
Springer Series in Computational Mathematics 54

Kolade M. Owolabi
Abdon Atangana

Numerical 
Methods for 
Fractional 
Differentiation



Springer Series in Computational Mathematics

Volume 54

Series Editors

Randolph E. Bank, Department of Mathematics, University of California, San
Diego, La Jolla, CA, USA
Ronald L. Graham, Department of Computer Science & Engineering, University of
California, San Diego, La Jolla, CA, USA
Wolfgang Hackbusch, Max-Planck-Institut für Mathematik in den
Naturwissenschaften, Leipzig, Germany
Josef Stoer, Institut für Mathematik, University of Würzburg, Würzburg, Germany
Richard S. Varga, Kent State University, Kent, OH, USA
Harry Yserentant, Institut für Mathematik, Technische Universität Berlin, Berlin,
Germany



This is basically a numerical analysis series in which high-level monographs are
published. We develop this series aiming at having more publications in it which
are closer to applications. There are several volumes in the series which are linked
to some mathematical software. This is a list of all titles published in this series.

More information about this series at http://www.springer.com/series/797

http://www.springer.com/series/797


Kolade M. Owolabi • Abdon Atangana

Numerical Methods
for Fractional Differentiation

123



Kolade M. Owolabi
Institute for Groundwater Studies
University of the Free State
Bloemfontein, South Africa

Abdon Atangana
Institute for Groundwater Studies
University of the Free State
Bloemfontein, South Africa

ISSN 0179-3632 ISSN 2198-3712 (electronic)
Springer Series in Computational Mathematics
ISBN 978-981-15-0097-8 ISBN 978-981-15-0098-5 (eBook)
https://doi.org/10.1007/978-981-15-0098-5

© Springer Nature Singapore Pte Ltd. 2019
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.
The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, expressed or implied, with respect to the material contained
herein or for any errors or omissions that may have been made. The publisher remains neutral with regard
to jurisdictional claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Singapore Pte Ltd.
The registered company address is: 152 Beach Road, #21-01/04 Gateway East, Singapore 189721,
Singapore

https://doi.org/10.1007/978-981-15-0098-5


Preface

Understanding the behaviours of natural occurrences has always been a major
concern for mankind. There are many ways to understand and predict nature. On
the one hand, understanding nature outside of academic framework, our ancestors
and even non-scholars were able to understand and predict the behaviour of natural
phenomena through a long-time observation. On the other hand, scholars rely on
investigations that comprise observation, construction of models, solutions of
models and finally simulation where observed facts are compared with models, and
then, the predictions can follow. One of the most used mathematical tools to
construct mathematical models is perhaps differential operators. We have two
classes, namely local and non-local. The local or classical differential operator is
based on the concept of rate of change, and the change is evaluated using two
points. Due to the limitations of this concept for modelling real-world problems, the
second concept was introduced and called fractional differential operators. They can
be further classified into three sub-groups including fractional differential operators
with singular and non-local kernel, and this one uses the power law function as
kernel. Fractional differential operators with local and singular kernel use expo-
nential decay law as kernel, and finally, fractional differential operators with
non-local and non-singular kernel use the generalized Mittag–Leffler function as
kernel. These three mathematical tools have been used in many fields of science and
technology with great success. However, the solutions of these models are very
hard to obtain analytically, and researchers, therefore, rely on numerical methods to
provide an approximate solution that could be used for prediction. In the last
decades, several numerical methods have been suggested; however, these methods
can only be found in research papers. We aim to present in this book the collection
of numerical methods related to fractional differential and integral operators and
their applications.

Bloemfontein, South Africa Kolade M. Owolabi
Abdon Atangana
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Chapter 1
Review of Fractional Differentiation

Fractional calculus can be classified as applicable mathematics. The property and
theory of this fractional operator is proper object of study in its own right. Scien-
tists and applied mathematicians, in the last decades, found the fractional calculus
useful in various fields such as diffusion, elasticity, electrochemistry, rheology, quan-
titative biology, probability, scattering theory, transport theory and potential theory.
However, many mathematicians and scientists are unfamiliar with this topic possibly
because they have not been exposed to its applications. Thus, while the theory of
fractional calculus has developed, its use has still lagged behind.

Fractional calculus is the field of mathematical analysis which deals with the
investigation and applications of derivatives and integrals of arbitrary order. In fact,
the field of fractional calculus is almost as old as the traditional calculus proposed
independently by Leibniz and Newton [88, 93]. Scholars of engineering, mathematics
and sciences often encounter the differential operators in the form d

dx or d2

dx2 , but only
a few thought over it if it is mandatory for the differential order to be integer or not.
A well-known example is the extension of meaning of real to complex numbers,
and another is the extension of meaning of factorials of integers to that of complex
numbers. The question could be, ‘why not a complex, fractional, rational of irrational
number?’

At the onset of differential and integral calculus, a similar question raised by Leib-
niz in a letter to L’Hopital on the significance of derivative of noninteger (arbitrary)
order: Is it possible to generalize derivatives of integer order with that of arbitrary
or noninteger orders? In curiosity, L’Hopital replied Leibniz with another question:
What if the order is 1/2? And Leibniz replied in a letter dated 30th September 1695
(a date many authors cite as the birthday of widely called Fractional calculus) that:
‘It will result to a paradox, from which one day useful consequences will be drawn’.
So that question posed by Leibniz over 300 year ago has been a subject of debate and
active study till date. It is somewhat labelled as fractional calculus which typifies the

© Springer Nature Singapore Pte Ltd. 2019
K. M. Owolabi and A. Atangana, Numerical Methods for Fractional
Differentiation, Springer Series in Computational Mathematics 54,
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2 1 Review of Fractional Differentiation

generalization of both ordinary differentiation and integration to noninteger order.
The term fractional is a misnomer, a more accurate term should be ‘noninteger’, since
the order itself can be irrational as well, but it is retained following the prevailing
use.

Following Leibniz’s and L’Hopital’s first inquisition, the study of fractional cal-
culus was primarily reserved for the best minds in mathematics. As known, a number
of physical phenomena are described by fractional derivatives [127]. This is due to
the known fact that fractional operators take into account the system evolution, by
considering both the global and local characteristics. In addition, experimental results
are sometimes contradicted by integer-order calculus and therefore noninteger-order
derivatives may be more suitable [116].

Among the great mathematicians that dabbled with fractional calculus and who
have provided significant contributions up to the middle of our century, includes L.
Euler (1730), P. S. Laplace (1812), J. B. J. Fourier (1822), N. H. Abel (1823–1826),
Liouville [67], B. Riemann (1847), H. Holmgren (1865–67), Grünwald [39], Let-
nikov [62], Laurent [59], P. A. Nekrassov (1888), A. Krug (1890), J. Hadamard (1892),
O. Heaviside (1892–1912), S. Pincherle (1902), G. H. Hardy and J. E. Littlewood
(1917–1928), Weyl [121], P. Lévy (1923), A. Marchaud (1927), H. T. Davis (1924–
1936), A. Zygmund (1935–1945), E. R. Love (1938–1996), A. Erdélyi (1939–1965),
H. Kober (1940), D. V. Widder (1941), Riesz [105]. Afterwards, fractional calcu-
lus has become an attractive subject to engineers, mathematicians and physicists,
and various forms of noninteger (that is, factional) differential operators such as the
Grünwald–Letnikov, Hadamard, Riemann–Liouville, Caputo, Riesz (Hilfer [44], Kil-
bas et al. [52], Podlubny [101], Samko et al. [110], Cresson [26], Katugampola [50],
Kilbas and Saigo [51] and Klimek [54, 55]) were introduced. Agrawal [4] introduced
an interesting perspective to the subject by unifying all previously mentioned notions
of fractional derivatives and integrals, and later studied in Bourdin et al. [14].

Many found, using their own notation and methodology, definitions that are well
fitted to the concept of an arbitrary (noninteger) order derivative or integral. The
most famous of these definitions that have been widely popularized in the world
of fractional calculus are the Riemann–Liouville, Grünwald–Letnikov and Caputo
definitions. In what follows, we briefly consider some of the initial and notable
definitions of fractional calculus.

• L. Euler (1730):
Euler generalized the formula

dr xq

dxr
= q(q − 1) · · · (q − r + 1)xq−r

with the aid of the gamma function

�(q + 1) = q(q − 1) · · · (q − r + 1)�(q − r + 1)
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to get
dr xq

dxr
= �(q + 1)

�(q − r + 1)
xq−r .

The gamma function is defined as

�(z) =
∫ ∞

0
e−t t z−1dt, Re(z) > 0.

• J. B. J. Fourier (1820–1822):
By using integral representation

f (x) = 1

2π

∫ ∞

−∞
f (z)dz

∫ ∞

−∞
cos(νx − νz)dν

Fourier wrote

dr f (x)

dxr
= 1

2π

∫ ∞

−∞
f (z)dz

∫ ∞

−∞
cos(νx − νz + rπ

2
)dν.

• N. H. Abel (1823–1826):
Abel considered the integral

∫ x

0

p′(ξ)dξ

(x − ξ)α
= ψ(x)

for arbitrary α and then writes

p(x) = 1

�(1 − α)

d−αψ(x)

dx−α
.

• J. Liouville (1832–1855):
The first definition was based on exponential representation of a function f (x) =∑∞

r=0 cr ear x , he generalized the formula dq eax

dxr = aqeax as

ds f (x)

dxs
=

∞∑
r=0

cr as
r ear x .

The second definition was fractional integral

∫ μ

�(x)dxμ = 1

(−1)μ�(μ)

∫ ∞

0
�(x + α)αμ−1dα

∫ μ

�(x)dxμ = 1

�(μ)

∫ ∞

0
�(x − α)αμ−1dα.
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By using τ = x + α and τ = x − α, respectively, in above formulas, he got

∫ μ

�(x)dxμ = 1

(−1)μ�(μ)

∫ ∞

x
(τ − x)μ−1�(τ )dτ

∫ μ

�(x)dxμ = 1

�(μ)

∫ x

−∞
(τ − x)μ−1�(τ )dτ .

The third definition involves fractional derivative

dμ f (x)

dxμ
= (−1)μ

hμ

(
f (x)

μ

1! f (x + h) + μ(μ − 1)

2! f (x + 2h) − · · ·
)

dμ f (x)

dxμ
= 1

hμ

(
f (x)

μ

1! f (x − h) + μ(μ − 1)

2! f (x − 2h) − · · ·
)

.

• G. F. B. Riemann (1847–1876):
He defines fractional integral as

D−s f (x) = 1

�(s)

∫ x

c
(x − t)s−1 f (t)dt + φ(t).

• N. Ya. Sonin (1869), A.V. Letnikov (1872), H. Laurent (1884), N. Nekrasove
(1888), K. Nishimoto (1987–):
They considered the Cauchy integral formula

f (r)(z) = r !
2πi

∫
c

f (t)

(t − z)r+1
dt

which when replaced r by s, yields

ds f (z) = �(s + 1)

2πi

∫ x+

c

f (t)

(t − z)s+1
dt.

• Riemann–Liouville:
This is one of mostly celebrated definition of fractional calculus which combines
the two previous definitions.

a Dα
t f (t) = 1

�(r − α)

(
d

dt

)r ∫ t

a

f (τ )

(t − τ )α−r+1
dτ .

• Grünwald–Letnikov:
The combined definition is given as

aDα
t f (t) = lim

h→0
h−α

[ t−a
h ]∑

j=0

(−1) j
(
α
j

)
f (t − jh).
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• M. Caputo (1967):
The second most popular definition is given by

C
a Dα

t f (t) = 1

�(α − n)

∫ t

a

f (n)(τ )

(t − τ )α+1−n
dτ , (n − 1 ≤ α < n).

• K. S. Miller, B. Ross (1993):
They used differential operator D as

Dᾱ f (t) = Dα1 Dα2 · · · Dαn f (t), ᾱ(α1,α2, · · · ,αn),

where Dαi , i = 1, 2, . . . , n is Riemann–Liouville or Caputo definitions.

Fractional calculus has since mentioned from the inception of classical calculus,
but it was not until 1823 before fractional operations were first utilized to address
a specific physical problem. Though Euler and Fourier made mention of derivatives
of arbitrary order, they neither gave applications nor reporting any example. As a
result, the honour of giving the first application was credited to Niels Henrik Abel
[1, 2]. Abel applied the fractional calculus to solve an integral equation which arises
in the formulation of the tautochrone problem

k =
∫ x

0
(x − t)−1/2 f (t)dt, (1.0.1)

where f is an unknown function to be determined. This problem, which is commonly
referred to as the isochrone problem, it has to do with finding the shape of a frictionless
wire in a vertical plane such that the time of slide of a bead placed on the wire slides
to the lowest point of the wire in the same time regardless of where the bead is placed.
The brachistochrone problem deals with the shortest time of slide.

In the classical book by Samko et al. [110], they opined that it is important to
note that Abel not only solved the integral equation (1.0.1) as the special case of the
tautochrone problem, but he provided the solution for the integral equation in a more
general form

k(x) =
∫ x

a

f (t)

(x − t)α
dt, x > a, 0 < α < 1. (1.0.2)

Years after Abel’s application of fractional operators to a problem in physics, series
of broad papers were written by Liouville on fractional calculus [70, 72]. In article
[71], Liouville comes up with two different definitions of fractional derivatives. The
first definition is applied on functions f (x) which can be expanded in a series form

f (x) =
∞∑

k=0

ck exp(ak x).
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By applying the known classical order derivatives dn/dxn exp(ax) = Dneax =
aneax to the fractional type (replacing n ∈ N with α ∈ C), he got

Dα f (x) =
∞∑

k=0

ckaα
k exp(ak x). (1.0.3)

Obviously, the first definition is somewhat restricted owing to the choices of fractional
index α for which series (1.0.3) is converged. There is no such restriction on the
choice of α in the second definition reported in [71], but rather faced a more stronger
restriction based on the type of function for which it is applied. For a function with
an arbitrary parameter a of the case f (x) = 1/xa , Liouville developed the definition

Dαx−a = (−1)α�(a + α)

�(a)
x−a−α (1.0.4)

to be its fractional derivative of order α. Despite the fact that both definitions given
in [71] were somehow restricted, Liouville still applied these definitions in a number
of applications to physical, geometrical and mechanical problems. A number of
theoretical and applied results can be found in the Liouville eight papers [70, 72].

In 1847, Riemann worked on a research paper where he searched for the gener-
alization of a Taylor series and came up with the definition

D−α f (x) = 1

�(α)

∫ x

c
(x − t)α−1 f (t)dt + φ(x) (1.0.5)

for a given function f (x) with fractional integral order α. The function φ(x) is
introduced as a result of the ambiguity of the lower limit c of integration which
corresponds to the complementary function as reported in the Liouville work. Equa-
tion (1.0.5) with lower limit c = 0 and without a complementary function φ(x) is
the most widely celebrated definition of fractional integration today, known as the
Riemann–Liouville fractional integral.

Since neither Riemann nor Liouville addressed the problem of the complementary
function, it is now of historical interest how the Riemann–Liouville definition was
finally developed. A quite number of researchers are actually responsible for this
development: In 1869, Sonin [112] wrote a paper, where he adopted Cauchy’s Integral
formula as a starting point to reach differentiation with arbitrary index. A short time
later in 1872, Letnikov extended the idea of Sonin in his paper [64].

Both attempted to define fractional derivatives by using a closed contour. Begin-
ning with Cauchy’s integral formula for integer-order derivatives, defined by

f (n)(z) = n!
2�i

∫
c

f (t)

(t − z)n+1
dt, (1.0.6)

which by replacing the factorial with Euler’s gamma function α! = �(α + 1), one
obtains the generalization to the fractional case. In [60], Laurent introduced an open
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circuit contour as against a closed circuit used by both Sonin and Letnikov which
lead to the popular Riemann–Liouville fractional integral

c D−α
x f (x) = 1

�(α)

∫ x

c
(x − t)α−1 f (t)dt, Re(α) > 0 (1.0.7)

by standard contour integration techniques. By letting c = 0 in (1.0.7) one obtains
the Riemann formula (1.0.5) without the issues of complementary function φ(x)

problem, and by setting c = −∞, formula (1.0.7) becomes the first Liouville def-
inition (1.0.3). These two findings substantiate why the above formula is referred
to as the Riemann–Liouville fractional integral equation. The notation of fractional
differentiation and integration differs only in sign of the fractional-order α, changing
from fractional differentiation to integration or vice versa cannot be achieved directly
if one replaces the sign of parameter α on the right-hand side of formula (1.0.7). The
problematic issue originates from the integral

∫ x
c (x − t)−α−1 f (t)dt which in general

case diverged. Though by analytic continuation it can be proved that

c Dα
x f (x) =c Dn−β

x f (x) = c Dn
x c D−β

x f (x) = dn

dxn

(
1

�(β)

∫ x

c
(x − t)β−1 f (t)dt

)

(1.0.8)
is satisfied, which is globally referred to as the definition of the Riemann–Liouville
fractional derivative.

Almost at the same time with Sonin paper [112], to start with the mathematical
basis for nowadays version of the Riemann–Liouville fractional integral, two historic
papers, the first by Grünwald [40] and the other by Letnikov [63] have given the
basis for another definition of fractional derivative which is often used till today. As
definition for fractional differentiation, Grünwald and Letnikov obtained

GL Dα
x f (x) = lim

h→0

(
�α

h f
)
(x)

hα
(1.0.9)

which is known as Grünwald–Letnikov fractional derivative. In (1.0.9), the finite
differences �α

h are defined as

(
�α

h f
)
(x) =

∞∑
k=0

(−)k

(
α

k

)
f (x − kh), α > 0,

where
(α

k

)
is known as the generalized binomial coefficient. Today, the Grünwald–

Letnikov definition of fractional derivatives is used for numerical methods, which
applies formula (1.0.9) in conjunction with a finite sum for the approximation of
fractional derivatives.

The Riemann–Liouville definition of a fractional integral defined in (1.0.7) with
c = −∞ is commonly called Weyl fractional integral. Check the work of Weyl [122]
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that was published in 1917 where he considered the Fourier transform of periodic
functions φ(x) as

∞∑
k=−∞

φkeikx , for φk = 1

2π

∫ 2π

0
eikxφ(x)dx

in attempt to define fractional integration that is suitable for these functions, by

I α
±φ(x) = 1

2π

∫ 2π

0
�α

±(x − t)φ(t)dt,

where �α±(x) are some special functions. In addition, he showed that these fractional
integrals can be written in the interval 0 < α < 1 as

Iα+φ(x) = 1

�(α)

∫ x

−∞
(x − 1)α−1φ(t)dt and Iα−φ(x) = 1

�(α)

∫ ∞
x

(x − 1)α−1φ(t)dt

(1.0.10)

which are convergent over an infinite interval. This convergence is guaranteed in
Weyl’s paper by considering only those periodic functions φ(x), whose Fourier trans-
form is shown to have fulfilled φ0 = 0. Weyl showed in [122] that a periodic contin-
uous function φ(x) has a continuous derivative of order α if it satisfies a Lipschitz
condition of order α.

Integral version of Grünwald–Letnikov definition of fractional derivative was
developed by Marchaud [82] in 1927, using

M Dα f (x) = c
∫ ∞

0

(
��

t f
)
(x)

t1+α
dt, for α > 0, (1.0.11)

as fractional derivative of function f , where c is regarded as a normalizing constant
and the term

(
��

t f
)
(x) is a finite difference of order � > α. Marchaud introduces

a new definition for noninteger order of derivatives. This definition coincides with
the Liouville version for sufficiently good functions [27, 77]. Equation (1.0.11) is
referred to as Marchaud fractional derivative. Under certain conditions, the above
definition coincides with both Grünwald–Letnikov and Riemann–Liouville version
of fractional derivatives.

Wantanabe [120] in 1931 developed a version of Leibniz formula for Riemann–
Liouville fractional derivative, defined by

Dα( f g) =
∞∑

k=−∞

(
α

k + β

)
Dα−β−k f Dβ+kg, β ∈ R (1.0.12)

for analytic functions f and g.
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Years later, Riesz began to publish a number of research articles that are centred
around the integral [106, 107]

R I αφ = 1

2�(α) cos(απ/2)

∫ ∞

−∞
φ(t)

|t − x |1−α
dt, Re α > 0, α �= 1, 3, 5, . . .

(1.0.13)
known as Riesz potential. The above integral is tightly connected with both Weyl
fractional integral and the Riemann–Liouville fractional integrals by

R I α = (
I α
+ + I α

−
)
(2 cos(απ/2))−1.

In [31, 32], Erdéyi and Kober introduced a modification to the definition of the
Riemann–Liouville fractional integral as

2x2(α+ξ)

�(α)

∫ x

0
(x2 − t)α−1t2ξ+1φ(t)dt,

2x2ξ

�(α)

∫ ∞

0
(x2 − t)α−1t1−2α−2ξφ(t)dt

which are found useful in almost application areas today. A good number of additional
results of fractional calculus were reported in the twentieth century, here we shall
consider in addition the one presented by Caputo [18]. Given a function f with
(n − 1) as a continuous derivative, Caputo defined his own version of a fractional
derivative as

Dα
∗ f (x) = 1

�(n − α)

∫ t

0
(t − s)n−α−1

(
d

ds

)n

f (s)ds (1.0.14)

which is labelled today as the Caputo fractional derivative.

1.1 Special Functions

Understanding of definitions and use of fractional calculus will be made more simple
and clearer by taking a tour of some necessary but relatively simple mathematical
definitions that will evolve in the study of these concepts. These include the gamma
function, the beta function, the Laplace transform, and the Mittag–Leffler function
and the complementary error function are briefly addressed in this section. Many
others are classified in Guo [41], Samko et al. [110] and Podlubny [101] to mention
a few.

1.1.1 The Gamma Function

The gamma function �(z) is considered as a generalization of the factorial notation
q! for all real numbers, that is, �(q) = (q − 1)! for q ∈ N. Assume z is a complex
number with positive real number (that is, Rez > 0), then the integral
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�(z) =
∫ ∞

0
e−t t z−1dt

which converges absolutely is called the gamma function, or simply the Euler integral
equation of the second kind. It is clear from the known result that �(1) = 1. By
adopting integration by parts technique, we have

∫ ∞

0
e−t t zdt = −e−t t z |t=∞

t=0 + z
∫ ∞

0
e−t t z−1dt,

which lead to a basic property of the gamma function

�(z + 1) = z�(z), (1.1.1)

also when z ∈ N
+, �(z) = (z − 1)!. The beauty of the gamma function is inherent

in its properties. As seen in (1.1.1), this function is known to be unique in that the
value for any quantity is, by virtue of the form of the integral which is equivalent to
that quantity z minus one times the gamma of the quantity minus one.

By using this property, we generalize the gamma function into the type Rez < 0.
When −p < Rez ≤ −p + 1, we define

�(z) = �(z + p)

z(z + 1) · · · (z + p − 1)
.

Proposition 1.1.1 There satisfies the Euler’s reflection formula

�(z)�(1 − z) = π

sin(πz)

for any z with Rez /∈ Z.

The function is extended to the whole complex plane by analytic continuation
except for the points 0,−1,−2, . . ., with simple poles, see [101] for details. Thus
� : C0,−1,−2, . . . → C. The graph of the gamma function is displayed in Fig. 1.1

Some of the basic properties are summarized below:

�(1) = 1,

�(z + 1) = z�(z),

�(q) = (q − 1)!, q ∈ N,

�(q + 1) = q!, ∀q ∈ N,

�(1/2) = √
π,

�(q + 1/2) =
√

π

2q
(2q − 1)!!, q ∈ N.
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Fig. 1.1 Approximation of Gamma function for real argument

A full list of well-known properties of the gamma function can be found in Gradshteyn
and Ryzhik [37].

1.1.2 The Beta Function

The beta is also referred to as the Euler integral equation of the first kind, the beta
function has an important relationship in the study of fractional calculus. Its solution
can be defined through the use of multiple gamma function, as well share a form that
is characteristically similar to fractional derivative or integral several functions, in
particular, the polynomials of the form ta and the Mittag–Leffler function.

The beta function, denoted as β(z, w), is defined by

β(z, w) =
∫ 1

0
(1 − u)z−1uw−1du = (w − 1)!(z − 1)!

(w + z − 1)! = β(w, z), z, w ∈ R
+

(1.1.2)
conventionally denoted as

β(z, w) = �(z)�(w)

�(z + w)
, Rez > 0, Rew > 0.
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Equation (1.1.2) demonstrates the beta integral and its solution in terms of the gamma
function.

To derive the integral representation of the beta function, we require to express
the product of two factorial as

p!q! =
∫ ∞

0
e−uu pdu

∫ ∞

0
e−vvqdv.

Let u = x2 and v = y2, so that

p!q! = 4
∫ ∞

0
e−u2

x2p+1dx
∫ ∞

0
e−v2

y2q+1dy =
∫ ∞

−∞

∫ ∞

−∞
e−(x2+y2)|x |2p+1|y|2q+1dxdy

to transform to polar coordinates, we substitute with x = r cos θ and y = r sin θ, so
that

p!q! =
∫ 2π

0

∫ ∞

0
e−v2 |r cos θ|2p+1|r sin θ|2q+1rdrdθ

to obtain

p!q! = 2(p + q + 1)!
∫ π

2

0
cos2p+1 θ sin2q+1 θdθ

the beta function is then defined by

β(p + 1, q + 1) = 2
∫ π

2

0
cos2m+1 θ sin2n+1 θdθ = p!q!

(p + q + 1)! .

By rewriting the arguments, we obtain the usual form for the beta function

β(w, z) = �(w)�(z)

�(w + z − 1)! .

The beta function arises from the gamma function

β(z, w) = �(z)�(w)

�(z + w)
= (z − 1)!(w − 1)!

z + w − 1
!,

where � typifies the gamma function. We can derive the relationship between the
beta and the gamma functions as

�(x)�(y) =
∫ ∞

0
e−uux−1du

∫ ∞

0
e−vvy−1dv.

Next, we let u = a2 and v = b2 so that

�(x)�(y) = 4
∫ ∞

0
e−b2

b2y+1db
∫ ∞

0
e−a2

a2x+1da =
∫ ∞

−∞

∫ ∞

−∞
e−(a2+b2)|a|2x−1|b|2y−1dadb.
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To transform into polar coordinates we make use of substitutions a = r cos θ and
b = r sin θ, so that

�(x)�(y) =
∫ 2π

0

∫ ∞

0
e−r2 |r cos θ|2x−1|r sin θ|2y−1rdrdθ

=
∫ ∞

0
e−r2

r2x+2y−2rdr
∫ 2π

0

∣∣(cos θ)2x−1(sin θ)2y−1
∣∣ dθ

= �(x + y)β(x, y).

Again, we rewrite the arguments with the usual form of beta function to obtain

β(z, w) = �(z)�(w)

�(z + w)
. (1.1.3)

Lemma 1.1.2 The gamma function satisfies for the Legendre formula

�(z)�

(
z + 1

2
= √

π21−2z�(2z)

)
.

Proof Let Rez > 0, so that

β(z, z) =
∫ 1

0
(t (1 − t))z−1dt.

Assume ξ = 4t (1 − t), then

β(z, z) = 2
∫ 1/2

0
(t (1 − t))z−1dt = 1

22z−1

∫ 1

0
ξz−1(1 − ξ)−1/2dξ = 21−2zβ(z, 1/2)

leading to the Legendre formula.
Considering the beta function, the standard binomial coefficient

Cs
q = q!

s!(q − s)! = �(1 + q)

�(1 + s)�(1 + q − s)

which we generalize into

C ς
−� = �(1 − �)

�(1 + ς)�(1 − � − ς)
,

where � and ς are regarded as complex numbers. If ς = s, a positive integer, then
Proposition 1.1.1 simply implies

Cs
−� = �(1 − �)

s!�(1 − � − s)
= (−1)s �(s = �)

s!�(�)
= (−1)sCs

�+s−1.

�
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Remark 1.1.3 It should be noted that Eq. (1.1.3) gives the analytical continuation of
the beta function in the entire complex plane through the analytical continuation of
the gamma function.

Proposition 1.1.4 The beta function is symmetric, if

β(z, w) = β(w, z).

Proof The proof of Proposition 1.1.4 follows directly from definition (1.1.2). �

1.1.3 The Complementary Error Function

The complementary error function is an entire function, defined by

erfc(z) = 2√
π

∫ ∞

z
e−t2

dt. (1.1.4)

The graph of (1.1.4) is displayed in Fig. 1.2.

Fig. 1.2 The complementary error function
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Special values of the complementary error function include

erfc(−∞) = 2,

erfc(0) = 1,

erfc(+∞) = 0.

The following useful relations should be noted:

erfc(−x) = 2 − erfc(x),∫ ∞

0
erfc(x)dx = 1√

π
,

∫ ∞

0
erfc2(x)dx = 2 − √

2√
π

.

1.1.4 The Mittag–Leffler Function

The Mittag–Leffler function naturally occurs in the solution of fractional differential
equations or fractional-order integral equations, and particularly in the investigations
of the fractional generalization of the Lévy flights, random walk, kinetic equation,
superdiffusive processes and in the study of complex and spatiotemporal dynamical
systems. The generalized and ordinary Mittag–Leffler functions interpolate between
a power law and exponential-law behaviour of phenomena controlled by ordinary
kinetic equations and their fractional counterparts, see, for example, [44, 56–58].

The fractional derivative operator offers a means of distinguishing between a
homogeneous and simple system that exhibits local, Gaussian behaviour, and one
that is heterogeneous and relatively complex, with non-local, power-law behaviour
[47, 78, 84, 94, 123, 124]. However, attempt to compute and solve a fractional partial
differential equation often results in a difficult task, which require efficient and reli-
able numerical methods that are able to tackle the dynamics [49, 99, 100]. In addition,
the closed-form solution to a fractional partial differential equation, particularly in
the situation where the fractional time derivative, appears in the form of a convergent
power series of the Mittag–Leffler case, which requires considerable computational
burden for efficient, reliable and accurate calculation [45, 79]. The Mittag–Leffler
function has been applied across many disciplines, for instance: anomalous diffusion
applications [30, 47, 87], biochemical transport kinetics [48], molecular transport
[36], information processing in neural networks [23, 125], viscoelasticity in polymer
networks [38, 119], heat conduction [102], scaling behaviour in human travel [15]
and signal processing [95] among many others.

The Mittag–Leffler function is a generalization of the exponential function, while
the gamma function is a generalization of the factorial function [101]. The Mittag–
Leffler function is defined as a power series expansion
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f (z) = Eα(z) =
∞∑

s=0

zs

�(αs + 1)
, α > 0, α ∈ R, z ∈ C, (1.1.5)

where Eα is the single-parameter Mittag–Leffler function [89], and � is the gener-
alized form of factorial function, valid for real numbers [43]. When α = 1, through
the property �(s + 1) = s!, then Eq. (1.1.5) becomes

f (z) = E1(z) =
∞∑

s=0

zs

s! , (1.1.6)

which is known as the Taylor series definition of the exponential function.
The two-parameter generalization of the Mittag–Leffler function which plays an

important role in the fractional calculus was first introduced by Agarwal [3], is defined
by the series expansion

Eα,β(z) =
∞∑

s=0

zs

�(αs + β)
, α > 0, β > 0 α,β ∈ R, z ∈ C. (1.1.7)

When β = 1 in (1.1.7), we denote Eα(z) = Eα,1(z) to be a one-parameter Mittag–
Leffler function. When both α,β are real and positive, above series converge for
values of z and the Mittag–Leffler function is an entire function. Approximation of
the Mittag–Leffler function for different values of α and β is displayed in Fig. 1.3.

Some important properties of the Mittag–Leffler functions are [101]:

E1,1(z) = ez,

E2,1(z
2) = cosh(z), E1,2(z) = ez − 1

z
,

E2,2(z
2) = sinh(z)

z
, E2,2(z) = sinh(z)√

z
,

Eα,1(z) = Eα(z),

E1/2,1(z) = ez2
erfc(−z),

where erfc(z) is termed the complementary error function. Other special cases of the
Mittag–Leffler function Eα(z) include

E0(z) = 1

1 − z
, |z| < 1,

E1(z) = ez,

E2(z) = cosh(
√

z), z ∈ C,

E2(−z2) = cos z, z ∈ C,
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Fig. 1.3 Approximation of two-parameter Mittag–Leffler function at different instances of α
and β

E3(z) = 1

2

[
ez1/3 + 2e−(1/2)z1/3

cos

(√
3

2
z1/3

)]
, z ∈ C,

E4(z) = 1

2

[
cos(z1/4) + cosh(z1/4)

]
, z ∈ C,

E1/2(±z1/2) = ez
[
1 + erf(±z1/2)

] = ezerfc(±z1/2), z ∈ C,

where erfc(z) remains the complementary error function and the error function erf(z)
is defined as

erf(z) = 2√
π

∫ z

0
exp(−t2)dt, erfc(z) = 1 − erf(z), z ∈ C.

The case of half-integer (q/2) can be written as

Eq/2(z) = 0 Fq−1

(
: 1

q
,

2

q
, . . . ,

q − 1

q
,

z2

qq

)
+ 2(q+1)/2z

q!√π 1
F2q−1

(
1; q + 2

2q
,

q + 3

2q
, . . . ,

3q

2q
; z2

qq

)
.
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The generalized multi-index Mittag–Leffler function is defined by means of the power
series in Kiryakova [53] as

E(1/φi ),(ϕi )(z) =
∞∑

s=0

ψs zs =
∞∑

s=0

zs∏p
j=1 �(ϕ j + s/φ j )

,

where m > 1 is an integer, φ1, . . . ,φp and ϕ1, . . . ,ϕp are arbitrary but real
parameters.

1.1.5 Laplace Transformation and Convolution

The Laplace transform is a function transformation that is used to solve most com-
plicated differential equations. With the Laplace transform, it is often possible to
circumvent working with equations of different differential order directly by trans-
lating the equation into a domain where the solution presents itself algebraically. The
usual definition of the Laplace transform is defined as

L{ f (t)} =
∫ ∞

0
e−st f (t)dt = f̄ (s). (1.1.8)

If Eq. (1.1.8) is a convergent integral, then we say that the Laplace transform of the
function f (t) exists. The basic criteria for this is that function f (t) must not grow
at the rate higher than that at which the exponential term e−st is decreasing.

The Laplace convolution is given by

f (t) ∗ g(t) =
∫ t

0
f (t − τ )g(τ )dτ = g(t) ∗ f (t). (1.1.9)

It should be mentioned that the convolution of two functions in the domain of t is
somewhat complicated to solve, however, the convolution leads to simple function
multiplication in the Laplace domain, that is,

L{ f (t) ∗ g(t)} = f̄ (s)ḡ(s).

The Laplace transform of a derivative of integer order q of the function f (t), is
defined by

L{ f (q)(t)} = sq f̄ (s) −
q−1∑
j=0

sq− j−1 f ( j)(0) = sq f̄ (s) −
q−1∑
j=0

sq f (q− j−1)(0).

The Laplace transforms for some known Mittag–Leffler function are given in a
summarized form (Magin [78], Podlubny [101])
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L{Eα(−λtα)} = sα−1

sα + λ
, L{tα−1 Eα,α(−λtα)} = 1

sα + λ
,

(1.1.10)

L{tβ−1 Eα,β(−λtα)} = sα−β

sα + β
, L{Ek(t,±λ;α,β)} = k!sα−β

(sα ± λ)k+1
.

1.2 Riemann–Liouville Fractional Differentiation

Riemann’s modified version of Liouville’s fractional integral operator is a direct
generalization of Cauchy’s formula for an n−fold integral [110]

∫ x

a
dx1

∫ x1

a
dx2 · · ·

∫ xn−1

a
f (xn)dxn = 1

(n − 1)!
∫ x

a

f (t)

(x − t)1−n
dt, (1.2.1)

knowing that (n − 1)! = �(n), Riemann realized that the right-hand side of (1.2.1)
could have meaning if n takes noninteger values. Thus, fractional integration is
defined as follows.

Definition 1.2.1 If f (x) ∈ C([a, b]) and a < x < b, then

I α
a+ f (x) := 1

�

a

x

f (t)

(x − t)1−α
dt

where α ∈ (−∞,∞) is known as the Riemann–Liouville fractional integral of
order α. Similarly, for α ∈ (0, 1) we have

Dα
a+ f (x) := 1

�(1 − α)

d

dx

∫ x

a

f (t)

(x − t)α
(1.2.2)

which is labelled as the Riemann–Liouville fractional derivative of order α.

These operators are commonly addressed as the Riemann–Liouville fractional
integral operators. The special fractional derivative scenario is when α = 1/2, called
the semi-derivative. The connection between the fractional derivative and integral
based on what Riemann realized can be dated back to the solvability of Abel’s integral
formula for the interval α ∈ (0, 1) as

f (x) = 1

�(α)

∫ x

a

φ(t)

(x − t)1−α
dt, for x > 0. (1.2.3)

By changing x to t and t to s, respectively, Eq. (1.2.3) can further be solved by
multiplying its both sides by (x − t)−α and then integrate to obtain

∫ x

a

dt

(x − t)α

∫ t

a

ϕ(s)ds

(t − s)1−α
= �(α)

∫ x

a

f (t)dt

(x − t)α
.
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By applying Fubini’s theorem to interchange the order of integration in the left-hand
side we get

∫ x

a
ϕ(s)ds

∫ x

s

dt

(x − t)α(t − s)1−α
= �(α)

∫ x

a

f (t)dt

(x − t)α
.

With change of variable t = s + τ (x − s) and adopt the beta function formula, one
can easily evaluate the inner integral as

∫ x

a
(x − t)−α(t − s)α−1dt =

∫ 1

0
τα−1(1 − τ )−αdr = B(α, 1 − α) = �(α)�(1 − α).

Hence, we obtain ∫ x

a
ϕ(s)ds = 1

�(1 − α)

∫ x

a

f (t)dt

(x − t)α
.

By differentiating, we get

ϕ(x) = 1

�(1 − α)

d

dx

∫ x

a

f (t)dt

(x − t)α
. (1.2.4)

Therefore, if Eq. (1.2.3) has a solution that is given by (1.2.4) which satisfies
α ∈ (0, 1). Obviously, one can deduce that (1.2.3) is the α-order integral while the
inversion (1.2.4) is the α-order derivative.

An important fact concerning the Riemann–Liouville operators is that the follow-
ing semi-group property of fractional integrals is satisfied.

Theorem 1.2.2 For any function f ∈ C([a, b]), the Riemann–Liouville integral

I α
a+ I β

a+ f (x) = I α+β
a+ f (x)

holds for α > 0,β > 0.

Proof By definition, we have

I α
a+ I β

a+ f (x) = 1

�(α)�(β)

∫ x

a

dt

(x − t)1−α

∫ t

a

f (u)

(t − u)1−β
du,

since f (x) ∈ C([a, b]), we can set t = u + s(x − u) and applying Fubini’s theorem,
we get

I α
a+ I β

a+ f (x) = B(α,β)

�(α)�(β)

∫ x

a

f (u)

(x − t)1−α−β
du = I α+β

a+ f (x).

�
In what follows, we extend the Riemann–Liouville to hold for a larger set of α,

we let α = ᾱ + α̂, where ᾱ stands for the integer part of α, and α̂ represents the
remainder part.
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Definition 1.2.3 If α > 0 is not an integer, then we define

Dα
a+ f = d ᾱ

dx α̂
Dα̂

a+ f = d ᾱ+1

dx α̂+1
I 1−α̂
a+ f,

thus

Dα
a+ f (x) =

∫ �(n−α)

1

dn

dxn

∫ x

a

f (t)dt

(x − t)α−n+1
,

for any f ∈ C ᾱ+1([a, b]) if n = ᾱ + 1. If otherwise, that is α < 0 then the notation

Dα
a+ f = I −α

a+ f

may be regarded as the definition.

Obviously, for α < 0 there exists the fractional derivative Dα
a+ f (x) for all f ∈

C([a, b]) and for all x ∈ [a, b]. We also remark that for α > 0, certainly there exists
the fractional derivative Dα

a+ f (x) for all f ∈ C ᾱ+1([a, b]) and all x ∈ (a, b). To
expatiate on this, we write n = ᾱ + 1 and apply the Taylor’s formula

f (t) =
n−1∑
k=0

f (k)(a)

k! (t − a)k + 1

(n − 1)!
∫ t

a

f (n)(s)

(t − s)n−1
ds, ∀t ∈ [a, b].

On putting the above into the definition of Dα
a+ f (x) and simplify the integral we get

Dα
a+ f (x) = dn

dx x

(
n−1∑
k=0

f (k)(a)

�(k + 2 − α̂)
(x − a)k+1−α̂

+ 1

�(n + 1 − α̂)

∫ x

a
f (n)(s) · (x − s)n−α̂ds

)
. (1.2.5)

Obviously, the above derivative is valid for all x ∈ (a, ], the integral becomes resolv-
able since f (n) ∈ C([a, b]) bear in mind that the exponent n − α̂ is larger than
n − 1, so that dk

dxk (x − s)n−α̂ is integrable for all k = 0, 1, 2, . . . , n. This justifies our
assertion.

Definition 1.2.4 For α > 0, let I α
a+ be the space functions which can be denoted by

the Riemann–Liouville integral order α for some C([a, b])−function.

This definition leads to the following theorem.

Theorem 1.2.5 Let f ∈ C([a, b]) and α > 0. In order that f (x) ∈ I α
a+([a, b]), it

becomes necessary and sufficient that

I n−α
a+ f ∈ Cn([a, b]), (1.2.6)

where n = ᾱ + 1, and that
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(
dk

dxk
I n−α
a+ f (x)

)
x=a

= 0, k = 0, 1, 2, . . . , n − 1. (1.2.7)

Proof Let f (x) ∈ I α
a+([a, b]), then f (x) = I α

a+g(x) for someg ∈ C([a, b]). By The-
orem 1.2.2, we obtain

I n−α
a+ f (x) = I n−α

a+ I α
a+g(x) = I n

a+g(x) = 1

(n − 1)

∫ x

a

g(t)

(x − t)1−n
dt

=
∫ x

a
dx1

∫ x1

a
dx2 · · ·

∫ xn−1

a
g(xn)dxn.

This shows that (1.2.6) satisfies, and by repeated differentiation, it is obvious that
Eq. (1.2.7) also holds.

In converse, if we assume that f ∈ C([a, b]) holds (1.2.6) and (1.2.7). By applying
Taylor’s formula to function I n−α

a+ f , we get

I n−α
a+ f (t) =

∫ t

a

dn

dsn
I n−α
a+ f (s) · (t − s)n−1

(n − 1)! ds ∀t ∈ [a, b].

If we write φ(t) = dn

dsn I n−α
a+ f (s), bear in mind that φ ∈ C([a, b]) in (1.2.6). And, by

semi-group property in Theorem 1.2.2 and Definition 1.2.1, above relation shows
that

I n−α
a+ f (t) = I n

a+φ(t) = I n−α
a+ I α

a+φ(t),

and thus
I n−α
a+

(
f − I α

a+φ
) ≡ 0.

By following a general fact about uniqueness of any solution to Abel’s integral
equation (see, Samko et al. Lemma 2.5 [110]), bear in mind that n − α is positive,
this shows that f ≡ I α

a+φ, and thus f ∈ I α
a+([a, b]). �

Theorem 1.2.6 If α > 0 then the equality

Dα
a+ I α

a+ f = f (x) (1.2.8)

is satisfied for any f ∈ C([a, b]). Now let f ∈ C ᾱ+1([a, b]), then for the equality

I α
a+ Dα

a+ f (x) = f (x) (1.2.9)

to satisfy we assume that f holds for the condition in Theorem 1.2.5, otherwise

I α
a+ Dα

a+ f (x) = f (x) −
n−1∑
k=0

(x − a)α−k−1

�(α − k)

dn−k−1

dxn−k−1
(I n−α

a+ f (x)) (1.2.10)

satisfies.
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Proof By definition, we have

Dα
a+ I α

a+ f = 1

�(α)�(n − α)

dn

dxn

∫ x

a

dt

(x − t)α−n+1

∫ t

a

f (s)ds

(t − s)1−α
. (1.2.11)

By employing the Fubini’s theorem, interchange the order of integration and evaluate
the inner integral to obtain

Dα
a+ I α

a+ f = 1

�(n)

dn

dxn

∫ x

a

f (s)

(x − s)n−1ds
, (1.2.12)

then Eq. (1.2.8) follows from (1.2.12) by Cauchy’s formula (1.2.1). again, since f
in (1.2.9) holds for the conditions in Theorem 1.2.5 and f ∈ C ᾱ+1([a, b]) it directly
follows by (1.2.7) that Eq. (1.2.8) is satisfied. On the other hand, let us assume that the
function f ∈ C ᾱ+1([a, b]) does not hold for condition in (1.2.7) as given in Theorem
1.2.5. This implies that the residue outside the integration will not vanish as in (1.2.8)
but as integration is deployed, one obtains (1.2.10) by induction. �

An interesting property of the Riemann–Liouville operators prior to investiga-
tions on non-differentiability and its relation to fractional calculus is that certain
non-differentiable functions such as Weierstrass and Riemann functions seem to
have fractional derivative of all orders in the interval (0, 1) [33]. This contributes to
the problem that the relation between the fractional and ordinary derivatives is not
entirely obvious, but a clearer picture on some of their correlation might be given by
the following theorem.

Theorem 1.2.7 If f ∈ C1([a, b]), f (a) ≥ 0 and α ∈ (0, 1), then Dα
a+ f (x) is non-

negative if f is increasing on [a, x].
Proof Since f ∈ C1([a, b]) one can employ (1.2.5) and let n = ᾱ + 1 = 1 which
leads to

Dα
a+ f (x) = f (a)

�(1 − α)
(x − a)−α + 1

�(1 − α)

∫ x

a
f ′(s)(x − s)−αds. (1.2.13)

Since �(1 − α) > 0 for all 0,α < 1 and x > 0, knowing well that f (a) ≥ 0. We
can say the first right-hand term in (1.2.13) is nonnegative. Now, we are left
show that the second right-hand term that contains the integral is nonnegative
too. Knowing that f ′(s) ≥ 0 on [a, x] since f is an increasing function. More so
(x − s)−α > 0 for s ∈ [a, x] which shows that the integral is nonnegative. The proof
is completed. �

For fractional calculus in the complex plane, as a direct generalization of the
Riemann–Liouville fractional derivative and integral for the analytic functions we
have the following definitions.
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Definition 1.2.8 For any analytic function f on some open simply connected
domain which contains the points z and z0, we define for any α > 0

I α
z0

f (z) = 1

�(α)

∫ z

z0

f (t)

(z − t)1−α
dt, (1.2.14)

Dα
z0

f (z) = dq

dzq
I q−α

z0
f (z), q = ᾱ + 1, (1.2.15)

along the line connecting two points z and z0. We refer to (1.2.14) as the fractional
integral of analytic function f (z) of order α. The definition Dα

z0
f = I −α

z0
for α < 0

shall be used.

We select the principal value for (z − t)1−α, and fix the point z to interpret the integral
equation (1.2.14) uniquely. We let

0 ≤ arg(z − z0) < 2π, (1.2.16)

in attempt to coincide with arg(z − t) = arg(z − z0). Thus, we get

(z − t)1−α = |z − t |1−αei(1−α) arg(z−z0), (1.2.17)

thus (1.2.14) is defined uniquely. Also, the semi-group property of fractional integral
in Theorem 1.2.2 satisfies for (1.2.14) for any α > 0, β > 0, its proof is similar to
that of Theorem 2 in [110]. Fractional differentiation in addition to complex fractional
integral by using contour integration in the complex plane become a valuable and
frequently used tool in fractional calculus [61, 110]. We give equivalent Cauchy
integral formula

Dn F(z) = n!
2πi

∮
F(t)

(t − z)n+1
dt

for arbitrary nonnegative integral values of n.

Theorem 1.2.9 Let f (z) = (z − z0)
�ξ(z), for � > −1 and ξ(z) is analytic in simply

connected domain � that contains the points z and z0, subject to principal value
(1.2.16) of (z − z0)

�. The Cauchy fractional derivative of order α

Dα
z−z0

F(z) = �(α + 1)

2πi

∫
C(z0,z+)

F(t)(t − z)−α−1dt (1.2.18)

of f equivalent to the complex generalization of Riemann–Liouville fractional-order
derivative

Dα
z−z0

f (z) = Dα
z0

f (z)

for all α ∈ R, except for α ∈ Z.
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Proof We start with α < 0 (for α �= −1,−2, . . .). Known that the integrand of
(1.2.18) is analytic in � we deform C(z0, z+) into contours C1, C2 and C3, where C1

denotes the line segment from z0 to z, C2 represents the circle centred at point t = z
and C3 is the transverse of C1 in the opposite direction. By adopting the Cauchy
integral theorem, we obtain

Dz−z0 f (z) = �(1 + α)

2π

∫
C(z0,z+)

f (t)(t − z)−1−αdt

= �(1 + α)

2π

(∫
C1

· · · dt +
∫

C2

· · · dt +
∫

C3

· · · dt

)
. (1.2.19)

�

By the jump (t − z)−1−αat the cut, we obtain

�(1 + α)

2π

∫
C(z0,z+)

f (t)

(t − z)1+α
dt = �(1 + α)

2π
(1 − e2απi )

∫ z

z0

f (t)

(t − z)1+α
dt (1.2.20)

+�(1 + α)

2π
lim
δ→0

δ−α

∫ 2π

0
f (z + δeiϕ)e−iαϕdϕ.

Clearly, with condition (1.2.16) and precise choices −π ≤ arg(t − z) < π and
π ≤ arg(t − z) < 3π at the start and end points of C(z0, z+), respectively, it is
noticeable that (t − z)−1−α = e(1+α)πi (z − t)−1−α which coincides with the values in
(1.2.17) when we replaced 1 − α by −1 − α. Since ((siπα − e−iπα)/2i)�(α + 1) =
sin(πα)�(α + 1) = −π/�(−α), by (1.2.20), we have

�(1 + α)

2π

∫
C(z0,z+)

f (t)

(t − z)1+α
dt = I −α

z0
f (z) (1.2.21)

It is obvious that Eq. (1.2.18) is the same as (1.2.14) for α < 0 except when
α = −1,−2,−3, . . . . For α > 0, we utilize the complex derivative (1.2.15) after
replacing α with α − α̂ − 1 and differentiating (1.2.21) to get (1.2.18). This is satis-
fied since the contour of integration require only to be perturbed slightly for the start
and end points to be at z0, thus we only require to differentiate the integrand with
respect to z when deploying dn/dzn . This also satisfies for α �= 0, 1, 2, . . . , thus the
proof is completed.

A more complex result for the classical case was defined by Leibniz’ formula as
generalized product rule. For Riemann–Liouville derivatives, a similar result can be
obtained.

Theorem 1.2.10 (Leibniz’ formula for Riemann–Liouville fractional derivative) Let
α > 0 and assume that both functions f and g are analytic on the open interval
(a − h, a + h). Then,
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Dα
a [ f g] =


α�∑
n=0

(
α

n

) (
Dn f

)
(x)

(
Dα−n

a g
)
(x) +

∞∑
n=
α�+1

(
α

n

) (
Dn f

)
(x)

(
Jn−α

a g
)
(x)

for a < x < a + h/2.

Proof Before we prove Theorem 1.2.10, let us consider the following corollaries.

Corollary 1.2.11 Let function f be analytic in (a-h, a+h) for some h > 0, and let
α > 0, α /∈ N. Then

Dα
a f (x) =

∞∑
n=0

(
α

n

)
(x − a)n−α

�(n + 1 − α)
Dn f (x)

for a < x < a + h/2, and

Dα
a f (x) =

∞∑
n=0

(x − a)n−α

�(n + 1 − α)
Dn f (x)

for a < x < a + h and Dα
a is analytic in (a, a + h).

Corollary 1.2.12

Jα
a f (x) =

∞∑
n=0

(−1)n(x − a)n+α

n!(α + n)�(α)
Dn f (x)

for a < x < a + h/2, and

Jα
a f (x) =

∞∑
n=0

(x − a)n+α

�(n + 1 + α)
Dn f (x)

for a < x < a + h and Jα
a is analytic in (a, a + h).

With respect to Corollary 1.2.11, we obtain

Dα
a [ f g](x) =

∞∑
n=0

(
α

n

)
(x − a)n−α

�(n + 1 − α)
Dn[ f g](x).

By applying the standard Leibniz formula to operator Dn[ f g] and interchange the
order of summation, gives
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Dα
a [ f g](x) =

∞∑
n=0

(
α

n

)
(x − a)n−α

�(n + 1 − α)

n∑
i=0

(
α

i

)
Di f (x)Dn−ig(x)

=
∞∑

i=0

∞∑
n=0

(
α

n

)
(x − a)n−α

�(n + 1 − α)

(
n

i

)
Di f (x)Dn−ig(x)

=
∞∑

i=0

Di f (x)

∞∑
σ=0

(
α

σ + i

)
(x − a)σ+i−α

�(σ + i + 1 − α)

(
σ + i

i

)
Dσg(x).

The observation
(

α
σ+i

)(
σ+i

i

) = (
α
i

)(
α−i
σ

)
yields

Dα
a [ f g](x) =

∞∑
i=0

Di f (x)

(
α

i

) ∞∑
σ=0

(
α − i

σ

)
(x − a)σ+i−α

�(σ + i + 1 − α)
Dσg(x)

=

α�∑
i=0

(
α

i

)
Di f (x)

∞∑
σ=0

(
α − i

σ

)
(x − a)σ+i−α

�(σ + i + 1 − α)
Dσg(x)

+
∞∑

i=
α�+1

(
α

i

)
Di f (x)

∞∑
σ=0

(
α − i

σ

)
(x − a)σ+i−α

�(σ + i + 1 − α)
Dσg(x).

The desired result follows by considering the first parts of Corollaries 1.2.11 and
1.2.12, then replace the inner sums. �

1.3 Caputo Fractional Derivative

Caputo fractional derivative is seen as a good alternative method to the Riemann–
Liouville type for computing fractional derivative. It was first introduced in the
research work [18] by M. Caputo and two years later in his book [19]. The Caputo
fractional derivative of order α-th for a function f can be written as

C
a Dα

t = 1

�(q − α)

∫ t

a

f (q)(ξ)

(t − ξ)α+1−ξ
dξ, (q − 1 < α < q). (1.3.1)

The Caputo fractional derivative here is denoted by C
a Dα

t to distinguish it from the
Riemann–Liouville fractional derivative. Under natural and normal conditions on
f , when a = 0, the Caputo fractional derivative of α-th order can be simplified as

C Dα. Also, we observed that when α → q the Caputo fractional derivate reduces
to a classical q-th derivative of the function f (t) [41, 101]. Assuming that 0 ≤
q − 1 < α < q and that the function f (t) is continuously bounded derivatives on
closed interval [a, T ], for every T > a. Then
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lim
α→q

C
a Dα

t f (t) = lim
α→q

(
f (q)(a)(t − a)q−α

�(q − α + 1)
+ 1

�(q − α + 1)

∫ t

a
(t − ξ)q−α f (q+1)(ξ)dξ

)

= f (q)(a) +
∫ t

a
f (q+1)(ξ)dξ = f (q)(t), q = 1, 2, . . .

By definition and integration by parts, we obtain

C Dα f (t) = f (q)(0)tq−α

�(q − α + 1)
+

∫ t

0

(t − ξ)q−α f (q+1)(ξ)

�(q − α + 1)
dξ.

This indicates that the Caputo technique also provides an interpolation between
the integer-order derivatives, similar to the Riemann–Liouville and the Grünwald–
Letnikov approaches. The main advantage of Caputo’s technique is that the initial
conditions for fractional differential equation with the Caputo derivatives take on the
same form as for classical order differential equations.

The order of differentiation is the major difference between the Riemann–
Liouville and Caputo fractional derivatives. In the Caputo fractional derivative, it
first takes the integer-order classical derivative and then the fractional-order deriva-
tive. But the reverse is the case for the Riemann–Liouville derivative. In addition,
the Caputo fractional derivative of a constant (say, c) is zero, while it is not zero for
the case of the Riemann–Liouville fractional derivative at the lower terminal a, but

0 Dα
t c = ct−α

�(1 − α)
.

Next, we want to make comparison between the Riemann–Liouville and Caputo
fractional derivatives, this can be achieved by expressing both in the form of the
Riemann–Liouville fractional integrals. The γ-th order Riemann–Liouville fractional
integral can be defined as

D−γ f (t) = 1

�(γ)

∫ t

0

f (ξ)

(t − ξ)1−γ
, γ > 0.

The Riemann–Liouville fractional derivative can be written in terms of the Riemann–
Liouville fractional integral D−γ as

RL
0 Dα

t f (t) = 1

�(γ)

dq

dtq

∫ t

0

f (ξ)dξ

(t − ξ)1−γ
= dq

dtq

[
D−γ f (t)

]
,

forγ = q − α > 0. In the same way forγ = q − α > 0, the Caputo fractional deriva-
tive can be defined as

C
0 Dα

t f (t) = 1

�(γ)

∫ t

0

f (ξ)dξ

(t − ξ)1−γ
= D−γ

[
dq

dtq
f (t)

]
.
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These two derivatives are related by

RL
0 Dα

t f (t) = C
0 Dα

t f (t) +
q−1∑
n=0

tn−α

�(n − α + 1)
f (n)(0),

for t > 0 on the semi closed interval q − 1 < α ≤ p. The right-hand side of the above
equation is equivalent to the Grünwald–Letnikov definition of fractional derivative,
which requires that f (t) be q times continuously differentiable on α ∈ (q − 1, q].
But the Riemann–Liouville definition provides a better opportunity to weaken the
conditions on f (t). Since the Riemann–Liouville fractional derivative weakens the
condition f (t), this encourages many scholar to widely adapt the Caputo fractional
derivative to initial value problems arising from differential equations with strong
physical interpretations.

We would also like to present another clear difference between the Caputo and
the Riemann–Liouville approaches, which has been mentioned in [101], that it is of
important interest for applications. For the Caputo derivative, we get

C
a Dα

t

(
C
a D p

t f (t)
) = C

a Dα+p
t f (t), for p = 0, 1, 2, . . . , q − 1 < α < p

while for the case of Riemann–Liouville derivative, we have

aDp
t

(
aDα

t f (t)
) = aDα+p

t f (t), for p = 0, 1, 2, . . . , q − 1 < α < p.

The following conditions are found satisfied when the differential operators in the
last two equations are interchanged:

C
a Dα

t

(
C
a D p

t f (t)
)

= C
a D p

t

(
C
a Dα

t f (t)
)

= C
a Dα+p

t f (t),

f (x)(0) = 0, x = q, q + 1, . . . , p, for p = 0, 1, 2, . . . ; q − 1 < α < q

and

aDp
t

(
aDα

t f (t)
) = aDα

t

(
aDp

t f (t)
) = aDα+p

t f (t),

f (x)(0) = 0, x = 0, 1, 2, . . . , p for p = 0, 1, 2, . . . ; q − 1 < α < q.

It is obvious here that the Caputo fractional derivative has no restriction on the values
f (x)(0), x = 0, 1, . . . , q − 1.

Theorem 1.3.1 (Leibniz’ formula for Caputo fractional derivatives) Let 0 < α < 1,
and assume that both functions f and g are analytic on the interval (a − h, a + h).
Then,

C Dα
a [ f g](x) = (x − a)−α

�(1 − α)
g(a)[ f (x) − f (a)] + (

Dα
a g(x)

)
f (x) +

∞∑
n=1

(
α

n

) (
Jn−α

a g(x)
)

Dn
a f (x).
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Proof By applying the definition of the Caputo fractional operator, we have

C Dα
a [ f g] = Dα

a [ f g − f (a)g(a)] = Dα
a [ f g] − f (a)g(a)Dα

a [1].

In what follows, we apply Leibniz formula for the Riemann–Liouville fractional
derivatives and obtain

Dα
a [ f g] = f (Dα

a g) +
∞∑

n=1

(
α

n

) (
Dn

a f
) (

Jn−α
a g

) − f (a)g(a)Dα
a [1].

On adding and subtracting f (a)g(a)(Dα
a [1]) and rearrange, we get

Dα
a [ f g] = f

(
Dα

a [g − g(a)]) +
∞∑

n=1

(
α

n

) (
Dn

a f
) (

Jn−α
a g

) + g(a)( f − f (a))Dα
a [1]

= f
(
Dα

a g
) +

∞∑
n=1

(
α

n

) (
Dn

a f
) (

Jn−α
a g

) + g(a)( f − f (a))Dα
a [1],

where we have utilized the fact that for n ∈ N , Dn
a = Dn = Dk

a . �

1.4 Classical Fractional Derivatives

In one dimension, we present definitions and properties of fractional derivatives and
integrals in this section. Interested readers are referred to the classical books (Kilbas
et al. [52], Klimek [55], Podlubny [101], Samko et al. [110]) for details.

Definition 1.4.1 (Left and right Riemann–Liouville fractional integrals) The left and
right Riemann–Liouville fractional integrals aIα

t and tIα
b of order α ∈ R,α > 0, are

defined, respectively, by

aIα
t [ f ](t) = 1

�(α)

∫ t

a

f (μ)dμ

(t − μ)1−α
, t ∈ (a, b],

and

tIα
b [ f ](t) = 1

�(α)

∫ b

t

f (μ)dμ

(t − μ)1−α
, t ∈ [a, b),

where �(α) represents the Euler’s gamma function.
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Definition 1.4.2 (Left and right Hadamard fractional integrals) Assume 0 ≤ a <

b,∞. The left and right Hadamard fractional integrals of order α ∈ R for α > 0 are,
respectively, given by

aJ α
t [ f ](t) = 1

�(α)

∫ t

a

(
log

t

μ

)α−1 f (μ)dμ

μ
, t > a

and

tJ α
b [ f ](t) = 1

�(α)

∫ b

t

(
log

t

μ

)α−1 f (μ)dμ

μ
, t < b.

In this section, we only define the Riemann–Liouville fractional derivatives of order
α in the interval 0 < α < 1. We refer our readers to Kilbas et al. [52] for a more
general definition for any α with Re(α) > 0.

Definition 1.4.3 (Left and right Riemann–Liouville fractional derivatives) The left
and right Riemann–Liouville fractional derivative of order α ∈ R in the interval
0 < α < 1 of a function f , denoted here by aDα

t [ f ], is given by

aDα
t [ f ](t) = d

dt
aI1−α

t [ f ](t), for all t ∈ (a, b].

In the same manner, the right Liouville fractional derivative of order α ∈ R in the
interval 0 < α < 1 of a function f , represented by aDα

t [ f ], is defined by

tDα
b [ f ](t) = − d

dt
tI1−α

b [ f ](t), for all t ∈ [a, b).

Proposition 1.4.4 (Kilbas et al. [52], Malinowska et al. [80]) Assume α > 0,β > 0.
Then the following identities satisfies:

aIα
t

[
(μ − a)β−1

]
(t) = �(β)

�(β + α)
(t − a)β+α−1,

aDα
t

[
(μ − a)β−1] (t) = �(β)

�(β − α)
(t − a)β−α−1,

aIα
b

[
(b − μ)β−1

]
(t) = �(β)

�(β + α)
(b − t)β+α−1, and

tDα
b

[
(b − μ)β−1

]
(t) = �(β)

�(β − α)
(b − t)β−α−1

Definition 1.4.5 (The left and right Caputo fractional derivatives [80]) The left
and right Caputo fractional derivatives of order α ∈ R(0 < α < 1) are, respectively,
defined by

a
CDα

t [ f ](t) = aI1−α
t

[
d

dt
f

]
(t), for all t ∈ (a, b]
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and

t
CDα

b [ f ](t) = tI1−α
b

[
d

dt
f

]
(t), for all t ∈ [a, b).

In the spirits of [52, 80], we let α ∈ (0, 1) and define function f ∈ C([a, b]; R),
where C stands for the class of absolutely continuous functions. Then the Caputo
and Riemann–Liouville fractional derivatives hold for the relations

a
CDα

t [ f ](t) = aDα
t [ f ](t) − f (a)

(t − a)α�(1 − α)
, (1.4.1)

t
CDα

b [ f ](t) = aDα
t [ f ](t) + f (b)

(b − t)α�(1 − α)
, (1.4.2)

In addition for Riemann–Liouville fractional derivatives and integrals, the following
rules are held

(
aIα

t ·a Dα
t

) [ f ](t) = f (t), (1.4.3)(
tIα

b ·t Dα
b

) [ f ](t) = f (t), (1.4.4)

provided that f ∈ L1(a, b; R), aIα
t [ f ], tIα

b [ f ] ∈ C([�, �];R) and aIα
t f (a) = 0,

tIα
b f (b) = 0. It should be noted that if f (a) = 0, then from Eqs. (1.4.1) and (1.4.3)

we have (
aIα

t ·Ca Dα
t

) [ f ](t) = (
aIα

t ·a Dα
t

) [ f ](t) = f (t),

similarly, with f (b) = 0, it implies from (1.4.2) and (1.4.4) that

(
tIα

b · C
t Dα

b

) [ f ](t) = (
tIα

b ·t Dα
b

) [ f ](t) = f (t).

To show that Riemann–Liouville fractional integrals hold for semi-group property,
we make the following propositions.

Proposition 1.4.6 (See Lemma 2.3, Kilbas et al. [52]) Let α,β > 0 and f ∈ Lγ

(a, b; R), for 1 ≤ γ ≤ ∞. Then equations

(
aIα

t · aIβ
t

)
[ f ](t) = aIα+β

t [ f ](t)

and (
tIα

b · tIβ
b

)
[ f ](t) = tIα+β

b [ f ](t)

are held in (a, b).

In the following results, we show for some functions that the Caputo and Riemann–
Liouville fractional derivatives are left inverse operators of Riemann–Liouville frac-
tional integrals [52, 80].
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Proposition 1.4.7 Let 0 < α < 1 and f ∈ Lγ(a, b; R) for 1 ≤ γ ≤ ∞, then the
following

(
aDα

t ·a Iα
t

) [ f ](t) = f (t),(
tDα

b ·t Iα
b

) [ f ](t) = f (t)

is satisfied in (a, b).

Proposition 1.4.8 Let 0 < α < 1. If f is continuous in [a, b], then

(
C
a Dα

t ·a Iα
t

) [ f ](t) = f (t),(
C
t Dα

b ·t Iα
b

) [ f ](t) = f (t).

For γ−Lebesgue integrable functions (as given in Proposition 1.4.7), Riemann–
Liouville derivatives and integral hold for the following properties.

Proposition 1.4.9 (Kilbas et al. [52]) Let 0 < β < α < 1 and f ∈ Lγ(a, b; R) for
1 ≤ γ ≤ ∞, then the following properties

(
aDβ

t ·a Iα−β
t

)
[ f ](t) = f (t),(

tDβ
b ·t Iα−β

b

)
[ f ](t) = f (t)

are held in (a, b).

Lemma 1.4.10 (Klimek [55]) Let 0 < α < 1 and functions f ∈ C([a, b]; R), g ∈
Lγ([a, b]; R) for 1 ≤ γ ≤ ∞. Then, the integration by parts formula

∫ b

a
f (t)a Dα

t [g](t)dt =
∫ b

a
g(t)C

a Dα
b [ f ](t)dt + f (t)aI1−α

t [g](t) ∣∣t=b
t=a .

holds. Details proof is given in Lemma 2.19 of [55].

