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Preface 

A thorough understanding of and an ability to solve ordinary differential 
equations are essential cornerstones in most areas of mathematical science: 
from applied mathematics to physics, from engineering to biosciences. This 
book aims to provide a solid foundation for the reader who wishes to solve 
problems in the mathematical and applied sciences that can be expressed in 
terms of ordinary differential equations or through the calculus of variations. 
We approach the study of ordinary differential equations from two directions. 
Firstly, there is, in the more traditional setting, the provision of solution 
techniques for various types of ordinary differential equations; and secondly, 
we give a practical and more modern approach to mathematical modelling 
leading to ordinary differential equations. 

The text presents ordinary differential equations and calculus of varia­
tions (a topic intimately connected to differential equations) from an applied 
perspective. The book is based on the lecture notes compiled by the authors 
for the undergraduate course Mathematical Methods taken in the third year 
of the honours mathematics programme at the Department of Mathematics, 
University of Glasgow. This course was introduced in the academic year 
1994/95 and comprises 25 lectures and 10 tutorials. Like the original lecture 
notes, the present book aims to provide a self-contained and solid introduc­
tion into ordinary differential equations and their applications. Needless to 
add, the theory and practice of ordinary differential equations is a vast topic 
in mathematical science. Even a cursory glance at the shelves of any uni­
versity library will produce dozens of treatments of this topic in one form or 
another . 1 The material covered in the book is suitable for undergraduates 

'While we do not find it necessary to provide a separate list of references, special 
mention is given to two textbooks that proved very valuable during the assembly of the 
original materials: W Ε Boyce and R C DiPrima, Elementary Differential Equations and 
Boundary Value Problems (John Wiley, New York, 6th edition, 1997) and L Ε Elsgolc, 
Calculus of Variations (Pergamon Press, Oxford, 1961). For those readers who wish to 
revise some of the basic preliminaries of our book we refer to the excellent C McGregor, 
J Nimmo and W Stothers, Fundamentals of University Mathematics (Albion Publishing, 
Chichester, 1994). 
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(from their second year at a university onwards) and graduate students of ap­
plied mathematics, physics, engineering, chemistry and biosciences. Because 
of the way it was developed, the book lends itself naturally to a course span­
ning 20-25 lectures during a term or semester. It provides a spring-board 
for advanced study and research in the applied mathematical sciences. 

The book is structured into ten chapters that develop the theme of ordi­
nary differential equations of first, of second and of higher order plus detailed 
applicational aspects that arise with these equations. Boundary value prob­
lems and calculus of variations round off the main part of the text. An 
important feature for students and other readers is the wide variety of ex­
amples. There are many worked examples embedded directly into the text 
and each chapter is supplemented by a section containing additional tutorial 
examples. Extended solutions to these tutorial examples are given in an ap­
pendix. A second appendix specifies a small number of projects. These are 
more complex than the tutorial examples and will therefore require a longer 
period of effort through self-study or group work. 

We are grateful to our colleagues in the Department of Mathematics for 
the many helpful suggestions they have made concerning various aspects of 
this textbook. In particular, we thank Chris Athorne and Frances Goldman 
for their interest in general and for bringing a number of inconsistencies 
to our attention. Invaluable help with ΙΑΤβΧ was provided by Jonathan 
J C Nimmo and Colin M McGregor, and we also acknowledge some typing 
assistance by Arlene Β Anderson. Thanks are also due to Eva Karin Grâberg, 
S Ο Hansen and Akhlesh Lakhtakia for their personal support and advice 
and to David S G Stirling for helpful comments. Finally, we express our 
sincere thanks for the continuous encouragement and trust in this project 
which we have received from Ellis Horwood MBE, our publisher. 

As one approaches the completion of a book project such as this, one 
comes to realizes that there is always room for improvement; tha t a certain 
topic can be explained or presented just slightly more advantageously than 
has been done before. In that sense we are only too happy to encourage 
interested readers to contact us with constructive ideas on improving the 
text. For that purpose our contact details are as follows: 

Department of Mathematics, University of Glasgow, 
University Gardens, Glasgow G12 8QW, Great Britain. 
Telephone: + 44 - (0)141 - 330 5176; fax: + 44 - (0)141 - 330 4111; 
email: werner@maths.gla.ac.uk (WSW) and kal@maths.gla.ac.uk (KAL). 

Werner S Weiglhofer &; Kenneth A Lindsay 
Glasgow, December 1998 

mailto:werner@maths.gla.ac.uk
mailto:kal@maths.gla.ac.uk
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Differential Equations of First Order 

1.1 GENERAL INTRODUCTION 
A general differential equation of first order is an expression of the type 

F(x,y,y')=0. (1.1) 

Therein, χ is the i n d e p e n d e n t variable, y is the d e p e n d e n t variable and 
y'{x) — dy/dx is the derivative of y with respect to x. Some general func­
tional dependency is symbolized by F permitt ing explicit as well as implicit 
representation of the differential equation. The general so lu t ion of (1.1), 
or general integral , is 

f(x,y,C) = 0 (1.2) 

where C is an arbitrary integrat ion constant . 
There is a simple geometric interpretation of the aforementioned equa­

tions in terms of curves in the x-y plane: (1.1) gives the gradient (explicitly 
or implicitly) to the curve at every point (x,y) and (1.2) provides an unlim­
ited number of curves that fulfil (1.1). 

To single out one part icular so lut ion of the general solution (1.2), an 
init ial condi t ion (so called because the independent variable often signifies 
time) is needed, say 

y{xo) = Vo- (1-3) 

The differential equation (1.1) and the initial condition (1.3) define an init ial 
va lue problem. When the initial condition (1.3) is substi tuted into (1.2), 
the arbitrary integration constant C can be calculated from 

/ (xo ,yo ,C) = 0 . (1.4) 

The solution y(x) = 0 is called the trivial so lut ion. 

�� �� �� �� ��



2 Differential Equat ions of First Order [Ch. 1 

The goal of the present introductory chapter is to solve (1.1) for vari­
ous forms of functional dependence F, with and without prescribed initial 
conditions. 

1.2 S E P A R A B L E E Q U A T I O N S 

Equations of the type 
y' = g(x)h(y) (1.5) 

are called separable (g and h are assumed to be real-valued functions) and 
have general solution given by 1 

lwrl9(x)dx- (1-6) 

To find a particular solution satisfying y{xo) = yo, it is sufficient to integrate 
(1.6) and then determine the arbitrary integration constant from the initial 
condition. Alternatively, the particular solution can be obtained without 
recourse to the general solution by simply rewriting (1.6) in the definite 
integral form 

Jyo h{z) Jxo 

where ζ and t are dummy variables. 

E x a m p l e 1.1 Find the general solution of y' = 3x2e~y and the particular 
solution for which y = 0 at χ = 0. 

Solut ion 1.1 From formula (1.6), 

Jey dy = J3x2 dx —> ey = x3 + C 

and therefore 
y{x) = ln(x 3 + C) 

is the general solution. The initial condition is fulfilled if 0 = ln(0 + C), 
implying C = 1. The particular solution is then 

y = \n(x3 + 1) . 

The direct approach to obtain the particular solution gives 

Γ ez dz = Γ 3 ί 2 dt —> ey - 1 = x3 

Jo Jo 
which is identical to the result obtained previously. • 

' W e shall use the nota t ions J f(x)dx and f* f(s)ds interchangeably for indefinite 
integrals. 

�� �� �� �� ��



Sec. 1.3] H o m o g e n e o u s equat ions 3 

1.3 H O M O G E N E O U S E Q U A T I O N S 

A differential equation 

P(x,y) + Q(x,y)y' = 0 (1.8) 

is called h o m o g e n e o u s 2 if the functions Ρ and Q are homogeneous of degree 
m, i.e., 

P{x, vx) = xmR(v), Q{x, vx) = xmS(v). (1.9) 

Such an equation is solved by the substitution y(x) = xv(x) where ν is a 
new dependent variable. Since y' = ν + χυ', then the substitution of y = xv 
into (1.8), bearing in mind (1.9), gives 

R{v) + S(v)(v + xv') = 0 —> v' = - -

x 

This equation is now separable and one obtains 

dv 

R(v) 
(1.10) 

/ 

S(v). 

= -\nx + C. (1.11) 
[v + R{v)/S{v)} 

E x a m p l e 1.2 Solve x2 — y2 + 2xyy' ~ 0. 

Solut ion 1.2 The differential equation is easily recognized to be of ho­
mogeneous type with R{v) = 1 — v2 and S(v) = 2v. Prom (1.10), the 
substi tution y = xv now leads to 

(1 - ν2) + 2v{v + xv') = 0 —> 1 + v2 + 2xvv' = 0 
2ιιν' 1 

> 1 η ( 1 + υ 2 ) = - l n x + C —> (1 + v2)x = A 1 + ν2 χ 

where A is another arbitrary integration constant . 3 Replacing ν by y fx gives 
the general solution 

x2 + y2 = Ax 

which can be rewritten in the form 

{x - Bf + y2 = B2. 

Thus the general solution represents circles with centres on the χ axis and 
which touch the y axis at the origin (for 5 = 0 the solution degenerates into 
the point χ = y = 0.) • 

2 T h e reader should be aware that the term homogeneous will also be used with a 
different meaning later in the book. 

3 T h i s is a frequently employed trick to make solutions of differential equations look 
tidier. If C is an arbitrary constant, any multiple or power or, in general, any function of 
C is just another arbitrary constant and can be renamed accordingly. 
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4 Differential Equat ions of First Order [Ch. 1 

1.4 E X A C T E Q U A T I O N S 

Let u(x, y) be an arbitrary function of χ and y such that 

u(x,y) = C (1.12) 

defines a curve in the χ — y plane. The to ta l derivat ive of (1.12) yields 

jr + 7rir = 0 ("3> 
ox ay ax 

where du/dx and du/dy are the partial derivat ives of u with respect to 
χ and y respectively. Now take a differential equation of the form 

P(x,y) + Q(x,y)y' = 0 (1.14) 

or, equivalently, P(x,y)dx + Q(x,y)dy = 0. Equation (1.14) is said to be 
exact , if there exists a function u(x,y) such that 

j ^ , , ) „(,,„). *Ê|Jà, ( i . i5 ) 

that is, equation (1.14) assumes the form (1.13). It therefore follows from 
the interchangeability of the order of partial differentiation that a necessary 
condition for (1.14) to be exact is that 

dP(x,y) dQ(x,y) 

dy dx 
(1.16) 

Solut ion recipe. If (1.14) is exact, integrate one of the equations in (1.15), 
for example the first one with respect to x, and get 

u(x, y) = J P(x, y) dx + <b(y) = S{x, y) + φ(ν) (1.17) 

where instead of an integration constant, an arbitrary function </>(?/) arises 
upon integration with respect to x. But the second of equations (1.15) 
demands that Q = du/dy. From (1.17) it therefore follows that 

du{x,y) dS{x,y) , 
Q(X'V)= d y = d y +Φ(ν)· (1-18) 

In the last relation Q(x,y) and S(x,y) are known; this allows calculation of 
Φ(ν) by quadrature, completing the general solution in the form (1.12). 
Direc t so lut ion. Less obvious, but nevertheless true, is the fact that if Ρ 
and Q satisfy condition (1.16), then the existence of u in (1.15) is guaranteed. 
Consider the function 

u(x,y)= [ P(z,y)dz+ Γ Q{x0,z)dz (1.19) 
Jxo Jyo 

�� �� �� �� ��



Sec. 1.4] Exact equat ions 5 

where y(xo) = yo is the initial condition for (1.14). We have 

— = P{x,y), —= K dz + Q{x0,y). 
ox dy Jxo dy 

However, if Ρ and Q satisfy condition (1.16) then 

f dz + Q ( x 0 , y) = f dz + Q(x0, y) = Q(x, y). 
Jxo dy JX0 dz 

The particular solution of (1.14) is now seen to be u(x,y) = ix(xn,yo) = 0. 
Thus property (1.16) is a necessary and sufficient condition for exactness of 
(1.14). Equation (1.19) actually provides an explicit formula for the general 
solution u(x,y) = C by interpreting χ υ and yo as arbitrary. 

R e m a r k s 1.1 In the above calculation we have made use of the funda­
m e n t a l t h e o r e m of calculus, namely 

±J*f(z)dz = f(x). Δ 

E x a m p l e 1.3 Solve 

2y(s - 1 ) . . , 
y 2 + l 

Solut ion 1.3 Partial differentiation leads to 

dP 2y dQ 2y 

I n ^ + l H ^ f r ^ y ^ O . 

dy y 2 + 1 ' dx y2 + 1 

so the criterion for exactness is fulfilled. Then 

u ( i , y) = j ln(y 2 + 1) dx + φ{ν) = x ln(y 2 + 1) + φ{ν). 

Further, 

2y(x - 1) _ 2xy , ^,, Λ , , , _ Λ _ 2y 
+ Φ'(υ) —> Φ'(ν) = -

y2 + l y2 + l ' ™ ' ' ψ™>- y2 + l 

which can be integrated and we obtain 

<f>(y) = - ln(y 2 + 1) . 

The general solution is therefore 

(χ - 1) ln(y 2 + 1) = C. 

Formula (1.19) gives the same result directly. • 

�� �� �� �� ��



6 Differential Equat ions of First Order [Ch. 1 

1.5 I N T E G R A T I N G F A C T O R S 

If P(x,y) + Q(x,y)y' = 0 is not an exact equation, a factor μ{χ,ν) exists 
such that 

μ{χ, y)P{x, y) + μ(χ, y)Q{x, y)y' = 0 (1.20) 

is exact. The exactness criterion (1.16) for μΡ + μQy' = 0 works out as 

dy dx dy dx ' \ dy dx 

This differential equation is even more complicated than the original one, 
and worse still, it is a partial differential equation. However any solution, 
including a guessed solution, will provide an integrat ing factor. 

E x a m p l e 1.4 Solve y — x y' = 0. 

Solut ion 1.4 Clearly, the equation is not exact. Using (1.21), any inte­
grating factor satisfies 

w ^ + 3 ^ + 2 ( i ( i y ) = 0 

It is verified easily that this equation has a solution μ(χ) = I fx2 that is a 
function of a; only. By symmetry, /i(y) = 1/y2 is an integrating factor that 
depends on y only. Less obvious is the observation that μ(χ^) = l/(xy) is 
also an integrating factor of the original equation. Try all of these integrating 
factors for yourself and see that each leads to an exact differential equation 
with solution y = Cx. Of course, this differential equation could also have 
been treated as separable. • 

1.6 L I N E A R E Q U A T I O N S 

Let p(x) and q(x) be two given functions of x, then 

y'{x)+p(x)y(x)=q(x) (1.22) 

is called a l inear differential equation. When (1.22) is multiplied by the 
integrating factor μ(χ) = efp^dx, it can be written as the separable equation 

μ(χ)ν{χ) = μ{χ^{χ) 

which leads to the general solution by quadrature (i.e., by direct integra­
tion) 

μ{χ)ν{χ) = J M(s)ç(s)ds. (1.23) 

�� �� �� �� ��



Sec. 1.6] Linear equat ions 7 

Another approach is provided by a method called variat ion of con­
s tant s (which will be encountered in more detail in Section 4.4). Let us 
first solve y' + p(x)y = 0 by separation of variables to obtain 

J γ = - Jp{x)dx —> Iny = -P(x) + C ,—y y = Ae~p^ 

where P(x) = / p(x) dx. We take a generalization of y = Ae~p^ by replac­
ing the constant A by an unknown function A(x) to get 

y{x) = A(x)e-pW . 

After substitution into (1.22) and some cancellation, A(x) is seen to satisfy 

A'e-pW = q{x) —• A{x) = j ep^q{x)dx. 

Finally, 

y(x) = e - p ( l > JX ep^q(s) ds (1.24) 

which is clearly identical to (1.23). 

E x a m p l e 1.5 Find the general solution of 

y — y tan χ = sin χ cos χ, 0 < χ < π/2. 

Solut ion 1.5 Since 

e / ( - t a n i ) < l x = e l n | c o s x | = | c o s a . | 

and cos a; φ 0 (in fact, it is positive for 0 < χ < π / 2 ) , then μ(χ) = cos χ is 
an integrating factor. Therefore 

/

ι ι 

cos 5 (sin s cos s)ds = — - cos 3 χ + C. 
Finally, the general solution is 

1 2 C 
y(x) = — cos χ Η . • 

3 cosx 

�� �� �� �� ��



8 Differential Equat ions of First Order [ Ch. 1 

This linear equation has the integrating factor x2 and thus 

z(x) = x~2 JX s2 ( - 4 0 s 2 ) de j - χ-2 ( - 8 x 5 + C ) = -Sx3 + 
C_ 

Finally, 
C „ Λ~ 1 / 4 

χ2 

1.8 R I C C A T I E Q U A T I O N 

The equation 
y'(x) = p{x)y2{x) + q{x)y{x) + r(x) (1.28) 

takes its name from the mathematician Riccat i . We note also that for 
r(x) = 0, the Riccati equation is a Bernoulli equation with η = 2. Riccati 

1.7 B E R N O U L L I E Q U A T I O N 

The Bernoul l i equation is a differential equation of the type 

y'(x)+p(x)y(x)=q(x)yn(x). (1-25) 

This equation is linear when η = 0 or η = 1 but non-linear otherwise. It 
can be solved by the substitution 

z = yl~n —> *' = ( l - n ) y - y (1.26) 

for a new dependent variable z. Substitution into (1.25) leads to 

z'{x) + (1 - n)p(x)z(x) = (1 - n)q(x) (1.27) 

which is now a linear equation for z(x) and can be solved accordingly. 

E x a m p l e 1.6 Solve the Bernoulli equation 

y' - Yx = W x 2 y 5 • 

Solut ion 1.6 The correct substitution is 

—4 . ' Λ —5 ι 

z = y —> ζ = - 4 y y 

which transforms the original differential equation into 
z' + - ζ = - 4 0 x 2 . 

χ �� �� �� �� ��



Sec. 1.9] Singular so lut ions 9 

equations can be integrated if a solution y(x) — yi(x) is known (and such a 
solution can often be guessed easily). The substitution 

!,(*)= ttto + J - j _ » y'{x) = y [ { x ) - ^ l (1.29) 

is then used to introduce a new dependent variable z. 

E x a m p l e 1.7 Solve the Riccati equation 2x2y' = (x — l ) ( y 2 — x2) + 2xy. 

Solut ion 1.7 We can see that y = χ and y = —χ are both solutions of 
the differential equation. The first choice y = χ defines the substitution 

1 ι 1 * ' 
y = x+- —> y = 1 — η ζ zL 

and the original Riccati equation becomes 

2x2{z + z) = 1 - χ 

which is linear and has the solution 
Cxe~x - 1 

Z = 2x • 
Thus 

fCxe~x-l\~l Cx2e~x+x x{Cx + ex) 
v — χ _|_ = —i L • 

y ^ 2x J Cxe~x - 1 Cx - ex 

1.9 S I N G U L A R S O L U T I O N S 

By choosing a value for the arbitrary constant C in the general solution 
(1.2), a particular solution of the differential equation is obtained. Solutions 
that are not accessible by this route are called s ingular so lut ions . 
E x a m p l e 1.8 Solve y' = 3xy1'3, y(0) = 0. 

Solut ion 1.8 Separation of the variables leads to the general solutions 

y = ±(x2 + cf/2 . 
From the initial condition, C = 0 and thus both y = x3 and y = —χ3 

are particular solutions. However, y = 0 is also a solution! This solution 
is not accessible to the separation of variables procedure which explicitly 
assumes that it is permissible to divide by y 1 / 3 , that is, y is at worst zero 
at discrete points and not over an interval of finite length. Thus this initial 
value problem has a non-unique solution. • 
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1.10 T U T O R I A L E X A M P L E S 1 

Find the general solution of the following first order ordinary differential 
equations. 

Τ 1.1 y' - y = sm2x. 

Τ 1.2 x2y' + xy + 1 = 0. 

Τ 1.3 y' + (1 - y 2 ) t a n x = 0. 

Τ 1.4 x{x2 - 6y 2 ) y' = 4y(x 2 + 3y 2 ) . 

Τ 1.5 (3a;2 + 4xy) + (2x2 + 3y 2 ) y' = 0. 

Τ 1.6 y2 + (xy + l) y' = 0. 

Τ 1.7 xy' = y + 2xy2. 

Τ 1.8 (a;2 + a)y' + 2y 2 - 3 iy - a = 0. 

Τ 1.9 (χ2 + l) y' - xy - x3 + x. 

Solve the following initial value problems. 

Τ 1.10 y ' + 2a;y = β - χ 2 , y(0) = 1. 

Τ 1.11 y' + (2/x)y = (cosx)/a; 2 , y(yr) = 0 (x > 0). 

Τ 1.12 y'-xy/2 = xyb, y(0) = a. 

Τ 1.13 x2y- {x3 + a y 3 ) y ' = 0 , y(0) = 1. 

Τ 1.14 y ' - 2 y = x 2 e 2 1 , y(0) = 0. 

Τ 1.15 Solve the initial value problem 

{x-2y)y' = 2x-y, 3/(1) = 3 , 

find an explicit expression for y = y(x) and determine the range of x for 
which the solution is valid. 
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2 

Modelling Applications 

In this chapter we shall encounter a variety of different problems arising 
in applied mathematics, physics, engineering and bioscience. Our objective 
with these problems will be to formulate a simple mathematical model and 
solve it accordingly. 

2.1 N E W T O N ' S L A W O F C O O L I N G 

N e w t o n ' s Law of cool ing states that the rate of heat loss from the surface 
of an object is proportional to the difference in temperature between the 
object's surface and its environment. If the object is a very good conductor 
of heat (often true in practice) then the internal temperature of the body 
is effectively that of its surface. Under these conditions, Newton's Law of 
cooling claims that the rate of change in the temperature of an object is 
proportional to the difference in temperature between the object and its 
environment. Let T(t) and S(t) be the temperatures of the object and its 
environment at t ime t respectively. Newton's Law of cooling states that 

where the proportionality in the statement of the law has been changed to an 
equality by the introduction of a constant Â; (physical dimension: t i m e - 1 ) . 
Equation (2.1) is rewritten as 1 

' in this section and on many occasions thereafter we shall denote the independent 
variable by t, simply because in a significant number of applications the independent 
variable is time. Derivatives with respect to t are indicated by dots: f(t) — df(t)/dt, 

(2.1) 

T(t) + kT(t) = kS{t) (2.2) 

f(t) = d2f(t)/dt2. 
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12 Model l ing Appl icat ions [Ch. 2 

which is clearly a linear equation with integrating factor e and general 
solution t 

T{t) = e-kikj ekuS(u)du. (2.3) 

In order to obtain a particular solution of (2.2), consider the simple 
situation in which the temperature of the environment remains constant, 
i.e., S(t) = So- In this case, (2.3) integrates to 

T(t) = 5 0 ( 1 + Ae~ki) (2.4) 

for some integration constant A. The particular solution corresponding to 
the initial condition Τ (to) = Τη is 

T(t) = S0 + (T0 - S0)e-k^ . (2.5) 

Clearly, if 5n, TQ and k are all known, (2.5) can be used to calculate the 
temperature of the object for all times t. However, it often happens that 
the particular solution (2.5) is used to determine a parameter of the model 
from additionally provided information (from measurements, for example). 
Let us assume that k — which is a material parameter specific to a certain 
object — is unknown, but that So and To are known. The value of k can be 
determined with a further measurement of the temperature at some time ii 
(> ί 0 ) · Substitution of T(ti) - Τχ into (2.5) gives 

Τχ = S0 + (To - S 0 ) e - f c ( t l ^ o ) 

which can be solved for k to yield 

t\ — ίο ( τ ι — SO) ^ ^ 

R e m a r k s 2.1 When the proportionality of Newton's Law of cooling was 
turned into an equality in (2.1), a minus sign was used. From (2.6), it is 
apparent that this choice makes k > 0 when Τχ < To (the object cools). 
It is a common convention to define parameters which relate to physical 
properties as positive constants whenever possible. Δ 

E x a m p l e 2.1 A body at temperature 40°C is placed in a room at tem­
perature 20°C. It cools to 30°C in 10 minutes. What is the temperature of 
the body after 20 minutes? 

Solut ion 2.1 The parameters of the problem are identified as follows: at 
t0 = 0, T 0 = 40, So = 20 while at tx = 10, Τχ = 30. Therefore, from (2.6), 
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Sec. 2.2] Popula t ion d y n a m i c s 13 

Τ (°C) A 

Figure 2.1: The temperature Γ as a function of time t for the 
cooling problem of Example 2.1. 

where k is measured in min l . Substitution in (2.5) gives 

T(t) = 20 1 + e - ( < / 1 0 ) l n 2 = 20 ( l + 2 - < / 1 0 ) 

and so 
T(20) = 20 ( l + 2 " 2 ) = 20 j = 25 . 

The temperature after 20 minutes is therefore 25°C. This solution is shown 
in Figure 2.1. 

It is apparent from Figure 2.1 that T(t) ->· So as t -> oo, i.e., the 
temperature of the body approaches that of the environment. • 

2.2 P O P U L A T I O N D Y N A M I C S 

In this section we shall study some simple models for the g r o w t h or dec l ine 
of populations. 

M a l t h u s i a n m o d e l 

One of the earliest models for the dynamic change of populations was intro­
duced by Thomas Malthus. Let P(t) be the population at t ime t evolving 
in an environment in which resources are unlimited. In this case, a simple 
model of population growth/decline assumes that the rate of change of the 
population is proportional to the population itself. This proportionality can 
be expressed by the differential equation 

(2.7) 
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14 Model l ing Appl icat ions [Ch. 2 

where the proportionality constant k (with physical dimension t i m e - 1 ) is the 
difference between the birth rate and death rate of the population. Equa­
tion (2.7) is a linear and separable equation. The particular solution for 
which Ρ(t0) = Po is 

P(t) = Po β**4"4»). (2.8) 

Equation (2.8) permits three situations in the limit t —» oo which depend 
on the constant k: Ρ —» 0 for k < 0 (the population dies out because there 
are more deaths than births), Ρ —» oo for k > 0 (the population grows 
exponentially because there are more births than deaths) and the solution 
Ρ = Po for all times when k = 0 (a static population where birth rate equals 
death rate exactly). 

T h e logist ic m o d e l 

To refine the Malthusian model of population growth, consider what happens 
if resources are limited. Suppose now that M is the maximum sustainable 
population. Such behaviour can be modelled by requiring that the factor k 
in (2.7) is no longer constant but depends on the population itself, say, in 
the form 

k(P)=r(M-P), r>0. 

Thus, instead of (2.7), the population P(t) satisfies the differential equation 

dP(t) 
dt 

= r[M - P(t)]P(t). (2.9) 

This mathematical model is known as the logistic model of population growth 
and the differential equation (2.9) is known as the logist ic equat ion. In 
Figure 2.2a we show dP/dt for the Malthusian and the logistic model respec­
tively. 

The logistic equation can be treated as either a separable equation or an 
equation of Bernoulli type. Using a partial fraction decompos i t i on , the 
differential equation can be re-expressed in the form 

i . a + - i _ ^ . r . 
M VP Μ - Ρ dt 

Integration yields 

In Ρ - ln (M - P) = rMt + C —• — = AerMt. 
Μ - Ρ 

The integration constant A follows from the initial condition Ρ = Po at t = to 
and is A = P 0 e ~ r M < 0 / ( M - P 0 ) . Expressing P(t) explicitly leads — after 
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>» 

ίο * 

Figure 2.2: Properties of population models, (a) dP/dt versus Ρ 
for linear growth (Malthusian model, dashed line) and quadratic 
growth (logistic model, full line), (b) Population Ρ versus time t 
for the logistic model for two values of the initial population Po: 
Poi > M (dashed line), P02 < M (full line) as per (2.10). 

some simple rearrangements — to the particular solution 

P { T ) = PQ + ( M - P0°)e-rmt-t0) • ( 2 · 1 0 ) 

This function is shown in Figure 2.2b for two initial values Poi > M and 
P 0 2 < M . 

(a) 
dP A 

dt 
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T h e G o m p e r t z law 

Living organisms provide one of the best examples of populations. Often nei­
ther the Malthusian nor logistic models of population growth are appropriate 
for biological organisms. One such model assumes that cell populations P(t) 
evolve according to the G o m p e r t z equat ion 

dP 
^- = {a-b\nP)P. (2.11) 
dt 

With a and b both positive numbers, it is clear that this model predicts 
a maximum population size of ealb. The law (2.11) was first proposed by 
Gompertz in the 19th century as a model for the force of human mortal­
ity, μ( ί ) , at age t. It was intended to reflect more accurately the increasing 
risk of death as individuals aged but still remain sufficiently tractable to en­
able numerous actuarial calculations to be done analytically. To be specific, 
Gompertz proposed the formula 

μ(ί) = Aect (2.12) 

where A and c are positive constants. Clearly In μ = In A + ê and therefore 

= (In c)c* = ( Ι η μ - Ι η Α ) Ι η ο 
μ dt 

which may in turn be re-expressed as 

^ = [(In c) (In μ) - (1ηΛ)(1ηο)1 μ. (2.13) 
dt L J 

Thus μ, the force of mortality at age t, is seen to fulfil a differential equation 
of type (2.11) (provided 0 < c < 1 and A > 1), although Gompertz did not 
directly propose that μ should satisfy a differential equation. 

Solutions of (2.11) are obtained by changing the dependent variable from 
Ρ to φ — In P. Thereby it is seen that φ satisfies the linear equation 

^ = α-άφ. (2.14) 

Solutions to the Gompertz equation are explored in more detail in Tutorial 
example Τ 2.4. 

2.3 S I M P L E M O T I O N F R O M N E W T O N ' S S E C O N D L A W 

N e w t o n ' s Second Law states that the rate of change of the momentum 
of an object (or a particle) equals all external forces acting on that object, 
tha t is, 

d~dt = F e x t ( 2 ' 1 5 ) 
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Sec. 2.3] S imple m o t i o n from N e w t o n ' s Second Law 17 

where ρ is the m o m e n t u m and F e x t contains all the external forces. In 
non-relativistic mechanics the momentum of a particle can be written as 

p = mv (2.16) 

where m is its mass and ν is its velocity. It is important to realize that 
momentum is a vector quantity. For the purposes of this book, however, 
we shall often confine ourselves to one-dimensional motion. In this case, 
momentum and velocity are algebraic (they have magnitude and sign). 

R e m a r k s 2.2 One-dimensional motion can be described by 

position : χ = x(t) 

velocity : v(t) = dx/dt — χ 

acceleration : a(t) = dv/dt — ν = d2x/dt2 = χ . 

We also remark that the term speed refers to the absolute value of the ve­
locity: \v\ = \Jx2 + y2. Δ 

Wi th these preparations, the one-dimensional motion of a solid body 
influenced by gravi ty and air res i s tance is now studied. As discussed, 
define v(t) to be the velocity of the body at time t. Gravity is assumed to be 
a constant external force. Let the coordinate system be chosen such that the 
force of gravity acts in the negative χ direction. In this instance Fë = —mg 
where g — 9.81 m / s 2 is the gravitational acceleration. Air resistance can 
often be modelled as an external force whose magnitude is proportional to 
a power of the speed but which acts in the opposite direction to v, tha t is, 

F r e s = -k\v\n~l V . (2.17) 

The actual physical dimension of the constant k > 0 depends on the value 
of n. For a linear power law (n = 1) for the air resistance, Newton's Second 
Law states 

- ( m t ) ) = Fg + FTes = —mg — mkv . (2.18) 

Note that the proportionality in the air resistance term has been re-expressed 
in (2.18) by —mkv instead of, as suggested by (2.17), — kv so that mass m 
can be cancelled conveniently from the whole equation. Consequently, the 
physical dimension of k is now t i m e - 1 . The initial value problem is then 

— = - g - kv , v(t0) = VQ (2.19) 

�� �� �� �� ��



18 Model l ing Appl icat ions [Ch. 2 

Figure 2.3: Velocity ν as a function of time t as per (2.20). At 
time t* the body reaches the maximum height of its trajectory. 

where vo is the initial velocity. The particular solution is 

(2.20) 

While (2.20) is valid for all VQ, we shall now concentrate on VQ > 0 for which 
the velocity profile (2.20) is displayed in Figure 2.3. The time t* is defined 
as v(t*) = 0 and corresponds to a change in the sign of v; in other words, 
the rising motion of the object has come to an end and will be followed by 
its fall. It is straightforward to show from (2.20) that 

f = t 0 + I lnf l + ^ 
k V g 

(2.21) 

The position of the object with initial position x(to) = xo follows from 

x(t) = x0 + / v(s) ds = 
J t0 

1 - e - ^ - ' o ) g 
- - - J (ί - to) • (2-22) 

The maximum height x m a x which is reached at t = t* is 

= x(t*) = x0 + 
vo-g{t* - 1 0 ) 

k 
(2.23) 

It is apparent from (2.20) and Figure 2.3 that v(t) —> — g/k as t —>• oo. The 
velocity g/k is called the t erminal veloci ty . Note also that the rate of 
change of v, i.e., the acceleration itself, approaches zero as t —> oo. 
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2.4 C U R V E S O F P U R S U I T 

At time t = 0, a fox at F(a, 0) spots at the origin R(0,0) a rabbit running 
at a constant speed υ in the positive y direction. The fox runs at constant 
speed w in a pa th that is always directed at the rabbit. What is the fox's 
pa th and where (if at all) does the fox catch the rabbit? 

Let y — y (χ) be the path of the fox. Since the fox always runs towards 
the rabbit , then, as shown in Figure 2.4, the tangent to the fox's pa th at any 
t ime intersects the y axis at the position of the rabbit. Thus 

, -(vt - y) y-vt 
y - -

Χ Χ 
or 

xy'(x) = y(x) - vt. (2.24) 

This differential equation is not yet in a form in which it can be solved for 
y(x) because it contains time t explicitly (essentially because the problem 
describes two-dimensional motion). More information is required. The dis­
tance s run by the fox may be expressed in terms of the arc l e n g t h of its 
pa th by 

wt = j ds = J yjl + y'2 dx 

where ds is the infinitesimal arc length. Thus 

t= - Γ yjl + y'^dx. (2.25) 

Figure 2.4: Geometry of the pursuit problem. The initial positions 
of the fox and the rabbit are at F(a,0) and R(0,0) respectively. 
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This expression is now used to eliminate t from (2.24) to obtain 

xy'-y = -—f Jl + y'2dx. 
VJ J χ V 

(2.26) 

The last expression looks even less like a standard differential equation. In­
deed, it is called an integro—differential equation because it contains a 
mixture of integrals and derivatives involving the unknown function. How­
ever, on differentiating both sides with respect to χ and using the funda­
mental theorem of calculus from Remarks 1.1 it follows that 

xy w v + y (2.27) 

This is a conventional differential equation of second order. 2 

R e m a r k s 2.3 A differential equation of second order in which the de­
pendent variable y does not explicitly appear, i.e., F[x,y',y"] = 0, can be 
reduced to a first order equation by using ρ = y' as a new dependent vari­
able. The new form F[x,p,p'] = 0 is recognized as the general first order 
equation (1.1) which can be solved for p. The original unknown y is then 
determined by quadrature as y = J pdx. Δ 

Now let p = y' and p' = y" in (2.27), then 

xp' = — v/ l+p 2 . 
w v 

This equation is separable with general solution 

v/w 

(2.28) 

(2.29) 

The particular solution for which y ' = p = 0 a t a ; = a (see the geometry of 
the starting configuration in Figure 2.4) is 

dy_ 
dx ρ 

x\vlw 

a, 

-v/w 

(2.30) 

The path y(x) is now obtained by quadrature. If the fox runs faster than 
the rabbit (i.e. w > v) then 

y fa) = g 
(x/a)l+v/w _ (xla)l-vlw 

1 + v/w 1 — v/w 
(2.31) 

d i f f e r e n t i a l equat ions of second order will be t rea ted in detail in Chap te r s 3-6. 
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The integration constant Β follows from the condition y (a) = 0 (the fox's 
start ing point) and leads to Β — avw/(w2 — υ 2 ) . Thus, the fox catches the 
rabbit where its pa th intersects the y axis, i.e., where χ = 0. From (2.31) 
this occurs where 

viO> = -f!=V (2.32) 

Thus the fox catches the rabbit at position y(0) after aw/(w2 — v2) units of 
t ime. 

R e m a r k s 2.4 Another way to solve (2.28) is by using the substitution 
ρ = sinh ζ. This yields 

ρ = sinh (J-Inx + C^j —> ρ = ^ [{Ax)v/w - (Ax)' •v/w 

where A and C are integration constants and we have used the definition of 
sinh in terms of exponential functions. The 'initial' condition ρ = 0 at χ — a 
leads again to (2.30). Δ 

2.5 S I M P L E E L E C T R I C A L C I R C U I T S 

Simple e lectrical c ircuits consist of an arrangement of various electrical 
elements such as, for example, a source of electromotive force — often a 
bat tery — and resistors, inductors and capacitors. The basic quantity is 
the e lectrical charge Q. The e lectrical current flowing in a circuit is 
denoted by / and is derived from Q via 

Πν = ά-ψ. (2-33) 

Current is therefore the rate of flow of charge. Circuit elements experience 
potential drops/differences denoted by U (electrical vo l tage) . Table 2.1 
lists simple circuit elements we shall be dealing with and describes their 
propert ies. 3 

The behaviour of electrical circuits is based on Kirchhoff 's Laws. There 
are two laws, the first of which simply states that current is conserved at 
any junction (point at which wires connect). The method of loop currents 
introduces dependent variables in such a way that Kirchhoff's First Law is 
satisfied automatically. It is therefore the second of Kirchhoff's Laws that 
provides the differential equations. Here Kirchhoff's Second Law is expressed 

3 T h e reader should be aware that in problems involving electrical circuits that contain 
capacitors, the symbol C is used for the capacitance and not, as elsewhere in the book, as 
the standard symbol for an integration constant. 
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circuit element voltage difference parameter 

electromotive force U 
resistor UR = RI resistance R 
inductor UL = L(dl/dt) inductance L 
capacitor UC = QIC capacitance C 

Table 2.1: Elements of simple electrical circuits. 

in the following way: the applied electromotive force in any closed circuit 
balances all the voltage drops in that circuit (in other words: the sum of all 
voltage drops — with the electromotive force considered of opposite sign — 
around a closed circuit is zero). 

As an example, consider now a circuit consisting of an electromotive force 
of strength U(t), a resistor of resistance R and an inductor of inductance L 
as shown in Figure 2.5a. Applying Kirchhoff's Second Law to this circuit 
gives 

U(t) = UR(t) + UL(t) (2.34) 

which, upon use of Table 2.1, becomes 

U{t) = RI + L^-. (2.35) 
dt 

This equation is linear in I and has solution 

I(t) = / eW^s U{s) ds . (2.36) 

Two simple scenarios are now investigated. 
N o vo l tage source . Assume U(t) = 0 but a current 1(0) — In is flowing 
initially. In this case, 

I{t) = I 0 e - W L ) t . (2.37) 

The initial current decays exponentially. 
A d ischarging battery . A battery whose voltage output decays according 
to U(t) — Uoe~at is connected to this circuit in which no initial current 
flows, i.e., 7(0) = 0. In this case, 

„-(R/L)t r t 
I(t) = — - / C/o e~as eWL> ds . 

L Jo 
Performing the integration yields the result 

I(t) = — \ e - a t - e-WL» I . (2.38) 
i t — aL t J 
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(a) 

ι niïw 

t 

Figure 2.5: A simple electrical circuit, (a) Series circuit layout 
with electromotive force U(t), resistor R and inductor L. (b) 
Electrical current I as a function of time t for the two cases treated 
in the text: equations (2.37) (full line) and (2.38) (dashed line) 
where i/o, R, L, a all > 0. 

A graph of the electrical current for the two scenarios, as given by (2.37) 
and (2.38) respectively, can be seen in Figure 2.5b. 
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2.6 T U T O R I A L E X A M P L E S 2 

Τ 2.1 Rad ioac t ive decay and Carbon dating. Radioactive elements 
decay at a rate proportional to the amount present at any given time. Model 
this behaviour mathematically and solve the arising differential equation. 
Eliminate the constant of proportionality in favour of the half-life r defined 
as the time after which half of a given amount of the radioactive element 
has decayed. 

All organisms contain two isotopes of Carbon: the stable 1 2 C and the 
radioactive 1 4 C (half-life of approximately 5,580 years). While alive, the 
amount of 1 4 C in an organism is constantly replenished through inhaling, 
and so the ratio of the two Carbon isotopes remains constant. After death 
this ratio changes because 1 4 C decays and is not replenished. A fossil is 
unearthed and it is found that the amount of 1 4 C is 30% of what it would 
be for a living organism of similar size. How old is the fossil? 

Τ 2.2 Cool ing Law. Assume that the temperature of the environment is 
the periodic function 5(f) = So + bsinut, where So,b, ω are given constants. 
Discuss the solution for the temperature of a body with initial temperature 
T(0) = To placed into such an environment. What can be said about 

1. the time lag between the temperature of the object and the environ­
ment (emphasizing the two special cases ω/k <gi 1 and k/ω 1); 

2. the object's temperature for large times? 

Consider a real situation such as an oven in a room. What are the limitations 
of the cooling law as discussed in Section 2.1? How could the model be 
improved to make it more realistic? 

Τ 2.3 P o p u l a t i o n growth. Use the logistic model of population dyna­
mics from Section 2.2 to calculate the male population of Scotland in the year 
2000 under the assumption that the maximum sustainable male population 
is 2,550,000 with the following census data available: male population of 
Scotland in 1800: 739,000 and 1850: 1,376,000. 

Τ 2.4 T h e G o m p e r t z equat ion. The weight of a human evolves from 
birth to death in a way that may be modelled by the Gompertz equation 

If a human weighs W\ at age t\ and W 2 at age ί2> compute the ratio a/b. 
When Î2 = 2<i, deduce that 

dW 
~dT 

= ( a - M n W ) W , W(0) = Wo. 

Α 

b 
( I n W i ) 2 - (In Wo)(In W 2 ) 

l n [ W 2 / ( W 0 W 2 ) ] 
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Τ 2.5 Air res is tance . In Section 2.3 the motion of an object under the 
influence of gravity and air resistance was treated by assuming that the air 
resistance can be modelled as being proportional to the velocity itself (a 
linear relation). Often it is more realistic to assume that the air resistance 
is proportional to a higher (integer) power of the velocity. Can the equation 
of motion for the general case be solved? Analyse the quadratic problem in 
detail. Then, return to the general case and solve the differential equation 
by neglecting gravity and compare its solution with the result of the linear 
model. How do the solutions behave for small and large times respectively? 

Τ 2.6 I c e - h o c k e y . An ice-hockey puck of mass m is sliding along a 
horizontal plane of ice, the only force acting on the puck being the friction 
between the puck and the ice. Assuming that the frictional force at a certain 
time is inversely proportional to the square of the velocity at tha t time and 
opposes the motion, formulate the differential equation for the velocity of 
the puck from Newton's Second Law. Obtain the solution to the differential 
equation with initial condition v(0) — VQ. Determine the time t = t* after 
which the puck comes to a standstill and the distance d it has covered. 

In an experiment it is found that such a puck comes to a standstill after 
8 seconds during which it has moved a distance of 24 metres. Wha t was the 
initial velocity VQ of the puck? 

Τ 2.7 A mix ing problem. A reservoir of constant volume V (m 3 ) has 
an inlet admitt ing a constant flow, I ( m 3 / s ) , and an outlet through which 
the flow is the same I. At time t the reservoir contains pollutant P(t) 
(m 3 ) . Construct a simple model leading to a differential equation which 
describes the rate of change of pollutant in the reservoir if the pollutant 
concentration in the inlet is a function of time (make the assumption that 
the concentration of pollutant in the outflow is the same as in the reservoir). 
Find the general solution of the differential equation and discuss the two 
special cases where no pollutant flows into the reservoir at all and where the 
pollutant concentration in the inflow is a constant. 

