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Chapter 1

ELEMENTARY PROBLEMS OF PLANE
ANALYTIC GEOMETRY

§ 1. An Axis and Segments of an Axis.
Coordinates on a Straight Line

A straight line on which a positive direction has been choscn is called
an axis. A segment of an axis bounded by arbitrary points A and
B is called a directed segment if one of these points has been
designated as the initial point, and the other as the terminal point
of the segment. A directed segment with A as its initial point and

B as its terminal point is denoted by the symbol AB. The value
of a directed segment of an axis is defined as the length of the scg-
ment taken with a plus or minus sign according as the direction of
the segment (that is, the direction from its initial to its terminal
point) agrees with the posifive or negative direction of the axis. The

value of asegment AB is denoted by the symbol AB, whereas its
length is denoted by the symbol | AB |. If the points A and B
coincide, the segment determined by them is called a zero segment;
clearly, AB= BA =0 in this case (a zero segment is considered to
have no definite direction).

Let there be given an arbitrary straight line a. We next choose
a segment as the unit for measurement of lengths, assign a positive
direction to the line a* (thereby making it an axis), and mark some
point on this line by the letter O. We have thus established a
coordinate system on the line a.

The coordinate of any point M of the line a (in the chosen
coordinate system) is defined as the number x equal to the value of
the segment OM:

x=0M.

The point O is called the origin of coordinates; the coordinate of
the origin itself is equal to zero, We shall henceforth use the
notation M (x) to indicate that the point M has x as its coordinate.

* In diagrams, horizontal axes usually have their positive direc-
tion from left to right.
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If M,(x,) and M, (x,) are two arbitrary points of the line a,
then the formula

MM, =x,—x,
expresses the value of the segment M,M, and the formula
IMM, | =|x,— x|
expresses the length of this segment.

1. Plot the points:
A@3), B(), C(=1), D(%) (—%) F(/?), and
H (—=V'5).

2. Plot the points whose coordinates satisiy the equa-
tions:

D |x=2; 2) |x—1]|=3; 3) [l—x|=2; 4) |24x|=2.

3. Characterize geometrically the location of the points
whose coordinates satisfy the inequalities:

) x>2;, 2) x—3<0; 3)12—x<<0; 4) 2x—3<0;
5) 3x — —1>0;

9) 2x 2>1

2<l

12) x*—8x+ 15<O; 13) x —8x+15>0;
14) x*+x—12>0; 15) x*+x—12<0.

4 Find the value AB and the length | AB| of the seg-
ment determined by the points: 1) A(3) and B(11);
2) A(5) and B(2); 3) A(—1) and B(3); 4) A(—b5) and
B(—3); 5) A(—1) and B(—3); 6) A(—7) and B(—5).

5. Calculate the coordinate of a point A, given:

1) B(3) and AB=5; 2) B(2) and AB=—3;
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3) B(—1) and BA==2; 4) B(—5) and BA=—3;
5) B(0) and |AB|=2; 6) B(2) and | AB|=:3;
7) B(—1) and |AB|=5; 8) B(—5) and |AB|=2.

6. Characterize geometrically the location of the points
whose coordinates satisfy the following inequalities:

D x|l<<l; 2) |x|>2;3) |x1<<2; 4) |x|=3;

5 |x—21<<3;6) Ix—=5|<1;7) |[x—=11=2

8) [x—=3|=1,9 |[x+1]<<3; 10) |x+2|>1;
) lx+5|<1; 12) |x411=2.

AC

7. Determine the ratio k=—C—B

divides the segment AB, given:

in which the point C

1) A(2), B(6) and C(4); 2) A(2), B(4) and C(7);
3) A(—1), B(5) and C(3); 4) A(l), B(13) and C(5);
5) A(5), B(—2) and C(—5).

8. Given the three points A (—7), B(—1) and C(1).
Determine the ratio A in which each of these divides the

segment bounded by the other two points.
MM

9. Determine the ratio A_-W—M— in which a given
point M(x) divides the segment M,M2 bounded by given
points M, (x,) and M, (x,).

10. Determine the coordinate x of a point M which
divides the segment M,M bounded by given points M, (x,)
and M, (x,), in a given ratio A A = MM

11. Find the coordinate x of the mldpémt of the seg-
ment bounded by two given points M, (x,) and M, (x,).

12. In each of the following, find the' coordinate x of
the midpoint of the segment bounded by the two given
points:

1) A(3) and B(5); 2) C(—1) and D(5); 3) M,(—1) and
M,(—3); 4) P, (=5) and P,(l); 5) Q,(3) and Q,(—4).
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13, IFind the coordinate of a point M, given:

1) M,(3), M,(7) and "=ﬁﬁa=2;
2) A(2). B(—5) and A="" 3;

3) C(—1), D(3) and k:%:%;

4) A(=1), B(3) and A=11=—2;
5) A(l), B(—3) and A=20 —_3;

6) A(—2), B(—1) and k:%%:-:_%_

14. Given the two points A (5) and B(—3). Find:

1) the coordinate of the point M symmetric to the
point A with respect to the point B;

2) the coordinate of the point N symmetric to the
point B with respect to the point A.

15. The segment bounded by the points A (—2) and
B (19) is divided into three equal parts. Determine the
coordinates of the trisection points.

16. Determine the coordinates of the end points A and
B of the segment whose trisection points are P (—25) and

Q(—9).

§ 2. Rectangular Cartesian Coordinates
in a Plane

A rectangular cartesian system of coordinates is determined by
the choice of a linear unit (for measurement of lengths) and of two
mutually perpendicular axes numbered in any order.

The point of intersection of the axes is called the origin of
coordinates, and the axes themselves are called the coordinate
axes. The first of the coordinate axes is termed the x-axis or
axis of abscissas, and the second, the y-axis or axis of ordinates.

The origin is denoted by the letter O, the x-axis by the symbol
Ox, and the y-axis by Oy.

The coordinates of an arbitrary point M in a given system are
defined as the numbers

x=0M,, y=0M,

(Fig. 1), where M, and M, are the respective projections of the
point M on the axis Ox and Oy, OM, is the value of the segment
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OM, of the x-axis, and OM, is the value of the segment OM  of
the y-axis. The number x is"called the abscissa of the point M, and
the number y, the ordinate of M. The notation .M (x, y) means that
the point M has the number x as its abscissa, and the nummber y as
its ordinate.

The axis Oy divides the entire plane into two half-planes, of
which the one containing the positive half of the axis Ox is called
the right half-plane, and the other, the left half-plane. In like man-
ner, the axis Ox divides the plane into two half-planes, of which
the one containing the positive half of the axis Oy is called the
upper half-plane, and the other, the lower half-plane.

y
M, M

Fig. 1.

The two coordinate axes jointly divide the plane into four quad-
rants, which are numbered according to the following rule: the first
quadrant is the one lving simultaneously in the right and the upper
half-planes; the second quadrant lies in the left and the upper hali-
planes; the third quadrant lies in the left and the lower half-planes;
and the fourth quadrant lies in the right and the lower half-planes.

17. Plot the points:
A@, 3), B(—5 1), C(—2, =3), D(0, 3),
E(—5, 0, F(-5. %)
18. For each of the following points, find the coordi-
nates of its projection on the x-axis:
A2, =3), B3, —1), C(—5, 1), D(—3, —2), E(—5, —1).

19. For each of the following points, find the coordinates
of its projection on the y-axis:

A(—=3, 2), B(—5, I), C@3, —2), D(—I1, 1), E(—6, —2).
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20. Find the coordinates of the points symmetric, with
respect to the axis Ox, to the following points:
1) A2, 3); 2) B(—3, 2); 3)C(—I1, —1);
4) D(—3, —5); 5) E(—4, 6); 6) F(a, b).
21. Find the coordinates of the points symmetric, with
respect to the axis Oy, to the following points:
1) A(—1, 2); 2) B3, —1); 3) C(—2, —2);
4) D(—2, 5); 5) E(3, —5); 6) F(a, b).

22. Find the coordinates of the points symmetric, with
respect to the origin, to the points:

1) A@, 3, 2) B2, —4); 3) C(—2, 1),
4) D(5, —3); 5) E(—5, —4); 6) F(a, b).

23. Find the coordinates of the points symmetric, with
respect to the line bisecting the first quadrant, to the fol-
lowing points:

1)y A2, 3); 2) B(5, —2); 3) C(—3, 4).

24. Find the coordinates of the points symmetric, with
respect to the line bisecting the second quadrant, to the
points:

1) A@3, 5); 2) B(—4, 3) C(7, —2).

25. Determine the quadrants in which a point M (x, y)
can be situated if:

1) xy>0; 2) xy <O0; 3) x—y=0; 4) x+y=0;
5) x+y>0; 6) x+y<<0; 7) x—y>0; 8) x—y<O.

§ 3. Polar Coordinates

A polar coordinate system is determined by choosing a point O,
called the pole, a ray OA drawn from that point and called the
polar axis, and a scale for measurement of lengths. When determin-
ing a polar system, it must also be specified which direction of
rotation about the point O is to be considered positive (in diagrams,
counterclockwise rotation is usually taken as positive).

The numbers g=0M and 6 =< AOM (Fig. 2) are called the po-
lar coordinates of the arbitrary point M (in reference to the chosen
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system); the angle 0 is here understood as in trigonometry. The
number @ is called the first coordinate or polar radius*, and the
number 0, the second coordinate or polar angle (0 is also termed
the amplitude).

The notation M (o, 8) means that the point Al has pular coordi-
nates @ and 0.

The polar angle 0 has an infinite number of possible values
(differing from one another by a quantity of the form 4 2nn, where
n is a positive integer). That value of the polar angle which satis-
fies the inequalities —nn < 0<C+n is called its principal value.

M

Fig. 2.

In cases where a cartesian and a polar coordinate system are to
be used side by side, we shall agree: (1) to use the same scale; (2)
when determining polar angles, to regard as positive the direction
of the shortest rotation of the positive x-axis into the positive
y-axis (thus, if the axes of the cartesian system have their usual
position, i. e., with the axis Ox directed to the right and the axis
Oy directed upwards, then polar angles are also measured as usual,
i. e., are measured positively in the counterclockwise direction).

Under this condition, and provided that the pole of the polar
coordinate system coincides with the origin of rectangular cartesian
coordinates, while the polar axis coincides with the positive x-axis,
the transformation from polar coordinates of an arbitrary point te
its cartesian coordinates is carried out by the formulas

x=gpcos0,
y=o0sin0.

Under the same conditions,

o=V x*+¢% tan 9=%

* OM denotes here the length of the segment, understood as in
elementary geometry (that is, the unsigned length). The more cum-
bersome symbol | OM | need not be employed in this case since the
points O and M are regarded as arbitrary points in a plane, rather
than points of an axis. We shall often use this simplified notation
in similar cases below.
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will be the formulas for transformation from cartesian to polar
coordinates.

\WWhen using two polar coordinate systems in a single problem,
we shall agree to adopt the same positive direction of rotation and
the same scale for both systems.

26. Plot the following points given in polar coordinates:
n n 1
a(3 %), B w, c(3 —%). D(4 37),
E(5, 2) and F(1, —1).

(The points D, E and F are located approximately by
using a protractor.)

27. Determine the polar coordinates of the points sym-
metric, with respect to the polar axis, to the points

(3 §) m (2 —3) m (3 —3F),
M, (1, 2) and M, (5, —1),

given in a polar coordinate system.
28. Determine the polar coordinates of the points
symmelric, with respect to the pole, to the points

M, (1, %), M,(s. %) M,(2, —%).
M, (4. %n) and M, (3, —2),

given in a polar coordinate system.
29. In a polar coordinate system, A (3, —%—n) and

B (5, 1—34n> are two given vertices of a parallelogram ABCD;

the point of intersection of its diagonals coincides with
the pole. Find the other two vertices of the parallelogram.

~ 30. Given the points A (8, —%n) and B(6, %) in

a polar coordinate system. Calculate the polar coordinates
of the midpoint of the segment joining the points A and B.
31. Given the points

a(s. %), B(2—F%). cam D(5, —3n),
E (3, 2) and F(2, —I1)
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in a polar coordinate system. The positive direction ol
the polar axis is reversed; determine the polar coordinates
of the given points in the new system.

32. Given the points

M, (3, %) MZ<1, §1) M, (2, 0),

M, (5. %), M5<3. —§n> and Md<1. )

in a polar coordinate system. The polar axis is turned so
that, in its new position, it passes through the point M ;
determine the coordinates of the given points in the new

(polar) system.
33. Given the points M, (lQ, %n) and Mz<12, —§n>

in a polar coordinate system. Calculate the polar coordi-
nates of the midpoint of the segment joining M, and M,.

34. Given the points M, (¢,, 0,) and M, (0,, 0,) in a
polar coordinate system. Compute the distance d between
them.

35. Given the points M, (5, %) and M, (8. ——%) ina

polar coordinate system. Compute the distance d between
them.

36. In a polar coordinate system, M, (12 10) and

2

M, (3, %) are {wo adjacent vertices of a square. Find
its area.
37. In a polar coordinate system, P(6, —‘12:1) and

Q (4, %u) are two opposile vertices of a square. FFind
its area.

38. In a polar coordinate system, A(4. —]l?n) and

B(S, 172n) are two vertices of a regular triangle. Find

its area.

39. One vertex of a triangle OAB is situated at the
pole, and the other {wo vertices are the points /i (g,, 0,)
and B (g,, 6,). Calculate the area of the triangle
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40. One verlex of a triangle OAB is at the pole O, and

the olher two verlices are the points A(S, i) and

4
B (4, %) Find the area of the triangle.

41. Calculate the area of the triangle whose vertices
are A (3, %n), B<8, 214:1) and C(G,
ordinates.

42. The pole of a polar coordinate system coincides
with the origin of rectangular cartesian coordinates, and
the polar axis coincides with the positive x-axis.

M (6. 5). M 0. M(23), m(10, —F),

M, (8, %n) , Me(l2, ———%‘) are points given in the po-
lar coordinate system. Determine the cartesian coordinates
of these points.

43. The pole of a polar coordinate system coincides
with the origin of rectangular cartesian coordinates, and
the polar axis coincides with the positive x-axis. M, (0, 5),
M, (=3, 0), M,(V3, 1), M (—=V'2, —=V'2), M,(1,—V'3)
are points given in the rectangular cartesian system.
Determine the polar coordinates of these points.

n) in polar co-

o| en

§ 4. A Directed Segment. The Projection of
a Segment on an Axis. The Projections of a Segment
on the Coordinate Axes. The Length and the Polar
Angle of a Segment. The Distance  Between Two Points

A line segment is said to be directed if one of its bounding
points has been designated as the initial point, and the other as the
terminal point of the segment. A directed segment having A as its ini-
tial point, and B as its terminal point (Fig. 3) is denoted by the symbol
AB (the same as a_segment of an axis; see § 1). The length of a
directed segment AB (in a given scale) is denoted by the symbol
| AB| (or AB; see the footnote on page 17).

The projection of a segment AB on an arbitrary axis uis defined
as the number equal to the value of the segment A,B; of the
axis u, where the point A, is the projection upon the axis u of the
point A, and B, the projection of the point B.

PR T
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The projection of a segment AB on an axis u is denoted by the

symbol proj ,AB. It a rectangular cartesian system of coordinates
has been attached to the plane, the projection of a segment on the
x-axis is denoted by X, and its projection on the y-axis by Y.

If we know the coordinates of the points A, (x,, y,). and
M, (x,, y,), then the projections X and Y of the directed segment

B

Fig. 3.

M, M, on the coordinate axes can be calculated from the formulas
X=x,—x,,

Y =y,—y,
Thus, to find the projections of a directed segment of the coordinate
axes, subtract the coordinates of its initial point from the correspond-
ing coordinates of its terminal point.

The angle 0 through which the positive x-axis must be rotated
to make its direction coincide with that of a segment M, M, is
termed the polar angle of the segment M\M,.

The angle 0 is understood here as in trigonometry; accord-
ingly, 8 has an infinity of possible values, which differ from one
another by a quantity of the form 42nn (where n is a positive
integer). The principal value of the polar angle is defined to be that
one of its values which satisfies the inequalities —n < 0<<+ .

The formulas
X=d-cos0, Y =d-sin0

express the projections of an arbitrary segment on the coordinate
axes in terms of its length and its polar angle. From these, we also

have the formulas
d= VXTIV

cos 0 =——X——— sin 0 = Y

VX7 VX

and
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which express the length and the polar angle of a segment in terms
of its projections on the coordinate axes.

If M, (x,, y,) and M, (x,, y,) are two given points in the plane,
the distance d between them is determined by the formula

d= ‘/(Xz_"\'l)z + (g, —y,)%.

44. Calculate the projection on an axis u of the seg-
ment whose length d and angle of inclination ¢ with
respect to that axis are:

D d=6. ¢=2: 2)d=6 =2,
3 d=7, ¢=5; 4) d=5 ¢=0;
5) d=5, Pp==m, 6) d=4, (p=_%

45. From the origin of coordinates, draw the segments
whose projections on the coordinate axes are: '

1) X=3, Y =2, 2) X=2, Y =—5;
3) X=—5, Y =0; 4) X=—2, Y=3;
5) X=0, Y =3; 6) X =—5, =_1.

46. From the point M (2, —1), draw the segments whose
projeclion.s on the coordinate axes are:

1) X=4, Y=3; 2) X=2, Y=0; 3) X=-—3, Y=1;
4) X=—4,Y=—2; 5) X=0,Y=—3; 6) X=1, Y =—3.

47. Given the points M, (1, —2), M, (2, 1), M, (5, 0).
M,(—1, 4), and M, (0, —3). Find the projections on the
coordinate axes of the following segments:

1) M,M,, 2) M,M,, 3) M,M,, 4) M,M,.

48. X =5, Y =—4 are the projections on the coordinate
axes of the segment M, M, whose initial point is M, (—2, 3);

find the coordinates of its terminal point.
49. X=4, Y=—05 are the projections on the coordinate

axes of the segment AB whoese terminal point is at B (1, —3);
find the coordinates of the initial point of AB.
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50. From the origin of coordinates, draw the segment whose
length d and polar angle 0 are:

1) d=5, 0=x; 2) d=3, 0=

| e

-,
)

3) d=4, 0=—3; 4) d=3, oz_%n.

51. From the point M with carlesian coordinates (2, 3),
draw the segnien! whose length and polar angle are:

a . v
1) d=2, 0—'—-——l~0‘ 2) (1—-1, 0—]5,
3) d=5, 0=— .

52. Find the projections on the coordinate axes of the
segmen{ whose length d and polar angle 0 are:

2 . — — n-

1) d=12, 8=3n; 2) d=6, 6_—5,
k1
3) d=2, b6=— 7.

53. Given the projections of three segments on the coor-
dinate axes:
1) X=3, Y=—4;, 2) X=12, Y=5;
3) X=—8, Y=6.

Calculate the length of each segment.
54. Given the projections of three segmenis on the co-

ordinate axes:
1) X=1, Y=V3 2 X=3V2 Y=—3V2
3) X=—2V3, Y=2.

Calculate the length d and the polar angle 6 of each segment.
55. Given the points

M, (2, —=3), M, (1, —4), M, (—1,—T7) and M (—4, 8).

Calculate the length and the polar angle of the following

segments:

MM, 2 MM, 3)MM, 4 MM,

56. The length d of a segment is 5, and its projection
on the x-axis is 4. FFind the projection of this segment on
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the y-axis if the angle which it makes with the y-axis is:
1) acule; 2) obtuse.

57. The length of a segment MN is 13, its initial point
is M (3, —2), and its projection on the x-axis equals —12.
Find the coordinates of the terminal point of this segment
if it makes with the y-axis: 1) an acute angle; 2) an obtuse
angle.

58. The length of a segment MN is 17, its terminal
point is N (—7, 3), and its projection on the y-axis is equal
to 15. Find the coordinates of the initial point of this see-
ment if it makes with the x-axis: 1) an acute angle; 2) an
obtuse angle.

59. The projections of a segment on the coordinate axes

are X=1, Y=—1/3; find its projection on the axis which

makes an angle 0:%:1 with the axis Ox.

60. Given the two points M, (1, —5) and M, (4,
Find the projection of the segment M, M, on the axis which

makes an angle 0:—% with the axis Ox.

61. Given the two points P_(:5, 2) and Q (3, 1). Find
the projection of the segment PQ on the axis which makes

an angle 0O==arctan % with the axis Ox.

62. Given the two points M, (2, —2) and M, (7.

Find the projection of the <egment M M, on the axis passm"
through the points A (5, —4), B (—7, l) and directed: 1)
from A to B; 2) ifrom B to A

63. Given the points A (0, 0), B(3, —4), C(—3. 4),
D (—2, 2) and E (10, —3). Determine the distance d between
the points: 1) A and B; 2) B and C; 3) A and C; 4) C
and D; 5) A and D; 6) D and E.

64. A(3, —7) and B(—1, 4) are two adjacent vertices
of a square. Compute its area.

65. P (3, 5) and Q (1, —3) are two opposite vertices of
a square. Compute its area.

66. Find the area of a regular triangle, two of whose
vertices are A (—3, 2) and B (1, 6).

67. A3, —7), B(5, —7), C(—2, 5) are three vertices
of a parallelogram ABCD; its fourth vertex D is opposiie
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to B. Find the length of the diagonals of the paral-
lelogram.

68. A rhombus has its side equal to 5] "10; two opposite
vertices of the rhombus are at the points P (4, 9) and
Q(—2, 1). Find the area of the rhombus.

69. A rhombus has its side equal to 5 }72; {wo opposile
vertices are at the poinits P (3, —4) and Q (1, 2). Find the
length of the aliitude of the rhombus.

70. Prove that the points A (3, —5), B(—2, —7)and
C (18, 1) lie on a siraight line.

71. Prove that the iriangle with vertices A, (1, 1), 4, (2, 3)
and A,(5, —1) is a right triangle.

72. Prove that the points A(2, 2), B(—1, 6), C(—5, 3)
and D(—2, —1) are the vertices of a square.

73. Determine whether the triangle with vertices M, (1, 1),
M, (0, 2) and M, (2, —1) has an obtuse angle among its
interior angles.

74. Prove that the interior angles of the triangle with
vertices M (—1, 3), N(1, 2) and P(0, 4) are all of them
acule angles.

75. The points A(5, 0), B(0, 1) and C(3, 3) are the
vertices of a triangle. Calculate its interior angles.

76. The points A(— V'3, 1), B(0, 2) and C(—2V'3, 2)
are the vertices of a triangle. Calculate the cxterior angle
at the vertex A.

77. Find a point M on the x-axis such that its distance
from the point N (2, —3) will be equal to 5.

78. Find a point M on the y-axis such that its distance
from the point N (—8, 13) will be equal to 17.

79. Given the {wo points M (2, 2) and N (5, —2); find
a point P on the x-axis such that the angle MPN will be
a right angle.

80. A circle tangent to both coordinate axes is drawn
through the point A (4, 2). Determine the centre C and the
radius R of this circle.

81. A circle of radius 5 and tangent {o the axis Ox is
drawn through the point M, (1, —2). Determine the centre
C of this circle.
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&2, Defermine the coordinates of the point M, symmetric
to the point M (1, 2v with respect to the straight line
which passes through A (1, 0) and B (—1, —2).

83. Given twe opposile vertices A (3, 0) and C(—4, 1)
of a sqnare. FFind its other two vertices.

84. Given two adjacent vertices A (2. —1) and B (—1, 3)
of a square. Find its other two vertices.

85. Given the vertices M, (—3, 6), M,{9, —10) and
M, (—5, 4)of a trianale. Find the centre C and the radius
R ‘of the circle circumscribed about this triangle.

§ 5. The Division of a Segment in a Given Ratio

If a point Al (x, y) lies on the straight line passing through two

given points M, (x,, y,), M, (x,, y,), and if }»=7‘% is a given
2_____

ratio in which the point Al divides the line segment M,M,, then

the coordinates of M are determined by the formulas

x, +2x, _Yitry,

= YT

If the point M is the midpoint of the segment M, M,, its coordinates
are given by the formulas

X|+-\'2 yj!/|+!/z

86. Given the end points A(3, —5) and B(—1, 1)of a
uniform rod. Determine the coordmaies of its centre of
gravnty

. A uniform rod has its centre of gravity at M (1, 4),
and one of its end points at P (—2, 2). Determine the coor-
dinates of the other end point Q of the rod.

88. Given the vertices A (1, —3), B (3, —5) and C(—5, 7)
of a triangle. Determine the midpoints of its sides. -
89. Given the two points A (3, —1) and B (2, 1). Find:
1) the coordinates of the point M symmetric to A with ,
respect to B; '
2) the coordinates of the point N symmetric to B with”
respect to A. o
90. The points M (2, —1), N(—1, 4) and P (—2, 2) are
the midpoints of the sides of a triangle. Find its vertices.
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91. Given three vertices A4 (3, —5), B (5, —3), C(—1, 3)
of a parallelogram. Find the fourth vertex D, which is
opposite to B.

92. A(—3. 5) and B (1, 7) are two adjacent vertices of
a parallelogram, and M (1, 1) the point of intersection of
its diagonals. Find the other two vertices.

93. Given three vertices A2, 3). B4, —I1) and
C (0, 5) of a parallelogram ABCD. Find its fourth ver-
tex D.

94. Given the vertices A (1, 4), B(3, —9), C(—5, 2) of
a triangle. Determine the length of the median drawn from
the vertex B.

95. The segment bounded by the points A4 (I, —3) and
B (4, 3) is divided into three equal parts. Determine the
coordinates of the trisection points.

96. Given the vertices 4 (2, —5), B(l, —2), C(4,7) of a
triangle. Find the point where the bisector of the interior
angle at the vertex B meets the side AC.

97. Given the vertices A(3, —5), B(—3, 3) and
C(—1, —2) of a triangle. Determine the length of the
bisector of the interior angle at the vertex A.

98. Given the vertices A(—1, —1), B(3, 5), C(—4. 1)
of a triangle. Find the point where the bisector of the
exterior angle at the vertex A cuts the extension of the
side BC.

99. Given the vertices A (3, —5), B (1, —3). C(2, —2)
of a triangle. Determine the length of the bisector of the
exterior angle at the vertex B.

100. A(l, —1), B(3, 3) and C (4, 5) are three given
points lying on a straight line. Determine the ratio A in
which each of them divides the segment bounded by the
other two points.

101. Determine the coordinates of the end points A and
B of the segment whose trisection points are P (2, 2) and
Q(l, 5).

102. A straight line passes through the points
M, (—12, —13) and M,(—2, —5). On this line, find a
point whose abscissa is equal to 3.

103. A straight line passes through the points M (2, —3)
and N (—6, 5). On this line, find a point whose ordinate
is equal to —b.
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104. A straight line passes through the points A (7, —3)
and B (23, —6). Find the point at which this line cuts
the x-axis.

105. A straight line passes through the points A (5, 2)
and B(—4, —7). Find the point at which this line cuts
the y-axis.

106. Given the vertices A (——3, 12), B (3, —4), C (5, —4)
and D (5, 8) of a quadrilateral. Determine the ratio in
which the diagonal AC divides the diagonal BD.

107. Given the vertices 4 (—2, 14), B (4. —2), C (6, —2)
and D6, 10) of a quadrilateral. Determine the point of
intersection of its diagonals AC and BD.

108. Given the vertices A (x,, y,), B (x,, y,) and C (x3, y;)
of a uniform triangular plate. Determine the coordinates
of its centre of gravity.

Hint. The centre of gravity is situated at the point of intersection
ol the medians.

109. The point of intersection M of the medians of a
triangle lies on the x-axis; two of its vertices are at
A2, —3) and B(—5, 1), and the third vertex C
lies on the y-axis. Find the coordinates of the points M
and C.

110. A(x,, y;), B(x, y,) and C (x,, y,) are the vertices
of a uniform triangular plate. If the midpoints of its sides
are joined, another uniform triangular plate is formed.
Prove that the centres of gravity of the two plates coincide.

Hint. Use the result of Problem 108.

111. A uniform plate has the shape of a square with
side equal to 12, in which a square cut is made so that
the cut-off lines meet at the centre of the plate; the coor-
dinate axes lie along the edges of the plate (Fig. 4).
Determine the centre of gravity of the plate.

112. A uniform plate has the shape of a rectangle with
sides a and b, in which a rectangular cut is made so that
the cut-off lines meet at the centre; the coordinate axes lie
along the edges of the plate (Fig. 5). Determine the centre
of gravity of the plate.

113. A uniform plate has the shape of a square with
side equal to 2a, from which a triangular piece is cut so
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that the cut-off line joins the midpoints of two adjacent
sides; the coordinate axes lie along the edges of the plate
(Fig. 6). Determine the centre of gravity of the plate.
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Fig. 6.

114. Three masses m, n and p are placed at the points
A(xy, 4y), B(x,, y,) and C (x,, y,), respectively. Determine
the coordinates of the centre of gravity of this system

of masses.

115. The points A (4, 2), B(7, —2) and C(l, 6) are the
vertices of a triangle made of uniform wire. Find the
centre of gravity of this triangle.
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§ 6. The Area of a Triangle

For any three points A (x,, y;), B (xy, ¥5), C (x3, y;), the area S
of the triangle ABC is given by the formula
;}:S=l— Xe—X1 Y= Y|
2 ix3—x; Ys—uy,

The right-hand member of this formula is equal to + S if the short-
est rotation of the segment AB to the segment AC is in the positive

direction; it is equal 1o —S if the shortest rotation of AB to AC
is in the negative direction.

116. Calculate the area of the triangle whose vertices are:
1) A2, —3), B(3, 2) and C(—2, 5);
2) M, (—3, 2), M,(5,—2) and M, (1, 3);
3) M@3, —4), N(—2, 3) and P (4, 5).

117. The vertices of a triangle are the points A (3, 6),
B(—1, 3) and C(2, —1). Find the length of the altitude
drawn from the vertex C.

118. Determine the area of a parallelogram, given that
three of its vertices are A (—2, 3), B (4, —5) and C (—3, 1).

119. The points A(3, 7), B(2, —3) and C(—1, 4) are
three vertices of a parallelogram. Find the length of the
altitude drawn from the vertex B to the side AC.

120. Given the consecutive vertices A (2, 1), B(5, 3),
C(—1, 7) and D(—7, 5) of a uniform quadrilateral plate.
Find the coordinates of its centre of gravity.

121. Given the consecutive vertices A (2, 3), B (0, 6),
C(—1, 5), D(0O, 1) and E(l, 1) of a uniform pentagonal
plate. Find the coordinates of its centre of gravity.

122. The area S of a triangle is 3, two of its vertices
are A(3, 1) and B(l, —3), and the third vertex C lies on
the axis Oy. Determine the coordinates of the vertex C.

123. The area S of a triangle is 4, two of its vertices
are A2, 1) and B(3, —2), and the third vertex C lies on
the axis Ox. Determine the coordinates of the vertex C.

124. The area S of a triangle is 3, two of its vertices
are A(3, 1), B(l, —3), and the centre of gravity of the
triangle lies on the axis Ox. Determine the coordinates
of the third vertex C.



125. The area S of a parallelogram is 12 square units;
two of its vertices are the points A (—1, 3) and B (—2, 4).
Find the other two vertices of the parallclogram, if the
point of intersection of its diagonals lies on the x-axis.

126. The area S of a parallelogram is 17 square units; two
of its vertices are the points A (2, 1) and B (5, —3). Find
the other two vertices of the parallelogram, if the point
of intersection of its diagonals lies on the y-axis.

§ 7. Transformation of Coordinates

The transformation of rectangular cartesian coordinates under a
franslation of axes is determined by the formulas

x=x"4a, y=y +b.

Here x, y are the coordinates of an arbitrary point M of the plane
with reference to the old axes; x’, y’ are the coordinates of Al with
reference to the new axes; a, b are the coordinates of the new origin
0’ with reference to the old axes (a is also spoken of as the amount
of shift in the direction of the x-axis, and b as the amount of shift
in the direction of the y-axis).

The transformation of rectangular cartesian coordinates under a
rotation of axes (through an angle a understood as in trigonometry)
is determined by the formulas

x=2x"cosa—y’'sina,

y=x"sina+y cosa.
Here x, y are the coordinates of an arbitrary point M of the plane
with reference to the old axes, and x’, y’ are the coordinates of M
with reference to the new axes.

The formulas

x=x"cosa—y’ sina+a,

y=x" sina+y cosa+b
determine the transformation of coordinates under a translation of
the set of axes (by an amount a in the direction of Ox and by an
amount b in the direction of Oy) followed by a rotation of the axes
through an angle a

In each of the above formulas, the same scale is assumed to be
used before and after the transformation of coordinates. This assump-
tion is also made in the problems that follow.

127. Write the coordinate transformation formulas if the
origin is moved (without changing the direction of the
axes) to the point:- 1) A (3, 4); 2) B(—2, 1); 3) C(—3, ).

128. The origin is moved to the point O’ (3, —4) without
changing the direction of the axes. The coordinates of the
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points A (1, 3), B(—3, 0), and C(—1, 4) are determined
with reference to the new system. Calculate the coordinates
of A, B, C in the old coordinate system.

129. Given the points A (2, 1), B(—1, 3) and C(—2, 5).
Find their coordinates in the new system when the origin
is moved (without changing the direction of the axes):
1) to the point A; 2) to the point B; 3) to the point C.

130. Determine the old coordinates of the origin O’ of
the new system if the coordinate transformation formulas
are as follows:

1) x=x"43, y=y " +5;, 2) x=x"—2, y=y + 1,
3) x=x', y=y’'—1, 4) x=x"—05, y=y'.

131. Write the coordinate transformation formulas if
the coordinate axes are rotated through one of the follow-
ing angles:

1) 60° 2) —45° 3) 90° 4) —90°, 5) 180°.

132. The coordinate axes are rotated through an angle
a=:60°. The coordinates of the points A (2 V3, —4),
B(V'3, 0) and C(0, —2)/3) are given with reference to
the new system. Calculate the coordinates of A, B, C in
the old coordinate system.

133. Given the points M (3, 1), N(—1, 5) and P (—3, —1).
Find their new coordinates when the axes are rotated
through the angle:

1) —45° 2) 90° 3) —90° 4) 180°.

134. Determine the angle o through which the axes have
been rotated if the coordinate transiormation formulas
are as follows:

1., Vs, 3., 1,
Dx=gr—L2y y=Blx iy

5,1, 1., V3,
2)"=l/?—x+7y’ =—gX+5v.

135. Determine the old coordinates of the new origin O’
if the point A (3, —4) lies on the new axis of abscissas,
the point B (2, 3) on the new axis of ordinates, and the
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corresponding axes of the old and the new coordinate
system have the same direction.

136. Write the coordinate transformation formulas if the
point M, (2, —3) lies on the new axis of abscissas, the
point M, (l, —7) on the new axis of ordinates, and the
corresponding axes of the old and the new coordinate
system have the same direction.

137. Two systems of coordinate axes, Ox, Oy and Ox’,
Oy’, have a common origin O; the transformation from one
system to the other is accomplished by a rotation through
a certain angle. The coordinates of the point A (3, —4)
are given with reference to the first system. Derive the
coordinate transformation formulas if the positive direction

of the axis Ox’ is determined by the segment OA.

138. The origin is moved to the point O’ (—1, 2), and
the coordmate axes are rotated through the angle a=

._arctan— The coordinates of the points M, (3,2), M,(2,—3)

and M, (13 —13) refer to the new system. Calculate the
coordinates of M,, M,, M, in the old coordinate system.

139. Given the three points A(5, 5), B(2, —1) and
C (12, —6). Find their coordinates in the new system when
the origin is moved to the point B and the coordinate

axes are rotated through the angle a=arctan %.

140. Determine the old coordinates of the new origin
and the angle a through which the axes have been turned
if the coordinate transformation formulas are:

) x=—y +3, y=x"—2, ) x=—x"—1, y=—y +3;

3)x——'2x +V2y +5, y——V;x +—‘£2— '—-3.

141. Given the two points M, (9, —3) and M, (—®6, 5).
The origin is moved to M,,. and the coordinate axes are
rotated so that the positive direction of the new axis of

abscissas agrees with the direction of the segment M, M,.
Derive the coordinate transformation formulas.

142. The polar axis of a polar coordinate system and
the x-axis of a rectangular cartesian system are parallel
and similarly directed. Given the rectangular cartesian

22250
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coordinates of the pole O (1, 2) and the polar coordinates
f the points M, (7, %), M, (3,0), My (5,—2), My(2, 2
of the points 1( ,7)’ 2 (3, 0), 3( ,—2—), 4( ,gn)

and M;|( 2, —g ; determine the rectangular cartesian coor-

dinates of these points.

143. The pole of a polar coordinate system coincides
with the origin of rectangular cartesian coordinates, and
the polar axis lies along the bisector of the first quadrant.

Given the polar coordinates of the points M, (5 n),

)
M, (3, —§), M3(1,%n>, M, (6, —%n) and
M; (2, —%) determine their rectangular cartesian coor-

dinates.

144. The polar axis of a polar coordinate system and
the x-axis of a rectangular cartesian system are parallel
and similarly directed. Given the rectangular cartesian
coordinates of the pole O (3, 2) and of the points M, (5, 2),
M, 3, 1), M;(3,5), My(3+V'2,2—V"2) and M; (3+V 3, 3).
Find the polar coordinates of these points.

145. The pole of a polar coordinate system coincides
with the origin of rectangular cartesian coordinates, and
the polar axis goes along the bisector of the first quadrant.
Given the rectangular cartesian coordinates of the points

M, (—1, 1), My(V'2, —V'2), M;(1, V3), My(—V3, 1)
and M; (2 V'3, —2); determine their polar coordinates.



Chapter 2

THE EQUATION OF A CURVE

§ 8. A Function of Two Variables

If a rule has been given according to which a number u is
associated with each point AM of the plane (or of some portinn of
the plane), then we say that “a function of a point” has been spec-
ified for the plane (or for the portion of the plane), and we express
this symbolically by a relation of the form u=f(M). The number
u associated with a point M is called the value of the function at
the point M. For example, if A is a fixed point in the plane, and
M an arbitrary point, then the distance from A to M is a function
of the point M. In this case, f(M)=AM.

Let there be given a function u=f (M), and let a coordinate
system be chosen. Then an arbitrary point M will be determined
by its coordinates x, y. Accordingly, the value of the given fune-
tion at M will also be determined by the coordinates x, y, or (as
is also said) u=f (M) will be a function of two variables x and y.
A function of two variables x, y is denoted by the symbol f(x, y);
if f(M)=f(x, y), then the formula u=f(x, y) is referred to as the
expression for the given function in the chosen coordinate system.
Thus, f (M)=AM in the above example; if we introduce a rectan-
gular cartesian coordinate system with origin at the point A, this
function will be expressed by

u=V 2+
146. Given two points P and Q, a units apart, and
the function f(M)=d;—d;, where d,=MP and d,=MQ.
Find the expression for this function when the point P is
chosen as the origin, and the axis Ox is direcled along the

segment PQ.
147. Solve the previous problem when: 1) the midpoint

of the segment PQ is taken as the origin, and the direc-

tion of the axis Ox agrees with that of the segment PQ;
2) the point P is taken as the origin, and the direction

of the axis Ox agrees with that of the segment QP. (Find
2‘



36 Ch. 2. The Equation of a Curve

the expression for the function f(M) first directly and
then by using the result of Problem 146 and transforming
the coordinates.)

148. Given the square ABCD with side a and the
function f(M)=d} -+ d; +d} -+ d}, where d, =MA, d,= MB,
d,=MC, and d,=MD. Find the expression for this func-
tion when the diagonals of the square are taken as the
coordinale axes (so that the axis Ox has the direction of

the segment AC, and the axis Oy the direction of BD).

149. Solve the previous problem when the point A is
chozen as the origin, and the sides of the square are taken
as the coordinate axes so that the axis Ox has the direc-

tion of the segment AB, and the axis Oy the direction

of AD. (Find the expression for f(M) first directly and
then by using the result of Problem 148 and transforming
the coordinates.)

150. Given the function f(x, y)=x*+ y*—6x+ 8y.
‘Find the expression for this function in the new coordinate
system when the origin is moved (without changing the
direction of the axes) {o the point O’ (3, —4).

151. Given the function f(x, y)=x*—y*—16. Find the
expression for this function in the new coordinate system
wfhen tge coordinate axes are rotated through an angle
of —45°.

152. Given the function f(x, y)=x*-+y*. Find the
expression for this function in the new coordinate system
when the coordinale axes are rotated through an
angle a.

153. Find a point such that, if the origin is moved to

that point, the transformed expression for the function
f(x, y)y=x*—4y*—6x+ 8y + 3 will be free from first-degree
terms (with respect to the new variables).
’ 154. Find a point such that, if the origin is moved to
that point, the function f(x, y)=x*—4xy+4y* +2y+y—7
will have an expression free from first-degree terms (with
respect to the new variables).

- 1585. What is the angle through which the coordinate
axes must be rotated so that the {ransformed expression
for the function f(x, y)=x*—2xy +y*—6x4-3 will lack
the term in x'y’? _
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156. What is the angle through which the coordinate
axes must be rotated so that the function f(v, y)=3x* +

+ 2V 3xy+y* will have an expression lacking the term
in x'y’?

§ 9. The Concept of the Equation of a Curve.
Curves Represented by Equations

An equality of the form F(x, y)=0 is called an equation in
two variables x, y provided that it is valid not for every pair of
numbers x, y. Two numbers x =x,, y =y, are said to satisfy an equa-
tion of the form F (x, y)=0 if the left-hand member of the equation
vanishes upon substitution of these numbers for the variables x, y.

The equation of a given curve (in a chosen coordinate system)
is defined as the equation in two variables which is satisfied by the
coordinates of all points lying on the curve and by the coordinates
of no other point.

Throughout the rest of the book, we shall oiten use the expres-
sion “Given the curve F (x, y)=0" instead of the longer one: “Given
the curve whose equation is F (x, y)=0".

If F(x, yy=0 and @ (x, y)=0 are the equations of two given
curves, all their points of intersection are obtained by solving the

system
F(x, y)=0
()] (X, y) =0

simultaneously. More precisely, each pair of numbers constituting
a simultaneous solution of the system represents one of the points
of intersection.

157. Given the poinis* M, (2, —2), M,(2, 2),
M, 2, —1), M3, —3), Mg (5, —5), M, (3, —2). Deter-
mine which of the given points lie on the curve repre-
sented by the equation x+ y=0. ldentify and plot the
curve.

158. On the curve represented by the equation
x*+ y*=25, find the points whose abscissas are equal to
the following numbers: a) 0, b) —3, ¢) 5, d) 7, on the
same curve find the points whose ordinates are equal to
the following numbers: e) 3, f) —5, g) —8. ldentify and
plot the curve.

* Rectangular cartesian coordinates are used in all cases when
the coordinate system is not specified.
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159. ldentify and plot the curves represented by the
following equations:
1) x—y=0; 2) x+y=0; 3) x—2=0; 4) x+3=0;
5) y—5=0;, 6) y+2=0; 7) x=0; 8) y=0;

9) x2—xy=0; 10) xy +y>=0; 11) x2—y?>=0; 12) xy=0;
13) y2—9=0; 14) x2—8x 4 15=0; 15) y*+5y+4=0;
16) x?2y—7xy+ 10y=0; 17) y=|x|; 18) x=|y|;

19) y+|x[=0; 20) x-+|y|=0; 21) y=|x—1]|
22) y=|x+2|; 23) x2+y*=16; 24) (x—2)2 4 (y— 1)2=16;
25) (x+5)2+(y—1)2=9; 26) (x—1)24- y2==4;

27) x2 +(y+3)2=1,; 28) (x—3)2 4 y2=0; 29) x2 + 2y%=0;
30) 2x2 4 3y% +5:==0; 31) (x—2)2+(y-+3)24-1=0.

160. Given the curves:
1) x+y=0; 2) x—y=0; 3) x2+ y>—36=0;
4) x2+y?*—2x+ y=0; ) x?+y®> +4x—6y—1=0.
Determine which of them pass through the origin.
161. Given the curves:

1) x2 4+ y?==49;, 2) (x—-3)% +(y +4)2=25;

3) (x+6)2 4+ (y—3)2=25, 4) (x+5)2-4 (y—4)*=

5) x2+4y?—12x 4 16y=0; 6) x2+ y>—2x-+ 8y +7=0;

7) x2 4 y?—6x--4y + 12=0.
Find their points of iniersection: a) with the axis Ox;
b) with the axis Oy.
162. In each of the following, find the points of inter-
section of the two given curves:
1) x2+4+y?2=8, x—y=0;
2) x24+y?—16x+4y+ 18==0, x+ y==0;
3) x24-y*—2x +4y—3=0, x2+y*=25;
4) x®+ y*—8x4- 10y +40=0, x2+ y>*=4.
163. Given the points

m, (1, F). M2 0, m(2 F),
,(Vs, %) and M, (1, 57)
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in a polar coordinate system. Determine which of these
points lie on the curve represented by the polar equation
0=2cos 0. Identify and plot the curve.

164. On the curve represented by the equation 0= 9"
find the points whose polar angles are equal to the follow-
ing numbers: a) %, b) —%, c) 0, d) %. Identify and
plot the curve.

165. On the curve represented by the equation Q=ﬁ ,

find the points whose polar radii are equal to the follow-
ing numbers: a) 1, b) 2, ¢) V2. Identify and plot the
curve.

166. Identify and plot the curves represented, in polar
coordinates, by the following equations:

1) e=5; 2) b= 3) b=—;
4) gcos8=2; 5) @sin8=1; 6) 9=6 cos 6;
7) ¢=10sin 6; 8) sin 6=—;; 9) sin Q=—;.
167. Plot the following spirals of Archimedes:
0 . . 0
1) @=20; 2)o==50; 3) o=—; 4) e=——.

168. Plot the following hyperbolic spirals:

1 5
De=g: 2eo=g: 3 e=7%: 4 e=—7.

169. Plot the following logarithmic spirals:
fy ] o
he=2" o=(3)

170. Determine the lengths of the segments into which
the spiral of Archimedes
0=230

cuts the ray extending from the pole and making an
angle 9=% with the polar axis. Draw the figure.
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171. A point C, whose polar radius is equal to 47, is
taken on the spiral of Archimedes

Q=39.
n

Determine into how many parts the spiral cuts the polar
radius of C. Draw the figure.
172. On the hyperbolic spiral

6
=7

find the point P whose polar radius is equal to 12. Draw
the figure.

173. On the logarithmic spiral
e=3"
find the point Q whose polar radius is 81. Draw the figure.

§ 10. Derivation of the Equation of
a Given Curve

The problems of the preceding section dealt with the determina-
tion of curves from given equations. In this section, we shall have
problems of an opposite character; in each of them, a curve is defined
in purely geometric terms, and it is the equation of the curve that
we are required to find.

Example 1. In a rectangular cartesian system of coordinates,
derive the equation of the locus of points, the sum of the squares
of whose distances from the two given points A,(—a, 0) and
A, (a, 0) is a constant equal to 4a?.

Solution. Let M denote an arbitrary point of the curve, and let
x and y be the coordinates of that point. Since the point M can
occupy any position on the curve, it follows that x and y are vari-
ables; they are called the current coordinates.

Let us write the geometric property of the curve symbolically:

(MA1)2+(MA2)2=40:- (])

In this relation, the lengths MA, and MA, will vary with the
motion of the point M. Expressing them in terms of the current
coordinates of M, we get

MA=VGFaFFR MA,=V—ay 7

Substituting these expressions in (I), we obtain the equation con-
necting the coordinates x, y of the point M:

(x+a)+4*+ (x—a)* +y* =4a’. @)
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This is the equation of the given curve. For, the condition (1) is
fulfilled for every point M lying on the curve, and hence the coor-
dinates of M will satisfy equation (2); on the other hand, the con-
dition (1) is not fulfilled for any point M not lying on the line,
and hence its coordinates will not satisfy equation (2).

The problem is thus solved. But equation (2) can be simplified.
Removing the parentheses and collecting like terms, we obtain the
equation of the given curve in the form

X2+ yt=a?

It is now easy to see that the curve is a circle with centre at the
origin and radius a.

Example 2. In a polar coordinate system. derive the equation of
a circle with centre C (g, 0,) and radius r (Fig. 7).

Fig. 7.

Solution. Let M denote an arbitrary point of the circle, and let
o and O be its polar coordinates. Since the point Al may occupy
any position on the circle, ¢ and 0 are variables; as in the case of
a cartesian system, they are called the current coordinates.

All points of the circle are at a distance r from the centre;
writing this condition symbolically, we have

CM=r. m

Let us express CM in terms of the current coordinates of the point M
(by applying the cosine theorem; see Fig. 7):

CM ——-ng-i-gz——?gog cos (0—6,).

Substituting this expression in (1), we obtain the equation connecting
the coordinates @, 0 of the point M:

VQz-f-Q:—?QOQ cos (0 —0)=r. @

This is the equation of the given circle. For, the condition (1) is
fulfilled for every point M lying on the circle, and hence the coor-
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dinates of M will satisfy equation (2); the condition (1) is not ful-
filled for any point M not lying on the circle, so that the coordinates
of all such points will not satisfy equation (2).

The problem is thus solved. By clearing radicals, the equation
may be reduced to the somewhat simpler form

Q*—20,0 cos (0—0,) = r*—p2.

174. Derive the equation of the locus of points equi-
distant from the coordinate axes.

175. Derive the equation of the locus of points which
are at a distance a from the axis Oy.

176. Derive the equation of the locus of points which
are at a distance b from the axis Ox.

177. From the point P (6, —8), all possible rays are
drawn to cut the x-axis. Find the equation of the locus
of their midpoints.

178. From the point C (10, —3), all possible rays are
drawn to cut the y-axis. Find the equation of the locus
of their midpoints.

179. Derive the equation of the path of a point which
moves so that it is always equidistant from the points:

1) A3, 2) and B(2, 3); 2) A (5, —1) and B(1, —5);
3)A(5, —2) and B(—3, —2); 4) A(3, —1) and B(3, 5).

180. Write the equation of the locus of points, the
difference of the squares of whose distances from the points
A(—a, 0) and B (a, 0) is equal to c.

181. Derive the equation of the circle with centre at
the origin and radius r.

182. Derive the equation of the circle with centre at
C (e, B) and radius r.

183. Given the equation x*+4 y2=25 of a circle.
Write the equation of the locus of the midpoints of those
chords of the circle whose length is equal to 8.

184. Find the equation of the locus of points, the sum
of the squares of whose distances from the points A (—3, 0)
and B (3, 0) is equal to 50.

185. The points A (a, a), B(—a, a), C(—a, —a) and
D (a, —a) are the vertices of a square. Find the equation
of the locus of points, the sum of the squares of whose
distances from the sides of the given square is a constant
equal to 6a2.
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186. All possibie chords of the circle (x—8)* - y*=064
are drawn through the origin. Wrile the equation of the
locus of the midpoints of these chords.

187. Derive the equation of the locus of points, the
sum of whose distances from the two given poinis
F, (=3, 0) and F,(3, 0) is a constant equal {o 10.

188. Derive the equation of the locus of points, the
difference of whose distances from the {wo given points
F, (=5, 0) and F,(5, 0) is a constant equal to 6.

189. Derive the equation of the locus of poinits whose
distance from the given point F(3, 0) is equal to their
distance from the given straight line x 4 3=0.

190. Derive the equation of the locus of points, the sum
of whose distances from two given points F,(—c¢, 0) and
F,(c, 0) is a constant equal to 2a. This locus is called
an ellipse, and the points F,, F, are called the foci of
the ellipse.

Prove that the equation of an ellipse is of the form

LS
at 'Lt ’

where 0?=a%—c?.

191. Derive the equation of the locus of points, the
diflerence of whose distances from {wo given points
F,(—c, 0) and F,(c, 0) is a constant equal to 2a. This
locus is called a hyperbola, and the points F,, F, are
called the foci of the hyperbola.

Prove that the equation of a hyperbola is of the form

2 2

X _ ¥ _
a? bz — 5
where 02=c?—aqa?.

192. Derive the equation of the locus of points whose
distance from a given point F(—g-, 0) is equal to their

distance from a given straight line x=—§. This locus is

called a parabola, the point F is referred to as the focus
of the parabola, and the given straight line as the directrix
of the parabola.

193. Derive the equation of the locus of points, the
ratio of whose distance from the given point F(—4, 0)
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to their distance from the given straight line 4x-+25=0
is equal to %.

194. Derive the equation of the locus of points, the
ratic of whose distance from the given point F(—5, 0)

to their distance from the given straight line 5x+16=0
is equal to %.

195. Derive the equation of the locus of points whose
shortest distance from the circle (x+3)?+y*=1 is equal
to their shortest distance from the circle (x —3)% + y?=8l1.

196. Dcrive the equation of the locus of points whose
shortest distance fromthe circle (x + 10)? 4- y>=289 is equal
to their shortest distance from the circle (x—10)2+y%=1.

197. Derive the equation of the locus of points whose
shortest distance from the circle (x—95)2 +y%*=9 is equal
to their shortest distance from the straight line x4 2=0.

198. A straight line is perpendicular to the polar axis
and intercepts a segment equal to 3 on that axis. Write
the equation of the straight line in polar coordinates.

199. A ray is drawn from the pole at an angle % with

respect to the polar axis. Find the equation of this ray
in polar coordinates.

200. A straight line passes through the pole and makes
an angle of 45° with the polar axis. Find the equation
of this straight line in polar coordinates.

201. In polar coordinates, write the equation of the
locus of points 5 units distant from the polar axis.

202. A circle of radius R==5 passes through the pole
and has its centre upon the polar axis. Find the equation
of the circle in the polar coordinate system.

203. A circle of radius R=3 touches the polar axis
at the pole. Find the equation of the circle in the polar
coordinate sysiem.

§ 11. Parametric Equations of a Curve

Let us denote the coordinates of a point M by the letters x, y
and consider the two functions of an independent variable ¢:

x=¢UL}

y="4 (0). O
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The quantities x and y, in general, change with ¢; it follows that
the point M moves in the plane. Relations (l) are called the para-
metric equations of the curve which is the path traced by the
point M; the independent variable ¢ is called a parameter. If the
parameter { can be eliminated from relations (l), we obtain the
equation of the path of M in the form

F(x, y)=0.

204. A rod AB slides with its ends A and B along the
coordinate axes. A point M divides the rod into two
parts AM=a and BM =b. Derive the parametric equations

Fig. 8.

of the path traced by the point M, using the angle
t==3x OBA (Fig. 8) as parameter. Next, eliminate the
parameter { and find the equation of the path of M in
the form F (x, y)=0.

205. The path of a point M is an ellipse having

%+Z—:=1 as its equation (see Problem 190). Derive the
parametric equations of the path of M, using the angle

of inclination of the segment OM (with respect to the
axis Ox) as the parameter ¢.

206. The path of a point M is a hyperbola having
—’;—i——g—:-_—l as its equation (see Problem 191). Derive the
parametric equations of the path of M, using the angle

of inclination of the segment OM (with respect to the
axis Ox) as the parameter ¢.
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207. The path of a point M is a parabola having
y?=2px as its equation (see Problem 192). Derive the para-
metric equations of the path of M, using as the parameter ¢:

1) the ordinate of the point M; L

2) the angle of inclination of the segment OM (with
respect to the axis Ox); L

3) the angle of inclination of the segment FM (with
respect to the axis Ox), where the point F is the focus
of the parabola.

