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Preface

This book is intended for students and professionals who need to solve
integrals or like to solve integrals and want to learn more about the
various methods on how to do that. Readers will find here techniques
of integration which are not found in standard calculus and advanced
calculus books.

Undergraduate and graduate students whose studies include mathematical
analysis or mathematical physics will strongly benefit from this material.
Moreover, many items, examples and problems discussed here can be
used in student projects and student research.

Students training for mathematical competitions (like the MIT integration
bee) will find here many useful techniques and examples.

The book will be quite helpful to mathematicians involved in research
and teaching in areas related to calculus, advanced calculus and real
analysis. Examples from the book can be used in classwork or for home
assignments. This way the book can be a helpful supplement to calculus
and advanced calculus courses.

The reader will see how Parseval’s theorem for Fourier series and for
Fourier and Laplace transforms efficiently work for solving integrals.

Among other things the book contains solutions to about twenty problems
from the American Mathematical Monthly, the College Mathematics
Journal, the Mathematics Magazine, and the Fibonacci Quarterly. All
these solutions were found by the author and submitted to the journals.
They may differ from the published solutions. Throughout the book
“Monthly Problem” means a problem from the American Mathematical
Monthly.

The content is organized in five chapters. In the first chapter the reader
will see the classical substitutions of Abel and Euler which are missing
from standard calculus books. The important theorem of Chebyshev on
the differential binomial is also found there. At the end of Chapter 1 there

vii



viii Special Techniques for Solving Integrals

is a special bonus — the Gauss formula for the Arithmetic-Geometric
Mean proved with the help of a special trigonometric substitution.

The second and the third chapters provide two efficient techniques for
solving definite integrals. The second chapter is focused on differentiation
with respect to a suitably introduced parameter in the integral. This
method is illustrated by numerous examples. In some cases this method
is combined with differential equations.

At the end of Chapter 2 there is another bonus for the reader — examples
of integrals which help to solve the famous Basel problem, the evaluation

of the series £(2)=1+1/2"+1/3*+....

In the third chapter we present various important integrals evaluated by
using Fourier series in combination with the logarithmic series. The
examples include log-gamma, log-sine, and log-cosine integrals. At the
end of this chapter we prove a special Binet type formula for the log-
gamma function InI'(z).

The fourth chapter deals with an unusual but powerful technique —
evaluation of integrals by using Laplace and Fourier transforms. Here
we demonstrate the efficiency of Parseval’s theorem applied to these
transforms. Some important hard integrals involving the Gamma function
can be evaluated with the help of Parseval’s formula and the exponential
polynomials.

The fourth chapter also presents a special bonus for the reader. We give a
new proof of the functional equation of the Riemann zeta function £ (s) .
The proof is based on two special integrals. This is followed by a proof
of the famous Euler formula relating the values {(2n) to the Bernoulli

numbers

(_l)nfl (2ﬂ)2n

= o)

B, (n=1,2,.).

In the fifth chapter the reader will see several special formulas (Frullani’s
formula, Poisson’s integral formula and a special formula discovered by
the author) which produce immediate results even with some very tough
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integrals. In that chapter we also show how some challenging series can
be evaluated by using integrals.

The fifth chapter has a section dedicated to power series with harmonic
and skew-harmonic numbers where special integration is also needed.

Appendix A represents a list of about 330 integrals solved in the book.

The reader will find proofs for many integrals from the popular reference
tables of Gradshteyn and Ryzhik [25] and Prudnikov, Brychkov, Marichev
[43] (see also [35]). There is a minimal overlap if any with the books of
Boros and Moll [7] and Nahin [37].

Together with many classical formulas the book presents also some new
results not published before.

Here at the end I want to express my gratitude to my wife Irina
Boyadzhiev for her indispensable help in putting the book together.
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Chapter 1

Special Substitutions

1.1 Introduction

A very efficient method for solving integrals is using a substitution.
That is, replacing the original variable by a new variable which helps
simplify the integral. Most calculus textbooks, however, use only the
“u-substitution” and the standard trigonometric substitutions. For example,
the integral

J.(S +x) " dx

can be solved immediately with the u-substitution u =5 + x.
The integral

Im dx

can be solved quickly with the trigonometric substitution x = \/3 sind . In
many important cases, however, the u-substitution and the trigonometric
substitutions do not help. For example, the integral

I dx

(x+3)/3x—x* -2

is difficult to solve with only these two substitutions. The natural way
to solve this integral is by the second Euler substitution (see below
Example 1.2.2). Unfortunately, many tools of classical analysis are not
present in standard calculus books. The purpose of this chapter is to fill
part of this gap by reviving several classical substitutions.
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We also demonstrate that in certain cases the hyperbolic substitutions are
more efficient than the trigonometric substitutions.

Further, in Section 1.7 we present a very special substitution which helps
to prove the Gauss formula for the Arithmetic-Geometric Mean of two
positive numbers.

The wu-substitution and the simple trigonometric substitutions are
prerequisites for this chapter (and the entire book) as well as the
integration by parts formula

[ fdg=fz - [ gdf

and for definite integrals

b

[rde=rel, - [edr

a a

where a or b, or both can be *co.

1.2 Euler Substitutions

Euler’s substitutions are used mostly for solving indefinite integrals of
the form

(1.1) J‘R(x,«/ax2+bx+c)dx

by “removing” the radical. There are three specific substitutions
suggested by Euler. In each one of them the idea is to eliminate the term

with x*. We assume that a =0 and that the polynomial ax’ +bx+c is
not negative, i.e. the graph of the parabola y = ax’ + bx + ¢ is not entirely

under the x-axis (so that the radical \/; is defined at least on some

interval). Note that when »=0 the radical can be removed by a
trigonometric or hyperbolic substitution (Section 1.5).
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1.2.1 First Euler substitution

When a >0 we introduce a new variable 7 by setting

(1.2) xva+t=\lax’ +bx+c.

Squaring both sides in this equation we get

ax’ +2)cz‘\/;+t2 =ax’+bx+c

so that the term ax” cancels out. Solving for x we write

t—c
x=

Cb-2a
This way the integral takes the form
(1.3) [owat

where Q(¢) is a rational function. In general, this integral can be solved
by partial fractions. At the end we return to the original variable by

setting
t=\/ax2 +bx+c —x\/g.

1.2.2 Second Euler substitution

Suppose the polynomial ax” +bx+c has two different real roots nET,
so that

ax’ +bx+c=a(x—r)(x-r).
We set

(1.4) Jax’ +bx+c =(x—n)t

(either one of the roots can be used). This yields
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_ 2,2
a(x—r)x—r)=(r—n) 1
a(x-1) = (xR

2
_ht —nn

X =
2
" —a

and again the integral (1.1) is reduced to the form (1.3).

1.2.3 Third Euler substitution

The third Euler substitution can be used when ¢ > 0. In this case we set

(1.5) Jax* +bx+c =xt+-c.
This yields
ax’ +bx+c=xt +2xt\/g+c

ax+b=xt2+2t\/g

b—2tc
X=—g5——
" —a
leading again to (1.3).
Remark. The first two Euler substitutions are sufficient to cover all
possible cases. If a<0 then the polynomial ax’+bx+c has two
different real roots (the parabola y = ax’ +bx+c opens down and is not

under the x-axis). Nevertheless, the third Euler substitution is useful
because it sometimes requires less computations.

Example 1.2.1

We will evaluate the integral
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dx
1.6 -
(16 J.\/x2+x+l

by the first Euler substitution. Therefore, we set
Nx +x+l=x+1.
Then
X Hx+1=x"+2xt+1°
x+1=2xt+¢£

-1
1-2¢

X =

20-r —l)d
(=21

_2_
\/x2+x+1=t -l

1-2¢

dx _2J- dt

'[\/x2+x+1 -
=—In|1+2x-2Jx> +x+1[+C

=—In(2Vx* +x+1-1-2x)+C.

= —In|1-2¢]+C

Example 1.2.2
Now consider the integral

dx

1.7 F
(7 (= I(x+3)\/3x -2

for 1< x < 2. We shall use the second Euler substitution.
Since 3x—x* —2=(2-x)(x—1) we set
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J3x—x"=2=t(x-1).
This yields

Q-x)(x-1)=£(x-1)

2-x=1(x-1)
42 -2 2-—
:—t2+ , dx=—5—— tzdt,tz al
" +1 " +1 x—1

J. e = 2-[ dr - arctan[ 2t}LC
(x+3)3x—x> -2 ires s V5

\/larctan(\/_ 2- XJ+C.

Of course, this integral can be solved with the second Euler substitution
in the form
J3x—=x*=2=1(2-x).

Example 1.2.3

Using again the second Euler substitution we will solve the integral

dx
(1.8) _— .
J.x\/)cz +6x+8

Here we write

X +6x+8=(x+4)(x+2) =t(x+2)

(x+4)(x+2)=£(t+2)



Special Substitutions 7

— 2 —
x+4=1(x+2), x=42 2 , dx=— nil 5
-1 @& -0
And since
«/x2+6x+8= 22t
-1
we have

J' dx _J‘ dt _ 1 |t—\/5|

- In +C
x\/x2 +6x+8

12—2_2\/5 |t+\/5|

1 |«/x +6x+8 — f(x+2)|
2 ‘\/x +6x+8+f(x+2)‘

Example 1.2.4

In this example we give our solution to Problem 11457 of the American
Mathematical Monthly (October 2009). In this solution we will use the
second Euler substitution.

Let 0<a<b. The problem is to evaluate the integral

X
arccos ————dx..

Nax+bx—ab

First we assume that 0 <@ and factor out a from the radical to get

J=

Q‘—'Q-

b
J:jarccos x/a dx .

\/x/a+bx/a2—b/a

Next we make the substitution x — axand set A=b/a. The integral
takes the form
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A
X
J= aj arccos—————dlx .
0

Nx+Ax—A4

This integral is easier to manipulate. Integration by parts gives
A 2
X

d X
J = axarccos———=| —a|x—| arccos——
Nx+Ax =1 '('). dx[ \/x+/1x—ﬂ)

The first term is zero, as arccos(l) = 0. Differentiating and simplifying
inside the integral we find

dx .

:aj (Ax+x—22)x
29 (Ax+x=AJ(A-x)(x-1)

It is convenient now to split this into two integrals writing first

Ax+x-21=Ax+x-1)—

t X al
EJJufxxx—DCh jﬁx+x Aykz X)(x—1) .

We will solve both integrals with the second Euler substitution

JA=x)(x-1)=(x-1)¢.

This way

2 J—
:A+t2’ dx:2t(l 2/12)’ec
1+¢ (1+2)
< A+t
aJ- — j—z 1
o ( (1+t)(/1 +1%)

Simple evaluation by using partial fractions provides

radl mwa(A-— 1)?
A+l 4(A+D)

wa
J="2a+1)-
4( )
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Replacing A =5b/a we finally write the solution

B 7(b-a)’

X
dx = .
Nax +bx—ab 4(b+a)

In particular, setting @ — 0 we find

f X zh
J.arccos\/:dx =—.
0 b 4

Problem for the reader: Solve this last integral independently by first
using the substitution x = b¢” and then integrating by parts.

b
(1.9) I arccos

Example 1.2.5

Here the third Euler substitution will be used for the integral

J- dx
xyf1=2x—x* '

So we set

VI=2x—x*=xt+1

1-2x—x*=x" +2xt +1

J— 2 J—
e 22(t+1)’ :%dt
" +1 (7 +1)
R
t*+1
[ i = [ W nr+1)+C
x\/l—2x—x2 I+
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J1=-2x—x* —1Jrl

X

|x—1+ 1-2x—x’

=In +C=1n‘

X

%+C.

Problems for the reader: Solve by appropriate Euler substitutions
@ et
© jx\/xzjbc—ld)C

@ [————ax

1++1-2x—x7

1

(e —
) J.x—\/xz—x+1

dx.

1.3 Abel’s Substitution

The interesting substitution suggested by Niels Henrik Abel (1802—-1829)
helps to evaluate integrals of the form

—p-L
:I(ax2+bx+c) P72

J_I dx
(ax® +bx+c)’\Jax’ + bx +c

where b* —4ac#0 and p>1 is an integer. With y =ax’ +bx+c this
becomes

J:J dx

vy

We set
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2ax+b

(1.10) == [ ( N

Squaring both sides we write

4’y =4a’x* +4abx +b* .
Multiplying y by 4a we also have
day =4a’x" + 4abx + 4ac .
Subtracting these two equations we find 4y(a —1°) =4ac —b*, or

B Aa-1t")

1
y  dac-b*
Next we differentiate the equation Zt\/; =2ax+b with respect to x

dt
22—y +2t =2a
dx Y

so that

dx dt

ﬁ a-t’ '

This way the original integral is transformed into

J_[mj I(Cl t)p dt

P p-1 t2k+1
( j ( l)k p—k-1
dac-b* ) = 2k +1 1

We return to the original variable by the substitution (1.10)

_ 2ax+b

2y

11
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and the final result is

Ppd N (Dfa”"" [ 2ax+b o
J= ( zj +C.
4ac b k=0 2k+1 2\/;

In particular, with p=1 and p =2 we obtain

J~ dx _ dax +2b
(ax® +bx +c)*? (4ac —b)Wax> +bx+c
dx
_[ 2 52

(ax™ +bx+c)

_( 4 )2 a(2ax +b) _( Qax+b T »
4ac - b’ 2\/ax2+bx+c 2\/ax2+bx+c

For example,

J- dx o 4x+2 LC.

(x2+x+l)\/x2 +x+1 _3\/x2 +x+1

1.4 The Differential Binomial and Chebyshev’s Theorem
Expressions of the form
x"(a+bx") dx

where a, b are arbitrary coefficients and m, n, p are rational numbers
are called differential binomials. We want to evaluate the integral

(1.11) F(x)=[x"(a+bx")dx.

Until 1852 it had been known for a long time that if at least one of the
numbers
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m+1 m+1

b 2

n n

is an integer, then the integral F'(x) can be evaluated explicitly in terms

of elementary function. In 1852 Pafnuty Chebyshev (1821-1894) proved
that in all other cases the integral cannot be evaluated explicitly.

Case 1

When p is an integer, the substitution x=¢", where » is an appropriate
positive integer turns x”(a + bx")” into a rational function of 7.
For example, in the integral

dx
J_I\/}(1+%/§)2

we make the substitution x=¢° to get (integrating by parts in the next
step)

J' £dt _J‘ld(l-l-t) —Il‘d 1

(1+1%)° (1+1%)° 1+¢
- —38x
= = +3arctan€/;+C.
1+7 1+:/x

Case 2

m+1 . . .
Let now be an integer (positive or negative). We set ¢ =a+ bx"

n
to obtain

1 1
x:[t—ajn, dx:l(t—a]n dt
b n\ b t—a

m+l m+l

F(x)—lb 7[#’(; a)y " di

which belongs now to Case 1.
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Here are two examples. The first example is the integral

3 dx
J_'[x\/1+x5

m+1:0. We set r=1+x"

where m:—l,n:5,p:_—1 and
2 n

compute
1 dt
J=—|———.
5j (-0t

Now we continue with # =u",u =/t to get

J1+x +1
ngj‘ duzzllnu+1+C=lln—x+C.
5N-u" 5 u-1 5 1+x° =1

In the second example we evaluate the integral

J:I IIXS dx.

Setting directly 1+ x> =u”,u=/1+x" we get

2u
2 1\23 du
3w -1)

2 2 2cu’ —1+1 2 2. 1
J=— 2u duz—J.le—+du=—u+— 5 du
3Yu -1 3 u -1 3 3Yu -1
2 1 -
=Zu+=In|” 1+C
3 u—+1

and finally

and
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1+x° -1
J=2 v +lm ¥ 2o
3 J1+x +1

Note that the integral
J‘J 1+x° dx

cannot be solved by the substitution f=1+x" or by any other

substitution. Here m=0,n=3, p =% and by Chebyshev’s theorem the

function /1+x’ does not have an explicit antiderivative. For such cases
we can use the convenient antiderivative

J(x):j\/1+t3 dt .

Case 3

.. m+1
This is the case when
n

+ p is an integer (positive or negative). We
first transform the integral by “factoring” out x" this way

Ixm(a+bx")pdx= J.x"”"p(ax’" +b)’dx.

The result is a new integral of a differential binomial falling in Case 2, as
the number

m+np+1 (m+1 j
-n n

is an integer.

We illustrate this case by two examples. Consider first the integral

J:JL
Ja+x%)
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where we assume that x > (0. Here m=0,n=2,p=_73 and ml

n
is an integer. We write

x B dx
J Jaxty J (x4

3
—X
5 dt , so that

and set x> +1=¢. Then —2xdx =dt, dx =

-1 1 X
J=—/|r 2a’t——+C——+C.
2 \ﬁ J1+x°

The second example is the integral

/=]

:J~ dx
x\/x+x )CS/Z\/I-HC3

m+1
where
n

d -1 —2
J:‘[ﬁ ::?J‘ \f c=— «/x +1+C.

+p=—1.With £=x" +1 we have df =-3x"dx and

Problems for the reader: Evaluate by appropriate substitutions

dx
(a) ——
’ J. 1+3/x?
dx
v e
© J' dx
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(d) [N+ x* dx
(e) J.\S/ 3x—x" dx

(f) j ;3/4 dx

X (x*+1)

1
(g) Im dx

(the last two integrals are from the 2006 MIT integration bee
competition).

1.5 Hyperbolic Substitutions for Integrals

In order to evaluate integrals containing radicals of the form

2 2

2 2
a t£x~ and X —a

(a>0), most calculus textbooks use the trigonometric substitutions

1 Forva’—x* setx=asind
2 Forva®+x* setx=atan®
3 Forx’—a* setx=asech.

The substitution in 1 works very well, but the other two sometimes
require longer computations. We want to demonstrate that for cases 2
and 3 it is more natural to use the hyperbolic substitutions

2" For+a®—x* set x=asinh¢
3" For+x>—a* setx=acosht
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where —oo<f <. These two substitutions are based on the important
identity

cosh’z—sinh*z=1

so that

\/x2 +a’ =\/a2(sinhzt—l) =acosht

\/x2 —-a’ =\/a2(cosh2t—1) =q|sinht].

For returning to the original variable x it is convenient to use the equations

(1.12) sinh” z=In(z+vz* +1), —0<z<w
(1.13) cosh z=In(z+~z" -1), 1<z
(1.14) tanh_lz=%[ln(1+z)—ln(l—z)], —-l<z<l

and also the identities

(1.15) l—tanh®¢ = 12 =itanht
cosh™t dt
(1.16) coth’ —1=— 12 =—icotht
sinh” ¢ dt
, 1 o, 1
(1.17) cosh t=5(cosh2t+l), sinh t:E(coshZI—l)
(1.18) sinh 2¢ = 2sinhcosh? .

Example 1.5.1

Evaluate
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Vxt =3
= dx

(1.19)

Assuming without loss of generality that x>0 we set xz\/g cosht
with 7 >0 to obtain

Jx' =3 =\/§sinht, a’x:\/gsinht

P LA L R

cosh’ ¢ cosh?¢

Thus

F(x)=cosh™' —= - tanh(cosh‘1 %j +C

3

and according to (1.13) and (1.15)

F(x)=In(x++/x* -3

Vx? =3
+C
b

We can also use the equation (for 7> 0)

sinh? \Jcosh?7—1

tanhz = =
cosht cosht

Example 1.5.2

We want to evaluate here the popular integral

(1.20) F(x)z.l.q/xz +1dx.

With x =sinh# we find

F= jcosh2zdz L j (cosh 2 + 1)dt = Linhor+ Lo,
2 4 2
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And in view of (1.19)

F(x) =§\/x2 +1 +%1n(x+\/x2 +1)+C.

Example 1.5.3

For » >1 consider the integral

(1.21)

, o
'([(x+\/1+x )"

The substitution x =sinhz transforms this integral into

7 _T coshzdt
o (sinh# +cosh?)”

_%T (er + er;’)dl :%T(e_(r_m " e—(r+1)t)dt
0 e

0

because sinh7+ coshz =e'. This way

Jr:l( ! + ! j: 2’” :
28r-1 r+l1 r-—1

Note that  does not need to be an integer.

Example 1.5.4

We will evaluate now the interesting integral

COSfSlIl\/l +1
Nt +1

This is Problem 12145 from the American Mathematical Monthly
(Vol. 126, November 2019). We make the substitution 7 =sinh x to get

(1.22) J= j dr.
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J= Icos(sinh x)sin(cosh x)dx .
0

Here we use the trigonometric identity
. I . .
sincos ff = E[sm(a + ) +sin(a — ﬂ)]

with @ =cosh x, f =sinh(x) . The result is

0

J= %I[sin(e”) +sin(e™)]dx

0
. Tsin(e" )dx + Tsin(e’” )dx |= l[A + B]
204 0 2

where A,B are the last two integrals correspondingly. We will show

now that these integrals are convergent and therefore, the previous
integrals are convergent. For this purpose we make the substitutions

¢ =u in 4 and e " =u in B. This way we find

Ism(e )dx =

0

ISIHU

Ism(e dx = jsmu

which are both convergent. Finally

1 1| %sinu Ilz] =
J=—[A+Bl=~ [ gy | == T |22
JL4+ 5] 2{] y u} 2{2} .

0

The well-known integral

Tsinudu:%

0 U

is evaluated in Example 2.2.1 in Chapter 2 below.
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1.6 General Trigonometric Substitution
Calculus textbooks usually consider integrals of the form
Isin”x cos” xdx
and mostly suggest one of the substitutions
sinx=tf, coSx=¢, or tanx=t¢.

This technique, however, is not very helpful with integrals like

(1.23) j e

5+sinx

so we need a better method. Integrals of the form

jR(sin X,C0S Xx)dx

where R(u,v) is a rational function of two variables can be reduced to
integrals of a rational function of one variable by setting

X
tana =t,x=2arctant

for —r<x<m, —0<t<oo. Simple trigonometry yields

sinx = ! cosx—l_t2 —2dt
1+’ 1+’ 1+ 72

by using the formulas

. .X X 2 X L X
sinx =2sin—CcoS—, COSX =C0S"——sin"—
2 2 2 2

X 1

cos’Z=—n—.
X
1+tan® =

Therefore,
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_ 2
froms ool 2 L

In integrals of the form

J.R(sinz x, cos’ X)dx

it 1s better to use the substitution

tanx =7, x = arctan?

where

and hence

t 1 dt
R(sin* x, cos* x)dx = | R , .
-[ ( ) j [l-i-tz 1+12]1+t2

Example 1.6.1

We shall evaluate the integral in (1.23) with the substitution 7 = tan% .

. = = 2
S5+sinx 5 tz%Hl 5 (’J’lj +24

5) 25

_[ dx 2 dt 2 dt

=Larctanﬂ+ C= Larctan{L(Stan§+ IH +C.

Jo o 26 J6 26

In general, we can solve in the same way the integral
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I dx
a+bsinx

where a>|b|. Namely, ¢ = tan% gives

dx 2 1 X
I — = arctan atan—+b || +C.
a+bsinx /g2 _p? Ja? - b? 2

A similar computations for a >|b| provides also

dx 1 /a—b X
1.24 = arctan| ,|——tan— | + C.
(129) J~a+bcosx la* — b* ( a+b 2]

The case b>|a| is left to the reader.

Even more general, we can solve the integral

dx
sz :
a+bcosx+csinx

by transforming it to the form in (1.25) this way

dx
J:
J-a+\/b2 +c? cos(x —a)

because of the representation

bcosx +csinx =vb* +¢* cos(x — )

where

b . c
coSQ = ———, sina =

Vb +c? , b+’
To prove this we write

cos(x —a) =cosa cosx +sinasinx
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and compare coefficients in front of cosx,sinx in the equation

bcosx +csinx =+b* +c* (cosacos x +sinasinx) .

Example 1.6.2

Consider now the integral

1.25 J=—
(1.25) J‘2—coszx

It is appropriate to use the substitution 7 =tanx . This way

_dt 1 1+
14727 2—cos’x 1+2¢

= J'i = ! arctan(xf 2t)+C = arctan(\f 2tanx)+C.

1+22 2 N2

1.6.1 Restrictions and extensions

. o X .
We want to point out that the substitutions ¢ = tanz and 7 =tanx bring

to natural restrictions on the variable x in order to have one-to-one
correspondence between x and 7. For the first one, as mentioned before,
we need —7 < x < and for the second one we need

T b2
——<x<—.
2 2

For example, we can use the antiderivative

J(x)= j

2—cos’t

for (1.25) and this will be a continuous and differentiable function
defined everywhere. At the same time the function
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J= Larctan(«/i tan x) + C

N

is well-defined on the interval —%<x<%, but not defined at the

. r . .
endpoints iE. It can be extended as a continuous function on

—%Sxﬁ% by using limits. It can also be extended beyond
—%Sxﬁ% by choosing appropriate constants C in the neighboring
intervals.

1.7 Arithmetic-Geometric Mean and the Gauss Formula

In this section we present one very interesting substitution and prove a
classical formula of Carl Friedrich Gauss (1777-1855). First we need to
define the arithmetic-geometric mean of two positive numbers.

1.7.1 The arithmetic-geometric mean

+b . .
Let a>b>0 and define a, = 4 to be the arithmetic mean of these

two numbers and b, =+ ab to be their geometric mean. Then a, > b, as
1 2
a~b =1 (Ja B} >0.
2
This is the well-known arithmetic-geometric inequality. Further, we set

(1.26) a =" p o= Jab
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where n=1,2,...and a, > b, . The sequence {a,} is decreasing, while the
sequence {b,} is increasing, since

4,0 -a, =5 (b, ~a,) <0, b ~b, = b, (Ja, ~,)>0.

Both sequences are bounded and therefore, convergent. They have the
same limit because for every n

an+1 - bn+1

< an+1 _bn < an+1 _an < %(an _bn)
and by iteration

1
1.27) O<an—b”<?(a—b).

This common limit M(a,b)=lima,  =limb, is called the arithmetic-
geometric mean of a and b. The initial restriction a > b is unimportant,
as we can define the two sequences starting from a, and b, . We see that

also M(a,b)=inf{a,}=sup{b,}. The inequality (1.27) shows that
1

(1.28) an—M(a,b)<2—n(a—b)

so that a, is a decent approximation to M (a,b) .

1.7.2 The Gauss formula

For a>b >0 consider the integral

12
g dx

(1.29) Ga,b)= |

o \a? cos? x+b*sin’ x

In this integral we make the substitution

2asin @
(a+b)+(a—b)sin’ 6

(130) sinx =
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Differentiating with respect to € we simplify to get

(a+b)—(a—b)sin> @

(1.31) cosxdx=2a 5
[(a+b)+(a—b)sin” O]

0s0do .

Also, using the identity cos” x=1-sin> x we compute from (1.30)

_J(a+b)* —(a—b)sin’ 6
~ (a+b)+(a—b)sin’ O

(1.32) COS X

Solving for dx in (1.31) and using (1.32) we find

(a+b)—(a—b)sin* 0 do

(1.33) dx=2a — .
(a+b)+(a=b)sin® 0 [(a+b)’ —(a—b) sin> 0

At the same it easy to see that

(a+b)—(a—b)sin>

\/a20052x+b2sin2x =a ——.
(a+b)+(a—>b)sin” @

In view of (1.33) this gives after some elementary computations

dx 2d6

\/a2 cos’ x + b’ sin’ x \/(a +b)’ cos® x +4absin® x

Dividing the numerator and the denominator by 2 in the right-hand side
we find the interesting equation

(1.34) dx = 49

2 2 1 p?sin? N 2 ’
Ja cos’ x St x \/(a;—bj coszx+(\/5)zsin2x

At this point we note that the substitution (1.30) is one-to-one on the
interval [0, 7 /2] having nonzero derivative (1.31). It maps this interval

onto itself and preserves the endpoints. Applying the substitution to (1.29)
we find
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/2 dx _71/2 d49

o Ja® cos® x+ b sin’ x o\/(a;rbjzcoszwr(@)zsinzx

which is the remarkable Gauss formula. Iterating this equation we obtain
for every n>1

G(a,b)=G(a,,b)=G(a,,b,)=...G(a,,b,)=....
Passing to limits inside the integral is easily justifiable and the results is

v

lim G(a,.b,) = G(M(a.b), M(a,b)) = 777

That is,

1.35 -
(1.35) ) = b

According to (1.28) the sequence {a,} can be used for approximating
G(a,b).