1.5 Partial Riemann–Liouville Fractional Derivative

Most studies on the anomalous diffusion are often carried out in one-dimensional
space, see, for instance, [114, 126, 128] and references cited therein, where the
involved Riemann–Liouville derivative is defined with order α bounded in the open
interval 0 < α < 1 in one space dimension. The concern question will be: ‘if the
anomalous diffusion phenomenon occurs in R

2 or in higher spatial dimensions, how
do we go about its model’ or ‘how do one define the partial Riemann–Liouville
derivative?’ We first introduce in this section, the partial Riemann–Liouville deriva-
tives mentioned [66, 110], and then proceed to define the partial Caputo derivatives
in a similar fashion.
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Assume αi ∈ (0, 1), for i = 1, 2 and α = α1 + α2. We define

RL∂α1+α2
xα1 yα2 f (x, y) = ∂α2

∂yα2

(
∂α1

∂xα1
f (x, y)

)

= ∂α2

∂yα2

(
1

�(1 − α1)

∂

∂x

∫ x

0
(x − τ )−α1 f (τ , y)dτ

)

= 1

�(1 − α2)

∂

∂y

∫ y

0

(y − ξ)−α2

�(1 − α1)

∂

∂x

∫ x

0
(x − τ )−α1 f (τ , ξ)dτdξ,

then

RL∂α1+α2
xα1 yα2 f (x, y) = 1

�(1 − α1)�(1 − α2)

∂2

∂x∂y

∫ y

0

∫ x

0
(y − ξ)−α2 (x − τ )−α1 f (τ , ξ)dτdξ.

Known from the classical calculus, if

∂2

∂x∂y

∫ y

0

∫ x

0
(y − ξ)−α2(x − τ )−α1 f (τ , ξ)dτdξ

and
∂2

∂x∂y

∫ y

0

∫ x

0
(y − ξ)−α2(x − τ )−α1 f (τ , ξ)dξdτ

exist and continuous in a neighbourhood of (x, y), then

RL∂α1+α2
xα1 yα2 f (x, y) = RL∂α1+α2

yα2 xα1 f (x, y).

Remark 1.5.1 If α = α1 + α2 ∈ (0, 1), then the above partial Riemann–Liouville
fractional derivative can be regarded as sub-diffusion type in R

2 [16, 96, 97].

The case which corresponds with α1 = 0 or α2 = 0 has been reported by Kilbas
et al. [52],

RL∂α2
yα2 f (x, y) = ∂α2

∂yα2
f (x, y) = 1

�(1 − α2)

∂

∂y

∫ y

0
(y − ξ)−α2 f (x, ξ)dξ,

RL∂α1
xα1 f (x, y) = ∂α1

∂xα1
f (x, y) = 1

�(1 − α1)

∂

∂x

∫ x

0
(x − τ )−α1 f (x, τ )dτ .

In what follows, we give the definition of the partial Riemann–Liouville fractional
derivative.

Definition 1.5.2 The partial Riemann–Liouville fractional derivative with order
α1 + α2, where α1 and α2 are given in the directions x and y, respectively, are
defined as follows:
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RL∂α1+α2
xα1 yα2 f (x, y) = 1

�(p − α1)�(q − α2)

∂ p+q

∂x p∂yq
×

∫ y

0

∫ x

0
(y − ξ)q−α2−1(x − τ )p−α1−1 f (τ , ξ)dτdξ,

where α1 ∈ (p − 1, p) and α2 ∈ (q − 1, q), for p, q ∈ Z
+.

Remark 1.5.3 If the derivative value of the integral in the right-hand side of the above
equality has no relation to partial differential sequence, then the same is applicable
to the left-hand side of the above equation.

In the following, we present the definition of a more higher spatial dimension.

Definition 1.5.4 The partial Riemann–Liouville fractional derivative of order∑η
i=1 αi in the direction xi , i = 1, 2, . . . , η is defined as

RL∂
α1+···+αη

x
α1
1 ···xαη

η
f (x1, x2, . . . , xη) = (∂ p1 + · · · + ∂ pη )/(∂x p1

1 · · · ∂x
pη
η )∏η

i=1 �(pi − αi )

×
∫ xη

0
· · ·

∫ x1

0
(xη − τη)

pη−αη−1 · · · (x1 − τ1)
p1−α1−1 f dτ1 · · · dτη,

where αi ∈ (pi − 1, p), pi ∈ Z
+, i = 1, 2, . . . , η.

With reference to the work by Li and Deng [68], it is not difficult to show that

lim
αi →p−

i

∂
α1+···+αη

x
α1
1 ···xαη

η
f (x1, x2, . . . , xη) = RL∂

α1+···+αi−1+αi+1+···+αη

x
α1
1 ···xα1−1

i−1 x
αi +1
i+1 ···xαη

η

∂ pi

∂x
pi
i

f (x1, x2, . . . , xη),

and

lim
αi →(pi −1)+

∂
α1+···+αη

x
α1
1 ···xαη

η
f (x1, x2, . . . , xη) = RL∂

α1+···+αi−1+αi+1+···+αη

x
α1
1 ···xα1−1

i−1 x
αi +1
i+1 ···xαη

η

∂ pi −1

∂x
pi −1
i

f (x1, x2, . . . , xη).

Next, we can now define the Caputo partial fractional derivative by following a
similar process.

Definition 1.5.5 Two-dimensional type: the Caputo partial fractional derivative of
order α1 + α2 in the directions (x, y) which correspond to order (α1,α2), respec-
tively, is defined by

C∂α1+α2
xα1 yα2 f (x, y) = 1

�(p − α1)�(q − α2)

∫ y

0

∫ x

0
(y − ξ)q−α2−1(x − τ )p−α1−1 ×

∂ p+q

∂τ p∂ξq
f (τ , ξ)dτdξ,

where α1 ∈ (p − 1, p), α2 ∈ (q − 1, q), p, q ∈ Z
+.
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Definition 1.5.6 Higher dimensional type: the Caputo partial fractional derivative
with order

∑τ
i=1 αi , for αi th order in xi−direction, i = 1, 2, . . . , τ is defined by

C∂
α1+···+αη

x
α1
1 ,...,x

αη
η

f (x1, . . . , xη) = 1∏η
i=1 �(pi − αi )

×
∫ xη

0
· · ·

∫ x1

0
(xη − τη)

pη−αη−1 · · · (x1 − τ1)
p1−α1−1 ∂ p1 + · · · + pη

∂τ
p1

1 · · · ∂τ
pη
η

f (τ1, . . . , τη)dτ1 · · · dτη,

where αi ∈ (pi − 1, pi ), pi ∈ Z
+, i = 1, 2, . . . , τ .

Remark 1.5.7 If the derivative values of the integrals in the right-hand sides of the
equalities in above definitions do not relate to partial differential sequence, so also
the values of the left-hand sides do not either.

One can also obtain

lim
αi →p−

i

C∂
α1+···+αη

x
α1
1 ,...,x

αη
η

f (x1, . . . , xη) = C∂
α1+···+αi−1+αi+1+···+αη

x
α1
1 ···xα1−1

i−1 x
αi +1
i+1 ···xαη

η

∂ pi

∂x pi

i

f (x1, x2, . . . , xη),

and

lim
αi →(pi −1)+ C ∂

α1+···+αη

x
α1
1 ,...,x

αη
η

f (x1, . . . , xη) = C∂
α1+···+αi−1+αi+1+···+αη

x
α1
1 ···xα1−1

i−1 x
αi +1
i+1 ···xαη

η

∂ pi −1

∂x
pi −1
i

f (x1, x2, . . . , xη)

−C ∂
α1+···+αi−1+αi+1+···+αη

x
α1
1 ···xα1−1

i−1 x
αi +1
i+1 ···xαη

η

∂ pi −1

∂x
pi −1
i

f (x1, . . . , xi−1, 0, xi+1, . . . , xη).

Definition 1.5.8 The Riemann–Liouville partial integral with fractional-order∑η
i=1 αi (for order αi th in the direction xi , i = 1, 2, . . . , τ ) is defined as

RL∂
α1+···+αη

x
α1
1 ,···xαη

η
f (x1, . . . , xτ ) = 1∏η

i=1 �(αi )

∫ xη

0
· · ·

∫ x1

0
(xη − τη)

αη−1 · · ·
(x1 − τ1)

α1−1 f dτ1 · · · dτη,

where αi ∈ R
+, i = 1, . . . , τ .

1.6 Fractional Operators with Variable Order

The study of fractional differentiation and integration for a non constant order was
proposed in 1993 in a pioneering paper written by Samko and Ross [109]. The
study which had since generated a lot of research attention based on reports dedi-
cated to fractional operators with variable orders as well as their applications, (see,
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for instance, Almeida and Samko [5], Coimbra [24], Lorenzo and Hartley [74],
Ma et al. [76], Malinowska et al. [80], Odzijewicz et al. [90, 91] and Tavares et al.
[116] ). In 2009, Diaz and Coimbra [29] proposed two controllers for the variable
order differential equations that can handle an arbitrary reference function. A vari-
able order differential equation for a particle in a quiescent viscous medium was
developed by Ramirez and Coimbra [104]. For details on the application of frac-
tional operators with variable order to the modelling of dynamic systems, readers
are referred to the books and articles [80, 103, 110, 116].

Our interest here is to first consider a situation where the fractional derivative of
variable order α is treated as a function of time, that is, α(t) on the open interval
0 < α(t) < 1. To begin, we present different types of Riemann–Liouville fractional
derivatives of variable order α(t) ∈ (0, 1).

Definition 1.6.1 (In Riemann–Liouville sense, the left and right fractional deriva-
tives of variable order α(t) for types I and II). Given a function f : [a, b] → R,

(i) the left Riemann–Liouville type-I fractional derivative of order α(t) is given by

aDα(t)
t f (t) = 1

�(1 − α(t))

d

dt

∫ t

a
(t − τ )−α(t) f (τ )dτ ,

(ii) the right Riemann–Liouville type-I fractional derivative of order α(t) is defined
by

tDα(t)
b f (t) = −1

�(1 − α(t))

d

dt

∫ b

t
(t − τ )−α(t) f (τ )dτ ,

(iii) the left Riemann–Liouville type-II fractional derivative of order α(t) is defined
by

aD
α(t)
t f (t) = d

dt

(
1

�(1 − α(t))

∫ t

a
(t − τ )−α(t) f (τ )dτ

)
,

(iv) the right Riemann–Liouville type-II fractional derivative of order α(t) is defined
by

tD
α(t)
b f (t) = d

dt

( −1

�(1 − α(t))

∫ b

t
(τ − t)−α(t) f (τ )dτ

)
.

Definition 1.6.2 (In Caputo sense, the left and right fractional derivatives of vari-
able order α(t) for types I, II and III). Given a function f : [a, b] → R,

(i) the left Caputo type-I fractional derivative of order α(t) is given by

C
a Dα(t)

t f (t) = C
a Dα(t)

t [ f (t) − f (a)] = 1

�(1 − α(t))

d

dt

∫ t

a
(t − τ )−α(t)[ f (τ ) − f (a)]dτ ,

(ii) the right Caputo type-I fractional derivative of order α(t) is given by

C
t Dα(t)

b f (t) = C
t Dα(t)

b [ f (t) − f (b)] = −1

�(1 − α(t))

d

dt

∫ b

t
(τ − t)−α(t)[ f (τ ) − f (b)]dτ ,
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(iii) the left Caputo type-II fractional derivative of order α(t) is defined by

C
a D

α(t)
t f (t) = C

a D
α(t)
t [ f (t) − f (a)] = d

dt

(
1

�(1 − α(t))

∫ t

a
(t − τ )−α(t)[ f (τ ) − f (a)]dτ

)
,

(iv) the right Caputo type-II fractional derivative of order α(t) is defined by

C
t D

α(t)
b f (t) = C

t D
α(t)
b [ f (t) − f (b)] = d

dt

( −1

�(1 − α(t))

∫ b

t
(τ − t)−α(t)[ f (τ ) − f (b)]dτ

)
,

(v) the left Caputo type-III fractional derivative of order α(t) is defined by

C
a Dα(t)

t f (t) = 1

�(1 − α(t))

∫ t

a
(t − τ )−α(t) f ′(τ )dτ ,

(vi) the right Caputo type-III fractional derivative of order α(t) is defined by

C
t Dα(t)

b f (t) = 1

�(1 − α(t))

∫ b

t
(τ − t)−α(t) f ′(τ )dτ .

Theorem 1.6.3 The following relations are satisfied between the left fractional oper-
ators:

C
a Dα(t)

t f (t) = C
a D

α(t)
t f (t) + α′(t)

�(2 − α(t))

∫ t

a
(t − τ )1−α(t) f ′(τ )

(
1

1 − α(t)
− ln(t − τ )

)
dτ

(1.6.1)
and

C
a Dα(t)

t f (t) = C
a Dα(t)

t f (t) − α′(t)�(1 − α(t))

�(1 − α(t))

∫ t

a
(t − τ )−α(t)[ f (τ ) − f (a)]dτ .

(1.6.2)

Proof On integrating by parts, one obtains

C
a Dα(t)

t f (t) = 1

�(1 − α(t))

d

dt

∫ t

a
(t − τ )−α(t)[ f (τ ) − f (a)]dτ

= 1

�(1 − α(t))

d

dt

[
1

1 − α(t)

∫ t

a
(t − τ )1−α(t) f ′(τ )dτ

]
.

It follows from differentiating the integral that

C
a Dα(t)

t f (t) = 1

�(1 − α(t))

[
α′(t)

(1 − α(t))2

∫ t

a
(t − τ )1−α(t) f ′(τ )dτ

+ 1

1 − α(t)

∫ t

a
(t − τ )1−α(t) f ′(τ )

(
−α′(t) ln(t − τ ) + 1 − α(t)

t − τ

)
dτ

]

= C
a Dα(t)

t f (t) + α′(t)
�(2 − α(t))

∫ t

a
(t − τ )1−α(t) f ′(τ )

[
1

1 − α(t)
− ln(t − τ )

]
dτ .
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For the second formula, it also follows from direct calculations. Hence, we can
deduce that when the order α(t) is equal to a constant, say c, we have C

a Dα(t)
t f (t) =

C
a D

α(t)
t f (t) = C

a Dα(t)
t f (t). �

In a similar manner, we obtain the following result.

Theorem 1.6.4 The following relations are satisfied between the right fractional
operators:

C
t Dα(t)

b f (t) = C
t Dα(t)

b f (t) + α′(t)
�(2 − α(t))

∫ b

t
(τ − t)1−α(t) f ′(τ )

(
1

1 − α(t) − ln(τ − t)

)
dτ

and

C
t Dα(t)

b f (t) = C
t D

α(t)
b f (t) + α′(t)�(1 − α(t))

�(1 − α(t))

∫ b

t
(τ − t)−α(t)[ f (τ ) − f (b)]dτ .

Theorem 1.6.5 Let f ∈ C1([a, b], R). At t = a

C
a Dα(t)

t f (t) = C
a D

α(t)
t f (t) = C

a Dα(t)
t f (t) = 0,

while at t = b
C
t Dα(t)

b f (t) = C
t D

α(t)
b f (t) = C

t Dα(t)
b f (t) = 0.

Proof At initial time t = a for the third equality, we note that

∣∣∣Ca Dα(t)
t f (t)

∣∣∣ ≤ ‖ f ′‖
�(1 − α(t))

∫ t

a
(t − τ )−α(t)dτ = ‖ f ′‖

�(2 − α(t))
(t − α)1−α(t)

which at t = a is zero. By considering the first equality using Eq. (1.6.1) at t = a,
and the next two relations

∣∣∣∣
∫ t

a
(t − τ )1−α(t) f ′(τ )

1 − α(t)
dτ

∣∣∣∣ ≤ ‖ f ′‖
(1 − α(t))(2 − α(t))

(t − a)2−α(t)

and

∣∣∣∣
∫ t

a
(t − τ )−α(t) f ′(τ ) ln(t − τ )dτ

∣∣∣∣ ≤ ‖ f ′‖
2 − α(t)

(t − a)2−α(t)
∣∣∣∣ln(t − a) − 1

2 − α(t)

∣∣∣∣ ,

integration by parts is used to get the latter equality, we prove that C
a Dα(t)

t f (t) = 0 at
initial time t = a. The above process is repeated for Eq. (1.6.2) at initial time t = a:
which by adopting an integration by parts techniques, we obtain

∣∣∣∣
∫ t

a
(t − τ )−α(t)[ f (τ ) − f (a)]dτ

∣∣∣∣ ≤ ‖ f ′‖
(1 − α(t))(2 − α(t))

(t − a)2−α(t),
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so C
a D

α(t)
t f (t) = 0 at time t = a. For the right fractional operators, the proof follows

same arguments at time t = b. �

Relationship between the Riemann–Liouville and Caputo derivatives have been
deduced with some computations, see [116]. For the left fractional operator, we have

aDα(t)
t f (t) = C

a Dα(t)
t f (t) + f (a)

�(1 − α(t))

d

dt

∫
at (t − τ )−α(t)dτ

= C
a Dα(t)

t f (t) + f (a)

�(1 − α(t))
(t − a)−α(t) + f (a)α′(t)

�(2 − α(t))
(t − a)1−α(t)

×
[

1

1 − α(t)
− ln(t − a)

]

and

aD
α(t)
t f (t) = C

a D
α(t)
t f (t) + f (a)

d

dt

(
1

�(1 − α(t))

∫ t

a
(t − τ )−α(t)dτ

)

= C
a D

α(t)
t f (t) + f (a)

�(1 − α(t))
(t − a)−α(t) + f (a)α′(t)

�(2 − α(t))
(t − a)1−α(t)

× [�(2 − α(t)) − ln(t − a)] .

Also, for the right fractional operators, we obtain

tDα(t)
b f (t) = C

t Dα(t)
b f (t) + f (b)

�(1 − α(t))
(b − t)−α(t)

− f (b)α′(t)
�(2 − α(t))

(b − t)1−α(t)

[
1

1 − α(t)
− ln(b − t)

]

and

tD
α(t)
b f (t) = C

t D
α(t)
b f (t) + f (b)

�(1 − α(t))
(b − t)−α(t)

− f (b)α′(t)
�(2 − α(t))

(b − t)1−α(t) [�(2 − α(t)) − ln(b − t)] .

Therefore, one can conclude that if f (a) = 0, then

aDα(t)
t f (t) = C

a Dα(t)
t f (t) and aD

α(t)
t f (t) = C

a D
α(t)
t f (t)

and likewise, if f (b) = 0, then

tDα(t)
b f (t) = C

t Dα(t)
b f (t) and tD

α(t)
b f (t) = C

t D
α(t)
b f (t).
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In the next result, we formulate the Caputo fractional derivative of a power
function.

Corollary 1.6.6 Let f (t) = (t − a)β with β > 0. Then

C
a Dα(t)

t f (t) = �(β + 1)

�(β − α(t) + 1)
(t − a)β−α(t) − α′(t) �(β + 1)

�(β − α(t) + 2)
(t − a)β−α(t)+1

×[ln(t − a) − �(β − α(t) + 2) + �(1 − α(t))],
C
a D

α(t)
t f (t) = �(β + 1)

�(β − α(t) + 1)
(t − a)β−α(t) − α′(t) �(β + 1)

�(β − α(t) + 2)
(t − a)β−α(t)+1

×[ln(t − a) − �(β − α(t) + 2)],
C
a Dα(t)

t f (t) = �(β + 1)

�(β − α(t) + 1)
(t − a)β−α(t).

Proof The expression for C
a Dα(t) f (t) if directly follows from [109, 116]. for the

second equality, we have

C
a D

α(t)
t f (t) = d

dt

(
1

�(1 − α(t))

∫ t

a
(t − τ )−α(t)(τ − a)βdτ

)

= d

dt

(
1

�(1 − α(t))

∫ t

a
(t − a)−α(t)

(
1 − τ − a

t − a

)−α(t)

(τ − a)βdτ

)
.

By introducing a change of variables τ − a = x(t − a), and with the assistance of
the beta function B(·, ·), we show that

C
a D

α(t)
t f (t) = d

dt

(
(t − a)−α(t)

�(1 − α(t))

∫ 1

0
(1 − x)−α(t)xβ(t − a)β+1dx

)

= d

dt

(
(t − a)β−α(t)+1

�(1 − α(t))
B(β + 1, 1 − α(t))

)

= d

dt

(
�(β + 1)

�(β − α(t) + 2)
(t − a)β−α(t)+1

)
.

By differentiating the latter expression, we obtain the desired formula. The same
process hold for the last equality. �

The right Caputo fractional derivatives of variable order are simply obtained with
analogous relations to those of Corollary 1.6.6.

Corollary 1.6.7 Let f (t) = (b − t)β with β > 0. Then

C
t Dα(t)

b f (t) = �(β + 1)

�(β − α(t) + 1)
(b − t)β−α(t) + α′(t) �(β + 1)

�(β − α(t) + 2)
(b − t)β−α(t)+1

×[ln(b − t) − �(β − α(t) + 2) + �(1 − α(t))],
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C
t D

α(t)
b f (t) = �(β + 1)

�(β − α(t) + 1)
(b − t)β−α(t) + α′(t) �(β + 1)

�(β − α(t) + 2)
(b − t)β−α(t)+1

×[ln(b − t) − �(β − α(t) + 2)],
C
t Dα(t)

b f (t) = �(β + 1)

�(β − α(t) + 1)
(b − t)β−α(t).

The prove of the above Corollary follows a similar fashion with that of Corollary
1.6.6. With Corollary 1.6.6 in mind, it is not difficult to see that C

a Dα(t)
t f (t) �=C

a

D
α(t)
t f (t) �=C

a Dα(t)
t f (t). Also for the power function, it is clear that C

a Dα(t)
t can be

regarded as the best inverse operation for the fractional integral of variable order.

Definition 1.6.8 (Caputo partial fractional derivatives with variable order types I,
II and III) Partial fractional derivative are seen as a natural extension and are defined
in a similar fashion. Given a function f : ∏m

i=1[ai , bi ] → R with m variables. For
simplicity, we define the vectors |τ |s = (t1, t2, . . . , ts−1, τ , ts+1, . . . , tm) ∈ R

m and
denote (t∗) = (t1, t2, . . . , tm) ∈ R

m , fractional orders αs : [as, bs] → (0, 1), s ∈
{1, 2, . . . , m},
(i) the type-I left Caputo partial fractional derivative of order αs(ts) is defined by

C
as

Dαs (ts )
ts f (t∗) = 1

�(1 − αs(ts))

∂

∂ts

∫ ts

as

(ts − τ )−αs (ts ) ( f |τ |s − f |as |s) dτ ,

(ii) the type-I right Caputo partial fractional derivative of order αs(ts) is defined by

C
ts Dαs (ts )

bs
f (t∗) = −1

�(1 − αs(ts))

∂

∂ts

∫ bs

ts

(τ − ts)
−αs (ts ) ( f |τ |s − f |bs |s) dτ ,

(iii) the type-II left Caputo partial fractional derivative of order αs(ts) is defined by

C
as

D
αs (ts )
ts f (t∗) = ∂

∂ts

[
1

�(1 − αs(ts))

∫ ts

as

(ts − τ )−αs (ts )( f [τ ]s − f [as]s)dτ

]
,

(iv) the type-II right Caputo partial fractional derivative of order αs(ts) is defined
by

C
ts D

αs (ts )
bs

f (t∗) = ∂

∂ts

[ −1

�(1 − αs(ts))

∫ ts

as

(τ − ts)
−αs (ts )( f [τ ]s − f [bs]s)dτ

]
,

(v) the type-III left Caputo partial fractional derivative of order αs(ts) is defined by

C
as

Dαs (ts )
ts f (t∗) = 1

�(1 − αs(ts))

∫ ts

as

(ts − τ )−αs (ts )
∂ f

∂ts
[τ ]sdτ ,
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(vi) the type-III right Caputo partial fractional derivative of order αs(ts) is defined
by

C
ts Dαs (ts )

ts f (t∗) = −1

�(1 − αs(ts))

∫ ts

as

(τ − ts)
−αs (ts )

∂ f

∂ts
[τ ]sdτ .

As done before, we can prove the relations between these definitions in the same
manner.

Theorem 1.6.9 The following formulas hold:

C
as

Dαs (ts )
ts f (t∗) = C

as
Dαs (ts )

ts f (t∗) + α′
s(ts)

�(2 − αs(ts))

∫ ts

as

(ts − τ )1−αs (ts )
∂ f

∂ts
[τ ]s

×
[

1

1 − αs(ts)
− ln(ts − τ )

]
dτ ,

C
as

Dαs (ts )
ts f (t∗) = C

as
D

αs (ts )
ts f (t∗) − α′

s(ts)�(1 − αs(ts))

�(1 − αs(ts))

∫ ts

as

(ts − τ )−αs (ts )[ f [τ ]s − f [as ]s ]dτ ,

C
ts Dαs (ts )

bs
f (t∗) = C

ts Dαs (ts )
bs

f (t∗) + α′
s(ts)

�(2 − αs(ts))

∫ bs

ts

(τ − ts)
1−αs (ts )

∂ f

∂ts
[τ ]s

×
[

1

1 − αs(ts)
− ln(τ − ts)

]
dτ ,

and

C
ts D

αs (ts )
bs

f (t∗) = C
ts D

αs (ts )
bs

f (t∗) − α′
s(ts)�(1 − αs(ts))

�(1 − αs(ts))

∫ bs

ts
(τ − ts)

−αs (ts )[ f [τ ]s − f [bs ]s ]dτ .

In what follows, we briefly present the approximation of variable order derivatives
in Caputo sense. Let q ∈ N, we define

Xq = 1

�(q + 1 − αs(ts))

⎡
⎣1 +

N∑
k=n−q+1

�(αs(ts) − n + k)

�(αs(ts) − q)(k − n + q)!

⎤
⎦ ,

Mq(t
∗) = max

τ∈[as ,ts ]

∣∣∣∣∂
q f

∂tq
s

[τ ]s

∣∣∣∣ ,
Yq = �(αs(ts) − n + q)

�(1 − αs(ts)�(αk(tk))(q − n)! ,

Zq(t
∗) =

∫ ts

as

(τ − as)
q−n ∂ f

∂ts
[τ ]sdτ .

Theorem 1.6.10 Let f ∈ Cn+1
(∏m

i=1[ai , bi ], R
)

with n ∈ N. Then, for all s ∈
{1, 2, . . . , m} and for all N ∈ N such that N ≥ n, we have
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C
as Dαs (ts )

ts f (t∗) =
n∑

q=1

Xq (ts − as )
q−αs (ts ) ∂ f

∂tq
s

[ts ]s +
N∑

q=n
Yq (ts − as )

n−q−αs (ts ) Zq (t∗) + E(t∗),

with approximation error E(t∗) bounded by

E(t∗) ≤ Mn+1(t
∗)

exp[(n − αs(ts))2 + n − αs(ts)]
�(n + 1 − αs(ts))N n−αs (ts )(n − αs(ts))

(ts − as)
n+1−αs (ts ).

Proof By definition

C
as

Dαs (ts )
ts (t∗) = 1

�(1 − αs(ts))

∫ ts

as

(ts − τ )−αs (ts )
∂ f

∂ts
[τ ]sdτ .

In the spirit of [116], we integrate by parts with u′(τ ) = (ts − τ )−αs (ts ) and v(τ ) =
∂ f
∂ts

[τ ]s , and deduce that

C
as

Dαs (ts )
ts f (t∗) = (ts − as)

1−αs (ts )

�(2 − αs(ts))

∂ f

∂ts
[as ]s + 1

�(2 − αs(ts))

∫ ts

as

(ts − τ )1−αs (ts ) ∂2 f

∂t2
s

[τ ]sdτ .

Taking u′(τ ) = (ts − τ )1−αs (ts ) and v(τ ) = ∂2 f
∂t2

s
[τ ]s , integrating by parts to obtain

C
as

Dαs (ts )
ts f (t∗) = (ts − as)

1−αs (ts )

�(2 − αs(ts))

∂ f

∂ts
[as]s + (ts − as)

2−αs (ts )

�(3 − αs(ts))

∂2 f

∂t2
s

[as]s

+ 1

�(3 − αs(ts))

∫ ts

as

(ts − τ )2−αs (ts )
∂3 f

∂t3
s

[τ ]sdτ .

By repeating the same process for n − 2 times, we obtain the formula

C
as

Dαs (ts )
ts f (t∗) =

n∑
q=1

(ts − as)
1−αs (ts )

�(q + 1 − αs(ts))

∂q f

∂tq
s

[as]s + 1

�(n + 1 − αs(ts))

×
∫ t−s

as

(ts − τ )n−αs (ts )
∂n+1 f

∂tn+1
s

[τ ]sdτ .

Adopting the equalities

(ts − τ )n−αs (ts ) = (ts − as)
n−αs (ts )

(
1 − τ − as

ts − as

)n−αs (ts )

= (ts − as)
n−αs (ts )

⎡
⎣ N∑

q=0

(
n − αs(ts)

q

)
(−1)q (τ − as)

q

(ts − as)q
+ E∗(t∗)

⎤
⎦

with
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E∗(t∗) =
∞∑

q=N+1

(
n − αs(ts)

q

)
(−1)q (τ − as)

q

(ts − as)q
,

we obtain

C
as

Dαs (ts )
ts f (t∗) =

n∑
q=1

(ts − as)
q−αs (ts )

�(q + 1 − αs(ts))

∂q f

∂tq
s

[as ]s + (ts − as)
n−αs (ts )

�(n + 1 − αs(ts))

×
∫ ts

as

N∑
q=0

(
n − αs(ts)

q

)
(−1)q (τ − as)

q

(ts − as)q
∂n+1

∂tn+1
s

[τ ]sdτ + E(t∗)

=
n∑

q=1

(ts − as)
q−αs (ts )

�(q + 1 − αs(ts))

∂q f

∂tq
s

[as ]s + (ts − as)
n−αs (ts )

�(n + 1 − αs(ts))

×
N∑

q=0

(
n − αs(ts)

q

)
(−1)q

(ts − as)q

∫ ts

as

(τ − as)
q ∂n+1 f

∂tn+1
s

[τ ]sdτ + E(t∗),

where

E(t∗) = (ts − as)
n−αs (ts )

�(n + 1 − αs(ts))

∫ ts

as

E∗(t∗)
∂n+1 f

∂tn+1
s

[τ ]sdτ .

Next, we divide the last sum into q = 0 and q = 1, 2, . . . , N with the notion u(τ ) =
(τ − as)

q and v′(τ ) = ∂n+1 f
∂tn+1

s
[τ ]s , and use integration by parts technique. Bear in mind

that (
n − αs(ts)

q

)
(−1)q = �(αs(ts) − n + q)

�(αs(ts) − n)q! ,

we get

(ts − as)
n−αs (ts )

�(n + 1 − αs(ts))

N∑
q=0

(
n − αs(ts)

q

)
(−1)q

(ts − as)

∫ ts

as

(τ − as)
q ∂n+1 f

∂tn+1
s

[τ ]sdτ

= (ts − as)
n−αs (ts )

�(n + 1 − αs(ts))

[
∂n f

∂tn
s

[ts ]s − ∂n f

∂tn
s

[as ]s

]
+ (ts − as)

n−αs (ts )

�(n + 1 − αs(ts))

×
N∑

q=1

�(αs(ts) − n + q)

�(αs(ts) − n)q!(ts − as)q

[
(ts − as)

q ∂n f

∂tn
s

[ts ]s −
∫ ts

as

q(τ − as)
q−1 ∂n f

∂tn
s

[τ ]sdτ

]
,

= − (ts − as)
n−αs (ts )

�(n + 1 − αs(ts))

∂n f

∂tn
s

[as ]s + (ts − as)
n−αs (ts )

�(n + 1 − αs(ts))

∂n f

∂tn
s

[ts ]s

×
⎡
⎣1 +

N∑
q=1

�(αs(ts) − n + q)

�(αs(ts) − n)q!

⎤
⎦ + (ts − as)

n−αs (ts )−1

�(n − αs(ts))

×
N∑

q=1

�(αs(ts) − n + q)

�(αs(ts) + 1 − n)(q − 1)!(ts − as)q−1

∫ ts

as

(τ − as)
q−1 ∂n f

∂tn
s

[τ ]sdτ .
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Therefore, we have

C
as

Dαs (ts )
ts f (t∗) =

N∑
q=1

(ts − as)
n−αs (ts )

�(n + 1 − αs(ts))

∂n f

∂tn
s

[as]s

+ (ts − as)
n−αs (ts )

�(n + 1 − αs(ts))

∂n f

∂tn
s

[ts]s

⎡
⎣1 +

N∑
q=1

�(αs(ts) − n + q)

�(αs(ts) − n)q!

⎤
⎦

+ (ts − as)
n−αs (ts )−1

�(n − αs(ts))

N∑
q=1

�(αs(ts) − n + q)

�(αs(ts) + 1 − n)(q − 1)!(ts − as)q−1

×
∫ ts

as

(τ − as)
q−1 ∂n f

∂tn
s

[τ ]sdτ + E(t∗).

By splitting the first term of the last sum and integrate by parts when the procedure
is repeated for n − 1 times, we have

C
as

Dαs (ts )
ts f (t∗) =

n∑
q=1

(ts − as)
q−αs (ts )

�(q + 1 − αs(ts))

∂q f

∂tq
s

[ts]s

⎡
⎣1 +

N∑
k=n−q+1

�(αs(ts) − n + k)

�(αs(ts) − q)(k − n + q)!

⎤
⎦

+
N∑

q=n

�(αs(ts) − n + q)

�(1 − αs(ts))�(αs(ts))(q − n)! (ts − as)
n−q−αs (ts )

×
∫ ts

as

(τ − as)
q−n ∂ f

∂ts
[τ ]s + E(t∗).

Using two relations, we seek the upper bound formula for E(t∗)
∣∣∣∣ τ − as

ts − as

∣∣∣∣ ≤ 1, if τ ∈ [as, ts]

and
∣∣∣∣
(

n − αs(ts)

q

)∣∣∣∣ ≤ exp[(n − αs(ts))2 + n − αs(ts)]
qn+1−αs (ts )

,

we obtain
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E∗(t∗) ≤
∞∑

q=N+1

exp[(n − αs(ts))2 + n − αs(ts)]
qn+1−αs (ts )

≤
∫ ∞

N

exp[(n − αs(ts))2 + n − αs(ts)]
qn+1−αs (ts )

dq

= exp[(n − αs(ts))2 + n − αs(ts)]
N n−αs (ts )(n − αs(ts))

.

Then,

E(t∗) ≤ Mn+1(t
∗)

exp[(n − αs(ts))2 + n − αs(ts)]
�(n + 1 − αs(ts))N n−αs (ts )(n − αs(ts))

(ts − as)
n+1−αs (ts ).

The proof is completed. �

The notions of ordinary and partial fractional operators in relation to both
Riemann–Liouville and Caputo integral and derivative of variable fractional-order
α(t, τ ) are introduced.

Definition 1.6.11 Let 0 < α(t, τ ) < 1 for all t, τ ∈ [a, b] and function f ∈ C1

[a, b], with gamma function � defined as

�(z) =
∫ ∞

0
e−t t z−1dt.

Then,

aIα(t,τ )
t f (t) =

∫ t

a

1

�(α(t, τ ))
(t − τ )α(t,τ )−1 f (τ )dτ , for t > a

is known as the left Riemann–Liouville fractional integral with variable order α(t, τ ),
while

tIα(τ ,t)
b f (t) =

∫ b

t

1

�(α(τ , t))
(t − τ )α(τ ,t)−1 f (τ )dτ , for t < b

represents the right Riemann–Liouville fractional integral with variable order α(τ , t).

Definition 1.6.12 Let 0 < α(t, τ ) < 1 for all t, τ ∈ [a, b]. If aI1−α(t,τ )
t f ∈ C[a, b],

then the left Riemann–Liouville derivative of fractional variable of order α(t, τ ) is
given by

aDα(t,τ )
t f (t) = d

dt
aI1−α(t,τ )

t f (t) = d

dt

∫ t

a

−1

�(1 − α(t, τ ))
(τ − t)−α(t,τ ) f (τ )dτ , for t > a.

Similarly, the right Riemann–Liouville derivative of fractional variable of order
α(τ , t) is defined by
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t Dα(τ ,t)
b f (t) = − d

dt
t I1−α(τ ,t)

b f (t) = d

dt

∫ b

t

1

�(1 − α(τ , t))
(τ − t)−α(τ ,t) f (τ )dτ , for t < b.

Definition 1.6.13 Let 0 < α(t, τ ) < 1 for all t, τ ∈ [a, b]. If f ∈ C[a, b], then the
left Caputo derivative of fractional variable order α(t, τ ) is given by

C
a Dα(t,τ )

t f (t) = aI1−α(t,τ )
t

d

dt
f (t) =

∫ t

a

1

�(1 − α(t, τ ))
(t − τ )−α(t,τ ) d

dτ
f (τ )dτ for t > a,

while the right Caputo derivative of fractional variable order α(τ , t) is defined by

C
t Dα(τ ,t)

b f (t) = −aI1−α(τ ,t)
t

d

dt
f (t) =

∫ b

t

1

�(1 − α(τ , t))
(t − τ )−α(τ ,t) d

dτ
f (τ )dτ for t < b.

Let �s = [a1, b1] × · · · × [as, bn], s ∈ N, be a subset of R
s and t = (t1, t2, . . . , ts)

∈ �s , and α(t, τ ) : [ai , bi ] × [ai , bi ] → R be such that 0 < αi (ti , τ ) < 1 for all
ti , τ ∈ [ai , bi ], for i = 1, 2, . . . , s. Partial derivatives and integrals of fractional vari-
able order are natural generalization which correspond to variable order fractional
derivatives and integrals in one dimension.

Definition 1.6.14 Assume a function f = f (t1, t2, . . . , ts) is continuous on a set
�s . The left Riemann–Liouville partial fractional integral with variable order α(t, τ ),
with respect to the i th variable ti , is defined by

ai Iαi (ti ,τ )
ti f (t) =

∫ ti

ai

1

�(αi (ti , τ ))
(ti − τ )αi (ti ,τ )−1 × f (t1, . . . , ti−1, τ , ti+1, . . . , ts)dτ

for ti > ai , while

ti Iαi (τ ,ti )
bi

f (t) =
∫ bi

ti

1

�(αi (τ , ti ))
(τ − ti )

αi (τ ,ti )−1 × f (t1, . . . , ti−1, τ , ti+1, . . . , ts)dτ

for ti < bi , stands for the right Riemann–Liouville partial fractional integral of vari-
able order αi (τ , ti ).

Definition 1.6.15 Given ai I1−αi (ti ,τ )
ti f ∈ C1(�s), the left Riemann–Liouville partial

fractional derivative of variable order αi (ti , τ ), w.r.t. the i th variable ti , is defined by

ai Dαi (ti ,τ )
ti f (t) = ∂

∂ti
ai I1−αi (ti ,τ )

ti f (t) = ∂

∂ti

∫ ti

ai

1

�(1 − αi (ti , τ ))
(ti − τ )−α(ti ,τ )

× f (t1, . . . , ti−1, τ , ti+1, . . . , ts)dτ for ti > ai ,

and the right Riemann–Liouville partial fractional derivative of variable order
αi (τ , ti ), w.r.t. the i th variable ti , is defined for f such that ti I1−αi (τ ,ti )

bi
f ∈ C1(�s)

by
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ti Dαi (τ ,ti )
bi

f (t) = − ∂

∂ti
ti I1−αi (τ ,ti )

bi
f (t) = ∂

∂ti

∫ ti

ai

−1

�(1 − αi (τ , ti ))
(τ − ti )

−α(τ ,ti )

× f (t1, . . . , ti−1, τ , ti+1, . . . , ts)dτ for ti < bi .

Definition 1.6.16 Let f ∈ C1(�s). The left Caputo partial fractional derivative of
variable order αi (ti , τ ), w.r.t. the i th, variable ti , is given by

C
ai

Dαi (ti ,τ )
ti f (t) = ai I1−αi (ti ,τ )

ti

∂

∂ti
f (t) =

∫ ti

ai

1

�(1 − αi (ti , τ ))
(ti − τ )−αi (ti ,τ )

× ∂

∂τ
f (t1, . . . , ti−1, τ , ti+1, . . . , ts)dτ for ti > ai ,

while the right Caputo partial fractional derivative of variable order αi (τ , ti ), w.r.t.
the i th, variable ti , is defined by

C
ti D

αi (τ ,ti )
bi

f (t) = −ti I1−αi (τ ,ti )
bi

∂

∂ti
f (t) =

∫ bi

ti

−1

�(1 − αi (τ , ti ))
(τ , ti )

−αi (τ ,ti )

× ∂

∂τ
f (t1, . . . , ti−1, τ , ti+1, . . . , ts)dτ for ti < bi .

Remark 1.6.17 In Definitions 1.6.14, 1.6.15 and 1.6.16, one observes that all the
variables are fixed except ti . The choice fixed values helps to determine a function
ft1 , . . . , ti−1, ti+1, . . . , ts : [ai , bi ] → R of one variable ti , ft1 , . . . , ti−1, ti+1, . . . ,

ts(ti ) = f (t1, . . . , ti−1, τ , ti+1, . . . , ts). It should also be noted that partial operators
of fractional variable order in the above definitions correspond to partial derivatives
and integrals of constant order if αi (·, ·) is made constant. Details on standard frac-
tional partial operators with constant order can be found in [52, 90, 92, 101, 110].

1.7 Tempered Fractional Differentiation

Fractional calculus is known to be a powerful mathematical tool to model most
physical phenomena (anomalous diffusion or dispersion), especially where a Lévy
motion particle plume in the continuous random walk model moves at a rate irregular
with the classical Brownian motion [12]. Fractional integrals and derivatives are
convolutions with a power law. When multiplied by an exponential factor results
in tempered fractional integrals and derivatives [108]. For instance, the case of a
tempered fractional diffusion equation where the partial second derivative term in
classical sense is replaced with the tempered fractional derivative, which govern the
limits of random walk models with exponentially tempered power-law distribution.
The tempered power-law waiting times result in tempered fractional derivatives in
time which has been applied and proven useful in geophysics.

Exponentially tempering the Lévy measure is an appropriate means of ensur-
ing that the Lévy flight distributions are finite. Tempered Lévy motions provide a
complete set of numerical analysis and statistical physics tools, unlike the truncated
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models. Other applications for the tempered fractional derivatives and tempered dif-
ferential equations can be found, for example, in poroelasticity [42], finance [22,
108], geophysical flows [86] and groundwater hydrology [85, 86]. A reasonable
number of numerical methods that are based on finite difference and other high
order methods for solving the tempered fractional differential equations have been
developed, see [22, 28, 65, 69, 83] and the references therein.

In what follows, we review some existing definitions and properties of tempered
fractional differentiation. Let [a, b] be a finite interval on R. We represent W ([a, b])
as the integrable space on the finite interval [a,b], that is,

W ([a, b]) = {
w : ‖w‖W ([a,b])

} =
∫ b

a
|w(t)|dt < ∞.

Also, we let AC[a, b] be the space of real-valued functions w(t) and continuous
on closed interval [a, b]. For n ∈ N

+, we let Cn[a, b] be the space of functions
w(t) that are n times continuously differentiable on [a, b]. And let ACn[a, b] be
real-valued functions w(t) with continuous derivatives of order n − 1 on interval
[a, b] : dn−1

dxn−1 w(t) ∈ AC[a, b], that is,

ACn[a, b] =
{
w : [a, b] → R,

dn−1

dxn−1
w(t) ∈ AC[a, b]

}
.

Definition 1.7.1 (Riemann–Liouville tempered fractional derivative [12, 22, 65,
101]) For n − 1 < α < n, n ∈ N

+,λ ≥ 0. the Riemann–Liouville tempered frac-
tional derivative is given by

aDα,λ
t w(t) = e−λt

aDα
t (eλtw(t)) = e−λt

�(n − α)

dn

dtn

∫ t

a

eλξw(ξ)

(t − ξ)α−n+1
dξ, (1.7.1)

where aDα
t (eλtw(t)) stands for the Riemann–Liouville fractional derivative

aDα
t (eλtw(t)) = dn

dtn

(
aIn−α

t (eλtw(t))
) = 1

�(n − α)

dn

dtn

∫ t

a

eλξw(ξ)

(t − ξ)α−n+1
dξ.

Remark 1.7.2 ([12, 65]) The variants of the Riemann–Liouville tempered fractional
derivatives are given as

aDα,t
t w(t) =

{
a Dα,t

t w(t) − λαw(t), 0 < α < 1,

a Dα,t
t w(t) − αλα−1 dw(t)

dt − λαw(t), 1 < α < 2.

Definition 1.7.3 (Riemann–Liouville tempered fractional integral [22, 65]) Assume
that the real function w(t) is piecewise continuous on open interval (a, b) and w(t) ∈
W ([a, b]), ρ > 0,λ ≥ 0. Then the Riemann–Liouville tempered fractional integral
of order ρ is defined as
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aIρ,λ
t w(t) = eλt

aIρ
t (eλtw(t)) = 1

�(ρ)

∫ t

a
e−λ(t−ξ)(t − ξ)ρ−1w(ξ)dξ, (1.7.2)

where aIρ
t is given as the Riemann–Liouville integral

aIρ
t = 1

�(ρ)

∫ t

a
(t − ξ)ρ−1w(ξ)dξ.

Clearly, we can see that when λ = 1, the tempered fractional integral (1.7.2) reduces
to the standard Riemann–Liouville fractional integral. In some practical applications,
the fractional integral is sometimes represented as aD−ρ,λw(t).

Definition 1.7.4 (Riemann–Liouville fractional substantial derivative [34, 117])
For n − 1 < α < n, n ∈ N

+, and let λ(x) be any given function in the spatial
domain. the Riemann–Liouville fractional substantial derivative is expressed by

Dα,λ(x)
s w(t) =

(
d

dt
+ λ(x)

)n

aIn−α,λ(x)
t w(t) =

(
d

dt
+ λ(x)

)n ∫ t

a

e−λ(x)·(t−ξ)

(t − ξ)α−n+1 w(ξ)dξ,

(1.7.3)
where aIn−α,λ(x)

t represents the Riemann–Liouville fractional integral and

(
d

dt
+ λ(x)

)n

=
(

d

dt
+ λ(x)

)
· · ·

(
d

dt
+ λ(x)

)
︸ ︷︷ ︸

n times

.

Remark 1.7.5 The Riemann–Liouville fractional substantial derivative (1.7.3) is
equivalent to the Riemann–Liouville tempered fractional derivative (1.7.1) if the
given function λ(x) is nonnegative. By adapting integration by parts technique, we
have

(
d

dt
+ λ(x)

)n [∫ t

a
e−λ(t−ξ)(t − ξ)ρ−1w(ξ)dξ

]

=
(

d

dt
+ λ(x)

)n−1
[(

d

dt
+ λ(x)

)∫ t

a

e−λ(x)·(t−ξ)

(t − ξ)α−n+1 w(ξ)dξ

]

=
(

d

dt
+ λ(x)

)n−1
[

e−λ(x)t d

dt

∫ t

a

eλ(x)ξ

(t − ξ)α−n+1 w(ξ)dξ

]

=
(

d

dt
+ λ(x)

)n−2
[

e−λ(x)t d2

dt2

∫ t

a

eλ(x)ξ

(t − ξ)α−n+1 w(ξ)dξ

]

= · · ·
= aDα,λ(x)w(t).

The tempered n-th order derivative of w(t) is equivalent to
(

d
dt + λ

)n
w(t), which

for simplicity is denoted as Dn,λw(t).
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Definition 1.7.6 (Caputo tempered fractional derivative [110, 115]) For n − 1 <

α < n, n ∈ N
+,λ ≥ 0. The Caputo tempered fractional derivative is an expression

of the form

C
a Dα,λ

t w(t) = e−λt C
a Dα

t (eλtw(t)) = e−λt

�(n − α)

∫ t

a

1

(t − ξ)

dn(eλξ)

dξn
w(ξ)dξ,

(1.7.4)
where C

a Dα,λ
t (eλtw(t)) represents the Caputo fractional derivative [101]

C
a Dα,λ

t (eλtw(t)) = 1

�(n − α)

∫ t

a

1

(t − ξ)

dn(eλξ)

dξn
w(ξ)dξ.

Remark 1.7.7 The Riemann–Liouville tempered fractional derivative (1.7.1) is
equivalent to the Caputo tempered fractional derivative (1.7.4) if aDα,λ

t

w(t) = Dn,λ
aIn−α,λ

t w(t) and C
a Dα,λ

t w(t) = aIn−α,λ
t Dn−α,λw(t), respectively.

It should also be noted that when λ = 0, the Riemann–Liouville or Caputo tem-
pered fractional derivatives reduce to the Riemann–Liouville or Caputo fractional
derivatives.

Proposition 1.7.8 (Composite properties)

1. Let w(x) ∈ W ([a, b]) and In−α,λw(t) ∈ ACn[a, b]. Then the Riemann–Liouville
tempered fractional derivative and fractional integral have all composite prop-
erties

aIα,λ
t

[
aDα,λ

t w(t)
] = w(t) −

n−1∑
j=0

e−λt (t − a)α− j−1

�(α − j)

[
aDα− j−1

t (eλtw(t))|t=a

]
,

(1.7.5)
and

aDα,λ
t

[
aIα,λ

t w(t)
] = w(t). (1.7.6)

2. Letw(t) ∈ ACn[a, b]and n − 1 < α < n. Then the Riemann–Liouville tempered
fractional integral and the Caputo fractional derivative have the composite prop-
erties

aIα,λ
t

[
C
a Dα,λ

t w(t)
] = w(t) −

n−1∑
j=0

e−λt (t − a) j

j !
[

d j (eλtw(t))

dt j
|t=a

]
, (1.7.7)

and
C
a Dα,λ

t

[
aIα,λ

t w(t)
] = w(t) if α ∈ (0, 1). (1.7.8)

Proof We recall from the definition of the Riemann–Liouville tempered fractional
derivative and integral that
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aIα,λ
t

[
aDα,λ

t w(t)
] = e−λt

aIα
t

[
eλt

(
aDα,λ

t w(t)
)]

= e−λt
aIα

t

[
eλt

(
e−λt

aDα
t (eλtw(t))

)]
(1.7.9)

= e−λt
aIα

t

[
aDα

t

(
eλtw(t)

)]
︸ ︷︷ ︸

(I)

.

Using the composition formula [68, 101]

aIα
t [aDα

t u(t)] = u(t) −
n−1∑
j=0

(t − a)α− j−1

�(α − j)
[aDα− j−1

t (u(t))|t=a],

we obtain

(I) = aIα
t [aDα

t eλtw(t)] = eλtw(t) −
n−1∑
j=0

(t − a)α− j−1

�(α − j)
[aDα− j−1

t (eλtw(t))|t=a].

By substituting the above into (1.7.9) we recover (1.7.5). From the Riemann–
Liouville tampered fractional derivative and integral definitions, there exists

aDα,λ
t

[
aIα,λ

t w(t)
] = e−λt

aDα
t

[
eλt

(
aIα,λ

t w(t)
)]

= e−λt
aDα

t

[
eλt

(
e−λt

aIα
t (eλtw(t))

)]
= e−λt

aDα
t

[
aIα

t

(
eλtw(t)

)]
.

By using the composite properties of Riemann–Liouville fractional derivative and
integral [65, 68, 110]

aDα
t [aIα

t (u(t))] = u(t) (1.7.10)

by putting u(t) = eλtw(t) in (1.7.10), we have

aDα,λ
t [aIα,λ

t w(t)] = e−λt
aDα

t [aIα
t (eλtw(t))] = w(t).

In a similar way, we use the composite properties of Caputo derivative [68, 101,
110]

aIα
t [C

a Dα
t u(t)] = u(t) −

n−1∑
j=0

(t − a) j

j !
[

d j u(t)

dt j
|t=a

]
,

and
C
a Dα

t [aIα
t (u(t))] = u(t), if α ∈ (0, 1).

Following a similar process, we can get (1.7.7) and(1.7.8). �
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1.7.1 Properties of Tempered Fractional Derivative
and Integral

We have the following properties for the Riemann–Liouville tampered fractional
integral.

Lemma 1.7.9 If w(t) ∈ ACn[a, b], ρ > 0 and λ ∈ R, then for all t ≥ a,

aIρ,λ
t w(t) =

n∑
j=1

e−λt (t − a)ρ+ j−1

�(ρ + j)

[
d j−1(eλtw(t))

dt j−1
|t=a

]

+ e−λt

�(ρ + n)

∫ t

0
(t − ξ)ρ+n−1 dn

dξn
(eλξw(ξ))dξ.

Proof If w(t) is continuous for t ≥ a, then apply integration by parts to (1.7.1), there
exists

1

�(ρ)

∫ t

a
(t − ξ)ρ−1eλξw(ξ)dξ = (t − a)ρw(a)

�(ρ + 1)
+ 1

�(ρ + 1)

∫ t

a
(t − ξ)ρ

d

dξ
eλξw(ξ)dξ,

and if the given function is n continuous derivatives, we integrate by parts to obtain

1

�(ρ)

∫ t

a
(t − ξ)ρ−1eλξw(ξ)dξ =

n∑
j=1

(t − a)ρ+ j−1

�(ρ + j)

[
d j−1(eλtw(t))

dt j−1
|t=a

]

(1.7.11)

+ 1

�(ρ + n)

∫ t

0
(t − ξ)ρ+n−1 dn

dξn
(eλξw(ξ))dξ.

The desired result is achieved when we multiply both sides of (1.7.11) by function
e−λt . �

In addition, integrating by parts results in

aIρ,λ
t w(t) = eρtw(a) + ρ

∫ t

a
e−ρ(t−ξ)w(ξ)dξ +

∫ t

a
e−rho(x−ξ)dw(ξ),

which indicates that if w(t) has continuous derivatives on the finite domain [a, b],
and ρ > 0, the for all t ≥ a,

lim
ρ→0

aIρ,λ
t w(t) = w(t).
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Proposition 1.7.10 For a function w(t) ∈ W ([a, b]), ρ > 0,λ ∈ R, we have

∥∥∥∥ 1

�(ρ)

∫ t

a
e−λ(t−ξ)(t − ξ)ρ−1w(ξ)dξ

∥∥∥∥
W ([a,b])

≤ G‖w‖W ([a,b]),

where G = (b−a)ρ

�(ρ+1)
.

Proof By calculation, we get

∥∥∥∥ 1

�(ρ)

∫ t

a
e−λ(t−ξ)(t − ξ)ρ−1w(ξ)dξ

∥∥∥∥
W ([a,b])

≤ 1

�(ρ)

∫ b

a

∫ t

a
e−λ(t−ξ)(t − ξ)ρ−1|u(ξ)|dξdt

≤ 1

�(ρ)

∫ b

a

∫ b

ξ

e−λ(t−ξ)(t − ξ)ρ−1dt |w(ξ)|dξ

≤ (b − a)ρ

�(ρ + 1)
‖w‖W ([a,b]).

�

Proposition 1.7.11 (Linearity properties) Let w(t) ∈ W ([a, b]). Then for all
σ, τ ,λ ∈ R:

1. for σ > 0, satisfies

aIρ,λ
t [σw(t) + τw(t)] = σaIρ,λ

t [w(t)] + τ aIρ,λ
t [w(t)],

2. for α ∈ (n − 1, n), satisfies

aDα,λ
t [σw(t) + τw(t)] = σaDα,λ

t [w(t)] + τ aDα,λ
t [w(t)],

3. for α ∈ (n − 1, n), satisfies

C
a Dα,λ

t [σw(t) + τw(t)] = σC
a Dα,λ

t [w(t)] + τC
a Dα,λ

t [w(t)].

Proof Details of this proof are omitted here. The linearity of fractional derivatives
and integral is directly followed fron the corresponding definitions. �

Proposition 1.7.12 (Semi-group property) Let w(t) ∈ W ([a, b]) and ρ1, ρ2 > 0,

λ ∈ R. Then for all t ≥ a,

aIρ1,λ
t [aIρ2,λ

t ] = aIρ1+ρ2,λ
t w(t) = aIρ2,λ

t [aIρ1,λ
t w(t)].
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Proof With reference to the semi-group property of Riemann–Liouville fractional
integral (see, Podlubny [101]) Iρ1

t Iρ2
t w(t) = Iρ1+ρ2

t w(t), we obtain the following
tempered semi-group property of fractional integral

aIρ1,λ
t [aIρ2,λ

t w(t)] = e−λt
aIρ1

t [eλt (aIρ2,λ
t w(t))]

= e−λt
a Iρ1

t [eλt (e−λt aIρ2,λ
t (eλtw(t)))]

= e−λt
a Iρ1

t [aIρ2
t (eλtw(t))]

= e−λt
a Iρ1+ρ2

t (eλtw(t))

= aIρ1+ρ2,λ
t w(t).

�

The tempered fractional calculus is a linear operation, similar to fractional calculus.

Proposition 1.7.13 Let w(t) ∈ Cn[a, b] and α ∈ (n − 1, n). Then for all t ∈ [a, b],
there exists

C
a Dα,λ

t [w(t)]|t=a = 0.

Proof With simple argument, we obtain

∣∣C
a Dα,λ

t

∣∣ ≤
∣∣∣∣ e−λt

�(n − α)

∫ t

a

1

(t − ξ)α−n+1

dneλξw(ξ)

dξn
dξ

∣∣∣∣ ≤ Ge−λt (t − a)n−α

�(n − α + 1)
,

where G = maxt∈[a,b]
∣∣∣ dneλt w(t)

dtn

∣∣∣. Hence, we obtain the desired result from the above

analysis. �

1.7.2 Laplace Transforms of the Tempered Fractional
Calculus

Recall that the Laplace transform of a function, say f (t) and its inverse are, respec-
tively, defined as [111]

L{ f (t); s} = f̄ (s) =
∫ +∞

0
e−st f (t)dt,

and

L−1{ f̄ (s); t} = f (t) = 1

2πi

∫ s0+i∞

s0−i∞
est f̄ (s)ds, s0 = Re(s) > 0, i2 = −1.

We begin with the Laplace transform of the Riemann–Liouville tempered fractional
integral with order ρ.
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Proposition 1.7.14 The Laplace transform of the Riemann–Liouville tempered frac-
tional integral is defined as

L
(

0Iρ,λ
t f (t)

)
= (λ + s)−ρ f̄ (s).

Proof In the form of convolution, we first rewrite the Riemann–Liouville tempered
fractional integral

0Iρ,λ
t f (t) = 1

�(ρ)

∫ t

0
e−λ(t−s)(t − s)ρ−1 f (s)ds = e−λt tρ−1

�(ρ)
• f (t).

With reference to the Laplace convolution in [111]

L{ f (t) • u(t); s} = f̄ (s)ū(s),

we obtain

L{0Iρ,λ
t f (t); s} = L

{
e−λt tρ−1

�(ρ)
; s

}
L{ f (t); s}.

Recall that the Laplace transform

L{e−λt tρ−1; s} = �(ρ)(λ + s)−ρ,

we get the Laplace transform of Riemann–Liouville tempered fractional integral

L
{

0Iρ,λ
t f (t); s

}
= (λ + s)−ρ f̄ (s).

�

Next, we consider the Laplace transform of tempered fractional for the Riemann–
Liouville and the Caputo derivatives.

Proposition 1.7.15 The Laplace transform of the Riemann–Liouville tempered frac-
tional derivative is defined by

L{0Dα,λ
t f (t); s} = (s + λ)α f̄ (s) −

n−1∑
j=0

(s + λ) j
[

0Dα− j−1
t (eλt f (t))

]
|t=0

(1.7.12)
and the Laplace transform of the Caputo tempered fractional derivative is defined
as

L{C
0 Dα,λ

t f (t); s} = (s + λ)α f̄ (s) −
n−1∑
j=0

(s + λ)α− j−1

[
d j

dt j
(eλt f (t))

]∣∣∣∣
t=0

.

(1.7.13)
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Proof Considering the Riemann–Liouville tempered fractional calculus properties,
we can write the Riemann–Liouville tempered fractional derivative as

0Dα,λ
t f (t) = e−λt dn

dtn
(u(t)), n − 1 < α < n,

where u(t) is denoted by

u(t) = 1

�(n − α)

∫ t

0

eλs f (s)

(t − s)α−n+1
ds = 0In−α

t (eλt f (t)).

Further, we use the Laplace transform with integer-order derivative formula

L
{

dn

dtn
u(t); s

}
= snū(s) −

n−1∑
j=0

sn− j−1

[
d j

dt j
u(t)

]∣∣∣∣
t=0

= snū(s) −
n−1∑
j=0

s j

[
dn− j−1

dtn− j−1
u(t)

]∣∣∣∣
t=0

.

From the first translation Theorem [65, 111]

L{e−λt f (t); s} = f̄ (λ + s), λR, Re(s) > λ, (1.7.14)

we obtain

L
{

e6−λt
dn

dtn
u(t); s

}
= (s = λ)nū(s + λ) −

n−1∑
j=0

(s + λ) j

[
dn− j−1

dtn− j−1
u(t)

]∣∣∣∣
t=0

,

which shows that

L{0Dα,λ
t f (t); s} = (s + λ)nu(s + λ) −

n−1∑
j=0

(s + λ) j

[
dn− j−1

dtn− j−1
u(t)

]∣∣∣∣
t=0

.

(1.7.15)
Applying the convolution theorem once more leads to

L{u(t); s} = L{0In−α
t (eλt f (t))}

= L
{

tn−α−1

�(n − α)
; s

}
L{(eλt f (t)); }

= s−(n−α) f̄ (s − λ).

On combining the above formulae, we get

ū(s + λ) = (s + λ)−(n−α) f̄ (s). (1.7.16)
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It follows directly from the definition of the Riemann–Liouville fractional integral
that

dn− j−1

dtn− j−1
u(t) = dn− j−1

dtn− j−1 0
In−α

t (eλt f (t)) = 0D−( j−α+1)
t (eλx f (t)). (1.7.17)

Putting Eqs. (1.7.16) and (1.7.17) into (1.7.17), we obtain

L{0Dα,λ
t f (t); s} = (s + λ)α f̄ (s) −

n−1∑
j=0

(s = λ) j
0D−( j−α+1)

t (eλx f (t))|t=0.

In Caputo sense, the Laplace transform for the tempered fractional derivative can
be written as

C
0 Dα,λ

t f (t) = e−λt C
0 Dα

t (eλt f (t)) = e−λt
0In−α

t (u(t)),

u(t) = dn

dtn
(v(t)),

v(t) = eλt f (t).

Adapting the first translation theorem and the Riemann–Liouville fractional integral
(1.7.14) [111], we have

L{C
0 Dα,λ

t f (t); s} = (s + λ)−(n−α)ū(s + λ), (1.7.18)

where

ū(s + λ) = (s + λ)n v̄(s + λ) −
s−1∑
j=0

(s + λ)α− j−1

[
d j

dt j
v(t)

]∣∣∣∣
t=0

.

Bear in mind that L{v(t); s} = f̄ (s − λ), and putting the above formula into
(1.7.18), we recall the Laplace transform of the Caputo tempered fractional derivative
(1.7.13). �

Remark 1.7.16 With λ = 0 in Eq. (1.7.12), one easily obtains the Laplace transform
of the Riemann–Liouville fractional derivative [101]

L{0Dα
t f (t); s} = sα f̄ (s) −

n−1∑
j=0

s j
[

0D−( j−α+1)
t ( f (t))|t=0

]
.

Similarly, if λ = 0 in (1.7.13), we obtain the Laplace transform of Caputo derivative
[101]
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L{C
0 Dα

t f (t); s} = sα f̄ (s) −
n−1∑
j=0

sα− j−1

[
d j f (t)

dt j

∣∣∣∣
t=0

]
, n − 1 < α < n.

Observation from the Laplace transform of tempered fractional derivatives shows
that different initial value conditions are required for fractional differential equations
with different fractional derivatives. It should also be noted from Eq. (1.7.13) that the
Laplace transform for the Caputo tempered fractional derivative requires the values
of the function f (t) and its derivatives at t = 0, which are specified in physical. So
the Caputo type fractional derivatives are often applied in time direction, see, for
instance, [7, 8, 11, 13, 20, 21, 101] and the references therein.

1.8 Caputo–Fabrizio Fractional Differentiation

One of the most recent fractional derivative that was proposed in literature is the
Caputo–Fabrizio fractional derivative [8, 20, 75]. It was mentioned in their research
papers that the new derivative possess additional motivating properties than the pre-
viously existing versions. The fractional derivative proposed in [20] with a smooth
kernel based on two different representation for the spatial variable and time. The first
definition performs better on the time variables; which make it easier and suitable to
use the Laplace transform. The second definition is related to the spatial variables,
by a non-local fractional derivative, for which it is more convenient to use with the
Fourier transform.

Here we start by presenting the definition of the known Caputo fractional deriva-
tive of order α with α ∈ [0, 1] and a ∈ [−∞, t), f ∈ H 1(a, b), b > a, defined by
[18, 52, 75]

CDα
t f (t) = 1

�(1 − α)

∫ t

a

f (s)

(t − s)α
ds. (1.8.1)

By changing the kernel (t − s)−α with the function exp
(− α

1−α
t
)

and 1
�(1−α)

with M(α)

1−α
one gets the Caputo–Fabrizio fractional derivative of order 0 < α < 1 as introduced
in [20]. That is,

C FDα
t f (t) = M(α)

(1 − α)

∫ t

a
f (s) exp

[
−α(t − s)

1 − α

]
ds, (1.8.2)

where M(α) is known to be a normalized function such that M(0) = M(1) = 1.
According to their definition, if f is a constant function, then C FDα

t f = 0, as in
the case of elderly Caputo fractional derivative. The major difference between the
Caputo and the Caputo–Fabrizio definition is that, contrary to the formal definition,
the new kernel possesses no singularity for t = s.
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1.8.1 Caputo–Fabrizio Fractional Derivative in Caputo Sense

In [20], the proposed derivative was also applied to functions that do not belong
to H 1(a, b). The definition in (1.8.2) was formulated for f ∈ W 1(−∞, b), for any
α ∈ [0, 1] as

C FDα
t f (t) = αM(α)

(1 − α)

∫ t

−∞
( f (t) − f (s)) exp

[
−α(t − s)

1 − α

]
ds.

By putting

γ = 1 − α

α
∈ [0,∞], α = 1

1 + γ
∈ [0, 1]

the definition (1.8.2) takes the form

C F Dγ
t = N (γ)

γ

∫ t

a
ḟ (s) exp

[
− (t − s)

γ

]
ds, (1.8.3)

where γ ∈ [0,∞] and N (γ) is the normalization constant that corresponds to M(α),
in such that N (0) = N (∞) = 1. Since

lim
γ→0

1

γ
exp

[
− (t − s)

γ

]
= σ(t − s)

and for α → 1, we have γ → 0. Then

lim
α→1

C FDα
t f (t) = lim

α→1

M(α)

1 − α

∫ t

a
ḟ (s) exp

[
−α(t − s)

1 − α

]
ds

(1.8.4)

= lim
γ→0

N (γ)

γ

∫ t

a
ḟ (s) exp

[
− (t − s)

γ

]
ds = ḟ (t).

But if α → 0, when γ → +∞, then

lim
α→0

C FDα
t f (t) = lim

α→0

M(α)

1 − α

∫ t

a
ḟ (s) exp

[
−α(t − s)

1 − α

]
ds

(1.8.5)

= lim
γ→+∞

N (γ)

γ

∫ t

a
ḟ (s) exp

[
− (t − s)

γ

]
ds = f (t) − f (a).
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1.8.2 The Laplace Transform of the Caputo–Fabrizio
Fractional Derivative

It is well established that Laplace Transform plays an important role in the study
of ordinary differential equations. In order to study the properties of the Caputo–
Fabrizio fractional derivative as given in Eq. (1.8.3) with a = 0 and variable τ as

L [
C FDα

t f (t)
] = 1

(1 − α)

∫ ∞

0
exp −τ t

∫ t

0
ḟ (s) exp −α(t − s)

1 − α
dsdt.

By using the convolution property, we obtain

L [
C FDα

t f (t)
] = 1

(1 − α)
L( ḟ (t))L

(
exp − αt

1 − α

)
= (τL( f (t) − f (0))

τ + α(1 − τ )
.

Similarly,

L
[

C FDα+1
t f (t)

]
= 1

(1 − α)
L( f̈ (t))L

(
exp − αt

1 − α

)
= (τ2L[ f (t)] − τ f (0) − f ′(0))

τ + α(1 − τ )
.