208. Given the polar equations of the following curves:
1) @=2Rcos6; 2) ¢=2Rsin §; 3) q=2p 220

Find the parametric equations of these curves in rectan-
gular cartesian coordinates, when the positive x-axis
coincides with the polar axis and the polar angle is taken
as parameter.

209. Given the parametric equations of the curves:

1) x=1¢2—-2f{+1, 1 2) x=acost, l 3) x=asect,
y=t—1, [ y=asint; | y=btant; |

4) x=3 (¢4 L) | 5 x=2Rcos?t, | 6) x=Rsin2,

) i ( + tl> y=Rsin2t; | y=2R sin?{;
y=5(1=7);

7) x=2p cot? ¢,
y=2pcott, |

eliminate the parameter ¢ and write the equations of these
curves in the form
F(x, y)=0.



Chapter 3

CURVES OF THE FIRST ORDER

§ 12. The General Equation of a Straight Line.
The Slope-intercept Equation of a Straight Line.
The Angle Between Two Straight Lines.
The Conditions for the Parallelism
and Perpendicularity of Two Straight Lines

In cartesian coordinates, every straight line is represented by an
equation of the first degree and, conversely, every equation of the
first degree represents a straight line.

An equation of the form

Ax+By+C=0 (1
is called the general equation of a straight line.

The angle a, determined as shown in Fig. 9, is called the angle
of inclination of a given straight line (with respect to the axis Ox).

y

v
.

- 0 T

Fig. 9.

The tangent of the angle of inclination of a straight line is called
the slope of that line and is usually denoted by the letter k:

k=tana.

The equation y =—kx+-b is called the slope-intercept equation of
a straight line; k is here the slope, and b is the y-intercept (that
is, the value of the segment cut off by the line on the axis Oy; see
Fig. 9).

If a straight line is represented by its genera! equation

Ax+By+C=0,



48 Ch. 3. Curves of the First Order

then its slope is determined from the formula
A

h=——.

B

The equation y—y,=k (x—x,) is the equation of the straight
line with slope & and passing through the point M, (x,, 4,).
If a straight line passes through the points M, (x,, y,) and
M, (x,, y,), its slope is determined from the formula
p=%2"Y%
Xg—X,
The equation
X—X% _Y—Hh
X=Xy Yp—Y,
is the equation of the straight line passing through the two points
M, (x,, y,) and M, (x,, ys).

Given the slopes k, and k, of two straight lines, one of the
angles ¢ between these lines is determined by the formula

kz_kl
1k,

The condition for the parallelism of two straight lines is the
equality of their slopes:

tan ¢ =

ky =k,

The condition for the perpendicularity of two straight lines is
given by the relation

kiky,=—1, or k,=—kL .
1

In other words, the slopes of perpendicular lines are negative recip-
rocals

210. Determine which of the points M, (3, 1), M, (2, 3),
M, ®6, 3), M, (=3, —3), M,@3, —1), M(—2, 1) lie on
the line 2x—3y—3=0.

211. The points P,, P,, P,, P, and P; are situated on the
line 3x —2y—6=0; their respective abscissas are 4, 0, 2,
—2 and —6. Determine the ordinates of these points.

212, The points Q,, Q,, Q,, Q, and Q, are situated
on the line x—3y+2=0; their respective ordinates are
1, 0, 2, —1 and 3. Determine the abscissas of these points.

213. Determine the points of intersection of the straight
line 2x—3y—12=0 with the coordinate axes and plot the
line.
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214. Find the point of intersection of the two lines
3x—4y—29=0, 2x+5y+ 19=0.

215. The equations of the sides* AB, BC, AC of a

triangle ABC are, respectively,
4x+3y—5=0, x—3y+10=0, x—2=0.

Determine the coordinates of the vertices of the triangle.

216. Given the equations

8x+3y+1=0, 2v4+y—1=0
of two sides of a parallelogram and the equation
3x-+2y+3=0

of one of its diagonals. Determine the coordinates of {he
vertices of the parallelogram.
217. The sides of a triangle lie on the lines

x+5y—7=0, 3x—2y—4=0, 7x+y+19=.0.

Calculate the area S of the triangle.

218. The area S of a triangle is 8 square units; two of
its vertices are the points A(l, —2) and B (2, 3), and
the third vertex C lies on the line

2x +y—2==0.

Find the coordinates of the vertex C.

219. The area S of the triangle is 1.5 square units; two
of its vertices are the points A (2, —3) and B (3, —2);
the centre of gravity of the triangle lies on the line

3x—y—8=0.
Determine the coordinates of the third vertex C.

220. Write the equation of the straight line whose slope
k and y-intercept b are as follows:

) k==, b=3; 2) k=3, b=0; 3) k=0, b=—2,

4) k=— 2, b=3;5) k=—2,b=—5 6) k=— ¢, b=
In each case, plot the line.

* The expression “the equations of the sides”, as used in this book,
means “the equations of the straight lines on which the sides lie”.
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221. Determine the slope k& and the y-intercept & for

cach of the lines:
1) 5x —y+3=0; 2) 2x +3y—6=0;
3) Sx +3y+2=0; 4) 3x+2y=0; 5) y—3=0.

222, Given the line 5x+-3y—3=0. Determine the
slope k of a straight line:

1) parallel to the given line;

2) perpendicular to the given line.

223. Given the line 2x+4 3y +4=0. Write the equation
of the straight line passing through the point M, (2, 1) and:

1) parallel to the given line;

2) perpendicular to the given line.

224. Given the equations

2x—3y-+5=0, 3x4-2y—7=0
of {wo sides of a rectangle, and one of its vertices
A (2, —3). Write the equations of the other two sides of
the rectangle.

225. Given the equations

x—2y=0, x—2y+15=0
of two sides of a rectangle and the equation
7x+y—15=0
of one of its diagonals. Find the vertices of the rectangle.

226. Find the projection of the point P(—6, 4) on the

line
4x—5y+ 3=0.

227. Find the point Q symmetric to the point P (—5, 13)
with respect to the line

2x—3y—3=0.

228. In each of the following, find the equation of the
straight line parallel to the two given lines and passing
midway between them:

1) 3x—2y—1=0, 2) 5x+y+3=0, 3) 2x+ 3y—6=0,

3x—2y—13=0; Sx+4-y—17=0;, 4x+46y+17=0;
4) 5x4- 7y +15=0, 5) 3x—15y—1==0,
Sx+7y+ 3=0; x—5y—2=0.
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229. In each of the following, calculate the slope & of
the straight line passing through the two given points:

) M, (2, —5), M,(3, 2); 2) P(—3, 1), Q(7. 8),
3) A5, —3), B(—1, 6).

230. Write the equations of the straight lines passing
through the vertices A (5, —4). B(—1, 3), C(—3, —2) of
a triangle and parallel to the opposite sides.

231. Given the midpoints M, (2, 1), M, (5, 3), M, (3, —4)
of the sides of a triangle. Write the equations of its sides.

232. Given the two points P (2, 3) and Q (—1, 0). Find
the equation of the straight line through the point Q per-
pendicular to the segment PQ.

233. The point P (2, 3) is the foot of the perpendicular
dropped from the origin to a straight line. Write the equa-
tion of this line.

234. Given the verlices M, (2, 1), M, (=1, —1),
M, (3, 2) of a triangle. Find the equations of its altitudes.

935. The sides of a {riangle are given by the equatlions
4x—y—7=0, x+3y—31=0, x+5y—7=0. Delermine
the point of intersection of its altitudes.

236. Given the vertices A(l, —1), B(—2, 1) and
C(3, 5) of a ftriangle. Write the equation of the perpen-
dicular dropped from the vertex A to the median through
the vertex B.

237. Given the vertices A (2, —2), B(3, —5) and
C (5, 7) of a triangle. Find the equation of the perpendic-
ular dropped from the vertex C to the bisector of the
interior angle at the vertex A.

238. Wrile the equations of the sides and medians of
the triangle with vertices A (3, 2), B(, —2), C(l, 0).

239. A straight line is drawn through the points
M, (—1, 2) and M, (2, 3). Delermine the points of inter-
section of this line with the coordinate axes.

240. Prove that the condition for three points M, (x,, y,),
M, (x,, y,) and M, (x,, y,) to lie on a slraight line can be
written in the form

x, 9, 1
x, y, 1|=0.
X, 4, 1



52 Ch. 3. Curves of the First Order

241. Prove that the equation of the straight line passing
through (wo given poinis M, (x,, y,) and M, (x,, y,) can be
written as

<

X 1
x, y, 1 |=0.
x, y, 1

242. Given the consecutive vertices A (—3, 1), B(3, 9),
C(7, 6), D(—2, —6) of a convex quadrilateral. Deter-
mine the point of intersection of its diagonals.

243. A(—3, —1) and B (2, 2) are two adjacent vertices
of a parallelogram ABCD, and Q (3, 0) is the point of
intersection of its diagonals. Wrile the equations of the
sides of the parallelogram.

244. Given the equations

ox+42y—7=0, b5x-}2y—36=0
of two sides of a rectangle and the equation
3x+ 7y—10=0

of its diagonal. Write the equations of the remaining sides
and of the other diagonal of the rectangle.

245. Given the vertices A(l, —2), B(5, 4) and
C(—2, 0) of a friangle. Write the equations of the bisec-
tors of the interior and exterior angles at the vertex A.

246. Find the equation of the siraight line passing
through the point P (3, 5) and equidistant from the points
A(—7, 3) and B (11, —15).

247. Find the projection of the point P (—8, 12) on the
straight line passing through the points A (2, —3) and
B (—5, 1).

248. Find the point M, symmetric to the point
M, (8, —9) with respect to the straight line which passes
through the points A4 (3, —4) and B(—1, —2).

249. Find a point P on the x-axis such that the sum
of its distances from the points M (1, 2) and N (3, 4) will -
have the least value.

250. Find a point P on the y-axis such that the differ-
ence of its distances from the points M (—3, 2) and
N (2, 5) will have the greatest value.
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251. On the line 2v—y—5=0, find a point P such
that the sum of its distances from the points A(—7, 1)
and B(—5, 5) will have the least value.

252. On the line 3x—y—1=0, find a point P such
that the difference of its distances from the points A (4, 1)
and B (0, 4) will have the greatest value.

253. Determine the angle ¢ between the two lines:

1) Sx—y-+ 7=0, 3x 4+ 2y==0;
2) 3x—2y+7=0, 2x+ 3y—3==0;
3) x—2y—4=0, v —4y - 3=0;
4) 3x -+ 2y—1=0, S5v—2y-- 3=0.
254. Given the line
2x 3y + 4=0.

Find the equation of the straight line passing through the
point M, (2, 1) and making an angle of 45 with the given
line.

255. The point A (—4, 5) is a vertex of a square, whose
diagonal lies on the line

Tx—y+ 8=0.

Write the equations of the sides and of the other diago-
nal of the square.

256. A(—1, 3) and C(6, 2) are lwo opposite vertices
of a square. Find the equations of its sides.

257. The point E(1, —1) is the centre of a square, one
of whose sides lies on the line

x—2y-+12=0.

Find the equations of the straight lines which contain the
remaining sides of the square.

258. From the point M (—2, 3), a ray of light is sent
at an angle a (tana=3) to the axis Ox. Upon reaching the
axis Ox, the ray is reflected from it. Find the equations
of the straight lines which contain the incident and reflect-
ed rays.

259. A ray of light is sent along the line x—2y+-5=0.
Upon reaching the line 3x—2y4-7=0, the ray is reflect-
ed from it. Find the equation of the line containing the
reflected ray.
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260. Given that
3x+4+4y—1=0, x—7y—17=0, 7x+-y-F31=0
are the equations of the sides of a triangle. Prove that
the triangle is isosceles. Solve the problem by comparing
the angles of the triangle.

261. Prove that the equation of the straight line pass-
ing through the point M, (x,, y,) and parallel to the line

Ax+By+C=0

can be written in the form
A(x—x,) +B(y—y,)=0.

262. Find the equalion of the straight line passing
through the point M, (2, —3) and parallel to the line:
1) 3x—7y+3=0; 2) x +9y—11=0; 3) 16x—24y—7=0;

4) 2x+3=0; 5) 3y—1=0.
Solve the problem without calculating the slopes of the
given lines.

Hint. Use the results of the preceding problem.

263. Prove that the condition for the perpendicularity
of the lines
Ax+By+C,=0, Ax+B,y+C,=0
may be written as
AA,+B,B,=0.

264. Determine which of the following pairs of lines
are perpendicular:

1) 3x—y+5=0, 2) 3x—4y+1=0, 3) 6x—15y+47=0,
x+3y—1=0; 4x—3y +7=0; 10x 4+ 4y—3=0;
4) 9x— 12y 4-5=0, 5) Tx—2y+ 1=0, 6) 5x—7y+ 3=0,
8x -+ 6y—13=0; 4x+6y+ 17=0; 3x+2y—5=0.

Solve the problem without calculating the slopes of the
given lines.

Hint. Use the perpendicularity condition derived in Problem 263.
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265. Prove that the formula for determining the angle ¢
between the lines

Ax+By+C =0, Ax4B,y C,=0

may be written in the form
Ale_AzBl

tano=35-%3,

266. Determine the angle ¢ formed by the {wo lines:
1) 3x—y+45=0, 2) xV'2 —yl 3 —5=0,
4+y—T7=0 (B+] 2)x+(} 6 —] 3)y+7=0;

3) xV 34yl 2—2=0,
x ) 6—3y+3=0.

Solve the problem without calculating the slopes of the
given lines.

Hint. Use the formula for determining the angle between two
lines which was derived in Problem 265.

267. Given two vertices M, (—10, 2) and M, (6, 4) of
a triangle whose altitudes intersect in the point N (5, 2).
Find the coordinates of the third vertex M,.

268. A (3, —1)and B(5, 7) are {wo vertices of a triangle
ABC whose altitudes intersect in the point N (4, —1).
Write the equations of the sides of the triangle.

269. In a triangle ABC, the equations of the side AB,
of the altitude AN and of the altitude BN are 5x—3y - 2-=0,
4x—3y+41=0 and 7x-+ 2y—22=0, respectively. Write
the equations of the other two sides and of the third
altitude of the triangle.

270. Find the equations of the sides of a triangle ABC
with A (1, 3) as a vertex, if

x—2y-+1=0 and y—1=0

are the equations of two of its medians.
271. Find the equations of the sides of a triangle hav-
ing B(—4, —95) as a vertex, if

5x+3y—4=0 and 3x+8y+ 13=0
are the equations of two of its altitudes.
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272. Find the equations of the sides of a triangle having
A (4, —1) as a vertex, if '

x—1=0 and x—y—1=0

arc the cquations of two biseclors of its angles.

273. Find the equations of the sides of a triangle having
B (2, 6) as a vertex, if x—7y-+15=0 and 7x+y+5=0
are the respective equations of an altitude and an angle bi-
scctor drawn from one and the same vertex.

274. Find the equations of the sides of a triangle having
B (2, —1) as a vertex, if 3x—4y+27=0and x + 2y—5=0
are the respective equations of an altitude and an angle
bisector drawn from different vertices.

275. Find the equations of the sides of a triangle hav-
ing C (4, —1) as a vertex, if

2x—3y+ 12=0 and 2x-}-3y==0
are the respective cquations of an altitude and a median
drawn from one and the samec vertex.

276. Find the equations of the sides of a triangle having
B (2, —7) as a vertex, if

3x+y-+11=0 and x-+2y+7=0
are the respective equations of an altitude and a median
drawn from different vertices.

277. Find the equations of the sides of a triangle hav-
ing C (4, 3) as a verlex, if
x+2y—5=0 and 4x-+13y—10=0
are the respective equations of an angle bisector and a
median drawn from one and the same vertex. .
278. Find the equations of the sides of a triangle having
A3, —1) as a vertex, if
x—4y+4-10=0 and 6x-+ 10y—59=0
are the respective equations of an angle bisector and a
median drawn from different vertices.
279. Write the equation of the line passing through
the origin and forming, together with the lines
x—y+12=0, 2x+y+9=0,
a triangle of an area equal to 1.5 square units,
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280. From lines passing through the point P (3, 0),
select the line whose segment intercepted by the lines

2v—y—2=0, x+y+3=0

is bisected at the point P.
281. All possible straight lines are drawn through the
point P(—3, —1). Prove that the lines

x—2y—3=0, x—2y+5=0

cut from each of them a segment whose midpoint is at P.

282. All possible straight lines are drawn through the
point P (0, 1). Prove that the segments cut from them by
the lines

x—2y—3=0, x—2y - 17=0

are not bisected at the point P.
_ 283. Write the equation of a straight line through the
origin, if its segment intercepted by the lines

2x—y+5=0, 2x—y+4+10=0

1s of length 1/ 10.

284. Write the equation of a straight line through the
point C(—5, 4), given that its segment intercepted by
the lines

x+2y+1=0, x4+2y—1=0
is of length 5.

§ 13. Incomplete Equations of Straight Lines.
Discussion of a System of Equations Representing Two
or Three Straight Lines.

The Intercept Equation of a Straight Line

If, in the general equation
Ax+By+C=0 (1)

of ‘a straight line, one or two of the three coefficients (counting the
constant term) are zero, the equation is said to be incomplete. The
following cases are possible:

1) C=0; the equation has the form Ax-+ By=0 and represents
a straight line through the origin.

2) B=0 (A #0); the equation has the form Ax+C =0 and rep-
resents a straight line perpendicular to the axis Ox. This equation
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may be written in the form x =a, where a:—% is the intercept

cut off by the line on the axis Ox.

3) B=0, C=0 (A # 0); the equation, which can be written in
the form x =0, represents the y-axis.

4) A=0 (B # 0); the equation assumes the form By +C =0 and
represents a straight line perpendicular to the axis Oy. This equation
can be written in the form y=2b, where b=—% is the intercept
cut off by the line on the axis Oy.

5) A=0, C=0 (B # 0); the equation, which can be written in
the form y=0, represents the x-axis.

If the coefficients of equation (1) are all different from zero,
then the equation is reducible to the form

XY 2
st ="0 @
C C . .
where a=—— and b=— g are the intercepts cut off by the line

on the x- and y-axes, respectively.

Equation (2) is called the intercept equation of a straight line.
If two straight lines are represented by the equations

Ax+By+C,=0 and A,x+B,y+C,=0,
the following cases may arise:

a) A ;é& —the lines have one point in common;
A,” B,
Al ___Bl Cl H .
b) 1,78, ;éc—z the lines are parallel;
c) %=§l=g—‘—the lines coincide, that is, the two equations
2 2 2

represent the same straight line.

285. Determine the values of a for which the line
(@+2)x+(@*—9)y+3a°—8a+5=0

1) is parallel to the x-axis;
2) is parallel to the y-axis;
3) passes through the origin.
In each case write the equation of the line.
286. Determine the values of m and n for which the
line
(m+2n—3)x+ (2m—n+1)y+6m+9=0

is parallel to the x-axis and has a y-intercept of —3.
Write the equation of this line.
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287. Determine the values of m and n for which the
line
2m—n+5x+(m+-3n—2)y+2m +7n+-19=0

is parallel to the y-axis and has an x-intercept of -+ 5.
Write the equation of this line.

288. In each of the following, prove that the two given
straight lines intersect, and find their poinl of intersection:

1) x+ 5y—35=0, 3x+4-2y—27=0:
2) 14x—9y--24=0, Tx—2y—17=0;
3) 12x+ 15y —8=0, 16x+ 9y—7=0;
4) 8x—33y—19=0, 12x +- 55y — 19 =)
5) 3x+5=0, y—2=0.

289. In each of the following, prove that the two given
straight lines are parallel:

1) 3x+5y—4=0, 6x+ 10y +7=0;
2) 2x—4y+3=0, x—2y=0;
3) 2x—1=0, x+4-3=0;
4) y+3=0, 5y—7=0.
290. In each of the following, prove that the two given
straight lines coincide:
1) 3x+4-5y —4=0, 6x+4 10y —8=0;
2) x—y V2 =0, x )V 2—2y=0;
3) xV 3—1=0, 3x—} 3=0.
291. Find the values of a and b for which the two

lines
ax—2y—1=0, 6x—4y—h=0

1) have one common point; 2) are parallel; 3) coincide.

292. Find the values of m and n for which the two

lines
mx+8y+n=0, 2x--my—1=0

1) are parallel; 2) coincide; 3) are perpendicular.
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293. Find the value of m for which the two lines
(m—x+my—5=0, mx+2m—1)y+7=0

intersect at a point lying on the x-axis.
294. Find the values of m for which the two lines

mx+-(2m+3)y+ m+6=0,
em+D)x+(m—1)y+m—2=0

intersect in a point lying on the y-axis.
295. In each of the following, determine whether the
three straight lines intersect in a single point:

1) 2x4+3y—1=0, 4x—5y+5=0, 3x—y+2=0;

2) 3x—y+3=0, 5x +3y—7=0, x—2y—4=:0;

3) 2x—y+1=0, x+2y—17=0, x4 2y—3=0.

296. Prove that, if the three lines

Ax+By+C;=0, A,x+B,y+C,=0,
A x+ By +C,=0

intersect in a single point, then
Al Bl Cl
A, B, C,|=0.
A3 B3 C3
297. Prove that, if
A, B, G

A, B, C,|=0,
A3 B3 C3
then the three lines

A x-+B,y+C,=0, A,x+B,y+C,=0,
A x+ Byy+C,=0 '
intersect in a single point or are parallel.
298. Determine the value of a for which the three lines

2x—y+3=0, x+y+3=0, ax+y—13=0 intersect in
a single point.
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299. Given the lines:

1) 2¢4+3y—6=0; 2) 4v—3y +-24=:0;
3) 2x+3y—9=0; 4) 3x—5y—2=0;
5) dx-+2y—1=0.

Write their intercept equations and plot the lines.

300. Calculate the area of the triangle formed by the
line 3x—4y—12=0 and the coordinate axes.

301. Write the equation of the straight line passing
through the point M, (3, —7) and making equal (non-zero)
intercepts on the coordinate axes.

302. Write the equation of a straight line passing
through the point P (2, 3) and making intercepts of equal
absolute value on the coordinate axes.

303. Find the equation of a straight line passing through
the point C(1, 1) and forming with the coordinate axes a
triangle whose area is 2 square units.

304. Find the equation of a straight line passing through
the point B (5, —5) and forming with the coordinate axes
a triangle whose area is 50 square units.

305. Find the equation of a straight line passing through
the point P (8, 6) and forming with the coordinate axes a
triangle whose area is 12 square units.

306. Find the equation of a straight line which passes
through the point P (12, 6) and forms with the coordinate
axes a triangle whose area is 150 square units.

307. Through the point M (4, 3), a straight line is drawn
so as to form with the coordinate axes a triangle whose
area is 3 square units. Determine the points of intersec-
tion of the line with the coordinate axes.

308. Through the point M, (x,, y,), where x,y, >0, the
line

X,y _
ate=!

is drawn so as to form with the coordinate axes a triangle
of area S. Determine the relation belween the quantities
Xy, ¢, and S for which the intercepts @ and 6 will be of
like sign.
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§ 14. The Normal Equation of a Straight Line.
The Problem of Determining the Distance of a Point
from a Straight Line

Let a straight line be given in the plane xOy. Through the ori-
gin, draw a line (called the normal) perpendicular to the given line.
Denote by P the point of intersection of the normal and the given
line, and choose the direction from the point O to the point P as
the positive direciion of the normal.

Fig. 10.

If a is the polar angle of the normal, and p is the length of the

segment OP (Fig. 10), then the equation of the given straight line
can be writien as
x-cosa+y-sina—p=0;

an equation of this form is called the normal equation of a straight
line.

Let there be given any straight line and an arbitrary point M?*,;
let d denote the distance of M* from the given line. The departure 8
of the point M* from the line is defined as the number +d when M*
and the origin lie on opposite sides of the given line, and as —d
when M* and the origin lie on the same sids of the given line.
(For points lying on the line itself, §=0.)

If we are given the coordinates x*, y* of the pa>int M* and the
normal equation xcosa+ysina—p=0 of a straight line, then the
departure 6 of M* from this line can be calculated from the formula

6=x*cosa+y* sina—p.

Thus, to find the departure of a point M* from a given straight
line, the coordinates of the point M* must be substituted for the
current coordinates in the left-hand member of the normal equation
of this straight line. The resulting number will be the required
departure.
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To find the distance d of a point from a straight line, we have
merely to calculatle the departure and to take its modulus:
d=10].

Given the general equation Ax+ By+4C=0 of a straight line; to
reduce this equation to the normal form, al! its tcrms must be
multiplied by the normalizing factor p which is determined from
the formula

I

=4 — .
TR VETE

The normalizing factor must be taken with the sign opposite to that

of the constant term of the equation to be normalized.

309. Determine which of the following equations of
straight lines are in the normal form:

5 12 5 19

5) —x+4+2=0; 6) x—2=0; 7)y;2=0;
8) —y—2=0.
310. In each of the following, reduce the general equation
of the given straight line to the normal form:
) 4x—3y—10=0; 2) §x—=y10=0;
3) 12v—5y+13=0; 4) x+2=0; 5) 2x—y—) 5=0.
311. Given the equations of straight lines:
1) x—2=0; 2) x4-2=0; 3) y—3=0;, 4) y+3=0;
5 xV 34-y—6=20; 6) x—y-+-2=0;
7) x4yl 3+2=0;
8) xcosp—ysinp—qg=0, ¢g>0; P is an acute angle;
9) xcosP+ysinP+g=0, ¢>0; B is an acute angle.
Determine the polar angle o of the normal and the
segment p for each of the given lines; from the obtained
values of the parameters « and p, plot the lines (setting
p=30° and ¢g==2 in the last two cases).

312. In each of the following, calculate the value of
the departure 6 and the distance d of the point from the
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line:
N A2, —1), 4x+3y+10=0;
2) B0, —3), 5x—12y—23=0;
3) P(—2, 3), 3x-—4y—2=0,
4) Q (1, —2), x—2y—5=0.

313. In each of the following, determine whether the
point M (1, —?) and the origin lie on the same side or
on opposite sides of the given line:

1) 2x—y+5=0; 2) x—-3y—5=0; 3) 3x+2y—1=0;
4) x—3y +2=0; 5) 10x+ 24y + 16=0.

314. The point A (2, --5) is a vertex of a square, one
of whose sides lics on the line

x—2y—7=0.
Calculate the area of the square.
315. Given that
3x—2y—5=0, 2x+3y-|7=0

are the equations of two sides of a rectangle, and that
A (—2, 1) is one of its vertices; calculate the area of the
rectangle.

316. Prove that the line 2x 4 y+3=10 cuts the segment
bounded by the points A (—5, 1) and B (3, 7).

317. Prove that the line 2x—3y +6=0 does not cut
the segment bounded by the points M, (—2, —3) and
M, (1, —2).

318. The points A(—3,5), B(—1, —4), C (7, —I) and
D (2, 9) are the consecutive vertices of a quadrilateral.
Determine whether the quadrilateral is convex.

319. The points A(—1,6), B(l, —3), C(4, 10) and
D (9, 0) are the consecutive vertices of a quadrilateral.
Determine whether this quadrilateral is convex.

320. The vertices of a triangle are A(—10, —13),
B(—2, 3) and C (2, 1). Calculate the length of the perpen-
dicular dropped from the vertex B to the median through C.

321. The sides AB, BC, CA of a triangle ABC are
given, respectively, by the equations

x+21y—22=0, 5x—12y+7=0, 4x—33y+ 146=0.
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Calculate the distance from the centre of gravity of this
triangle to the side BC.

322. In each of the following, calculate the distance d
between the given parallel lines:

1) 3x—4y—10=0, 2) 5Sx—12y+26=0,
6x—8y -+ 5=0; S5x—12y—13=0;
3) 4x—3y+15=0, 4) 24x— 10y +39=0,
8x—6y+25==0; 12x— 5y—26-=0.

323. Two sides of a square lie on the lines
5v—12y—65=0, 5x— 12y +26=0.

Calculate the area of the square.
324. Prove that the line

5x—2y—1=0
is parallel to the lines
5x—2y+7=0, 5x—2y--9=0

and lies midway between them.
325. Given the three parallel lines

10x+15y—3=0, 2x+3y+5=0, 2x+3y—9==0.

Show that the first of them lies between the other two,
and find the ratio in which the first line divides the di-
stance between the second and the third line.

326. Prove that two lines can be drawn through the
point P (2, 7) so that their distances from the point Q (1, 2)
will each be equal to 5. Write the equations of these lines.

327. Prove that two straight lines can be drawn through
the point P (2, 5) so that their distances from the point
Q (5, 1) will each be equal to 3. Write the equations of
these lines.

328. Prove that one line only can be drawn through the
point C (7, —2) so that its distance from the point A4 (4, —6)
will be equal to 5. Write the equation of this line.

329. Prove that no line can be drawn through the point
B (4, —5) so that its distance from the point C(—2, 3)
will be equal to 12.

32250
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330. Derive the equation of the locus of points whose
departure from the line 8x—15y—25=0 is equal to —2.

331. Find the equations of the straight lines which are
parallel to the line 3x—4y—10=0 and lie at a distance
d=3 from that line.

332. The points A (2, 0) and B(—1, 4) are two adjacent
vertices of a square. Find the equations of its sides.

333. The point A (5, —1) is a vertex of a square, one
of whose sides lies on the line

4x—3y—7=0.

Write the equations of the lines containing the other sides
of this square.
334. Given that

4x—3y+3=0, 4x—3y—17=0

are the equations of two sides of a square and that
A (2, —3) is one of its vertices: find the equations of the
remaining two sides of this square.

335. Given that

5x+12y—10=0, 5x- 12y+29=0

are the equations of two sides of a square and that the
point M, (—3, 5) lies on one of its sides; find the equa-
tions of the remaining two sides of this square.

336. The departures of a point M from the lines

5x—12y—13=0 and 3x—4y—19=0

are equal to —3 and —5, respectively. Find the coordi-
nates of the point M.

337. Write the equation of the straight line passing
through the point P (—2, 3) and equidistant from the points
A5, —1) and B3, 7).

338. Find the equation of the locus of points equidistant
from the two parallel lines:

1) 3x—y+7=0, 2) x—2y+3=0, 3) 5x—2y—6=0,
3x—y—3=0; x—2y+7=0; 10x —4y + 3=0.
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339. Write the equations of the bisectors of the angles
formed by the two intersecting lines:
1) x—3y+5=0, 2) x—2y—3=0, 3) 3x+ 4y—1=0,
3x—y—2=0; 2x +4y +7=0; 5x 4+ 12y —2=0.

340. Write the equations of the straight lines which pass
through the point P (2, —1) and form, together with the
lines

2y—y +5=0, 3x +-6y—1=0,

isosceles triangles.

341. In each of the following, determine whether the
point M (1, —2) and the origin are contained by the same
angle, by the supplementary angles, or by the vertical
angles formed by the two intersecting lines:

1) 2x—y— 5=0, 2) 4x+3y—10=0, 3) x—2y—1=0,
3x {-y +-10=0; 12x —5y —5=0; 3¢—y—2=0.
342. In each of the following, determine whether the

points M (2, 3) and N (5, —1) are contained by the same

angle, by the supplementary angles, or by the vertical
angles formed by the two intersecting lines:

1) x—3y—5=0, 2) 2x-+7y—5=0, 3) 12x +y—1=0,
2x +9y—2=0; x+3y+7=0; 13x +2y—5=0.
343. Determine whether the origin lies inside or outside

the triangle whose sides are given by the equations
7x—5y—11=0, 8x+3y+31=0, x+8y—19=0.

344. Determine whether the point M (—3, 2) lies inside
or outside the triangle whose sides are given by the
equations

x+y—4=0, 3x—T7y+8=0, 4x—y—31=0.

345. Determine which of the angles (the acute or the
obtuse one) formed by the two lines

3x—2y-4-5=0, 2x {y—3=0
contains the origin.

3‘
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346. Determine which of the angles (the acute or the
obtuse one) formed by the two lines

3x—5y—4=0, x+2y+3=0

contains the point M (2, —5).

347. Find the equation of the bisector of that angle
between the lines 3x—y—4 =0 and 2x+ 6y +3=0 which
contains the origin.

348. Find the equation of the bisector of that angle
between the lines x—7y--5=0, 5x +5y—3=0 which is
the supplement of the angle containing the origin.

349. Find the equation of the bisector of that angle
between the lines x4 2y—11=:0, 3x—6y—5=0 which
contains the point M (1, —3).

350. Write the equation of the bisector of that angle
between the lines 2x—3y—5=0, 6x—4y+7=0 which is
the supplement of the angle containing the point C (2, —1).

351. Write the equation of the bisector of the acute angle
formed by the two lines 3x+4y—5=0, 5x—12y-+3=0.

352. Write the equation of the bisector of the obtuse
angle formed by thetwo lines x—3y -5=0, 3x—y 4 15=0.

§ 15. The Equation of a Pencil of Lines

The totality of lines passing through a point S is called the
pencil of lines with vertex S.

i Ax+By+C,=0 and A,x+ B,y+C,~=0 are the equations of
two straight lines intersecting in a point S, then the equation

a(A|X+B|y+C1)+ﬁ(Azx+Bzy+Cz)=0- (l)

where @, P are any numbers which are not both simultaneously
equal to zero, represents a straight line also passing through the point S.

Moreover, it is always possible to choose the numbers @, B in
equation (1) so as to make the equation represent any (previously
assigned) line through the point S, that is, any line of the pencil
with vertex S. An equation of the form (1) is therefore called the
equation of a pencil of lines (with vertex S).

If a# 0, then, dividing both members of (1) by @ and letting

-E-=-)», we obtain
a

Ax+By+C,+M(A,x+B,y+C,)=0. 2

This equation can be made to represent every line of the pencil
with vertex S except the line corresponding to =0, that is, except
the line A,;x+ B,y +C,=0.
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353. Find the vertex of the pencil of lines represented
by the equation

a(2x +3y—1)+p (x—2y—4)=0.

354. Find the equation of the line belonging to the
pencil of lines a (x4 2y—95) 4B (3x—2y+ 1)=0 and

1) passing through the point A (3, —I);

2) passing through the origin;

3) parallel to the axis Ox;

4) parallel to the axis Oy;

5) parallel to the line 4x 4+ 3y—5=0;

6) perpendicular to the line 2x--3y + 7=0.

355. Write the equation of the line passing through the
point of intersection of the lines

3x—2y+5=0, 4x+3y—1=0

and making an intercept b=—3 on the y-axis. Solve the
problem without determining the coordinates of the point
of intersection of the given lines.

356. Write the equation of the line which pasces through
the point of intersection of the lines

2x+ y—2=0, x—5y—23=0

and bisects the segment bounded by the points M, (5, —6)
and M, (—1, —4). Solve the problem without calculating
the coordinates of the point of intersection of the given
lines.

357. Given the equation

«(3x—4y—3)4-B(2x +3y—1)=0

of a pencil of lines. Write the equation of that line of
the pencil which passes through the centre of gravity of
a uniform triangular plate whose vertices are the points
A(—1,2), B(4, —4) and C (6, —1).

358. Given the equation

a(3x—2y—1)+p (4x—>5y +8)=0
of a pencil of lines. Find that line of the pencil which

bisects the segment cut from the line x+-2y4-4=0 by the
lines 2v + 3y 4 5=0, x+ 7y—1=0.
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359. Given the equations
x+2y—1=0, Sx+4y—17=0, x—4y+11=0

of the sides of a triangle. Without determining the coor-
dinates of its vertices, find the equations of the altitudes
of the triangle.

360. Write the equation of the line passing through the
point of intersection of the lines

2x+7y—8=0, 3x+2y+5=0
and making an angle of 45° with the line
2x +3y—7=0.

Solve the problem without calculating the coordinates of
the point of intersection of the given lines.

361. In a triangle ABC, the altitudes AN, BN and the
side AB are represented respectively by the equations
x+56y—3=0, x+y—1=0 and x+3y—1=0. Without
determining the coordinates of the vertices and of the
intersection point of the altitudes, write the equations of
the other two sides and the third altitude of the triangle.

362. Find the equations of the sides of a triangle ABC,
if A(2, —1) is one of its vertices and if 7x—10y+ 1=0
and 3x—2y+5=0 are the respective equations of an
altitude and an angle bisector drawn from one and the
same vertex. Solve the problem without computing the
coordinates of the vertices B and C.

363. Given that

o (2% +y+8) +B (x-+y4-3)=0

is the equation of a pencil of lines. Find those lines of
the pencil whose segments intercepted by the lines

x—y—95=0, x—y—2=0
are equal to V5.
364. The equation of a pencil of lines is
a@Bx+y—1)+p (2x—y—9)=0.

Prove that the line
x+3y+13=0

belongs to this pencil.
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365. The €quation of a pencil of lines is
@ (5x+ 3y + 6) + p (3x— 4y — 37)=0.
Prove that the |ine
7x +2y—15=0

does not belong to this i
pencil.
366. The equation of a pencil of lines is

@ (3x +2y—9) -+ B (2¢ +5y +5) =0.
Find the value of C for which the line

will belong to this pencil.
367. The equation of a pencil of lines is

@ (5x +3y—7)+ B (3x + 10y +4)=0.
Find the values of a for which the line
ax +5y-+9=0

will not belong to this pencil.
368. The vertex of the pencil of lines

a(2x—3y +20) + P (3x + 5y —27)=0
is one of the verlices of a square whose diagonal lies
along the line

x--7y—16=0.
Write the equations of the sides and of the other diagonal
of the square.
369. Given the pencil of lines
a (2x + 5y +4) 4- B (3x — 2y +25)=0.

Find that line of the pencil which makes equal (non-zero)
intercepts on the coordinate axes.
370. Given the pencil of lines

a(2x+y+1)+p x—3y—10)=0.

Find those lines of the pencil whose intercepts on the x-
and y-axes are equal in absolute value.
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371. Given the pencil of lines
a(2lx+8y—18) + B (11x+ 3y + 12)=0.

Find those lines of the pencil which form with the coor-
dinate axes a triangle whose area is 9 square units.
372. Given the pencil of lines

a(2x+y+4) + B (x—2y—8)=0..
Prove that, among the lines of the pencil, there exists

only one line whose distance from the point P (2, —3) is

d=V'10. Write the equation of this line.
373. Given the pencil of lines

o (2x—y—6)+p (x—y—4)=0.

Prove that, among the lines of the pencil, there is no line
situated at the distance d=3 from the point P (3, —1).

374. Find the equation of the line passing through the
intersection of the lines 3x+ y—5=0, x—2y+ 10=0 and
situated at the distance d=5 from the point C (—1, —2).
Solve the problem without computing the coordinates of
the point of intersection of the given lines.

375. Given the pencil of lines

o (Bx 425+ 4) + B (x4 9y —25)=0.

Write the equations of those lines of the pencil which,
together with the lines

2x—3y+5=0, 12x48y—7=0,
form isosceles triangles.

376. Find the equation of the straight line passing through
the intersection of the lines

11x43y—7=0, 12x+y—19=0

and equidistant from the points A (3, —2) and B(—1, 6).
Solve the problem without determining the coordinates of
the point of intersection of the given lines.
377. Given the equations
a,.(5x+3y—2)+ﬁ,(3x—y—4)=0.
o (x—y+1)+B, (2x—y—2)=0
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of two pencils of lines. Without determining their vertices,

find the equation of the line belonging to both pencils.
378. The sides AB, BC, CD, DA of a quadrilateral

ABCD are represented, respectively, by the equations

Sx 4y + 13=0, 2x—Ty—17=0,
3x+2y—13=0, 3x—4y+17=0.

Find the equations of the diagonals AC and BD of
this quadrilateral without determining the coordinates of
its vertices.

379. The vertex of the pencil of lines

a(2x4+3y +5)+BBx—y+2)=0

is a vertex of a triangle, two of whose altitudes are given
by the equations

x—4y+1=0, 2x-+y+1=0.

Write the equations of the sides of this triangle.

§ 16. The Polar Equation of a Straight Line

The straight line drawn through the pole perpendicular to a given
straight line is called the normal to the given line. Denote by P
the point where the normal meets the line; take the direction from
the point U to the point P as the positive direction of the normal.
The angle through which the polar axis must be turned to reach

coincidence with the direction of the segment OP is referred to as
the polar angle of the normal.

380. Cerive the polar equation of a straight line, given
its distance p from the pole and the polar angle a of the

normal.

Solution. First Method. On the given straight line s (Fig. 11),
take an arbitrary point M with polar coordinates ¢ and 0. Let P
denote the point where the line s meets its normal. From the right
triangle OPM, we find:

— p
R “’

We have obtained an equation in two variables, ¢ and 6, which
is satisfied by the coordinates of every point M lying on the line
s and by the coordinates of no other point. Consequently, equation
(1) is the equation of the straight line s. The problem is thus solved.

Second Method. Consider a rectangular cartesian coordinate system
whose positive x-axis coincides with the polar axis of the given
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Fig. 11.

polar system. In this cartesian system, the normal equation of the
line s is
xcosa+ysina—p=0. (2)

Recalling the formulas for transformation from polar to cartesian
coordinates,

x=gcos 0, y=gsin6. 3)

and substituting the expressions (3) for x and y in equation (2),
we have

e (cosOcosa+sinBsina)=p
or

p
=Cos 0—a)”
381. Derive the polar equation of a straight line, given:
1) the angle of inclination p of the line (with respect
to the polar axis), and the length p of the perpendicular
dropped from the pole to the line. Also, write the equation
of the line for the case

p=%, =3

2) the intercept a cut off by the line on the polar axis,
and the polar angle a of the normal to the line. Also,
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write the equation of the line for the case

a=2, a=—%ﬂ;

3) the angle of inclination p of the line (with respect
to the polar axis), and the intercept a cut offi by the line
on the polar axis. Also, write the equation of the line for
the case

p=%, a=6.

382. Derive the polar equation of the straight line passing
through the point M, (o,, 6,) and making an angle § with
the polar axis.

383. Derive the polar equation of a straight line through
the point M, (o,, 8,), if the polar angle of its normal is a.

384. Find the polar equation of the line through the
POints /Ml (01 0,) and Mz (0., 9,).



Chapter 4

GEOMETRIC PROPERTIES OF CURVES OF
THE SECOND ORDER

§ 17. The Circle

The equation

(r—@)+(y—Pp)*=R? )

represents a circle of radius R with centre C (a, B).
If the centre of the circle coincides with the origin, that is, if
a=0, =0, then equation (I) takes the form

x4 yt= R, @

385. In each of the following, find the equation of the
circle determined by the stated conditions:

1) the centre of the circle is at the origin, and the
radius R=3;

2) the centre is at the point C (2, —3), and the radius
R=T,

3) the circle passes through the origin, and the centre
is at the point C (6, —8);

4) the circle passes through the point A (2, 6), and the
centre is at C(—1, 2);

5) A(3, 2) and B(—1, 6) are the end points of a dia-
meter of the circle;

6) the centre is at the origin, and the line 3x—4y -+20=0
is tangent to the circle;

7) the centre is at the point C(l1, —1), and the line
5x — 12y +9=0 is tangent to the circle;

8) the circle passes through the points A (3, 1), B(—1, 3),
and its centre lies on the line 3x—y—2=0;

9) the circle passes through the three points A (1, 1),
B(1, —1) and C (2, 0);

10) the circle passes through the three points M, (—I1, 5),
M, (—2, —2) and M, (5, 6).
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386. The point C (3, —1) is the centre of a circle which
cuts off a chord of length 6 on the line 2x—5y + 18=0.
Write the equation of the circle.

387. Write the equations of the circles of radius R=} 5
and tangent to the line x—2y—1=0 at the point M, (3, 1).

388. Find the equation of a circle tangent to the two
parallel lines 2x+4y—5=0, 2x+y + 15=0, if A(2, 1)
is their point of contact with one of the lines.

389. Find the equations of the circ'es passing through
the point A (1, 0) and tangent to the two parallel lines

2x+y +~2=0, 2x-+y—18=0.
390. Find the equation of the circle with centre on the
line
2x _lj———o

and tangent to the lines
4x—3y+10=0, 4x—3y—30=0.

391. Write the equations of circles tangent to the two
intersecting lines 7x—y—5=0, x+y+13=0, if M,
(1, 2) is their point of contact with one of the lines.

392. Write the equations of the circles passing through
the origin and tangent to the two intersecting lines

x+2y—9=0, 2x—y+2=0.

393. Find the equations of the circles which have their
centres on the line
4x—5y—3=0
and are tangent to the lines
2x—3y—10=0, 3x—2y+5=0.

394. Write the equations of the circles passing through
the point A(—1, 5) and tangent to the two intersecting
lines

3x+4y—35=0, 4x+3y+14=0.

395. Write the equations of the circles tangent to the

three lines '

4x—3y—10=0, 3x—4y—5=0 and 3x—4y—15=0.
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396. Write the equations of the circles tangent to the
three lines

3x+4y—35=0, 3x—4y—35=0 and x—1=0.

397. Determine which of the following equations repre-
sent circles, and find the centre C and the radius R of

each circle.

1) (x—95)%--(y -+ 2)2=25; 2) (x+ 2)%4 y*==64;

3) (x—=5)2--(y +2)*=0; 4) x* 4 (y—5)2=5;

95) x® -yt —2x H4y—20=0; 6) x*|y*—2v -+ 4y+414=0;
7) Pyt 4e—2y 1 5=0; 8) X2 y?--xv=0;

9) Lyt bbx—4y - 14=0; 10) x24- 4% -Ly=:0

398. Identify and plot the lines represented by the
following equations:

) y=+1V9—x% 6) y=15—164—*%
2) y=—V26—x* 7) x=—2—) 99—y
3) x==—Vi—y 8) x=—2+V 99—y
4) x=+VI16—y 9) y=—3—) 21 —dx—x2,
5) y=15+ ) 64— % 10 x=—5+ 1V 40—6y— .

399. Determine whether the point A (1, —2) is inside,
on, or outside each of the following circles:

) x2+y?=1;, 2) x*+y*=5; 3) x*4-y*=9;
4) X2+ y?—8x—4y—5=0; 5) x2+y*—10x+8y=0.
400. In each of the following, find the equation of the
line of centres of the two given circles:
1) (x—-3)*+y*=9 and (x+2)*+(y—1)72=1;
9) (x+27+ (y—1)2=16 and (x+2)2+ (y+5)*=25;
3) x2+y?—4x+6y=0 and x*44y*—6x=0;
4) X+ yP—x-+2y=0 and x2+y? +5x+4+-2y—1=0.
401. Find the equation of that diameter of the circle
Xyt +4x—6y—17=0
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which is perpendicular to the line
Sx -+ 2y—13=0.
402. In each of the following, calculate the shortest
distance from the given point to the given circle:
1) A@®6, —8), 2+y*=09;
2) B3, 9), »*+y*—26x--30y-+-313=0;
3) C(—7,2), x*+y*—10x— 14y— 151 =0.
403. Determine the coordinates of the points of inter-
section of the line 7x—y+12=0 and the circle (x—2)*-+

+(y—1)*=25.
404. In each of the following, determine whether the
given line cuts, touches, or fails to meet the given circle:

1) y=2x—3 and x2+ y?—3x+2y—3=0;
2) y=%x—i2and x+y?—8x+2y+12=0;
3) y=x+10 and ¥*+y*—1=0.
405. Determine the values of the slope % for which the
line y=~kx
1) cuts the circle x24 y>—10x + 16=0;
2) touches this circle;

3) passes outside this circle.
406. Find the condition under which the line y=kx+b

touches the circle x4 y*>=R2
407. Write the equation of that diameter of the circle

(x—2)2+ (y+ 1) =16
which bisects the chord cut off by the circle on the line
x—2y—3=0.
408. Find the equation of that chord of the circle
(x—3)*+ (y—7)*= 169

whose midpoint is at M (8.5, 3.5).
409. Determine the length of that chord of the circle

(x—2*+ (y—4)2=10
whose midpoint is at A (1, 2).
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410. Given the pencil of lines
a(x—8y+30) +p (x + 5y —22)=0.
Find those lines of the pencil on which the circle
A2 LyP—2v-2y—14=0
cuts off chords of length 23
411. Given the two circles
(x—m)?+(y—n,)? =R}, (x—m,)*+(y—n,)*=R;

intersecting at the points M, (x,, y,) and M, (x,, y,).

Prove that, by a judicious choice of the numbers « and
B, an equation of the form

o [(x—my )24 (y— 1) — R3] -HB [(x—my)*4-(y —n,)*— R3] =0

can be made to represent every circle through the points
M,, M,, and also to represent the straight line M, M,

412. Find the equation of the circle which passes through
the point A (1, —1) and through the points of intersection
of the two circles

24P 20x—2y—23=0, x24-y*—6x+412y—35=0.
413. Find the equation of the circle which passes through

the origin and through the points of intersection of the
two circles

(x4+3)2+(y+1)2=25 (x—2)*+(y+4)*=09.

414. Write the equation of the straight line passing
through the points of intersection of the two circles

4yt +3x—y=0, 3x2-+ 3y*-F2x+y=0.

415. Calculate the distance from the centre of the circle
x*+ y?=2x to the straight line passing through the points
of intersection of the two circles

x2+y2+5x_8y+1=0, x2+y‘—3x+7y——25=0

416. Determine the length of the common chord of the
two circles

24+ y?—10x—10y=0, x4 y?>+ 6x-+2y-—40=0.
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417. Write the equation of the circle which has its
centre on the line x+y=0 and passes through the points
of intersection of the two circles

(x—12+(y+5?2=50, (x+1)*+(y+1)*=10.

418. Write the equation of the line tangent to the circle
x?4-y2=15 at the point A (—1, 2).

419. Write the equation of the line tangent to the circle
(x+2)? - (y—3)2=25 at the point A(—5, 7).

420 On the circle

16x2 4 16y* + 48x—8y—43=0,
find the point M, nearest to the line
8x—4y+73=0,

and calculate the distance d between M, and the line.
421. The point M, (x,, y,) lies on the circle x2+ y>= R3.
Write the equation of the tangent line at M, to the circle.
422. The point M, (x,, y,) lies on the circle
(x—a)* 4 (y—B)*=R"
Find the equation of the tangent line at M, to the circle.
423. Determine the acute angle at which the line
3x—y—1=0 intersects the circle (x—2)244y2>=5. (The
angle of intersection of a straight line and a circle is
defined as the angle between the line and the tangent to
the circle at their point of intersection.)
424. Determine the angle of intersection of the two
circles
(x—=3PF+(y—17?=8, (x—2’+(y+2?*=2.
(The angle of intersection of two circles is defined as the
angle between their tangents at a point of inlersection.)
425. Find the condition under which the two circles

(r—ay )+ (=B =Rl (x—a)* +(y—Bo)'=R:

will intersect at right angles.
426. Prove that the two circles

x* 42 —2mx—2ny—m*+ n*=0,
By —2nx+2my+ m*—nt=0
intersect at right angles.
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427. From the point A <% —%), tangent lines are

drawn to the circle x?+y*=>5. Find their equations.
428. From the point A (1, 6). tangent lines are drawn

to the circle x2+ 4?4+ 2x—19-=0. Find their equations.
429. Given the pencil of lines

a(3x4+4y—10)4p (3x—y—5)=0.

Find those lines of the pencil which are tangent to the
circle
2+ yt+2x—4y=0.

430. Tangent lines are drawn to the circle x24y2=10
from the point A (4, 2). Determine the angle between

these tangent lines.

431. Tangent lines are drawn to the circle (x—1)*+
+(y+5)2=4 from the point P (2, —3). Write the equation
of the chord joining the points of contact.

432. From the point C (6, —8), tangent lines are drawn
to the circle x2+4 y?2=25. Calculate the distance d between
the point C and the chord joining the points of contact.

433. From the point P (—9, 3), tangent lines are drawn
to the circle

x4+ y*—6x+ 4y—78=0.

Calculate the distance d from the centre of the circle to
the chord joining the points of contact.
434. From the point M (4, —4), tangent lines are drawn

to the circle
K4 yt—6x+2y+5=0.
Calculate the length d of the chord joining the points of

contact. )
435. Calculate the length of the tangent line from the

point A, —2) to the circle
x2+y2+x_3y-—3=0_
436. Find the equations of the lines tangent to the

circle
x>+ 4+ 10x—2y+6=0

and parallel to the line 2x +y—7=0.



§ 18 The Ellipse 83

437. Find the equations of the lines tangent to the

circle
X4y —2x+4y=0

and perpendicular to the line x—2y-+9=0.

438. Write the polar equation of a circle with radius R,
if the polar coordinates of the centre are C (R, ).

439. Write the polar equation of a circle with radius
R, if the polar coordinates of its centre are:

) C(R.O; 2 C(R, m; 3 C(R F)i #C(R—F).
440. Determine the polar coordinates of the centre and
find the radius of each of the following circles:

1) g=4cos0; 2) 0=3sin0; 3) g-=—2cos8;
4) @q==—5sinb; 5) Q:6c05(i—0\;

/

.3
6) o= 8sin (0—%); 7) 0=8sin (%——0).

441. In each of the following, a circle is répresented
by its polar equation:

1) 0=3cos0; 2) 0=—4sin6; 3) e=cos0—sinb.

Write the equation of each circle in a rectangular carte-
sian coordinate system whose positive x-axis coincides
with the polar axis and whose origin coincides with the
pole.

442. In each of the following, a circle is represented by
its cartesian equation: 1) x2-+Ly*=x; 2) x?+y*=—3x
3) 2+ yt=5y;, 4) x*+y*=—y, 5) x*+y*=x+y. Write
the equation of each circle in a polar coordinate system
whose polar axis coincides with the positive x-axis and
whose pole coincides with the origin.

443. Find the polar equation of the line tangent to the
circle =R at the point M (R, 6,).

§ 18. The Ellipse

An ellipse is the locus of points, the sum of whose distances
from two fixed points (called the foci) in the plane is a constant
greater than the distance between the foci. The constant sum of the
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distances of an arbitrary point of an ellipse from its foci is gener-
ally denoted by 2a. The foci of an ellipse are designated as F,, F,,
and the distance between them as 2c. By the definition of the el-
lipse, 2a > 2¢, or a >c.

Let there be given an ellipse. If the axes of a rectangular car-
tesian coordinate system are chosen so that the foci of the given
ellipse are symmetrically situated on the x-axis with respect to the
origin, then the equation of the given ellipse (referred to this coor-
dinate system) has the form

2y
at Tpi=

where b==V a2—c?; obviously, a> b. An equation of the form (I)
is called the canonical equation of an ellipse.

2 2

1, 8))]

V4

mQ
mQ

Fig. 12.

When the coordinate system is chosen as indicated above, then
the coordinate axes are the axes of symmetry of the ellipse, and
the origin is its centre of symmetry (Fig. 12). The axes of sym-
meiry of an ellipse are referred to simgly as its axes, and the centre
of symmetry simply as the centre of the ellipse. The points where
an ellipse cuts its axes are called its vertices. In Fig. 12, the ver-
tices of the ellipse are the points A’, A, B’, and B. The term “axes
of the ellipse” is often applied also to the segments A’A =2a and
B’'B =2b; the segment OA=a is then called the semi-major axis,
and the segment OB =0, the semi-minor axis of the ellipse.

