satisfy (1.3). Let

Ppya(z) = (22 4 2) Pp(z) — Pr_a(x).

By the inductive hypothesis, we have (y # 0)

ronp3) = ((23) #2)m(r=3) - o-3)
(r3) (i) ()

— ym+2 . L

ym+2 .
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The conclusion follows from the principle of mathematical induction.
Now, we go-back to the given problem and we conclude that n = 1998m,
where m is an odd positive integer. |

Problem 1.9. Let n # 2 (mod 3). .
Prove that the polynomial P(z) =z"+z +11s irreducible over Z[z].

Solution. Assume the contrary. Then there are polynomials g(z) and h(z)
with integer coefficients such that =™ +z + 1 = g(z)h(x). .

Let Q(z) = g(z)h () =™ +... + cz™, where c1, ..., c; are integers and
ma,...,m are distinct integers. Note that

1 1 1\ _ /1
.HmP(;)=gum(;)mwh<;)-wxma(;).
Considering the constant terms on both sides, we find that 3 = A+...+d

Hence | = 3 and ¢; = £1. So Q(z) = az” + bz’ + cxt, where a,b, ¢ = £1 and
r > g > t. Note that

v P(x)P (l> gt g+ 3+ T2
T

On the other hand,
W) G) — aca™* + aba™® + beg®~" + 3+ bezt ™ + abz®™" + ace’.
z

Hence by comparing the coefficients of both rational functions, we find th'f),t
a=>b=c= =+l We also see that r — 1 is the highest degree exponent in
Q(z)Q (%), 0 1 —t = n. Since we do not know which ofr—sand s—1tis
larger, all we can conclude from those terms is that {r —s,s —t} = {n— 11, 1}.
However if we interchange the roles of g-and h, then we replace @ by @ (E)’ S0
we may assume s —t=1. Thusr =t+n,s =1+ 1 and so Q(z) = +z'P(z).

Hence . Q@) _s@h(l) _hQd)

2= P - g@hia)  h@)’
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so h () = £a’h(z). In particular, if a is any root of h(z), then 1 is also a
root. But that means a and % are both roots of P(z). This implies that

a"+a+1=0, a®+a"t4+1=0.

Therefore a®~2 = 1, and hence a®> + a + 1 = 0. However, the roots of this
quadratic are the primitive cube roots of unity, and since n # 2 (mod 3), we
have a”2 # 1, a contradiction. [ |

Remark. The same approach is applicable for the proof of the irreducibility
of the polynomial P(z) = z™ — z — 1, which is called the Selmer Polynomial.

Problem 1.10. Let n be an even positive integer, and let c,...,cn be real
numbers such that "
dla—1<1L

i=1

Prove that the polynomial P(z) = 22™ — ¢p12" " + Cnz™ 2 — ... —C12+ 2
has no real roots.

Po Shen Loh - USA Team Selection Test 2014

Solution. Note that z"P (1) = 22" — 1z 4oz 2 — ... —cp_ox+ 2 also
satisfies the hypotheses of the problem. Thus it suffices to show that P(z) has
no roots in [—1,1). Applying this easier result to both P(z) and z"P (3), will
show that P(z) has no real roots.

Since |c; — 1| < 1, we find that ¢; € (0,2) for all i. Putting ¢; = 1+ d; with
d; € (-1, 1), we rewrite the polynomial expression as

22" — (1 + dp1) 2" + (1 + dn—2) "2~ —(1+d)z+2.

The above expression is equal to Py (z) + P (z) + Ps (z) where

P(z)=¢"—2""1+2"%— ... —z+1, P(z)=2"+1and
n—1 ) )
Py(z) =) (—1)'dia".
=1
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For negative z every term of P;(z) is positive, and hence Pi(z) > 0, and for
positive z we have P;(z) = % > 0. Thus Pi(z) > 0 for all real z.

We will be done if we prove that Py(z) + P3(z) > 0 for z € [-1,1]. Since
P,(0) + P3(0) = 1, it suffices to show that Px(z) + P3(z) has no roots in

[-1,1]. Assume that z € [-1,1]. By Triangle Inequality,

n—1 ) ] n—1
Z (—1)7'd7;:171 < Z ld1| < 1.
i=1 i=1
Thus
n—l . . n_l . .
Py(z)+P(z)=2"+1+ Z (-1)'diz* > 2"+ 1~ Z (—=1)'diz*| > 2™ > 0. -
i=1 i=1

Remark. Rather than using the reciprocal polynomial of P, we could have
given the following direct proof that Px(x) + P3(z) has no roots for |z| > 1:
If |z| > 1, then —1 < 2 < 1, so we have

n—1 ] 1 n—i n—1 '
Y Ud) |y ldl<1 :
i=1 i=1 ‘
n-1 o ‘,f
Therefore Z (—1)*d;a’| < 2™, which implies that !
=1
n—1 ] )
Py(z) + Py(z) 22" +1— > (-1)'diz’| > 2" +1-2">1> 0.
i=1
Problem 1.11. Let ai,...,a, be complex numbers with modulus » > 0.
Denote by T, the sum of products of any s numbers from a,,...,a,. Assume '
T.
that Tp,—s # 0. Prove that ‘T—s- = p2s—n,

n—s§s

1
T
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Solution. Let P(2) = (2+a1)-... (2+ap) = 2" +T12" 1 +To2" 2 4. 4T,

The roots of P(z) are —ay,...,—a, (which are nonzero since r > 0), hence
the roots of the reciprocal polynomial 2"P (1) = T,2" + ...+ 1 are
1 aF 1 @
ar r2’777 an T r2
Hence the roots of the polynomial T;2" + T 12" ... +1 are ~%, ..., — %
By Vieta’s Formulas, we easily deduce that
Qi iy o _(A\""r _T
11< <l
This implies .
L) _|Te| _ [Tnsl
Tn' T, r2n—2s°
Hence ‘f’fi—;l = ;4—,%; It remains to note that
|Thl=la1 ... ap| = a1} ... |an| =",
whence ‘%ﬂ—‘,{ = 287, n

Problem 1.12. For a polynomial P(z) = byz? + ... + by, we define the BB-
sum of P(z) as the number boby +b1ba+. . .+bg—1bg. Determine whether there
exist real numbers r and s such that for every positive integer k, the BB-sum
of (% 4 rz + s)* is equal to the BB-sum of (2z2 + 7z + 3)*.

Solution. The BB-sum of the polynomial P(z) = bgz+. . .+bp is equal to the
coefficient of z in the product P(z)P (). Since 2z%+7z+3 = (2z+1)(z+3),
the BB-sum of (2z2 + 7z + 3)* is the coefficient of z in
1 1 k
2+3)) -
z

((2:1:+ 1)(z +3) (—2 + 1) (_:z:_ +3>>k ((m +2)(z + 3) (% +2> (

Whence the coeflicient of  in the latter expression is the BB-sum of the
polynomial ((z 4+ 2)(z + 3))* = (22 + 5z + 6)*. So r = 5 and s = 6 are such
numbers. n
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Problem 1.13. Let P(z) = ¢ + ad_lxd‘l + ...+ a1z + ap be a polynomia]
of degree d > 3 with integer coefficients such that ax + ag—x is even for k =
1,2,...,d—1 and qq is also even. If P(z) = Q(z) R(x), where R(z) and Q(z)
are nonconstant polynomials with integer coefficients and deg Q(z) < deg R(z)
and all the coefficients of R(z) are odd, show that P(xz) has at least one integer
root.

Solution. We may assume that Q(z) and R(x) are both monic.
Let s = deg R(z). Then the hypotheses say d/2 < s < d. Let

Qu(z) = 294Q (i) .

We will work modulo 2, that is, with polynomials in Zy[z]. For a polynomial
with integer coefficients, we will use a hat on it to denote that we have reduced
all its coefficients modulo 2. .

The hypotheses of the problem then say that the polynomial Py (z) = P(x) +1
is self-reciprocal in Zo[z], that Py (x) + 1 = P(z) = Q(z)R(z), and that
R(z) = z°+ 2*1 4+ ...+ z + 1. Putting this together we have

Pz)+1=0Q() (z*+2* 1 +...+z+1).

Now, usi\‘ng the substitution z % and multiplying both sides by z¢, and
using the fact that Py(z) and R(z) are self-reciprocal we have

Py(z)+2%=Oi(z) (e + 2 +... +z+1).
Therefore by adding the above equations, we find that
el +i=(a*+a 1 +.. . +z+]1) (Q(x)+@1(x)) .
Since z¢ + 1 = (¢ + 2%-5-1) 4+ (z%*~! + 1) and
e+t = e + 1) (2 + 4.+ +1),

it follows that z° +z51+...+z+ 1 divides 41 — 1. Hence either d = s+1
so that this is the zero polynomial or d—s—1 > s. Since we assumed s > d/2,

the second possibility does not occur. Thus d = s + 1 and hence Q is a linear :

polynomial and its real root is an integer root of P. n

Chapter 2

| Complex Numbers and
| Polynomials. Part I

Problem 2.1. Let n = 3 (mod 8) and let
(:1:2 + 1) = A T™ + agn_12°" 1 + ...+ a1z + ao.
Find ap + ag + ... + a2n—s.

Alessandro Ventullo

. Solution. Observe that'in z2 + 1 appear only terms with even degree, so in
(z% 4+ 1)" appear only terms with even degree, i.e., a1 =a3 = ... = agn—1=0.
- Setting z = 1 and z = 1, we get the system of equations

at+a+...+ay = 2
ag—as+t...—asm = 0.

Adding these two equations, we get
a+ag+ ...+ am—2 = o1, (2.1)
Then setting = = V%, we get

(l+4)"=(ap—aa+...+ aon—6 — a2n—2) +i(az —ag + ... + Gon—s — a2n).
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Since 1 +1 = v/2e'7, using De Moivre’s Formula, we have We get the solutions z1 = 1+4, 29 =1—-4, 23 =1, 24 = —1.

(b) Using the exponential form for complex numbers, we have z; = v/2¢'%

(—V2r—14iv2n1) = (ap—ag+. . +aon—6—azn—2)+i(a2—ae+ .. and T2 = V275, Therefore we get

Comparing the real parts, we get

8
| (EL) =<2> g S Y
ap— G4+ ...+ a2n—6 — A2n—-2 = —v2rl, JEJ V2 v2
., As 2006 =6 (mod 8), we get

and summing this equation to equation (2.1), we get 1
6 6
2
08 @300 4 o000 4 006 /5 ((—xl > + (_x2 ) ) +a§ + 2§

ao+as+...+agn_5=V2"—1(v2”“1—1). R .

Problem 2.2. Let 1, z3, 23, z4 be the roots of the equation

= 91003, . . _
x4_(m+2)x3+(m2+m+1)ay2+2x_2=0’ meR. (—i+d)+1+1 ) -

(a) f z;1 =141, find m€ R and solve the equation. " Problem 2.3. (a) Solve in C the equation

(b) Under conditions of point (a), evaluate 2006 4 2006 4 72006 1 ;2006 28 + 32°% + 122% +192% + 1522 + 62 + 1 = 0.
Trident Competition 2006’

6
2
and Z|mk| , Where i,%9,%s,T4,T5,Ts are the
k=1

6
(b) Evaluate Z

k=1
roots of the given equation.

1+ —
T

Solution. (a) We compute that 2% = 2i, 23 = ~2 + 24, and =} = —4.

Thus the equation z? — (m + 2)z3 + (m? +m + 1)z? + 2z1 — 2 = 0, becomes _ 8

Vasile Berghea - Gazeta Matematicd B 9/2007 Problem C:3217
4~ 2(=1+3)(m+2)+2i(m* +m+1)+2(1+1i)—2=0.

. . 1 .
This simplifies to m 4 im? = 0, and since m is real this means m = 0. Solutlon. (a) Setting y = g the equation becomes
For m = 0, the given equation becomes gt - 208 + 22+ 22 ~2=0. 6 5 4 3
Since Yo +6y° + 15y +19y° + 124 + 3y + 1 = 0,

x4——2a:3+a:2+23:—2=x2(x—1)2+2(x——1)=(m—1)(m3—w2+2)

6 _ 3 _
=(z - D@+ 1)z -2z +2), y+1)° - (y+1°+1=0.

Let ¢ = (y + 1)2. Then the last equation becomes t2 —t+1 =0, i.e., 3 = —1
with ¢ # —1. Hence (y + 1)° = —1 and (y + 1)3 # —1, which gives

y+1=cos ——(2k -5 D + isin ————(% —; r

we get the equation

(z—1)(z+1)(z® —2z+2)=0.
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or equivalently 1f n is odd, we have the identity

. % + 1 _
yk=—1+cos(2—ki)7r+isin(——%-ﬁ, ke {0,2,3,5,6,8). nzl L,
So per et
1 1
Tp= — = — — s0
Yk —2sin? $2—’“1+—;L +2i sm@k—;rslﬁcos @%1)—’5 Z |z |2 = %(92 ~3%) =18, B
1

B b keA

) . (Zhtl (kL)
—2sin 2ki;1 L (sm L—i%hr- — 1008 5 )

Remark. One can also compute Z |zx|? using Vieta’s formulas. Note that

. !2k+1!7\’ . !2’C+1 !1!' keA
S + 4 Cos
_ 5o 182 — 18 all the roots 2 have Re(z) = —1, hence
—2sin L—)——ls
1 , 2k + ) Tk =2 Re(zg) — 2 = —1— 2
= —5 <1 +ZCOt£——]?)—‘) )

d
where k € {0,2,3,5,6,8}. Note (for use in part (b)) that the first part of this . an

2 _ e 2
. lzx|* = zpTx = —zk — 23
calculation shows that

i ieta’s formulas give
. (2k+ 1) (4-k)r Since Vieta's g
lyk| = 2 sin o~ =2cos —5—|. ka=—3
keA
(b) Let A= {0,2,3,5,6,8}. For all k € A, we have 1 €
an
1 1 _n _ (2k+1)7r+isin(2k+1)7r _1 2
t = |1+ ye| = |cos —5—— 9 ' zmﬁ=<zxk> -2 Y gz =(-3)2-2.12=-15,
. keA k€A j<keA
so Z 1+ m—k = 6. Likewise, for all k € A, we have we get
wed ) YolerlP ==Y "z - 2l =3+15=18.
x| = R 1 _ _ keA keA  keA
lyel 2 lsinﬁLf'Bl)il 2 \cos L‘l'—gk)l'-|
Problem 2.4. Let P(z) = (z — r)(z — r%)(z — r%)(z — ) be a polynomial
Hence ‘with real coefficients. Find all possible values of r.
. 1f( 1 1 L S 1
Z |zl = 2\ cos? 4T7r + cog2 zgv_r + cos? %~ cos’Z  cos? %" cos? %’5 Solution. Clearly if 7 is real, then P(z) has real coefficients. If r is not real,
keA

then since the polynomial has real coefficients, 7 must also be a root, which

‘means that either 7 = 72 or 7 = 3 or ¥ = r%. In each case, taking the modulus
of both sides, we find that |r| = 1. Hence 7 = &

"F-

!
=

8 1 2 1
(Z 2@‘%.30521%)

k=0 CO8” 55
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If # = r2, then 3 = 1. But in this case one of the remaining roots is reg]
(r® = 1) and the other (r! = r) is complex and not palred with its conjugate,
Thus P(z) does not have real coefficients. If 7 = r3, then r4 = 1, which implies
that 72 = —1, hence r = %4i. In this case

P(z) =

has real coefficients. Finally, if 7 = r4, then 7° = 1. This implies that r,r2 13,
and r% are the four primitive fifth roots of unity and

(zx)zFi)z—-1)(z+1)=z*-1

Plz)=(-rz-r)(c-r)(z—r)=2"+2°+ 2t +z+1

has real coeflicients. [}

Problem 2.5. Let r1,...,710 be the nonreal roots of polynomial z!! +11z+1,

10
Find the largest positive integer less than or equal to Z rjl-o .
=1

Korean Mathematical Olympiad, 2nd Round 2010

Solution. Let P(z) = 2!'+11z+1. The problem statement implies that P(x)
has exactly one real root, and this is easy to verify. The function z'! + 11z
is a strictly increasing function of z and hence for each ¢ there is exactly one
real solution to z!! + 11z = t. The case ¢ = —1 says that P has exactly one
real root, which we will denote by r. It is easy to see that P (——1—11) < 0 and
P (—1—12-) > 0, so we find that —12 < % < —11. By Vieta’s Formulas, we get

Now,
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Since r = —117‘J 1, we have
11
117"_7 1
—110 — = - z
Z Z Z i A
Jj=1
L 10
Because —99 + 7 € (=111, -110), we find that ZTJI-O € (110,111). Hence
=1
the desired value is 110. .

Problem 2.6. Let r1, 73,73 be the roots of polynomial P(z) = z3+ 11122+ 1.
Let @(z) be a polynomial of degree 3 such that

Q(Ti+i

i

) =0foralli=1,2,3.

ring Q)

Q(-1)

Solution. Let C be the leading coefficient of Q, then

o-e(o- (o)) o (+2) (- (+2)):

Hence
QM) o+
Q( 1) Tz? +ri+1
Note that 72 — r; + 1 = (r; + w) (ry +w2) and r? ~r;+ 1= (r;
where w = :1—4;—@ is a primitive third root of unity. Therefore
) H (ri +w) (ri +w?) _ P (~w) P(-w?)
) " ri—w) =) T P P&

Since we compute P(w) = 11lw? + 2 and either noting that P(w?) is the

—w) (Ti

—w?),

conjugate or by direct computation, we have P(w?) = 11w + 2. Thus
- Pw)P(w?)

|P@)]* = (111w? + 2)(111w + 2) = 1112 + 222(w + w?) + 4
= 12321 - 22244 = 12103.
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Similarly, we compute P(—w) = 111w? and hence P(~w?) = 111w, so

P(—w)P(—w?) = |P(—w)|? = 111% = 1232L.

Thus

2
Q1) |P(-w)|” _ 12321 x

Q(-1)  |Pw)* 12108

Problem 2.7. Find the product of the roots of the equation

2017
1

Zz—ek=0’

k=1

where ¢}, are the roots of the polynomial £2°*® — 1, other than 1.

Solution. We consider the more general case, i.e., the equation

n—1 1

Zz—sk =0

L k=1

where ¢}, are the root$ of the polynomial z™ — 1, other than 1. Let

-1

z—1"

Plz)=(z—€1) ... (z—€p-1) =

Then we have

n—1
log P(z) = zlog(z —gp) =log(z" 14+ 2" 2+ 2+ 1)
k=1

so that taking a derivative gives

P'(2) _n_l 1 (n—1)2" 24+ (n—-22"24.. 41

P(z)_kz___;z—ek_ g n 24 4241
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Thus the roots of desired equation are exactly the roots of the polynomial
P(2) = (n—1)2""2 4 (n - 2)2" 3 .+ L

Hence by Vieta’s formula the product of the roots is (—_91: In the case of our
problem, we get - " -

Problem 2.8. Let z and y be complex num al itive i
b
roblem p ber and let n be a positive integer.

2
o — 2y 4y = H (x2 —2cos (_lﬂ) a:y+y2> .
1<k<3n an
ged(k,6)=1
Roman Witula, Ddyta Hetmaniok, Damian Slota - The College Mathematics
Journal, Problem 1876

Solution. First look at the product on the right.

g;l;e _:allliisdog k W1t2hf1 < k < 3n that are not multiples of 3 are the numbers

gmt 1 m + 2 for m = 0,...,n —.1. For each such pair exactly one of
e two is odd and hence gives a term in the product. Thus the product on

the right-hand side has exactly n factors of degree 2. Hence both sides of the

proposed equality are homogeneous polynomials of degree 2n. Thus dividing

both sides by y?* and setting z = f, it suffices to prove

2 AY
-l H <Z2—2cos(§—7r)z+l>.
n

1<k<3n
ged(k,6)=1
The left-hand side can be written as
3
2n+1

Thus the roots are the 3n-th roots of —1 (the roots of 2%" + 1 = 0) which are
not n-th roots of —1 (the roots of 2" 41 = 0). From Theorem 2.9, we see that
the 3n-th roots of —1 are the numbers

2 = cos <(2m3+ 1)7r) i <(2m + 1)7r) |

n 3n
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for 0 < m < 3n, which we can also describe as the numbers

d = fm Fisin e
z=cos | 3~ miz, )

for all odd k,1 < k < 3n. Since the same argument shows that the n-th roots
of —1 will be the cases where k is a multiple of 3, we conclude that the roots
of the right-hand side are given by the above formula for all k with 1 < k < 3n
and ged(k,6) = 1. Thus the left-hand side equals

1 (= (5) -oom(5) (o (55) +omm (7))

1<k<3n
ged(k,6)=1
= H <z2—2cos(ﬁ) z+1> ,
3n
1<k<3n
ged(k,6)=1
as desired. L

Problem 2.9. Consider the polynomial

f@) =2 +22" 1+ 32" 2+ .+ nz+n+1
2 2
and let € = cos i +¢sin il . Prove that
n+2 n+ 2

FEFED) - fE™) = (n+2)™
Mihai Piticari - Alexzandru Myller Competition 2003

Solution. Let g(z) = 2" +2"+...+z+1. Therootsof g are ¢, €2, ..., e"t!,

so we also have
9(@) = (z =)z — %) (x = ™),

Expanding gives

(z—-Df(x)=2" +2"+...+z-n—1,
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so we have g(z) = (z — 1) f(z) + n + 2. Hence
0=g(e") = - 1fE) +n+2,  k=1,2...,n+1,

which we can rewrite as

Q- =n+2,  k=1,2,...,n+1.
Multiplying these equations side by side, we get

(I-e)1-€¥)-....1- e f(e) ... F(E™TY) = (n+2)"H.

However,
(1-e)(1—g?)-....(1~e"tD) =g(1)=n+2,

which gives

(n+2)f(e) ... f(e™) = (n+2)"H,
and hence
FEVFE?) .- fE™) = (n+2)" n
Problem 2.10. Let n be a positive integer and let z1,..., 2, be the roots of

1+ 2"™. For each a > 0, prove that

‘E _14a?4... 4 ¢¥nD)
lzk . al2 (1 + an)2

Gheorghe Stoica - American Mathematical Monthly, Problem 11947

Solution. Let P(z) = 2"+ 1= (z—z)-...- (2 — 2). Then

t1=a—z1,...,tn=a—zn
are the roots of
P(a—z)=(a—z)"+1=(—1)”(z—-a)n+1
=(-1)""+...—na"lz4+a" + 1.
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By Vieta’s Formulas, we have

n—1

t1 Ttp=a%+1, and t;...tp-1+...+t2...tp =10

Hence

1 1 t1...tp—1+...+t2...tn na™*
e + . + —_— = n
That is,
zn: 1 na!
o n’
—a—z 1+a
which yields
ia—zk+a+zk _ 2na™
. a— 2 1+am
k=1
‘Whence n omg™
a+ze  Zna
n+za—zk T l4an
k=1
That is,

1 o~a+ 2 _2a"=a" -1 _a*—-1
A -ﬁ;a——zk_ 1+am ar+1

Taking the real parts ori both sides and keeping in mind that

o (222) - Jal? — b

a—b la— b’

we find that
a—1 a*—1 v —1

1 n
nlaal @El Gl

Therefore dividing both sides by a? —1, we get

1< 1
-3

7 =
k=1 |Zk - a|

14+a2+...+ a2 D
(14 an)?

The case a = 1 follows by continuity. |
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Problem 2.11. Let a # 0,b, ¢ be real numbers. Prove that there is a poly-

nomial P(z) with real coefficients such that aP(z)%+ bP(z) + ¢ is divisible by
2

z°+ 1.

Alezander Golovanov

Solution. Since aP(z)2+bP(z)+c will be a polynomial with real coefficients,
being divisible by z2 + 1 is the same as saying it vanishes at z = 4, hence that

aP(i)®> +bP(i) + c=0.

Treating this as a quadratic equation in the unknown P(i) we get

. b+ /b2 —4dac
Pl) = ———

If b2 — dac > 0, then the roots are real and we can simply take P(z) to be the
constant polynomial

—b+ Vb2 — dac
Pz)= —-——-.
2a
If b2 — 4ac < 0, then the roots are complex
. —b+ivdac — b?
P(i) =
. 2a
and we can take P(z) to be the linear polynomial
b Vage—52
Plz) = —— + Vdac—b®
2a 2a

Problem 2.12. Prove that if k, m, n are non-negative integers, then the poly-
nomial

P(m) — $3k+2 - z3m+1 =+ x3n

is divisible by z2 +z + 1.

Polish Mathematical Olympiad 1966
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First Solution.- For a non-negative integer p, the polynomial

- ¥ —1= (2P -1

is divisible by z® — 1, and thus by 22 + z + 1. So the difference
Pz)—(z*+z+1)=22@* - 1)+ 2(@® - 1) + 2% -1

is divisible by 2% + = + 1.
Hence the polynomial P(z) is divisible by z2 + z + 1. n

Second Solution. Since P is a polynomial with real coefficients, being di-
visible by 22 + z + 1 is the same as having a root at the cube root of unity
W= —‘i*f’@ Since w® = 1, we compute

P(w) — w3k+2 +w3m+l + w3n — w2 +w+1l= 0,

as desired. B

Problem 2.13. Prove that for every positive integer k the polynomial
(z* = D(@® — 22 + 2 - 1)F + (z + Dzt
is divisible by 2® + 1.
Polish Mathematicel Olympiad 1986

First Solution. Let P(z) = (z* = 1)(z® — 22 + = — 1)* + (z + 1)2%—1.
Note that

4
3.2 _ :.'E -1
T z‘+z—1 PO
Therefore we can write
k k1 gt -1\ 5k
+1 _ okt
" P(z) = (x+1)(m+1> +(z+ 1z
k+1
- z(z* - 1) k1 5k k
=(z+1) ( peag > (-1) +(x+1)(:c —(—1)).
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Gince a™ — b" is always a multiple of a — b, we see that the first term is a
multiple of

z(zt - 1)

(:v—l-l)[ z+1

+1] =’ —z+z+l=2"+1

and the second term is a multiple of z° + 1. Hence z*+'P(z) is a multiple of
z® + 1 which implies that P(z) is as well. n

Second Solution. Let
Pi(z) = (z* - 1) (2% — 2? + 2 — )* + (¢ + 1)L,
Define the polynomials
pz) =23 — 224z -1, a(z) = z* — p(z)

and notice that

-1 = (z+1)p()
P+l = (z+1)qa)
P(e) = (a*—1)(p))* + (o + Da,

ie.,

Pilz) = (@ +1) ((p(e)) ! +0t1).

We prove by induction on k that Py(z) is divisible by z5 4 1 for all positive
integers k. If k = 1, we have

P(z) = (@' -1 -22+z2-1)+ (z+1)z°
= ' —28+ 28+ -z +1
(2® — 2+ 1)(z5 +1).
From 2% + 1 = (z + 1)g(z), we see that the divisibility of P by z® + 1 is
equivalent to the divisibility of the polynomial

Qk(x) — (p($))k+1 + x4k—-1
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by the polynomial g(z). Assume that q(z) divides the polynomial Qx(z) for
some positive integer k. Then

Qrt1(z) — ' Qu(z) = ((p(oc))'C+2 + x4’°+3> —zt ((p(.'z:))k'H + x4’°—1>
= (p(z))** (p(z) — z*)

= —(p(2))"*" q(2)-
It follows that g(x) divides also the polynomial Q+1(z). The conclusion
follows from the principle of mathematical induction. [ ]

Problem 2.14. Let f(z) be a polynomial and let n be a positive integer,
Prove that if f (z") is divisible by z — 1, then it is also divisible by

AT AR S 1 B
Polish Mathematical Olympiad 1988
Solution. Let F(z) = f(z™). Since F(z) is divisible by z — 1, we have

F(1) = 0. It follows that f(1) = 0. Thus the polynomial f(z) is divisible by
z — 1. In other words, there is a polynomial g(x) such that

f(&) = (z— Dg(=)-

Hence
F(z) = f(=")
= (" -1)g(=")
(z- D" +2" 2+, +2+1)g ("),
which gives the desired conclusion. |

Problem 2.15. Determine all pairs (n,r), where n is a positive integer and
r is & real number for which the polynomial (z + 1)® — r is divisible by the

polynomial 222 + 2z + 1.
Polish Mathematical Olympiad 1996
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First Solution. Let us denote by Q,(z) and R, (z), respectively, the quotient
and the remainder of the division of the polynomial (z + 1)" by 2z%+ 2z + 1.
The pair (n,r) is one of the pairs sought if and only if R,(z) is a constant
polynomial identically equal to r. For n = 1,2,3,4 we have:

z+1)" = 0- (2% +20+1)+(z+1)

1 1
(x+1)?2 = §~(2x2+2m+1)+<x+§>
' 3 _ 1 2 1
(z+1)° = <§a:+1 (2z +2x+1)+§x
s _ (1o o 2
(z+1)* = <§m +§x+z (2z +2+1)—=

Thus

(2.2)

For all integers n > 0 we have
(CI) + 1)n+4 — (:II + 1)n\(x + 1)4

= (Qn(@)(2¢? + 22 + 1) + Ru(z)) <Q4(w)(2x2 +24+1)— %)

1
= P(‘IB) - ZRTL(:L‘)’
where P(z) is a polynomial divisible by 222 4+ 2z + 1. Therefore

Bnra(z) = ~ 7 Bao).

" Hence from formulas (2.2), we obtain by induction the following equations for
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k=1,23,...
) N
—
Rapri(z) = (‘i)k (z+1)
Rakyo(z) = <—}1>k (x + %)
Fustd) = (1) (32):

We immediately see that Ry, () is a constant polynomial only for n = 4k and

its value is —-1-> . In conclusion, the required pairs (n,r) have the form
4

1\* L .
(4]9, <_4—L> , where k is a positive integer.

144 )
Second Solution. Since the roots of 2z% + 2z + 1 are —3 3 ar.ld the po.ly
nomial (x~+ 1)® — r has real coefficients, we see that a pair (n,r) is a solution
to the problem exactly 'when —3 + % is a root of (z + 1)® —r. Thus we get a
solution for n exactly when

1o\ (LY
<‘§+§+1> “\27?

is a real number and the corresponding  is just its value. Since

.o
%: —%(cos% -H'Slnz),

we compute that

1 \" n nwo o, 27[)
(.2_+§) =92 2(cosT+zsm i)
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This is real exactly when sin 2 =0, hence when n = 4k is a multiple of 4 and
the corresponding value for r is

7 =27% cos %73 = 272 cos(kr).

In conclusion, the required pairs (n,r) have the form (4k, 2% cos(kr)), where

k is a positive integer. ]
Problem 2.16. Using a given sequence of positive real numbers ¢y, ¢, ..., a
sequence of polynomials is constructed in the following way:
fo (23) =1
hz) = =
fori(z) = (1+ @) fo(x) — @nfn-1(2) ifn>1

Prove that all real roots of these polynomials belong to the interval [~1,1].
Moscow Mathematical Olympiad 1968
Solution. We prove by induction on 7 that if |z| > 1, then

[ft1(@)] > |fal2)].

If n = 0 this is obvious. Now, assume that if |z| > 1, then

(@] > |faa(a)].

" For |Jz| > 1 we have

|t ()] (1 +gn)lefn(2)] ~ gul fo-1(2)|

VvV v

(1+ gn)| fn(2)] = gal fu(=)|
| fn(z)].

Therefore if |z > 1, we have |fa@)| > |foe1(z)] > ... > |71(z)| > 1 and so
. fn(2z) #£ 0 for all n e N. u
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Problem 2.17. Find all complex numbers a # 0 and b such that for every
complex rogt, z of the equation 2% — gz — bz — 1 =0, we have |a — 2| > |2|.

Nikolai Nikolov - Bulgarian Mathematical Olympiad 2006

Solution. Let 21, 20, 23, z4 be the roots of the polynomial 4 —ax® — bz — 1.
By Vieta’s Formulas,

Z 2iz5 = 0.

1<i<j<d

21+ 2+23+2=a and

Hence 212 + 202 + 232 + 242 = a?. Whrite tx = 32& =g + Yk for k=1,2,3,4.
Then t; + to + t3 + t4 = 2, 50 1 + T2 + 23 + £4 = 2 and B+ +13+13=4
which combined with ;2 = zx2 — yi2 + 2izkys gives '

x%+m§+x§+mi=4+y§+y§+y§+y§24.

On the other hand, |a — 2x| > |2k, which gives |2 — tx| > [t¢|. This yields the
inequality
2 - o1)? + 3 2 T + e

which simplifies to zx < 1. Moreover, since 1 + Z2 + 3 + x4 = 2, We get
T +3> a1+ T2+ a3+ T =2

and hence z; > —1. Thus —1 < z; < 1 which implies m,% < 1. Summing these
we get
x%+m%+m§+mﬁ <4

Thus we must have 22+ 22 + 2+ 3 = 4 and we must have had equality in all * -

the inequalities above. This implies that yx = 0 and t; = xx = +1 for all k.
Since t; + to + t3 + t4 = 2, we have without loss of generality t; =tp =t3 =1

and t, = —1. Hence 2 = 2o = 23 = —24 = 5. Since Vieta’s formulas also give
21222324 = —1, we conclude that (%)4 < 1. Thus a = 2,2, 24, or —2i. From
the roots, we compute that b = —“f:. This results in the four solutions

(a,b) € {(2,-2),(~-2,2), (24, 2i), (24, —21)}. |
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Problem 2.18. If a non-real number z; is a root of the polynomial
P22 paz 41,
where a is any real number and n > 2, prove that

0 n .
Z| __\/— !