Take V = 2 χ 10 6 m 3 , I = 2 m 3 / s and assume that the reservoir is 
originally free of pollution. Between to = 0 s and fi = 10 6 s a constant 
pollutant concentration of 10~ 4 is present in the inflow. Find the pollutant 
concentration in the reservoir for all times and sketch the result. 
[Hint: solve the differential equation separately for f < to, to < t < t\, t i < t 
and match the individual solutions at t = to and t = ίχ.] 

Τ 2.8 Curves of pursuit . Once again a fox at F(a, 0) spots a rabbit 
at the origin R(0,0). The rabbit runs in direction of the positive y-axis at 
speed v. The fox sets off in pursuit (speed w) always aiming directly for the 
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rabbit. Find and discuss the fox's path for the case where the fox does not 
run faster than the rabbit (w < v). For the case of equal velocity (w = v) 
find the closest distance between the fox and the rabbit. 

Τ 2.9 M o r e curves of pursuit . A research vessel is able to locate a 
whale on the ocean surface some 4 km away. The whale dives instantly and 
proceeds at full speed in an unknown direction. What path should the ship 
select to be certain of passing directly over the whale (at some time) if its 
velocity is 3 times that of the whale. 
[Hint: use polar coordinates r, θ and ds2 = dr2 + r2d92 to delineate the arc 
length. Also, suppose that the ship proceeds in the following way: initially, 
for a period of time in a straight line aimed directly at the point where the 
whale was spotted, and then in a curve described by r = r(6).] 

Τ 2.10 Electrical circuits . A closed circuit consists of an electromotive 
force (a battery) of voltage output U(t) connected in series to a capacitor of 
capacitance C and a resistor of resistance R. Model this circuit and solve the 
differential equation for the charge on the capacitor for each of the following 
problems. 

1. Assume that the capacitor is charged to Q = Qo at t ime t = to when 
the circuit is activated. Assuming that the circuit has no battery, 
explain what happens by interpreting the solution of the differential 
equation under these initial conditions. 

2. Assume that the capacitor is initially discharged, i.e., Q — 0 at time 
t = to when the circuit is activated. A battery of constant voltage 
output U — Uo is present. How long does it take until the capacitor is 
charged to half its maximum value? 

3. For the sinusoidal electromotive force U(t) = Uos'mujt, investigate the 
behaviour of the voltage at the capacitor. Discuss the solution. What 
happens as t —» oo? 
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3 

Linear Differential Equations of Second 
Order 

3.1 M E C H A N I C A L A N D E L E C T R I C A L S Y S T E M S 

Linear second order differential equations, particularly those with constant 
coefficients, occur widely in disciplines which use mathematics for modelling 
purposes. Probably the most common applications arise in the discussion of 
the concept of resonance which is usually produced by some external periodic 
input, for example, wind-inducing oscillations in a bridge or excessive rolling 
of ships due to wind and wave action. Of course, not all resonance effects 
are undesirable. For example, most radio and television receivers use tuned 
circuits. These are essentially resonators whose natural frequency can be 
adjusted. 

Consider a one-dimensional system whose deviation from its equilibrium 
position at time t is described by y(t) and whose motion is influenced by: 

• a restoring force directly proportional to y but in opposition to it 
(because it is a restoring influence); 

• a damping force directly proportional to y but opposing it; 

• an external driving force modelled by a known function f(t). 

In a typical mechanical system, y(t) is a displacement, damping is pro­
duced by dashpots/shock absorbers and restoring forces are due to spring­
like components within the system. In a fluid system, resistance is typically 
due to viscosity with restoring forces generated by buoyancy effects (due to 
gravity). 

The physical description of a mechanical model or a fluid model comes 
from Newton's Second Law (see Section 2.3) which asserts that the rate of 
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28 Linear Differential Equat ions of Second Order [ Ch. 3 

change of momentum of the system is equal to the sum of the applied forces. 
This leads naturally to the differential equation 1 

my = -by-ky + f{t) (3.1) 

where m is mass (assumed constant), b is the damping parameter, k is the 
spring/buoyancy parameter and f(t) is an external force. Both b and k 
are positive in realistic problems but, of course, the differential equation 
exists as a mathematical entity for all real (as well as complex) values of the 
constants. 

The primitive concept in electromagnetism 2 is electrical charge Q(t) 
(measured in Coulomb) and is formally equivalent to displacement in me­
chanics — all electrical entities are spawned from charge through differen­
tiation just as differentiation spawns mechanical entities from displacement. 
Electrical current I(t) (measured in Ampere) measures the flow or rate of 
change of charge and is formally equivalent to velocity in mechanics, that is, 
I(t) = Q(t). Electrical components which damp or dissipate charge are resis­
tors (commonly denoted by the symbol R). Just as springs store mechanical 
energy by virtue of displacement, capacitors (commonly denoted by the sym­
bol C) store electrical energy by virtue of charge. The electrical equivalent 
of mechanical force is called voltage difference (voltage is commonly denoted 
by the symbol U) — voltage difference is analogous to electrical force. The 
effect of inertia is provided by an inductor (commonly denoted by the sym­
bol L) and is the electrical equivalent of mass, see also Table 2.1. Just as 
Newton's Second Law states that externally applied forces are balanced by 
(d/dt) mv then Kirchhoff's Second Law (see also Section 2.5) states that the 
sum of all voltage drops around a closed circuit is zero. Applied to the LCR 
circuit shown in Figure 3.1 we therefore get 

LI(t) + RI(t) + ^ = U(t) (3.2) 

where L is the inductance, R is the resistance, C is the capacitance and 
U(t) is the electromotive force. Recalling I — Q, (3.2) is recognized as a 
differential equation of second order for the charge Q on the capacitor. 

3.2 G E N E R A L C O N S I D E R A T I O N S 

Both of the introductory examples of the previous section give rise to differ­
ential equations of the type 

y + 2ay + u2y = f(t) (3.3) 

' W e ment ioned previously t h a t such problems have in general vector character . 
2 See also Section 2 .5 . 
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ι ηπππη 
L 

Q)u(t) 

Figure 3.1: Electrical circuit connecting — in series — an electro­
motive force U(t), resistor R , capacitor C and inductor L . 

for a function y = y(t) and where α is a positive parameter related to system 
damping. If no external driving mechanism is present then f(t) = 0 and the 
corresponding differential equation is said to be h o m o g e n e o u s , otherwise 
it is i n h o m o g e n e o u s . Special attention will be devoted to second order 
linear differential equations with positive coefficients, but it is appropriate 
to begin with the more general equation 

where a and b are complex-valued constants. The differential equation (3.4) 
is a special case of the most general, linear, inhomogeneous, second order 
ordinary differential equation 

^ + a { t û + b { t ) y = f{t)- ( 3 · 5 ) 

Usually solutions of (3.5) are sought for t > to such that the conditions 

y(k) = yo, y {to) = yo (3.6) 

are satisfied where yo and yo are given constants. The equation (3.5) and 
conditions (3.6) specify an initial value p r o b l e m of second order. 

The general so lut ion of (3.5) can be written as the sum of two compo­
nents, tha t is, in the form 

y(t) = yc(t) + yP(t) (3.7) 
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The first component, y c (f) , is called the c o m p l e m e n t a r y funct ion and 
contains two arbitrary constants. It is the general solution of the homo­
geneous equation [f(t) = 0]. The second component, yp(t), is called the 
part icular integral and is any solution of the inhomogeneous equation. 3 

Complementary functions are often called transient so lut ions because in 
damped systems their role is to bridge the gap between initial conditions 
and any long-term solution induced by the presence of f{t). 

3.3 C O N S T A N T C O E F F I C I E N T S 

Consider first the homogeneous form of (3.5) with constant coefficients: 

y + ay + by = 0 (3.8) 

where a and b are complex-valued constants. Let y(t) — Aext where A and λ 
are complex numbers. It may be shown that the differentiation of complex-
valued exponents mirrors the result for real-valued exponents and therefore 
y = Xy and y = X2y. Hence 

y + ay + by = (λ 2 4- αλ + 6)y = 0 . 

For a non-trivial y, λ must therefore be a root of the quadratic 

λ 2 + αλ + 6 = 0 . (3.9) 

This polynomial is known as the auxi l iary equat ion. There are two cases 
to consider. 
Case 1: If a2 — 4b φ 0 then the auxiliary equation has two distinct complex 
roots λι and \i given by 

(3.10) 

and these in turn lead to the complementary function 

y(t) = AeXst + BeX2t (3.11) 

where A and Β are arbitrary integration constants. An important speciali­
zation occurs when a, b are real-valued. In this case, the roots of (3.9) must 

'Homogeneous equations have particular integral yp{t) = 0, and so when dealing with 
homogeneous equations, the subscript from y c is often omitted without ambiguity because 
the complementary function is the general solution. Note also the distinction between a 
particular integral and the particular solution, the latter arising from the general solution 
when the initial conditions are satisfied. 
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be complex conjugates of each other, i.e. λχ ) 2 = 7 ± ίδ (for some real values 
7 and δ), say, and we can see that (3.11) can be equivalently written as 

y{t) = e 7 t (C cos St + D sin St) (3.12) 

for some other arbitrary constants C, D. 
Case 2: If a 2 — 46 = 0 then the auxiliary equation has two equal roots 
λχ = λ 2 = —α/2. It would now appear that a solution is missing. However, 
it can be verified that if a2 — 46 = 0 then teXlt is also an independent solution 
of the differential equation and this in turn leads to the complementary 
function 

y(t) = {A + Bt)eXlt. (3.13) 

E x a m p l e 3.1 Find the complementary function of the second order equa­
tion y 4- Ay + 3y = 0. 

So lu t ion 3.1 The auxiliary equation is λ 2 + 4λ + 3 = (λ + 1)(λ + 3) = 0 
with roots λχ = - 1 and λ 2 = —3. These are distinct and lead to the 
complementary function 

y{t) = Ae'1 + Be~3t. • 

E x a m p l e 3.2 Find the complementary function of y + Ay + Ay = 0. 

Solut ion 3.2 The auxiliary equation is λ 2 4- 4λ + 4 = (λ 4- 2 ) 2 = 0 with 
roots λχ = λ 2 = —2. Thus the corresponding complementary function is 

y{t) = (A + Bt)e~2t. • 

E x a m p l e 3.3 Find the general solution of y — (1 — i)y — (2 — i)y = 0. 

So lu t ion 3.3 We have λ 2 - (1 - i)\ - 2 + i = (X + 1)(λ - 2 + t) = 0 
as the auxiliary equation with roots λχ = — 1 and λ 2 = 2 — i. Here the 
complementary function is 

y(t) = Ae~t + Be^-^ = Ae~l 4- Be2t(cost - t s i n i ) . • 

R e m a r k s 3.1 Formula (3.12) provided an alternative form for the com­
plementary function in the case of complex conjugate roots. An analogous 
procedure, for hyperbolic instead of trigonometric functions, can also be 
applied in the case of two real-valued roots λχ ) 2 = η ± ξ of the auxiliary 
equation. The complementary function 

y{t) = A e ^ ' + B e ^ ' 
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may then be rewritten as 

y{t) = e" 4 (Ccosh£f + £>sinh£f) 

by virtue of the definitions of the sinh and cosh functions. Δ 

Of course, there is an element of dishonesty in the solution process of this 
section in the sense that solutions to these equations are obtained without 
any integration whatsoever. Some loose ends to be tidied up are: 

• Is there an explanation for the special form of the solution (3.13) which 
arises when the auxiliary equation has a repeated root? 

• Is there a general method for solving inhomogeneous equations when 
a forcing term is present? 

• Forcing terms of type / ( f ) = P ( f ) e ^ s i n f or / ( f ) = P(t)ext cost, where 
P(f) is a polynomial in t, can be treated systematically without in­
tegration provided certain, somewhat obscure rules are obeyed, see 
Section 4.2. No other functions / ( f ) are amenable to this approach. 

3.4 S O L U T I O N O F T H E I N H O M O G E N E O U S E Q U A T I O N 

This section is directed at a more coherent (but also considerably more in­
volved) treatment of inhomogeneous second order differential equations with 
constant coefficients. The ideas can be extended to higher order equations. 
Consider the second order equation 

y(t) + ay(t) + by(t) = / ( f ) , f > f0 , (3.14) 

where a, b are complex-valued constants and / is an arbitrary function of f. 
Let \\ = a and \ 2 = β be the possibly complex-valued roots of the 

auxiliary equation λ 2 + αλ + b = 0 then, in terms of a and β, the differential 
equation assumes the form 

(!-)(!-*)-'<·> 
when written in operator notat ion. 4 Now define ζ — y — βy so that the 
original second order equation reduces to the two first order linear equations 

1 - 0 . - / ( 0 , (3.16) 
4 W h e n evaluating an operator equation of the type (3.15), one must remember that 

the differential operator d/dt acts on all functions of t to its right. 
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for y(t) and z(t). The two equations (3.16) form what is generally called a 
s y s t e m of first order differential equat ions (which will be treated in 
more detail in Chapter 8). In this particular case, (3.16) can be solved in 
sequence for ζ first and then for y. Clearly 

^e~at - aze'at = f(t)e~at —> d i ^ l = f(t) e~at 

and this integrates to 

z(t) = eat f \ e-asf{s)ds + Aeat. (3.17) 

where A is an arbitrary complex-valued constant. Once z(t) is known then 
y(t) can be determined by a further integration. The integrating factor in 
this case is β~βί and the equation for y(t) simplifies to 

d(ye^) 
dt 

Hence the final solution for y(t) is 

= e^-fi)t f e-asf(s) ds + Ae^W 
Jto 

y(t) = ββί f e ^ - f l " Γ e~asf(s) ds du + Αββι f e^~^u du + Cept (3.18) 
Jto Jto Jto 

where C is a second arbitrary complex-valued constant. It is now clear why 
the case a = β causes difficulty — it is because of the changing nature of 
e(a-p)u m £ n e integrand of (3.18). Each case is treated in turn. 
Case 1: α = β. In this situation, the previous expression for y simplifies to 

y(t) = e0t f Γ e~Psf(s) ds du + Αεβί f du + C<P% 

Jto J to Jto 

\u Γ e-0sf{s)dsX -ββί f ue-puf(u)du 
I Jt0 J i n Jto 1 ίο 

+ A e / J i ( i - i 0 ) + C e ^ 

[\u - t)e~Puf(u) du + Ate0t + (C - t0A)t 
Jt0 

= f (t-u)e0{t-u)f{u)du + {At + B)t 
Jtn 

)e<3t 

where integration by parts has been used. When the substi tution s = t — u 
is used to change the integration variable from u to s, the result is 

y(t) = (At + Β)εβί + Γ *° f(t - s)sePs ds. (3.19) 
Jo 
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Case 2: α φ β. In this case, the expression (3.18) for y becomes 

y(t) = S 
α-β 

fl
 6(α-β)η Γ e-«»f(s)dsdu + Affit 

J t0 Jt0 

t e^a'^u Γ e-asf{s) ds du + Deat + Εββί 

Jto Jto 

to 

where D and Ε are arbitrary constants. As in the previous case, the double 
integral is evaluated by parts to obtain 

lp(a-P)u nu I1 rt Λα-β)η 

—— / e-aaf(s)ds -e* -e-°»f(u)du. 
α- β Jto \ t o Jto α- β 

A similar effect can be achieved by change of order in the double integral. 
As a result, the general solution can now be expressed in the form 

rt e(a-fi)u _ (a-fi)t 

y(t) = -εβί --e-auf(u)du + Aeat +Βββι 

Jto α- β 
Pfit rt 

a — β Jt0 

fit 

= / ( e a ^ - eW-uî)f(u) du + Aeat + Be0t 

α- β Jto 

= ^ ~ £ t0(eas - ePa)f{t -s)du + Aeat + Βεβί. (3.20) 

Let Φ(λ , ί ) be defined by the integral 

rt—to 

then we see from (3.19), (3.20) that y + ay + by = f(t) has general solution 

Φ ( λ , ί ) = Γ t0e*sf(t-s) 
Jo 

ds (3.21) 

y(t) = 

{At + B)eat + a t , d*(X,t) 
d\ 

α = β, 

a — β 

(3.22) 

In the expressions (3.22), the terms comprising the complementary func­
tion, see equations (3.11) and (3.13), and the particular integral are readily 
recognizable. 

E x a m p l e 3.4 Find a particular integral of y + Ay + 3y = 2el for t > 0. 
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So lu t ion 3.4 The auxiliary equation is λ 2 + 4λ + 3 = (λ + 1)(λ + 3) = 0 
with roots a — — 1, β = — 3 and thus yc{t) = Ae~l + Be~3t. Hence 

ft r t Ρ ( λ - ι ) < _ ι 
Φ(λ, ί ) = / 2eXsé's ds = 2é / e ( A - 1 } i ds = 2e* — τ 

Jo Jo A — 1 

2 (ext - e«) 

The particular integral is 

Φ ( - Μ ) - Φ Η Μ ) _ ι r / t _ —A _ ι u _ 3Λ1 
( _ i ) _ ( _ 3 ) - 2 [ V e ; 2 v e ) • 

It is clear that the second and the last term in this expression are already 
constituents of the complementary function yc and so they can be ignored 
safely. A suitable particular integral is therefore 

y » ( < ) = 2 ( e t - 2 y 4 

Compare this with the standard approach in the method of undetermined 
coefficients (see Section 4.2) where Aê is pursued as a particular integral 
for a suitable choice of A. In this case, the current method is clearly more 
involved but both produce the same particular integral. • 

E x a m p l e 3.5 Find a particular integral for the inhomogeneous equation 
jj + y = t s in i valid in the interval t > 0. 

So lu t ion 3.5 Here the auxiliary equation is λ 2 + 1 = 0 with roots a = i, 
β = — i and thus yc(t) = Acosf 4- Bs'mt. In this case, a particular integral 
is 

= Φ Μ - Φ ( - Μ ) = ι Ç^s _ e - i S ) { t _ s ) s i n ( i _ s ) d s 

a — β li Jo 
1 fl 

= — / (2i sin s) (t — s) sin (t — s)ds 
2% Jo 

= / (t — s) sin s sin (t — s)ds 
Jo 
1 fl 

— ~ ι i (* — s ) s m s sin (i — s) + s sin (t — s) sin s ] ds 
2 Jo 
t fl t fl 

= - / sin s sin (t — s) ds = — - / [ cos t — cos(i — 2s)) ds 
2 Jo 4 Jo 

= - ^ ( f 2 c o s f - i s i n i ) . • 
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E x a m p l e 3.6 Find a particular integral for the inhomogeneous equation 
y — 2y + y = el valid in the interval t > 0. 

Solut ion 3.6 Here the auxiliary equation is (λ—l) 2 = 0 so that a = β = 1 
and thus yc{t) = (A + Bt) é. A suitable particular integral is 

dX A=I Jo Jo 2 

In principle, it is now possible to solve any second order differential 
equation with constant coefficients provided the integral for Φ(λ, t) in (3.21) 
can be computed. A particular solution of the initial value problem can then 
be obtained by determining the two arbitrary integration constants from the 
initial conditions (3.6) by solving two simultaneous equations. 

3.5 T U T O R I A L E X A M P L E S 3 

Τ 3.1 Find the general solution of the differential equation 

y + 3y + 2y = te~2t. 

Τ 3.2 Find the general solution of the differential equation 

y + 2y + by = cos 2t. 

Τ 3.3 Find the general solution of the differential equation 

y + 2y + 5y = e _ i cos 2t. 

Τ 3.4 For what values of the parameter a does the initial value problem 

y + 5y + 6y = 0 , y(0) = 1, y(0) = ο 

have solutions which are non-negative for all t > 0? 

Τ 3.5 Solve the initial value problem 

y + y = t a n i , y(0) = y(0) = 1. 
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4 

Miscellaneous Solution Techniques 

4.1 I N T R O D U C T O R Y R E M A R K S 

Consider again the second order differential equation (x is again used as the 

independent variable) 

with appropriate initial conditions. It has been remarked that this equation 

has general solution that may be expressed in the form 

where yc(x) is the complementary function and yp(x) is a particular integral. 
The general solution can be obtained using the following general recipe. 

1. Find the general solution of the homogeneous equation, i.e., obtain the 

complementary function yc{%)-

2. If g(x) = gi(x) + gï{x) + ... + gk{x), split the problem into the k 
sub-problems y" + py' + qy = gi, 1 < i < k. 

3. Find a particular integral yPi(x) for each sub-problem. 

4. Sum up to get the final result: yp(x) — yPl(x) + yPi{x) + • · • + yPk(x). 

In the previous section, a general method was presented to find yp(x) for 
any given g(x) for second order equations with constant coefficients. Here 
some other ways to obtain particular solutions of inhomogeneous second 
order differential equations will be described. 

y" + p{x)y + q{x)y = g{x) (4.1) 

y(x) = yc{x) + yp{x) (4.2) 

�� �� �� �� ��



38 Misce l laneous Solut ion Techniques [Ch. 4 

4.2 T H E M E T H O D OF U N D E T E R M I N E D C O E F F I C I E N T S 

The method of u n d e t e r m i n e d coefficients is based on a guess for the form 
of yp. The technique can be used if the function g(x) on the r ight-hand side 
of (4.1) is limited to terms containing sums of products of polynomials with 
exponential functions, sines and cosines (all with linear arguments). To 
understand the strategy, let H be the l inear differential operator defined 
by 

and let p(X) = a\2 + bX + c, then the auxiliary equation associated with Η 
is p(X) — 0. For any complex-valued constant σ and suitably differentiable 
function h(x), it can be shown that 

H[h(x)eax) 
d2h . ,sdh , 9 , 

a—^ + (2ασ + b)— + (ασι + bo + c)h 
dx1 dx 

eax. (4.4) 

For any polynomial q(x), h(x)ecx is a particular integral of H(y) — q(x)ecx 

provided 
d2h ,„ ,*dh , -, , , . , 

a—r: + (2ασ + b)— + (ασλ + ba + c)h = q(x). (4.5) 
dxz dx 

There are clearly three different cases to consider. 
Case 1: If ρ(σ) Φ 0, that is, σ is not a root of the auxiliary equation of 
the operator H, (4.5) is satisfied by an appropriate polynomial h(x) whose 
degree is the same as that of q(x). 
Case 2: If σ is now a single root of the auxiliary equation p(X) = 0, then it 
may be verified that ασ2 + bo + c — 0 but 2ασ + 6 ^ 0 . Therefore (4.5) now 
assumes the simplified form 

d2h .„ , ^ d h , ^ , 
β ^ + (2ο(τ + 6 ) - = φ ) Ι (4.6) 

which in turn integrates to the expression 

dh fx 

a— + (2ασ + b)h = I q(s)ds. (4.7) 
dx J 

This relationship may be satisfied by an appropriate polynomial h of degree 
one more than that of q. In particular, the constant term in h plays no role 
in determining q and may be set to zero without loss of generality. Thus 
h(x) = xr(x) where r is a polynomial in χ with the same degree as q. 
Case 3: Finally, if σ is a double root of the auxiliary equation p(X) — 0 
then ρ(σ) = 0 and ρ'{σ) = 2ασ + b = 0 in (4.5). Thus 

d2h , x 

ad# = q [ x ) ( 4 · 8 ) 

�� �� �� �� ��



Sec. 4.2] T h e m e t h o d of u n d e t e r m i n e d coefficients 39 

and so particular integrals are now polynomials h(x) of degree two more 
than tha t oi q(x). Furthermore, it is clear from (4.5) that the constant and 
coefficient of χ in h(x) play no role in the determination of h from q and 
so there is no loss in generality in setting both these coefficients to be zero. 
Thus h(x) = x2r(x) where r is a polynomial in χ whose degree is that of q. 

This completes the discussion of the choice of particular integrals for 
second order linear differential equations with constant coefficients. How­
ever, this theme will be revived in more generality during the discussion of 
linear differential equations of higher order with constant coefficients (see 
Section 7.3). 

These ideas are now applied to find particular integrals for inhomoge-
neous second order linear differential equations. If 

Pn{x) — ao + a\x + ... + anxn 

is a (given) polynomial of degree n, then Table 4.1 lists the form of yPi 

necessary to find a particular integral for a given gj. 

9i(x) yPi(x) 

Pn{x) xsQ„(x) 
Pn(x)eax xsQn{x) eax 

Pn(x) eax sinβχ xseax [ Qn(x) sin βχ + Rn(x) cos βχ ] 
Pn(x) eax cos βχ xseax [Qn(x) sin/?x + Rn(x) cos/fa ] 

Table 4.1: Solution strategy for the method of undetermined coefficients. 

In Table 4.1, 

Qn{x) = A0 + Axx + ... + Anxn , 
Rn{x) = B0 + Bix + ... + Bnxn, 

are two polynomials of degree η with as yet undetermined coefficients Aj, 
Bj, j = 1 ,2 , . . . , n. The exponent s is chosen from the set {0,1,2} where s is 
the mul t ip l ic i ty of a + ιβ in the auxiliary equation p(X) = 0: s = 0 when 
a + ϊβ is not a root, s = 1 when a + ίβ is a single root and s = 2 when 
a + ιβ is a double root of p(X) = 0. Upon substitution of yPi(x) into the 
differential equation, the unknown coefficients can be completely determined 
by c o m p a r i s o n of coefficients. 

R e m a r k s 4.1 The four different cases which were distinguished in Ta­
ble 4.1 are all contained in gi(x) = Pn{x) eax, yp%{x) = %sQn(x)βΰΙ whereby 
α is permit ted to be complex-valued. Δ 
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E x a m p l e 4.1 Find a particular integral of the second order differential 
equation y" — 3y' — Ay = 2 sin χ. 

Solut ion 4.1 The auxiliary equation λ 2 - 3λ - 4 = (λ + 1)(λ - 4) = 0 has 
roots λι = — 1 and λ 2 = 4 so that the complementary function is 

yc(x) = cie~x + c2eix . 

Table 4.1 indicates that the particular integral is 

yp(x) = As'mx + Β cos χ 

for suitable values of A and B. Here s = 0 because i and — i are not solutions 
of the auxiliary equation. Insertion into the differential equation gives 

{-A + W - AA)smx + (-B -3A- AB)cosx = 2s'mx. 

Comparing the coefficients on the left-hand and r ight-hand sides yields a 
linear system of equations for the two unknowns A and Β as per 

-bA + W = 2 A = - 5 / 1 7 
-3A-5B = 0 ~* Β = 3/17 

and thus 
/ \ 5 . 3 yp{x) = - — sinx + — cosx . 

The solution contains both a sin χ and a cos χ term although the inhomoge­
neous term in the differential equation comprised a sin χ term only. • 

E x a m p l e 4.2 Find a particular integral of the second order differential 
equation y" — 3y' — 4y = e~x. 

Solut ion 4.2 As before, the complementary function is 

yc{x) = cxe~x + c 2 e 4 1 . 

The r ight-hand side of the given differential equation meets the specification 
in Table 4.1 with P(x) a polynomial of degree zero and s = 1 since α = — 1 
is a single root of the auxiliary equation. The particular integral is 

yp(x) - Axe~x 

for a suitable value for A. Substitution into the inhomogeneous equation 
gives 

\(Ax + 3Ax - AAx) + (-2A - 3 A ) l e _ e = e~x . 
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The first term in the bracket vanishes automatically. Comparing the remai­
ning coefficient produces A = —1/5 and therefore 

yP(x) = - \ x e ~ x • D 

E x a m p l e 4.3 Find an appropriate form for the particular integral of 

y" + 4y = x 2 e ~ 3 1 sin χ — χ sin 2x . 

So lu t ion 4.3 The complementary function is 

yc(x) = ci cos 2x + C2 sin 2x. 

The strategy is now to split the problem into the two sub-problems: 

1. y" + 4y = x2e~3x s inx; 

2. y" 4-4y = —xsin2x. 

Therefore 

1. Since a = —3 + i is not a solution of the auxiliary equation then s = 0 
and the particular integral is 

ypi(x) = {A0x2 + Axx + A2)e~3x cos χ + (B0x2 + Bxx + B2)e~3x s inx 

for suitable values of the constants AQ, AI, A2, BQ, B\ and B2. 

2. In this instance a = 2i is a single solution of the auxiliary equation 
and so s = 1. The correct form for the particular integral is therefore 

yp2{x) = X{CQX + C\) cos 2x + x(£>ox + D{) s i n2x . 

Now, the unknown coefficients can be calculated by comparison of coefficients 
and finally, the particular integral is yp(x) = ypi(x) + yP2(x)- D 

4.3 P A R T I C U L A R I N T E G R A L S B Y C O M P L E X M E T H O D S 

Example 4.3 highlights the difficulties that are inherent in using real-valued 
functions to treat linear differential equations whose inhomogeneous terms 
contain sine and cosine components, that is, terms that arise from complex 
values of a. There are three obvious difficulties: 

(a) by contrast with analyses involving non-trigonometrical r ight-hand 
sides, twice as many constants seem to be needed as might have oth­
erwise been expected; 
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(b) the presence of sine and cosine terms destroys the symmetry enjoyed 
by exponents; 

(c) the connection between the value of a and roots of the auxiliary equa­
tion is obscure. 

All of these unsatisfactory points can be remedied by expressing real inho­
mogeneous terms (right-hand side) as the real part of a complex function. 
The differential equation may now be treated as a fully complex equation 
with a complex-valued particular integral. The real particular integral is 
extracted by taking the real part of the complex particular integral. The 
analysis of non-trigonometric inhomogeneous terms is unchanged. Trigono­
metric inhomogeneous terms can be made complex by replacing occurrences 
of cosfix and sin βχ by ειβχ and —ϊβιβχ respectively. The motivation for 
these choices stems from the observations 

cos βχ = Re (βίβχ) , sin βχ = Re (-ιβιβχ) . 

The analysis is now conventional except that the particular integral is usually 
complex although it is only its real part that is relevant. 

E x a m p l e 4.4 Find a particular integral of the differential equation 

y" + Ay = x2 e ~ 3 x sin χ — χ sin Ix 

(which is identical to Example 4.3) by constructing a complex differential 
equation whose real part is this equation. 

Solut ion 4.4 Since s inx = Re(— i e l x ) and sin2x = R e ( — i e 2 i x ) , then an 
appropriate differential equation is 

z" + Az =-ix2 e(-s+i> + ixe2ix 

where z(x) is a complex function and y(x) = Re[z(x)]. The problem is now 
split into the two sub-problems: 

1. z" + Az = -ix2e^3+i^x; 

2. z" + Az = ixe2ix. 

We shall consider each in turn. 
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1. Since a = — 3 + i is not a root of the auxiliary equation then the 
complementary function is zp\ = (ax2 + bx + c) e(~3+i^x for suitable 
values of a, b and c. Thus 

•pi 
II 

(2ax + b) e ( - 3 + i ) l + ( - 3 + i)zpl, 

*pl - 2a e(-3+1)* + 2(2ax + 6 ) ( - 3 + t) e ( ~ 3 + i > x + ( - 3 + ifzpl 

The constants a, b and c are required to satisfy identically 

2a + 2{2ax + 6 ) ( - 3 + t) + (12 - 6i)(ax2 + bx + c) = -ix2 

which yields (after some algebra) 

1 - 2t , 9 — 13* 92 - 119t 
a = — — — , ο = — r r r — , c = 

30 225 6750 

Then, 

ypi{x) = Re {zpl) = Re [{ax2 + bx + c) e{~^i)x\ 

= 1 ^ [(92 + 270x + 225x 2 ) cos χ 

+ ( l l 9 4- 390x + 450x 2 ) s i n x ] . 

2. In this instance a = 2i which is now a single root of the auxiliary 
equation. Therefore 5 = 1 and zP2 = x(ax + b)e2ix. By calculation, 

z'p2 = (2ax + b)e2ix + 2izp2 , 

2%2 = 2ae2ix + 4i(2ax + b)e2ix + [2i)2zp2 . 

Thus a and b are required to satisfy identically 

2a + 4z(2ax + b) = ix. 

As a consequence, α = 1/8 and b = i /16. The corresponding particular 
integral is 

yp2{x) = Re(zp2) = Re 
X IX 2ix X r. X • r. 

= — cos Ix — — sin Ix. 
8 16 

The final particular integral is then yp(x) = yp\{x) + yp2{x)- • 
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4.4 V A R I A T I O N OF C O N S T A N T S 

The idea behind the technique of variat ion of cons tants follows closely 
its application to first order equations (see Section 1.6). Yet it requires an 
additional step as will be seen below. Let yc{x) = ciyi{x) + c 2 y 2 (:r) be a 
solution of the homogeneous equation, i.e., the complementary function. A 
particular integral of 

y"(x) + p(x)y'(x) + q{x)y{x) = g{x) (4.9) 

can then be obtained by writing 

yp(x) = ui(x)yi{x) + u2(x)y2{x) • (4.10) 

The idea is to substitute (4.10) into (4.9) and determine the unknown func­
tions ui(x) and U2(x) accordingly. However, this procedure in itself will 
not provide enough information: after all, there are two unknown functions 
u\(x) and U2(x) but only one differential equation. Another condition is 
needed on u\ and u 2 — one which is arbitrary. Differentiate (4.10) to get 

y'P = u\yi +uiy[ +u'2y2 + u 2 y 2 · (4.11) 

Before differentiating a second time, impose the arbitrary condition 

u'iyi + u'2y2 = 0 (4.12) 

which simplifies (4.11) to 

y'p = uiy[ + u2y'2 (4.13) 

and thus 

y'p = UW\ + uw" + UW2 + U2V2 • ( 4 · 1 4 ) 
The motivation for the arbitrary choice (4.12) is that y'^ now contains only 
first derivatives of u\ and i t 2 . Substituting the last two relations into (4.9), 
and noting that both yi and y 2 are solutions of the homogeneous version of 
(4.9) gives 

«Ίΐ/ί +UW2 = 9- (4-15) 

The two unknown functions u\ and u2 can now be calculated from (4.12) 
and (4.15). Those two relations are viewed as two linear algebraic equations 
for u[ and u 2 - Their solutions are 
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where the short-hand notation 

W{yuy2) = yiy'2 - y'm (4.17) 

has been used. The function W is called the Wronskian (or Wronskian 
d e t e r m i n a n t ) — it will appear again in Section 7.1. Prom (4.16), a simple 
quadrature leads to 

J W{yuy2) J W(yi,y2) 

The general solution of (4.9) is therefore 

y(x) = ciyi(x) + c2y2(x) + ui(x)yi(x) + u2(x)y2(x). (4.19) 

E x a m p l e 4.5 Verify that y\{x) = χ and y2{x) — 1/x are solutions of the 
differential equation x2y" + xy' — y = 0 and find the general solution of 
x2y" + xy' — y = χ In χ for χ > 0. 

Solut ion 4.5 Straightforward differentiation and insertion confirms that 
yi and y2 are solutions of the homogeneous equation. Rewrite the inhomo-
geneous equation in the form 

u y' V ïn g 
X X 2 X 

Thus a particular integral is 

yp(x) = xui (x) + - u2(x). 
χ 

W(yuy2) = χ (—]Λ - - = 
\ χΔ J X 

Following the procedure explained above, g(x) = (lnx)/x and from (4.17) 

2 
χ 

By direct substitution into (4.18), we get 

f (l/x)(lnx)/x J 1 f i n i 1 2 
M X ) = -J ( - 2 / x ) dx = -J —dx = -(lnx) , 

fx{lnx)/x j If x 2 ( 2 1 n x - l ) 
U 2 { x ) = J TVxY ïJ d x = s · 

The general solution is therefore 

y(x) — c\x + — + \x(lnx)2 — \ x\nx . 
χ A 4 

It appears as if one term from u2 has been omitted from y{x). This is simply 
because (x2/8)(l/x) = x/8 and such a term adds nothing new in view of 
the presence of cix in the complementary function — it involves only a 
redefinition of the integration constant c j . • 
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4.5 R E D U C T I O N OF O R D E R 

R e d u c t i o n of order is a procedure which allows the order of a differential 
equation to be reduced by 1 if a solution of the homogeneous equation is 
known. The result is not surprising since the knowledge of a solution to the 
equation is tantamount to reducing the degree of freedom of the equation 
by one. The method is illustrated with respect to second order differential 
equations. Let y(x) = y\(x) be a solution of the second order equation 

y"(x) + p(x)y'(x) + q(x)y(x) = 0 . (4.20) 

Substi tute 
y2{x) = u(x)yi(x) (4.21) 

into (4.20) to obtain 

yiu" + (2y[ + pyi)u' + [y'{ + py[ +qyi)u = 0. 

The third term is seen to be zero since y\ is a solution of (4.20). Now 
substi tute w(x) = u'(x) (and with it w' = u") to get 1 

yiw' + {2y[ +pyi)w = 0 

which is a first order separable equation for w(x). Its solution is 

w / x j _ e - / {2y[/yi+p)dx _ e - 2 1 n i / i g - / p a x _ J _ g - / p d x 

so that 

u(x) — J w(s)ds —> y2(x) = u(x)yi(x) 

and the general solution is 

y(x) = ciyi(x) + c2y2(x) = cxyi{x) + c2u{x)yx(x). 

R e m a r k s 4.2 Note that this procedure can also be applied to inhomoge­
neous equations. Δ 

E x a m p l e 4.6 Show that y\(x) — ex is a solution of the differential equa­
tion xy" — (x + l)y' + y = 0 and find the general solution. 

'We have already encountered this trick in Section 2.4. 
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So lu t ion 4.6 Direct substitution confirms ex as a solution. Next, rewrite 
the equation in s tandard form 

" x + l . ' j . y η 

y y + - = ο. 
χ χ 

Thus 
J[(x+l)/x]dx e ( i + l n i ) w(x) = = = τ; = xe 

e2x e2x 

and so 

y 2 (x ) yi(x)u(x) = ex j se~sds = ex(-xe~x - e _ I ) = —χ — 1. 

The general solution is finally 

y = c i e I + c 2 (x + l ) . • 

E x a m p l e 4.7 Find the general solution of the differential equation 

3 ^ y dy__ 
dx2+ dx V U 

by observing that y\{x) = χ is one of its solutions. 

So lu t ion 4.7 Since yi(x) = χ satisfies the homogeneous equation we write 
y 2 ( i ) = xv(x) where υ is the new dependent variable. The differential 
equation for v(x) is 

ι / d2v „dv\ ( dv \ 
X [Xd^ + 2d-x)+X{Xd-x+V)-XV = 0 

which may be simplified to 

^dv n dz (2 1 \ 2 d2v ,„ ^dv 
dx2 

where ζ = dv/dx. This equation has integrating factor x2e^ llx^ and may 
be integrated to get 

£e(l/x) 
X 2 

A further integration now yields 

v(x) = jX z{s) ds = - C e ( 1 / I ) +B —> y2{x) = Bx - Cx . 

The general solution is therefore 

y{x) = Dx + Exe{ï/x) . C 
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4.6 E U L E R ' S D I F F E R E N T I A L E Q U A T I O N 

The differential equation 

ax2y"(x) + bxy'(x) + cy(x) = 0 (4.22) 

where a, b and c are (real-valued) constants, is called Euler's differential 
equat ion (or a differential equation of Euler's type). It has at least one 
solution of type y(x) = xx. Upon substitution and collection of terms, the 
equation is seen to be fulfilled provided λ satisfies the quadratic equation 

α λ ( λ - 1 ) + 6 λ + ο = 0 . (4.23) 

There are three different cases to be considered. 
Case 1: The roots λι and X2 of (4.23) are both real-valued and distinct 
from each other. The general solution is 

y{x) = αχλι + c 2 x * 2 . (4.24) 

Case 2: The roots form a complex conjugate pair λ ι | 2 = α±ίβ. Similarly, 

y (χ) = ο ι Χ

α + ι β + ο2χα+ίβ . (4.25) 

This expression can be put into more convenient form 

y{x) = xa (αχίβ + α2χ~ίβ) = xa ( c i e ^ l n x + c2e'ip{nx) 

= x Q [dicos( /31nx) + d 2 s i n ( ^ l n x ) ] . (4.26) 

Case 3: There is a double root λ ι ) 2 = (α — b)/2a. Therefore this procedure 
gives only one solution. A second solution can be found by using variation of 
constants. Substitute y(x) = A(x)xx with X — (a — b)/2a into (4.22). After 
some simple calculations, it is found that 

A"(x) + ^ ^ = 0 — • A'(x) = - —> A(x) = l n x . 
X X 

The general solution in this instance is 

y(x) = x A ( c i + c 2 l n x ) . (4.27) 

R e m a r k s 4.3 Note the correspondence between Euler's differential equa­
tion ax2y"(x) + bxy'(x) + cy(x) = 0 and the equation y(t) +-yy(t) + Sy(t) — 0 
with constant coefficients. One can be transformed into the other by chan­
ging independent variable from χ to t using χ = e { . This connection between 
the two equations will be explored further in Tutorial example Τ 4.17. Δ 
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E x a m p l e 4.8 Find the general solution of the second order differential 
equation 

xy"(x)-Py'(x) + £y(x) = 0, β>0. 
χ 

Solut ion 4.8 The differential equation is clearly of Euler's type. Thus, 
substi tution of y(x) = χ λ leads to the relation 

λ 2 - [β + 1) λ + β = 0 

which has the roots λι — 1 and \ 2 = β. Consequently, the general solution 
is given by 

j Ax + Βχβ βφ\ 
y{X> ~ { (A + Blnx) χ β=1. 

4.7 E X A C T E Q U A T I O N S 

Suppose that y(x) satisfies the second order linear differential equation 

α ( χ ) 0 + + c(x)y = f(x), (4.28) 

then it can be verified that this equation may be rewritten as 

£ [ay' + (b- a')y] + (a" - b'+ c)y = f(x). (4.29) 

Equation (4.28) is said to be an exac t equation if and only if 

a"(x)-b'(x)+ c(x) = 0. (4.30) 

In this event, (4.29) can be integrated once to obtain 

ay' + {b- a')y = J* f(s) ds (4.31) 

which is a differential equation of first order that can be solved accordingly. 

E x a m p l e 4.9 Find the general solution of the inhomogeneous equation 

x2y" + 3xy' + y = In χ . 

So lu t ion 4.9 Because (x2)" — (3x)' + 1 = 0 , the equation is exact and can 
be rewritten as 

— [x2y + xy) = l n x . 
dx ν / 
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Integration gives 

x2y' + xy — Χ\ΆΧ — χ + A. 

By dividing this equation by x, it is evident that 
/ d . . , A 

xy +y — T~\xy) = in χ - H — 

αχ χ 

which can be integrated again to get 
xy = χ In χ — 2x + Amx + Β —> y(x) = A 1 h l n x —2 

χ χ 

where A and Β are arbitrary constants. • 

4.8 T U T O R I A L E X A M P L E S 4 

Τ 4.1 Obtain a particular integral of the differential equation in Tutorial 
example Τ 3.1 by the method of undetermined coefficients. 

Τ 4.2 Obtain a particular integral of the differential equation in Tutorial 
example Τ 3.2 by the method of undetermined coefficients. 

Τ 4.3 Obtain a particular integral of the differential equation in Tutorial 
example Τ 3.3 by the method of undetermined coefficients. 

Τ 4.4 Write down a suitable form for the particular integral of 

y" - by' + 6y = e x cos 2x + (3x + 4 ) e 2 x sin χ . 

Τ 4.5 Write down a suitable form for the particular integral of 

y" - Ay1 + 4y = 2x 2 + 4x e 2 x + χ sin 2x . 

Τ 4.6 Write down a suitable form for the particular integral of 

y" + 3y' + 2y = (x 2 + l ) e x sin 2x + 3 e - x cos χ + 4 e x . 

Τ 4.7 Find the general solution of the differential equation 

Ν 
y"(x) + A 2y(x) = ^ a m s i n 7 w r x 

m = l 

where am, m = 1 , . . . , Ν, are constants, λ > 0 and λ φ πιπ. 
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Τ 4.8 Use the method of variation of constants to find the general solution 
of the differential equation 

V + y = — ϊ - ρ ζ , 0 < χ < π / 2 . cos(x/2) 

Τ 4.9 Use the method of variation of constants to find the general solution 
of the differential equation 

y" -2y' + y = 
1 4- x 2 · 

Τ 4.10 Verify that the functions yi(x) = ex and 3/2(2) = χ are solutions 
of the corresponding homogeneous equation of 

(1 - x)y" + xy' - y = 2{x - if e"x , 0 < χ < 1 

and use the method of variation of constants to find a particular integral of 
the inhomogeneous equation. 