If the foci of an ellipse are situated on the y-axis (symmetrically
with respect to the origin), then the equation of the ellipse still is
of the form (1), but in this case b > a; hence, if a is still to denote
the semi-major axis, the letters a and b must be interchanged in
equation (1). However, for convenient formulation of subsequent
problems, we shall agree to let a always denote the semi-axis lying
on the x-axis, and b the semi-axis lying on the y-axis, irrespective
of whether a is greater or smaller than b. If a =06, equation (1) rep-
resents a circle, which is regarded as a special case of the ellipse.
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The number
where a is the semi-major axis, is called the eccentricity of the el-
lipse. Clearly, e <l (for a circle, e==0). Let M (x, y) be an arbi-
trary point of an ellipse; then the segments F Al —r, and F,M:=r,
are called the focal radii of the point Al (see Fig. 12). The focal
radii can be calculated from the formulas
ry=-a-+gex, ry=-a—ex.
In the case of an ellipse represented by equation (1), where
a>b, the lines
a

a
X=——, x=—
€ 3

(Fig. 12) are called the directrices of the ellipse. <lf b>a, the

directrices are determined by the equations y:—%. y:%) .
Each of the directrices possesses the

following property: If r is the distance

from an arbitrary point of an ellipse to

one of its foci, and d is the distance |

from the same point to the directrix b

Fig. 13. Fig. I14.
associated with that focus, then the ratio% is a constant equal
to the eccentricity of the ellipse:

r
E—E.

Let two planes, @ and P, make an acule angle ¢, and let a
circle of radius a lie in the plane a; then the projection of thiscircle
on the plane P is an ellipse with semi-major axis a; the semi-minor
axis b of the ellipse (Fig. 13) is given by the formula

b=acos ¢.
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Let a circular cylinder have a circle of radius & as its directing
curve; then the section of this cylinder by a plane (making an acute
angle ¢ with the axis of the cylinder) will be an ellipse with its
semi-minor axis equal to b; the semi-major axis of the ellipse (Fig. 14)
is determined by the formula

444. Find the equation of the ellipse whose foci are
symmetrically situated on the x-axis with respect to the
origin, and which satisfies the following conditions:

1) the semi-axes are equal to 5 and 2;

2) the major axis equals 10, and the distance between
the foci 2c=S8;

3) the minor axis equals 24, and the distance between
the foci 2¢=10;

4) the distance between the foci 2c=6, and the eccen-

- 3
tricity =z

5) the major axis equals 20, and the eccentricity
8:%;

. - 12,
6) the minor axis is 10, and the eccentricity e=q3}

7) the distance between the directrices is 5, and the
distance between the foci 2c=4; .
8) the major axis equals 8, and the distance between

the directrices is 16; _
9) the minor axis equals 6, and the distance between

the directrices is 13; |
10) the distance between the directrices is 32, ande=7 .

445. Write the equation of the ellipse whose foci are
symmetrically situated on the y-axis with respect to the
origin, and which satisfies the following conditions:

1) the semi-axes are equal to 7 and 2;

2) the major axis equals 10, and the distance between
the foci 2c=S8§;

3) the distance between the foci 2c=24, and the eccen-

.. 12,
tricity e=13:

| w

4) the minor axis is 16, and the eccentricity e=
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5) the distance between the foci 2c=6, and the distance
between the directrices is 16%;

6) the distance between the direcirices is l()é, and ihe

eccentricity e:%.
446. Determine the semi-axes of each of the following
ellipses:
x! 2

I) 1—6+§=1; 2) ’;_z_+_y2:]; 3) .¥2~}—25y’:25;

<

4) x*+ 5y*=15; 5) 4x* +-9y*=25; 6) 9x*--254° =1,
7) x*+4y*=1; 8) 16x"-y*=16; 9) 25x* -9y’ =1;
10) 9x* +y*=1.

447. Given the ellipse 9x* --254*=225. Find: 1) the
semi-axes; 2) the foci; 3) the eccentricity; 4) the équations
of the directrices.

448. Calculale the area of the quadrilateral, two of
whose vertices lie at the foci of the ellipse

x* 4+ 5yt =20,

and whose other two vertices coincide with the ends of
the minor axis of the ellipse.

449. Given the ellipse 9x* 4 5y*=45. Find: 1) the semi-
axes; 2) the foci; 3) the eccentricity; 4) the equations of
the directrices.

450. Calculate the area of the quadrilateral, two of
whose vertices lie at the foci of the ellipse

9x* + 5y’ =1,

and whose other two vertices coincide with the ends of
the minor axis of the ellipse.

451. Calculate the distance from the focus F(c, 0) of
the ellipse

x! yz
aty=l

to the directrix associated with this focus (i.e., to the
directrix lying on the same side of the centre as the fo-
cus F).
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452. Using a pair of compasses alone, construct the
foci of the ellipse Tz +% =1 (assuming that the coordinae

axes have been drawn and a unit segment chosen).
453. On the ellipse

x2 yz
Btr=1
find the points whose abscissa is equal to —3.

454. Deermine which of the points A,(—2, 3),
A2, —2), A,(2, —4), A, (-1, 3), A, (—4 -3),
A3, —1), A,38, —2), A,(2 1), A,0, 15 and
A,, (0, —16) lie inside, on, or outside the ellipse
8x* +5y*="T77.

455. ldentify and plot the curves represented by the
following equations:

1) y==+%l/16——x’; 2) y=—%l/9—x’;
3) x=—§]/9—y’; 4) x=+-‘7—]/49—y'.

456. The eccentricity e of an ellipse is 2 , and one focal

radius of a point M on this ellipse is equal to 10. Calcu-
late the distance from the point M to the directrix asso-
ciated with the focus in question.

457. The eccentricity e of an ellipse is %, and the

distance from a point M on the ellipse to one of the di-
rectrices is equal to 20. Calculate the distance from the
point M to the focus associated with this directrix.

458. Given the point M, (2, —%) on the ellipse

2y .
sts=5

write the equations of the straight lines along which the
focal radii of the point M, lie.
459. Verify that the point M,(—4, 2.4) lies on the
ellipse :
x2 y2
wte="

and determine the focal radii of the point M,.
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460. The eccentricity € of an ellipse is % its centre
is at the origin, and one of its foci is F(—2, 0). Calcu-
late the distance from a point M, of the ellipse to the
directrix associated with the given focus, if the abscissa
of M, is 2.

461. The eccentncnty e of an ellipse is 17 its centre

is at the origin, and one of its directrices is given by the
equation x=16. Calculate the distance from a point M,
of the ellipse to the focus associated with the given direc-
trix, if the abscissa of M, is —4.

462. Determine those points of the ellipse 100+36

whose distance from the right-hand focus is equal to 14.

463. Determine those points of the ellipse ; i 1~"7_1

whose distance from the left-hand focus is 2equdl o 2.5.

464. Through a focus of the ellipse %+%=1, a per-
pendicular is drawn to its major axis. Determine the dis-
tances from the foci to the points in which the perpen-
dicular cuts the ellipse.

465. Write the equation of the ellipse with its foci sym-
metrically situated on the x-axis with respect to the origin,
given:

1) the point M, (—2V/5, 2) of the ellipse and its semi-
minor axis. b=3;

2) the point M, (2, —2) of the ellipse and its semi-major
axis a=4; 7

3) the points M, (4, —V'3) and M, (212, 3) of the
ellipse;

4) the point M, (V'15, —1) of the ellipse and the dis-
tance between its foci 2c=8§;

5) the point M, (2, ——%) of the ellipse and its eccen-

2
tricity e=+
6) the point M, (8, 12) of the ellipse and the distance
r,=20 of M, from the left- hand focus;

7) the pomt M,(—V'5, 2) of the ellipse and the dis-
tance be.ween its’ directrices equal to 10.
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466. Determine the eccentricity e of an ellipse, if:

1) the minor axis subtends an angle of 60° at each
focus;

2) the line segment between the foci subtends a right
angle at each of the vertices on the minor axis;

3) the distance between the directrices is three times
the distance between the foci;

4) the segment of the perpendicular from the centre of
the ellipse to a directrix is bisected at the corresponding
vertex.

467. Through the focus F of an ellipse, a perpendicular
is drawn to its major axis (Fig. 15). Determine that value
of the eccentricity of the ellipse for which the line seg-

ments AB and OC will be parallel.

y

Fig. 15.

468. Find the equation of an ellipse with semi-axes a,
b and centre C(x,, y,), if the axes of symmetry of the
ellipse are parallel to the coordinate axes.

469. An ellipse touches the x-axis at the point A (3, 0),
and the y-axis at the point B (0, —4). Write the equation
of the ellipse, given that its axes of symmetry are parallel
to the coordinate axes.

470. The point C(—3, 2) is the centre of an ellipse
which touches both coordinate axes. Write the equation
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of the ellipse, given that its axes of symmetry are paral-
lel to the coordinate axes.

471. Show that each of the following equations repre-
sents an ellipse, and find the coordinates of its centre C,
the semi-axes, the eccentricity, and the equations of the
directrices:

1) 5x*4-9y"—30x -+ 18y +9=0;
2) 16x* + 25y* + 32x— 100y — 284 =0;
3) 4x* 4 3y*—8x -+ 12y —32=0.

472. ldentify and plot the curves represented by the fol-
lowing equations:

) y=— T+ 2 V65 br—x 2) y=1—3 ¥ —br—x"
3) x=— 2V 5—by—y; 4 x=—5+=V8r2y—y.

473. Write the equation of the ellipse satisfying the fol-
lowing conditions:

1) the major axis equals 26, and the foci are F,(—10, 0)
and F, (14, 0);

2) the minor axis equals 2, and the foci are F,(—1, —1),
F,(1, 1)

3) the foci are F, (—2, %) , F, (2, —%), and the ec-
Ve,
T ’

4) the foci are F, (1, 3), F,(3, 1), and the distance be-
tween the directrices is 12)/2.

474. Find the equation of an ellipse, given the eccen-

one focus F (2, 1), and the equation x—5=0

centricity e=

tricity ==,

of the directrix corresponding to this focus.
475. Find the equation of an ellipse, given the eccen-

tricity e=%, one focus F(—4, 1), and the equation
y+3=0 of the directrix corresponding to this focus.

476. The point A(—3, —5) lies on an ellipse which
has a focus F(—1,—4) and whose corresponding directrix
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is given by the equation
x—2=0.

Write the equation of the ellipse.
477. Find the equation of an ellipse, given the eccent-

ricity e=12 , one focus F (3, 0), and the equation x+y—
— 1=0 of the directrix corresponding to this focus.
478. The point M, (2, —1) lies on an ellipse which has
a focus F (1, 0) and whose corresponding directrix is given
by the equation
2x—y—10=0.

Write the equation of the ellipse.

479. The point M, (3, —1) is an end point of the minor
axis of an ellipse whose foci lie on the line y+6=0.
Write the equation of the ellipse, if its eccentricity

= ——

2
480. Find the points of intersection of the line x -+ 2y —
— 7=0 and the ellipse x*+ 4y*=25.
481. Find the points of intersection of the line

3x+ 10y—25=0 and the ellipse ;—;-}—5—’;—:1.
482. Find the points of intersection of the line 3x—4y —
2 2
—40=0 and the ellipse ’;—6+%=1.

483. In each of the following, determine whether the
given line cuts, touches, or fails to meet the given ellipse:

1) 2x—y—3=0, 2) 2x+y—10=0,

2 v AT P
etg=1 gtg="
3) 3x +2y—20=0,

x? y? _
ntp=1

484. Determine the values of m for which the line
y—_-—-x—{-m: . .

1) cuts the ellipse 3 +% =1; 2) touches the ellipse;
3) passes outside the ellipse.
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485. Find the condltlon under which the line y=kx+m

touches the ellipse —-J— Zz =1.

486. Write the equatlon of the tangent line to the el-

lipse
x2 yz
aty=1

at the point M, (x,, v,).
487. Prove that the tangent lines
y:
= 1
at the end points of a diameter are
of an ellipse is defined as a chord
centre.)
488. Write the equations of the
ellipse
2
vt s =1

which are parallel to the line
3x+2y+7=0.

489. Write the equations of the
ellipse
x*+4y*==20

which are perpendicular to the line

to the ellipse

parallel. (A diameter
passing through the

tangent lines to the

tangent lines to the

2x—2y—13=0.
490. Draw the tangent lines to the ellipse:

pTa=!
which are parallel to the line
4x—2y +23=0,

and calculate the distance d between them.

491. On the ellipse
m+_“
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find the point M, nearest to the line
2x—3y +25=0,
and calculate the distance d from M, to this line.

492. From the point A(lo 5

30 3), tangent lines are
drawn to the ellipse

x! y!
2_0_|_§-_—l.
Write their equations.
493. From the point C (10, —8), tangent lines are drawn
to the ellipse
P .
w+tiE=1
Write the equation of the chord joining the points of
contact.
494. From the point P (—16, 9), tangent lines are drawn
to the ellipse

X2 y? .
71+3=1

Calculate the distance d from P to that chord of the el-
lipse which joins the points of contact.

495. An ellipse passes through the point A (4, —1) and
touches the line x 44y —10=0. Find the equation of this
ellipse, given that its axes coincide with the coordinate
axes.

496. Find the equation of the ellipse whose axes are
coincident with the coordinate axes and which touches the
two lines 3x —2y—20=0, x -+ 6y —20=0.

497. Prove that the product of the distances from the
centre of an ellipse to the intersection point of any of its
tangents with the focal axis, and to the foot of the per-
pendicular dropped from the point of contact to the focal
axis, is a constant equal to the square of the length of
the semi-major axis of the ellipse.

498. Prove that the product of the distances from the
foci to any tangent to an ellipse is equal to the square
of the length of the semi-minor axis.
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499. The line x—y—5=0 touches an ellipse whose foci
are at the points F (—3, 0) and F, (3, 0). Write the equa-
tion of the ellipse.

500. Find the equation of an ellipse, if its foci are
symmetrically situated on the x-axis with respect to the
origin, 3x +10y—25=0 is the equation of a tangent to
the ellipse, and if its semi-minor axis b=2.

501. Prove that the tangent line to an ellipse at a point
M makes equal angles with the focal radii F .M, F,M and
passes externally to the angle F MF,.

502. From the left-hand focus of the ellipse

XZ , UZ N
50 1,

a ray of light is sent at an obtuse angle o(tana=-—2)
to the axis Ox. Upon reaching the ellipse, the ray is
reflected from it. Write the equation of the straight line
along which the reflected ray travels.

503. Determine the points of intersection of the two
ellipses

X9y —45=0, x*+9y*—6x—27=0.

504. Verify that the two ellipses
nzxz_i_m:yz_m:nz:()’ mzxz_i_nzyz_mznzzo (m#n)

intersect in four points which lie on a circle with centre
at the origin, and determine the radius R of this circle.

505. Two planes, a and P, make an angle ¢=30°.
Determine the semi-axes of the ellipse obtained by pro-
jecting a circle of radius R=10, lying in the plane «,
on the plane f

506. An ellipse whose semi-minor axis equals 6 is the
grojection of a circle of radius R=12. Find the angle ¢
etween the planes in which the ellipse and the circle lie.

507. The directing curve of a circular cylinder is a circle
of radius R=8. Determine the semi-axes of the ellipse
which is the section of this cylinder by a plane making
an angle ¢=230° with the axis of the cylinder.

508. The directing curve of a circular cylinder is a circle

of radius R=)'3. Determine the angle which a cutting
plane must make with the axis of the cylinder in order
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that the section should be an ellipse with semi-major axis
a=2.

509. A uniform compression (elongation) of the plane
towards the x-axis is defined as the transformation of
points in the plane (Fig. 16) which carries an arbitrary
point M(x, y) into a point M’ (x’, y’) such that

x'=x, y'=qy,

where ¢ >0 is a constant called the coefficient of com-
pression.

o
K3
<

__--__i:__.

Fig 16. Fig. 17.

Similarly, a uniform compression of the plane towards

the y-axis is determined (Fig. 17) by the equations
x'=gqx, y'=y.
Find the curve into which the circle
x*4+y'=25
is transformed by a uniform compression of the plane to-
L - . 4

wards the x-axis, if the coefficient of compression g=15 -

510. Fmd the equation of the curve into which the el-
lipse 16—{— 5 -l is transformed by a uniform compression

of the plane towards the axis Oy, if the coefficient of
compression is equal to %.
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511. Find the equation of the curve into which the ellipse
2 2
;‘—9-{—%———-1 is transformed by two consecutive uniform com-

pressions of the plane (towards the x-axis and then fo-
wards the y-axis), if the respective coefficients of compres-

sion are% and = .

512. Determine the coefficient g of the uniform compres-
sion of the plane towards the axis Ox, under which the
2 2 Y
ellipse ;—6—}—%
513. Determine the coefficient g of the uniform compres-

sion of the plane towards the axis Oy, under which the

=1 is transformed into the ellipse ';—(-3+%:1.

. 2y . . LA
ellipse 3 +2—5_1 is transformed into the ellipse Ftm= 1.

514. Determine the coefficients g, and g, of the two
consecutive uniform compressions of the plane towards the

axes Ox and Oy, under which the ellipse ;—;4-%2:1 is
transformed into the circle x* + y*=16.

§ 19. The Hyperbola

A hyperbola is the locus of points, the difference of whose distances
from two fixed points (called the foci) in the plane is numerically
a constant; this constant is usually denoted by 2a. The foci of a
hyperbola are designated as F,, F,, and the distance between them
as 2c. By the definition of the hyperbola, 2a<2c, or a<c.

Let there be given a hyperbola. If the axes of a rectangular car-
tesian coordinate system are chosen so that the foci of (he given
hyperbola are symmetrically situated on the x-axis with respect to
the origin, then the equation of the hyperbola (referred to this coor-
dinate system) has the form

x’_£

PO

where b= l/cz —a®. An equation of the form (1) is called the canon-
ical equation of a hyperbola. When the coordinate system is chosen
as indicated above, then the coordinate axes are the axes of sym-
metry of the hyperbola, and the origin is its centre of symmelry
(Fig. 18). The axes of symmetry of a hyperbola are referred to simply
as its axes, and the centre of symmetry as the centre of the hyper-
bola. A hyperbola intersects one of its axes; the points of intersec-
tion are called the vertices of the hyperbola. In Fig. 18, the vertices
of the hyperbola are the points A’ and A.

=1, (1)

4_2250
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The rectangle with sides 2a and 2b, which is symmetrical with
respect to the axes of a hyperbola and tangent to it at the vertices,
is called the fundamental rectangle of the hyperbola.

The term “axes of the hyperbola” is also applied to the line seg-
ments of lengths 2a and 2b, which join the midpoints of the opposite

Y
a a
& &
/ M
6| 7 i
a2
2 ~ee—N; z
Fig. 18.

sides of the fundamental rectangle. The diagonals (extended indefi-
nitely) of the fundamental rectangle are the asymptotes of the hyper-
bola; the equations of the asymptotes are

R b b
a ! a :
I he equation

4 2
— S+ 5=l @

represents a hyperbola symmetrical with respecf to the coordinate
axes and having its foci on the y-axis; like equation (1), equation
(2) is called the canonical equation of a hyperbola; in this case, the
constant difference of the distances from an arbitrary point of a hy-
perbola to its foci is equal to 2b. \
Two hyperbolas represented, in the same coordinate system, by
the equations
x2 yl xt yl
ad- = —aEtu=l
are said to be conjugate.
A hyperbola with equal semi-axes (a=»5) is called an equilateral
hyperbola; its canonical equation is of the form

R—yt=a* or —x'+y*=at



§ 19. The Hyperbola 29

The number

©
I
S

where a is the distance from the centre of a hyperbola to its vertex,
is called the eccentricity of the hyperbola. Obviously, € > 1 for every
hyperbola. Let M (x, y) be an arbitrary point of a hyperbola; then
the segments F .M and F,M (see Fig. 18) are called the focal radii
of the point M. The focal radii of points on the right-hand branch
of a hyperbola are calculated from the formulas

ry==ex-a, r,=gx—a,
the focal radii of points on the left-hand branch are calculated from
the formulas
ry=-—ex—a, r,=—ex-ita.

In the case of a hyperbola represented by equation (1), the straight
lines
a
e

. X=

X=—

o

are called the directrices of the hyperbola (see Fig. 18). In the case

of a hyperbola represented by equation (2), the directrices are deter-
mined by the equations

b

y=—— y=

Each of the directrices possesses the following property: If r is the
distance from an arbitrary point of a hyperbola to one of its foci,
and d is the distance from the same point to the directrix associated

with that focus, then the ratio % is a constant equal to the eccen-

tricity of the hyperbola:

, —_—
F—E.

515. Write the equation of the hyperbola whose foci
are symmetrically situated on the x-axis with respect to the
origin, and which satisfies the following conditions:

1) the axes 2a=10 and 2b=S8§;

2) the distance between the foci 2c=10, and the axis
2b=38,;

3) the distance between the foci 2c=6, and the eccen-
tricity e=%:

4) the axis 2a=16 and the eccentricity e=

>|on

4*
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5) the equations of the asymptotes are
4
y==£35%
and the distance belween the foci 2c=20;

6) the distance belween the directrices is equal to 22% ,
and the distance betiween the foci 2c==26;

7) the distance between the directrices is 332, and the
axis 2b=©6;
8) the distance belween the directrices is %, and the

ecceniricity e::%;
9) the equations of the asymptotes are y=:};%x, and

the distance beiween the directrices is 12%.

516. Find the equation of the hyperbola whose foci are
symmetrically siluated on the y-axis with respect to the
origin, and which satisfies the following conditions:

1) the semi-axes a:=6, b=18 (the letter a denotes here
the semi-axis of the hyperbola lying on the x-axis);

2) the distance between the foci 2c=10, and the eccen-

.. 5
tricity e=+:
3) the equations of the asymptotes are

12
y== gxr

and the distance between the vertices equals 48;
4) the distance between the directrices is 7—1-, and the

. . 7
eccentricity e=¢;
5) the equations of the asymptotes are y=:{:%x, and

the distance between the directrices is 6%.

517. Determine the semi-axes a and b of each of the
following hyperbolas:

2

1) %f’%‘_‘l; 2)';;;—-!/":1; 3) x*—4y*=16;
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4) x*—y?=1; 5) 4x2—9y*=25; 6)25x*— 164> =1,
7) 9x*—64y?=1.

518. Given the hyperbola 16x* —9y?==144. Find: 1) its
semi-axes a and b; 2) its foci; 3) the eccentricity; 4) the
equations of the asymptotes; 5) the equations of the direct-
rices.

519. Given the hyperbola 16x2—9y?=— 144. Find: 1) the
semi-axes a and b; 2) the foci; 3) the eccentricity; 4) the
equations of the asymptotes: 5) the equations of the direc-
trices.

520. Calculate the area of the triangle formed by the
asymptoles of the hyperbola

X! uz_
Tg=!
and by the line
9y |-2y-—24 =0.

521. ldentify and plot the curves represented by the
following equations:

) y=+3V¥=9 2 y=—31V 57+,
—~— 2./ 5o
3) x=— 3 V19, 4) y=+3V 2.

522. Given the point M, (10, —}/5) on the hyperbola

2y

52— -
Find the equations of the straight lines along which the
focal radii of M, lie.

523. Verify that the point M,(—S, %) lies on the hy-
perbola

@ 4
6o
and determine the focal radii of M,.

524. The eccentricity e of a hyperbola is 2, the distance
(focal radius) of its point M from one focus is equal to 16.
Calculate the distance of the point M from the directrix
associated with this focus.
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525. The eccentricity ¢ of a hyperbola is 3, the distance
from a point M of the hyperbola to a directrix equals 4.
Find the distance from the point M to the focus associated
with this directrix.

526. The eccentricity & of a hyperbola is 2, its centre
lies at the origin, and one of the foci is F (12, 0). Calculate
the distance from a point M, of the hyperbola to the di-
rectrix associaled with the given focus, if the abscissa of
M, is 13.

527. The eccentricity e of a hyperbola is % its centre

lies at the origin, and one of the directrices is represented
by the equation x=—8. Calculate the distance from a
point M, on the hyperbola to the focus associated with
the given directrix, if the abscissa of M, is equal to 10.

528. Delermine those points of the hyperbola &—%:l
whose distance from the right-hand focus is 4.5.

2 2
529. Determine those points of the hyperbola %—%:l

whose distance from the left-hand focus is 7.

2530.2 Through the left-hand focus of the hyperbola
lei—g'Bz 1, a perpendicular is drawn to the axis containing
the vertices. Determine the distances from the foci to the
points in which this perpendicular cuts the hyperbola.

531. Using a pazir of compasses alone, construct the foci

of the hyperbola ';—G—g—s=l (assuming that the coordinate

axes have been drawn and a unit segment chosen).

532. Write the equation of a hyperbola whose foci are
symmetrically situated on the x-axis with respect to the
origin, given:

1) the points M, (6, —1) and M,(—8,2V'2) of the
hyperbola;

2) the point M, (—5, 3) of the hyperbola and the eccen-
tricitye=V'2;

3) the point M, (% -—l) of the hyperbola and the

equations y= 4 % x of the asymptotes;
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4) the point M, ( -3, i;)> of the hyperbola and the equa-
tions x=4 % of the directrices;

5) the equations y=4- %x of the asymptoles and the

equations x=;i;%6 of the direclrices.

533. Determine the eccentricity of an equilateral hyperbola.

534. Determine the eccentricity of a hyperbola, if the line
segment belween its verlices subtends an angle of 60° at
each focus of the conjugate hvperbola.

535. The foci of a hyperbola coincide with the foci of

the ellipse %)-1—%:1. Find the equation of the hyperbola

if its eccentricity e=2.
536. Find the equation of 1hze hyzperbola whose foci lie

at the vertices of the ellipse fm+éf—4=l, and whose direc-

trices pass through the foci of this ellipse.
537. Prove that the distance from a focus of the hyperbola

f—f
to its asymptote is equal to b.
538. Prove that the product of the distances of any point

on the hyperbola

~

z‘=1

|

:"‘ =
S

a’t?

from its two asymptotes is a constant equal to prny=R
539. Prove that the area of a parallelogram formed by
the asymptotes of the hyperbola
Xt I .
=1
and by the straight lines drawn through any point of the
hyperbola parallel to the asymptotes is a constant equal

to 2

5 -

540. Write the equation of a hyperbola, if its semi-axes
are a and b, the centre is C(x,, y,), and if the foci lie
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on a line:

1) parallel to the axis Ox;
2) parallel to the axis Oy.

541. Verify that each of the following equations rep-
resents a hyperbola, and find: the coordinates of its centre C,
the semi-axes, the eccentricity, the equations of the asym-
ptotes, and the equations of the directrices:

1) 16x? —9y? —64x — 54y — 161 =0;
2) 9x% —16y? +90x 4 32y — 367 =0;
3) 16x2 —9y? —64x — 18y + 199 =0.

542. Identify and plot the curves represented by the fol-
lowing equations:

1) y=—l+%l/x —4x—5, 2) y=7—%]/x2—6x+13,
3) x=9—2VF+4y+8,  4) x=5—2Vy tdy—I12.

543. Write the equation of the hyperbola satisfying the
following conditions:

1) the distance between its vertices is 24, and the foci
are F,(—10,2), F,(16, 2);

2) the foci are F, (3, 4), F,(—3, —4), and the distance
between the directrices equals 3.6;

3) the angle between the asymptotes is 90°, and the foci
are F, (4, —4), F,(—2,2).

544. Find the equation of a hyperbola, given its eccen-

tricity e= % , one focus F (5, 0), and the equation 5x— 16 =0
of the directrix associated with this focus.
545. Find the equation of a hyperbola, given its eccen-

tricity e=g,one focus F (0, 13), and the equation 13y —

— 144 =0 of the directrix associated with this focus.

546. The point A(—3, —5) lies on a hyperbola which
has F(—2, —3) as its focus and whose directrix corre-
sponding to this focus is represented by the equation

x+1=0.
Find the equation of the hyperbola.
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547. Find the equation of a hyperbola, given its eccen-
tricity e=1J5, one focus F(2, —3). and the equation
3x—y +3=0

of the directrix corresponding to this focus.

548. The point M, (l, —2) lies on a hyperbola which
has F(—2,2) as its focus and whose directrix correspond-
ing to this focus is represented by the equation

2x—y—1=0.

Write the equation of the hyperbola.

549. Given the equation x2—y?=a® of an equilateral
hyperbola. Find its equation in the new system when its
asymptotes are taken as the coordinate axes.

550. In each of the following, show that the equation
represents a hyperbola, find its centre, semi-axes, the equa-
tions of the asymptotes, and draw the figure:

1) xy=18; 2) 2xy—9=0; 3) 2xy+-25=0.

551. Find the points of intersection of the line 2x —y —

—10=0and the hyperbola ;—:)—%2— =1
552. Find the points of intercectlon of the line 4x —3y —

— 16=0 and the hyperbola ;—; = =1.
553. Find the points of intersection of the line 2x—y+
+1=0 and the hyperbola ———%= .
554. In each of the following, determine whether the
%iovlzr? line cuts, touches, or fails to meet the given hyper-

_ £y

1) x—y—3-0. 1—2—5-—-]'
— Xy

2) x—2y+1=0, E—g—].
_ x2 yz—

555. Determine the values of m for which the line
y= i X+m: )

1) cuts the hyperbola i—%= s 2) touches this hyper-
bola; 3) passes outside the hyperbola.
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556. Find the condition under which the line y=kx +m
touches the hyperbola Z—i—%—i: 1.

557. Find the equation of the tangent line to the hyper-
bola Z—Z—-i—,=l at its point M, (x,, y,)-

558. Prove that the tangent lines to a hyperbola at the
end points of a diameter of the hyperbola are parallel.
559. Write the equations of the tangent lines to the

hyperbola QX—S—%Z =1 which are perpendicular to the line
4x +3y—7=0,
560. Write the2 equations of the tangent lines to the
hyperbola li—y—=1 which are parallel to the line

6 64
10x—3y +9=0.
561. Draw the lines tangent to the hyperbola
x2 yz _
g =}

and parallel to the line
2x+4y—5=0;
compute the distance d between them.
562. On the hyperbola
xz yz l

2% 18T
find the point M, nearest to the line
3x+2y+41=0,

and compute the distance d from M, to this line.

563. Find the equations of the tangent lines drawn from
the point A(—1, —7) to the hyperbola x*—y%=16.

564. From the pozint C (1, —10), tangent lines are drawn
to the hyperbola %-%:1, Write the equation of the
chord joining the points of contact.

565. From the point P (], —5), tangent lines are drawn

2 2

to the hyperbola %_ g- = 1. Calculate the distance d from P
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to that chord of the hyperbola which joins the points of
contact.

566. A hyperbola passes through the point A (]} 6, 3)
and touches the line 9x 4+ 2y —15=0. Write the equation
of this hyperbola, given that its axes coincide with the
coordinate axes.

567. Find the equation of the hyperbola whose axes are
coincident with the coordinate axes and which touches the
two lines S5x—6y—16=0, 13x— 10y —48=0.

568. Show that the points of intersection of the ellipse

2yt . S g
’QE'I"E_I and the hyperbola ﬁ—§_1 are the vertices

of a rectangle, and find the equations of the sides of this
rectangle. ,

569. Given the hyperbola ;%——%Z—:l and any tangent
line to it; P is the point of inlersection of this tangent
line with the axis Ox, and Q is the projection of the point

of contact on the axis Ox. Prove that
OP.0Q ==a®.

570. Prove that the foci of a hyperbola lie on opposite
sides of any tangent line to the hyperbola.

571. Prove that the product of the distances from the
foci to any tangent line to the hyperbola

XZ yi .
ol
is a constant equal to b%.
572. The line
2x—y—4=0

touches a hyperbola whose foci are at the points F, (—3, 0)
and F,(3.0). Write the equation of the hyperbola.

573. Find the equation of a hyperbola, given that its foci
are symmelrically situated on the x-axis with respect to the
origin, that 15x - 16y —36 =0 is the equation of a tangent
line to this hyperbola, and that the distance between its
vertices 2a =8.

574. Prove that the tangent line to a hyperbola at a
point M makes equal angles with the focal radii F,M, F,M
and passes within the angle F,MF,.
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575. From the right-hand focus of the hyperbola

£_v_

5 4
a ray of light is sent at an angle a(n<a<—g—n;

tan a:2> tothe axis Ox. Upon reachingthe hyperbola, the

ray is reflected from it. Find the equation of the straight
line along which the reflected ray travels.

576. Prove that an ellipse and a hyperbola which have
the same foci intersect at right angles.

577. Find the equation of the curve into which the hy-
perbola lis——%= 1 is transformed by a uniform compression
of the plane towards the axis Ox, if the coefficient of com-
pression is 5

Hint. See Problem 509.

578. Find the equation of the curve into which the hy-

xl yz

perbola 55 —g = | is transformed by a uniform compression

of the plane towards the axis Oy, if the coefficient ofecom-
pression is % .

579. Find the equation of the curve into which the hy-
perbola x2 —y?==9 is transformed by two consecutive uni-
form compressions of the plane (towards the x-axis and
then towards the y-axis), if the respective coefficients of

compression are % and 73 -
580. Determine the coefficient g of the uniform compres-
sion of the plane towards the axis Ox, under which the

hyperbola gg-gg:l is transformed into the hyperbola
xz yl
BIE= 1

581. Determine the coefficient g of the uniform compres-
sion of the plane towards the axis Oy, under which the

hyperbola ?—%:1 is transformed into the hyperbola

x! y!= 1

16 9
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582. Determine the coeificients g, and g, of the two con-
secutive uniform compressions of the plane towards the axes

Ox and Oy, under which the hy perbola 10"1 istrans-
formed into the hyperbola o éﬁ 1

§ 20. The Parabola

A parabola is the Tocus of points whose distance from a fixed point
(called the focus) in the plane is equal to their distance from a tixed
straight linz (called the directrix). The focus of a parabola is denoted
by F, and the distance from the focus to the directrix by p. The
number p is called the parameter of a parabola.

Let there be given a parabola; let the x-axis of the chosen rect-
angular cartesian system of coordinates pass through the focus of

<

Fig. 19. Fig. 20.

the given parabola perpendicular to the directrix and be directed
from the directrix to the focus, and let theorigin be placed midway
between the focus and the directrix (Fig. 19). In this coordinate sys-
tem, the given parabola will be represented by the equation

y:=2px. (1)
Equation (1) is called the canonical equation of the parabola. In the

same coordinate system, the directrix of the given parabola has as
its equation

=— P
x=—g.
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The focal radius of an arbitrary point M (x, y) of the parabola (that

is, the length of the segment FM) may be calculated from the for-
mula

I‘=X+%.

A parabola has one axis of symmetry, which is called the axis
of the parabola and which cuts the parabola in a single point; this
point of intersection of the parabola and its axis is called the vertex
of the parabola. When the coordinate system is chosen as indicated
above, the axis of the parabola coincides with the x-axis, the vertex
is at the origin, and the entire parabola liesin the right half-plane.

If the coordinate system is chosen so that the x-axis coincides
with the axis of the parabola, the origin coincides with the vertex,

y y

TN
:

’
ANy,
]

Fig. 21. Fig. 22.

but the parabola lies in the left half-plane (Fig. 20), then the equa-
tion of the parabola is of the form

y*=—2px. (2)

In the case when the vertex is at the origin and the axis of the
parabola is coincident with the y-axis, the parabola will be repre-
sented by the equation -

x=2py 3

if the parabola lies in the upper half-plane (Fig. 21), and by the

equation
®=—2py 4)

if it lies in the lower half-plane (Fig. 22).
Each of equations (2), (3), (4), as well as equation (1), is referred
to as the canonical equation of a parabola.



$§ 20. The Parabola 11

583. Find the equation of a parabola with vertex at the
origin, if:

1) the parabola is symmetrically situated in the right
half-plane with respect to the axis Ox, and its parameler
p=3;

2) the parabola is symmetrically situated in the left
hali-plane with respect to the axis Ox, and its parameter
p=0.5;

3) the parabola is symmetrically situated in the upper
half-plane with respect to the axis Oy, and its parameter

1
pP==;

4) the parabola is symmetrically situated in the lower
half-plane with respect to the axis Oy, and its parameter
p=23.

584. Determine the value of the parameter and the
position (with respect to the coordinate axes) of the fol-
lowing parabolas:

) y>=6x; 2) x2=5y; 3) y*=—4x; 4) X¥*=—y.

585. Find the equation of a parabola with vertex at the
origin, if:

1) the parabola is symmetrically situated with respect
to the axis Ox and passes through the point A (9, 6);

2) the parabola is symmetrically situated with re-
spect to the axis Ox and passes through the point

3) the parabola is symmetrically situated with respect
to the axis Oy and passes through the point C(1, 1);

4) the parabola is symmetrical with respect to the axis
Oy and passes through the point D (4,—8).

586. A steel cable hangs from its two end supports;
these supports are at the same level, and the distance be-
tween them is 20 m. At a (horizontal) distance of 2 m
from each support, the sag of the cable equals 14.4 cm.
Determine the dip of the cable (i. e., the value of its sag
midway between the supports) if the cable approximately
forms an arc of a parabola.

587. Write the equation of the parabola which has the
focus F(0,—3) and passes through the origin, and whose
axis coincides with the y-axis.
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588. Identify and plot the curves represented by the
following equations:

Dy=+42Vx 2 y=+V—x 3 y=—3V—-2,
4 y=—2)x 5 x=+Vsy, 6 x=—5)—y,
7)x=—13y, 8 x=+4V —y.

589. Find the focus F and the equation of the directrix
of the parabola y%= 24x.

590. Calculate the focal radius of a point M of the
parabola y*=20x, if the abscissa of M is equal to 7.

591. Calculate the focal radius of a point M of the pa-
rabola y%=12x, if the ordinate of M is equal to 6.

592. On the parabola y?=16x, find the points whose
focal radius is equal to 13.

593. Write the equation of a parabola, if its focus
is F(—7, 0) and the equation of the directrix is x—

594. Write the equation of a parabola, if its vertex is
at the point (a, B), its parameter equals p, its axis is
parallel to the x-axis, and if the parabola opens:

) in the positive direction of the x-axis;

2) in the negative direction of the x-axis.

595. Write the equation of a parabola, if its vertex is
at the point (a, B), its parameter equals p, its axis is
parallel to the y-axis, and if the parabola opens:

1) in the positive direction of the y-axis (that is, up-
wards);

2) in the negative direction of the y-axis (that is, down-
wards).

596. Show that each of the following equations repre-
sents a parabola, and find the coordinates of its vertex 4,
the value of the parameter p, and the equation of the di-
rectrix:

1) y>*=4x—8, 2) y*=4—6x,
3) x2=6y+2, 4) x2=2—y.

597. Show that each of the following equations repre-
sents a parabola, and find the coordinates of its vertex A
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and the value of the parameter p:
1) y=%x2-i~x-‘;—2, 2) y=4x*--8x -7,
3) y:——éxZ»»‘;—Qx—7.

598. Show that each of the following equations represents
a parabola, and find the coordinates of its vertex 4 and
the value of the parameter p:

) x=22—12y + 14, 2) x:—‘],—!/2 1Y
3 x=—y’+2y—1

599. Identify and plot the curves represented by the
following equations:

1) y=3—4Vx—1, 2) x=—4+3Vy+5,
3) x=2—V6—2y, 4)y=—5+) —3x—2IL

600. Find the equation of the parabola with focus F (7, 2)
and directrix x—5=0.

601. Find the equation of the parabola whose focus is
F (4, 3) and whose directrix is y+ 1==0.

602. Find the equation of the parabola with focus F (2,
—1) and directrix x—y—1=0.

603. Given the vertex A (6, —3) of a parabola and the
equation

3v—5y +1=0

of its directrix. Find the focus F of the parabola.
604. Given the vertex A(—2, —1) of a parabola and
the equation
x+2y—1=0

of its directrix. Write the equation of the parabola.

605. Determine the points of intersection of the line
x+y—3=0 and the parabola x*=4y.

606. Determine the points of intersection of the line
3x +4y—12=0 and the parabola y*=—9x.

607. Determine the points of inlersection of the line
3x—2y +6=0 and the parabola y?=6x.
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608. In each of the following, determine whether the
given line cuts, touches, or failsto meet the given parabola:

) x—y+2=0, y? =8x;
2) 8x+43y—15=0, x2=—3y;
3) Sx—y—15=0, y*=—>5x.

609. Determine the values of the slope & for which the
line y=+kx +2:

1) cuts the parabola y?=4x;

2) touches the parabola;

3) passes outside the parabola.

610. Find the condition for the line y=kx+b to touch
the parabola y* =2px.

611. Prove that one, and only one, tangent line of a
given slope k=0 can be drawn to the parabola y*=2px.

612. Write the equation of the tangent line to the pa-
rabola y*=2px at the point M, (x,, y,)-

613. Write the equation of the line tangent to the pa-
rabola y?=8x and parallel to the line

2x+2y—3=0.

614. Write the equation of the line tangent to the pa-
rabola x* =16y and perpendicular to the line

2x+ 4y +7=0.

615. Draw the line tangent to the parabola y? = 12x and
parallel to the line
3x—2y +30=0;

calculate the distance d between this tangent and the given
line.
616. On the parabola y?=64x, find the point M,
nearest to the line
4x+3y—14=0,

and calculate the distance d from M, to this line.

617. Write the equations of the tangent lines drawn to
the parabola y?=36x from the point A (2, 9).

618. A tangent line is drawn to the parabola y?=2px.
Prove that the vertex of the parabola lies midway between
the point in which the tangent culs the axis Ox and the
projection of the point of contact on the axis Ox.
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619. From the point A (5, 9), tangent lines are drawn to
the parabola

y? = bx.

Find the equation of the chord joining the points of con-
tact.
620. From the point P (—3, 12), tangent lines are drawn
to the parabola
y? =10x.

Calculate the distance d from the point P to that chord
of the parabola which joins the points of contact.
621. Determine the points of intersection of the ellipse

%}+2§—:5=1 and the parabola y?= 24x.
622. Find the points of intersection of the hyperbola

;_:)_%’:_l and the parabola y%=3x.
623. Find the points of intersection of the two parabolas

y=x2—2x+1, x=y*—6y+7.

624. Prove that the tangent line to a parabola at a
point M makes equal angles with the focal radius of M and
the ray drawn from M parallel to the axis of the parab-
ola in the direction in which the parabola opens.

625. From the focus of the parabola

y?=12x,

a ray of light is sent at an acute angle a(tan a=%) to

the axis Ox. Upon reaching the parabola, the ray is re-
flected from it. Find the equation of the straight line along
which the reflected ray travels.

626. Prove that two parabolas which have a common
axis and a common focus situated between their vertices
intersect at right angles.

627. Prove that, if two parabolas with mutually perpen-
dicular axes intersect in four points, these points of in-
tersection lie on a circle.
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§ 21. The Polar Equation of the Ellipse,
Hyperbola and Parabola

The polar equation of an ellipse, one branch of a hyperbola, and
a parabola has the form (common to all the three curves):

- P
= e osh’ (N

where o, 0 are the polar coordinates of an arbitrary point of the
curve, p is the focal parameter (half the focal chord perpendicular
to the axis of the curve), and € is the eccentricity (in the case of
a parabola, e=1). The polar coordinate system is here chosen so
that the pole coincides with the focus, and the polar axis is directed
along the axis of the curve, away from the directrix associated with
this focus.

¥

628. Given the ellipse;—z,)»l-m= 1. Find its polar equation

if the direction of the polar axis agrees with the positive
direction of the x-axis and the pole is

1) at the left-hand focus of the ellipse;

2) at the right-hand focus of the ellipse.

629. Given the hyperbola )I—‘é—%= . Find the polar
equation of its right-hand branch, if the direction of the
polar axis agrees with the positive direction of the x-axis
and the pole is

1) at the right-hand focus of the hyperbola;

2) at the left-hand focus of the hyperbola.

630. Given the hyperbola ;—;—%= 1. Find the polar

equation of its left-hand branch, if the direction of the
polar axis agrees with the positive direction of the x-axis
and the pole is

1) at the left-hand focus of the hyperbola;

2) at the right-hand focus of the hyperbola.

631. Given the parabola y? =6x. Find its polar equation -
if the direction of the. polar axis agrees with the positive
direction of the x-axis and the pole is at the focus of the
parabola.

632. Identify the curves represented by the following
polar equations:

5 6 10
) p=—7—, 2)p=7r=p, 3) p=—7—o0 ,
l—lcosﬁ I—cos® l—icose

2 2



Cllipse 117
§ 21. The Polar Equation of the/wi—_-——__l..

-2 _ 5 6) P=F 30059
4) p“'z__coSe, 5) p_—3—4COSB’ :4} 3—3L0s8

633. Show that the equation p=73"5c0s0
an ellipse, and find its semi-axes. (8
634. Show that the equation p:mrepresentsthe

right-hand branch of a hyperbola, and find its semi-axes.
21

635. Show that the equation p =z—=75:s0 represents an

ellipse, and write the polar equations of ils directrices.
16
636. Show that the equation p:m represents the

right-hand branch of a hyperbola, and write the polar
equations of the directrices and asymplotes of this hyper-
bola.

12 .
i — % findthe points whose
637. On the ellipse p TV 300 in P

represents

polar radius is 6.
15

638. On the hyperbola p= ;=35> find the points
whose polar radius is 3.
639. On the parabola p= l_zose, find the points:

1) with the smallest polar radius;
2) with a polar radius equal to the parameter of the

parabola. ,
640. Given the ellipse )—;;

tion if the direction of the polar axis agrees with the pos-
itive direction of the x-axis and the pole is at the centre
of the ellipse. \

641. Given the hyperbola g—%=l. Find its polar

equation if the direction of the polar axis agrees with the
positive direction of the x-axis and the pole is at the centre
of the hyperbola.

642. Given the parabola y*=2px. Find its polar equa-
tion if the direction of the polar axis agrees with the pos-
itive direction of the x-axis and the pole is at the vertex
of the parabola.

J.—gb—z,z 1. Find its polar equa-
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§ 22. Diameters of Curves of the Second Order

he midpoints of parallel chords of a second-order curve lie on
a straight line (the proof will be found in a course in analytic geom-
etry). This straight line is called a diameter of the second-order
curve. The diameter bisecting a chord (and hence bisecting all chords
parailel to this chord) is said to be conjugate to the chord (and to
all chords parallel to this chord). All diameters of an ellipse or a
hyperbola pass through the centre. If an ellipse is represented by
the equation

S+5=1, (M

then its diameter conjugate to chords of slope % is determined by tke
equation

b!
y=—-ﬁx.
If a hyperbola is represented by the equation
xl y2
it @

then its diameter conjugate to chords of slope & is determined by the
equation .

y=‘-1;; X.
All diameters of a parabola are parallel to its axis. If a parabola
is represented by the equation

¥t =2px,

then its diameter conjugate to chords of slope k is determined by the
equation

=P
y—k .

If one diameter of an ellipse or a hyperbola bisects the chords
parallel to a second diameter, then this second diameter bisects the
chords parallel to the first. Two such diameters are called conjugate
diameters.

( If & and &’ are the slopes of two conjugate diameters of the ellipse
1), then

kR =——. 3)

If & and %’ are the slopes of two conjugate diameters of the hy-
perbola (2), then

kR =— . )
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Relations (3) and (4) are referred to as the conditions for conjugate
diameters of an ellipse and a hyperbola, respectively.

That diameter of a second-order curve which is perpendicular to
its conjugate chords is called a principal diameter of the curve.

643. Find the equation of that diameter of the ellipse

.2 2
¥y

55 1 5= which bisects its chord lying on the line

9% —y—3=0.

644. Find the equation of that chord of the ellipse
%s—{—%:l which passes through the point A (l, —2) and
is bisected at this point.

645. Write the equations of two conjugate diameters of
the ellipse x2+4y?=1, if one of them makes an angle
of 45° with the axis Ox.

646. \Write the equations of two conjugate diameters of
the ellipse 4x2-+9y*=1, if one of them is parallel to the
line

x-+-2y—5=0.

647. Write the equations of two conjugate diameters of
the ellipse x> +3y? =1, if one of them is perpendicular to
the line

3x-+2y—7=0.

648. An ellipse has been drawn; construct its centre by
ruler and compass.

649. Prove that the axes of an ellipse form the only
pair of its principal diameters.

650. By using the properties of conjugate diameters,
prove that every diameter of a circle is its principal di-
ameter.

651. (a) An isosceles triangle is inscribed in an ellipse
so that its vertex coincides with one of the vertices of the
ellipse. Prove that the base of the triangle is parallel to
one of the axes of the ellipse.

(b) Prove that the sides of a rectangle inscribed in an
ellipse are parallel to the axes of the ellipse.

(c) An ellipse is drawn; construct its principal diameters
by ruler and compass,
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652. Prove that the chords of an ellipse which join its
arbitrary point to the ends of any diameter of the ellipse
are parallel to a pair of conjugate diameters of the ellipse.

653. (a) Prove that the sum of the squares of two con-
jugate semi-diameters of an ellipse is a constant (equal to
the sum of the squares of its semi-axes).

(b) Prove that the area of a parallelogram constructed
on two conjugate semi-diameters of an ellipse is a constant
(equal to the area of the rectangle constructed on the se-
mi-axes of the ellipse).

654. Write the equation of that diameter of the hyper-

bola %2——%;:1 which bisects its chord lying on the line
2x—y+3=0.

655. Given the hyperbola §—$=l. Find the equation

of its chord passing through the point A (3, —1) and bi-
sected at that point.

656. Write the equations of two conjugate diameters of
the hyperbola x*—4y?=4, if one of these diameters
passes through the point A4 (8, 1).

657. Find the equations of two conjugate diameters of
the hyperbola %—%:l which form an angle of 45°.

658. A hyperbola is drawn; construct its centre by ruler
and compass.

659. Prove that the axes of a hyperbola form the only
pair of its principal diameters.

660. A hyperbola is drawn; construct its principal di-
ameters by ruler and compass.

661. Find the equation of that diameter of the parabola
y? = 12x which bisects its chord lying on the line

3x+y—5=0.

662. Given the parabola y?=20x. Find the equation of
its chord passing through the point A (2, 5) and bisected
at that point

663. Prove that the axis of a parabola is its only prin-
cipal diameter. )

664. A parabola is drawn; construct its principal diam-
eter by ruler and compass.



Chapter b

SIMPLIFICATION OF THE GENERAL EQUATION
OF A CURVE OF THE SECOND ORDER.
THE EQUATIONS OF SOME CURVES ENCOUNTERED
IN MATHEMATICS AND ITS APPLICATIONS

§ 23. The Centre of a Curve of the Second Order

A curve which is represented by an equation of the second degree
in a cartesian coordinate system is called a curve of the second order.
The general equation of the second degree (in two variables) is
customarily written in the form

Ax?4+2Bxy+ Cy* +2Dx +2Ey + F =0. (D

The centre of a curve is defined as that point in the plane with
respect to which the points of the curve form symmetric pairs.
Curves of the second order which have a single centre are called
central curves.

A point S(x, y,) is the centre of a curve represented by
equation (1) if, and only if, the coordinates of S satisfy the equations

Ax,+ By,+ D =0,
Bx,+ Cy,+ E =0. }

Denote by 8 the determinant of the system:

@

AB
a='Bc

The quantity 6 is formed from the coefficients of the highest terms
of equation (1) and is said to be the discriminant of the highest
terms of this equation.

If 8 # 0, the system (2) is consistent and determinate, i.e., it
has a unique solution. In this case, the coordinates of the centre can
be determined from the formulas

|29 23
°_|A B[’ PTIABC
B C B C

The inequality 8 # 0 is the condition for a central curve of the
second order.
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If S (x4, y,) is the centre of a second-order curve, then, after
transforming the coordinates by the formulas
x=T7x+x, Y=Y+

(which corresponds to moving the origin to the centre of the curve),
the equation of the curve will assume the form

Ax*42Bxy+Cy*+ F=0,
&'here A, B, C are the same as in the given equation (1), and
F is determined from the formula

F=Dx,+ Ey,+F.
In the case 6 # 0, we also have the following formula:

The determinant A is referred to as the discriminant of the left-hand
member of the general equation of the second degree.

s

_4
=75

where

A=

O
mmoO

B
c
E

665. In each of the following, determine whether the
given curve is a central curve (that is, has a single centre),
has no centre, or has infinitely many centres:

1) 3x*—4xy—2y* + 3x— 12y—7=0;

2) 4x*+ Sxy + 3y*—x + 9y—12=0;

3) 4x*—4xy + y*—6x+ 8y + 13=0;

4) 4x®—4xy + y*— 12x + 6y—11=0;

8) x*—2xy+4y*+5x—7y + 12=0;

6) x*—2xy + y*—6x + 6y—3=0;

7) 4x*—20xy + 25y* — 14x + 2y — 15=0;
8) 4x*—6xy—9y® + 3x — 7y + 12=0.

666. Show that each of the following curves is a central
curve, and find the coordinates of its centre:

1) 3x*+5xy + y*—8x — 11ly—7=0;

2) 5x% + 4xy + 2y + 20x + 20y— 18=0;
3) 9x2—4xy—7y2—12=0;

4) 2x2—6xy + Sy + 22x—36y + 11=0.
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667. Show that each of the following curves has an
infinite number of centres, and find the equation of the
locus of its centres:

1) x2—6xy -+ 9y>— 12x -}- 36y +20=0;
2) 4x* +4xy + y?—8x — 4y—21=0;
3) 25x2—10xy + y* -+ 40x —8y 4-7=0.
668. In each of the following, show that the given

equation represents a central curve, and transform the
equation by moving the origin to the centre of the curve:

1) 3x2—6xy 4 2y*—4x +2y + 1=0;
2) 6x2+4xy +y*+4x—2y +2=0;
3) 4x? 4 6xy+ y*—10x—10=0;
4) 4x% + 2xy + 64 -+ 6x— 10y 4-9=0.
669. Find the values of m and n for which the equation

mx®+ 12xy +9y* +4x +ny —13=0
represents:
1) a central curve;
2) a curve having no centre;
3) a curve having an infinite number of centres.
670. Given the curve

4x*—4xy + y* +6x+ 1=0.
Determine the values of the slope £ for which the line
y=rkx

1) intersects the given curve in a single point;

2) touches the curve;

3) intersccts the curve in two points;

4) has no points in common with the curve.

671. Write the equation of the second-order curve
which has its centre at the origin, passes through the
point M (6, —2) and touches the line

x—2=0
at the point N (2, 0).

672. The point P(lI, —2) is the centre of a second-
order curve which passes through the point Q (0, — 3) and
touches the axis Ox at the origin. Find the equation of
the curve.
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§ 24. Reducing the Equation of a Central Curve
of the Second Order to Its Simplest Form

Let there be given the equation
Ax*+2Bxy+Cy*+2Dx+2Ey + F =0, (1

which represents a central curve of the second order (6 = AC—B? # 0).
After moving the origin to the centre S (x, y,) of the curve and
transforming equation (1) by the formulas

x:;+xov y=_l;+y.,.
we obtain

Ax?+2Bxy+ Cy?+F =0. @)
To determine F, we can use the formula
F=Dx,+Ey,+F

LY
= .

or
F:

A further simplification of equalion (2) is achieved by the
coordinate transformation

X=2x'cosu—y’ sina, l 3
l

y=x"sina+y’ cosa,

which corresponds to a rotation of the axes through an angle a. If
the angle a is chosen so that

B tan’a—(C— A) tana— B =0, @

then the equation of the curve in the new coordinates will take
the form

A'X? 4 C'y* 4+ F =0, (5)
where A’ #0, C" # 0.
Note. Equation (4) permits us to find tan a, whereas formulas (3)

contain sina and cosa. But sina and cosa can be determined from
tana by using the trigonometric formulas

slna——ﬂ.—_ oS @ = ——F———= _l____
+ Vittanta ' + ViFtanta

The coefficients of equations (1) and (5) are connected by the
important relations
A'C'=AC—B?,
A'4+C'=A+C,

which enable us to determine the coeificients A’ and C’ without
transforming the coordinates.
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An equation of the second degree is said to be of the elliptic
type if 8 >0, of the hyperbolic type if 6 <0, and of the parabolic
type if §==0.