The integral G(a,b) can be put in a different form. With the substitution
tanx =¢ we find

< dt
as :!\/a2 021+

. u .
and further, with 7 = " this becomes

° du
(1.36) G(a,b) = .
( !).\/a2+u2\/b2+12

Integrals of this form are called elliptic integrals. More on elliptic
integrals can be found, for example, in Akhiezer’s nice little book [1].
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1.8 Some Interesting Examples

Example 1.8.1

Let us try to evaluate the integral

g g

o 1+cos’ x

This integral looks very difficult! The usual trigonometric substitutions
do not look very promising. However, the simple substitution x =7 —¢
works very well

]r- xsinx J-(n' t)smt
1+cos’ x 1+cos’ x
T sinx T tsint
=7Z'J- > —I —dt
o 1+cos” x o 1+cos” ¢
T tSint
= —rarctan(cos x)|0 - I—zdt
o L +cos™ ¢

and we come to the equation

J=Z_J
2
This way
n . 2
xsinx 7z
1.37 ——dx=—.
(137) -([1+coszx 4

More generally, if we have a continuous function f(x), the substitution
X — b—x shows that

jf(x)dx=if(b—x)dx
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which helps in many cases with trigonometric integrals. For instance,

]5 cosx .

o L+ cos’ x
because the substitution x - 7 —x gives immediately

T cos X 3 J~ cos X

1+ cos? x 1+ cos? x

Problem for the reader: Prove that

dx =—

]5 2xsinx T
0 3+cos2x 4

by using the substitution x =7 —¢. This is calculus problem 9 from the
Stanford Mathematics Tournament 2018.

Example 1.8.2

A similar trick helps to solve the integral

/2

g J- (cosx)?

o (cosx)” +(sinx)”

where p is some number. The integral looks impossible! However, the

o T .
substitution x = 2 t gives

z/

J=_ ])‘ (sinz)” die J‘Z (sin?)”

p A p A
, (cos?)” +(sin7) o (cos?)” +(sinr)

and then

/2

2, . »
(sin?)” + (cost) _ I =%
0 2

p 1 p
o (cost)” +(sin7)

J+J=
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J==
4
independent of p!
Example 1.8.3
The integral
Tl
J- 2n Y
o X +1

seems quite difficult. We can try integration by parts

“ Inx < . frarctanx
j > dx=J.lnxa’arctanx=1nxarctanx|0 —I dx
o X +1 0 0 X

but on the right-hand side we find divergent expressions.

. o 1
Fortunately, a simple substitution works! We set x =— and compute
t

© 0 ©
I 121’1x J- —In¢ [dlj J‘ lnt2 dt:_J' lnt2 di
o X +1 S (/) +1 1+t o1+t

Thus

(1.38) | LESFNY
o X +1
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Example 1.8.4

Let #>0. The integral

o0 7i 0 1
(1+x*) Pdx = | ———dx
'([ !\ﬂ/1+x2ﬂ

.. . . o 1
is invariant with respect to the same substitution, x =—. Namely,
t
0

T(1+x2ﬁ)7dx:—j(1+f2ﬂ) ﬂ[ ljdt

0 0
© s 7l 1 ®© _1
:j(f“’ +1) 7 ﬁ'(—zjdt:j(ﬁﬁ +1) Pdr.
0 t 0

The integral can be evaluated by using Euler’s beta function

o0 u -1
B(uv) = [ _T@TO) 50,
o L+ I'u+v)
First, with the substitution x** =¢ we compute
1
0 2[;'
j(1+xzﬂ)ﬂdx=2—j _di
"1+ t)ﬂ

and then taking u =v = L we find
2p

11 1 1"
j(1+x2ﬂ) ﬁdx—l ( ,—j:lr2 (—jr(—} .
2p \2p°28) 2B \2B) \P
This result can be used to evaluate some other interesting integrals. For
example, consider the integral
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. arctanx
J, = j
0

ﬂ\/1+x

. o 1
With the substitution x =— we find
t

‘rarctan(1/ t) 7/2- arctant T ool
J, = j j j —di—J

BN+ BN+1*” 2581 +¢% g

. . . 1 7
(using the identity arctant + arctan; = 7 for #>0). From here

rt 1
G :Z'([\/ﬁlﬂw “

il
8p \28) \B

In particular, for =1, 2, 3 we have correspondingly

That is,

2

_ I arctan x
0

as ['(1/2)= Jr . (This integral can be solved directly with the substitution
u =arctanx.)

arctan x \/;

dx=——T7%(1/4)

JZ:'([\/Ier“ 16

etc.
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Example 1.8.5

Let a<b and a<x<b. To evaluate the integral

dx
I\/(x —a)(b—x)

we use the substitution
) Vs
x=acos’ 6+ bsin® 0, OSHSE

which can be written also as
x=a+(b—a)sin’ @

because of the equation cos’ x =1—sin’ x. From here

, O =arcsin

sinf =

b—a’
We compute
x—a=(b—a)sin’ @
b—x=(b—-a)cos* O
(x—a)(b—x)=(b—a)’cos’*@sin* O

dax =2(b—a)cosfsinf
do

and then
2(b—a)cosfsind

dx
J. ()C—a)(b—x)_J (b—a)cosfsinf

Therefore,

d0=j2d9=29+c.

35
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dx . |x—a
(139) Jm—2arcsm E +C.

In particular,

b
=7.
a

b dx xX—a
1.40 _— = i
( ) :[ C—ab-n 2arcsin /b —

Notice that this last integral does not depend on @ and b!

With a=0,b=1 we find

Example 1.8.6

Here is a very amusing integral! Solve

F(x):j\/x+ X++x+..dx

for x> 0. Inside the integral there are infinitely many nested radicals.
The integral seems impossible!

It turns out that the integral can be solve by a simple substitution. We
just need to write the integrand in a different form. Let

Y S oy e

Then y* =x+y and we can find y from the quadratic equation

y-y-x=0.

We have two solutions for this equation
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1 1
v =E(1+\/1+4x), y =5(1—\/1+4x).
The second solution we drop, because y >0 by its definition. Thus

F(x)=%j(l+x/l+4x)dx

and the simple substitution # =1+ 4x gives

3
(1.41) j\/x+ it dx=§+%(l+4x)2+C.

Unbelievable!

A legitimate question is the convergence of the infinite radical. It
converges by Pdlya’s criterion (George Pdlya, a Hungarian mathematician
(1887-1985)): Given a sequence of positive numbers a, >0 (n=1,2,...),

the sequence

u, =\/a1 +4a, +...+4/a,

converges if Ina, <2" M for some constant M >0 and every n=1,2,....

A problem for the reader: Solve the integral

J.\lx\/xi\/; dx

also with an infinite radical inside.
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Example 1.8.7

In this example we evaluate the integral
J(a)= J‘efazxzfxiz dx (a>0)
0

We can write

2
a’x’ +L2=(ax—lj +2a
X x

so that

J(a)=e™ j e @ o
0
Now we introduce the new variable = ax —x™". The function u(x) is a
one-to-one mapping of the interval (0, ) onto (-0, ) as

ﬂzcﬁx‘2 >0.
dx

To change the variable fist we solve for x from the equation ax” —ux—1=0
and take the positive root

x:u+\/u2+4a

2a

Then

1 u
dx=—| 1+ —— |du
2a [ Nu® +4a )
so changing the variables we get

e

—2a [ © e © ue—u2
J(Cl)z 2a (Ie du+jmduJ
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and here we discover a very nice thing — the second integral is zero!
(Odd integrand.) Therefore,

—2a © N 67211 0 N
J.e’” du = Ie’” du .
a

—0 0

J(a)=5

a

The Gaussian integral is well-known

e
2

Te_” du=
0

and we obtain

i ﬁe_za .

2.2 -2
1.42 AT e =
(1.42) [e ="

0

This integral appears in [25, entry 3.325] as
° , b 1 |z
[exp| —ax? == | dx == = exp(-2/ab) (a,b>0)
0 X 2\ a

and a simple rescaling x — xJb brings it to the form (1.42).

(The Gaussian integral will be computed in the next chapter.)

M. Laurence Glasser has found a general formula for this interesting
substitution. For details see [24].
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Chapter 2

Solving Integrals
by Differentiation with Respect
to a Parameter

2.1 Introduction

In this chapter we present an efficient technique for evaluating challenging
definite integrals — differentiation with respect to a parameter inside
the integral (or appearing in the limits of integration). The integrals
can be proper or improper. We provide numerous examples, many of
which are listed in the popular handbooks of Gradshteyn and Ryzhik
[25] and Prudnikov, Brychkov, Marichev [43]. Many more integrals in
these tables can be evaluated by the same method. In our examples we
focus on the formal manipulations. Several theorems justifying these
manipulations are provided in the last section. Applying the theorems in
every particular case is left to the reader.

For many of the integrals here differentiation with respect to parameter is
possibly the best way to solve them.

There are several books and articles presenting this technique. First of all
we want to mention the excellent book of Fikhtengolts [23]. The reader
can see also [21, 28, 29, 49, 50, 51].

Below we evaluate three very different integrals in order to demonstrate
the wide scope of the method.

41
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Example 2.1.1

We start with a very simple example. It is easy to show that the popular
integral
J-smx dx

0 X

is convergent (integrating by parts we have

0

J~ sin x cosx

0 o0 0
cosx cosx
dx=-— —I

X x

5 dx=cosl— > dx

X

1 X 1

which shows convergence of the original integral).

For its evaluation we consider the function

F(2)=[e* 22 dx, 4>0
X

0

with derivative

-1

F'(A)=—|e*sinxdx=—
@ -([ 1+ 4°

(Laplace transform of the sine function). Integrating back we find

F(A)=—-arctan1+C

Setting 4 — o leads to
0=-24+C, ie. C=Z.
2 2
Therefore,

2.1 Ie’“wdxzﬁ—arctan/l
0 X 2
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and with 4 — 0 we find

Note that for any a # 0 by rescaling x — ax we have

T
0 - >O
5 (@>0)

I sinax

dx=

0 X

—%(a<0)'

From (2.1) we obtain also

o _Ax — X
e’ —e .
sin xd x = arctan y —arctan A
0

forany A, u>0.
In the same way we can evaluate the integral

G(A) :Te_,u sinh x

0

dx, A>1.

G'(A)=~[ e sinhxdx = 2_1 =1( 1 j
) A2-1 2\A+1 A-1

Gy =LmAtL
2 a1

Problem for the reader: Integrating by parts and using the above evaluation
show that

0

J- cosax —cos bx
0

2

Vs
dx=—(b-a).
X * 2( @)
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Example 2.1.2

The 66 Annual William Lowell Putnam Mathematics Competition (2005)
included the integral (Problem (A5))

(2.2) | hi(:cx)

with a solution published in [53]. This is entry 4.291(4) in [25]. We
will give a different solution by introducing a parameter. Consider the
function

1
In(1+ Ax)
F(l)y=|———dx
) '([ 1+x°
defined for A >0 . Differentiating this function gives

F)= '([(1+2,x)(1+x) g

This integral is easy to evaluate by using partial fractions. The results is

1n(l+/1) In2 T A
+— .
1+4° 2(1+12) 41+ 2°

F'(A)=

Integrating we find

{2

0

dx + arctan/l + —ln(l +21%)
2 8
and setting 4 =1 we arrive at the equation
2F(1) = %m 2.

That is,

1
[0 e T,
o I+x 8
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The similar integral

'1n(1+x) , T
! 1+x (1 2 48

will be evaluated later in Chapter 5, Example 5.4.6.

As shown in this chapter many integrals containing logarithms and
inverse trigonometric functions can be evaluated by using a parameter.

Notice that integration by parts gives

arctan x

dx

j- In(1+ x)

dx =In(l+ x)arctan x| _[
1+x°

0 +X

0
so that also

dx=£1n2.

2.3
23) 1+x 8

1
J- arctan x

0

These integrals will be used later in section 5.5 in the evaluation of the
interesting series

STIRI YOS S N I
;(—1) (mz an

n+l n+2
2
_Z T oy ——1 248
48 8 2
where
G=
,,z(2n+1)

1s Catalan’s constant.

The two integrals (2.2) and (2.3) also appeared in Problem 883 of the
College Mathematics Journal — see [15].
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Example 2.1.3
This is Problem 1997 from the Mathematics Magazine, 89(3), 2016,

p- 223. Evaluate
0 —x 2
I[l_e ] dx .
A

Solution. We show that for every 4 >0

ES _Ax 2
F(z):j[l ¢ de=/11n4.
0 X

Remarkably, this integral is a linear function! Indeed, differentiation with
respect to 4 gives

© _ Ax © -Ax _ -2Ax
F’(ﬂ)=2j(1 ¢ )e“dxz2jidx:2ln2
0

X 0 X

by using Frullani’s formula for the last integral. We conclude that F(A)
is a linear function and since F'(0)=0 we can write F'(1)=AIn4. With
A=1 we find F(1)=1n4.

Note that the above differentiation is legitimate because the integral F'(1)
is uniformly convergent on every interval 0 <a<A<b.

Frullani’s formula says that for appropriate functions f(x) we have

JAD=LED 4 10)- pn

(this formula will be discussed later in Chapter 5).
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2.2 General Examples

Example 2.2.1

We start this section with a popular example. Consider the integral

X

1«
J(a):j lnxldx, a>0.

0

Note that the integrand is a continuous function on [0,1] when defined as

.ox% -1 .
zero for x=0 and as « for x=1 [azhnll xl J Since
xX—> nx

—x“=x"Inx
da
we find

1
1
J'(@)=|x“dx=——
-([ I+«

and from here J(a)=In(1+a)+ C.Now C =0 because J(0)=0.

Finally,
1 a
(24) [E L ac—ma+a).
o Inx
The similar integral
L a_ B
J‘ X X dx
Inx

0

where a,8>0 can be reduced to (2.4) by writing x*—x” =
x* —1—(x” —1). Thus
“—x’ I+a

1
fx X x=In .
Inx

0 1+ 4
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Example 2.2.2
We evaluate here the improper integral

1
J(A) = J- arctan Ax v

o xvV1—x2

Differentiation gives

J'(A
= '([(1+/12x2)\/1 X

and with the substitution x =cos@ this transforms into

/2 /2
, deo de
JA)= |

)15 2%cos’0 3 (I+tan” 0+ A)cos’

T

* dtan@ tan @ |2 B Vs

-[1+12+tan 29 /1+12 arCtanw/le . _2\/1+22'

Therefore, since J(0)=0,

(2.5) J(A) = jar\c/tlmll‘ :51n(,1+\/1+12)
0 X X

In particular, with A =1

1
t.
[ St

which is entry 4.531(12) in [25].
Note that the similar integral

1
arctan Ax

(2.6) J(A) = ﬁdx
0 — X
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cannot be evaluated in the same manner. The derivative here is

xdx ”J/.z cosOdo
1+ A2 W1 -2 1+ A% cos’ @

/4 | «/1+/12+ﬂ,

IEYNIPE n\/1+,12 =)

J'(A) = j

49

which is not easy to integrate. The integral (2.6) will be evaluated later in

Section 2.4 by a more sophisticated method.

Example 2.2.3

For all 4>0 consider the function

G(l)zj‘arctanﬂ;x i
o x(+x7)

We compute (under the temporary restriction 4 #1)

T 1 ]‘2 2 g
0(1+/12x2)(1+x) 1-22 9 1+x° 1+4°%%°

_;(zﬁ_ﬁj_ 7
1-A°\2 2 ) 21+4)
and since G(0)=0

2.7) G(A) = j%d =%1n(1+/1).

At this point we can drop the restriction 4 #1 and for 4 =1 we find

J-—arctanzx dr="1In2.
o X(1+x7) 2
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Example 2.2.4
Related to (2.7) is the following integral (A, 1> 0)

¢ arctan(Ax)arctan( ux

0 X

Using (2.7) we compute and evaluate the partial derivative

Gy(/i,ﬂ)zj arctanzﬂux J-arctan(i/,u)x ar="n 1+i .
0x(1+,ux) 0 x(1+x%) Y7

Integrating this logarithm with respect to f (integration by parts)
we find

G2, 1) =%[(1 + @) In(A+ ) — pln ]+ C(A) .

Here u— 0 yields C(1) = —%/1 InA and finally we have

2

J- arctan(Ax)arctan(zx) de
x
0

=%[(/1+y)1n(ﬂ,+y)—/11nl—,uln,u].
In particular, for A =pu=1

© 2
Imdxzﬂlnl

X

Example 2.2.5

Now consider for A >0 the function

J(2) = 'Tln(1+/12x2) i
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where

/1 2
A1+ X )

T 20 (= =« Vid
2_[ 2 2 dx = 2\ A, AT T 5
12 0 1+ﬂ, 1+x° 1-A7°\24 2) 1+4

under the temporary restriction A4 # 1. This way, for 4 >0

J()T(

In(l+ 2°x)

dx=rln(1+1).
1+ x7

(2.8) j
0
In particular, for 4 =1

jln(l+x ) dcx=rnln2.
0

1+ x°

Comparing (2.8) to (2.7) we see that for any 4 >0

% 2.2
J-ln(1+l X ) 2I arctanﬂxdx'
0

1+x° x(1+x%)

Example 2.2.6

Consider the integral 3.943 from [25]

F(1)=

© 1-cosA
Ie,ﬂx cosAx

0

where f>0 is fixed. Differentiating we find

F'(A) = _[ sm/lxdx—%
0 A+ p

and integrating back
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F(A) =%ln(/12 + B+ C(p)

To compute C(f) we set A =0 and this gives C(5) =_711n(ﬂ2) .

Therefore,

) _ 2
(2.9) Ie’ﬁxﬂdx:lln 1+;‘—2 .
0 x 2 it

From here we conclude that also

o _ 2 2
J-e’ﬂ" cos Ax cosyxdx:lln /)’2+,u2
X 2 \p+A

0

as a difference of two integrals like (2.9). When A >0 and x>0 in this
integral we can set # — 0 to obtain

Jcos/lx—cosux dleﬂ%

0 X

(this is entry 3.784(1) in [25] and entry 2.5.29(16) in [43]).
A problem for the reader: Prove entry 2.4.22(1) in [43]

©

J‘e’ﬂx 1—cosh Ax A

1
a’x:Eln(l—FJ (Ref>|ReAi)).

0 X

Example 2.2.7

A symmetric analogue to (2.9) is the integral

0 1— -Ax
(2.10) F(y=]

0

cos fxdx
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defined for A >0 and f# 0. The integral is divergent at infinity when
£ =0.We have

A

F'(A)=|e ™ cos fxdx =————
! A+ p

and integrating like in the previous example
© 1_ —Ax

F(A)= j

0

2
cosﬁxdx:%1n£1+ 4 j

p

We see that for every 4 >0, >0

© 1 —Ax © _
I I-e cosﬂxdxzfe'ﬂxﬂdx.
0 X 0 x
The integral 3.951(3) from [25]
©—AX - ux
I ¢ ¢ cos fBxdx
0 x

(A>0,4>0) can be reduced to (2.10) by writing e —e* =
(e™ 1)+ (1—e ™). Thus
e—lx _e—,ux 1 /,[2 +ﬂ2

cos fxdx =—In .
X p 2 A+ p

S =y 8

Example 2.2.8

Here we will use the well-known Gaussian integral

2.11) Ie’xzdx=£
) 2

to evaluate for every A >0 the integral
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o1 x?
F(it)zj'l ; dx .

0

For convenience, the Gaussian integral will be solved at the end of the
example.

We have for >0

0

NA

so that

Now we will evaluate (2.11). We present a very short and eloquent proof
by using double integrals.

The Gaussian integral

Let

G=[e* dx.

S 8

We write
G2 = [Iexzdx] = [Iexzde[J-eyzdy] - J‘J.e*xzfyzdxdy.
0 0 0 00
In this integral we introduce polar coordinates
x=rcos@, y=rsin@, r’ =x>+y*, dxdy=rdrd0

and since the integration is over the first quadrant we have
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r<oo.

o
IA
)
IA

NN
o
IA

/20 ©
2 2 _Z __1 2 2 __z _r2°°_£
G_”e rdrd@-z{z.([e d(r)}_ el =7

Finally

The Gaussian integral can be written in terms of the gamma function

F(z)=[r"e"dt (Rez>0).
0

Namely, with the substitution = x> we have

Je’xzdx :lf(lj
) 2 2

and more generally, with the substitution u =x”, p >0, we have
© , 1
je’x dx =lF(—J
0 p \P

(125, Entry 3.325]).

Example 2.2.9

Sometimes we can use partial derivatives. Consider the function

o _—px _Ax
F(ﬂ,,ﬂ)ZJ‘e cosgx —e COS/,lxdx

0 X

55
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with four parameters. Here A4 >0, ¢ will be variables and p >0, g will
be fixed. The partial derivatives are

F,(A, 1) = Te'“ CoS uxdx = 4
AT+’

0

_00 -Ax _: _ H
Fﬂ(ﬂ,y)—'([e s1n,uxdx——/12+/u2.

It is easy to restore the function from these derivatives
FUL) =302 +12)+ C(p.g)

where C(p,q) is unknown. We notice that F(p,q)=0 (from the
definition of F(A,u) ). From the last equation C(p,q)= %lln (P°+q°)
and finally

0 _—px _ o Ax 2 2
J‘e cosgx —e Cosﬂxdx:lln/’tz‘{‘ﬂz
X 2 p+gq

0

In all following examples containing e " we assume that 1>0 .

Example 2.2.10

Now for a >b >0 we evaluate

0

J(A) = J-ef’lx sin(ax)sin(bx) v

0 X

Clearly,

0

J(A)=— j ¢ sin(ax)sin(bx) dx

0
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= %{J.e_“ cos(a+b)xdx— J.e_’lx cos(a—b)x dx}

0 0

1 A ~ A
2| A% +(a+b)} A+(a-b) |

Integrating this with respect to 4 and computing the constant of integration
by setting 4 — o we find

(2.12) dx=—In

Te,,h. sin(ax)sin(bx) 1, A +(a+b)
x 4 2 +(a-b?

0

This is entry 3.947(1) in [25].

Example 2.2.11

Using the previous example we shall evaluate now entry 3.947(2) from
[25].
G(A) = Ie_ 2x Sin(ax) jm(bx) dr

0 X
where again a>b>0. We have from (2.12)

G'(A)=-J(A) ZLIHM

4 A +(a-by
and integrating by parts
2 2 2 2
G(l):ilniz—i_(a—i_b)z _lJ. 2 £ 2 2 / > |dA
4 A +(a-b)y 47\ A +(a-b)y A +(a+b)

With simple algebra we find
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E e (@+b}  (a—b)

A 4(a—bY A+(a+b)} A +(a+b? 2 +(a-b)

and the integration becomes easy. The result is

2 2 _
G(A):ilnl tlath)y  a barctan 4 —a+barctan 4 +7[_b

4 A +(a-b) 2 a-b 2 a+b 2

(the constant of integration is computed by setting 4 — o).

This answer is simpler than the one given in [25]. Setting 4 —>0 we
prove also 3.741(3) in [25], namely,

©

J-sin(ax) sin(bx) v — g (a>b>0)
2 2 :

0 X

Example 2.2.12
Let again a > b > 0. The integral

©

G(ﬂ)zfe

0

_ax Sin(ax)cos(bx) ar
x

is similar to the one in (2.12) (entry 3.947(3) in [25]). Here

G'(A)= —T e~ sin(ax) cos(bx) dx

- ‘71{ j e sin(a + b)x dx + j e sin(a—b)x dx}
0

0

-1 a+b a—>b
=— +
2 122 +(a+b)2 A2 +(a—b)2

and integration gives
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G(/I)zﬁ—l arctan 4 + arctan 4
2 2 a+b a-b

(again evaluating the constant of integration with 4 — ).

Setting b — a we find also

forresin@x)eos@n) yo 7 1oy 2

0 X 4 2 2a

Example 2.2.13

F()= Te_h cos(ax) —cos(bx) e

0 X

(entry 3.948(3) in [25]). Differentiation gives

F'(/"t)zTe

0

_ 2 2
. Cos(bx) —cos(ax) s lln /12 + a2
X 2 A°+b

as cos(bx)—cos(ax)=[cos(bx)—1]+[1—cos(ax)] and we can use (2.9).
Integration by parts yields

2 2
(2.13) F(A) Ziln%ﬁ- barctané— aarctan <
2 A°+b A A

(again the constant of integration is found by setting 4 — o0).

Many other integrals of similar structure can be evaluated this way or can
be reduced to those already evaluated here. For example, entry 3.948(4)
from [25]

0 i 2 : .2
_e SIN" (ax) —sin” (bx) ar

A(l)zje _

0 X

can be reduced to (2.13) by using the identity 2sin’ & =1—cos2¢ . Thus
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A(N) = lje”lx cos(2bx) —zcos(2ax) i
2% X

A A +4b° 2a 2b

=—In 2—+aarctan——barctan—

4 A" +4 A A

The next several examples show some interesting logarithmic integrals
involving trigonometric functions as well.

Example 2.2.14

Consider the integral

/2

(2.14) J(@)= [ In(@* —cos’ )do

for > 1. Differentiation with respect to o gives

/2
, do
J(@)=2a I a’ —cos’ @

and now the substitution x =tan@ turns this into

J'(a)= ZaI dx 2 arctan — 2> | —

~l+a’x’ \/az—l \/a2—1|0

Therefore,

/2

J(a)= I In(er® —cos® Q)dez;zln(a+./a2 —1)+C.
0

Now the question is how to evaluate the constant C. For this purpose we
factor out o’ inside the logarithm in the integral and likewise we factor
out & on the right-hand side. Using the properties of the logarithm we
write
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/2 2
rlhha+ I 1n{1— cos2 9}dt9=7rlna+7rln(1+ ,/I—LZJJrC.
0 a a

Removing zlna from both sides and setting « — oo we compute
C=-rIn2. As a result, two integrals are evaluated (see below). For the
second one we set =1/

/2
i a+va® -1

(2.15) jmmz—w§9w0=nm———g—l-(a>n
0

/2 1 1_ 2
(2.16) jma—ﬂ%m§0m9=nmfi—zl1

0

(0<B<1).

In particular, with f=1 in (2.16) we come to the important log-sine
integral

/2

(2.17) IlMﬁn@d&z-%m2.
0

Example 2.2.15

By the same method (as in the previous example) we prove that

w2 1+Vl+a

(2.18) jma+amﬁmde=nm——5—— (-1<a).
0

Calling the left-hand side F'(«) we differentiate to find

" sin’@
F'la)= | —————d#é.
(@) -([ 1+asin® @
To solve this integral we divide top and bottom of the integrand by
cos” @ and then make the substitution x = tan @ . The result is
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Fla)= -!(1+x H1+1+a)x? )dx

Assuming for the moment that o #0 and using partial fractions we
compute

o 1 1
Fla )__I(l+x 1+(1+a)x2jdx

£l
2a l+a )
0

Simple algebra shows that

Fi(a) =23 £
2 \/+a T2+ lranita

Which is exactly the derivative of ﬁln(l +Vl+a ) This way
F(a):ﬁln(l+1/1+a)+C.

At this point we can drop the restriction & #0 and set & =0. We find
C =-rIn2. The evaluation (2.18) is proved.

1
(arctan X —

arctan(x\/l +a )]

Example 2.2.16
Let |a|<1. Now we prove entry 4.397(3) in [25]

In(1+ a cos )
cosd

dO = rarcsina .

(2.19) F(a) =j

Assuming that the value of the integrand at # =7/2 is «, the integrand
becomes a continuous function on [0, 7]. Then
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T 1
(2.20) Flla)=|——
-([ 1+acosd

which is easily solved by the substitution 7 = tang (see Section 1.6)

F,(a)_2T dt B 2T dt
slra+(-a) ltag, -5
I+«
-« Vs
= arctan| ¢ =
-« [ +05)0 1-a?

and (2.19) follows by integration.

Equation (2.19) holds also for a==1, the improper integral being
convergent. Thus

df=+—.

]" In(1 + cos @) 7’
o  cosd 2

Example 2.2.17

Let again |« |<1. With the result from the previous example we can
prove the evaluation

1+1-a?
—

(2.21) G(a)=jln(l+acos€)d0:7rln
0
Indeed, assuming for the moment that & #0 we write

cosd _J-1+acos¢9 1 40

G()j =

1+ac059 1+ acosf

Splitting this integral in two parts and borrowing (2.20) from the previous
example we have
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11 o, 7 Fl 7z =
a ayl+acosd a a a ogll-a

Integration is easy

-1

sz] :7r(lnoc+1n(oc'l +a” —1)+C

a -1

Gla)= 71'(1110{ +J.
or

G(a):nln(nﬁ)w.

