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Preface

A thorough understanding of and an ability to solve ordinary differential
equations are essential cornerstones in most areas of mathematical science:
from applied mathematics to physics, from engineering to biosciences. This
book aims to provide a solid foundation for the reader who wishes to solve
problems in the mathematical and applied sciences that can be expressed in
terms of ordinary differential equations or through the calculus of variations.
We approach the study of ordinary differential equations from two directions.
Firstly, there is, in the more traditional setting, the provision of solution
techniques for various types of ordinary differential equations; and secondly,
we give a practical and more modern approach to mathematical modelling
leading to ordinary differential equations.

The text presents ordinary differential equations and calculus of varia-
tions (a topic intimately connected to differential equations) from an applied
perspective. The book is based on the lecture notes compiled by the authors
for the undergraduate course Mathematical Methods taken in the third year
of the honours mathematics programme at the Department of Mathematics,
University of Glasgow. This course was introduced in the academic year
1994/95 and comprises 25 lectures and 10 tutorials. Like the original lecture
notes, the present book aims to provide a self-contained and solid introduc-
tion into ordinary differential equations and their applications. Needless to
add, the theory and practice of ordinary differential equations is a vast topic
in mathematical science. Even a cursory glance at the shelves of any uni-
versity library will produce dozens of treatments of this topic in one form or
another.! The material covered in the book is suitable for undergraduates

IWhile we do not find it necessary to provide a separate list of references, special
mention is given to two textbooks that proved very valuable during the assembly of the
original materials: W E Boyce and R C DiPrima, Elementary Differential Equations and
Boundary Value Problems (John Wiley, New York, 6th edition, 1997) and L E Elsgolc,
Calculus of Variations (Pergamon Press, Oxford, 1961). For those readers who wish to
revise some of the basic preliminaries of our book we refer to the excellent C McGregor,
J Nimmo and W Stothers, Fundamentals of University Mathematics (Albion Publishing,
Chichester, 1994).

viii
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(from their second year at a university onwards) and graduate students of ap-
plied mathematics, physics, engineering, chemistry and biosciences. Because
of the way it was developed, the book lends itself naturally to a course span-
ning 20-25 lectures during a term or semester. It provides a spring-board
for advanced study and research in the applied mathematical sciences.

The book is structured into ten chapters that develop the theme of ordi-
nary differential equations of first, of second and of higher order plus detailed
applicational aspects that arise with these equations. Boundary value prob-
lems and calculus of variations round off the main part of the text. An
important feature for students and other readers is the wide variety of ex-
amples. There are many worked examples embedded directly into the text
and each chapter is supplemented by a section containing additional tutorial
examples. Extended solutions to these tutorial examples are given in an ap-
pendix. A second appendix specifies a small number of projects. These are
more complex than the tutorial examples and will therefore require a longer
period of effort through self-study or group work.

We are grateful to our colleagues in the Department of Mathematics for
the many helpful suggestions they have made concerning various aspects of
this textbook. In particular, we thank Chris Athorne and Frances Goldman
for their interest in general and for bringing a number of inconsistencies
to our attention. Invaluable help with ITEX was provided by Jonathan
J C Nimmo and Colin M McGregor, and we also acknowledge some typing
assistance by Arlene B Anderson. Thanks are also due to Eva Karin Graberg,
S O Hansen and Akhlesh Lakhtakia for their personal support and advice
and to David S G Stirling for helpful comments. Finally, we express our
sincere thanks for the continuous encouragement and trust in this project
which we have received from Ellis Horwood MBE, our publisher.

As one approaches the completion of a book project such as this, one
comes to realizes that there is always room for improvement; that a certain
topic can be explained or presented just slightly more advantageously than
has been done before. In that sense we are only too happy to encourage
interested readers to contact us with constructive ideas on improving the
text. For that purpose our contact details are as follows:

Department of Mathematics, University of Glasgow,

University Gardens, Glasgow G12 8QW, Great Britain.

Telephone: + 44 — (0)141 - 330 5176; fax: + 44 — (0)141 — 330 4111;
email: werner@maths.gla.ac.uk (WSW) and kal@maths.gla.ac.uk (KAL).

Werner S Weiglhofer & Kenneth A Lindsay
Glasgow, December 1998


mailto:werner@maths.gla.ac.uk
mailto:kal@maths.gla.ac.uk

1

Differential Equations of First Order

1.1 GENERAL INTRODUCTION

A general differential equation of first order is an expression of the type
F(z,y,y") = 0. (1.1)

Therein, z is the independent variable, y is the dependent variable and
y'(z) = dy/dz is the derivative of y with respect to . Some general func-
tional dependency is symbolized by F' permitting ezplicit as well as implicit
representation of the differential equation. The general solution of (1.1),
or general integral, is

flz,y,C)=0 (1.2)

where C is an arbitrary integration constant.

There is a simple geometric interpretation of the aforementioned equa-
tions in terms of curves in the z —y plane: (1.1) gives the gradient (explicitly
or implicitly) to the curve at every point (z,y) and (1.2) provides an unlim-
ited number of curves that fulfil (1.1).

To single out one particular solution of the general solution (1.2), an
initial condition (so called because the independent variable often signifies
time) is needed, say

y(zo) = 0. (1.3)

The differential equation (1.1) and the initial condition (1.3) define an initial
value problem. When the initial condition (1.3) is substituted into (1.2),
the arbitrary integration constant C can be calculated from

f(zo,70,C) = 0. (1.4)

The solution y(z) = 0 is called the trivial solution.



2 Differential Equations of First Order [Ch.1

The goal of the present introductory chapter is to solve (1.1) for vari-
ous forms of functional dependence F, with and without prescribed initial
conditions.

1.2 SEPARABLE EQUATIONS

Equations of the type

y' = g(z)h(y) (1.5)
are called separable (g and h are assumed to be real-valued functions) and
have general solution given by!

dy /
—— = [ g(z)dz. (1.6
h(y) )
To find a particular solution satisfying y(zo) = yo, it is sufficient to integrate
(1.6) and then determine the arbitrary integration constant from the initial
condition. Alternatively, the particular solution can be obtained without
recourse to the general solution by simply rewriting (1.6) in the definite

integral form
Y dz

w h(z)

where 2z and ¢ are dummy variables.

- / o(t) dt (1.7)

Example 1.1 Find the general solution of ' = 3z%e~¥ and the particular
solution for which y =0 at z = 0.

Solution 1.1  From formula (1.6),
/eydy:/3x2dx — e¥=2*+C

and therefore
y(z) = In(z® + C)

is the general solution. The initial condition is fulfilled if 0 = In(0 + C),
implying C' = 1. The particular solution is then

y=In(z3 +1).
The direct approach to obtain the particular solution gives

y T
/ ezdzz/ 3% dt — eV —1=zx3
0 0

which is identical to the result obtained previously. 0

!We shall use the notations f f(z)dz and fz f(8) ds interchangeably for indefinite
integrals.
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1.3 HOMOGENEOUS EQUATIONS

A differential equation

P(z,y) +Q(z,y)y' =0 (1.8)

is called homogeneous? if the functions P and @ are homogeneous of degree
m, i.e.,

P(z,vz) = ™ R(v), Q(z,vz) = z™S(v). (1.9)

Such an equation is solved by the substitution y(z) = zv(z) where v is a
new dependent variable. Since y' = v + zv', then the substitution of y = zv
into (1.8), bearing in mind (1.9), gives

R(v) + S(w)(v +xv') =0 — v = ——i— [v + I;éz))] . (1.10)

This equation is now separable and one obtains

dv
/[HR@)/S(U)] — —lnz+C. (L.11)

Example 1.2 Solve z2 —y? + 2zyy' = 0.

Solution 1.2 The differential equation is easily recognized to be of ho-
mogeneous type with R(v) = 1 — v? and S(v) = 2v. From (1.10), the
substitution ¥ = zv now leads to

(1-v)+22w+20)=0 — 1402+ 2200 =0

2uv' 1 9 2
T =2 — In(l1+v*)=-Inz+C — (1+v*)z=A4

where A is another arbitrary integration constant.®> Replacing v by y/z gives
the general solution

2+ y2 = Az
which can be rewritten in the form
(z — B)* +y* = B2,

Thus the general solution represents circles with centres on the z axis and
which touch the y axis at the origin (for B = 0 the solution degenerates into
the point £ =y = 0.) 0O

2The reader should be aware that the term homogeneous will also be used with a
different meaning later in the book.

3This is a frequently employed trick to make solutions of differential equations look
tidier. If C is an arbitrary constant, any multiple or power or, in general, any function of
C is just another arbitrary constant and can be renamed accordingly.



4 Differential Equations of First Order [Ch. 1

1.4 EXACT EQUATIONS

Let u(z,y) be an arbitrary function of z and y such that
u(z,y) =C (1.12)
defines a curve in the z — y plane. The total derivative of (1.12) yields

ou (9ud_y_0

E + 5?; Iz (1.13)

where 0u/dz and Ou/dy are the partial derivatives of u with respect to
z and y respectively. Now take a differential equation of the form

P(z,y) + Q(z,y)y =0 (1.14)

or, equivalently, P(z,y)dz + Q(z,y)dy = 0. Equation (1.14) is said to be
exact, if there exists a function u(z,y) such that
du(z,y) du(z, y)
P(may) - Bz il ay ’
that is, equation (1.14) assumes the form (1.13). It therefore follows from

the interchangeability of the order of partial differentiation that a necessary
condition for (1.14) to be exact is that

dP(z,y) _ 0Q(z,)
Oy or
Solution recipe. If (1.14) is exact, integrate one of the equations in (1.15),
for example the first one with respect to z, and get

Qz,y) = (1.15)

(1.16)

uz,y) = [ Pla,y)da+¢) = Sy) +4) (117

where instead of an integration constant, an arbitrary function ¢(y) arises
upon integration with respect to z. But the second of equations (1.15)
demands that @ = du/dy. From (1.17) it therefore follows that

Oulz, a8z,
Qayy) = 220 _ 5]

In the last relation Q(z,y) and S(z,y) are known; this allows calculation of
#(y) by quadrature, completing the general solution in the form (1.12).
Direct solution. Less obvious, but nevertheless true, is the fact that if P
and Q@ satisfy condition (1.16), then the existence of u in (1.15) is guaranteed.
Consider the function

u(e,y) = [ " P(z,y)dz + yy Qlzo, 2) dz (119)

+¢'(y). (1.18)
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where y(zg) = yo is the initial condition for (1.14). We have

Ou Ju ? 0P(z,y)
o (.’L‘, y) H ay /zo 6 dz + Q("L‘Oa y)
However, if P and @ satisfy condition (1.16) then

[z + Qan) = [ P2 4s 4 Qaoy) = Qo).

The particular solution of (1.14) is now seen to be u(z,y) = u(zp,yo) = 0.
Thus property (1.16) is a necessary and sufficient condition for exactness of
(1.14). Equation (1.19) actually provides an explicit formula for the general
solution u(z,y) = C by interpreting zy and yq as arbitrary.

Remarks 1.1 In the above calculation we have made use of the funda-
mental theorem of calculus, namely

d r=
= [ 1)z = f(2). A
Example 1.3 Solve
In(y? + 1) + ———23;(:_;11) y' =0
Solution 1.3 Partial differentiation leads to
oP _ W o R _ %
dy y?+1’ dr y?+1

so the criterion for exactness is fulfilled. Then
u(@,y) = [ In(y? + 1) dz + $(y) = zin(y? + 1) + 6(y).

Further,

2y(z —1)  2zy
y2+1  y?+l

W) = )= o
which can be integrated and we obtain
$(y) = ~In(y* +1).
The general solution is therefore
(z-1)In(x?+1)=C

Formula (1.19) gives the same result directly. O
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1.5 INTEGRATING FACTORS

If P(z,y) + Q(z,y)y’ = 0 is not an exact equation, a factor u(z,y) exists
such that

u(z,v)P(z,y) + p(z,y)Q(z,y)y’ =0 (1.20)

is exact. The exactness criterion (1.16) for uP + puQy’ = 0 works out as

d(pP) _ 0(pQ) ou op (OP 8Q)
= — P—-Q= — - —1]=0. 1.21
Oy oz dy oz + dy Oz (1.21)
This differential equation is even more complicated than the original one,
and worse still, it is a partial differential equation. However any solution,

including a guessed solution, will provide an integrating factor.

Example 1.4 Solvey —zy' =0.

Solution 1.4 Clearly, the equation is not exact. Using (1.21), any inte-
grating factor satisfies
ou(z,y)  Ou(z,y)

oy +z 5 +2p(z,y) =0.

It is verified easily that this equation has a solution p(z) = 1/x? that is a
function of z only. By symmetry, u(y) = 1/y? is an integrating factor that
depends on y only. Less obvious is the observation that u(z,y) = 1/(zy) is
also an integrating factor of the original equation. Try all of these integrating
factors for yourself and see that each leads to an exact differential equation
with solution y = Cz. Of course, this differential equation could also have
been treated as separable. . 0

1.6 LINEAR EQUATIONS
Let p(z) and ¢(z) be two given functions of z, then
y'(2) + p(z)y(z) = q(=) (1.22)

is called a linear differential equation. When (1.22) is multiplied by the
integrating factor u(z) = ef? (@)= it can be written as the separable equation

2 [ulal(a)] = no)atz)

which leads to the general solution by quadrature (i.e., by direct integra-
tion)

plaly(e) = [ us)als) ds. (1.23)



Sec. 1.6] Linear equations 7

Another approach is provided by a method called variation of con-
stants (which will be encountered in more detail in Section 4.4). Let us
first solve ¥’ + p(z)y = 0 by separation of variables to obtain

/d?yz—/l’(z)dx — Iny=-Pz)+C — y=Ae FE@

where P(z) = [ p(z)dz. We take a generalization of y = Ae~F() by replac-
ing the constant A by an unknown function A(z) to get

y(z) = A(z)e P@)
After substitution into (1.22) and some cancellation, A(z) is seen to satisfy
Ale P = ¢(z) — A(z) = /eP(’)q(:z:)da:.

Finally,
y(z) = e*P(m)/ ep(s)q(s) ds (1.24)

which is clearly identical to (1.23).

Example 1.5 Find the general solution of
Yy —ytanz =sinzcosz, 0<z<m/2.
Solution 1.5 Since

eJ(—tanz)dz __ In|cosz] _ | cos z|

and cosz # 0 (in fact, it is positive for 0 < z < m/2), then u(z) = cosz is
an integrating factor. Therefore

z 1
(cosz)y =/ cos s (sinscoss)ds = —gcos3z+0’.

Finally, the general solution is
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1.7 BERNOULLI EQUATION

The Bernoulli equation is a differential equation of the type

y'(z) + p(z)y(z) = q(z)y"(z) - (1.25)

This equation is linear when n = 0 or n = 1 but non-linear otherwise. It
can be solved by the substitution

z=y!™ — Z=(1-n)y™"y (1.26)
for a new dependent variable z. Substitution into (1.25) leads to
Z(z) + (1 —n)p(z)z(z) = (1 - n)g(z) (1.27)
which is now a linear equation for z(z) and can be solved accordingly.
Example 1.6 Solve the Bernoulli equation
Y 2,5
-—=10 .
Lo Y
Solution 1.6 The correct substitution is
z=y ! — 2 = —dy~5y
which transforms the original differential equation into
2
2+ 2 2= —4022.
z
This linear equation has the integrating factor z> and thus

2(z) = 372 [ /2 s? (—4032) ds] =z? (—8:1:5 + C) = 823 + -5—;

Finally,

1.8 RICCATI EQUATION
The equation
¥ (z) = p(2)y*(2) + q(z)y(z) + r(z) (1.28)

takes its name from the mathematician Riccati. We note also that for
r(z) = 0, the Riccati equation is a Bernoulli equation with n = 2. Riccati
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equations can be integrated if a solution y(z) = y;(z) is known (and such a
solution can often be guessed easily). The substitution

(1.29)

is then used to introduce a new dependent variable z.
Example 1.7  Solve the Riccati equation 2x2y' = (z ~ 1)(y? — z?) + 2zy.

Solution 1.7 We can see that y = z and y = —z are both solutions of

the differential equation. The first choice y = z defines the substitution
1 , Z'
y=z+ - — y=1--

z z

and the original Riccati equation becomes
2022 +z)=1—-x2
which is linear and has the solution

Czre -1
2z '

zZz =

Thus

ot Cze -1 —I_sze"z+:v_m(C:c+e“‘)
y= 2 T Cret-1  Cr—e*

1.9 SINGULAR SOLUTIONS

By choosing a value for the arbitrary constant C in the general solution
(1.2), a particular solution of the differential equation is obtained. Solutions
that are not accessible by this route are called singular solutions.

Example 1.8 Solve y' = 3zy/3, 4(0) =0.

Solution 1.8 Separation of the variables leads to the general solutions
3/2
y=:=% (x2 + C) / .

From the initial condition, C = 0 and thus both y = z® and y = —13
are particular solutions. However, y = 0 is also a solution! This solution
is not accessible to the separation of variables procedure which explicitly
assumes that it is permissible to divide by y'/3, that is, y is at worst zero
at discrete points and not over an interval of finite length. Thus this initial
value problem has a non-unique solution. 0O
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1.10 TUTORIAL EXAMPLES 1

Find the general solution of the following first order ordinary differential
equations.

T 1.1 y' —y = sin2z.

T 1.2 w2y + 2y +1=0.

T 1.3 y + (1 —y?)tanz = 0.

T 1.4 z(z? — 6y2) v = 4y(z? + 3y?).

T 1.5 (322 + 4zy) + (22% + 3y?) v’ = 0.
T 1.6 Y2+ (zy+ 1)y =0.

T 1.7 zy =y + 2zy°.

T 1.8 (2 +a)y +2y° - 3zy—a=0.
T 1.9 (22 + 1)y —zy =13+ 1.

Solve the following initial value problems.

T 1.10 Y +2zy=e%, y(0)=1.

T 1.11 y' + (2/x)y = (cosz)/x?, y(m) =10 (z >0).
T 1.12 v —xy/2=zy°, y(0)=a.

T 1.13 w2y — (2° +ay®)y' =0, y(0)=1.

T 1.14 Yy — 2y =1x%**, y(0)=0.

T 1.15 Solve the initial value problem

(z-2y)y' =2z—-y, y(1)=3,

find an explicit expression for y = y(z) and determine the range of = for
which the solution is valid.



2

Modelling Applications

In this chapter we shall encounter a variety of different problems arising
in applied mathematics, physics, engineering and bioscience. Qur objective
with these problems will be to formulate a simple mathematical model and
solve it accordingly.

2.1 NEWTON’S LAW OF COOLING

Newton’s Law of cooling states that the rate of heat loss from the surface
of an object is proportional to the difference in temperature between the
object’s surface and its environment. If the object is a very good conductor
of heat (often true in practice) then the internal temperature of the body
is effectively that of its surface. Under these conditions, Newton’s Law of
cooling claims that the rate of change in the temperature of an object is
proportional to the difference in temperature between the object and its
environment. Let T'(¢) and S(t) be the temperatures of the object and its
environment at time ¢ respectively. Newton’s Law of cooling states that

dT
= = k(T =) (2.1)

where the proportionality in the statement of the law has been changed to an
equality by the introduction of a constant k (physical dimension: time™!).
Equation (2.1) is rewritten as!

T(t) + kT(t) = kS(t) (2.2)

n this section and on many occasions thereafter we shall denote the independent
variable by ¢, simply because in a significant number of applications the independent
variable is time. Derivatives with respect to t are indicated by dots: () = df(t)/dt,
f(t) = d*f(t)/dt”.
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which is clearly a linear equation with integrating factor e** and general
solution

T(t) = e "k /t e S(u) du. (2.3)

In order to obtain a particular solution of (2.2), consider the simple
situation in which the temperature of the environment remains constant,
i.e., S(t) = Sp. In this case, (2.3) integrates to

T(t) = So(1 + Ae™ ) (2.4)

for some integration constant A. The particular solution corresponding to
the initial condition T'(tg) = Tp is

T(t) = So + (To — Sp)e Ht=%). (2.5)

Clearly, if Sy, Tp and k are all known, (2.5) can be used to calculate the
temperature of the object for all times ¢. However, it often happens that
the particular solution (2.5) is used to determine a parameter of the model
from additionally provided information (from measurements, for example).
Let us assume that kK — which is a material parameter specific to a certain
object — is unknown, but that Sy and Tp are known. The value of £ can be
determined with a further measurement of the temperature at some time ¢;
(> to). Substitution of T'(¢1) = T; into (2.5) gives

T, = So + (Tp — Sp)e k1 —t0)

which can be solved for & to yield

1 To — So
k= | . 2.
t1 — 1o n(Tl_SO) (26)

Remarks 2.1 When the proportionality of Newton’s Law of cooling was
turned into an equality in (2.1), a minus sign was used. From (2.6), it is
apparent that this choice makes kK > 0 when 77 < T (the object cools).
It is a common convention to define parameters which relate to physical
properties as positive constants whenever possible. A

Example 2.1 A body at temperature 40°C is placed in a room at tem-
perature 20°C. It cools to 30°C in 10 minutes. What is the temperature of
the body after 20 minutes?

Solution 2.1 The parameters of the problem are identified as follows: at
to = 0, To = 40, Sy = 20 while at t; = 10, T} = 30. Therefore, from (2.6),

1
= —In2
k 10ln
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T (OC) A
40 A TO =40
30
I R R
So =20
10 }
10 20 30 t (min)

Figure 2.1: The temperature T as a function of time ¢ for the
cooling problem of Example 2.1.

where k is measured in min~!. Substitution in (2.5) gives
T(t) = 20 [1 +~/101n2] = 0 (1 4 74/10)

and so 5
_ -2\ _ v _
T(20) = 20 (1+2 )_204_25.

The temperature after 20 minutes is therefore 25°C. This solution is shown
in Figure 2.1.

It is apparent from Figure 2.1 that T(t) —» Sy as t — oo, i.e., the
temperature of the body approaches that of the environment. @)

2.2 POPULATION DYNAMICS

In this section we shall study some simple models for the growth or decline
of populations.

Malthusian model

One of the earliest models for the dynamic change of populations was intro-
duced by Thomas Malthus. Let P(t) be the population at time t evolving
in an environment in which resources are unlimited. In this case, a simple
model of population growth/decline assumes that the rate of change of the
population is proportional to the population itself. This proportionality can
be expressed by the differential equation

dP(t)

—— = kP(t) (2.7)
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where the proportionality constant k (with physical dimension time™!) is the
difference between the birth rate and death rate of the population. Equa-
tion (2.7) is a linear and separable equation. The particular solution for
which P(to) = P() is

P(t) = Py ettt (2.8)

Equation (2.8) permits three situations in the limit ¢ - oo which depend
on the constant k: P — 0 for k£ < 0 (the population dies out because there
are more deaths than births), P — oo for £k > 0 (the population grows
exponentially because there are more births than deaths) and the solution
P = P, for all times when k = 0 (a static population where birth rate equals
death rate exactly).

The logistic model

To refine the Malthusian model of population growth, consider what happens
if resources are limited. Suppose now that M is the maximum sustainable
population. Such behaviour can be modelled by requiring that the factor k
in (2.7) is no longer constant but depends on the population itself, say, in

the form
k(P)=r(M-P), r>0.

Thus, instead of (2.7), the population P(t) satisfies the differential equation

i%it—) — (M - P@)] P(t). (2.9)
This mathematical model is known as the logistic model of population growth
and the differential equation (2.9) is known as the logistic equation. In
Figure 2.2a we show dP/dt for the Malthusian and the logistic model respec-
tively.
The logistic equation can be treated as either a separable equation or an
equation of Bernoulli type. Using a partial fraction decomposition, the
differential equation can be re-expressed in the form

1 (1 + 1 ) dP
M\P M-P)da
Integration yields

P
M-P

InP—In(M - P)=rMt+C — = Ae"™?,

The integration constant A follows from the initial condition P = Pyatt = g
and is A = Pye "M% /(M — P,). Expressing P(t) explicitly leads — after
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(a)
dP A
dt
M P
(b)
P(t) A
Po T
\\
Py 1
to t

Figure 2.2: Properties of population models. (a) dP/dt versus P
for linear growth (Malthusian model, dashed line) and quadratic

growth (logistic model, full line). (b) Population P versus time t
for the logistic model for two values of the initial population Fq:
Py; > M (dashed line), Pp2 < M (full line) as per (2.10).

some simple rearrangements — to the particular solution

P(t)

_ MP,
T Pyt (M - Py)e-MG—10)

15

(2.10)

This function is shown in Figure 2.2b for two initial values Py; > M and

Py < M.
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The Gompertz law

Living organisms provide one of the best examples of populations. Often nei-
ther the Malthusian nor logistic models of population growth are appropriate
for biological organisms. One such model assumes that cell populations P(t)
evolve according to the Gompertz equation

%z(a—blnP)P. (2.11)

With a and b both positive numbers, it is clear that this model predicts
a maximum population size of €*/®. The law (2.11) was first proposed by
Gompertz in the 19th century as a model for the force of human mortal-
ity, u(t), at age t. It was intended to reflect more accurately the increasing
risk of death as individuals aged but still remain sufficiently tractable to en-
able numerous actuarial calculations to be done analytically. To be specific,
Gompertz proposed the formula

u(t) = Ae® (2.12)
where A and ¢ are positive constants. Clearly Iny = In A + ¢! and therefore

%%‘ti = (Inc)c* = (Ilnp —InA)Ilne

which may in turn be re-expressed as

Z—’: = [(ln c)(Iny) — (In A)(In c)] @ (2.13)
Thus u, the force of mortality at age t, is seen to fulfil a differential equation
of type (2.11) (provided 0 < ¢ < 1 and A4 > 1), although Gompertz did not
directly propose that p should satisfy a differential equation.
Solutions of (2.11) are obtained by changing the dependent variable from
P to ¢ = In P. Thereby it is seen that ¢ satisfies the linear equation

—=a—-b¢. (2.14)

Solutions to the Gompertz equation are explored in more detail in Tutorial
example T 2.4.

2.3 SIMPLE MOTION FROM NEWTON’S SECOND LAW

Newton’s Second Law states that the rate of change of the momentum
of an object (or a particle) equals all external forces acting on that object,

that is,
d
d—i’ = Foxt (2.15)
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where p is the momentum and F,,; contains all the external forces. In
non-relativistic mechanics the momentum of a particle can be written as

p=my (2.16)

where m is its mass and v is its velocity. It is important to realize that
momentum is a vector quantity. For the purposes of this book, however,
we shall often confine ourselves to one-dimensional motion. In this case,
momentum and velocity are algebraic (they have magnitude and sign).

Remarks 2.2 One-dimensional motion can be described by

position : z = z(t)
velocity : v(t) =dz/dt =z
acceleration : a(t) = dv/dt = v = d*z/dt? = i .

We also remark that the term speed refers to the absolute value of the ve-

locity: |v| = V22 + 92 A

With these preparations, the one-dimensional motion of a solid body
influenced by gravity and air resistance is now studied. As discussed,
define v(t) to be the velocity of the body at time t. Gravity is assumed to be
a constant external force. Let the coordinate system be chosen such that the
force of gravity acts in the negative z direction. In this instance Fy = —mg
where g = 9.81 m/s? is the gravitational acceleration. Air resistance can
often be modelled as an external force whose magnitude is proportional to
a power of the speed but which acts in the opposite direction to v, that is,

Fres = —kjo|" 1. (2.17)

The actual physical dimension of the constant £ > 0 depends on the value
of n. For a linear power law (n = 1) for the air resistance, Newton’s Second
Law states J
a-i(mv) = Fg + Fres = —mg — mkv. (2.18)
Note that the proportionality in the air resistance term has been re-expressed
in (2.18) by —mkuv instead of, as suggested by (2.17), —kv so that mass m
can be cancelled conveniently from the whole equation. Consequently, the
physical dimension of k is now time™!. The initial value problem is then

dv
E =-—g— kv y U(to) = v (219)
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Vo A

t*
t t

g e e e e e

k
Figure 2.3: Velocity v as a function of time t as per (2.20). At

time t* the body reaches the maximum height of its trajectory.

where vg is the initial velocity. The particular solution is

o(t) = (% + uo) ek(t=to) _ %. (2.20)
While (2.20) is valid for all vy, we shall now concentrate on vy > 0 for which
the velocity profile (2.20) is displayed in Figure 2.3. The time ¢* is defined
as v(t*) = 0 and corresponds to a change in the sign of v; in other words,
the rising motion of the object has come to an end and will be followed by
its fall. It is straightforward to show from (2.20) that

1 k’vo
#omto+ i (1450 .
to+ n(1+ : ) (2.21)

The position of the object with initial position z(ty) = z( follows from

t g 1~ e—k(t—lo) g
z(t) = z +/ v(s)ds = zo + (— +vo> e Y. (222)
to k k k

The maximum height zp,x which is reached at ¢t = t* is

vg — g (t* —tp)
k

ZTmax = z(t*) = 2o + . (2.23)
It is apparent from (2.20) and Figure 2.3 that v(t) - —g/k as t = co. The
velocity g/k is called the terminal velocity. Note also that the rate of
change of v, i.e., the acceleration itself, approaches zero as t — oo.
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2.4 CURVES OF PURSUIT

At time t = 0, a fox at F(a,0) spots at the origin R(0,0) a rabbit running
at a constant speed v in the positive y direction. The fox runs at constant
speed w in a path that is always directed at the rabbit. What is the fox’s
path and where (if at all) does the fox catch the rabbit?

Let y = y(z) be the path of the fox. Since the fox always runs towards
the rabbit, then, as shown in Figure 2.4, the tangent to the fox’s path at any
time intersects the y axis at the position of the rabbit. Thus

J = —(vt—y) _y—vt
T z

or
zy'(z) = y(z) — vt. (2.24)

This differential equation is not yet in a form in which it can be solved for
y(z) because it contains time ¢ explicitly (essentially because the problem
describes two—dimensional motion). More information is required. The dis-
tance s run by the fox may be expressed in terms of the arc length of its

path by
a
wt=/ds=/ \V1+y?dz
T

where ds is the infinitesimal arc length. Thus

1 a
t=={ \1+y2dz. 2.25
U)/z +y?dz (2.25)

R(0,0) z F(a,0)

Figure 2.4: Geometry of the pursuit problem. The initial positions
of the fox and the rabbit are at F(a,0) and R(0,0) respectively.
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This expression is now used to eliminate ¢ from (2.24) to obtain

a
xy'—y:—%/ V1+y?de. (2.26)
T

The last expression looks even less like a standard differential equation. In-
deed, it is called an integro—differential equation because it contains a
mixture of integrals and derivatives involving the unknown function. How-
ever, on differentiating both sides with respect to z and using the funda-
mental theorem of calculus from Remarks 1.1 it follows that

oy = %\/1 oy (2.27)

This is a conventional differential equation of second order.?

Remarks 2.3 A differential equation of second order in which the de-
pendent variable y does not explicitly appear, i.e., F[z,y',y"] = 0, can be
reduced to a first order equation by using p = 3’ as a new dependent vari-
able. The new form F[z,p,p'] = 0 is recognized as the general first order
equation (1.1) which can be solved for p. The original unknown y is then
determined by quadrature as y = [ pdz. A

Now let p = ¢ and p’ = ¢" in (2.27), then

op = %,/1 +p2. (2.28)

This equation is separable with general solution

p+yf1+p? = (g-)v/w . (2.29)

The particular solution for which ¢/ = p = 0 at £ = a (see the geometry of
the starting configuration in Figure 2.4) is

(6 O B

The path y(z) is now obtained by quadrature. If the fox runs faster than
the rabbit (i.e. w > v) then

(z/a)””/w (z/a)l—v/w} LB

1+v/w 1-v/w (2:31)

y(@) =3

?Differential equations of second order will be treated in detail in Chapters 3-6.
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The integration constant B follows from the condition y(a) = 0 (the fox’s
starting point) and leads to B = avw/(w? — v?). Thus, the fox catches the
rabbit where its path intersects the y axis, i.e., where z = 0. From (2.31)

this occurs where
avw

y(0) = w2 (2.32)
Thus the fox catches the rabbit at position 3(0) after aw/(w? — v?) units of
time.

Remarks 2.4 Another way to solve (2.28) is by using the substitution
p = sinh z. This yields

p = sinh (3 Inz + C) — p= [(Az)"/w - (Aa:)_"/w]
w

1
2
where A and C are integration constants and we have used the definition of

sinh in terms of exponential functions. The ‘initial’ conditionp =0atz =a
leads again to (2.30). A

2.5 SIMPLE ELECTRICAL CIRCUITS

Simple electrical circuits consist of an arrangement of various electrical
elements such as, for example, a source of electromotive force — often a
battery — and resistors, inductors and capacitors. The basic quantity is
the electrical charge ). The electrical current flowing in a circuit is
denoted by I and is derived from @ via
dQ(t)
I(t) = g (2.33)
Current is therefore the rate of flow of charge. Circuit elements experience
potential drops/differences denoted by U (electrical voltage). Table 2.1
lists simple circuit elements we shall be dealing with and describes their
properties.3
The behaviour of electrical circuits is based on Kirchhoff’s Laws. There
are two laws, the first of which simply states that current is conserved at
any junction (point at which wires connect). The method of loop currents
introduces dependent variables in such a way that Kirchhoff’s First Law is
satisfied automatically. It is therefore the second of Kirchhoff’s Laws that
provides the differential equations. Here Kirchhoff’s Second Law is expressed

3The reader should be aware that in problems involving electrical circuits that contain
capacitors, the symbol C is used for the capacitance and not, as elsewhere in the book, as
the standard symbol for an integration constant.



22 Modelling Applications [Ch. 2

circuit element voltage difference parameter
electromotive force U

resistor Ur = RI resistance R
inductor Ur = L(dI/dt) inductance L
capacitor Uc=Q/C capacitance C

Table 2.1: Elements of simple electrical circuits.

in the following way: the applied electromotive force in any closed circuit
balances all the voltage drops in that circuit (in other words: the sum of all
voltage drops — with the electromotive force considered of opposite sign —
around a closed circuit is zero).

As an example, consider now a circuit consisting of an electromotive force
of strength U(t), a resistor of resistance R and an inductor of inductance L
as shown in Figure 2.5a. Applying Kirchhoff’s Second Law to this circuit
gives

U(t) = Ugr(t) + UL(t) (2.34)
which, upon use of Table 2.1, becomes
dl

U(t)= RI+ L:i?' (2.35)
This equation is linear in I and has solution
—(R/L)}t ,t
Ity = & / RIS (5 ds. (2.36)

Two simple scenarios are now investigated.
No voltage source. Assume U(t) = 0 but a current I{0) = I is flowing
initially. In this case,

I(t) = Iye~ R/t (2.37)

The initial current decays exponentially.
A discharging battery. A battery whose voltage output decays according
to U(t) = Upe~® is connected to this circuit in which no initial current
flows, i.e., I(0) = 0. In this case,

e~ (R/L)t

t
1) = /Oer‘ase(R/L)sds.

Performing the integration yields the result

Uo [ ot
I(t) = R_"aL et — e (R/X]. (2.38)
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(a)
L
= U
R
(b)
I(t) A

Iy

Y

Figure 2.5: A simple electrical circuit. (a) Series circuit layout
with electromotive force U(t), resistor R and inductor L. (b)
Electrical current I as a function of time ¢ for the two cases treated
in the text: equations (2.37) (full line) and (2.38) (dashed line)
where Ug, R, L, a all > 0.

A graph of the electrical current for the two scenarios, as given by (2.37)
and (2.38) respectively, can be seen in Figure 2.5b.
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2.6 TUTORIAL EXAMPLES 2

T 2.1 Radioactive decay and Carbon dating. Radioactive elements
decay at a rate proportional to the amount present at any given time. Model
this behaviour mathematically and solve the arising differential equation.
Eliminate the constant of proportionality in favour of the half-life 7 defined
as the time after which half of a given amount of the radioactive element
has decayed.

All organisms contain two isotopes of Carbon: the stable '2C and the
radioactive *C (half-life of approximately 5,580 years). While alive, the
amount of C in an organism is constantly replenished through inhaling,
and so the ratio of the two Carbon isotopes remains constant. After death
this ratio changes because *C decays and is not replenished. A fossil is
unearthed and it is found that the amount of C is 30% of what it would
be for a living organism of similar size. How old is the fossil?

T 2.2 Cooling Law. Assume that the temperature of the environment is
the periodic function S(t) = Sp + bsinwt, where Sp, b, w are given constants.
Discuss the solution for the temperature of a body with initial temperature
T(0) = Tp placed into such an environment. What can be said about

1. the time lag between the temperature of the object and the environ-
ment (emphasizing the two special cases w/k < 1 and k/w < 1);

2. the object’s temperature for large times?

Consider a real situation such as an oven in a room. What are the limitations
of the cooling law as discussed in Section 2.17 How could the model be
improved to make it more realistic?

T 2.3 Population growth. Use the logistic model of population dyna-
mics from Section 2.2 to calculate the male population of Scotland in the year
2000 under the assumption that the maximum sustainable male population
is 2,550,000 with the following census data available: male population of
Scotland in 1800: 739,000 and 1850: 1,376,000.

T 2.4 The Gompertz equation. The weight of a human evolves from
birth to death in a way that may be modelled by the Gompertz equation

% —(a—bWW)W,  W(0)=W,.

If a human weighs W, at age t; and W, at age 2, compute the ratio a/b.
When ¢ = 2¢;, deduce that

a (InW1)? — (In Wy) (In Wy) '

b In[WE/(WoWs)]
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T 2.5 Air resistance. In Section 2.3 the motion of an object under the
influence of gravity and air resistance was treated by assuming that the air
resistance can be modelled as being proportional to the velocity itself (a
linear relation). Often it is more realistic to assume that the air resistance
is proportional to a higher (integer) power of the velocity. Can the equation
of motion for the general case be solved? Analyse the quadratic problem in
detail. Then, return to the general case and solve the differential equation
by neglecting gravity and compare its solution with the result of the linear
model. How do the solutions behave for small and large times respectively?

T 2.6 Ice-hockey. An ice-hockey puck of mass m is sliding along a
horizontal plane of ice, the only force acting on the puck being the friction
between the puck and the ice. Assuming that the frictional force at a certain
time is inversely proportional to the square of the velocity at that time and
opposes the motion, formulate the differential equation for the velocity of
the puck from Newton’s Second Law. Obtain the solution to the differential
equation with initial condition v(0) = vg. Determine the time ¢t = t* after
which the puck comes to a standstill and the distance d it has covered.

In an experiment it is found that such a puck comes to a standstill after
8 seconds during which it has moved a distance of 24 metres. What was the
initial velocity vy of the puck?

T 2.7 A mixing problem. A reservoir of constant volume V (m?) has
an inlet admitting a constant flow, I (m3/s), and an outlet through which
the flow is the same I. At time ¢ the reservoir contains pollutant P(t)
(m?). Construct a simple model leading to a differential equation which
describes the rate of change of pollutant in the reservoir if the pollutant
concentration in the inlet is a function of time (make the assumption that
the concentration of pollutant in the outflow is the same as in the reservoir).
Find the general solution of the differential equation and discuss the two
special cases where no pollutant flows into the reservoir at all and where the
pollutant concentration in the inflow is a constant.

Take V = 2 x 108 m?, I = 2 m?/s and assume that the reservoir is
originally free of pollution. Between t; = 0 s and ¢; = 10° s a constant
pollutant concentration of 10~¢ is present in the inflow. Find the pollutant
concentration in the reservoir for all times and sketch the result.

[Hint: solve the differential equation separately for ¢t < tg, to <t < 3,8 <t
and match the individual solutions at ¢t = ¢y and t = ¢;.]

