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Preface

This book grew out of instructional material and notes the author created while teaching
courses in Linear Algebra and Differential Equations to undergraduate engineering
students. Starting from simple demos prepared for instructing students, all aspects
associated with the first order differential equations, linear second and higher order
differential equations with constant coefficients and coupled first order differential
equations were incorporated into several modules for obtaining solutions to any
exercise. Taking the pulse of the students to determine what they felt was essential
for their understanding, these modules were constantly updated and put in to a final
from where they display solutions to differential equations with a simple input in
textual form. The solutions are displayed as figures such that they provide theoretical
aspects, explanations, step-by-step generation of solutions, solutions using multiple
approaches, including verification through numerical techniques. The examples in the
book capture this holistic approach to problem solving. MATLAB® (version 2016a)
with its symbolic toolbox provided the appropriate software for the creation of the
solutions in this format.

The book provides theoretical background containing a large number of examples,
far exceeding what is seen in typical textbooks and a substantial number of exercises.
The goal of the book has been the creation of materials that provide the theory, ample
examples to cover the diverse theoretical concepts in each chapter, and multiple ways
of solving problems providing the pedagogy in terms of verification of solutions, etc.
The solutions manual is available separately.

This book has been a family project with the support and encouragement from
my wife Raja and daughter Raji. Their assistance in the preparation of materials was
crucial to the timely completion of the project. I want to thank my editor Mr. Vijay
Primlani for his support during this endeavor. The support provided by the staff at
CRC press is also greatly appreciated.
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CHAPTER 1

Introduction

In the sciences, engineering, social sciences, business and other areas that impact
our lives, changes take place continuously. This dynamic behavior can be easily
demonstrated, studied and critically analyzed through modeling carried out by
examining how changes take place in time. This time dependent or temporal behavior
leads us to the notion of derivatives and differential equations. Therefore, a study of
differential equations, their solutions, and interpretation of the solutions is essential
for the proper understanding of systems operating in all walks of life.

Consider a phenomenon where the observable quantity is identified by y. If changes
are taking place in time, it is obvious that y will be a function of time t, expressed as
y(t). If we take the first order derivative of y (differentiation once with respect to the
independent variable t) and equate it to another function f{),¢), we obtain a first order
differential equation expressed as

dy _
n =f(».1). (1.1)

It should be noted that f(y,t) may be a constant, a function of time, a function of y
(implicit dependence on t) or a function of y and t. For example, we may have

%:f(y,t):y—i-yztﬂ‘z—i—l (1.2)

If f(3,t) only depends on vy, the first order differential equation is an autonomous one
as in the case of

d
%=f(y,t)=h(y). (1.3)

In eqn. (1.3) h(y) is a linear or nonlinear function of y only.

It is possible to take the derivative of eqn. (1.1) once more. In this case, we get
a second order differential equation. We may also take higher order derivatives. The
order of the differential equation is determined by the highest order derivative existing
in the equation. In addition to differential equations in a single variable of the first or
higher orders, it is also possible that there may be two or more observables such as y (1),
,(0),.., in which case, we may have interconnected or coupled differential equations.
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In this book, we study all these differential equations starting from a single first
order differential equation, followed by second order and higher order differential
equations and culminating in coupled first order differential equations. If the differential

equations only contain terms in y, d_y, Q,. .., 0r d’y , the differential equations are
dt dt dt"
linear. An example of a 4th order linear differential equation is

d'y d’y
al(t +b(t +c(t)y=h(t). 1.4
(V2L b0y L c(e)y = () (14)
Ifa(t), b(t) and c(t) in eqn. (1.4) are constants (no dependence on t), the differential
equation is identified as a linear differential equation with constant coefficients.

An example of a second order linear differential equation with constant coefficients
(A, B, and, C) is

2
dy +Bﬂ
ar’ dt

Additionally, if h(t)=0, eqn. (1.5) will be a homogeneous differential equation
while a non-homogeneous differential equation will have h(t)#0. Note that h(t) may
be number (not equal to zero) in a non-homogeneous differential equation.

Chapter 2 is devoted to the study of first order differential equations with special
emphasis on autonomous systems to develop an appreciation and understanding of the
equilibrium conditions of associated systems. The chapter starts with the method of
integrating factors and the method of separable functions for obtaining the solution of
first order differential equations. A description of D-fields is provided to offer a pictorial
description of the behavior of the system. All aspects necessary to understand an
autonomous system are presented and well supported by an extensive set of examples.
The examples are annotated to provide insights into the form of the solution, type
of equilibrium as well as verification of the solution through additional approaches
including use of dsolve(.) in MATLAB®, along with plots if and when necessary.

The second order differential equations are studied in Chapter 3. The differential
equations are limited to linear ones with constant coefficients. Starting with the
homogeneous differential equations, the concept of the characteristic equation or
polynomial is introduced and the evolution of the solution from the roots of the
characteristic equation is described. Solutions are also obtained using Laplace
transforms and the state of the system is examined using the phase portraits to ensure
that the analytical solution and their properties match the conclusions that can be
drawn from phase portraits. An additional approach for obtaining the solution based
on converting the second order equation into a pair of coupled first order differential
equations is also offered as yet another level of verification of the solutions along
with numerical solution obtained using Runge-Kutta methods. Finally, examples are
provided which encompass every aspect of the solution with necessary equations,
annotations, explanations and verification. Non-homogeneous differential equations
are studied next in Chapter 3 by offering two methods for obtaining the particular
solutions, namely the method of undetermined coefficients and the method of variation
of parameters. The particular solutions obtained using both methods are compared
offering a comprehensive view of the solutions to the non-homogeneous differential

A

+Cy=h(t) (1.5)
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equations. The Laplace transform based approach and Runge-Kutta method are used
to provide verification. Numerous examples are provided to cover diverse forcing
functions and annotations in figures that clearly illustrate steps in the generation of the
particular solutions, e.g., the need to scale the initial guess by t or t? as the case may be.
The examples are fully annotated including steps taken to evaluate unknown constants
when the initial conditions are given along with the background theoretical aspects.

Higher order differential equations are studied in Chapter 4. The solution to the
homogeneous differential equation is obtained using the roots of the characteristic
polynomial and issues with the diversity of relationships among the multiple roots are
discussed. Based on this, the characteristic polynomial is used only for differential
equations up to the 4th order. The Laplace transform method is used for all orders.
The particular solution is obtained using the method of variation of parameters (up
to the 4th order). The Runge-Kutta method is used as a means to verify the results.
Once again, the examples are annotated with theoretical aspects, relationships among
the roots (if they exist), formulation of the solution, determination of the unknown
constants (initial conditions given), and, plots of the theoretical and numerical solutions.

Chapter 5 is devoted to coupled first order systems. A pair of coupled equations
is studied first. The use of eigenvectors and eigenvalues in obtaining the solution to
the homogeneous set is presented. The notion of defective matrices and the need for
generalized eigenvectors is described. Another method based on the conversion of a
pair of first order equations into a single second order equation is also presented along
with the method based on Laplace transforms, as additional means for verification.
The Runge-Kutta method is used as an extra step of verification. Phase portraits are
used to justify conclusions about the stability of the system based on the solution
obtained analytically. The concept of the fundamental matrix is invoked to obtain
the particular solution when forcing functions are present. The fundamental matrix
is used to obtain solutions when multiple coupled differential equations are present.
Taking note of the existence of defective matrices, the analysis is limited to coefficient
matrices of size [4 x 4] for the use of eigenvalues and eigenvectors. For larger matrices,
only the Laplace transform based method (which is used throughout regardless of the
size of the coefficient matrix) and the Runge-Kutta method are used for verification.
The examples are annotated by displaying eigenvalues and eigenvectors, identifying
defective matrices (algebraic and geometric multiplicities), degenerate eigenvalues,
generalized eigenvectors, etc.

Appendices provide in depth coverage of topics such as numerical methods for
solving differential equations (Euler’s and Runge-Kutta methods), theory of Laplace
transforms and applications to differential equations and phase plane analysis. In all
cases, theoretical aspects are enunciated with appropriate examples to demonstrate
the relevance to the issues presented in the main body of the book. The final appendix
(Appendix D) is devoted to concepts of linear algebra that are absolutely essential for
gaining a better understanding of the methods employed to find solutions to differential
equations. These include properties of matrices, solution of a set of equations using
row reduced echelon forms, Cramer’s rule if applicable, matrix inversion if permitted
and most importantly, the topic of eigenvalues and eigenvectors of square matrices.
An expanded view of defective matrices and generalized eigenvectors is presented to
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illustrate how they play an important role in obtaining solutions to a set of first order
coupled differential equations.

A common thread throughout this book is the use of MATLAB (version 2016a)
for the creation of the displays associated with every example. In every chapter,
MATLAB scripts for solving example problems, creating phase plots, obtaining
Laplace transforms, etc. are given for the benefit of the reader. Through the use of
LaTex conversion and extensive use of symbolic toolbox, the displays of the examples
and solutions provide equations, explanations, sketches, plots, etc. reproducing the
class room work by an instructor. MATLAB is used not merely as a means to verify
the solution. It is also used to create a step-by-step solution matching the theory in
every respect and thus providing a pedagogical element which is a unique feature of
this book. Even though it is not possible to assure the absolute accuracies, every effort
has been made to ensure that the MATLAB scripts (written in version 2016a) and the
results provided are correct.

As indicated in the preface, the book is the culmination of the author’s participation
in teaching courses in Linear Algebra and Differential Equations to engineering
students. The books used during that period of instruction and a number of journal
publications by the author that came out of the preliminary work are listed below.
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2.1 Introduction

Most physical and chemical phenomena involve changes taking place with respect to
one or more parameters. This means that in its simplest form, systems responsible for
these phenomena can be modeled in terms of an independent parameter (or variable)
and a dependent parameter (or variable). Since changes take place over time, the
easiest way to represent the system is through an expression describing the variation
of a parameter (temperature, pressure, concentration of a chemical, force, pressure,
etc.) in time. Variations are often represented in terms of derivatives resulting in first
and higher order differential equations to model these systems.

Differential equations of first order are characterized by the existence of the
derivative of the first order in an equation containing an independent variable (t) and
a dependent variable (y) such as

d
d—);zf(t,y). Q.1

In eqn. (2.1), f(.) is generally taken to be a function of two variables, even though
f(.) may be a function of y or t alone. It is also possible that f(.) is a constant. If
f(t,y) does not depend on t, the differential equation in eqn. (2.1) is identified as an
autonomous differential equation. If f(t,y) only contains terms that are linear in y,
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eqn. (2.1) becomes a first order linear differential equation. If f(t,y) can be separable
and written as the product of two functions h(t) and g(y), a function of t and a function
of'y, the differential equation is a separable one.

2.2 D-field Plots

Considerable insight into the systems described through eqn. (2.1) can be gained by
examining the behavior of the differential equation through the use of plots known as
directional field plots or D-field plots. They rely on the fact that eqn. (2.1) also is the
slope of'y, describing how y varies with time t. Consider a simple differential equation

dy _
dt
If a value of y=6 is chosen, the slope is 0. For y=0, the slope is 6. If there is a way
to indicate the values of the slope at various values of y by short arrows on a plot of
t vs. y, the pattern created will provide information on how the solution varies with
time and what is likely to happen when t goes up or down. The plot so generated is
called the directional field or D-field plot. The plot can be generated with MATLAB
using the quiver(.) command which draws small arrows. The simple code is given
below and the resulting display is shown in Figure 2.1.

6-y. (2.2)

clear;clc
y=0:10; % pick values of y
t=0:.4:8; % pick values of t
[tt,yt]=meshgrid(t,y); % create a 2-d array of samples of t and y
dy=6-yt; % create dy/dt
dt=ones(size(dy)); % create corresponding time coordinates
figure, quiver(tt,yt,dt,dy,1.,‘b’) % quiver displays the directional arrows
xlabel(‘time’),ylabel(‘y(t)’), axis tight
title(‘dy/dt=6-y”)
hold on
plot(t,6*ones(length(t)), -r’, linewidth’,2)
CC=[-5:5];% values of C
% now plot the solution
tt=t;
clear t
syms y(t) C
ys=dsolve(diff(y,t)==6-y); % get the symbolic solution
vars=symvar(ys);% find the symbolic variables
ys=subs(ys,vars(1),C); % replace the unknown constant with C
yss=MATLABFunction(ys); % create in-line function for plotting the solution
for k=1:length(CC)
C=CC(k);
ysS=yss(C,tt);
plot(tt,ysS)
end;

A solution to eqn. (2.2) can easily be found by rewriting it as

dy
(6—7) dt (2.3)
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Figure 2.1 D-field of dy/dt=6-y.

The solution is obtained by integrating both sides of eqn. (2.3) as
y(t)=6+Ce™" (2:4)

Regardless of the value of the unknown constant C, it can be seen that as t—oo,
the solution approaches a stable value of 6. This can be observed from the plot. If a
second step is undertaken to plot the solution for several values of C [for example,
ranging from 0 to 5] and displayed on the same D-field plot, the solutions (shown by
continuous lines) will follow the field directions arrows as shown in Figure 2.1. If an
analytical solution is unavailable, numerical techniques (Appendix A) can be used to
superimpose the samples of solutions as shown.
While eqn. (2.2) was autonomous, a slightly different case is that of a non-
autonomous linear differential equation
dy
& y+5-3t (2.5)
Proceeding as before and taking an additional note of the existence of t by choosing
values of t along with values of y, the D-field can be plotted. The MATLAB script
appears below and results are shown in Figure 2.2.

clear;clc;close all

y=-5:.5:5; % pick values of y

t=0:.25:5; % pick values of t

[tt,yt]=meshgrid(t,y); % create a 2-d array of samples of t and y
dy=yt+5-3*tt; % create dy/dt

dt=ones(size(dy)); % create corresponding time coordinates
figure,

quiver(tt,yt,dt,dy,1.5,b”) % quiver displays the directional arrows
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xlabel(‘time’),ylabel(‘y(t)’), axis tight
hold on
tl=t;
clear t
syms y(t) C
ys=dsolve(diff(y,t)==y+5-3*t); % obtain the symbolic solution
vars=symvar(ys); % find the symbolic variables
ys=subs(ys,vars(1),C); % replace the constant with C
ys1=MATLABFunction(ys);% create in-line function for plotting the solution
CC=[-2:.25:2];% values of C
for k=1:length(CC)
C=CC(k);
yss=ys1(C,tl);
plot(t1,yss),ylim([-5,5])
end;
title(‘dy/dt=y+5-3*t”)

i dyidt=y+5-3%
i _ —
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Figure 2.2 D-field of dy/dt=5+y-3t.

Unlike the example in eqn. (2.2), the contours seem to diverge indicating that
the system represented in eqn. (2.5) is unstable. This can be established by getting
the solution of eqn. (2.5) as (methods of obtaining solutions are discussed in the next
section)

y(t)=31-2+Ce. (2.6)

The theoretical plots are superimposed (continuous lines). The benefits of D-field
patterns are clearly evident in terms of the directional arrows providing information on
whether the system is likely to attain a stable value once the system starts functioning
and how the behavior is likely to change with time, without actually knowing the
solution.

Additional examples of D-field plots are given in Section 2.4 following the
discussion of methods for finding solutions of first order differential equations.
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2.3 Methods of Solving First Order Differential Equations

While D-field patterns provide useful information, it is necessary to have access to
solutions of the differential equations. Solutions may be obtained analytically and if
analytical solutions do not exist, solutions may be obtained numerically. Numerical
techniques are discussed in Appendix A and the two different methods of solving first
order differential equations analytically are given next. These are based on the method
of integrating factors and the concept of separable functions.

2.3.1 Method of integrating factors

First order linear differential equations can be solved using the concept of integrating
factors. Consider a first order linear differential equation with a dependent variable
y(t) and independent variable t given by

a(t)Dy+p(t)y=g(1). 2.7

In eqn. (2.7), a(t), p(t) and g(t) are either constants or functions of time and

dy
Dy =—. 2.8
4 dt @9
Equation (2.7) is rewritten as

s 200, 500

a(1) y= m. 2.9)
It is understood from eqn. (2.9) that
a(1)#0. (2.10)
Rewriting eqn. (2.9) as
Dy+q(t)y(t)=h(2)- (2.11)
The integrating factor u(7) is a function of time that satisfies the following relationship
L (1) ()] = (O D+ () (1) @1
Multiplying eqn. (2.11) by u(#) leads to
w1()Dy+p(t)q(t) y(t) = u(t)h(t). (2.13)

Comparing eqns. (2.12) and (2.13), the second term on the left hand side of eqn.
(2.13) yields

u(0)= n(1)a(0), 214
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Equation (2.14) can be solved for u(f) by writing
du(t)

(1)

Integrating both sides leads to the solution for the integrating factor u(f) as

=q(t)dr. (2.15)

pu(t) =" = A0 (2.16)

Equation (2.13) can now be rewritten as
d
—Lu@y(0)]=ue)n(). (2.17)

Integrating both sides of eqn. (2.17) results in

jﬂ h(z)dz+C (2.18)

Note that t, is arbitrary (usually taken as 0) and C is an unknown constant. Rewriting
eqn. (2.18), leads to the solution to the differential equation in eqn. (2.7) as

Uﬂ )dZ+C1 Dﬂ %dz } 2.19)

If the initial conditions are given, the unknown constant C can be determined and an
exact solution can be obtained.

MATLAB is a perfect vehicle to solve these problems through the use of the
Symbolic Toolbox. A few examples (including one where no analytical solution exists
appear below). All these were done in MATLAB to incorporate appropriate theory
and results as well as explanations if necessary such as the case where no analytical
solutions exist. The results are verified using dsolve(.) in MATLAB. It is noted that
the constants created with the integrating factor based approach will be different from
the unknown constants displayed in the solution obtained using dsolve(.). If the initial
condition y(t )=y, with t =0 or the boundary condition with y(t))=y,, t#0, the unknown
coefficients can be evaluated and an exact solution can be obtained. If the analytical
solution to the differential equation is available, the implicit solution in eqn. (2.19)
can be plotted by choosing a few values of C.

If the example falls in a special category such as the availability of the exact or
particular solution, unavailability of analytical solution, etc. these are indicated in the
displays created in MATLAB.
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Example # 2.1

1% order differential equation: Solution using Integrating Factor

Input Differential Equation = D}r=2y—%+4

The Differential Equation = a(t)Dy + p(t)y = g(t)

Integrating factor = u(t) = el S
General Solution = y(t) = i

L[ [ 8)
(D) L“‘ }a(s]dHG]

at)= 1 p()= -2 g(t)=> 4-}

Integrating factor i) = a—2t

General solution (Inlegrating factor) = y(t) = § + Ce?f — 1

General Solution (dsolve in Matiab) =  y(1) = :-+ % 2 1?5

Note that the constants might not MATCH for the case of general solutions!l

- @ 15
y[f}—‘_rl'f'ﬂﬂr—?

50 T T T ;i 7 T
J!Jf F I
40 k PN B r ¥
F I # ]
rFr o, # F)
30 P A A -
{’l"'f.r r r
L F r * &+
2 rre s 4 #
P -, Fa
10 b o ngt . L *
Egﬂ':.'..'* -
=== -
gEzzz:v
UII §= —————— - O O O S B T o o O .-
§Z5ST>-~~
L T ™ "
-10 oy L L)
oy, w - ~
R e T b
o T T e
=20 e ~
N o * » LY
LR A “
-30 XL s T % .
LI LY %
40} L T A
LI T T Y b
LI Y L. | hd
-50 g

1] 0.5 1 15 2

25

11
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Example # 2.2 Boundary conditions given. An exact solution is available.

1* order differential equation: Solution using Integrating Factor

Input Differential Equation =-

Dy =4¢-2

The Differential Equation

= ait}Dy + plt)y = git)

Integrating factor = p.[t} =l e
General Solution = y(t) = ol [f ;i[s}{—})ds +.C.']
alty=t p(t)=> 2 g(t) = 4t°
Integrating factor u(t) = t2
General solution (integrating factor) = y(t) = LA
General Solulion (dsolve in Mallab) y(t) = 58
Boundary conditions =t = 1 ylta)=3
Apply Boundary Conditions = C=2 B=2
Particular solution (Inlegrating facloe) = y{t) = %"3
Particular Solution (dsolve inMatlab)  y(£) = %"‘3
() = ¢
50—y T
1nnn
40 F nimn
T
a0 o VL
By
L e
21 iam

- i ol
T g
Pty
ity
201 vk
T
30 erre
1ibii
<4p - MHE
LiliM
g

0 05 1

15 2
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Example # 2.3

1% order differential equation: Solution using Integrating Factor
input Differential Equation == Dyzt—3y+e‘“

The Differential Equation = a(t)Dy + Pty = g(t)
Integrating factor = p(t) = e-!r oo
3
General Sclution = yi(t) = — f u(s) 24 4 ¢
te a(s)

()
alt)= 1 pt)= 3 glt)= t+e?t
indergrating factor p(l) = @it

General solution (Integrating factor) == y{t} — % + E—EE + CE_:“ 2y %
General Solution (dsolve in Mallab) = y{t} = % -+ e—ﬂt +Be—3r = _51.

Mote that the constants might not MATCH for the case of general solutions!!

y(it) =45 +e2 +Ce ¥ -}

ﬂl.....--------u------- ————— a1

0 05 1 1.5 2 25 3
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Example # 2.4
1* order differential equation: Solution using Integrating Factor
input Differential Equation = Dy =2y +t2e?
The Differential Equation = a(t)Dy+ p(t)y = g(t)

Integrating factor = p(t) = eJ it

General Solution = y(t) = ﬁ [ft jl(&]%d& + C"]
to

alt)= 1 p(t)= -2 g(t)= t*e*

Integrating factor uit) = a—2t
General solstion {Integrating factor) = !.I'{t] s o't I[r";ﬂ. i_':'}

A e (43 B)
General Solution (dsolve in Mallab) = ym = — 0

Hote that the constants might not MATCH for the case of general solutions!l

.y[ﬂ = ﬂﬂl

3

50 rllrl'vllil"":'
;l-f.l';‘l" ;
40 r n‘;-fflj""'l
Fpb i iy !
'r;.l'f.l I,"Ip'
a0 r 'f’;’ ;rl'f’,l
Lhrer, 1111
2r !1"*}*1’,"|I‘ 1
. i
23 e e ’:"
T R B PSS B T
- - F
!%"J:‘.:"',* ey 1 o X
ull i e
Eﬁ":"‘-*" 7 el
= . &
A0t e Y S G o '
\h‘t. # ¥ I
[ 9 -
20} -~ 4 1
-~ o i
LS - I
L -
=30 = 4
~ F
40 e
50
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Example # 2.5
1* order differential equation: Solution using Integrating Factor

Input Differential Equation == D]r'=@—3,“
The Differential Equation = a(t)Dy + p(t)y = g(t)

Integrating factor = u(t) = e.ir S

General Solution = y(t) = fﬁ} [f u(s) E{E })ds + C‘]

at)= t p(t)= 2 g(t)= sin(t)

Integrating factor () = t2

General solution {Integrating factor) = y(t'_! C-I--dluftz—: st )

General Soluion (dsolve in Matlab) = y(t) = _HH*HE—! coelt)

Note that the constants might not MATCH for the case of general solutions!l

y(f) = S

50 o
nnn
40 ¢ vum
i
ag b ViR
[EELL
L p 1
Y R3S
Y (1551
10+ 1
by ~1'::‘.‘f‘..u-
OfF ==—— :-'W
-~ % e
10 s ]
x T F iy
IR
20 virm
LRI
30+ M 1
[T}
A0 b i ]
1N
5
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Example # 2.6 Boundary condition available.

1* order differential equation: Solution using Integrating Factor

Input Differential Equation = T}:I“ — '-"-'Ej!ﬂ = g‘tﬂ
The Differential Equation = a(t)Dy+ p(t)y = g(t)

. pld)
Integrating factor = ult) = J ain &

General Solution = y(t) = S [ r,u.{.sr} Eﬂd& + C':|
uit) |y, als)
a(t)= * pt) = 2t g(t) = cos(t)

Integrating factor uit) = 2
General solution {Integrating factor) = y(t) = ':'—J“;.'“ﬂ
General Solution (dsolve In Matlab) ylt) = — L‘fj"ﬂ
Boundary conditions o = 2@ yip) =0
Apply Boundary Conditions = C=0 B=1

Particular solution (Integraling faclkor) = y{t

)
Particular Solution {dsolve in Mallab) y(t) = ”_;gﬂ

(4
y(t) = S5
50 v
L
A0 1 N1
i 11N
a0 BT
(LT
1 i
# 1L G
[ LR
" ks - - :\":‘:FH""
0 = :}:;%
o T
Aot e
LT
} ripar
200 iy
[T
=30 [ vrrm
N
<40 F 1 P
1 FINR
50 L JILN

0 05 1 15 2 25 3
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Example # 2.7 In this case, the analytical solution is not available for plotting because
it is given in terms of the error function of a complex input. The MATLAB script
displays this information.

1* order differential equation: Solution using Integrating Factor
Input Differential Equation = Dy=1- f.?ﬂ

The Differential Equation = a(t)Dy + p(t)y = g(t)
Integrating factor = p(t) = ef ol

General Solution = y(t) = po) [f fi(s) (s })ds +C‘}

alt)= 2 p(t)= ¢ g(t)= 2

hl'ra

Integrating factor p(t) = e

General solution (Integrating factor) = y(t) = e~ T (C — /7 erf(4) i)

General Solution (dsolve in Matiab) = y(t) = o (B— /7 erf(}) i)
Simple Analytical Solution Does not Exist; EXIT
Mote that the constants might not MATCH for the case of general solutions |l

Note that erf(ix) in the display is

erfi(x) =—ierf (ix) e dt (2.20)

-2
2.3.2 Separable differential equations

While the method of integrating factors is applicable only to linear first order differential
equations, linear and non-linear first order differential equations may be solved using
the method of separable differential equations. This method takes advantage of the
form of the differential equation when the derivative is expressed as the product of
two functions of y (dependent variable) and x (independent variable) as in

d
_di = f(x)h(y)- (2.21)
Rewriting eqn. (2.21),

——=f(x)dx. (2.22)
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Integrating both sides,

dy
——=|f(x)dx-C. (2.23)
Consider the example of
dy 4x’
e R (2.24)
The differential equation in eqn. (2.24) can be expressed as
dy
2 - h 2.25
o=/ () (2.25)
f(x)=%
4 (2.26)
h(y)= 7

The integration of the separable equations leads to

ijzdy—jx2dx+C:0, (2.27)

The solution in implicit form will be,

3 3

yoox
Y _X.,c-o 22
12 3 (2:28)
Often it might not be possible to get an explicit solution for y in the form
y=G(x,C). (2.29)

In other words, it is easy to get an implicit solution of the form in eqn. (2.28) and
it may or may not be possible to get a solution in explicit form as in eqn. (2.29) where
G(.) is only a function of x and C. The implicit solutions can be plotted by choosing
a range of values of the unknown constant C. The plotting can be done using the
ezplot(.) command available in the symbolic toolbox in MATLAB. It should be noted
that the method based on separable functions will provide an implicit solution, while
the use of dsolve(.) in MATLAB leads to explicit solutions and these may involve
complex functions. Use of dsolve(.) may also lead to implicit solutions expressed in
the form containing phrases ‘RootOf’, suggesting that a simple representation of the
solution is not possible.

A few examples are given below demonstrating the various aspects of the approach
described above. All these were created in MATLAB and keeping up with the theme
of the book, the displays provide the theoretical aspects, steps involved, solution
obtained using the approach and the solution (if it exists) using dsolve(.). Note that the
unknown constants in the solutions obtained using the method of separable differential
equations and dsolve(.) in MATLAB may be different.
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Example # 2.8 Explicit solution available using dsolve(.) as seen by the three separate

solutions for y, with two of them being complex.

First Order Separable Differential Equation = jx-! -
Differential dy 42
Equation dr ¥
Separable f{ﬂ?} - 32
Functions = h _ 4
(¥) =
z = 2
ff[::}d:..— > £ fh{y}dy==» g
Solution #fﬁdy —ff(.':}ﬂ': +C =10
Soluti i z -
e ios 5 +5+C=0

L
y(x) = 34 ("—3’: + B)'

Explicit Solution
using dsolve() 4 () — 3} (_é. + 3

O e ] "'f‘nf
”# *"’fr'ﬂr
2 ry - ’J‘r;'
'I" # ;l'
i, ¢ 1l
> 0 D R
'ty ., 1y
l'rl ’ r !
2 r, ” P
7 ) e il |
’f"‘ -
#f}" ':_,----""
Ny, T
-4 r iy
‘'
e 4
Col-3-2- g 23]
6 [ o I L I ]
] -4 -2 1] 2 4
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Example # 2.9 Explicit solution available using dsolve(.).

First Order Separable Differential Equation = dy = flx)hiy)

Differential dy _ g( 1 0
Equation ol z+1)
Separable flz)=z+1

Functions

h(y) = yt
Solution = f ﬁn‘y - f fla)dz +C =0
g:pl:;?ulf;:uaﬁm G—ﬂ“‘;—ﬂl+i§i=ﬂ

Explicit Solution y(z)=0

using dsolwed.) g g
=+
y{I]=(B+ﬂ-&—!)
(x+2 "
z {4 3y-
C -z 4 3 —9
A — T T L — T ™
I
. IR LA f 'r'.'r"'
ERALE RN f”r‘"
TIEER ! r T, 020
ar RTLR R r 51t
% PR Y
AR R r v, !t
1““1‘ \\ # f’l*]l
: IR RS 5 Tl W ol 51 Y
2 ““\ ’J ',-f",f
‘\t\\‘ Yo .-l"r-”'
. - i
> 0Fr . 0 il L
Y
4l
ol C1B210123
L] -4 -2 1] 2 d -]
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Example # 2.10 Explicit solution available using dsolve(.).

First Order Separable Differential Equation = dy = flx)h(y)

dr
Differential dy  _dx-32°
Equation @~ T 254
Separable f{::} = 31‘2 e
Funclions 1
h(y) = Ty—d

f_f{:}.i:=> z? (z —2) fﬁ}ﬁdy# y (y—4)
oY - ff:::}d:r+(3'-ﬂ

Solution usi —

Solution = f

Explicit Solwton  ¥(Z) = u@v/ﬂ+ 22 1242

using dsolve(_) -
y(x) =2 vZy/B+ 25D 42
C - a? {3—2}+y( —-4)=0
ﬁ L T T T T T
gl

4 s Ly

I

I'"“ ‘\ J'
21 ",ll'| F

ﬂ“" LY g - - ‘\

' "_. -
of T
> -\"‘_-".-:',_" - -.."‘:":w-
o
bt
2t
-
-
-
4 -
.
-
C=[3-241 01 2 3] .

s i i *

] -4 -2 0 2 4 L]
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Example # 2.11 Explicit solution (complex) available using dsolve(.).

First Order Separable Differential Equation = jx_y = flz)h{y)
Differential dy _ ]

Equation dr w-2r
Separsble fle)=2+=
Functions

= o (2*+2 = w-2"
fﬂ M J‘t—) fhliy}ldy# 3

Solution afﬁdy—fﬂz}dx+c =0
Sepamia By o+ 20,

Separable Equations 4 "
3 3
y@) =3¢ (B+2452) 4o

Explicit Solution , 1
1 42 bl ;
wingdsohvel)  y(z) =31 (B4 ZER)) T (1 ;1)+2
1
2 2 1 i
y(z) =231 (B—I—ﬂ%l) (% + 2')
(-2 _ @(F+2) _
C;"' 3 a0~
| 3 #’
-
?_‘F‘ = -t‘,"
1 “$\ \‘h - = -'."' J’fﬁ
" ' \\ r' ‘M
2 L iy
1:“‘ | JJ::
= 0t S
_Q L
_4 b
C=[-3-2-101 2
e s | . . .
5 -4 2 0 2 4 6
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Example # 2.12 Explicit solution unavailable using dsolve(.) as seen by the presence
of the phrase ‘RootOf” in the MATLAB generated solution.

First Order Separable Differential Equation = 2 = f(2)h(y)

dr
Differential dy _ 4:z—d°
Equation dr V48
Saparable f(w} =dzx— 3"3

unciions =
re h(y) = i
f flz)dz = Lf 8) f L iy i-f'[!f"+32]

Solution #fh—[uidy ——ff{:}ir +C =10
a 2{.3_
iriny- PIOR L i M o )
Explicit Soluion

using dsolve()  y(z) = RootOf(z1% + 3221 — 4 B+ #* (22 - 8),z1)
Roots cannot be found

3 {2
C+ﬁ[y:32}+f {4'4 ) _o

C=|3-2-10123

& -4 -2 o 2 4 ]
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Example # 2.13 Explicit solution available using dsolve(.).

dy

First Order Separable Differential Equation = = flz)h(y)

Differential

Equation

Separable

Funclions

[i@is= 5 e

dy _

dx

eV (z+e™)

fl@)=xz+e*
h(y) = e7¥

1
[agto= @

Solution #f%mﬂ'y —ff{m}d:c +C=0

Solution using - 2_2_
Separalite Equalions Cte*+ed=5=0
Explicit Soluion
using dsolve()  y(z) = lﬂg(ﬂ —e T+ %)
2
Ct+e*+e?d - =0
s_ T T T T
4t
ot M
,.-’.-'f?;:?
et
“ e .r:f“'
.0 R SR B T i
I P N
r s I AN
-2k [ i
| I | i rruni
rr ] L I I |
[ | 1 raa
4 [ | ] | I I |
ni ] P 1 nl
Cs[-3-2-10123 01 1 [
6 [ i P . 1 I
£ -4 -2 0 2 4 i1
x
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Example # 2.14 Explicit solution unavailable using dsolve(.) as seen by the presence
of the phrase ‘RootOf” in the MATLAB generated solution.

First Order Separable Differential Equation = dy = flz)hiy)

Differential dy _ 2(z*+4) &
Enquation dr = T -1
Separable f[m] =z’ +4
Functions h{y] = -55-2__1

412 L. i3
[reres 2200 [omas o0

1
Solution #[mﬁy—ff{;ﬂ}tﬂ'r+c=ﬂ

Solution using r(f+12)  y(s*-3)
Separable Equations C - 3 == B =0
Explicit Solution

using dsolve()  y(r) = RootOf(z1® — 3zl + 2z (z* + 12) — 3 B, zl)
Roots cannot be found

3 z (2 +12) . u(*-3) X

&F .‘:- . - . _
L 3
-
v,
4r ’- <
S
‘*\.\* K

2 Vot

Pt

i L

LY
= 0 Iogd g

O B

it

ity
2 t“\l"\“ 4
mil o ]

-
Y-
C=[3-2-10123 -
6t i .
Ak A I i i *_

] =4 -2 o 2 4 [+
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2.4 Additional Examples on D-field Plots

As seen in Section 2.2, D-field plots are useful in understanding the behavior of the
system modeled using a first order differential equation. The plots can be generated
using numerical integration based on the Runge-Kutta method (Appendix A), implicit
solutions generated using the separable function method or explicit solutions obtained
using dsolve(.) in MATLAB. The Runge-Kutta method requires the choice of initial
conditions (a single line of plot for each initial condition) which makes this approach
a little bit more difficult than the plotting the implicit solutions (choice of the unknown
constants needed). The explicit solutions also pose problems because the implicit
solution might be an equation in the form of y" (n>1). This means that explicit solutions
require plots of both solutions when n=2, all three when n=3. This also might pose
problems if the explicit solutions are complex. The following examples illustrate
the issues related to D-field plots created using numerical and analytical solutions.
While example # 2.15 compares the D-field plots generated using numerical and
analytical solutions, example # 2.16 compares D-field plots generated using numerical
and analytical solutions (implicit and explicit). The results clearly demonstrate the
advantage of creating the plots using the implicit solution. It should be noted that the
plots created using the quiver(.) command in MATLAB without plots of the solutions
can provide all the necessary information on the state of the equilibrium.

Example # 2.15 Numerical and simple analytical solutions of dy/dt=1-y.

close all;
syms ty Dy ff C
dy_dt=*(1-y)’;
ff=[‘Dy=",char(dy_dt)];% create the differential equation Dy=f(t,y)
V = odeTo VectorField(ff);% vector field for creation of in-line Function
F = MATLABFunction(V,vars’, {‘t’,“Y’});% inline function
t1=0:.5:5;y1=-5:.5:5;
[tt,yt]=meshgrid(t1,y1);
LT=length(t1);LY=length(y1);
for k=1:LT

for kk=1:LY

dy(kkK)=F(t1(k).y1(kk));

end;
end;
dt=ones(size(dy));
dtn=dt./sqrt(dt.*2+dy.*2); % normalize the length of the arrows
dyn=dy./sqrt(dt.*2+dy."2);% normalize the length of the arrows
quiver(tt,yt,dtn,dyn,1,’b’)
xlabel(‘time”),ylabel(“y(t)’), axis tight
hold on
F = MATLABFunction(V,’vars’, {t’,Y’});% inline function
y0=[-20:2:201;
tspan=[0,5];
for k=1:length(y0)
[T,yode]=ode45(F.tspan,y0(k));%
plot(T,yode, color’,‘r’, linewidth’,2)
end;
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x1im([0,5]),ylim([-5,5])
title(‘Directional Field of dy/dt=1-y: Numerical solution’)
figure
quiver(tt,yt,dtn,dyn,1,’b’)
xlabel(‘time”),ylabel(“y(t)’), axis tight, hold on
yy=dsolve(ff); % get the symbolic solution
vr=symvar(yy); % determine the existing symbolic variable
yy=subs(yy,vr(1),C); % replace the constant MATLAB outputs to C
CC=[-20:2:20]; % choose a number of unknown constants
for k=1:length(CC)
ffr=subs(yy,C,sym(CC(k)));
pl = ezplot(ffr);
set(pl,‘Color’,‘red’, ‘LineWidth’, 2)
hold on
end;
title(‘Directional Field of dy/dt=1-y: Analytical solution”)
ylim([-5,5]),xlim([0,5])
hold off

tion

Directional Field of dy/dt=1-y: Numerical sol

e

yit}l
Hﬂﬂ“@&x\\\\\ / ///gﬁf’zf’
HHHH‘&\\\\\\ . / ////.ef’.z_f’

B PSSR NN\

m w‘a&w&\g\\\\ ) s

%]
n
=
=~
o

time
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| solution

8

Directional Field of dy/dt=1-y: Analyt
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Example # 2.16 Numerical, implicit and explicit solutions of dy/dt=(3t>+4t)/(y-1).

clear;close all
syms y(t) Dy ff C B fx fy
fun=3*t"2+4*t)/(y-1);
ff=[diff(y,t)==fun];% create the differential equation Dy=f(t,y)
V = odeToVectorField(ff);% vector field for creation of in-line Function
F = MATLABFunction(V,‘vars’, {t’,Y’});% inline function
t1=1:.25:3;y1=-5:.5:5;
[tt,yt]=meshgrid(t1,y1);
LT=length(t1);LY=length(y1);
for k=1:LT
for kk=1:LY
dy(kkK)=F(t1(k).y1(kk));
end;
end;
dt=ones(size(dy));
dtn=dt./sqrt(dt.*2+dy.*2); % normalize the length of the arrows
dyn=dy./sqrt(dt."2+dy."2);% normalize the length of the arrows
figure,quiver(tt,yt,dtn,dyn,1,’b”)
xlabel(‘time”),ylabel(“y(t)’), axis tight
hold on
F = MATLABFunction(V,‘vars’, {t’,Y’});% inline function
y0=[-4,-2,0,2,4];
tspan=[0 3];
for k=1:length(y0)
[T,yode]=ode45(F.tspan,y0(k));%
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plot(T,yode,color’,‘r’, linewidth’,2)
end;
xlim([1,3]),ylim([-5,5])
tit1=‘$$ \frac {dy} {dt} =\frac {3t"2+4t} {y-1} $$;
title(tit1,‘interpreter’,‘latex’, ‘color’,b”)
text(2.2,1, [numerical solution]’, color’,‘r’, fontweight’,‘bold”)
Y%title(‘dy/dt=(3t"2+4t)/(y-1): Numerical solution’)
figure
quiver(tt,yt,dtn,dyn,1,’b’)
xlabel(‘time’),ylabel(“y(t)’), axis tight, hold on
yy=dsolve(ff); % get the symbolic solution
vr=symvar(yy); % determine the existing symbolic variable
yy=subs(yy,vr(1),C); % replace the unknown constant to C
% use of dsolve leads to two separate solutions and they need to be
% plotted separately. See the next cell on how to avoid this issue by
% seeking the implicit solution
yyl=yy(1);
yy2=yy(2);
CC=[-20:4:16]; % choose a number of unknown constants
for k=1:length(CC)
ffr=subs(yy1,C,sym(CC(k)));
pl = ezplot(ffr);
set(pl,‘Color’,‘red’, ‘LineWidth’, 2)
hold on
end;
xlim([1,3])
for k=1:length(CC)
ffr=subs(yy2,C,sym(CC(k)));
pl = ezplot(ffr);
set(p1,‘Color’, black’, Linestyle’,*--*, ‘LineWidth’, 2)
hold on
end;
tit2="$$ \frac {dy} {dt} =\frac {3t"2+4t} {y-1} $$°;
title(tit2, interpreter’,‘latex’,‘color’,b”)
text(1.8,1,{‘[explicit solution # 1 (continuous lines)]’;[explicit solution # 2 (dotted
lines)]’},...
‘color’,‘r’, fontweight’, ‘bold’)

xlim([1,3]),ylim([-5,5])
figure
quiver(tt,yt,dtn,dyn,1,‘b’)
xlabel(‘time’),ylabel(“y(t)’), axis tight, hold on
% 1in this case, the method of separable equations is used.
clear y(t)
syms y t % define y and t as symbolic variables
fy=int(y-1.y);
fx=int((3*t*t-+4*t),t);
fq=[fy-fx+B==0]; % create an implicit solution B is the unknown constant
CC=[4:2:16]; % choose a number of unknown constants
for k=1:length(CC)

ffr=subs(fq,B,sym(CC(k)));
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pl = ezplot(ffr);
set(pl,‘Color’,‘red’, ‘LineWidth’, 2)
hold on
end;
tit3="$$ \frac {dy} {dt} =\frac {3t"2+4t} {y-1} $$’;
title(tit3, ‘interpreter’,‘latex’,‘color’,‘b’)
xlim([1,3]),ylim([-5,5])
ylabel(“y(t)’),xlabel(‘time t”)
text(2.2,1,[implicit solution]’,‘color’,‘r’, fontweight’, ‘bold”)

dy _ 344
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dy _ 32+ 4t
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2.5 Autonomous Differential Equations

As mentioned in Section 2.1, a first order differential equation with no explicit
dependence on the independent variable is called an autonomous differential equation.
A typical autonomous first order differential equation can be expressed as

Y, 2.30
Y= (») (2.30)

The right hand side of eqn. (2.30) depends only on the dependent variable y
and has no explicit dependence on the independent variable t. These differential
equations occur in the modeling of growth, decline, decay, or expansion of biological,
chemical, physical or other systems that exhibit temporal (time dependent) changes. An
autonomous eqn. such as the one in eqn. (2.30) plays an important role in understanding
the stability of the system such as whether the system is likely to be stable as time
passes or unstable as time passes. An example of the former might be the case of a
spread of a disease that slows down with time. An example of the latter may be the
unimpeded growth of nuclear radiation in the event of a nuclear disaster. One way to
understand this behavior is to examine what happens to the system when equilibrium
conditions are achieved. Equilibrium occurs when

y ar 0. (2.31)

The resulting solutions (y=y,), namely the values of y that satisfy eqn. (2.31)

are classified as equilibrium solutions, equilibrium points or critical points of the

system represented by the differential equation in eqn. (2.30). These identifications

of the solutions to eqn. (2.31) merely reflect the fact that they correspond to absence
of variation in y when t varies.
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As an example to illustrate the significance of the critical points or equilibrium
points, we consider the case of population growth modeled using the Gompertz’s law.
The first order differential equation describing growth is

) log, | = 2.32
ar ylog, ) (2.32)

Because the quantity modeled is growth, the function y is always positive. The
two constants r and K are also positive. To understand the stability of the system
described through the differential equation in eqn. (2.32), the first step is to examine
a plot of the differential equation expressed as

dy
f(») = (2.33)
The function f(y) is plotted in Figure 2.15 for K=4 and r=2.

The plot of f(y) in Figure 2.15 shows two critical points, one at y=0 and the other
one at y=4 (value of K). These critical points can be obtained by solving f(y)=0 and
invoking L’Hospital’s rule for limits if necessary. Figure 2.15 also shows the plots of
df/dy. The value of df/dy at y=0 is positive while the value of df/dy at y=4 is negative.
The reasons for this classification of the two critical points become obvious if one
examines the direction fields given in Figure 2.16.

It can be seen that around y=4, the solutions are converging while around
y=0 the solutions are diverging, justifying the classification of the critical points as
asymptotically stable (y=K=4) and unstable (y=0).

Critical points may also be classified as semi-stable. Consider the system described
in terms of the following autonomous differential equation,

f(y):%z(y—l)z(y+l) (2.34)

Figure 2.17 shows the plot containing f(y) and df/dy. There are two critical points,
one at y=—1 and the other one at y=1. Notice that df/dy is positive at y=—1 making
the EQM at y =1 an example of the unstable equilibrium. On the other hand, df/dy
is exactly equal to 0 at y=1 and it goes from positive to negative on either side of the
equilibrium. This equilibrium point at y=1 is identified as semi-stable and the reasons
for this classification are seen in Figure 2.18 containing the directional field. While
fields move away from y=—1 indicating unstable conditions, the field shows unique
characteristics around y=1. On one side of y=1, field moves towards the equilibrium
point while on the other side, they move away from the equilibrium point. This is the
characteristic property that separates the semi-stable equilibrium from the stable and
unstable equilibrium conditions.

One can now state the rules for classifying the critical points, y=y,, as the following:

If df/dy at y=y, is positive, the equilibrium point y, is unstable.

If df/dy at y=y, is negative, the equilibrium point y, is asymptotically stable.
If df/dy at y=y, is zero and df/dy goes from +ve to —ve or —ve to +ve on either
side of y=y,, the equilibrium point y, is semi-stable.
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Figure 2.15 Plot of f(y) and df/dy associated with Gompertz’s Equation.
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Figure 2.16 D-field plot of the Gompertz’s equation.
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There is another interesting class of autonomous systems which produce real and
complex values for the roots of the equation f(y)=0. Consider the case of an autonomous
system described by the differential equation

d
F(3) == (1) +5+1) 2.35)
The roots of f(y)=0 are
1,3
=1, —+—. 2.36
y=l St—=j (2.36)

In addition to a real root at y=1, there is a pair of roots that form a complex
conjugate pair. Figure 2.19 gives a plot of f(y) and df/dy.

The absence of equilibrium state associated with the complex roots seen in
Figure 2.19 is further verified by examining the directional fields associated with the
differential equation shown in Figure 2.20. The reasons for the classification of the
critical point at y=1 is unstable is also seen from Figures 2.19 and 2.20.

The example shown in eqn. (2.35) also illustrates another interesting aspect
associated with autonomous systems that there is no state of equilibrium associated
with those systems with complex solutions of f(y)=0.

=
]

(=]

Normalized fly) or dfidy

— — dfidy
#* EQM. Point

-2 -1.5 -1 0.5 o 05 1 15 2
— Y

Figure 2.17 Plots of f(y) and df/dy vs. y for the autonomous system described by f(y)=(1-y)*(1+y).
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Figure 2.18 Directional field associated with the autonomous differential equation f(y)=(1-y)*(1+y).

2.5.1 A general example

An example that can illustrate all these form of equilibria can be built on an autonomous
first order differential equation such as a quadratic equation,

d
f(y):d—');zay2+by+c, (2.37)

Depending on the values of a, b, and ¢, the autonomous system described in
eqn. (2.37) will encompass all the three types of critical points as well as absence of
equilibrium (complex roots of f(y)). The various cases arising out of the different values
ofa, b, and ¢ are shown below. For each case, two displays are provided, one containing
the plots of f(y) and df/dy with the stability state clearly marked and the other one
containing the D-field plot with the stability values shown. The D-field plots can be
compared to the plots of f(y) vs. y and df/dy vs. y showing the matching descriptions
of the state of equilibrium associated with the autonomous system described by the
differential equation in eqn. (2.37).



www.pdfgrip.com

36 Differential Equations: A Problem Solving Approach Based on MATLAB
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Case 1 a=1, b=—1, ¢c=0: One asymptotically stable (y=0) and one unstable solution
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Case 2 a=—1, b=-1, c=1: One asymptotically stable (y=0.62) and one unstable solution (y=—1.62)
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Case 3 a=1, b=0, c=0: a single semi-stable solution (y=0)
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Case 4 a=1, b=0, c=1: One asymptotically stable (y=1) and one unstable solution
(y=1)
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Case 5 a=1, b=1, ¢=0: One asymptotically stable (y=1) and one unstable solution
(y=0)
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Case 6 a=1,b=1, c=1: One asymptotically stable (y=1.62) and one unstable solution
(y=0.62)

I_tyllﬂ —:;lF+:.r+.1

Normalized fy) or diidy

o SR

R

il -y 117
AL //;szf/z;’fyf/fx’fr'/f;’

05 e =y iﬁ‘;ﬂ?‘#ﬂﬁgﬂfmxzszm;
T— S

T AR A AR
P S AN ARARARARARARANARRERRARRY

t




www.pdfgrip.com

First Order Differential Equations 43

Case 7 a=1, b=—1, c=1: Equilibrium conditions do not exist
f(y)=y-y+1
In this case, the two roots form a complex pair
1+i/3
2

For this set of values of a, b, and ¢, no equilibrium conditions exist for the autonomous
system.

Case 8 a=1, b=0, c=0: A single semi-stable solution (y=0)
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Case 9 a=1, b=0 and c=1: No equilibrium solutions
S =1+
In this case, the two roots form a complex pair
0+i.

For this set of values of a, b, and ¢, no equilibrium conditions exist for the autonomous
system.
Case 10 a=1, b=1, c=1 No equilibrium solutions

=y +y+1
In this case, the two roots form a complex pair

_1+i3
2

For this set of values of a, b, and ¢, no equilibrium conditions exist for the autonomous
system.

2.5.2 An example using MATLAB and the script

Before additional examples are given, a short MATLAB script and results for the case
of an autonomous first order differential equation, dy/dt=(1+y)(1-y), are provided.

close all; clear
syms y(t)
dy_dt=*(1+y)*(1-y)’;
fy=eval(dy_dt); % creates fy=(1+y(t))*(1-y(t));
ff=[diff(y,t)==1y];% create the differential equation Dy=f{(t,y)
V=odeTo VectorField(ff);% vector field for creation of in-line Function
F=MATLABFunction(V,‘vars’, {t’,“Y’});% inline function
% create the data needed for the D-field plot
t1=-2:.2:2;y1=-2:.2:2;
[tt,yt]=meshgrid(t1,y1);
LT=length(t1);LY=length(y1);
for k=1:LT

for kk=1:LY

dy(kk,k)=F(t1(k),y1(kk));

end;
end;
dt=ones(size(dy));
dtn=dt./sqrt(dt.*2+dy."2); % normalize the length of the arrows
dyn=dy./sqrt(dt."2+dy."2);% normalize the length of the arrows
clear y(t)
% generate plots of f(y) and df/dy
syms y tfy f(y) C
fy=eval(dy_dt); % create a symbolic function again: fy=(1+y)*(1-y)
ffy=[f(y)==ty];% create the equation for display (LaTex format
fdy=diff(fy,y); % differentiate f(y)=dy/dt w.r.t y
fin=MATLABFunction(fy); %create in line functions
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fdn=MATLABFunction(fdy); %create in line functions
solF=[int(1/fy,y)-t+C==0]; %implicit solution using separation of equations
% plot everything
ynl=-2:.2:2;
plot(ynl,fin(ynl),‘r->,ynl,fdn(ynl),‘--k”)
legend(‘f(y)’, df/dy”)
hold on
plot(ynl,zeros(1,length(ynl)),‘color’,*b’,‘linewidth’,1.5)%]line through y=0
xlabel(‘y’),ylabel(‘f(y) or df/dy’)
title([*$’ latex(ffy) $°], interpreter’,‘latex’,‘color’,’b’)
fs=solve(fy==0,y); % get the solutions of f(y)=0; EQM points
plot(double(fs(1)),0,“*g’,double(fs(2)),0,*g’) % mark the EQM points
text(double(fs(1))-.3,-.3,...

[‘EQM Point=",num2str(double(fs(1)))]) % label EQM points
text(double(fs(2))-.3,-.3,...

[‘EQM Point =" ,num2str(double(fs(2)))])
text(-.8,3.1, Implicit Solution’)
text(-1,2.5,[$’ latex(solF) ‘$°],interpreter’,‘latex’,...

‘color’,‘b’, ‘fontweight’,‘bold’, ‘fontsize’,16) % display solution

figure, quiver(tt,yt,dtn,dyn,.75,k”)

xlim([-2,2])

xlabel(‘time t”),ylabel(“y(t)’), axis tight

title([‘$” latex(ffy) ‘$’],‘interpreter’,‘latex’, color’,‘b”)

fly)=—{y—1) (y+1)

~ C —t+ arctanh(y) =0
st

3t ~ Implicit Solution — — diidy| 4

45
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2.5.3 Additional examples

Several additional examples are now provided. These MATLAB based examples cover
all aspects of the study of equilibrium displaying results as the analysis proceeds.

1.
2.

3.

Provide details on the definitions of the three forms of stability.

Obtain the equilibrium points by discarding complex ones if complex and real
roots exist. If duplicate real roots exist, remove them from the plots.

In the absence of equilibrium conditions in a specific case, state the reason (non-
autonomous equation or equation with all roots complex).

Verification and multiple formats of displaying the points of equilibrium (plots
of the differential equation, its derivative and the D-field plot) and indicate the
equilibrium points with the state.

Justify the state of the equilibrium.

Obtain analytical solution (implicit solution using the method of separation of
functions) if it exists and display it on the D-field plot.
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7. Ifanalytical solution is unavailable, use numerical techniques to obtain the D-field
plot and indicate the absence of the analytical solution.

8. In every example, the first display provides the ‘rules’ while the last display
provides a summary of the analysis.

dy dt="y*(1-y/2)*(1-y/3)’
Stability of Autonomeous Systems

Aulenomous Systems = %=!{t,y}5f(y]
sovoforthoros =+ S = f(y) =0 f(y) =0

Equilibriurn Points (y,,) comespond o Real Roots
If Real and Complex Roots exist, discard Complex Ones

Examine behavior of dffdy at and around the Equilibrium Points (y,)

Rules for determining the stability of Equilibrium Points (y,)

dﬂdﬂﬂn is +ve: unstable

dh’dﬂ?,,q is -ve: asymplotically stable
dﬁ'dﬂye,,u =0 & diidy]| Iy, goes from +-ve or -/+ve: semi-Slable

Equilibrium Point(s) & Stability

Input =dyict = fw=y (-1 (-1
Range of roots of [f=0]= [- o + =]
Derivative of fw.r.ty Fly)= y; - 5—13 +1

Get roals (y ) of [f=0]; REAL rools (y,) are the EQM Points
Roots (y) = [0 2 3]

All roots y, are Real [yn}: Examine dfidy at y = Yo for stability
EQMPoinisy, = [023
Examine & justify EQM aty =0 is unstable; di/dy is +ve

Stability EQM al y = 2 is asymplotically stable; diidy is -ve
EQM at y = 3 is unsiable; difdy is +ve
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Equilibrium Points and Stability
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Summary of Equilibrium Study

mputayer  f(y) =y (§-1) (¥-1)
EQM Points vo =102 3]
EQM at y = 0 is unstable; dffdy is +ve

EQM at y = 2 is asymptotically stable; difdy is -ve
EQM at y = 3 is unstable; diidy is +ve

Implicit Solution of the Autonomous Diferential Equation
C + 2log(y — 3) + log(y) = t + 3log(y — 2)

dy_dt=ry"2+y+1°
Stability of Autonomous Systems
Autonomous Systems = %’ = ft,y) = f(v)
Soveforthoros = S = £(y) =0 = f() = 0
Equilibrium Points (y,) comespond to Real Roots

If Real and Complex Roots exist, discard Complex Ones
Examine behavior of dfidy at and around the Equilibrium Points (y,)

Rules for determining the stability of Equilibrium Points (y,)

dﬁ‘dﬂw is +ve: unstable

dﬁdﬂw is -ve: asymplotically siable
<]
MH‘, =D& :I'Jdﬁm,’n goas fram +-ve or J+ve: semi-Stable
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Equilibrium Point(s) & Stability

Input t=dyidt = fy)=v*+y+1
Range of roots of [[=0]= [-2c + o]
Dervative of fw.rly f’{y] =2y+1

Get roots (y,) of [=0]; REAL roots (y,)) are the EQM Points

All roots COMPLEX. No EQM POINTS. Rools given balow

-0.5-0.87i
-0.5+0.87i

dy_dt=*(y-1)*(y"3+1);

Stability of Autonomous Systems
d
Autonomous Systems = Ey = f(t,y) = f(y)

Solve for the rools = % = fly) =0= f(y.) =0

Equilibrium Points lyy) comespond ko Real Roots
If Real and Complex Roots exist, discard Complex Ones
Examine behavior of difdy at and around the Equiibrium Points {jru}

Rules for determining the stability of Equilibrium Points (y,)

difdy| is +we: unstable
=¥,
dﬁ’d:.rl?q is -ve: asympiotically stable
]

clfdﬂyqﬂ =0& mﬂﬂlﬂ’?n goes from +/-ve or -/+ve: sami-Siable
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Equilibrium Point(s) & Stability

Input f=dyldt = fw)=0*+1) (y—1)
Range of roots of [[=0]= [- = + )

Derivative of fw.r.ty Fly)=41¥ -3y +1

Gel roots (y ) of [f=0]; REAL roots (y,) are the EQM Paints
ﬁﬂﬂ‘ﬂl::} [-1+0i 140i 0.5+0.87 0.5-087i)
g 2 of 4 roots REAL (y,, ). Examine diidy at y = y,, for stability

EQM Points y, = [-1 1], after discarding complex ones
Examine & justify EQM at y =-1is asymptotically stable; dfidy is -ve
Stability EQM at y = 1 is unstable; difdy is +ve

Equilibrium Points and Stability
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Summary of Equilibrium Study

Iput oy figi={"+ 1) [y 1)

EQM Poinls ¥p=1-1 1]

ECM by = -1 is asympbobicaly rlau.:; dibidy 5 e
FoMaty= 1| 5 st b iy 15

Iyl Solulion of the Aulono—ous D Barsnlul Eqesiun

RO+ Bngly — 1) + log [y — 3 —’.;ij (=14 431 = 61— logly— 1) + 1r.q{y- L -%‘""} (1431

dy dt="y"2*(y"2-1/25)’;
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Stability of Autonomous Systems
Autonomous Syslems = % = f(t,y) = f(y)

Solve for the rools = % = fly) =0= f(y.) =0

Equilibrium Paoints [yﬂ} cormespond o Real Roots
If Real and Complex Roots exist, discard Complex Ones
Examine behavior of df/dy at and around the Equilibrium Points {y, )

Rules for determining the stability of Equilibrium Points (y,)

difdy| is +wve: unstable
dﬁ'dyqu is -ve: asymptotically stable
[

di'dylﬁ =0& tﬁdﬂm,’ goes from +/-ve or -+ve: semi-Stable
a a
Equilibrium Point(s) & Stability

1
Input F=dyldt = fo)=¢* (- %)
Range of rogts of [f=0]= [-2c + a2
1] - i 2
Dervative of fw.r.ty Fly)=4y" -3
Gel roots (y, ) of [f=0); REAL roots (y,) are the EQM Paints
Roots (y,) = [0.2 o ] 0.2]
All roots y, are Real {:.ru]c Examine diidy aty = Yo for stability
EQM Points y, = [0.2 1] 0.2] afterdiscrading duplicales
Examine & justity EQM at y = -0.2 iz asymplotically stable; difdy is -ve

Stabiliy EQM at y = 0 is semi-stable; dfidy=0 & goes from +/-ve <> f+ve
EQM at v = 0.2 is unstable; dildy s +va
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w10 Equilibrium Points and Stability
4F
3
)
% 2|
B 1 L e
= ly=-02] ly =0]
= L i
0 ——e
E stablo somi-sla bl uris tabis
=4 !
E !
£
22 /
_3 L
— iy
-4 — — diidy
! # EQM. Point
5 o4 L L L L " L L
£5 04 £H3 H2 D1 0 01 02 03 04 05

.—p?