German Team Selection Test 2009

Solution. Let 2o = r(cosa+isina) so that |zp] = 7. Since zp is a root of the
given polynomial, dividing by zo we see that

1
y=z—a——.
20
Since
2y = r"*(cosna + isin ne)
and
1 1 .
— = —(cosa — isin a),
20 T

taking imaginary parts gives

r2

L rsinnoe = sin a.

Since sin o # 0, we have sinna # 0 and we can write this as

sin o prtl

sinna 1472’

Furthermore, since ﬂ%lz > 0, we find that

prtl sin o sin o

>1
n

1472  sinno sin no

n pntl n 1
Moreover, ™ > 7, 50 7 > . |
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: 1
Problem 2.19. Prove that if the roots of the polynomial Solution. Denote the roots of P(z) by r; 4. Theref
y+--,Tg. Therefore
 Plr)=z+ax™ ...+ a2+ (-1)" € Clz] )
r1+...+rg=—ay_ el - 1
have the same modulus, then P(—1) € R. d d-1, T1*...-Tq ("‘1 +...4+ E) =a1, T1c...0Tqg = —aq.
N. Micu - Romanian Mathematical Olympiad 1974 Hence
Qg1 — PLH gt (L 1
Solution. Let 21,2, ..., 2y be the roots of the polynomial P(z). Since the dl _1_ o atn Td\m +-o-F Td)
roots of P have the same modulus and z1z2-... -z, = 1, we see that 20 I+r-... *Td
Now, taking th j . -
51| = |za] = ... = || = 1. Hg the conjugate, we find that the conjugate of L"l‘_laoal is
As ﬁ+...+ﬁ+m(_1_ 1
Pz)=(x—z1)(z—22) ... (& — zp), \dﬁ_i_"'_’hﬁ)
' 1+ Ti:...Tg
we have Because 7 li h
1,-..,Tq l1e on the unit circle, we find that
P(-1) = (ml—z)(-1—zg)-...- (=1 —2zp) &
= ()L a)(+a2) e (L + ). mol
4 £
Furthermore, since 7; = 1/z; for i = 1,2, ...,n, we have " !
T ence we find that the above expression is equal to
v P(-1) = (-1D)"0+z)A+z2) ... (1+2zp)
. — — T L 1
— ‘(—1)n(1+$1)(1+$2)'---'(1+xn) ‘ T1+---+E+ﬁ(7‘1+...+7'd) 7‘1-...-T’d(%+...+%>+7‘1+...+7‘d
1 1 1 ‘ I = 2
= (—1)”<1+—> (1+——>-...-<1+—> I+asm s I4ri-iiiirg
1 T2 Tn, ) \
- (_1)71 ($1+1)($2+2) el (mn—{— 1) :' — Ad—1 — ay
T1To ... T ;y[‘f ) l—ap °
= (-1)"Q+z1)1+2z9)-...- (1 +2zp). I Since it is equal to its conjugate, we conclude that it must be real (]
So P(-1) = P(—1), which implies P(~1) € R. | Problem 2.21. Let
el fall. . Let a £ 0, m > n, m # 2n and assume that the absolute
of all roots of polynomial az™ 4 bz™ + ¢ are the same. Prove that b =0

Problem 2.20. Let d be an odd positive integer and let

P(z) = 2% + ad_lxd~l +.. . 4az+ag , Solution. Let us denote the roots of the polynomial by r,
yes

3 Tm. Then

e D D N
a

11<i2< <imen

be a polynomial with complex coefficients such that all of its roots lie on the

unit circle and ag 5% 1. Prove that 351:_1—;0—“1 is a real number.

W
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and since m — n # n the coefficient of 2™~ " is zero and hence

Onp = E ril-...-mn=0.

1< <in

..

Let |7| be the common modulus of all the roots. Then we see that

1
— = Trir9:...'T
Om—n 172 m. _S_ T,
1< <ln
y e
= Prirg*... ' 'm 5 5
$1< <l ‘Thl ‘ 'Lnl
rire ... Tm . ._F___nrz'---'TmE;___O.
= — o i e Tin I
Ir|%m™ g ) r
1< <in
]
Hence b=0.

Problem 2.22. Let P(z) = agz® + ag-12%1+...+aobea polynomial with
complex coefficients such that all of its roots lie inside the unit circle. Let

— (1
* _.d Il
P*(z) =P (m) .
Prove that all the roots of P(z) + P*(z) lie on the unit circle.

Solution. We can write P(z) = ag(z —21) ... (T — za), Where 21,... , %4 are
the roots of P and by hypothesis |2;| < 1for1 <4< d. Hence we have

P(z) =ag(l — 27) - ...+ (1 — 2Za)-
Now, let  be any root of P(z) + P*(z). Then
|r =z« oooefr— 2l =|1—77| ... |1 —rZg}.
Now, we have

2
Ir— 232 = 11—z = P+ |l = 1= Il = (L - |21 (Irl* = 1)-
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Since |z;| < 1, we find that if |r| > 1, then |r — z;| > |1 — rZj| for all j and if
Ir| <1, then |r — 2;] < |1 — 7Z;| for all j. In both cases the equality

IT—le'...'lT'—zdl=|1—T’ﬁ[._._.|1_,’.z—d'|

cannot happen. Hence we must have |r| = 1. ' ||

Problem 2.23. Let |a| < 1 be a real number. Prove that all the roots of the
equation z"! — az™ — ax + 1 = 0 lie on the unit circle.

Solution. Assume that z is a root of polynomial z™*! — az™ — az + 1. Then
ZM(z—a)=az—1.

Hence 2" = %=1 Thus |z|® = |22=L|. We have
z—Qa zZ—a

2

2 = az—1|> az—1 az—1 1+d?z|* —2Re(az)

z—a z—a Z—a a2+ |z[> - 2Re(az)
Hence \ )
|z|2n_1__ (1_0’)(1_lz|)

"~ a®+ |2)° — 2Re(az)’

+

\

Since |a| < 1, we find that |2|2* — 1 and 1—|2|*> must have the same sign. This
cannot occur unless |z| = 1. |

Problem 2.24. Let a,b, ¢, d be real numbers such that b—d > 5 and all roots
21, T, T3, and x4 of the polynomial P(x) = z? + az® + bz? + cz + d are real.
Find the smallest value the product

(m% + 1)(:1:% + 1)(:1;% + 1)(:1;2 +1)
can take.

Titu Andreescu - USA Mathematical Olympiad 2014
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Solution. Since z1, T2, T3, Z4 are the roots of P(z), we can write

-

P(z) =(z — z1)(z — z2)(z — z3)(z — 24).

We have

4 4
H(m%-l—l) = H(xk—i)(wk'i‘i)
k=1 k=1

= P()P(—i)
1-b+d—-ila—c)(1-b+d+ila—c))
(b—d—-1)+(a~c)?
16,

v

and the equality is attained when b—d=5and a =c. n

Chapter 3

Finding Polynomials. Part I

Problem 3.1. Let P(z) = 22 + a, (a # 0) and Qz) =z +bx+ec.
If Q(P(x)) = P(Q(z)) for all real numbers z, find the value of Q(10).

Solution. According to the problem statement the following identity holds:
@ +br+c)l+a= (2 + a)® + b(z? +a) +c.

Examining the coefficient of 23 on the both sides, we find that 2c = 0. Hence
¢ = 0. Therefore

(z® -I—\'b:z:)2 +a = (2% +a)® + b(z? + a).
Examining the coefficients of 2%, z2 and z° on both sides, we find that
2b=3a, b =3a2+b, a=ad+ab.

The first of these equations gives b = %a, and plugging this into the second we
get 902 = 3a? + 34 which means 0 = a2 + 2q. Since a # 0, get a = —2 and
hence b = —3. These also satisfy the third equation, thus we have found that

] " the only solution is

P(z) =22 -2, Q(z) = 2° — 3a.

- Therefore Q(10) = 970. u
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Problem 3.2. Find all polynomials P(z) of degree d such that problem 3.4. Let

3P(z?) + 212222 = 2(z% + 2) P(z) + z* + 40242® + 8048z + 1959.

PL)+P@)+...+ Pz = (1+z+...+2%)P(z). ‘
Solution. The left-hand side of the equality has degree d* and the right-hang
side has degree 2d, hence we must have d = 2. Then " golution. Let deg P(z)) = d. If d < 2, then the left-hand side has degree
jess than 4 and the right-hand side is degree 4. If d > 2, then the left-hand
side has degree 2d and the right-hand side has degree d + 2 < 2d. Thus
these fail the degree condition, and it follows that deg P(z) = 2. Writing

P(z) = az® + bz + ¢, we find that
§(azt+ba?+c)+21222% = 2(z%+2)(az? + bz +c) +z* +40242° + 8048z +1959.

P(1) + P(z) + P(z?) = (2® + = + 1) P(z).

That is, P(1) + P(z?) = (z2 + z)P(z). Setting P(z) = az® + bz + ¢, we find '
that
azt + bz + a+ b+ 2¢ = (z° + z)(az® + bz + ).

Considering the coefficient of .a:3, we get a + b = 0. Therefore Examining the coefﬁmen’cs of 2* yields 3a = 2a + 1 hence a = 1. Examining
the coeficients of z3 yields 0 = 2b-+ 4024 hence b = —2012 and examining the

constant terms, we get 3¢ = 4c + 1959 hence ¢ = —1959. Therefore
P(z) = 2% — 2012z — 1959.

az? — az® + 2c = (2 + ) (az® — az + ©).

Examining the constant terms, we get ¢ = 0. Hence

Plugging in to check the remaining coefficients, we see that this is a solution.
“Hence P(2013) = 54. m

az® — az? = (2 + z)(az® — az).

The latter equality is indeed a true identity. Hence P(z) = a(z? — ). ‘\
' f.Problem 3.5. Find all polynomials P(z) with real coeflicients such that for
Problem 3.3. Find all polynomials P(z) such that :all nonzero real numbers z we have P(z)P (1) = 1.
P(2z) =8P(z) + (¢ —2)° Vz€R. olution. If P(z) = cz? for some real number ¢ and integer d > 0, then the
ﬁequa.non becomes ¢? = 1 and we see that the only solutions of this form are
¢) = £z If P is not of thls form, then it has at least two terms and
ence we can write P(z) = agz® + ...+ apz® where k < d and ay, a4 are both

onzero. Then the equation becomes

P. Cernek - Czech-Slovak Mathematical Olympiad 200

/\

Solution. Let P(z) = agz?+ag-12%"1 +...+ao. Taking the coefficient of
in the given equation we get 2kgy = 8ay for k > 3, 22gy = 8ag + 1 for k

2a1 = 8a; — 4 for k = 1, and ap = 8ag + 4 for k = 0. Therefore we concludg (admd +...+ akwk)(adx_d +...+ akx_k) =1

2
that ax = 0 for k > 4, a3 is unconstrained, ag = D a = 3 and ag = hich we can write as a polynomial equation as
So s 1,.2 4 (agz® + ... + apz) (ara®F + ..+ ag) = 2%
P(z)=az® — =z + 52— =,
4 3 7 ooking at the coefficient of z* on both sides, we get akaq = 0, a contradiction.
where a € R. hus the only solutions are P(z) = +z¢. |
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Problem 3.6. Find all polynomials P(z) and Q(z) such that Solution. Putting z = 0, we get P(1) = Q(1) = 1. Now, putting z = 1
. " jmplies that P(2) = Q(2) = 2.
g+ 1)P-1)-22Qz+1) =22 —z -1, mpu=s AR
( JP( )= Qe+l =27~z | Pproceeding by induction, we find that P(k) = Q(k) = k for all positive integers
Plz+1)— (x+2)Q(z +3) = —1. ¢ k. Therefore P(z) = Q(z) = z for all real numbers z. |
Solution. Using the substitution z — z + 2, the first equation becomes Problem 3.9. Find all polynomials P(z) with real coefficients such that
(z+3)Pz+1) - (z+2)2Q(x+3) =z*+3z+ 1. ‘ P(w)P(y):P(m+y>2—P<m_y)2
, 2 ’

Multiply the second equation by —(z 4+ 2) and adding these two equations, we |
find that i ion : = .
i Solution. Setting z =y =0, we get P(0) = 0. Putt = find that
Plz+1)=(z+2)*-1 i ;’( P 8 P(é)2 u 12ngy 3z, we find tha
T = — P(-
Therefore P(z) = z(z + 2). Thus z) z)* — P(~z)>.

2
g : Writing P(z) = agz® + ... + ao with ag # 0 and comparing the leading
(z+2)Q(x+3)=1+P(z+1) = (z+2)? r: coefficients, we find that

which gives Q(z) =z — 1. N 3 3%2 = 492 — (~1)%a2.

1 Hence 3% = 4% - 1. But, if d > 1, then 4% — 3¢ > 1, Therefore d = 1 and
P(z) = a1z. It is easy to check that this gives a solution. u

Problem 3.7. Find all polynomials P(z) and @Q(x) with rational coefficients
such that
27+ 1+ (3z + 1)P(z) = Q(z)2 ) )
( )P(z) () " Problem 3.10. Find all polynomials P(z) with complex coefficients such that
P(0) = 0 and for all integers n > 2 and for all real numbers ai, a2, - ..,y With

a1 +az...+a, #0, \

a’ a
P +...+P (U =0.
<a1+a2+...+an> (al+a2+...+an> 0

Solution. Assume that deg P(z) = d.
Then for each positive integer k = 1,2,...,d + 1, plugging a; = ... = ag = 1,

Solution. Puttin, :r: = —l then @ —l ’ -1 Hence @ —1 =4 1
: ET="y 3) T3 5) A
which is impossible. Hence there are no such polynomials. |

Remark. There exist polynomials P(z) and Q(z) with real coefficients
satisfying the statement of the problem. For example P(z) = « — 1 and

Q(z) = £V/3z.

1
@41 = ... = ap =0, we get P (— = 0. Hence P(z) = 0 for all 2. |

Problem 3.8. Find all polynomials P(z) and Q(z) with real coefficients such A

that ~
P(Q(z) +1) = 1+ Q(P(2)),
Q(P(z) +1) = 1 + P(Q(2)),
P(0) =Q(0) =0.

Problem 3.11. Let P(z) be a nonzero polynomial such that
P(z)(z — 1) = (22 + az +1)%0 ¢ (2% + bz + ¢)*°
. for some real numbers a, b, c. Evaluate P(1) + q2 + b2 4 2.

-
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Solution. Plugging = = 1, we find that (2 + a)® + (1 +b+¢)!% = 0. Thy,

: rhe first term in this expansion has degree 1 + d(d — 1) and the remaining
2+a=1+b+c=0. Hencea=—-2and b+c= -1 Thus

terms have lower degree. Thus we see that P(z + P(z)) ~ P(P(z)) has degree
‘ d2 —-d+ 1.

% Now if the given equation holds we have P(z + P(z)) — P(P(z)) = 2%, so
comparing degrees we get d?> —d+ 1 = 2. However, this equation has no
integer solution, so there is no such polynomial P(z). ]

22+br+c=(z—1)(z-c).

Rewrite the original identity as
P)z-1)P = (@2 -2+ 1)* + (z - 1)z — ¢)"°
=(z—-1)%+(z- 1)z — ¢)*. o

If ¢ # 1, then the right-hand side is only divisible by (x—1)0 Thusc=1 "
and b= —2 and

" problem 3.13. Find all monic polynomials P(z) with real coefficients such
! that for each real number z

P(c+ P(2)) = 223 + 2% + P(P(3)).
Pa)(z-1)® =(2- 1)+ (z - D%,
A ' Solution. As in the preceding solution, P(z) cannot be a const i
PPN F (o 1140 : - ; : . ) g nstant polynomial
This implies that P(z) = (z — 1)*° + 1. That is, P(1) = 1, which gives and therefore if we let deg P(z) = d > 0, we find that the polynomial
P +a®+bP+2=1+4+4+1=10. N
P(z + P(z)) - P(P(z))

has degree d&?—d+1.

Problem 3.12. Find all monic polynomials P(z) with real coefficients such.‘
' In the current problem, we have

that for each real number x

: P(z + P(z)) = 2* + P(P(2)). P(z + P(z)) — P(P(z)) = 2z° + 22

Solution. Clearly P(z) cannot be a constant polynomial, so hence equating degrees éives d? —d+1 =3 and hence d = 2. Writing

deg P(z) =d >0,

_ P(z)=2a2? +bz+c
and we can write

P(z) = 2% + Q(z)
for some polynomial Q(z) with deg Q(z) = k < d — 1. Then we compute that
P(z + P(x)) - P(P()) = [(z + P(2))* — P(2)*] + Q(z + P(x)) - Q(P(z))-

The last two terms have degree at most kd < d(d — 1). For the term in square
brackets, the binomial theorem gives

(since P(z) was assumed to be monic), we compute

P(z+ P(z)) — P(P(z))
= (z+P(z))’ +b(z + P(z)) + c - (P(2))* - bP(z) ~ c
= 2zP(z) + 2% + bx = 22% + (2b+ 1)z + (2c + b)z.

Therefore we see that 26+ 1 =1 and 2¢+ b = 0, so that b = ¢ = 0. Thus

did-1 _ .
(z+ P(z))? - P(z)* = dzP(z)* ! + -Q—Q-—)sz(m)d 24 . +2% P(z) = z? is the only solution. n
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Problem 3.14. (a) Determine the set of all polynomials P(z) with real co-

efficients such that
(x—4)P(x+1)—zP(zx)+20=0 VzeR.

(b) From the set determined in point (a), find the polynomial satisfying
P(0) = 29.

1. V. Maftei - Romanian Mathematical Olympiad 1971

Solution. (a) Let P(z) = Q(z) + 5. Then the given relation becomes

(z-4)Q(z+1) = zQ(z) Vz eR.

Setting z = 0,1, 2, 3 successively, we get Q(1) = Q(2) = Q(3) = Q(4) =0, so
there exists a polynomial G(z) with real coefficients such that

Q(z) = G(z)(z — 1)(z - 2)(z - 3)(z — 4).
Substituting this expression into (z — 4)Q(z + 1) = zQ(z), we get
Glz+1)=Gx) VzeR.
From the result of Sec;cion 3.5, we see that G(z) must be constant and we get

P()=Clz-1)(z—-2)(z—3)(z—4)+5

for some C € R.
(b) Setting z = 0 into the previous equation, we get 29 = 24C + 5, which

gives C =1. So P(z) = (x — 1)(z — 2)(z — 3)(z — 4) + 5. [ |

Problem 3.15. Let P(z) be a polynomial with integer coefficients such that
P(a) =1, P(b) = 2, P(17) = 3 for sorne integers a < b < 17.

(i) Prove that the equation P(z) = 5 has at most one integer solution.

(ii) Find all polynomials P(z) for which the equation P(z) = 5 has exactly
one integer solution.
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S(.)lutif)n. (1) We will make repeated use of the fact that if P(z) is a polyno-
mial with integer coefficients, then for any integers r, 5, we have r — s divides
P(r) — P(s). Using this fact, we see that 17 — b divides P(17) — P(b) = 1, and
hence 17 — b = +1. Since we assumed b < 17, this forces b = 16. Similarly,
b—a =16 —~ a divides P(b) -~ P(a) =1 and a = 15. ,
Now suppose that P(r) =5. Using the result above, r — 17 divides

P(r) - P(17) =2,

};ence r—17 € {£1,+2}. Thus r € {15, 16,18,19}. Also r—16 = r—b divides
C(r) - P(b) =3, hence 7 — 16 € {+1,43} and hence r € {13,15,17,19}.
omparing these two lists, and excluding the case r = 15 since we canmot

patve T =a, we see that r = 19. Thus P(z) =5 has at most one solution, and
if it has one solution, then it is g = 19.

(ii) Suppose P is such a polynomial. From the solution to (i), we see that if
we define Q(z) = P(z) + 14 — z, then

Q(15) = Q(16) = Q(17) = Q(19) = 0.
Hence we can write
Q(z) = (=~ 15)(z — 16)(z — 17)(z — 19)R(z)
for some polynomial R(z) with integer coefficients, which gives
P(z) = 2~ 14+ (z - 15)( — 16)(z — 17)( — 19)B(z).
By construction such a polynomial P(z) has the desired properties. |

Probl.em.3.16. Anna is playing a mathematical computer game. The com-
| puter is hiding a polynomial P(z). The degree and coefficients of P(z) are
}; unknown to Anna, but she knows that the coefficients are strictly positive
ki real numbers. At each move, Anna inputs a real number a and the computer
outputs P(a). This is repeated until Anna can determine what P(z) must be.
»‘;3 For a strategy § used by Anna, denote by S(P) the number of moves she
need.s to determine P(z). Call a strategy § optimal if S(P) < S'(P) for all
fii Possible strategies S’ and all polynomials P with strictly positive coefficients
g Does there exist an optimal strategy? .
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Solution. The answer is yes. The following strategy is optimal: chooge
positive_integers 1,2,3,... in ascending order. Further, this strategy giveg
S(P) = deg P + 2 for all polynomials with strictly positive real coefficients,
To prove this, it suffices to prove the following two claims:

(i) S(P) < degP +2.
(ii) S'(P) > deg P + 2 for each possible strategy S’.

We shall prove (i) by induction on d = deg P. In the base case where d = (),
we need to show S(P) < 2. This means that if P(x) is constant, then Anna
will know P(z) from P(1) and P(2). If P(z) is not constant, then since all

the coefficients of P(x) are strictly positive, we will have P(1) < P(2). On

the other hand, if P(z) is constant, then P(1) = P(2). Hence from P(1)
and P(2), Anna will know whether P(z) is constant and if it is, then she will
clearly know P(x).

Now suppose that d > 0 and assume that (i) is true for each polynomial
of degree at most d — 1. Our claim is that if @(z) is a2 polynomial with
strictly positive coefficients such that Q(i) = P(i), i = 1,2,...,d + 2, then
P(z) = Q(z) for all z. To see this, consider the polynomials

S(z) = Qz+1) — Q).

It is clear that R(z) and S(z) both have positive real coefficients and R(4) =
S(i) fori=1,2,...,d+1. Since deg R(z) = d—1, by the inductive hypothesis
we find that R(z) = S(z). Therefore (Q — P)(z + 1) = (Q — P)(z) for all z.
This implies that Q — P is constant. Since P(1) = Q(1), we find that P = Q.
Now, we will prove (ii) by contradiction. Suppose that there is a strategy 5’
and a polynomial P(x) with strictly positive coefficients of degree d such that
S'(P) < d+ 1. Let the first d + 1 moves of S’ be r1,...,7441. Since the
coefficients of P are positive, there is some € > 0 such that the coefficients of

*  R(z)=P+1)- Pa),

T(z) = P(z) +e(x—71) ... (T —T441)

are strictly positive. However, the polynomials T'(z) and P(x) are different, . .

but they assume the same values at r1,...,7q4+1. This contradicts our assump-
tion that P(z) can uniquely be determined after d + 1 moves. n

AL If the polynomial P
fe.and n > 1, then
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Problem 3.17. Find all polynomials P and @ such that for all real numbers
T,

Q=) = (z+1)* - 2 (P(z))?.
P. Cernek - Czech-Slovak Mathematical Olympiad 2001

Solution. Let deg P(z) = n. If n > 2, then the right side of the equation

will have degree 2n 4 1 which is odd, but the 1 ft si
) d
Hence n < 1. Writing P(z) = az + b, we got eft side clearly has even degree.

Q(z?)

(z+1)* ~ z(az + b)?

— A

= "+ (4- 0”2 + (6 - 2ab)a? + (4 — )z + 1.
Since Q(z?) has only even powers of z,

on the right must be equal to zero. Thus 4 — ¢2 = 4 — B = 0, which means

— 2y
a,b E {-2, 2} and Q(z%) = 2% + (6 — 2ab)z? + 1. Substituting each of the four
possible pairs of numbers a, b we find four solutions:

the coefficients of odd powers of z

Plz)=2c+2, Q@)=22—2z+1
P(z)=22-2, Q(2)=2"+1dz+1
! P(z)=-22+2, Qz)=a’+14z+1
P(r) = ~22 — 2, Qz) = 22 — 2z + 1. »

Problem 3.18. Find all polynomials P(z) with real coefficients such that

P (2?) P (2°) = (P(z))®

Polish Mathematical Olympiad 2008

Vz eR.

(z) is of the form P(z) = ca™ for some real number ¢ #0

e =P (@) P (%) = (P@)° = ™,
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which implies ¢? = ¢5, 50 ¢ = 1. Therefore among these polynomials the only
polynomjals satisfying the given condition are P(z) = z™ for n > 1.

There is still a case to be considered, i.e., when the polynomial P(z) is the
sum of at least two nonzero monomials. We can write

P(z) = anz™ + aiz’ + G(z),
where n > 1 >0, ap # 0, a; # 0, and G(z) has degree at most [ — 1. Therefore

P (mQ) P (a:3) = (aann +az?+ @G (a:z)) (anac3" +az+G (m3))
2,..5n

= @225 + quana®™t 4 aane®™ 3 4 H(z),
where H(z) is a polynomial of degree at most 2n + 3l — 1 and
(P(z))® = (anz" + aiz’ + G(z))® = adz™ + Sanazi™t 4+ Q(z),
where Q(x) is a polynomial of degree at most 3n + 2I. Observe that
n+3l<3n+2l<4n+1.

Therefore the coefficient of the term z***! in the polynomial P (z?) P (%)
is zero, and in the polynomial (P(z))° is 5ana; # 0, a contradiction. In
conclusion, the only polynomials satisfying the given condition are P(z) =0,
P(z)=1and P(z) =2z" forn=1,2,.... |

Second Solution. As in the first solution, consider first the case where the
polynomial P(z) is constant. We get solutions P(x) = 0 and P(z) =1 and
from now on we assume that the polynomial P(z) is not constant.
Substituting z = 0 in the given relation, we get P(0)2 = P(0)5. Therefore
P(0) =0 or P(0) =1.

Suppose first that P(0) = 1. The polynomial P(z) — 1 is not constant and
z = 0 is a root of this polynomial. Therefore there exists a positive integer k
and a polynomial G(z) such that

P(z) = 1+ z*G(z), where G(0) # 0.
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By the Binomial Theorem, we have

P@@) P = (1+ 2%G(a?) (1+ 2*G(a?))

= 1+2%R(z),

(P@)° = (1+2°6())" =1+ 504G(e) + 5%5(0)

where R(z), S(z) are some polynomials with real coefficients. Hence the
coefﬁcienp of z¥ on the left-hand side of the equation is zero, but on the right-
hand side is 5G(0) # 0, a contradiction.

. Now, we need to consider the case P(z) # 0, P(0) = 0. We can write

P(z) = 2™G(x) (8.1)

~ for some positive integer 7 and some polynomial G(z) such that G(0) # 0.
From the given relation and (3.1), we have

"G (*) G (2°) = P (s*) P (a%) = (P(2))° = 2° (G(o))",

{ so for any real number z we have
G (a%) G (%) = (Go))°.

\ .
| In other words, the polynomial G(z) also satisfies the given condition. Since
| G(0) # 0, then from what we have seen, we conclude that G (z) = 1. Therefore

P(:c).= z™. It remains to observe that each such polynomial P(z) satisfies
the given condition. n

. Problem 3.19. Determine all pairs of i i

: polynomials P d

coefficients such that 7 (@) e @la) with el
{ for all real numbers z.

i
A

I

"1 to check that if Q(z) = 0 and P(0) = 0 then we have a solution.

|
]? Solution. If Q(z) = 0, then P(Q(x)) = 0, so P(0) = 0. Conversely, it is easy

i
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Otherwise, let deg P(z) = p and deg Q(z) = ¢ > 0. Then ., f First Solution. First assume that neither P(z) nor P(P(z)) — P(z) is a
. ‘ constant polynomial. i i
deg(z%Q(z)) = 3+ g, dea(P(Q(z)) = pa. poly Rewrite the expression as
: P(P(z))P(z)

Hence pq = 3 + q. Writing this as g(p — 1) = 3, we see that ¢ | 3 and hence P—(PW
that (p,q) = (4,1) or (2,3).
If (p,q) = (4,1), then we can write Q(z) = az + b, for some real numbers
a # 0, b. Then the equation becomes P(P(2))P(z) (2)?

P
PP@) - Pla) ~ L@ * Bp() - Pla)

and note thag

z3(ax +b) = P(az + b).

Hence
Using the substitution z — -za_—b, we find that

P(x):x(””a‘b>3.

If (p,q) = (2,3), then we can write P(z) = az? + bz + ¢ where a # 0. Then ok
the equation becomes

P(z)?
P(P(z)) — P(z)
must be a polynomial. If deg P(x) = d > 2, then the numerator has degree
2d, but the denominator has degree d2 > 2d, an impossibility. This implies
that deg P(z) € {1,2}.
If deg P(z) = 1, then we can write P(z) = az + b, where a # 0 and a # 1
since P(P(z)) — P(z) is not constant. Then

x3Q(w) = aQ(z)? +bQ(z) +c.

But this forces Q(z), to divide ¢, and since deg Q(z) = 3 > 0, this means ¢ = 0.
Cancelling a factor of Q(z), we get 2> = a@Q(z)+b. Hence we find the solutions

P(z)? _ (az+b)?
PPE) —P@) ~ @2 1

for some ¢, d. This yields

3

=cr+d

P(z) = aa? + bz, Q(z) = %m‘g — 2 |

a (az +b)* = ((a® - a)z + ab) (cz + d).

Checking the coefficient of 22 we find that ¢ = =47 and checking the constant

Problem 3.20. Find all polynomials P(z) such that terms, we find that d = 2. Thus

1
1 1
P(zy ~ P(P(z))

(az +b)% = ((a2_a)x+ab) (ailx-i—g).

is also a polynomial. * Examining the coefficient of z, we find that

a’b

Adapted from Oleg Mushkarov "
a—-1

2ab=b(a—1) +
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which simplifies to b = 0. Thus P(z) = az and it is easy to see that this gives
a solution.
If deg P(z) = 2, then since the degrees of the numerator and the denominator

of
P(z)?
P(P(z)) — P(z)

are both two, we find that
P(P(z)) - P(z) = aP(z)"

for some constant a. Hence there are infinitely many ¢ (all ¢ with ¢ = P(z) for
some x) such that P(t) = at? +t. Hence

P(z) = az* + =.

Finally, if P(x) is constant, then we have a solution, and if P(P(z))-P(z)=C
for some constant C, then P(z) = z + C. This is also a solution. [ |

Second Solution. As in the first solution if P(z) and P(P(z)) — P(z) are
not constant, then
P(z)?
P(P(z)) - P(z)

must be a polynomial. Hence all the roots of P(P(z)) — P(x) must be the
roots of P(x)%. Thus they must be roots of P(z).
Let r be any root of P(P(z)) — P(z). Then P(r) = 0 and so

P(P(r)) = P(r) = 0.

Therefore P(P(r)) = P(0) = 0. Thus 0 is a root of P(z), and so we can write

P(z) = z5(z) for some polynomial S(z). Hence P(P(z)) = P(z)S(P(z)),
and therefore
P(z)? _ P(z)? __ P
P(P(@)) - P(z) ~ P)S(P(2)) - P(z) S(P(z)) -1
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is a polynomial. Again, either S(z) is constant (and hence P(z) = az) or
§(P(x)) — 1 has a root r which is necessarily a root of P(x) as well. Hence
§(0) = 1. Writing S(z) = 1+ 2T'(z), we find that

S(P(z)) =1+ P(z)T(P())-

Therefore
Py _ _ P@ 1
S(P(z))—1 P@T(P(z) T(Px)
is a polynomial. Hence T'(x) must be constant.
This implies that S(z) = 1+ az and P(z) = z(1 + az) = az® + .

Problem 3.21. Find all polynomials P(z) satisfying
P(P(z)) 4+ z = P(z + P(z))

Solution. As in Problem 3.12, we see that P(x) cannot be constant and hence
if we let deg P(z) = d > 0, then P(z + P(z)) — P(P(x)) has degree d* —d+1.
Writing the equation as P(z+ P(z))— P(P(z)) = z and comparing the degrees
of the two sides, we get d®> —d + 1 = 1 and hence d = 1. Thus we can write
P(z) = ax + b with a # 0. Then we find that

P(z + P(x)) ~ P(P(z)) =a((a+1)z+b) +b— a(az +b) — b = az.
Hence a = 1 and P(g}) =z b.

Problem 3.22. Find all polynomials P(z) such that

2018
P(z) + ( 5 )P(x +2)+...+ (3812) P(z + 2016) + P(z + 2018)

= (20118) P(z+1)+ (2018) Pz+3)+...+ (2018> P(z +2015)

3 2015
2018
+ ( >P(:1: +2017).

Nordic Mathematical Contest 2018
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Solution. Recall from Section 3.6, that if deg P(z) = d > 0 and the leading
coefficient is a4, then P(z + 1) ~ P(z) is a polynomial of degree d — 1 with
leading coefficient dag. We denote the polynomial P(z - 1) — P(z) by AP,
Using this twice, we find that

A’P = A(AP) = P(z + 2) — 2P(z + 1) + P(z).

Similarly, iterating this k& times we find that

A*P = P(z+ k) - (’;) Piz+k—1)+...+ (-1)*P(z).

Further if deg P(z) = d > k has leading coefficient ag, then the polynomial

A¥P has degree d — k and leading coefficient
d!

d(d_l)"‘(d‘k+1)ad=mad

(and if d < k, then AkP =0). In particular, A%P = dlag.

In terms of this A-notation, we see that the problem is asking for all polyno-
mials P(z) such that A%98P = 0. From the above discussion, the answer is
that these are exactly the polynomials with deg P(z) < 2017. |

Problem 3.23. Given a positive integer k, find all polynomials P(z) with
real coefficients such that P(P(z)) = (P(z))k.