T 2.8 Curves of pursuit. Once again a fox at F(a,0) spots a rabbit
at the origin R(0,0). The rabbit runs in direction of the positive y—axis at
speed v. The fox sets off in pursuit (speed w) always aiming directly for the
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rabbit. Find and discuss the fox’s path for the case where the fox does not
run faster than the rabbit (w < v). For the case of equal velocity (w = v)
find the closest distance between the fox and the rabbit.

T 2.9 More curves of pursuit. A research vessel is able to locate a
whale on the ocean surface some 4 km away. The whale dives instantly and
proceeds at full speed in an unknown direction. What path should the ship
select to be certain of passing directly over the whale (at some time) if its
velocity is 3 times that of the whale.

[Hint: use polar coordinates r,6 and ds® = dr? + r?d6? to delineate the arc
length. Also, suppose that the ship proceeds in the following way: initially,
for a period of time in a straight line aimed directly at the point where the
whale was spotted, and then in a curve described by 7 = r(6).]

T 2.10 Electrical circuits. A closed circuit consists of an electromotive
force (a battery) of voltage output U(t) connected in series to a capacitor of
capacitance C and a resistor of resistance R. Model this circuit and solve the
differential equation for the charge on the capacitor for each of the following
problems.

1. Assume that the capacitor is charged to @ = Qo at time ¢ = ¢, when
the circuit is activated. Assuming that the circuit has no battery,
explain what happens by interpreting the solution of the differential
equation under these initial conditions.

2. Assume that the capacitor is initially discharged, i.e., Q = 0 at time
t = to when the circuit is activated. A battery of constant voltage
output U = Uy is present. How long does it take until the capacitor is
charged to half its maximum value?

3. For the sinusoidal electromotive force U(t) = Up sinwt, investigate the
behaviour of the voltage at the capacitor. Discuss the solution. What
happens as t — oo?



3

Linear Differential Equations of Second
Order

3.1 MECHANICAL AND ELECTRICAL SYSTEMS

Linear second order differential equations, particularly those with constant
coefficients, occur widely in disciplines which use mathematics for modelling
purposes. Probably the most common applications arise in the discussion of
the concept of resonance which is usually produced by some external periodic
input, for example, wind-inducing oscillations in a bridge or excessive rolling
of ships due to wind and wave action. Of course, not all resonance effects
are undesirable. For example, most radio and television receivers use tuned
circuits. These are essentially resonators whose natural frequency can be
adjusted.

Consider a one-dimensional system whose deviation from its equilibrium
position at time ¢ is described by y(t) and whose motion is influenced by:

e a restoring force directly proportional to y but in opposition to it
(because it is a restoring influence);

e a damping force directly proportional to ¥ but opposing it;
e an external driving force modelled by a known function f(t).

In a typical mechanical system, y(¢) is a displacement, damping is pro-
duced by dashpots/shock absorbers and restoring forces are due to spring-
like components within the system. In a fluid system, resistance is typically
due to viscosity with restoring forces generated by buoyancy effects (due to
gravity).

The physical description of a mechanical model or a fluid model comes
from Newton’s Second Law (see Section 2.3) which asserts that the rate of
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change of momentum of the system is equal to the sum of the applied forces.
This leads naturally to the differential equation!

my = ~by—ky+ f(t) (3.1)

where m is mass (assumed constant), b is the damping parameter, k is the
spring/buoyancy parameter and f(t) is an external force. Both b and k
are positive in realistic problems but, of course, the differential equation
exists as a mathematical entity for all real (as well as complex) values of the
constants.

The primitive concept in electromagnetism? is electrical charge Q(t)
(measured in Coulomb) and is formally equivalent to displacement in me-
chanics — all electrical entities are spawned from charge through differen-
tlation just as differentiation spawns mechanical entities from displacement.
Electrical current I(t) (measured in Ampere) measures the flow or rate of
change of charge and is formally equivalent to velocity in mechanics, that is,
I(t) = Q(¢). Electrical components which damp or dissipate charge are resis-
tors (commonly denoted by the symbol R). Just as springs store mechanical
energy by virtue of displacement, capacitors (commonly denoted by the sym-
bol C) store electrical energy by virtue of charge. The electrical equivalent
of mechanical force is called voltage difference (voltage is commonly denoted
by the symbol U) — voltage difference is analogous to electrical force. The
effect of inertia is provided by an inductor (commonly denoted by the sym-
bol L) and is the electrical equivalent of mass, see also Table 2.1. Just as
Newton’s Second Law states that externally applied forces are balanced by
(d/dt) mv then Kirchhoff’s Second Law (see also Section 2.5) states that the
sum of all voltage drops around a closed circuit is zero. Applied to the LCR
circuit shown in Figure 3.1 we therefore get

i Q) _
=

LI(t) + RI(t) + U(t) (3.2)

where L is the inductance, R is the resistance, C is the capacitance and
U(t) is the electromotive force. Recalling I = @, (3.2) is recognized as a
differential equation of second order for the charge @ on the capacitor.

3.2 GENERAL CONSIDERATIONS

Both of the introductory examples of the previous section give rise to differ-
ential equations of the type

i+ 20y + Wy = f(t) (3.3)

!"We mentioned previously that such problems have in general vector character.
ZSee also Section 2.5.
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Figure 3.1: Electrical circuit connecting — in series — an electro-
motive force U(t), resistor R, capacitor C and inductor L.

for a function y = y(t) and where « is a positive parameter related to system
damping. If no external driving mechanism is present then f(t) = 0 and the
corresponding differential equation is said to be homogeneous, otherwise
it is inhomogeneous. Special attention will be devoted to second order
linear differential equations with positive coefficients, but it is appropriate
to begin with the more general equation

—= +a—+by = f(¢) (3-4)

where a and b are complex-valued constants. The differential equation (3.4)
is a special case of the most general, linear, inhomogeneous, second order
ordinary differential equation

d*y dy

—5 +al)o + b0y = f(1). (3.5)

Usually solutions of (3.5) are sought for ¢t > ¢y such that the conditions
y(to) =y,  Y(to) = %o (3.6)

are satisfied where yo and gy are given constants. The equation (3.5) and
conditions (3.6) specify an initial value problem of second order.

The general solution of (3.5) can be written as the sum of two compo-
nents, that is, in the form

y(t) = ye(t) + yp(t) - (3.7)
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The first component, y.(t), is called the complementary function and
contains two arbitrary constants. It is the general solution of the homo-
geneous equation [f(t) = 0]. The second component, y,(t), is called the
particular integral and is any solution of the inhomogeneous equation.’
Complementary functions are often called transient solutions because in
damped systems their role is to bridge the gap between initial conditions
and any long-term solution induced by the presence of f(t).

3.3 CONSTANT COEFFICIENTS
Consider first the homogeneous form of (3.5) with constant coefficients:
y+ay+by=20 (3.8)

where a and b are complex—valued constants. Let y(t) = Ae* where A and A
are complex numbers. It may be shown that the differentiation of complex-
valued exponents mirrors the result for real-valued exponents and therefore
7 = My and § = A\%y. Hence

j+ay+by= (N +ar+by=0.
For a non-trivial y, A must therefore be a root of the quadratic
M 4a+b=0. (3.9)

This polynomial is known as the auxiliary equation. There are two cases
to consider.

Case 1: If a2 — 4b # 0 then the auxiliary equation has two distinct complex
roots A; and Ay given by

a a?
Mg =—3 4T b (3.10)

and these in turn lead to the complementary function
y(t) = AeM? + Bet?t (3.11)

where A and B are arbitrary integration constants. An important speciali-
zation occurs when a, b are real-valued. In this case, the roots of (3.9) must

®Homogeneous equations have particular integral y,(t) = 0, and so when dealing with
homogeneous equations, the subscript from y. is often omitted without ambiguity because
the complementary function is the general solution. Note also the distinction between a
particular integral and the particular solution, the latter arising from the general solution
when the initial conditions are satisfied.
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be complex conjugates of each other, i.e. Ay =+ +1d (for some real values
v and §), say, and we can see that (3.11) can be equivalently written as

y(t) = ™ (C cos 8t + D sin 6t) (3.12)

for some other arbitrary constants C, D.

Case 2: If a? — 4b = 0 then the auxiliary equation has two equal roots
A1 = Ay = —a/2. It would now appear that a solution is missing. However,
it can be verified that if a? —4b = 0 then te*! is also an independent solution
of the differential equation and this in turn leads to the complementary
function

y(t) = (A + Bt)eMt. (3.13)

Example 3.1 Find the complementary function of the second order equa-
tion 4 + 4y + 3y = 0.

Solution 3.1 The auxiliary equation is A2 +4A +3=(A+1)(A+3) =0
with roots A\; = —1 and Ay = —3. These are distinct and lead to the
complementary function

y(t) = Ae™" + Be 3¢, o
Example 3.2 Find the complementary function of § + 4y + 4y = 0.

Solution 3.2 The auxiliary equation is A2 + 4\ + 4 = (A + 2)? = 0 with
roots A\; = Az = —2. Thus the corresponding complementary function is

y(t) = (A + Bt)e 2. a
Example 3.3 Find the general solution of § — (1 —2)y — (2 — 1)y = 0.

Solution 3.3 We have \2 — (1 - )X\ —2+i= A+ 1)(A =244 =0
as the auxiliary equation with roots A\ = —1 and Ay = 2 — 4. Here the
complementary function is

y(t) = Ae™t + Be(> ™It = Ae~t + Be®(cost —isint). ]

Remarks 3.1 Formula (3.12) provided an alternative form for the com-
plementary function in the case of complex conjugate roots. An analogous
procedure, for hyperbolic instead of trigonometric functions, can also be
applied in the case of two real-valued roots A1 2 = n £ £ of the auxiliary
equation. The complementary function
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may then be rewritten as
y(t) = €™ (C cosh &t + Dsinh&t)
by virtue of the definitions of the sinh and cosh functions. A

Of course, there is an element of dishonesty in the solution process of this
section in the sense that solutions to these equations are obtained without
any integration whatsoever. Some loose ends to be tidied up are:

e Is there an explanation for the special form of the solution (3.13) which
arises when the auxiliary equation has a repeated root?

e Is there a general method for solving inhomogeneous equations when
a forcing term is present?

o Forcing terms of type f(t) = P(t)eMsint or f(t) = P(t)e* cost, where
P(t) is a polynomial in ¢, can be treated systematically without in-
tegration provided certain, somewhat obscure rules are obeyed, see
Section 4.2. No other functions f(¢) are amenable to this approach.

3.4 SOLUTION OF THE INHOMOGENEOUS EQUATION

This section is directed at a more coherent (but also considerably more in-
volved) treatment of inhomogeneous second order differential equations with
constant coefficients. The ideas can be extended to higher order equations.
Consider the second order equation

§(t) + agy(t) + by(t) = f(1), t>tp, (3.14)

where a, b are complex—valued constants and f is an arbitrary function of ¢.

Let A\; = @ and Ay = ( be the possibly complex—valued roots of the
auxiliary equation A2 +aX+b = 0 then, in terms of « and (3, the differential
equation assumes the form

G-)E-m)0 e

when written in operator notation.? Now define z = § — By so that the
original second order equation reduces to the two first order linear equations

Ez—az=f(t), — —By=z (3.16)

‘When evaluating an operator equation of the type (3.15), one must remember that
the differential operator d/dt acts on all functions of ¢ to its right.
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for y(t) and 2(t). The two equations (3.16) form what is generally called a
system of first order differential equations (which will be treated in
more detail in Chapter 8). In this particular case, (3.16) can be solved in
sequence for z first and then for y. Clearly

dz__o —at _ —at d(ze”®) _ —at
e aze”* = f(t)e — pram fit)e
and this integrates to
t
2(t) = eat/ e~ * f(s)ds + Ae®*. (3.17)
to

where A is an arbitrary complex—valued constant. Once z(t) is known then
y(t) can be determined by a further integration. The integrating factor in
this case is e ™! and the equation for y(t) simplifies to

—pt t
d(ye™"") — e(a—ﬁ)t/ e f(s) ds + Ael@=P)t
dt to

Hence the final solution for y(t) is

t u t

y(t) = em/ e("_ﬂ)“/ e * f(s)dsdu + Aeﬂt/ @Bl gy + CePt (3.18)
to to to

where C is a second arbitrary complex—valued constant. It is now clear why

the case o = (3 causes difficulty — it is because of the changing nature of

ela=B)u in the integrand of (3.18). Each case is treated in turn.

Case 1: a = . In this situation, the previous expression for y simplifies to

t ru t
y(t) = Pt / / e_ﬂsf(s) dsdu + AePt du + CePt
to Jto

to
t

= ¢ft [u/tu e P f(s) ds}t —eﬂt/t ue P f (u) du
to

0 0
+APH(t — to) + CePt

t
= —¢ft / (u — t)e PUf(u) du + AtePt + (C — tyA)eP

to

= / t(t —w)eP f(u) du + (At + B)e®

to

where integration by parts has been used. When the substitution s =¢ — «
is used to change the integration variable from u to s, the result is

y(t) = (At + B)ePt + /0 T Ft— s)sePods. (3.19)
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Case 2: a # 3. In this case, the expression (3.18) for y becomes

t

+ CePt
to

e(a“ﬂ)u

t u
y(t) = eﬁt/ e(a—ﬁ)u/ e~a3f(s) dsdu+Aem[
t

0 to

t u
= em/ e(o‘_ﬁ)“/ e~ f(s)dsdu + De® + EePt
to

o

where D and E are arbitrary constants. As in the previous case, the double
integral is evaluated by parts to obtain

(a=B)u  ru t gla—B)u
Pt [ea—ﬁ /to e‘asf(s)ds} ——em/to e—a—:—ﬂ—e"a“f(u)du.

t

to

A similar effect can be achieved by change of order in the double integral.
As a result, the general solution can now be expressed in the form

t pla—Bu _ (a—p)t
y(t) = —eﬂt/ ¢ ° e f(u) du + Ae®t + BeP!
to a—p3
ePt t
= - (eBv — eo‘(t"“)e_m)f(u) du + Ae®t + BePt
a— ;B to
= ! t(ea(t—“) - eﬁ(t_"))f(u) du + Ae® + BePt
oa—pf to
1 t-to as Bs ot Ot
= a—ﬂ/o (e —e”*)f(t —s)du+ Ae®* + Be’*.  (3.20)
Let ®(A,t) be defined by the integral
t—to
B\, 1) = / M f(t — s) ds (3.21)
0
then we see from (3.19), (3.20) that § + ay + by = f(t) has general solution
dd(\,t
(At+B)e°'t+——(—’—2 a=4,
dA A=a
y(t) = (3.22)
Ae*t + Beft + Slont) - Z(ﬁ’t) a#f.
a —

In the expressions (3.22), the terms comprising the complementary func-
tion, see equations (3.11) and (3.13), and the particular integral are readily
recognizable.

Example 3.4 Find a particular integral of § + 4y + 3y = 2¢! for t > 0.
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Solution 3.4 The auxiliary equation is A2 +4A+3=(A+1)(A+3) =0
with roots @ = —1, 8 = —3 and thus y.(t) = Ae~* + Be™3. Hence

t t (-1t _
o(\t) = /0 2e*et% ds = 2et/o P13 g5 = 9¢t 1

A—-1
2 (e}“ — et)
A-1
The particular integral is
o(-1,t) - ®(-3,t) 1 ¢t 1/, _3
-D-(=3) 2 [(e o) mqlete )} '

It is clear that the second and the last term in this expression are already
constituents of the complementary function y. and so they can be ignored
safely. A suitable particular integral is therefore

1 e e
Yp(t) = > (et—'2—> =7

Compare this with the standard approach in the method of undetermined
coefficients (see Section 4.2) where Ae' is pursued as a particular integral
for a suitable choice of A. In this case, the current method is clearly more
involved but both produce the same particular integral. O

Example 3.5 Find a particular integral for the inhomogeneous equation
i + y = tsint valid in the interval ¢t > 0.

Solution 3.5 Here the auxiliary equation is A2 + 1 = 0 with roots o = i,
B = —i and thus y.(t) = Acost + Bsint. In this case, a particular integral
is

8(i,t) — ®(—i,t) 1

t . )
yp(t) = Py = 2—1/0 (¥ — e ) (t — s)sin(t — s) ds

t
=—21—z/ (2:sins)(t — s)sin(t — s) ds
0
t
=/(t——s)sinssin(t—s)ds
0
1 rt
=-2-/ [(t — s)sinssin(t — s) + ssin(t — s)sins] ds
0
t ot t ot
=—/ sinssin(t—s)ds=——/ [cost — cos(t — 2s)] ds
2 Jo 4 Jo

1
=—Z(tzcost—~tsint). o
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Example 3.6 Find a particular integral for the inhomogeneous equation
i — 2y +y = e! valid in the interval ¢ > 0.

Solution 3.6 Here the auxiliary equation is (A~1)2 = 0sothata =8 =1
and thus y.(t) = (A + Bt)et. A suitable particular integral is

t t t2 t
= / setet=9) ds = et/ sds = —E-. O
A=1 0 0 2

In principle, it is now possible to solve any second order differential
equation with constant coefficients provided the integral for ®(A,¢) in (3.21)
can be computed. A particular solution of the initial value problem can then
be obtained by determining the two arbitrary integration constants from the
initial conditions (3.6) by solving two simultaneous equations.

_do() 1)
T T

yp(t)

3.5 TUTORIAL EXAMPLES 3
T 3.1 Find the general solution of the differential equation

G435 +2y=te 2,
T 3.2 Find the general solution of the differential equation

U+ 2y + 5y =cos2t.
T 3.3 Find the general solution of the differential equation

i+ 20+ 5y =e tcos2t.
T 3.4 For what values of the parameter a does the initial value problem
y+5y+6y=0, y0)=1, y(0)=a

have solutions which are non-negative for all £ > 07
T 3.5 Solve the initial value problem

7 +y=tant, y(0) =y(0) =1.
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Miscellaneous Solution Techniques

4.1 INTRODUCTORY REMARKS

Consider again the second order differential equation (z is again used as the
independent variable)

y" + p(z)y + q(z)y = g(z) (4.1)

with appropriate initial conditions. It has been remarked that this equation
has general solution that may be expressed in the form

y(7) = ye(z) + yp(2) (4.2)

where y.(z) is the complementary function and y,(z) is a particular integral.
The general solution can be obtained using the following general recipe.

1. Find the general solution of the homogeneous equation, i.e., obtain the
complementary function y.(z).

2. If g(z) = g1(z) + g2(z) + ... + gx(z), split the problem into the k
sub-problems y" +py' +qy=¢;, 1 <i < k.

3. Find a particular integral y,,(z) for each sub-problem.

4. Sum up to get the final result: yp(z) = yp, () + yp,(x) + ... + Yp, (2).

In the previous section, a general method was presented to find y,(z) for
any given g(z) for second order equations with constant coefficients. Here

some other ways to obtain particular solutions of inhomogeneous second
order differential equations will be described.
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4.2 THE METHOD OF UNDETERMINED COEFFICIENTS

The method of undetermined coefficients is based on a guess for the form
of yp. The technique can be used if the function g(z) on the right-hand side
of (4.1) is limited to terms containing sums of products of polynomials with
exponential functions, sines and cosines (all with linear arguments). To
understand the strategy, let H be the linear differential operator defined
by ,

H(y)=a Zzz +bg—+cy (4.3)
and let p(A) = aA? + bX + ¢, then the auxiliary equation associated with A
is p(A) = 0. For any complex-valued constant ¢ and suitably differentiable
function h(z), it can be shown that

2

~

dh
H[h(z)e’"] = h + (2a0 + b)a; + (ao® + bo + c)h| €% (4.4)

dh
@ dxz?

oz

For any polynomial g(z), h(x)e°® is a particular integral of H(y) = q(z)e’®

provided ,

dh
Z Z + (200 +b) == + (a0” + bo + c)h = g(z). (4.5)

There are clearly three different cases to consider.

Case 1: If p(o) # 0, that is, o is not a root of the auxiliary equation of
the operator H, (4.5) is satisfied by an appropriate polynomial h(z) whose
degree is the same as that of ¢(z).

Case 2: If 0 is now a single root of the auxiliary equation p(A) = 0, then it
may be verified that ao? + bo + ¢ = 0 but 2ac + b # 0. Therefore (4.5) now
assumes the simplified form

d2h dh
a——s + (2a0 + b)d = g(z), (4.6)
which in turn integrates to the expression
dh z
0T + (200 + b)h = / g(s)ds. (4.7)

This relationship may be satisfied by an appropriate polynomial & of degree
one more than that of ¢g. In particular, the constant term in A plays no role
in determining ¢ and may be set to zero without loss of generality. Thus
h(z) = zr(z) where r is a polynomial in z with the same degree as ¢.
Case 3: Finally, if o is a double root of the auxiliary equation p(\) = 0
then p(c) = 0 and p'(0) = 2a0 + b =0 in (4.5). Thus
2
2L = 4(a) (48)
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and so particular integrals are now polynomials h(z) of degree two more
than that of g(z). Furthermore, it is clear from (4.5) that the constant and
coefficient of z in h(z) play no role in the determination of h from ¢ and
so there is no loss in generality in setting both these coefficients to be zero.
Thus h(z) = z?r(z) where r is a polynomial in z whose degree is that of g.

This completes the discussion of the choice of particular integrals for
second order linear differential equations with constant coefficients. How-
ever, this theme will be revived in more generality during the discussion of
linear differential equations of higher order with constant coefficients (see
Section 7.3).

These ideas are now applied to find particular integrals for inhomoge-
neous second order linear differential equations. If

Py(z)=ap+ajz+... +apz"

is a (given) polynomial of degree n, then Table 4.1 lists the form of yp,
necessary to find a particular integral for a given g;.

9i(z) Ypi(2)

Po(z) z°Qn(z)

P,(z)e*” 2°Qn(z) e°F

P, (z) e** sin Bz z%e®* [ Qn(z) sin Bz + Ry (z) cos Bz ]
P,(z) €°* cos fz z°e** [ Qn(z) sin Bz + Rp(z) cos Bz ]

Table 4.1: Solution strategy for the method of undetermined coefficients.

In Table 4.1,

Qnlz) = Ao+ A1z + ... + Apz™,
R,(z) = By + Bz + ... + Bpz™,

are two polynomials of degree n with as yet undetermined coefficients A;,
Bj, 7 =1,2,...,n. The exponent s is chosen from the set {0,1,2} where s is
the multiplicity of a + i3 in the auxiliary equation p(A) = 0: s = 0 when
a+if is not a root, s = 1 when a + i is a single root and s = 2 when
a + i is a double root of p(A) = 0. Upon substitution of y,,(z) into the
differential equation, the unknown coefficients can be completely determined
by comparison of coefficients.

Remarks 4.1 The four different cases which were distinguished in Ta-
ble 4.1 are all contained in g;(z) = P,(z) €**, ypi(z) = z°Qn(z) e*® whereby
«a is permitted to be complex—valued. A



40 Miscellaneous Solution Techniques [Ch. 4

Example 4.1 Find a particular integral of the second order differential
equation y” — 3y’ — 4y = 2sinz.

Solution 4.1 The auxiliary equation A2 —3X -4 = (A+1)(A—4) = 0 has
roots A\; = —1 and Ay = 4 so that the complementary function is

ye(z) = cre™® + cpe™®.
Table 4.1 indicates that the particular integral is
yp(z) = Asinz + Bceosz

for suitable values of A and B. Here s = 0 because ¢ and —1 are not solutions
of the auxiliary equation. Insertion into the differential equation gives

(—A+3B —~4A)sinz + (~B — 3A —4B)cosz = 2sinz.

Comparing the coefficients on the left-hand and right-hand sides yields a
linear system of equations for the two unknowns A and B as per

—-5A+3B=2 . A= -5/17
-3A-5B=0 B =3/17
and thus 5
yp(z) = — 7 sinz + 7 C08%-
The solution contains both a sinz and a cosz term although the inhomoge-
neous term in the differential equation comprised a sinz term only. a

Example 4.2 Find a particular integral of the second order differential
T

equation y" — 3y’ — 4y = e™".
Solution 4.2 As before, the complementary function is
ye(z) = cre™ + cpe™®.

The right-hand side of the given differential equation meets the specification
in Table 4.1 with P(z) a polynomial of degree zero and s = 1 since oo = —1
is a single root of the auxiliary equation. The particular integral is

yp(z) = Aze™™

for a suitable value for A. Substitution into the inhomogeneous equation
gives
[(Aa: + 34z - 44z) + (—24 - 34)|e T =77
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The first term in the bracket vanishes automatically. Comparing the remai-

ning coefficient produces A = —1/5 and therefore
1 -
yp(z) = — pre . O

Example 4.3 Find an appropriate form for the particular integral of

3

y' +4y = z%e3% sinz — zsin2z .

Solution 4.3 The complementary function is
Ye(r) = €1 c082 + cosin2z.
The strategy is now to split the problem into the two sub-problems:
1. y" + 4y = 2% ¥ sin;
2. y" +4y = —zsin2z.
Therefore

1. Since a = —3 + ¢ is not a solution of the auxiliary equation then s =0
and the particular integral is

yp1(z) = (Aoz? + A1z + Az)e™% cosz + (Boz? + Biz + By)e ¥ sinz
for suitable values of the constants Ag, A1, A9, By, B1 and Bj.

2. In this instance a = 2i is a single solution of the auxiliary equation
and so s = 1. The correct form for the particular integral is therefore

yp2(z) = 2(Coz + Cy) cos 2z + z(Doz + D1 ) sin2z .

Now, the unknown coefficients can be calculated by comparison of coefficients
and finally, the particular integral is y,(z) = yp1(z) + yp2(z). O

4.3 PARTICULAR INTEGRALS BY COMPLEX METHODS

Example 4.3 highlights the difficulties that are inherent in using real-valued
functions to treat linear differential equations whose inhomogeneous terms
contain sine and cosine components, that is, terms that arise from complex
values of a. There are three obvious difficulties:

(a) by contrast with analyses involving non-trigonometrical right-hand
sides, twice as many constants seem to be needed as might have oth-
erwise been expected;
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(b) the presence of sine and cosine terms destroys the symmetry enjoyed
by exponents;

(c) the connection between the value of & and roots of the auxiliary equa-
tion is obscure.

All of these unsatisfactory points can be remedied by expressing real inho-
mogeneous terms (right-hand side) as the real part of a complex function.
The differential equation may now be treated as a fully complex equation
with a complex-valued particular integral. The real particular integral is
extracted by taking the real part of the complex particular integral. The
analysis of non-trigonometric inhomogeneous terms is unchanged. Trigono-
metric inhomogeneous terms can be made complex by replacing occurrences
of cos Bz and sinBz by €P® and —ie*P® respectively. The motivation for
these choices stems from the observations

cos Bz = Re (eiﬁx) , sin 8z = Re (—ieiﬂz) )

The analysis is now conventional except that the particular integral is usually
complex although it is only its real part that is relevant.

Example 4.4 Find a particular integral of the differential equation

3

y" + 4y = 2% e 3% sinz — zsin 2z

(which is identical to Example 4.3) by constructing a complex differential
equation whose real part is this equation.

Solution 4.4  Since sinz = Re (—ie'®) and sin2z = Re (—i e%*), then an
appropriate differential equation is

2 44z = —ig? e(T3DT 4y g2

where z(z) is a complex function and y(z) = Re{z(z)]. The problem is now
split into the two sub—problems:

1. 2" + 4z = —ig? el-3+iz,
2. 2" + 4z = iz %7,

We shall consider each in turn.
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1. Since @« = —3 + ¢ is not a root of the auxiliary equation then the
complementary function is zp; = (az? + bz + ¢) e{~3)% for suitable
values of a, b and c¢. Thus

4 = Qa8 e (3 ),
z;lll = 2&6(“3+i)1‘ +2(2az + b)(—3 + 1) e(_3+i)z+(—3+i)22:p1.

The constants a, b and ¢ are required to satisfy identically
2a + 2(2az + b)(—3 + i) + (12 — 66)(az? + bz + ¢) = —iz?

which yields (after some algebra)

_1-2%,_9-13i 92— 110
=730 0 °T 725 0 °T Term0
Then,
yp1{(z) = Re(zp) =Re [(ax2 + bz + ¢) e("3+i)z]
6—31
= 242 2
6750 [(9 + 270z + 225z )cosz

+ (119 + 390z + 4501:2) sin:z:] .

2. In this instance @ = 2i which is now a single root of the auxiliary
equation. Therefore s = 1 and z,; = z(az + b)e**. By calculation,

Z = (207 +b)e™™ + 2izp,
2y = 2ae™ +4i(2az + b)e*” + (2i)%2p2 .

Thus a and b are required to satisfy identically
2a + 4i(2az + b) = iz.

As a consequence, a = 1/8 and b = i/16. The corresponding particular
integral is

2 2

- _ TZ AT g _zr T .
yp2(z) = Re(2zp2) Re[(8 +16)e ] 3 cos 2z T sin 2z .

The final particular integral is then y,(z) = yp1(z) + yp2(z). O
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4.4 VARIATION OF CONSTANTS

The idea behind the technique of variation of constants follows closely
its application to first order equations (see Section 1.6). Yet it requires an
additional step as will be seen below. Let y.(z) = c1y1(z) + coya2(z) be a
solution of the homogeneous equation, i.e., the complementary function. A
particular integral of

y"(z) + p(z)y'(z) + a(2)y(z) = 9(z) (4.9)
can then be obtained by writing
yp(z) = u(z)y1(z) + ua(z)ya(z) . (4.10)

The idea is to substitute (4.10) into (4.9) and determine the unknown func-
tions u;(z) and ug(z) accordingly. However, this procedure in itself will
not provide enough information: after all, there are two unknown functions
u1(z) and ua(z) but only one differential equation. Another condition is
needed on u; and us — one which is arbitrary. Differentiate (4.10) to get

Yp = UYL + w1y + uzya + u2ys . (4.11)

Before differentiating a second time, impose the arbitrary condition

ujy +uqy2 =0 (4.12)

which simplifies (4.11) to
y,'[, = w1y} + uoyh (4.13)

and thus )
Yp = Uiy +uiy] + upys +usys - (4.14)

The motivation for the arbitrary choice (4.12) is that y;,' now contains only
first derivatives of u; and uy. Substituting the last two relations into (4.9),
and noting that both y; and y, are solutions of the homogeneous version of
(4.9) gives

Uyl +upYs = G- (4.15)
The two unknown functions u; and us can now be calculated from (4.12)

and (4.15). Those two relations are viewed as two linear algebraic equations
for ) and uj. Their solutions are

roy o Y2g oy Y19
wE) = Faa 2% W (4.16)
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where the short—hand notation

W(y1,92) = 195 — ¥1%2 (4.17)

has been used. The function W is called the Wronskian (or Wronskian
determinant) — it will appear again in Section 7.1. From (4.16), a simple
quadrature leads to

Y29 g
4.18
W ylayz W yl) y2 ( )
The general solution of (4.9) is therefore
y(z) = ayi(z) + c2y2(z) + ur(z)y1 () + uz()y2(z) . (4.19)

Example 4.5 Verify that y,(z) = = and yy(z) = 1/z are solutions of the
differential equation z2y” + 7y’ — y = 0 and find the general solution of

2%y’ + 2y’ —y=zlInz for z > 0.

Solution 4.5 Straightforward differentiation and insertion confirms that
y1 and yo are solutions of the homogeneous equation. Rewrite the inhomo-
geneous equation in the form

Inz
yu_i__y__ﬂ_:__'

Thus a particular integral is

yp(z) = zui(z) + %ug(x) .

Following the procedure explained above, g(z) = (Inz)/z and from (4.17)
1 1 2
Wy, y) =2 (“‘7) - ==
x xz T
By direct substitution into (4.18), we get
(1/z)(Inz)/z /lnm 2
= 1
w(e) / (—2/7) 3 (Ine)*,
(1 1 2lnzx —1
uz(z) = /T_n;/—x/)mdx: 5 xlnxdx————(——ll;———).

The general solution is therefore

cept 24 L 2_1
y(z) =z + ~ + 4m(lnm) 4mlnm.

It appears as if one term from uy has been omitted from y(z). This is simply
because (22/8)(1/z) = z/8 and such a term adds nothing new in view of
the presence of c;z in the complementary function — it involves only a
redefinition of the integration constant c;. |
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4.5 REDUCTION OF ORDER

Reduction of order is a procedure which allows the order of a differential
equation to be reduced by 1 if a solution of the homogeneous equation is
known. The result is not surprising since the knowledge of a solution to the
equation is tantamount to reducing the degree of freedom of the equation
by one. The method is illustrated with respect to second order differential
equations. Let y(z) = y;1(z) be a solution of the second order equation

y'(z) + p(z)y (z) + q(z)y(z) = 0. (4.20)
Substitute
y2(z) = u(z)y: (2) (4.21)
into (4.20) to obtain
yiv” + 2y + py)u’ + (i + Y1+ qy)u = 0.

The third term is seen to be zero since y; is a solution of (4.20). Now
substitute w(z) = v/(z) (and with it w' = u") to get!

yiw' + (20) +pyr)w =0
which is a first order separable equation for w(z). Its solution is

w(m) - e—f(2y’1/y1+p)dz — e——?lnyl e—fpdz — Lze—fpd:z
Y1

so that .
ug) = [(we)ds = (o) = (@)@

and the general solution is
y(z) = ea (2) + caya(z) = ayi(z) + cou(z)ys1(z)

Remarks 4.2 Note that this procedure can also be applied to inhomoge-
neous equations. A

Example 4.6 Show that y;(z) = €” is a solution of the differential equa-
tion zy” — (z + 1)y’ + y = 0 and find the general solution.

!We have already encountered this trick in Section 2.4.
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Solution 4.6 Direct substitution confirms e* as a solution. Next, rewrite
the equation in standard form

" $+1 ! y

- y+==0.
T T
Thus
ef[(z+1)/z]da: e(x+lnz)
’lU(m) = 62-73 = 621: = g;e_z
and so

T
y2(z) = yi(z)u(z) = e”/ se*ds =e*(—ze - F)=—z—1.
The general solution is finally
y=ce® +ecfz+1). o

Example 4.7 Find the general solution of the differential equation

d? d
3¢ Y W _ =
dz? +xd:z: y=0

by observing that y;(z) = z is one of its solutions.

Solution 4.7 Since y;(z) = z satisfies the homogeneous equation we write
y2(z) = zv(r) where v is the new dependent variable. The differential
equation for v(z) is

2
z3 (xﬂ+2(-ig-> +x(:cd—v+v) —zv=20
T T dz

which may be simplified to

d*v dv dz 2 1
2
— +(2x+1)-—=0 — T+ =)z=
xdx2+(z+ )dx — dz+<x+z2)z 0
where z = dv/dz. This equation has integrating factor z2e(~1/%) and may
be integrated to get c
= = o(l/)
z=—5e .
A further integration now yields

T
v(z) = / 2(s)ds = —Cell/?) + B — y2(z) = Bz — Cx ell/z)
The general solution is therefore

y(z) = Dz + Ez l!/?) O
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4.6 EULER’S DIFFERENTIAL EQUATION
The differential equation

az’y’ (z) + bzy'(z) + cy(z) = 0 (4.22)

where a, b and ¢ are (real-valued) constants, is called Euler’s differential
equation (or a differential equation of Euler’s type). It has at least one
solution of type y(z) = z*. Upon substitution and collection of terms, the
equation is seen to be fulfilled provided A satisfies the quadratic equation

aAx(A—=1)+br+c=0. (4.23)

There are three different cases to be considered.
Case 1: The roots A; and A of (4.23) are both real-valued and distinct
from each other. The general solution is

y(z) = c1z™ + cpz?. (4.24)
Case 2: The roots form a complex conjugate pair A\; » = a £ 443. Similarly,

y(z) = c12®t 4 cpat (4.25)

This expression can be put into more convenient form
ylz) = z¢ (clxiﬂ + ch_iﬂ) =z® (cleiﬁl” + cze—im"’”)
= z° [dl cos(fInz) + dy sin(f lnx)] . (4.26)
Case 3: There is a double root Ay 2 = (a — b)/2a. Therefore this procedure
gives only one solution. A second solution can be found by using variation of

constants. Substitute y(z) = A(z)z* with A = (a — b)/2a into (4.22). After
some simple calculations, it is found that

Alz) _
=

A"(z) + 0 — A’@:):é —  Afz)=Inz.

The general solution in this instance is
y(z) =z e + ez Inz). (4.27)

Remarks 4.3 Note the correspondence between Euler’s differential equa-
tion az®y"(z) + bzy'(z) + cy(x) = 0 and the equation §j(t) +~vy(t) + dy(t) = 0
with constant coeflicients. One can be transformed into the other by chan-
ging independent variable from z to ¢ using z = e*. This connection between
the two equations will be explored further in Tutorial example T 4.17. A
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Example 4.8 Find the general solution of the second order differential
equation

zy"(z) — By'(z) + g-y(w) =0, f>0.

Solution 4.8 The differential equation is clearly of Euler’s type. Thus,
substitution of y(x) = z* leads to the relation

N_B+D)A+8=0

which has the roots A\; = 1 and Ay = 3. Consequently, the general solution
is given by

Az + BzP B#1

y(x)—-{(A+Blnx):z: g=1.

= O
4.7 EXACT EQUATIONS
Suppose that y(z) satisfies the second order linear differential equation
d’y dy
a(z)w + b(z)a +c(z)y = f(z), (4.28)
then it can be verified that this equation may be rewritten as
d ' ' " / _
E;[ay + (b= a)y] + (@' =¥ + )y = f(z). (4.29)
Equation (4.28) is said to be an exact equation if and only if
a"(z) — b (z) +c(z) =0. (4.30)
In this event, (4.29) can be integrated once to obtain
T
ay + (b—ad)y = / f(s)ds (4.31)

which is a differential equation of first order that can be solved accordingly.
Example 4.9 Find the general solution of the inhomogeneous equation
2y +3zy +y=Inz.

Solution 4.9 Because (z2)" — (3z)' +1 = 0, the equation is exact and can
be rewritten as

‘% (wzy' + :cy) =Inz.
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Integration gives
2 +ry=zhhz-z+A.

By dividing this equation by z, it is evident that

d A
my'+y=%(wy):lnm—l+;

which can be integrated again to get

1 B
zy=zlnz -2z + Alnz + B — y(z):Aﬂ+-;+ln:1:—2
T

where A and B are arbitrary constants. a

4.8 TUTORIAL EXAMPLES 4

T 4.1 Obtain a particular integral of the differential equation in Tutorial
example T 3.1 by the method of undetermined coefficients.

T 4.2 Obtain a particular integral of the differential equation in Tutorial
example T 3.2 by the method of undetermined coefficients.

T 4.3 Obtain a particular integral of the differential equation in Tutorial
example T 3.3 by the method of undetermined coeflicients.

T 4.4 Write down a suitable form for the particular integral of
Y — 5y + 6y = e cos 2z + (3z + 4)e?® sinz.
T 4.5 Write down a suitable form for the particular integral of
y' — 4y + 4y = 22° + 4z €?® + zsin2z.
T 4.6 Write down a suitable form for the particular integral of
Y+ 3y + 2y = (22 +1)e” sin2z + 3e™% cosz + 4€°.

T 4.7 Find the general solution of the differential equation

N
y'(2) + XNy(z) = Y amsinmne

m=1

where a,,,m = 1,..., N, are constants, A > 0 and X # mm.