Directional Field and Integral (Analytical) Curves




www.pdfgrip.com

First Order Differential Equations 55

Summary of Equilibrium Study
nputdyist  f(y) =9* (° — %)
EQM Paints Yo =[-02 1] 0.2

EQM at y = -0.2 is asymptotically stable; dfidy is -ve

EQM al y = 0 is semi-stable; difdy=0 & goes from +-ve <> -/+ve
EQM at y = 0.2 is unstable; dfidy is +ve

Implicit Selution of the Autonomous Differential Equation

y (t+ 125 arctanh(5y))=Cy + 25

For the remaining examples, the display of the rules has been suppressed.

dy_dt=2*y-sqrt(y)’;

Equilibrium Point(s) & Stability

Input f=dyidt = fly)=2y—- /¥
Range of roots of [f=0]=+ Range of the roots of [=0]-> [0 <]
Derivative of fw.rty Fly)=2- 21_@
Gat roots (y, ) of [f=0]; REAL roots (Y, ) are the EQM Points
Rools (y )= [0 025]
Allroots y_are Real I{rﬂ,}: Examine difdy aty = Yo for stability
EQMPointsy, = [0 0.2

Examine & justify EQM at y = 0 is asymptotically stable; dfidy is -ve
Stability EQM at y = 0.25 is unslable; difdy is +ve
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Equilibrium Points and Stability
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Summary of Equilibrium Study

Input dy'dt f(y) =2y—ﬁ

EQM Points Yo =[0 0.25]

EQM at y = 0 is asymptotically stable; diidy is -ve
EQM at y = 0.25 is unstable; diidy is +ve

implicit Solution of the Autonomous Differential Equation
C+log(yy-1)=t

dy_dt="(1+y)*(y-1)"2’;

Equilibrium Point(s) & Stability

2
Input f=dy/dt = f)=w-1) (y+1)
Range of roots of [f=0]= [-oc + o]
Derivative of fw.r.ty flyy=3y*-2y-1
Get roots (y ) of [f=0]; REAL roots (y,) are the EQM Paints
Rools {y )= [11 1]
Allrools y_are Real (¥gh Examine dfidy aty = Yo for stability
EQMPointsy, = [-1 1] after discrading duplicates
Examine &juﬂll‘; ECQM at y= -1is Uﬂﬂlﬂuﬁ} dﬁd}l‘ is +ywe
Stabilty ECQMat y = 1 is semi-stable; diidy=0 & goes from H-ve <--> -/+va
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Equilibrium Peints and Stability

Mormalized f(y) or dffdy
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Summary of Equilibrium Study

mputayat  f(y) = (y —1)° (y+1)

EQM Points Yo =[-1 1]

EQM at y = -1 is unstable; difdy is +ve
EQM at y = 1 is semi-stable; dfidy=0 & goes from +-ve <--> -+ve

Implicit Solution of the Autonomous Differential Equation
arctanh(y) (y—-1)+2C (y=-1)=2t (y-1)+1

dy_dt=*(y-D)*(y"2+y+1)’;

Equilibrium Point(s) & Stability

Input f=dyldt = fy)=@w-1) (P +y+1)
Range of roots of [f=0]= [- oc + o]
Derivative of fw.r.ty fly= 3y

Get roots (y, ) of [f=0]; REAL roots (y,) are the EQM Points
Complex  [140i -0.5+0.87i 05-0.87i )
el 1 of 3 roots REAL (y,, ). Examine dfidy at y = y,, for stability
EQMPointsy, = [1} afler dacarding complex ones

Examine & justify EQMaty =1is unsiable; df/dy is +ve
Stability
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MNormalized f(y) or difdy
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Summary of Equilibrium Study

Input dyic fly)=(y-1) (¢ +y+1)

ECQM Painks ¥p=[11]

EQMal y = 1 is ualakile; difdy ia 1ve

Impdicil Sohudion of the Aubnomous Diferanlial Equalion

3C -+ logly — 1) |l-:ﬁ(y-|-§—3%) (—% + "TF’) =3t log(y-l-é-l- 3%) (% rl%)

dy_dt="-2*atan(y)/(1+y"2)’;
Equilibrium Point(s) & Stability

Input fedylat = fly) =25

Range of roots of [f=0]= [-oc + oc)

Derivative of fw.rty f ,{y} = 2{23{;141]!;!#}-1}

Get roots (y,) of [f=0]; REAL roots (y,) are the EQM Poinls
Roots (y) = [0]

All roots y, are Real (y, ). Examine dfidy aty =y, for stability
EQMPointsy, = [0

Examine & justiy EQMaty =0 is asymptotically stable; dfidy is -ve
Stability
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Equilibrium Points and Stability
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Summary of Equilibrium Study

2 arct

nputdyat  f(y) = — =757

EQM Points ¥ =(0]

EQM at y = 0 is asymptotically stable; diidy is -ve

Mo Analytical Solution of the Autonomous Differential Equation
dy dt="2*y-3*sqrt(y)’;

Equilibrium Point(s) & Stability

Input f=dyldt = fly)=2y-3./y
Range of roots of [f=0]= Range of the rools of [f=0]-> [0 oc]
Derivative of fw.r.ty Fly)=2- gaﬁ

Get roots (y,) of [f=0]; REAL roots (y, ) are the EQM Points
Roots {y )= [0 225]

Allroots y, are Real (y,). Examine dfidy aty =y, for stability
EQMPointsy, = [0 2.2

Examine & justify EQM at y = 0 is asymptotically stable; dfidy is -ve
Stability EQM at y = 2.25 is unstable; dfidy is +ve
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Equilibrium Points and Stability
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Summary of Equilibrium Study

mputayat  f(y) =2y —3./4

EQM Points ¥p =10  225]

EQM at y = 0 is asymplotically stable; difdy is -ve
ECQM at y = 2.25 is unstable; diidy is +ve

Implicit Scluticn of the Autonomous Differential Equation

C +log(yi - §) =t

dy dt="2-3*sqrt(y)’;
Equilibrium Point(s) & Stability

Input f=dy/dt = fly)=2-3./y
Range of roots of [f=0]= Range of the roots of [f=0]== [0 o]
Derivative of fw.r.ty fy)= —%

Get roots (y,) of [f=0]; REAL rools (y,) are the EQM Points
Roots (y,) = [044)

All roots y_are Real (y,); Examine dfidy aty =y, for stability
EQM Pointsy, =  [044]

Examine & justify EQM at y = 0.44 is asymplolically stable; dfidy is -ve
Stability
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Summary of Equilibrium Study

mputdyidt  f(y) =2 -3./9

EQM Points Yo =[0.44]

EQM at y = 0.44 is asymptotically stable; dfidy is -ve

Implicit Selution of the Autonomous Differential Equation
9t +4log(y—3)+6,5=9C

dy dt="y+2*y"2’;

Equilibrium Point(s) & Stability

Input f=dyidt = fy)=24+y
Range of rools of [f=0]= [-oc + o]
pervatveottwrty [ (y)=4y+1

Get roots (y,) of [f=0]; REAL roots (y,) are the EQOM Points
Rools (y,} = [0.5 0]

All roots y, are Real (y,,); Examine dfidy aty =y, for stability
EQM Points y, = [-0.5 0]

Examine & justify EQMaty =-0.5 is asymplotically stable; dfidy is -ve
Stability EQM at y = 0 is unstable; df/dy is +ve
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Equilibrium Points and Stability
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Summary of Equilibrium Study

mputayat  f(y) =29° +y

EQM Points Yo =[-05 0]

EQM at y = -0.5 is asymptotically stable; difdy is -ve
ECQM at y = 0 is unslable; diidy is +ve

Implicit Solution of the Autonomous Differential Equation
C =t+ 2 arctanh(d y + 1)
dy dt=‘exp(y)-1’;

Equilibrium Point(s) & Stability

Input f=dyidt = fly) =e" -1
Range of roots of [=0]= [-oc + x]
Derivative of fw.rty f‘[y] =¥

Get roots (y,) of [f=0]; REAL roots (y, ) are the EQM Points
Roots {y, ) = [0]

Al rools ¥, are Real [yn}; Examine difdy aty = ¥ for stability
EQM Points y, = (0]

Examina E_]uﬂw]’ EDM at jl' =0is Umtﬂuﬂ: d”d'f is +ve
Stability
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Equilibrium Points and Stability
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Summary of Equilibrium Study

nput dyrat~ f(y) =e¥ —1

EQM Points ¥p=[0]

EQM at y =0 is unstable; dffdy is +ve

Implicit Solution of the Autonomous Differential Equation
C+log(e? —1)=t+y
dy_dt="y*(1-y)"2’;

Equilibrium Point(s) & Stability

2
Input f=dyfdt = fly)=y(y-1)
Range of roots of [f=0]= [-oc + oc)
Derivative of fw.r.ty f’[y}:3y2—4y+l
Get roots (y,) of [f=0]; REAL rools (y,) are the EQM Points
Roots (y,) = [0 1 1]
All rools y, are Real {:.rﬁ}; Examine diidy aty = Yo for stability
ECM Paints Yo = [0 1] after discrading duplicates

Examine & justify EQM at y = 0 is unslable; di/dy is +ve
Stability EQMat y =1 is semi-stable; diidy=0 & goes from +-ve =-> J+ve
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Nermalized fy) or dfidy
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Summary of Equilibrium Study

putdyidt f(y) =y (y—1)°

EQM Points Yo =[0 1]

EQM at y = 0 is unstable; df/dy is +ve
EQM at y = 1 is semi-stable; difdy=0 & goes from +/-ve <--> </+ve

Implicit Solution of the Aulonomous Differential Equation
Cly-1)=tu—1)+log(5!) w-1)+1

dy_dt=2*(1-y/3)*y-y’;

Equilibrium Point(s) & Stability

wiraas  f) =—y—y (% -2)
Range of roots of [f=0]=+ [~ oc + =]
Derivative of f w.r.ly Fly)=1- i:fi

Gel rools {n]m‘[hﬂ]: REAL roots [yu} are the EQM Paints
Roots (y ) = [0 15]

All rools y_ are Real (¥pk Examine difdy al y = ¥ for stability
EQMPoints y, = [0 1.5]

Examine & justify EQMaty =0 is unsiable; diidy is +ve
Stability EQM at ¥ = 1.5 is asymptotically stable; di/idy is -ve
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Equilibrium Points and Stability
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Summary of Equilibrium Study

mputdyat  f(y) =-y—y (3¢ -2)
EQM Points ¥o=10  15]

ECQM at y = 0 is unstable; df/dy is +ve
EQM at y = 1.5 is asymptotically stable; dfidy is -ve

Implicit Solution of the Autonomous Differential Equation
C+2 arctanh{ia! -1) =t

dy_dt="y-abs(y)/y’;

Equilibrium Point(s) & Stability

Input ey = fly) =y- 14

Range of roots of [f=0]=> [-oc + o]

Derivative of fw.r.ty flyy=1- %d Iy_ '

Get roots (y,) of [f=0]; REAL roots (y,) are the EQM Points
Roots {y) = [1 1]

All roots y, are Real (y,); Examine dfidy aty = y,, for stability
EQM Points y, = [-1 1]

Examine & justify EQMaty =-1 s unstable; dfdy is +ve
Stability EQM at y = 1 is unstable; df/dy is +ve
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Equilibrium Points and Stability

Normalized f(y) or dfidy
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Summary of Equilibrium Study

Input dyidt — f(y) =y — %'

EQM Paints Yo =1-1 1]

EQM at y = -1 is unstable; dfidy is +ve
EQM at y = 1 is unstable; dfidy is +ve

Implicit Solution of the Autonomous Differential Equation
C + log(sign(y) —y) =1

2.6 Summary

First order differential equations have been discussed in this chapter. Differential
equations may be classified as linear, nonlinear, or autonomous. Solutions can be
found using the method based on integrating factors or the method on the separation
of functions. Solutions may be obtained using the dsolve(.) command in MATLAB
for numerical approaches based on Runge-Kutta methods (when initial conditions are
available). Even when analytical solutions are available, dsolve(.) and the Runge-
Kutta methods can provide means for the verification of the results. Particular attention
is paid to obtaining exact solutions using the method of integrating factors when the
first order differential equation is linear (depends only on the independent variable y)
and use of the separable function approach when the first order differential equation
is linear or nonlinear. The D-field patterns which can provide insight into the behavior
of the system described by the first order differential equation, are also explored. The
analysis of autonomous systems is carried out in detail. The method of separable
functions is used to obtain implicit solutions (in the absence of exact solutions, use
of Runge-Kutta methods) and multiple ways of understanding the three forms of
equilibria associated with these systems are provided.

A number of descriptive and self-contained examples are given providing a
broader view of the topics covered through multiple ways of verification of the results.

2.7 Exercises

1. Newton’s Law of cooling
a) A metal rod that has been heated to 180°F is brought to a room with an ambient
temperature of 70°F. If y represents the temperature of the rod, the rate at
which the rod is cooling can be expressed as
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dy

5~ k(-R)

The constant R is the ambient temperature in the room (70°F) and k a constant

(units of t1) that depends on the room and its characteristics. It will determine how

fast or how slow the rod cools. Note that y(0)= 180°F. Analyze the equilibrium

conditions if k=0.25°F/min.

b) Often cooling does not flow a continuous decrease with time. If the rate of
cooling is expressed as (k,=5)

@ k| y—R—k, sin(th)
dt 10

2. Inarural area with a population of 3000, the population fluctuates due to births,
deaths and influx of a few people who enjoy the scenic areas. The population
growth is proportional to its population size at any given time. If 30 people move
into the area every year, the overall growth in population is

30,2
dt k

The population at any given time is y(t) and y(0)=3000. Obtain an expression for the
population at any given time. Use k=20;
3. Obtain the integrating factors and solutions for the following first order differential
equations. Verify your results in MATLAB. Note that Dy=dy/dt.

Dy=t+y—4
Dy=y+4
Dy=4t+y, y(0)=-1
Dy = y+sin(t)+cos(t)+5

Dy = y+cosh(t)

Dyzsinh(t)—y
t
sinh(t) %
Dy = _2
4 t £
Dy=2
Y y+1+t2

4. For the following differential equations, obtain solutions using the method of
separation of functions. Verify your results in MATLAB.

dy 2.2
— =4x
dx Y
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%:(x—l)(y+3)

d_y_x3_x2
dx 2y
d_y_ x4+ x
dx (y_2)2
ﬂ_ 4x —x°
dx  y' -8
dy 2(x*+4)
dx -y’

5. For the following autonomous differential equations, identify the state of
equilibrium that might exist and verify your conclusions using appropriate plots
of the D-fields.

Pl

dat y

dy

2 y(y-1 1
=71+
Qzl—ey

dt

6. For the following differential equation, examine the state of equilibrium for the
set of values (combinations) of b and ¢

% =y’ +by+c, b=[-3,-2,0,2,3],c =[-3,-2,2,3]

7. Bacterial growth
The bacterial growth might often be characterized by the fact that the growth
factor depends on the square of the bacteria present at any time while the bacteria
is growing at a rate proportional to its current strength. This means that

dy
= =k(y*)y=(ry"+r)y
dt
8. Effect of antibiotics and elimination of bacteria
The effect of antibiotics can be modeled as the case where the rate of elimination
is proportional to the amount of bacterial as well as time.

d—y:—ry—kt

dt
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9. Effect of antibiotics and elimination of bacteria. It is also possible to have the
model where elimination is modeled as

dy 2
— =—kyt
dt hy
10. Effect of antibiotics and elimination of bacteria. Another model will be
dy 2
=k’ +
i ky” +ry

Obtain an expression for the level of bacteria at any given time.
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3.1 Introduction

Second order differential equations occur in the study of models such as those that
describe the behavior of mechanical, electrical, chemical, transportation systems, etc.
For example, the best way to describe the motion of a pendulum, the characteristics
of the current or voltage in electric circuits, or the flow of chemicals, etc. is through
the use of second order differential equations. If the dependent variable is y and the
independent variable is t, a general second order system can be expressed in functional
form F(.) as
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dy d’y
Fly,—,—.,t|=0. 3.1
[y dt’ dr’ J 3-1)

Equation (3.1) will be a linear second order differential equation (or system) if it only
contains terms in y, y’ and y”’. A linear second order differential equation is

() Loy ()0 () Ly e ()1 =), al)20. (2

The function g(t) on the right hand side in eqn. (3.2) is the forcing function. If a(t),
b(t) and c(t) have no time dependence and are expressed as a, b, and c, respectively, the
differential equation in eqn. (3.2) becomes a linear second order differential equation
with constant coefficients. The analysis here is limited to such differential equations.

A second order differential equation with constant coefficients in eqn. (3.2) can
be expressed using primes as the notation for the derivatives as

ay"+by'+cy = g(t) . 3.3)

If g(t) is zero, the differential equation in (3.3) is homogeneous and if g(t)=0, the
differential equation is of a non-homogeneous type. It is also implied that y=y(t).

3.2 Homogeneous Differential Equations
A second order homogeneous differential equation with constant coefficients is
ay"+by'+cy=0, a=0. 3.4

The starting point of the analysis is the assumption that a solution to a linear
differential equation with constant coefficients will be of the form e”, with r being a
constant to be determined. By substituting y = ¢’ in eqn. (3.4), the differential equation
in eqn. (3.4) becomes

[ar2 +br+c}e” =0, (3.5)

Because ¢” cannot be zero, eqn. (3.5) leads to
ar’ +br+c=0. (3.6)

Equation (3.6) is referred to as the characteristic equation or the characteristic
polynomial associated with the differential equation in eqn. (3.4). It is also called the
auxiliary equation. The roots of the characteristic equation are

_ —b++b* —4ac

b 2a
_ —b—~b’ —4ac '

: 2a

(3.7)

Depending on whether the discriminant /b* —4ac is positive, zero or negative,
the roots will have the following characteristics
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b*—4ac>0 —r #r(real)
b*—4ac=0 —r=r,=r(real) . (3.8)

b* —dac<0 —>n,=rn=atjp; (a,,Breal)

3.2.1 Solution from the roots of the characteristic equation

Based on the nature roots of the characteristic equation in eqn. (3.8), the general
solution to the differential equation in eqn. (3.4) can be written using the superposition
principle (general solution must be the weighted sum of the two possible solutions) as

v, (t)=ce" +c,e" = 1 #r(real)
v, (t)=ce" +cte” = 1 =r, =r(real) . (3.9
v, (t)=¢" [01 cos(ft)+c, sin(ﬂt)] = r=a+ jp,r, =a- jB(conjugate pair)

If the initial conditions y(0) and y’(0) are given, the constants ¢, and c, can be
evaluated and the exact solution to the differential equation can be obtained. Otherwise,
the solution in eqn. (3.9) is identified as the general solution to the homogeneous
differential equation in eqn. (3.4). The subscript / on the left hand side of eqn. (3.9)
merely is an indicator of the fact that the solution is associated with a homogeneous
differential equation (or a homogeneous system). The solution with the subscript /% is
also identified as the homogeneous solution.

A second order equation that requires a special mention is
y"(1)=0. (3.10)

It is clear that the roots of the characteristic equation are both 0’s and this case
can be handled either from the simple observation of the differential equation or using
the general solution in eqn. (3.9) with r=0 resulting in a solution of the form

y(t)=01+czt. (3.11)

Thus, if b=c=0, roots of the characteristic equation will be identical and equal to
zero and the solution will be a polynomial of t of order 1 (absence of any exponential
terms in t).

If on the other hand, b # 0, ¢ =0 the characteristic equation becomes

ar2+br:r(ar+b):0. (3.12)
Equation (3.12) results in one of the roots being a zero.
For the case of 5=0, ¢ >0, a > 0, the characteristic equation becomes
ar* +c¢=0. (3.13)

Equation (3.13) leads to purely imaginary values and the solution will consist of only
sine(.) and cosine(.) terms as seen in eqn. (3.9). As stated earlier, for other specific
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combinations of a, b and ¢, roots may be complex or real. For all the analysis presented
here, a # 0.

If the initial conditions are given, two additional possibilities exist for obtaining
the solution to the differential equation. The first approach is based on the use of
Laplace transforms and the second one is based on Runge-Kutta methods resulting in
a numerical solution. The Laplace transform based method is discussed first.

3.2.2 Solution using Laplace transforms

If we take the Laplace transform (Appendix B) of the differential equation in
eqn. (3.4), we get

al[ Y ()= sy, =y, [+b[sY (s) =3, |+ c¥(s)=0 (3.14)
In eqn. (3.14),
Yo =(0)
»=y(0) . (3.15)

Y(s)= L[y(t)]
Note that L[y(#)] represents the Laplace transform of y(t). Solving for Y(s), the
expression for the Laplace transform of y(t) becomes

as+b)y,+a
Y(s)=(2)M. (3.16)

as” +bs+c
Notice the similarity of the denominator in eqn. (3.16) to the characteristic equation
in eqn. (3.6). The solution y(t) is obtained by taking the inverse Laplace transform

of eqn. (3.16).

3.2.3 Solution using Runge-Kutta methods

As described in Appendix A, the Runge-Kutta methods are available to solve a set of
first order differential equations. This means that the differential equation in (3.4) needs
to be converted into a set of two first order coupled differential equations (specific
details of coupled first order differential equations are given in Chapter 5). The first
step in that process is to define

d
z(t):%. (3.17)

Using eqn. (3.17), the homogeneous differential equation in eqn. (3.4) becomes
az +bz+cy=0. (3.18)

A set of coupled first order differential equations can be written from eqns. (3.17)
and (3.18) as
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2.
t
& _22 (3.19)
dt ay a
Using the matrix notation, eqn. (3.19) becomes
AR
L=l ¢ » { }:X'zAX (3.20)
dz —-— |z
dr “

In eqn. (3.20) A is the coefficient matrix and X is the vector given as

L e
o [

Equation (3.21) contains the initial conditions in vectorial form X (O)

The approach seen with the decomposition of the second order differential equation
into a pair of coupled first order equations in eqn. (3.19) offers another possibility of
obtaining the solution for the homogeneous second order differential equation.

3.2.4 Solution using decomposition into a pair of first order
differential equations

The discussion of the linear second order homogeneous differential equation will be
incomplete without describing another analytical means to solve the eqn. (3.4) using
the concept of a pair of coupled differential equations (Chapter 5). The approach
used in solving the differential equation in this format is drawn from the Runge-Kutta
method in Section 3.2.3.

The second order homogeneous differential equation expressed in matrix form is

&

dy

— 0 1
dt dt y(f)

= = . 3.22
& || ay|7]-E L L(rJ 22
dt dr* a

One can see that the two sets of equations embedded in eqn. (3.22) correspond to
y(t) and y’(t) which represent the two coupled variables (Chapter 5). The coefficient
matrix A is
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0 1
A=| ¢ bl (3.23)
a a

The eigenvalues of the matrix are given by (Appendix D)

det|4—A1,|=0. (3.24)
Expanding the determinant in eqn. (3.24), the eigenvalues will be solutions of

aAl’ +bl+c=0. (3.25)

Therefore, the eigenvalues are identical to the roots of the characteristic equation
defined in eqn. (3.6). The corresponding eigenvectors v are obtained by solving

[4-21,]7=0. (3.26)

A solution of eqn. (3.22) resulting in y(t) and y’(t) can be obtained using the
concept of eigenvalues and eigenvectors described in Appendix D. If the eigenvalues
are distinct and real, the solution y(t) and its derivative y’(t) are given by

{y'(t)} =ce™ {V” } +c,e {vn} . (3.27)
y (t) Vo Vo

In eqn. (3.27), the eigenvalues are A, and A, and the corresponding eigenvectors are

v, and V,
_ i — Via
v, = , V, = . 3.28
] LZJ ’ Lzz} ( )

Note that the interest in the present case is only in y(t). Thus, the solution for y’(t) can
be ignored and the solution for the differential equation becomes

y(1)=cv e +cv,e™ . (3.29)

The analysis becomes further simpler because A | of the coefficient matrix A in eqn.

(3.23) is zero. This leads to
=l =] 3.30
v, = , V,= ) .
1 ﬂ'l 2 12 ( )

Using the eigenvectors in eqn. (3.30), eqn. (3.29) becomes
y(1)=ce™ +c,e™. (3.31)

If the eigenvalues are equal (1), the eigenvectors will be equal resulting in

7=t 7= 3.32
Vl_/?,’vz_ﬂ. ()

Using the condition for equal eigenvalues from eqn. (3.8), the coefficient matrix A
can be rewritten as
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0 1
A=| p? bhl. (3.33)
4q*
The eigenvalue (equal) is
b
A=——o. 3.34
2a ( )

It is clear from eqn. (3.32) that the coefficient matrix A is defective because
there is only a single unique eigenvector. Therefore, we need to use the concept of
generalized eigenvectors described in Appendix D. For a [2 x 2] matrix, the generalized

eigenvectors will be
- 1 . 0
V, = ol Vg = L (3.35)

Following the procedure described in Appendix D, the solution set can be written in
terms of a basic solutions set

4a (3.36)
0 0 !

fz(t)ze*’(vgz+t[A—,112]vg2)=e”{HH[A—MZ]LDW“ 1_t2i

a

In eqn. (3.36), L, is the 2 x 2 identity matrix. The solution y(t) and its derivative can
now be written as the weighted sum of the two basic solutions:

b
S =X (1) + 6%, (1) = e lece” b |- (337
y (t) c I-t—
—1— 2a
a
The solution y(t) can now be written as
y(t):cleb(l+t2ij+cztel’ = (b, +byt)e" (3.38)
a

In eqn. (3.38), b, and b, are two constants and it is seen that eqn. (3.38) matches the
form of the solution for equal roots given in eqn. (3.9).
Consider the case when the eigenvalues form a conjugate pair

Ado=atjp. (3.39)

In this case, the eigenvectors will be

[ [ 1
Vl{aﬂ'ﬁ} Vz{a—f'ﬁ}' (3.40)
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Using eqn. (3.27), the solution set becomes

[yy'((tt))} =ae” L‘ cos (;’(t);(—ﬂﬂtzln (ﬂt)} e L{ sin (;;1)133;‘):05 (pr)|- G4

Separating the solution y(t) in eqn. (3.41) leads to
y(t)=e"[ ¢ cos(Bt)+c,sin(pt)]. (3.42)

The solutions obtained using the decomposition match, those obtained directly
in eqn. (3.9). While acknowledging the fact that decomposition is the basis for the
Runge-Kutta method, there is no specific advantage in using this approach to obtain
the analytical solution of a second order differential equation. It must be noted that
the approach based on eigenvalues and eigenvectors also requires an extra step when
the coefficient matrix is defective.

3.2.5 Interpretation of the solution of the homogeneous differential
equation

The state of equilibrium associated with the system described by the homogeneous
differential equation can be understood from the behavior of the solution when ¢ — 0.
If the non-zero roots of the characteristic equation are real and positive, the system is
unstable. The system is unstable even if one root is positive and other one is negative.
The system is also unstable if the roots form a complex conjugate pair and the real part
is positive. The system is asymptotically stable if both values are distinct and negative.
The system is asymptotically stable when the roots are a conjugate pair with the real
part being negative. If the roots are complex and the real part is zero, the system is
purely oscillatory. When one of the roots is zero and the other root is negative, the
system can be considered to reach a stable state when ¢ = . If both eigenvalues are
0’s as with the case of the differential eqn. in eqn. (3.10), the system is unstable.

The state of the stability is seen by observing the trajectory of the plots of y(t)
vs. dy/dt w.r.t. the critical point of the system. The critical point is the solution to the
matrix equation

0 1 0
Ay=| ¢ b }:{ } (3.43)
a a

It can be easily seen that the critical point will be the origin, [0,0]. If one of the
roots of the characteristics is zero, the critical points will lie along the line through
the origin.

The state of equilibrium of the system represented by the second order differential
equation and its relationship to the roots of the characteristic equation is summarized
in Table 3.1.
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Table 3.1 Relationship between the roots of the characteristic equation and stability.

Properties of the Roots of the Stability
Characteristic Equation

r,r,>0 Unstable

r,r,<0 Asymptotically stable
r<0<r, Unstable

r,=1,>0 Unstable

r,=r1,<0 Asymptotically stable
r,=0,r,<0 Stable

r,=0,1,>0 Unstable

r,=r1,=0 Unstable
r,,=a£jB,a>0 Unstable
r,r,=axjB,a<0 Asymptotically stable
r,,=a£jB,a=0 Oscillatory

As stated earlier, these conclusions can be visualized and understood by displaying
the phase portrait showing how y(t) and y’(t) vary. This plot is obtained by varying
the values of ¢, and c,. The phase portrait as discussed in Appendix C can also be
obtained using the quiver(.) command in MATLAB®. The second order differential
equation is broken down to two first order differential equations, one in y and the
other one in y’ as in eqn. (3.22). An example of the phase plot creation along with the
MATLAB script is given below.

Example # 3.1 The differential equation y"+2y'+3=0. It has the roots, -1+ iN2.

clear;close all;

% y’+2y’+3y=0

a=1;b=2;c=3;

roots([1,2,3])

A=[0,1;-c/a,-b/a];
[x1,x2]=meshgrid(-4:.5:4,-4:.5:4);
DX1=A(1,1)*x1+A(1,2)*x2;
DX2=A(2,1)*x1+A(2,2)*x2;
quiver(x1,x2,DX1,DX2,1),xlabel(‘y(t)’),ylabel(‘dy(t)/dt’)
hold on

syms y t
y=dsolve(‘D2y-+2*Dy+3*y=0");
dy=diff(y,);
fy=MATLABFunction(y);
fdy=MATLABFunction(dy);
tt=0:.1:.5;

C=-4:1:4,

L=length(C);

for k1=1:L
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for k2=1:L
plot(fy(C(k1),C(k2),tt),fdy(C(k1),C(k2),tt))
end;
end;
xlim([-4,4]),ylim([-4,4])
-1.0000 + 1.4142i
-1.0000 - 1.4142i

It can be seen that the roots are complex with the real part being negative and leading
to a stable equilibrium as seen by the direction of the arrows pointing to the origin.

The phase portrait is shown in Figure 3.1.

e i e e
e "

g™

S

e T A e g e e e ]

iR
R
-4 -3 -2 4

yit)

Figure 3.1 Phase portrait associated with the differential equation in Example # 3.1. The directional
arrows are moving towards the center, demonstrating that the system is asymptotically stable as suggested
in Table 3.1 (complex roots with real part being negative).

All the cases listed in Table 3.1 have been simulated through solving the differential
equation ay”+by’+cy=0 by choosing pairs of values of b and c. The selected displays
from the output of the MATLAB run are displayed below showing all eleven cases.
Three cases deserve special mention. These correspond to cases where either one
of the roots is zero or both roots are zeros. In all these three cases, the notion of the
critical point is less obvious. In fact, it can be seen that when one of the roots is zero,
the solutions move away from a line through the origin, dy/dt=0 (unstable equilibrium)
or move towards a line through the origin, dy/dt=0 (stable). When both roots are zero,
solutions appear parallel to the line dy/dt=0, moving in opposite directions.

For all the other cases, the critical or equilibrium point is [0,0] and the solutions
either move towards it (stable) or move away from it (unstable). The only exception is
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Consider a homogeneous linear second order differential equation with constant
coefficients (Example # 3.2)

P(6)+5y'(6)+69(1) =0, [¥(0)=1, '(0)=0]. (3.44)
The coefficients a, b, and c respectively are 1, 5 and 6, resulting in the characteristic
equation

PP +5r+6=0. (3.45)

The roots of the characteristic equation are

n=-3 n=-2, (3.46)

The phase plane plot associated with the differential equation in eqn. (3.44) is
shown in Figure 3.2. It is clear that both roots are negative and the system is therefore
asymptotically stable as seen by the direction of the arrows that move towards the
origin, the equilibrium, or the critical point [0,0]. Figure 3.2 also displays the state of
equilibrium along with the roots.

’-?"Eﬂ 4:51.1’(!;' +":isr_if!]'=lfr

25
2F asymplolically stable syslem with roals:
L 5{ L
18} { -3 -2 } 3 L 1.|; L L
il t ' . : : '
osf 11 vy b L
5 U
% ol { f ! ' ® CrikealPLOO] | |
D5 T ! § i ! I l
A1f 11; 1 1 5 . % o
by “
st N ' 4! y 3 . "
I *s ﬁ. ]i “u AS s i
_2'?2.5 2 -1'5 -1 4;5 I':I 0'5 1 1.5 2 25

yit)

Figure 3.2 Phase portrait associated with the differential equation in Example # 3.2. The asymptotic
stability of the system is seen.

The general solution to the homogeneous differential equation is obtained as
y(t)=ce™ +ce™ . (3.47)

Applying the two initial conditions appearing alongside the differential equation
in eqn. (3.44) to eqn. (3.47) and its derivative, two linear equations are obtained as
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¢ tec, =1 348
-3¢, =2¢,=0" (3.48)
The values of the constants can be obtained from eqn. (3.48) as
¢ =-2
¢ =3 (3.49)
The solution in eqn. (3.47) can now be written as
y(t)=-2e +3e™ (3.50)

A component plot of t vs. y(t) and a phase plot obtained as y(t) vs. y’(t) are shown
in Figure 3.3.

component plot ” phase plot
0.8 1 04
0.8 02
0.7
0.3
0.6
o D4
Sos g
05
0.4
08
0.3
0.2 07
0.1 {1 -8
i} X : 5 08 ;
o 0.5 1 15 2 o 0.5 1
time: yit)

Figure 3.3 Component plots associated with the differential equation in Example # 3.2.

The solution may also be obtained using inverse Laplace transforms. Taking the
Laplace transform of the differential equation, the Laplace transform of the differential
equation Y(s) can be expressed as

s+5 3 2
YO =G 53) (+2) (+3) @51

Taking the inverse transform, the solution is obtained as
y(t)=-2e" +3e. (3.52)

Several additional examples are now given providing more details and verification
using Runge-Kutta methods.
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3.2.6 Additional examples

A number of examples are now provided. In each case, the solution generated in
MATLAB provides the theory first, followed by the details of the solution. The
input is the set of values of @, b, c. If the initial conditions are given, the input set is
[a,b,c,y(0),y’(0)]. The results consist of the following displays:

1.
2.

8.

Theory of Second Order Homogeneous Equations with constant coefficients.
Phase plane plot indicating the roots of the characteristic equation and the state
of stability.

The characteristic equation, its roots, properties of the roots, explanation on the
type of equilibrium.

If no initial conditions are provided (determined by the number of input values),
statement appears indicating the absence.

. If initial conditions are given, the unknown constants are evaluated (with all the

steps shown).

Theory of Laplace transform based solution, inverse Laplace transform of y(t)
and Laplace transform based solution shown.

Comparison of all results including those obtained using dsolve(.) in MATLAB
and numerical techniques shown. The stability status is again indicated.

Plots of the solution (component plot and phase plot) are also provided.

Example # 3.3
abc=[1,-4,0];

Linear 2" Order Differential Equation with Constant Coefficients

Homogensous f'y dy _
Differential Equation a—g tbhoy +oy=0, a 70
Characteristic Equation ar +br+c=0

Rools of Characlenstic Equation o =bE b —dac
or Eigenvalues a=r= Ta

b —dac >0, r #r(real roots)

Properties of the Roots == b —dac =0, r =r:=rg (real root)

Stability of the System =

e=0, m=0rnf£borrn £0rn=0

b -dac<0, ma=r:=axjl

[ry =0arr, >0]or [, = 0] or [« > 0], unstable

[r, =0 and r., < 0]or [r,<0]or [a < 0], asymptotically stable
1 2 Lt

[r1 =0, fy = 0] or [r1 =0, Ty = ], stable

[ = 0], oscillatony

ere™ +ee™, 1 #Er

Solution yit) L. [ toat]e™, n=n=mn

[Clﬂﬂi[ﬁt} + epsin(Ft)] €, r+ =a £38

. d
Special Case = EEI:U’ n=rn=0 yit)=ca+ct
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aa
-
ot

25 o y'(t) - 4_sf{ﬂ—
2r mlablasyﬂnmml:mnm/ fl f
o gl I P
!

J‘f:"?‘f}‘

ol ¢ ¢ o ot

1.5

E Critical Ptz lle along lime thro® dyidt=0

E{l

.D-U-E' : / i ¢ i ; J
T & & T B ik E I F U
SNl
ol L L L L)L
25 2 45 - 45 0 0.5 1 1.5 2

yit)

y'(t) -4y (t) =0
Characteristic Equation 7> — 4r =0
Roots (r, &) ( 0 4 )
Roots are +ve or zero; m =0 Fp=loi unstable system
~—— General Solution using the roots y(t) = [c, +c,e""] -—~

y(t) = 1 +cp 't
== Ganeral Solution using dsolve(.) obtained direcly —-
F.:['t:' =b + bre'!

No Initial Conditions Given

Example # 3.4
abc=[1,0,9,1,-1];
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Linear 2" Order Differential Equation with Constant Coefficients

Homageneous d*y . dy _ P
Differential Equation ags too tay=0, a¥0
Characteristic Equation ar’ +br+¢c=0

Roots of Characterstic Equation __ =bx ¥ -dac
or Eigenvalues T2 =%z = 2a

b —dac >0, r £ (real roots)
Properties of the Rools = b —dae =0, r =r =n (real root)

e=0, n=0rn#0orrn#£0rn=>0

B —dac <0, ma=r:i=a+jj
[riiﬂurrzb-ﬂlur[rﬂ?-:l]]ﬂr[uh-l:ﬁ.urts‘ﬂbde

[ry <0andr, <0 or[r,<0] or [« < 0], asymptotically stable

Stability of the Syste
Y =en = [r1-l.‘!.rz-u:l]]u:lr[r1 -:u,rzzuirstﬂue

[a = 0], oscillatory
ce™ +ae™, r £
Solution y{1) Ly, [+ at]le™, n=rn=mn

[ercos(Bt) + casin(8t)] e, ry = a 43
2

Special Case = i—f =0, rp=r=0, ¥(t) =, +cst

V() +93(8) = 0

25

o
cillatory system with roots: — i
1" i
3 T
f

e

1.5

L]

05t f

— g g e

' o Crifeal Pt [0,0]

dy(tydt
- . O
o - o = ] —
__——?__—&_M_:-_,%n_ﬁha -

...-"."...-'F',_.-Ir.—h_..._,._.-_._
-
L
- . W

- —
_i-\-\_'i‘—-n.i——..-ﬁ—._.‘__‘,_‘_,__‘__,_ =

25

ra
o
)
i
=k
(4]
s
& |
&
=}
o
o
b
-
tn
5}

yit)
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V(t)+9y(t)=0 [yi0) =1, y(0)=-1]
Characleristic Equation T +9=0
Roots (r, &7,) (3i -3i)

Roots imaginary r, , = 3 osdillatory system
=== General Solution using the rools y(t) = [ c,cos{M) - c,sin(A) | ——

y(t) = ¢1 cos(3t) —c» sin(3¢)

Differentiate y(t) & apply initial conditions ==> [y(0)=1,y'(0)=-1)

q=1 o =1
=3¢y = =1 — a,::-l
-— mnm:c, &cﬂhhgﬂim ——

y(t) = cos(3t) — =Y

y'(t) +9y(t) =0 [y(0) =1, y(0) = 1]

osdillalory system

solution

(Laplace Transtorm) Y (1) = cos(3 ) — ﬂ;"—'l
detalls on next page

solutlion dals
(dsolve) ya(t) = cos(3 t) — =28
2 component plot ) phase plot
—— anaiyt
* ode
1 0 1
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Inverse Laplace based solution of a 2™ order Differential Equation
t) + by'(t) + ey(t) =0
ay"(t) +by'(t) + cyl(t) Y{s]:{as+b)yu+ay1

—5
_[y(0) = w,¥'(0) = u] as?+bs+ec
Differential Equation with Initial Conditions

Y (t)+9y(t) =0 (=1 m=-1)
Laplace transform of y(t) using the expression on top

=1
e

Y(s) = i35

Laplace transform of yit) as partial fractions
_ s=1
Yi(s) = 735

Solution using inverse Laplaca
yL(t) = cos(3t) — 3
oscillatory system

Example # 3.5
abc=[1,4.4,1,0];
For the remaining examples, the first display consisting of the theory is not provided.

Y'(t) +4y(t) +49(t) =0

25
27 asymptotically stable system with rools:
i eraa s BN Y
LT B BN
ﬁ'I:I.E' f ! . . 1 \ 1 $ J(
g of I & & a 3 Criteal PL0.0] | |
| bty o ) ., ;
}
il % ; P X B o« o= :
1§ A \
15} - .
al \ 'q ‘\ 'i Voa i
%28 2 45 4 A8 0 05 4 16 2 28

yit)



www.pdfgrip.com

104 Differential Equations: A Problem Solving Approach Based on MATLAB

V() +4y(t) +4y(t) =0 [y(0)=1,y(0)=0]
Characteristic Equation 7 +4r +4=0

Roots r, &r,) (-2 -2)

Equal Real roots {rys r, = r -ve; asymplolically stable systam
~—— General Solution using the roots y(f) = e" ¢, +c,1] ——

y(t) = e (2 + ert)

Differentiate y(t) & apply initial conditions ==> [y{0)=1,y(0)=D]
0 = 1 o= 2

c = 253 = [} _— Gy = 1
——- Solution after substitution (¢, & ¢,) in the general solution -——

y(t) = e 2t (2t + 1)

y'(t) +4y/(t) +4y(t) =0 [(0)=1.y(0)= 0]

asymplotically stable system
solution
(Laplace Transiorm) YL (t) = 4 (2t+1)
delails on naxt page
solutio o
{ﬂﬂd‘f:l ya(t) = e 2t (2¢+1)
component plot A phase plot
=l — analyt
Vo e S
Zos < 04
08
0 08
0 2 4 6 B 0 05

time y(t)
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Inverse Laplace based solution of a 2™ order Differential Equation
ay"(t) + by'(t) + cy(t) =0 (as + by + ay

Y(s) =

[¥(0) = w,/(0) = ] as’+bs+c
Differential Equation with Initial Conditions
Y'(t) +4y/(t) +4y(t) =0 (w=1 w=0)
Laplace transform of y(t) using the expression on top

s+d
Yils) = oy

Laplace transform of y{t}as partial fractions
Yi(s) = 55 + oy

Solution using inverse Laplace
yr(t) =e % (2t +1)

asymptotically stable system

Example # 3.6
abc=[1,-4,8,1,0];

(t) - 49/(8) + 8y(t) = 0

2T 7w,
2r unEIEI:IElE]rstEmmlnmts: ! ’ = 5 l'||
15} ( 2+ 2j 2 2i ) ! , . vy
it % f f ¢ . \ l
} 05 A vy
2 o0 T Pt 0 o ceart jour | 1'
P S T B by
=17 t ! L !
i i ‘{
71 S B N ;
i |!
y I l
-2.?2-5 -2 1.5 -1 0.5 [i] 0.5 1 15 2 25

yit)
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v'(t) -4y (t) +8y(t) =0  [yo)=1,y0O)=0]
Characleristic Equation T —4r +8=10
Rools (r, &r,) (2+2i 2—21)

Real Parts of roofs: + ve; fa=at 14 ; unstable system
——— Generml Solution using the roots y(l) = gt [n:.I um{m]vnzﬁh{m]]-—

y(t) = —e*" (¢ sin(2t) — ¢; cos(2t))

Cifferantiate y(l) & apply Initial conditions === [y(0) =1, ¥(0)= 0]

Cl =1 El_ =1
200 -2 =10 ==Em> es=1
——- Solution afler subsiilution l:¢1 &nz}in the general solution —

y(t) = €' (cos(2t) —sin(21))

y'(t) =4y (t)+8y(t) =0 [y(0) =1, y(0) = 0]

unsiable system

solution
(Laplace Transtorm) Yz (£) = V2 cos(2¢ 4 ) €**
details on next page

solulio
v wi(t) = V3 cos(2t + %) &
5 x10% comparient plot , 2107 phase plot
= analyt
# ode
-5 0 I3

time yi(t) «10%
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Inverse Laplace based solution of a 2™ order Differential Equation
i ¥
ay"(t) + by'(t) + cy(t) =0 as+b a
Y Y{$]=( "Iz' )L‘D+ in

[(0) = w,¥(0) = m] as®+bs+ ¢
Differential Equation with Initial Conditions
y'(t) -4y (t) +8y(t) =0 (=1 m=0)
Laplace transform of y(t) using the expression on top

—4

Yi(s) = oiurs

Laplace transform of y(t) as partial fractions
—4

Yi(s) = o0ors

Solution using inverse Laplace

yL(t) = V2 cos(2t + I) e?!
unsiable system

Example # 3.7
abc=[1,0,-9,-1,1];

y"jii] - ?y[t} = 0

25 S
2| unstable system withroots: - ¢ f f
15} I( 3 3 )1 v -1 f ?
A v ;o
- 05 i‘ | v | T
f; ot 'L pov® Crifcal Pt i[,,m ?
05| l | v 1
At J ;o vl ‘
Pl ]y vy \ ,s
N A EPEE
2%8 2 45 1 05 0 05 1 15 2 25
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v'(t)-9y(t) =0 [¥(0)=-1,y(0)=1]
Characteristic Equation ~ 7° —9=10
Roots (r, &,) (-3 3)

One/both roots: + ve; unstable sysiem
~—— General Solution using the roots (1) = ¢,e"" + c,0"' ——

y(t) = et + eyt

Differentiate y(1) & apply initial conditions ==> [y(0) = -1, y(0)=1]

(2922) s =)

——- Solution afler substitution (c, & ¢, ) in the general solution -—-

-3t t
ut)= -2 -5

3
V'(t)=9y(t) =0 [¥(0)=-1,y(0)=1]
unstable system
solution -t [0t
(Laplace Transform) 3, (t) = — i
details on next page

solution ol (e ]
(dsolve) =

«10'® phase plot
0 Py
E 2.
2
'mu 2 4 6 8 0 5 0

time yit) x10%
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Inverse Laplace based solution of a 2™ order Differential Equation
¢ (t ) =0
ay”(t) +by'(t) + cy(t) N },{s}={aﬁ+b}m+ay1

[1(0) = 30,3'(0) = 2] as?+bs+ ¢
Differential Equation with Initial Conditions

y'(t) = 9y(t) =0 (w=-1 m=1)
Laplace transform of y(t) using the expressionon top

_ —1
Yi(e) = -3
Laplace transform of y(t) as partial fractions

Yi(9) = ~56 ~ 504y

Solution using inverse Laplace

w) = - e;f+z
unstable system
Example # 3.8
abe=[1,6,2,1,0];
25 y”{!}+63f{i}+2y[t} ﬂ
2r Hﬂmplﬂtlﬂﬂly slaHE wsi&m wrth rooks: l‘
15} ( —\ﬁ \.f’- 3 } v L
Vbl
1f 5 ) ! i i k 1'i 1 L
. 05 . % ’ * | 4 1 | 1‘
E of t i ' - &  Critical Pt.{0,0] | |
© 05+ t 1 1 5 ] 1
At T t qi 1 % X \ 5 5
| O T O
JTEAT R4 1 80
25

=2.5 =2 =1.5 =1 0.5 [1] 05 1 15 2 25
yit)
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V(t)+6y(t) +2p(t) =0  [yo)=1,y(0)=0]
Characlerstic Equation r° +6r +2=10

Roots (r, &ry) (—v7-3 V7-3)

Real Pars of mols: - v, ssymplolically stable system
——— General Solution using the roots yit) = ¢, 6" + c 8’ —

y{t} s qe—l{\ﬁﬂ} +qet{ﬁ-3]

Differeniiaie (i) & apply initial condilions ==> [ y{l) = 1, y'{0) = 0]

a+a=1 a=1-10
(m(ﬁ-ﬁl-n{ﬁn}-n) — (m_-’?ﬁh )
~— Solution afier subsBtution (c, & c,) in he general solution ~—-

y(t) = v""-".‘{ﬁ-: (v7+3) — e—t(V7+3) (;_1“& L) é)

V() +6y/(t)+2y(t) =0 [y(0)=1,y(0)=0]
asymplolically stable system

solution i [
(Loiace Transorm) Y (t) = e™34-V7 (£ 4 WD _ 3 1)
details on next page

solution -3 e V79 (377
(dsolve) valt) = ' (V9) (340 4 1) )
: component plot o phase plot

Y st analyl
' V. 0.1 : o
Sos =
02
0 03
0 2 4 6 8 0 05 1

time yit)
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Inverse Laplace based solution of a 2™ order Differential Equation
ay"(t) + by'(t) + cy(t) =0 _ (as+ by + am
[¥(0) = w. ¥ (0) = ] _ as®+bs+tec
Differential Equation with Initial Conditions
Y(t)+6y(2) +2y(t) =0
Laplace transform of y(t) using the expression on top

Yi(8) = zitars

- Y(s)

(w=1 0=0)

Laplace transform of y(t) as partial fractions
s s+6

Yr (3} = s24+6s+2

Solution using inverse Laplace

yp(t) = e~3V7t (510 4 BALT 34T 4 1)

14

asymplolically stable system
Example # 3.9
abc=[1,-3,2];
- y'(t) =3y (1) +2y(t) =0
Fop A ! 7 7 r -

2r unstable system with roots:

15t E]E}.”l f s P - B

L T8t b e oo o

o5l r f f ! r ‘ \
=]

Z of 't v 0 s Grleart 00 |
o5f 1 ' . i f f I
SRRV
Wy
A PSRN
%5 2 45 14 05 0 05 1 15 2 25

yit)
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y(t)=3y(t)+2y(t)=0
Characteristic Equation 7> —3r+2=0

Roots (r, &,) (1 2)

One/both roots: + ve; unstable sysiem

——~— General Solution using the roots y(t) = ¢, et +c,e! ——
y(t) = c1 ¢ + e e*t

——— General Solution using dsolve(.) obtained directly —

vs(t) = bae' + by e*'

No Initial Conditions Given
Example # 3.10
abc=[1,-2,1,1,0];

y'(t) = 24/(t) + u(t) =ﬂ_

25

25 unstable system with roots:
WNTENA
L FEr e r a0 2.

TT 7 77

T T
=
cop bt o1 v e cikaPLiog
=

7L R R R

i - #

A5 - -

Fy

't
-2",#,//

s

-2'5 'l i 1 i
25 2 A5 A 0.5
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¥(t) - 2¢/(t) +u(t) =0 [¥(0)=1,y(0) = 0]

Characteristic Equation 7 —2r+1=0

Rools r, &) i R B |

Equal RHIM[fi,rz =r): + ve; unstable system
——— General Solution using the roots y(t) =" [c, +¢,1] ——

y(t)=¢e (2 +ar t)

Differeniiate y(1) & apply initial conditions ==> [y{D) =1, y'(0) = 0]

£y = 1 o= -1
ct+e=0 - e =1
—— Solution after substitution (e, aczlin the general solufion -——

y(t) = —€ (t—1)
y'(t) = 24/(t) +u(t) =0 [y(0)=1,y{0)=0]

unslable system

solution
(Lapiace Transtorm) Yr(t) = —e* (t — 1)
details on next page

solution
{dsolve) yﬂ{t} = _et {t B 1}

1 « 104 component plot 02 104 phase plot

—— analyt
o 4 * ode
- =
* V..
3 -3
o 2 4 6 B 3 -2 -1 ] 1

time yit) »10*
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Inverse Laplace based solution of a 2™ order Differential Equation

ay”(t) + by'(t) + cy(t) =0 _ (as+ by + apm
[y(0) = w,y(0) = 3] —+ = as? + bs + ¢
Differential Equation with Initial Conditions

y'(t) -2y () +u(f) =0 (w=1 n=0)
Laplace transform of y{l} using the expression on top

YL {S) I {3 l]

Laplace transform of y(t) as partial fractions

Yile) =5 -

Solution using inverse Laplace
yr(t) = —e' (t - 1)

unstable system

Example # 3.11
abc=[1,-2,0,1,1];

y'(t)-2y(t) =

P {’,Z.,f‘/’///’
15t ((] 2)/" /' / / f /‘
| A

05t s £ ’ F s s !
Critical Pts lie along line thro' dy/'di=0

7l
0
/
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¥'(t)-2¢/(t) =0 [y(0)=1,y(0)=1]
Characteristic Equation 7 — 27 = 0
Roots (r, &) (0 2)

Roots are +ve or zero; r,=0r,=r,; unstable system
~—~— General Solution using the roots y(t) = [c, +c,e"%') -—-

y(t) = a1 +cp et

Differentiate y(1) & apply initial conditions ==> [y(0)=1, y(0)=1]

ep+ea=1 0 = %
2=1 = \a=;
——- Solution after substitution {c.l & ni',l in the general solution -——

y()=F +3

V') =-24(t)=0 [¥(0)=1,y(0)= 1]

solution s
(Laplace Transform) YL(t) = S5 + ;-.
details on next page

solution .1}
(dsolve) va(t) =5 +3

it 10% component plot o «10% phase plot

115

— Y analyt

time yit) x 108
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Inverse Laplace based solution of a 2™ order Differential Equation

ay”(t) + by'(t) + cy(t) =0

(as+ b)yo + ap

) Sy Y A

ast4+bs+ ¢

Differential Equation with Initial Conditions
Y'(t)=2y/(t)=0

Laplace transform of y{t) using the expression on top
_— 1 1

Yi(s) =3 = T

Laplace transform of y(t) as partial fractions

Yi()=spg+32

Solution using inverse Laplace

yL(t) =

et

5+
unstable system

Example # 3.12

(=1 m=1)

abc=[1,4,0,1,1];
y"(t)+4y/(t) =0
25 . T T
2r slable system with roots:
15} (D—fl]hi \1 \l N \ \
e S
Vo LR T T
05 Y ] i \ b 4 % 4 \
E Critical Pis lie along line thro' dy'dt=0
= 0

05

At

T e .

1)
\

I‘L‘l
..--""'"'?..--""?..--""..-

ﬁﬁf’;

25

[ =1 3

25



www.pdfgrip.com

Linear Second Order Differential Equations with Constant Coefficients 117

y'(t) +4y(t) =0 [y@)=1,y(0)=1]
Characteristic Equation 7 +4r=10
Roots (r, &,) (0 —4)

Rools are -ve or 28r0; ry =0 ry=r stable system
——— General Solution using the roots y(t) = [, +c,e"'] -——

y(t) = +epe"

Differentiate y(t) & apply initial conditions ==> [y(0)=1,y'(0)=1]

c|+c?=l t‘l=%
Lher=1 = | o=}

——- Solution after substitution {nl & i.‘.z] in the general solution -——

_ 5 E—I.I
y(t)=3—-
¥t +4y(t) =0 [y(0)=1,y@)=1]
stable system
solution R =
(Laplace Transform) YL(t) = 3 — -
details on next page
solution & -4
(dsolve) wilt) =3 — 5
component plot phase plot

1
— analyl
: 0.5 N o
= -
0
0.5
1 1.1 12 13

yit)
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Inverse Laplace based solution of a 2™ order Differential Equation

ay"(t) + by'(t) + cylt) =0 Y(s) = (as+ b)yo + ayp
_[¥(0) = w,¥(0) = w] as® +bs+ ¢
Differential Equation with Initial Conditions

Yt +4y(t) =0 (=1 n=1)
Laplace transform of y(t) using the expression on top
—_ 0 1
Yi(e)=g, - 1(s+4
Laplace transform of y(t) as partial fractions
Yi(e) = & - g

s 4(s+4d)

Solution using inverse Laplace

yr(t) =3 — <

Example # 3.13
abc=[1,0,0];

Linear 2" Order Differential Equation with Constant Coefficients

Homogenaous 'f amy EI' _

Differential Equation :iF’ + 'h tey=0, a#0

Charactleristic Equation ar’ +br4+c=0

Roots of Characteristic Equation - . —b + +/b? — dac
13 =Ty = ——

or Eigenvalues 20
W —dac >0, 11 # 1 (real roots)
Properties of the Roots k= 5° —dac =0, ) = ry = 1g (real root)
e=0, m=0re#F0orrm#0ra=10
—dac <), ma=re=axid
[r, hﬂnrrzh-ﬂ]or[r = 0] or [ = 0], unstable
[r, =0and ry <0 or [r,<0] or [ < 0], asymptotically stable
[r,=0,ry<0or[r, <0,r, =0] slable
[ = 10], oscillatony
cre™ + cne"*", L F T
Solution yit) s [+ eat] €, i=T2i=mg
[clm&{ﬁt} + casin(3t)) ™, ro = a+)3

S;[:n-lz'm::m.lll:a.':."u'e:}-‘fﬁ2 0, 7y =m =0, yt) =¢ + o3t

Stability of the Systam =
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3.3 Non-homogeneous Differential Equations: Particular Solutions
and Complete Solutions

Methods to solve the nonhomogeneous differential equation in eqn. (3.3) can now be
described. The solution to the nonhomogeneous differential equation can be expressed
as

y(O) =y, (1)+y,(1). (3.53)

In eqn. (3.53), y,(t) is the solution to the homogeneous part given in eqn. (3.9)
and yp(t) is identified as the particular solution of the nonhomogeneous differential
equation in eqn. (3.3). Before examining the two approaches to finding the particular
solution yp(t), it should be noted that the homogeneous solution can be expressed as
a linear combination of two solutions y (t) and y,(t) as

3y (1) = () + e (1) =[ C]B m (.54

The two solutions y,(t) and y,(t) can be obtained from eqn. (3.9) as
e
{ rzt} = n#EnL (real)
t rt
f/(t)z{yl( )}: {e } = rlzrzzr(real) . (3.55)

tert
u| ©08(ft)
¢ sin(ft)

The representation of the primary (or basic or basis) solutions (also known as the
fundamental solutions), y,(t) and y,(t), formed from the roots of the characteristic
equation play a crucial role in obtaining the particular solution.

Two different approaches exist for obtaining the particular solution. The first
one is the method of undetermined coefficients and the second one is the method of
variation of parameters and both methods rely on y (t) and y,(t). There are advantages
and disadvantages and limitations to each of these methods. These methods are
described in the next section along with a comparison and approaches for obtaining
the complete solution of a non-homogeneous differential equation. We will start with
the particular solution before exploring methods to obtain the complete solution to
the differential equation expressed as the sum of the solution to the homogeneous
differential equation and the particular solution as given in eqn. (3.53).

} =n=a+jpn=a-jp

3.3.1 Particular solution

3.3.1.1 Method of undetermined coefficients

This method relies on an initial guess of the particular solution by examining the
relationship of the roots of the characteristic function and the forcing function g(t),
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thus indirectly exploring its relationship to the primary solutions y (t) and y,(t). The
initial guess is made on the basis of hypothesizing the possible forms of the solutions
that can satisfy the differential equation and then creating a linear combination of
these. Once the initial guess is chosen, unknown constants that are used to combine
the various possible solutions are determined by substitution of the particular solution
in the differential equation and solving for them. The limitation of this method arises
from the approach itself, which is based on the association between the solution of
the homogeneous differential equation (more precisely the roots of the characteristic
equation) and the forcing function. Because the homogeneous solutions always appear
as functions of sin(.), cos(.), t and exp(rt) only, the method is applicable only when
the forcing function g(t) takes one of the two forms

g(t)=Ct"e" (3.56)

Ct"e" cos(wt
g(f)={ o () (3.57)
Ct"e" sin(wt)

In eqns. (3.56) and (3.57), C is a constant and m is an integer. This suggests that the
method of undetermined coefficients is not applicable for forcing functions of the type
h(t)/f(t), tan(t) or non-integer powers in t. Note that it is possible to consider cases
where g(t) contains a power series in t as

" >at +an4t"’l +...a,,n=0,1,2,... (3.58)

The method of undetermined coefficients provides the particular solution for the case
in eqn. (3.56) as

v ()=t [ A0+ A, 0"+ 4, e (3.59)
The value of s in eqn. (3.59) is
0, g#n#r,
s=s1, g=norqg=r . (3.60)
2, q=r,1; =r,(double root)
The particular solution for the case in eqn. (3.57) is

v, (£)=[ A, + 4, " +... 4, |t°e" cos(wt)+
3.61
[Bmt'” +B, " +...B()]tse”’ sin (ar) @.61

m—1

Equation (3.61) can be written using two unknown constants P and Q in a slightly
more compact form as

y, ()= [Amt'” +A4, " +...A0]e’“t"‘ [ Pcos(wt)+Qsin(wr) ] (3.62)

The value of s in eqn. (3.61) is

(3.63)

0, u+jo+a+jp
S =
I, putjo=a+jp
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All the unknown constants can be determined by inserting yp(t) for y(t) in eqn. (3.3)
and solving for them.

If the initial conditions are given, a complete solution can be obtained by solving
for ¢, and c, in eqn. (3.53).

3.3.1.2 Method of variation of parameters

As mentioned in the previous section, the method of variation of parameters is not
limited to specific forms of the forcing function. It relies on the Wronskian W associated
with the differential equation, given by

N (t) Y2 (t)
W—[yl. (t) ), (t):| (3.64)

The particular solution is given by

v, (0)=[»(t) ». (][5 (¢)ar. (3.65)

The vectorial function v (t) in eqn. (3.65) is related to the inverse of the Wronskian as

0
H0) =" g(0) | (3.66)
a

While the particular solution from both approaches match, it should be noted
that the method of variation of parameters even works when the forcing function is
of the type h(t)/f(t). The limitation of the method arises from the fact that explicit
integration is required (which might not be possible in all cases), while the method
of undetermined coefficients only requires algebraic manipulation and substitution.

3.3.2 Complete solution

The complete solution to a non-homogeneous equation can be obtained from the
homogeneous and particular solutions. If initial conditions are given, solution can
also be obtained using Laplace transforms and Runge-Kutta methods.

3.3.2.1 Complete solution from homogeneous and particular solutions

The complete solution of the non-homogeneous differential equation can be written
using eqns. (3.53) and (3.54), as

y(t)zcly1 (t)+czy2(t)+yp (t) (3.67)

Given initial conditions y(0) and y’(0) the unknown constants, ¢, and c, can be
evaluated and the complete (exact) solution is obtained.
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3.3.2.2 Complete solution using laplace transforms

If the initial conditions are given, the method based on Laplace transforms can also be
used to obtain the complete solution. Taking the Laplace transform of the differential
equation in eqn. (3.3) leads to

a[szY(s)—sy0 —yl]+b[sY(s)—yo}+cY(s) =G(s). (3.68)

In eqn. (3.68), G(s) is the Laplace transform of g(t). Solving for Y(s), the Laplace
transform of y(t) becomes

Y(s) _ (as er)y0 +ay, s G(s) (3.69)

as’ +bs+c as’ +bs+c

The complete solution is obtained by evaluating the inverse Laplace transform of y(t).
Details are provided in Appendix B.

3.3.2.3 Complete solution using Runge-Kutta methods

If the initial conditions are given, the Runge-Kutta method can be applied for further
verification of the results. For the case of the non-homogeneous differential equation
in eqn. (3.3), the coupled first order equations become

Z—y 0 1 » 0
t ~ O,
= '= A . 3.70
l=le b L}+ g(t)|= %' =4%+p (3.70)
u a a
In eqn. (3.70), p is a R? vector.
0
p=|g(r)]- (3.71)
a

As an example (Example # 3.14), consider the following second order differential
equation,

y"(1)-2y'(t)=r*e". (3.72)
The characteristic equation is
rP=2r=0. (3.73)
The roots are 0 and 2 and therefore, the homogeneous solution is
v (1) =c¢ +c,e”. (3.74)

We will look at the method of undetermined coefficients first. The forcing function
is the product of two terms, a quadratic term in t and exponential term containing
(2t). The scaling factor in the exponent matches one of the roots of the characteristic
equation, namely 2. This means that the initial guess of the particular solution must
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involve scaling by t. In other words, one of the terms in the initial guess of the particular
solution will be

yult)=1e. (3.75)

The other term in the initial guess of the particular solution will be a quadratic equation
containing t>, t and a constant,

y,,(t)=A4 +Bt+C (3.76)

In eqn. (3.76), A, B, and C are constants to be determined. The initial guess of the
particular solution will be the product of eqns. (3.75) and (3.76)

3, ()=, (1), (t)=te” (4 + Bt +C). (3.77)

If yp(t) is a valid solution, it must satisfy the differential equation in eqn. (3.72). Taking
the first and second derivatives of the particular solution in eqn. (3.77) and substituting
in eqn. (3.72), an equation relating A, B and C is obtained as

2B+2C+6At+4Bt +6At* =1 . (3.78)

Collecting matching terms,

6A:1:>A:% (3.79)

1
64+4B=0= 5=~ (3.80)
ZB+2C:0:>C:i (3.81)

Substituting for A, B, and C, the particular solution in eqn. (3.77) becomes

()=t Sty L (3.82)
’ 6 4 4

Now, we can explore the solution using the method of variation of parameters.
Because the roots of the characteristic function are 0 and 2, the two primary solutions
of the homogeneous part are

Y (t) =1
¥, (t)=e

It is easy to observe that the solution to the homogeneous part is a linear combination
of'y,(t) and y,(t) in eqn. (3.83). This means that the Wronskian W is

v o 5]

The inverse (Appendix D) of the Wronskian is

(3.83)

2t
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L
W = 2 (3.85)
O lezt
2
The intermediate vector v (¢) in eqn. (3.66) is
l,
——t* exp(21)
i(r)=| 2 . (3.86)
1,
—t
2
The particular solution is obtained using eqn. (3.65) as
1,01 1], 1,
t)=| =t ——t+—|te¥ —=e*"- (3.87)
5 (1) [6 4 4} 8

It might appear that the particular solution obtained using the method of variation of
parameters contains an extra term _ ! ¢ But this is not an error because it is a scaled

version of one of the solutions, namely

v, (1)=¢€". (3.88)

This term can always be absorbed into the homogeneous solution. To see this, let
us write the complete solution using the method of undetermined coefficients first,

: 1
y(t)=y,(1)+y,(t)=¢ +c, & +1e* tor2| (3.89)
’ 6 4 4
The complete solution using the method of variation of parameters is
£t 1)1 £t 1
t)=c +ce” +te’ | ———+— |—=e¥ =¢ +c,e” +te” | ———+—
y(t)=¢ +e, (644]8 TG < 2t7) 3.90)

It is now easy to see that equations (3.89) and (3.90) are a match except for the
unknown constants and without any loss of significance, c, can be replaced by c,. If
the initial conditions are given, the constants ¢, and c, can be evaluated.

Consider another example (Example # 3.15). The second order differential
equation is

y"(t)+16y(t)=tcos(4t),y(0)=-1,y'(0)=1 (3.91)
The characteristic equation is
r?+16=0. (3.92)
The roots are +4 j resulting in the homogeneous solution of
v, (t)=c, cos(4)+c, sin(41) (3.93)

The forcing function is
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g(t)=tcos(41)- (3.94)

Because the forcing function contains the term cos(4t), the initial guess of the solution
based on the method of undetermined coefficients is

v, (1)=[4¢+4,]1[ Peos(41)+ Osin(41) ] (3.95)
corresponds to ¢ corresponds to cos(47)

Note that the scaling by t arises from the match of one of the solutions with the
cos(.) term in the forcing function. The quantity in the first bracket is the term from
the presence of the term t in the forcing function and the term arises from cos(4t).
Rewriting eqn. (3.95) in terms of unknowns B, B,, B, B,, we have

y, (t)= Bit* cos(4t)+ B,t” sin(4t)+ Byt cos (4t )+ B,tsin (4z). (3.96)
Substituting eqn. (3.96) in the left hand side of eqn. (3.91), we get
2B, cos(4t)+8B, cos(4t)+2B, sin(41) -8B, sin(4r)+16B,¢ cos(41)—16B,¢sin (41) =t cos (4t)

(3.97)
Collecting the appropriate terms and equating their coefficients, we have
16B, =1. (3.98)
168, =0 (3.99)
2B, +8B,=0 (3.100)
2B, -8B, =0 (3.101)
From equations (3.98)—(3.101), we have
B, = L (3.102)
2 16 .
B, = L (3.103)
> 64 '
B =B,=0 (3.104)

Substituting the values of B,, B,, B,, B, in eqn. (3.96), the particular solution in eqn.
(3.96) becomes

v, (t):%t2 sin(4t)+étcos(4t). (3.105)
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Using the method of variation of parameters, the Wronskian becomes

W:{ cos(4r)  sin(4) } (3.106)

—4sin(4r) 4cos(4r)
The particular solution becomes
¥, (£) = - sin(4r) + L cos (4r)~ ——sin (4r) . (3.107)
16 64 256
It is seen that eqn. (3.107) contains the term sin(4t) which is part of the homogeneous

solution and can be discarded when the complete solution is written. The complete
solution becomes

y(t)=c, cos(4r)+c, sin(4t)+%t2 sin(4t)+étcos(4t) : (3.108)

Applying the initial conditions,

¢ =-1

63 . (3.109)
C, =——

256

Following the substitution of the unknown constants ¢, and c,, the solution becomes
y(t)=—cos(4r) +£sin(4t) +Lp sin (47) +Ltcos(4t) . (3.110)
256 16 64

Taking the Laplace transform of the differential equation and collecting the terms in

Y(s), we have
1 32 s—1
Y(s)= - - . (3.111)
(2 +16) (s*+16) (s7+16)
Taking the inverse Laplace transform, eqn. (3.111) leads to the solution in eqn. (3.108).

3.3.3 Additional examples

A MATLAB script was written to obtain the complete solution to a second order
linear non-homogeneous differential equation with constant coefficients. The goal
was to create a document consisting of theory, steps involved, solutions using multiple
methods, comparison of the solution, etc. All these were accomplished through a
simple input consisting of a vector of values of a, b, ¢, initial conditions, and another
input consisting of the forcing function. The results obtained consist of the following
displays:

1. Description of the Method of Variation of parameters (MVP).
2. Description of the method of undetermined coefficients (MUC).
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Step-by-step derivation of the particular solution using MVP.
Step-by-step derivation of the particular solution using MUC. If scaling by t or
t? is required, it will be indicated, giving the reasons.

. The particular solution obtained using the method of variation of parameters may

contain copies of the components of the homogeneous solution. To check this,
comparison of the particular solution, explanation of any discrepancy between
the two (MVP vs. MUC) and mitigation of the discrepancy are provided.
General solution shown if no initial conditions (determined by the number of
input values).

If initial conditions are given, the unknown constants are evaluated (with all the
steps shown).

Theory of Laplace transform based solution, Laplace transform of y(t) and
solution obtained using the Laplace transform is also shown.

Comparison of all results (overview) including those obtained using numerical
techniques shown.