And finally,

L [
C FDα+n

t f (t)
] = 1

(1 − α)
L [

f n+1(t)
]L

(
exp − αt

1 − α

)
=

τ n+1L[ f (t)] − τ n f (0) − τ n−1 f ′(0) · · · − f (n)(0)

p + α(1 − p)
.

1.8.3 Fourier Transform of Fractional Gradient, Divergence
and Laplacian

For a function w(x) : R
3 → R, the Fourier transform (F) of the fractional gradient

is defined as

F (∇αw(x)) (ζ) =
∫

R3
∇αw(x) exp[−2πiζ · x]dx.

By considering the gradient formula in [20], the Fourier transform is written as

F(∇αw)(ζ) = α

(1 − α)
√

πα
F

(∫
R3

∇w(y) exp

[
−α2(x − y)2

(1 − α)2

]
dy

)
(ζ)

= α

(1 − α)
√

πα
F(∇w)(ζ)F

(
exp

[
− α2x2

(1 − α)2

])
(ζ),
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where

F
(

exp

[
− α2x2

(1 − α)2

])
(ζ) = (1 − α)

√
π

α
exp

[
−π2(1 − α)2ζ2

α2

]
.

Thus, we get

F(∇αw)(ζ) =
√

π1−αF(∇w)(ζ) exp

[
−π2(1 − α)2ζ2

α2

]
.

Similarly, the Fourier transform of fractional divergence is given as

F(∇α · w)(ζ) = α

(1 − α)
√

πα
F

(∫
	

∇ · w(y) exp

[
−α2(x − y)2

(1 − α)2

]
dy

)
(ζ)

=
√

π1−αF(∇ · w)(ζ) exp

[
−π2(1 − α)2ζ2

α2

]
.

By using the definitions of fractional gradient and divergence, one can suggest
the representation of the fractional Laplacian for a given function f (x) : 	 → R

3,
such that ∇ f (x).n|∂	 = 0, as

(∇2)α f (x) = α

(1 − α)
√

π
α

∫
	

∇ · ∇ f (y) exp

[
−α2(x − y)2

(1 − α)2

]
dy.

By Theorem 2.1 of [20], we get

(∇2)α f (x) = ∇ · ∇α f (x) = ∇α · ∇ f (x).

Next, we assume that f (x) = 0, on ∂	 and consider the Fourier transform

F((∇2)α f (x)) = α

(1 − α)
√

π
α

(∫
R3

∇2 f (y) exp

[
−α2(x − y)2

(1 − α)2

]
dy

)
(ζ)

= α

(1 − α)
√

π
α F(∇ · ∇ f (x))(ζ)F

(
exp

[
− α2x2

(1 − α)2

])
(ζ)

= 4π|ζ|2F( f (x))(ζ)
√

π1−α exp

[
− (1 − α)2ζ2

α2

]
(1.8.6)

substituting for α = 1 in (1.8.6), we have

F((∇2) f (x)) = − lim
α→1

4π|ζ|2F( f (x))(ζ)
√

π1−α exp

[
− (1 − α)2ζ2

α2

]

= −4π|ζ|2F( f (x))(ζ).
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1.8.4 Caputo–Fabrizio Fractional Derivative
in Riemann–Liouville Sense

Let us recall from [35] that the Riemann–Liouville fractional derivative

aDα
t f (t) = M(α)

1 − α

d

dt

∫ t

a
f (τ ) exp

(
− α

1 − α
(t − τ )

)
dτ

can be written in the form

aDα
t f (t) = M(α)

1 − α

d

dt
( f (t) ∗ g(t)), (1.8.7)

where g(t) = exp
(− αt

1−α

)
, and ∗ denotes the Laplace convolution operator which

defines the convolution integral with the functions

f (t) ∗ g(t) =
∫ t

a
f (τ )g(t − τ )dτ .

In what follows and in the spirits of Goufo and Atangana [35], we briefly consider the
new Caputo–Fabrizio derivative of the sine function, with application in physics. For
instance, we let function f (t) = sin ωt , for general order α with a = 0 and ω = 1,
we have

Dα
t sin ωt = M(α)

1 − α

d

dt

∫ t

0
sin τ exp

(
− α

1 − α
(t − τ )

)
dτ

= (α − 1) sin t + α cos t − α exp
(

αt
1−α

)
1 + 2α(α − 1)

.

The results at some instances of α are displayed in Fig. 1.4. It is obvious that the new
derivative exhibits a similar behaviour to the Caputo–Fabrizio fractional derivative
[20, 35] for values α closer to one than α closer to zero.

Next, we consider the Laplace transform of the Caputo–Fabrizio fractional deriva-
tive in Riemann–Liouville sense. Without loss of generality, we let a = 0, and
assume 0Dα

t = Dα
t . By using definition (1.8.7) and property of the Laplace transform

L( f (t), s), we get

L(Dα
t , s) = M(α)

1 − α
L
(

d

dt

∫ t

0
f (τ ) exp

(
− α

1 − α
(t − τ )

)
dτ , s

)

= M(α)

1 − α
L
(

d

dt
( f (t) ∗ g(t)), s

)

= M(α)

1 − α
[sL( f (t), s)L(g(t), s)] .
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Fig. 1.4 Behaviour of
function Dα

t sin ωt, ω = 1
at some instances of
fractional power α. Top:
when α = 0.16, middle:
when α = 0.30 and bottom
panel for α = 0.90

Hence,

L (Dα
t f (t), s

) = s M(α)

s + α(1 − s)
L( f (t), s). (1.8.8)
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1.9 Stretch Fractional Differentiation

Fractional derivative problems with exponential kernels have obvious some limita-
tions when characterizing anomalous relaxation and diffusion of a non-exponential
nature [113]. Here, we only report the proposed and legitimate version of the stretched
exponential function of Caputo type:

ScD� f (t) = M(α)

(1 − α)

1/α ∫ t

a
f ′(τ ) exp

[
−α(t − τ )α

1 − α

]
dτ , 0 < α < 1,

where Sc stands for the stretched exponential Caputo definition, and M(α) is the
usual normalization function.

The β−order version of fractional derivative, for β > 1 and β = n = α, α ∈
(0, 1] and n integer is defined as

ScDβ f (t) = SDα f (n)(t) = M(α)

(1 − α)

1/α ∫ t

a
f n+1(τ ) exp

[
−α(t − τ )α

1 − α

]
dτ .

The stretched exponential kernel with strong memory is proposed as

ScDα = 1

(1 − α)1/α�(1 + α)

∫ t

a
f ′(τ ) exp

[
− α

1 − α

(
t − τ

t

)α]
dτ . (1.9.1)

Apart from the strong memory, another merit of definition (1.9.1) is that the fractional
dimension model in the application of fractional derivative operators can be handled
with the introduction of the expression of (t − τ )/t , see Sun et al. [113] for details.

1.10 The Atangana–Baleanu Fractional Derivative
and Integral

In this subsection, we briefly present the definitions and properties of the Atangana–
Baleanu fractional derivative and integral in the senses of Caputo and Riemann–
Liouville derivatives.

Recall that the Mittag–Leffler function is the solution of equation of the form [9,
46, 52]

dαu

dxα
= au, 0 < α < 1.

In the spirit of [9], we consider the generalized Mittag–Leffler function

Eα(−tα) =
∞∑

s=0

(−t)αs

�(αs + 1)
.
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At point t , we give the Taylor series of exp[−(t − u)] by

exp[−a(t − u)] =
∞∑

s=0

[−a(t − u)]s

s! . (1.10.1)

By choosing a = a/(1 − α) and replacing the expression in the above equation into
the Caputo–Fabrizio derivative, we have

Dα
t [ f (t)] = M(α)

1 − α

∞∑
s=0

(−a)s

s!
∫ t

a

d f (u)

du
[(t − u)]sdu. (1.10.2)

The following expression is derived to solve the non-locality problem. In Eq. (1.10.2),
we replace s! by �(αs + 1), similarly let (t − u)s be replaced by (t − u)αs to get

Dα
t [ f (t)] = M(α)

1 − α

∞∑
s=0

(−a)s

�(αs + 1)

∫ t

a

d f (u)

du
[(t − u)]αsdu.

As a result, Atangana and Baleanu [9] proposed the following derivative.

Definition 1.10.1 Let f ∈ H 1(a, b), a < b, α ∈ [0, 1] then, the definition of the
Atangana and Baleanu fractional derivative in Caputo sense is given as

ABC
a Dα

t [ f (t)] = M(α)

1 − α

∫ t

a
f ′(x)Eα

[
−α

(t − x)α

1 − α

]
dx, (1.10.3)

where M(α) has the same properties as in the case of the Caputo–Fabrizio fractional
derivative.

The above definition is considered to be useful to discuss real-world problems,
and it will also be a great advantage when applying the Laplace transform to solve
some real-life (physical) models with initial conditions. However, it should be noted
that we do not recover the original function when α = 0 except when at the origin the
function vanishes. To avoid this kind of problem, the following definition is proposed.

Definition 1.10.2 Let f ∈ H 1(a, b), a < b, α ∈ [0, 1] then, the definition of the
Atangana–Baleanu fractional derivative in Riemann–Liouville sense becomes

AB R
a Dα

t [ f (t)] = M(α)

1 − α

d

dt

∫ t

a
f (x)Eα

[
−α

(t − x)α

1 − α

]
dx . (1.10.4)

Obviously, both (1.10.3) and (1.10.4) possess a non-local kernel. We also obtain zero
whenever the function in Eq. (1.10.3) is constant.

Next, we consider some properties of the Atangana–Baleanu fractional deriva-
tives. We begin by presenting the relation between both derivatives in the senses of
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Riemann–Liouville and Caputo with the Laplace transform. By simple calculation,
we conclude that

L {
AB R
0 Dα

t [ f (t)]} (q) = M(α)

1 − α

qαL{ f (t)}(q)

qα + α
1−α

(1.10.5)

and

L {
AB R
0 Dα

t [ f (t)]} (q) = M(α)

1 − α

qαL{ f (t)}(q) − qα−1 f (0)

qα + α
1−α

(1.10.6)

are the Laplace transform for the respective derivatives. Hence, we establish the
following theorem.

Theorem 1.10.3 Let f ∈ H 1(a, b), a < b, α ∈ [0, 1] then, the following rela-
tion is obtained

ABC
0 Dα

t [ f (t)] = AB R
0 Dα

t [ f (t)] + H(t). (1.10.7)

Proof By applying the Laplace transform to both sides of the relation (1.10.7), we
easily obtain the result

L {
ABC
0 Dα

t [ f (t)]} (q) = M(α)

1 − α

qαL{ f (t)}(q)

qα + α
1−α

− qα−1 f (0)

qα + α
1−α

M(α)

1 − α
.

From (1.10.5), we obtain

L {
ABC
0 Dα

t [ f (t)]} (q) = L {
AB R
0 Dα

t [ f (t)]} (q) − qα−1 f (0)

qα + α
1−α

M(α)

1 − α
. (1.10.8)

By applying the inverse Laplace transform on both sides of (1.10.8), we have

ABC
0 Dα

t [ f (t)] = AB R
0 Dα

t [ f (t)] − M(α)

1 − α
f (0)Eα

(
− α

1 − α
tα

)
.

The proof is completed. �

Theorem 1.10.4 Let f be a continuous function on [a, b]. Then, the following
inequality is satisfied on a closed interval [a, b]:

∥∥AB R
0 Dα

t [ f (t)]∥∥ <
M(α)

1 − α
B, ‖g(t)‖ = max

a≤t≤b
|g(t)|.
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Proof

∥∥∥AB R
0 Dα

t [ f (t)]
∥∥∥ =

∥∥∥∥ M(α)

1 − α

d

dt

∫ t

0
f (x)Eα

[
−α

(t − x)α

1 − α

]
dx

∥∥∥∥ <
M(α)

1 − α

∥∥∥∥ d

dt

∫ t

0
f (x)dx

∥∥∥∥ ,

= M(α)

1 − α
‖ f (x)‖.

The proof is completed whenever B is taking to ‖ f (x)‖. �

Theorem 1.10.5 The Atangana–Baleanu fractional derivative in senses Riemann–
Liouville and Caputo satisfy the Lipschitz condition, for the given functions f and
g, the following inequalities can be obtained:

∥∥AB R
0 Dα

t [ f (t)] − AB R
0 Dα

t [g(t)]∥∥ ≤ H‖ f (t) − g(t)‖ (1.10.9)

and ∥∥ABC
0 Dα

t [ f (t)] − ABC
0 Dα

t [g(t)]∥∥ ≤ H‖ f (t) − g(t)‖. (1.10.10)

Here the proof of (1.10.9) is given as that of (1.10.10). It can also be obtained vice
versa.

Proof

∥∥AB R
0 Dα

t [ f (t)] − AB R
0 Dα

t [g(t)]∥∥ =
∥∥∥∥ M(α)

1 − α

d

dt

∫ t

0
f (x)Eα

[
−α

(t − x)α

1 − α

]
dx

− M(α)

1 − α

d

dt

0

t
g(x)Eα

[
−α

(t − x)α

1 − α

]
dx

∥∥∥∥ .

By using the Lipschitz condition of the first derivative, it is possible to find a small
constant, such that

∥∥∥AB R
0 Dα

t [ f (t)] − AB R
0 Dα

t [ f (t)]
∥∥∥ <

M(α)φ1

1 − α
Eα

(
−α

tα

1 − α

)∥∥∥∥
∫ t

0
f (x)dx −

∫ t

0
g(x)dx

∥∥∥∥

and we obtain the following results

∥∥AB R
0 Dα

t [ f (t)] − AB R
0 Dα

t [ f (t)]∥∥ <
M(α)φ1

1 − α
Eα

(
−α

tα

1 − α

)
‖ f (x) − g(x)‖t

= H‖ f (x) − g(x)‖

which leads to the required result. �

Let f be n−times differentiable function with natural number f (s)(0) = 0, s =
1, 2, . . . , n, then by inspection we have

ABC
0 Dα

t

dn f (x)

dtn
= dn

dtn

{
ABC
0 Dα

t [ f (t)]} .
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Taking the inverse Laplace transform and using the convolution theorem, we can
prove that the time-fractional ordinary differential equation

ABC
0 Dα

t [ f (t)] = ω(t)

possesses a unique solution of the form

f (t) = 1 − α

M(α)
ω(t) + α

M(α)�(α)

∫ t

0
ω(u)(t − u)α−1du.

Definition 1.10.6 The Atangana–Baleanu fractional integral of order α with base
point a with non-local kernel is defined as

AB
a Iα

t { f (t)} = 1 − α

M(α)
f (t) + α

M(α)�(α)

∫ t

a
f (u)(t − u)α−1du.

When α = 0, we obtain the initial function, and for α = 1, we get the ordinary
integral.

1.11 The Riesz Potential and Riesz Fractional Derivatives

Let 0 < α < 1. We consider the following integrals:

Rα f (x) = 1

2�(α) cos απ
2

∫ ∞

−∞
1

|x − τ |1−α
f (τ )dτ , x ∈ R, (1.11.1)

Hα f (x) = 1

2�(α) sin απ
2

∫ ∞

−∞
sgn(x − τ )

|x − τ |1−α
f (τ )dτ , x ∈ R, (1.11.2)

where Rα f and Hα f are known to be the respective Riesz potential and the conjugate
Riesz potential of the order α on R [6, 52, 98]. The following proposition is satisfied
for Eq. (1.11.2).

Proposition 1.11.1 ([6, 118]) The Riemann–Liouville fractional integral and the
Riesz potential, for x ∈ R, are connected by the following relations:

−∞Iα
x f (x) = cos

απ

2
Rα f (x) + sin

απ

2
Hα f (x),

∞Iα
x f (x) = cos

απ

2
Rα f (x) − sin

απ

2
Hα f (x),

Rα f (x) = 1

2 cos απ
2

(
−∞Iα

x f (x) + ∞Iα
x f (x)

)
,

Hα f (x) = 1

2 sin απ
2

(
−∞Iα

x f (x) − ∞Iα
x f (x)

)
.
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Again, if α > 0, β > 0 and α + β < 1, then

RαRβ f (x) = Rα+β f (x) and HαHβ f (x) = −Hα+β f (x), x ∈ R.

With appropriate assumptions on f , the integrals (1.11.1) and (1.11.2).

Proposition 1.11.2 ([52]) Let 1 ≤ r ≤ ∞ and 1 ≤ s ≤ ∞. Then, Rα is a bounded
operator from Lr (R) into Ls(R) provided

0 < α < 1, 1 < r <
1

α
,

1

s
= 1

r
− 1

α
.

The Fourier transforms of Rα and Hα are, respectively, given as

F[Rα f (x)](ϕ) = 1

|ϕ|α f̂ (ϕ)

and

F[Hα f (x)](ϕ) = -isgn(ϕ)

|ϕ|α f̂ (ϕ), ϕ ∈ R,

see Butzer and Westphal [17] for details.

Definition 1.11.3 ([17, 98, 118]) The Riesz fractional derivative of order α is
defined as

RDα f (x) = d

dx
H1−α f (x) = 1

2�(1 − α) cos απ
2

d

dx

∫ ∞
−∞

sgn(x − τ )

|x − τ |α f (τ )dτ , x ∈ R, (1.11.3)

and the conjugate Riesz derivative of order α is given by

RcDα f (x) = d

dx
R1−α f (x) = 1

2�(1 − α) sin απ
2

d

dx

∫ ∞
−∞

1

|x − τ |α f (τ )dτ , x ∈ R. (1.11.4)

The Fourier transforms of (1.11.3) and (1.11.4) for α ∈ (0, 1) are presented as

F[RDα f (x)](ϕ) = |ϕ|α f̂ (ϕ)

and
F[RcDα f (x)](ϕ) = i |ϕ|αsgn(ϕ) f̂ (ϕ), ϕ ∈ R

respectively, which means that RDα inverts Rα, and RcDα inverts H, provided the
involved functions satisfied some additional conditions [17, 110].
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1.11.1 The Atangana–Gómez Fractional Derivative

The branch of applied mathematics (such as physics, statistics, economics and
finance) finds its application in scientific, social and industrial problems. One of
the most used tools in applied statistical tool is perhaps the concept of distributions.
The normal distribution is an important tool in statistics and also found useful in no
small measure in areas of applied natural science and social sciences to portray the
distribution of unknown real-valued random variables. The existence of the normal
distribution in practical problem has been reported in many fields, for example, in
biology, the well-known logarithm of many variables converge to the shape of normal
distribution, which is, they converge to log-normal distribution observed after sepa-
ration on male and female subpopulations which is in other way include measures of
size of living tissue in particular their height, length, weight and skin area, see [10]
for further illustration.

Another physical problem in biology is the length of inert supplements, for exam-
ple, claws, hair, nails and teeth of given biotic specimens, of course in the direction of
growth; presumably the thickness of tree back also falls under category [81]. Addi-
tionally talking of certain physiological measurements like blood pressure of adult
humans. In mathematical finance, specifically speaking the Black–Scholes model
changes in Logarithm of exchange rates, where both the price and stock market
indices are assumed to follow the normal distribution [25]. A keen observation of a
natural problem following the normal law is the distribution of long duration liber-
ation or rainfall monthly or yearly totals. Many other physical occurrences can be
mentioned. In what follows, we shall present the definitions and properties of the
new derivative proposed by Atangana and Gómez [10].

Definition 1.11.4 Let u be an n−differentiable function on interval (a, b), then the
derivative of u with averaging kernel of order n − 1 < α ≤ n is defined by

AG AC
a Dα

t {u(t)} = AG(α)

n − α

∫ t

a
un(τ ) exp

[
− α

n − α
(t − τ )2

]
dτ , (1.11.5)

where dα

dtα = AG AC
a Dα

t denotes the Atangana–Gómez Averaging fractional derivative
in Liouville–Caputo sense with respect to t and the term AG(α) is a normalization
function.

Definition 1.11.5 Let u be a non-differentiable continuous function on interval
(a, b), then the derivative of u with averaging kernel of order n − 1 < α ≤ n is
defined by

AG AR
a Dα

t {u(t)} = AG(α)

n − α

dn

dtn

∫ t

a
u(τ ) exp

[
− α

n − α
(t − τ )2

]
dτ , (1.11.6)



1.11 The Riesz Potential and Riesz Fractional Derivatives 73

where dα

dtα = AG AR
a Dα

t denotes the Atangana–Gómez Averaging fractional derivative
in Riemann–Liouville sense with respect to t and the function AG(α) is a normalized
type.

Theorem 1.11.6 The Laplace transform of (1.11.5) yields

L
{

AG AC
0 Dα

t {u(t)}
}

= AG(α)

1 − α
[sU (s) − u(0)] ·

(
1

s

)
2
�1

⎡
⎣(1, 2), (1, 1)

− α
1−α · 1

s2

(1, 1);

⎤
⎦ ,

(1.11.7)
where the function a�b denotes the Wright’s generalized hyper-geometric function
[73].

Proof See Atangana and Gómez [10]. �

Theorem 1.11.7 The Laplace transform of (1.11.6) yields

L {
AG AR
0 Dα

t {u(t)}} = AG(α)

1 − α
U (s)·2�1

×
⎡
⎣(1, 2), (1, 1)

− α
1−α

· 1
s2

(1, 1);

⎤
⎦ .

Theorem 1.11.8 The Sumudu transform of (1.11.5) gives

ST
{

AG AC
0 Dα

t {u(t)}} = AG(α)

1 − α
[ST {U (t) − u(0)}] ·2 �1

×
⎡
⎣(1, 2), (1, 1)

− α
1−α

· v2

(1, 1);

⎤
⎦ .

Theorem 1.11.9 The Sumudu transform of (1.11.6) gives

ST
{

AG AR
0 Dα

t {u(t)}} = AG(α)

1 − α

ST {U (t)}
v

·2 �1

⎡
⎣(1, 2), (1, 1)

− α
1−α

· v2

(1, 1);

⎤
⎦ .

(1.11.8)

Theorem 1.11.10 The Fourier transform of (1.11.5) gives

F {
AG AC
0 Dα

t {u(t)}} = AG(α)

1 − α
(ik)F{u(t)}

√
π

a

[
exp

(
− k2

4a

)]
, (1.11.9)

where a = 1−α
α

.
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Theorem 1.11.11 The Fourier transform of (1.11.6) gives

F {
AG AR
0 Dα

t {u(t)}} = AG(α)

1 − α
U (k)

√
π

a

[
exp

(
− k2

4a

)]
, (1.11.10)

where a = 1−α
α

.

Theorem 1.11.12 The Mellin transform of (1.11.5) gives

M
{

AG AC
0 Dα

t {u(t)}} = AG(α)

1 − α
(s − 1)M(s − 1) × �(s/2)

2as/2
, (1.11.11)

where a = 1−α
α

.

Theorem 1.11.13 The Mellin transform of (1.11.6) gives

M
{

AG AR
0 Dα

t {u(t)}} = AG(α)

1 − α
M(s) × �(s/2)

2as/2
, (1.11.12)

where a = 1−α
α

.

Theorem 1.11.14 Let u be a continuous function, such that AG AR
0 Dα

t { f (t)} exists
then, for 0 < α ≤ 1, the following equation

AG AR
0 Dα

t { f (t)} = v(t)

has unique solution.

Proof By applying the Fourier transform on both sides of above equation, we obtain

(F)[v(t)] = AG(α)

1 − α
iχ(F)[u(t)] · (F)

[
exp

(
− α

1 − α
t2

)]
,

(F)[v(t)] = AG(α)

1 − α
iχ(F)[u(t)]

⎡
⎣ 1√

2
√

α
1−α

⎤
⎦
[

exp

(
χ2 α − 1

4α
t2

)]
,

(F)[v(t)] = √
2

√
α

1 − α
(F)[v(t)]

(
1

iχ

)(
1 − α

AG(α)

)[
χ2(1 − α)

4α

]
.

Using the inverse Fourier transform in conjunction with convolution theorem, we
have
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u(t) = −√
2

√
α

1 − α

∫ t

0
v(τ )

(
1 − α

AG(α)

)
·
(√

π

2

)
erfc

⎡
⎣ t − τ

2
√

α−1
α

⎤
⎦ dτ ,

=
√

2α(1 − α)√
AG(α)

∫ t

0
v(τ )erfc

⎡
⎣− t − τ

2
√

α−1
α

⎤
⎦ dτ ,

the erfc(·) represents the error function given in [43]. �

Definition 1.11.15 Lef u be a continuous function defined on (a, b), then the
Atangana–Gómez Averaging integral of u with order α is defined by

AG
0 Iα

t {u(t)} =
√

2α(1 − α)√
AG(α)

∫ t

0
v(τ )erfc

⎡
⎣− t − τ

2
√

α−1
α

⎤
⎦ dτ . (1.11.13)

Theorem 1.11.16 Let u and v be two continuous functions for which AG AR
0 Dα

t {u(t)}
and AG AR

0 Dα
t {v(t)} exist. There exists a positive real number c such that

∥∥AG AR
0 Dα

t {u(t)} −AG AR
0 Dα

t {v(t)}∥∥ ≤ c ‖u(t) − v(t)‖ .

Proof

∥∥∥AG AR
0 Dα

t {u(t)} −AG AR
0 Dα

t {v(t)}
∥∥∥

= AG(α)

1 − α

∥∥∥∥ d

dt

∫ t

0

{
u(τ ) exp

[
− α

1 − α
(t − τ )2

]
− v(τ ) exp

[
− α

1 − α
(t − τ )2

]}∥∥∥∥ dτ

≤ AG(α)

1 − α
�1

∫ t

0
‖u(t) − v(t)‖ exp

[
− α

1 − α
(t − τ )2

]
dτ ,

≤ AG(α)

1 − α
�1

(
1

2

√
π

)(√
α − 1

α

)
erfc

⎡
⎣i

⎛
⎝− t√

α−1
α

⎞
⎠
⎤
⎦ ‖u(t) − v(t)‖ ,

≤ K ‖u(t) − v(t)‖ ,

where

K = AG(α)

1 − α
�1

(
1

2

√
π

)(√
α − 1

α

)
erfc

⎡
⎣i

⎛
⎝− t√

α−1
α

⎞
⎠
⎤
⎦ .

The proof is completed. �

Theorem 1.11.17 Let u be a continuous function such that AG AR
0 Dα

t {u(t)} exists,
then

AG AC
0 Dα

t {u(t)} = AG AR
0 Dα

t {u(t)} + g(t).
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Proof

L {
AG AC
0 Dα

t {u(t)}}

= AG(α)

1 − α
L
{

exp

[
− α

1 − α
t2

]}

= AG(α)

1 − α

(∇L{u(t)} − u(0))

2
√

α
π−απ

· exp

[
−∇2

(
α − 1

4α

)]
erfc

⎡
⎣ ∇

2
√

α
π−απ

⎤
⎦ ,

= AG(α)

1 − α

L{u(t)}
2
√

α
π−απ

exp

[
−∇2

(
α − 1

4α

)]
erfc

⎡
⎣ ∇

2
√

α
π−απ

⎤
⎦

− AG(α)

1 − α

u(0)

2
√

α
π−απ

exp

[
−∇2

(
α − 1

4α

)]
erfc

⎡
⎣ ∇

2
√

α
π−απ

⎤
⎦

= L {
AG AC
0 Dα

t {u(t)}} −
AG(α)

1 − α

u(0)

2
√

α
π−απ

exp

[
−∇2

(
α − 1

4α

)]
erfc

⎡
⎣ ∇

2
√

α
π−απ

⎤
⎦ .

By taking the inverse Laplace transform produces

AG AC
0 Dα

t {u(t)} = AG AR
0 Dα

t {u(t)} − AG(α)

1 − α
f (0) exp

[
− α

1 − α
t2

]
,

= AG AR
0 Dα

t {u(t)} + g(t).

The proof is completed. �

Theorem 1.11.18 Let u be a continuous and bounded function in an interval (a, b),
then the Atangana–Gómez averaging integral satisfies

∥∥AG A
0 Iα

t {u(t)}∥∥ ≤ AG(α)

1 − α
MK1.

Proof

∥∥AG A
0 Iα

t {u(t)}∥∥ ≤
√

2α(1 − α)

AG(α)

∫ t

0
‖u(τ )‖

∥∥∥∥∥∥erfc

⎡
⎣− t − τ

2
√

α−1
α

⎤
⎦
∥∥∥∥∥∥ dτ .

Since u is bounded, we can set M < ∞ such that ‖u(t)‖ ≤ M, where t ∈ (a, b), then
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AG A
0 Iα

t {u(t)} ≤
√

2α(1 − α)

AG(α)
M

∫ t

0
erfc

⎡
⎣− t − τ

2
√

α−1
α

⎤
⎦ dτ ,

where

∫ t

0
erfc

⎡
⎣− t − τ

2
√

α−1
α

⎤
⎦ dτ =

2
(
− exp

[
α

4−4α t2
]

+ 1
)√

α−1
α + (

√
πt)erfc

[
− t−τ

2
√

α−1
α

]

√
π

,

hence, we can obtain K1 such that t ∈ (a, b)

2

(
− exp

[
α

4 − 4α
t2

]
+ 1

)√
α − 1

α
+ (

√
πt)erfc

⎡
⎣− t − τ

2
√

α−1
α

⎤
⎦ < K1.

Then ∥∥AG A
0 Iα

t {u(t)}∥∥ ≤ AG(α)

1 − α
MK1.

This completes the proof. �
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Chapter 2
Finite Difference Approximations

This chapter presents the formulation of higher order finite difference (FD) formulas
for the spatial approximation of the time-dependent reaction–diffusion problems
with a clear justification through examples, the supremacy between the second- and
fourth-order schemes. As a consequence, methods for the solution of initial and
boundary value PDEs, such as the method of lines (MOL), is of broad interest in
science and engineering. This procedure begins with the discretization of the spatial
derivatives in the PDE with algebraic approximations. The key idea of MOL is to
replace the spatial derivatives in the PDE with the algebraic approximations. Once
this procedure is done, the spatial derivatives are no longer stated explicitly in terms
of the spatial independent variables. In other words, only one independent variable is
remaining, the resulting semi-discrete problem has now become a system of coupled
ordinary differential equations (ODEs) in time. Thus, one can apply any integration
algorithm for the initial value ODEs to compute an approximate numerical solution
to the PDE. Analysis of the basic properties of these schemes such as the order of
accuracy, convergence, consistency, stability and symmetry are well examined in this
chapter.

Reaction–diffusion equations are classified as a special class of parabolic time-
dependent partial differential equations. The major way of solving the class of these
equations is through discretization. A well-known approach to solve time-dependent
partial differential equation, whose solutions vary both in time and space, is the
method of lines (MOL), Schisser and Griffits [35] and Stricwerda [40]. Application of
this method requires to first construct a semi-discrete approximation to the problem
by setting up a regular grid in space, this is achieved by discretizing the spatial
independent variables with boundary constraints. Hence, a couple system of ordinary
differential equations are generated in time, which is associated with the initial value.
Once that is done, we numerically approximate the solutions to the original time-
dependent partial differential equation by marching forward in time on this grid.
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Conveniently, we can now apply any existing, and generally well established, time-
stepping numerical methods such as the implicit–explicit (IMEX) schemes, Runge–
Kutta methods or exponential time differencing (ETD) schemes among many others.

In this chapter, for the spatial discretization, we are primarily concerned with
the use of higher order finite difference method. The discrete approximation to the
derivatives will be converted into Toeplitz matrices. The discretization in time uses
majorly the exponential time differencing schemes, other time-stepping methods
include but not limited to the fourth-order Runge–Kutta (RK4) method and implicit–
explicit schemes. A brief of each of these methods will be discussed later in this
chapter. Once computational experiments are conducted, there are some important
issues such as consistency, stability and convergence that are required to be inves-
tigated, the moment these issues as pointed out are addressed, we can now proceed
to solve numerically to solve all the classes of reaction–diffusion problems to be
considered.

2.1 Finite Difference Approximation Schemes

As one briefly learns, the differential equations that can be solved by explicit ana-
lytic formulae are few and far between. Consequently, the development of accurate
numerical approximation schemes is essential for extracting quantitative information
as well as achieving a qualitative understanding of the various behaviours of their
solutions. Even in cases, such as the heat and wave equations, where explicit solution
formulas (either closed-form or infinite series) exist, numerical methods can still be
profitably employed. Indeed, one can accurately test a proposed numerical algorithm
by running it on a known solution, providing yet another motivation to search for
explicit solutions. An alternative approach is to use a manufactured solution, in which
one starts with a preselected function, which almost certainly is not a solution to the
problem at hand.

Nevertheless, substituting this function into the differential equation and the rel-
evant initial and boundary conditions lead to an inhomogeneous problem of the
same character as the original. After running the numerical algorithm on the mod-
ified problem, one can test for accuracy by comparing the numerical output with
the preselected function. The lessons learned in the design and testing of numeri-
cal algorithms for simpler solved example, for instance, the diffusion equation is of
inestimable value when confronting more challenging reaction–diffusion problems.
Many of the basic numerical solution schemes for partial differential equations can
be fit into two broad themes. The first, to be developed in the present chapter, are
the finite difference methods, obtained by replacing the derivatives in the equation
by appropriate numerical differentiation formulae.

We thus start with a brief discussion of some elementary finite difference formulae
used to numerically approximate first and second-order derivatives of functions as we
are going to see the details in under the numerical experiments. As a basic, since most
or almost reaction–diffusion problems proposed for consideration in this thesis have
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the heat or diffusion equation as the basis, we then establish and analyse some of the
most basic finite difference schemes for the heat or diffusion equation. As we will also
learn, not all finite difference approximations lead to accurate numerical schemes,
and one must deal with the issues of stability and convergence in order to distinguish
reliable from worthless methods. In fact, we are inspired by Fourier analysis, the
crucial stability criterion follows from how the numerical scheme handles basic
complex exponentials.

The finite difference methods have gained dominance in the various fields of
computational science since its inception as the major method of choice back to
1960s. Other methods such as finite element and boundary element methods enjoyed
recent popularity, finite difference methods are still well utilized for a wide array of
computational engineering and science problems.

A finite difference scheme is produced when the partial derivatives in the partial
differential equation(s) governing a physical phenomenon are replaced by a finite
difference approximation. The result is a single algebraic equation or a system of
algebraic equations which, when solved, provide an approximation to the solution
of the original partial differential equation at selected points of a solution grid. The
solution grid (also referred to as computational grid or numerical grid) is originated
by dividing the axes representing the independent variables in the solution domain
into a number of intervals. The extreme points of the interval will represent points in
the solution grid. If we draw lines perpendicular to given axes passing through the
extreme points of the intervals, the resulting grid is the computational grid.

2.1.1 Taylor Series and Finite Difference Approximation

In the study of elementary calculus, the standard definition of derivative is of the
form

u′(x) = lim
�x→0

u(x + �x) − u(x)

�x
; (2.1.1)

it is clear that computer cannot deal with the �x → 0, so there to adopt a discrete
analogue of the continuous function. We shall use the notation u j = u(x j ) to denote
the value of the function at the j-th node of the computational grid. The nodes divide
the axis into a set of intervals of width �x j = x j+1 − x j , for a fixed space, we expect
the intervals to be of equal size which we shall denote here as �x .

It would probably be a good notion to briefly review some facts surrounding the
Taylor’s series before proceeding to discuss the mathematical formalities of the finite
difference formulas perse. From the concept of elementary calculus, we know that
the Taylor series method is used to find the expansion of a function, say, for instance,
u(x) as a power series,
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u(x) = u(a) + (x − a)

1! u′(a) + (x − a)2

2! u′′(a) + · · · =
∞∑

k=0

(x − a)k

k! uk(a).

(2.1.2)
In this context, we shall replace x and a by x j + �x and x j , respectively. We would
refer to �x as the increment in x . Hence, we can now write the Taylor series in the
form

u(x j + �x) = u(x j ) + (�x)

1! u′(x j ) + (�x)2

2! u′′(x j ) + · · · =
∞∑

k=0

(�x)k

k! uk(x j ).

(2.1.3)
and

u(x j − �x) = u(x j ) − (�x)

1! u′(x j ) + (�x)2

2! u′′(x j ) − · · · =
∞∑

k=0

(−1)k (�x)k

k! uk(x j ).

(2.1.4)

The definition of the derivative in the continuum can be used to approximate the
derivative in the discrete case. For the treatment of many problems, it is much more
convenient to take only the first two terms of the right-hand side of (2.1.3), now we
have

u(x j + �x) = u(x j ) + �xu′(x j ) + O(�x), (2.1.5)

where the expression O(�x) denotes the truncation error arising from truncating the
Taylor series approximation that is proportional to �x . Using relationship (2.1.5),
we can obtain the first-order forward difference approximation to u′(x) as

u′(x)|x=x j = u(x j + �x) − u(x j )

�x
+ O(�x), (2.1.6)

and on replacing �x by −�x , we have

u′(x)|x=x j = u(x j ) − u(x j − �x)

�x
+ O(�x), (2.1.7)

which is referred to as the first-order backward difference approximation to u′(x).
By subtracting Eq. (2.1.4) from Eq. (2.1.3), we obtain

u(x j + �x) − u(x j − �x) = 2�xu′(x j ) + O(�x3),

which when rearranged yields

u′(x j ) = u(x j + �x) − u(x j + �x)

2�x
+ O(�x2). (2.1.8)
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Equation (2.1.8) is referred to as the second-order centred difference approxi-
mation for u′(x) at point x = x j .

Again, upon adding Eqs. (2.1.3) and (2.1.4),

u(x j + �x) − u(x j − �x) = 2u(x j ) + (�x)2u′′(x j ) + O(�x4),

which we rearrange to have

u′′(x j ) = u(x j + �x) − 2u(x j ) + u(x j − �x)

�x2
+ O(�x2) (2.1.9)

known as the second-order central difference approximation to u′′(x). The right-
hand side of Eq. (2.1.9) is the error committed in terminating the series and is referred
to as the truncation error. The truncation error can be defined as the difference between
the partial derivative and its finite difference representation.

2.1.2 Higher Order Finite Difference Approximation

Higher order finite difference approximations can be obtained by taking more terms
in Taylor series expansion. The Taylor expansion provides a very useful tool for the
derivation of higher order approximation to derivatives of any order. Our interest in
this work is to use higher order finite difference formula for the spatial discretization
of the problems to be considered later in this work, so we need to create an estimate
based on step size 2�x through the Taylor series expansion

u(x j + 2�x) =
∞∑

k=0

(2�x)k

k! u(k)(x j ) (2.1.10)

u(x j − 2�x) =
∞∑

k=0

(−1)k (2�x)k

k! u(k)(x j ). (2.1.11)

Better approximation is obtained by combining these two estimates through the
process called Richardson extrapolation. For instance, we present the fourth-order
centred finite difference schemes for the first and second derivatives as

u′(x j ) = u(x j − 2�x) − 8u(x j − �x) + 8u(x j + �x) − u(x j + 2�x)

12�x
+ O(�x)4

(2.1.12)
and

u′′(x j ) = −u(x j − 2�x) + 16u(x j − �x) − 30u(x j ) + 16u(x j + �x) − u(x j + 2�x)

12�x2

+O(�x)4 (2.1.13)
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Table 2.1 Weights of some higher order centred finite difference approximation for the first deriva-
tive on equi-spaced grids

Order of accuracy u−4 u−3 u−2 u−1 u0 u1 u2 u3 u4

2 − 1
2 0 1

2

4 − 1
12 − 8

12 0 8
12 − 1

12

6 − 1
60

9
60 − 45

60 0 45
60 − 9

60
1

60

8 3
840 − 32

840
168
840 − 672

840 0 672
840 − 168

840
32

840 − 3
840

Table 2.2 Weights of some higher order centred finite difference approximation for the second
derivative on equi-spaced grids

Order of accuracy u−4 u−3 u−2 u−1 u0 u1 u2 u3 u4

2 1 −2 1

4 − 1
12

16
12 − 30

12
16
12 − 1

12

6 2
180 − 27

180
270
180 − 490

180
270
180 − 27

180
2

180

8 − 1
560

8
315 − 1

5
8
5 − 205

72
8
5 − 1

5
8

315 − 1
560

respectively. For the purpose of comparison, we present the conventional second-
order FD scheme as

u′′(x j ) = u(x j + �x) − 2u(x j ) + u(x j − �x)

�x2
+ O(�x2). (2.1.14)

Some of the important features to notice about centred finite difference schemes,
they are symmetric in nature and possess an even order of accuracy. The weights of
some of the central finite difference formulas are presented in the following tables
for the approximations of first and second derivatives.

where ui for i = 1, 2, 3, 4 has the following equivalence in the tables:

u−4 ≡ u(x j − 4�x)

u−3 ≡ u(x j − 3�x)

...
...

uo ≡ u(x j )

...
...

u3 ≡ u(x j + 3�x)

u4 ≡ u(x j + 4�x).

In general, schemes for any given derivatives of any chosen order can be derived
from Taylor expansions as long as sufficient number of sample points are used.
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These approximations are much more difficult far beyond the simple cases shown,
most especially, the higher order formulas. Readers are referred to the books by
Fornberg [8], Fornberg and Driscoll [10] where schematic illustration of how to
generate the weights of higher order centred and one-side finite differences formulas
for approximating derivatives up to fourth-order equi-spaced grids with order of
accuracy up to eighth can be found.

For more general finite difference approximations, we follow the description given
by Fornberg [9] and present briefly the short code that can be used to generate
weights of any order approximation schemes on an equi-spaced grid. The program
only requires Mathematica© (version seven and above) that is contained pre-loaded
Padé package. The complete code is

t = PadeApproximation
[
xs(Log[x]/h)m, {x, 1, {n, d}}] ;

CoefficientList [{Denominator[t],Numerator[t]}, x] .

The numbers d, m, n and s describe the shape of the stencil, where d is the number
of grid intervals in between the left- and rightmost derivative entries, m indicates the
number of derivatives to be approximated, n stands for the number of grid intervals
in between the left- and rightmost function entries, and s the number of grid intervals
in between the leftmost derivative and function entries.

2.2 Error Analysis

Next, we need to ask ourselves why using fourth-order approximation scheme instead
of the commonly used second-order scheme approximation? To answer this question,
let us quickly consider an example. Given u(x) = cos(x), let us use formulas (2.1.14)
and (2.1.13) with �x = 0.1, 0.01 and 0.001 to find approximations to u′′(0.8). The
true value here is taken to be u′′(0.8) = − cos(0.8). For instance, the calculation for
δx = 0.01 with methods (2.1.14) is

u′′(0.8) ≈ u(0.81) − 2u(0.80) + u(0.79)

0.0001

≈ 0.689498433 − 2(0.696706709) + 0.703845316

0.0001
≈ −0.696690000.

By subtracting the computed value from the true value, we found the error in this
approximation to be 1.0671e − 005. The remaining calculations are summarized in
Table 2.3.

In the same manner, we present the results of approximations fourth-order formula
(2.1.13).
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Table 2.3 Numerical approximations using second-order formula (2.1.14)

Step size (�x) Approximation Error

�x = 1.0 −0.640548935 −0.056157774

�x = 0.1 −0.696126300 −0.000580409

�x = 0.01 −0.696690000 −0.000016709

�x = 0.001 −0.696000000 −0.000706709

Table 2.4 Numerical approximations using fourth-order formula (2.1.13)

Step size (�x) Approximation Error

�x = 1.0 −0.689625413 −0.007081296

�x = 0.1 −0.696705958 −0.000000751

�x = 0.01 −0.696000000 −0.000016709

�x = 0.001 −0.696675000 −0.000031709

The results obtained in Tables 2.3 and 2.4 have shown that the fourth-order scheme
produces a better approximation when compared to its second-order counterpart. The
optimal step size for the formula (2.1.14) is at when �x = 0.01 as shown in Table 2.3
and the optimal step size to be used for Eq. (2.1.13) is when �x = 0.1. We can see
here that the fourth-order allows large step size.

We need to analyse briefly the two approximation methods of orders O(�x2) and
O(�x4) that are paramount to our discussion. Let uk = ζk + εk , where εk is the error
in computing u(xk), we can write the second-order approximation formula (2.1.14)
in the form

u′′(x) = u(x + �x) − 2u(x) + u(x − �x)

�x2
+ E(u,�x). (2.2.1)

The error term E(u,�x) consists of both truncation error and the round-off error.
That is,

E(u,�x) = Eround(u,�x) + Etrunc(u,�x)

= ε(x + �x) − 2ε(x) + ε(x − �x)

�x2
− �x2u(4)(c)

12
, (2.2.2)

where |u(4)(c)| is supposed to be bounded for c = c(x) ∈ [x − �x, x + �x], then
the truncation error in (2.2.2) goes to zero in the same manner as �x2 which is
expressed with notation O(�x2) in (2.1.14). Since it is assumed that each error εk

has magnitude ξ, and that |u(4)(x)| ≤ M , then we can obtain the error bound, if
|εk | ≤ ξ and M = max [x − �x, x + �x]{u(4)(x)}, then

|E(u,�x)| ≤ 4ξ

�x2
+ M�x2

12
. (2.2.3)
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A small value of �x will make 4ξ/�x2 coming from the round-off error to be large.
Also, when �x is large, the contribution M�x2/12 is large as well. So, the optimum
step size will minimize the quantity

γ(�x) = 4ξ

�x2
+ M�x2

12
, (2.2.4)

with γ′(�x) = 0, we obtain

− 8ξ

�x3
+ M�x2

6
= 0

which when simplifying further yields

�x2 = 48ξ

M
,

from which optimal value is obtained as

�x =
(

48ξ

M

) 1
4

, (2.2.5)

and that
M = |u(4)(x)| ≤ | cos(x)| ≤ 1.

It is clear that the portion of the error due to round-off is inversely proportional
to the square of δx , this particular term grows when �x gets small, and it is referred
to as the step-size dilemma in most cases. The only way out of this problem is
to use a higher order method that would accommodate a larger value of �x to
yield the desired accuracy. This assertion actually prompts us to seek higher order
approximation method.

Considering (2.1.13), the error term has the form

E(u,�x) = 16ξ

3�x2
+ �x4u(6)(c)

90
, (2.2.6)

where c lies in the interval [x − 2�x, x + �x]. We define a bound for |E(u,�x)|
as

|E(u,�x)| ≤ 16ξ

3�x2
+ �x4 M

90
, (2.2.7)

with |u(6)(x)| ≤ M . Thus, the optimal value for �x is given by
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�x =
(

240ξ

M

) 1
6

, (2.2.8)

and that
M = |u(6)(x)| ≤ | cos(x)| ≤ 1

2.2.1 Illustrative Example

Most physical applications in the world today are generally described in scientific
and engineering terms with respect to dimensions in both space and time. Most
mathematical descriptions exist in terms of partial differential equations explaining
the concept of physical space–time. As a result of this fact, methods for the solution
of partial differential equations, such as the method of lines by Hamdi et al. [13] and
Strikwerda [40] are still active in the current field of research. As a basic illustrative
example of a PDE, let us consider the diffusion equation

∂u

∂t
= D

∂2u

∂x2
, a ≤ x ≤ N , tini t ≤ t ≤ t f inal , (2.2.9)

where u is the dependent variable that depends on independent variables x and t
representing the one-dimensional and time, respectively. The presence of two inde-
pendent variables in (2.2.9) is the reason it is classified as a PDE. If the number
of independent variables is just one, such an equation is known to be ordinary dif-
ferential equation (ODE). In literature, Eq. (2.2.9) is regarded as diffusion or heat
equation. When applied to heat transfer, it becomes the Fourier second law, the
dependent variable u is the temperature and D is the thermal diffusivity. But in the
area of mathematical biology, which is the main scope of this work, when Eq. (2.2.9)
is applied to mass diffusion, it obeys Fick’s second law and u is termed the concen-
tration while D is the diffusion coefficient whose value must always be greater than
zero.

Solution of equation of the form (2.2.9) is subjected to some auxiliary conditions
that can be determined by the highest order of the derivatives in each of the inde-
pendent variables present (see Powers [32], Meyer [25], Kreiss and Lorenz [19]).
We refer to t as an initial value variable that requires an initial condition that starts
at say t0 = 0 and moves over a finite interval t0 ≤ t ≤ T or on semi-infinite interval
t0 ≤ t ≤ ∞. x is known as the boundary value variable that requires two boundary
conditions to be specified at both ends. This boundary value variable is expected to
be varied over a finite interval a ≤ x ≤ N , a semi-infinite interval a ≤ x ≤ ∞ or
over a fully infinite interval −∞ ≤ x ≤ ∞. So, we can write the initial condition at
t0 = 0 in the form

u(x, t = 0) = u0(x),

and the corresponding two boundary conditions could be
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u(x = a, t) = fa(t)

u(x = N , t) = fN (t),

where fa(t) and fN (t) are the given boundary values of u for all t . The basic idea
of the method of lines is to replace the spatial derivatives in the partial differential
equation with algebraic approximations. On doing this, the spatial derivatives are
no longer written explicitly in terms of the spatial independent variables, leaving
behind only the initial variable typically time in a physical problem. Thus, with only
one independent variable left, we obtain a system of ordinary differential equations
that approximate the original partial differential equation. The major task remains,
how to formulate the approximating system of ODEs. Once this is done, we can
now employ any integration algorithm for the initial value ODEs to compute an
approximate numerical solution to the PDE.

To illustrate the method of lines procedure to solve diffusion equation (2.2.9),
suppose that u(x, t) is discretized in space with N + 1 points, of which N − 1 are
the interior points, on a uniform grid with step-size δx , we have

u(x j , t) ≈ u j (t), 0 ≤ j ≤ N , (2.2.10)

where the index j indicating a position along the grid in x and �x is the spacing in
x along the grid, assumed to be constant. To find an algebraic approximation to the
spatial derivative ∂2u

∂x2 in Eq. (2.2.9), for instance, with the fourth-order centred finite
difference approximation (2.1.13) as discussed above, in such that

∂2u

∂x2

∣∣∣∣
x=x j

≈ −u j+2(t) + 16u j+1(t) − 30u j (t) + 16u j−1(t) − u j−2(t)

12�x2
+ O(�x4).

(2.2.11)
Then the method of lines approximation of Eq. (2.2.9), gives a system ODEs

u0(t) = fa(t),

du1(t)

dt
= D

[−u4(t) + 16u3 − 30u2 + 16u1(t) − u0t

12�x2

]

du2(t)

dt
= D

[−u5(t) + 16u4 − 30u3 + 16u2(t) − u1t

12�x2

]

...
... (2.2.12)

duN−1(t)

dt
= D

[−uN (t) + 16uN−1(t) − 30uN−2t + 16uN−3(t) − uN−4(t)

12�x2

]

uN (t) = fN (t),

subject to the initial conditions

u j (x, t = 0) = u0(x j ), 0 ≤ j ≤ N . (2.2.13)
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Equations (2.2.12) and (2.2.13) now constitute the complete method of lines approx-
imation of Eq. (2.2.9).

2.2.2 Order of Accuracy and Consistency

To ascertain the order of accuracy of a scheme, the finite difference approximation has
to be compared to the approximated differential. After having examined the accuracy
of individual derivatives, we will now analyse the accuracy of approximation for
partial differential equations. As a result of basic test case, we use the diffusion
equation

∂u

∂t
= D

∂2u

∂x2
, (2.2.14)

with D > 0, which we used forward difference scheme in time coupled with the cen-
tral difference (2.1.14) scheme in space, in such a way that Eq. (2.2.14) is transformed
to

un+1
j − un

j

�t
− D

un
j+1 − 2un

j + un
j−1

�x2
= 0. (2.2.15)

The modified equation for this scheme is now formulated at the point, say (x0, t0) to
yield

u(x0, t0 + �t) − u(x0, t0)

�t
− D

u(x0 + �x, t0) − 2u(x0, t0) + u(x0 − �x, t0)

�x2
= 0.

(2.2.16)
Next, the difference between the modified equation and the differential equation
is then built for checking the consistency of the scheme determining its order of
approximation obtained by means of a Taylor expansion, we have

u(x0, t0 + �t) − u(x0, t0)

�t
− D

u(x0 + �x, t0) − 2u(x0, t0) + u(x0 − �x, t0)

�x2

+ ∂t u(x0, t0) − D∂xx u(x0, t0)

= −�t

2
∂t t u(x0, t0) + D

�x2

24
∂xxxx u(x0, t0) (2.2.17)

− �t2

6
∂t t t u(x0, t0) + D

�x4

320
∂xxxxxx u(x0, t0) + · · ·

= O(�t) + O(�x2).

The right-hand side of (2.2.17) is the so-called truncation error, and the lowest powers
of �t and �x in the truncation error are the respective order of accuracies of the
finite difference approximations in time and space. Thus, the finite difference scheme
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(2.2.15) is consistent with the diffusion equation (2.2.14) to first-order accuracy in
time and second-order accuracy in space.

In the same way, we verify the consistency and accuracy of fourth order finite dif-
ference approximations (2.1.12) and (2.1.13) when used to discretized the diffusion
equation (2.2.14). Thus, after expanding each terms in Taylors series and collect the
terms in equal powers of �t and �x , we obtain

−u(x0, t0 + 2�t) + 8u(x0, t0 + �t) − 8u(x0, t0 + �t) + u(x0, t0 − 2�t)

12�t

−D
−u(x0 + 2�x, t0) + 16u(x0 + �x, t0) − 30u(x0, t0) + 16u(x0 − �x, t0)

12�x2

−u(x0 − 2�x, t0)

12�x2
+ ∂t u(x0, t0) + D∂xx u(x0, t0)

= �t4

30
∂t t t t t u(x0, t0) + D

�x4

90
∂xxxxxx u(x0, t0) + · · ·

(2.2.18)

Since the truncation error is defined as T n
j = u(x j , tn) − un

j . Therefore

|T n
j | ≤ β1�t4 + β2�x4,

where β1 and β2 denote two constants that depend on some norms of the derivatives
of u. As a result, this scheme is consistent with order of accuracy 4 in both space and
time.

Generally, if the truncation error is O(�x p,�tq), the method is pth order accurate
in x and qth order accurate in t . If the truncation error tends to zero as �x , �t → 0,
the scheme is called consistent.

A finite difference method is convergent to pth order in x and qth order in t if

‖u(x j , tn) − un
j‖ = O(�x p) + O(�tq) as �x,�t → 0 (2.2.19)

for x j , tn < T , where T is some positive time independent of �x,�t and

‖u‖p =
⎛

⎝
N∑

j=1

|u j |p�x

⎞

⎠

1
p

,

where p = 2 corresponds to Euclidean norm and p = ∞ is the maximum norm.

Definition 2.2.1 A finite difference method is
(i) Stable if

‖un‖ ≤ CT ‖u0‖

for n�t ≤ T , a fixed positive time, and all sufficiently small �x , �t .
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(ii) Exponentially stable if
CT ≤ AeBT

and
(iii) Strictly stable if CT ≤ 1.

The Lax Equivalence Theorem

By Lax equivalence theorem (Lax and Richtmeyer [21]), the importance of the con-
cepts of consistency and stability is seen in the Lax–Richtmyer equivalence theorem,
which is the fundamental theorem in the theory of finite difference schemes for initial
value problem. It states that, if a finite difference method for a given partial differ-
ential equation for which initial value problem is well posed and that the scheme is
linear, stable and accurate of order O(�x p,�tq), it is convergent.

The essential idea of the Lax equivalence theorem is this: for consistent linear finite
difference models, stability is a necessary and sufficient condition for convergence.
This is an analogue of the Dahlquist equivalence theorem for ordinary differential
equations [43]. Aside from the assumption of linearity, the formulation of the Lax
equivalence theorem is very general. Let B be a Banach space (a complete normed
vector space) with norm denoted by ||.||. In applications of interest here each element
of B will be a function of one or more space variables x . Let A : B → B be a linear
operator on this space. Here A will be a differential operator. Assuming we are given
the initial value problem

ut (t) = Au(t), 0 ≤ t ≤ T, u(0) = u0, (2.2.20)

where A is fixed but u0 may range over all elements of B. [Note, A is defined on a
dense subset of B.] It is assumed that the initial value problem (2.2.20) is well posed,
which implies that a unique solution u(t) exists for any initial data u0 and that u(t)
depends continuously upon the initial data.

Definition 2.2.2 A numerical scheme that is symmetric is consistent [7, 20] if:
(i) It has order (p, q) ≥ 1. If a scheme has order (p, q) ≥ 1, then it is consistent

with order of accuracy p ≥ 1 in space and q ≥ in time.
(ii) The sum of its first characteristic polynomial equals zero. That is

∑

j=0

α j = 0,

All the numerical schemes discussed above are found to have satisfied these condi-
tions, hence the schemes are consistent.
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2.2.3 Matrix Notation

In this chapter, our interest is beyond the use of finite difference formula to solve a
system of PDEs. Since differentiation and finite difference approximation are linear
operations, another way of representing the approximation to the differential operator
is with the use of a matrix called differentiation matrix, see Trefethen [43, 44]. For
example, using second-order centred finite difference approximation for the spatial
discretization on the uniform grid of N + 1 points, reduces the problem to N − 1
coupled system of ordinary differential equations. Thus, the differentiation matrix
with any given non-periodic boundary condition for the second derivative, form a
tridiagonal matrix of the form

L = 1

�x2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 1 0 0 . . . 0 0 0 0
1 −2 1 0 . . . 0 0 0 0
0 1 −2 1 . . . 0 0 0 0

...
...

...
. . .

...
...

...

0 0 0 0 . . . 1 −2 1 0
0 0 0 0 . . . 0 1 −2 1
0 0 0 0 . . . 0 0 1 −2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(N−1)×(N−1)

. (2.2.21)

In the same way, for the fourth-order centred finite difference approximation, the
differentiation matrix representing the second derivative is pentadiagonal matrix of
the form

L = 1

12�x2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−30 16 −1 . . . 0 0 0
16 −30 16 . . . 0 0 0
−1 16 −30 . . . 0 0 0

...
...

...
. . .

...
...

...

0 0 0 . . . −30 16 −1
0 0 0 . . . 16 −30 16
0 0 0 . . . −1 16 −30

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(N−1)×(N−1)

. (2.2.22)

In a similar fashion, we can represent higher order finite difference approximations
for the second, third and other higher derivatives in PDE problem. For the periodic
boundary conditions, L is of the same form but has a 1 in both top right and bottom
left corners. Matrix L form what is called Toeplitz matrix in which the order of the
approximation determines the sparsity of the matrix.
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Definition 2.2.3 A Toeplitz matrix is a matrix in which each ascending diagonal
from left to right has constant entries, that is, a matrix of the form

L =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

l0 l1 l2 . . . lN−1

l−1 l0 l1
. . .

...

l−2 l−1 l0
. . . l2

...
. . .

. . .
. . . l1

lN+1 . . . l−2 l−1 l0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, (2.2.23)

where the entries of L satisfy the following property:

li j = l j−i , (2.2.24)

then L is said to be a circulant matrix with eigenvalues given by

λ =
N∑

j=1

l j e
i2π( j−1) n

N , for n = 0, 1, . . . , N − 1. (2.2.25)

Definition 2.2.4 Consider the following sequence:

s = {lk : k = −p, · · · ,−1, 0, 1, · · · , q}, (2.2.26)

where p and q are positive integers. A square Toeplitz matrix L of order N is of
bandwidth (p + q + 1) ≤ N if its entry li j is a member of the sequence s and zero
otherwise. For instance, if p = q = 2, L is a pentadiagonal Toeplitz matrix.

We are primarily concerned in the eigenvalues of Toeplitz matrices obtained from
the finite difference schemes. It will also be of paramount importance for determin-
ing the linear stability of our problems. The eigenvalues of a tridiagonal Toeplitz
matrix of arbitrary order N are well understood, Mitchell [33]. The major chal-
lenge rest upon the Toeplitz matrix with higher bandwidth, the eigenvalue problems
become intractable, see, for instance, the work of Sogabe [36, 37], although some
algorithms have been derived for pentadiagonal matrices, see Cinkir [2], Kilic and
El-Milkkawy [18] and El-Milkkawy [6] for details. An attempt to circumvent the
difficulty in finding the eigenvalues of higher bandwidth Toeplitz matrices, we shall
concentrate basically on the eigenvalues of the circulant Toeplitz matrices, which is
more importantly related to our assumption of periodic boundary conditions.
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2.3 Numerical Stability and Convergence Analysis

The stability of numerical schemes is closely associated with numerical error. A
finite difference scheme is stable if the errors made at one time step of the calculation
do not cause the errors to increase as the computations are continued. A neutrally
stable scheme is one in which errors remain constant as the computations are carried
forward. If the errors decay and eventually damp out, the numerical scheme is said
to be stable. If, on the contrary, the errors grow with time the numerical scheme is
said to be unstable.

The analytical solution u(xm, tn) of the differential equation, the difference solu-
tion un

m of the difference equation and the numerical solution ūn
m can be related by

the relation of the form

|u(xm, tn) − ūn
m | ≤ |u(xm, tn) − un

m | + |un
m − ūn

m |. (2.3.1)

In a computation, it is reasonable to expect the difference between the analytical and
the numerical solution to be small. It is clear from (2.3.1) that this difference depends
on the values |u(xm, tn) − un

m | and |un
m − ūn

m |. We refer to the value |u(xm, tn) − un
m |

as the local truncation error that arises as a result of the replacement of the differ-
ential equation with the difference equation. For a convergent difference scheme,
the truncation error converges to zero as h and k both approach zero. The numerical
error |un

m − ūn
m | arises because in actual computation, we cannot solve the difference

equation exactly because of the round-off errors. By stability, we mean the errors
made at one stage of calculations do not cause increasingly large errors as the compu-
tations are progressed, but rather will eventually damp out. If the difference scheme
is stable, then the second term in (2.3.1) is practically going to zero. Thus, the results
of the convergent and stable methods are very close to the analytical values. We shall
now discuss the stability and convergence of some of the schemes considered in this
work.

There are two ways of examining the stability of a finite difference scheme. In one,
the use of Fourier method and the second method, where the difference equations
are expressed in matrix form and examine the eigenvalues of the associated matrix.
The Fourier series method is much more appropriate for our own case in this work
because of the nature of the boundary conditions of the problems we are considering.

2.3.1 Von Neumann (Fourier Series) Stability Analysis

For time-dependent problems, stability guarantees that the numerical method pro-
duces a bounded solution whenever the solution of the exact differential equation
is bounded. Stability, in general, can be difficult to investigate, especially when the
equation under consideration is nonlinear.
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One useful and simple method of finding a stability criterion for a finite difference
scheme is to construct a Fourier analysis of the difference equation and thereby derive
the amplification factor. This technique is known as von Neumann’s method.

In certain cases, von Neumann stability is necessary and sufficient for stability
in the sense of Lax–Richtmyer (as used in the Lax equivalence theorem). The PDE
and the finite difference scheme models are linear; the PDE is constant-coefficient
with periodic boundary conditions and have only two independent variables; and the
scheme uses no more than two time levels. Von Neumann stability is necessary in
a much wider variety of cases. It is often used in place of a more detailed stability
analysis to provide a good guess at the restrictions (if any) on the step sizes used in
the scheme because of its relative simplicity.

Second-order finite difference method: We begin with von Neumann stability anal-
ysis that is based on the decomposition of errors into a Fourier series by considering
first the second-order symmetric scheme. Let us consider the parabolic partial dif-
ferential equation with one spatial independent variable

∂u

∂t
= α

∂2u

∂x2
+ ru(1 − u

κ
) (2.3.2)

known as the Fisher equation. By using forward difference in time with central
difference in space (FTCS), the discretized form of (2.3.2) on a spatial interval is
written as

un+1
j − un

j

�t
= α

(un
j+1 − 2un

j + un
j−1)

�x2
+ un

j (1 − un
j ), (2.3.3)

by assuming that both r,κ = 1, which on further simplification leads to

un+1
j = un

jω(un
j+1 − 2un

j + un
j−1) + �tun

j (1 − un
j ), (2.3.4)

where ω = α �t
�x2 . We define the round-off error ξn

j as

ξn
j = U n

j − un
j (2.3.5)

we use un
j to denote the solution of the discretized equation (2.3.4) that is expected

to be computed in the absence of round-off error, and U n
j is the numerical solution

obtained in finite precision arithmetic. The exact solution un
j is expected to satisfy

the discretized equation exactly, so also for the error equation. Thus, we express the
corresponding recurrence relation for the error in (2.3.4) as

ξn
j = ξn

j ω(ξn
j+1 − 2ξn

j + ξn
j−1) + �tξn

j (1 − ξn
j ). (2.3.6)

Equations (2.3.4) and (2.3.6) indicate that the error and the numerical solution
have the same growth or decay behaviour with respect to time. For linear differential



2.3 Numerical Stability and Convergence Analysis 101

equations with periodic boundary condition, the spatial variation of error may be
expanded in a finite Fourier series in the interval l as

ξ(x) =
M∑

m=1

Ameikm x , (2.3.7)

where km = π/ l is the wavenumber with m = 1, 2, · · · , M − 1, M and M = l/�x .
The time dependence of the error is included by assuming that the amplitude of
error Am is a function of time. It is reasonable to assume that the amplitude varies
exponentially with time, since the error tends to grow or decay exponentially with
time, hence we can express (2.3.7) in the form

ξ(x, t) =
M∑

m=1

eat eikm x (2.3.8)

with a, a constant. We can consider the growth of error of a particular term since the
difference equation for error is linear, we expect the behaviour of each term of the
series in (2.3.8) to be the same as series itself, so

ξ(x, t) = eat eikm x . (2.3.9)

Without loss of generality, the stability characteristic can be studied in this form. On
substituting (2.3.9) into (2.3.8) into (2.3.4), noting how individual terms

ξn
j = eat eikm x

ξn+1
j = ea(t+�t)eikm x

ξn
j+1 = eat eikm (x+�x)

ξn
j+1 = eat eikm (x−�x)

after further simplification, Eq. (2.3.6) reduces to

ea�t = 1 + ω(eikm�x + e−ikm�x − 2). (2.3.10)

By using the identities, we can express the term eikm�x in terms of cos(km�x) +
i sin(km�x), so that

cos(km�x) = eikm�x + e−ikm�x

2
, sin2

(
km�x

2

)
= 1 − cos(km�x)

2
,

then (2.3.10) becomes

ea�t = 1 − 4ω sin2

(
km�x

2

)
. (2.3.11)
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We define the amplification factor

G ≡ ξn+1
j

ξn
j

.

The necessary and sufficient condition for the error to remain bounded is that

G ≤ 1.

However,

G = ea(t+�t)eikm x

eat eikm x
= ea�t . (2.3.12)

From Eqs. (2.3.11) and (2.3.12), we give the stability condition as

∣∣∣∣1 − 4ω sin2

(
km�x

2

)∣∣∣∣ ≤ 1, (2.3.13)

since this condition must hold for every wavenumber km , we take a minimum value
of the sine functions so that 1 − 4ω ≥ −1 and ω ≥ 0, of course, for ω = 0, it implies
that �t = 0, which is impractical. Thus, we have 0 < ω ≤ 1/2 where ω remains as
earlier defines. In order to ensure a stable solution or reduce errors, maximum care
must be exercised in selecting the value of ω. It further implies that for a given �x ,
the allowed value of �t must be small enough to satisfy ω ≤ 1/2. We conclude by
saying that a finite difference equation is stable if it produces a bounded solution
when the exact solution is bounded, and is unstable if it produces an unbounded
solution when the exact solution is bounded.