Sec. 4.8] Tutorial examples 4 51

T 4.8 Use the method of variation of constants to find the general solution
of the differential equation

' +y = 0<z<m7/2.

cos(z/2)’
T 4.9 Use the method of variation of constants to find the general solution
of the differential equation

z

y' -2 +y=

14227

T 4.10 Verify that the functions y;(z) = €* and y2(z) = = are solutions
of the corresponding homogeneous equation of

1-—z)y +zy —y=2x—-1)%e", 0<z<l1

and use the method of variation of constants to find a particular integral of
the inhomogeneous equation.

T 4.11  Verify that the functions y; = 2~ 1/2sinz and y; = /2 cos z are
solutions of the corresponding homogeneous equation of

4z%y" + dzy’ + (422 — 1)y = 12¢*/?sinz, z>0

and use the method of variation of constants to find a particular integral of
the inhomogeneous equation.

T 4.12 By spotting a simple solution of the homogeneous equation
zy' +y +(2-4x)y =0,
find the general solution of the inhomogeneous equation
zy" + 4 + (2 - 4z)y = 8z(1 — x).
T 4.13 By recognising that the homogeneous equation
2y + 3y +y=0

has a solution that is a power of z, find this power and hence find the general
solution of the inhomogeneous equation

"

22y +3zy' +y=Inz.
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T 4.14 Solve the initial value problem
2.1 ! !
%y +4zy +2y =0, y(a) =a, yl(a)=-1.
T 4.15 Solve the initial value problem
gty —zy -3y =2*, y(1)=¢'(1)=0.
T 4.16 Solve the initial value problem
2?y" +ay =0, (a>1/4), y(1)=0, ¢'(1)=1.

[Hint: remove the imaginary powers of z in the solution by transforming to
exponential functions.]

T 4.17 Show that Euler’s differential equation of order n
2"y ™ +a;z" "D 4 Lt apizy + any = f(z)

can be transformed into a linear differential equation with constant coeffi-

cients by defining a new independent variable ¢ such that z = et.

T 4.18 Show that the function y;(z) = z? is a solution of the homo-
geneous version of the differential equation

22y — 32y + 4y = 2’ Inx, z>0.
Obtain the general solution of this inhomogeneous equation.
T 4.19 Show that the differential equation
wy’ + 20+ 2)(¥ +y) =0
is not exact but can be made exact by multiplying it by any solution of the

differential equation ¢” — 2¢’ + 2¢ = 0. Hence determine the solution of the
original differential equation satisfying the initial condition y — 1 as z — 0.

T 4.20 Find the general solution of the differential equation
22y +4z(1+ z)y + 8z +2)y =0

and the particular solution satisfying y(1) = 0 and y/(1) = 1.
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T 4.21 By using the substitution
u(z) = e~ J P@W(a)dz
show that the Riccati equation

y'(z) = p(z)y’(z) + q(z)y(z) + r(z)

can be transformed into the linear differential equation of second order

!

u" — (q+]i> u' +rpu =0
p

and use this information to obtain the general solution of

Yy = -yt —y+4e7".

T 4.22 A self-gravitating star in the form of a sphere of radius a is com-
posed of a compressible fluid whose pressure p and density p are connected
by the formula p = kp? where k is a positive constant. The acceleration g(r)

due to gravity, pressure p(r) and density p(r) at radius r are also connected
by equations

d _ _ r2a(r) — "2
T = —gr)e(r),  rg(r) = 47G /0 s2p(s) ds

(G is the gravitational constant), expressing balance of momentum and the
law of gravity respectively. Deduce that p satisfies the differential equation

2=27rG

rp’ +2p' + a27'p =0, « P

where the prime denotes differentiation with respect to r. Determine p(r) in
terms of p(0), the density at the stellar core. Explain why this stellar model
predicts a maximum size for stars.
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Oscillatory Motion

5.1 DAMPED OSCILLATORY MOTION
It was already established in Section 3.1 that real damped systems are de-
scribed by the generic differential equation

§+ 20 + wiy = f(t)

where wy is the undamped frequency of the system, « is a positive damp-
ing parameter and f(¢) is an externally applied force acting on the
system. In mechanical situations, o = b/2m and w? = k/m while in the
context of electrical circuit theory, o = R/2L and wi = 1/LC, where the
constants have the meaning denoted in Section 3.1.

The auxiliary equation is A? + 2a\ + wZ = 0 with roots

)\1,2:—0:1:\/&2—(4.)2. (51)

The solutions of this quadratic are classified into three separate physical
regimes depending on the relative values of a and wy.

Heavy damping: a > wy

Here the auxiliary equation has two real-valued negative roots
Al = —a—/a? —wi, Ay = —a+/a? — wi (5.2)
and the complementary function is
Yo(t) = AeMt + Be?t, (5.3)

This possibility is often called the overdamped case since no oscillations occur
and the solution decays exponentially to zero as t = oo. If, for example,
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05 10 15 20 25 30 t
Figure 5.1: Damped oscillatory motion. Heavy damping,.
this equation modelled an automobile suspension system, the ride would be
hard and uncomfortable. The equation
provides an example of an overdamped system. An illustration of the solu-

tion y(t) = 6e~t — 2e3! is provided in Figure 5.1.

Critical damping: o = wy

Here the auxiliary equation has two equal real solutions A\; 3 = —o and the
related complementary function is
ye(t) = (A + Bt)e . (5.4)

This possibility is usually called critical damping and is often the desired
configuration for practical application since it represents the weakest dam-
ping before oscillatory behaviour becomes possible. As in the previous case,
this solution decays to zero as t —+ oo. An example is provided by the initial
value problem

j+4ay+4y=0, y(0)=4, y(0)=1
which has the critically damped solution y(t) = (4 + 8t)e~2!. The graph of

this function is shown in Figure 5.2.

Light damping: o < wy

Here the auxiliary equation has two complex conjugate roots

Al,g =-—-azt iwn, W = \/ (2) - a? (55)
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05 10 1.5 20 25 30 t

Figure 5.2: Damped oscillatory motion. Critical damping.

where wy, is called the natural frequency of the system. The complemen-
tary function is
ye(t) = e (A coswyt + Bsinwyt) (5.6)

which can be recast in the form
ye(t) = Ce™® sin (wnt + ¢) (5.7)
where the integration constants in (5.6) and (5.7) are related through
C=+VA2+B2?, tan¢=A/B.

As previously, this solution decays to zero as ¢ — oo but the decay process
is now oscillatory in nature. The quantity T = 27 /w, is the period of the
damped oscillation. Furthermore, as the absolute value of the trigonometric
function in (5.7) does not exceed 1, the curves C e~ and —C e ®* provide
an envelope for the damped oscillation.

The initial value problem described by

§+49+68y=0, y(0)=4, y(0)=0
has solution y = e~%(sin 8t + 4 cos 8t) and is lightly damped. The graph of

this function is shown in Figure 5.3.

5.2 FORCED OSCILLATIONS

Probably the most important application of second order equations with
constant coefficients arises when the applied force is given by

f(t) = F cos (pt) (5.8)
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Figure 5.3: Damped oscillatory motion. Light damping.

in which F and p are real-valued constants. This is well known as the forced
oscillation problem. Here it is required to solve the differential equation

i + 20 + wiy = F cos(pt). (5.9)

Fourier series methods allow many realistic waveforms of periodic shape and
finite energy to be represented as a sum of cosine and/or sine components.
The analysis here may be regarded as the first step in the treatment of
a general periodic right-hand side. Since F cos(pt) = F Re(e"?), then the
required particular integral can be constructed from the real part of z = Ae'Pt
by using the method developed in Section 4.3. Clearly,

420z +wiz=Fe? — A [(z’p)2 + 2a(ip) + wg] 't = Fe'Pt
Hence if A is chosen to satisfy

F F

A= = e '
(w§ — p?) + 2iop \ﬁw% — p?)2 + 4a2p?
2ap
t = —-
an ¢ wg —

then the particular integral pertaining to Fe'P! is

F

AetPt =
V(wZ — p?)? + 4a?p?
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and by taking real parts, it follows that the particular integral for F cos pt is

F
t) = cos (pt — @) . 5.10

Since

(Wb —p°)? +40’p® = p'+ (40® - 2})p’ + v
= [p2 (wp —2a)] + 40*(WE - o?)
[p2 (w2 — 2a2)] + 40’w?
then the particular integral (5.10) can be rewritten as
F

VIp? = (@ - 202)2 + 4022

yplt) = cospt— ). (5.11)

Thus for a given amplitude F' of driving force, the amplitude of y,(t) is
maximum at frequency p = w, where

wr = Jwi —2a2. (6.12)

The frequency w, is called the resonance frequency of the system. Ev-
idently, w, < wp < wyp, (if the damping parameter a vanishes, all three
frequencies are the same) and generally w,, w, and wy satisfy

1
wﬁ = §(w§ +w3) .

Provided the damping parameter « is positive, the complementary func-
tion decays to zero, and in practice this decay is often rapid. Therefore
the response of the system to the periodic driving force is well described by
expression (5.11) for large t.

The Q-factor

Let a(p) be the amplitude of the damped oscillation induced by a driving
force of amplitude F and frequency p, then from (5.11)

F
"= V@2 - w?)? + do2u2 19

The Q-factor or quality factor of an oscillator is defined to be the ratio
a(p)/a(0). This is a non-dimensional number corresponding to the ratio of
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the amplitude of oscillations induced by a periodic driving force at frequency
p to the deformation induced by a force of the same amplitude but applied
statically. Thus

Q= a(p) _ wj (5.14)

a(0) \/(1)2 ~ w2)? + 4a2uw? .

Figure 5.4 gives the general shape of @ for frequencies ranging from p = 0
(static load) to frequencies in excess of the resonant frequency w,. Under
all circumstances, 1 < Q < Qmax where Quax = w3/ (20wy,) is the maximum
value of @ occurring at the resonant frequency w,. For lightly damped
oscillators, a is small so that wy ~ w, = w, and Qmax = wo/(2¢). In
particular, small values of a lead to sharp resonance and a large value for
Qmax-

The quality of the resonance at p = w, is often quantified in terms of
the size of the band of frequencies about w, for which Q > Qmax/V?2. After
some algebra, it may be seen that this condition is satisfied provided

aw ow
Wy — "z\/—2awn+w,2.§p§\/2awn+w3zwr+ =
wy AR

in which the approximations are obtained by expanding the square roots in
this inequality as power series in . This is a sensible strategy since « is
small whenever resonance is sharp. Therefore Q > Qmax/ V2 within a band
of frequencies of approximate width 2cwy, /w, centred on w,. In view of the
definition of Qmax, the width of this band is approximately Aw = wy,/Qmax-
Thus Qmax measures tuning quality in terms of the ability of the oscillator
to isolate frequencies close to resonance and discard those that are not.

Q 4
Qmax ]

(5.15)

3

Wy ) D

Figure 5.4: General form of a frequency response curve.
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5.3 TUTORIAL EXAMPLES 5

T 5.1 The deviation of the glucose concentration g(t) from its base level
in a human body can be modelled by the second order differential equation

§+2ag+wgg=0, a>0,

with the initial conditions g(0) = 0, ¢(0) = B8 where § is the initial (un-
known) glucose uptake rate. Akerman proposed a diabetes test in which
fasted patients (glucose level at base) were required to ingest a large dose of
glucose and thereafter its level in their blood was monitored hourly. Non-
diabetic patients had values of wy corresponding to undamped oscillations
with maximum period 4 hours whereas varying degrees of diabetes were
attributed to patients with periods exceeding 4 hours.

A patient arrives at a clinic with a fasted glucose level of 0.70 mg/ cm?®
of blood. Levels of 1.00, 0.55 and 0.75 mg/cm® were measured 1 hour,
2 hours and 3 hours respectively after administration of a strong glucose
drink. Classify this patient.

T 5.2 A damped oscillatory system has period 1 second and the oscilla-
tions are damped to half amplitude in 40 complete oscillations. Describe the
qualitative effects on the period and the number of oscillations to half the
amplitude brought about by slightly increasing or decreasing the damping
and slightly increasing or decreasing the restoring effect. Assume only one
parameter is changed in each instance.

Extract the second order differential equation with the given period and
damping characteristics.
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Laplace Transform

6.1 GENERAL INTEGRAL TRANSFORMS

The Laplace Transform provides an efficient method for solving initial value
problems for ordinary (and also partial) differential equations by converting
the differential equation into an algebraic equation. The solution of the
differential equation can then be obtained from the solution of the algebraic
problem when the transformation is inverted.

A general integral transform is an expression of the type

_ B
F(s) = / K(s,t)f(t) dt (6.1)

which transforms a given function f(t) into another function f(s). The
function K (s,t) is called the kernel of the transform.

6.2 DEFINITION OF THE LAPLACE TRANSFORM

The Laplace transform is the special case of (6.1) when a = 0, 8 = 0o and
K (s,t) = e~%. Therefore the Laplace transform of f(t) is defined by

. o0
F(s) = L{f(t):t - s] =/ ¢St f (1) dt. (6.2)
0
Note that the integral in (6.2) is improper. Here f(t) will be regarded

as a real-valued function defined for ¢ > 0. Reversing the transformation
procedure leads to the inverse Laplace transform. If L[ f(t): ¢ — s] then

L7 [F(s):s = t] = f(t). (6.3)

In other words, the original function f(t) is the inverse Laplace transform of

Fls) =LIf(t):t—s].
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Two important and immediate questions are: (1) what functions have
a Laplace transform? and (2) can two functions f(t), g(¢) have the same
Laplace transform (i.e., is the inverse Laplace transform unique)? The ans-
wers are provided by the following statement: The existence and uniqueness
of the Laplace transform of a function f(t) is guaranteed if there exist real
K, M and a such that

1. f(t) is piecewise continuous for ¢ > 0.

2. |f(t)] < Ke® fort > M.

Example 6.1 Find the Laplace transform of the function f(t) = 1.

0 e—st o0 1
L[l:t—-)s]z/ e"“dt=[ ] =-.
0 =s |, S

Note that the validity of the result is limited to s > 0 because otherwise the
integral does not exist. a

Solution 6.1

Example 6.2 Find the Laplace transform of the function f(t) =

Solution 6.2

L[t:t—s] =/ te*tdt = [ _St] oo(f:%dt
= - i -2 (s>0). o
T s —s 0 g2’ s

Example 6.3 Find the Laplace transform of the function f(t) = e®!.

Solution 6.3

) (a-s)t]®
L[eat:t-)s] =/ e*testdt = [ea s] _— , (s>a). O
o —

s—a
Example 6.4 Find the Laplace transform of the functions f(t) = sinat
and f(t) = cosat.

Solution 6.4
1

s—1ia

L[cosat+isinat:t —s] = L[ wat t—)s]=

s+ 1a
= Zra >0,
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Separating real and imaginary parts yields

L{cosat:t—s]= L[sinat:t— s]=

s?+a?’ s?2+a?’

Alternatively, the Laplace transforms of cos at and sinat may be computed
directly using integration by parts. o

Selected functions and their Laplace transforms are listed in Table 6.1.

6.3 SOME GENERAL PROPERTIES

Some important general properties of the Laplace transform that follow di-
rectly from its definition as a quadrature are now listed.

1. Linearity. If f(s) = L[f(t): t — s] and g(s) = L[g(t) : t = s] exist
then L[af(t) + bg(t) : t = s] exists for all constants @ and b and

L{af(t) +bg(t): t = s]=af(s)+bg(s). (6.4)

2. First shifting property. Suppose f(s) = L[ f(t) : t = s] exists and
that a is a constant then L [e* f(t) : t — s] exists and

L[e“‘f(t):tﬁs] =F(s—a), (6.5)

or, conversely,
L1 [7(8—0) :s—}t] = et f(1). (6.6)

6.4 CONVOLUTION

Convolution integrals provide an important way to extend the usefulness
of Laplace transforms by providing a means by which many more exact
transforms can be calculated or expressed as quadratures. Let

fO=L[ft):t—=s], g(s)=L[g(t):t—s]

be the Laplace transforms of f(t) and g(t) respectively. The linearity of the
Laplace transform operator guarantees that

Lt [7(3) +3(s):5s— t] = [} [7(8) 15— t] + LY [g(s):s—>t]
= f(t)+g(t). (6.7)

However,

L7 [T(s)g(s) :s > t] # f() 9(8), (6.8)
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f@&) =L [Fs):s > t] | Tls) = Lf(8):t—s]
1
1 1 —s' Re(s) >0
at 1
2.1 e Re(s) > a
s—a
n!
3. | t"(n : positive integer) P Re(s) >0
I'(p+1)
4. | tP(p> -1) ——;;Ir- Re(s) >0
s
5. | cosat m Re(s) >0
. a
6. | sinat T Re(s) >0
s
7. | coshat o Re(s) > |a]
. a
8. | sinhat m Re(s) > |a|
at S—a
9. e* cosbt Goai TR Re(s) > a
b
at .
10. | e sinbt —_(s mpA TR Re(s) > a
!
11. | t"e%(n : positive integer) (s—nm Re(s) > a

Table 6.1: Laplace transforms of selected functions (I'(z) is the Gamma function
defined in Tutorial example T 6.3).

so that the inverse Laplace transform of a product does not equal the product

of the inverse Laplace transforms of the factors. For example,
- 1 _ 1
fo)=2, g} =5 — f(t)=1, g(t)=t.

Thus f(t)g(t) =t while
L™! [T(s)y(s) 18— t] =L} [l/s3 1S5 t] =122,
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which does not equal f(t)g(t) = t.
Given two functions f(t) and g(t), the convolution of f and g, denoted
f * g, is defined by the integral

t
(Frg)(t) = /0 f(t - u)g(u) du (6.9)

whenever this integral exists. A simple change of variable shows that the
convolution is symmetric, that is, (f * g)(¢) = (g * f)(t). Furthermore, by
change of order in double integration, it can also be shown that

L{(f*g)(t):t = s]=f(s)5(s), (6.10)

or, conversely,
L7 Fe)g(s) s s > t] = (F+9)(®). (6.11)
To appreciate results (6.10) and (6.11), we begin by recognizing that

L{(f*9)(t) ;t—>s]=/0°°</0t f(t——u)g(u)du) etdt.  (6.12)

The region of double integration in (6.12) is illustrated in Figure 6.1.

u

ﬂ\

...........
............
------------
-------------
-------------
--------------

----------------
----------------
.................
.................
------------------
..................
-------------------
-------------------
....................
--------------------
---------------------
---------------------
----------------------
----------------------
.......................

Figure 6.1: The region of double integration showing the new
order of integration in which ¢ is integrated first from ¢t = u to
t = oo followed by integration of u from u = 0 to u = oco.

On changing the order of integration in the right-hand side of (6.12), the
Laplace transform of f * g becomes ‘

L{(f*g)(t):t>s] = /:o g(u) (/uoo f(t—u)e_“dt) du
= /Ooo g(u)( Ooo f(w) e~stw+y) dw) du
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= /Ooo g(u) e (/Ooo fw)e ¥ dw) du
F(s)g(s)

which establishes (6.10).
Example 6.5 Compute L™ [s/(s2+1)?:5 = ¢].

Solution 6.5 The convolution property (6.11) asserts that

S

S
LV st =L“1[——
s } 2+1s2+1

EEEE 18§ = t| = (sinxcos)(t)

where it has been recognized that L' [s/(s®+ 1) : s = t] = cost and also
that L=1 [1/(s?+1) : s & t] = sint. Now,

t
(sin*cos)(t) = / sin(t — u) cos u du
0
t t
= sint/ COSQ’U,d’U,—COSt/ sin u cos u du
0 0
. 1 . t L., 7t
= sint 5 [u + sinucosu), — cost ) [sm u]o

tsint
2

where we used sin(t — u) = sintcosu — sinucost and then integrated the
trigonometric terms in the usual manner. This result can be checked by
direct calculation of L [(t/2)sint:t — s]. a

Example 6.6 Show that the solution of the integral equation

FO+ [ e 76— u)du = gt

can be written in the form
t
£ =90~ [ owdu.

Solution 6.6 Let f(s) be the Laplace transform of f(¢). Taking Laplace
transforms of the integral equation and using the fact that the Laplace trans-
form of a convolution is the product of the Laplace transforms of the com-
ponent functions, leads to

=l

F+TL[etitos)=75 — —g-

» Q|
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Therefore

50 =90 -7 [ZL s ] =g - [ @) da.

8

The inversion of the latter Laplace transform is done by interpreting it as a
convolution of g(z) with the constant function 1 because the Laplace trans-
form of 1 is 1/s. O

6.5 APPLICATION TO INITIAL VALUE PROBLEMS

Laplace transforms are primarily used in the solution of initial value prob-
lems. Suppose that f has a Laplace transform and that f is piecewise
continuous in the interval (0, 00) (note that the result can be generalized to
functions f for which f and f have jump discontinuities). Thus

L{f():t=s] = /[)oof(t)e“Stdt
= [f(t)e'“] +s/0 ft)e *tdt

0

= sf(s) = f(0) (6.13)

and similarly

L[foit—s] = [Tfoetar=[foe]) +s [ foeta

= —f(0)+sL [f(t) it s]
= s"f(s) — s£(0) - £(0). (6.14)
Both (6.13) and (6.14) are valid for s > 0.

Example 6.7 Find the solution of the initial value problem

Solution 6.7 Let 3(s) = L[y(t):t — s]. When the Laplace transform
operation is applied to the differential equation and result (6.14) is used,
7(s) is seen to satisfy

s”g(s) — sy(0) — %(0) ~ 47(s) = 0
which can be solved algebraically for 7(s) to give

sy(0) +9(0)  s+2 1
s2—4  s2—-4 -2

y(s) =




68 Laplace Transform [Ch. 6

In Example 6.3 it was shown that L [e® :t = s] = 1/(s — @) and hence it
follows immediately that

v =17 |

:s——)t]:e%. a
s_

Example 6.8 Find the solution of the initial value problem
g+4y=0, y(0)=1, y(0)=2.

Solution 6.8 Let %(s) = L{y(t) : t = s], then the usual procedure shows
that 7(s) satisfies

s*7(s) — sy(0) — 9(0) + 47(s) = 0
and therefore
n refor s+2 s . 0
s2+4  s2+4  s2+4°
From Table 6.1 of Laplace transforms or Example 6.4, sinat and cos at have
Laplace transform a/(s? + a?) and s/(s? + a?) respectively. Thus

y(s) =

2
y(t):L“1 [5214 :s—)t] + L7t [32+4 :s—)t} =cos2t +sin2t. O

The ability of the Laplace transform to encapsulate the complete solu-
tion (differential equation and initial conditions) is an important feature of
the method. However, it is clear that the long-term usefulness of Laplace
transforms as a tool to solve initial value problems hinges on the ease with
which inverse Laplace transforms can be taken. Although the method is
most appropriate for initial value problems, it can be used to extract general
solutions by assigning arbitrary parameters to missing initial values.

Example 6.9 Prove the identity

nd"f(s)
ds™

L{t"f(t): t— s] = (~1) (6.15)

where L[ f(t):t— s] = f(s) and use a specialization thereof to check the
result from Example 6.5.

Solution 6.9 We have
L{t"f(t):t = s] = /0 t”f(t)e‘s‘dt / F()( 1)"( _st)
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The specialization for n =1 is

L{tf(t):t > s]= JZ(:) . (6.16)

When applied to f(t) = sint, to check the result of Example 6.5, we have

tsint 1d 1d 1
L it —=—L|[sint: =—c— |5

[ 2 _)S] pas st t = s]=—o (32+1)
_ 1 (=2s) _ s -
T 2(s24+ 12 (s2+1)2°

Example 6.10 Consider an electrical circuit whereby an inductor of in-
ductance L = 10% Henry, a resistor of resistance R = 6000 Ohm, an un-
charged capacitor of capacitance C = (1/9) 1073 Farad and a battery of
electromotive force U(t) = 250 cost Volt are connected in a serial arrange-
ment. The circuit is activated at ¢ = 0. Find the charge on the capacitor
and the electrical current flowing in the circuit for ¢ > 0.

Solution 6.10 The differential equation is, see (3.2)

LI(t)+ RI(t) + % =U(t). (6.17)

With Q(t) = I(t), initial conditions Q(0) = 0 and I(0) = 0 and the given
values for L, R and C, the initial value problem becomes

G(t) +6Q(1) +9Q(1) = geost,  Q(0)=0, Q(0)=0.

Let Q(s) = L[Q(t) : t — s] then

[s%Q(s) - 5Q(0) — Q(0)] + 6 [sQ(s) - Q(0)] +9Q(s) = 5
and therefore

Q(s)

S S
T4 1) (2 +6s+9) A2+ 1)(s+3)2

Partial fraction decomposition leads to

S
4(s2 + 1)(s + 3)2
17 4s N 3 4 15
200 {s2+1  s2+1 s+43 (s+3)2]°

Qls) =
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The solution can now be extracted from Table 6.1 and is
1
t) = —

by using the first shifting property (6.5) or formula (6.16) for the fourth term.
Once Q(t) is known, the current I(t) follows immediately from I(t) = Q(t)
and is given by

(4cost + 3sint — 4e73t — 15te™3)

1
= ﬁ(—tl sint + 3cost — 3¢~ + 45te7%)

Furthermore, the long-term behaviour of the solution is described by the
result

It) = Q1)

. 1 .
tl_{)r& Q(t) — -z-m(4cost + 3sint) | =0.

This means that the solution for large time is dominated by the inhomo-
geneous term in the differential equation, while the contributions from the
complementary function are damped out. In this example the forcing func-
tion U(t) = 250 cost was a continuous function of time ¢. This is not always
the case; in many applications, the forcing function is a step function or an
impulse function.

We note that the present problem could also have been solved as an
initial value problem for I(t) instead. Differentiation of (6.17) yields

. I

LI(t) + RI(t) + = U(t) (6.18)

where we have again used Q = I. The initial conditions are

QO

10)=Q(0),  1(0)=7 |U(0) - RQO) - =5

where the condition for 1(0) follows from evaluation of the differential equa-
tion (6.17) at £t = 0. 0

6.6 THE UNIT STEP FUNCTION

The unit step function (or Heaviside function) is defined by

H(t - a) ={ (1) i;g (6.19)

and shown in Figure 6.2a. The unit step function can be used to construct
other, more complicated step functions, for example f(t) = H(t—a)—H(t—b)
as illustrated in Figure 6.2b.
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(a)
A
1 : —p
> ,
a t
(b)
A
1 —_—
% b >

Figure 6.2: The unit step function. Shown are in (a) H(t — a),
and in (b) H(t —a) — H(t - b), for a < b.

The Laplace transform of the unit step function is
(o ¢]
L{H(t—-a):t—>s] = / e S H(t — a)dt
0

00 —st]>® —as
_ / et dt = [e } = (6.20)
a

—38
a

valid for s > 0. The equation (6.20) provides the basis for the second
shifting property. Let f(s) be the Laplace transform of f(t) and suppose
that a > 0 then

L{f(t—a)H(t—a):t— s]=e*f(s) (6.21)

or, conversely,
L7 [e*F(s) s - t] = f(t—a)H(t—a). (6.22)
Proving the second shifting property is the task of Tutorial example T 6.12.

(1 _ e—ws/2)

E le 6.11 C te L™}
xampile ompute [ 1 T 82

:s—)t].
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Solution 6.11

. (1 _e—'rrs/2) .
L [—1—+—;2———.S—)t

ZL‘I[ :s—)t]—L‘l

1+ 52 1+ s?
=sint— H(t —n/2)sin(t —n/2) =sint+ H (t — 7/2) cost. O

e—7rs/2
18—t

Example 6.12 Solve the initial value problem

y+y=f(t)7 y(O):O’ Q(O)ZO,

po-{ 15

This problem arises, for example, when an undamped oscillator is disturbed
from rest in its equilibrium state by a constant external driving force which
is active for a finite period only.

with

Solution 6.12 The driving force f(¢) can be represented by the formula
f@)=H(@)-H(t-1).

Let §(s) = L[y(t) :t = s], then by taking the Laplace transform of the
differential equation it is seen that 7(s) satisfies

9 . _ 1 e S
[°7(s) = 59(0) ~ y(0)] +7(s) = - — =
It is straightforward to verify that
1—e™* 1 s e’ se”?

7(s) = c 4
y(s) s(s2+1) s s2+1 s s2+1
where the details of the partial fraction decomposition to obtain the sec-

ond expression have been omitted. Hence, after using the second shifting
property on the final two terms,

y(t) = 1—cost~H(t—1)+ H(t—1)cos(t —1)
= 1—cost—[l—cos(t—1)]H(t—1).

The final expression can then be written as

1 —cost 0<t<«l1
y(t) =

cos(t — 1) —cost t>1.

It is worth noting that the solution is continuous at ¢ = 1 even though the
driving force f(t) is not. O
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6.7 THE UNIT IMPULSE FUNCTION

In strict mathematical terms the unit impulse function (or delta or Dirac
delta function), denoted by é(t), is not an ordinary function but belongs to
the class of so—called generalized functions or distributions. It is defined
through the integral relation

o0
/ 5(t - a) f(t) dt = f(a) (6.23)
—0Q

for any integrable function f(¢).

Although the delta function is very special, its integral definition endows
it with sufficiently good analytical properties that it can be used usefully
in many mathematical applications almost as though it was a classical and
not distributional function. These good analytical properties arise because
the delta function may be thought of as a limit of a sequence of classical
functions. Two examples illustrating this statement are now given.
Sequence 1: Let §.(t — a) be defined by the formula

1
— |t —a| <e

Se(t—a) = 2¢ (6.24)
0 |t —a| >e€.

Therefore

o] 1 a+e
/ 6E(t—a)f(t)dt=2—€/ ft)dt = fla+6e), 10| <1

where the integrability of f has been used to invoke the integral mean
value theorem. Thus
o0

lim 0e(t — a) f(t)dt = f(a)

=0/ -0

for any real integrable function f. In conclusion

0(t —a) =limé.(t — a). (6.25)

e—0

Sequence 2: Another popular description of §(t) (we have conveniently set
a = 0 here) arises as the limit of the sequence

5a(t) = lim —\/:e—"”’ . (6.26)

The function on the right-hand side of this equation is illustrated for different
values of n in Figure 6.3.
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511, A

-1.0 —0.5 0.5 1.0
Figure 6.3: Graph of the function (n/ et for n = 1,5,10.

In the strict mathematical sense neither of these limits exists, but they
provide useful conceptual ways towards an understanding of the delta func-
tion (¢t — a). By setting f(¢) = 1 in (6.23), is evident that

/°° 5(t - a)dt = 1. (6.27)

For this reason é(t — a) is often called the unit impulse function. It can be
described loosely as a function that is zero everywhere except at t = a. The
basis for this perception is that in the definition (6.23) of §(t — a), it is only
the value of f at t = a that contributes to the value of the integral.

Furthermore, it is clear that the unit step function H(t — a) is related to
the unit impulse function by

H(t—a)= /_t d(u—a)du (6.28)
" dHt = (¢t 6.29
S H(t~a) = 5(t - a). (6.29)

Once again, the correct interpretation of (6.28) and (6.29) is to be found
in the theory of distributions. These formulas provide identities when both
sides are multiplied with a function f(¢) and integrated with respect to ¢
over the interval (—o00,00). Finally, the Laplace transform of 6(t — a) is

L[6(t—a):t—s] = /Oooé(t—a)e'“dt

_ / Y St—a)etdt = e, (a>0). (6.30)
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Example 6.13 Solve the initial value problem
j+2y+y=460(t-1), y(0)=2, y((0)=3.

This equation represents a damped oscillator with an external driving force of
infinite magnitude acting for an infinitely short time such that unit impulse
is imparted to the system at time t = 1. Effectively, y jumps by one unit at
t=1.

Solution 6.13 Let 7(s) = L[y(t) : t = s] and take the Laplace transform
of the differential equation. It follows that

[szy(s) — 25— 3] + 2[3’3}(3) - 2] +7y(s)=e"*

_ 2s+T7T+e 8 2 5 e’
—  F(s) =

s2+25+1 _s+1+(s+1)2+(s+1)2

after taking partial fractions. Using both the first shifting property (6.5)
and the second shifting property (6.22), the solution is seen to be

y(t) = 2e7" + 5te™t + (¢ — Ve TVH(E - 1). O

A few further important Laplace transforms are listed in Table 6.2.

6.8 PERIODIC FUNCTIONS

Suppose that f(t) is a real-valued function defined for 0 < t < oo with
periodicity T. This means that for any non-negative value of ¢,

ft) = fE+kT), k=1,2,.... (6.31)

The Laplace transform of f becomes
—= 0 o (k+1)T
L[f(t)t-—)s]::f(s):/ f(t)e—_Stdt=Z/ f(t)e_Stdt.
0 k=0 /KT

We use the substitution ¢ = u + kT in these integrals and exploit the peri-
odicity of f. We then see from the previous equation that

T =3 [t km et = 5wt 7 gye
k=0 70 k=0 0

The infinite series can be summed up in closed form. Hence if f(t) is a
real-valued function with periodicity T then

f(s) = 1—_—1;_7 /0 ’ f()e stdt. (6.32)
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f&) =L [Fs) s t] | F(s)=LLf(t):t—s]
12. | H(t-a) e_:s Re(s) > 0
13. | H(t—a)f(t —a) e~ f(s)
14. | e*f(t) f(s—a)
1 /s
15. | f(at) " f (;) a>0
16| [ 7e- wgw)du 7(5)3(s)
17. 1 8(t - a) e
n—1
18. | f™() s F(s) = D v FU)(0)
§=0
19. | (=t)"f (1) 7™(s)

Table 6.2: More Laplace transforms.

Example 6.14 Demonstrate the validity of the formula (6.32) for the
Laplace transform of a real-valued function of periodicity T by using it
to calculate the Laplace transform of sinat.

Solution 6.14 The Laplace transform of sin at has already been shown to
be a/(a%+s%). We begin by recognizing that sin at has periodicity T = 27 /a,
and consequently sinaT = 0, cosaT = 1. Therefore

T
/ e Stsinatdt
0

T

sinat

_e——st
S

S
T

0

cos at}

a
+__

T
/ e %t cosatdt
0

a? T

5 e S sinat dt
8 0

T
—/ e % sinatdt.
0
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Thus,
T 1 — —sT
/ e %t sinatdt = L—e—),
0 a? + 52
and application of (6.32) now gives the Laplace transform of sin at. O

Common periodic waveforms

The saw tooth illustrated in Figure 6.4a and the square wave illustrated in
Figure 6.4b are two common periodic waveforms worthy of our attention.

(a) A Saw tooth

> t
0 T 2T 3T 4T
(b) A Square wave
V p——— —— ——
1 { 1 1
| | i i
| | I |
| | I |
| | [ 1
| I | |
! : ! : >
0 T T 3T 4T

Figure 6.4: Part (a) illustrates a saw tooth waveform of ampli-
tude V and period T while part (b) illustrates a square wave
pulse of amplitude V and period 27T

Saw tooth. The Laplace transform of the saw tooth waveform of amplitude
V and period T is calculated from (6.32) by recognizing first that

T v T V1
—st _ ~st _ _ ,—sT _ —sT
/0 f(t)e dt———T/O te dt—-—T = (1 e sTe ) .

Thus the Laplace transform of the saw tooth wave is seen from (6.32) to be

- Vi1 TesT
F6) =7 = (1 —~ %) . (6.33)
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Square wave. The Laplace transform of the square wave of amplitude V
and period 2T is calculated from (6.32) by the formula

_ 1% T Vo1
f(S):T:WL e’ dt:;m‘ (634)

Other periodic pulses. We briefly mention a further four commonly used
periodic functions (amplitude V') that are formed by repeating the pulses

Meander function Triangular wave
f(t) = V te(0,T) (1) = tvV/T te (0,7)
] =V te(T,2T) ] 2T -)V/T te (T,2T)
Full wave rectification Half wave rectification
_ . _ ) Vsin(#t/T) te(0,T)
f&)={ Vsin(rt/T) te(0,T) f(t)= { 0 L (T.21).

Example 6.15 Determine the current in a series circuit containing an
inductor of L Henry and a resistor of R Ohm when the circuit is driven by
a saw tooth voltage of period T and amplitude V. Assume that no current
is flowing initially.

Solution 6.15 The current I(t) in the circuit is governed by the differen-

tial equation )

LI+ RI=Ugy(t), I(0)=0.
The Laplace transform I(s) = L[I(t):t — s] therefore satisfies the alge-
braic equation

- V1 sTe™sT

Define a = R/L then T is given by
7 = v a 1 sTe=T
" RT s%(s+a) 1—eT
V1 1 sTe™sT Vv 1 ) sTe T
" RT s? 1—esT RT s(s +a) 1—esT )"~
In order to interpret meaningfully the Laplace transform I, we recognize that

the first component in the last expression is a multiple of L [ Ugaw(2) : t — s],
see (6.33). To be explicit,

7_ Ugaw _ VL a + K 1 e—sT
R ~  RTs(s+a) R(s+a)l—esT
VL a V & e
S >
R’T s(s+a) R [z (s+a)
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Using the inverse Laplace transforms

_1[ 2 :s-—-)t]:l—e_at,

s(s+a)
e-slcT

-1 s t| =e o) gt — kT),
(s +a)

in which H is the Heaviside function, it is now seen that

 Uswlt) VL

I0="%" ~%r

V o0
oty Y —a(t—kT) 77(4 _
(1-e )+RZe H(t—kT). O
k=1
6.9 TUTORIAL EXAMPLES 6
T 6.1 Find the Laplace transform of f(t) = e(~t=1/2),
T 6.2 Find the Laplace transform of f(t) = cos(at + b).

T 6.3 Calculate the Laplace transform of f(t) = t? (for p > —1). Express
the solution in terms of the Gamma function I'(z) defined by

[o ]
I'(z) =/ w*leT¥du, >0.
0

Consider four special cases: p is an integer; p = —1/2; p =1/2; p=5/2.
[Hint: make use of the formulas I'(z + 1) = z['(z); I'(1/2) = wl/2],

T 6.4 Find the inverse Laplace transform of f(s) = (s — 2)/(s? — 2).
T 6.5 Find the inverse Laplace transform of f(s) = 3/(s? +4s + 9).

T 6.6 Solve the convolution integral equation
t
fie)y=1 +/ f(u)cos (t —u)du.
0
T 6.7 Solve the convolution integral equation
t
sint —t = / (t —u)?f(u)du.
0

T 6.8 Use Laplace transforms to solve the initial value problem

§(t) —5y(t) + 6y(t) =0, y(0)=2, y(0)=1.
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T 6.9 Use Laplace transforms to solve the initial value problem

T 6.10 Write f(t) as a step function and calculate its Laplace transform

1 t<1
fe)={3 1<t<7
5 t>7.

T 6.11 Use Laplace transforms to solve the initial value problem
45(t) +4y(t) + 5y(t) = 9(t),  y(0) =g(0) =0

4 0<t<m

and sketch the solution y(t).

T 6.12 Let f(s) be the Laplace transform of f(t). By using the definition
of the Laplace transform, prove the second shifting property (6.21), namely

Lif(t—a)H(t—a):t>s]|= e™% f(s)
where H is the Heaviside function and a > 0.

T 6.13 Solve the initial value problem

g(t) +29(t) +2y(t) =6(t —m),  y(0) =y(0)=0
by using Laplace transforms and sketch the solution y(t).

T 6.14 Consider an electrical circuit where an inductor of inductance L
and a capacitor of capacitance C are connected in series. Before the circuit
is activated, there is a charge of (g on the capacitor. At ¢ = 0 the circuit is
activated. Formulate and solve the initial value problem for the charge Q(t)
on the capacitor by means of Laplace transform. Interpret the solution. Re-
turn to the more general serial LCR circuit by adding a resistor of resistance
R to the previous circuit. Obtain the solution of the corresponding initial
value problem for R? < 4L/C and, in particular, compare the solution in
the limit R? <« 4L/C with the earlier result. Can you recognize the physical
mechanism behind the terms in the solution?