Example # 3.17

abc=[1,0,4];gt="cos(2*t)’;

Method of Variation of Parameters

ay"(t) + by (t) +ey(t) = g(t)

Roots of the characlenstic equation, ar’ +bree=0 = fy and fa

Solutions ¥y (1) and yz{l:l of the homogeneous differential equation:

y )=l y,t) = e, r, # 1, & REAL
y ) =e"y ) =te", ro=r,=r
v =e"oos(@N: y,()=e" " sin(dn,  r,=ax|d

WRONSKIAN W = [ i ]
LTI

¥=[w" [ é’&]

Particular B
Solution uplt) = [in 1] f ot
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Method of Undetermined Coefficients

ay" () + by/(2) + cy(t) = Ct"e"
Roots of the characteristic equation, ar”+br+c=0 are r, and r, (Real)

s=0, ifq= Py G 1y T T

2
s=1ifq=r, orq=r,,r =1,
=2 if q=r =r,=r (double root)
Uplt) = t*(Amt™ 4+ A gt™ " ., + Aat® + Ayt + Ag)e™
" P _ Cfu ejrrmiwtl
ay’(8) + by (8) +ey(t) = { Ct™ ¢ sin(wt)

Roots of the characteristic equation, arz-l-brﬂ:-ﬂ. r, =ad & (Complex)

=0, if utjw = a+js
s=1, if utjw = a+s
Up(t) = t°(Amt™ 4 A ot™ " 4 ... 4 Ast? 4+ Ayt + Ap)e"cos(wt)
+ t(But™ + B t™ ' 4+ ... 4 Bst® + Byt 4 Bg)e™ sin(wt)

wp(t) = t(Aut™ +. .. + Ast + Ag)e™ |P cos(wt) + Q sin(wt)]

Particular Solution: Variation of Parameters
Y'(t) + dy(t) = cos(2t)
Rools uI'IEu Characleristic or Auxiliary Equation:  r? 4 4 = ()
2i -2i )
General solutions of the Homogen. Diff. EQN: ¥"(t) + 4 y(t) = 0
( 3(t) = cos(2t) wa(t) = sin(2t) )
WRONSKIAN [W] given below
cos(2t) sin(2t)
-2 sin(2¢) 2 cos(2t)
Particular solution oblained may contain ¥4 (1) or y,(t) which can
be included in the homogeneous solution with appropriate scaling factors

yp(tJ - cui{:t‘,i 4 fﬂtj!t]
Complete Solution (with unknown constants b, &b,)
y(t) = yp(t) + by sin(2t) + by cos(21)
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Particular solution: Method of Undetermined Coefficients

() + dy(t) = cos(2t)

Roots of the Characteristic or Auwdliary Equation

(2i -2i)

Initial guess for the particular solution (Root present; scaling by t)
¥p(t) = t[P*cos(2*) + Q*sin(2*1)]

Particular Solution Obtained

Yp(t) = Liftl

Solution of the Homogeneous Differential Equation (¢, & ¢, unknown)

yu(t) = 1 cos(2t) — ¢z sin(2¢)

Complete Solution

y(t) = yp(t) + ya(t)

Comparison of Particular Solutions
y"(t) +4y(t) = cos(2t)
Rools of the Characleristic or Awxiliary Equation: ~ ( 21 —2i )
General solutions of the Homogen. Diff. Ean: (1) +4y(t) =0
(91(t) = cos(2t) (t) =sin(2t) )
Particular solution (Variation of parameters)
Fp(f} - cafﬁt} i tsir}ﬂt}

Contains term below (scaled version of general solution), ¥1(t) = cos(2t)

colt) _ 1
] 16
Particular solution (Variafion of Parameters) after removing the term above

yp{t} — tﬂ'll:_l:ﬁﬂ

4
Particular solution (Undetermined Coefficients)

Yp(t) = ﬂ;&l

Particular solutions are now a match
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Particular solution: Method of Undetermined Coefficients

y'(t) + 4y(t) = cos(2t)

Roots of the Characteristic or Auxiliary Equation

(2i -2i)

Initial guess for the particular solution (Root present; scaling by t)

¥p(t) = t[P7cos(2°1) + Q’sin(2°1)
Particular Solution Obtained
t sin(2¢
Yp(t) = %
Solution of the Homogeneous Differential Equation (c, & c, unknown)
yn(t) = €1 cos(2t) — ¢z sin(21)
Complete Solution
y(t) = yp(t) + ynl(t)
Comparison of Particular Solutions
y"(t) + 4y(t) = cos(2t)
Roolts of the Characteristic or Auxiliary Equation: ~ ( 21 —2i )
General solutions of the Homogen. Diff. EQN: 3" (t) + 4 y(t) =0
( 21(t) = cos(2t) y(t) =sin(2t) )
Particular solution (Variation of paramelers)
y(t) = mﬁ t) ¢ sir;{i"t}l

Conlains term below (scaled version of general solution), ¥ (t) = cos(2t)

codt)’ _ 1

8 16
Particular solution (Variation of Parameters) after removing the term above
__ tsin(2t)
Yp(t) = 3
Particular solution (Undetermined Coefficients)
__ tsin(2¢)
Fp':f} s
Particular solutions are now a match
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Example # 3.18
abc=[1,-2,0];gt="t"2*exp(2*t)’;

Method of Variation of Parameters
ay” (t) + by'(t) + cy(t) = g(t)

Rools of the characleristic equalion, arl+brec=0 = Iy and My

Solutions ¥y {t) and yzm of the homogenasous differential equation:

}I‘1-[l:IIE'| ¥, {t}-erzt ry # 1, &REAL
y, () =e’ .32{1}—te ' ry=ry=r
y)=e” cos(at); y,) =e” 'sin(3y, 1 ,=azxjd

&

WRONSKIAN W = [ 3"'3]
¥

7= [W] l[gﬂl]

Particular .
Solution uplt) = [n m]fvdt

Method of Undetermined Coefficients

ay" (t) + by/(t) + cy(t) = Ct™e”
Roots of the characteristic equation, ar’ +br+c=0 are r, andr, (Real)

s=0,ifg=r, q= Fo [ #T

2
s=1ifg=r orq=r,r #r,
s=2 if q=r 4=,=" (double root)
yp(t) = " (Amt™ + Am_rt™ ' + ... + Aot® + Ast + Ag)e™
_ | Ct™ etteos(wt)
o’ @)+ 0/0) +t) = { Gym gt

Roots of the characteristic equation, ar+br+c=0, r LSatjs (Complex)
5=0, if ptjw = a+jd
s =1, if ptjw = a+jg
Yp(f) = " (Amt™ + Amrt™ " + ...+ Ast® + At + Ap)e*'cos(wt)
+ t*(Bat™ + Brit™ ! +... + Bat® + Bit + Bo)e" sin(wt)

yp(t) = t* (Amt™ + ... + Ast + Ap)e™ [P cos{wt) + Q sin(wt)]
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Particular Solution: Variation of Parameters

y'(t) = 2y/(t) = £ &
Roots of the Characleristic or Auxiliary Equation: 12 —2r =)
(0 2)
General solutions of the Homogen. Diff. EaN: %" (t) — 2y/(t) =0
(n@)=1 w(t)=e)
WRONSKIAN [W] given below

1 e‘!!
0 2e?
Particular solution oblained may contain Y4 (t) or ¥Ya (1) which can

be included in the homogeneous solution with appropriate scaling factors

o (4P -6 +61-3
Yp(t) = ( 24 )
Complete Solution (with unknown constants b, & b,)

y(t) = by +yp(t) + by €
Particular solution: Method of Undetermined Coefficients
y'(t) — 2y (t) = t?e*
Rools of the Characieristic or Auxiliary Equation
(0 2)
Initial guess for the particular soluion (One root maiches; scaling by t)
yp(t) =t A2 + A+ Aj) exp(2')
Particular Solution Oblained
wt)=te* (§-5+1)
Solution of the Homogeneous Differential Equation (e & Gy unknown )

m(t) = a1 + ot
Complete Solution
y(t) = yplt) + yn(t)
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Comparison of Particular Solutions
y'(t) — 29/ (t) = t?e*
Roots of the Characteristic or Auxiliary Equation: (0 2 )
General solutions of the Homogen. Diff. EQN: %" (t) — 2y/(t) =0
(n)=1 p(t) =)
Particular solution (Variation of parameters)
e (4£—6£+61-3)

yp(t) = o)
Contains term below (scaled version of general solution), 32(t) = €**
E_,!l
%

Particular solution (Variation of Parameters) after removing the term above

et ! 2833843 I
yp(t) =

12
Particular solution (Undetermined Coefficients)

_ t [ i 1
w(t) = te2 (ﬁ—1+;)
Particular solutions are now a match
Example # 3.19

abc=[1,2,1];gt="4*exp(t)’;

Method of Variation of Parameters
ay” (t) + by'(t) +cy(t) = g(t)

Roats of the characieristic equation, arf+bree=0 = Iy and r
Solutions y, (t) and y,,(t) of the homogeneous differential equation:

=gl l = t
y ) =efy, ) =e', ry +r, &REAL

y ) =e by, =te, Fg=rp=r

y ) =e* oos(at); y,M)=e® 'sin(dl,  r,=at]d

WRONSKIAN W = [ LI ]

Particular .
Solution Hp(t} = [EI'I yz][rdt
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Method of Undetermined Coefficients
ay’ (t) + by'(2) +cy(t) = Ct™e™
Roots of the characteristic equation, ar’ +br+c=0 are r, and r, (Real)
s=0, if g» L L PP N
s=1Hif q-r‘ ﬂranzi r1 * rZ
=2 if q=r =r,=r (double root)
Uplt) = " (Amt™ + Ao t™ " 4 ... + Agt® + At + Ag)e®

ay”(t) + by'(t) +ey(t) = { Sfm i:i‘:i%ﬂ

Roots of the characteristic equation, ar +br+c=0, r , = o |3 (Complex)

s=0, if utu = atjs
s=1, if ptjw= a+j
Uplt) = " (Aaf™ + A 1™ " + ... + Ast® + At + Ag)e™cos(wt)
4 t*'(But™ + Buit™ ' + ... 4 Bat® + Byt 4+ Bg)e™ sin(wt)

Upl(t) = " (Ant™ + . .. + At + Ag)e™ [P cos(wt) + Q sin(wt)]
Particular Solution: Variation of Parameters

V() + 2¢/(t) + y(t) = ¢
Roots of the Characleristic or Auxiliary Equation: ¢p? 4 2r 41 =10

(-1 -1)

General solutions of the Homogen. Diff. EQN: ¥ (t) + 2¢/(t) + y(t) =0
(wn(t)=et yp(t)=te")
WRONSKIAN [W] given below

e’ te ™t
—e! el-te
Particular solution obtained may contain y, (1) of y,(t) which can
be included in the homogeneous solution with appropriate scaling factors

yp(t) =€
Complete Solution (with unknown constants b, & b,)
y(t) = yp(t) + et +bytet
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Particular solution: Method of Undetermined Coefficients

y'(t) + 29/ (t) +y(t) = 4e'
Rools of the Characteristic or Auxiliary Equation
(=F =1
Initial guess for the particular solufion (Root absent no scaling by t)
Ypl)= A, exp(t)
Particular Solution Obtained
Yp(t) = ¢
Solution of the Homogeneous Differential Equation (c, & ¢, unknown)
u(t) =e™ (@2 +at)
Complete Solution
y(t) = yp(t) + ya(t)
Comparison of Particular Solutions
Y (t)+ 29/ (t) + y(t) = et
Roots of the Characteristic or Auxiliary Equation:  ( =1 -1
General solutions of the Homogen. Dift. EQN: ¥/ (t) +21/(t) + y(t) =0
(wnt)=e? yoft)=tet)
Particular solution (Variation of parameters)

yp(t) = €
Particular solution (Undetermined Coefficients)
Y(t) = ¢

Particular solutions match
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Example # 3.20
abc=[1,-3,-4,1,-1];gt="2%exp(-t)’;

Method of Variation of Parameters
ay" (t) + by'(t) +cy(t) = g(t)

Roots of the characteristic equation, ar+bréc=0 = y and L
Solutions y, (1) and y,(t) of the homogeneous differential equation:

y () ="y, () = e, r, = 1, & REAL
y1{l}=e”; yz{t}=le”, ry=ry=r
y ) =e” " cos(31); y,(t)=e” ' sin{d 1), rp=atjd
WRONSKIAN W = [ yr b }
W

7= [W] 1[&]

a

Particular .
Solution Yplt) = [ y-z]ft:d't

Method of Undetermined Coefficients

ay’(t) + by (t) + ey(t) = Ct"e”
Roots of the characteristic equation, ar’+br+c=0 are r, and r, (Real)

s=0,ifq#r,q= P T #T,
s=1 I’lr;]=r1 or q=r,, r, *r,
5=2 I'q=r1=r2=r (double root)

Up(t) = £ (Amt™ + Am_1t™ " + ... + Aot® + Ait + Ag)e™

m it

a0+ 0O +eu®) = { Gpm aoonin
Roots of the characteristic equation, ar*+br+c=0, r, = az j3 (Complex)
s=0, if uHw =+ ajg
s=1, if utjw = a+jd

Upl(t) = t*(Amt™ + Amat™ " ... + Aot® + Ast + Ag)e"cos(wt)

+ t*(But™ + B 1t™ ! + ... + Bat® + Byt + By)e™ sin(wt)

Upl(t) = *(Amt™ + . .. + Ast + Ag)e” [P cos(wt) + Q sin(wt)]
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Particular Solution: Variation of Parameters

V() = 3Y/(t) — dy(t) = 2¢7"
Roots of the Characleristic o Awdliary Equation:  r? — 37 — 4 =0

(-1 4)

General solstions of the Homogen. Diff. EQN: () = 3¢/(t) — 4y(t) =0
(mt)=e" wy(t)=e'")
WRONSKIAN [W] given below

ot bt
(5 &)

Particular solution obtained may contain y, (t) or y, (1) which can
be included in the homogeneous solution with appropriale scaling faciors

2 (5141
yp(t)=_ - ;51-]

Complete Solution (with unknown constants b, &b,)
y(t) = yp(t) + bre™ +byet!
Particular solution: Method of Undetermined Coefficients
¥ (t) - 3y/(t) — 4y(t) =2t
Roots of the Characteristic or Awiiliary Equation
(-1 4)
Initial guess for the particular soluion (One rool maiches; scaling by t)
!’P{tl' t Ay exp(-)
Particular Solution Obtained
w(t) = — 2§~
Solution of the Homogeneous Differential Equation (¢, & ¢, unknown)
m.(f) =c e + Cze“

Complete Solution
y(t) = yp(t) + yn(t)
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Comparison of Particular Solutions
V' (t) - 3y/(t) — 4y(t) =2e”*
Roots of the Characleristic or Auxiliary Equation:  ( =1 4)
General solutions of the Homogen. Diff. EQN: ¥/ (1) — 3¥/(t) —4y(t) =0

(n)=e? yft)=¢'")
Particular solution (Variation of paramelers)

2! (51+1
y(t) = -2
Contains term below (scaled version of general solution), 1(t) =e™*
[
25
Particular solution {‘J‘u‘iaim of Parameters) after removing the term above

2te”"
w(t) = —=5
Particular solution {Undalafmmd Coefficients)
_2tet
w(t) = -5

Particular solutions are now a match
Complete solution using the Particular Solution

Differential Equation Initial conditions (IC)
y'(t) = 3y/(t) — 4y(t) = 2¢* [y(0)=1, y'(0)=-1]

General solution (Particular Solution plus Homogeneous solution)

y(t) =cre™ —

ﬂte +L‘2E

Equations for c, and C, after the application of Initial Conditions

( C1+G3—1 ) s (cl=$)
4@—{:1-—:—1 S ﬂz:E

Analytical Solution from Particular Solution & Homogeneous solution

y(t) = et (ze-'*'gt}uzs}
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Complete Solution using Inverse Laplace Transform
ay’(t)+ by (t) +cy = g(t) (as + b)yy + ays + G(s)

WO =w,y(©)=y] Y= s
y"{!}—.‘}gf{t}—dy{t}:?e"" (=1 pp=-1)
Laplace transform Y{s) of y{t)

. —524384+2
Yi(s) = @9

Solution using inverse Laplace

e t(2e"'-101+23
yn ) = 2L 0y

Solution directly using dsolve(.)

et (2e*-101+23)

y(t) = 35
Overview of Results
The Differential Equation
¥'(t) - 3Y/(¢) - 4y(t) = 2¢™* Gl et
Particular solution
2!
Wwlt)=—F—
Complete Solution
e (26 —101+23
g LU H5D)
5 « 10® component plot I .10® phase plot
T analyt
2 L I * ode
= <
.1_
0 i}
1] 2 4 8 1] 1 2 3

time yit) x10%
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For the remaining examples the displays on their theory are not shown.
Example # 3.21
abc=[1,0,4,-1,1];gt="cos(2*t)’;

Particular Solution: Variation of Parameters

¥'(1) + 4y(t) = cos(21)
Roos of the Characteristic or Auxiliary Equation: 12 4 4 = 0
(21 -2i)
General solutions of the Homogen. Diff. EQN: ¥"(t) + 4y(t) =0
( 3 (t) = cos(2t) ya(t) = sin(2t) )

WRONSKIAN [W] given below

( cos(2t) sin(2t) )
-2 sin{2t) 2 cos(2t)

Particular solution obtained may contain ¥y (th uryzit}mhi[:h can
b included in the homogeaneous solution wilh appropriate scaling faciors

w(t) = ﬂi? + 14}2_11
Complete Selution (with unknown constants b, & b,)
y(t) = yu(t) + by sin(2¢) + by cos(2t)
Particular solution: Method of Undetermined Coefficients
y'(t) +4y(t) = cos(2?)
Roots of the Characteristic or Auxiliary Equation
(2i -2i)
Initial guess for the particular solution (Root present; scaling by t)
¥p(t) = t[PUcos(2t) + Q*sin(2*)]
Particular Solufion Obtained
w(t) = mfi
Solution of the Homogeneous Differential Equation (¢, & ¢, unknown)
yn(t) = c; cos(2t) = cz sin(2t)
Complete Solution
y(t) = yp(t) + m(t)
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Comparison of Particular Solutions
y"(t) + 4y(t) = cos(2t)
Roots of the Characteristic or Awdliary Equation: ~ ( 2i -2i )
General solutions of the Homogen. Diff. EQN: ¥" () +4y(t) =0
(3 (t) = cos(2t) »(t) =sin(2¢) )
Particular solution (Variation of parametars)

2 im(2
yp{t} - l:us:ﬁt} i tmr:’ t)
Contains term below (scaled version of general solution), ¥1(t) = cos(2t)
codt)’ 1

8 16
Particular solution (Variation of Parameters) after removing the term above

Yp(t) = #‘1

Particular solution (Undetermined Coefficients)
t sin(2¢)
Yp(t) =

Particular solutions are :m a match

Complete solution using the Particular Solution
Differential Equation Initial conditions (IC)
Y'(2) +4y(t) = cos(2t) [y(©)=1,y(0)=1]

General solution (Particular Solution plus Homogeneous solution)

y(t) = %ﬂ—tl — ¢ sin(2t) + ¢; cos(2t)
Equations for ¢, and c, after the application of Initial Conditions

(3270) - (325)

Analytical Solution from Particular Solution & Homogeneous solution

y(t) = 22 — cos(21) + L2420
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Complete Solution using Inverse Laplace Transform

ay"(t)+ by (t) + ey =gt Iza.s -+ Ei]yn + ay; + G[:.s}

[w(0) = w4 (0) = ] —+¥i(s) = (as? + bs + )
(1) +4y(t) = cos(2t) (w=-1 m=1)
Laplace transform ¥(s) of w(i)

I_s2+394
Yi(s) = —£gsdst

Solution using inverse Laplace
-.11:(2! 5 tsin2f
yr(t) = —cos(2t) + —}—1

Solution directly using dsalveal.)
y(t) = 228 — cos(2¢) + L2

Overview of Results
The Differential Equation

¥'(t) + 4 y(t) = cos(2t) (o=-1 ga=1)
Particular solution
%(t) = iﬁ.ﬂl

Complata Solution
y[t} - su_ﬂﬂﬂt! —m{?t} + i mj?l:_l

component plot phase plot
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Example # 3.22
abc=[1,2,1,0,1];gt="4*t*exp(t)’;
Particular Solution: Variation of Parameters

y'(t) +24/(t) + y(t) = ate’
Roots of the Characleristic or Auxiliary Equation: 2 427 4+1=10
(-1 -1)
General solutions of the Homogen. Dift. EQN: ¥ () + 24/(¢t) + y(f) =0

(niE)=e? pft)=tet)
WRONSKIAN [W] given below

et tet
_E.-' e-f s te—l

Particular solution obtained may contain ¥y (t) or yattj which can
be included in the homogeneous solution with appropriate scaling factors

yp(t) =€ (t—1)
Complete Solution (with unknown constants b, &b,)
y(t) = yp(t) + et +bytet
Particular solution: Method of Undetermined Coefficients
y'(t) + 2y (t) + y(t) = 4te
Roots of the Characleristic or Auxiliary Equation

(-1 -1)

Initial guess for the particular solution (Root absent: no scaling by t)
Ypl)=  [At+Ag] explt)

Particular Solution Obtained

wp(t)=¢ (t-1)

Solution of the Homogeneous Differential Equation (¢, & ¢, unknown)

y(t) =e (2 +at)

Complete Solution
y(t) = yu(t) + yalt)
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Comparison of Particular Solutions

¥() + 29/ () + y(t) = ate
Roots of the Characteristic or Auxiliary Equation:  ( =1 —1)
General solutions of the Homogen. Diff. EQN: ¥ () +2¢/(t) + y(t) =0

(mlt)=et walt)=te)
Particular solution (Variation of parameters)

yp(t) =€ (t—1)

Particular solution (Undeterminad Coefficients)

Yp(t)=¢ (t—1)

Particular solutions match

Complete solution using the Particular Solution
Differential Equation Initial conditions (IC)
Y'(t) +29/(8) +y(t) = ate’ [¥(0)=0, y(0)=1]

General solution (Paricular Solution plus Homogeneous solution)
yt)=e (t—-1)+et (cc+art)

Equations for c, and c,, after the application of Initial Conditions

c—-1=10 ¢ =2
e —e=1 = \ea=1

Analytical Solution from Particular Solution & Homogeneous solution

yt)=¢ (t—1)+et (2t +1)
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Complete Solution using Inverse Laplace Transform
ay"(t)+ by (t) +cy = glt) v _ (as + by +ap + G(s)
wO) =w.y(0) =y —FYES)= (as® + bs + ¢)

;.r”{!}+2y’{t]l+yl:t}:4te‘ (=0 p=1)
Laplace transform ¥(s) of y(l)

Yi(s) = J—T;-_Eﬁﬁ

Solution using inverse Laplace
yr(t) =e ' (2t — et +te?! + 1)
Solution directly using dsolve(.)

y(t) = et (2¢—e?' +te?t + 1)

Overview of Results
The Differential Equation
(1) +2/(t) +y(t) = atef (w=0 p=1)
Particular solution
w(t)=¢ (t—1)
Complete Solution

y(t) =e™* (2t —e** +te?' +1)

component plot se plot
ey p P phase pl
e g
2000 || * Y 2000
= -
1000 1000
] ]
(1] 2 4 [ 0 1000 2000 3000

time y(t)
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Example # 3.23
abc=[1,-2,1];gt="4*t*exp(t)’;

Particular Solution: Variation of Parameters

y'(t) — 2y/(t) + y(t) = 4 tef
Rools uftl(‘neﬂl‘mra;hriﬁicorﬂmﬁllw Equation: 52 —-2r41=0
| N |

General solutions of the Homogen. Diff. EQN: 3" (t) — 2¢/(t) + »(t) =0
(n)=¢ wp(t)=te)
WRONSKIAN [W] given below
e te
e e +ie
Particular solution obtained may contain y, (t) or y,(t) which can
be included in the homogeneous solution with appropriate scaling factors
2e ¢
w(t) = =5-
Complete Solution (with unknown constants b1 & sz
y(t) = y,(t) + bre’ + ba tet
Particular solution: Method of Undetermined Coefficients
y'(t) - 2y/(t) + y(t) = 4t
Roots of the Characteristic or Auxiliary Equation
(11)
Initial guess for the particular solution  (Double roots malch; scaling by 1)
Yolth = 2 [At+A] expit)
Particular Solution Obtained
2!
wh(t) = '1;1_
Solution of the Homogeneous Differential Equation (¢, & ¢, unknown)
yn(t) = e (2 +ert)

Complete Solution

y(t) = yplt) + alt)
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Comparison of Particular Solutions
y'(t) — 2/ (t) + y(t) = 4te
Roots of the Characteristic or Auxiliary Equation: (1 1)
General solutions of the Homogen. Diff. EQN: ¥"(2) = 2¥/(t) + y(t) =0
(m(t)=¢ p()=te)
Particular solution (Variation of parameters)
y(t) = zﬂTﬂj

Particular solution (Undetermined Coefficients)

yp(t) = %

Particular solutions match

Example # 3.24
abc=[1,0,0,0,-1];gt=""2+t+1’;

Particular Solution: Variation of Parameters
Y=t +t+1
Roots of the Characteristic or Auxiliary Equation: 2 =)
(0 0)
General solutions of the Homogen. Diff. EQN: ¥"(f) =0
(n(t)=1 wn(t)=t)

WRONSKIAN [W] given below

(o1)

Particular solution obtained may contain y, (t) or y,(t) which can
be included in the homogeneous solution with appropriate scaling factors

2 (242846
Yp(t) = J—m—z

Complete Solution (with unknown constants b, &b,)
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Particular solution: Method of Undetermined Coefficients
yE)=12+t+1
Roots of the Characleristic or Auxiliary Equation
(0 0)
Initial guess for the particular solution  (Double roots malch; scaling by t)
Yp(t) = LAY + At +A ]
Particular Solution Oblained

wt) =2 (5+5+13)
Solution of the Homogeneous Differential Equation (c, & c,, unknown)
n(t) =2+ at
Complete Solution
y(t) = yplt) + yn(t)
Comparison of Particular Solutions
y'(t)=12+t+1
Roots of the Characteristic or Awiliary Equation: (0 0)
General solutions of the Homogen. Diff. EQN: %" () = 0
(nt)=1 @) =t)
Particular solution (Variation of paramelers)
# !F+21+ﬁ!

Yp(t) = 12
Particular solution (Undetermined Coefficients)

wt)=2 (5+§+3})

Particular solutions match
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Complete solution using the Particular Solution
Differential Equation Initial conditions (IC)

V)=t +t+1 [y(0)=0, y(0)=-1])

General solution (Particular Solution plus Homogeneous solution)
y(t) =c2+ert+ 8 (1% +1 +é)
Equations for ¢, and ¢, after the application of Initial Conditions
Cy = 0 = =1
c =-1 S c=0
Analytical Solution from Particular Solution & Homogeneous solution

2 (P+21+6
y(t) = J—m—) —k

Complete Solution using Inverse Laplace Transform
ay”(t) + by (t) + cy = g(t) (as + b)yo + ays + G(s)

[¥(0) = @, 4/ (0) = ] —Yi(s) = (as? + bs + ¢)
y"l:f.}=t2+t+1 [H!='ﬂ i.|'1=—1:]
Laplace transform Y{s) of y(t)

(s—2) (&*4a+1
Yi(e) = D)

Solution using inverse Laplace

t(t* 2846112
yL(t) = ( 12 )

Solution directly using dsolve(.)

t(£+2£4461-12
y(t)z ( 12 )
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Overview of Results
The Differential Equation

()=t +t+1 (w=0 m=-1)
Particular solution

w®) =2 (§+§+1)
Complete Solution

{f] o :!t +2t?+¢5: 12)

component plot phase plot
200 100 o
—] analyt
150 o
v, 50 * ode
g 100 S
0
50
50
0 2 4 6 0 50 100 150 200
time yit)

Example # 3.25
abc=[1,1,2,0,-1];gt="exp(t)*sin(t)’;

Particular Solution: Variation of Parameters
¥'(t) + '(t) + 2y(t) = ¢ sin(t)

Roots of the Characteristic or Auwdliary Equation: 52 45 42 =
_1_|_.‘ri _l_ﬂ
2

i sl aoions of he Homogen. o Ean: ¥'(8) +¥'(8) + 2u(t) =
( yi(t) =e i ms(-‘g—) (t) =e 1 sm( ) )
WRONSKIAN [W] given below
o3 m(é’ﬂ} o4 sm
( e im{n’,}} VTe m{r}-} Ve 4 cos( 221) _. iau{f;-} )
Particular solutlon obtained may contain ¥4 (t) 'Cl"a?z[t} which can
be included in the homogeneous solution with appropriate scaling factors

vZe' coft+32
y(t) = — ]

Complete Solution (with unknown constants b, &b,)

y(t) = yp(t) + e ms(li)+bze-% sm( 2!)
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Particular solution: Method of Undetermined Coefficients
y"(t) + ¥'(t) +2y(t) = €' sin(t)

Roots of the Characteristic or Auxiliary Equation

(-i+p -4-4)

Initial guess for the particular solution (Root absent: no scaling by t)
Yplt)= [P*cos(t) + Q*sin(t)] '

Particular Solution Obtained

w(t) = —e* (52 - %2)

Solution of the Homogeneous Differential eqﬂﬂﬂ'l{c.l & ¢, unknown)
ya(t) = e 4 (c; ms(-q-') -2 sin(!"—j—'))

Complele Solution

u(t) = up(t) + ua(t)

Comparison of Particular Solutions
y'(t) + y'(t) +2y(t) = ¢ sin(t)
Roots of the Characteristic or Auxiliary Equation:  ( —§+ 4 -} -7 )
General solutions of the Homogen. Diff. EQN: ¥ (t) + y/'(f) + 2y(t) =0
() =et cos(5*) alt) = et sin() )
Particular solution (Varation of parameters)

y(t) = — vae %_u:nl!

F-ﬁunrmmmmm
yp(t) = (E"1 %‘l)

Particular solutions match
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Complete solution using the Particular Sclution
Differential Equation Initial conditions (1G]

() +4/{2) + 24(t) = & sinft) [¥{0)=0. y{0)=-1]

General soluton (Paricular Solution plus Homogeneous solution)
y(t) = e % (q cns(ﬁ%) — Em(*‘”)) —gt (% - @)

Equations I’-r.wrl:.I and g, after the application of Intial Conditiora

(o) = (k)

Analytcal Solution from Partcular Solution & Homogeneous soluton

y(t) = et (m(;?) 2 j;(%)) —é (%ﬂ & %ﬂ)

Complete Solution using Inverse Laplace Transform
ay"{n+mt1 +ey=glt) (as + b)yo +ayn + G(s)
0) = w, ¥ (0) = m] —Yi(s) = (as? + bs + ¢)
y"’{!"l + y'(t) + 2 y(t) = €' sin(t) (=0 g=-1)

Laplace transform Y{s) of wt)

| I
(a1 41

YL(S] = 8% 342

Solution using inverse Laplace

o4 () 2240)

yL(t] — 6

Solution direclly using dsolvel.)

o (r m{%}—llﬁsiﬂ(s@)—h%‘ codt)+Te T siu[t})

__ ¢! (codt)—sin?))
]

y(t) = 12
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Overview of Results
The Differantial Equation

y' (1) +9/'(t) + 2y(t) = €' sin(t) (=0 p=-1)
Particular solution

wp(t) = —e* (52 - =)
Complete Soluti

:"EDET cos(4¢) ~11 V7 sin( ) ~7e¥ cadt)+7e ¥ E-..u})
y(t) = =
s component plot - phase plot
— analyt
#* ode
50 0 50
y(t)

Example # 3.26

abc=[1,-3,-4,1,-1];gt="2*t*exp(-t)’;

Particular Solution: Variation of Parameters

y'(t) =3/ (t) —4y(t) = 2te™
Rools of the Characteristic or Auxiliary Equation: 72 — 37 — 4 = 0
(-1 4)
General solutions of the Homogen. Diff. EQN: ¥"(t) — 3y/(t) — 4 y(t) =0
(m(t)=et yoft)=e't)

WRONSKIAN [W] given below

et elt
—at 4eit
Particular solution obtained may contain y, (t) or y,(t) which can

be included in the homogeneous solution with appropriate scaling factors
" (25 £ +10t+2)

w(t) = — %

Complele Solution (with unknown constants b, &b,)

y(t) = yp(t) + bre™ + by et
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Particular solution: Method of Undetermined Coefficients
y'(t) —3y'(t) — 4y(t) =2te™

Rools of the Characteristic or Auxiliary Equation

(=1 4

Initial guess for the particular solution (One root malches; scaling by t)
Yplt)=t [A t+Ag] exp(t)

Particular Solution Obtained

w(t)=—te (§+F)
Solution of the Homogeneous Differential Equation (c, &cz unknown )
yn(t) = cre™ + et
Complete Solution
y(t) = yp(t) + yn(t)
Comparison of Particular Solutions
y'(t) — 3y/(t) — 4y(t) =2te™"
Roots of the Characteristic or Auxiliary Equation: (=1 4)
General solutions of the Homogen. Diff. EQN: ¥"(t) — 3y/(t) — 4y(t) =0
(m@®)=e* p(t)=e'")
Particular solution (Variation of parameters)
e (258 +10t+2)

Yp(t) = — %5
Contains term below (scaled version of general solution), n(t) = e~
_‘Ee"
125

Particular solution (Variation of PBI'EI'I'}'HEI'S:I after IBI'I'ID"I"I‘I'Q the term above
te~! !5 t+2!
UYp (t) ol

25
Particular solution (Undetermined Coefficients)
S —¢ [t 2
w(t)=-te* 3+ %)
Particular solutions are now a match
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Complete solution using the Particular Solution
Differential Equation Initial conditions (IC)

Y'(t) = 3y/(t) — 4y(t) = 2te [y(0)=1, y(0)=-1]

General solution (Paricular Solution plus Homogeneous solution)

y(t) = cre™ +erett —te™ (§ + )

Equalions for 5 and =5 after the application of Initial Conditions

(w2%i0) = (328)
d.ﬂg—ﬂl—ﬁ——l .1:\2-=t—25I

Analytical Solution from Particular Solution & Homogeneous solution

e~ (10¢-2e* +2507-123
y(t) =~ ( % )

Complete Solution using Inverse Laplace Transform
ay"(t)+ by (t) +cy = g(1) (as + b)yo + ayy + G(s)

wO) =w.y©@=y] Y=
/(1) - 3Y() - dy() = 2t T
Laplace transform ¥(s) of y{t)
o —53+2 4% 47 842
Yi(8) = — iYoo)

Solution using inverse Laplace

et (10t-26"+2512-123
yL(t) = — ( 125 )

Solution direclly using dsolve(.)

et (10t—26%+254° 123
y(p) = - L)
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Overview of Results
The Differential Equation
y'(1) = 34/ (t) —4y(t) = 2te™ (w=1 prm=-1)
Particular sclution
& 2
wit)=—te* (} +£)
Complels Solution
e [ 101—2e +25 47123
y(t) = — ( % )
6 « 108 component plot 20 «10® phase plot
m— AT — anaiyt
al| * v 19 8 ok
2
5
0 0
] 2 4 B 0 2 4 6
time y(t) %108

Example # 3.27
abc=[1,8,16];gt="2*t*exp(-4*t)’;

Particular Solution: Variation of Parameters

¥'(t) + 8¢/(t) + 16 y(t) = 2t e
Roots oft?a Chamchri;ticorﬁw’liury Equation: r2 4 8r+4+16=0
-4 -4
General solutions of the Homogen. Diff. EQN: ¥ (2) + 84/(t) + 16y(t) =0
(0n(t)=et wt)=tet)

WRONSKIAN [W] given below

it teit
( _4 E—-I.E e-—“ e 4t e—ﬂ' )
Particular solution obtained may contain ¥y (t) or rzl:t]l which can
be included in the homogeneous solution with appropriate scaling factors

3 it

?:-'p':t) i
Complete Solution (with unknown constants b, &b,)
y(t) = yp(t) + bre~* + by ted!
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Particular solution: Method of Undetermined Coefficients

y"(t) + 8¢/ (t) + 16 y(t) = 2t e

Roots of the Characteristic or Auxiliary Equation

(=& =4)

Initial guess for the particular solution (Double roots malch; scaling by t2)
Yplt) = @ (At +Ag] exp(4*)

Particular Solution Obtained

Up(t) = ﬂ:;"
Solution of the Homogeneous Differential Equation (¢, & ¢, unknown)
w(t) =e* (2 +art)
Complete Solution
y(t) = yp(t) + yn(t)
Comparison of Particular Solutions
y'(t) + 8y/(t) + 16 y(t) = 2te ¢
Roots of the Characteristic or Auxiliary Equation:  ( =4 -4
General solutions of the Homogen. Difl. EQN: ¥"(t) +8%/(t) + 16y(t) =0
() =ett p(t)=tet)
Particular solution (Variation of parameters)

o t! e—ll
yp(t) = o
Particular solution (Undetermined Coefficients)

_ Hegu
Yp [t) el -
Particular solutions match

Example # 3.28
abc=[1,8,16];gt="2*t"2*exp(-4*t)’;
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Particular Solution: Variation of Parameters

y'(t) + 8¢/ (t) + 16 y(t) = 242 e
Roots of the Characteristic or Awxliary Equation: ¢ +8r +16=0
(-¢ —¢)
General solutions of the Homogen. Diff. EQN: ¥ () +8y/(t) + 16y(t) =0

(mt)=et t)=te)
WRONSKIAN [W] given below

e—it teit
—~deit et _ Yt Ut
Particular solution obtained may contain Yy (t) or y'zm which can
be included in the homogeneous solution with appropriate scaling factors

yp(t) = #
Complete Solution (with unknown constants b, & b,)
y(t) = yp(t) + bye4t + by te~4t

Particular solution: Method of Undetermined Coefficients
y'(t) + 8y () + 16 y(t) = 2% e~

Roots of the Characteristic or Auxiliary Equation
[~ ~4)

Initial guess for the particular solution (Double roots match; scaling by 1)
Yo = 2 (A2 + Ajt+Ag] exp(4)

Particular Solution Obtained
et
Up(t) = 3

Solution of the Homogeneous Differential Equation {|:1 &cz unknown )
wit)=e (2 +at)

Complete Solution

y(2) = yp(t) + yn(2)
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Comparison of Particular Solutions
y'(t) + 8y (t) + 16 y(t) = 2t% e~
Rools of the Characteristic or Auxiliary Equation:  ( —4 —4)
General solutions of the Homogen. Diff. EQN: ¥'(t) + 8y/(¢) + 16y(t) =0
(n@)=ett wp(t)=tet)
Particular solution (Variation of parameters)
yp(t) = i":;_“
Particular solution (Undetermined Coefficients)
Y(t) = %—1
Particular solutions match

Example # 3.29
gt="6";abc=[1,1,0];

Particular Solution: Variation of Parameters
V() +y'(t) =6

Rools of the Characteristic or Auxiliary Equation: 72 4 r = (

(0 -1)

General solutions of the Homogen. Diff. EQN: ¥ (t) +¥/(t) =0
(n@)=1 p)=et)
WRONSKIAN [W] given below

1 e
0 —ef
Particular solution obtained may contain y, (t) or y,(t) which can
be included in the homogeneous solution with appropriate scaling factors
Yp(t) =6t —6
Complete Solution (with unknown constants b, & b,)
y(t) = by +y,(t) + boe™*
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Particular solution: Method of Undetermined Coefficients

y'(t)+y(t) =6

Rools of the Characteristic or Awdliary Equation

L =L

Initial guess for the particular solution (One root maiches; scaling by t)
o) =t [Ag]

Particular Solution Obtained

6t

Solution of the Homogeneous Differential Equation (c, & ¢, unknown)
wmit)=ca+ae™
Complete Solution
y(t) = yp(t) + ya(t)
Comparison of Particular Solutions
y'(t)+y'(t) =6
Roots of the Characleristic or Auxiliary Equation: (0 —1)
General solutions of the Homogen. Diff. EQN: ¥"(t) +¥/(t) =0
(n(t)=1 wp(t)=e")
Particular solution (Variation of parameters)
up(t) =6t — 6
Contains term below (scaled version of general solution), 1(t) =1
-6
Particular solution (Variation of Parameters) after removing the term above
Yp(t) = 61
Particular solution (Undetermined Coefficients)
yp(t) = 6t
Particular solutions are now a match
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Example # 3.30
gt="t*exp(2*t)*cos(2*t)’;abc=[1,0.4];

Particular Solution: Variation of Parameters
y'(t) + dy(t) = t cos(2t) e**
Roots of the Characteristic or Awdliary Equation: 2 4+ 4 =0
(2i -2i)
General solutions of the Homogen. Diff. EQN: ¥ (t) + 4 y(t) =0
( 91(t) = cos(2t) () = sin(2t) )
WRONSKIAN [W] given below
cos(2t)  sin(2t)
=2 sin(2t) 2 cos(2t)
Particular solution obtained may contain y, (t) or y,(t) which can
be included in the homogeneous solution with appropriate scaling factors

! (cof 20)+7 sin(2 1) -5t cos(2¢)—10¢ sin(2
yp(t) = — (co(28)+ dl}m;mut:} t sin(21))

Complete Solution (with unknown constants b, & b,)
y(t) = yp(t) + b2 sin(2t) + by cos(2t)

Particular solution: Method of Undetermined Coefficients

y"(t) + 4y(t) =t cos(2t) e*

Rools of the Characleristic or Auxiliary Equation

(2i =-2i)

Initial guess for the particular solution (Root absent: no scaling by t)

Yolt) = [Agt+Ag)[Peos(2') + Q'sin(2*1)] &
Particular Solution Obtained

cos{ 2 £) 7 sin(2t) t 2 t sin2
y_,,[t}:—eh( o T 10 m;;'::l L ﬂﬁ} J)

Solution of the Homogeneous Differential Equation |3.'.1 & €, unknown )
yn(t) = c1 cos(2t) = e sin(2t)
Complete Solution

y(t) = yp(t) + ual?)
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Comparison of Particular Solutions
y"(t) + 4y(t) =t cos(2t) e
Roots of the Characleristic or Awliary Equation: [ 2i —=2i )
General solutions of the Homogen. Diff. EQN: 3" () + 4 y(t) =0
(i) = cos(2t) 3u(t) =sin(2t) )
Paricular solution (Variation of paramelers)
yp[:t) — _e?' (oo 2¢)+7 =in(21)—5¢ cod2¢)—10¢ sin(21))

100
Particular solution tLlndaler ned Coefficeints)
yp{t) — —a qu:; P mn[zz) :m;{}m B mﬁ]m)

Particular solutions match

Example # 3.31
gt="t"2*cos(2*t)’;abc=[1,0,4];

Particular Solution: Variation of Parameters
y'(2) +4y(t) = 1 cos(21)
Roots of the Characleristic or Auxiliary Equation: 2 44 =10
(2i -2i)
General solutions of the Homogen. Diff. EQN: ¥"(f) + 4y(t) =0
(9(t) = cos(2t) wa(t) =sin(2¢) )
WRONSKIAN [W] given below
cos(2t) sin(2t)
-2 sin(2t) 2cos(2t)
Particular solution obtained may contain ¥, (L) or y,(t) which can
be included in the homogeneous solution with appropriate scaling factors

2 2t tsin2t 2t 3 2t
‘yp(t}— Cﬂi]' ngl_mi}_l_ Eﬂi}

Complete Solution (with unknown constants b, &b,)
y(t) = yp(t) + be sin(2t) + by cos(2¢)
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Particular solution: Method of Undetermined Coefficient

Y (t) +4y(t) =12 cos(21)
Roots of the Characteristic or Auxiliary Equation
{ 2i -2i }
Initial guess for the particular solution (Root present; scaling by t)
yplt) = t[ﬁ«.zt2 + A t+ Ag] [Froos(2°t) + Q*sin(2*1)]
Particular Solution Obtained
¢ 2t 2t t* sin(2¢
yp(t}ﬂ(mﬁr ) S :-)

Solution of the Homogeneous Differential Equation (c, & ¢, unknown)
yu(t) = c1 cos(2t) — c2 sin(2t)
Complete Solution
y(t) = yp(t) + yalt)
Comparison of Particular Solutions
y'(t) +4y(t) =1t* cos(2?)
Rools of the Characleristic or Auxiliary Equation:  ( 21 —2i )
General solutions of the Homogen. Diff. EQN: ¥ () + 4 y(t) =0

( #1(t) = cos(2t) wa(t) =sin(2t) )
Particular solution (Varation of parameters)

12 cos(2 t) tsin2t)  cos(2t) 2 smtzt}
yp(t) = [ p m:ﬂ 1w T
Contains term below (scaled version of general solution), Fl‘:ﬂ cos(2t)
st} 1
[T 128

Particular solution (Variation of Parameters) after removing the term above
12 oos2t tsin(2¢ t* sin(2¢
m [t} - vﬁ ) ﬁmt ) & r-mt )

Particular solution (Undetermined Coefflcmnts)
t cos(2¢ in2t t sin(2¢
yp[f)=t(m:é}_mm}+ sin })

Particular solutions are now a match
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Example # 3.32
gt="t’;abc=[1,1,0];

Particular Solution: Variation of Parameters

y'(t)+y(t) =t
Roots of the Characleristic or Auxiliary Equation: 2 4 r =0
(0 -1)

General solutions of the Homogen. Diff. EaN: ¥"(¢) +¥'(1) =0
(nt)=1 m(t)=et)
WRONSKIAN [W] given below

1 e
0 —et
Particular solution oblained may contain ¥y (t) or yz{t] which can
be included in the homogeneous solution with appropriate scaling factors
w(t) = % S
Complete Solution (with unknown constants b, & hzjl
y(t) = by +y,(t) + boe™
Particular solution: Method of Undetermined Coefficients
Y@ +y(t) =t
Rools of the Characteristic or Auxiliary Equation
(0 =1)
Initial guess for the particular solution (One root matches; scaling by t)
YoM =t [Ayt+Ag)
Particular Solution Obtained

w(t) =t (% - 1)

Solution of the Homogeneous Differential Equation {c1 & C, unknown )
) =ca+oe

Complete Solution

y(t) = yp(t) + ua(t)
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Comparison of Particular Solutions
y't)+yt) =t
Roots of the Characleristic or Auxiliary Equation: (0 1)
General solutions of the Homogen. Difl. EQN: ¥ (2) + /(1) =0
(nt)=1 p(t)=e")
Particular solution (Variation of parameters)
w(t)=5-t+1
Contains term below (scaled version of general solution), ¥1(t) =1
1
Particular solution (Variation of Parameters) aflter removing the term above
-2
yp(t) = ﬂ_“:g;}
Particular solution (Undetermined Coefficients)
yp(t) =1t (% - 1)
Particular solutions are now a match

Example # 3.33
gt="t"2*exp(-2*t)’;abc=[1,2,0];

Particular Solution: Variation of Parameters

vi(t) +2¢(t) = et

Roots of the Characteristic or Awdliary Equation: 2 4 27 = ()

(0 -2)

General solutions of the Homogen. Dif. EQN: ¥ (£) + 2y/(t) =0
(nt)=1 w(t)=e?t)
WRONSKIAN [W] given below

1 E—E!
( 0 =2e )
Particular solution obtained may contain y, (t) or 3’2“1 which can
be included in the homogeneous solution with appropriate scaling factors
(4P 46 4+6 143
y(t) = — ( )
Complete Solution (with unknown constants b1 & bzl
y(t) = by +yp(t) + by et
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Particular solution: Method of Undetermined Coefficients
V() +2y(t) =t2e72

Rools of the Characteristic or Auxiliary Equation

(0 -2)

Initial guess for the pariicular soluion  (One rool maiches; scaling by 1)
,rpm =1 [;Euzl2 +A1t+Aﬂ1 expl-2*1)

Particular Solution Obtained

wt)=—te? (§+5+1})

Solution of the Homogeneous Differential Equation {c.‘ & c, unknown )
w(t) =+ e
Complete Solution

y(t) = yp(t) + wn(t)
Comparison of Particular Solutions
V(1) + 20/ (f) = e
Roots of the Characteristic or Auxiliary Equation: (0 —2)
General solutions of the Homogen. Diff. EQN: %" (t) + 2/(t) =0
(n(t)=1 wp(t)=e2t)

Particular solution (Variation of parameters)
e (4694617 +61+3)

Yp(t) = — 23
Contains term below (scaled version of general solution), y2(t) = ™"

e~2

S

Particular solution (Variation of Parameters) after removing the term above
te 2" (26 +3t+3)
w(t)=— i)
Particular solution (Undetermined Coefficients)
w(t)=—te (§+5+1)

Particular solutions are now a match
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Example # 3.34
gt="t";abc=[1,-1,-1];
Particular Solution: Variation of Parameters
Y'(t)-y(t) - ylt) =t
Roots of the Characleristic or Auxiliary Equation: 2 —¢—-1=10
L_ w5 6,1
T §=0 ey .
General solutions of the Homogen. Diff. EQN: ¥"(t) — /() — y(t) =0
—t (%1 (841
( () =e (F71)  gy(t) =t (F+1) )

WRONSKIAN [W] given below

ot (F-1) o (¥+1)
-E_'(#_i} (-\;E_%) EE{¢+'&} (3;—5.’.%)
Particular solution obtained may contain y, (t) or y,(t) which can
be included in the homogeneous solution with appropriate scaling factors

yp(t)=1-t
Complete Solution (with unknown constants h»1 & h2]
y(t) = 1) + bre™ (F71) gyt ($44)
Particular solution: Method of Undetermined Coefficients
y'(t) — y/(t) —y(t) =t
Roots of the Characteristic or Auxiliary Equation
(4-F £+1)
Initial guess for the particular solution (Root absent no scaling by 1)
()= [Ast+Ag]
Particular Solution Obtained
w(t)=1-1t
Solution of the Homogeneous Differential Equation (c, & ¢, unknown)
w) =ae” (#-1) + ﬂzef(%ql
Complete Solution
y(t) = yp(t) + ua(t)
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Comparison of Particular Solutions
y'(t)—y(t) —y(t) =t
Roots of the Characteristic or Auxiliary Equation:  ( §- % ¥+ )
General solutions of the Homogen. Diff. EQN: %" (t) — ¥/(f) = y(t) =0
Y . ¥
(y‘l(t)=e t(’ %) m{t):et(i+%) )
Particular solution (Variation of parameters)
p(t)=1-t
Particular solution (Undetermined Coefficients)
y(t) =1-1t
Particular solutions match

Example # 3.35
gt="t*exp(t)’;abc=[1,-3,2];
Particular Solution: Variation of Parameters
y'(t) = 3y/(t) +2y(t) = te
Roots of the Characteristic or Awdliary Equation: 52 —3r 4+2=10
(1 2)
General solutions of the Homogen. Diff. EQN: &' (t) — 3¢/(t) + 2y(t) =0
(mt)=¢ wn)=¢e")

WRONSKIAN [W] given below

e eft
(& 2e)

Particular solution obtained may contain y, (t) or y,() which can
be included in the homogeneous solution with appropriate scaling factors

& [*42¢42
y(t) = -J—z—l

Complete Solution (with unknown constants b1 & hz}
y(t) = yp(t) + by ' + by
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Particular solution: Method of Undetermined Coefficients
y'(t) —3y'(t) +2y(t) =te

Roots of the Characteristic or Auxiliary Equation

(12)

Iniial guess for the particular solufion (One root malches; scaling by t)
Yol =t [At+Aq] explt

Particular Solution Oblained

w(t) = —te' (5+1)
Solution of the Homogeneous Differential Equation {c,‘ & Cp unknown )
ui(t) = cr et + e
Complete Solution
y(t) = yp(t) + wn(t)
Comparison of Particular Solutions
y'(t) — 3y (t) + 2y(t) =te
Rools of the Characteristic or Auxiliary Equation: (1 2)
General solutions of the Homogen. Diff. EQN: ¥ () — 33/(t) +2y(t) =0
(m@®)=¢ pit)=e*)

Particular solution (Variation of parametars)

e (P+2842
Y(t) = _J_‘;_*l

Contains term below (scaled version of general solution), ¥1(t) = ef
—et
Particular solution (Variation of Parameters) after removing the term above
et (i+2)
yp(t} = i
Particular solution (Undetermined Coefficients)

w(t) = —tet (541)
Particular solutions are now a match
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Example # 3.36
gt="t"2+t+2";abc=[1,0,0];

Particular Solution: Variation of Parameters
Y=t +t+2
Rools of tEla Characleristic or Awiliary Equation: 52 =
0 0)
General solutions of the Homogen. Diff. EQN: ¥ (t) =0
(n)=1 w(t)=t)

WRONSKIAN [W] given below

1 ¢t
01
Particular solution obtained may contain y,l{t} or yz{t} which can

be included in the homogeneous solution with appropriate scaling factors
2 !t1+2t+12!

Yp(t) = 12
Complete Solution (with unknown constants I:-1 & hz}

y(t) = b +yp[t] + byt
Particular solution: Method of Undetermined Coefficients
yYt)=t2+t+2
Roots of the Characterigtic or Auxiliary Equation
(0 0)
Initial guess for the particular soluion  (Double roots match; scaling by t2)
ypll) = ZALL + AL+ A
Particular Salution Oblained
wt) =1 (§+§+1)
Solution of the Homogeneous Differential Equation {31 & Gy unknown)
wit) =z +at

Complete Solution
y(t) = yp(t) + yn(t)
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Comparison of Particular Solutions
y'(t)=t2+t+2
Roots of the Characteristic or Awliary Equation: (0 0)
General solutions of the Homogen. Diff. EQN: ¥"(t) = 0
(n®)=1 w(t)=t)
Particular solution (Variation of parameters)
yp(t) - t’!t’-:ﬂtﬂi!
Particular solution (Undetermined Coefficients)
wt) =2 (f+4+1)
Particular solutions match

Example # 3.37
abc=[1,3,2];; gt="t"2*exp(-2*t)’;

Particular Solution: Variation of Parameters
¥'(8) +3Y(t) +2y(t) = L2t

Roots of the Characleristic or Auxiliary Equation: 52 437 +2=10
(-2 1]
General solutions of the Homogen. Diff. EQN: ¥ (1) + 39/(t) +2y(t) =0
(m(t)y=e?t pt)=et)

WRONSKIAN [W] given below

-2t e
( —2e 2t _p-t )
Particular solution obtained may contain y, (t) or y,(t) which can

be included in the homogeneous solution with appropriate scaling factors
e (£ +362+6¢+6)
3

Yp(t) = —
Complete Solution (with unknown constants b, & b,)
y(t) = pp(t) + bre™* +bye™
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Particular solution: Method of Undetermined Coefficients

y'(t) + 3y (t) + 2y(t) =2 e

Roots of the Characteristic or Auxiliary Equation

=1 =1.)

Initial guess for the particular soluion  (One root matches; scaling by t)

Y=t (A2 + A t+A ) exp(-21)
Particular Solution Obtained

Yp(t) = —te 2 (% +t+ 2)
Solution of the Homogeneous Differential Equation {c1 & c, unknown )

u(t) =cre? +ere™
Complete Solution
y(t) = yp(t) + wn(t)
Comparison of Particular Solutions
y'(t) + 3y (t) + 2y(t) =t2 e
Roots of the Characleristic or Ausiliary Equation:  ( =2 =1))
General soluions of the Homogen. Diff. EQN: 3" (1) +3¢/'(t) + 2y(t) =0
(n@)=e? pt)=e")
Particular solution (Variation of paramelers)
w(t) = i [t’+33t"'+ﬁt+ﬁ)
Contains term below (scaled version of general solution), ¥1(t) = e™2*
—2'&-2l
Particular solution (Variation of Parameters) after removing the term above

te” 2t !t’+3 t+ﬁ!
Yp(t) = —

3
Particular solution (Undetermined Coefficients)

Yp(t) = —te 2 (% +t+ 2)
Particular solutions are now a match
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Example # 3.38
gt="t*exp(-2*t)’;abc=[1,4.,4];

Particular Solution: Variation of Parameters

(1) + 4y (1) +4y(t) = te ™
Roots of the Characleristic or Auxiliary Equation: rPddr+4=10
{ -2 -2)
General solutions of the Homogen. Diff. EQN: ¥ () +44/(t) + 4y(t) =0

() =e2t gpt)=te2t)
WRONSKIAN W] given below

E-E! te-il‘
—2 2_2' e—‘it — zte—Er
Particular solution obtained may contain y, (t) or y,(t) which can
be included in the homogeneous solution with appropriate scaling factors

w(t) = S5
Complete Solution (with unknown constants h1 & hz',l
y(t) = yp(t) + bye 2 + by te2t
Particular solution: Method of Undetermined Coefficients

y'(t) + 4y (t) + 4y(t) =te ™

Roots of the Characteristic or Auxiliary Equation

(-2 -2)

Initial guess for the particular solution  (Double roots match; scaling by t2)
Yol = 2 (At + Ag) exp(-2°)

Particular Solution Obtained

(t) = 5

Solution of the Homogeneous Differential Equation (¢, & ¢, unknown)
unlt) = (2 + ar t)

Complete Solution

y(t) = yult) + yn(t)
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Comparison of Particular Solutions
y'(¢) +4y/(t) +4y(t) =te™™
Rools of the Characteristic or Awiiliary Equation:  ( =2 -2)
General solufions of the Homogen. Diff. EQN: ¥ (t) +4¥/(t) +4y(t) =0
(n@)=e? p(t)=te?)

Particular solution (Variation of parameters)
a2

Yp(t) = G
Particular solution (Undetermined Coefficients)

1) t:l ' 21
Fp(t} =5
Particular solutions match

Example # 3.39
gt="6*sin(t)’;abc=[1,0,1];

Particular Solution: Variation of Parameters
' (t) + y(t) = 6 sin(t)

Roots of the Characteristic or Auxiliary Equation: 2 41 =()
(i -i)

General solutions of the Homogen. Diff. EQN: ¥ (t) +w(t) =0
(1 (t) = cos(t) n(t) =sin(t) )
WRONSKIAN [W] given below
cos(t)  sin(t)
—sin(t) cos(t)
Particular solution obtained may contain ¥y (t) or yzl_‘t] which can
be included in the homogeneous solution with appropriate scaling factors
Yp(t) = —3 ¢ cos(t)
Complete Solution {(with unknown constants I:n1 & bzl
y(t) = y,(t) + by cos(t) + b, sin(t)
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Particular solution: Method of Undetermined Coefficients
y"(t) + y(t) = 6 sin(t)

Roots of the Characteristic or Auxiliary Equation
(i -i)
Initial guess for the particular solution (Rool present; scaling by t)
¥plt) = t[P*cos(t) + Q'sin(t)]
Particular Solution Obtained
yp(t) = =31 cos(t)
Solution of the Homogeneous Differential Equation [c.l & c, unknown )
yn(t) = ¢ cos(t) — e sin(t)
Complete Solution
y(t) = up(t) + yn(t)
Comparison of Particular Solutions

y"(t) + y(t) = 6 sin(t)
Roots of the Characteristic or Auxiliary Equation: (1 =i )
General soluions of the Homogen. Diff. EQN: ¥ (t) +y(t) =0
( 31(t) = cos(t) wa(t) =sin(t) )
Particular solution (Variation of parameters)
Yp(t) = —31 cos(t)
Particular solution (Undetermined Coefficients)
w(t) = —3t cos(t)

Particular solutions match
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Example # 3.40
gt="t"2*exp(-2*t)*sin(3*t)’;abc=[1,4,13];

Particular Selution: Variation of Parameters
y'(t) + 43/ (t) + 13y(t) = ¢* sin(31) e
Rools of the Characleristic or Auiliary Equation: rP4dr+13=10
(-2+3i -2-3i)
General solutions of the Homogen. DI, EaN: %" (£) +44/(t) + 13 u(t) = 0
(w(t) =cos(3t) e y(t) =sin(3t) e~ )

WRONSEKIAN [W] given below
cos(3t) e sin(3t) e~
—2cos(3t) e ® —3sin(3¢) e ¥ Jeos(It)e P —2sin(It)e

Farticular solution obtained may contain ¥, (th or yzft] which can
be included in the homogeneous solution with approprate scaling factars

e [sin(3t)—6¢ cod3t)+36 % cod 3¢)— 181" sin{3 1)
yp{t) = { 648 ]

Compleks Solution {wilth unknown constants b, & by)

yit) = up(t) + by cos(3t) €72 4 by sin(3¢) 21

Particular solution: Method of Undetermined Coefficients

y'(t) +4y/'(t) + 13 y(t) = £* sin(3t) et

Roots of the Characleristic or Awdliary Equation

(-2+3i -2-3i)

Initial guess for the particular solution (Root present; scaling by t)
Yol) = AL + A 1+ Aol [Proos(3't) + Q'sin(3*h) &2

Particular Solution Obtained

yo(t) = $ o—2t (ﬂ::%{lét]l + tsiﬁlt] _ ¢ nlu;{h})

Solution of the Homogeneous Differential Equation (c, & c, unknown)

wn(t) = —e~* (c2 sin(31) — o cos(31))

Complele Solution

y(t) = yp(t) + ynlt)
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Comparison of Particular Solutions
y"(t) + 4y (t) + 13 y(t) = t* sin(3¢) e~2¢
Roots of the Characleristic or Auxiliary Equation:  ( —-2+3i -2-3i )
General solutions of the Homogen. Diff. EQN: ¥/ (t) +4y/(t) + 13 y(t) =0
( (t) = cos(3t) €2t yy(t) =sin(3t) 72t )
Particular solution (Variation of parameters)
e (sin(3t)—6¢ co(3)+36¢° co(3)—18¢" sin(3 1))

Yp (t) = 645
Contains term below (scaled version of general solution), ¥2(t) = sin(3t) ™'
sin(3t)e-2!
T

Particular solution (Variation of Parameters) after removing the term above
te ™ (cof3t)+3¢ sin(3t)—6 1" cos(31))
Up (t) = 108

Particular solution (Undetermined Coefficients)
2 2
p(t) = te2t (WO 4 100 _ £ cain)

108
Particular solutions are now a match

3.4 Summary

This chapter is devoted to the detailed study of second order differential equations
with constant coefficients. The methodology based on the roots of the characteristic
equation has been the primary focus for the determination of the solution. Unlike the
conventional pedagogic formats where other approaches for obtaining the solutions
are presented separately either in the Appendix or in other chapters, all the methods
to obtain the solutions are presented together here. These methods include breaking
the second order differential equation into a pair of coupled first order differential
equations, Laplace transforms, as well as numerical methods based on Runge-
Kutta using MATLAB. This allows the reader to compare the results from different
approaches. The results also include detailed analysis of the phase portraits which help
explain the stability of the systems modeled through these differential equations. While
homogeneous differential equations are solved through the multiple ways described
above, non-homogeneous differential equations are solved through the use of method
of variation of parameters as well as the method of undetermined coefficients in order
to obtain the particular solution. The results from these two approaches for obtaining
the particular solutions are compared and explanations are provided appropriately
in cases where the particular solutions appear different. Even in the case of the non-
homogeneous differential equations, Laplace transforms as well as ODE based methods
are employed as additional verification steps. The examples cover a substantial number
of different cases and the solution in each case is prepared to be self-contained with
appropriate theory.
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3.5 Exercises

1. Examine the phase portraits for the set of second order homogeneous differential
equations with constant coefficients with [a,b,c] as a=1, b=[-2,-1,-.5,0,0.5,1,2,3],
c=[-2,-1,-.5,0,0.5,1,2,3].

2. For all the cases above, obtain the general solutions starting with the roots of the
characteristic equation and formulating the solution from the roots. Verify your
results directly using MATLAB.

[a,b,c]
[1,-4,-4]
[1,-4,-3]
[1,-4,2]
[1,-4,1]
[1,-3,-4]
[1,-3,-3]
[1,-3,0]
[1,-3,2]
[1,-3,1]
[1,-2,-4]
[1,-2,-3]
[1,-2,2]
[1,-2,1]
[1,4,-4]
[1,4,-3]
[1,4,2]
[1,4,1]
[1,5,-4]
[1,5,-3]
[1,5,0]
[1,5,2]
[1,5,1]
[1,6,-4]
[1,6,-3]
[1,6,0]
[1,6,2]
[1,6,1]
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3. Forthe set of differential equations with [a, b, ¢, y(0), y’(0)], obtain the complete
solution using (a) roots (b) Laplace transforms and (c) using Runge-Kutta methods
and verify that the results match.

[1,-4,-4,-1,1]
[1,-4,-3,-1,1]
[1,-4,0,1,-1]
[1,-4,2,1,-1]
[1,-4,1,1,-1]
[1,-3,-4,1,-1]
[1,-3,-3,1,-1]
[1,-3,0,1,-1]
[1,-3,2,1,-1]
[1,-3,1,1,-1]
[1,-2,-4,1,-1]
[1,-2,-3,1,-1]
[1,-2,2,1,-1]
[1,-2,1,-1,1]
[1,4,-4,-1,1]
[1,4,-3,-1,1]
[1,4,2,-1,1]
[1,4,1,-1,1]
[1,5,-4,-1,1]
[1,5,-3,-1,1]
[1,5,0,-1,1]
[1,5,2,-1,1]
[1,5,1,-1,1]
[1,6,-4,-1,0]
[1,6,-3,1,0]
[1,6,0,-1,0]
[1,6,2,0,-1]
[1,6,1,0,1]

4. For the following sets of differential equations identified by the coefficients a,
b, ¢ as a row vector and the corresponding forcing functions, obtain expressions

for the particular solution obtained using the method of variation of parameters
and the method of undetermined coefficients.

A=[1,2,17; g(t)=t exp(-t)
A=[1,2,1]; g(t)=tcos(t);
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A=[1,-2,-3]; g(t)=t2exp(3t)
A=[1,4,0]; g(t)=t2+t+2
A=[1,4,4];g(t)=texp(-2t)
A=[1,0,0];g(t)=t+5;
A=[1,0,-9]; g(t)=t exp(2t)
A=[1,0,25]; g(t)=t sin(5t)
A=[1,-2,2]; g(t)=exp(t) cos(t)
A=[1,2,2]; g(t)=exp(-t)*sin(t);
5. Obtain the complete solutions for the problem in 5.5 with the initial conditions

given. Verify your results using Laplace transforms and plot the results obtained
using ode45 and the roots.