Fourth-order finite difference method: Just as we have done for the second-order
method above, we shall repeat the same process for the fourth-order method, given
consideration to diffusion equation (2.3.2). We use fourth-order central difference for
the first derivative in time and another fourth-order central difference for the second
derivative in space, we refer to this method as CTCS(4,4). We have Eq. (2.3.2) written
in the form

− un+2
j + 8un+1

j − 8un−1
j + un−2

j = ω(−un
j+2 + 16un

j+1 − 30un
j + 16un

j−1 − un
j−2) + �tun

j (1 − un
j ),

(2.3.14)
where

ω = α
�t

�x2
(2.3.15)

is called the Courant number.
In order to determine the Courant–Friedrichs–Levy (CLF) condition for the sta-

bility of (2.3.14) via von Neumann stability analysis, to achieve this we assume that
un

j = ξneik jh where ξ represents the time dependence of the solution and the expo-
nential represents the spatial dependence. Exponential jh represents the position
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along the grid and k is the spatial wave number in this case. It is assumed that the
coefficients in the equation are varying slowly that they may be considered in both
space and time. So, on substituting this we have the corresponding error equation
expressed as

− ξn+2
j + 8ξn+1

j − 8ξn−1
j + ξn−2

j = ω(−ξn
j+2 + 16ξn

j+1 − 30ξn
j + 16ξn

j−1 − ξn
j−2) + ξn

j (1 − ξn
j ),

(2.3.16)
we let

ξ( j, n) = ξneik jh (2.3.17)

On substituting (2.3.17) into (2.3.16) gives

−ξn+2eik jh + 8ξn+1eik jh − 8ξn−2eik jh + ξn−2eik jh

= ω
[−ξneik( j+2)h + 16ξneik( j+1)h − 30ξneik jh

+16ξneik( j−1)h − ξneik( j−2)h + ξneik jh(1 − ξneik jh)
]
. (2.3.18)

Dividing by ξneik( j−2)h and further simplification reduces (2.3.18) to

− ξ4 + 8ξ3 − 8ξ + 1 = ω
[−e2ikh + 16eikh − 30 + 16e−ikh − e−2ikh

]
ξ2,

(2.3.19)
or

ξ4 − 8ξ3 − ω
[−e2ikh + 16eikh − 30 + 16e−ikh − e−2ikh

]
ξ2 + 8ξ − 1 = 0,

(2.3.20)
we set

eikh = eiθ = cos θ + i sin θ,

with this identity our last equation is reduced to

ξ4 − 8ξ3 − ω(−2 cos 2θ + 32 cos θ − 30)ξ2 + 8ξ − 1 = 0. (2.3.21)

In a more compact form, we have the amplification polynomial

ξ4 − 8ξ3 − ωGξ2 + 8ξ − 1 = 0, (2.3.22)

where G = −2 cos 2θ + 32 cos θ − 30. We can see at this point that as the degree of
polynomial is increased, so also the complexity of solving the problem itself. With
the aid of a MATHEMATICA program, we resolve (2.3.22) as
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ξ1 = −2 −
√

14 + ψ

2
− 1

2

√

34 + ψ − −448 − 32ψ

4
√

14 + ψ

ξ2 = −2 −
√

14 + ψ

2
+ 1

2

√

34 + ψ − −448 − 32ψ

4
√

14 + ψ

ξ3 = −2 +
√

14 + ψ

2
− 1

2

√

34 + ψ − 112√
14 + ψ

− 8ψ√
14 + ψ

ξ4 = −2 +
√

14 + ψ

2
+ 1

2

√

34 + ψ − 112√
14 + ψ

− 8ψ√
14 + ψ

, (2.3.23)

with ψ = ωG. Ordinarily, for solution to be stable in time we must have |ξi | ≤ 1, for
i = 1(1)4. Otherwise, since n is a positive integer, ξn will be a rapid growing value.
So we look for the largest possible value of |ξ| and find the condition to keep it ≤1.
By intermediate value theorem, we let

g(ξ) = ξ4 − 8ξ3 − ωGξ2 + 8ξ − 1,

which is a continuous function. We want to show that there exists a root ξ ≤ 1 for
g(x) = 0 on [0, 1]. We now observe that

g(0) = −1 < 0 and g(1) = −ωG

with possibility of cases (i) ωG > 0, (ii) ωG = 0, and (iii) ωG < 0. It is obvious
that the scheme presented here will only satisfy the stability condition if the value
|ξG| ≤ 1, so the scheme is conditionally stable.

Again, we verify further by using backward difference approximation in time cou-
pled with central difference in space BTCS(1,4) for the first and second derivatives,
respectively, in Eq. (2.3.2). Thus,

un
j − un−1

j = ω[−un
j+2 + 16un

j+1 − 30un
j + 16un

j−1 − un
j−2] + un

j (1 − un
j ),

(2.3.24)
where ω = D�t/12�x2. By assuming

un
j = gneik jh,

then after some algebraic simplification, Eq. (2.3.24) reduces to

g − 1 = ω[−u2ikh + 16uikh − 30 + 16u−ikh − u−2ikh]g, (2.3.25)

we factorize for g and set eikh = eiθ so that (2.3.24) becomes

g(1 − ω(−2 cos 2θ + 32 cos θ − 30)) = 1, (2.3.26)
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or

g = 1

1 − ω(−2 cos 2θ + 32 cos θ − 30)
. (2.3.27)

Clearly, g ≤ 1. This method describes here which is first order in time and fourth
order in space, is unconditionally stable for any value of ω in the entire computational
domain.

The choices s = 0, d = 2, n = 2 and m = 2, produce the output

{{
h2

12
,

5h2

12
,

h2

12

}
, {1,−2, 1}

}

corresponding to the implicit fourth-order accurate formula for the second derivative

u(x + 1) − 2u(x) + u(x − 1)

h2
≈ 1

12
u′′(x + 1) + 5

6
u′′(x) + 1

12
u(x − 1).

(2.3.28)
On applying (2.3.28) to discretize (2.3.2), we have

un+1
j − 2un

j + un−1
j = ω[un

j+1 + 10un
j + un

j−1] + un
j (1 − un

j ), (2.3.29)

where ω = h2/12. To analyse the stability of (2.3.29), we assume as usual that
un

j = gnei jθ and therefore substitute accordingly to have

gn+1ei jθ − 2gnei jθ + gn−1ei jθ = ω[gnei( j+1)θ + 10gnei jθ + gnei( j−1)θ]
+gnei jθ(1 − gnei jθ), (2.3.30)

which on further simplifications, reduces to

g2 − (ω[2 cos θ + 10]g − 2)g + 1 = 0 (2.3.31)

as the amplification equation with roots

g = 1

2

(
2 − 10ω − 2ω cos θ −

√
−4 + (−2 + ω(10 + 2 cos θ))2

)

or

g = 1

2

(
2 − 10ω − 2ω cos θ +

√
−4 + (−2 + ω(10 + 2 cos θ))2

)
. (2.3.32)

In both cases, it is clear that irrespective of what value is assigned to ω, g ≤ 1. Hence,
the method is stable.

The CFL condition introduced by Courant et al. [3] implies that the scheme is
unstable when α�t ≤ �x , which agrees with our findings in each of the cases con-
sidered. Explicit schemes have the desirable property that solutions can be computed
cheaply as one moves from each time level to the next. Nevertheless, for any explicit
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scheme, the CFL condition places a restriction on the maximum permissible time
step. Thus if the mesh in the x-direction is fine (a situation that might arise at a bound-
ary layer), then large time steps will not be permitted, and consequently, an excess
of computational effort may be needed to reach ini tial time(t) = f inal time(T ).

More work per time step is needed when one uses an implicit scheme. This may be
offset by the fact that implicit schemes generally have much less restrictive conditions
(or perhaps none at all) on the maximum permissible value of �t . The CFL condi-
tion requires that the numerical domain of dependence of a finite-difference scheme
include the domain of dependence of the associated partial differential equation.
Satisfaction of the CFL condition is a necessary condition for stability, but is not
sufficient to guarantee stability.

2.3.2 Matrix Stability Analysis

Before going to discussion of matrix stability analysis perse, it is important to talk
briefly about matrices and vectors that are used in this work as many of the appli-
cations of linear algebra in the text, for instance, Leveque [23], Strikwerda [40]
Trefethen [43], Trefethen and Embere [45] used vectors with complex components.
We denote the set of complex numbers by C.

Let us consider a vector, u, as contained in our situation, as an element of C
M , that

is, u = (u1, u2, . . . , uM), where u j , the jth component of u, is a complex number.
Norms are defined as real-valued functions on a vector space that provide a notation
of the length of a vector. For example, the most common norms often considered are
the Euclidean norm denoted by �2 and defined as

|u|2 =

√√√√√

⎛

⎝
M∑

j=1

|u j |2
⎞

⎠,

the �1 norm,

|u|1 =
⎛

⎝
M∑

j=1

|u j |
⎞

⎠ ,

and the third class which is the �∞, called maximum norm,

|u|∞ = max
1≤ j≤M

|u j |.

Three important properties that are satisfied by each of these norms are; (i) |u| ≥ 0,
with equality if and only if u = 0. (ii) |u + ω| ≤ |u| + |ω|, and (iii) |αu| = |α||u|
for α ∈ C. The proof of these properties are exempted in this work, readers are
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referred to Bahouri [1], Holden and Karlsen [15], Hoffman [14] and Thomas
[41, 42], and the references therein.

An M × N matrix is defined as a linear map from C
M to C

N . We can write the
(i,j)th component of a matrix, say A in the form Ai j or simply ai j , where ai j is defined
as the ith component of Ae j . By definition, the transpose of an M × N matrix A is
the N × M matrix AT , given as

(AT )i j = Ā ji ,

where T and bar stand for the transpose and complex conjugate, respectively.
On considering both C

M and C
N with norms, we can define the norm of an M × N

of matrix A by

‖A‖ = sup
|u|=1

|Au| = sup
u �=0

|Au|
u

, (2.3.33)

where |Au| and |u| are the respective norms of C
M and C

N . Equivalence expressions
in (2.3.33) follow from the linearity of A and property (iii) mentioned earlier. In this
manner, the norm defined on the vector space M × N matrices is satisfied.

Another important aspect of a our matrix we need to mention is its nature, wether
it is positive definite, hermitian or symmetric. Matrix A is positive and semi-definite
for A ≥ 0 if 〈u, Au〉 ≥ 0 for all vectors u. We can deduce that A ≥ B if A − B ≥ 0.
For instance, if A ≥ 0, then αA ≥ 0 for all positive number α, and A ≥ 0 and B ≥ 0,
this implies that their sum, that is, A + B ≥ 0. So also, if A ≤ B, then B ≥ A. A
matrix is positive definite for A > 0 if A ≥ εI for some positive number ε. A matrix
is said to be negative definite or negative semi-definite if −A is, respectively, positive
definite or positive semi-definite. Our proposed fourth-order central finite difference
leads to a symmetric matrix. By definition, if all the components of a hermitian matrix
are real numbers, then the matrix is called a symmetric matrix. There is an extensive
literature on iterative methods for solving a linear system

Ax = b (2.3.34)

which requires to decompose the matrix A by writing it as

A = B − C (2.3.35)

and then solve the system of equations

Bxk+1 = Cxk + b (2.3.36)

iteratively. In the present case, the matrix A representing the scheme is symmetric
when the coefficient multiplying νn′,m ′ in the scheme applied at grid point (n, m)

is the same as the coefficient multiplying νn,m in the scheme applied at grid point
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(n′, m ′) for each of the unknown grid function values. The main result for symmetric,
positive definite matrices is buttressed by the following theorem.

Theorem If A is symmetric and positive definite, then the iterative method (2.3.36)
based on the splitting (2.3.35) is convergent if

ReB >
1

2
A (2.3.37)

or, equivalently, that BT + C > 0 is symmetric and positive definite, that is,

BT + C > 0. (2.3.38)

Proof We follow closely the proof as established in [40], where the matrix ReB is
assumed to be (B + BT )/2 in such a way that (2.3.37) is equivalent to

BT + B − A > 0. (2.3.39)

�

The relation defined in (2.3.35) gives an indication that it is equivalent to (2.3.38)
and that BT + C is also symmetric. To begin with, the error in the norm is measured
by A, this means that ‖x‖A = √

(x, Ax). With this norm, we have a relation

‖errk+1‖A = ‖B−1Cerrk‖A ≤ ‖B−1C‖A‖errk‖A.

It follows that if the norm B−1C is less than one, then the error will decreased at each
step of iteration and the method will converge. Hence, the norm B−1C is defined by

‖B−1C‖2
A = sup

x �=0

(B−1Cx, AB−1Cx)

(x, Ax)
= sup

x �=0

(x, CT B−T AB−1Cx)

(x, Ax)
.

Obviously, the condition ‖B−1C‖A < 1 is equivalent to CT B−T AB−1C < A, and
by considering CT BT AB−1C , using the relation in (2.3.35), we have

CT B−T AB−1C = (I − AB−T )A(I − B−1 A)

= A − (AB−T A + AB−1 A − AB−T AB−1 A).

Thus, we see that CT B−T AB−1C < A if and only if

AB−T A + AB−1 A − AB−T AB−1 A > 0, (2.3.40)

which when factorized gives AB−T (B + BT − A)B−1 A. Clearly, we can assert that
(2.3.40) is true if and only if (2.3.39) is satisfied. This implies that ‖B−1‖A is less
than one, therefore the method is convergent.
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Using the given boundary conditions, we consider a standard diffusion equation
ut = σuxx , its two level difference method is written as

A0un+1 = A1un + bn, n = 0, 1, 2, . . . , (2.3.41)

where bn is expected to have contained the boundary conditions and |A0| �= 0. For
A0 =I, the difference scheme (2.3.41) will be an explicit scheme, otherwise it is
an implicit scheme. The components of u0 are the initial values from which the
computation is started. We let ū0 be the amount of error introduced into u0, so that
the resulting equation now becomes

A0ū1 = A1ū0 + b0

A0ū2 = A1ū1 + b1

A0ū3 = A1ū0 + b2

...
...

A0ūn = A1ūn−1 + bn−1

A0ūn+1 = A1ūn + bn, n ≥ 0. (2.3.42)

On subtracting (2.3.41) from the last equation in (2.3.42), we have

A0 Ern+1 = A1 Ern, n = 0, 1, 2, . . . , (2.3.43)

where ūn − un = Ern is defined as the round-off error. In the stability analysis of
the matrix method, we determine the conditions under which the error norm

‖Ern‖ = ‖ūn − un‖,

where ‖ · ‖ indicates a stable norm, is bounded as n → ∞, with k fixed.
Again, we can rewrite Eq. (2.3.43) in the form

Ern+1 = ξErn, n = 0, 1, 2, . . . , (2.3.44)

where ξ = A−1
0 A1 and ξ is also called the amplification matrix. Setting n =

1, 2, 3, . . ., we have

‖Ern‖n+1 ≤ ‖ξ‖n+1‖Er0‖. (2.3.45)

Therefore, for the stability we require that

‖ξ‖ ≤ 1. (2.3.46)
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In this segment, the particular case is when ξ is symmetric matrix then ‖ξ‖2 = ρ(ξ)
in such a way that Eq. (2.3.46) has an equivalence form

ρ(ξ) ≤ 1, (2.3.47)

where Hilbert norm is used. The condition in (2.3.47) satisfies von Neumann neces-
sary condition for stability.

2.3.3 Convergence

A difference scheme is said to be convergent if

lim
k→0,nk→t

un(x) = u(x, t) (2.3.48)

for all x and t in the region of intersect. It is assumed that un
j is free from the round-

off errors, so that the only difference between u(x j , tn) and un
j is the error made by

replacing the differential equation by the difference equation, that is, we are talking
about the local truncation error.

We begin the study of convergence by considering the diffusion equation

ut = σuxx , a ≤ x ≤ b, t > 0 (2.3.49)

u(0, t) = g1(t) u(1, t) = gM(t) (2.3.50)

u(x, t = 0) = u0(x), (2.3.51)

where σ is the diffusion coefficient. Equation (2.3.49) can be written in a more
compact form as

ut = Lu, (2.3.52)

where L is the differential operator in space direction. On applying forward formula of
order O(h) in time and centred formula of order O(h2) in space (FTCS), Eq. (2.3.49)
becomes

un+1
j = λun

j−1 + (1 − 2λ)un
j + λun

j+1 + O(�t + �x2), j = 1, 2, . . . , M,

(2.3.53)
where λ = σ�t/�x2. In our computation, we can simply write the linear system
that results from Eq. (2.3.53) as

un+1 = L A
�un. (2.3.54)

If we use the backward difference at time tn+1 and a second-order central difference
for the space derivative at position x j . We denote their combination as the backward
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time, centred space method (BTCS), when used to approximate (2.3.49) we get the
recurrence equation

− λun+1
j−1 + (1 − 2λ)un+1

j − λun+1
j+1 = un

j + O(�t + �x2), j = 1, 2, . . . , M.

(2.3.55)
The linear system that results from (2.3.55) can be presented as

un+1 = (L B
�)−1un. (2.3.56)

The third class is obtained by using the central difference at time tn+1/2 and a
second-order central difference for the space derivative at position x j (CTCS), we
get the recurrence equation of the form

un+1
j − un

j

�t
= 1

2

(
un+1

j+1 − 2un+1
j + un+1

j−1

�x2
+ un

j+1 − 2un
j + un

j−1

�x2

)
. (2.3.57)

This formula is well referred to as the popular Crank–Nichoson scheme. By applying
(2.3.57) to approximate (2.3.49), we have

− λ

2
un+1

j−1 + (1 + λ)un+1
j − λ

2
un+1

j+1 = λ

2
un

j−1 + (1 − λ)un
j + λ

2
un

j+1 (2.3.58)

with local truncation error of order O(�t2 + �x2). Compactly, we may also write
the linear system of (2.3.58) as

un+1 = (LC
�)−1L D

�un = (L E N
� )un. (2.3.59)

By replacing �t → k and �x → h, and expanding each term in (2.3.53) in Tay-
lors series, we find the truncation error (Etrunc) of the formula as

Etrunc = u(x j , tn+1) − u(x j , tn) − λ[u(x j+1, tn) − 2u(x j , tn) + u(x j−1, tn)]
=
[(

kδt + k2

2
δt t + · · ·

)
− k

h2

(
h2δ2

x + h4

12
δ4

x

)]

= k2

2
utt − kh2

12
δ4

x u + O(k3 + kh4), (2.3.60)

where δt = ∂/∂t and δx = ∂/∂x . The Etrunc of the method is of order O(k2 + kh2).
The order of the method is given as

1

k
(Etrunc) = O(k + h2).
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If the solution of the difference equation tends to the solution of the differential
equation as h → 0 and k → 0, then the difference equation is said to be convergent.
For illustration, we can write the exact solution to difference approximation (2.3.53)
in the form

u(x j , tn+1) = u(x j , tn) + λδ2
x u(x j , tn) + O(k2 + kh2), (2.3.61)

on setting Er j
n = u(x j , tn) − un

j and En = max
j

|Er j
n |. On subtracting Eq. (2.3.53)

from Eq. (2.3.53), we have

Ern+1
j = (1 − 2λ)Ern

j + λ(Ern
j−1 + Ern

j+1) + G(k2 + kh2),

we expect that the constant G is independent of h. For λ < 1/2, the values of the
coefficients are positive and

max
j

|Ern+1
j | ≤ (1 − 2λ + λ + λ) max

j
|Ern

j | + G(k2 + kh2).

Thus, we have

En+1 ≤ En + G(k2 + kh2)

≤ En−1 + 2G(k2 + kh2)

...
...

≤ E0 + (n + 1)G(k2 + kh2)

≤ tn+1G(k2 + kh2). (2.3.62)

When tn+1 = (n + 1)k and E0 = 0, for h → 0, k → 0, we get

En+1 → 0

and that
un

j → u(x j , tn).

Hence, we say that the method is convergent.
Again, on substituting Ern

j = un
j − u(x j , tn) in (2.3.58), we get the error equation

as (
I + λ

2
J
)

Ern+1 =
(

I − λ

2
J
)

Ern + Tn, n = 0, 1, 2, . . . , (2.3.63)

where the Jacobian J is regarded as a community matrix and
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Ern = [Ern
1 , Ern

2 , . . . , Ern
j−1]T

Tn = [T n
1 , T n

2 , . . . , T n
j−1]T

T n
j = O(k3 + kh2)

J =

⎛

⎜⎜⎜⎜⎝

2 −1 0
−1 −2 −1
· · · · ·

−1 −2 −1
0 −1 2

⎞

⎟⎟⎟⎟⎠

we can write (2.3.63) compactly as

Ern+1 = AErn + ςn, n = 0, 1, 2, . . . , (2.3.64)

where

A =
(

I + λ

2
J
)−1 (

I − λ

2
J
)

and
ςn = (I + λ2J)−1Tn.

Recursive application of (2.3.64) yields

Ern+1 = An Er0 +
n∑

a=1

An−aςa−1, n = 0, 1, 2, . . . . (2.3.65)

This means in other words that

‖Ern‖ ≤ ‖A‖n‖Er0‖ +
n∑

a=1

‖A‖n−a‖ςa−1‖

≤ ‖A‖n‖Er0‖ + 1 − ‖A‖n

1 − ‖A‖
(

max
0≤m≤n−1

‖ς j‖
)

. (2.3.66)

Since in all our cases, the matrix J is symmetric, so also the matrix A is symmetric.
By virtue of the spectral norm, we have

‖A‖ = max
j

|ϕ j |, (2.3.67)

where λ j , 1 ≤ j ≤ M − 1 are the eigenvalues of J. The eigenvalues λ j of symmetric
matrix J are given by

λ j = 4 sin2( jπ/2M), 1 ≤ j ≤ M − 1
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also, ϕ j , 1 ≤ j ≤ M − 1 are the eigenvalues of A. The eigenvalues of A are given
by

ϕ j =
(

1 + λ

2
λ j

)−1 (
1 − λ

2
λ j

)
. (2.3.68)

Using Eqs. (2.3.67) and (2.3.68), we easily verified that

A = max
1≤ j≤M−1

|ϕ j | < 1, λ > 0,

then Eq. (2.3.66) reduces to

‖Ern‖ ≤ ‖Er0‖ + 1

1 − ‖A‖
(

max
0≤ j≤n−1

‖T j‖
)

(2.3.69)

and
max

0≤ j≤n−1
‖T j‖ = G(k2 + h2),

with G being a constant independent of k and h. Hence, we have

‖Ern‖ ≤ ‖Er0‖ + G(k2 + h2) (2.3.70)

is unconditionally convergence as both k, h → 0.
The above process can be repeated to examine the convergence of the fourth-order

scheme, though the idea is tasking and more rigorous. Hence, we conclude with the
definition of convergence Gedney [12] that says; A finite difference equation (FDE)
is consistent with a partial differential equation (PDE) if the difference between the
FDE and the PDE (i.e. the truncation error) vanishes as the sizes of the time step
k or �t and spatial grid spacing h or �x go to zero independently, is satisfied. In
addition, the Lax and Richtmyer [21] equivalence theorem states that ‘a consistent
finite-difference scheme for a partial differential equation for which the initial-value
problem is well posed is convergent if and only if it is stable’, for a proof, readers
are referred to Strikwerda [40]. Finally, by Dahlquist equivalence theorem, ‘a linear
multistep formula is convergent if and only if it is consistent and stable’.

2.3.4 Symmetry

According to Fatunla [7], Jain [16] and Lambert and Watson [20], method of the form
(2.3.14) is said to be symmetric if when the values of α′

j s and β′
j s are interchanged,

the function is the same or is multiplied by minus one. Thus, method (2.3.14) is
symmetric if

α j = αJ− j , β j = βJ− j , j = 0(1)J, (2.3.71)
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where α j and β j correspond to the coefficients of the first and second characteristic
polynomial of Eq. (2.3.14). It follows that

α0 = −α4 = −1

α1 = −α3 = −8

α2 = −α2 = 0

and

β0 = β4 = −1

β1 = β3 = −16

β2 = β2 = 30

Hence, the method is symmetric.

2.4 Numerical Results

Numerical method of solution discussed earlier is applied to solve both the diffusion
equation (2.2.9) and the reaction–diffusion equation (2.3.2), subject to the initial
condition

u(x, 0) = 1

cosh(δx)
, x ∈ [a, b] (2.4.1)

and homogeneous Dirichlet boundary conditions

u(a, t) = u(b, t) = 0, t > 0.

The choices of parameters a and b determine how well the waves propagate.
When both Eqs. (2.2.9) and (2.3.2) are discretized in space with the fourth-order
central difference scheme (2.1.13), it results in the ordinary differential equations in
time. The resulting ODEs is advanced with the MATLAB ode15s solver.

To this end, we have dealt with spatial discretization method using finite difference
(FD) schemes of higher orders. A less rigorous method of derivation of higher order
FD schemes has been reported with the aid of a Mathematica program that contains
the pre-loaded Padé package, with a view of circumventing the difficulty associated
with the derivation of FD formula with order greater than two, see Tables 2.1 and
2.2 for details. Also, the question of ‘why using fourth-order FD schemes against
the commonly used second-order scheme’ is well answered. A proof of this asser-
tion is clearly shown in the results presented in Tables 2.3 and 2.4 for the second-
and fourth-order FD schemes, respectively, for different values of �x . It is evident
from the results presented that the fourth-order scheme yields a better approximation
in comparison to the second-order scheme, as the formal permits the use of higher
step size. More importantly, the convergence test results presented in Fig. 2.1 further
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Fig. 2.1 Convergence of second-order (2.1.14) and fourth-order (2.1.13) central finite difference
methods. The results presented here show the plots of maximum errors on the grid against N . The
use of Toeplitz matrices allows high values of N

Fig. 2.2 Solution of the heat
or diffusion equation (2.3.2)
at parameters D = 0.5, δ =
0.5, t = 0.001, N = 200 for
x ∈ [−10, 10]

justify the supremacy of fourth-order scheme (2.1.13) over its second-order coun-
terpart (2.1.14) by error factor of about 10−14 against 10−7, respectively. Accuracy
and suitability of our schemes was ascertained via the analysis of their basic prop-
erties such as order of accuracy, consistency, convergence, stability and symmetry
(Figs. 2.2 and 2.3).

2.5 Finite Difference Approximations Schemes
for Fractional Equations

In this chapter, we discuss the finite difference schemes for the fractional diffusion-
advection equation

∂u

∂t
= d

(
1

2
+ γ

2

)
∂αu

∂xα
+ d

(
1

2
− γ

2

)
∂αu

∂(−x)α
− Z

∂u

∂x
, (2.5.1)
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Fig. 2.3 Solution of the heat
or diffusion equation (2.2.9)
at parameters
D = 0.05, δ = 0.125, τ =
5,κ = 1t = 0.01, N = 200
for x ∈ [−15, 15]

where u is the resident solute concentration or sometimes referred as density, Z is the
average pore-water velocity, x and t are the respective spatial and time coordinates, d
stands for the diffusion coefficient, α represents the order of the fractional differenti-
ation with 1 < α ≤ 2. The relative weight of solute particle forward versus backward
transition probability is given by γ with −1 ≤ γ ≤ 0, which means that the transition
probability is skewed backward, but if γ is bounded in the interval 0 ≤ γ ≤ 1, we
have the transition probability is skewed forward. If we define a fractional operator,
∇α

γ , such as

2∇α
γ u = (1 + γ)

∂αu

∂xα
+ (1 − γ)

∂αu

∂(−x)α
, (2.5.2)

then, we can simply write (2.5.1) in the form

∂u

∂t
+ Z

∂u

∂x
= d∇α

γ u. (2.5.3)

Apart from the from the fractional derivatives (Riemann–Liouville, Caputo and so
on) emphasized in this book, another way of representing the fractional derivatives
is by the Grünwald–Letnikov scheme, that is,

∂αu

∂xα
(x, t) = lim

�x→0

1

�x

[ x−a
�x ]∑

τ=0

(−1τ )

(
α

τ

)
u(x − τ�x, t),

(2.5.4)

∂αu

∂(−x)α
(x, t) = lim

�x→0

1

�xα

[ b−x
�x ]∑

τ=0

(−1τ )

(
α

τ

)
u(x − τ�x, t),

where [a] accounts for the integer part of a. Readers are referred to [17, 31, 34] for
further properties about the fractional derivatives.
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To determine the explicit schemes, we use a variant of the Grünwald–Letnikov
method, in which the function evaluations are shifted to the left or right and we
obtain what is known as the shifted Grünwald–Letnikov formula. The shift above
corresponds to replacing the respective u(x − τ�x, t) and u(x + τ�x, t) by u(x −
τ�x + �x, t) and u(x + τ�x − �x, t), which does not affect the limit as �x → 0.
The essence of choosing the shifted Grünwald–Letnikov formula is in two folds.
The first reason is due to the way the generalizations of the existing schemes is
obtained, that is, when the fractional-order α = 2, we recall the standard advection
diffusion equation. The second reason is due to the fact that the approximations
of the derivatives obtained by using the classical Grünwald–Letnikov method very
frequently originate unstable numerical schemes, see, for example, [24, 39].

It should be mentioned that some of the numerical schemes reported in the lit-
erature for this type of problems are implicit, but explicit schemes are easier to
implement, and can be considered as most appropriate for such transient problems.
We present a more general explicit scheme here for the advection diffusion equation.

To derive a fractional finite difference scheme we assume there are approximations

U =
{

U n
j

}
to the values U (x j , tn) at the mesh points

x j = j�x, j = −N , . . . ,−2,−1, 0, 1, 2, . . . , N and tn − n�t, n ≥ 0,

where �x represents the uniform space step and �t stands for the uniform time step.
For the uniform space step �x and time step �t , we let

ν = Z�t

�x
and ωα = d�t

�xα
.

here, the quantity ν is known as the Courant–Friedrichs–Lewy (CFL) number, and
parameter ω is associated with the diffusion coefficient.

The finite difference schemes will be described based on the upwind, central and
second difference operators, define, respectively, as [39]

�−Un
j = Un

j − Un
j−1, �0Un

j =
Un

j+1 − Un
j−1

2
, and ξ2Un

j = Un
j+1 − 2Un

j + Un
j−1.

We define a discrete approximation to the fractional derivative terms from the shifted
Grünwald–Letnikov formulas as

(
∂αu

∂xα

)n

j

� 1

�xα

N+ j+1∑

τ=0

pτU n
j+1−τ ,

(2.5.5)
(

∂αu

∂(−x)α

)n

j

� 1

�xα

N− j+1∑

τ=0

pτU n
j−1+τ ,
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for

pτ = (−1)τ
(

α

τ

)
= (−1)τ

α(α − 1) · · · (α − τ + 1)

τ ! = �(τ − α)

�(−α)�(τ + 1)
. (2.5.6)

The fractional operator ∇α
γ , given by (2.5.2), is approximated by ξα

γ /2�xα where ξα
γ

is defined by

ξα
γ U n

j = (1 + γ)

N+ j+1∑

τ=0

pτU n
j+1−τ + (1 − γ)

N− j+1∑

τ=0

pτU n
j−1+τ . (2.5.7)

Therefore, we write the finite difference scheme for the approximation of (2.5.1) in
the form

U n+1
j = U n

j − v�−U n
j + 1

2
ωαξα

γ U n
j . (2.5.8)

According to the discretization of the advective, we call the above scheme the cen-
tral difference scheme. Another approximation is obtained by replacing the upwind
operator with the central operator, in the form,

U n+1
j = U n

j − v�0U n
j + 1

2
ωαξα

γ U n
j . (2.5.9)

The last scheme is derived in a similar way to the Lax–Wendroff scheme [22]. If
u is expanded around the time level n, we get

un+1 = un + �t
∂un

∂t
+ �t2

2

∂2un

∂t2
+ O(�t3). (2.5.10)

From (2.5.3), and with d = 0, we obtain

∂2u

∂t2
= Z2 ∂2u

∂x2
. (2.5.11)

By putting (2.5.3) and (2.5.11) into (2.5.10) yields

U n+1
j = U n

j + �t

[
−Z

(
∂u

∂x

)n

j

+ d(∇α
γ u)n

j

]
+ �t2

2
Z2

(
∂2u

∂x2

)n

j

.

Hence, the Lax–Wendroff scheme can be written in the form

U n+1
j = U n

j − z�0U n
j + ωαξα

γ U n
j

2
+ z2ξ2U n

j

2
. (2.5.12)
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2.5.1 Matrix Representation of the Finite Difference Schemes

In this section, we want to write the above explicit schemes in matrix form. Suppose
that the nodal points are U n

j = −N , . . . ,−2,−1, 0, 1, 2, . . . , N , assume also that
the boundary conditions are known, that is, from the functions U n

−N and U n
N for

n = 0, 1, 2, . . . .
By introducing the vector Un = [U n

−N+1, . . . , U n
−1, U n

0 , U n
1 , U n

2 , . . . , U n
N−1]T , we

can write the schemes as matrix equation

Un+1 = GUn + zn, n = 0, 1, 2, . . . , (2.5.13)

where G is the matrix iteration of size (2N − 1) × (2N − 1), and zn is the vector
containing the boundary values.

The matrix G can be written as

G = A + 1

2
ωαB, (2.5.14)

where A and B are matrices of equal dimension (2N − 1) × (2N − 1) and A corre-
sponds to the advection discretization while B is related with the diffusion discretiza-
tion.

For all the schemes discussed above, the matrix B is the same and is defined by

B = (1 + γ)L + (1 − γ)LT ,

where

L =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

p1 p0 0 · · · 0
p2

. . .
...

. . . 0
p0

p2N−1 · · · p2 p1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (2.5.15)

The vector zn has two parts
zn = zn

A + zn
B,

where the vector zn
A contains the boundary values that correspond to the matrix A

and the vector zn
B has the boundary values relating to the matrix B. For zn

B, we have

zn
B = zn

B+ + zn
B−,

where
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zn
B+ = ωα(1 + γ)

2

⎛

⎜⎜⎜⎝

p2
...

p2N−1

p2N

⎞

⎟⎟⎟⎠U n
−N + ωα(1 + γ)

2

⎛

⎜⎜⎜⎝

0
...

0
p2N

⎞

⎟⎟⎟⎠U n
N

and

zn
B− = ωα(1 − γ)

2

⎛

⎜⎜⎜⎝

p0

0
...

0

⎞

⎟⎟⎟⎠U n
−N + ωα(1 − γ)

2

⎛

⎜⎜⎜⎝

p2N

p2N−1
...

p2

⎞

⎟⎟⎟⎠U n
N .

For the upwind scheme the matrix A and the vector zn
A are, respectively, given as

A∗ =

⎛

⎜⎜⎜⎜⎝

1 − z

z
. . .

. . .

z 1 − z

⎞

⎟⎟⎟⎟⎠
and zn

∗ =

⎛

⎜⎜⎜⎝

z
0
...

0

⎞

⎟⎟⎟⎠U n
−N .

For the central difference scheme, the matrix A and the vector zn
A are, respectively,

given as

A∗∗ =

⎛

⎜⎜⎜⎜⎝

1 −z/2

z/2
. . .

. . .

. . . −z/2
z/2 1

⎞

⎟⎟⎟⎟⎠
and zn

∗∗ =

⎛

⎜⎜⎜⎝

z/2
0
...

0

⎞

⎟⎟⎟⎠U n
−N +

⎛

⎜⎜⎜⎝

0
0
...

−z/2

⎞

⎟⎟⎟⎠U n
N .

For the Lax–Wendroff scheme, the matrix A and the vector zn
A are, respectively, given

as

A∗∗∗ =

⎛

⎜⎜⎜⎜⎝

1 − z2 z(z−1)

2

z(z+1)

2

. . .

. . . z(z−1)

2
z(z+1)

2 1 − z2

⎞

⎟⎟⎟⎟⎠

and

zn
∗∗∗ =

⎛

⎜⎝

z(z+1)

2

0
...

0

⎞

⎟⎠U n
−N +

⎛

⎜⎜⎜⎝

0
0
...

z(z−1)

2

⎞

⎟⎟⎟⎠U n
N .
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2.5.2 Convergence Analysis of Fractional Finite Difference
Schemes

Convergence of the finite difference schemes is considered in this section. We first
show that the schemes are consistent with Eq. (2.5.1), and second examine under
which conditions they are stable. We adopt two methods for the stability analysis.

2.5.2.1 Consistency

For the numerical schemes presented above, we analyse the truncation error T n
j . We

assume u = u(x, t) to be the solution of our equation. In the schemes, we approximate

the fractional operator ∇α
γ by

ξα
β

2�xα . According to Meerschaert and Tadjeran [24], this
operator is first-order accurate for the case of homogeneous boundary conditions,
that is

ξα
β un

j

2�xα
= (�α

γ u)n
j + O(�x).

By using this result for the upwind scheme, we obtain

T n
j = un+1

j − un
j

�t
+ Z

un
j − un

j−1

�x
− d

2�xα
ξα
γ un

j

=
(

∂u

∂t

)n

j

+ O(�t) + Z

(
∂u

∂x

)n

j

+ O(�x) − d(�α
γ u)n

j + O(�x).

We therefore say that the upwind scheme has an order of accuracy O(�t) +
O(�x) + O(�x).

Similarly for the central scheme, we get

T n
j = un+1

j − un
j

�t
+ Z

un+1
j − un

j−1

2�x
− d

2�xα
ξα
γ un

j

=
(

∂u

∂t

)n

j

+ O(�t) + Z

(
∂u

∂x

)n

j

+ O(�x2) − d(�α
γ u)n

j + O(�x),

with the order of accuracy O(�t) + O(�x2) + O(�x).
For the Lax–Wendroff scheme, we obtain

T n
j =

un+1
j − un

j

�t
+ Z

un+1
j − un

j−1

2�x
− Z2 �t

2

un
j+1 − 2un

j + un
j−1

�x2 − d

2�xα ξα
γ un

j

=
(

∂u

∂t

)n

j
+ �t

2

(
∂2u

∂t2

)n

j

+ O(�t2) + Z

(
∂u

∂x

)n

j
+ O(�x2) − Z2 �t

2

(
∂2u

∂x2

)n

j

+O(�x2) − d(�α
γ u)n

j + O(�x).
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The order of accuracy is O(�t) + O(�x2) + O(�x). For small value of d, it follows
from (2.5.11) that

T n
j =

(
∂u

∂t

)n

j
+ O(�t2) + Z

(
∂u

∂x

)n

j
+ O(�x2) + O(�x2) − d(�α

γ u)n
j + O(�x),

and the Lax–Wendroff scheme has an order of accuracy close toO(�t2) + O(�x2) +
O(�x).

2.5.3 Stability Analysis of Fractional Finite Difference
Schemes

In attempt to obtain necessary stability conditions for the fractional finite difference
schemes, we adopt the Fourier analysis or von Neumann analysis, as in the classi-
cal case. Moreover, we derive sufficient stability conditions obtained by computing
numerically the norm of the matrix iteration of each scheme. These conditions permit
us to conclude that some of the theoretical necessary conditions obtained with the
von Neumann analysis are necessary and sufficient conditions for stability. Fourier or
von Neumann analysis assumes that we have a solution defined in the whole real line.
It is also applied to problems with periodic boundary conditions since the solution
is considered as a periodic function bounded in R. Although von Neumann analysis
gives necessary and sufficient stability conditions only when applied to pure initial
value problems and to problems with periodic boundary conditions, it is certain that
the von Neumann technique always gives necessary conditions for stability whether
the problem boundary conditions is periodic or not.

The von Neumann analysis takes an assumption that any finite mesh function, for
instance, the numerical solution U n

j has tendency to decompose into a Fourier series
in the form

U n
j =

N∑

s=−N

ϕn
s eiκs ( j�x), j = −N , . . . , N ,

where ϕn
s denotes the amplitude of the sth harmonic, and κs = sπ

N�x . The product
κ�x is sometimes referred to as the phase angle η = κs�x which covers the entire
domain [−π,π] in steps of π/N .

If the amplitude factor ϕ does not grow in time, then the stability conditions
will be satisfied, that is, if we have |ϕ(η)| ≤ 1, for all η. At first, we provide some
straightforward properties related to the coefficients pτ , τ = 0, 1, . . . , 2N .

Proposition 2.5.1 The coefficients pτ , τ = 0, 1, . . . , 2N hold for: (a) p0 = 1, p1 =
−α, p2 = α(α−1)

2 and pτ > 0, for τ ≥ 3. (b)
∑∞

τ=2 pτ = α − 1.
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Proof (a) We are permitted to write pτ as

p0 = 1 and pτ+1 = − (α − τ )

τ + 1
pτ , τ ≥ 1.

Specifically, we have p1 = −α and p2 = α(α−1)

2 > 0. Since α − τ < 0 for τ ≥ 3,
by induction we conclude that pτ > 0 for τ ≥ 3. (b) This second part result fol-
lows directly from

∑∞
τ=0 pτ = 0, since p0 + p1 +∑∞

τ=2 pτ = 0 for p0 = 1 and
p1 = −α. �

With Z = 0, Eq. (2.5.1) reduces to fractional diffusion equation

U n+1
j = U n

j + ωαξα
γ U n

j

2
. (2.5.16)

To adopt the von Neumann analysis, we first assume that the problem is defined in
R and therefore define the discrete operator ξα

γ by

ξα
γ U n

j = (1 + γ)

∞∑

τ=0

pτU n
j+1−τ + (1 − γ)

∞∑

τ=0

pτU n
j−1+τ . (2.5.17)

Hence, we can write scheme (2.5.16) in the form

U n+1
j = U n

j + ωα

2

{
(1 + γ)

∞∑

τ=0

pτU n
j+1−τ + (1 − γ)

∞∑

τ=0

pτU n
j−1+τ

}
. (2.5.18)

It should be noted that when α = 2, we have p0 = 1, p1 = −2, p2 = 1 and pτ = 0
for all τ ≥ 3.

Theorem 2.5.2 Let −1 ≤ γ ≤ 1 and 1 < α ≤ 2. If numerical scheme (2.5.18) is
von Neumann stable, then ωα ≤ 21−α.

Proof By putting mode ϕnei jη into (2.5.18), we obtain the amplification factor

ϕ(η) = 1 + ωα

2

{
(1 + γ)

∞∑

τ=0

pτ ei(1−τ )η + (1 − γ)

∞∑

τ=0

pτ e−i(1−τ )η

}
. (2.5.19)

Next, we consider the cases η = 0 and η = π in Eq. (2.5.19). Bear in mind that
the region around η = 0 and η = π corresponds to the low and high frequencies,
respectively.
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So, for η = 0 the amplification factor (2.5.19) reduces to

ϕ(0) = 1 + ωα

2

{
(1 + γ)

∞∑

τ=0

pτ + (1 − γ)

∞∑

τ=0

pτ

}
,

since
∑∞

τ=0 pτ = 0 then ϕ(0) = 1.
For η = π, the amplification factor (2.5.19) becomes

ϕ(π) = 1 + ωα

2

{
(1 + γ)

∞∑

τ=0

pτ cos((1 − τ )π) + (1 − γ)

∞∑

τ=0

pτ cos((1 − τ )π)

}
.

Since cos((1 − τ )π) = (−1)τ−1, it directly follows that

ϕ(π) = 1 + ωα

2

{
−(1 + γ)

∞∑

τ=0

στ + (1 − γ)

∞∑

τ=0

στ

}

= 1 − ωα

∞∑

τ=0

στ ,

where στ = (
α
τ

)
, and the condition |ϕ(π)| ≤ 1 has equivalence

ωα

∞∑

τ=0

στ ≤ 2.

Therefore, we conclude that for
∑∞

τ=0 στ = 2α, we must have ωα2α ≤ 2, that is,
ωα ≤ 21−α. �

The next stability result is for the upwind scheme (2.5.8).

Theorem 2.5.3 Let −1 ≤ γ ≤ 1 and 1 < α ≤ 2. If the upwind scheme (2.5.8) is von
Neumann stable, then z + ωα2α−1 ≤ 1.

Proof The amplification factor for the upwind scheme is given by

ϕU (η) = 1 − z(1 − e−iη) + ωα

2

{
(1 + γ)

∞∑

τ=0

pτ ei(1−τ )η + (1 − γ)

∞∑

τ=0

pτ e−i(1−τ )η

}
.

For η = π, it follows that:

ϕU (π) = 1 − 2z − ωα

2

{
(1 + γ)

∞∑

τ=0

στ + (1 − γ)

∞∑

τ=0

στ

}
.
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For condition |ϕU (π)| ≤ 1 to be satisfied, we must have

2z + ωα

∞∑

τ=0

στ ≤ 2.

Moreover

2z + ωα

∞∑

τ=0

στ = 2z + ωα2α

and 2z + ωα2α ≤ 2 shows that z + ωα2α−1 ≤ 1. This completes the proof. �

The following stability result is for the Lax–Wendroff scheme (2.5.12).

Theorem 2.5.4 Let −1 ≤ γ ≤ 1 and 1 < α ≤ 2. If the Lax–Wendroff scheme (2.5.8)
is von Neumann stable, then z2 + ωα2α−1 ≤ 1.

Proof The above result is similar to that of the upwind scheme. The amplification
factor for the Lax–Wendroff scheme (2.5.12) takes the form

ϕL(η) = 1 − z

2
(eiη − e−iη) + z2

2
(eiη − 2 + e−iη)

+1

2
ωα

{
(1 + γ)

∞∑

τ=0

pτ ei(1−τ )η + (1 − γ)

∞∑

τ=0

pτ e−i(1−τ )η

}
.

For η = π, we obtain

ϕL(π) = 1 − 2z2 − 1

2
ωα

{
(1 + γ)

∞∑

τ=0

pτ + (1 − γ)

∞∑

τ=0

pτ

}
.

Also for condition |ϕL(π)| ≤ 1 to be satisfied, we must have

2z2 + ωα

∞∑

τ=0

στ ≤ 2.

Moreover

2z2 + ωα

∞∑

τ=0

στ = 2z2 + ωα2α

and 2z2 + ωα2α ≤ 2 shows that z2 + ωα2α−1 ≤ 1. The proof is completed. �

Obviously, derivation of stability conditions for the central scheme is much more
difficult than for the previous schemes. For the central scheme of the standard advec-
tion diffusion equation, that is, for α = 2, it was also hard. In fact, the stability
analysis reported for this scheme over the years was found controversial due to the
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apparent difficulty of obtaining stability conditions, see, for example, [38, 39]. The
following theorem relating to the central scheme maps out necessary stability condi-
tions. These conditions are not as strong as the necessary conditions of the previous
theorems given in this chapter, in the sense that they are less close to the respective
necessary and sufficient stability conditions, as we shall see in this book.

Theorem 2.5.5 Let −1 ≤ γ ≤ 1 and 1 < α ≤ 2. If the central scheme (2.5.9) is von
Neumann stable, then ωα2α−1 ≤ 1.

Proof For the central scheme (2.5.9), the amplification factor is written as

ϕC (η) = 1 − z

2
(eiη − e−iη) + 1

2
ωα

{
(1 + γ)

∞∑

τ=0

pτ ei(1−τ )η + (1 − γ)

∞∑

τ=0

pτ e−i(1−τ )η

}
.

For η − π, we get

ϕC(η) = 1 − +1

2
ωα

{
(1 + γ)

∞∑

τ=0

pτ + (1 − γ)

∞∑

τ=0

pτ

}

and from previous result, we already know that |ϕC(π)| ≤ 1, which implies that
ωα ≤ 21−α. �

2.6 Numerical Approximation of Time-Fractional
Sub-diffusion Process with the Second-Order Implicit
Difference Method

In this section, we seek implicit difference approximations for the time-fractional
sub-diffusion order process. We show that when the solution of the sub-diffusion
equation is a sufficiently differentiable function the difference approximations have
second-order accuracy O(k2 + h2). The theoretical solution of the time-fractional
sub-diffusion problem can be found by using the Laplace–Fourier transform [4, 31] or
separation of variables for special cases of the boundary conditions and the function
F(x, t). The time-fractional diffusion equation

∂αu(x, t)

∂tα
= ∂2u(x, t)

∂x2
,

u(0, t) = u(1, t) = 0, u(x, 0) = ψ(x)

⎫
⎬

⎭ (2.6.1)

has a exact solution of the form

u(x, t) = 2
∞∑

n=1

νn Eα(−n2π2tα) sin(nπx) (2.6.2)



128 2 Finite Difference Approximations

on the domain {0 ≤ x ≤ 1, t ≥ 0}, where

νn =
∫ 1

0
ψ(τ ) sin(nπτ )dτ

and Eα denotes the one-parameter Mittag–Leffler function as defined in the previous
chapter. Each term

Eα(−n2π2tα) sin(nπx)

is assumed to be a solution of (2.6.1) and νn is the coefficient of the Fourier sine
series of the function ψ(x).

2.6.1 Second-Order Implicit Difference Approximation

When the order of the fractional derivative lies between zero and one (that is, 0 < α <

1), such equation is referred to as the fractional sub-diffusion equation. The fractional
sub-diffusion equation is known to be an important equation in fractional calculus.
The implicit difference approximation which utilizes the quadrature approximation
in the form

u(α)
n = 1

hα

n−1∑

s=0

ν(α)
k un−s + O(h2−α)

with ν(α)
0 = 1/�(2 − α) and

ν(α)
s = (s + 1)1−α − 2s1−α + (s − 1)1−α

�(2 − α)

for the fractional derivative and central difference approximation technique for the
second-order spatial derivative with respect to x , has accuracyO(k2 + h2) [11]. Finite
difference approximations are easier and much more convenient way to approximate
the solution of PDEs. They combine simple description with stability and high accu-
racy. Even when the analytical solution of the time-fractional diffusion equation is
available, the finite difference approximations may possess higher accuracy than
approximations using the exact solution.

The approximation error of a numerical solution of Eq. (2.6.1) approximated by
truncating (2.6.2) contains errors from the truncation of the Fourier series at the end-
points and the approximations of the coefficients νn and the Mittag–Leffler functions.
In this chapter, we find second-order difference approximations for Eq. (2.6.1) on the
computational domain size

L = [0, 1] × [0, T ].
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By adding the function F(x, t) to the right-hand side of (2.6.1), we us assume that
it has homogeneous initial and boundary conditions

∂αu(x, t)

∂tα
= ∂2u(x, t)

∂x2
+ F(x, t),

u(0, t) = u(1, t) = 0, u(x, 0) = 0.

⎫
⎬

⎭ (2.6.3)

So, if (2.6.1) is given with either nonhomogeneous initial or boundary conditions,
the substitution

ū(x, t) = u(x, t) − u(x, 0) − (1 − x)(u(0, t)) − u(0, 0) − x(u(1, t) − u(1, 0))

changes the equation to the type which has the same form of homogeneous initial
and boundary conditions.

Before proceeding, the following lemma briefly discusses a property of the Caputo
derivative of a continuously differentiable function in the neighbourhood of the lower
limit a.

Lemma 2.6.1 Given the ordinary fractional differential equation

u(α)(x) + u(x) = f (x). (2.6.4)

Let 0 < α < 1 and u ∈ C1[a, a + ε], where ε > 0. Then

u(α)(a) = 0.

Proof The function u′ is bounded on the interval [a, a + ε]. Assume

δ = max
a≤x≤a+ε

u′(x).

When a < x < a + ε, we have

∣∣u(α)(x)
∣∣ ≤ 1

�(1 − α)

∫ x

a

|u′(τ )|
(x − τ )α

dτ

≤ δ

�(1 − α)

∫ x

a
(x − τ )−αdτ ,

∣∣u(α)(x)
∣∣ ≤ δ

�(1 − α)
− (x − τ )1−α

1 − α

∣∣∣∣
x

a

≤ δ(x − a)1−α

�(2 − α)
. (2.6.5)

From the squeeze low of limits, we have

0 ≤ lim
x↓a

∣∣u(α)(x)
∣∣ ≤ lim

x↓a

δ(x − a)1−α

�(2 − α)
= 0.
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Hence,
u(α)(a) = lim

x↓a
u(α)(x) = 0.

�

In Lemma 2.6.1, we have proved that when the solution u(x, t) is sufficiently
differentiable function w.r.t. the time variable t , the fractional derivative ∂αu(x,0)

∂tα → 0
when t = 0. If the solution u(x, t) has continuous second derivative, that is uxx (x, t)
w.r.t. t , then the function F(x, t) holds for the condition F(x, 0) = 0, which implies
that

F(x, 0) = ∂αu(x, t)

∂tα

∣∣∣∣
t=0

− ∂2u(x, t)

∂x2

∣∣∣∣
t=0

= 0.

The above compatibility condition corresponds to the condition f (0) = 0 for differ-
entiable solution of ordinary fractional differential equation (2.6.4), subject to the
initial condition u(0) = 0. In effort to formulate a second-order difference approxi-
mations for Eq. (2.6.1) using numerical approximation

u(α)

{
x − αh

2

}
= 1

hα

Nx,h∑

n=0

ϕ(α)
n u(x − nh) + O(h2), (2.6.6)

where

1

hα

Nx,h∑

n=0

ϕ(α)
n u(x − nh) =

(α

2

)
u(α)

n−1 +
(

1 − α

2

)
u(α)

n + O(h2) (2.6.7)

for the Caputo derivative, we first ensure that the first and second derivatives of the
solution ut (x, t) and utt (x, t) w.r.t. the time variable t are equal to zero when t = 0.
Let

A1(x) = ∂u(x, t)

∂t

∣∣∣∣
t=0

, A2(x) = ∂2u(x, 0)

∂t2

∣∣∣∣
t=0

and A3(x) = ∂3u(x, 0)

∂t∂x2

∣∣∣∣
t=0

.

By applying time-fractional derivative of order 1 − α to (2.6.3), we have

∂u(x, t)

∂t
= ∂3−αu(x, t)

∂t1−α∂x2
+ ∂1−α F(x, t)

t1−α
. (2.6.8)

When uxx (x, t) is bounded in D, we have that ∂3−αu(x,t)
∂t1−α∂x2 = 0. Then

A1(x) = ∂1−α F(x, t)

t1−α

∣∣∣∣
t=0.

(2.6.9)
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Next, Eq. (2.6.8) is differentiated w.r.t. t to obtain

∂2u(x, t)

∂t2
= ∂

∂t

∂3−αu(x, t)

∂t1−α∂x2
+ ∂

∂t

∂1−α F(x, t)

t1−α
. (2.6.10)

The Caputo derivative of order 1 − α of the function uxx (x, t) w.r.t. t is defined as

∂3−αu(x, t)

∂t1−α∂x2
= tα−1

�(α)

∂3u(x, t)

∂t∂x2

∣∣∣∣
t=0

+ 1

�(α)

∫ t

0

∂4u(x, τ )

∂t2∂x2
(t − τ )α−1dτ .

Considering the definition of the Caputo derivative of order 2 − α w.r.t t , we have

1

�(α)

∫ t

0

∂4u(x, τ )

∂t2∂x2
(t − τ )α−1dτ = D2−α

t

∂2u(x, t)

∂x2
.

So that
∂3−αu(x, t)

∂t1−α∂x2
= tα−1

�(α)
A3(x) + D2−α

t

∂2u(x, t)

∂x2
. (2.6.11)

We have that

∂3u(x, t)

∂t∂x2
= ∂

∂t

(
∂αu(x, t)

∂tα
− F(x, t)

)
= ∂

∂t

∂αu(x, t)

∂tα
− ∂

∂t
F(x, t).

First integrate by parts and differentiate w.r.t t to have

∂

∂t

∂αu(x, t)

∂tα
= ∂u(x, t)

∂t

t−α

�(1 − α)
+ 1

�(1 − α)

∫ t

0

∂2u(x, t)

∂t2
(t − τ )αdτ .

Then

∂3u(x, t)

∂t∂x2
= ∂u(x, t)

∂t

t−α

�(1 − α)
+ 1

�(1 − α)

∫ t

0

∂2u(x, t)

∂t2
(t − τ )αdτ − ∂

∂t
F(x, t),

= A1(x)

�(1 − α)tα
+ D1=α

t u(x, t) − ∂

∂t
F(x, t).

Hence, we compute the function A3(x) as

A3(x) = ∂3u(x, t)

∂t∂x2

∣∣∣∣
t=0

= lim
t↓0

(
A1(x)

�(1 − α)tα
− ∂

∂t
F(x, t)

)
(2.6.12)

due to the fact that the Caputo derivative D1+α
t u(x, 0) → 0 when utt (x, t) is bounded.

From Eqs. (2.6.10) and (2.6.11), the function A2(x) is computed, that is



132 2 Finite Difference Approximations

∂2u(x, t)

∂t2
= tα−1

�(α)
A3(x) + D2−α

t

∂2u(x, t)

∂x2
+ ∂

∂t

∂1−α F(x, t)

t1−α
,

A2(x) = ∂2u(x, 0)

∂t2
= lim

t↓0

(
A3(x)

�(α)t1−α
+ ∂

∂t

∂1−α F(x, t)

t1−α

)
. (2.6.13)

Let

ω(x, t) = u(x, t) − A1(x)t − A2(x)

2
t2.

Note that the partial derivatives ωt (x, t) and ωt t (x, t) of the function ω(x, t) are all
equal to zero when t = 0, and

∂αω(x, t)

∂tα
= ∂αu(x, t)

∂tα
− A1(x)t1−α

�(2 − α)
− A2(x)t2−α

�(3 − α)
,

∂2ω(x, t)

∂t2
= ∂2u(x, t)

∂t2
− A

′′
1(x) − A

′′
2(x)

2
t2.

The function ω(x, t) is considered as the solution of fractional sub-diffusion equation

∂αω(x, t)

∂tα
= ∂2ω(x, t)

∂x2
+ I (x, t),

ω(0, t) = ω(1, t) = 0, ω(x, 0) = 0,

⎫
⎬

⎭ (2.6.14)

where

I (x, t) = F(x, t) − A1(x)t1−α

�(2 − α)
− A2(x)t2−α

�(3 − α)
+ A

′′
1(x) − A

′′
2(x)

2
t2. (2.6.15)

In what follows, we now use (2.6.7) and a central difference approximation for
uxx (x, t) to design an implicit difference approximations (2.6.19) and (2.6.20) for
Eq. (2.6.14).

Theorem 2.6.2 (Dimitrov [4], Theorem 29) Difference approximations (2.6.19) and
(2.6.20) are unconditionally stable and converge to the solution of (2.6.14) with
second-order accuracy w.r.t. the time and space variables.

For Theorem 2.6.2, Dimitrov [4] have shown that the difference approximations are
unconditionally stable and have second-order accuracy O(k2 + h2). Let h = 1/N
and k = T/M , where both h and k are positive integers, and

xn = nh, tm = mk, ωm
n = ω(xn, tm), I m

n = I (xn, tm).
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Using approximation (2.6.7) and Eq. (2.6.14), we have

�α
h ω(xn, tm) =

(α

2

) ∂αω(xn, tm−1)

∂tα
+
(

1 − α

2

) ∂αω(xn, tm)

∂tα
+ O(k2)

=
(α

2

) ∂2ω(xn, tm−1)

∂x2
+
(

1 − α

2

) ∂2ω(xn, tm)

∂x2

+
(α

2

)
I m−1
n +

(
1 − α

2

)
I m
n + O(k2).

Approximating the second-order derivatives uxx (xn, tm−1) and uxx (xn, tm) with
the central difference schemes gives

1

k2

m∑

s=0

ϕ(α)
s + O(k2 + h2) =

(
1 − α

2

) ωm
n−1 − 2ωm

n + ωm
n+1

h2

+
(α

2

) ωm−1
n−1 − 2ωm−1

n + ωm−1
n+1

h2

+
(α

2

)
I m−1
n +

(
1 − α

2

)
I m
n .

If ζ = k2

h2 , then the solution of (2.6.14) satisfies

ωm
n −

(
1 − α

2

)
ζ
(
ωm

n−1 − 2ωm
n + ωm

n+1

)
+ kαO(k2 + h2) = −

m∑

s=2

ϕ
(α)
s ωm−k

n + αωm−1
n

+ αζ

2

(
ωm−1

n−1 − 2ωm−1
n + ωm−1

n+1

)
+ kα

[(α

2

)
I m−1
n +

(
1 − α

2

)
I m
n

]
. (2.6.16)

Let x = (xn) be an N − 1-dimensional vector, the maximum norm infinity of the
vector x is computed as

‖x‖ = max
1≤n≤N−1

|xn|.

The vectors Bm , Im and Sm are defined as

Bm = (
ωm

n

)N−1
n=1 , denotes a vector of values of the exact solution at time t = mk;

Im =
[(α

2

)
I m−1
n +

(
1 − α

2

)
I m
n

]N−1

n=1
;

Sm = (
sm

n

)N−1
n=1 , represents a vector of the truncation errors at time t = mk.

It has been shown in (2.6.16) that ‖Sm‖ ∈ O(kα(k2 + h2)). The entries of the vector
Sm satisfies

|sm
n | < Skα(k2 + h2),

where S > 1 is a constant.
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Let ψ(α)
n = −ϕ(α)

n and L = L N−1 be a tridiagonal matrix obtained from second-
order central difference operator [26–30]

L =

⎛

⎜⎜⎜⎜⎝

2 −1
−1 2 −1

−1 2 −1
−1 2 −1

−1 2

⎞

⎟⎟⎟⎟⎠
and M =

⎛

⎜⎜⎜⎜⎝

m2 m1

m3 m2 m1

m3 m2 m1

m3 m2 m1

m3 m2

⎞

⎟⎟⎟⎟⎠
. (2.6.17)

The numbers ψ(α)
n are positive for n ≥ 1 and

∑∞
n=1 ψ(α)

n = 1. We determine the
eigenvalues of tridiagonal matrix L from the general result for eigenvalues given
by [5]

�l = m2 + 2m1

√
m3

m1
cos

(
πl

N

)
, l = 1, 2, 3, . . . , N − 1. (2.6.18)

Lemma 2.6.3 The eigenvalues of the tridiagonal matrix M = MN−1 with elements
m2 on the main diagonal and respective entries m1 and m3 on the first diagonals
below and above the main diagonal are given by (2.6.18).

Corollary 2.6.4 The matrix L has eigenvalues

�l = 4 sin2

(
πl

N

)
, l = 1, 2, 3, . . . , N − 1.

Proof With m1 = m3 = −1 and m2 = 2, we have

�l = 2 − 2 cos

(
πl

N

)
= 4 sin2

(
πl

N

)
.

�

In a matrix form, Eq. (2.6.16) can be written as

(
I +

(
1 − α

2

)
ζL
)

Bm =
(
αI − α

2
ζL
)

Bm−1 +
m−1∑

s=2

ψ(α)
s Bm−s + kα Im + Sm .

Let X and Y be the matrices

X = I +
(
αI − α

2

)
ζL and Y = I − ζ

2
L.

Then

XBm = αYBm−1 +
m−1∑

s=2

ψ(α)
s Bm−s + kα Im + Sm .
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We compute an approximation B̃m to the exact solution Bm of Eq. (2.6.14) at time
tm = mk on the grid

{(xn, tm)|1 ≤ n ≤ N , 1 ≤ m ≤ M}

with B̃0 = 0 and the linear systems

XB̃m = αYBm−1 +
m−1∑

s=2

ψ(α)
s B̃m−s + kα Im . (2.6.19)

The values of the entries of the vector Im hold for

(α

2

)
I m−1
n +

(
1 − α

2

)
I m
n = I m−α/2

n + O(k2).

An alternative difference approximation for (2.6.14) is recursively computed with
the linear systems as

XB̃m = αYBm−1 +
m−1∑

s=2

ψ(α)
s B̃m−s + kα Īm, (2.6.20)

where Īm =
(

I m−α/2
n

)N−1

n=1
. It has been shown in Theorem 29 of [4] that the implicit

difference approximations (2.6.19) and (2.6.20) are unconditionally stable and pos-
sess second-order accuracy w.r.t. the space and time variables.
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Chapter 3
Numerical Approximation of
Riemann–Liouville Differentiation

The Riemann–Liouville fractional differential operator has been greatly applied in
several fields of science, technology and engineering. However, we have realized
from already published materials that some researchers used this operator in their
model but employ the approximate numerical representation of the Caputo differen-
tial operator to get simulation and study the stability analysis. We therefore aim in
this chapter to suggest novel numerical approximation of these fractional differential
operators. We shall recall from the definition of these derivatives that they are con-
sidered as derivative of convolution; therefore, their numerical representation can
be accomplished following the steps of already published and established numerical
scheme if one considers the convolution part as e function. In this chapter, we present
the numerical representation from Riemann to Caputo–Fabrizio type.

3.1 Numerical Approximation for Time Derivative

The step of discretization presented here is similar to the ones reported in earlier
works [1, 2]. We shall present directly the numerical approximation; by definition,
we have

U (t) = 1

�(1 − α)

∫ t

0
(t − τ )−α f (τ )dτ ,

RL
0 Dα

t { f (t)} = d

dt
U (t),

d

dt
U (t) = U (t j+1 − U (t j ))

�t
, (3.1.1)
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U (t j+1) = 1

�(1 − α)

∫ t j+1

0
(t j+1 − τ )−α f (τ )dτ ,

U (t j ) = 1

�(1 − α)

∫ t j

0
(t j − τ )−α f (τ )dτ .

Without loss of generality, we present the numerical approximation as follows:

U (t j+1) = 1

�(1 − α)

∫ t j+1

0
(t j+1 − τ )−α f (τ )dτ ,

= 1

�(1 − α)

j∑
s=0

∫ ts+1

ts

(t j+1 − τ )−α f (ts+1) + f (ts)

2
dτ ,

(3.1.2)

= 1

�(1 − α)

j∑
s=0

f (ts+1) + f (ts)

2

∫ ts+1

ts

(t j+1 − τ )−αdτ ,

= 1

�(2 − α)

j∑
s=0

f (ts+1) + f (ts)

2

[
(t j+1 − ts+1)

1−α − (t j+1 − ts)
1−α

]
,

similarly,

U (t j ) = 1

�(1 − α)

∫ t j

0
(t j − τ )−α f (τ )dτ ,

(3.1.3)

= 1

�(2 − α)

j∑
s=1

f (ts) + f (ts−1)

2

[
(t j − ts−1)

1−α − (t j − ts)
1−α

] + O(�t).

Thus

d

dt
U (t) = 1

�t�(2 − α)

[∑ j
s=0

f (ts+1)+ f (ts )

2 [(t j+1− ts+1)
1−α − (t j+1− ts )1−α]

−∑ j
s=1

f (ts )+ f (ts−1)

2 [(t j − ts−1)1−α − (t j − ts )1−α]

]

(3.1.4)

+Rα, j ,

where

Rα, j = 1

�t�(1 − α)

⎧⎨
⎩

j∑
s=0

∫ ts+1

ts

f (u) − f (ts+1)

(t j+1 − u)α
du −

j−1∑
s=0

∫ ts+1

ts

f (u) − f (ts+1)

(t j − u)α
du

⎫⎬
⎭ .
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Theorem 3.1.1 Let f denote a function not necessarily differentiable on [a, T ];
then the fractional derivative of f of order α in the Riemann–Liouville sense is
defined by

RL
0 Dα

t { f (t)} = 1

�t�(2 − α)

[∑ j
s=0

f (ts+1)+ f (ts )

2 [(t j+1− ts+1)
1−α − (t j+1− ts )1−α]

−∑ j
s=1

f (ts )+ f (ts−1)

2 [(t j − ts−1)1−α − (t j − ts )1−α]

]

(3.1.5)

+Rα, j ,

where
|Rα, j | ≤ C

(
t1−α

j+1 − t1−α
j

)
.

Proof From the formula of |Rα, j | above, we obtain the following:

1

�(1 − α)

j∑
s=0

∫ ts+1

ts

f (u) − f (ts+1)

(t j+1 − u)α
du = 1

�(1 − α)

j∑
s=0

∫ ts+1

ts

( f (u) − f (ts+1))(u − ts+1)

(u − ts+1)(t j+1 − u)α
du

= 1

�(1 − α)

j∑
s=0

∫ ts+1

ts

( f (′)(λs)(u − ts+1))

(t j+1 − u)α
du, u < t ≤ t j+1. (3.1.6)

Thus,

∣∣∣∣∣∣
1

�(1 − α)

j∑
s=0

∫ ts+1

ts

( f (′)(λs)(u − ts+1))

(t j+1 − u)α
du

∣∣∣∣∣∣ ≤

t−α
j+1

�(1 − α)
max

0≤t≤t j+1

∣∣ f ′(t)
∣∣ j∑

s=0

∫ ts+1

ts

1

(i j+1 − u)α
du ≤ �t

�(2 − α)
max

0≤t≤t j+1

∣∣ f ′(t)
∣∣ t1−α

j+1 . (3.1.7)

Also,

∣∣∣∣∣
1

�(1 − α)

j−1∑
s=0

∫ ts+1

ts

( f (u) − f (ts+1))

(t j − u)α
du

∣∣∣∣∣ ≤ �t

�(2 − α)
max

0≤t≤t j+1

∣∣ f ′(t)
∣∣ t1−α

j .