Dropping the restriction & #0 and setting =0 we find C=-71n2.
With this (2.21) is proved. With a — 1 we obtain the well-known

[In(1+ cos0)d6 =-rn2.
0

Example 2.2.18

We work here with a very interesting integral
(2.22) F(a)zj.ln(l—2acosx+a2)dx.
0

It can be found, for example, in [23] and [50]. At first we assume « # 0
and @ #1. Then

V.4 o T _ 2
F'(a):j 2cosx+2a J- - i
01—205cosx+oz as, 1-2acosx+a’

1a2

dx.

T
a !1 2acosx+a’
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The last integral can be evaluated by the substitution = tan%. Simple

work gives
2 l+a |
F'(a)= 2 Zarctan—%¢
l-a |,
and we find from here that F'(2)=0 when |a|<1. When |a|>1 we

have F'(a)zz—”. Thus F(a)=C,, a constant, when |a|<1 and
a

F(a)=C,+rln(a’) when |a|>1. Since F(0)=0 (as (2.22) shows)
we have

F(a)=0 forall || <1.

Next, let | |>1. In order to evaluate the constant C, we factor out

o’ inside the logarithm in (2.22) and write
0 a a

= ﬂln(a2)+F(lj =rln(a?)
a

as F(l/a)=0 (here |[l/a|<1). This also extends to a=xI1. To
summarize,

F(a)=rn(a’) forall | >1.

This integral will be considered also in Chapter 3 by using a series
representation.

The integral can be written in a symmetrical form (cf. entry 2.6.36(14) in
[43]). With | B|<| ]|
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Iln(ﬁz —2afcosx+a’)dx=2xIn|al.
0

Example 2.2.19

One more integral with a logarithm. We will evaluate

()= j-ln(l azxz)

xA1-x°
where | |<1. After differentiation

‘ 1
(o) =-2 d
@ C(()(1—052362)\/1—x2 )

In this integral we make the substitution x =siné to get

/2 1

f(a)——2a_|. (1-a’sin* 6) a0

Dividing top and bottom of the integrand by cos’# and using the
equations

df=dtand, 5 =1+tan’ @0
cos” 4 cos” 6
we bring the integral to the form
/2
1
fla)==2a | dtan 6

o (1+(1—a”)tan’ 0)

d(\N1-a’ tan0)

/2 1

_ 20 J‘
-2 ) (1+(1-a*)tan’ 6)
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2a z Ta
=- =arctan(v/1 - tan 6’)‘02 =- = .

J1—a -«

Integrating we find

fla)=nl-a’ +C

and with & =0 we compute C =—-7 . Finally,

At this point we see that both sides are defined also for a =1, so the
initial restriction on « can be relaxed and the equation holds for all
la|<1.

A problem for the reader: in a similar way evaluate

2

1 2.2
J~ln(1 ax)dx‘
0 1-x

Example 2.2.20

Here we present our solution to Problem 11101 from the American
Mathematical Monthly (2006, p. 270). Let a,b>0. The problem is to

prove the identity

[ a b na
- r— —d o — 2 2 _ .
'([ '—a2+x2 arctan 0 x > (ln(b+\/b +a’) lna)

Solution: With the substitution x — ax we can write this in the form

T ! arctan bla dx ﬁln(b b’ 1]
== —+4/—+ .
oVI+x° N1+ x* 2 a a’

Now for & >0 define the function




68 Special Techniques for Solving Integrals

o1 a
F(a)= arctan dx
'([ \/1 +x° \/l +x°

where

T 1 <Y . 7 1
F'(a)= (H_j dy=[———dx
'!\/1+x2 (\/1+x2j 1+x° J(:1+052+x2

1
= arctan

T
J1+ \/1+05 RN

|00

Therefore,
F(a) =%ln(a+\/1+a2)+C.

Setting & =0 we find C =0, so that
F(a)z%ln(a+\/1+a2).

Replacing o =b/a we come to the desired result.

Example 2.2.21

Entry 2.7.5 (20) in [43] is a very strange integral

0

J‘ (1 ——arctanx)dx -
4

It looks like the substitution 1/x=¢ will help to solve it. With this
substitution, however, the integral becomes

0

J(l —tarctan— ja’x

0
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which does not look easier. Using the identity arctanl = % —arctant here
t
will not help.

We will try something different. The integral can be written in the form

3 dx

o0
J- X —arctan x
° X

and here we introduce a parameter. Consider the function

F(l):j Ax —arctan Ax e

3
0 X

for 42>0. The parameter should be put in both places. The reader can
easily check that if we put the parameter only in the arctangent it will not
be very helpful. Now we differentiate with respect to A, compute the
resulting integral, and then integrate with respect to 4

© 1 © 1 12 3 j
F()=[—|x- — dx
) -([ 3( 1+ A%x zj ;')- 3(1+12 ?

T w 7
'([ e dxzﬂparctarl(/bc)|0 =5

Integration gives

0 _ 2
F(A)= Ax —arctan Ax dr— A
} 4
0 X

(the constant of integration is zero, because F(0)=0). With A =1 we
prove the original integral.
2.3 Using Differential Equations

Example 2.3.1

For every x consider the integral
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0

y(x)=[e" cos(2xt)dt.

0

Here

V() ==[2te™ sin(2xt)dt
0

and integration by parts leads to the separable differential equation
y'=-2xy,or

@ =-2xy, @ = —2xdx
dx y

with general solution y(x)= Ce ™. According to (2.11)

_fon g, A7
y(O)—-([e dr ==~

andso C=~r /2. Finally,

Jr

J-e”2 cos(2xt)dt =——e
0 2

This important integral shows the invariance of the function ¢ under
Fourier’s cosine transform. It appears in rescaled form as entry 3.896(4)
in [25].

The integrand is an even function and with a simple rescaling we can
write the result in the form

j e cos (xt)dt = \/z e (Rea>0)
a

—0

This integral was used by the author to solve Problem 1896 in the
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Mathematics Magazine (vol. 86, June 2013, 228-230). The problem is to
evaluate the integral

A:Tcos\ﬁc
) i

First, the substitution # — ¢* transforms this integral to

ostdt .

©

A= 2Jcos(t )costdt = fcos(t )costdt .

Next we extend by continuity the identity

% 12 T 2
J.e at cos(xt)dtz\/: e
e a

to complex numbers a =0 even when Rea=0. Setting x=1 and a=i
we find

_[ (cos(r?) —isin(s*))costdr = I e cos (t)dt = \/z oV
1

f(i_,ij(wszmmij

Comparing real parts gives

j cos(t*)costdt = \/z(cosl +sin l) .
2 4 4

cos\/; T 1 .1
costdt=,|—| cos—+sin— |.
Ji 2 4 4

This way

O =y 8
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Example 2.3.2

In this example we evaluate two interesting integrals (3.723(2) and
3.723(3) from [25])

© 0

cosAx xsin Ax
F()=| — v G)= | o

0 0

where a>0,4>0. The two integrals can be viewed as Fourier cosine

and sine transforms. We will find a second order differential equation for
F (). First we notice that

(2.23) F'(1)=-G(A)

Further direct differentiation brings to a divergent integral. To avoid this
obstacle we shall use a special trick, adding to both sides of (2.23) the
number

T
SO by
2=l

(see Example 2.1.1), After a simple calculation we find

sin Ax

72- 0
F'W)+==d" | ——
) 2 aJ.x(aerxz)

0

Differentiating again we come to the second order differential equation
F'"=d'F
with general solution ( 4, B - arbitrary parameters)
F(A)=Ae™ + Be ™.

Then A =0 because F(A) is a bounded function when A — . To find
B we set A =0 and compute
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0

B=F(0)= I :larc‘[an£ =—,
a+x’ a al, 2a
Finally,
(2.24) F(A)= Tde =T gt
' 0 at+x° 2a

And from (2.23) also

xsin Ax T _us
(2.25) G(A)= j—zdx =",

a +x 2

0
Notice the interesting equation G(4)=aF (1)!
This result can be used to evaluate other similar integrals. Integrating

(2.24) with respect to 4 and adjusting the constant of integration we
prove entry 3.725(1) in [25], namely,

I ng,xz dx = 71'2 (I—e ™).
o X(a”+x7) 2a

Differentiating this integral with respect to a we prove also entry 3.735

dx = - -
x(a® +x%) 2a4( ) 4a’

]'3 sin Ax P A _as
0
Problems for the reader: Prove that

| _CosAx 2 (1+ar)e
0 4a
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Example 2.3.3

We shall evaluate here two Laplace integrals. For s>0 and a>0
consider

—st

T T ote
F(s)=£a2 —di and G(s)=£a2 —

Differentiating twice the first integral we find
(2.26) F'(s)=-G(s), F"(s)=-G'(s).

At the same time

2 7ﬂ

J-( a’+a*+1*)e™

—G'(s) = j dt=—a2F(s)+l
S

a+t a+1

which leads to the second order differential equation

1
F'+ad’F =—
N

This equation can be solved by variation of parameters. The solution is
F(s)= l[ci(as) sin(as) —si(as) cos(as)]
a

involving the special sine and cosine integrals

sint Vs jsmt

si(x) = I—dt ey +

0

cost?

ci(x) = I—dt

The choice of integral limits here is dictated by the initial conditions
F(0)=G(x0)=0.

From (2.26) we find also
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G(s) =—ci(as)cos(as) —si(as)sin(as) .

The integral F'(s) can be used to construct an interesting extension of the
integral

© sinx Vs
j ==
0 X 2

Namely, for h>0

0

I Silla;c dx = Tsin ax{ife’(”b)dt}dx
x

0 0 0

= ]E{]E e ' sinax dx} e "dt
0 L0

o bt
= a,[ e dr_ aF (b) = ci(ab)sin(ab) —si(ab)cos(ab) .
ca’+1’

That is,

J‘ Sin a;c dx = ci(ab)sin(ab) —si(ab) cos(ab) .

0x+

This is entry 3.772(1) in [25]. In the same way we prove 3.722(3)

0

Jcosax
x+b

dx =—ci(ab)cos(ab) —si(ab)sin(ab) .

0

Example 2.3.4

Here we evaluate the integral

a ) dx

H(x)= Iexp(—x—;jﬁ, a>0
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by using a differential equation (cf. [29]). Differentiation yields

H'(a)= —12 exp(—x - %) ;j; .

The substitution x =« /¢ transforms this into

H'(a)= —%J‘exp(—t —%)ﬂ

i

so we have the separable differential equation

H'(a) =_—1H(a), %z%

o

with solution
H(a)=Mexp (—2\/5)

where M >0 is a constant. Setting @ — 0 and using the fact that
H(0)= r(%) =r

we find
H(ax)= «/;exp (—2\/5) .

Remark. With the substitution x = our integral becomes

o L1 \/;
H(a):-([exp(—at _t_zj dt=2\/;exp(—2\/5)

and this is exactly integral (1.42) solved in Example 1.8.7 in the previous
chapter by a special substitution.

This work gives also the value of another important integral, namely
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K a) dx
| exp(—x ——J— H () =——H()
: x ) xdx \/

Iexp( x——jF—\/geXp(—2\/;).

Problem for the reader: Show that

©

J(a)=| exp(—x—%jx/; dx =1 (J& +%)exp ENY

0

Hint: J(a)=-H(a).

Example 2.3.5

Here we work with the two integrals

©

U(a)= Iexp(—x )cos( 2de
X

0
)

V()= Iexp (=x7)sin [a_j] dx
X

0

where « > 0. We differentiate U(«) and then set y =« / x to find

T o’ a [ -a’
Ula)= —2I exp(—x*)cos| —- | dx = 2j exp| —— [sin(y*)dy
d X’ )x ’ y

2
= —2J- exp( y

A second differentiation gives (with x =« / y)

Jsm(y )dy .

77
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U'la)= —2I exp( jsm(y )—dy
y y

—4jexp( X )sm{ jdx
x’

that is,
U'(a)=4V(a).

In the same way we obtain V"(a)=-4U(cr). We define now the
complex function W(a)=U(a)+iV (). This function satisfies the
second order differential equation

W"(a)=—-4iW(x)

with characteristic equation 7* +4i=0 and roots r, =—/2 +iv/2 and

r, = 2 —i\/2 . With these roots we construct the general solution
W(a)= Aexp(r,a)+ Bexp(r,a)
with parameters A4, B . Explicitly,
W(a)= Ae V2@ (cos\2a +isin2a) + Be?@ (cosv2a —isin2a).

At this point we conclude that B =0 since W () is a bounded function.
This way

W(a)= Ao (cos+2a +isin\2a).

Setting o =0 we find W (0) = A . At the same time from the definition of
U(a) and V(o) we have

W (0)=U(0) =Texp(—x2)dx=7ﬁ= A

Thus
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W(a)= geﬁ“ (cos+2a +isin\2a) .

Taking real and complex parts we conclude that

©

2
U(a)= Iexp (—x2 )cos (i—zj dx = @eﬁ“ cos \/Ea

0

V()= Texp( x)sm{ j \/_ e sin2a .
x’

0

2.4 Advanced Techniques

In certain cases we can use the Leibniz Integral Rule

d v(a)
— j f(a,x)dx
2 yla)

v (a)

- [ fandss flay@p'@)- /(e o@)e(@

o(a)

where f(a,x), ¢(a), w(a) are appropriate functions (see [23]).

Example 2.4.1

We will evaluate the challenging integral

jarctanx
0 ﬂl—x

by using the function

79
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where a >1 and

1 a’ -1
ol@)=\[1-— =
a
with derivative
1
P(a)=—r——.
a*Na® -1

Applying the Leibniz rule we find

j~ X de— arctanva® —1
oley I+ a* X)W J1-x° aNa® -1

Let us call the integral here A(cr) . We will evaluate it by the substitution
1-x*=u”, u>0

S () =

1 1/
¢ du

X
di= | 5——5
(,,('[1)(1+a2x2)«/1—x2 !azﬂ—azuz
/
L, \/a2+1+au|la L, Vo +1+1

= n = n .
2ava? +1 \/a2+1—0m‘0 2aa +1  Nat+1-1

Ala) =

This function is easy to integrate by noticing that

iln\/a2+l+l_ -2
da a’+1-1 ava®+1

and therefore, one antiderivative is

-1

2
[ 4(@)da =?[1n—““””J .

at+1-1
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We also compute

d 1
—arctanva? -1 = ———
da aNa® -1

and so we have the antiderivative

arctanva® —1 1 2
= da =—(arctan\/a2 —1)
J. aNa® -1 2

Now we can integrate J'(«) to get

2
_ 2 2
J(a)zé[lnw] —%(arctan\/oz2 —1) +C.

at+1-1
2

Using the limit hm J(a)=0 we compute C = < . Finally,

2

8

2
— N 2
(2.27) J(a)z?l(lan —%(arctan\/az—l) + 2
a

241-1

Setting here @ — 1 we find after a simple computation

(2.28) j arctanx ;. =%2—%(1n(1 )

With a =2 in (2.27) we find also

¢ arctan(2x) 72 1, J5+1 ' 2
I ————dx=——-—|In —E(arctan\/g) .

An 11— 2 8 8 f—l

Remark. Integration by parts in (2.28) yields

81
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b arctanx 72 ¢ arcsinx
j —_[ S—dx
0 A/1— 8 o 1+x
and so
1 . 2
LSRN
o 1+x 2
Using the identity

V4 1
arctan x = 5 arctan— (x> 0)
b

we can write

j-arctanx 7[2 ¢ arctan (1/ x) i
0 \/ - 4 0 \ll—xz

In the second integral we make the substitution x=1/¢ to find also

(2.29) Tar"tzanid z (1n(1+f ))
1 -

~

This integral was evaluated in [18] by using a parameter, much like
(2.28) was evaluated.

Example 2.4.2

We evaluate here in explicit form the function

In(ax +a’x* - )

x(1+x%)

F(a)= j

for o > 0. Differentiating by the Leibniz rule we compute
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dx
F'
(= 1/[1 (1+x* Wea'lx® -1

(notice that In(ax ++/a’x* —1) becomes zero for x =1/ a).
To solve this integral we first write it in the form

-17 dx”

Fl(a)=—
(a) 17[; (x +1)\j0{ —x

and then make the substitution a® — x> =¢°, t>0. This gives

a 2
Flla) = J 1 1n\/l+0{ +a'
01+a ¢ oira’ lrd -a

This function is easy to integrate, as

\/1+a ta 2

\/1+a -a \/1+a

Thus we find

2
1 Nl+a® +a
Fa)=—|In—— | +C.
8 Vl+a’ -«

To evaluate the constant of integration we compute the limit
limF(a)=0.
a—0

Finding this limit is a good exercise for the reader. The evaluation of the

limit becomes easier, if we make the substitution x =— in the integral
ot

F(a) and transform it into an integral with finite limits. Thus we come
to
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2
Flay=L mylra +a
8l Vita?-a)

The expression in the logarithm can be simplified by writing

Vi+a® +a W1+a’ +a) Jrd +a)
= =1
i+a? —a (+a? —a) 1+’ +a) (irarra)

so finally we have

F(a) =%ln2(\/1+052 +a)

that 1s,

In(ax+~Na’x* - )d —lln (era),

x(1+x%)

(2.30) j

e
In particular, for o =1

]'iln(x+\/x2 -1)
1

@31) x(1+x7)

dxz%lnz(ﬁﬂ).

For @ =1/2 in (2.30) we find also

Tln(x+\/x - ) 1

x(1+x%)

V5+1 V5

(2.32) —In° ~——+In2ln—.
2 2

Remark. The similar integral

Tln(x+Vx - )
X

x_

(2.33)

cannot be evaluated this way. The value of this integral is 2G , where
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(1) 1o
G=) ——=l-Z+—+..
= 2n+1)’ 3 5

is Catalan’s constant. The substitution x =cosh/ with In(x++/x* —1)=¢
turns (2.33) into

0

dt=2G

! cosh?

which is a well-known result. This last integral will be evaluated in
Chapter 5, Section 5.5.

2.5 The Basel Problem and Related Integrals

2.5.1 Introduction

The famous Basel problem posed by Pietro Mengoli in 1644 and solved
by Leonhard Euler in 1735 asked for a closed form evaluation of the
series

1 1
l+—+—5+
- see [31]. Euler proved that
11 7’
2.34 l+—=+—+..=—.
(234) 23 6

In the meantime, trying to evaluate the series Leibniz discovered the
representation

1

_J' In(1-1¢) di

0

1 1
1+7+3—2+...:
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but was unable to find the exact numerical value of this integral. It
was shown in [31] that using complex logarithms this integral can be
evaluated as 7° /6.

There exist, however other integrals which give a quick solution to the
Basel problem without using complex numbers. A very good example is
the integral

(235) J-arcsmax

I . .
——[L —Lii(—
\/ﬁ 2[ 1,(ar) = Li,( 0()]
for | |<1. Here
. 0 xl’l
Li, ()=~
nzln

is the dilogarithm ([33], [52]). Setting @ =1 in (2.35) we find

J-arcslnx =—(arcsmx)| —2=—[le(1) Li, (-]

g

and (2.34) follows immediately from here, as

Liz (D~ Liy(-D) =3 St,ay=2 ( 21+3i2+ j

This clever solution to the Basel problem was published by Habib Bin
Muzaffar in [36].

The series in (2.34) is usually denoted by £(2) as a particular value of
the Riemann zeta function

S(s)= ii (Res>1).

n=1 1

Here is a proof of (2.35). Let the integral on the left-hand side be F(«).
Then
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xdx *? sinfdo
Fl(a)= =
J.\/1 a?x*J1- 22 '[\/1 a’sin’ @

with the substitution x =sin@ . Next we write

”jz sinfdo __”j” d cos @
o V1—a’sin’ @ o J1—a® +a*cos’ 6

l”/z d(acos)
ay \/1—a2+(acos9)2

and setting ¢ = @ cos @

L D s WO P

i

=l(ln(1 +a) —lln(l _az)j :l(ln(l +a) In( _a)j
a 2 5

a o

:%[i an—l +i(_1)n—lan—lj

n=1 N n=1 n

and (2.35) follows by simple integration.
A problem for the reader: Show that for every | | <1

j 2T dv=Liy(a) - Liy(-a)

o 1—a’x’

(hint: start with the substitution # = ax ). This is entry 4.1.6 (58) in [20].

Example 2.5.1

For a =21 consider the integral



88 Special Techniques for Solving Integrals

1
J-xarccosx
0 \la —X

which is entry 4.1.6 (57) in [20]. This integral resembles the previous
two, but has a different solution. Not differentiation with respect to the
parameter «, but integration by parts.

J- Xarccosx J- arccosx 2 _ 2 )
=—— -Xx

1
= —jarccosxd a’—x*
0

(Z —x
=—arccosx\/a - X ‘ _I \/17
X

(continuing here with the substitution x =sint)

/2 7l2
; o E
- j Ja? —sin’ ¢ dt=——aI l—asin’t dt
0 2 0

_ aE(z, Lj
2 2 «a
where
)7
E(u,k) =J'«/1—k2 sin® ¢ dt
0
is the (incomplete) elliptic integral of the second kind. That is,

'xarccosx o (ﬂ 1)
j =2 _aEB|Z 2|
0

Ja? - 2

A problem for the reader: Check that for o >1
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jxarcsmx ﬂ\/a2—1+aE(7r 1)
()\IO! —X 2 ‘

2.5.2 Special integrals with arctangents

We will consider now some integrals similar to the one in (2.35) which
can be associated with the Basel problem, either solving it or leading to
similar results.

Example 2.5.2

We will prove here that

o0
arctan ax
2j—2
X

(2.36) dr=tnan =% + Li, (@) - Li, (-a)
l+o

for any 0<a <1. Indeed, it is easy to see (by using limits) that the

right-hand side extends to @ =0 and « =1. The function lnalni_
+a

becomes zero for ¢ >0 and for  >1. With ¢ ->1 we compute
immediately from (2.36)

2
(arctan x)’ ‘; = % = %Liz = %((2)

and (2.34) follows. This integral also solves the Basel problem.

Proof of (2.36). Let J(a) be the left-hand side in (2.36). Differentiation
yields

, R 2xdx 1 Ff 2x 2a°x
J(a):I(1+ 22 N 2_‘- 2 T |
0 ax )(1+x7) l-a (\1+x° l+a'x

| 1+ |7 —2hna
= 2 ln 2.2 =
| 1+a°x .

1-¢a?
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Thus, since J(«) is defined for ¢ =0 and J(0)=0

21nt

J(a)= j
Integrating by parts we find

J(@)=Inani=? +j(1n(1”) —m(l_t))dt
l+a 1 t

t

zlnalnl_a + Li, () - Li, (—a)
a

as desired.

This integral appears in the table [43] as entry 2.7.4(12) in a different
form

‘arctan ax 1 1
2l ———=dx="———In*(l+a)-Li,| — |- Li,(I-«
! 1+ x2 3 2 (+e) 2(1+a] (=)

which is less helpful for solving the Basel problem.

Example 2.5.3
For every || <1 we have

2n+l1

2.37) 2jar°t"maxd =S (n2-H; )“
n=0
where
n—1
H;=1—l+l+. ( ) (nz1), H;, =0
2 3

are the skew-harmonic numbers. In particular, when o =1
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”2 )

1
2.38 T S (n2-H)——.
(238) 16 ”Z::;(n ey

The numbers H, are the partial sums in the series
© _1 k-1
In2= ZQ
ok
and we can also write

0 _1\k1
In2-H, = Z &
k=n+1 k

This integral does not solve the Basel problem, but the representation
(2.38) deserves to be mentioned.

Proof of (2.38). As before, we first assume that |« |<1 and at the end we
drop this restriction. Calling the left-hand side G(«) we have

G'(a)zj- 2xdx 2 j-{ X a’x }dx

(1+0{2x2)(1+x2):1—052 0 l+x® l+a’y

n2 In(l+a’) & 2
= - =>» (In2-H ))a™
1-a? —-a’ ,,Z:;‘

since the generating function of the skew-harmonic numbers is

w:iﬂ;t" (t]1<1)

1 n=0

(see Section 5.7.2). Now integration brings to (2.38). The proof is
completed.
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2.5.3 Several integrals with logarithms

We present here several integrals which are associated with the integrals
in the previous examples.

Example 2.5.4

For every 0<a <1

(2.39) =lhhaln(l-a)+Li, (@)

T In(1+ ax)
=]

where the function InaIn(1-«) is defined for @ =0 and & =1 in terms
of limits and these limits are zeros. For & =1 we have

dx=Li, (1) = 4(2)—

]'iln(1+x) 7
o X(1+x)

but we cannot use this result for directly solving the Basel problem,

because we cannot obtain a multiple of 7” on the left-hand side. Such
things were possible in the equations (2.35) and (2.36) because of the
trigonometric nature of those integrals.

The last integral is entry 4.291(13) in [25] and is a particular case of
2.6.10 (52) in [43].

For the proof of (2.39) we compute

1 In 1+x|
(1+ax)(1+x) l-a 1+ax|

W)=

l ~-Ina
l-a a l-a

Integrating by parts

h(e) = j—dz 1na1n(1—a)—T@dt

0
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=lnaln(l-a)+Li,(a).

A problem for the reader: Prove that

© 2
Iln(1+x) o
o X(+x) 6

by using the substitution x = IL .
-1

Example 2.5.5

We feel obliged to investigate a close cousin to the above integral. Here
we prove that for every —1<a <1

(2.40) (@)=] h;((lli‘j‘c’)‘) dx=Li, (lj—Liz (1‘_‘1j

When o =1 we get
f Inl+x) , _ ( 1 j
D x(+x)  7\2

and we will use our integral to evaluate this value of the dilogaithm.

Proof of (2.40). Like in the previous example we have

d 1 lex | 2
(+ax)(l+x) l-a l+ax|, l-a l+a

1
g'a)=]
0
We notice that
dL 1—a): -1 Zl l-—aY) _ 1 n 1+aj
da 2 l-a<5n\ 2 -« 2

and the conclusion is
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With a =0 we find C=Li, [%) Done!

Now we write

1

Liz(lj:jln(ler)d :Iln(1+x)dx_j-ln(1+x)dx

= i
2 x(1+x) 1+x

0 x 0

1

0

= !i{i—(_l)nl x } dx —%lnz(l +X)

0 n-11
:Z(_l) J.xnldx Z( 1) lln22.
This way

Li, Gj :%g(z) —%mz 2

or, in terms of series

SRR ol IR
Zznnz_z{znz In 2}'

n=l1 n=l1
A nice and useful result by itself!

We can evaluate the integral in (2.40) also in a different way. Using the
Taylor series for In(1+ ax) we write

0 In(l+ax) , (-1)"a"™'x"
-([ x(1+x) J.{HZ(; n+l1 }1+x
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:i(_l)na"” {jxndx}:i:"” (lnz—H;)

since

Comparing this to (2.40) we conclude that for -1 <o <1

o) e (m2-H)a"
(2.41) Liz(%j—uz[l “j:z_;(n )

2 n+l

In particular, for & =1 we obtain an interesting series which is a good
company to (2.38)
i In2-H, =° 1

=" ——In’2.

2.42
(242) ~ oprl 122

With @ =-1 in (2.41) we find also

= (-1)"(In2-H,) s

n+l ?

(2.43)

g

More series with skew-harmonic numbers like (2.38), (2.42), and (2.43)
can be found in Section 5.7.2.

A problem for the reader: Prove that

J‘\/_lnxd

(l+x)
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Example 2.5.6.

In contrast to the evaluation of £'(2)in (2.34), the exact value of
1 1
§(3)=1+?+3—3+...

is still unknown. Any information about this series is quite valuable. The
number §(3) is known as Apéry’s constant. The French mathematician
Roger Apéry (1916-1994) proved in 1979 that this series represents an
irrational number.

Euler found the exact values of £(2),{(4),... (see Euler’s formula in
Section 4.9). The exact values at the odd integers {(2n+1), n=1,2,...
are unknown.

In this example we will present two logarithmic integrals which lead to
four interesting representations of Apéry’s constant £ (3) .

Lemma 2.1. For every | f|<1 and every p >0

(logx)” logﬂ dx

1
(2.44) - T o

S S

= ()" T(p+D{Li,,(B)-Li,,(-B)},

(logx)” log (1= fx) dx=(-1)""T(p+ DL, ().