Initial conditions constitute the vector [y(0);y’(0)].
A=[1,2,1T;g(t)=t exp(-t);IC=[1;-1]
A=[1,2,1];g(t)=tcos(t));IC=[1;-1]
A=[1,-2,-3]; g(t)=t2exp(3t);IC=[1;-1]
A=[1,4,0];g(t)=t2+t+2;IC=[1;-1];
A=[1,4,4];g(t)=texp(-2t);IC=[-1;1];
A=[1,0,0];g(t)=t+5;1C=[2;1];
A=[1,0,-9];g(t)=texp(2t);IC=[1,-2];
A=[1,0,25];g(t)=tsin(5t);IC=[-1,1];
A=[1,-2,2];g(t)=exp(t)cos(t);IC=[1,0]
A=[1, 2,2];g(t)=exp(-t)sin(t);IC=[1,0]
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4.1 Introduction

The concept of a second order linear differential equation with constant coefficients
can be extended to higher order differential equations. A general higher order linear
differential equation with constant coefficients can be written as

AP (0)+ 4, (1) +. Ay (1) =g (1) .1
Ineqn. (4.1), A, A,,.., A, are constants and
; d"y(t
W (1) = dt"( ) . 4.2)

When the excitation function or the external forcing function g(t)=0, eqn. (4.1)
becomes a homogeneous type and g(t) # 0, eqn. (4.1) becomes a non-homogeneous
type. The solution to the differential equation (4.1) may be obtained using procedures
similar to the ones presented in connection with the second order ones as described
in Chapter 3. These include the use of the characteristic equation or the characteristic
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polynomial, variation of parameters for obtaining the particular solution, Laplace
transforms and numerical ones such as the Runge-Kutta method.

One of the difficulties with the use of the roots of the characteristic equation arises
from the breadth and scope of the relationships among the various roots. For example
with n=2, roots are either real and distinct, real and equal or complex. With n=3, the roots
may be distinct, two of them may be equal or all three of them may be equal. It is also
possible that one of the roots is real while the other two form a complex pair. One can
therefore envision the various possibilities that might exist in terms of the relationships
among the roots when n exceeds 4. Because of this, the initial discussion is limited to
n<5. The cases of higher order differential equations with n>4 are treated separately.

4.2 Homogeneous Differential Equations (n<5)

The characteristic equation associated with the nth order homogeneous differential
equation is given by

Ar"+ A " Ar+ 4, =0. (4.3)

Following the approach and arguments put forth in obtaining the solution for a second
order homogeneous differential equation with constant coefficients, the basis solution
vector becomes

Y (t)
V> (t)
Y(e)=| . | (4.4)
Yua (t)
L (1) ]

Note that the solution vector in eqn. (4.4) may also be written as row vector of size
[1xn]

Y(6)=[n() ()« ya@) »(0)]) 4.5)

The general solution for the homogeneous differential equation becomes

v (t)= Zy (1). (4.6)

In eqn. (4.6), the coefficients ¢, may be obtained if initial conditions are provided
and the fundamental solution set consisting of the basic solutions, y (t), y,(1),..,y (),
are formed from the roots of the characteristic equation in eqn. (4.3).

The nature of the solution set is more complicated than the three forms associated
with the case of a second order differential equation because the interrelationships
(if any) among the roots of eqn. (4.3) determine the complexity of the solution set.
Therefore, one needs to consider different values of n (2, 3, 4,..) separately to formulate
the solution set. While the solution set for n=2 is described in Chapter 3, the case of
n=3, 4 will be presented in detail now and higher order cases will be discussed in
general terms.
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The characteristic equation associated with a 3rd order differential equation is
A + At + Ar+ A4, =0. 4.7)

If the three roots are identified by r,, k=1,2,3, depending on whether roots are
distinct, equal or complex conjugates, the solution set may take different forms. If the
roots are distinct and real, the solution vector is

» (t)_ e
Y(1)=|n(0)|=|e" |, n#n#n (4.8)
Vs (t)_ e
If all the roots are identical, the solution vector is
¥, (t) r e
Y(t)=|y,(t)|=|te" |, r=r=rn=r. (4.9)
y} (t) _t2€rt
If the two roots are equal and real, the solution vector is
yl (t)_ ert
Y(0)=|p(0) [=| " |, r#r=n (4.10)
Vs (t)_ te'"

The remaining possibility is that one root is real while the other two form a complex
conjugate pair with real valued constants o and 3. The solution vector is

(1) o
Y(t)=|»,(¢)|=|e“cos(pt)|, r=r,=atjp. (4.11)

»;(2) e“ sin( 1)
The nature of the roots can now be expanded to provide the solution set for

differential equations of order 4. We identify the four roots as r,, k=1, 2, 3, 4. If all
roots are real and distinct, the solution vector is

(1) e
_ y2 (t) erzt
Y(t)= =
= 1| (4.12)
Y4 (t ) e
When all four roots are real and equal, the solution vector becomes
yl (t) ert
- ¥ (t ) te"
O30 || e [ 7= @13
V. (t) t3ert

It is possible to proceed similarly when two of the roots are equal in pairs or one
is distinct and three are equal. The other cases will be when two are distinct and the
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other two form a complex pair, and when two real roots are equal and the other pair
is complex. The final case will correspond to the case of two pairs of equal complex

conjugate sets.

» (1) e

ORI D
(1) r’e"
» (1) e

)= 20 || frs e
vi(t)] |z
()| |e"

?(f)kg; = t: =Ty =T
AGIN I

¥ (1) e
Y(t): 72 (t) = e real v, and r,,=atjf
ys(1)| | e cos(Br)| e Mo
v, (1) e“ sin(fBt)
y] (t) ert
F(r)=|"> (t) = re” real r =r, 1, = ]
Y(t)= (1) = g cos () sreal v =1, and 1, =atjp
yi(t)] | e”sin(pr)
(1) e cos(ft)
3 (2)| | e sin(pr) ol
)= yi(t)| | e cos(pe)| 2 saxif
yi(2)] | te” sin(pBr)
yi(t)| | e cos(Bi)
. ¥, (1) e“'sin(St) B _ B .
(t)_ y3(l‘) = eaztcos(ﬂzt) =”1,2_ali]ﬂlar3,4_azifﬁz

yi(t)] | e sin(pyt)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.192)

(4.19b)

It can easily be seen that as the order of the differential equation increases, the
possible grouping of the basic solutions becomes more diverse making it difficult to

form a solution. A general approach can be stated as follows:
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If the multiplicity of the roots is m (m<n, m roots are equal to r) and if the roots
are real, the solutions can be expressed as

e’ e e, t" e (4.20)

The remaining roots, (n-m) will be distinct, each with a unique solution. When n>3,
possibilities exist that conjugate complex pair of roots might also display multiplicity.
The multiplicity of m results in 2m solutions as

e cos(Br), te” cos(Br), t*e” cos(Bt),...,t" e cos(Bt)
e sin(pt), te” sin(Bt), e sin(Br),...,t" e sin(Sr)

The remaining (n-2m) might be distinct in which case, there will be distinct
solutions. If multiplicities exist among (n-2m) real roots, the solutions will follow
the format in eqn. (4.20).

For reasons mentioned above, solutions for higher order differential equations with
n>4 may be obtained easily using a method based on Laplace transforms discussed
below and verified using the Runge-Kutta method.

(4.21)

4.3 Non-homogeneous Differential Equations and Particular
Solutions (n<5)

Just as it was done for the case of second order non-homogeneous equations of constant
coefficients, the solution can now be expressed as

y(t) = +yp ZCkyk +yp ) (4.22)

The particular solution resulting from the excitation force represented by g(t) in
eqn. (4.1) is represented by yp(t).

While the particular solution may be obtained using the method of undetermined
coefficients as it was done for the case of second order systems, the process of obtaining
the solution is simplified and more formal through the use of the method of variation
of parameters. This approach requires the use of the Wronskian associated with the
nth order differential equation. Proceeding similarly as in the case of a second order
differential equation, the Wronskian W becomes

[ N V) S ]
A A Y
W = . . .. . . (4.23)
yl(n 1) ygnfl) . . yinfl) |

The particular solution yp(t) is given by

v, @) =[2 ()3 (1), t)]j (¢)dt. (4.24)
In eqn. (4.24),
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v(t)=w" , (4.25)

(1)

A

n

In eqn. (4.25), W' is the inverse of the Wronskian and the matrix on the right
hand side is of size [n x 1] with the first (n-1) elements being zeros. If initial conditions
IC are given, the unknown coefficients ¢, c,, .., ¢_in eqn. (4.22) can be determined,

1€ =[1(0) »7(0)...»" " (0) | = [y 31301 (4.26)

Once the unknown coefficients are evaluated, the complete solution of the
differential equation in eqn. (4.1) can be obtained.

4.4 Additional Methods of Obtaining the Solution and
Verification

Two methods can be implemented to obtain the solution to the higher order differential
equation. The first one is the method based on the Laplace transform and the other
is the use of numerical techniques. The numerical techniques use ODE solvers in
MATLAB® and this requires that the higher order differential equation be broken
down into a set of n-first order differential equations. Details of both techniques are
provided in the Appendix.

4.4.1 Laplace transform

As shown in Appendix B, the Laplace transform based approach is a simple and
direct way of obtaining the solution to a set of differential equations or a higher order
differential equation. The solution is obtained only when initial conditions are available.

Taking the Laplace transform of the differential equation in eqn. (4.1), it is
possible to write

B [Ans"’1 +A, "+ A4 J + [Ans"’2 +A, 5"+ 44, ] +oty, A,

As"+A _s"" +. +As+ A,

A(s)

(4.27)

B(s)= G(s) . (4.28)
A"+ A, "+ As+ A,

In eqn. (4.28) G(s) is the Laplace transform of g(t). If Y(s) is the Laplace transform
of the solution y(t),

Y(s)=A(s)+B(s). (4.29)
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The solution y(t) is obtained by taking the inverse Laplace transform of eqn. (4.29).

4.4.2 Numerical techniques

If the initial conditions are available, it is also possible to obtain the solution
numerically using the Runge-Kutta method described in Appendix A. The first step
in the solution is the creation of n-first order differential equations. We define

Z, =y(t)

Z, = y(l) (t)

z,=y9(t) (4.30)
z,=y""(r)

Using eqn. (4.30), it is possible to write n-first order equations as

Zl(l) =7,
ZS) =7,
Zgl) =Z,
.. (4.31)
Zr(llf)l = Zn
A A A t
0oty Any A, A 20
A}’I An A}’I An A’l
Equation (4.31) can be expressed in matrix form as
[Z0] [0 1 0 .. 0 0 __Zl_ F 0]
0 0 .. 0 0 0
A% Z,
0 0 0 ... 0 0 0
(1)
Z Z, .
o=l . . . . SO | (432)
;1) o o0 0 ... 0 1 Z' 0
Z n-
A A A An AL g
(1) Z, —_—
L ZV! _ L An An An Aﬂ An - - h L A" -
Equation (4.32) can be simplified by defining the following:
An—l AZ—I AO
a, =———,a, ,=———,..., 0y =—— .
-1 A 2 4 0 4, (4.33)
t
h(t) = &lt) (4.34)

A}'I
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z"
AL
(1
7 _| % (4.35)
2%
Z(l)
[ 0 0 ] - _
0
0 1 0 1
0 0 0 0 0
0
A= , -
0 0 0 . 0 1
0 0 0 0 1
_i _i _i _ =2 _Anfl
A A A ° A A _a() al a2 an72 anfl n
- - (4.36)
0
- 0
b(t)=| .
: (4.37)
0
|7 ()]

The higher order differential equations can now be written in the form of a matrix
equation as

Z(t)=AZ(t)+b(1). (4.38)
It should be noted that numerical evaluation of the solution requires the availability
of the initial conditions given in eqn. (4.26).
4.5 Higher Order Differential Equations (n>4)

Because of the possible existence of varied relationships among the roots when n>4,
solutions are obtained easily using Laplace transforms as shown in Section 4.4.1.
Results can be verified using the numerical techniques described in Section 4.4.2.

4.6 Examples

Example # 4.1 Consider a 3rd order differential equation,

y"(1)+y'(t) = 4+sin (7). (4.39)
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The initial conditions are

y(0)=0
y'(0)=1 . (4.40)
»y"(0)=-1
The characteristic equation associated with the differential eqn. (4.39) is
P +r=0. (4.41)

The roots of the characteristic equation are (one real and a pair of complex ones)

0
- (4.42)
J
The solution set associated with the homogeneous differential equation is
N (t ) =t
¥, (1) =cos(z). (4.43)

y;(t)=sin(r)
The solution to the homogeneous differential equation is
¥, (£)=by,(t)+b,y, (t)+b,y, (t) = bt + b, cos(t)+ b, sin(¢)- (4.44)
Using the solution set in eqn. (4.43), the Wronskian W in eqn. (4.23) becomes
1 cos(t) sin(t)
W=0 -sin(z) cos(t) |. (4.45)
0 —cos(t) —sin(t)
The vector v(¢) in eqn. (4.25) is
sin(t) +4
()= —cos(t)[sin(t)+4} ) (4.46)
—sin (t)[sin (1)+ 4}

The particular solution can be obtained using eqn. (4.24) and is

<!

y,(1)= 4t—cos(t)—%sin(l). (4.47)
The complete solution is
y(t)=y,(t)+y,(t)=bit+b,cos(t)+bysin(r)+4t— cos(t)—%sin(t), (4.48)

Applying the initial conditions in eqn. (4.40) to the solution in eqn. (4.48), the

constants b, b, b, are obtained as
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b=0 b=1 b=-3. (4.49)

Substituting the values of the constants in eqn. (4.48), the solution to the 3rd order
differential equation in eqn. (4.39) becomes

y(t):4t—3sin(t)—%sin(t). (4.50)
The Laplace transform of the solution can be obtained using eqn. (4.29) as

st=s 455 +4

Taking inverse Laplace transforms, eqn. (4.51) leads to a solution matching the one
in eqn. (4.50).

Example # 4.2 Consider another 3rd order differential equation,
POy () ()= 1 (@52)

The initial conditions are

y(O) =-1
y'(O)zO . (4.53)
»"(0)=0
The characteristic equation associated with the differential eqn. (4.39) is
P =r’—r+1=0. (4.54)
The roots of the characteristic equation are
-1
1. (4.55)
1

The roots are not distinct, with one set being equal to unity while the other is
equal to —1 leading to the set associated with the homogeneous differential equation as

Y (t) =e”
»(t)=¢". (4.56)
ys(t)=te'

The solution to the homogeneous differential equation is
Y, (1) =by, () +b,y, (1) +b,y, (1) = be™ +bye’ +byte' . (4.57)

Using the solution set in eqn. (4.56), the Wronskian W in eqn. (4.23) becomes

e e te'

W=|-" ¢ e’(t+l) . (4.58)
e’ e e(1+2)
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The vector ¥ (r) in eqn. (4.25) is

%et (t+1)
$(1)=| ~Se (e 1)(2r1) | (4.59)
i %e" (1+1) |
The particular solution can be obtained using eqn. (4.24) and is
y, ()= +3t+5 (4.60)
The complete solution is
y(1)=y,(t)+y,(1)=be" +be +byte' +1° +31+5. (4.61)

Applying the initial conditions in eqn. (4.53) to the solution in eqn. (4.61), the

constants b, b,, b, are obtained as

1 11
b, == b, = b,=2. (4.62)

Substituting the values of the constants in eqn. (4.62), the solution to the 3rd order
differential equation in eqn. (4.61) becomes
1 —t 1 1 ! 1 2
y(t)=3t—5e —?e +2te' +1°+5. (4.63)
The Laplace transform of the solution can be obtained using eqn. (4.29) as
— st s 542
Y (s) = > ) (4.64)
s (s - 1) (s + 1)

Taking inverse Laplace transform, eqn. (4.64) leads to a solution matching the one
in eqn. (4.63).

Example # 4.3 Consider a 4th order differential equation,

y"(t)-y(t)=€+e". (4.65)
The initial conditions are
y(0)=1
»'(0)=1
y'(0)=-1" (4.66)
»"(0)=-1
The characteristic equation associated with the differential eqn. (4.65) is
rt—1=0. (4.67)

The roots of the characteristic equation are
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-1
1
.. 4.68
—j (4.68)
J
The solution set associated with the homogeneous differential equation is
b2 (t) =e"
(4.69)

2(1)=e
( )=cos(t)
) =—sin(t)

Note that use of —sin(t) or sin(t) in eqn. (4.69) will not change the result. The solution
to the homogeneous differential equation is

V(1) =02, (t)+ by, () +b,y, (£) +b,y, (1) = be ™ +bye’ +b, cos(t) b, sin(r)
(4.70)
Using the solution set in eqn. (4.69), the Wronskian W in eqn. (4.23) becomes

—t 1

e e cos(t) —sin(t)
—e” ¢ —sin(r) —cos(r)

W= 4.71
e’ ¢ —cos(r) sin(r) @70
e ¢ sin(r)  cos(r)
The vector v(r) in eqn. (4.25) is
F T
—Z(l + 62 )
- 1 ‘
()= L0+e) | (4.72)
sin () cosh(7)
| cos(¢)cosh(z) |
The particular solution can be obtained using eqn. (4.24) and it is
v, (t)= —%(2t+3ez’ ~2te’ +3). (4.73)

The complete solution is
y(t)=be" +b,e' +bycos(t)—b,sin(¢) —%(2t +3e* =2t + 3) . 474

Applying the initial conditions in eqn. (4.66) to the solution in eqn. (4.74) the constants
b,b,b,, b, are obtained as

Y2 V30 Yy
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=5 b=3 b=-1. (4.75)

Substituting the values of the constants in eqn. (4.74), the solution to the 4th order
differential equation in eqn. (4.65) becomes

y(t)= %cos(t) +sin(r) —%cosh (¢) +%tsinh(t)_ (4.76)

The Laplace transform of the solution can be obtained using eqn. (4.29) as
5 4 3 2
Y(s): 7 +s 22s 243 +3s+1
(s - 1) (s - 1)

Taking the inverse Laplace transform, eqn. (4.77) leads to a solution matching the
one in eqn. (4.76).

(4.77)

Example # 4.4 Consider another 4th order differential equation,
y""(t)+y'(t)=te" +4. (4.78)
The initial conditions are
»(0)=-1
»'(0)=0
% "(0) =0 .

% m(O) =1
The characteristic equation associated with the differential eqn. (4.78) is

(4.79)

r+r=0. (4.80)
The roots of the characteristic equation are

0

1-j\3
S
1+ j\/g
2
The solution set associated with the homogeneous differential equation is
» (t) =1
Vs (t) =e

(4.81)

t

(4.82)

\/5).

= é —_—
yi(t)=e cos[ 5!

v (1)= —etE sin[?t}
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The solution to the homogeneous differential equation is
L L
¥, (1) =by, (1) + by, (1) + byy; (1) +b,y, (1) = b, +be” +bye? cos{?t]—b@z sin {gtJ

(4.83)
Using the solution set in eqn. (4.82), the Wronskian W in eqn. (4.23) becomes

I ‘ i
1 e e? cos ﬁt —e? sin ﬁt
2 2
t i
0 —e' e%cos £+£t —e? sin £+£t
3 2 3 2
W= . (4.84)

0 e' —esin £+£t —e? cos £+£t
6 2 6 2

t t
0 —e —e? cos{?t} e? sin ﬁtj

2

The vector V() in eqn. (4.25) is

4+t
1
—§(t+4e’)
— 1
V()= —ge 2tcos(£t}(t+4e’) . (4.85)
3 2
1
zeztsin(ﬁt](t+4e’)
3 2

The particular solution can be obtained using eqn. (4.24) and is

—t

v, ()= -j—g(m-mez’ +312 +16). (4.86)

The complete solution is

ks t —t
)’(t) =b +b,e”’ +bse? cos[?t}—bﬂz Sin[gl]—j—g(12t—72wz’ +3¢* +16) .
(4.87)

Applying the initial conditions in eqn. (4.79) to the solution in eqn. (4.87), the constants
b,b,b., b, are obtained as

17 722 73 74

b=1 b=1 b3=—E b4=%. (4.88)
9 9
Substituting the values of the constants in eqn. (4.88), the solution to the 4th order

differential equation in eqn. (4.87) becomes
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y(t)= 1+4t+ée" —%te" —étze" —%eg cos(ﬁt] - 13V3 e? sin(%t] . (4.89)

2 9

The Laplace transform of the solution can be obtained using eqn. (4.29) as

(i)
Y(s)=2 I8

S(S3 +1) (4.90)

Taking the inverse Laplace transform, eqn. (4.90) leads to a solution matching
the one in eqn. (4.89).

When analytical approaches based on the roots of the characteristic equation
become cumbersome (as the order of the differential equation increases), the convenient
option is to rely on the Laplace transform based approach. In all cases, additional
verification is possible using numerical techniques based on Runge-Kutta methods
as described in Appendix A and in Section 4.4.2. The MATLAB script for the case of
a 3rd order differential equation and results are given first.

Example # 4.5 Consider the case of the following 3rd order differential equation,
y"(t)+y"(t)-2y'(t)=t+€", y(0)=1y'(0)=1p"(0)=—-1_ (4.91)

The MATLAB script created for solving the differential equation and the results are
shown.

function higherorder numerical _example

% june 2017 solution of a higher order differential equation using Laplace transform
% and verification using Runge-Kutta method P M Shankar

%y (Oty” (1)-2y’ ()=tt+exp(t), y(0)=1, y’(0)=1,y”(0)=-1

syms t s

A3=1;A2=1;A1=-2;A0=0;

y0=1;y1=1;y2=-1; % initial conditions

gt=t+exp(t); % forcing functions

Dr=(A3*s"3+A2*s"2+A1*s+A0); % Denominator of the Laplace transform
As=(y0*(A3*s*st+A2*st+A1)+A3*y2+y1*(A2+A3*s))/Dr;
Bs=laplace(gt,t,s)/Dr; % Laplace transform of the forcing function
yL=ilaplace(As+Bs,s,t); % inverse Laplace transform to get the solution
simplify(yL,’steps’,100); % analytical solution using Laplace
fy=MATLABFunction(yL);

syms z(t) % use z as a placement or dummay variable

D3=diff(z,3);

D2=diff(z,2);

D1=diff(z,1);

f=[A3*D3+A2*D2+A 1*D1+A0*z==t+exp(t)];

V = odeTo VectorField(f);% break higher order DE into 3 first order ones

F = MATLABFunction(V,‘vars’, {t’,Y’});% create inline Function for ODE
tspan=[0 5];

[T,yode]=ode45(F,tspan,[1;1;-1]);

% numerical solution; only use the first column of the solution yode
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figure,plot(T,fy(T),r-’,T,yode(:,1),’k*”)

xlabel(‘time t”),ylabel(‘solution’)

legend(‘analyt’,‘numerical’)

syms y(t)

yy=[y(t}==yL]; % create the expression for the title

title([‘$” latex(yy) ‘$°],‘interpreter’,‘latex’,‘fontsize’,14, color’,‘b’)

end

250 1

solution
8

100 [

0 0.5 1 15 2 25 3 3.5 4 45 5
time t
Figure 4.1 Plot of the solution y(t) for the Example # 4.5.

The approach based on combining Laplace transform and Runge-Kutta methods
can also be used to solve differential equations in orders higher than the 4th. As the
order increases, the increasing number of roots leads to difficulties in forming the
solutions set for the corresponding homogeneous differential equation. The Laplace
transform offers a simple means to obtain an analytical expression for the solution
and the verification of the solution can be accomplished through the use of the Runge-
Kutta method implemented in MATLAB.

Example # 4.6 Consider a 5th order differential equation

)+ )+ )+ () =¢, »(0)=1y'(0)=y"(0)=y"(0)=0,y"(0)=1
(4.92)

The characteristic equation associated with differential equation is

P+r+r+r=0. (4.93)
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The roots of the characteristic equation are
-1
=J
J
1 ) . (4.94)
5(1 -i3)
1 .
5(1 + j\/§ )

As suggested, the simpler way to obtain the analytical solution is to use the Laplace
transform based approach. Taking the Laplace transform of the differential equation
in eqn. (4.92), the expression for the Laplace transform of the solution becomes

3

Y(s)= Sf_l , (4.95)

Taking the inverse Laplace transform of eqn. (4.95), the solution to the differential
equation becomes

¥(6) = cos(t)Jrzcosh(t)' (4.96)

The results of verifying the solution are shown in Figure 4.2.

Example # 4.7 Consider the case of a 6th order differential equation,

y™(e)+y™(6)=te”, y(0)=1,3"(0) = »"(0) = "(0) = 0.y™(0) =1 y™(0) =0.

(4.97)
The characteristic equation and its roots are
r 4+’ =0. (4.98)
0
0
0 (4.99)
0 .
0
-1

Taking the Laplace transform of the differential equation in eqn. (4.97), the Laplace
transform of the solution is

1

Y(s)= (S+S15)(s+l) . (4.100)

s+ +5t 45’ +1

2

Taking the inverse Laplace transform of eqn. (4.100) leads to the solution
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_ oodt) | coshi)
IO=""+5"

= Analyt (inv. Laplaca)
¥ ODE4S

time t
Figure 4.2 Plot of the solution y(t) for the Example # 4.6.

3 4

1
p(1)=16-100+32 ~ v L 150 — st -2 e
212 2

The verification is provided in Figure 4.3.
Example 4.8 Consider the case of a 7th order differential equation
y"m"(l‘)—y"m(t)'f‘y""(t)—_)/"(t) =1,
y(O) — l,y'(O) — yu(o) — ym(o) — ylm(o) — ymn(o) — O’ymm(o) =1 .
The characteristic equation and the roots of the characteristic equation are

P = +rt =1 =0.

0 0.5 1 1.5 2 25 3 35 4 4.5 &

(4.101)

(4.102)

(4.103)

(4.104)
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y(t) = 3 —15¢7 — 5te! 2l—1ﬂ£—%+ﬁ+lﬁ

—Andft (I, Laplamj
# DDE4E

0 05 1 15 2 25 3 s 4 45 B
time 1
Figure 4.3 Plot of the solution y(t) for the Example # 4.7.

Taking the Laplace transform of the differential equation in eqn. (4.102), the Laplace
transform of the solution is

AR MR Ly Sy Ly |
)=— — .
st(s=1)(s+1) (s —s+1)

Taking the inverse transform of eqn. (4.105), the solution to the differential equation
becomes

(4.105)

3

y(t)=2—2t+%e’—%eft—lte _%t + ;fe sm[{t] (4.100)

The verification is given in Figure 4.4.

In keeping up with the theme of this manuscript, theoretical aspects are provided
with every example given. Of specific mention is the fact that explicit values of the
fundamental solution set based on the roots are provided for every example, for all
types of relationships among the roots as mentioned in Section 4.4.2.

The MATLAB script generates the following displays.

1. Based on the vector A representing the coefficients, a determination is made
regarding the order of the differential equation and the general form of the
equation, the characteristic equation, roots and the form of the general solution
is provided. While the form of the general solution is simple for order 2, with
order 3 and order 4, more possibilities exist for the general solution based on the
relationships among the roots of the characteristic function. All these possibilities
are automatically shown.
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The roots of the characteristic equation and the set of solutions forming the
solution to the homogeneous differential equation are shown next.

The method of variation of parameters used to obtain the particular solution is
shown.

The particular solution is then obtained, tested by substitution in the differential
equation and the validation is shown.

. The general solution incorporating the particular one is shown and the analysis

ends if initial conditions are not provided.

Ifthe initial conditions are provided, the applicable theory for the specific highest
order is shown.

The Laplace transform of the solution y(t) is shown along with the solution to
the differential equation.

. The solution is then verified by applying the initial conditions to the general

solution obtained using the roots displaying the values of the unknown constants
as well as the complete solution obtained from the roots.

The solution obtained using dsolve(.) is also shown for the sake of completeness.
The numerical computational approach is shown next with the decomposition
of the higher order into several first order differential equations.

The plots of the solutions obtained using various methods are shown as in the
final display.

8 B 8 & & &

Solution

| [—— Anaiyt (inv. Lapiace)
13 # ODE45

i

0 0.5 1 15 2 25 3 35 4 4.5 s
time t

Figure 4.4 Plot of the solution y(t) for the Example # 4.8.
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Example # 4.9
A=[10 1 0];IC=[0,1,-1];gt="cos(t)+sin(t)’;

3™ Order Homogeneous Differential Equations with Constant Coefficients
Differential Equation Aqyin(#) + Agyrr(t) + Agyi(t) + Agy(t) =0

Characteristic Equation/Rools Ayr® + Aar® + Air+ Aa=s 0= 11, 2 T

k=3
Solution set and solution y(t) ¥ = [y (t), yalt), ys(t)] = w(t) = 3 _ bew(t)

k=1

et et ent 123 real
et te et rie =1
Y(t)= ;
[ } Eﬂ tﬁﬂ fﬂe'rt T23 ="

et ecos(ft) e™sin(Bt) raz=atjf

Set of Solutions: Homogeneous case

Particular and complete solutions
Higher order differential equations
Differential Equation and Initial Conditions

y"(t) + ¢/ (£) = cos(t) +sin(t)
(y(0)=0 (0 =1 (0)=-1)

Characteristic aquation: P4r=0
Roots of the Characteristic equation Homogeneous solutions set
n(t)=1
0
—i va(t) = cos(t)
i
ys(t) = sin(t)

Roots = ry =a+jd,r
y(t) = e*'cos(Bt), y(t) = ™ sin(5t) Solutions Sel 1t
y(t) =
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Particular Solution using the Method of Variation of Parameters
Forcing Funcion  g(t) = cos(t) + sin(t)
nit) w(t) wlt) ]

WRONSKIAN w=[y'.[t] w(t) wilt)
wn(t) w(t) Kit)

a(t) = w1 e ]. A, is the coefficient of y™(t)

0
glt)

Ay
;;r:ﬂh:‘-r wp(t) = o () g2 (t) ws(2)] f t)a
Particular Solution using Variation of Paramelers
3 3
i i e e 2
Test the validity by subsfitution in Differential EQN
VALIDIPASS

Details of Wronskian
(1 cos(t) sin(t) )
Wa ™ (0 —sin(f) cos(t) )

(0 —cos(t) —sin(t) )

Vasin(t+3)

a(e) = _Ji 241 1

V3 co 24+ 2 1
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Inverse Laplace based solution: Theory and Results
Differential Equation and Initial Conditions (General Case)

Asy"(t) + A2y () + A1/ (2) + Aoy = g(t)
[#(0) = w0, ¥/(0) = 31,¥"(0) = 1]
Laplace Transform Y(s)=A{s)+B(s)
wo (Aas®+ A2 544, 4 A 4w (At Ay 8)

A(s) = Lo+A: 844, 01 A
" (A s)
B(s) T Ay P+ A A s+ A,

Differential Equation and Initial Conditions (given)
y" (t) + ¢/ (t) = cos(t) + sin(t)
(#(0)=0 y(0)=1 (0)=-1)

Laplace Transform Y(s) of y(l)

Yi(s) = £5222

(s2+1)
Solution yit) using inverse Laplace

y[t) s ﬁsizl:(l]l . tcc;a{!} u tsi;[t}

Complete Solution and Validation
Solution Io the Homogeneous part using roots (unknown constants, b, ,b,,,...)
yn(t) = bugn(t) + bz 1a(t) + by ys(t)
Complete solution y{l}=yh{t:l+ypm
y(t) = 2540 - 250 150 4 by gy (1) + baga(t) + by pialt) - 50
Obtain unknown constants (b, b, b, ) by applying the initial conditions

(B, by by) = (0 § 1)
Complete solution using roots (replace unknown constants)

% i :
y[t} e -nzn:tl e I'ﬂ;(l] s g r.;(tl

Complete solution using inverse Laplace transforms

W) = 3-:(:] 2 n:;.m s r-l:;u

Complete solution using dsolve(.) in Matlab

3 sinit i ' { sinft
y(t) = 2ekt) _ teod) _ tuty
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ODE45 and comparison
Differential Equation and Initial Conditions
y" (t) + ¢/ (t) = cos(t) + sin(t)
(v0)=0 YO =1 y(0)=-1)

Cormesponding first order differential equations for ODE [ Y, = y(t) ] vector

Yit)=Ya
Yit)=V3
3 (t) = cos(t) + sin(t) — Y2

—— Analyt (roots)
O Analyt (Inv. Laplace) | |
¥ ODE4S

Solution

time t

Example # 4.10
A=[1-1-1 1;IC=[-1,0,1 ];gt="exp(t)-t*exp(-t)’;

3™ Order Homogeneous Differential Equations with Constant Coefficients
Differential Equation Aqyrmi(t) + Aqpir(t) + Aygr(E) + Aayl(t) = 0

Characteristic Equation/Rools Asr® + A + Ayr+ Ag =0 = vy, w2, T3,

k=2
Solution set and solution y(t) ¥ = [y (t), ya(t), ya(t)] = v() = 3 besn(t)

=1

Ertt Eﬁt E’kt T,23 real
e te™ ent Tia=r
Yit ;
®)=9 e te™ et riaz=r

et €ecos(Bt) e™sin(ft) royz=a+jp

Set of Solutions: Homogeneous case
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Particular and complete solutions
Higher order differential equations
Differential Equalion and Initial Conditions

y"(t) -y () — ¥ (t) + y(t) = —te™
(¥(0)=-1 ¢(0)=0 y'(0)=1)

Characteristic equation: P-rf-r+1=0
Roots of the Characleristic equation Homogeneous solutions set
wn(t)=e"
-1
1 (t) = ¢
1
ys(t) =te
Roots = r,rlegual),and p
y(t) = e, y(t) = te” Solutions Set ¢
y(t) = &

Particular Solution using the Method of Variation of Parameters
Forcing Function g(t) =e' —te™*

n(t) w(t) wlt)
WRONSKIAN W = | #i(t) w4(t) wi(t)
nit) wa(t) w(t)

(1) = [W]™" [ g ], A, is the coefficient of y" (t)
9‘_5‘!_1'
Paticlar y,(1) = b (O w(O () [ 3)

Particular Solution using Variation of Paramelars
e (4t-28 " +at et —d e 42 F+3)
Yp(t) = — 16
Tesl the validily by substitution in Differential EQN

VALID/PASS
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Detalls of Wronskian
(et ¢ te)
Wronskian

we (—et & &(@+1))
(et ¢ e (t+2))

ot
1

o

gy = (2t+D) {te"'-l)
1

te 2

1
- SRR

Inverse Laplace based solution: Theory and Results
Differential Equation and Initial Conditions (General Casa)

Asy/"(t) + A2 y"(t) + A/ (t) + Aoy = g(t)
[#(0) = w, ¥/ (0) = 1, y"(0) = ]

Laplace Transform ¥(s=A(sHB(s)

Als) = U8 (As s+ Az s+A) )+ As ot (Aat Ay 5)
(s) = A a0 A, 0+ Ao

. Gls)
B(s) = Az P A 004 A, 14 Ag

Differential Equation and Initial Conditions (given)
¥ (L) — ' (t) — Y (t) +y(t) = e —te!
(¥(0)=-1 y(0)=0 y'(0)=1)

Laplace Transform Y(s) of y(t)
s[—s'+457435-2
YL {S) = ( {ag -1 :I:I )

Solution y(t) using inverse Laplaca

4116 10 e — 42 e 4214745
y(t) = - : )
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Complete Solution and Validation

Solution to the Homogeneous part using rools (unknown constants, b, 'hz-'"]'
un(t) = by g (t) + b g (t) + by ps(t)
Complele solution y{ty=y,, 1)+, ()
u(t) = bun(e) - ST g (0) + baa(e)
Obtain unknown constants (b, b, by) by applying the initial conditions
®, By by) = (-4 -# %)
Complete solution using roots (replace unknown constanis)
wit) = _e '{H‘-Hlr"-—l’b!l-:'-u'ﬂ"-',::ﬂ.q.l}
Complete solution using inverse Laplace transforms

! H 10t 417 42745
y(t) = - (4r411 1 t“ 4tfe® 1207 48)
Complete solution using dsolve(.) in Matiab

© ‘{HHIn“-lﬂia’*-;:'p"+1ﬂ+5}

ylt) = - T

ODE45 and comparison
Ditferential Equation and Initial Condilions
y"(t) - ' (t) — Y (t) +y(t) = ' —te™
(p(0)==-1 Y(0)=0 y'(0)=1)
Corresponding first order differential equations for ODE [ Y, = 1) ] vector

Yi(t) =Y
Yit)=Ya
Y/t)=¢ —te '~V + Y2+ V3
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Example # 4.11
A=[1000 -1];1C=[1,-1,0,-1 J;gt="t+cos(t)’;

4™ Order Hemogeneous Diflerential Equations with Canstant Coafficiants

Differenal Equation Aggettie(t) + Ayt (8] + Aqyirit) + Ayge(t) + Agy(t) =0

Characteristic Equaliar/Racts At Ar¥ L AP L Ar+ Ay =0=0, 1, 75, Ty

lemd

Sohuion st at sobsion ) ¥ = (10 (8,30 00), il h, me(t)) = wlt) = D Che(t)
k=1
- {_:nt ﬁ,fg-f Hr_ft er.t 184 Tl".'ﬂ-I
et et prat et rp = el
gt fort Hart gt Piaz =T rel
£t et e et Frage = real
gt tenit gt tent o = 1, Ty = g real
Vit = 4 gt pfst r-:“‘{:rm{,"ﬂj et arn |3t} a4 =+ gd
et e eeos( ) esin(() ma=r ra=axil
it b g \ fey L iyl 1,0 =11 :I-jﬁi
: t) ™ 4 " t - t .
e ensl i) sin|ht) e toos(ht) e sinlt) [ 51 =0 +JﬁuJ
e s (19 e givl [Jt teeos (@) te™ain( ) ra=mu=oadd
\ ! [ -+

Set of Solulions: Homogeneous case

Particular and complete solutions
Higher order differential equations
Differential Equation and Inilial Condilions
y™'(t) — y(t) =t + cos(t)
(9(0)=1 ¥(0)=-1 y(0)=0 y™"(0)=-1)

Characteristic equation: rf—1=0
Roots of lhe Characheristic equation Homogeneous sollions sat
1 w(t) = e
1 p(t) =€
—ii ys(t) = cos(t)

ya(t) = —sin(t)

Roots = r # e, r3q = a £ ji

wlt)=e" k=12 Solbons Set +
ws(t) = " cos(Bt), yi(t) = e"'sin(5t)
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Particular Solution using the Method of Variation of Parameters
Forcing Function g(t) = t + cos(t)

wn(t) () wslt) wl(t)

w(t) walt) () wilt)

wi(t) () w(t) o

wit) w'(t) W) w

WRONSKIAN W =

0
() = W] g » Ay is the coefficient of y™'(t)
%
Patlar y,(t) = ln(t) wele) a(e) a(e) [ 5(0)

Particular Solufion using Variation of Paramelers
s e SY) R )
yp[t] el L 3 4

Test the validity by subslitution in Differential EQN

VALID/PASS
Details of Wronskian
(et e cos(t) —sin(t) )

W (_et ¢ —sin(f) —ocos(t) )

(et e —cos(t) sin(t))
(—et e sin(t) cos(t) )

_ ¢ (t+eoqt))
3

o) » S {ttealt

sini) (1 +cos )
2

cos(t) (t+cost))
2
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Inverse Laplace based solution: Theory and Results
Differential Equation and Initial Conditions (General Case)

Agy™(t) + Asy"(t) + A2y (t) + A/ () + Aoy = g(t)
[v(0) = w, ¥/ (0) = 1, y"(0) = 1, y"'(0) = ]
Laplace Transform Y(s)=A(s)+B(s)
o (A A s A )+ As it (A £+ A 4 A 04 A ) 4 (At A 5)
A(s) = WY Y YT TN
‘B{s} o .rl..l'+ﬂ;l’$3l’+d.l+ﬂ.
Differential Equation and Initial Conditions (given)
y"(t) — y(t) = t + cos(t)
(p0)=1 y(0)==-1 ¢'(0)=0 y"(0)=-1)

Laplace Transform Y(s) of y{t)

=ty —str-1
YL{S} - j,.;Ih.l

Solution y(t) using inverse Laplace
=i i sinf t sin(t
O =t 44 f 4 0 e

Complete Solution and Validation
Solution o the Homogeneous part using roots (unknown constants, b, bz:‘
yn(t) = buan (t) + b ya(t) + bays(t) + bayu(t)
Complete solution y(t)=y, (t)+y (1)
y(t) = byga(t) = <52 =t + byya(t) + byys(t) + by (t) - =32
Obtain unknown constants (b, bz b, b,) by applying the initial conditions
(b, by by by) = (F 411 -%)
Complete solution using roots (replace unknown constanis)
R R T
Complete solution using inverse Laplace transforms

Complele solution using dsolve(.) in Mallab
)= 5=t =g 0 e
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ODE45 and comparison
Differential Equation and Initial Conditions

y"'(t) —y(t) = t+ cos(t)

(¥(0)=1 y(0)=-1 y(0)=0 y"(0)=-1)
Comesponding first order differential equations for ODE [ Y, = yit) ] veclor

Yit) =Y
Y;(it) =Y,
Yiit) =Y,
Y{(t) = t + cos(t) + ¥;
15 : - - : : : . : -
—— Analyt (roots)
10 | O Analyt (lnv. Lapiace)
IS ¥ ODE45
[73]
u £

0 05 1 15 2 25 3 35 4 4.5 5
fime t
Example # 4.12
A=[100-10]:IC=[-1,1,0,1];gt="exp(-t)";

4™ Brder Homogeneous Differe ntial Equations with Constant Cocflaients

Diflerenlial Eguatan Agqte(t) + At () 4+ Asatt(E) + Ayt + Aqpitl =10

Characteristic EquatianRoals At Ay d Aer b Ar ~ Ay = 0=y, 1, T T

de=d

Sohulion et and sobion vty ¥ = [ (£), ge(t) walt), wit)] = wit) = Z Cleae (£}
k=1
[ et gt gt gt 134 renl
e e et ol g = i real
e tert e et oy — rreal
e e’ lemt thert rag4 = real
et temt g temt g = M,Tyq = 7o real
e’ g e rosl Gt i) Tid4 =
Y= e " Coos[B)  eVsin(B) ree— ot
e e elroa( @) eMsin(@)  ma=r ra=ot+jid
o 0 wiend ot . b 2 = + _‘i'-nrj|
eMoas( H1)  eMsinl At e™oos(H ™ anft) [ res = an + il
| eeos(BE) evsin(Bl)  te™eos(Bt)  fesind) ra=sng=adj

Salef Solutions: Hamoganaols case
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Particular and complete solutions
Higher order differential equations
Differential Equation and Initial Conditions
y"'(t) -y (t) =e
(¥ =-1 ¥(0)=1 ¢'(0)=0 y"(0)=1)

Characteristic equation: ri—r=0
Rools of the Characteristic equation Homogeneous solutions sat
0 yi(t)=1
1 ¥(t) = ¢
1 a3
- (t) =t e (23)
= e 5 m[t]:_e—g sin( zt)
Roots =r #m, my=axjs
yel(t)=e€" k=1,2 Soulions Set 1

w(t) = e”m[ﬁt}, w(t) = e“‘*sin{ﬁt}

Particular Solution using the Method of Variation of Parameters
Forcing Function glt) =

TEE.

i I

WRONSKAN W= ie) () wlt) o
W) w0 B

0
#(t) = W™ g , A, is the coefficient of y™(t)
alt}
A
ol ya(t) = [y (1) 1 (8) w1 (8) wa ()] f i(t) dt
Particular Solution using Variation of Paramelars

-1
Up(t) = ET
Test the validity by substitution in Differential EQN

VALID/IPASS
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¢ henld) (%))
~rhen{f ) ton(§+ ) )
—e} cm(i+’q—') e i ﬁn('+-‘§1))
ot ou(F) —tun(F))

=l

1
0 e
0

L

o
m-

o) -

Inverse Laplace based solution: Theory and Results
Differential Equation and Initial Conditions (General Case )

Ay (t) + Asy™ (1) + Aay/'(t) + A/ (t) + Agy = g(t)
[w(0) = w, ¥ (0) = g, ¥"(0) = p,y"'(0) = ]
Laplace Transform Yia)=A(s)}+B(s)
o (At Ay wt Ay )+ Ad ot (Ad o Ay 5 A a4 Ay ) 4 (Ast Ay 1)
Afs) = . LEY FEEY A EY
B[s) = L. 7+4; l’ﬂjl’-l-ﬂu-fﬂu
Differential Equation and Initial Condilions (given)
y"(t) Y (t) =e
(pl0)==1 y(0)=1 y'(0)=0 y"(0)=1)
Laplace Transform Y(s) of y(1)

YL{I} Jor é +a—a'+2

=5
Solution y{t) using inve

o e st g o ()il )
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Solution

150

100

Complete Solution and Validation
Solution lo the Homogeneous part using roots (unknown constants, b, .b.,,..)
wa(t) = byt (t) + b2 wa(t) + By ys(t) + by gu(t)
cumuhmm-r..nm,m
w(t) = 5 + by g (t) + baye(t) + ba ya(t) + by wu()
Obtain unknown constants (b, b, by b, ) by applying the initial conditions

':halb:b‘h‘) = (_3 E 3 —l.!ﬁ)
Complete solution using roots (replace unknown constants)
) =5 4+ 3¢ 4 26 sn:[#i] " 2450 iam.{x:id} i
Complete solution using inverse Laplace transforms

oo =g 4 8 4 2 AW I(P)) _,

Complete solution using dsolve(.) in Maliab
L] 'I-'J (3 'i
W) =55 + 58 +- !:'(ﬁ'}+=ﬁ ,"{%—3

ODEA45 and comparison

Ditferantial Equation and Initial Conditions

y"'(t) —y(t) =et

(w0)=-1 ¢y(0)=1 y'(0)=0 y"(0)=1)
Cormesponding first order differential equations for ODE [ Y, = y{t) ] vector

Y(t)=Ya
Y;(t)=Y;
Yi(t) =Y,
Yiit)=e"'+Va
—— Analyt (roots)
©  Analyt (inv. Laplace)
# ODE4S

0.5 1 15 2 25 3 35 4 45 5
time 1
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Example # 4.13
A=[1,1,-2,0;IC=[1,1,-1];gt="t+exp(t)’;

3™ Order Homogeneous Differential Equations with Constant Coefficlents

Differential Equation A ) + Asgrr(E) + Aygi(e) + Agy(t) = 0

Characteristic Equation/Roots Ayr? + Asr® + Ayr+ Ay =0=2ry, vy 73,

k=3
Solution set and solution y(t) ¥ = [y (t), ya(t) wa(t)] = w(t) = 3 beawelt)
=1

et et et r194 real
AT te™ ent Ta=T
Yt :
() = e te™ t2ert raz=r

et e eos(PBt) e™sin(Bt) roz=axjf

Set of Solutions: Homogeneous case

Particular and complete solutions
Higher order differential equations
Differential Equation and Initial Conditions

y(t)+ () - 2y/(f) =t + €
(@ =1 yO)=1 ¢(®)=-1)

Characleristic equation: P =2r=0
Roots of the Characleristic equation Homogeneous solutions set
n(t)=1
0
_9 p(t) =e*
1
w(t)=¢

Roots =r  #ra#ry
wel(t) =™, k=1,2,3 Solutions Set
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Particular Solution using the Method of Variation of Parameters
Forang Funclion glt)=1t+¢
nit) wlt) wmt) ]

WRONSKIAN W:[y’l{!} w(t) w1
wilt) wa(t) ()

0
a(t) = W] [ ;u ],A,'..ﬂmmdﬁdmdy’m

ot w(t) = ) mOw()] [ o)

Particular Solution using Variation of Paramelers
y,[g}zﬁ_%f_‘_t__ﬂ_a
3

F R TR
Test the validity by substitution in Differential EQM
VALID/PASS
Details of Wronskian
(1 e—!t Hi)
W (0 —2¢ &)
(0 4e? ¢)
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Inverse Laplace based solution: Theory and Resulits
Differential Equation and Initial Conditions (General Case)

Asy/"(t) + A2y"(t) + A/ () + Aoy = g(t)
[w(0) = w,¥(0) = y1,¥"(0) = 1]
Laplace Transform ¥(s)=A(s)+B(s)

Als) =" (As#®+A3 s+A; )+ A3 4w (AatAsa)
() = oA, a4, 7 A

B(s) = .-{_1-3+A§;j-d, Ty
Differential Equation and Initial Conditions (given)
v+ () - 2y(t) =t+ €
(p(0)=1 Y(0)=1 y'(0)=-1)
Laplace Transform Y|(s) of (i)
_ St =4t 43 87—
Yi(s) = S5 e
Solution y(t) using inverse Laplace
vO) =% - B -1+ -7 +§
Complete Solution and Validation
Solution to the Homogeneous part using roots (unknown constants, b, .b,,...)
un(t) = bugn(t) + b2 (t) + by ys(t)
Complele solution y(t)=y,, (ti+y,(1)
y(t) = 1 = 4 — L+ b (t) + bagn(t) + baps(t) - § ~
Obtain unknown constants (b, nzh31uyamu-mwm
®y b, by) = (3 -8 1)
Complele solution using rools (replace unknown constanis)
Wt) =3 - B - f+ 1§ -5 +}

Complete solution using inverse Laplace transforms

WO =3 -8 - {4 -G+
Complele solution using dsolve(.) in Matiab

TORE Sb SR TE SE T
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ODE45 and comparison
Differential Equation and Initial Conditions

y"(t) +y'(t) = 2y(t) =t + ¢
(9(0)=1 y(0)=1 ¢ (0)=-1)

Corresponding first order differential equations for ODE [ Y, = yt) ] vector

Yit) =Y
;) =Y;
Yit)=t+e+2%2-Y;

m T T T T T
——— Analyt (roots)
_ ©  Analyt (inv. Laplace) | |
§ 200 ¥ ODE45

time t

Example # 4.14
A=[1,1,0,0,0,0];IC=[1;0;1;0; 1 ];gt="t";

Theory of Laplace Transforms: Higher order differential Equations
The Differential Equation
Ay () + An-ay™ () + - + A1y (E) + Aoy(t) = g(t)
The Initial Conditions {IC)
¥(0) = 30, 5™(0) = wn, ¥ (0) = 32, .y (0) = s
The Laplacs Transform Y(z)
(Aat™ " 4 A 1™ 4+ Ags+ A + (A8 T+ A ™ 4+ Aadin o aeada
(Ass™ 4+ Aacas™ 4o+ 4+ Ays + Ag)
+

Gifs)
[Agt™ ¥ Ap- 187~V & -4 Ayg+ Ag)
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Inverse Laplace based solution
Differential Equation and Iniial Conditions

ORI ORY

(p(0)=1 y(O0)=0 p(0)=1 y"(0)=0 y*™(0)=1)

Laplace Transform Y, (s) of y(
£4+1) (s'+5'+1
¥ ()= )

Solution y(t) using inverse Laplace transform of Y (s)
= 2 3
y(t)=2t+2et-L+5-L+ -1
Solution y(t) using dsolve(.) in Matlab
o 2 3
y(t)=2t+2e -S4+ 5 -L+5-1

ODEA45 and comparison
Differential Equation and Iniial Conditions

y"(t) +y"(t) =t
(p0)=1 y0)=0 y"(0)=1 y*(0)=0 ™(0)=1)

Yiil=Y,
Vector: 1% first order differential equations -,,-‘,E,; 5 11::
for ODE [ Y, = yit)] = r}mzh
Yit)=Ys
Yit)=t-Y
,m - - - .n
—— Analyt (inv. Laplace)
# ODE45
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Example # 4.15
A=[1,0,1,1,0,1];IC=[1;0;0;0;1];gt="exp(t)’;
Theory of Laplace Transforms: Higher order differential Equations
The Differential Equation
Ay (t) + Apery™ V(@) + - + Ay () + Aoy(t) = g(t)
The Initial Conditions (IC)
y(0) = %0, ¥ (0) = p1, 4*(0) = -+, 4" V(0) = yur

The Laplace Transform Y(s)

{J‘i.l'_] + J"-._J.I'"_:'F ceede Ags + Ay i + {A-'n—i_'_ An S + Aalth + o F Py Aa

(Aus™ + Apcrs™ !+ + Ais + Ag)
+

G(s)
(As + Ay + - F Ay + Ag)

Inverse Laplace based solution
Differential Equation and Initial Conditions

¥ (t) + v"(t) +'(t) +y(t) =€
(w0)=1 (0)=0 ¥ (0)=0 y*(0)=0 y™(0)=1)

Laplace Transform Y, (s) of y(t)
3
Yi(s) = 5
Solution y(t) using inverse Laplace transform of Y, (s)

t t
(0 = o 4 ot

Solution y(t) using dsolve(.) in Matlab
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ODE45 and comparison
Differential Equation and Initial Conditions

¥ (E) +y"(t) + (L) +u(t) =€
(30 =1 #(0)=0 (=0 ¥"(0)=0 y"(0)=1)

" Y=Y,
Vector: 1% first order differential equations Y=Y
for ODE [Y, = y()] = YAt) =Y,
Y=Y
Yif)=¢-Yi-Y -V
40 1] 1 8 1 L1
—— Analyt (Inv. Laplaca)
a0 * ODE45

time t

Example # 4.16
A=[1,0,0,-1,0,0;1C=[1;0;1;0;0];gt="exp(-t)’;

Theory of Laplace Transforms: Higher order differential Equations
The Differential Equation

Ay (t) + Ap ™V (E) + -+ + Ayt () + Aoy(t) = 9(2)
The Iniial Conditions {IC)
¥(0) = o, ¥ (0) = 1, ¥®(0) = g, -+, ¥ "(0) = pua
The Laplace Transform Y(s)
(Aps™ Ve A 8" 2k e Agm ek A g b (A g e A e e Ay o Y A
(Aps™ + Ay 5™ 4o Ays + Ap)
+

G(s)
(Aus + A, 81+ o+ s+ Ag)
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Inverse Laplace based solution
Differenial Equation and Iniial Condilions

v (t) -y (t) =
(WO)=1 Y©) =0 (=1 y"(©)=0 y™(0)=0)

Laplace Transform ‘rl_u}dﬂt:
0 L
Solution y{l) using inverse Laplace transform of'f"l_l:lj
d.n.,f'ie'ﬁ sinl 3+
y(t) = sinh(t) =t — ;[‘ 7) + 2
Solution yit) using dsolve(.) in Matlab

y(t) = sinh(t) — t — 2e cm(s‘%) ”

ws.'ﬁ;iu[afi_.’-'] s

ODEA45 and comparison
Differential Equalion and Inifal Conditions

vt -yt =e*

(pO)=1 (0)=0 (0)=1 y"@O)=0 y™(0)=0)

2 Yit) =Y,

Vactor: 1% first order differential equations Xit=Y;
for ODE Y, = y(t)] = ¥(t) =Y,
Yiit)=Y;

Yit)=e"+Y;

—— Anaiyt (inv. Laplace)

* ODE45

0 05 1 15 2 25 3 35 4 45 5
tirme 1t
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Example # 4.17
A=[1,1,0,0,0,0,0];IC=[1;0;0;0;1;0];gt="exp(-t)*t’;
Theory of Laplace Transforms: Higher order differential Equations
The Differential Equation
A y™ () + Apry® V() + - + Ay () + Aoy(t) = g(t)
The Initial Conditions (IC)
y(0) = o, ¥*"(0) = 31, ¥*(0) = 3, -+, 4™ V(0) = Yo s

The Laplace Transform Y(s)

(A" b A 8™ ek Az Ay F (Aas™ T+ Ay 5" bk Ayt b YA

(Ans™ + Apy 8™t 4o + Ajs + Ay)
+

Gs)
(Aps® + Ay 5o 4 - Ajs + Ag)

Inverse Laplace based solution
Differential Equaticn and Initial Conditions

y.u.lﬂj[t] +y1mr(t} =te—i
(w0)=1 y(0)=0 ' (0)=0 " (0D)=0 y™(0)=1 ™ (0)=0)

Laplace Transform Y, (s) of y(t)
st =l 45l 45" +1

Yi(s) = —Eimm—
Solution y(t) using inverse Laplace transform of YL[s]

y() =382 —15¢~t —5tet —EF= —10¢— 5 + 5 +16
Solution y(t) using dsolve(.) in Matlab

y(t) =342 - 15e~t —5tet — £~ 10t — £ + £ +16
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ODE45 and comparison
Differential Equation and Initial Conditions

yw.ﬂ.r(t} o yﬂﬂ(t) =te-t
(w(0)=1 (0)=0 y(0)=0 ¥"(0)=0 y™(0)=1 ¥™(0)=0)

Yi(t) =Y,
Vector: 1% first order differential equations 3t)=Y;
for ODE [Y, = y(t)] = i) =Y;
Yi)=Y;
Y(t) =Y

Yi(t) = te™ - Yo

‘—.ﬂnldﬂ I_ilw.'LaFlaﬂﬂl}

40
30t # ODE4S
20

] 05 1 15 2 25 3 as 4 45 5
time t
Example # 4.18
A=[1,0,0,1,0,0,0];IC=[0;0;0;0;0;1];gt="t+5";

Theory of Laplace Transforms: Higher order differential Equations
The Differential Equation

Ay () + Anay" V() + - + Ay D (E) + Aoy(2) = g(t)
The Initial Conditions (IC)
¥(0) = w0, 5" (0) = . ¥ (0) = g,y (0) = gy
The Laplace Transform Y(s)
(Ags™ P Ay 8" T ook Agad Ay F (A8 T E Ay 8" T e b Al F o F Pami Ay
(Aps™ + Ay 8™V oue b Ays + Ay)
+*

Gls)
(Ao + A + o+ Ay + Ag)
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Inverse Laplace based solution
Differential Equation and Initial Conditions

Y(t) +y" () =t +5
(90)=0 y(0)=0 y"(0)=0 ¥ (0)=0 y™(0)=0 y™(0)=1)
Laplace Transform ‘r‘Lnjs',i of y(t)
Yi(s) = Siet)
Solution y(t) using inverse Laplace transform ﬂf"l"l_ (s)
y(t) = et —t+4de cnﬂ(@) + -E_,—ﬂ - o §5£-+ 2% -5
Solution y(t) using dsolve(.) in Matlab
i t 2 3
y(t) = et —t+4e? ms(ﬁ’%)+%+%+2%—5

ODE45 and comparison
Differential Equation and Initial Conditions

y"™(t) +y"(t) =t+5
(40 =0 Y©O)=0 ¥(0)=0 ¥"©)=0 ¥"(0)=0 y"©O)=1)

Yi(t)=Y:
Vector: 15! first order differential equations Yiit)=Y;
for ODE [ Y, = y(t)] = Yi{t) =Y,
Y;{t:’ =Y;
Yiit)=Ys
Yj(t)=t-Y; +5
15} T T L} T T T T
— Analyt (Inv, Laplace)
100 } #* ODE45

time t
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Example # 4.19
A=[1,0,0,1,0,0,0,0];IC=[1;0;0;0;0;0;1];gt="t";

Theory of Laplace Transforms: Higher order differential Equations

The Differential Equation
Any'™ () + An V() + - - + Aryt V() + Agy(t) = g(2)
The Initial Conditions (IC)
¥(0) = po, 8'V(0) = 1, ¥®(0) = 2, -+, ¥™ " (0) = g
The Laplace Transform Y(s)

(At '+ A P e+ A+ A A A8 e+ A+ o F Yeei A
(Aps™ + A, 8™ + oo+ Ays + Ay)
+
Gs)
(Apsm + Ay gsl oo g Ays 4 Ay)

Inverse Laplace based solution
Differential Equation and Initial Conditions

Yy () + ™ (t) =t
(v0)=1 y(0)=0 (0)=0 ¥y (0)=0 p™(0)=0 y™(0)=0 "™ O)=1)
Laplace Transform Y, (s) of y(t)
Yi(o) = Lt
Solution yit) using invarsa Laplace transform nf‘fl_{s}
-t 2&5 8l §+-\"E;' 3
y(t} o 2; + “](3 ) 4
Solution yit) using dsolve(.) in Matlab

y(t}= 2e"+95m;(€'!) _F+t3+£+ﬁ"‘i&iﬂ(§'!}

3 2T 6
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ODE45 and comparison
Differential Equation and Initial Conditions

y"””"(t]-i—y”"[t} =t
((0)=1 ¥(0)=0 ¥"(0)=0 y"(0)=0 y™(0)=0 y™(0)=0 ¥™"(0)=1)

Yt =Y
4 _ Y1) =Y,
Vector: 1% first order differential equations Yit) =Y,
for ODE [ Y, = y{t)] = Vi) =Y
¥it)=Ys
Yo(t) =Y

Yit)=t-Y%

—— Analyt (Inv. Laplace)
# O0DE4S

Solution

Example # 4.20
A=[1,0,0,1,0,0,0,0];1C=[1;0;0;-1;0;0;1];gt="t*exp(-t) ;

Theory of Laplace Transforms: Higher order differential Equations
The Differential Equation
Ay () + Anay V(@) + - + Ay D (E) + Aoy() = g(2)
The Initial Conditions (IC)
y{ﬂ} = o, y“}{n} L ylr'yﬁ’{ﬂ) =y !ytﬂ_l}l:n} = Y-l
The Laplace Transform Y(s)
(At "+ A ™ T Aas + A e+ (Aes™ A8 e+ A o F ead
(Aps® + A, 5™ 4o+ A + Ag)
+

(s}
{ﬂ,!" +A,_ Ll""] L SLELE 3 .'q.|!‘+ ﬂu}
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Imrarse Laplace based solution
Cilferenial Equalivn ard Inifel Condilio-rs

g™ () +y™(t) = te™
(w0} =1 w0 =0 #(0) =0 ™0)=-1 " 0)=0 ™0 =0 " (0}=1)

Laplece Trarsform ¥ (s] of y(3)

T
YT, I:S:l = Lﬂ-ﬁg_’_—u‘-

Sohrtinn 1) using immrse Laplan: fmnshorm :l‘l"l_-}t.;

'n-ﬁ ("15(%}+\"5th§_ )
2+ 5+ —5

]

ylt) =364 4 4 Gt~ fa=

Zaluton Wi using dsalwe] ) n Matiab

- -t '."'v'!- e PuL a0 1,-'r34~'i in 3t
y(t) =3¢+ T 4 5 4 Q(’]+‘§ —t?+E4 ”5{23_5
ODEA4S and comparison

Differential Equalion and Initial Conditions
Yy (t) + y™(t) =tet
(wio)=1 #0)=0 y"(0)=0 " (0)=-1 ™ 0)=0 y™(0)=0 ¥™(0)=1)

Y{I:.E} =Y;
] 5 i Y;(ﬂ =T’3
Veclor: 1% first order differantial equations Y{ {t} =Y,
for ODE [Y‘I = yt)] = Y_f{-ﬁ} EY.LE.
Yi(t)=Ys
Yi(t)=Y;
Yit)=te" - Y,
2 : B !
§ 0
.::
=
Wz
— Analyl (Inv, Laplace)
% ODEA4S
-4 I 1

0 05 1 15 2 25 3 a5 4 4.5 5
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Example # 4.21
A=[1,0,-1,1,0,-1,0,0];IC=[1;0;0;0;0;0;1];gt="t’;

Theory of Laplace Transforms: Higher order differential Equations
The Differential Equation

Ay ™ () + Ay V() + - + Ay V(E) + Aoy(t) = g(t)
The Initial Conditions (1C)

y{ﬂ} = Hos !J‘m[ﬂ] = yl'r'y[z:l{ﬂ} =Wyt t'y[n_I]{n} = Un-1
The Laplace Transform Y(s)

(A A s e Aga+ Ao+ (Ad™ P A s T E e At s
(Aas™ + Auo15™ Voo + Ays + Aa)
*
(s)
(At 4+ Apey 8= 4 oo 4 Ays + Ap)

Inverse Laplace based solution
Differential Equation and Iniial Conditions

V() — " (R) +y(t) =y (t) =t
(w0)=1 g0)=0 p(0)=0 y"(0)=0 y™(0)=0 F™(0)=0 " (0)=1)

Laplace Transform ¥ (s) of y(t)

e =g gt gt ]
Yi(s) = & (s=1) (s+1)7 (s —5+1)

Solution wt) using inverse Laplace transform ul“!"l_{s]
= . Zv"ﬁeé i -
e o ot e A aee R
Solution yit) using dsolve(.) in Matlab

2 ) 2v/3e? sin( L3t
v =gt —ae- gt - g4 W)

9
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ODE45 and comparison
Differential Equation and Initial Conditions
v (t) -y )+ () -y () =t
(wo)=1 ¢O)=0 (0)=0 y™)=0 g™ =0 y¥"@)=0 ™ (@0)=1)
Y1) =Y
st Y=Y
Veclor: 1% first order differential equations Yit) =Y,
for ODE [ ¥, = yi)] = Vi) = ¥;
Yit) =Y
=%
Vi=t+ K -¥+ ¥}

g

— Analyt (v, Lapiace)
¥ ODE4S

Solution

Example # 4.22
A=[1,0,-1,1,0,-1,0,0];IC=[1;0;0;0;0;0;1];gt="t+exp(-t)’;

Theory of Laplace Transforms: Higher order differential Equations
The Differential Equation
Ay (1) + Apery V() + - + AtV (E) + Aoul(t) = g(t)
The Initial Conditions (IC)
w(0) = w0, ¥™(0) = 31, »*(0) = g, -+, 4" N0) = g
The Laplace Transform ¥{s)

(Ant® Vb A" 2 e Ao Ao+ (A 8™ T b A 8™ A oo b gy,
[Agd™ + Ay 8™+ + Aya 4+ Ayg)
+
Gis)

[Aat™ + A g1 & oo Ayt + Aa)
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Inverse Laplate based solution
Differenbal Equation and Initel Condbons
pE - g ) - i) =t e
(wl=1 vl =0 ¢{0)=0 "0 =0 ¥ @ =0 y"O)=0 " W)=1)

Lapidaoe Transta ¥ (5] af it}

_ st s s e e
YL{S] ! [n—'l 1 [s—]]l{ug—x—l}

Skt yit] 1 g Invema: Laplaos ansarm of ¥ (5]

J =B ety e pe e o (@) an($)

T2 12 12 [ [ +3

Sobrtion yit] us ng dsabec. ) in Matlab

\ \ 3 gl Wit et ainl 2
4 —t i [ T T =t £ g =
o =5 -t g TP e g Sendld)

ODE45 and comparison
Differential Equation and Initial Conditions

v = YO + () - (1) = 4
(90) =1 ¢ =0 ¢ (0)=0 y"(0)=0 y™(0) =0 y™(O) =0 y™"(0)=1)

Yi(t)=Vs
Vector: 1% fi n =Y
- rst order differential equations (1) = Y,
for ODE [Y, = it} ] = Yi(t) =Y
Y1) =Y
¥ty =¥;
o Hi)=t+e'+ -1+ 1
—— Analyt (Inv. Laplace)
% ODE45

Solution
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Example # 4.23
A=[1,0,-1,1,0,-1,0,0];IC=[1;0;00;0;0;1];gt="exp(-t)’;

Theory of Laplace Transforms: Higher order differential Equations
The Differential Equalion
Ay () + A g™ () + - + Ay (E) + Aoy(t) = glt)
The initial Conditions (1G)
¥(0) = o, ¥ (0) = 1, 3™ (0) = 32, 5™ V(0) = o
The Laplace Transform Y(s)
(g™ o A 8™ P ek A A (A 8™ 0 A 8™ T e Al o i A
(Aus” + Ap1d™ 4o 4+ As + Aa)
+*

(&)
(Aus™ + A1 + ==+ Aus + Ag)

Inverse Laplace based solution
Ditferanial Equat ot and Infal Cand tions

o) — Y E = () — o) = et
(p0p=1 i0)=0 (0 =0 y"{0)=0 ™0 =0 ¥y™0)j=0 y™0)=1)
Laplace Transform YL{s} of yit)

I i L
YLI:'Q) T At {a—1) (1) (sE—st1)

Solution y(t) using inverse Laplace transform Df‘r"l_{a}
i it Wi -lu{ xg—tjl
Er u:u{ L ] | %

Solution ywt) using dsolvel.) In Matlab

- — deﬁ oo A3 . '}.\'."i_l‘.i win| 3¢
y(t) = 3¢ — Bl o3t 4 ;{“)—'f‘g'+—g(“}+2
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ODEA45 and comparison
Differential Equation and Initial Conditions

YO~ O+ (0 - () = e

(90)=1 y(0)=0 (0)=0 y"(0)=0 y™(0)=0 y™(0)=0 y™(0)=1)

Y/(1) =Y,

st : . Kt =Y,

Vector: 17" first order differential equations Y(t) =Y,

Yi(t)=Ys

Yi(t) =Yz

- Yit)=e'+Y;-Y; + Y,
— Analyt (Inv. Laplace)
¥ ODEA4S

[ =
£
=
L=
@

1] 05 1 1.5 2 25 3 35 4 4.5 5
time t

4.7 Summary

In this chapter, we explored ways of solving higher order differential equations with
constant coefficients. The characteristic equation is used to formulate the solution to
the homogeneous differential equation while the concept of the Wronskian introduced
in Chapter 3 is invoked to get the particular solution. The difficulties encountered
in using the roots of the characteristic equation of the higher order differential
equations is clearly articulated in terms of the relationships that might exist among
the various roots making it difficult to proceed as the order increases beyond 4. As
has been done throughout, the solution obtained through the use of roots and the
Wronskian is compared to the one obtained using the theory of Laplace transforms.
Additional confirmation is provided through the use of numerical techniques based
on the Runge-Kutta method in MATLAB. Differential equations with orders larger
than the 4th are solved using Laplace transforms and results are compared using the
Runge-Kutta method.
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4.8 Exercises

1.