T 6.15 Determine the current in a series circuit containing an inductor of
L Henry and a resistor of R Ohm when the circuit is driven by a square wave
voltage of period 2T and amplitude V. Assume that no current is flowing
initially.
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Higher Order Initial Value Problems

7.1 GENERAL REMARKS

A linear differential equation for y(z) of order n is defined by

Pa(2)y ™ (@) +pacr @)y V(@) +. . +p1(2)y (2) +po(2)y(e) = g(z) . (7.1)

Once again this equation is called inhomogeneous if g(z) # 0 and homo-
geneous if g(z) = 0. The general solution of (7.1) contains n integration
constants and to obtain a unique solution for an initial value problem, n in-
dependent initial conditions must therefore be specified. These are typically

y(zo) =v0, ¥'(@0)=vh, - » y™ D(zg) =gV (7.2)

(note that the primes on the constants yp, etc., are just notational con-
ventions and do not signify derivatives). Let y;(z),y2(z),...,yn(z) be n
solutions of the homogeneous equation, then the linear combination

y(z) = aayi(z) + caya(z) + ... + cpyn(z) (7.3)

where ¢j, ¢y, ..., ¢y, are constants, is also a solution. Now, define the Wron-
skian or Wronskian determinant

Y1 Y2 . Yn
Y Y2 - Yn
Wy, yn) =| . —_— : (7.4)
ygn—l) ygn—l) . y’(ln-—l)

When each row of the Wronskian determinant is differentiated with respect
to z, the row beneath it is generated ezcept for the last row. Bearing in
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mind that a determinant with two identical rows is zero, it therefore follows
that

Y1 Y2 e Yn
Y Yo oo Yn
aw . . . .
o= : , : , " : , (7.5)
S ST
ygn) ygn) o yr(zn)

Values for y,(cn)(:c) on the right-hand side of (7.5) are replaced from the

original differential equation. All derivatives of order (n — 2) and below

in y,(c") (z) generate multiples of the first (n — 1) rows of W and therefore

make no contribution to the value of W’. The only component of y,(c")(z;)

to contribute to W’ comes from the coefficient —p,,_1(z)/pn(z) of y,(cn_l)(z;).
Therefore, the Wronskian W (yi,y2, .. ., yn) satisfies the differential equation

_/x p—-—"_l(s) ds
Pa(@)W +ppi (@)W =0 — W(z)=W(zo)e J=0 Pnls) . (7.6)

Since the exponential function is always positive, it follows from (7.6) that
if W is zero at any point, then it must be identically zero since W(zq) = 0.
Thus, the Wronskian W (y,, ..., yn) is either identically zero for all z > x¢ or
it is never zero. If W # 0, the set of solutions is called a fundamental set
of solutions. The functions y,...,y, are then linearly independent and
every solution of the homogeneous version of equation (7.1) can be expressed
in the form (7.3). On the other hand, if W = 0 then the set of solutions is
incomplete in the sense that y;,...,y, are linearly dependent.

The solution to the inhomogeneous equation (7.1) is given by

y(z) = ciyi(z) + caya(z) + ... + cnyn(z) + yp(2) (7.7)
where y,(z) is a particular integral of the inhomogeneous equation (7.1).

Example 7.1 Verify that the functions 1, z,cos z,sinz are solutions of
the differential equation y(*) 4+ y” = 0 and determine their Wronskian.

Solution 7.1

Y 1 z cosT sinx
y: 0 1 —sinz  cosz
y" 0 0 —cosz —sinz .
y": 0 0 sint -—cosz
y@: 0 0 cosz sinz
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Simple addition shows that the four functions indeed fulfil the differential
equation. The Wronskian is

T COSZT sinz
1 —sinz coszx
0 —cosz -—sinz
0 sinx —cosz

W(y1,92,y3,y4) =

o OO

—CcOST —sinz

= 0 —cosz -—sinz .
sinz —cosz

0 sinz —cosz

= cos’z —(—sin’z) =1.

1 —sinz coszx \

Therefore the functions 1, z, cos z,sinz form a fundamental set of solutions
and the general solution of y*) +¢" =0 is

y(z) =c1 + 2z + c3c08T + ¢48inz. Q

7.2 EQUATIONS WITH CONSTANT COEFFICIENTS
A linear, homogeneous differential equation of order n with constant coeffi-
cients has general form

any™ + a1y + any™ D + -+ ary +agy = 0. (7.8)

In the following, the constants a1, ..., an, are assumed to be complex—valued
and a, # 0. Equation (7.8) has solutions of form e** provided X satisfies the
auziliary equation

p(A) =ap X" + N 4t a At =0 (7.9)
where p()\) is a polynomial of degree n. Suppose that the n roots of p(A) are
Al,- .., An then the auxiliary equation can be factorized as

n
P(A) =an(A=A)(A=A)... (A= H (A= k) - (7.10)

Two different cases are possible: roots can have multiplicity s =1 or s > 1.

Case 1: When all roots )\ are distinct (i.e., they all have multiplicity 1),
the general solution of (7.8) is

y = €M% + e + ... + cpe”. (7.11)
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In the particular instance in which a; (0 < k£ < n) are real-valued, complex
conjugate pairs A = a+if can arise. Terms in the general solution (7.11) may
now be regrouped into combinations of e** cos Bz and e*®sin Sz (compare
this with the analogous procedure for second order equations in Section 3.3).
Case 2: If roots are repeated and if, say, A\t is a repeated root of multiplicity
s > 1, then the s functions

T geMT gl s TleMT (7.12)

are all solutions of (7.8) whereas each root A; of multiplicity 1 contributes
a term %7 to the solution. Likewise if the coefficients of (7.8) are all real-
valued, the terms in (7.12) may be regrouped into €®* cos Sz and e*” sin Sz
terms.

Example 7.2 Find the general solution of the fourth order differential
equation Yy —y =0.

Solution 7.2 The auxiliary equation is A — 1 = (A2 — 1)(A\®2 + 1) = 0,
which has the four distinct roots 1, —1,1, —i. Therefore

y(z) = c1€” + coe™F + c3e’* + cqe™

or, equivalently,

y=c1e” +ce % +cssinz + cgcosx
is the general solution. O
Example 7.3 Find the general solution of y*) + 2y" +y = 0.

Solution 7.3 The auxiliary equation is A*4+2X%241 = (A\24+1)? = 0, which
has roots i, ¢, —t, —i. Both 7 and —1 occur as repeated roots with multiplicity
2. This leads to the general solution

y(z) = 1 + coe™"F + c3ze'® + cqze

more commonly expressed in the form
y(z) = cscosT + cgsinz + z(c7cosz + cgsinz) . a

Of course, the roots of polynomials of degree n (n > 5) cannot be found
by a general formula. Therefore in practice this strategy is extremely limited.
The method succeeds only when the auxiliary equation has roots that can
be found by inspection or guess—work.
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7.3 THE INHOMOGENEOUS EQUATION

Solutions of the inhomogeneous equation of order n (a, # 0)
ey ™ + a0y + an 0y o Y +agy =g(z)  (7.13)

can now be obtained by the techniques of Chapter 4 in an analogous way.

Undetermined coefficients

To make a correct selection for the particular integral, we generalize the
procedure outlined in Section 4.2 to differential equations of order n. Let
H, be the linear differential operator defined by

n
Ho(y) = any™ + an_1y® D+ + a1y +agy = Y axy®
k=0

and let p,()\) = 0 be the auxiliary equation associated with H, where

n
(A =ap+a A+ ... +a, A" = ZakAk.
k=0

For any complex constant a and suitably differentiable function h(z), Leib-

niz’ theorem gives

k

i, [h(w)eaz] — iak I: Z <:l>ak-m h(m)] %
k=0

m=0

where (*) is the binomial coefficient. The order of summation in this ex-
pression is now reversed to obtain

R e n k

H, [h(:c)e‘”] = ;éo (™) (:;,‘n (m> akak'"‘) e
— pm) L d7pa(})

- Z h m!  d ™

ar

m=0 A=a

However, if « is a root of p,(A) = 0 of multiplicity s then

dpn(}) ds_lpn(k)
n ) d\ r—a d}\s—-l o
and in these circumstances,
: ! 1 d™pn(A)
H ar| _ E : h(m) n or )
n [h(:v)e ] me—s m! dam A=a € (7 14)
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For example, in order to treat an inhomogeneous equation whose right-hand
side has a term of form g(z)e®*® where g(z) is a polynomial in z of degree r
and « is a zero of the auxiliary equation with multiplicity s, expression (7.14)
reveals that the s—th derivative of h must have order ». Thus h must be a
polynomial of order r + s and may be represented without loss of gener-
ality in the form h(z) = z°q(z) where ¢(z) is an arbitrary polynomial of
degree r. Therefore, Table 4.1 applies again with s chosen according to the
developments of the current paragraph.

Variation of constants

Application of the method of variation of constants to an inhomogeneous
differential equation of higher order is explored in considerable detail in
Tutorial example T 7.7.

Exact equations

The criterion for an exact equation, which we presented for second order
equations in Section 4.7, can be generalized to higher order equations. The
differential equation

i 2)y® (@) = f(2) (7.15)

is ezact if and only if the coefficients ax(z) satisfy the condition

Zn:(—l)'“ a(z) = 0. (7.16)
k=0

Integration of (7.15) then yields

n—1 [ n—k-1
> X (—1)'"af2"lk+1(x)] ®)(z / f(s (7.17)
k=0 m=0

which constitutes a differential equation or order n — 1.

Reduction of order

Suppose that w(z) is any solution of the homogeneous equation correspond-
ing to the inhomogeneous equation

2": y*)(z) = f(z), (7.18)
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then the change of dependent variable from y to v defined by y(z) = w(z)v(z)
leads to a linear differential equation for v of order n — 1, that is, of order
one less than that for y. The equation for v is

Eak z) (wv) ¥ (z i Z(’“) v(2) w* (@) = f(). (7.19)
k=0 =0

When the order of summation is changed in this double sum, the equation
for v becomes

f@) = Y @) Y ale) (’“) w®=")(z)

r=0 k=r r

= o(z) Z +Zv(r (x) ar(z) (t)w(k")(z‘)
r=1 k=r
= ‘;Z MOPIEL () +=(z)

since w(z) is given to satisfy the homogeneous form of equation (7.18). Now
let z = v' then 2 satisfies

n

f@) = 3 ) 2": ax(z) (’j) w77 (z)

r=1

- ¥ Zakﬂ (’“j i)w‘k-”(x) (7.20)

r=0

which is a linear differential equation of order n — 1.

The most interesting and powerful application of this idea arises when
n = 2 — the specialization covered in Section 4.5 — since the method now
yields a first order equation which may fall into one of the many categories
of equations already discussed.

Remarks 7.1 In preparation for the next example we note that a differ-

ential equation
n

Y arl@)y® (@) =0

k=0

has at least one solution of the form y(z) = e** if
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Example 7.4 Find the general solution of the differential equation

2 m

—zXy -2/ +2y=0.

Solution 7.4 By using the result of Remarks 7.1 we see that the coefhi-
cient functions of this equation sum to zero. Therefore e**, for A = 1, is a
solution of the homogeneous equation. Now write y = e*v where v is the
new dependent variable then

( " 4 3" +3’u’+v) —xz(v"+2v'+v) —2(v'+v—v) =0
which simplifies to
.’1:2'()"/-}-2:1:21)"-{-(:1:2—2)11':0 — 2 "+2:I:22’+(.'z: —2)2—"0

where z = v'. This equation is not exact by criterion (7.16) but upon

multiplication with the integrating factor e* we see that
d
2.1 2,0 _ 2.zt 2 z,| —
e[ + 2222 + (z? 2)] dx[mez+(x 2z)e z] 0.
Now the equation is exact and can integrated to
22 + (z? — 2z)e®2 = A.
This last equation has standard form

z'+(l—g>z=Ae——.
T

The differential equation for z is linear with integrating factor e*/z2. Thus
d (eat > A
—_— —_Z [ p—
dz \z? zt

z -Z

+ B — z=—Ae—+Bzz2e“z.
3z

with solution
e
—z =
2 T 3g3

A further integration now yields

v(m)=/z(z)dm-—-——/ ¢ dr— Bz + 25+ 2 +C.

In conclusion, the general solution of the original equation is

T
y(z) =aez/ f-s—ds+b(1:2+2m+2)+cez

where a, b and c are arbitrary constants. Note that the existence of the
solution at z = 0 requires a = 0 to remove the divergent integral. a



Sec. 7.4] Tutorial examples 7 89

Laplace transform

Once again, the Laplace transform provides an attractive method for the
solution of initial value problems of higher order. The key formula that
opens the way to successful application is

L{£®) t— 5] =5"F(s) - Tty (2
k=0

which gives the Laplace transform of the n—th derivative of a function f(t).
Expression (7.21) is a straightforward generalization of (6.13) and (6.14) for
the first and second derivative respectively and can be proved analogously.

7.4 TUTORIAL EXAMPLES 7

T 7.1 Obtain three functions y;, yo and y3 that are solutions of the dif-
ferential equation zy" — y” = 0 and determine their Wronskian.

T 7.2 Obtain three functions y;, y2 and y3 that are solutions of the differ-

ential equation z3y" + z%y" — 22y’ + 2y = 0 and determine their Wronskian.

T 7.3 Find the general solution of y(*) 4+ y = 0.
T 7.4 Find the general solution of y*) — 8y’ = 0.
T 7.5 Find the general solution of y(*) — 2y" +y = 0.
T 7.6 Solve the initial value problem
y" —3y" + 2 =z +e*, y(0) =1, y(0)=-1/4, y"'(0) = -3/2.

by using the method of undetermined coefficients.
[Hint: in order to find a suitable expression for the particular integral use
Table 4.1 and interpret s as discussed in Section 7.3.]

T 7.7 Find the general solution of the differential equation

mn

+y =tanz, O<z<7/2
by using the method of variation of constants. Follow the procedure:

1. Find a fundamental set of solutions (y;,%y2,y3) of the homogeneous
equation.
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2. Set

yp(2) = w1(2)y1(2) + ua(z)y2(z) + us(z)ys(z)

to obtain a particular integral of the inhomogeneous equation. Substi-
tuting this into the differential equation would give only one equation
for the three unknown functions uq, us, us.

. It appears that two more conditions are needed to determine up, uy

and u3. These can be conveniently chosen as

yiuy + youp +ysuy = 0,
Y1u) +youp +yzuz = 0

in order to avoid higher order derivatives of uj, ug,u3 in y;,’ and y;,” .

. Show then that

u, = (tanz) Wp(z)/W(z), m=123

where W (z) = W (y1,y2,y3)(z) is the Wronskian and W,, is the deter-
minant obtained from W by replacing the m-th column by the column
(0,0,1)T.

5. Integrate ul, to obtain u;,(z).

Generalize the procedure to a differential equation of order n with an arbi-
trary inhomogeneous term g(z) on the right-hand side.

T 7.8 Use Laplace transforms to solve the initial value problem

y@t) —yt) =6t -1),  y(0) =9(0) = §(0) = ¥ (0) =0.
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Systems of First Order Linear Equations

8.1 INTRODUCTION

Assume that instead of a single function y(z), it is now necessary to find N
unknown functions, denoted by y,(z), y2(z), ..., yn(z). A system of first
order linear differential equations has general form

n(z) = an(e)yi(e) + a2(z)ye(z) + ... + av(z)yn(z) + by (z)
ya(z) = an(@)yi(z) + ax(z)y(z) + ... + aan(2)yn(z) + bo(z)

: : (8.1)
¥n(2) = an1(2)y1(2) + an2(2)y2(z) + ... + ann(2)yn (2) + ba(z)
yv(z) = ami(@)yi(z) + ana(z)y2(2) + ... + ann(z)yn(z) + bN ().

These equations may be rewritten in the more compact notation
N
k(@) = D akn(@)yn(@) + be(z), k=1,2,...,N. (8.2
n=1

A well defined initial value problem for z > z¢ arises when the system o
equations (8.1) or (8.2) is supplemented by N initial conditions

ye(zo) = yko, k=12,...,N. (8.3
Translation into matrix notation yields!

Y'(z) = A(z)Y(z) + B(z), Y (z0) = Yo (8.4

!The matrices and column vectors that appear in this chapter are generally denoted b;
capital letters in bold face.
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where Y (z), B(z) and Yy are the column vectors (length N)

yi(z) by () Y10
Y(2) = ny‘T) , B(z) = b"’fx) L Yo=| (8.5)
yn(z) by (z) YNo

and A(z) is the N x N matrix function given by

0.11(:1,‘) a12(:1;) ce alN(x)
A= | B @y
ani1{z) an2(z) ... ann(z)

Two techniques to deal with such systems are studied. However, it is clear
that any generalized analytical approach necessarily needs to make specific
assumptions concerning the functions ax,(z) and bi(z). Suppose for the
time being that the system of first order equations has constant coefficients.
In this case

akn(Z) = kn, be(z) =br, k,n=12,...,N (8.7)

or alternatively, A is a constant matrix and B is a constant vector.

8.2 ELIMINATION

Consider first the case N = 2, i.e., two equations for two unknown functions
y1(z) and yo(z). The system (8.1) with the simplifications (8.7) reduces to

Y1 = auy+apy+b (8.8)
Y2 = any1 +any: +b (8.9)

and two initial conditions y;(z¢) = y10 and y2(z¢) = y20 will in general be
specified. Differentiation of (8.8) and substitution for 4 from (8.9) gives

Yl = any; + aizyh = anyl + a1z (a21y1 + azye + bs)

Next, eliminate y, from the second term in the bracket by solving (8.8)
explicitly for yo in terms of y; and y}. The result is

yi = any) + arzaziyr + azzbe + aze (¥ — ey — by)
or, tidied up,

Y1 — (a11 + a22)y] + (a11a22 ~ a12a21)y1 = a12b — aznb; . (8.10)
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Equation (8.10) is now a standard second order differential equation for y;.
Let Ay and A2 be the roots of the auxiliary equation

A2 — (a11 + ag2) A + (a11a22 — ajzag1) =0 (8.11)

then
Y1(t) = y1c(t) + y1p(2) (8.12)

where the complementary function y;. is given by

D1eM® + Dye?2® AL # Ao
le(t) =

(8.13)
(Dy + Dyz) eM* A= A2,

The particular integral y;,(t) can now be obtained by the method of unde-
termined coefficients. Once y;(z) is known, y2(z) is normally computed from
(8.8). This is a straightforward operation, in that knowledge of y; yields y
without further integration. Indeed, if a19 # 0, then

1
y2(z) = a—l;(% —any — b1) . (8.14)

It is easy to see that this method, while still relatively easy for the case
N =2, becomes more tedious and intractable as N increases.

Remarks 8.1

1. It has just been demonstrated that two linear differential equations of
first order involving two unknown functions normally lead to one linear
differential equation of second order for one unknown function. This
equivalence extends generally in that N linear differential equations
of first order for N unknown functions are equivalent to one linear
differential equation of N-th order for one unknown function (from
which the remaining N —1 unknown functions can then be calculated).
Although justified here for linear equations only, the result is true
generally.

2. The converse result is also true, namely, given a single differential
equation of order N, there is a family of NV independent variables (the
choice of which is not unique) such that the original equation can be re—
expressed as a system of N first order equations. Such manipulations of
the original equation are central to the numerical solution of ordinary
differential equations. Indeed, the vast majority of schemes for the
numerical solution of differential equations take it for granted that the
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equations are formulated as a first order system. As an example of one
popular strategy, take the third order equation

n

y" +pi(z)y" + pa(2)y + p3(z)y = g(2)
with initial values y(zo) = yo, ¥'(z0) = ¥p, ¥"(z0) = yg- The equation

can be re-expressed as a system of three first order equations using
the three new functions defined by

wi(z) = y(z), we(z) =y'(z), ws(z)=19"(z).

Self-evidently, w;, wo and w3 satisfy

wl = w3
wh = w3
1
w3 = —pi1w3 — pawz —p3wi +¢

with initial conditions wy(zg) = yo, wa2(zo0) = ¥5, ws(zo) = ¥g-

3. It was noticed in connection with (8.14) that y, can normally be de-
termined without further integration, although (8.14) holds only if
a1z # 0. If aj2 = 0, however, (8.8) and (8.9) can be solved sequentially
without recourse to the elaborate elimination procedure. One solves
(8.8) as an independent first order equation for y; and then solves
(8.9) for y,. This is exactly the procedure that was employed earlier
in Section 3.4, see (3.16), to obtain the solution of the inhomogeneous
equation of second order.

4. The integration constants D; and D, in (8.13) can be determined
directly from (8.12), i.e., before even calculating y2 in (8.14). In order
to do so we require y;(zo) and y}(zo). While y;(zo) is explicitly given,
vy} (zo) can be calculated by substituting the given initial values y;(z)
and y2(zo) into (8.8). A

Example 8.1 Solve the system of first order differential equations
2y1 =~ +4y2, 2y = —4y — o

with the initial conditions y;(0) = —2, y(0) = 2.

Solution 8.1 Differentiating the first of the two equations gives

0] = —yy + 4y = —y; + 2(—4y1 — v2)



Sec. 8.2] Elimination 95

where the second equation has been used to eliminate y5. From the first
equation, we have 4y = 2y] + y1. Substituting this expression into the
previous equation and rearranging terms yields

4y +4y; + 17y; = 0.

The auxiliary equation is A2 + A + 17/4 = 0 with roots A\; 2 = —(1/2) £ 2i.
Therefore, the general solution for y; is

yi(z) = e */* (Acos2z + Bsin2z) .
Using 4y2 = 2y] + y1 provides
yo(z) = e~*/% (B cos 2z — Asin2z) .

The initial conditions are satisfied by A = —2 and B = 2, and the particular
solution of this initial value problem is given by

vi(z) = 2¢7%/? (sin2z — cos 2z) ,

~2/2 (sin 2z + cos 2z) . O

y2(z) = 2€
Example 8.2 The trajectory z = z(t), y = y(t) of a golf ball of mass
m struck with initial speed vy and rising initially at angle 6 satisfies the
differential equations

mi = —R;, my = —mg — R,
with initial conditions
z(0) =y(0) =0, z(0) = vgcosby, Y(0) = vpsinby.

In these equations, g (assumed constant) is the gravitational acceleration,
z(t) and y(t) are the horizontal range and vertical height of the ball at time
t, and Ry, R, are respectively the horizontal and vertical components of air
resistance.

(a) Write down the given initial value problem as a fourth order system
using the dependent variables y;(t) = z(t), y2(t) = y(t), ya(t) = z(2)
and y4(t) = y(¢).

b) What is the trajectory of a golf ball assuming that air resistance is
8
proportional to velocity, that is, Ry = mkz, R, = mky.
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Solution 8.2 (a) If

ni(t) =z(t), v2(t) =y(t), wa(t) =2(t), valt)=9(t)

then, from these definitions it follows immediately that 1}1 = y3 and Y2 = 4.
Furthermore,

. . R . .
y3=$=—--—z-’ y4=y=—g-—-R—/y
m m
Therefore the initial value problem may now be restated as the first order

system

i = s y1(0) = 0

Y2 = U4 y2(0) = 0

U3 = —Rz/m y3(0) = wocosfp
Yg = —g—Ry/m y4(0) = wpsinfy.

(b) The model for air resistance gives R, = mkys and Ry = mkys. In this
case the initial value problem becomes

U = Y3 y1(0) = 0
Yo = y4 420 = 0
g3 = —kys y3(0) = wocosfy
94 = —g-—kys y4(0) = wpsinbp.

The third and fourth equations can be integrated to give

ya(t) = 0003903 *,
)

ya(t ———+ (%+vosin00) ekt

Once y3 and y4 are known then y; and y2 can be determined by two further
integrations. Specifically,

() = 228 (1 k),

_ gt vosin00 —kt
yz(t)——¥+(k2+ - )(l—e )

The one-dimensional motion analysed in Section 2.3 appears as a specializa-
tion of this problem when 8y = 7/2. Indeed, the expression for ys(t) = y(t)
in this example is identical to (2.20) when 8y = 7 /2 for t; = 0. O




Sec. 8.3] Matrix method 97

8.3 MATRIX METHOD

Return now to the general problem for N unknown functions and consider
the special case in which the coefficient matrix A is constant. The matrix
formulation of the initial value problem is

dr

This equation has general solution of the form

= AY(:E) + B(:II) R Y(.’Eo) =7Yy. (815)

Y(z) = Ye(z) + Yp(z) (8.16)

where Y (z) — the complementary function — is the solution of the homo-
geneous equation

Y'(z) = AY (z) (8.17)
whereas Y,(z) is a particular integral. Let Y (z) = Y. e, where Y, is a
constant vector of length N, and X be a constant parameter, then

AY, - Y = (A-ADY, e

where I is the identity matrix of order N. Therefore Y, e** is a solution of
the homogeneous equation (8.17) if and only if Y, is a non-zero solution of
the equation

(A-AD)Y,=0. (8.18)
This is possible if and only if (A — M) is singular, that is, A satisfies

det(A — A1) =0. (8.19)
The last equation is a polynomial? of degree N with N roots Ay, Ag,..., AN

commonly called the eigenvalues of A. Each eigenvalue )\ is accompanied
by a non-zero Y,; called an eigenvector. The construction of Y. has
therefore been reduced to a matrix eigenvalue problem.

If the eigenvalues are all distinct then the corresponding N eigenvectors
are linearly independent and the complementary function is

N
Y(z) =) Yie® (8.20)
k=1

where Y, is an eigenvector corresponding to Ax. Otherwise, A has repeated
eigenvalues and the previous expression for the complementary function is

20f course, (8.19) is the auxiliary equation of the equivalent N-th order linear differen-
tial equation that would have been obtained by eliminating all unknown functions except
one, see (8.11) for the case N = 2.
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deficient. The situation is analogous to that experienced when the auxiliary
equation has repeated roots — a case discussed in detail in Sections 3.3 and
7.2. For example, if A; is a double eigenvalue of A then the contribution to
the particular integral takes the form

(Y] + Y2)eM®
where
(A-MI)Y; =0, Yi=(A-MI)Y,.

Thus Y5 is the general solution of (A — MI?Y, = 0 while Y is computed
from Y, by the formula Y; = (A — A\ I)Y,. In this instance, Y3 has two
degrees of freedom. Suppose that A has r distinct eigenvalues Aq,..., A,
with multiplicities kq,...,k, (in this instance k; = 2) then the Cayley—
Hamilton theorem states that

f[A Mk = 0.

If Z is a vector of length N whose entries 21,..., zn, are all arbitrary con-
stants then Y, may be formally represented by

fI(A—)\jI)ki} Z.

=2

Y, =

The following simple example illustrates the method.
Example 8.3 Express the equations
y1 = =5y +4y2, = —9y1 + Ty2

in matrix form and determine the eigenvalues of the system matrix. Compute
the general solution of this system of equations.

Solution 8.3 The equations have form
dY n —5 4
— =AY Y= A= .

The eigenvalues of A are solutions of

-5—-Xx 4
-9 7—A

‘=A2—2A+1=(,\—1)2=0.
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Thus A2 =1 is a double root. By calculation

(A—AI):[:S ‘é] (A—,\I)2=[8 g]

Therefore

_ |l a _ -6 4 e | _ —6¢; + 4cy
Y2“[cz]’ Yl‘[—g 6} [cz]_[—9cl+6c2

and the general solution is

Y= (zYl + Yg)ez — [ (—601 + 462):1;33: +c1e® ]

(=9c; + 6¢2)ze® + coe®
or in a more familiar format,
y1(x) = 2(2¢c2 — 3c1)ze® + c1€®,  yo(x) = 3(2c0 — 3c1)ze®™ + €. D

The calculation of particular integrals is again complicated and not de-
scribed in any detail at this point except to remark that if A is non-singular
and B(z) is a constant vector then

Y,(z) =-A"'B (8.21)

is a particular integral of (8.15) where A~! is the inverse matrix of A.

In general, there are exactly N integration constants embedded in the
arbitrariness of eigenvectors. These constants are determined for an initial
value problem by solving a system of N linear equations formed from the
initial condition Y (zo) = Y.

8.4 MATRIX EXPONENT METHOD

The notion of a matrix exponent provides a more elegant solution of the
initial value problem

dY(z) _
dz

A(z)Y(z) + B(z), Y (zo) = Yo, (8.22)

when A(z) and B(z) are prescribed matrix functions of z and not necessarily
constant. The method relies on the linearity of (8.22) and integrates the
system of equations using a matrix integrating factor.
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Let A be a N x N matrix, then the exponent of A, denoted by exp A3
is the N x N matrix defined by

A2 Ak 00 Alc
epr=I+A+T+...+F+...=;7ﬂ— (8.23)

where A2 = AA, etc. The convergence of the power series for e* for all
values of z guarantees that the series for exp A converges for all matrices A.
Some immediate consequences of the definition (8.23) are now listed.

1. The exponent of the zero N x N matrix 0 is the N x N identity matrix
I ie exp0=1

2. If A is a constant matrix then

dexp(Az) d [ Akgk = Akgh-1 _
T = (k=0 = Z TS Aexp(Az). (8.24)

3. exp A commutes with any power of A — the proof is by inspection.
4. If B commutes with A, i.e., AB = B A, then B commutes with exp A.

5. If A and B are N x N matrices then
o
expAexpB = z_: ék—

k oo_B_j_ ool n n R
!Jz:%j! _E)n! Lg(k)AB } (8.25)

The sum contained in the square brackets is (A + B)" only when A
and B are commuting matrices. Therefore, the relation

expA expB =exp(A +B) =expB expA (8.26)
holds only for commuting matrices A and B.
6. Since A and —A commute then
expAexp(—A) =exp0=1=-exp(—A)expA. (8.27)

Thus exp A has inverse exp(—A) for any matrix A.

A

3We use exp A rather than our standard notation e® as a reminder that the definition

is purely formal.
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The concept of the exponent of a matrix can now be employed to solve
(8.22). Let matrix M(z) be the solution of the matrix equation

dM(z)
dz
If Y(z) satisfies (8.22) then

=-M(z)A(z), M(zo) =1. (8.28)

dz dr | dz

By formal integration of this equation (the right-hand side contains known
functions) it follows that

dMY) _ %Y LMy M(AY +B) - (MA)Y = MB.  (8.29)

M(z)Y(z) = / " M(u)B(x) du + M(z0)Y (o)
= [ M(u)B(u)du + Yo (8.30)

where the integral of a matrix is simply the matrix of integrated elements.
Provided M(z) is non-singular for all z, then problem (8.22) has solution

Y(z) = M~ \(x) / " M(u)B(u) du + M~} (2)Yo. (8.31)

It can be shown that M(z) exists for all A and is invertible. The argument
is based on the iterative construction

M()(IE) =17 Mk+1(x) Z/ka(S)A(S)dS, k—"‘—oal)

which in turn leads to the definition

o0

M(z) = 3 (-1)¥! My(a).

k=0

It may be demonstrated that M(z) satisfies (8.28) although the details of
the argument are not pursued here.

For the special case in which A is a constant matrix, it is evident from
the properties of exp A that

M(z) = exp[—A(z — zo) ] (8.32)

and in this case, (8.22) has solution

Y(z) = : [exp A(z — u) | B(u)du + exp[A(z — z0)] Y. (8.33)

Zo
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Example 8.4 Use the matrix exponent method to determine the general
solution of the system of differential equations given in Example 8.3.

Solution 8.4 The system given in Example 8.3 has the matrix form

dY mn -5 4
— =AY Y = A= .

The general solution is therefore Y = exp(Az) C where C is a vector of two
arbitrary constants. It has already been shown that (A — I)?2 = 0. Clearly

Y =exp [(A ~-I)z + Im] C =exp [(A - I)z] exp(Iz) C

where it has been recognized that I and (A — I) are commuting matrices.
However,

© k(A _ )k
exp(Iz) =e®I, exp [(A - I)w] = Z LAICT—I)— =I+z(A-1)
k=0 '

because (A — I)¥ = 0 for k > 2. Therefore, the general solution is
Y=e"C+ze"(A-I)C
with component form
y1(z) = 2(2c2 — 3c1)z € +c1 €7, yo(z) = 3(2¢co — 3c1)ze” +co€”.

This is exactly the same solution as that determined previously. Further-
more, the choice C = Y gives a solution that would fulfil the initial condi-
tion Y(O) =Yy (With g = 0) 0

8.5 TUTORIAL EXAMPLES 8
T 8.1 Solve the initial value problem

¥i(z) = y1(z) — 2y2(2), y1(0) = ~1,
ya(z) = 3y1(z) — dya(z),  42(0) =2.

T 8.2 A primitive predator—prey model for foxes and hares assumes
that the fox population f(t) increases at a rate proportional to the size of
the hare population h(t) and is reduced by a mortality rate of ;. Similarly,
the hare population declines at a rate proportional to the size of the fox
population but is sustained by a large birth rate up (> uy). For some period
the fox and hare populations have been static at F and H respectively. A
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recent outbreak of leveret myromatosis rapidly reduced the hare popula-
tion to fraction k of its previous level thus creating an ecological imbalance.
Construct differential equations for f and h and hence deduce a second order
differential equation for h. Use this model to predict the future development
of the fox and hare populations.

T 8.3 Take the equations of Example 8.2 as a description of the initial
value problem for the trajectory of a golf ball in a resisting medium and
assume that

Re=mfe)S, Ry=m@)?

where f(v) is the magnitude of the air resistance at speed v = /72 + ¢2.
Note that v which denotes velocity elsewhere, refers to speed here and thus
v > 0.

1. If the golf ball is at (z,y) at time ¢ and is travelling at speed v(t) and
at inclination 6(t) (—7/2 < 6 < w/2 for all times t) to the horizontal,
show that the differential equations from Example 8.2 can be replaced
by the system

vcos 0

z . z(0) = 0
y = vsind y(0) = 0
v = —f('u)ggsm() v(0) = wo
0 = —"CZS 8(0) = 6.

It should be noted that this system of first order equations is non-
linear.

2. Assuming that air resistance is proportional to the speed itself, that
is, f(v) = kgv calculate the inclination of the golf ball at any time.

3. If air resistance is constant, show that the golf ball speed at trajectory
angle 6 satisfies

v*(cos §)k—1

(1 — sin )%

where v* is the speed of the ball at the top of its flight—path.

V=
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Boundary Value Problems

9.1 MOTIVATION

We consider the vibration of an elastic string stretched to tension 7" bet-
ween two fixed points which are distance ! apart as schematically shown in
Figure 9.1.

|/

N=< l

A
>

Figure 9.1: Schematic graph of the vibrations of an elastic string
of length ! with u being the vertical displacement.

Let u(z,t) be the vertical displacement of the string at point z and at time
t, then the equation of motion of the string is

ou 1 0%

=5 = 375 (9.1)

Oz c? ot
where ¢ = T/p and p is the string mass per unit length. The equation
(9.1) is a partial differential equation, or, to be more specific, a wave
equation in time and one space dimension. Partial differential equations of
this type appear often in many applications of mathematics but their general
treatment goes beyond the scope of this book.
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The full description of the problem requires the specification of initial

conditions 5 .
ueto) =rle), 2Dy (9:2)
t=to

describing the shape of the string and its velocity at time ¢ = ¢y through two
functions r(z) and s(z) respectively; and boundary conditions

u(0,t) =0, u(l,t) =0 (9.3)

describing the fixed nature of the boundary points for all times ¢.

Many partial differential equations such as (9.1) can be solved by as-
suming that the solution is a product of functions, each one depending on
only one variable, a technique commonly called separation of variables
for partial differential equations. The functional form

u(z,t) = F(z) G(t) (9.4)
satisfies (9.1) if F(z) and G(t) fulfil

d*F G,
d—$2-+aF—-0, W+CQG_O (95)

for some arbitrary constant a. In view of (9.4), the boundary conditions
(9.3) for u(z,t) are fulfilled by

F(0)=0, F({)=0. (9.6)

The first equation of (9.5) and (9.6) define a boundary value problem for
F(z), namely

F'(z) + aF(z) =0, F(0)=0, F()=0. (9.7
The general solution of the differential equation in (9.7) for a > 0 is
F(z) = Asinyaz + Beosvaz. (9.8)
Applying the boundary conditions F(0) = 0 and F(l) = 0 yields
0=B, 0=Asinval+BcosvVal — B=0, Asinyal=0.

Since B is already zero then the choice A = 0 produces only the trivial
solution F(z) = 0. A non-trivial solution (A4 # 0) emerges if and only if

sinval =0 (9.9)
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which requires that

n2m?
Vapl =nr —3 an = —p—, n=123,.... (9.10)
Thus ay,as, ... form a family of values of « such that (9.7) has a non-trivial

solution. Each value of « is called an eigenvalue, and the corresponding
expression for F'(z) is called an eigenfunction. The eigenfunctions of (9.7)
are therefore

Fo(x) =sinﬁ7;—-”3, n=1,23,... (9.11)
and the linear combination
> o nwT
F(z) = Z anFy(z) = Z an sinT (9.12)
n=1 n=1

is a general solution of the boundary value problem (9.7) for arbitrary con-
stants a,,.

Remarks 9.1

1. The physical interpretation of Fy(z) = sin(nwz/l) is that, for each
n, the function F,(z) denotes a fundamental vibration (a so—called
normal mode) of the string.

2. Problem (9.7) has the trivial solution for all values of a other than
those given by (9.10).

3. The solution (9.12) still contains arbitrary constants a,. This presents
no difficulty since F forms only part of the solution for u(z, t); equation
(9.1) with (9.2) and (9.3) has a unique solution.

4. In writing down the solution (9.8) it was assumed explicitly that the
arbitrary constant a > 0. If o < 0, expression (9.8) for F is replaced
by

F(z) = AeV=°% 4 Be~Vo2

The boundary conditions require A+ B = 0 and AeV=el L Be~vV=al —

BEA!

The determinant of this linear system has value —2sinh (y/—al), which
is never zero. Thus A = B = 0 is the only possible solution and
therefore F(z) = 0. A

1 1
evV—al o—v-al
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9.2 BOUNDARY VALUE PROBLEMS OF SECOND ORDER
A general boundary value problem of second order consists of the
differential equation

y"(z) + p(x)y'(z) + q(z)y(z) = h(z), a<z <D, (9.13)

and two boundary conditions, one specified at z = a and the other at z = b.
These boundary conditions may be of different type. They can be of the
first kind

y(a) =m, y(b) =ne, (9.14)
of the second kind
y'(a) =m, ¥'(b)=mn, (9.15)
of the third kind
ary(a) + a2y’ (a) =n1, Bry(d) + By (b) = m2, (9.16)

or they can be of periodic type

y(a) =y(b), y'(a) =y'(b) (9-17)

where a1, a2, B1, B2, M, 12 are constants. It is not difficult to see that the
first and the second kind are both special cases of the third kind.

Example 9.1 Find the positive values of A for which the boundary value
problem y” — 2y’ + (1 + A)y = 0,y(0) = 0,y(1) = 0 has non-trivial solutions.

Solution 9.1 With y = e®® we have o® — 2a + (1 + A) = 0, which yields

g =1%+/1-(1+A) =1V,

Thus the complementary function is

y(z) = Ac+V2 | Bell=ivs

or

y(z) = €*(C cos VAz + Dsin V).

The boundary conditions require

y0)=0 —  C=0,
y(1) =0 — e! (CCOS\/X+Dsin\/X) =0,
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which can only provide a non-trivial solution when
VAn = nr, n=123....
The solutions of the boundary value problem are therefore the functions
yn(z) = ky €*sinnnz, n=123,...
where k, are arbitrary constants. a

Example 9.2 Find the values of the parameter A for which the boundary
value problem y" + Ay = 0, 3'(0) =0, y(w) = 0, has non-trivial solutions.