The required result is thus obtained with

C = 1

�(2 − α)
max

0≤t≤t j+1

∣∣ f ′(t)
∣∣ .

�
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3.2 Numerical Approximation for Space First-Order
Derivative

By definition, the first-order partial derivative in space is given by

(
∂u(x, t)

∂x

)
i

≈ u j
i+1 − u j

i

�x
(forward difference), (3.2.1)

≈ u j
i − u j

i−1

�x
(backward difference), (3.2.2)

≈ u j
i+1 − u j

i−1

�x
(central difference) (3.2.3)

and

(
∂u(x, t)

∂x

)
i

≈ 1

2

(
f j+1
i+1 − f j+1

i

2(�x)
+ f j

i − C j
i−1

2(�x)

)
, (Crank–Nicholson scheme).

(3.2.4)
Recall,

RL
0 Dα

x f (x, t) = 1

�(1 − α)

d

dx

∫ x

0
(x − τ )−α f (τ , t)dτ

= 1

�(1 − α)

d

dx
F(x, t). (3.2.5)

By forward difference scheme, we have

RL
0 Dα

x f (xi , t j ) � 1

�(1 − α)

F j
i+1 − F j

i

�x
, (3.2.6)

where

F j
i+1 =

∫ xi+1

0
(xi+1 − τ )−τ f (τ , t j )dτ

=
i∑

k=0

∫ xk+1

xk

(xi+1 − τ )−α f (xk, t j )dτ (3.2.7)

=
i∑

k=0

f (xk, t j )

∫ xk+1

xk

(xi+1 − τ )−αdτ .

We let xi+1 = y, so that dy = −dτ , which implies −dy = dτ , y = xk+1 − xk

and y = xi+1 − xk+1, then
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F j
i+1 =

i∑
k=0

f (xk, t j )

∫ xi+1−xk

xi+1−xk+1

y−αdy

=
i∑

k=0

f (xk, t j )
y1−α

1 − α

∣∣∣∣
xi+1−xk

xi+1−xk+1

=
i∑

k=0

f (xk, t j )

1 − α

{
(xi+1 − xk)

1−α − (xi+1 − xk+1)
1−α

}
.

With substitution xi+1 = (i + 1)�x, xk = k�, this implies that xi+1 − xk =
xi+1 − xk = (i + 1 − k)�x and xi+1 − xk+1 = xi+1 − xk = (i + 2 − k)�x ,
we obtain

F j
i+1 =

i∑
k=0

f (xk, t j )

1 − α
(�x)1−α

{
(i + 1 − k)1−α − (i − k)1−α

}
. (3.2.8)

Similarly,

F j
i =

∫ xi

0
(xi − τ )−τ f (τ , t j )dτ

=
i∑

k=0

∫ xk+1

xk

(xi+1 − τ )−α f (xk, t j )dτ (3.2.9)

=
i−1∑
k=0

f (xk, t j )

∫ xk+1

xk

(xi − τ )−αdτ .

We let xi = y, so that dy = −dτ , which implies −dy = dτ , y = xk+1 − xk and
y = xi − xk+1, then

F j
i =

i∑
k=0

f (xk, t j )

∫ xi −xk

xi −xk+1

y−αdy

=
i∑

k=0

f (xk, t j )
y1−α

1 − α

∣∣∣∣
xi −xk

xi −xk+1

=
i−1∑
k=0

f (xk, t j )

1 − α

{
(xi − xk)

1−α − (xi − xk+1)
1−α

}
.

With substitution xi = (i)�x, xk = k�, this implies that xi − xk = xi − xk =
(i − k)�x and xi − xk+1 = xi − xk = (i − k − 1)�x , we obtain

F j
i =

i−1∑
k=0

f (xk, t j )

1 − α
(�x)1−α

{
(i − k)1−α − (i − 1 − k)1−α

}
. (3.2.10)
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With backward–forward difference scheme, we obtain the following approxima-
tion. We define the Riemann–Liouville derivative as

RL
0 Dα

x f (x, t) = 1

�(1 − α)

d

dx

∫ x

0
(x − y)(−α) f (y, t)dy

= 1

�(1 − α)

d

dx
G(x, t). (3.2.11)

RL
0 Dα

x f (xi , t j ) = 1

�(1 − α)

G j
i − G j

i−1

�x
,

where

G j
i =

∫ xi

0
(xi − y)−α f (y, t j )dy

=
i−1∑
k=0

∫ xk+1

xk

(xi − y)−α f (xk, t j )dy

=
i−1∑
k=0

f (xi−1, t j )

∫ xk+1

xk

(xi − y)−αdy

=
i−1∑
k=0

f (xi−1, t j )

∫ xi −xk

xi −xk+1

y−αdy

=
i−1∑
k=0

f (xi−1, t j )
(�x)1−α

1 − α

[
(i − k)1−α − (i − 1 − k)1−α

]
(3.2.12)

and

G j
i−1 =

∫ xi−1

0
(xi−1 − y)−α f (y, t j )dy

=
i−2∑
k=0

∫ xk+1

xk

(xi−1 − y)−α f (xk , t j )dy

=
i−2∑
k=0

f (xi−2, t j )

∫ xk+1

xk

(xi−1 − y)−αdy

=
i−2∑
k=0

f (xi−2, t j )

∫ xi−1−xk

xi−1−xk+1

y−αdy

=
i−2∑
k=0

f (xi−2, t j )
(�x)1−α

1 − α

[
(i − 1 − k)1−α − (i − 2 − k)1−α

]
. (3.2.13)
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3.3 Numerical Approximation for Space Second-Order
Derivative

The space second-order approximation that we present in this section follows the
discretization approach as in some earlier works [3–5]. We present directly the dis-
cretization scheme, and from the definition of fractional derivative of order less or
equal to two and greater than 1, we have

U (x) = 1

�(2 − α)

∫ x

0
(x − τ )α−2 f (τ )dτ ,

and
RL
0 Dα

t { f (x)} = d2U (x)

dx2
.

By using the numerical approximation of the second derivative, we have

RL
0 Dα

t { f (x)} = d2U (x)

dx2
= U (xi+1) − 2U (xi ) + U (xi−1)

2(�x)2
, (3.3.1)

so that

U (xi+1) = 1

�(2 − α)

∫ xi+1

0
(xi+1 − ν)1−α f (ν)dν,

= 1

�(2 − α)

j∑
s=0

∫ xs+1

xs

(xi+1 − ν)1−α f (xs+1)dν + E1,

= 1

�(2 − α)

j∑
s=0

f (xs+1)

∫ xs+1

xs

(xi+1 − ν)1−αdν + E1,

= 1

�(3 − α)

j∑
s=0

f (xs+1)
{
(xi+1 − xs+1)

1−α − (xi+1 − xs)
1−α

}
+ E1, (3.3.2)

= (�)1−α

�(3 − α)

j∑
s=0

f (xs+1)
{
( j − s)1−α − ( j − s + 1)1−α

}
+ E1,

= (�)1−α

�(3 − α)

j∑
s=0

f (xs+1)�
α
j,s + E1,

where

E1 = 1

�(2 − α)

j∑
s=0

f (xs+1)

∫ xs+1

xs

f (ν) − f (xs+1)

(xs+1 − ν)α−1
dν (3.3.3)

�
α
j,s = ( j − s)1−α − ( j − s + 1)1−α.
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Also, with the same approach, we equally obtain

U (x j ) = (�)1−α

�(3 − α)

j−1∑
s=0

f (xs+1)�
α
j,s + E2,

E2 = 1

�(2 − α)

j−1∑
s=0

∫ xs+1

xs

f (ν) − f (xs+1)

(xs+1 − ν)α−1 dν �
α
j,s = ( j − s)1−α − ( j − s + 1)1−α,

(3.3.4)

U (x j−1) = (�)1−α

�(3 − α)

j−1∑
s=1

f (xs+1)�
α,2
j,s + E3,

E3 = 1

�(2 − α)

j−1∑
s=0

∫ xs+1

xs

f (ν) − f (xs+1)

(xs+1 − ν)α−1 dν �
α,2
j,s = ( j − s − 2)1−α − ( j − s + 1)1−α.

Substituting Eqs. (3.3.3) and (3.3.4) in Eq. (3.3.1), we get

RL
0 Dα

t { f (x)} = (�x)−1−α

2�(3 − α)

⎡
⎣

j∑
s=0

f (xs+1)�
α
j,s −

j−1∑
s=0

f (xs+1)�
α,1
j,s +

j−1∑
s=0

f (xs+1)�
α,2
j,s

⎤
⎦ + Eα, j,s ,

(3.3.5)
where

Eα, j,s = (�x)−2

2�(2 − α)

⎡
⎣

j∑
s=0

∫ xs+1

xs

f (ν) − f (xs+1)

(x j+1 − ν)α−1 dν − 2
j−1∑
s=0

∫ xs+1

xs

f (ν) − f (xs+1)

(x j − ν)α−1 dν

+
j−1∑
s=1

∫ xs+1

xs

f (ν) − f (xs+1)

(x j−1 − ν)α−1 dν

⎤
⎦ , (3.3.6)

and

�
α
j,s = ( j − s)1−α − ( j − s + 1)1−α,

�
α,1
j,s = ( j − s − 1)1−α − ( j − s)1−α, (3.3.7)

�
α,2
j,s = ( j − s − 2)1−α − ( j − s − 1)1−α.

Without loss of generality, we evaluate

|E1| =
∣∣∣∣∣

1

�(2 − α)

xs+1∑
s=0

f (ν) − f (xs+1)

(x j+1 − ν)α−1 dν

∣∣∣∣∣ ,

=
∣∣∣∣∣∣

1

�(2 − α)

j∑
s=0

∫ xs+1

xs

f (′)(λk)(ν − xs+1)

(x j+1 − ν)α−1 dν

∣∣∣∣∣∣ ν < λs < x j+1, (3.3.8)

≤ �x

�(2 − α)
max

0≤x≤x j+1

∣∣ f ′(x)
∣∣ j∑

s=0

∫ xs+1

xs

1

(x j+1 − ν)α−1 dν,
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≤ (�x)1−α

α�(2 − α)
max

0≤x≤x j+1

∣∣ f ′(x)
∣∣ x−α

j+1.

Similarly,

|E2| ≤ (�x)1−α

α�(2 − α)
max

0≤x≤x j+1

∣∣ f ′(x)
∣∣ x−α

j ,

and

|E3| ≤ (�x)1−α

α�(2 − α)
max

0≤x≤x j+1

∣∣ f ′(x)
∣∣ x−α

j−1.

Theorem 3.3.1 Let f be a function not necessary differentiable on interval [a, T ];
then, the fractional derivative of f of order 1 < α < 2 in the Riemann–Liouville
sense is

RL
0 Dα

t { f (x)} = (�x)−1−α

2�(3 − α)

⎡
⎣

j∑
s=0

f (xs+1)�
α
j,s − 2

j−1∑
s=0

f (xs+1)�
α,1
j,s +

j−1∑
s=0

f (xs+1)�
α,2
j,s

⎤
⎦ + Eα, j,s ,

where

Eα, j,s ≤ (�x)−2

2�(2 − α)
C1.

Proof The proof follows directly from Theorem 3.1.1. �

3.4 Crank–Nicholson Scheme for Time-Fractional
Differential Equations in Riemann–Liouville Sense

In this section, we propose a Crank–Nicholson scheme with accuracy of orderO(k2 +
h2) for time-fractional equations with the Riemann–Liouville derivative. We consider
the time-fractional heat or diffusion equation

M∂αu(x, t)

∂tα
= ∂2u

∂x2
+ f (t, x), 0 < α ≤ 1, 0 < x < 1, 0 < t < 1

u(x, 0) = g(x), 0 ≤ x ≤ 1 (3.4.1)

u(0, t) = u(1, t) = 0, 0 ≤ t ≤ 1,

where the term M∂αu(x, t)/∂tα represents α-order modified Riemann–Liouville
fractional derivative [6, 7] with the given definition
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M∂αu(x, t)

∂tα
= 1

�(1 − α)

∂

∂t

∫ t

0

u(x, τ ) − u(x, 0)

(t − τ )α
dτ , for 0 < α < 1,

= ∂

∂t
u(x, t), for α = 1, (3.4.2)

where �(·) is usual Gamma function.
For the discretization issue, we introduce the basic ideas for the numerical solu-

tion of (3.4.1) using the Crank–Nicholson difference scheme. Let M and N be some
positive integers that represent the grid sizes in space and time for the finite difference
scheme define by h = 1/M and k = 1/N , respectively. The grid points in the time
interval [0, 1] are tn = nk, n = 0, 1, 2, . . . , N , and the grid points in the space direc-
tion on [0, 1] are numbers xi = ih, i = 0, 1, 2, . . . , M . At grid points, the values of
functions u and f are, respectively, denoted as un

i = u(xi , tn) and f n
i = f (xi , tn).

To obtain a discrete approximation to the derivative ∂αu(x, t)/∂tα at (xi , tn+ 1
2
),

just as in the classical Crank–Nicholson difference case. We let

G(x, t) = 1

γ(1 − α)

∫ t

0

u(x, τ ) − u(x, 0)

(t − τ )α
dτ . (3.4.3)

Then, we obtain

∂αu(xi , tn+ 1
2
)

∂tα
= ∂

∂t
G(xi , tn+ 1

2
) = G(xi , tn+1) − G(xi , tn)

k
+ O(k2). (3.4.4)

Next, we obtain numerical approximations for G(xi , tn+1) and G(xi , tn) in the form

G(xi , tn+1) = 1

�(1 − α)

∫ tn+1

0

u(xi , τ ) − u(xi , 0)

tn+1 − τ
dτ

= 1

�(1 − α)

n+1∑
j=1

∫ jk

( j−1)k

u(xi , τ )

(tn+1 − τ )α
dτ − u(xi , 0)

((n + 1)k)1−α

�(2 − α)

= 1

�(1 − α)

n+1∑
j=1

∫ jk

( j−1)k

[
(τ − t j )

−k
u j−1

i + (τ − t j−1)

k
u j

i + O(k2)

]
1

(tn+1 − τ )α
dτ

− u0
i
((n + 1)k)1−α

�(2 − α)
(3.4.5)

= k
n∑

j=0

(p j − jq j )u
n− j
i − k

n∑
j=0

(p j − ( j + 1)q j )u
n− j+1
i − u0

i
((n + 1)k)1−α

�(2 − α)
+ Tn+1,

where
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Tn+1 = 1

�(1 − α)

n+1∑
j=1

∫ jk

( j−1)k
O(k2)

dτ

(tn+1 − τ )α

= 1

(1 − α)�(1 − α)
O(k2)

n+1∑
j=1

[
(n − j + 2)1−α − (n − j + 1)1−α

]
k1−α

= 1

�(2 − α)
(n + 1)1−α + O(k3−α).

In the same manner, one obtains

G(xi , tn) = 1

�(1 − α)

∫ tn

0

u(xi , τ ) − u(xi , 0)

(tn − τ )α
dτ

= k
n∑

j=1

(p j−1 − ( j − 1)q j−1)u
n− j
i − k

n∑
j=1

(p j−1 − jq j−1)u
n− j+1
i − u0

i
(nk)1−α

�(2 − α)
+ Tn,

where

Tn = 1

�(2 − α)
n1−αO(k3−α),

p j = k−α

(2 − α)�(1 − α)

[
( j + 1)2−α − j2−α

]
,

and

q j = k−α

(1 − α)�(1 − α)

[
( j + 1)1−α − j1−α

]
.

Hence, with the above expressions we have the following approximation:

∂αu(xi , tn+ 1
2
)

∂tα
= G(xi , tn+1) − G(xi , tn)

k
+ O(k2)

= bnu0
i +

n∑
j=0

a j u
n+1− j
i + Tn+1 − Tn

k
+ O(k2) (3.4.6)

= bnu0
i +

n∑
j=0

a j u
n+1− j
i + 1

�(2 − α)

[
(n + 1)1−α − n1−α

]O(k2−α) + O(k2)

= bnu0
i +

n∑
j=0

a j u
n+1− j
i + 1

�(2 − α)

[
(n + 1)1−α − n1−α

k

]
O(k3−α) + O(k2)

= bnu0
i +

n∑
j=0

a j u
n+1− j
i + 1

�(2 − α)

[
(k(n + 1))1−α − (kn)1−α

k

]
O(k2) + O(k2),

where
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b0 = 3p0 − p1 + 2q1 − 2q0

bn = pn − pn−1 + (n − 1)qn−1 − (n + 1)qn, 1 ≤ n ≤ N − 1,

a0 = q0 − p0,

a1 = 2p0 − p1 + 2q1 − q0,

a j = (−p j−2 + 2p j−1 − p j ) + ( j − 2)q j−2 − (2 j − 1)q j−1 + ( j + 1)q j , j ≥ 2.

By adopting the mean-value theorem technique, one gets

(k(n + 1))1−α − (kn)1−α

k
= f ′(e) = a constant,

note that f (x) = x1−α and tn < e < tn+1. So, for the modified Riemann–Liouville
fractional derivative, we have the following second-order approximation:

∂αu(xi , tn+ 1
2
)

∂tα
= G(xi , tn+1) − G(xi , tn)

k
+ O(k2)

= bnu0
i +

n∑
j=0

+a j u
n+1− j
i + O(k2). (3.4.7)

The Crank–Nicholson Difference Scheme

By using the above approximation, we obtain the second-order accurate Crank–
Nicholson difference scheme

bnu0
i +

n∑
j=0

a j u
n+1− j
i −

(
un+1

i+1 − 2un+1
i + un+1

i−1

2h2
+ un

i+1 − 2un
i + un

i−1

2h2

)

= f
(

xi , tn+ k
2

)
, 0 ≤ n ≤ N − 1, 1 ≤ i ≤ M − 1, (3.4.8)

u0
i = φ(xi ), 1 ≤ i ≤ M − 1,

un
0 = 0, un

M = 0, 0 ≤ n ≤ N .

On rearranging, we have

(
− 1

2h2

)(
un+1

i+1 + un
i+1

)
+ bnu0

i +
n∑

j=0

a j u
n+1− j
i +

(
− 1

2h2

) (
un+1

i+1 + un
i+1

)

= f
(

xi , tn+ k
2

)
, 0 ≤ n ≤ N − 1, 1 ≤ i ≤ M − 1, (3.4.9)

u0
i = φ(xi ), 1 ≤ i ≤ M − 1,

un
0 = 0, un

M = 0, 0 ≤ n ≤ N ,

which we transform into matrix
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Pui+1 + Qui + Pui−1 = νi , (3.4.10)

where

νi = [ν0
i , ν1

i , ν2
i , . . . , νN

i ]T , ν0
i = φ(xi ), νn

i = f (xi , tn+1/2), 1 ≤ n ≤ N , 1 ≤ i ≤ M

and
ui = [u0

i , u1
i , u2

i , . . . , uN
i ]T .

Here, we have the matrices

P =
(

− 1

2h2

)
⎛
⎜⎜⎜⎜⎜⎝

0
1 1

1 1
. . .

. . .

1 1

⎞
⎟⎟⎟⎟⎟⎠

(N+1)×(N+1)

(3.4.11)

and

Q =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

b0 + 1
h2 a0 + 1

h2

b1 a1 + 1
h2 a0 + 1

h2

b2 a2 a1 + 1
h2 a0 + 1

h2

...
. . .

. . .
. . .

bN−1 aN−1 · · · a2 a1 + 1
h2 a0 + 1

h2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(N+1)×(N+1)

. (3.4.12)

In the above matrices, it should be mentioned that the unspecified entries are zero.
By adopting the modified Gauss elimination method, we can write (3.4.10) in the

form
ui = pi+1ui+1 + qi+1, i = M − 1, . . . , 2, 1, 0. (3.4.13)

In this manner, we have been able to transform the two-step method in (3.4.10)
to a one-step scheme as given in (3.4.13). We require to determine the matrices
pi+1 and qi+1 which satisfy the last inequality. Known that u0 = p1u1 + q1 = 0,
one selects p1 = O(N+1)×(N+1) and q1 = O(N+1)×(N+1). By combining the equalities
ui = pi+1ui+1 + qi+1 and ui−1 = p1u1 + q1 with matrix equation (3.4.10), we have

(P + Qpi+1 + Ppi pi+1)ui+1 + (Qqi+1 + Ppi qi+1 + Pqi ) = νi . (3.4.14)

Then we write
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P + Qpi+1 + Ppi pi+1 = 0,

Qqi+1 + Ppi qi+1 + Pqi = νi , 1 ≤ i ≤ M − 1.

Finally, we obtain the pair formulas

pi+1 = −(Q + Ppi )
−1P,

qi+1 = −(Q + Ppi )
−1(νi − Pqi ), 1 ≤ i ≤ M − 1. (3.4.15)

Stability of the Scheme

The stability analysis of the method is examined by using the analysis of the eigen-
values of the iteration matrix pi (1 ≤ i ≤ M) of (3.4.13). We let μ(P) be the spectral
radius of a matrix P, i.e. the maximum eigenvalue of P.

We want μ(pi ) < 1(1 ≤ i ≤ M), by induction. Bear in mind that p1 is a zero
matrix μ(pi ) = 0 < 1.

Moreover,

p2 = −Q−1P, μ(p2) = μ(−Q−1P) = −1

1/h2 + a0
· −1

2h2
= 1

h2
· 1

2(1/h2 + a0)
,

and p2 takes the form

p2 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0
1/h2

2(1/h2 + a0)
1/h2

2(1/h2 + a0)

. . .
1/h2

2(1/h2 + a0)

⎞
⎟⎟⎟⎟⎟⎟⎠

(N+1) × (N+1)

, (3.4.16)

where

a0 = q0 − p0 = k−α

(1 − α)�(1 − α)
− k−α

(2 − α)�(1 − α)
= k−α

�(3 − α)
> 0,

therefore, one concludes that μ(p2) < 1.
Again, let us assume that μ(pi ) < 1. After some algebraic manipulations, we have

that

pi+1 = −(Q + Ppi )
−1P

=
(

1

2h2

)
⎛
⎜⎜⎜⎜⎜⎜⎝

0
1

Q2,2−(1/2h2)pi2,2
1

Q3,3−(1/2h2)pi3,3

. . .
1

QN+1,N+1−(1/2h2)pi N+1,N+1

⎞
⎟⎟⎟⎟⎟⎟⎠



3.4 Crank–Nicholson Scheme for Time-Fractional Differential … 153

known well that Q j, j = 1/h2 + ϕ0 and pi j, j = μ(pi ) for 2 ≤ j ≤ N + 1:

μ(pi+1) =
∣∣∣∣ 1/2h2

1/h2 + a0 − (1/2h2)μ(pi )

∣∣∣∣ = M2

2[M2(1 − μ(pi )/2) + a0] .

Hence, we conclude that since 0 ≤ μ(pi ) < 1, it means that μ(pi+1) < 1. So,
μ(pi+1) < 1 for any i ∈ [1, M].

3.5 A New Definition of Fractional Time Derivative
in Riemann–Liouville Sense

Many problems and phenomena in real life are, at a certain stage, separated from
the past and to mathematically analyse their models; we do not need to step back
until the instant t = −∞. A fixed instant t = t0 is usually chosen as the starting
time from which the process begins. Known assumptions on the behaviour of the
function and its derivatives are given and represent the initial conditions. This results
in the state of the system and contains effect of all its history. However, in classical
calculus (that is, non-fractional calculus), initial conditions are constants, while the
requirement for fractional calculus to give a reliable history of a physical system,
especially in physics, is by nonconstant time initialization. These physical systems
include, but do not limit to, semi-infinite lossy transmission line system, coloured
noise, viscoelasticity, system of diffusion of heat into semi-infinite solid, dielectric
polarization, electrode–electrolyte polarization, boundary layer effects in ducts and
electromagnetic waves. Hence, the nonconstant initialization is the main condition
for the fractional concept of integration and differentiation, since it provides the
behaviour of the function before the process of differentiation–integration begins
and makes the dynamics continuous after. It is widely known and proved [8–10]
that the Riemann–Liouville fractional derivative satisfies this condition, while the
Caputo–Fabrizio derivative encounters some challenges to get the equivalent history
of the system.

It is important to mention that fractional-order initial states, as required by frac-
tional differential equation using the Riemann–Liouville fractional derivative, are
very difficult to obtain and sometimes appears to simply be physically non-realizable.
In short, most of the steps in the development of the fractional calculus have ever
since disregarded the issue of initialization. Liouville and Riemann, in their respec-
tive initialization, chose the lower limit to be −∞ and a real number say k, but they
were in fact addressed problems relating to the same type of initialization. Caputo
[11], however, opined that, to examine the composition of the fractional differinte-
grals, the integrated function as well as its integer-order derivatives must be equal to
zero. Despite the mathematical advantage that the Caputo–Fabrizio derivative of a
constant is zero and models formulated with the Caputo–Fabrizio derivative require
integer-order initial conditions, there are lot of insufficiencies in the physical reality
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of the initialization effects, especially when applied to fractional differential equa-
tions. Indeed, a constant initialization of the past lacks generality, as reflected in
the well-known Laplace transform for differintegrals based on that assumption. This
insurgency can also reflect in the solutions of fractional differential equations with
histories assumed to be the set of initializing constants, representing the values of
fractional differintegrals at the starting time.

To tackle some non-resolved problems related to the observable behaviour in
systems of standard electromagnetic, viscoelastic materials, thermal media, and other
systems mentioned above, Caputo and Fabrizio [12] proposed a new definition of
fractional time derivative with no singularity C

a Dα
t . Recall that

C FDα
t u(t) = 1

�(n − α)

∫ t

a

1

(t − ξ)1−n+α
Dn

t u(ξ)dξ, for n − 1 < α < n

= Dn
t u(t) for α = n (3.5.1)

with n = 1, we have the Caputo version

C
a Dα

t u(t) = M(α)

(1 − α)

∫ t

a
u̇(ξ) exp

(
−α(t − ξ)

1 − α

)
dξ, (3.5.2)

where M(α) remains as earlier defined. We also remark that the authors in [12]
substituted the kernel 1

(t − ξ)α
appearing in (3.5.1) when n = 1 by the function

exp
(
−α(t − ξ)

1 − α

)
, and the term 1

�(1 −α)
by M(α)

(1 −α)
. This is done to remove the singularity

issue at t = ξ that exists in the previous Caputo–Fabrizio derivative.
For a function u ∈ L1(−∞, b) we have, for 0 ≤ α ≤ 1,

C
a Dα

t u(t) = αM(α)

(1 − α)

∫ t

−∞
(u(t) − u(ξ)) exp

(
−α(t − ξ)

1 − α

)
dξ. (3.5.3)

Moreover, it is improved that

lim
α→1

C
a Dα

t u(t) = u̇(t) (3.5.4)

and
lim
α→0

C
a Dα

t u(t) = u(t) − u(ξ), (3.5.5)

where a is the starting point of the integro-differentiation [9].
The definition of the Caputo–Fabrizio fractional derivative was also improved in

[13] by Losada and Nieto as

C
0 Dα

t u(t) = (2 − α)M(α)

(1 − α)

∫ t

0
u̇(ξ) exp

(
−α(t − ξ)

1 − α

)
dξ. (3.5.6)
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Now, from the Riemann–Liouville fractional derivative with n = 1, if we carry
out a similar substitution as above, we define the following derivative, considered as
the new version of the Riemann–Liouville time derivative expressed for 0 ≤ α ≤ 1 :

aDα
t u(t) = M(α)

1 − α

d

dt

∫ t

a
u(ξ) exp

[
− α

1 − α
(t − ξ)

]
dξ, (3.5.7)

which is improved to become

aDα
t u(t) = (2 − α)M(α)

2(1 − α)

d

dt

∫ t

a
u(ξ) exp

(
−α(t − ξ)

1 − α

)
dξ. (3.5.8)

Obviously, there is no singularity in this case at t = ξ. By following the same
approach in [9, 12], we easily verify that

lim
α→1

aDα
t u(t) = u̇(t) (3.5.9)

and, contrary to the Caputo–Fabrizio fractional derivative with (3.5.5), we have the
exact version

lim
α→0

aDα
t u(t) = u(t). (3.5.10)

The new Riemann–Liouville fractional derivation proposed by Goufo and
Atangana [9] is considered as the derivative of convolution. Recall that we can write
(3.5.7) in the form

aDα
t u(t) = M(α)

1 − α

d

dt
(u(t) ∗ v(t)), (3.5.11)

where v(t) = exp
(− αt

1−α

)
and ∗ denotes the Laplace operator giving the convolution

integral with two functions, which reads in classical notation

u(t) ∗ v(t) =
∫ t

a
u(ξ)v(t − ξ)dξ.

The new derivative here functions like a filter that removes the impurity left behind
by modelling with other traditional derivatives.

Without loss of generality, we set a = 0 and put 0Dα
t = Dα

t . Then, by using def-
inition (3.5.11) and the Laplace transform properties L(u(t)v(t), s), we obtain the
Laplace transform of the new fractional derivative in Riemann–Liouville sense as

L(Dα
t ) = M(α)

1 − α
L

[
d

dt

∫ t

0
u(ξ) exp

(
−α(t − ξ)

1 − α

)
dξ, s

]

= M(α)

1 − α
L

(
d

dt
(u(t) ∗ v(t)), s

)
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= M(α)

1 − α
[sL(u(t), s)L(v(t), s)].

Hence,

L(Dα
t u(t), s) = s M(α)

s + α(1 − s)
L( f (t), s). (3.5.12)

The main object of this section is to present the numerical approximations for the
new Riemann–Liouville fractional derivative without singular kernel:

Dα
t u(t) = 0Dα

t u(t) = M(α)

1 − α

d

dt

∫ t

0
u(ξ) exp

(
−α(t − ξ)

1 − α

)
dξ. (3.5.13)

In what follows, we give the first- and second-order approximation of this new
derivative.

First-Order Approximation Method

For the finite difference scheme, let S ∈ N be an integer which represents the grids
size as

h = 1

S

and the time grid points ts = sh taken in the time interval [0, T ] with s = 0, 1,

2, . . . , T S. We note
us = u(ts), (3.5.14)

the value of the function u at the grid point ts . We make use of the following approx-
imations:

dU

dt
= U (ts+1) − U (ts)

h
+ O(h) and U = U (ts+1) + U (ts)

2
.

A discrete approximation to the new fractional derivative can be obtained as follows:

Dα
t u(ts) = M(α)

h(1 − α)

[∫ ts+1

0
u(ξ) exp

(
− α

1 − α
(ts+1 − ξ)

)
dξ

−
∫ ts

0
u(ξ) exp

(
− α

1 − α
(ts − ξ)

)
dξ + O(h)

]
.

This gives the sums

Dα
t u(ts) = M(α)

h(1 − α)

[
s+1∑
i=1

∫ ih

(i−1)h

(
ui+1 + ui

2

)
exp

(
− α

1 − α
(ts+1 − ξ)

)
dξ

−
s∑

i=1

∫ ih

(i−1)h

(
ui+1 + ui

2

)
exp

(
− α

1 − α
(ts − ξ)

)
dξ + O(h)

]
.



3.5 A New Definition of Fractional Time Derivative in Riemann–Liouville Sense 157

Rearranging and integrating over the interval [i − 1, i], we obtain

Dα
t u(ts) = M(α)

h(1 − α)

[
s+1∑
i=1

(
ui+1 + ui

2

)∫ ih

(i−1)h
exp

(
− α

1 − α
(ts+1 − ξ)

)
dξ

−
s∑

i=1

(
ui+1 + ui

2

)∫ ih

(i−1)h
exp

(
− α

1 − α
(ts − ξ)

)
dξ + O(h)

]
,

Dα
t u(ts) = M(α)

αh

[
s+1∑
i=1

(
ui+1 + ui

2

)
χi,h −

s∑
i=1

(
ui+1 + ui

2

)
χ̄i,h + O(h)

]
,

where

χi,h = exp

(
− αh

1 − α
(s − i + 1)

)
− exp

(
− αh

1 − α
(s − i + 2)

)
, (3.5.15)

χ̄i,h = exp

(
− αh

1 − α
(s − i)

)
− exp

(
− αh

1 − α
(s − i + 1)

)
. (3.5.16)

Dα
t u(ts) = M(α)

αh

[
s+1∑
i=1

(
ui+1 + ui

2

)
χi,h −

s∑
i=1

(
ui+1 + ui

2

)
χ̄i,h

]
+ M(α)

αl
O(h).

(3.5.17)
The following proposition is made.

Proposition 3.5.1 Let u : (a, b) → R an arbitrary real and locally integrable func-
tion, ts ∈ (a, b) with α ∈ [0, 1]; then, the first-order approximation of the new
Riemann–Liouville fractional derivative with no singularity kernel (3.5.13) at a point
ts is given by

Dα
t u(ts) = M(α)

αh

[
s+1∑
i=1

(
ui+1 + ui

2

)
χi,h −

s∑
i=1

(
ui+1 + ui

2

)
χ̄i,h

]
+ O(1),

(3.5.18)
where χi,h and χ̄i,h are, respectively, given in (3.5.15) and (3.5.16), and the value ui

is defined in (3.5.14).

Proof The proof follows directly from (3.5.17) where the term M(α)

αh O(h) simply
becomes O(1).

�
Second-Order Approximation Method

Here, we present a second-order numerical approximation for the new fractional
derivative in Riemann–Liouville sense as
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Dα
t t u(t) = M(α)

1 − α

d2

dt2

∫ t

0
u(ξ) exp

[
−

(
α

1 − α
(t − ξ)

)2
]

dξ, (3.5.19)

for 1 ≤ α ≤ 2. Together with u = u(ts+1)+ u(ts )
2 , we make use of the Crank–Nicholson

that defines the second-order time derivative as

d2U

dt2
= U (ts+1) − 2U (ts) + U (ts−1)

2h2
+ O(h2).

As shown previously, a discrete approximation to the second-order new fractional
derivative is obtained by

Dα
t t u(ts) = M(α)

2h2(1 − α)

[∫ ts+1

0
u(ξ) exp

[
−

(
α

1 − α
(ts+1 − ξ)

)2
]

dξ

−2
∫ ts

0
u(ξ) exp

[
−

(
α

1 − α
(ts − ξ)

)2
]

dξ

+
∫ ts−1

0
u(ξ) exp

[
−

(
α

1 − α
(ts−1 − ξ)

)2
]

dξ + O(h2)

]

which lead to the sums

Dα
t t u(ts) = M(α)

2h2(1 − α)

[
s+1∑
i=1

∫ ih

(i−1)h

(
ui+1 + ui

2

)
exp

[
−

(
α

1 − α
(ts+1 − ξ)

)2
]

dξ

−2
s∑

i=1

∫ ih

(i−1)h

(
ui+1 + ui

2

)
exp

[
−

(
α

1 − α
(ts − ξ)

)2
]

dξ

s−1∑
i=1

∫ ih

(i−1)h

(
ui+1 + ui

2

)
exp

[
−

(
α

1 − α
(ts−1 − ξ)

)2
]

dξ + O(h2)

]
.

On rearranging, we have

Dα
t t u(ts) = M(α)

2h2(1 − α)

[
s+1∑
i=1

(
ui+1 + ui

2

)∫ ih

(i−1)h
exp

[
−

(
α

1 − α
(ts+1 − ξ)

)2
]

dξ

−2
s∑

i=1

(
ui+1 + ui

2

)∫ ih

(i−1)h
exp

[
−

(
α

1 − α
(ts − ξ)

)2
]

dξ

s−1∑
i=1

(
ui+1 + ui

2

)∫ ih

(i−1)h
exp

[
−

(
α

1 − α
(ts−1 − ξ)

)2
]

dξ + O(h2)

]
.

By integrating over the interval [(i − 1)h, ih] yields
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Dα
t t u(ts) =

√
πM(α)

4αh2

[
s+1∑
i=1

(
ui+1 + ui

2

)
χi,h − 2

s∑
i=1

(
ui+1 + ui

2

)
¯χi,h

+
s−1∑
i=1

(
ui+1 + ui

2

)
ˆχi,h + O(h2)

]
,

where

χi,h = Er f

[(
α

1 − α

)
(2 + s − i)h

]
− Er f

[(
α

1 − α

)
(1 + s − i)h

]
, (3.5.20)

χ̄i,h = Er f

[(
α

1 − α

)
(1 + s − i)h

]
− Er f

[(
α

1 − α

)
(s − i)h

]
, (3.5.21)

and

χ̂i,h = Er f

[(
α

1 − α

)
(s − i)h

]
− Er f

[(
α

1 − α

)
(−1 + s − i)h

]
, (3.5.22)

with Er f [x] denoting the Gauss error function

Er f [x] = 2√
π

∫ x

0
exp(−ξ2)dξ.

Hence,

Dα
t t u(ts) =

√
πM(α)

4αh2

[
s+1∑
i=1

(
ui+1 + ui

2

)
χi,h −

s∑
i=1

(
ui+1 + ui

) ¯χi,h

+
s−1∑
i=1

(
ui+1 + ui

2

)
ˆχi,h

]
+

√
πM(α)

4αh2
O(h2). (3.5.23)

This results in the following proposition for the second-order approximation method
of the new fractional derivative in Riemann–Liouville sense with no singular kernel.

Proposition 3.5.2 Let u : (a, b) → R an arbitrary real and locally integrable func-
tion, ts ∈ (a, b) with α ∈ [1, 2]; then, the second-order approximation of the new
Riemann–Liouville fractional derivative with no singularity kernel (3.5.13) at a point
ts is given by

Dα
t t u(ts) =

√
πM(α)

4αh2

[
s+1∑
i=1

(
ui+1 + ui

2

)
χi,h −

s∑
i=1

(
ui+1 + ui

) ¯χi,h

+
s−1∑
i=1

(
ui+1 + ui

2

)
ˆχi,h

]
+ O(1), (3.5.24)
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where χi,h and χ̄i,h are, respectively, given in (3.5.20), (3.5.21) and (3.5.22), and the
value ui is defined in (3.5.14).

Proof The proof follows directly from equation (3.5.23) where the term
√

πM(α)

4αh2 O(h2)

simply becomes O(1). �
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Chapter 4
Numerical Approximation of Caputo
Differentiation

The Caputo-fractional differentiation has been applied to many fields of science,
technology and engineering due to their ability of including the initial conditions.
The establishment of the numerical approximation is therefore possible if using
the well-known integral transforms. Another advantage of this operator is based on
its definition as a convolution of a derivative of a function and the power-law decay
function. The numerical approximation is therefore the combination of the numerical
approximation of the first or second derivative and the decomposition of an integral.

There has been significant interest in formulating some numerical schemes for the
solution of time-fractional differential equations. In this chapter, we propose a new
fractional Adams–Bashforth method to discretize the time Caputo derivative. The
time-fractional equation is obtained from the standard parabolic partial differential
equations by replacing the first-order time derivative with the Caputo derivative of
order α ∈ [0, 1].

4.1 Numerical Approximation for Time Derivative

Let I = (a, b), and �t be the time step and nT > 0 be an integer with �t = T/nT
and tn = nτ for n = 0, 1, . . . , nT . The space time step is defined by �x = (b −
a)/N , for N > 0 an integer. The space grid point xi is given by xi = 1 + i�x , for
i = 0, 1, 2, . . . , N . Given

C
0 Dα

t u(x, t) = 1

�(1 − α)

∫ t

0

∂u

∂τ
u(x, τ )(t − τ )−αdτ , (4.1.1)
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at t = tn , we have

C
0 Dα

t u(x, tn) = 1

�(1 − α)

∫ tn

0

∂u

∂τ
u(x, τ )(tn − τ )−αdτ ,

= 1

�(1 − α)

n−1∑
j=0

∫ t j+1

t j

u j+1
i − u j

i

�t
(tn − t)−αdt

= 1

�(1 − α)

n−1∑
j=0

u j+1
i − u j

i

�t

∫ t j+1

t j

(tn − t)−αdt

= 1

�(1 − α)

n−1∑
j=0

u j+1
i − u j

i

�t

∫ tn−t j+1

tn−t j

−yαdy

= 1

�(1 − α)

n−1∑
j=0

u j+1
i − u j

i

�t

[
−yα+1

−α + 1

∣∣∣∣
tn−t j+1

tn−t j

]

= 1

�(1 − α)

n−1∑
j=0

u j+1
i − u j

i

�t

{
(n − j)1−α(�t)1−α

1 − α
− (n − j − 1)1−α(�t)1−α

1 − α

}

= 1

�(1 − α)

n−1∑
j=0

u j+1
i − U j

i

�t
δα

n, j . (4.1.2)

For the backward difference scheme,

C
0 Dα

t u(x, tn) = 1

�(1 − α)

n∑
j=1

u j
i − u j−1

i

�t

∫ t j

t j−1

(tn − t)−αdt

= 1

�(1 − α)

n∑
j=1

u j
i − u j−1

i

�t

∫ tn−t j

tn−t j−1

−yαdy

= 1

�(1 − α)

n∑
j=1

u j
i − u j−1

i

�t

[−y1−α

1 − α

]tn−t j

tn−t j−1

= 1

�(1 − α)

n∑
j=1

u j
i − u j−1

i

�t

{
(�t)1−α(n − j + 1)1−α

1 − α
− (�t)1−α(n − j)1−α

1 − α

}

= (�t)−α

�(2 − α)

n∑
j=1

(
u j

i − u j−1
i

) {
(n − j + 1)1−α − (n − j)1−α

}

= (�t)−α

�(2 − α)

n∑
j=1

(
u j

i − u j−1
i

)
δα

n, j .
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4.2 Numerical Approximation for Space First-Order
Derivative

C
0 Dα

t u(x, t) = 1

�(1 − α)

∫ x

0
(x − y)−α ∂

∂y
u(y, t)dy. (4.2.1)

For the backward Euler method at point xi , we have

C
0 Dα

x u(xi , t j ) = 1

�(1 − α)

∫ xi

0
(xi − y)−α ∂

∂y
u(y, t j )dy

= 1

�(1 − α)

i−1∑
k=0

∫ xk

xk−1

(xi − y)−α
u j

k − u j
k−1

�x
dy

= 1

�(1 − α)

i−1∑
k=0

u j
k − u j

k−1

�x

∫ xk

xk−1

(xi − y)−αdy

= 1

�(1 − α)

i−1∑
k=0

u j
k − u j

k−1

�x

[−x−α]xi −xk
xi −xk−1

= 1

�(1 − α)

i−1∑
k=0

u j
k − u j

k−1

�x
×

{
(�x)1−α(i − k + 1)1−α

1 − α
− (�x)1−α(i − k)1−α

1 − α

}

= (�x)−α

�(2 − α)

i−1∑
k=0

(
u j

k − u j
k−1

) {
(i − k + 1)1−α − (i − k)1−α

}

= (�x)−α

�(2 − α)

i−1∑
k=0

(
u j

k − u j
k−1

)
δα

n,k .

For central difference, at xi we have

C
0 Dα

x u(xi , t j ) = 1

�(1 − α)

∫ xi

0
(xi − y)−α ∂

∂y
u(y, t j )dy

= 1

�(1 − α)

i−1∑
k=0

∫ xk+1

xk−1

(xi − y)−α
u j

k+1 − u j
k−1

�x
dy

= 1

�(1 − α)

i−1∑
k=0

u j
k+1 − u j

k−1

�x

∫ xk+1

xk−1

(xi − y)−αdy

= 1

�(1 − α)

i−1∑
k=0

u j
k+1 − u j

k−1

�x

[−x−α]xi −xk+1
xi −xk−1
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= 1

�(1 − α)

i−1∑
k=0

u j
k+1 − u j

k−1

�x
×

{
(�x)1−α(i − k + 1)1−α

1 − α
− (�x)1−α(i − k − 1)1−α

1 − α

}

= (�x)−α

�(2 − α)

i−1∑
k=0

(
u j

k+1 − u j
k−1

) {
(i − k + 1)1−α − (i − k − 1)1−α

}

= (�x)−α

�(2 − α)

i−1∑
k=0

(
u j

k+1 − u j
k−1

)
δα

n,k .

For forward Euler at xi

C
0 Dα

x u(xi , t j ) = 1

�(1 − α)

∫ xi

0
(xi − y)−α ∂

∂y
u(y, t j )dy

= 1

�(1 − α)

i∑
k=0

∫ xk+1

xk

(xi − y)−α u j
k+1 − u j

k

�x
dy

= 1

�(1 − α)

i∑
k=0

u j
k+1 − u j

k

�x

∫ xk+1

xk

(xi − y)−αdy

= 1

�(1 − α)

i∑
k=0

u j
k+1 − u j

k

�x

[−x−α
]xi −xk+1

xi −xk

= 1

�(1 − α)

i∑
k=0

u j
k+1 − u j

k

�x

{
(�x)1−α(i − k)1−α

1 − α
− (�x)1−α(i − k − 1)1−α

1 − α

}

= (�x)−α

�(2 − α)

i∑
k=0

(
u j

k+1 − u j
k

) {
(i − k)1−α − (i − k − 1)1−α

}

= (�x)−α

�(2 − α)

i∑
k=0

(
u j

k+1 − u j
k

)
δα

n,k .

For Crank–Nicholson method at xi
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C
0 Dα

x u(xi , t j ) = 1

�(1 − α)

∫ xi

0
(xi − y)−α ∂

∂y
u(y, t j )dy

= 1

�(1 − α)

i∑
k=1

∫ xk+1

xk−1

(xi − y)−α

{
u j+1

k+1 − u j+1
k−1

2�x
+ u j

k+1 − u j
k−1

2�x

}
dy

= 1

�(1 − α)

i∑
k=1

{
u j+1

k+1 − u j+1
k−1

2�x
+ u j

k+1 − u j
k−1

2�x

}
(xi − y)−αdy

= 1

�(1 − α)

i∑
k=1

{
u j+1

k+1 − u j+1
k−1

2�x
+ u j

k+1 − u j
k−1

2�x

} [−x−α
]xi −xk+1

xi −xk−1

= 1

�(1 − α)

i∑
k=1

{
u j+1

k+1 − u j+1
k−1

2�x
+ u j

k+1 − u j
k−1

2�x

}

×
[
(�x)1−α

1 − α
(i − k + 1)1−α + (�x)1−α

1 − α
(i − k)1−α

]

= (�x)−α

�(1 − α)

i∑
k=1

{
u j+1

k+1 − u j+1
k−1

2
+ u j

k+1 − u j
k−1

2

} [
(i − k + 1)1−α − (i − k)1−α

]

= (�x)−α

�(2 − α)

i∑
k=1

{
u j+1

k+1 − u j+1
k−1

2
+ u j

k+1 − u j
k−1

2

}
δα

n, j . (4.2.2)

4.3 Numerical Methods for Fractional Evolution Equations

In this section, we briefly present the fractional Euler and Adams methods that
have been used for the solution of time-fractional evolution equations in one space
dimension. Later, we present the new version of fractional Adams–Bashforth method
with the Caputo derivative and its application to time-fractional system.

Denote by tn = nh, n = 0, 1, 2, . . . , N , where h = T/N is the step size, and
N > 0 is an integer and T > 0. Let un be the approximate solution of u(tn) at t = tn .
In what follows, we introduce the numerical methods for the solution of problem.

4.3.1 Fractional Euler and Adams Methods

Here, we briefly mention the fractional Euler and Adams methods.
The fractional forward and backward Euler methods are given as

us+1 =
m−1∑
n=0

tn
s+1

n! u(n)
0 + hα

�(α + 1)

s∑
n=0

βn,s+1 f (tn, un), (4.3.1)
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and

us+1 =
m−1∑
n=0

tn
s+1

n! u(n)
0 + hα

�(α + 1)

s∑
n=0

βn,s+1 f (tn+1, un+1), (4.3.2)

respectively, where βn,s+1 = (s − n + 1)α − (s − n)α.
Diethelm et al. [1] proposed the fractional Adams-type method of the form

uσ
s+1 =

m−1∑
n=0

tn
s+1

n! u(n)
0 + hα

�(α + 1)

s∑
n=0

βn,s+1 f (tn, un),

(4.3.3)

us+1 =
m−1∑
n=0

tn
s+1

n! u(n)
0 + hα

�(α + 1)

{
s∑

n=0

βn,s+1 f (tn, un) + vs+1,s+1 f (ts+1, uσ
s+1)

}
,

where

vn,s+1 =
⎧⎨
⎩

sα+1 − (s − α)(s + 1)α, n = 0,

(s − n + 2)α+1 − 2(s − n + 1)α+1 + (s − n)α+1, 1 ≤ n ≤ s,
1, n = s + 1,

⎫⎬
⎭

(4.3.4)
and βn,s+1 remains as defined above.

4.3.2 The New Fractional Adams–Bashforth Scheme with
Caputo Derivative

We consider the fractional differential equation of the form

C Dα
0,t u(t) = f (t, u(t)), (4.3.5)

where C Dα
0,t u(t) denotes the Caputo derivative with order 0 < α < 1. By applying

the fundamental theorem of calculus on Eq. (4.3.5), we obtain

u(t) − u(0) = 1

�(α)

∫ t

0
f (λ, u(λ))(t − λ)α−1dλ. (4.3.6)

Thus at t = tn+1, n = 0, 1, 2, . . ., we obtain

u(tn+1) − u(0) = 1

�(α)

∫ tn+1

0
(tn+1 − t)α−1 f (t, u(t))dt (4.3.7)
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and

u(tn) − u(0) = 1

�(α)

∫ tn

0
(tn − t)α−1 f (t, u(t))dt. (4.3.8)

By subtracting (4.3.8) from (4.3.7), we get

u(tn+1) = u(tn) + 1

�(α)

∫ tn+1

0
(tn+1 − t)α−1 f (t, u(t))dt

+ 1

�(α)

∫ tn

0
(tn − t)α−1 f (t, u(t))dt.

This implies that
u(tn+1) = u(tn) + Aα,1 + Aα,2, (4.3.9)

where

Aα,1 = 1

�(α)

∫ tn+1

0
(tn+1 − t)α−1 f (t, u(t))dt

and

Aα,2 = 1

�(α)

∫ tn

0
(tn − t)α−1 f (t, u(t))dt,

The function f (t, u(t)) can be approximated using the Lagrange interpolation as

P(t) � t − tn−1

tn − tn−1
f (tn, un) + t − tn

tn−1 − tn
f (tn−1, un−1)

= f (tn, un)

h
(t − tn−1) − f (tn−1, un−1)

h
(t − tn). (4.3.10)

Thus,

Aα,1 = f (tn, un)

h�(α)

∫ tn+1

0
(tn+1 − t)α−1(t − tn−1)dt − f (tn−1, un−1)

�(α)h

×
∫ tn+1

0
(tn+1 − t)(t − tn)dt

Aα,1 = f (tn, un)

h�(α)

∫ tn+1

0
uα−1(tn+1−u−tn−1)du − f (tn−1, un−1)

�(α)h

×
∫ tn+1

0
uα−1(tn+1 − u − tn)du

= f (tn, un)

h�(α)

{
2htαn+1

α
− tα+1

n+1

α + 1

}
− f (tn−1, un−1)

h�(α)

{
htαn+1

α
− tα+1

n+1

α + 1

}
. (4.3.11)
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Therefore,

Aα,1 = f (tn, un)

h�(α)

{
2h

α
tα
n+1 − tα+1

n+1

α + 1

}
− f (tn−1, un−1)

h�(α)

{
h

α
tα
n+1 − tα+1

n+1

α + 1

}
.

(4.3.12)
Similarly, we obtain

Aα,2 = f (tn, un)

h�(α)

∫ tn

0
(tn − t)α−1(t − tn−1)dt − (tn−1, un−1)

h�(α)

×
∫ tn

0
(tn − t)α−1(t − tn)dt

= f (tn, un)

h�(α)

∫ tn

0
uα−1 {tn − u − tn−1} du + f (tn−1, un−1)

h�(α)

tα+1
n

α
(4.3.13)

= f (tn, un)

h�(α)

{
htα

n

α
− tα+1

n

α + 1

}
+ f (tn−1, un−1)

h�(α + 1)
tα+1
n .

Thus the approximate solution is given as

u(tn+1) = u(tn) + f (tn, un)

h�(α)

{
2h

α
tα
n+1 − tα+1

n+1

α + 1
+ h

α
tα
n − tα+1

n

α

}

+ f (tn−1, un−1)

h�(α)

{
h

α
tα
n+1 − tα+1

n+1

α + 1
+ tα

n

α + 1

}
. (4.3.14)

u(tn+1) = u(tn) + f (tn, un)

h�(α)
hα+1

{
2(n + 1)α + nα

α
− (n + 1)α+1 + nα+1

α + 1

}

+ f (tn−1, un−1)

h�(α)
hα+1

{
(n + 1)α+1

α
− (n + 1)α+1

α + 1
+ nα+1

α + 1

}
. (4.3.15)

4.3.3 Existence and Uniqueness of Solutions

Let B = Ca,b be the Banach space of every continuous real function bounded in
a closed set [a, b], which also contains the sub-norm, and S be the shaft given as
S = {u, v, w ∈ S, u(x, t) ≥ 0, v(x, t) ≥ 0 and w(x, t) ≥ 0, a ≤ t ≤ b}.
Definition 4.3.1 Let B be real Banach space with a cone, say P which has a restricted
order ≤ in B in succeeding approach

x ≤ y ⇒ y − x ∈ P, x ≤ z ⇒ z − x ∈ P.
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For every x, y, z ∈ B, the order interval is given as 〈a, b〉 = { f ∈ B : a ≤ f ≤ b}.
A cone K is denoted normal if it is possible to obtain a constant j > 0 such that
p, q ∈ K , � < p < q ⇒ ‖p‖ ≤ ‖q‖, where � stands for the zeros of K .

To examine the existence of solution, we consider the following fractional system
with Caputo derivative operator:

C Dα
0,t u(t) = ρ(v(t) − u(t)),

C Dα
0,tv(t) = (κ − ρ)u(t) + κv(t) − δu(t)v(t), (4.3.16)

C Dα
0,tw(t) = −φw(t) + εv2(t).

By using the fundamental theorem of calculus on the above system, we have

u(t) − u(0) = 1

�(α)

∫ t

0
ρ(v(τ ) − u(τ ))(t − τ )α−1dτ

v(t) − v(0) = 1

�(α)

∫ t

0
((κ − ρ)u(τ ) + κv(τ ) − δu(τ )v(τ )) (t − τ )α−1dτ

w(t) − w(0) = 1

�(α)

∫ t

0

(−φw(τ ) + εv2(τ )
)
(t − τ )α−1dτ .

Next, we create a compact Ca,b, that is,

Ca,b = Ia(t0) × Bb(ξ),

where
ξ = min{u0, v0, w0}

and
Ia(t0) = [t0 − a, t0 + a], B0(ξ) = [ξ − b, ξ + b].

Let

f1(u, v, w, t) = ρ(v(t) − u(t)),

f2(u, v, w, t) = (κ − ρ)u(t) + κv(t) − δu(t)v(t), (4.3.17)

f3(u, v, w, t) = −φw(t) + εv2(t).

Also, we assume

M = max
Ca,b

{
sup
Ca,b

‖ f1‖, sup
Ca,b

‖ f2‖, sup
Ca,b

‖ f3‖
}

.
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By adopting the infinite norm, we have

‖ϕ‖∞ = sup
t∈Ia

||ϕ(t)|.

Next, we create a function, say

� : Ca,b → Ca,b

so that

�X (t) = X0 + 1

�(α)

∫ t

0
F(u, v, w, t)(t − τ )α−1dτ (4.3.18)

X (t) =
⎛
⎝u(t)

v(t)
w(t)

⎞
⎠ , F(u, v, w, t) =

⎛
⎝ f1(u, v, w, t)

f2(u, v, w, t)
f3(u, v, w, t)

⎞
⎠ . (4.3.19)

We must show that the new fractional operator is well defined, that is, we evaluate
the condition for which

‖�X (t) − X0‖∞ <

⎛
⎝b

b
b

⎞
⎠ ,

where

‖�1u(t) − u0‖∞ < b,

‖�2v(t) − v0‖∞ < b,

‖�3w(t) − w0‖∞ < b.

Starting with the u component, we have

‖�1u(t) − u0‖∞ =
∥∥∥∥ 1

�(α)

∫ t

0
f1(u, v, w, τ )(t − τ )α−1dτ

∥∥∥∥∞

≤ 1

�(α)

∫ t

0
‖ f1(u, v, w, τ )‖∞ (t − τ )α−1dτ

≤ M

�(α)

∫ t

0
(t − τ )dτ (4.3.20)

≤ Maα

�(α + 1)
< b,

where

a <

(
b�(α + 1)

M

)1/α

.
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Similarly, for the remaining components, we have

‖�2v(t) − v0‖∞ <
Maα

�(α + 1)

and

‖�3w(t) − w0‖∞ <
Maα

�(α + 1)
.

Thus,

‖�X (t) − X0‖∞ ≤ Maα

�(α + 1)
,

� is well defined if a <
(

b�(α+1)

M

)1/α

.

Second, we require to show that our function has a Lipshitz condition. That is,

‖�X1 − �X2‖∞ < K ‖X1 − X2‖

‖�1u1 − �1u2‖∞ =
∥∥∥∥ 1

�(α)

∫ t

0
f1(u1, v, w, τ )(t − τ )α−1dτ

− 1

�(α)

∫ t

0
f1(u2, v, w, τ )(t − τ )α−1dτ

∥∥∥∥∞
= 1

�(α)

∥∥∥∥
∫ t

0
( f1(u1, v, w, τ ) − f1(u2, v, w, τ )) (t − τ )α−1dτ

∥∥∥∥∞
≤ 1

�(α)

∫ t

0
‖( f1(u1, v, w, τ ) − f1(u2, v, w, τ ))‖∞ (t − τ )α−1dτ

≤ 1

�(α)

∫ t

0
‖(ρv − ρu1 − ρv + ρu2)‖∞ (t − τ )α−1dτ

≤ |ρ|
�(α)

∫ t

0
‖u1 − u2‖∞ (t − τ )α−1dτ

<
|ρ|

�(α)
‖u1 − u2‖∞ · aα

α

≤ |ρ| ‖u1 − u2‖∞ · aα

�(α + 1)
≤ ‖u1 − u2‖∞ K1, (4.3.21)

where

K1 = |ρ|aα

�(α + 1)
.
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Also,

‖�2v1 − �2v2‖∞ =
∥∥∥∥ 1

�(α)

∫ t

0
f2(u, v1, w, τ )(t − τ )α−1dτ

− 1

�(α)

∫ t

0
f2(u, v2, w, τ )(t − τ )α−1dτ

∥∥∥∥∞

= 1

�(α)

∥∥∥∥
∫ t

0
( f2(u, v1, w, τ ) − f2(u, v2, w, τ )) (t − τ )α−1dτ

∥∥∥∥∞

≤ 1

�(α)

∫ t

0
‖( f2(u, v1, w, τ ) − f2(u, v2, w, τ ))‖∞ (t − τ )α−1dτ

≤ 1

�(α)

∫ t

0
‖κ(v1 − v2) − δu(v1 − v2)‖∞ (t − τ )α−1dτ

≤ 1

�(α)

∫ t

0
{κ‖v1 − v2‖∞ + δ‖u(t)‖∞‖v1 − v2‖∞} (t − τ )α−1dτ

≤ (|κ| + |δ|‖u(t)‖∞) ‖v1 − v2‖∞
�(α + 1)

· aα

K2‖v1 − v2‖∞, (4.3.22)

where

K2 = (|κ| + |δ|‖u(t)‖∞) aα

�(α + 1)
.

For the third component,

‖�3w1 − �3w2‖∞ =
∥∥∥∥ 1

�(α)

∫ t

0
f3(u, v, w1, τ )(t − τ )α−1dτ

− 1

�(α)

∫ t

0
f3(u, v, w2, τ )(t − τ )α−1dτ

∥∥∥∥∞
= 1

�(α)

∥∥∥∥
∫ t

0
( f3(u, v, w1, τ ) − f3(u, v, w2, τ )) (t − τ )α−1dτ

∥∥∥∥∞
≤ 1

�(α)

∫ t

0
‖( f3(u, v, w1, τ ) − f3(u, v, w2, τ ))‖∞ (t − τ )α−1dτ

≤ 1

�(α)

∫ t

0
‖φ(w2 − w1)‖∞(t − τ )α−1dτ

≤ 1

�(α)

∫ t

0
{φ‖w2 − w1‖∞} (t − τ )α−1dτ

≤ (|φ|‖w2 − w1‖) aα

�(α + 1)

≤ K3‖w2 − w1‖, (4.3.23)
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where |φ|aα

�(α + 1)
.

So, � is a contraction if ⎛
⎝K1

K2

K3

⎞
⎠ <

⎛
⎝1

1
1

⎞
⎠ = 0, (4.3.24)

for

a <

(
�(α + 1)

b

)1/α

, a <

(
�(α + 1)

|ρ|
)1/α

, a <

(
�(α + 1)

|κ| + |δ|‖u(t)‖∞

)1/α

.

So to obtain a contraction,

a < min

{(
�(α + 1)

b

)1/α

,

(
�(α + 1)

|ρ|
)1/α

,

(
�(α + 1)

|κ| + |δ|‖u(t)‖∞

)1/α
}

.

Under this condition, � is a contraction in a compact Banach space; this implies that
� has a unique solution. For the general existence and uniqueness theorem, readers
are referred to some classical books [2–4].
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Chapter 5
Numerical Approximation
of Caputo–Fabrizio Differentiation

Most fractional differential equations describing real-world (physical) problems are
highly complicated and cannot sometimes be solved analytically. A lot of numerical
approaches in connection with derivatives of fractional order describing these real-
world problems alter essentially in the many in which the derivative of fractional order
is tailored, see, for instance, [5] and references therein. Numerical approximation
of a derivative of fractional order has a highly complicated formula compared to
those of integer order due to their non-local nature, and therefore the calculation at a
particular point requires knowledge of the function further out of the region close to
that point. Accordingly, finite difference approximations of derivatives of fractional
order engage a quantity of points that alters according to how faraway we are from
the borderline.

One of the most recent fractional-order derivatives was proposed by Caputo and
Fabrizio [3, 4], where it was shown that the new-fangled derivative contains addi-
tional encouraging properties in comparison with the older version. For example,
they have shown that it can represent substance heterogeneities and configurations
with different scales, which clearly cannot be overseeing with the prominent local
theories and also the known fractional derivative. Another application is in the inves-
tigation of the macroscopic behaviours of some materials that are associated with
non-local communications between atoms, which are recognized to be important of
the properties of material.

5.1 Numerical Approximation for the Caputo–Fabrizio
Fractional Derivative in Caputo Sense

We start by presenting the numerical approximation based on the definition of the
Caputo–Fabrizio derivative for Caputo-type [3, 4],
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C F
0 Dα

t ( f (t)) = M(α)

1 − α

∫ t

0
f ′(ξ) exp

[
−α

t − ξ

1 − α

]
dξ. (5.1.1)

For some integer N > 0, the grid size in time for finite difference technique is given
by

k = 1

N
.

In the time interval [0, T ], the grid points are denoted as tn = nk, n = 0, 1, 2, . . . ,

T N . The value of the function f at the grid point is fi = f (ti ).
A discrete approximation to the Caputo–Fabrizio derivative of fractional order is

given by the simple quadrature formula as

C F
0 Dα

t ( f (tn)) = M(α)

1 − α

∫ tn

0
f ′(ξ) exp

[
−α

tn − ξ

1 − α

]
dξ. (5.1.2)

This equation can be modified using the first-order approximation to

C F
0 Dα

t ( f (t j )) = M(α)

1 − α

n∑
j=1

∫ jk

( j−1)k

(
f k+1 − f k

�t
+ O(�t)

)
exp

[
−α

t j − ξ

1 − α

]
dξ.

(5.1.3)
Before integrating the above, we quickly obtain the following expression:

M(α)

1 − α

n∑
j=1

(
f j+1 − f j

�t
+ O(�t)

)∫ jk

( j−1)k
exp

[
−α

t j − ξ

1 − α

]
dξ. (5.1.4)

C F
0 Dα

t ( f (t j )) = M(α)

α

n∑
j=1

(
f j+1 − f j

�t
+ O(�t)

)
d j,k,

where

d j,k = exp

[
−α

k

1 − α
(n − j + 1)

]
− exp

[
−α

k

1 − α
(n − j)

]
. (5.1.5)

We finally obtain

C F
0 Dα

t ( f (tn)) = M(α)

α

n∑
j=1

(
f j+1 − f j

�t

)
d j,k + M(α)

α

n∑
j=1

d j,kO(�t). (5.1.6)

In the following results, we present the first-order approximations of the Caputo–
Fabrizio derivative in both space and time.
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Theorem 5.1.1 Let f (x) be a function in C2[a, b] and let the order of the fractional
derivative be 0 < α ≤ 1, then the first-order approximation of the Caputo–Fabrizio
derivative in the sense of Caputo at a point tn is given by [1]

C F
0 Dα

t ( f (tn)) = M(α)

α

n∑
j=1

(
f j+1 − f j

�t

)
d j,k + O((�t)2). (5.1.7)

Proof From above (5.1.5), we have

C F
0 Dα

t ( f (tn)) = M(α)

α

n∑
j=1

(
f j+1 − f j

�t

)
d j,k

+ M(α)

α

n∑
j=1

(
exp

[
−α

k

1 − α
(n − j + 1)

]
− exp

[
−α

k

1 − α
(n − j)

])
O(�t).

However,

n∑
j=1

(
exp

[
−α

k

1 − α
(n − j + 1)

]
− exp

[
−α

k

1 − α
(n − j)

])

= exp

[
−α

k

1 − α
(n)

]
− 1. (5.1.8)

Approximation of the exponential function is obtained as

exp

[
−α

k

1 − α
(n)

]
≈ 1 − α

k

1 − α
(n).

This function is replaced in (5.1.8) to yield

n∑
j=1

(
exp

[
−α

k

1 − α
(n − j + 1)

]
− exp

[
−α

k

1 − α
(n − j)

])
≈ −α

k

1 − α
(n).

(5.1.9)
Then Eq. (5.1.8) results in

C F
0 Dα

t ( f (tn)) = M(α)

α

n∑
j=1

(
f j+1 − f j

�t

)
d j,k + M(α)k

1 − α
(n)O(�t). (5.1.10)

And the requested result is obtained as
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C F
0 Dα

t ( f (tn)) = M(α)

α

n∑
j=1

(
f j+1 − f j

�t

)
d j,k + O((�t)2). (5.1.11)

The proof is completed. �

We now conclude that the first-order approximation scheme for the computation of
the time-fractional-order Caputo–Fabrizio derivative in the sense of Caputo is given
as

C F
0 Dα

t ( f (tn)) = M(α)

α

n∑
j=1

(
f j+1 − f j

�t

)
d j,k . (5.1.12)

Next, we present the numerical approximation for first-order space Caputo–
Fabrizio derivative in Caputo sense.

Consider some integer N > 0, the grid sizes in time for finite difference technique
are defined by

i = 1

M
.

The grid points in the time interval [0, X ] are denoted xi = im, m = 0, 1, 2, . . . ,

X M . The value of the function f at the points is given as f k
i = f (xi , tk). We obtain

C F
0 Dα

t ( f (xm, ti )) = M(α)√
π(1 − α)

∫ xm

0

∂

∂τ
f ′(τ , ti ) exp

[
−α2 (xm − τ )2

(1 − α)2

]
dτ .