S —
==

(The second integral is entry 2.6.19 (6) in [43].) Here

OOle

Li, (x)= 2 p

is the polylogarithm.

Proof. We start with the first integral. The substitution x=¢ ™ transforms
it in the following manner
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l(logx)plog1 px dx
X 1+ fx

S S

= (—l)p”Tt” {—log(l — pe")+log(l+ ﬂe”)} dt

= (—1)“12%}1 {]O.tp e"’dt} + (—l)p”z:‘# {Tﬂ' entdt}

0

ormpa(gE L))

= (=)' T(p+1)(Li,.,(8)~Li,,(=8)).

The same substitution in the second integral provides

1

j i (logx)” log(1— Bx) dx = (—1)1’“sz {~log(1- e} dt

0

=(- 1)p+lzﬁ {Itp mdt} (- 1)p+11—~(p+1)zﬂ { p“}

=(-D)""'T(p+DLi,,,(B)
and the lemma is proved.
Now we present four representations of Apéry’s constant £ (3) .

Proposition 2.2. We have the representations

1
arctan/ arctan— dt
t

(2.45) 3=

AN
S =8
~ | —

8¢ 1 1
2.46 3)=—| —arctan¢ arctan— dt
(2.46) qORS j t t
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(2.47) f33)= %]2 —log(1+1¢)log [1 + j dt

0

N|»—A

(2.48) £3)=[-lo (l+t)10g(1+ jdt

The starting point in the proof is equation (2.36). With the substitution
t =ax it takes the form

arctant
2aj

dt—logalogi—Jrle(a) Li,(-a).

0

We divide both sides by & and integrate with respect to & from 0 to 1

© 1 d
ZI arctan¢ J.az : dt
0

1
1 -«
=I—logalog
a l+a

0

da + jl{Liz (o) - Li,(-a)} da
X

Evaluating these integrals (using the lemma for the second one) we come
to the equation

I arctan ¢ arctanl dt =Li,(1)-Li,(-1) = 14(3)
0 tt 4
which is (2.45). Note that
£ Li, (¢ . . . 3
J' lzt( ) dt = L13 (f)|:) = Ll3 )= é/(?)), Ll3 -D= _24(3) :

0

We will transform the integral in (2.45) now. First we split it this way
1

-

0

—e—3
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. . I 1
and then in the last integral we make the substitution x =— to get
t

|

and now (2.46) comes from (2.45).

1 el 1
arctan¢ arctan—df =2 I —arctant arctan-— dt
t
0

~ | —

For equation (2.47) we use the integral

aT log(1+1¢)

dt =logalog(l-—a)+Li, (x
| @) galog(l-a)+Li,(a)

which is equation (2.39) from Example 2.5.4 after the substitution
t=ax . Dividing by « and integrating with respect to & from 0 to 1

we write
]? log(l +1) I dt
o o+t

le(a)

= I—loga log(l-a)da +I
This way we have from (2.44)
T log(tit)log(l +%jdt =Li,(D+Li,(1)=24(3).
0
In the same way as above we show that

.Tlog(1+t) [ ljdt 2J~1og(tl-i-t) (“’1)6‘”

and the proposition is proved.

(See also [10].)
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Problems for the reader: Prove the following representations of Apéry’s
constant

17 x*
3)=— dx
<6) 2£e~*—1

(hint: expand (I1—e ™)' as geometric series and integrate term by term)

2% X
(-2

0

(expand (1+e )" as geometric series and integrate term by term)

(3)=2]-—ax

7+ sinh x

(write sinhx in terms of exponentials)
£3)=2 j x*(cothx — 1) dx
0

$(3) =§Tx(ln4—xcotx) dx

0

(hint: Example 3.2.1 from the next chapter could be helpful).

Example 2.5.7

This is in fact a problem for the reader. We introduce one symmetrical
and nice integral whose proof will be left to the reader.

In Example 2.5.5. we showed that

iLiz[l—sz 1 ln(l+lj
dt 2 1-1¢ 2

which gives
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Tl 1+t 1-x 1
(2.49) —h{—j dt=Li (—j—u (_j
;[1—: 2 ) 2

The logarithm on the left-hand side can be written as In(1+7)—1In2, so
the equation can be put in the form

(2.50) jlnfl—”) dt =Li, [1—ij ~Li, Gj ~In2In(l - x).

o —

Here is the problem for the reader. Prove that for every | x|<1

(2.51) ]sln(l +£)In(1—¢)dt

:Liz(l_ij—Liz[Hij+(l—ln2)lnl_x

I+x
+xIn(1+ x)In(l - x) — xIn(1 - x*) + 2x.

Evaluate the limit of the right-hand side for x — 1 to show that
1 72_2
[In(1+5)In(1—t)dr :2—?+(ln2)2 ~2In2.
0

Hint: Use integration by parts and equation (2.50).

Note that (2.51) can also be proved by differentiating both sides.

2.6 Some Theorems

Here we present some theorems that can be used to justify differentiation
with respect to a parameter inside the integral.

Theorem A. Suppose the function f(a,x) is defined and continuous on
the rectangle [a,b]x[c,d] together with its partial derivative f,(a,x).
Then
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%J.f(a,x)dxzj.fa(a,x)dx.

In order to apply this theorem in the case of improper integrals we
have to require uniform convergence of the integral with respect to the
variable «. A simple sufficient condition for uniform convergence is
given by the next theorem.

Theorem B. Suppose the function f(«a,x) is continuous on [a,b]x[0,0)
and the function g(x) >0 is integrable on [0,0). If

| fa,x)[ < g(x)

for all o €[a,b] and all x >0, then the integral

Tf(a,x)dx

is uniformly convergent on [a,b].
Theorem C. Suppose the function f(a,x) is defined and continuous on
[a,b]x[0,0) together with its partial derivative f,(a,x). In this case
in(a,x)dx = Tfa (a,x)dx
day, 0
When the first integral is convergent and the second integral is uniformly
convergent on [a,b].

The case of improper integrals on finite intervals is treated in the same
way. For proofs and details we refer to [23, 28, 29, 50].



Chapter 3

Solving Logarithmic Integrals
by Using Fourier Series

3.1 Introduction

Many integrals can be evaluated by expanding the integrand in an
appropriate series and integrating this series term by term. This is a
classical method, some examples can be found in the books [7] and [37].

In this chapter we present a selection of examples using this method. We
solve integrals which are interesting and challenging. Most of these
integrals can be found in the popular tables [25] and [43], but some are
rare, and some are possibly new. We use standard concepts from
analysis, simple Fourier series, and the standard expansion of the
logarithm In(1+ x). Focusing mostly on the technical part, we leave

some details to the reader.
A prerequisite for this chapter is some general knowledge about the
gamma function

L(z)=[te"dt (Rez>0).
0

The digamma function w(z)=I"'(z)/I'(z) will also be used, as well as
the Riemann zeta function {'(z) defined by the series

0

fo=Y

103
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for Rez>1 and then extended as analytic on the entire complex plane
with a simple pole at z=1.

Euler’s dilogarithm Li,(x) and the polylogarithm Li,(x) also appear in
this chapter

o N o L n
X

Li,(x) = Z%, Li,(x) = Z i

n=1

We start with some well-known log-sine integrals and proceed with more
advanced cases. Among other things we consider Euler’s log-gamma
integral

Jl.ln T'(x)dx

and also the related integrals

1/2 1/4

[InT(x)dc and [ InT(x)ds.

Section 3.3 is devoted to a special Binet type formula for the log-gamma
function In T"(x) which is then used for evaluating a challenging integral.
The term by term integration that appears in our examples is justified by
the theorems collected in Section 3.4.

3.2 Examples

Example 3.2.1

In this introductory example we evaluate several well-known log-sine
and log-cosine integrals. The evaluation is based on two Fourier series
(see, for instance, [46, p. 148])

(3.1) m(sint)z—lnz—zM, O<t<z
n

n=1
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o 1\l _
]n(cos[):—]nz_ZM’ _ﬂ-<t<£
= n 2
Integrating the first series between 0 and % and then between 0 and =

we find the two integrals

/2 T

[ In(sin)dr = %m 2, [In(sint)dr =-r1n2
0 0

while integration between 0 and % yields

/4 © _
jln(sim)altz—”lnz—l izsinﬂz—”lnz—lc.
) 4 24 4 2
Here
0 1 0 _1 k
G= —2s1nﬂzz D 5
w1 1 i (2k+1)

1s Catalan’s constant.

Since the function In(sin#) is not defined at zero, the integration can be
justified by first integrating on the interval [a, 7 /2], 0<a <z /2, and
then setting o — 0. This remark applies to the second and third integrals

and to all similar cases later. The integrals are convergent improper
integrals.

In the same way, integrating the second series in (3.1) we find

/2

_[ In(cos?)dt = 2
0 2

/4 © _
J ln(cost)dtziln2+l Lzsinﬂ:—ﬁanJrlG.
0 4 2%n 2 4 2

n=1

All these integrals are present in [25], in the group of entries 4.224.
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When we multiply the first series in (3.1) by ¢ and integrate between 0
and 7 /4 we find

/4 2

- 1&
tIn(sin?)dt = 1n2——§
'([ ( ) 32 2

-’ & 1 an 1& 1 n
=——1In2—-—>» —sin—+—» —| l—cos—
32 8 = n’ 2 4Zn3[ 2)

= In2-—G+—~(3
32 8 128 <G
That is,
/4 2
-7 T 35
tIn(sin?)dt = In2-—G+—~(3
;[ ( ) 32 8 1284/( )

where £'(s) is Riemann’s zeta function. This interesting integral connecting

three important constants is entry 2.6.34(2) in [43]. Two more simple
integrals (entries 2.6.34(9) and 2.6.34(28) in [43]) are obtained in the
same way

/2

j tIn(sin?)dt =
0

-7

2 7
In2+—~2(@3
8 164()

2
-

In2.
2

j tIn(sint)dt =
0

We will return to log-sine integrals later in Example 3.9.

Problem for the reader: Using the first series in (3.1) prove that

/2
[ sintIn(sine)de =In2-1.

0

Hint: The series
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zn(4n - )—21n2—1

n

might be helpful.
Another way to prove this integral is to compute the antiderivative

F(t)= [sintIn(sin1)dit = [ In(sin#) d cos

cos’t
nt

=—costIn(sin?) + j dt

=—costIn(sin?) + J.—tdt J.sin tdt
sin

=—costIn(sin?) + In(tan %) + cost
and then to evaluate
F| Z | -limF(f) =-lim F(¢)
E t—0 - t—0 ’

Computing this limit is a decent calculus exercise.
Note that the substitution x =sinz gives also

=In2-1.

j- xInx
0\[1 x

Another problem for the reader: Show that

1 /6
I =—1n2+ I In(sin?) dt
0

T

by using the substitution x=2sinz. Further, using the series in (3.1)
show that
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where
1
Cly(x)= Z—zsm (nx)
n=11
is Clausen’s function. For another evaluation of this integral see entry

4.1.5(1) in [20].

Next we evaluate several log-cotangent integrals.

Example 3.2.2
We evaluate here the integral

p x
J cosxIncot—dx
0 2

1 1 . . .
for p=1, p= > and p= 7 We will use the series representation

(3.2) cosxlnc0t£+£sinx:2ZM
272 Y|

o 22cos(2kx)
o 2k+1

for 0<x <. This series is a slight modification of the series in entry
17.2.14 in Hansen’s table [26]. Integrating we find

N i sin(4kr) _

T X T z
fcosxln cot—dx ——cosx| 0 =
0 2 2 = kQk+1)

that is,
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T x
(3.3) J.cosxlncotzdx=7z.
0

Integration of (3.2) between 0 and 7 /2 gives

7l2
I cosxlncot—dx —Zcosx| 2 _r
0 2
and therefore,
/2 X P
3.4 cosxIncot—dx=—.
(3:4) | Jde=2

0

Integration of (3.2) between 0 and 7 /4 brings to

/4

Icosxlncot dx——cos |”/4 £+z;sin(k—”j
0 2 2 2 T kQk+1) 2

and from here, changing the index of summation to £ =2n+1 (for even
k the terms are zeros) we write

/4 © _ 1\
I cosxlncotfdx:”\/zsz =D .
0 2 4 = (2n+1)(4n+3)

We can evaluate this series by using partial fractions

S (GO S - (="
(3-) Z(2n+1)(4n+3 Z n04n+3

%—i(ﬂ' 2In(1+~/2)) .

n

The value of the second series is taken from entry 5.4.24 in [26].

(3.6) Z( D’ *5 [7-2mn(1+2)].

4n+3
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Finally,

/4 T \/7
3.7) I cosxlncotzdx=z+—ln(l+f)
0

Comment. The values of (3.3) and (3.4) are recognized by Maple.
Equation (3.3) can be derived from entry 2.6.39 in [43]. The integral in
(3.7) seems to be new.

Example 3.2.3

Very nicely, it turns out that the series (3.5) can be used to evaluate the
challenging integral

1
I arctan(x” )dx .

0

Starting from the Maclaurin series for this arctangent

o (=1 4
arctan(x?) =y —2—x*" x|<1
(x7) ;2 ) (| x[<T)

and integrating both sides between (0 and 1 we find

1 , w 1y
!arctan(x )dx = ;—(2’1 +(1)(21n 3

%—i(n 2In(1++/2))

or

(3.8) 'i-arctan(xz)dx z1-v2) \/_) [1 (1+\/_)

0

The series (3.6) which is crucial for the above evaluation has an integral
form
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1 D"
3.9 —_
3-9) J. 1+x* Z “4n+3
This follows immediately from the geometric series expansion

=x Z( x*y —Z( 'x*2, | x|<l1.

1+x*

Integrals like (3.9) are usually solved by partial fractions.
However, we can reduce (3.9) to (3.8) using integration by parts.
1

1 2 1
I al : dle ol 2 dx’ =1J.xdarctan(x2)
o l+x 291+x 2y

1

1 1
=¥ arctan(x?)| i) - _([ arctan(x”) dx

=Z- (%ﬂ V2, (1+I)J

8 2

and after simplification

g By

dv =" S+
1 n(l+

(3.10)

0

Even more! We can use this result to evaluate one seemingly unrelated
tough integral

/4

[ Vangdo.
0

With the substitution tan@ = x*, or € =arctan(x’) we compute

tan @

I ”f fl 1+42).

(3.11)

A remarkable connection!
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Example 3.2.4

Now we consider another important series. For all | |[<1 and all real x

© k
(3.12) log(1 - 2a.cosx +a’) = —22@.
k=1

This series is well-known. It comes from the standard expansion of the
logarithm

o kx

k i
log(l—aei")z—za °
=i

by equating the real parts on both sides when « is real. After that (3.12)
extends also to complex « in the unit disk by analytic continuation.

We will use this series to evaluate several integrals. From (3.12) we find
immediately

zp
(3.13) Ilog(l—2acosx+a2)dx=0
0
for every integer p. Setting & — 1 here yields
p Tp p
j In(2 — 2 cos x) dx = j 1n(1—cosx)dx+j In2dx=0
0 0 0
that is,
zp
(3.14) jln(l—cosx)dx:—;zplnz.
0
Also, from (3.12)

/2 0 k
(3.15) I 10g(1—2acosx+a2)dx=—22%sin(k7ﬂj
0 k=1

0 (_l)n c!2n+1
=23
n=0 (2}’1 + 1)
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This series can be expressed in terms of the dilogarithm

OOxI‘l
P

Li

We have

1 2n+1 1
(3.16) Z((z)ﬂ) 2l(L1 (i) - Li, (—ir))

/2

(3.17) I log(1-2acosx +a?)dx =i(Li,(iar) — Li, (—icx)) -

Setting & — 1 in (3.15) we derive also

/2 /2

.[ In(1—cosx)dx + .[ In2dx=-2G
0 0

that 1s,

/2

(3.18) J-ln(l—cosx)dxz—%ln2—2G.
0

Now we return to (3.13). When « with | |>1 is real we write
In(1-2acosx+a’)=In[a’ (o =20 ' cosx +1)]
=2In|a|+In(1-2a" +a™)

so that for | |>1

zp

(3.19) Jln(1—2acosx+a2)dx:2ﬂpln|a|.
0

This is also true for | |=1 by continuity. The two integrals (3.13) and
(3.19) can be united in one, replacing o by S/«
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7p

(3.20) Iln(ﬂz—2aﬂcosx+a2)dx=2ﬂpln|a|
0

where | f|<|a|and p is an integer. This integral is entry 2.6.36(14) in

[43] and entry 4.224(14) in [25] (the answer in [43] is correct, while the
answer in [25] needs a correction). For p =1 this integral was evaluated

in Chapter 2 by a differentiation with respect to « (see Example 2.2.18).

Example 3.2.5

We will use the series (3.12) for some more evaluations. Multiplying
both sides in (3.12) by cos(mx), where m is a positive integer, we write

a* cos (mx)cos (kx)
k

(321) cos(mx)log(l-2acosx+a’)=-2)"
k=1

= —i%k(cos (m+k)x+cos(m—k)x).

k=1

Now we integrate this equation with respect to x between 0 and 7p,
where p is any integer. There will be only one non-zero term on the
right-hand side, the term where k& =m . Thus we find

zp

D _m
(3.22) j cosmxlog(l-2acosx+a’)dx=—"a".

0 m

This is entry 2.6.36(15) in [43] and entry 4.397(6) in [25].

It is remarkable that (3.13) does not follow from (3.22) for m =0. This
phenomenon is explained by the nature of the series in (3.21). We leave
it to the reader to evaluate this integral for |« |>1.

These results can be extended in the following way: using the representations
1.320(1,5,7) in [25]
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cos (mx) = %{( ] Z]:( ]cos (2nm — ka)x}

cos™”” 1(m)c)—é‘LkZ( ]cos(2nm—2km—m)x

sin’ (mx)—4—{( j z]( J( 1)"* cos (2nm — ka)x}

we find correspondingly

zp . ﬂ_p 2n 2m(n k)
J cos” (mx)log(l —2acosx +a”)dx = _
0 4 m k=0 k n _k

zp
I cos™ ! (mx)log(1 —2ccos x + o) dx
0

_ -zp n=1(2n 1 am(Zn—Zk—l)
4 'm =\ k n—k-1

zp
I sin®”" (mx)log(l — 2a cos x + a*) dx

0
ﬂ_pz 2}’1 ( 1)11 k _2m(n—k)
"mis\ k n—k

4"m 1=

for any two positive integers n,m and any |« |<1.

Example 3.2.6

Substituting @ =+e”, >0, in (3.13) and writing
In(1+2e”cosx+e?’)= 1n[e’ﬂ2 (cosh B £ cos x)]

=—f+In2+In(cosh f + cosx)
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we find for every integer p

(3.23) Tln(coshﬂ tcosx)dx=(f—-In2)prx.

Example 3.2.7

We continue working with the expansion (3.12). Dividing both sides by
x” +b*, where Reb >0, we write

0

log(1—2acosx+a2) Z a" coskx
X+ b S h(x*+b%)

(3.24)

Integrating term by term and changing the order of integration and
summation we arrive at

o _ 2 w ko
J-log(l 2gzcoszx+a )dx:_zza_J- czoslcx2 dr.
0 x“+b ok ox"+b

The integrals on the right-hand side are well-known (see (2.24))

© coskx T
3.25 ——dx=—e"*
( ) '([xz—kb2 2b
so that
© _ 2 ok _-bk o N
J-log(l 22acoszx+a )dxz_zza e =_£z(ae )
0 X +b bio k
and finally
Tlog(1-2acosx+a’ V4 -
(3.26) [ &( s )dx=zlog(l—ae by,
0

This is entry 2.6.36(20) in [43]. Several other integrals in [25] and [43]
similar to (3.26) can be solved in the same way.
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Example 3.2.8

We will evaluate here some integrals by using the standard logarithmic
series. Let ReA > 0. Then for every x>0, |a|<1

o n_—Axn

(3.27) log(1—ae ) ==Y 2

n=l1 n

Multiplying both sides by x” ( p >—1) and integrating form 0 to o we
find

n

% © s © nr 1
[ log(1—ae ) dx ==Y & [xre ™" dr =32 (p++l)
0 Pl 4 “~ n(An)”

:_F(p+l)z a” B F(p+1)

/Ierl iy A,erl P+2( )

That is,

r e +1
jxplog(l—ae ) iy =— (lppﬂ Iy Li,,,(a)
0

where Li_ (x) is the polylogarithm.

0

Li,

This integral is equivalent to entry 4.316 (1) in [25] and entry 2.6.28 (1)
in [43].

Next, for any real b = 0we have

sinbxlog(l—e ™ Z e sin bx

n=

From here, using the Laplace transform formula for the sine we find
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T _ 17 .
Jsm bxlog(1—e ™ )dx = —Z—Je AX1 sin b dx
0 n=1 115

b
S n(An* +bY)

The value of this series is known (entry 6.1.67 in Hansen’s table [26])

* 1 ib ib
(3.28) ,,Z::‘n(ﬂ,22+b) 21{"’[”1) W[1—7j+27}

where w(s)=T"(s)/I'(s) is the digamma function and y=-w(l) is
Euler’s constant. Thus

< -1 ib ib
3.29 inbxlog(l—e ™)dx=— 1+ 1——|+27].
S SRS ¥ AN A

This integral is entry 2.6.40(6) in [43]. The similar integral 2.640(5) in
[43] is proved the same way

j sinbxlog(l+e ) dx
0

an2-p| 1 )y (1o )y (A2, (A0
“w a4y i Ay

Next we integrate the expansion

cosbxlog(l—e™

to get

K “Ax S 100 —Axn
.([cosbxlog(l—e 4 )dx=—Z;_([e A cosbxdx——zm.

n=1

Using again Hansen’s table for the above series (entry 6.1.32)
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i —i il —coth| — 7b
20 +b* 207 2b A

we find

° A zh
3.30 bxlog(1—e ™) dx = ——coth
(3.30) .([cos xlog(1—e ™) dx e 2b ( /1 j

The expansion of coth(x) in partial fraction series will be presented later
in Section 4.5.1.

Example 3.2.9

Here we show another application of the series in (3.28). Multiplying the
first series in (3.1) by e, a# 0, we write

e’ cos (2nt)

e In(sint)=—e“ In2— Z ,0<t<r.

n=l1

We will use now the antiderivative

at

J-e‘” cos(2nt)dt = %(a cos(2nt) + 2nsin(2nr))
a +4n

to evaluate several log-sine integrals. Integrating the above series between
0 and = we compute

Je"’ In(sin?)dt =

0

(ln2+a Zn(4n = ))

According to (3.28) this becomes

(3.31) j e In(sin?) dt
0

1—e®” 1 ia ia
= In2+y+— I+— [+y|1—-——|];.
a {n ’ 2{"’( ﬂj ”'( ﬂﬂ}
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Multiplying the second series in (3.1) by e and integrating between

- and % we find

/2
1
“n(cost)dt = —s1nh— n2+a*y ——
,,‘!/2 ( ) [ Z1“11(414 +d? )j

and correspondingly,

/2
(3.32) j e In(cost) dt

—-7/2

-1 Ta ia ia
=—sinh—<2In2+2y+y|l+— |+w|1——|}.
a 2{ : "’( ﬂj "’( Aj}

Integrating between 0 and % we find also

/2

I e In(cost)dt

<)

4n* + a* 4n* + a*

_ an/2 o 1\ 1\ arl/2
_l-e 1I12_Z( ) {( )'ae™?  a }
a

_ 1-e"? n2— ae™?S i (="
a ,,ln(4n +a ) = n (4n2+a2)

From Hansen’s table [26] we take now entry 6.1.77, namely,

© )" 1 ia
(3.33) ;n(4 )2 {ﬂ(nz) ﬂ(l——j 2/3(1)}

where A(s) is Nielsen’s beta function — entry 8.370 in [25] (see below
Section 4.5.2 for this function)
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po-L=s )

Therefore, from (3.28) and (3.33) we find

/2
(3.34) j e In(cost) dt

0

_1_ea7r/2 lnz_eaﬂ/2|: (14_&)—'_ (1_£j+2 :|
- a 2a v A v A 4
+;—a{ﬂ(l+l;j ﬁ[l——j 2/}(1)}

With the same method, using again the first series in (3.1) we get also

/2
(3.35) j e In(sin?) dt

0

l_eaﬁ/2 eaﬂ/Z i
= ln2- = [ﬁ(uij ﬂ(l——j 2/3(1)}
+i[w(l+i§j+y/(l—%}j+2y]

The simple computations are left to the reader.

Example 3.2.10

Using the logarithmic series we shall prove now the curious result

jaln(1+x+x ) 7z_2
0

(3.36) =

First we write for 0<x <1



122 Special Techniques for Solving Integrals

171'/3 ( l)nl ! inm/3
log(1+ xe Z—e

n=1 n

and from here, dividing both sides of the equation by x and integrating

2
X n=1 n

1 in/3 n—1

log(1 (-1 ;
J' Og( +xe ) dx = 2 ( ) em;r/3 .
0

Taking the real parts from both sides we find

j-ln(1+x+x) _22( )"1 (_)
! 3

This series can be easily evaluated

= (—1)" (nﬁ) (11 11 1 11 11 1 J
2 cos| — |=2| =+ -+ —5—+————+...
Z] " 3 12 2°2 3 42 52 6

n=

1 1 1 2 7’
-¢0)- 3[—+6—2+ j=c<2>—54<2>=§¢(2>=7

Done!

Example 3.2.11

This is, in fact, a counterexample. Consider the integral

—2/1'/1V)

(3.37) Tln(l—dx

for ReA>0. Trying to evaluate it we can start as above by using the
expansion (3.27) to write

0 27 Ax 0 @
(3.38) J‘de=—zlje d .
0 1 k 0

However, then we come to the evaluation
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o 2xAx

s-dx = ci(2r An)sin(27 An) —si(2z An) cos(27 An)

o 1+x
where

si(x) = ILmdt— ;+Iintdt, ci(x) = I—COStdt

0

are the sine and cosine integrals. It becomes clear that the series in (3.38)
will be difficult to sum. Our counterexample shows that we cannot
always use the logarithmic series for integral evaluation.

A quick evaluation of the integral (3.37) is possible if we first integrate
by parts

—27rlv

I Ind —e dx I In(1 —e>"**) d arctan x
o 1+

x
o 27xAx
xax ® e arctan x
=In(1—e ™" )arctanx| + ZﬂAf#dx
0 -
0
arctan x
=2 zj e

Now we can use Binet’s second formula for the logarithm of the Gamma
function

J- arctan(t / A) dr
-1

111F(/1)=(/’L—%jln/l—ﬂ+ 1“22” +2

0

(entry 8.341(2) in [25]). The last term with the substitution 7= Ax
becomes

In27z

I arctan(x)

24 zlnf(l)—[i—%jlnl—k/l—

and we come to the evaluation
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—Z/rl)r)

In(1-e
1

2
X

(3.39) T dx=7r[lnl"(ﬂ)—(ﬂ—%]lni+ﬂ,—lnzzﬁ}

which is entry 4.319(1) in [25].
With 2 =1 we have

J-arif:n(x) dx:l_ln27r‘
o e =1 2 4

In Section 3.3 below we present another version of Binet’s formula and
evaluate a similar integral with ¢*™ +1 in the denominator.

Example 3.2.12

In this example we use the classical expansion (entry 6.1.33 in [26])

RTINS Y C)}
(3.40) (sinhﬂy yj _22 :

for ¢>0. With the help of this series we will evaluate two challenging
integrals

1 1\cosut _
3.41 - dt=—In(l1+e"™*
( ) -([(sinht t) t ( )
o1 1 —e ™! -
3.42 —— |sinutdt= =
(342) -([(sinht tj " I+e™ ™ +1

for every x> 0. Here (3.42) follows from (3.41) by differentiation with
respect to .

Now we prove (3.41). Multiplying both sides in (3.40) by cosAy and
integrating term by term with respect to ¢ we find according to (3.25)
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o K —Ak
_ ”Z (_l)ke

k=1

With the substitutions 7y=¢ and A=7zu this becomes (3.41). In
particular, with ¢ — 0 equation (3.41) turns into

I( .1 —ljﬁz—an
o\sinhz 7)1t

Which is entry 3.529(1) in [25].

Note that while equation (3.41) is true for 1 =0, equation (3.42) is not.