Consider a higher order differential equations with a coefficient vector A=[An,An-
1,..,A0]. Obtain the characteristic equation, roots and the homogeneous solution.
Does the solution match the one obtained using solve(.) in MATLAB.
A=[1,-3,-1,0]

A=[1,0,-2,-1]

A=[1,-1,0,-4];

A=[1,-1,0,0];

A=[1,0,0,-3];

A=[1,0,-3,0];

A=[1,-1,1,0];

A=[1,0,0,0];

A=[1,0,0,1];

A=[1,-4,0,0];

A=[1,0,0,-8,0];

A=[1,4,0,0,0];

A=[1,0,0,1,0];

A=[1,0,0,-1,0];

A=[1,-1,0,0,0];

A number of third order differential equations are identified by the coefficient
vector A=[A3,A2,A1,A0]. For each of the cases, a forcing function g(t) is
provided. Obtain the particular solution in each case. Provide the homogeneous
solution set and Wronskian in each case.

A=[1,1,0,0]; g(t)=texp(-t)+t

A=[1,-1,0,0];g(t)=t;

A=[1,0,4,0];g(t)=cos(2t)

A=[2,-5,2,0]=g(t)=exp(2t)

A=[1,0,-9,0];g(t)=cosh(3t);

A=[1,-4,-5,0]; g(t)=t+t"2exp(5*t)

A=[2,0,-2,0];g(t)=sinh(t)

A=[1,2,0,-1];g(t)=cos(t);

A=[2,1,0,0];g(t)=t"2;

A=[1,0,0,-8,0];g(t)=t+exp(2t)

A=[1,4,0,0,0];g(t)=t*exp(-4t)

A=[1,0,0,1,0];g(t)=exp(-t)

A=[1,0,0,-1,0];g(t)=5t+exp(t)

A=[1,-1,0,0,0];g(t)=t+t"2

A=[1,-1,-1,0,0];g(t)=t;
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3. For the given initial conditions, obtain the complete solutions. Verify the results
using Laplace transforms and ode45.
A=[1,1,0,0];g(t)=t*exp(-t)+t;IC=[1,-1,0];
A=[1,-1,0,0];g(t)=t;IC=[1,1,0];
A=[1,0,4,0];g(t)=cos(2*t);IC=[0,-1,0];
A=[2,-5,2,0];g(t)=exp(2*t);IC=[-1,-1,0];
A=[1,0,-9,0];g(t)=cosh(3*t);IC=[0,-1,1];
A=[1,-4,-5,0];g(t)=t+t"2*exp(5*t);IC=[-1,-1,1];
A=[2,0,-2,0];g(t)=sinh(t);IC=[0,-1,-1];
A=[1,2,0,-1];g(t)=cos(t);IC=[-1,1,0];
A=[2,1,0,0];g(t)=t"2;1C=[0,-1,1];
A=[1,0,0,-8,0];g(t)=t+exp(2*t);IC=[1,0,-1,1];
A=[1,4,0,0,0];g(t)=t*exp(-4*t);IC=[1,0,1,1];
A=[1,0,0,1,0];g(t)="exp(-t)’;1C=[1,1,0,1];
A=[1,0,0,-1,0];g(t)="5*t+exp(t)’;1C=[1,0,-1,0];
A=[1,-1,0,0,0];g(t)=t+t"2;1C=[1,1,0,0];
A=[1,-1,-1,0,0];g(t)=t;1C=[1,0,0,0];
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5.1 Introduction

Systems often comprise more than one component or rely on two or more components
linked together for efficient operations. Examples include electrical, mechanical
and chemical flow systems, and traffic networks. Such systems require two or more
dependent variables for modeling and the behavior or operation of the systems can be
described in terms of a set of coupled first order differential equations. The analysis
presented here examines only linear systems with constant coefficients. We start with
the case of a pair of coupled equations before we explore coupled systems with three
or more variables.
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5.2 A Pair of Coupled Differential Equations
An example of a system with two variables x (t) and x,(t) can be written as

dx,
— =4, x + 4,x,
dt

. (5.1
dx
7; = Alel + Azzxz
Equation (5.1) can be written as a matrix equation (Appendix D)
dx,
x| dr | [4, A,]|[x -
ax _ dt _|“n 12 Ul 4% (5.2)
dt & Ay Ay | x,
dt

In eqn. (5.2), A is the coefficient matrix and X is the vector

X,
x:[ } (5.3)
x2

While eqn. (5.1) is homogeneous, the non-homogeneous set of differential equations
can be expressed as

dx,

& ar | . .

—= =Ax+g(t

a | v, g(1). (5.4)
dt

In eqn. (5.4),

ol

In eqn. (5.5), g,(t) and g,(t) are the forcing functions. If the initial conditions are
available, they can be expressed in vectorial form as

% (0)
x(o):[ ! } (5.6)
x,(0)
We will now consider the homogeneous and non-homogeneous differential
equations separately.

5.2.1 Homogeneous systems
5.2.1.1 Solution using eigenvalues and eigenvectors

Consider the case of a pair of first order homogeneous equations expressed as

dx,
d | dt |_ = =iy | %(0)
Z_ dx2 = AX, X(O)_|:x2(0):|‘ (5'7)

dr
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In eqn. (5.7),

A A
Y=| 12:| 5.8)
|:A21 Azz (

The solution to the first order homogeneous (coupled) system can be obtained by
examining the coefficient matrix A in eqn. (5.8) and its properties in terms of the
eigenvalues and eigenvectors. The concepts of eigenvalues and eigenvectors are
discussed in Appendix D. From the analysis presented in Appendix D, three distinct
possibilities exist for the two sets of eigenvectors: real and distinct, real and equal or
form a complex conjugate pair.

Distinct eigenvectors

When the coefficient matrix is not defective (it has two distinct eigenvectors), two
possibilities exist, either the eigenvalues are distinct or equal. Consider the case where
the two eigenvalues are real and distinct. If the two eigenvalues associated with A
are A, and A, with corresponding eigenvectors ¥, and v,, the two linearly independent
solution vectors are

X, (t)=ve"
| (r) =% (5.9)
X, ()=
The fundamental matrix X(t) associated with the system is the [2 x 2] matrix
X()=[X, X,] (5.10)

The general solution of the homogeneous system is the superposition of the two
solutions in eqn. (5.9) as

X(t)=Xé=cX (t)+e, X ZCk (5.11)

In eqn. (5.11), ¢ is the vector with two elements c, and c, representing the two
unknown constants or scaling factors.

The two unknown coefficients can be evaluated from the initial conditions X (O)
in eqn. (5.7). The analysis and the solution given in eqn. (5.9) and eqn. (5.11) do not
change even when A =, = A, if the two eigenvectors are distinct because the set of
equations in eqn. (5.9) represents two linearly independent solutions.

Complex eigenvectors

When eigenvectors are complex, eigenvalues are also complex and vice versa. If the
two eigenvalues are

A,=Ak=atjp. (5.12)
In eqn. (5.12), o and B are real. The two eigenvectors are

Vi, =V, =@t i, (5.13)
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The two solution vectors are
X, (t)= e [iicos(pt)—wsin(pt)]
X, (t)=e" [ﬁsin(ﬂt)+ chos(ﬁt)] .

The general solution is once again given by eqn. (5.11) with the solution vectors
given in eqn. (5.14).

(5.14)

Equal eigenvectors

When the eigenvectors are equal (this certainly implies that eigenvalues are equal),
the coefficient matrix is defective and two independent solution vectors do not exist.
This case requires the generation of a pair of generalized eigenvectors as described in
Appendix D. While it is possible to keep the single eigenvector obtained and get an
extra single generalized eigenvector and use these two, the approach described here
does not use the original eigenvector. Instead, a pair of generalized eigenvectors is
obtained from the solution of

(A-AL) v =0. (5.15)

Ineqn. (5.15), 1, is the 2 x 2 identity matrix and if the pair of generalized eigenvectors
are v, and v, , the solution vectors become (Appendix D)

X, (t)=e€" [vgl +1(A—,112)ag|]
. . . (5.16)
X, (t) =" [ng +t(A—/Uz)vgz]

The general solution is once again given by eqn. (5.11) with the solution vectors
given in eqn. (5.16). It should be noted that for the case of a 2 x 2 defective matrix,
the generalized eigenvectors will be (see appendix D)

o
o

5.2.1.2 Solution without using eigenvectors

(5.17)

While the solutions to a set of first order coupled homogeneous differential equations
with constant coefficients is simple and straightforward, it creates some difficulties
when the coefficient matrix is defective. It is possible to obtain the solutions using the
characteristic equation approach outlined in Chapter 3 in connection with the solutions
of second order homogeneous differential equations with constant coefficients. The
same approach can be implemented here by converting a pair of homogeneous first
order equations into a second order differential equation of constant coefficients.
Consider the first differential equation in x in eqn. (5.1). Its differentiation leads to

X, = A, X + A, . (5.18)
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Equation (5.18) can be rewritten using the differential equation for x, from eqn. (5.1)
and creating a second order differential equation in x, as

xl" = Allxi + A12 [Alel + A22x2] = Allxlv + A12A21x1 + Azz (xl - A11x1) (5-19)
Simplifying eqn. (5.19) leads to
x5 _(All +A22)x; +(A11Azz — 4,4, )xl =0 (5.20)

Using the method based on the roots of the characteristic equation developed in
Chapter 3, it is possible to get a general solution for x (t). Substituting x (t) in the first
differential equation eqn. (5.1), a general solution for x (t) can be obtained. Using the
initial conditions, the unknown coefficients can be obtained completing the solution.

In some of the instances, A ,=0 and A, #0. In this case, the first differential
equation eqn. (5.1) is used to obtain a second order differential equation in x,(t) and the
procedure is repeated to obtain the solution for x (t). In the special case of A ;= A, =0,
the two differential equations are uncoupled and they can easily be solved.

5.2.1.3 Solution using Laplace transforms

If the initial conditions are given, the solutions set can be obtained using the concept
of Laplace and inverse Laplace transforms. The solutions vector can be written as

[2 EZH =L {[s[2 —4]" L)Z Egﬂ} . (5.21)

In eqn. (5.21), I, is a [2 x 2] identity matrix and [s], — A]" is the inverse of the
matrix [s/, — A]. Inversion of a matrix is described in Appendix D. Solutions may also
be obtained using numerical techniques outlined in Appendix A.

5.2.1.4 Analysis of coupled first order homogeneous systems with constant
coefficients

An analysis on a set of homogeneous first order coupled differential equations of
constant coefficients will be incomplete without a discussion of the critical point. The
critical point or the equilibrium point is the solution to

dx

—=0=4x. 522
r (5.22)

Because we have a homogeneous system, the critical point will be [0. 0] or the origin.
The critical point and the behavior of the solutions of the differential equations can
be used to characterize the stability of the system described by the set of differential
equations. The phase plane plots or phase portraits (Appendix C) show the behavior
ofthe solutions and hence the behavior of the system. A number of specific coefficient
matrices have been analyzed to demonstrate the usefulness of the phase portrait and
its use in understanding the behavior of the system described by the coupled first
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order system. While the detailed procedure is described in Appendix C, the analytical
solutions are not plotted alongside the quiver(.) plot.

clear;close all;
% generate phase plots for several coefficient matrices
% P M Shankar, July 2017
for k=1:12
if k==
A=[-1,2;2,1];
elseif k==2
A=[-1,2;-4,1];
elseif k==3
A=[-1,-1;1,-1];
elseif k==
A=[2,1;-1,2];
elseif k==5
A=[2,-2;1,-1];
elseif k==6
A=[-2,2;1,-1];
elseif k==7
A=[2,0;1,1];
elseif k==8
A=[2,00,2];
elseif k==9
A=[-1,0;-1,-1];
elseif k==10
A=[-2,00,-2];
elseif k==11
A=[-2,1:0,-2];
elseif k==12
A=[2,2;-2,-2];
end;
[x1,x2]=meshgrid(-3:.5:3,-3:.5:3);
DX1=A(1,1)*x1+A(1,2)*x2;
DX2=A(2,1)*x1+A(2,2)*x2;
figure
quiver(x1,x2,DX1,DX2,1.5,‘color’,‘r’),xlabel(‘x_1(t)’),ylabel(‘x_2(t)’)
xlim([-3,3]),ylim([-3,3])
lambda=eig(sym(A));
title([ ‘EigenValues\Rightarrow’,” [‘,num2str(double(lambda’)),‘]’])
end;

The results are presented below. Consider the case of the coefficient matrix

R
=1, 1l (5.23)

The eigenvalues are real with one of them being positive and the other being negative
resulting in the phase portrait in Figure 5.1. The solution moves away from the critical
point indicating that the system is unstable.
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. EigenValues = [2.2361 -2.236}‘ / /
eSS o o
e s sy

\
LA G g S
2) o <
axﬁf/ff%fiizg
-1 xiﬂllm 1 2 3

Figure 5.1 The eigenvalues are real and have opposite signs. The solutions move away from the critical
point [0,0] indicating that the system is unstable.

Consider the case of the coefficient matrix
a2 (5.24)
- _4 1 . .
The eigenvalues are purely imaginary (complex conjugate pair) resulting in the

phase portrait in Figure 5.2. The solutions continously encircle the critical point [0,0]
indicating that the system is oscillatory, because the solutions are sines and cosines.

Consider the case of the coefficient matrix

R
=, (5.25)

The eigenvalues form a complex conjugate pair with the real part being negative
resulting in the phase portrait in Figure 5.3. The solutions continously move towards
the critical point [0,0] indicating that the system is asymptotically stable.

Consider the case of the coefficient matrix

PEER
=, 5l (5.26)
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EigenValues = [0+2.6458i 0-2.6458i]
VAN
RS

FAGT TN
1/%/;"!'/,,‘\.1&1'1,
e

E’&ﬂ?ﬂ;‘;{ff: 'Ijjj
= Pt
'1TF11\H,:;",/V/

T*{'ﬂ\.q_,f,f”f//
-2-\\\“*—..#_(!’///1/

NN/
_G\R‘M.L. ’j////

X, (0

Figure 5.2 The eigenvalues are purely imaginary. The solutions continously encircle the critical point
[0,0], indicating that the system is oscillatory.

EigenValues = [-1#1] -1-1i]

Figure 5.3 The eigenvalues are complex with a negative real part. The solutions move towards the critical
point [0,0] indicating that the system is asymptotically stable.
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ues = [2+1i 2-1i]

EigenVal

/

B e
7 A

gk o ]
INX Y
1\\\ 'ﬁ-. t rd B
R I W T e SR
%nh“—«,‘mn - L T,
RS 0 ow & R Sy
TR o e T R NS
_zh——.-s-f.t--*f"ff Iy \\\
|y 2B
x, (1)

Figure 5.4 The eigenvalues are complex with a positive real part. The solutions move away from the

-2

Figure 5.5 One of'the eigenvalues is zero while the other one is positive. The solutions move away (opposite
direction) from a diagonal line going through the critical point [0,0] indicating that the system is unstable.

critical point [0,0] indicating that the system is unstable.
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The eigenvalues form a complex conjugate pair with the real part being positive
resulting in the phase portrait in Figure 5.4. The solutions continously move away
from the critical point [0,0] indicating that the system is unstable.

Consider the case of the coefficient matrix

i 527
=1y (5.27)

The eigenvalues are real with one of them being a zero and the other one being positive
resulting in the phase portrait in Figure 5.5. The solutions move away (opposite
direction) from a diagonal line through critical point [0,0] indicating that the system
is unstable. The unstable nature in this case being defined w.r.t. a line is due to the
existence of an eigenvalue of 0.

Consider the case of the coefficient matrix

R
= Ll (5.28)

The eigenvalues are real with one of them being a zero and the other one being
negative resulting in the phase portrait in Figure 5.6. The solutions move towards the
diagonal line through the critical point [0,0], indicating that the system is stable. The
stability in this case being defined w.r.t. a line is due to the existence of an eigenvalue
of 0.

Consider the case of the coefficient matrix

EigenValues = [-3 0]
3\.\*&_&“&&&;&1&% e
m‘mﬂ‘h‘hﬂ"‘mﬂ“‘ e e
o e T T S
e e N B
L e Vi i e S L R e
. e = T
%QHHH““""‘ B . N
forsee o 5w & T S
b S, & % o HMH“H"“:“‘H
- - hh‘m“ﬁh““ﬂ‘"“h
| . A wE e e WL WL
L e HH‘H‘&‘"&WW
A - xuhhhﬁmmw

-3 -2 -1 1] 1 2 3
x, (1)

Figure 5.6 One of the eigenvalues is zero while the other one is negative. The solutions point to the a
diagonal line through the critical point [0,0] indicating that the system is stable.

3]
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EigenValues = [1 2]

3 . .
2 —— . T * 1 ,-"‘ ///ﬁ
i ey e g ow A ”~ A
e A = ' VR A O ol
=, e s - T
= fﬁf - r = _.—-_.-""..-""r..-"'"#
-1 #/,/_,‘/ s I ~ — —— T
—
P rE N R
sl o 4 L% ST
T e S
Sy LR
-3 =2 =1 [1] 1 2 3
!1{1]

Figure 5.7 Both eigenvalues are positive. The solutions move away from the critical point [0,0],
indicating that the system is unstable.

a2 0 2
=11 1) (5.29)

The eigenvalues are real and positive resulting in the phase portrait in Figure 5.7. The
solutions move away from the critical point [0,0] indicating that the system is unstable.

Consider the case of the coefficient matrix
A= 20 5.30
“lo 2l (5.30)

The eigenvalues are real and positive resulting in the phase portrait in Figure 5.8. The
solutions move away from the critical point [0,0], indicating that the system is unstable.

Consider the case of the coefficient matrix

I 531
-1 oAl (53D

The eigenvalues are real and negative resulting in the phase portrait in Figure 5.9.
The solutions move towards the critical point [0,0], indicating that the system is
asymptotically stable.

Consider the case of the coefficient matrix
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Figure 5.8 Both eigenvalues are equal and positive. The solutions move away from the critical point
[0,0], indicating that the system is unstable.

EigenValues =- [-1 -
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Figure 5.9 Both eigenvalues are negative. The solutions move towards the critical point [0,0], indicating
that the system is asymptotically stable.
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EigenValues = [-2 -2]
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Figure 5.10 Both eigenvalues are negative. The solutions move towards the critical point [0,0] indicating
that the system is asymptotically stable.

4|20 532
o ol (5.32)

The eigenvalues are real and negative resulting in the phase portrait in Figure
5.10. The solutions move towards the critical point [0,0] indicating that the system
is asymptotically stable.

Consider the case of the coefficient matrix

g1 533
1o 2| (533)

The eigenvalues are real and negative resulting in the phase portrait in Figure
5.11. The solutions move towards the critical point [0,0] indicating that the system
is asymptotically stable. Note the difference in how the solutions move towards the
critical point in this case vs. what is seen in Figure 5.10. Even though the eigenvalues
for the matrices in eqns. (5.32) and (5.33) are identical, the matrix in eqn. (5.32) is
symmetric and therefore it is not defective (it has two distinct eigenvectors). The
matrix in eqn. (5.33) is not symmetric and it is defective because it only has a single
eigenvector. Details can be seen in Appendix D.

|

x, ()

Consider the case of the coefficient matrix
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A 22 (5.34)
2 2] '

EigenValues = [-2
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Figure 5.11 Both eigenvalues are negative. The solutions move towards the critical point [0,0], indicating

that the system is asymptotically stable. Note the difference in how the solutions move towards the critical

point in this case vs. what is seen in Figure 5.10. This is due to the fact that the matrix is defective in this
case while the matrix is not defective for the case depicted in Figure 5.10.

EigenValues = [0 0]
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Figure 5.12 Both eigenvalues are zeros. The solutions move in opposite directions with respect to the line
through the critical point [0,0] indicating that the system is unstable.
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The eigenvalues are real and both of these are 0’s resulting in the phase portrait in
Figure 5.12. The solutions move in opposite directions with respect to the line through
the critical point [0,0], indicating that the system is unstable.

The phase plane plots and the stability criteria associated with a pair of first
order homogencous differential equations with constant coefficients is summarized
in Table 5.1

5.2.1.5 Examples

A set of examples demonstrating the different pairing of the eigenvalues described
above will now be given before MATLAB® based examples are provided.

Example # 5.1 Consider a pair of coupled differential equations represented by the

coefficient matrix
A= L2 . (5.35)
3 2

This coefficient matrix represents the two coupled differential equations,

x (1) =x(1)+2x,(¢) .
X, (t) =3x, (t)+ 2x, (t)

RHESE

The two eigenvalues associated with the coefficient matrix and the corresponding

eigenvectors are
-1
A=-1 ¥ = 1

(5.36)

The initial conditions are

2 (5.38)
hH=4 v, = g
1
The solution set can now be written as
x (1)=—ce’ +=c,e"
3 (5.39)

x(1)=ce” +c,e”

The two unknowns constants ¢, and ¢, may be obtained by applying the initial
conditions in eqn. (5.37). This leads to

2
l=—c +—c,
3. (5.40)

0=c +c,
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Solving eqn. (5.40) gives

3
C1 = —g
. 541
5 (5.41)
C, = g
Equation (5.39) can now be rewritten as
St
5 (1)=& (Ze 5+3j

(5.42)

xz(f)=3er(e5’5_1j :

The two coupled equations can be converted to a single second order differential
equation in x (t) as

x;(t)—3x1' (t)—4x,(1)=0 (5.43)
Equation (5.43) can be solved using the methods described in Chapter 3. Note that
the roots of the characteristic equation associated with the second order differential
equation in eqn. (5.43) will be -1 and 4, matching the eigenvalues obtained directly

from the coefficient matrix in eqn. (5.35). The solution for x,(t) can be expressed in
terms of two unknown constants b and b, as

x, (t) =bhe "' +be" - (5.44)

Using one of the differential equations in eqn. (5.36), the solution for x (t) becomes

x,(t)=-be" +%bze4’ . (5.45)

Applying initial conditions given in eqn. (5.37), eqn. (5.44) and (5.45) can be solved
forb, and b, as

(5.46)

Substituting the values of b, and b, in eqns. (5.44) and (5.45), the solutions obtained
match those given in eqn. (5.42).

In terms of the Laplace transforms, the Laplace transforms of the solutions to set of
differential equations in eqn. (5.36) becomes
s—=2
> +35+4
3
—* +3s5+4

X, (s)=-
(5.47)
X, (s)=-
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253
Taking inverse Laplace transforms of eqn. (5.47), the solution set becomes
2
x(t)= ge‘" +§e”
. (5.48)
x,(t)= ge‘” —Ee”
: 5 5

Note that the solution set in eqn. (5.48) matches the set in eqn. (5.42). The phase
portrait shown in Figure 5.13 illustrates that the system represented by the coefficient
matrix in eqn. (5.35) is unstable.

3

-2

-2

2 3
x,(t)
Figure 5.13 The phase plane plots or gallery of solutions. The directional arrows clearly show that the
solutions are moving away from the critical point, indicating that the system is unstable.

Example # 5.2 Consider a pair of coupled differential equations represented by the
coefficient matrix

A= {_1 2} . (5.49)
-1 1
The set of differential equations represented by the coefficient matrix in eqn. (5.49) is
x (1) =—x,(t)+2x,(1)
x'2 (t) =-X (t)+x2 (t)
The initial conditions are

(5.50)

MUK

(5.51)
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The eigenvalues and eigenvectors associated with the coefficient matrix are

_ 1+i
SRRk
- (5.52)

ami 5[]

Notice that the eigenvectors are purely imaginary and therefore, the solution will
consist of sines and cosines. The solution set is

x,(t)=¢ [ cos(t)+sin(t) ]+ ¢, cos(t)—sin(r)] .
x,(t)=¢ cos(t)—c, sin(7)

Applying the initial conditions in eqn. (5.51), the two constants are obtained as

(5.53)

=1 ¢=1. (5.54)

Using the values of ¢, and c,, the solution set becomes

x, (1) =2cos(¢)
x, (t)= ﬁcos(ﬁ%} '

The set of differential equations can be converted to a second order differential
equations as

(5.55)

x (£)+x(1)=0 . (5.56)

The roots of the characteristic equation associated with the second order differential
equation are [I, -i]. The solution set becomes

x,(t) = b, cos(t)—b, sin(¢)

b b b b . (5.57)
x, (1) =—=cos(t)——=cos(t)——sin(¢)——=sin(¢
(1) =reos (1) -2 cos (1)~ sin 1)~ 21
Applying initial conditions, the two unknown constants become
by=2 b=0. (5.58)

Using the values of b, and b, in eqn. (5.57), one obtains the solution set matching the
one given in eqn. (5.55).

The solution to the set of differential equations can also be obtained using Laplace
transforms. The Laplace transforms of the two differential equations become (with
the initial conditions included)

(5.59)
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Taking inverse Laplace transforms, the solution set becomes
x, (1) =2cos(1)
x,(¢)=cos(t)—sin(r) = \/Ecos(t +%) :

(5.60)

The phase portrait associated with the system described by the coefficient matrix in eqn.
(5.49) is shown in Figure 5.14. The oscillatory behavior of the system is clearly seen.

3 — - T - - -—r r T L
P S R R R R R
Rl il

T N R
o
‘3 i i i

3 2 -1 0 1 2 3
x, (1)

Figure 5.14 The phase plane plots or gallery of solutions. The directional arrows clearly show that the
solutions form elliptical orbits indicating stability.

Example # 5.3 Consider a pair of coupled differential equations represented by the

coefficient matrix
1 0
A= 1] (5.61)

The coefficient matrix in eqn. (5.61) represents a pair of differential equations

xll (t) =X (t) (5.62)
x'2 (t):—2x1(1)+x2 (t) '

The initial conditions are given as
5 (0)1_[1 (5.63)
X, (0) 0
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The two eigenvalues of the matrix are equal, each being 1,

A=2=1. (5.64)

The matrix is defective because there is only a single unique eigenvector. This means
that a pair of generalized eigenvectors is required. Using the method described in
Appendix D, the generalized eigenvectors are (eqn. (5.17))

il

The general solution can be written in terms of the generalized eigenvectors from
eqn. (5.16) as

x(1)=é¢
, . (5.66)
x,(t)=-2t'c, +e'c,
Applying initial conditions, the constants are evaluated as
=1 ¢=0. (5.67)
The solution set now becomes
x (t)=¢
(1) (5.68)

x, (1) =2t -

Because the coefficient matrix A is such that A .= 0 (does not contain x,), the second
differential equation in eqn. (5.62) is used to obtain a second order differential equation
in x,(t) as

X, (t)—Z)c'2 (t)+x2 (t):O . (5.69)
The roots of the characteristic equation are [1, 1]. This leads to a solution for x.(t) as
x,(t)=¢" (b +byt) . (5.70)

Substituting eqn. (5.70) in the second differential equation in eqn. (5.62), the solution
for x,(t) becomes

b
xl(t):—gze’ . (5.71)
Applying initial conditions, the two constants are evaluated as
b=0 b=-2. (5.72)

Substituting forb, and b, in eqn. (5.70) and eqn. (5.71) leads to the solution set obtained
from the eigenvector set given in eqn. (5.68).

The Laplace transforms of the set of differential equations (with initial conditions) are

1

s—1

.- (5.73)

(1)

X, (s):

X, (s)=—2
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Taking inverse Laplace transforms, eqn. (5.73) leads to

x(1)=¢

x,(1)=-2t" "
The phase portrait associated with the coefficient matrix in eqn. (5.61) is shown in
Figure 5.15. The unstable equilibrium conditions are seen.

(5.74)

3
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Figure 5.15 The phase plane plots or gallery of solutions. The directional arrows clearly show that the
solutions are moving away from the critical point, pointing out that the system is unstable.

Example # 5.4 Consider a pair of coupled differential equations represented by the

coefficient matrix
20
A= . 5.75
{0 2} 579)

The set of differential equations associated with the coefficient matrix is

x (1) =2x (1)
x,(1)=2x,(t)

The initial conditions are given as

o)

(5.76)
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The eigenvalues of the coefficient matrix are equal even though the coefficient matrix

is not defective because two distinct eigenvectors are associated with A in eqn. (5.75).
The eigenvalues and eigenvectors are

_2 o — 1
42 7ey]

0 (5.78)
o ]

The solution set in terms of two unknown constants c, and c, becomes

x, (t)=ce”
1(1)= . (5.79)
x, (1) = c,e”
Applying initial conditions, the solution set becomes
x (¢)=é"
(1) (5.80)

x,(t)=¢""

It is clear from the set of differential equations in eqn. (5.76) that the set does
not constitute a pair of coupled equations and therefore, no second order differential
equation is necessary to obtain the solution set. Using the concept of Laplace
transforms, the Laplace transforms become

1
s—=2
X, ( s) = L

s—=2
Taking inverse Laplace transforms, the set of Laplace transforms in eqn. (5.81) leads
to the solution set in eqn. (5.80).
The phase portrait for the coefficient matrix in eqn. (5.75) is shown in Figure
5.16. The unstable equilibrium conditions are seen.

X, (S)z

(5.81)

Example # 5.5 It is interesting to observe how the solutions behave for a system having
equal eigenvalues with a degenerate coefficient matrix. Consider a set of differential
equations represented by the coefficient matrix

4= ! 5.82
“lo 2| (5.82)

While the two eigenvalues of the matrix are equal (each being 2), the matrix is defective
requiring the use of generalized eigenvectors. The use of the generalized eigenvectors
alters the gallery of solutions as seen in Figure 5.17.

The set of differential equations associated with the coefficient matrix in eqn. (5.82) is
x (1) =2x(t)+x,(¢)

% (1) =25 (1) G5



www.pdfgrip.com

First Order Coupled Differential Equations with Constant Coefficients 259

3 T — T ——r—r
o e N S ayd
Tl RN h I T R S -~

2 Py M NN LS T R S/ a ~
e T T L T R P~ el
e, e > LI ) -~ ]

1.___\_\_ R by : i e i

i P ————— ]

AP T e T P e
- -~ e I i . T
o o4 N " |

2w Fy /N S B T u g
- Py L/ AT R Wy, e T ]

Ny &8 SRR\ o O
=3 -2 -1 V] 1 2 3

X, (0

Figure 5.16 The phase plane plots or gallery of solutions. The directional arrows clearly show that the
solutions (straight lines) are moving away from the critical point, pointing out that the system is unstable.
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Figure 5.17 The phase plane plots or gallery of solutions. The directional arrows clearly show that the

solutions (no longer straight lines) are moving away from the critical point, indicating that the system is

unstable. The use of the generalized eigenvector (due to the defective nature of the coefficient matrix)
alters the nature of the solutions.
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The initial conditions are given as

kl ((((;))} B m : (5.84)

The eigenvalues are 2 and 2. But the matrix is defective because we only have a single
eigenvector requiring a pair of generalized eigenvectors,

30

The general solution can be written in terms of the generalized eigenvectors as

x (1) =ec, +c,te”

5.86
x, (1) =c,e” (5:86)
Applying the initial conditions, the constants can be evaluated as
¢=0 ¢ =1, (5.87)
The solution set now becomes
x, (1) =te*
() L (5.88)
x,(1)=¢"

If we compare the solution set in eqn. (5.80) and the solution set in eqn. (5.88), it is
seen that the defective nature of the matrix leads to scaling by t in eqn. (5.88). This
leads to the difference in the trajectory of the solutions as seen in Figures 5.16 and 5.17.

Example # 5.6 Consider a pair of coupled differential equations represented by the

COGfﬁCleIlt matrix
< 4 . 5 . 8 9

The set of corresponding differential equations is

x (1) =x(t)+x,(1)
x, (1) ==2x (t)+x, (1)

The initial conditions are given as

{2 Egﬂ :m ’ (5.91)

(5.90)
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The eigenvalues and eigenvectors of the coefficient matrix are

i

L=1-iN2 ¥ =2

L=1+i2 %= 2
Using the eigenvalues and eigenvectors, the solution set becomes
V2 V2
x(1)= - ¢ s1n(\/§t) t=de cos(x/zt) |
x,(1)=¢'c, cos (\/Et) —é'c, sin (\/Et)

Applying initial conditions in eqn. (5.91), ¢, and c, are evaluated as

¢ =0 czzﬁ.

Using eqn. (5.94), the solution set becomes

x(t)=¢ cos(\/gt)

x, (1) =—2¢' sin(\/gt) .
A second order differential equation is created as

3 (1)=2x (1) +3x, (1) =0 .

The roots of the characteristic equation are
[1+12]  [1-12]
The pair of complex roots leads to the solution set as
x(t)=¢ [bl cos(x/zt) —b, sin (\/Etﬂ
%, (1) = =2¢/ [ By sin (V/2¢) + b, cos (V21 | '

Applying initial conditions, the two constants b, and b, are evaluated as

b=1 b=0.

(5.92)

(5.93)

(5.94)

(5.95)

(5.96)

(5.97)

(5.98)

(5.99)

Substituting the values of b, and b, is eqn. (5.98), the solution set matching the set

given in eqn. (5.95) is obtained.
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The Laplace transform of the differential equations are

-1
Xl(s)zzs_
N —2s2+3 (5.100)
Xz(s)z_s2—2s+3

Taking inverse Laplace transforms of the set in eqn. (5.100), the solution set obtained

matches the set in eqn. (5.95).
The phase portrait associated with the coefficient matrix in eqn. (5.89) is shown

in Figure 5.18 illustrating that the system is unstable.
Example # 5.7 Consider a pair of coupled differential equations represented by the

coefficient matrix

FE R (5.101)
BEEEER '
The set of differential equations associated with the coefficient matrix is
x, (£)=x(t)-x, (¢
(0)=5)-5() oo

x'2 (t) =-X (t)+x2 (t) ’

The initial conditions are given as

Bﬁ ((zﬂ B {—IJ ‘ (5.103)

3 - ; e
i1/
‘ bt g ——_
SRR VI T \‘,
1 WA o %
= AN\ UL b
e AU R T \'\,
or LYY A \' 1
MONAW w My e A \",I
W T Vi
i VN
N e S
e HEFL
ST il
-3 -2 2 3

x, (0

Figure 5.18 The phase plane plots or gallery of solutions. The directional arrows clearly show that the
solutions are moving away from the critical point, pointing out that the system is unstable.
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The eigenvalues and eigenvectors are

_O _’_1
A=0 5=,

11 (5.104)
s ne]

Using the eigenvalues and eigenvectors, the solution set becomes

x (1) =¢ —c,e”
. (5.105)
x(1)=¢ +ce
Applying the initial conditions in eqn. (5.103), the two constants ¢, and c, can be
evaluated as
=0 ¢c,=-1. (5.106)

The solution set now becomes

2t

x(tf)=e
X, (t) =—e

The second order differential equation corresponding to the set of differential equations
is

(5.107)

2t "

x (1)-2x(t)=0. (5.108)

The roots of the characteristic equation are 0 and 2 which lead to the solution set in
eqn. (5.107). The Laplace transforms of the differential equations are

(5.109)

Taking the inverse Laplace transform of the set in eqn. (5.109), the solution set obtained
matches the solution set in eqn. (5.107).

Example # 5.8 It is possible to compare this example to the case of a set of differential
equations represented through the coefficient matrix

a0 110
=10 3| (5.110)

The eigenvalues are 0 and -3. The gallery of solutions is displayed in Figure 5.20
which shows that the directional arrows point to the critical point demonstrating the
system is asymptotically stable.
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Figure 5.19 The phase plane plots or gallery of solutions. The directional arrows show that the solutions
are straight lines and that they are moving away from a line through critical point, indicating that the
system is unstable.
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Figure 5.20 The phase plane plots or gallery of solutions. The directional arrows show that the solutions
are straight lines and are moving towards a line through the critical point indicating that the system is
asymptotically stable.
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Example # 5.9 Consider a pair of coupled differential equations represented by the

coefficient matrix
A= 22 5.111
- _2 _2 M ( . )

The set of differential equations corresponding to the coefficient matrix is

x, (1) = 2x, (1) +2x, (1) (5.112)
4(0)==2x (1)-25(1) |

{2 ((?)ﬂ ) {:j ' (5.113)

The coefficient matrix has a unique set of eigenvalues. They are both equal to 0 and the
coefficient matrix is defective. This means that generalized eigenvectors are required.
The eigenvalues and generalized eigenvectors are

The initial conditions are

ol (5.114)
o

Using the generalized eigenvectors and the eigenvalue, the solution set in terms of

two unknown constants c, and ¢, becomes
t)=c (2t +1)+2c,t
6 (1) =6 (21+1)+ 26, . (5.115)
X, (t) =-2¢t-c, (2t - 1)

Applying the initial conditions and evaluating the unknown constants, the solution
set becomes

x (1)=—4r-1
(5.116)
X, (t) =4t-1
The second order differential equation is unique and it is given by
x (1)=0. (5.117)

The roots of the characteristic equation are equal and each is equal to zero leading to
the solution set as

x (t)=b +byt

b - (5.118)
x,(t)=—b byt +?2
Applying initial conditions, the values of b, and b, are obtained as

by=-1 b=—4. (5.119)
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Substituting for b, and b, the solution set obtained matches the result in eqn. (5.116).
Taking Laplace transforms of the differential equations, the Laplace transforms

are obtained as

-s—4

X =

) S2+4. (5.120)
)

X, (s)= e

Taking the inverse Laplace transforms, the solution set obtained matches the solution

set in eqn. (5.116).
Example #5.10 Consider a pair of coupled differential equations represented by the

coefficient matrix

A—lO
L ol (5.121)
3 T R M w  a,
Rl T S T
; b e T T W S, WS,
NN N N N NN N
L T T T "
1_~.- LT T S T T T
T T ‘-‘\\H"\'\‘\\"
o T VL T . T U
= .N\\\h R
xNu\‘x‘\.\\.x St R o
R . - B N
T T e
'1.‘\‘\"\.\‘\_\.\\ \.
A N T,
‘2_‘\\'&\\\\&
i T L W U
o W . W L W VL SR
Y B T, W I SR :
-3 2 -1 0 1 2 3

Figure 5.21 The phase plane plots or gallery of solutions. The directional arrows clearly show that the
solutions are moving away from a line through the critical point, pointing out that the system is unstable. The
case of a single eigenvalue of zero and double zero eigenvalues can be compared and seen that in the latter
case arrows only point in two directions while in the former case they are moving away in four directions.
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The set of differential equations associated with the coefficient matrix is

xi (t) =-X (t)
x, (1) ==2x,(¢)-3x,(¢)
The initial conditions are given as

L)Z Egﬂ B {_11} ' (5.123)

The eigenvalues and eigenvectors associated with the coefficient matrix are

— 3 _’_O
o o

(5.122)

ik (5.124)
L=-1 ¥, =
1w
The solutions set using eigenvalues and eigenvectors becomes
x (1) =—cye”
L - (5.125)
x(1)=ce™ +ce
Applying initial conditions, the constants c, and c, are evaluated as
=0 ¢, =1. (5.126)
Using the values of ¢, and c,, the solution set in eqn. (5.125) becomes
x (t)=—e"
(1) (5.127)

x(1)=¢"
Because the first differential equation in eqn. (5.122) does not contain x,, the second

order differential equation in x, is created starting from the second differential equation
in eqn. (5.122) as

X, (1) + 4%, (1)+3x, (1) =0 . (5.128)

The roots of the characteristic equation are -3 and -1 and a solution set matching the
set in eqn. (5.127) is obtained in this case.

Taking the Laplace transforms of the differential equations, the Laplace transforms
become
-1

A=

1 2 1

Xz(s):s+3+(s+3)(s+l) s+1

(5.129)

Taking inverse Laplace transforms, a solution set matching the set in eqn. (5.127) is
obtained.



www.pdfgrip.com

268  Differential Equations: A Problem Solving Approach Based on MATLAB

3\.\'\ "'IL‘lJ.L jl T
W
21-.-.». vl 1 11 I{ ;
e o) e | il JJ'J"{
o bl ol A 'Sraryy
. NPT N
<N O I 1o ¥l /
= » [ | IJ'.FIJ"
L L T
i AL Y R
ef o Fe ] ’ = j?
f of o] T i P
T R R Al "
o] tft]a oy =
j'fft\ N o
(A S I O T WA iz
1 R R TR TR —
: N fFlt it . AR -
3 2 - 0 1 2 3
x, (1

Figure 5.22 The phase plane plots or gallery of solutions. The directional arrows clearly show that
the solutions are moving towards to the critical point and converging pointing out that the system is
asymptotically stable.

5.2.2 First order non-homogeneous systems

A typical first order coupled equations with constant coefficients with external forcing
functions constitute a non-homogeneous system represented in eqn. (5.4). A complete
solution to the non-homogeneous system is written as the sum of the solution to the
homogeneous part %, (¢) and a particular solution X, () as

% () =X +6,X, =) ¢ X, (1). (5.130)

}. (5.131)
X(t)=x%,(1)+%,(1). (5.132)

The particular solutions set can be obtained from the fundamental matrix using the
method of variation of parameters described in in Appendix D as (see eqn. (D. 140)) as

% (1) = {xlp } () [[x(0)] (5.133)

X, (1)
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Note that X(t) is the fundamental matrix defined in eqn. (5.10). If the initial conditions
are given, the unknown coefficients ¢, and c, can be obtained. Given the initial
conditions, the solution can also be obtained using the concept of Laplace and inverse
Laplace transform as

sz ((tfﬂ - {[SIZ -] [(2 E?)J +L(g(r ))}} : (5.134)

5.2.2.1 Example of non-homogeneous coupled first order systems

Example # 5.11 Consider a system described through the coefficient matrix A, with
initial conditions and forcing functions given by

N
A= . (5.135)

-1 1
g(;):{:;i((?)} . (5.136)
K;((z))}:m : (5.137)

The set of coupled differential equations described through eqns. (5.135)—(5.137) is
X, (1) ==x(1)+2x,(¢)+cos(r), x(0)=2
X, (1) =—x,(¢)+x,(¢)+1sin(r), x,(0)=1

The eigenvalues and the eigenvectors of the coefficient matrix A are complex and

are given by
_ 1+i
ﬂ’l = —l Vl = 1

=i
A, =i vzz{ : }

The fundamental matrix associated with the coefficient matrix (and the homogeneous
differential equations set) is

X(1)= [)?1 XZJ _ {cos(t)+sin(t) cos(t)—sin(t)} .

cos(r) —sin(7)

(5.138)

(5.139)

(5.140)

The solution to the set of homogeneous differential equations is

5,()=cX +e,.X, = ¢ {Cos(t)mn(t)}cz {COS(I)_Sin(I)} - (5.141)

cos(r) —sin(7)
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The particular solution set is obtained using the expression in eqn. (5.133) as

sin (1) ~ 1> cos(t) . tcos (1)

% (1)= 2 2 2 . (5.142)
? sin(7) ~ 1> cos (1) . t*sin(r) _ teos (1) ~ tsin(r)
4 4 4 4 4

The general solution to the non-homogeneous set of differential equation is the sum
of the homogeneous and particular solution sets. Using eqns. (5.141) and (5.142), the
general solution becomes
sin(7) zcos(z)
{xl (I)} {cos(l)+sin(1)} {cos(t)—sin(t) > T, (1-1)
=¢q + c,

6 (1) cos (1) —sin (1) } O 1) L0 |

(5.143)
Applying initial conditions to eqn. (5.143), the two constants ¢, and c, are evaluated as

M
= . (5.144)
c, 1

Substituting the values of ¢, and ¢, in eqn. (5.143) and simplifying, the solution set
becomes

x (t)chos(t)—i—Sinz(t) reos(t)
sin(7)
oV

( ) . (5.145)
tcos

x, (¢) =cos(t)+ £ —t=3)-——2(1+1)
Incorporating the initial conditions, the Laplace transform of the differential equation
can be performed and the Laplace transform set becomes

) R +( +2j(s—1)

(s2+1) s*+1
L)? EZﬂ - s*+1 : (5.146)
2 2s
+1|(s+1)-

s+l

(sz -1-1)2
52 +1

Taking inverse Laplace transforms, the solution set matching the solution set in eqn.
(5.145) is obtained.

Example # 5.12 The coefficient matrix, forcing functions, and initial conditions are

given as
1 2
A= . (5.147)
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g(t):Ltt} . (5.148)

{2 ((((;))} =m ‘ (5.149)

The set of coupled homogeneous set of differential equation becomes

x (1) =x(1)+2x,(1)+t, x(0)=1

, . (5.150)
x(1)=2x(1)+x,(1)+e”, x,(0)=0
The eigenvalues and eigenvectors of the coefficient matrix are
-1
ﬂ‘l ) _1 Vl ={ 1 i|
. (5.151)

o]
1

The fundamental matrix associated with the coefficient matrix (and the homogeneous
differential equations set) is

. . _e—t e}t
X(r)=[%, XJ:{ g 3,} . (5.152)
e e
The solution to the set of homogeneous differential equations is
. - _eft e3t
fch(t)zch1+ch2=c{ y }ch[ 31} . (5.153)
e e

(5.154)

+
2 8 3 9

The general solution to the non-homogeneous set of differential equations is the sum

of the homogeneous and particular solution sets. Using eqns. (5.153) and (5.154), the

general solution becomes

s(0]_ [ [¢].]3 8 29
=c +c +
Lz(r)} {} H w o a4l O
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Applying initial conditions to eqn. (5.149), the two constants ¢, and c, are evaluated as
-1

C]

{ }: 49 | . (5.156)

C.
2l

Using the constants ¢, and c, in eqn. (5.156), the solution set in eqn. (5.155) becomes

(5.157)
49 5, 9 , 2t t , 4
,(1)= - -+ +—
72 8 3 2 9
The Laplace transform relationship is obtained as
- . -
) 5 _(s—l) S2+1J
2 2
|:X1(s)}: (s+1)(—s +2s+3) (—s +2s+3) . (5.158)
X, (s)

2(12+1j
) s—1

_(—s2 +2s+3) (s+1)(—s2 +2s+3)

Taking the inverse Laplace transforms, the solution set matching the set in eqn. (5.157)
is obtained.

Example # 5.13 The coefficient matrix, forcing functions and initial conditions are

given as
1 0
A= . (5.159)

g(1)= LL} . (5.160)

o)

The set of coupled homogeneous set of differential equation becomes

x(1)=x(t)+7*, x(0)=1

, . (5.162)
x, (1) ==2x,(¢)+3x,(¢)+te”, x,(0)=1
The eigenvalues and eigenvectors of the coefficient matrix are
L1
ﬂ'l = 1 Vl = 1
(5.163)

=3 *_0.
4=3 5]
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The fundamental matrix associated with the coefficient matrix (and the homogeneous
differential equations set) is

- e 0
X(r)=] %, X2J={t 4 . (5.164)
e e
The solution to the set of homogeneous differential equations is
. S 5 e 0
% (1)=c X +6,X, =¢ el s (5.165)
e e
The particular solution set is obtained using the expression in eqn. (5.133) as
—1*=2t-2
x,(t)= 16, 1 1 —r_th_E ) (5.166)

e e
9 16 4 3 27

The solution set can now be expressed as the sum of the homogeneous and particular

solutions as

x(t) ¢ 0 -2 =2t-2
{1 }zcl[ t}+c{ 3t}+ 16 1 ., ¢t ., 2, 52| (5.167)
% ()] e B e B s

9 16 4 3 27

Applying initial conditions in eqn. (5.161) to the solution set in eqn. (5.167), the two
constants are obtained as
3
cl
{ } = 5 . (5.168)

432
Substituting eqn. (5.168) in eqn. (5.167), the solution set becomes

x (t)=3e —2t-1> -2
s . (5.169)
x,(t) =3¢ —Le” —ie” —&t—i - —gt2 -=
16 432 9 4 3 27

The Laplace transform relationship is obtained as

%+1
{2((2))]: (S:I)ZHSI (;”j : (5.170)
N )

Taking the inverse Laplace transform, the solution set matching the set in eqn. (5.169)
is obtained.
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5.2.2.2 Non-homogeneous coupled differential equations with constant
(no time dependence) forcing functions

While the method described above can be used even when the forcing functions
are numbers instead of time dependent entities, in the absence of time dependent
forcing functions, another simple approach exists for solving a pair of coupled non-
homogeneous first order differential equations with constant coefficients. The typical
non-homogencous differential equation given in eqn. (5.4) is now expressed as

&
dx dt .
—= =Ax+q . 5.171
a | dv, q (5.171)
dt
In eqn. (5.171), the forcing function expressed in vectorial form is
q{q‘} . (5.172)
q,

The initial conditions are

x(o):{z Egﬂ (5.173)

While the critical point associated with a pair of coupled first order homogeneous
differential equations with constant coefficient is [0, 0], the critical point associated
with set of the non-homogeneous differential equations in eqn. (5.171) is the solution of

dx 0
—=AX+q = . 5.174
7 q M (5.174)
In other words, the critical point is the solution of

0
Axﬂy:M = Ai=—§ (5.175)

Using simple principles of linear algebra, the critical point becomes

|:x10:|=A1 4] Al{—ql} _ (5.176)

X0 9

In eqn. (5.176), A" is the inverse of the matrix A. Note that if ¢ is a null vector,
the critical point will the origin, [0, 0]. But, when ¢ is not a null vector, it is obtained
as [x,,, X,,]. If a(t) and B(t) denote the departure of x (t) and x,(t) from their respective
equilibrium values,

N
—
~
N—
Il

X, (t)—xlo

X, (t) — Xy '

(5.177)

=

—
~

~—
Il
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Using eqn. (5.177), the non-homogeneous differential equation set in eqn. (5.171)
can be expressed as

%[a(f)+xw:| =4, [a(t)+x10:|+A12 [:B(t)+xzo:|+%

d (5.178)
E[ﬂ(l)+x20} =4, [a(t)+xm}+A22 [ﬁ(t)+x20]+q2
Carrying out the differentiation leads to
d
= a(t)] = Ay (1) + A, B(1)+ A,x, + Ay x, + 4,
d (5.179)
E[ﬂ(t)] = AZla (t) + Azzﬂ (t) + A2]x10 + Azzxzo +4q,
Because [x,, x,,] is the solution to eqn. (5.175),
A% + ApXyy = =4, . (5.180)
Ay Xy + Ay Xy ==,
Using eqn. (5.180), eqn. (5.179) becomes
d
= a(t)]=4,a(t)+4,B(t)
(5.181)

L1p(1)] = Ana(0)+ Auplr)

It can be seen that eqn. (5.181) is a homogeneous coupled first order system defined
by the same coefficient matrix A. In other words, eqn. (5.181) is the homogeneous
equivalent of the non-homogeneous set given in eqn. (5.171) with a new set of initial
conditions

a(0)=x(0)-x,
/3(0) =X, (O)—x20 )
Once eqn. (5.181) is solved for a(t) and B(t) with the initial conditions in eqn. (5.182),

the solution set of the non-homogeneous differential equation set can be written using
eqn. (5.177) as

(5.182)

X, (t) = (t) + X

X, (t) = ,B(t) + X,y
It is clear from the discussion above that the approach described here works only
when the coefficient matrix is invertible (determinant of the matrix cannot be zero).

An example is shown now comparing the two approaches to illustrate that the method
described above is rather simple.

(5.183)

Example # 5.14 Consider a non-homogeneous coupled system with the coefficient
matrix, forcing functions and initial conditions are given as

ao| ! 5.184
4o (5.184)



www.pdfgrip.com
276  Differential Equations: A Problem Solving Approach Based on MATLAB

g‘(t):{ﬂ . (5.185)

pat|

The set of differential equations are

x(1)=x(1)+x,()+3, x(0)=1

x, (1) =4x (1) +x,(1)+4, x,(0)=-1 (5.187)

The equilibrium or the critical point of the non-homogeneous system is obtained
using eqn. (5.176)

1
O =
X I 1] |3 3
= = . 1
LZJ {4 1} {—4 8 A%
3
The phase plane plot for the non-homogeneous system and the homogeneous system

are given. They show that the critical point matches the values in eqn. (5.188) for
the non-homogeneous system described by the differential equations in eqn. (5.187).

Using the new critical point, the new initial conditions are

4
a(0)=x(0)—x, =3
5 - (5.189)
B(0)=x,(0)—xy 3
The equivalent set of homogeneous differential equations is
, 4
@ ()=alt)+ (1), a(0)=1
5 (5.190)
§(0)=4a(0)+ 5(0), (0)=3
The eigenvalues and eigenvectors of the coefficient matrix are
1
A=-1 v=| 2
! (5.191)

1
=3 V= 9
1
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phase plane plot: non- homogeneous system
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Figure 5.23 Phase portrait associated with the non-homogeneous system in Example # 5.14. The critical
point is not located at the origin.

phase plane plot: homogeneous system
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Figure 5.24 Phase portrait associated with the modified homogeneous system in Example # 5.14. The
critical point is now at the origin.
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The solution set for the new homogeneous set is

1 1
O[(t) _ | T A 3| A
=ce 2 [+ce’| 2 (5.192)
A1)
1 1
Applying initial conditions in eqn. (5.189), ¢, and ¢, become
1
G 2
= . 5.193
HEE (5.199)
6 |
The solution set of the equivalent homogeneous set becomes
a)] 1 -2 s L e e
{ t}:_ieﬁ 2145215 3, Gy
ﬁ( ) 1 1 __e—t ++_e3t
- 2 6

The solution set of the non-homogeneous set of differential equations are obtained
using eqn. (5.183) as

{xl(f)} :{a(f)}{xm} _ %eit +%e3t _% (5.195)

X, (t) ﬂ(t) X0 _le—z +Ee3’ _§
2 3

The non-homogeneous set of differential equations will now be solved using the
standard approach where the particular solution is obtained separately. The fundamental
matrix associated with the coefficient matrix is obtained using the eigenvalues and
eigenvectors in eqn. (5.191)

e—t e}t
X()=[% X]=|2 2. (5.196)
e—t e3)‘

The solution to the set of homogeneous differential equations is

—t 3t

e e
%,(t)=bX, +b,X,=b| 2 |+b| 2 |. (5.197)
eft e3t

The particular solution set is obtained using the expression in eqn. (5.133) as

% (6)= . (5.198)
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The solution set can now be expressed as the sum of the homogeneous and particular
solutions as

1
e e -
{xl (’ﬂ:bl 5 b 2 |+ ; : (5.199)

Applying the original initial conditions given in eqn. (5.186), the two constants b,
and b, become

1
g
Vo] 2. (5.200)
b | 13
6

Substituting b, and b, in eqn. (5.199), the solution set of the non-homogeneous set
becomes

1o B L
s a2t (5.201)
xz(t) _le—t Ee& 8
6

Notice that the solution sets in eqn. (5.195) and eqn. (5.201). Furthermore, it can be
seen that the particular solution in eqn. (5.198) matches the equilibrium or the critical
point in eqn. (5.188). It should be noted that the approach based on converting the non-
homogeneous system to an equivalent homogeneous system with a new set of initial
conditions works only when the forcing functions are numbers, with the coefficient
matrix being invertible.

5.3 Multiple First Order Coupled Differential Equations of
Constant Coefficients

The concept of the fundamental matrix can be extended to find solutions to a set of
coupled differential equations with constant coefficients. If there are n variables, the
set of differential equations are completely defined by the [n x n] coefficient matrix
A and the [nx 1] vector g (t) g(t) consisting of the forcing functions. Equation (5.4)
becomes
]
dt
dx,
dt
dx

- =AX+5(1) - (5.202)

dx
dr
dx

L dt |
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The initial conditions will consist of another [n x 1] vector

%, (0) |
2(0)
x(

7(0)= 0) . (5.203)

Kol (0)
(0) |

The forcing function also constitute another [n

(r) |
& (t)
(1)

8- (t)
| &.() ]

Even though the forcing functions are represented as functions of t, if the forcing
functions constitute a null vector, the set of equations in eqn. (5.202) becomes a set
of homogeneous first order differential equations. Another important point to be noted
is that it is not necessary for all the elements of the vector in eqn. (5.204) be time
dependent, they may even be constants represented by real numbers.

The procedure for obtaining the solution to a set of non-homogeneous first order
coupled differential equations of constant coefficients is identical to the procedure
used for obtaining the solution in the case of a pair of coupled equations. The solution
is once again written as the sum of the solution to the homogeneous part and the
particular solutions set.

><

=

:

><

B

1] vector,

2°

3

oQy
—_
=
1]
oQ

(5.204)

5.3.1 Solution using eigenvalues and eigenvectors

The first step in this procedure is the determination of whether the coefficient matrix
is defective or not. If the matrix is not defective as demonstrated in terms of having n
distinct eigenvectors, the solution to the homogeneous part can be written as

1))=Y cx (1) . (5.205)
k=1
In eqn. (5.205),
X ()=ver =X, k=12,..n. (5.206)

The distinct eigenvectors are represented by v, and the corresponding eigenvalues
are A,. The fundamental matrix associated with the set of differential equations is

X(0)=[X, X, - X]. (5.207)
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Depending on the algebraic and geometric multiplicities of the eigenvalues, if
the matrix is deemed to be defective, the solution to the homogeneous part can still
be expressed by eqn. (5.205) with the individual solution vectors represented in terms
of the generalized eigenvectors. This aspect is discussed in detail in Appendix D.

The particular solution is obtained as described in eqn. (5.133). The general
solution can be written as

X()=X(t)c+%,(1). (5.208)

Ineqn. (5.208), X, (t) isan[nx 1] vectorand ¢ isa vector of size [nx 1] consisting of
unknown constants to be determined by applying the initial conditions. The particular
solution X, (t) is obtained using eqn. (5.133) noting that we now have an [n X n]
fundamental matrix and the solution vectors and the forcing functions are of size
[n x 1]. The homogeneous solution set as a vector can be written as

% (6)=Xx(1)e . (5.209)

While obtaining the unknown constants is relatively simple in the case of a pair
of coupled first order differential equations, the evaluation of the constants becomes
cumbersome as n goes up. The vector ¢ can be evaluated using the concepts of inverse
of a matrix. Setting t = 0 eqn. (5.208) becomes

X(0)¢=%(0)-%,(0) - (5.210)

In eqn. (5.210),
X(0)=x(1),,
%, (0)=%, (),

Equation (5.210) can be rewritten as a simple matrix equation (matrix-vector equation)
in terms a new [n x 1] vector X, (0),

(5.211)

%,(0)=%(0)-%,(0) . (5.212)
The solution for vector ¢ is given by
é=[x(0)]"%,(0) . (5.213)

The power of (-1) on the right hand side of eqn. (5.213) implies the inverse of the
matrix. Once ¢ is substituted in eqn. (5.208), the complete solution is obtained.

5.3.2 Solution using Laplace transforms

With the availability of initial conditions, the complete solution can be obtained in a
way similar to the method adopted for a pair of coupled first order differential equations
in eqn. (5.134) which can be rewritten as

#(0) =L {[st, 4] #(0)+ L(2(1))} - (5.214)
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5.3.3 Examples

Example # 5.15 Consider the coefficient matrix A, initial conditions X(0) and the
forcing function g (t ) given by

0 -1 1
A=[0 2 0]. (5.215)
-2 -1 3
0
7(0)=|0] . (5.216)
1
1
g()=| 1t |. (5.217)
eft

The coupled differential equations can be expressed as
x (1) =—x,(t)+x;(¢)+1
x, (1) =2x,(1)+1 . (5.218)
x, (1) ==2x,(t)—x, (¢)+3x, (¢)+e”

The eigenvalues and eigenvectors of the coefficient matrix are

1
A=1 %=[0

1

1

q 2

Ah=2 B=| . (5.219)

0

1

0

Even though two of the eigenvalues are equal, eigenvectors associated with these
eigenvalues are distinct and therefore, the coefficient t matrix is not defective. The
fundamental matrix in eqn. (5.207) becomes

ezr eZt
e —— —
2 2
X(t)=|0 & 0 (5.220)
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Using a set of unknown constants to be determined, the solutions to the associated
homogeneous set of differential equations become

2
%(20, —c,e +c3e’)
%, (1)=X(1)é = e (5.221)

t t
e (c1 +ce )

Using the method of variation parameters expressed in eqn. (5.133), the particular
solution set is given by

()= ——=-— |. (5.222)

6 2 4]

The complete solution is the sum of the homogeneous and particular solutions and
the solutions set is given as

e e’ t 9
E(ZCI—C2€t+C3€Z)+?—E—Z
- t 1
X(t)= e’ 37 : (5.223)
et 7
I e’(cl+c3e’)———5—z |

3]
o] |3

i=lel=| 5 (5.224)
G117
12

Substituting the constants from eqn. (5.224), the solutions set for the differential
equations in eqn. (5.218) becomes

w 3, et 9
e ——— -2
12 2 6 2 4
%(t) = el (5.225)
4 2 4 ' '
1762’+Ee’———£—Z
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Based on the relationship of the Laplace transforms and differential equations given
in eqn. (5.214), the Laplace transform of the solution set becomes

—25° +45+1

_s2 (s—l)(s+1)(s—2)
1

e

(5.226)

—s' =25 +2s* +35+1

TP (s=1)(s+1)(5-2)

Taking the inverse Laplace transform, the solution set obtained matches the set in
eqn. (5.225).