Τ 4.11 Verify that the functions yi = x - 1 / 2 smx and y 2 = x - 1 / 2 cos χ are 
solutions of the corresponding homogeneous equation of 

4 x 2 y " 4- 4xy' + (4x 2 - l )y = 1 2 x 3 / 2 s inx , χ > 0 

and use the method of variation of constants to find a particular integral of 
the inhomogeneous equation. 

Τ 4.12 By spotting a simple solution of the homogeneous equation 

xy" + y' + (2 - 4x)y = 0 , 

find the general solution of the inhomogeneous equation 

xy" + y' + (2 - 4x)y = 8x(l - x ) . 

Τ 4.13 By recognising that the homogeneous equation 

x2y" + 3xy' 4- y = 0 

has a solution that is a power of x, find this power and hence find the general 
solution of the inhomogeneous equation 

x 2 y " 4- 3xy' 4- y = In χ . 
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Τ 4.14 Solve the initial value problem 

x2y" + Axy' + 2y = 0 , y(a) = a , y'(a) = - l . 

Τ 4.15 Solve the initial value problem 

x2y" - xy'- 3y = χ2, y{l) = y'{l) = 0 . 

Τ 4.16 Solve the initial value problem 

x2y" + ay = 0, (a > 1/4), y( l ) = 0 , y ' ( l ) = l . 

[Hint: remove the imaginary powers of χ in the solution by transforming to 
exponential functions.] 

Τ 4.17 Show that Euler's differential equation of order η 

xnyM + alX

n-ly(n-V + ... + an-xxy' + any = f(x) 

can be transformed into a linear differential equation with constant coeffi­
cients by defining a new independent variable t such that χ = ê. 

Τ 4.18 Show that the function y\(x) = x2 is a solution of the homo­
geneous version of the differential equation 

x2y" - 3xy' + Ay = x2 In χ , χ > 0 . 

Obtain the general solution of this inhomogeneous equation. 

Τ 4.19 Show that the differential equation 

xy" + 2(l + x){y' + y) = 0 

is not exact but can be made exact by multiplying it by any solution of the 
differential equation φ" — 2φ' + 2φ — 0. Hence determine the solution of the 
original differential equation satisfying the initial condition y —> 1 as χ —> 0. 

Τ 4.20 Find the general solution of the differential equation 

x2y" + Ax(l + x)y' + (Sx + 2)y = 0 

and the particular solution satisfying y( l ) = 0 and y '( l) = 1. 
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Τ 4.21 By using the substitution 

u{x) = e-1 P{x)y{x)dx 

show that the Riccati equation 

y'(x) = p{x)y2{x) + q{x)y{x) + r(x) 

can be transformed into the linear differential equation of second order 

" ( , P'\ > ι π u — \ q Η ) u 4- rpu = U 
V Ρ J 

and use this information to obtain the general solution of 

y = - e V - y + 4e~x . 

Τ 4.22 A self-gravitating star in the form of a sphere of radius a is com­
posed of a compressible fluid whose pressure ρ and density ρ are connected 
by the formula ρ = kp2 where A; is a positive constant. The acceleration g(r) 
due to gravity, pressure p(r) and density p(r) at radius r are also connected 
by equations 

dv fr 

— = -g(r)p{r), r2g{r) = 4KG J s2p{s) ds 

(G is the gravitational constant), expressing balance of momentum and the 
law of gravity respectively. Deduce that ρ satisfies the differential equation 

2 1-KG 
rp" + 2p + a2rp = 0 , a 

κ 

where the prime denotes differentiation with respect to r. Determine p(r) in 
terms of p(0), the density at the stellar core. Explain why this stellar model 
predicts a maximum size for stars. 
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Oscillatory Motion 

5.1 D A M P E D O S C I L L A T O R Y M O T I O N 

It was already established in Section 3.1 that real damped systems are de­
scribed by the generic differential equation 

y + 2ay + i4y = f(t) 

where UJQ is the u n d a m p e d frequency of the system, α is a positive d a m p ­
ing parameter and f(t) is an ex ternal ly appl ied force acting on the 
system. In mechanical situations, a = b/2m and ω% = k/m while in the 
context of electrical circuit theory, a = R/2L and ω2, = l/LC, where the 
constants have the meaning denoted in Section 3.1. 

The auxiliary equation is λ 2 + 2a\ + JQ = 0 with roots 

λ ι , 2 = -a ± ^ a 2 - ω2 . (5.1) 

The solutions of this quadratic are classified into three separate physical 
regimes depending on the relative values of a and u>o-

H e a v y damping: a > u>o 

Here the auxiliary equation has two real-valued negative roots 

X\ = -a - \Ja2 - ωΐ, λ 2 = - α + \Ja2 - ω2, (5.2) 

and the complementary function is 

yc(t) = AeXlt + BeX2t. (5.3) 

This possibility is often called the overdamped case since no oscillations occur 
and the solution decays exponentially to zero as t —¥ oo. If, for example, 
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y(t) * 

55 

0.5 1.0 1.5 2.0 2.5 3.0 t 
Figure 5.1: Damped oscillatory motion. Heavy damping. 

this equation modelled an automobile suspension system, the ride would be 
hard and uncomfortable. The equation 

y + 4y + 3y = 0 , y ( 0 ) = 4 , y(0) = 0 

provides an example of an overdamped system. An illustration of the solu­
tion y(t) = 6 e - i — 2 e - 3 t is provided in Figure 5.1. 

Crit ical damping: a = UQ 

Here the auxiliary equation has two equal real solutions X\t2 = — a and the 
related complementary function is 

yc(t) = (A + Bt)e~at. (5.4) 

This possibility is usually called critical damping and is often the desired 
configuration for practical application since it represents the weakest dam­
ping before oscillatory behaviour becomes possible. As in the previous case, 
this solution decays to zero as t —• oo. An example is provided by the initial 
value problem 

y + 4y + 4y = 0 , y(0) = 4 , y(0) = 1 

which has the critically damped solution y(t) = (4 + 8 f ) e - 2 i . The graph of 
this function is shown in Figure 5.2. 

Light d a m p i n g : a < ω υ 

Here the auxiliary equation has two complex conjugate roots 

X\t2 — —et ± ίωη 
(5.5) 
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0.5 1.0 1.5 2.0 2.5 3.0 t 
Figure 5.2: Damped oscillatory motion. Critical damping. 

where ωη is called the natural frequency of the system. The complemen­
tary function is 

yc(t) = e~ai (A cos ωηί + Β sin unt) (5.6) 

which can be recast in the form 

yc(t) = Ce-at sin (ωηί + φ) (5.7) 

where the integration constants in (5.6) and (5.7) are related through 

C = y/A2 + Β2 , ί&ηφ = Α/Β. 

As previously, this solution decays to zero as t —• oo but the decay process 
is now oscillatory in nature. The quantity Τ = 2π/ωη is the per iod of the 
damped oscillation. Furthermore, as the absolute value of the trigonometric 
function in (5.7) does not exceed 1, the curves C e~at and —Ce~at provide 
an envelope for the damped oscillation. 

The initial value problem described by 

y + 4y + 68y = 0 , y(0) = 4 , y(0) = 0 

has solution y = e - 2 É ( s i n 8 i + 4cos8i) and is lightly damped. The graph of 
this function is shown in Figure 5.3. 

5.2 F O R C E D O S C I L L A T I O N S 

Probably the most important application of second order equations with 
constant coefficients arises when the applied force is given by 

f(t) = F cos (pi) (5.8) 
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y(t) 

Figure 5.3: Damped oscillatory motion. Light damping. 

in which F and ρ are real-valued constants. This is well known as the forced 
oscillation problem. Here it is required to solve the differential equation 

y 4- 2ay 4-ω 2,y = Fcos{pt). (5.9) 

Fourier series methods allow many realistic waveforms of periodic shape and 
finite energy to be represented as a sum of cosine and/or sine components. 
The analysis here may be regarded as the first step in the t reatment of 
a general periodic r ight-hand side. Since Fcos(pt) = F R e ( e i p t ) , then the 
required particular integral can be constructed from the real part of ζ = Aetpt 

by using the method developed in Section 4.3. Clearly, 

ζ + 2az + ω\ζ = Feipt —• A [ ( φ ) 2 4- 2a{ip) + ω2, ] eipt = Feipt. 

Hence if A is chosen to satisfy 

A = F = F e-'* 
(wjj - p2) + 2iap ^ ( ω 2 _ ρ 2 ) 2 + 4 α 2 ρ 2 

tan φ = r , 

then the particular integral pertaining to Feipt is 
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and by taking real parts, it follows that the particular integral for F cos pt is 

yP(t) = . F = cos {pt - φ). (5.10) 
^/(u>2 - ρψ + 4 α 2 ρ 2 

Since 

M - p Y + 4 a V = p 4 + (W - 2ωζ

0)ρι + ω 4 

= [ ρ 2 - ( ω 0

2 - 2 ο 2 ) ] % 4 α 2 ( ω 2 - α 2 ) 

= [ p 2 - ( c 0

2 - 2 a 2 ) ] 2

+ 4 a 2 a ; 2 

then the particular integral (5.10) can be rewritten as 

F 
yP(t) = . = cos{pt -φ). (5.11) 

λ / [ ρ 2 - ( ω 2 - 2 ο 2 ) ] 2 + 4 α 2 ω 2 

Thus for a given amplitude F of driving force, the amplitude of yp{t) is 
maximum at frequency ρ = ωτ where 

αν y/ωΐ - 2 α 2 . (5.12) 

The frequency ωτ is called the resonance frequency of the system. Ev­
idently, ω Γ < ωη < ωη, (if the damping parameter a vanishes, all three 
frequencies are the same) and generally ωΓ, ωη and ωη satisfy 

2 1 / 2 , 2\ 

Provided the damping parameter α is positive, the complementary func­
tion decays to zero, and in practice this decay is often rapid. Therefore 
the response of the system to the periodic driving force is well described by 
expression (5.11) for large t. 

T h e Q-factor 

Let a(p) be the amplitude of the damped oscillation induced by a driving 
force of amplitude F and frequency p, then from (5.11) 

O(P) = ι F , • (5-13) 
ν / ( ρ 2 - ω 2 ) 2 + 4«2 ω 2 

The Q- factor or quality factor of an oscillator is defined to be the ratio 
α(ρ)/α(0). This is a non-dimensional number corresponding to the ratio of 
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the amplitude of oscillations induced by a periodic driving force at frequency 
ρ to the deformation induced by a force of the same amplitude but applied 
statically. Thus 

Q = 
a(p) 
a(0) 7 ( ρ 2 - ω 2 ) 2 + 4α2 ω 2 

(5.14) 

Figure 5.4 gives the general shape of Q for frequencies ranging from ρ = 0 
(static load) to frequencies in excess of the resonant frequency ωτ. Under 
all circumstances, 1 < Q < Q m a x where Q m a x = ω^/(2αωη) is the maximum 
value of Q occurring at the resonant frequency ωτ. For lightly damped 
oscillators, a is small so that ωο « ωτ « ωη and Q m a x ~ ωο/(2α) . In 
particular, small values of a lead to sharp resonance and a large value for 
Q m a x -

The quality of the resonance at ρ = ωτ is often quantified in terms of 
the size of the band of frequencies about ωΓ for which Q > Q m a x / A f t e r 
some algebra, it may be seen that this condition is satisfied provided 

u>r - « J-2aun + ω} <p< \]2αωη + ω 2 « ωτ + 
ω Γ ν ν ω Γ 

(5.15) 

in which the approximations are obtained by expanding the square roots in 
this inequality as power series in a. This is a sensible strategy since a is 
small whenever resonance is sharp. Therefore Q > Qmax/Λ/2 within a band 
of frequencies of approximate width 2αωη/ωΓ centred on ωτ. In view of the 
definition of Q m a x j the width of this band is approximately Δ ω « a ; n / Q m a x . 

Thus Q m a x measures tuning quality in terms of the ability of the oscillator 
to isolate frequencies close to resonance and discard those that are not. 

ωτ ρ 
Figure 5.4: General form of a frequency response curve. 

�� �� �� �� ��



60 Osci l latory M o t i o n [Ch. 5 

5.3 T U T O R I A L E X A M P L E S 5 

Τ 5.1 The deviation of the glucose concentration g(t) from its base level 
in a human body can be modelled by the second order differential equation 

g + 2ag + ω2g = 0 , a > 0 , 

with the initial conditions g(0) = 0, g(0) = β where β is the initial (un­
known) glucose uptake rate. Akerman proposed a diabetes test in which 
fasted patients (glucose level at base) were required to ingest a large dose of 
glucose and thereafter its level in their blood was monitored hourly. Non-
diabetic patients had values of LJQ corresponding to undamped oscillations 
with maximum period 4 hours whereas varying degrees of diabetes were 
at t r ibuted to patients with periods exceeding 4 hours. 

A patient arrives at a clinic with a fasted glucose level of 0.70 m g / c m 3 

of blood. Levels of 1.00, 0.55 and 0.75 m g / c m 3 were measured 1 hour, 
2 hours and 3 hours respectively after administration of a strong glucose 
drink. Classify this patient. 

Τ 5.2 A damped oscillatory system has period 1 second and the oscilla­
tions are damped to half amplitude in 40 complete oscillations. Describe the 
qualitative effects on the period and the number of oscillations to half the 
amplitude brought about by slightly increasing or decreasing the damping 
and slightly increasing or decreasing the restoring effect. Assume only one 
parameter is changed in each instance. 

Extract the second order differential equation with the given period and 
damping characteristics. 
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Laplace Transform 

6.1 G E N E R A L I N T E G R A L T R A N S F O R M S 

The Laplace Transform provides an efficient method for solving initial value 
problems for ordinary (and also partial) differential equations by converting 
the differential equation into an algebraic equation. The solution of the 
differential equation can then be obtained from the solution of the algebraic 
problem when the transformation is inverted. 

A general integral transform is an expression of the type 

J(s)= [β K(s,t)f(t)dt (6.1) 
J a 

which transforms a given function /(<) into another function f{s). The 
function K(s, t) is called the kernel of the transform. 

6.2 D E F I N I T I O N OF T H E L A P L A C E T R A N S F O R M 

The Laplace transform is the special case of (6.1) when α = 0, β = oo and 
K(s,t) = e~st. Therefore the Laplace transform of f(t) is defined by 

ΓΟΟ 

f{s) = L[f{t):t-+s]= e-stf{t)dt. (6.2) 
Jo 

Note that the integral in (6.2) is improper. Here f(t) will be regarded 
as a real-valued function defined for t > 0. Reversing the transformation 
procedure leads to the inverse Laplace transform. If L [f{t) : t —> s] then 

L " 1 [7(e) : * - > t ] = / ( < ) · (6-3) 

In other words, the original function f(t) is the inverse Laplace transform of 
7(s) = L[f(t):t->s}. 
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Two important and immediate questions are: (1) what functions have 
a Laplace transform? and (2) can two functions / ( t ) , g(t) have the same 
Laplace transform (i.e., is the inverse Laplace transform unique)? The ans­
wers are provided by the following statement: The existence and uniqueness 
of the Laplace transform of a function / ( f ) is guaranteed if there exist real 
Κ, M and a such that 

1. / ( t ) is piecewise continuous for t > 0. 

2. | / ( t ) | < Keat for t > M. 

E x a m p l e 6.1 Find the Laplace transform of the function / ( t ) = 1. 

Solut ion 6.1 

ΓΟΟ 

L[l : i - > a ] = / e~stdt = 
Jo 

0—st 

Jo 
Note that the validity of the result is limited to s > 0 because otherwise the 
integral does not exist. • 

E x a m p l e 6.2 Find the Laplace transform of the function / ( f ) = t. 

Solut ion 6.2 

roo 
L[t : t -> s] = / f e - ^ d t = 

Jo 

OO g - * * 

dt 

11 fZU 
s 

1 
5 Jo s 

(s > 0 ) . • 

E x a m p l e 6.3 Find the Laplace transform of the function / ( f ) = eat. 

Solut ion 6.3 

L[eat:t eate-stdt = 
e(a-s)t 

a — s 

1 

Jo s — a 
{s > a) 

E x a m p l e 6.4 Find the Laplace transform of the functions / ( f ) = sin at 
and / ( f ) = cosaf. 

Solut ion 6.4 

L [ cos at + i sin at : t -> s} = L [ emt : t -¥ s j 
s + ia 

1 

sl + az 

s — ia 

(s>0). 
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Separating real and imaginary parts yields 

S (X 
L \ cos at : t -> s} = -= =·, L [ sin at : t -> s ] = 0 · 

Alternatively, the Laplace transforms of cos at and sin at may be computed 
directly using integration by parts. • 

Selected functions and their Laplace transforms are listed in Table 6.1. 

6.3 S O M E G E N E R A L P R O P E R T I E S 

Some important general properties of the Laplace transform that follow di­
rectly from its definition as a quadrature are now listed. 

1. Linearity . If 7(e) = L [f(t) : t -> s] and g{s) = L [g(t) : t -> a] exist 
then L[af(t) + bg(t) : t —¥ s] exists for all constants a and b and 

L[af(t) + bg(t):t-+s] = a7{s) + bg(s). (6.4) 

2. First shif t ing property . Suppose f(s) = L[f(t) : t -)· s] exists and 
tha t α is a constant then L [eatf{t) : t -> s] exists and 

L[eatf{t) :t->s] = 7 ( * - a ) , (6-5) 

or, conversely, 

L " 1 [ 7 ( β - α ) : « - • * ] =eatf(t). (6.6) 

6.4 C O N V O L U T I O N 

Convolution integrals provide an important way to extend the usefulness 
of Laplace transforms by providing a means by which many more exact 
transforms can be calculated or expressed as quadratures. Let 

7(e) = £ [ / ( * ) = - g(s) = L[g(t):t->s) 

be the Laplace transforms of f(t) and g(t) respectively. The linearity of the 
Laplace transform operator guarantees that 

L-x[f(s)+g(s):s->t] = L~l [f(s) : s -> t] + L~l [g(s) : s -> ί ] 

= f(t) + 9(t). (6.7) 

However, 
L-l[f(s)g(s):s->t}?f(t)g(t), (6.8) 
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f(t) = L-1[f(s):s->t] f(S) = L[f(t):t->s} 

1. 1 
1 
s 

Re( s) > 0 

2. 
1 

s — a 
Re s) > a 

3. tn(n : positive integer) 
η! 

sn+l Re s) > 0 

4. tp(p>-i) 
Γ ( ρ + 1 ) Re s) > 0 

5. cos at 
s 

s 2 + α 2 
Re s ) > 0 

6. sin at α 
s 2 + α 2 

Re s) > 0 

7. cosh at s 
s 2 — α 2 

Re [s] > \a\ 

8. sinh at α 
s 2 — α 2 

Re [s] > \a\ 

9. eat cos bt 
s — α 

(s - α ) 2 + b2 
Re ks) > a 

10. eat sinbt 
b 

(s - α ) 2 + 6 2 
Re > a 

11. tneat(n : positive integer) η! 
(s - α ) η + χ 

Re Is) > a 

Table 6.1: Laplace transforms of selected functions (Γ(χ) is the Gamma function 
defined in Tutorial example Τ 6.3). 

so that the inverse Laplace transform of a product does not equal the product 
of the inverse Laplace transforms of the factors. For example, 

7(s) = - , g(s) = \ —• /(<) = !, g(t) = t. 
s s z 

Thus f(t)g(t) = t while 
L'1 [f{s)g(s) : s -+ ί ] =L~l [ l / s 3 : s -> ί ] = ί 2 / 2 , 
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which does not equal f{t)g{t) = t. 
Given two functions f(t) and g(t), the convolut ion of / and g, denoted 

f * g, is defined by the integral 

(f*9)(t)= f f(t-u)g(u)du (6.9) 
Jo 

whenever this integral exists. A simple change of variable shows tha t the 
convolution is symmetric, that is, ( / * g)(t) = (g * f)(t). Furthermore, by 
change of order in double integration, it can also be shown tha t 

L[(f*g)(t):t^s]=J(8)g(s), (6.10) 
or, conversely, 

L-1[f(s)g(s):s-+t]=(f*g)(t). (6.11) 

To appreciate results (6.10) and (6.11), we begin by recognizing that 

L[(f*g)(t):t-+s] = J™ (fi f(t- u)g(u) d u ) e~st dt. (6.12) 

The region of double integration in (6.12) is illustrated in Figure 6.1. 

u 

r > t 

Figure 6.1: The region of double integration showing the new 
order of integration in which t is integrated first from ί = u to 
t = oo followed by integration of u from u = 0 to u = oo. 

On changing the order of integration in the r ight-hand side of (6.12), the 
Laplace transform of / * g becomes 

L[{f*g)(t):t^s] = J™ g(u)(J™ f(t-u)e-std?) du 

= g(u) ( f(w) e ~ s { w + u ) dxvj du 
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= g{u) e~su ( J™ f(w) e~sw dw^j du 

= 7(s)g(s) 

which establishes (6.10). 

E x a m p l e 6.5 Compute L _ 1 [s/{s2 + l ) 2 : s -*· f ] . 

Solut ion 6.5 The convolution property (6.11) asserts that 

s 1 
[s2 + l ) 2 

s -> t = L~ 
+ 1 s2 + 1 

= (sin * cos) (t) 

where it has been recognized that L 1 [s/(s2 + 1) : s —>· t ] = cosf and also 
that L _ 1 [ l / ( s 2 + 1) : s -> t ] = s in i . Now, 

(sin * cos) (f) = / sin(£ — u) cos u du 
Jo 

= sin t / cos 2 udu — cos t / sin u cos u du 
Jo Jo 
1 r · i t 1 Γ . ο 1* 

= sin t - [u + sin u cos u j 0 — cos t - sin uj ^ 

f s in i 

where we used sin(f — u) — sin t cos η — sin u cos t and then integrated the 
trigonometric terms in the usual manner. This result can be checked by 
direct calculation of L [ (i /2) sin t : t -» s ]. • 

E x a m p l e 6.6 Show that the solution of the integral equat ion 

f(t)+ f euf(t-u)du = g(t) 
Jo 

can be written in the form 

f{t) = g{t)- f g(u)du. 
Jo 

Solut ion 6.6 Let f(s) be the Laplace transform of f(t). Taking Laplace 
transforms of the integral equation and using the fact that the Laplace trans­
form of a convolution is the product of the Laplace transforms of the com­
ponent functions, leads to 

/ + / L[é : t - > a] =g f = 9 
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Therefore 

f(t)=g(t)-L-1 :*-><] =g(t)- f g{x)dx. 
i s J Jo 

The inversion of the latter Laplace transform is done by interpreting it as a 
convolution of g(x) with the constant function 1 because the Laplace trans­
form of 1 is 1/s. • 

6.5 A P P L I C A T I O N T O I N I T I A L V A L U E P R O B L E M S 

Laplace transforms are primarily used in the solution of initial value prob­
lems. Suppose that / has a Laplace transform and that / is piecewise 
continuous in the interval (0, oo) (note that the result can be generalized to 
functions / for which / and / have jump discontinuities). Thus 

L [ / ( i ) : i - > s ] = y ° ° f{t)e-stdt 

= sj(s)-f(0) (6.13) 

and similarly 

L [ / ( * ) : * - > s ] = jf f(t)e-stdt=[f(t)e-st\Q + s J f(t)e~stdt 

= -f(0) + sL[f(t):t^s] 

= s27(s)-sf(0)-f(0). (6.14) 

Both (6.13) and (6.14) are valid for s > 0. 

E x a m p l e 6.7 Find the solution of the initial value problem 

i , - 4 y = 0 , y(0) = l , y(0) = 2 . 

S o l u t i o n 6.7 Let y(s) = L[y(t) : t -» s]. When the Laplace transform 
operation is applied to the differential equation and result (6.14) is used, 
y(s) is seen to satisfy 

s2y(s) - sy(0) - y(0) - 4 y ( s ) = 0 

which can be solved algebraically for y(s) to give 

_ ay(0) + y(0) _ s + 2 _ J _ 
y { S ) s 2 - 4 s 2 - 4 e - 2 ' 

e~st dt 
ο 
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In Example 6.3 it was shown that L [eat : t -> s] — l / ( s — a) and hence it 
follows immediately that 

y(t) = L-1 ι : s — e 
2t • 

E x a m p l e 6.8 Find the solution of the initial value problem 

y + 4y = 0 , y(0) = l , y ( 0 ) = 2 . 

S o l u t i o n 6.8 Let y(s) = L [y{t) : t —> s], then the usual procedure shows 
that y(s) satisfies 

s2y(s) - sy(0) - y(0) + 4y(s) = 0 

and therefore 
s + 2 

+ s2 + A s2 + 4 s 2 + 4 ' 
From Table 6.1 of Laplace transforms or Example 6.4, sinaf and cosaf have 
Laplace transform a/(s2 + a2) and s/(s2 + a2) respectively. Thus 

y(t) = L""1 

s2 + 4 : s + L " 1 

s 2 + 4 : s t = œs2t + s in2 i . • 

The ability of the Laplace transform to encapsulate the complete solu­
tion (differential equation and initial conditions) is an important feature of 
the method. However, it is clear that the long-term usefulness of Laplace 
transforms as a tool to solve initial value problems hinges on the ease with 
which inverse Laplace transforms can be taken. Although the method is 
most appropriate for initial value problems, it can be used to extract general 
solutions by assigning arbitrary parameters to missing initial values. 

E x a m p l e 6.9 Prove the identity 

(6.15) 

where L[f(t) : t -* s] — f{s) and use a specialization thereof to check the 

result from Example 6.5. 

S o l u t i o n 6.9 We have 

roo roo 

L[tnf(t):t^s] = / tnf(t)e~stdt= 
Jo Jo 

= < - » " £ f / ( , , e ~ - * - ( - 1 , " £ 7 M 

\dsn 

dn 

dt 
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The specialization for η = 1 is 

L[tf{t) :t-*s] 
df(s) 

ds 
(6.16) 

When applied to f(t) = s ini , to check the result of Example 6.5, we have 

t s in i 
L : t 

1 d r Γ · , 1 I d / 1 \ 

= ---L[s1nt:t^s] = - - T s { - r r i ) 

1 ( - 2 s ) s 2(s 2 + l ) 2 (s2 + l ) 2 ' • 

E x a m p l e 6.10 Consider an electrical circuit whereby an inductor of in­
ductance L — 10 3 Henry, a resistor of resistance R = 6000 Ohm, an un­
charged capacitor of capacitance C — (1/9) 10~ 3 Farad and a battery of 
electromotive force U(t) = 250 cos t Volt are connected in a serial arrange­
ment. The circuit is activated at t = 0. Find the charge on the capacitor 
and the electrical current flowing in the circuit for / > 0. 

So lu t ion 6.10 The differential equation is, see (3.2) 

LI{t) + RI{t) + Q = U{t). (6.17) 

With Q(t) = I(t), initial conditions Q{0) = 0 and 1(0) = 0 and the given 
values for L, R and C, the initial value problem becomes 

Q(t) + 6Q(i) + 9Q(t) = ^ c o s i , Q ( 0 ) = 0 , Q ( 0 ) = 0 . 

Let Q(s) = L[Q(t) : t -4 s] then 

s2Q(s) - sQ(0) - Q(0)] + 6 [sQ(s) - Q(0)] + 9Q(s) = \ - ^ ^ 

and therefore 

Q ( S ) = 4 ( s 2 + l ) ( s 2 + 6s + 9) = 4 ( s 2 + l ) ( s + 3 ) 2 " 

Partial fraction decomposition leads to 

s 
Q(s) = 4( s 2 + l ) ( s + 3 ) 2 

1 
2ÔÔ 

4s 3 + 15 

Ls2 + 1 s2 + l s+ 3 (s + 3) 2 J 
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The solution can now be extracted from Table 6.1 and is 

Q(t) = — (4 cos t + 3 sin t - 4 e ~ 3 t - 15ie~ 

by using the first shifting property (6.5) or formula (6.16) for the fourth term. 
Once Q(t) is known, the current 7(f) follows immediately from 7(f) — Q(t) 
and is given by 

Furthermore, the long-term behaviour of the solution is described by the 
result 

This means that the solution for large time is dominated by the inhomo­
geneous term in the differential equation, while the contributions from the 
complementary function are damped out. In this example the forcing func­
tion U(t) = 250 cos f was a continuous function of time f. This is not always 
the case; in many applications, the forcing function is a step function or an 
impulse function. 

We note that the present problem could also have been solved as an 
initial value problem for 7(f) instead. Differentiation of (6.17) yields 

I(t) = Q(t) = — ( - 4 s i n i + 3 c o s i - 3 e _ 3 t + 4 5 i e ~ 3 t ) . 

lim Q ( f ) -
!->oo ' 

1 

200 
(4 cos f + 3 sin f ) = 0 . 

LÏ{t) + RI{t) + ^ = Ù{t) (6.18) 

where we have again used Q = I. The initial conditions are 

7(0) = Q(0) , 7(0) = j - [ U(0) - RQ(0) - Q(0) I 

C 

where the condition for 7(0) follows from evaluation of the differential equa­
tion (6.17) at t = 0. • 

6.6 T H E U N I T S T E P F U N C T I O N 

The unit s t e p funct ion (or Heavis ide function) is defined by 

t < a 
t > a 

(6.19) 

and shown in Figure 6.2a. The unit step function can be used to construct 
other, more complicated step functions, for example f(t) = H(t—a)—H(t—b) 
as illustrated in Figure 6.2b. 
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(a) 

1 + 

(b) 

Figure 6.2: The unit step function. Shown are in (a) H(t — a), 
and in (b) H(t - a) - H(t - b), for α < b. 

The Laplace transform of the unit step function is 

roo 

L[H(t-a) s) = / e~stH(t-a)dt 
Jo 

roo 
= / e~stdt = 

Ja 

st 
(6.20) 

valid for s > 0. The equation (6.20) provides the basis for the s econd 
shif t ing property . Let f(s) be the Laplace transform of /(<) and suppose 
tha t α > 0 then 

L[f(t- a)H{t - a) : t -> s] = e _ a s 7 ( s ) (6.21) 

or, conversely, 

L~l [e~ a s 7 (s ) : s -> t] = f(t - a)H{t - a). (6.22) 

Proving the second shifting property is the task of Tutorial example Τ 6.12. 

E x a m p l e 6.11 Compute L - 1 (1 - β"™/ 2 ) 
1 + s 2 

s ->· t 
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S o l u t i o n 6.11 

- ι (1 - e -™/ 2 ) 

= L - 1 

1 + s 2 

1 
1 + s 2 

: s 

: s -> t L'1 

1 + S 2 : s t 

= sin t - H (t - π /2) sin (f - π /2) = sin t + H (t - π /2) cos t. 

E x a m p l e 6.12 Solve the initial value problem 

y + y = f(t), y(o)=o, y(o) = o, 
with 

/(*) = 

• 

1 
0 

0 < t < 1 
t > 1. 

This problem arises, for example, when an undamped oscillator is disturbed 
from rest in its equilibrium state by a constant external driving force which 
is active for a finite period only. 

S o l u t i o n 6.12 The driving force f(t) can be represented by the formula 

f(t) = H(t)-H(t-l). 

Let y(s) — L[y(t) : t —> s ] , then by taking the Laplace transform of the 
differential equation it is seen that y(s) satisfies 

s 2 y(s) - sy(0) - y(0) +y{s) = 
1 

It is straightforward to verify that 

1 -e~s _ 1 
s ( s 2 + 1) _ s y(s) = s 2 + l 

e se 
+ -ο 7 

s s 2 + 1 where the details of the partial fraction decomposition to obtain the sec­
ond expression have been omitted. Hence, after using the second shifting 
property on the final two terms, 

y{t) = l - c o s t - £ T ( i - l ) + / i ( i - l ) c o s ( i - l ) 

= 1 - cos t - [1 - cos(i - l)]H{t - 1) . 

The final expression can then be written as 

f 1 - cos t 0 < t < 1 
y(t) = { , 

I cos(i — 1) — cost t > 1. 
It is worth noting that the solution is continuous at t = 1 even though the 
driving force f(t) is not. • 
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6.7 T H E U N I T I M P U L S E F U N C T I O N 

In strict mathematical terms the unit impulse funct ion (or de l ta or D irac 
d e l t a function), denoted by 6(t), is not an ordinary function but belongs to 
the class of so-called general ized funct ions or d i s tr ibut ions . It is defined 
through the integral relation 

S{t-a)f{t)dt = f(a) (6.23) 

for any integrable function / ( f ) . 
Although the delta function is very special, its integral definition endows 

it with sufficiently good analytical properties that it can be used usefully 
in many mathematical applications almost as though it was a classical and 
not distributional function. These good analytical properties arise because 
the delta function may be thought of as a limit of a sequence of classical 
functions. Two examples illustrating this statement are now given. 
S e q u e n c e 1: Let ôe(t — α) be defined by the formula 

St(t-a) = { 

1 

— \t-a\<e 
2e (6.24) 
0 \t-a\>e. 

Therefore 

/

oo 1 ra+e 

ôe(t-a)f(t)dt = - f(t)dt = f(a + 0e), \θ\ < 1 
-oo " Ja—e 

where the integrability of / has been used to invoke the integral m e a n 
value t h e o r e m . Thus 

/
OO 

Se{t-a)f{t)dt = f{a) 
-oo 

for any real integrable function / . In conclusion 

6{t - a) = lim Se(t - a). (6.25) 

Sequence 2: Another popular description of ô(t) (we have conveniently set 
a = 0 here) arises as the limit of the sequence 

J„(t) - lim 4=e"" 2 t 2 · (6.26) 
η - > ο ο φ γ 

The function on the r ight-hand side of this equation is illustrated for different 
values of η in Figure 6.3. 
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η = 10 

Figure 6.3: Graph of the function (n /v^e for η = 1,5,10. 

In the strict mathematical sense neither of these limits exists, but they 
provide useful conceptual ways towards an understanding of the delta func­
tion 6(t — a). By setting / ( f ) = 1 in (6.23), is evident that 

6{t - a) dt = 1. (6.27) 

For this reason 6(t — a) is often called the unit impulse function. It can be 
described loosely as a function that is zero everywhere except at t = a. The 
basis for this perception is that in the definition (6.23) of S(t — a), it is only 
the value of / at t = a that contributes to the value of the integral. 

Furthermore, it is clear that the unit step function H(t — a) is related to 
the unit impulse function by 

H(t - a) = [ 6(u- a) 
J—oo 

du 

or 

dt 
H{t - a) = 6{t - a). 

(6.28) 

(6.29) 

Once again, the correct interpretation of (6.28) and (6.29) is to be found 
in the theory of distributions. These formulas provide identities when both 
sides are multiplied with a function / ( f ) and integrated with respect to f 
over the interval ( — 0 0 , 0 0 ) . Finally, the Laplace transform of 6(t — a) is 

-,-st dt 
roo 

L[S(t-a):t-+s] = / 6{t - a) 1 

/

oo 
6{t - a) e~st dt = e~as, (a > 0 ) . (6.30) 

- 0 0 

�� �� �� �� ��



Sec. 6.8] Per iodic funct ions 75 

E x a m p l e 6.13 Solve the initial value problem 

i, + 2y + î, = i ( i - l ) , y(0) = 2 , y ( 0 ) = 3 . 

This equation represents a damped oscillator with an external driving force of 
infinite magnitude acting for an infinitely short t ime such tha t unit impulse 
is imparted to the system at time t = 1. Effectively, y jumps by one unit at 
t = 1. 

Solut ion 6.13 Let y(s) = L[y(t) : t -> s] and take the Laplace transform 
of the differential equation. It follows that 

[s2y(s) - 2s - 3] + 2 [sy(s) - 2] + y(«) = e 

. 25 + 7 + e - s 2 5 
y(s) = .7 • o . • 1 = Τ-Γ7 + / . , isi + s 2 + 2s + l s + l ' (s + 1) 2 ' (s + l ) 2 

after taking partial fractions. Using both the first shifting property (6.5) 
and the second shifting property (6.22), the solution is seen to be 

y(i) = 2 e - t + 5 i e _ t + (t - 1 ) β _ ( ί _ 1 ) ί Γ ( ί - 1 ) . • 

A few further important Laplace transforms are listed in Table 6.2. 

6.8 P E R I O D I C F U N C T I O N S 

Suppose that f(t) is a real-valued function defined for 0 < t < 0 0 with 
periodicity T. This means that for any non-negative value of t, 

/(*) = f(t + kT), k = 1 , 2 , . . . . (6.31) 

The Laplace transform of / becomes 

L[f(t):t->a] = f(s)= / f{t)e-stdt=Yj / f(t)e-stdt. 

We use the substitution t = u + kT in these integrals and exploit the peri­
odicity of / . We then see from the previous equation that 

J(s) = T f{u + kT) e-^u+kT^ du=Y e~kTs / f(u) e~su du. 

The infinite series can be summed up in closed form. Hence if f(t) is a 
real-valued function with periodicity Τ then 

7^ = ΤΓΡΤΤ [ f(t)e-stdt. (6.32) 
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f(t) = L-l[f(s):s->t] f(s) = L[f(t):t^s] 

12. H(t - a) 
e~as 

S 
Re(s) > 0 

13. H{t-a)f{t-a) e~as7(s) 

14. eatf(t) 7(s~a) 

15. Hat) l-f(S-) a \aj 
a > 0 

16. [ f{t-w)g(w)dw 
Jo 

7(s)g(s) 

17. S(t - a) e - a s 

18. 

19. 

f[n)(t) 

(-t)nf(t) 

sn7(s)-Esn~J~lf{3)(o) 
j=0 

7{n)(s) 

Table 6.2: More Laplace transforms. 

E x a m p l e 6.14 Demonstrate the validity of the formula (6.32) for the 
Laplace transform of a real-valued function of periodicity Τ by using it 
to calculate the Laplace transform of s ina i . 

S o l u t i o n 6.14 The Laplace transform of s ina i has already been shown to 
be a/{a2 + s2). We begin by recognizing that s ina i has periodicity Τ = 2π/α, 
and consequently sin αΤ = 0, cos αΤ = 1. Therefore 

ί e-st 

Jo 
sin at dt 

-St 

sin at + i f 
s Jo 

e s t cos at dt 

—e -st 

cos at 
a2 fT 

-=• / e s t sin at dt 
sz Jo 

; s t sin at dt. 
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Thus, 

e~stsmatdt = K ' 
lo a 2 + s 2 

and application of (6.32) now gives the Laplace transform of s ina i . 

C o m m o n per iodic waveforms 

The saw tooth illustrated in Figure 6.4a and the square wave illustrated in 
Figure 6.4b are two common periodic waveforms worthy of our attention. 

> t 
0 Τ 2T 3Γ 4T 

Figure 6.4: Part (a) illustrates a saw tooth waveform of ampli­
tude V and period Τ while part (b) illustrates a square wave 
pulse of amplitude V and period 2T. 

Saw t o o t h . The Laplace transform of the saw tooth waveform of amplitude 
V and period Τ is calculated from (6.32) by recognizing first tha t 

jT f(t)e^dt = ^Jo i e - t d i = ^ l ( l - e - r - e T e - r ) . 

Thus the Laplace transform of the saw tooth wave is seen from (6.32) to be 

sTe~sT \ 
7 « 4 ? 1 1 - e~sT 

(6.33) 
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Square wave. The Laplace transform of the square wave of amplitude V 
and period 2T is calculated from (6.32) by the formula 

V fT

 t V I 
= τ p-2st / E D T = ~ TTT^t · (6·34) 1 — e £ S l Jo s 1 + e S1 

O t h e r per iodic pulses . We briefly mention a further four commonly used 
periodic functions (amplitude V) that are formed by repeating the pulses 

Meander function Triangular wave 

f V t € ( 0 , T ) f tV/T t € ( 0 , T ) 

n> \-v te{T,2T) n > \{2T-t)v/T te{T,2T) 
Full wave rectification Half wave rectification 

fit) - { VM«m t e ( 0 , 7 ! /W - {
 VsifT) 11 . 

E x a m p l e 6.15 Determine the current in a series circuit containing an 
inductor of L Henry and a resistor of R Ohm when the circuit is driven by 
a saw tooth voltage of period Τ and amplitude V. Assume that no current 
is flowing initially. 
Solut ion 6.15 The current I(t) in the circuit is governed by the differen­
tial equation 

LÏ + RI = ueaw(i), / (0) = 0 . 

The Laplace transform I(s) = L[I(t) : t -)· s] therefore satisfies the alge­

braic equation 
VI/ s T p _ s T \ 

( i s + « ) 7 = ^ ( i - ^ ) . 
Define a = R/L then I is given by 

V a I sTe-sT \ 
RTs2{s + a) \ l-e-sTJ 

V L lχ _ s T e ~ s T \ _ _L 1 Λ _ sTe~sT 

RT s2 \ 1 - e~sT J RT s{s + a) \ 1 - e^T J ' 

In order to interpret meaningfully the Laplace transform I, we recognize that 
the first component in the last expression is a multiple of L [ US!lw(t) : t —• s ], 
see (6.33). To be explicit, 

j C/saw _ VL a V 1 e -sT 

R R2T s(s + a) R (s + a) 1 - e~sT 

VL a V ~ e - ' k T 

+ Έ Σ R?T s(s + a) R ^ (s + a) 
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Using the inverse Laplace transforms 

L - 1 a : s -»· t\ — 1 - e —at 

[ s(s + a) 
Γ e-skT 

: s - • t = e - e ( t - f c T ) 77(i - jfeT), 
(s + a) 

in which 77 is the Heaviside function, it is now seen that 

m = ^ a w W _ ™ . ( i _ e - - ) + ^ f; e-^-kT) H { t _ k T ) • 

fc=l 

6.9 T U T O R I A L E X A M P L E S 6 

Τ 6.1 Find the Laplace transform of f(t) = e ( - f - 1 / 2 ) . 

Τ 6.2 Find the Laplace transform of f(t) — cos(af + 6). 

Τ 6.3 Calculate the Laplace transform of f(t) = tp (for ρ > —1). Express 
the solution in terms of the G a m m a funct ion Γ ( ι ) defined by 

Consider four special cases: ρ is an integer; ρ = —1/2; ρ = 1/2; ρ = 5/2 
[Hint: make use of the formulas T(x + 1) = χΓ(χ); Γ(1/2) = π 1 / 2 ] . 

Τ 6.4 Find the inverse Laplace transform of f(s) = (s — 2)/(s2 — 2). 

Τ 6.5 Find the inverse Laplace transform of f(s) = 3 / ( s 2 + 4s + 9). 

Τ 6.6 Solve the convolution integral equation 

Τ 6.8 Use Laplace transforms to solve the initial value problem 

Τ 6.7 Solve the convolution integral equation 

j , ( t ) - 5 y ( t ) + 6y(i) = 0 , y(0) = 2 , y(0) = 1. 
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Τ 6.9 Use Laplace transforms to solve the initial value problem 

y(t) - y(t) = te2t, y(0) = 0 , y(0) = 1. 

Τ 6.10 Write f(t) as a step function and calculate its Laplace transform 

fit) = 

1 t < 1 
3 1 < t < 7 
5 t > 7 . 

Τ 6.11 Use Laplace transforms to solve the initial value problem 

4y(t) + 4y(f) + 5y(i) = g(t), y(0) = y(0) = 0 

m ί 4 0 < ί < π 
9 ( ί ) ; = { θ ί > π 

and sketch the solution y(t). 

Τ 6.12 Let f(s) be the Laplace transform of f(t). By using the definition 
of the Laplace transform, prove the second shifting property (6.21), namely 

L [ f(t - a)H{t - a) : t -> s] = e~as J{s) 

where H is the Heaviside function and a > 0. 

Τ 6.13 Solve the initial value problem 

y(t) + 2y(t) + 2y(t) = S(t - η), y(0) = y(0) = 0 

by using Laplace transforms and sketch the solution y(t). 