Example 3.2.13

In this example we evaluate some important log-gamma integrals. Our
starting point is Kummer’s series for 0 < x <1

1nF(x):(%—xj(y+ln2)+(1—x)lnﬁ—%lnsin7rx

1 & Inn .
+—Z—sm27mx
T n

(see section 1.9.1 in the handbook of Arthur Erdelyi and Harry Bateman,
Higher Transcendental Functions Volume I, McGraw-Hill, 1953).

Integration between 0 and z yields

(3.43) j;lnl"(x)dx :%(z —2)y+In2)+ [z —Zz—lem
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2
n=1

1% 1 &lnm
—— | Insinzdt + ——(—cos2znz
2 -(l)' 2 z n’ ( )
with the convenient replacement

o 175 .
_[lnsm;rxdx— J.lnsmtdt.
0 0

Tz
From here, setting z =1 and using the results from Example 3.2.1

1
[InT(x)ax EELENEL T .
) 2 2

as computed originally by Euler.

With z :% in (3.43) we find

1/2
y 3In2 3lnx I &Inm "
Inl(x)dx ==+ + + —(1-(-D").

n=1

In order to compute the series in this equation we use Riemann’s zeta
function

{(s)zzig, Res>1 .
n=1 n
Clearly,

Cs)=-3 1“—” and f: Inn__ s,

2
n=l1 n n=1 n
Also,

>E @ -ne

and differentiation with respect to s gives
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DI R CARICR

-2 (In2)¢ (s)+ (2" =1L'(s).

Therefore,

o (=1)"Inn_ —In2 1,
> T, ¢(2) 24(2)-

n=1
Putting together all these results we come to the evaluation

1/2
(3.44) [ nr(x)dx :m+m72_
0

This integral can also be evaluated in terms of the Glaisher-Kinkelin
constant A . The relation of this constant to ¢'(2) is given by

Q) =7 (MTHM—ﬂnA)

We continue working with equation (3.43). With z =i there we have

1/4 ©
jlnr(x)d _rxTin2r G @) L shhonn
32 dr 2r&m 2n° o

It is easy to see that

=1
—pos =2 =27)¢(s)
'n

and therefore, differentiation gives

S ln_sncos% = (27 —27)(In2){ (s) + (27 —27)(s).

n=1

From here
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ln2n osﬂz_g 2)
= n 2 8

and finally,

1/4 '
(345)  [mreac=2t7T027, 6 9% G o557,
0 32 4r  lérx

Gosper evaluated the above integrals and also several others in terms
of '(2) by a similar method (see Ralph W. Gosper, Jr. I "::6 Inl'(z)dz,
Fields Inst. Commun., 14 (1997), 71-76).

Example 3.2.14

In this example we give a solution to Problem 904 from the College
Mathematics Journal (May 2009). The problem is to evaluate the double
integral

11
_”ln C(x+ y)dxdy.
00
Solution: Our starting point is Euler’s integral
1
[InT(x)d =In+27
0

from the previous example. First we prove the formula

y+1

(3.46) j InT(x)dx =ylny—y+In27
y

for y>0 (the value of yIny at y=0 is considered zero).
Differentiating the left-hand side in in (3.46) with respect to y we find
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1

¥
a4 InT(x)dx=InT'(y+1)—InT'(y)=Iny.

dy

2 C—

This is true for all y >0 because

_ o L+D L T()
In['(y+1)—InT'(y)=1In ro) =In o) =lny.

Also
d
—((hny-y)=hy.
dy

We see that the functions

y+l1

jlnr(x)dx and ylny-y
y

have the same derivative; therefore, they differ by a constant

v+l

j InT(x)dx=ylny—y+C.
Yy

Setting y — 0 and using Euler’s integral we conclude that C =In+/27 .
This way the identity (3.46) is proved.

Now with the substitution x =u — y, dx =du we write

1 y+1
jlnF(x+y)dx= J. Inl'(u)du=ylny—y+Inv27x
0 y

and integrating both sides with respect to y from 0 to 1 we find

11
(3.47) jjlnf(er y)dxdy =In~27 —%.
00
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Example 3.2.15

This is a solution to Monthly Problem 11329 (2007, p. 925). The problem
is to prove the two equations

y+Inln2

0 1
27°T(xX)dx =212 T'(x)dx —
{ (x) dx j (x) =

and

TxZ’x I'(x)dx

0

(y +Inln2)(1+21In2)— 1
In*2

1
=2 j (x+1)27T(x) dx —
0
Our starting point for the proof is the well-known representation
l-e'

(3.48) InT(x) = T(x 1 _ﬂj dr |
0 1t

We multiply both sides by 27", integrate with respect to x from zero to
infinity, exchange the order of integration, and integrate by parts to
obtain

A= j 27 InT(x) dx
0

L
) n2 (1n2) l-e'\In2 1+m2)] ¢t

In the same way

1
B= J‘Z’x InT"(x)dx
0
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T{ 1 [ 1 e-4/2j}__dt
o 1n2 2(ln2) 1-e¢"\2m2 742

From here

A-2B~= j[ : j lj(emz jm
In2 ¢+In2 1n20 1+1¢

after rescaling 1 > ¢In2.

Next we use the representation

i dt
flor=giz)e s

0

(this is proved in Example 5.3.7 in Chapter 5). With p=1In2

y+Inln2
n2

A-2B=-

This proves the first equation in the problem. The second equation is
proved likewise. We multiply (3.48) by x2 " and integrate from zero to
infinity. Then we multiply (3.48) by (x+1)2™" and integrate from zero to

one. The computation requires integration by parts twice. Details are left
to the reader.

Example 3.2.16

In association with the log-sine integrals we may want to consider the
interesting integral

1
J In(arcsin x)dx
0

which cannot be found in the tables [25] and [43]. With the substitution
x =sin¢ followed by integration by parts this integral becomes
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/2 /2

jln(arcsmx)dx— J Int#(cost)dt = J. Intdsint

» t
=Intsinf] - J.ﬂdt—l ——Sl(z)

That is,
1 T P
jln(arcsin x)dx =In—-Si (—j
0 2 2

where

smt

smj

is the sine integral function [40, p. 150].

Another integral with a similar structure is
1
J= Iln x(arcsin x) dx .
0

Integrating by parts we have

J = xInx(aresi )|1 Jl. arcsin x N Inx 4
= xIn x(arcsinx)|, — | x — |dx
0 o X 1 _ x2

1
xInx
I arcsin xdx — I

0 04/ 1—x?

The first integral we integrate by parts and in the second we set x =sint
to get

/2

T
J=1——— | sin¢In(sin¢)dt .
: j (sin?)
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This integral is known from Example 3.2.1, so finally
l T
Iln x(arcsinx)dx =2 — 2 In2
0

in line with entry 4.1.6 (41) in [20] and entry 4.591(1) in [25].

A simple problem for the reader. Prove that

1
Iln x(arccosx)dx=In2-2
0

(entry 4.591(2) in [25]).
Hint. Do not mimic the above computation — just use the simple relation
between arccosx and arcsin x.

Example 3.2.17

At this point it will be very natural to look at the “first cousin” of the
above integral (entry 4.593(1) in [25])

1 2 In2 =«
Iln x(arctanx)dx =—+ ———
0 48 2 4

where the presence of 7° hints that £'(2) may somehow be involved.
We start the solution as above, integrating by parts. Calling this integral
M we write

1
1
M = xIn x(arctan x)|:) - J'x(arctanx + an jdx
0 x I+x

1 1
xlnx
= —J- arctan xdx — J. >
0 ol+x

dx .

Integration by parts gives
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1 V4 In2
Jarctanxdx—_ 5
0 4 ?
so that
In2 =«
M:T‘_‘—Ilnxdln(”x )
- 1 ¢ In(l+x>
:%_%_—mxln(ler )| 2J'H(Tx)dx

0

The term with the product of logarithms is zero and also
1

¢ In(1+x%) 1[& =D 1 & (=)
) g [ 0 a3
X 293 n

0 A 0

where (here comes 7°!)

o (_1\n-1 2

1 T
=2¢@=3

n=1
Putting all these pieces together we come to the desired result.
A note about the evaluation

InxIn(l+x*)|, =0.

At the upper limit, for x =1, the value is obviously zero. Then

lin(‘)l(ln xIn(1+x°))=0

because In(1+x*) ~ x> near zero and lirr(}(xln x)=0.

Example 3.2.18

This is a solution of Monthly Problem 11639 (2012, p. 345). The question
is to evaluate the integral
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/2

j In(2sint)dt .
0

For this evaluation we use again the Fourier series (3.1). With the
substitution x =2¢ the first series can be written in the form

ln(Zsingj = —Z €os (nx)’ O<x<2r.

n=1 n

Next we use Parseval’s theorem for Fourier series (see below).
According to this theorem

lTlnz(z i xjdx 3 i
— sin— |dx=) —=—.
T 2 6

n=1 n

Returning back to 7 =x/2 we have

2
v

zjlnz(Zsint)dtz—.
Ty 6

Using the symmetry in the graph of sinf in the first and the second
quadrants we have

/2

[In*@sine)yde =2 [ In* (2sine)d
0 0

and therefore,

/2 3

I In®(2sin7)dr =2 .
0 24

Parseval’s Theorem.

If the real valued function f(¢) has Fourier expansion

1= % + Z(an cosnt + b, sinnt)

n=1
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in the interval [0, 27] and is square integrable in this interval, then

L poa=%a3 @)

n=1

(see [46, p. 119]).

Example 3.2.19

The standard logarithmic series

In(1-x) = Zx— (| x|<1)
n=1 n
can be used for the evaluation of the interesting integral

J(A)=[Inxin(-Ax)dx (| A]<1).

For 0 <A <1 we have

= —In(1-A)+— (1n(1 ,1)+/1)——(L1 (D)-4)

lln(l—ﬂ)—%Liz(/l)+2.

That is,

1
Ilnxln(l—lx)dxz l_lln(l—l)—lLiz(/l)JrZ.
) A A
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By analytic continuation this extends on the disk |4 |<1.

With 4 =1 we find

Jlnxln(l—x)dxz2—Li2(1)=2—§(2)=2—%2.

With 4 —» -1

2
T

1
J-lnxln(l+x)dx=—21n2+Li2(—1)+2=—21n2+2— =
0

These two integrals are entries 4.221(1) and 4.221(2) correspondingly in
Gradshteyn and Ryzhik’s reference table [25].

Example 3.2.20

Not all log-sine integrals should be evaluated by the Fourier series (3.1).
For example, the log-sine integral

/2

J- In(sin?) r

0 cost?

can be approached differently, with the ordinary logarithmic series

”j” In(sin) 1 ”J” In(sin’ 7) st T In(1 - cos® 7) P
, cost 2% cost 29 cost
177 1 & cos*? & 107
=—= dt=—— cos”" 't dt .
2£cost{,,z(; n+1 2;n+1-([

We see here the well-known Wallis integral

z/2 -1
4" (2n
I cos* 't dt =
2n+1{ n

0
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and therefore,

cost 22 (n+1)(2n+1)

”f Insing) , _ 1< 4" [2;1}‘1

0

The inverse binomial series here can be evaluated by certain means

© n 21’1 -1 7[2
;(n+1)(2n+1)( j T4

and we find

2

/2 .
_[ In(sin¢) g "

oy cost

Example 3.2.21

We show a solution to Monthly Problem 12221 (December 2020). Prove
that

J= jlog(x D g log6 3G.
y X +1

For the solution we make the substitution x =tan¢ and write

/4 /4 . e
J = [ log(1+ tan’r)d = Jlog(wjdl
0 0 cos’ ¢

/4 /4

= '[ log(cos® ¢ +sin’f)dt — 6 J. log(cost)dt = A—-6B
0 0

where 4 and B are the two integrals. The value of B is known from
Example 3.2.1

/4

G =7
B= '!. log(cost)dtzz—zlnl
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To evaluate 4 we use the trigonometric identities

cos®t+sin®s=1-3cos*tsin’t and 2coszsint =sin2¢

/4 /4

A= I log(cos® t +sin’t)dt = I log(1—3cos’ ¢sin’t)dt
0 0

/4 7r/2

= j log(l——sm 20)dt =~ f log(l——sm 0)do (2t=0).

Now we expand the logarithm and integrate term by term

__ln/z wl 3n.2n __lwl3)n ”/2.2,,
A= 2I{;¥(Zj sin2 6'do = 22;”(2 jsm 0do

0 0
_ 15 lm” 12z
295n\4) (4" n )2
according to the Wallis formula (see Section 5.8 in Chapter 5).

The series can be evaluated by using the well-known generating function

i[znjﬁz 210g[1_— \'1—4’6] (|x|<1/4)
nj)n 2x

n=1

(see [32]) which gives A= %1og3 — zlog?2 . Finally

J:A—6B:%In6—3G.

The same technique solves Problem 2107 in the Mathematics Magazine
(vol. 93, December 2020). Namely,

J-log(x D dx =rmlogb.
0
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3.3 A Binet Type Formula for the Log-Gamma Function

In Example 3.2.11 we used the second Binet formula for InI"(1)

dt

]'i arctan(z/ 1)

2
e —1

(3.49) (1) :[Z—%jlnl—/l + ln227r +2

0

in order to prove the interesting evaluation

dx =

]'i arctan(x) 1 In27z
. et -1 2 4

It is desirable to evaluate also the similar integral

T arctan(x)
. 27rx +1

which is not present in the popular tables [25] and [43], but appears in
Brychkov’s handbook [20]. For the evaluation of this integral we need a
Binet type formula like (3.49) where the integral will have denominator

¢*™ +1 instead of ¢*™ —1. We will present this formula here.

Formula (3.49) is usually proved by using the Abel-Plana summation
formula

5 =L e f LI g

2rzx
n=0 _1

valid for functions holomorphic on the half-plane Rez >0 with certain
growth conditions (see Whittaker-Watson [48, pp. 145-146]). A similar

Abel-Plana formula exist with ¢** +1 in the denominator

650 3f(net]- jf(x)dx de

+1

(see, for example, Frappier’s paper “A generalization of the summation
formula of Plana” in the Bulletin of the Australian Mathematical Society,
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59 (1999), 315-322). Using this formula we will prove the following
proposition (a different Binet type formula).

Proposition 3.1. For Rez >0

(3.51) 1nr(z+%)=zlnz—z+1n\/ﬁ—zj%(’“/z)dx
0

e”™ +1

Proof- We apply (3.50) to the function

Jx)=
(x+2) )

and first we evaluate

o 1 ®

[ (o=~ ==

0 x+zl, z
Next we compute

1 1 _ 4ixz

S ix) = f(=ix) =

(z+ix) (z—ix)> (22 +x°)

[PAGI f( iX) o uf
j erx '(';(Z +x ) (e2irx 1) dx

and therefore, (3.50) implies

w -2 1 w
(3.52) Z(n+z+ j -~ !(Z +x)(e2’” S

n=0

It is easy to recognize the series on the left-hand side here. The digamma
function y/(z) has the series representation

)

+1 n+z

(7 =-w(1) is Euler’s constant). From this
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!//()Z

o (n +Z)

and so (3.52) becomes

l//'( J '([ (z* +x%) (ez’”‘ +1) dx

Integrating this equation with respect to z provides

X
Inz+2 dx+C.
W(”z) e I(x L@

Setting z —>oo and using the fact that lim(y(x+n)—In(n))=0 (see

entry 8.365(5) in [25]) we find C =0. Thus we produce the interesting
representation

X
(3.53) y/(z+2) lnz+2j(x e

dx
+1)
This is entry 4.1.2(17) in [20].

Remembering that w(z) =(InT'(z))" we integrate equation (3.53) to find

Tarctan(z / x) s C

27x

lnl"(z+%)=zlnz—z+2

0 +1

and setting z — 0 we find C=InT'(1/2) = In/7 .

At this point we have proved the representation

(3.54) lnF(z+ j—zlnz z+1n\/_+2j‘ar0’lan(z/x)dx

which is equivalent to (3.51). To obtain (3.51) from (3.54) we use the
identity
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z X
arctan — = — —arctan —

x 2 z
so that
) I arct';m(z/x) P J- 21 2 I arctiln(x/z) e
o e+l 0 +1 y e+l

where the integral in the middle is easy to compute

T 1 o n-1 727mx
”Iezﬂx+1 he = ”fl(—z,, ”I{Z( D }

0

© ~ © ~ © _l)n—l 1
_ _lnl ZﬁnXd — ( :_1 221 \/5
ﬂZ( ) J-e lx 7[; Ey— n n

n=1 0

Replacing now the integral in (3.54) we come to (3.51). The proof is
completed.

Now we set z=1 in (3.51). On the left-hand side we have
InT(3/2) = h{%ren = h{ﬁj =Inv/7 —In2
2

and we compute

T arctan(x) 3 1

(3.55) dv="1In2——
4 2

27rx

o e+l

(entry 4.1.6(135) in [20]).

3.4 Some Theorems

Theorem A. Let f(x) be a piecewise continuous function with Fourier
series

a, ~ .
70 +Y_(a,cosnx+b, sinnx)

n=1
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in the interval (—m,x). Then for any two numbers a<b from -7, ]
we have

b w b
[ £ (x)ete = %(b —a)+ " [(a,cosnx+b, sinnx)dx

n=1 4
whether or not the Fourier series of f(x) converges.

(See [23, vol. 3, Chapter 20] or [46, p. 125].)

In some examples we integrate term-wise functional series. The operation
is supported by the following theorem (see [23, vol. 2, p. 436]).

Theorem B. Let
Fx)=>u,(x)
n=0

where the functions u,(x), n=0,l... are continuous on the interval [a,b]
and the series is uniformly convergent on that interval. In this case

jf(x)dx = i iun (x)dx.

n=0 g

Uniform convergence is assured by the classical criterion of Weierstrass.

Theorem C. If |u (x)|<c, on [a,b] for every n=0,1..., where the

series icn is convergent, then the series iun (x) is uniformly
n=0

n=0
convergent on [a, b].

(See, for example, [23, vol. 2, p. 427].)

Proofs can be found in the corresponding references.



Chapter 4

Evaluating Integrals by Laplace
and Fourier Transforms.
Integrals Related to Riemann’s
Zeta Function

4.1 Introduction

The Laplace and Fourier transforms can be used to solve integrals directly
or by means of Parseval’s theorem. In this chapter the reader will find
examples of both techniques.

Among other things we prove the Fresnel integrals and several important
integrals involving trigonometric and hyperbolic functions. The reader
will see how the functional equation for the Riemann zeta function can be
derived from two special integrals. Another special integral is used to
prove Euler’s formula expressing {(2n) in terms of Bernoulli numbers.

Same is done also for Euler’s L(s) function. The functional equation is
derived and the connection between L(2n+1) and Euler’s numbers E,,

is proved again using certain integrals. At the end of the chapter we show
how the functions ¢{'(s) and L(s) can be used to evaluate integrals.

Also in this chapter the reader will meet the interesting exponential

polynomials which are used for the evaluations of some nontrivial
integrals with the gamma function.

145



146 Special Techniques for Solving Integrals
4.2 Laplace Transform

We use the standard notations. The originals f(¢) are functions defined
on [0,00) and their images F(s),s >0, are given by

F(s)=Lif()} = [ f()e ™.

Needed are mostly the formulas

L{cosat}z%, L{sinat} =
s*+a

s*+a’
and also
r'(p+1) a 1
L{tﬂ}z—/;l , Lie"y =——
s s+a

where —1< f# and a are constants.

Good references for the Laplace transform are the books [22] and [42].
An elementary way to use the Laplace transform for evaluation of integrals
is to change one integral into another with a known value. A more powerful
method is to introduce a parameter into the integral and evaluate the
Laplace transform of the resulting function. This method will be illustrated
by several examples.

Example 4.2.1

We want to evaluate the integral

.

X—Smx
jrsing
0

3
X

For this purpose we define the function
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—sin(xt)

f()= j [T &

and apply the Laplace transform

Lif 0} =] { [ % dx} e d

=jé{j(xz—sm(xt))e-”dz}dx jxl—s Siz— _— 2}dx
0 0

0

1 1 1 7 oz T o,
=—I 5 5 cix=—3arctan—0 =2—S3=L{ZI }

R s s
Therefore,
T 2
==t
JAO) 2
and with 7 =1
jx—s;nx dx:£.
y X 4
Example 4.2.2

Here we prove the evaluation

(4.1) j(“‘;xj dx=3?”

0

(this is entry 3.827(4) in [25]). Defining

()= J-(sir)lcxtj "
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and using the decomposition

sin’ @ = %(3 sin @ —sin 39)

we compute
1 o0 o0 ) ) » dx
Lif}= ZH! {3sin(xr) —sin(3xt)}e dt}—x3

3x dx ¢ 1
:_J-{ 2}_3:6]‘ 2 2 o2 2 dix
sSS4+xT sT49x ) x o (87 +x7)(s"+9x7)
37 9 1
=— - dx
4s° O{SZ +ox* s° +x2}

3 {3 3x 1 X}
= ——<—arctan— ——arctan—

45* s S S

0
3z,

=—L{t
2 {r'y

so that

3z ,

SO ==t

and (4.1) is proved.

In the same way one can prove the other integrals from the group 3.827
in [25].

Example 4.2.3. The Fresnel integrals

For this example we need some preparation. First, using Euler’s beta
function
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! g~ L@re)
a+n" T(u+v)

B(u,v) =T

we evaluate one important integral (with v=1-u)

o _u-1

[f—di=r@ra-u=—"— ©<u<).
o L +1 sin zru

Here we change the variables by setting ¢ = x”/s*,s>0, and then also
2u—1=gq to get
—q

Tox Vs q
(4.2) dx=——=sec—, —l<g<I.
-([52 +x° 25" 2

This integral will be needed very soon.

Now we turn to Fresnel’s integrals. The two integrals

0

C, =[cos*)dz, S, = [sin(z*)dz
0 0

where « >1, are known as Fresnel integrals, named after the French
mathematician and scientist Augustin-Jean Fresnel (1788-1827). The two
special transcendental functions

C(x)= j(‘cos(z2 Ydz, S(x)= J)Esin(z2 )dz

0 0

have important applications in optics.
We will evaluate C, and S, by using Laplace transform. First, the
substitution z“ = x brings to

C :lj.x’p cos(x)dx, S, ZLJ.XW sin(x)dx
o [24

a
0 0

where p=1 L with 0< p <1. We define the two functions
a
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0 ©

C,(t)= é j x 7 cos(xt)dx, S, (1)= é j x 7 sin(xt)dx

0 0

and compute their Laplace transforms

L{C (1)} = é?x“’ {T cos(xt) e'”dt} dx = s dx

2 2
0 0 ayx +5

) ®© w -
LS, (1)} = lj‘xfp {Isin(xt) e‘”dt}dx = l X dx.
as

2 2
0 ayx +S

According to (4.2) we have

p-1
LIC, (1)} =—F—sec TR = T o TP LT}

p-1
L{Sa(l‘)}: 7 CSCQ_LCSCQM

2as” 2 2a 2 T(p)

and therefore,

!
C,()= d secQ, S (1= i cse 2P

2aT(p) 2 2al(p) 2

7!

or

0 p,]
Ix'” cos(xt)dx = ! sec P
0 (p) 2

T "
Jx Psin(xt)dx = cse 2P
0

s
2I(p) 2
(see entries 3.761 (4) and 3.761(9) in [25]).

Now since
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1 1 '/ a)sin(z/ a)
I(p) Ll-1/a) P

we come to the evaluations

o (24 (24 a

C (1) =lr(ljcoslt”“, S (1) =lr(l)sinlt”a.
20 a 2
Setting # =1 we find

jcos(z“ )dz = ll“ (lj cos 2
a

0 a 20
Jsin(z“ )dz = ll“ (lj sin 2~
0 a \«a 2a

which are practically entries 3.712 (1) and 3.712(2) in [25].

Problem for the reader: Show that the integral

© p-1
Ix"’ cos(xt)dx = Lsecﬁ
0 2(p) 2

can be written in the form

[(s+D in% (t>0, —~1<Res<0)

ts+1

o0
JAxX cosxtdx =—
0

by setting p = —s and using the property of the gamma function

T

Smmzz

Irria-z)=

(This integral will be needed later in Section 4.7.)

Remark. The import integral (4.2) appears also in disguise as entry
2.5.26(7) in [43], namely,
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/2

I tan” xdx = Esec(ﬂ] (Reu|<]).
0 2 2

The substitution tanx =7, f =arctan x transforms this integral into

©
jliﬁ dt:%m(%j
0

which is equivalent to (4.2).

A problem for the reader: Show that

f hl(l::lit) 4 (1>0,0<Rez<1).
0

zsin(zz)

Example 4.2.4

We present a solution to Monthly Problem 11650 (2012, p. 522) where
Laplace transform is used. The problem is to evaluate the double integral

—(x-y)?

A=1||e

O =8
% =38

sin®(x* + y )—ydydx
(x* + %)

Introducing polar coordinates x =rcosé, y=rsind where

0<r<oo, £<9<Z
4 2

the integral becomes

T cos26
A= j j e 120 gin () 2222 1 dOdy
I"

0x/4
and after the substitution 7 = r*

1% sint) [*F .
ZE e ( j {Ie’“"wcos%’dﬁ}dt
0

/4
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17 (sint e 17 _,(sint ’ p
_Zje [Tj (e ”/4)dl—zje - (1-¢")dt

0 0
B . 2 © . 2
:lJ-e,, sin ¢ dt—lj. sinf dr
49 t AN
The Laplace transform integral
K sinz )’
J(s)= Je"” (—j dt
o t
is known, this is entry 3.948 (4) in [25]

2
N

s s T
J(s)=—lo —arctan — + —
) 4 & 4 2 2

st
and with s =1 an s=0we find A4 =%(J(1) —J(0)), that is,

A =ilogl—lalrctanl .
16 5 4 2

For the convenience of the reader we give the evaluations of J(s) here.

Differentiating twice and using the Laplace transform formula for the
cosine

T 17 _. 1(1 S
J"(s)= e sin*tdt=— e (1—cos2t)dt =—| —— .
(s) ! 2{ ( ) 2(s sz+4j

Integrating this we find

2
A

J'(s) :%logs—%log(s2 +4)= ! log

T4 5244

(with s - o0 we find the constant of integration to be zero). Integrating
again
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s s s
J(s)==logs ——=log(s* + 4) —arctan—+ C
(s) Slogs—- g( ) 5

and with s - we compute C = % The formula is proved.

Example 4.2.5

In this example we prove two interesting integrals

A= Il“e'”’ coshtdt = L)X cos[x arctan éj
" (a* +b%)? ¢

B= Itx‘le'”’ sinbt dt = L)r sin(x arctan éj

" (@* +b°)? ¢

with x,a>0 and b an arbitrary real number. These are entries 3.944(6)
and 3.944(5) correspondingly in [25].

The two integrals can be viewed as Laplace transforms of ' cosht and
t'sinbt . For x=1,2,3 they can be computed by differentiating with
respect to the variable a the Laplace transforms

2 b2

a + 247

© By a © o
Ie "cosbtdt=——— and Ie "sinbtdt =
o 0 a’+

For arbitrary x>0 this method does not work. Fikhtengolt’s [23, Section
539] gave a nice evaluation of 4 and B by using a differential equation.
We will prove the integrals here by using the definition of the gamma
function

I(x)= j e dr .
0

First we make the substitution # — c#, ¢ >0 in this integral to get
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I'x)=c" j e dt
0

and then we extend the above equation to the right half plane for complex
numbers ¢=a+ib,a>0. Thus

I'(x)c™ = jtx"le_a’e_ib’dt .
0
All we have to do now is separate real and imaginary parts in this equation
by using Euler’s formula
—ibt .y
e """ =cosbt—isinbt

and also by using the polar representation

; b
a+ib=(a*+b*)"e"?, 0 =arctan—.
a

This gives

C—x — (a+ib)—x — (a2 +b2)—x/2 e—ix@

N . b .. b
(a+ib) ™ =(a’ +b*)™" (cosxarctan—+ zs1nxarctan—j
a a

so comparing real and imaginary parts proves 4 and B.