Example # 5.16 Consider the coefficient matrix A, initial conditions X(O) and the
forcing function g (¢) given by

-1 -1 1
A=|-1 2 -1]. (5.227)
-1 1 0

0
#(0)=]1]. (5.228)

1

te”
g()=|e"|. (5.229)

e[

The coupled differential equations can be expressed as
x (1) ==x(t)—x, (¢)+x,(¢) + e
x, (1) =—x, (t)+2x, (t)—x, (1) +e” . (5.230)

x (1) ==x (t)+x,(t)+¢
The eigenvalues and eigenvectors of the coefficient matrix are

2
A=-1 %=1
1

= (5.231)
Ay=1 %=1
1
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Equation (5.231) shows that the coefficient matrix is defective because distinct
eigenvectors do not exist for the pair of equal eigenvalues. This requires the generation
of generalized eigenvectors (V,, and §g3) for the eigenvalue pair. These can be obtained

using the method described in Appendix D and they are

X(¢)

1
- 2
i=ly (5.232)
1
i -
2
3e't
- 5.233
: (5233)
_er(ﬁ_lj
2 -

Using a set of unknown constants to be determined, the solutions to the associated
homogeneous set of differential equations become

¢

(0)=X()

ce’ +%2e’ (3t+2)-

ce

2ce’ -

L 3ot ¢
“Gg

C
Gy
2

c
e+
2

3 te'
b il (5.234)

3t-2)

Using the method of variation parameters expressed in eqn. (5.133), the particular

solution set is given by

e

—t

L (2t—e +2ee? 420 +1)

4

(4t —e¥ 1 2te™ — 6% + 247 + 1)

e

eft

8

(41‘ —e¥ +10te* —61%e* + 247 + 5)

(5.235)

8
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The complete solution is the sum of the homogeneous and particular solutions and

the solutions set is given as

B 2t 2t 2
R (2t—e +2te” +2t +1)
! 2 4
3c.te 4t —e” +2te” —6t7e™ + 217 +1
x(1)= ce”+c—ze’(3t+2)— Gt +e”( )
‘ 2 8
3c.te! 4t —e* +10te™ —6t°e™ + 21> +5
e’ e o Y (3t—2)+e”( 2 )

Applying the initial conditions in eqn. (5.216), the unknown constants are

_l_
8
=l |-|2
=l¢ [=|=]|.
8
¢, 3
8]

(5.236)

(5.237)

Substituting the constants from eqn. (5.224), the solutions set for the differential
equations in eqn. (5.218) becomes

e

e

(2t 43" +4re” 3t

. (t —e™ +2te” + 217 + 1)
2

e

2 2t

e +t2+1)

—1

4
(Zt +e¥ +8te* =32 +12 + 3)
4

(5.238)

Based on the relationship of the Laplace transforms and differential equations given
in eqn. (5.214), the Laplace transform of the solution set becomes

s +3
(s—l)3 (s+l)3
—5° 25" +257 + 757 +35+3
3
(s*-1)

—s° =25 +55* +55+5

(s*-1)

(5.239)

Taking the inverse Laplace transforms, the solution set obtained matches the set in

eqn. (5.238).
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Example # 5.17 Consider the coefficient matrix A of size [4 x 4], initial conditions
() and the forcing function g(r) given by

-1 0 0 O
a0 PO 240
1o 0 1 -1 (5:240)
0 0 0 1
0
. 1
x(0)= e (5.241)
-1
el
- te”
g(1)= | (5.242)
t
The set of differential equations associated with the coefficient matrix is
x (1)=—x(1)+¢
x (1) =—=x, (t)+x, () +te”
2,() (1) +x, (1) , (5.243)
X, (t) =X, (t)—x4 (t)+e
x, (1) =x,(t)+1
The eigenvalues of the matrix are
ha =l (5.244)
13,4 =-1" '
The difficulties arise because the coefficient matrix only has three eigenvectors,
0/[1]]0
01101
1llollo (5.245)
0/]10|]0

There is a need to determine which of the eigenvalues are degenerate so that appropriate
generalized eigenvectors can be created. To find this out, the first step is to determine the
eigenvectors associated with the eigenvalue of 1. These are obtained as the solution of

(4-21,)=0 . (5.246)
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There is only a single solution to eqn. (5.246),
V= ) (5.247)

Repeating the procedure for the second eigenvalue of -1, the solution consists of two
eigenvectors

(5.248)

This means that the eigenvalue of 1 is degenerate and there is a need to find a pair of
generalized eigenvectors associated with this eigenvalue. Using the technique described
in the Appendix D, the generalized eigenvectors are

1
J2]. (5.249)
0

e’ 0 0 0
0 e 0 le’
X(t)= 2 (5.250)
0 0 € -t
0 0 0 ¢

%)= T2 (5.251)
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The particular solutions set is

[
2

_t_e__z
2

—t-1

(5.252)

Combining the homogeneous and particular solutions, the general solution becomes

L e
ce'+—
2

2 -t
o4 C t'e
e+t +——1
2 2

—t

(c;—cyt)e! —t—%—Z

ce —t-1

Applying initial conditions, the constants become

The solutions set now becomes

1
G 2

(5.253)

(5.254)

(5.255)
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The Laplace transforms become

1
s -1
1 1 1

s+l (s+1) 8
X = .
() s +357+25+1 | (5.256)

s’ (sz - 1)

s+1

2
S

Taking the inverse Laplace transforms, the solution set matching to the one in eqn.
(5.255) is obtained.

Example # 5.18 Consider the coefficient matrix A of size [4 x 4], initial conditions
%(0) and the forcing function g(¢) given by

1 0 0 0
A= o b 0o 5.257
14 300 (5:257)
-1 -2 0 -3
1
. 1
x(0)= e (5.258)
-1
6731
= te3t
g(t)= P (5.259)
t+e
The set of differential equations associated with the coefficient matrix is
x(1)=x(t)+e™
x, (1) =x, (1) +1e”
() — ‘ (5.260)
x (1) =x(¢)+4x,(t)-3x, (1) +e
x, (1) ==x,(1)=2x,(¢)=3x, (1) +t+¢'
The eigenvalues of the matrix are
=-3
A (5.261)

23,4 =-1
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The matrix is not defective because four distinct eigenvectors exist. These are

0110 |-4]]|-8

ol{of|2]]2
ol 1 1 o (5.262)
of{1]]o|]|1

The first two eigenvectors are associated with the eigenvalue of -3 and the other two
are associated with the eigenvalue of 1. Using the eigenvalues and paired eigenvectors,
the fundamental matrix becomes

X(1)= (5.263)

The solution for the homogeneous set is

—4e' (¢; +2c,)
~ 2¢' (¢, +¢
% (1)= ,( } _‘;t) . (5.264)
ce +ee
c,e +ce
The particular solutions set is

_e
4
3t
%(m -1)
%, (t)= - . (5.265)
——(36t —36e" +32e% —48te® + 9)
144
t e*3l e31 el te*3l t€3t 1

L 3716 9 4 4 6 9 |
Combining the homogeneous and particular solutions, the general solution becomes

—4e' (¢, +2¢,) _eT

2¢' (s +c4)+e—3t(2t -1)
% (1) = 4 . (5.266)

3t

ce e —S— (361 366" +32¢" 481 +9)
144

=3t e3t et te

t
c4e’+c2e’3’+—+e—+—+—+
3 16 9 4 4 6 9

-3t
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Applying initial conditions, the constants become

19 ]
36
G 3
) 8
[ 25
o] | e

15
16

The solutions set now becomes

The Laplace transforms

1
ée’ __e—3t

4 4

3t

%e’ +%(21—1)

—3t

—e—(36t—261e4’ +32¢" —481¢” +85)
144

(s—3)2+1
s—1)(s-3
(s=1)(s=3)’
st +25* =235 =205 +156
(s —1)(52 —9)2

s8—=25° —12s* +18s® +485* —365+27

s° (s - 1)(s2 —9)2

(5.267)

(5.268)

(5.269)

Taking the inverse Laplace transforms, the solution set matching the one in eqn.

(5.268) is obtained.

Example # 5.19 Consider the coefficient matrix A of size [4 x 4], initial conditions
%(0) and the forcing function g(¢) given by

-1 -4 0 0

1 3 0 0
A=

1 2 10

0o 1 01

(5.270)
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#(0)=| |- (5.271)

g(0)=|, . |. (5.272)

The set of differential equations associated with the coefficient matrix is

% (£) = —x, () 4x, (1) + ¢
x'2 (t) =x (t)+3x2 (f)+tet
3 (1) =3 (1) + 25, (1) 4, (1) + 22 |- (5.273)
x, (1) =x,(1)+x,(1)+4
The eigenvalues of the matrix are

Az =1. (5.274)
The matrix is defective because only two distinct eigenvectors exist,
00
0 , 0 (5.275)
110
0|1

Because all the eigenvalues are equal and the matrix is defective, this case can be
treated as an example of a defective matrix with algebraic multiplicity of 4. The four
generalized eigenvectors in this case constitute an identity matrix of size 4 and these
eigenvectors are

(5.276)

Using the eigenvalues and generalized eigenvectors, the fundamental matrix becomes

—¢' (2t - 1) —4te' 0 0
te' e(2t+1) 0 0
X(t)= te' 2te' e 0 (5.277)
2t
tTe e (t2 + t) 0 ¢
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The solution for the homogeneous set is
—e' (2¢,t—c, +4cyt)
¢ (¢, +¢t+2¢,t)
%, ()= ¢ (e + et +2¢yt) ) (5.278)
e (2(:4 +2ct+ot’ +2¢t’ )
2

The particular solutions set is

I te' (26" +3t-3) ]
3

e

(1+3)
i (0)= 3 . (5.279)

—t

~Z (6167 —4r'e* +61° +3)
12

t3t 4 t
_e+te_4
312

Combining the homogeneous and particular solutions, the general solution becomes

te' (26 +3t-3)
3

2t
e (¢, + ¢t +2c,1) +Te(t +1)
X(r)= , . (5.280)
¢ (c;+ar+ ZCzt)—j—z(ét—&Zez’ —4£e™ + 61 +3)

—e' (2¢,t—c, +4cyt) -

e’(2c4+202t+clt2+2c212) re  te
e re

L 2 3 12
Applying initial conditions, the constants become
c 1
c1 -1
é=|2|=| 5 (5.281)

c =
4

c, 3
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The solutions set now becomes

e—t

¢ (—2# -3¢ +9t+3)
3

e (—£' =3 +31+3)
3

: (6t —15¢% +12te* — 617> — 4P +61° + 3)

2t 3t 4t
t'e te t'e
T S T

—4

The Laplace transforms become

s(52 —5)
(s=1)’
s(—s2 +2s+1)
_ (s=1)’
s¢—5" 35" +85° + 557 +95 -3
(s—l)4 (s+1)3
s°—=7s* +20s’ 295> +17s—4
B s(s—l)5

(5.282)

(5.283)

Taking the inverse Laplace transforms, the solution set matching to the one in eqn.

(5.282) is obtained.

5.4 Numerical Solutions

It is clear that as the size of the coefficient matrix increases, the complexity involved in
obtaining the solutions using eigenvalues and eigenvectors increases because defective
matrices require detailed exploration to identify the degenerate eigenvalues and obtain
the appropriate set of generalized eigenvectors. On the other hand, the approach based
on Laplace transforms is clear, straightforward and formulaic and therefore, it can
be implemented easily. In addition to these analytical approaches, it is also possible
to use the Runge-Kutta methods for the numerical evaluation of the solutions. The
use of numerical approaches also permits another level of verification of the results.
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Example # 5.20 An example of a 3 x 3 coefficient matrix and the set of coupled first
order differential equations is now presented. Consider the coefficient matrix A, initial
conditions X(0) and the forcing function g(¢) given by

2

The coupled differential equations can be expressed as

X, (t) =2x, (t)—x2
x, () =—x, (1) +2x, (1) —x; (1) +1* .

-1 -1
2 -1 (5.284)
-1 2
[0
-1]. (5.285)
_1
[ ¢
£l (5.286)
_et
(1)=x,(r)+1
(5.287)

x (1) =—x (t)—x, (1) +2x, (¢t)+€
The approach based on Laplace transform is used to get the analytical solutions and
the numerical solutions are obtained using ode45 in MATLAB. The MATLAB script

and results are given.

function example numerical firstorder multiple

% June 2017 p m shankar solve a coupled system using Laplace transforms and
% compare the results to those obtained numerically

close all

A=[2,-1,-1;-1,2,-1;-1,-1,2]; % coefficient matrix

xx0=[0; -1; 1];% initial conditions
syms t s;

ft={t;t"2;exp(t)}; % forcing functions
B=(s*eye(3)-sym(A)); % this sI-A

F=laplace(ft.t,s); % Laplace transforms of forcing functions

W=inv(B)*(F+xx0); % Laplace transforms

w=simplify(ilaplace(W,s,t), steps’,100); % inverse Laplac: solution set
% create inline MATLAB functions for the analytical solutions

fy1=MATLABFunction(w(1,1));
fy2=MATLABFunction(w(2,1));
fy3=MATLABFunction(w(3,1));

tspan=[0 5]; % time span for numerical integration

[tt,yy]=ode45(@examplef,tspan,xx0);

plot(tt,fy 1(tt), ‘r’,tt,yy(:, 1), T, tt, fy2(tt), 'k, tt,yy(:,2), ‘ko’,...

tt, fy3(tt), b, tt,yy(:,3), bs’, ‘linewidth’,1.5)
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xlabel(‘time t”),ylabel(‘solutions’)
legend(‘x_1(t)-analyt’,’x_1(t)-ode’,’x _2(t)-analyt’,’x 2(t)-ode’,...
‘x_3(t)-analyt’,’x_3(t)-ode’,‘location’,‘southwest’)
syms x_1(t) x_2(t) x_3(t)

% for solution display on the plot
ytI=[x_1(O)==w(1,1)];

yR2=[x_2()==w(2,1)];

y3=[x_3(t)==w(3,1)];

text(0.5,4¢6,[‘$’ latex(ytl) ‘$’°], interpreter’,‘latex’,...
‘fontsize’,16, color’,‘b’,” ‘fontweight’,‘bold”)
text(0.5,3e6,[‘$’ latex(yt2) ‘$’], interpreter’,‘latex’,...
‘fontsize’,16, color’,‘b’, ‘fontweight’, ‘bold”)
text(0.5,2¢6,[‘$’ latex(yt3) ‘$’], interpreter’,‘latex’,...
‘fontsize’,16, color’,‘b’,‘fontweight’, ‘bold”)

end

function dydt = examplef(t,y)
dydt=zeros(3,1);

dydt(1,1)=t + 2*y(1,1) - y(2,1) - y(3,1);
dydt(2,1)=-y(1,1)+2*y(2,1) - y(3,1)+t"2;
dydt(3,1)=exp(t) -y(1,1) - y(2,1)+2*y(3,1);

end
5‘.-:1'."5 " . . : ' . . :
I _ ¢ 19e*t 4t 5 [ 31
df ml)=3-Tm-wtwEti—@m
it att 2 %
at Iz(tlzv__&_i_L+t__%

2t wE)=H+T5 + w8

solutions

time t

297
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5.5 Examples

Part 1 A pair of first order equations
Starting with the theoretical descriptions of the methods for solving the pair of
equations. The MATLAB script displays the following:

1. The summary of all the theoretical methods used are shown first. The methods
are based on the use of eigenvectors and eigenvalues (including the case when
the coefficient matrix is defective), conversion into a second order homogeneous
equation of constant coefficients and the Laplace transforms.

2. The phase plane plot is shown with the eigenvalues and the state of equilibrium.

3. The mechanics of forming the solution using the eigenvalues and eigenvectors
are illustrated next. The results contain the eigenvalues (indications when they
form a complex conjugate pair) and, eigenvectors (the need for generalized
eigenvectors if the matrix is defective).

4. The general solution is shown and the unknown constants are evaluated based
on the initial conditions.

5. The approach based on Laplace transforms is presented next along with the
transforms of the two solutions and the solution.

6. The solution obtained directly using MATLAB command dsolve(.) is also shown.

7. The numerically obtained solution is obtained and compared to the analytical
solution in plots.

8. The set of first order equations is converted to the second order equation and is
shown with the roots of the characteristic equation (same as the eigenvalues) and
the solution is derived, constants evaluated, one of the solutions is determined
first and using the input set, the second solution is extracted. The display also
indicates whether x(t) or y(t) was obtained first. If the two differential equations
are independent, dx/dt=ax and dy/dt=by, a statement indicates that the equations
are not coupled.

Example # 5.21
A=[1,2,3,2,1,0];

Solution of a first order coupled system: Threa methods (Theory)

PN [ 1"{‘}] [ f“'nﬂﬂ ] [ =(t) | o INPUT

dit w(t) Az An wit)
General solution using eigenvalues and eigenvectors

Eipenvalues X2 = det(A — M) = 0 Figmmmm Mg = (A —Xala)T=0
Comple: Eigenvalues and Eigenvectors = A = a % §if; §= d+ jid
(X, Xy = [e"" | cos{@t) — o sin(3t)] , €™ [T sinFt) + @ ma{,.ﬂ't}j]
Real Eigenvalues, distinet Eigenvectors = Aja;  Oya
(X, K] = [8(: 1)e™, 8, 2)e*]
[A] is defective: A 3 = Ay @y 3 = @); solve [A = AJ]*F = 0 get generalized eigenvectors
(R0, %] = [e¥ [:,1) + (A = ADYR:, 1)] ¥ [, 2) + (A = ADT:, 2)])

General Solution = [ ;EE ] = c:fl +'-‘1-f?
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General Solution after conversion 1o a 2™ order Differential Equation
(1) = [An + An2'(t) + [An An — ApAn|2(t) = 0 Solve for x(1) and get y(t) from input
Characteristic Eqn. * — [A15; + Azjr + [AnAdn — Aizdn| =0 = Roots ryz orre
Real Roots ry # 1, Z(t) = bie™ + e rys =r, (i) = b + byte™
Complex Roots re = at j3 x(t) = e[bcos(3t) + bysin( )|
IfA,,=0, sel differential EQn. in y(t) & get x(t); F A, ,=A,, =0, solve for x(t) & y(t) directly
Compleie Solution using inverse Laplace transforms with initial conditions [x{0) y(0))

e ()]

( '(t) = z(t) + 2y(t) )
¥ (t) =3x(t) + 2y(t)

Complete Solution =+

6 _. -1 E
5 igenvalues with opposite signs
igenvalues ()= ( 4 ) Crit. Pt: UNSTABLE, S Pt.
af S =
e A f
2| R
| L
. o A
=X A x - 2 F
R B
b - ) '
-2 ’/ ’,‘ s £ "
A d
S P
ry -
¥ 4 2 > 2 s °
x(t)

Complete Solutions: Pair of First Order Linear Differential Equations

i L s o 2(t) = z(t) + 2y(2) !
Mot (A ( 3 2) Eouations ( zfu}=3::u}+2yiﬂ) <o)

Real and distinct eigenvalues & eigenveciors

i -1 Eigenvectors - -1 2
Eigenvalues (1) ( n ) (Columns) (7) ( 1 i)
Solution basis ( - % )

E_t e t

[.f. Jfg] (colummns)
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General z4(t) = 2—”{; et
Solution sel yo(t) = & et +epett
Apply initial oo =1 =:,[u:l]= -3
conditions = cr+ea=0 1 %
o i 2["1'{-3
Solution set ze(t) = —{5—1

Eigenvaluesiveclors weli) = 3o ' (e¥-1)

]

Solutions (Inverse Laplace,dsolve(.) & Runge-Kutta)

" =1
Laplace transform ~ X1(8) = ——r5o3

from Differential Eqns 3
Yi(8) = ——=mem
! 9641
Solution set zy(t) = 3% + -
Inverse Laplace 3at! 3ot
L) = T = e
e (2eM 43
Solution set zy(t) = —{5—1
using dsolve(.) e ! (=1
valt) = =)
1500 2000
—_—h — A
1000 —a—xs 1500 —ﬁ—ys
—_ =l —_ ——ylL
1 | * xodef | % 1000 * yode
500
500
0 0
] 05 1 15 2 ] 05 1 15

timet timet
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2" order Differential Equation based solution set

ot (53) O (SOZARR) = (3)

A2 # 0 = Create Equation in x = az"(t) + ba'(t) + cz(t) = 0
Equivalent 2™ order DE in x Rools of the Characteristic Equation
() - 32 (t)—4=(t) =0 (-1 4)

General Solutionin terms~ ©2(t) = bre™" + b et
of unknown constanis by, by g (¢) = 2T _ py o~

Apply Initial Conditions by bl= (3 %)

z(t) = w
() = 20

5

Solution sel using rools

Example # 5.22
A:[_1’05_25_39'1,1];

3;'“““ of a first order coupled system: Three methods (Theory)
TN Ay Ara z(t
oz [ w’{ft; ] - [ o ] [ m:{n} ] « INPUT
General solution using eigenvalues and eigenvectors
E"lglz'il:l.\’lll'l.lt.'s Jl.u = lil.'fl[..& . Hj]' =k Ei.gemu:turs -I‘.TLj = {.u'l -qu!:;h‘?= 0
Complex Eigenvalues and Eigenvectors = A =a 8 T=4 % jd
[Xy, X3] = [e™ [ cos(Gt) — o sin(F1)],e™ [ sin(Ft) + @ cos(3¢)]]
Real Eigenvalues, distinet Eigenvectors = Ajq; 2
(X1, K] = [#(, 1)e™, 8, 2)e*]
[A] is defective: Mg = A; )2 = fy); solve [A — AT = 0 get generalized eigenvectors
(%, Ko = [e¥ [8(:, 1) + £(A = AD)(:, 1)), € 82, 2) + (A = AN, 2)]]
General Solution = [ y{:; ] =X + 0k,
General Solution after conversion to a 2™ order Differential Equation
() = [An + Ag]2'(t) + [An Az = AjzAn|x(t) =0 Solve for x{t) and get y(t) from input
Characteristic Eqn. ¥ = [d;; + An|r + [djjds = Ajadz| =0 = Roots iz orry
Real Roots ry # g, z(t) = be™ & bpe™; ra=r, z(t) = bye™ + byte™
Complex Roots re = a2 j8; z(f) = ¢ [bycos(3t) + bysin{31)|
It A,,=0, set differential EQn. in y(t) & get x(t); f A ,=A,, =0, solve for x(t) & y(t) directly
Complete Solution using inverse Laplace transforms with initial conditions [x(0) w0}

Complete Solution = [ ::5.:::: ] =¥ rat [[,..f2 - A ( z(0) )]

]



www.pdfgrip.com

302 Differential Equations: A Problem Solving Approach Based on MATLAB

( =(t) = —=(t) )
v'(t) = -2=x(t) - 3u(t)

o | = genvalues -ve
Ewmu’#( —: ) w;t-mgrmm
a4t % % % | i I J
S ikl
=~ &g pyg
F - = 1 i ‘ / / I{
%i} B T 7 ./
f / ’ _'l - ) 3
5 11 ¥ A
y Ao
-4 F f f f \ L h S
‘ i
E] -4 -2 0 2 4 6

x()

Complete Solutions: Pair of First Order Linear Differential Equations

i (2 5) B (v ™% s ) ()

Real and distinct eigenvalues & eigenveciors
Eigenvalues (1) ( :3) Corwein (9) (u _l)

1 (Columns) 1 1
Solution basis ( 0 -¢* )
[-fl x}] (cobumns) a-3  a-t
General z,(t) = —c2e”™
Solution st Ifn“]' = qt_‘ + qe-:r
Apply initial - =-1 _[c.]_(ﬂ)
conditions = q+e=1 2 1
Solution sel Telt) = —~*

Eigenvalues/iveclors He{f} =t
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Solutions (Inverse Laplace,dsolve(.) & Runge-Kutta)

Laplace transform Xr(s) = —ﬁ
from Differential Eqns - a2
Yi(s) = a8 T ) (243)

Solution set zy(t) = —e*
| -
nvarse Laplace FL“) = o=t
Solution set zd(t) = —e™"
using dsolve(.) ya(t) = ¢t

1] 1

—£—x5 —H—ys

- —— 0 —A—yl
=05 ¥ xode =05 *  yode

-1 0

1] 05 1 15 2 0 05 1 15 2
time t timet

2" order Differential Equation based solution set

m‘}:,“‘ ( :; —ﬂa ) E‘Jm:' ( y[t}i“_};[:f Eﬂ:iy{t} )"3 ( 3 )

Ajz = 0 = Create Equation in y = ay'(t) + by (t) + cy(t) =0

Equivalent 2™ order DE in y Rools of the Characteristic Equation
y'(t) +44/(t) +3y(t) =0 (=3 -1)
i —t
General Solution in terms za(t) = ~bee

of unknown constanis b, b, yu(t) = bye ™ + bye ¥

Apply Inilial Conditions [byb= (0 1)
z(t) = —e
nit) =e"

Solution sat using rools



www.pdfgrip.com

304  Differential Equations: A Problem Solving Approach Based on MATLAB

Example # 5.23

A=[0:170>'230:1];
Solution of a first order coupled system: Three methods (Theory)
dE xi(t) Ay Ay x(t) ;
dt = A= [ yﬂ{tj [ f“:] A!? ] [ ult) =INETT
General solution usi i

Eigenvalues A2 = det{Ad — Ju":,'p = D: Ea.genwctn-ra tha = (A=A =0

Complex Eigenvalues and Eigenvectors = A=a x jf; = x ji@
(X, X3] = [e™ [ cos(8t) — oFf sin(31)],e™ [ sin(3t) + & cos(Ft)|]

Real Eigenvalues, distinct Eigenvectors = My @12
[, X3] = [0z 1)e, (:, 2)e*']

[A] is defective: Xy g = A; &3 = Fy); solve [A - .HPIT- 0 get generalized eigenvectors
(X1, K] = [e™ [z, 1) + 8(A = ATz, 1)] , € [z, 2) + t{A = AI)i(:, 2)]]

2] _
General Solution = [ w(t) ] =& Xy + 2 Xz

General Soluion after conversion to a 2™ order Differential Equation
z"(t) = [Ay + Az|2'(t) + [Ay An = AyaAz|x(t) = 0 Solve for x{t) and get yit) from input
Characteristic Eqn. ¥ — [A}; + An|r + [AyAdn — Ajzdn| =0 = Roots ryg orry
Real Roots vy o rp, x(t) = bye™ 4 bpe™: pig =, x(t) = bye™ + byte™
Complex Roots ry = a+ jf; z(t) = " [bjcos(5t) + bysin{31)|
If A,,=0, set differential EQn. in y(t) & get x{t); If A,,=A,, =0, solve for x(t) & y(t) directly
Complete Solution using inverse Laplace transforms with initial conditions [x({0) y{0)]

Complete Solution = [ :*{” ] _L- [[,;2__,1] a1 ( (0) )]

(D)
( z'(t) = y(t) )
V(6 = -2y(t)

“emmmne (4)  gagprsemeesensr
|

Lo

B N S T N G
1A

&=
o

£ -4 -2 o 2
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Complete Solutions: Pair of First Order Linear Differential Equations
mm(ﬂ l) Dirnmm( Z(t) = yit) ) m(n)
Matrix(g) \ 0 -2 Equations \ ¥/(t) = -2y(t)

Real and distind sigenvalues & eipenvecions

Eigenvalues () (_ni) {im (#) (; ‘li)

Solution basis ( B _fg_? )

[.f. f;] {eolumns) 0 e

General z(t) = & — 25—

Solution sal ‘y_'{f-} = L_’E—ir

Apply initial (ﬁ-%=“) ,[n]_(%)
conditions = ca=1 =] 1
Solution set z(t)=4-

Eigenvaluesivaciors ve(t) e 7

Solutions (Inverse Laplace dsolve(.) & Runge-Kutta)

Laplace transform Xi(s) = m
from Differential Eqns

Yi(s) = 545
Solution set zi(t) =3 - 5
Inverse Laplace yr(t) = e~2
Solution set za(t) = § -
ilm dsolve(.) W{t} — E—‘Ir
0.6
e
0.4 —a—f
=4 # yode

0.2
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2" order Differential Equation based solution set

Coeficient [ 0 1
Matrix[A] \ 0 =2

]

c(7)

¥(t) = -2y(t)

Differantial
Equalions

' (t) = y(t) )

Aj2 # 0 = Create Equation in x = az"(t) + bz'(t) + cx(t) = 0

Equivalent 2™ order DE in x
(t) +22(t) =0

Roots of the Characteristic Equalion
(o -2)

General Solution in terms

Ta(t) = by + bae !

of unknown constants b, b,  yu(t) = ~2 by e
Apply Inifial Conditions PByabl= (3 -1)
e l =21
Solution set using roots 2(t) = I “T
yl{ﬂ — E-Ei

Example # 5.24
Az[ly_la_lalsla_l];

?igluﬂan of a first order coupled system: Three methods (Theory)
- Nt An A B
@42 o |- [ A An ] [ ’® ]*’”P”T
General solulion using eigenvaluas and eigenveciors
Ei.yl‘l\"-ﬂll.‘tﬁ .lu- = dt'l{ﬂ . H’:} = Eigcumtmx l'.Tm = {}l —J'.ufg}i.7= 0
Complex Eigenvalues and Eigenvectors = A=a jf; f=d+jd
[X), Xa] = [e° [ cos(Ft) — F sin(t)], e [& sin(H) + @ cos(F)]]
Real Eigenvalues, distinet Eigenvectors =+ A3 03
[Xy, Xa] = [z, 1), 31(:, 2)e*)
[A] is defective: X 3 = A; i)z = §p); sobve [A = AJ|*F = 0 get generalized eigenvectors
[.i’?u. .f:] = [ﬂ” [, 1) + (A — AT, 1)), e [0, 2) + 1A - AI}IE{:.?}”

(General Solution = [ :{:;: ] = o X + e Xy

General Solution after conversion 1o a 2™ order Differential Equation
I'{t:l s [A]L + A]:']I'rl:ﬂ + [-‘“u An - A]:i-l‘l'uli‘{t} =10 Solve for lﬂ} and uﬂl}l‘{tj from |l"pl..|t
Characteristic Eqn. 7 = [A11 + Axjr + [An Az = Ajzdz| =0 = Roots ryz orre
Real Roots r # ra, T(f) = bie™ 4 le™; ryg =r, z(t) = be™ + byte™
Complex Roots vy = as §3; z(t) = [bcos(3t) + byain 3t
I A,=0, set differential EQn. in y(t) & get x(t); If A ,=A,, =0, solve for x(1) & y(t) directly
Complete Solution using inverse Laplace transforms with initial conditions [x(0) y(0))

;E:% - L [[:h—.ﬂ]" ( ;Eg; )]

Complete Solution =
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( (1) = z(t) — y(t) )
¥'(t) = y(t) - z(t)

ot Eigenvalues ()= ( 0 ) One eigenvalue zero and the other +ve
2 UNSTABLE
b SRR RN
‘\ ‘\ \'\. * . ~, - w
2 L \ ‘\H \\. = ", '1. = o
e o . . 2 %
g o * ey - 1.. o 5 N N
o 8 ~ . " \. % mOw
2 ., % X A - _\\ \\'. \
1. = Yoy " '\\ \l\. \\ \
-4 - R e N \ \ \
| Crit. Pts on the line thro' origin
5 =4 =2 o 2 4 6
x(t)

Complete Solutions: Pair of First Order Linear Differential Equations
Coefficient ( S ) Differental ( 2'(t) = z(t) ~ y(t) ) tc( 1 )

Matix[s] \ —1 1 ) Equations \ y'(t) =y(t) - =(t) -1
Real and distinct eigenvalues & eigenvectors
. 0 Eigenvectors = 1 -1
Eigenvalues (A) ( 9 ) Frsisiany () ( Y b )
Solution basis ( 1 “'31; . )
[f. i',] A — 1 ¢
General Ty(t) = c1 — cpe?!
Solution st yg(t) = &1 + ez e®
Apply initial o —c=1 *[c;]“ 0
conditions = cp+e=-1 = -1
Solution set Ze(t) = €™

Eigenvaluesiveciors ye(t) = el
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Solutions (Inverse Laplace dsolve(.) & Runge-Kutta)
Laplace transform x:,{l]m-ﬁ - E'F::‘

from Differantial E -
e YI"(‘} = =8 e 1...-.
Solution sel zg(t) = e
Solution sel z4(t) = !
using dsolve(.) il
60 0
— A —yA
—0—18 ——ys
L oy _ =20 g
¥ * xode| | X *  yode
20 40
0 £0
o 05 1 15 2 0 05 1 15 2
time t time t

2" order Differential Equation based solution set

ot ( 5 3 Yo SRnenna ) w(A)

Ajz # 0= Create Equation in x = ax"(t) + br'(t) + cx(t) =0
Equivalent 2™ order DE in x Roots of Ihe Characleristic Equation
"(t) - 22(t)=0 (o 2)

Genersl Soiufonintems  *2(t) = b + bae”’
of unknown mhlb,.bz m"} - ﬁl- -b!ﬂ‘;"

Apply Initial Conditions (bybyl= (0 1)
Salution set using roots x(t) = e
n(t) = -¢'

For the remaining examples, the first display containing the theoretical aspects is not
shown.
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Example # 5.25

A=[1:'1"1>'1a0:1];
( 2'(t) = =(t) — y(t) )
Y (t) = —z(t) - y(t)
6 ‘Emmdm {A)= ( V2 ) Eigenvalues with opposite signs
-2 Crit. Pt: UNSTABLE Saddie P1.
ey
_—— e g
2 ekl R B
e e wm ra
= e R ml <
=0 * e R
NN v . L <
ﬁ [ i
] -4 -2 0 2 4 6
x(t)
Gomplcte Solutions: Falr of First Grder Linear Differential Equations
Coefficient 1 -1 Differental [ ') =) — i) i
Matrix [4] (—I -1 ) Equations (.1r'|i;)= —;{IJ—uit} Ic ( ! )
Real and dislinct sigenvalues & eigenvectors
W3 Elgenveciors ;- —T—1 +ZT-1
Elganvaluss [A) ( v’i) oy F) ( 2-1 VI )
Sohilon buss —evt '[\-&_ 1]‘ e VI (‘\-ﬁ_ 1}
..='.'|.f.-] fondurms) Evﬁ!’ E_‘I' t
- z(t) = cxe ¥ (VE-1) — e (VE+1)

Sehulion vl yg{t:l — ﬂlc“"ﬁ* + Cm—ﬁf

. (R 2500) - 1] i)

V"E firl a
zo(t) = — Y202

]

el 3.
wet) = T4 —ovie (- )

Sokulon sl
Eigowolicsircoion
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Solutions (Inverse Laplace dsolve(.) & Runge-Kutta)

Laplace tansform ~ X1(s) = — 255
from Difterential Eqns

Vi(s) = 5
Solution set z;(t) = —M
Inverse Laplace ye () = mﬁh{ﬁt] " ﬁi:(.ﬁrl
/3 sink( vZe
Solution sel z4lt) = -
e VM 2
using dsolve(.) ya(t) = { +3) _ Vi (i? = i)
3
—¥A
—&—y5
2 ey
= * yods

time 1

2" order Differential Equation based solution set

ozt P Fcoouad - i S ) (%)

Ay # 0 = Create Equation in x = az(t) + ba'(t) 4 ex(t) =0
Equivalent 2™ order DE in x Roots of the Characleristic Equation
2(t) - 22(t) =0 (vZ -v3)

Genersl Schonintems  Z2(t) =¥t + by VAl
of urknown consians by, by  n(t) = &% (by + VEby + b V¥ — VI e2¥)

Agply Initial Conditions pbi= (- 4)

2y = — VI

bt M (289 _VEeVH 4 ia2)
n(t) = 3
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Example # 5.26
A=[-1,2,-1,1,2,1];

( 7' (t) = 2y(t) — =(t) )
y'(t) = y(t) — =(t)

[ Eigenvalues (A el ) Eigenvalues purely imaginary
Ly ( i Crit. Pt: Stable Center

Jﬂf!’!!#‘ﬂ——
..-"‘"'r.-"’_.-""",.-""_.#,..-_,.__ﬁ
2t .-"’r.f"".-:"".-".-'.--...
Pl S T

¢ Ed

Eu. LA A T
£ ¢ - Critical Point .~ .- -
| B e e
i i PESHIHS ATEOS, Ga e  e
-a-i i i i i i i
% -4 2 0 2 4 6
x(t)

Complete Solutions: Pair of First Order Linear Differential Equations
Coefficient | —1 2 Differential | ='(t) = 2y(t) — =(f) " ( 2 )
Matrix [A] -1 1 Equations y'(t) = yit) — =(t) 1
Complex eigenvalues A = o j,7; complex eigenvectors ¥ =« £ juof

Eigenvalues (A) (‘ll) E%’.:';“’r:;“ (#) (1+’ 1“)

1 1

Solution basis ( cos(t) +sin(t) cos(t) — sin(t) )
[.f: sz] (columns) cos(t} _Sin“}
General z4(t) = e2 (cos(t) - sin(t)) + e (cos(t) + sin(t))
Solutionset  yy(t) = e1 cos(t) — c2 sin(t)

it &+ =2 ¥ i
o (w3 SER00)
Solution sat z(t) = 2 cos(t)

Elgenvaluesivectors  (¢) = vZ cos(t + 2)
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Solutions (Inverse Lmlm,du-lt‘l{.l & Runge-Kutta)

Laplace transform Xi(s)=g7 + "l
from Differential
" Yi(s) = ;ﬁ—, 7
Solution set z(t) = 2 cos(t)
Solution set z4(t) = 2 cost)
using ooMe) (1) = V3 cos(t + §)
2 1
— A —yA
——=x5 | | o —&—y5
. iy - il
=1 ¥ xode = # yode
o A
« -2
10 05 1 15 2 0 05 1 15 2
timet timet

2" order Differential Equation based solution set

e (1) o (S00) =(2)

Ajz # 0 = Create Equation in x = ax”(t) + bx'(t) + cx(t) =
Equivalent 2™ order DE in x Roots of the Characteristic Equation
(t) + z(t) =0 (i =)

General Soluionin tems ~ £2(£) = b1 cos(t) — by sin(t)
of unknown constants b, , b, wit) = hmui hcﬂq_h-w:-_t,.:.m

Apply Inial Conditions bybl= (2 0)

Solution set using rools z1(t) = 2 cos(t)

wn(t) =V2cos(t+ §)



www.pdfgrip.com

First Order Coupled Differential Equations with Constant Coefficients 313

Example # 5.27

A=[-3,1,-42,-1,1];
( () = y(t) - 3z(t) )
(t) =2y(t) - 4 z(t)
sl L -2 Eigenvalues with ite si
ENjerniea |} ( 1 ) Crl. PL UNSTABLE Saddle PL.
al / / / .f £ ! - -
gl <
2 / / .i" s ¢ # e /-"
R A AN
E o A E o AT &
A £ o ol
al frl -~ e r Fi ’,f / /
R
4l - ¢ r Ff '/ / /
6 A
r 4 2 0 2 2 2
x(t)

Complete Solutions: Pair of First Order Linear Differential Equations

el 1) B (on ) R

Real and distinct aigenvalues & eigenveciors

; -2 Eigenvectors " 1 1
ARt (A ( 1 ) (Coumns) ' ¥) ( i 1 )
Solution basis ( E':: s )

[Ji'; fg] {columns) € e
General Zo(t) = ZF + ey e
Solution set yg{f} =c~;e"' +e a2t
Apply initial gq+3=-1 _,_[r-‘;]_ '%

conditions = ag+e=1 e :

Solution set Te(t) = % — B

Eigenvaluesfvaciors Ve {t} = E.F _ "":53
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Solutions (Inverse Laplace,dsolve(.) & Runge-Kutta)

Laplace transform xl’l:‘} - -’-I-Iu-‘.l u l’:-_l;l—E
from Differential Eqns &
Yi(s) = s + 7455
Solution sel zy(t) = 3¢ - b=
| La o
e lases () = B - b
Sotuton set z(t) = 3 - B
using dsolve(.) valt) = !;_ . i.:!i
6 20
4 —0—=x8 15 —6—ys
= -yl —_ —&—yL
¥ 2 *  xode =10 *  yode
o 5
-2 0
0 05 1 15 2 0 05 1 15 2
time t time t

2" order Differential Equation based solution set

i [ ) o | caa ) (T

Ayz #0 = Create Equation in x = az"(t) + ba'(t) + cx(t) =0
Equivalent 2™ order DE in x Roots of the Characteristic Equation
(t) + 2'(t) - 2z(t) = 0 (-2 1)

Genersl Sohioninterms ¥2(t) = bre + e
of unknown mhnhh,. h‘z ll':[f} - ",,ef + by a1

Apply Initial Conditions byb)= (-3 1)
Solution set using roots n(t) = 3 - B

nit) =% — =
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Example # 5.28

A=[1,0,-2,1,1,0];
( 7' (t) = =(t) )
v (t) = y(t) = 2=(t)
6l i1 Equal eigenval
om0 (1 ) e eaTABLE ek
4 ‘\ \ \ 1. ] r iz i
\ \‘- NL 'in 1 - = - :
al AN R SR
Y
\ LS N A
gﬂ \\ M ! ! * - \ A \“
NN N R L
2} iR T S RN
SR
“4r = Fi [ ! ‘h \ \
-Gl-l i i i i
£ 4 2 0 2 4 6
x(t)

Complete Solutions: Pair of First Order Linear Differential Equations

Cnafﬁ::iam(l ﬂ) Diﬂ‘mnlid( Z'(t) = z(t) ) Ic(l)

Matrix [A] -2 1 Equations \ ¥'(t) = y(t) —2z(t) 0

= |A] is defective: solve [A — AL2]*T = 0 to get generalized eigenvectors
. 1 Generalized . 10

Eigenvalues (A) ( i ) Eigenvectors | ©) ( )

(Columns) 01

Solution basis ( e 0 )

[J?, .i:‘,] (columns) ~2te' ¢

General zy4(t) = a1 e

Solution set yg{t} ='ﬂﬂet-2¢1tﬂt

Apply initial a=1 =?['*" saill
conditions = oy =10 €2 0

Solution set z(t) = e

Eigenvalues Meclors

velt) = —2tef
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Solutions (Inverse Laplace,dsolve(.) & Runge-Kutta)

Laplace transform XL{E]' - ﬁ
from Differential Eqns Yi(s) = _{‘_2”
Solution set zy(t) =€
Inverse Laplace y(t) = —2¢a

Solution set x4(t) = &
using caolvel) pa(t) = -2t
B il
— A
6 —— x5 10
—_ —— | —_ -
4 ¥ xode =
=20
2
0 =30
0 05 1 15 2 0 0.5 1 15 2
time t time t

2" order Differential Equation based solution set

orirl (e el (Pl B R )

Ajz = 0 = Create Equation in y = ay"(t) + by/(t) + ep(t) =0
Equivalent 2™ order DE in y Roots of the Characteristic Equation

y'(t) = 24/(t) +4(t) =0 (1 1)

by o
General Solution in terms y(t) = -
of unknown constants by, by, 4 (t) = €' (b + but)

Apply Initial Conditions bob)= (0 -2)
Solution set using roots () = ¢
n(t) =—2te

Example # 5.29
A=[0,1,-1,-2,1,-1];
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yit)
(=]

( z'(t) = y(t)
¥ (t) = —z(t) - 2p(t)
B hguntand O B v
4 o N N RN %
= “ ™y LY \ \ \
27 SRS T A T I
; L
¥ : i

r 1

N\
\ O\
v
Vo
Loy

Complete Solutions: Pair of First Order Linear Differential Equations
Coefficent [ 0 1 )mrnmnai( z'(t) = y(t) ) m( 1 )
Matrix [A] =1 =2 /| Equations y(t) = —=z(t) - 2y(t) -1
= [A] is defective: solve [A — AJ2]*# = 0 to get generalized eigenvectors

Eigenvalues (1) (::) Eoweices (¥) (1 ﬂ)

Solution basis ( et (i + l} te™ )
[% %] (cotumns) ~te* —et(t-1)
General zy(t) = cate + e (t+1)
ol Y(t) = —arte™ —gqe (t = 1)
initial =1 = €% = 1
mm* (c.-_.t=—-1) [q] (_1)
Solution set z,(t) = e

Eigenvaluesivecion Fr[t} e _E_t
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Solutions (Inverse Laplace,dsolve(.) & Runge-Kutta)

42

Leplace transform ~ X1(8) = 752 — srdsry

from Differential Eqns &
Yi(s) = —oaiim — n'+;:+l
Solution sel zL(t) =e”
Inverse Laplace L'L[t} = —a=t
Solution sel z4(t) =€
using dsolve(.) ﬂﬂ'“} = —g~t
1 o
—6—15 —6—y8
< ——al o —A—yL
¥ 05 ¥ unde L] # yode
1] =1
0 05 1 15 2 0 [i 1.3 1 15 2
time t lime t

2" order Differential Equation based solution set

Coefficent [ 0 1 Dll'farmlnl( z'(t) = y(t) ) |c( 1 )
Matix(A] \ =1 =2 / Equations \ ¢/(t) = —x(t) - 2y(t) =1

Ayz # 0 = Create Equation in x = az"(t) + bx'(t) + ex(t) =0
Equivalent 2™ order DE in x Roots of the Characteristic Equation
2(t) +22(t) +=z(t) =0 (-1 -1)

Genersi Soistonintems 228} =¢7" (b1 + bat)
of unknown constants b, b,  g(t) = —e~* (by — by + bat)
Apply Inifial Conditions Bybl= (1 0)

() = e

n(t) = —e'

Solution sel using roots
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Example # 5.30

A=[2,0,0,2,1,1];
( Z(t) = 2 z(t) )
y'(t) = 2y(t)
E‘ LS == 2 E i
Eigumelues ()= ( 3 ) Gt Py INSTABLE Nods
IRE S W
e Tl L R T
2t W Ml MM i s e e
-_—— T b ] - - e il il
o i v e B e e
e Critical Point e ™
27 e I A LR T T
P P A Y S
* L VNN
-E- L
£ -4 -2 1] 2 4 6
x(t)

Complete Solutions: Pair of First Order Linear Differential Equations
Coeflicient | 2 0 Differential | 2'(t) = 2z(t) c(l)
Matrix[A] | 0 2 Equations \ /() =2y(t) Sk

= [A] is NOT defective; aqual eiganvalues with distinct eigenvectors
. 2 Eigenveciors | =
Eigenvalues (A) ( 9 ) (Columns) (%) ( ; 'i' )
Solution basis ( ot 0 )
[.f; .f,] {eolumns) 0 ¢
General Te(t) = et
Solution set yg{t] =aze"’
Apply initial (Ct=1) =[m]=(1)
conditions = =1 €2 1
Solution set 2 (t) = e
Eigenvaluesiveciors

ye(t) =
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Solutions (Inverse Laplace dsolve(.) & Runge-Kutta)
Laplace transforn X 1(8) = ;25

from Differential Eqns
FL[.!:I = .—1—1
Solution set zg(t) = e*'
Inverse Laplace PLU’:‘ = ot
Solution set z4(t) = '
using dsolve(.) Sty
60 60
— —¥
u i:f »u -&-f
¥ * xode| | X *  yode
20 20
1] 0
0 05 1 15 2 0 05 1 15 2
time | timet

2™ order Differential Equation based solution set

utten (8 3) Smewnyu=RE) e

e,

)

A, ,=A,, =0 = No Equivalent 2™ order differential EQn; Equalions are not coupled
Independent First Ordar Differential Equations

General Solufoninterms  22(t) = b e*’
of unknown cons@nis b, by yu(t) = by e®’

Apply Iniial Conditions bybl= (1 1)
I;{!} = Ezl
wnit) = et

Solution set using rools
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Example # 5.31

A=[2,2,-2,2,-1,-1];
( Z(t) = 2z(t)+ 2y(t) )
y'(t) = —2x(t) - 29(1)
51 Eigenvalues (A)= ( g ) Both Eigenvalues equal 0
unslable
4r = u b T \\ \ \
LY b T, ng -\'\ \Wﬂ. \ \
2 i - o . L™ "\\ “\ \\\ \
_ ot s . = N
i oFr e B A, " - - R
“\ " " - & . N .
2 \\ ‘\ S ., ., 5 i
\ \ “\ . s . = -
4l T O o
6 . ‘
L] -4 2 1] 2 4 B
x(t)

Complete Solutions: Pair of First Order Linear Differential Equations

Y ( 2 2 ) Differential ( ;Ef[;}: _izmigr_ﬂzyﬁ:} )n:( S )

Matrix [A] -2 =2 | Equations
= [A] is defective: solve [A — AL)*F = 0 to get generalized eigenvectors
0 Generalized i 10
Eigenvalues (1) ( 0 ) Eigenvectors (7)) ( )
(Columns) 01
=2t 1-2¢

[}?1 f,] {columns)
5 zo(t) =2c2t+ 1 (284 1)
Solution set ye(t) = 21t — 2 (2t — 1)

wm (3) ()

conditions =- oy ==1

Eigenvaluesiveciors yel(t) =4¢—1
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Solutions (Inverse Laplace,dsolve(.) & Runge-Kutta)
Laplace transform Xf,[a}=—%=-ﬁ

from Differential Eqns -
Yi(s) =5 -2
Solution set zp(t)=—4t—-1
Solution set xa(t) = -4t -1
Using dsohve(.) ya(t) =42 =1
0 10
E— —yA
—0—x8 : ——y5
0 >y _ .y
w5 ¥ xode = 4 yode
0
10 5
0o 05 1 15 2 0 05 1 15 2
time t time t

2" order Differential Equation based solution set

ot o ) | e Yol )

A2 # 0 = Create Equation in x = ax"(t) + bz'(t) + ex(t) =0
Equivalent 2™ order DE in x Roots of the Characleristic Equation
(t) =0 (o0 o)

General Solutionin terms  ¥2(f) = b1 + bat
of unknown constanis by, b,  y.(t) = .‘f —by =t

Apply Initial Conditions bybd= (-1 -4)
ry(t)= -4t -1
m(t) =4t—1

Solution set using rools
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Example # 5.32

A=[1,1,-2,1,1,0];
( 2(t) = z(t) + y(t) )
¥ (t) = y(t) — 2(t)
51 &i L { 1-V3i ) Eigenvalues Complex: +ve real
S ( 14+ v/2i ) Cr?f:‘:: l.flssmﬂf‘;;pi: ;Ta pars
4t % T;T f L o s —
P 2 I
4 NHfi2-omas
\ N § t S T -
\ 0w - Critical Point \ \. \
2k M M A " ; | i l
Wi /) l
-4 F “"‘"-. T, - .,..-“' / I ;
St ' '
£ 4 2 0 2 4 6
x(t)

Complete Solutions: Pair of First Order Linear Differential Equations
Coefficent { 1 1 Differential | '(t) = z(t) + y(t) 1
Matrix [A] ( -2 1 ) Equations ( ¥(t) = y(t) - 2=(2) ) '“(n)
Complex eigenvalues A = a+ j3; complex eigenvectors ¥ = i + juf

; 1—+/2i \ Eigenvectors & i —aad
SR LA (1+v"§i) Coumns)  (P) ( 115_ ?_ )
2 -i:(ﬁt} V2 oo{ﬁl!]
( ¢ cos(v3f) ~e sin(v31) )
vieze' cos vEt) g Ve o sinf vEr)
2 2

Solution basis
[.fl .f,] (columns)

General zy4(t) =
Solution set v(t) = c1 ¢ cos(v2t) — eyet sin(v21)

n -t A >
A:;Tﬂllticlg:# (%=ﬂ ) -*[..,]“(,ﬁ)
Solution set z.(t) = ¢ cos(v2t)

Eigenvaluesiveclors v (1) P sin{ﬁt]
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Solutions (Inverse Laplace,dsolve(.) & Runge-Kutta)
Laplace transform  X1(8) = 515

from Differential
" Vi(s) = -2
Solution set z1(t) = &' cos(V2t)
Inverse Laplace ye(t) = —v2e sin{ﬁl]
Solution set z4(t) = ¢ cos(v2t)
using dsolve(.) valt) = —v/2e! sin{\ﬁt}
5 0
— —
Ay O S a —0—ys
1 *  xode = * yode
5 4
-10 5
0 05 1 15 2 0 05 1 15 2
time t timet

2" order Differential Equation based solution set

G (1 1) e[ =il ) w(Y)

Ays # 0 = Create Equation in x = az”(1) 4 ba'(t) + ex(t) =0
Equivalent 2™ order DE in x Roots of the Characleristic Equation
2"(t) - 22(t) +3z(t) =0 (1+v2I 1-v2i)

Generai Solionintems  2(£) = ¢ (b1 cos(V2t) — by sin(v2t))
of unknown constanis b, b,y (¢) = —y/2e' (b, cos(v2t) + by sin(v2t))

Apply Iniial Conditions bybl= (1 0)

il sk i vl z1(t) = ¢ cos(V2t)
n(t) = —v2¢ sin(V21)
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Part 2 A pair of coupled first order non-homogeneous equations
Example # 5.33
abc=[1,1,4,1,1,-1];gt1=°3";gt2="4";

Particular and Complete Solutions
Pair of First Order Linear Differential Equations

Coefficient Matrix [A] (; : ) mﬂgsgi}( ) Ic ( _11 )
. . T'(t) = z(t) + y(t) + 3
Clyted DierniTiel Equalions ( y(t) = d=z(t) + y(t) +4 )
Elnemmm( '31 ) Elganvantnrs{i"( ‘15 % )

Fundamental Matrix Xy(f) = [£, %] of the Homogeneous Differential Equation A = 0
[fh iﬂ] = [ef; 1, vz, 2e™]

wo-tdl= (35 5)

Particular Solufion set

=1
[ ::E:]I} ] - xf!!:'f[xr{f}i"g{t}d't = ( _g )
General Solufion set = [:é:; ]= [::é::: ——
Complete Solutions

) Ez...l.-s_l e | _ -3
Applylnltlﬂwndim=(cl+cz gz_l) ="[---:]_( %’?)

Te(t) = o + BF - |

Solution ' g_

L

Eigenvalues ve(t) = ﬁr =TT

ﬂ? Transform [ ﬁﬁ ] - [[;r, - A (( :Eg}' ) + L[y{t}l])]

i-1 (2+41)(s-1)

Laplace Transform X(s) ] _ T THi2a33  —da2atd
Yis) 4£!+1i !—-li{s-l}

T T = 42 543

Laplace Transform based solution

zL(t) = o + 5 -}
yift) = B — & —§
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Verification

0 02 04 08 08 1 12 14 16 18 2
time t
Verification

time 1
overview
Differental [ /() = z(t) + y(t) + 3 Initial ( 1
Equations | y/(t) = dx(t) + y(t) + 4 Conditons  \ ~1
Particular Solution [ =) ] _ ( - )
“l yp{” --i
Verification by substitution in the differential Equations: ( 0 )
Must be a NULL Vector 0

Solution sel using eigenvalues & eigenveciors

It{ﬂ""]'l""%:_i
velt) = Bf- - o - §
Solution sel using dsolve(.)

za(t) = o + 5§ - |
valt) = U= -7 - §
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Example # 5.34
abc=[1,1,0,2,1,0];gt1="t*exp(2*t)’;gt2="exp(t)’;

Particular and Complete Solutions
Pair of First Order Linear Differential Equations

¢
Coefficient Matrix [A] ({1} ;) m’gﬁﬂt}(tj ) Ic ({l})

coea et Evaiors. (7O e )
Eigamuuasm( ; ) EM{E)( [1' i )

Fundamental Matrix X(t) = [.f;.. .f;] of the Homogeneous Differential EquationAF = 0
[fh .-l";] = [u{:., 1}:"'“., u{:,ﬂ}:h']

X_f{l}= [fh.f-:] = ( e EE' )

0 et
Particular Solution set
z,(t) e (t+ef —tel +1)
[ r:m =Xyt f [Xp(8)] "glt) dt = e
1) | _ [ =(®)
General Solulion sel = yit) ] = [ y‘,l{t:] +ll::|.-fl+1:.!_f2
Complete Solutions

o : at+oe—-2=1 Hu_[.l.',]_ 2
Apply inilial conditions = P, TR a ™ 1

z(t) = ¢ (tef =t +1)

:&un:;um ve(t) =e’ ('~ 1)

Laplace Transform [ X(s) ] - [[,;?_A]—l (( =(0) )+ L[g-{lj]}]

Theory ¥Yi(s) (0}
+1
Laplace Transform ﬁ’; ] - ;Efl Ti= u"!.[.-z}
F. ]
Laplace Transform based solution

zp(t) = +te?! —te!

yrl(t) = ot — gt
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Verification

150

0 02 04 06 0.8 1 12 14 16 18 2
time t
Verification

5 ey : : : :
1] 02 04 06 08 1 12 14 16 i8 2
timet
overview
Differential (t) = z(t) + y(t) + te* Initial ( 1 )
Equations y'(t) = +2y(t) Conditions  \ 0
Particular Solution [ #(t) | _ - (t4+e—tef+1)
sel ylt) —e
Verification by substitution in the differential Equations: 0
Must be a NULL Vector 0

Solution sel using eigenvalues & eigenvectors
zo(t) = e (tet —t +1)
ye(t) =e' (' = 1)
Solution set using dsolve(.)
za(t) = e (te! —t+1)
ya(t) =¢' (e —1)
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Example # 5.35
abc=[-1,-2,1, -1,-1,1];gt1="t";gt2="exp(t)’;

Particular and Complete Solutions
Pair of First Order Linear Differential Equations
Coeflicient Matrix [A] ( _11 :f) ;ﬁﬁsg{}( . ) Ic (_11)
( 2(t) =t - z(t) - 2y(t) )
V() = e +z(t) — y(t)

Coupled Differantial Equations

Complex eigenvalues and eigenvectors!
Eigenvalues (A) ( =l ‘-’@f ) Eigenvectors ( F]( _":Ei "?i )
=A=azjd “1+V2i ) si=dtjw
Fundamental Matrix X,(f) = [i.. :?g] of the Homogeneous Differential EquationAF = 0
[.f,,jt,] = [e [ cos(t) — B sin(Bt)] , e [ sin(B¢) + F cos{BH)]]
X;(t) = [f:.-f: - —+/2e"t sin -u"'t} V2et ma[yrt}
e’ ms{ Et:l et ﬂn{‘v"r‘t]

Particular Solution set R |
[ ;Jj:; ] =x,;=}f[x,t=}]"9{t}-ﬂ=> ( ; +5 ] _2 )

General Solution sel = [ :E:;; ] [ ;:EH +oX +5X;
Complete Solutions

T e 5
Appl_-.nnnucomm::-( _"E”i—#i-l 1) -[l.;]- ( Lgﬁ)

18

Te! VE BvZe ! sinf 2
T.(t) = :‘.E %'_ °‘°‘{ '}_ "‘( ‘]_I_l
Solution @ e'a
i S t ty '; i 8 cu{».-"it] T2 wﬂ{u"ﬁ:] 3 %
Laplam Transform Xia) | _ feog — ar- z(0)
v | = - (50 ) + o)

!éj—llmn ES—,Hl
Laplace Transform ﬂ*‘} = +2a+3 2 *+3
# 4-1 (2 +15:;+1]

42543 + 42543

Laplace Transform based solution

zp(t)=4-% - L5 («-[ﬁ?,m)

8o (cafun)-225)
[]
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Verification

0 02 04 08 08 1 12 14 16 18
time t
overview

Differential ( 2/(t) = t — =(t) — 2y(¢) Initial ( -1 )
Equations ( v'(t) = e + z(t) — y(t) ) Conditions

Particular Solution [ 501, (§-5+3
sel wplt) t+5-3

Verification by substitution in the differential Equations: 0
Must be a NULL Vector 0

Solution sel using eigenvalues & eigenveciors
¢ n- tu{\-"'_t} §v2e ' sinf v2t) 41
9

rt)=§ - ¢
velt) =§+5+= "“;‘fm} el a. (L

Solution set using dsolve(.)

=
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Part 3 Multiple first order homogeneous systems

Multiple coupled first order homogeneous solutions are solved and the results are
obtained by (1) using the concepts of eigenvectors (2) inverse Laplace transforms
and (3) ODE. The results generate the following displays.

I.
2.
3.

9.

The description of the method based on eigenvalues and eigenvectors is shown.
The method to generate generalized eigenvectors if needed is shown.
Eigenvalues and eigenvectors are shown along with the statement identifying
the need for generalized eigenvectors.

If generalized eigenvectors are required, they are generated with statement
identifying the specific eigenvalue that leads to the generalized eigenvector along
with the specific value of the algebraic and geometric multiplicity.

The fundamental matrix is shown along with the general solution. The result
obtained from dsolve(.) is also shown with the caveat that the unknown constants
are different in both solutions.

Solutions obtained after the application of the initial conditions are shown for
both dsolve(.) and the solution is generated using eigenvalues and eigenvectors.
The equation that forms the basis for the Laplace transform based approach is
shown along with the Laplace transform of the solution.

The Laplace place based solution is compared to the one from dsolve(.) and
eigenvector/eigenvalues and the symbolic differences are shown.

The solutions are compared to the one obtained from ODE.