Τ 6.14 Consider an electrical circuit where an inductor of inductance L 
and a capacitor of capacitance C are connected in series. Before the circuit 
is activated, there is a charge of Qo on the capacitor. At t = 0 the circuit is 
activated. Formulate and solve the initial value problem for the charge Q(t) 
on the capacitor by means of Laplace transform. Interpret the solution. Re­
turn to the more general serial LCR circuit by adding a resistor of resistance 
R to the previous circuit. Obtain the solution of the corresponding initial 
value problem for R2 < 4L/C and, in particular, compare the solution in 
the limit R2 <C 4 L / C with the earlier result. Can you recognize the physical 
mechanism behind the terms in the solution? 

Τ 6.15 Determine the current in a series circuit containing an inductor of 
L Henry and a resistor of R Ohm when the circuit is driven by a square wave 
voltage of period 2T and amplitude V. Assume that no current is flowing 
initially. 
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Higher Order Initial Value Problems 

7.1 G E N E R A L R E M A R K S 

A linear differential equation for y(x) of order η is defined by 

pn{x)yin){x)+pn-1{x)y(n-1){x) + .. .+Pl{x)y'{x)+po{x)y{x) = g(x). (7.1) 

Once again this equation is called inhomogeneous if g(x) φ 0 and homo­
geneous if g(x) = 0. The general solution of (7.1) contains η integration 
constants and to obtain a unique solution for an initial value problem, η in­
dependent initial conditions must therefore be specified. These are typically 

y(xQ) = y0, y'(xo) = y ' 0 , · · · , y(n~1](x0) = y j n _ 1 ) (7.2) 

(note that the primes on the constants y ' Q , etc., are just notational con­
ventions and do not signify derivatives). Let yi(x), y2(x), · • • ι yn{x) be η 
solutions of the homogeneous equation, then the linear combination 

y{x) = ciyi(x) 4- c 2 y 2 ( z ) + . . . + c„y n (x) (7.3) 

where c\, c 2 , . . . , cn, are constants, is also a solution. Now, define the Wron­
skian or Wronskian determinant 

W(yi,y2,... ,yn) = 
y\ 

( n - 1 ) 
Vi 

V2 
y'2 

( n - l ) 
y\ 

yn 

y'n 

yn 

(7.4) 

When each row of the Wronskian determinant is differentiated with respect 
to x, the row beneath it is generated except for the last row. Bearing in 
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mind that a determinant with two identical rows is zero, it therefore follows 
that 

yi 2/2 yn 

y[ y'2 • • y'n 

( n - 2 ) 
Vl 

(n) 
Vl 

y2 

(n) 
y 2 

• yn 
(n) 

• yn 

(7.5) 

Values for y[ (x) on the r ight-hand side of (7.5) are replaced from the 
original differential equation. All derivatives of order (n — 2) and below 
in y^\x) generate multiples of the first (η — 1) rows of W and therefore 
make no contribution to the value of W. The only component of y^\x) 
to contribute to W' comes from the coefficient —p n _ i (x ) /p n (x ) of y£~l\x). 
Therefore, the Wronskian W(y\,y2, • • •,yn) satisfies the differential equation 

pn(x)W'+ pn-i(x)W = 0 — • W{x) = W{x0)e J * o Pn{s) (76) 

Since the exponential function is always positive, it follows from (7.6) that 
if W is zero at any point, then it must be identically zero since W(XQ) = 0. 
Thus, the Wronskian W(y\,..., yn) is either identically zero for all χ > XQ or 
it is never zero. If W ψ 0, the set of solutions is called a fundamenta l set 
of so lut ions . The functions yi,... ,yn ^re then l inearly i n d e p e n d e n t and 
every solution of the homogeneous version of equation (7.1) can be expressed 
in the form (7.3). On the other hand, if W = 0 then the set of solutions is 
incomplete in the sense that yi,..., yn are l inearly dependent . 

The solution to the inhomogeneous equation (7.1) is given by 

y(x) = c i y i ( i ) + c2y2(x) + ••• + cnyn{x) + yp{x) (7.7) 

where yp{x) is a particular integral of the inhomogeneous equation (7.1). 

E x a m p l e 7.1 Verify that the functions 1, χ, cos χ, sin a; are solutions of 
the differential equation Î / 4 ) + y" = 0 and determine their Wronskian. 

Solut ion 7.1 
y • 1 x cosx sinx 
y'-. 0 1 — sin a; cos x 
y": 0 0 — cosx — sinx 
y'"-. 0 0 sin a; — cosx 

0 0 cosx sinx 
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Simple addition shows that the four functions indeed fulfil the differential 
equation. The Wronskian is 

W{yi,y2,y3,y^) = 

1 X cosx s inx 
0 1 — sinx cosx 
0 0 — cosx — sinx 
0 0 sinx — cosx 

1 — s inx cosx 

= 0 -cosx — s inx = 
0 s inx — cosx 

= cos 2 
X - ( - s i n 2 x) = 1 

cos χ — sin χ 
sin χ — cos χ 

Therefore the functions l , x , c o s x , s i n x form a fundamental set of solutions 
and the general solution of y ^ + y" = 0 is 

y(x) = c\ 4- c2x + C3 cos χ + C4 sin χ . • 

7.2 E Q U A T I O N S W I T H C O N S T A N T C O E F F I C I E N T S 

A linear, homogeneous differential equation of order η with constant coeffi­
cients has general form 

any^ + fln-i^"1' + a n _ 2 2 / n - 2 ) 4- · · · 4- aiy' + a 0 y = 0 . (7.8) 

In the following, the constants a\,..., an, are assumed to be complex-valued 
and an φ 0. Equation (7.8) has solutions of form eXx provided λ satisfies the 
auxiliary equation 

p(\) = an\n + αη-ι\η-χ + ... + ο ι λ 4- α 0 = 0 (7.9) 

where p(\) is a polynomial of degree n. Suppose that the η roots of p(\) are 
λ χ , . . . , λ„ then the auxiliary equation can be factorized as 

η 

ρ(λ) = α η ( λ - λ ι ) (λ - λ 2 ) . . . (λ - λ η ) = αη Π ( λ - λ * ) . (7.10) 
fc=l 

Two different cases are possible: roots can have multiplicity s = 1 or s > 1. 

Case 1: When all roots Afc are distinct (i.e., they all have multiplicity 1), 
the general solution of (7.8) is 

y = CleXlX + c 2 e * 2 1 4 - . . . + CneKx. (7.11) 
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In the particular instance in which ajt (0 < k < n) are real-valued, complex 
conjugate pairs λ = α±ιβ can arise. Terms in the general solution (7.11) may 
now be regrouped into combinations of eax cos/fa and e Q X s i n / f a (compare 
this with the analogous procedure for second order equations in Section 3.3). 
Case 2: If roots are repeated and if, say, λ/t is a repeated root of multiplicity 
s > 1, then the s functions 

eXkX, xeXkX, x2eXkX, xs-leXkX (7.12) 

are all solutions of (7.8) whereas each root \j of multiplicity 1 contributes 
a term ex'x to the solution. Likewise if the coefficients of (7.8) are all real-
valued, the terms in (7.12) may be regrouped into e Q X c o s / f a and e Q I s i n / 3 x 
terms. 

E x a m p l e 7.2 Find the general solution of the fourth order differential 
equation j / 4 ) — y = 0. 

Solut ion 7.2 The auxiliary equation is λ 4 - 1 = (λ 2 - 1)(λ 2 + 1) = 0, 
which has the four distinct roots 1 , -1 , i , —i. Therefore 

y(x) = ciex + c 2 e _ x + c3etx + c 4 e ~ z x 

or, equivalently, 

y = c\ex + c2e~x + C5 sinx + CQ cos χ 

is the general solution. • 

E x a m p l e 7.3 Find the general solution of y ^ + 2y" + y — 0. 

Solut ion 7.3 The auxiliary equation is λ 4 + 2λ 2 + 1 = (λ 2 + 1) 2 = 0, which 
has roots i, i, —i, —i. Both i and —i occur as repeated roots with multiplicity 
2. This leads to the general solution 

y(x) = ciéx + c 2 e ~ Î X + c3xelx + Cixe~lx , 

more commonly expressed in the form 

y (χ) = es cos χ + C6 sin χ + x(cj cos χ + c$ sin x). • 

Of course, the roots of polynomials of degree η (n > 5) cannot be found 
by a general formula. Therefore in practice this strategy is extremely limited. 
The method succeeds only when the auxiliary equation has roots that can 
be found by inspection or guess-work. 
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7.3 T H E I N H O M O G E N E O U S E Q U A T I O N 

Solutions of the inhomogeneous equation of order η (an φ 0) 

any{n) + a n - i y ( n _ 1 ) + an-2y{n'2) + ••• + au,' + a0y = g(x) (7.13) 
can now be obtained by the techniques of Chapter 4 in an analogous way. 

U n d e t e r m i n e d coefficients 

To make a correct selection for the particular integral, we generalize the 
procedure outlined in Section 4.2 to differential equations of order n. Let 
Hn be the linear differential operator defined by 

η 

Hn{y) = any(n) + an^y(n-V + ••• + aiy' + a0y = °* VW 

k=0 

and let pn{X) — 0 be the auxiliary equation associated with Hn where 

η 
Ρ η ( λ ) = α 0 + α χ λ + . . . + αηΧη = ] Γ akXk . 

fc=o 

For any complex constant a and suitably differentiable function h(x), Leib­
niz' t h e o r e m gives 

Hn[h(x)eax] = 
k=0 

Σ 
m = 0 

a 

where (^) is the binomial coefficient. The order of summation in this ex­
pression is now reversed to obtain 

m = 0 \ fe=m \ / 

1 d™pn{X) 

A:—m J gQi 

m = 0 
m! <U m 

However, if α is a root of pn{\) = 0 of multiplicity s then 

Pn(a) = 
dpn(X) 

dX 
rfi_1Pn(A) = 0 

and in these circumstances, 

*.[h(.)rf-] = t f c < - ) i ; % ^ (7.14) 

�� �� �� �� ��



86 Higher Order Initial Value P r o b l e m s [Ch. 7 

For example, in order to treat an inhomogeneous equation whose r ight-hand 
side has a term of form g(x)eax where g(x) is a polynomial in χ of degree r 
and α is a zero of the auxiliary equation with multiplicity s, expression (7.14) 
reveals that the s - th derivative of h must have order r. Thus h must be a 
polynomial of order r + s and may be represented without loss of gener­
ality in the form h(x) = xsq(x) where q{x) is an arbitrary polynomial of 
degree r. Therefore, Table 4.1 applies again with s chosen according to the 
developments of the current paragraph. 

Variat ion of cons tants 

Application of the method of variation of constants to an inhomogeneous 
differential equation of higher order is explored in considerable detail in 
Tutorial example Τ 7.7. 

E x a c t equat ions 

The criterion for an exact equation, which we presented for second order 
equations in Section 4.7, can be generalized to higher order equations. The 
differential equation 

t « t ( i ) l / W ( i ) = / ( i ) (7-15) 
Jfc=0 

is exact if and only if the coefficients ak(x) satisfy the condition 

£ ( - l ) F C < 4 f c ) ( z ) : = 0 . (7.16) 

fc=0 

Integration of (7.15) then yields 

η—1 Γ n—k—l 
Σ Σ ( - i ) m < £ 5 . + ι ( * ) yW (x) = f f(s)ds. (7.17) 
fc=0 L m = 0 

which constitutes a differential equation or order η — 1. 

R e d u c t i o n of order 

Suppose that w(x) is any solution of the homogeneous equation correspond­
ing to the inhomogeneous equation 

Σ a*(s ) l / ( f c ) (x) = / ( * ) , (7.18) 
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then the change of dependent variable from y to υ defined by y(x) = w(x)v(x) 
leads to a linear differential equation for ν of order η — 1, that is, of order 
one less than that for y. The equation for υ is 

£ f l f c(x)(m;)«(*) = £ a * ( * ) £ Wr>(x)u;ifc-p>(s) = / ( * ) . (7.19) 
fc=0 k-0 r = 0 \ r / 

When the order of summation is changed in this double sum, the equation 
for ν becomes 

f{x) = t ^ ( , ) t a , ( x ) ( j ) / - r > ( , ) 
r-0 k-r V / 

= v{x) £ ak{x)w^{x) + J2v^{x) Σ ak{x)(k)w(k-rHx) 
k=0 r = l k-r \ f I 

= Σν^\χ)Σ^{χ){Λ^\χ) 
r = l fc=r \ / 

since u>(:r) is given to satisfy the homogeneous form of equation (7.18). Now 
let ζ — v' then ζ satisfies 

fix) = i:z^Hx)£^i*)(%(k-r)iz) 
r = l k=r V / 

= Σ>ίΓ)ω Σ w*)(**iV*-r)(*) ( 7 · 2 0 ) 

r = 0 fc=r \ / 

which is a linear differential equation of order η — 1. 
The most interesting and powerful application of this idea arises when 

η = 2 — the specialization covered in Section 4.5 — since the method now 
yields a first order equation which may fall into one of the many categories 
of equations already discussed. 

R e m a r k s 7.1 In preparation for the next example we note that a differ­
ential equation 

5 > f c ( s ) y W ( z ) = 0 
k=0 

has at least one solution of the form y{x) = eXx if 

ΣΜχ)^ = ο. 
k=0 
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E x a m p l e 7.4 Find the general solution of the differential equation 

x2y"' - x2y" - 2y' + 2y = 0 . 

Solut ion 7.4 By using the result of Remarks 7.1 we see that the coeffi­
cient functions of this equation sum to zero. Therefore ε λ ι , for λ = 1, is a 
solution of the homogeneous equation. Now write y — exv where υ is the 
new dependent variable then 

x2(y"' + 3u" + 3i/ + vj - x2(y" + 2v + υ) - 2(υ' + υ - υ) = 0 

which simplifies to 

χ2ν"' + 2χ2υ" + (χ2 - 2)ν' = 0 —» χ2ζ" 4- 2χ2ζ' + {χ2 - 2)ζ = 0 

where ζ = υ'. This equation is not exact by criterion (7.16) but upon 
multiplication with the integrating factor ex we see that 

ex [x2z" + 2x2z' + (x2 - 2)z\ = ^ [x2exz' + (x2 - 2x)exz] = 0 . 

Now the equation is exact and can integrated to 

x2exz' + (x2 - 2x)exz = A. 

This last equation has standard form 

The differential equation for ζ is linear with integrating factor ex/x2. Thus 

·* N A 
dx ( a ; 2 ) x 4 

with solution 

A further integration now yields 

v{x) = J z{x) dx = - j j dx - B(x2 + 2x + 2)e~x + C. 

In conclusion, the general solution of the original equation is 

/

X g —* 
— ds + b{x2 + 2x + 2) + cex 

where a, b and c are arbitrary constants. Note that the existence of the 
solution at χ — 0 requires a = 0 to remove the divergent integral. • 
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Laplace transform 

Once again, the Laplace transform provides an attractive method for the 
solution of initial value problems of higher order. The key formula that 
opens the way to successful application is 

n - l 

/ W ( t ) : < - > * ] = snf{s) - Σ s n - * - 1 / ( * ) ( 0 ) . (7.21) 
fc=0 

which gives the Laplace transform of the n - t h derivative of a function / (£) . 
Expression (7.21) is a straightforward generalization of (6.13) and (6.14) for 
the first and second derivative respectively and can be proved analogously. 

7.4 T U T O R I A L E X A M P L E S 7 

Τ 7.1 Obtain three functions y i , y 2 and y$ that are solutions of the dif­
ferential equation xy'" — y" = 0 and determine their Wronskian. 

Τ 7.2 Obtain three functions yi , y 2 and ys tha t are solutions of the differ­
ential equation x3y"' + x2y" — 2xy' + 2y — 0 and determine their Wronskian. 

Τ 7.3 Find the general solution of y( 4) + y = 0. 

Τ 7.4 Find the general solution of y( 4 ' — 8y' = 0. 

Τ 7 .5 Find the general solution of y^ — 2y" + y = 0. 

Τ 7.6 Solve the initial value problem 

y'" - 3y" + 2y' = χ + ex , y(0) = 1, y'(0) = - 1 / 4 , y"(0) = - 3 / 2 . 

by using the method of undetermined coefficients. 
[Hint: in order to find a suitable expression for the particular integral use 
Table 4.1 and interpret s as discussed in Section 7.3.] 

Τ 7.7 Find the general solution of the differential equation 

y" + y' -tanx, 0 < χ < π / 2 

by using the method of variation of constants. Follow the procedure: 

1. Find a fundamental set of solutions ( y i , y 2 , y 3 ) of the homogeneous 
equation. 
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2. Set 
yp(x) = u i (x)yi (x) + u2(x)y2(x) + uz(x)y3(x) 

to obtain a particular integral of the inhomogeneous equation. Substi­
tut ing this into the differential equation would give only one equation 
for the three unknown functions 1 x 1 , ^ 2 , 1 x 3 . 

3. It appears that two more conditions are needed to determine Ui,u2 

and U 3 . These can be conveniently chosen as 

Viu'i + y2u'2 + ysu'3 = 0 , 

y[u\ + y'2u2 + y 3 u 3 = 0 

in order to avoid higher order derivatives of u\, u2, W3 in yp and y'p

n'. 

4. Show then tha t 

u'm = (taux) Wm{x)/W(x), m = 1,2,3 

where W{x) = W(y\,y2,yz){x) is the Wronskian and W m is the deter­
minant obtained from W by replacing the m - t h column by the column 
(0,0, l ) r . 

5. Integrate u'm to obtain um(x). 

Generalize the procedure to a differential equation of order η with an arbi­
trary inhomogeneous term g(x) on the r ight-hand side. 

Τ 7.8 Use Laplace transforms to solve the initial value problem 

VW(t) - y(t) = S(t - 1) , y(0) = y(0) = y(0) = y^(0) = 0 . 
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Systems of First Order Linear Equations 

8.1 I N T R O D U C T I O N 

Assume that instead of a single function y(x), it is now necessary to find Ν 
unknown functions, denoted by yi{x), y2{x), · · ·> VN{X)- A s y s t e m of first 
order l inear differential equat ions has general form 

y[(x) = an{x)yi{x) + au(x)y2{x) + ---+aiN(x)yN{x)+hi{x) 
y'2(x) = a2i(x)yi(x) + a22(x)y2(x) + ... + a2N(x)yN{x)+ h(x) 

i ! (8.1) 
y'n(x) = ani(x)yi(x) + an2(x)y2 (x) + .·. + anN(x)yN (x) + bn(x) 

y'N(x) = aNi{x)yi{x) + aN2(x)y2{x) + ... + aNN(x)yN(x)+bN(x). 

These equations may be rewritten in the more compact notation 

Ν 

y'k(x) = Y,akn(x)yn{x) + bk{x), fc = i , 2 , . . . , J V . (8.2; 
n = l 

A well defined initial value problem for χ > XQ arises when the system ο 
equations (8.1) or (8.2) is supplemented by Ν initial conditions 

yk{xo) = yko, k = 1 , 2 , . . . , i V . (8.3 

Translation into m a t r i x no ta t ion yields 1 

Y'(x) = A(x )Y(x ) + B{x), Y ( x 0 ) = Yo (8.4 
x T h e matrices and column vectors that appear in this chapter are generally denoted b; 

capital letters in bold face. 
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where Y{x), B(x) and Yo are the column vectors (length TV) 

Y(x) 

and A(x) is the TV χ TV matrix function given by 

A(x) 

2/1 (z) ' k(x) " 2/io 
2/2 (z) 

, B(x) = 
h{x) 2/20 2/2 (z) 

, B(x) = 
h{x) 

, Yo = 
2/20 

_ bN{x) _ 

(8.5) 

a\\{x) au(x) 
o-2l(x) a22(x) 

aiN{x) 
o-2N{X) 

αΝχ(χ) aN2{x) QNN{X) 

(8.6) 

Two techniques to deal with such systems are studied. However, it is clear 
that any generalized analytical approach necessarily needs to make specific 
assumptions concerning the functions akn(x) and bk(x). Suppose for the 
time being that the system of first order equations has constant coefficients. 
In this case 

akn(x)=akn, bk(x) = bk, A;,η = 1 ,2 , . . . ,7V 

or alternatively, A is a constant matrix and Β is a constant vector. 

(8.7) 

8.2 E L I M I N A T I O N 

Consider first the case Ν — 2, i.e., two equations for two unknown functions 
yi(x) and y2{x). The system (8.1) with the simplifications (8.7) reduces to 

y[ = anyi + ai2y2 + bi (8.8) 

y'2 = «212/1 + a 2 2 y2 + h (8.9) 

and two initial conditions y\{xo) = yio and y2(xo) = y2o will in general be 
specified. Differentiation of (8.8) and substitution for y'2 from (8.9) gives 

y'{ = any'i + ai22/2 = any[ + ai2 («212/1 + a22y2 + b2) . 

Next, eliminate y2 from the second term in the bracket by solving (8.8) 
explicitly for y2 in terms of yi and y[. The result is 

y" = any'i + ai2a2\y\ + al2b2 + a22 (y[ - anyi - h) 

or, tidied up, 

y" - (an + a22)y'i + (απθ22 ~ ai2û2i)yi = anb2 - a22bi. (8.10) 
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Equation (8.10) is now a standard second order differential equation for y\. 
Let λχ and λ 2 be the roots of the auxiliary equation 

A2 - ( a n + α 2 2 ) λ + ( a n a 2 2 - a 1 2 a 2 i ) = 0 (8.11) 

then 

Vi(t) = yicit) + yip{t) (8.12) 

where the complementary function y\c is given by 

f Die

XiX + D2ex*x λιφλ2 

Vic(t) = { , . (8.13) I (A + D2x) ex^x \ x = λ2 . 

The particular integral y\p{t) can now be obtained by the method of unde­
termined coefficients. Once y\{x) is known, y2(x) is normally computed from 
(8.8). This is a straightforward operation, in that knowledge of yi yields y 2 

without further integration. Indeed, if α ι 2 φ 0, then 

yi{?) = — (y'i - a n y i - h) . (8.14) a12 ν / 

It is easy to see that this method, while still relatively easy for the case 
Ν = 2, becomes more tedious and intractable as Ν increases. 

R e m a r k s 8.1 

1. It has just been demonstrated that two linear differential equations of 
first order involving two unknown functions normally lead to one linear 
differential equation of second order for one unknown function. This 
equivalence extends generally in that Ν linear differential equations 
of first order for TV unknown functions are equivalent to one linear 
differential equation of N-th order for one unknown function (from 
which the remaining Ν — 1 unknown functions can then be calculated). 
Although justified here for linear equations only, the result is t rue 
generally. 

2. The converse result is also true, namely, given a single differential 
equation of order N, there is a family of Ν independent variables (the 
choice of which is not unique) such that the original equation can be r e -
expressed as a system of Ν first order equations. Such manipulations of 
the original equation are central to the numerical solution of ordinary 
differential equations. Indeed, the vast majority of schemes for the 
numerical solution of differential equations take it for granted that the 
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equations are formulated as a first order system. As an example of one 
popular strategy, take the third order equation 

y"'+Pi(x)y" + P2(x)y' + P3(x)y = q{x) 

with initial values y(xo) = yo, y'(xo) — y'o, 2/"(^o) = y'o- The equation 
can be re-expressed as a system of three first order equations using 
the three new functions defined by 

wi(x)=y(x), w2{x) = y'(x), w3(x) = y"(x). 

Self-evidently, w\, w2 and w3 satisfy 

w'i — w2 

w'2 = w3 

w3 = -p\w3 - p2w2 - p3wi + q 

with initial conditions wi(xo) = yo, ^2(^0) = y'o, wz{xo) — y'o-

3. It was noticed in connection with (8.14) that y2 can normally be de­
termined without further integration, although (8.14) holds only if 
αΐ2 φ 0. If a\2 = 0, however, (8.8) and (8.9) can be solved sequentially 
without recourse to the elaborate elimination procedure. One solves 
(8.8) as an independent first order equation for y\ and then solves 
(8.9) for y2. This is exactly the procedure that was employed earlier 
in Section 3.4, see (3.16), to obtain the solution of the inhomogeneous 
equation of second order. 

4. The integration constants D\ and D2 in (8.13) can be determined 
directly from (8.12), i.e., before even calculating y2 in (8.14). In order 
to do so we require yi(xo) and y[(xo). While y\(xo) is explicitly given, 
y'i(xo) can be calculated by substituting the given initial values y\{xo) 
and y2(xo) into (8.8). Δ 

E x a m p l e 8.1 Solve the system of first order differential equations 

2y'i - y i + 4y 2 , 2y 2 = - 4 y i - y 2 

with the initial conditions yi(0) = - 2 , y 2 (0) = 2. 

Solut ion 8.1 Differentiating the first of the two equations gives 

2y" = -y ' i + 4y 2 = - y i + 2 ( - 4 y x - y 2 ) 
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where the second equation has been used to eliminate y2. From the first 
equation, we have 4y2 = 2y[ + y\. Substituting this expression into the 
previous equation and rearranging terms yields 

4y'/ + 4y'1 + 17y 1 = 0 . 

The auxiliary equation is λ 2 + λ + 17/4 = 0 with roots λι,2 = —(1/2) ± 2i. 
Therefore, the general solution for y\ is 

yi(x) = e ~ l / 2 ( ,4cos2:r+ £s in2a; ) . 

Using 4y2 = 2y[ + y\ provides 

y2(x) = e - 1 / 2 (Bcos2x - j4sin2x) . 

The initial conditions are satisfied by A = — 2 and Β = 2, and the particular 
solution of this initial value problem is given by 

yi(x) = 2e~x/2 ( s in2 i - cos2x) , 

y2{x) = 2 e ~ l / 2 (sin2x + cos 2x) . • 

E x a m p l e 8.2 The trajectory χ — x(t), y = y(t) of a golf ball of mass 
m struck with initial speed vo and rising initially at angle #o satisfies the 
differential equations 

mx — —Rx , my = —mg — Ry 

with initial conditions 

x{0) = y(0) = 0 , x(0) = wo cos 0o , y(0) = v0 sm60 . 

In these equations, g (assumed constant) is the gravitational acceleration, 
x(t) and y(t) are the horizontal range and vertical height of the ball at t ime 
t, and Rx, Ry are respectively the horizontal and vertical components of air 
resistance. 

(a) Write down the given initial value problem as a fourth order system 
using the dependent variables yi(t) = x(t), y2(t) = y(t) , yz{t) = x(t) 
and y 4 ( t ) = y(t) . 

(b) Wha t is the trajectory of a golf ball assuming tha t air resistance is 
proportional to velocity, tha t is, Rx = mkx, Ry = mky. 
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Solut ion 8.2 (a) If 

yi(t)=x{t), y2(t)=y(t), y3(t) = x(t), yi(t)=y(t) 

then, from these definitions it follows immediately that y\ — y3 and y\ = y A-
Furthermore, 

Rx . .. Ry 
Y 3 = X = , yA = y = -g . 

m m 

Therefore the initial value problem may now be restated as the first order 
system 

2/1 = ys 2/1(0) = ο 
m = y 4 Y2(o) = ο 
2/3 = -Rx/m Y3(0) = vocostfo 
2/4 = -g-Ry/m !/4(0) = u 0 s i n ^ o -

(b) The model for air resistance gives Rx = mky3 and Ry = m/CY 4 . In this 
case the initial value problem becomes 

Vi = 2/3 2/1 (0) = 0 
2/2 = 2/4 2/2(0) = 0 
2/3 = - % 3 2/3(0) = VQ COS #o 
2/4 - -g- kyA 2/4(0) = VQ sin #o 

The third and fourth equations can be integrated to give 

2/3 (t) = v0cose0e-kt, 

y4{t) = - | + ( | + u o s i n 0 o ) e _ f c t . 

Once 2/3 and 2/4 are known then YI and 2/2 can be determined by two further 
integrations. Specifically, 

w ( t ) = ï » 2 î « î ( 1 _ e - « ) , 

The one-dimensional motion analysed in Section 2.3 appears as a specializa­
tion of this problem when θο = π/2. Indeed, the expression for 2/4 (f) = y(t) 
in this example is identical to (2.20) when #0 — π/2 for ίο = 0. • 
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8.3 M A T R I X M E T H O D 

Return now to the general problem for Ν unknown functions and consider 
the special case in which the coefficient matrix A is constant. The matrix 
formulation of the initial value problem is 

dY(x) 
—~^ = AY(x)+B(x), Y(x0)=Y0. (8.15) 

This equation has general solution of the form 

Y(x) = Yc(x) + Yp(x) (8.16) 

where Yc{%) — the complementary function — is the solution of the homo­
geneous equation 

Y'(x) = AY{x) (8.17) 

whereas Yp(x) is a particular integral. Let Yc(x) = Υ* eXx, where Y* is a 
constant vector of length N, and λ be a constant parameter, then 

A Y C -Y'C = (A- XI)Y. eXx 

where I is the identity matrix of order N. Therefore Y* eXx is a solution of 
the homogeneous equation (8.17) if and only if Y* is a non-zero solution of 
the equation 

( Α - λ Ι ) Υ . = 0 . (8.18) 

This is possible if and only if (A — λΐ) is singular, that is, λ satisfies 

d e t ( A - À 7 ) = 0 . (8.19) 

The last equation is a polynomial 2 of degree Ν with Ν roots Xi,X2,... ,XN 
commonly called the e igenvalues of A. Each eigenvalue λ* is accompanied 
by a non-zero Y»fc called an e igenvector . The construction of Y c has 
therefore been reduced to a m a t r i x e igenvalue problem. 

If the eigenvalues are all distinct then the corresponding Ν eigenvectors 
are linearly independent and the complementary function is 

Ν 

Yc(x) = y,YtkeXkX (8.20) 
k=l 

where Y t k is an eigenvector corresponding to λ^. Otherwise, A has repeated 
eigenvalues and the previous expression for the complementary function is 

2 O f course, (8.19) is the auxiliary equation of the equivalent iV-th order linear differen­
tial equation that would have been obtained by eliminating all unknown functions except 
one, see (8.11) for the case Ν = 2. 
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deficient. The situation is analogous to that experienced when the auxiliary 
equation has repeated roots — a case discussed in detail in Sections 3.3 and 
7.2. For example, if λι is a double eigenvalue of A then the contribution to 
the particular integral takes the form 

(xYi + Y2)eMx 

where 
( Α - λ ι Ι ) Υ ι = 0 , Y i = (A - λ , Ι ) Υ 2 . 

Thus Y 2 is the general solution of (A — λ ι Ι ) 2 Υ 2 = 0 while Y i is computed 
from Y 2 by the formula Υχ = (A — λ ι Ι ) Υ 2 . In this instance, Y 2 has two 
degrees of freedom. Suppose that A has r distinct eigenvalues λ ι , . . . , λ Γ 

with multiplicities ki,..., kr (in this instance k\ = 2) then the C a y l e y -
H a m i l t o n t h e o r e m states that 

Π ( Α - λ , · Ι ) * ' = 0 . 

If Ζ is a vector of length Ν whose entries z\,..., ZN, are all arbitrary con­
stants then Y 2 may be formally represented by 

Y 2 = Π(Α-λ,Ί)* ' 
.3 =2 

z. 

The following simple example illustrates the method. 

E x a m p l e 8.3 Express the equations 

y[ = - 5 y i + 4y 2 , y'2 = - 9 y x + 7y 2 

in matrix form and determine the eigenvalues of the system matrix. Compute 
the general solution of this system of equations. 

Solut ion 8.3 The equations have form 

Y = 

The eigenvalues of A are solutions of 

= λ 2 - 2λ + 1 

— = A Y , 
dx ' 

yi A = 
' - 5 4 ' 

2 / 2 
7 - 9 7 

- 5 - λ 4 
- 9 7 - λ ( λ - ΐ ) 2 0. 
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Thus X\t2 = 1 is a double root. By calculation 

( Α - λ Ι ) = 
-6 4 
-9 6 

Therefore 

Y 2 = ci 
C2 

Y l = 
- 6 
- 9 

and the general solution is 

Υ = (χΥι + Y2)ex = 

(A - AI) 2 

4 
6 

Cl 

C2 

0 0 
0 0 

—6ci + 4c2 
—9ci + 6c2 

(—6ci + 4c2)xe I -f cie 
( -9c i + 6c2)xe I + C2e 

or in a more familiar format, 

yi(x) = 2(2c 2 - 3d)xex + cxex , y2(x) = 3(2c 2 - 3a)xex + c2é • 

The calculation of particular integrals is again complicated and not de­
scribed in any detail at this point except to remark that if A is non-singular 
and B (x ) is a constant vector then 

Yp{x) = - A ^ B (8.21) 

is a particular integral of (8.15) where A - 1 is the inverse matr ix of A. 
In general, there are exactly Ν integration constants embedded in the 

arbitrariness of eigenvectors. These constants are determined for an initial 
value problem by solving a system of JV linear equations formed from the 
initial condition Y(xo) = Yo-

8.4 M A T R I X E X P O N E N T M E T H O D 

The notion of a matr ix e x p o n e n t provides a more elegant solution of the 
initial value problem 

= A{x)Y(x) + B{x), Y ( x 0 ) - Yo , (8.22) 
ax 

when A(x) and B (x ) are prescribed matrix functions of a; and not necessarily 
constant. The method relies on the linearity of (8.22) and integrates the 
system of equations using a matr ix integrat ing factor. 
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~ Ak ~ & * 1 
e x p A e x p B - ^ — ^ — = ^ - . (8.25) 

The sum contained in the square brackets is (A + B ) n only when A 
and Β are c o m m u t i n g matrices . Therefore, the relation 

exp A exp Β = exp( A + B) = exp Β exp A (8.26) 

holds only for commuting matrices A and B . 

6. Since A and —A commute then 

exp Aexp(—A) = expO = I = exp(—A) exp A . (8.27) 

Thus exp A has inverse exp(—A) for any matrix A. 

3 We use exp A rather than our standard notation e A as a reminder that the definition 
is purely formal. 

Let Abe a, Ν χ Ν matrix, then the exponent of A, denoted by exp A , 3 

is the Ν χ Ν matrix defined by 

A 2 A f c 0 0 A f c 

e x P A = I + A + T + . . . + — + . . . = £ _ (8.23) 

where A 2 = A A , etc. The convergence of the power series for ex for all 
values of χ guarantees that the series for exp A converges for all matrices A. 
Some immediate consequences of the definition (8.23) are now listed. 

1. The exponent of the zero TV χ Ν matrix 0 is the Ν χ Ν identity matrix 
I, i.e. expO = I. 

2. If A is a constant matrix then 

dexp(Ax) d (™Akxk\ ^ Akxk~l 

3. exp A commutes with any power of A — the proof is by inspection. 

4. If Β commutes with A, i.e., Α Β = Β A, then Β commutes with exp A. 

5. If A and Β are Ν χ Ν matrices then 
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The concept of the exponent of a matrix can now be employed to solve 
(8.22). Let matrix M ( x ) be the solution of the matrix equation 

= -M{x)A(x), M ( x 0 ) = I . (8.28) 
dx 

If Y ( x ) satisfies (8.22) then 

d ( M Y ) = M ^ + ^ Y = M ( A Y + B) - ( M A ) Y = M B . (8.29) 
dx dx dx 

By formal integration of this equation (the r ight-hand side contains known 
functions) it follows that 

M ( x ) Y ( x ) = Γ M{u)B(u)du + M(x0)Y{x0) 
Jxo 

= Γ M(u)B{u)du + Y 0 (8.30) 
Jxn 

where the integral of a matrix is simply the matrix of integrated elements. 
Provided M ( x ) is non-singular for all x, then problem (8.22) has solution 

Y(x ) = M _ 1 ( x ) Γ M(«)B(u)rfti + M _ 1 (x)Y 0 . (8.31) 
Jxo 

It can be shown that M(x) exists for all A and is invertible. The argument 
is based on the iterative construction 

M 0 ( x ) = I , M f c + i ( x ) = [XMk{s)A(s)ds, A; = 0 , 1 , . . . 
Jxn >X0 

which in turn leads to the definition 
oo 

M ( x ) = 5 ] ( - l ) f e + 1 M f c ( x ) . 

It may be demonstrated that M ( x ) satisfies (8.28) although the details of 
the argument are not pursued here. 

For the special case in which A is a constant matrix, it is evident from 
the properties of exp A that 

M ( x ) = e x p [ - A ( x - x 0 ) ] (8.32) 

and in this case, (8.22) has solution 

Y(x)=[ [ e x p A ( x - i i ) ] B ( u ) d u + e x p [ A ( x - x 0 ) ] Y 0 · (8.33) 
Jxo 
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yi A = 
' - 5 4 " 

2/2 - 9 7 

E x a m p l e 8.4 Use the matrix exponent method to determine the general 
solution of the system of differential equations given in Example 8.3. 

Solut ion 8.4 The system given in Example 8.3 has the matrix form 

Ç - - A Y , Y 

dx 

The general solution is therefore Y = exp( Ax) C where C is a vector of two 
arbitrary constants. It has already been shown that (A — I ) 2 = 0. Clearly 

Y = exp [(A - l)x + Ix C = exp [(A - I)χ exp(Ix) C 

where it has been recognized that I and (A - I) are commuting matrices. 
However, 

exp(Ix) = ex I , exp £(A - I)x = Σ 
xk{A-I)k 

k=0 

= I + x{A-I) 

because (A — I)k = 0 for k > 2. Therefore, the general solution is 

Y = exC + xex ( A - I ) C 

with component form 

yi(x) = 2(2c 2 -3ci)xex + Ci e 1 , y2(x) = 3(2c 2 - 3d)xex + c2 ex . 

This is exactly the same solution as that determined previously. Further­
more, the choice C = Yo gives a solution that would fulfil the initial condi­
tion Y(0) = Y 0 (with x0 = 0). • 

8.5 T U T O R I A L E X A M P L E S 8 

Τ 8.1 Solve the initial value problem 

y[(x) = yi(x) -2y2{x), yi(0) = —1, 

y'2(x) = 3Vl(x) - 4y2(x), 1/2(0) = 2. 
Τ 8.2 A primitive p r e d a t o r - p r e y m o d e l for foxes and hares assumes 
that the fox population f(t) increases at a rate proportional to the size of 
the hare population h(t) and is reduced by a mortality rate of μ/. Similarly, 
the hare population declines at a rate proportional to the size of the fox 
population but is sustained by a large birth rate μ/j (> μ/). For some period 
the fox and hare populations have been static at F and H respectively. A 
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recent outbreak of leveret myxomatosis rapidly reduced the hare popula­
tion to fraction k of its previous level thus creating an ecological imbalance. 
Construct differential equations for / and h and hence deduce a second order 
differential equation for h. Use this model to predict the future development 
of the fox and hare populations. 

Τ 8.3 Take the equations of Example 8.2 as a description of the initial 
value problem for the trajectory of a golf ball in a resisting medium and 
assume that 

χ ν 
Rx = mf(v) - , Ry = mf(v) -

V V 

where f(v) is the magnitude of the air resistance at speed ν = \Jx2 + y2. 
Note tha t ν which denotes velocity elsewhere, refers to speed here and thus 
ν > 0. 

1. If the golf ball is at (x, y) at t ime t and is travelling at speed v(t) and 
at inclination 0(f) (—π/2 < θ < π / 2 for all times t) to the horizontal, 
show tha t the differential equations from Example 8.2 can be replaced 
by the system 

χ = ν cos 0 χ ( 0 ) = q 
V = v s ' m 0 y(0) = 0 
ν = - / ( υ ) - s s in0 υ ( 0 ) = V Q 

θ = -i^i 0(0) = 0o. 
ν 

It should be noted that this system of first order equations is non ­
linear. 

2. Assuming tha t air resistance is proportional to the speed itself, tha t 
is, f(v) = kgv calculate the inclination of the golf ball at any time. 

3. If air resistance is constant, show that the golf ball speed at trajectory 
angle θ satisfies 

_ ^ ( c o s f l ) * - 1 

V ~ ( l - s i n 0 ) * 
where v* is the speed of the ball at the top of its flight-path. 
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9 

Boundary Value Problems 

9.1 M O T I V A T I O N 

We consider the vibration of an e lastic str ing stretched to tension Τ bet­
ween two fixed points which are distance / apart as schematically shown in 
Figure 9.1. 

Figure 9.1: Schemat ic graph of the vibrat ions of an elast ic str ing 

of length / w i th u be ing the vertical d isplacement . 

Let u(x,t) be the vertical displacement of the string at point χ and at time 
t, then the equat ion of m o t i o n of the string is 

— = J - — ( 9 1 ) 

dx2 ê dt2 [ ' 

where c2 = T/p and ρ is the string mass per unit length. The equation 
(9.1) is a partial differential equat ion, or, to be more specific, a wave 
equat ion in time and one space dimension. Partial differential equations of 
this type appear often in many applications of mathematics but their general 
t reatment goes beyond the scope of this book. 
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The full description of the problem requires the specification of init ial 
cond i t ions 

, . . . du(x,t) 
u{x,t0) = r(x), 

dt 
= s(x) (9.2) 

t=tQ 

describing the shape of the string and its velocity at t ime ί = ίο through two 
functions r(x) and s(x) respectively; and b o u n d a r y condi t ions 

t t ( 0 , i ) = 0 , u ( / , i ) = 0 (9.3) 

describing the fixed nature of the boundary points for all times i. 
Many partial differential equations such as (9.1) can be solved by as­

suming that the solution is a product of functions, each one depending on 
only one variable, a technique commonly called s eparat ion of variables 
for partial differential equations. The functional form 

u{x,t) = F{x)G(t) (9.4) 

satisfies (9.1) if F(x) and G{t) fulfil 

0 + a F = O, ^ + c

2 a G = 0 (9.5) 

for some arbitrary constant a. In view of (9.4), the boundary conditions 
(9.3) for u{x,t) are fulfilled by 

F ( 0 ) = 0 , F(Z) = 0 . (9.6) 

The first equation of (9.5) and (9.6) define a b o u n d a r y value p r o b l e m for 

F(x), namely 

F"(x) + aF(x)=0, F{0)=0, F{1)=0. (9.7) 

The general solution of the differential equation in (9.7) for a > 0 is 

F(x) = Asiny/ax + Β cosy/ax. (9.8) 

Applying the boundary conditions F(0) = 0 and F(l) = 0 yields 

0 = 5 , 0 = Asm^/âl + Bcos^/âl —> 5 = 0 , As'ms/âl = 0 . 

Since 5 is already zero then the choice A — 0 produces only the trivial 
solution F(x) Ξ 0. A non-trivial solution (Α φ 0) emerges if and only if 

s i n v / o / = 0 (9.9) 
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which requires that 

Λ/οΤ^Ι = ηπ η 2 π 2 

η = 1 ,2 ,3 , . . (9.10) 

Thus α ϊ , O J 2 , . . . form a family of values of α such that (9.7) has a non-trivial 
solution. Each value of α is called an e igenvalue, and the corresponding 
expression for F(x) is called an e igenfunct ion. The eigenfunctions of (9.7) 
are therefore 

Fn(x) - sin 

and the linear combination 

ηπχ 
I 

η = 1 ,2 ,3 , . . 

F {χ) = ]Γ anFn{x) = ]Γ ansm 
η-ι n = l 

ηπχ 

(9.11) 

(9.12) 

is a general solution of the boundary value problem (9.7) for arbitrary con­
stants an. 

R e m a r k s 9.1 

1. The physical interpretation of Fn(x) = 8ΐη(ηπχ/1) is that , for each 
n, the function Fn(x) denotes a fundamental vibration (a so-called 
normal mode) of the string. 

2. Problem (9.7) has the trivial solution for all values of a other than 
those given by (9.10). 

3. The solution (9.12) still contains arbitrary constants an. This presents 
no difficulty since F forms only part of the solution for u(x, t); equation 
(9.1) with (9.2) and (9.3) has a unique solution. 

4. In writing down the solution (9.8) it was assumed explicitly that the 
arbitrary constant α > 0. If α < 0, expression (9.8) for F is replaced 

F(x) = Ae^x + Be~^x . 