Solution 9.2 We begin by establishing if the boundary value problem
can be solved for A = 0. For A = 0, the differential equation simplifies to
y" = 0 which has the solution y = az + b. Substitution of the two boundary
conditions shows that a = b = 0. This reduces the solution to the trivial
solutton. Therefore we have

y(z) = AsinVAz + BeosVAz, A#0.
The boundary conditions require

JO) =0  —  AVE=0,
y(r) =0 — AsinVA7r + BcosvVAm =0.

A non-trivial solution emerges only when A = 0 and cos VAm = 0. The
latter condition gives

1 3 2n—1
=535 S N = ”2 L n=1,2,3,....

The solutions of the boundary value problem are therefore provided by the
functions

yn(z) = kpcos(n—1/2)z, n=123,...

where k,, are arbitrary constants. a

Remarks 9.2 In Examples 9.1 and 9.2 we recognize again certain fea-
tures that were apparent in the motivational problem of the elastic string in
Section 9.1.

1. A non-trivial solution of the boundary value problem exists only for
specific values of the parameter A. These are the eigenvalues.
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2. The solution y,(z) of the boundary value problem corresponding to a
specific eigenvalue A, is called the eigenfunction.

3. A solution y,(z) is not unique but can be multiplied by an arbitrary
constant and still remains a solution.

4. The non-uniqueness of solutions permits a suitable choice of the ar-
bitrary constant. This procedure will be discussed in more detail in
Section 9.4. For the solution of Example 9.2, for illustration, we can
calculate

/yﬁ(z)d$=k3/ cos® (n — 1/2) zdz
0 0

k2 [$+sin(n—1/2)z cos(n—1/2)z 1™ k2w
2 n—1/2 o 2

and require that the integral equals 1. The choice k, = /2/ therefore
provides the so—called normalized eigenfunctions

yn(z) = \/_%' cos(n—1/2)z. ‘ A

9.3 STURM BOUNDARY VALUE PROBLEMS
Let L be the linear differential operator whose action on the function y is
defined by

Ly(z) = [plz)y (2)]) +qle)y(z). (9.18)
The boundary value problem, defined by

Ly(z) = h(z), a<z<b, (9.19)

Riy = a1y(a) + azy/(a) = m, (9.20)
Ryy = Bry(b) + Boy/(b) = ma, (9.21)
)

is associated with the name of the mathematician Sturm. In (9.20) and
(9.21), 7 and 7 have known values, of + o4 > 0 and 2 + $2 > 0 while
p(z) is a non—negative continuously differentiable function and ¢(z) is a
continuous function for a < z < b.

Remarks 9.3 Every differential equation of second order expressed in
the standard form y” + a;(z)y’ + a2(z)y = g(z) can be written in the form
(9.19). To see this, multiply the differential equation by p(z) = ef i@z,
It becomes clear then that p'(z) = al(x)ef a@)dz = 4 (z)p(z) and thus

py" + a1py’ + agpy = pg which can be rewritten as (py')’ + qy = h with the
identifications ¢ = ayp and h = pg. A
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Now let y1(z), y2(z) be a fundamental set of solutions of the homogeneous
version of (9.19), that is, y; and yy fulfil the boundary conditions and satisfy

~

Ly, = 0,Ly; = 0. The general solution of the inhomogeneous boundary
value problem (9.19)-(9.21) may be written in the usual form

y(z) = Ayi(z) + Bya(z) + yp(z) (9.22)

with a particular integral y,(z). The integration constants A and B are
chosen so that

Ry = ARy + BRiy2 + Ry, = m (9.23)
Ryy = ARoy; + BRyys + ngp =1y . (9.24)

These equations for A and B may be re-expressed in the matrix form
Ry R A -R
Y1 a2 _ |~ fuyp (9.25)
Ryyy  Rayo B n2 — Royp

and so the determination of A and B requires the existence and uniqueness

of the solution of a pair of simultaneous linear equations. Let D be the value
of the determinant of the matrix on the left-hand side of (9.25), i.e.,

1:21111 1:213/2
Ryy1  Rayo

(9.26)

A necessary and sufficient condition for (9.25) to have a unique solution is
that D # 0. In this case, the inhomogeneous problem (9.19)-(9.21) has a
unique solution and the corresponding homogeneous problem has only the
trivial solution.

Alternatively, if D = 0, the inhomogeneous problem does not have a
unique solution whereas the corresponding homogeneous problem can be
solved — but its solution contains an arbitrary constant.

Example 9.3  Solve the differential equation y”+y = 1 with the boundary
conditions Riy = y(0) + ¢'(0) = 0 and Ry = y(7) = 0.

Solution 9.3 The functions y;(z) = cosz and y(z) = sinz are a funda-
mental set of solutions. Thus

1?11/1 I:flyz _ 11 —1
Royr  Roye -1 0

Therefore, the inhomogeneous problem has a unique solution. Now

y(z) = ayi(z) + bya(z) + yp(z) = acosz + bsinz + 1
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where the particular integral y, = 1 is obtained by guessing. The boundary
conditions require

l+a+b = 0 a=1
l1—-a = 0 b=-2

and the required solution is therefore
y=cosz —2sinz+1.

It is checked easily that y = 0 is the only solution of the homogeneous
problem.

Consider now the differential equation y” + y = 1 as before but with the
new boundary conditions

R1y=y(0) =0, R2y=y(7r) =0.

In this case,
10
-1 0

1:{13/1 1:?1?12

=0
Ryy1  Rayo

and so the inhomogeneous problem has no solution whereas the homogeneous
problem has the solution y = C'sinz in which C is an arbitrary constant. O

9.4 THE STURM-LIOUVILLE EIGENVALUE PROBLEM
The differential equation
Ly(z) + Mr(z)y(z) =0, a<z<b (9.27)
where I is defined by (9.18) and the boundary conditions
Riy=0, Ry=0 (9.28)

form a Sturm-Liouville eigenvalue problem. The differential equation
contains the parameter A (the eigenvalue) and we assume that p, p', ¢ and
r are continuous and p >0 and r >0 fora <z <b.

Before proceeding further, the Lagrange identity is derived. Let u;(z)
and uz(z) be two functions with continuous second derivatives for a < z < b.
The Lagrange identity states that

/ab [U2(£U1)‘U1(£UQ)] dr = /ab [(PUQ)'uz—ul(pug)'] dz

= [p(u'1u2 - ulu'g)]:. (9.29)
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The result was obtained from the definition (9.18) of the operator L and
using integrating by parts. In a further specialization, the right-hand side
of (9.29) vanishes if u; and uy fulfil the boundary conditions }?iuj =0
(3,7 =1,2).

Various theorems can be proved rigorously in the theory of Sturm-
Liouville eigenvalue problems. Here it suffices to state results and provide
some guidance as to how these results are proved.

1. All the eigenvalues of the Sturm-Liouville eigenvalue problem (9.27),
(9.28) are real—valued. The proof is based on the observation that

(A= X% /abr(a:)u(:c)u*(a:) dz + /ab [w*(Lw) —u(Lu) | dz =0

where the superscript * indicates the complex conjugate. The Lagrange
identity, in combination with the boundary conditions, is now used to
establish that the second of these integrals vanishes. Therefore A = A*
since the first integral is inherently positive.

2. All the eigenvalues are simple, that is, each eigenvalue has an eigen-
function that is unique up to a constant scaling factor. The proof is
established by a contradiction argument.

3. The eigenvalues may be ordered into an unbounded sequence
A <d<A3<...< <. (9.30)
Given any M > 0, there is an integer n such that Ay > M for all k > n.

4. As the eigenvalues form an infinite sequence, there is consequently an
infinite sequence of eigenfunctions frequently denoted by ¢, (z).

5. Two eigenfunctions ¢;(z) and ¢, (z) corresponding to distinct eigenval-
ues A; and A respectively of the Sturm-Liouville eigenvalue problem
are orthogonal in the sense that

b
[ r@s@s@iz =0, £k, (9.31)

The proof uses the Lagrange identity (9.29) with u; identified with
qASj and uy identified with ¢;. By definition, L ¢; + Ajr¢; = 0 and
L+ Aergpe = 0.

6. The eigenfunctions ¢, can be normalized by the requirement that

/br(z)gbﬁ(x)dx =1, n=123,.... (9.32)
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Based on (9.31) and (9.32), the eigenfunctions ¢,(z), n = 1,2,3,...
are said to form an orthonormal set.

Let y(z) be a function that obeys the two boundary conditions (9.28),
Ry = Ryy = 0 and assume that y and y' are piecewise continuous, then
y(z) can be expanded in terms of the normalized eigenfunctions ¢, (z) in the
form

00 b
=Y antale),  an= [ r@n@ly@)dz.  (933)
n=1 a

The determination of a, uses the orthonormal properties of the set of eigen-
functions ¢,(z) and follows from the calculation

[ @@ f: axbi() do
= Zak/ T)¢n(z) dz

The only non-zero integral in this summation occurs when n = k: all other
integrals in the summation vanish due to the orthogonal properties of the
set of eigenfunctions ¢y, (z).

Now is a good time to reassess the introductory problem — the elastic
string. After separation of variables, it was found in (9.7) that

b
| r@)en(z)pla) do

F'(z)+ aF(x) =0, F(@0)=F(l)=0.

Clearly a, = (nm/l)? are the eigenvalues and F,(z) = sin(nmz/l) are
the corresponding eigenfunctions. The normalized eigenfunctions are given
by ¢n(z) = AnFn(z) where A, is to be found. In terms of a Sturm-
Liouville eigenvalue problem, the string problem corresponds to the special
case 7(z) = 1. Thus A,, the normalizing coefficient, is obtained from the
condition

/lr(m)¢n(:c)d>n( )dz = A2 / sin Zz—l—dx =1. (9.34)
0

Using the trigonometric identity 2sin?6 = 1 — cos 26, standard methods of

integration yield

A%l
2

A?
1=2n 0(1—

: ﬂx)dmz

n
l
from which it follows that A, = \/2/l. Therefore

(9.35)

nmwxr

2
dn(z) = \/; sin—l—, n=123,... (9.36)
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form a normalized set of eigenfunctions for the string problem. A function
y(z) satisfying y(0) = y(I) = 0 can now be expanded into

> 2 & nwT
( ) = n¢n ) =\/7 n SID —— 9.37
y(z n2=:1a (z \/anla sin — (9.37)
an = \/? /Ol y(z) sin ZL%{ dz. (9.38)

The series (9.37) converges everywhere if y(z) is a continuous function. Ex-
pansions of the type (9.37), (9.38) are closely related to the concept of Fourier
series.

Example 9.4 Find the eigenvalues and eigenfunctions of the boundary
value problem y” + Ay =0, y(0) =0, ¥'(1) +y(1) =0.

Solution 9.4 The character of the equation depends on the value of A.
There are four different cases to be considered.

1. X = 0. It follows immediately that y(z) = c¢;z + co. Applying the
boundary conditions leads to c; = 0 and 2¢; + ¢ = 0 which can only
be fulfilled for ¢; = ¢ = 0 and therefore only the trivial solution exists.

2. X > 0. In this case

y(z) = c1sinVAz + cycos VAz
— '(z) = iV Acos VAz — cpVAsinVAz.

The first boundary condition requires that 0 = c¢p. Taking this into
account, the second boundary condition reduces to

cl\/Xcosx/X+cl sinvVA=0.
Since ¢ = 0 then ¢; must be non—zero for a non-trivial solution. Thus

\/XCOS\/X-FSin\/X:O — \/:\_=-—tan\/x.

This is a transcendental equation and can only be solved approx-
imately using numerical or graphical means. From Figure 9.2, it can
be seen that

VAL~ 2.0 — A ~40

VA2 = 4.5 — A2 =203

\//\nz(n—%)w — /\nz(n—%)zﬂ2, n=3.4,....
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3//}

A

Figure 9.2: Graphical solution of VX = —tanv/X with the first
three non-trivial roots, /A1, v A2, v A3 indicated.

The unnormalized eigenfunctions are

Yn(z) = kpsiny/Anz, n=123,....

3. A<0. Let o = —A then p > 0 and

y(z) = ey sinh\/pz + cacosh\/pz.

Again, the first boundary condition requires c; = 0 while the second
boundary condition leads to the relation

Vi = —tanh /L.

Figure 9.3 shows that no eigenvalues exist for 4 > 0 and thus only the
trivial solution remains.

4. If X\ is complex—valued, the trivial solution ¥y = 0 is the only possible
solution because this boundary value problem is a Sturm-Liouville
eigenvalue problem in which all eigenvalues must be real-valued. O
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Yy 4 y= Vi

e T

Figure 9.3: Graphical solution of \/u = —tanh,/u. Only the
trivial solution exists.

9.5 INHOMOGENEOUS EIGENVALUE PROBLEMS

Inhomogeneous Sturm-Liouville eigenvalue problems are of the type

Ly(z) + pr(z)y(z) = f(z), a<z<b (9.39)

where the differential operator L is again given by (9.18) with the boundary
conditions ) )
Rly = 0, ng =0. (940)

Our aim here is to obtain a solution of (9.39), (9.40) in terms of an eigen-
function expansion. For that purpose, we first solve the homogeneous
Sturm-Liouville eigenvalue problem and obtain the eigenvalues A, and the
normalized eigenfunctions ¢, (z) such that

L ¢a(z) + Aar(2)pn(z) =0,  Rign(z) = Ragu(z) =0 (9.41)
with

0 m#£n

[ @ (@pma) ds = { 1 (942)

m=n.

Next, we multiply both sides of (9.39) by ¢,(x) and integrate from a to b to
obtain

b b
[ [Ev@14al@) + uri@iu@in(a)] do = [ f@pu(z)de. (043

Using the definition (9.18) of L we obtain by using integration by parts

/ab f¢n dr = /ab [ (py/)/ ¢n + qyd)n N l”‘qun] iz
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b
= [py'én]’ +/a [(—py'¢h) + qyén + prydn] dz

= [p¥'én —yd))] +/ (pgh) +q¢n+ur¢n]dx

Using the fact that the eigenfunctions ¢, satisfy (9.41) and y satisfies the
boundary conditions (9.40), the last relation reduces to

b b
(s=2) [ r@@)ta@ds = [ f@)n(a)ds.  (0.49)
Suppose now that

=Y budu(2) (9.45)
n=1

is the expansion of y(z) in terms of the eigenfunctions ¢,(z). Substitution
of (9.45) into (9.44) yields [upon exploitation of the orthonormality rela-
tions (9.42)]

(= An) bn = cn (9.46)
where we have defined
b
en= [ $(@)pn(a)dz. (9.47)
a
We therefore obtain the particular integral in its final form as per
o
y(@) = 3 =5 $ala). (9.48)
n= 1“

It is clear that the solution (9.48) is valid only if u is not an eigenvalue
of the homogeneous Sturm-Liouville eigenvalue problem, that is, 4 # Ay,
n=123,...

If, however, u = Ay for some integer k then (9.46) requires that

b
cp = / f(z)di(z)dz = 0. (9.49)

This last relation is a consistency condition and is called the orthogonality
condition. As a consequence of this requirement, the solution is no longer
unique because the coefficient by in the expansion (9.48) of y(z) remains
arbitrary.

Summary: The inhomogeneous Sturm-Liouville eigenvalue problem de-
fined by (9.39), (9.40) has a unique solution for every continuous function
f(z) provided p is not an eigenvalue of the corresponding homogeneous
Sturm-Liouville eigenvalue problem. The solution (9.48) converges uni-
formly for every continuous function f(z).
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Example 9.5 Solve the inhomogeneous boundary value problem

222
Y +y=-z+—, y(0)=0, y(1)+4(1)=0 (9.50)
as an eigenfunction expansion in terms of the eigenfunctions of the corre-
sponding homogeneous Sturm-Liouville eigenvalue problem and by a direct

method. Compare the two solutions.

Solution 9.5 In order to find the desired expansion for y(z), it is first nec-
essary to find the eigenfunctions ¢, (z) of the corresponding Sturm-Liouville
eigenvalue problem

"(@) + Andn(z) =0,  ¢n(0) =0, n(l) +¢(1) =0.

The normalized eigenfunctions corresponding to eigenvalues A, are (compare
with Example 9.4)

dn(z) = Apsiny/ Az, VaAn = —tan VA,

where the normalization constant is A, = \/2/(1 + cos? v/ An). With u = 2,
we have from (9.48)

y(z) = Y 55 dala)

n=1

where
' : 2 21
Cn = / F(@)¢n(z) dz = / (—:c + g—) Apsinydpzds = An(_11+_§2) ,
0 0
The two integrals I; and I can be evaluated as

1 sinvAz zcosvVALz !
L = / rsiny A, zdz = Ll i
1 0 n |: )\n ,—-—/\n .

sin vn N cos vV, B 2cos v,
An Via Vi,

the last step arising by substituting /A, = —tan/\,. Further

1
L, = /:L'2 sin v/ Apzdzx

0

2z . z? 2
[x sinv A,z — ( — AnM) cos \/ Anm]

1
0

3
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2sin v, 1
i vl (v o) SN e
= /\n\l/)‘_n[%/xsin\/x—(/\n-—Z)cosm—Z]
1

= T [(2—3An)cosm~2] .

Putting the two terms together gives

N (e 8)

= 3)‘2;1/__[% cos\/_—f- 2 -3\ cos\/_ ]
44,
= -1
T (cos VAn — 1)
The solution is
X 2 4(1 —cos/A
R R CEDY (A —cosvha) 4 4 ()

3>\n\/_n(An - 2)

Iy (1 - cos \/— .
= - zzj n\/___(/\n T (1 F cot V) sinvpz.  (9.51)

Alternatively, this inhomogeneous boundary value problem can be solved
directly by determining the complementary function and a particular inte-
gral. The complementary function is y.(z) = Acosv2z + Bsinv2z. B

calculating
R1y1 Rlyz

=sin V2 2+ ﬁcos V2 0,
Ry Roys 2#

the inhomogeneous problem is seen to have a unique solution. The general
solution is therefore

y(z) = AcosV2z + BsinV2z + yp(z)

where the particular integral y, can be obtained (by using the method of
undetermined coefficients) in the form y, = a + bz + cz2. It is found that
a=-1/3,b=-1/2, c=1/3 and so the general solution is

2

1
y:Acosﬁx+Bsin\/§x—§—;.+ T
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The integration constants A and B follow from the requirement that the
particular solution must satisfy the boundary conditions. We obtain

A:l B_1+\/§sm\/§—c03\/§.

3’ "~ 3(sinv2 + V2 cos v2)

Finally,

2

1 2 =
COS\/__ N +\/—Sln\/_ COS\/— \/—x _g.-{-a—;— (952)

3(sin v2 + V2 cos \/_

The two solutions (9.51) and (9.52) appear very different from each other:
(9.51) is an infinite series whereas (9.52) is a finite expression involving
a polynomial of order two and two trigonometric terms. Both solutions
are equally valid and represent the same function; the infinite series (9.51)
converges uniformly for all values 0 < z < 1. a

y(z) =

Remarks 9.4 This section closes with a few stricter observations about
the mathematical nature of eigenfunction expansions. Of particular interest
are the conditions under which a function has an eigenfunction expansion,
and the convergence properties of such an expansion when it exists. An
important theorem in the theory of Sturm-Liouville eigenvalue problems is:

e A function f(z) which is piecewise continuous and which has a piece-
wise continuous derivative can be expanded in terms of the eigenfunc-
tions of the Sturm-Liouville eigenvalue problem (9.27) and (9.28) over
a given interval a < z < b. At each point of the open intervala < z < b
the expansion (with coefficients calculated as described earlier) con-
verges to

% lim [£(z + h) + f(z — h)]

This theorem identifies an important point in the theory of eigenfunction

expansions that arises when a function y(z) is expanded in terms of the

normalized eigenfunctions ¢, of a Sturm-Liouville eigenvalue problem in
which y(z) and ¢,(z) fulfil different boundary conditions. Formally, one
can still write

00 b
=3 batn(z), bp= / r(z)y(z) ¢n(z) dz
n=1 @

and the series will converge at all points of the interval a < = < b for a
continuous function y(z). At the boundary points z = a and = = b, however,
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it is clearly impossible to achieve convergence if y and the eigenfunctions
satisfy different boundary conditions.

To provide evidence of this difficulty, consider the expansion of y(z) = z
in terms of the normalized eigenfunctions ¢ (z) = V2sin(nnz) of ¢"+A¢p = 0
with ¢(0) = ¢(1) = 0. The formal result is

_2 Z 1)) ysin(nmz) . (9.53)

n

Convergence of the eigenfunction expansion (9.53) can be expected for all
values of z € [0,1) because at the boundary point z = 0 the function y and
all the eigenfunctions ¢, are zero. At the boundary point z = 1 however,
the expansion of y in terms of ¢, forces an incorrect boundary value on y;
the closer the independent variable z gets to 1, the more will the value of y,
as calculated from the expansion, deviate from its actual value. Thus, near
z = 1 the partial sums of (9.53) provide a very poor representation of y.
Figure 9.4 illustrates the graph of y(z) = z together with the approxima-
tion to z derived by truncating the eigenvalue expansion (9.53) after 1 and
10 terms (in the left part of the figure) and 1 and 50 terms (in the right part
of the figure). This type of fluctuating behaviour is known as the Gibbs
phenomenon. At a point of discontinuity, the oscillations accompanying
the Gibbs phenomenon have an overshoot of approximately 18% of the amp-
litude of the discontinuity. As n, the number of eigenfunctions included in

Y
Y

—
1 1
Figure 9.4: Graphs of y(z) = z (dashed line) compared with
approximations of the infinite sum truncated after 1, 10, 50 terms.
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the series is increased, the non-uniform nature of the convergence ensures
that the Gibbs oscillations are merely telescoped towards the discontinuity
at a rate proportional to 1/n, but never vanish. A

9.6 TUTORIAL EXAMPLES 9

T 9.1 Find the eigenvalues and eigenfunctions of the boundary value prob-
lem y"(z) + Ay(z) = 0, y(0) = 0, y/(1) = 0.

T 9.2 Find the eigenvalues and eigenfunctions of the boundary value prob-
lem y"(2) + My(z) =0, y'(0) =0, /(1) = 0.

T 9.3 Find eigenvalues and eigenfunctions of the boundary value problem
y'(z) + My(z) =0, ¢'(0)=0, y(1)+4(1)=0.

Establish if A = 0 is an eigenvalue. Find an approximate value for the
eigenvalue of smallest value. Estimate ), for large values of n.

T 9.4 Determine real-valued eigenvalues of the boundary value problem
y'(z) + (A + 1)y (z) + Xy(z) =0,  ¢(0)=0, y(1)=0,
if any exist, and the form of the corresponding eigenfunction(s).
T 9.5 Solve the eigenvalue problem
s(zy) + =0, ¢(1)=0, y()=0
for y(z) and obtain the eigenfunctions.
T 9.6 Solve the inhomogeneous Sturm-Liouville boundary value problem

y"(z) + 9y(z) = cos z, 0<z<m/4,
y'(0) =0, y(x/4)+y'(r/4) =0.

Does it have a unique solution? If yes, obtain the solution in two ways.
Firstly, find the eigenvalues ), (establish if A = 0 is an eigenvalue) and
normalized eigenfunctions ¢,(z) of the corresponding homogeneous Sturm-
Liouville eigenvalue problem. Expand y(z) in terms of the eigenfunctions
én(z). Secondly, solve the problem directly and compare the two solutions.
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Calculus of Variations

10.1 INTRODUCTION

Variable quantities called functionals play an important role in many prob-
lems of mathematics. A functional is a relationship which assigns a number
to each function (or curve) belonging to some function class (for example,
the space of continuously differentiable functions in the interval a < z < b).
In effect, a functional is a relation in which the variable is a function. This
idea is first illustrated with some historical applications.

10.2 HISTORICAL PROBLEMS
The Brachistochrone

This problem was originally posed by Johann Bernoulli in the late 17th
century as a challenge to contemporary mathematicians and particularly his
brother Jakob. He asked the question: given two fized points A(z4,y4) and
B(zp,yp) in a vertical plane, along what continuously differentiable curve
joining A and B in the plane must a particle of mass m move under constant
gravity to minimize the transit time? The geometry of this problem is shown
in Figure 10.1.

Let y(z) be any continuously differentiable curve joining A and B and
let P be the point (z,y), then conservation of energy yields

1 1

—2—mv2+mgy = -2-m'u?4 + mgya (10.1)
where v is the particle speed at P, vy is the initial speed of the particle at
A and g is the gravitational acceleration. Hence

v =/v]+29(ya — ). (10.2)
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A A(za,ya)

B(!L‘B, yB)

N
7 T

Figure 10.1: The Brachistochrone problem. Paths from A to B
with constant force of gravity in the negative y direction.

In terms of the arc length of this curve,

ds dsdzx dx
= e—— = e——— 12 —_—
VT dt T drdt V@ (103)
and hence
dr _ [v} +29(ya-v)
— = . 10.4
Let 7 be the transit time from A to B, then we have
B 1+ y12
) /zA \/vfx +2g(ya — y) (10.5)

The transit time is thus a functional of y(z) and should be minimized subject
to the conditions y(z4) = ya, y(zp) = yp. In the classical problem, the
particle is released from rest and the solution is part of a cycloid.

The hanging chain

The problem is to find the shape of an inextensible chain of fized length !
suspended between two fized points A(z4,y4) and B(zg,yp) in a constant
gravitational field as shown in Figure 10.2. The idea is that the adopted
configuration of the chain minimizes the chain’s potential energy.

The potential energy of a section of the chain of length ds at point
(z,y) is pgyds where p(z) is the linear density of the chain. Hence the
potential energy of the entire chain is

l IR
V(y) = /0 pgy-ds = / pgyy/1+y? dz (10.6)
TA
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A A(za,ya)

B(xBayB)

Y
]

Figure 10.2: The hanging chain.

where y(z) must also satisfy the length constraint

T
l=/ " V1+y%de. (10.7)
TA

The potential energy V is therefore a functional of y and should be minimized
subject to the length constraint. Chains of uniform linear density — for
example, power cables between pylons — adopt the catenary shape.

The isoperimetric problem

This problem was first posed by the ancient Greeks and involves finding the
curve of given length ! which encloses maximum area and passes through
two fized points A(z4,y4) and B(zg,yB), see Figure 10.3.

The task is find a function y(z) that maximizes

Aly) = /x ” ydz (10.8)

subject to the constraint

B
z:/ V1+y?dz. (10.9)
TA

The area is again a constrained functional of y.

A variant of this problem occurs when the point B is not fixed but is al-
lowed to travel along a given curve g(z). This gives rise to a transversality
condition for the location of B. Such problems will not be considered here.
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A(za,y4)

Figure 10.3: The isoperimetric problem.

The geodesic problem

This is the problem of finding the shortest distance between two fized points
in a region (for example, on a surface or through space-time) given a mea-
sure or metric indicating how distance should be measured between para-
metrically adjacent points. The simplest geodesic problem is to find the
shortest plane curve between two fixed points A(z4,y4) and B(zp,yg), that

is, minimize
B
S(y) = / V1+y?de (10.10)
TA

where y(z4) = y4 and y(zp) = yp. Of course, the answer is just a straight
line segment joining A and B.

10.3 THE EULER EQUATION

The historical problems from the previous section are particular instances of
the general functional

b
I(y) =/a f(z,y,y) dz (10.11)

where, in a typical unconstrained problem, the value of y is specified at
z = a and ¢ = b, that is,

y(a) =va,  y(b)=us. (10.12)

If I(y) has a maximum or minimum, its value may well depend on the pro-
perties of the space of admissible functions — enlarging this space tends
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. to increase a maximum and decrease a minimum. Assume that y is a
member of the set of continuously differentiable functions over the inter-
val (a,b) satisfying y(a) = ya, y(b) = y». Suppose that I(y) has its maxi-
mum/minimum value when y(z) = n(z) and let h(z) be any continuously
differentiable function over the interval (a, b) satisfying h(a) = h(b) = 0, then
y(z) = n(z) + eh(z) satisfies the boundary conditions at £ = @ and z = b.
Furthermore, I(n+ eh) = I(¢) is a function of € with a maximum/minimum
turning value at ¢ = 0. Thus I'(0) = 0 (the prime denotes differentiation
with respect to €) for any suitable function h.

In particular, if 7”(0) > 0 then y(z) = n(z) gives normally a minimum
value for I(y) whereas if I”(0) < 0 leads normally to a maximum value for
the functional when y(z) = n(z). One can not be too strict about these
claims because of the simplistic nature of the assumed functional variation
about y(z) = n(z). The stated condition is necessary but not sufficient to
ensure that the extremum is a minimum or maximum, unlike its counterpart
for a single variable.

Hence

In+eh)=1I(e) = /bf(x,n+ eh,n’ +eh')dz, (10.13)

dI b ,

= =/ (fuh + fyh') dz, (10.14)
d’T b

a = | (fuh® + 26 b + £y h) do, (10.15)

where all partial derivatives are evaluated at y =1+ ¢h, and y' = 5’ + eh’.
In particular,

/ab (foh+ fyh') dz = /;bfnhd:z-i— [f,,rh]f’1 —/ab [;;(fff)] hdz
= /ab [fn - Edz(fnf)] hdr = /:) a(z)h(z) dz (10.16)

since h(a) = h(b) = 0 and where a(z) was just introduced as a short-
hand notation. The reader may recall that I’'(0) = 0 is a requirement for
stationary values of I(y). Suppose a(z) # 0, say positive, at some point of
the interval [a,b]. There exists an interval [c,d] C [a, b] over which a(z) > 0.
Take

1'(0)

_ ) (z=c(d—1) € [e,d]
h(-’”)“{ ’ C() * ie[Z,b]—[c,d]

then

b d
/a a(z)h(z) dz = / a(z)(z = ¢)(d - z)dz > 0
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which is a contradiction. Hence a necessary condition for I(y) to have a
maximum/minimum value is that n(z) satisfies the differential equation

af d [Of\
T-% (b_y") —0 (10.17)

and the boundary conditions n(a) = y,, 7(b) = ys. Equation (10.17) is called
the Euler equation! for the functional I(y). A similar argument applies
to a minimum. A solution of the Euler equation is called an extremal and
the value of the functional on an extremal curve [often denoted by yo(z)] is
called an extremum. In the vocabulary of functions of a single variable,
an eztremal is the equivalent of a stationary point and an eztremum is the
equivalent of the associated stationary value. For the type of functional
defined in (10.11), the Euler equation is a differential equation of second
order.

Remarks 10.1

1. Suppose that y = y(z) has continuous first derivative and satisfies the
Euler equation (10.17). If f(z,y,y’) has continuous first and second
order derivatives with respect to all its arguments, then y(z) has a
continuous second derivative wherever f,,» # 0. We do not prove this
result but it serves notice that continuously differentiable extremals
may not have continuous curvature.

2. A similar argument can be applied to the general functional

b
1) = [ f@uyys .y da
a
where y(z) satisfies the boundary conditions

y(a) = AO, y,(a) = Al’ y”(a) = A2) ey y(n—l)(a’) = An—la
y(b) = 307 y,(b) = Bla y”(b) = BQ’ LR y(n_l)(b) = Bn—l .

Here the extremals of I(y) are solutions of the Euler equation

of _d if_) _‘1_2_(@1) - n_dl<6f )_
dy dx <8y’ T2 oy" ot (1) dzm \ oy(») =0

which is a differential equation of order 2n. A

Tt will be consistently referred to as the Euler equation to avoid any confusion with
Euler’s differential equation or differential equations of Euler’s type treated in Section 4.6.
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10.4 SUFFICIENT CONDITIONS

For the vast majority of applications, the nature of the extremum is con-
trolled by the properties of

_ b
7"(0) = / anh® + 2fg b + ') de (10.18)

which follows from (10.15) by setting ¢ = 0. We let h be any non-zero
continuously differentiable function satisfying h(a) = h(b) = 0. Whenever
I"(0) > 0 for all admissible h, then the extremum is a minimum and
whenever I"(0) < 0 for all admissible h, then the extremum is a maximum,
otherwise it is indeterminate.

(a) If the integrand of (10.18) is a positive/negative definite quadratic form
in h and A’ then a conclusion can be drawn immediately.

(b) Assuming suitable differentiability conditions on 7 and all the functions
appearing in the integral expression for T”(0), we have

/ab2f,mfhh'dx = [fyrh? - / { di (fm)]hz d
|

= [ [t

77(0) = /ab [ (f,,,, - d%f,,,,,> B 4 f,,:,,:h’2] dz. (10.19)

and so

As previously, a conclusion can be drawn depending on the nature of
the coefficients of this integrand. Formula (10.19) provides another
version of (10.18).

10.5 SPECIALIZATIONS OF THE EULER EQUATION

Dependent on the form of f(z,y,%'), three special cases exist in which the
problem of finding extrema is significantly simplified.

Case 1 — missing y. Suppose that f does not contain y explicitly. In this
event the functional is

b
= /; f(z,y) dz (10.20)

and the Euler equation is

d (97\ of
- (%) -0 —  g-c (10.21)
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where C is a constant. Hence the Euler equation is reduced to an algebraic
equation for y' in terms of z which can be solved by quadrature.

Case 2 — missing x. Suppose that f does not contain z explicitly. In
this event the functional is

b
I(y) = /a fy.y) dz. (10.22)

Functionals of this type occur often in physical problems. If f satisfies the
Euler equation (10.17) then

. d
fyyl + fy’ y” - y"fy’ -y ZL‘- (fy’)

y' {fy - %(fy')] =0. (10.23)

d ,
a;(f"yfy’)

Hence the Euler equation has first integral
f-yfy=C (10.24)

where C is a constant. This is now an algebraic equation for 3’ in terms of
y and once again quadrature leads to the solution.

Case 3 — missing y’. Suppose that f does not contain y' explicitly. In
this event the functional is

b
I(y) = /a f(z,y)dz (10.25)

and the Euler equation is f, = 0 which is an implicit relationship for y
in terms of z. Here no arbitrary constants arise since no integration is
performed and so it remains to check that the boundary conditions at z = a
and z = b are satisfied.

10.6 SELECTED VARIATIONAL PROBLEMS

Example 10.1 Find the extremal and the extremum of the functional

8 dy\? 22
for which y(1) = 1 and y(8) = 4.

Solution 10.1 Clearly f, = —4y/z? and f, = 18y’ leading to the Euler

equation

dzy
92%—= + 2y = 0.
T ) + 2y
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This is a differential equation of Euler’s type (see Section 4.6) and has solu-
tions of the form z* where

MNA-1+2=0 — (A=-1/3)(A-2/3) =0 — A1 =1/3, X2 =2/3.
Therefore the Euler equation has general solution
y(z) = Az'/3 4 Bg?3

where A and B are constants to be fixed by the requirements y(1) = 1 and
y(8) = 4. Hence

y(l) = 1 — A+B=1

y8 = 4 — 24+4B =4 — A=0,B=1.

Thus, the extremal curve is yo(z) = £%/3. The extremum is calculated to be

8 2 2 43
2/3) _ S.-13Y) o
I(z )_/1 [9<3x ) 2$2}dm
8 8
=/ 207 dz = 2 [32'°] = 6. 0
1 1

Example 10.2 Solve a Brachistochrone problem assuming that the par-
ticle starts from rest at (—a,y,) and falls to the origin (a > 0, y, > 0).

Solution 10.2 The time taken to traverse a path from (—a,ys) to (0,0)
starting from rest appears as a specialization of (10.5) upon setting 4 = 0,
zp = —a, ya = 0, yB = Ya, v4 = 0. The functional to be minimized is

_ 0 1+y/2 B _
T(y)—/_a mdiﬂ, y(—a) =yq,, y(0)=0.

This functional is covered by Case 2 in Section 10.5 where z is missing from
f and so the Euler equation has first integral, see (10.24),

,2 yly’ 1 I2
V1i+y _\ﬂ = ﬁ_y=0 —  We-yl+y)=A
+y e

where A is a constant. Let w = y, — y then the previous equation can be
reformulated as

w(l + w?) =A — w' = , w(—a)=0, w(0) =y,.
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Now let w = Asin® 6 for a new dependent variable 8 so that

, _dwdd  [A-—Asin’6 de .
== e = cot — d0—2Asm 0.

w

This equation can be integrated to find z(6) and leads to the solution
z=—a+ A(0 — sinf cosb), y =y, — Asin? 0

where the arbitrary constant A is to be found from the condition that this
parametric curve passes through the origin. Note that when 6 = 0, the
specified curve automatically passes through the starting point (—a,y,). Let
the origin correspond to § = a (> 0), then A and « are determined from the
relations

~a+ A(a —sinacosa) =0, Yo = Asin o

The constant A can be eliminated between these equations so that « satisfies
the transcendental equation

2

Yol — sinacosa) —asin“a=0.
Further, the extremal time is
0 1 12 a 2 2
T:/ Y _gp= [ )2 g
-a ¥ 29(ya — y) o V29(ya—)

with the short-hand notation x4 = dz/df and yy = dy/df. Now
3 +y2 = 4A%sin? 0 + 44% sin? O cos? 0 = 4A2 sin? 0,

and so the extremal time becomes

o [4A2?sin’ 0 2A e «
T = / g dl =y —a=/— —. 0
o V 2gAsin“é g g sina

Remarks 10.2 The solution to Example 10.2 is part of an inverted cy-
cloid. Consider a wheel of radius a rolling along a horizontal surface. Mark
a point on the rim of this wheel and take § to be the angle between the
vertical direction and the mark, subtended at the centre of the wheel. The
marked point traces out a cycloid as the wheel rolls along. A

Example 10.3 Find the extremal of the functional

1
10) = [ #eo-y)ds,  y-n=0, y1)=1.
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Solution 10.3 Here f,,y = —2y2 and this could be zero and so there is
no reason to believe that in this case y” should be continuous in the interval
[—1,1]. Indeed it can be seen that the extremum value is zero and is attained
with extremal

(z) = 0 -1<z<0
y z? 0<z<1
Of course, the Euler equation still applies and is satisfied. 0

Example 10.4 Of all the curves which join two fixed points with given

coordinates (zg, yo) and (z1,y), find the one which generates the surface of
minimum area when revolved about the = axis.

Solution 10.4 The area of the surface of revolution is

I(y) =27r/ ly\/l-i-y’2d:1:
<o

which has first integral

/ v'y'y y
f—y,fy’zy 1+y12______:A — \/—ﬁZA
2

Ad
_+y’2:y——1——>/dm= Y —->x+a=Acosh“1y—.

A2 /4% — A2 A

Thus the extremal curves are arcs of the catenary

y(z) = A cosh (:1; :Z a)

where the integration constants a and A are determined by the conditions
y(zo) = yo, y(z1) = y1. Of course, given any pair of points, there is no
guarantee that it is possible to find real values for a and A such that the
catenary passes through the given points. Indeed it is clear from f/,s that
not all extremals need have continuous second derivatives. There are three
cases to consider.

(a) If a single catenary can be drawn through the two fixed points then it
represents the solution to the problem.

(b) If two extremals can be drawn through the given points then one of
these is the solution to the problem.
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(c) If no single catenary passes through both points then the extremal is
formed from the union of catenaries and straight line segments. Cal-
culus of variations provides criteria (so—called Weierstrass—Erdmann
corner conditions) which determine how the component curves are con-
nected to form a full solution. a

Example 10.5 Prove that

1 11
I0)= [ W+ +2e ) do > 2 (- 1)
0

where the extremum is calculated over the class of continuously differentiable
functions satisfying y(0) = 1/3, y(1) = €2/3.

Solution 10.5 The Euler equation of this functional is
2z

Y —y=e** — y(z) = Ae® + Be™® + %—.