Example # 5.36
A=[-1,-2;1-1]x0=[-1 1];gt={"t";"exp(t) };

General Solution associated with [n x n] coefficient matrix A

= Matrix not defective

Eigenvalues/vectors: Ay, th; Az, ;] -+ An, Uy
Solution set: X = eM'iii, k=1,2,---.n

== Matrix defective: An example with lwo distinct eigenvectors

Eigenvalues & distinct eigenvectors (two): A, 1h & A2, 02
Eigenvalue (A, algebraic multiplicity ofm=n -2, n > 3)
generalized eigenvectors: ¥y, ¥, -+ -,
Solution set with distinct eigenvectors: X; = tie™, k=1, 2
Solution set with eigenvalue Ay :
X; =+ #(A = daIn) + - + [P(m)] ' £ (A = M L)™'
j=3---nm=n-2

= Fundamental Matrix of A: X(t) = [X1(t), Xa(t), -, Xa(t)]

Homogeneous Solution = £3(t) = X(t)é
€ (from initial conditions)
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Particular and Complete Solutions

Input = jlﬂ- = AZF{t) + F )
Fundamental Matixof A = X (t) = [Xi(t), Xa(t), - ++, Xu(t)]
z,(0)
Initial #(0) = x3(0)
Condilions =»
r,(0)
Particular Solution = £(0) = X(0) [ (X0 a0
Complete Solution = #F(t) = X(t)&+ £,(t)
Constants = &= [X(0)] " [#0) - £,(0)]
x(t)
i[tl - :‘I'ti}
2(t)

Coupled 1* order System: Problem Statement

dF
& = AFD + &1
-1 -2
Coefficient Matrix A ( 1 —1)
t Inital 0 -1
Forcing functions  J(t) e Gnnﬂbrtﬂ ) 1

Differential dF ( Ty (t) =t — 2, (t) = 224(2) )
Equations: dt zh(t) = ¢ + zy(t) — za(t)
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Eigenvalues and Eigenvectors
Input Matrix A -1-2
11
1141 0-1.41i 0+1.41i
Egemvalies 4 v1.411 140 1+0i

Eigenvalues (2) & Eigenvectors (2):  Matrix NOT defective

General solutions and unknown constants

Homogeneous solutions sel

( —v2e (ca cos(v2t) + ¢ sin(v2t)) )
e (e cos(v2t) — ¢y sin(v2t))

Complele solutions sel (homogeneous + particular)

( L2 —VZe™t (e cos(v21) + ¢ sin(v21)) + 2 )
540 (o sos(V31) - v (VA1) - ]

constanis cy and Cq
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Fundamental Matrix, Particular & Complete Solutions

Fundamental ( —v2e " sin(v2t) —v2e™" cos(v21) )
Matrix X(t): et cos(v21) —e* sin(v21)
{-%+4
Particular ¢ |, & 2
Solution: 3+ F — 3§
Yo(t)
¢ o o7 m{u’it}ﬁfﬂ.{fﬁ)] _|_]
T 5
Complete f - -2
Bulut__m %_I_%_{_Se cc(v"'_t) TV2e sn‘(v‘ﬁt) 9
Yy

Coupled 1* Order Differential Equations: Laplace Transforms

xh(t) (t) alt)
e [0 o[ 20 ][0
(L) zu(t) gnlt)
,(0)
Initial = z;(0)
Conditions
z.(0)
X.:::sg (0) Gﬂa;
Laplace=> | Xa(s) | _ p _ g1 | *2(0) _ a1 | Gals
Transform (=4 k=
Xals) z,(0) GL(0)
z(t) Xi(s)
Sokitione z(t) | o | Xal®)

zalt) Xa(s)
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Laplace Transforms and Solutions using inverse Laplace Transforms

Y kv s T |
Laplace Fle-1)[r+2++3)
Transformm At sa=1
¥(s) - m.;ﬂ +3)

Solution: ¢ o
Inverse 3 3
Laplace E.
Transiom % -+ 3
Y

Solution:
Eigenvalues

& Eigenveciors: Y (1)
Solutbon:

dsolve(.): Y 4(t)

Y, (o)

Solution:

Laplace Transform
Y .M

vivm= ()

o s ) W

(m-(ﬂﬂ ) i

-2
]
Comparison of Analytical Solutions
{-%- (7 ""{ﬁ‘l“ﬁ"{ﬁ‘}} +}
RAEPETEIES
i—i '?e'm{ﬂf} By Te! -Ju[v"!t}
3
i+i_-+8v'm{v"§r} Tﬂn‘dh[ﬁt} i’
by Ham vy
- 7ot (r-(m}+_,_!””)+'
£+§+I¢ (n-[-.&r —I_)_g
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ot (Teof Vs VE(VY) |
i o *9
0 ' ' i
= = aigerwalusieiganvector
= W odeds
21
w
4 L
-5 3
P : ; ; L .
a 05 1 15 2 25 3
Time
¥ o feat ccqﬁt} 7o Tet hﬁr{ﬁ!) 2
" e i it I8 — 8
= _aplace
7} |= = eigenvalue/elgenvector d
¥ oded5

Solution

0 05 1 15 2 25 3
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Example # 5.37
abc=[2,-5,1,-2,0,1];gt1="-cos(t)’;gt2="sin(t)’;

Particular and Complete Solutions
Pair of First Order Linear Differential Equations

Coeflicient Matrix [A] ( f :3 ) fu"r:si’;'; & t) ( ;ﬁ;] )IC ( {1} )
2 (t) = 2x(t) — cos(t) = 5yt

Coupled Differential Equations ( y‘}é}=si£{g} +“$‘E'§}l_ leg}})

Complex eigenvalues and eigenvectors]

2-i 2+i)

Eigenvalues (1) ( =i ) Eigenvectors ( 7 : :
1

=A=azxjd = v =i+ ju
Fundamental Matrix X ;(f) = [i‘., f,] of the Homogeneous Differential EquationAF = 0
[.f.,.f,] = [e™ [T cos(@t) — i@ sin(Bt)], e [ sin{B1) + & con{31}])
Xit) = [%0, %] = ( Spns(t) = snld) --coslty—2 doif) )
cos(t) — sin(t)
Particular Sclution set (

[ ;:E:; it f Xy (] ate) dt =

(1) ()
General Solution el = w(t) ] = [ ;:m ol + ol

Complete Solutions

S—cs TN

z:(t) = 2¢ cos(t) — 8 sin(t) = ¢ sin(t)
x:::uu ye(1) = cos(t) — 3 =in(t) + ¢ cos(t)

Laplace Transform [ X(=) | _ [[..r,—Ar’ (( =(0) )+ L[!i{t‘.ll)]

Theory ¥is) i)
_"’(.‘-!]Tu‘“} _ s{s+)
Laplnm Transform [ xt"’j - 241 hl +”=
¥is) (3—2) [.‘,l:lﬂ] ¢
FLEY] BRI

Laplace Transform based solution
zr(t) = 2t cos(t) = 8 sin(t) — ¢ sin(t)

yr(t) = cos(t) — 3 sin(t) + t cos(f)
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Verification

-1 5 A L | | A A A A i
0 02 04 06 08 1 12 14 16 18 2
time t

Verification

0 02 04 06 08 1 12 14 18 18 2
time t

overview

Differenfial ( 2'(t) = 22(t) - cos(t) - 5y(t) ) Initial ( 0 )
Equations \ 3/(t) = sin(t) + z(t) — 2y(t) ] Conditions

Particular Soluton [ =(t) | _ (Etl:m{t} e Eﬁu-fﬂmlit])

sel uplt) t mu(t} =
Verification by substitution in the differential Equations: 0
Must be a NULL Vecior 0

Solution set using eigenvalues & eigenveciors
z.(t) = 2t cos(t) - 8 sin(t) — ¢ sin(t)
ve(t) = cos(t) — 3 sin(t) + ¢ cos(t)
Solution sel using dsolve(.)
xy(t) = 2t cos(t) — 8 sinft) — ¢ sin(t)

ya(t) = cos(t) — 3 sin(t) + ¢ cos(t)
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Example # 5.38
A=[0-11;02 0;-2 -1 3];x0=[0 0 1];gt={"1";t’;‘exp(-t)’};

General Solution associated with [n x n] coefficient matrix A
= Malrix not defective
Eigenvalues/vectors: Ay, #1; A, Th; «++; An, s
Solution set: X; = eM'i, k=1,2,---.,n
= Matrix defective; An example with two dislind eigenveclors
Eigenvalues & distinct eigenvectors (two): Ay, #h & Aa, 2
Eigenvalue (A3, algebraic multiplicity of m=n—-2, n > 3)
generalized eigenvectors: ¥y, Uy, + + +, Ty
Solution set with distinct eigenvectors: X} = fie™', k=1, 2
Solution set with eigenvalue Ay :
Xi = [In +t(A = dsla) + - + [[(m)] '™ 1A = A In)™ Vi€
i=3---nym=n-2
= Fundamental Matrix of A: X(¢) = [X)(t), Xa(t), - -+, Xa(t)]

Homogeneous Solution = () = X ()¢
£ (from initial conditions)

Particular and Complete Solutions

Input = S = A0 + %0
Fundamental Matrix of A = X(t)= [.f;{t}, Xalt),- - Xn (t)]
::;Eﬂ;
Imitial (0
Conditions = Ho)=| 7
(0}
Particular Solution = ) = X() [ (X0 Ry
Complete Solution = F(t) = X(t)& + F,y(t)
Constants = &= [X(0)]™" [#0) - £,(0)]
:ﬂ:l}
(t) = za(t)

2.(t)
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Coupled 1* order System: Problem Statement
% = AF{t) + K1)

0D -1 1
Coefliciant Matrix: A ] 2 0
-2 -1 3
2 Initial Y
]
Forcing functions _ #(1) B Conditons: @) | 0

74(t) = z3(t) - 22(t) +1

Differential dF ()=t +2x3(t)
Equations: o ( 24 (t) =e"2-)2-t':{t}— ;;m + 3a3(t)

Eigenvalues and Eigenvectors
0-11
Input Matrix A 020
-2-13
1 1 05 0.5
Eigenvalues 2 Eigenvectors 0 1 0
2 1 0 1

Eigenvalues (3) & Eigenveclors (3)  Matrix NOT defective
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General solutions and unknown constants
Homogeneous solutions set

e’{ﬂq—c;e'-t—c;e’}
ey €%
e (¢c1 + cze’)

Complete solutions set (homogeneous + particular)

— " of (2¢ —-‘.‘ger+q1ﬂ'}
R Ry et

t t 1
cye? e

mt&-ﬂ.‘. Cz ﬂiﬁl:a

(8 § ¥)
Fundamental Matrix, Particular & Complete Solutions
d - e
Fundamental 0 ? El
Matrix X(t): & B
el _t_ 9
6§ 3 4
Particular t 1
Solution: — 2 T 1
Yolt) _t _e' _ 1
2
= t Tedf e a
B~
Cl}l‘mlﬂh it ¥ 1
Soluion: T — 3 T~



www.pdfgrip.com

342 Differential Equations: A Problem Solving Approach Based on MATLAB

Coupled 1* Order Differential Equations: Laplace Transforms

zh (t) x(t) a(t)
pas | O ma| 2O f )
2h,(t) z.(t) au(t)
= (0)
Initial = (D)
Conditions
(D)
Xi(s) ,(0) Gi(s)
Lﬂpl“=§ xﬂ'{;} - [I., . Ai—l nﬂ{ﬂ} 4 [.lf _ AI-—I G!t’.}
Transform " = N
X.(5) x,(0) G (0)
xi(t) Xi(s)
Solution=> al) | o ger| Fal0

:.,[t} Xals)

Laplace Transforms and Solutions using inverse Laplace Transforms

o =2al 4 a4l
Laplace = ::—1”1+1H:—2i
Transform 1
¥(s) e
I e T e i T
(5—1) (s+1) (s—2)

: a £ Tedt St L]
Soution: F —s3+F +FT —3
Inverse

lace et t 1

S A
L et et 3¢ T
12 Li] 2 2 4
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Comparison of Analytical Solutions
-+ 1 -

& Eigenveciors: Y _(1) E;:_#_i ;
i At

sl Y, : ot L

¥ Y, ()= (E) F=r-1+¥-]

—— ¥ - f+ -
Lapiace Transform :; L i"i
Yo

Y Y, () (E) ”ﬁﬂ"f'ﬁ“"fz‘i

Solution
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B L |
1m T L 4 l2 4 T T
—Lﬂ“
W= = siganvaluaaigenvector
¥ oded5
m 3
m o
m 5
5
= L
3 50
]
a0t
m =
m -
10
o
) i S T T - |
- B R
600 12 fi 2 2 4
= Laplace
= = gigamalualeigenvector
500 | ¥ odedS
§
=
=]
0

Time
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Example # 5.39
A=[2,-1,-1;-1,2,-1;-1,-1,2;x0=[0 -1 1];gt={"t"; *2’;‘exp(t)’};

General Solution associated with [n x n] coefficient matrix A

= Matrix not defective

Eigenvalues/vectors: Ay, 1h; Az, th; -3 An, Un

Solution set: X = e, k=1,2,.--.,n
= Matrix defective: An example with two distinct eigenvectors

Eigenvalues & distinct eigenvectors (two): Ay, #h & Aa, s

Eigenvalue ( A3, algebraic multiplicity of m=n -2, n = 3)

generalized eigenvectors: iy, ¥y, -~ -, ¥

Solution set with distinct eigenvectors: X} = fie™, k=1,2

Solution set with eigenvalue Az :

Xj =l + (A= Xala) + -« + [D(m)] ' " A = ML) ™ "€

j=3-,mim=n-2

= Fundamental Matrix of A: X(t) = [X(t), Xa(t), -+, X ()]

Homogeneous Solution = #(t) = X(t)¢
¢ (from initial conditions)

Particular and Complete Solutions
Input = % = AZ(t) + F1)
Fundamental Matix of A= X (t) = [Xi(t), Xa(t), - - , Xn(2)]
2
Inifial Iy
Conditions = o el S
z,(0)
Particular Solution = 2,(t) = X(t) f (X (0] de)de
Complete Solution = #(t) = X ()2 + 2(t)
Constants = &= [X(0)]” [#0) - Z,(0)]
:]{t}
1{” e :‘2{ t}

ae:{-t}
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Coupled 1* order System: Problem Statement

'
Ei- = A:r{l} 'I‘ﬂ!}

2 =1 =1
Coefficient Matrix: A -1 2 =1

-1 -1 2

; Initial 9

2 —
Forcing functions  d(t) . Conditiong 2O A

Eadiions: = 25 (t) = 2 z2(t) — =1 (t) — =s(t) +

Differental dz Ty (t) =t + 231 (t) — xalt) — z3(t)
y(t) = et — z(t) — za(t) + 2 za(t)

Eigenvalues and Eigenvectors
2-1-1
gt Makrix A =1 2-1
1-12
i 1 =1 =1
Eigonvaliis 3 Eigenvectors 1 1 0
3 1 0 1

Eigenvalues (3) & Eigenvectors (3  Malrix NOT defective



www.pdfgrip.com

First Order Coupled Differential Equations with Constant Coefficients 347

General solutions and unknown constants
Homogeneous solutions set

¢ + cp et
¢ +¢3 e’t

Complete solutions set (homogeneous + particular)

constants ¢,, ¢, and c,
(-3 -& &)

Fundamental Matrix, Particular & Complete Solutions

1 —e¥ ¥t
Fundamental 3t
1 e 0
Matrix X(t): 1 0 e
e 41 b 2 4
s—Hxtwty—wm
Particular ¢ 2 1

war o @ 48 _
Solution: 2 b 18 '] L
]

Y(t) &
9

okl SO IO S N
BtDIl.It_.bDI‘L 2 162 27 18 a9 81
Yt -5t 103 e 5 & 22

Rt R rrsTn
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Coupled 1* Order Differential Equations: Laplace Transforms

zh(t) = (t) alt)

e |0 ].a(36).,( 5
20, (t) z.(t) gnlt)
x,(0)
Initial = x3(0)
Conditions wen
z,(0)
Xi(a) x,(0) Gi(s)

m Xals) - ["'tll_"q'l_l -’I‘llm + [.;- H.-'li_] G2l 5)

Xo(s) 2.(0) G.(0)
n(t) X,(s)
Solution-» il 8 iy
I-f.l'} x-{"]'

Laplace Transforms and Solutions using inverse Laplace Transforms

Transform B S e o e e -
Y(s) o (s=1) (s=3)

R e e o e

=1

P 19" 4t 5 [ n
Soltion: §F — -+ +F 8
I ree . . -

o [ -aad t
. T -w-aty-8
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Solution:
Eigenvalues

& Eigenveclors: Y_(t)

www.pdfgrip.com

Comparison of Analytical Solutions

s-He -H+%+5-H
F-WF-H-G+5-&
B9+ +5-8

¢
T
Solution: .
dsolve(.);: Y ,(t) $--S-G+5-#
Y-V, ()= (g) B+ 08
0
apcs T ¢ U 4§ -
Y, ()Y, ()= (E) B+ 4+ +5-8
¢ _ 198" _
200 . 2 I]l'RZ
m— |_aplace
= = eigenvalue/eiganvector
0 ¥ odeds
200 |
k=
ﬁdm

500

-B00

-1000 . ;

0 05 1

Time
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Solution

12000 - . -
s | aplaca
= = eigemwalue/eigenvector
10000 F | ® oded5

Time
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For the remaining examples, the first two displays containing the theoretical aspects
are not shown.

Example # 5.40
A=[-1,-1,1;-1,2,-1;-1,1,01:x0=[0 1 1];gt={"t*exp(-t)’; ‘exp(-t)’; ‘exp(t)’};

Coupled 1* order System: Problem Statement

dF i
5 = AR+ )

-1 =1 1
Coefficient Matrix A -1 2 -1

-1 1 0

ks Initial Y

= | =

Forcing functions  d(t) T Condiions: 20 i

2y (t) = z3(t) — z2(t) — 21 (2) + te™

m # Ty(t) = e — 1 (t) + 22 (t) — z3(t)
: xy(t) =e' = 21 (t) + z2(t)
Eigenvalues and Eigenvectors
-1-11
It Matrix A -1 241
110
-1 2 o
Eigenvalues 1 Eigenveciors 1 1
1 1 1

Eigenvalues (3) & Eigenvectors (2) = Matrx DEFECTIVE:
Generalized eiganvectors required!

2 05 0.5
Eigenveciors 1 1 1]
indl. Generalized 4 o 1

Algebraic multiplicity (p) of the eigenvalue A > geomelric multiplicity {m)
= Generalized Eigenveclors are solutionsof [(A— ALY v =10

A=-1

A=1l:p=2
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General solutions and unknown constants

Homogeneous solutions set

o - 8 + 20,07
=t 3qt€+nze'{3t+2]|

c]_ e o ] Pl
J —
) P Sq; ¢ cye {gt 2)

Complele solutions set (homogeneous + particular)

et (Ba+2t-'+2t e +2 -2 ™ +2 g €' +1)
1

= Jegte' e (3142
+oet— _f% +
—t o te! cxe (31-2)

e (414208 67 42 +1)

5
et [4:—c1'+lutc?'—ﬁl?n“+2 :1+5)
B

constants c,, r.:zandt:a
(8 3 %)

Fundamental Matrix, Particular & Complete Solutions

2 E-—t i o o

¥ ¥
Fundamental et o (84 1] _ it
Matrix X(t):

ot W ¢ (§-1)

et (21—;-‘1 40 te? 4D t‘i+1}

: 1
Particular  o-f (4¢—e'+2te? -6 7™ +2£+1)
Solution: B
Yo(t) e (4t-¢'+10te -6 ' +26745)
8

et (t—é"ﬂe?' +t’+1)

3
Complele ¢t (244 36% +4te?' —3# &¥'+£+1)
Solution:

o q
Y(t) e (204 +8te?' -3¢ e +17+3)




www.pdfgrip.com

First Order Coupled Differential Equations with Constant Coefficients 353

Coupled 1* Order Differential Equations: Laplace Transforms

=(t) = (6) @)
) | _ 4 =0 |, | =0

Input -+ i
oh.(t) z,(t) as(t)
(D)
Initial == x3(0)
Conditions
z4(0)
Xi(s) (0 Gi(s)

;:llﬂﬂ Al s) - llI. _Al_i xy(0) + {.L - At-l Gals)

-

X.(9) 2.(0) G.(0)
xi(t) Xi(a)
T ) s
x.(t) Xals)

Laplace Transforms and Solutions using Inverse Laplace Transforms

43
Laplace  (a=1)" (#+1]

Transform = _ 4244274774 85+3
is) {(s=1)"

_ = =245
(=1

e (1-e¥'4+te? 48741

SR 3

| v raa

Lapiace o (20436 14t 38 4 41)
Transform 4

Y et {:! e B e =3 e 1143
4
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Comparison of Analytical Solutions
e !l-r"dl-l“-lr'til

2
Sckion 0! (204367 44 16" -3 0 480 41)

& Eigenvecions: 'I'.ﬂ] - 1[2”‘,1”.”,1__,!;,”1‘:”}
L]

st !l—l"' T ll

“ﬁ;vﬂm (303 a2 ecter)

o ()

PR ([l T LT Y]
Solution: _(_1_!

Laplace Transform o (243’ Wie’ <38 e 40 41)

o L i e L] |
]

TL[l]l i
@ o L e L L
¥ (Y (= (:) i
et {I—c"+l‘e"'+F+l:|
25
—— Laplace
= = giganvalualelgenvecior
¥ odedls

Solution




Solution
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el {2t+3e=i $4tel ] Feﬂ+;ﬂ+1]

4
10 v T T T T
o = = gigervalua/elgenvector
¥ oded5
=10
2071
=30
=40
50
60 [
70 . ; i i
0 0.5 1 15 2 25 3
Time
et (21+~E“-[-Ete"-3-f"n"+17+3}
4
10 :
— | anlace
BT |= = eigenvalusieigenvecior ]
¥ odeds

L

15 2 25 3
Time



www.pdfgrip.com

356 Differential Equations: A Problem Solving Approach Based on MATLAB

Example # 5.41
A=[-1,0,0,0;0,-1,0,1;0,0,1,-1;0,0,0,1];x0=[0 1 1 -1];gt={"exp(t)’; t*exp(-t)’; ‘exp(-t)’;‘t’};

Coupled 1* order System: Problem Statement

o

== AZ(t) + He)
{-1 0 0 0
0 -1 0 1
Coefficient Matrix: A 0 0 1 -1
0 0 0 1
[ ¢ 0
te ! Iniial - 1
Forcing functions  F(t) et Conditions: Z(0) 1
\ =1
Ty (t) = &' — z(2)
Differential dE Th(t) = zy(t) = Ta(t) + te™
Equations: dt () = et + z4(t) — z,4(2)
i (t) =t + zu4(t)
Eigenvalues and Eigenvectors
1000
0-101
Input Malrbs 4 P
goo1
1 ] 1 1]
1 o o 1
Eigenvalues A Eigenveciors 1 0 0
-1 ] 0 0

Eigenvalues (4) & Eigenvectors (3) = Malrix DEFECTIVE:
Generalized eigenvectors required!

1 a 0 0
1] 1 [1] 0.5
Eigenmvectors
ind. Generalized © 0 1 0
0 0 0 1

Algebraic multiplicity (p) of the eigemvalue A > geometric multiplicity (m)
= Generalized Eigenvectors are solutions of [(A = ALY [v =0

A=-1:p=2 m=2

A=l:p=2
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General solutions and unknown constants
Homogeneous solutions set

cret
% +ore
e (ﬂ;; —Cy f}
cy €’
Complete solutions set (homogeneous + particular)
% + et
v S | P
CF —t+ 42 £ oo

ef (ﬂg—ﬂq,f}—%—t—z
caef —t—1

constanis ¢, ¢,, ¢, and c,
(=4 1 ¢ 0)
Fundamental Matrix, Particular & Complete Solutions
et 0 0 0

Fundamental 0 et 0 %
Matrix X{t): 0 0 & =t
0 0 0 ¢
e
2

Particular gz o+
Solution: —3— — &

(t) g _2
—t— 1
sinh(t)
Complete -t
Solution: € E—H'Fﬁt—
Y 7¢ _ ' t—9
2 2
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Coupled 1* Order Differential Equations: Laplace Transforms

zn(t) i (t) alt)
zh(t) | _ 4| =0 | ]| =0

Input=> .
x,(t) z.(t) gs(t)
z,(0)
Initial = x3(0)
Conditions wee
x.(0)
ingl; #11‘{:3::: Gi(s)
Laplace=s | Xa(s) | _ o _ oy = | Gate)
aple [ 55 | gt -t | 2O |y pr, - | O
X.(s) r,(0) G.(0)
) (t) Xi(s)

20 | _ | X0
2.(t) X.(s)

Laplace Transforms and Solutions using inverse Laplace Transforms

Laplace
Transfarm i i
Y{s) '_'lﬂ + FET

e
Sontion:  sinh(t)
Ive rse
Lapiace =t _ et
i e t+ =5
? P =i
U] 1-1,,_ _ E}" —t—9
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Comparison of Analytical Solutions
sinh(t)

Solution: .

Eigenvalues et -t + 55—

&Eigenvectors: Y, () 7o o 5
g pmbs et

—t=1
sinh(#)

Solution: i —_
dsolve(.): Y4(t) el =t + -

0 e et _4_ 9
YaltH = | 0 & iianbs

0 o 2l |
Solution: Einh[tj

Laplace Transform ot =14 ﬁi_"

] .

cooo

Y, )
Y (1Y, ()= (

12

— | aplace

= = sigervalusleigenvector
10 | ™ oded5

Solution
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-t _ 2
e t+ 5

— | apilace

05 b |™ = eigervaluelsiganvector
¥ oded5

7 ot

LE _E_ -2
Tﬂ T T 2 2! T
= = gigeraleslelgenvecion
60T | w odedas
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—t-1
.1‘_ w v
_Lq}lﬂ
= = gigemalueleigenvector
A5F | ¥ odeds
21
£
,g =2.5
W
At
35T
4 A i i i i
0 05 1 15 2 25 3

Time
Example # 5.42
A=[-1-400;1300;1210;0101];x0=[1-11-1];gt={‘exp(t)’; t*exp(t)’; t"2*exp(-t)’;‘4’};

Coupled 1* order System: Problem Statement
% = AZ(t) + §¥)

[ -1 —4 0 0
: 1 3 00
L 0 1 01
[ ¢ 1
te! Initial 5 -1
Forcing functions  4(t) t2e-t Conditions: Z(0) 1
\ 4 -1
zi(t) = " — 21 (t) — 4 z2(2)
Differential dz Zh(t) = 3y (t) + 3xa(t) + te
Equations: dat T4 (t) = () + 2 2 (t) + z3(t) + t2 e

zy(t) = z2(t) + wa(t) + 4
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Eigenvalues and Eigenvectors
A1-400
1300
o oubiiocn s 1210
0101
1 0 0
1 0 1
Eigenvalues (4) & Eigenveciors (2) = Malrix DEFECTIVE:
Generalized eigenveclors required!
1 0 o 0
0 1 0 0
Eigenvedors
ind. Generaiized U 0 1 0
0 0 0 1

Algebraic multiplicity (p) of the eigenvalue A > geomefric multiplicity (m)
=+ Generalized Eigenvectors are solufionsof [ (A — ALY |v =10
A=1:p=4
General solutions and unknown constants

Homogeneous solutions set

—e! (2at—c +40)
e (atat+2ct)
e (g +at+2ct)
é (2 cot2ert+e; P20, 1)

2

Complete solutions set (homogeneous + particular)

_& Bk — o iagl)— 2Rk

e (e +ert+2et)+ £ (t+3
& (o soihi-ayt) . L UEEER e TP
B | e , ¢ (2et2etia 420, F)
¢ et ez 5 -4
constants c,, C,, C, andc,

(1-11%3)
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Fundamental Matrix, Particular & Complete Solutions
—ef (2t -1) —4te 0 0

Fundamental te' e (2t+1) 0 0
Matrix X(t): tef 2t e e 0
"’T“' e (*+t) 0 ¢

te !zt‘ﬁt—a!

Particular 2 ot (t+3)

Solution: 3
Yo(t) e (6t—612e* -4t e +6¢7+3)
~ 2
el , tie
3 t+tw -4

e (-2£-3£+9¢+3)
3
Complete {—t"'—ﬂt’+3t+3}
Solution: —
Yt e (6t—15¢* +12te' 612 ' —4 ' e* +6£ +3)
- 12
2 4
3ot —EF + 55 + 55 —tef —4

Coupled 1% Order Differential Equations: Laplace Transforms

zh(t) x(t) alt)
S .n.vift} i zsﬂ[‘t] + _q;:{_ﬂ
z(t) za(t) gnlt)
x(0)
Initial = 7, (0)
Conditions
z,(0)
Xi(s) x,(0) Gi(s)

Lﬂplm# xi{"} i ['I“ i A] -1 :Eg“]:' 4+ [sf,, we A]_] 'G?{’J
Transform
Xa(s) x,(0) G (D)

x)(t) Xi(s)

— 22(t) | _ g | Xalo)

za(t) Xol(s)
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Laplace Transforms and Solutions using Inverse Laplace Transforms

-_[:'_—5‘1

Lapiace (=1}
Transfom 4 (—s? 42441
¥i(s) (a=1
P e Ty I -
(a=1)" (241

_'_-‘l""T-l' a?—39 Il
' [l-l?'

¢ (-27-34+91+3)
Irrve rsa s
Laplace ¢ (-'-3F+3143)
Transform 3
Y e (Be-156" #1206 — 68 ' —4 6 46 £ 43)
- 1]
3¢ - SF + 5+ 55 —tef -4
Comparison of Analytical Solutions
JE-:H-SF;HH:}
Solution:

= 7
Eigenvalues _e'{ (o T -l-:I!+:I-E

& Eigenveciors: Y (1) o (001567 41206 0176 - o 407 43)

i’
Scf - CE 4 OF L L _pof -4
o(-20-arf4043)
Schwion: ¢ (-P-3843143
dsolve(.}. Y,(t) RASSL AL
0 o (Be-1h e 1120 01 - d P P 0 43)
Y4ty ()= : - 1
0] S¢-GEL4CE L8 —tef-4d
r'!—!l"—ll’-rlnl!

Solution: 3
Laplace Transform ¢ (-#-3/43043)
Y m

] e ' (Be=15e™ 120 <01 e - d et 67 4 3)

3e‘-ff+ﬂ,¢+lli';’--te'-4
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=250 |

=300 |

-350

Solution
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e (wz B340 r+.'1}

3

365

= = gigamnvaluefeiganvactor
¥ odedl

15

25

Time
o (-£-3£+3t+3)
e 3
— | aplace
= = gigenvaluelelgenvecion
¥ oded5

0.5 1

15
Time

25
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Solution

Solution

ot {ﬁ t=10502 412 # o2 =f {2 21 =4 2 n“+ﬁF+3}

12

—Lmlam
= = gigemnvalua/eigenvector
¥ oded5

05

1 15 2 25
Time

3:&-’*—%+E+E tet — 4

a 13

180

X

¥ odedd

= = elgenvalualeiganvector

1 1.5 2 25
Time
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Example # 5.43

A=[1,0,0,0;0,1,0,0;1,4,-3,0;-1,-2,0,-3];x0=[1 1 1 -1];gt={ exp(-3*t)’;‘t*exp(3*t)’; ‘exp(t);’
trexp(t)'};

Coupled 1* order System: Problem Statement
dF

E=J‘E{I}+E{ﬂ'
( 1 0 0 0
. 0 1 0 0
Coefficient Matrix: A 1 4 -3 0
\ -1 -2 0 -3
( et 1
te't initel 20 1
Forcing functions  (t) ef Conditions: 1
\ t+e -1

zy(t) = e + 2 (t)
Differential d zh(t) = za(t) + t e
Equations: dt zi(t) = ef + 3y () + 4z (t) — 3z4(t)
2 (£) = t+ e — z4(t) — 222(t) — 3mu()

T

Eigenvalues and Eigenvectors
1000
0100
R M A 1430
-1-20-3
3 0 0 4 8
3 0 0 2 2
9 1 9 1 0 1 0
1 0 1 0 1

Eigenvalues (4) & Eigenvectors (4  Matrix NOT defective
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General solutions and unknown constants
Homogeneous solutions set

—4de (c3+2cy)
2¢f (c3 +c4)
czef + et
cs e + e

Complete solutions set (homogeneous + particular)

——- —4& ((-‘3 -|-2c4)
2¢t (c5 +ey) + 221D

e {14::.:,—3ﬁt+35e"—32eﬂ+431 e5'+144c; e*—9)

4+ g T T et et — ]
constants ¢,, ¢,,Cq andc,
(-8 -1 & -R®)

Fundamental Matrix, Particular & Complete Solutions

0 0 —de -—8e
Fundamental 0 0 2¢ 2¢
Matrix X(t): e 3t et 0
0 et 0 e
a3t
Particul e
Particular g3t (241
Solution: +1
j‘;{t} ﬁ-«!l (Ni—ﬁe"hﬂt"—d&t!“ﬂ)
144
f++¥ -+ -}
Sel e3¢
1
Complete e (2¢-1
Solution: % + J,.‘—l

Y() e (361-261"+32¢M —d81e"'+55)

- 14
=31 t =31 i
% o ﬁﬁ _+_ o i 11'5" _I_ te - i . l
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Laplace Transforms and Solutions using inverse Laplace Transforms

1
Lo T ~ T
Transform — 1+'|
vis) (a=1)(a=3)"
a2 —29 57— 20 5+156
(o =1)"(a=1)
=24 1250418 5448 36 5427
o {2 =0)" (a=1)

Solution: 3 — '1’:
Invarse
Laplace ¢ !Efr'" :!
Transiorm
Yo e (360261 +325 —451e"'+85)
= H
et 11¢ e tet’
-+ -r-3
Comparison of Analytical Solutions
Solution: QF - f{:
Eigenvalues -“—:i e ?_l
&Eigenveciors: Yo () o ¥ (3se-2010t 1326 a8 164 480)
L4
N e 2L
Solution: lf- > !'_u
[.k‘fdm .'!:u."‘—é'ﬁt
o e V(36261 12 iB 1M 488)
¥ ity ()= (:) - T
e " TN
i _er
Solution: RN
Laplace Transform e‘!itéf—é'ﬁl
\er : e "{;:-meum"-mw +85)
Yoy = | &
o

R L
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He e
b7 R 5

| aplace
= = gigenvalualelgenvector
25+ | W odeds

8
5
[-]
w
¢!, @'(2t-1)
2% + — A F
12000 . — f . ;
— Laplace
= = aiganvalue/eiganvector
10000 F | ™ odeds
5
=
=
=
W

Tirme
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e (361—261 " +32e'' —48 ' +85)
o 144

— | aplace
= = aigamvalualaigenvector
B000T | w odedas

Solution

0 o5 1 15 2 25 3

Time
t Gt ! e te ! te 1
LRG| TR TN A A TRk |
0 - '
| |™ = eigenvalue/eigenvector
-500 W odeds
-1000 |
-1500 t
S
=
a
3 2000 |
=2500 [
-3000 [
=3500 :
0 05 1 15 2 25 3

Time
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Example # 5.44

A=[0,0,1,0;0,0,0,1;2,1,1,1;-5,2,5,-11;x0=[0 0 0 -1];gt={‘t’;‘exp(-t)’;°5°;‘cos(t)’};

Coupled 1* order System: Problem Statement
aF

i AF(E)+ gl
{0 01 0
N , 0 00 1
Coefficient Matrix: A 9 1 1 1
\ -5 2 5 -1
{ ¢t 0
e Initial #0) 0
Forcing functions  (t) 5 Conditions: 0
\ cos(t) -1
() =t + z3(t)
Differential dF zh(t) = e + z,4(t)
Equations:  dt xy(t) = 23, (t) + xa(t) + ma(t) + 34(t) + 5
zy(t) = cos(t) — 5 za(t) + 2x2(t) + 5 za(t) — zult)
Eigenvalues and Eigenvectors
0010
0001
- ——" 2111
S5 251
1 -1 007 033 02
-3 1 033 033 -1
Eigonvalues ENpa 0.2 1 02
-1 1 1 1 1

Eigenvalues (4) & Eigenveciors (4):  Matrix NOT defective
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General solutions and unknown constants
Homogeneous solutions sel

=3 -: k13
SE _ _I._ ge
5 L& E‘ - 3

'!'-'l'iit -% ﬂ:zEl-l-g—

Ge _at _ g ¢f +c3e‘“
aettoe? +oe™ +oe’t

Complate solutions set (homogeneous + particular)

S (g ) a0 o
:;]_t_S +“—'“l+{'.-1&t L t‘“’_f) &Ie'l+ﬂi_l_3ﬂ
%‘ _t_.%: —c:le’— "f_ﬂ“{““] rzes’ +qe + cgedt — %
%ﬂ+3’?ﬁt!+c€ !mt+!!+ﬂgﬂat+gﬂ_!+ﬂsﬂal %
constanis ¢, €,, ¢, md-c‘
(-% & & -%)
Fundamental Matrix, Particular & Complete Soluticns
-t r;’ e 5
ik, B
Fundamental of —fg % et
Matrix X(tk -t = gt 2
e? E‘j" et ei"
i g4t Agi)
Particular 3 cot) o sm{t} 25 Ge ' {42-1)
Solution: "3 T T 2D 32 3
ﬂ'[t} et _t_tn" _ “'@d t+§ _1
ER)
et
mﬁ(ﬂ + 33‘1*!' f?;:-”} + i)
Tle 461, codt ﬂ-ﬂ.'f:l e (4i+d1)
e fgstg w0 e,
ot 7 “" 461 o™ 3 codt) ".h:’ Sﬂ{ﬂ .'Je"{d!+2?}
Solution: 73 T Sa +mﬂ_ % T + 3
V() 461 _ Tle™ ﬂ + 8 ad _ ﬂlif]' - 'Hl+27}' . |
-48l}l1| ‘.M[I1 :u{lj 153 'n{t]lm {2“32]4?} 3
Tle 3! 461 &** 5l et + 5
48 T 480 + lﬁ o o 32 +§
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Laplace Transforms and Solutions using Inverse Laplace Transforms

Laplace
Transform

Y(s)

_=5#-1 ﬂﬁﬂtlﬂ%ﬂjf_—tﬂﬂj
# (A +1) (a=1) (s41) (2—3) (s43)

#4205 -3 +3 7 +15 4~ 15 2415

o (P 41) (5—1) (s4+1)" (5—3) (s+3)

— AP0 5++1357420 #1412 549
A P+ 1) (a-1) (41" (a-3) (49)

Solution:
Irmm

=’ — P Y s |
oo 1) (a=1) (a+1)" (5—3) (a+3)

U - § o+ T+ i+ 9 o+ ) o

nlurm 8+ 8 32 _%+%_§%ﬂ“%+%+i¥_%

¥y

Solution:
Eigervaiuss

A B B S B
s e B RS E
Comparison of Analytical Solutions
}_I?qﬁﬂ |:+¢u"+%11+?l|_ -_Jig_l_r";qu-h{ 9
%__ne +-m.l-' %_l gﬁg_l_gil_l_:. i.m.r;l %

l!w“ftvm i‘" ]
e I o . i

Solutlon:

e B T Ty
N {4 4+ 4 - e () -2

dsolve(.): Y 4(1) ¥-Be + IS - 250 - p e e (U4 1) -

al

cooe

] o ptts ek R (R
B+ S+ -2 - (M D)+

B+ T+ W+ T

Solution:
Lapiace Transform gln,_'_gﬁ_'_n.l*_',!!:ﬁf_ L'iﬂ 'ﬂ" %1"""'1":‘

Y.
A AT

(E) %ﬂ_'_nu 'n- t+’g‘ ;_%_ ﬂiq“!! !
[ ;_:i.lj_urc- +m-’1+%) H__I__#l_[ u;__+;
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Tle™ ¢, 461e™ |, oooft) |, 9f  sinlt) |, e (424+31)
__:"i+_+z_n+ﬁ_ 2 T 3] =l

720 140

—L.m,'u

= = eigerwalveleiganvector
¥ oded5

Bt _ e ¥ |, 41l Beodt) gt | sinft) | SeTi(40427)

Time

=

20 16 20 v

T T

F] 14 1440
3000 r -
= = gigervalueleigenvector
7500 F | W odeds
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Hle  Te™ i m_{t} + _ snft) e [dt+27) 1
bl
8OO0 40 T D T - "3 3? -
—me
TOOO [ |= = eigemvalualeiganvector
B odeds
6000
5000
5 4000}
=1
3
¢ 3000
2000
1000 [
1]
-1000 .
0 0.5 1 15 2 25 3
Time
?1c : -mlr‘" mqt} et | 3sint) e (20¢4+147) , 5
+ il ¥ ] 32 + k]
8000 r T ™ T
— | aplace
TOOO[ (= = aigervaluefeiganvector
B odeds
8
=
E=]
L]

Time
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Example # 5.46

A=[0,0,0,0,1;0,0,0,1,1;0,0,0,1,1;0,2,0,-1,0;0,0,0,0,1];x0=[0 0 O 1 -
1;gt={t";t";t"2°;°cos(t)’;°5°};

d'.i -
Coupled 1* order System:  —, = AFt) + f(t)

O 00 0 1
000 1 1
Coefficient Matrix: A 000 1 1
0 20 =10
000 0 1
0
0
Forcing functions  £(f) (0} 0
m{ #) Candimm. 1
=1
Ti(t) = t + z(t)
Differential dF zy(t) =t + zu(t) + -’55{*1‘
Equations: a&t z4(t) = zal(t) + zs(t) + £
& (t) = cos(t) + 2x2(t) — za(t)
\ z5(t) = z5(t) + 5
Coupled 1* Order Differential Equations: Laplace Transforms
whit) ult) mit)
Input= walt) | _ | walt) #t)
wh(t) () anlt)
w0} ]
Inifial == w(0)
Conditions
yal0)

i 0 ot
Laplace=- ) | _ep A | ¥ s — A]-1 208
mameencll Ml L R il B

Y. is) e () G, (0}

wmit) ¥i(s)
kit w(t) | _ -] Yals)

() Y(s)
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Laplace Transforms and Solutions using inverse Laplace Transforms

F{f-u ) -I-_l-ll+ '-"

1 il - a4l . Biwsl
T3t e ~ g T @Fideg T .T"l“‘l?J_ﬂ;- =)

3 w1 . Sie+1)
i + o + - oS T o T e s
2

Flw+a-3  [a-1){=+s-2) x: .'+.--: 2 ala-1] (4o + G

4 -5t+5-4

Solution y, ()
g & B8

] 11 1 15 2 25 3
Tirne
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) 2

cedf] et f— ahe 4 dsig)  fes” @
] ) 18 (L T
120 T T v

Solution Y, (t)

g

& 8 8 3

Solution yS{t}
=

0 0.5 1 15 2 25 3
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5.6 Summary

First order coupled differential equations have been presented in this chapter. The
case of a pair of homogeneous first order equations is presented first. The analysis of
the properties of systems described by these equations is carried through the use of
phase portraits and state of equilibrium. The solution is obtained using the concept
of eigenvalues and eigenvectors with detailed attention given to the case of defective
coefficient matrices and generalized eigenvectors. The solution is also obtained by
converting the set of equations to a second order homogeneous differential equation
with the solution set obtained using the roots of the characteristic equation, thus
avoiding the need for generalized eigenvectors. The solution set is also obtained using
Laplace transforms, thus providing a very general means of obtaining and comparing
the solutions. Detailed examples are given, with each example annotated with the
appropriate theory, along with comparison of results and verification using Runge-
Kutta methods. The analysis is then extended to the case of a pair of non-homogeneous
first order differential equations with the particular solutions set obtained using the
method of variation of parameters. Once again, the solution set is validated through
the use of Laplace transforms and verified through the use of Runge-Kutta methods.

The study is extended to sets of multiple coupled first order non-homogeneous
systems. The solution is once again obtained using eigenvalues and eigenvectors with
an increase in complexity as one goes from a pair of equations to three, four and more.
The use of the eigenvalue based approach is limited to n<5 because of the computational
complexity associated with defective matrices. Laplace transform based solution has
been used as a means for verification and for sets with 5 or more equations, only the
Laplace transform method is used to obtain the solution. In every case, the solution
is further verified using the Runge-Kutta method.

The examples shown cover a wide array of possibilities with each example fully
annotated with the appropriate theory, explanations, justifications and even verification
carried out symbolically and displayed.

5.7 Exercises

1. For the set of values a and b given below, examine the phase plots and verify
that they reflect the state of equilibrium suggested by the eigenvalues.
a=[-3,-2,-1,0,1,2,3];
b=[4,-4,0,-2,1,-1];

A=[1,a;-1,b];

2. For all the cases above, obtain solutions to associated homogeneous system.
Verify your results using the Laplace transforms, conversion to a second order
differential equation and finally ode 45.

A:[A]I’AIZ’AZI’A22’X](O)’XZ(O)]

A=T1,-3,-1,1,-1,1];

A=[-1,-3,1,-1,-1, 1];
[1,0,-1,-2,1,0];
[1,2,3,2,-1,0];
[2,-2,-1,-2,0, 1];
[13-1-1,-1,1];

A
A
A
A
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A=[0,3,1,2,-1,1];

3. Particular and complete solutions. A is A=[A | ,A ,,
A=[1,-3,-1, 1, -1, 1];gl(t)="t*exp(2*t)’;g2(t)="t";
A=[-1,-3,1,-1, -1, 1];g1(t)="cos(t)’;g2(t)="sin(t)’;

[1,0,-1, -2,1,0];g1(t)="t*exp(t)’;g2(t)="exp(-2*t)’;

[1,2,3,2, -1, 3];gl(t)="exp(-t)’;g2(t)="4+t’;

[2,-2, -1,-2,1, 1];21(t)="cosh(sqrt(6)*t)’;g2(t)="t";

[

[

[

AZI,A227X1(O)7X2(O)]

3,0,-4,-2,0, 11;gl(t)="t";g2(t)="t+5;

0,3,1,2,-1,1];gl(t)="t*exp(-t)";g2(t)="exp(-t)’;

3,0,1,-3,-1,1];g1(t)="cosh(3*t)’;g2(t)="sinh(3*t)’;

4. For the following coefficient matrices, obtain the general homogeneous solution
using the eigenvalues and eigenvectors. Provide the eigenvectors, eigenvalues and
state whether the matrix is defective and if generalized eigenvalues were used.

Provide the fundamental matrix as well. Compare the solution to one obtained
from MATLAB.
A=[1,1,-1;0,-1,0;1,0,17;
A=[1,-1,1;0,-1,0;1,0,17;
=[1,1,1;-1,1,1;1,0,0];
[-3,0,-1;-1,1,0;1,0,0];
[-3,1,-1;-1,-1,-1;0,2,0];
[1,1,0,0;1,0,1,1;1,0,0,1;0,0,1,0];
[1,1,0,0;1,1,1,1;1,0,0,-1;0,1,0,1];
[1,0,0,4;1,0,-1,-1;-1,0,0,1;2,0,0,3];
[0,-2,0,0;2,0,0,0;4,0,0,0;0,0,1,0];
[
[
[
(1,

A
A
A
A
A
A

0,0,0,6;1,0,0,0;0,0,0,-2;0,0,5,0];

1,1,3,1;0,0,0,1;0,1,0,1;0,0,0,5];

1,0,0,0;1,-3,0,0;0,-4,0,0;0,0,2,01;

1,-1,0,0;-3,-1,0,0;0,-4,0,0;0,0,2,01;

5. For the coupled first order differential equations characterized by the coefficient
matrix, obtain the particular solution sets and complete solutions using (1)
eigenvalues and eigenvectors (2) Laplace transforms and (3) ode45 methods
with the given set of forcing functions and initial values.

A=[1,1,-1;0,-1,0;1,0,1]; x0=[0 -1 -1];g(t)={‘cos(t)’;‘sin(t)’; ‘exp(-t)’};

[1,-1,1;0,-1,0;1,0,11;x0=[0 1 -1];g(t)={“t’;‘t"2°;‘exp(-t)’};

[1,1,1;-1,1,1;1,0,0];x0=[0 -1 1];g(t)={4";‘t’;‘t*exp(t)’};

[-3,1,-1;-1,-1,-1;0,2,0];x0=[1 -1 -1];g(t)={‘exp(-2*t)’;*4’;‘t’};

[1,1,0,0;1,0,1,1;1,0,0,1;0,0,1,0];x0=[0 1 -1 -1]; g(t)={‘t’; ‘exp(-2*t)’;‘4*;‘t"2’};

[

[

A=
A=
A=
A=
A=
A=
A=
A=
A=
A=
A=

A=
A=
A

1,0,0,4;1,0,-1,-1;-1,0,0,1;2,0,0,3];x0=[0 -1 1 -1]; g(t)={5";°0’;°t’;°0’};
0,-2,0,0;2,0,0,0;4,0,0,0;0,0,1,0];x0=[0 -1 -1 0]; g(t)={‘cos(2*t)’; sin(2*t)’
65 }

A [0,0,0,6;1,0,0,0;0,0,0,-2;0,0,5,0];x0=[0 0 -1 0]; g(t)={t";t"2";t’;‘t+2’};
A=[1,-1,0,0;-3,-1,0,0;0,-4,0,0;0,0,2,0]; x0=[0 0 -1 0]; g(t)={t’; exp(-
2*t)’;‘exp(2*t)’;°4’};

A
A
A
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Appendix A

Numerical Techniques for Solving
Differential Equations

A-1 Euler’s Method 385
A-2 Runge-Kutta Method 386
A-2.1 Runge-Kutta methods for coupled first order systems 391

A-2.2 Runge-Kutta methods for higher order differential equations 393

A-1 Euler’s Method

Analytical solutions to differential equations might not always exist and it becomes
necessary to use numerical methods to obtain solutions to differential equations.
Numerical methods also offer a means to verify solutions obtained using other
approaches. One of the simplest methods relies on the Taylor series expansion for a
function and it can be used as a starting point for obtaining an approximate solution
to a differential equation. Consider the case of a first order differential equation

d 1

==/ y), y(0)=1. (A1)
Ineqn. (A.1), tis the independent variable and f{(.) depends on both t and the dependent
variable y. The initial condition is given as y,. For a small change in time At, the Taylor
series provides

y(t+Ar) = y(t)+y'(t)At+y"(t)(A2t')2 +eee (A2)

If the series is truncated by ignoring the terms in quadratic and higher order in At,
eqn. (A.2) becomes

y(t+At)=y(1)+y'(t)At+O0(Ar) . (A3)
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The last term in eqn. (A.3) represents the error in limiting the expansion to the
linear term in At. Ignoring the error, eqn. (A.3) becomes

y(t+Ar)=y(t)+y'(1)Ar= y(2)+ f(t,y)Ar . (A4)

If the time window where the solution exists is divided into n-segments, eqn. (A.4)
can be interpreted as follows

Y (6) =30 () + S (63,) A, m<n, (A5)

Thus, the solution to the differential equation can be obtained at different time instants
in [0, t] in steps of At. It can be seen from eqn. (A.5), the accuracy of the solution will
depend on the step size and the nature of y(t). If y(t) is highly non-linear, the linear
approximation provided in eqn. (A.5) will be insufficient and error in the solution will
increase. Equation (A.5) represents the numerical solution based on Euler’s method.

The numerical approach to the solution of the differential equation can be improved
if there is a better way to estimate f(t,y) for each iteration. In other words, while Euler’s
method uses the local value of f{t,y_,), an improved method would require that the
estimate of f(t,y ) is made by taking more samples of f(t,y) from the neighborhood.
Euler’s method uses uniform step sizes and if step sizes could be adjusted, the errors
are likely to be less because varying step sizes will model nonlinear functions better.
Another approach lies in using an improved average value of the function at each step.
One such method is the Runge-Kutta method. Depending on the number of terms
used for averaging, it is possible to have a 2nd order, 3rd order, 4th order method, etc.
The 4th order method which is extensively used (normally called the Runge-Kutta
method) is described below.

A-2 Runge-Kutta Method

The Runge-Kutta method uses a weighted average as the local estimate. Equation
(A.5) is modified as

V()= y,a ()+f(t,y) At . (A.6)
The average value of the local estimate is
ke +2k, + 2k, + k,
(t’y)a\
k, = f(tm 19 V- 1
At
=f(f ,ym 1k 2 ) (A7)
=flt + , +k,
( m—1 ym 1 2 j

A
ky = f(t,. +Atym1+kAt)
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The notion of the average is clear from eqn. (A.7).

In the adaptive step size approach, the step size can be automatically adjusted
as the calculation proceeds based on the local truncation error (LTE), defined as the
difference in the numerical value of the solution at any point and its actual value. These
procedures will now be explained using an example which compares the Euler’s and
the Runge-Kutta methods. A first order differential equation is

%:3+2t—y, y(0)=2. (A.8)
The analytical solution to the differential equation is
y(t):e” +2t+1. (A9)
Two step sizes (At=0.4 and 0.1) are used. The local truncation error (LTE) at each
step is given by
er, = y, (analyt)— y, (numer),k =1,2,... . (A.10)
The mean square error is

1
MSE = —Z [er; ]2
N*%
In eqn. (A.11), N is the total number of steps. A MATLAB® code that obtains the
solution using both Euler’s and Runge-Kutta methods and examination of the errors
is given below. MATLAB automatically chooses the appropriate number of step sizes

needed in ode45(.).

(A.11)

function euler ode demo

% dy/dt=3+2t-y, y(0)=2

% Comparison of Euler’s and Runge-Kutta methods. Two steps sizes are used
% for Euler’s while the step size is automatically chosen (adaptive sizing)
% by MATLAB. The local truncation errors and the mean square errors are
% compared. It is seen that while the error with Euler’s declines with

% reduction in step size, Runge-Kutta method uses the lowest number of
% steps and provides the most accurate estimate of the solution

% P M Shankar, August 2016

close all

tmin=0;%initial time

tMax=2;%maximum value of time

% test the error with two step sizes for Euler

dt1=0.4;

t1=tmin:dt1:tMax; % steps, size 0.4

de2=.2;

t2=tmin:dt2:tMax; % steps, size 0.2

y0=2; % initial condition

y1(1)=y0; % initial condition restated

y2(1)=y0; % initial condition restated
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N1=length(t1);N2=length(t2);
for k=2:N1 % step size 0.4
yy=ode eulerfunl(tl(k-1),yl(k-1));
yl(k)=yl(k-1)+dtl *yy;
end;
for k=2:N2 % step size 0.1
yy=ode eulerfunl(t2(k-1),y2(k-1));
y2(k)=y2(k-1)+dt2*yy;
end;
% Runge-Kutta (ODE45)
tm=[0:tMax]; % MATLAB chooses the step size
[T, YDE]=ode45(@ode_eulerfunl,tm,y0);
% now verify the accuracy of the methods
% Symbolic solution ----> dy/dt=3+t-y, y(0)=2
Syms X y t
y=dsolve(‘Dy=3+2*t-y’,’y(0)=2");
yys=MATLABFunction(y);

% disp([‘Analytical solution of dy/dt= 3+2t-y, y(0)=2 is y(t)=",yyt])
% Convertion to MATLAB Function for plotting and error calculations

% create samples of analytical solution at appropriate time instants
yal=yys(tl);% samples at step size 0.4

ya2=yys(t2); % samples at step size 0.1

yad=yys(T);% % samples at the instants generated by Runge-Kutta (ODE)
figure, plot(tl,yal,tl,yl,’k*’,t2,y2,°bd’, T, YDE,‘rs”)

xlabel(‘time t”),ylabel(‘solution y(t)’)

legl=[‘Euler”’s \Deltat = ‘,num2str(dt1)];

leg2=[‘Euler”’s \Deltat = ‘,num2str(dt2)];

leg3=[‘Runge-Kutta’];

legend(‘Analytical’,legl,leg2,leg3, location’, ‘best’)
text(0.78,2.52,’y(t) = ,’fontsize’,12)

text(1,2.5,[‘$’ latex(y) ‘$°],‘interpreter’,‘latex’, fontsize’, 14)
N3=length(T);% number of samples from ODE
text(0.2,4.2,[legl,”, N = ‘,num2str(N1)])

text(0.2,4,[leg2,’, N = *,num2str(N2)])

text(0.2,3.8,[leg3,’, N = ‘,num2str(N3)])

% Error calculations
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erl=yl-yal;

er2=y2-ya2;

er3=YDE-yad;

MSEl=sum(erl.”2)/N1;

MSE2=sum(er2.”2)/N2;

MSEOD=sum(er3.”2)/N3;

tit=[*Anylt Numer LTE’];

vall=[yal;yl;erl]’;

val2=[ya2;y2;er2]’;

val3=[yad,YDE,er3];

figure,x1lim([0,5]),ylim([0,5])

title(‘Error Analysis: Comparison of raw data’,‘backgroundcolor’, w’)
text(.5,4.5,tit,‘color’,’b’)

text(3,4.5,tit, ‘color’,‘b’)

text(1,1.2,tit, color’,‘b’)

text(.5,3.5,num2str(vall))

text(3,3,num2str(val2))

text(1,0.65,num?2str(val3))

text(.5,4.8,[legl,’, N = ‘,num2str(N1)],’color’,’r’,”fontweight’,”bold”)
text(3.3,4.8,[leg2,’, N = ,num2str(N2)],’color’,’r’,’fontweight’,’bold”)
text(1.1,1.5,[leg3,’, N = ,num2str(N3)],’color’,’r’,’fontweight’,’bold”)
%text(4.2,0.1,’p m shankar’,’color’,’g”)

axis off

figure,plot(tl,erl,’k*’,t2,er2,’bd’, T,er3,’rs)

xlabel(‘time t”)

ylabel(‘Local Truncation Error [y {Analyt}-y {numerical}]’)
ylim([-.1,.17)

legend(legl,leg2,leg3,’location’, best)

title(‘Error Analysis’)

text(0.2,.05,[legl,’, MSE = ‘,num2str(MSE1)])
text(0.2,.04,[leg2,’, MSE = ‘,num2str(MSE2)])
text(0.2,.03,[leg3,’, MSE = ‘,num2str(MSEOD)])

end

function dy= ode_eculerfunl(t,y)
%dy/dt=3+2*t-y
dy=3+2*t-y;

end
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55 - '
—— Analytical
% Eulers At=04
S| © Eulersat=02
O Runge-Hutta
45}
s Eulers Atl=04, N=6
= 4f Euler's At=02, N=11
é Runge-Kutta, N = 3
3 3s|
3 -
25} yih= 2t +et+1

time t

Emor Analysis: Comparison of raw data

Euler's At=04,N=6 Eular's At=0.2, N=11
Amit  Numer LTE Amdt  Numer LTE
2 2 0 2 2 o

22187 22 00187

30493 206 -0.089329 i:ﬁg 22':1“2 jﬁz
3.7012 3.616 -0.0851594 * :

44019 43206 -0.072297 30493  3.0006 -0.039720

3.3679 33277 0.040199
51353 50778 -0.057575 37012 36621 -0.03905

4.0466 40097 -0036882
44019 43678 -0.034124
47653 4.7342 0.031081
51353 51074 -0.027961

24703 24 -0.07032

Runge-Kutta, N=3
Anyit  Numer LTE
2 2 0

3.3679 3.3679 4.5507e-08
5.1353 51353 33482e-08
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A-2.1 Runge-Kutta methods for coupled first order systems

Runge-Kutta methods can easily be applied to solve coupled first order differential
equations. An example of a system with a two first order non-homogeneous equation
is given. Consider a system defined by the coefficient matrix A, initial conditions x (0)
and x(0), and forcing functions gt, and gt, as

11
A{4 J . (A.12)
202

Eﬂ{i’} . (A.14)

The set of differential equations associated with the coefficient matrix and forcing
functions is

x (1) =x(1)+x,(t)+e”’, x(0)=0

% (1) =4x (1) +x, (1) +t, x,(0)=-1" (A.15)
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The example in eqn. (A.15) has been solved using the Runge-Kutta method and the
MATLAB script and results are given below. The numerical solution set is compared
to the analytical solution set obtained using dsolve(.).

function example rungekutta coupled

% define variables

close all

syms x_1(t) x_2(t)

xt=[x_I(0);x_2(0);

Dly=diff(x_1,t);

D2y=diff(x_2,t);

A=[1,1;4,1]; % coefficient matrix

gt=[exp(-t);t]; % forcing functions

Dy=[D1y;D2y];% initial conditions

diftX=[Dy==A*xt+gt]; % create the differential equation set

[x1,x2]=dsolve(diffX,[x 1(0)==0;x 2(0)==-1]); % solve in MATLAB

x1=simplify(x1,‘steps’,100);

x2=simplify(x2,‘steps’,100);

mfl1=MATLABFunction(x1); % create inline function solution x1(t)

mf2=MATLABFunction(x2);% create inline function solution x2(t)

tspan=[0 5]; % time span for numerical integration

[tt,yy]=ode45(@fun2f,tspan,[0; -1]);

% yy is the numerical solution in two columns. First column corresponds

% to x_1(t) and the second one to x 2(t)

plot(tt,mf1(tt), -k’ tt,yy(:, 1), kK*’ tt, mf2(tt), --r’,tt,yy(:,2),‘r0”)

legend(‘x_1(t)-Analyt’,’x_1(t)-Runge-Kutta’,...
x_2(t)-Analyt’,’x_2(t)-Runge-Kutta’,‘location’, ‘best’)

xlabel(‘time”),ylabel(‘solution”)

title(“Solutions(s): Analytical vs. Numerical’,‘color’,’b”)

xx1=[x_1(t)==x1]; % create equation for display

xx2=[x_2(t)==x2];% create equation for display

% display the differential equations

text(0.5,-1e5,[‘$’ latex(feval(symengine, ‘rewrite’,diffX,’D”)) ‘§’]....
‘interpreter’, ‘latex’,‘fontsize’,12,‘color’,’b”)

% display the solutions

text(.5,-5e5,[‘$” latex(xx 1) ‘$°],‘interpreter’,‘latex’, fontsize’, 16, color’,‘b’)

text(.5,-6e5,[‘$’ latex(xx2) ‘$°],‘interpreter’,‘latex’,‘fontsize’, 16, color’,‘b’)

end

function dxdt=fun2f(t,x)

% create the function for numerical evaulation
dxdt=zeros(2,1);
dxdt(1,1)=x(1,1)+x(2,1)+exp(-t);

dxdt(2,1)= 4*x(1,1)+x(2,1)+t;

end
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A-2.2 Runge-Kutta methods for higher order differential equations

Runge-Kutta methods are applicable to a set of first order differential equations as
seen above. This means that a higher order differential equation must be decomposed
to several first order differential equations before the Runge-Kutta numerical method
can be applied. Consider a 3rd order differential equation

Ay Ay Ay A4y =0, ¥"(0)=1,,1'(0)=1.7(0)=y,. (A.16)

Rewriting the differential equation as

4, A4 4 f@
yv1y+_ylv+_yv+_y:_:> y"'+ay"+by'+cy :h([) (A17)
A3 A3 A3 A3

In eqn. (A.17),

AZ
"
A3
oA
4 (A.18)
)
A3
w()=21)

o



www.pdfgrip.com

394 Differential Equations: A Problem Solving Approach Based on MATLAB

For the decomposition, defining

X =Y
X, =y'=x (A.19)
X =y"=x"
Equation (A.19) becomes
Xy '+ ax, +bx, +ex, =h(1) . (A.20)

Combining eqns. (A.19) and (A.20), the decomposition of the higher order equation
into three first order differential equations becomes

X=X
X' =X . (A21)
x;'=—[ax, +bx, +ex, |+ (1)

The coefficient matrix A is expressed as

o 1 0
A= 0 0 1 |. (A.22)
- b -a

In matrix notation (see Appendix E), the differential equation in eqn. (A.17) becomes

x' 0 1 0][x] 0
x"|=[0 0 1 x|+ 0 |. (A.23)
x'| |—c =b —a||x | |h(r)

The initial conditions become the vector
Mo
X(O) =y |. (A.24)
V>

As a specific example, consider the following 3rd order differential equation with
initial conditions

2y"+4y"+3y'+y =cos(), y(0) =1,y'(0) =0, y"(0) =-1 (A.25)

The coefficient matrix A is

0 1 0
A= 0 0 1], (A.26)
L3,
2 2

The example has been worked out in MATLAB. The solution has been obtained using
the Runge-Kutta method and verified by comparing it to the solution obtained using
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dsolve(.) in MATLAB. Two different approaches exist for implementing the Runge-
Kutta method. One uses the coefficient matrix in eqn. (A.26). In the other case, the
direct conversion of higher order differential equation into appropriate first order
differential equations is carried out in MATLAB. This will be shown following the
discussion of the example of a second order differential equation.

A second order differential equation is

Ay"+ Ay + Ay =), y"(0)=,,1'(0)= . (A27)
Proceeding similarly, the coefficient matrix becomes
0 1
A= 4, 4. (A.28)
A2 AZ
The decomposition leads to
’ 0 1 0
xl xl
RER e .
2 A2 Az 2 Az
The initial conditions become
X(0)={y°} . (A30)
N
Consider the example
y'+4y'+3y=te”, y(0)=1,y'(0)=-1. (A31)

The two examples, the 3rd order differential equation in eqn. (A.25) and the 2nd order
differential equation in eqn. (A.31) are solved in MATLAB. The analytical solutions
obtained using dsolve(.) are compared to the corresponding solutions obtained using
the Runge-Kutta method. All the steps in the MATLAB script are commented at the
appropriate lines of the script. The script also demonstrates the creation of symbolic
differential equations matching the given examples so that one can use the MATLAB
function odeToVectorfield(.) to create the inline function needed for the Runge-Kutta
method. For the case of the 3rd or equation, the external function based approach is
also used. The use of MATLABFunction(.) to convert the symbolic solution to an
inline form is also shown.

function higherorder ode example

Part 1: 3rd order differential equation and Part 2: 2nd order equation

Part 1: example of solution of a 3rd order differential equations using Runge-
Kutta method. Results are verified using dsolve(.) by plotting the results.
2y’ +4y”+3y’+y=cos(t), y(0)=1,y’(0)=0,y”’(0)=-1 There are two ways of generating
the function for ODE45 input. One is the traditional approach creating the function
externally and the other is based on odeToVectorField(.) which can decompose a
higher order differential equation into several first order ones. Both approaches are
implemented.
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close all

A=[0,1,0;0,0,1;-1/2,-3/2,-2];%The coefficient matrix A

X0=[1;0;-1]; % initial conditions

tspan=[0 2]; [T1,yy2]=ode45(@higherorderf,tspan,X0);

% note that yy(:,1) is the solution and other columns are the first and

% second derivatives

% now get the analytical solution using dsolve for verification

syms ty
ytl=dsolve(‘2*D3y+4*D2y+3*Dy+y-cos(t)=0",y(0)=1",‘Dy(0)=0",’D2y(0)=-1");
ytl=simplify(ytl,‘steps’,100);

% now verify the solution by plotting

yyt1=MATLABFunction(yt1);% create an inline function of the symbolic solution
plot(T1,yytl(T1),k’,T1,yy2(:,1),r*")

xlabel(‘time”),ylabel(‘Solution y(t)’),legend(‘ Analyt’,"Numerical’)
title(‘2y”"””’+4y’+3y’+y=cos(t), y(0)=1,y’(0)=0,y "’ (0)=-1")

text(.2,.5,°Using external function’)

% it is also possible to create an inline function using the following

% approach

cleary t

syms y(t)

% define the differentials

Dy=diff(y);D2y=diff(y,2);D3y=diff(y,3);
ff1=[2*D3y+4*D2y+3*Dy+y-cos(t)==0]; % create a symbolic differential equation
V1 = odeToVectorField(ff1);% break higher order DE into 3 first order ones

FF1 = MATLABFunction(V1,vars’, {‘t’,"Y’});% create inline Function for ODE
[T2,yx1]=0de45(FF1,tspan,X0);

figure,plot(T2,yyt1(T2),'k’, T2,yx1(:,1),‘r*")

xlabel(‘time”),ylabel(‘Solution y(t)’),legend(‘ Analyt’,"Numerical’)
title(‘2y”"””’+4y’+3y’+y=cos(t), y(0)=1,y’(0)=0,y "’ (0)=-1")

text(.2,.5,Using odeToVectorField”)

% part 2 example of a second order differential equation

clear all

% y 4y’ +3y=texp(-t),y(0)=Ly’(0)=-1;

y0=Lyl=-1;

syms y(t)

Dy=diff(y);D2y=diff(y,2); % define the differentials
ff2=[D2y+4*Dy+3*y-t*exp(-t)==0]; % create a symbolic differential equation
V2 = odeToVectorField(ff2);% break higher order DE into 3 first order ones

FF2 = MATLABFunction(V2,’vars’, {‘t’,"Y’});% create inline Function for ODE
tspan=[0 2];

[T3,yx2]=0de45(FF2,tspan,[y0;y1]);

% get the solution using dsolve
yt2=dsolve(‘D2y+4*Dy+3*y-t*exp(-t)=0’,‘y(0)=1",*Dy(0)=-1");
yt2=simplify(yt2,’steps’,100);

% now verify the solution by plotting

yyt2=MATLABFunction(yt2);% create an inline function of the symbolic solution
figure,plot(T3,yyt2(T3),'k’, T3,yx2(:,1),‘r*")

xlabel(‘time”),ylabel(‘Solution y(t)’),legend(‘ Analyt’,"Numerical’)
title(‘y””’+4y”+3y=te" {-t}, y(0)=1,y”’(0)=-1")
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function dy = higherorderf{t,x)

% external function for the 3rd order differential equation
dy=zeros(3,1);% this corresponds to the first order derivatives x1’,x2°,x3’
A=[0,1,0;0,0,1;-1/2,-3/2,-2];%The coefficient matrix A

ft=[0;0;cos(t)/2];

dy=A*x+{f;% three first order differential equations

end
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B-1.2 Higher order differential equations 404
B-1.3 Coupled first order equations 406

B-1 Laplace and Inverse Laplace Transforms

The Laplace transform F(s) of a temporal function y(t) is the integral

0

Lly(t)]=7(s)=[y(t)edr . (B.1)
0

In eqn. (B.1), L[] represents the Laplace operator and Y(s) is the Laplace transform
of y(t). Often, y(t) is defined to be in the ‘t” domain and Y(s) is defined to be in the
‘s” domain. Behavior of linear systems could be analyzed using Laplace transforms
by taking advantage of their properties which allow a differential equation to be
converted to an algebraic equation in the ‘s’ domain. Such an algebraic equation can
then be rearranged to obtain an expression for Y(s) which can be inverted to obtain
the solution to the differential equation. This concept is illustrated in Figure B1 below.

a 00w = (#)=0
LT ha O (W ] ryr—
Dilferential Eguation in y{t) with initial conditions] ['" dermain]
[t damain] 3
Laplzce tranafoemn nwmres Laglaes
aperatien mrarsform ogemton
Alpebhraic Eguaticn in Wi} . Sailva 1ov ¥[z]
['s" ckamain| i |5 domain]

Figure B.1 Use of Laplace Transforms for solving differential equation D" ( y) =
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The usefulness of the Laplace transform arises from its properties, some of which
are listed below.

Linearity
L[af(t)+bg (t)] =alL [f(t)] +bL [g(t)] = aF(S)+bG(s) (B.2)
Scaling by t", n=1, 2, 3, ...
L f(6)]=(-1)" FV(s) (B.3)
FY(s) =< F (5)
“ (B4)
M 0=—=1()

Differentiation

LLF (1)]=5F ()£ (0)

L[ 6)] = F(5) =5 £ (0) =511 0)—ms ™ 0) -2 (0)
For the special case of the derivative of second order
L[ /()] =5"F (s)-s7 (0)- /Y (0) . (B.6)
Multiplication by an exponential function
L["f(t)]=F(s-b) (B.7)

The Table of Laplace transforms is given in Table B.1. Some of the additional properties
are listed in Table B.2. These tables were generated using MATLAB®.

Table B.1 Laplace Transforms.
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Table B.2 Some additional properties of Laplace Transforms.