The equation of a central curve can only be of the elliptic or
the hyperbolic type.

Every equation of the elliptic type represents either an ordinary
ellipse, or a degenerate ellipse (that is, a single point), or else an
imaginary ellipse (that is, no geometric object at all).

Every equation of the hyperbolic (ype represents either an
ordinary hyperbola or a degenerate hvperbola (that is, a pair of
intersecting straight lines).

673. In each of the following, deterinine the {vpe of
the given equation *; reduce the equation to its simplest
form by a translation of the coordinate axes; delermine
the geometric object represented by the equation and draw
this object, showing both the old and the new coordinate
axes.

1) 4x2-0 9¢y*--40x -} 36y | 100=0);
2) 9a2— 16y* — H4x— 64y — 127=0;
3) 9x% - dy* - 18x—8y - 49=:0;

4) 4> —y* 4 Bv—2y 1 3=0;

5) 2x%- 3y*-i 8v—6y-i 11=0.

674. In cach of the following, reduce the given equation
to its simplest form; determine the type of the equation;
determine the geometric object represented by the equation
and draw this object, showing both the old and the new
coordinate axcs.

1) 32x2 --52vy—Ty* + 180=0;
2) Sx*—buxy 4 dy* —32=0;

3) 17x*—12xy + 8y*=0);

4) 5x% -+ 24xy— Sy* =0;

5) Sx2—6xy+ 5y* +8=0.

675. Determine the type of each of the following
equations by calculating the discriminant of its highest

* That is, determine whether the equation 1s of the elliptic,
hyperbolic, or parabolic type.
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terms:
1) 2x2 4+ 10xy + 122 —7x + 18y —15=0;
2) 3x2—-8xy +7y? + 8x— 15y +20=0;
3) 25x% —20xy + 4y*— 12x 4+ 20y — 17 ==0;
4) 5x% + l4xy+ 11y + 12x—T7y + 19=0;
9) x2—4xy+4y? +7x—12=0;
6) 3x2—2xy—3y*+12y—15=0.

676. In each of the following, reduce the given equation
to the canonical form; determine the type of the equation
and the geometric object represented by the equation;
draw this geometric object, showing the original, auxiliary
and new coordinate axes.

1) 3x% + 10xy + 3y? —2x-—14y— 13=0;

2) 25x% — l4xy + 25y% + 64x —64y—224=0;
3) 4xy +3y? + 16x + 12y—36=0;

4) 7x* +6xy—y? + 28x + 12y +28=0;

5) 19x% +6xy + 11y% + 38x + 6y + 29=0;

6) 5x* —2xy + 5y* —4x+ 20y +20=0.

677. The same as Problem 676 for the following:
1) 14x2 +24xy +21y? —4x + 18y —139=0;
2) 11x2—20xy —4y?—20x —8y + 1=0;
3) 7x% +60xy + 32y* — 14x—60y + 7-=0;
4) 50x% —8xy + 35y + 100x—8y + 67=0;
5) 41x% +24xy + 34y? +34x— 112y + 129=0;
6) 29x2 — 24xy + 36y% + 82x —96y—91=0;
7) 4x2 +24xy 4- 11y% +64x 442y +51=0;
8) 41x2 4 24xy +9y® + 24x+ 18y —36=0.

678. Without transforming the coordinates, show that
each of the following equations represents an ellipse, and
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find the values of its semi-axes:
1) 41x% +24xy + 9y? +24x + 18y — 36 == 0;
2) 8x®+4xy + 5y + 16x +4y—28=0;
3) 13x* 4 18xy +37y* —26x— 18y +3 =0,
4) 13x* 4 10xy + 13y 4+ 46x 4-62y +- 13 =0.
679. Without transforming the coordinates, show that

each of the following equations represents a single point
(a degenerate ellipse) and find its coordinates:

1) 5x% —6xy+2y*—2x+2=0;,
2) x® + 2y +2y*+6y+9=0;
3) 5x% +4xy+yt—6x—2y +2=0;
4) x*—6xy+ 10y + 10x — 32y + 26 =0.
680. Without transforming the coordinates, show that

each of the following equations represents a hyperbola and
find the values of its semi-axes:

1) 4x% 4 24xy + 11y + 64x +42y +51=0;
2) 12x2 +26xy + 12y —52x — 48y + 73=0;
3) 3x2 +4xy—12x+16=0;
4) x*—6xy—Ty* 4+ 10x—30y+23=0.
681. Without transforming the coordinates, show that

each of the following equations represents a pair of inter-
secting straight lines (a degenerate hyperbola) and find

their equations:
1) 3x2 +4xy +y?—2x—1=0;
2) x2—6xy+ 8y*—4y—4=0;
3) x*—4xy+3y*=0;
4) x>+ 4xy -+ 3y*—6x—12y+ 9=0.

682. Without {ransforming the coordinates, determine
the geometric objects represented by the following
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equations:
1) 8x2—12xy + 17y + 16x— 12y +3=0;
2) 17x2—18xy—T7y* +34x— 18y +7=0;
3) 2x% +3xy—2y? +5x+ 10y =0,
4) 6x>*—6xy+9y* —4x+ 18y + 14=0;
5) 5x% —2xy+5y* —4x-+20y +20=0. °

683. Prove that, for every elliptic equation, neither
of the coefficients A and B can vanish, and that these
coefficients agree in sign.

684. Prove that an elliptic (6 >0) equation of the
second degree represents an ellipse if, and only if, A and
A differ in sign.

685. Prove that an elliptic (6> 0) equation of the
second degree represents an imaginary ellipse if, and only
if, A and A agree in sign.

686. Prove that an elliptic (6 >0) equation of the
second degree represents a degenerate ellipse (a point) if,
and only if, A=0.

687. Prove that a hyperbolic (8 <<0) equation of the
second degree represents a hyperbola if, and only if,
A==0.

688. Prove that a hyperbolic (6 <<0) equation of the
second degree represents a degenerate hyperbola (a pair of
intersecting lines) if, and only if, A=0.

§ 25. Reducing a Parabolic Equation
to Its Simplest Form

Let the equation
Ax*42Bxy+ Cy*+2Dx 4 2Ly 4- F=0 (1))
be of the parabolic type, that is, let it satisfy the condition
6=AC—B*=0.

In this case, the curve represented by equation (1) either has no
centre, or else has an infinite number of centres. It is advisable to
begin the simplification of a parabolic equation by rotating the
coordinate axes; this means that equation (1) should first be trans-
formed by using the formulas
x=x"cosa—y’ sina,
y=x"sina+y’ cosa.

@
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The angle a is found from the equation

Btanfa—(C—A)tana—B =0; (3)
then, in the new coordinates, equation (1) reduces to the forin

A'x?+2D'x"+2E'y' + F=0, 4)
where A’ # 0, or to the form

C'y'?-L2D'x" +2E'y’ + F=0, (5)

where C' # 0.
Equations (4) and (5) are further simpliflied by a translation of
the (rotated) axes.

689. In each of the following, show that the given
equation is of the parabolic type; reduce the equation to
its simplest form; determine the geometric object repre-
sented by the equation; draw this geometric object, showing
the original, auxiliary and new coordinate axes.

1) 9x% —24xy + 164> —20x -+ 110y —50 =0;
2) 9x? - 12xy +-4y* —24x— 16y +3=0;
3) 16x2 —24xy +9y> —160x -- 120y + 425 =0.

690. The same as Problem 689 for the following:
1) 9x%-24xy  16y2 — 18x - 226y + 209 =0;
2) x*—2xyH y*—12x+12y—14=0;
3) 4x? +12xy +9y* —4x—6y + 1 =0.
691. Prove that, for every parabolic equation, the
coefficients A and C cannot difler in sign and are not
both zero.

692. Prove that every parabolic equation can be written
in the form

(x4 By)2 +2Dx +2Ey + F=0.

Prove also that elliptic and parabolic equations cannot be
put in this form.

693. In each of the following, show that the given
equation is of the parabolic type and write it in the form
indicated in Problem 692:

1) x2 +4xy+4y*+4x+y—15=0;
2) 2 —6xy+y*—x+2y—14=0;

5-2250
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3) 254 —20xy + 4y? +3x—y+11=0;
4) 16x2 + 16xy +4y* —5x+Ty=0;
5) 9x% —42xy +49y? + 3x—2y—24=0.

694. Prove that, if an equation of the second degree
is a parabolic equation written in the form

(ex+By)® +2Dx + 2Ey - F=0,

then the discriminant of its left-hand member is determined
by the formula
— (DB — Ea)%.

695. Prove that the parabolic equation
(x4 By)2 +2Dx+-2Ey+F=0

can be reduced, by means of the transformation

x=x"cos0—y’ sin 0, tan 6 — — &
y=x"sin0-4y’ cos, I
to the form
C'y*+2D'x" +2E'y" + F' =0,
where

— 2 ’
—aripr, D=z ) 2
A being the discriminant of the left-hand member of the
given equation.
696. Prove that a parabolic equation represents a parab-
ola if, and only if, As<0. Prove that, in this case, the
parameter of the parabola is determined by the formula

P = 1/(A+C)"

697. Without transforming the coordinates, show that
each of the following equations represents a parabola, and
find the parameter of the parabola:

1) 9x2 +24xy+ 16y*> — 120x 490y = 0;

2) 9x2 —24xy + 164> —54x— 178y + 181 = 0;
3) x2—2xy-+y? + 6x— 14y +-29=0;

4) 9x2 —6xy + y* — 50x + 50y — 275 =0,
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698. Prove that an equation of the second degree is
the equation of a degenerate curve if, and only if, A=0.

699. Without transforming the coordinates, show that
each of the following equations represents a pair of parallel
straight lines, and find their equations:

1) 4x2 +4xy+y*—12x—6y +5=0;
2) 4x2—12xy +9y? +20x —30y— 11 =0;
3) 2642 —10xy +y?> + 10x—2y—15=0.

700. Without transforming the coordinates, show that
each of the following equations represents a straight line

(a pair of coinciding lines), and find the equation of
the line:

1) x2—6xy+9y* +4x— 12y +4=0;
2) 9x% 4 30xy + 25y% +42x + 70y - 49 =0;
3) 16x%—16xy +4y* —72x - 36y + 81 =0.

§ 26. The Equations of Some Curves Encountered
in Mathematics and Its Applications

701. Find the equation of the locus of points, the
product of whose distances from the two given points

Fig. 23. Fig. 24.

Fi(—c, 0) and F,(c, 0) is a constant equal to a?. This
lccus is called the oval of Cassini (Fig. 23).

702. Find the equation of the locus of points, the
product of whose distances from the two given points
Fy(—a, 0) and F.(a, 0) is a constant equal to a®. This

st
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locus is called the lemniscate (Fig. 24). (Find the equation
of the lemniscate first directly, and then by considering
it as a special form of the oval of Cassini.) Find also the
polar equation of the lemniscate when the polar axis
coincides with the positive x-axis and the pole is at the
origin.

703. Find the equation of the locus of the feet of
perpendiculars dropped from the origin to straight lines,
each of which forms with the coordinate axes a triangle
of area S.

Hint. Write first the equation in polar coordinates, placing the
pole at the origin and making the polar axis coincide with the
positive x-axis.

704. Prove that the locus of Problem 703 is a lemniscate
(see Problem 702).

Hint. Rotate the coordinate axes through an angle of 45°.

705. A ray a, whose initial position coincides with
the polar axis, revolves about the pole O with constant
angular speed . In the given
polar coordinate system, find
the equation of the path traced
by a point M which starts from
O and moves along the ray a
with uniform speed v. (The re-
quired locus is the spiral of
Archimedes, Fig. 25.)

706. Given the line x=2r
and the circle of radius r which
passes through the origin O and
touches this line. A ray drawn
from O cuts thegiven circle at
B and the given line at C (Fig.
26); a segment OM = BC is laid
off on this ray. As the ray
revolves, the length of the
segment OM varies and the
point M describes a curve called
the cissoid. Write the equation
of the cissoid.
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707. Given the line x=a (a>0) and the circle of
diameter a passing through the origin O and touching
this line. A ray drawn from O cuts the circle at A and
the line at B (Fig. 27). From the points A and B,
straight lines are drawn parallel to the axes Oy and Ov,
respectively. As the ray revolves, the point of intersection
M of these straight lines describes a curve called the
versiera. Find its equation.

y

Fig. 26. Fig. 27.

708. A ray AB (Fig. 28) is drawn from the point
A(—a, 0), where a>0; from the point B, segments BM
and BN of a length b (b=const.) are laid off in either
direction along the ray. As the ray revolves, the points M
and N describe a curve called the conchoid. Write its
equation in polar coordinates, with the pole placed at A
and the polar axis going in the positive direction of the
axis Ox, and then transform the result to the given
rectangular cartesian system of coordinates.

709. A ray AB (Fig. 29) is drawn from the point
A (—a, 0), where a>0; from the point B, segments BM
and BN, each equal to OB, are laid off in either direction
along the ray. As the ray revolves, the points M and N
describe a curve called the sfrophoid. Write its equation
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in polar coordinates, with the pole placed at A and the
polar axis going in the positive direction of the axis Ox,
and then transform the result to the given rectangular
cartesian system of coordinates.

710. A ray is drawn from the origin to cut the given
circle x? -+ y*=2ax (a>0) at a point B (Fig. 30); from
the point B, equal segments BM and BN of a constant

y

Fig. 26. Fig. 29.

length b are laid off in either direction along the ray.
As the ray revolves, the points M and N describe a curve
called the limagon of Pascal. Write its equation in polar
coordinates, placing the pole at the origin and letting the
polar axis coincide with the positive x-axis, and then
transform the result to the given rectangular cartesian
system of coordinates.

711. A line segment of length 2a moves so that its end
points always lie on the coordinate axes. Write the polar
equation of the path traced (Fig. 31) by the foot M of
the perpendicular dropped from the origin to the segment
(placing the pole at the origin and letting the polar axis
coincide with the positive x-axis), and transform the result
to the given rectangular cartesian system of coordinates.
The point M describes a curve called the four-leaved rose.

712. A line segment of length a moves so that its end
points always lie on the coordinate axes (Fig. 32). Through
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the end points of the segment, straight lines are drawn
parallel to the coordinate axes; these lines intersect at a
point P. Find the equation of the path traced by the
foot M of the perpendicular dropped from P to the seg-
ment. This path is called the asfroid.

Fig. 30. Fig. 31.

Hint. Write first the parametric equations of the astroid,
choosing the parameter ¢ as indicated in Fig. 32 (and then eliminate
the parameter ¢).

713. A ray OB meets the circle x*+y?=ax at a
point B; from this point a perpendicular BC is dropped
to the axis Ox. Next, a perpendicular CM is drawn from
the point C to the ray OB. Derive the polar equation
of the path traced by the point M (placing the pole at
the origin O and letting the polar axis coincide with the
positive x-axis), and then transform the result to the given
rectangular cartesian system of coordinates.

714. A thread wound around the circle x>+ y*=a? is
unwound so as to be always tangent to the circle at the
variable point B of contact (Fig. 33). Find the parametric
equations of the curve described by the free end of the
thread, if the initial position of this end is at the point
A (a, 0), where a>0. This curve is called the involute
of the circle.

715. A circle of radius a rolls, without slipping, on
the axis Ox; the path traced by a point M on the circum-
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ference of the circle is called the cycloid (Fig. 34). Derive
the parametric equations of the cycloid, using as parameter
the angle ¢ through which the rolling circle turns about

Fig. 32. Fig. 33.

its centre, and letting the point M coincide with the origin
at the initial moment (f=0). Eliminate the parameter ¢
from the resulting equations.

Fig. 34.

716. A circle of radius a rolls, without slipping, on
the outside of the circle x24 y*=a3% the path traced by
a point M on the circumference of the rolling circle is called
the cardioid (Fig. 35). Derive the parametric equations of
the cardioid, using as parameter the angle ¢ of inclination
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(with respect to the axis Ox) of that radius of the fixed
circle which is drawn to the point of contact with the
rolling circle. At the initial moment (f=0), let the point
M be on the x-axis, to the right of C. Transform the result
to polar coordinates, placing the pole at A and letting
the polar axis go in the positive direction of the x-axis.
Prove that the cardioid is a special form of the limagon
of Pascal (see Problem 710).

Fig. 35. Fig. 36.

717. A circle of radius a rolls, without slipping, on the
outside of the circle x*- y*=0b% the path {raced by a
point M on the circumference of the rolling circle is
called the epicycloid (Fig. 36). Derive the parametric equa-
tions of the epicycloid, using as parameter the angle 7 of incli-
nation (with respect to the axis Ox)of that radius of the fixed
circle which is drawn to the point of contact of the two
circles; at the initial moment (#=0), let the point M be
on the axis Ox, to the right of O. Prove that the cardioid
(see Problem 716) is a special form of the epicycloid.

718. A circle of radius a rolls, without slipping, on the
inside of the circle x*+-y*>=0b? the path traced by a point
M on the circumference of the rolling circle is called the
hypocycloid (Fig. 37). Derive the parametric equations of
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the hypocycloid, using as parameter the angle ¢ of incli-
nation (with respect to the axis Ox) of that radius
of the fixed circle which is drawn to the point of contact

Fig. 37.

of the two circles; at the initial moment (£=0), let the
point M be on the axis Ox, to the right of O. Prove that
the astroid (see Problem 712) is a special form of the
hypocycloid.
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Chapter 6

SOME ELEMENTARY PROBLEMS OF SOLID
ANALYTIC GEOMETRY

§ 27. Rectangular Cartesian Coordinates
in Space

A rectangular cartesian coordinate system in space is determired
by the choice of a linear unit (for measurement of lengths) and of

three concurrent and mutually perpendicular axes, numbered in any
order.
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Fig. 38. Fig. 39.

The point of intersection of the axes is called the origin of coor-
dinates, and the axes themselves are called the coordinate axes. The
first coordinate axis is termed the x-axis or axis of abscissas, the
second, the y-axis or axis of ordinates, and the third, the z-axis or
axis of applicates.

The origin is denoted by the letter O, and the coordinate axes
by Ox, Oy, and Oz, respectively.

Let M be an arbltrary point in space, and let My, M, and M,
be its projections on the coordinate axes (Fig. 38).

The coordinates of the point M in the given system are defined
as the numbers

x=0M,, y=0My, z2=0M,
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(Fig. 38), where OM, is the value of the segment OM, of the x-axis,
OM,, is the value of the segment OM, of the y-axis, and OM, is the

value of the segment OM, of the z-axis. The number x is called the
abscissa, y the ordinate, and z the applicate of the point M. The
notation M (x, y, z) means that the point M has coordinates x, y, z.

The plane Oyz divides all space into two half-spaces; the half-
space containing the positive half of the axis Ox is termed the near
half-space, and the other half-space is termed the far half-space.
Similarly, the plane Oxz divides space into two half-spaces, of which
the one containing the positive half of the axis Oy is termed the
right half-space, and the other, the left half-space. Finally, the
plane Oxy also divides all space into two half-spaces, of which the
one containing the positive half of the axis Oz is termed the upper
hali-space, and the other, the lower half-space.

The three planes Oxy, Oxz and Oyz jointly divide space into
eight parts, called octants and numbered as shown in Fig. 39.

719. Construct (in axonometric projection) the following
points from their cartesian coordinates: A (3, 4, 6), B (—5,
3,1, €C(1,—-3,—-5), D, —3,5), E(—3,—5,0) and
F(—1, —5, —3).

720. Given the points A (4,3,5), B(—3,2,1), C(2,
—3,0) and D (0,0, —3). Find the coordinates of their
projections: 1) on the plane Oxy, 2) on the plane Oxz;
3) on the plane Oyz, 4) on the x-axis; 5) on the y-axis;
6) on the z-axis.

721. Find the coordinates of the points symmetric to
the points A (2,3,1), B (5, —3,2), C(—3,2, —1) and
D (a, b, ¢) with respect to: 1) the plane Oxy; 2) the plane
Oxz, 3) the plane Oyz; 4) the x-axis; 5) the y-axis; 6) the
z-axis; 7) the origin.

722. Given the following four vertices of a cube: A (—a,
—a, —a), B(a, —a, —a), C(—a, a, —a) and D (a, a, a).
Determine its remaining vertices.

723. Which octants can contain the points whose coor-
dinates satisfy one of the following conditions: 1) x—y=0;
2) x4+ y=0; 3) x—z=0; 4) x+2=0; 5) y—2=0; 6) y+
+2=0?

724. Name the octants that can contain the points for
which: 1) xy > 0; 2) x2<<0; 3) yz> 0; 4) xyz>0; 5) xyz <<O0.

725. Find the centre of the sphere of radius R=3
which touches all the three coordinate planes and is situat-
ed: 1) in the second octant; 2) in the fifth octant; 3) in the
sixth octant; 4) in the seventh octant; 5) in the eighth octant.
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§ 28. The Distance Between Two Points.
The Division of a Line Segment in a Given Ratio

The distance d between two points M, (x,, y,, 2,) and M, (x,, y,,
2,) is given by the formula

d= V(xz_xl)z + (Y,—)* + (2,—2,)*

The coordinates x, y, z of the point M which divides the seg-

ment M ,M, bounded by the points M, (x,, y,, z,) and M, (x,, y,, 2,)
in a ratio A are determined from the formulas

_x|+;‘xz _y|+)‘yz __211"‘)\22

X = _—_Z

T4+A 77 140 1+ A

In particular, by setting A=1, we obtain the coordinates of the
midpoint of a given segment:

___)(,—f—x2
2 ’

Y+ Y, 2221+Zz
2 2

726. Given the points A(1, —2, —3), B(2, —3,0),
C@3,1, —=9), D (—1,1, —12). Calculate the distance be-
tween: 1) A and C; 2) B and D; 3) C and D.

727. Calculate the distances from the origin O to the
points: A (4, —2, —4), B(—4,12,6), C (12, —4,3),
D (12, 16, —15).

728. Prove that the triangle with vertices A (3, —1, 2),
B (0, —4,2) and C(—3, 2, 1) is isosceles.

729. Prove that the triangle with vertices A, (3, —1, 6),
A, (—1,7,—2) and A,(1, —3, 2) is a right triangle.

730. Determine whether any one of the interior
angles of the triangle M, (4, —1,4), M, (0,7, —4), M;(3,
I, —2) is obtuse.

731. Prove that the interior angles of the triangle M (3,
—2,5), N(—2,1, —3), P(5, 1, —1) are acute angles.

732. On the x-axis, find the points whose distance from
the point A (—3, 4, 8) is equal to 12.

733. On the y-axis, find the point equidistant from the
points A (1, —3,7) and B(5, 7, —5).

734. Find the centre C and the radius R of a sphere
which passes through the point P (4, —1, —1) and touches
all the three coordinate planes.

735. Given the vertices M, (3, 2, —5), M, (1, —4, 3),
M, (=3, 0, 1)of atriangle. Find the midpoints of its sides.
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736. Given the vertices A (2, — 1, 4), B(3, 2, —6),C(—5,
0, 2) of a triangle. Calculate the length of the median drawn
from the veriex A.

737. The centre of gravity of a uniform rod is at C(l,
—1,5). and one end of the rod is the point A(—2, —1,
7). Determine the coordinates of the other end of the rod.

738. Given two vertices A (2, —3, —5), B(—1,3,2) of
a parallelogram ABCD and the point E (4, — 1, 7) of inter-
section of its diagonals. Determine the other two vertices
of the parallelogram.

739. Three vertices of a parallelogram ABCD are A (3,
—4,7), B(—5,3, —2) and C(l, 2, —3). Find the fourth
vertex D, which is opposite to B.

740. Three vertices of a parallelogram ABCD are A (3,
—1,2), B(l,2, —4) and C(—1, 1, 2). Find the fourth
vertex D.

741. Find the coordinates of the points C, D, E, F
which divide into five equal parts the line segment bound-
ed by the points A(—1, 8, 3) and B(9, —7, —2).

742. Determine the coordinates of the ends of the seg-
ment which is divided into three equal parts at the points
C(2,0,2) and D (5, —2, 0).

743. Given the vertices A4 (1, 2, —1), B (2, —1, 3),
C(—4,7.5) of a triangle. Calculate the length of the
bisector of the interior angle at the vertex B.

744. Given the vertices A (1, —1, —=3), B(2, 1, —2),
C(—5,2, —6) of a triangle. Calculate the length of the
bisector of the exterior angle at the vertex A.

745. Equal masses are concentrated at the vertices A (x,,
Y. 21), Bxy, Yo, 2,), C (X3, Y3, 25), D (x4, ys, 2,) Of a tetra-
hedron. Find the coordinates of the centre of gravily for
the system of these masses.

746. Masses m, m,, m, and m, are placed at the ver-
tices A, (x5, Y1, 21)s Ay (Xy, Ysgs 25), Ag(Xg. Ys 23), Adlxg,
Ys, 23) of a tetrahedron. Find the coordinates of the centre
of gravity for the system of these masses.

747. A straight line passes through the two points
M,(—1,6,6) and M, (3, —6, —2). Find the points at
which the line pierces the coordinate planes.



Chapter 7

VECTOR ALGEBRA

§ 29. The Concept of a Vector.
The Projections of a Vector

Directed line segments are also called geometric vectors, or simply
vectors. Inasmuch as a vector is a directed line segment, it will, as
before, be designated in the text by two capital letters with a bar
over them, the first letter denoting the initial point, and the second
letter, the terminal point of the vector. Another way of indicating
a vector will be by a single small letter in half-dark type; in dia-
grams this letter will be placed at the head of the arrow represent-
ing the vector (see Fig. 40 showing a vector a with initial point A

Fig. 40.

and terminal point B). Also, the initial point of a vector will often
be called its point of application.

Vectors are called equal if they have equal lengths, lie on the
same straight line or on parallel straight lines, and are similarly
directed.

The number equal to the lergth of a vector (in a given scale) is
called the modulus of the vector. The modulus of a vector a is
designated as |a| or a. If |a|=1, then a is-called a unit vector.

The unit vector having the same direction as a given vector a
is said to be co-directional with the vector a and is usually deno-
ted by the symbol a°. _

The projection of a vector AB on an "axis u is defined as the

number equal to the value of the segment A,B, of the axis u, where
the point A, is the projection of the point A on the axis 4, and B,
is the projection of B on the axis u.
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The projection of a vector AB on an axis u is designated as

proj,AB. 1f the vector is denoted by a, then its projection on the
axis u is designated as proj,a.

The projection of a veclor a on an axis u is expressed, in terms
of its modulus and its angle of inclination ¢ with respect to the
axis u, by the formula

proj,a=|a|-cos . (1)

The projections of an arbitrary vector a on the axes of a given
coordinate system will henceforth be denoted by the letters
X, Y, Z. The equality

a={X,VY, Z}

will mean that the numbers X, Y, Z are the projections of the vec-
tor on the coordinate axes.

¥4

Fig. 41.

The projections of a vector on the coordinate axes are also cal-
led its (cartesian) coordinates. If two given points M, (x,, ¥,, z,) and
M, (x,, y,. 2,) are, respectively, the initial and the terminal point of
a vector a, then the coordinates X, Y, Z of a are determined from

the formulas
X=x,—x,, Y=y,—y,, Z=2,—2,.

The formula
la|=V XtV + 2 @
enables us to determine the modulus of a vector from its coordinates.
If a, B, vy are the angles which a vector @ makes with the coor-

dinate axes (Fig. 41), then cos a, cos P, cos y are called the direc-
tion cosines of the vector a.
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In consequence of formula (1),
X=l|a|cosa, Y=|alcosP, Z=|alcosy.
Hence, from formula (2), it follows that
cos*a +cos® B +cos’y =1.

This last relation permits us to determine any one of the angles a,
B, v when the other two angles are known.

748. Calculate the modulus of the vector a= {6, 3, —2}.

749. Two coordinates of a vector @ are X =4, Y = —12.
Determine its third coordinate Z if |a|=13.

750. Given the points A(3, —1,2) and B(—1, 2. 1).
Find the coordinates of the vectors AB and BA

751. Find the point N which is the terminal point of
the vector a={3, —1, 4} whose initial point is at M (1,
2, —3).

752. Find the initial point of the vector a={2, —3,
— 1} whose terminal point is at (I, —1, 2).

753. Given the modulus |a|=2 of a vector and the
angles =45, §=60° y=120°. Calculate the projections
of the vector a on the coordinate axes.

754. Calculate the direction cosines of the vector

a={12, —15, —16}.

755.Calculate the direction cosines of the vector
3 4 12
a= {1’3 13 m}

756. Is it possible for a vector to make the following
angles with the coordinate axes: 1) a=45° p=60°,
y=120° 2) a =45°, p=135° y=160° 3) a=90°, p = 150°,
y=60°?

757. Is it possible for a vector to make the following
angles with two coordinate axes: 1) a=230°, p=45°;
2) p=60°, y=60° 3) a=150°, y=30°?

758. A vector makes angles a==120° and y=45° with
the axes Ox and Oz. What angle does it make with the
axis Oy?

759. A vector a makes angles a=60°, p=120° with
the coordinate axes Ox and Oy. Calculate its coordinates
if |la|=2.
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760. Determine the coordinates of a point M if the radius
vector of M makes equal angles with the coordinate axes
and its modulus is 3.

§ 30. Linear Operations on Vectors

The sum a4 b of two vectors @ and b is defined as the vector
exiending from the initial point of the vector a to the terminal
point of the vector b, provided that the vector b has been drawn
from the terminal point of the vector a (the triangle rule). The
construction of the sum a--b is shown in Fig. 42.

Fig. 42. Fig. 43.

Another rule often used is the parallelogram rule (which is equiv-
alent to the triangle rule): if vectors a and b are drawn from
a common initial point and a parallelogram is constructed on them,
then the sum a-+b& is the vector coincident with that diagonal of
the parallelogram which extends from the common initial point
of a and b (Fig. 43). It follows at once that a+b=b+a.

Fig. 44.

The addition of several vectors is carried out by successively
applying the triangle rule (see Fig. 44 showing the construction of
the sum of four vectors a, b, c, d).

The difference a—b of two vectors a and b is defined as the
vector which, added to the vector b, gives the vector a. If two vec-
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tors @ and b are drawn from a common initial point, then their
difference a—b is the vector extending from the terminal point
of b (the subtrahend) to the terminal point of @ (the minuend). Two
vectors of equal length which lie on the same straight line and have
opposite directions are called the negatives of each other: if one of
them is denoted by @, then the other is denoted by —a. It is easily
seen that a—b-=a-+(—b). Hence, the construction of a vector
difference is equivalent to the addition oi the negative of the sub-
trahend to the minuend.

The product aa (or aa) of a vector @ by a number a is a vector
defined as follows: its modulus is equal to the product of the modu-
lus of @ by the modulus of a: it is parallel to the vector a or lies
on the same line as a; it has the same direction as a if @ is a
positive number, or the opposite direction if ais a negative number.

Addition of vectors and multiplication of vectors by numbers are
called linear operation on vectors.

The two fundamental theorems on the projections of vectors are:

I. The projection of the sum of vectors on an axis is equal to
the sum of their projections on this axis:

proj,, (al + a, +oT an) ’ proj,,a, + proj,,az + .t proj,,a,,.

9. When a vector is multiplied by a number, the projection of
the vector is multiplied by the same number:

proj, (aa) = aproj,a.
In particular, if
a-—= {Xl. er Z|}- b {sz Y:' Zz}»
atb={X+X, Y, +Ys Z,4+2,}
a—b:{X,—Xz, Y, =Y, Z|—-Z,}.

1f @={X. Y. Z}, then
aa=laX, a¥, aZ}

then

and

for any number a.
Vectors lying on the same straight line or on parallel lines
are said to be collinear. The condition for the collinearity of two

vectors,
a:{xv Y Zn}- b:"{Xz» Yo Z,},
is that their coordinates should be proportional:

>
=<l

The triad of vectors Z, j, k is referred to as the coordinate
basis if these vectors satisfy the following conditions:

(1) the vector i lies on the axis Ox, the vector j lies on the
axis Oy, and the vector k lies on the axis Oz;

(2) each of the vectors {, j, k points in the positive direction
of the axis on which it lies;
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(3) i, j, k are unit vectors, that is, |{|=1, |J|=1, |k|=]1.

Any vector a can always be resolved intc components with
respect to the basis #, j, k&, that is, can always be represented in
the form

a=Xi+Yj+Zk;

the coefficients of this resolution are the coordinates of the vec-
tor a (that is, X, Y, Z are the projections of the vector @ on the
coordinate axes).

761. If @ and b are two given vectors, construct each
of the following vectors: 1) a4-b;, 2) a—b:. 3) b—a;
4) —a—0»>.

762. Given that |a|=13, |b|=19 and |a+b|=24;
calculate |a—b|.

763. Given that |a|=11, ||=23 and [a—b|=30;
find |la+b]|.

764. Vectors a and b are perpendicular to each other;
|a|=5 and |b|=12. Evaluate |@a+ &| and |a—b]|.

765. Vectors a and b make an angle ¢ =60 |a|=5
and |b|=28. Evaluate |a+&| and |a—b|.

766. Vectors a and b make an angle ¢ =120°; |a|=3
and |b|=5. Evaluate |[a+b| and |a—b|.

767. What conditions must be satisfied by vectors a
and & in order that the following relations should hold:
1) la+b|=|a—0b]|; 2) |[a+b|>|a—b|; 3) |la+b|<
<|la—b|?

768. What condition must be satisfied by vectors a
and & in order that the vector a4+ & should bisect the
angle between the vectors a and b?

769. Given two vectors a and b; construct each of the

following vectors: 1) 3a; 2) —%b; 3) 2a+:]3—b;
4) 3 a—3.

770. In a triangle ABC, the vector AB=m and the

vector AC =n. Construct each of the following vectors:
l)m+" 2) m;"; 3) '%"; 4) —m;”. Using %|n| as
a unit segment, construct also the vectors: 5) |n|m +|m | n.
6) |n|m—|m|n.

771. A point O is the centre of gravity of a triangle ABC.
Prove that 0A 4+ 0B+ 0C=0.
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772. Given the following vectors, coincident with the
sides of a regular pentagon ABCDE: AB=m, BC=n,
65=p, DE=q and EA=r. Construct the vectors:

Ym—n+p—q+r; 2)m+2p+%r; 3) 2m+%n—3p—

—q+2r.
773. Given the following vectors, coincident with the

edges of a parallelepiped ABCDA’B'C'D’ (Fig. 45):

D c’
A : 5
|
e
7’
4 m g
Fig. 45.

AB=m, AD=n and AA =p. Construct each of the
following vectors: 1) m +n+p; 2) m+n~l—%p; 3) %"H—

+;—n+p; 4) m+n—p; 5) —m—n+—ép-

774. Three forces M, N and P are applied at the same
point and have mutually perpendicular directions. Find
the value of their resultant R, if | M| =2 kg, [N|=10kg
and | P|=11 kg weight.

775. Given the two vectors a={3, —2,6} and b=
={—2, 1,0}. Determine the projections (on the coordi-
nate axes) of the following vectors: 1) a+b; 2) a—b;

3) 2a; 4) — 4 b 5) 2a+3b; 6) v a—b.

776. Verify that a={2, —1, 3} and b={—6, 3, —9} are
collinear vectors. Deterntine which of them has the greater
length and find how many times it is longer than the
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other; determine whether the vectors are similarly or oppo-
sitely directed.

777. Determine the values of e, B for which the vectors
a= —2i--3j--Bk and b=oai +6j+ 2k are collinear.

778. Verify that the four points A (3, —1,2), B(1,2, —1),
C(d—l, 1, —3), D(3, —5, 3) are the vertices of a trape-
zoid.

779. Given the points A(—1,5, —10), B(5, —7, 8),
C(2,2, —7) and D (5, —4, 2). Verify that the vectors AB
and CD are collinear; determine which of them has the
greater length and find how many times it is longer than
the other; determine whether they are similarly or oppo-
sitely directed.

780. Find the unit vector co-directional with the vec-
tor a={6, —2, —3}.

781. Find the unit vector co-directional with the vector
a=1{3, 4, —12}.

782. Determine the moduli of the sum and the difference
of the vectors a={3, —5, 8} and b={—1, 1, —4}.

783. The resolution of a vector ¢ with respect to the
basis i, j, k is ¢=16i— 155+ 12k. Determine the resolu-
tion, with respect to the same basis, of a vector d which
,isaparalle] and opposite in direction to the vector ¢, if

|=75.

784. The two vectorsa={2, —3, 6} and b={—1, 2, —2}
are drawn from the same point. Determine the coordinates
of a vector ¢ directed along the bisector of the angle
between the vectors @ and b, if |¢|=3}42.

785. The vectors AB={2, 6, —4} and AC={4, 2, —2}
form two sides of a triangle ABC. Determine the coordi-
nates of the vectors drawn from the vertices of the tri-
angle and coincident with its medians AM, BN, CP.

786 *. Prove that, if p and q are any non-collinear vec-
tors, then every vector lying in the plane of p and ¢ can
be expressed in the form

a=ap +pq.

* Problems 786 and 792 are essential for a propsr understanding
of the other problems. We therefore give a detailed solution of
Problem 786.
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Prove that the numbers o and B are uniquely determined
by the vectors @, p and q. (The representation of a vec-
tor @ in the form a=ap +Bq is called the resolution of
a into components with respect to the basis p, g; the
numbers o and B are called the coefficients of this reso-
lution.)

Proof. Let us draw the vectors a, p and g from a common ini-
tial point. Denote this initial point by O (Fig. 46), and the termi-

nal point of the vector a by A. Draw a straight line through A
parallel to the vector g. Let A, denote the point of intersection of

p

Ao A

0 A 7

Fig. 46.

this straight line with the line of action of the vector p. Similarly,
by drawing a straight line through A parallel to the vector p, we
shall obtain A, as the point of intersection of this straight line with
the line of action of the vector q.

According to the parallelogram rule,

a=0A=04,+04,. 1)

Since the vectors OAp and p lie on the same straight line, it fol-

lows that the vector OA can be obtained by multiplying the vec-
tor p by some number a:

0A,=ap. (@)
Similarly, .
04A,=Bq. 3)

From relations (1), (2) and (3), we obtain: a= r+f5q. Thus, we
have proved that the required resolution is possible. It remains to
prove that the coefficients @ and B of this resolution are determined
uniquely.

Suppose that the vector a has two resolutions:

a=ap+Pq, a=u'p+pq,
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and, sav, ¢’ # a. A member-for-member subtraction of the first rela-
tion from the second gives

(@' —a)p+(p'—B)g=0,
P

T a —a

or

q.

But this equality means the collinearity of the vectors p and g
which are non-collinear by hypothesis. Hence, thc inequality a’ # a
is impossible. In similar fashion, we can prove that the inequality
B'# B is impossible. Thus, a’=a, p’=p, which means that a vector
cannot have two different resolutions.

787. 1i p={2, —3}, g=1{1, 2} are two given vectors in
the plane, find the resolution of the vector a= {9, 4} with
respect to the basis p, q.

788. If a={3, —2}, b={—2,1} and ¢={7, —4} are
three given vectors in the plane, determine the resolution
of each of them with respect to the basis formed by the
other two vectors.

789. Given the three vectors a={3, —1}, b={1, —2},
¢={—1, 7}. Determine the resolution of the vector p=a +
+ b 4 ¢ with respect to the basis a, b.

790. Determine the resolution of the vectors drawn from
the vertices of a triangle ABC and coincident with its
medians, when the vectors AB=5& and AC = ¢ (coincident
with the sides of the triangle) are taken as the basis of
the resolution.

791. 1f A(l,—2), B(2,1), C@3,2), D(—2, 3) are four
given points in the plane, determine the resolution of the
vectors AD, BD, CD and AD+ BD+CD, with respect to
the basis formed by the vectors AB and AC.

792. Prove that, if p, g and r are any non-coplanar*
vectors, then every vector @ in space can be expressed in
the form

a=oap+Bq-+yr.

Prove that the numbers «, B, y are uniquely determined
by the vectors @, p, g and r. (The representation of a

* Three vectors are said to be non-coplanar if, drawn from a
common initial point, they do not lie in the same plane.
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vector a in the form a=ap +fq + yr is called the reso-
lution of a into components with respect to the basis
p, q, r. The numbers «, P and y are called the coeffi-
cients of this resolution.)

793. Given the three vectors p={3, —2, 1},
qg={—1,1,—2}, r={2, 1, —3}. Find the resolution of
the vector ¢= {11, —6, 5} with respect to the basis p, ¢, r.

794. Given the four vectors a={2, 1, 0},6={1, —1,2},
c={2,2, —1} and d={3,7, —7}. Find the resolution of
each of these vectors with respect to the basis formed by
the other three vectors.

§ 31. The Scalar Product of Vectors

The scalar product of two vectors is defined as the number equal
to the product of the moduli of these vectors by the cosine of their
included angle.

The scalar product of vectors a, b is denoted by the symbol ab
(the order in which the factors are writlen is immaterial, that is,
ab = ba).

Designating the angle betwe:n vectors a, b as ¢, we may express
their scalar product by the formula

ab=l|al-|b]|-cose. (1
The scalar product of vectors a, b may also be expressed by the

formula
ab=|a|- proj, b or ab=|b|-proj, a.

From formula (l) it follows that ab > 0 if @ is an acute angle;
ab <0 if ¢ is an obtuse angle; ab =0 if, and only if, the vectors a
and b are mutually perpendicular. (In particular, ab=0 if a=0
or b=0.)

The scalar product aa is called the scalar square of the vector a
and is denoted by the symbol a% From (1) it fcllows that the scalar
square of a vector is equal to the square of its modulus:

at=|al’.
Given the coordinates of vectors @ and b:
a={X,Y, 2}, b={X,, Y, Z,},
their scalar product can be calculated from the formula
ab=XX,+Y\Y,+2,Z,.

Hence, a necessary and sufficient condition for the perpendicularity
of the vectors is
X1X2+Y|Yz 1 ZlZ,,:-U.
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The angle @ between vectors
ar.{X,. Yl' Z,} and b={x!' yz' zz}

L ab

is given by the formula COS@:W\ or, in terms of coordinates,
X|Xz+Y,Yz+Z,Z,

Vxievi+ziVxiyyitz:

The projection of an arbitrary vector S={X, Y, Z} on an axis u
is determined by the formula

cos @ =

proj,S = Se,

where e is the unit vector whose direction is that of the axis u. If
the angles a, B, y which the axis u makes with the coordinate axes
are given, then e==}cosa, cosp, cosT}, and the projection of the
vector § may be calculated from the formula

proj,S= X cosa+Ycosf -4 Zcosy.

795. Vectors a and b make an anglecp:%n; if |a|=3,

|b| =4, calculate: 1) ab; 2) a* 3) b* 4) (a@+b)*
5) (3a—2b) (a + 2b); 6) (@a—b)* 7) (3a + 2b)%.
796. Vectors a and b are mutually perpendicular, and

each of them makes an angle equal to % with a third

vector¢; if |a|=3,|b|=5, |c|=8, calculate: 1) (3a —2b) X
x (b+3c); 2) (a+b+¢)? 3) (@ +2b—3c)*.
797. Prove the validity of the identity

(@ 4 b)? + (@ — b)? =2(a® +-b*),

and find its geometric meaning.
798. Prove that

—ab < ab<ab.

When does the equals sign hold?
799. 1f vectors a, b, ¢ are each of them different from

zero, determine their relative position such that the con-
dition
(ab)c=a (bc)
is satisfied.
800. Given the unit vectors a, b and c satisfying the
condition a 4-b+4-¢=0. Evaluate ab-- bc 4 ca.
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801. Given three vectors a, b, ¢ which satisfy the con-
dition a+b+c¢=0. If |a|=3, |b]=1 and |c|=4,
evaluate ab—+-bc + ca.

802. Each of the angles between vectors a, b, ¢ is
equal to 60°. If |a|=4, |b|=2 and |c|=6, find the
modulus of the vector p=a-+b+c.

803. Given that |a|=3, |b]|:=5. Determine the value
of a for which the vectors a -+-ab, @ —ab will be mutually
perpendicular.

804. What condition must be satisfied by vectors a
and & in order that the vector a +-b should be perpendic-
ular to the vector a —&?

805. Prove that the vector p=b(ac)—c (ab) is perpen-
dicular to the vector a.

806. Prove that the veclor p=b—
lar to the vector a.

807. Given the vectors AB=¥& and AC ==¢, coincident
with two sides of a f{riangle ABC. Find the resolution
(with respect to the basis b, ¢) of the vector drawn from

the vertex B of the triangle and coinciding with the alti-
tude BD.

808. Vectors a and b make an angle (pz%—; if

a(ab)
az

is perpendicu-

la|=V3, |b|=1, calculale the angle a between the vec-
tors p=a-+b and g=a—»b.

809. Find the obtuse angle which is formed by the
medians drawn from the vertices of the acute angles of a
right-angled isosceles triangle.

810. Determine the locus of the terminal points of a
variable vector x drawn from a given origin A, if the
vector x satisfies the condition

Xa=1a,

where a is a given vector and a is a given number.
811. Find the locus of tle terminal points of a variable
vector x drawn from a g ven origin A, if the vector x
satisfies the conditions
xa=o x)=0,

where a, b are given non-collinear vectors and a, B are
given numbers.
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812. Given the vectorsa={4, —2, —4}, b={6, —3, 2}.
Evaluate:

1) ab; 2) Va?; 3) Vb% 4) (2a—3b) (a + 2b);
5) (@ + b)%; 6) (a—b)2.

813. Calculate the work done by the force f= {3, —5, 2}
whose point of application is displaced from the initial
to the terminal point of the vector §(2, —5, —7).*

814. Given the points A(—1, 3, —7), B(2, —1, 5) and
C (0, 1, —5). Evaluate:

1) (24B—CB) (2BC + BA); 2) VAB:; 3) VACE:

4) find the coordinates of the vectors (AB AC) BC and
AB(AC BC).

815. Calculate the work done by the force f= {3, —2, —5}
whose point of application is given a rectilinear displace-
ment from A(2. —3,5) to B(3, —2, —1).

816. Given the three forces M = {3, —4, 2}, N={2, 3, —5}
and P={—3, —2, 4} applied at the same point. Calcu-
late the work done by the resultant of these forces when
its point of application experiences a rectilinear displace-
ment from M, (5, 3, —7) to M,(4, —1, —4).

817. Given the wvertices A(l, —2,2), B(l,4,0),
C(—4,1,1), D(—5. —5, 3) of a quadrilateral. Prove that
its diagonals AC and BD are perpendicular to each other.

818. Determine the value of a for which the vectors
a=oi—3j+2k and b=i-+2j—ak are mutually perpen-
dicular.

819. Calculate the cosine of the angle formed by the
vectors a ={2, —4, 4} and b={—3. 2, 6}.

820. Given the vertices A(—1, —2, 4), B(—4, —2,0),
C(3, —2, 1) of a triangle. Determine the interior angle at
the vertex B.

821. Given the verticess A(3,2,—3), B(5, 1, —1),
C(1, —2,1) of a triangle. Determine the exterior angle
at the vertex A.

* If a vector f represents a force whose point of application is
given a displacement from the initial to the terminal point of a
vector s, then the work w done by this force is determined by the
relation

w = fs.
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822, By calculating the interior angles of the triangle
A, 2, 1), B3, —1,7), C(7,4, —2), verify that the tri-
angle is isosceles.

823. A vector x is collinear with the vector
a=1{6, —8, —7.5} and makes an acute angle with the
axis 0z. Find the coordinates of x if |x|=>50.

824. Find the vector x collinear with the vector
a={2, 1, —1} and satisfying the condition

xa=23.

825. A vector x is perpendicular to the vectors @ =37+
+2j--2k and b=18{—22j—5k and makes an obtuse
fngle with the axis Oy. Find the coordinates of x if
x| =14.

826. Find the vector x perpendicular to the vectors
a={2,3, —1} and b={1, —2, 3} and satisfying the con-
dition

x(2i—j+k)=—6.

827. Given the two vectors a=1{3, —1,5} and
b={l,2, —3}. Find the vector x perpendicular to the
axis Oz and satisfying the conditions

xa=9, xb=—4.
828. Given the three vectors
a=2{—j+ 3k, b=1—3j+ 2k and ¢=23i +2j—4k.
Find the vector x satisfying the conditions
xa=—5, xb=—11, xc=20.

829. Find the projection of the vector §={4, —3, 2}
on the axis making equal acute angles with the coordi-
nate axes.

830. Find the projection of the vector = {2, —3, —5}
on the axis which makes angles a=45°, y=60° with the
coordinate axes Ox, Oz and an acute angle f with the
axis Oy.

831. Given the two points A (3, —4, —2), B(2, 5, —2).
Find the projection of the vector AB on the axis which
makes angles a=160°, = 120° with the coordinate axes Ox,
Oy and an obtuse angle y with the axis Oxz.
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832. Calculate the projection of the vector a={5, 2, 5}
on the axis of the vector b= {2, —1, 2}.
833. Given the three vectors

a=3i—6j—k, b=i+4j—5k and c=3i—4j+12k.

Calculate proj. (a + b).
834. Given the three vectors

a={l, —3,4}, b={3, —4,2) and c={—1, 1, 4}.

Calculate projy.. a.
835. Given the three vectors

a==—2i ‘:—j‘:_ky b:i:-‘Sj and C=4i;:_4j—2k'

Calculate proj, (3a—2b).

836. The force determined by the vector R= {1, —8, —7}
is resolved along three mutually perpendicular directions,
one of which is the direction of the vector a=2i + 2j+ k.
Find the component of the force R in the direction of the
vector a.

837. Given the two points M (—5, 7, —6) and N (7, —9, 9).
Calculate the projection of the vector a={1, —3, 1} on the

axis of the vector MN.
838. Given the points A(—2, 3, —4), B(3, 2, 5),
C(l,—1,2), D3, 2, —4). Calculate projs5 AB.

§ 32. The Vector Product of Vectors

The vector product of a vector a by a vector b is defined as the
vector denoted by the symbol [ab] and determined by the following
three conditions:

(1) the modulus of the vector [ab] is equal to |a|-.]|b]| sin @,
where ¢ is the angle between the vectors a and b;

(2) the vector [ab] is perpendicular to each of the vectors @ and b;

(3) the direction of the vector [ab] is determined by the “right-
hand” rule: if the vectors @, & and [ab] are drawn from the same
initial point, then the vector [@ab] must be directed analogaus to the
middle finger of the right hand whose thumb extends in the direc-
tion of the first factor (i.e., the vector a), while its forefinger
extends in the direction of the second factor (i.e., the vector b).

The vector product depends on the order of its factors; namely,

[ab] =— [ba].
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The modulus of the vector product {ab] is equal to the area S of
the parallelogram constructed on the vectors @ and b:

|lab]|=S.
The vector product itself can be expressed by the forinula
[ab] = Se,

where e is the unit vector co-dircctional with the vector product.
Vectors a and b have their vector product [ab] zero if, and only
if, they are collinear. In particular, [aa]=0.
Given the coordinates of vectors a and b (in a right-handed coor-
dinate system):

a={X,, yp Z‘}, b:—{X._,. yz' Zz},

the vector product of the vector a by the vector b is determined
from the formula

Y .Z X, Z XY
ab) = (Gatl I ALl 11 }
(ab] {Yzzz X2, Xy,
or i j k
[ab]: X, Y, Z/|.
X, Y, Z,

839. Vectors a and b make an angle (p:g—. If |a|=56,

|b|=5, evaluate |[ab]]|.

840. Given that |a|=10, |b|=2 and ab=12. Evalu-
ate |lab]]|.

841. Given that |a|=3, |b|=26 and |[[ab]|=T72.
Find ab.

842, Vectors a and b are mutually perpendicular. If
la|=3, |b|=4, evaluate:

D) |[(a+b)(@—b)l: 2) [[(3a—b)(a—2b)]|.
843. Vectors a and b make an angle (p=%n. If |a|=1,
|b|=2, evaluate:
1) [ab)% 2) [(2a+0b)(a+2b)% 3) [(a+3b)(3a—b)?.

844. What condition must be satisfied by vectors a, &
in order that the vectors a +b and a—b should be col-
linear?

845. Prove the identity

(ab)? + (ab)*=ab>.

6 —2250
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846. Prove that
(ab)? < a?b®.
When does the equals sign hold?

847. Given four arbitrary vectors p, q, r, n. Prove that
the vectors

a=|(pn], b=lqn], c=(rn]

are coplanar (i.e., will lie in the same plane when they
are drawn from a common initial point).

848. Vectors a, & and c¢ satisfy the condition

a-+b-c=0.
Prove that
[abl=[bc)=][ca].

849. Vectors a, b, ¢ and d are connected by the rela-

tions
[ab)=[cd], [ac]=[bd).

Prove that the vectors a—d and b—c¢ are collinear.

850. Given the vectors

a={3, —1, —2} and b=={1, 2, —1}.
Find the coordinates of the vector products:
1) (ab); 2) [(2a+b)b); 3) [(2a—0) (2a +b)).

851. Given the points A (2, —1, 2), B(1, 2, —1) and
C(3, 2, 1). Find the coordinates of the vector products:

1) [ABBC}; 2) (BC—2CA)CB].

852. The force f=={3, 2, —4} is applied at the point
A (2, —1, 1). Determine the moment of this force about
the origin *.

853. The force P={2, —4, 5} is applied at the point
M, (4, —2, 3). Determine the moment of this force about
the point A4 (3, 2, —1).

* If f is the vector representing a force applied at a point M,
and a is the vector extending from a point O to the point M, then
the vector [af] represents the moment of the force f about the
point O.



§ 32. The Vector Product of Vectors 163

854. The force Q={3, 4, —2} is applied at the point
C(2, —1, —2). Determine the value and the direction
cosines of the moment of this force about the origin.

855. The force P={2, 2, 9} is applied at the point
A4, 2, —3). Determine the value and the direction co-
sines of the moment of this force about the point C (2, 4, 0).

856. Given the three forces M={2, —1, —3}, N=
={3, 2, —1} and P={—4, 1, 3}, which are applied at the
point C (—1, 4, —2). Find the value and the direction cosines
of the moment of the resultant of these forces about the
point A(2, 3, —1).

857. Given the points A (1, 2,0), B(3,0, —3), C(5, 2, 6).
Compute the area of the triangle ABC.

858. Given the vertices A(l, —1, 2), B(5, —6, 2),
C(l, 3, —1) of a triangle. Find the length of the altitude
from the vertex B to the side AC.

859. Calculate the sine of the angle form2d by the vec-
tors a={2, —2, 1} and b={2, 3, 6}.

860. A vector x is perpendicular to the vectors a={4,
—2, —3} and b={0, 1, 3}, and makes an obtuse angle
with the axis Oy. Find the coordinates of x if |x|=26.

861. A vector m is perpendicular to the axis Oz and to
the vector a={8, —15, 3}, and makes an acute angle with
the axis Ox. Find the coordinates of m if |m|=5l.

862. Find the vector x perpendicular to the vectors
a=|{2, —3, 1}, b={l, —2, 3} and satisfying the condi-
tion

x=(i+2j—T7k)=10.