With xzé in 4 and B we find

© ., cosbht Jr 1 b
Ie dt = — COS| —arctan—
O .
J‘e"” sin b dt= Jz - sin (larctan 2]
0 Vi a

(a* +b*)*
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and now we can use the identities

cos? (l arctanéj = l 1+ 4
2 a) 2 Nat +b?

sin’ (larctanéj = l 1 S
2 a) 2 Nat +b?

to write the curious integrals

T uxcosbx \/7\/ +a’ +a

0

T smbxdx \/7\/ +a’ —a

Differentiating n-times these integrals with respect to the variable a we
prove the strange looking entries 3.944(13) and (14) in [25]

< nl zrd \/ ‘+a’ +a
[x" 2 cosbt e =(-1y" .
0 2d \/b +a’

“*sinbt dx = (1)\/76] ' +a2—a

x

S =8

Example 4.2.6

This is a solution to Monthly Problem 12260 (AMM, June-July 2021).
Show that

) .
SIn X —XxSInx
J=j—3

dx=l—ln2.
X 2

0

Integration by parts gives (the middle term is zero)
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1 Fsin2x —sinx — xcos x
J=— dx

2
2 X

and now we introduce the function

© 9 sin g —
F(s)=je_5x sin 2x 51;12x xcosxdx (52 0)
0

which is the Laplace transform of the integrand. Differentiating with
respect to s twice gives consecutively

dx

o0 . .
_¢y SIN2X —SINX — XCOSX
F'(s) =—Ie o

0 X

F"(s)= Ie‘”(sin 2x —sinx — xcosx)dx .
0

Using the properties of the Laplace transform we can write this in the form

2 1 d s
F'(s)= — +—
() sP+4 sT+1 ds st +1

and now we can integrate back to find

s
F'(s) = arctan——arctan s +—
2 s”+1

(the constant of integration is zero, as limF'(s)=0). Integrating this
again (the arctangent we integrate by parts) we come to the explicit form

st +1

st +4

F(s)=1In +s (arctan% —arctan s} .

The constant of integration is zero again as lim /'(s) =0 (a simple calculus
500

exercise for the reader). Setting s =0 we compute
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1 1 1
J=—F(0)==(-In4+1)=—-1In2.
S FO)==( )=3

4.3 A Tale of Two Integrals

Here we consider two interesting similar integrals. For >0, let

4.3) A() = j COS(’“)
t sin (xt)
(4.4) B(t)=| L

Both integrals can be viewed as Fourier cosine and sine transforms of the
function (x*> +1)"'. They really look very much alike.

We will evaluate both integrals now by using Laplace transform and
it will become clear that the two functions A(f) and B(f) are quite

different.

Thus

L{A(D)} = j{j Cos(x’)d } _S’dtzwx21+1{Tcos(xt)e‘“dt}dx

0

1 X
= arctan x ——arctan —
1 s S

so that
L{A()} =§L{e"}.

Therefore,
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/.
Alt)y==e™"
2

(This result was obtained in Chapter 2, Example 2.3.2 by a different
method.) The integral is entry 3.723(2) in [25]. The change of the order of
integration above is easy to justify and we leave it to the reader.

Now we try the same technique on the second integral (4.4)

L{B(1)} = j{j Sm(ﬁ) }”dt— x1+1{ofcos(xt)e”dt}dx

0
T x 1 7
= d_x:
;[x2+1{x2+s2} sz—l'([

X X
- dx
{x2+1 x2+s2}
L, 2| o1 (1 1) ns
sS-112 x*+s° 0 S -1 2§ st -1

That is,

1nS

(4.5) L{B(t)} =

and it is not clear what is the original for this Laplace image.

Consulting the table of Fourier sine transforms [5] we find that

ISIH(Xt) dx = ;[ 'El(t) e' Ei(— t)]

0x+1

where Ei is the exponential integral function

—u

Ei(¢) = j —du

and El(t) = (El(t +i0)+ Ei(r — 10))
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A good reference for the exponential integral is [40].

This evaluation exists also in the popular tables [25] and [43]. It can be
traced back to the handbook “Nouvelles tables d'intégrales définies”
(Amsterdam, 1858) by the Dutch mathematician David Bierens de Haan.
The integral appears there as number 7 in Table 204 on p. 282. (In the
improved 1867 edition of this book the integral appears as number 3 in
table 160 on page 223.) This integral possibly originated in the works of
Joseph Ludwig Raabe (1801-1859) and Oscar Schlémilch (1823-1901) -
see the historical note by Nielsen on page 24 in his book [39]. The integral
is sometimes called Raabe integral.

The exponential integral Ei(¢) is not a very convenient function. We prefer
to evaluate B(?) in terms of the entire function

Ein(t) = iﬂ
n=t N

In
which is related to the exponential integral by the equation

Ein(-t)=y +Int—-Ei(¢), ¢>0.

Here y =—w(1) is Euler’s constant and y(z) = diln I'(z) is the digamma
Z

function. With the function Ein(¢) we do not have to deal with one-sided
limits.

Proposition 4.1. For every t >0
(4.6) B(1) = %[e’ Ein(7)—e™ Ein(—t)] —(Int+ y)sinhz.

Before proving this evaluation we need to prepare two known facts.

First let

H, =1+l+l+...+l, H,=0
2 3 n
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be the harmonic numbers. Multiplying the two power series for e* and

Ein(x) we write
( 1)k 1 0
o n! {z[ j } nz(; 'H

4.7 e” Ein(x) = i

according to the well-known binomial identity

() (D
;[k] PR

(see [8]). Thus e* Ein(x) is the exponential generation function for the
harmonic numbers. Their well-known ordinary generating function is

_In(l-x)

(4.8) S H ' (x]<D).

Second fact. The Laplace transform of the logarithm is

st 1

[e Intdr=——(ins+7).

0 s
This is known. For convenience we give a proof. Differentiating with
respect to p the equation

I'(p)= s”jt”"le"”dt
0
we get
I'(p)=s"In sjtp"le_S’dt + s"jt""l (Int)e*'dt
0 0

and then with p =1 we find the desired result since ') =w (1) =—y. It
follows that
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j(lnt+y)e o gy =108

Proof of the proposition. We will compute the Laplace transform of the
right-hand side in (4.6). First, for s >1 we have in view of (4.7) and (4.8)

%L{e’ Ein(f) - e Ein(-1)}

U, 1 $H, D
_2{ n+l Z n+1}

n=0 n s n=0 n
s
2s 1- 1+l
K

_1JIn(s+D)—Ins In(s—1)—Ins
2 s+1 s—1

_1]In(s+1) In(s—1) . Ins
21 s+l s—1 st-1"

Also

L{(Int+ y)sinhz} = %L{(lnt +7)(e - e”}

_l{ln(s+l) B ln(s—l)}
2

s+1 s—1

by using the “s-shift” property of the Laplace transform. Combining this
with the previous evaluation we see that the right-hand side in (4.6)
becomes

Ins

-1
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According to (4.5) the proposition is proved.

We will finish this section with three remarks.

Remark 1. The above proof shows an interesting connection between
B(#) and the harmonic numbers H, . Namely, (4.6) can be written in the
form

0

sin (xt) . I
dx+(nt+y)sinht = ——H, ..
;[x2+1 ( 7) ;(2%1) 2l

Remark 2. In comparison to (4.4) the integral

o . 2
I51n2 (xt) i
o X +1

has a simple evaluation. Writing sin”(xt) = (1/2)(1-cos(2xt)) and using

the evaluation of (4.3) we find

T sin” (xt) Vs L
J 1l dxzz(l—e ).

0

More generally, using the representations 1.320 from [25]

sin® x = 2%{:2;[2:}(—1)” 2cos2(n—k)x+ [2:}}

n—1 2 2
cos™ x = 2%{;[ knJQCOS 2(n—k)x J{ nnj}

n—1

2n—-1
cos™ ' x = _2;7_‘2 Z[ nk jcos (2n=2k=Dx

k=0

we prove the evaluations
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0

sin® (xt) T | 2n o 2 2n
dx = —1)"*2e R
I Pl g kZ; k D n

0
% cos”” =2 2
J-cosz (xt) = 27rl Z ) g2t [ 21
x +1 27" =k n

0

©

cos™™" (xt) m &f2n-1 ~(2n-2k-1)t
I dx = 2] Z k ¢ 1

0 x*+1 pard

(cf. [25], entries 3.824 (1), (3), (6), and (7)).

Remark 3. The famous Indian mathematician Srinivasa Ramanujan
(1887-1920) discovered the equation

0 0

zj-sin (xt) dx+J‘COS (xt)Inx
29 x*+1 x+1

dx=0

0 0

(this was confirmed by contour integration in the recent paper by Bruce C.
Berndt and Armin Straub “Certain Integrals Arising from Ramanujan’s
Notebooks”, SIGMA 11 (2015), 083). From this equation we learn the
value of the second integral as well. With # =0 we find again

©

j 12nx dx=0
o X +1

(see Example 1.8.3).

4.4 Parseval’s Theorem

In this section we will work with the Fourier cosine transform and we will
evaluate interesting and challenging integrals by using Parseval’s theorem.

For functions f(x) defined on [0, ©) Fourier’s cosine transform is defined
by
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F.(y)=[ f(x)cos (xy)dx .

Let f(x) and g(x) be two real valued functions on [0,%0) with Fourier
cosine transforms F,(y) and G,(y). Parseval’s theorem says that

(4.9) [£.0)G.(0)dy =2 [ (x)g ()

(see [22], section 2.14). We can evaluate hard integrals by using this
property. The idea is to select such pairs of transforms that one of the
integrals in (4.9) will be easy to evaluate and this will provide the
evaluation of the other one.

In the examples below we use Batemann’s table of cosine transforms
in [5].

Example 4.4.1

Consider the pair of Fourier cosine transforms

_-ay © 2
”1 e _ jln(1+a—2jcos(xy)dx
y 0 X
J- cos(xy)
x4 b2

where a,b >0 . Parseval’s theorem implies

© 1 ,mavy by © 2
ﬁj—(l L dy=[In| 1+ zdx .
b+ y 0 X" )x"+b

The integral on the left-hand side is a Frullani integral (see Chapter 5)
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L= e ™ ® ,=by _ =(atb)y b
J-( e e dy:J‘e e dyzlna+
0 y 0 y

and we obtain the evaluation

S

This integral is equivalent (through a simple manipulation) to entry
4.295(7) in [25].

Example 4.4.2

Here we work with the pair of cosine transforms (a,s >0)

5 al = J‘efsx cos(xy)dx
yo+st oy

‘ Bl

ax? cos(xy)dx

O'—.S

where (4.9) implies

0
J' —ax? 7sxdx
0 y +S 0

. 1 . .
Setting a = 2 and x =2¢ we can write this in the form

2
o0 —y o0 o0
S e 2 _ 2 2 )
—j ——dy=e¢' Je gt =e° Ie” du
Y +s ’

T 0

=

=e’ T(l —erf(s))

where
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2 7 -
erf(x) =—Ie “* du
X
is the error function. This way we have the evaluation

o 7y2 / s2 ® 52
J i sdy = e J.e’”zduzﬂe (1—erf(s)).
oyt s 2s

(4.10)

In particular, for s =1 we obtain the interesting formula
—y? ®

Tez—ldyzx/;eje"“zdu.
1

oVt

Example 4.4.3
The third pair we employ is

l(i_ 7’ joxcos(xy)dx

2\y* sinh’zy) ¢ e'-1

” B s [ b
———sec—y” =|x" cos(xy)dx
arp 2 !

where 0< £ <1. (The second integral was evaluated in Example 4.2.3.)
Parseval’s identity gives

o0 2 0 ]7’5
RN W S AP E S
2T°(P) 2 ¢\ y sinh" 7y ve —1

=C2-pre-p.

Here the last equality comes from the well-known representation

s—1

g(s)r(s):T Y v (Res>1)

e’ -1
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for the Riemann zeta function ¢{(s) (see below Section 4.7).
The result can be simplified by using the properties

F(AT(1=B)=—"—. sinzB=2sin"Pcos™.
sin 773 2 2
and we write

I(%_#jyﬂ'ldy=ﬁ(1—ﬂ)cscﬁ§(2—ﬂ).
o\y" sinh" 7y 2

Also, with the substitution 1 - f=a, 0<a <1 this becomes

T o
(4.11) [ J “dy=nmasec— ¢ (1+a)
J; smh2 Ty 2

or

2
1 Ty —a o
7[1—( - J }y dy=7msec7§(l+a).

sinh 7y

O = 3

With & = 0 in (4.11) we easily compute

2

1 r
4.12 — - |dv=7.
(4-12) -([[yz sinhzﬂy] 7

Example 4.4.4

From the pair

_,ay 0 2
. l—e™ _ J'ln [1 + a_Z] cos(xy)dx
y 0 X
4 B s _ [ s
———sec— " =[x cos(xy)dx
) 2 J;
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(a>0, 0< f<1) we obtain the equation

r(ﬂ)sec—j(l e P dy = ! ﬁln(n%]dx.

Integrating by parts the integral on the left-hand side we find

fa—e )y dy
0

— 1 e—ay p-1 a ﬁ—le—ayd
_ﬁ ¢ - ﬁ—liy y

a_ TP __TK

1o T d-p)

(the limits of (I1—e *")y”™" at o and 0 are zeros).

This way the equation takes the form

AN A I
(4.13) 705" ‘(‘;x 1n(1+x2de.

This integral is equivalent to entry 4.293 (10) in [25].

Example 4.4.5

Here we work again with the two integrals

21“7([,8) 2ﬂ A !x cos(xy)dx

T by J‘COS(xy) i
2b 24 b’
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(0< g <1, b>0). Parseval’s theorem implies

0 0 -p
4 secﬁjyﬂ’le’bydyzj.—zx S-dx .
20I°(pB) 23 o X +b

Since the first integral here equals I'(3)/b”, the left-hand side simplifies
and we come to the important integral

i ,3
(4.14) TS j eyl
This integral was evaluated also in Example 4.2.3 by using Euler’s beta
function (cf. Example 2.3.21 on p. 116 in [34]).

Example 4.4.6
Using the pair
7 sech (ﬂj = j cos(xy)sech(ax)dx
2a 2a ) 3
I cos(xyz) i
X +b

(a, b>0) we find

e seon( 22y [ g,
2ab,
With a=7x/2 this becomes

= by
I dy = b.[sech(ﬂ-xj zdx o
cosh y 0 2 )x"+b

The integral on the left-hand side will be evaluated in the next section in
terms of Nielsen’s beta function £(x). Namely,
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F b
(4.15) -[coshyd ﬁ[ ”j

This way we have also

t 7x\) dx b+1
sech =—
I (2jx2+b2 bﬁ(zj

0

4.5 Some Important Hyperbolic Integrals

4.5.1 Expansion of the cotangent in partial fractions
We will need the expansions of cotx, tan x, secx in partial fractions.

These classical expansions can be obtained from the famous Euler
formula

0 2
. X
smx:xn(l_T j
n=1 T n

expressing the sine function as an infinite product.
Let 0 <x <7 . We take logarithms of both sides to get

0 2
1nsinx:1nx+21n(1_ )ZC 2]

n=l1 Tn

0

=Ilnx+ Z{ln(ﬂznz ~x*)—In(z’n’ } .

n=1

Differentiating this equation we come to the expansion
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1 & 1 1 j
=—+ + .
X ;(x—ﬁn X+ mn

Replacing here x by xi we find also the representation of the hyperbolic
cotangent

1 = 1
cothx=—+2x =3 3
X TN+ X

. T : . .
Next, replacing x by E—x in the cotangent expansion and rearranging

that series we come to

I
tanx__z(x -1/ x+(n—1/2)7zj

which can be written in the form

1
~Ax' —2n-1)7°7"

tanx = —8x

The substitution x — xi provides the expansion of the hyperbolic tangent

1
“ax* +(2n-1)’7’

tanh x = Sx

Similar expansions hold for secx and cscx . We know that
2tan
2

sinx =
X

1+tan* =

2

and from here

1 1( x x)
- =—| tan—+cot— |.
sinx 2 2 2
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Adding the expansions of tan% and cot% we obtain after a simple

adjustment

sin x n x+72'n x —7Z'l’l

s

Replacing x by %— x and rearranging the series we find also

1 = (-D"@2u+D)
= 47[ 22 2
cosx —2n+1)y 7° —4x

Here again the substitution x — xi gives

Lo G0

s1nhx X ~ X+ e’

i (-1)"(2n+1)

coshx ~n+1)Y’x +4x*

Example 4.5.1

We prove now the important integral

T sinxt
j dt = tanh x

. Tt
0 sinh —

by using the expansion of tanh x in partial fractions. We write

. —7t/2
sin xt !

mt/2 —7t/2
e —e

dt

[sinxt ot d =2 sinxt
] e
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= ZT sin xt {i eiﬂ(m%} }dt = 22 {T sin xt e_”[n%)t } dt
0 n=0 n=0 | o

x o0
~xr+r (n+1/2) Z‘54x +7 (2n+1)

2 =tanh x

according to the expansion of tanhx obtained above.

This integral will be used later in Section 4.7.

Example 4.5.2

Using the expansion of coth x in partial fractions we will prove here one
very interesting integral, namely,

T 1

e —1 2x’

% sin xt T
j —dif=—+
o e —1 2
For x> 0 we write

© sinxt T e’ T >,
Ie,_ldt:f51nxt1 ldtzjslnxt{;e f}dt

0 0 -e 0

=i{?sinxte"’dt}=i 2x 2=£COth7Zx—L.

purgl 14 ‘=X +n 2 2x
At the same time

7rx+e—7z’x _”(eﬂx_e*ﬂx_‘_ze*ﬂ')c)

X —TTX - 2 X —7TX

—e

Ecoth X = re
2 2

and the proof is completed.
This integral will be used later in Section 4.9.
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The integral

© sin xt T 1
_[ - dt =—cothzrx ——

o e —1 2 2x

appears as entry 3.911(2) in [25] and as entry 2.534(4) in [43].

With rescaling we can write the above integral in the form

0 . —1
[ =12 |-L
e’ —1 4 l-e 24

or

Differentiating » times with respect to 4 we find

Zk"e‘“: -1" sin(iﬂr%) ! dr .
0

2
= e it _1

This representation can be used to solve the American Mathematical

Monthly Problem 12075 (2018). The problem is this:

Let x, = Zk” /e*. Prove that lim(x,/n!)=1, but the sequence
F=1 n—0
(x, —n!),., 1s unbounded.

Indeed, we have with 4 =1

——1—2( 1) Ism(t+—j ! dt
' 0

]
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n—ow nl

and lim(ﬁ—lj =0 since the right-hand side approaches zero. We can

estimate this way

©

|(xn/n!)—1|sij L

}’Z' e2m _1

el -
n!(2r)" ge’ —1 (2x)"

and the sequence ¢ (n+1) is bounded. For the second part of the problem
we can write

4m

x4m—(4m)!=2jsinz - di
0

t

e -
which is an unbounded subsequence of (x, —n!), .

Problem for the reader: Prove that for x>0

0

sin xt 1
j t =———cschxzx

e +1 2x

0

(entry 3.911(1) in [25] and entry 2.5.34(2) in [43]).

4.5.2 Evaluation of important hyperbolic integrals

Consider the function

1 x-1 o —xt t

(4.16) pe =3 [ — [<

t
on+x  qu+l o € +1

for Re(x)#0,-1,-2,... This function was studied and used extensively

by Nielsen and is sometimes called Nielsen’s beta function. It was called
the incomplete beta function in [16] (see also [35]).



Evaluating Integrals by Laplace and Fourier Transforms 177

The first equality above follows from expanding (1+u)™" in geometric
series inside the integral and then integrating term by term. For the second
equality we use the substitution v =e™" .

The function F(x) is closely related to the digamma function y(x)=
(d / dx)InT'(x) which has the series representation

V/(x)=—7+i(L— 1 j

own+l n+x

Comparing this series to (4.16) we see that

-3l

Now we prove the evaluation (4.15)

© -by © e—(b+l)y

© 7by
e e
dy=2|———dy=2 d
-([coshy g -([ey+e’y 4 -([1+e’2y 4

= 2T e—(b+1)y {i (_])n e—sz’}dy = Qi(_l)n]ie—(bﬂﬂn)ydy
0 n=0

n=0 0
0 (_l)rl
=2y
; b+1+42n
That is, for every b >0
(4.17) T . 7).
' < cosh y Y “ph+1+2n

Comparing this to (4.16) proves (4.15). We can also write

Te-by ol (b+3)_ (b+1j
Ocoshyy 2 v 4 v 4 )|
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Now let | y|<1. We will prove the important formula

©

(4.18) Iwﬁzzsech(ﬂ)
o coshx 2 2

known as Ramanujan’s formula. It shows the invariance of the hyperbolic
secant under the cosine transform (entry 3.981(3) in [25]). We write

0 0

Jcos(xy)dx:lje”y+e_”y @

o coshx 2+  cosht

:22 ! -+ ! .
=\ 2n+1—yi 2n+1+yi

© 2n+1
=2» (-)) ——.
;( ) (2n+1)2 +y2

0

. . . V4 Ty . .
In the last series we recognize the expansion of Esech [%) in partial

fractions obtained above and (4.18) follows. (See also entry 6.1.62 in
Hansen’s table [26].)

We can write (4.18) in the form

00

jcos(xy) = V4 _ e
cosh x e te I+e™

zyl2

—zyl2
0

and integrating both sides with respect to y we find

00

_[ sin(xy) dx:jne”y/zdy =2J e Fra
xcosh x I+e™ I+e™ 2

zyl2

0

zyl2 Ty
=2fde - =2arctan| e 2 |+C.
1+e™
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With y =0 we compute C = —% so that

©

; v
(4.19) fde ~Darctan| e 2 |-
o Xcoshx 2

which is entry 4.111(7) in [25] and entry 2.5.47(6) in [43].

Next we evaluate the integral

©

J‘ sin(xy) i

o coshx

which looks simpler, but in fact, is not. We will evaluate it this way:

0

ﬂ[l—iyJ:T e dx:.[cos(xy)deriTsin(xy)dx

2 v coshx o coshx o coshx

so that

@20 (S0 gy, ﬂ(l_%j T L L

o coshx SQ2n+1)+)y?

where we used (4.16) for the series representation.

Prudnikov et al in [43, entry 2.5.46(4)], and Gradshteyn and Ryzhik [25,
3.981(2)], give the evaluation

©

J-sin(xy)dx:i v l—iyj_w 1+iy] 7 nh Y
coshx 2 4 4 2 2

0

The same evaluation can be found also in [5].
Some other interesting hyperbolic integrals can be found in [17].

Problems for the reader: Show that



180 Special Techniques for Solving Integrals

I (u+1 0o i p
[l EF—|=|—=dt= |t dx
2ﬂ(2]£1+12 !anx
for Re x> —1 (entry 2.5.26(1) in [43]).
0 . D
dex=llncosh(ﬁy)
xsinh x 2

0

(entry 2.5.47(3) in [43]). Also, for |a|<]1, b real

©

J~ cosh(ax)sin(bx) o sinh(7zb)
sinh(x) 2 cosh(zb) + cos(za)

0

0

_[ sinh(ax) cos(bx) " sinh(za)
sinh(x) 2 cosh(zb) + cosh(ra)

0
(entries 2.5.46(9) and 2.5.46(13) in [43]).
Another problem for the reader.

Using the expansion of sech(x) from section 4.5.1 and also equation
(2.24) from Example 2.3.2 prove the integral (entry 4.113(12) in [25])

cosAx dx

. =Ae " +cosh(A)In(1+e?*).
cosh(zx/2) 1+x° (4)In( )

=

0

Another possible solution: compute y"—y and using the integral from

(4.18) solve the resulting second order differential equation by variation
of parameters under initial conditions y(0)=1In2, y'(0)=0. In this case

the result comes in the form
y(4) =cosh(4)In(2cosh(1)) — Asinh(A)

as evaluated by Ramanujan (see equation (12) on p. 61 in the Collected
Papers of Srinivasa Ramanujan, Chelsea, 1962).
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4.6 Exponential Polynomials and Gamma Integrals

In this section we will evaluate some integrals containing the gamma
function. We will use Parseval’s theorem for the Fourier transform and
also a special class of polynomials, the exponential polynomials.

Let D=%. The exponential polynomials ¢,(x) are defined by the

equation
(4.21) (xD)'e" =@, (x)e"
for n=0, 1,.... Thus we have
Py (x) =1
p(x)=x
0, (x)=x"+x
o (x)=x" +2x> +x
@,(x)= xt+6x’ +7x +x
o5 (x) =x" +10x* +25x° +15x" + x
etc. From the definition it follows immediately that
0,0 (%) = x(¢, () + 9, (x)) -

Using the Taylor series of the exponential function

equation (4.21) can be written in the form (with the agreement 0° =1)
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. 0 knxk
o,(x)e" =2 ="
k=0 .

Another important property is this
" (n

(4.22) o) =x2 | o).
k=0

Here is the proof. Starting from

) ]kx/
&

O (x)e* =

we compute

i(:]cok(x)ex - ix—j'{Z[Zj/‘}: i—(] L1y

j=0 J* k=0 =0

+1 n+1x/+l 1
Z(.] ) :_¢n+l(x)
xj s (+D! X

as needed.

The generating function for the polynomials ¢, justifies their name

x(e oy Z(Pn(x)t .
n=0

Their coefficients are the Stirling numbers of the second kind S(n,k)

,(x)= i S(n, k)xk .

The exponential polynomials appeared in the works of Ramanujan, E. T.
Bell, J. Touchard, Gean-Carlo Rota and many others. As indicated in [14],
they appeared as early as 1843 in the works of the prominent German
mathematician Johann August Grunert.

We can write
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d d

X—=ax
dx d(ax)

for any nonzero number «a, so equation (4.21) can be written in the more
flexible form

(xD)'e™ =@, (ax)e".

With the substitution x =e’ this becomes

d g t t
423 Z 1 e =g, (ae)e
w (4] o <

This formula describes the higher order derivatives of the function e

Next we recall the definition of Fourier transform. For functions f'(¢)
defined on (—0,+®) the Fourier transform F(x) is defined by

F(x)= T e ™M f(t)dt

with inversion

f(t) = izeix’F(x)dx .

We will use Parseval’s theorem. If g(7), G(x) is another pair original-
image, it is true that

[ Fo Gy = [ () gty at

where the bar on the top indicates complex conjugate.

In the following examples we will use Parseval’s theorem in the same way
we used it in Section 4.4.



184 Special Techniques for Solving Integrals

Example 4.6.1

First we represent the gamma function as a Fourier transform.
The usual integral representation of the gamma function

I'(z)= Ixzfle’xdx, Re(z) >0

0

is a Mellin transform formula. It turns into a Fourier transform by the
substitution x=e” and also by setting z=a+it,a>0, -0 <t <o

[(a+it)= j eMe e d
From this equation by inversion
(4.24) 2mee = [T (a+if)dr.

—00

In particular, with a =1 we can write

2r(—eMe =2r-Le = [ e ra+inat.

—00

Differentiating » times with respect to 4 we find in accordance with
(4.23) the formula

20, (- e =—(=i) [ e T(1+it)ds

(n=0,1,...) or

(4.25) [e rra+ind =-2xi'p,, (e )e

—00
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which represents the Fourier transform of #"T'(1+ i¢). From here by setting
A =0 we obtain the evaluation

(4.26) [T +ifde =-27e™i" g, (1)

with
n+l

9,0 (=D)=>_S(n+1k)(-1".

If p(t)=c,+ct+...4+c,t is a polynomial we can write

J p(OT(+itydt ==2me Y c,i* g, (-1).
S k=0

Differentiating n-times equation (4.24) we have

27[[%] e’ = (—i)":[ce_wt" ['(a+it)drt .

On the left-hand side we use the Leibniz rule to compute

n n k n—k
Zﬁ(ij ee => " (ij e’ (ij e
dA =\k)\dA dA

"N 1
— ( ](pk (_eﬁ.)e—e} an—kea/‘L
k=0 k

k=0

a. 7@1 C n n—
=e"e Z(kj(ok(—e’i)a k.
This provides the Fourier transform formula (n=0,1,2,...)

n

(4.27) j eMt"T(a+it)dt = 2ri"e e Z(k

—0 k=0

jwk(_el)ank )
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When a =1 this turns into (4.25) in view of (4.22). When 4 =0 we have

(4.28) I t"T(a+it)dt=2mi"e” Z(Z] o, (-Da"™".
Y k=0

Example 4.6.2

We are going to obtain a new integral formula with the product of two
gamma functions. We replace a by >0 and 4 by A—u in (4.24) to

write

A,- < . .
2rette e = J‘e”be'“tr(b+ it)dt .