Proparties of Laplace Transforms

bh(t) + ay(t) bH(s) +a¥(s)

v'(t) a¥(s) —y(0)

y'(t) 52Y(s) —sy(0) — /(0)

u(t) ¥ (8) — sy’ (0) — s* y(0) — y"(0)

Use of the Laplace transform method requires that the differential equations are
given along with the initial conditions. This means that if the differential equation is
of nth order, there must be n initial values as seen from eqn. (B.5). The conceptual
approach to the solution of a second order differential equation will be described first
before examining differential equations of lower and higher orders and coupled first
order differential equations. It is assumed that all these differential equations are linear
with constant coefficients. A second order non-homogeneous differential equation
with constant coefficients is

ay"+by'+cy=h(t); y(0)=,,»'(0)=y (B.8)

Applying the property in eqn. (B.5), the Laplace transform of the differential equation
in eqn. (B.8) becomes

a[szY(S)—syO —le+b[SY(s)—y0]+ cY(s)=H(s) . (B.9)
The Laplace transform of y(t) is obtained by simplifying eqn. (B.9) as

b H P
et ) _P()
as’ +bs+c as’ +bs+c  Q(s)

(B.10)

The quantities P(s) and Q(s) are introduced to indicate that the transform of y(t) will be
the ratio of two polynomial functions in s. The ratio P(s)/Q(s) needs to be decomposed
into simpler forms of rational functions using the method of partial fractions so that
the Table of Laplace transforms may be used. Laplace and inverse Laplace transforms
are readily available in the Symbolic Toolbox of MATLAB.

B-1.1 Second order differential equation
Consider the following second order differential equation
y"—3y'—4y:267’,y(0):1,y'(0):—1 (B.11)

Using eqn. (B.10), the Laplace transform of y(t) becomes

2
(s=3)-1 541 (s—4) 2
Y(s)= = B.12
(S) s2—3s—4+s2—3s—4 s2—33—4+(s2—3s—4)(s+1) ( )
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Decomposing into partial fractions gives,

(s—4) 1

= B.13
s?=3s—4 s+1 ( )

2 222
(s -3s—4)(s+1) 25(s—4) 5(s+1) 25(s+1)

(B.14)

Taking the inverse Laplace transforms (from the Laplace transform Table) leads to

y(t) =y, (t)+y2 (t) (B.15)
n()=L" [ﬁ} =e’ (B.16)

1 2 2 2 2 a2 2
»(r)=t {25@—4) 5(s+1)’ 25(s+1)] 25¢ 75 T35 BID

Combining and simplifying, the solution becomes

y(t):2—6”+i5e —%te” . (B.18)

It should be noted that partial fractions can also be obtained from MATLAB. For
example, the decomposed components in eqn. (B.14) can be obtained as follows:

syms y(t) ts

f=laplace(2*exp(-t),t,s)

f1=t/(s*s-3*s-4)

p = feval(symengine, ‘partfrac’,f1,‘s)
MATLAB generates the following output

f=2/(s +1)
£l =-2/((s + 1)*(- $"2 + 3*s + 4))
P =2/(25%(s - 4)) - 2/(5*(s + 1)"2) - 2/(25%(s + 1))
The MATLAB code which performs the solution is given below.

% May 7, 2016

clear all

% solve ‘D2y-3*Dy-4*y=2*exp(-t)’,"y(0)=1",*Dy(0)=-1"

syms y(t) ts

ff=(s*s-3*s-4);% the denominator as"2-+bs+c

term1=(s-4)/1f;

disp(‘display the Laplace transform of term 1)

disp(term1)

pp = feval(symengine, ‘partfrac’terml,‘s”);% decompose into partial fractions
pretty(pp)

yl=ilaplace(terml,s,t) % inverse Laplace transform of term 1
f=laplace(2*exp(-t),t,s) % get the Laplace transform of the forcing function



www.pdfgrip.com

Appendices 403

term2=f/ff;

disp(‘display the Laplace transform of term 2”)

disp(term?2)

y2=ilaplace(term2);% inverse Laplace directly without decomposition

p = feval(symengine, ‘partfrac’,term2,°s’); % decompose into partial fractions
pretty(p) % only for display purposes

% get the solution using Laplace transform method
yLap=simplify(y1+y2,‘steps’,100);

disp(‘display the solution obtained using Laplace transforms’)

disp(yLap)

% solution using dsolve(.) in MATLAB
yd=dsolve(‘D2y-3*Dy-4*y=2*exp(-t)’, y(0)=1",‘Dy(0)=-1");

disp(‘display the solution obtained using dsolve”)

disp(yd)

% verify that the solutions match: find the difference between the two

% solutions

disp(“Verify that the Laplace solution is correct: Obtain the symbolic difference between
the two solutions’)

disp(‘Difference will be 0 if the approach is correct’)

disp(simplify(yLap-yd)) % verify that the solution is correct; must be equal to 0

display the Laplace transform of term 1
-(s-4)/(-s"2 + 3*s + 4)

2/(s+ 1)
display the Laplace transform of term 2
2/((s+ 1)*(- "2 + 3*s + 4))

2 2 2

25(5-4)- 2_25(s+1)
5(+1)

display the solution obtained using Laplace transforms
(exp(-t)*(2*exp(5*t) - 10*t + 23))/25

display the solution obtained using dsolve
(23*exp(-t))/25 + (2*exp(4*1))/25 - (2*t*exp(-t))/5

Verify that the Laplace solution is correct: Obtain the symbolic difference between the two
solutions

Difference will be 0 if the approach is correct

0
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A figure automatically generated form the MATLAB based results from Chapter 3
appears below.

Complete Solution using Inversa Laplace Transform
ay ([t + byt + ey =gt _ las + bl +am +G(s)

W) =w. () =;]  —YES) (as? — bs + c)
Y1) - 3y (1) — duit) = 2 (m=1 p=—1)
Laplace transforrm () of wi)

—st 43 a4 2
Y}}(S} - _[_5_1:.9{3_.1}

Solulion usng inverse Loplaos

-"E-Ir"‘ lﬂuzs!
yL(t) = —=

2b
Solution directy wsing deolwe(.)
e (26 101423
y(t) = =

B-1.2 Higher order differential equations

A higher order differential equation will now be solved using the concept of Laplace
transforms. A 4th order differential equation is

y"—y =cos(t) (B.19)
The initial conditions are
y"’(O)=1,y"(0)=0,y'(0)=—1,y(0)=1 (B.20)
Taking Laplace transform of the differential equation leads to

N

sV (5) =" y(0) =57 (0)="(0)=»"(0) =Y (s) =7 (B2

Applying the initial conditions and collecting the terms in Y(s)

s
Y(s)[s“—l]:S2+1+(s3—s2+1) (B.22)
The Laplace transform of y(t) is
Y( ) (s3—s2+1) s
= +

R EETN G (823

Taking the inverse Laplace transform and writing it as the sum of two terms gives

y(t)=()+(1) . (B.24)



www.pdfgrip.com

Appendices 405

32
»()=r" [34—S+IJ . (B.25)
st =1
(t)="L" > (B.26)
»2 (s> +1)(s*-1) '
The solutions become
yl(t):%e” + %cos(t) + %e’ —sin(7) (B.27)
v, (1) = l[e’ +e”:|—lcos(t)—£sin(t) (B.28)
? 8 4 4
The solution becomes
y(t):%cosh(t)+%cos(t)—sin(t)—£sin(t) . (B.29)

The MATLAB code that generates the solution is given below.

clear all;close all;clc;

syms y(t) t s

term1=(s"3-s"2+1)/(s"4-1);

ylt=ilaplace(terml,s,t);

disp(‘display the inverse Laplace transform of term 1)

disp(y1t)

term2=s/((s"4-1)*(s"2+1));

y2t=ilaplace(term2,s,t);

disp(‘display the inverse Laplace transform of term 2”)

disp(y2t)

yt=simplify(y1t+y2t, steps’,100);

disp(‘Solution using Laplace”)

disp(yt)

% solution directly using dsolve
yd=dsolve(‘D4y-y=cos(t)’,’D3y(0)=1",'D2y(0)=0",Dy(0)=-1",y(0)=1");
disp(‘Solution using dsolve”)

disp(yd)

% verify that the solutions match: find the difference between the two
% solutions

disp(‘Verify that the Laplace solution is correct: Obtain the symbolic difference between
the two solutions’)

disp(‘Difference will be 0 if the approach is correct”)
disp(simplify(yt-yd, steps’,100)) % must be zero

display the inverse Laplace transform of term 1
exp(-t)/4 + cos(t)/2 + exp(t)/4 - sin(t)

display the inverse Laplace transform of term 2
exp(-t)/8 - cos(t)/4 + exp(t)/8 - (t*sin(t))/4
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Solution using Laplace
cos(t)/4 + (3*cosh(t))/4 - sin(t) - (t*sin(t))/4

Solution using dsolve
(3*exp(-t))/8 - cos(3*t)/16 + (5*cos(t))/16 + (3*exp(t))/8 - sin(t) - sin(t)*(t/4 + sin(2*t)/8)

Verify that the Laplace solution is correct: Obtain the symbolic difference between the two
solutions

Difference will be 0 if the approach is correct

0

A figure automatically generated form the MATLAB based results from Chapter 3
appears below.

Inverse Laplace based solution: Theory and Results
Differential Equation and Initial Conditions (General Case)

Ay (t) + As ™ (t) + A2y (8) + A/ (£) + Aoy = g(t)
[¥(0) = w0, ¥'(0) = 31, "(0) = 1, y"(0) = 3]
Laplace Transform ¥(s)=Als)+B(s)

A W (A4 A3 844, )4 Ag b (A ™+ A 4 40 044, ) 41 (Aat Ay 2)
(s) = A 1A, o1 A4 A+ A, st Ay

. 5)
Bs) = o i A

Differential Equation and Initial Conditions (given)
y"(t) — y(t) = cos(t)
(w0)=1 y(0)=-1 y"(0)=0 y"(0)=1)

Laplace Transform Y (s) of y(i)

A~ 1
Y(s) = ET

Solution yit) using inverse Laplace
codt) 3 t a t sin(t)
y(t) = <32 + 2 —sin(t) - 0

B-1.3 Coupled first order equations

As the final example, a set of coupled first order equations will now be considered.
For variables x, y, and z, a set of coupled first order differential equations with initial
conditions can be represented as

X = Ayx+ A,y + Az + £, (1), x(0) = x
y = Ayx+Apy+ Az 1, (1), »(0)=, (B.30)
z = Ayx+ Ay y+ Ayz+ £ (1), 2(0) =z,
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Taking the Laplace transforms leads to
SX(S) —X, = A“X(s) + AIZY(S) + A13Z(s) +F, (s)
SY(S)—yO = A21X(s)+ AZZY(S)+ A23Z(s)+Fy (s) . (B.31)
sZ(s) -z, = A31X(s) + A32Y(S) + A33Z(s) +F, (s)
The use of Laplace transforms in solving coupled first order equations will now be
demonstrated. Consider the following set of linear coupled first order equations.
Using matrix notation, eqn. (B.31) becomes
X(s)| [4, 4, As][X(s)| |[F(s)| [x
s Y(s) =4, A4, A; Y(s) +| F (s) +| ¥ (B.32)
Z(s) A4, A, A, Z(s) F (s) z,
Rewriting the left side using the notion of an identity matrix I, gives

10 O X(s)| [4y, 4, A;|[X(s)| [F.(s)] [x

s|0 1 0| Y(s)|=| 4y Ay Ay || Y(s) |+ F,(s)|+]| ¥ |. (B33)
0 0 1 Z(s) A, A, A, Z(s) F(s) z,

z

Equation (B.33) is rewritten as
(sI-A)W (s)=F(s)+w, - (B.34)

In eqn. (B.34), A is the coefficient matrix, W(s) is the 3 x 1 matrix of the Laplace
transforms of X, y and z, F(s) is the [3 x 1] matrix of the Laplace transform of the
forcing functions and w, is the [3x1] matrix with the initial conditions.
A]] A]Z A]3
A=|4, 4, A4, (B.35)
A31

LN

'S
N

32

(B.36)

I
—~
o
N—
1]
1
~
O
]

~
—
%)
~
I
1
N
~—~ A~~~ .
©”
L

N
5

(B.37)

)
— — — ~— —

[

Xo

w, =| ¥, (B.38)

2y
Pre-multiplying eqn. (B.34) by the inverse of the matrix (s[ - A), eqn. (B.34) becomes

W(s)=(s1—A)" F(s)+(sI—A4) " w, (B.39)
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The solutions x(t), y(t) and z(t) are obtained by taking the inverse Laplace transform of
eqn. (B.39). The use of Laplace transforms in solving coupled first order equations will
now be demonstrated. Consider the following set of linear coupled first order equations

x :—x—2y+t,x(0):—1

. B.40
y :x_y"l‘eit,y(o):l ( )
The coefficient matrix is
gz b2 (B.41)
o '

The Laplace transform set of the forcing functions F(s) is

F(s):[ ) ] . (B.42)

[~
W=l (B.43)

The Laplace transform of the differential equation becomes

(s7=1)(s+1) J1(s=1)

The initial conditions are

{X(s)}_ s2+25+3 242543 (B.44)
Y($)] | (s2-1) (s+1)[1+(s_1)*] ' '
52+2s+3+ s +2s5+3
Taking the inverse Laplace transforms leads to
t
x(1)= %—%—Ze" cos(x/zt) —%e" sin(«/zt)ﬁt%
‘ (B.45)
x(1)= 1,88 cos(x/it) e sin(«/it) 2
3 3 9 18 9

The results of the various steps and the solution set and verification of the solution
set appears with the appropriate MATLAB code below.

clear all;close all;clc

syms X(t) y(t) z(t) t s

A=[-1,-2;1,-1];% coefficient matrix

B=sym(s*eye(2)-A); % this sI-A

disp(‘B=sI-A’)

disp(* ")

disp(B)

f=[t;exp(-t)];% forcing functions

F=laplace(ft,s);

disp(‘Display the Laplace transform of the forcing functions’)
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disp(F)

wO=[-1;1];

disp(‘Display the initial conditions’)

disp(wO0)

W=inv(B)*(F+w0);

disp(‘display the Laplace transform of x(t) and y(t) as a vector’)
disp(W)

w=ilaplace(W,s,t); % solution set

disp(‘Display the solution set using Laplace transforms’)

disp(w)

xt=w(1);

yEW(2);

% get the solution using dsolve

[xtd,ytd]=dsolve(‘Dx=-x-2*y+t’, Dy=x-y+exp(-t)’, x(0)=-1",‘y(0)=1");
% verify that the solutions match: find the difference between the two
% solutions

disp(‘Display the solution set from dsolve’)
disp(simplify(xtd,‘steps’,100))

disp(simplify(ytd,steps’,100))

disp(“Verify that the Laplace solution is correct: Obtain the symbolic difference between
the two solutions’)

disp(‘Difference will be [0;0] if the approach is correct’)
disp(simplify([xt-xtd;yt-ytd], ‘steps’,100)) % must give a null vector if the solutions match

B=sl-A

[s+1,2]
[-1,s+1]

Display the Laplace transform of the forcing functions
1/s"2
/(s+1)

Display the initial conditions
-1
1

display the Laplace transform of x(t) and y(t) as a vector
((1/s"2 - D*(s + 1)/(s"2 +2*s + 3) - 2*(1/(s + 1) + 1))/(s"2 + 2*s + 3)
(1/s"2 - D/(s™2 +2%s +3) + (1/(s + 1) + 1)*(s + 1))/(s"2 + 2%s + 3)

Display the solution set using Laplace transforms
t/3 - exp(-t) - (exp(-t)*(cos(2(1/2)*t) + 11*2~(1/2)*sin(2"(1/2)*t)))/9 + 1/9
t/3 + (11*exp(-t)*(cos(27(1/2)*t) - (2(1/2)*sin(2"(1/2)*1))/22))/9 - 2/9
Display the solution set from dsolve
t/3 - exp(-t) - (exp(-t)*cos(2(1/2)*1))/9 - (11*27(1/2)*exp(-t)*sin(2"(1/2)*1))/9 + 1/9

t/3 + (11%exp(-t)*cos(27(1/2)*1))/9 - (27(1/2)*exp(-t)*sin(2~(1/2)*t))/18 - 2/9

Verify that the Laplace solution is correct: Obtain the symbolic difference between the two
solutions

Difference will be [0;0] if the approach is correct

0

0
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C-1 Phase Planes

While D-field plots provide insight into the behavior of a first order differential
equation, an analogous display can be used to understand the stability of systems
described by a pair of coupled first order differential equations or a second order
differential equation. While D-field displays the directional changes in t-y(t) domain,
the phase plane plots display the directional changes in the fields in the x(t)-y(t) domain
where x(t) and y(t) are the solutions of a pair of coupled first order equations. For the
case of a second order homogeneous system, the phase plane plots display the changes
in the y(t)-y’(t) domain. These plots can point to the state of equilibrium that exists
in the system described by the two first order equations or a second order differential
equation. Because the analytical solutions are always available for the case of a pair of
homogeneous first order linear differential equations and second order homogeneous
linear systems, the generation of these plots is simple and straightforward. Consider
a pair of first order homogeneous differential equations

(1) :{x‘:(’)} - {_x' (1)+2x, (t)} . .1
X, (t) 2x, (t)+)c2 (t)
The coefficient matrix associated with the system is

a2 Cc2
2 1| €2

The first step is the creation of samples of the two differential equations. A grid of
X,-X, values is chosen using meshgrid(.) and samples of the two equations at each of
these locations of the grid are calculated using the given set of differential equations.
As explained earlier in connection with the D-field patterns associated with first order
differential equations, quiver(.) allows the display of small arrows indicating the
direction in which the derivatives move. The analytical solutions can then be obtained
using dsolve(.) and are superimposed. Several samples of the analytical solutions are
obtained by choosing initial conditions (varying the unknown constants). The direction
of movement of the arrows with respect to the critical point suggests the stability of
the system. The critical point is defined by
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(1) m _ {—xl (t)+2x, (r)} . €3

0 2x1(t)+x2 (t)

The trajectories also suggest the nature of the critical point. This conclusion may be
drawn from the eigenvalues of the coefficient matrix. The MATLAB® code and results
are displayed below.

clear all;close all;
A=[-1,2;2,1];
[x1,x2]=meshgrid(-4:.5:4,-4:.5:4);
DX1=A(1,1)*x1+A(1,2)*x2;
DX2=A(2,1)*x1+A(2,2)*x2;
quiver(x1,x2,DX1,DX2,1).xlabel(‘x_1(t)’),ylabel(‘x_2(t)’)
hold on
syms X y t
[xt,yt]=dsolve(‘Dx=-x+2*y’,‘Dy=2*x+y’); % get the analytical solution
x1t=MATLABFunction(xt);
x2t=MATLABFunction(yt);
tt=0:.1:.5;
C=-4.5:1:4.5; % pick the unknown constants; use the same value for C1 and C2
L=length(C);
for k1=1:L
for k2=1:L
plot(x1t(C(k1),C(k2),tt),x2t(C(k1),C(k2),tt))
end;
end;
xlim([-4,4]),ylim([-4,4])
lambda=eig(sym(A))

lambda =

57(1/2)
-57(1/2)
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One of the eigenvalues is positive indicating that the system is unstable as seen
by the trajectories moving away from the critical point [0,0]. Examining the plot also
demonstrates that the critical point is a ‘saddle point’.

Another example shown here corresponds to the coefficient matrix

R
=, | (C.4)

The MATLAB code and the results are displayed below.

clear all;close all;
A=[-2,-2;3,1];
[x1,x2]=meshgrid(-4:.5:4,-4:.5:4);
DX1=A(1,1)*x1+A(1,2)*x2;
DX2=A(2,1)*x1+A(2,2)*x2;
quiver(x1,x2,DX1,DX2,1).xlabel(‘x_1(t)’),ylabel(‘x_2(t)")
hold on
syms X y t
[xt,yt]=dsolve(‘Dx=-2*x-2*y’,‘Dy=3*x+y’); % get the analytical solution
x1t=MATLABFunction(xt);
x2t=MATLABFunction(yt);
tt=0:.1:.5;
C=-4.5:1:4.5; % pick the unknown constants; use the same value for C1 and C2
L=length(C);
for k1=1:L
for k2=1:L
plot(x1t(C(k1),C(k2),tt),x2t(C(k1),C(k2),tt))
end;
end;
xlim([-4,4]),ylim([-4,4])
lambda=eig(sym(A))

lambda =

- (157(1/2)*1i)/2 - 1/2
(157(1/2)*1i)/2 - 172
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da

A

It can be seen that the system is asymptotically stable as seen by the arrows moving
towards the center which is also the critical point. The stability is associated with the
fact that the real part of the eigenvalue is negative.

A phase portrait associated with a linear second order homogeneous differential
equation can be created similarly. The first step is to decompose the second order
differential equation into two first order ones as shown in Appendix B. This allows
the treatment of a second order differential equation as a pair of first order systems in
variables y(t) and y’(t). The rest of the procedure is similar to the one described above
in connection with the phase portraits of first order coupled systems.

The example below corresponds to the differential equation

y'+2y'+4y=0 . (C.5)
The MATLAB code and results are displayed.

clear all;close all;

% y’+2y’+4y=0

a=1;b=2;c=4;

A=[0,1;-c/a,-b/a];
[x1,x2]=meshgrid(-4:.5:4,-4:.5:4);
DX1=A(1,1)*x1+A(1,2)*x2;
DX2=A(2,1)*x1+A(2,2)*x2;
quiver(x1,x2,DX1,DX2.1),xlabel(‘y(t)’),ylabel(‘dy(t)/dt’)
hold on

Ssymsyt
y=dsolve(‘D2y+2*Dy+4*y=0’);
dy=dift(y,t);
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fy=MATLABFunction(y);
fdy=MATLABFunction(dy);
tt=0:.1:.5;
C=-4:1:4;
L=length(C);
for k1=1:L
for k2=1:L
plot(fy(C(k1),C(k2),tt),fdy(C(k1),C(k2),tt))
end;
end;
xlim([-4,4]),ylim([-4,4])
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Elements of Linear Algebra

D-1 Concept of Matrices, Echelon and Reduced Echelon
forms, and, Determinants

D-2 Inverse of a Matrix

D-3 Characteristic Equation, Eigenvalues and Eigenvectors

D-4 Defective Matrices and Generalized Eigenvectors

D-5 Use of Eigenvalues and Eigenvectors

D-6 Generalized Eigenvectors and the Fundamental Matrix

D-7 Solutions to Coupled First Order Systems Using the Concept of the
Fundamental Matrix

415

423
424
427
430
435
441

D-1 Concept of Matrices, Echelon and Reduced Echelon Forms, and,

Determinants

A matrix is a collection of numbers arranged in a rectangular or square form. For
example, if there are m rows and n columns of numbers, the matrix has a size of [m

x n] and is written as

a, 4y a,

a4y a4y @,
A =

aml amZ e amn N

(D.1)

If the number of columns is 1, the matrix is of size [m x 1] and is also identified as a
vector (column vector). For example, if one takes the first column of the matrix A in

eqn. (D.1), the resulting vector is

= R" .

(D.2)
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Thus, any column of the matrix A is [m x 1] matrix or R™ vector. If m=n, the matrix
in eqn. (D.1) is a square one. If a new matrix C is obtained by scaling A by a constant
¢, each element of the matrix is scaled by ¢,

ca, ca, - ca,
C(l2l Ca22 oo ca2n
C=cA=| . . R (D.3)
_Caml camZ e Camn N

If there are two matrices, A of size [m x n] and B of size [r x p], the product AB
exists only when n=r and the resulting matrix will be of size [m x p]. Consider the
simple example with A being a [3 x 3] matrix and B being a [3 x 2] matrix. The product
AB will be of size [3 x 2] as shown clearly demonstrating the procedure requiring
multiplication and addition of elements.

3 45
A=|6 7 8 (D.4)
2 910
a b
B=|c d (D.5)
e f
3*%a + 4*c + 5*e  3*b + 4*d + 5*f
AB=|6%a + T*c + 8%e 6*b + 7*d + 8* f (D.6)

2*a 4+ 9*c + 10*e 2*b + 9*d + 10* f

The multiplication principle clearly suggests that AB # BA. In eqn. (D.6), * represents
the product.

Two matrices A and B are equal only when they have the same sizes and there
exists an element-by-element match between A and B.

The addition and subtraction of matrices requires that the matrices be of equal
sizes and the sum or difference is obtained by taking an element-by-element subtraction
or addition. Let the matrix C be a [3 x 3] matrix

al bl cl
C=|dl el f1 (D.7)
gl hl kKl

The sum or the difference of the two matrices, A and C will be
3+al 4+bl 5+cl
A+C=|6+dl T+el 8+f1]- (D.8)
2+gl 9+hl 10kl
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If the rows and columns of a matrix A are interchanged, the new matrix is its transpose,
expressed as A". If a square matrix and its transpose are equal (element-by-element),
the matrix said to be symmetric. There are two other types of matrices that will be
seen in the study of differential equations. First one is a null matrix and the second
one is an identity matrix. If all the elements of a matrix are 0’s, the matrix is referred
to as a null matrix,

S O O
S O O

(D.9)

(=]
(=]
(=]

Therefore, if two matrices are equal, the difference of the two matrices will be a null
matrix. An identity matrix on the other hand is a square matrix where the elements
along the diagonals are 1’s. Rest of the elements are 0’s. An [n x n] identity matrix
is represented as / ,

(D.10)

S = O

0
0
1

- o o O

(=)

0 0

A few other characteristics and properties associated with matrices also are useful. To
appreciate some of these features, consider the following matrix A

2 3 2 5
A=2 =2 2 6]. (D.11)
2 -3 2 8

Matrices can be manipulated by performing row operations (no column operations!).
This principle comes from the fact that a set of linear equations are solved by adding,
subtracting or scaling the equations. For example eqn. (D.11) can be used to represent
a set of equations whose coefficients form the matrix A as in

2x, —3x, +2x;, +5x, = b,
2x,—2x,—2x,+6x,=b, . (D.12)
2x, —3x, +2x, +8x, = b,
Equation (D.12) can be expressed as in the form of a matrix equation (also known as
a matrix-vector equation) as

AX=b . (D.13)

Ineqn. (D.13), X is a [4 x 1] matrix or R* vector and b isa [3 x 1] matrix or R? vector,

%= . (D.14)
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b
b=|b,|- (D.15)
b3

Square matrices have a few additional features and properties that are very useful
in the study of differential equations. For a square matrix, the determinant of a square
matrix is a single valued quantity. If P is a [2 x 2] matrix, its determinant is

P=|® P\ det(P)=ad-b
=l . d:e( )=ad—bc . (D.16)

But, the determinants of sizes larger than [2 x 2] require additional manipulations.
Consider the matrix Q given by

a b c
O=|d e f (D.17)
g h k
Its determinant is given by

det(Q)=|0|=a*[e*k~f*h] - b[d*k~f*g |+ c[d*h - e*g] (D.18)

In other words, the determinant of Q can be expressed in terms of determinants of
matrices of smaller sizes as

d e
g h

e f
h k

d
b S
g k

- +c

det(Q) = a . (D.19)

If the matrix W is of size [n x n] with elements Wi, i=1,2,..,n and j=1,2,..,n, the
determinant of W is expressed as

det(W) =" (-1)"" w, det(W;,) . (D.20)
j=1
Note that in eqn. (D.20), W, is the matrix obtained by removing the elements of
the 1st row and jth column of W. It should also be noted that a more general way of
representing eqn. (D.20) is
det(w)=>"(-1)" w, det(W,).i=1,2,n . (D.21)
J=1
Equation (D.21) suggests that the det(W) can be evaluated using any one of the rows.
The results can be generalized to any row being replaced by a column in which case
the summation is carried over the rows. Equation (D.20) is also called a cofactor
expansion across the first row.
Another interesting and useful matrix arises from taking the product of a square
matrix with itself. If A is a square matrix, then the product of k (k being a positive
integer) copies of A is

A =A4%4%4 (D.22)

k— products
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If A is invertible (its determinant is not zero), it is possible to define negative powers
of A as

A*/( :(A71 )k _ A71 *A—l *“‘A*I ] (D23)

k—products

Observation of eqns. (D.22) and (D.23) results in
A xA =4 =1, . (D.24)

The powers of matrix will be used later when the topic of generalized eigenvectors
is discussed. The concept of the inverse of a matrix represented as A" will also be
discussed later.

Going back to the basic form of a matrix, one can obtain echelon form (row
echelon form) and reduced echelon form (row reduced echelon form) of the matrix.
For example, consider the matrix in eqn. (D.11). Using row manipulation (replacing
any row with the sum or difference of any other rows or replacing the row with all
elements of that row scaled by a constant or interchanging rows), one can get the
following matrix

2 3 2 5
Al=|0 1 -4 1], (D.25)
0 0 0 -3

The matrix Al is said to be in echelon form of A in eqn. (D.11) since

1. All nonzero rows are above any rows of all zeros.

2. Each leading entry of a row is in a column to the right of the leading entry of the
row above it.

3. All entries in a column below a leading entry are zeros.

Further row operations leads to the matrix A2 as

1 0 =50
A2=|0 1 -4 0 (D.26)
00 0 1

The matrix M2 is referred to as the row reduced echelon form (RREF) of A in eqn.
(D.11) since

1. The leading entry in each nonzero row is 1.

2. Each leading 1 is the only nonzero entry in its column.

3. Columns# 1,2 and 4 are pivot columns and the 1°s in these columns are location
of the pivots.

To understand the usefulness of row reduction techniques, consider a set of linear
equations,
@, %, +apX, +--+a,x, =b,
ay X, +a,x, +-+a,x =b
) 21771 22742 2n"n 2 (D27)

a,x, +a,,x,+--+a, x =b

mn~"n m
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The set of equations in eqn. (D.27) can be expressed in matrix form as

Ax b (D.28)
In eqn. (D.28), A is called the coefficient matrix of size [m x n] and X [n x 1] matrix
and b [m x 1] matrix are vectors.

a, ap 4
ay dyp

A=| . . . (D.29)

=i
Il

(D.30)

S
I

(D.31)

m _|

Using these representations, the system of equations can also be expressed as

a, ap o q, b,
X
Gy Ap Oy, b,
X,
=|. . (D.32)
'xl’l
_aml amZ e amn _ _bm n

Equations (D.28) and (D.32) are the matrix equations or matrix-vector equations
corresponding to the system of equations in eqn. (D.27). By concatenation of A and
b leads to the augmented matrix D as

a, a,- a,b,
Ay Gyt 4y, b
D=| . . .. (D.33)
_aml am2 amn bm_

Note that if m < n, the number of equations is less than the number of variables
(underdetermined system) and if m > n, the number of equations exceed the number
of variables (over determined system). Note that a unique solution for X can exist
(not assured) only if m > n. In other words, a unique solution may or may not exist



www.pdfgrip.com

Appendices 421

if m > n and with m < n, no unique solutions will ever exist. It is also possible that
the system of equations is inconsistent and no solution ever exists. All these can be
understood by performing row operations. Note that if b isanull vector (all elements
are zeros), eqn. (D.32) represents a homogeneous system. Otherwise, the system is
a non-homogeneous one.

Consider a homogeneous system with a coefficient matrix A from eqn. (D.11),

X

2 3 2 5 0
2 2 2 6™|=]o]|. (D.34)
2 3 2 8™ o

Xy

Creating the augmented matrix and performing row reduction operation leads to

2 -3 2 50Wef10—500
2 2 2 6 0|=/01 -4 0 0], (D.35)
2 -3 2 80 00 0 10
It can be seen that the locations of the pivots in eqn. (D.35) are identical to those in eqn.
(D.26) and there is no pivot in the last column. The RREF shows the pivot locations
and those correspond to the basic variables (x, x, and x,) and x is the free variable.
To interpret these results, the augmented matrix in RREF can be converted into the
corresponding set of equations as
x, +0x, =5x;, +0x, =0
0x, +x, —4x;,+0x, =0 . (D.36)
Ox, +0x, +0x; +x, =0

Equation (D.36) can be rewritten in vector form as

X, 5
X, 4 R
= X3 =V3X3 (D.37)
X, 1
X, 0

Equation (D.37) connects the pivots with the basic variables and the notion of the
free variable and basic variables are understood. The vector v, is identified as the null
space of the matrix A. The null space of a matrix A is the set of all solutions of the
homogeneous equation Ax =0,

Consider the case where homogeneous system in eqn. (D.34) is converted into a
non-homogeneous with a vector b,

xl

2 3 2 5 0
X

2 =2 =2 6|77 |=|5]. (D.38)
X.

2 -3 2 g7 3
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The RREF of the augmented matrix now becomes

2 -3 2 50'/10—503.5
2 2 -2 6 5|1=|01 -4 0 4]. (D.39)
2 3 2 83 00 0 1 1
Notice that the pivot locations remain the same as in eqn. (D.35) for the non-
homogeneous case and the RREF becomes
x, +0x, =5x, +0x, =3.5
Ox, +x, —4x, +0x, =4 . (D.40)
0x, +0x, +0x; +x, =1
Thus, free and basic variables are identical to those associated with the homogeneous
system and the solution can now be expressed as

X, 5 3.5
X, 4 _ -
=| |x+ =V,x;+p . (D.41)
X, 1 0
X, 0

In eqn. (D.41), the vector V; has remained the same and the solution is expressed in
terms of the solution of the homogeneous part with the addition of the vector p. It
is clear that if the RREF of a square coefficient matrix of size [n x n] has n pivots,
the corresponding homogeneous equation only has trivial solutions and there is no
null space for such a matrix. If there is a pivot in the last column of the RREF of an
augmented matrix, the system is inconsistent and no solutions exist.
Consider an augmented matrix D and its RREF shown below.
3 -7 =2 =71 |1 0 0 3

rref

D=/-3 5 1 5|=|01 0 4], (D.42)
6 4 0 2 001 -6
The augmented matrix in eqn. (D.42) corresponds to a non-homogeneous system. It

can be seen that there are three pivots and three variables and therefore, the variables
are all basic. The solution is

X, 3
X, =l 4. (D.43)
X, -6

The coefficient matrix in eqn. (D.42) is a [3 x 3] square matrix. The system of equations
in eqn. (D.42) has unique solutions. Such a system of equations can also be solved
using other approaches using the inverse of the matrix which is discussed next.
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D-2 Inverse of a matrix

Another important property of a matrix that becomes useful in solving coupled
differential equations is the inverse of a matrix introduced in eqn. (D23) and
eqn. (D.24). The inverse of a square matrix A exists only if

det(A4)#0 . (D.44)

The matrix A and its inverse A" are related through the property (seen in eqn. (D.23))

AA ' =1=47'4 . (D.45)
A 2 x 2 matrix and its inverse are
a b y 1 d -b
A= =>4 =— . (D.46)
c d (ad —bc)|—c a

It can be seen that eqn. (D.45) is valid. Note that det(A) and det(A™') are equal. For
matrices of size larger than 2 x 2, the inverse of the matrix is obtained through the
following procedure. If A is an n X n matrix, create a new matrix A by (horizontal)
concatenating it with an identity matrix (on the right) and calculate the RREF. The
inverse of A will be the n x n elements on the right and the remaining n x n elements
will constitute an identity matrix.

B=[4,,1,] = rref(B)=[1,4"]. (D.47)

PEER:
=15 & (D.48)

Its determinant is 8 and hence, the matrix is invertible. An invertible matrix is also
called a nonsingular matrix while a square matrix that cannot be inverted is called a
singular matrix. Using eqn. (D.46), the inv(A) becomes

Consider the matrix

3 1
L1621 |3 2
A== = . D.49
8{—5 3} 5 3 ( )
8 8
Proceed along the lines of eqn. (D.47),
3 1
3210:>f(B)IOZ_Z D.50
= rre =
56 01 5 3 (D-50)
01 -= =
8 8

Comparing eqns. (D.49) and (D.50), it can be seen that eqn. (D.47) offers a means to
obtain the inverse of a square matrix.
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Matrix inversion offers a simple means to solve a matrix vector equation such as
the one in eqn. (D.28). If A is a square matrix and determinant of A exists, multiplying
eqn. (D.28) from the left by A leads to

A'Ax =47 . (D.51)
Using eqn. (D.45), eqn. (D.51) becomes

[ 3=4"b= %=4"h . (D.52)

In other words, the solution to the matrix equation is obtained by taking the product
of A with b.

The invertibility of matrix A also can be used in another way to obtain the solution
vector of the matrix equation in eqn. (D.28) using Cramer’s Rule. For the [n x n]
invertible matrix A, the unique solution consists of

_de(d ) o (D.53)
det(4)

In eqn. (D.53), the matrix A (b) is the matrix obtained by replacing the ith column of
A with the vector b.

D-3 Characteristic Equation, Eigenvalues and Eigenvectors

Another aspect of matrices that is useful in the study of differential equations is the
characteristic equation of a square matrix. Consider a square matrix A and assume that
it is possible to write the matrix equation 4X as a scaled version of ¥ as in

A¥ =A% . (D.54)

In eqn. (D.54), A is a matrix of size [n x n] and X is vector of size [nx 1] and A is a
scalar quantity. The right hand side can be rewritten by multiplying X from the left
by an identity matrix / as

AX =X =1 X . (D.55)
Rewriting eqn. (D.55) leads to
[4-A1,]%=0 (D.56)

A non-trivial solution exists for eqn. (D.56) only when the determinant of the matrix
on the left hand side is zero,

|4-21,

=0 . (D.57)

Equation (D.57) is called the characteristic equation associated with the matrix and
its solutions are referred to as the eigenvalues of the matrix A. For example, consider

a [2 x 2] matrix
i
A= . (D.58)
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Equation (D.57) becomes

1 1-
(A—ﬂvl):{ 3Hi 0}:[ A3 }:»det(A_M):(l_z)(z_z)_a.
2 2010 4 2 2-2
(D.59)
The characteristic equation becomes

AP=31-4=0 = (A1-4)(4+1)=0 (D.60)

The solutions to eqn. (D.60) are the eigenvalues and in this case, the eigenvalues are
A, =-1 and A.,=4. With the availability of eigenvalues, a solution to eqn. (D.56) can be
found. Equation (D.56) associated with the first eigenvalue is

[A—Mﬂ]‘?:o:{l_;“ 2—321}{8] (D.61)

2 3)5_|0 D.62
2 31" o (D-62)

Note that in eqns. (D.61) and (D.62) V replaces X and the solution vector V is
identified as the eigenvector associated with the eigenvalue of A =-1. Writing eqn.
(D.62) using the concept of augmented matrices, the augmented matrix associated
with the matrix equation (D.61) is

[2 3 orfl 3 0

= 2 . (D.63)
2 30 00 0
Note that the first row of eqn. (D.63) corresponds to the linear equation
3
v, +Ev2 =0 . (D.64)
This leads to
3
v -=
{ } = 2 (D.65)
v, 1
The eigenvector associated with A =-1 is therefore,
3
v=l 2. (D.66)
1

The eigenvector is also obtained directly using the MATLAB® command null() as
shown below. The use of symbolic toolbox will yield the vector in rational form.
Both results are given.



www.pdfgrip.com

426  Differential Equations: A Problem Solving Approach Based on MATLAB

v=null(sym([2,3;2,3]))
v=
32
1
v=null([2,3;2,3])

v=
-0.8321
0.5547
Proceeding similarly, the eigenvector associated with A =4 becomes
1
V= L} . (D.67)

Eigenvalues and eigenvectors can easily be obtained using MATLAB. The use of the
symbolic toolbox will make the numerical values appear as rational numbers.

[V,lambda]=eig(sym([1,3;2,2]))

V=
[-3/2,1]
[L1]
lambda =
[-1,0]
[0,4]
If the symbolic toolbox is not used, the values appear in decimal notation as in

>> [V, lambdal=eig([1,3;2,2])

V=
-0.8321-0.7071
0.5547 -0.7071

lambda =
-1 0
0 4

The first column of the matrix V is the eigenvector associated with the first eigenvalue
of -1 and the second column of V is the eigenvector associated with the second
eigenvalue of 4. Eigenvalues appear as diagonal elements of the matrix lambda. In
general, eigenvalues and eigenvectors can be real or complex. If complex eigenvalues
exist, they appear as a conjugate pair. Consider the matrix

1 -2
A:{ } . (D.68)

301
{0.8166 J}
1

{—0.8166 J} (D.69)
1

The eigenvalues and eigenvectors are

A=1+24495); v

A=1-24495j; ¥
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The two examples discussed so far dealt with matrices with distinct eigenvalues and
distinct eigenvectors. It must be noted that when complex eigenvalues exist, they
appear as a conjugate pair and are therefore always distinct.

D-4 Defective Matrices and Generalized Eigenvectors

In solving coupled first order differential equations, cases arise when the eigenvalues
might be equal with the possibility that eigenvectors might be or might not be distinct.
Consider the case of a matrix B,
20
B= . (D.70)

0 2

This leads to a pair of equal eigenvalues with distinct eigenvectors,

: (D.71)
A,=2 v= {0}
Now consider the case of a matrix A
az| ! D.72
-1 =3 (D.72)
The eigenvalues and eigenvectors are
L1
(D.73)

It is clear from eqn. (D.73) that the two eigenvectors are identical. In other words, the
number of distinct eigenvectors is only 1 even though the number of eigenvalues is 2.
A matrix with fewer distinct eigenvectors than the number of eigenvalues is referred
to as a defective matrix. In this case, the algebraic multiplicity (p) is 2 (number of
equal eigenvalues) while the geometric multiplicity (m) is only 1 (distinct pairs of
eigenvectors). Note that for symmetric matrices in eqn. (D.70), the algebraic and
geometric multiplicities are equal. Therefore, symmetric matrices will not be defective.
The matrix in eqn. (D.72) is not symmetric and it is defective.
Now consider the following matrix

2 4 3
A=|-4 -6 -3|. (D.74)
33 1
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The eigenvalues and eigenvectors are

1
A=l v=|-1
1
.
A=-2 v=|1 (D.75)
K
)
A=-2 v=|1
_0_

In this case, there exist a pair of equal eigenvalues equal to -2 (algebraic multiplicity
p=2); But, the corresponding eigenvectors are not distinct (geometric multiplicity
m=1). There is an additional eigenvalue of unity and a corresponding distinct
eigenvector. Consider the case of the following matrix

-3 -1 -6
A=|-2 -1 -4|. (D.76)
1 o0 1

The corresponding eigenvalues and eigenvectors are

-2

A=-1 v=[=2 (D.77)

The defective matrix A has an algebraic multiplicity p=3 and geometric multiplicity
m=1. These matrices in eqn. (D.74) and eqn. (D.77) are also considered as defective
because m<p.

To accommodate defective matrices lacking distinct eigenvectors (we expect
each eigenvalue paired with an eigenvector), the concept of generalized eigenvectors
is needed. Generalized eigenvectors are solutions of

[A-21] V=0, p=23,. (D.78)
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Note that for p=1, eqn. (D.78) is identical to eqn. (D.61). Now, consider the matrix
in eqn. (D.72) which has an algebraic multiplicity of 2 (p) and geometric multiplicity
of 1. Equation (D.78) becomes

[4-21]"Vv =0, p=2. (D.79)

Equation (D.79) becomes

(A—;u)zv:[[j _13}—(—2% ?Dzv{_ll _ljv{g g}ﬁ (D.80)

Using the null(.) command in MATLAB, leads to the following result:

null([0,0;0,0])
ans =

10

0 1

1 0
The generalized eigenvectors are [0} and L} .

For the matrix in eqn. (D.74), a pair of generalized eigenvectors are needed for the
eigenvalue of -2. This means that we need to solve eqn. (D.78) for (p=2)

2 2

2 4 3 1 00 4 4 3
[A-AL]V=0=(4-AI)V=||-4 -6 -3|-(-2)4|0 1 0| v=|-4 -4 -3|v
3 3 1 0 01 33 3
(D.81)
Finding the null(.), we get the two generalized eigenvectors associated with the
-1 -1
eigenvalueof -2as | 1 | and | O
0 1

For the matrix in eqn. (D.76), the algebraic multiplicity is 3 and geometric multiplicity
is 1. This means that eqn. (D.78) for (p=3)

3 3

-3 -1 -6 1 00 -2 -1 -6
(A—ﬁl)317= -2 -1 -4 —(—1)A 01 0f|v=[-2 0 —4|V(DS82)
1 0 1 0 0 1 1 0 2
This leads to
0 0O
0 0 0|v=0 (D.83)
0 0O
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The generalized eigenvectors are

17 [o] [o
0, |1}, |0]. (D.84)
0

It is clear that if the algebraic multiplicity p=n and geometric multiplicity m=1, the set
of generalized vectors match the columns of the identity matrix of size n.

D-5 Use of Eigenvalues and Eigenvectors

Eigenvalues and eigenvectors find extensive use in obtaining solutions for coupled
first order differential equations with constant coefficients. Consider a pair of first
order coupled homogeneous equations

"
x'=4,x+4,x,

' (D.85)
X, '= Ay X, + Ay,
The coefficient matrix
4, A
A:{ ! ”} . (D.86)
4,y Ay

For homogeneous equations, the expected solution will be of the form

x(t) = {2 E?J —ve . (D.87)

In eqn. (D.87), V is the eigenvector. It should be noted that there exist two solutions
associated with the characteristic equation

|4-21]=0 . (D.88)

If A, and A, are two distinct real eigenvalues with ¥ and v, being the corresponding
distinct eigenvectors, the general solution will be a linear combination of the solution
of the form in eqn. (D.87), one for each eigenvalue/eigenvector combination. Thus,
the general solution can be expressed as

X, (t) Vi Vo

Based on the elements of the coefficient matrix, it is possible that the eigenvalues and
therefore, also the eigenvectors are complex. When a set of eigenvalues are complex,
they will always form a conjugate pair. This means that a pair of eigenvalues can be
expressed as

t
x(t) :{x'( )} =Cyet +Cv,e" =Ce™ {v“}+C2eM {V”} . (D.89)

hy=A =atjp . (D.90)
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The corresponding eigenvectors (just as in the case of eigenvalues, these will also
form a conjugate pair) will be of the form

V,=V,=atjb . (D.91)

i=|“, b= (D.92)
“= a,| B b, '

The general solution can be expressed as

#(1) x (1) _ele a, cos(Bt)—b, si.n () . a, s?n (Bt)+b,cos(Br)
x (1) a, cos(ft)—b, sin(fr) a,sin(ft)+b, cos(pt) ||
(D.93)
The case of equal eigenvalues should be treated no differently if the eigenvectors are
distinct and the solution will be similar to eqn. (D.89) with &, ,=a.

On the other hand, if the coefficient matrix is defective with a single eigenvector,
the solution requires the use of generalized eigenvectors. We will examine solutions
of a set of equations when the coefficient matrix is defective following the discussion
of the case of generalized vectors for larger matrices to get a general description of
solutions.

A few examples to demonstrate the use of linear algebra are now provided along
with appropriate MATLAB codes and verification.

First consider a coefficient matrix

e 2 3
=13 6l (D.94)
The corresponding homogeneous system is
X'= A% . (D.95)

The eigenvalues and eigenvectors are obtained from MATLAB as
A ==-1, V,= Bl 3

(D.96)

The solution set corresponding to the linear system described by the coefficient matrix
in eqn. (D.94) is

3
x(1)=¢C| 3 e7’+C{ }e“ . (D.97)



www.pdfgrip.com

432 Differential Equations: A Problem Solving Approach Based on MATLAB

clear all;clc;

% example worked out and verification using dsolve(.)
A=[2.3;3,-6];

[V.D]=eig(sym(A))

DD=diag(D) % eigenvalues

v1=V(;,1) % eigenvector 1 corresponding to DD(1)
v2=V(:,2)% eigenvector 2 corresponding to DD(2)
clear A

syms xy t C2 Cl
[xt,yt]=dsolve(‘Dx=2*x+3*y’,‘Dy=3*x-6*y’);
xr=symvar(xt); % find the symbolic variables
yr=symvar(yt); % % find the symbolic variables
xt=subs(xt,[xr(1),xr(2)],[C2,C1]); % replace the constants to match the text
yt=subs(yt,[yr(1),yr(2)],[C2,C1]);

X=[xt;yt];

disp(X)

V=

[-1/3, 3]

[1,1]

D=

[-7,0]

[0,3]

DD =
-7
3

vl =
-1/3
1

3*C2*exp(3*t) - (Cl*exp(-7*1))/3
C2*exp(3*t) + Cl*exp(-7*t)

The next example looks at the case of a symmetric coefficient matrix as

a=|? 0 D.98
“lo 2| (D.98)

Because this is a symmetric matrix, the eigenvalues are equal with distinct eigenvectors

o]
0

(D.99)
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The solution set corresponding to the coefficient matrix in eqn. (D.95)

= _Cl 2t C 0 2t _ Cl 2t DlOO
x(t)—loe+zle—cze. (D.100)

The MATLAB implementation is shown below.

clear all;clc

A=[2,0;0,2];

[V.D]=cig(sym(A))

DD=diag(D); % eigenvalues

vl=V

clear AB

symsxy t C2 Cl
[xt,yt]=dsolve(‘Dx=2*x’,"Dy=2%y’)
xr=symvar(xt) % find the symbolic variables
yr=symvar(yt) % % find the symbolic variables
xt=subs(xt,xr(1),C1); % replace the constants to match the text
yt=subs(yt,yr(1),C2);

X=[xt;yt];

disp(X)

C3*exp(2*1)
yt=
C4*exp(2*1)
XIr =

[C3,t]

yr=

[ C4,t]
Cl*exp(2*t)
C2*exp(2*1)

Consider, the coefficient matrix

az| D.101
-3 4l (D-101)

The eigenvalues and eigenvectors are complex. The eigenvalues are

A o=a+jB=4+3] (D.102)
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The eigenvectors are

- |1 0
G+ ib = 4+ . D.103
The solution set is

N w a, cos(Bt)—b; sin(St) a, sin(Bt)+b, cos(Br)
*(1)=e {Cl L2 cos(Bt)—b, sin(ﬂt)}r & Lz sin(Bt)+b,cos(Br) || (D-104)

Substituting for eigenvalues and eigenvectors, the solution set becomes

5(1)=e"C, { Cos(yﬂw‘“cz {Sin(y) } . (D.105)

—sin (3¢ cos(37)
The MATLAB portion including verification using dsolve(.) appears below.

clear all;

A=[4,3;-3.4];

[V.D]=eig(sym(A))

DD=diag(D) % eigenvalues

v1=V(:,1) % eigenvector 1 corresponding to DD(1)
v2=V(:,2)% eigenvector 2 corresponding to DD(2)
clear A

syms xy t C2 C1

[xt,yt]=dsolve(‘Dx=4*x+3*y’, Dy=-3*x+4*y’)
xr=symvar(xt) % find the symbolic variables
yr=symvar(yt) % % find the symbolic variables
xt=subs(xt,[xr(1),xr(2)],[C2,C1]); % replace the constants to match the text
yt=subs(yt,[yr(1),yr(2)],[C2,C1]);

X=[xt;yt];

disp(X)

V=
[j’_j]
[1,1]
D=
[4-3j,0]
[0,4+3j]
DD =

4-3
4+3]



www.pdfgrip.com

Appendices 435

Xt =

C4*cos(3*t)*exp(4*t) + C3*sin(3*t)*exp(4*t)
yt=

C3*cos(3*t)*exp(4*t) - C4*sin(3*t)*exp(4*t)
Xr =

[C3,C4,1]

yr=

[C3,C4,1]

Cl*cos(3*t)*exp(4*t) + C2*sin(3*t)*exp(4*t)
C2*cos(3*t)*exp(4*t) - C1*sin(3*t)*exp(4*t)

The final example deals with a coefficient matrix A

y 2 4 .
= . D.
1 (D.106)
It has two equal eigenvalues, each equal to 0. But there is only a single distinct
eigenvector,
L2
V= 1k (D.107)

This means that we need another vector, one from the two generalized vectors obtained
by solving

2 4
(A—Mjﬁ:O:L _2}‘1:0. (D.108)

o [ro
%=lo 1" (D.109)

The solution to the set of equations represented by eqn. (D.106) will be presented
following a formal discussion of generalized eigenvectors and the fundamental matrix.

The generalized eigenvectors are

D-6 Generalized Eigenvectors and the Fundamental Matrix

The approach of eigenvalues and eigenvectors can be extended to coupled first order
homogeneous systems of larger sizes. If the coefficient matrix is [n x n] and if the
eigenvectors are real and distinct, the solution set is expressed in vector form as

x(r):ickake‘k’ . (D.110)
k=1
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If n is even and all the eigenvalues are complex conjugate distinct pairs,

. B n/2 w a, Cos(ﬂkt)_blk Sin(ﬂkt) a Sin(ﬂkt)_'_blk COS(ﬂkt)
x(r)= kZ:Ile {Clk {azk cos(f,t)~b,, sin(ﬁ,{t)}- Co sz sin(f,t)+ by, cos(B,1) |].
(D.111)

In eqn. (D.111), a, = jB, represent the eigenvalues and a’s and b’s are the elements
of the eigenvectors.

When more than 2 coupled variables exist, the simple approach described earlier
requires generalization using the concept of the fundamental matrix, particularly when
the matrix is defective. Going back to the solution of a homogeneous system with
distinct eigenvectors, the solution in (D.89) can be expressed as

X(1)=C% (1)+C,%, (1) =C {e%’[v”}}wz {eﬂ{vn}} . (D.112)
V21 V22

In other words, if two distinct eigenvectors exist, the solution set is a linear combination
of a fundamental set of vectors X, (¢) and X,(r). The fundamental matrix X(t)
associated with the coefficient matrix A is expressed as

X (6)=[ X, (1) X, ()] . (D.113)
In eqn. (D.113), %, (¢) and X, (¢) are given by
X, (r)=e* {V“ } X, (1) =™ {“Z} : (D.114)
v22

This concept can be extended to a case of a coupled differential equation in n-variables
and the general solution set of the differential equation will be

()= X(1)C=3C.X, (1)= 3 Ce™7, . (D.115)

In eqn. (D.115), X, is the eigenvector associated with the eigenvalue A_and C is the
vector of constants. As discussed earlier, it is not necessary to have distinct eigenvalues.
But, eigenvectors must be distinct. For the case of n=2,

(1) {2 Ettﬂ : (D.116)

For the case of a pair of complex conjugate eigenvalues, the components of the
fundamental matrix X, (¢) and X, (¢) can be written using eqn. (D.104) as

SN | @cos(Bt)=bsin(pr) S N | @sin(pt)+b cos(pr)
Xi(r)=e L2 cos(ft)-b, sin(ﬁt)} Ya(0)=e Lz sin(f3t) + b, cos(ft)
(D.117)
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The fundamental matrix can be generalized to n-variables as

X()=[X,(6) X, () X, (0)]. (D.118)

The components of the fundamental matrix X, (¢), X, (¢),--, X, (¢), need to be modified
when the matrix defective by determining the generalized eigenvectors. If V,; are the
generalized vectors for k=1,2,...n, the components of the fundamental matrix will be

2

— p-1
Xo() = | Pyt t(A= 21}y + (A=) Vo

(p—l)!

(4-41)"¥,

(D.119)
In eqn. (D.119), p is the algebraic multiplicity and v, are the solutions (generalized
eigenvector) of

(4-21,)"i=0 . (D.120)

Note that when algebraic multiplicity is unity, eigenvectors are distinct. In this case,
only the first term in eqn. (D.119) will be retained because

(A4-41,)v =0 . (D.121)

Note also that n-distinct eigenvectors are obtained from eqn. (D.120) with p=1.

Several examples of coupled first order equations defined by the coefficient
matrix are examined as to whether the coefficient matrix is defective. As the size
of the coefficient matrix exceeds 3, the number of possibilities for the relationships
among the eigenvalues and eigenvectors become much more intricate and deliberate
processing is needed to identify the defective matrices and determine the algebraic
and geometric multiplicities of the specific eigenvalues. These examples were created
in MATLAB. Starting from the coefficient matrix, the results display eigenvalues and
eigenvectors, geometric and algebraic multiplicities if the matrix is defective, identify
the eigenvalues associated with the generalized eigenvectors and specific algebraic
multiplicity and generalized eigenvectors. Use of these generalized vectors can be
seen in Chapter 5.

A=[4’6’65 1 ,3’2;'1"5’-2];
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Eigenvalues and Eigenvectors
466
Input Meatrix A 132
A.-5.2
1 133 A5
Eigenvalies 2 Eiganvectors 033 05
2 1 1

Eigenvalues (3) & Eigenveciors (2) Matrix DEFECTIVE:
Generalized eigenvectors requined!

-1.33 3 0
Elganvecors 0.33 1 0
ind. Ganeralized 1 o i

Algebraic multiplicity (p) of the eigenvalue A = geomelric muliplicity (m)
= Generalized Eigenvectors are solutions of [ (A - M) v =0

A=2: Algabraic multipicity =2, Geomatric multiplicity =1
A=[0100;0010;000 1;-10-20];
Eigenvalues and Eigenvectors

0100
0010
PR T~y 0001
A 020
0=1i 0-1i 0+
— A0 <1401
O+1i o+ 01
et 1401 140i

Elgenvalues (4) & Eigenveciors (2} Matrix DEFECTIVE:
Generalized aigénvectors requirad!

=3-+Di 2 -3+ 0-2i
0+2i 1+08 0-2i 1+08
ind, Gorgmiicad 1100 0+0i 1400 O+0i
0+0i 1+0 00 1+0i

Algebraic multiplicity (p) of the elgenvalue X > geometric muliplicity (m)
= Ganeralized Eiganvactors are solutions of [ (A= AL e =0

Complex Equal Pairs: Algabraic multiplicity =2, Geomairic mullplicity =1

A=[Os 1 ’2;'55_37'7; 1 ’0,0];
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Eigenvalues and Eigenvectors
012
Input Matrix A 53T
100
-1 -1
Eigenvalues -1 Eigenvectors. =1
=1 1
Eigenvalues (3) & Eigenvectors (1): Matrix DEFECTIVE:
Generalized eigenvectors required!
1 1] 0
Eigenvectors i} 1 0
ind. Generalized i} 1

Algebraic multiplicity (p) of the eigenvalue A > geometric multiplicity (m)
=+ Generalized Eigenvectors are solutions of [(A=AL)Y v =10

A=-1: Algebraic multiplicity =3, Geometric multiplicity =1

A=[21-21;03-53;0-13 22 -12;0 -27 45 -25];

Eigenvalues and Eigenvectors
2121
0353
S o 0-13 22-12
0-27 45-25
-1 o 1
-1 033 0
el Eigewedors 533 0
2 1 0

Eigenvalues (4) & Eigenveciors (2] Matrix DEFECTIVE:
Generalized eigenvectors required!

1} 1} 1 0
2 =1 1] 1]
Eigenvectors
ind. Genemlzed | ':' g ‘-"-15

Algebraic multiplicity (p) of the eigenvalue )\ > geometric multiplicity (m)
= Generalized Eigenvectors are soluions of [ (A = AL v =0

A=-1: Algebraic multiplicity =2, Geometric multiplicity =1
A=2: Algebraic muliplcity =2, Geometric multiplicity =1

A=[1,-1;1,3];
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Eigenvalues and Eigenvectors
11
Ingpast Matrix A 13
2 -1
Eigenmvalues 2 Eigenveciors 1
Eigervalues (2) & Eigenvectors (1): Matrix DEFECTIVE:
Generalized eigenvectors required!
Eiganvectors 1 ?

nd. Generalzed O

Algebraic multiplicity (p) of the eigenvalue A > geomeftric multiplicity (m)
=+ Generalized Eiganvectors are soluions of [(A - ALY J[v=0

A=2: Algebraic mulliplicity =2, Geometric mulliplicity =1

A=[-2-7-7-5;-3-8-7-7;1101;28 8 6];

Eigenvalues and Eigenvectors
-2 -T-T-5
-3-B-T-T
Input Matrix & 1409
2ZBBE
-1-1i 11+0.3  -1.1-0.3 1]
=1+ O5+0.5 D505 -1
PO SRR pqa07 Sas0 1
=1+0i 1+0i 1+0i 1]
Eigenvalues (4) & Eigenveciors (3): Matrix DEFECTIVE:
Generalizad eigenveclons requined!
=1.1+0.3i =1.1-0.3i 0 1.5
“0.5+0.5 -0.5-0.5i -1 0.5
i'ld mlﬂhﬁi '“.1'“;?i -ﬂ ..1 +ﬂ.ﬁ 1 D
1+0i 1+0§ 0 1

Algebraic multiplicity (p) of the eigenvalue A > geometric multiplicity (m)
= Generalized Eigenvectors are soluions of [ (A - ALY v =10

A=-1: Algebraic multiplicity =2, Geometric multiplicity =1
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D-7 Solutions to Coupled First Order Systems Using the Concept of
the Fundamental Matrix

Let us now go back to eqn. (D.106) which represents a defective matrix. The
fundamental matrix X(t) can be created from the eigenvalue of 0 and the generalized
eigenvectors in terms of eqn. (D.118) and eqn. (D.119).

sta-rteoto s T, MMM

(D.122)

Lk H I I HEH WA

(D.123)

The fundamental matrix X becomes

1+2t 4
X = . (D.124)
—t 1-2t

The general solution to the first order coupled system represented by the coefficient
matrix in eqn. (D.106) is

#(1) =%, (1) + o8 (1) = F”t} ‘e, Lf’z J (D.125)

Consider the following coefficient matrix representing a set of coupled first order
differential equations,

1 0 0
A=10 -2 -1 (D.126)
0 0 -2
The eigenvalues and eigenvectors are
1
A=1 %=|0 (D.127)
0
0
Ay =-2 V;=|1 (D.128)
0

The coefficient matrix is therefore defective with the eigenvalue of -2 having an
algebraic multiplicity (p) of 2 and geometric multiplicity (m) of 1, requiring the need
for generalized eigenvectors. Generalized eigenvectors are obtained as solutions of

(4-2L)" =0=(4-(-2)L) =0 (D.129)
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The two generalized eigenvectors are

0 0
v, =[1] v, =|0]. (D.130)
0 1
The basic solution set can now be expressed as
.
X, (t)=€10
0_
0] [0] 0
X, ()y=e? | 1|+t(A- (D)1 |p=e"|1 (D.131)
10| 10] 0
[0] [0] 0 0 0
X, (t)=e 30 |+t(A—(-DL)[0|p=e [0 |+|~t|p=e |~
1] 1] 1 0 1

The solution to the coupled first order equations represented by the coefficient matrix is

1 0 0 e
()= X, (1) +e, X, () +e, X () =ce | 0 |+ce™ [ 1 |+ce™ | —t |=| c,e™ —cyte™
0 0 1 ce
(D.132)

Additional examples and applications will be seen in Chapters 3 and 5.

We can use the concept of the fundamental matrix to find the particular solution
to a non-homogeneous first order system,

If X(t) is the fundamental matrix, the solution given in eqn. (D.115) implies that
an analogous solution to the non-homogeneous part can be obtained by replacing the

constant C by a time dependent vector p p (¢)as
x(1)=X(t)p(¢) (D.134)

Differentiating eqn. (D.144) and substituting in eqn. (D.133),

X(0)(0)+ X (0)B'(r) = AX (1) B (1) + & (1) (D.135)
Note that X(t) is the fundamental matrix and therefore,
X'(t):AX(t) (D.136)

Substituting eqn. (D.136) in eqn. (D.135), we have

X(t)p'(1)=2g(¢) (D.137)
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Taking the inverse of the fundamental matrix, eqn. (D.137) simplifies to

pl(1)=X"(1)g(r) (D.138)
The unknown vector satisfying eqn. (D.134) is now obtained as
B(t)=[x ' (r)&(c )z (D.139)

The particular solution to the non-homogeneous differential equation is obtained from
eqn. (D.134) as

%,(0)=X(0)[ X" (r)&(c)r (D.140)

The solution in eqn. (D.140) is identified as the particular solution based on the
method of variation of parameters (similarity to the method based on Wronskian seen
in Chapters 2 and 4).
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Suggested Readings

A number of excellent books and monographs devoted to the topic of differential equations and linear
algebra might provide supplementary information beyond what is covered in this book. Additionally,
several books are also available that describe the use of MATLAB® in differential equations and linear
algebra. A good source of information on the application of MATLAB is available within the help window
of MATLAB itself. A partial list of some of these resources is provided below for additional reading.

Butcher, J. C. 2016. Numerical Methods for Ordinary Differential Equations, Wiley.

Chatelin, F. (Ed.). 2012. Eigenvalues of Matrices: Revised Edition. Society for Industrial and Applied
Mathematics.

Courant, R. and Hilbert, D. 2008. Methods of Mathematical Physics, Volume 2: Differential Equations, Wiley.

Farlow, J., Hall, J. E., McDill, J. M. and West, B. H. 2007. Differential Equations & Linear Algebra, Pearson.

Golubitsky, M. and Dellnitz, M. 1999. Linear Algebra and Differential Equations Using MATLAB, Cengage.

Hairer, E., Lubich, C. and Roche, M. 2006. The Numerical Solution of Differential-algebraic Systems by
Runge-Kutta Methods. Vol. 1409, Springer.

Hunt, B. R., Llpsman, R. L., Osborn, J. E., Outing, D. A. and Rosenberg, J. M. 2012. Differential Equations
with MATLAB, Wiley.

Iseries, A. 2009. A First Course in the Numerical Analysis of Differential Equations. Cambridge University
Press.

Kreyszig, E. 2010. Advanced Engineering Mathematics, Wiley.

Lang, S. 2012. Introduction to Linear Algebra, Springer.

Lopez, C. 2014. MATLAB Differential Equations, Springer.

McKibben, M. and Webster, M. O. 2014. Differential Equations with MATLAB: Exploration, Applications,
and Theory, CRC Press.

Polking, J. C. and Arnold, O. 2003. Ordinary Diftferential Equations Using MATLAB, Pearson.

Ralston, A. 1962. Runge-Kutta Methods with Minimum Error Bounds. Mathematics of Computation
16(80): 431-437.

Robinson, J. C. 2004. Introduction to Ordinary Differential Equations. Cambridge University Press.

Stanoyevitch, A. 2004. Introduction to Numerical Ordinary and Partial Differential Equations Using
MATLAB, Wiley.

Tennenbaum, M. and Pollard, H. 1985. Ordinary Differential Equations, Dover.

Xie, W-C. 2010. Differential Equations for Engineers. Cambridge University Press.
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