The boundary conditions are satisfied with A = B = 0 and so the extremal
curve is yo(z) = €**/3. The extremum value is

1 (4elr el 9tz 11 1 11
= U, dr = — 4$d ——— 4 .
I(yo) /0 ( 9 + + 3 T 9 /0 e Tdz 36 (e 1)

In order to establish that the extremum is a minimum we try a direct route
instead of using one of the criteria (10.18) or (10.19) and consider

1
Iyo+h) = Two) = [ [(h-+A)2+ (o + 1) + 2% (3o + b)
e
1 1
= / (W' + h?) dz + é/ (e%h’ + 2e2zh) dz
0 3 Jo
1 4 1
:/ (W + W) da+ < [h]) [h(0) = h(1) = 0]
0 3 0
1
:/ (A% + h?) dz > 0
0
with equality if and only if h = 0. This proves the original inequality. a

10.7 CONSTRAINED EXTREMA

The introduction cited examples where one functional is minimized or ma-
ximized while another is constrained. For example, for the hanging chain of
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fixed length, the gravitational potential energy is minimized while the length
remains fixed. Problems of that type lead to constrained extrema.
Consider the functional

b
I(y) = /a f(z,y,9) dz (10.26)

where the admissible curves y(z) satisfy

b
y(@) =va,  y(b)=m, ﬂw=Ag@%wﬂ=K (10.27)

and J(y) is another functional and K a constant. Let I(y) have extremal
curve 7(z) then there exists a constant ), called a Lagrange multiplier,
such that y = n(z) is an extremal of the functional

b b
19) = [ Fewy)da= [ [f@u) + do@yy)]de (1028)

that is, y = n(z) satisfies the Euler equation
OF d (OF
oy ds (a_y')
and the conditions (10.27).

To provide some justification for this result, suppose that y = n(z) is
the extremum and consider I(n + ch + ah,) where € and « are real numbers
and h, h; are any two differentiable functions of z which are zero at z = a
and z = b. Moreover J(n + ¢h + ah;) = K and this condition effectively
defines o as a function of ¢, that is, @ = a(e). Also, a(0) = 0. Henceforth
I(n + eh + ah;) = V(¢) and a necessary condition for y = n(z) to be an
extremal of I(y) is that V'(0) = 0. Since

=0 (10.29)

b
/ g(z,n +eh + ale)hy,n’ +eh’ + a(e)h’l) dr = K,

differentiation with respect to € yields

b da da
/a (gyh +gyhy o=+ gyh' + gy by E) dz =0

where the partial derivatives of g are evaluated at y = n + eh + a(e)h, and
y' =n' +eh' + a(e)h). In particular,

b
/ (gyh + gy:h') dz
a

-~ T T
e=0 / (gyh1 + gyhl) dz
a

éﬂ
de
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where all partial derivatives are now evaluated at y = 7(z) and y' = r/(z).

Hence
dI d [
e / f z,n+eh+ ale)hy,n' +eb' + a(e)h'l) dz

/(fyh+fyh1d + fy b+ fy ’Z—‘;-> dz

/(fyh+fyh’)dz+(2—a (fyh1+fy 1) dz

b
h
:/b(fyh+fy,hr)dm_ /%(gy +gyh
a /a (gyhl + gy B )da:

Now choose any suitable function h;(z) satisfying hq(a) = hy(b) = 0, then
from the previous expression for T'(¢), it follows immediately that

/ fyha + fy 1) da.

I'(0) = /ab(f,,h-i-f,,, h') dac+)\/ab(g,,h+g,,, h') dz

where A is a constant and denotes the ratio

/b(f,,hl t o 1) da
ab .
/a (gnh1 + gy hll) dr

Since I’(0) = 0 is a necessary condition for an extremal of I then it follows by
the usual argument, see (10.16) in the unconstrained case, that F = f + \g
is now a solution of the Euler equation (10.29).

A=-—

Remarks 10.3

1. If only one constraint is imposed, there is only one Lagrange multiplier
A. More constraints can be incorporated into the problem provided
a corresponding Lagrange multiplier is introduced for each extra con-
straint.

2. For one constraint there are three constants to be determined, namely
A and two constants of integration, and these are determined from
the two boundary conditions and the integral constraint. Clearly each
additional constraint introduces a further Lagrange multiplier which
is in turn determined by the integral constraint. A
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Example 10.6 Consider the curve y = 7(z) of length /2 which joins
the points A(0,2) and B(1,3). Show that to give an extremum of the area
enclosed by the curve, the line z = 1 and the z and y axes, the curve
necessarily has constant curvature, say k.

Without solving the Euler equation, show that

1 1 p2

for any function h(z) satisfying h(0) = h{1) = 0. Hence find the extremum
values for I(n) and the corresponding extremal curves.

Solution 10.6 Here

1 1 T
I =/ dz, J :/\h+0d=—.
(v) , vz (v) A y?dz =

Construct F' = y 4+ A/1 + ¢'2. The Euler equation (10.29) is

d( M')_l . y' 1
AT 2] 32 7 )\
dz \ /1+y (1+y,2) A
By virtue of the standard formula for the curvature of a curve y(z), we

recognize that the required extremal has constant curvature k = 1/X and it
is therefore an arc of a circle. We have

1
Io+h) = 1) = [ h@)do,  h(0) =h(1) =0
0
where y(z) = n(z) + h(z) necessarily satisfies the length constraint

1 T
/ V1i+(n +h)2dz = —.
0 2

The square root in the integral is now expanded in terms of h and A’ to
obtain

Ihl
\/1+(n’+h')2=\/1+n'2+ J +

where higher order terms in h and h’' have been ignored. Therefore the
constraint condition requires that

1w
2 (T4

s

1\/'—2 1 n'h' 1 1 h12
s [k [T
/0 ! o Jieg? 2o (L4 2
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Since the curve n(z) automatically satisfies the constraint condition, inte-
gration by parts yields

1 !
[ A= |2 - [
= -~ —— | hdz = —& hdzx.
1+72 [ 1+n’2} 0 ( 1+ 72 0

In conclusion,

1 1 h,2

(exact to second order). There are now two possible ways to draw a circle
passing through the points A and B.

(a) If K > 0 then I(n + h) > I(n) and the extremal
n(z)=3-V1-12
gives a minimum extremum value of (3 — 7/4).
(b) If k < 0 then I(n + h) < I(n) and the extremal
n(z) =24+ /z(2 - )
gives a maximum extremum value of (2 + 7/4). 0
Example 10.7 Find the extremal curve joining the two points (0,0) and

(1,0), enclosing unit area with the z axis and which yields an extremum of
the functional

L,
I(y):/0 Y dx.

Calculate the extremum value and verify that it is a minimum.

Solution 10.7 The constraint for this problem is
1
J(y) =/ ydr =1.
0

Hence F = y'2 + Ay and the Euler equation has first integral F — y'F,, = A
leading to

V-2t =4 — y? =z+B.

dy
=lAy—-A — /—_—_—A)\y—
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After integration, the extremal curves are seen to be
A(z 4+ B)? = 4(\y — A) — 4y =) (z+ B)?+44.
We have

y(0)=0 —  NB?+44=0 —  4y=A(z?+2B1),
y(1)=0 —  2B+1=0 —  y=A/4z(z-1)

where A is determined by the condition

A

1 P!
].: = — _— = ——.
/0 ydzx 4/0 z(z — 1)dz 54

In conclusion, the extremal curve is the parabola yo(z) = 6z(1 — ) and the
extremum value is

1 1 1—92231"
I(y0)=A y62d~'17=36/0 (1—2:17)2(11::36[(__21:)-] =12.
0

To see that this is a minimum, consider
! ’ n2 12 ! 12 ! ’ oyt
Iwo+h) ~Iw) = [ [Gh+n7?-o’] do= [ W2do+2 [ yon'ds
0 0 0

where h is any function satisfying
1
R0)=0,  h(1)=0, / h(z)dz = 0
0

[the integral constraint for h follows from the fact that J(yo + h) = 1 and
J(yo) = 1]. On integration by parts,

1 i 1 1
/ yoh'dz = [y(')h] - / h(z)yg dz = 12/ h(z)dz =0.
0 0 Jo 0

In conclusion, I(yo + h) > I(yp) for all non-zero h, that is, y = yo(z) yields
a minimum to I(y). More often than not, it is a non-trivial matter to verify
the nature of a extremum in a constrained problem. O

Example 10.8 It was shown previously that the configuration of a chain
of uniform linear density and fixed length, suspended between two fixed
points (horizontally separated) minimizes the gravitational potential energy

B
V(y) =pg/ yy/1+y?dz.
Ty
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In addition, y is constrained to satisfy

B
J(y) =/ V1+y?de =1
TA

where [ is the length of the chain. Solve this problem for a chain that is
suspended between the points (—d,0) and (d,0) where [ > 2d.

Solution 10.8 Let

F = pgy\J1+ 4% + pghy/1+ 4% = pg(y + N/ 1 + ¢

(where we have introduced the Lagrange multiplier conveniently as pgl),
then the first integral F —y'Fyy = C of the Euler equation is

!
Wity -y W g, ¥EA

The method of solution closely mirrors a previous variational problem (the
catenary problem of Example 10.4). The only difference here is that y is
now replaced by y + A. The appropriate solution is

x+a=Acosh_1(1—/%3‘—) — y+/\=Acosh($za)

where constants a, A and A are to be chosen so that

y(—d) =0, y(d) =0, J(y)=/_dd\/1+y’2dw:l.

The two boundary conditions give

a—d a+d
)\—Acosh(T), )\—Acosh( I )

The last two relations require that a = 0 and so the extremal simplifies to
y = A cosh(z/A) — A cosh(d/A). Furthermore, the length of the chain is

d
= /_d cosh GE) dz = 24 sinh (%) .
Let 8 =1/2d > 1 and define z = d/A. The constraint condition now states

that z is the solution of the transcendental equation

Bz = sinh z, g>1.

Figure 10.4 indicates that this equation has exactly one solution if 8 > 1
(and the trivial solution only if 0 < 8 < 1). Let the root be denoted by z,
then we have A = d/zy and therefore we obtain the extremal curve as

yo(z) = 4 [cosh (%) — cosh zo] . O

20
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Yy

A .
sinh z

> 2

Figure 10.4: Graphical solution of 8z = sinh z. Shown are cases
for B < 1 (dashed line) and 8 > 1 (full line).

10.8 FUNCTIONALS OF SEVERAL VARIABLES

Functionals involving many dependent functions y1,y2,...,yn but only one
independent variable, say t, occur often in practice. Here only the extremal
problem

b
I(ylvy2’--' ayn) = / f(t;ylay%”' 7yn;ylayZ,"'ayn)dt (1030)

is considered. For example, the equations of classical mechanics are obtained
from a functional of this form called the Lagrangian. The derivation of the
Euler equations for this functional mirrors exactly the derivation of the stan-
dard Euler equation but applied to each independent component function
of I. A necessary condition for an extremal of the functional I(yy,...,yn)
with a and b fixed and yi(a) = Ag, yk(b) = Bx (k = 1,2,...,n) is that the
functions yr = yk(t), (k = 1,2,...,n) satisfy the Fuler equations
of d

of

Example 10.9 Find curves y = y(z), z = z(z) for which the functional

w/2 2 2
I(y,z):/0 (v© + 2" +2yz)dz

has an extremum, given that y(0) = 2(0) = 0 and y(7/2) = 2(7x/2) = 1.
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Solution 10.9 The Euler equations are

2z = %(21/) , 2y= —d—d;(2z') — y'=z, Z'=y.
Let u =y — z and v = y + z then u and v satisfy
u" +u=0, u(0) =0, wu(n/2)=0,
v —v =0, v(0) =0, wv(n/2)=2.
Hence arbitrary constants A, B, C and D can be found so that
u(z) = Asinz + Bcosz, v(z) = Csinhz + D coshz

where in the solution for v we have conveniently used hyperbolic functions
instead of exponential functions, see Remarks 3.1. The conditions on u are
such that A = B = 0 whereas the conditions on v yield C' = 2/sinh(n/2)
and D = 0. The solution is therefore given by

sinh z
y(z) = z(z) = Snh(r/2)

10.9 TUTORIAL EXAMPLES 10
T 10.1 Find the extremal of
3
1) = [ +4oy) do
0
when y(0) = 0, y(3) = 12 and verify that this extremal minimizes I.
T 10.2 Find the extremal of
1
I(y) = / (v* +y™ — 4zy) do
0

for which y(0) = 0 and y(1) = 2. Evaluate the extremum and show that this
is a minimum by confirming that I"”(0) > 0 where

_ 1
7"(0) = / (fuu b + 2fyy BH' + fyry B2) do
0
for any continuously differentiable function h(z).

T 10.3 Show that the Euler equation of the functional

b
I@=Lfm%wm

is satisfied identically provided there exists a suitably differentiable function
¢(z,y) such that f(z,y,vy') = ¢ + ¢yy’. Explain the meaning of this result
so far as the functional is concerned.
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T 10.4 Find the extremal yy(z) and extremum of the functional

w/4
/ (v* —y* +6ysin2z)dz,  y(0)=0, y(x/4)=1.
0
A function h(z) is defined on the interval [0, a] by

O

=sin A\
h(z) = sin Az s

where ), a are constants such that 0 < A < 7/a and f(t) is defined in terms
of the continuous function ¢ by

1
sin At

f(t)=- /: ¢(u)sin \udu.

Show that h satisfies the differential equation h” + A2k = ¢ and the boundary
conditions h(0) = h(a) = 0. Verify that

a a
/ h(h" + A2h) dz = — / £2(t) dt
0 0
and deduce further that

a 2 a
/h’ da:Z)\Q/ K2 dz.
0 0

Hence prove that for all continuously differentiable functions y(z) on the
interval (0,7 /4) satisfying y(0) = 0, y(n/4) = 1, the extremal yp(z) gives a
maximum of the functional I(y).

T 10.5 Determine the extremal yo = yo(z) of the functional

2
I(y>:/ol<ly+—,§’> dz,  y(0)=0, y(1)=a.

Show that |a| < 1 is a sufficient condition for a minimum.



Appendix A

Self-study Projects

The purpose of including the following projects in this book is to provide an
opportunity for extended individual or small group work that goes beyond
the examples embedded into the text and the tutorial examples of the ten
chapters. The six projects outlined below have been used in recent years
in third year mathematics at the Department of Mathematics, University of
Glasgow, whereby groups of three to four students worked together towards
the solution of an individual project. On completion, usually after a period
of some weeks, an oral presentation of the project’s aims, tasks and results
was delivered. While there is no reason that individual students or small
groups of students may not achieve the aims of the project completely by
their own efforts, it is more common that some guidance from a supervisor
will be sought. For that reason there is no necessity here to include the
project solutions.

A.1 ROCKET POWER

Project summary: This project examines the flight of a rocket that as-
cends and descends vertically under its own power.

Introduction

Newton’s Second Law states that the rate of change of the momentum of a
body is equal to the applied forces. Therefore

dp

dt = ext (Al)

where F,,; summarizes the applied forces and the momentum p is given by

p=Mv, (A.2)
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M being the mass of the object and v its velocity. In many problems the
mass is constant and (A.1) simplifies to

M% = Llext (A3)
which can then be solved for the velocity v when the forces are given.

In this project we shall treat the more general case where the mass M
is not a constant but varies with time, i.e., the simplification from (A.1) to
(A.3) does not apply. The particular problem to be investigated is that of a
rocket which ascends vertically under its own power.

Let v(t) be the velocity and M(t) the mass of the rocket at time ¢. The
rocket’s momentum is therefore p(t) = M(t)v(¢t). As time passes, it burns
propellant and ejects it at the exhaust with a constant velocity u (relative
to the rocket). After a short time 4t the rocket has ejected dm mass of
propellant. Consequently, the rocket’s mass is M(t + dt) = M(t) — dm and
its velocity has changed to v(t+dt) = v(t)+dv. In order to avoid calculating
the force on the rocket due to fuel burning it is easier to consider the physical
system (our ‘body’) to consist of the rocket and its fuel. In the first instance,
show that the change in momentum of that body between ¢ and ¢ + 6t is
given by

p(t + 6t) — p(t) = Mév — dmév —udm. (A.4)

Consequently, determine the rate of change of the momentum as é¢t — 0. The
arising expression must equal the sum of the external forces. Assume here
that two external forces are acting on the rocket, namely (i) gravity, which
is assumed to act downward and (ii) air resistance, assumed proportional
to the velocity of the rocket but opposing the direction of motion.

Show that the differential equation governing the motion of the rocket is
given by

dv(t) dm(t)

M(t) T =—gM(t) — kv(t) (A.5)

where g = 9.81 m/s? is the gravitational acceleration and k is a propor-
tionality constant. Discuss (A.5) with particular emphasis as to whether it
provides a self-consistent equation to model the flight of the rocket.

In addition to (A.5) we need to include the relation

dm(t)  dM(z)
dt  dt

. (A.6)

What is its significance?
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Burnout and beyond

Assume that fuel is consumed at a constant rate

dm(t)

—5 T f. (A.7)
Solve (A.6) for M(t) if the total mass (rocket including fuel) at ¢ = 0 is M.
Subsequently, solve (A.5) for a rocket which is taking off at ¢ = 0.

Consider now some data pertaining to a rocket: initial weight My =
12800 kg, fuel weight 8800 kg, fuel consumption rate f = 125 kg/s, exhaust
velocity u = 2000 m/s, air resistance parameter k = 1.5 kg/s and thus
address the following tasks:

1. Find the time of burnout, i.e., when all fuel reserves are expended.
2. Calculate the burnout velocity defined as the velocity at burnout.
3. What height has the rocket reached at burnout?

4. After burnout, with all its fuel spent, the rocket continues to rise sub-
ject to the force of gravity and the air resistance. Find the time at
which it reaches the highest point on its trajectory.

5. What is the rocket’s maximum distance above the surface of the earth?

6. From its highest elevation above ground, the rocket falls to the ground.
Find the approximate time of impact on the surface and the corre-
sponding impact velocity.

7. Draw diagrams of the velocity and the acceleration (that is the rate of
change of the velocity) as functions of time.

8. Discuss the limits of the above model particularly with respect to the
way gravity and air resistance have been modelled in (A.5). Say, a
satellite is to be put into an orbit at about 300 km above the Earth’s
surface. Decide from Newton’s Law of gravitation whether it is
justified to assume, as has been done in (A.5), that the force of gravity
is constant with height. Similarly, can you say something about the
modelling of the air resistance term?

A burning program

A burning program is a function fy,(t) specifying the propellant consump-

tion rate
dm(t)

fbp(t) = _dt_ . (A.8)
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Its integral is the mass of the fuel which has been expelled from the rocket
(which is equal to the mass lost by the rocket). From (A.6) we have

m(t) + M(t) = My (A.9)

if the mass of rocket and fuel is My at t = t9. Now, look at (A.5) as a
differential equation for m(t). The objective is to find a burning program
fop(t) in such a way, that the burning program — when initiated at some
time ¢y — gives a constant velocity v(t) = v(tg) to the rocket for all ¢t > t;.

A.2 RESONANCE EFFECTS IN BEAMS

Project summary: A mathematical model of a bridge is constructed in
order to determine its natural oscillation frequency.

Introduction

The response of a structure to forced vibrations is now an important consi-
deration in their engineering design. Most people are familiar with the story
about soldiers breaking cadence when they march over a bridge but are per-
haps less aware that the structure in question was the Broughton suspension
bridge near Manchester, Great Britain, and that the event took place as long
ago as 1831. The failure occurred when a column of soldiers marched over
the bridge, thereby establishing a periodic force of large magnitude along
its entire length. Unfortunately, the frequency of this force was effectively
equal to the natural frequency of the bridge and, in the absence of a damping
mechanism, very large oscillations were induced leading to collapse.

The collapse of the Tacoma Bridge across Puget Sound (in the State of
Washington, USA) on 7 November 1940, is perhaps the most notable struc-
tural failure in modern times and was caused by vortex shedding alternating
from above and below the bridge platform. Although this phenomenon is due
to wind action and is unavoidable, in this instance, the shedding occurred
at a frequency close to that of the structure’s natural frequency.

This project aims to model a bridge platform as a one-dimensional beam.
You will be required to formulate the differential equation which controls the
oscillations and deduce the natural frequencies of particular configurations.
Finally, you should try to obtain real data on a typical bridge and attempt
to determine its natural frequency using, for example, Maple, Mathematica,
or some other mathematical tools.
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Suspension bridge

Have you ever wondered what shape is adopted by the large steel cables
passing over the towers of a suspension bridge and supporting the platform
below? Suppose that the platform has linear density p per unit length and is
supported by a continuum of fine strands which run vertically and connect
the steel cables and platform below. Formulate a differential equation for
the shape of the cables, solve this equation and find the required shape.

Of course, the platform interacts with the steel cables via the vertical
strands and therefore the mechanical properties of the platform influence
the motion of the cables and the relative inextensibility of the cables likewise
affects the motion of the platform. The real problem is complex and so as a
first model, consider the situation in which the deformation of the platform
is essentially isolated from that of the supporting structure. In this event,
the platform can be modelled as a beam in the way outlined below.

Model equations

Consider a uniform one-dimensional beam of length [, composed of a ma-
terial with Young’s Modulus E, cross-sectional moment of inertia I and
with density p per unit length. Suppose that u(z,t) is the displacement of
the beam from its horizontal equilibrium position and that it is subject to
a driving force f(z,t), then it can be shown that the motion of the beam
minimizes the functional

w) =// [g (%%)2+f(m,t)u——b;£ (%)2} dz dt. (A.10)

Can you explain the meaning of the terms in this functional? Deduce that
the deformation of the beam in the presence of an applied load is governed
by the partial differential equation

0%u dtu
p8t2+EI 7 = f(z,1), O<z<l, t>0. (A.11)

Suppose that the beam is subject to an external periodic force given by
f(z,t) = f(x)cospt. Time-periodic solutions of (A.11) are sought in the
form u(z,t) = y(z)cospt. Introduce the new variable z = z/l and deduce
that y(z) satisfies the fourth order ordinary differential equation

d4y
- wy=9(2), w=pl’p/EI (A.12)

in which g(z) is a multiple of f(z). The solution is completed by supplying
appropriate boundary conditions at z = 0 and z = 1. The three most
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common boundary conditions are described in Table A.1 and can be applied
in any combination, one pair at each end. Hence it is required to find non-
zero solutions of (A.12) satisfying four boundary conditions, two at each
end.

type of support boundary conditions
freely supported y=y"=0
cantilever supported y=1y =0
unsupported y' ' =y" =0

Table A.1: Common boundary conditions for vibrating beams.

When g(z) = 0 then (A.12) is an eigenvalue problem. Rather inte-
restingly, many of these problems have analytical solutions which in turn
require A = /w to be the solution of some transcendental equation, for
example, tanh A = tan A or coshAcosA + 1 = 0. Once a transcendental
equation is isolated, Maple or Mathematica (or an equivalent tool) can be
employed to estimate the first few solutions numerically. These values are
then converted back into physical space and interpreted suitably.

Solve this eigenvalue problem for free—free, cantilever-unsupported, can-
tilever—free and cantilever—cantilever beams by starting with the general so-
lution based on the solution of the auxiliary equation. Hence determine the
lowest natural frequency of oscillation in each case.

A.3 SNOWPLOUGHS

Project summary: The village of Applecross is situated in a remote area
of the west coast of Scotland. During the winter the single-track road to
Kinlochewe (40 miles away) is always heavily affected by snow. In this
project we shall consider some mathematical models of snow clearance with
snowploughs.

Scenario 1

On a certain day it begins to snow early in the morning (throughout the
whole region), and it continues to snow at a constant rate. We shall assume
that the velocity at which a snowplough is able to clear the road is inversely
proportional to the depth of the accumulated snow. A snowplough leaves
Kinlochewe at 09.00. It clears 16 miles of the road by 10.00 and another 8
miles by 11.00.
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1. At what time did it start snowing?

2. A second snowplough starts at 10.00 and follows in the tracks of the
first one. When does the second snowplough catch up with the first
one?

3. As they meet, the driver of the first snowplough calls it a day, takes
out cross—country skis and heads off into the surroundings. The second
snowplough continues without a break to Applecross. When does the
snowplough arrive there?

4. Discuss the major flaws of this model. How could you modify the
velocity versus depth of snow model — by roughly remaining within
the confines of inverse proportionality — such that for a clear road the
velocity of the snowplough is vy?

Scenario 2

Try to construct a more realistic model for the velocity of snowploughs.
Assume that a snowplough travels at a constant velocity of 20 miles per hour
when the road is clear of snow. Assume that as the snowplough encounters
snow, the rate of change of its velocity with respect to the depth of snow is
proportional to the depth of snow itself. Further, if the depth of snow reaches
100 cm the snowplough gets stuck. Using that model, find an expression for
the velocity of the snowplough when the rate of snowfall is an arbitrary
function of time.

1. Assume that the road from Kinlochewe to Applecross is uniformly cove-
red by snow 50 cm deep. At 10.00 snow starts to fall at a constant rate
of 10 cm/hour. A snowplough sets off from Kinlochewe immediately
as the snow begins to fall. Will it reach Applecross or get stuck on the
way? Give the time of arrival at Applecross or time/position of the
snowplough as it gets stuck in the snow.

2. Sketch the graph of velocity of the snowplough versus depth of snow
and compare it with the corresponding graphs from the original model
in the first scenario and the modification as discussed in item 4.

Hint: in the modelling of this problem neglect acceleration and deceleration
effects when the snowploughs start or stop.
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A.4 FOXES AND HARES

Project summary:! This project deals with the solution of systems of dif-
ferential equations of first order and an application to population dynamics.

Introduction

Rather than find a single function, say y(z), from a single differential equa-
tion, systems of differential equations comprise a number of differential equa-
tions which must be solved simultaneously to obtain the solution for a num-
ber of functions, say y,(z),n = 1,2,3,...., N. The standard form of a linear
system of first order differential equations with constant coeflicients for N
unknown functions y1(z), y2(z), ....., yn (), is

() = auy(z) +aizye(z) + ... + aivyn(z) + bi(z)

ya(z) = any(z) + anye(z) + ... + aanyn(z) + bo(2)
' 2 (A.13)
Yn(@) = amyi(z) + anoye(z) + ... + annyn(z) + ba(z)
y;v(:z) = alel(:L') + aNgyg(III) + ...+ aNNyN(z:) + bN(.'E)
or, in more compact form
N
=1

where aj; are constants and by (z) are given functions. To select a particular
solution from the general solution these IV differential equations must be
supplemented by N linearly independent relations (the initial conditions).

Part 1: The case N = 2

Consider the case of N = 2, i.e., we have two equations for two unknown
functions.

1. By differentiation and elimination show that the system of two equa-
tions is equivalent to one differential equation of second order for one
of the two unknown functions. Provide the solution to that equation

1The project is a combination of material covered in Chapter 8 and Tutorial example
T 8.2. Consequently the project — in its aim to introduce the concept of systems of
differential equations of first order — is only pedagogically useful if it is tackled before the
referenced book material is covered.
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(schematically) and show how the second unknown function can be ob-
tained once that solution is obtained. Can you see how, alternatively,
any second order differential equation with constant coefficients can be
written as a system of two first order differential equations?

2. Assume that b1(z) = bjg and by(x) = by both reduce to constants.
Find the state of equilibrium which is defined as

yi(z) =0, k=12. (A.15)

Find a substitution (based on the result for the equilibrium position)
which transforms the inhomogeneous system into a homogeneous one.
Obtain the particular solution (of the inhomogeneous system) which
fulfils

yk(o) = Yko s k=12 (Alﬁ)

for two constants yio, ¥20-

3. Remain with the case b;(z) = bjp and ba(z) = beg. Try to solve the
differential equations without the detour to second order equations.
This consists of two steps because the general solution (as with indi-
vidual differential equations) is a sum of the complementary function
(i.e., a solution of the homogeneous equations) plus a particular inte-
gral (i.e., any solution of the inhomogeneous equations). To determine
the complementary function assume that

y1(z) = A€, y2(z) = Ape’” (A.17)

where A;, A and A are constants to be determined. The particular
solution can be found by guessing. In this procedure do you see any
parallels to the solution procedure for linear algebraic equations?

Part 2: Foxes and hares

Consider a somewhat primitive predator—prey model for a population of
foxes and hares. Assume that the fox population F(t) increases at a rate
which is proportional to the size of the hare population H(t) and is reduced
by a mortality rate of ar. Similarly, the hare population H(t) declines at a
rate proportional to the size of the fox population F(t) but is sustained by
a large birth rate ag (> ar).

Develop the model differential equations which describe how the fox and
hare populations change in time. Assuming that ey and ap are given, de-
termine the two remaining proportionality constants from the observation
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that for some period now the fox and hare populations have been static at
Fy and Hj respectively.

A sudden outbreak of leveret myzomatosis rapidly reduces the hare po-
pulation to a fraction k of its previous level thus creating an ecological imba-
lance. Construct differential equations for F(t) and H(t) and hence deduce
a second order differential equation for F(t). Use this model to predict
the future development of the fox and hare populations — with particular
emphasis on the long-term behaviour.

Appraise critically these conclusions and speculate how the model might
be modified to make it more realistic.

A.5 BEYOND THE LOGISTIC EQUATION

Project summary: This project examines mathematical models for popu-
lation growth or decline.

Introduction

Many applications of mathematics, ranging from medicine to ecology to
global economics, require the formulation of a model which predicts the
future growth or decline of a species or a commodity. One of the most
important models is provided by the logistic equation which assumes that
the growth rate (of a species, say) depends on the population. This leads to
the simple differential equation

dN N

where N(t) is the population at time ¢ while r and K are constants.?

Mathematical properties of the logistic equation

In the first part of this project the aim is to select reading material which
will cover some of the simpler mathematical concepts associated with the lo-
gistic equation: equilibrium points, critical points and equilibrium solutions;
saturation levels and the concept of stability of solutions; growth with and
without thresholds. It shall be left to the judgement of the individual or the
group tackling the project to decide upon a suitable cross-section of material
for presentation.’

2The logistic equation, in slightly different notation, appeared in (2.9) of Section 2.2.

3 A good starting point for a literature search is the book by J. D. Murray, Mathematical
Biology (Springer Verlag, Berlin, 2nd edition, 1993). The reader should be aware that the
topic of non-linear differential equations leads quickly into the complex realm of chaos.
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Harvesting and the Schaefer equation

Based on the mathematical ideas developed in the previous subsection, a
more sophisticated model of population dynamics will be investigated. In
any economic scenario a renewable resource — such as a population of fish,
for example — will be harvested. To model the harvesting process, the
logistic equation has to be modified by introducing an additional term which
models the depletion of the resource through external influences. In one such
scenario the logistic equation is replaced by

dN N

a differential equation commonly known as the Schaefer equation. The
new term Y = EN is called the yield; it corresponds to the rate at which
the resource is harvested (F is a positive constant with unit of time™1).

1. Find the two equilibrium points in the case F < r.

2. Show that one of the equilibrium points is stable and the other one
unstable.

3. Find the sustainable yield Y as a function of the effort F and draw
the graph of this function (which is known as the yield—effort curve).

4. Find the maximum sustainable yield Yiax, by determining the E which
maximizes Y.

A.6 BOUNCING ABOUT

Project summary: In this project equations of motion of masses attached
to springs are studied.

Introduction

Consider the following mechanical system: a mass m; is attached to a fixed
point via a spring with spring constant k;. A second mass mg is connected to
the first mass by a spring of spring constant k; and the springs themselves are
assumed to be massless. Define u;(t) and us(t) as the displacement of the two
masses from the position where the springs have their natural, unstretched
length (we will assume here that all motions are restricted to one spatial
dimension, the vertical one). Each mass is subject to the force of gravity
and a restoring force due to the springs. The restoring force of a spring is
proportional to its displacement from its natural length (the proportionality
constant being the spring constant) and directed in the opposite direction.
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Model equations and tasks

Under the assumptions as outlined above show that the equations of motion
for the two masses are given by

mit, = -—(kl + kg)’u,l + koug +my
) I (A.20)
motly = —kottg + kouy + mag

where g = 9.81 m/s? is the gravitational acceleration. Address the following
tasks.

1. Find the equilibrium positions #1eq and ugeq.

2. Define new dependent functions

n (t) = ul(t) — Uleq» 'U2(t) = u2(t) — U2eq
and rewrite the above two differential equations in terms of v; and v,.

3. Set m; = me =1, k; = 3 and k2 = 2. Initially, the two springs are
at rest but displaced from their equilibrium positions. Solve the initial
value problem for v;(t) and v (t):

v1(0) =v1p, 41(0) =0, v2(0) =vy, v2(0)=0. (A.21)

4. Discuss the solution. Notice that it contains two distinct modes of
vibration. For which combination of the constants vy, vp does the
solution represent a vibration whereby the masses move

(a) in phase, i.e. both moving up and down together?
(b) out of phase, i.e. one moving down while the other is moving up
(and vice versa)?

What are the respective frequencies of these vibrations?

5. Try to generalize this simple mechanical problem of 2 masses on 2
springs to one of N masses m,,n = 1,2,..., N on N springs with
spring constants kn,n =1,2,...,N.

(a) Formulate the system of model differential equations.

(b) Draw up a scheme of how you would go about solving them.

6. Discuss some general limitations of the model.
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Extended Tutorial Solutions

TUTORIAL EXAMPLES 1
T 1.1  This is a linear differential equation. Its integrating factor is
[1,(13) - ef(—l)dz —e %,

Therefore,
e Ty(z) = /e'z sin2z dz .

The integral can be evaluated using integration by parts twice. One obtains
-z -z L. 2
e *y(z) =e ———5—sm2:1:—gc032x +C
and the general solution is

1 2
y = —-gsinZz— gcos,?z-kCe”.

T 1.2  The differential equation can be rewritten in the form
, 1 1
z z

It has an integrating factor
u(x) — ef(l/:c)dz — eln:c =

and therefore
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The general solution is then

T 1.3 This differential equation is separable. Thus

d
y2:—tanmda:
11—y
1/ dy dy)
- —— 4+ —— ) =—t d
— 2(1+y+1—~y anzdazxr

1
— -2—[ln|1+y|—ln|1~y|]=1n|cos:L‘|+C

l1+y
1~y

1/2 1
= D| cos z| — —ﬂzEcos z.

The general solution is therefore
_ cos’z — A
T coslz+ A’

y(z)
T 1.4  This first order differential equation is homogeneous. Using the
substitution y(z) = zu(z), ¥'(z) = zu'(z) + u(x), one gets
(1 — 6u?)(zu’ + u) = 4u(l + 3u?) — (1 - 6u?)zu’ = 3u(l + 6u?).

This equation is now separable. Therefore,

(1 — 6u?) 3 (1 12u ) 3
(14 6u?)u 4= xdm — u 1+ 6u? du = a:dx
—  lnu—-ln(1+6u?) =3lnz+C — ﬁ:paﬁ.

Returning to the original dependent variable y, the general solution is there-
fore

y/z 3 Y 2
————— =D — —— = Dz".
1 + 6y?/x? ’ z2 + 6y? ’

T 1.5 This differential equation is of the form P + Qy' = 0 and because
dP/dy = 4z, 0Q/0x = 4z, it is ezact. Thus

u(z,y) = /P(a:, y)dz = /(32:2 + 4zy) dz = 2° + 2%y + ()
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for an arbitrary function ¢(y). Hence

ou o ,

Because of the requirement Ju/dy = Q, this leads to
20 +¢'(y) = 22" +3y> — F =37 — ¢y) =4
Consequently, the general solution is
+2%y+y3=C.
This example can also be treated as an equation of homogeneous type.

T 1.6 A simple test shows that this differential equation is not exact. An
integrating factor pu(z,y) can be obtained from

op
—(@y+ -+ 2y ~y)u=0.

This partial differential equation has a solution u(y) satisfying

_ % u(y)=1

V' dyp=0 — .
7 y y

Therefore ]
y+(z+ a)y' =0

is ezact. Thus

u(z,y) = [ Pla,y)dz= [yds = sy + o)
0 1
Dot ) — o) =zt

Y Y
1
— P = ; W=y

The general solution is therefore

zy+hny=0C or ye™ = A.

T 1.7  The differential equation can be rewritten as

y' - (1/z)y = 2y
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and can be recognized as being of Bernoulli type with n = 2. The transfor-
mation

2z) =y Hz) — @) =-y () (2)
leads to

- 1 - z
—27 %~z =272 — 24 —-=-2,
T

which is linear. Using, for example, variation of constants, one first obtains

z(z) = A/z as the solution of 2’ + z/z = 0. Substitution of 2(z) = A(z)/z
into the original differential equation for z(z) yields

A = -2z — A=-z*+C

and thus
z(z)_C—z2 () = z
Tz yz—C_$2.

T 1.8 This differential equation is of Riccati type. It is not difficult to
see that y;(z) = z is a particular integral. Therefore

y(x)=x+$ — Y(z)=1- ==

and so

’ 1 2
(z® + a) (1—%)+2(z+;) —3a:(z+-‘1;)—a=0.

A little algebra and rearrangement of the terms gives the linear equation

, T 2
2—2 zZ = 3 .
zc+a z“ 4+ a

An integrating factor is
u(z) = ef[—z/(m2+a)]dz — e~(1/2)In(z?+a) _ (xz + a)—l/z_

Then,

2
2 -1/2 - 2 -1/2_2
(z° + a) z(z) /(z + a) 2Ta dz

= 2/(:::2 +a)"3%dg = 27:— (z2+a) Y2+ C
and therefore

z2(z) = 271:10_ +C(z% +a)'/%.
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This leads, finally, to the general solution

a

ylz) =o+ 2z + D(z? + a)1/2°

T 1.9 We divide the equation by z% + 1 and get

, z
Y 2+l

y==z.
This linear equation has an integrating factor

u(z) = ef[-x/(x2+1)]dz = o= (1/2) In(z2+1) _ (zz + 1)~1/2.
Therefore

(z2 + 1)_1/2 y(z) = /x (s + 1)"1/2 sds = (z? + 1)1/2 +C
with the general solution in final form as

y(z) = C(z® + )2 + 22 +1.

T 1.10  An integrating factor is

p(z) = ef 2z dz ___ezz_

Then,
ezzy(x) = /e’”ze_zzdm = /dm =z+C

and thus ,
ylz)=(x+C)e ™ .

Substitution of the initial condition gives C = 1 and so the particular solu-
tion is
2
ylz) =(z+1)e™ .
T 1.11  An integrating factor of this linear equation is

plz) = ef(Q/z)d:c = 2lnz _ ;2

Hence

y(z) = /:z:2 C(;Szz dr =sinz +C.
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Consequently, the general solution is

_ C +sinz

x
y(z) p
The initial condition requires C' = 0, so that one gets as particular solution

sinz

y(z) =

T2

T 1.12 The differential equation is of Bernoulli type. Using the substi-
tution

2(z) =y~Hz) — =4y,

one gets after algebraic rearrangement
2 421z = —4x
with an integrating factor

[L(.’L‘) = ef2zdz :ezz )

Thus

ezzz(m) = /ezz(—4z) dz = —2¢* +C.
Hence

1
2z)=-2+Ce™® —  yz)= .
(-2+ Ce-=?)!/*
Substituting the initial condition gives
1 -4
a = (—;—2—-}——6_')_1/_4 — C=2+a

and the particular solution
1

v = [<2+ (24 a9 ea?) /4

T 1.13  This differential equation is of homogeneous type. Substitution
of y(z) = zu(z), ¥y = zu' + u gives

—z(l+aud) =aut — (%+9—>du=—2d;c
ul  u T
1
— ——+hhu=-lnz+C — ue‘(1/3““3)=—q_

3aud x
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Thus
y = Ce(#*/3ay®)

is the general solution. The initial condition gives C = 1 leading to the:

particular solution

y = elz*/3a°)

T 1.14  An integrating factor is
/‘l'(x) - ef(~2)dz - 6—21 )

Thus 3

2 T 2522 T2 T
e j”y(a:)=/ e s esds=/ s ds=?+0.
The general solution is
3
y(z) = (%— + C) e |
Substitution of the initial condition yields C' = 0 and the particular solution

.’E382‘T
y(z) = 3

T 1.15  After rewriting the differential equation in the form
22—y +(2y-2)y =0,

a straightforward check shows that this equation is exact. Consequently,

u() = [ (20 —y)do = 2% — 2y + $(1)

and
X sty =2z

From the last equation, we see that ¢(y) = y? which means that the general
solution is £2 — zy + y? = C. The initial condition determines C = 7 so that
the particular solution is

P —zy+y —7=0.