—00

Now we apply Parseval’s theorem for this Fourier transform and the one
in (4.27). The result is

0

n (n 5 B
Zﬁineb}lZ[kj anfk j e(aer)/lefe (l+e ”)¢k(_el)d/ft
k=0

= j e T(a+it)[(b—it)dt .

Returning to the variable x =e” we write this in the form

j e "T(a+it)[(b—it)dt

—o0

a7 e - 4
:Zﬂ_ine b,uZ(kj an kj¢k(_x)xa+b le x(1+e )dx
k=0 0

k=0

n k 0 B
= 27Z.ineb#2[:jankzs(k’j) (_1)_jjxa+b+j—le—x(l+e ) dx
Jj=0 0
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e $[Ma sy LD

This proves the evaluation

(4.29) j e "I (a+it)[(b—it)dt

—0

e[ Sy L2t

for any n=0,1,2,... and any a,b > 0. In particular, when x =0

j "T(a+it)[(b—if)dt

— i Z( j ”"ZS(k e 1)]%.

k=0

For n=0 we have the Fourier transform formula.

o -b
(430)  [e ™ T(a+iOl(b-itydi=27T(a+b) ( .

1 + e—;t)a-#b :
Note that all gamma integrals above are absolutely convergent because of

the well-known estimate ( M - a constant)

1 T
a-— -t
ID(a+it)|[<Mt] 2e 2 (|t|—>w).

Example 4.6.3

Let 0<a<b. We apply Parseval’s theorem to the pair of Fourier
transforms
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b et i .
2rettetree e = Ie “eT(b+ it)dt

—00

T o, e 1
e sz‘e /“—2 ~dt
a a +t

—0

(the first formula is from the previous example). The result is

272-2 Te—a\ﬂ bl —b,u —e’e #dl .[ it F(b+lt)

e’e
a a+t

—00

We change here xz to —u and in the first integral we make the substitution

x=e’to get

T T(b+it 27° ¢ _ _
j it ( )dtz je a\lnx\xb lebye xe”dx
a

a+t 0

bull ©
27t R gl ek
= J.x‘”b e dx+ij e dx
1

a 0
b et 0
_2re) 1 o 1 a1 -
2 — | u e du+—— | u e du |(u = xe”)
u(a+b) u(b—a)
a e 0 € et
27’

= [e_a“}/(a—kb,e“)+e“”F(b—a,e”)].
a

That is,

J iut F(b+lt) T+ .

(4.31)
a+t

2
_27 e “y(a+b, e”)+e””F(b—a,e”)]
a

where
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P
y(s,p)=[x" e dx
0
and

I'(s,p)= J‘xHe’xa’x
P

are the lower and upper incomplete gamma functions. When a =b

0 . 2
J. e F(Za hl lzt) dt= 2z [6_0”7(261, e')—e™ Ei(—e”)]
a +t a

where

w0 —f
Bi(x) = [ <t
b
is the exponential integral function. When =0 we have

) . >
jr(f)+lzt) t=27z (y(a+b,1)+r(b—a,l)),
a +t a

—00

4.7 The Functional Equation of the Riemann Zeta Function

The Riemann zeta function {'(s) is defined for Res >1 by the series

(=2

Riemann’s zeta function has very important applications in number theory
(the distribution of prime numbers) and in analysis. Its theory originates
in the works of Leonhard Euler, who often used the function

77(S) _ i_ (—l)sn,

n
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defined for Res > 0. This function is known as Euler’s eta function, or as
the alternating zeta function. Clearly,

nH)=In2.
For Res >1 we have
1 1
=l ———
n(s) T

~£)-C )
That is, 7(s) =(1-2"*)<(s), or

1
§)=——7"—1n(s) .
£(s)= ()
By means of 77(s) Riemann’s zeta function £'(s) extends to the half plane
Res >0 with a simple pole at s=1.
A fundamental property of Riemann’s zeta function is the functional
equation

(4.32) C(s)=2"7" sin§r(1 —5)C(1-5)
which helps to extend {'(s) also for Res <0. For example,
1
-)=——.
¢=D 5
Titchmarsh [45, pp.12-27] gave seven proofs of the functional equation
(4.32) and several others exist in the literature. Here we present yet another

proof of this equation based on some results in this chapter. Our point is
to show that the functional equation follows from the two integrals
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(4.33) [ gt = tanh x
. et
0 sinh —
and
(4.34) [ cosxrdx = —r(;—fll)sm%
0

where >0, —1<Res<0.

The first integral can be viewed as a sine Fourier transform. It was
evaluated above in Example 4.5.1. The second integral is a well-known
Fresnel integral. It can be found at the end of Example 4.2.3.

Here are some integral representations of the functions £'(s) and 7(s) .

Proposition 4.2. For Res >1 and Reb >0

0 s—1

(4.35) [S—dv=b"T(5)¢(5)

e —1
(4.36) Tfs—_ldx = b T(s)n(s)

ve +1

T xS*] —S(1_ "

(4.37) ! e =257 (127D (9)
(4.38) Tx“ (1—tanh bx) dx = 2(2b) " T(s)1(s)
(4.39) sz-‘ (coth bx — 1) dx = 2(2b) " T(s)C(s) .-

0

In particular, from (4.36) and (4.38)
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[l gon® 2
ve +1 b b
and

j (1 tanh bx) dx = 1“72

0

Proof. For the proof we can take b =1. Then the general form comes after
the substitution x — bx .

Using geometric series

x° de=[x1-€ d :m .yl{w nx}d .
;l)‘ - X Ix —dx _([x ;e lx

After changing the order of integration and summation this equals

_ i{ [ x-“e"xcix} _ F(s)i% — () (s)

n=1

and (4.35) is proved. Equation (4.36) is proved the same way. For (4.37)
we write

0 n=0

— zw wxs‘—le—(2n+1)xdx r S
{-[ ( )z o (2n +1)
and (4.37) follows, because

Z(2 Ty

n=0

To prove (4.38) we write the function 1—tanhx in terms of exponentials
and expand in geometric series
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l—tanhle—e'_e_’ = 2e
e'+e” e +e”
2672)6
— _2§ 1n1 —an
Cte D

Multiplying this by x°~' and integrating we obtain

j x*'(1-tanh x) dx = 2F(s)z((21)) =2(2)°T(s)n(s).
n

0 n=1
The representation (4.39) is proved in a similar way.

Differentiating (4.38) and (4.39) with respect to the variable b we find
two more representations

X 4
(4.40) ! — dx = R (s +1D)n(s)
(4.41) T EES (s +1)C(s).

< sinh® hx (2b)Hl

The left-hand side in (4.40) is well defined for Res>—1 and this
representation provides the extension of 7(s) and ¢(s) for Res>-1,
since we have

~ (2b)s+1 © s
(4.42) U(S)_4F(s+1)-([cosh e SO 2“77()

Differentiating equation (4.33) we find also

(4.43)

This integral will be used immediately in the following proof.
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Proof of the functional equation.

For —1<Res <0 we compute

©

rcosxt

Tx—dxz Ox“‘ .([ sinhztdt dx

{J.xs cos xt dx} !
. t
0 sinh —
2

© -5

t
s
=-I'(s+1)sin— j
( ) 2 Osinh%t

dt

dt

s—1
=-T(s+1) sin§{2(%) rd-s)1-2"H¢a- s)}
by using (4.34) and (4.37). Combining this result with (4.40) we find

%F(s +D(1-2")E(s)

=-I(s+1) sin%{2(%)ﬂ rd-s)1-2""H¢a- s)} .

Simplifying this equation gives the functional equation (4.32). The
restriction —1 <Res <0 can now be removed by analytic continuation.

The functional equation can be written also in the form
- s
(4.44) CA-s)=22x)" cosTF(s)g’(s)

by using the property
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(1 - 5)[(s) = —2

sinzs
We come to the classical result:

Proposition 4.3. The Riemann zeta function {(s) can be extended as
analytical function for all complex values s #1. At that, {(0)=-1/2 and
$(2k)=0, k=1,2,....

Proof. The property {(-2k)=0, k=1,2,... follows immediately from
(4.43) with s =1+ 2k. Setting s =0, =1 in (4.42) we find also

1
cosh” x

0 . 1
2n(0) = [ dx =tanhxfy =1, 7(0)=>
0

and

1
§O)==n0)==-7.

Notice that for the proof of the functional equation we used only the
Fresnel integral (4.34), the derivative of (4.33) (which is the integral
(4.43)), and the representation (4.37). The functional equation is “built
into” the structure if the integral (4.33).

Example 4.7.1

The integral representations of the functions 77(s) and {(s) can be used to
evaluate some difficult integrals. For example, differentiating with respect
to s equation (4.36), that is,

s—1

Tf dx = b T(s)(s)
e +1

0

we come to the equation
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T xMnx

dx
e’ +1

==b " InbT(s)n(s)+b"T'(s)n(s)+b T (s)n'(s)
and with s =1

Tt Inx Inb 1
dex = ——77(1) +— F'(l)n(l) +— '7'(1)

0

Here n(1)=In2, ') =T"'1)/T'(Q)=w () =—y and we write

2 Inx | | |
Iy e w2 —Lyma Lo,
-([e'”‘+1 b p 72 rpm®

The value of 77'(1) can be found from the equation
n(s)=(1-2")¢(s)

and the well-known series representation

0

C(S)——= Z

n=1 !

(s=1)"

(the coefficients y, here are known as the Stieltjes constants). A simple
computation gives

n'() = lim ) —In2 yIn2 BRSPS
s—1 s—1 2
Therefore,

© Inx In2
SELE I N .
Ieb'”+1 >, (In2+2Inb)

Problem for the reader (easy!). Prove that
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jlnx(l—tanhbx)dx=—1;—bz(31n2+21nb) .
0

Example 4.7.2

Differentiating equation (4.35)

© s—1

[ de=b"T)¢(9)
e’ -1

0

with respect to s and then setting s =2 we obtain

T xlnx

e’ —1

dix =bi2(—§(2)1nb+l//(2)§(2) +£'(2)

0

2

Now we have the values £(2) = %, w(2)=1-y and

2
$'(2)= %(7/ +In(27) ~121n A4)
where A is the Glaisher-Kinkelin constant. We conclude that
2

% xl
j—xbxnx dx="— (1n2—”+1—121nAj.
Ve 217 6b b

For the Glaisher-Kinkelin constant it is known that
1-12In4=124"(-1)
and when b =27 we have

T xlnx 1.,
Jﬁdxzzéf (—1)

0
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4.8 The Functional Equation for Euler’s L(s) Function

Euler worked with the function

(4.45) L(s)= i

7Y (Res>0)
n=0 (27’1 + 1)§

which is somewhat similar to the zeta function. Here

y=1-1,1. 1, 7
35 7 4

is the Gregory series. Another important value is

o0 1 n
L= Z;(z( +)1) B

the Catalan constant (see Section 5.5).

The function L(s) is also known as Dirichlet’s L(s) function, or Dirichlet’s
beta function £(s) .

It is easy to show that

(4.46)

The proof is exactly like that of (4.37).

Proposition 4.4. The function L(s) satisfies the functional equation

(4.47) (Ej sin 22T (s)L(s) = L(1 - s)
Vs 2
or, in equivalent form
(4.48) L(s) = (gj cos?l“(l —s)L(1—s).

Proof. We use the integral
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(4.49)

(this is a modification of (4.18) from Section 4.5.2).

For Res > 0 we write

x ' cosxt dx} dt

o T
= J%{F(ﬁ) }dt —F(s)cos— ! 7t dt
0 cosh ZLU 7 2 2 coshz

—T(s) cos%{Z(%)s (1l —s)L(1- s)} .

Comparing this to (4.46) we come to the functional equation (4.48). The
equivalent form (4.47) follows in view of the gamma function property

r's)ra-s)= P

In the proof we have used again the Fresnel integral (4.34) in a slightly
different form.

The functional equation shows that L(s) extends as analytic function for
all complex s. From (4.48) we find

L(0) =%L(l) =%

and from (4.47) the property
LA-2k)=0, k=12,...
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Like in the previous section we can say that the functional equation is
built into the structure of the integral (4.49).

4.9 Euler’s Formula for Zeta(2n)

In this section we present two important formulas relating the values of
Riemann’s zeta function £(2n) and ¢(1—-2n), n=1,2,... to the Bernoulli
numbers B . We also give two formulas relating the values L(27+1)and
L(—2n) of Euler’s L(s)-function to Euler’s numbers E . Following the
ideas of the previous two sections these formulas will be based on two
special integrals.

4.9.1 Bernoulli numbers

The popular Bernoulli numbers B, appeared in the works of the Swiss
mathematician Jakob Bernoulli (1654-1705) who evaluated sums of
powers of consecutive integers

1 &(n+l -
"+2"+.+(m-1)"=— m' "B, .
( ) n+1kz(;£ k ] g

The Bernoulli numbers have numerous applications in mathematics: in
combinatorics, analysis, and probability (see, for instance, [40, Chapter
24] and [44, Section 1.6]).

The exponential generating function for the Bernoulli numbers is

X > B X B
4.50 = Lx"=1-—+ ~ x" x|<2x).
(459) e’ —1 ;n! 2 ,,Z:;‘n! (1] )
We have
1 1 1
B,=1,B=——,B,=—,B,=0,B, =——,.
0 1 2 2 6 3 4 30

Equation (4.50) can be put in the form
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(4.51) ol +f—1:zB" X'

where the function on the left-hand side is even. Indeed, setting

X X
f(x)_ex—1+§

we have

x —xe¥ x —xe*-x

—X
SO0 = T e a2 2(1—e*)

_—x(e" -1+2) _x
2(1-e™) 2 e

=)

It follows that B

2n+1

=0,n=1,2,...

Most interestingly, the nonzero numbers B, are related to the values
¢ (2n) of Riemann’s zeta function. Euler discovered the formula

' en”

4.52 2n) = B =L2,..
(4.52) ¢(2n) 20m1 (n )
bearing his name. In particular
r’ z* 7’
N=—,l@A)=—,4(6)=—0,....
¢ 6 40 90 c(6) 945

There are many proofs of this formula. We will present here a proof based
on the integral

1
(4.53) —o (>0)

0

which was evaluated in Example 4.5.2. We will see that Euler’s formula
is hidden in the structure of this integral. We need also the integral
representation of the zeta function
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1 7
(4.54) ((s)z@_([zdt (Res>1)

(see equation (4.35) in the previous section).

Proof of Euler’s formula.
We look at the right-hand side in equation (4.53)

T 1

™ -1 2x

G(x)=%+

It is easy to see that ling G(x)=0 and defining G(0)=0 this function
becomes analytic in the disk |x|<1. According to (4.51)

27x (27)*"B,, ez
25009 =235 4 = Y

and therefore,

(27)" By, 20
= Z 2(2n)! '

which is obviously the Taylor series for this function centered at x =0.
Using the formula for the Taylor coefficients we conclude that

GT(0) _(271)"B,,

(43) Q2n-1)! 2(2n)!

At the same time from (4.53)

o _2n-1
t, G(2n—l)(x) — (_l)n—l J.t tCOS xt dt
, e —1

sin xt

G()j

and
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G(Zn—l)(o) B (_l)n—l o tzn—l o
2n-1)! _(Zn_l)!j ‘ dt=(-1)"¢(2n).

ve —1

Comparing this to (4.55) we find

(27)"B,,

(-D"'¢2n) = 22!

and Euler’s formula is proved. Since £(0) = —% and B, =1 the formula
is true also for n=0.

Note that this proof can be used in reverse order and from Euler’s formula
we can derive equation (4.53). Therefore, the two equations (4.52) and
(4.53) are equivalent.

Combining Euler’s formula (4.52) with the functional equation
s 7S
C(l—-s)=22n) cosjr(s)g“(s)

and setting here s =2n we come to another remarkable formula

(4.56) {(1—21/1):—32" (n=1,2,..)
2n

also due to Euler. In particular,

1 1
D= (D)=

Remark. As we know from Example 4.5.2 equation (4.53) can be written
also in the form

I s1tnxt dt =£cothzz'x—L
e —1 2 2x

0

and it follows from the representation of G(x) that
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2n
Zcothﬂx_ 2(272’-) BZn 2n—1.
2 = 2(2n)!

This shows the interesting Taylor series for the function zxcoth 7x

n

© 2 2nB
mxcothrx = Z(”)—Z”xz
— (2n)!

In terms of zeta values
mxcothzx =2 (=1)""' ¢ (2n)x™" .
n=0
If we replace x by xi we come to the representation of the trigonometric

cotangent

rxcothrx=-2) Q2n)x™"  (|x|<1)

n=0

4.9.2 FEuler numbers and Euler’s formula for L(2n+1)

The Euler numbers E, are usually defined by their exponential generating
function
(4.57) L _v& —x"

coshx 4= n!

This function is even, so £, , =0, n=1,2,.... For even indices we have
in particular,

E,=LE,=-1E,=5E,=-61,E,=1385,...
(see [40, Chapter 24]).

We will prove a formula similar to Euler’s formula (4.52) involving
Euler’s L(s) function



Evaluating Integrals by Laplace and Fourier Transforms 205

L(s)= i

———~— (Res>0)
= Q2n+1)°

with integral representation

1 © ts—]

L(s)= t
2I°(s) ¢ cosh

(see Section 4.7).

Proposition 4.5. For every n=0,1, 2,... we have

(_l)nﬂ_ZVH—l
4.58 L2n+1)=——F, .
( ) ( n ) 22n+2(2n)! 2n

For example

n Sr

L(l):%, LE) =T L) =1

5

This formula also comes from Euler. We give here a proof based on the
special integral

tcosxt 7 1
[ =

4.59
s v cosh? 2

X
Cos——

2
evaluated in Section 4.5.2 (this is integral (4.18)).
The argument is this. First we write

T i 72_2n+1E 2n
22rl+2 (2 )'

cos == =0



206 Special Techniques for Solving Integrals

as a result from (4.57). Then equation (4.59) says that

% cos xt & nME,, 2
4.60 g
(4-60) '!. cosht nzz(; 272 (2n)'

giving explicitly the Taylor coefficients of the function

COS xt

F()j

cosht

At the same time we can find the Taylor coefficients of this even function
by repeated differentiation with respect to x. That is,

Fe () _ (1Y
2n)!  (2n)!

l
cosht

dt=(-1)"L2n+1)

O'—;S

for n=0,1,2,... This way
F(x)=Y (-1)'L2n+1)x*" .
n=0

Comparing this equation to equation (4.60) completes the proof.

The functional equation for L(s) proved in Section 4.8

L(s)= (%j cos§r(l —s)L(1—s)

in view of the representation

( l)n 2n+1

L(2n+1) 22T(2)' o

implies a formula similar to (4.56), namely,

(4.61) L(—2n)=%E2n (n=0,1,2,...).
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Example 4.9.1

In Gradshteyn and Ryzhik’s reference book [25], on page 532, there sits
one monster integral, a visitor from the bad dream of some calculus
student

(4.62) J= j 1n(1ntanx)dx=—1 G((f // :))ﬂj.

/4

This is entry 4.229(7) in [25]. It is difficult to understand how such an
integral has come into life. Closer examinations shows, however, that the
integral has several faces, one of which is quite civilized.

First, the substitution # =tanx (x = arctanu ) turns this integral into

(4.63) J= Tln(ln u)

1

du

1+u?

o |
(entry 4.325(4)). The substitution x =arctan— gives it another look, an

integral with finite limits

(4.64) j

Finally, the substitution # = In(tanx) or x = arctane” makes the logarithm
simpler

(4.65) J=T1nuleu du:lT nu

2u du
+e 2

o coshu

(entry 4.371(1)).
This last one we will evaluate using Euler’s L(s) function. More precisely,
we look at equation (4.46)

s—1

[—dr=2r(s)L(s)
o coshx
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and realize that the logarithm will appear inside after differentiation.
Indeed, differentiating and setting s =1 we find

lT Inx (L) +T L)
2+ coshx

and since T'(1) = /(1) =y, L(1) =% we have

T
J=L'1)-=».
M 27

Now we need to find L'(1) . From the functional equation

(Ejs sin 2 T(s)L(s) = L(1 - 5)
Jn 2

differentiating and setting s =1 we find

oy F (L
(4.66) L'() 27 2(2ln2 L(O)j.

We see now that we need L'(0). To compute this value we will follow the
idea of Ilan Vardi [54]. Vardi involved the Hurwitz zeta function

Ssa)=y —

— (a>0,Res>1).
n+a)

This function can be continued analytically as a function of s on the whole
complex plane with a simple pole at s =1. For its analytical continuation
we have a very important property, the formula of Lerch (see [48, p. 273])

I'(a)

N3

We can express L(s) in terms of {(s,a)

(4.67) £'(0,a)=1n
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1 3) = 4° 3 = 4°
‘/’V(S’Z]_g(s’zj‘[g(4n+l>f n=o<4n+3>“}

(it )
3A\ 5.\ 7.\

that 1s,

(4.68) {(s,%j—é’(s,%)=4%(s).

Differentiating this equation and then setting s =0 we find in view of
Lerch’s formula (4.67) and L(0)=1/2

il o).
r(3/4)

Placing this value of L'(0) into equation (4.66) we find

A S A G
L'd 4y_2(1nr(1/4)+lnﬂ]

which proves (4.62).

A good survey on this integral and several similar integrals can be found
in laroslav V. Blagouchine’s paper “Rediscovery of Malmsten’s integrals,
their evaluation by contour integration methods and some related results”
(Ramanujan J., 35 (2014), 21-110).

Example 4.9.2

The integral from the previous example has an interesting neighbor in
Gradshteyn and Ryzhik’s table [25] with a similar structure

(4.69) | (mlj . ln(lnljdx =w(W(x) (Reu>0)
o X X
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(entry 4.229(4)). This integral is much easier to prove. The substitution

t= lnl or x =—In¢ brings the integral to something familiar

x
1 1 =1 1 o

J. (ln—j 1n(ln—j dx = J‘t”’l (Int)e'dt .
X 0

0 X

This is the derivative of Euler’s gamma function
T(u) = jt”"e”dt .
0

Since I'(u) =w ()I'(1) our proof is done.
When x# =1 we have

1

(4.70) j 1n(1nlj dx=y(l)=—y
X

0

which is entry 4.229(1). With =% in (4.69)

and as

we find also
1 1 -1/2 1

(4.71) | (m—j ln[ln—jdx =—(y+2In2)x.
0 x X

This is entry 4.229(3) in [25].
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Example 4.9.3

Euler’s numbers E are well-known and together with formulas (4.46) and
(4.58), namely,

dx=2T(s)L(s), LQ2n+1)=

T xs_l (_1)n7Z_2n+1
) cosh x 222 (2p) "

they can be used for the evaluation of a group of integrals from section
3.523 in [25]. The two formulas above together yield

) x2n (_l)n 7z_2n+1 P 2n+l
(4.72) dx = ——E, =(-1) (—j E,,
-([coshx 22 2

which also comes directly from (4.60). This is entry 3.523 (4) in [25].

For n=1,2,3 we have

© 2 3
(4.73) j A VL
, cosh x 8
© 4 5
(4.74) [——ax= o7
o cosh x 32
0 6 7
(4.75) [——dv= olz
cosh x 128

0

These are entries 3.523(5), 3.523(7), and 3.352(9) in the same order.

For s =% we find from (4.46) and the definition of L(s)

@16 vx dx:zr@L@zﬁi G0k

o cosh x = @2n+1)y"

(entry 3.523(11)).
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: 1 .
In the same way with s = 5 we obtain

K 1 1 1 = (=D
4. —dx= — Ll ==
(%.77) '!-x/;coshx 2F(2JL(2J 2\/;,7z=(‘§«/2n+l

(entry 3.523(12) in [25]). Etc.

Example 4.9.4

We will show now a solution to the American Mathematical Monthly
Problem 11973 (Vol. 124, No. 4, (2017), p. 369). Our solution is based
on the representation

(4.78) zxcothx = —Zi C2n)x™  (Ix|<1)

n=0
from Section 4.9.1.

The problem is to prove that

IN_6Cn) (,_2)_
(4.79) 2;(2n+l)4” (1 4”) G

where G is Catalan’s constant.
For the solution we integrate (4.78)

¢ cosxt
jt

== dnt = f td In(sin 1)
szt 0

0

=xIn(sinzx)— J.ln(smm)dt— 22 g(znl) 2+l
n=0 +

so that

Z 4(2’1) 2

—xIn(sin 7x) + J-ln(sm mt)dt =
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1 . . .
Here we set x = 5 and rescale the variable in the integral to get

(4.80) j In(sin ) dt = Z(zg (ff))4n :

In the same way setting x =% we find

z /4 B é/(zn)
(4.81) 41n2+2j1n(smz)dz 7;;)(2 D16

The log-sine integrals are known (see Example 3.2.1 in Chapter 3)

/2

[ in(sinz)dr = 2
) 2

/4 1

[ nsintydr=—"m2--G.
0 4 2
Finally, from (4.80) and (4.81) we find
v ¢(2n)
,,Z(; (2n+1)4" ( j
¢(@2n) ¢(2n)
(Z 2n+1)4" ; 2n+1)16" J

= Pm2-ZEm2+Zm2+G6=G
4 4 2

as desired.

As an added bonus we have the two interesting series evaluations

6@
(4.82) "2(2“1)4” =-Inv2
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(4.83) _e@n 1, G
S n+Dl6" 4 T

In the last one three interesting constants appear together.



Chapter 5

Various Techniques

5.1 The Formula of Poisson

Many challenging integrals can be evaluated by using the residue theorem
and contour integration. This popular method is well represented in most
books on complex variables and will not be discussed here. However, in
the theory of analytic functions there is one nice and efficient formula
which is useful for integral evaluation and does not require special
contours.

Suppose f(z) is a function bounded and analytic on the right half plane
Rez >0. Setting z=x+1iy we have the important integral representation
(see chapter 6 in [30])

(5.1) Flx+iv) =% j f(it)mdt

where f(it),— oo <t<oo arethe boundary values on the y-axis.

For real valued integrals we use the two representations

2 R =—|R ’—
(52) e f(x+iy) j /W) 5

. . X
(5.3) Imf(x+zy):;.|;lmf(zt) N dt .

215
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The same representation is true for harmonic functions bounded on the
closed right half plane. The formula has numerous applications in
harmonic analysis, potential theory and partial differential equations.

Example 5.1.1

Let a>0 and for z=x+1iy consider the function
f(2)=e =e e’ =" (cosay —isinay)

which is bounded and analytic for x > 0. By Poisson’s formula

o . X 7 cosat—isinat
e (cosay—zsmay)z—jﬁdt_
T x +(y-1)

Separating real and imaginary parts we find for x >0

(5.4 T _ S8 Tt cos ay
' 2 x? +(y—t)2 X
T sinat T
5.5 —————dt=—e"""sinay.
(5-5) _J;xz + (y—t)2 X 4

For y=0 in (5.4) we find

© cosat 1 ¢ cosat T
J‘ﬁdt:_.‘-ﬁdt:_e ax-
0 X+ 2° x4+t 2x

This integral was evaluated in Example 2.3.2 (Chapter 2) by differentiation
with respect to the variable a.

Example 5.1.2

Now consider f(z)=e " coshaz where 0<a<b. Then
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f(it) = cos(bt)cos(at) —isin(bt)cos(at)

We apply formula (5.2) and then set y =0 to obtain for x>0

0

coshtcosat T
I—dt:—e "* cosh ax

5.6
(5-6) x4t 2x

0

as the integrand is an even function. This is entry 3.743(3) from [25] in a
slightly different form.

Example 5.1.3

Let « >0 and consider the function f(z)= with the principal

log(1+ az)
z
value of the logarithm. Then f'(it) = %llog(l +iat) and

Re f(if) = ;Arg(l +iat) = —amtjn ot

With x>0, y=0 we find from (5.2)

log(l+ax) 1 ]'i arctanat  dt

5.7
(5.7) x2 T t x2 —I—z‘2

2 ]O-arctan at dt
Ty ot X +1

that is,

©

J~ arctan ot ar log(1+ ax) '

(7 +17) 2 X
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The proofs of the next two examples are left to the reader.