Canadian Mathematical Olympiad 1975

Solution. We have that P(xz) is a constant or P(x) takes infinitely many
values. If P(z) is a constant, say P(z) = ¢ where c € R, then

¢c= P(c) = P(P(x)) = (P(a))" = ¢*

for all real numbers z. So either’k = 1 and c is arbitrary, or k # 1 and
c € {0,1}. If P(z) is not constant, then P(t) = t* for infinitely many real
numbers ¢. Thus Q(z) = P(z) — z* is a polynomial with infinitely many roots
and so it must vanish identically. Therefore k > 1 and P(z) = zF. n
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Problem 3.24. Let n > 3 be an integer.
Find all polynomials fi(z),..., fu(z) such that forall 1 <k <n

Fu(@) Frq1 (@) = frr1(frra(2));
where foi1(z) = f1(2), fasa(z) = fo(z).
Oleg Mushkarov - Bulgarian Mathematical Olympiad 2012

Solution. Let deg fi(z) = d, for k = 1,2,...,n. We have
di + di+1 = dir1dp-2-

Hence dj11 | di for all k = 1,2...,n. However, the only way this can happen
all the way around the cycle is if dy, is constant. Thus all the polynomials
fi have the same degree d and we find that 2d = d>. If d = 0, then all the
polynomials fj are constant and we find that fi(z) = 1 for all k. If all the
polynomials f are quadratic, then we can write

fe(z) = apz® + bpz + ck

with aj # 0 for each k = 1,2...,n. Examining the coefficient of z*, we find
that ax = af,, for k=1,2,...,n. If n = 2m, then

— 2 _ 2m—-1 _ om
. al—a3——...—a2m_1—‘a1 ]
hence a1 = az=... = agp—1 = 1.
Analogously, we find ag = a4 = ... = ag,, = 1. For odd n the argument is

similar, but there is only one cycle of length n. In either case, we get
a1 =a3=...=q, = L.
Now, examining the coefficient of z3 we get
by + b1 = 2bpye, k=1,2,...,7.

Let min{by,...,b,} = b and suppose the minimum is attained for bs = b.
From the equation for k = s — 2, we get 2b < bg—1 + bs—2 = 2bs = 2b. Thus we
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must have equality in the inequalities, which means b;_; = bs_.g = b. Iterating
this, we find that by =... =b, = b.
Considering the coefficient of z2, we find that

Ck+ Cht1 = 2ck42+ b, k=1,2,...,n.
Adding all these equations, we find that nb = 0, which gives b = 0. Therefore
Ck + Cky1 = 2Ck42.

By the same argument given above, this implies ¢; = ¢ca = ... = ¢, = ¢ for
some c. Hence fix(x) = 2 + c for all k. Plugging this in, we get

(2 +c)2+c= (2?2 +0)?,

from which we obtain ¢ = 0. So fx(z) = z? for all k. N

Problem 3.25. Find all polynomials P(z) with real coefficients such that
P(z)? ~ P(z — 1)P(z + 1) = 2P(=z).

Solution. If P(z) is a constant polynomial, then we easily see that P(z) = 0.
Otherwise, let deg P(z) = d > 0 and write

P(z) = agz? + ag12% 1 + ...+ ag

with ag # 0. First, let us find the degree and leading coefficient of the left .

hand side P(z)? — P(z — 1)P(z + 1). We have
P(z)? = ae® + 20404_12%! + (2a9ag-2 + a2_)z*¢ 2 + ...
We also compute

Piz+1)=ag(zx 1) +ag1(z £ 1)1 4. ..

= a,d:rd + (ag—1 £ dad)md"l + (ad_z +(d—1)ag—1 + d—(c-l;—l)ad> 242 4.,
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g0 that

Plz—1)P(z+1) = a22¥ + 2404 1221 + (a2_, +2aq4aq_5— da?)z®~24 ...

Hence
P(z)® - P(z — 1)P(z +1) = da2z®2 + ...

Thus the left-hand side has degree 2d — 2 and leading coefficient da2.
Since the right-hand side has degree d and leading coefficient 2a4, we conclude

that 2d — 2 = d, hence d = 2, and that as = 1. Let r be a root of P(z). Then
setting © = 7, we get

P(r+1)P(r-1)=0.

That is, either r + 1 or r — 1 is a root of P(z). Switching the roles of the two

roots, if necessary, we find that the two roots of P(z) are r and r+1 for some
r. Hence

Plz)=(x-r)(z—r—1).

Since P(z) has real coefficients, we see that = is real and it is easy to check
that this gives a solution. | |

Problem 3.26. Find all polynomials P(x) with real coefficients such that
P(z —1)P(z+1) > P(z)? -1
for all real numbers z.

Nikolai Nikolov

Solution. If P(z) = c is a constant polynomial, then the inequality becomes

¢ > c? — 1. This always holds, hence all constant polynomials are solutions.
Otherwise, write the inequality as

P(z)* -~ P(z —1)P(z+1) < 1.

From the calculation in the preceding solution, if we let deg P(z) = d > 0 and
suppose P(z) has leading coefficient ag # 0, then P(z)? — P(z — 1)P(z + 1)
18 & polynomial of degree 2d — 2 with leading coefficient da?. If d > 2, then
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P(z)? — P(z — 1)P(z + 1) will be a nonconstant polynomial with positive
leading coefficient. Thus the desired inequality will fail for all sufficiently
large 2. If d = 1, then P(z)? — P(z — 1)P(z + 1) = a? is constant polynomia},
and the inequality just reduces to a? < 1. Hence all polynomials of the form
P(z) = az + b with a € (—1,1) are also solutions. n

Problem 3.27. Determine all polynomials P(z) with real coefficients such
that

(x+1)P(z — 1) — (z — 1)P(x)
is a constant polynomial.

Canadian Mathematical Olympiad 2013

First Solution. The answer is P(z) any constant polynomial or
P(z) = az® + az +c,
where a,c € R, a # 0. Let

T(z) = (x+ 1)P(z — 1) — (z — 1) P(z). (3.2)
Setting x = —1, we get T'(—1) = 2P(-1) and setting = 1, we get
T(1) = 2P(0).

Since T'(z) is a constant polynomial, we get 2P(—1) = 2P(0), i.e.,
P(-1) = P(0).

Let ¢ = P(—1) = P(0) and Q(z) = P(z) — ¢. Then Q(-1) = Q(0) =0, ie,
~1 and 0 are roots of Q(z). Hence Q(z) = z(z + 1)R(z), where R(z) is a
polynomial with real coefficients. Then P(z) — ¢ = z(z + 1)R(z), i.e.,

P(z) = z(z + 1)R(z) + c. (3.3)

Substituting (3.3) into (3.2) yields

T(z) = (z+41)((z—1)zR(x—1)+c)~(z—1)(z(z+1)R(z) +¢)
= z{z—1)(z +1) (R(z — 1) — R(z)) + 2c.
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gince T(z) is constant, so is z(z — 1)(z + 1) (R(z — 1) = R(z)). Therefore
Rlz—1) - R(z) is the zero polynomial, which gives R(z) = R(z — 1) for
oll z € R From the result of Section 3.5, it follows that R(z) = a is a
constant polynomial. If a = 0, we get from (3.3) that P(z) is constant. If
o # 0, we get from (3.3) that P(z) = az(z + 1) + ¢ for some a € R. Therefore
P(z) = az?+az+c, where a # 0. An easy check shows that these polynomials
satisfy the given condition. |

Second Solution. Observe that any constant polynomial P satisfies the
given condition. Assume that P is not a constant polynomial.
Let n = deg P > 1 and write

n
P(z) = Z aka:k,
k=0

with an # 0. Then we compute that
(z — 1)P(z) = ana™ + (an-1 — an)z" + ... —ao
and that

Piz—-1) = ap(z—1)"+ap1(x— 1™ +a
= anz" + (an-1-— nan)e™ !+ ...+ P(-1)

s0 that

(z+1)P(z — 1) = anz™* + (an-1 — (n — D))z + ... + P(-1).
Thus
(+1)P(z—1) — (z - 1)P(z) = (2— n)aaz" + ...+ P(-1) — ao.

Thus the coefficient of z™ is (2 — n)ay,. Since we want the left-hand side to be
a constant polynomial, this coefficient must be equal to 0 and since an # 0,
we obtain n = 2. Hence P is a quadratic polynomial, i.e.,

P(z) = az® + bz +c, a,b,ceR,a+#0.
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Then
e+ Diale—1)2+bz —1) +¢) — (z — 1)(az? + bz +c) = C.
Simplifying the left-hand side we get
(b—-a)(z—1)+2c=2C.

Hence b — a = 0 and 2¢ = 2C. So P(z) = az? + az + ¢, where a,c¢ € R and
a #0. n

Problem 3.28. Find all polynomials P(z) with real coefficients such that for
all real numbers z,

(z+1)P(z~1)+ (z — 1)P(z + 1) = 2zP(x).
E. Kovdé - Czech-Slovak Mathematical' Olympiad 2002

First Solution. We will show that the polynomials satisfying the required
condition are precisely the polynomials of the form

P(z) = az® — az + d,
where a and d are arbitrary real numbers.
It is easy to check that all constant polynomials are solutions, so assume P(z)
is nonconstant. Then deg P(z) = n > 0 and we let the leading coefficient of
P(z) be ap, # 0. Write the equation as

z(P(z+1)—2P(z)+ P(z — 1)) = P(z + 1) — P(z — 1).

leading coefficient ap, # 0, then P(z+1) — P(z) is a polynomial of degree n—1
with leading coefficient nay,.

From this, we see that P(z + 1) — P(z — 1) is a polynomial of degree n —1
with leading coefficient 2na, and P(z+1) —2P(z)+ P(z — 1) is a polynomial

of degree n — 2 with leading coefficient n(n — 1)an. Thus both sides of this -

At
[ B

Recall the result of Section 3.6, that if P(z) is a polynomial of degree n with  {'
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equality are polynomials of degree n — 1 and equating the leading coefficients
gives n(n — 1)an = 2a,, and since n > 1 and a, # 0, we conclude that n = 3.
Hence we can write

P(z) = az® + b2? + cz + d.
In this case the two sides of our equation will be polynomials of degree n—~1 = 2

and we have already seen that the leading coefficients agree. That means that
if we write the equation as

(x+1)P(z—-1)+ (z—1)P(z+1) — 2zP(z) = 0,

then the left-hand side will be a linear polynomial. Hence to check that it
vanishes it suffices to plug in any two distinct values of z. For z = 1, we get
2P(0) — 2P(1) = 0 which easily reduces to a + b+ c = 0. For z = —1, we get
—2P(0) +2P(—1) = 0 which easily reduces to a —b+c = 0. Hence b =0 and
¢ = —a. Thus the solutions are P(z) = az® — az + d (where the case a = 0
corresponds to the constant solutions we found earlier). |

Second Solution. Let P(z) be a polynomial satisfying the relation
(+1)P(x—1)+ (z —1)P(z + 1) = 2zP(=z). (3.4)

If we set £ = 1 in (3.4), we get P(0) = P(1) and if we set £ = —1 in
(3.4), we get P(0) = P(—1). Therefore if we define d by P(0) = d, then the
equation P(z) = d has roots £ = 0, z = 1 and z = —1. Thus there exists a
polynomial Q(z) such-that P(z) = z(z—1)(z+1)Q(z)+d. We substitute this
expression into equation (3.4) to find out what conditions must be satisfied by
the polynomial Q(z) and the coefficient d. This gives

(z+Daz - 1)z -2)Q(z - 1)
+dz+1)+ (z - 1)(z+ D2(z+2)Q(z+ 1) +d(z — 1)
= 22%(z — 1)(z + 1)Q(z) + 2dz.

The terms with the coefficient d cancel in the last equation, and the remaining
terms all have a common factor of z(z — 1)(z + 1). So cancelling this factor,

. we get the equation

(z-2)Qz—1)+ (z+2)Q(z + 1) = 2zQ(x) (3.5)



400 Chapter 38

for an unknown polynomial @(z). Since a(z — 2) + a(z + 2) = 2az, every
constant polynomial Q(z) = a satisfies equation (3.5). Therefore equation
(3.4) is satisfied by all polynomials of the form

P(_q;)=x(x—1)(:c+1)a+d=aa:3——ax+d, a,d € R.

In order to prove that no other polynomials P(z) satisfy (3.4), we must show
that any polynomial Q(z) satisfying equation (3.5) is constant. To see this
suppose Q(z) is such polynomial and denote Q(2) = a. Setting z = 2 in
equation (3.5), we obtain Q(3) = Q(2) = a. Now, we will prove by induction
that Q(n) = a for all n > 2. We have already established the base cases. If
for some n > 2 we have Q(n) = Q(n+1) =a, then by plugging ¢ = n+1 into
equation (3.5), we get

Aty - Xereib-o DO
2(n+1a—=(n-1)a
n+3

= Q.

This'completes the induction. Thus Q(n) = a for all integers n > 2 (hence for
infinitely many numbers). Thus Q(z) = a is a constant polynomial, and we
are done. n

Problem 3.29. Find all polynomials P(z) with real coefficients such that

(z—1)P(z+1)—(=z+ 1)P(z — 1) = 4P(z).

Belarusian Mathematical Olympiad 2013 “

Solution. Substituting z = 1 and then z = —1, we get
9P(1) = —P(0), 2P(~1)=-P(0).

Setting = = 0, we get
—P(1) — P(=1) = 4P(0).
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Therefore P(0) = P(1) = P(-1) = 0, which means that
P(z)=z(z — 1)(z + 1)Q(z)

for some polynomial Q(z). Hence

(z+2)Q(z+1)— (z —2)Q(z — 1) = 4Q(z).

Setting z = 2, then Q(1) = Q(2).

Now, we prove by induction on n that @(n) = Q(1) for each positive integer
n. Clearly, the statement is true for n = 1 and we have proven it for n = 2.
Assume that the statement is true for 2,3,...,n — 1. Setting z =n —1, we
have

(n+1)Q(n) - (n~3)Q(n—2) =4Q(n - 1).

Since Q(n—2) = Q(n—1) = Q(1), we find that Q(n) = Q(1) for each positive
integer n. Hence the equation @(z) = Q(1) has infinitely many solutions and
s0 Q(z) is constant. Thus P(z) = C(z® — z) for some constant C and it is
easy to check that these are solutions. N

Problem 3.30. Let a,b be real numbers with a # 0. Find all polynomials
P(z) such that

zP(z —a) = (z—b)P(z)  Vz.
N Vietnamese Mathematical Olympiad 1984

Solution. If b =0, then zP(z—a) = zP(z) for all z, which implies that P(z)
is a constant polynomial.

Now, let b # 0. We will prove that if b/a ¢ N*, then P(z) = 0. We have two
cases.

(i) If deg P(z) = 0, i.e., P(z) = C for some C € R, then 2C = (z — b)C for
all z, so C =0 and P(z) =0.

(ii) Let deg P(z) = n > 0, where P(z) is a polynomial satisfying the given
property. We prove that b/a € N*. The given equation can be written
in the form

bP(z) =z (P(z) — P(z —a))  Vz. (3.6)
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Assume that P(z) = cp2™ +cp—12" "  +...+co, where ¢, # 0 and n > 1.
Then

P(z)— P(z —a) cn (2™ — (. — a)™) + Q(z)

= ncpaz™ ! + R(x),

where Q(z) and R(z) are polynomials of degree at most n — 2. Substi-
tuting expressions of P(z) and P(z) — P(z — a) into (3.6), we get

enbz™ + epo1bz™r + ...+ beg = nepaz™ + zR(z),

and deg(zR(z)) = n — 1. It follows that c,b = ncpa, ie., b/a = n.
Therefore if b/a ¢ N*, then P(z) =0.

Now, assume that b/a = n, ie., b = na, where n € N*. The given
equation becomes

zP(z —a) = (z —na)P(z)  Vz.
Plugging in successively =z = 0, a,2aq, ..., (n — 1)a, we conclude that
P(0) = P(a) =P(2a)=...=P((n—1)a) =0.

Since we have found n distinct roots and P(x) has degree n, we must
have

P(z)=Cx(z—a)(x—2a):... - (- (n—1)a), C eR,
and it is easy to check that these are solutions.
In conclusion, if b = 0, then P(z) is a constant polynomial. If b # 0, then
b .

P(z) = 5 [
Cz(z—a){(z—2a)-...- (x = (n—1)a) ifEEN*, CeR.
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Problem 3.31. Find all polynomials P(z) with real coefficients which satisfy
(z® + 322 + 3z + 2) Pz — 1) = (z° — 32% + 3¢ — 2)P(x)
for all real numbers z.
Vietnamese Mathematical Olympiad 2003
Solution. The given equation is equivalent to
(@+2) (@ +z+1)Plx—1) = (z - 2)(«? — z + 1)P(z) VzeR. (3.7)
Substituting £ = —2 and z = 2 into (3.7), we get P(-2)=P(1) =0.

Substituting z = —1 and & = 1 into (3.7), we get P(-1) = P(0) = 0.
It follows that

Plz) = (z-Dz(z+ 1)(c +2)Q(z) VzeR,
where Q(z) is a polynomial with real coefficients. Then
Plz-1)=(z-2)(z ~ )z(z 4+ 1)Q(z — 1)  VzeR.
Substituting these expressions into (3.7), we get
(z—2)(z = Dz(z+1)(z+2)(z* + 2+ 1)Q(z — 1)
= (z - 2)(z - a(z + D(E+2)(z* ~z+1)Q(z) VzeR,
which implies that

@ +2+1)Q—-1) = (e? -z +1)Q) Vz+£0, +1,42.

Since both sides of this equation are polynomials of a variable z, then the
equality is valid also for z = 0, +1,+2, i.e.,

(@+z+1)Q~1)=(2®—z+1)Q(z) VzeR (3.8)

v Now, observe that ged(z? + z + 1,22 — z 4+ 1) = 1. Indeed, if

d(z) = ged(z® + z + 1,22 — z + 1),
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then i
-+ d(z) | §(($+1)(ac2~x+1)—(m—l)(x2+m+1)) -1

It follows that (z2 4+ z + 1) | Q(z), ie.,
Q(x) = (2 + =z + 1)R(z) Yz € R,
where R(z) is a polynomial with real coefficients. So
Qz—1)=(z —z+1)R(z-1) VzeR
Substituting these expressions into (3.8), we get
(£*+z+1)(@@2—z+1)R(z—-1) = (r* —z+1)(z*+z+1)R(z) VzeR,

ie.,
R(z—1)=R(z) VzeR

since (z2 42+ 1)(z? —z+1) 5 0 for all z € R. The last equation implies that
R(z) is constant, so

P(2) =C(z — Dz(r+ 1)(z+ 2)(z® +z+1),

\

where C’ € R. Conversely, by an easy check we wee that the above-mentioned

polynomials satisfy the problem conditions, and so they are all the required
polynomials. | |

Problem 3.32. Give an example of a polynomial P(z) of degree 2001 for .

which the identity
Plz)+P(1l-z)=1

holds.
V. Senderov - Moscow Mathematical Olympiad 2001

Solution. Plugging = = % + t into the equation we get

(i) er-)-o
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Hence if we define Q(z) = P ( + z) — 3, then we get
Q(z) + Q(-z) =0.

The solutions to this are easily seen to be all polynomials Q(z) with only odd

powers of z. Since @ has the same degree as P, we want Q to have degree
2001. The easiest choice is Q(z) = 2201, which gives

1\ 2001 4
Pz) = - =
(z) (a: 2) + 5

One way to understand this problem is to note that the equation for P says
that the graph of y = P(z) has a center of symmetry at the point (%—, %—) The
graph of ¥ = Q(z) = z2%! has a center of symmetry at the origin, and we
have translated both coordinates to move that center to the desired point. M

Problem 3.33. Does there exist a positive integer d and a polynomial P(z)
with integer coefficients such that z¢ + z + 2 = P(P(z))?

Solution. The answer is negative. For the case d = 1, we want
P(P(z))=2z+2

to be linear. This forces P(z) to be linear. However if we write P(z) = az +b,
we find that P(P(z)) = a?z + (a + 1)b, hence a2 = 2.
Now, for all integers =z,

P(P(z)) =z = (P(P(z)) — P(z)) + (P(z) — z)

isddivisible by P(z) — x. Hence if P(z) is a solution, then P(z) — z divides
z*+ 2. Hence P(0) — 0 divides 0% + 2 = 2 and P(0) € {#1,+2}.

If P(0) = 1, then P(1) = P(P(0)) = 2. So P(2) = P(P(1)) = 4, but this is
impossible since 2 — 0 must divide P(2) — P(0). .

If P(0) = —1, then P(—1) = P(P(0)) = 2. So P(2) = P(P(-1)) = (-1)¢+1.

- But again, this means P(0) is odd and P(2) is even, an impossibility.

If P(0) = 2, then P(2) = P(P(0)) = 2. Thus 2 = P(2) = P(P(2)) = 2¢ 4 4, a
contradiction.
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Finally, if P(0) = —2. We find that P(—2) = P(P(0)) =2. So

P

P(2) = P(P(-2)) = (-2)*.

If d is even, then this says P(2) = 2d However, we saw above thath(z) -9
divides 2% + 2. So this forces 24 —2 | 24+ 250 24 —2 | 4. Hence 2 ~2 <4
which forces d < 2. The case d = 2 is impossible since d = (deg P(z))? must
be a perfect square.

If d is odd, then we see that (P(—1)+1) |1, so P(;l) € {-2, 0}.

If P(—1) =0, then —2 = P(0) = P(P(-1)) = (=1)% — 142 =0, a contradic-
tion.

If P(—1) = —2, then P(~2) = P(P(-1)) =0. N
Hence ~2 = P(0) = P(P(—2)) = —2¢. Hence d = 1, a contradiction. ]

Chapter 4

Finding Polynomials. Part II

| Problem 4.1. Let R(t) be a polynomial of degree 2017. Prove that there

exist infinitely many polynomials P(z) such that
P((R*™(t) + R(t) + 1)* — 2) = P(R®Y(¢) + R(t) + 1)> - 2.

Find a relation between those polynomials P(z).

Solution. Let Q(t) = R (£)+ R(t)+1. Then Q(t) is of degree 20172. Hence
it is surjective on R. Thus for each real number z there is a real number #
such that Q(t) = z. Therefore we may rewrite the original equation as

P(z? - 2) = P(z)? - 2.

Comparing leading coefficients, we see that any such polynomial P(z) must be
monic. Hence, as we have seen in the chapter, there is at most one polynomial
for each degree. Now, we will prove that for each positive integer d there is

_a polynomial Py(z) satisfying Py(z? — 2) = Py(z)? — 2. We know that two

such polynomials are Pi(z) = z and Py(z) = 22 — 2. Define a sequence of
polynomials Py(z) by Piy2(z) + Py(z) = zPsyy(z) for d > 0. It is a trivial

‘induction to show that Py(x) is a monic polynomial of degree d. We will prove
- by induction that the polynomials P;(z) are solutions. Hence it follows from

the uniqueness lemma in the chapter that they are the only solutions.
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‘We have a.lready discussed the base cases d = 1 and 2. For the induction step,

assume that the statement holds for all positive integers less than or equal ¢,

d+ 1. Now,
Pd+2 ($)2 +2

— (zPg(z)

‘We need to show this is zero. Using the induction hypothesis and rearranging,
we see that it is

Piya(a®—2) —

= (a2 ~ 2) Py (2 — 2) — Py(? — 2) — Py(z))® +2.

(@*~2)(Pat1(2)*~2)~ (Pa(x)”~2) ~2° Pas1 ()" +22Pus1 () Palz) ~ Pa(x)?+2

= —2P;1(2)? = 2P4(x)? + 2z Py (x) Py(z) — 222 + 8.

Cancelling off a factor of —2 it suffices to show that
Qa(x) = Pyy1(2)? + Py(z)? — 2Pyy1(2) Py(z) + 22 — 4

vanishes. Note that

Qu(x) = (zPy(x) — Py_1(2))? + Py(z)? — z(xPy(z) —
b= Qu-1(2).
Hence Qq(z) is indépendent of d. Since we compute that
Qi(z) = (@® - 22+ 22 — 2?22 - 2) + 22 -4 =0,

it follows that Qqg(z) vanishes for all d, as desired. Thus

Pyio(z? —2) = Pyya(z)? - 2. ]

Problem 4.2. Find all polynomials P(z) with real coefficients such that
P(z)P(z +1) = P(2? — z + 3).

Taiwanese Team Selection Test 2014

Py1(2))Py(z) + 2* — 4 ‘“‘
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golution. The uniqueness lemma applies, so we can have at most one solution
in each degree. It is easy to check that P(z) = z2— 2z — 3 satisfies the problem
condition. If P(z) has even degree, then

P(z) = (% — 2z — 3)%.
If P(z) has odd degree, then P(z)? satisfies the problem condition. Thus

P(z)* = (¢ — 2z - 3)*,
for some k. But 22 — 22 — 3 has no double root. Therefore we have no such
polynomial of odd degree. B

Problem 4.3. Prove that if the polynomial f is nonzero and for every real
number z, f(z)f(z +3) = f(z2 + 2 + 3), then f has no real roots.

Polish Mathematical Olympiad 1986

Solution. Suppose f is a solution that has a real root r. Let r be the largest
real root of polynomial f. Then plugging in z = 7, we find that

frr+r+3)=0.

Thus 72 + 7 + 3 > r is also a real root, a contradiction. |

A

Problem 4.4. Find all linear and quadratic polynomials P(z) such that

P(z)P(2 — z) = P(2 + 2z — z°).

Solution. Note that the uniqueness lemma does not apply in this case, hence
there might be multiple solutions with the same degree. Looking at the leading
coefficients of both sides, it is easy to see that any such P(z) is monic.

For linear polynomials, this means we can write P(z) = z + b, and plugging
in we get (z +0)(b+ 2~ x) = (2+ 2z — 2% 4+ b). Expanding and factoring,
this becomes just (b— 1)(b+ 2) = 0. Thus we find the two linear polynomials

Pz)y=z+1and P(z) =z - 2.



410

Chapter 4 ;

For quadratic polynomials, first notice that the linear solutions give three
quadrapic solutions P(z) = (z+1)?, P(z) = (z+1)(z—2), and P(z) = (z—2)2.

Looking for additional solutions, we may write P(z) = z* + bz + c. Plugging
this in

(2 + bz +c)((2—2)2+b(2—2) +c) = (22 + 2z +2)% + b(—2® + 22+ 2) +

which after expanding becomes

(2c—b2—b+4)w2—2(2c—-b2—b+4)m+(c—1)(2b+c+4)=0.

£ 2+ ¢+ 4 = 0, then P(2) = 0 and hence P(z) must be z — 2 times a linear ./ /[/
solution. Thus we have already found these, and so we may assume ¢ = 1. In
this case the equation reduces to »2 + b —6 =0, hence to (b—2)(b+3) =0.
The case b = 2 gives the solution P(z) = (z -+ 1)?, which we have already
found, but b = —3 gives a new solution P(x) = z? -3z +1. n

Problem 4.5. Find all nonconstant polynomials P(z) such that
P(z)P(2z® - 2) = P(22® - 52).

Solution. Since the uniqueness lemma applies, we would be done if we could
find one nonconstant solution. Since the input polynomials are all even or
odd, we look for a solution P(z) which is even or odd and of low degree.

It is not important for the solution why we decide to look for even/odd solu-
tions, but one can justify this choice. Let D(z) = ged(P(z), P(—x)). Then
D(x) is either even or odd and we can write P(z) = S(z)D(z), and hence
P(—z) = £5(—2)D(z). Also note that for any common root r of P(2z® - 52)
and P(—2z%+5z), we have that or3 —5r is a common root of P(z) and P(~z).
Hence D (23 — 5z) = ged(P(2z® — 5), P(—2a® + 5z)). Thus from the given,
equation we get

+8(-z)  P(-z) _ P(—2z%+5z) +9(—2z° + 5z)
S(z) = P(z)  P(2z®—5x) T S(2x8 — 5z)

Since the leftmost and rightmost expressions are rational functions with rela-
tively prime numerator and denominator, we must have S(x) = CS(2z3 — 5z)

" Thus we have found a solution P(z) = z® — 2
- all nonconstant solutions are P(z) = ( 3
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for some constant C. However, comparing degrees we
) See ¢
constant, and hence P(z) = D(z) is either even or odd, hat §(z) must be

gince comparing leading coefficients shows that P(z)

mu; .
try P(z) = z2 4+ a. Plugging this in, we get st be monic, we first

(2% +a)((20 - 22 + ) = (22° 52 4 4

which expands to give

—2(2a + 3)z* + <7a + §4§> z? —a(a + 3 =0

Since we easily see that the constant term ;
and the coefficient of 24 cannot

both vanish, there is no such polynomial. We next try P(z)

gives = 2% + az. This

(23 + az)((22% — 2)% + a(22? — 2)) = (22° — 5z)3 4 a(2z® - 52)

and hence

11(4
_o(da+9)a” + ( c;+ 9,5 _ (4a+9)é(34a+31)x3+ a(da +9)
Ha+9) _

2 0.

2z, and by the

uniqueness lemma
n
z® — §z)" for some

n>0. n

Problem 4.6. Find all nonconstant polynomials P(z) sych that

P(z)P(z +2) = P(x? +1).

Sf)lution. We will show that there are no such polynomis]
Fl'l‘st suppose we have such a polynomial and P(z) hag as.
with |r| > 2. Choose a root of P(z)

note that of course |a| > 2. Plugging in £ = o, we find that .2
root. However, we compute oo

: . (complex) root r
with maximum moduluys, call it o, and

+ 1 is also a

2 +1]> | —1> 2] ~1 > o],



412 Chapter 4

contradicting the maximality of |a|. Thus we conclude that every root r of . |
P(z) myst have |r| < 2.

Let r be a root of P(z) and let 8 be one of the two numbers r and 7 —2, chosep,
so that [Re(B)| > 1. Then we can write 8 = u + v with |u| > 1. Plugging i
x = B3, we have that one of P(8) or P(8+2) is equal to P(r) and hence vanisheg,
Thus we conclude that P(82+1) = 0, hence that 82 +1 = (u2+1—v?) +2; !

is also a root of P(z). By the p1)'eceding argument, we mus(t have )+ 2 i Chapter 5

(W +1 - %)% + 4u?® < 4,
which we can write as (u2 +1)2 + 2(u? — 1)v2 +v* < 4. But this is impossible Flndlng POlynomlalS . Part III
since @@+ 1)2 + 2% — o? +0t > (w2 +1)2 > 4.

Therefore there are no such polynomials. Problem 5.1. Find all monic polynomials with only simple real roots such

. . that P(2?) = £P(z)P(—z).
Problem 4.7. Find all nonconstant polynomials P(z) such that

P(2® — 3z) = P(z)? — 3P(a). - Solution. Let r; < ... < rg be the distinct real roots of P(z). It follows that

2 o2V (2 2y — (Y. (2

Solution. The problem is asking for all polynomials P(z) that are permutabl @ =ri) e (@7 —ra) = (2" =) - (27 - 1),
with T3(z) = 23 — 3z. Notice that T3(z) = z® — 3z is the cubic polynomial i
the family of polynomials T,,(z) satisfying

1 1
T (243) ="+ g

which were discussed in the chapter. Hence it is permutable with any polyno-
mial Tp,(z). Also note that T3(—z) = —T3(z). Thus T3(.’L‘) is also permutabl
with —Tp(z) for any m. Now suppose that P(z) = az® + -+ is any degr
polynomial permuta.ble with T3(z). Then comparing the leadmg coeﬁicmnt
we see that a = a®, and hence a = +1. Thus by the uniqueness lemma, fo'
each degree there are at most two.polynomials permutable with T3(z), on
with leading coefficient 1 and one with —1. Since we have found two suc
polynomials, we have them all. Hence the answer is P(z) = £Tp,(x) for som:
m > 0.

»Thus the sets {r?,...,72} and {r1,...,74} are the same. This shows that
' r; > 0 and hence

A ri<... <l

qi,It follows that r2 = r;. Therefore ; € {0,1}.
hus P(z) € {1,z,z — 1,z(z — 1)}. ]

'Problem 5.2. Let P(x) € Z[m] be an irreducible polynomial having a root
il with absolute value greater than . Prove that if P(a) = 0, then P(1+03) # 0.

lution. Assume on the contrary that P(1 + o8) = 0.
" EiDefining Q(z) = P(1+z%), we find that P(z) and Q(z) have a root in common.
Since P(z) is irreducible, it is the minimal polynom1al of a. Whence Q(z)
s divisible by P(z) and so we can write P(1 + 23) = P(z)R(z) for some
olynomial R(z). Let 8 be a root of P(z) with the greatest modulus, say with
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|8] = r. Since plugging in & = 5 gives P(1+ 83) = 0, we see that 8% +1 is algg First Solution. If P(z) is nonconstant, then it has a root. Assume that o
a 1oof, Since r > 3, we have r® —r—1 > 0, and hence |1+ 8% > 18P -1> 18, 1 isaroot with maximum modulus. Setting z =+ 3 and z = o — 1, we get

a contradiction. | P (( at %)2) = 0. Therefore

Problem 5.3. Find all polynomials P(z) with complex coefficients such thay |
P(z® — 1) is divisible by P(z* + z + 1).

Gazeta Matematics §

By the Triangle Inequality,

oo el -

- Since |a| is maximal, we must have equality in every step, so we must have

1\? 1\2
(a+—2-> =qa and (a—i) = —aq,

whence o2 + % =0. Thus a = :i:%i and these must both be roots. Hence

P(z) = (z2 + %) Q(z).

t is easy to check that Q(z) satisfies the same equation as P(z), hence the
" same procedure shows that either Q(z) is constant or is divisible by z% + %.