In explicit form, the particular solution is

y(z) -1 (.'1:+\/28—3:1:2) .

2
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Note that of the two possibilities, the plus sign was chosen for the square root
to satisfy the initial condition. A real solution is only possible if 28 —3z2 > 0
so that, with the initial value prescribed at z = 1, the range of validity of

the solution is

28
1< <y —.

TUTORIAL EXAMPLES 2

T 2.1 Let M(t) be the mass of 4C at time ¢, then radioactive decay is
modelled by the differential equation
dM (t)
dt

= —aM(t)

where « is a proportionality constant. The solution of this differential equa-
tion fulfilling the initial condition M (0) = M, is

M(t) = Moe—at .

It then follows from the definition of the half-life, 7, that M(7) = My/2 and
therefore

M, 1 1
DM — r7==-In2 — a=-=In2
2 a T

and thus
M(t) — Moe—(t/‘r) In2 _ M, 2—-t/7’ .

Using the provided information, 7 = 5,580 years and M (t*) = 0.3M,, t*
satisfies
1\ t*/5580
0.3My = My (§>

and has value
In0.3

tr =
5580 In0.5

=~ 9692 years.

T 2.2 The environment temperature is given by S(t) = Sp+bsinwt where
So, b and w are constants. The formula for the object’s temperature yields
(here we have to = 0)

T(t) = ke / e*tS(t) dt

bk

= Sp4 o0t
L

(ksinwt — wcoswt) + Ce ™t
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The initial condition T(0) = Ty gives C' = Ty + So + bkw/(k? + w?) and so
the particular solution is

bk
T(t) = Sp + (To —So+ __w_2) ekt 4 (ksinwt — wcoswt) .

k2 +w
This formula may be interpreted as follows: the first two terms on the right-
hand side provide exponential cooling to the temperature Sy whereas the
third term is the temperature variation imposed by the forcing term of the
environmental temperature.
Special cases. If w/k << 1, then we have
b(w/k) b

T =25+ (To — So + —-——1+(w/k)2) ekt 4 T w/k)?

k? + w?

. w
(sm wt — E CoS wt)

and thus
T(t) =~ Sp + (To — So)e ¥ + bsinwt.

In this limit the temperature cools exponentially to the temperature Sy, and
there is an instantaneous response to the trigonometric variation as given
by the periodic component of the solution.

Analogously, when k/w << 1 we obtain

k
T(t) = So + (To — Sp)e ™t — = coswt,

the last term on the right-hand side showing a delayed response of the sys-
tem proportional to k/w.

Large time. In the limit ¢ — 0o, we can see that as e %t — 0 (for k£ > 0),

tl_l)rgo T — p%(ksinwt —wcoswt) | = Sp.

A brief word about limitations of such simple models. In reality, it takes
a finite time for the effects of a source such as S(t) to be felt at any given
point. The cooling law, for example, makes no concession to spatial variation
of temperature. That is clearly unphysical. A better model would require
one to assume that the temperature is not just a function of time as in T'(¢)
but of time and space as in T'(z,y, z,t). This leads to the heat conduction

equation in which spatial variations of temperature are often modelled by
0T /8z? + 8°T/oy? + 8*T /022

T 2.3 The solution of the logistic equation is

MP,

P(t) = Py + (M — Py)e—rMt’
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We have M = 2550 (population in thousands) and the census data

1800 to=0 Py =739
1850 t, =50 P, =1376
2000 to = 200 Py=17

One needs to find r from ¢, and Py (tg, P, are already incorporated into the
formula for P(t) by the setting of P = Py at t = 0). Rearrangement of the
expression for P(t) leads to

1 . P(M~PR)

T = |

— -6
Mt nPo(M— P 8.27529 x 107 .

Therefore 2550 % 739

The male population of Scotland is therefore estimated as 2,461,000 in the
year 2000.

T 2.4 Let ¢ =InW then é = a — b with solution

- a —
p=goe "+ 7(1-c),  do=InWs.

The given information yields the two relations

ank—%=<¢0—%)e—btk, k=1,2.

3] t2
e

a\" a\" —btyts
(ln Wy — -5) (¢0 - ‘6) e y
which leads to

123 to—t t1
(mwl - %) = ((;So— %) (ang— %) .

This is generally a transcendental equation for a/b. However, if {2 = 2t

then )
3"~ (15) o3

a (InW)? — (InWo)(In Wy)

Therefore

with solution

b In[W2/(WoW>)]
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T 2.5 In the generalized model of air resistance and gravity one has

d—vz——g——kh)l”_lv, (g>0,k>0).

dt

This equation reflects the fact that air resistance always opposes the direction

of motion and that the coordinate axis is directed upwards (i.e., opposite!

to the direction of gravity). Whenever n # 1, the presence of |v| in the dif-

ferential equation necessarily requires separate analyses for motion in which

v > 0 (upwards for this choice of axis) and in which v < 0 (downwards).
Although the differential equation is separable, closed form solutions can-

not be found for arbitrary n. Consider therefore the quadratic problem n = 2

(i.e., air resistance is modelled by the term —k|v|v).

v > 0. The differential equation is

dv 2 dv
& g 2 .
dt ko - /v2+g/k k/t

Standard integration gives

—l—ta,n"1 Y
Valk Valk

v < 0. Now we need to solve

dv 2 dv
pri g+kv — /vQ—-g/k—k/dt'

By using partial fractions for the left-hand integral, we obtain

1 Eln Valk +v
2V g Valk —v

In order to solve the initial value problem correctly, we must now consider
the two cases where the initial velocity vg is positive, negative or zero (the
object’s initial motion is upward, downward or it is stationary).
vp > 0. We substitute the initial condition into the solution valid for v > 0

and obtain
v(t) = \/%tan [’can_1 (v(i/\gz) - t\/g_k] .

! the axis is pointing in direction of gravity, the corresponding differential equation is

dv _
at I

The complications arise because of the intrinsically vectorial nature of this problem.

=-kt+C.

klv|* v, g>0,k>0.
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This formula is valid for 0 < ¢t < t* where the time t* is defined by the
condition v(t*) = 0, that is,

t* =

1 -1 (UO\/E
——= tan —_—.
Vgk V9
Physically, t* corresponds to the time at which the object has reached its
highest point and reverses its movement from upward to downward. There-

fore, to find the particular solution for ¢ > t* we must insert the new ‘initial’
condition v(¢t*) = 0 into the solution valid for v < 0 to get

_\/@ LoD £>
ko4 e2Vok-t) -

vg < 0. We need only consider the solution valid for v < 0. The solution
satisfying the initial condition is

v(t) =

vo — A+ (vp + \) e~ 2Vk

’U(t) = ’
—vg+ A + (vo + A) "2V

t>0

with the parameter A = \/g/k.

From these solutions, it is seen that v(t) = —/g/k (recognized as the
terminal velocity) as t — oo. For small times, on the other hand, Taylor
expansions of the relevant solutions provide

vo > 0: v(t) = vy — gt — kvdt,
vo <0: v(t) = vy — gt + kvit,

which are valid when ¢t < 1/1/gk.

Finally, if gravity is neglected, we need only consider the case v > 0 (the
velocity can now always be defined as positive and a change of sign of v does
not occur) and so the differential equation becomes

dv n
-(-i—t' = —kv
which is separable and leads to (n # 1)
1-n 1/(1-
v o kt+C — v=[a-0-nk]"T.
1—-n

The initial condition v(0) = vg requires 4 = vy~ " and thus

1/(1-n)

o(t) = [o§ ™ + (n — Dkt] (n#1).
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We see that v(t) = 0 as t — oo.

T 2.6 We have the differential equation
dv k

T v2

and thus
3
/v%w=/—£dt -~ Y_ ke
m 3 m

The initial condition is v(0) = v, so that C = v3/3. The particular solution
is therefore

3kt 3kt\ /3
'1)3='Ug—'—’r; — ’U(t)=<'l)g-—ﬁ> .

The time t* satisfies v(t*) = 0 and so t* = muv3/3k. The total distance
travelled is therefore

t t 1/3
d = / v(t) dt =/ (vg - 3—kt> dt
0 0 m
(3 3m>“33( m)’
v —_— — -— — —
® m 4\ 3k /|,

_ _m (v3_3kt*)4/3_v4 :%
4k 0" T 0 4k

To determine the initial velocity of the puck from the given experimental
values, we note that neither & nor m are known (but they only occur as
ratio k/m in all formulas). However, from the expression for t*, we can
express m/k = 3t* /v3. Substituting this result into the formula for d gives

3’U()t* — Vo = 4d
4 07 3

Finally, we can now set d = 24 m and t* = 8 s and get vp = 4 m/s as the

initial velocity of the ice-hockey puck.

i

d=

T 2.7 Let V be the constant volume of the reservoir, I the constant
inflow (which equals the outflow) and P(t) the volume of pollutant in the
reservoir. Let y(¢) = P(t)/V be the volume concentration of pollutant in
the reservoir and ¢(t) be the volume concentration of pollutant in the inflow.
The differential equation modelling the volume of pollutant in the reservoir

is
dP

i q(t) I —y(t)!
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(in words: the rate of change of pollutant equals inflow of pollutant minus
outflow). Therefore

dy(t) oI T
V= =aI =y — gty =g

This is a linear differential equation with the general solution

t
y(t) = e‘(’/v)t—{; / e/V)s g(s) ds.

The initial condition is y(0) = yo.
g(t) = 0. The integral becomes trivial:

y(t) = yoe TV

so the pollutant concentration in the reservoir decays exponentially to zero.
q(t) = go. The particular solution is

y(t) = g0 + (o — q0) /M.
The pollutant concentration in the reservoir approaches the pollutant con-
centration in the inflow exponentially (increasing or decreasing, depending

on yo < go Or Yo > go)-
Next, we set V =2 10° m® and 7 = 2 m3/s and let

0 t<0
q(t) =< 107¢ 0<t<108
0 t> 108,

All the ingredients for the solution are already available.

e ¢t <0. For g(t) = 0 one gets y = yge 19" but because y =0 for t <0
one must have y(0) = 0 and therefore

e 0 <t <105 With go = 10~* and y(0) = O one gets
y(t) = 1074 (1 - e—“"ﬁt) ,  0<t<10°,
in particular, one finds the value y(108) = 1074(1 — e7!).

e ¢t > 10°. Again q(t) = 0 but the ‘initial’ value is y(10%) = 10~%(1—e™1).
Adjustment of the integration constant leads to the particular solution

y(t) = 10741 — e Hel 107 > 10,
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10—4 4

10741 —e71) 7

t

108
Figure B.1: Volume concentration y of pollutant in the reservoir
as a function of time ¢ as in Tutorial example T 2.7.

A graph of the solution is shown in Figure B.1.

T 2.8 The solution proceeds as in Section 2.4 but now for the case w < v.

Treating first w < v, the solution is again
_a [ (z/a)?/vt! (:I:/a)”/'”‘l] avw

2

1+v/w 1-v/w w? — 2’

But because 1 —v/w < 0, the line £ = 0 is an asymptote which geometrically
reflects the fact that the fox can never reach the rabbit.
For w = v one needs to start from

=303
¥=3 a z)°

1 [z?
y=3 (g—alna,) +C.
The initial condition y(a) = 0 gives C = (a/4)(2Ilna — 1) and thus
_1(z®2-a® nE
Y=a2\"2a "%

Once again, z = 0 is an asymptote. The distance between the fox and the
rabbit is

— i\ 2
d> = 2%+ (y—wt)? =2 [1+ (_y xvt) } = z? (1+y'2)

Integration yields
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_ g2 1+l(£_a)2 _ 72 (m+a)2
- 4\a =z T4 \a z)

_1 9 2 . _a
d—za(z +a) — il—%d—i'

Therefore,

T 2.9 Let the research vessel R travel for 3 km towards the place where
the whale W was spotted, then the whale’s position is located somewhere on
a circle of radius 1 km centred at the point where the whale was initially seen.
Take this moment as the initial time. Choose circular polar coordinates (r, 8)
with the origin at the initial position of the whale and let therefore r = r(6)
describe the path of R. Then, the distances travelled after a certain time ¢

are
r—1 for W,

s(9) 0 dr \?2 )
/0 ds=/0 (E) +r2df for R.

Let vgp and vy denote the velocities of R and W respectively. It is known
that vg = 3vw. For their paths to cross, R and W must be at the same
place at the same time, say t*. Therefore

r—1 1 /¢

o Tk () e

"=

or
9
3(r—1) = / (1‘2 + r'2) 2 dé
0

where 7' = dr/df. Differentiation with respect to @ gives

3 = (T2 + r'2)1/2 M= E o cetVE,
V8
With the initial condition r = 1 for § = 0, particular solutions emerge as
the spirals r = e*6/ VB It is easy to convince oneself that of the two choices
only the one with positive exponent is relevant. (An alternative way to set
up the solution is to let R travel for 6 km in the direction of W. Then again
a spiral arises as the solution: r = 2e(0-7)/ ‘/5.)

T 2.10  The voltage balance in the described circuit is U(t) = Uc +
Ugr where Uc and Upg are the voltage drops on the capacitor and resistor
respectively. Using? Ur = RI, Uc = Q/C and I = dQ/dt one obtains the

?We remind that reader that in examples dealing with electrical circuits, C denotes the
capacitance and not an integration constant.
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differential equation

Q.
RQ-}-E—U.

The general solution is

t
Qt) = %e"‘/RC / e!RCU(s)ds.

1. U(t) =0,Q(to) = Qo-
In this case Q(t) = Ae/EC for some integration constant A. Substi-
tution of the initial condition leads to the particular solution

Q(t) = Qoe UHI/RE,

Interpretation: The capacitor discharges through the resistor and its
charge decreases exponentially. The current flowing through the circuit

is
_ Q@) _ _ Qo —-t)rC

10 ==4 RC

2. U(t) = Uy, Q(ty) = 0.

In this case, integration produces

Q(t) = % e~H/RC (RCe‘/RC + A) =UyC + Be YRC

The initial condition yields B = —UyCe!®/FC for the integration con-
stant, leading to the particular solution

Q(t) = UpC [1 _ e—(t—to)/Rc] .

Interpretation: From being initially uncharged, the capacitor in the
circuit is charged through the resistor. It attains the maximum charge
Qmaz = UpC (in the limit t = oo) and therefore

Qr;az = Qmaz [1 - e’(t‘-tO)/RC]

determines the time t* when the capacitor is charged to half its maxi-
mum value. It follows that

L 1
e—(t —to)/RC — _2_ —_ t* = tO + RCIn2.

(Compare this conceptually with the half-life in radioactivity.)
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3. U(t) = Upsinwt.

t Ui
Uc(t) = Q) —2 e t/RC / e/ RC sinwt dt .
Integration by parts now gives the solution

UC(t) = I—_:—(%éw—)-z- (sinwt — RCw cos (Ut) + Ae—t/RC .

As t — 00, we obtain the limit

lim | Uc(t) - Yo

————— (sinwt ~ RCwcoswt) | =0.
t—00 1+ (RCw)

TUTORIAL EXAMPLES 3

T 3.1 The key step in the calculation is the evaluation of

(I)(A,t)——-/ot & f(t—s)ds.

The auxiliary equation is A2 4+ 3A + 2 = 0 with roots A; = —1 and Ay = —2.
We need to calculate

t t
o(-1,t) = / e™S (t —s)e 2t=%) ds = / ef (t —s)e 2 ds
0 0
¢
= ¢ [es (t—s)+ es]o = 2 (—t + et — 1) ,

t t
o(-2,t) = /0 e (t—s)e 2t9) ds = /0 (t—s)e 2t ds

27t 2
-2t $ } o
= e ts ——} =—e .
[ 2 o 2
Therefore the general solution is
O(-1,t) — (-2,
y(t) — Ae—t+Be—21+ ( ) ) ( )

“1-(-2)

£2
= Ce '+ De ™ — (t + —2—> e 2,
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T 3.2 The auxiliary equation is A2 +2X +5 = 0 with roots A2 = —1+2i.
We compute

t 3
O(~1+2,t) = / 71203 o5 2(t — 5) ds
— 1+2z)s 2(t— s)z —-2(t-—s)i
2 / | as
— _é_/o eZzt e—s+e—2u‘. e4is—s> ds

_ _;_ (1 _ e—t) G2t _ 4_151'_1 (e2it—t _ e—2it) -
Simple substitution of 1 — —i gives A
B(~1-2,¢) = % (1 _ e“) o2t _ ('“4;:‘ 1) (e—Zit—t _ eZit) .
and so
O(—1+ 2i,t) — (-1 — 23, ¢)
142 —(-1-2i)

= % (1 - e"t) sin 2¢
—312 (—2 cos 2t + 2e~¢ cos 2t) - % (sin 2t + e ¢ sin 2t)

4 1
=17 sin2t + 7 cos 2t + ..

the dots indicating terms that are irrelevant as they are contained already
in the complementary function. Therefore the general solution is

1
y(t) = Ae™ cos 2t + Be* sin2t + T7 (cos2t +4sin2t) .

T 3.3  As before, the auxiliary equation is A2 + 2\ + 5 = 0 with roots
A1,2 = —1 & 24, Integration yields

—(t—
O(—-1+2i,t) = / erezs €7 (2 ) [e2(t=2) 4 ¢=2i(t=2)] g
0

—~t ¢
_ ¢ 2it —2it _dis
= - A ( +e e ) ds
t . 1 .
—ete?t 4 n e ! sin2t.
Analogously,

t 1
B(-1-2i,t) = ;e et —2“+4 ~t sin2t.
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Finally,
B(—142i,t) —B(-1-20,t) t _, .
142 (-1—x)  af sin2¢

so that the general solution is given by

y(t) = Ae™t cos2t + Be ™t sin2t + Ee_t sin2t .

T 3.4 The auxiliary equation factorizes as (A+2)(A+3) = 0 and therefore
y(t) = Ae? + Be™3!. From the initial conditions

y(0)=1 — A+ B=1, y(0))=a — —-2A-3B=a.
Therefore A=3+a, B=—a—2 and

y(t) = B+a)e - (a+2e ™ = [(a+3)e' — (a+2)]

= e [(a+3)(e' - 1) +1]
is the particular solution. It follows that
a+3>0 — y(t)>0, a+3<0 — y(t)<o0

(the latter relation applies for suitably large t). Therefore, y(t) > 0 if and
only if a > 3.

T 3.5 The auxiliary equation is A2 + 1 = 0 with roots A1,2 = £¢. Thus
t

t ’ -
B(+iyt) = / e*%% tan(t — s) ds = / tan 7 et gy
0 0

Lo
; sinT .
= ei”/ (cosT FisinT) dr
0

cos T
- 1—cos®r
= ei’t/ sint F | ———— | dr
0 cosT
+it . L
= e [—cos'rq:zlnlseCT+ta,n'r|:i:zsm'r]0

= ei“[—costqtiln|sect+tant|:tisint+1]
= it [1 — ¥ T iln|sect + tan tl]
where sect = 1/cost. We need to construct

B(i, 1) — ®(—i, 1)
i — (=)

=sint — cost In|sect + tant|.
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The general solution can then be written as
y(t) = Asint + Bcost — cost In|sect + tant].
The initial conditions give
y0)=1 — B=1, 700 =1 — A=2
leading to the particular solution

y(t) = 2sint + cost — cost In|sect + tant|.

TUTORIAL EXAMPLES 4

T 4.1 The complementary function is y.(z) = Cre~*+Cye~2%. The choice
Yp(z) = (Az + B)e~2® will obviously not work because e~2% is a solution of
the homogeneous equation. Using Table 4.1 we have

yp(z) = z(Az + B)e™**
and therefore
yplz) = [—2Ax2 +(24-2B)z + B] e~
yy(z) = [442® + (4B — 8A) 2+ 24 - 413] e 2%
Substitution into the differential equation and collection of terms leads to
[(=24)z + 24 — Ble™%® = ze™2%.

It follows by comparison of coefficients that A = —1/2 and B = 24 = —1.
Therefore the particular integral is

T 4.2  The complementary function is y.(z) = e™* (A cos 2z + B sin 2z).
The particular integral has form

Yp(z) = arcos 2z + Bsin2z .

Substitution of yp, y;, and y;,’ into the differential equation and comparison
of coeflicients gives the linear system a + 48 = 1 and —4a + § = 0 with the
solution a = 1/17, § = 4/17. Therefore, the particular integral is

1
yp(z) = T (cos2z + 4sin2z) .
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T 4.3 The complementary function is the same as in the previous problem.
For the particular integral we now make the choice

yp(z) =z e * (acos2z + fsin2z) .

Again, after substitution of y,, y;, and y, into the differential equation and
comparison of coefficients we obtain —4a = 0 and 48 = 1. Therefore, the
particular integral is

1
yp(z) = 1 ze Tsin2z.

T 4.4 The auxiliary equation is A> =5\ 46 = 0 with roots A\; = 2, X\p = 3.
Therefore the complementary function is y.(z) = C1€?® + Ce3*. Thus we
choose for the particular integral

yp(z) = €® (Acos 2z + Bsin2z) + €*® [(Cz + D)cosz + (Ez + F)sinz] .

T 4.5 The auxiliary equation is A2 — 4\ + 4 = 0 with the double root
A12 = 2. The complementary function is yc(z) = C1€%* + Cyze?® and the
particular integral is chosen to be

yp(z) = (A:z:2+Bz+C’)+x2e2z (Dz + E)
+(Fz + G)sin2z + (Hz + J) cos 2z .

T 4.6 The auxiliary equation is A2 + 3\ + 2 = 0 with roots A\; = —1,
A2 = —2. The complementary function is y.(z) = Cie™% + Coe~2* and the
particular integral is
— (A 2 z 2 T
yp(z) = z°+ Bz +C)e"sin2z + (Dz° + Ex + F ) €” cos 2z
+(Gsinz + Hcosz) e * + Je* .

T 4.7 Solving the homogeneous equation first, y = ae® leads to the
auxiliary equation a? + A% = 0 with the roots ay,2 = *iX. Therefore, the
complementary function is

ye(z) = Acos Az + BsinAz.

Let

N

yp(f’?) = Z ypm(m) — y;,'m + /\2me = amy Sinmnz.
m=1
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Under the assumption A # mn we can then choose
Ypm(T) = am cOSMTT + P sinmrz.
The usual procedure of substitution and comparison of coefficients yields

am(A2 — m?7?) = 0 and Bm(N? - m27?) = a,,. The general solution is
therefore

N
a
= Acos Az + Bsin E —— e si )
y(z) cos Az + Bsin z+m_1 T a2 SnmarT

(Expressions of that type are important in the theory of Fourier series.)
T 4.8 Rewrite the differential equation as

1

n, Yy __
vty 2cos(z/2)

The complementary function is
ye(z) = Acos(z/2) + Bsin(z/2).
With y;(z) = cos(z/2) and ya2(z) = sin(z/2) we get
W (y1,y2) = cos(z/2) % cos(z/2) — <—-%) sin(z/2) sin(z/2) = %
and g(z) = 1/[2cos(z/2)]. Hence

_ sin{z/2) 1 _ sin(z/2) ,
ui(z) = ——/ (/2 2cos@/2) dz = —/mda: = 2In|cos(z/2)],

_ cos(z/2) 1 _ _
uz(z) = / (1/2) 2cos(:z;/2)dx-/dx_z'

The general solution is therefore

y(@) = ye(z) +ui(@)yn(z) + ua(e)y2()
= Acos(z/2) + Bsin(z/2) + 2 cos(z/2) In[cos(x/2)] + zsin(z/2) .
T 4.9 The auxiliary equation A2 —2X+1 = 0 leads to the complementary

function
ye(z) = Ae® + Bz e®.
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With g(z) = €*/(1 + z°) and y; = €%, y, = ze® it may be shown that
W (y1,92) = 1195 — ¥iy2 = 2. Therefore,

ze® [ex/(l +x2)] T 1
= — o - = —— 2
ui{z) = / 5= dz / 1522 dz 2ln(l-%-:z: ),

us(z) = /ez [e’”/(l +:1:2)]

1 -1
= 62:5 dﬂ?:/mdﬂ::tan xT.

This leads to the general solution

y(z) = yelz) +ur(z)yi(z) + uo(z)y2(z)

= Ae® + Bze® — %ez In(1 4 z2) + ze®tan" ' z.

T 4.10  Substitution of the given solutions and their first and second de-
rivatives shows that they both fulfil the homogeneous equation. We rewrite
the differential equation as

r 1

yll+ y_

y=2(1—-1z)e™".

1-2 1—2

Therefore, g(z) = 2(1—z) e~* and the Wronskian determinant is W (y,,y2) =
1Yy — y1y2 = (1 — z)e*. Thus

z2(1 —z)e * _ 1 -
’U,l(-'L') = —/—(—(l—ﬁ;—dl':—2/$e 2md$=§(2$+1)€ 21:,
e*2(1 —z)e” " _
uz(-’L‘) = /—?((1—_2);—)—(1232'2/6—1(1.’12:—26::.

Consequently, a particular integral is
1 _
yp(z) = ui(z)y1(z) + ua(z)y2(z) = ~3 (2z — 1)e™®.

T 4.11  The verification procedure works as in the previous example. We
see that g(z) = (122%/?sinz)/(4z%) = 32~ !/2 sin z and obtain the Wronskian
W (y1,92) = —z~!. Therefore,

2,‘—'1/2 coS T 31,‘_1/2 sinz 3 2
uj (m) = —/ (_z—l) T = -—‘5 cos I,
(z) = / zY2sing 327 2sinz — _2(z —sinzcos )
u2(z) = (—z-1) T=T3 '
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A particular integral is therefore

1/2

yp(z) = ur(z)y1(z) + ua(z)ya(z) = —g:z COST .

T 4.12 It is evident that y = e~2% is a solution of the homogeneous
equation and therefore it makes sense to write y = ve™2%. Thus v satisfies

d?v dv dv
=2z (¥ YV LY -2z ( 2Y _ —2z - _
ze <d:1:2 4dw +4v> +e (d:r, 2'0) + (2 — 4z)ve 8z(l —z).

Let z = dv/dz then, after some algebra, 2 is found to satisfy

dz 1
= - = 8(1 — z)e** .
+ ( 4) z=8(1 —z)e

This is a linear equation with integrating factor ze~4%. Therefore

E—(xe_h z) =8z(1 —z)e™ — e P r=4r2c® + A,

T

Thus
d 4z T 48
Tt A o v=(e-Dem+a[ Tds+B.
dz I s

The general solution to the original differential equation is therefore

—2z 1648 -2z
y=Ae —ds+Be ™t +2x-1.
s

T 4.13 The equation is of Euler’s type with solution y = z™. Then

2

?(n? —n)z" 2+ 3znz" 42" = (N2 + 20+ 1)z" = 0

so that n = —1 is a double root. Now let y = v/z, then v satisfies

Let z = dv/dz then, after some algebra, z is found to satisfy

dz 2 Inz

dr =z T
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This is a linear equation with integrating factor z and whose solution is

found by the calculation
dv

—(zz) =Inz — —=z=hz-1+—.
d:r( ) dz T
This equation for v integrates to

v=zlnz -2z +Alnz+ B

and thus the original equation has general solution

1 B
y=-—2+A£:—E-+——+lnx.
T T

T 4.14 Substitution of y = z* and its first two derivatives into the
differential equation gives

(,\2~,\+4A+2)z*=0.

Therefore A2 +3X+2 = 0 with the roots A\; = —1 and Ay = —2. The general
solution is then

_4_ B ,._ A 2B
We have
A B A 2B
yla)=a — —+—5=a, Yl)=-1 > —5-—==-1
a a? a2 a3

which leads to A = a? and B = 0. The particular solution is therefore

T 4.15 Once again we use y = = in the homogeneous equation and get
A2 — 2X — 3 = 0 with roots A; = 3 and A = —1 and a general solution of

B
y(z) = Az® + P + yp(z) -

For the particular integral y,, we choose y, = az?. Upon substitution of
yp into the inhomogeneous equation and comparison of coefficients, we find
a = —1/3. The initial conditions yield

1 2
y(1) =0 — A+B-32=0, y(1)=0 — 34-B-2=0.
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Thus one gets A = 1/4 and B = 1/12 which leads to the particular solution

()_a:3+_1__z_2
Y = T T 3

T 4.16  Setting y = z* gives A2 — A\ +a = 0 with complex conjugate roots
A12 = 1/2 £ 40 where 8 = (a — 1/4)!/2. The general solution is

y(z) = Az!/2+0 4 Bgl/2-i0,
Since
g2 - g1/26ma™0 . p1/2 iz _ 172 [cos(@Inz) + isin(fInz)]
we can rewrite the general solution in the form
y(z) = /% [Ccos(fInz) + Dsin(@Inz)] .

The condition y(1) = 0 requires C = 0 whereas y'(1) = 1 requires D = 1/8.
These values lead to the particular solution

r1/2sin(@lnzx
y(e) = ————0( ).

T 4.17 Change independent variable from z to ¢ = Inz. Hence

dy dy dt d_yl

dr  dtdr dtz’
d*y _1__d_<dy)+dyd<1)_1t12y 1 dy

dz?  z d dt dt dz 2 dt?  z? dt’
d3y _ 1 d3y__3_d2y 2 dy
dr3 ~ T 3 dt3  z3 dt2 23 dt

and analogously for higher order derivatives. These expressions can be rear-
ranged to give

=W gy By d il ),
dt’ dt?  dt dt \dt ’

By Py dy d (d d
2. m > J o = R
TY T us 3dt2 T2 =0 (dt 1) (dt 2) Y

where in the last term, d/dt is interpreted as an operator acting on all terms
to its right. For the general term one gets

’(’)—d (i——l)x x(—(-i——r-f-l)
di \dt A\ dt y
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Substitution into the original differential equation and rearrangement of
terms leads to

dn dn‘l d
(EF“"Ald_t;l‘__f'*'--"*'An—laz_{_A")yzf(et)

where the coefficients A,, are linear combinations of a,, (m =1,...,n).

T 4.18 Direct substitution reveals that y; = z2 is a solution of the

homogeneous version of the differential equation. To reduce the order, we
set

2 2, 1

yo(z) = t2u — vh =2zu+ 2% — ) =2u+4zu’ +2’u

Substitution and collection of terms gives
1
u' + —u'=0.
With the new dependent variable w(z) = u'(z) we have
;1 A
w + ;sz —  w(z)= 7 —  u(z) =/ w(z)dx = Alnz.

Consequently, y2(z) = z%Inz is a second solution of the homogeneous equa-
tion. By calculation, the Wronskian is W (y1,y2) = z3. Therefore, variation
of constants yields

2 2
ul(z)z_/ f___lf‘z_hﬂdxz_/ dez_%(lnm)ii,

z3 z

2
u2($)=/:1: lnzdm=/lr;—xdx—-—(lnz)

3

The general solution is thus

y(z) = Ay(z)+ Bya(z) + wa()y(e) + ua(z)ya(e)
= A2’ + Bz’lnz + é—m2(lnx)3 .

T 4.19 Asz" —[2(1 +z)) +2(1 +z) = 2z # 0, the equation is not exact.
When multiplied by ¢(z), the equation becomes

pzy" +26(1 +z)(y' +y) =0
and this is exact whenever

d2

= (z¢)——‘i[2(1+x) | +20+2)¢=0.
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This equation for ¢ simplifies to
z¢" +2¢' —2(1 4+ 2)¢' — 20+ 2(1 + 2)¢p = z(¢" — 2¢' +2¢) = 0.

Therefore, any solution of ¢” — 2¢' + 2¢ = 0 is an integrating factor of the
original differential equation. The function ¢(z) = e® sinz (the roots of the
auxiliary equation are 1 & 1) is one such solution, and in this instance, the
original differential equation may now be rewritten

d

d
d—m[ze” sinx£+ez [(1+a:)sinx—a:cosm]y] =0.

The last equation can be integrated and we obtain

d
ze® sinxa-f-i-+ez (1 +z)sinz —zcosz]y=A.

This equation is now re-expressed as the linear first order equation

E;+

dy (1 I cos:z:) =Ae~I

T sinz rsinz

with integrating factor z e*/sinz. Therefore,

d [Ty A ze*y CoST
() =am -

sinz sin“ r sinz sinzx

The general solution is now

~z
y(z) = e—z- (—Acosz + Bsinz).
If y has a finite limit as £ — 0 then A = 0 and the value of this limit is
determined by L'Hépital’s rule as unity if B = 1. Therefore the required
particular solution is
(z) = e Tsinx
Y = T .
T 4.20 The given equation is exact because (z2)" — (4z+4x2)' +8z+2 =0
and may be re-expressed as

d
dxz_y

—— 2 —
e dz+(4:c +2m)y} 0.

The integrated equation is now

2
x2%+(4m2+22)y=0 — d—y+(4+;>y=g‘-
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This equation has integrating factor z2e** and therefore

d
o (1:2 ele y) = Ce¥® — ?ef®y = Ae'* + B.
Thus the general solution is
A 6—41
y(#) = 5 +B—

The initial conditions yield
y(1)=0 — A+Be*=0, (1)=1 — —24-6Be™*=1.

Hence A = 1/4 and so B = —e*/4. The particular solution is

B 1 — e4(l—:l:)
V="
T 4.21  We have
w=e [rvis — u’=—pye—f"ydac
and thus
o , " ,u12 plul
y=-_— — Y=ot g T o
pu pu  pu pru
Upon substitution, the result is proven. In the example we set p = —e®,

g = —1 and r = 4e~%. This leads to u” — 4u = 0 with the general solution
u = Ae** 4+ Be™ %%, Therefore

u Ae?® — Be~ 2= Ce*r -1
= e —_— = 2 e = 2 -z .
y(=) pu ¢ Ae¥ t Be = ¢ Cer1

T 4.22  Since p = kp? then p’ = 2kpp’. Momentum balance p' = —gp now
indicates that 2kp’ = —g. Multiplying this equation by 72 and differentiating
with respect to r yields

2k(r2p") = —(r2g) = —4nGrp.
Therefore

1

r2p" + 2rp + oPrip =0 — ro" + 20 +atrp=0

with o® = 2wG/k. Suppose that ¢(r) is an integrating factor of this equation,
then we must have

(r¢)" —2¢' + a®?r¢p =0 — " +atp=0.
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Take ¢(r) = sinar, then the original differential equation for p can be re-
expressed as

d .
:i—r-[rsinarp' + (sinar — ar cos ar)p] =

— rsinar p' + (sinar — arcosar)p = A
(G e o=
— p+l—-——acotar) p=— .
T rsmaoar

The integrating factor of this equation is r/sin ar. Hence

di( TP )_ 124 R p(r)z_Acosar_}_Bsmar_
r

sinar sin” ar ar r

Since p(r) is a density, it must be non—negative and finite everywhere within
the star. In particular p(r) must be finite as  — 0. This latter condition
requires that A = 0 by L’Hopital’s rule. Therefore the final density is

sin ar sin ar

p(r) = B——=p(0) —

where p(0) is the density at the core of the star. The density on its exterior
boundary is p(0)(sinaa)/(aa). This density is non-negative only provided
aa < 7. This stellar model therefore predicts stars of maximum radius 7 /a.

TUTORIAL EXAMPLES 5

T 5.1 The auxiliary equation A\? + 20\ + w3 = 0 has roots A 2 = —~a i}
where 2 = y/w? — o2. The general solution is

g(t) = e (AsinQt + BcosQt) .

It follows from g(0) = 0 that B = 0, whereas §(0) = (3 requires A = 3/.
Thus the particular solution is

—ot SIS
Q
Note that the equation describes the deviation of glucose level from the fasted

level and therefore the values that are given for the patient are g(1) = 0.3,
g(2) = —0.15 and g(3) = 0.05. Substitution into the particular solution gives

g(t) = Be

sin 3Q2

~q $in§ = -0.15, Be % —=— = 0.05.

in 20
Bem = =03, Be~2e 02

Q
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This is a system of three (non-linear) algebraic equations for the three un-
known parameters. Multiplication of the first with the third expression and
division by the square of the second one leads to

sin{) sin3Q 2
sin?2Q 3’

Letting s = sin {2 # 0, we obtain

s(3s—4s%) 2 g 1

B St Y S — 45 =1 — =+-.

4sZ (1—s2) 3 s 12 = =3
Consequently, there are a total of four solutions for Q: #/6, 57/6, —n/6,
—57n/6. The latter two, being negative, are not relevant since {2 is positive
by definition. If, further, Q@ = 7 /6, then sin2Q = sin(w/3) > 0 which is not
possible (see the second of the above parameter relations). Hence, the only

remaining solution is = 57/6. We can then use the first two parameter
relations above to calculate a and 8 and get

1
a=3 iz, B=V3r, Q=5x/6.

Therefore, w3 = Q%2 + a® ~ 8.40, wy ~ 2.90 and the period of the un-
damped motion is 27/wy =~ 2.14 hours, which makes the patient strongly
non-diabetic.

T 5.2 The differential equation governing the behaviour of this system is
420y +wiy=0

with suitable initial conditions. The solution is oscillatory, so w? > a?. The
damping is also light and so we have the general solution

y(t) = Ae® sin(Qt + B)

with @ = y/w? — a?. The period is T = 2r/§) and the number of oscillations
to half amplitude is N where

1
g e-—a27rN/Q

Qln2
2 — N= 2ra

Required is a discussion of the behaviour of T and N as o and w3 (which is
directly proportional to the restoring force) are changed. First, we write

InT =In2n — % In(w3 — o?).
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Therefore
10T @ 1 oT _ wp

T da  wi-a?’ T 8wy  wig—o?
These expression now permit an analysis of the period. The period is locally
an increasing function of « and a decreasing function of restoring effects.
Of course, if the damping is increased too much, the solution is no longer
oscillatory. A stronger restoring influence makes the period shorter.
To analyse the vibration count we derive

InN = In[(In2)/2r] + = 1n(w§—a)—1na

and therefore

1 ON o 1 _ wi <0
N da  wi-a2 a aw-o?) ’
1 ON

ON __“ 5y,

N -T2 __ .2
N 0wy wj—a

The number of oscillations to half amplitude decreases as « increases and
increases as the restoring effects increase. Again, these are local results.
Finally, for the extraction of the differential equation we set T'=1 and
N = 40. We can calculate a = 0.0173 and wg = = 6.283. From the above
expressions the differential equation §j + 0.0346 § 4 39.479y = 0 is obtained.

TUTORIAL EXAMPLES 6
T 6.1
o0
L [e‘t“l/2 1t — s] = / e stemt"1/2 gt
0

e—ts+1) 1 o-1/2
-(s+1)j]0 T s+1

= o172 [°° e tsH) gy — =172
0

with the requirement s > —1 for the integral to be finite.
T 6.2 With cos(at + b) = cosat cosb — sinat sinb we have

L{cos(at +b):t— s]
=cosbL{cosat: t——)s]—smbL[smat t— s

= cosb / t cosatdt —sinb / ¢ sinat dt

—cosb———— smb—————
2 4a? s? 4+ a?
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whereby the integrals can be evaluated either by standard methods or use
can be made of the Laplace transform Table 6.1. Note that the integrals
exist only if s > 0.