The boundary conditions require A+B = 0 and Ae'^~^1+Be~^~"1 = 0 
and thus 

r 
1 1 

The determinant of this linear system has value —2 sinh (>/—a/), which 
is never zero. Thus A = Β = 0 is the only possible solution and 
therefore F{x) Ξ 0. Δ 

" A ' ' 0 " 
Β 0 
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9.2 B O U N D A R Y V A L U E P R O B L E M S O F S E C O N D O R D E R 

A general b o u n d a r y value p r o b l e m of second order consists of the 
differential equation 

y"(x)+p{x)y'{x)+q(x)y(x) = h{x), a<x<b, (9.13) 

and two boundary conditions, one specified at χ = a and the other at χ = b. 
These boundary conditions may be of different type. They can be of the 
first k ind 

y{o) = m, y(h) = m, (9.14) 

of the s econd kind 
y'(a) = m , y'(b) = η2 , (9.15) 

of the th ird kind 

aiy{a) + a2y'(a) = m , fay{b) + foy'{b) = η2 , (9.16) 

or they can be of per iodic t y p e 

y(«) =!/(&), y'{o) = y'{b) (9.17) 

where a\, a2, βι, β2, η\, η2 are constants. It is not difficult to see that the 
first and the second kind are both special cases of the third kind. 

E x a m p l e 9 .1 Find the positive values of λ for which the boundary value 
problem y" — 2y' + (1 + X)y — 0 , y(0) = 0 , y( l ) = 0 has non-trivial solutions. 

Solut ion 9.1 With y = eax we have a 2 - 2a + (1 + λ) = 0, which yields 

a i , 2 = 1 ± yjl - (1 + λ) = 1 ± ή / λ . 

Thus the complementary function is 

y(x) = Ae{l+iy/*)x + Be{1~^x 

or 

y(x) = ex(C cos VXx + D sin y/\x). 

The boundary conditions require 

y ( 0 ) = 0 — > C = 0 , 
1/(1) = 0 — > e 1 ( C c o s \ / Â + D s i n \ / A ) = 0 , 
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which can only provide a non-trivial solution when 

\f\~ii = ηπ , η = 1, 2 , 3 , . . . . 

The solutions of the boundary value problem are therefore the functions 

Vn{x) — kn ex sin ηπχ , n= 1 , 2 ,3 , . . . 

where kn are arbitrary constants. • 

E x a m p l e 9.2 Find the values of the parameter λ for which the boundary 
value problem y" + Xy = 0 , y'(0) = 0 , y(n) = 0 , has non-trivial solutions. 

Solut ion 9.2 We begin by establishing if the boundary value problem 
can be solved for λ = 0. For λ = 0, the differential equation simplifies to 
y" = 0 which has the solution y = ax + b. Substitution of the two boundary 
conditions shows that a = b — 0. This reduces the solution to the trivial 
solution. Therefore we have 

y(x) = As'my/Xx + Βcos\/Xx , ΧφΟ. 

The boundary conditions require 

y ' ( 0 ) = 0 — • AVX = 0, 
y (π) = 0 —> A sin VX π + Β cos \/X π = 0 . 

A non-trivial solution emerges only when A = 0 and cos VX π = 0. The 
latter condition gives 

r r — 1 3 5 r— 2 n - l 
ν λ Η = 2 ' 2 ' 2 ' " ' — > vXn = — 2 " — , η = 1 , 2 , 3 , . . . . 

The solutions of the boundary value problem are therefore provided by the 
functions 

yn (x) — kn cos (n — 1/2) χ, η = 1 , 2 , 3 , . . . 

where kn are arbitrary constants. • 

R e m a r k s 9.2 In Examples 9.1 and 9.2 we recognize again certain fea­
tures that were apparent in the motivational problem of the elastic string in 
Section 9.1. 

1. A non-trivial solution of the boundary value problem exists only for 
specific values of the parameter λ. These are the eigenvalues. 
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2. The solution yn{x) of the boundary value problem corresponding to a 
specific eigenvalue λ η is called the eigenfunction. 

3. A solution yn(x) is not unique but can be multiplied by an arbitrary 
constant and still remains a solution. 

4. The non-uniqueness of solutions permits a suitable choice of the ar­
bitrary constant. This procedure will be discussed in more detail in 
Section 9.4. For the solution of Example 9.2, for illustration, we can 
calculate 

/•π /-π 

/ y2

l{x)dx = k\ / cos 2 (η - 1/2) xdx 
Jo Jo 

k„ η sin (n — 1/2) χ cos (n — 1/2) χ 
x -\ 

klv 
η-1/2 J 0 2 

and require that the integral equals 1. The choice kn = >/2/π therefore 
provides the so-called normalized eigen]'unctions 

[2 
yn(x) = \ - cos(n - 1/2) χ . Δ 

V π 

9.3 S T U R M B O U N D A R Y V A L U E P R O B L E M S 

Let L be the linear differential operator whose action on the function y is 
defined by 

Ly(x) =[p(x)y'(x)}' + q(x)y(x). (9.18) 

The boundary value problem, defined by 

Ly{x) = h(x), a<x<b, (9.19) 

R\V = ctyy(a) + a2y'(a) = ηχ, (9.20) 

Riy - Ay(6) + /WW = m, (9.21) 
is associated with the name of the mathematician Sturm. In (9.20) and 
(9.21), 7?i and η2 have known values, a\ + a\ > 0 and β\ + β\ > 0 while 
p(x) is a non-negative continuously differentiable function and q(x) is a 
continuous function for a < χ < b. 

R e m a r k s 9.3 Every differential equation of second order expressed in 
the s tandard form y" + a\(x)y' + a2(x)y = g(x) can be writ ten in the form 
(9.19). To see this, multiply the differential equation by p(x) = e i α^χ)άχ, 
It becomes clear then that p'(x) = α ι ( α ; ) β / α ι ^ ^ 1 = a\(x)p(x) and thus 
py" + a\py' + a2py = pg which can be rewritten as {py')' + qy = h with the 
identifications q = a2p and h = pg. Δ 
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Now let yi (χ), y2 (x) be a fundamental set of solutions of the homogeneous 
version of (9.19), that is, y x and y2 fulfil the boundary conditions and satisfy 
Lyi — 0, Ly2 — 0. The general solution of the inhomogeneous boundary 
value problem (9.19)—(9.21) may be written in the usual form 

y{x) = Ayi(x) + By2{x) + yP{x) (9.22) 

with a particular integral y p (x ) . The integration constants A and Β are 
chosen so that 

Riy = ARly1 + BRiy2 + Riyp = m (9.23) 

R2y = ARm + BR2y2 + R2yp = m • (9.24) 

These equations for A and Β may be re-expressed in the matrix form 

Rm R\V2 
-R22/1 R2V2 

' A ' m - RiUp 
Β m - R2Vp 

(9.25) 

and so the determination of A and Β requires the existence and uniqueness 
of the solution of a pair of simultaneous linear equations. Let D be the value 
of the determinant of the matrix on the left-hand side of (9.25), i.e., 

D = Rm R\V2 
R-2y\ R-2y2 

(9.26) 

A necessary and sufficient condition for (9.25) to have a unique solution is 
that D φ 0. In this case, the inhomogeneous problem (9.19)—(9.21) has a 
unique solution and the corresponding homogeneous problem has only the 
trivial solution. 

Alternatively, if D = 0, the inhomogeneous problem does not have a 
unique solution whereas the corresponding homogeneous problem can be 
solved — but its solution contains an arbitrary constant. 

E x a m p l e 9.3 Solve the differential equation y"+y = 1 with the boundary 
conditions .Riy = y(0) + y'(0) = 0 and R2y = y(n) — 0. 

S o l u t i o n 9.3 The functions y\{x) = cosx and y2(a;) = s inx are a funda­
mental set of solutions. Thus 

= 1. Rm Rm 1 1 

R-2VI R2V2 - 1 0 

Therefore, the inhomogeneous problem has a unique solution. Now 

y(x) = ayi(x) 4- by2{x) + y p (x) = a cos χ 4- 6 sin χ + 1 
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where the particular integral yp = 1 is obtained by guessing. The boundary 
conditions require 

1 + 0 + 6 = 0 a=1 
1 - ο = 0 > b=-2 

and the required solution is therefore 

y = cos χ — 2 sin χ + 1. 

It is checked easily that y = 0 is the only solution of the homogeneous 
problem. 

Consider now the differential equation y" + y = 1 as before but with the 
new boundary conditions 

In this case, 

fliy = y(0) = 0 , R2y = y{ir) = 0. 

0 Rm Rm 1 0 
R.2y\ R-2V2 - 1 0 

and so the inhomogeneous problem has no solution whereas the homogeneous 
problem has the solution y = C s i n x in which C is an arbitrary constant. • 

9.4 T H E S T U R M - L I O U V I L L E E I G E N V A L U E P R O B L E M 

The differential equation 

L y{x) + Xr(x)y(x) = 0 , a < χ < b (9.27) 

where L is defined by (9.18) and the boundary conditions 

Riy = 0, R2V = 0 (9.28) 

form a S t u r m - L i o u v i l l e e igenvalue problem. The differential equation 
contains the parameter λ (the eigenvalue) and we assume that ρ, p', q and 
r are continuous and ρ > 0 and r > 0 for a < χ < b. 

Before proceeding further, the Lagrange ident i ty is derived. Let u\(x) 
and u2{x) be two functions with continuous second derivatives for a < χ < b. 
The Lagrange identity states that 

ί \u2(Lu\) - u\{Lu2) dx — ί [(pu\)'u2 - u\(pu'2)'] dx 

Ja L J Ja 
= [p(li'ilt2 - ulu2) (9.29) 
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The result was obtained from the definition (9.18) of the operator L and 
using integrating by parts. In a further specialization, the r ight-hand side 
of (9.29) vanishes if u\ and u2 fulfil the boundary conditions RiUj — 0 
( t , j = l , 2 ) . 

Various theorems can be proved rigorously in the theory of S tu rm-
Liouville eigenvalue problems. Here it suffices to state results and provide 
some guidance as to how these results are proved. 

1. All the eigenvalues of the Sturm-Liouville eigenvalue problem (9.27), 
(9.28) are r e a l - v a l u e d . The proof is based on the observation that 

(λ - λ*) j\{x)u{x)u* {x) dx + J* [u*{Lu) - u(Lu*) dx = 0 

where the superscript * indicates the complex conjugate. The Lagrange 
identity, in combination with the boundary conditions, is now used to 
establish that the second of these integrals vanishes. Therefore λ = λ* 
since the first integral is inherently positive. 

2. All the eigenvalues are s imp le , that is, each eigenvalue has an eigen-
function that is unique up to a constant scaling factor. The proof is 
established by a contradiction argument. 

3. The eigenvalues may be ordered into an unbounded sequence 

λι < λ 2 < λ 3 < . . . < λ η < . . . . (9.30) 

Given any M > 0, there is an integer η such that λ*; > M for all k > n. 

4. As the eigenvalues form an infinite sequence, there is consequently an 
infinite sequence of eigenfunctions frequently denoted by φη{χ). 

5. Two eigenfunctions φ]{χ) and φ)ζ(χ) corresponding to distinct eigenval­
ues Xj and λ*; respectively of the Sturm-Liouville eigenvalue problem 
are o r t h o g o n a l in the sense that 

L 
b 

Τ{χ)φ^χ)φ^χ)άχ = 0 , 3 φ k. (9.31) 

The proof uses the Lagrange identity (9.29) with u\ identified with 
Φϊ and U2 identified with φ^. By definition, L</>j + ^τφ] — 0 and 
L φΐι + Afcr</>fc = 0. 

6. The eigenfunctions φη can be normalized by the requirement that 

J a 
Γ{χ)φ2

η{χ)άχ - 1, η = 1 , 2 , 3 , . . . . (9.32) 
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Based on (9.31) and (9.32), the eigenfunctions φη{χ), η = 1 , 2 , 3 , . . . 
are said to form an or thonormal set. 

Let y(x) be a function that obeys the two boundary conditions (9.28), 
Riy = R2y — 0 and assume that y and y' are piecewise continuous, then 
y{x) can be expanded in terms of the normalized eigenfunctions φη(χ) in the 
form 

ν(χ) = Σ αηΦη{χ), an= Γ(χ)φη(χ^{χ) dx. (9.33) 
n = l J a 

The determination of an uses the orthonormal properties of the set of eigen­
functions φη{χ) and follows from the calculation 

rb rb OO 

/ Γ(χ)φη(χ)φ(χ)άχ = / τ{χ)φη(χ)Υ^αΙζφΙζ{χ)άχ 
Ja Ja k = 1 

oo rb = X âfc / τ{χ)φΙ({χ)φη(χ) dx = an. 
fc=l J a 

The only non-zero integral in this summation occurs when η = k: all other 
integrals in the summation vanish due to the orthogonal properties of the 
set of eigenfunctions φη{χ)· 

Now is a good time to reassess the introductory problem — the elastic 
string. After separation of variables, it was found in (9.7) that 

F"{x) +aF(x) = 0 , F ( 0 ) = F ( / ) = 0 . 

Clearly an = (ηπ/Ι)2 are the eigenvalues and Fn(x) = sm(nnx/l) are 
the corresponding eigenfunctions. The normalized eigenfunctions are given 
by φη{χ) = AnFn(x) where An is to be found. In terms of a S tu rm-
Liouville eigenvalue problem, the string problem corresponds to the special 
case r(x) — 1. Thus An, the normalizing coefficient, is obtained from the 
condition 

rl rl 
Ι Γ(χ)φη(χ)φη(χ)dx = A\ \ s i n 2 ^ d a ; = l . (9.34) 

Jo Jo I 
Using the trigonometric identity 2 s in 2 θ = 1 — cos 2Θ, s tandard methods of 
integration yield 

Al Γ1

 ( 2ηπχ\ All , 
l = - ? L ( 1 - c o e — ) d x = ^ - ( 9 · 3 5 ) 

from which it follows that An — \/2jl. Therefore 

/
2 7Ϊ7ΓΧ 

y sin — , η = 1 , 2 , 3 , . . . (9.36) 
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form a normalized set of eigenfunctions for the string problem. A function 
y(x) satisfying y(0) = y(l) = 0 can now be expanded into 

°° [2 0 0 ηπχ 
y(x) = Σαη$η(χ) = v 7 J2anSm~r~> ( 9 · 3 7 ) 

n = l n = l 
r' ηπχ 

y(x)sm—j— dx. (9.38) 

The series (9.37) converges everywhere if y(x) is a continuous function. Ex­
pansions of the type (9.37), (9.38) are closely related to the concept of Fourier 
series. 

E x a m p l e 9.4 Find the eigenvalues and eigenfunctions of the boundary 
value problem y" + Xy = 0 , y(0) = 0 , y ' ( l ) + y( l ) = 0. 

S o l u t i o n 9.4 The character of the equation depends on the value of λ. 
There are four different cases to be considered. 

1. λ = 0. It follows immediately that y(x) = c\x + c 2 . Applying the 
boundary conditions leads to c 2 = 0 and 2c\ + c 2 = 0 which can only 
be fulfilled for c\ = c 2 = 0 and therefore only the trivial solution exists. 

2. λ > 0. In this case 

y(x) - c\ sin ν/λ X + c 2 cos X 

—> y'(x) = c\VXcosVXx — C2VXs'mVXx • 

The first boundary condition requires that 0 = c 2 . Taking this into 
account, the second boundary condition reduces to 

c\ Vx cos VX + c\ sin Vx — 0 . 

Since c 2 = 0 then c\ must be non-zero for a non-trivial solution. Thus 

Vx cos VX + sin Vx = 0 —> Vx = — tan Vx. 

This is a t r a n s c e n d e n t a l e q u a t i o n and can only be solved approx­
imately using numerical or graphical means. From Figure 9.2, it can 
be seen that 

ν/λ7«2.0 —-> λ! « 4 . 0 
v / Â 2 " « 4 . 5 — • λ 2 « 2 0 . 3 

ν / λ ^ « ( η - | ) π —> Χη^(η-\)2π2, η = 3 , 4 , . . . . 
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1 y — λ/λ j 

ι Ν . j 

• \ i 

λΑι" \ \ 

^ \ ν 
y = -i tan \ / λ 

λ/λ 

Figure 9.2: Graphical solution of \ί\ = — tan %/λ with the first 
three non-trivial roots, \f\\, \ A â indicated. 

The unnormalized eigenfunctions are 

yn(x) = kns'm^/\^x, η = 1 , 2 , 3 , . . . . 

3. λ < 0. Let μ = — λ then μ > 0 and 

y(x) = Ci sinh .^/Ix -I- c 2 cosh y/μχ. 

Again, the first boundary condition requires c 2 = 0 while the second 
boundary condition leads to the relation 

= — tanh y/μ. 

Figure 9.3 shows that no eigenvalues exist for μ > 0 and thus only the 
trivial solution remains. 

4. If λ is complex-valued, the trivial solution y = 0 is the only possible 
solution because this boundary value problem is a Sturm-Liouville 
eigenvalue problem in which all eigenvalues must be real-valued. • 
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Inhomogeneous Sturm-Liouville eigenvalue problems are of the type 

Ly(x) + μτ{χ)υ(χ) = f(x), a < x < 6 (9.39) 

where the differential operator L is again given by (9.18) with the boundary 
conditions 

Riy = 0, R2y = 0- (9.40) 

Our aim here is to obtain a solution of (9.39), (9.40) in terms of an e igen-
funct ion expans ion . For that purpose, we first solve the homogeneous 
Sturm-Liouville eigenvalue problem and obtain the eigenvalues λ η and the 
normalized eigenfunctions φη{χ) such that 

ίφη{χ) + ληΓ(χ)φη{χ) = 0 , Αΐφη(χ) = &2Φη{χ) = 0 

with 

j Γ{χ)φη(χ)φτη{χ) dx = ί. ^ 
τη φ η 
τη = η. 

(9.41) 

(9.42) 

Next, we multiply both sides of (9.39) by φη{χ) and integrate from a to b to 
obtain 

f \[Ly(x)}φn{x)+μr(x)y(x)φn(x)\dx=[ /{χ)φη{χ)άχ. (9.43) 
Ja J a 

Using the definition (9.18) of L we obtain by using integration by parts 

rb rb 

[ ίφηάχ = j (py')'φη + 9υΦη + μ^φη 
J a J a 

dx 
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b fb 

= [Ρν'Φη } a + / [ (-Ρν'φ'η) + <?#n + μτνφη } dx 
Ja 

b fb Γ / 

= [ρ{υ'Φη-υΦη)]α

+ y (ΡΦ'πΪ+ νΦη + μτφη 
Ja L 

dx. 

Using the fact that the eigenfunctions φη satisfy (9.41) and y satisfies the 
boundary conditions (9.40), the last relation reduces to 

rb rb 

( Α * - λ η ) / τ{χ)ν{χ)φη{χ)άχ= I /(χ)φη(χ)άχ. (9.44) 
J a J a 

Suppose now that 
oo 

y(x) = £ M » ( * ) (9.45) 
n=l 

is the expansion of y(x) in terms of the eigenfunctions φη{χ). Substitution 
of (9.45) into (9.44) yields [upon exploitation of the orthonormality rela­
tions (9.42)] 

(μ - λ η ) bn = Cn (9.46) 
where we have defined 

Cn = [b/{Χ)φη{χ)άχ. (9.47) 
Ja 

We therefore obtain the particular integral in its final form as per 

oo 

^ x μ - An 

It is clear that the solution (9.48) is valid only if μ is not an eigenvalue 
of the homogeneous Sturm-Liouville eigenvalue problem, that is, μ φ λ η , 
n = 1 , 2 , 3 , . . . . 

If, however, μ = Xk for some integer k then (9.46) requires that 

rb 
ck = / / ( s ) & ( x ) d x = 0 . (9.49) 

Ja 

This last relation is a consistency condition and is called the or thogona l i ty 
condi t ion . As a consequence of this requirement, the solution is no longer 
unique because the coefficient 6jt in the expansion (9.48) of y(x) remains 
arbitrary. 
S u m m a r y : The inhomogeneous Sturm-Liouville eigenvalue problem de­
fined by (9.39), (9.40) has a unique solution for every continuous function 
f(x) provided μ is not an eigenvalue of the corresponding homogeneous 
Sturm-Liouville eigenvalue problem. The solution (9.48) converges uni­
formly for every continuous function f(x). 
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E x a m p l e 9.5 Solve the inhomogeneous boundary value problem 

2x2 

y" + 2y = -x + — , y(0) = 0 , j / ( l ) + y ' ( l ) = 0 (9.50) 

as an eigenfunction expansion in terms of the eigenfunctions of the corre­
sponding homogeneous Sturm-Liouville eigenvalue problem and by a direct 
method. Compare the two solutions. 

S o l u t i o n 9.5 In order to find the desired expansion for y(x), it is first nec­
essary to find the eigenfunctions φη{χ) of the corresponding Sturm-Liouville 
eigenvalue problem 

φ'η(χ) + \ηφη(χ) = 0 , Φη(0)=0, φη(\) + φ'η(1) = 0 . 

The normalized eigenfunctions corresponding to eigenvalues λ π are (compare 
with Example 9.4) 

φη(χ) = An sin \f\xX, \/K = - tan \ / λ ^ , 

where the normalization constant is An = \J2/(1 + cos 2 \/X^). With μ = 2, 
we have from (9.48) 

y(x) = Σ 2 _ " Λ 

n=l 7 1 

where 

fx fx ( 2x 2 \ 2I2 Cn = yo /(χ)φη(χ)άχ = ( -χ + — j Ans'm^/Xn'xdx = Αη(-Ιι + -^-). 

The two integrals I\ and I2 can be evaluated as 

I\ = Ι χ sin \f\,,x dx 
Jo 

sin \/KiX X COS \f\~n~X 
Ί 1 

sin y/\i cos \ZXn~ 2 COS χ Α η " 

Xn \f\x \/Xn 

the last step arising by substituting = — tan \ A ^ - Further 

rl 

h = χ 2 s m Vx~nx dx 
Jo 
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2 sin Λ/Απ" / 1 _ 2 \ ^ ^ — _ 2 

= -—7== ί 2v /A n " s in \ /X n ' - (A„ - 2) cos \/λ„" - 2 
A n v A n

 L 

= τ-Λ== f ( 2 - 3 λ „ ) 0 0 8 ^ - 2 ] . 

Pu t t ing the two terms together gives 

n 3A n cos + (2 - 3A n ) COS y/X~n ~~ 2 
3A n \ / A n 

4A 
SAnv/An" 

7 = (cos \ / λΓ - 1) 

The solution is 

h 2 - x " ^ 3 A n N A ; ( A n - 2 ) η ψ η Κ ] 

8 (1 - cos\/A^) 

3 ^ ΚνΚ(λη - 2) (1 + cos 2 

sin ν / λ ~ τ . (9.51) 

Alternatively, this inhomogeneous boundary value problem can be solved 
directly by determining the complementary function and a particular inte­
gral. The complementary function is yc{x) = Acos\ /2a; -I- Bsm\/2x. By 
calculating 

Rm Rm 
R2V1 R2V2 

= sin a / 2 + v/2 cos \ /2 ^ 0 , 

the inhomogeneous problem is seen to have a unique solution. The general 
solution is therefore 

y(x) = A cos y/2x + Β sin \/2x + yp{x) 

where the particular integral yp can be obtained (by using the method of 
undetermined coefficients) in the form yp = a + bx + cx1. It is found that 
a — —1/3, b = —1/2, c = 1/3 and so the general solution is 

y = A cos V2x + Β sin \Fix — \- — ̂  + . 

Ο Li Ο 
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The integration constants A and Β follow from the requirement that the 
particular solution must satisfy the boundary conditions. We obtain 

1 _ 1 + y/2 sin y/2 - cos y/2 
3 ' ~ S i s i n v ^ + v / ^ c o s v ^ ) 

Finally, 

, . 1 r- 1 + \ / 2 s i n \ / 2 - cos \ /2 . ^ 1 χ χ2

 / Λ x 

»W = î " ^ + 3 (s inv^ + V2cosV2) 1 ~ 3 ~ 2 + ΊΓ ' ^ 

The two solutions (9.51) and (9.52) appear very different from each other: 
(9.51) is an infinite series whereas (9.52) is a finite expression involving 
a polynomial of order two and two trigonometric terms. Both solutions 
are equally valid and represent the same function; the infinite series (9.51) 
converges uniformly for all values 0 < χ < 1. • 

R e m a r k s 9.4 This section closes with a few stricter observations about 
the mathematical nature of eigenfunction expansions. Of particular interest 
are the conditions under which a function has an eigenfunction expansion, 
and the convergence properties of such an expansion when it exists. An 
important theorem in the theory of Sturm-Liouville eigenvalue problems is: 

• A function f(x) which is piecewise continuous and which has a piece-
wise continuous derivative can be expanded in terms of the eigenfunc­
tions of the Sturm-Liouville eigenvalue problem (9.27) and (9.28) over 
a given interval a < χ < b. At each point of the open interval a < χ < b 
the expansion (with coefficients calculated as described earlier) con­
verges to 

\hm[f(x + h) + f(x-h)}. 

This theorem identifies an important point in the theory of eigenfunction 
expansions that arises when a function y(x) is expanded in terms of the 
normalized eigenfunctions φη of a Sturm-Liouville eigenvalue problem in 
which y(x) and φη(χ) fulfil different boundary conditions. Formally, one 
can still write 

oo . b 

V(x) = Σ hn<Î>n{x), bn= r{x)y{x) φη(χ) dx 
n = l J a 

and the series will converge at all points of the interval a < χ < b for a 
continuous function y(x). At the boundary points χ = a and χ = 6, however, 
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it is clearly impossible to achieve convergence if y and the eigenfunctions 
satisfy different boundary conditions. 

To provide evidence of this difficulty, consider the expansion of y(x) = χ 
in terms of the normalized eigenfunctions φη{χ) = λ/2 sin(rara;) οΐφ"+Χφ = 0 
with φ(0) = φ(1) = 0. The formal result is 

Convergence of the eigenfunction expansion (9.53) can be expected for all 
values of re G [0,1) because at the boundary point χ = 0 the function y and 
all the eigenfunctions φη are zero. At the boundary point χ — 1 however, 
the expansion of y in terms of φη forces an incorrect boundary value on y; 
the closer the independent variable χ gets to 1, the more will the value of y, 
as calculated from the expansion, deviate from its actual value. Thus, near 
χ = 1 the partial sums of (9.53) provide a very poor representation of y. 

Figure 9.4 illustrates the graph of y(x) = χ together with the approxima­
tion to χ derived by truncating the eigenvalue expansion (9.53) after 1 and 
10 terms (in the left part of the figure) and 1 and 50 terms (in the right part 
of the figure). This type of fluctuating behaviour is known as the G ibbs 
p h e n o m e n o n . At a point of discontinuity, the oscillations accompanying 
the Gibbs phenomenon have an overshoot of approximately 18% of the amp­
litude of the discontinuity. As n, the number of eigenfunctions included in 

(9.53) 

1 + 

4 - > κ χ. 
1 1 

Figure 9.4: Graphs of y(x) = χ (dashed line) compared with 
approximations of the infinite sum truncated after 1, 10, 50 terms. 
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the series is increased, the non-uniform nature of the convergence ensures 
that the Gibbs oscillations are merely telescoped towards the discontinuity 
at a rate proportional to 1/n, but never vanish. Δ 

9.6 T U T O R I A L E X A M P L E S 9 

Τ 9.1 Find the eigenvalues and eigenfunctions of the boundary value prob­
lem y"(x) + Xy(x) = 0, y(0) = 0, y ' ( l ) = 0. 

Τ 9.2 Find the eigenvalues and eigenfunctions of the boundary value prob­
lem y"(x) + Xy(x) = 0, y'(0) = 0, y ' ( l ) = 0. 

Τ 9.3 Find eigenvalues and eigenfunctions of the boundary value problem 

y"(x) + Xy(x) = 0, y ' ( 0 ) = 0 , y( l ) + y ' ( l ) = 0 . 

Establish if λ = 0 is an eigenvalue. Find an approximate value for the 
eigenvalue of smallest value. Estimate λ η for large values of n. 

Τ 9.4 Determine real-valued eigenvalues of the boundary value problem 

y"(x) + (X + l)y'(x) + Xy(x) = 0, y'(0) = 0 , y ( l ) = 0 , 

if any exist, and the form of the corresponding eigenfunction(s). 

Τ 9.5 Solve the eigenvalue problem 

x(xy')' + Xy = 0, y ' ( l ) = 0 , y ' (e 2 7 r ) = 0 

for y(x) and obtain the eigenfunctions. 

Τ 9.6 Solve the inhomogeneous Sturm-Liouville boundary value problem 

y"{x) + 9y(x) = cos χ, 0 < χ < π / 4 , 

y'(0) = 0 , y(*/4)+y'(v/4)=0. 

Does it have a unique solution? If yes, obtain the solution in two ways. 
Firstly, find the eigenvalues λ„ (establish if λ = 0 is an eigenvalue) and 
normalized eigenfunctions φη (χ) of the corresponding homogeneous S tu rm-
Liouville eigenvalue problem. Expand y{x) in terms of the eigenfunctions 
φη{χ)· Secondly, solve the problem directly and compare the two solutions. 
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Calculus of Variations 

10.1 I N T R O D U C T I O N 

Variable quantities called func t iona l s play an important role in many prob­
lems of mathematics. A functional is a relationship which assigns a number 
to each function (or curve) belonging to some function class (for example, 
the space of continuously differentiable functions in the interval a < χ < b). 
In effect, a functional is a relation in which the variable is a function. This 
idea is first illustrated with some historical applications. 

10.2 H I S T O R I C A L P R O B L E M S 

T h e Brach i s tochrone 

This problem was originally posed by Johann Bernoulli in the late 17th 
century as a challenge to contemporary mathematicians and particularly his 
brother Jakob. He asked the question: given two fixed points K{XA,VA) and 
B(XB,J/B) in a vertical plane, along what continuously differentiable curve 
joining A and Β in the plane must a particle of mass m move under constant 
gravity to minimize the transit time? The geometry of this problem is shown 
in Figure 10.1. 

Let y(x) be any continuously differentiable curve joining A and Β and 
let Ρ be the point (x,y), then conservation of energy yields 

where υ is the particle speed at P, VA is the initial speed of the particle at 
A and g is the gravitational acceleration. Hence 

1 2 1 2 
- mv + mgy = - mvA + mgyA 

(10.1) 

(10.2) 
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y 

MXA,VA) 

R{xB,ye) 

χ 

Figure 10.1: The Brachistochrone problem. Paths from A to Β 
with constant force of gravity in the negative y direction. 

In terms of the arc length of this curve, 

ds ds dx 
dt dx dt 

and hence 
dx = v2

A+2g(yA-y) 

dt γ i + y ' 2 

Let τ be the transit time from A to B, then we have 

JxA y v 

i + y'2 

\ + 2g(yA - y) 
dx. 

(10.3) 

(10.4) 

(10.5) 

The transit time is thus a functional of y(x) and should be minimized subject 
to the conditions y(x^) = yA, y(xe) = ye- In the classical problem, the 
particle is released from rest and the solution is part of a cyclo id . 

T h e hanging chain 

The problem is to find the shape of an inextensible chain of fixed length / 
suspended between two fixed points A(xA,yA) and B(XB,J/B) in a constant 
gravitational field as shown in Figure 10.2. The idea is that the adopted 
configuration of the chain minimizes the chain's potential energy. 

The potent ia l energy of a section of the chain of length ds at point 
(x,y) is pgyds where p(x) is the linear density of the chain. Hence the 
potential energy of the entire chain is 

V(y) = / ' p g y d s = Γ* Pgy\J 1 + y'2dx (10.6) 
JO JxA 
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where y(x) must also satisfy the length constraint 

1 = Π \Jl+y'2dx. (10.7) 
JxA 

The potential energy V is therefore a functional of y and should be minimized 
subject to the length constraint. Chains of uniform linear density — for 
example, power cables between pylons — adopt the ca t enary shape. 

T h e i soper imetr ic p r o b l e m 

This problem was first posed by the ancient Greeks and involves finding the 
curve of given length I which encloses maximum area and passes through 
two fixed points A(xA,yA) and B(xB,ye), see Figure 10.3. 

The task is find a function y(x) that maximizes 

ΓΧΒ 

My) = ydx 
JxA 

subject to the constraint 

1 = ΓΒ xjl+y'2dx. (10.9) 
JxA 

The area is again a constrained functional of y. 
A variant of this problem occurs when the point Β is not fixed but is al­

lowed to travel along a given curve g{x). This gives rise to a t ransversa l i ty 
cond i t i on for the location of B. Such problems will not be considered here. 

(10.8) 
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> x 

Figure 10.3: The isoperimetric problem. 

T h e geodes ic p r o b l e m 

This is the problem of finding the shortest distance between two fixed points 
in a region (for example, on a surface or through space-time) given a mea­
sure or metric indicating how distance should be measured between para-
metrically adjacent points. The simplest geodesic problem is to find the 
shortest plane curve between two fixed points A(XA,VA) and B ( x j 3 , y g ) , that 
is, minimize 

S(y) = H \Jl + y'2dx (10.10) 
JxA 

where V(XA) — VA and y{xe) = ye- Of course, the answer is just a straight 
line segment joining A and B. 

10.3 T H E E U L E R E Q U A T I O N 

The historical problems from the previous section are particular instances of 
the general functional 

I(y)= f(x,y,y')dx (10.11) 
Ja 

where, in a typical unconstra ined problem, the value of y is specified at 
χ = a and χ = 6, tha t is, 

y(a) = ya, y(b) = yb. (10.12) 

If I(y) has a maximum or minimum, its value may well depend on the pro­
perties of the space of admissible functions — enlarging this space tends 
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to increase a maximum and decrease a minimum. Assume that y is a 
member of the set of continuously differentiable functions over the inter­
val (a, b) satisfying y(o) = y a , y(b) = yb. Suppose that 7(y) has its maxi­
mum/min imum value when y(x) = η(χ) and let h(x) be any continuously 
differentiable function over the interval (a, 6) satisfying h(a) = h(b) = 0, then 
y(x) = η(χ) + eh(x) satisfies the boundary conditions at χ = a and χ = b. 
Furthermore, I(η + eh) = 1(e) is a function of ε with a maximum/minimum 
turning value at ε = 0. Thus I'(0) = 0 (the prime denotes differentiation 
with respect to ε) for any suitable function h. 

In particular, if I"{0) > 0 then y(x) = η(χ) gives normally a minimum 
value for J(y) whereas if I"(0) < 0 leads normally to a maximum value for 
the functional when y(x) = η{χ). One can not be too strict about these 
claims because of the simplistic nature of the assumed functional variation 
about y(x) = η(χ)· The stated condition is necessary but not sufficient to 
ensure that the extremum is a minimum or maximum, unlike its counterpart 
for a single variable. 

Hence 

Ι(η + εΗ) = Ι(ε)= !{χ,η + εΗ,η' + εη')άχ, (10.13) 
Ja 

dï rb 

— = J {fyh + fy'h') dx, (10.14) 

— = J (fyyh
2 + 2fyylhti + fy>y>h'2) dx, (10.15) 

where all partial derivatives are evaluated at y = η + eh, and y' = η' + ε/ι'. 
In particular, 

7'(0) = J\fr,h + f„>ti) dx = J"frihdx+[fn'h]b

a-J^[£w]hdx 

= £[fv--jbw]hdx = J*<*(x)h(x)dx (10.16) 

since h(a) = h(b) — 0 and where a(x) was just introduced as a shor t ­
hand notation. The reader may recall tha t I'(0) = 0 is a requirement for 
stationary values of I(y). Suppose a(x) φ 0, say positive, at some point of 
the interval [a, b]. There exists an interval [c,d] C [a, b] over which a(x) > 0. 
Take 

hi \ _ J (x — c)(d — x) xe[c,d] 
n W - \ 0 x£[a,b]-[c,d] 

then 
rb rd 
/ a(x)h(x) dx = / a(x)(x — c)(d — x)dx > 0 

Ja J c 
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which is a contradiction. Hence a necessary condition for I(y) to have a 
maximum/minimum value is that η(χ) satisfies the differential equation 

and the boundary conditions η(α) = ya, η{ο) = y&. Equation (10.17) is called 
the Euler e q u a t i o n 1 for the functional I{y). A similar argument applies 
to a minimum. A solution of the Euler equation is called an e x t r e m a l and 
the value of the functional on an extremal curve [often denoted by yo{%)] is 
called an e x t r e m u m . In the vocabulary of functions of a single variable, 
an extremal is the equivalent of a stationary point and an extremum is the 
equivalent of the associated stationary value. For the type of functional 
defined in (10.11), the Euler equation is a differential equation of second 
order. 

R e m a r k s 10.1 

1. Suppose that y = y (χ) has continuous first derivative and satisfies the 
Euler equation (10.17). If f{x,y,y') has continuous first and second 
order derivatives with respect to all its arguments, then y(x) has a 
continuous second derivative wherever fy'y' φ 0. We do not prove this 
result but it serves notice that continuously differentiable extremals 
may not have continuous curvature. 

2. A similar argument can be applied to the general functional 

(10.17) 

where y(x) satisfies the boundary conditions 

1/(6) = Bo, y'(b) = Br, y"(b) = B2, 

y(a) = Ao, y'(a) = Au y"{a) = A2, 

V 

y 

Here the extremals of I(y) are solutions of the Euler equation 

dy dx \dy' 
= 0 

which is a differential equation of order 2n. Δ 

' i t will be consistently referred to as the Euler equation to avoid any confusion with 
Euler's differential equation or differential equations of Euler's type treated in Section 4.6. 
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10.4 S U F F I C I E N T C O N D I T I O N S 

For the vast majority of applications, the nature of the extremum is con­
trolled by the properties of 

_ fb 
I"(0) = / iUvh2 + 2fwhti + frfn'h'2)dx (10.18) 

J a 
which follows from (10.15) by setting ε = 0. We let h be any non-zero 
continuously differentiable function satisfying h(a) = h(b) = 0. Whenever 
I"{0) > 0 for all admissible h, then the extremum is a m i n i m u m and 
whenever I"(0) < 0 for all admissible h, then the extremum is a m a x i m u m , 
otherwise it is indeterminate. 

(a) If the integrand of (10.18) is a positive/negative definite quadratic form 
in h and h' then a conclusion can be drawn immediately. 

(b) Assuming suitable differentiability conditions on η and all the functions 
appearing in the integral expression for I"(0), we have 

J\fwhh'dx = M 2 ] ! - / e * [ ^ ( W 

la I dx 

h dx 

b Γ d 1 
I {ίηη') h2dx 

and so 

7 " ( 0 ) = la [ ~ ά^ίηη') k 2 + Ιη,η'Η'2 
dx. (10.19) 

As previously, a conclusion can be drawn depending on the nature of 
the coefficients of this integrand. Formula (10.19) provides another 
version of (10.18). 

10.5 S P E C I A L I Z A T I O N S OF T H E E U L E R E Q U A T I O N 

Dependent on the form of / ( x , y , y') , three special cases exist in which the 
problem of finding extrema is significantly simplified. 
Case 1 — miss ing y. Suppose that / does not contain y explicitly. In this 
event the functional is 

I(y)= [bf(x,y')dx (10.20) 
Ja 

and the Euler equation is 
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where C is a constant. Hence the Euler equation is reduced to an algebraic 
equation for y' in terms of χ which can be solved by quadrature. 
Case 2 — miss ing x. Suppose that / does not contain χ explicitly. In 
this event the functional is 

Πν)= [bf(y,y')dx. 
J a 

(10.22) 

Functionals of this type occur often in physical problems. If / satisfies the 
Euler equation (10.17) then 

^(f-y'fv) = fyy' + fy'y"-y"fy>-y'-^(fy) 

= y i y - T x U y , ) 
0 . 

Hence the Euler equation has first integral 

f-y'fy> = c 

(10.23) 

(10.24) 

where C is a constant. This is now an algebraic equation for y' in terms of 
y and once again quadrature leads to the solution. 
Case 3 — miss ing y'. Suppose that / does not contain y' explicitly. In 
this event the functional is 

Hv) = ! f{x,y)dx 
Ja 

(10.25) 

and the Euler equation is fy = 0 which is an implicit relationship for y 
in terms of x. Here no arbitrary constants arise since no integration is 
performed and so it remains to check that the boundary conditions at χ = a 
and χ = b are satisfied. 

10.6 S E L E C T E D V A R I A T I O N A L P R O B L E M S 

E x a m p l e 10.1 Find the extremal and the extremum of the functional 

'dy\2 2y2 

9 
dx 

dx 

for which y( l ) = 1 and y(8) = 4. 

Solut ion 10.1 Clearly fy = —Ay/x2 and fy> = 18y' leading to the Euler 
equation 

9 x 2 0 + 2y = O. 
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This is a differential equation of Euler's type (see Section 4.6) and has solu­
tions of the form χ λ where 

9 λ ( λ - 1 ) + 2 = 0 — • ( λ - 1 / 3 ) ( λ - 2 / 3 ) = 0 —> λι = 1/3, λ 2 = 2 / 3 . 

Therefore the Euler equation has general solution 

y{x) = A x 1 / 3 + 5 x 2 / 3 

where A and Β are constants to be fixed by the requirements y(l) = 1 and 
y(8) = 4. Hence 

1/(1) = 1 
y(8) = 4 

A + Β = 1 
2A + AB = 4 

A = 0 , Β = 1 . 

Thus, the extremal curve is yo(x) = x2^. The extremum is calculated to be 

(*v3)=i: 
-i: 

1/3 
- 4 / 3 

dx 

2 x ~ 2 / 3 dx = 2 3 s 1 ' 3 ] * = 6 . • 

E x a m p l e 10.2 Solve a Brachistochrone problem assuming tha t the par­
ticle s tar ts from rest at (—a,y a) and falls to the origin (a > 0, ya > 0). 

So lu t ion 10.2 The time taken to traverse a path from (—a, ya) to (0,0) 
start ing from rest appears as a specialization of (10.5) upon setting χ A = 0, 
xB — —a, y A = 0, y Β = y a, VA — 0. The functional to be minimized is 

This functional is covered by Case 2 in Section 10.5 where χ is missing from 
/ and so the Euler equation has first integral, see (10.24), 

V v 1 + v 
ι 

+ y ,2 / s/ya-y 
C (ya-y)(l + y'2) = A 

where A is a constant. Let w = ya — y then the previous equation can be 
reformulated as 

w{l+w'2) - A 
, s/A-w . . . 

w = =:— , w(-a) = 0 , ιυ(0) = ya . 
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Now let w = A s in 2 θ for a new dependent variable θ so that 

, dw άθ ί A - A s in 2 θ „ dx , , „ 
w = -JET- = \ Λ • 2a = C O T D —> M = 2 A S M 6 -άθ dx \ A sin^ θ du 

This equation can be integrated to find χ(θ) and leads to the solution 

χ = — a + Α(θ — sin θ cos Θ), y = ya — A s in 2 θ 

where the arbitrary constant A is to be found from the condition that this 
parametric curve passes through the origin. Note that when θ = 0, the 
specified curve automatically passes through the starting point (—a, y a ) . Let 
the origin correspond to θ = a (> 0), then A and a are determined from the 
relations 

—a + A(a — sin a cos a) = 0 , ya = A s in 2 a. 

The constant A can be eliminated between these equations so that α satisfies 
the transcendental equation 

ya(a — sin a cos a) — a s in 2 α = 0 . 

Further, the extremal time is 

T = f° I 1 + y'2

 d x = Γ I xe + Vo d Q 

J-A\L 2g{ya-y) % J0 \j 2g(ya - y) 

with the shor t -hand notation XQ = dx/άθ and yg = dy/άθ. Now 

xj + y2

e = 4A2 sin 4 θ + 4A2 s in 2 θ cos 2 θ = 4A2 s in 2 θ, 

and so the extremal time becomes 

Jo y2gAsm2e f j ° γ g 
\2ya a 

A 
g sin α 

R e m a r k s 10.2 The solution to Example 10.2 is part of an inverted cy­
cloid. Consider a wheel of radius a rolling along a horizontal surface. Mark 
a point on the rim of this wheel and take θ to be the angle between the 
vertical direction and the mark, subtended at the centre of the wheel. The 
marked point traces out a cycloid as the wheel rolls along. Δ 

E x a m p l e 10.3 Find the extremal of the functional 

I{y) = j\2{2x-y')2dx, y ( - l ) = 0 , y( l ) = l . 