By employing the Crank–Nicholson approximation for the first-order derivative, the
above equation is transformed into

C F
0 Dα

x ( f (xm, tk)) = M(α)√
π(1 − α)

∫ xm

0

(
( f k+1

i+1 − f k+1
i−1 ) − ( f k

i+1 − f k
i−1)

4�x
+ O(�t)

)

× exp

[
−α2 (xm − τ )2

(1 − α)2

]
dτ . (5.1.13)

The above equation is converted to

C F
0 Dα

x ( f (xm, ti )) = M(α)√
π(1 − α)

m∑
s=1

{
( f k+1

s+1 − f k+1
s−1 ) − ( f k

s+1 − f k
s−1)

4�x
+ O(i)

}

×
∫ si

(s−1)i
exp

[
−α2 (im − τ )2

(1 − α)2

]
dτ , (5.1.14)

and the integral part is defined as
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∫ si

(s−1)i
exp

[
−α2 (im − τ )2

(1 − α)2

]
dτ =

(1 − α)
√

π

2α

{
erf

[
(mi − si)

α

1 − α

]
− erf

[
(mi − si + i)

α

1 − α

]}
,

in such a way that (5.1.11) becomes

C F
0 Dα

x ( f (xm , tk )) = M(α)

1 − α

m∑
s=1

{
( f k+1

s+1 − f k+1
s−1 ) − ( f k

s+1 − f k
s−1)

4�x
+ O(i)

}
(5.1.15)

× (1 − α)

2α

{
erf

[
(m − s)

αi

1 − α

]
− erf

[
(m − s + 1)

αi

1 − α

]}
.

From (5.1.15), we have

C F
0 Dα

x ( f (xm, tk)) = M(α)

1 − α

m∑
s=1

{
( f k+1

s+1 − f k+1
s−1 ) − ( f k

s+1 − f k
s−1)

4�x

(1 − α)
√

π

2α

×
{

erf

[
(m − s)

αi

1 − α

]
− erf

[
(m − s + 1)

αi

1 − α

]}}
(5.1.16)

+O(i)
(1 − α)

2α

{
erf

[
(m − s)

αi

1 − α

]
− erf

[
(m − s + 1)

αi

1 − α

]}
.

Theorem 5.1.2 Let f (x, t) be a function in C2([a, b] × [0, T ]), and let the order
of the fractional derivative be 0 < α ≤ 1. Then the first-order approximation of the
Caputo–Fabrizio derivative in Caputo sense at a point (xm, tn) is

C F
0 Dα

x ( f (xm, tk)) = M(α)

2α

m∑
s=1

{
( f k+1

s+1 − f k+1
s−1 ) − ( f k

s+1 − f k
s−1)

4�x

}
di,s + E(α, i, s),

(5.1.17)
where

di,s =
{

erf

[
(m − s)

αi

1 − α

]
− erf

[
(m − s + 1)

αi

1 − α

]}
, ‖E(α, i, l)‖ < M.

Proof From (5.1.17), we have

C F
0 Dα

x ( f (xm, tk)) = M(α)

2α

m∑
s=1

{
( f k+1

s+1 − f k+1
s−1 ) − ( f k

s+1 − f k
s−1)

4�x

×
{

erf

[
(m − s)

αi

1 − α

]
erf

[
(m − s + 1)

αi

1 − α

]}}

+O(i)
(M(α))

2α

m∑
s=1

{
erf

[
(m − s)

αi

1 − α

]
− erf

[
(m − s + 1)

αi

1 − α

]}
.
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We let

E(α, i, s) = O(i)
(M(α))

2α

m∑
s=1

{
erf

[
(m − s)

αi

1 − α

]
− erf

[
(m − s + 1)

αi

1 − α

]}
.

On taking the norm to both sides, we have

‖E(α, i, s)‖ =
∥∥∥∥∥O(i)

(M(α))

2α

m∑
s=1

{
erf

[
(m − s)

αi

1 − α

]

− erf

[
(m − s + 1)

αi

1 − α

]}∥∥∥∥ , (5.1.18)

‖E(α, i, s)‖ =
∥∥∥∥O(i)

(M(α))

2α

(
erf

[
m

−αi

1 − α

])∥∥∥∥ .

This completes the proof. �

Then, the first-order approximation method for the computation of Caputo–
Fabrizio derivative of space-fractional order in Caputo sense is given as

C F
0 Dα

x ( f (xm, tk)) = M(α)

2α

m∑
s=1

{
( f k+1

s+1 − f k+1
s−1 ) − ( f k

s+1 − f k
s−1)

4�x
(5.1.19)

×
{

erf

[
(m − s)

αi

1 − α

]
− erf

[
(m − s + 1)

αi

1 − α

]}}
.

Due to the known fact that there are some physical problems that cannot be
modelled by the power law, as a result, Caputo and Fabrizio in their joint work [3]
suggested an alternative concept of differentiation with the use of the exponential
decay as kernel instead of the power law. This new differentiation approach which has
caught many scholars was also disqualified to be classified as a fractional derivative
due to the fact that the kernel was not non-local; however, it is clear that many physical
problems encountered in science and engineering conformed with the exponential
decay law which indeed has no singularity which makes this derivative useful in
modelling such real-world problems.

5.2 Numerical Approximation for Time Derivative

The numerical approximation of the version suggested by Caputo and Fabrizio was
also suggested by Atangana and Nieto. In this work, we pay attention to the numerical
approximation on the version suggested in [1]. We begin by presenting the time
derivative, by definition as in [2]



5.2 Numerical Approximation for Time Derivative 181

U (t) = M(α)

1 − α

∫ t

0
exp

(
− α

1 − α
(t − τ )

)
f (τ )dτ ,

RL
0 Dα

t { f (t)} = d

dt
U (t),

d

dt
U (t) = U (t j+1) − U (t j )

�t
+ O(�t), (5.2.1)

U (t j+1) = 1

�(1 − α)

∫ t j+1

0
f (τ ) exp

(
− α

1 − α
(t j+1 − τ )

)
dτ ,

U (t j ) = 1

�(1 − α)

∫ t j

0
f (τ ) exp

(
− α

1 − α
(t j − τ )

)
dτ .

Without loss of generality, the full approximation is presented as follows:

u(t j+1) = M(α)

1 − α

∫ t j+1

0
f (τ ) exp

(
− α

1 − α
(t j+1 − τ )

)
dτ ,

= M(α)

1 − α

j∑
s=0

∫ ts+1

ts

f (ts+1) + f (ts)

2
exp

(
− α

1 − α
(t j+1 − τ )

)
dτ + H1, (5.2.2)

= M(α)

1 − α

j∑
s=0

f (ts+1) + f (ts)

2

∫ ts+1

ts
exp

(
− α

1 − α
(t j+1 − τ )

)
dτ + H1

= M(α)

α

j∑
s=0

f (ts+1) + f (ts)

2

{
exp

(
−α

t j+1 − ts+1

1 − α

)
− exp

(
−α

t j+1 − ts
1 − α

)}
+ H1,

= M(α)

α

j∑
s=0

f (ts+1) + f (ts)

2
δα

j,s + H1,

where

δα
j,s = exp

(
−α

t j+1 − ts+1

1 − α

)
− exp

(
−α

t j+1 − ts
1 − α

)
, (5.2.3)

and

H1 = M(α)

1 − α

j∑
s=0

∫ ts+1

ts

{ f (ν) − f (ts+1)} exp

(
− α

1 − α
(t j+1 − τ )

)
dν. (5.2.4)

Similarly, we obtain
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G(t j ) = M(α)

1 − α

∫ t j

0
f (τ )dτ = M(α)

α

j−1∑
s=0

f (ts+1 + f (ts))

2
δα

j,s + H2,

δα
j,s = exp

(
−α

t j − ts+1

1 − α

)
− exp

(
−α

t j − ts
1 − α

)
, (5.2.5)

H2 = M(α)

1 − α

j∑
s=0

∫ ts+1

ts

{ f (ν) − f (ts+1)} exp

(
− α

1 − α
(t j − τ )

)
dν.

Thus, by substituting Eqs. (5.2.5) and (5.2.4) into (5.2.1), we have

d

dt
U (t) = M(α)

�t (α)

[∑ j
s=0

f (ts+1)+ f (ts )

2 exp
(
−α

t j+1−ts+1
1−α

)
−exp

(
−α

t j+1−ts
1−α

)

−∑ j
s=0

f (ts)+ f (ts−1)

2 exp
(
−α

t j −ts+1
1−α

)
−exp

(
−α

t j −ts
1−α

)
]

+ Hα, j,s, (5.2.6)

where

Hα, j,s = M(α)

�(α)

{
j∑

s=0

∫ ts+1

ts

{ f (ν) − f (ts+1)} exp

(
− α

1 − α
(t j+1 − τ )

)
dν

−
j∑

s=0

∫ ts+1

ts

{ f (ν) − f (ts+1)} exp

(
− α

1 − α
(t j − τ )

)
dν

}
. (5.2.7)

Theorem 5.2.1 Let f be a function not necessary differentiable on interval a, T ,
then the fractional derivative based on the exponential decay law of a function f of
order α in Riemann–Liouville sense is given as

AD
0 Dα

t { f (t)} = M(α)

�t (α)

[∑ j
s=0

f (ts+1)+ f (ts )

2 exp
(
−α

t j+1−ts+1
1−α

)
−exp

(
−α

t j+1−ts
1−α

)

−∑ j
s=0

f (ts)+ f (ts−1)

2 exp
(
−α

t j −ts+1
1−α

)
−exp

(
−α

t j −ts
1−α

)
]

+ Hα, j,s,

(5.2.8)
where

|Hα, j,s | ≤ M < ∞.

Proof We obtain the following from the formula |Hα, j,s |:

M(α)

�t (1 − α)

j∑
s=0

∫ ts+1

ts
{ f (ν) − f (ts+1)} exp

(
− α

1 − α
(t j+1 − τ )

)
dν (5.2.9)

= M(α)

�t (1 − α)

j∑
s=0

∫ ts+1

ts

{
( f (ν) − f (ts+1))(ν − ts+1)

(ν − ts+1)

}
exp

(
− α

1 − α
(t j+1 − τ )

)
dν

= M(α)

�t (1 − α)

j∑
s=0

∫ ts+1

ts
f (′)(λk)(ν − ts+1) exp

(
− α

1 − α
(t j+1 − τ )

)
dν, ν < t ≤ t j+1.
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Thus
∣∣∣∣∣∣

M(α)

�t (1 − α)

j∑
s=0

∫ ts+1

ts
{ f (ν) − f (ts+1)} exp

(
− α

1 − α
(t j+1 − τ )

)
dν

∣∣∣∣∣∣

≤ M(α)

1 − α
max

0≤t≤t j+1

∣∣ f ′(t)
∣∣ j∑

s=0

∫ ts+1

ts
exp

(
− α

1 − α
(t j+1 − τ )

)
dν (5.2.10)

≤ M(α)

α
max

0≤t≤t j+1

∣∣ f ′(t)
∣∣ j∑

s=0

(
exp

(
−α

t j+1 − ts+1

1 − α

)
− exp

(
−α

t j+1 − ts
1 − α

))
.

Similarly,

∣∣∣∣∣
M(α)

�t (1 − α)

j−1∑
s=0

∫ ts+1

ts

{ f (ν) − f (ts+1)} exp

(
− α

1 − α
(t j − τ )

)
dν

∣∣∣∣∣ (5.2.11)

≤ M(α)

α
max

0≤t≤t j+1

∣∣ f ′(t)
∣∣ j∑

s=0

(
exp

(
−α

t j − ts+1

1 − α

)
− exp

(
−α

t j − ts
1 − α

))
.

�

5.3 Numerical Approximation for Space First-Order
Derivative

In the combined work by Atangana and Nieto, the Caputo–Fabrizio for order greater
than 2 has been suggested and the numerical approximation was also presented in
[1]. Nonetheless, we are not aware of any version in Riemann–Liouville sense, and
we therefore consider the second-order space approximation of the Caputo–Fabrizio
derivative in Riemann–Liouville sense here.

Definition 5.3.1 Let f be a function (not necessarily differentiable), then the
Caputo–Fabrizio fractional derivative in Riemann–Liouville sense of order bounded
in 1 < α ≤ 2 is defined as

C F R
0 Dα

x { f (t)} = α

(1 − α)
√

π

d2

dx2

∫ x

0
f (y) exp

(
− α2

(1 − α)
(x − y)2

)
dy, 1 < α ≤ 2.

(5.3.1)
In what follows, we suggest numerical approximation of this derivation, to achieve
this, we let

U (x) = α

(1 − α)
√

π

d2

dx2

∫ x

0
f (y) exp

(
− α2

(1 − α)
(x − y)2

)
dy, (5.3.2)
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where
C F R
0 Dα

x { f (t)} = d2U (x)

dx2
.

By replacing the spatial second derivative with a central finite difference approxima-
tion, we have

C F R
0 Dα

t { f (x)} = d2U (x)

dx2
= U (xi+1) − 2U (xi ) + U (xi−1)

2(�x)2
. (5.3.3)

So also,

U (x j+1) = α

(1 − α)
√

π

∫ x j+1

0
f (τ ) exp

[
−

(
α

(1 − α)

)2

(x j+1 − τ )2

]
dτ ,

= α

(1 − α)
√

π

j∑
k=s

∫ xs+1

xs

f (xs+1) exp

[
−

(
α

(1 − α)

)2

(x j+1 − τ )2

]
dτ + P1,

= α

(1 − α)
√

π
f (xs+1)

∫ xs+1

xs

exp

[
−

(
α

(1 − α)

)2

(x j+1 − τ )2

]
dτ + P1,

=
j∑

k=s

f (xs+1)

2
Eα,1

j,k + P1, (5.3.4)

where

Eα,1
j,k = erfc

{
−α

x j+1 − xs+1

1 − α

}
− erfc

{
−α

x j+1 − xs

1 − α

}
,

and

P1 = α

(1 − α)
√

π

j∑
k=s

∫ xs+1

xs

( f (τ ) − f (xs+1)) exp

[
−

(
α

(1 − α)

)2
(x j+1 − τ )2

]
dτ .

More so, by adopting a similar technique, we get

U (x j ) =
j−1∑
k=s

f (xs+1)

2
Eα,2

j,k + P2,

where

Eα,2
j,k = erfc

{
−α

x j − xs+1

1 − α

}
− erfc

{
−α

x j − xs

1 − α

}
,

and
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P2 = α

(1 − α)
√

π

j−1∑
s=0

∫ xs+1

xs

( f (τ ) − f (x j )) exp

[
−

(
α

(1 − α)

)2

(x j − τ )2

]
dτ .

Also,

U (x j−1) =
j−1∑
s=0

f (xs+1)

2
Eα,3

j,k + P3,

with

Eα,3
j,k = erfc

{
−α

x j−1 − xs+1

1 − α

}
− erfc

{
−α

x j−1 − xs

1 − α

}
,

and

P3 = α

(1 − α)
√

π

j−1∑
k=1

∫ tk+1

tk
( f (τ ) − f (x j−1)) exp

[
−

(
α

(1 − α)

)2
(x j−1 − τ )2

]
dτ .

With the above, Eq. (5.3.3) becomes

C F R
0 Dα

t { f (x)} = 1

2(�x)2

⎧⎨
⎩

j∑
s=0

f (xs+1)

2
Eα,1

j,k − 2
j−1∑
s=0

f (xs+1)

2
Eα,2

j,k +
j∑

s=0

f (xs+1)

2
Eα,3

j,k

⎫⎬
⎭ + P,

Eα,1
j,k = erfc

{
−α

x j+1 − xs+1

1 − α

}
− erfc

{
−α

x j+1 − xs

1 − α

}
, (5.3.5)

Eα,2
j,k = erfc

{
−α

x j − xs+1

1 − α

}
− erfc

{
−α

x j − xs

1 − α

}
,

Eα,3
j,k = erfc

{
−α

x j−1 − xs+1

1 − α

}
− erfc

{
−α

x j−1 − xs

1 − α

}
,

P = α

(1 − α)
√

π

⎧⎨
⎩

j∑
s=0

∫ xs+1

xs
( f (τ ) − f (xs+1)) exp

[
−

(
α

(1 − α)

)2
(x j+1 − τ )2

]
dτ

− 2
j−1∑
s=0

∫ xs+1

xs
( f (τ ) − f (x j )) exp

[
−

(
α

(1 − α)

)2
(x j − τ )2

]
dτ (5.3.6)

+
j−1∑
k=1

∫ tk+1

tk
( f (τ ) − f (x j−1)) exp

[
−

(
α

(1 − α)

)2
(x j−1 − τ )2

]
dτ

⎫⎬
⎭ ,

the erfc{·} denotes the error function.
Conveniently, we now evaluate the first component of the reminder P as
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|P1| =
∣∣∣∣∣

α

(1 − α)
√

π

j∑
s=0

∫ xs+1

xs

( f (τ ) − f (xs+1))e

[
−
(

α
(1−α)

)2
(x j+1−τ )2

]
dτ

∣∣∣∣∣

=
∣∣∣∣∣

α

(1 − α)
√

π

j∑
s=0

∫ xs+1

xs

( f (τ ) − f (xs+1))(τ − xs+1)

(τ − xs+1)
e

[
−
(

α
(1−α)

)2
(x j+1−τ )2

]
dτ

∣∣∣∣∣

=
∣∣∣∣∣

j∑
s=0

∫ xs+1

xs

f ′(y)(τ − xs+1)e

[
−
(

α
(1−α)

)2
(x j+1−τ )2

]
dτ

∣∣∣∣∣ , τ < y < x j+1

≤ α�x

(1 − α)
√

π
max

0≤x≤x j+1

∣∣ f ′(x)
∣∣ j∑

s=0

∫ xs+1

xs

exp

[
−

(
α

(1 − α)

)2

(x j−1 − τ )2

]
dτ

≤ �x

2
max

0≤x≤x j+1

∣∣ f ′(x)
∣∣ j∑

s=0

erfc

{
−α

x j+1 − xs+1

1 − α

}
− erfc

{
−α

x j+1 − xs

1 − α

}
,

⇒ |P1| ≤ �x

2
max

0≤x≤x j+1

∣∣ f ′(x)
∣∣ efrc

{
−α

( j + 1)�x

1 − α

}
.

Without loss of generality, similar expressions can be obtained for the second and
third terms as

|P2| ≤ �x

2
max

0≤x≤x j+1

∣∣ f ′(x)
∣∣ efrc

{
−α

( j)�x

1 − α

}
,

and

|P3| ≤ �x

2
max

0≤x≤x j+1

∣∣ f ′(x)
∣∣ efrc

{
−α

( j − 1)�x

1 − α

}
.

Definition 5.3.2 Let f (x) be a function in C2[a, b] and let the order of the fractional
derivative be 0 < α ≤ 1, then the first-order approximation of the Caputo–Fabrizio
derivative at a point tn is given by [1]

C F
0 Dα

t ( f (tn)) = M(α)

α

n∑
j=1

(
f j+1 − f j

k

)
μ j,k + M(α)

α

n∑
j=1

μ j,kO(k), (5.3.7)

where

μ j,k = − exp

[
−α

k

k − α
(n − j + 1)

]
+ exp

[
−α

k

1 − α
(n − j)

]
.

Definition 5.3.3 Let f (x, t) be a function in C2 ([a, b] × [0, T ]) and let the order
of the fractional derivative be 0 < α ≤ 1, then the first-order approximation of the
Caputo–Fabrizio derivative at a point (xm, tn) is given by [1]
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C F
0 Dα

x ( f (xm , tk)) = M(α)

(1 − α)

m∑
s=1

⎧⎨
⎩

(
f k+1
i+1 − f k+1

i−1

)
− (

f k
i+1 − f k

i−1

)
4i

(1 − α)
√

π

2α

{
erf

[
(m − s)

αi

1 − α

]
− erf

[
(m − s + 1)

αi

1 − α

]}}
(5.3.8)

+ O(i)
(1 − α)

2α

m∑
s=1

{
erf

[
(m − s)

αi

1 − α

]
− erf

[
(m − s + 1)

αi

1 − α

]}
.

5.4 Numerical Approximation for Space Second-Order
Derivative

Theorem 5.4.1 Let f (x, t) be twice differentiable on both x- and t-directions, then
the second derivative approximation of the Caputo–Fabrizio fractional derivative of
function f (x, t) is defined as

C F
0 Dα

t

(
f (x j , t)

) = 1

2

j∑
k=1

⎧⎨
⎩

(
f k+1
i+1 − 2 f k+1

i + f k+1
i−1

)
+ (

f k
i+1 − 2 f k

i + f k
i−1

)
2(�x)2

⎫⎬
⎭ (5.4.1)

×
{

erf

[
α

1 − α
(x j − xk+1)

]
− erf

[
α

1 − α
(x j − xk)

]}
+ O((�x)2).

Proof The corresponding second order of the new fractional derivative is given by

C F
0 Dα

x ( f (x, t)) = α

(1 − α)
√

π

∫ x

0

∂2 f (r, t)

∂r2
exp

[
−α2(x − r)2

(1 − α)2

]
dr. (5.4.2)

However, for any given x j , we obtain

C F
0 Dα

x ( f (x j , t)) = α

(1 − α)
√

π

j∑
i=1

∫ xk+1

xk

∂2 f (r, t)

∂r2
exp

[
−α2(x j − r)2

(1 − α)2

]
dr.

(5.4.3)
By applying the Crank–Nicholson scheme to the usual second-order derivative, the
scheme is reformulated to

C F
0 Dα

x ( f (x j , t)) = α

(1 − α)
√

π
×

j∑
i=1

⎧⎨
⎩

(
f k+1
i+1 − 2 f k+1

i + f k+1
i−1

)
+ (

f k
i+1 − 2 f k

i + f k
i−1

)
2(�x)2 + O((�x)2)

⎫⎬
⎭

[∫ xk+1

xk

exp

[
−α2(x j − r)2

(1 − α)2

]
dr

]
, (5.4.4)

where f (x j , ti ) = f j
i .
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Nevertheless, we evaluate the integral in the right-hand side of the above equation
as

∫ xk+1

xk

exp

[
−α2(x j − r)2

(1 − α)2

]
dr

= (1 − α)
√

π

2α

{
erf

[
α

1 − α
(x j − xk+1) − erf

[
α

1 − α
(x j − xk)

]]}
. (5.4.5)

As a result, Eq. (5.4.4) becomes

C F
0 Dα

x ( f (x j , t)) = 1

2

j∑
i=1

⎧⎨
⎩

(
f k+1
i+1 − 2 f k+1

i + f k+1
i−1

)
+ (

f k
i+1 − 2 f k

i + f k
i−1

)
2(�x)2 + O((�x)2)

⎫⎬
⎭

×
{

erf

[
α

1 − α
(x j − xk+1) − erf

[
α

1 − α
(x j − xk)

]]}
. (5.4.6)

The above equation can be rewritten as follows:

C F
0 Dα

x ( f (x j , t)) = 1

2

j∑
i=1

⎧⎨
⎩

(
f k+1
i+1 − 2 f k+1

i + f k+1
i−1

)
+ (

f k
i+1 − 2 f k

i + f k
i−1

)
2(�x)2

⎫⎬
⎭

×
{

erf

[
α

1 − α
(x j − xk+1) − erf

[
α

1 − α
(x j − xk)

]]}
(5.4.7)

+
j∑

i=1

{
erf

[
α

1 − α
(x j − xk+1) − erf

[
α

1 − α
(x j − xk)

]]}
+ O((�x)2).

Take note that

j∑
i=1

{
erf

[
α

1 − α
(x j − xk+1) − erf

[
α

1 − α
(x j − xk)

]]}
= erf

[ − jα

1 − α
�x

]
.

By adopting the Abromowitz and Stegun series approximation of the error func-
tion, Eq. (5.4.7) reduces to

C F
0 Dα

x ( f (x j , t)) = 1

2

j∑
i=1

⎧⎨
⎩

(
f k+1
i+1 − 2 f k+1

i + f k+1
i−1

)
+

(
f k
i+1 − 2 f k

i + f k
i−1

)

2(�x)2

⎫⎬
⎭

×
{

erf

[
α

1 − α
(x j − xk+1) − erf

[
α

1 − α
(x j − xk )

]]}
+ O((�x)2). (5.4.8)

�



5.4 Numerical Approximation for Space Second-Order Derivative 189

5.4.1 Three-Step Adams–Bashforth Scheme
with Caputo–Fabrizio Fractional Derivative

Here, we consider the following general fractional differential equation with fading
memory included via the Caputo–Fabrizio fractional derivative. That is,

C F
0 Dα

t u(t) = f (t, u(t)) (5.4.9)

or
M(α)

1 − α

∫ t

0
u′(ξ) exp

[
− α

1 − α
(t − ξ)

]
dξ = f (t, u(t)). (5.4.10)

Using the fundamental theorem of calculus, we convert the above to

u(t) − u(0) = 1 − α

M(α)
f (t, u(t)) + α

M(α)

∫ t

0
f (ξ, u(ξ))dξ (5.4.11)

so that

u(tn+1) − u(0) = 1 − α

M(α)
f (tn, u(tn)) + α

M(α)

∫ tn+1

0
f (t, u(t))dt (5.4.12)

and

u(tn) − u(0) = 1 − α

M(α)
f (tn−1, u(tn−1)) + α

M(α)

∫ tn

0
f (t, u(t))dt. (5.4.13)

On removing (5.4.13) from (5.4.12), we obtain

u(tn+1) − u(tn) = 1 − α

M(α)
{ f (tn, un) − f (tn−1, un−1)} + α

M(α)

∫ tn+1

tn

f (t, u(t))dt,

(5.4.14)
where

∫ tn+1

tn
f (t, u(t))dt =

∫ tn+1

tn

{
f (tn, un)

h
(t − tn) − f (tn−1, un−1)

h
(t − tn−1)

+ f (tn−2, un−2)

h
(t − tn)

}
dt

= 23h

12
f (tn, un) − 16h

12
f (tn−1, un−1) + 5h

12
f (tn−2, un−2). (5.4.15)

Thus,

u(tn+1) − u(tn) = 1 − α

M(α)

[
f (tn, un) − f (tn−1, un−1)

]

+ αh

12M(α)

[
23 f (tn, un) − 16 f (tn−1, un−1) + 5 f (tn−2, un−2)

]



190 5 Numerical Approximation of Caputo–Fabrizio Differentiation

which implies that

u(tn+1) − u(tn) =
(

1 − α

M(α)
+ 23αh

12M(α)

)
f (tn, un) −

(
1 − α

M(α)
+ 16αh

12M(α)

)
f (tn−1, un−1)

+ 5αh

12M(α)
f (tn−2, un−2). (5.4.16)

Hence,

un+1 = un +
(

1 − α

M(α)
+ 23αh

12M(α)

)
f (tn, un) −

(
1 − α

M(α)
+ 16αh

12M(α)

)
f (tn−1, un−1)

+ 5αh

12M(α)
f (tn−2, un−2) + Rα

n (t) (5.4.17)

which is the three-step Adams–Bashforth scheme for the Caputo–Fabrizio fractional
derivative, where

Rα
n (t) = α

M(α)

∫ t

0

3

8
f (4)(ξ)h3dξ

‖Rα
n (t)‖∞ = α

M(α)

∥∥∥∥
∫ t

0

3

8
f (4)(ξ)h3

∥∥∥∥∞
dξ

≤ 3αh3

8M(α)

∫ t

0

∥∥ f (4)(ξ)
∥∥∞ dξ

≤ 3αh3

8M(α)
.Tmax (β),

(5.4.18)

where
β = max

ξ∈[0,t]
∥∥ f (4)(ξ)

∥∥∞ .

Remark 5.4.2 Clearly, with α = 1 in (5.4.17), we recover the classical Adams–
Bashforth three-step explicit scheme

un+1 = un + h

12
[23 f (tn, un) − 16 f (tn−1, un−1) + 5 f (tn−2, un−2)]. (5.4.19)

5.4.2 Stability Analysis

Here, we examine the stability analysis of the three-step fractional Adams–Bashforth
scheme (5.4.17), by considering equation

C F
0 Dα

t u(t) = u(t), (5.4.20)
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where C F
0 Dα

t is the Caputo–Fabrizio derivative of order α. Recall that

un+1 = un +
(

1 − α

M(α)
+ 23αh

12M(α)

)

︸ ︷︷ ︸
A

f (tn, un) −
(

1 − α

M(α)
+ 16αh

12M(α)

)

︸ ︷︷ ︸
B

f (tn−1, un−1)

+ 5αh

12M(α)︸ ︷︷ ︸
C

f (tn−2, un−2)

= un + A f (tn, un) − B f (tn−1, un−1) + C f (tn−2, un−2). (5.4.21)

By using (5.4.20), the above equation becomes

un+1 = (1 + A)un − Bun−1 + Cun−2. (5.4.22)

Next, we adopt the von Neumann stability analysis for the terms in above equation
as

un+1 = ûn+1e(n+1)i�t ,

un = ûne(n)i�t ,

un−1 = ûn−1e(n−1)i�t ,

un−2 = ûn−2e(n−2)i�t .

(5.4.23)

So that

ūn+1e(n+1)i�t = (1 + A)ūneni�t − Būn−1e(n−1)i�t + Cūn−2e(n−2)i�t , (5.4.24)

which reduces to

ūn+1ei�t = (1 + A)ūn − Būn−1e(−i�t + Cūn−2e−2i�t . (5.4.25)

We apply a recursive formula:
when n = 0,

ū1ei�t = (1 + A)ū0. (5.4.26)

By taking the norms of both sides, we have

‖ū1ei�t‖ = ‖(1 + A)û0‖

=⇒ ‖û1‖ = (1 + A)‖û0‖.

If

h ≤ 0.55 and α >
1

1 − 1.9167h
,
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then, we assume that
∀n ≥ |ûn| < |û0|,

so that

|ûn+1| ≤ (1 + A)|ûn||e−i�t | − B|ûn−1||e−2i�t | + C |ûn−2||e−3i�t |
< (1 + A)|ûn| − B|ûn−1| + C |ûn−2|. (5.4.27)

By hypothesis, we have

|ûn+1| < (1 + A)|û0| − B|û0| + C |û0|
< (1 + A − B + C)|û0|
< (1 + A − B + C) < 1.

(5.4.28)

Hence, the three-step Adams–Bashforth scheme with the Caputo derivative is con-
ditionally stable when applied to equation of the form (5.4.20).

5.4.3 Applications

Let us consider

C F
0 Dα

t u(t) = u(t) + g(t), (5.4.29)

where g(t) is a known function. By applying the Caputo–Fabrizio derivative, we
obtain

M(α)

1 − α

∫ t

0

du

dξ
(ξ) exp

[
−α(t − ξ)

1 − α

]
dξ = u(t) + g(t). (5.4.30)

By applying the convolution theorem, the above equation becomes

M(α)

1 − α

du

dt
exp

[
− αt

1 − α

]
= u(t) + g(t). (5.4.31)

Next, we take the Laplace transform of both sides as

L
{

M(α)

1 − α

du

dt
exp

[
− αt

1 − α

]}
= L{u(t)} + Lg(t) (5.4.32)

which implies

M(α)

1 − α
L
(

du

dt

)
L
{

exp

[
− αt

1 − α

]}
= ũ(p) + g̃(p). (5.4.33)
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That is,

M(α)

1 − α
[pũ(p) − u(0)] · 1

p + α
1−α

= ũ(p) + g̃(p)

ũ(p)

[
M(α)

1 − α

p

p + α
1−α

− 1

]
= M(α)

1 − α
· u(0)

p + α
1−α

+ g̃(p)

ũ(p)

⎡
⎣ p

(
M(α)

1−α
− 1

)
− α

1−α

p + α
1−α

⎤
⎦ = M(α)

1 − α
· u(0)

p + α
1−α

+ g̃(p).

On rearranging, we obtain

ũ(p) = M(α)

1 − α
· u(0)

p + α
1−α

⎛
⎝ p + α

1−α

p
[

M(α)

1−α
− 1

]
− α

1−α

⎞
⎠ + g̃(p)

(
p + α

1−α

)
p
[

M(α)

1−α
− 1

]
− α

1−α

,

(5.4.34)
which simplifies into

ũ(p) = M(α)

1 − α

⎛
⎝ u(0)

p
[

M(α)

1−α
− 1

]
− α

1−α

⎞
⎠

︸ ︷︷ ︸
A

+ g̃(p)
(

p + α
1−α

)
p
[

M(α)

1−α
− 1

]
− α

1−α︸ ︷︷ ︸
B

. (5.4.35)

Starting with A, we find the inverse Laplace transform as

u(t) = L{ũ(p)} = M(α)

1 − α
· u(0)

M(α)

1−α
− 1

L
{

1

p − α
M(α)+α−1

}

=
(

M(α)

M(α) + α − 1

)
u(0)

[
L
{

1

p − α
M(α)+α−1

}] (5.4.36)

so that

u1(t) = u(0)M(α)

M(α) + α − 1
exp

[
αt

M(α) + α − 1

]
. (5.4.37)

Similarly for the part B, we find the inverse Laplace transform as
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u(t) = L{ũ(p)} = 1
M(α)

1−α
− 1

⎡
⎢⎣ g̃(p) · p

p − α
1−α

M(α)
1−α −1

+ g̃(p) α
1−α

p − α
1−α

M(α)
1−α −1

⎤
⎥⎦

= 1 − α

M(α) + α − 1

[
g̃(p) · p

p − 1
M(α)+α−1

+ g̃(p) α
1−α

p − 1
M(α)+α−1

]

= 1 − α

M(α) + α − 1

[
g̃(p)

(
p − 1

M(α)+α−1 + 1
M(α)+α−1

p − 1
M(α)+α−1

)
+ g̃(p) α

1−α

p − 1
M(α)+α−1

]

= 1 − α

M(α) + α − 1

⎡
⎣g̃(p) +

g̃(p)
(

α
1−α

+ 1
M(α)+α−1

)

p − 1
M(α)+α−1

⎤
⎦

(5.4.38)
which by inverse Laplace transform, we have

u2(t) =
(

1 − α

M(α) + α − 1

)
g(t) +

(
1 − α

M(α) + α − 1

)(
α

1 − α
+ 1

M(α) + α − 1

)

×
∫ t

0
g(ξ) exp

[
t − ξ

M(α) + α − 1

]
dξ.

(5.4.39)
Finally, the exact solution for (5.4.29) is obtained as

u(t) = u(0)M(α)

M(α) + α − 1
exp

[
αt

M(α) + α − 1

]
+

(
1 − α

M(α) + α − 1

)
g(t)

+
(

1 − α

M(α) + α − 1

)(
α

1 − α
+ 1

M(α) + α − 1

)∫ t

0
g(ξ) exp

[
t − ξ

M(α) + α − 1

]
dξ.

(5.4.40)
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Chapter 6
Numerical Approximation
of Atangana–Baleanu Differentiation

Recently, a new contribution was made in the field of fractional calculus where new
differential operators are with non-singular and non-local kernel. The new kernel
introduced is the well-known generalized Mittag–Leffler function and the proper-
ties of this function enable the new operators to have some interesting properties
that are observed in real-world situation, for instance, the crossover of the mean
square displacement and scaling variant. The fractional differential operators have
been applied intensively in several fields since were suggested in 2016. Due to their
wider applicability, these operators gave birth to fractional differential equations
with no artificial singularities as in the case of Riemann–Caputo derivatives, but
with non-local behaviour. We have also seen an interest of these operators in the field
of numerical analysis. Thus, to accommodate readers interesting in applying these
derivatives to numerical analysis, we present in this chapter some numerical scheme
in connection with the Atangana–Baleanu fractional differential operators.

6.1 Atangana–Baleanu Fractional Derivative in Caputo
Sense

Let us examine the following fractional differential equation:

ABC
0 Dα

t u(t) = f (t, u(t)). (6.1.1)

Again, we apply the fundamental theorem of calculus to have

u(t) − u(0) = 1 − α

ABC(α)
f (t, u(t)) + α

ABC(α)�(α)

∫ t

0
(t − τ )α−1 f (τ , u(τ ))dτ .

(6.1.2)
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At tn+1, we have

u(tn+1) − u(0) = 1 − α

ABC(α)
f (tn, un) + α

ABC(α)�(α)

∫ tn+1

0
(tn+1 − τ )α−1 f (t, u(t))dt

and at tn we have

u(tn) − u(0) = 1 − α

ABC(α)
f (tn−1, un−1) + α

ABC(α)�(α)

∫ tn

0
(tn − τ )α−1 f (t, u(t))dt

which on subtraction yields

u(tn+1) − u(tn) = 1 − α

ABC(α)
{ f (tn, un) − f (tn−1, un−1)}

+ α

ABC(α)�(α)

∫ tn+1

0
(tn+1 − t)α−1

× f (t, u(t))dt − α

ABC(α)�(α)

∫ tn

0
(tn − t)α−1 f (t, u(t))dt. (6.1.3)

Therefore,

u(tn+1) − u(tn) = 1 − α

ABC(α)
{ f (tn, un) − f (tn−1, un−1)} + Aα,1 − Aα,2.

Without loss of generality, we consider

Aα,1 = α

ABC(α)�(α)

∫ tn+1

0
(tn+1 − t)α−1 f (t, u(t))dt.

Again we consider the approximation

p(t) = t − tn−1

tn − tn−1
f (tn, un) + t − tn−1

tn−1 − tn
f (tn−1, un−1), (6.1.4)

thus

Aα,1 = α

ABC(α)�(α)

∫ tn+1

0
(tn+1 − t)α−1

{
t − tn−1

h
f (tn, un) − t − tn

h
f (tn, un)

}

= α f (tn, un)

ABC(α)�(α)h

{∫ tn+1

0
(tn+1 − t)α−1 f (t − tn−1)

}
dt

−α f (tn−1, un−1)

ABC(α)�(α)h

{∫ tn+1

0
(tn+1 − t)α−1 f (t − tn−1)

}
dt (6.1.5)

= α f (tn, un)

ABC(α)�(α)h

{
2htαn+1

α
− tα+1

n+1

α + 1

}
− α f (tn−1, un−1)

ABC(α)�(α)h

{
htαn+1

α
− tα+1

n+1

α + 1

}
.

Similarly, we obtain
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Aα,2 = α f (tn, un)

ABC(α)�(α)h

{
htα

n

α
− tα+1

n

α + 1

}
− f (tn−1, un−1)

ABC(α)�(α)h
(6.1.6)

thus

u(tn+1) − u(tn)

= 1 − α

ABC(α)
{ f (tn, un) − f (tn−1, un−1)} + α f (tn, un)

ABC(α)�(α)h

{
2htα

n+1

α
− tα+1

n+1

α + 1

}

− α f (tn−1, un−1)

ABC(α)�(α)h

{
htα

n+1

α
− tα+1

n+1

α + 1

}
− α f (tn, un)

ABC(α)�(α)h

{
htα

n

α
− tα+1

n

α + 1

}

+ f (tn−1, un−1)

ABC(α)�(α)
tα+1
n . (6.1.7)

u(n+1) = u(tn) + f (tn, un)

{
1 − α

AB(α)
+ α

ABC(α)h

[
2htα

n+1

α
− tα+1

n+1

α + 1

]

− α

AB(α)�(α)h

[
htα

n

α
− tα+1

n

α + 1

]}
+ f (tn−1, un−1) (6.1.8)

×
{

α − 1

AB(α)
− α

h�(α)AB(α)

[
htα

n+1

α
− tα+1

n+1

α + 1
+ tα+1

h�(α)AB(α)

]}
.

This equation is known as the two-step Adams–Bashforth scheme for Atangana–
Baleanu fractional derivative in the sense of Caputo.

Further, we simplify the last equation by putting tn = nh and tn+1 = (n + 1)h,
and collect the resulting equation in powers of h to yield

un+1 = un + f (tn, un)

{
1 − α

AB(α)
− α

AB(α)�(α)
hα

[
2(n + 1)α

α
− (n + 1)α+1

α + 1

]

− α

AB(α)�(α)
hα

[
nα

α
− nα+1

α + 1

]}
+ f (tn−1, un−1) (6.1.9)

×
{

α − 1

AB(α)
− α

AB(α)�(α)
hα

[
(n + 1)α

α
− (n + 1)α+1

α + 1
+ nα+1

AB(α)�(α)h

]}
.

In the following, we briefly outline the convergence and stability results previously
obtained in [1].

Theorem 6.1.1 (Convergence result [1]) Let u(t) be a solution of

ABC
0 Dα

t u(t) = f (t, u(t))

with f being continuous and bounded; the numerical solution of u(t) is given as
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un+1 = un + f (tn, un)

{
1 − α

AB(α)
+ α

AB(α)h

[
2htα

n+1

α
− tα+1

n+1

α + 1

]

− α

AB(α)�(α)h

[
htα

n

α
− tα+1

n

α + 1

]}
+ f (tn−1, un−1)

×
{

α − 1

AB(α)
− α

h�(α)AB(α)

[
htα

n+1

α
− tα+1

n+1

α + 1
+ tα+1

h�(α)AB(α)

]}
+ Rα,

where ‖Rα‖∞ < M.

Theorem 6.1.2 (Condition for stability [1]) If f satisfies a Lipschitz condition,
then the required stability condition for Adams–Bashforth method when applied to
approximate the Atangana–Baleanu derivative of fractional order in Caputo sense
is achieved if

‖ f (tn, un) − f (tn−1, un−1)‖∞ → 0

as n → ∞.

6.2 Uniqueness and Existence of Solution via Chaotic
Process

In this section, we choose a chaotic system to test the existence and uniqueness of the
new Adams–Bashforth method with the Atangana–Baleanu derivative in the sense
of Caputo. To start with, we consider the general two-component system:

ABC
0 Dα

t x(t) = f (x, y, t),
ABC
0 Dα

t y(t) = g(x, y, t).
(6.2.1)

By adopting the fundamental calculus theorem along xand y components, we have

x(t) − x(0) = 1 − α

AB(α)
f (x, y, t) + α

AB(α)�(α)

∫ t

0
(t − τ )α−1 f (x, y, τ )dτ

y(t) − y(0) = 1 − α

AB(α)
g(x, y, t) + α

AB(α)�(α)

∫ t

0
(t − τ )α−1g(x, y, τ )dτ .

(6.2.2)
Next, we require to create a compact Ga,b, which means

Ga,b = Ia(t0) × Bb(ξ), (6.2.3)

where
ξ = min{x0, x0}
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and
Ia(t0) = [t0 − a, t0 + a], B0(ξ) = [ξ − b, ξ + b].

Let

M = max
Ga,b

{
sup
Ga,b

‖ f ‖, sup
Ga,b

‖g‖
}

.

By applying the infinite norm, we obtain

‖Φ‖∞ = sup
t∈Ia

||Φ(t)|.

Next, we create a function, say

� : Ga,b → Ga,b

so that

�x(t) = x0 + 1 − α

AB(α)
f (x, y, t) + α

AB(α)�(α)

∫ t

0
f (x, y, t)(t − τ )α−1dτ

�y(t) = y0 + 1 − α

AB(α)
g(x, y, t) + α

AB(α)�(α)

∫ t

0
g(x, y, t)(t − τ )α−1dτ .

(6.2.4)
Next, we prove that the new fractional operator is well defined by evaluating the

condition for which
‖�1x(t) − x0‖∞ < b,

‖�2 y(t) − y0‖∞ < b.
(6.2.5)

So, beginning with the x-component, we get

‖�1x(t) − x0‖∞ =
∥∥∥∥ 1 − α

AB(α)
f (x, y, t) + α

AB(α)�(α)

∫ t

0
f (x, y, t)(t − τ )α−1dτ

∥∥∥∥∞
≤ 1 − α

AB(α)
‖ f (x, y, t)‖∞ + α

AB(α)�(α)
‖ f (x, y, t)

∫ t

0
(t − τ )dτ

≤ (1 − α)M

AB(α)
+ αM

AB(α)�(α)
· aα < b.

(6.2.6)
This implies that

a =
(

b − (1−α)M
AB(α)

αM
AB(α)�(α)

) 1
α

.

In what follows, we need to show that the functions x(t) and y(t) satisfy a Lipschitz
condition. That is

‖�x1 − �x2‖∞ ≤ K‖x1 − x2‖∞, (6.2.7)
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which implies

�(x1) = 1 − α

AB(α)
f (x1, y, t) + α

AB(α)�(α)

∫ t

0
f (x1, y, τ )(t − τ )α−1dτ ,

�(x2) = 1 − α

AB(α)
f (x2, y, t) + α

AB(α)�(α)

∫ t

0
f (x2, y, τ )(t − τ )α−1dτ ,

(6.2.8)

so that

‖�x1 − �x2‖∞ = 1 − α

AB(α)
‖ f (x1, y, t) − f (x2, y, t)‖∞ + α

AB(α)�(α)
‖ f (x1, y, t)

− f (x2, y, t)‖∞
∫ t

0
(t − τ )dτ

≤ ‖ f (x1, y, t) − f (x2, y, t)‖∞
(

1 − α

AB(α)
+ α

AB(α)�(α)
· aα

α

)

≤ ‖ f (x1, y, t) − f (x2, y, t)‖∞
(

1 − α

AB(α)
+ aα

AB(α)�(α)

)
.

(6.2.9)

In other words, if f is Lipschitz with respect to x , then

‖�x1 − �x2‖∞ ≤ K‖x1 − x2‖∞
{

1 − α

AB(α)
+ aα

AB(α)�(α)

}

≤ L‖x1 − x2‖∞.

(6.2.10)

Similarly, g is Lipschitz with respect to y if

‖�y1 − �y2‖∞ ≤L‖y1 − y2‖∞. (6.2.11)

The procedure given above can be extended to multicomponent system of fractional
differential equations.

6.3 Numerical Experiments

In this section, we apply the numerical scheme illustrated in the above section to some
chaotic systems. The classical time derivative is replaced with the Atangana–Baleanu
fractional derivative of order α ∈ (0, 1] in the sense of Caputo.

From (6.1.9), we have

un+1 = un + ω1(n,α, h) f (tn, un) + ω2(n,α, h) f (tn−1, un−1), (6.3.1)
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where

ω1(n,α, h) =
{

1 − α

AB(α)
− α

AB(α)�(α)
hα

[
2(n + 1)α

α
− (n + 1)α+1

α + 1

]

− α

AB(α)�(α)
hα

[
nα

α
− nα+1

α + 1

]}

and

ω2(n,α, h) = f (tn−1, un−1)

{
α − 1

AB(α)

− α

AB(α)�(α)
hα

[
(n + 1)α

α
− (n + 1)α+1

α + 1
+ nα+1

AB(α)�(α)h

]}
.

6.3.1 Example 1

The following chaotic system is described by the Atangana–Baleanu fractional
derivative in the sense of Caputo as

ABC
0 Dα

t x1(t) = f1(x1, x2, x3) = φ(x2(t) − x1(t)) + σx2(t)x3(t),
ABC
0 Dα

t x2(t) = f2(x1, x2, x3) = ϕx1(t) − x1(t)x3(t),
ABC
0 Dα

t x3(t) = f3(x1, x2, x3) = x1(t)x2(t) − ψx3(t) + δx2
2 (t),

(6.3.2)

where x1(t), x2(t), x3(t) are the densities or states, and φ,ϕ,ψ,σ, δ are positive
parameters. From (6.3.1), we have

x1,n+1 = x1,n + ω1(n,α, h) f1(tn, x1,n, x2,n, x3,n)

+ω2(n,α, h) f1(tn−1, x1,n−1, x2,n−1, x3,n−1)

x2,n+1 = x2,n + ω1(n,α, h) f2(tn, x1,n, x2,n, x3,n)

+ω2(n,α, h) f2(tn−1, x1,n−1, x2,n−1, x3,n−1)

x3,n+1 = x3,n + ω1(n,α, h) f3(tn, x1,n, x2,n, x3,n)

+ω2(n,α, h) f3(tn−1, x1,n−1, x2,n−1, x3,n−1).
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Chapter 7
Application to Ordinary Fractional
Differential Equations

7.1 Numerical Approximation of Fractional Ordinary
Differential Equation with the Caputo Derivative

The numerical approximation of classical ordinary differential equations is relatively
simple and, being a focus of mathematical studies for the last few decades, has
been by now almost completely investigated. However, a fractional case is much
less studied and is still poorly understood despite the fact that there has been a
growing interest in the research of this area. In short, there has been just handful
of research papers and books considering the numerical approximation of time-
fractional ordinary differential equations.

Langlands and Henry [15] examined the fractional-order time diffusion equation,
and introduced an L1-stable scheme for this equation. Sun and Wu [27] derived a
finite difference method with L1 approximation for the fractional-in-time deriva-
tive. Lin and Xu [18] construct and analyse a finite difference scheme for the time
discretization of the time-fractional diffusion equation, and showed that the time
convergence is of order 2 − α. Zhao et al. [30] derived two second-order approxi-
mation schemes for time-fractional derivatives involved in anomalous diffusion and
wave propagation. Numerical technique for a class of fractional ordinary differential
equations was proposed by Kumar and Agrawal [14], in which their approach can
be reduced into a Volterra-type integral equation. A general technique for high-order
numerical schemes based on this approach is constructed by Cao and Xu [7].

In this chapter, we use the following numerical approximation of the Caputo
derivative, which follows closely the work done in [18, 19]. We assume a uniform
time step size k, and let tn = nk, n = 0, 1, 2, . . . . We also assume U n to be the
numerical approximation of u(tn).

To derive a first-order method, for t = tn+1, we assume a uniform partition in
time,

0 = t0 < t1 < t2 < · · · < tn < tn+1 = t.

© Springer Nature Singapore Pte Ltd. 2019
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Next, we approximate each standard time derivative by the forward difference in the
form

∂α
t u(tn+1) ≈ 1

�(1 − α)

n∑

s=0

∫ ts+1

ts

U s+1 − U s

k(tn+1 − ξ)
dξ

= 1

�(1 − α)(1 − α)

n∑

s=0

(n + 1 − s)1−α − (n − s)1−α

kα

(
U s+1 − U s

)

= 1

�(2 − α)kα

(
U n+1 −

k∑

n=0

dn+1
s U s

)
(7.1.1)

:= Dα
t U n+1,

where

dn+1
s = 2(n + 1 − s)1−α − (n + 2 − s)1−α − (n − s)1−α, s = 1, 2, . . . , n,

dn+1
0 = (n + 1)1−α − n1−α.

Bear in mind that y = x1−α is a concave and increasing function for which x > 0,
by direct calculation, we obtain

n∑

s=0

dn+1
s = 1, dn+1

s > 0, s = 0, 1, 2, . . . , n. (7.1.2)

Therefore, while the standard time derivative yields the instantaneous rate of change,
from its numerical approximation (7.1.1), one can interpret the Caputo derivative as
the rate of change of a quantity from a convex combination of its history values, and
the coefficients dn+1

s indicate the influence strength due to the memory effect. As
memory effect becomes weaker, the influence strength of a history values decreases
in time.

It should be mentioned that, we obtain for a fixed value of order α,

dn+1
n = 2 − 21−α − 01−α = 2 − 21−α,

independent of n. Further, we denote dn+1
n by d̂ which plays a vital role in the Courant–

Friedrichs–Lewy conditions for explicit upwind schemes, as we shall discuss later.

7.1.1 Numerical Schemes and Stability Analysis

Here, we adopt the numerical approximation of the Caputo derivative which was
introduced in the previous chapter to formulate numerical schemes for ordinary
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differential equations, with conservation laws. We focus on examining the stability
condition for each scheme and demonstrate how they differ from the models with
classical time derivatives.

7.1.1.1 Backward Euler Scheme

We consider the time-fractional ODE model

∂α
t u(t) = λu(t), (7.1.3)

where λ is complex number with �(λ) ≤ 0, which is similar to the eigenvalue of an
operator.

The stability analysis of many numerical schemes for ODE in conjunction with
the Caputo derivatives has been examined in some previous research materials and
books, see, for instance, [5–7, 10, 20]. By applying the backward Euler method for
(7.1.3), we have

Dα
t U n+1 = λU n+1. (7.1.4)

Multiply each side of (7.1.4) by kα�(2 − α), the above equation becomes

(1 − λκα�(2 − α)) U n+1 =
n∑

s=0

dn+1
s U s .

If we let z = λκα�(2 − α), the stability polynomial π(ζ; z) for the above scheme is

π(ζ; z) = (1 − z)ζn+1 −
n∑

s=0

dn+1
s ζs .

In what follows, we discuss various scenarios, that is, when λ �= 0 and when λ = 0.
For the case λ �= 0, we have �(z) ≤ 0 and z �= 0, then we finally obtain |1 − z| >

1. If we assume ζ0 with |ζ0| ≥ 1 is a root to π(ζ; z), then for s ≤ n, we get

|ζs
0 | ≤ |ζ0|s ≤ |ζn+1

0 |.

Then, we obtain

∣∣(1 − z)ζn+1
0

∣∣ = |1 − z||ζ0|n+1 =
∣∣∣∣∣

n∑

s=0

dn+1
s ζs

0

∣∣∣∣∣

≤
n∑

s=0

dn+1
s |ζ0|s ≤

(
n∑

s=0

dn+1
s

)
|ζ0|n+1 = |ζ0|n+1,
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which is a contradiction. This implies that the stability polynomial has only roots
with modulus less than 1, and hence the method is absolute stable.

When λ = 0, then z = 0, and the stability analysis in this case reduces to the
zero stability of the time discretization. If the modulus of the root of the stability
polynomial is unity, that is, 1, we assume that the root is ζ0 = eiθ.

If ζ = 0, then η0 = 1, so that

π(1; 0) = 1n+1 −
n∑

s=0

dn+1
s = 0,

and we compute
dπ(ζ; 0)

dζ
= (n + 1)ζn −

n∑

s=0

dn+1
s sζs−1.

The coefficients
{
dn+1

s

}n

s=0 satisfy (7.1.2), and therefore

∣∣∣∣∣

n∑

s=0

dn+1
s s

∣∣∣∣∣ <

∣∣∣∣∣

n∑

s=0

dn+1
s n

∣∣∣∣∣ = n.

We can now conclude that

dπ

dζ
= (n + 1) −

n∑

s=0

dss > n + 1 = 1 �= 0.

Hence, 1 is not a repeated root of the stability polynomial.
If θ �= 0, then we obtain the following equation:

ei(n+1)θ =
n∑

s=0

dn+1
s eisθ.

We divide each side by ei(n+1)θ to have

n∑

s=0

dn+1
s ei(s−1−n)θ.

Since θ �= 0, at least one ei(s−1−n)θ is not real valued. Then, the right-hand side of
the above equation is a convex combination of n + 1 unit complex numbers. Hence,
eiθ with θ �= 0 is not a root to the stability polynomial.
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7.1.1.2 Explicit Upwind Scheme for the Scalar Conservation Law

The First-Order Method

We consider the one-dimensional conservation law

∂α
t u + (g(u))x = 0, (7.1.5)

where the flux function is decomposed as

g = g+ + g−, (g+)′ ≥ 0, (g−)′ ≤ 0.

The above assumption is made to simplify our analysis. It should be noted that the flux
decomposition is not the major requirement for designing such numerical methods.
For general discussion on this issue, we refer our readers to [19, 29]. Without loss of
generality, the flux function g(u) could either be linear or nonlinear. But obviously,
it also involves the linear advection case, when g = σu.

Likewise, we assume a uniform time step k, and let tn = nk, n = 0, 1, 2, . . . .

In addition, on the computational interval [a, b], we assume uniform spatial grids
x j = σ + jh, for j = 0, 1, 2, . . . , N , with spatial grid size h = b − a

N . Let U k
j be the

numerical approximation of u(x = x j , t = t s), then the first-order upwind scheme
for the nonlinear conservation law is given as

Dα
t U n+1

j + 1

h

{
g+ (

U n
j

) − g+ (
U n

j−1

)} + 1

h

{
g− (

U n
j+1

) − g− (
U n

j

)} = 0. (7.1.6)

If we let

λ+,n
j = σ+,n

j kα�(2 − α)

h
and λ−,n

j = σ−,n
j kα�(2 − α)

h
,

where for some ζn
j between U n

j−1 and U n
j and some μn

j between U n
j and U n

j+1, we
obtain

σ+,n
j =

g+
(

un
j

)
− g+

(
un

j−1

)

U n
j − U n

j−1

= (
f +)′ (

ζn
j

) ≥ 0,

σ−,n
j =

g−
(

un
j+1

)
− g−

(
un

j

)

U n
j+1 − U n

j

= (
f −)′ (

μn
j

) ≤ 0,

then, we rewrite the numerical scheme as

U n+1
j =

(
d̄ − λ+,n

j + λ−,n
j

)
U n

j + λ+,n
j U n

j−1 − λ−,n
j U n

j+1 +
n−1∑

s=0

dn+1
s U s

j , (7.1.7)
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we therefore propose the CFL condition for the first-order upwind scheme as

kα�(2 − α)

h

{
max |(g+)′| + max |(g−)′|} ≤ d̄. (7.1.8)

The CFL condition is observed to be essentially agreed with the conservation law
and standard time derivatives, exception is that the time step k gains an exponent α
due to the Caputo derivative.

With the CLF condition, we obtain

d̄ − λ+,n
j + λ−,n

j ≥ 0.

Therefore, we say that the maximum principle for the upwind scheme, ∀n ∈ N
+

max
j

|U n
j | ≤ lim

j
|U 0

j |.

In addition, we can verify that this scheme is total variation diminishing (TVD) if
the CFL condition (7.1.8) holds. In actual sense, we can rewrite (7.1.7) in the form

Un+1
j = d̄Un

j − ρg+ (
Un

j

)
+ ρg+ (

Un
j

)
+ ρg+ (

Un
j−1

)
− ρg+ (

Un
j+1

)
+

n−1∑

s=0

dn+1
s Us

j , (7.1.9)

where ρ = kα�(2 − α)

h . Next, we consider another solution, say Z , satisfying the same
difference equation

Zn+1
j = d̄ Zn

j − ρg+ (
Zn

j

)
+ ρg+ (

Zn
j

)
+ ρg+ (

Zn
j−1

)
− ρg+ (

Zn
j+1

)
+

n−1∑

s=0

dn+1
s Zs

j . (7.1.10)

On subtracting (7.1.10) from (7.1.9), we have

U n+1
j − Zn+1

j = d̄
(
U n

j − Zn
j

) − ρ
(
g+ (

U n
j

) − g+ (
Zn

j

)) + ρ
(
g− (

U n
j

) − g− (
Zn

j

))

+ρ
(
g+ (

U n
j−1

) − g+ (
Zn

j−1

)) − ρ
(
g− (

U n
j+1

) − g− (
Zn

j+1

))

+
n−1∑

s=0

dn+1
s

(
U s

j − Zs
j

)
.

Then, by adopting the mean value theorem, we get

U n+1
j − Zn+1

j =
[
d̄ − ρ(g+)′

(
ζ+

j

)
+ ρ(g−)′

(
ζ−

j

)] (
U n

j − Zn
j

)
+ ρ(g+)′

(
ζ+

j−1

) (
U n

j−1 − Zn
j−1

)

−ρ(g−)′
(
ζ−

j+1

) (
U n

j+1 − Zn
j+1

)
+

n−1∑

s=0

dn+1
s

(
U k

j − Zk
j

)
,
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where ζ+
j and ζ−

j are the numbers between U n
j and Zn

j , respectively. When the CFL
condition in (7.1.8) is held, we get

d̄ − ρ(g+)′(ζ+
j ) + ρ(g−)(ζ−

j ) ≥ 0.

By triangle inequality, we have
∣∣∣U n+1

j − Zn+1
j

∣∣∣

=
[
d̄ − ρ(g+)′

(
ζ+

j

)
+ ρ(g−)′

(
ζ−

j

)] (
U n

j − Zn
j

)
+ ρ(g+)′

(
ζ+

j−1

) ∣∣∣U n
j−1 − Zn

j−1

∣∣∣

−ρ(g−)′
(
ζ−

j+1

) ∣∣∣U n
j+1 − Zn

j+1

∣∣∣ +
n−1∑

s=0

dn+1
s

∣∣∣U k
j − Zk

j

∣∣∣ .

Summing the equation over j gives

∑

j

∣∣∣U n+1
j − Zn+1

j

∣∣∣ ≤
n∑

s=0

dn+1
s

∑∣∣U s
j − V s

j

∣∣ .

One observed here that the flux terms have been removed. By induction, we have

‖U n − Zn‖�1 ≤ ‖U 0 − Z0‖�1 ,

as the desired result for the following theorem.

Theorem 7.1.1 The first-order upwind scheme (7.1.6) for the scalar conservative
law,

∂α
t u(x, t) + g(u(x, t))x = 0, x ∈ R, t > 0,

is �1 contracting, when the CFL condition (7.1.8) holds.

7.2 Modelling the Spread of Viruses in Computer
via the Caputo Fractional Derivative

In this example, we consider a modified form of an epidemiological model for the
spread of viruses in computer as proposed by Piqueira and Araujo [24]. In their
report, the total population of this model is represented by T which is broken down
into four different groups. S stands for the non-infected computers capable of being
infected after making contact with infected computer. A denotes the type of non-
infected computer systems that are equipped with antivirus. Infected computers that
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are capable of infecting non-infected computers are given by I and R accounts for the
removed ones due to infection or non-infection. The recruitment rate of computers
into the non-infected systems’ class is represented by N and μ is the proportion
coefficient for the death rate which is not attributed to the virus. The rate of infection
due to product SI is given by β. The conversion of susceptible system into antidotal
is the product of SI given by αAS . The proportion of converting infected computer
systems into antidotal ones in the network is the product of AS denoted by αAI . The
rate of removed computers being converted into susceptible class is denoted by σ,
and δ connotes the rate at which the virus renders the computers useless and remove
from the system.

The mathematical model describing the spread of viruses in computer systems is
given as

d S

dt
= N − αAS S A − βSI − μS + σR,

d I

dt
= βSI − αAI AI − δ I − μI (7.2.1)

d R

dt
= δ I − σR − μR,

d A

dt
= αAS S A + αAS AI − μA.

For this example, the recruitment rate is let to be N = 0, which means that there
is no new computer entering into the system during the spread of the virus. This is
because in real life the spread of virus in computer machines is much more faster
than adding new computers into the system. The same reason goes for the choice of
taking μ = 0, bearing in mind the fact that the computer system outmodedness time
is longer than the time of the virus action being manifested.

In accordance with the above information, we reformulate equation (7.2.1) to
become

d S

dt
= −αAS S A − βSI + σR,

d I

dt
= βSI − αAI AI − δ I (7.2.2)

d R

dt
= δ I − σR,

d A

dt
= αAS S A + αAS AI.

In the context of fractional derivative, Eq. (7.2.2) can be written in the form
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C
0 Dα

t S(t) = −αAS S A − βSI + σR,
C
0 Dα

t I (t) = βSI − αAI AI − δ I (7.2.3)
C
0 Dα

t R(t) = δ I − σR,
C
0 Dα

t A(t) = αAS S A + αAS AI,

where C
0 Dα

t remains the Caputo derivative as discussed in the previous chapter.
The fractional derivative is known for non-local problems and can be appropri-

ate for modelling epidemiological issues. The fractional order in the above system,
however, is an important tool for numerical experiments. Hence, to model the spread
of the computer virus in a network, a local derivative with fractional order is consid-
ered. Before going to the numerical simulations, we briefly present the linear stability
analysis of the model. In order to give guidelines on the correct choice of parameters
for numerical simulation of the full fractional system, it is important to consider the
system at

C
0 Dα

t S(t) = C
0 Dα

t I (t) = C
0 Dα

t R(t) = C
0 Dα

t A(t) = 0.

Fig. 7.1 Approximate solution for system (7.2.3) at α = 0.89 and some instances of αI A which
correspond to a αI A = 0.4, b αI A = 0.8, c αI A = 1.4 and d αI A = 1.8 with simulation time
t = 1.0. Take note of the variation in amplitudes



212 7 Application to Ordinary Fractional Differential Equations

Fig. 7.2 Approximate solution for system (7.2.3) at α = 0.93 and some instances of αAS and
simulation time t = 1.0. Other parameters are αAI = 1.4,β = 0.25,σ = 0.085 and δ = 0.4. Panels
(a-d) correspond to αAS = 0.2, αAS = 0.25, αAS = 0.04 and αAS = 0.06, respectively

So that

0 = −αAS S∗ A∗ − βS∗ I ∗ + σR∗,

0 = βS∗ I ∗ − αAI A∗ I ∗ − δ I ∗ (7.2.4)

0 = δ I ∗ − σR∗,
0 = αAS S∗ A∗ + αAS A∗ I ∗.

On solving, the above equation gives

S∗ = δ

β
, I ∗ = T − δ/β

1 + δ/σ
, R∗ = T − δ/β

1 + σ/δ
, A∗ = 0. (7.2.5)

The disease-free equilibria are calculated as

Ea = (S, I, R, A) = (0, 0, 0, T )
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Fig. 7.3 Approximate solution for system (7.2.3) showing the effect of β at α = 0.90. Plots a–
f β = 0.2,β = 0.4,β = 0.6,β = 0.8,β = 1.2 and β = 1.85, respectively, with simulation time
t = 1.0. Other parameters are given in Fig. 7.2
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and
Eb = (S, I, R, A) = (T, 0, 0, 0).

For details on stability analysis of this model, readers are referred to [24].
For the numerical experiments, computation is done with parameters in [24] to

obtain different results for values of fractional power α and time t . The parameters
applied here are αAS = 0.6,αI A = 0.4,β = 0.2,σ = 0.85 and δ = 0.4, with the
initial conditions S(0) = 10, I (0) = 10, R(0) = 5 and A(0) = 20.

Figure 7.1 shows the graphical illustration of system (7.2.3) at α = 0.89 and some
instances of αI A which denotes the proportional rate of converting infected computers
into antidotal ones in the network due to product of S A. It is obvious from the graph
that the susceptible group which represents the total population quickly gets infected
due to the rate at which the virus spreads in the system. So, the figures clearly show
that the total number of infected computer machines decreased as the total number
of antidotal increased which is a technique to minimize the number of susceptible
computer systems. Obviously, the number of non-infected computers is increasing
in the amplitudes regardless of the rate αAI .

In Fig. 7.2, by varying αAS , which represents the conversion of susceptible system
into antidotal due to the product of SI , we observed decrease in the classes S, I, R
at α = 0.93. The numerical prediction obtained in Fig. 7.3 is attributed to fractional
order α = 0.90 at t = 1.0. In reality, we observed that by increasing the number of
computers that are well equipped with antivirus would definitely reduce the spread
of such virus, as depicted in Fig. 7.3a–f. Thus, this application has given a better
prediction of how a virus spread can be checked among the computer users.

7.3 Modelling the Spread of River Blindness Disease
with the Caputo Fractional Derivative

For the second experiment, consideration is given to the mathematical model

d AS(t)

dt
= ψ + δA BI + αβ AI − ξAS BI − τA AS

d AI (t)

dt
= AS BI − δI HI − αβ AI − ξAS BI − τI HI , (7.3.1)

d BI (t)

dt
= δB AI − ρI BI − γBS,

d BS(t)

dt
= δBS − ρI BI − δA BI ,

which is used to describe the spread of river blindness disease [2].
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Some of the areas that are naturally endowed with rivers are found in the tropical
zones covered by the Central and West African nations. Most of these areas are
seriously ravaged by poverty which lead most dwellers to depend solely on the use
of water from the rivers. A typical example can be drawn from most villages in Chad
and Cameroon where people use river water for bathing, drinking and other domestic
purposes. It should be noted that water from these rivers is not always healthy and
safe which may often result in diseases. One of the most common diseases found
in these areas is known as the onchocerciasis. Onchocerciasis is referred to as river
blindness and Robbes disease, which is an infectious disease arising from infection
with the parasitic worm Onchocerca volvulus [28]. This disease is the second-most
cause of blindness due to infection, after trachoma [28]. The causative agent of this
parasite is the spread by the bites of black flies of the genus Simulium that lives near
rivers. Once the host is affected, the worm produces larvae that make their way back
out to the skin, where they can infect the next black fly that can bite another person.
A report presented in [22] has shown that multiple bites are required for infection to
occur.

Owing to the privilege granted by the concept of fractional derivative, we extend
model (7.3.1) within the scope of the Caputo fractional derivative. Hence, the frac-
tional form of the above model becomes

C
0 Dα

t AS(t) = ψ + δA BI + αβ AI − ξAS BI − τA AS
C
0 Dα

t AI (t) = AS BI − δI HI − αβ AI − ξAS BI − τI HI , (7.3.2)
C
0 Dα

t BI (t) = δB AI − ρI BI − γBS,
C
0 Dα

t BS(t) = δBS − ρI BI − δA BI ,

where C
0 Dα

t is the Caputo fractional derivative of order α ∈ [0, 1]
The theoretical parameters used for the simulation are given in the following table.