* Since the only constant solutions are 0 and 1, any easy induction shows that
the solutions are either P(x) =0 or

P(z) = <m2 + %)n

Second Solution. Since it is easy to check that P(z) = z2 +  is a solution,
it follows from the uniqueness lemma that all nonconstant solutions are

P(z) = (x2 + %)n

for some n > 1. The constant solutions add the case n = 0 and the zero
polynomial. |

Solution. The polynomial P(z) = ax? satisfies the problem condition as does '
the zero polynomial. If there is any other solution P(z), then it will have 8
nonzero root z of maximum modulus. The equation 22+ z+ 1 = z has tw
complex roots, call them z; and x3. Since we can write

+ 2 = 2|a|.

P@® -1) = P(z* +z+1)Q(z)
for some polynormial Q(z), we find that
Pz} —1) = P(z3—1) =0.
Since z1 + 2 = —1, the triangle inequality gives
ey =1 |z =1 > e+ 22— 2] =3.

Since
1=z —1), z3-1=2(z2-1),

we get
2| - |21 = 1| + |2l - |72 — 1] 2 3],

So one of 23 — 1 and z3 — 1 has modulus at least 8 so greater then |z|.
This contradicts our choice of z, so there is no such polynomial.

Problem 5.4. Find all polynomials P(z) such that

P(J:2)=P<x+%>P<m—%>.
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Problem 5.5. Find the largest ¢ € R for which there exists a nonconstant
polynomial P(z) such that P(z?) = P(z — c)P(z + ¢).

Brazilian Training Camp

Solution. The answer is ¢ = % The fact that there is a solution for ¢ = -12.

is the previous problem, so we need only show that for ¢ > %— there are no
nonconstant solutions.

Suppose on the contrary, that ¢ > % and there is a nonconstant solution P(z).
Let 7 be a root of P(z) with maximal modulus. Plugging in z = 7 — ¢ and
z = r+c, shows that (r —c)? and (r + ¢)? are also roots of P(z). Further the
triangle inequality gives

r+ 02|+ |(r = P 2 |(r + ) = (r — )| = de- r].

Thus one of these two roots must have modulus at least 2c- [r|, which is greater
than |r|. This is a contradiction, so there is no such polynomial. n

Problem 5.6. Find all polynomials P(z) = z® + az? + bz + c such that
\' P(z? — 2) = —P(z)P(—x).
John Murray - Irish Mathematical Olympiad 2012
Solution. Let P(z) = (z — r1)(z — r2)(z — r3). Then
P(—z) = —(z +r1)(z+ r2)(z +73).

So
~P(z)P(—g) = (¢? - r})(2® — r3)(z® - r3)?

and
P(z®-2)=(=*-2=-r)(z*-2— ro)(z? — 2 —r3).

The sets of roots of both polynomials must be the same, hence

{T%T%)"'g} = {7'1 +2,r2+2,73+ 2}-
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We have three cases.
(i) 247 = r? for all 1 = 1,2,3. In this case r; = —1,2 and we find that

Pz)e {(z+1)%(z+ 1)z - 2), (c+ 1)(z - 2)%, (z — 2)%}.

(ii) 2+ rs = r? for exactly one 5. Without loss, this says 2+ r1 = 72, but
ro # r3 and 2+ 719 = 13, 2+ r3 = r3. In this case r; = —1,2 as before.
Let Q(z) = z? — 2, then the other two equations say that ry = Q(r3) and
r3 = Q(r2). Therefore we find that Q(Q(r2)) = r9 and Q(Q(r3)) = r3. Hence

ry and r3 are roots of Q(Q(z)) = z, but because ro # 3, are not roots of
Q(z) = z. Since we compute

QRE) ~z=(@?-2?-z=(* —2-2)(® +2-1),

and the first factor says Q(z) = z, ro and 73 must be the two roots of 22 +z—1.
Thus we have found two more examples

P(z)=(z+ 1)z +2-1), (z—2)(*+z-1).

(ifi) There is no ¢ such that 2+ r; = r2. In this case after reordering the roots,
we can suppose that 2+ ;1 = r2. As in part (ii), it follows that r; are roots

of Q(Q(Q(z))) = z but not roots of Q(z) = =. Since Q(Q(z)) = z* — 42? + 2,
we compute

RQQ)) -z = (a* — 422 +2)? — z = 2® — 825 + 202* ~ 162° — 2 + 2.
This has degree 8, but we know Q(z) — z = 2? — x — 2 is a factor, so we get
QQRQ() —z=(z? —z—2)(z® + 2° — 52* - 32° + T2? + 2 - 1).

Now we have a sixth degree polynomial and any solution P(z) will be a monic
cubic factor. Since the constant coefficient is —1, any cubic factors will have
constant term 1. If one factor is 2° + axz? + Bz + 1, then from the 2° and z
coefficients, we find that the other factor will be 23+ (1 — @)z? + (1 + )z — 1.
Hence

2 +2%-52% — 323 + 72 +2—1 = (28 +0r’+Bz+1) (23 +(1-a) 2+ (1+8)z—1).
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Looking at the coefficient of 23, we find

- .

3=-1l+a(l+B)+Bl-a)+1l=a+5

s0 B = —3 = a. Hence the coeflicient of z* gives

—5=1+B+a(1—a)+ﬁ=——5—a—a2,
and hence a = 0 or —1. Hence (o, 8) = (0,-3) or (—1,—2). Finally, the
coefficient of z? gives
7=1-2a+B(1+8)

and we see that only (o, 8) = (0,—3) is a solution. Thus we have found the
factorization

x6+x5—5m4—3x3+7x2+x—1=(:B3+—3ac+1)(a:3+x2—2a:—1),

and hence
P(a;)=m3+:v2—2x-—1, or x°—3z+1. | |

Remark. One could simplify factoring the sixth degree polynomial by arguing
as follows. Starting from any root r; of P(z), we find the three roots of P(x)
are

ri, 122, (2-2)?-2=rf—dr}+2.
Since P(x) = «® +az?+ bz + ¢, we have that the sum of roots of P(z) is equal
to —a. Hence

'ri+ri2—2+r§1—4ri2+2=—a,

implying that r; are the roots of the polynomial R(x) = 2t -3z +z +a
Since the sum of the roots of R(z) is zero, we find that the fourth root of R(z)
must be z = a. Thus

et =322 +z+a=(z—a)(z—r)(z—r)(z—rs)
= (z~a)P(z) = (z - a)(z® + az® + bz + ©).
Examining the coefficients of z2, z, 20, we get
—a’+b=-3,

—ab+c=1, —ac=a.
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From the last of these, we see that either a =0 or ¢ = —1. If a = 0, we find
that b= —3 and c= 1, s0 we get

P(z) =2% -3z + 1.
If ¢ = —1, then we get ab = —2 and hence a® —3a=ab=-2,s0
a®—3a+2=(a—1)2(a+2)=0.
Thus a € {1,—2} and b= —%. This gives us two more possibilities
P)=a*+22-2z-1, 2®-2z%+z—1L

Thus we have three candidates for P(z). The first two are indeed the factors
of our sixth degree polynomial. The third, z® — 222 4z — 1, does not actually
satisfy the given equation. It is an artefact of our calculation. Still, we could
have done this calculation first, then either plug the three candidates into the

original equation or try dividing our sixth degree polynomial by them to find
the actual solutions.

Problem 5.7. Let P(z), Q(z) be quadratic trinomials such that the numbers
—22,7,13 are three roots of the equation P(Q(z)) = 0. Find the fourth root
of this equation.

\P. Cernek - Czech-Slovak Mathematical Olympiad 2000
First Solution. If we let 71 and r2 be the roots of P(x), then the four roots
of P(Q(x)) will be the union of the roots s; and sz of Q(z) = r1 and the
roots s3 and s4 of Q(x) = ro. Since the quadratic polynomials Q(x) —r; and
Q(z) — ro have the same z? and x coefficients, Vieta’s formula implies that
81 + 89 = 83 + s4. Thus we have three cases.
(i) One of the quadratic equations has roots —22, 7, the other has roots 13
and ¢q. Then —22 + 7 = 13 + ¢, which gives ¢ = —28.
(i) One of the quadratic equations has roots —22, 13, the other has roots 7
and q. Then —22 4 13 = 7 4 q, which gives ¢ = —16.
(iii) One of the quadratic equations has roots 13, 7, the other has roots —22
and q. Then 13+ 7 = —22 + ¢, which gives q = 42.
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Clearly, each case above can be realized. If s1 + s2 = s3 + 54 = C, then we. roots are just vertical shifts of one another. This means that if we choose one
can take Q(z) = z? — Cz to guarantee the pairs sum to C, and then take | of the graphs to be y = Q(z), the other will be y = Q(z) — a for some g, and
P(z) = (z — s182)(x — s354) to get the desired roots. For example, in cage Q) so we can choose P(z) = z(z — a). ’ -
we find C = —22+7 = 13 — 28 = —15, so we can take Q(z) = z? + 15z. Since
we want 7y = (—22) - 7= —154 and ro = 13 - (—28) = —364 to be the roots of Problem 5.8. Let P(z) and Q(z) be polynomials with complex coefficients
P(z), we can take P(z) = (z + 154)(z + 364). n such that P(z) and P(Q(z)) are monic, P(X) is nonconstant, and Q(z) is

nonlinear. Let
Second Solution. We solve the problem by using some properties of the
graphs of quadratic functions. Let r; and ro be the roots of P(z). Then the || A={ze€C:P(z)=0}, B={zeC:P(Q(z))=0}.
four roots of P(Q(z)) will be the z-coordinates of the four points where the - .|’
graphs of the quadratic functions f1 :y = Q(z) — 71 and fo: y = Qz) —py
cross the z-axis. These graphs, which are parabolas, are just vertical shifts. of
one another, hence they have the same axis of symmetry. ‘Suppose it is the line
xz = C. Then the four intersection points with the z-axis will be symmetric
about z = C, hence they will have a center of symmetry at the point C on =
the z-axis. This leads to three cases as in the previous solution. o
2247

Prove that the following statements are equivalent:
(i) A= B;
(ii) there is a complex number r such that

Pl@)=(z—r)", Q@)=w(@—r)"+r,

where n > 0, m > 1 are integers and w is an n— th root of unity.

on the z-axis. Thé
fourth root lies on the z-axis and is symmetrical to the the image of number

(i) The center of symmetry is the point —7.5 = . s
Solution. Clearly if (ii) holds, then A = B = {r}, so (i) holds. Thus we need

3 . only prove that (i) implies (ii). Let A = isti
| . ; 050 only p p i). Le {r1,-..,7c} be the set of dist
13 with respect to the point —7.5 on the z-axis. We get —7.5 = q’ 80 “roots of P(z), k> 1. Then B is are the union )of the set of roots of equl:til(l:r(lysG
q = —28. . |

—22.41 ' =T1,... =
(ii) The center of symmetry is the point —4.5 = ——2+ 3 on the z-axis. The: . der=n, @)=
fourth root lies on the z-axis and is symmetrical to the the image Of{ number Since the equations Q(z) = r1,..., Q(z) = rx have no common roots and each
+4q

7 with respect to the point —4.5 on the z-axis. We get —4.5 = ' has at least one root, the cardinality of the union is at least k. Since (i) holds,

q = —16. 2  this u'nion is equal to A hence has cardinality k. Thus we find that each of the

1847 ‘ equations Q(z) = r1,...,Q(z) = r4 has exactly one complex root. Thus there
(iii) The center of symmetry is the point 10 = 5 on the z-axis. Thi is a permutation ¢ such that Q(75(;)) = ;. Hence the polynomial Qz) — m
fourth oot lies on the z-axis and is symmetrical to $he the image of numbér - has only 7,(;) as a root. Therefore Q(z) = C(z — To(s))™ + 73, where C # 0

! i t.he. leading coefficient of Q(z). Considering the coefficient of 2! in Q(z)
', (this is where we are using that Q(z) is nonlinear and hence m > 2), we find

- that 7oy = To(j) for each 4, 5. Since by definition the ; are distinct, it follows
(that k& = 1. This means that

—22 with respect to the point 10 on the z-axis. We get 10 =
g = 42.
Again these cases can all be realized since from the axis of symmetry z =

and the points where it crosses the z-axis, we can choose a monic quadratic,
whose graph reslizes these. The two quadratics arising for the two pairs of

Q) =Clz—r)"+r and P(z)= (z—r)"
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Since P(Q(z)) is monic, we find that C™ = 1, that is, C is an n-th root of
unity. Thus (ii) holds. n

Problem 5.9. Let f € Z[z] be a monic polynomial and let (@n)n>1 be an
arithmetic progression of natural numbers. Prove that if there exists k € 7
with a1 = f(k), then the set

{an | n21}0{f(n) | n € Z}

is infinite.

Gazeta Matematicd B 11/2011, Problem 26536 , |

Solution. Let d > 0 be the common difference of the arithmetic progression '
and let n € N*. Since nd = (k +nd) — k divides f(k+nd)— f (k), there exists =

m € N such that
_ f(k+nd) — f(k)
m = .
nd

Then

amnt = ay + mnd = f(k) + f(k+nd) — Ffk) = flk+nd) e {f(z) |z € Z}.‘

Since n € N* is arbitrary, the conclusion follows. n

Chapter 6

Lagrange’s Interpolation

Formula (L.I.F.)

Problem 6.1. Let P(z) be a polynomial with integer coefficients of degree d
such that for some prime q > d we have P(k) = 0 (mod g) for all k. Prove

 that all the coefficients of P(z) are divisible by g.

. Solution. We write the L.LF. for P(z) and 0,1, ...,d, which gives

d
dP(z) =) (-1)** d Qi (z)P(k).
@) =31 () extop0

 Therefore each coefficient of d!P(z) is a linear combination of
.. P(0), P(1),...,P(d). Since P(0),P(1),...,P(d) are divisible by g, each

coefficient of d!P(z) is divisible by g. Since ¢ > d, we see that d! is not

" divisible by ¢. Hence each coefficient of P(z) is divisible by g. [ |

Problem 6.2. Prove that any polynomial

P(z) = ap+ a1z + ...+ an—12""

can be written as
2" —1

z—wy

P(a) = = wnPlr)
k=1
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-

Solution. Write the L.LF. for P(z) and w,ws, .

P(2) = Z Qz Z)
where
Qi)=(z—w1) ... (2 —wp) and Qs(z) =
for i =0,...,n. Note that Q(z) = 2™ — 1. Therefore
' Qu) -1
@ilz) = —w;  z—wi
Since _q
Qi(z) = — = PR NP B S
(]
we have o
L : 2} = 4 =1 _ 00 = —,
Qi (wz) nw n i =
Therefore i
Q@(z) Wi _ Wi . Z2" -1
Qi(w,-) wﬁ, n z—uWw;
Hence

is, since

where wy,ws,...,wn are the n-th roots of unity.

P(z) = 1 p )z" -1

9= D aPln) g
k=1

Remark. Using calculus gives a different approach for finding Q;(w;). That

2 —1=(z—w)-

differentiating both sides we find that

nzn—-l

=(z—wy)-..

(z=—wp)+ ...+ (z—w):

Radu Gologan,

, Wn, which gives
_ Q)

z—wj

224 w?_l,

(2 —wn),
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Now, putting z = w; and noticing that all but one term on the right vanishes

we find that n
nw;‘_l = ;1 = Q;w;).

Problem 6.3. Let Q(z) be a polynomial with real coefficients of degree d
< bgy1. Prove that the polynomial

Consider the real numbers b; < ...
d+1

fl@) =Y aiQ(z + by,

i=1

K with a; = H - b , is constant.

g i#§

Solution. Notice that a; is exactly the quantity which we denoted by 7—5
in this chapter Therefore taking the coefficient of z¢ in the L.LF. for the
polynomials z*, we find that in the notation of this problem

. (2 — wp-1).

d

ié.wz 0, k=0,1,...,d-1,
it 1, k=d

i=1 ? '

Let @(z) = cgz? + ... + co. Then
Qz+b:) = cabf + ga-1(@)f " + ... + qo(z),
,qo(z) are polynomials of degree at most d, which depend

where gq4—1(z), . ..
on Q(z) but not on b;. Hence
d+1

d+1 d+1

d+1
ZazQ z+b)—chalb + qa— 1(:1:)Zazbd o L Zal

Therefore using the summation formulas above, we get
d+1 '

ZaiQ(a: + bi) = 4.

i=1

Hence f(z) is constant, and in fact it is just the 29 coefficient of Q(z)
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Problem 6.4. Let op(21,...,%n) be the sum of all products of subsets of

size m of g1,...,Zn. Let m,k > 0 be any integers with m+k < n and let
z1,...,Zn be real numbers. Prove that
i .’I:,Ifam(xl, ey Tim1y Lidly - - - ,:cn) (—1)"" m+k=n-—1,

2

— 0 otherwise.
1=

|

Solution. We solve the problem by writing the L.LF for the polynomial
P(z) = z* at the points 1, ..., Zn, Which reads

Hj;éi (@i — )

K i (x—wl)-...-(a:—wi_l)(:n—:ciﬂ)-...-(:z:—xn) k
=2 I (i — 25) e

i=1

Considering the coefficient of z"~™=1 on both sides, we find that

no_k
(_1)mz $¢Um($1a-~-,$i—17$i+1,---,-’L‘n) _ 1, n-m-1=k
paaet Lz (z; — ;) 0, otherwise
This rearranges to give the desired formula.
Problem 6.5. Let a1,...,an be distinct real numbers. Consider arbitrary

real numbers b, ..., bn.

(i) Prove that if b; > 0, then there exists a polynomial P(z) with real coeffi-
cients of degree less than 2n that has no real roots and P(a;) = b;.

(ii) Prove that there exists a polynomial P(z) with real coefficients of degree
less than 2n that has only real roots and P(a;) = b;.

Solution. (i) One solution is to define Q;(z) as in the L.LF., and set

Po=3 (8) »

i=1

When we evaluate at © = a;, the only term for which Qi(a;) is nonzero is the
i-th term, and we see that P(a;) = b;. Clearly P(z) > 0 for all z since b; >0
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A second solution would be to let 0 < b < min {b1,-.-,bn}. Then we can
define the polynomial P(z) by

P(z)=b+ <g (mg:((:))f) |

It is clear that P(z) > b > 0 and the L.LF. gives P(a;) = bi.

(if) First, suppose none of the b; equal zero. We may assume a1 < ... < Gn.
Let I be the set of all indices i such that b;bi+1 > 0. For each ¢ € I choose
numbers ¢; and d; such that ¢; € (as, a;+1) and byd; < 0. Then use the L.I1F.
to construct a polynomial P(x) of degree at most n + |I| — 1 such that

P(ci) = di.

I bsbit1 < 0, then P(z) changes sign on the interval (@i, @it1) and if bibi41 > 0,
then P(z) changes sign on both of the intervals (ai,c;) and (ci,@i+1). Thus
P(xz) has n + |I| — 1 distinct real roots, hence it has only real roots.

For the general case, let J be the set of all indices for which b; = 0, and define

R(z) = H(m - a;).

ieJ

P(a;) = b;,

Since we want P(x) to vanish at the a;, we will look for a polynomial

. P(z) = R@)Q().

We see that we want

Q(ai)=R—?;5760fora.lli¢J.

" Thus we use the previous paragraph, to find a polynomial Q(z) of degree at
~ most 2(n ~ |J|) — 1 that has only real roots and satisfies

Qa;) =

bi .
e for all i ¢ J.

', Then we simply set P(z) = R(z)Q(z) to solve the problem.
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Problem 6.6. Prove that there exists a polynomial P such that for all
k=1,2,...,2019, P assumes the value k at exactly k different points.

Solution. Write

1009
P(z) = 2 + CR(z) + »_(a:z + b;) Ri(z)
i=1
with . ) R(z)

That is, R(i) = R'(3) = 0, R;(9) = R;() = 0, i # j. Moreover,
P(i) = 129 + (ias + bs) Ri(3),
P/ (i) = 2019i%°%8 4 (ia; + b;) Rj(3) + aiRi(%).
Now, we want to find a;, b; in such a way that
P(i)=2i, P'(i)=0
fori= 1, .., 1009. Solving for a; and b;, we first find that

2% — 7;2019

ta; + b; = _E/Xi)_’

and from this we get

2019¢20%8 + R}(3) (2557
Ri(3)
Note that because R;(i) # 0, this does define a;. Plugging back into the first

formula gives b;.
Now, choose the real number C large enough that

1 3 2017
P<§> ,P(-z—) ,...,P<T) > 2019.

a; = —
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Since lim P(z) = —oo0,
z——00

P(1)=2, P(3)=6,...,P(1009) = 2018,

we see that we must have a local maximum on each of the intervals (—oo, 1),
(1,2),...,(1008,1009). Call these z1,...,Z1009. Thus we have 2018 critical
points

T1 <1<z <2<... <1009 < 1009.

Since P(z) has degree 2019, these must be the only critical points, and since
the z; are all local maxima, it follows that 1,2,...,1009 are all local min-
ima. Therefore the polynomial P(z) is monotone on each interval (—oo, 1),
(z1,1),.--, (1009, +0c0). Since P(i) = 2i and P(z;) > 2019, we find that the
equation P(z) = k has exactly k distinct solutions for k = 1,2,...,2019. W
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Chapter 7

Newton’s Identities

Evaluate the sum

a(b—c)? b(c — a)? c(a — b)*

1 Problem 7.1. Let a,b,c be distinct real numbers with a + b+ ¢ = 2019.

T, = ar™ + bs™ + ct™.

T
“The current problem asks us to evaluate —3

ewton’s Identities give

= (a + b+ ¢)rst = 2019rst.

lence the desired the answer is just 2019.

roblem 7.2. Find all positive integers a, b, c such that

at bt ct

G-Da—0 G-0t-a  C=a@C=b

—a)e-0 T @-bt-0  t-0-a

Solution. Let r =b—¢, s=c—a, t = a — b and consider the sums

thlseasytoseethat mo=a+b+c—-2019 and 7 =0. Sincer+s+t =0,

z3 = (r+ 8+ t)zy — (rs+ st + tr)zy + rstzp

= 47.



432 Newton’s Identities

433

Solution. Consider the sums problem 7.3. Let «, y and 2 be distinct integers and n be a non-negative

integer. Prove that

- -

Tp=a"(b—c)+b*(c—a)+c"(a—b).
z" yn PaL
C—0-2  G-2-2) (z—2)(z —y)

Then we easily see that Ty = T3 = 0, and a short computation gives ‘ @

Ty =—(a=b)(b—c)(c—a). is an integer.

Letting p = a+ b+ ¢, ¢ = ab+ ac+ bc, and r = abe, we see that Newtop's

Identities give Kiirschdk Competition 1959

Tn+3 = pTnv2 — @Tny1 + 715, First Solution. Let

Therefore

2z —y) +y™(z —2) + 2y — z)
(@ —y)(y~2)(z — 2) '
We prove by induction that Py,(z,y, z) are polynomials in x,y, z with integer

coefficients for alln > 0. Ifn = Qorn = 1. we
. - ) get- Po x,Y,2) = P —
Assume that it is true for some 7 2 2. Then ( Yy ) l(:r; Y, Z) 0.

T3 =pTh = —(a+b+c)(a—Db)(b—c)(c—a) Po(z,y,2) =
and : '
Ty =pTs — qT; = p’Th — ¢ = (0" — QT

= —(a=bB)(b—)(c~a) (D a*+ 3 ab).

+1 __ n 1
- . Pri1(z,y,2) — 2Py (z, " zz™ oyt gym
Thus the requested condition, which says n(2,9, 2) @~y (z—2) @ -9 —2)
\ T4 A7 — z" — y'n
‘ “(e-B-olc—a) T—y

Therefore

simplifies to

2 2 2 — A
a® + b2+ +ab+ be+ ca = 4T. Pri1(2,9,2) = 2Po(,,2) + (@1 + 2" 2y 4 4yn T

Note that 2 and the conclusion foll inci
R+t Ptabtbetca> : (@+b+02 usion follows from the principle of mathematical induction. W

since this inequality rearranges to give the Cauchy-Schwartz inequality “Second Solution. Let

Y1
Pu(zyy,2) = =Y + ¥z~ 2) + 2"(y ~ 7)
(@ —y)(y - 2)(z - x) '
‘We prove by strong induction that P, (z i
» ¥, 2) are polynomials i i
: nteger coefficients for all n > 0. " : POVROTIES 0 4, 2 with
:Clearly, Py(z,y,2) = Pi(z,y, z) =0 and P3(z,y,z) = 1. Observe that

a® +b% + 2 > ab+ be+ ca.

Thus we have (a + b+ ¢)? < —1-%—1-, and hence a + b+ ¢ < 8. Since a, b, ¢ mus
be distinct integers that sum to at most 8, we find that up to symmetry the
must be (1,2,3), (1,2,4), (1,2,5), or (1,3,4). It is easy to check that onl
(1,2,5) is a solution. Thus there are six solutions (a,b,¢) = (1,2,5) and it

. (s n —
permutations. PE-2)(t-y)(t—-2) =" — (z+y+ 2 4 (zy + yz + 2) " — pyan,
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Hence if t = z,y, 2, we get
8 = (z 4y + 2)t"2 — (zy + yz + 22)" T + zyat™.
It follows that

Poys(®,9,2) = (& + ¥ + 2) Paga(e, 9, 2) — (@Y +y2z + 22) Pasa (2,9, 2)
+ 2yzPn(2,9, 2).

If we assume that for a fixed n > 0, the expressions Pn, Pri1, Pny2 are poly-
nomials, it follows that also Pny3 is a polynomial. It follows that Pu(z,y, 2)
are polynomials with integer coefficients for all n > 0. [ |

Problem 7.4. Find all positive integers n such that for all real numbers z,y, 2
with  +y+ 2 = 0 and zyz = 1, the expression Sp = 2" +y" + 2™ is constant.

Solution. By Newton’s Identities, we can write the power sums Sy, as poly-
nomials in the elementary symmetric polynomials

o1 =z +y+2z, o9 =2zy+yz+ 2z, and 03 = TYz.

Since o7 =0 and o3 = 1 are fixed, this means that Sy, will be a polynomial
in 09. Note that oo can take on infinitely many values. To prove this note
that the quadratic polynomial 2 4+ 2t + % has two real roots (which we can
make z,y, so that Vieta’s formulas will imply z+y+2z = 0 and zyz = 1) if it
has positive discriminant, that is, if 2% — % > 0. Thus we get infinitely many
triples (z,y,2) with +y +2=0and zyz =1 and for these we compute that
oy = —2° — % takes on infinitely many different values. In fact one can show

that oo can take on any value in (—oo, —-%] A

1This is equivalent to the fact that the polynomial 2% + o2z — 1 has only real roots for
such o2. As you have seen in chapter 4 of 117 Polynomial Problems, this is equivalent to

o3 |1 3
#=+3 <0 Therefore to o2 < —-i=.

For an alternative proof, without loss of generality, assume that z +y > 0.
Thenz:—z—y:;lg.
Thus —0z = 22+ oy +9? = (@+9)2 —2y = (@ +)’ + 745 = G+ + m T ) 2 T

That is, g2 < —%.
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Thus the problem just reduces to the question of when Sy, thought of as a
polynomial in o3, is a constant polynomial. Since we compute S, =01 =0,
So = a% — 209 = —209, and S3 = a:f — 30102 + 303 = 3, we see that n = 1,3
are examples. The following Lemma shows there are no other examples.
Lemma. For each d > 1, Soq is a polynomial of degree d in o2 with leading
coefficient of 2(—1)d and Saqi1 is a polynomial of degree d — 1 in o2 with
leading coeficient of (—1)4~1(2d + 1).

Proof. Since S2 = —209, S3 = 3 for d = 1, the statement holds true. Assume
that the statement holds for 1,2,...,d — 1. Since

Saq = —02524—2 + S2d-3,
Sog—s = (—1)*12d—-3)0d2 +... and Sp2= 2(—-1)4ted 4.,
we find that Sgq = 2(—1)%% + . ... Analogously, since
Sod+1 = —02824—1 + Sad—2,

we find that Spqy1 = (—1)41(2d + 1)0‘21_1 + ..., and we are done. Q

Problem 7.5. Let

T1+ 2o+ 23+ x4 = Y1+ Y2+ Y3 + Ya,
o} + a5 +2f +2f =i +9d + o3 +ud,
o3+ 75+ ad +2f = v} + 3 +9d +ud.
Prove that

(z1 — y2) (=1 — 3)(z1 — ya) = (1 — 2) (Y1 — 23) (Y1 — T4).

Solution. Let P(z) = (z — z1)(z — z2)(x — z3)}(z — z4) and
Q(z) = (z — y1)(z — v2)(z — 43)(z — ya)-
If 21 = y1, then we get

x%+w3+z4=y2+y3+y4,
%+%+ﬁ=ﬁ+ﬁ+%
z3+ 23+ 25 =3+l +uj
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From the first two equations, we find that

.-

ToT3 + T3T4 + TaTq = Y2U3 + Y3Y4 + Yoya.

Hence from this and the third equation, we obtain

X2X3T4 = Y2Y3Ys-

Therefore all the coefficients of polynomials (z — z2)(z — z3)(z — z4) and
(z — y2)(z — y3)(z — ya) are equal. So

S(z) = (z — 2)(z — z3)(z — z4) = (z — y2)(z — y3) (= — y4)

for all z. Hence

S(z1) = (z1 — y2) (@1 — v3) (=1 — ya) = S(y1) = (y1 — z2) (Y1 — z3) (31 — T4).

Now, without loss of generality, assume that {z1, 2, 23,24} # {¥1, ¥2,¥3, ya}.
From the first two identities, we get

> mEm= Dy
1<i<j<4 1<i<j<4
This and the third identity yield
o mmme= D vy
1<i<i<k<d 1<i<j<k<4

Thus
P(z) — Q(z) = 12223%4 — Y1Y2Y3Y4-

Substituting z = 1, = y1, we find that

—Q(z1) = P(z1) — Q(z1) = 717223T4 — Y1Y2Y3Y4,

and
P(y1) = P(y1) — Q(y1) = 12223T4 — Y192Y3Y4. ,

, »
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Since 1 — y1 # 0, we get

(01— va)(o1 = )1 ) = — ) . TNETA - B

y1—x1 Y1 — 1
and
(1 — 22) (1 — 23) (41 — z4) = Plu) — %234 7 ViWaysta
Yy1— 21 Y1 — 1
Therefore
(#1 = y2) (71— y3)(21 — ya) = (y1 — 22) (y1 — 3) (Y1 — 24)
and we are done. |

Problem 7.6. Show that there is a positive integer k with the following prop-
erty: if a,b, ¢, d, f are integers and m is a divisor of a® + b + ¢ — d" — " — f"
for all integers n =1,2,...,k then m is a divisor of

a"+ b+ —dh —e" —
for all positive integers n.
Solution. We claim that k£ = 6 works. Let us define

Th=ad"+bt"+c"—dt—e® — f"
and
(z—-a)(z-b)(z-c)(z—d)(z—e)(z—f) =2 — 012 +... + 6.
Then Newton’s Identities read
Tove = 01Tn45 — 09Ty + ... — 06Ty,

Hence if m divides T3, Ty, ..., Ts, then m divides T}, for all positive integer
n
. | |
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Problem 7.7. Let a1, ...,a, be distinct real numbers such that no subse of . Solution. Since Sp = Sk41 = -++ = Sptk—1 = 0, by Newton’s Identities we
them sums to zero. Solve following system of equations: ’ . pave Sm > 0 for all m > k. Now, define ¢; = zzl“ . Denote by S}, the sum of
a1%1 + agza + . .. + ann =0, - the M~ th powerslof t1,...,tn. Since this gives S';n' = Skm, we conclude that
a17? + aggd + ...+ anzZ = 0, gl =8 =...= Sy =0. Thus by Example 7.19 (with a = 0) or the previous

problemm (with a1 = -+« = an = 1), we conclude that ¢i,...,t, are all zero,
alw?+a2$3—|;...+anxﬁ=0. hence 21 = ... = 20 = 0. n
Problem 7.9. Prove that for any z1,29,...,2, € C there exists a positive

Solution. Let P(.’E) = (.’E - :L'l) et (:L‘ - .’rn) = g" - 0‘1(1271'—1 +...4+ (—l)no'n integer k < 2n+ 1 such that

Now, multiply the [-th equation by (=) lop forl =1,...,n — 1. Addin
all of these and the n-th equation, we find that

n n—1 n
Z axTh + Z(——l)"‘lan_l Z axzh = 0.
k=1 =1 k=1

Re(zF + 2k +...+ 285 >0.

Solution. Let 2n41 =71, ..., 200 = Z and let
I Plz)=(@x—2) ... (z —20n) = 2" — 01z 1 + ... + 0op.
ote tha
xp — 01:1:’,:‘1 +.o (=)o, =0.