�� �� �� �� ��



Sec. 10.6] Se lec ted variat ional prob lems 133 

Solut ion 10.3 Here fy>y> = — 2y 2 and this could be zero and so there is 
no reason to believe that in this case y" should be continuous in the interval 
[—1,1]. Indeed it can be seen that the extremum value is zero and is attained 
with extremal 

y ( x ) ~ \ χ2 0<x<l. 

Of course, the Euler equation still applies and is satisfied. • 

E x a m p l e 10.4 Of all the curves which join two fixed points with given 
coordinates (xo,yo) and (x\,yi), find the one which generates the surface of 
minimum area when revolved about the χ axis. 

So lu t ion 10.4 The area of the surface of revolution is 

7(y) = 2π f * y\Jl + y'2dx 
Jxo 

which has first integral 

f-y'fyl=yJT+72-^M= = A - β ^ - Α 
sjïW2 v/TTF 

y ' 2 = ^ - l l d x = i - A ^ - - > x + a ^ c o s h - 1 ^ . 
A2 J J v / y 2 - A2 A 

Thus the extremal curves are arcs of the catenary 

' χ + a N 

y(x) = A cosh ^-

where the integration constants a and A are determined by the conditions 
y(xo) = yo, y{x\) — 2/1· Of course, given any pair of points, there is no 
guarantee tha t it is possible to find real values for α and A such that the 
catenary passes through the given points. Indeed it is clear from fyiy> tha t 
not all extremals need have continuous second derivatives. There are three 
cases to consider. 

(a) If a single catenary can be drawn through the two fixed points then it 
represents the solution to the problem. 

(b) If two extremals can be drawn through the given points then one of 
these is the solution to the problem. 
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(c) If no single catenary passes through both points then the extremal is 
formed from the union of catenaries and straight line segments. Cal­
culus of variations provides criteria (so-called Weierstrass-Erdmann 
corner conditions) which determine how the component curves are con­
nected to form a full solution. • 

E x a m p l e 10.5 Prove that 

i(y) = j\y'2 + y2 + 2ye2x) dx > ^ (e 4 -1) 

where the extremum is calculated over the class of continuously differentiable 
functions satisfying y(0) = 1/3, y( l ) = e 2 / 3 . 

Solut ion 10.5 The Euler equation of this functional is 

y"-y = e2x —> υ(χ) = Αεχ + Β6-χ + Ύ . 

The boundary conditions are satisfied with A = Β = 0 and so the extremal 
curve is yo(x) = e 2 x / 3 . The extremum value is 

T . . f1 [4eAx éx 2 e 4 x \ 11 f 1

 4 l J 11 , 4 

In order to establish that the extremum is a minimum we try a direct route 
instead of using one of the criteria (10.18) or (10.19) and consider 

7(y 0 + h)- / ( y 0 ) = Γ \ (y'o + h')2 + (y 0 + h)2 + 2e2x(y0 + h) 
Jo L 

-y'o2 -yo~ 2yoe2x ] dx 

= J\h'2 + h2) dx + \fQ (e2xh' + 2e2xh) dx 

= f\h'2 + h2)dx + \ \ e 2 x h \ l [Λ(0) = / ι ( 1 ) = 0 ] 
Jo 3 L JO 
pi 

= / [ti2 + h2) dx > 0 
Jo 

with equality if and only if h = 0. This proves the original inequality. • 

10.7 C O N S T R A I N E D E X T R E M A 

The introduction cited examples where one functional is minimized or ma­
ximized while another is constrained. For example, for the hanging chain of 
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fixed length, the gravitational potential energy is minimized while the length 
remains fixed. Problems of that type lead to constra ined e x t r e m a . 

Consider the functional 

I(y) = f f(x,y,y')dx (10.26) 

J a 

where the admissible curves y(x) satisfy 

fb 

y ( a ) = y a , y(b) = yb, J(y) = g(x,y,y') dx = Κ (10.27) 
J a 

and J(y) is another functional and Κ a constant. Let I(y) have extremal 
curve η(χ) then there exists a constant λ, called a Lagrange mult ipl ier , 
such that y = η(χ) is an extremal of the functional 

I{y) = f F(x,y,y')dx = Ç [ /(x, y, y') + \g{x, y ,y ' ) ] dx (10.28) 

that is, y = η(χ) satisfies the Euler equation 

dF d fdF 

ay ώ\ν/=0 <ια29) 

and the conditions (10.27). 
To provide some justification for this result, suppose tha t y = η(χ) is 

the extremum and consider I(η + eh + ah\) where ε and a are real numbers 
and h, hi are any two differentiable functions of χ which are zero at χ = a 
and χ = b. Moreover J (η + eh + ahi) = Κ and this condition effectively 
defines α as a function of ε, tha t is, α = α(ε) . Also, α(0) = 0. Henceforth 
Ι(η + eh + ahi) = V(e) and a necessary condition for y = η(χ) to be an 
extremal of I(y) is that V'(0) = 0. Since 

j g(x^ + eh + α(ε)Ηι,η' + eh' + a(e)h[ ) dx = Κ, 

differentiation with respect to ε yields 

fb ( da , , da\ 
J \9yh + 9yh\ - j j + gy'h + Qy'^i^J dx = 0 

where the partial derivatives of g are evaluated at y = η + eh + a(e)hi and 
y' = η' + eh' + a{e)h\. In particular, 

da 
de ε = 0 

rb 
I {9yh + gy<h') dx 

J a 
" rb t 

/ {9yhi + gy'h'i) dx 
Ja 
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where all partial derivatives are now evaluated at y = η(χ) and y' = η'(χ). 
Hence 

d~£ = d~e / ί{χ,ΐ1 + ε^ + a^e)h\-:fi + eh' + a{e)h'^j dx 

rb / da da\ 
= J [fyh + fyhx + fy> h' + fy>h[ — J dx 

= f{fvh + fy' h') d x + ^ J a \ f y h l + fy' h>1) d x 

rb. . / (Oyh + 9y> h'\ dx b 

= Ja (fyh + fy' h') dx - J (fyhx + fy, h[) dx. 
J (9yhi +9y> h'^j dx 

Now choose any suitable function h\(x) satisfying h\(a) = hi(b) — 0, then 
from the previous expression for Ι ' ( ε ) , it follows immediately that 

7'(0) = J*(fvh + frf h') dx + xj*(gnh + gn< h') dx 

where λ is a constant and denotes the ratio 

rb 

X = 
j (fvhi + frf / i i ) d x 

J (gnhi +gn< / i i ) dx 

Since / ' ( 0 ) = 0 is a necessary condition for an extremal oil then it follows by 
the usual argument, see (10.16) in the unconstrained case, that F — f + Xg 
is now a solution of the Euler equation (10.29). 

R e m a r k s 10.3 

1. If only one constraint is imposed, there is only one Lagrange multiplier 
X. More constraints can be incorporated into the problem provided 
a corresponding Lagrange multiplier is introduced for each extra con­
straint. 

2. For one constraint there are three constants to be determined, namely 
λ and two constants of integration, and these are determined from 
the two boundary conditions and the integral constraint. Clearly each 
additional constraint introduces a further Lagrange multiplier which 
is in turn determined by the integral constraint. Δ 
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E x a m p l e 10.6 Consider the curve y = η(χ) of length π / 2 which joins 
the points A(0,2) and B ( l , 3 ) . Show that to give an extremum of the area 
enclosed by the curve, the line χ = 1 and the χ and y axes, the curve 
necessarily has constant curvature, say κ. 

Without solving the Euler equation, show that 

1 Γ1 h'2 

/<i + *)-/W = s / o 

for any function h(x) satisfying /i(0) = h(l) = 0. Hence find the extremum 
values for Ι(η) and the corresponding extremal curves. 

Solut ion 10.6 Here 

I{y) = j\dx, J{y) = J* yjl + y>2dx = ^. 

Construct F = y + \\Jl+y'2. The Euler equation (10.29) is 

* ( W \ = l , y" 1 

dx\y/T+y*) (l + y' 2) 3 / 2 λ ' 

By virtue of the standard formula for the curvature of a curve y{x), we 
recognize that the required extremal has constant curvature κ = Ι / λ and it 
is therefore an arc of a circle. We have 

I{η + h)- I{η) = C h(x) dx , h(0) = h{l) = 0 
Jo 

where y(x) — η(χ) + h(x) necessarily satisfies the length constraint 

•1 / 
Jo 

sjl + ii + h')2dx= Έ-. 

The square root in the integral is now expanded in terms of h and h' to 
obtain 

^ 1 + (jf + h')2 = v/l + η'2 + - ΰ = + \ 
h' 

+ • 2 ( i + ν 2 ) 3 / 2 

where higher order terms in h and h' have been ignored. Therefore the 
constraint condition requires that 

fl
 Γλ a* f v'h' , l f1 h'2 

/ \/l+V'2dx+ ' dx+- / 2 

Jo Jo y x + i2 2 Jo (1 + Tj ) ' 

'2

 J 

dx + ... = - . 
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Since the curve η(χ) automatically satisfies the constraint condition, inte­
gration by parts yields 

In conclusion, 

/<» + * > = J ~ W i X 

(exact to second order). There are now two possible ways to draw a circle 
passing through the points A and B. 

(a) If κ > 0 then Ι(η + h) > Ι(η) and the extremal 

η(χ) = 3 — \J\ — χ2 

gives a minimum extremum value of (3 — π/4) . 

(b) If κ < 0 then Ι(η + h) < 1{η) and the extremal 

η{χ) = 2 + xjx{2-x) 

gives a maximum extremum value of (2 + π /4 ) . • 

E x a m p l e 10.7 Find the extremal curve joining the two points (0,0) and 
(1,0), enclosing unit area with the χ axis and which yields an extremum of 
the functional 

7(y) = / y'2 dx . 
Jo 

Calculate the extremum value and verify that it is a minimum. 

Solut ion 10.7 The constraint for this problem is 

J(y) = [ ydx = l. 
Jo 

Hence F = y'2 + Xy and the Euler equation has first integral F — y'Fyi = A 
leading to 
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After integration, the extremal curves are seen to be 

λ 2 ( χ + B)2 = 4(Xy - A) —+ 4Xy = X2{x + B)2 + AA. 

We have 

y(o) = 0 

y(i) = o 
X2B2 + 4A = 0 

2B + 1 = 0 
4y = X{x2 + 2Bx), 

y = (λ /4 )χ (χ - 1) 

where λ is determined by the condition 

1 = / ydx = - x ( x - l ) d x = - — . 
Jo 4 Jo 24 

In conclusion, the extremal curve is the parabola yo(x) = 6rc(l — x) and the 
extremum value is 

36 
(1 - 2xf 

- 6 
12. I(Vo) = Γ yo2

 ώ = 36 Γ[l - 2x)2 dx = 
Jo Jo 

To see that this is a minimum, consider 

7(y 0 + h)- / ( y 0 ) = £ [ (y'0 + h')2 - y'0

2 ] dx = j i ' Λ' 2 dx + 2 ^ y 0 Λ' dx 

where h is any function satisfying 

Λ(0) = 0 , / i ( l ) = 0 , f\(x)dx = 0 
Jo 

[the integral constraint for /i follows from the fact that J(yo + h) = 1 and 
J(yo) = 1]. On integration by parts, 

/ y'Qh'dx = \y'0h]X - [ h(x)y'ndx = 12 / / i (x)dx = 0 . 
7o L J O JO /o 

In conclusion, /(yo + Λ) > /(yo) for all non-zero h, that is, y = yo(z) yields 
a minimum to I(y). More often than not, it is a non-trivial mat ter to verify 
the nature of a extremum in a constrained problem. • 

E x a m p l e 10.8 It was shown previously that the configuration of a chain 
of uniform linear density and fixed length, suspended between two fixed 
points (horizontally separated) minimizes the gravitational potential energy 

V(y) = pg [ y\Jl + y'2dx. 
JxA 
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In addition, y is constrained to satisfy 

Ay) = Γ \Ji+y,2dx = / 
JxA 

where / is the length of the chain. Solve this problem for a chain that is 
suspended between the points (-d,0) and (d, 0) where I > 2d. 

S o l u t i o n 10.8 Let 

F = pgy\Jl+y'2 + pgXy/l + y'2 = pg{y + X)\Jl + y'2 

(where we have introduced the Lagrange multiplier conveniently as pgX), 
then the first integral F — y'Fy> = C of the Euler equation is 

t . ι . u / i . L '2 ,(y + x)y' Δ y + x

 A 

{y + X)\Jl + y' -y—.===== = A —+ —== = A. 
\Ji + y'2 Vi + y'2 

The method of solution closely mirrors a previous variational problem (the 
catenary problem of Example 10.4). The only difference here is that y is 
now replaced by y + X. The appropriate solution is 

χ + a = A c o s h - 1 (^-^~) — • y + X = A cosh (^—j-^j 

where constants a, A and λ are to be chosen so that 

y(-d) = 0 , y(d) = 0 , J(y) = J* ^Jl + y'2dx = I. 

The two boundary conditions give 

λ = A cosh (^—r—) , X = A cosh ^ a ^ 
A J V A 

The last two relations require that a = 0 and so the extremal simplifies to 
y — A cosh(x/A) — A cosh(d/A). Furthermore, the length of the chain is 

1=Ccosh (5)dx=2A s i n h (!) · 
Let β = l/2d > 1 and define ζ = d/A. The constraint condition now states 
that ζ is the solution of the transcendental equation 

β ζ = sinh ζ , β > 1. 

Figure 10.4 indicates that this equation has exactly one solution if β > 1 
(and the trivial solution only if 0 < β < 1). Let the root be denoted by zo, 
then we have A — d/za and therefore we obtain the extremal curve as 

y0{x) = ^~ cosh ~ coshzo • 
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y 

> ζ 

Figure 10.4: Graphical solution of βζ = sinh z. Shown are cases 
for β < 1 (dashed line) and β > 1 (full line). 

10.8 F U N C T I O N A L S O F S E V E R A L V A R I A B L E S 

Functionals involving many dependent functions y\,y2, · · · ,yn but only one 
independent variable, say f, occur often in practice. Here only the extremal 
problem 

I{y\,y2,---,yn)= ί f{t;yi,y2,---,yn;y\,y2,---,yn)dt (10.30) 

is considered. For example, the equations of classical mechanics are obtained 
from a functional of this form called the Lagrangian. The derivation of the 
Euler equations for this functional mirrors exactly the derivation of the stan­
dard Euler equation but applied to each independent component function 
of / . A necessary condition for an extremal of the functional I(yi,... ,yn) 
with a and b fixed and yjt(a) = Ak, yk(b) = Bk (k = 1 ,2 , . . . , n) is that the 
functions yk = yk{t), (k = 1 ,2 , . . . , n) satisfy the Euler equations 

E x a m p l e 10.9 Find curves y — y (χ), ζ = z(x) for which the functional 

has an extremum, given that y(0) = z(0) — 0 and y(n/2) = ζ(π/2) = 1. 

k = η. (10.31) 
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Solut ion 10.9 The Euler equations are 

2z = ^ - ( 2 y ' ) , 2y = A( 2,') y" = z y z" = y . 
dx dx 

Let u = y — ζ and υ = y + ζ then u and v satisfy 

u" + u = 0, ti(0) = 0 , ΐ ί ( π / 2 ) = 0 , 

ν"-ν = 0, υ(0) = 0 , υ(ττ/2) = 2 . 

Hence arbitrary constants A, B, C and D can be found so that 

u(x) = As'mx + Bcosx, v(x) = C sinh χ + D cosh χ 

where in the solution for ν we have conveniently used hyperbolic functions 
instead of exponential functions, see Remarks 3.1. The conditions on u are 
such that A = Β = 0 whereas the conditions on υ yield C = 2 / sinh(7r /2) 
and D = 0. The solution is therefore given by 

. . s inhx 
y(x) — z(x) = . , .—— . • 
y K ' K ' sinh(7r /2) 

10.9 T U T O R I A L E X A M P L E S 10 

Τ 10.1 Find the extremal of 

l{y) = (y' + 4xy) dx 
Jo 

when y(0) = 0, y(3) = 12 and verify that this extremal minimizes L 

Τ 10.2 Find the extremal of 

I{y) = Jq (y2 + y'2 - 4xy) dx 

for which y(0) = 0 and y( l ) = 2. Evaluate the extremum and show that this 
is a minimum by confirming that I"(0) > 0 where 

/ " ( O ) = (fyy h} + 2fyy< hh' + fy.y, ^ ) dX 

for any continuously differentiable function h(x). 

Τ 10.3 Show that the Euler equation of the functional 
rb 

t(y) = [ f{x,y,y')dx 
Ja 

is satisfied identically provided there exists a suitably differentiable function 
φ(χ, y) such that f(x, y, y') = φχ + φυψ. Explain the meaning of this result 
so far as the functional is concerned. 
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Τ 10.4 Find the extremal yo(x) and extremum of the functional 

i^iy2 -y'2 + 6ysin2x)dx, y ( 0 ) = 0 , y (π/4) = 1. 
Jo 

A function h(x) is defined on the interval [0, a] by 

h(x) — sin Xx f ^ } du 
Jx sin Au 

where λ, α are constants such that 0 < λ < π / ο and f(t) is defined in terms 
of the continuous function φ by 

1 fl 

f(t) = :—— / φ{υ) sin Xu du. 
sin λί Jo 

Show tha t h satisfies the differential equation h" + X2h = φ and the boundary 
conditions h(0) = h(a) = 0. Verify that 

Γ h{h" + X2h) dx = - Γ f2(t) dt 
Jo Jo 

and deduce further that 

Γ h'2
 dx > Χ2 Γ h2

 dx. 
Jo Jo 

Hence prove that for all continuously differentiable functions y(x) on the 
interval (0, π /4 ) satisfying y(0) = 0, y ^ / 4 ) = 1, the extremal yo{x) gives a 
maximum of the functional I{y). 

Τ 10.5 Determine the extremal yo = yo(^) of the functional 

I[y) = ll^~^~)dx, y ( 0 ) = 0 ' yM = a-

Show tha t \a\ < 1 is a sufficient condition for a minimum. 
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Appendix A 
Self-study Projects 

The purpose of including the following projects in this book is to provide an 
opportunity for extended individual or small group work that goes beyond 
the examples embedded into the text and the tutorial examples of the ten 
chapters. The six projects outlined below have been used in recent years 
in third year mathematics at the Department of Mathematics, University of 
Glasgow, whereby groups of three to four students worked together towards 
the solution of an individual project. On completion, usually after a period 
of some weeks, an oral presentation of the project's aims, tasks and results 
was delivered. While there is no reason that individual students or small 
groups of students may not achieve the aims of the project completely by 
their own efforts, it is more common that some guidance from a supervisor 
will be sought. For that reason there is no necessity here to include the 
project solutions. 

A . l R O C K E T P O W E R 

P r o j e c t s u m m a r y : This project examines the flight of a rocket that as­
cends and descends vertically under its own power. 

I n t r o d u c t i o n 

Newton's Second Law states that the rate of change of the momentum of a 
body is equal to the applied forces. Therefore 

| = F „ (A.1) 

where Fext summarizes the applied forces and the momentum ρ is given by 

ρ = Mv, (A.2) 
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M being the mass of the object and ν its velocity. In many problems the 
mass is constant and (A.l) simplifies to 

dv 
M— = F e x t (A.3) 

at 

which can then be solved for the velocity υ when the forces are given. 
In this project we shall treat the more general case where the mass M 

is not a constant but varies with time, i.e., the simplification from (A.l) to 
(A.3) does not apply. The particular problem to be investigated is that of a 
rocket which ascends vertically under its own power. 

Let v(t) be the velocity and M(t) the mass of the rocket at time t. The 
rocket's momentum is therefore p(t) = M(t)v(t). As time passes, it burns 
propellant and ejects it at the exhaust with a constant velocity u (relative 
to the rocket). After a short time St the rocket has ejected Sm mass of 
propellant. Consequently, the rocket's mass is M(t + St) — M(t) — Sm and 
its velocity has changed to v(t + St) = v(t) + Sv. In order to avoid calculating 
the force on the rocket due to fuel burning it is easier to consider the physical 
system (our 'body') to consist of the rocket and its fuel. In the first instance, 
show that the change in momentum of that body between t and / + St is 
given by 

p(t + St) - p(t) - MSv - SmSv - uSm. (A.4) 

Consequently, determine the rate of change of the momentum as St —> 0. The 
arising expression must equal the sum of the external forces. Assume here 
that two external forces are acting on the rocket, namely (i) gravity , which 
is assumed to act downward and (ii) air res is tance, assumed proportional 
to the velocity of the rocket but opposing the direction of motion. 

Show that the differential equation governing the motion of the rocket is 
given by 

" M ^ - « * f - - . " M - M O (A.5) 

where g = 9.81 m / s 2 is the gravitational acceleration and A; is a propor­
tionality constant. Discuss (A.5) with particular emphasis as to whether it 
provides a self-consistent equation to model the flight of the rocket. 

In addition to (A.5) we need to include the relation 

dm(t) = dM(t) 
dt dt { ' ' 

What is its significance? 
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B u r n o u t and b e y o n d 

Assume that fuel is consumed at a constant rate 

dm(t) 
dt = ' ' 

(A.7) 

Solve (A.6) for M(t) if the total mass (rocket including fuel) at t = 0 is Mo-
Subsequently, solve (A.5) for a rocket which is taking off at t — 0. 

Consider now some data pertaining to a rocket: initial weight MQ — 
12800 kg, fuel weight 8800 kg, fuel consumption rate / = 125 kg/s, exhaust 
velocity u = 2000 m/s , air resistance parameter k = 1.5 kg/s and thus 
address the following tasks: 

1. Find the time of burnout , i.e., when all fuel reserves are expended. 

2. Calculate the burnout ve loc i ty defined as the velocity at burnout. 

3. What height has the rocket reached at burnout? 

4. After burnout, with all its fuel spent, the rocket continues to rise sub­
ject to the force of gravity and the air resistance. Find the time at 
which it reaches the highest point on its trajectory. 

5. What is the rocket's maximum distance above the surface of the earth? 

6. From its highest elevation above ground, the rocket falls to the ground. 
Find the approximate time of impact on the surface and the corre­
sponding impact velocity. 

7. Draw diagrams of the velocity and the acceleration (that is the rate of 
change of the velocity) as functions of time. 

8. Discuss the limits of the above model particularly with respect to the 
way gravity and air resistance have been modelled in (A.5). Say, a 
satellite is to be put into an orbit at about 300 km above the Ear th ' s 
surface. Decide from N e w t o n ' s Law of gravi tat ion whether it is 
justified to assume, as has been done in (A.5), that the force of gravity 
is constant with height. Similarly, can you say something about the 
modelling of the air resistance term? 

A burning program 
A burning program is a function fbp(t) specifying the propellant consump­
tion rate 

hP(t) 
dm(t) 

dt 
(A.8) 
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Its integral is the mass of the fuel which has been expelled from the rocket 
(which is equal to the mass lost by the rocket). Prom (A.6) we have 

m ( i ) + M ( i ) = M 0 (A.9) 

if the mass of rocket and fuel is Mo at t = ίο- Now, look at (A.5) as a 
differential equation for m(t). The objective is to find a burning program 
fbp(t) in such a way, that the burning program — when initiated at some 
time ίο — gives a constant velocity v(t) — v(to) to the rocket for all ί > ίο. 

A . 2 R E S O N A N C E E F F E C T S I N B E A M S 

P r o j e c t s u m m a r y : A mathematical model of a bridge is constructed in 
order to determine its natural oscillation frequency. 

I n t r o d u c t i o n 

The response of a structure to forced vibrations is now an important consi­
deration in their engineering design. Most people are familiar with the story 
about soldiers breaking cadence when they march over a bridge but are per­
haps less aware that the structure in question was the Broughton suspension 
bridge near Manchester, Great Britain, and that the event took place as long 
ago as 1831. The failure occurred when a column of soldiers marched over 
the bridge, thereby establishing a periodic force of large magnitude along 
its entire length. Unfortunately, the frequency of this force was effectively 
equal to the natural frequency of the bridge and, in the absence of a damping 
mechanism, very large oscillations were induced leading to collapse. 

The collapse of the Tacoma Bridge across Puget Sound (in the State of 
Washington, USA) on 7 November 1940, is perhaps the most notable struc­
tural failure in modern times and was caused by vortex shedding alternating 
from above and below the bridge platform. Although this phenomenon is due 
to wind action and is unavoidable, in this instance, the shedding occurred 
at a frequency close to that of the structure's natural frequency. 

This project aims to model a bridge platform as a one-dimensional beam. 
You will be required to formulate the differential equation which controls the 
oscillations and deduce the natural frequencies of particular configurations. 
Finally, you should try to obtain real da ta on a typical bridge and a t tempt 
to determine its natural frequency using, for example, Maple, Mathematica, 
or some other mathematical tools. 
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Suspens ion bridge 
Have you ever wondered what shape is adopted by the large steel cables 
passing over the towers of a suspension bridge and supporting the platform 
below? Suppose that the platform has linear density ρ per unit length and is 
supported by a continuum of fine strands which run vertically and connect 
the steel cables and platform below. Formulate a differential equation for 
the shape of the cables, solve this equation and find the required shape. 

Of course, the platform interacts with the steel cables via the vertical 
strands and therefore the mechanical properties of the platform influence 
the motion of the cables and the relative inextensibility of the cables likewise 
affects the motion of the platform. The real problem is complex and so as a 
first model, consider the situation in which the deformation of the platform 
is essentially isolated from that of the supporting structure. In this event, 
the platform can be modelled as a beam in the way outlined below. 

M o d e l equat ions 
Consider a uniform one-dimensional beam of length /, composed of a ma­
terial with Young's Modulus E, cross-sectional moment of inertia I and 
with density ρ per unit length. Suppose that u(x,t) is the displacement of 
the beam from its horizontal equilibrium position and that it is subject to 
a driving force f(x,t), then it can be shown that the motion of the beam 
minimizes the functional 

L M = / / 
duY 
dt) 

+ f(x,t)u- — dx dt. (A.10) 

Can you explain the meaning of the terms in this functional? Deduce that 
the deformation of the beam in the presence of an applied load is governed 
by the partial differential equation 

d2u „ T < 9 4 u , . , 

dt2 dx4 
0 < χ < I, t > 0 . (A. l l ) 

Suppose that the beam is subject to an external periodic force given by 
f{x,t) = f (x) cos pt. Time-periodic solutions of (A. l l ) are sought in the 
form u(x,t) = y(x)cospt. Introduce the new variable ζ = x/l and deduce 
that y(z) satisfies the fourth order ordinary differential equation 

d4y 2 ι \ ^ - u , y = g(z), ω pl2s[p~ÎËl (A.12) 

in which g(z) is a multiple of f(x). The solution is completed by supplying 
appropriate boundary conditions at ζ = 0 and ζ = 1. The three most 
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common boundary conditions are described in Table A.l and can be applied 
in any combination, one pair at each end. Hence it is required to find non­
zero solutions of (A. 12) satisfying four boundary conditions, two at each 
end. 

type of support boundary conditions 

freely supported y = y" = ο 
cantilever supported y = y' = 0 
unsupported y" = y'" = 0 

Table A.l: Common boundary conditions for vibrating beams. 

When g(z) Ξ 0 then (Α.12) is an eigenvalue problem. Rather inte­
restingly, many of these problems have analytical solutions which in turn 
require λ = y/ω to be the solution of some transcendental equation, for 
example, tanh λ = tan λ or cosh λ cos λ + 1 = 0. Once a transcendental 
equation is isolated, Maple or Mathematica (or an equivalent tool) can be 
employed to estimate the first few solutions numerically. These values are 
then converted back into physical space and interpreted suitably. 

Solve this eigenvalue problem for free-free, cantilever-unsupported, can­
tilever-free and cantilever-cantilever beams by starting with the general so­
lution based on the solution of the auxiliary equation. Hence determine the 
lowest natural frequency of oscillation in each case. 

A . 3 S N O W P L O U G H S 

P r o j e c t s u m m a r y : The village of Applecross is situated in a remote area 
of the west coast of Scotland. During the winter the single-track road to 
Kinlochewe (40 miles away) is always heavily affected by snow. In this 
project we shall consider some mathematical models of snow clearance with 
snowploughs. 

S c e n a r i o 1 

On a certain day it begins to snow early in the morning (throughout the 
whole region), and it continues to snow at a constant rate. We shall assume 
that the velocity at which a snowplough is able to clear the road is inversely 
proportional to the depth of the accumulated snow. A snowplough leaves 
Kinlochewe at 09.00. It clears 16 miles of the road by 10.00 and another 8 
miles by 11.00. 
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1. At what time did it start snowing? 

2. A second snowplough starts at 10.00 and follows in the tracks of the 
first one. When does the second snowplough catch up with the first 
one? 

3. As they meet, the driver of the first snowplough calls it a day, takes 
out cross-country skis and heads off into the surroundings. The second 
snowplough continues without a break to Applecross. When does the 
snowplough arrive there? 

4. Discuss the major flaws of this model. How could you modify the 
velocity versus depth of snow model — by roughly remaining within 
the confines of inverse proportionality — such that for a clear road the 
velocity of the snowplough is VQ! 

S c e n a r i o 2 

Try to construct a more realistic model for the velocity of snowploughs. 
Assume that a snowplough travels at a constant velocity of 20 miles per hour 
when the road is clear of snow. Assume that as the snowplough encounters 
snow, the rate of change of its velocity with respect to the depth of snow is 
proportional to the depth of snow itself. Further, if the depth of snow reaches 
100 cm the snowplough gets stuck. Using that model, find an expression for 
the velocity of the snowplough when the rate of snowfall is an arbitrary 
function of time. 

1. Assume that the road from Kinlochewe to Applecross is uniformly cove­
red by snow 50 cm deep. At 10.00 snow starts to fall at a constant rate 
of 10 cm/hour . A snowplough sets off from Kinlochewe immediately 
as the snow begins to fall. Will it reach Applecross or get stuck on the 
way? Give the time of arrival at Applecross or t ime/position of the 
snowplough as it gets stuck in the snow. 

2. Sketch the graph of velocity of the snowplough versus depth of snow 
and compare it with the corresponding graphs from the original model 
in the first scenario and the modification as discussed in item 4. 

Hint: in the modelling of this problem neglect acceleration and deceleration 
effects when the snowploughs start or stop. 
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A . 4 F O X E S A N D H A R E S 

P r o j e c t s u m m a r y : 1 This project deals with the solution of systems of dif­
ferential equations of first order and an application to population dynamics. 

I n t r o d u c t i o n 

Rather than find a single function, say y{x), from a single differential equa­
tion, systems of differential equations comprise a number of differential equa­
tions which must be solved simultaneously to obtain the solution for a num­
ber of functions, say yn(x), η = 1 , 2 , 3 , Ν . The standard form of a linear 
system of first order differential equations with constant coefficients for Ν 
unknown functions yi(x),y2(x), ,yN{%)i is 

y[(x) = anyi {x) + 0123/2(2:) + ••· + aiNyN{x) + 61 (x) 

y'2{x) = a2iyi{x) + a22y2(x) + ...+a2NyN{x) + b2(x) 

\ i (A.13) 

y'n(x) = aniyi(x) + an2y2(x) + ... + anNyN{x) + bn{x) 

y'N(x) - aNiyi{x) + aN2y2{x) + • • • + aNNyN{x)+ bN(x) 

or, in more compact form 

Ν 

y'k^) = T,akjyj(x)+bk{x), (k = l,2,Z,..,N) (A.14) 
j = l 

where akj are constants and bk (x) are given functions. To select a particular 
solution from the general solution these Ν differential equations must be 
supplemented by Ν linearly independent relations (the initial conditions). 

Part 1: T h e case Ν = 2 
Consider the case of Ν = 2, i.e., we have two equations for two unknown 
functions. 

1. By differentiation and elimination show that the system of two equa­
tions is equivalent to one differential equation of second order for one 
of the two unknown functions. Provide the solution to tha t equation 

'The project is a combination of material covered in Chapter 8 and Tutorial example 
Τ 8.2. Consequently the project — in its aim to introduce the concept of systems of 
differential equations of first order — is only pedagogically useful if it is tackled before the 
referenced book material is covered. 
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(schematically) and show how the second unknown function can be ob­
tained once that solution is obtained. Can you see how, alternatively, 
any second order differential equation with constant coefficients can be 
written as a system of two first order differential equations? 

2. Assume that &i(x) = 610 and b2(x) — 620 both reduce to constants. 
Find the s t a t e of e q u i l i b r i u m which is defined as 

y'k(x)=0, k = 1,2. (A.15) 

Find a substitution (based on the result for the equilibrium position) 
which transforms the inhomogeneous system into a homogeneous one. 
Obtain the particular solution (of the inhomogeneous system) which 
fulfils 

y f c ( 0 ) = y f c 0 , Λ = 1,2 (A.16) 

for two constants yio, y2o-

3. Remain with the case bi(x) = b\o and b2{x) = 620- Try to solve the 
differential equations without the detour to second order equations. 
This consists of two steps because the general solution (as with indi­
vidual differential equations) is a sum of the complementary function 
(i.e., a solution of the homogeneous equations) plus a particular inte­
gral (i.e., any solution of the inhomogeneous equations). To determine 
the complementary function assume that 

yi(x) = Aie

Xx, y2(x) = A2eXx (A.17) 

where A\, A2 and λ are constants to be determined. The particular 
solution can be found by guessing. In this procedure do you see any 
parallels to the solution procedure for linear algebraic equations? 

P a r t 2: Foxes a n d h a r e s 

Consider a somewhat primitive predator-prey model for a population of 
foxes and hares. Assume that the fox population F(t) increases at a rate 
which is proportional to the size of the hare population H(t) and is reduced 
by a mortality rate of O F - Similarly, the hare population H(t) declines at a 
rate proportional to the size of the fox population F(t) but is sustained by 
a large birth rate an (> ap). 

Develop the model differential equations which describe how the fox and 
hare populations change in time. Assuming that α # and are given, de­
termine the two remaining proportionality constants from the observation 
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that for some period now the fox and hare populations have been static at 
Fo and HQ respectively. 

A sudden outbreak of leveret myxomatosis rapidly reduces the hare po­
pulation to a fraction k of its previous level thus creating an ecological imba­
lance. Construct differential equations for F(t) and H(t) and hence deduce 
a second order differential equation for F(t). Use this model to predict 
the future development of the fox and hare populations — with particular 
emphasis on the long-term behaviour. 

Appraise critically these conclusions and speculate how the model might 
be modified to make it more realistic. 

A . 5 B E Y O N D T H E L O G I S T I C E Q U A T I O N 

P r o j e c t s u m m a r y : This project examines mathematical models for popu­
lation growth or decline. 

I n t r o d u c t i o n 

Many applications of mathematics, ranging from medicine to ecology to 
global economics, require the formulation of a model which predicts the 
future growth or decline of a species or a commodity. One of the most 
important models is provided by the logist ic equat ion which assumes tha t 
the growth rate (of a species, say) depends on the population. This leads to 
the simple differential equation 

where N(t) is the population at time t while r and Κ are constants . 2 

M a t h e m a t i c a l propert ies of t h e logist ic equat ion 

In the first part of this project the aim is to select reading material which 
will cover some of the simpler mathematical concepts associated with the lo­
gistic equation: equilibrium points, critical points and equilibrium solutions; 
saturation levels and the concept of stability of solutions; growth with and 
without thresholds. It shall be left to the judgement of the individual or the 
group tackling the project to decide upon a suitable cross-section of material 
for presentation. 3 

2 T h e logistic equation, in slightly different notation, appeared in (2.9) of Section 2.2. 
3 A good starting point for a literature search is the book by J. D . Murray, Mathematical 

Biology (Springer Verlag, Berlin, 2nd edition, 1993). The reader should be aware that the 
topic of non-linear differential equations leads quickly into the complex realm of chaos. 

(A.18) 
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Harves t ing and the Schaefer equat ion 

Based on the mathematical ideas developed in the previous subsection, a 
more sophisticated model of population dynamics will be investigated. In 
any economic scenario a renewable resource — such as a population of fish, 
for example — will be harvested. To model the harvesting process, the 
logistic equation has to be modified by introducing an additional term which 
models the depletion of the resource through external influences. In one such 
scenario the logistic equation is replaced by 

a differential equation commonly known as the Schaefer equat ion . The 
new term Y = EN is called the yield; it corresponds to the rate at which 
the resource is harvested (E is a positive constant with unit of t i m e - 1 ) . 

1. Find the two equilibrium points in the case Ε < r. 

2. Show that one of the equilibrium points is stable and the other one 

3. Find the sustainable yield Y as a function of the effort Ε and draw 
the graph of this function (which is known as the yield-effort curve). 

4. Find the maximum sustainable yield YmSix, by determining the Ε which 
maximizes Y. 

A . 6 B O U N C I N G A B O U T 

P r o j e c t summary: In this project equations of motion of masses attached 
to springs are studied. 

In troduc t ion 

Consider the following mechanical system: a mass mi is attached to a fixed 
point via a spring with spring constant k\. A second mass m2 is connected to 
the first mass by a spring of spring constant k2 and the springs themselves are 
assumed to be massless. Define u\(t) and u2(t) as the displacement of the two 
masses from the position where the springs have their natural , unstretched 
length (we will assume here that all motions are restricted to one spatial 
dimension, the vertical one). Each mass is subject to the force of gravity 
and a restoring force due to the springs. The restoring force of a spring is 
proportional to its displacement from its natural length (the proportionality 
constant being the spring constant) and directed in the opposite direction. 

(A.19) 

unstable. 
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M o d e l equat ions and tasks 

Under the assumptions as outlined above show that the equations of motion 
for the two masses are given by 

where g = 9.81 m / s 2 is the gravitational acceleration. Address the following 
tasks. 

1. Find the equilibrium positions u i e q and U2eq-

2. Define new dependent functions 

and rewrite the above two differential equations in terms of v\ and v2. 

3. Set m i = 7712 = 1, k\ = 3 and k2 = 2. Initially, the two springs are 
at rest but displaced from their equilibrium positions. Solve the initial 
value problem for vi(t) and v2(t): 

4. Discuss the solution. Notice that it contains two distinct modes of 
vibration. For which combination of the constants i>io,i>20 does the 
solution represent a vibration whereby the masses move 

(a) in phase, i.e. both moving up and down together? 

(b) out of phase, i.e. one moving down while the other is moving up 
(and vice versa)? 

Wha t are the respective frequencies of these vibrations? 

5. Try to generalize this simple mechanical problem of 2 masses on 2 
springs to one of Ν masses m n , n = l ,2, . . . , iV on Ν springs with 
spring constants kn, η = 1,2,..., Ν. 

(a) Formulate the system of model differential equations. 

(b) Draw up a scheme of how you would go about solving them. 

6. Discuss some general limitations of the model. 

m i « i = —(ki + k2)ui + k2u2 + mig 

m2u2 = —k2u2 + k2ui + m2g 
(A.20) 

Vi{t) = Ui{t) - « i e q V2{t) = U2{t) - tl 2eq 

« i ( 0 ) = t ; i o , v\(0)=0, v2(0) = v20, t i 2 ( 0 ) = 0 . (A.21) 
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Extended Tutorial Solutions 

T U T O R I A L E X A M P L E S 1 

Τ 1.1 This is a linear differential equation. Its integrating factor is 

μ ( χ ) = J ( - l ) d x = e - x _ 

Therefore, 

e~xy(x) = j e~xsm2xdx. 

The integral can be evaluated using integration by parts twice. One obtains 

e"xy{x) = e~~x ^ - ^ sin 2x - ^ cos 2z^ + C 

and the general solution is 

y = — - sin 2x — - cos 2 i + Cex . 
y 5 5 

Τ 1.2 The differential equation can be rewritten in the form 

/ 1 1 

y + -y = — 
χ ΧΔ 

It has an integrating factor 

μ{χ) = ef(1/x)dx = e l n i = χ 

and therefore 
xy(x) — Jx^--^j dx —-\nx + C. 
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The general solution is then 

y(x) = 
C - l n x 

Τ 1.3 This differential equation is separable. Thus 

dV a x — — tan χ dx 
l - y z 

I f dy dy 
„ , . _ , = — tan χ dx 
2\l + y l-y 
1 Γ1η|1 + y\ — In 11 — y| | = l n | c o s x | + C 

l + y 1/2 

The general solution is therefore 

y(z) 

D\cosxl = Ecos2x. 
i - y 

cos 2 χ — A 
cos 2 χ + A' 

Τ 1.4 This first order differential equation is homogeneous. Using the 
substi tution y(x) = xu(x), y'(x) = xu'(x) + u(x), one gets 

(l-6u2)(xu' + u) = 4 u ( l + 3u 2 ) — • 

This equation is now separable. Therefore, 

(1 ^u \aiu — -dx 
(1 + OU')U X 

l n u - ln(l + 6u 2 ) = 31nx + C 

(1 - 6u2)xu' - 3«(1 + 6u 2 ) 

f - - r ~ ~ T ~ ô l du = — dx \u l + 6 i r / χ 
u 

l + 6 u 2 
= D x 3 . 

Returning to the original dependent variable y, the general solution is there­
fore 

ν/χ
 π 3 y 

1 + 6 y 2 / x 2 
Dx* 

x2 + 6y 2 
-- Dx2 

Τ 1.5 This differential equation is of the form Ρ + Qy' = 0 and because 
dP/dy = 4x, dQ/dx = 4x, it is exact. Thus 

u(x, y) = J P{x, y)dx = J(3x2 -f 4xy) dx = x 3 + 2x 2 y + <f)(y) 
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Therefore 

is exact. Thus 

μ y y 

y + {x + - ) y ' = 0 
y 

u{x,y) = J P{x,y)dx = Jydx = xy + φ{y) 

du ... . ,.. , 1 
— Έ ~ = Χ + Φ{ν) — > χ + φ{ν) = x + -

oy y 

—• Φ'(ν) = - —> φ{ν) = I n y . 
y 

The general solution is therefore 

xy + In y = C or yexy = A. 

Τ 1.7 The differential equation can be rewritten as 

y' - (l/x)y = 2y2 

for an arbitrary function </>(y). Hence 

Because of the requirement du/dy = Q, this leads to 

2x2 + 4>'(y) = 2x2 + 3y2 —> φ' = 3y 2 —> φ ( ν ) = y3 . 

Consequently, the general solution is 

x3 + 2x2y + y3 = C . 

This example can also be treated as an equation of homogeneous type. 

Τ 1.6 A simple test shows that this differential equation is not exact. An 
integrating factor μ(χ, y) can be obtained from 

y 2^-(rry + l ) ^ + (2y -y )^ = 0 . 

This partial differential equation has a solution /x(y) satisfying 

yV + y, = 0 - = _> ,(y) = I . 
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and can be recognized as being of Bernoulli type with η = 2. The transfor­
mation 

z{x) = y~x{x) —• z'(x) = -y~2(x)y'(x) 

leads to 

-2 J -ζ -ζ - χ ~z ' = 2z 2 — • z' + - = - 2 , 
χ 

which is linear. Using, for example, variation of constants, one first obtains 
z(x) = A/x as the solution of z' + z/x = 0. Substitution of z(x) = A(x)/x 
into the original differential equation for z(x) yields 

A' = -2x — • Λ = -a ; 2 + C 

and thus 
C — χ2 χ 

z{x) = —> y{x) = 
C-x2 

Τ 1.8 This differential equation is of Riccati type. It is not difficult to 
see tha t yi{x) = x is a particular integral. Therefore 

/ λ 1 ι, ^ z'(x) 
ν { χ ) = Χ + φ Γ ) -> y { x ) = 1-^kx) 

and so 

(x2 + a) ( l - + 2 (x + - 3x (x + - a = 0 . 