T 6.3 With the substitution u = st we find

L{tP:t—>s] = / e’ t”dt::/ et ——du
0 0 sP s
_ 1 © b 1
= 71 e Y uPdu = presy I'(p+1)

by virtue of the definition of the Gamma function (p > —1, s > 0). For an
integer n we have
n+1) = nl'(n)=n(n-1)I'(n-2)=---
= n(n-1)(n-2) x---x3x2x1xI(1)=n!
so that L[t":t — s] = n!/s"*!. Next, for p = —1/2:

1 m\ /2
“1/2. 4 4l =120 (2) = (2
L[t i1 s]—s F(2>—<s) .
For p =1/2:

3 1 1 ni/?
1/2 . _ .—3/2 _ .=3/2 —
L[t/ .t-—)s]—s /1‘(5)_3 /-1‘<§)_——233/2.

And for p = 5/2:

7 531_ /(1 1571/2
5/2, — _7/2 - = _7/2__— — | = ————
L[t .t—)s] E F(z) s 222I‘(2) PR

T 6.4 We have

— . s—=2 §—2

fs) = s2-2 (s —vV2)(s +v?2)

1-v2 1 +1+\/§ 1
2 s—V2 2 s5+V2

by using a partial fraction decomposition. Since L [e** : t — 5] = 1/(s—a),
we obtain

f(t)=L'1[7(s):s—>t]=L’1[:2__22:s—>t]
1-v2 __ 1 1+v2 1
= 5 Ll[s_\/i:s——)t]+ 5 Ll[s+\/§:s—)t}
:l_ﬂeﬁt-’rl—*‘ﬁe“@t
2 2

=cosh\/§t—\/§sinh\/§t.
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Of course, the result in terms of hyperbolic functions could have been read
off directly from Table 6.1.

T 6.5 Completing the square gives

N 3 B 3 3 V5
1) = a3 as49 ™ (s+22+5 VB5(s+22+5"

Therefore
3 V5
P R N P T R
f® sZt+ds+9 V5 (s+2)2+5 57
3 a1 V5 3 ot .
\/56 215 s \/56 sin

where in the penultimate step the first shifting property was used in the
form L~} [7(3 —a):s— t] = L1 [7(3) 18— t].

T 6.6 Let f(t) have Laplace transform f(s). The Laplace transform of

the integral equation yields

- 1 = s
f_;+fs2+1

7o st +1
T os(s2—s41)

where it has been recognized that the Laplace transform of a convolution
is the product of the Laplace transforms of the constituent functions. The
expression for f is now expanded in partial fractions form. In fact, by
expressing s°+1 in the form (s2—s+1)+s it can be immediately established
that

2 V374

t AG-127+3/4

- s2+1 1 1
f=
S

1
(s2—s+1) ‘§+32—s+1 T s

and consequently the solution is

ft) =1+ %etﬁ sin (\/:Et/z)

by using Table 6.1 and the first shifting property (6.6).

T 6.7 Take Laplace transforms of the integral equation to obtain

1 1
s24+1 s2

and it now follows that f(t) = —(1/2)cost.

2 _ - 1 =
= — — _
s3f f 2s2+1
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T 6.8 Applying the Laplace transform to the differential equation gives
(57 - 5y(0) ~ §(0)] — 5[s7 — sy(0)] + 67 = 0

with § = L[y(¢) : t = s]. Consequently,

_ (-5 +9(0) _ 25-9
- s2—5s+6  (s—2)(s—-3)
_ 5 3
T s—2 s5-3
Therefore,
5 3
_r-1 _ . _Ea2t o 3t
y(t)=L [3—2 s__3.s—)t] S5e“ —3e”.

T 6.9 By way of preparation we note that we can calculate the Laplace
transform of the right-hand side of the differential equation either directly
from the definition or by using

d 1 1

Tdss—2 (s—2)%°

L[tezt:t—)s]=—-(;i—sL[eZt:t—->s]=

Application of the Laplace transform to the differential equation now yields

1
(s —2)*°

[s%7 - sy(0) - 5(0)] -7 =

Therefore,

<

1 1

(s2-1) [(s—2)2 +1]

1 51 41 1 1
s—1 9s+1 9s5-213G-22

Applying the inverse Laplace transform then produces

L_1[1 5 1 41 1 1

y(t) = s—-1—§s+1._?)-3—24-5(3—2)2

:s—)t]

5 4 1
= e 9e 9e +3te .

In the last term L~} [7(3 —a):s— t] =t [} [7(3) 18— t] was used.
T 6.10 This piecewise continuous function can be written in the form

f@)=1+2H(t—-1)+2H(t-17)
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with the help of the Heaviside function. Thus
oo
LIf(t):t—s] = / [+ 2H( - 1)+ 2H(t - T)] e~ dt
0

[o o] o o0
= / e‘“dt+2/ e'“dt—i-?/ e St dt
0 1 7

1 25 2775
s s s

_ 1 -5 ~7s
=3 (1 +2e 7+ 2e ) ,
valid for s > 0.

T 6.11  We can write g(t) =1 — H(t — m) and obtain

(5%~ 3(0) — §(0)] + 57— sw(O)] + 5= =~

Then, after substitution of the initial values and collection of terms we get
g=(1-¢T")K(s)

h
where 1

= s(s2+s+5/4)

_ s+1
h (s+1/2)2+1°

K(s)

4 4
58 5
We note that

y(t)

L' (1—e™)K(s):s > t]
= L'K(s):s—=t]— L7 [e™K(s):s—t]
= k(t)—k(t—-—m)H(t—n)
where
k(t) = L '[K(s):s—t]
4 i [4s+1/241/2
= Ll[-;.s—)t]—Lllgm.s—)t]

5
= éL”l[i—:s-—)t]—éL"l[(—s-*_—l/—z——:s—)t]

5 5 s+1/2)2+1
2 1
Sl el N S — t
5 [(s+1/2)2+1 7 ]
4 2
= g—-e"t/zcost—ge_t/zsmt,

using the first shifting property. Therefore we find the solution as

2
y(t) = 5 [2 ~e % (2cost + sint)]

_2H(t-m)

3 [2 +e (™72 (2cost + sin t)] .
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If so desired, the solution can be split into its two constituent parts:

2
R [2—e_t/2 (2cost+sint)] 0<t<m

2
—ge_‘ﬂ (2cost + sint) (1+e"/2) t>m,

y(t) =

as illustrated in Figure B.2.

y 4

1.0 ¢

0.5 1

Figure B.2: Solution of Tutorial example T 6.11, y versus .

T 6.12 By using the definition of the Laplace transform we obtain
o0
L{f(t-a)H{E—a):t—s]= / f(t - a)H(t — a)e™* dt
[o e} 000
= / f(t—a)e™tdt = / f(u)e™ 36+ dy
a . 0 _
=e % / f(u)e " du =e % f(s)
0

where in going from the first to the second term on the second line in this
calculation, the substitution ¢t — a = u, dt = du was used.

T 6.13  Application of the Laplace transform yields
(52+2s+2)L[y:t—)s]=e"”.
With

k(t) =L~} [G—_'_—l—)m:s—)t] =etL7! {s2+1 :s—)t] = ¢! sint
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we have

e—ﬂ'S

(s+1)2+1
= H(t—-me " sin(t—7).

y(t) = L7

:s—+t:| =H(t—m)k(t —n)

The solution can therefore be written as

0 t<mw
y(t) = { —e™tsint t>mw.

A sketch of the solution can be seen in Figure B.3.

02 1

Y

Figure B.3: Solution of Tutorial example T 6.13, y versus .

T 6.14  For the simple circuit consisting of an inductor and a capacitor
and the scenario as described, we obtain the initial value problem

G0+ 75Q0 =0, QO=Q, Q0)=0.
Application of the Laplace transform to this problem yields
$*Qs) —5Qo+7*Q(s) =0
where Q(s) = L[Q(t) : t = s] and v = 1/VLC. Therefore,

Q) = s,

— Q(t) = Qo cos~t.
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The solution represents an oscillation with frequency 7 (energy is stored
alternatively in the capacitor and the inductor but the total amount is con-
served.)

In the more general situation of the LCR circuit, the corresponding initial
value problem is

R 1 .
Q) + 7 Q) + Ic Qt)=0, Q(0)=Qo, Q(0)=0.
Here the application of the Laplace transform method gives

ey — SQo+ (R/L)Qo
Qls) = s2+ (R/L)s+~*"

Denote the two roots of the quadratic polynomial in the denominator by
R 1 R?
=——+1f ==
2= Tep T LC ~ 47
then a partial fraction expansion yields

a(s)=Q0(31_32+R1 Rl)

81 — 82 S — 81 §— 82 ZS_SI_ZS-’SQ
Qo (81+R/L B 32+R/L)

s — 8 s — 82

>0,

S1 — 82

The solution for Q(t) is therefore

0= 2 [+ 2) - () ]

Substituting the values for s; 2 and rearranging terms, one finds that

Q(t) = Qg e~ (R/2L) (cos ot + % sin 6t) .

The effect of the resistor on the circuit is to provide a damping mechanism.
As current flows through the resistor, energy is transformed into heat and is
therefore lost to the system. The amplitude of the oscillations will decrease
exponentially. If R? « 4L/C then § = v, so that the frequency of the
damped oscillator is very close to that of the undamped oscillator. Of course,
in the limit R — 0, the solution for the LCR circuit reduces to that of the
LC circuit given earlier.

T 6.15  The current I(t) in the circuit is governed by the differential
equation .
LI + RI = Usquare(t) y I(O) = 0.
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The Laplace transform I(s) = L[I(t):t — s] therefore satisfies the alge-
braic equation
-V 1
= — ——.
(Ls + R) s
Define a = R/L then I is given by
o —skT
T_ v 1 1 _V_' Z
Ls(s+a) 1+eT) L = s(s+a)’
By recognizing that
a 1 1
s(s+a) s (s+a)’
the Laplace transform I may be inverted to obtain
V. k (t-kT)
I(t):Ekz:%(—-l) [1—e ]H(t—kT).

In this solution, H is the Heaviside function.

TUTORIAL EXAMPLES 7

T 7.1 Weset z = 3y’ and the differential equation becomes zz’' — 2 = 0,
which is a linear equation with general solution z = Cz. Integration gives,
first, v = Dz? + F, and second, y = Ex3 + Fz + G. We can thus identify
y1(z) = 1, yo(z) = z, y3(z) = 3. The Wronskian is

BioY2 U3 Il z z 1 342
W=y, vbh vh|=|0 1 3z =‘ 0 6z = 6z
Wi | |00 6

T 7.2  The differential equation is of Euler’s type. We substitute y = z*
and obtain A3 —2X%2 — A+ 2 =0 withroots A\; =1, Ay = 2, A\3 = —1. We
can thus identify y;(z) = z, y2(z) = 2%, y3(z) = 1/z. The Wronskian is

z T2 z7 1
2 z72 z2 7! 6
— —y—2 - - - =
W= (1) gm ;$_3 2 2z73 2 2z78 T

T 7.3  The characteristic equation is A* + 1 = 0. Its four roots, written
in polar form, are

Aigz4 = elm/4mn/D) m=0,1,2,3
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or _
14 ~1+1i ~1— 1

)‘I_W7 ’\Z_Ta

The general solution is therefore

y(z) = AeM® + Be ™ 4 CeM® + DM
or, by splitting into real and imaginary parts

y(z) = e/V2 [a cos(z/V?2) + bsin(a:/\/i)]
+ee/V2 [c cos(z/V2) + dsin(x/\/i)] .

T 7.4 The auxiliary equation is
MoBA=AA=8) = AA-2)(AN2+ 20 +4) =0
withroots Ay =0, A =2, A\34 = —1 +iv/3. The general solution is therefore
y(z) = A+ Be* + Cel~1+iV3)z | pe(-1-iV3)e
or

y(z) = A+ Be® +e7° (c cos V3z + dsin \/gz) )

T 7.5 The auxiliary equation is A — 2)2 + 1= (A2—1)® = 0 and has
(repeated) roots A\ 234 = 1,1, =1, —1. Therefore

y(z) = Ae® + Be™* + Cze® + Dze™™

or
y(z) = (a + bz) coshz + (¢ + dz) sinhz .

T 7.6  The auxiliary equation of the homogeneous equation is given by
A3 =322 +2X = A(A = 1}(\ — 2) = 0 with roots A; 23 = 0,1,2. Thus the
complementary function is

ye(z) = A+ Be® + Ce*® .

For the particular integral, we choose

Yp(z) = z(az + b) + cze® = az® + bz + cre®.
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Substitution into the differential equation and comparison of coefficients
yields 4a = 1, —6a + 2b = 0 and —c = 1, so that a = 1/4, b = 3/4 and
¢ = —1. The general solution is therefore

y(x)=A+Bez+Ce2z+&;—?ﬁ—xe’.

The three initial conditions give
A+B+C=1
B+2C+3/4-1=-1/4
B+4C+1/2-2=-3/2

with solution A = 1, B = C = 0. The particular solution is therefore

y(a:)=1+ip—(—aj_—3)—xex.

T 7.7 The auxiliary equation is A3 + A = 0 with roots M3 = 0,4, —1.
Therefore, a fundamental set of solutions of the homogeneous equation is
yi(z) =1,  yo(z) =sinz,  y3(z) =cosz.

Next set

yp(z) = u1(z) + ua(z) sinz + uz(z) cos z
—  yp(z) =u; +upsinz + uzcosz + uzcosT — uzsinz.

The two additional conditions given in the example description reduce to
u} + upsinz + uzcosz =0,
upcosT — uzsinz = 0.

Calculation of y, and y,’ using the last two expressions gives

p

—ubsinz — ujcosz = tanz

upon substitution into the original differential equation. The three algebraic
equations for u}, u5 and uj have solutions

, |24}
u; = tang WS tanz — u; = —In(cosz)

[} W2 . .
u2=tanzw=—smm tanz — wup =sinz —In(tanz + 1/cosz)

3 .
u§=tanm——u~,—=—smz —> u3 =COSZT
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where W, Wy, Wa, W3 are defined by

1 sinz COST 10 cosz

W=|0 cosz —sinz |= -1, Wo=]0 0 —sinz |=sinz,
0 —sinz -—cosz 0 1 —cosz
0 sinz COSZT 1 sinz 0

Wi=1|0 cosz —sinz {=-1, W3;=|0 cost 0 |=cosz.
1 —sinz —cosz 0 —sinz 1

Consequently,
Yp(z) = —In(cosz) + [sinz — In (tanz + 1/ cos z)] sinz + cos’ z

leads to the general solution
y(z) = A+ Bsinz + Ccosz —In(cosz) —sinz In (tanz + 1/ cos z) .

Generalization of the procedure to a differential equation of order n is pos-
sible: we now have the conditions

yi1u] + youy + ... + yptiy, =0
yiu', +y;u'2+...+y:lu£1 =0
y P 4+ g L gD = g(a)

so that

m=12,...,n

where W (y1,¥2,--.,yn) is the Wronskian and W, is obtained by replacing
the mt® column of W by (0,0,0,...,1)7.

T 7.8 The general formula of the Laplace transform of the derivative of
order n gives (n = 4)

L[y9): ¢~ s] = s L{y} - %4(0) — 2§(0) - 5i(0) ¥ (0) .

Substitution of the initial conditions followed by a partial fraction decom-
position now gives

-8
Liy:t—s]= c =e"’[1 !

st—-1

1 1 1 1 ]
4s—-1 4s+1 2s2+1]°
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The second shifting property L' [e % F(s):s—t] = f(t — a)H(t — a)
permits us to find

1 e s 1 e s
t)=-L"1 cs—>t|—-L* —t
y(t) = 3 [s—l s ] 4 s+1° }

1 ;| €7°

~§L S2+1.S—')tj|

1
= iet_l H(it-1) - Ze—(‘—l) H(t-1)- % sin(t — 1) H(t — 1)
L
2

H(t—1) [sinh(t — 1) —sin(t - 1)].

TUTORIAL EXAMPLES 8

T 8.1 .The variable ys is removed by first differentiating the first diffe-
rential equation to y} = y}—2yj, substituting the second differential equation
for y4 to get y} = ¥} — 2(3y1 — 4y2) and finally using the first equation again
to eliminate y». The result is

o+ 3} + 251 = 0.

The auxiliary equation is A2 + 3A + 2 = 0 with roots A\; = —1 and Ay = —2.
Therefore
y1(z) = Ae™® + Be™**

and ) -
ya(z) = 3 (n — 1) = Ae™" + —2“6_%-

The initial conditions give A+ B = —1 and A+ 3B/2 = 2 such that A = -7
and B = 6 and we get

y1(z) = —Te % + 6727, ya(z) = —=Te™® + 972,

T 8.2 From the description of the population dynamics, we can delineate
a system of differential equations in the form

f=ah—psf,  h=pxh—>bf

where f(t) and h(t) are the fox and hare populations respectively and a and
b are two proportionality constants. Since f = F and h = H describes a
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static solution of this system we must have aH — ;s F = 0 and pp H —bF = 0,
which permit elimination of ¢ and b such that

F = KLy — = Bhpp
f=5(Fh—Hf), h=73(Fh—Hf).

Elimination of f, say, gives us

h = (un—pys) h — h—(pn—ps) h=C.

The initial conditions are h(0) = kH (0 < k < 1) and f(0) = F. It follows
from the differential equation that A(0) = —ps(1 — k)H which establishes
that C = (kps — pp) H. It remains to solve a linear differential equation of
first order for h. The particular solution is

H

h(t) =
(® h = if

[uh — kpp ~ (1= k)up elBr=hs )‘] :
The hare population dies out when A(t*) = 0, that is, where

olun—ng)t _ Ph ks

(1= E)pn

1
= ln[1+—k—(1—“—f)].
[ 1-k Bh

The fox population can be calculated from

or

__F 4 _ WF kpy
[0 = (h - uah) = L+ F (1 ~ ﬁ>
valid for 0 < ¢ < t*. For t > t*, we have h(t) = 0 (all hares have died) and the
system of differential equations reduces to f=-p 7f. As a consequence, the
fox population will decay exponentially for t > ¢t* according to the formula
f(t) = F*e™#st where F* = f(t*).
Clearly, the mathematical modelling in this example was very simplistic.
A more realistic approach would be to use

f=afh—psf,  h=punh—>bfh.

Here the products fh try to model the fact that foxes can not eat hares until
they actually locate them. This system of equations is non-linear (due to
the terms fh) and has no closed form solution.
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T 8.3 Let v be the speed of the golf ball and # the inclination of its
trajectory to the horizontal (v > 0, 0 < 8 < w/2). Then it follows that
& =vcosf and § = vsinf since v? = £% + % and tanf = y/z. Thus

200 = 2:&&3+2yi}=2i‘[—f—§}v)—.’i}]+2g][—f—g}ly—g]
= —2uf(v) — 29y = —2vf(v) — 2gvsinf.

On dividing both sides by 2v, it is seen that v = —f(v) — ¢gsinf. Similarly,

= T = [ (L) i ()] =2

Multiplying by cos?8 and replacing & gives 0 = —(gcos#)/v. The initial
value problem may now be restated as the first order system

= wycosf

z . z(0) = 0
y = vsing y(0) = 0
v = —f('l)) ;gSIIlg 'U(O) = vy
6 = —gczs 8(0) = 6.

For the special case when f = kgv, the differential equations for the speed
v(t) and the inclination () are now manipulated such that v is expressed
as a function of §. We find for v(6)

dv v _ w(kv+sind)

7 cos 6

This is a Bernoulli equation which can be converted into the linear equation

_‘E_,_ tan @ = — k
dé ztant= cos @

using the substitution z = v~!. The integrating factor is 1/ cos§ and thus

z

= ~ktanf+C — z=—ksinf@ + Ccosf.
cos b

The original equation for 6 now becomes

0 = —gzcosf = g(ksinf — Ccosf)cosf.

From the initial condition for § we have

6 1
9% — C =k tanfy + .
9 v cos Gy

(0) =



Extended Tutorial Solutions 203

Next we re-express the differential equation for 0 as

N
Idg = cos?6 (ktanf — C)

— kgt =In(ktan6 - C) + A
—3 tanf = % + Dekst

The integration constant D follows from 6(0) = 6 so that we finally deduce
that the inclination 6(t) of the trajectory at time ¢ is

1
tanf = tan@ — (1 - ekt .
an anto + kvg cos by ( € )

We note that § -+ —7/2 as t — oo although in practice, the golf ball will hit
the ground after a finite time.

When, next, air resistance is constant, then f = kg and the speed v(t)
and inclination 6(t) satisfy the differential equations

. 0
v =—kg—gsinf, §=-9°57
v

As before, we express v as a function of € and obtain

dv v _ v(k+sinb)

de @ cosf
This equation is separable and has solution

do
cos@’

Inv = ——ln(cos0)+k/

By expressing 1/ cos as cosf/(1 — sin?#) and then using partial fractions
on the latter, it is established that

k cos cos@ k 1 +sinf
In(veost) = 5 (1 “sind | 1+sin9> ®=3 m(l —sino) *e

Let v = v* be the speed of the golf ball at the highest point of its trajectory
(i.e., when 6 = 0), then

V=7

, 1 (1+sin€)"/2 . _, (cos@)F-!
cos@ \1—sind V=Y (1 —sin@)k "’
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TUTORIAL EXAMPLES 9

T 9.1 The standard solution for this type of differential equation is
y(z) = AcosvAz + Bsinvz. The boundary conditions require A = 0
and —AvAsin VX + BvXcos VA =0 or

A=0, BVAcos VA =0.

The choices B = 0 or A = 0 produce the trivial solution. Therefore we must
have

2
cos V=0 — /X =(2n-1)-’2E — )\n=(2n—1)21r4—, n=1,23,....

The eigenfunctions are

(2n — Drz

$n(z) = Ky sin 2

They can be normalized according to

1 1 I — 9
0 0 2 9

Choosing k, = /2, we therefore get ¢,(z) = v2sin(n — 1/2)7z as the
normalized eigenfunctions.

T 9.2  As previously, y(z) = Acos VAz + BsinvAz. Now the boundary
conditions give

y'(0)=0 — BVA=0 — B=0 or VA=0,
y'(1) =0 — —AVAsinVA+ BvVAcos VA =0.

A =0. In this case the differential equation reduces to y" = 0 with general
solution y = az + b. The boundary conditions are indeed fulfilled for a = 0
and arbitrary b. Therefore, ¢o(z) = 1 is a normalized eigenfunction for the
eigenvalue A = 0.

B =0. We obtain a non-trivial solution if sinv/A = 0 which gives the
eigenvalues /A, = nr and the associated eigenfunctions ¢y (z) = k, cos nwz,
n =1,2,.... Normalization is achieved with k, = v/2.

To summarize, the eigenvalues are

0
An = { n2n?

I
— O

3 3
fl
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and the normalized eigenfunctions are

fula) = § | =0
) V2cosnrx n=123,....

T 9.3 For A = 0 the solution is simply y(z) = az + b. Applying the
boundary conditions gives a = 0 and 2a¢ + b = 0, with the trivial solution.
Therefore, A = 0 is not an eigenvalue. Assuming A # 0, the solution is
again y(z) = Acos vVAz + BsinvAz. The first boundary condition reduces
to B = 0, whereas the second boundary condition subsequently requires
A(cos VA -V Asin V/A) = 0. Therefore, in order to get a non-trivial solution,

we must have
\/X = cot \/X .

This is a transcendental equation. Approximate solutions can be obtained
graphically from Figure B.4:

VA1 = 0.86 — A =0.74
is the eigenvalue with smallest value. From the figure we can also estimate
Vinx(n—-Un — A (n—1)%2, n>1.

The eigenfunctions are ¢,(z) = k, cos VApz. The normalization constant
follows from

1 k2 sin v/, cos v/ k2
2 = - n n = -1 in? =
/0 o5 (z)dz = 5 (1 + o 5 (1+sm \/)\n) 1

(where we used the eigenvalue condition /A, = cot v/A,, in the evaluation).
Consequently k2 = 2/(1 + sin? \/X,;) and the normalized eigenfunctions are

n(z) = —-—\/5— cosvVaipnz, n=123,....

1 +sin? v/,

T 9.4  The auxiliary equation corresponding to a solution y = ae®® is
a® + a(A 4+ 1) + A = 0 with roots o) = —1, ag = —\. Therefore

y(z) = Ae % + Be™ ™
is the general solution. Applying the boundary conditions provides

y'(0)=0 —  A=-\B,
y)=0 —  B(-xel+e?)=0.


file:///A7~0.86
file:///fX~n~
file:///ZX~n~
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i e

N

Figure B.4: Graphical solution of VX = cotv/A from Tutorial
example T 9.3 with the first three roots, VA1, vAz, /A3 indicated.

If B = 0, only the trivial solution emerges. If B # 0, then A = el from
the second boundary condition. It is easy to see from Figure B.5 that this
transcendental equation has only one real-valued solution at A = 1. The first
boundary condition now gives A = —B. Upon substitution into the general
solution, only the trivial solution ¥y = 0 emerges, although a non-trivial
eigenvalue had been obtained.

T 9.5 In expanded form, the equation is 2y” + zy’ + Az = 0 which is
q Y

Euler’s differential equation. We use y = z* and obtain
(a2+/\)az°‘=0 — 4+ 1=0.

A =0. The differential equation reduces to (zy')’ = 0 which can be inte-
grated to yield zy’ = C and y = C'lnz + D. Both boundary conditions are
fulfilled for an arbitrary value of D as long as C = 0. Therefore, Ao = 0 is
an eigenvalue with the normalized eigenfunction ¢o(z) = (€™ — 1)-1/ 2,
A<0. With g = =X (g > 0) we get a1 = £,/ and thus the general
solution is y(z) = AzV¥ 4+ Bz~ V¥#. The boundary conditions give

y(1)=1 —  (A-B)yp=0,
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Y A

1.0 ¢

<
Il
)

1.0 A

Figure B.5: Graphical solution of A = e!~ with the single root
A =1 from Tutorial example T 9.4.
yl(e27r) =0 — A\/E [621r(\/ﬁ—1) —‘62"(_\/‘7_1)] )

A non-trivial solution requires A # 0. Consequently, e?"V# = ¢~2"V¥ which
has the single root 1 = 0, so only the trivial solution emerges.
A > 0. Here, a1 = +iv/) and the general solution is

y(z) = AzV* 4 Bp=iVX

The two boundary conditions now give A = B and ™VA = =27V} the
latter having the roots vA, = n, (n = 1,2,3,...), in view of the identity
e?™" = 1. The eigenvalues and eigenfunctions are therefore given by

An = 12, In(z) = kp (a:i" + x_i") , n=123,....

Normalization requires

e , [ z2in+ g-2in+l e’
dr = k 2 -
/1 ¢n(z) dz n ol T it 1
g2 4 (1+2n?) (*—1) _ !
n 1+ 4n2

so that finally we have the normalized eigenfunctions

(1 + 4n2)1/2 in —in
n = + T
#nle) 2 (1 4 2n2)}/?2 (e27 — 1)1/2 (= )
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(1 -f-4n2)1/2
(1 +2n2)'/2 (e27 — 1)1/

cos(nlnz), n=12.3,....

T 9.6 The first part of this problem is almost identical to the task set
in Example 9.3. Indeed, the homogeneous Sturm-Liouville boundary value
problem can be solved by simply rescaling the independent variable in Exam-
ple 9.3. In any case, one finds again, that A = 0 is not an eigenvalue, that the
eigenvalues )\, follow from the transcendental equation /A, = cot(mv/A,/4),
giving A; = 1 (this is an exact value) and A, =~ 16(n — 1)? for n >> 1. The
normalized eigenfunctions of the homogeneous problem are

2v/2
dn(z) = v2 cos vz, n=12.3,....
Va1 +sin? V2,

The expansion of the solution y(z) of the inhomogeneous problem in terms
of the normalized eigenfunctions ¢,(z) is given by

00 en
y(z) = n§1 9_x, ¢n(z)

where

/4 /4
cp = / cos T ¢ (z) dz = ky, / cosz cos vV Apdz.
0 0
Since A; = 1, this case is treated separately. We obtain ¢; = v/7 + 2/2V2,
whereas ¢,, = 0, for m > 1. Therefore

COS T
y(z) = 3

The infinite sum in the expansion of y(z) has collapsed to a single term
only. The reason for this behaviour is that the inhomogeneous term cosz
on the right-hand side of the differential equation is an eigenfunction of the
homogeneous Sturm-Liouville eigenvalue problem.

Before deriving a solution directly, let us first confirm that a unique
solution for the inhomogeneous problem exists. To that end, we recognize
that y;(z) = cos3z and y»(z) = sin3z as a fundamental set of solutions
of the homogeneous equation. By (9.26) in Section 9.3, the existence of a
unique solution for the inhomogeneous problem is guaranteed by virtue of

1?1'!/1 }:zl Y2

=6v2#£0.
Royyi Rayo 7
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The direct solution method starts from the complementary function
yc(z) = Acos3z + Bsin3z.
A particular integral can be obtained with the choice
Yp(z) = cosz + B sinz
which leads to @ = 1/8 and 8 = 0. Straightforward implementation of the

boundary conditions provides again y(z) = (1/8) cos z.

TUTORIAL EXAMPLES 10

T 10.1  For the given functional, the Euler equation leads to
d / " / 2
o (2y)—42=0 — y'=2z — Yy =2+ A4
with the general solution
73
y(z) = —5-+Ax+B.
The boundary conditions require B = 0 and A = 1 so that the extremal is
3
z
Yo(x) = Tt

We can determine its nature by calculating
I(yo + h) — I(yo)
3
= / (4o + b')* +4a(yo + h) — o — 4zyo] dz
0
3 3
= [ Wdz+z / (20h + %K + 1) da
0 0

3 3 3
:/ W2 dz + 2 [c%h + ] =/ W2 dz > 0
0 0 0

for some function h(z) which fulfils A(0) = h(3) = 0. This shows that the
extremal yo(z) is a minimum. The extremum is I(yy) = 852/5.

T 10.2 The Euler equation is

d
2y —dz — — (24) =0 — "_—y=—-2z.
y—4z dx(y) Yy -y T
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The roots of the auxiliary equation A —1 =0 are A2 = £1 whereas a
particular integral can be obtained with the choice y, = az +b. Substitution
and comparison of coeflicients gives @ = 2, § = 0 so that the general solution
of the differential equation is

y(z) = Ae® + Be™* + 2z.
Substitution of the boundary conditions yields

y(0)
y(1) =

The linear system for A and B can only be fulfilled if A = B = 0 which
leads us to the extremal curve yo(z) = 2z. The extremal value is

0 — A+ B=0,
2 — Ae+ Be 1 =0.

3 1

1 4
I(29:)=/0 (4x2+4——8$2) dz = [—i+4z

3 0 9

Finally, we obtain

1
"o = / (fyy h? + 2fyy bW + fyy hl?) dz
0

_ /01 (202 +20) dz > 0

because the integrand is always non-negative. Thus, the extremum is a
minimum.

T 10.3  If f(z,y,9') = ¢z(z,y) + ¢y(2,y)y, then

of of
a_y,=¢ya b‘ngﬁxy“f‘yld’yy'

Therefore,
d (Of of _tf_ _ 1
dx (ayl ) ay - dz ¢y (¢Iy + Y ¢yy)
= Guy +Y by — (bay +Y byy) =0

and the Euler equation is identically fulfilled. Further

Lﬁy%+¢adm=/

a

= ¢(a,9(@) - 6(b,y®)) .

b
I(y)

b
a

2 [#(z.)] dz = [#(z,)]
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If y(z) is interpreted as a curve in the z — y plane, then the result means
that I(y) is independent of the path and depends only on its end points.

T 10.4 The Euler equation is
d
2y + 6sin2z — Ep—(—2y')=0 — Yy’ +y=—-3sin2z.

This differential equation can be solved by standard methods. The gen-
eral solution is y(z) = Asinz + Bcosz + sin2z. Upon substitution of the
boundary conditions it emerges that A = B = 0 so that the extremal is
yo(z) = sin2z. The value of the extremum is then obtained by evaluating

/4

I(yo) = / (sin2 2z + 6sin? 2z — 4 cos? 2:1:) dr = 3n .

0 8
Consider now the function h(z) as defined. It satisfies h(0) = h(a) = 0 and
we also observe that

flu) fo ) sin At dt
u—0 sindu u—»O sm2 Au
_ d(u)sindu  $(0)
T w50 2AsinAucosAu  2X

Therefore, if ¢(0) is finite then the existence of h is guaranteed. We can now
differentiate and obtain

h'(z) = Acos Az /: s{r?;\)u du — f(z),
R'(z) = =A2h — Acot(Az) f(z) — f'(z).

It can be shown by direct differentiation that

f'(z) + deot(Az) f(z) + ¢(z) =
so that k" + X\2h = ¢(z) as required. We now calculate

/0“ h(z) [hu(a:) + Azh(x)] dg = /“ h(z)¢(z) dz

- [ #taysinge ([* L5k au) as

= [([ ssinear) [ o “]o
/ (/ #(t) sm/\tdt> [-m] o

=_/0 sm)m:f() / 1)
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Hence,
/ (hh" +N2h?) dz = [H]: / K2 dg + A2 / 12 dz
0
therefore
a a a
—/ h’zdz+)\2/ h2dx=—/ £)dt <0
0 0 0
and thus,

a [+
/h’2dx2)\2/ 12 do
0 0

holds for 0 < A < 7/a. Upon setting a = 7 /4, it then follows that

/4
I(yo + k) — I(yo) = / (R~ h2) dz <0
0

and the extremum is a maximum.

T 10.5 The first integral of the Euler equation is

1+y2+21—(-y2

y/2 y/2 =A.

f - y’fy’ =

Consequently, 3’ = C'\/1 + y2. which can be separated to give
dy

iri

The two boundary conditions provide D = 0 and sinhC = a so that the
extremal is

=Cdz — sinh'y=Cz+D — y=sinh(Cz+D).

yo(z) = sinh (x sinh™! a) )
A lengthy, but straightforward calculation shows that
I(yo + h) — I{yo)

3 1 cosh®’Cz ,, ., .19
:63/0 — [ S W+ 1 (1 =sinb? Ca) | do

When 0 < z < 1 then
1—sinh?’Cz >1—sinh’C =1 -a?.

Therefore, if |a] < 1 then 1 — sinh® Cz > 0 so that the integrand becomes
positive for functions h(z) and the extremum is a minimum.
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arc length, 19, 124

auxiliary equation, 30, 83
multiplicity of roots, 39, 83
roots of, 30

Bernoulli equation, 8
boundary value problem, 105, 107
first kind, 107
periodic type, 107
second kind, 107
Sturm type, 109
third kind, 107
Brachistochrone, 123, 131

catenary, 125, 133
Cayley-Hamilton theorem, 98
commutation of matrices, 100
comparison of coefficients, 39
constant coefficients, 30, 83, 92
constrained extremum, 135
curves of pursuit, 19, 25, 26
cycloid, 124, 132

differential equation

first order, 1

order n, 81

second order, 27
Dirac delta function, 73
distribution, 73

eigenfunction, 106
orthogonality, 112
orthonormality, 113

eigenfunction expansion, 116
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eigenvalue, 97, 106, 112
eigenvector, 97
elastic string, 104
electrical circuit, 21, 26, 28, 69, 78,
80
electricity
charge, 21, 28
current, 21, 28
Kirchhoff’s Law, 21, 28
voltage, 21, 28
equilibrium, 152
Euler equation, 128, 135, 141
Euler’s differential equation, 48
exact equation, 4, 49, 86
extremal, 128
extremum, 128
constrained, 135
unconstrained, 126

first integral, 130

first order differential equation, 1
Bernoulli, 8
exact, 4
general solution, 1
homogeneous, 3
initial condition, 1
initial value problem, 1
integrating factor, 6
linear, 6
particular solution, 1
Riccati, 8
separable, 2
singular solution, 9
trivial solution, 1
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friction, 25

functional, 123

fundamental set of solutions, 82

fundamental theorem of calculus,
b

Gamma function, 79
generalized function, 73
geodesic problem, 126
Gibbs phenomenon, 121
Gompertz equation, 16, 24
gravity, 17, 25, 95, 103, 145

hanging chain, 124

Heaviside function, 70

homogeneous equation, 29, 81
constant coefficients, 30, 83
solution of, 30

inhomogeneous equation, 29, 81
solution of, 32

initial condition, 1

initial value problem, 1, 17, 29, 67,

81, 89, 91, 97

integral equation, 66, 79

integral transform, 61

integrating factor, 6

integration constant, 1

integro—differential equation, 20

inverse Laplace transform, 61

isoperimetric problem, 125

Lagrange identity, 111
Lagrange multiplier, 135
Lagrangian, 141
Laplace transform, 61
convolution, 65
first shifting property, 63
initial value problem, 67, 89
linearity, 63
second shifting property, 71
table, 63, 75
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Leibniz’ theorem, 85

linear differential operator, 38, 85
linear equation, 6

linearly independent, 82

logistic equation, 14, 24, 153

matrix eigenvalue problem, 97
maximum, 129
mean value theorem, 73
mechanical system, 27
mechanics
acceleration, 17
position, 17
velocity, 17
minimum, 129
mixing problem, 25
momentum, 17, 144

natural frequency, 56

Newton’s Law of cooling, 11, 24
Newton’s Law of gravitation, 146
Newton’s Second Law, 16, 27, 144

orthogonality
condition of, 117
of eigenfunctions, 112
orthonormality
of eigenfunctions, 113
oscillatory motion, 54
critical damping, 55
damping parameter, 54
externally applied force, 54
forced oscillation, 57
heavy damping, 54
light damping, 55
masses on springs, 154
natural frequency, 56
period, 56
Q-factor, 58
resonance frequency, 58
resonance in beams, 147
undamped frequency, 54
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partial derivative, 4
partial differential equation, 104
partial fractions, 14
particular solution, 1
periodic function, 75

saw tooth, 77

square wave, 77
population dynamics, 13, 153
population growth, 24
potential energy, 124
predator—prey model, 102, 152

Q-factor, 58
quadrature, 4, 6, 20, 130

radioactive decay, 24
reduction of order, 46, 86
resonance frequency, 58
Riccati equation, 8, 53
rocket problem, 144
burning program, 146
burnout, 146

Schaefer equation, 154
second order differential equation,
27, 93
boundary value problem, 107
complementary function, 30
general, 29
homogeneous, 29
inhomogeneous, 29
initial value problem, 29
particular integral, 30
transient solution, 30
separable equation, 2
separation of variables, 105
singular solution, 9
snowplough problem, 149
state of equilibrium, 152
Sturm-Liouville eigenvalue problem,
111
inhomogeneous form, 116
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orthogonality condition, 117

theorems for eigenvalues, 112

transcendental equation, 114
system of differential equations, 33,

91

Cayley-Hamilton theorem, 98

constant coefficients, 92

eigenvalue, 97

eigenvector, 97

elimination, 92

exponent matrix method, 99

initial value problem, 91, 97

matrix eigenvalue problem, 97

matrix exponent, 99

matrix method, 97

matrix notation, 91

terminal velocity, 18, 167
total derivative, 4
transversality condition, 125
trivial solution, 1

unconstrained extremum, 126
undetermined coefficients, 38, 85
unit impulse function, 73, 74
unit step function, 70

variable
dependent, 1
independent, 1
time, 11
variation of constants, 7, 44, 86

wave equation, 104
Wronskian determinant, 45, 81
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