Multiplying this equation by ax and summing all n such equations, we get

n n—1 n n
. Z arTy + Z(-—l)n_lan_l z akxfc + (_1)n+10_n Z ar = 0.
’ k=1 =1 k=1 k=1

Comparing these we see that

n
,S’k=z’f+z’rj+...+z§n=2(zf+2f> =2Re(z{°+z’2c+...+zﬁ).
j=1

i Now, we must prove that there is a positive integer k¥ < 2n + 1 such that.
S > 0. We will do this by assuming that Sy < 0 foreach 1 <k <2n+1 and

proving that this implies Son+1 > 0. By Newton'’s Identities, we have
an(a1+a2+...+an)=0- .
. ' ; Sy =018r-1 —02Sr—2+ ...+ (__1)'r+11,0_r,
Since the sum of the ax is nonzero, we see that op = 2122+ Tn = 0, and hence;

at least one of 1, ..., &n is zero. Plugging this in, we reduce to an analogouss
problem in one few variables. 4
Hence we can repeat the argument above. Iterating this (or writing down a;

forall 7 = 1,2,...,2n. Since we assumed Sy < O foreach 1 <k < 2n+1, an

easy induction shows that g1,03,... <0 and 09,04, ... > 0. However, we then
compute that

more formal induction), we get 1 =...=2zn =0. Somp1 = 0182m — T2Sam_1 + .. — S109m > 0,
Problem 7.8. Let z, ..., 2, be complex numbers and &k be a positive integ since every term on the right-hand side is positive. ]
such that !
k k k1 k+l ktn—1 ktn—1 _ Problem 7.10. Let a,b,c be complex numbers and let S, = a® + " + c*
=Ttz =L =2 +...42 =0. e n c.
1 n = 21 n 1 n Assume that Sy, S, S3 are integers and 557 — 352 — 253 is divisible by 6. Prove
Prove that 21 = ... =2, =0. at Sy, is an integer for each n.
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Solution. Since 551 — 35, — 293 is divisible by 6, we find that S; — 8 ig In particular for k=1, we get
divisible by 2 and 1 — S3 is divisible by 3. It follows that S? — Sz is divisible q P P
by 2 and Si‘ — S5 is divisible by 3. Hence o9 = %(S’f — ) is an integer. Since T = pz b; + ¢ Z a;i=q Z a; =0 (mod p).
we compute ' i=1 i=1 i=1
1 1 ence
03 = 5(S3 — 5152+ 0251) = 5 (Ss — 51(5F — 202) + 0251) B »
1 13 Zai =0 (mod p).
= 5(53 - 5:13 + 30951) = 5(53 - S?) + 09851, i=1
gimilarly for k = 2,
we see that o3 is an integer. Since 01, 072,03 are integers, Newton’s Identities o . » . »
imply that Sy, is an integer for all n. u ‘ Z (ai + b;)? = qz aZ+2 (Z bi> (Z ai) +pZ b =g Zaf (mod p).
: i=1 i=1 i=1 =1 =1
Problem 7.11. Let p and ¢ be prime numbers and let ay,...,ap, b, .. «» by ' Thus ' ' '
be integers such that a;+ b; form a complete residue system modulo q. Prove ‘ p
that ai,...,a, form a complete residue system modulo p. E a2=0 (mod p).
i=1
Solution. Define Sy = 1% + ...+ (p — 1)* and recall from the chapter that ~Continuing with this argument for m = 3,...,p — 2, we find that
Sy =0 (mod p) for k=1,...,p—2 and Sp—1 = —1 (mod p). We will prove D
that among ay,...,ap 'shere is a multiple of p. Note that if we replace a; by Z (@i +b;)"=gq Z a* =0 (mod p).
a; = a; - k for all i=1,...,p, then the numbers a;+b; = az +b; —k also fon;; i=1
a complete residue system modulo pg. Thus one of the a} is a multiple of ence )
and hence one of the a; is congruent to k (mod p). Thus we will have proved m
that ay,...,ap is a complete residue system modulo p. Za" =0 (modp), form=1,...,p~2.
Consider the sums . . . )
P q oing the argument one more time gives
Tk = Z Z(az -+ bj)k.
S @b =gY =g (mody)
Since the a;+b; form a complete residue system modulo pg, we see that a;+ P
takes on every value modulo p exactly ¢ times. Thus and hence that
p
- _J0, ifk=1,...,p—2 @ '=_1 (mod
Ty =qSk = {_q, if k=p-1 (mod p). ; i ( p)-
We can also expand using the binomial theorem to get ince Fermat’s little theorem says that if a is not a multiple of p, then
=1 (mod p),
n=3 (D Sayy . N
— = =t e conclude that there is exactly one a; which is a multiple of p. | |
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Problem 7.12. Let (as) and (b,) be two sequences such that

.‘ 40,1 - 2b1 = 7,
An+1 = a% — 2b,
bn+1 = b% - 2Cl,n.

Find the value of 25%%a;¢ — bio.

Belarusian Mathematical Olympiaq

Solution. Let
P(z) = (z— z1)(z — z2)(z — 23) = ® — ayz? + bz — L.
If we look at

problem 8.1. Suppose that
P(z)P(-z) = (z? - 2)(z? - 22)(z? - 22) = Q(z?), i Proble ) s

(:::2 —z+ 1)3(11:3 +4z? + 4z + 1)5 = ag 22 + a0z + ... + ag.

then we find
hat is the value of a1 + ... 4+ a1o?

Q@) = 2° — (] — 2b1)a? + (B —2m)e — 1 = 2° —apz” + bpz — L.
iSolution. Putting P (z) = (z® — z + 1)3(2® + 42? + 4z + 1)°, it is easy to

Since, the roots of Q(z) are 27,22, 23, we have &
‘ T deduce that 2P (1) = P (z), therefore ag; = ap = 1,a20 = a1,.... Thus

| a2=a%——2bl=z%+zg+z§

1 1
and ay+ oo+ 010 = 5 (a0 + -+ + a2~ 2a0) = 5 (P (1) — 2P(0)) = 49999. W
by = b2 —2a; = 2322 + 2225 + 2222, \

Iterating this roblem 8.2. Let P(z) be an irreducible monic polynomial with rational

- n— n—1 H
ap = 22 TP e S oefficients. Assume that P(z) has two roots whose product is equal to 1.
gnol gnel  gn—1 gn-1 gn1 gn—1 rove that the degree of the polynomial is even.

b =27 25 +25 23 +2z3 2
From the first criterion, we obtain that P(2) = 0. Hence 21 = 2 and 2923 = 1
Therefore

olution. Assume that P(z) = 2%+ ag-12% +...+ao. Suppose that r and
iare roots such that rs = 1. Let Q(z) = g5 - @%P (3). If r is a root of P(z),
?en 1 = sisaroot of Q(z). Hence P(z) and Q(z) have a common root (i.e.,
"= 3). Since P(z) is irreducible and monic, it is the minimal polynomial of
¢ Thus P(z) divides Q(z). Since P(z) and Q(z) are monic polynomials of
he same degree, this implies P(z) = Q(z). Hence if r is root of P(z), then

a10 = 9% t zgg + z§9, bio = 272 4 229(z§9 + zgg).

That is, 2512a10 — b= 2210 - 2'—29.
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1 is also a root. Since P(z) is irreducible (and at least quadratic since it hag
two rogts), &1 cannot be roots of P(z). Therefore we can partition the roots
of P(z) into pairs {'r, %} Hence the degree of the polynomial is even. [}

Problem 8.3. Consider a third degree polynomial. We are allowed to per-
form the following two operations arbitrarily many times:

(i) reverse the order of its coefficients including zeroes (for instance, from the
polynomial 23 — 222 — 3 we can obtain —32% -2z +1);

(ii) change polynomial P(z) to the polynomial P(z + 1). b

Is it possible to obtain the polynomial z® — 322 + 3z — 3 from the polynomia] :
3
z° —2? :

Alezander Golovanoy

First Solution. Note that the polynomial z3 — 2 is irreducible and has only
one real root. The two transformations clearly preserve this property. Thus it "
suffices to track where the real root has moved to. If r is a root of P(z), then .
the ﬁ‘rst operation produces a polynomial with % as a root, and the second
one gives a polynomial with » —1 as a root. Since the real root of the original .
polynomial is ¥/2 and that of desired ending polynomial is 1+ /2, the problem -
reduces to the question whether it is possible to obtain 1 + ¥2 from ¥2 by
operations x — % and z —» z—1. If it is, then we can apply one more operation
£+~ = — 1 to get back to /2. Thus there is a sequence of moves ending with
a z + z — 1 taking ¥/2 to itself. Looking at the inverse moves, we see that we
can go from /2 to itself after a sequence of operations z +— z+1 and z +— %
starting with an z — z + 1. An easy induction shows that the composition o
such operations leads to z > ‘c‘m”—_‘*_"g, where q, b, ¢,d are non-negative integer
with ad — be = 1. Further each operation z — z -+ 1 increases a -+ b+ c+d and
the other operation preserves this sum. Thus +/2 must be a root of z = %’_f_‘ﬁ
where a + b+ ¢+ d > 3. If we clear denominators, we will get a quadrati
polynomial with z as a root and we cannot get the zero polynomial (since thi
occurs only for (a,b,¢,d) = (1,0,0,1) which has a +b+c+d < 3). However:
the minimal polynomial of ¥/2 is of degree 3, so this is a contradiction.
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Second Solution. The original polynomial has one real and two conjugate
complex roots. We have seen that under the two operations these roots are
gubject to transformations z — x — 1, z — -91;

The imaginary roots of 23 — 2 have negative real parts, and this property is
preserved under the above transformations. But the desired polynomial has
two imaginary roots with positive real parts. Thus we cannot reach it. -]

Third Solution. For P(z) = az®+bz?+cz+d, we define R(P(z)) = 3ad~—bc.

| The first operation transforms P(z) into 2°P (L) = dz® + cz? + bz + a, hence

R(P(z)) doesn’t change. The second transformation, transforms P(z) into
Pz+1)=az®+ (b+3a)z> +(c+3a+2b)z+ (d+a+b+0).

Hence the value of R(P(z + 1)) is

3(d+a+b+c)a—(b+3a)(c+3a+2b) = R(P(z)) - 2 (b* + 3ab + 3a%)..

gince b2 +3ab+3a? > 0, we find that R(P(z+1)) < R(P(z)). Thus the above
process cannot increase R(P(z)).

On the other hand R(2® —2) = —6, R(z3 — 32%+ 3z —3) = 0. Thus we cannot
get from 2% — 2 to 23 — 32% + 3z — 3. n

Problem 8.4. Let 21,0y 2n be nonreal 2n + 1-th roots of unity. Prove that

A\

A .
Zl F=on+1.
1 + 25
Solution. Since Zx = 51;, we find that
l-z; l=5  z-1

L+zr l+zx  ze(l+z)

2n _ 2n
Zl“_zk _ Z_Z_fs:_l__
= 14 2 = 2(1 + 2z)
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Observe that 21, ...,22, can be partitioned into the sets
.. 1
{zk,— }, k=1,...,n.
2
Therefore

2n

Z zp— 1 _i zg—1 + Zlk
— 25(1 + ) 2k(1+ 2x) ;1;%+1)

zg—1 +zk—z,%>
2k 1+Zk) 14 2

k=1

k=1 k=1
1 2n
= 9n — 2+ — 1 =2n— 2k
X (wea) =X

Since ‘the sum of all the 2n + 1-th roots of unity is zero, we get Z 2z =

Hence the sum is 2n + 1.

Problem 8.5. Prove that for any integer a the polynomial 3z%" + az™ +2i

not divisible by 2z2™ + az™ + 3.

Moscow Mathematical Olympiad 195?%

Solution. Let o1 and o be the two roots of 222 + ax + 3, which are

Q1,09 = -

—a+Va?—24
4 ’

(
—1+zk+z,’g’—z,§> =i((1—zk)(z£—l)
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Then the roots g(x) are m-th roots of ; and ag and similarly the roots of
f(:z,') are the n-th roots of 5 and S,.

Assume on the contrary, that g(z) = 22%™ + az™ + 3 divides
f(z) = 32®™ + az™ + 2.

Then every root of g(z) is also a root of f(z). Let z) and z5 be roots of g(z)
with z7* = oy and zJ* = ap. We have two cases.

() a?—24 > 0. In this case |y | # |az|, therefore |z1|™ # |z2|™ and hence one of
g1 and z2 is an n-th root of B; and the other is an n-th root of 82. On one hand

' 2
|z122| = VB1B2 = '\'/; < 1 and on the other |z122| = ®/ona; = "\‘/g> 1,a

! contradiction.

. 3 2

| Therefore on one hand |z1| = 2'(/% > 1 and on the other |z1| = 2'\'/2 <l,a

contradiction.

Problem 8.6. Assume that o209 4 42005 can be expressed as a polynomial

in @+ B and af. Find the sum of the coefficients of the polynomial.

China Western Mathematical Olympiad 2005
AN

First Solution. Let '
2005 i

2005 4 52005 _ Z Z aij(a+ ﬂ)i‘j(aﬂ)j .

i=0 j=0

1 In order to find the sum of the coefficients of the polynomial on the right-hand
"side we set @+ 8 =1 and a8 = 1. Let Sy = of + 8. It follows that the sum

f the coeflicients is Sagp5. Since

(a+B)(@* !+ 851y = (o + BF) + aB(a*~2 + F2),

and let 8; and B9 be the two roots of 322 4+ az + 2, which are

’ "
81, B —a++a?-24 e B
L= ————F "
6

Sk-1= Sk + Sk—2 = Sk = Sg—1 — Sg—2.
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Hence

8, = Sp_1 — Sk—z = (Sk—2 — Sk—3) — Sk—2 = —5k-3
= S5 — Sk—a = S5 — (Sk—5 — Sk—6) = Sk—s-

So {Sk}k>1 is a periodic sequence with period 6 and we get S2005 = S1 = 1.1
Second Solution. Set o+ =1 and of = 1 and let Sy = o* + B*. Then the
sum of the coefficients is Sopps. Since o and B are solutions of the equation

2?2 — £+ 1 =0, we have

T, .. T T .. T
a=cos— +isin—, [ =cos- —ising.

3 3 3 3
Hence ‘
bygt = (costisint) T _isin )"
o+ B¢ = (cos3+zsm3) —i-(cos3 {sin 3)
= kw—l—'s'nk—w + cosE’II—'isinlc-I
= |\cos3 isin = 3 3
km
= 2c0s —.
. cos 3
If k = 2005, we get Saoos = 1. |

Problem 8.7. Determine all polynomials with non-negative real coefficients i

satisfying the following conditions:

»(0) =0,

where |2| is the modulus of the complex number z = & -+ iy.

p(l2]) < zt+yt VzeC,

Spanish Mathematical Olympiad 1982

Solution. Asp(0) = 0, we can write p(z) = a2 +an_12" .. Aag2?+a12
where a; > 0 for all i = 1,2,...,n. We have

p(\/x2+y2) <zt 4+t

Vz,y € R. (8.1‘)}
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getting ¥ = 0 and 2 > 0, we get anz™ + 12" " +... + a1z < zd, ie.,

B a
anm"4+...+(15$+a4+—§+2+ﬂ§1- (8.2)
z z2 28

If one of a1,as,ag is different from zero, then lim p_(_@ = 400, which con-

) z0t+ T4
tradicts (8.2). So ELI): as = a3 = 0. Also, a5 = ag = ... = ap, = 0, because
. . plx . . .
otherwise mll;r-;l-loo_mT = =00, which again contradicts (8.2). So (8.2) gives

a4 < 1. Hence p(z) = az*, where a > 0. Now, (8.1) gives

a(z®+9y?) <2t +y*  VryeR

Setting =y = 1, we get 4a < 2 and hence a < % For a = %, the desired in-
equality factors as 3 (z2—y?)% > 0, hence it is true. This implies the inequality

for all a < 3. Thus the examples are p(z) = aztfor0<a <. [ |

Problem 8.8. Let m be a positive integer and

6m—1 .
P(z) = Z z2 =w+x2+...+m26m~1,
k=0

Q(Q’,‘) —_1'\ $22m+1_2 + x22m_1 + 1

- Prove that P(z) is divisible by Q(z).

x3(22m+1 _1) —

Solution. Writing Q(z) = T we see that the roots of Q(z) are

-the 3(22m+1 — 1)-th roots of unity which are not (22™*1 —1)-th roots of unity.
"To show that Q(z) divides P(z) it suffices to show these are all roots of P(z).

‘Let o be a root of Q(z), then w = a?™=1 £ 1 is a primitive cube root of
: unity. Hence if k is not a multiple of 3, we have

1_w3k

+w T F

=0.
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Then we compute 1 Problem 8.10. (a) Prove that there exists a polynomial P with integer coef-
. 2m-1 ficients of degree 502 such that
Pla) = Z (e + o a23+4m)
2:_"1 14z + 28+ 2% + ...+ 22% = P(g)P(—z)P(iz)P(~iz) Vz € C.
— Z O{2j<1 + azi(zzm—n + o? (24m—1))
j=0 (b) Prove that if ag, a1, ...,an € C, a, # 0, then there exists a polynomial Q
2m—1 : i
) . - with complex coefficients of degree n such that
_ Z o (1+w? + W2 (2 +1)).
3=0

4 8 4 , .
Now note that 2™ + 1= 2 (mod 3), so we can write this as g+ 013" + 622" + ... + anz™ = Q(z)Q(~2)Q(iz)Q(—iz) vz € C.

2m—1 ¥
Plo) = Y 2 220y AR .
(a) j;) o (14w +w™), o { Marcel Tena - Nicolae Teodorescu Competition 2008
and every term vanishes by the remark above. Therefore P(a) = 0. [ ] E

/i Solution. (a) The polynomial

Problem 8.9. Let n, k be positive integers with ¥ < n and let a be a real
number with |a| < 1.

Prove that all the roots of polynomial ™ + az™* + az* + 1 are on the unit
circle.

$503+1
P(.’I:)=—m=1—m+z2—x3+...+x502

" has integer coefficients and satisfies the given condition. Indeed,
Solution. Let r be any root of polynomial z™ -+ az™* 4+ azk + 1. '
Then —r"*(rk + ) =1 + ark.

' 503 503 ;503 . 503
P(¢)P(~2)P(ic)P(—iz) = &1 28 " +1 o +1 w7+ 1

If ¥ = —a, then o = 1 and we are done. Otherwise, C— -

X z+1 —z+1 iz+1 —iz 41

|7'|""k _ ar®+1 . _ (1 _ x1006)(1 + xlOOG) _ 1 — 2012
Tk + o T (-2 +2?) 01—zt
Then we compute that =1+t 428 4., + %08,
k
lr|2'n.——2k -1 = (1 - a2)(1 — !7"2 ) .
|k + a|2 (b) Let f(z) = ap + a1z + agz? + ... + apz™

Then f(z*) = ag + a1z* + aga® + ... + a 2™

We can write f(z) = an(z— 1) (z —22) ...  (x —=,), where £1,%2,...,%, € C
are the roots of f(z).

If {r| > 1, then the left-hand side is positive and the right-hand side is non-"
positive, and if |r| < 1, then the left-hand side is negative and the right-hand

side is non-negative. Both are contradictions. Hence |r| = 1.
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Choose y1,Y2,---,Yn € C such that yﬁ =g, fork=1,2,...,n. Then ‘; Putting z =7, We find that
T n
d—2
f@*) = a z* — vy ‘ L d42 d ,
n ,!;[1( k) K 0= aqgr — kagr +1 + Z (ai _ kai+1 _ ai+2)rl+2 _ ao(l + k?").
n i=0 i
= an H(m — ye)(z + yi) (& — ) (& + iYk) ince 12 = kr + 1, we have agr®t? — kagr®*! = agrd, —ao(1 + kr) = —agr?,
n which gives
= an [J@@ - ye) (= (—z — yw)) i~z — yi)) (—i(iz — yk)) 42
k=1 )
. . . n 0= —aoT2 + Z (ai — kaiy1 — ai+2)7"+2 + adrd.
= (- [J@@—w) [ (-2 —w) I (~iz — we) T] Gz — ). =0
k=1 k=1 k=1 . k=1 Thus
' d-2
Choose A € C such that X\* = (—1)"a, and define ,
ap = Z (a5 — kaip1 — aip2)rt +agr® 2.
n i=0
Qz) = A l!ji(m = Yk)- By the Triangle Inequality,
Then ao+a12% +agz® +.. . +anz®™ = Q(z)Q(—=z)Q(iz)Q(—iz), as we wante iol 22 ,
t0 prove. N |ao| < lad] 17‘ l + Z la; — kait1 — aivo| - |"'1] '
‘ =0
Problem 8.11. Let d be an integer greater than 1 and let ag,a1...,aq be: Since |r| < 1, we get
real numbers with a1 = ag—1 = 0. Prove that for any real number k, ‘ ‘
d—2 \ d—2
d—2 ’ d—2‘ ;
agl |77 + a; — kaiy1 — Giva| - |7° ; — kagp1 — a;
o] — ] < S los — hasrs — sl jaa] Z%' i — kases — aive| - fr'] < Jaal + 2_% |as — kase1 — aial.
=0 =
, . . itk d—2
Canadian Mathematical Olympiad 20193
P [ hus |ao| < lag| + Z la; — kai+1 — ai+al. |
=0

Solution. Let Q(z) = 22 —kz —1 and P(z) = agz®+ -+ - +ag. Note that the
absolute value of the product of roots of @(z) is 1. Thus Q(z) has a root

roblem 8.12. Let (a b |
b e o e, | (an)nen be a sequence of real numbers defined by

d—2 ] an41 = a,g — 3@% +3
Q(z)P(z) = agz®? — kaga™ + )  (ai — kaiv1 — ai+2)z'? — ao(1 + ke)
iz__.; ' or all n > 0. For how many values of ap do we have ago17 = ao?
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Solution. Let P(z) = z3 — 322 + 3. Rewrite the sequence in the form

- .

an+1 = P(an).

Note that P(z) —z =2% — 322 -2+ 3 = (z - 3)(z2 - 1).

It is obvious that if ay > 3 for some k, then agt; > ar > 3 and if g < —1
for some k, then axy; < ar < —1. Thus, if we have ax17 = ag, then we must
have —1 < ag < 3, implying that —2 < ag — 1 < 2 or equivalently |ag—1]| < 2.
Thus we can write ag = 1 4+ w + %, with w = cos a + isin @. Thus

1
al=a8-3a%+3=(a0—1)3—3(a0—1)+1=1+w3+;§.

32017

Iterating this we get agg17 = 1+w + w—sylgn Note that ag = 1+ 2cos a and

ag017 = 1 + 2c08 3% . If age17 = ag, then cosa = cos 320174, That is,

2m 2m
OZE{O ..,F}U{O,W,...,TF}.

132017 _ 1"
Since ged (32017 — 1, 32017 4 1) = 2, the only overlap between these two lists is
the common first and last elements. Therefore we have 32017 values for o. W

A

Problem 8.13. Let 'd > 3 be an odd number, let 7 > 0 be a real number and
let ai,...,a4—1 be complex numbers. The polynomial

P() =244 a1z + ... +ag12—1
has roots r1,...,7q such that |r;} =7 for j = 1,...,d. Prove that
Im('rj +7r 71T ’I"d) =0

for each j. Moreover, prove that Im(ay) = Im(ag—x) for each k.

Solution. Since d is an odd integer; by Vieta’s Formulas, we have
1. g =1

On the other hand, |r1-... 74| = r% =1, Hence r = 1, which gives ;= %

1
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Now, it is easy to deduce that

1
'r'j+7"1-...-'r'j_lrj+1~...-rd=rj+r— =T +'17=2Re(rj) €R.
J
Moreover, since |rj| = 1, we have Re(r;) € [~1,1].
Hence 7; + 75 € [—2,2]. Furthermore, letting i; < ... < i be the k indices
pot included among ji < ... < jy—g, we compute

ag = (—l)d_k Z LR & P
1<h1<..<Jda—k<d
1
= (-p¥*F Y —=
1<y <<k <d Tip t e T
= (D N mT
1<i1<...<ix<d
= (D)%% = -a
Hence Im(ag) = Im(ag—g)- [ ]
Problem 8.14. Let n > 3 be an integer. Do there exist positive real numbers
a1,02, a3, - - . @y such that for any k = 1,2,...,n every root of the polynomial
ak+n_1z;”_1 + ...+ ag1% + ax (where aj4np = a; for all i = 1,2,...,n — 1)

satisfles the inequality |Im 2| < |Re 2|?
Chinese Team Selection Test 2003

Solution. The a.nswerlis no. Assume there exists ai,as,as,...,a, such that
polynomial ax4n-12"7" + ... + @412 + a has roots zy,. .., 2z,—1 satisfying

Im 2| < |Re z| for all j =1,2,...,n — 1. Then we have

z;z = (Re z; +i Im 2;)? = (Re 2;)? - (Im )%+ 2(Re z;)(Im z;) - i.

:‘ri Thus Re z]2 = (Re 2;)? — (Im 2;)? > 0. We have

Re(z? +...+ 22 )= Re(22) + Re(22) +...+ Re(z2_;) > 0.
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Note that since n 2> 3, and apply the triangle inequality to get

- _ Gk4n—2 _ Ok+n-3 |a1| |aa| lag] 1 1 1
21+...+ 21 =——— and Z Zjzy = ——, Iri] < +...+-¥d—-<7' e T = )
Oktn—1 1<i<j<n—1 Fhe+n—1 Sl e Irsld = \lrel * Iref? Irs|
1— 1
yielding the equality =1 e T
il =1~ |ri| =1
2 2 — 2 _ o
A4tz = (At +2m) -2 Z Zi%j This rearranges to the desired inequality. [
1<i<j<n—1
2
— Gktn—2" 20k +n—1 - Oktn— 3 . problem 8.16. Let a and b be two positive integers. Prove that
Ofpn1

2(a? = ab+b%) | (a — ) +a”" +b7".
Since the preceding value is real, we find that it is nonnegative. Thus

) . Gazeta Matematicd
Al yp—2 — 2ak4n—1 * Ck+n—3

2 O. . n n n
First Solution. Let P(z) = % ((z —~ b)? + 22" + b2 ) Note that since all

the binomial coefficients (% ) with k # 0,2 are even integers P(z) is a
g polynomial with 1nteger coefficients. Let & be a root of €2 — ¢ + 1 =0, and
. recall that since 1 +¢&3 = (1 +¢)(e? — £ + 1) = 0, this implies ¢ = —1. Then

2
Qtn-1

We get ak+n_ —2ak4n—1°Ak+n-3 = 0. As k varies over 1,...,n, i=k+n-2 .
interpreted cyclically also varies over 1,...,n. o
Thus we find that for all j = 1,2,...,n the inequality a —2a;_1aj41 > 0is
true. Now, let a; = min{ai, as,a3,. an} Then Pleb) = bgn(l e (1 7).
2 2 2

@5 — 20-10641 < G5 — 20, as = —as <0, Note that 1 — ¢ = —&2, which implies that
contradiction. n "\ 3.0m

1+ +(1-e) =14+ =-E—2,1—*1=0.
Problem 8.15. Let P(z) = 2% 4+a12% +as2%72+. ..+ a4 be a polynomial e =1
with complex coefficients. Consider 7 = max {la1l,...,laq|}. Prove that fo

each of its roots r; we have |r;j(|r;| — 1) <.

'Thus P(eb) = 0, which gives P(€b) = 0. Hence

(z —eb)(z —Eb) =22 — (e +E)br + b? =22 — bz + b°
Marcel Chi .
- divides P(x). Thus we can write
Solution. If |r;| < 1, then the inequality is easy since |rg|(|ri| = 1) <0 <7 | VY NN R 9
Assume |r;| > 1. Rewrite the equation that r; is a root of P(z) as 2P(z) = (z—b)" +z” +b° =2(z" — bz +b7)Q(z)
or some polynomial Q(z) with integer coefficients.

g=i 22 2 +. 42 - ence 2(a? — ab + b?) divides (a — b)?" +a®" +b?". |

T ’l”Z ,L
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Second Solution. Let
P()=(z—a+b)(z+a)(z - b) =2z® - (a® + b — ab)z + abla — b).

Define S, = 3 ((a = b)"* + (—a)" + b*). Then $1 = 0, S2 = a® + b® — ab, and
Sy = Mg:ﬁ are all integers (in the case of Ss, since at least one of a, b, and
b — a must be even). Since Newton’s Identities give

Spt3 = (a2 +b° - ab)Sp41 — ab(a — b)Sp,
we see that 9, is an integer for all n > 1. We also see that
Sni3 = —ab(a — b)S, (mod a? + b? — ab).
Since S; = So =0 (mod a? + b* — ab), we conclude that
Sn, =0 (mod a? + b* — ab)
for all n which are not multiples of 3. In particular,

Son =0 (mod a? 4 b% — ab),

which gives the desired result. LI

Problem 8.17. Let P(z) be a polynomial with integer coefficients and let

w be a complex number such that [w| = 1. Let P(w) = ¢, where c is a real
number. Prove that there exists a polynomial Q(z) with integer coefficients

such that

c=Q<w+—1—>.
w

Solution. Let P(z) = agx®+...+ao. Note that P(@) = P(w) = € = c. Since

o= l, we get P(w) = adw_d+ R ag. Thus

w
.~ wPW)-@P@) _ Zd: o whtl — k-1
w—w = w—w1!
d
= Zak (wk+wk_2+...+w_k> .

k=0

. Then there are ¢; = +1 such that

Proof. We prove this by induction on d, For 4

’ itional Probl
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Recall from Example 1.7, that there are

fcients such that polynomials T (z) with integer coef-

1
Telz+~) o &, 1
’f( m) A

z*
Thus we find that
d
A= 30k (4(e) 4y .
k=0
is a polynomial such that ¢ = Q (w + l) . -
w

Problem 8.18. Let z be a complex numper
of
exists a polynomial of degree d such thay modulus 1. Prove that there

and |P(2)] < 4 all of its coefficients are +1 or —1

Komal

First Solution. We must prove that there are ;
T

d
P

=0

= +1 such that

<4

' This will follow quickly from the following lemma,

Lemma. Let 21,..., 24 be complex Numbers lying on or inside the unit circle.

d
E :Eizi

i=0

<Va.

=1, notice that

2
|21 — 20| +|Z1+zo|2=2|zl|2+2lz0|2 <4

So either |21 — zo| < V2 or |21 + 20] < /3,
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Now assume d > 2. Look at all the lines Oz; through the origin and one of-

the d + 1, points 2q,...,2q. Since d + 1 > 3, there are two of these lines that
make an angle of at most § at O. Assume without loss that these are the lineg
Oz4-1 and Ozy. Replacing 24 with —zg if necessary, we may further assume
that the angle £2z4_10zq is at most §. Now, consider the triangle with verticeg
O, 24-1,2q- Since ZLzq—10z4 cannot be the largest angle of this triangle, we
have

lz4-1 — 24| < max {|zg-1], |2al} < 1.

Thus 20, . . . , Zd—2, 2d—1 — Z4 are d points inside or on the unit circle. Hence by
the inductive hypothesis there are ; = %1 such that .

d—2

Z €42 T €4—12d-1 — €d—12d <V2,

i=1
and defining €4 = —e4—1 completes the induction. Q.
Appling the Lemma, to the numbers 1, 2,..., 2%, shows there are &; = %1 such

that

d
Z eizi < V2.

7=0

Second Solution. Since we can replace P(z) by P(—z), we may assume tha
Re(z) < 0. Consider P(2) =1+ 2z +...+ 2% Since

|1—z|2= 1+|z[2—2Re(z) > 1+lz|2 =2,
we get
|1 _zd+1l

< 7=

1+ |z|d+1 _

7 = V2.

‘1 _zd+1

Problem 8.19. Let  be the real root of the polynomial z3 — 2% — 1. A reg
number a is good if it is equal to the sum of the elements of a finite subse
the set {1,7,72,...}. Is it true that for each ¢ > 0 there are two good number
a and bsuch that 0 < a—b<€?
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golution. The answer is no. Let P(z) = z% — 2% — 1. For z < 1, we have
Pz) = —z2(1 —z) — 1 £ —1, hence P(z) has no roots in this range. For
> L z?(z— 1) is an increasing function of z, hence. P(z) has exactly one real
root T which satisfies r > 1 (as the problem statement implies). The other
two roots of P (z) are nonreal and hence conjugate. Let us denote them by s
and t. Since |s| = |t| and Vieta’s Formulas give rst = 1, we conclude that

1
— < 1.

I|

|sf? = [¢]* =

Thus |s| =|t| < 1. .

On the other hand, the polynomial P(z) is irreducible over Z[z]. Since if a
cubic polynomial reduces it must have a linear factor, and hence a rational
root. By the rational root theorem, we only need to check +1, and it is easy
"to see these are not roots of P(z) (as the above argument also shows).
Assume that there are good numbers a,b with 0 <a — b < e. A good number
i just a number which is the value g(r) of a polynomial g(z) with coefficients
0 and 1. Hence we can write a = g; (r) and b = go(r) for two such polynomials.
'Then f(z) = g1(z) — g2(z) is a polynomial with coefficients =1, 0 such that
< f(r) <e.

ook at the polynomial F(r,s,t) = f(r) - f(s) - f(¢). This is a symmetric
olynomial in the variables 7, s,t with integer coefficients. Hence it can be
itten as a polynomial with integer coefficients in the elementary symmetric
olynomials 01 = r + s + ¢, 02 = 75+ st +tr, and o3 = 7st. If we set r, s, to
e the roots of P(x), then these three quantities are integers (03 =1, 02 =0,
and 03 = 1). Thus F(r,s,t) is an integer. Furthermore since f(r) > 0 is
onzero, and P(z) is irreducible, we have that f(s), f(t) are nonzero, hence
(r,s,t) # 0. Since F(r,s,t) is integer, we deduce that

\F(rys, )| = 1f(0) - 1f ()] - £ (B)] = L.

1
USRI

ote that,
&) S L4l + s+ ... =

1—1s|’
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and analogously, | f(t)] < 1—~1|7f Hence Therefore
- _ i) - (1 - | Z ) (Z) = (Z—a) o (2
&> 1F(r)] = (L—It) - (1~ |s]). 20t (Z—m) o (B -2a)| = 1| (5 -2) oo (G- 2a)|
Thus if € is less than (1 [¢]) - (1 — |s|) such good numbers do not exist. n§ | =|z|-|(z— Cz) - ...  (z — Czy)|

e =|(Cz—=21)...(Cz — 24)|.
Problem 8.20. Let C € (0,1) and let d be a positive integer. Prove that the

moduli of all the roots of polynomial ‘ Since |2zi| = 1, we can easily find that
d 8 —C%* = |Cz— > = (2 — C2%)(Z - C7) — (Cz — )(CZ—F)
A\ ~k(d—k), k |2 i i i 7 i A
= 1 to 1.
P(x) kE_O (k> C z* are equal to =(1-C%(z]* - D).