863. Prove the identity
(5 4+ mi + D) (1 + ms 4+ n3) — (lile + myms 4 ning) =
= (myny— many)? + (lany—lynp)® + (Lima— lomy)®,
Hint. Use the identity of Problem 845.
864. Given the vectors
a=1{2, =3, 1}, b={-3, 1, 2} and c={l, 2, 3}.
Evaluate ((85)¢] and (a (bc]).

6‘
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§ 33. The Triple Scalar Product

Three vectors designated as the first, second and third vector are
called a triad of vectors. The vectors of a triad are written in their
order; for example, when we write a, b, ¢, this means that a is
regarded as the lirst, b as the second, and ¢ as the third vector of
the triad.

A triad of non-coplanar vectors a, b, ¢ is called right-handed if
its vectors, when drawn from a common initial point and taken in
their order, are directed analogous to the thumb, forefinger and
middle finger of the right hand; if the vectors a, b, ¢ are directed
analogous to the thumb, forefinger and middle finger of the left
hand. the triad is called left-handed.

The triple scalar product of three vectors a, b, ¢ is defined as
the number obtained by the scalar multiplication of the vector prod-
uct [ab) and the vector ¢; that is, [ab]c.

In virtue of the identity [ab)c=a[bc], the triple scalar prod-
uct [ab] ¢ is denoted by a simpler symbol: abc. Thus,

abc=[ab)c, abc=a/|bc].

The triple scalar product abc is equal to the volume of the paral-
lelepiped constructed on the vectors a, b, c; the sign of this volume
is positive or negative according as the triad a, b, ¢ is right-han-
ded or left-handed. If (and only if) the vectors a, b, ¢ are coplanar,
the triple scalar product abc is zero; in other words, the relation

abc=0

constitutes a necessary and sufficient condition for the coplanarity
of the vectors a, b, c.
Given the coordinates of vectors a, b, c:

a={X,Y, 2}, b={X, Y, 2,), c={X, Y, 2}

the triple scalar product abe is determined from the formula

XI Yl Zl
abc=\|X, Y, Z,i.
Xy, Yy, Z,

It should be noted that the system of coordinate axes (as well as
the vector triad {, j, k) is assumed here to be right-handed.

865. In each of the following, determine whether the
triad a, b, ¢ is right-handed or left-handed:
1) a=k, b==i, c=, 2) a=i, b=k, c=j,
3) a=j, b=i, c=k; 4) a=i+j, b=j, c=k,
S) a=i+j, b=i—j, ¢=j, 6) a=i+j, b=i—j, c=¢t.
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866. Veclors a, b, ¢ are mutually perpendicular and form
a right-handed triad. Evaluate abc if |a|=4, |b|=2,
|e|=3.

867. A vector ¢ is perpendicular to vectors @ and b;
the angle belween a and b is equal to 30°. Evaluate abc
if |a|=6, |b|=3, |c|=3.

868. Prove that

labci<<|al|bl|c]|
When does the equals sign hold?
869. Prove the identily

(@a-+b)(b-+c)(c+a)=2abc.
870. Prove the identity
ab(c-+2a -pb)=abc,

where A and p are any numbers.

871. Prove that vectors a, b, ¢, which satisfy the con-
dition

(ab) + (bc) + [ca]=0,

are coplanar.

872. Prove that a necessary and sufficient condition for
the coplanarity of vectors a, &, ¢ is given by the relation

aa +Bb -+ yc==0,

where at least one of the numbers «, B, y is different from
zero.
873. Given the three vectors

a={l, —1, 3}, b={—2 2,1}, c¢={3, —2, 5).

Evaluate abc.
874. In each of the following, determine whether the
vectors @, b, ¢ are coplanar:

) a={2, 3, —1}, b={l, —1, 3}, ¢={1,9, —I11};

2) a={(3, —2, 1}, b={2, 1, 2}, c={3, —1, =2);

3y a={2, —1, 2}, b={l, 2, =3}, c¢={3, —4, 7}.
875. Prove that the four points

A(l, 2, =, B(O, 1,5), C(—1,2, 1), D@ I, 3

lie in the same plane,
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876. Calculate the volume of the tetrahedron whose ver-
tices are at the points A (2, —1, 1), B(5, 3, 4), C(3, 2, —1)
and D (4, 1, 3).

877. Given the vertices A(2, 3, 1), B(4, 1, —2),
C(, 3, 7), D(—5, —4, 8) of a tetrahedron. Find the
length of the altitude drawn from the vertex D.

878. A tetrahedron of volume v=>5 has three of its ver-
tices at the points A (2, 1, —I1), B(3, 0, 1), C(2, —1, 3);
the fourth vertex D lies on the axis Oy. Find the coordi-
nates of D.

§ 34. The Triple Vector Product

Suppose that the vector multiplication of two vectors a and b is
followed by the vector multiplication of the resulting vector [ab]
and a third vector ¢. This gives the so-called triple vector prod-
uct [[ab]c) (clearly, [[ab]c] is a vector). The vector multiplica-
tion of the vectors a and [bc] gives the triple vector product [a [bc]].

In general,

[[ab] c] # [a[be]].
Let us prove the identity
[[ab]) c¢]=b (ac)—a (bc).

Proof. For convenience in calculations, let us place the axes of
the (rectangular cartesian) coordinate system as follows: let the
axis Ox be directed along the vector a, and let the axis Oy lie in
the plane of the vectors @ and b (drawn from a common initial
point). We then have:

a={X,, 0,0}, b={X, Y, 0}, c={X, Y, Z}.

We next find
[ab]=/{0, 0, X,Y,},
[[able)={—X,Y,Y, X,¥,X, O} )]

On the other hand,
ac=X,X,, b(ac)={X,X,X, X,Y,X,, 0},
be=X,X,+Y,Y, a(be)={X,X,X,+X,Y,Y,, 0, 0}.
Hence,
b(ac)—a(bc)::_{—- X\Y.Ys XY, X, 0} 2
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Comparing the right-hand members of (1) and (2), we have:
[[ab) c]=b (ac)—a (bc),
as was to be shown.
879. Prove the identity
la [bc))=0b(ac)—c (ab).

880. Solve Problem 864 by using the identities given at
the beginning of this section and the identity of Prob-
lem 879.

881. Given the vertices A (2, —1, —3), B(l, 2, —4),
C (3, —1, —2) of a ftriangle. Calculale the coordinates of
a vector iz collincar with the altitude drawn from the ver-
tex A to the opposite side, if the vector A makes an ob-
tuse angle with the axis Oy and il the modulus of A is
equal to 2)/34.

882. If vectors a, b, ¢ are cach of them different from
zero, determine their relative position for which the con-
dition

la (bc)) = lab) ¢}

is satisfied.
883. Prove the identities:

1) lalbcl) + (b (cal) +[c [ab))| =0;

2) [ab) [cd)= (ac) (bd)— (ad) (bc);

3) lab) (cd) 4 ac||(db) + ad) (bc)=0;

4) (lab) (cd])=c (abd)—d (abc);

5) lab) lbc) (ca)l=(abc)?;

6) (a(a lalab)))] = a'b, if the veclors @ and b are

mutually perpendicular;

7) lab(cd)l) =lac) (bd)—lad) (bc);
8) la (b |cd)))=(acd)b—(ab) |cd);
9) (ab)? lac)*—(lab) [ac))*=a’ (abc)?;
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Chapter 8

THE EQUATION OF A SURFACE
AND THE EQUATIONS OF A CURVE

§ 35. The Equation of a Surface

The equation of a given surface (in a chosen coordinate system)
is defined as the equation in three variables,

F(x, y, 2)=0,
which is satisfied by the coordinates of all points lying on the sur-
face and by the coordinates of no other point.

885. Given the points M,(2, —3, 6), M.(0, 7, 0),
M;(3, 2, —4), My (2V'2, 4, =5), Ms(l, —4, —5), Ms(2,
6, — /'5). Determine which of them lie on the surface
represented by the equation x2 - y* +2*=49. ldentify the
surface. ‘

886. On the surface x2-+y?-+22=9, find the points:
1) with abscissa 1 and ordinate 2; 2) with abscissa 2 and
ordinate 5; 3) with abscissa 2 and applicate 2; 4) with
ordinate 2 and applicate 4.

887. ldentify the geometric objects represented by the
following equations in rectangular cartesian coordinates in
space:

1) x=0; 2) y==0, 3) z=0;, 4) x—2=0;

5) y+2=0, 6) 2+5=0; 7) x*4y*+22=25;

8) (x—2)*+(y+3)*+ (z—5)*=49;

9) x242y% +322=0; 10) x2+2y%+322+5=0;

1) x—y=0; 12) x+2=0; 13) y—2z=0; 14) xy=0;

16) xz=0; 16) yz=0; 17) xyz==0; 18) x*—4x=0;,

19) xy —y*=0; 20) yz-+22=0.

888. Given the two points F,(—c, 0, 0) and F»(c, 0, 0).
Derive the equation of the locus of points, the sum of
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whose distances from the two given points is a constant
equal to 2a, provided that a>0, ¢>0; a>c.

Solution. Let M denote an arbitraty point in space, and let x, y, 2
be its coordinates. Since the point M may occupy any position, it
follows that x, y and z are variables; they are called the current
coordinates.

The point M lies on the given surface if, and only if,

MF,4+ MF,=2a. §))
This is the definition of the surface, expressed in symbolic language.

Let us express MF, and MF, in terms of the current coordinates
of the point M:

MF, =V +0T+ ¥ +2%  MF,=V x—of +47 +2.

Inserting these expressions in (1), we obtain the equation

VT +v+2 +Vir—o0 +v +2=2, ()

which connects the current coordinates x, y, z, and which is the
equation of the given surface.

For, the condition (1) is fulfilled for every point M lying on the
glven surface, and hence the coordinates of such a point satisfy
equation (2); on the other hand, the condition (1) is rnot fulfilled
for any point not lying on the surface, and hence the coordinates of
such a point do not satisfy equation (2). The problem is thus solved;
the purpose of the remaining operations is to reduce the equation
of the surface to a simpler form.

Transpose the second radical in (2) to the right-hand side:

GOt =20V =) +y7+ 25

squaring both sides of this equation and removing the parentheses,
we obtain

42x++yt422=
=4a*—4aV (x—c)+y2?+ 22+ x*—2x+ct+yt + 22,

aV (x—c)+y*+22=a%*—cx.

Clearing of radicals once again, we find

or

a’x®— 2a%cx + a%c? + a%y® 4 a*z* = a* — 2a%cx 4 cx?,
or
(@*—¢*) x* + a%y? +a%2* =a® (a*— ). ®3)
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Since a > ¢. it follows that a®?—c? > 0; let us denote the positive

number a®—¢* by b*. Equation (3) will then assume the form
b2 - a?y? - a2 == D7,
or
yt 22
SR A) 4)

This surface is called an ellipsoid of revolution. Equation () is
referred to as the canonical equation of this ellipsoid.

889. Derive the equation of a sphere with centre at the
origin and radius r.

890. Derive the equation of a sphere with centre at
C (o, B, y) and radius r.

891. From the point P (2, 6, —5), all possible rays are
drawn to intersect the plane Oxz. Fmd the equation of the
locus of their midpoints.

892. From the point A (3, —5, 7)‘ all possible rays are
drawn to intersect the plane Oxy. Find the equation of the
locus of their midpoints.

893. From the point C(—3, —5, 9), all possible rays are
drawn to interscct the plane Oyz. Find the equation of the
locus of their midpoints.

894. Derive the cquation of the locus of points, the
diflerence of the squares of whose distances from the points
Fi(2, 3, —5) and F,(2, —7, —95) is a constant equal to 13.

895. Derive the equation of the locus of points, the
sum of the squares of whose distances from two points
Fi(—a,0,0) and F,(a, 0,0) is a constant equal to 4a®.

896. The points A(—a, —a, —a), B(a, —a, —a),
C(—a, a, —a) and D (a, a, a) are the vertices of a cube.
Write the equation of the locus of points, the sum of the
squares of whose distances from the faces of this cube is
a constant equal to 8a®.

897. Find the equation of the locus of points equidis-
tant from the two points M, (1, 2, —3) and M, (3, 2, 1).

898. Derive the equation of the locus of points, the sum
of whose distances from the two given points Fy (0, 0, —4)
and F,(0, 0, 4) is a constant equal to 10.

899. Derive the equation of the locus of points, the
diflerence of whose distances from the two given points
Fi{(0, —b, 0) and F,(0, 5, 0) is a constant equal to 6.
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§ 36. The Equations of a Curve.
The Problem of the Intersection of Three Surfaces

A space curve is represented by two simultaneous equations,

F(x, y, 2)=0,
{ D (x, y, 2)=0,

as the intersection of the two surfaces F(x,y,2)=0 and
D (x,y,2)=0. )

If F(x,y,2)=0, ®(x,y,2)=0, ¥(x,y,2)=0 are the equations
of three surfaces, their points of intersection are found by solving
simultaneously the system

F (x,y,2)=0,
{ D (x,y,2)=0,
¥ (x, y,2)=0.

Each solution of this system for x, y, 2z gives the coordinates of
one of the intersection points of the given surfaces.

900. Given the points M, (3, 4, —4), M,(—3, 2, 4),
M,(—1, —4, 4) and M, (2, 3, —3). Determine which of
them lie on the curve

{ (x—1)?*4y*+2°=36,
y+2=0.

901. In each of the following, determine whether the
given curve passes through the origin:

" {x’ +y*+2°—22=0,

y=0;
{ (x—3)*+(y+1)*+ (z—2)*=25,
2)
x+y=0;
3 { x—1D*4+(y +2)*+(@+2)"=9,
)
x—z=0.

902. On the curve
{xz+yz+zz=49,
x’+y’+z’——4z——25=0.

find the points: 1) with abscissa 3; 2) with ordinate 2;
3) with applicate 8.
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903. Identify the curves represented by the following
equations:

y=0;
]x+2:0, 6) [ x—5=0, K[ 1+2=0,
\y—3=0, |z +2=0 |z—5=0;
8) [ x*+ y*+2*=9, 9) [ x*4y* 2" =49,
| z=0; | y=0;
X242t =25, x -yt -2 =20,
10){;::0{. th {z-2»_—0.

904. Find the equations of the curve of intersection of
the plane Oxz and the sphere with centre at the origin and
radius 3.

905. Find the equations of the curve of intersection of
the sphere with centre at the origin and radius 5 and the
plane parallel to the plane Oxz and situated in the leit
half-space at a distance of two units from Oxz.

906. Find the equations of the curve of intersection of
the plane Oyz and the sphere with centre at C(5,—2, 1)
and radius 13.

907. Write the equations of the curve of intersection of
two spheres, one of which is of radius 6 and with centre
at the origin, and the other of radius 5 and with centre
at C(l,—2,2).

908. Find the points of intersection of the three surfaces

x*+y*+2'=49, y—3=0, z+6=0.

909. Find the points of intersection of the three sur-

faces
R4yt +22=9, 2 +y'+(2—2)*'=5, y—2=0.

§ 37. The Equation of a Cylindrical Surface
with Elements Parallel to a Coordinate Axis

An equation in two variables of the form
F(x,y)=0

represents, in a space coordinate system, a cylindrical surface with
elements parallel to the axis Oz. In a plane coordinate system (with
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axes Ox, Oy) the equation F(x,y)=0 represents a curve, namely,
the directing curve of the cylinder under consideration. In a space
coordinate system, however, the same curve must be represented by
two equations:
{ F(x,y)=0,
2=0.

In like manner, the equation F(x,z)=0 represents (in space) a cy-
lindrical surface with clements parallel to the axis Oy; the equation
F (y, z2)=0 represents a cylindrical surface with elements parallel to
the axis Ox.

910. Identify the geometric objects represented, in a
space coordinate system, by the following equations:

oy — fo
m—*g-—l, 4) XZ—BZ,
5) —xy=0, 6) x*—2"=0, 7) y’+2°=0;

g) X +Ay 4 4=0;9) x*+2°=2z 10) y* + Z’=—2z.

1) x*+4-2°=25 2)%—}-]2—6:1; 3)

911. Find the equation of the cylinder which projects

the circle
[ X'+ (y +2)° + (z— 1) =25,

*+y'+2°=16

lane: 1) Oxy; 2) Oxz; 3) Oyz.
0“9}2‘? gind the equations of the projection ef the circle

{ (x4 1)+ (y+2)* 1-(z—2)*= 36,
XY+ +(z—1)=25

5 the plane: 1) Oxy, 2) Oxz, 3) Oyz.
o)
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THE EQUATION OF A PLANE.
THE EQUATIONS OF A STRAIGHT LINE.
THE EQUATIONS OF QUADRIC SURFACES

§ 38. The General Equation of a Plane.
The Equation of the Plane Passing Through a Given Point
and Having a Given Normal Vector

In cartesian coordinates, every plane isrepresented by an equation
of the first degree and every equation of the first degree represents
a plane.

Every (non-zero) vector perpendicular to a given plane is called
its normal vector. The equation

A(x—x0)+B(y—y) +C (2—2)=0 (M

represents the plane passing through the point M, (x,, y, 2,) and
having n={A, B, C} as its normal vector.

By removing the parentheses and denoting the number—Ax,—
— By,—Cz, by the letter D, we can put equation (1) in the form

Ax4By +Cz+D=0.

An equation of this form is called the general equation of a plane.

913. Write the equation of the plane passing through
the point M, (2, 1, —1) and having n={1l, —2, 3} as its
normal vector.

914. Write the equation of the plane passing through
the origin and having n={5, 0, — 3} as its normal vector.

915. The point P (2, —1, —1) is the foot of a perpen-
dicular dropped from the origin to a plane. Find the
equation of this plane.

916. Given the two points M, (3, —1,2) and M, (4,
—2, —1). Find the equation of the plane through the
point M, and perpendicular to the vector M M,.

917. Write the equation of the plane through the point
M, (3, 4, —5) and parallel to the two vectors a, ={3, 1,
—1} and a,={1,—2, 1}.
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918. Prove that the equation of the plane passing through
the point M, (x,, y,, z,) and parallel to the two vectors

a,= {11' m,, nl} and a,= {lz' m,, n:}
can be written in the form

X—X, Y—Y, 2—2,
[ m,_ n, [=0.
[, m n

2 2

919. Find the equation of the plane passing through the
points M, (2, —1, 3) and M, 3, 1, 2) and parallel to the
vector a_{3 —l —4

920. Prove that the equation of the plane passing
through the points M, (x,, y,, 2,) and M, (x,, y,,2,) and
parallel to the vector

a={l, m, n}
can be written in the form
X—X, Yy—Y, 2—z,

X=X Y,—Y,2,—2,
1 m n

=0.

921. Find the equation of the plane passing through
the three points M, (3, —1,2), M,4, —1,—1) and
M, (2,0, 2).

922. Prove that the equation of the plane passing
through the three points

M, (x,, Y, 2), M,(x,, y,,2,) and M, (x,, Y, 2,)
can be written in the form
x_xl y—y| z_z|

X=X, Yp—Y, 2,—2,
Xy—X, Y,— Y, 2,—2,

=0.

923. In each of the following, find the coordinates of
a vector normal to the given plane and write the general
expression for the coordinates of its arbitrary normal



§ 38. The General Equation of a Plane 177

vector:
1) 2x—y—22+5=0; 2) x+5y—2z=0;
3) 3x—2y—7=0;, 4) S5y—32=0; 5) x+2=0;
6) y—3=0.

924. Determine which of the following pairs of equations
represent parallel planes:

1) 2x—3y 4 52—7=0, 2x—3y+5z2+3=0;
2) 4x+2y—4z2+5=0, 2x+y+22—1=0;
3) x—3z24+2=0, 2x—62—7=0.
925. Determine which of the following pairs of equa-
tions represent perpendicular planes:
1) 3x—y—2z—5=0, x+9y—3z2+2=0;
2) 2x+3y—z—3=0, x—y—z+5=0;
3) 2x—5y+2z=0, x+4+22—3=0.

926. Determine the values of / and m for which the
following pairs of equations represent parallel planes:

1) 2x+1ly +32—5=0, mx —6y—6z+2=0;
9) 3x— y+12—9=0, 2x+my+2z—3=0;
3)ymx+3y—22—1=0, 2x—5y—Iz=0.

927. In each of the following. determine the value of [
for which the given pair of equations represents perpen-
dicular planes:

1) 3x—5y+ lz—3=0, x+3y+2:+5=0;
2) 5x+ y—3z—2=0, 2x+Ily—3z+1=0;
3) 7x—2—2=0, Ix+y—3z—1=0.

928. In each of the following, determine the dihedral
angles formed by the two intersecting planes:

) x—yV2+2—1=0, x+yV2—24+3=0;
2) 3y—z =0, 2y +2 =0,
3) 6x+3y—2z =0, x+2y +62—12=0;
4) x+2y+2:—3=0, 16x+12y—15z2—1=0.
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929. Write the equation of the plane passing through
the origin and parallel to the plane 5x—3y+ 22—3=0.

930. Write the equation of the plane passing through
the point M, (3, —2, —7) and parallel to the plane 2x —
—324+5=0.

931. Find the equation of the plane passing through
the origin and perpendicular to the two planes

2x—y+32—1=0, x+4+2y+2=0.

932. Find the equation of the plane which passes through
the point M, (2, —I, 1) and is perpendicular to the two
planes

933. Prove that the equation of the plane which passes
through the point M, (x,, y,, 2,) and is perpendicular to
the planes

A5+ By +Cz+ D=0, Apx+Byy+Coz+D,=0

can be written in the form

X—Xg Y—Yo 2—2
Al Bl Cl =0.
A, B, C,

934. Find the equation of the plane which passes through
the two points M, (1,—1,—2) and M,(3, 1, 1) and is
perpendicular to the plane x—2y +-3z—5=0.

935. Prove that the equation of the plane which passes
through two points M, (x,, y,, 2;), M, (X, Y,, 2,) and is
perpendicular to the plane

Ax+By+Cz4+D=0
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937. Prove that the threc planes 7x-+ 4yt 72 +1:20,
2x—y—z+2=0, x+2y+ 3z— 1 =0 pass through the sane
straight line.

938. Prove that the three planes 2x—y - 32—5=0,
3x+y+2:—1=0, 4x+3y+2+2=0 intersect in three
distinct and parallel lines.

939. Determine the values of a and b for which the
planes

—y+32—1=0, x-+2y—2z-+b=0, x+ay—6z+410=0:

1) have a common point;
2) pass through the same straight line;
3) intersect in three distinct and parallel lincs.

§ 39. Incomplete Equations of Planes.
The Intercept Equation of a Plane

Every first-degree equation
Ax+By+Cz4+D=0

(in cartesian coordinates) represents a plane. If this equation lacks
the constant term (D=0), then the plane passes throuch the origin.
1f the equation lacks a term containing one of the current coordi-
nates (that is, if any one of the coefficients A, B, C is zero), then the
plane is parallel to a coordinate axis, namely, to the axis of the
lacking coordinate; if the constant term is also lacking, the plane
passes through this axis. 1f the equation lacks two terms containing
the current coordinates (that is, if any two of the coefficients A, B,
C are zero), then the plane is parallel to a coordinate plane, namely,
to the coordinate plane that passes through the axes of the lacking
coordinates; if the constant term is also lacking, the plane coin-
cides with this coordinate plane.
If the equation of a plane

Ax+By+Cz+D=0,

has all its coefficients A, B, C, D different from zero, it can be re-
duced to the form

X .,y .z
atpte="h ‘”
where
a:—B b:—B. C-—__D.
A’ B' "~ C

are the respective interccpts cut off by the plene on the x-, y-,
and z- axes. Equation (1) is called the intercept equation of a plane.
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940. Find the equation of the plane:

1) through the point M, (2, —3, 3) and parallel to the
plane Oxy;

2) through the point M, (1, —2, 4) and parallel to the
plane Oxz,

3) through the point M,(—S5, 2,—1) and parallel to
the plane Oyz.

941. Find the equation of the plane which passes:

1) through the axis Ox and the point M, 4, —1, 2);

2) through the axis Oy and the point M, (1, 4, —3);

3) through the axis Oz and the point M;(3, —4, 7).

942. Find the equation of the plane:

1) through the points M, (7, 2, —3) and M, (5, 6, —4),
and parallel to the axis Ox;

2) through the points P, (2, —1, 1) and P, (3, 1, 2), and
parallel to the axis Oy:;

3) through the points Q, (3, —2, 5) and Q, (2, 3, 1), and
parallel to the axis Oz.

943. Find the points of intersection of the plane 2x —
—3y—4z—24 =0 with the coordinate axes.

944. Given the equation x+4+2y—3z—6=0 of a plane.
Write its intercept equation.

945. Find the intercepts cut off by the plane 3x—4y—
— 2424 12=0 on the coordinate axes.

946. Calculate the area of the triangle cut by the plane

5x—6y+32+4120=0

from the quadrant Oxy.

947. Calculate the volume of the pyramid formed by
the plane 2x—-3y+6z—12=0 and the coordinate
planes.

948. A plane passes through the point M, (6, —10, 1)

and has the intercepts a=—3 and ¢=2 on the x- and
z-axes, respectively. Write the intercept equation of the
plane.

949. A plane passes through the points M, (1, 2, —1),
M, (—3, 2, 1) and has the intercept 6=3 on the y-axis.
Write the intercept equation of the plane.

950. Write the equation of the plane which passes
through the point M, (2, —3, —4) and makes equal (non-
zero) intercepts on the coordinate axes.
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951. Write the equation of a plane which passes through
the points M, (—1, 4, —1), M, (—13, 2, —10) and whose
(non-zero) intercepts on the x- and z-axes are equal in
absolute value.

952. Write the equations of the planes which pass
through the point M, (4, 3, 2) and whose (non-zero) inter-
cepts on the x-, y- and z-axes are all equal in absolute
value.

953. Find the equation of the plane which has the in-
tercept c=—25 on the z-axis and is perpendicular to the
vector n={—2, 1, 3}.

954. Find the equation of the plane which is parallel
to the vector I={2, 1,—1} and has the intercepts a=3,

=—2 on the x- and y-axes, respectively.

955. Find the equation of the plane which is perpendic-
ular to the plane 2x—2y+4z—5=0 and has the inter-

cepts a=—2, b=% on the x- and y-axes, respectively.

§ 40. The Normal Equation of a Plane.
The Distance of a Point from a Plane

The normal equation of a plane is its equation written in the form
xcosa+ycosP—+zcosy—p=0, )

where cosa, cosf, cosy are the direction cosines of the normal to
the plane, and p is the distance of the plane from the origin. When
calculating the direction cosines of the normal, we assume it to be
directed from the origin to the plane. (If the plane passes through
the origin, the positive direction of the normal may be chosen at
will.)

Let M* be any point in space, and let d denote the distance
of M* from a given plane. The depirture § of the point M* from
the given plane is defined as the number +d if the point M* and
the origin are on opposite sides of the plane, and as the number —d
if M* and the origin areon the same side of the plane. (If M* lies
in the plane itself, the departure is equal to zero.)

For a point M* having coordinates x*, y*, z* and a plane repre-
sented by the normal equation

xcosa+ycos f+zcosy—p=0,
the departure of the point M* from the plane is given by the formula

d=ux*cosa+y* cos f+z* cos y—p.
Clearly, d=16].
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The general equation of a plane,
Ax+By+Cz+ D=0,

is reduced to the normal form (1) by multiplication by a normaliz-
ing factor fourid from the formula

l_l,:

1
e ly———————— 2l
VA BrtCt
the normalizing factor must be taken with its sign opposite to that
of the constant term of the equation to be normalized.

956. Determine which of the following equations of
planes are in the normal form:

! 1
D gi—ay—52—5=0;, 2 2xi44y—5z—3=0;
6 . 6 3
3) 7 x 7U+7Z+5=0; 4) —=x+=y— —z—5 0;
5) ;x_—z 3=0; 6)—ﬁy+,—3z4.-1=0;
9) x—l=0. 10) y—}—2=0,
1) —y—2=0; 12) z—5=0.

957. In each of the following, reduce the given equation
of a plane to the normal form:

) 2x—2y+2—18=0; 2 Sx—2 y+7243=0;
3) 4x—6y—122-11=0; 4)—4x—4y+224+1=0;

5) 5y—1224+26=0; 6) 3x—4y—1=0;
7) y+2=0; 8) —x+5=0;
9) —z+3=0; 10) 22—1=0.

958. For each of the following planes, calculate the
angles a, B, y which its normal makes with the coordinate
axes, and the distance p from the origin:

) x+yV2+2—10=0; 2) x—y—2V/2+16=0;
3) x+2—6=0; 4) y—z+2=0; 5 xV'3 +y+10=0;
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6) 2—2=0;7) 2x+1=0; 8) 2y +1=0;
9) x—2y +22--6=0; 10) 2v--3y—6z i 4=0.

959. In each of the following, calculate the departure 8
and the distance d of the given point from the given plane:

1y M (—2 —4, 3). 2¢—y +22--3=0;
2) M, (2, — l). 16x— 12y -+ 152—4=0;
3) M, (1, 2 ox —3y--z+4=0;
4) 1\44(3, ) 4v—-32—1-=0;
5) M, (9, 2, —2), 12y — 5z +5=0.

960. Calculate the distance d of the point P(—I1, 1,
—2) from the plane passing through the three points
M, (1, —1,1), M,(—2,1,3) and M, (4, =5, —2).

961. In each of the following, determine whether the
point Q (2, —1, 1) and the origin lie on the same side or
on opposite sides of the given plane:

1) 5x—3y 12— 18=0; 2) 2x+T7y+32+1=0;
3) x+5y+122—1=0, 4) 2x—y--z2+11=0;
5) 2x4-3y—6z+2=0; 6) 3x—2y-+-22—7=0.

962. Prove that the plane 3x —4y—2z-+5=0 cuts the
line segment bounded by the points M, (3, —2, 1) and
M,(—2,5,2).

963. Prove that the plane 5v—2y--z—1=0 does not
cut the line segment bounded by the points M, (1, 4, —3)
and M, (2, 5, 0).

964. In each of the following, calculate the distance
between the parallel planes:

1) x—2y—22—12=0, 2) 2x—3y+62—14=0,

x—2y—22—6=0; 4x—6y +1224+21=0
3) 2x—y+22+9=0, 4) 16x + 12y — 152 +50 =0,
4x—2y+-42—21=0; 16x + 12y — 152 25 = 0;

5) 30x—32y + 242—75=0, 6) 6v— 18y—92—28=0,
15x—16y + 122 —25=0; 4x—12y—62—7 =0,
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965. Two faces of a cube lie in the planes
2x—2y+2z—1=0, 2x—2y +z-+5=0.

Find the volume of the cube.

966. On the axis Oy, find a point situated at a distance
d=4 from the plane x+2y—2z—2=0.

967. On the axis Oz, find a point equidistant from the
point M (1,—2, 0) and the plane 3x—2y + 62—9=0.

968. On the axis Ox, find a point equidistant from the
two planes

12x— 16y + 152+ 1=0, 2x+2y—z—1=0.

969. Derive the equation of the locus of points whose
departure from the plane 4x —4y—2z43=0 is equal to 2.

970. Derive the equation of the locus of points whose
departure from the plane 6x+3y+2z—10=0 is equal
to —3.

971. Write the equations of the planes parallel to the
plane 2x—2y—2z—3=0 and situated at a distance d=5

from it.
972. In each of the following, find the equation of the
locus of points equidistant from the two parallel planes:

1) dx—y—22—3=0, 2) 3x+2y—z+3=0,
4x—y—22—5=0; 3x4-2y—2z2—1=0;
3) 5x—3y+2z+3=0,
10x—6y + 224 7=0.
973. In each of the following, write the equations of

the planes which bisect the dihedral angles formed by the
two intersecting planes:

1) x—3y+22—5=0, 2) 5x—5y—22—3=0,
3x—2y—2+3=0; x+-Ty—2z2+1=0;
3) 2x— y+5243=0,
2x— 10y +4z2—2=0.
974. In each of the following, determine whether the

point M (2, —1, 3) and the origin lie inside one dihedral
angle, or in two complementary angles, or in two vertical
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dihedral angles (formed by the two intersecting planes):
1) 2x—y +32—5=0, 2) 2x -3y —>52—15-=0,
x4+ 2y—z-+3=0; Sx —y—32—7=0;
3) x+5y—z+1=0,
24 17y 4+-24+2=0.

975. In each of the following, determine whether the
points M (2, —1, 1) and N (1, 2, —3) lie inside one
dihedral angle, or in two complementary angles, or in two
vertical dihedral angles (formed by the two intersecting
planes):

1) 3x—y+2:—3=0, 2)2x—y+52—1=0,
x—2y—z+4=0; 3x—2y+6z2—1=0.

976. Determine whether the origin lies inside the acute
or the obtuse angle formed by the two planesx —2y + 3z —5=
=02x—y—2z+4+3=0.

977. Determine whether the point M (3,2, —1) lies
inside the acute or the obtuse angle formed by the two planes
Sx—y+2+3=0, 4x—3y+22+5=0.

978. Write the equation of the plane bisecting that
dihedral angle between the two planes 2x— 14y 4+ 62— 1=0,
3x+ 5y —5z+3=0 which contains the origin.

979. Write the equation of the plane bisecting that
dihedral angle between the two planes 2x—y+22—3=0,
3x+2y—6z—1=0 which contains the point M (1, 2, —3).

980. Write the equation of the plane which bisects the
acute dihedral angle formed by the two planes 2x —3y—
—4z—3=0, 4x—3y—22—3=0.

981. Write the equation of the plane which bisects the
obtuse dihedral angle formed by the two planes 3x—4y —
—2+4+5=0, 4x—3y+2+5=0.

§ 41. The Equations of a Straight Line

A straight line is determined (as the intersection of two planes) by
two simultaneously considered equations of the first degree,

Ax+By+Cz+D, =0, )
Apx+B,y+Cy,2+4+D,=0,
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provided that the coefficients A,, B,, C, of the first equation are
not proportional to the coefficients A4,, B,, C, of the second (otherwise
these equations will represent parallel or coincident planes).

Let a straight line a be represented by equations (1), and let
a and f§ be any numbers, not both zero; then the equation

a(A1x+B|y+C12+D1)+ﬂ(A2x+Bzy+sz+Dz)=0 (2)

represents a plane through the straight line a.

By an appropriate choice of the numbers a, B, an equation of
the form (2) can be made to represent every plane passing through
the line a.

The totality of planes passing through the same straight line is
called a pencil of planes. An equation of the form (2) is called the
equation of a pencil of planes.

If a # 0, then equation (2) can be reduced, by letting =A,

alw

to the form
A|x+B|y+C|Z+D|+)\-(Azx+Bzy+sz+Dz)=0' 3)

This form of the equation of a pencil of planes is used more
widely than equation (2); note, however, that equation (3) can be
made to represent every plane of the pencil except the plane correspond-
ing to @=0, that is, except the plane A,x4 B,y+C,2+ D,=0.

982. Write the equations of the straight lines in which
the plane 5x—7y+2:—3=0 intersects the coordinate
planes.

983. Write the equations of the straight line in which the
plane 3x —y—T7z +9 =0 intersects the plane passing through
the axis Ox and the point E (3, 2, —5).

984. Find the points in which the line

2x 4 y—z—3=0,
{x+y+ z—1=0

pierces the coordinate planes.
985. Prove that the line

2x—3y+52—6=0,
x+5y—7z4 10=0

meets the axis Oy.
986. Determine the value of D for which the line

2x+3y—z+ D=0,
3x—2y+22—6=0
meets: 1) the axis Ox; 2) the axis Oy, 3) the axis Oz.
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987. Find the conditions which must be satisfied by the
coefficients of the equations

(Ax+By+Cz1D,=0,
\Ayx+Boy+Cyz D, =0

of a straight line in order that the line should be parallel:
1) to the axis Ox; 2) to the axis Oy, 3) to the axis Oz.

988. Find the conditions which must be satisfied by the
coefficients of the equations

fAyx+By+Ciz+D,=0,
\A,x+B,y+Cyz+D,=0

of a straight line in order that the lineshould: 1) meet the
x-axis; 2) meet the y-axis, 3) meet the z-axis; 4) coincide
with the x-axis; 5) coincide with the y-axis; 6) coincide
with the z-axis.

989. In the pencil of planes

2x—3y +z2—3 +A(x+3y+22+4+1)=0,

find the plane which: 1) passes through the point M, (I,
—2. 3); 2) is parallel to the axis Ox; 3) is parallel to the
axis Oy, 4) is parallel to the axis Oz.

990. Wrile the equation of the plane which passes through
the line of intersection of the planes 3x—y--2z +9=0,
x+2—3=0 and: 1) passes through the point M, (4, —2,
—3); 2) is parallel to the axis Ox; 3) is parallel to the
axis Oy, 4) is parallel to the axis Oz.

991. Write the equation of the plane which passes through
the line of intersection of the planes 2x—y+32—5=0,
x-+2y—z+2=0 and is parallel to the vector I={2, —1I,
—2}.

992, Write the equation of the plane which passes through
the line of intersection of the planes 5x—2y—2z—3=0,
x+3y—2z--5=0 and is parallel to the vector I={7,
9, 17}.

993. Write the equation of the plane which passes through
the line of intersection of the planes 3x—2y 4 z—3=0,x—
—22=0 and is perpendicular to the plane x—2y+2z+
+5=0.
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994. Find the equation of the plane which passes through
the line

Sx—y—2z2—3=0,
{3x—2y—52+2=0

and is perpendicular to the plane x+19y—7z2—11=0.
995. Find the equation of the plane which passes through
the line of intersection of the planes 2x+y—z+1=0,
x+y+22+1=0 and is parallel to the segment bounded
by the points M, (2, 5, —3) and M, (3. —2, 2).
996. Find the equation of the plane belonging to the
pencil of planes

oa(3x—4y+2+6)+p(2x—3y+2+2)=0

and equidistant from the points M, (3, —4, —6), M,(l,
2, 2).
997. Determine whether the plane

4x—8y +172—8=0
belongs to the pencil of planes
adx—y+4z—1)+B(2x +2y—32 +2)=0.
998. Determine whether the plane
5x—9y—2z+12=0
belongs to the pencil of planes
a(2x—3y+2—5)+px—2y—z—7)=0.

999. Determine the values of I and m for which the
plane

5x+1ly4+42+m=0
belongs to the pencil of planes
a(3x—7y+2—3)+p(x—9%9—22+5)=0.

1000. Write the equation of the plane which belongs to
the pencil of planes

a(x—3y+7z2+36)+P(2x-+y—2—15=0
and is situated at a distance p=23 from the origin.
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1001. Write the equation of the plane which belongs
to the pencil of planes

a(l0x—8y—1524+56) +PB (4x+y+3z2—1)=0

and is situated at a distance d=7 from the point C(3,
—2, —3).

1002. Find the equation of the plane which belongs to
the pencil of planes

o (4x + 13y—22—60) + B (4x + 3y +32—30)=0

and cuts a triangle of area 6 from the quadrant Oxy.
1003. Find the equations of the planes which project the
line
{2x—y+22—3=0,
x+2y—2z—1=0

on the coordinate planes.
1004. Write the equations of the projections of the line

x+2y—3z—5=0,
{2x—y+z+2=0

on the coordinate planes.
1005. Write the equation of the plane which projects

the line
{3x+ 2y—z—1=0,
2x—3y+22—2=0

on the plane x+2y+32—5=0.
1006. Write the equations of the projections of the line

[S5x—4y—2z2—5=0,
\x+22—2=0
on the plane
2x—y+2—1=0.
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§ 42. The Direction Vector of a Straight Line. The
Canonical Equations of a Straight Line. The Parametric
Equations of a Straight Line

Every non-zero vector lying on a given straight line or parallel
to it is called the direction vector of that straight line.

In what follows, the direction vector of an arbitrary straight
line will be denoted by the letter @, and its coordinates by I/, m, n:

a=|{l, m, n}.

Given one point M, (x,, Yo, 2,) of a straight line and its direction
vector a={/, m, n}, the line can be represented by (two) equations
of the form

X—Xo_Y—Yo_2—2 1
I " m n ’ M

Equations of a straight line written in this form are called its
canonical equations.

The canonical equations of the straight line passing through two
given points M, (x,, y,, 2,) and M, (x,, y,, z,) have the form

X—X‘=U—y| =Z—Z| (2)
Xo—X, Y:— Y 22—

Denoting by f each of the equal ratios in the canonical equations
(1), we oblain

X—xo_!/_!/m_z‘zo_t
I " m  n

Hence
x=x,+1t,

.’/=yo+mtn (3)
z2=2y+nt.

These are the parametric equations of the straight line passing
through the point M, (x,, Yo, 2,) in the direction of the vector a={l, m,
n}. In equations (3), f is regarded as an arbitrarily varying parameter,
and x, y, z as functions of ¢; the quantities x, y, z vary with ¢ so
that the point M (x, y, z) moves along the given straight line.

If the parameter f is taken as the variable time, and equations
(3) are considered to be the equations of motion of the variable point M,
then these equations will determine the uniform rectilinear motion
of the point M. When =0, the point M coincides with the point
M,. The speed v of the point M is a constant given by the formula

v=V Et+m*fni
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1007. Write the canonical equations of the straight line
passing through the point M, (2, 0, —3) and parallel:

1) to the vector a={2, —3, 5};

9) to the straight line 1=t 2241,

3) to the axis Ox; 4) to the axis Oy; 5) to the axis Oz.

1008. Write the canonical equations of the straight line
passing through the two given points:

l) (1) —21 l)v (3) lv _1)! 2) (31 —lv O)v (lv Or _3),

3) (01 _—2v 3)’ (3' —Qr 1)’ 4) (]721 '—4)’ (—112v_4)'

1009. Write the parametric equations of the straight line
passing through the point M, (1, —1, —3) and parallel:

1) to the vector a={2, —3, 4};

2) to the linef—;—lzy——g—grz—_o—l;

3) to the linex=3f—1, y=—2{+3, z2=>5¢-2.

1010. Write the parametric equations of the straight line
passing through the two given points:

1) 3, —1,2), (2,1, 1); 2) (1, I, =2), (3, —1, 0);
3) (0, 0, 1), (0, I, —2).

1011. A straight line is drawn through the points
M, (—6, 6, —5) and M, (12, —6, 1). Find the points in
which this line pierces the coordinate planes.

1012. Given the vertices A (3, 6, —7), B(—5, 2, 3),
C4,—7,—2)of a triangle. Write the parametric equations
of the median drawn from the vertex C.

1013. Given the vertices A (3, —I1, —I), B(l, 2, —7),
C(—5, 14, —3) of a triangle. Find the canonical equations
of the bisector of the interior angle at the vertex B.

1014. Given the vertices 4 (2, —1, —3), B(5, 2, —7),
C(—7, 11, 6) of a triangle. Find the canonical equations of
the bisector of the exterior angle at the vertex A.

1015. Given the vertices A (1, —2, —4), B3, 1, —=3),
C(5, 1, —7) of a triangle. Find the parametric equations
of the altitude drawn from the vertex B.

1016. Given the line

[2x—5y +2—3=0,
\x +2y—2z+2=0.
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Calculate the projections on the coordinate axes of a direc-
tion vector a of this line. Find the general expression for
the projections on the coordinate axes of any direction
vector of this line.

1017. Given the line

{2x—y+32+l=0.
3x+y—z—2=0.

Find the resolution (with respect to the basis i, j, k) of
a direction vector a of this line. Write the general
expression for the resolution (with respect to the basis i,
J, k) of any direction vector of this line.

1018. Write the canonical equations of the straight line
through the point M, (2, 3, —5) and parallel to the line

3x—y+22—7=0,
{x+ 3y—2z+3=0.

1019. Write the canonical equations of the following
lines:

1) | x—2y+32—4=0, 2) 5x4-y+2=0,
\ 3x+2y—52—4=0; { 9x 4+ 3y—22+5=0;
3) | x—2y+3z+1=0,
\ 2x+ y—4z2—8=0.
1020. Write the parametric equations of the following
lines:

1) ( 2x+3y— z—4=0, 2){ x+2y—z—6=0,
{ 3x—5y+2z+1=0, 9% — y+z+1=0..
1021. In each of the following, prove that the given
lines are parallel:

=0
x+2_y—1_ 2z x+y—z=">"
r and { x—y—52—8=0
x+3y+2+2=0.
9) x=2t+5, y=—1t+42, z=t—7 and | y_—y—32—2=0;

3) { x+y—32+1=0, q x+2y.__52/lig'
x—y+ z4+3=0 M9\, o 432—9="
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1022. In each of the following, prove that the given
lines are mutually perpendicular:

x y—1_z 3x+ y—5z+1=0,
h T=4j-2-=§ and { 2x + 3y—8z+3=0;
) x=2t+1, y=3t—2, z= —6¢(+1 and
2x +y—4z+2=0,
{ 4x—y—5z2+4=0;
1+y—3z—1=0. 2x+ y+ 224+5=0,
3){ 9x—y—9z—2=0 2" { 9x—2y— 2+2=0.
1023. Find the acute angle between the lines
i:I_S_y_—{—?__z_ x+2 y—3 z+5
l_—l_}/f—z’ l—l_}/ﬁ'
1024. Find the obtuse angle between the lines
x=3t—2, y=0, 2= —1t+43;
x=2—1, y=0, z=1(—3.
. 1025. Determine the cosine of the angle between the
ines

x—y—42—5=0, x—6y—62z+2=0,
264+ y—22—4=0; 2x+ 2y +92—1=0.

1026. Prove that the lines represented by the parametric
equations x=2t—3, y=3/—2, z= —4f+6 and x=¢t+435,
y= —A4t—1, z=1t—4 intersect.

1027. Given the lines

x+2_ y _z—1 x=3_ y—1_2—T,
2 T =3 4 I 4 — 2
find the value of / for which they intersect.

1028. Prove that the condition for the two lines

x—a,_Yy—b__z2—¢ and x—a, _Yy—b,__2z2—c
N m, n, [z m, n,

to lie in the same plane can be written in the form

a,—a; b,—b, c,—c,

7—2250
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1029. Write the equations of the straight line which
passes through the point M, (— 1, 2, —3), is perpendicular
1o the vector a={6, —2, —3} and cuts the line

x—1_ y+1_2-3
3~ 2 T —=5°
1030. Write the equations of the straight line which
passes through the point M,(—4, —5, 3) and cuts the
two lines
x+1_ y+4+3 2—2 x—2 _ y+1__z—1
3 T =27 =1 2 3 T =5

1031. Write the parametric equations of the common
perpendicular to the two straight lines

x=3t—17, y=—2t+4, 2=3t+4
and
x=t+1, y=2t—9, 2= —1t—12.

1032. Given the equations of motion of the point
M(x, y, 2):

x=3—4t, y=5+3t, z=—2+12¢.

Determine the speed v of M.
1033. Given the equations of motion of the point
M(x, y, 2):

x=5—2t, y=—3+2¢, z=5—1.

Determine the distance d covered by M in the interval
of time from ¢, =0 to ¢,=7.

1034. Write the equations of motion of the point M (x, y, 2)
which starts from M, (3, —1, —5) and moves rectilinearly
and uniformly in the direction of the vector s={—2, 6, 3},
with a speed v =2I.

1035. Write the equations of motion of the point M (x, y, 2)
which is in uniform rectilinear motion and has covered
the distance from M, (—7, 12, 5) to M, (9, —4, —3) in
the interval of time from ¢, =0 to £, =4.

1036. The point M (x, y, 2) starts from M, (20, —18,—32)
and moves rectilinearly and uniformly in the direction
opposite to that of the vector s={3, —4. —12}, with a
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speed v=26. Write the equations of motion of M and find
the position of M at the instant ¢ =3.

1037. The points M (x, y, 2) and N (x, y. 2) are in uni-
form rectilinear motion: M starts from M,(—5, 4, —5) and
moves with a speed v, =14 in the direction of the vector
s={3, —6, 2}, and N starts from N,(-—5, 16, —6) and
moves with a speed vy=13 in the direction opposite to
that of the vector r={—4, 12, —3}. Write the equations
of motion for each of these two points; show that their
paths intersect, and find:

1) the point of intersection P of their paths;

2) the time in which the point M travels from M, to P;

3) the time in which the point N {ravels from N, to P;

4) the lengths of the segments MoP and N,P.

§ 43. Miscellaneous Problems Involving the Equation
of a Plane and the Equations of a Straight Line

1038. Prove that the line
x=3t—2, y=—4t+1, z=4t—5
is parallel to the plane 4x — 3y — 6z —5=0.
1039. Prove that the line
5x—3y+22—5=0,
{ 2x— y— z—1=0
lies in the plane 4x—3y+72—7=0.
1040. In each of the following, find the point of inter-
section of the given line and the given plane:
DI og Byt 2— 1=0;
x+3_ _y—2 z+41
) 3 ="7=3
cx+2 y—1  z—3
8 =3 =%
1041. Write the canonical equations of the straight line
passing through the point M,(2, —4, — 1) and the midpoint
of that segment of the line
{ 3x +4y+ 52—26=0,

3x—3y—2z— 5=0

, x—2y+ z—15=0;

x+2y—224+ 6=0.



196 Ch. 9. The Equation of a Plane. The Equations of a Line

intercepted by the planes
bx+3y—4z+11=0, 5x+3y—4z—41=0.

1042. Find the equations of the straight line passing
through the point M, (2, —3, —5) and perpendicular to the
plane 6x—3y—5z+2=0.

1043. Find the equation of the plane passing through
the point M, (1, —1, —1) and perpendicular to the straight
line

x4+3 _y—1_ 242
2 =3 4 -

1044. Find the equation of the plane passing through
the point M, (1, —2, 1) and perpendicular to the straight
line

{ x—2y+2—3=0,
X+ y—z+2=0.
1045. Find the value of m for which the line

x+1 _y—2_ 243
3 m T =2

is parallel to the plane
x—3y+62+7=0.
1046. What is the value of C for which the line
{3x—2y+ 243=0,
4x—3y+4z41=0
allel to the plane
2X—y+Cz—2=0?
1047. What are the values of 4 and D for which the

is par

line x=3+44¢, Y=1—4f, 2= —34¢

. in the plane
lies Ax+2y—4; 4 D =02

hat are the
1048 d Values of A and B for which the
plan® AX+By 13, 5
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is perpendicular to the line
x=3+2f, y=5—3f, z=—2-_-2¢?
1049. What are the values of / and C for which the line

x—2 y+1_2z-5
I T 4 T =3

is perpendicular to the plane
3x—2y+Cz+1=0?

1050. Find the projection of the point P (2, —1, 3) on
the line

x=3t y=5—7,z2=2t 2.

1051. Find the point Q symmetric to the point P (4, 1, 6)
with respect to the line

x—y—4z+12=0,
2x+y—2z+ 3=0.

1052. Find the point Q symmetric to the point P (2, —5, 7)
with respect to the straight line passing through the points
M, (5, 4, 6) and M, (—2, —17, —38).

1053. Find the projection of the point P (5, 2, —1) on
the plane

2x—y+3z2+23=0.

1054. Find the point Q symmetric to the point P (1, 3, —4)
with respect to the plane

3x+y—22=0.

1055. In the plane Oxy, find a point P such that the
sum of its distances from the points A(—1, 2, 5) and
B (11, —16, 10) will have the least value.

1056. In the plane Oxz, find a point P such that the
difference of its distances from the points M, (3, 2, —5) and
M, (8, —4, —13) will have the greatest value.

1057. In the plane

9% — 3y -+ 32—17=0,

find a point P such that the sum of its distances from the
points A(3, —4, 7) and B(—5, —14, 17) will have the
least value.

7 _—2950°
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1058. In the plane
2¢x+3y—4z—15=0,

find a point P such that the difierence of its distances
from the points M, (5, 2, —7) and M, (7, —25, 10) will
have the greatest value.

1059. The point M (x, y, 2) starts from M, (15, —24, — 16)
and moves rectilinearly and uniformly, with a speed v =12,
in the direction of the vector s={—2, 2, 1}. Show that
the path of M intersects the plane 3x44y+47z2—17=0,
and find:

1) their point of intersection P;

2) the time in which the point M travels from M, to P;

3) the length of the segment M,P.

1060. The point M (x, y, 2) starts from M, (28, —30, —27)
and moves rectilinearly and uniformly, with a speed v=12.5,
along the perpendicular dropped from the point M, to the
plane 15x—16y—12z-+4 26 =0. Write the equations of mo-
tion of M and find:

1) the point P in which the path of M pierces this plane;

2) the time in which the point M travels from M, to P;

3) the length of the segment M,P.

1061. The point M (x, y, 2) starts from M, (11, —21, 20)
and moves rectilinearly and uniformly, with a speed v =12,
in the direction of the vector s={—1, 2, —2}. Find the
time in which M traces that segment of its path which is
intercepted by the parallel planes

2x+3y+52—41=0, 2x+3y+52+4+31=0.

1062. Find the distance d of the point P (1, —1,—2)

from the line
x+3 y+4+2 z2—8
3 7 2 T =2
1063. Find the distance d from the point P (2, 3, —1)
to the following lines:
1) *=5_4 _2+%,
3 T 27 —2°7
2) x=t+1; y=t+2, z=4t+13;
{2x—-2y+ z+ 3=0,
3x—2y+422+17=0.




1064. Show that the lines
[ 2x+2y—2—10=0, 47 45 .9
x— y—z—22=0, 3 —1 4

are parallel, and calculate the distance d belween them.
1065. Write the equation of the plane which passes
through the point M, (1, 2, —3) and is parallel o the
lines
x—1 _ y+1 2—=7 x+5 y-2 z+3

2 —3 3 3 T =2 —1 -

1066. Prove that the equation of the plane which passes
through the point Mo (xo, 4o, 20) and is parallel to the lines
x—ay _y—b __z—¢ x—u,_u——b 270
L, om  on n, n,

can be written in the form
X—Xo Y—Yo 2—2
[, m, n, |=0.
l, m, n,

1067. Prove that the equation of the plane which passes
through the points M, (x;, y,, 2;), M, (xs, Y, 2;) and is
parallel to the line

x—a y—b z—¢
l m n

can be written in the form
X—Xy Yy—4, 2-—%
Xo—Xy Yo=Y 2,—2|=0.
l m n

1068. Find the equation of the plane passing through

the line
x=2t+1, y=—3t+2, 2=2t—3

and through the point M, (2, —2, I).
1069. Prove that the equatlon oi the plane passing through

the line
x=xo+Ilt, y=yo-+mt, z=2zy+nt

7“
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and through the point M, (x,, y,, 2;) can be put in the
form

X—X Yy—=4h 22—z
Xy—Xo Y1—Y 2,—2|=0.

l m n
1070. Prove that the lines
";'zyj;’:z:f’ and x=3t+7, y=24+2, z=—2f+1

lie in the same plane, and find the equation of this plane.
1071. Prove that, if the two lines
x—a, y—b, _z—c, x—a, y—b, z—c,
L = my g L, my,  n
intersect the equation of the plane in which they lie can
be written in the form

x—a, y—b, z—c,
ll ml nl :0_
Ly me n,

1072. Find the equation of the plane passing through
the two parallel lines

x—2 y+1_ 2z—3 x—1 _ y—2 243
3 T 2 T =2 3 2 T =2
1073. Prove that the equation of the plane passing through
the two parallel lines

x=a,+1lt, y=b,+mt, z=c,+nt

and
x=a,+1lt, y=b,+mt, z=c,+nt,
can be written in the form
x—a, y—b, z—¢c
a,—a, b,—b, c,—¢|=0.
1 m n

1074. Find the projection of the point C (3, —4, —2)
on the plane passing through the parallel lines

x—5_ y—6_2z2+3 x—2 y—3_ z+3

13 1 —4 13 1~ =4
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1075. Find the point Q symmetric to the point
P (3, —4, —6) with respect to the plane which passes through
M,(—6, I, —=5), M,(7, —2, —1) and M, (10, —7, I).