A little algebra and rearrangement of the terms gives the linear equation 

. χ 2 
ζ — ζ ~ 

χ2 + α χ2 + a 

An integrating factor is 

μ(χ) = β / [ -*/(* 2 +°)]** = e-(V2)ln(*»+e) = Ιχ2 + a ) - l / 2 

Then, 

2 
(χ2 + αΓ1'2ζ(χ) = i(x2 + a)-^2^—dx 

J χΔ + a 
= 2 ({x2 + a)-*'2 dx = — {x2 + a)-V2 + C 

J a 

and therefore 
ζ(χ) = — + 0(χ2 + αγ/2 

a 
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2x + D{x2 + a)V2 • 

Τ 1.9 We divide the equation by x2 + 1 and get 

y - ο L ι y = x -
xz + 1 

This linear equation has an integrating factor 

μ(χ) = e / [ - * / ( * 2 + l ) H * = e - d / 2 ) l n ( x 2 + l ) = { χ 2 + ι Γ 1 / 2 

Therefore 

(x2 + I ) " 1 / 2 y(x) = f (s2 + l)-l/2sds = (x2 + l ) 1 / 2 + C 

with the general solution in final form as 

y(x) = C ( x 2 + l ) 1 / 2 + £ 2 + l . 

Τ 1.10 An integrating factor is 

μ(χ) = βϊ 2 x d x = e*2 . 

Then, 

ex2y(x) = j ex2e~x2dx = Jdx = χ + C 
and thus 

y(x) = (x + C)e-x2 . 

Substitution of the initial condition gives C = 1 and so the particular solu­
tion is 

y(x) = (x + l)e~x2. 

Τ 1.11 An integrating factor of this linear equation is 

μ(χ) = ε ^ ά χ = 6 2 ] η χ = χ2. 

Hence 
9 / \ / 9 COS X , 

x y(x) = χ —— dx = sinrr + C. 

This leads, finally, to the general solution 

n. 
y(x) = x + 
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Consequently, the general solution is 

C + sin χ 
y(x) = 

x2 

The initial condition requires C = 0, so that one gets as particular solution 

sin a; 
y{x) = 

x2 ' 

Τ 1.12 The differential equation is of Bernoulli type. Using the substi­
tut ion 

z{x) = y~4{x) —• z' = - 4 y ~ V , 
one gets after algebraic rearrangement 

z' + 2xz = —4x 

with an integrating factor 

μ(χ) = e I 2 x d x = e x \ 

Thus 

ex2z{x) = j ex' ( - 4x ) dx = - 2 βχ2 + C. 
Hence 

1 
z(x) = -2 + Ce~x —• y(x) = 

( - 2 + C e - * 2 ) 1 / 4 ' 

Substi tuting the initial condition gives 

and the particular solution 

1 

[ -2 + (2 + a - 4 ) e-* 2 ] - 4 \ ^ - χ 2 ! 1 / 4 ' 

Τ 1.13 This differential equation is of homogeneous type. Substitution 
of y(:r) = xu(x), y' = xu' + u gives 

- x(l + au3)u' — a u 4 — > (-^-r +-} du —- —dx 

1 + l n u = - l n x + C —* u e ^ 1 / 3 " " 3 ) = - . 
3 au 3 
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Thus 
y = C e (x 3 /3ay3) 

is the general solution. The initial condition gives C = 1 leading to the 
particular solution 

y = e (* 3 /3aj / 3 ) 

Τ 1.14 An integrating factor is 

p(x) = J(-Vdx = e-2x. 

Thus 

e'2xy{x) = f e-2ss2e2s ds = J* s2 ds = y + C. 

The general solution is 

Substitution of the initial condition yields C = 0 and the particular solution 

y(x) = 
x3e2x 

Τ 1.15 After rewriting the differential equation in the form 

2x-y + {2y-x)y'= 0, 

a straightforward check shows that this equation is exact. Consequently, 

u(x) = j (2x — y)dx = x2 — xy + (f>{y) 

and 
du . . 
— = -χ + φ (y) = 2y - χ . 
dy 

From the last equation, we see that </>(y) = y2 which means that the general 
solution is x2 — xy + y2 = C. The initial condition determines C = 7 so that 
the particular solution is 

x2 — xy + y2 — 7 = 0 . 

In explicit form, the particular solution is 

y{x) = \(x + \ /28 - 3 x 2 ) . 
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Note that of the two possibilities, the plus sign was chosen for the square root 
to satisfy the initial condition. A real solution is only possible if 28 — 3x 2 > 0 
so tha t , with the initial value prescribed at χ — 1, the range of validity of 
the solution is 

l<x< 

T U T O R I A L E X A M P L E S 2 

Τ 2.1 Let M(t) be the mass of 1 4 C at time t, then radioactive decay is 
modelled by the differential equation 

dMU) x 

~ i r = ~ a M { t ) 

where α is a proportionality constant. The solution of this differential equa­
tion fulfilling the initial condition M(0) = Mo is 

M(t) - MQe -at 

It then follows from the definition of the half-life, r , that Μ (τ) = Mo/2 and 
therefore 

^• = M0e-aT —> τ = - 1 η 2 —* α = ^ 1 η 2 
2 α τ 

and thus 
M(t) = M 0 e - ( t / T ) l n 2 = Μ 0 2 - ( / τ . 

Using the provided information, τ = 5,580 years and M(t*) = 0.3Mo, t* 
satisfies 

0 .3M 0 = M 0 Q 

and has value 
In 0 3 

t* = 5580 t ^ - 1 - « 9692 years. 
In 0.5 J 

Τ 2.2 The environment temperature is given by S(t) = So + b s inut where 
SO, b and ω are constants. The formula for the object's temperature yields 
(here we have ίο = 0) 

] \ t* /5580 

T(t) = ke~kt j ektS{t) dt 

bk 
= So + -rz 7;{ksmut — wcoswi) + Ce~kt. 

kz + ωΛ 
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The initial condition T(0) = T 0 gives C = T 0 + S0 + bkuj/(k2 + ω2) and so 
the particular solution is 

T(t) = So+[T0-So + 7 5 5· e~ f c £ + 7 5 =• /csinwi - wcoswi . 
V kl +ωζ J k 4- u) 

This formula may be interpreted as follows: the first two terms on the r ight-
hand side provide exponential cooling to the temperature 5o whereas the 
third term is the temperature variation imposed by the forcing term of the 
environmental temperature. 
Special cases. If ω/k << 1, then we have 

™ r, ( ™ Μω/k) \ _fc, b ( . ω 
Τ _ S„ + [T, - S„ + ϊ ^ ϊ ) . + - j cosuit 

and thus 
T(i ) « So + (T 0 - 5 0 ) e ~ f c t + 6sina; i . 

In this limit the temperature cools exponentially to the temperature So, and 
there is an instantaneous response to the trigonometric variation as given 
by the periodic component of the solution. 

Analogously, when « 1 we obtain 

k 
T{t) « S0 + (T 0 - S0)e~kt coswi , 

the last term on the r ight-hand side showing a delayed response of the sys­
tem proportional to k/ω. 

Large time. In the limit t —>• oo, we can see that as e k t —>• 0 (for k > 0), 

= 5 0 . lim 
t-*oo 

bk 
Τ — — =• (k sin ut — ω cos ωί) 

kz + ω1 

A brief word about limitations of such simple models. In reality, it takes 
a finite time for the effects of a source such as S(t) to be felt at any given 
point. The cooling law, for example, makes no concession to spatial variation 
of temperature. Tha t is clearly unphysical. A better model would require 
one to assume that the temperature is not just a function of time as in T(t) 
but of time and space as in T(x,y,z,t). This leads to the heat conduction 
equation in which spatial variations of temperature are often modelled by 
d2T/dx2 + d2T/dy

2 + d2T/dz2. 

Τ 2.3 The solution of the logistic equation is 

MP0 P(t) = 
P0 + (M- P0)e-rMt ' 
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We have M = 2550 (population in thousands) and the census da ta 

1800 t0 = 0 P0 = 739 
1850 i i = 50 Pi = 1376 
2000 t2 = 200 P2 = ? 

One needs to find r from t\ and Pi (ίο, Po are already incorporated into the 
formula for P(t) by the setting of Ρ = PQ at t = 0). Rearrangement of the 
expression for P(t) leads to 

r * l n ^ - ^ ) = 8.27529 x 10-» . 
Μ ί ι P o ( M - P i ) 

Therefore 
, v 2550 χ 739 

P ' 2 0 0 ) = 739 + 18.1 e - ^ = 2 4 6 1 - 3 7 5 -
The male population of Scotland is therefore estimated as 2,461,000 in the 
year 2000. 

Τ 2.4 Let φ = \nW then φ = a — αφ with solution 

φ = φ0β~Μ + -h ( l - e ~ M ) , 0o = In Wo . 

The given information yields the two relations 

l n W f c ~ = U o - £ ) e - M * , fc = l , 2 . 

Therefore 

a \ J * Λ a \ t 2 _ M i l 2 

aV> Λ αλΕ> _ M l t 2 l n W 2 - T ) = | 0 o - - ) e 

which leads to 

This is generally a transcendental equation for a/6. However, if i 2 = 2ίι 
then 

l n W i - - J = ^ 0 - - ^ l n W 2 - -

with solution 

a _ ( I n W Q 2 - (In W 0 )(In W 2 ) 
6 ~ l n [ W 2 / ( W 0 W 2 ) ] 
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Τ 2.5 In the generalized model of air resistance and gravity one has 

d v m-i„ 
dt 

-g-k\v\n-lv, (g>0,k>0). 

This equation reflects the fact that air resistance always opposes the direction 
of motion and that the coordinate axis is directed upwards (i.e., opposite 1 

to the direction of gravity). Whenever η φ 1, the presence of \v\ in the dif­
ferential equation necessarily requires separate analyses for motion in which 
ν > 0 (upwards for this choice of axis) and in which υ < 0 (downwards). 

Although the differential equation is separable, closed form solutions can­
not be found for arbitrary n. Consider therefore the quadratic problem η = 2 
(i.e., air resistance is modelled by the term — &|υ|υ). 
υ > 0. The differential equation is 

dv 
dt 

= —g — kv J v2 + g/k
 kf 

Standard integration gives 

1 

ν < 0. Now we need to solve 

dv , , 
T t = - 9 + kv 

tan" 
VgJk 

-kt + C. 

[ d v - k ( 
J v2 — qlk J 

dt. 

9/k 
dt. 

By using partial fractions for the left-hand integral, we obtain 

Vgjk + v 

VgJk 
= -kt + C. 

In order to solve the initial value problem correctly, we must now consider 
the two cases where the initial velocity VQ is positive, negative or zero (the 
object's initial motion is upward, downward or it is stationary). 
v0 > 0. We substi tute the initial condition into the solution valid for ν > 0 
and obtain 

v(t) - ^j^taxv tan - l VQ 

V9 
Wgk 

1 If the axis is pointing in direction of gravity, the corresponding differential equation is 

dv ι I in 
dt 

g > 0, k > 0. 

The complications arise because of the intrinsically vectorial nature of this problem. 
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This formula is valid for 0 < t < t* where the time t* is defined by the 
condition v(t*) = 0, that is, 

t* = 1 t a n - 1 ( 

Physically, t* corresponds to the time at which the object has reached its 
highest point and reverses its movement from upward to downward. There­
fore, to find the particular solution for t > t* we must insert the new 'initial' 
condition v(t*) = 0 into the solution valid for υ < 0 to get 

V(t) = -Jj- ?= , t>t*. 

VQ < 0. We need only consider the solution valid for ν < 0. The solution 
satisfying the initial condition is 

v { t ) = x V o . X + { v o + X ) e - ^ ^ f > Q 

-v0 + X + {VQ + λ) e - 2 t v s f c 

with the parameter λ = \/g/k. 
From these solutions, it is seen that v(t) —>• —\fgfk (recognized as the 

terminal velocity) as t —> oo. For small times, on the other hand, Taylor 
expansions of the relevant solutions provide 

υο > 0 : v(t) » VQ - gt — kv^t, 

VQ < 0 : v(t) « VQ — gt + kv^t, 

which are valid when t >C l/y/gk~. 
Finally, if gravity is neglected, we need only consider the case ν > 0 (the 

velocity can now always be defined as positive and a change of sign of ν does 
not occur) and so the differential equation becomes 

£ = -kv" 
dt 

which is separable and leads to (η φ 1) 

= -kt + C —> v=\A-(l-n)kt\ . 
1 — η L J 

The initial condition v(0) = υο requires A = vl~n and thus 

v(t)=[v1

0-n + (n-l)kt]m~n) , (ηφΐ). 
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We see that v(t) —> 0 as t —> oo. 

Τ 2.6 We have the differential equation 

dv k 
m — = dt 

and thus 

dt 
k 

m 
The initial condition is v(0) = VQ, SO that C 
is therefore 

υ 
3 m 
,3 

3kt 
V = V n -

m 
v(t) = 

t + C. 

VQ/3. The particular solution 

3 À ; i \ 1 / 3 

m 

The t ime t* satisfies v(t*) = 0 and so t* = mv^/Sk. The total distance 
travelled is therefore 

D = L V{T)DT=L {V°-^) DT 

m \ A / z 3 
^o3- —) 

m J 

m 
3k Jo 

m 
m 

4 / 3 

"UT 
To determine the initial velocity of the puck from the given experimental 
values, we note that neither k nor m are known (but they only occur as 
ratio k/m in all formulas). However, from the expression for t*, we can 
express m/k — 3t*/VQ. Substituting this result into the formula for d gives 

3v0t* 
vo 

4d_ 
3t* 

Finally, we can now set d = 24 m and t* = 8 s and get VQ = 4 m / s as the 
initial velocity of the ice-hockey puck. 

Τ 2.7 Let F be the constant volume of the reservoir, I the constant 
inflow (which equals the outflow) and P(t) the volume of pollutant in the 
reservoir. Let y(t) = P(t)/V be the volume concentration of pollutant in 
the reservoir and q(t) be the volume concentration of pollutant in the inflow. 
The differential equation modelling the volume of pollutant in the reservoir 
is 
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(in words: the rate of change of pollutant equals inflow of pollutant minus 
outflow). Therefore 

Vd^- = q(t)I-y(t)I -> y + L y = L q . 

This is a linear differential equation with the general solution 

The initial condition is y(0) = yo-
q(t) = 0. The integral becomes trivial: 

so the pollutant concentration in the reservoir decays exponentially to zero. 
q(t) = qo- The particular solution is 

y(t) = qo + (yo - go) e - ( i / v ) i . 

The pollutant concentration in the reservoir approaches the pollutant con­
centration in the inflow exponentially (increasing or decreasing, depending 
on y 0 < qo or y 0 > q0). 

Next, we set V = 2 10 6 m 3 and 1 = 2 m 3 / s and let 

[ 0 t<0 
q(t) = < 1 (T 4 0 < t < 10 6 

[ 0 t > 10 6 . 

All the ingredients for the solution are already available. 

• t < 0. For q(t) = 0 one gets y = yo e ~ 1 0 6* but because y = 0 for t < 0 
one must have y(0) = 0 and therefore 

! / ( ί ) Ξ θ , f < 0 . 

• 0 < t < 10 6 . Wi th g 0 = 1 0 - 4 and y(0) = 0 one gets 

y(t) = ΙΟ" 4 ( l - e - 1 0 _ 6 t ) , 0 < t < 10 6 , 

in particular, one finds the value y(10 6 ) = 10~ 4 (1 — e _ 1 ) . 

• t > 10 6 . Again q(t) = 0 but the 'initial' value is y(10 6 ) = K T ^ l - e - 1 ) . 
Adjustment of the integration constant leads to the particular solution 

y(i) = 1 0 - 4 ( l - e - 1 ) e 1 - 1 0 " 6 < , £ > 10 6 . 
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y ' 

ιο~4 • 

( 1 - e " 1 ) • 

10 6 t 

Figure B.l: Volume concentration y of pollutant in the reservoir 
as a function of time t as in Tutorial example Τ 2.7. 

A graph of the solution is shown in Figure B. l . 

Τ 2.8 The solution proceeds as in Section 2.4 but now for the case w < v. 
Treating first w < v, the solution is again 

y = 
(x/a)v/w+1 (x/a)"/™-1 

1 + v/w 1 — v/w + avw 
w2 _ v2 

But because 1 — v/w < 0, the line χ = 0 is an asymptote which geometrically 
reflects the fact that the fox can never reach the rabbit. 

For w = ν one needs to start from 

, 1 fx 
y = -, 

Integration yields 

U£a-alnx)+C. 

The initial condition y(a) = 0 gives C = (α/4)(21ηα — 1) and thus 

y = * 
1 / V 

2 I 2a 
ι x 

a m — 
a , 

Once again, χ = 0 is an asymptote. The distance between the fox and the 
rabbit is 

21 
xl + (y - vt)À 1 + 

y-vt 

χ 
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= χ 
X' τ 

Therefore, 

" = è ( * 2 + * 2 ) 

χ α\' 
- + -) 
a χ ) 

lim d = ^ . 
x->o 2 

Τ 2.9 Let the research vessel R travel for 3 km towards the place where 
the whale W was spotted, then the whale's position is located somewhere on 
a circle of radius 1 km centred at the point where the whale was initially seen. 
Take this moment as the initial time. Choose circular polar coordinates (r, Θ) 
with the origin at the initial position of the whale and let therefore r = r(9) 
describe the pa th of R. Then, the distances travelled after a certain time t 
are 

r — 1 for W , 

ds r2d9 for R . 

Let VR and % denote the velocities of R and W respectively. It is known 
tha t VR = 3vw- For their paths to cross, R and W must be at the same 
place at the same time, say t*. Therefore 

r2+r'2Y/2 άθ 

or 
, 1 / 2 

άθ 3 ( r - l ) = j i ( r 2 + r ' 2 ) ] 

where r ' = dr/dO. Differentiation with respect to θ gives 

3r' ' = ( r 2 + r' 2 ) 
1/2 

r' = 
V8 

With the initial condition τ = 1 for θ = 0, particular solutions emerge as 
the spirals r = e ± e ^ . It is easy to convince oneself that of the two choices 
only the one with positive exponent is relevant. (An alternative way to set 
up the solution is to let R travel for 6 km in the direction of W. Then again 
a spiral arises as the solution: r = 2ε^θ~π^^.) 

Τ 2.10 The voltage balance in the described circuit is U(t) = Uc + 
UR where Uc and UR are the voltage drops on the capacitor and resistor 
respectively. Using 2 UR = Rl, Uc = Q/C and I = dQ/dt one obtains the 

2 W e remind that reader that in examples dealing with electrical circuits, C denotes the 
capacitance and not an integration constant. 
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differential equation 
• Q 

RQ + ^ = U. 

The general solution is 

Q ( i ) = I e - ^ c j ' eslRCU{s)ds. 

1. U(t) = 0,Q(t0) = Qo-

In this case Q(t) = Ae~l^RC for some integration constant A. Substi­
tution of the initial condition leads to the particular solution 

Q(t) = Q 0 e - ^ / R C . 

Interpretation: The capacitor discharges through the resistor and its 
charge decreases exponentially. The current flowing through the circuit 
is 

= = Q° c-(t-t0)/RC 

dt RC 

2. U(t) = U0,Q{t0) = Q. 
In this case, integration produces 

Q [ t ) = < | e - t / H C (RQ^IRC + A ) = U O C + B e-l'RC . 

The initial condition yields Β = —UoCeto/RC for the integration con­
stant, leading to the particular solution 

Q(t) = U0C [l - e - ( ' - ' o ) / * c 

Interpretation: From being initially uncharged, the capacitor in the 
circuit is charged through the resistor. It attains the maximum charge 
Qmax = UQC (in the limit t -> oo) and therefore 

Qmax p. 1 _ e-(t'-t0)/RC 

determines the time t* when the capacitor is charged to half its maxi­
mum value. It follows that 

e - ( t - - t 0 ) / R C = I t* = t ( ) + R C l n 2 

2 

(Compare this conceptually with the half-life in radioactivity.) 
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3. U(t) = U0smut. 

Uc(t) = = jtjLe-*'*0 J e ' / ^ s i n u r t A . 

Integration by parts now gives the solution 

UQ 
Ucit) 

1 + {RCUJ)2 

As t —> oo, we obtain the limit 

U0 

(sinwi - RCUJ cos ut) + Ae~t/RC . 

lim 
i ->oo 1 + (flCw)' 

(sinwi — UCwcoswi) = 0 . 

T U T O R I A L E X A M P L E S 3 

Τ 3.1 The key step in the calculation is the evaluation of 

Φ ( λ , ί ) = / ' eXsf(t-s) 
Jo 

ds. 

The auxiliary equation is λ 2 + 3λ + 2 = 0 with roots λι = —1 and λ 2 

We need to calculate 

Φ ( - 1 , ί ) = C e~s {t - s)e-2{t-s) ds = C es {t - s)e~2t ds 
Jo Jo 

= e-2t [es (t-s) + es] ^ = e'2t ( - t + é - l ) , 

Φ ( - 2 , ί) = f e~2s (ί - ^ e - 2 ^ ds = [\t - s)e-2t ds 
Jo Jo 

-2t i 5 -y - 2 t 

Therefore the general solution is 

= Ce-' + De-21- U + - | e - 2 t 
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Τ 3.2 The auxiliary equation is λ 2 + 2λ + 5 = 0 with roots — — 1 ± 2i. 
We compute 

Φ ( - 1 + 2ί , ί ) = [* e{~l+2i)s cos 2{t-s) ds 
Jo 

= I ί* e(-W)s fe2(i-.)i + e-2(t-.)i| d s 

2 Jo L -1 

= i jT ( e 2 i t e - s + e - 2 i t e 4 " - s ) 

= i ( l - e " ' ) e 2 i t - ^tl ( e 2 « - i _ e - 2 « ) . 

Simple substitution of i —> —i gives 

Φ ( - 1 - 2i , i ) = \ ( l - e " É ) e - 2 i t - ( " ^ + 1 } ( e - 2 1 ' " ' - e2it) < 

and so 

Φ ( - 1 + 2 Μ ) Φ Η 2 M ) ι 
- l + 2 i - ( - l - 2 t ) 4 ν ι 

( - 2 c o s 2 i + 2 e - t cos2i) - (sin 2* + e - t sin2<) 

4 1 
= — sin 2t + — cos 2t + ... , 

the dots indicating terms that are irrelevant as they are contained already 
in the complementary function. Therefore the general solution is 

y(t) = Ae~l cos 2t + Be~l sin 2t + ^ (cos 2t + 4 sin 2t) . 

Τ 3.3 As before, the auxiliary equation is λ 2 + 2λ + 5 = 0 with roots 
λ 1,2 = — 1 ± 2i. Integration yields 

o-(t-s) 

Φ ( - 1 + 2i, t) = j* e^l+2i> e—^- [ e 2 ^ + e~2i^] ds 

£ ( e 2« + e - ™ e

A i s ) ds 

Analogously, 

l e - t e 2 i t + }_e-t s [ n 2 t 

2 4 

Φ ( - 1 -2i,t) = ^ e _ t e _ 2 i t + ^ e _ t s in2 i . 
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Finally, 
Φ ( - 1 + 2 Μ ) - Φ ( - 1 - 2 Ϊ , * ) t _t 

— ; — : —; = - e sin It 
- l + 2 t - ( - l - 2 < ) 4 

so that the general solution is given by 

y(t) = Ae~l cos It + Be'1 sin 2t + | e _ t sin 2t. 

Τ 3.4 The auxiliary equation factorizes as (λ + 2) (λ + 3) = 0 and therefore 
y(t) = Ae~2t + Be~3t. From the initial conditions 

y ( 0 ) = 1 — • A + B = l, y(0) = a — • - 2 A - SB = α. 

Therefore .4 = 3 + a , 5 = - a - 2 and 

y(<) = (3 4- a)e-2t - (a 4- 2 ) e ~ 3 t = e ~ 3 t [(a 4- 3)e* - (a 4- 2)] 

= e - 3 t [(a + 3)(c* - 1) 4- l ] 

is the particular solution. It follows that 

a + 3 > 0 — • y{t)>0, a + 3 < 0 — • y(t) < 0 

(the latter relation applies for suitably large t). Therefore, y(t) > 0 if and 
only if a> —3. 

Τ 3.5 The auxiliary equation is λ 2 4-1 = 0 with roots λι ,2 = ±î. Thus 

Φ(±<, t) = Γ e ± i s tan( i - s) ds = f tan r e

± i ( t " - T ) dr 
Jo Jo 

± i t f1 s i n r . . 
= e / ( C O S T + i s i n r ) d r 

Jo cos r 

= e ± u / sin τ =F d r 

7o \ c o s r J 

= e ± l t [— cos r + i In | sec r 4- tan r | ± i sin r j 

= e ± l t [ — cos ί + î In | sec t + tan ί| ± i s in i 4- l j 

= e ± u [l - e T i i T t l n | s e c i + tai i t | ] 

where secf = 1/ cosi . We need to construct 

Φ(ί, t) — Φ(—ι t) 

—.—-—-—-— = sin t — cos t In I sec ί 4- t an ί|. 
ι - (-ι) 

�� �� �� �� ��



176 A p p e n d i x Β 

The general solution can then be written as 

y(t) = A sin t + Β cos t — cos t In | sec t + tan t\. 

The initial conditions give 

1,(0) = 1 —> B = l , y(0) = l —> A = 2 

leading to the particular solution 

y(t) = 2 sin t + cos t — cos t In | sec t + tan i | . 

T U T O R I A L E X A M P L E S 4 

Τ 4 .1 The complementary function is yc(x) = C \ e ~ x + C 2 e ~ 2 x . The choice 
y p (x) = (Ax + B)e~2x will obviously not work because e~2x is a solution of 
the homogeneous equation. Using Table 4.1 we have 

yp(x) = x(Ax + B)e~2x 

and therefore 

y'Jx) = \-2Ax2 + (2A -2B)x + B e~2x. 

-2x y'p\x) = [4Ax2 + (4B - 8A) χ + 2A - 4B\ e 

Substitution into the differential equation and collection of terms leads to 

[(-2A) X + 2A-B] e~2x = xe~2x . 

It follows by comparison of coefficients that A = —1/2 and Β = 2A = — 1. 
Therefore the particular integral is 

yP(x) - ( - y - x ) e _ 2 x -

Τ 4.2 The complementary function is yc(x) — e~x (Acos2x + Bs'm2x). 
The particular integral has form 

yv(x) = a cos 2x + β sin 2x . 

Substitution of yp, y'p and yp into the differential equation and comparison 
of coefficients gives the linear system a + 4β = 1 and —4α + β = 0 with the 
solution a = 1/17, β = 4/17. Therefore, the particular integral is 

yp(x) = ^_ (cos 2x + 4sin2x) . 
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Τ 4 .3 The complementary function is the same as in the previous problem. 
For the particular integral we now make the choice 

yv(x) =xe~x (a cos Ix + β sin 2x) . 

Again, after substitution of yp, y'p and yp into the differential equation and 
comparison of coefficients we obtain —4α = 0 and 4/3 = 1. Therefore, the 
particular integral is 

yp(x) = — xe~x sin 2x. 

Τ 4 .4 The auxiliary equation is λ 2 — 5λ + 6 = 0 with roots λχ = 2, λ 2 = 3. 
Therefore the complementary function is yc(x) = C\e2x + C2e3x. Thus we 
choose for the particular integral 

yp(x) = ex (A cos 2x + Β sin 2x) + e2x [(Cx + D) cos χ + (Ex + F) sin x] . 

Τ 4 .5 The auxiliary equation is λ 2 — 4λ + 4 = 0 with the double root 
λχ ) 2 = 2. The complementary function is yc(x) = C i e 2 1 + C2xe2x and the 
particular integral is chosen to be 

yp(x) = (Ax2 + Bx + C) + x2 e2x (Dx + E) 

+ (Fx + G) sin 2x + (Hx + J) cos 2x. 

Τ 4.6 The auxiliary equation is λ 2 + 3λ + 2 = 0 with roots λι = — 1, 
λ 2 = —2. The complementary function is yc(x) = C\e~x + C2e~2x and the 
particular integral is 

yp(x) = (Ax2 + Bx + C^j exsin2x + (Dx2 + Ex + F^j ex cos2x 

+ (Gs'mx + Η cosx) e~x + Jex . 

Τ 4 .7 Solving the homogeneous equation first, y = aeat leads to the 
auxiliary equation α 2 + λ 2 = 0 with the roots a i > 2 = ±i\. Therefore, the 
complementary function is 

yc(x) = A cos λχ + Β sin λ χ . 

Let 

yp(x) = Σ ypm(x) 
m = l 

y'pm + A 2 y p m = am smmnx . 
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Ν 

y(x) = A cos Xx + Β sin λχ + Σ χ2 _ ^ 2 π 2 s i n τ η Έ Χ 

m = l 

(Expressions of that type are important in the theory of Fourier series.) 

Τ 4.8 Rewrite the differential equation as 

η , y 
y + 7 = 4 2cos(x/2) ' 

The complementary function is 

yc(x) = Acos(x/2) + Β s in (x /2) . 

Wi th yi{x) = cos( i /2) and y2(x) = sin(a;/2) we get 

W{yuy2) = cos(x/2) l- cos(x/2) - (-0 sin(x/2)sin(a;/2) = i 

and g(x) = l/[2cos(a;/2)]. Hence 

, , fsm(x/2) 1 , Γ sin(x/2) , „ , r , 

« 2 ( χ ) = ! ^ ψ ϊ ^ φ ) Λ χ = j d x = x-

The general solution is therefore 

y(x) = Vc{x) + ui(x)yi(x) +u2(x)y2{x) 

= Acos(x/2) +Bsm(x/2) + 2cos(x/2) ln[cos(a;/2)] + χ sin(a:/2). 

Τ 4.9 The auxiliary equation λ 2 — 2λ + 1 = 0 leads to the complementary 
function 

yc{x) = A ex + Bx ex . 

Under the assumption λ φ τηπ we can then choose 

ypm(x) — ctm cos πιπχ + / 3 m s i n T m r x . 

The usual procedure of substitution and comparison of coefficients yields 
« τ η ( λ 2 ~ τη2π2) = 0 and βτη{Χ2 - τ η 2 π 2 ) = am. The general solution is 
therefore 
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Wi th g(x) = e x / ( l + x2) and y\ = e x , y2 = xex it may be shown that 
W(yuy2) = yiy'2 ~ I/il/2 = e 2 x . Therefore, 

ui(x) 
r xex e x / ( l + x2) r x ι 

J i s ώ = Ί ϊ + 7 ώ = - 2 1 η ( 1 + ϊ ) ' 

r e * [ e * / ( l + x 2 ) ] r ! 
u o m = / — 0 - dx = I r a x = tan x . 

v ' 7 e 2 1 / 1 + x 2 

This leads to the general solution 

y(x) = 2/c(z) + u i (x)yi (x) 4- i i 2 (x )y 2 (2 : ) 

= A e x + Bxex - ]-ex ln( l + x2) + xex t a n - 1 χ . 

Τ 4.10 Substitution of the given solutions and their first and second de­
rivatives shows that they both fulfil the homogeneous equation. We rewrite 
the differential equation as 

y" + T ^ y l - T ^ — y = 2(l-x)e-x. 
1 — χ 1 — χ 

Therefore, g(x) = 2(1—x) e~x and the Wronskian determinant is W(yi, y2) = 
y\y2 - y'iy2 = ( i - χΥχ· Thus 

ux(x) = -J* 2

{

{l~*y'X dx = -2J xe~2x dx = \ (2x + l ) e ~ 2 x , 

Mx) = /eX fi-X* d x = 2 I e ' x d x = ~ 2 e ' x • 

Consequently, a particular integral is 

yp(x) = u i (x)y i (x) + u 2 ( x ) y 2 ( x ) = (2x - l)e~x. 

Τ 4.11 The verification procedure works as in the previous example. We 
see tha t g(x) = (12x 3 / 2 s i n x ) / ( 4 x 2 ) = 3 x - 1 / 2 s inx and obtain the Wronskian 
W(y\,y2) = — x _ 1 . Therefore, 

. , f x - 1 / 2 cos χ 3 x - 1 / 2 s inx , 3 2 

ui(x) = -J (-χ-1) dx = - - c o s x , ( - x - i ) 

, , f x - 1 / 2 s inx 3 x - 1 / 2 s inx 3 . . 
u2(x) = / ; —ΓΤ dx = — - (x — s inx cos x) 

J \—x l) 2 
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(ê - 4 I + 4 " ) + ̂  iî -2")+<2 - ̂ =8I<1 - *> · 
Let ζ — dv/dx then, after some algebra, ζ is found to satisfy 

! +(I-4), = 8 ( l - * * . 

This is a linear equation with integrating factor x e - 4 x . Therefore 

4-(xe~4x z) = 8x(l-x)e~2x —+ χ e~4x ζ = 4x 2 e _ 2 x + A. 
dx 

Thus 

di) „ p 4 x r x " A s 

— = 4xe2x + A— —> 
dx χ 

ν = {2x - 1) e 2 x + A J* ^ ds + Β . 

The general solution to the original differential equation is therefore 

y = Ae~2x j* e^-ds + Be-2x + 2x-l. 

Τ 4 .13 The equation is of Euler's type with solution y = xn. Then 

x2(n2 - n)xn~2 + 3xnxn'1 + xn = (n 2 + 2n + l)xn = 0 

so that η = — 1 is a double root. Now let y = ν/χ, then ν satisfies 

2 dv 2 \ (\ dv 1 \ υ , 
χ — r - * r — Η—=• υ + 3x — ; =• υ + - = In χ . 

\ χ oar x z dx χύ J \x dx xz / χ 

Let ζ = dv/dx then, after some algebra, ζ is found to satisfy 

dz ζ In χ 
dx χ χ 

A particular integral is therefore 

yp(x) = ui(x)yi(x) + u2{x)y2{x) = - - x 1 / 2 c o s x . 

Τ 4.12 It is evident that y = e~2x is a solution of the homogeneous 
equation and therefore it makes sense to write y = ve~2x. Thus ν satisfies 
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This is a linear equation with integrating factor χ and whose solution is 
found by the calculation 

d ι \ , dv A 
-—(xz)=lnx —> — = z = \nx-l-\ . 
ax dx χ 

This equation for ν integrates to 

ν — xlnx — 2x + Alnx + Β 

and thus the original equation has general solution 
„ , ΐηχ Β , 

y = - 2 + A + — + l n x . 
χ χ 

Τ 4.14 Substitution of y = xx and its first two derivatives into the 
differential equation gives 

( λ 2 - λ + 4λ + 2) xx = 0. 

Therefore λ 2 + 3A + 2 = 0 with the roots λι = - 1 and λ 2 = - 2 . The general 
solution is then 

. . Α Β ,, . A 2B 
y(x) = - + — —• y(x) = 

χ χί x£ χύ 

We have 
A B ι ( \ ι A 2B Λ 

y {a) =a —> — + — = a, y (a) = - 1 —> —=· r = - 1 
a a z αΔ αΛ 

which leads to A = a2 and Β — 0. The particular solution is therefore 

y(x) = —. 
χ 

Τ 4.15 Once again we use y = xx in the homogeneous equation and get 
λ 2 — 2λ — 3 = 0 with roots λχ = 3 and X2 = — 1 and a general solution of 

, Β 
y(x) =Αχύ + — + yp{x). 

For the particular integral y p , we choose yp = ax2. Upon substi tution of 
yp into the inhomogeneous equation and comparison of coefficients, we find 
a — —1/3. The initial conditions yield 

y ( l ) = 0 —> A + B-± = 0, !/'(!) = 0 —> 3A - S - | = 0 . 
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Thus one gets A = 1/4 and Β = 1/12 which leads to the particular solution 

. χ 3 1 x2 

ν { χ ) = Τ+ηχ-~Ύ-

Τ 4.16 Setting y = χ λ gives λ 2 — λ + α = 0 with complex conjugate roots 
λι ,2 = 1/2 ± ΐ0 where θ = (α - 1 /4) 1 / 2 . The general solution is 

ν(χ) = Αχ1'2+" + Βχιί2-»-. 

Since 

xl/2±iB = xl/2e^x±a

 = xl/2e±ieinx = χΙ/2 [ c o s ( 0 l n x ) ± ,· s i n ( 0 l n χ ) ] 

we can rewrite the general solution in the form 

y(x) = x1/2 [Ccos(01nx) + D sin(0 lnx)] . 

The condition y( l ) = 0 requires C = 0 whereas y'(l) = 1 requires D = 1/0. 
These values lead to the particular solution 

. , x 1 / 2 sin(01nx) 
ν (χ) = Q · 

Τ 4.17 Change independent variable from χ to t = lnx . Hence 

dy _ dy dt _ dy 1 
dx dt dx dt χ ' 
d2y 1 d / d y ^ dy d / l ^ _ 1 d?y 1 dy 

χ dx \dt J dx2 χ dx \dt J dt dx \xj x2 dt2 x2 dt ' 
d 3 y _ _ 1 d 3 y 3 d2y | 2 dy 
dx3 x3

 dt3 x3 di2 x3
 dt 

and analogously for higher order derivatives. These expressions can be rear­
ranged to give 

; dy 2 u d2y dy d i d \ 
x y = ^ x y = d ^ - d T = d 7 U - 1 J y ' 

2in_d3y 0d2y i 0 d y _ d ( d \ ( d 

where in the last term, d/dt is interpreted as an operator acting on all terms 
to its right. For the general term one gets 

x"i'(r) = e ( | - 1 ) x - x ( i - r + 1 ) y -
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Substitution into the original differential equation and rearrangement of 
terms leads to 

d¥ + A'd¥^ + --- + A ^ d t + A n ) y = f ( e ) 

where the coefficients Am are linear combinations of am (m = 1 , . . . , n ) . 

Τ 4 .18 Direct substitution reveals that y\ — x2 is a solution of the 
homogeneous version of the differential equation. To reduce the order, we 
set 

y2(x) = x2u —>· y'2 = 2xu + x2u' —>• y2 = 2u + Axu' + x2u". 

Substitution and collection of terms gives 

«" + - « ' = 0 . 
χ 

With the new dependent variable w(x) = u'(x) we have 

1 A t 
w'Λ—w = 0 —> w(x) = — —> u(x) = I w(x) dx = A In χ . 

χ χ J 

Consequently, y2 (x) = x 2 In χ is a second solution of the homogeneous equa­
tion. By calculation, the Wronskian is W(y\,y2) = x 3 . Therefore, variation 
of constants yields 

. , f x 2 l n x l nx , f ( l n x ) 2 1 , 
u i (x) = — / 5 dx = — dx — — - ( l n x ) , 

J χό J χ ό 
. fx2 l n x f l n x 1 2 

u2{x) = I 3—dx = I dx = - ( lnx) . 

The general solution is thus 

y(x) = Ayx(x) + By2(x) + ui{x)yi{x) + u2{x)y2(x) 

= A r 2 + B x 2 l n x + ^ · χ 2 ( 1 η χ ) 3 . 

Τ 4.19 As x" - [2(1 + x)] ' + 2(1 + χ) = 2x φ 0, the equation is not exact. 
When multiplied by φ{χ), the equation becomes 

φχυ" + 2φ(1 + x){y' + y) = 0 

and this is exact whenever 

£2{χφ)-1[2(1 + χ)φ]+2(1 + χ)Φ = 0. 
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This equation for φ simplifies to 

χφ" + 2φ' - 2(1 + χ)φ' -2φ + 2(1 + χ)φ = χ{φ" - 2φ' + 2φ)=0. 

Therefore, any solution of φ" — 2φ' + 2φ = 0 is an integrating factor of the 
original differential equation. The function φ(χ) = e x s i n x (the roots of the 
auxiliary equation are 1 ± i) is one such solution, and in this instance, the 
original differential equation may now be rewritten 

d r . dy 
dx 

xex sinx - j - + ex [(1 + x ) s i n x — xcosx]y\ = 0 . 
dx J 

The last equation can be integrated and we obtain 

du 
xex s inx — + e x [(1 + x ) s i n x - x cosx] y = A. 

dx 

This equation is now re-expressed as the linear first order equation 

dy / 1 „ cos χ \ A e~x 

-f- + ( - + 1 - - Γ — )y = 
dx ν χ s inx / x s i n x 

with integrating factor xex/sinx. Therefore, 

A d_ 
dx 

ixexy\ _ 
V s inx ) s in 2 χ 

xexy . cosx „ 
= -A- + B. 

s m x s m x 

The general solution is now 

y(x) = (—Acosx + Β s i n x ) . 
χ 

If y has a finite limit as χ -¥ 0 then A = 0 and the value of this limit is 
determined by L'Hôpital 's rule as unity if Β = 1. Therefore the required 
particular solution is 

s inx 

Τ 4 .20 The given equation is exact because ( x 2 ) " - ( 4 x + 4 x 2 ) ' + 8 x + 2 = 0 
and may be re-expressed as 

d_ 
dx 

χ2-Γ + (4x 2 + 2x)y dx 
= 0 . 

The integrated equation is now 

x 2 ^ + (4x 2 + 2x)y = C 
dx dx ~^ ( χ ) ^ 

C_ 
T2 · 
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This equation has integrating factor x2e4x and therefore 

— (x2e4xy) =Céx —> x2éxy = Aéx + B. 

Thus the general solution is 

A e~4x 

= -2 + 5 " - Γ · 

The initial conditions yield 

y ( l ) = 0 —> A + Be~4 = 0, y ' ( l ) = l —> -2A - 6 B e ~ 4 = 1. 

Hence A = 1/4 and so B = —e 4 /4 . The particular solution is 

1 - e 4 ^-* ) 
4 x 2 

Τ 4 .21 We have 

u = e-fPydx ui = _pye-Jr>ydx 

and thus 
__vf_ , _ u" u'2 p'u' 

^ pu ^ pu pu2 p2u 
Upon substitution, the result is proven. In the example we set ρ = —e x , 
q = — 1 and r = 4 e _ I . This leads to u" — 4u = 0 with the general solution 
u = Ae2x + Be~2x. Therefore 

χ _ _ « [ _ _ „ -x Ae2x - Be~2x _ _x Ce4x - 1 
V { X ) ~ pu~ Ae2x + Be-2x ~ Ce4x + 1 " 

Τ 4.22 Since ρ = kp2 then p' — 2kpp'. Momentum balance p' — —gp now 
indicates that 2kp' = —g. Multiplying this equation by r 2 and differentiating 
with respect to r yields 

2k{r2p')' = -{r2g)' = - 4 π ^ Γ 2 Ρ . 

Therefore 

r2p" + 2rp' + a2r2p = 0 — • rp" + 2p' + a2rp = 0 

with a2 = 2nG/k. Suppose that φ(τ) is an integrating factor of this equation, 
then we must have 

(τφ)" - 2φ' + α2τφ = 0 — • φ" + α2φ = 0 . 
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Take 4>(r) = sin ar, then the original differential equation for ρ can be r e -
expressed as 

^ ' r sin ar p' + (sin ar — ar cos ar)p = 0 
dr 

—> r sin ar p' + (sin ar — ar cos ar)p = A 

/ f1 \ A 

—• Ρ + I a c ° t a r ρ = —: . 

\r ) rsinar 

The integrating factor of this equation is r / s i n ar. Hence 

d ( rp \ A , . . cos ar sin a r 
— — = — — — • p(r) = - A + β . 
dr \ sin a r / sin a r a r r 

Since p(r) is a density, it must be non-negative and finite everywhere within 
the star. In particular p(r) must be finite as r —> 0. This latter condition 
requires that A = 0 by L'Hôpital's rule. Therefore the final density is 

s i n a r sin a r 
ρ (r) = Β —— = p(0) — — 

r a r 
where p(0) is the density at the core of the star. The density on its exterior 
boundary is p(0) (sin aa)/(aa). This density is non-negative only provided 
aa < π. This stellar model therefore predicts stars of maximum radius π / α . 

T U T O R I A L E X A M P L E S 5 

Τ 5.1 The auxiliary equation λ 2 + 2αλ + ωο = 0 has roots λ ι ^ = — α±ιΩ 

where Ω = \JUQ — α 2 . The general solution is 

g(t) = e~at {A sin Qt + B cos Ωί) . 

It follows from g(0) = 0 that Β — 0, whereas g(0) = β requires A = β/Ω. 