+ o for |z| > 1, we have |z — Cz| > |Cz — z;|. Therefore
2| |(z = Cz1) ... (2= Czg)| > |(z — Cz1) - ... (2 = Czq)|

>|(Cz—21)-...-(Cz— 24)|.
Furthermore, for |z| < 1 we have |z — Cz;| < |Cz — 2;|. Therefore

Chinese Team Selection Test 2018'141

Solution. We prove the statement by induction on d. Define

Pas) =3 (Z) ORI gk,

k=0
2] - |(z=Cz1) - ... (2= Cza)| < |(z = Cz1) - ... - (2 — Czq)]

<{(Cz—2z1)-...- (Cz— 24|

Then Pi(z) = z+ 1. Assume that the statement holds for all positive integer
less than or equal to d. That is, Py(z) = (z — 21) - ... (& — 2a), With 2] =1

i=1,2,...,d. Now, we can easily deduce that Therefore || = 1. -
& fd+1 k(d-+1—k), k
Pyyi(z) = :4_:0 ( k )C z Problem 8.21. Find all nonconstant polynomials P(z) with complex coeffi-

cients for which all complex roots of P(z) and P(z) — 1 have absolute value 1.

USA Team Selection Test 2021

_ % d \ . d) Ck(@+1-k) g
= k-1 k

d

(d> Uk 5 <d> Ck(dH1—k) gk
k P k

x

C

Now, assume that there is a complex number z # 0 such that Pyy1(2)
Then

: Solution. Let d = deg P(2) and P(z) = C (z — r1)-...-(2—7q), where |r1] = 1
. and C is an arbitrary complex number. Let 2 be any root of the polynomial®
;if (2) = 1. It follows that |20] = 1 and P(z) = 1, that is,

g

I
M=

=
1l

0

= 20%Py (2 ) + Pa(Ca).

C(ZO—Tl)'...-(Zo—Td)=1.

The polynomial P (z) — 1 only has simple roots. To see this note that since the roots of
(2) Lie on the unit circle, according to Gauss-Lucas Theorem, roots of P'(z) lie within the
nvex hull of roots of P(z), that is inside or on the unit circle. Notice that if some roots of
(2) lie on the unit circle, they must be in common with roots of P(z), contradiction.

zC’d(—é—zl)-...-<%—zd)+(C’z—zl)-...~(0z—zd)=0.
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Taking the conjugate of both sides, it follows that : Guppose on the contrary, that P(z) has a root r with Re r > 1. Then

_—

C@m-7)....(m—73) =1 ladrdH + (@g-1 — ad)?‘dl = |rag + ag-1 — ad| ‘Td‘ > lag + ag—1 — adl \Td‘

d
. — — . =aqj_117"|.
Since 7; = ;1— and 7§ = ;10-, this becomes d—1 ‘ ]
1

Furthermore, since |r| > Re r > 1,

(-1)%C _
e A L Ik Q)| < Jag-3 = aa-slIrl*™ + ...+ lax — aol [ +ao
¢ < rl*Yag-1 — ag—2 + ...+ a1 —ao + ag)|r*
It follows that - = ag_1 Tld—l.
2= 10 Ci. . . s
Cri...7q Combining these two inequalities, it follows that

Hence any root of P(z)—1is aroot of 2¢—C1. Thus P(z)~1 divides 2%8—Cy, an
comparing degrees and leading coefficients, we get P(2) —1=C (24 -0).,
Hence we can write P(z) = az? + § for some complex numbers «, 8. The
condition that all roots of P(z) have modulus 1 says || = |8] and the condition
that all roots of P(z) — 1 have modulus 1 says || = |3—1|. Hence || = |8~
which is equivalent to Re(8) = 4. Thus all such polynomials are of the for

\(r = 1P| = |aar®™ + (a1 — aa)r¥| = 1Q()] > aa-a(lr - 1) ‘rdl > 0.

gince P(r) = 0, we must have equality throughout, hence we must have r = 1.
But clearly P(1) > 0. This is a contradiction and completes our proof. |

‘ﬁProblem 8.23. The polynomial

P(z) = az’ +§ P(z)=ra® + g +pz+1

with || = |8] and Re(8) = % thas positive real coefficients and only one real root. Define the sequence a; = 1,
4y = —p, a3 = p? — q and for each n > 1,

Problem 8.22. Let D = {z € C: Re(z) < 1}. Let d > 1 be a positive integ :
and let ay,...,aq be real numbers such that 0 < ag <a; £...<a4-1 an
ag—1 > ag > 0. Prove that all the roots of P(z) = aqz® + ag_12% 1 + ... + 4]
lie in D.

Un+3 + Pang2 + qant1 +ran = 0.

rove that the sequence has infinitely many terms which are negative real

Solution. Observe that Vietnamese Team Selection Test 2009

by
(z — 1)P(z) = age®* + (ag—1 — aa)z® - ((ad_l —ag_g)z® 4+ ... olution. Let

1
+ (a1 — ao)z + ao) = agz™! + (ag-1 — ag)z? — Q(z). Q(z) = 3P (E) =2 +pr?+qr+.
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The roots of Q(x) are the reciprocals of the roots of P(z), hence only one of
them is real call it ¢, and the other two are complex conjugate call them g
and . Look at

Th=a"(B—7)+B"(vy—a)+7"(a—B).
Then we easily see that Tp = 71 = 0 and a short computation gives
Ty=—(a-BB-1(r—a)
Furthermore, Newton’s Identities imply that
Tnys +0Inye + T + 11 = 0.'

From this we compute that T3 = —pTs and Ty = (p® — ¢)T. Comparing this
to the definition of a,, we see that

an+ 1 ,Bn+1 ,Yn+ 1

(y—a)vy=-8)

a, =Tn+1= + +
T (@-Bla-v) B-7MNB-q

Since p,g,7 > 0, the real root o of Q(z) must be negative and therefore the,
. 1

g2
first term in this formula, which equals

o — BI?

The remaining two terms are complex conjugate. If we define

B
C= -

then their sum is just 2 Re(CS™). Now write

B? = r(cosf + isin6) and
C = s(cos ¢ + isin¢)

for some 7,5 > 0 and —7 < #, ¢ < w. Note that since 8 is not real, 8 # 0, anq|
since we could always interchange v and 5, we may assume 0 < § < 7. Theng

2 Re(CB*™) = 25r™ cos(mb + ¢).

————, is negative for all even n. ,

T

!

TR
i:rf -
T

A
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As we increase ¢, the angle t6 + ¢ will tend to co, which means it will pass
through infinitely many intervals ((2k + 1/2)m, (2k +3/2)7). Since 8 < 7 and
_ these intervals have width 7, there will always be at least one integer choice

of t that lands in each of these intervals. Thus there will be infinitely many
integers m such that mé + ¢ € ((2k + 1/2), (2k 4 3/2)m) for some integer k.
But any such m will have cos(m8 + ¢) < 0. Hence agm, < 0 for these m. W

Problem 8.24. Let P(z) and Q(z) be monic polynomials with complex co-

~ efficients such that

P(z) — Q) = [[(ajz + bjy + ¢;)
j=1

for some nonzero complex numbers a;, bj,c;. Prove that there are complex

. numbers a, b, ¢ such that

P@z)=(z+a)"+c, Q@)=(z+bl+ec.

Solution. It is easy to deduce that deg P(z) = deg Q(z) = n. Examining the

coeficients of z™ and y™ on both sides, we easily find that

a1 ...rp=1, by-...-by=-1.
Thus if we define d; = —% and ¢; = %, we can rewrite the original equality

as

P(z) - Q(y) = [[(@— dyy +ey).

=1
Now, checking the homogeneous parts of degree n on both sides, we get
n n
[[e-dy) =" -y =[[@ - w'y),

where w is a primitive n-th root of unity. Thus by reordering the factors, we
can assume that d; = w’ for j = 1,...,n. Let a and b be the solutions to
6—b=e, and a — wb = ¢;, or equivalently,

_e1—wey,
Cl-w

el —e
3 b= =

1-w'’
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and define F(z) = P(z — a) and G(z) = Q(z — b). Then we find that problem 8.26. Let P and Q be two nonzero polynomials with complex. co-
- officients. Prove that P and Q have the same roots with the same multiplicity
n—1 . . .
; orrespondent roots if and only if the function f : C — R defined by
F(z) - G(y) = (e - y)(@—wy) [ @~y + fy), for ¥

o fl@) = |P(z)| — |Q(z)| has constant sign on C (it can also vanish).
J=

) Marcel Tena - Romanian Mathematical Olympiad 1978
where fj=e; —a+wb, 2<j<n-1 Now, for z = ¢, £ = wy, we get

Glw) = F(y) = F  Golution. Assume that the nonzero polynomials P(z), Q(z) € Clz] have the
(W) = F(y) = Flwy) same roots with the same multiplicity for correspondent roots. Then there
for each y. Therefore if 7 is any root of F'(z), we find that wr, w?r, ..., w1y | exists A € C* such that P(z) = AQ(z). Therefore F(@) = Q)M = 1),

which has constant sign on C.

Now we prove the converse statement, i.e., we prove that if the function f :

C -+ R defined by f(z) = |P(z)| — |Q(z)| has constant sign on C, then the
C polynomials P and Q have the same roots with the same multiplicity for

So P(z) = F(z +a) = (z+a)" ~r™ and Q(z) = G(z +b) = (¢ +b)" ~r". W " | yrrespondent roots. Assume without loss of generality that f(z) > 0 for all

-t g eC. Then

are all the roots of F(z). Hence

F(z) =G(z) = (:r —rz-wr) ... (z- w"_.lr) =zg" — ",

Problem 8.25. Find all positive integers n such that the polynomial |P(z)| > |Q(z)] VzeC. (8.3)

" 1f 2o is a oot of P, then from (8.3) we get |Q(xo)| < 0, which gives Q(zo) = 0.
Then o is a root of Q. This means that each root of P is also a root of Q.
Let z1,Za,...,Zk be the distinct roots of @ with multiplicities q1,q2,. .-k,
. respectively (g > 1,4 = 1,2,...,k). Then P has roots 1,22,..., %k with
multiplicities p1,p2, - - -, Pk, respectively (p; > 0, ¢ = 1,2, ..., k), where we
take p; = 0 if x; is not a root of polynomial P. We have

P(z)=a(z —z1)P (x—z2)P2-...- (2 — LR
Qz)=blz —z))"(z—z2)®-...- (— zi) %,

where a,b € C*. We will prove that p1 = q1, p2 = g2, - - -, Pk = k- Inequality
. (8.3) can be written as

a®(b—c)+ b (c—a)+c*(a—Db)
hes a? + b2 + ¢2 + ab+ ac + be as factor.

. American Mathematical Monthly, Problem 10306

Solution. We specialize by putting b = 2, ¢ = 1. We then ask whether the -
polynomial P(a) = a" — (2" —1)a+2" — 2 can have Q(a) =a® +3a+ 7 asa
factor. The roots of @ are _—3%3@, with the absolute value of /7. Assume
now that n > 5 and let 7 be one of the roots of Q. Then

|P(r)] = lr”—(2"—1)r+2"—2|2|r1n—2”(1+|r|)—5>7%—4-2n>o.3

- oo — 2 lP . g — g |9 )
Hence Q(z) cannot divide P(z) for n > 5. It is easy to check that for n = 2,3, jalle — 21" -~ o = @ 2 Jblle — 2 - o —opl® vz eC. (84)
P(r) # 0. It remains to check the cases n = 1,4, which are the solutions.
For n = 4, we have i

a*(b—c)+b*(c—a)+c (a—b) = (a®+b?+c*+ab+ac+be)(a—b)(b—c)(c—a). |

the other inequalities can be proved similarly. Assume on the contrary, that
m>q. fzeC\{z1,z2,...,2T}, inequality (8.4) becomes

. We first prove that p; < ¢; for all 4 =1,2,...,k. We prove that p1 < ¢1 since

la||z — 1P|z — zofP? - ... - |z — zkfP* > [bllz — 22| " - |z — x|%.



470 Chapter 8

As ¢ — z; (for example take x = z; + o, where o« € R and a — 0), we get

|bl|z: — z2]® - ... - jz1 — zk|% L0,

contradiction. Therefore p; < g; for all ¢ =1,2,..., k. We now prove that it ig

not possible that one of these inequalities is strict. So assume without loss of

generality that py < q1. If z € C\ {z1, 22, ..., 2k}, inequality (8.4) becomes
la| > |bllz — 21| T 7Pz — 2|72 . L |z — xp|TTPE,

As |z — 21| = oo (for example take z = 1 + 3, where 8 € R and 8 — ),

we get that the right-hand side of this inequality goes to infinity, while the

left-hand side is a constant, a contradiction. We conclude that p; = ¢; for all -
1=12,...,k. (B

Problem 8.27. Let f = 22" + agn—12" "' + ... + a1z + 1 € C[z] be a poly-

nomial such that agn— = ax Vk € {1,2,...,n— 1} and

la1] + |ag] + ... + lagn-1] < 2.

If a is a root of f, prove that

1
a+—‘<2.
o

Alin Pop - Gazeta Matematicd B 12/2003, Problem C:2694 ;

Solution. Let z € C* such that
n that

1
z+ ;\ > 2. We will prove by induction on

1

2Pl 4 > z”+—z; Yn > 0.

Zn+l

The base case n = 0 is just the hypothesis. For the inductive step, assume
that
1

n—1
PR o oy b

1
z”+ﬁ’2
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We have

1

z 2n+l

n+1 4

i
5

. We have

v

2

2

1 1
z+ - z"+z—’— " +z""1
1
z z
1
Zn+;T—L,

4 go the statement is true for all n > 1. Let a € C such that f(a) =0 and

> 2.

1
o+ —
a

1
On + Cnt10 + n-1 + .. tagm_1a" +a proe | o+ —I,
'80
|an| + |a |-a+—1~+ +|a |« o™t + " —
n n+1 P cee 2n—1 an-1| = (o4 poy
It follows that
n, 1 n 1
|an| + a4+ J (|an+1| -+ Ian+2[ +...4+ |a2n_1|) > o+ EE ,
hich gives
n, 1
lanl 2o + —1 (1 = lanta| = lant2| = ... — lazn-1])
2 2(1 = lant1| — |ante| — ... — |agn-1),

la1| + ... + |an—1| + |an| + |an+1] = . .. + |agn_1] > 2, & contradiction. M
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Problem 8.28. Let a,b,¢,d > 0. Prove that

[E ) i) ) (o) v

> ab+ be+ cd + da + ac+ bd.

Solution. Let P(z) = (z2 + a2)(z? + b?) (2% + ¢?)(z* + d?). Since
P(z) = |(z + ai)(z + bi)(z + ci)(z + di)[%,

nd (2 + as)(x + bi) (& + ci) (2 + di)
=ot+i(Ya) 28— (Y ab)a?—i (3 abe) =+ abed,
we have
P(z) = (2t - (Y ab)a® + abed)” + (L a)s* - (L abe) z)".
Therefore

| P(z) > (:1:4 - (Z a,b) x? + abcd)2 .

Plugging in z = v/abed, we get

(a>+/abed) (b +v/abed)(¢*-++/abod) (¢ +Vabed) > (2abed — Vabed ab)2 .

Hence

(@ + Vahod) (5 + abod) (¢t + V/abad (@ + Vabod) 2 Vabed Y ab~2ate,

which rearranges to the desired inequality.

Problem 8.29. Find all positive integers n such that there are n points
Py,..., P, on the unit c1rcle satisfying the following property: for any pomt

M on the unit circle, Z MPF is a fixed value for
i=1
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(i) k= 2018;
(ii) &= 2019.
Solution. (i) Let m = 1009, and lay down complex coordinates. Let the

affixes of the points M, P, ..., P, be z,w,...,wn. Since these points are on
the unit circle their affixes all have modulus 1. Then

2
MP?=|z—wff= |2 -1 =2-Z -2,
Wi w; z
Thus W
MP = (2 2 - Ziym,
= (2- 2 -2
Let m \ m
_ N _ (=1)™(z—1)*" k
foy=(2-2-1) = ELEDT - 5 0t
k=—m
where
o = 2m b —
k = m—i—k’ = —-m, y T
Let

&nd 7'=1'rl. m
P - ;f( ) >3 mt

F(z) = i ax (Zw ) i apS_2".

k=—m k=—m

Since F(z) = C is constant, we can write that

M (F(z)-C) = (( Z akS_kzk> - C’) 2™
k=—m
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Therefore agS_ =0 for all k = +1,...,£m. Thatis, §; =... = m=0. If
n < m, then by Newton'’s Identities we can find that w; = 0 for all i=1,...,m.
Therefore n > m + 1. Now, putting w; = cos 2—"—l + isin <& 2’” , we have .S’ E=0
forall K = &1,...,4+m, but Sy # 0 and C = nag = n(2m). Therefore the
integers n for Wthh such points exist are exactly those with n > 1010.

(ii) Let C = {2z € C: |z| = 1} be the unit circle and let

A={z€C:2 < arg(z) < 27} forsome0<s<-2—.

We can write P, = wf with w; € 41 = {z € C': ¢ < arg(z) < 7}. Define
B=C-A={2eC:0< arg(z) <2}

and
Bi=C—-A1={2€C:0< arg(z) <e}.

Take z € By. Then 22 € B. Take 22 as M. Hence

22 wl2 z W \ 2
— -5 = — =i .
wj z w oz

We have that 0 < arg{z) < e < arg(w;) < . Since £

IMP|? = 2%~ wf| =2 -

i “L lie on the unit circle,

then they are conjugate. Hence Re [ £ — = (. Thus
wy z
|MPI|=z'<i—ﬂ).
w2
That is,
2m+1
|M131|2m+1 — i _ ﬂ i i2m+1.
wy z
Define )
1 2m+1 (SL' _ 1 om+1 2m+-1
.9 —
gla) ="+ (m - 5) im w2m+1 = D bea®m
k=0

ST
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with blc — i2m+1(___1)k+1(2‘ml»c+l). Thus

n 2m+1 )
Z Z z —2m— 1-2k
G(Z) g (wl ) — kaQk 2m. 1wi m-+

i=1 i=1 k=0
om+1 .

2%k—2m—1

= E b Som+1-2k2 .

k=0
gince G(z) = K is constant, we have
2m+1

2%k om+1
= Z brSom41—2k2"" — K2z,
k=0

z2m+1 ( G ( z) -
= 0. Therefore

i Considering the coefficient of 22™, we find that S}

ZRe(wi) =0.
i=1

| But, by the choice of w; this quantity is positive. Thus in this case, there is
! 1o n for which such points exist. n

Problem 8.30. Polynomials u;(z) = a;x + b; (a;,b; € R, i = 1,2, 3) satisfy
(u1(2))" + (u2(2))"™ = (us(z))"

for some natural number n > 2. Prove that there exist real numbers A4, B, c1,
¢g, ¢3 such that u;(z) = ¢;(Az + B) for i = 1,2,3.

Polish Mathematical Olympiad 1972

Solution. If a; = ag = 0, then the polynomials u; and ug are constant.
Therefore the polynomial us is also constant, i.e., az = 0. In this case, it’s
enough to take ¢; = b; for i = 1,2,3, A = 0 and B = 1. Assume that at
least one of the numbers a1 and ay is different from zero, say a; # 0. Setting

y=a1z + b1, we get
=%, 4 bjo1 — a1 _ = Ajy+ Bj, where 4; =
al ail 0,1
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wforj=2 3.
al ’

The givér; equality takes the form
Y™+ (Agy + Bo)" = (Asy + B3)",  yER

By comparing the constant terms and the coefficients of ¥ and y™ on both
sides of this equality, we get the system of equations

B; =

By = B}
nA2B2—1 = nA3B3~1
L4+ AD = AR N

We have two cases.
(i) I 32 = 0, then Bs = 0.and therefore bJal —ajby = 0 for j = 2,3, ie,

L for j = 2,3, A=a1, B=b.
(ii) If Bz # 0, then Bz # 0 and dividing the second equation by the first

bj = & b1 In this case, just take ¢ = 1, ¢j =

A
equation we get 32 = EE Raising both sides of the last equality to n-th
2 3 4
power and using the first equation of the system, we get AZ = AR. This

contradicts the third equation of the system. Therefore this case cannot take "

\

place.

Problem 8.31. Determine all pairs of polynomials P and @ with complex ‘

coefficients such that for all complex numbers z, we have

P(P(z)) - QQ(z)) = 1+14, P(Qx)) - Q(P(z)) =1-1.

Solution. Note that P(P(z))—P(Q(z)) and Q(P(z))— Q(Q(x)) are divisible:

by P(z) — Q(z). It follows from this fact that

2i = P(P(z)) — P(Q(z)) + Q(P(z)) — Q(Q(x)),
is divisible by P(z) — Q(z). Hence P(z) — Q(z) is constant. Assume th
P(z) = Q(z)+ C. Since

P(P(z)) - Q(P(x)) + P(Q(x)) ;Q(Q(w)) =2,

N—

c C
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we find that C = 1. Hence P(z) = Q(z) + 1. Therefore
P(P(z)) =1+ Q(P(z)) = 1+ Q(1 + Q(z))-
This yields Q(1+Q(z))—Q(Q(z)) = 4. It is obvious that Q(z) is not constant.

Therefore Q(1+z) — Q(z) = i and so Q(z) is linear with leading coefficient 1.
This implies that Q(z) = iz + ¢ and P(z) = iz + a + 1 for some a. |

Problem 8.32. Let P(z) = ag+a1z+azx +a10w10+a11m11+a12az12+a13m 13
a3 # 0 and Q(z) = by + b1z + b2:v -+ b3:17 -+ bloxlo + buzll + blzxm + b13.’L‘
by # 0. Let D(z) = ged(P(z), Q(z)). Find the maximum value of degD(x)

Solution. Let R(x) = ao+ a1z +a2z? and S(z) = a0+ 0112+ a12x 2 4 a1z28.

|l Then P(z) = R(z) + xlOS(m) Now, let T'(z) = bg + b1z + bpa® + b3z® and

U(z) = bio + buiz + braa? + bize®. Then Q(z) = T(x) + 2*°U(z). Since

P(z)U(z) — Q(2)S(z) = R(z)U(z) + 28 (w)U(x)— T(2)S(z)- 2'°S(2)U(2)
= R(z)U(z) — T(z)5(z),

" we have that D(z) divides R(z)U(z) — T'(2)S(z) = —bgai32% + .... Since

bsars # 0, we find that the degree of R(z)U(z) — T(x)S(z) is 6. Hence
deg D(z) < 6.

" To prove that deg D(m) = 6 is the maximum, we just need to give an example
- of polynomials P(z) and Q(z) where the ged has degree 6. To generate such

an example we choose 6 roots for D(z). For each chosen root r, the equations
P(r) = Q(r) = 0 give us two linear equations in the coeflicients. If we do this
or the roots {0,1,1,—1,4, —i}, where the repeat of 1 means we want a double
oot there, then we get the polynomials

P(z) = 22" — 320 4+ 322 - 2z

Qz) = &'t — 2% - 2° —2?,

which have a ged of D(z) = z(z — 1)2(z + 1)(2? + 1). |
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Problem 8.33. Determine all polynomials P such that for every real number
x?

.-

(P(z))? + P(—z) = P(z?) + P(z).

P. Caldbec - Czech-Slovak Mathematical Olympiad 2001

First Solution. If the polynomial P is constant, i.e P(z) = c for some ¢ € R,
then the number ¢ satisfies the condition 2 + c=c+c¢,i.e., c=0o0r ¢ = 1.
So P(z) =0 or P(z) =1 are solutions to the problem. If deg P(z) > 0, then
P(z) = az™ + Q(z), where a € R, a # 0, and Q is a polynomial of degree at
most n — 1. Then

(az” + Q(x))” + a(-2)" + Q(—2) = az™ + Q(z?) + az” + Q(z).

So equation (8.5) becomes
22"Q(x) + (@) = Q%) = (1 - (-1)")z" + Q(z) - Q(-z).  (86)
Assume that deg @Q(z) = k > 0. Then on the left-hand side of (8.6) there is

a polynomial of degree at least n + k, but on the right-hand side there is a

polynomial of degree at most n. Therefore the polynomial @ is constant, i.e.,
Q(z) = b for some b € R. After substituting into (8.6), we get

2bz™ + b2 — b= (1 - (-1)")z",

which is true for every z only when 2b =1 — (=1)" and b2 —b=0. So if n is

even we get P(z) = z" and if n is odd we get P(z) = 2™ + 1. In conclusion
P(z) € {0,1,2%,2%25,..., 2+ 1,23+ 1,25+ 1,...}.

Second Solution. The given relation can be written as
(P(2))® +2P(~z) = P(z*) + P(x) + P(~x).

On the right-hand side there is an even function of the variable z. Thus th
function on the left-hand side must be even: for every real number z,

(P(-2))* +2P(2) = (P(2))* +2P(~x),

85

Comparing the coefficients of the 22" term, we get a® = a, which gives a = 1. )
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i
(P(z) — P(—x)) (P(z)+ P(—z) — 2) = 0.

Thus either P(x) = P(—z) and hence P(z) is even, or P(z) —1=1— P(—z)
and hence P(z) — 1 is an odd polynomial.

In the first case, we write P(z) = R(z?) and in the second case we write
P(z) = 1+ zR(z?). In either case, the equation reduces to R(z?) = R(z)2.
As we saw in the solution to Example 3.18, this implies R(z) = z™ for some
n > 0. Hence P(z) = 22 or 1 + 2?**! for n > 0 are the solutions. [ |

Problem 8.34. Find all monic polynomials P(z), Q(z) of the same degree
such that for all real numbers z,

P(2)? - P(2%) = Q(z).

Solution. Write P(z) = z¢ + R(z), where deg R(z) = k < d.
Then we compute that

P(z)? — P(2?) = 22%R(z) + R(z)? — R(z?).

This is a polynomial of degree d+k, and we want it to be equal to Q(z), which
has degree d. Thus k = 0 and R(z) = C is a constant polynomial. This gives

P(2)? - P(z%) = 2Cz? + C* — C = Q(a).
Since Q(x) is monic we find C' = . Thus the solutions are

1

P(.'Ac)=:1:"l—}—l Q(z)=xd—z. |

2’
roblem 8.35. Find all monic polynomials P(z), Q(z) such that P(1) =1

=0 (£42) -0 (52

-and

Greek Mathematical Olympiad 2016
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Solution. Let Q(z) = 2% + ... + bo. Then Getting zv/2 =1, we get

V2-/1—a2=+2-222 =21

-

(z+1)? (z=1%) _ (E+D?\"_ (&=D*"
Q ( 5 Q ) = ——2‘—) - —5——) +...
has degree 2d — 1 and leading coefficient 21‘1:5. Since P(z) is monic, we fing

that d = 24-!. Therefore either d =1 ord = 2. If d = 1, then Q(z) =z +p
and we find that P(z) = z. If d = 2, then

A4 That is,

Pt)=P (\/2 - t2) ,

forall 0 <t <2
Now, write P(z) = Q(z?) + zR(z?) for some polynomials Q(z) and R(z).
' 1f R(z) # 0, then putting = v2 — 2, we get

Q@) +tR(2) = Q2 — %) + V2 — 2R(2 - 17).

Q(z) = 2% + a1z + ao,

and we have

' Thus
Lg(extf) oz — Q)+ R(P) - Q2 1)
Pz)= = ASadi it TN _ .3 — _
(2) 2<Q( 5 ) Q( 5 )) z2 + (1 +a)z. 5t o _
Since P(1) = 1, we find that a; = —1. Whence Cancelling out any common factors, we will get
s f@)
P(m)=x3’ Q(-’B)=$2—$+ao. 2_t2=5(7),

where f(¢) and g(t) are relatively prime polynomials. Squaring we get
gt2@—1) = f0P

This holds for all 0 < \t\ < /2, hence for infinitely many values of ¢, thus it
‘ must hold as an identity between polynomials. This implies I (i\/i) =0, so
USA TSTST 2014 we can write f(t) = (2 — t2)h(t) for some polynomial h(t). Then we get

g(t)” = (2= ().

However, this implies g(£v2) = 0, and hence f(t) and g(t) have a common
factor, a contradiction.

Hence R(¢) = 0 and so Q(t%) = Q(2 - £2) for 0 < t' < v/2. Since this holds for
nfinitely many ¢, it holds as an identity between polynomials and therefore
0(z) = Q(2 — z). Thus Q(z) = A((z — 1)?) and

Problem 8.36. Find all polynomials P(z) with real coeflicients such that for
all |z| <1, !

P(2v2) =P (a+ 1—22).

Solution. Assume that 0 < z < 1. Putting v/1 — 22 instead of 2 in abo
equality, we find that

P(ﬁ-ﬂ)=P( 1—x2+.\/1—(\/1——a;3)2) =P( -2+ ‘:

Hence

P(av2) =P (VaV1-22).

P (m/i) = Q(22%) = A((22 — 1)2) = A(dz* — 4% +1).



482 Chapter 8

Moreover,

P (m+ 1 —zZ) =Q (1 +22/1 —.7:2) = A ((1 +20v1— a2 — 1)2>
= A(4z*(1 - 2?)) = A(dz? — 42*).
Thus
A(dz® — 42? 4+ 1) = A(42® — 4a%).

Putting 4z* — 42? + 1 = 2, we find that A(z) = A(1 — 2) for infinitely many
z, and therefore for all z. Thus A(z) = B(z? — z) for some polynomial B(z).
Therefore

P(a) = Q(a?) = A((a® — 1)?) = B((@® — 1)* - (&® — 1)?)
= B((z? — 1)*(z* — 22?)). |

Problem 8.37. Find all polynomials P(z) with real coefficients for which
there is a unique polynomial Q(z) with Q(0) = 0 such that

z+Q+P(z) =y+ Q=+ Ply) V.

Solution. Let deg P(z) = p, deg Q(z) = ¢. Substituting y = 0, we find that
z+Q(P(z)) = Q(z+ P(0)). The degree condition shows that max {1,pg} = g.
Hence we find that p < 1 < ¢, which gives P(z) = az+b for some real numbers
a and b. Thus the original equation becomes

z+Qaz+y+d) =y+Q(z+ay+0).

If ¢ = 1, then from Q(0) = 0, we find that Q(z) = cz for some real number ¢ #

0. In this case, the equation reduces to (1+ac)z+cy+ clb = cz+(1+ac)y+cbh

This holds if and only if 1+ ca = c, which means ¢ = 7= Thus for a # 1, we }

have found one solution Q(z) = +%;.

Assume now that ¢ > 1. Writing Q(z) = agz®+. .. and comparing the leading

coefficients, we find that a9 = 1. Thus either ¢ = 1, or a = —1. In the first
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case, we get £+ Q(z +y+b) = y+ Q(z +y + b) hence z = y, a contradiction.
In the second case,

z+Qb+y~2z)=y+Qb+z~y).

Let §(z) = Q(b+z) ~ £. Then this equation just reduces to S(z) = S(—x).
Hence S(z) is even, and we can write S(z) = T(x2) for some polynomial T(z).
Thus for @ = —1, we have found infinitely many solutions P(z) = ~z + b and

r—b

2 =T+ 222

2
Thus in this case the solution is not unique.

Thus the polynomials P(z) for which there is a unique solution are the poly-
nomials P(z) = az + b with a # +1. |

Qz) = S(z - b) +

Problem 8.38. Do there exist a polynomial P(z) of degree d > 0 with ra-
tional coefficients such that some of its coefficients are not integers, a poly-
nomial Q(x) with integer coefficients, and a set S of d + 1 integers such that
P(s) = Q(s) for each s € S7?

Solution. The answer is no. Assume on the contrary that there exists such
polynomials. Further assume that Q(z) has the minimal degree among all
| such examples. Since.P(s) = Q(s) for all s € S, it follows that we can write

Q(z) = P(z) + R(z) [[(z - 9),

seS

i for some polynomial R(z). Suppose deg R(z) = k and that R(z) has leading
Aé: coefficient b;. Then Q(z) has degree d + k + 1 and leading coefficient b.
Therefore b, must be an integer. But then the polynomial

Q1(z) = Q(z) - byz* [[ (= - 5)

3€S

has integer coefficients, has Q;(s) = Q(s) = P(s) for all s € S, and has lower
degree than Q(z). This contradicts the minimality of the degree of @(z). Thus
such polynomials cannot exist. [ ]
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Problem 8.39. Find all the polynomials P(z) with real coefficients such that.
|P(z)| < x for all real numbers .

Romanian Mathematical Olympiad 1974

Solution. If 2 = 0 we have |P(0)] < 0, so P(0) =0.

Tt follows that P(z) = zQ(z) for some polynomial Q(z) such that |Q(z)| <1
for all z € R. Since Q(z) is bounded, it must be constant, ie, Q(z) = ¢ for
all z € R and |c| < 1. Therefore P(z) = cz, where || < 1. [

Problem 8.40. Let P € R[z] such that P(sint) = P(cost) for all £ € R.
Prove that there exists a polynomial Q € R(z] such that P(z) = Qz* —z%). -

Viadimir Magek - Romanian IMO Team Selection Test 1983 A

Solution. Since P(sint) = P(cost) = P(cos(—t)) = P(sin(—t)) = P(—sint) . |
and sin ¢ takes on infinitely many values, it follows that P(z) = P(—z). Since /|-
P(z) is an even polynomial, we can write P(z) = R(z?), for some polynomial | ‘
R(x). Hence we see that R(sin?t) = R(cos?t) = R(1 — sin?t). Since sin?t |
takes on infinitely many values, it follows that R(z) = R(l — z), and hence'
that we can write R(z) = Q(z? — z) for some polynomial Q(z). Thus “

P(z) = R(z?) = Q(z* — 2?),

as desired.