1076. Find the point Q symmetric to the point P (—3, 2, 5)
with respect to the plane passing through the lines

x—2y+-3z2—5=0, J3x+ y +3z24+7=0,
x—2y—4z+4+3=0; | 5x—3y+2z+5=0.

1077. Write the equation of the plane passing through

the line
x=3t+1, y=2t+3, 2= —t—2

and parallel to the line
[2x— y+2—3=0,
1 x+2y—z—5=0.
1078. Prove that the equation of the plane passing
through the line

X—Xy _Y—Wh__2—4
I m, n

and parallel to the line

x=xo+lt, y=1yo+ mt, 2=25-+ nt,
can be written in the form
X—X, Y—4y, z2—z
l m n |=0.
[, my n,
1079. Write the equation of the plane passing through
the line
x—1_y+2_ 2—2
2T =37 2
and perpendicular to the plane 3x+2y—z—5=0.

1080. Prove that the equation of the plane passing
through the line

x=xo+1lt, y=yo+mt, z=2+nt
and perpendicular to the plane
Ax-+By+Cz+ D=0
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can be written in the form
X—Xo Y—Yo 2— 2o
l m n =0.
A B C

1081. Find the canonical equations of the straight line
which passes through the point M, (3, —2, —4), is parallel
to the plane

3x—2y—3z2—7=0,
and cuts the line
x—2 y+4_ z2—1
3 - —2 2

1082. Find the parametric equations of the line parallel
to the planes

3x+12y—32—5=0, 3x—4y+9z24+7=0
and cutting the lines
x+5 y—3 z+41 x—3 y+1_2—2

2 T —4° 3 ' —2773 3

1083. In each of the following, calculate the shortest
distance between the two given lines:

x+7_y-}-4_z+3_ x—=21 y+5_ 2—2

D =="™' 5 ~—=a==1°
2 x=2t—4, y=—t+4, z=-—-2t—1;
x=4t—5, y= —3t+5, z=—5t+5;
5 5 2—I
3)xJ3r =!H2- =2_2; x=6t+9, y=—2, z=—t+2.

§ 44. The Sphere

In rectangular cartesian coordinates, a sphere with centre C (a, B, v)
and radius r is represented by the equation (x—a)?*+(y—B)*+
+(z—y)?=r2. A sphere of radius r and with centre at the origin
has the equation x2+4y%2+422=r2,

1084. In each of the following, find the equation of the
sphere determined by the stated conditions:
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1) the sphere, of radius r-=9, has its centre at C (0, 0, 0);

2) the sphere, of radius r =2, has itscentreat C (5, —3, 7);

3) the sphere passes through the origin and has its centre
at C(4, —4, —2);

4) the sphere passes through the point A (2, —1, —3)
and has its centre at C (3, —2, 1),

5) the points A(2, —3, 5) and B(4, 1, —3) are the
extremities of a diameter of the sphere;

6) the centre of the sphere is at the origin, and the
plane 16x— 15y—12z+75=0 is tangent to the sphere;

7) the centre of the sphere is at C(3, —5, —2), and
the plane 2x—y—3z+4 11 =0 is tangent to the sphere;

8) the sphere passes through the three points M, (3, I, —3),
M,(—2, 4, 1), M;(—5, 0, 0), and its centre lies in the
plane 2x+4 ¢ -2+3=0;

9) the sphere passes through the four points M, (1, —2, —1),
M,(—5, 10, —1), M;(4, 1, 11), and M,(—8, —2, 2).

1085. Write the equation of a sphere of radius r=3
which touches the plane x+42y+2z+3=0 at the point
M, (1, 1, =3).

i086. Calculate the radius R of the sphere which touches
the planes

3x+2y—62—15=0, 3x+2y—62+55=0.
1087. A sphere has its centre on the line
{ 2x-+4y—2z— 7=0,
4x4-5y+2z—14=0
and touches the planes
x+20—22—2=0, x+2y—224+4=0.

Find the equation of the sphere.
1088. Find the equation of a sphere tangent to the two

parallel planes
6x—3y—2z2—35=0, 6x—3y—22+4+63=0,

if M, (5, —1, —1) is its point of contact with one of these
planes.
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1089. Write the equation of the sphere with centre
ﬁl'(li 3, — 1) which cuts off a chord of length 16 on the
5x—4y+3z+420=0,
{3,\:——4_1./—{- z— 8=0.
1090. In each of the following, determine the coordi-
nates of the centre C and the radius r of the given sphere:
) (x—3)+(y +2)* +(z—5)*=16;
2) (x4 1)P 4 (y—3)2 +22=9;
3) x4 y?+4 22 —4x—2y+22—19=0;
4) x2+4y?+422—62=0;
5) x%+4y?+ 22420y =0.

1091. Write the parametric equations of that diameter
of the sphere

x24y*+224+2x—6y+2—11=0
which is perpendicular to the plane
S5x—y+422—17=0.

1092. Write the canonical equations of that diameter of
the sphere

X4+ y?4+22—x+3y+2—13=0
which is parallel to the line
x=2t—1, y=—3t+5, z=4t+17.

1093. In each of the following, determine whether the
point A(2, —1, 3) is inside, on, or outside the given
sphere:

) (6= 3+ + 1) + - 12 =4;
2) (x+14)>+ (y— 11)* 4 (2+ 12)* = 625;
3) (x—6)*+(y—1)*+(2—2)*=25;

4) x*+y*+22—4x46y—82--22=0,
5 X+ y*+22—x+3y—2:—3=0.
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1094. In each of the following, calculate the shortest
distance from the point A to the given sphere:

1) A(—2, 6, =3), x*+y*+22=4;
2) A( 9, —4, =3), X242+ 224 1dx—16y—24z L
+241 =0;
3) A( I, —1, 3), x*+4y*+22—6x-+4y—102—62=0.

1095. In each of the following, determine whether the
given plane cuts, touches or passes outside the given
sphere:

1) 2=3, x*+y*+22—6x+2y— 10z i-22=0;
2y y=1, X+y*+2°+4x—2y— 6z--14=0;
3) x=5, x¥4+y*+22—2x] 4y— 22— 4=0.
1096. In each of the following, determine whether the

given line intersects, touches or passes outside the given
sphere:

D) x=—2t+2 y=3—L, z=1—2,

X: b yr 4 zz+x—‘4y—32+%=0;

—5 - 925
2) X o_i_zwl 25

3 T2 =2

X+ yt 22 —4v—6y +22—67=0;
\ [ 2x— y-+22—12=0,

| 2x—4y— z-+ 6=0,

X4yt 4+ 22 —2x+ 2y -+ 42—43=0.

1097. On the sphere
(x—1)2 + (y+2)2+ (z—3)2 =25,
find the point M, nearest to the plane
3x—4z+4 19=0,

and calculate the distance d of the point M, from t)is
plane.
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1098. Find the centre C and the radius R of the circle
(*x—3)24-(y+2)%+(z—1)2 =100,
2x—2y—2+9=0.

1099. The points A(3, —2, 5) and B(—1, 6, —3) are
the extremities of a diameter of a circle. Write the equa-
tions of this circle, given that it passes through the point
C(l, —4, 1)

1100. The point C(l, —1, —2) is the centre of the
circle which cuts off a chord of length 8 on the line

| 2x— y+22—12=0,
| 4x—7y— z+ 6=0.
Write the equations of the circle.

1101. Find the equations of the circle through the three
points M, (3, —1, —2), M, (1, 1, —2) and M, (—1, 3, 0).

1102. Given the two spheres

(x—my)? +(y—ny)?+(2—p,)* =R},

(x_mz)2+(.’/_nz)z‘}"(z_pz)z:R:v
which intersect in a circle lying in a plane t. Prove that
an equation of the form
a[(X-m1)2+(y_n1)2‘*‘(Z_pl)z—Rf]+

+6[(x—mz)z‘f‘(y“‘nz)z“l"(Z_pz)z—R:]‘_“0
can be made, by an appropriate choice of the numbers a
and P, to represent the plane t as well as every sphere
passing through the circle of intersection of the given
spheres.

1103. Write the equation of the plane passing through
the curve of intersection of the two spheres

2x% 4 2y? + 222 +3x—2y+2—5=0,
X242+ 22 —x+3y—22+1=0.

1104. Write the equation of the sphere passing through

the origin and through the circle
{ x®*+y2+ 22 =25,
2x—3y +52—5=0.
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1105. Find the equation of the sphere passing through
the circle

{x2+y9+22—2x+3y—62——5=0,
5x4+2y— 2—3=0
and through the point A(2, —1, ).

1106. Find the equatnon of the sphere passing through
the two circles

{x2+z'-’=25, {x’% 22 =16,
y=2, y=3.

1107. Find the equation of the tangent plane to the
sphere x®+ y*+22=49 at the point M, (6, —3, —2).
1108. Prove that the plane

2x—6y+32—49=0
is tangent to the sphere
X242+ 22=49.

Calculate the coordinates of their point of contact.

1109. Find the values of a for which the plane

Xx+y+z=a
is tangent to the sphere
X+ yt4-22=12.

1110. Find the equation of the tangent plane to the
sphere ():—3)2—|-(y—l)2 +(z2+2)*=24 at the point
M (—1, 0).

1111, The point M, (xy, y; 2;) lies on the sphere x*+

- y2+22=r? Write the equation of the tangent plane at

M, to the sphere.
1112. Find the condition that the plane

Ax+By+Cz-+ D=0
should be tangent to the sphere
2 +yt+22=R2
1113. The point M, (xi, y1. 2;) lies on the sphere
(x— )t + (G — B + e — Yy =",
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Write the equation of the tangent plane at M; to the
sphere.
1114. Through the points of intersection of the line

x=3{—5, y=5t—11, z=—4t+9
and the sphere
(-+27+(g— 1)+ (+57=49,

tangent planes are passed to the sphere. Write the
equations of these planes.
1115. Write the equations of the tangent planes to the
sphere
24yt 22=9

which are parallel to the plane
x+2y—2z+ 15=0.
1116. Write the equations of the tangent planes to the

sphere
P (x—3) 4 (y +2)* 4 (2—1)* =25

which are parallel to the plane 4x+3z— 17=0.
1117. Write the equations of the tangent planes to the
sphere
24 y?+22—10x 4+ 2y +262—113=0

which are parallel to the lines
x+5_y—1__2+13 x+7 _y+1 _ 2—8
2

-3 2 3 -2 0 -
1118. Prove that two planes tangent to the sphere
P2+yr+22+2x—6y+42—15=0
can be passed through the line

{8x—-11y—4—8z—30=0,
x—y —22=0;

write the equations of these planes.
1119. Prove that no tangent plane to the sphere

X+yt+22—4x+2y—42+4+4=0
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can be passed through the line

R

1120. Prove that only one tangent plane to the sphere
X4y +22—2x+6y+4224+8=0
can be passed through the line
x=4t+4, y=3t+1, z=t+1;
write the equation of this plane.

§ 45. The Equations of the Plane, Straight
Line and Sphere in Vector Notation

As used below, the symbol M (r) means that r is the radius
vector of the point M.

1121. Find the equation of the plane a which passes
through the point M, (r,) and has n as its normal vector.

Solution *. Let M (r) be an arbitrary point. It lies in the plane

a if, and only if, the vector MM is perpendicular to n. The per-
pendicularity condition for vectors is that their scalar product should

be zero. Hence, MM | n if, and only if,
MM-n=0. (N

Let us express the vector MM in terms of the radii vectors of its
terminal and initial points:

MM =r—r,.

Hence, from (1), we find
(r—ry)n=0. (2)

This is the equation of the plane a in vector notation; it is satis-
fied by the radius vector r of a point M if, and only if, M liesin the
plane a; [r is called the current radius vector of equation (2).]

1122. Prove that the equation rrm+ D=0 represents
a plane perpendicular to the vector n. Write the equation
of this plane in terms of coordinates, if n={A, B, C}.

* Problems 1121 and 1129, whose solutions are given here, are
essential for a correct understanding of the remaining problems of
this section.
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1123. Given a unit vector n° and a number p>0.
Prove that the equation

rn®—p=0

represents a plane perpendicular to the vector n° and that
p is the distance from the origin to the plane. Write the
equation of this plane in terms of coordinates, if the vec-
tor n® maies angles a, B, y with the coordinate axes.

1124. Calculate the distance d from the point M, (ry) to
the plane rn®—p=0. Also, express the distance d in
terms of coordinates, if

ri={xy, y1, 21}, n®={cosa, cosP, cosy}.

1125. Given the two points M, (r,) and M, (r;). Write
the equation of the plane through the point M; and

perpendicular to the vector M{M,. Also, write the equa-
tion of this plane in {erms of coordinates, if

"1={—V1y Y1, Zx},
r2={xzy Yo, 22}-

1126. Write the equation of the plane through the point
M, (ro) and parallel to the vectors a, and a,. Also, write
the equation of this plane in terms of coordinates, if

fo={xo. Yo, Zo}.
aiz{llv my, nl},
az={12, ma, "2}-
1127. Write the equation of the plane through three

points M, (ry), Mz (r:), Ms(r;). Also, write the equation
of this plane in terms of coordinates, if

r1={X1, Y1, Zi}’ r2={x21 Y2 z2}y r3={X3, Ys, 23}.

1128. Write the equation of the plane through the
point M, () and perpendicular to the planes
rn,+D,=0, rn2+D2=0.

Also, write the equation of this plane in terms of coordi-
nates, given that

ro={xo, Yo, 20}, n,={Ay, B, Cl}| n,={A,, B,, Cz}-
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1129. Prove that the equation
[(r—ro)a]=0

represents the straight line through the point M, (ry) and
parallel to the vector a, i. e., that this equation is satis-
fied by the radius vector » of a point M (r) if, and only if,
M lies on the indicaled straight line.

Proof. Consider an arbitrary point A (r). Let r satisfy the
given equation; by the rule for subtraction of vectors, r—r,=
= MyM; since [(r—r,)a)==0, it follows that [M,\ a]=0; hence,
the vector M M is collinear with the vector a. This means that the
poirt M actually lies on the straight line which passes through M,
in the direction of the vector a. Conversely, let M lie on this line.
Then MM is collinear with a. It follows that [ M M a]=0; but
MM =r—r,; hence [(r—ry) a]=0. Thus, the given equation is sa-
tisfied by the radius vector r of a point M if, and only it, M lies
on the indicated straight line (r is called the current radius vector
of the equation).

1130. Prove that the equation
[ral=m

represents a straight line parallel to the vector a.
1131. Prove that the parametric equation

r=ry | at,

where ¢ is a variable parameter, represents a straight line
passing through the point M, (ro) (i. e., as ¢ varies, the
point M (r) moves along this line). Wrile the canonical
equations of the line in terms of coordinates, if

ro={xo0, Yo. 20}, a={l, m, n}.

1132. A straight line passes through two points M, (ry)
and M,(r,). Write its equations in the form indicated in
Problems 1129, 1130, 1131.

1133. Write the equation of the plane through the
point M, (r,) and perpendicular to the line r=r,+ at.
Also, write the equation of this plane in terms of coordi-
nates, given that

r1={x1, Yy, Zl}y a:{l. m, n}.
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1134. Write the equation of the plane through the
point M, (7o) and parallel to the lines [ra,]=m,, [ra.]=m,.

1135. Write the equation of the plane through the
point M, (ro) and perpendicular to the planes

rn,+D1=0. r'n2+D2=0.

1136. A straight line passes through the point M, (ro)
and is perpendicular to the plane rrn4D=0. Write its
equation in parametric form. Also, write its canonical
equations in terms of coordinates, if

ro={xo, Yo, 20}, n={A, B, C}.

1137. A straight line passes through the point M, (7o)
and is parallel to the planes rny+D;=0, rn,+ D,=0.
Write its equation in parametric form. Also, write itsca-
nonical equations in terms of ccordinates, if

ro={xo, Yo, 2o}, ni={A,, B,, Ci}, ny={A,, B, C}.
1138. Find the condition for the line r=ry,+ at to lie

in the plane rn-+ D=0. Also, write this condition in
terms of coordinates, if

ro={xo. Yo. 20}, a={l, m, n}, n={A, B, C}.
1139. Find the equation of the plane passing through
the line r=ro+a,! and parallel to the line
[ras)=m.
1140. Find the condition for the two lines
r=r;+a;t and r=ry;+ a,t

to lie in the same plane.

1141. Find the radius vector of the point of intersec-
tion of the line r=r,+at and the plane rn+D=0.
Calculate the coordinates x, y, z of the point of intersec-
tion, given that

ro={xo, Yo, 20}, a=1{l, m, n}, n={A, B, C}.

1142. Find the radius vector of the projection of M, (r)
on the plane rrn+D=0. Calculate the coordinates x, y, 2z
of this projection, if

ri={x, y1, 2}, n={A, B, C}.
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1143. Find the radius vector of the projection of the
point M, (r;) on the line r=ry,+at. Calculate the coor-
dinates x, y, z of this projection, if

ri={xy, Yy, 21}, ro={xo, Yo, 20}, a={,, m, n}.

1144. Calculate the distance d of the point M, (r,) from
the line r==r,+ at. Also, express the distance d in terms
of coordinates, if

r={x, vy, 2}, r,={x, vy, 2}, a={, m, n}
1145. Calculate the shortest distance d between the two

skew lines
r=r,+at and r=r,+a,.

Also, express this distance d in lerms of coordinates, if

rnz{xv Yy Z|}, r2={xz, Y, 22},
alz{l m, n,}, azz{lz’ m,, nz}'

1146. Prove that the equation
(r—r)*=R?

represents a sphere with centre C(r,) and with radius
equal to R (i. e., that this equation is satisfied by the
radius vector r of a point M if, and only if, M lies on
the indicated sphere).
1147. Find the radii vectors of the points of intersec-

tion of the line

r=at
and the sphere

r:=R:2.

Calculate the coordinates of these points of intersection,
given that

a={l, m, n}.

1148. Find the radii vectors of the points of intersec-
tion of the line
r=r,--at

and the sphere

(r—r,)* = R
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Calculate the coordinates of these points of intersection,
given that
ro={xo’ yo’ Zo}’ a={l’ m, n}'

1149. The point M, (r,) lies on the sphere
(r—r,)?=R:2.

Find the equation of the tangent plane at M, to the
sphere.

1150. Write the equation of the sphere which has its
centre at C(r,) and is tangent to the plane rn+ D=0.
Also, write the equation of this sphere in terms of coor-
dinates, given that

r={x, ¥, 2}, n=(A, B, C}.
1151. Write the equations of the planes which touch
the sphere
r2 — RZ
and are parallel to the plane
rn+D=0.

Also, write the equations of these tangent planes in ferms
of coordinates, if

n={A, B, C}.
1152. Through the points of intersection of the line
r=r,+at
and the sphere
(r—r,)*=R?,

tangent planes are drawn to the sphere. Write the equa-
tions of these planes. Also, write their equations in terms
of coordinates, given that

f'°={x°, Yo Zo}, a={l, m, n}.

§ 46. Quadric Surfaces

The ellipsoid is defined as the surface represented, in a rectan-
gular cartesian coordinate system, by the equation

2 2 2
athita=1 (1)
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Equation (1) is called the canonical equation of an ellipsoid.
The quantities a, b, ¢ are the semi-axes of an ellipsoid (see Fig. 47).
If the semi-axes are all of a different length, the ellipsoid is reler-
red to as triaxial; if any two of them are equal, the ellipsoid is
a surface of revolution. For example, when a=»5, 0z will be the
axis of revolution. When a=b < ¢, the ellipsoid is called a prolate

Fig. 47.

ellipsoid of revolution; when a=b> ¢, it is called an oblate ellips.
oid of revolution. In the case a=b=c, the ellipsoid is a sphere.
The hyperboloids are defined as the surfaces represented, in
a rectangular cartesian coordinate system, by the equations
x? oy 22
atpa=h @

X2 oy 22
atp—a=—" ®)

The hyperboloid represented by equation (2) is referred to as
a hyperboloid of one sheet (Fig. 48), and that represented by equa-
tion (3), as a hyperboloid of two sheets (Fig. 49); equations (2) and
(3) are said to be the canonical equations of the respective hyper-
boloids. The quantities a, b, ¢ are called the semi-axes of a hyper-
boloid. Fig. 48 shows the semi-axes a and b of the hyperboloid of
one sheet represented by equation (2). In the case of the hyperbo-
loid of two sheets represented by equation (3), one of the semi-axes
(namely, ¢) is shown in Fig. 49. When a=¥b, the hyperboloids rep-
resented by equations (2) and (3) are surfaces of revolution.

The paraboloids are the surfaces represented, in some rectan-
gular cartesian coordinate system, by the equations

2 2

% z—= 2, (4)
2 2

¥V o, (5)



Fig. 49.

Fig 48.

Fig. 51.
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where p and ¢ are positive numbers (called the parameters of a pa-
raboloid). The paraboloid represented by equation (4) is referred to
as an elliptic paraboloid (Fig. 50), and that represented by equation
(5), as a hyperbolic paraboloid (Fig. 51). Equations (4) and (5) are
said to be the canonical equations of the respective paraboloids.
In the case p=g, the paraboloid represented by equation (4)is a sur-
face of revolution (about 0z).

Let us now consider the transformation of space referred to as
uniform compression (or uniform elongation).

M

oy

fig. 52.

Take any plane and denote it by the letter a; also, choose some
positive number g. Let M be an arbitrary point (in space) not lying
in the plane a, and M, the foot of the perpendicular dropped from
the point M onto the plane a. Next, move the point M along the
line MM, to a new position M’ such that the condition

MM’ =q-MM

will be satisfied and the point M will remain on the same side of
the plane a as before the motion (Fig. 52). Let all points in space
not lying in the plane a be subjected to this procedure; let the points
situated in the plane o remain in their original positions. Thus, all
points in space (except those lying in the plane @) will undergo a
shift such that the distance of each point from the plane a will
change to g times its former value. This motion of points in space
is referred to as a uniform compression of space towards the plane a;
the number g is called the coefficient of compression.

Let there be given a surface F; under a uniform compression of
space, the points of which F is made up will move to new positions
so as to make up a surface F'. We shall agree to say that the sur-
face F' has been obtained from F by a uniform compression of space.
Many quadric surfaces (in fact, all except the hyperbolic paraboloid)
can be obtained from surfaces of revolution by uniform compressions.

Example. Prove that an arbitrary triaxial ellipsoid,
X2 4y 2
atpta=l
can be obtained from the sphere

x4y 22=aq?
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by two consecutive uniform compressions of space towards the coor-
dinate planes: towards the plane Oxy with coefficient of compression

q1=%, and towards the plane Oxz with coefficient of compression

b
42=Z .

Proof. Let us perform a uniform compression of space towards the
plane Oxy (with coefficient of compression q1=% , and let this

compression carry a point M (x, y, z2) into M’ (x’, y’, 2’). Let us
express the coordinates x’, y’, 2z’ of the point M’ in terms of the
coordinates x, y, z of M. Since the line MM’ is perpendicular to
the plane Oxy, it follows that x’=x, y’=y. On the other hand,
since the distance from the point M’ to the plane Oxy is equal to
the distance from the point M to Oxy miltiplied by the number

g,= % , it follows that z’=%z. We thus obtain the required expres-
sions:
c
X=x, Y=y, ¥=_gz2 (6)
or

’

x=x, y=y’, z=cg z. @)

Suppose that M (x, y, 2) is an arbitrary point of the sphere
24y 22=aq
Replacing x, y, z by their expressions (7), we get

a2
X”+y”+;§ 2'2=a?,

whence x'2 y'?2 2’3
PO

=]

Consequently, the point M’ (x’, y’, 2’) lies on an ellipsoid of revolu-
tion. If we now perform, in an analogous manner, a compression
of space towards the plane Oxz according to the formulas

xl=xﬂ' I=% yl' 2'=2.|
we shall obtain a triaxial ellipsoid, namely, the one whose equation
has been given.

Note also that the hyperboloid of one sheet and the h?'perbolic
paraboloid are ruled surfaces, that is, surfaces made up of straight
lines; these straight lines are called the rectilinear generators of the
respective surfaces.

The hyperboloid of one sheet

2 oy 22

=1

L P
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has two systems of rectilinear generators, represented by the equations
LA\ y i\ _¥
(F42)=0(48). [=(TrE)=p(-5),
X_Z2\o _4 X I\ y
p(5=7)=e(=3) Da(a-8)==(s).

a ¢
where @ and B are some numbers, not both zero. The hyperbolic
paraboloid

2 2

Y _Y_o

P 9

also has two systems of rectilinear generators, represented by the
equations

A conical surface, or cone, is the surface generated by a moving
straight line (the generator) which passes through a fixed point S and
always intersects a given curve L. The point S is called the vertex
of the cone; the curve L is called its directing curve.

A cylindrical surface, or cylinder, is the surface generated by a
moving straight line (the generator) which has a fixed direction and
always intersects a given curve L (the directing curve).

1153. Show that the plane x—2=0 intersects the
ellipsoid

a2yt 2
Btit7=!

in an ellipse; find the semi-axes and vertices of this ellipse.
1154. Show that the plane z+ 1=0 intersects the hyper-
boloid of one sheet
2oy
2 BTz !
in a hyperbola; find the semi-axes and vertices of the
hyperbola.
1155. Show that the plane y+6=0 intersects the
hyperbolic paraboloid
2 Y6

5 4
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in a parabola; find the parameter and vertex of this
parabola.
1156. Find the equations of the projections (on the coor-
dinate planes) of the section of the elliptic paraboloid
Y4+ 22=x
by the plane
X-+2y—2z=0.
1157. ldentify the curve which is the section of the
ellipsoid
X‘.! y2 22
ptit+z=I
by the plane
2x—3y+4z—11=0,
and find the centre of the curve.
1158. Identify the curve which is the section of the
hyperbolic paraboloid

x? 22
27374
by the plane
3x—3y +42+2=0,

and find the centre of the curve.
1159. In each of the following, identify the curve rep-
resented by the given equation and find its centre:

Xt oyt

N [ 3-{-3_22.
{ 3x—y-62—14 =0;

X2yt
2) {7—3——22,

x—2y +2=0;

Xy 2
&[T+§-%=L

9x —6y +22—28 =0.

1160. Find the values of m for which the plane
x4+ mz—1=0 intersects the hyperboloid of two sheets

X2+y2—22=—1

1) in an ellipse, 2) in a hyperbola.



§ 46. Quadric Surfaces 221

1161. Find the values of m for which the plane
x+my—2=0 intersects the elliptic paraboloid
Xz 22
g‘f'j:y
1) in an ellipse; 2) in a parabola.
1162. Prove that the elliptic paraboloid
x2 2‘.’.
gTT=%
has a point in common with the plane
2x—2y—2—10=0,

and find the coordinates of that point.
1163. Prove that the hyperboloid of two sheets

X2 y: 22

3t =1
has a point in common with the plane

5,v+2z+5=9.

and find the coordinates of that point.
1164. Prove that the ellipsoid

2 2 2
Srhs -
has a point in common with the plane
4x—3y + 122—54 =0,
and find the coordinates of that point.
1165. Determine the value of m for which the plane
x—2y—22+m=0
is tangent to the ellipsoid
2
mtsts =1l

1166. Write the equation of the plane which is perpen-
dicular to the vector n={2, —1, —2} and touches the
elliptic paraboloid

+~”§=22.
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1167. Find the equations of the tangent planes to the

ellipsoid
4x2 4 16y2 + 82% == ]

which are parallel to the plane
x—2y+2z2+417=0;

calculate the distance between these tangent planes.
1168. Find the equation of the surface into which the
sphere
x4 y*4+22=25

is transformed by a uniform compression of space towards
. _ . . 3
the plane Oyz, if the coefficient of compression is equal to 5 -

1169. Find the equation of the surface into which the
ellipsoid

Xty 2
aateti=!

is transformed by three consecutive uniform compressions

of space towards the coordinate planes Oxy, Oxz, and Oyz,
if the respective coefficients of compression are T % and —'2— .

1170. Determine the coefficients ¢, and ¢, of two con-
secutive uniform compressions of space towards the coor-

dinate planes Oxy, Oxz, which transform the sphere

x2+y2+22=25
into the ellipsoid

x2 oy 2
ptetT=1
1171. Find the equation of the surface generated by
revolving the ellipse
y2 22
[ﬁ+ﬁ=h

x=0
about the axis Oy.

Solution*. Let M (x, y, z) be an- arbitrary point in space, and
let C denote the foot of the perpendicular dropped from the point M

* Problem 1171 is solved here as a typical one,
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to the axis Oy (Fig. 53). By revolving this perpendicular about the
axis Oy, the point M can be moved to the plane Oyz; in this posi-
tion, we shall denote it by N (0, Y, Z). Since CM=CN and

CM=Vx2+2%, CN=|Z|, it follows that
[Z]|=V 2 +22. (1)
Y=y. 2)

The point M lies on the required surface of revolution if, and only

It is also evident that

if, N lies on the given ellipse, that is, if

y: 72
Hence, by (1) and (2), we obtain the equation for the coordinates
of the point M:
2 2 2
Yy x4z =1 4)

b? c?

From the foregoing, it is clear that this equation is satisfied if,
and only if, the point M lies on the required surface of revolution.
Consequently, equation (4) is the desired equation of this surface.

1172. Find the equation of the surface generated by
revolving the ellipse

2 2
S+t
z2=0
about the axis Ox.
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1173. Find the equation of the surface generated by
revolving the hyperbola

2 2
(5-5-1
i y=0

about the axis Oz.
1174. Prove that the triaxial ellipsoid represented by
the equation '

xZ y2 ZZ
atmta=]

can be obtained by revolving the ellipse

x2 y2
ate=1
z=0

about the axis Ox and by a subsequent uniform compres-
sion of space towards the plane Oxy.

1175. Prove that the hyperboloid of one sheet repre-
sented by the equation
P 2 1

o

LT

can be obtained by revolving the hyperbola

x? 22
a—a=1
i y=0

about the axis Oz and by a subsequent uniform compres-
sion of space towards the plane Oxz.
1176. Prove that the hyperboloid of two sheets repre-
sented by the equation
2y 2 1

a? b c?

can be obtained by revolving the hyperbola

22 x2
g a1l
y=0
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about the axis Oz and by a subsequent uniform compres-
sion of space towards the plane Oxz.
1177. Prove that the elliptic paraboloid represented by
the equation
al y—2=2z
P9
can be obtained by revolving the parabola

| x*=2pz,

| y=0
about the axis Oz and by a subsequent uniform compres-
sion of space towards the plane Oxz.

1178. Find the equation of the surface generated by a
parabola which moves so that the plane oi the parabola
is always perpendicular to the axis Oy, the axis of the
parabola does not change its direction, and the vertex of
the parabola slides along another parabola, represented by

the equations
y2 = —qu’
x=0.

The moving parabola is represented, in one of its posi-
tions, by the equations

| x*=2pe,
1 y=0.

1179. Prove that the equation
z=uxy

represents a hyperbolic paraboloid.
1180. In each of the following, find the points of inter-
section of the surface and the straight line:

b g+{3/_<25+z§2=1 and "_gfzy_;-ﬁ‘izzjg;
2 %g+£§—i,;=l and %2%322—:2;
3 %2 ygz=z and ";":yt—%:z_;;;

4) %2_%2=z and %=5_/:—72 112'-1
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1181. Prove that the plane
2x—12y—2z+16=0
intersects the hyperbolic paraboloid
x2—4y* =22

in its rectilinear generators. Write the equations of these
rectilinear generators.
1182. Prove~that the plane

4x—5y—10z2—20=0

intersects the hyperboloid of one sheet

X oyt 22

BT 7

in its rectilinear generators. Write the equations of these
rectilinear generators.

1183. Show that the point M(l, 3, —1) lies on the
hyperbolic paraboloid

=1

4x* —22=y

and write the equations of its rectilinear generators pas-
ing through M.

1184. Write the equations of those rectilinear generators
of the hyperboloid of one sheet

Xyt A
Tt 1=

which are parallel to the plane
6x+4y+32—17=0.

1185. Show that the point A(—2, 0, 1) lies on the
hyperbolic paraboloid

and determine the acute angle formed by its rectilinear
generators passing through A.

1186. Write the equation of the cone whose vertex is
at the origin and whose directing curve is given by the
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equations:
Xy Y 2 {f i _
l) {(‘?—*"Z—z"‘l’ 2) {P'l‘;“l’ 3) b.{+ C':—],
z2=c; y=2=b; x=a
1187. Prove that the equation
2=xy

represents a cone with vertex at the origin.

1188. Find the equation of the cone whose vertex is at
the origin and whose directing curve is given by the
equations

[ x*—2241=0,
| y—z+1=0.

1189. Find the equation of the cone whose vertex is al
the point (0, 0, ¢) and whose directing curve is given by
the equations

[ Z+5=1,
{a b
[ z2=0.

1190. Find the equation of the cone whose vertex is at
the point (3. —1, —2) and whose directing curve is given
by the equations

{ x2 +y2—z2=1,
x—y+2z=0.

1191. The axis Oz is the axis of a circular cone with
vertex at the origin; the point M, (3, —4, 7) lies on this
cone. Write the equation of the cone.

1192. The axis Oy is the axis of a circular cone with
vertex at the origin; the elements of this cone make an
angle of 60° with the axis Oy. Write the equation of the cone.

1193. The straight line

x—2 y+1 241
2 T =27 —1

is the axis of a circular cone whose vertex lies in the
plane Oyz, the. point Ml(l,'l. ——5—> lies on this cone.

2
Write the equation of the cone.
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1194. Write the equation of a circular cone which has
the coordinate axes as its elements.

1195. Write the equation of the cone whose vertex is
at the point S(5, 0, 0) and whose elements are tangent
to the sphere

x4+ y?422=09.

1196. Write the equation of the cone whose vertex is
at the origin and whose elements are tangent to the sphere

(x+2)224+(y—1D2+(2—3)2=9

1197. Write the equation of the cone whose vertex is
at S(3, 0, —1) and whose elements are tangent to the
ellipsoid

X2y 22

gtz tz=1L

1198. Find the equation of the cylinder whose elements
are parallel to the vector I={2, —3, 4} and whose direct-
ing curve is represented by the equations

x2 '*'!/2:9»
z=1.

1199. Find the equation of the cylinder whose directing
curve is represented by the equations

Xt —yt=z,
x+y+2=0

and whose elements are perpendicular to the plane of the
directing curve.
1200. A cylinder with elements perpendicular to the

x+y—2z—-5=0
plane is circumscribed about the sphere
R4yt =1

Find the equation of this cylinder.
1201. A cylinder with elements parallel to the line

x=2—3, y=—t+7, 2=—2+5
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is circumscribed about the sphere
24y +22—2x+4y+22—3=0.

Find the equation of this cylinder.

1202. Find the equation of the circular cylinder which
passes through the point S(2, —1, 1) and has as its axis
the line

x=3t+1, y=—2t—-2, z=t+2.

1203. Find the equation of the cylinder circumscribed
about the two spheres

(k=22 +(y—1)2+22=25 x*+y*+22=25



APPENDIX

THE ELEMENTS OF THE THEORY OF DETERMINANTS

§ 1. Determinants of the Second Order and Systems of
Two Equations of the First Degree in Two Unknowns

Consider a square array of four numbers a,, a,, b,, b,:
b
(al l) . (1)
a, b,
The number a,b,—a,b, is referred to as the determinant of the sec-
ond order associated with the array (1). This determinant is deno-

b
ted by the symbol % % ; accordingly,
a, 0,
a b
a: b; =a,b,—a,b,. 2

The numbers a,, a,, b,, b, are called the elements of the determi-
nant. The elements a,, b, are said to lie on the principal diagonal
of the determinant, and the elements a,, b,, on the secondary diago-
nal. Thus, a determinant of the second order is equal to the product
of the elements on the principal diagonal minus the product of the
elements on the secondary diagonal.

For example,

—3 2}_—._3.4_(—1)-2=—10.
—1 4
Consider the system of two equations
{ ax+by=h, 3)-
azx‘*‘bzy:hl

in two unknowns x, y. (The coefficients a,, b,, a,, b, and the con-
stant terms h,, h, are assumed to be known.) Let us introduce the
notation

h, b,
h! bz

The determinant A formed from the coefficients of the unknowns of
the system (3) is called the determinant of the system. The determi-

a, b, a, hy

a, b,

A=

S “)

a, hy|’
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nant A, is obtained by replacing the elements of the first column
of A by the constant terms of the system (3); the determinant A,
is obtained from A by replacing the elements of the second column

by the constant terms of the system (3).
If A#0, the system (3) has a unique solution, which is deter-

mined by the formulas

y
x=—, y=7% - (5)
If A=0, but at least one of the determinants A,, A, is different
from zero, the system (3) has no solution at all (and the equations
of the system are said to be inconsistent).
Finally, if A=0 and also A,=A,=0, the system (3) has infi-
nitely many solutions (in this case,” one equation of the system is

a consequence of the other).
Let i, =h,=0 in equations (3); then the system (3) will be of

the form
{ a,x+b,y=0, (6)
a,x+ b,y=0.

A system of equations which has the form (6) is called a homo-
geneous system; such a system always possesses the zero solution
x=0, y=0. If A#0, this solution is unique; but if A=0, the
system (6) has, in addition, an infinite number of solutions other
than the zero solution.

1204. Evaluate the determinants:

)| —1 4‘~2) 3 —4| 3)’3 6'.
—5 2|’ 1 2|’ 5 10|
4) l 3 16 ‘ 5 la 1 6) | 1 1]
5 10|’ at al’ x, x|’
Y|a+1 b—c 8) | cosa—sina

sina cosa

a*4+a ab—ac

1205. Solve the equations:

1 _

)|2 x—4 _o; 2) |1 4 _o;
1 4 3x x-22

3| x x-+1 o Y 3x —1| 3,
—4 x+1| x 2%—3| 2’
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5) | x+1 —5’_0‘ 6)|¥—4 —1|_
1 x—1 ’ x—2 x+2|

7) | 4sinx 1 _0 8) | cos8x —sinbx _
1 cos x ' sin 8x cos 5x

1206. Solve the inequalities:

1) 3x—3 2 2
) | 3x 0: Y| 1 x+5 <0
1 2 X
3) | 2x—2 1 4| x 3
7y 9 I>5. 4 oy < 14.

1207. In each of the following, find all solutions of the
given system of equations:

1){ 3x—5y =13, 2){ 3y—4x=1, 3) [ 2x—3y=6,

2x 4 Ty =81, 3x+4y=18; \ 4x—6y=5;
4) ( x—yV3=1, 5) [ ax+by=c,
{ xV3—=3y=V3; | bx—ay=d;
6) ( xV5—5y=V'5,
{ x—yV5=>5.
1208. Determine the values of a and & for which the
system
{ 3x—ay=1,
6x +4y=>b

1) has a unique solution;

2) has no solutions;

3) has infinitely many solutions.

1209. Determine the value of a for which the homo-

geneous system
{ 13x +2y =0,
S5x +ay=0
has a non-zero solution.
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§ 2. A Homogeneous System of Two Equations
of the First Degree in Three Unknowns

Consider a system of two homogeneous equations,
ax+by-tcz=:0,
a,x +b,y+c,z2=0,

)

in three unknowns x, y, z. Let us introduce the notation

A = b, ¢ a, ¢ a, b,

’ 2~

, 37

b, c, a, c, a, b,

If at least one of the determinants \,, \,, A, is different from zero,
all solutions of the system (1) will be determined by the foringlas

x=M1t, y—=—27N4, z=1J4,t,

where ¢ is an arbitrary number; each separate solution will be ob-
tained by assigning some definite value to f.

For practical calculations, it will be helpful to observe, that
the determinants A,, A,, A, are obtained by striking out, in turn,
each column of the array

(al b, C,)

a, b, ¢,/

If the three determinants A,, A,, A; are all equal to zero, then the
coefficients of the equations of the system (1) are all in proportion.
In this case, one equation of the system is a consequence of the
other, and the system reduces in fact to a single equation. Such
a system naturally has an infinite number of solutions; to obtain

one of these, it is necessary to assign arbitrary values to two
unknowns and find the third unknown from the equation.

1210. In each of the following, find all solutions of the
given system of equations:

1) [ 3x—2y+52=0,  2) [ 3x—2y+ z=0,
{ x+2y—3z2=0; \ 6x—4y +32=0;
3) f x—3y+ z=0, 4) ( 3x—2y+ 2=0,
\2x—9y+3z=0; { x+2y— 2=0;
5) { 3x—2y+ 2=0, 6) | 2x— y—22=0,

x4 2y—3z2=0; \ x—5y+2z2=0;
7){ x+42y— z=0, 8) | 3x—5y+ 2=0,
3x—5y+22=0; | x+2y— 2=0;

8 —2250¢



234 Appendix. The Elements of the Theory of Determinants

9) | x+3y— z2=0, 10) fax+ y+ 2=0,
| 5x—3y+ 2=0; | x— y+az=0;
11) [ ax+2y— z=0, 12) x—3y +az=0,
] 2x +by—3z2=0; { bx+6y— z=0.

§ 3. Determinants of the Third Order

Consider a square array of nine numbers, a,, a,, a,, b,, b,, b,
€y, Cyy Cy
a, b ¢

a, b, ¢ |. (1
. \as by ¢

The determinant of the third order associated with the array (1)
is the number denoted by the symbol

a, b ¢

a, b, c,

ay, by ¢
and determined by the relation

a, b, ¢

a, b, ¢, |=abycs+b,c,ay+c,a,bs—c,b,a3—b,a,c;—a,c,bs.  (2)

ay by ¢
The numbers a,, a,, ay, b,, b,, bs, ¢,, ¢5, ¢, are called the elements
of the determinant. The diagonal containing the elements a,, b,, c;
is called the principal diagonal of the determinant; the elements a,,

b,, ¢, form the secondary diagonal. For practical computations, it
will be helpful to note that the first three terms in the right-hand

a b G a,. b, G
. NL.. . ‘e ‘e. 2 , .
N ) A S L \ Rd
.- Y\ N L« /‘{

'.‘ 4 .. \‘ 4 .- ..-
aG /S e, o, a. . b N\
-’I, N .- St . \.°
VR PRALN AL i
ST PR GRAN
PPy \.\ /. RN \
a; b, o a; b ~/

member of (2) are the products of the elements taken three at a time
as shown by the various dashed and dotted lines in the left-hand
diagram below. The remaining three terms of the right-hand member
of (2) are obtained by multiplying the elements three at a time as
shown by the various lines in the right-hand diagram, and then
changing the sign of each resulting product.
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In Problems 1211-1216, evaluate the given determi-
nants of the third order.

1211. 3 —2 1 1212. |1 2 0
—2 1 3. 0 1 3.
2 0 —2 5 0 —I1
1213. | 2 0 5 1214. 2 —1 3
l 3 16 —2 3 2
0 —1 10 0 2 5
1215. | 2 1 0 1216. |0 a a
1 0 3. a 0 a
0 5 —I a a O

§ 4. Properties of Determinants

Property 1. The value of a determinant is unchanged if all its
columns are changed into rows so that each row is replaced by the
like-numbered column; that is,

a, b, ¢ a, a, a,
a, b, ¢, |=|0b, b, b
a, by ¢ ¢ € €

Property 2. The interchange of two columns or two rows of
a determinant is equivalent to multiplying the determinant by —I.
For example,

a, b, ¢ a ¢ b
a, b, ¢, |=—|a, ¢, b,
a, by ¢, as ¢y b,

Property 3. 1f a determinant has two identical columns or two
identical rows, the value of the determinant is zero.

Property 4. Multiplying all elements of a column or row by any
one number k is equivalent to multiplying the determinant by this
number k. For example,

ka, b, ¢, a, by ¢
ka, b, ¢, |=k|a, b, c,
ka, by ¢, a, by, ¢,
Property 5. 1f all elements of a column or row are zero, the

determinant is zero. This property constitutes a special case (in
which k=0) of the preceding property.

8-0
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Property 6. 1f the corresponding elements of two columns or two
rows of a determinant are proportional, the determinant is zero.

Property 7. 1f each element in the nth column (or the nth row)
of a determinant is the sum of two terms, the determinant may be
expressed as the sum of two determinants, of which one has in its
nth column (or row) the first of the above-mentioned terms, while
the other determinant has the second terms; the elements of the
remaining columns (or rows) are the same for all the three determi-
nants. For example,

. ” ’ ”
a a, b ¢

1+l 1 1 a, bl c‘ a, bl cl
a,-ta =

. Fa, b2 c, a, b2 c, +| a, b2 c,
a,+ta, b

5 +d, s a, bs c, a; b,

Property 8. If to the elements of a column (or row) of a deter-
minant are added the corresponding elements of another column (or
row), multiplied by any one number, the value of the determinant
remains unchanged. For instance,

a,+ kb, b c a, b, ¢
a,+kb, b, c,|=|a, b, ¢
as+kby by ¢y a, by ¢

Further properties of determinants ‘are connected with the concept
of cofactors and minors. The determinant obtained from a given
determinant by striking out the row and the column, in the inter-
section of which a particular element lies, is called the minor of
that element.

The cofactor of any element of a determinant is equal -to the
minor of that element taken with its sign unchanged if the sum of
the position numbers of the row and column in which the element
lies is even, or taken with opposite sign if this sum is odd.

We shall denote the cofactor of an element by the capital letter
and subscript corresponding to the letter and subscript of the
element.

Property 9. The determinant

|a b
A=|a, b, c,
a; b, ¢
is equal to the sum of the products of the elements in any column

(or row) by their cofactors. In other words, we have the following
relations:

A=a,A,+a,A, +a,A,, A=a,A,+b,B,+¢,C,,
AA-——‘b;Bl + b,B, + byB,, A=a,A,+b,B,+¢,C,,
A=¢,C,+c,C,+c,Cy, A=ayAy+ byB, -+ ¢,Cy.
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In each of Problems 1217-1222, prove the validity of
the given relation without expanding the determinants.

1217. 3 2 1 3 2 7
—2 3 2|=|—2 3 —2
4 5 3 4 5 11
Hint. Use the property 8.
1218. 1 —2 3 1 0 0
—2 1 —-5|=| -2 —3 1
3 2 7 3 8 —2
Hint. Use the property 8.
1219. | qa, b, (o
a, b, Cs =0.

a,+aa, b, +ab, c, -oc,
Hint. Use the properties 7, 3, 6
1220. | Bb, +yc, b, ¢,
Bb, +yc, b, ¢, |=0.
Pos +vycs by ¢y
Hint. Use the properties 7 and 6.
1221. | sin?a cos*a cos 2
sin?f cos?f cos2p |=0.
sin?y cos?y cos2y
1222. | 0 —a —b
a 0 —c|=0.
b c 0
In Problems 1223-1227, evaluate the determinants by
using the property 9 alone.
1223. 1 1 —1 1224. 1 17 —7
1 —1 1. —1 13 1
—1 1 1 | 17 1
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1225. | 2 0 5 1226. l 2 4
1 3 16 |. —2 1 3.
0 —1 10 3 —4 2

1227. |1 1 1

X Yy z

x2 y2 22

1228. By applying the property 8, transform the deter-
minants given in Problems 1223-1227 so as to obtain
two zero elements in some column (or row) of each deter-
minant, and then evaluate the determinanis by using the
property 9.

In each of Problems 1229-1232, evaluate the given de-
terminant.

1230. 0 sina cota

1229. |0 a b
a 0 a sina 0 sina
b a O cota sina 0
1231 |x y =z 1232. |a b ¢
xt g2 2. c a b|.
3oy 2 b ¢ a

1233. Prove the validity of the relations:
I)|1 sina sin?a
I sinf sin?f |=
1 siny sin%?y
= (sin a— sin B) (sin B — sin y) (sin y— sin a);
2) I : l sin (& —B) sin (B—1) sin (y—a)
tane tanp tany = cos? a cos? B cos® y )
tan?a tan?p tan®y

1234. Solve the equations:
1] 1 3 X 2) 3 x —4

4 5 —1|=0; 2 —1 3(=0.
2 —1 5 x+10 1 1
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1235. Solve the inequalities:

| 3 —2 1 2912 x+2 —1‘
1 x —2 <1, |1 1 ~2}>0'
—1 2 —1 5 —3 x|

§ 5. Solution and Analysis of a System of Three
First-degree Equations in Three Unknowns

Consider the system of three equations
ax-+by-+cz=h,
a,x+by+c,z=h,, (N
\ agx+byy+csz=hy
in the unknowns x, y, 2. (The coefficients a,, b,, ..., ¢y and the

constant terins h,, h,, hy are assumed to be known.) Let us use the
notation

a, b, ¢ hy by ¢ a, hy ¢
A=l|a, b, ¢, |, Ae=|hy b, ¢;|, d,=|a h ¢ |,
ay by ¢ hy by ¢ ag hy ¢

a, b, h
A,=|a, b, h,|.
a, by h,

The determinant A formed from the coefficients of the unknowns
of the system (1) is called the determinant of the system.

It will be helpful to note that the determinants A,, A, and A,
are obtained from A by replacing its first, second, and third column,
respectively, by the column of the constant terms of the given
system.

If A#0, the system (1) has a unique solution, which is deter-
mined by the formulas

A, A A,

Ox o
A Y=ar T

X =

Suppose now that the determinant of the system is zero: A=0.
If A=0, but at least one of the determinants A,, A, A, is differ-
ent from zero, the system (1) has no solution. If ’A=0 and also
A,=0, A,=0, A,=0, the system (1) may, as before, have no solu-
tion at afyl; but if, under these conditions, the system (1) has at least
one solution, then the system has an infinite number of different
solutions.
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A homogeneous system of three first-degree equations in three
unknowns is a system of the form

( ax+by+cz=0.
{ a,x+ b,y +c,2=0, 2
\ ayx +byy+cyz=0

that is, a system of equations whose constant terms are all equal to
zero. Obvnously such a system always possesses the solution x=0,
y=0, z=0, which is called the zero solution. If A # 0, this solu-
tion is unique. But if A =0, the homogeneous system (2) has an
infinite number of non-zero solutions.

In each of Problems 1236-1243, show that the given
system of equations has a unique solution, and find this
solution.

1236. Jx+y—z_36 1237. x+2y4 z=4,
x+z—y=13, 3x—5by+3z=1,
ly+z—x— 7. 2x +7y— z=8.
1238. ( 2x—4y +92=28, 1239. ( 2x+ y= 5§,
7x +3y—6z=—1, x+32=16,
{7x—{—9y 9z=>5. iSy— z=10.
1240. X+ y+2z=236, 1241. 7x+ 2y +32=15,
{ 2x—3z2=—17, 5x— 3y+2z=15,
6x—52=7 10x — 11y 4 5z = 36.
1242, ( x+y tz=a, 1243. { x—y+2=a,
{ X—y+2=Db, {x+y—z=b,
x4y—z=c. y+z—x=ec.

1244. Find all solutions of the system
[ x+2y—4z=1,
2%+ y—5z=—1,
1 X— y— z2=—2.
1245. Find all solutions of the system
26— Y+ z=-—2,
{ x+2y+3z=--1,
x—3y—2z=3.
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1246. Find all solutions of the system

3x— y-+-2z=35,
2¢— y— z=2,
l4x—2y—22=—3.

1247. Determine the values of a and b for which the
system

’ 3x—2y+ z=0b,
5x—8y +9z=3,
] 2x+ y+az=—1

1) has a unique solution;
2) has no solutions;
3) has infinitely many solutions.

1248. Prove that, if the system
alx-i‘bly:Cl'
a,x 4 b,y =cy,
azx 4 byy=cs
is consistent, then

a b, ¢
a, b, ¢, |=0
ag by ¢

1249. Find all solutions of the system

x+2y'+‘ Z=O,
2x— y+3z=0.

1250. Find all solutions of the system

x— y— z=0,
x+4y+2z2=0,
3x+7y+3z=0.
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of Determinants

1251. Determine the value of a for
geneous system

3x— 2y+ 2z=0,
ax—14y+4152=0,
x+ 2y— 3:=0

has a non-zero solution.

which the homo-

§ 6. Determinants of the Fourth Order

The properties of determinants enumerated in § 4 hold for deter-
minants of any order. In the present section, these properties should
be used in evaluating determinants of the fourth order.

In each of Problems 1252-1260, evaluate the given
determinant of the fourth order.

0 0| 1253.
0 0
-1 0|
3 5
1 0] 1255.
2 —1
2 3
6 1
2 0| 1257.
7 10
4 5|
-3 2
1259.

1252. |—3 O
2 2
1 3
—1 5
1254. | 2 —-1
0 1
3 —1
3 1
1256. 8 7
—8 2
4 4
0 4
1258. |a b c d
badc
cdab|

dcba

2 —1 3 4
0—1 5 -3
0 0 5 —3
0 0 0 2
2 33 4
2 1 —1 2
6 2 1 0
2 3 0-5
Obcd
b0dc
cdob|’
dcb0
abcecd
dabc
cdabd
bcda
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1260. | 0 —a —b —d
a 0 —c —e
b ¢ 0 0
d e 0 0

1261. Prove that, if the system
Ax+ B+ Ciz+D, =0,
A+ By+Cyz+D, =0,
A3'\:+ B?y +- C:;Z T D = 0,
Ax+By+Ciz+4-D, =0

is consistent, then

-
-
—

-

W

QDJNWDJ

p Qﬁ rp o
|
o

SR SO N
B,

-
[



ANSWERS AND HINTS

Part One
1. See Fig. 54. 2. Hint. The equation |x|=2 is equivalent
to the two equations x=—2 and x=2; accordingly, we have the
two points A, (—2) and A,(2) (Fig. 55). The equation |x—1[|=3 is
equivalent to the two equations x—1=—3 and x—1=3, whence
we find x=—2 and x=4 and the points B, and B, corresponding
/
—
H ¢ £E 0 D F A B
— g + O O
2 3
S
;1 \Z2
/
4 V5
2

Fig. 54.

to them F(Fig. 55). The remaining examples have analogous. solutions:
3. The points are situated: 1) to the right of the point M, (2);
2) to the left of the point M, (3), including the point M,; 3:); to the

right of the point M, (12); 4) to the left of the point M, 7), in-

5
cluding the point M,; 5) to the right of the point M (-3-). 6) in-

side the segment bounded by the points M, (1) and M, 3): 7 inside
the segment bounded by the points M,(—2) and M, (3), including
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the points M, and M,; 8) inside the secinent bounded by the
points A(l) and B (2); 9) outside the segment bounded by the
points P (—1) and Q (2); 10) outside the segment bounded by the
points A(l) and B (2); Il) inside the segment bounded by the
points P(—1) and Q (2); 12) inside the segment bounded by the
points M (3) and N (3), including the points M and N; 13) outside
the segment bounded by the points Al (3) and N (5); 14) outside the
segment bounded by the poirts P, (—4) and Q,(3); 15) inside the
segiment bounded by the points P,(—4) and Q,(3), including the
points P, and Q,. 4. 1) AB=-8, |AB|=8; 2) AB==—-3, | AR|- 3;
3) AB=4, |AB|=4;4) AB=2; |AB|=2;5) AB=—-2, |AB]| =2;

!

p—

A 0 4 5
OO
5,

Fig. 55.