Effects of fractional power α are verified in Figs. 7.4, 7.5 and 7.6. In the experiment,

Fig. 7.4 Approximate
solution for fractional system
(7.3.2) at α = 0.45 and
simulation time t = 1.0
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Fig. 7.5 Approximate
solution for fractional system
(7.3.2) at α = 0.75 and
simulation time t = 1.0

Fig. 7.6 Approximate
solution for fractional system
(7.3.2) at α = 0.91 and
simulation time t = 1.0

Fig. 7.7 Approximate
solution for fractional system
(7.3.2) at α = 0.53 and
simulation time t = 2.0
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Fig. 7.8 Approximate
solution for fractional system
(7.3.2) at α = 0.53 and
simulation time t = 3.0

Fig. 7.9 Approximate
solution for fractional system
(7.3.2) at α = 0.53 and
simulation time t = 4.0

we observed that an increase in the value of α corresponds to a decrease in the
amplitude of class AI . In Figs. 7.7, 7.8 and 7.9, we fixed α = 0.53 and varied t
to examine the effect of time. It was observed that increase in time results in the
increase of the amplitude of class BS . Numerical simulation of fractional system
(7.2.3) at δI = 0.09 and α = 0.38 for a bigger time t = 5.0 is given in Fig. 7.10.
Clearly, classes AI , BI BS give rise to amplitudes.
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Fig. 7.10 Numerical solution for system (7.2.3) at α = 0.38, δI = 0.09 and time t = 5. Other
parameters are given in Table 7.1

Table 7.1 Theoretical parameters

Parameters Values Parameters Values

AS(0) 100 δA 0.6

AI (0) 0 δI 0.9

BS(0) 10 δB 0.6

BI (0) 0 τA 0.6

γ 1 τI 0.5

β 0.5 ρI 0.7

δ 1 ψ 10

ξ 0.4

7.4 Modelling of Nonlinear Interpersonal Relationship
with Time-Fractional Derivative

Mathematical models have been used to describe many physical real-life problems
encountered in natural sciences, such as biology, chemistry, physics and astronomy,
to mention a few. Research has also been conducted on interpersonal relationships
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Fig. 7.11 Approximate
solution for time-fractional
system (7.4.1) at α = 0.25

Fig. 7.12 Approximate
solution for time-fractional
system (7.4.1) at α = 0.35

by some authors, for instance, Strogatz [26], Ozalp and Koca [23] with many other
references given by Koca and Atangana [12].

The time-fractional version of interpersonal relationship model is given as

A
0 Dα

t u(t) = −φ1u + ϕ1v(1 − ξv2) + ω1,
A
0 Dα

t v(t) = −φ2v + ϕ2u(1 − ξu2) + ω2, (7.4.1)

subject to initial conditions u(0) = 0 and v(0) = 0, for x ≥ a,α ∈ [0, 1]. The above
alpha derivative is given as
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Fig. 7.13 Approximate
solution for time-fractional
system (7.4.1) at α = 0.55

Fig. 7.14 Approximate
solution for time-fractional
system (7.4.1) at α = 0.48

A
0 Dα

t ( f (x)) = lim
δ→0

f

(
x + δ

(
x + 1

�(α)

)1−α
)

− f (x)

δ
,

for x ≥ a,α ∈ [0, 1]. Then if the limit exists, f is α-differentiable.
In the above model φi > 0, φi , ϕi and ωi for i = 1, 2 are real constants. These

parameters are considered to be oblivion, reaction and attraction constants. In the sys-
tem above, we assume that feelings decay or degenerate faster in exponential manner
in the absence of partners. The variables u, v represent the measure of romantic style
of the individuals. For example, φi denote the rate at which individual i is encouraged
by his or her own feeling. That is to say, i represents the degree to which an individ-
ual has internalized a sense of his or her self-worth. The parameters ϕi denotes the
rate at which individual i is encouraged by his or her partner, and/or expects his/her
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Fig. 7.15 Approximate
solution for time-fractional
system (7.4.1) at α = 0.87

Fig. 7.16 Individuals
attraction for time-fractional
system (7.4.1) when
α = 0.68

partner to be supportive. In a nutshell, the terms −φi u and −φiv suggest that the
love measure of u and v in the absence of the partner decay exponentially and 1

φi
is

the required time for love to decay.
For the numerical simulations as shown in Figs. 7.11, 7.12, 7.13, 7.14, 7.15, 7.16

and 7.17, we use the initials u(0) = 0.5, v(0) = 0.5 and the parameter values φ1 =
0.1,φ2 = 0.04,ϕ1 = 0.005,ϕ2 = 0.001, ξ = 0.01,ω1 = 0.02 and ω2 = 0.03 with
simulation time t = 100. Results for different values of α showing the relationship
between individuals u and v are presented in Figs. 7.11, 7.12, 7.13, 7.14 and 7.15. The
attraction between these individuals at two instances of fractional power is depicted
in Figs. 7.16 and 7.17.
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Fig. 7.17 Individuals
attraction for time-fractional
system (7.4.1) when
α = 0.83

7.5 Modelling of El Niño Chaotic Dynamical System with
the Caputo, Caputo–Fabrizio and Atangana–Baleanu
Fractional Derivatives

The classical El Niño chaotic dynamical system is given by

du(t)

dt
= βv(t) − γu(t) + γρ,

dv(t)

dt
= u(t)w(t) − v(t), (7.5.1)

dw(t)

dt
= −u(t)v(t) − w(t) + 1,

which has been used to describe a very useful physical problem. Chaotic system
(7.5.1) has been used to describe an anomalous, devilish irregular and Christmas-
time warming of the Peru and Ecuador coastal waters that occurs roughly about
every 3–6 years, which has a great impact on global climate. Though the model has
been applied with significant degrees of success, irregular and anomalous phenomena
cannot be adequately described with the local or classical derivatives, which has been
suggested in many research papers, books and monographs [8, 9, 25]. Hence, for a
more accurate representation, we present the Caputo and Caputo–Fabrizio forms of
(7.5.1) as

C
0 Dα

t u(t) = βv(t) − γu(t) + γρ,
C
0 Dα

t v(t) = u(t)w(t) − v(t), (7.5.2)
C
0 Dα

t w(t) = −u(t)v(t) − w(t) + 1,
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Fig. 7.18 Three-
dimensional representation
of chaotic system (7.5.2) for
α = 0.92 and t = 100

Fig. 7.19 Two-dimensional
plot of u(t) and v(t) of
chaotic system (7.5.2) for
α = 0.92 and t = 100

and

C F
0 Dα

t u(t) = βv(t) − γu(t) + γρ,
C F
0 Dα

t v(t) = u(t)w(t) − v(t), (7.5.3)
C F
0 Dα

t w(t) = −u(t)v(t) − w(t) + κ,

respectively, where β, γ, ρ and κ are positive parameters. Here, we simulate the El
Niño chaotic dynamical system using both the Caputo derivative with power-law
kernel which has singularity and the Caputo–Fabrizio derivative with the exponen-
tial law which has no singularity. A non-local and non-singular kernel version was
combined by the Atangana–Baleanu fractional derivative. The initial and parameters
are given as u(0) = v(0) = w(0) = 0,β = 102, γ = 3, ρ = 0.45 and κ = 1.
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Fig. 7.20 Two-dimensional
plot of u(t) and w(t) of
chaotic system (7.5.2) for
α = 0.92 and t = 100

Fig. 7.21 Two-dimensional
plot of v(t) and w(t) of
chaotic system (7.5.2) for
α = 0.92 and t = 100

Fig. 7.22 Three-
dimensional parametric plot
of system (7.5.2) for
α = 0.33 and t = 100
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Fig. 7.23 Three-
dimensional parametric plot
of system (7.5.2) for
α = 0.55 and t = 100

Fig. 7.24 Time-series plot
of system (7.5.2) for
α = 0.33 and t = 100

The numerical simulation results for the Caputo time-fractional system (7.5.2)
obtained for different values of α are displayed in Figs. 7.18, 7.19, 7.20, 7.21, 7.22,
7.23, 7.24 and 7.25 which are given in terms of two-dimensional, three-dimensional
parametric plots and time-series representation of the system solutions. The approx-
imate solution of chaotic system (7.5.3) using the Caputo–Fabrizio derivative is
depicted in Figs. 7.26, 7.27, 7.28, 7.29, 7.30, 7.31, 7.32, 7.33, 7.34, 7.35, 7.36, 7.37
and 7.38. The 2D and 3D representations are displayed in Figs. 7.27, 7.28, 7.29,
7.33,7.34, 7.35 and 7.26, 7.32, 7.36, 7.37, respectively, while Figs. 7.30, 7.31 and
7.38 correspond to the solution as a function of time t and different instances of α.
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Fig. 7.25 Time-series plot
of system (7.5.2) for
α = 0.89 and t = 100

Fig. 7.26 Three-
dimensional representation
of chaotic system (7.5.3) for
α = 0.89 and t = 100

Fig. 7.27 Two-dimensional
plot of u(t) and v(t) of
chaotic system (7.5.3) for
α = 0.89 and t = 100
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Fig. 7.28 Two-dimensional
plot of u(t) and w(t) of
chaotic system (7.5.3) for
α = 0.89 and t = 100

Fig. 7.29 Two-dimensional
plot of v(t) and w(t) of
chaotic system (7.5.3) for
α = 0.89 and t = 100

Fig. 7.30 Solution as a
function of time t = 100 for
(7.5.3) at α = 0.55
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Fig. 7.31 Solution as a
function of time t = 100 for
(7.5.3) at α = 0.89

Fig. 7.32 Three-
dimensional representation
of chaotic system (7.5.3) for
α = 0.45 and t = 100

Fig. 7.33 Two-dimensional
plot of u(t) and v(t) of
chaotic system (7.5.3) for
α = 0.45 and t = 100
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Fig. 7.34 Two-dimensional
plot of u(t) and w(t) of
chaotic system (7.5.3) for
α = 0.45 and t = 100

Fig. 7.35 Two-dimensional
plot of v(t) and w(t) of
chaotic system (7.5.3) for
α = 0.45 and t = 100

Fig. 7.36 Three-
dimensional representation
showing the attraction of
system (7.5.3) for α = 0.50
and t = 100
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Fig. 7.37 Three-
dimensional representation
showing the attraction of
system (7.5.3) for α = 0.55
and t = 100

Fig. 7.38 Solution as a
function of time t = 100 for
(7.5.3) at α = 0.55 and
κ = 0.50

The last experiment on El Niño chaotic system (7.5.1) is based on modelling with
the Atangana–Baleanu fractional derivative in the sense of Caputo in the form

ABC
0 Dα

t u(t) = βv(t) − γu(t) + γρ,
ABC
0 Dα

t v(t) = u(t)w(t) − v(t), (7.5.4)
ABC
0 Dα

t w(t) = −u(t)v(t) − w(t) + κ,

where ABC
0 Dα

t is the known Atangana–Baleanu derivative of fractional order α ∈
(0, 1).

Figures 7.39, 7.40, 7.41 and 7.42 depict the time-series solution of (7.5.4)
at different instances of α using the Atangana–Baleanu fractional derivative of
order 0 < α < 1. It is observed that all the species undergo spurious and chaotic



7.5 Modelling of El Niño Chaotic Dynamical System … 231

Fig. 7.39 Solution as a
function of time t = 100 for
(7.5.4) at α = 0.45

Fig. 7.40 Solution as a
function of time t = 100 for
(7.5.4) at α = 0.75

oscillations. At a value close to unity (as α → 1), if simulation time is reduced, one
obtains a smooth or spatiotemporal oscillations and this is evident in Fig. 7.42. The
two-, three-dimensional parametric plots using the Atangana–Baleanu derivative in
Caputo sense for α = 0.35 and α = 0.91 are displayed in Figs. 7.43, 7.44, 7.45, 7.46
and 7.47, 7.48, 7.49, 7.50, respectively. A close comparison will show the variation in
the propagation of models with the Caputo, Caputo–Fabrizio and Atangana–Baleanu
derivatives.
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Fig. 7.41 Solution as a
function of time t = 100 for
(7.5.4) at α = 0.89

Fig. 7.42 Solution as a
function of time t = 100 for
(7.5.4) at α = 0.95

Fig. 7.43 Three-
dimensional representation
showing the attraction of
system (7.5.4) for α = 0.35
and t = 100
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Fig. 7.44 The
two-dimensional
representation of system
(7.5.4) of u(t) and v(t) for
α = 0.35 and t = 100

Fig. 7.45 The
two-dimensional
representation of system
(7.5.4) of u(t) and w(t) for
α = 0.35 and t = 100

Fig. 7.46 The
two-dimensional
representation of system
(7.5.4) of v(t) and w(t) for
α = 0.35 and t = 100
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Fig. 7.47 Three-
dimensional representation
showing the attraction of
system (7.5.4) for α = 0.91
and t = 100

Fig. 7.48 The
two-dimensional
representation of system
(7.5.4) of u(t) and v(t) for
α = 0.91 and t = 100

Fig. 7.49 The
two-dimensional
representation of system
(7.5.4) of u(t) and w(t) for
α = 0.91 and t = 100
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Fig. 7.50 The
two-dimensional
representation of system
(7.5.4) of v(t) and w(t) for
α = 0.91 and t = 100

7.6 A Novel Fractional Model for the Lassa Hemorrhagic
Fever

The lassa hemorrhagic fever is grouped in the family of viridae virus. Its the second
largest epidemic outbreak witnessed recently in some part of West Africa and Central
Africa countries. Its first emergence was observed in 1969 is Lassa town, situated in
Borno State, Nigeria. The main host of this virus is called the Natal multimammate
mouse, an animal largely found in most of sub-Saharan Africa countries.

The contamination in human mainly takes place by disclosure to animal excrement
through the gastrointestinal or respiratory tracts. Mouthful of air of tiny particle of
infective material is known to be the mainly noteworthy way of making contact. It
is often likely to get hold of the infection via broken skin or mucous membrane that
is in direct contact with the infected material [4].

A research study output has shown that about 15–20% of the patients infected
with Lassa fever will die from the disease. However, during epidemic outbreaks,
mortality can rise as high as 50% [21]. The death rate is greater than 80% when
it occurs among pregnant women usually during their third trimester; according to
report in [21], fatal death also recorded in nearly all those cases recorded. We are
aiming to give a clear description of the virus spread, infection and mortality rate of
the populations of the infected pregnant women.

The mathematical equation underpinning the change in time of the susceptible
individual population within the scope of the α-derivative is defined as

A
0 Dα

t S(t) = −cS(t)I (t) + bN − δN + f R(t) + hS(t) − δS(t). (7.6.1)

Atangana [4] expressed the change of infected class with an ODE as

A
0 Dα

t I (t) = cS(t)I (t) − ( f + h)I (t) − hS(t). (7.6.2)
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According to [4], the physical interpretation of Eq. (7.6.2) is that the number
of women who are removed from the susceptible population can be expressed as
cS(t)I (t). However, it was suggested that due to the introduction of medication and
vaccines, a number of pregnant women will be recovered at a proportional rate h, and
likewise, the mortality rate of a number of pregnant women will occur at f . Hence,
the change in time of the recovery class is given by

A
0 Dα

t R(t) = hI (t) − f R(t). (7.6.3)

Finally, change in time for the death population is denoted as

A
0 Dα

t D(t) = f I (t) + δN − bN . (7.6.4)

The mathematical equation governing the spread of Lassa fever among pregnant
women is given as

A
0 Dα

t S(t) = −cS(t)I (t) + bN − δN + f R(t) − δS(t) + hS(t),
A
0 Dα

t I (t) = cS(t)I (t) − ( f + h)I (t) − hS(t),
A
0 Dα

t R(t) = hI (t) − f R(t), (7.6.5)
A
0 Dα

t D(t) = f I (t) + I N − bN + δS(t),

where c denotes the infections rate, h is rate at which the pregnant women from
recovery class turn out to be vulnerable, b represents the proportion at which women
are pregnant and the mortality rate of pregnant women due to natural death and other
outbreaks is represented by δ.

For the simulation, the parameters and theoretical values are given as N = 1000,
δ = 0.2, b = 0.3, f = 0.8, h = 0.2, c = 0.4, S(0) = 900, I (0) = 10, R(0) = 0 and
D(0) = 0. Figures 7.51, 7.52, 7.53 and 7.54 show the future prediction for fractional

Fig. 7.51 Prediction for
system (7.6.5) when
α = 0.25
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Fig. 7.52 Prediction for
system (7.6.5) when
α = 0.45

Fig. 7.53 Prediction for
system (7.6.5) when
α = 0.65

Fig. 7.54 Prediction for
system (7.6.5) when
α = 0.88
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Fig. 7.55 Prediction as a
function of time t = 1.0 for
system (7.6.5) with α = 0.50

Fig. 7.56 Prediction as a
function of time t = 5 for
system (7.6.5) with α = 0.50

Lassa fever model (7.6.5) for different values of α = 0.25,α = 0.45,α = 0.65 and
α = 0.88, respectively. It is observed that the number of susceptible individuals is
reducing as the value of α is increasing.

In Figs. 7.55, 7.56, 7.57 and 7.58, we present the future prediction of (7.6.5) as a
function of different instances of time t = 1, 5, 10, 10. We observed that if necessary
measure is not put in place with the prevalence of the Lassa fever outbreaks, the virus
spreads faster with increasing time. Lastly, in Figs. 7.59, 7.60 and 7.61, the effects
of f at α = 0.38 and t = 2.0 which correspond to the mortality rate of pregnant
women are examined.
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Fig. 7.57 Prediction as a
function of time t = 10 for
system (7.6.5) with α = 0.50

Fig. 7.58 Prediction as a
function of time t = 20 for
system (7.6.5) with α = 0.50

Fig. 7.59 Future prediction
for system (7.6.5) for
f = 1.8
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Fig. 7.60 Future prediction
for system (7.6.5) for
f = 2.28

Fig. 7.61 Future prediction
for system (7.6.5) for
f = 3.28

7.7 Modelling of Ebola Hemorrhagic Fever: Fractional
Derivative Approach

Known that the filoviruses comes from a virus family called Filoviridae. This virus
may cause unembellished hemorrhagic fever in both humans and monkeys [13, 16,
17]. In most research papers and monographs, only two classes of this virus family
have been identified so far, they are, Ebola virus and Marburg virus. Also, according
to the literature, only five species of Ebola virus have been distinguished including
Bundibugyo, Ivory Coast, Sudan, Zaire and Reston. Among these species, Ebola
virus is known to be the only family of the Zaire Ebola virus species and the most
dangerous and largest recorded epidemic outbreaks [3, 17].

Ebola is an uncommon but dangerous virus that results in bleeding inside and
outside of the body [11]. As the virus spreads through the body, it breaks down the
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immune system and organs. Ultimately, it drops the levels of blood clotting in the
cells [1]. This results in severe and uncontrollable bleeding [11, 17]. The biggest
challenge in most West African nations is issue of unemployment. Findings have
revealed that about 133 million working class people which constitute about 50% of
the population are illiterate and jobless. Many of these young people lack economic
or social life skills which completely render them useless in the labour market. As a
means to survive and provide minimum basic needs for their family, the only available
jobs include fishing, farming and hunting.

In the case of hunting and destruction of ecosystem, many of the wild animals
are killed and endangered, the practice majority do routinely to survive. Most of
the animals killed are either consumed fresh or dry and sold in the market places.
Incidentally, it is a common belief that the Ebola virus disease can only occur after
an Ebola virus is transmitted to an initial human by contact with an infected animal’s
body fluid. On contrary, human-to-human transmission when direct contact is made
to the bodily fluid or blood of the infected person. Fruit bats are known to be the
most likely natural source of the Ebola virus. As the early transmission, the bat drops
incompletely eaten fruits and pulp, and when it lands animals such as monkeys and
gorillas feed on fallen fruits. Later, the humans hunt down these animals as food or
sell the infected animal bodies to make money. Definitely the affected human will
make contact with the rest of his family. So, the chain of transmission continues.

For the mathematical formulation, we let S(t), I (t), R(t) and D(t) be the respec-
tive susceptible, infected, recovery and the total mortality or death populations. Like-
wise, let s, i, r and δ be the susceptibility rate, infection rate, recovery rate and death
rate by Ebola. The mathematical model describing the rate of change of susceptible
individuals is represented as

d S(t)

dt
= −i S(t)I (t) + s R(t) − βN , (7.7.1)

where i describes the rate of infectious class from recovery individuals converted to
be vulnerable at rate s, and β denote the number of population that die naturally due
to other diseases.

The rate of change of infected population is given by the differential equation

d I (t)

dt
= −i S(t)I (t) − δ I (t) − r I (t), (7.7.2)

which suggests that the total number of individuals removed from susceptible class
can be expressed mathematically as i S(t)I (t). Obviously, due to medication, a rea-
sonable number of populations will be recovered at rate r , while infected individual
will die at rate δ. The recovery population and the change in mortality rate can be
described by the following respective ordinary differential equations:

d R(t)

dt
= r I (t) − s R(t) (7.7.3)
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and
d D(t)

dt
= δ I (t) + βN . (7.7.4)

Thus, the mathematical equation governing the Ebola virus disease is given as

d S(t)

dt
= −i S(t)I (t) + s(t) − δN ,

d I (t)

dt
= i S(t)I (t) − δ I (t) − r I (t),

d R(t)

dt
= r I (t) − s R(t), (7.7.5)

d D(t)

dt
= δ I (t) + βN .

The above equation will be formulated in terms of the Caputo–Fabrizio and the
Atangana–Baleanu fractional derivatives, respectively, as

C F
0 Dα

t S(t) = −i S(t)I (t) + s(t) − δN ,
C F
0 Dα

t I (t) = i S(t)I (t) − δ I (t) − r I (t),
C F
0 Dα

t R(t) = r I (t) − s R(t), (7.7.6)
C F
0 Dα

t D(t) = δ I (t) + βN ,

Table 7.2 Parameters based on some reported data

Parameters S(0) I (0) R(0) D(0) N β r i s δ

Values 900 10 0 0 1000 0.01 0.4 0.01 0.02 0.6

Fig. 7.62 Prediction of the
Caputo–Fabrizio fractional
derivative model (7.7.6) for
α = 0.25
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and

ABC
0 Dα

t S(t) = −i S(t)I (t) + s(t) − δN ,
ABC
0 Dα

t I (t) = i S(t)I (t) − δ I (t) − r I (t),
ABC
0 Dα

t R(t) = r I (t) − s R(t), (7.7.7)
ABC
0 Dα

t D(t) = δ I (t) + βN .

The parameters used for the numerical simulations according to reported data are
given in Table 7.2.

Figures 7.62, 7.63, 7.64, 7.65 and 7.66 depict the approximate solution of the
Caputo–Fabrizio time-fractional Ebola system (7.7.6) for different values of α as
shown in the figures’ captions. Figures 7.67, 7.68, 7.69, 7.70, 7.71 and 7.72 represent

Fig. 7.63 Prediction of the
Caputo–Fabrizio fractional
derivative model (7.7.6) for
α = 0.45

Fig. 7.64 Prediction of the
Caputo–Fabrizio fractional
derivative model (7.7.6) for
α = 0.67



244 7 Application to Ordinary Fractional Differential Equations

Fig. 7.65 Prediction of the
Caputo–Fabrizio fractional
derivative model (7.7.6) for
α = 0.83

Fig. 7.66 Prediction of the
Caputo–Fabrizio fractional
derivative model (7.7.6) for
α = 0.90

Fig. 7.67 Prediction using
the Atangana–Baleanu
fractional derivative model
(7.7.7) for α = 0.25
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Fig. 7.68 Prediction using
the Atangana–Baleanu
fractional derivative model
(7.7.7) for α = 0.55

Fig. 7.69 Prediction using
the Atangana–Baleanu
fractional derivative model
(7.7.7) for α = 0.59

Fig. 7.70 Prediction using
the Atangana–Baleanu
fractional derivative model
(7.7.7) for α = 0.83



246 7 Application to Ordinary Fractional Differential Equations

Fig. 7.71 Prediction using
the Atangana–Baleanu
fractional derivative model
(7.7.7) for α = 0.89

Fig. 7.72 Prediction using
the Atangana–Baleanu
fractional derivative model
(7.7.7) for α = 0.93

Fig. 7.73 Prediction for
system (7.7.7) at t = 2
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Fig. 7.74 Prediction for
system (7.7.7) at t = 4

Fig. 7.75 Prediction for
system (7.7.7) at t = 8

Fig. 7.76 Prediction for
system (7.7.7) at t = 10
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the approximate numerical solution of the Atangana–Baleanu fractional derivative
system (7.7.7) for different instances of α as displayed in the figures’ captions.
Finally, we fixed α = 0.50 with perturbed initial conditions to examine the effect of
time as given in Figs. 7.73, 7.74, 7.75 and 7.76.
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Chapter 8
Application to Partial Fractional
Differential Equation

Numerical methods for fractional partial differential equations have also been inten-
sively studied and many already published papers can be found in the literature.
Due to their wider application in modelling complex real-world problems, several
numerical schemes have been suggested. This chapter is devoted to the discussion
underpinning the application of existing and newly established numerical schemes
for solving partial fractional differential equations.

8.1 Space-Fractional Diffusion Equation with New
(Atangana–Gomez) Fractional Derivative
in Riemann–Liouville Sense

We wrap up this analysis by studying the possibility of applying the numerical version
of the new Riemann–Liouville fractional derivative (3.6.13) discussed in Chap. 3 with
no singular kernel to a popular diffusion process. The equation under consideration
here is

Dα
t u(x, t) = ∂2

∂x2
u(x, t). (8.1.1)

For the spatial discretization, we let

xs = s�, (8.1.2)

with 0 ≤ s ≤ N , � the step size and N the grid points. We adapt the following Crank–
Nicholson scheme for the second-order derivative about the spatial coordinate:
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d2U

dx2
= U (xs+1, tk) − 2U (xs, tk) + U (xs−1, tk)

2�2
+ O(�2). (8.1.3)

Next, by using Eq. (8.1.3) in (8.1.1), we have

M(α)

αh

[
k+1∑
i=1

(u(xs, ti+1) + u(xs, ti ))χi,h −
k∑

i=1

(u(xs, ti+1) + u(xs, ti ))χ̄i,h

]

− u(xs+1, tk) − 2u(xs, tk) + u(xs−1, tk)

�2
= 0. (8.1.4)

For simplicity, we let ui
s = u(xs, ti ), then

M(α)

αh

[
k+1∑
i=1

(
ui+1

s + ui
s

)
χi,h −

k+1∑
i=1

(
ui+1

s + ui
s

)
χ̄i,h

]
− uk

s+1 − 2uk
s − uk

s−1

�2
= 0.

(8.1.5)
After rearranging, we obtain

uk+1
s

{
M(α)

αh
(χk,h − χ̄k,h)

}
= uk

s

[
M(α)

αh
(χ̄k,h − χk,h) − 2

�2

]

− M(α)

αh

⎡
⎢⎣k+1∑

i=1
i �=k

(
ui+1

s + ui
s

)
χi,h −

k−1∑
i=1

(
ui+1

s + ui
s

)
χ̄i,h

⎤
⎥⎦

+uk
s+1 + uk

s−1

�2 . (8.1.6)

Stability Analysis

Also, in this section, we examine the stability conditions of the numerical scheme.
Assume vi

s = ui
s − U i

s , where Fi
s denotes the approximate solution at the point

(xs, ti ), s = 1, 2, . . . , N , i = 1, 2, . . . , S. Moreover, vi = [vi
1, v

i
2, · · · , vi

N−1]T and
the function vi (x) satisfies

vi (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

vi
s(x) if xs − �

2
< x < xs + �

2

0 if L − �

2
< x < L .

Then, we give the error of the numerical scheme when applying to solve the diffusion
equation (8.1.1) as
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vk+1
s

[
M(α)

αh
(χk,h − χ̄k,h)

]
= vk

s

[
M(α)

αh
(χ̄k,h − χk,h) − 2

�2

]

− M(α)

αh

⎡
⎢⎣k+1∑

i=1
i �=k

(
vi+1

s + vi
s

)
χi,h −

k−1∑
i=1

(
vi+1

s + vi
s

)
χ̄i,h

⎤
⎥⎦

+vk
s+1 + vk

s−1

�2 . (8.1.7)

Using Fourier series, we can express the function vi (x) as

vi (x) =
m=+∞∑
m=−∞

δm(x) exp[2 jπmi/L].

Hence, in a more explicit form, vi
s(x) q(r) can be written in the delta-exponential

form as
vi

s = δi exp[ jζis], (8.1.8)

where ζ is a real spatial wave number. On substituting (8.1.8) into (8.1.7), we have
For k = 0,

δ1

[
M(α)

αh
(χ0,h − χ̄0,h) + sin2

(
ζi

2

)]

= δ0

[
M(α)

αh
(χ̄0,h − χ̄0,h) + sin2

(
ζi

2

)
− 4

�
sin2

(
ζi

2

)]
. (8.1.9)

For k ≥ 1

δk+1

[
M(α)

αh
(χk,h − χ̄k,h) + sin2

(
ζi

2

)]
= δk

[
M(α)

αh
(χ̄k,h − χ̄k,h) + sin2

(
ζi

2

)
− 4

�
sin2

(
ζi

2

)]

− M(α)

αh

⎡
⎢⎢⎣

k+1∑
i=1
i �=k

(δi+1 + δi )χi,h −
k−1∑
i=1

(δi+1 + δi )χ̄i,h

⎤
⎥⎥⎦+ 2δk

�2 . (8.1.10)

We rearrange (8.1.10) after some algebraic manipulations to obtain

δk+1

[
M(α)

αh
(χk,h − χ̄k,h) + sin2

(
ζi

2

)]
=δk

[
M(α)

αh
(χ̄k,h − χ̄k,h) + sin2

(
ζi

2

)
− 4

�
sin2

(
ζi

2

)]

− M(α)

αh

⎡
⎢⎢⎣2

k+1∑
i=1
i �=k

δi χi,h − 2
k−1∑
i=1

δi χ̄i,h

⎤
⎥⎥⎦+ 2δk

�2 . (8.1.11)
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Now to complete the stability analysis for the new fractional Riemann–Liouville
derivative approximation scheme, we require to show that

∣∣∣∣δk

δ0

∣∣∣∣ ≤ 1, for all k = 0, 1, 2. (8.1.12)

Next, we proceed by recurrence.
For k = 0, Eq. (8.1.10) gives

∣∣∣∣δk

δ0

∣∣∣∣ =
∣∣∣M(α)

αh (χ̄0,h − χ0,h) + sin2
(

ζi

2

)
− 4

�2 sin2
(

ζi

2

)∣∣∣∣∣∣M(α)

αh (χ0,h − χ̄0,h) + sin2
(

ζi

2

)∣∣∣
≤
∣∣∣M(α)

αh (χ̄0,h − χ0,h) + sin2
(

ζi

2

)∣∣∣∣∣∣M(α)

αh (χ0,h − χ̄0,h) + sin2
(

ζi

2

)∣∣∣
≤ 1. (8.1.13)

Clearly, assertion in (8.1.12) is true for k = 0. Let us also assume that it is true for
the integer values 2, 3, . . . , k, then using (8.1.11), we obtain

δk+1

{
M(α)

αh
(χk,h − χ̄k,h) + sin2

(
ζi

2

)}

= δk

[
M(α)

αh
(χ̄k,h − χk,h) + sin2

(
ζi

2

)
− 4

�2
sin2

(
ζi

2

)
+ 2

�2

]

− M(α)

αh

⎡
⎣2

k+1∑
i=1
i �=k

δiχi,h − 2
k−1∑
i=1

δi χ̄i,h

⎤
⎦ . (8.1.14)

Further rearrangement gives

δk+1

{
M(α)

αh
(χk,h − χ̄k,h + 2χk+1,h) + sin2

(
ζi

2

)}

= δk

[
M(α)

αh
(χ̄k,h − χk,h) + sin2

(
ζi

2

)
− 4

�2
sin2

(
ζi

2

)
+ 2

�2

]

−2M(α)

αh

k−1∑
i=1

δi (χi,h − χ̄i,h). (8.1.15)

Without loss of generality, if we put M(α) = 1 as suggested in [13], then, after rear-
ranging and making use of the recurrence hypothesis together with the coefficients
(3.6.15)–(3.6.15), we have
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δk+1

{
M(α)

αh
(χk,h − χ̄k,h + 2χk+1,h) + sin2

(
ζi

2

)}

=
∣∣∣∣δk

[
M(α)

αh
(χ̄0,h − χ0,h) + sin2

(
ζi

2

)
− 4

�2 sin2
(

ζi

2

)
+ 2

�2

]

−2M(α)

αh

k−1∑
i=1

δi (χi,h − χ̄i,h)

∣∣∣∣∣
≤
∣∣∣∣|δ0|

[
M(α)

αh
(χ̄0,h − χ0,h) + sin2

(
ζi

2

)
− 4

�2 sin2
(

ζi

2

)
+ 2

�2

]

−2M(α)

αh

(−αh

4�2 + χk+1,h

)∣∣∣∣ . (8.1.16)

Finally, we have

|δk+1| = |δ0|
∣∣∣ M(α)

αh (χ̄k,h − χk,h) + sin2
(

ζi
2

)
− 4

�2 sin2
(

ζi
2

)
+ 2

�2 + 2M(α)
αh

(−αh
4�2 + χk+1,h

)∣∣∣∣∣∣ M(α)
αh (χk,h − χ̄k,h + 2χk+1,h) + sin2

(
ζi
2

)∣∣∣
≤ |δ0|

∣∣∣ M(α)
αh (χ̄k,h − χk,h) + sin2

(
ζi
2

)
− 4

�2 sin2
(

ζi
2

)
+ 2M(α)

αh χk+1,h

∣∣∣∣∣∣ M(α)
αh (χk,h − χ̄k,h + 2χk+1,h) + sin2

(
ζi
2

)∣∣∣
≤
∣∣∣ M(α)

αh (χ̄k,h − χk,h) + sin2
(

ζi
2

)
+ 2M(α)

αh χk+1,h

∣∣∣∣∣∣ M(α)
αh (χk,h − χ̄k,h + 2χk+1,h) + sin2

(
ζi
2

)∣∣∣
≤ 1. (8.1.17)

Hence, the following proposition is proved.

Proposition 8.1.1 Assume that the coefficients δk satisfy Eqs. (8.1.9) and (8.1.11)
for all k ≥ 0, then, the numerical scheme is stable for the diffusion equation (8.1.1).

8.2 Space-Fractional Diffusion Equation
with the Riemann–Liouville Derivative

A space-fractional diffusion equation can be derived by replacing Fick’s law for
the flux V (which represents the rate at which mass is transported through a unit
area against the concentration gradient) by its fractional derivative, see, for instance,
[12, 46]

V = −D�αu, 0 < α ≤ 1, (8.2.1)

where D is the diffusion or conductivity tensor, and �α =
(

∂α

∂xα , ∂α

∂yα , ∂α

∂zα

)T
is the

Riemann–Liouville fractional gradient, where
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∂α

∂xα
u(x, y, z) = 1

�(1 − α)

∂

∂x

∫ x

0

u(ξ, y, z)

(x − ξ)
dξ, (8.2.2)

with similar expressions for ∂α

∂yα and ∂α

∂zα [12, 59, 64]. The fractional Fick’s law
(8.2.1) naturally means spatial and temporal non-locality, and can be derived from
rigorous approaches via spatial averaging theorems and measurable functions. On
adding this to a conservation of mass equation for the concentration of particles or
species densities u(x, t)

∂t u = −� · V, (8.2.3)

which results in

∂t u = −D(−�)α/2 + f (u, t), 1 < α ≤ 2, (8.2.4)

where (−�)α/2 is simply the fractional Laplacian operator.
A classical way of solving problems of the form (8.2.4) is by applying a finite

difference, finite element or finite volume discretization of the fractional operator
[59], and then use a semi-implicit Euler formulation or any other time-stepping
method for the time evolution of the solution.

A lot of numerical approaches have been used in the literature to overcome the
non-local restrictions of space-fractional operators. A quick tour of such methods is
presented as follows.

8.2.1 Fourier Transform Methods

Here, we familiarize with the definitions of the continuous and discrete fractional
Fourier transforms.

Definition 8.2.1 For a function u ∈ S(R) (Schwartian space), S(R) being the space
of rapidly decreasing test functions on the real axis R, the Fourier transform û is
defined as

û(ω) = (Fu)(ω) =
∫ ∞

−∞
u(t)eiωt dt, ω ∈ R. (8.2.5)

The inverse Fourier transform is given in the form

u(t) = (F−1û)(t) = 1

2π

∫ ∞

−∞
û(ω)e−iωt dω, t ∈ R. (8.2.6)

There are several definitions of the fractional Fourier transform in literature [12, 28,
38, 67]. Rather, we chose to stick to the ones that are of primary interests in the
modelling of mathematical problems. Another focus in this work is to introduce our
broad readers to some of the useful definitions of the fractional Fourier transform
that are applicable to the solution of fractional differential problems.
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Definition 8.2.2 Let V (R) be the set of functions such that

V (R) =
{

v ∈ S(R) : dnv

d℘n

∣∣∣∣
℘=0

= 0, n = 0, 1, 2 . . .

}
. (8.2.7)

The Lizorkin space �(R) is defined as the Fourier preimage of the space V (R) in
the space S(R), i.e.

�(R) = {ϕ ∈ S(R) : ϕ̂ ∈ V (R)}. (8.2.8)

In other words, a function ϕ ∈ �(R) if the orthogonality condition

∫ +∞

−∞
℘nϕ(℘)d℘ = 0, n = 0, 1, 2, . . . (8.2.9)

is satisfied.

This operator was shown to remain invariant with respect to fractional integration
and differentiation. This feature gives credit to the Lizorkin space to be a useful
and versatile working tool with Fourier transform, fractional integration and differ-
entiation operators. For further identities and details of the Lizorkin space, readers
are referred to the classical book and research paper in [72, 73] and the references
therein.

Definition 8.2.3 For a function u ∈ �(R), the fractional Fourier transform of the
order α > 0, ûα, is defined as

ûα(ω) = (Fαu)(ω) =
∫ +∞

−∞
eisign(ω)|ω| 1

α t u(t)dt, ω ∈ R, (8.2.10)

and the inverse fractional Fourier transform of order α > 0 is given by

(F−1
α u)(ω) = 1

2πα

∫ +∞

−∞
e−isign(ω)|ω| 1

α t ûα(ω)ω
1−α
α dω, t ∈ R. (8.2.11)

Hence, we have
F−1

α Fαu = u. (8.2.12)

One can see clearly that for α = 1, the fractional Fourier transform Fα is reduced to
the conventional Fourier transform F . These transforms are connected by the relation

ûα(ω) = (Fαu)(ω) = (Fu)(℘) = û(℘), ℘ = sign(ω)|ω| 1
α . (8.2.13)

The properties of fractional Fourier transform on derivatives are given in the
following theorems.
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Theorem 8.2.4 Let u be a function which belongs to the Lizorkins space �(R), and
℘ ∈ R

Fα

(
dn

dtn
u(t)

)
(ω) = (−isign(ω)|ω| 1

α )n(Fαu)(ω). (8.2.14)

In particular,

F
(

dn

dtn
u(t)

)
(ω) = (−iω)n(Fu)(ω). (8.2.15)

The proof of Theorem 8.2.4 follows from relation (8.2.13).

Theorem 8.2.5 ([29]) Let α > 0, β ∈ R and let a function u belong to the Lizorkin
space �(R). The following operational relation is satisfied for all values of β:

(Fα Dα
β u)(ω) = (−icα(β)ω)(Fαu)(ω), (α > 0;β,ω ∈ R), (8.2.16)

where cα is a constant defined as

cα = sin(απ/2) + isign(ω)(1 − 2β) cos(απ/2). (8.2.17)

In particular, in the case β = 1
2 , we have

(Fα Dα
1/2u)(ω) = −i sin(απ/2)ω)(Fαu)(ω), (α > 0;β,ω ∈ R) (8.2.18)

for the fractional derivative

Dα
1/2u = 1

2
(Dα

+u − Dα
−u), α > 0. (8.2.19)

The proof of Theorem 8.2.5 is omitted here, see [30] for details.

8.2.2 Finite Difference Methods

Finite difference method of approximation is not new in the literature, they are typ-
ically defined on well-structured grids. In the case of the fractional operator, two
approaches may be taken. The first is to apply the fractional power to the finite
difference Laplacian matrix. That is, take the matrix representation, say L, of the
Laplacian and raise it to the desired fractional power of order α. Second, a finite
difference formula on tensor grids using a shifted Grunwald [45, 69] approximation
can be applied. When discretized in two- and three-dimensional space, this approach
provides a well-structured, relatively sparse and positive definite matrices. The solu-
tion of both linear and nonlinear systems can be approximated effectively also by
the combination of conjugate gradient and multi-grid methods. As well as relying on
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having simple geometries, finite difference approximations have its own shortcom-
ings because they are not capable of exploiting solutions with high regularity.

For the approximation of above equation using finite difference, we discretized
the spatial domain [l1, l2] N uniformly into subintervals of size �℘ = (l2 − l1)/N .
In a similar manner, we discretize the time domain 0 ≤ t ≤ T with M subintervals
of size �t = T/M . The spatial and time grid points are denoted, respectively, as
℘i = l1 + i�℘, i = 0, 1, 2, . . . N and t j = j�℘, j = 0, 1, 2, . . . M .

For us to apply the second-order approximations of the spatial fractional derivative
and a second-order approximation for the time derivative, the space-fractional-order
reaction–diffusion equation is written in a shifted form for both spatial and time
variables as

Dt u(℘ + ϕ�℘, t + �t/2) = δ(℘ + ϕ�℘)Dα
℘u(℘ + ϕ�℘, t + �t/2) + F(℘ + ϕ�℘, t + �t/2),

(8.2.20)
where Dt u = ∂/∂t and Dα

℘ = ∂α/∂℘α. For detailed derivation and analysis, readers
are referred to the literature.

8.2.3 Predictor–Corrector Method of Approximation

Let us consider the following space-fractional-order reaction–diffusion equation

∂t u = δ�αu + F(u, t), l1 < ℘ < l2, 0 < t ≤ T (8.2.21)

subject to initial and boundary conditions

u(℘, 0) = u0(℘), l1 < ℘ < l2

u(l1, t) = 0, 0 < t ≤ T (8.2.22)

u(l2, t) = 0, 0 < t ≤ T,

where �αu = ∂αu(℘, t)

∂|℘|α , δ remains the diffusion tensor or conductivity and F as

earlier defined. In the spirits of [56, 61], we discretize Eqs. (8.2.21) and (8.2.22) to
obtain

û j+1
i = u j

i − δη

hα

i∑
k=−m+i

gku j
i − k + ηF

j+
1

2
i (8.2.23)

as the predictor, and

u j+1
i = 1

2

⎛
⎜⎝u j

i + û j+1
i − δηh−α

i∑
k=−m+i

gk û j+1
i − k + ηF

j+
1

2
i

⎞
⎟⎠ (8.2.24)
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as the corrector. For i = 1, 2, . . . , m − 1 and j = 0, 1, . . . , N − 1, h = l2 − l1

m
, η =

T

N
, t j = jη, ℘i = l1 + ih and u j

i = u(℘i , t j ).

Using vector-matrix notation, we can present Eqs. (8.2.23) and (8.2.24) in the
form

U j+1 = 1

2

⎛
⎝U j + (I − L1)Û

j+1 + ηF
j+

1

2

⎞
⎠ , (8.2.25)

Û j+1 = (I − L1)U
j + L2 + ηF

j+
1

2 ,

where

U j = (u j
1, u j

2, . . . , u j
m−1)

T and F
j+

1

2 =
⎛
⎜⎝F

j+
1

2
1 ,F

j+
1

2
2 , . . . ,F

j+
1

2
m−1

⎞
⎟⎠

T

.

In this case, F j+1/2
i = F(℘i , t j+1/2), t j+1/2 = jη + η/2, L1 is defined as a matrix

of size (m − 1) × (m − 1), l1 = ηδ/hα with elements ρk = ρ−k and L2 is a column
vector with given boundary conditions.

L1 =

⎛
⎜⎜⎜⎜⎜⎝

l1ρ0 l1ρ−1 l1ρ−2 · · · l1ρ−m+2

l1ρ1 l1ρ0 l1ρ−1 · · · l1ρ−m+3

l1ρ2 l1ρ1 l1ρ0 · · · l1ρ−m+4
...

...
...

. . .

l1ρm−2 l1ρm−3 l1ρm−4 · · · l1ρ0

⎞
⎟⎟⎟⎟⎟⎠ , L2 =

⎛
⎜⎜⎜⎜⎜⎝

ρ1u0 + ρ−m+1um

ρ2u0 + ρ−m+2um

ρ3u0 + ρ−m+3um
...

ρm−1u0 + ρ−m+1um

⎞
⎟⎟⎟⎟⎟⎠ .

(8.2.26)

Stability Analysis of the Predictor–Corrector Method

We use the following theorem result to show that the proposed method is stable.

Theorem 8.2.6 The discretized Eq. (8.2.25) is conditionally stable for the space-
fractional-order reaction–diffusion equations (8.2.21) and (8.2.22).

Proof Assume λ to be the eigenvalue of the matrix L1. By adopting the Gershgorin
circle theorem [54], we obtain

|λ − l1ρ0| ≤ τi = l1

i−1∑
k=−m+i

|ρk | < l1ρ0.
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Known that
∑∞

k=−∞ |ρk | = ρ0, hence

0 < λ < 2l1ρ0.

Combination of the predictor–corrector method

U j+1 = 1

2

⎛
⎝U j + (I − L1)Û

j+1 + ηF
j+

1

2

⎞
⎠ ,

Û j+1 = (I − L1)U
j + L2 + ηF

j+
1

2 ,

yields

u j+1 = 1

2

⎧⎨
⎩U j + (I − L1)

⎡
⎣(I − L1)U

j + L2 + ηF
j+

1

2

⎤
⎦ ηF

j+
1

2

⎫⎬
⎭ . (8.2.27)

For stability to be attained, the eigenvalue
|I + (I − L2)

2|
2

must satisfy the condition

|1 +2 (1 − λ)(1 − λ)|
2

< 1. (8.2.28)

Hence, 2l1ρ0 < 2 and l1 = η

hα
<

1

ρ0
, and therefore Eq. (8.2.22) is conditionally sta-

ble. �
Definition 8.2.7 The inequality in (8.2.28) gives a sufficient condition for the stabil-
ity of the predictor–corrector scheme (8.2.27) for the space-fractional-order reaction–
diffusion equation and is called the CFL (Courant–Friedrichs–Lewy) condition.

8.2.4 Fourier Spectral Method for Space-Fractional
Reaction–Diffusion

Spectral methods are approximation techniques for the computation of the solutions
to ordinary and partial differential equations. They are based on a polynomial expan-
sion of the solution. The precision of these methods is limited only by the regularity
of the solution, in contrast to the finite difference and finite element methods. Know-
ing well that the nature of problem allows the use of two classical methods, one in
space and the other in time. As a result, we intend using Fourier spectral method
to discretize in space, and then advance the resulting system of ordinary differential
equations with the modified version of the exponential time-differencing schemes
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[15, 27]. To present this approach, we first write the fractional reaction–diffusion
equation in the general form

∂u(℘,t)
∂t = δ(�)αu(℘, t) + F(u, t), 0 < α ≤ 2,

u(℘, 0) = u0(℘),

⎫⎬
⎭ (8.2.29)

where u = (U , ·)T ∈ R
n are the species densities in one ℘ = (x), two ℘ = (x, y)T

or three ℘ = (x, y, z)T dimensions, δ = (δi ), i = 1, 2, 3 ∈ R+ are their constant
matrices which describe the respective diffusion coefficients. The operator (�)α

remains the fractional Laplacian operator associated with the species, and the term
F(u, t) represents the biological or chemical reactions.

Though there are several existing numerical methods that can be used to dis-
cretize (8.2.29) in space. It should be noted that the fractional differential opera-
tor is non-local red operator, which often results in a serious computational and
numerical challenges that are rarely encountered in the context of classical second-
order reaction–diffusion equations. In addition, for the space-fractional diffusion
equations, most numerical techniques often result in full coefficient matrices with
complicated structures [44]. In this chapter, we employ fractional Fourier spectral
methods [30] to discretize the space-fractional derivatives.

Next, we apply the fractional Fourier transform operator Fα (8.2.10) on both sides
of (8.2.29), making use formula (8.2.16), to obtain the ODEs system

∂ûα

∂t
(ω, t) = δ(icα(β)ω)ûα(ω, t) + F̂α(u, t), 0 < α ≤ 2,

ûα(ω, 0) = ûα,0(ω),

⎫⎪⎬
⎪⎭ (8.2.30)

where cα is a constant defined as

cα = sin(απ/2) + isign(ω)(1 − 2β) cos(απ/2). (8.2.31)

This approach yields a full diagonal representation of the fractional operator and
provides a better spectral convergence irregardless of the fractional power in the
given problem.

By relaxing the condition imposed on fractional power to unity, and by using
Eqs. (8.2.5) and (8.2.6) we can write the 2D Fourier transform of a function u(x, y)

as

F(u)(kx , ky) = û(kx , ky) = 1

2π

∫ ∞

−∞

∫ ∞

−∞
e−i(kx x+ky y)u(x, y)dxdy

with the corresponding inverse Fourier transform

F−1(û)(x, y) = u(x, y) = 1

2π

∫ ∞

−∞

∫ ∞

−∞
e−i(kx x+ky y)û(kx , ky)dkx dky .
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One can interpret the function û(kx , ky) as the amplitude density of u for the wave
numbers kx and ky . Application to higher spatial dimensions is practically the same
as illustrated to one- and two-dimensional problems above. Careful attention should
be given in order to filter the occurrence of high frequencies appropriately, since the
nonlinear term is evaluated in physical space and then transformed to Fourier space.
This can lead to problems with aliasing [27, 63].

The essential point is that once the stiffness issue is removed one can employ any
explicit higher order time integrators to rapidly and accurately advance forwards in
time, and this is vastly superior to the use of implicit schemes most especially in higher
dimensions. Hence, for the temporal discretization, we engage an improved fourth-
order exponential time-differencing Runge–Kutta (ETDRK4) scheme as proposed
by Cox and Matthews [15], which was later modified by Kassam and Trefethen
[27] as

an = eLh/2un + L−1
(
eLh/2 − I

)
F (un, tn) ,

bn = eLh/2un + L−1
(
eLh/2 − I

)
F (an, tn + h/2) ,

cn = eLh/2un + L−1 (eLh/2 − I
)

[2F (bn, tn + h/2) − F (un, tn)] ,

un+1 = eLhun + h−2L−3{[−4I − hL + eLh(4I − 3hL + (hL)2)]F(un, tn)

+2[2I + hL + eLh(−2I + hL)](F(an, tn + h/2) + F(bn, tn + h/2))

+[−4I − 3hL − (hL)2 + eLh(4I − hL)]F(cn, tn + h)}. (8.2.32)

To save time and avoid repetition, information on derivation, stability and con-
vergence of the ETDRK4 and other explicit exponential integrators can be found in
[15, 27, 57, 61, 63].

8.3 Application of Caputo–Fabrizio Derivative
to Nonlinear Reaction–Diffusion

The fractional derivatives are known to be remembrance operative with which we
often characterize dissoluteness of energy or smash up in the middling as in the case
of inelastic media or re-evaluation of the porosity in the leaky media, additionally
in a wide range being in conformity with the previous theory of thermodynam-
ics. Model representation with fractional derivative operators has been shown to
be more accurate and reliable when compared to the integer-order cases [30, 69].
Here, we present the analysis of nonlinear Fisher reaction–diffusion equation with
time-fractional Caputo–Fabrizio derivative. Equation for consideration is given as

C F
0 Dα

t u(x, t) = γ
∂2u(x, t)

∂x2
− βu(x, t)(1 − u p(x, t)), p > 1, 0 < γ < 1

(8.3.1)
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subject to the initial condition

u(x, 0) = 0, a ≤ x ≤ b. (8.3.2)

8.3.1 Derivation of the Solution via Iterative Method

In this section, we derive the solution of (8.3.1) via an iterative technique. By applying
the Sumudu transform [4] on both sides of (8.3.1), we have

M(α)
sSF(u(x, t)) − u(x, 0)

1 − α + αs
= SL

{
γ

∂2u(x, t)

∂x2
− βu(x, t)(1 − u p(x, t))

}
.

(8.3.3)
On rearranging gives

SF(u(x, t)) = u(x, 0)

s
+ 1 + (α − 1)s

s M(α)
SL

{
γ

∂2u(x, t)

∂x2 − βu(x, t)(1 − u p(x, t))

}
.

(8.3.4)
Next, we apply the inverse Sumudu transform on both sides of (8.3.4), to have

u(x, t) = u(x, 0) + SL−1

{
1 + (α − 1)s

s M(α)
SL

{
γ

∂2u(x, t)

∂x2 − βu(x, t)(1 − u p(x, t))

}}
.

We next obtain the recursive formula

u(x, 0) = uo(x, t)

un+1(x, t) = un(x, t) + SL−1

{
1 + (α − 1)s

s M(α)
SL

(
γ ∂2un(x,t)

∂x2

−βun(x, t)(1 − u p
n (x, t))

)}
.

(8.3.5)
The solution of the time-fractional Fisher equation (8.3.1) is given as

u(x, t) = lim
n→∞ un(x, t). (8.3.6)

8.3.2 Stability Analysis via Fixed Point Theorem

Suppose (X, ‖ · ‖) is a Banach space, and A a self-map of X . Let zn+1 = g(A, zn) be
particular recursive process. Suppose that, G(A) the fixed point set of A has at least
one element and that zn converges to a point s ∈ G(A). Let {xn} ⊆ X and define en =
‖xn+1 − g(A, xn)‖. If lim

n→∞ en = 0 means that lim
n→∞ xn = s, then the iteration method

zn+1 = g(A, zn) is said to be A−stable. Without loss of generality, we suppose that
our sequence xn has an upper boundary, otherwise convergence will be impossible.
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If all these conditions are satisfied for zn+1 = Azn which is referred to as Picard’s
iteration, consequently the iteration is A−stable. Now, we proceed with the following
theorem.

Theorem 8.3.1 (Odibat and Momani [52]) Suppose (X, ‖ · ‖) is a Banach space,
and A a self-map of X satisfying

‖Ax − Az‖ ≤ C‖x − Ax‖ + c‖x − z‖

for all x, z ∈ X where 0 ≤ C, 0 ≤ c < 1. Suppose that A is Picard A−stable.
Let us consider the following succession which correlates to the nonlinear frac-

tional Fisher’s equation:

un+1(x, t) = un(x, t) + SL−1

⎧⎨
⎩1 + (α − 1)s

s M(α)
SL

⎧⎨
⎩

γ ∂2un(x,t)
∂x2

−βun(x, t)(1 − ū p
n (x, t))

⎫⎬
⎭
⎫⎬
⎭ ,

where 1+(α−1)s
sM(α)

stands for the fractional Lagrange multiplier and ū p
n is a restricted

variation indicating that δū p
n = 0.

Theorem 8.3.2 Let S be a self-map defined as

S(un(x, t)) = un+1(x, t)

= un(x, t) + SL−1

⎧⎨
⎩1 + (α − 1)s

s M(α)
SL

⎧⎨
⎩

γ ∂2un(x,t)
∂x2

−βun(x, t)(1 − ū p
n (x, t))

⎫⎬
⎭
⎫⎬
⎭

is S−stable in L2(a, b) if

{
γβ1β2 + (C + B)pβ

M(α)
α + α

M(α)

}
< β.

Proof We first show that S has a fixed point. To arrive at this, we evaluate the
following for all (n, k) ∈ N × N :

‖S(un(x, t)) − S(uk(x, t))‖

=

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

un(x, t) − uk(x, t)

+SL−1

⎧⎨
⎩ 1+(α−1)s

sM(α)
SL

⎧⎨
⎩

γ ∂2un(x,t)
∂x2

−βun(x, t)(1 − ū p
n (x, t))

⎫⎬
⎭
⎫⎬
⎭

−SL−1

⎧⎨
⎩ 1+(α−1)s

sM(α)
SL

⎧⎨
⎩

γ ∂2uk (x,t)
∂x2

−βuk(x, t)(1 − ū p
k (x, t))

⎫⎬
⎭
⎫⎬
⎭

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

.
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Using the linearity property of the inverse Sumudu transform, we have

‖S(un(x, t)) − S(uk(x, t))‖

=

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

un(x, t) − uk(x, t)

+SL−1

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1+(α−1)s
sM(α)

SL

⎧⎨
⎩

γ ∂2{un(x,t)−uk (x,t)}
∂x2

−β{un(x, t) − uk(x, t)}

⎫⎬
⎭

+β
{

u p+1
n (x, t) − u p+1

k (x, t)
}

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
.

In addition, by using the triangular inequality for the norm, we obtain

‖S(un(x, t)) − S(uk(x, t))‖
(8.3.7)

≤ ‖un(x, t) − uk(x, t)‖ +

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

un(x, t) − uk(x, t)

+SL−1

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1+(α−1)s
s M(α)

SL

⎧⎪⎨
⎪⎩

γ ∂2{un(x,t)−uk (x,t)}
∂x2

−β{un(x, t) − uk(x, t)}

⎫⎪⎬
⎪⎭

+β
{

u p+1
n (x, t) − u p+1

k (x, t)
}

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

.

With property of norm and integral, the above is transformed as follows:

‖S(un(x, t)) − S(uk(x, t))‖ ≤ ‖un(x, t) − uk(x, t)‖ (8.3.8)

+SL−1

{
1 + (α − 1)s

s M(α)
SL

{∥∥∥∥γ ∂2{un(x, t) − uk(x, t)}
∂x2

∥∥∥∥
}}

+SL−1

{
1 + (α − 1)s

s M(α)
SL {‖−β{un(x, t) − uk(x, t)}‖}

}

+SL−1

{
1 + (α − 1)s

s M(α)
SL
{∥∥∥−β{u p+1

n (x, t) − u p+1
k (x, t)}

∥∥∥}} .

Evaluation of Eq. (8.3.8) can be treated case by case, beginning with

‖γ ∂2{un(x, t) − uk(x, t)}
∂x2

‖ ≤ γβ1β2‖un(x, t) − uk(x, t)‖.

Followed by
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‖β
{

u p+1
n (x, t) − u p+1

k (x, t)
}

‖

≤
∥∥∥∥∥∥

p∑
j=0

C j
m(un(x, t)) j (uk(x, t))p− j−1

∥∥∥∥∥∥ ‖un(x, t) − uk(x, t)‖. (8.3.9)

Since both un(x, t) and uk(x, t) are bounded, we can find two different positive
constants, C and B, such that for all x, t ,

‖un(x, t)‖ < C, ‖uk(x, t)‖ < B, (n, k) ∈ N × N.

Therefore, using the triangular inequality with the inequality in (8.3.9) gives

∥∥∥β {u p+1
n (x, t) − u p+1

k (x, t)
}∥∥∥ ≤ (C + B)p‖un(x, t) − uk(x, t)‖. (8.3.10)

By putting Eqs. (8.3.9) and (8.3.10) into (8.3.8), one obtains

‖S(un(x, t)) − S(uk(x, t))‖ (8.3.11)

≤
{

1 − β + γβ1β2 + (C + B)pβ

M(α)
α + α

M(α)

}
‖un(x, t) − uk(x, t)‖

with {
γβ1β2 + (C + B)pβ

M(α)
α + α

M(α)

}
< β.

Then, the nonlinear S−self-mapping has a fixed point. The proof is completed. Next,
we show that S also holds for the conditions in Theorem 8.3.1. Suppose the following
Laplace transform

L (C F
0 Dα

t ( f (t))
)
(q) = M(α)

1 − α
L
(

d f (x)

dx

)
L
(

exp

(
−α

t

1 − α

))
(8.3.12)

holds, thus putting

d = 0, D =
{

1 − β + γβ1β2 + (C + B)pβ

M(α)
α + α

M(α)

}

implies that conditions of Theorem 8.3.1 satisfy for the nonlinear mapping S. There-
fore, since all conditions in Theorem 8.3.1 are satisfied for the given nonlinear map-
ping S, then S is said to be Picard’s S−stable. Hence, the proof of Theorem 8.3.2 is
completed. �
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8.4 Application of Caputo–Fabrizio Derivative
to Transmission Line Model with Losses

The model under investigation is given as [71]

∂2U (x, t)

∂x2
− LC∂2U (x, t)

∂t2
− (RC + GL)

∂U (x, t)

∂t
− G RU (x, t) = 0, (8.4.1)

where L is the representation of the inductance due to the presence of the magnetic
field around the wires, C stands for the capacitance between the two conductors, R
is the resistance of the conductors and G is the conductance of the electric material
separating the conductors. Using the proposed transition, Atangana and Nieto [8]
suggested the following fractional RLC circuit model:

1

exp
[
− βσx

2−β

]C F
0 Dβ

x (U (x, t)) − LC

exp
[
− βσt

2−β

]C F
0 Dβ

x (U (x, t))

(8.4.2)

− (RC + GL)

exp
[
− (1−α)σt

2−β

] {C F
0 Dα

t (U (x, t))
}− G RU (x, t) = 0

with 0 < α < 1 and 1 < β < 2.
In what follows, we shall present the numerical solution of the time-fractional

transmission line with losses using the Caputo–Fabrizio fractional derivative.
Given some positive integer, say N , the grid sizes in time for finite difference

approach is defined by

k = i

N
.

The grid points in the time interval [0, T ] are denoted as tn = nk, n = 0, 1, 2, . . . ,

T N . For some N > 0, the grid sizes in time for finite difference method are given
by

i = 1

M
.

The grid points in the space interval [0, X ] are represented as xi = im, m =
0, 1, 2, . . . , X M . We consider the modified model of transmission line with losses
(8.4.2) subject to the initial and boundary conditions

U (x, 0) = f (x), U (0, t) = g(t).

Our main objective here is to numerically solve the above equation with the aid of the
Crank–Nicholson scheme. To achieve this objective, we first replace in Eq. (8.4.2) the
numerical approximations of space- and time-fractional Caputo–Fabrizio derivative,
and this gives
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1

exp
[
− βσx

1−β

]
{

1

2

m∑
i=1

{(
U k+1

i+1 − 2U k+1
i + U k+1

i−1

)+ (U k
i+1 − 2U k

i + U k
i−1

)
2(�x)2

}

×
{

erf

[
β

1 − β
(x j − xk+1)

]
− erf

[
β

1 − β
(x j − xk)

]}

− LC

exp
[
− βσt

2−β

]
{

1

2

j∑
k=1

{(
U k+1

i+1 − 2U k+1
i + U k+1

i−1

)
2(�t)2

}

×
{

erf

[
− βk

1 − β
(n − j + 1)

]
− erf

[
− βk

1 − β
(n − j)

]}}

− (RC + GL)

exp
[
− (α)σt

1−α

]
{

M(α)

α

j∑
k=1

(
U k+1

i − U k
i

�t

)
exp

[
−α

k

1 − α
(n − j + 1)

]

− exp

[
α

k

1 − α
(n − j)

]}
− G R

(
U j+1

i − U j
i

2

)
= 0. (8.4.3)

For the sake of simplicity, we let

gn, j,k = exp

[
−α

k

1 − α
(n − j + 1)

]
− exp

[
−α

k

1 − α
(n − j)

]
,

μn, j,k =
{

erf

[
α

1 − α
(x j − xk+1)

]
− erf

[
α

1 − α
(x j − xk)

]}
,

pα = (RC + GL)

2(�t) exp
[
− (α)σt

1−α

] M(α)

α
,

uα = LC

2(�t)2 exp
[
− βσt

2−β

] ,

νβ = 1

2(�x)2 exp
[
− βσx

2−β

] .

8.4.1 Stability Analysis of the Numerical Scheme
with the Caputo–Fabrizio Derivative

In this section, we will adapt the Fourier method to establish the stability condi-
tion of the numerical scheme used to solve the modified model of time-fractional
transmission line with losses. Equation (8.4.3) now becomes
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νβ

{
1

2

i∑
s=1

{(
U j+1

s+1 − 2U j+1
s + U j+1

s−1

)
+
(

U j
s+1 − 2U j

s + U j
s−1

)}
μi, j,s

}

−uα

{
1

2

j∑
k=1

{
U k+1

i+1 − 2U k+1
i + U k+1

i−1

}
μn, j,k

}
− pα

{
j∑

k=1

(
U k+1

i − U k
i

)
gn, j,k

}

−G R

(
U j+1

i − U j
i

2

)
= 0. (8.4.4)

We put β j
i = u j

i − U j
i with U j

i representing the approximate solution at the collo-
cation point (xi , t j ) and the vector β j = [β j

1 ,β
j
2 , . . . ,β

j
N ]T . The analysis of stability

of the used method can be achieved if we assume that

β
j
i = h( j)emx xi . (8.4.5)

For simplicity, we first assume that the value of β is unity and then substitute
(8.4.5) in (8.4.4) so that the Caputo–Fabrizio derivative

C F
0 Dα

x f (x) = M(α)

1 − α

∫ x

0

d f (t)

dt
exp

[
−α

x − t

1 − α

]
dt

becomes

ω( j + 1)
(

8 sin2
(mx xi

2

)
ν1 + uαμn, j, j + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)

= ω( j)
(
−8 sin2

(mx xi

2

)
ν1 + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)

+
j−1∑
k=1

(
gn, j,k pα − uαμn, j,k

)
ω(k + 1) − pα

j−1∑
k=1

ω(k)gn, j,k . (8.4.6)

If 1 < j , the part with summation results in zero; therefore, with 0 = j , Eq. (8.4.6)
yields

ω(1)
(

8 sin2
(mx xi

2

)
ν1 + uαμn, j, j + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)

= ω(0)
(
−8 sin2

(mx xi

2

)
ν1 + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)

. (8.4.7)

Then, rearranging and applying the absolute value on both sides of above equation,
we have

∣∣∣∣ω(1)

ω(0)

∣∣∣∣ =
∣∣∣∣∣

(−8 sin2
(mx xi

2

)
ν1 + pαgn, j, j + 2 sin2

(mx xi
2

)
G R
)

(
8 sin2

(mx xi
2

)
ν1 + uαμn, j, j + pαgn, j, j + 2 sin2

(mx xi
2

)
G R
)
∣∣∣∣∣ < 1,

(8.4.8)
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which shows that ∣∣∣∣ω(1)

ω(0)

∣∣∣∣ < 1.