Problem 8.41. Let P(z) be a polynomial with real coefficients satisfying théi
condition P (cosf + sin @) = P (cosf —sind) for every real number 6. Pro
that P(z) = Q((1 — ?)?) for some polynomial Q(z) with real coefficients.

Solution. Since a = cosf +sinf = v/2sin(f + 7/4) and
b= cosh —sinf = v2cos(6 + 7/4),

we see that the pair (a,b) can take on all real values with a® + b2 = 2. Hen
the problem is reduced to finding all polynomials P(z) such that P(a) = P(
whenever a2 + b2 = 2. This implies that P(a) = P(—a). Hence P(z) is eve
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Therefore we can write P(z) = R(z?) for some polynomial R(z).

The hypothesis becomes R (a?) = R(b?) = R (2 — a?) which implies that
R(z) = R(2 — z). Therefore R(z) = Q((1 - )?) for some polynomial Q(z).
Hence P(z) = R(z?) = Q((1 — z?)?) as desired. [ |

Problem 8.42. Find all the polynomials P € R{z] such that
™

)

Viadimir Magek - Romanian Mathematical Olympiad 1986

P(sinz) = P(tanz)P(cosz) for any z € (

First Solution. If P(z) = ¢, where c € R, then ¢ = ¢?, which gives P(z) =0
or P(x) = 1. Now, assume that P(z) is not constant, i.e., assume that

deg P(z) =n >1. Let t = cosz. Thent € (0, %) and

P(V/1—-2) = P(t)P < Vi —t2> Vi€ (0, -;-) .

t

‘Since this equality holds for infinitely many ¢, it holds for all t € (0,1). (Note

that this is a slightly subtle point, since the functions involved are not polyno-
mials, or even rational functions. They are algebraic functions, which does

suffice. One elementary argument is to substitute t = T_?_—ig, which gives
S J1-12 = %:_—Z;, then\“i\nvoke fact that rational functions that agree at in-

finitely many points are identical.) From this equality we get

PW1I-%) P Vit
P(t) t

> vt € (0,1).

O t
P(\/l_—-_?)le(\/l_—?) vt € (0,1).
P( __lt_t2>P<°1t_t2>=1 vt € (0,1).
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Setting y = L, we obtain that
SRRV
P(y)P G) =1 Vye(0,+o0).
By Problem 3.5, we conclude that P(z) = z™. N

Second Solution. Clearly, the zero polynomial P(z) = 0 satisfies the given
relation. Let P(z) € R[z] be a nonzero polynomial of degree n € N satisfying
the given condition. We will prove by induction on n that P(z) = 2™ for g
n € N. If n = 0, we have P(z) = c for some ¢ € R* and the given relation

can be written as ¢ = ¢?, which gives ¢ = 1. So P(z) = 1 = z°. Assume that
the only polynomial of degree n having the given property is ™. We prove -
that the only polynomial of degree n+ 1 with the given property is zn+1, Let

P(z) € R[z], deg P(z) = n + 1, such that

P(sinz) = P(tanz)P(cos z) Vz € (g—, g) . (8.7)

Then
P(sinz)

P(COSIL‘) = W

e (5

where A is the finite set for those values of z € (%, g) for which P(tanz) =

Taking the limit z — 7/2 of both sides in (8.8), we get

_ PO _ PO
zh_r% P(tanz) yll)r&o P(y)

o

P(0) = 0.

Consequently, P(z) zQ(z) for some polynomial Q(z) € Rz] with

deg Q(z) = n. Equation (8.7) becomes

(sinz)Q(sinz) = (tan z)Q(tan z)(cos z)Q(cos z) Vr € (g, g) )
S0 -
Q(sinz) = Q(tan z)Q(cos x) Vz € <g, g) .
By inductive hypothesis, we have Q(z) = z*, so P(z) = zQ(z) = 2"

the conclusion follows.
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Problem 8.43. Find all quadruples of polynomials Pi(z), Pa(z), Ps(z),
Pu(z) with real coefficients such that for each quadruple of integers z,y, z,t
guch that zy — 2t = 1, one has

Py(z)Pa(y) — Ps(2)Py(t) = 1.
Alezander Golovanov - Saint Petersburg Mathematical Olympiad 1996

First Solution. If P;(1) = 0, then P3(z)Py4(t) = —1 for each pair of integers
1 z,t, and so P3 and Py are constant functions with product —1. This reduces
4 the condition to P1(z)Py(y) = 0, so one of P, and P; is identically zero.
Ignoring such cases, which are easily enumerated, we assume P;(1) # 0 for all
¢ g,

Y We first note that P;(z)P2(1) = P1(1)Py(z) for all nonzero integers z, so that
: P, and P, are equal up to a scalar factor; similarly, P; and P; are equal up
to a scalar factor. Now, note that P;(z)Pz(ay) = Pi(az)Py(y) for all nonzero
t a,z,y, so that the difference between the two sides is identically zero as a
polynomial in a. In particular, that means no term in P, (z)P»(y) has unequal
exponent in z and y, and the same is true of P;(z)Py(y). On the other hand,
if P(z) has terms of more than one degree, then Pi(z)P;(y) contains a term
with different degrees in z and y. Hence Py(z) = cz® for some integer k and
some constant ¢, and similarly Py(z) = dz*, P3(z) = ex™, Py(z) = fx™.
Thus we must determine when cdz®y® — ef2™t™ = 1 whenever zy — 2t = 1
in integers. From z ='y = 1 and z = t = 0, we see that cd = 1, and
similarly we find ef = 1. Looking at (z,y,2,t) = (n + 1,1,n,1), we see that
(n+ 1)¥ —n™ = 1. Looking at the degree of this as a polynomial in n, we
see that k = m. If £ > 1, we get a contradiction by looking at the coefficient
of n*~1. We conclude Pi(z) = cz, Pa(z) = x/c, Ps(z) = ex, Py(z) = z/e for
gome nonzero real numbers ¢, e. ]

Second Solution. Assume that deg P; = d;. Take a large positive integer N
th more than dy + dp divisors and set (z,y,2,t) = (z, ¥,1, N —1). Then

'y

P (z) P (]—Z-) =1+ P;3(1) Py (N -1).
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The above equation has more than d; + dp roots. Hence for all z,

Awa(l)

is constant. This shows that Pj(z), P(z) have the same degree. Let

-

Pi(z)=az+...+¢ Py(z) =ba%+ - +e

Then
Kzt = (amd+---+c> (exd+--~+b).

This shows that bc = ea = 0. Then ¢ = e = 0. Taking Pi(z) = 2"S (z), - g
Py (z) = 2°T (z) with S(0), T(0) # 0, we find that r = s. Then T(z)S (%) g

again constant. Hence either, S(0),T(0) = 0 or T(z),S (z) are constant. The
latter is possible, whence Pi(z) = azd, Py(z) = bz?. By the same argument,
Py(z) = cz¥, Py(z) = exF. Putting x =y =1,2 =1t =0, we get ab = 1.
Analogously, cd = 1.

Now, putting z = z = 1, t = y — 1, we find y™ — (y — 1)™ = 1 for each y.

Therefore m = n = 1.
Thus Py(z) = az, Py(z) = £, Ps(z) = cx, Pa(z) = £.

Problem 8.44. Suppose that F, G, H are polynomials of degree at most 2n+1

with real coefficients such that:
(i) For all real z we have F(z) < G(z) < H(z).

(ii) There exist distinct real numbers 1,2, ..., Zn such that F(z;) = H(z;)
fori=1,2,3,...,n ‘

(iii) There exists a real number zo different from x1,%32,...,Ts such that
F(zo) + H(zo) = 2G(zo). :

Prove that F(z) + H(z) = 2G(z) for all real numbers z.

Baltic Way 2007,
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golution. Let P(z) = G(z) — F(z). Observe that deg P(z) <2n+1. By
condition (i), we have P(z) > 0 for all real numbers z. By condition (ii),
1,32, - - -» Tn &€ TOOLS of P(z). Since P(z) > 0 for all real numbers z, each
of these roots must have even multiplicity. Thus P is divisible by (z — )2 for
i=1,2,...,m,1e,

P(z) = Q(@)(z — 21)X(z — 22)* ...~ (&= zn)?,

where Q(z) is a polynomial with real coefficients. By comiparing the degrees,
we see that degQ(z) < deg P(z) —2n < 1. However, Q(z) > 0 for all real
pumbers z, and this is impossible if Q(z) is linear. Hence @Q(z) is constant.

Then
G(z) - F(z) = a(z — z1)2(z —22)? ... (z— Tn)?

for some real number a > 0. Likewise, we prove that
H(z) - F(z) = b(z — z1)%(z —22)? .. (= Tn)?

for some real number b > 0. Now, by condition (iii), there is a real number 2o
' different from z1, T2, ..., Tn such that

; F(.’Eo) + H(:Eo) - 2G(:1}0) = (b - 2(1)(:120 - 1131)2(.’1:0 - :1:2)2 taet (:co — :L‘n)2 = 0.

It follows that b — 2a = 0, i.e., the expression becomes identically zero. So
F(z)+ H(z) — 2G(z) = 0 for all real numbers z, as we wanted to prove. W

Problem 8.45. Consider two polynomials P and @ with real coefficients hav-
ing the property that the sets

{neN|P(n)<Q(n)} and {neN|Q(n)< P(n)}
are infinite. Prove that P = Q.

Laurentiv Panaitopol, Laurenfiu Panaitopol Competition 2010

olution. From the hypothesis, it follows that there exist sequences (@n)neN
d (bn)nen such that an < bn < ant1 < bp+1 and

P(an) > Q(an), P(bn) < Q(bn) foralln e N.
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Considering polynonual F =P—Q, wehave F(a,) <0< F(by) foralln e N,
so F' has jnfinitely many roots and so F is the zero polynomial. [}

Problem 8.46. Prove that there doesn’t exist a rational function R(2) such
that R(n) = n! for all natural numbers n.

Jacques Marion - Cruz Mathematicorum 5/197¢

First Solution. Assume on the contrary, that there exists a rational function
R(z) such that R{n) =nl. Let

R(z) = P(z) _ o+ ar_12" 1+ .+ ag
Q(z) bsz8 + bg_125" 1 + ... +'b0 ’
where P and @) are relatively prime polynomials and a,, bs # 0.
T8
Since lim — = 0, we have
n—oo 1!
_ o P(n)/Q(n) arn’ =%
1= nh—>ngo R(n) n—oo  byn! =0,

a contradiction. [ ]

Second Solution. Since (n+1)!'= R(n+1) = (n+ 1)R(n) for all natural
numbers n, we find that R(z+1) = (z+1)R(z) for all z. Therefore, R(0) =
We also see that if r > 0 is a root of R(z), then 7 + 1 is a root of R(z). Thus

R(z) has roots at all nonnegative integers. However this forces R(z) = 0, & /.
contradiction. ..

Problem 8.47. Find all polynomials P(x) such that
P(z)P(2z?%) = P(z + 2%).
Mathematics and Youth Journ

Solution. One easily sees that the constant solutions are P(z) =0 or 1. We
will show that these are the only solutions. Suppose P(z) is nonconstant and

i Solution. Let P(z) =

P@)P(4—3) = (-1 [[(@ - o) (e — 4+ c5) = (-1)* [ (a?
=1
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let d = deg P(z) > 0. Plugging in z = 0, we get P(0)2 = P(0), hence that
P(0) € {0,1}. If P(0) = 0, then writing P(z) = z*Q(z), where Q(0) # 0,
we get 2822 Q(2)Q(22?) = (1 + 22)kQ(z + z3), which forces Q(0) = 0, a
contradiction. So we must have P(0) = 1. Looking at the coefficient of x3¢,
we see that the leading coefficient of P(z) is 2.

Let 7 be a root of P(z) with maximum modulus. The product of the moduli
of the d roots is equal to 29, so this implies |r| > 2. Plugging in & = r, we ﬁnd
that r + 72 is also a root of P(z), and we compute

Ir+ 2=l + 10 el 2 (Irf® = DIr| > 3}r| > |7,
This contradicts the maximality of |r|. u

Problem 8.48. Prove that for each positive integer n, there exists a polyno-
mial of degree n with n distinct real roots such that

P(z(4 — z)) = P(z)P(4 — ).
Mongolian Mathematical Olympiad

(z=c1) ... (z — c,). We have

Plta =57 = (-1 [ [0 - 4o )

=1
and

n

— 4z — ¢ + 4¢;).

i=1

If we prove that for every n the system of equations

ca = 4e1 — ¢,
c3 = 4cg — c3,

=4dc, — c2
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has a solution with the ¢; distinct real numbers, then we will have the desired
example. We can easily find that ¢; € [0,4]. Whence setting ¢; = 4sin? o, we

get

2

cy =16 sin? o — 16sin? o = 16sin® acos® a = 4sin? 20

and inductively ¢ = 4sin® 2¥c. When this argument cycles around, we get
¢; = 4sin® @ = 4sin? 2" a.
Then we find that 2"tla = kn & o for some integer k& and hence

km

o= G LT

Choosing k = 1 and the + sign, we get

2y

. — Asin?
¢ = 4sin R

and since 2—,3_:1% < §, we see that the ¢; increase with 4, and hence are distinct
real numbers. Therefore our proof is complete. n

\.
Remark. Compare the previous problem with what you have learned in
Chapter 4. ‘

Problem 8.49. Find all polynomials P with real coefficients such that

P@)  PW) , P()
Yz 2% Y

=P(z—y)+Ply—2)+ P(z - 2)
holds for all nonzero real numbers z, ¥, z satisfying 2zyz = z +y + 2. ‘
Titu Andreescu and Gabriel Dospinescu - USA Mathematical Olympiad 2019

Solution. If P(z) = c for a constant c, then

c(x+y+2) -3¢
Tyz )
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We have 2¢ = 3c. Therefore ¢ = 0. ‘
Now consider the case of non-constant polynomials. First we have

£P(z) + yP(y) + 2P(2) = zyz(P(z — y) + Ply — ) + P(2 — 2))

for all nonzero real numbers x,y, 2 satisfying 2zyz = z + Yy + z. Both sides
of the equality are polynomials (of z,y, z). They have the same values on the
9-dimensional surface 2zyz = = +y + 2, except for some 1-dimensional curves
in it. By continuity, the equality holds for all points on the surface, including
those with z = 0. Let z = 0, we have y = —z and z(P(z) — P(-z)) = 0.
Therefore P is'an even function.

T+
(Here is a sketch of an elementary proof. Let z = Y

2zy —1

T+y p Tty
2zy —1 2zy — 1

x z
= :z;y;;;_yl (P(:z: —-y)+ P (y - 2xy+——y1) +P <2w;—yl — z)) .
This is an equality of rational expressions. By multiplying (2zy— 1)V on both
sides for a sufficiently large N, they become polynomials, say A(z,y) = B(z,y)
for all real z,y with z # 0,y #0, z+y # 0 and 2zy —1 # 0. For a fixed z, we
have two polynomials (of y) having same values for infinitely many y. They
must be identical. Let y = 0, we have zV+}(P(z) — P(-z)) = 0.)

. We have

zP(z) +yP(y) +

' Notice that if P(z) is a solution, then so is cP(z) for any constant c¢. For

simplicity, we assume the leading coefficient of Pis 1:
P(z)=z2"+ A2z 2+ - -+ + agx® + ao,

where n is a positive even number.

Lety=;,z=:z:+;.Wehave |
zP(m)+%P (%) + (a:-i—-i—) P (w+é>
(o+2) (p (- 2) +rmrep (2).
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Simplify using P(z) = P(-z), Thus fis1 = fx — 3fk—1. In particular, f3 = 0 and f5 = —5=1rs.
o 1 1 1 1 Using a generating function or otherwise, we can also obtain
T+ - P<x+—)—P(z——>>=—P(x)+zP(—>. & k
(+3) (2(e+2) -2 (=-2)) -2 m | G\ (s
fe= +|—] .
Expand and combine like terms, both sides are of the form 23 2v/3
n+1 Therefore for k > 6,

1™ P en3e™ otz ez 4+ Cont1T

V3+i
23

They have the same values for infinitely many z. They must be identical. We 6fk] < 12
just compare their leading terms. On the left hand side it is 2nz™ 1. There
are two cases for the right hand sides: If n > 2, it is 2" . If n = 2, it i
(1 + ag)z. It does not work for n > 2. When n = 2, we have 4 = 1+ g,

k 1\* 12
=12 —) <2 <1.
<\/§) =27

Equating coefficients of (a + b)* in P(a + b) = 6(P(a) + P(b)) + S(a + b)%,

' | we get (1 —6fi)cy = O for all k # 5, thus ¢, = 0 for all k& # 5. Also
therefore ag = 3. . : — 6 5 5 _ . 5 . ’
The solution is P(z) = ¢(z? + 3) for any constant c. [ | A focs 3 = 3¢5 +3, 80 65 = 1. In conclusion, P(z) = 2° is the only

| solution. n
Problem 8.50. Find all polynomials P(z) for which: Remark. Solving the recursion in the previous problem can be done in many

_ 9,9 . ways. ‘The generating function method mentioned means looking at the func-
P(a+b) = 6(P(a) + P(b)) + 15a°b*(a + b), | 5? tion

F(z) = Z faz™.

for all complex numbers a and b such that a® + b = ab.
. n=0

Titu Andreescu and Mircea Becheanu - Mathematical Reflections, . The recursion shows that
‘ Problem U484
Solution. Letting a = b = 0 yields P(0) = 12P(0), so P(0) = 0. Clearly,
P #0. Thus P(z) = cpz™ + -+ -+ 1z, with n > 1 and ¢, # 0.
Suppose that a® + b% = ab. We claim that for each k > 1, there is a constant
fr such that a* + b* = fi(a + b)*. Indeed, f1 = 1, and since

(%:ﬂ..:v—i—l) F(:c) =}@+(f1—fo)w+z <fn — fa-1 +%fn-—2) " =2—gz,
n=2

and hence
3(2—1x)

z2-3z+3
To derive a formula for f, from this, we note that writing

_ V3+i VB
= =4 f=Tr

F(z) =
a®+b? = (a+b)? - 2ab = (a +b)? — 2 (a® +b?),

fo= % Inductively, for k > 2,

aFtt + P = (0% 4 b*)(a + b) — ab(aF! + b5

we can check that
= fula+ B~ 2 fia(a+ B

32-—1) 1 1
3 = + -
2 —3z+3 l—-ar 1-0z

F(z) =
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So expanding the geometric series
- 1

1—ox
and analogously for 8 gives the formula above. One can also check that the
sequences o™ and B" satisfy the recursion, hence so does any sequence of the
form Cia™ + Cof™. Then we use the initial values to solve for the constantg
C; and Co. An alternate approach is to calculate f, far enough to notice
that (iv/3)"f, is periodic in n with period 6. Since the solution only uses
that fp, # %, one could also note that the recursion implies f,, is rational with
denominator a power of 3, hence it cannot equal %.

=1+am+a2m2+...

Problem 8.51. Find all polynomials P with complex coefficients such that
P(a) + P(b) = 2P(a + b),

whenever a and b are complex numbers satisfying a® +5ab+b? = 0.

Titu Andreescu and Mircea Becheanu - Mathematical Reflections,
Problem U491

Solution., Let (a, b) be a pair of nonzero numbers which satisfy the condition.

a? + 5ab+ b2 = 0. Then
- -5+ +/21

a_
b 2

(8.9)

Let A = -‘ﬁ?@ Then for every real number ¢, the pair (\t,t) satisfies the

given condition.

Let P(z) = Y% ,a;z’ be a polynomial which is a solution of the problem.
Then we have:

n n n
Sadt+> et =2 ai(A+ ',
i=0 =0 .. =0

for all numbers ¢, hence as polynomials in t. Taking the coefficient of t on
both sides shows that whenever a; # 0, we have the condition:

1+ M =2(1+ N
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This is true for ¢ = 0,3 and it fails for ¢ = 1 and i = 2. We will show that it
can not happen for i > 3.

Suppose it holds for ¢ > 0. We will first show that i is necessarily odd. From
(8.10), it follows that ) is a root of the rational polynomial

flz) =2z +1) -z - 1.

But \ is a root of g(z) = z2+5z+1, which is therefore its minimal polynomial.
So g(x) divides f(z) in Z[z], that is,

2z + 1) — z* — 1 = (2% + 5z + 1)h(z),

for some polynomial h(z) with integer coefficients. Putting z = —1 in this
equality, we obtain —(—1)*—1 = —3h(—1), showing that (-1)* =-1 (mod 3),
so 4 is odd.

Now, since 0 < A+1 < 1, the function p(i) = 2(1+ )¢ decreases as 4 increases.
The function g(i) = 1+ #* can be written, for i odd, as

q(i) = 1+ (—1)i(=t) =1 = (=)".

Since 0 < —A < 1, it increases as i increases. So the equation (8.10) has at

" most one solution for ¢ odd. Since we saw that i = 3 is a solution, it is the only
' golution. Thus we have shown that the solutions to this problem are exactly
© the polynomials ag -+ azz3. (]

Problem 8.52. Let a be a positive integer such that
f(z) = 22 + az + 20171,

has no real roots. Prove that there is no integer k such that f(z*) is reducible
over Z[z].

Solution. Assume on the contrary, that there is a number k such that

f(@*) = g(2)h(z),

' for some nonconstant polynomials g and h with integer coefficients. The poly-

nomial f(z) has two complex roots with modulus v2017!. Therefore all roots
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of f(z¥) have modulus %/20171. This implies that the modulus of products of
the roots of g is 20171(4%€9)/(2k) | The polynomial g(x) has integer coefficients
so this must be an integer. However the prime 2017 divides 2017! exactI):
once, so 2017! is not a power of any integer. Thus degg must be a multiple
of 2k. This is a contradiction since the fact that h(z) is nonconstant means
deg g < 2k. n

Problem 8.53. Find all ordered pairs (m,n) of positive integers such that
there exist polynomials P(z), Q(x) of degree m, n respectively, and with reg]
coefficients, such that the numbers 1,2,...,mn are roots of P(Q(z)).

First Solution. If m = 1, a solution is

P(z) =z, 'Q(x)=(az—-1)-...-(:1:—n).

If n =1, a solution is

Plxy=(@z-1)-...-(z—m), Qz)=r=.

If n =2, a solution is
m ]
P(z) = H(x +k(2m+1-k)), Q(z)=xz(z—2m—-1).
k=1

Now, assume that m > 1 and n > 2.
As we saw in the text, the roots of P(Q(z)) are the union of the sets of roots
of the equations Q(z) = r;, where r; varies over the roots of P(z). Since

P(Q(x)) has mn real roots, it follows that P(z) must have m real roots. Let
r1 < ... < Tp be root of P(x). By replacing P(z) by P(—z), if necessary, we '

can assume that Q(1) =r;. Then the argument given in Example 5.20, shows
that the sequence Q(1), Q(2),..., Q(mn) will cycle through 71,79, ..., T, then

turn, and cycle through 7pm,rm—1,...,71, then turn again and repeat this:

pattern. Thus

Q(l) =Ty Q(2) =T2, ooy Q(m) = Tm, Q(m+1) =Tm, Q(m+2) =Tm—1y+-

-
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Hence the roots of Q(1) = r will be
{k,2m+1—-k,2m+ k,4m+1—k,...}.
In particular, we see that for each integer z with 2m + 1 < z < mn, we have
Q(z) = Q(z — 2m).

The degree of the polynomial Q(z) — Q(z — 2m) is n — 1, and we have found
- m(n—2) roots. Hence m(n —2) < n—1. Since m > 2 and n > 3, we see that
" the only possibility is (m,n) = (2,3).

% The case (m,n) = (2,3) cannot occur since the roots of Q(z) — r, would
1 ; be {1,4,5} and the roots of Q(x) = r would be {2,3,6}. These sets have
4:  different sums, but since deg Q(z) > 2, they should have the same sum. W

:  Second Solution. We could also finish the argument in a way similar to
& Example 5.20. After finding that the roots of Q(1) = ry are

{k,2m+1-k2m+k,dm+1—k,...},

we argue that since deg Q(z) = n > 2 each of these sets must have the same

* gum and the same sum of squares. Since the elements of these sets taken two
at a time have sums 2m +1,6m +1,..., we see that the equal sum condition

; forces n to be even. However looking at the sums of squares of these pairs, we
' see that

12+(2m)? > 22+ (2m - 1)%, (2m+1)2+ (4m)? > (2m+2)2+ (dm—1)2,....
Thus for n even, the set {1,2m,2m+1,4m, ...} has larger sum of squares than

the set {2,2m—1,2m+2,4m—1,...}, which gives a contradiction. Thus there
are no solutions with m > 1 and n > 2. [ |

Problem 8.54. Find all monic polynomials P(z), Q(x) such that

P(Q(z)) = 2.
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First Solution. Let P(z) = (z —r)® -...: (z — rq)**, where r1,...,74 are
distinct. Then

P(Q(z)) = (Q(z) = m)* ... (Q(z) — ra)™ = 2.

Since Q(#) — 71, ..., @(x) — 74 have no roots in common and the only root on
the right-hand side is 0, we deduce that d = 1. Thus

P(z) = (z —r1)™.

Moreover,
(Q(:ZJ) _ ,rl)al — $2019.

Thus Q(0) = r1. In addition, the equation Q(z) — 71 has z = 0 as its only
root. Whence Q(z) — 71 = 281, Thus %A1 = 22019 which gives o181 = 2019.
We find that

(a1By) € {(1,2019), (3,673), (673,3), (2019, 1)}.

Therefore

(P(),Q(@) = (@ = r1, 11 +2™%), ((z = 1), +2°),
((z — 1), r1 4+ 2%), or ((z —r1)®®,r1 + 7).

Second Solution. We can use differentiation to solve this problem.
Differentiating gives

P'(Q(2))Q'(z) = 2019228,
Thus Q'(z) must divide 20192218 and hence

Q’(IE) = kz°,

for some constant k and integer ¢ > 0. Integrating we find that

- k c+1
Qz) = C+1m + e,
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for some constant e and since Q(z) is monic, we conclude that k = c+1. Thus
Q(z) = z°+! + e. Plugging this into the original equation, we find that

P(xc+1 4 e) — :L‘2019

and hence 2010
P(z) = (z — e) e+t

Since P(z) is a polynomial, we have that (c+ 1) | 2019.
Hence c+ 1 € {1,3,673,2019}, and we get the same solutions as above. M

Problem 8.55. Let P,Q, R be nonconstant polynomials with integer coeffi-
cients such that for any real number z,

P(Q(z)) = Q(R(z)) = R(P(x))-
Show that P = @ = R.
Polish Mathematical Olympiad 2009

Solution. Substituting y = P(z) in the equality P(Q(y)) = Q(R(y)), we get
P(Q(P(2))) = Q(R(P(2)))-

On the other hand, the equality P(Q(z)) = R(P(z)) implies the equality
Q(P(Q(z))) = Q(R(P(x))). This means that P(Q(P(2))) = Q(P(Q(2))) and

consequently ‘
PQPQ(PQE))) = APQ(PQP@))).
By Example 5.26 applied to polynomials
Flz) = PQ() ad G(o) = AP@),

we get P(Q(z)) = Q(P(z)). Hence Q(P(z)) = R(P(z)) and therefore Q = R
because P is not constant and for infinitely many y we have Q(y) = R(y).

Since this gives P(Q(z)) = Q(R(z)) = Q(Q(z)) and Q(z) is nonconstant, we
- conclude that P(z) = Q(z). u
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Problem 8.56. Find all polynomials P(z), Q(z) with real coefficients such
that s

P(P(z)) = QQ( —z)).
Belarusian Mathematical Olympiad 2001

First Solution. Let

Then

1 1
2 2
Q@) = 5 P@-g) +§=s(s (_;» 1
Now, the equality P(P(z)) = Q(Q(1 — z)) is reduced to

w(x(e-3)-(s(4-7)

Thus R(R(t)) = S(S(~t)) for each t. It is clear that R(z) and S(z) have the
same degree. Let

R(z) = agz®+ ...+ a9, S(z)= baz® + ...+ b.
Then
R(R(z)) = agR(z)* + ag_1R(z)% "} + ... +ao,
5(S(—2)) = bgS(—z)% + bg—18(—z)* L + ... + bo.

Examining the leading coefficients, we find that a3*! = (—1)d2b3+1. d

d
is odd the left-hand side is positive and the right-hand side is negative, a

contradiction. Hence d is even, and we get a‘é‘” = bg+1. Therefore aq = by,
Now, rewrite the identity R(R(z)) = S(9(—z)) as

aqg(R(z) = S(=z))(R(z)* ! +... + S(—z)% 1)
= ad_lR((E)d_l +...+ap— bd_lS(—x)d‘l —...—bp.
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As always, R(z)%1 4 ...+ S(—z)% ! is a polynomial of degree d(d — 1) and
the right-hand side has degree at most d(d — 1).
This implies that R(z) — S(—z) is constant, that is, S(—z) = R(z)+C. Hence

R(R(z)) = S(C + R(=)).

If R(z) is not constant, this implies R(x) = S(C +x) (and if R(z) is constant,
then S(z) = R(z) is also constant and this still holds). On the other hand
R(z) = S(—z) — C. Hence

S(z+C)+C =8(—=z).

i

i Putting = = —%—, we deduce that C = 0. Therefore S(z) = S(—z). Thus
}

[

S(z) = R(z) = T(z?)

po=0w=7((=-3) ) +5 .

Second Solution. We will use long-run behavior lemma.

4 Since deg P(P(z)) = (deg P(z))? and deg Q(Q(L — z)) = (deg Q(x))?, we see
" that deg P(x) = deg Q(z). Let d be the common degree and assume d > 0.
Let ag4 be the leading coefficient of P(zx) and b, the leading coefficient of Q(z).
Then we get ag"'l = (—l)dbg"'l. As in the previous solution, this implies that

d is even and agq = by. Now, by using the long-run behavior lemma, we obtain

Hm(WW@@m—de+hD=Q

T—r00

Jim (¢1QQE =) - alQ(t — o)+ bal) = 0.

(IP(z) + b1] — |Q(1 — z)) + baf) = 0.

lim
00
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Since P(z) and Q(z) have the same (even) degree and leading coefficient, this Tterating this around the cycle, we find

implies that P(z) — Q(1 — z) = C, where C' = by — b;. Substituting this into it

the original equation, we obtain that @i _ < a; )
Qi+1 Qi+l '

P(P(z)) = Q(P(z) - O).

Hence —ai— = 1. Now, if the value of —1 ever occurs, then we have d odd and

Then P(z) = Q(z — C). Moreover, P(z) = Q(1 — z) + C. Considering them we ﬁnd ’chat _:I = —1 for all <. However, since the product of 2% - ... =1
together, we get and k is odd, we get a contradiction. So all the leading coefﬁments are equal
P(z)=P(1—-z-C)+C. Denote it by a. Now by the long-run behavior lemma, we find that
Thus putting 2 = 1€, we find that C = 0. Hence ‘ ILm ({i/ fic1(fi(z)) — A fi(z) — bil) =0,
T—r00

P(z) = Q(z), P(z)=P(l-az). where A = a. Thus for all i, j, we have
From the second equality, we can see that there exist a polynomial R(z) such 1 Jim (Ifi(z) — bs]| — | fi(z) = b5]) =0
that

1\2 . Since the f; have the same degree and leading coefficient, this implies that
P =@ =R ((s-3) |- .
fi(z) = b = fj(z) — b;.

TrE e
SRR

o

If d > 1, then this implies all the f; have the same coefficient of 291 and the
constants b; in the long-run behavior lemma are computed from this coefficient
(and the leading one). Thus b; = b; and fi(z) = f;(z) for all z. If d = 1, then
we can write fi(z) = az + ¢;, and from the original equation, we find that
acy+ c1 = acz + ¢z =.... = acy + ¢g. Call this common value B. If ¢ = —1,
we find ¢; = ¢;+1 + B.  Hence iterating around a cycle we get ¢; = ¢; + kB
and B = 0. Thus all the ¢; are equal. If o # —1, we find that aci+1 + ¢; = B,
which we can rewrite as

B B
G eri T M\ T o)
Hence iterating this around the cycle, we get
B & B
“ a—l—l—(—a) ( a+1>'

ai a1 - Since @ # —1 and k is odd, we conclude that ¢; = ﬁi for all 1.
a1 T \aiga/) 3“Thus fi=...= [k n

Problqm 8.57. Let k be odd. Let fi,..., fr be polynomials with real coeffi-
cients such that

A1(52@) = falfs(@) = ... = fr(fi(@)).
Prove that f1 = ... = f.