6) AB=2, |AB|=2 5. 1)—2; 2) 5 3) 1.4) —8 5) —2 and 2;
6) —1 and 5; 7) —6 and 4; 8) —7 and —3. 6. The points are situat-
ed: 1) inside the segment bounded by the points A(—!1) and B (l);
2) outside the segment bounded by the points A(—2) and B(2);
3) inside the segment bounded by the points A(—2) and B (2).
including the points A and B; 4) outside the segment bounded by
the points A (—3) and B (3), including the points A and B; 5) inside
the segment bounded by the points A(—1) and B (5); 6) inside the
segment bounded by the points A(4) and B (6), including the points
A and B; 7) outside the segment bounded by the points A (—1) and
B (3), including the points A and B; 8) outside the segment bounded
by the points A(2) and B (4), including the points A and B;
9) inside the segment bounded by the points A(—4) and B(2);
10) outside the segment bounded by the points A (—3) and B (—1);
11) inside the segment bounded by the points A (—6) and B (—4),
including the points A and B; 12) outside the segment bounded by
the points A (—3) and B (1), including the points A and B. 7. l)l l;

5 ! 10 AB _CB_ 1

AC BC 1, BA__ 3 ,_¢€CA__4
h=gp=—4% h=gp=—7 M=z =7 =TT
0. A= T8 g0 p=NtAe L NTEN g gy

X, —x 14+n 2

_ 1 17 B .l 47 5 3
3) —2; 4) —9, 5 —5. 13 D=2 —7: 7 HT 9 S

6) 0. 14. 1) M(—11); 2) N(13) 15. (5) and (120 18. A(7) and
B(—41). 17. See Fig. 55. 13. A, (2, 0), B,(3, 0), Cx(=5, 0),
D, (=3, 0). E,(--5,0).19. A, (0, 2), B, (0. 1), C, (0, —2), D, (0, D,
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E, (0, —2). 20. 1) (2, =3); 2) (=3, —2); 3) (=1, 1); 4) (=3, 5);
5) (—4, —6); 6) (a, —b). 21.1) (1, 2); 2) (=3, —1); 3) (2, —2);
4) (2, 5); 5) (—3, —5); 6) (—a, b). 22. 1) (—3, —3); 2) (—2,4);
3) (2, —1); 4) (=5, 3); 5) (5, 4); 6) (—a, —b). 23. 1) (3, 2);
2) (—2, 5); 3) (4, —3). 24. 1) (—5, =3); 2) (-3, 4); 3) (2, —T7).
25. 1) The first and third quadrants; 2) the second and fourth quad-

L
y
0 A oA
B
B O |
£ 0 =z D B -
| O 7

L

¢

Fig. 56. Fig. 57.

rants; 3) the first and third quadrants; 4) the second and fourth
quadrants; 5) the first, second, and fourth quadrants; 6) the second,
third, and fourth quadrants 7) the first, third, and fourth quadrants;
8) the first, second, and third quadrants 26. See Flg 57.

27. (3, —1}4—>, (2, %) <3, 1) (1, —2), (5, 1). 28. (1, - n) ,
(5' _%)’ (2 _n> (4 - ")- (3, 1—2). 29.C(‘3,—2—n)

and D(s, __n> (1, ) al. A(S, —-’21)

B(?,%n) 5, ) E@3, 2—n), F(2 a—1).

(
32. M, (3, 0), M,( ) ( —%) M.(5. —r’;)

). m(sg). s d-

=V ¢+ — 20,0, cos (6,—6,). 35. d=7. 3. 9(17—4}3)
square umts 37. 2(134 6 2) square units. 38. 28)'3 square units

39, S—?Q,Q, sin (0, —0,). 40. 5 square units. 41. 3(4 Vi—1

El"“"'"‘ o

Ms (31 ﬂ), M‘(l-
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square units. 42. M, (0, 6), M, (5, 0), M, (V2 V2. M, (5,

—5V'3), M(—4, 4V3), M6V 3, —6). 43. M,(S,%).

n 3 a
M2(3. .TI). /"1,(2, F N 1M4 2, _T:t)‘ .\1,(2, —?

44.1)3; 2) —3; 3)0; 45 5) —5 6)2 47.1) X=1, Y =3;
2) X:-—4. Y=——2, 3) X: N }”»:—7; 4)~X =9, Y:—'3,
48. (3, —1). 49. (=3.2). 52. 1) X =—6, Y =6)3 2) X=3V3,
Y=—3;3) X=V2 Y=—V2 53 5 2) 13; 3) 10.
54, 1)d--2, oz%; 2) d-6, 0. -.—_; 3)d=4, 0:%1.

55. 1) d=Vy2, 6;—%:1; 2) d-=5, 8‘;1rctan%—n;

1
=
3

3) d=13, 0 -—=a—arctan %; 4) d = VQ.M , 0 =—arctan 5.
56. 1) 3; 2) —3. 57. 1) (-9, 3) 2) (-9, —7). 88. 1) (=I5,
—12); 2) (1, —12). 59. —2. so.—“/—;ﬂ. 61. 4. 62. 1) —5;

2)5. 63.1)5 2)10; 3)5 4) V5 5 2V2 6) 13 64 137
square units.  65. 34 square units.  66. 8Y'3 square units. 67. 13,

15. 68. 150 square units. 69. 4V2. 13 I M M Mg is obtuse.
75. L BAC=45°, <J ABC=45°, < ACB=90°. 76. 60°. Hint.
Compute the lengths of the sides of the triangle, and then use the
cosine theorem. 77. M, (6, 0) and M,(—2, 0). 78. M, (0, 28) and
M, (0, —2). 79. P, (1. 0) and P,(6, 0). 80.C,(2, 2), R,=2;
C,(10, 10), R,=10. 81. C,(—3, --5), C,(5, —5). 82. M, (3, 0).
83. B(0, 4) and D(—1, —3). 84. The conditions of the problem
are satisfied by two squares symmetrically situated with respect to
the side AB. The points C,(—5, 0), D,(—2, —4) are the required
vertices of one square; —C,(3, 6), D,(6, 2) are the vertices of the
other. 85. C(3, —2), R==10. 86. (I, —2). 87. Q (4, 6). 88. The
midpoints of the sides AB, BC, AC are (2, —4), (—1, 1), (=2, 2),
respectively. 89. 1) M (1, 3); 2) N(4, —3). 90. (I, =3), 3, 1)
and (—5, 7). 91. D(=3, 1). 92. (5, —3), (I, —5). 93. D, (2, 1),
D,(—2, 9), D,(6, —3). Hint. The fourth vertex of the parallelo-
gram may lie opposite to any one of the given vertices. Hence,
three parallelograms actually satisfy the conditions of the

problem. 94. 13 95. (2, —1) and (3, I). 96. (5 —2) .

5'1
14 - AB
97. 31/2. 9. (=11, —3). 99. 4. 100. A,=Fm=2;
A, =A_C=_3; 5, B4 LT A(3, —1) and B(0, 8).

CB *TACT T3
102. (3, —1). 103. (4, —5). 104. (=9, 0). 105. (0, —3). 106. 1:3,

starting from the point B. 107. (47. l)_ 108. x:XnLJ;z-i- Ys
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y=0tletl e M1, 0, cO 2. m. 6 9

5 . 5 19 19 . mxy+nxg+ pxs
(243 —a =a). 114 x="THTTHTE,
12 (]20, % ) 113. (2] a, 2l0) 114, x min+p

Yy =rn_y,mj—% 115. (4, 2). Hint. The weight of uniform wire
is preportional o its length. 116. 1) 14 square units; 2) 12 square ungts:
3) 26 square units. 117, 5. 118. 20 square units. 119.7.4. 120.x=—717°*
oo t21 x=l7—7, y=3%. 122. (0, —8) or (0, —2)
123. (5, 0) or _'3, 0). 124. (5, 2) or (2, 2. 125.Ci(—T
—3), D,(—6, —4) or C,(17, —3), D, (18, —4). 126. C,(—2 12
D, (—5, 16) or Cz(—Q, D, —5, 13_4 L1271 1) x=x+3
Yy=y'4+4; 2) x=x"—2,

l

y =4

—

3) ' 45

—y'+1; 3) x=x'—3, y=4.t>
128 A(4. —1). B0, —4). C(2 0) 129.)1;‘/140. 0). B(“s',g;:
C(—4, 4, 2) A3 —2) B0, 0, C(—1. 9. 3 Al ]

B(1, —2), C(0,0). 130. 1) (3, 5; 2 (—2, 1) 3 @ 7
4) (=5, 0). 131. 1)x="———y2—'/—3, yziL;ti; 2 *=
_X+y —x' 4y , , X
= =2 3N x=—Yy, y=x'; 4 x=y Y

_ T 3 c (3.
5) x=—x', y=—y,. 132. A(3V31 l)- B —K-—3-y 9/’

. - - - 2 - — 21
—V3). 133. 1) MV 2V, N(=3V2, 2V9), P(N(/s.
=2V'9);2) M(1, —3), N5, 1), P(—1,3); 3) M(—I. 3):,."1) 60%
SO P(I, =3y, 4)M(=3, —I), N(I, =5)," P(3, 1), 1347 =
2) —30°. 135. O’ (2, —4). 136. x=x'+1, y—=y' —3-

3 ’
M (16, —5). 139. A(6, 3), B(0,0). C(5 —l0). 140- 1) Z45°
2 a=de 2 0/(=1 3, a8 9 0rE - O )

1 , , . '
141, x=_.l;;’x'_l%y +9, y=1-,—7x—l—7y —3. 142. ! )
M.4, 2), M, —3), MO 24V, MO+"IE )
143. M, (0, 5), 'M2(3, 0), M,(—1,0), M, (0, —6), M;(}/

-
M. M2 0, M1, —-”—). M.(a,%), M.(zv 4

2 n,
_ ‘ 2, 19
Mi(2, 2) 145, M VZ-'—”)- M, (2, -2, M-( 12
6 1 2 2 y N~
M, (2 én) , M, (4' _%n). 146. [ (x, y) == 2ax — g2. 147. nf 4t

= 2ux; 2) f(x, y)=—2ax—a’. 148. [ (% Y=
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-+ 4y 4 2a°. 149.  f(x, y)=4x* 4+ 4y°> — 4ax — day + 4a*.
150. f(x, y) = x>+ y*—25. 151, f(x, y) = 2xy — 16.
152. Rotation of the coordinate axes does not affect the expression
for this function. 153. (3, 1). 154. There exists no such point.
155. + 45° or + 135°. 156. 30", 120, — 60, —150". 157. The points
M,, M, and Mq lie on the curve; the points M, M, and My do not
lie on the curve. The equation represents the bisector of the second
and fourth quadrants (Fig. 58). 158. a) (0, —3), (0, 5); b) (—3, —4),
(—3, 4); ¢) (5, 0); d) there is no such point on the curve; e) (—4, 3),
(4, 3); ) (0, —5); g) there is no such point on the curve. The
cquation represents a circle with centre O (0, 0) and radius 5 (Fig. 59).

Yy M,
0 * 4 Y z
Mi Iy\
M L
N] & / \\
My ‘ 0 z
M
Fig. 58. Fig. 59.

159. 1) The bisector of the first and third quadrants; 2) the bisector
of the second and fourth quadrants; 3) the straight line parallel to
the axis Oy and having an x-interccpt of 2 (Fig. 60); 4) the straight
line parallel 1o the axis Oy and having an x-intercept of —3
(Fig. 60); 5) the straight line parallel to the axis Ox and having a
y-intercept of 5 (Fig. 60); 6) the straight line parallel to the axis Ox
and having a y-intercept of —2 (Fig. 60); 7) the straight line coin-
cident with the y-axis; 8) the straight line coincident with the x-axis;
9) the curve consists of two straight lines, one of which is the bisec-
tor of the first and third quadrants, and the other coincides with
the y-axis; 10) the curve consists of two straight lines, one of which
is the bisector of the second and fourth quadrants, and the other
coincides with the x-axis; 11) the curve consists of the two straight
lines bisecting the quadrants (Fig. 61); 12) the curve consists of two
straight lines, one of which coincides with the x-axis, and the other
coincides with the y-axis; 13) the curve consists of two straight lines
parallel to the x-axis and whose resp:ctive y-intercepts are 3 and
—3 (Fig. 62); 14) the curve consists of two straight lines parallel
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to the y-axis and whose respactive x-intercepts are 3 and 5 (Fig. 63);
15) the curve consists of two straight lines parallel to the x-axis
and whose respective y-intercepts are —1 and —4 (Fig. 64); 16) the

y y-5=0

r+3=0

[}
‘\.’
8
Fig. 60. Fig. 61.

curve consists of three straight lines, one of which coincides with
the x-axis, and the other two are parallel to the y-axis and have
x-interccpts of 2 and 5, respectively; 17) the curve consists of the

Y 17

2-J=0

S
]
\T
N

Fig. 62. Fig. 63

two rays bisecting the first and second quadrants (Fig. 65); 18) the
curve consists of the two rays bisecting the first and the fourth
quadrants (Fig. 66a); 19) the curve consists of the two rays bisecting
the third and fourth quadrants (Fig. 66b); 20) the curve consists of



4
Y <.
0 z A
‘{/\ \/
DA 7
— 2 /
y+1=0 D
x
7
y+4 =0 0 ;
Fig. 64. Fig. 65.
@ |¥ o y ) Y
(a) (b) (©)
Fig. 66.
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the two rays bisecting the second and third quadrants (Fig. 66¢);
21) the curve consists of the two rays situated in the upper half-
planc and drawn from the point (I, 0) parallel to the bisectors of
the quadrants (Fig. 65); 22) the curve consists of the two rays situat-
ed in the uppor half-plane and drawn from the point (—2, 0) parallel
to the bisectors of the quadrants (Fig. 65); 23) the circle with centre
at the origin and radius 4 (Fig. 67); 24) the circle with centre at
0, (2, 1) and radius 4 (Fig. 67); 25) the circle with centre at (—5, 1)
and radius 3; 26) the circle with centre at (I, 0) and radius 2;
27) the circle with centre at (0, —3) and radius 1; 28) the curve
consists of the single point (3, 0) (a degenerate curve); 29) the curve
consists of the single point (0, 0) (a degenerate curve); 30) the equation
is satisfied by the coordinates of no point (an imaginary curve);
31) the equation is satisfied by the coordinates of no point (an imag-
inary curve). 160. The curves 1), 2) and 4) pass through the origin.
161. 1) a) (7, 0), (—7, 0); b) (0, 7), (0, —T7); 2) a) (0, 0), (6, 0);
b) (0, 0), (0, —8); 3) a) (—10, 0), (—2, 0); b) the curve does not
intersect the axis Oy; 4) the curve does not intersect the coordinate
axes; 5) a) (0, 0), (12, 0); b) (0, 0), (0, —16); 6) a) the curve does
not intersect the axis Ox; b) (0, —1), (0, —7); 7) the curve does
not intersect the coordinate axes. 162. 1) (2, 2), (—2, —2);
2) (I, —1), (9, —=9); 3) (3, —4), l%, —4% ; 4) the curves do
not intersect. 163. The points M,, M, and M, lie on the given curve;
the points My and My do not lie on the curve. The equation repre-

sents a circle (Fig. 68). 164. a) (6, %—), b) (6, ——g—); c) (3, 0);
d) (2 VB, %— ; the straight line perpendicular to the polar axis
and whose intercept on the polar axis is equal to 3 (Fig. 69).
165. a) (1, -); b) (2, 2 d (2.2q); vz Z) and
. n?v) .F) an ,Fn ; ©) ' 7
(l/2. T the straight line situated in the upper half-plane and

drawn parallel to the polar axis one unit above it (Fig. 69).
166. 1) The circle with centre at the pole and radius 5; 2) the ray

drawn from the pole and making an angle -g— with the polar axis
(Fig. 70); 3) the ray drawn from the pole and making an angle
-—%— with the polar axis (Fig. 70); 4) the straight line perpendicular .

to the polar axis and making an intercept a=2 on it; 5) the straight
line situated in the upper half-plane and drawn parallel to the polar
axis one unit above it; 6) the circle with centre C, (3, 0) and radius 3

(Fig. 71); 7) the circle with centre C, (5. %) and radius 5 (Fig. 71);
8) the curve consists of two rays drawn from the pole and making

angles % and %n, respectively, with the polar axis (Fig. 71);
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9) the curve consists of concentric circles with centre at the pole,
the radii r of these circles being determined by the formula r=

=(—1)" J%«J,-nn, where n is any positive integer or zero 167. Figs.

72 and 73. 168. Figs. 74 and 75. 169 Fig. 76. 170. The segment

adjacent to the pole has a length of —; each of the remaining seg-
ments has a length of 6n (Fig. 77). I7l Into five parts (Fig. 78).
172. P( l) (Fig. 79). 173. Q (81, 4) (Fig. 80). 174. The straight

lines x + y=0. 175. The straight lines x + a=0. 176. The straight
lines y 4+ b=0.177. y+4=0. 178. x-—5=0. 179. 1) The straight line
x—y=:0; 2) the straight line x4 y=:0; 3) the straight line x—l—
4) the straight line y—2=0. 180. The straight lines 4ax + c—
181, x*4y?==rt. 182, (x—a)’+(y—P)2=r2 183. x*+y°=
184. x*4-y*==16. 185. x*4y?=a® 186. (x—4)*+y*=16. 187

1 iss X ) 189, = 12x. 192, Th bola y?=2px
25I_l—6— . .6—1—6»—— . Yy = \1ix. epara Yc=zcpx.

ipse 5 +-Y-— 1. 194. The hyperbol Y _ 1. 195. The
193. The ellipse 2—5—|-§_ . e hyperbola E—E_

2 2

ellipse g—_+y—:l. 196. The right-hand branch of the hyperbola
x2
& 36_1 197. The parabola y?>=20x. 198. pcos 0=3. 199. B-T

200, tanB=1. 201. @sin®+5=0, osin0—5=0. 202. o= 10cos®.
203. The conditions of the problem are satisfied by the two circles
whose polar equatnons are Q+69|n 0=0, p—6sin0=0.

x=uacost, | x*

204.
04 y=bsint. a? + b
205. x— ab cos ) y= ab sin t .
' V a®sin?{ 4 b% cos? ¢t ' V aZsin® { + b?cos?t
206. x— abcost ab sint

— | Ym———.
Vb2 cos? t —a? sin® £ V b2 cos? t —a?sin®t
2

t
207. 1) x:t—. y=t; 2) x=2pcot?t, y=2pcot(; 3)x=§ cot? =

2p 9 0
t
y=pc017.
x=2R cos?0, x=R sin 20, } 3 x=2pcot’6,}
208. 1) y= R sin 20; } 2 y=2R sin*0; )y 2p cot 6
2
209. 1) x—y*=0; 2) x*+y*—a*=0; 3) 5—,—1_0 4) __%2_

—1=0; 5) x24y*—2Rx=0; 6) x2+y —2Ry 0, 7) 2px-—y =0,
210. The points M,, M, and M lie on the given lme the points M,,
Mg and M, do not lie on the lme 211. 3, —3, 0, —6 and —12.
212 1, —2 4, —5 and 7. 213. (6, 0), (0, —4). 214. (3, —5).
215. A(2.—l), (=1, 3), C(2, 4). 216. (I, —3), (—2, 5). (5, —9),



Fig. 76.

Fig. 77.
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and (8, —17). 217. S =17 square units. 218. C,(—1, 4) or
62(27?. —»‘179) C219. C, (1, —1) or C,(—2, —10).220. 1) 2x —3y

+9=0;2)3x—y=0;3)y42=—0; 4) 3x-{- 4y—12 :0;5) 2x |-y +5 O,

6) x+3y—2=0. 221. 1) k=5, b=3; ?)k:—-—é,b-—-?ﬂ)k::— .
b=—%; 4) k:—%, b=0;5) k=0, b=3. 222. ]) —%; 2) - .
223. 1) 2x+3y—7=:0; 2) 3x—2y—4=0. 224. 3x + 2y =0, 2x —3y —
—13=0. 225. (2, 1), (4.2), (—1,7), (1, 8). 226. (—2, —1).
227. Q (11, —11). 228. 1) 3x—2y—7=0; 2) Sx+y—7=-0; 3) 8x +
+12y4+5=0; 4) S5¢+7y+9=0; 5) 6x—30y—7-0. 229. 1) k=7,
2)k:%); 3)k:—%. 230. S5x —2y—233=0, x-}4y—11=:0, 7x +

[5

+ 6y +33=0. 231. 7x—2y—12=:0, Sx--y—28--0, 2x—3y—18=:0.
232 x-ly+1-=0 233 2c+3y—13-0. 234, dx-43y—11==0,
x4+y+2==0, 3x+4+2y—13-:0. 235. (3, 4). 236. 4x+4y--3=0.
237. x—5=0. 238. Equation of the side AB: 2x +y—8=0; BC: x +
+2y—1=0; CA: x—y—1=0. Equation of the median from the
vertex A: x—3=0; from the vertex B: x4-y—3=0; from the vertex

C: y=0. 239. (—7, 0), <0. +2—;> .242. (1, 3). 243. 3x — 5y + 4 =0;

x+Ty—16=0; 3x—5y—22=0; x+47y+410=0. 244. Equations of
the sides of the rectangle: 2x—5y +3=0, 2x —5y—26=0; equation
of its diagonal: 7x—3y—33=0. 245. The bisector of the interior
angle: 5x +y—3=0; the bisector of the exterior angle: x—5y—11=0.
246, x +-y—8=:0, | 1x—y—28=0. Hint. The conditions of the problem
are satisfied by two lines, one of which passes through the point P
and bisects the segment joining the points A and B, and the other

passes through the point P and is parallel to the segment AB.
247. (—12, 5). 248. M, (10, —5). 249. P<%, 0). Hint. The prob-

lem can be solved by the following procedure: (1) show that the points
M and N lie on the same side of the x-axis; (2) find a point sym-
metric to one of the given points with respect to the x-axis, say,
the point N, symmetric to the point N; (3) form the equation of the
equation of the straight line passing through the points M and N,;
(4) by solving the obtained equation simultaneously with the equation
of the x-axis, find the coordinates of the required point. 250. P (0, 11).
n

251. P (2, —1). 252. P(2, 5). 253. 1) (p:i:-; 2) 9= : 3)¢=0—

the lines are parallel; 4) cp=arctanll—?. 254, x—-5y+3=0 or
5x-+y—11=0. 255. Equations of the sides of the square: 4x + 3y + 1=0,
3x—4y+32=0, 4x+4+3y—24=0, 3x—4y+7=0; equation of its
other diagonal: x +7y—31=0. 256. 3x —4y+15=0, 4x+3y—30=0,
3x—4y—10=0, 4x+3y—5=0 257. 2x4+y—16=0, 2x+y+ 14=0,
x—2y—18=0. 258. 3x—y+9=0, 3x4y+9=0. 259. 29x--2y +

91}

Qv W e
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-33--0.262. 1)3x—7y—27=0;2) x+9y +25=0; 3) 2x— 3y —13=0;
4) x—2--0; 5) y+3=0. 264. The lines 1), 3) and 4) are perpendic-
ular. 266. 1) ¢==45° 2) ¢=260°; 3) p=90°. 267. M, (6, —6).c
268. 4x—y—13--0,x—5=0, x4+ 8y +5=0. 269. BC: 3x + 4y—22=0;
CA. 2x—7y—5=0; CN: 3x+45y—23=0. 270. x+2y—7=0;
x—4y—1=0; x—y-+2=0. Hint. The problem can be solved by the
following procedure: (1) show that the vertex A lies on neither of
the given lines; (2) find the point of intersection of the medians and
denote it, say, by M. Since the vertex A and the point M are known,
we can now find the equation of the third median; (3) on the line
through A and M, lay off the segment MD= AM (Fig. 81). Next,
determine the coordinates of the point D, given the midpoint M of
the segment AD and one of its end points, A; (4) show that the
quadrilateral BDCM is a parallelogram (since its diagonals bisect

Fig. 81.

each other), and write the equations of the lines DB and DC; (5)
calculate the coordinates of the pvints B and C; (6) now that we
know the coordinates of all vertices of the triangle, we can write the
equations of its sides. 271, 3x —5y—13=0, 8x—3y 4+ 17=0, 5x + 2y —
—1=0. 272. 2x—y+3=0, 2x+y—7=0, x—2y—6=0. Hint. 1f A
is a point on one of the sides of an angle, then the point symmetric
fo A with respect to the bisector of that angle will lie on the other
side of the angle. 273. 4x—3y +10=0, 7x +y—20=0, 3x + 4y—5=0.
274. 4x+7y—1=0, y—3=0, 4x+3y—5=0. 275. 3x+4+T7y—5=0,
3x+2y—-10=0, 9x+ 11y +5=0. 276. x—3y—23=0, 7x+9y +19=0,
4x+3y+13=0. 277. x4y—7=0, x+7y+5=0, x—8y+20=0.
278. 2x+9y—65=0, 6x—7y—25=:0, 18x 4 13y —41=0.
279. x+2y=0, 23x+425y=0. 280. 8x— y—24=0. 283. 3x+y=0,
x—3y=0 284. 3x+4y—1=0, 7x+4+24y—61=0. 285. 1) a=—2,
5y—33=0; 2) a,=—3, x—56=0; a,=3,5¢+8=0; 3) a,=1,

3x—8y=0, a,=%, 33x—56y=0. 286. m=7, n=—2, y+3=0.

287. m=—4, n=2, x—5=0. 288. 1) (5,6); 2) (3, 2); 3)(%. %) ;
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4)(2. —I_IT);S) (—%,2). 291. 1) a#3; 2) a=3 and b # 2;
3) a=3 and b=2 292. 1) m=—4, n#£2 or m=4, n#£—2
2) m=—4, n=2 or m=4, n=—2; 3) m==0, n may have any value.
293. m= 1—72 294. The conditions of the problem are satisfied by two
values of m:m,=0, m,=6. 295. 1) intersect; 2) do not intersect;

¥ /{2}

Fig. 82.
mdomtmmﬁa.w&a=—4.ma1y§+l=h2)l%+%=n
m$+%=nng+_7_|ml+h_lmgm 300. 6

- =

square units. 301. x+y+4=0. 302. x+y—5=0, x—y+1=0,
3x—2y=0. 303. Solutton Let us write the intercept equation of the
required line:

X y _
—t+y=1 (1)

Our task is to determine the values of the parameters a and b. The
point C (1, 1) lies on the required line, and hence its coordinates
must satisly equation (1). Substituting the coordinates of C for the
current coordinates in (1) and clearing of fractions, we have

a+b=ab. (2
Note now that the area S of the triangle formed by our line and
the coordinate axes is determined by the formula 4+ S=02—b,\vhere

=+ S refers to the case when the intercepts a and b have like signs,
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and —S to the case when the intercepts a and b differ in sign. Hence,
by the conditions of the problem, we have

ab= +4. ©)
b=14, b=—4,
Solving the system of equations (2) and (3): atb=4.1a+ }
ab =4, ab=—4,
we obtain a,=2, b;=2; a,=—2+2V 72, b,=—2—-2V2 a=—
—2—2V2, by=—2+4+2V 2 Thus, the conditions of the problem
are satisfied by three straight lines. Substituting the obtained values

of the parameters a and b in (1) gives %—{—'—é:l, x

“orave T

Y Upon simplify-

L X Y
+ =1, = - =1.
—2--2V2 —2-2 V2+--2+2 Ve
ing these equations, we obtain: x4 y—2=0, (1+ V2_) x+(1— Vf)x
X y—2=0, (1—¥2)x+(14+ ¥V 2)y—2=0. 304. The conditions of
the problem are satisfied by the following three lines: (V2+l)x+
+(V2—1)y—10—0, (V2—1)x+(V2+1)y+10=0, x—y—
—10==0. 305. 3x—2y—12=0, 3x—8y+24=0. 306. x+3y—30==0,
3x +4y—60=0, 3x—y—30=0, x— 12y +60=0. 307. The conditions
of the problem are satisfied by the two lines intersecting the coor-
dinate axes in the points (2, 0), (0, —3) and (—4, 0), (0, % , re-
spectively. 308. S = 2x,y,. 309. Equations 1), 4), 6) and 8) are in the

normal form. 310. l)ix—-—iy—2:0; 2)—%x+%y—10=0;

5 5
12 5 2 1
3) —1—3X'|-l—3y—l:0, 4) —X—-Q:—O, 5) —VEX—TS-_I/—-I_—‘O
311. 1) a=0,p=2 2 a=n, p=2 3) a:-%, p=3; 4) a=—
i n n = 2
- p=23; 5) a=- ,p=3;6)a= ——4-.p= Ve 7) a-—i ,

p=1; 8 a=—2P, p=gq; 9 a=p—n, p=gq. 312. 1) 6=—3, d=3;
2) 6=1, d=1; 3) 6=—4, d=4; 4) 6=0, d=0-—the point Q lies
on the line. 313. 1) Cn the same side; 2) on opposite sides; 3) on
the same side; 4) on the same side; 5) on opposite sides. 314. 5
square units. 315. 6 square units. 318. The quadrilateral is convex.
319. The quadrilateral is not convex. 320. 4. 321. 3. 322. 1) d=2.5;
2) d=3; 3) d=0.5; 4) d=23.5. 323. 49 square units. 323. In the ratio
2:3, starting from the second line. 326. Solution. The problem of
drawing straight lines through the point P such that their distance
from the point Q will be equal to 5, is equivalent to the problem
of drawing through P tangent lines to the circle of radius 5 and
with centre at Q. Compuling the distance QP gives: QP =
=V (@2—1)2+(7T—2)== ¥V 26. We see that the distance QP is greater
than the radius of the circle; hence, two tangent lines can be drawn
from P to the circle. We now proceed to derive their equations.
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'Il'he equation of every straight line through the point P has the
orm
y—T="k (x—2) (1)

or kx—y+7—2k=0, where k is the slope (undetermined as yet).
In order to reduce this equation to the normal form, we find the

VErl
desired normal equation
kx-—y+4+7—2k

+ Vet
Substituting the coordinates of Q in the left-hand member of (2),
|k—2+7—2k|

V1

of k:k1=—1—52, ko= 0. Substituting these values of the slope

in (I), we obtain the required equations y—7=—1_5§(x—2),or

5x412y—94=0, and y—7=0. The problem is solved. 327. 7x +
+24y—134=0, x—2=0. 328. 3x--4y—13=0. 330. 8x— 15y +
+9=0. 331. 3x—4y—25=0, 3x—4y+45=0. 332. The
conditions of the problem are satislied by two squares symmetrically
situated with respect to the side AB. The equations of the sides of
one of the squares are 4x +3y—8 =0, 4x 43y +17-=0, 3x—4y—6 =0,
3x—4y+19=0. The equations of the sides of the other square are
4x +3y—8=0, 4x+3y—33=0, 3x—4y—6=0, 3x—4y+19=:0.
333. The conditions of the problem are satisfied by two squares;
the remaining sides of one of the squares lie on the lines
3x44y—11=0, 4x—3y—23=0, 3x -4y — 27 = 0; the remaining sides
of the other square lie on the lines 3x +4y—11=0, 4x—3y—23 =0,
3x+4y+5==0.334.3x +4y+6=0,3x+4y—14=0o0r3x 44y +6 =0,
3x+4y4-26=10. 335. 12x—5y+61=0, 12x —5y - 22==0or 12x--5y +
+61=0, 12x—5y+100=0. 336. M (2,3). 337. 4x+y+5=:0,
y—3=0. 338. 1) 3x—y+2=0; 2) x—2y+5=0; 3) 20x —8y—9=0.
339. 1) 4x—4y+3=0, 2x+2y—-7=0; 2) 4x+1=0, 8y413=0;
3) 14x—8y—3=0, 64x+112y—23=0. 340. x—3y—5=0, 3x 4y —
—5=0. Hint. The required lines pass through the point P and are
perpendicular to the bisectors of the angles formed by the two given
lines. 341. 1) By the same angle; 2) by the supplementary angles;
3) by the same angle. 342. 1) By the vertical angles; 2) by the sup-
plementary angles; 3) by the same angle. 343. Inside the triangle.
344. Outside the triangle. 345. The acute angle. 346. The obtuse
angle. 347. 8x+4y—5=0. 348, x+43y--2=0. 349. 3x—19=0.
350. 10x—10y—3=0. 351. 7x+4E6y—40=0. 352. x+y+5=0.
353. S(2, —1). 354. 1) 3x+2y—7=0; 2) 2x—y=0; 3) y—2=0;
4) x—1=-0; 5) 4x+3y—10=0; 6) 3x—2y+1=0. 355. 74x+ 13y +
+39=0. 356. x—y—7=0. 357, 7x+4+19y—2=0. 358. x—y+1=0.
3569. 4x—5y+22=0, 4x+y—18=0, 2x—y+1=0. 360. x—5y +

normalizing factor p= % Multiplying (1) by u, we get the

0. 2)

we have =5. Solving this equation gives two values
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+ 13=0, 5x+y+13=0. 361. 5x—y—5=0 (BC), x—y+3=0
(AC), 3x—y—1=0 (CN). 362. x—5y—7=0, 5x+y+17=0,
10x4+7y— 13=0 363. 2x+y+8=0, x+2y+1=0. 366. C= —29.
367. a#—2 368. The equations of the sides of the square are
4x +3y—14=0, 3x--4y+27=0, 3x—4y+2=0, 4x43y+11=0;
the equation of its other diagonal is 7x—y+13=0. 369. x+y+5=0.
370. x+4+y+4+2=0, x—y—4=0, 3x+4+y=0. 371. 2x4y—6=0,
9x+2y+18=0. 372, 3x—y+ 1=0. 374. 3x—4y+20=:0, 4x+3y —
—15=0. 375. x+45y—13==0, 5x—y+13=0. 376. The conditions
of the problem are satisfied by the two lines 7x4y—9=0,
2x+y+1=0. 377. 5x—2 —7=0. 378. AC: 3x+8y—7=0, BD:
8x—3y+7=0. 379. 4x+4+y+5=0, x—2y—1=0, 2x45y—11=0.

381. 1) gsin(B—0)=p, psin %—

Q cos <6+% n):-l; 3) gsin(B—0)=asin P, gsin (%——9 =3.
382. @sin(f—0)=y¢,sin(B—0,). 383. gcos (0—a)=g, cos (6, —a).
osin(6—0,) V@’+Qf—299. cos (6 —0,)
0, sin (0,—8,) I/Q: + Qi — 20,0, cos (0,—6,)

2) (x—2)+(y+3)>=49; 3) (x—6)*+4(y+8)2=100; 4) (x+1)*4
+(y—2?2=255) (x—1)*+(y—4)*=8; 6) x*+y*=16; 7) (x—1)*+
+(y+1)2=4; 8) (x—2)*+(y—4):=10; 9) (x—=124y2=1;
10) (x—2)24(y—1)2=25, 386. (x—3)2+(y+ 1)2=238. 387. (x—4)t+
+(y+1)2=5 and (x—2)2 +(y—3)?=5. 388. (x4 2)2 4 (y + 1)2 =20.
2
389. (x—5)%+ (y+2)2==20 and (x—ig— +(y—-—g—52 =20. 390. (x—
—124(y+22=16. 391. (x+6)2+4(y—3)2=50 and (x—29):+

FUHIP =800 s 2P 4—1=5 and (x—%) +
2 289
+{o+5) =% s c—2rru—1p=], GO +D=

2 2
==. 3% (x—2)*4(y—1)>=25 and <x+?4%2> +(y—%’) =

2 2 2 30\?
() (o) e ()
(y——?— .y 396. (x—5)2+y2=16, (x+ 15)?+ y2=256,

35\2 40\2 32\? 35\2 40\? 32\2
(=% )+ (=5 ) =(5) me (=) +(s+5) =(5).
397. Equations 1), 2), 4), 5), 8) and 10) represent circles; 1) C (5,
—2), R=5; 2) C(—2, 0), R=8; 3)the equation represents the single
point (5, —2); 4) C(0, 5), R=V'5; 5) C(l, —2), R=5; 6) the equa-
tion represents no geometric object in the plane; 7) the equation rep-

resents the single point (—2, 1); 8) C ( ——_l— , 0), R=7l; 9) the

0)=3;2)gcos(0—a)=acosx,

384 . 385. 1) x24y2=9;

+
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equation represents no geometric object in the plane; 10) C (0. —%),

R-——~~;. 398. 1) Semicircle of radius R=3 and with centre at the

origin, situated in the upper half-plane (Fig. 83); 2) semicircle ol
radius R=>5 and with centre at the origin, situated in the lower half-
plane (Fig. 84); 3) semicircle of radius R=2 and with centre at the
origin, situated in the left half-plane (Fig 85); 4) semicircle of ra-
dius R=4 and with centre at the origin, situated in the right hali-
plane (Fig. 86); 5) semicircle of radius R=8 and with centre C (0,
15), situated above the line y—15=0 (Fig. 87); 6) semicircle of ra-
dius R=8 and with centre C (0, 15), situated below the line y—15=0
(Fig. 88); 7) semicircle of radius R=3 and with centre C(—2, 0),

y Yy

S ¥
N N
& 8
Fig. 89. Fig. 90.

situated to the left of the line x+2=0 (Fig. 89); 8) semicircle of
radius R==3 and with centre C(—2, 0), situated to the right of the
line x4+2=0 (Fig. 90); 9) semicircle of radius R=>5 and with centre
C (—2, —3), situated below the line y-3=0 (Fig. 91); 10) semicircle
of radius R=7 and with centre C (—5, —3), situated to the right of
the line x +5=0 (Fig. 92). 399. 1) Outside the circle; 2) onthecircle;
3) inside the circle; 4) on the circle; 5) inside the circle. 400. 1) x4
+5y—3=0; 2) x+2:=0; 3) 3x—y—9=0; 4) y+1=0. 401, 2x —
— 5y +19=0. 402. 1) 7;2) 17; 3) 2. 403. M, (—1, 5) and M, (—2, —2).
404. 1) Cuts the circleé 2) touches the circle; 3) fails to mee’t the
. < . 3. 3 b
circle. 405. 1) |[k| < 7 2) k=4 i 3) |k|> e 406'l+k’

=R?. 407. 2x+y—3=0. 408. llx—7y—69=0. 409. 2 V5.
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.410. 2x—3y +8=0, 3x4+2y—14=0. 412, x24 y?+6x—9y—17=0.
413. 13x2413y2 4 3x-+71ly=0. 414. 7x—4y=0. 415. 2. 416. 10,

x+5=0

Fig 91. Fig. 92.

417, (x+3)2 - (y—3)2=10. 418. x—2y +5=0. 419, 3x—4y +43=0

420. M, <_% %) ;d=2 V5. 421. x;x+y,y=R3. 422. (x,— @)X

Fig. 93.

X(x—a)+ (y,—P) (y—P)=R2. 423, 450, 424. 90°%
‘?5' (@ —ay) + (B, —PBo)* =R +R}. 427.x 9, _.5_0and 2x-—¥—
—5:0 428. 2x+y——8=0 and X—2y+“:0' 429, 2x+y-—5=ov
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x—2y=0. 430. 90°. 431. x+2y+5=0. 432. d=7.5. 433. d=6.
434. d=V'10. 435.3. 436. 2x+y—1=0 and 2x+y+19=0.
437. 2x4-y--5=0 and 2x+4y+4+5=0. 438. @=2Rcos (0—6,)
(Fig. 93). 439. 1) p=2Rcos® (Fig. 94); 2) @=—2Rcos®
(Fig. 95); 3) @=2Rsin® (Fig. 96); 4) (@=—2Rsin0

”

9
_ - _

c R o

Fig. 94. Fig. 95.

. 3 = 3.
(Fig. 97). 440. 1) (2, 0) and R=2; 2)(-2—, ?) and R=--:3)(1,n)
and R=1; 4) (-g—, ——3) and Rz%; 5) (3.—;) and R=3;

6) (4, %n) and R=4; 7) (4, —%) and R=4. 441. 1) x24y3 —

—3x=0; 2) x®+y2+4y=0; 3) x2+y2—x+y=0. 442. 1) g=cos 0;
2) g=—3c0s0; 3) g=5sinB, 4) g=—sinB; 5) @=cosB+sinH.

2 2 2 2 ]
443. o= Risec 0—0,). 444. 1) Z+¥=1; 9 mte=1 9 gt

5
=t 0 Rrlhon s Salon 6 ke
noEte=te Ralon g Biloio go+fen
0 S+i=t 45 ) 248y g Xl 9 S oy
4)%‘%-]-1%26:1; 5)%4—5—;:1; 6) x;+!li%=l. 446. 1) 4 and 3;

2)2 and 1; 3)5and1; 4) V15 and V' 3; 5)%and%;6)-é-

1 1 1 1

and 5 7) 1 and O 8) 1 and 4; 9) —; and T 10) T and 1.
. 4

447. 1) 5 _and 3; 2) F, (—4, 0), Fg (4, 0); 3) = E ;4 x 245'
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448. 16 square units. 449. 1) V'g and 3; 2) F;{(0, —2), Fq(0, 2);

2 . .9 4V's : b?
3)e= 3 4) y=+ 5 - 450'T square units. 451. < 452. See

Fig. 98. 453. (——3 -——2—), (—3, —g—) 454. The points A, and A,

lie on the ellipse; A;, A, and A, lie inside the ellipse; Aj, Ag, A,
y A, ‘and Ay, lie outSIde the ellipse. 455. 1) That

half of the ellipse 6+ 9 —-l which is situat-
ed in the upper half plane (Fig. 99); 2) that
half of the ellipse +——l which is situated
in the lower half- plane (Flg. 100); 3) that half
of the ellipse %3-{-%2: 1 which is situated in
the left half-plane (Fig. 101); 4) that half of
the ellipse x’—f-g—; = | which is situated in the

right half-plane (Fig. 102). 456. 15. 457.- 8.
458. 5x+ 12y 41020, r—2=0. 459. r, =2.6,
7 X ;,=7.4. 460. 20. 461. 10. 462. (—5, 3 V3)

and (—5,—3V 3). 463. (_2,1/22> and

2
(_2 _KQ_‘) 464 3and 7. 465. 1) o +

xﬂ yz -—
%15 =

g
+9—'l' 2) |6+|6_ l; 3)
2 2 ?
N
opt+l=1 5 9+5 I 6)255+192
2 2
7)’1‘_5+%=1.466. 1) £;2)1§—2: 3)K—33

I;

Fig. 102. 4) ;— 467, ¢ = VQ 468. ("“"°’ ¥
(y—y0)?® _ (x—3)? (y+4) (x+3)?, (y— 2)’
+E 1 aee. S T = a0, ST T
71. 1) C (3, — 1), semi-axes 3 and V5, e=—§-, equations of the

directrices: 2x—15=0, 2x+4+3=0; 2) C(— 1, 2), semi-axes 5 and 4,
3
e==, equations of the directrices: 3x—22=0, 3x+28=0; 3) C(l,

~—2), semi-axes 2 V?i and 4, a=%, equations ol the directrices:
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: 3
y—6=0, y+10=0. 472. 1) That hall of the ellipse ”,,3’ +

(y+7)
T

=1 which is situated above the line y--7=0 (Fig. 103);

2) that half of the ellipse (_f;;_(i)'_i_(y—ml)“ =1 which is situated
below the line y—1=0 (Fig. 104); 3) that half of the ellipse
x*  (y+3)? S . : .
E—{—T:l which is situated in the left hali-plane (Fig. 1:5);

2 —1)2
4) that half of the ellipse gx_%ﬂ +%=l which is situated to the

, . . . (x=2* y*
right of the line x45=0 (Fig. 106). 473. 1) 69 —{—2—5*1,
2) 2x2—2xy +2y?—3=0; 3) 68x%+ 48xy +82y2—625=0; 4) 11x2+
+2xy+ 11y2--48x—48y —24=0. 474. 5x2+9y2>+4x— 18y —55=0.
475, 4x% 4 3y?4-32x — 14y + 59 =0. 476. 4x2 4 5y + 14x + 40y + 81 = 0.
477, Tx2—2xy+ Ty?—46x + 2y + 71 =0. 478. 17x2 4+ 8xy + 23y + 30x—
—40y—175==0. 479. x2+424y*—6x+ 24y +31=0. 480. (4—2—)

(3, 2). 481. (3. —g—)—the line touches the ellipse. 482. The line fails

to meet the ellipse. 483. 1) The line cuts the ellipse; 2) the line fails
to meet the ellipse; 3) the line touches the ellipse. 484. The line:
1) cuts the ellipse for |m| < 5; 2) touches the ellipse for m= + 5;
3) passes outside the ellipse for |m| > 5. 485. k2% 4 b2 =m?.

486.'%; y#f:l. 488. 3x+2—10=0 and 3x42y+10=0.
489. x+y—5=0 and x4+y+5=0. 490. 2x—y—12=0, 2x—y +
4V'5 —

2 Ks. 491. M, (—3, 2); d=V13. 492, x4 y—
—5=0 and x+4y—10=0. 493. 4x—5/—10=0. 494. d=18.

y: 2 2 -2
495. ';—()+%=1 or ’g—o+4%=1. 496. ’;—0#{(—):1. 499. *1_7+
2
+%=l. Hint. Use the property of the ellipse formulated in Prob-

+12=0; d=

2 2
lem 498. 500. %+y7=1. Hint. Use the property of the ellipse for-

mulated in Problem 498. 502. 2x+ 1ly—10=0. Hint. Use the prop-
erty of the ellipsgformulated in Problem 501. 503. (3, 2) and (3, —2).

504, R=V 2 e 10.5 V3. 506. ¢ =60°. 507. 16.8. 508. 67°.
Y m*+n?

509. Into the elli X Y B0, 2aute9 511 Y
. ellipse §5+l—6_ . o x24yt=0. . 36+E_1,

9 -2250



x-3=0

//"‘\ yore0

Fig. 103.
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Fig. 105.

Fig. 107.

Fig. 104.
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Fig. 106.
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Fig. 108.
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4 2 4 4 X2
512 =—. =—. .Gy = = =— —
g==5. 513 g=%. 5. g == .q=% 515. 1) o=
_¥_ 2y gt Xyt x2
6= V5=l D o=l Y mTnTl Y 6
vt X2y PO Xty e
gi=h O mmm=h Dig—g=h O 3—5=h Vg
_¥_ XY g Mg B
56— 86 Dgg—a=—h 2 =" ¥ 57w
_ A TR S L ,
2) a=4, b=1;3) a=4, b=2;, 4 a=1, b=1; 5)(1:%, b:%;
1 1 1 | -
6)a=z ., b= 7)a==, b= 518.1)a=3,b=42) ;,(—5.0),
5 . — 4 . — 9 — — A
Fo(5.0); 3)e==; 4) y== 5 x 5) x=+.519. ) a=3b=4
2 F(0, —5), FO 5 8 e=2; §y=tax 5y=tyg
520. 12 square units. 521. 1) That portion of the hyperbola %—%:l
which is situated in the upper haif-plane (Fig. 107); 2) that branch
of the hyperbola xz—%=—l which is situated in the lower half-

2
plane (Fig. 108); 3) that branch of the hypcrbola T—G—%zl which is

situated in the left half-plane (Fig. 109); 4) that branch of the hy-
2 2
perbola %—‘1—14—=—l which is situated in the upper hall-plane

(Fig. 110). 522. x+4 ¥ 5y+10=0 and x—10=0. 523. r, 2

72=10-;—. 524. 8. 525. 12. 526. 10. 527. 27. 528. (10, %) and (

_g) . 529. (—6, 4 V' 3) and (—6,—4 V' 3). 530. 2l2 and 26—2_

x2 y2

531, See Fig. 111 582, 1) &L =1y 9a2—y2=163) %=1
or 5;—&{{,2,—1=1; 4) ’1‘—:;—%2.—_—1; 5) %—%z:l. 533. e= V2.
534. e=V 3. 535. 7—%—1. 536. %-%:1. 540. x)"‘;a_;‘")z_

(_y—b-fi"—’f 2) (x_aj°)2—(!"l)f°)2=—1. 541. 1) C 2, —3),a=3,

9*
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y
v
0 ad
7 Iz
Fig 109. Fig. 110.
Y
yiA
b 4
1z
a. g, z
Fig. 111.

b=4,e=%. equations of the directrices: 5x—1=0, 5x—19=0,

equations of the asymptotes: 4x—3y—17=0, 4x+43y+1=0;
2) C(—5, 1), a=8, b=6, &=1.25, equations of the directrices!
x=—11.4 and x=1.4, equations of the asymptotes: 3x-4-
+4y+411=0, 3x—4y419=0; 3) C(2,—1), a=3, b=4,
e=1.25, equations of the directrices: y=-—4.2, y=2.2, equa-
tions of the asymptotes: 4x+43y—5=0, 4x—3y—11=0.

—9)2 2
542. That portion of the hyperbola.i%l—miﬂ:l which is
situated above the line y+41=0 (Fig. 112); 2) that branch of the
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hyperbola —t—4~ ——~——=—1 which is situated below the line

(x—9)?
16

2
_@zl which is to the left of the line x—9—=0 (Fig. 114);
(x—52_(y+2)?° _

y—7=0 (Fig. 113); 3) that branch of the hyperbola

4) that portion of the hyperbola 9 6 —1 which is
- )2
to the leit of the line x—5=0 (Fig. 115). s43. 1) &V
92
_(yQSQ):l; 2) 24xy+4+Ty2—144=0; 3) 2xy+42x—2y+7=0.
g X2y 2 2 -
544. ﬁ)—g—l' 545.% 3= 1. 546. x> —4y?—6x—24y —47=0.

547. 7x2—6xy-y2+26x—18y-—l7é:0. 548. 91x>— 100xy + 1642 —

—13€x + 86y —47=0. 549. xy—_-% if the old axes are rotated

2
through an angle of —45°% xy:—% if they are rotated through an

angle of 445°., 550. 1) C (0, 0), a=b=6, equations of the asymp-
totes: x=0 and y=0; 2) C(0, 0), a=b=3, equations of the
asymptotes: x=0 and y=0; 3) € (0,0), a=b=>5, equations of
the asymptotes: x=0 and y=0. 551. (6, 2) and (l:;, —%) .
552. 24—5. 3 )-—the line touches the hyperbola. 553. The line fails

to meet the hyperbola. 554. The line: 1) touches the hyperbola;
2) cuts the hyperbola at two points; 3) fails to meet the hyperbola.
655. The line 1) cuts the hyperbola for |m|> 4.5; 2) touches the

hyperbola for m= + 4.5; 3) passes outside the hyperbola for
Iml<4.5 556. k%®—bz=m? 557. %;_%;Ln. 559. 3x— 4y -—
—10=0, 3x—4y+10=0. 560. 10x—3y—32=0, 10x—3y+32=0.

B61. x+2—4=0, x+2+4=0; d=§%§. 562. M, (—6, 3);

1
d= ﬁ1/T3. 563. 5x—3y—16=0, 13x+45y+48=0. 564. 2x 45y —

17 . ,— x2 2 3x?  4y?
;16:20. 565. d= V0. 566. T—Z=1, 1_0-74%;1. yzss7.
=g =1 568. x=—4, x=4, y=—1I and y=1. 572. g—T=l.
573. f—;—yg=1. 575. 2x+ 11y +6=0. Hint. Use the property of
the l;)z’Perbzola formulated i Problem 574, 571. xt—y2 =16,
578. Fs—%=" 579. %—%:. 580. =7 881. ¢=2
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I-2=0
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Fig. 112.

Fig. 113.
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Fig. 114.
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582. ¢,=2,9,=—=. 583. 1) y?=6x; 2) y*=—x; 3 x'-’:»?y;

4) x?=—6y. 584. 1) p==3; situated in the right half-plane (sym-
metrically with respect to the axis Ox): 2) p=2.5; situated in the
upper half-plane (symmetrically with respect to the axis Oy); 3) p=2;
situated in the left half-plane (symmetrically with respect to the

~| e

axis Ox); 4) p=—;—; situated in the lower half-plane (symmetrically

with respect to the axis Oy). 585. 1) y>*=4x; 2) y?=—9x; 3) xZ=y;
4) x2=--2y. 586. 40 cm. 587. x2=—12y. 588. 1) That portion of
the parabola y? =4x which is situated in the first quadrant (Fig. 116);
2) that portion of the parabola y*=—x which is situated in the
second quadrant ¢(Fig. 117); 3) that portion of the parabola y*>=—18x
which is situated in the third quadrant (Fig. 118); 4) that portion
of the parabola y®=4x which is situated in the fourth quadrant
(Fig. 119); 5) that portion of the parabola x2=>5y which is situated
in the first quadrant (Fig. 120); 6) that portion of the parabola
x%=—25y which is situated ir the third quadrant (Fig. 121); 7) that
portion of the parabola x2=3y which is_situated in the second quad-
rant (Fig. 122); 8) that portion of the parabola x?=—I16y which is
situated in the fourth quadrant (Fig. 123). 589. F (6, 0), x+6=0.
590. 12. 591. 6. 592. (9, 12); (9, —I12). 593. y2-=—28«.
594. 1) (y—P)*=2p(x—a); 2) (y—B)*=—2p(x—a). 595. 1)
(x—u)?2=2p (y—PB); 2) (xr—a)=—2p(y—p). 59. 1) A2, 0),

p=2 x—1=0; 2 A( 0), p=3, 6x—13=0; 3) A <0,_i)'

3 3
p=3, 6y+11=0; 4) A(0, 2), p:—;—,4y—9=0. 597. 1) A (—2, 1),
p=2, 2) A(l, 3), p=%; 3) A6, —1), p=3. 598. 1) A(—4, 3),

p_.—.;—; 2) A(l, 2, p=2, 3) A0, 1), p=L2. 599. 1) That por-
tion of the parabola (y—3)2=16 (x—1) which is situated below the
line y—3=0 (Fig. 124); 2) that portion of the pirabola (x4 4)? =
=9(y+5) which is situated to the right of the line x+4=0
(Fig. 125); 3) that portion of the parabola (x —2)?=—2(y—-3) which
is to the left of the line x—2=0 (Fig. 126); 4) that portion of the
parabola (y45)2=—3(x+7) which is situated below the line

y+5=0 (Fig. 127). 600. x=%y2—y+7 601.y=l§x2——x+3.

602. x2+42xy+y?*—6x+2y+9=0. 603. F (9, —8). 604. 4x2—4xy +
+ y2+4-32x + 34y +-89=0. 605. (2, 1), (—6, 9). 606. (—4, 6)— the
line touches the parabola. 607. The line and the parabola do not
intersect. 608. The line: 1) touches the parabola; 2) cuts the parabola

at two points; 3) fails to meet the parabola. 609. 1) & <l2 3 2) k=1/2;
3) k> 1/2 610. p=2bk. 612. yy=p (x+x,). 613. x+y+2=0.

614. 2x—y—16=0. 615. d=2V13. 616. M, (9, —24); d=10.
617. 3x—y-+3=0 and 3x—2y+412:=0. 619. 5¢x—18y+25=0.
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Fig. 121.
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620. d=13133. 621. (6, 12) and (6, —12). 622. (10, V'),

(IO' _m), (2' V_G-), (2, —Vﬁ) 623- (2, 1)1 (—lv 4)1 (?_i-__;/_la ’
74 ;/13 and 3—;/1‘3' 7—;/'3 625. y—18=0. Hint. Use
the property of the parabola formulated in Problem 624. 628. 1) o=

16
= 5=3c0s0 ' 2 O 5 350 OB 1 e=gTgqp De=—
9 144 144

~ 150050 030 1) =57 30656° 2 @~ 5 13080 0010

—cos0’

Yy

< o~
Ul
N
+
y+5=0 8
Fig. 127.