Theorem 8.4.1 If ω( j) is the solution of Eq. (8.4.6), then, for every integer j ≥ 1,
the following relation holds:

ω( j) < ω(0). (8.4.9)

Proof We employ the recursive technique on the natural number j to achieve this
proof. Further, we verify the proof for j = 0, as above. Next, we assume that for any
k > 1, the inequality holds, then, for k = j , we have the following:

ω( j)
(
−8 sin2

(mx xi

2

)
ν1 + uαμn, j, j + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)

= ω( j − 1)
(

8 sin2
(mx xi

2

)
ν1 + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)

+
j−1∑
k=1

(gn, j,k pα − uαμn, j,k)ω(k + 1) − pα

j−1∑
k=1

ω(k)gn, j,k . (8.4.10)

We apply the norm on both sides of the above equation to obtain the following
result:∥∥∥ω( j)

(
−8 sin2

(mx xi

2

)
ν1 + uαμn, j, j + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)∥∥∥

≤
∥∥∥ω( j − 1)

(
8 sin2

(mx xi

2

)
ν1 + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)∥∥∥

+
∥∥∥∥∥

j−1∑
k=1

(gn, j,k pα − uαμn, j,k)ω(k + 1) − pα

j−1∑
k=1

ω(k)gn, j,k

∥∥∥∥∥ . (8.4.11)

By employing the triangular equality and other useful properties, we have

‖ω( j)‖
∣∣∣(8 sin2

(mx xi

2

)
ν1 + uαμn, j, j + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)∣∣∣

≤ |ω( j − 1)|
∥∥∥(−8 sin2

(mx xi

2

)
ν1 + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)∥∥∥

+‖ω(k + 1)‖
j−1∑
k=1

|gn, j,k pα − uαμn, j,k | + |pα|
j−1∑
k=1

‖ω(k)‖|gn, j,k |. (8.4.12)

By using the recursive, we obtain
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‖ω( j)‖
∣∣∣(8 sin2

(mx xi

2

)
ν1 + uαμn, j, j + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)∣∣∣

< |ω(0)|
∥∥∥(−8 sin2

(mx xi

2

)
ν1 + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)∥∥∥

+‖ω(0)‖
j−1∑
k=1

|gn, j,k pα − uαμn, j,k | + |pα|
j−1∑
k=1

|gn, j,k |‖ω(0)‖

‖ω(0)‖
{∥∥∥(−8 sin2

(mx xi

2

)
ν1 + pαgn, j, j + 2 sin2

(mx xi

2

)
G R
)∥∥∥

+
j−1∑
k=1

|gn, j,k pα − uαμn, j,k | + |pα|
j−1∑
k=1

|gn, j,k |
}

. (8.4.13)

Then

‖ω( j)‖
‖ω(0)‖ <

{∥∥∥(−8 sin2 (mx xi
2

)
ν1 + pαgn, j, j + 2 sin2 (mx xi

2

)
G R
)∥∥∥ + P}∣∣ω( j + 1)

(
8 sin2 (mx xi

2

)
ν1 + uαμn, j, j + pαgn, j, j + 2 sin2 (mx xi

2

)
G R
)∣∣ ≤ 1,

(8.4.14)
where

P =
j−1∑
k=1

|gn, j,k pα − uαμn, j,k | + |pα|
j−1∑
k=1

|gn, j,k |.

Thus,
‖ω( j)‖
‖ω(0)‖ < 1.

The proof is completed. �

8.5 Application of the Caputo–Fabrizio Derivative in
Caputo Sense to Time-Fractional Advection–Diffusion
Equation

Here, we shall use the Caputo–Fabrizio derivative in the sense of Caputo and present
a numerical solution for the time-fractional advection–diffusion equation in hetero-
geneous medium.

The reason for this modification is far-fetched from the fact that the fractional
derivatives are recollection operational which recurrently distinguish indulgence of
force or damage in the passable as in the case of inelastic media, or reconsideration
of the porosity in the thinning out in permeable media and supplementary in compre-
hensive they are in traditional values throughout the subsequent theory of hydrology
[5–7]. They are accredited not just for the motivation that they match appropriately
a variety of noticeable actuality, nevertheless, in addition to the motive that they
own the well-designed alongside with scrupulous property that although the order
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of differentiation is integer, and they match by means of the classical derivative of
that order. On the other hand, this chattel is not known only to the effect they char-
acterize in the physical observable fact and conjectures if applying other differential
operators, probably simpler nevertheless devoid of this property, one may get similar
response of fractional-order derivative. Therefore, in order to well mimic the flow
of the particles via porous media in different scales in the medium, the ordinary
derivative in time is replaced with the scaled time-fractional derivative proposed by
Caputo and Fabrizio in the sense of Caputo, as discussed in the previous chapter.

The equation under consideration here is

C F
0 Dα

t (U (x, t)) = θ

κδ

∂2U (x, t)

∂x2
− ω p

κδ

∂U (x, t)

∂x
+ F(x, t)

κδ
, (8.5.1)

where the four terms in (8.5.1) denote transient, advection–diffusion and source term,
U (x, t) represents the heat, particle, pollution or any other physical quantities, κ is
the specific of heat, particle, pollution or any other physical quantities, p is a positive
parameter, ω stands for the porosity, that is, the ratio of the liquid volume to the
total volume of the medium through which the flow is taken place, parameters δ
and θ, respectively, represent the mass density and thermal conductivity, and F(x, t)
accounts for the source or nonlinear term.

By using previously defined scheme in (8.5.1), we have

M(α)

2α

j+1∑
k=1

U k
i − U k−1

i

ξ

{
erf

(
( j − k)

αk

1 − α

)
− erf

(
( j − k + 1)

αk

1 − α

)}

= θ

2h2κδ

{(
U j+1

i+1 − 2U j+1
i + U j+1

i−1

)
+
(

U j
i+1 − 2U j

i + U j
i−1

)}

−ω p

κδ

{(
U j+1

i+1 − U j+1
i−1

)
+
(

U j
i+1 − U j

i−1

)}
+ F j+1

i + F j
i

2κδ
. (8.5.2)

Equation (8.5.2) can be converted to

M(α)

2α

(
U j+1

i − U j
i

ξ
+ U j+1−k

i − U j−k
i

ξ

)
dα

j,k

= θ

2h2κδ

{(
U j+1

i+1 − 2U j+1
i + U j+1

i−1

)
+
(

U j
i+1 − 2U j

i + U j
i−1

)}

− ω p

4hκδ

{(
U j+1

i+1 − U j+1
i−1

)
+
(

U j
i+1 − U j

i−1

)}
+ F j+1

i + F j
i

2κδ
. (8.5.3)

For the sake of simplicity, we put

u = M(α)

2αξ
, v = θ

2h2κδ
, w = ω p

4hκδ
.
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By rearranging, we have the following recursive formula:

(
udα

j,k + 2v
)

U j+1
i =

(
udα

j,k − 2v
)

U j
i + u

j∑
k=1

(
U j+1−k

i − U j−k
i

)
dα

j,k

+v
{(

U j+1
i+1 + U j+1

i−1

)
+
(

U j
i+1 + U j

i−1

)}
− w

{(
U j+1

i+1 − U j+1
i−1

)
+
(

U j
i+1 − U j

i−1

)}

+ F j+1
i + F j

i
2κδ

. (8.5.4)

8.5.1 Stability Anlalysis of the Numerical Method with the
Caputo–Fabrizio Derivative for Caputo Type

We present in this section the stability analysis of the Crank–Nicholson scheme for
time-fractional advection–diffusion equation. For this, we let c j

i = U j
i − u j

i with
u j

i the approximate solution to U j
i at the point (xi , t j ) for i = 1, 2, . . . , M and, as

usual the vector, c j = [c j
1, c j

2 , . . . , c j
N ]T . The computational error committed while

solving the time-fractional advection–diffusion equation with the Crank–Nicholson
scheme is given as

(
udα

j,k + 2v
)

c j+1
i =

(
udα

j,k − 2v
)

c j
i + u

j∑
k=1

(
c j+1−k

i − c j−k
i

)
dα

j,k

+v
{(

c j+1
i+1 + c j+1

i−1

)
+
(

c j
i+1 + c j

i−1

)}
− w

{(
c j+1

i+1 − c j+1
i−1

)
+
(

c j
i+1 − c j

i−1

)}

+ F j+1
i + F j

i
2κδ

. (8.5.5)

Let us assume that
c j

i = f ( j) exp(ξσi j), (8.5.6)

where σ is the real spatial wave number [8]. However, substituting Eq. (8.5.6) into
(8.5.5), we obtain, for j = 0,

(
udα

k,0 + 4v sin2

(
σi

2

))
f (1) =

(
udα

k,0 − 4v sin2

(
σi

2

))
f (0),

and for j > 0, we obtain
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(
udα

k, j + 4v sin2

(
σi

2

))
f ( j) =

(
udα

k, j − 4v sin2

(
σi

2

))
f ( j − 1)

−u
j−1∑
s=1

f ( j − s)dα
k, j + f ( j + 1)dα

k,0.

Theorem 8.5.1 Assume that f (k) holds for the following equations:

(
udα

k,0 + 4v sin2

(
σi

2

))
f (1) =

(
udα

k,0 − 4v sin2

(
σi

2

))
f (0), (8.5.7)

and(
udα

k, j + 4v sin2

(
σi

2

))
f ( j) =

(
udα

k, j − 4v sin2

(
σi

2

))
f ( j − 1)

−u
j−1∑
s=1

f ( j − s)dα
k, j + f ( j + 1)dα

k,0. (8.5.8)

Then, for all k > 0,
| f ( j)| ≤ | f (0)|. (8.5.9)

Proof To prove the above theorem, we start by employing the recursive method on
the natural number j . When j = 0, we obtain (8.5.8) which is formulated as follows:

∣∣∣∣ f (1)

f (0)

∣∣∣∣ =
∣∣∣∣∣
(
udα

k,0 − 4v sin2
(

σi
2

))
)(

udα
k,0 + 4v sin2

(
σi
2

))
∣∣∣∣∣ ≤ 1. (8.5.10)

�

This shows that
| f (1) ≤ f (0)| .

The property is examined for j = 0. Let us assume that this property also holds
for any j ≥ 1. We shall verify in what follows if the property is also satisfied for
j + 1:

(
udα

k, j + 4v sin2
(

σi

2

))
f ( j + 1) =

(
udα

k, j − 4v sin2
(

σi

2

))
f ( j) − u

j∑
s=1

f ( j − s)dα
k,s .

(8.5.11)
Now taking into account the norms of both sides of Eq. (8.5.11), we get

∣∣∣∣udα
k, j + 4v sin2

(
σi

2

)∣∣∣∣ | f ( j + 1)| ≤
∣∣∣∣
(

udα
k, j − 4v sin2

(
σi

2

))∣∣∣∣ | f ( j)| +
j∑

s=1

| f ( j − s)|dα
k,s .
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Nonetheless, we recall that the property satisfies up to j . Thus, the above equation
is transformed into

∣∣∣∣udα
k, j + 4v sin2

(
σi

2

)∣∣∣∣ | f ( j + 1)| ≤
∣∣∣∣
(

udα
k, j − 4v sin2

(
σi

2

))∣∣∣∣ | f (0)| +
j∑

s=1

| f (0)|dα
k,s .

By rearranging, yields

∣∣∣∣udα
k, j + 4v sin2

(
σi

2

)∣∣∣∣ | f ( j + 1)| (8.5.12)

≤
{∣∣∣∣
(

udα
k, j − 4v sin2

(
σi

2

))∣∣∣∣+
{

erf

[
mαi

1 − α

]
− erf

[
αi

1 − α

]}}
| f (0)|.

It is important to note that

|erf[x]| ≤ 1, erf

[
mαi

1 − α

]
− erf

[
αi

1 − α

]
≤ 0.

Therefore,

| f ( j + 1)|
| f (0)| ≤

∣∣∣∣∣∣
∣∣∣(udα

k, j − 4v sin2
(

σi
2

))∣∣∣+ {erf
[

mαi
1−α

]− erf
[

αi
1−α

]}
udα

k, j + 4v sin2
(

σi
2

)
∣∣∣∣∣∣ ≤ 1.

Then | f ( j + 1)|
| f (0)| ≤ 1.

According to the inductive technique, the property also satisfies for j + 1 and
any natural number. This completes the proof. The above theorem shows that the
Crank–Nicholson scheme is stable for the advection–diffusion equation with the
time-fractional Caputo–Fabrizio derivative in the sense of Caputo.

8.5.2 Convergence Analysis of the Numerical Scheme with
the Caputo–Fabrizio Derivative for Caputo Type

Let us assume that the exact solution of our equation at the point (xi , t j ) is U (xi , t j )

for i = 1, 2, . . . , N and j = 1, 2, . . . , M . We also suppose that the difference
between the exact and approximate solutions at that particular point is given by
∇ j

i = U (xi , t j ) − U j
i , and the associated transpose matrix ∇ j

i = U (xi , t j ) − U j
i for

i = 0, 1, 2, . . . , N and j = 0, 1, 2, . . . , M is [∇ j
1 ,∇ j

2 , . . . ,∇ j
N ]T . However, the row

∇0 is zero due to the fact that it denotes the initial condition. The recursive relation
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in connection with the Crank–Nicholson scheme for the time-fractional advection–
diffusion equation is given as

(
udα

k,0 + 2v
)

∇1
i + (w − v)

(
∇1

i+1 + ∇1
i−1

)
− F1

i − F0
i

2κδ
= E1

i , j = 0, (8.5.13)

(
udα

k,0 + 2v
)

∇ j+1
i −

(
udα

i, j + 2v
)

∇ j
i + (w − v)

(
∇ j+1

i+1 + ∇ j+1
i−1

)

+(w − v)
(
∇ j

i+1 + ∇ j
i−1

)
− F j+1

i − F j
i

2κδ
= −u

j−1∑
s=1

∇ j−1
i dα

i,s + E j+1
i , j > 0,

with the remainder term given as

E j+1
i = uU (xi , t j+1)dα

i,s + u
j∑

s=1

v(xi , t j−s)d
α
i,s

−v
{(

U (xi+1, t j+1) − 2U (xi , t j+1) + U (xi−1, t j+1)
)

+ (U (xi+1, t j ) − 2U (xi , t j ) + U (xi−1, t j )
)}+ w

{(
U (xi+1, t j+1) + U (xi−1, t j+1)

)
× (U (xi+1, t j ) + U (xi−1, t j )

)}− F j+1
i − F j

i
2κδ

. (8.5.14)

By using the full approximation and considering the remaining terms, we have the
following relation:

E j+1
i ≤ D(2k + h2).

Hence, we conclude with the following theorem.

Theorem 8.5.2 The Crank–Nicolson scheme for the advection–diffusion equation
with time-fractional Caputo–Fabrizio derivative in Caputo sense converges, and
there exists a positive constant D such that

‖U (xi , ti ) − U j
i ‖ ≤ D(2k + h2) for all i = 0, 1, 2, . . . , M and j = 1, 2, . . . , N .

8.6 Applications of Fractional Derivatives
to Diffusion–Advection Equation

Consider the diffusion–advection problem

0D2
xU (x, t) + ν

d
0DxU (x, t) + 1

d
0DtU (x, t) = 0, (8.6.1)

where U is the concentration, d is the diffusion coefficient and ν denotes the drift
velocity; this equation is considered only in one-dimensional space.
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In this section, we present numerical approximations of the diffusion–advection
problem (8.6.1) involving operators of type Riemann–Liouville, Caputo–Fabrizio–
Riemann and Atangana–Baleanu in Riemann–Liouville sense.

8.6.1 Riemann–Liouville Approach

With the Riemann–Liouville operator, the above diffusion–advection equation is
given as

RL
0 Dβ

x U (x, t) + 1

d

(
νRL

0 Dϕ
x U (x, t) + RL

0 Dα
t U (x, t)

) = 0,

1 < β ≤ 2, 0 < ϕ ≤ 1, 0 < α ≤ 1. (8.6.2)

The numerical approximation of (8.6.2) is

(�x)−1−β

2�(2 − ϕ)

[
j∑

k=0

u(xk+1) f β
j,k − 2

j−1∑
k=0

u(xk+1) f β,1
j,k +

j−1∑
k=0

u(xk+1) f β,2
j,k

]
+ Wβ, j,k

+ν

d

{
1

�x�(2 − ϕ)

[
j∑

k=0

u(xk+1) + u(xk)

2

[
(x j+1 − x1−ϕ

k+1 ) − (x j+1 − xk)
1−ϕ
]]

−
j∑

k=1

u(xk) + u(xk−1)

2

[
(x j − xk+1)

1−ϕ
]+ Wα, j

}

= − 1

d

{
1

�t�(2 − α)
·
[

j∑
k=0

u(tk+1) + u(tk)

2

[
(t j+1 − tk+1)

1−α − (t j+1 − tk)
1−α
]

−
j∑

k=1

u(tk) + u(tk−1)

2

[
(t j − tk+1)

1−α − (t j − tk)
1−α
]+ Wα, j

}
, (8.6.3)

where

Wϕ, j,k = (�x)−2

2�(2 − ϕ)

[
j∑

k=0

∫ xk+1

xk

u(r) − u(xk+1)

(x j+1 − r)ϕ−1
dr

−2
j−1∑
k=0

∫ xk+1

xk

u(r) − u(xk+1)

(x j − r)ϕ−1
dr +

j−1∑
k=1

∫ xk+1

xk

u(r) − u(xk+1)

(x j−1 − r)ϕ−1
dr

]
,

f ϕ
j,k = ( j − k)1−ϕ − ( j − k + 1)1−ϕ,

f ϕ,1
j,k = ( j − k − 1)1−ϕ − ( j − k)1−ϕ,

f ϕ,2
j,k = ( j − k − 2)1−ϕ − ( j − k − 1)1−ϕ,
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Wϕ, j = 1

�x�(1 − ϕ)

⎧⎨
⎩

j∑
k=0

∫ xk+1

xk

u(r) − u(xk+1)

(x j+1 − r)ϕ
dr −

j−1∑
k=0

∫ xk+1

xk

u(r) − u(xk+1)

(x j − r)ϕ
dr

⎫⎬
⎭

Wα, j = 1

�t�(1 − α)

⎧⎨
⎩

j∑
k=0

∫ tk+1

tk

u(r) − u(tk+1)

(t j+1 − r)α
dr −

j−1∑
k=0

∫ tk+1

tk

u(r) − u(tk+1)

(t j − r)α
dr

⎫⎬
⎭ .

8.6.2 Caputo–Fabrizio–Riemann Approach

The numerical approximation of the fractional diffusion–advection equation via
Caputo–Fabrizio–Riemann operator is given by

C F R
0 Dβ

x U (x, t) + 1

d

(
νC F R

0 Dϕ
x U (x, t) + C F R

0 Dα
t U (x, t)

) = 0,

1 < β ≤ 2, 0 < ϕ ≤ 1, 0 < α ≤ 1. (8.6.4)

The numerical approximation of (8.6.4) is

1

2(�x)2

⎡
⎣ j∑

k=0

u(xk+1)

2
g
β,1
j,k − 2

j−1∑
k=0

u(xk+1)

2
g
β,2
j,k +

j∑
k=0

u(xk+1)

2
g
β,3
j,k

⎤
⎦+ G

+ν

d

⎧⎨
⎩ M(ϕ)

�x(ϕ)

⎡
⎣ j∑

k=0

u(xk+1) + u(xk)

2
exp

(
−ϕ

x j+1 − xk+1

1 − ϕ

)
− exp

(
−ϕ

x j+1 − xk

1 − ϕ

)

−
j∑

k=1

u(xk) + u(xk−1)

2
exp

(
−ϕ

x j − xk+1

1 − ϕ

)
− exp

(
−ϕ

x j − xk

1 − ϕ

)
+ Vϕ, j,k

⎤
⎦
⎫⎬
⎭

= − 1

d

⎧⎨
⎩ M(α)

�t (α)
·
⎡
⎣ j∑

k=0

u(tk+1) + u(tk)

2
exp

(
−α

t j+1 − tk+1

1 − α

)
− exp

(
−α

t j+1 − tk
1 − α

)

−
j∑

k=1

u(tk) + u(tk−1)

2
exp

(
−α

t j − tk+1

1 − α

)
− exp

(
−α

t j − tk
1 − α

)⎤⎦+ Vα, j,k

⎫⎬
⎭ , (8.6.5)

where

g
β,1
j,k = erfc

{
−β

x j+1 − xk+1

1 − β

}
− erfc

{
−β

x j+1 − xk

1 − β

}
,

g
β,2
j,k = erfc

{
−β

x j − xk+1

1 − β

}
− erfc

{
−β

x j − xk

1 − β

}
,

g
β,3
j,k = erfc

{
−β

x j−1 − xk+1

1 − β

}
− erfc

{
−β

x j−1 − xk

1 − β

}
,
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G = α

(1 − β)
√

π

{
j∑

k=0

∫ xk+1

xk

(u(ξ) − u(x j+1)) exp

(
−
(

β

1 − β

)2

(x j+1 − ξ)2

)
dξ

−2
j−1∑
k=0

∫ xk+1

xk

(u(ξ) − u(x j+1)) exp

(
−
(

β

1 − β

)2

(x j − ξ)2

)
dξ

+
j−1∑
k=1

∫ xk+1

xk

(u(ξ) − u(x j+1)) exp

(
−
(

β

1 − β

)2

(x j−1 − ξ)2

)
dξ

}
,

Vϕ, j,k = M(ϕ)

(1 − ϕ)�x

{
j∑

k=0

∫ xk+1

xk

{u(r) − u(xk+1)} exp

(
− ϕ

1 − ϕ
(x j+1 − φ)

)
dr

−
j−1∑
k=0

∫ xk+1

xk

{u(r) − u(xk+1)} exp

(
− ϕ

1 − ϕ
(x j − φ)

)
dr

}
,

similarly

Vα, j,k = M(α)

(1 − α)�t

{
j∑

k=0

∫ xk+1

xk

{u(r) − u(tk+1)} exp

(
− α

1 − α
(t j+1 − φ)

)
dr

−
j−1∑
k=0

∫ tk+1

tk

{u(r) − u(tk+1)} exp

(
− ϕ

1 − ϕ
(t j − φ)

)
dr

}
,

the erfc{·} represents the error function.

8.6.3 Atangana–Baleanu–Riemann Approach

The numerical approximation of the fractional diffusion–advection equation via
Atangana–Baleanu–Riemann operator is given by

AB R
0 Dβ

x U (x, t) + 1

d

(
ν AB R

0 Dϕ
x U (x, t) + AB R

0 Dα
t U (x, t)

) = 0,

1 < β ≤ 2, 0 < ϕ ≤ 1, 0 < α ≤ 1. (8.6.6)

The numerical approximation of (8.6.4) is
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1

2(�x)2

⎧⎨
⎩
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k=0

u(xk+1)
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2
�
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2
�
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⎫⎬
⎭ ,

where

eβ,1
j,k = Eβ,2

{
−β

x j+1 − xk+1

1 − β

}
− Eβ,2

{
−β

x j+1 − xk

1 − β

}
,

eβ,2
j,k = Eβ,2
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−β

x j − xk+1

1 − β

}
− Eβ,2
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−β

x j − xk

1 − β

}
,

eβ,3
j,k = Eβ,2
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−β

x j−1 − xk+1

1 − β

}
− Eβ,2

{
−β

x j−1 − xk

1 − β

}
,

V = α

(1 − β)
√

π

{
j∑

k=0

∫ xk+1

xk

(u(τ ) − u(x j+1))Eβ,2

(
−
(

β

1 − β

)2

(x j+1 − τ )2

)
dτ

−2
j−1∑
k=0

∫ xk+1

xk

(u(τ ) − u(x j+1))Eβ,2

(
−
(

β

1 − β

)2

(x j − τ )2

)
dτ

+
j−1∑
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xk

(u(τ ) − u(x j+1))Eβ,2

(
−
(

β

1 − β

)2

(x j−1 − τ )2

)
dτ

}
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Eϕ
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− ϕ
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]
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− ϕ
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ϕ
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− ϕ

1 − ϕ
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]
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− ϕ

1 − ϕ
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]

+(x j − xk)Eϕ,2

[
− ϕ
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]
,

Qϕ, j,k = M(ϕ)
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{
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xk
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− ϕ
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]
dξ

−
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,
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�
α,1
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∫ tk+1
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[
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1 − α
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1 − α
(t j − ζ)α

]
= (t j − tk+1)Eα,2

[
− α
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]
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,
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{
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{u(ξ) − u(tk+1)} Eα
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−
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− α
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]
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}
.

8.7 Application to Partial Fractional Differential Equation

This chapter deals with the application of some of the previously discussed fractional
derivative operators (such as the Caputo, the Caputo–Fabrizio and the Atangana–
Baleanu fractional derivatives) to model partial differential equations in both space
and time. We intend to consider examples of one, two and multicomponent fractional
reaction–diffusion equations.

Mathematically speaking, reaction–diffusion model takes the form of a semi-
linear parabolic differential equation given as

ut = D�2u + N(u), (8.7.1)

where u(x, t) is the concentration of a substance- or vector-dependent variables, D
is the diagonal matrix of diffusion coefficients, �2 represents the Laplacian opera-
tor, often expressed as the second-order partial derivatives and N(u) is a nonlinear
reaction term that represents the local kinetics. Reaction–diffusion equation of the
form (8.7.1) mathematically describes how the concentration of one or more sub-
stances are distributed in space, which change under the influence of two scenarios;
the local chemical reactions in which the substances are transformed into each other,
and diffusion (D) which causes the substances to spread out over a surface in space
(x) and time t . In biological context, the solution of this type of equation has been
used to study a wide range of behaviours, such as the formation of travelling waves,
self-organized structures such as sports and stripes, or more intricate pattern like
dissipative solitons [19, 31, 50, 58].
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8.7.1 The Fisher Equation

For this example, we are interested in the application of the prototype reaction–
diffusion equation [55, 58]

ut = D�2u + βu

(
1 − uρ

κ

)
, t > 0, (8.7.2)

where ρ > 0, D remains as the diffusion coefficient, β is considered to be the growth
rate, u is the species density, κ is the carrying capacity and �2 is the Laplacian
operator in one and higher dimensions, Eq. (8.7.2) has a long attention span history
in the study of propagation phenomena such as flames distribution, migration of
biological species or tumour growth, heat and mass transfer and ecology among many
others. The time-dependent reaction–diffusion equation (8.7.2) was first considered
by Fisher [19] in one dimension as a deterministic model for the spatial spread of
a favoured gene in a population and it has since then applied to other fields like
population dynamics, combustion theory and chemical kinetics. Applications of the
Fisher equation have been extended to various fields of research, for instance, the
logistic population growth models [11, 34, 47], flame propagation [26, 77] and
the Brownian motion processes [9]. Analytical representations of travelling wave
solutions for Fisher equation have been investigated in one dimension [1, 17, 20,
32, 36] and in two space dimensions [10]. The seminal and classical paper on this
equation was reported by Kolmogorov et al. [31], with extensive discussion and
references in the books by Britton [11], Fife [18], Kot [33] and Murray [48–51]
among others.

The interests here is not in classical time-dependent equation, thus we are moti-
vated by formulating the fractional version (8.7.2) in the form

Dα
t = D�2 + βu

(
1 − uρ

κ

)
, 0 < α < 1, t > 0, (8.7.3)

where Dα
t is the given time-fractional derivative of order α which can be expressed

in terms of the Caputo, Caputo–Fabrizio or the Atangana–Baleanu operators.
In what follows, we shall consider briefly the numerical integration of Eq. (8.7.3)

in one and two spatial dimensions. We first apply the concept of method of lines [23,
61] for the spatial approximation of the derivatives in (8.7.3) by applying the central
finite difference scheme. In one-dimensional space, we discretize the spatial domain
with step size h = x/(N − 1) and approximate the second-order spatial derivative at
the right-hand side of (8.7.3) using the fourth-order central finite difference scheme,
which gives a system of nonlinear ordinary differential equations

Dα
t = D

(−ui+2, j + 16ui+1, j − 30ui, j + 16ui−1, j − ui−2, j

12h2

)
+ βui, j

(
1 − (ui, j )

ρ

κ

)
(8.7.4)
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for i = 1, 2, . . . , N and u = [u j
1, u j

2, . . . , u j
N ]T . Equation (8.7.4) is then solved sub-

ject to initial condition of the form u(x, t = 0) = u0(x) for x ∈ [a, b], and the zero-
flux boundary conditions ua = ub = 0.

In two dimensions, the initial and boundary fractional Fisher equation becomes

Dα
t = D(uxx + uyy) + βu

(
1 − uρ

κ

)
, (x, y) ∈ � = (a ≤ x, y ≤ b), t > 0,

u(x, y, 0) = u0(x, y), a ≤ x, y ≤ b,

u(a, t) = u(b, t) = 0, t > 0, 0 < α < 1, (8.7.5)

by following the approach introduced in [58], we first discretize the spatial domain
by mesh (xi , y j ) = (a + i × hx , a + j × hy), where hx = (b − a)/(Nx + 1), hy =
(b − a)/(Ny + 1) and 0 ≤ i ≤ Nx + 1 and 0 ≤ j ≤ Ny + 1. Using fourth-order cen-
tral difference discretization on the diffusion, we obtain a system of nonlinear ODEs

Dα
t = D

12

[−ui+2, j + 16ui+1, j − 30ui, j + 16ui−1, j − ui−2, j

h2
x

]
+

D

12

[
−ui, j+2 + 16ui, j+1 − 30ui, j + 16ui, j−1 − ui, j−2

h2
y

]
+

βui, j

(
1 − (ui, j )

ρ

κ

)
, (8.7.6)

which in a more compact representation becomes

Dα
t = Lu + Fu, (8.7.7)

where L is regarded as the Toeplitz matrix representing the linear part and F is a
vector that contains the nonlinear function, and

u =

⎛
⎜⎜⎜⎝

u1,1 u1,2 . . . u1,Ny u1,Ny+1

u2,1 u2,2 . . . u2,Ny u2,Ny+1
...

...
...

...
...

uNx ,1 uNx ,2 . . . uNx ,Ny uNx ,Ny+1

⎞
⎟⎟⎟⎠

Nx ×Ny+1

. (8.7.8)

Another efficient numerical spatial discretization technique that has been applied
in conjunction with the time-stepping solvers, especially, the exponential time-
differencing Runge–Kutta [27, 61] is the Fourier spectral method [75, 76]. With
description adapted from, a brief discussion on the Fourier spectral method when
applied to (8.7.5) will be [75, 76] presented. Given a periodic function u on the
spatial grid x j , the discrete Fourier transform (DFT) is defined as

ûk = h
N∑

j=i

e−ikx j u j , k = − N

2
+ 1, . . . ,

N

2
(8.7.9)
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and the inverse DFT is defined by

u j = 1

2π

N/2∑
k=−N/2

e−ikx j ûk, j = 1, 2, . . . , N , (8.7.10)

where k is called the wave number. By applying this method to (8.7.5) with all the
time stepping in Fourier space, it results in the following system of ODEs:

D̂α
t = −Dk2û + F̂(u), (8.7.11)

so that the linear term of (8.7.5) has a diagonal representation. Next, the resulting
system of ODEs can be advanced with any time-stepping integrator.

The Cox and Matthews fourth-order version of exponential time-differencing
Runge–Kutta method [15] is given as

un+1 = uneLh + F(un, tn)[−4 − hL + eLh(4 − 3hL + h2L2)]
+2((F)(an, tn + h/2) + F(bn, tn + h/2))[2 + hL + eLh(−2 + hL)]
+F(cn, tn + h)[−4 − 3hL − h2L2 + eLh(4 − hL)]/h2L3, (8.7.12)

where

an = uneLh/2 + (eLh/2 − I)F(un, tn)/L,

bn = uneLh/2 + (eLh/2 − I)F(an, tn + h/2)/L,

cn = uneLh/2 + (eLh/2 − I)(2F(bn, tn + h/2) − F(un, tn))/L. (8.7.13)

If (8.7.12) is used in conjunction with either of ODEs (8.7.7) or (8.7.11), L represents
the linear diffusion part, while F stands for the nonlinear part. For detailed analysis
on derivation and stability of this method, our readers are referred to Refs. [15, 27,
35, 61].

For all the numerical simulations performed in one and two dimensions, we let
�t = 0.25,�x = 0.25 and N = 200. In Fig. 8.1, we present the contour plot of
fraction Fisher equation with the Caputo–Fabrizio derivative of order α. This result
corresponds to the classical case obtained at α = 1. Other parameters are given
as D = 0.8,κ = 1.66,β = 1, ρ = 2 for final simulation time t = 1.0. Numerical
propagation of system (8.7.3) for different α values and spatial domain x ∈ [−L , L],
where L is chosen large enough to give room for the waves to propagate, is displayed
in Figs. 8.2, 8.3, 8.4, 8.5, 8.6 and 8.7. It is evident in the displayed results that
each solution gives a sinusoidal pattern with initial sharp peaks in the middle which
disappear and get flatter as the fractional parameter α is increasing (Figs. 8.8, 8.9
and 8.10). The contour plots in Figs. 8.11, 8.12, 8.13 and surface plot Fig. 8.14 show
the approximate solution for the case β = 1, ρ = 1,κ = 1 and D = 0.5, subject to
initial condition
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Fig. 8.1 1D contour plot
(8.7.3) when α = 1 and
t = 1.0

Fig. 8.2 1D contour plot
(8.7.3) when α = 0.15 and
t = 1.0 for L = 4

u(x, 0) =
[

1 + exp

(√
6

6
x

)]−2

. (8.7.14)

In Figs. 8.15, 8.16 and 8.17, we apply the Caputo fractional derivative by setting
Dα

t = C
0 Dα

t to examine the effect ofρ in the solution of (8.7.3), subject to the following
initial condition:

u(x, 0) = exp(−20(x)2) + 5

2
exp(−10(x − 4)2) + 3 exp(−20(x + 4)2). (8.7.15)

Other parameters are given as D = 0.38,κ = 1, L = 10 with fractional power α
fixed at 0.91, and simulation time t = 1.5.

Next, we present the two-dimensional experiment for fractional Eq. (8.7.5) using
the Caputo, Caputo–Fabrizio and Atangana–Baleanu fractional derivative operators.
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Fig. 8.3 1D contour plot
(8.7.3) when α = 0.25 and
t = 1.0 for L = 1

Fig. 8.4 1D contour plot
(8.7.3) when
α = 0.50, L = 8 and t = 1.0

We first apply the Caputo derivative in Figs. 8.18, 8.19 and 8.20 using the initial
condition

u0(x, y) =
[

1

2
tanh

[
− μ

2
√

2μ + 4

(
x − μ + 4

2
√

2α + 4
y

)]
+ 1

2

]2/μ

, (8.7.16)

where μ ∈ [0.5, 1].
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Fig. 8.5 1D contour plot
(8.7.3) when
α = 0.55, L = 10 and
t = 1.0

Fig. 8.6 1D contour plot
(8.7.3) when
α = 0.59, L = 15 and
t = 1.0

Fig. 8.7 1D contour plot
(8.7.3) when
α = 0.62, L = 20 and
t = 1.0
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Fig. 8.8 1D surface plot for
(8.7.3), with α = 0.48

Fig. 8.9 1D surface plot for
(8.7.3), with α = 0.57

Fig. 8.10 1D surface plot
for (8.7.3), with α = 0.63
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Fig. 8.11 Numerical
solution for (8.7.3), with
L = 10 and α = 0.93

Fig. 8.12 Numerical
solution for (8.7.3), with
L = 20 and α = 0.93

Fig. 8.13 Numerical
solution for (8.7.3), with
L = 50 and α = 0.93
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Fig. 8.14 Surface plot for
(8.7.3), with L = 150 and
α = 0.89

Fig. 8.15 Solution of
(8.7.3), with ρ = 1 and
α = 0.91

Fig. 8.16 Solution of
(8.7.3), with ρ = 2 and
α = 0.91
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Fig. 8.17 Solution of
(8.7.3), with ρ = 3 and
α = 0.91

Fig. 8.18 2D result for
(8.7.5) with α = 0.87

Fig. 8.19 2D result for
(8.7.5) with α = 0.89
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Fig. 8.20 2D result for
(8.7.5) with α = 0.95

Fig. 8.21 2D result for
(8.7.5) with α = 0.73

Fig. 8.22 2D result for
(8.7.5) with α = 0.79
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Fig. 8.23 2D result for
(8.7.5) with α = 0.83

Fig. 8.24 2D result for
(8.7.5) with α = 0.88

Fig. 8.25 2D result for
(8.7.5) with α = 0.91



8.7 Application to Partial Fractional Differential Equation 295

Fig. 8.26 2D result for
(8.7.5) with α = 0.55

Fig. 8.27 2D result for
(8.7.5) with α = 0.41

Fig. 8.28 2D result for
(8.7.5) with α = 0.94
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Fig. 8.29 2D snapshot and surface plot result for (8.7.5) with α = 0.25

Fig. 8.30 2D snapshot and surface plot result for (8.7.5) with α = 0.41

Fig. 8.31 2D snapshot and surface plot result for (8.7.5) with α = 0.74
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Fig. 8.32 2D snapshot and surface plot result for (8.7.5) with α = 0.86

Fig. 8.33 2D snapshot and surface plot result for (8.7.5) with α = 0.98

Second, we apply the Caputo–Fabrizio operator to Eq. (8.7.5) to obtain Figs. 8.21,
8.22, 8.23, 8.24 and 8.25. Lastly, we use the Atangana–Baleanu derivative to obtain
Figs. 8.26, 8.27 and 8.28.

The next 2D experiment applies the Atangana–Baleanu derivative of order α, sub-
ject to the zero-flux boundary condition mounted at the extreme ends of the domain
x ∈ [−L , L] and the initial condition u(x, y, t = 0) obtained from a random normal
distribution of about 0.55. The simulation results obtained for different instances
of α are displayed in Figs. 8.29, 8.30 8.31, 8.32 and 8.33 captions. Other parame-
ters given as D = 0.15,β = 0.50,κ = 2, ρ = 2 and L = 100. This type of model
has a lot of applications in fractals and groundwater studies. Simulation runs for
t = 150. Further, we verified the effect of varying the simulation time t for α = 0.66
in Figs. 8.34, 8.35, 8.36 and 8.37. In Figs. 8.38, 8.39, 8.40 and 8.41, we simulate with
t = 150 for different instances of α as shown in the captions.
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Fig. 8.34 2D surface plot
for (8.7.5) at t = 5

Fig. 8.35 2D surface plot
for (8.7.5) at t = 10

Fig. 8.36 2D surface plot
for (8.7.5) at t = 20
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Fig. 8.37 2D surface plot
for (8.7.5) at t = 50

Fig. 8.38 2D surface plot
for (8.7.5) at α = 0.25

Fig. 8.39 2D surface plot
for (8.7.5) at α = 0.50
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Fig. 8.40 2D surface plot
for (8.7.5) at α = 0.75

Fig. 8.41 2D surface plot
for (8.7.5) at α = 0.93

8.7.2 The Gray–Scott Model

The Gray–Scott system was formulated by P. Gray and S.K. Scott at the University
of Leeds in the early 1980s [21, 22]. Gray and Scott started with the isothermal auto-
catalytic equations in the continuously flowing well-stirred tank reactor (CSTR).
In the model, isothermal means the reaction takes place at constant temperature,
autocatalytic implies that the catalyst is also the product and continuously flow-
ing corresponds to an open system. The well-stirred assumption indicates a system
involving uniform transport of reactants.

The derivation of Gray–Scott system corresponds to the following two irreversible
chemical reactions [21, 51, 66]:

U + 2V → 3V (8.7.17)

V → P, (8.7.18)
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where P is an inert product. The above system shows that one unit of agent U reacts
with two units of V to form three units of V . By denoting the concentrations of the
chemicals U and V by u, v, the resulting reaction–diffusion system in dimensionless
units becomes

∂u

∂t
= Du�

2u − uv2 + F(1 − u)

∂v

∂t
= Dv�

2v + uv2 − v(F + k), (8.7.19)

where k and F are the dimensionless rate constant and feed rate, respectively. Du

and Dv are dimensionless diffusion coefficients of the respective chemical species U
and V . A lot of research work based on (8.7.19) has been conducted, among which
are the numerical solution of singular patterns in one- and two-dimensional Gray–
Scott equations [56, 62], pulse splitting in 1D [16] and self-replicating structures
[62, 70]. Also, in fractional form, Pindza and Owolabi considered the 2D simulation
of space-fractional Gray–Scott model [67].

In this chapter, we are motivated with the formulation of time-fractional Gray–
Scott model

Dα
t u = Du�

2u − uv2 + F(1 − u)

Dα
t v = Dv�

2v + uv2 − v(F + k), (8.7.20)

where Dα
t can be approximated by the Caputo, Caputo–Fabrizio or the Atangana–

Baleanu fractional derivatives.
In the simulation framework, we set u = u(x, y, t) or u = u(x, y, z, t) with sim-

ilar expressions for v in two and three dimensions. In 2D, we experiment (8.7.20)
on a square domain size [0, 250] × [0, 250] with no flux boundary conditions, the
diffusion coefficients that represent the rate at which the chemical species diffuse
in space are given as Du = 2−5 and Dv = 10−5. We assume x, y ∈ R2, and the
Laplacian operator �2 = (∂2/∂x2 + ∂2/∂y2

)
. We take �x = 0.01 and the time step

�t = 0.25. Simulation experiments in one dimension are omitted here.
Figure 8.42 shows the original patterns obtained by the Pearson for solution of

classical Gray–Scott equations. The pure spots patterns in Figs. 8.43, 8.44 and 8.45
are obtained with F = 0.0208 and k = 0.052 for different values of α at final simula-
tion time t = 40000. The mixture of spots and stripes patterns as shown in Figs. 8.46,
8.47, 8.48, 8.49, 8.50 and 8.51 are obtained with F = 0.04 and k = 0.06 for different
α values.

Again, by setting F = 0.022, 0.042 and k = 0.056, 0.066, one obtains different
stripes structures for different values of fractional power α. This assertion is evident in
Figs. 8.52, 8.53, 8.54, 8.55, 8.56 and 8.57. Apart from the patterns obtaining Pearson,
a range of mitotic and chaotic structures were obtained, see Figs. 8.58, 8.59 and 8.60
for chaotic patterns at F = 0.02 and k = 0.05. Setting F = 0.028 and k = 0.054
for different values of α gives rise to what is called mitotic-spots-like patterns as
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Fig. 8.42 Classical 2D results obtained by Pearson [66] for different values of F and A

Fig. 8.43 Formation of spots pattern for α = 0.25

shown in Figs. 8.61 and 8.62. Finally, with F = 0.045 and k = 0.06, we obtained a
spatiotemporal spiral-like patterns for α = 0.12 and α = 0.70, as shown in Figs. 8.63
and 8.64, respectively.
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Fig. 8.44 Formation of spots pattern for α = 0.53

Fig. 8.45 Formation of spots pattern for α = 0.93

Fig. 8.46 Mixture of spots and stripe structures for α = 0.15
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Fig. 8.47 Mixture of spots and stripe structures for α = 0.23

Fig. 8.48 Mixture of spots and stripe structures for α = 0.41

Fig. 8.49 Mixture of spots and stripe structures for α = 0.68
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Fig. 8.50 Mixture of spots and stripe structures for α = 0.79

Fig. 8.51 Mixture of spots and stripe structures for α = 0.91

Fig. 8.52 Formation of pure stripe pattern for α = 0.59
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Fig. 8.53 Formation of pure stripe pattern for α = 0.69

Fig. 8.54 Formation of pure stripe pattern for α = 0.23

Fig. 8.55 Formation of pure stripe pattern for α = 0.77
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Fig. 8.56 Formation of pure stripe pattern for α = 0.80

Fig. 8.57 Formation of pure stripe pattern for α = 0.85

Fig. 8.58 Chaotic pattern for α = 0.38
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Fig. 8.59 Chaotic pattern for α = 0.45

Fig. 8.60 Chaotic pattern for α = 0.55

Fig. 8.61 Mitotic pattern for α = 0.42
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Fig. 8.62 Mitotic pattern for α = 0.93

Fig. 8.63 Spatiotemporal spiral-like pattern for α = 0.12

Fig. 8.64 Spatiotemporal spiral-like pattern for α = 0.70

Clearly, modelling with fractional derivatives could result in the emergence of
brand new structures that are not likely to be found in the classical models. It should
be mentioned that the distribution of species u and v is almost similar, for the sake of
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clarity, we reported both here. Also, apart from the patterns reported in this chapter,
other known structures can be obtained depending on the choices of initial data and
other parameters.

Next, we experiment the dynamic richness of time-fractional Gray–Scott model
(8.7.20) in three spatial dimensions, that is,

C
0 Dα

t = Du

(
∂2u

∂x2
+ ∂2u

∂y2
+ ∂2u

∂z2

)
+ F(1 − u)

C
0 Dα

t = Dv

(
∂2v

∂x2
+ ∂2v

∂y2
+ ∂2v

∂z2

)
+ uv2 − v(F + k), (8.7.21)

where u = u(x, y, z) and v = v(x, y, z). The term C
0 Dα

t is the usual Caputo frac-
tional derivative of order α. System (8.7.21) is numerically solved on large but finite
domain size x, y, z ∈ [−L , L] subject to the zero-flux boundary conditions and ini-
tial functions [67]

u(x, y, z, 0) = 1 − 0.5 exp

[
−50

((
x − ϕ

2

)2 +
(

y − ϕ

2

)2 +
(

z − ϕ

2

)2
)]

,

v(x, y, z, 0) = 0.25 exp

[
−50

((
x − ϕ

2

)2 + 2
(

y − ϕ

2

)2 +
(

z − ϕ

2

)2
)]

. (8.7.22)

8.8 Application of Riesz Fractional Derivative
to Schrödinger Equation

The classical Schrödinger equation is considered as a basic equation used in applied
area of quantum mechanics for studying the evolution and dynamics of wave packets
over the last few decades. Some years ago, the classical Schrödinger equation has
been generalized to a fractional partial differential equation (FPDE) where the Riesz
space-fractional derivative is used as against the conventional Laplacian operator
[37, 60]. Zhang et al. [80] examined the propagation of waves in noninteger-order
Schroödinger equation with harmonic potential, as well as uniform acceleration [68].
Also, the case α = 1 has been considered by Liemert and Kienle [39] for studying
the propagation of the wave packets that undergo splitting and spreading.

A few possibilities of numerical implementations of fractional-order derivatives
can be found in [12, 14, 67]. Here, we consider the following time-dependent frac-
tional nonlinear Schrödinger equation with the Riesz fractional-in-space derivative
of order 0 < α ≤ 2 [3, 37, 60]

i ∂u(x,t)
∂t = 1

2 (−�)α/2u(x, t) + P(x)u(x, t) + β|u(x, t)|2u(x, t)

u(x, 0) = u0(x), x ∈ R,

⎫⎬
⎭ (8.8.1)
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where (x, t) represents the complex-valued wave function for vector x ∈ R and time
t > 0, β ∈ R denotes the strength of local interactions. The real-valued function
P(x) is an external trapping (harmonic) potential written in the form

V (x) = 1

2

⎧⎨
⎩

γ2
x x2,

γ2
x x2 + γ2

y y2, x ∈ R,

γ2
x x2 + γ2

y y2 + γ2
z z2,

(8.8.2)

where γx , γy and γz are the dimensionless trapping frequencies in the spatial direc-
tions x , y and z, respectively.

8.8.1 One-Dimensional Fractional-in-Space Schrödinger
Equation

We demonstrate in one dimension (1D), the numerical illustration Schrödinger equa-
tion with linear potential P(x) = γ(x) is given by

i
∂u(x, t)

∂t
= 1

2
(−�)

α
2 u(x, t) + γ(x)u(x, t), x ∈ R, t > 0 (8.8.3)

where u(x, t) is referred to as the wave function, the order of the Riesz operator is
bounded on 0 < α ≤ 2. By following [40, 41, 60], we give the occurrence of the
noninteger operator in (8.8.3) as

F {(−�)
α
2 f (x)

}
(ω) = |ω|α F(ω), (8.8.4)

where F(ω) = ∫∞
−∞ f (x) exp(iωx)dx is the Fourier transform of f (x). The solution

of Eq. (8.8.3) is sought subject to conditions

u(x, 0) = u0(x), lim|x |→∞ u(x, t) = 0 (8.8.5)

with u0(x) being the initial wave normalized w.r.t.
∫∞
−∞ |u0(x)|2dx = 1. In momen-

tum space, we present the corresponding equation as

i
∂u(ω, t)

∂t
= 1

2
|ω|αu(ω, t) + iγ

∂u(ω, t)

∂ω
, ω ∈ R, t > 0, (8.8.6)

u(ω, 0) = u0(ω).

Now, we introduce a function u(ω, t) = eik(ω)v(ω + γt) and use it in (8.8.6) to have

iγeikv′(ω + γt) = 1

2
|ω|αeikv(ω + γt) + iγeikv′(ω + γt) − γeikv(ω = γt)

dk

dω
,
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where k, v are unknown and v′ represents the first derivative of v. We compare both
sides to obtain

dk(ω)

dω
= |ω|α

2γ

which can be addressed directly by using the function

k(ω) = ω|ω|α
2γ(1 + α)

+ a, (a is an arbitrary constant), ω ∈ R.

By using the initial condition, we obtain the v according to

u(ω, 0) = u0(ω) = eik(ω)v(ω) ⇒ v(ω) = u0(ω)e−ik(ω).

Thus, in momentum space the complete solution to (8.8.6) is

u(ω, t) = u0(ω + γt) exp

[
i
ω|ω|α − (ω + γt)|ω + γt |α

2γ(α + 1)

]
, ∀ 0 < α ≤ 2.

(8.8.7)
In real space, the wave function is written in the form [2, 39, 42, 60]

u(x, t) = 1

2π

∫ ∞

−∞
u(x, t)eiωx dω.

In terms of the convolution for the classical case of α = 2, the wave function is
written as

u(x, t) = e−iγxt e−iγ2t3/6

√
2πi t

∫ ∞

−∞
u0(y) exp

[
i
(x − y + γt2/2)2

2t

]
dy.

The case γ = 0 corresponds to the free state, which means that the momentum space
Eq. (8.8.6) is now reduced to

u(ω, t) = u0(ω) exp(−i t |ω|α/2), 0 < α ≤ 2.

8.8.2 Two-Dimensional Fractional-in-Space Schrödinger
Equation

Here, we give an extension to 1D case by reporting the two-dimensional (2D) frac-
tional Schrödinger equation with potential P(s) = F · s by

i
∂u(s, t)

∂t
= 1

2
(−�)

α
2 u(s, t) + V (s)u(s, t), s ∈ R2, t > 0, (8.8.8)
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where F = (F1, F2) and F = |F|. Here, we define the 2D fractional Laplacian by

F {(−�)
α
2 f (s)

}
(r) = |r|α F(r), (8.8.9)

where |r| = r denotes the length of the wave vector r = (r1, r2) which has the Fourier
transform F(r) = ∫ f (s) exp(−ir · s)ds. Also, with α = 1, we can formulate the 2D
fractional Laplacian representation in the form

(−�)
1
2 f (s) = ∇ · R{ f (s)}, (8.8.10)

where R is the Riesz transform that maps the function f (s) into a vector field accord-
ing to

R{ f (s)} = 1

2π

∫
f (ρ)(s − ρ)

|s − ρ| dρ. (8.8.11)

It should be mentioned that the relation (8.8.10) is the generalization of one-
dimensional differential operator [42]

(−�)
1
2 f (x) = F−1 {|ω|F(ω)} (x) = d

dx
H{ f (x)},

where H is the Hilbert transform defined by

H{ f (x)} = 1

π
P
∫ ∞

−∞
f (y)

x − y
dy

and P is the Cauchy principal value.
In 2D, the initial-boundary condition takes the form

u(s, 0) = u0(s), lim
s→∞ u(s, t) = 0, (8.8.12)

where s = |s|. In momentum space, Eq. (8.8.8) gives

∂u(r, t)

∂t
= rα

2i
u(r, t) + Fu(r, t), r ∈ R2, t > 0. (8.8.13)

Similar to case 1D, one can seek a wave function in the form u(r, t) = exp[iv(r)]
ϕ(r + Ft). By inserting this ansatz into (8.8.13), it results in the partial differential
equation (PDE)

F1
∂v(r)
∂r1

+ F2
∂v(r)
∂r2

= rα

2
.

We realized the difficulty involves in solving fractional differential equation of order
α. But for the case α = 1, the exact solution is formulated as
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v(r) = r

4

F1r1 + F2r2

F2
1 + F2

2

+ 1

4

(F1r2 + F2r1)
2

(F2
1 + F2

2 )3/2
ln

⎛
⎝2r + 2

F1r1 + F2r2√
F2

1 + F2
2

⎞
⎠ .

The classical case with α = 2 is not a problem to solve, we obtain the solution as

v(r) = r3
1

3F1
+ r3

2

3F2
.

Also, one can recover the unknown function ϕ with the initial condition

u(r, 0) = u0(r) = exp[iv(r)]ϕ(r) ⇒ ϕ(r) = u0(r) exp[−iv(r)]. (8.8.14)

For the wave function in momentum space, we obtain

u(r, t) = u0(r + Ft) exp[i(v(r) − v(r + Ft))]

and for the free particle type with F = 0, the momentum space solution for all
fractional orders is given as

u(r, t) = u0(r) exp

(
− i trα

2

)
, 0 < α ≤ 2.

8.8.3 Numerical Methods of Discretization

A lot of numerical approximation techniques have been introduced for the solu-
tion of a range of fractional reaction–diffusion problems [12, 24, 25, 28, 78, 79,
81]. Solving the linear system of the form Au = b is computationally involving due
to non-local nature of the fractional Laplacian operator (−�)α/2 which results in
a full matrix representation of the fractional operator [59, 60, 67]. For this case,
we apply the Spectral method in conjunction with both the fourth-order exponen-
tial time-differencing Runge–Kutta scheme to solve the time-dependent fractional
Schrödinger equation in one and higher dimensions.

In one dimension, we consider the non-local case of the Schrödinger equation

i
∂u(x, t)

∂t
= τ (−�)

α
2 u + γ(x)u + β|u|2δ, x ∈ �, t > 0 (8.8.15)

u(x, 0) = u0(x), x ∈ �.

Equation (8.8.3) corresponds to τ = 1
2 and δ = 1 in (8.8.1). We choose a periodic

boundary condition valid for a large bounded domain � ∈ Rd truncated at, say, ±L .
Also, we let k > 0, a time step with sequence tn = nk, n = 0, 1, . . .. In two splitting
steps, we solve (8.8.15) from t = tn to t = tn+1, that is,
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i∂t u(x, t) = τ (−�)
α
2 u(x, t), x ∈ �, t ∈ [tn, tn+1], (8.8.16)

i∂t u(x, t) = γ(x)u(x, t) + β|u|2δ, x ∈ �, t ∈ [tn, tn+1]. (8.8.17)

Multiplying Eq. (8.8.17) with ū, add the resulting system to its complex conjugate,
we obtain ∂t (|u(x, t)|2) = 0, which means that |u(x, t)| is the time invariant on
[tn, tn+1]. As a result, we can write (8.8.17) for tn ≤ t ≤ tn+1 to make it linear in
u(x, t) as

i∂t u(x, t) = [γ(x) + β|u(x, tn)|2δ]u(x, t), x ∈ �,

which on integration in time gives the solution to (8.8.17) as

u(x, t) = u(x, tn) exp[−i(γ(x) + β|u(x, tn)|2δ)(t − tn)], x ∈ �, t ∈ [tn, tn+1].

Following [3, 12, 53], we define the Riesz fractional laplacian (−�)
α
2 by

(−�)
α
2 u(x, t) := F−1 [|ξ|αF] , x ∈ R, α > 0, t > 0, (8.8.18)

where

F(u)(ξ, t) =
∫

R
u(x, t)e−iξ·x dx, ξ ∈ R, t > 0

is the Fourier transform u(x, t), and its corresponding inverse is denoted by F−1. In
fact, Eq. (8.8.18) is a regarded as the pseudo-differential operator of the Riesz deriva-
tive (−�)

α
2 . Due to definition in (8.8.18) and the periodic conditions in (8.8.15),

for simplicity, we discretize (8.8.16) in just 1D, generalization to higher dimen-
sions is quite simple and straightforward. Assume ω ∈ [a, b], we let the mesh hx =
(b − a)/N , for N > 0, and consider the grid points x j = a + jhx , 0 ≤ j ≤ N . We
assume that

u(x, t) =
N/2−1∑

l=−N/2

ûl(t) exp[iνl(x − a)], (8.8.19)

where ûl(t) stands for the Fourier transform of u(x, t) for frequency l, and

νl = 2lπ

b − a
, − N

2
≤ l ≤ N

2
− 1.

By putting (8.8.19) into (8.8.16), we get

i
dûl(t)

dt
= τ |νl |αûl(t), − N

2
≤ l ≤ N

2
− 1, tn ≤ t ≤ tn+1. (8.8.20)

Exact integration of (8.8.20) in time yields
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ûl(t) = ûl(tn) exp[−iτ |νl |α(t − tn)], − N

2
≤ l ≤ N

2
− 1, tn ≤ t ≤ tn+1.

(8.8.21)
Note that the combination of (8.8.19) and (8.8.21) results in the solution of (8.8.16).

In this segment, we first apply the Strang splitting technique [74] to advance
(8.8.15) and (8.8.16) from t = tn to t = tn + 1, we solve

u(1)
j = u(n)

j exp

{
−i

k

2
[γ(x j ) + β|u(n)

j |2δ]
}

,

u(2)
j =

N/2−1∑
l=−N/2

[
û(1)

l exp (−iτk|νl |α)
]

eiνl (x j −a), 0 ≤ j ≤ N , n ≥ 0, (8.8.22)

u(n+1)
j = u(2)

j exp

{
−i

k

2
[γ(x j ) + β|u(2)

j |2δ]
}

, (8.8.23)

where un
j represents the numerical approximation of u(x j , tn). With n = 0, we get

u0
j = u0(x j ), 0 ≤ j ≤ N . Readers are referred to [43, 74] for a more general dis-

cussion on the splitting method.
In the same fashion, the powers (−�)α/2 of the operator (−�), in � with zero

Dirichlet or Neumann boundary data, are given via the spectral representation by
adopting the powers of the eigenvalues of the major operator. Assuming (ϕ j ,λ j )

are the eigenfunctions and eigenvectors of (−�) in � with either zero Dirichlet
or Neumann boundary conditions. In fact, we can define the fractional Laplacian
(−�)α/2 in the space of functions

Sα/2
0 (�) =

⎧⎨
⎩u =

∞∑
j=0

a jλ
α/2 ∈ L2(�) : ‖u‖Sα/2

0 (�)
=
⎛
⎝ ∞∑

j=0

a2
j λ

α/2

⎞
⎠

1/2

< ∞
⎫⎬
⎭ ,

(8.8.24)
where

‖u‖Sα/2
0 (�)

= ‖(−�)α/4u‖L2(�). (8.8.25)

Therefore, for any u ∈ Sα/2
0 , the Laplacian (−�)α/2 is defined by

(−�)α/2u =
∞∑

i=0

a jλ
α/2
j ϕ j , (8.8.26)

where ϕ j and λ j will depend on the specified boundary conditions. For the homo-
geneous Neumann boundary condition, we have

(
ϕ j ,λ j

) =
([

π j

b − a

]2

,

√
2

b − a
sin

[
(x − a)π j

b − a

])
, (8.8.27)
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and for the homogeneous Dirichlet boundary condition, we get

(
ϕ j ,λ j

) =
([

( j + 1)π

b − a

]2

,

√
2

b − a
sin

[
(x − a)π( j + 1)

b − a

])
. (8.8.28)

This technique results in a full diagonal representation of the fractional operator
with orders 0 < α ≤ 1 or 1 < α ≤ 2, and achieves spectral accuracy regardless of
the chosen value of α. This method can be extended to high spatial dimensions. To
present this method, we use the fast Fourier transform (FFT) to (8.8.15), so that

iut = τ (�α/2)u + f (u), (8.8.29)

where f (u) = γ(x)u + β|u|2δ . To give 2D representation of (8.8.29) in Fourier
space, we have

Ut (χx ,χy, t) = −τ
(
χα/2

x + χα/2
y

)
U (χx ,χy, t) + F[ f (u(x, y, t))], (8.8.30)

where U is the double Fourier transforms of function u(x, y, t). In other words,

F[u(x, y, t)] = U (χx ,χy, t) =
∫ ∞

−∞

∫ ∞

−∞
u(x, y, t)e−i(χx x+χy y)dxdy. (8.8.31)

To completely remove the issue of stiffness in the fractional Laplacian operator using

integrating factors, we let �α/2 =
(
χ

α/2
x + χ

α/2
y

)
, and set

U = e−τ�α/2t Ū ,

so that we now left with
∂t Ū = e−τ�α/2tF[ f (u)]. (8.8.32)

Next, we discretize the square domain Nx and Ny in the spatial directions of x and
y. We utilize the discrete fast Fourier transform (DFFT) [63] to transform (8.8.32)
to an ODE in the form

∂t Ūi, j = e−τ�
α/2
i, j tF[ f (ui, j )], (8.8.33)

where ui, j = u(xi , y j ) and �
α/2
i, j =

(
χ

α/2
x (i) + χ

α/2
y ( j)

)
. Boundary conditions are

now fixed at extreme ends of the computational domain. Any explicit time-solver can
be applied to advance in time. Here, we apply the improved version of Cox–Matthews
[15, 27, 65] exponential time-differencing Runge–Kutta method.
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Un+1 = eLhUn + h[4ϕ3(Lh) − 3ϕ2(Lh) + ϕ1(Lh)]F(un, vn, tn)

+2h[ϕ2(Lh) − 2ϕ3(Lh)]F(μ2, tn + h/2)

+2h[ϕ2(Lh) − 2ϕ3(Lh)]F(μ3, tn + h/2) (8.8.34)

+h[ϕ3(Lh) − 2ϕ2(Lh)]F(μ4, tn + h),

with the stages μi given as

μ2 = eLh/2Un + (Lh/2)ϕ1(Lh/2)F(un, vn, tn)

μ3 = eLh/2Un + (Lh/2)[ϕ1(Lh/2) − 2ϕ2(Lh/2)]F(un, vn, tn) + hϕ2(Lh/2)F(μ2, tn + h/2)

μ4 = eLhUn + h[(ϕ1(Lh) − 2ϕ2(Lh)]F(un, vn, tn) + 2hϕ2(Lh)F(μ3, tn + h),

with functions ϕ1,2,3 defined as

ϕ1(z) = ez − 1

z
, ϕ2 = ez − 1 − z

z2
, ϕ3 = ez − 1 − z − z2/2

z3
.

Readers are referred to [15, 27, 58, 61, 62, 64] for detailed derivation and stability
of the ETD4RK method.

8.9 Numerical Experiments

In this section, we experiment the dynamics of the fractional-in-space nonlinear
Schrödinger equation (8.8.1) with harmonic potential in (8.8.2) in one, two and three
dimensions as follows.

8.9.1 One-Dimensional Results for Fractional Schrödinger
Equation

We examine the dynamics of fractional Schrödinger equation (8.8.1) with harmonic
potential P(x) = 0.5(x2) subject to initial condition

u(x, 0) = exp[−20(x − ε/3)2/ε] − exp[−20(x − ε/2)2/ε] + exp[−20(x − ε)2/ε]
(8.9.1)

on two different domains � = [0, L] and � = [−L , L].
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Fig. 8.65 1D evolution of the wave function |u(x, t)| of the fractional Schrödinger equation (8.8.1)
for β = −1.3 with a harmonic potential P(x) = 0.5x2, for different instances of α and ε = 100
with final time t = 40. The computational domains are x ∈ [0, L] and x ∈ [−L , L], L = 100 for
upper and lower rows, respectively

In Fig. 8.65, we observed different evolutions of the wave function |u(x, t)| for
different values of α and harmonic potential P(x) = 0.5x2. The upper and lower
plots correspond to the computational domain x ∈ [0, L] and x ∈ [−L , L], respec-
tively. The contour results are clear evidence that the wave function oscillates in both
domains. Columns 1 and 2 correspond to sub-diffusive and superdiffusive results.

8.9.2 Two-Dimensional Results for Fractional Schrödinger
Equation

We now extend to 2D dynamics of the fractional Schrödinger equation (8.8.1) with
the harmonic potential given as P(x, y) = 0.5(x2 + y2). We experiment with the
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Fig. 8.66 2D Distribution of the wave function |u(x, y, t)| in the fractional Schrödinger equation
(8.8.1) for β = 0 with a harmonic potential V (x, y) = 0.5(x2 + y2), at some instances of fractional
power α = 0.25, 0.75, 1.25, 1.55, μ = 2. Simulation runs for N = 200 and final time t = 2

domain � = [0, L] × [0, L], L = 5 with mesh size hx = hy = 0.05 and time step
k = 0.5. We simulate the 2D dynamics in Fig. 8.66 with the initial condition

u(x, y, 0) = exp(−2(x − μ)2 + (y − μ)2)). (8.9.2)

We observed in Fig. 8.66 that the evolution of the wave function also oscillates in
a cyclic manner and grows in the computational domain with increasing value of
fractional order α. As α → 2, the stable stationary solutions in Fig. 8.66 are fast
becoming unstable spatiotemporal dynamic. The maximum computer time for these
experiments is between 5 and 10 s.

We present the 2D dynamics to (8.8.1) in the presence of the local interactions
when β �= 0 as displayed in Figs. 8.67 and 8.68 for different boundary conditions. We
experiment results in Fig. 8.67 with the same computational domain as in Fig. 8.66
different values of α. The upper row corresponds to the focusing case if β > 0 and
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Fig. 8.67 The 2D results for Eq. (8.8.1), showing the dynamic evolution for focusing (upper) and
defocussing (lower) cases with μ = 2 and β = ±1.25 on domain size (x, y) ∈ [0, 5] × [0, 5] and
final time t = 2

lower row represents the defocussing type if β < 0. A chaotic pattern emerged when
α = 1.45, the dissipative structures here are similar to the ones obtained for the
classical case, see [63].

In Fig. 8.68, we simulate with boundary domain size (x, y) ∈ [−5, 5] × [−5, 5]
and initial function (8.9.2) for some α with β = ±1.25 and a 2D harmonic potential
P(x, y) = 0.5(x2 + y2). Columns 1–2 correspond to α = 0.5 and α = 1.45. The
steady dissipative structures are obtained for both focusing and defocussing cases
of subdiffusion model at α = 0.5, but as for the superdiffusive scenario, when 1 <

α ≤ 2 we observed spurious chaotic and non-stationary structures for both focusing
and defocussing cases, as evident in column 2 of Fig. 8.68.
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Fig. 8.68 2D evolution |u(x, y, t)| for Eq. (8.8.1) with domain size (x, y) ∈ [−5, 5] × [−5, 5],
μ = 2 and initial condition (8.9.2). The upper and lower surface plots are obtained for focusing
(β = 1.25) and defocussing (β = −1.25) for different values of α

8.9.3 Three-Dimensional Results for Fractional Schrödinger
Equation

With some modifications to the 2D program, we experiment the 3D dynamics of
fractional Schrödinger equation (8.8.1). For this experiment, we utilize the initial
condition

u(x, y, z, 0) = exp(−20((x − �)2 + (y − �)2 + (z − �)2)), (8.9.3)

subject to the boundary conditions set at the extremes of computational domain
(x, y, z) ∈ [0, L]3.

In Figs. 8.69 and 8.70, we observed different dynamics for the focusing and
defocussing cases. We perform series of numerical simulations of the fractional
Schrödinger equation (8.8.1) in 3D with a time step size of k = 0.05 and space step



8.9 Numerical Experiments 323

Fig. 8.69 Focussing case: Showing the 3D distribution of function |u(x, y, z, t)| for Schrödinger
Eq. (8.8.1) at β = 1.3, � = 2 with harmonic potential P(x, y, z) = 0.5(x2 + y2 + z2), for various
α in the interval 0 < α < 2 and final time t = 10

size hx = hy = hz = 1.25 and harmonic potential V (x, y, z) = 0.5(x2 + y2 + z2).
We keep � = 2, L = 20,β = ±1.3, t = 10 and vary α in the interval 0 < α ≤ 2.
In the focusing case (Fig. 8.69) in the subinterval 0 < α ≤ 0.5, we observed that
the wave function |u(x, y, z, t)| gives rise to chaotic patterns, and spreads from the
origin along the axes (x, y, z) ∈ [0, L]3. But as α is increasing say from 0.5 to 1.55
in the interval 0.5 < α ≤ 1.55, the waves evolve to form some familiar patterns
such as star-like, dice-like or diamond shape. At 1.55 < α ≤ 2, the wave function
oscillates into a more chaotic structure. The structure formed for the defocussing
case in Fig. 8.70 is assumed to have more interpretations and usage in physics and
engineering, more complex (connector-like) structures emerge as the value of α is
increasing.
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Fig. 8.70 Defocussing 3D scenario for β = −1.3, � = 2 showing spatiotemporal and chaotic evo-
lutions of (8.8.1) with harmonic potential P(x, y, z) = 0.5(x2 + y2 + z2), for different α in the
interval 0 < α ≤ 2
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