ST

Solution. Let d; = deg f;(x). :
Then comparing degrees we find didy = dads = ... = did;. Hence djy2 = d;,
and since k is odd, we conclude that all polynomials f;(z) are of the same
degree, say d. If the leading coefficient of the polynomial f; is a;, we find that

d d
0iQiy1 = Qit10449-

Thus
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Problem 8.58. Do there exist polynomials P(z) and Q(z) with integer ¢o.
efficients of degree at least 2018 such that

P(Q(z)) —3Q(P(2)) = 17

Solution. The answer is yes. Assuming that the pair (P(z),Q(z)) satisfies
the condition of the problem. Then using the substitution z — P o Q o P(z),

we see that (Po Qo P(z), Qo P(z)) also satisfies the condition of the problem.
Note that

Py(z) =22 +3z+1, Qo(z)=3z+3
satisfy the condition of the problem. Now, define

Qn+l = Qn o Py,

It is clear that after finitely many steps, the degree of P, and @, will be at
least 2018. (In fact, deg P, = 2Fn and deg @, = 9Fn-1 where F, denotes
the Fibonacci numbers. Hence deg Py(z) > deg Q4(z) = 22! > 2018.) ]

Pn+1($)=Pn°Qn°Pna

Problem 8.59. Let P(z) be a nonconstant polynomial with integer coeffi-
cients such that for all but finitely many positive integer n, P(1) + ...+ P(n)
divides nP(n + 1). Prove that there is a non-negative integer &k such that for
each positive integer n we have

P(n) = (” + k) P(1).

n—1

Solution. Let

nP(n+1)
P(1)+ ...+ P(n)
By the hypotheses, z, will be an integer for all but finitely many values of
n. Suppose P(z) has degree d and leading coefficient ag. Then we know
from the Chapter 3.6, that there is a polynomial R(z) of degree d + 1, with
leading coefficient 7, and with R(0) = 0, such that R(z) — R(z —1) = P(x).
Summing this last equation for x = 1,2,...,n, we get

Tn =

P(1) +...+ P(n) = R(n) — R(0) = R(n).
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Note that this implies that R(z) is an integer-valued polynomial.
Since zP(z + 1) is a polynomial of degree d+ 1 with leading coefficient a4, we
see that

nP(n+1) . nP(n+1) . G4
i =l = lim ————% = lim — =d+1.
Jm on = 0 By T T Pn) e B(n)  noeo 4

Since z, is an integer for all sufficiently large n, we conclude that in fact
2, = d + 1 for all sufficiently large n. Thus

nP(n+1) = (d+1)R(n)

for all sufficiently large n. Thus the polynomials zP(z + 1) and (d + 1)R(z)
agree for infinitely many values, hence they are identical. Thus

zP(z +1) — zP(z) = (d+ 1)(R(z) — R(z — 1)) = (d + 1)P(),

which we can rewrite as

Plz+1) z+d+1

P(z) T
Multiplying this identity for z = 1,2,...,n — 1, we get
P(n)  P(n) P(n-1) .P(2)_n+d—1_n+d——2. d+1
P(1)  P(n-1) P(n-2) " P(1) n—1 n—2 1
_(n+d=1)! n+d—1)
T (n=-1ld T\ n-1 )
Hence k =d — 1. [ |

Problem 8.60. Find all polynomials P(z) with integer coefficients such that
for all positive integers a,b, c that are the side lengths of a right-angled tri-
angle, the numbers P(a), P(b), P(c) are also the side lengths of a right-angled
triangle.

First Solution. Since there are right-angles triangles with side lengths
(2n,n% — 1,n% + 1), we see that P(2n) > O for all integers n > 2. Thus P(z)
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has positive leading coeflicient. Thus after a certain point, P(z) is strictly in-
creasing. Thus for large enough n we will have P(n?+1) > P(n? — 1), P(2n)
Hence P(n? + 1) must be the hypotenuse of the right triangle, and we find
that

P(n?+1)? = P(2n)? + P(n? — 1)2

Assume now that deg P(z) = d, and let P(z) = agz® + ag_12%1 + ... + ap
with ag # 0. We have

P(n? +1)? = aZn* + (2da? + 2a4a4-1)n%"2 + ...
and
P(n?—1)2+ P(2n)? = aln* + (—2da3+2agag_1)n* 2 + +2%e2n2
If d > 1, then comparing the coefficients of n%4~2, we get 4da2 = 0, and a
contradiction.

Hence d = 1. So P(z) = a1z + ap and the equation

\ P(n?+1)? = P(2n)? + P(n? —1)?

simplifies to —4agayn + ap(4ay — ag) = 0. Hence ag = 0 and P(z) = a;z. W :

Second Solution. First, we will establish the following lemma.

Lemma. Let P(z) be a polynomial with deg P(z) = d > 2 and positive lead- "
ing coefficient. Assume that s < t. Then sP(tz) > tP(sz) for all sufficiently.

large x.
Proof. Writing P(z) = agz? + Q(z) with deg Q(z) < d, we have

sP(tz) — tP(sz) = adts(td"im— s Dzd + sQ(tz) — tQ(sz).

Since deg(sQ(tz) — tQ(sz)) < d, we find that for all sufficiently large z, we'
have sP(tz) > tP(sz). This completes our proof. Q;
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Now, since (a, b, ¢) = (5k, 4k, 3k) are side lengths of a right-angled triangle, we
fnd that P(5k), P(4k), P(3k) are the side lengths of a right-angled triangle.
By the above lemma, we have for large k

3P(5k) > 5P(3k), 4P(5k) > 5P(4k).
Hence taking the square and then adding we get

95P(5k)? > 25(P(3k)? + P(4k)?),

that is, P(é’)k)2 > P(3k)? + P(4k)2. Thus there are no such polynomials with
[ d>2. For d =1, writing P(z) = az + b, we find that

P(5k)% — P(4k)? — P(3k)? = —4dabk — b* = 0,

" hence the only solutions are P(z) = az. |

Problem 8.61. Find all polynomials P, Q with real coefficients such that

P(Q(z)) = Pa)™".

Solution. If (P(z), Q(z)) is a solution then (—P(z), Q(z)) is also a solution.
Hence, without loss of generality, assume that P(z) has positive leading coef-

" ficient. Assume that deg P(z) = d and write

P(z) = agz® + ag—12%71 + ... + aq,

where ag # 0. Since ¢/P(Q(z)) = {/P(z)?°17, long-run behavior lemma gives

W ag_1 \ 2V .
- \/ad <CE + m) =
(where if d is odd, we can drop the absolute value). Hence

2017
ag-—1 >

dag

ad—1
dag

Q(z) +

3 g
bzt <\@

d
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Putting B = 4=, A = £{/a3’'® (where the minus sign is only allowed for ¢
even), we tan write this as

Q(z) = A(z + B)®" - B
After plugging Q(z) into the original equation, we find that
P(A(x+B)2017 _ B) — P($)2Ol7‘

Then P(Az?0Y"—B) = P(z— B)®Y, Let R(z) = P(z—B) = agz®+aszs+.. ..
Then R(Az?°'7) = R(z)?!7. Examining the coefficient of the second nonzero
term on both sides, we find that the second nonzero monomial on the left-hand
side is as2%017® and on the right-hand side is a§°16asw2016d+3. This contradicts
the existence of s. Hence R(z) = agz®. That is, P(z) = ag(z + B)? and
Q(z) = A(z + B)?17 — B, where A% = 2016, [ |

Problem 8.62. Evaluate the sum

1000

Z ( 31) ( 31000)
kE_91). . .(9F — 9k—1)(9k _ 9k+1). . (2k — 91000)"
L @F -2y (2P -2 -2 L (2F - 210)
Solution. Let P(z) = (z—3') ... (z — 31000) — (z — 21) . .. . (z — 21000),
Then P(z) is a polynomial of degree at most 999 and the L.I.F for P(z) at
the points 2,4, ...,2!99 reads

%’f’ (z-21) ... (=251 (z—2k+1) . ... (z—2100)(2k—31). .. . (2k—31000)
pot (2% —21) . (2k — 2k~1)(2k — 2k+1Y). ., . (2k — 21000) ’
Hence the requested sum is just the leading coefficient of P(z), which is

2' ... 421000 (31, 4 31000) — 91001 #P+1 L

2
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Problem 8.63. Let A = {a1,...,an} and B = {b1,...,bp}. Prove that
n n
W I +b) ] Ge+a)
i=1 _
;H(ak_az) Zn(bk—b)
itk ik
Chinese Team Selection Test 2010
Solution. Let P(z) = (x+a1) ... (z+an) —(z—b1) ... (z —by). Then

P(ea) = (1) [ [ +5), Plbw) = [10x+a.
i=1 i=1

Note that deg P(z) < n — 1. Now, write the L.LLF. once for —ay, ...
again for by,...,bn. We find that

, —an and

H(m + a;)
P(z) = (-1)" ) Z———P(-a).

k=1 H(ak )

itk
On the other hand
H(:z: — b)

P(z) = Zﬁ’“ P(by).

i#k

Now, examining the coefficient of z"~!, we get

- P(bk) — n—1 - P( ak)
kz=1 IR Y Z 1 [[(ak—a

itk itk
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Substituting the values for P(bg), P(—ax), we find that

; ﬁ(ak — a,i) - Z = ] = Z(ak + bk)- n

itk itk
Problem 8.64. Let
b,; = (a,- - a1) taelt (ai bt ai_l)(ai b ai+1) teelt (ai - an).
Prove that (n — 1)! divides lem(by, ..., bn).
Fedor Petrov - Saint Petersburg Mathematical Olympiad 2005

Solution. Let P(z) = (z—1)-... - (z —n+1). Write the L.LF. for P(z) and
a1,...,an. Therefore

o= 3. e

Comparing the leading coefficients on both sides, we get

_ 3~ Pla) _ 5~ Plws)
= e =

Hence lem(by, . .., bs) = c1P(a1) + ... + caP(an) for positive integers

¢ = lcm(bl,b% . "bn)‘
b;

Moreover, for each integer m, we have that P(m) is a product of n — 1 con-
secutive integers, hence it is divisible by (n — 1)!. Thus (n — 1)! divides
P(ay),...,P(as). Thus (n — 1)! divides c1P(a1) + ... + cnP(an), and so it
divides lem(by, ..., bn). n
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Problem 8.65. Let P(z) be a nonconstant polynomial with real coeflicients.
For all positive real numbers M, prove that there is a positive integer m such
that for any monic polynomial Q(z) of degree greater than or equal to m, the
total number of integer solutions of the inequality |P(Q(z))] £ M does not
exceed deg Q(z).

Navid Safaei - Iranian Mathematical Olympiad 2018

Solution. It is clear that the set of solutions to the inequality |P(z)| < M
is a subset'of an interval of the form (—a,a) for some positive real number a.
Now, let deg Q(z) = d > m. Consider the integers o < #1 < ... < Z¢. By
the L.IF, we find that

d .
Q) =Y Q) [[—2=
i=0 g

Since Q(z) is monic, we have

d
1
1= ; .

The right-hand side is less than or equal to
i1 9d
m?X|Q($z’)| 'iz::% ST ‘m?le(wi)|-

Hence 4 ‘
' ml!
mex Q)| 2 53 2

Now, choose m such that (—a, a) € (—%"n—i, -;%') We deduce that, from any
d + 1 integers, at least one of them satisfies the inequality

Q@) > 3m,
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but all the integer solutions of the inequality |P(Q(z))| < M must satisfy the
inequality.
m!
< —

Hence there are at most d integer solutions to |P(Q(z))] < M. n

Problem 8.66. Find all distinct positive integers a1, .. ., a,, such that for each
positive integer k = 1,...,n the number a; -. . .-ay, divides (k+a;)-.. < (k+ay).

Solution. Let P(z) = (z+a1)-...(z+as). Then P(0),..., P(n) are divisible
by a1 -...-an. Writing the L.LF. for P(x) and 0,1,...,n and comparing the
leading coeficients, we find that

g
> ()P =
; i
1=0
Since P(0),...,P(n) are divisible by a1 - ... - an, we find that a; - ... q,
divides the left-hand side and hence divides n!l. Therefore a; - ... - a, < nl.
But ay, ..., a, are distinct positive integers, hence aj-...-ap > 1:2-....n = nl,
which means that {a1,...,a,} ={1,2,...,n}. ]

Problem 8.67. Let d be a positive integer. Find the largest value of the
constant C(d) such that for any polynomial P(z) = ag + ... + agaz® of degree
d with complex coefficients and every permutation (zo, ..., z4) of (0,1,...,d),
we have

d
Y |1P(2k) = P(zi11)| 2 Cladl,
k=0
where z411 = zg.

Chinese Team Selection Test 2010

Solution. First let’s simplify the problem statement. The problem allows
P(z) to have complex coefficients. Since we can multiply P(z) by a constant
without changing the constant C, we can assume aq4 is real. Also, we can let
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Q(z) be the real part of P(z), which will therefore be a polynomial with the
same degree and leading coefficient. If we find a constant C that works for
Q(z), then we will have

d d
> 1P(k) - P(mer) 2 ) Q@) — Q(@ks1)| 2 Cladl-
k=0 k=0

so this same constant will also work for P(z). Thus we may assume P(z) has
real coeflicients.
="' i = ; = = : h ini

Let m = OrsnlggdP(k) P(z;) and M Orélgéch(k) P(z;) be the minimum
and maximum values of P(zx). Then (interpretting sums as being cyclic), the
Triangle Inequality gives

j-1

> |P(zk) = P(zr41)| = Pz;) — Pzs) = M —m,

k=i
and ]

i—1

> 1P(@) = P(aks1)| 2 Plaj) = Plzi) = M —m,

k=j
with equality if and only if

P(z;) £ P(ziy1) <+ < P(z;) and P(z;) > P(zjt1) > -+ 2 P(zi).

d
Thus the minimum over all permutations of the sum Z |P(z) — P(zk+1)| is
k=0
just 2(M — m).
Thus the problem is reduced to finding the largest constant C = C(d), such
that for any polynomial P(z) of degree d with real coefficients and leading
coefficient ag, m = minp<k<q P(k), and M = maxo<k<q P(k), we have

2(M —m) > Cladl.

Now we further simplify by invoking the L.IF.. Instead of choosing a poly-
nomial P(z), we choose the values P(0), P(1),...,P(d) € [m,M]. Then we
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use the L.LF. to build the unique polynomial of degree at most d with these

values ..
d

P@)=3" (;?d: (Z) <Z> P(k).

k=0

Since the leading coefficient of this polynomial P(z) is given by

d
= > (Z)P(k),

we see that we just need the largest C such that
O d '
- = —1)d-k
2(M —m) > T kg___o( 1) (k) P(k).

Since the left-hand side is linear in the values P(k) and we are free to choose
any number in [m, M] for these values, finding the maximum of the left-hand
side is easy: we just take M for d — k even, and m for d — k odd. This gives

o o, 2 () 3, () e

Hence the largest constant is C = 2‘" |

Problem 8.68. Let d > 1 be an odd integer and let P(z) be a polynomial of
degree d. Suppose that P(k) = 2* for k = 0,1,2,...,d. Prove that P(z) is
divisible by z + 1, but it is not divisible by (z + 1)2.

Navid Safeei

First Solution. We saw in the text that the polynomial P(z) can be written

P =(5)+ () +-t ()
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Using the Pascal’s triangle recursion

(m:1> - <ki1)+<:/z>
<le> =£F<kf1)

we see that since d is odd, we have
z+1 z+1 z+1
(*1 )+ (3 )+...+( o)

IWE 1/ =z
($+1)<1+§<2>+...+a—(d_1>>.

Thus we see that P(z) is divisible by z + 1. Calling the second factor above
Q(z), to show that (z + 1)* does not divide P(z) it suffices to show that

Q(~1) # 0. Since
(2m)
1

1

and we are done. [ ]

and the easy identity

P(x)

_EDE2)- (—=2m) _ 1
(2m)! ’

we see that

Second Solution. Since we have seen that

P(z) = (§)+<i>+...+<§>,

the leading coefficient of P(z) is equal to I
Consider the polynomial Q(z) = P(z + 1) — 2P(). 1t is easy to deduce that
deg Q(z) = d, Q(z) has leading coefficient > and

QO)=Q(1)=...=Q-1)=0.
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Therefore

Q@) = P +1)~2P(@) = —2z(a—1) .- (o~ (d = 1)).

Note that since d is odd,

Qd-1-2) = (-1)%Q(z) = —-Q(a).
Thus
Lot

Q-1 =~Q) = 3

Hence

1=Q(-1)=P(0)—2P(~-1)=1-2P(-1).
Thus P(—1) = 0 as desired.
From the fact that Q(d — 1 — z) = —Q(z), we find that

Qd-1-z)=Q'(z).
Hence Q'(d) = Q'(—1) = P'(0) — 2P'(—1). Since we can compute that
1

Q/(m)=—%w(x—1)....-(w—-(d—l)) <;+...+m—(11+1>,

we get

é’(d)=—<l+%+...+%).

On the other hand, P’(0) is equal to the coefficient of z in the expression,

6+ )+ )

which gives L1 .
/ = —— —_—— p—
PO)=1-5+z +5
Thus we get -
/ 1 ! / 1 1
P(=1) = 5(P'(0) = Q) =1+ 3 +... + 5 #0,
and we are done. [

L

ER LT e 2
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Problem 8.69. Let d > 1 be an odd integer and P(z) be a polynomial of
degree d. Suppose that P(k) = 2k for k =0,1,2,...,d. Prove that there exist
at most finitely many integers = such that P(k) is some power of 2.

Taiwanese Team Selection Test 2018

Solution. By previous problem, we find that d!P(z) = (z + 1)Q(z) for some
monic polynomial @(x) with integer coefficients satisfying Q(—~1) # 0.

Since d > 1 is odd, we have d > 3. Therefore there is some constant M,
guch that for z > M, we have P(z) > (z + 1)2. Since P(z) has odd degree
and positive leading coefficient, we will only have P(m) > 0 for finitely many
negative integers m. Thus it suffices to show that there are only finitely
integers m > M, for which P(m) is a power of 2.

Suppose that m > M is such an integer with P(m)=2" Writem+1=2%-b
with b odd. Since (m + 1) | d!P(m) = d! - 2", we see that b | d!. Further
since m > M, we have P(m) = 2" > (m + 1)2 > 228, hence n > 2a. Thus it
follows that (m + 1)% = 22¢ - b? divides (d!)2P(m) = d!(m + 1)Q(m). Hence
m + 1 | d!Q(m). However, since @ is a polynomial with integer coefficents
we also know that m +1 | @(m) — Q(—1). Thus m + 1 | d!Q(~1). Since
Q(—1) # 0, there are only finitely many integers m + 1 for which this ca.:
occur.

Problem 8.70. A polynomial P(z) of degree d satisfies P(k) = 2* for all
integers k=0,1,...,d.

Prove that P(k) > 2¢~! for all integers k =d+1,d+2,...,2d+ 1.
Solution. We have seen that

p@=(5)+(3)++(3)

Therefore by the symmetry of the binomial coefficients we also have

P =, )+ (o _50y) ++ ()
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Adding these we get

o= () + () -+ )+ (2 (i) =)

Ifk=d+1,d+2,...,2d+ 1, then for £ = k we get

2P(k) > 32:; (’;) = 2k,

since the right-hand side has every term in the sum at least once. [ |

Remark. Based on the above proof, we see that for k' = 2d + 1, we have
equality

P(2d+1) = 2%,

Problem 8.71. Let P(z) be a polynomial with complex coefficients of degree
d such that P(0) = 0. Show that for each complex number ¢, |@| < 1, there

are complex numbers zi, ..., 2442 on the unit circle such that
1]

d+2

! P(a) = P(z).
g1

American Mathematical Monthly, Problem 11432

Solution. We will prove the stronger statement that there exist d+2 numbers
on the unit circle such that for any a with |¢| < 1, there are complex numbers

21,---, 2d+2 on the unit circle such that for ¢ = 1,...,d we have
d+2
> oot
i=1

To derive the problem statement from our statement, simply multiply these
identities by the coefficients of P(z) and sum.
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‘We will find the numbers z1, ..., Zd4-2 by finding the polynomial for which they
are the roots. Accordingly, write

d+2 d+2 C en
Q) =[[Gz—=)= > (-1
i=1 7=0
The desired condition on the roots is that the power sums S1,.. ., 5q are th,e
powers of o, S, = of. Hence we want o1 = S, = o and from Newton’s
Identities
- k
Sy — Sg—101+ ...+ (—1)k 15’10‘k:—1 +k(-1)’0r =0,
for k=2,...,d, we see that o = co=0gg=0.

Thus we have
Qz) = 24+? — 0z + A2+ B

for some complex numbers A, B. Now we need to further arrar%ge t.hiat the
roots of Q(z) lie on the unit circle. This forces |B| = 1, and for simplicity we
take B = 1. Then Vieta’s formulas say that

T

Hence we must have
Q(z) = 2%? — a2 —@ + 1.

We still need to prove that the roots of Q(z) actually lie on the unit circle. If
2 is & root of Q(z), we must have

az— 1
L+ =

zZ— O

Let "z —1

z
zZ—Q

f(z) =
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be the right-hand side, and observe that

) Ff 1= Qe i)

|z - af?

Therefore if |z| < 1, we have

o7 <1 < If(2),

and a contradiction. If |z| > 1, the inequalities both reverse and we still get a
contradiction.

Therefore as desired, all roots of Q(z) lie on the unit circle. [ ]

Problem 8.72. Let a, b,c be integers such that a + b+ ¢ = 0. Prove that:

(i) (a®b? + c2b? + a%c?) | (a®b° + b5 + aBcd);

(ii) If n —1 is divisible by 3, then (a? +b? + ¢2) | (a® + b + c);

(iii) if n —2 is divisible by 3, then (a?b? + c?b% +a2c?) | (a™b" + b + ca™).
Kvant, Problem M2023

Solution. Let

Sp=a"+b"+c"*, T,=a"b"+""+c"a"

be the power sums and define
1 n T n 1
Pn=§[a + 0"+ (—a—b) ]=-2-Sn.

Then we see that P, = 0, P, = —(a? 4 ab + b?), and P; = —%g—‘@ are all

integers (since at least one of a, b, and a + b must be even). From Newton’s
Identities, we get

Pri3 = (a® + ab+ b%) Py + ab(a + b) P,

Additional Problems 523

Hence we conclude that Py is an integer for all n. Furthermore, since P, and
P, are multiples of a? + ab + b* and Newton’s Identities give

Poys = abla+b)Py  (mod a® 4+ ab+b?),

we conclude that P, is divisible by a? + ab+ b? if n is not divisible by 3. For
n=3m+ 1, we get

Pypya = (a2 +ab+ bz)P3m+2 + ab(a + b)P3m+1.
Since Pjm.o is divisible by a? + ab -+ b?, we find that
Pimis = ab(a + b)Psmy1  (mod (a® + ab + b?)?).

Since P, = 0 is divisible by (a?® + ab + b%)?, we conclude that P, is givisible
by (a® + ab + b%)? if n is 1 modulo 3.
Now we apply these results to our problem. If n not a multiple of 3, then we
have seen that

S S,

n
'?-_—PZIPn— 2)

and hence S2 | Sp, which is more than was asked in (ii). Similarly, ifnis 1
modulo 3, then we have seen that

S
(a®+ab+b%)? | Pp= -—275,

Hence 2(a2 + ab + b?)? | S,. Also note that Py = (a® +ab+b%)2 g
Sy =2(a® +ab+ b?)2.

Now note that 2Ty, = S2 — San, hence in particular, Tp = (0 + ab + b2)2. If
n = 3m+2, then S = 2(a?+ ab+b?) divides Sam+2, 80 2(a2+ab+b2)2 divides
52,49 Since 2n =6m+41is 1 modulo 3, we also have that 2(a? 4 g 4 b2)2
divides Semya. Hence 2(a? +ab+b%)? = 2T divides S3m+2~Someq = 2T3m12,
and thus T, divides Tam.2 This is (iii) and (i) is a special case. B

Remark. The following problem is from Kvant M2173, and was proposed for
USA TST 2015:

Let p > 3 be a prime number such that a® +ab+ b? is divisible by p, Prove
that (a + b)P — aP — B is divisible by p°.
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Problem 8.73. Let 21,...,z, € Z satisfy ged(z1,...,2a) = L.
Define s =-z¥ + ...+ zk. Prove that

ged(s1,...,8p) | lem(1,2,...,n).
Komal

Solution. Let p be a prime dividing ged(sy, ..., sn) and let

vplgod(s1, -, 8n)) = .

VYe will prove that p* < n. This will solve the problem since it proves that
o' |lem(1,2,...,n). Let ' -

P)=(z—21) ... - (—2) = 2" — 012" " + ... + (-1)"0n.

Then
Sntr = 018n4r—1 — 02Sn4r—2+ ... + (=1)"tonS,,

which implies that Sy, is divisible by p® for each k. Now take k = tp**(p—1).
Since o(p*) = p'~1(p—1), the general form of Fermat’s Little Theorem implies
that if ged(a,p) = 1, then o® = 1 (mod p*). Further, since k > ¢, ifp | a
then p* | a* and hence a¥ = 0 (mod p?). Thus z:* + ...+ z,* = s (mod pt):
where s is the number of zi,..., 2, which are relatively prime to p. Since
ged(zy,...,Tn) = 1, we have 1 < s < n. However, we have already seen that
Sy is a multiple of p?, hence p* | s. Thus n > s > p'. |

Problem 8.74. Let 21, ..., z1000 be integers such that

1000
Y aF=0 (mod2017) forall k=1,2,...,672
f=1 -

Prove that 2017 | z; for all ¢ = 1,2,...,1000.

Japanese Mathematical Olympiad 2017
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Solution. Let Sk and o be the power sums and elementary symmetric poly-

nomials in z1, ..., Z1000- Lhe statement of the problem implies that
Sl =...= 3672 =0 (mod 2017).
First, we prove that o1 = ... = o712 = 0 (mod 2017). We proceed the proof

by induction on k. For k = 1, since o1 = S1, we are done. Assume that the
statement holds for all positive integer less than k. Then since k < 672 < 1000,
by Newton’s Identities we find that :

(~1)* ko = Sk — 01Sk-1 + o9Sk—2t+ ...+ (—1)k510k_1.

The right-hand side is divisible by 2017, hence 2017 divides kog.
Since ged(k,2017) =1, ok is divisible by 2017. This completes our proof.
Now, use Newton’s Identities for S1000+r, Which reads

-1
S10004r = 015000+r — 028908 4r &+ -+ (=1)" 0100057
For 1 < r < 344, we can write this as '
328 999
Siooo4r = 3 _(—1)* o1000-iSr+i + > (-1)"* o1000-iSr+i-
=0 =329

In the first sum Sy, is divisible by 2017 since i+ r < 672. In the second sum
01000—1 is diViSible by'2017. Therefore 51001, ey 51344 are diViSible by 2017.
Finally, :

328 999

i1 i+1
S2016 = E (=1)*"'o1000-iS1016+i + E (—=1)""o1000-i51016+-
=0 =329

Again, the first and second sums are divisible by 2017.

Let r be the number of z1,...,Z1000 Which are not divisible by 2017. If
2017 does not divide a, then Fermat’s Little Theorem implies that o206 =1
(mod 2017). If 2017 divides a, then of course a2 = 0 (mod 2017). Hence
Sonig = 7 (mod 2017). The calculation above shows that r must be divisible
by 2017, but it is at most 1000. Hence we must have r = 0, which says that
all of z1,...,Z1000 are divisible by 2017. |
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Remark. Assume that g is a primitive root modulo 2017. Setting

z; = ¢%0~Y  (mod 2017), j=1,...,672

and z; = 0, 673 < j < 1000, we can compute that for each k = 1,2,...,671,
then

1000
Z z¥ =0 (mod 2017).
i=1

This shows that 672 is the best bound for k.

Problem 8.75. Let n be an integer not divisible by 3. Find all integer solu-
tions of the equation

(a% — be)™ + (b° — ac)" + (¢ — ab)™ = 1.
H. Van Der Berg - Mathematical Reflections, Problem 052
First Solution. Let
P(a,b,c) = (a® — be)™ + (B2 — ac)™ + (c® — ab)™.

We first prove that for each n not divisible by 3, P(a,b,c) is divisible by
a? + b% + 2 —ab—ac— be. For n =1 it is obvious. For n = 2,

(a® — be)? + (0% — ac)? + (2 — ab)? = (a® + b + )% — (ab+ ac+ be)?,
which is clearly a multiple of a? + b? + ¢® — ab — ac — bc. Now define
z=a?-be, y=>b’—ac z =c* — ab.
Then
2? —yz = a(a® + b° + ¢ — 3abc) = a(@+ b+ c)(a® + b* + ¢ — ab — ac — bc).
By the same argument, y? — zz and 22 — zy are divisible by

a® + b + % - ab—ac— be.
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Since

mn+3 + y'n.+3 + zn+3 — (x2 _ yz)xn+1 + (y2 _ xz)yn-}-l + (22 _ y:l:)xn+1
+ zyz(z" + y" + 2"),

we see that if 2™ + y™ + 2" is a multiple of a® + b? + ¢ — ab — ac — bc, then so
is z+3 + ™13 4 273, Tterating this proves the claim.
Now we turn to the problem. Since

1
a2+b2+cz—ab—ac—bc=—2- [(a—b)2+(b—c)2+(c—a)2] >0,
divides P(a, b, c), any solution to P(a,b,c) = 1 must have
a®+b+ct—ab—ac—bc=1.

Thus two of a, b, c must be equal and the third must differ from them by 1.
Since P(a,b,c) = P(—a,—b,—c), we may assume the third value is one more.
Thus we need to look for integer solutions to

1= Pk, k, k+1) = (2k + 1)™ + 2(—k)™

If n = 1, this always holds and we get the solutions (a,b,c) = (k,k,k £+ 1)
and its permutations. If n is even, then both terms on the right-hand side
are nonnegative, and we see that the only solutions is k¥ = 0. This gives
(a,b,c) = (0,0,%1) and its permutations. If n > 1 is odd, then the equation
becomes (2k + 1)™ = 2k™ + 1. It is easy to check that k = 0, —1 are solutions.
For k > 1, we have (2k + 1)® > 2k™ + 1, so no solutions. For k < —2, we let
k = —m and write the equation as 1+(2m—1)" = 2m™. We have 2m—1 > 3m,
hence (2m — 1)* > %m" > 2m™, and again we get no solutions. Hence for
n > 1 odd, the solutions are (a,b,¢) = (0,0,%1), (1,1,0), (—1,-1,0), and
their permutations. |

Second Solution. Let S, = (a® — bc)™ + (b2 — ac)™ + (¢ — ab)™ and write

(m—a2+bc)(m—b2+ca)(m—c2+ab)=x3—px2+qw—r.
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Then we compute S; = p = a® + b% + ¢ — ab — bc — ca and

q= —(ab+ be+ ca)(a® + b + ¢* — ab— b — ca).

Since Newton’s Identities give So = p® — 2g, we see that Sy is a multiple of
a? + b2 + 2 — ab — bc — ca. From the Newton’s Identity recursion

Snt+3 = pSni2 — gSn41+ 750

and these initial values, we see that Sy, is a multiple of a2 -+b%+c?—ab—bc—ca
if n is not & multiple of 3. Thus as in the previous solution, we have reduced
to looking at the cases where a2 + b2 + —ab—bc—ca=1. [ |

Problem 8.76. Let r >0 and r = r3 4 1. Prove that there exists a positive
integer N such that

4100 | N — 39 < 1.

Solution. Consider the polynomial P(z) = z® — 22 — 1. For z < 1, we have
#2(z—1) < 1 hence no roots of P(z). Forz > 1, z?(z—1) is increasing. Hence
P(z) has only one real root r; and the other two roots ro, 73 are conjugate.
Now turning to our problem, we see that r = r%. Since the power sums
Sy = r’f +,,.§ +7"§c satisfy Sp = 3, S1 = S2 = 1, and Sy = Sp—1+ Sn—3. We see
that N = Sgoo = 7% + r§%0 + 73 is & positive integer. It remains to prove
that

IN = £390] = |V — 1800 = |r 0 4 00| < 47100,
Observe that 7% + r% = 2Re(r§?) < 2|ro[**?. Finally since
P(v2) =22 -3 <0,

we find that r; > /2. Since rirers =_r1|7‘2|2 =1, we get |T2|2 = ;1; < 2-%.
Hence
2|r2|90° < 9224 - 9=200 _ 4—100, n
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Problem 8.77. Find all integers n such that for any positive real numbers
a, b, ¢, z,y, z such that ‘

max(a,b,¢,z,y,2) =a, a+b+c=z+y+z2, abc=zyz,
the inequality a® + b™ + ¢® > z™ + y™ + 2™ holds.
Chinese Team Selection Test 2018
Solution. Plugging ¢ = a into the equation
(t—z)t—y)t—2)— (t—a)t-b)(t—c) = (zy+yz+ 2z —ab—bc— ca)t,
we find that xy + yz + 2z > ab+ ac + be. Define
T,=a"+b"+c"—z" —y" — 2",
it follows that

Tpis — (z +y+ 2)Thyo + (zy + y2 + 22)Tnt1 — zy2zIn
= (zy + yz + 2z — ab — ac — bc) (@™t 5"t + ) > 0.

Rewrite this inequality as

Toys — (& + ¥)Tnte + 2yTnt1 > 2(Tng2 — (@ + 9)Tna + 2yTh).
We compute that 7o =71 =0, and

Ty =a®+b2+c%—z®—y? - 22

=(a+b+c)?— (z+y+2)?—2(ab+ac+bc—zy—yz — 2z)
= —2(ab+ac+bc— zy —yz — zz) > 0.

Hence
Ty — (.’I: + y)T1 + zyTo =T > 0.

Thus the inequality above implies that for each n > 0, we have

Tn+2 — (IE -+ y)Tn+1 + fL‘yTn > 0.
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Write this as
.. Tove — 2Tpy1 > Y(Tnt1 — =T).

Since Ty > 0 we find that Ty — zT3 = Ty > 0. Thus the previous inequality
u.nplies that Tp42 —xTnq1 > 0 for all n > 0. Iterating this argument one more
time gives Tp49 > Ofor alln > 0. Hence T,, > O for all » > 0. Thus the
inequality holds for nonnegative n. -

Now, define Uy, = T_p,. In this case,

1 1 1 1 1 1 1 1

zy  yz  zz  ab ac_i_b—c7 xyz  abc’

and .
1 1. 1 1 1
—_t—t = > = -+ -,
273 a+b+c
Furthermore,
1 1 1 1 1 1 U,
U+a~(—+—+—>U 4= Im

In this case we compute Uy = U_; = 0, and U; < 0. Thus modifying the
argument above slightly, we first find that

1 1 1
Unta ~ (a + '5) Un+1+ &—bUm <0

for all m > —1. Then that Up,qg — %Um+1 < 0, and finally that Up,49 < 0 for
all m > —1. Hence for all m > 1, U,, < 0 and T_,,, < 0. Thus the inequality
holds only for nonnegative integers. n

L
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