632. 1) An ellipse; 2) a parabola; 3) one branch of a hyperbola; 4) an
ellipse; 5) one branch of a hypzarbola; 6) a parabola. 633. 13, 12,

634. 8, 6. 635. Q=_2c_055‘ 0= 5osh" 636. The equations of the

~ 5cos0’ g=—Flos'§; the equations of the

_ 20 - 20
C=3sn0—4cos0’ 2 3sin@+4cosO°

637. (6, -’;—) (s, —%). 638, (3,%11), (3, —%n).

directrices are o=

asymptotes are

) n n a_ O
639. 1) (—2 , n) i 2) (p. -5 ) , (p, 5 ) . 640. ¢ = "e%c0s?8
b? 2p cos 0
2 = — -
641. o =T 0=1" 642. o= ey 643. 8x + 25y =0.

644. 9x—32y—73=0. 645. x—y=0, x+4y=0. 646. x+2y=0,
8x—9y=0. 647. x+42y=0, 2x—3y==0, 654, 2x—5y=0,
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655. 7x -+ y—20==0. 656. x—8y==0, 2x—y =0. 657. v —2y==0, 3x—
y=0; x+2y=0, 3x+y=0. 661. y4+2=0. 662. 2x—y-|-1-=0. 665.
Curves 1), 2), 5) and 8) have a single centre; curves 3), 7) have no
centre; curves 4), 6) have infinitely many centres. 666. 1) (3, —2);
2) (0, —5); 3) (0, 0); 4) (—I1, 3). 667. 1) x—3y—6-=0; 2) 2x+y—
-2=0; 3) S5x—y+4=0. 668. 1) 9x2—18xy+6y*+2-=0;
2) 6x2+4xy+y*—7=0; 3) 4x2-L6xy+y*—5=0; 4) 4x? 4 2xy -
+6y2+1=0. 669. 1) m ¥4, n may have any value; 2) m--4,
n#6;, 3) m=4, n=6. 670. 1) k=2; 2) ky=—I1, k,—5; 3) for
every k# 2 which satisfies the inequalities —1 <k < 35; 4) for
k<—1 and for k> 5 671. x2—8y?—4=0. 672. x>+ xy+y*+
+3y=0. 673. 1) Elliptic equation; represents the ellipse

2 ’2

ig—-}—yT:l; the new origin is O’ (5, —2); 2) hyperbolic equation;
.2 2
represents the hyperbola ']\—6—!19—: I; the new origin is 0’ (3, —2);
2 2

Y

T =
(is an equation of an imaginary ellipse); 4) hyperbolic equation;
rcpresents a degenerate hyperbola (the pair of intersecting lines
4x'*—y'*=0); the new origin is 0’ (—1, —I1j; 5) elliptic equation;

represents the degenerate ellipse 2x*4-3y’*=0 (a single point).
2

’2
674.* 1) Hyperbolic equation; represents the hyperbola X——%—-—- 1;

3) elliptic equation XT—{— —1; represents no geometric object

9
tan u=— cosu'—L sina——i i 2) elliptic equation; rep
’ /‘g ’ }/-S— » ’
2 2
resents the ellipse xl—ﬁ-}-yT=l; a=45"; 3) elliptic equation; rep-

resents the degenerate ellipse x'*+44y'*=0 (a single point); tan a=2,

cosa= l—_ , sina=—= 4) hyperbolic equation; represents the de-
e /5 9
generate hyperbola x'*—y'*=:0 (a pair of intersecting lines); tan e=z,

cosa=——, sina= 5) elliptic equation; represents no geomet-

2

]/E ’ Vﬁ ’
ric object (is an equation of an imaginary ellipse); has the form
2
'-t-4— 4+ y*=—1 in the new coordinates; a=45°, 675. 1) Hyperbol-
ic; 2) elliptic; 3) parabolic; 4) elliptic; 5) parabolic; 6) hyperbolic.
676. 1) Hyperbolic equation; represents the hyperbola whose equation

2

can be reduced to the form x"-—yT =1 by two consecutive trans-

* In Problem 674 1) —5), a is the angle from the positive x-axis
to the positive x’-axis.
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formations of coordinates: x=Xx+2, y=§—l and }z—ﬁ-.

!;:x‘;[-fy (Fig. 128); 2) elliptic equation, represents the ellipse

2 2
T—G—{-% =1, to which form it can be reduced by two consecutive
transformations of coordinates: x=x—1, y=y+1 and ;=xl72y ,

v ¥

\

Q‘
=
H\

)/
/

>

Fig. 128.
~ x4y . . . I
y= %3 (Fig. 129); 3) hyperbolic equation; represents the hyper-
X't yrz
bola —9'—3F=l’ to which form it can be reduced by two consecu-

tive transformatious of coordinates: x=x+3, y=_|;'—4 and

;=x—-ﬂ, J=2XV'%y (Fig. i30); 4) hyperbolic equation; repre-

sents the degeneréte hyperbola x'*—4y’*=0 (a pair of intersecting
lines), to which form it can be reduced by two consecutive transfor-
. . ~ ~ ~ x'+3y
mations of coordinates: x=x-—2, = and x= -,
y=y VAT

i]:%’}% (Fig. 131); 5) elliptic equations; represents no geomet-
ric object (the imaginary ellipse x'242y’?=—1, to which form it
can be reduced by two consecutive transformations of coordinates;
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0

\ p——

N/

N2

N
AN

>\/i

Fig. 179,

/
/"
<
\H
3]

e

Fig. 130.

~ ~ ~ x 43y ~ =34y . .
x=x—1,y=y and x= Yy Y= — ; 6) elliptic equation;
y=y V1o Yy S ) ellip q
represents the degenerate ellipse 2x'2+43y’*=0 (a single point), to
which form it can be reduced by two consecutive transformations

of coordinates: x=x% y=y—2 and x=> > =
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2 2
677. 1) The ellipse %6-{—%—:1; 2) the hyperbola 9x2—16y*=5;

3) the degenerate hyperbola x*—4y*=0 (the pair of intersecling

lines whose equations are x—2y=0, x+2y=0); 4) the imaginary

ellipse 2x*43y*=—1; the equation represents no geometric object;

5) the degenerate ellipse x2+ 2y*=0; the equation represents a single
2 2

point, namely, the origin of coordinates; 6) the ellipse %—-{-—‘Z—:l;

«@?
<Q

/y’
r
Il

Fig. 131.

2 2
7) the hyperbola XT—y2=l; 8) the ellipse i:)_+y==1. 678. 1) 3

and 1; 2) 3 and 2; 3) | and —:')_—; 4) 3 and 2. 679. 1) x=2, y=3;
2) x=3, y=—38; 3) x==1, y=—1;4) x=—2, y=1.680. 1) 2 and 1;
2) 5 and 1; 3) 4 and 2; 4) 1 and % 681. 1) x+y—1=0, 3x+y+
+1=0; 2) x—4y—2=0, x—2y+2=0; 3) x—y=0, x—3y=0;
4) x+y—3=0, x43y—3=0. 682. 1) An ellipse; 2) a hyperbola;
3) a pair of intersecting lines (a degenerate hyperbola); 4) the equa-
tion represents no geometric object (an imaginary ellipse); 5) a point
(a degenerate ellipse). 689. 1) Parabolic equation; represents the
parabola y"?=2x", to which form it can be reduced by two consecu-
. . . —4x’ + 3y’ —3x'— 4y’
tive transformations of coordinates: x= 5 y Y= 5

and x'=x"—3, y'=y"+2 (Fig. 132);2) parabolic equation; repre-
sents the degenerate hyperbola x"?=1 (a pair of parallel lines), to
which form it can be reduced by two consecutive transformations of
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coordinates:
3x'—2y’ 2x" 4- 3y’ "
X = — , Y= —— and x'=x"+ _,J—y
V13 V13 Vi3
(Fig. 133); 3) parabolic equation; represents no geometric object and
is reduced to the form y"?+1=0 by two consecutive transforms-

tions of coordinates: x——~3—x——;i, y:@- and xX'=x", y' =

=y"—4, 690. 1) The parabola y?=6x; 2) the degenerate parabola
y*=25 (the pair of parallel lines whose equations are y—5=0,
y+5=0); 3) the degenerate parabola y*=0 (the pair of coincident
lines which coincide with the x-axis). 693. 1) (x 4-2u)* +4x 4y —15=0;

Fig. 132. Fig. 133.

2) Bx—y)—x+2y—14=0; 3) (Bx—2y)PH-3x—y+411=0;
4) (4x+2y)?—5x+Ty=0; 5) (3x—7Ty)*4-3x—2y--24=0. 697. 1) 3;

9)3; 3) V& 4 %VI_O. 699. 1) 2x+y—5=02¢+y—1=0;

2)2x—3y——1=0,2x——-3y+ll=0;3)5x—y—3:0,5x——y+5=0.
700. 1) x—3y+2=0; 2) 3x+5y+7=0; 3) 4x—2y —9=0.
701, (x*4y?)? — 2¢? (x* —y?)=a*—ct. 702. (x*+y?)*=2a® (x’—_/z)

*=2a%cos 20. 703. *=Ssin20; (x*+y?)?=2Sxy. 705. Q._—B and

———1 e — &t 2 2) — g =—+b;
e=— 0. 706. (2r —x) y*=x*. 707. x (a®*+y*)=a’. 708. @ cosei ’

x2y? 4 (x +a)? (x*—b%) = 0. 709. choas() + a tan 0; x2 [(x +a)? 4 42]=
=a?y? 710. g=2acos 0 £ b; (x*+y?—2ax)?=b* (x244?%). 711. 9=
=a|sin20]; (x24y?)}=4a%x%? T12. x=acos3t, y=asindt;
2 2 2

x3 +yd=a?®. T3 g=acos?0, (x24y)=ax®. T4 x=
e=a(cost4tsint), y=a(sint—icost). 715. x=a(t—sint);, y=
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=a (1—cos t); x+ Vy (2a—y) =a arccos a—a—y_ 716. x=a(2cost—

— cos 2t), y=a (2 sin t —sin 2¢); g =2a (1 —cos 0). 717. x = (a+b) cos t—
a+b
a

t, y=(a+b)sint—asin‘%bt. 718. x = (b—a)cos ¢+

— acos

+ a cos é%‘—lt, y (b—a) sint—asinb%at.

Part Two

720. 1) (4, 3, 0), (—3, 2, 0), the point C lies in the plane Oxy
and hence the projection of C on Oxy coincides with C, (0, 0, 0);
2) (4, 0, 5), (—3, 0, 1), (2, 0, 0), the point D lies in the plane Oxz
and hence the projection of D on Oxz coincides with D; 3) (0, 3, 5),
(0, 2, 1), (0, —3, 0), the point D lies in the Elane Oyz and hence
the projection of D on Oyz coincides with D; 4) (4, 0, 0),
(—3' 0- 0)9 (2t Ov 0)- (0' 0' O)r 5) (0: 3: 0)’ (Ov 2- O)v (Or _3v 0);
(0, 0, 0); 6) (0, 0, 5), (0, 0, 1), (0, 0, 0), the point D lies on the
z-axis and hence the projection of D on the z-axis coincides with D.
721. 1) (2, 3, —1), (5, —3, —2), (=3, 2, 1), (a, b, —¢); 2) (2, =3, 1),
(5, 3, 2), (-3, —2, —1), (a, —b, ¢); 3) (—2, 3, 1), (—5, =3, 2),
(3, 2, —1), (—a, b, c); 4) (2, =3, —1), (5, 3, —2), (—3, =2, 1),
(a, —b, —c¢); 5) (—2, 3, —1), (-5, =3, —2), 3, 2, 1), (—a, b, —c);
6) (—2, —3, 1), (-5, 3, 2), (3, —2, —1), (—a, —b, ¢); 7) (—2, —3, —1),
(-5, 3, —2), (3, —2, 1), (—a, —b, —c). 722. (a, a, —a),
(a, —a, a), (—a, a, a), (—a, —a, a). 723. 1) The first, third, fifth
and seventh octants; 2) the second, fourth, sixth and eighth octants;
3) the first, third, sixth and seventh octants; 4) the second, fourth,
fifth and eighth octants; 5) the third, fourth, sixth and seventh
octants. 724. 1) The first, third, fifth and seventh octants; 2) the
second, third, fifth and eighth octants; 3) the first, second, seventh
and eighth octants; 4) the first, third, sixth and eighth octants;
o) the second, fourth, fifth and seventh octants. 725. 1) (—3, 3, 3);
2) (3, 3, —3); 3) (=3, 3, —3); 4) (=3, —3, —3); 5) (3, —3, —3).
726. 1) 7; 2) 13; 3) 5. 727. OA=6; OB=14; 0C=13; OD=25,
730. <x M,MgM, is obtuse. 732. (5, 0, 0) and (—11, 0, ). 733.
0, 2, 0). 734. C(3, —3, —3), R=3. 735. (2, —1, —1), (—1, =2, 2),
0, 1, —2). 736. 7. 737. x=4, y=—1, 2=3. 738. C(6, 1, 19) and
D (9, —5, 12). 739. D (9, —5, 6). 740. The fourth vertex of the paral-
lelogram may coincide with one of the following points: D, (—3, 4, —4),
D, (1, —2, 8), D,(5, 0, —4). 741. C(1,5,2),D(3, 2, 1), E(5,—1,0),

F(7, 4, —1). 742. A(—1, 2, 4), B(8, —4, —2). 743. %Vﬂ‘.

744. %Vﬁ 745. x=- ol } w , y=y_‘ﬂ2_-4tyi_ﬂd ,
— 21+2,+4 23424 =46 x_mlx1+m2xa+maxa+m4X4
B E— . =

2
my + my+ mg +my




Answers and Hints 285

=’"1.‘/1+’"292+’"3!/3+"14’J4 z=m,z,+m222+m373+m4z4 747
my +my+ my+ my ’ my+my+my+m, : :

(2, =3, 0), (I, 0. 2), (0, 3, 4). 748. |a|=T7. T49. z=1+3.
750. AB={—4, 3, —1}, BA={4, =3, 1}. 751. N4, 1. 1)
752. (—1, 2, 3). 753. X=V2,Y=1, Z=—1. 754. cosazﬁé,
3 16 3 4 12
cosﬂ:—?, cosy=—z . 755. cosa= 1z, cosﬁ:ﬁ. COSY =13
756. 1) Possible; 2) impossible; 3) possible. 757. 1) Impcssible;
2) possible; 3) impossible. 758. 60> or 120". 759. a={1., —I, V 2}
oo a={1, —1, —V2}. 160. M (V3 V3 V3

My, (—V 3, —V '3, —13). 761. See Fig. 134. 762. |a—b|=22.

~4 a a-b
—a-b /77\ > /d__
= 2 a+b d‘ﬁ
- 6 \6\

Fig. 134.

763. |a+b|=20. 764 la+b|=|a—b|=13. 765. [a+b|=
=V 129114, |a—d|=7. 766. |a+b|=V19=4.4, la—b|=17.
767. 1) Vectors a and b must be mutually perpendicular; 2) the
angle between vectors @ and b must be acute; 3) the angle between
vectors @ and b must be obtuse. 768. |a|=|b|. 769. See Fig. 135.

774. |R|=15. 775. 1) {1, —I, 6}; 2) {5, —3. 6}; 3) {6, —4, 12};
o -, o} ; 5) {0, —1, 12}; 6) {3, _3.2} . 776. The vec-

tor b is three times as long as the vector a; the
vectors are  oppositely directed. 777. a=4, p=—1.

779. The vector AB is two times as long as the vector CD; the

vectors are similarly directed. 780. a° = { ; , -—% , _% } .
3 4 12 |
. °= -y T - S . 7 2; - = — =
781. a <13’13’ 13 82. |a+4-b|=6, |la—b|=14.

783. d=—48i445/—36k. 784. c={-3, 15 12} 785. AM=
={3, 4, =3}, BN={0, =5, 3}, CP={-3, 1,0} 787. a =
1 1
=2p+5q. 788. a=2b+c, b= 53— 5¢, c=a—2b. 789. p=2a—3b.
790.TM=—%b+—;c. BW/:.—; c—b, C_P=?lh—c, where M, N
and P are the midpoints of the sides of the triangle ABC
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791. AD=11AB—7AC, BD=10AB—7AC, CD=11AB — 8AC,
AD+BD+CD=32AB—22AC. 793. c=2p—3q+r. 194. d=2a—

2 1 1 3
—3b+c¢, c=—2a+3b+d, b=—3—a-|— Tg'c_?d' a=7b—-—

— J o3 d 795. 1) —6; 2) % 3) 16; 4) 13; 5) —61; 6) 3T; 7) 73,

’310

a0

/°/" 9,

5
\ \:\,6\6
]

796. 1) —62; 2) 162; 3) 373. 797. The sum of the squares of the
diagonals of a parallelogram is equal to the sum of the squares of
its sides. 798. — ab=ab when vectors a and b are collinear and
oppositely directed; ab=ab when vectors @ and b are collinear and
similarly directed. 799. When b is perpendicular to a and ¢; also

Fig. 135

when @ and c¢ are collinear vectors. 800. ab+bc+ca=—%,
801. ab+tbctca=—13. 802. |p|=10.  803. a=i%_
804. |a|=|b]|. 807 BD=2% c—b. 808. a=arccos 2 809. ¢ =

. =|b]. . = . L= VT L=
= arccos (—%) 810. The plane perpendicular to the axis of the
vector @ and cutting off an intercept equal to % on this axis.

811. The line of intersection of the planes which are perpendicular
to the axes of the vectors a and b and cut off intercepts equal to

|—a¢l_| and I%l’ respectively, on these axes. 812. 1) 22; 2) 6; 3) 7;
4) —200; 5) 129; 6) 41. 813. 17. 814. 1) —524; 2) 13; 3) 3;
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4) (AB-AC)-BC = {—70, 70, —350' and AB(AC-BC) -
I

={—78, 104, —312}. 815. 31. 816. 13. 818. w=. — 6.

5 -4 . N ’ 4 —

819. cos =47 .  820. 45°. 821. arccos (——9> . 823. x=
| |

= {—24, 32, 30}. . I __l . = — 4 —

{ 32,30} 824. x ll'2' R 825. x i

—6j4 12k 826. x=={-—3, 3 3} 827.x {2 —3 0} 828 x =
=2{+3/—2k. 829. ) 3. 830. —3. 831. —5. 832. 6. 833. —4

834. 5. 835. —11. 836. )(:—§ Y=——, Z=— 837. 3.

I

838. —6 “71 839. |[ab]|=15. 840. [[ab]|--16. 841. ab= - 30.

842. 1) 24; 2) 60. 843. 1) 3; 2) 27; 3) 300. 844. Vectors a and b must
be collincar. 846. When vectors a and b are p-rpendicular.
850. 1){5, 1, 7}:2) {10, 2. 14}; 3) {20,4,28}. 851. 1 {6, —4, — 6;
2) {—12, 8, 12}, 852. {2, 11, 7} 853. {—4, 3, 4} 85 15

2 2 3
cosa =3, cosﬁ;—rs , COS Y -= :—é . 855. 28, cosu - — =
6 2 . — N 4
cos f —— 7 cos == 856. I/GG, cos U -= V(%.Lmﬁ_ V(E'
5V 17
Cos y=— —1: . 857. 14 square units. 858. 5. 859. sin qr:—}j——
V 66 21

860. { —6, —24, 8}. 861. m={45, 24, 0}. 862. x:={7,5, |

864. [ [ab] ¢]={—7, 14, =7 }; lalbc])={10,13,19}. 865. 1) Right-
handed; 2) left-handed; 3) leit-handed; 4) right-handed; 5) the vectors
are coplanar; 6) left-handed. 866. abc-==24. 867. abc=- + 27, the
plus sign is taken if the triad a, b, ¢ is right-handed; the minus
sign, if left-handed. 868. When vectors a, b, ¢ are mutually per-
pendicular. 873. abc=—7. 874. 1) Coplanar; 2) non-coplanar;
3) coplanar. 876. 3 cubic units. 877. 11. 878. D, (0, 8, 0); D, (0, —7, 0).
881. X=—6, Y=—8, Z=—6. 882. Vectors a and ¢ must be
collinear, or vector b must be perpendicular to vectorsa and ¢. 885. The
points M,, M,, M,lie onthe surface; the points M3, Mg, Mg do not lieon
the surface. The equation represents a sphere with centre at theoriginand
radius 7. 886. 1) (1, 2, 2) and (I, 2, —2); 2) there is no such point
on the given surface; 3) (2, 1, 2) and (2, —1, 2); 4) there is nosuch
point on the given surface. 887. 1) The plane Oyz; 2) the plane Oxz;
3) the plane Oxy; 4) the plane parallel to the plane Oyz and situated
in the necar half-space at a distance of two units from Oyz; 5) the
plane parallel to the plane Oxz and situated in the left half-space
at a distance of two units from Oxz; 6) the plane parallel to the
plane Oxy and situated in the lower half-space at a distance of five
units from Oxy: 7) the sphere with centre at the origin and radius 5;
8) the sphere with centre at (2, —3, 5) and radius 7; 9) the equation
represents a single point, namely, the origin; 10) the equation
represents no geometric object in space; 11) the plane which bisects
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the dihedral angle between the planes Oxz, Oyz and is situated in
the Ist, 3rd, 5th and 7th octants; 12) the plane which bisects the
dihedral angle between the planes Oyz, Oxy and is situated in the
2nd, 3rd, 5th and 8th octants; 13) the plane which bisects the
dihedral angle between the planes Oxy, Oxz and is situated in the
Ist, 2nd, 7th and 8th octants; 14) the planes Oxz and Oyz; 15) the
planes Oxy and Oyz; 16) the planes Oxy and Oxz; 17) all the three
coordinate planes; 18) the plane Oyz and the plane parallel to the
plane Oyz and situated in th: near half-space at a distance of four
units from Oyz; 19) th: plane Oxz and the plane which bisects the
dihedral angle between the planes Oxz, Oyz and is situated in the
Ist, 3rd, 5th and 7th octants; 20) the plane Oxy and the plane which
bisects the dihedral angle between the planes Oxz, Oxy and is situated
in the 3rd, 4th, 5th and 6th octants. 889. x*4yt+422=r2,
890. (x—a)?4-(y—P)2+(z—vy)2=r% 891. y—3=0. 892. 22—7=0.
893. 2x+3=0. 894. 20y +53=0. 895. x2 4 y2 - 22 =a?. 896. x2 4 y% +

2 2 2 2 2

+t=ab 897. x42:-0. 898 5 + % + ==1. 8. -5+
2

‘i_f,:_l' 900. The points M,, M; lie on the given curve; the

points M,, M, do nol lie on the curve. 901. Curves 1) and 3) pass
through the origin. 902. 1) (3, 2, 6) and (3, —2, 6); 2) (3, 2, 6) and
(—3, 2, 6); 3) the given curve contains no such point. 903. 1) The
z-axis; 2) the y-axis; 3) the x-axis; 4) the straight line passing
through the point (2, 0, 0) parallel to the axis Oz; 5) the straight
line passing through the point (—2, 3, 0) parallel to the axis Oz;
6) the straight line passing through the point (5, 0, —2) parallel to
the axis Oy; 7) the straight line passing through the point (0, —2, 5)
parallel to the axis Ox; 8) the circle (lying in the plane Oxy) with
centre at the origin and radius 3; 9) the circle (lying in the
plane Oxz) with centre at the origin and radius 7; 10) the circle
(lying in the plane Oyz) with centre at the origin and radius 5;
11) the circle (lying in the plane z—2=0) with centre at the point
; xt+y?+22=9, x2+y?+22=25,

(0, 0, 2) and radius 4. 904. { 4 =0, 905, { y+2-0.

—5)2 2 —1)2 =
x=0.
x2 4yt + 22 =36, . 3. .3
907. {(X-—l)“+(y+2)2+(z—2)’=25. 908. (2; 3; —6), (—2; 3; —6).

909. (1, 2, 2), (—1, 2, 2). 910. 1) The cylindrical surface whose
elements are parallel to the axis Oy and whose directing curve is
the circle represented (in the plane Oxz) by the equation x2 4 22=25;
2) the cylindrical surface whose elements are parallel to the axis Ox
and whose directing curve is the ellipse represented (in the plane Oyz)

2 2
by the equation !S;_5+T—6 =1; 3) the cylindrical surface whose elements

are parallel to the axis Oz and whose directing curve is the hyperbola
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- 2
represented (in the plane Oxy) by the equation T-G-%r:l; 4) the
cylindrical surface whose elements are parallel to the axis Oy and
whose directing curve is the parabola represented (in the plane Oxz)
by the equation x2=62z; 5) the cylindrical surface whose elements
are parallel to the axis Oz and whose directing curve is the pair of
lines represented (in the plane Oxy) by the equations x=0,
x—y=0; this cylindrical surface consists of two planes; 6) the
cylindrical surface whose elements are parallel to the axis Oy and
whose directing curve is the pair of lines represented (in the
plane Oxz) by the equations x—2z=0, x+2z=0; this cylindrical
surface consists of two planes; 7) the x-axis; 8) the equation repre-
sents no geometric object in space; 9) the cylindrical surface whose
elements are parallel to the axis Oy and whose directing curve is the
circle represented (in the plane Oxz) by the equation x2+(z—1)2=1;
10) the cylindrical surface whose elements are parallel to the axis Ox
and whose directing curve is represented (in the plane Oyz) by the

equation y2+ (x»]— %)22%' 911. 1) x?2+45y*—8y—12=0;
2) 4x24-522442—60=0;, 3) 2y—z—2=0.

912. 1) 18x2+4y2—36x+16y——1::_8; 2 {9)(—2:_723,;
3) { 4y2+822+’6y+2°2_3i_:__g' 913,  x—2+3z4+3=0,

914. 5x—32=0. 915. 2x—y—z—6=0. 916. x—y—324+2=0.
917. x+4y+72+16=0. 919. 9x—y—+—7z-—40 0. 921. 3x+3y +

+z——8=0. 923. 1) n={2, — } ={2\, —1, —2}»}
2 n={1,5 —1}, n={7r 54, —x} {3 —2,0}, n

= {3\, —2A, 0} 4) n={0, }. _{o 5A, —3”
5)n={1,00} n={x, 0,0} 6) n-{O 1.0}; ={0, 4,0},
where A is any number other than zero. 924. 1) and 3) represent
parallel planes. 925. 1) and 2) represent perpendlcular planes.

2 1

926. 1) =3, m=—4; 2) [=3, m= 3,3) = 33,m 15.

3
927. 1) 6; 2) —19; 3) —%. 928. 1) %n and %n; 2) ;—n and 77

n 2 2

5 d = —i —= . . — =0.
3) 5 5 4) arccos [z and m—arccos 929. 5x—3y+ 2z
930. 2x—32—27=0. 931. 7x—y—>5z2=0 932. x+22—4=0.

934. 4x—y—22—9=0. 936. x:l y:—? z2=2. 939. 1) a#T7,;
2) a=7, 6=3; 3)a=7 bx3. 940. 1) z—3=0; 2) y+2=0;
3) x+5=0. 041, I) 2y42=0; 2) 3x+2z=0; 3) 4x43y=0.
942, 1) y+424+10=0; 2) x—z—1=0; 3) Sx+y—13=0.

843. (12, 0, 0), (0, —8, 0), (0, 0, —6). 4. % +5 45 =
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945. a=—4, b=3, c= 946. 240 square units. 947. 8 cubic

units. 948.;—{-%4—{- —1. 949. __i3+%+43=1. 950. x 4

+y+245=0. 951. 2x—2ly+22+88=0, 2x—3y—2z412=0.

952. x+4y+2—9=0, x—y—z+1=0, x—y+2z—3=0,
x+y—2z—5=0. 953. 2x —y—32—15=0.
954. 2x — 3y + 2 —6 = 0. 955. x — 3y — 22 + 2=0.

956. Planes 1), 4), 5), 7), 9), 11) and 12) are represented by normal
. 1 3 6 2
equations. 957. 1) —gx—-§y+§z—6=0; 2) —7x+7y——7—z—

2 3 6 11 2 2 1 1
2’3)7* 7V=7: =0 1) grtzy—g2—5=0

- 12 3 4 1

O TRyt 2=t O gr—gy—g=07) —y—2=0; § x—

—5=0; 9) z—3=.0; 10) z——; =0. 958. 1) a=60° p==45°, y=60°,

p=5; 2 a=120, p=60", y=45", p=8; 3) a=45°, f=90", y=45°,
p=3V2 4)a=90", p=135° y==45°, p=V¥ 2, 5) a=150°, p=120°,
y=90", p=5; 6) a=90", p=90°, y=0°, p=2; 7) a=180°, p=290°,

vy=90", p:—; ; 8)a=190, =180, y=90°, p:—;—;g) a:arccos—:ls— ,

ﬁ:n—arccos% , y:arccos%, p=2; 10) @=m—arccos =, p=n—
arccos%, y:arccos-(;—, p=;. 959. 1) 6=—3, d=3; 2) 6=1,

d=1;, 3) 6§=0, d=0—the point M, lies in the given plane;
4) 6 =—2, d==2;5) 6=—3, d=3. 960. d=4. 961. 1) On the same
side; 2) on the same side; 3) on opposite sides; 4) on the same side;
5) on opposite sides; 6) on opposite sides. 964. 1) d=2; 2) d=3.5;

3) d=6.5; 4) d=1; 5) d=0.5; 6) d:—g . 965. 8 cubic units. 966. The

conditions of the problem are satisfied by two points: (0, 7, 0) and
(0, —5, 0). 967. The conditions of the problem are satisfied by two

points: (0, 0, —2) and (0, 0, —6-1%). 968. The conditions of the

problem are satisfied by two points: (2, 0, 0) and (‘%.0,0) .

069, 4x—4y—2:415=0. 970. 6x+3y+22+11=0. 971, 2x—2y —
—2z—18=0, 2x—2y—2+12=0. 972. 1) 4x—y—22—4=0; 2) 3x+
+ 2y—2+41=0; 3) 20x—12y+42z+413=0. 973. 1) 4x—-5y+2—2=0,
2x+y—324+8=0; 2) x—3y—1=0, 3x+y—2z2—1=0; 3) 3x—6y+
+724+2=0, x+4y+32+4=0. 974. 1) The point M and the origin
lie 1n two complementary angles; 2) the point M and the origin lie
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inside the same angle; 3) the point M and the origin lie in two ver-
tical angles. 975. 1) The points M and N lie in two complementary
angles; 2) the points M and N lic in two vertical angles. 976. The
origin lies inside the acute angle. 977. The point Al lies inside the
acute angle. 978. 8x—4y—4z+5=0. 979 23,\'—1/—43—24:0.
980. x—y—z—1=0. 981. x4 y+2:—0. 982. 5"—’-’/—3283
{ 5x+42:—3=0, 7y—2z+3=0, 983 { 3x—y—72+9=0,

y=0; x=0. ’ Sy +22=0.

984. (2, —1, 0); (l—;—, 0, —-é—); 0, 2, —1). 986. 1) D=—4;
2) D=9; 3) D=3. 987. 1) A;=A,=0 and at least one of the num-
bers D,, D, is different from zero; 2) B,=B,-=0 and at least one
of the numbers D,, D, is different from zero; 3) C,=C,==0 and at
least one of the numbers D;, D, is different from zero.
988. 1)4‘ 2) &'3)5 9—'4)A D=0, Ay=D, =0;
o D2* 62 D) 1=Y1== 2 == o=V,

5) Bl_D _0 B,=D,=0;  6) C;==D,=0, C,=D,=0.
989. 1) 2x+ 15y +724+7=0; 2) 9y +3z4-5=0; 3) 3x+3z—2:=0;
4) 3x—9y—7=0; 990. 1) 28x—2y +212—33.=0; 2) y+2z—18-=0;
3) x4+2—3=0; 4) x—y+15-=0. 991. S5x--52—8=0. 992. a (5x —
—2y—2—3)+P (x+3y—22+45)=0. Hint. The line of intersection of
the planes 5x —2y—2z—3=0, x+43y—224+5=0 is parallel to the
vector l:{?, 9, 17}; hence, the conditions of the problem will be
satisfied by all planes which belong to the pencil of planes passing
through this line. 993. 11x—2y —15z2 —3=0. 994. a (5x —y—22z—3) -
4+ B (Bx—2y—52+4+2)=0. Hint. The line of intersection of the
planes 5x—y—2z—3=0, 3x —2y —5z+2=0 is perpendicular to the
plane x4 19y—7z—11=0; hence, the conditions of the problem
will be satisfied by all planes belonging to the pencil of planes
through this line. 995. 9x+47y-+8z47=0. 996. x—2y +z—2==0,
x—5y+4z—20=-0. 997. The plane belongs to the pencil. 998. The
plane does not belong to the pencil 999. [=-—5 m=—1l.
1000. 3x —2y + 62+ 21 ==0, 189x + 28y 4-482— 591 =0. 1001. 2x —3y —
—6z4+19=0, 6x—2y—32+18=0. 1002. 4x—3y+62—12=0,
12x — 49y 4 382 + 84 =0. 1003. 4x+4+3y—5-=0, 5x4+32—7=0,
Sy—dz++1=0.  100d. { 7"—U+;f8; sx—z—1=0,
5/—72—12 0, 2x—4y—8z+1=0,
{ -0 1005. x — 8y + 52— 3=0. 1006. {2x—y+z—l=0.

—2 243 x—2 vy z+3 x—2 y 43
1007. ) ==Y _ Ly XTf Y _27T3, 4y _it3.
. l; 2 -3 5 +2) 5 2 —1 +3) 0 0 °
x— y 243 x—2 y z+3 x y+2 z—I
4) — =L — . —_— = =7 _ = .
) =T = ) = =1 1008, 1) =
x—3 y+1 =z x y+2 2—3 x+1 y—2 z+4
2) —=LT1T __2. =21 < - T _J<
)= =33 37 5 9 0 0

y=—23t—1, 2=4(—3; 2) x=:20 41, y=5t—1,
—— 92 —1, 2= 5(--3. 1010. 1) x=t+2,
1 ) x=t43, y=—t—1,z2=t; 3) x=0, y=¢,
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2=—3t+1. 1011. (9, —4,0), (3,0, —2), (0, 2, —3). 1012. x=5t-l]—4,
g+ _

y=— 117, z=—2 1018, S Y2224 T e 222 0t
~ 253 1015 x=3143, y=150+1, 2= 19—3. 1016. a={1, 1, 3}
a=1|A, A 3\}, where A is any number other than zero. 1017. a ="
=—2{+4+ 1145k a=— 2\ + 11Aj+5\k, where A is any number
other than zero. 1018. X724 —=3_2+5 g9 1)*—-2_y+!_2

2~ —4 -5 2 7 4°
Solution. Setting, for example, z,=0, we find from the given system:
x9=2, yo=— 1, thus, we have already found one point, M, (2, —1, 9),
of the line. Next, let us find its direction vector. We have
m={1, —2, 3}, n,={3, 2, —5}; hence, a=[mn,]={4, 14, 8},
that 1s, /=4, m=14, n=28. Substituting the values of x4, Yo, 2o

X—Xo_Y—Yo__2—"2%

and [, m, n just found in the relations » we
1 m n
obtain the canonical equations of the given line: )‘—;—2=y—l_—i_—l=% ,
x—2_y+1_ 2z x _y+1_z2—1, x—=3_y—2_z
S A A = e A DU U i T

1
1020. 1) x=¢+1, y=—T7t, 2=—19t—2; 2) x=—t+1, y=3t+2,
z=>5({—1. 1023. 60°. 1024. 135°. 1025. costp:i;l. 1027. [=3.

x+1 y—2 243 x+4_ _y+5_ 2—3
1029. 7 = _—3="§ - 3= 9 =T
=20—5, y=—38t+4+1, z=—4f 1032. v=13. 1033. d=2I.
1034. x=3—6¢, y=— 1418/, 2=—54+9t. 1035. x=—7+44¢,
y=12—4¢, 2=5—2t. 1036. x =20—6¢, y=— 184-8¢, z=— 32 4 24¢;
(2, 6, 40). 1037. The equations of motion of M are x=—>5+46t,
y=4—12¢, z=— 5 4t¢; the equations of motion of N are x=— 5+ 4¢,
y=16—12t, z=—6+43¢t; 1) P (7, —20, 3); 2) this time is 2; 3) this
time is 3; 4) M P =28, N,P=39. 1040. 1) (2, —3, 6); 2) the line
x—2
2

Q%‘=”3" . 1042. ";2=y_+33=’j55. 1043. 2x— 3y + 42—1 =0,
1044. x+2y+32=0. 1045. m=—3. 1046. C=—2. 1047. A =3,
D——23. 1048. A=—3, B=4%: 1049. [——8, c=_g_.
1050. (3, —2, 4). Solution. To find the desired point, solve the equa-
tions of the given line simultaneously with the equation of the plane
passing through the point P and perpendicular to this line. First of
all, note that the direction vector {3, 5, 2} of the given line will
be a normal vector to the required plane. The equation of the plane
through P (2, —1, 3) and havin n={3, 5, 2} as its normal vector
will be of the form 3(x—2)+5(y+1)+2(z—3)=0, or 3x+5y +
+ 2z2—7=0. By  solving simultaneously the  equations

1030. 1031. x =

is parallel to the plane; 3) the line lies in the plane. 1041.
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{ Sng‘yﬁ_'ézs'_?l({_ﬂ"*—?' we find the coordinates of the de-
sired projection to be x=3, y=—2, z==4. 1051. Q (2, —3, 2).
1052. Q (4, 1, —3). 10563. (1, 4, —7). Solution. To find the desired
point, solve the equation of the given plane simultaneously with the
equations of the straight line drawn from the point P perpendicular
to this plane. First of all, note that the normal vector {2, —I, 3}
to the given plane will be the direction vector of the required line.
The parametric equations of the straight line passing through
P (5, 2, —1) and having @ ={2, —1, 3} as its direction vector will
be of the form x=2t+5, y=—1t+2, z=3t—1. By solving simul-
taneously the equations zx:—my:sSz ;__%3_—!0_’% 2, z=3t—1,we find
the coordinates of the desired projection to be x=1, y=4, z=—17.
1054. Q (—5, 1, 0). 1055. P (3, —4, 0). Hint. The problem can be
solved by the following procedure: (1) show that the points A and
B lie on the same side of the plane Oxy; (2) find a point symmetric
to one of the given points with respect to the plane Oxy: for example,
find the point B, symmetric to B; (3) write the equations of the
straight line passing through the points A4 and B,; (4) by solving the
equations of the line just found simultaneously with the equation of
the plane Oxy, we obtain the coordinates of the desired point.
1056. P (—2, 0, 3). 1057. P(—2, —2, 5). 1058. P(—I, 3, —2).
1059. 1) P (—25, 16, 4); 2) this time is equal to 5; 3) M,P =60.
1060. x=28—7.5¢t, y=—30+8¢, z=—2746¢t; 1) P(—2, 2, —3);
2) the interval of time from ¢, =0 to t,=4; 3) M,P=50. 1061. This

time is equal to 3. 1062. d =7. Solution. On the line x_—;—_3=%_2=
= 252—8, let us choose a point, say M, (—3, —2, 8), and assume that
the direction vector a={3, 2, —2} of the line is drawn from the
point M,. The modulus of the vector product of the vectors a and
M\P will give the area of the parallelogram constructed on these
vectors; the altitude drawn from the vertex P of this parallelogram
will be the required distance d. Hence, the formula for calculating

the distance d is d:”aM—’PH. Now find the coordinates of the

vector M,P from the coordinates of its terminal and initial points:
M1P={4, 1, —10}. Evaluate the vector product of the vectors a

iJ k
and M,P: [aM,P]=|3 2 —2 |=— 18] 422/—5k. Find its modulus
41 —10

|laM,P)|=V 182 122t + 52 = ]/ST3=7_I_/I—7_. Calculate the modulus
of the vector a: |a|=V_9+4+4=l/l7. Finally, determine the
7 Vl_'77x7. 1063. 1) 21; 2) 6; 3) 15. 1064. d = 25,

1065. 9x 4- 11y + 52— 16 =0. 1068. 4x 4 6y + 5z-— 1 =0. 1070, 2x — 16y—
—132+4+31=0. 1072. 6x—20y—1lz+4+1=0. 1074, (2, —3, —5).

required distance d =
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1075. Q (1, 2, —2). 1076. Q (1, —6, 3). 1077. 13x—14y+11z+51=0.
1079. x—8y—13z4+9=-0. 1081. 53 yjs ’+ . 1082. x = 8({—3,
_/:—31'—1 z=—4{+2. 1083. 1) 13; 2) 3; 3)7 1084. 1) x2+y? +

22 =81, (\—5)2 +(y+3)72+(z—7)2=4; 3) (x—4)?2+(y+4) +

(24—2)2 4) (x—3)2+(y+2)2+(2—1)“—13 5) (x—3)24

(y+1)2+ (2—1)2'—2l 6) x24y2+22=09; 2(x—3)2+(y+5)2+
(z

(

+2)2=56: 8) (A—1)2+(y+2)2+(2—3) 49; 9) (x+2)%+
y—4)24(2—5)2=81. 1085. (x—2)2+4 (y— 3)2+(z+1)2—9 and
+(y+l)+(z+5)2—. 1086. R=5. 1087. (x+ 1)24(y— 3)2
(z—3)2=:4. 1088. (x+1)2+(z—2)2+(z—1)2—49 1089. (x - 2)% 4
(y—3)2+ (z+1)2=289. 1090. 1) C (3, —2, 5),r=4; 2)C(—1, 3, 0),
r=3, 3) C(2, 1, —l), r=5 4 C@©, 0, 3), r=3
5) C (0, —10, 0), r=10. 1091. x—5t—1, y=—1t+3, 2=2{—0.5.
f— oyt 2t g

1092. =3 =7 - 1093. 1) Outside the sphere.
2) and 5) on the sphere; 3) and 4) inside the sphere. 1084. 1) 5;
2) 215 3) 7. 1095. 1) The plane cuts the sphere; 2) the plane touches
the sphere 3) the plane passes outside the sphere. 1096. 1) The line
intersects the sphere; 2) the line passes outside the sphere; 3) the
line touches the sphere. 1097. M,(—2, —2, 7), d=3.

-—l2 2)2 4 (z—1)2=36,

1008. C(—1, 2, 3), R=8. 1099, § ¥~ FE—=D*+(—D
\ ox—z—1=0.
1100 {(x—l)z-Herl)’+(z+?)2=65.
"\ 18x— 92y +52—30=0.

{ (x—2)*+ 42 +(—3)2 =27,
x+y—2=0.
1104, x%+ y%+22—10x 4 15y —252 =0. 1105. x2 4 y2 224 13x—9y +
+92—14=0. 1106. x>+ (y+2)2+22 =41. 1107. 6x— 3y —2:—49=0.
1108. (2, —6, 3). 1109. a=+6. 1110, 2x—y—z+5=0.
111, x1x+yly+z12—rz 1112, A2R? 4 B2R2 4 C2*R%*=D?2.
113, (x,—a) (x—o +(yl B)(y—B)+ (z3—7y) (z—7y)=r2. 1114, 3x—
—2y+6z—11=0, 6x+3y+2z—30=0. 1115. x+2y--22—9=0,
X+2y—2249=0. 1116. 4x+32—40=0, 4x432z+410=0. 1117. 4x+
+ 6y 4 52— 103 =0, 4x + 6y 45z + 205 = 0 1118. 2x—3y + 42— 10=0,
3x—4y +22—10=0. 1120, x—y—z—2=0. 1122. Ax+ By+Cz +
+D 0. 1123. xcosa+ycosP+zcosy—p=0. 1124. d=| r,n— p\.
d=|x,cosa+y,cos p+zcosy—p]|. 1125. (r,—nr) (r—nr)=0,
(x2—x1) (x—x1) + (Y2—¥1) (Y —91) +(22—-2,) (z—2,) =0.
X—XgY—Yo2—2,
1126. g,a, (r—r))=0; L m ny |=0. 127, (rp,—n)X
ly my ny
Xx—xy Y—y; z2—z
X(Fg—r)(r—r)=0; [ xa—x%; Yo—y; 2,—2z; |=0.
X3—X1 Ys—Y, 23—z

+
._+_
+
+
+
x2
+
._|._

1101, 1103. 5x—8y+52—7=0.
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X =Xy —YoZ— 2
128. myn, (r—r,)=0.| A, B, C(, =0. 1131.
A, B, C,

X—X,
=

y__;y.,:z_—nzo . 1132. [(r—r) (rp—ry)]=0; [r(ro—ry)]=[nr.].
r=ri+(r,—r)t. 13, a(r—r)=0; [(x—x)+my—y,) +
+ n(z—2z,)=0. 1134. a,a,(r—ry,) =0. 1135. mn., (r—r,)=0.

1136. r=r,4nt, ";"02”;90_—_222“ . N37. r=ry+(mnt,
XX Y=l 272 1138 { ron+D=0,
, B, C, ‘ C, A, ' A, By | ) an =0,

B, C, C, A, A, B,

Axo+B C D=0,
{ ot BYo+C2+ 1139. a,a,(r—r,) =0. 1140. a,a,(r, —ry)=0.

Al+Bm+4Cn=0.

| ! D
e Dy o AatBCerd
U1 Axy+ By, -+Czy+D - _AX0+BU0+C20+D
Y=Yo— Al+Bm +Cn " =2 Al4+Bm+Cn
Ax, +B C:z D
ez, p 020, x‘;_l:"gac‘f A, y=p—
ngnlen, AL
T (2
+ ("l_"o)aa oy o (a—x) [+ (yy—Yo) m+(2y—2y) n !
a’ ’ r=Xon [24-m*+n? '
_ (y—=x9) L+ (W1 —yy) M- (21 —20) 1 Yy
Yy=yo+ 2 I"-;-m'*”—kn? m, 7=12, +
(x1-=xo) [+ (01 — o) M+ (2 —24) 1 _Vir—=r)aP
+ n. 144, d= N ZTJAE
12+ m?+n? Va
Yi—Yo 21—2 |* 721—zy X;—Xo |*, | \i— %o Y1— Yo 2
d— ]/l m n + n l T l m
- V B+ m?+n?
I, 1y xp—x;
absolute
value of ! T‘ e g‘-‘_g‘
1145, ="' D% =R, 4 L0 2 B X
Via,a.)? .‘/ my ny 2 ng LR Lm
my n, ny Iy ly my
Rl Rm
1147, —&a and ——R—a; X, = T 2 NN
la| |al VELrm:+n VEXmi+n
Rn B RI Rm
= and Xg———V-lz:_z—-*z. Yy = —— s’
V 24 m?+ n? +m?+n Vetmifn
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Rn R R
=, 1148. r, —a and ry——— Q,
2 V 2y m:fnt °+|a\ ° |al

RI Rm
xl=x°+——lfm' yl=y0+——V——lz+m2+ﬂ2’
21=20+#—__n— and x2=xo—;_—R——l———.,

Vetrm:+n? Y Bt mitnld
y :y ___RL_ 2o = 2, ———Rn_.
TV Ermre T Vitmre
1149. (ry—r,) (r—ry) =R2. 1150. (r—ry)?= (rl—"ﬂ)—. (x—xy)* +
(Ax, + By, + Cz, + D)?
+ (y—y1)*+ (2—2z))* = AT1 BTI CE . 1151, l"' R=0,
nr Ax+ By +C:z Ax+By+Cz
——+R=0, -—*____—R=O, —_——— + R=0,
ni VAT {B*C? V’A2+32+c=+
ns2, AY=n)_p_o Gr—r) o
far =% &y R
l(x_xo)+m(!/—!/o)'*‘"(z—zo)_R:;O
VEtmgn '
l(x_xo)+m(!I—!/o)‘*‘ﬂ(Z—'Zo)_*_R:O- 1153. 3, V3; 2, 3, 0),
VI tm*tnt

2 —3,0), (20, V3), 20 0, —V3). 1154. 4.3; (4, 0, —I),

(—4, 0, —1). 1155. 15; (0, —6, -——;—) . 1156. The equations of the

projections on the planes Oxy, Oxz, and Oyz are, respectively:
J x2+4xy +5y2 —x=0, x2—2xz2 522 —4x=0,
(a) (b) {
z2=0; y=0;
y2+2242y—2=0,
()

=0 1157. An ellipse with centre at

(2, —1, 1). Hint. The centre of the section is projected into the
centre of the projection. 1158. A hyperbola with centre at (1, —1, —2).
1159. 1) An ellipse with centre at (—1, 1, 3); 2) a parabola; has no
centre; 3) a hyperbola with centre at (2, —3, —4). 1160. 1) | < |m| <

<V% 2 |ml<1. 1161. 1) m#0 and m;—%; when m=—

-.-:-, a degenerate ellipse (a point); 2) m=0. 1162. (9, 5, —2).
1163. (3, 0, —10). 1164. (6, —2, 2). 1165. m= £ 18. 1166. 2x—y —
—22—4=0. 1167, x—2y+42z2—1=0, x—2y+21+l=0;
X2 yr42?
25

1168. §+

uul-hwlw

_ x2 y2 22
=1. 1169, Z et 5 =1. 1170, g, =

5"’



Answers and Hints 2¢7

2 2 2 -2 2
1172. ,+J "'Z_l. 1173. ";ty _;=1. 178, XY _o,

p q
1180. l) 3, 4, —2) and (6, —2, 2); 2) (4, —3, 2)—the line touches
the surface; 3) the line and the surface have no poinis in common;

9% — 19y — oy
4) the line lies on the surface.  1181. { ¥—12y—2416=0

x—2y+4=0;

{ 2x— 12y —2z4+-16=0, 1182 { y+2z2=0, { 2x—52=0,

x+2y—8=0. ) x—5=0; y+4=0.

x _y+1_2—1 x_y+9_ 243 x _y—3_ z

1183. =4 =% T- 13 -9 ° 1184. =T =%
x—2 y =z 1 x® oyt 22 x?

0 -3 1185. accosﬁ 1186. 1)‘?—}-’)—2—;_0, 2) =
2 42 ¥? .

—%5""{2:0' 3) —-2+%+ 2=0. 1188.  x2dy2—2z2=0,

2 2
1189. Z— ”7 (zc 9 _ 0. 1190. 3x2—5y? + 722 — bxy + 10xz— 2yz —

—4x+4y—4z4+4=0. 1191. 25+;’5 Zg_o 1192, x2—3y24+22=0
1193. 35x2 4 35y2 — 5222 — 232xy — 116xz + 1 16yz 4 232x — 70y — 1162 +
+ 35=0. 1194. xy + xz-+ yz=0—the axis of the cone is situated in
the first and seventh octants; xy-+ xz—yz=0—the axis of the cone
is situated in the second and eighth octants; xy —xz—yz=0—the
axis of the cone is situated in the third and fifth octants; xy—xz+4
-+ yz=0—the axis of the cone is situated in the fourth and snxth octants.
1195. 9x2— 1642 —1622—90x +225=0. 1186. x>+ 4y2—422+4xy +
+ 12xz—6yz=10. 1197. 4x2—15y4%—62% — 12x2— 36x 2424 66=0.
1198. 16x2 4+ 1642 4 1322 — 16x2 + 24 yz + 16x — 24y — 262 —-23 =0.
1199, x2—y2—2x2+2yz+x+y—22z==0. 1200. 5x2 + 5y% + 222 —2xy +
+ 4xz+4yz—6=0. 1201. 45x2+ 7242+ 452% + 36xy + 72xz— 36yz +
+ 54x 4216y —54z—567=0. 12062. 5x%+ 10y%+ 1322+ 12xy —6x2 4
4 4yz426x +20y—38:+3=0. 1203. x2+44y*+522—4xy—125=0.
1204. 1) 18; 2) 10; 3) 0; 4) —50; 5) 0; 6) xo—=x;5 7) 0; 8) 1,
1205. 1) x=12; 2) x=2; 3) x;=—1, x,=—4; 4) x;,=—1/6; x,=3/2;

5) xp,0==%2i; 6) x;=2x,3=—24i; 7) )c=(—l)";u—2 %n, where

n is any integer; 8) x=%(2n+l). where n is any integer.

1206 1) »>3; 2) x>—10; 3) x<-—=3; 4) —l<x<T7.
1207. 1) x=16, y=7; 2) x=2, y=3; 3) the system has no solu-
tions; 4) the system has an infinite number of different solutions,

each of which may be determined from the formula y=X-Tl by

assigning arbifrary values to x and computing the corresponding
. ac+bd bc—ad

values of y; 5) x= pral Y=g’ 6) the system has no solu-

tions. 1208. 1) a#£—2; 2) a=—2, b#2; 3) a=—2, b=2.

1209. a=10/13. 1210. 1) x=—2t, y=7t, z=4¢; 2) x=2¢, y=3,
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2=0; 3) x=0, y=t, z=3¢;, 4) x=0, y=t¢, 2=2¢;, 5) x=2t, y=>5¢,
2=41; 6) x=4¢, y=2t, 2z=3¢t; 7) x=t, y=>5¢t, z=11¢; 8) x=3i,
y=4t, z=11¢; 9) x=0, y=t, z=3¢; 10) x=(a+1)¢, y=(1—a?)t,
z2=—(a+ 1)t provided that a # —1. (If a=—1, then any solulion
of the system will consist of three numbers x, y, z, where x, y may

be chosen at will and z=x+4vy); 1l1) x=(b—6)¢, y=(3a—2)¢,
z=(ab—4) t provided that a¢%or b # 6. (Ifa:—s— and b=6,

then x, y may be chosen at will and z=—§-x+2y
12) x=3(1—2a)t, y=(ab+1)t, 2z2=3(b+2)t provided that

a;é—% or b#—2. |If a=—= and b==—2, 'then x, y may be

chosen at will and z=2(3y—x).| 1211. —12. 1212. 29. 1213. 87,

1214. 0. 1215. —29. 1216. 2a%. 1223. —4. 1224. 180. 1225. 87.
1226. 0. 1227. (x—y) (y—2)(z—x). 1229. 2a%b. 1230. sin2a
1231. xyz(x—y) (y—2) (z—x). 1232. (a+b+c)(a%+ b2 +c2—ab—

—uac—bc). 1234. 1) x=—-3; 2) x;,~—I10, x,=2. 1235. 1) x > 7/2;
2) —6<x <—4. 1236. x=24%, y=2l%, z=10. 1237. x=1,

y=1,z=1. 1238, x=2, y=3, 2=4. 1239. x=1, y=3, z=5.
1240.x=13—:‘-,y=8-}1—, .7._14l 1241, x=2, y=—1, z=1.

P
1242, y2tec ,_a—b _a—c 1243, (=21t ,_bte

a-+c
5 -

2'”‘2'22‘ . g Y=g

z= 1244. The system has an infinite number of solutions,

each of which can be found from the formulas x=2z—1, y=z+1

by assigning arbitrary values to z and calculating the corresponding
values of x, y. 1245. The system has no solutions. 1246. The system

has no solutions. 1247. 1) a # —3; 2) a=-—3, b 95-:;—; 3) a=-3,

b=%. 1249. The system has the unique solution x=y=2=0.

1250. The system has an infinite number of solutions, each of which
can be found from the formulas x=2¢(, y=—3¢t, 2=>5¢ by assigning
arbitrary values to ¢ and calculating the corresponding values of x,
y, z. 1251, a=>5. 1252, 30. 1253. —20. 1254. 0. 1255. 48. 1256. 1800.
1257, (b+c+d) (b—c—d) (b—c+d)(b+c—d) 1258. (a+b+c+d)X
X@+b—c—d)(a—b+c—d)(a—b—c+d). 1259. (a+b+c+d) X
¥ (a—b+c—d) [(a—c)? + (b—d)?]. 1260. (be —cd)2,
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