Thus the particular solution is 

Note that the equation describes the deviation of glucose level from the fasted 
level and therefore the values that are given for the patient are g( l ) = 0.3, 
g{2) = —0.15 and g(3) = 0.05. Substitution into the particular solution gives 

β 6 - ° ^ = 0.3, / ? e - 2 ° ^ = - 0 . 1 5 , ^ ^ . 0 . 0 5 . 
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This is a system of three (non-linear) algebraic equations for the three un­
known parameters. Multiplication of the first with the third expression and 
division by the square of the second one leads to 

sin Ω βϊηβΩ 2 
sin 2 2Ω ~ 3 ' 

Letting s = sin Ω φ 0, we obtain 

s {3s-4s3) 2 2 1 
As2 ( l - s 2 ) = 3 - > 4 5 = 1 - > 5 1 · 2 = ± 2 · 

Consequently, there are a total of four solutions for Ω: π / 6 , 5π /6 , —π/6, 
—5π/6. The latter two, being negative, are not relevant since Ω is positive 
by definition. If, further, Ω = π / 6 , then βίη2Ω = 8Ϊη(π/3) > 0 which is not 
possible (see the second of the above parameter relations). Hence, the only 
remaining solution is Ω = 5π /6 . We can then use the first two parameter 
relations above to calculate a and β and get 

α = ^ 1 η 1 2 , /3 = ν / 3 π , Ω = 5 π / 6 . 

Therefore, ω\ = Ω 2 + a2 « 8.40, ωο « 2.90 and the period of the un­
damped motion is 2π/ωο « 2.14 hours, which makes the patient strongly 
non-diabetic. 

Τ 5.2 The differential equation governing the behaviour of this system is 

y + 2ay + ufiy = 0 

with suitable initial conditions. The solution is oscillatory, so ω2, > cv2. The 
damping is also light and so we have the general solution 

y{t) = Ae~at 8Ϊη(Ωί-|-/?) 

with Ω = \J<JJQ — a2. The period is Τ = 2π /Ω and the number of oscillations 
to half amplitude is Ν where 

1 _ 6 -α2πΛ7Ω > N _ Ω Ι η 2 

2 2πα 

Required is a discussion of the behaviour of Τ and Ν as a and ω2, (which is 
directly proportional to the restoring force) are changed. First, we write 

In Τ = 1η2π - i 1η(ωο - α 2 ) . 
Li 
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Therefore 
1 dT a 1 dT ω0 

Τ da ω2-a2' Τ θω0 " w g ' - α 2 " 

These expression now permit an analysis of the period. The period is locally 
an increasing function of a and a decreasing function of restoring effects. 
Of course, if the damping is increased too much, the solution is no longer 
oscillatory. A stronger restoring influence makes the period shorter. 

To analyse the vibration count we derive 

and therefore 

In Ν = In [(In 2)/2π] + ^ In (ω 2. - a 2 ) - In a 

1 ON = a 1 = ω0

2

 < Q 

Ν da ωΐ - α 2 α α (ω2, - a 2 ) 
1 dN ω 0 

TV <9ωο ω2, — a 2 
> 0 . 

The number of oscillations to half amplitude decreases as a increases and 
increases as the restoring effects increase. Again, these are local results. 

Finally, for the extraction of the differential equation we set Τ = 1 and 
Ν = 40. We can calculate a « 0.0173 and ω ο « Ω « 6.283. From the above 
expressions the differential equation y + 0.0346 y + 39.479 y = 0 is obtained. 

T U T O R I A L E X A M P L E S 6 

Τ 6.1 

L [ e - « - i / 2 : i _ > s ] = J™ e~st e-1-1'2 dt 

- 1 / 2 f 
Jo 

e-^+1Ut = e'^2 

- t ( s+ l ) 

Jo 
-(s + l) 

with the requirement s > —1 for the integral to be finite. 

e - i / 2 

s + l 

Τ 6.2 With cos(ai + b) — cos at cos t — sin ai sin b we have 

L [cos(ai + b) : t -> s] 
= cos b L [ cos at : t —» s} — sin 6 L [ sin a i : t -> s ] 

= cos6 / e ~ s i cos at dt — sin 6 / 
Λ) 7 0 

e s i sin at dt 

= cos b 
s 2 + a 2 

— sin b 
s 2 + a 2 
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whereby the integrals can be evaluated either by s tandard methods or use 
can be made of the Laplace transform Table 6.1. Note that the integrals 
exist only if s > 0. 

du 

Τ 6.3 With the substitution u = st we find 
ΓΟΟ ΓΟΟ ,,Ρ ι 

L[tp:t-+s] = / e~sttpdt= e~u — -
1 J Jo Jo sP s 

1 roo ι 
= —rr I e~uupdu = — τ Γ ( ρ + 1) 

by virtue of the definition of the Gamma function (p > — 1, s > 0). For an 
integer η we have 

Γ(η + 1) = ηΓ(η) = n ( n - 1 ) Γ ( η - 2 ) = · · · 
= n ( n - l ) (n - 2 ) χ · · · χ 3 x 2 χ 1 χ Γ(1) = η! 

so that L [tn : t ->• s] = n\/sn+l. Next, for ρ = - 1 / 2 : 

Μ — · ] - - " - · ( ΐ ) - ( = Τ . 
For ρ = 1/2: 

M^ = - . . ] - . ^ r ( | ) - . - v . J r ( i ) - ^ . 
And for ρ = 5/2: 

s - 7 / 2 5 3 1 / l 
2 2 2 12 

Ι δ π 1 / 2 

8 s 7 / 2 

Τ 6.4 We have 

700 
s-2 8-2 
s 2 - 2 ( a - >/2)(s + \/2) 

l-\/2 1 1 + Λ/2 1 
+ 

2 s - v / 2 ' 2 s + v/2 

by using a partial fraction decomposition. Since L [eat : t —> s] = l / ( s —a) , 
we obtain 

f(t) = L-1[7(s):s^t}=L-1 

1 

: s 

1 ^ 1 L"* 
- v / 2 

: s -> t 

5 - 2 
s 2 - 2 

+ Λ/2 
: s ->• ί 

" 2 2 
= cosh \/21 - y/2 sinh y/21. 
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Of course, the result in terms of hyperbolic functions could have been read 
off directly from Table 6.1. 

Τ 6.5 Completing the square gives 

3 3 
/ (* ) = 

Therefore 

/(*) = L-1 

3 
= 7T 

^/5 
s 2 + 4s + 9 ( s + 2 )2 + 5 x / 5 ( s + 2 ) 2 + 5 

s2 + 4s + 9 s -+ t v /5 ' (s + 2 ) 2 + 5 

-it L~l 

s 2 + 5 : s 
-2t 

sin 

where in the penultimate step the first shifting property was used in the 
form L~l [ / ( s - a ) : s - ) · i ] = eat L~l [7(s) : s - > t ] . 

Τ 6.6 Let f(t) have Laplace transform / ( s ) . The Laplace transform of 
the integral equation yields 

• 7 1 Ύ s 

f = - + / - Γ - τ 
s s* + 1 

s 2 + 1 
s ( s 2 - s + l ) 

where it has been recognized that the Laplace transform of a convolution 
is the product of the Laplace transforms of the constituent functions. The 
expression for / is now expanded in partial fractions form. In fact, by 
expressing s 2 + 1 in the form ( s 2 — s +1 ) + s it can be immediately established 
that 

s 2 + l 1 

= - + 
v/374 

s ( s 2 — s + l ) s s* 

and consequently the solution is 

1 1 _ 2 _ _ 
s + 1 ~ s + y/z (s - 1/2) 2 + 3/4 

fit) 
_2_ 

7! ' 1 + — e t / 2 sin (> /3 i /2 ) 

by using Table 6.1 and the first shifting property (6.6). 

Τ 6.7 Take Laplace transforms of the integral equation to obtain 

s 2 + l -
1 = - 7 ι / = - « 2 s 2 + 1 

and it now follows that f(t) = —(1/2) cost. 
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Τ 6.8 Applying the Laplace transform to the differential equation gives 

[s 2 y - sy{0) - y(0)] - 5 [sy - sy(0)] + 6y = 0 

with y = L[y(t) : t —> s]. Consequently, 

(s - 5)y(0) + y(0) 2s - 9 
V = s2 - 5s + 6 {s- 2)(s - 3) 

5 3 
s - 2 s - 3 

Therefore, 

y(i) = L~l 

s-2 s - 3 
s -» ί = 5 e 2 t - 3 e 3 t . 

Τ 6.9 By way of preparation we note that we can calculate the Laplace 
transform of the right-hand side of the differential equation either directly 
from the definition or by using 

L\te2t : t -> s i = - - f - L [ e 2 t : t -» s i = ~4~ — = -,—^s- · L J ds I J ds s - 2 (s - 2 ) 2 

Application of the Laplace transform to the differential equation now yields 

[ s 2 y - sy(0) - y(0)] - y = - — ^ 

Therefore, 

y = 
1 

(s2 - 1) 
1 

1 
(s - 2 )2 + 1 

5 1 4 1 1 1 
s - 1 9 s + l 9 s - 2 ' 3 ( s - 2 ) 2 

Applying the inverse Laplace transform then produces 

y(t) = L - 1 1 1 4 1 1 1 
s - 1 9 s + l 9 s - 2 ' 3 ( s - 2 ) 2 

9 9 + 3 ' 

In the last term L~l [f(s - a) : s -»• ί j = e a t L - 1 [ / ( s ) : s -»· ί J was used. 

Τ 6 .10 This piecewise continuous function can be written in the form 

f{t) = 1 + 2H{t - 1) + 2H(t - 7) 
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dt 

with the help of the Heaviside function. Thus 
roo 

L[f(t) :t-> s] = / [1 + 2H{t - 1) + 2H(t - 7)] e~st. 
Jo 

roo roo roo 
= / e~stdt + 2 / e _ 4 t d i + 2 / e~st dt 

Jo Jl Jl 
1 2e~s 2e~7s 1 / „ n _ 7 s \ = - + + = - (1 + 2e 3 + 2e 7 s , 
s s s s \ I 

valid for s > 0. 

Τ 6 .11 We can write g(t) = 1 - H(t — π) and obtain 

r ι 5 1 e _ 7 r 5 

[s2y - sy(0) - y(0)J + [sy - sy(0)] + - y = - - — . 

Then, after substitution of the initial values and collection of terms we get 

y=(l-e—)K(a) 

where 

K(s) 

We note that 

1 s + 1 
s(s2 + s + 5/4) 5s 5 (s + 1/2) 2 + 1 

y(t) = L-l[(l-e-*s)K(s):s^t] 

= L~l [K(s) : s -»· ί] - L'1 [e~"K(s) : s -» ί] 
= k{t)-k(t-7i)H(t-iT) 

where 

k(t) = L-l[K(s):s-H] 

= I T 1 \ 4 
•=-'•$- -¥ t - L~l 

.5s 
4 s + 1 / 2 + 1/2 

L 5 (s + 1/2) 2 + 1 

: s - 4 ί - ι s+ 1/2 

(s + 1/2)2 + χ 

(s + 1/2) 2 + 1 

s t 

s -> ί 

: s 

4 4 ~ t / 2 cosi - \e~tl2 s i n i , 
5 5 " 5 6 

using the first shifting property. Therefore we find the solution as 

- [2 - e " i / 2 (2cos t + s ini)] y(0 

- 2 g ( * ~ π ) [2 + e - ^ 2 (2cost + s i n i ) ] 
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If so desired, the solution can be split into its two constituent parts : 

( 2 
ί - [ 2 - e - t / 2 (2cosi + sini)] 

Vit) = 

0 < t < π 

1 ~ïe~t/2 (2cost + s i n i ) (* + β π / 2 ) t>n, 

as illustrated in Figure B.2 

Figure B.2: Solution of Tutorial example Τ 6.11, y versus t. 

Τ 6.12 By using the definition of the Laplace transform we obtain 
roo 

L[f(t- a)H(t -a):t-+s}= f(t- a)H{t - a)e~st 

J o 
f°° * f°° 

= f(t- a)e-st dt = / f(u)e-s^ du 
Ja JQ 

roo 

-as JQ f(u)e-sudu = e-as7(s) 

dt 

= e 

where in going from the first to the second term on the second line in this 
calculation, the substitution t — a = u, dt = du was used. 

Τ 6.13 Application of the Laplace transform yields 

( s 2 + 2s + 2) L [ y : t -> s ] = e _ 7 r i . 

Wi th 
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we have 

y(t) = L~l : s -> t 
{s + 1) 2 + 1 

= Η (f - π)ε*~* sin(i - π ) . 

The solution can therefore be written as 

0 

= H(t - π) k{t - π) 

y(t) = „ 7 T - t 
t < π 
t> π. —e" " s in i 

A sketch of the solution can be seen in Figure B.3 

Figure B.3: Solution of Tutorial example Τ 6.13, y versus t. 

Τ 6.14 For the simple circuit consisting of an inductor and a capacitor 
and the scenario as described, we obtain the initial value problem 

1 
Q(0) = Qo, Q(0)=0. 

Application of the Laplace transform to this problem yields 

s2Q(s)-sQo + i2Q{s) =0 

where Q(s) = L[Q{t) : t -¥ s] and 7 = l/VIC. Therefore, 

sQo 
Q(s) = Q(t) = Qo cos "ft. 
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The solution represents an oscillation with frequency 7 (energy is stored 
alternatively in the capacitor and the inductor but the total amount is con­
served.) 

In the more general situation of the LCR circuit, the corresponding initial 
value problem is 

Q(t) + j-Q(t) + ^Q(t) = 0, Q(0) = Q o , Q ( 0 ) = 0 . 

Here the application of the Laplace transform method gives 

j r SQO + (R/L)QQ 

^ ( S ) - s* + (R/L)s+^-

Denote the two roots of the quadratic polynomial in the denominator by 

R , · r ci 1 R2

 N 

SL'2 = ~ 2 L ' * = Z C - 4 L * > 0 ' 

then a partial fraction expansion yields 

5 W . _ * _ ( _ ! ! _ _ _ 2 _ + * L * _ i _ ) 
Si — S2 \ S — SI S — S2 L S — Si L s — S 2 / 

Qo (si+R/L _ s2 + R/L\ 

SI — S 2 V S — Si S — S2 ) 

The solution for Q(t) is therefore 

Qo Q(t) eS2t 

s\ - S 2 

Substi tuting the values for s 1,2 and rearranging terms, one finds that 

Q{t) = Q 0 e - ( K / 2 L ) t (cos ôt + s i n i £ ) · 

The effect of the resistor on the circuit is to provide a damping mechanism. 
As current flows through the resistor, energy is transformed into heat and is 
therefore lost to the system. The amplitude of the oscillations will decrease 
exponentially. If R 2 4L/C then δ m 7, so that the frequency of the 
damped oscillator is very close to that of the undamped oscillator. Of course, 
in the limit R —»• 0, the solution for the LCR circuit reduces to tha t of the 
LC circuit given earlier. 

Τ 6.15 The current I(t) in the circuit is governed by the differential 
equation 

LÎ + RI = f/ s q u a r e ( ί ) , Φ) = 0 . 
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The Laplace transform I(s) = L[I(t) : t —> s] therefore satisfies the alge­
braic equation 

- V 1 
(La + R)I = 

s 1 + e -sT • 

Define α = R/L then I is given by 

1 y oo p-skT 

L s(s + α) (1 + e~sT) ' s{s + a) 

By recognizing that 
1 

s(s + a) s (s + α) ' 

the Laplace transform J may be inverted to obtain 

I{t) = ^Y/{-l)k l-e-a{t-kT^ H{t-kT). 
R k=0 

In this solution, Η is the Heaviside function. 

T U T O R I A L E X A M P L E S 7 

Τ 7.1 We set ζ — y" and the differential equation becomes xz' — ζ = 0, 
which is a linear equation with general solution ζ = Cx. Integration gives, 
first, y' = Dx2 + F, and second, y = Ex3 + Fx + G. We can thus identify 
y\{x) = 1, y2{x) = x, yz{x) = x3- The Wronskian is 

Vi V2 V3 1 χ χ 3 

w = y[ v'2 y 3 = 0 1 3x 2 

v'l y'2' 2/3 0 0 6x 

1 3x 2 

0 6x 
= 6x. 

Τ 7.2 The differential equation is of Euler's type. We substi tute y — xx 

and obtain λ 3 - 2λ 2 - λ + 2 = 0 with roots \ x = 1, λ 2 = 2, λ 3 = - 1 . We 
can thus identify yi(x) = x, y2{x) = x2, Vz{x) — l/x- The Wronskian is 

χ X 2 X " 1 

w = 1 2x - χ " 2 

0 2 2 x ~ 3 

2x x - 2 
X 2 x - 1 

X 2 2 x " 3 2 2 x ~ 3 

6 
χ 

Τ 7.3 The characteristic equation is λ 4 + 1 = 0. Its four roots, written 
in polar form, are 

λι , 2 ,3 ,4 = e ^ / 4 + m 7 r / 2 \ m = 0 ,1 ,2 ,3 
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or 
y(x) - A + Be2x + e 1 (ccos \ίϊχ + dsin \ /3x) . 

Τ 7 .5 The auxiliary equation is λ 4 - 2λ 2 + 1 '= (λ 2 - l ) 2 = 0 and has 
(repeated) roots λι,2,3,4 = 1,1, —1, —1. Therefore 

y{x) = Aex + Be'1 + Cxex + Dxe~x 

or 
y(x) = (a + bx) cosh χ + (c + dx) sinh χ . 

Τ 7.6 The auxiliary equation of the homogeneous equation is given by 
λ 3 - 3 λ 2 + 2λ = λ(λ - 1)(λ - 2) = 0 with roots λ ι ) 2 ) 3 = 0 ,1 ,2 . Thus the 
complementary function is 

yc(x) = A + Bex + Ce2x. 

For the particular integral, we choose 

yp(x) = x(ax + b) + cxex = ax2 + bx + cxex . 

or 
1 + i _ - 1 + i - l - i 1-i 

λ ι ~ ^ Γ
 λ 2 - " 7 Γ ' λ 3 " ^ 7 Γ '

 λ 4 = "Π~· 
The general solution is therefore 

y(x) = AeXlX + BeX2X + Cex*x + DeXiX , 

or, by splitting into real and imaginary parts 

y{x) = e e / ^ [ a c o s ( x / v ^ ) + &sin(a:/v /2)] 

+ e~x/V2 [ccos{x/V2) + d s in (x / \ /2 ) ] . 

Τ 7.4 The auxiliary equation is 

λ 4 - 8λ = λ ( λ 3 - 8) = λ(λ - 2) (λ 2 + 2λ + 4) = 0 

with roots λχ = 0, λ 2 = 2, À3,4 = The general solution is therefore 

y(x) = A + Be2x + C e ( - 1 + i v / 3 ) l + De{'l~iV3)x 
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Substitution into the differential equation and comparison of coefficients 
yields 4a = 1, —6a + 26 = 0 and —c = 1, so that α = 1/4, b = 3/4 and 
c = — 1. The general solution is therefore 

y(x) = A + Bex + Ce2x + Φ + 3 ) -xex. 

The three initial conditions give 

A+B+C=1 

B + 2C + 3 / 4 - 1 = - 1 / 4 

B + 4 C + l / 2 - 2 = - 3 / 2 

with solution A = 1, Β = C = 0. The particular solution is therefore 

. x(x + 3) _ 
y(x) = 1 + — 1 - χ e 1 . 

Τ 7.7 The auxiliary equation is λ 3 + λ = 0 with roots λ 1 ) 2 ) 3 = 0, i, -i. 
Therefore, a fundamental set of solutions of the homogeneous equation is 

yi(x) = l , y 2 ( x ) = s i n x , y 3 (x) = cosx . 

Next set 

y p (x) = tii(x) + u 2 ( x ) s inx + U3(x) cosx 

—^ y'p(x) = u'i + u>2 s m x + u2 cos χ + u 3 cos χ — U3 sin χ . 

The two additional conditions given in the example description reduce to 

u'i + u'2 sin χ + u' 3 cos χ = 0 , 

u'2 cos χ — t i 3 sin χ = 0 . 

Calculation of y p and y p" using the last two expressions gives 

—u'2 sin χ — u'3 cos χ = tan χ 

upon substitution into the original differential equation. The three algebraic 
equations for u[, u'2 and i t 3 have solutions 

U j = t a n x -777 1 t a n x —> u\ = — ln(cosx) 

W 2 

n 2 = tan χ = — sin χ tan χ —> u 2 = sin χ — In (tan χ + 1 / cos x) 

t t 3 = tan χ -777 = — sin χ — • «3 = cos χ 
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where W , W\, W2, W3 are defined by 

W = 

Wi = 

1 s inx 
0 cosx 
0 —sinx 

cosx 
s inx 
cosx 

- 1 , W2 = 

0 sin χ cos χ 
0 cos χ — sin χ 
1 —sinx —cosx 

= - 1 . 

1 0 cos χ 
0 0 — sin χ 
0 1 — cos χ 

1 s inx 0 
0 cos χ 0 
0 — sin χ 1 

= sin χ , 

c o s x . 

Consequently, 

yp{x) = — ln(cosx) + [sinx — In ( t a n χ + 1/cosx)] s inx + cos 2 χ 

leads to the general solution 

y (χ) = A + Β sin χ + C cos χ — ln(cos χ) — sin χ In (tan χ 4 - 1 / cos χ) . 

Generalization of the procedure to a differential equation of order η is pos­
sible: we now have the conditions 

yiu'i + y2u'2 + ... + ynu'n = 0 

!/ί«ί + Ι /2«2 + · · · + !/X = 0 

so that 

y i n _ 1 , « i + y[rl)u'2 + ...+ y < T U < = g(x) 

Wm(x) 
um{x) = g(x) 

W{x) ' 
m = 1 ,2 , . . . , η 

where W(y\, y2,... , y n ) is the Wronskian and Wm is obtained by replacing 
the m t h column of W by ( 0 , 0 , 0 , . . . , 1 ) T . 

Τ 7.8 The general formula of the Laplace transform of the derivative of 
order η gives (n = 4) 

[ y ( 4 ) ( t ) : t = s 4 L {y} - s 3 y(0) - s 2 y(0) - sy(0) - y^(0) 

Substitution of the initial conditions followed by a partial fraction decom­
position now gives 

L[y:t-*s] = 
s 4 - l 

1 1 1 1 1 1 
A s-1 4 s + l 2 s 2 + l 

�� �� �� �� ��



200 A p p e n d i x Β 

The second shifting property I T 1 [e~asF{s) : s -» ί ] = f(t - α ) # ( ί - α) 
permits us to find 

v{t) = \i>-1 

s-1 
: s -> t - - L~ 

s + 1 
: s t 

- l 
s 2 + l 

= - e t - i 

: s -> ί 

i f (ί - 1) - 7 e-{t~l) H(t - 1) - ^ sin(i - 1) H{t - 1) 
4 - - - ν - - , 4 - - v - - / 2 

I - 1) [sinh(i - 1) - sin(i - 1)] . 

T U T O R I A L E X A M P L E S 8 

Τ 8.1 .The variable y2 is removed by first differentiating the first diffe­
rential equation to y'{ = y\—2y'2, substituting the second differential equation 
for y'2 to get y" = y[ — 2(3yi — Ay2) and finally using the first equation again 
to eliminate y2. The result is 

y'/ + 3y'1 + 2y 1 = 0 . 

The auxiliary equation is λ 2 + 3λ + 2 = 0 with roots X\ = — 1 and X2 = —2. 
Therefore 

yi(x) = Ae~x + Be-2x 

and 

</2 (z) = g (yi - y'i) = A e _ I + - y e ~ 2 x -

The initial conditions give A + Β = - 1 and A + 3 5 / 2 = 2 such that A = - 7 
and Β = 6 and we get 

yi(x) = - 7 e ~ x + 6 e ~ 2 x , y2{x) = -7e~x + 9 e ~ 2 x . 

Τ 8.2 Prom the description of the population dynamics, we can delineate 
a system of differential equations in the form 

f = ah-pff, h = phh-bf 

where f(t) and h(t) are the fox and hare populations respectively and a and 
b are two proportionality constants. Since / = F and h = H describes a 
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static solution of this system we must have aH—pfF = 0 and p^H — bF = 0, 
which permit elimination of a and 6 such that 

f = ^(Fh- Hf) 

Elimination of / , say, gives us 

h = {μιι - μ/ ) h 

h = ^(Fh-Hf). 

h - (μ Λ - μ/) h = C. 

The initial conditions are h{0) = kH (0 < k < 1) and / ( 0 ) = F. It follows 
from the differential equation that h(0) = —μ/,(1 — k)H which establishes 
that C = (kμf — μ^) Η. It remains to solve a linear differential equation of 
first order for h. The particular solution is 

h(t) 
Η 

'μh-kμf-(l-k)μhe^-^)t 

The hare population dies out when h(t*) = 0, that is, where 

β ( μ * - μ / ) ί · = ^ ~ k»f 
(1 - ^)μΗ 

or 
t* = 

1 
In 

μ/ ι - μ/ 
ι + 

The fox population can be calculated from 

F ι·. .\ _ μ / F 
f(t) μηΗ 

(h - μ Λ / ι ) 
μκΗ 

μ± 
μκ 

h(t) + F\\-k-V±\ 
μπ ) 

valid for 0 < t < t*. For t > t*, we have h(t) = 0 (all hares have died) and the 
system of differential equations reduces to / = —μ/ / · As a consequence, the 
fox population will decay exponentially for t > t* according to the formula 
f{t) = F*e-^1 where F* = f(t*). 

Clearly, the mathematical modelling in this example was very simplistic. 
A more realistic approach would be to use 

/ = α / / ι - μ / / , h = μφ-bfh. 

Here the products fh try to model the fact that foxes can not eat hares until 
they actually locate them. This system of equations is non-linear (due to 
the terms fh) and has no closed form solution. 
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Τ 8.3 Let ν be the speed of the golf ball and 0 the inclination of its 
trajectory to the horizontal (ν > 0, 0 < 0 < π /2 ) . Then it follows that 
χ = ν cos θ and y = ν sin θ since ν2 = χ2 + y2 and tan θ = y/χ. Thus 

2vv = 2xx 4- 2yy = 2x f(v) + 2y 

= -2vf(v)-2gy =-2vf(v)-2gvsin9. 

On dividing both sides by 2v, it is seen that ν = -f(v) - gsm6. Similarly, 

θ 
cos 2 θ 

xy — yx 
x2 x2 

/(») y - 5 
/(«) 

Multiplying by cos 2 0 and replacing χ gives θ = —(gcos9)/v. The initial 
value problem may now be restated as the first order system 

χ = υ cos θ 
y = υ sin θ 
ν = - / ( v ) - g s i n 0 
• q cos 0 

6> = -
ν 

x{0) = 0 
y(0) = 0 
v(0) = VQ 

9(0) = 0 0 -

For the special case when / = kgv, the differential equations for the speed 
v(t) and the inclination 9{t) are now manipulated such that ν is expressed 
as a function of Θ. We find for ν(θ) 

dv _ ν _ v(kv + sin#) 
άθ θ cos θ 

This is a Bernoulli equation which can be converted into the linear equation 

dz _ k 
— + ζ tan θ = 
άθ cos θ 

using the substitution 2 = ν~λ. The integrating factor is 1 /cos0 and thus 

ζ 
cos θ 

= -ktan0 + C ζ = —k sin θ + C cos θ. 

The original equation for θ now becomes 

θ = —gz cos θ = g(k sin θ — C cos Θ) cos 0. 

From the initial condition for θ we have 

g cos 0 O 0(0) = C = k tan 0o + 
υο cos 00 
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Next we re-express the differential equation for 0 as 

dt k 
kg — = — 9 , — — — • /coi = ln(k t an 0 - C) + A 

* άθ c o s 2 0 ( f c t a n 0 - C ) v ; 

—> tanÔ = ? + D e f c 9 t . 

The integration constant D follows from 0(0) = 0o so that we finally deduce 
that the inclination 9(t) of the trajectory at time t is 

tan β = tan 0 O + -, — τ ( l - ekgt) 
kVn COS 0n \ / Αυο cos 0o 

We note that 0 —• —π/2 as t —> oo although in practice, the golf ball will hit 
the ground after a finite time. 

When, next, air resistance is constant, then / = kg and the speed v(t) 
and inclination 0(f) satisfy the differential equations 

• « λ g cos θ υ = —kg — g sin θ , θ — . 
υ 

As before, we express w as a function of 0 and obtain 

άυ _ ύ _ υ(Α; + sin0) 
d0 0 cos0 

This equation is separable and has solution 

άθ 
In υ = — In (cos 0) + k j 

COS0 

By expressing l / c o s 0 as cos 0/(1 - s in 2 0) and then using partial fractions 
on the latter, it is established that 

, / m k f ( c o s d c o s e \ J n

 k , / l + s i n 0 \ ^ 
l n (vcos0) = - / — + Ί , . . <W = - l n ( - ^s)+C. 

2J V I - s i n 0 l + s in0y 2 \ 1 — s i n 0 / 
Let ν = υ* be the speed of the golf ball at the highest point of its trajectory 
(i.e., when 0 = 0), then 

υ = ν 
t 1 / l + s i n 0 \ * / 2 _ . (cos0) f c ~ 1 

c o s 0 U - s i n 0 / ^ υ - υ ( l - s i n 0 ) f c -
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T U T O R I A L E X A M P L E S 9 

Τ 9.1 The standard solution for this type of differential equation is 
y(x) = AcosVXx + BsiiiVXx. The boundary conditions require A = 0 
and — AVXs'ms/X + B \ /Xcos \ /X = 0 or 

A = 0, 5 \ / X c o s \ / X = 0 . 

The choices Β = 0 or λ = 0 produce the trivial solution. Therefore we must 
have 

2 

cos λ/λ = 0 — • \ / λ η " = ( 2 n - l ) ^ — • λ η = ( 2 π - 1 ) 2 - ^ - , η = 1 ,2 ,3 , . . . . 

The eigenfunctions are 
j / \ , . (2n - 1)πχ 

φη(χ) = kn sin . 

They can be normalized according to 

f1 s , , 2 Γ1 - 2 ( 2 n - 1)πχ , k2

 ι yo φη(χ)άχ = ^ yo s m ^ _ 2 _ ώ ; = - ^ = ΐ . 

Choosing A;n = \ / 2 , we therefore get φη(χ) = \ /2s in(n — 1/2)πχ as the 
normalized eigenfunctions. 

Τ 9.2 As previously, y(x) = A cos \ / λ χ + Bs'm\/Xx. Now the boundary 
conditions give 

y ' ( 0 ) = 0 —»· B\/X = 0 —> 5 = 0 or \ /λ = 0 , 
y ' ( l ) = 0 —^ - A v ^ s i n v / X + Bv/Xcosv/X = 0 . 

λ = 0. In this case the differential equation reduces to y" = 0 with general 
solution y = ax + b. The boundary conditions are indeed fulfilled for α = 0 
and arbitrary b. Therefore, φο(χ) = 1 is a normalized eigenfunction for the 
eigenvalue λ = 0. 
5 = 0. We obtain a non-trivial solution if sinv/λ = 0 which gives the 
eigenvalues \ / λ^ = ηπ and the associated eigenfunctions φη{χ) = kn cos ηπχ, 
η = 1 ,2 , . . . . Normalization is achieved with kn = \/2. 

To summarize, the eigenvalues are 

η = 0 
η = 1,2,3, . 
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and the normalized eigenfunctions are 

rh (λ - S 1 n = 0 

Ψη\Χ) j ^ cos ηπχ η = 1 , 2 , 3 , . . . . 

Τ 9 .3 For λ = 0 the solution is simply y(x) = ax + b. Applying the 
boundary conditions gives a = 0 and 2a + b = 0, with the trivial solution. 
Therefore, λ = 0 is not an eigenvalue. Assuming λ φ 0, the solution is 
again y(x) = A cos s/Xx + Bs'm\/Xx. The first boundary condition reduces 
to Β = 0, whereas the second boundary condition subsequently requires 
-A(cos y/X — \/X sin \/X) = 0. Therefore, in order to get a non-trivial solution, 
we must have 

γ/λ = cot y/X . 

This is a transcendental equation. Approximate solutions can be obtained 
graphically from Figure B.4: 

\ A 7 ~ 0 . 8 6 — • λ ι « 0 . 7 4 

is the eigenvalue with smallest value. From the figure we can also estimate 

\ / λ ^ « ( η - 1 ) π —>· λ η (η - 1 ) 2 π 2 , η » 1 . 

The eigenfunctions are φη{χ) = kn cos \fX~n~χ. The normalization constant 
follows from 

fl ,2, \ . fcn Λ sinv/Â^cos-v/Â^X kn / . 2 r—\ 
i = f [ l + W n J = f ( l + s m 2 v ^ ) = l 

(where we used the eigenvalue condition \ / λ ^ = cot \fX^ in the evaluation). 
Consequently k2 = 2/(1 + sin 2 \[X^) and the normalized eigenfunctions are 

φη(χ) — ι ^ COS yfX^X , Π = 1,2,3, . . . . 
\J 1 + sin 2 \ZX~n~ 

Τ 9.4 The auxiliary equation corresponding to a solution y = aeax is 
a2 + α(λ + 1) + λ = 0 with roots a\ = - 1 , a2 = —λ. Therefore 

y(x) = Ae~x + 5 e ~ A l 

is the general solution. Applying the boundary conditions provides 

y ' ( 0 ) = 0 — • A = -XB, 

y( l ) = 0 —» β ( - λ β _ 1 + β - λ ) = 0 . 
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y 

y = cot\fX 

Figure B.4: Graphical solution of \/λ = cot\/A from Tutorial 
example Τ 9.3 with the first three roots, y/Xï, y/Xï, y/X~3 indicated. 

If Β = 0, only the trivial solution emerges. If Β φ 0, then λ = el~x from 
the second boundary condition. It is easy to see from Figure B.5 that this 
transcendental equation has only one real-valued solution at λ = 1. The first 
boundary condition now gives A = —B. Upon substitution into the general 
solution, only the trivial solution y Ξ 0 emerges, although a non-trivial 
eigenvalue had been obtained. 

Τ 9.5 In expanded form, the equation is x2y" + xy' + Xx = 0 which is 
Euler's differential equation. We use y = xa and obtain 

(a2 + x) xa = 0 —* a2 + X = 0 . 

Λ = 0. The differential equation reduces to (xy') ' = 0 which can be inte­
grated to yield xy' = C and y = C l n x + D. Both boundary conditions are 
fulfilled for an arbitrary value of D as long as C = 0. Therefore, λο = 0 is 
an eigenvalue with the normalized eigenfunction φο(χ) = (e 2 7 r — 1) 1 / ' 2 . 
Λ < 0. With μ = —λ (μ > 0) we get 0 : 1 , 2 = and thus the general 
solution is y(x) = Ax^ + Bx~^. The boundary conditions give 

y ' ( l ) = l —> ( A - B ) V M = 0 , 
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y'(e2*) = 0 Α^μ [ e

2*(v7ï-i) _ . β 2 π ( - 0 Ζ - 1 ) ] 

A non-trivial solution requires Α φ 0. Consequently, ε 2 π ^ = e~2v^ which 
has the single root μ = 0, so only the trivial solution emerges. 
Λ > 0. Here, 0:1,2 = rtïVÂ and the general solution is 

y(x) = Axiy/l + Bx~il/X. 

The two boundary conditions now give A = Β and e 2 n t ^ = β _ 2 π ι ν ^ the 
latter having the roots = «, ( " = 1 ,2 ,3 , . . . ) , in view of the identity 
β 2 π , η = 1. The eigenvalues and eigenfunctions are therefore given by 

λ„ = η 2 , φη(χ) = kn (xin + x~in) , η = 1 , 2 , 3 , . . . . 

Normalization requires 

<j>l(x)dx = k2

n 

χ 2in+l „ - 2 i n + l 

2in + 1 
+ 2x + 

-2in + 1 

_ 2 4 (1 + 2n 2 ) (e 2 ^ - 1) 
" n l + 4 n 2 

so tha t finally we have the normalized eigenfunctions 

( l + 4 n 2 ) 1 / 2 

J i 

φη(χ) = 
2 ( l + 2 n 2 ) 1 / 2 ( e 2 7 r - l ) 1 / 2 

( x i n + x~in) 

y * 
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(1 + 4 n 2 ) 1 / 2 

= —Γ75— 77-cos (η In χ) , η = 1 , 2 , 3 , . . . . 
( l + 2 n 2 ) 1 / 2 ( e 2 * - l ) 1 / 2 

Τ 9.6 The first part of this problem is almost identical to the task set 
in Example 9.3. Indeed, the homogeneous Sturm-Liouville boundary value 
problem can be solved by simply rescaling the independent variable in Exam­
ple 9.3. In any case, one finds again, that λ = 0 is not an eigenvalue, that the 
eigenvalues λ„ follow from the transcendental equation \A^~ = cot(n\/X^/4), 
giving λι = 1 (this is an exact value) and λ η « 16(n - l ) 2 for n > l . The 
normalized eigenfunctions of the homogeneous problem are 

φη(χ) = 2y/2 y/X^X , η = 1, 2, 3, . . . . 
y/ïî\J 1 + sin 2 y/\n~ 

The expansion of the solution y(x) of the inhomogeneous problem in terms 

of the normalized eigenfunctions φη(χ) is given by 

°° Cn 

where 
/ •π/4 rir/4 

: n = / cos χ φη(χ) dx = kn / cos χ cos \ / λ η dx . 
Jo Jo 

Since λι = 1, this case is treated separately. We obtain c\ = y / π + 2 /2 \ /2 , 
whereas cm = 0, for m > 1. Therefore 

cos χ 
y(x) = - γ - · 

The infinite sum in the expansion of y(x) has collapsed to a single term 
only. The reason for this behaviour is that the inhomogeneous term cosx 
on the r ight-hand side of the differential equation is an eigenfunction of the 
homogeneous Sturm-Liouville eigenvalue problem. 

Before deriving a solution directly, let us first confirm that a unique 
solution for the inhomogeneous problem exists. To that end, we recognize 
that yi(x) = cos3x and 2/2(2) = sin3x as a fundamental set of solutions 
of the homogeneous equation. By (9.26) in Section 9.3, the existence of a 
unique solution for the inhomogeneous problem is guaranteed by virtue of 

Rm R\y2 
R.2y\ R2y2 

= 6 \ / 2 ^ 0 . 
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The direct solution method starts from the complementary function 

yc(x) = A cos 3x + Β sin 3a;. 

A particular integral can be obtained with the choice 

yp(x) — a cosx + β smx 

which leads to a = 1/8 and β = 0. Straightforward implementation of the 
boundary conditions provides again y(x) = (1 /8)cosx . 

T U T O R I A L E X A M P L E S 10 

Τ 10.1 For the given functional, the Euler equation leads to 

-4- l2y') - 4x = 0 — • y" = 2x —» y' = x2 + A 
dx 

with the general solution 

y{x) = γ + Αχ + Β. 

The boundary conditions require Β = 0 and A = 1 so that the extremal is 

x 3 

yo(x) = γ + x • 

We can determine its nature by calculating 

/ ( y 0 + h)- / ( y 0 ) 

for some function h(x) which fulfils h(0) — h(3) — 0. This shows that the 
extremal yo{x) is a minimum. The extremum is /(yo) = 852/5. 

Τ 10.2 The Euler equation is 

Jo 
[ [{y'o + h')2 + 4x(y 0 + h)- y'0

2 - 4xy 0 ] dx 

2y - 4x - — (2y') = 0 y"-y = -Ix • 
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The roots of the auxiliary equation λ 2 — 1 = 0 are λχ^ = ± 1 whereas a 
particular integral can be obtained with the choice yp = ax + b. Substitution 
and comparison of coefficients gives a = 2, β = 0 so that the general solution 
of the differential equation is 

y{x) = Aex + Be~x + 2x. 

Substitution of the boundary conditions yields 

y(0) = ο 
y(i) = 2 

A + B = 0 , 
Ae + Be'1 = 0 . 

The linear system for A and Β can only be fulfilled if A = Β = 0 which 
leads us to the extremal curve yo{x) — 2x. The extremal value is 

I(2x) = J [Ax2 + 4 - 8x 2J dx = —— + Ax 

Finally, we obtain 

7"(0) = £ (fyyh2 + 2fyylhti + fy,ylti2)dx 

= (2h2 + 2h'2) dx>0 

because the integrand is always non-negative. Thus, the extremum is a 
minimum. 

Τ 10.3 If f{x, y, y') = φχ(χ, y) + φν{χ, y)y', then 

dy' 
φ y ' dy = Φχυ + y' Φ, yy • 

Therefore, 

± (EL)-9! 
dx \dy' J dy dx Φν - {Φχν + y' Φνυ) 

= Φχν + y' <t>yy ~ {Φχν + y' Φνν) = ο 

and the Euler equation is identically fulfilled. Further 

I{y) = j {y'<Py + φχ) dx = f ^- [ ^ ( i , y ) ] dx = 
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If y(x) is interpreted as a curve in the χ — y plane, then the result means 
tha t I(y) is independent of the path and depends only on its end points. 

Τ 10.4 The Euler equation is 

2y + 6 s i n 2 x - 4"(-2y') = 0 —> y" + y = - 3 s i n 2 x . 
ax 

This differential equation can be solved by standard methods. The gen­
eral solution is y(x) = A sin χ + Β cos χ + sin2x. Upon substi tution of the 
boundary conditions it emerges that A = Β = 0 so tha t the extremal is 
yo(x) = s in2x. The value of the extremum is then obtained by evaluating 

/ •π /4 . . 3 ĵ. 

J ( y o ) = J (s in 2 2x + 6 s in 2 2x - 4 cos 2 2xj dx = — . 
Consider now the function h(x) as defined. It satisfies h(0) = h(a) = 0 and 
we also observe that 

,. f{u) ,. !οΦ{ί) sin Xtdt 
km —τ- = - lim J Q y v

 x u-vo sinAu u->o sin A u 
,. <^(u)sinÀu φ(0) 

— — lim ——:— — = ——— . 
u->o 2λ sin A u cos Xu 2X 

Therefore, if (̂ >(0) is finite then the existence of h is guaranteed. We can now 
differentiate and obtain 

r° f(u) 
h'(x) = λ cos Xx Γ du - fix), 

Jx sin Xu 

h"(x) = -X2h - Xcot(Xx) f(x) - f'(x). 

It can be shown by direct differentiation that 

f'{x) + Xcot{Xx) f{x) + φ{χ) = 0 

so that h" + X2h = φ(χ) as required. We now calculate 

£ h(x) [h"(x) + X2h(x)] dx = J* η{χ)φ(χ) dx 

= Γ φ{χ) sin Xx ( Γ 4^τ- du] dx 
Jo \Jx sin A u / 

= [( />>-Hf S H i 
- Γ ( Γ * ( ί ) 8 ! η λ < * ) ΐ - £ ^ ] ώ 

= - Γ sinXx f(x) -βτ- dx = - Γ f2{x) dx. 
Jo sin Ax Jo 
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therefore 
- Γ h'2 dx + Λ 2 Γ h2dx = - Γ f2(t) dt<0 

Jo Jo Jo 
and thus, 

Γ h'2 dx > λ2 Γ h2 dx 
Jo Jo 

holds for 0 < Λ < π /α . Upon setting a = π /4 , it then follows that 

I{yQ + h)- 7(y 0 ) = (h2 - h'2) dx<0 
m/A 

10 

and the extremum is a maximum. 

Τ 10.5 The first integral of the Euler equation is 

yU y/2 

Consequently, y' = C\J\ + y2. which can be separated to give 

= Cdx —> s i n h ' 1 y = Cx + D —> y = sinh(Cx + D). 
vTT 

The two boundary conditions provide D = 0 and s i n h C = α so that the 
extremal is 

yo(a;) = sinh (a: s i n h - 1 aj . 

A lengthy, but straightforward calculation shows that 

dx. 

I{yo + h)- 7(y 0 ) 

3 [ l 1 cosh 2 Cx , , 2 , η / , , o _ \ " ci /„ [-^~ * + * (' " s,"h C l) 
When 0 < χ < 1 then 

1 - s inh 2 Cx > 1 - s inh 2 C = 1 - a2 . 

Therefore, if \a\ < 1 then 1 — sinh 2 Cx > 0 so that the integrand becomes 
positive for functions h(x) and the extremum is a minimum. 

Hence, 

£ (hh" + Λ 2 / Ι 2 ) dx = [hh'Yo - ζ h'2 dx + Λ 2 JF ° h2 dx 
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