Example 5.1.4

Show that for every x>0 and O0<a < f

‘sinatcos Bt dt T g .
I P ——=—"—¢/sinhax.
t X+t 2x

(5.8)

0
This is entry 3.725 (3) in [25]. The function to be used is

o sinhaz ‘

f(2)=

Example 5.1.5
Prove that for every x>0,a>0,b6>0

0

ICOSbt dt 7w be™ —xe
Obz+t2xz+l‘2 2bx b —x°

—ab

(5.9)

(entry 3.728 in [25]). Computing the limit when x — b show that

T cos bt e (ab+ 1)
S orey ¢ 45

The function to be used for this integral is

be % _Ze—ab
SO

Example 5.1.6

Here we use this technique to solve Problem 2116 from the Mathematics
Magazine (94 (2021), 150). The problem is to evaluate

0 COSI

cos(smt +at)

dt (x,a>0).
x4+t
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For the solution we consider the entire function f(z)=e® %, z=x+iy
which is bounded on the closed right half plane x>0. We have
Re f(it) = ™' cos(sint + at) and Poisson’s formula (5.2) implies (with

y=0)

COS[

cos(smt+at) dp o e

0 X+t 2x

(as the integrand is an even function).

5.2 Frullani Integrals

Frullani’s formula says that for a, b >0

L0 1)
0 X

(5.10) =U@rﬂmm§

where f(0)=1im f(x). For the validity of this formula it is sufficient to

assume that f(x) is continuous on [0,%0), and its derivative f'(x) exists
and is continuous on (0,). We also assume the limit f (o) exists. These

conditions are too strong, but quite appropriate for most applications and
for the short proof below.

Giuliano Frullani (1795-1834) was an Italian mathematician. The above
formula carries his name because of his contributions to integral solving
techniques.

Here is a simple proof of the formula.

T—f (bx) = f @) 4 T{f f1() dy} dx

o]

I{If(Xy)dx} yzi{f(xy)
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Q C— >

(7= 10} =769 s} [

~(f@)~f @)

A popular example follows. For a,b >0
0 P _e—bx b

0 X a

with f(x)=¢™, lim /(x)=0, £(0)=1.

More essential examples are given below.

In all following examples until the end of the section we assume that a
and b are two positive numbers.

Example 5.2.1

Taking f(x)=e *cosx, 1 >0 in (5.10) we have

dx=In—.
X a

T e cosax —e " cosbx b
0

In this case lim f(x)=0, f(0)=1.

A similar integral was evaluated in Example 2.2.9 by differentiation with
respect to a parameter.

It is most remarkable that the integral does not depend on A. Even more,
we can use the function f(x)=e **cos”(x) where A is any positive
number and p is any positive integer. We still have

o —Jdax

P _ Abx P
J-e cos” (ax)—e """ cos” (bx) H=In b
0

(5.11)
X a
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and the integral is independent of A and p.

Similarly, we have for any A >0 and any integer p >1

dx=0

]°- e sin” (ax) — e *** sin” (bx)

0 X

with f(x)=e ™ sin”(x), lim £(x)=0, £(0)=0.

X—0

Example 5.2.2

In this example we will evaluate the integral

Tcosp (ax) —cos” (bx) A (ab>0)

0 X

which is not a Frullani integral, because limcos”(x) does not exist.

X—>0

However, this integral is interesting and resembles (5.11).

The computation is based on the case p =1

T cos (ax) — cos (bx) =l b

0 X a

evaluated in Chapter 2, in Example 2.2.13. For any integer p>1 we
consider two cases: when p=2n is even, and when p=2n—1 is odd.
We also need the two representations (entries 1.320(5) and 1.320(7) from

[25])
cos™ (x) = %{22(?}% 2(n—k)x + (2:)}

1 n-1

n—1
4"

cos™ " (x) = =1
k

( jcos(2n —2k-1)x.



222 Special Techniques for Solving Integrals

Then we compute

0 2n _ 2n
J- cos™"(ax) —cos™" (bx) i
0 x

24 (2nJ ]'i cos(2(2n—k)ax)—cos(2(2n — k)bx) 0

4" =\ k )y X

a k=0
That is,
) 2n _ 2n n—1 2
(5.12) ICOS (ax) —cos™" (bx) dxzinlné ( nj.
0 X a =\ k
Similarly
0 2n-1 _ 2n—1
J-cos (ax) —cos™ (bx) i
0 X
2n 1 ]‘icos ((2n -2k —1)ax)—cos((2n—2k —1)bx) J
lx
4n 1 P o X
1 b|&(2n-1 1 b b
= n—1 z = n-1 - B zln_'
4 al=\l k 4 a a
Finally
271 1 2n-1
(5.13) tco (ax)—cos (bx) Al b
X a

0

(see entry 2,5,29(18) in [43]).



Various Techniques 223
Example 5.2.3
Let p be any positive number. Applying Frullani’s formula to the function

f(x)=arctan” (x) with 1i_1)1; f(x)= (%)p and f(0)=0 we find

« P _ P P
(5.14) J- arctan” (ax) —arctan” (bx) e ( % j ne
x

0

Example 5.2.4

For any p >0 we have

© P _ V4
J~sech (ax)—sech” (bx) Jr—ln b '
X a

(5.15)

0

Here f(x)=sech’ (x), lim f(x) =0, £(0)=1.

Example 5.2.5

Now take the function f(x)=e **In”(1+x) with arbitrary 1>0, p>0.
Frullani’s formula provides

o —Jdax —Abx
In”(1 - In”(1
e n’(l1+ax)—e n”( +bx)dx:

(5.16) j 0

X
since lim f(x)=0 and also f(0)=0.

We cannot pass to limits with 4 — 0 here because the integral

X

0 p _ P
jln (I+a)-In"(L+by)
0

is divergent.
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Example 5.2.6

At first sight the integral

O C—y

(where a, b > 0) does not look like a Frullani integral. However, replacing

a and b by Ja and b we apply (5.10) to the function f(x)= e to
get

dx=In—=—In—.

0 X Ja 2 a

In the same way, for any p >0

Te—ax2 _e—bx2 \/Z 1 b

© _gxp_ ~bx? 1p
(5.17) Ie—dlenb—z—lné.
X a’” p o oa
0

For further examples of Frullani integrals and more theory see Albano
et al. [4], Boros and Moll [7], and Moll [35].

Frullani’s formula has many extensions and ramifications. Sergio Bravo
et al. have connected it to the special method of brackets [19]. Hardy [27]
has provided very interesting extensions and examples.

5.3 A Special Formula

An interesting extension of Frullani’s formula was found by Ramanujan.
His result is discussed by Bruce Brendt in his book [1, pp. 313-317]. Here
we give a similar formula which quickly evaluates integrals of the form
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T (X)

0

for appropriate functions f(x).

Suppose the function f(x) is defined on [0.%0) and is also analytic in a
neighborhood of the origin with Taylor series

(5.18) @)= A

where A(0) =0 and the coefficients A(n), n=0,1,2,... extend toa “good
enough” differentiable function A(¢) on the interval [0, c0). Then we have
the remarkable formula

(5.19) TdezA'(O).
0 X

At the end of the section we will sketch a justification of this formula.

Note that the summation in (5.18) can be started from n=1
S)=2 (=) A(n)x".
n=1

Example 5.3.1
We start with a simple example. Consider the function

In(1+ x)
I+x

Jfx)=

which is defined on [0, o) and has the Taylor expansion

1n(1+x)
1+x

Z( I)"H x

n=1

for | x|<1. Here H, are the harmonic numbers (they appeared before in
Section 4.2). The harmonic numbers have the representation
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H,=yn+1)+y

where y(1)=T"(t)/I'(¢) is the digamma function and y=-y(l) is
Euler’s constant. This way the harmonic numbers extend to the function

HO)=y(+1)+y

defined and differentiable on (—1,0). The digamma function has the
series representation

t//(x+1)=—7+i(l— 1 j

‘o\n n+x

so that

0 1 2

HO=y'()=) ="~

and we come to the evaluation

T In(1+ x) o 7z2
o (I+ x)x 6

This integral was evaluated in Example 2.5.4 in Chapter 2. It is a good
illustration of how formula (5.19) works.

A natural extension is the integral

o 1+x)"x

We have the representation

In(1 - 1 "
(‘;‘(j)’? ;< 1 [ . j(w(nw)—w(p))x

(see, for instance, [13]) and the coefficients
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~1
A(n):[“f J(w(nw)—w(p))
extend to
-1
A(t)=(t+1;7 J(t//(ﬂrp)—w(p))

I'(t+p)

=m(l//(f+l?)—§”(ﬁ))-

It is easy to compute that

A'0) =y '(p)=¢(2,p)

where
$(s p)—i; Res>1
’ n=0 (n + p)s ’
1s the Hurwitz zeta function. Thus
T In(1+x) i 1
D e =(Qp) =y ——
£<l+x)"x 2y

This integral appears as entry 2.6.10 (52) in [43].

Example 5.3.2

We have

To prove this we notice that
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1- - 1 ;
Z::‘ (n' (n+1)!jx

and the coefficients

A(n )——— extend to A(¢) = L
n (n+1)! T T@+1) T(@+2)

with

L@+l IlE+2)

A==y P

so that 4'(0)=w(2)—w (1) =1. This proves the value of the integral.

Example 5.3.3

For any ¢ >0 we have

(5.20) T[Sm[ ! de_z(l 7 +1Ing.

Jx l+gx)x

Here

sin/x R SN =1 Y
Ix _l+qx_n2::‘( D (q (2n+1)!jx

and the coefficients A(n)=¢" —1/(2n+1)! extend to

1

A= oy

Therefore,

20" (2t +2)

A()=q']
=4I+ 507
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A'(0)=Ing+2y(2)=Ing+2(1-y).
The evaluation is proved.

With the substitution x =¢* the integral (5.20) turns into

[ sint 1 \dt
I —_— —l 7/+—1nq
o\t 1+qt°

which is similar to entry 2.5.29 (8) in [43].
Remark. From (5.20) we know that when g =1

“(sindx 1 dc .
{[ N ‘m]?zﬂ "

It is most interesting that for any p >0 we have also

(5.21) ![Sinff—ljxpj”ﬁ“—z(l— 2

that is, the integral does not depend on the parameter p!

Here is a proof. We can write

wsin\/;_ 1 dx
= 7 5

0

_Tsin\/;_l+1_ 1 dx
Jx o 1+x 14x 1+xP ) x

0

1 dx
=2~ 7)+I(1+x 1+xpj7

and now we will show that the last integral equals zero
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(5.22) T(L— ! jﬂzo.

c\U+x 1+x” ) x

Proof.

T( 1 )dx T x'—x  dx
o\U+x 1+x”)x $(1+x)0+x") x

;l;(l+x)(1+xp)

¥ 1 _ -

o ],
0(1+x)(1+x"’) T (1+x)1+x")

These two integrals annihilate each other. Making the substitution x =1/¢
in the first one we get

j_ xP _J' 1— 7! tp+]( ﬁ)
0(1+x)(1+x”) S+ +D P

- !(z+1)(ﬂ’ +1)
so that
(5.23) 7 -
-([(1+x)(1+x”)
forany p>0.

With the substitution x =¢> we find also that for any p >0

(5.24) T{Smt 1 jﬂzl—y.

¢ 1+¢? ) ¢

In general, we can state the proposition.
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Proposition 5.1. Suppose h(x) is a function defined on [0, ) and such
that the following integral is convergent and has value M

T 1 \dt

J( (x )—mj——M-
0

Then for every p >0 we have also

< 1 \dt
[t

0

For the proof we just need to add the zero integral (5.22).

Example 5.3.4

For any ¢ >0 we have

(5.25) J.(cos jdx =-2y+Ing.
0

I+gx) x

Here

& 1
cos+/x — => (=" f— X"
g 2D [q (2n)J

and the coefficients A(n)=¢" —1/(2n)! extend to

0= o

with 4'(0)=Ing + 2y (1) =Ing — 2y . The evaluation is proved.

With the substitution x =¢* we find also (cf. 2.5.29 (9) in [43])

T(cost— ! jﬂ——y+llnq
0 l+qt* )t 2
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In the same way as above we find also

(5.26) T(cos X — ! )@:_27,

or,

for any p>0. This extend the well-known (for p =1) representation of
Euler’s constant .

Example 5.3.5

(5.27) jl‘cos*/;— L& Lyl
0 X 2(1+¢gx) ) x 2 2

for any ¢ >0. With x=¢

Il_COSt— ! 5 ﬂ:l(lnq+3—2y).
0 t 20+qt7) )t 4

Now

1-cos~/x 3 1 i(—l)"‘l(qn 1 jxn

X 2l+qx) = 2 (2n+2)!
and the coefficients A(n) extend to

AN S
A0 = 2 T(21+3)
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(t=-1) with
A0)=p(3)+Ling=>—y+imn
v+ 5ing="-y+-Ing.

Again, as in Example 5.3.3 we have for every p >0

(5.28) T l-cost 1 a3 y
' AR 20+¢7) )t 4 2

which extends entry 2.5.29 (7) from [43] (given there for p=1).

Example 5.3.6

For any ¢ >0 we have

oo{arctan\/;_ 1 }d

X
(5.29) j 7 o = =2+Ing

0 X

Here

arctanx/;_ 1 =Z(—1)”"1(q" 1 an

\/; l+gx ‘S N 2n+1
and the coefficients A(n) extend to A(1)=¢q" — % with 4'(0)=1ng +2.
t+

This proves (5.29).

Example 5.3.7

Forany ¢, p>0

(5.30) j[ef” ! Jﬁ:mi—y.
0
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This is entry 2.3.19 (7) in [43]. We have

1+qx—;( ™ (q ——]

and the coefficients 4(n)=¢" — p" /n! extendto A(t)=q' —p' /T(t+1)
with

_T(@+D)lnp-T'+1)
C2(t+1)

A't) =

and 4'0)=Ing-lnp+w()= ln——y/
P

Using the special integral (5.22) we can also write for any p,r >0

(5.31) T(epx— ! jdx:—lnp v

0 1+x"

Example 5.3.8

For every ¢ >0

(5.32) T(ﬂ(xﬂ)— In2 )@ (2ln2 )/+lnqjln2

l+gx ) x

where f(x) is the Nielsen beta function used before in Section 4.5 (see
(4.16)). Recall that

B(x) = Z( l)

n=0 N

We will use also Euler’s eta function

o s—1

(- 1)”1 1 X
n(s)= Z F(s)je +1dx, Res>0
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with 77(1) =In2. It is easy to prove the expansion

Px+1)= i(—l)”?](ﬂﬂ)x" .

This is the Taylor series for f(x+1) centered at the origin, as

pOm =iy ED

n+l
ok

=(=1)'n!n(n+1).

Now

2 _ i(—l)”(?](n +1)—¢" In2)x"

Px+1)-

I+gx

and A(n)=n(n+1)—¢"In2 extend to A@F)=n(+1)—¢'In2 with
A'(0)=n'0)-IngIn2. It is known that n'(l)=yIn2—(In*2)/2 and
(5.32) follows.

To understand this integral better we will show that it is absolutely
convergent. It is sufficient to show that the integral

Tﬁ(x+1) i
X

is convergent. This follows from the estimate ( M >0 a constant)

0< B M

2
X X

for x>0. We have from (4.16)

“ xe ™ tde ™ 1 % ée™
xP(x+1)= dt =— dt=—— dt
pletD -([e’+1 '([e’+1 2 '(')‘(e’+1)2

and therefore, xf(x+1) is a bounded function on [0, ).
When ¢ =1 we have for every p >0
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(5.33) j(ﬂ(x h- In2 ]dx ( n2— )/jln2
x X

Example 5.3.9

Let £(s) be Riemann’s zeta function defined for Re(s) >1 by

51 15X
= —_—— d
) ;ns [(s)ge’ -1 g

Then for every ¢ >0 we have

(5.34) j[‘”(’””” m)] - {@ng-£'(2).

0 X I+gx

We will use the well-known expansion (Taylor series centered at the
origin — see 8.363(1) in [25])

y(x+D)+y=Y (D" ¢k +Dx
k=1
for | x|<1. Setting k—1=n we have
ylth+y +xl) TS 1y L)
n=0

so that

y(x+D+y 4(2)
X

Z( D" (q"¢(2) - (n+2) X"

(here £'(2) is needed to assure 4(0)=0). Now A(n)=¢"¢(2)-<{(n+2)
extend to A(t)=¢q'¢(2)-¢(t+2) with A4'(0)=¢(2)Ing—<'(2). The
evaluation (5.34) follows.
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2

Since £(2)= % and {'(2)=¢2)(y+In(27))—12In4, where A is
Glaisher-Kinkelin’s constant, we can write the value of the integral as

2

%(lnq —y—InQ27))+12In 4.

It is not difficult to see that this integral is also absolutely convergent.

Explaining formula (5.19)

First we recall Euler’s transformation formula for series (see [8], [13]).
Let

g)=a,+at+a,t +..

be a power series. Then

Now in the integral in (5.19) we make the substitution x = IL to get

)

t

Il Il
o t—
Ms =20
- s
7~ N\ NE
3 <
N— o
—~ —
N > 3
Ny ~———
T 0
o =
— =~
= )
= A
© — =
i N
S
R —
S ~ &

0 n (n i 1
- Z{kl (kj(—l) A(k)};.
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Note that the summation starts now from 7 =1 because 4(0)=0. It was
shown in [9] that for a large class of function A(¢) defined on [0, ) we
have

(5.35) i{i[ZJ(—l)k“A(k)}% = 40).

n=l | k=1

This is true for all functions A(¢) appearing in the above examples.
To give the reader an idea how (5.35) works we apply it to the function

A(t)=q" -1, |I—q|<1. Note that 4(0) =0 and we can start the summation
in the interior sum from n=0

)~ 7 k-l k 1
;{H@(—l) (g —1)};

S Sl k-1, k 1
=;{ko(k](—1) (q —1)};

-y ‘nq)" =In(1-(1-¢)) =Ing = A'(0)

n=l1

using the fact that

i(g(—l)k ~0.

k=0

One more example. Let us take the function
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A= U B
T+ T@+1) Q)

where for the reciprocal gamma function we will use an integral
representation based on a positively oriented Hankel contour £ extending
on both sides of the negative half axis (—o0,0) with a small loop around

the origin

1 1

=—|u""e"du.
T(c+1) 27id

We have

1
A =— | =Du'e"du
(1) 27”.!( )

and (5.35) works the same way (as it applies to the expression u~" —1).

A new proof of formula (5.35) appeared in the recent paper by the author
“New series identities with Cauchy, Stirling, and harmonic numbers, and
Laguerre polynomials” (https://arxiv.org/abs/1911.00186).

Other interesting formulas for evaluating integrals were presented by M.
Laurence Glasser and Michael Milgram in their paper “Master Theorems
for a Family of Integrals™ (Integral Transforms Spec. Func. 25 (2014),
805-820).

5.4 Miscellaneous Selected Integrals

In this section we present a collection of interesting integrals some of
which appear as problems in the American Mathematical Monthly, the
College Mathematics Journal, or the Mathematics Magazine.
The solutions of the problems presented here were found independently
by the author. They may differ from the published solutions.

Example 5.4.1
We start with a simple and nice integral. For any a, b >0
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T +b
(5.36) jln —"_dx=n(b-a)
o X +a
This is entry 2.6.15(10) in [43]. The proof is very short. We will write this

integral as a double integral and then change the order of integration.

2

0 2 2 0
jln i b dxzj{ln(xz +b%)—In(x* +a*)} dx
X +a 0

= I{ln(x2 + tz)‘Z} dx = T{jixzthﬁdt} dx

0 La

b [ 2t b
= I{I E dx}dt = 2I{arctan£
a L0 a

}dt
1o

The integral can be evaluated without using double integrals, but first
computing the antiderivative and then using the limits. Thus

b
T
:ijdt:ﬁ(b—a).

2 2
[ b de = [In(x* +b%)dx — [In(x* +a*)dx
X +a

(and after integration by part and simplifying)

x2+2

X X
5 -+ 2barctan—— 2garctan— .
X +a b a

=xIn

Now evaluation between the given limits brings to our result. For the
limit

the substitution x =1/¢ would be appropriate.
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Example 5.4.2

Solution to Monthly Problem 11796 (2015, p.738). The problem is to
evaluate the integral

]-’ sin(2n+1)x o g

y  sinx

where o >0 is arbitrary and m >1,n >0 are integers.
We start with the well-known representation of the Dirichlet kernel

sin(2n+1)x Z dikx

sin x —_—

(this is computed easily by summing the finite geometric series on the
right-hand side). Next we multiply this equation by e ** and integrate

Tsin(2n+Dx . (a2ib)x 1
SRR T DX pmax g = dx =
'([ sinx ¢ Z ‘[ Z a—2ik

All we need to do now is to differentiate both sides of this equation m —1
times with respect to . The result is

Tsin(2n+1)x g — (o 1)'2 1

(5:37) sin x ‘(o = 2ik)"

0

This evaluation is compact enough. If we want to avoid complex numbers
in the answer we can separate the real part of the sum to get

J- sin(2n+1)x o iy

,  sinx

o 1 cos(m arctan(2k / a))
=(m 1)'( "'2; (a2+4k2)’"/2 j
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Example 5.4.3

Here we prove entry 4.236(1) from [25]. For any p >0

(538) J= j{“(p Dlnx+(finx);2}x""ldx=!//'(p)—l.

This is a very tricky integral, a real puzzle!

The integral is a combination of two independent integrals, J =J, +J,
where

1

1+plnx xlnx 4

J, = x"dx=-1
! H 1-x (1—x)2}

and
Jy :I_—xxp_ldle//'(p)-
1-x

This combination is not obvious!
First we evaluate

P
J = J- +px lnx+xln)§ i
—Xx (1I-x)

d, , 1 d 1
— P Inx)—+ (" Inx)———
{dx( nx)l X (x nx)dxl—x}

1 » 1
J-i x’Inx dx:x Inx
o dx 1-x

(the values at the endpoint are found by using limits).

Sy S———

Next we use the well-known integral representation of the digamma
function (entry 8.361 (7) in [25])

p-1

w(p)=—7+j11__
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where y is Euler’s constant. Differentiating with respect to p brings to
J, immediately. The formula is proved.

Example 5.4.4

In this example we give an extension to Monthly Problem 11506 (2010,
p- 459). We will prove that for any two complex numbers A,u with

|[Red|<1,|Reu|<1,|Re(A+ u)| <1 and any two positive number a,b >0
we have

b — at —x*
5.39 sin Az d =sin urx d
( ) J‘x+a b—x * H J.x+b a—x *
sm/l;rsmwz” x“t*
Vs 00 (x+b)(t+a)(t+x)

The proof starts with the well-known Euler integral

8 a”

, —1<p<0
-([t+a smﬂﬂ' p

(see Example 4.2.3). Using partial fractions we write

A A
T a —X

!(t+a)(t+x) sinAz a-x

which extends to —1 < Re A <1. Then we rewrite this in the form

at—x* smﬂﬂ]i
Vs 0(t+a)(t+x)

"

Here we multiply both sides by sin yz al 5
X+

and integrate with respect to

x from zero to infinity. The result is
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i A
x* a*—-x

(5.40a) sin umw J. dx

x+b a—-x

sin Az sin uzx ” x“t*
Vs o (x+b)(t+a)t+ x)

In the same way, from

*

b* —x* smmrT
0

b—x T (t+b)(t+x)
we obtain
l V-]
(5.40b) sin Az j L SN
x+a b—x
_sinAzsin uz ¢ J-J- Xttt
T o (x+a)t+Db)(+ x)

The double integrals in (5.40a) and (5.40b) are the same, so the left-hand
sides are the same and the identity (5.39) is proved.

Example 5.4.5

Here we prove a very nice integral. This is entry 4.242(1) from [25].
Forany O0<b<a

(5.41)

J:J- In x dx lnab Na* -b*
2@+ +xY) 2a "

a

where

/2

J V1 s1n

is the complete elliptical integral of the first kind (see 8.112 (1) in [25]).

K (k)=



Various Techniques 245

This evaluation involves a special trick — we use two independent
substitutions in the same integral. First we set x =atand in (5.41) to get

? Ina+Intan®

J o .

o \Ja? cos? O+ b*sin® 0

The second substitution (in the original integral) is x=hcotf and it
transforms the integral into

?  Inb—Intan®

J=
o Ja? cos? O+ b*sin® 0

dao .

Adding these two integrals we find

7l2
(5.42) 2J =Inab j 1 deo .
5 \Ja? cos? 0+ b*sin® 0

a -b’

2
a

Ja = b?

a

Here a” cos” @+ b*sin* 0 = a’ (1 —~ sin’ QJ and setting k =

we can write the above result as

/2
2J=1nab | dezlnab

a 3 \l1-k*sin*@ a

K(k)

which is (5.41).
An interesting equation follows from (5.41) and (5.42)

In x dx _Inab”P |

I')‘\/(a2+x2)(b2+x2)_ 2 }[\/azcoszHerzsinzH

dao.

The second integral here is directly related to the Arithmetic-Geometric
Mean of the numbers a and b - see Section 1.7 in Chapter 1.



246 Special Techniques for Solving Integrals

Example 5.4.6

Solution to Monthly Problem 11966 (March 2017). The problem is to
prove that

1 2 2
len(1+x) PR (In2)

543 =
(5.43) 1+x° 96 8

0

We present two solutions using the method from Chapter 2, that is,
differentiation with respect to a parameter.

For the first solution we define the function

1
J(l)zj%dx, 0<a<l.

0

Differentiation gives
2

1 _1 x
J(l)_£(1+,1x)(1+x2)dx

1 | dx ( xdx [ odx
= +1 -
1+/12L[1+/1x -([1+x2 ~£1+x2}

1 [ln(l-kl) In2 71'}

1+ 2 2 2 4

_In(+4) W2 4 7z 1
AU+ A7) 2 1441 41+ A7

Integrating this between 0 and 1 we find

- Iln(l+/t) (2’ 7*
20+ ) 4 16
Now
j1n(1+/12) dﬁ:jlna”)dﬂ IMM ~J()
20+ 2 I+4 2

0
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because

0

(In(+4) . & DA YA
J A di_ﬁ; n }M_; no12

This way we come to the equation

2 2
2J(1) = (n2)" =~
48

and (5.43) follows.

For the second solution we first integrate by parts

1 1 2
j—xm(l”)d = In(l+0)In(1+x°) —lj—ln(l”)dx
. 1+x° o 2% l14x

0

2 1 2
_(n2) _%Iln(1+x)dx

2 o 1+x

and then we solve the last integral in this equation. For 0 <o <1 we work
with the function

Differentiating with respect to @ we find
2

—“d
A+ x)(1+a>x%)

20 | dv ¢ xdx [ dx
= 2 .[ +I 2 2_J. 2 2
I+a | y1+x gl+a’x” j(l+a'x

2
2a {ln2 N In(l+a”) arctana}

Fi@)=]

20 a
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2
2a 2+ In(l+a”) 2arctanc

144’ a(+a’)  1+a°

Integrating this between 0 and 1 we find

F(l)= jln(l” ) g = (In 2y’ +.f—1283:22;da —’1’—6.

In this integration the first and the third integrals are trivial. In the second
integral we make the substitution # =’ to get

1 2 1 2 1
J-ln(1+a2)da:ljln(12+a )Eada:ljln(l+t)dt
v a(l+a”) 2y a(I+a”) 2 t(1+1)

1 1 2 2
:lJ-ln(1+t)dt_lj-ln(1+t)dt:7z__(1n2)
2 t 29 1+t 24 4

0 0

(the first integral appeared above). Finally,

F(1) = (In2)* [ﬁ_—(lnj)j 7 _3may -~

and a simple computation gives

1 2 2
J-xln(1+x) PR (In2)

o 1+x? 9% 8
The integral
1 2
In(1+x7)
5.44 dx=—(In2
(5-49) ;[ I+x ( )y - 48

will be used later in Section 5.5.
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Example 5.4.7

We present here a very challenging integral. We want to evaluate

of 72 x| dx
J:I Z_ _Darcsin’* = |——.
18 2 )1-x

Our starting point is the expansion (Maclaurin series)

L2 X > (2n _1x2n
2arcsin E:Z R |x|<2

and therefore,

i x &(2n) 1
Z__2arcsin* == —(1=x"
18 2 Z(nj nz( )

n=1

OO [znj_l 1
= Z _2H 2n

n=l1 n n
where H, =1+1/2+...+1/k are the harmonic numbers.
We have the evaluation

. (9 -1 . (9 -1
z( :J Hznzg(?’)_%z[ nnj L}

2
n=1 n n=1 n




250 Special Techniques for Solving Integrals

(see equation (117) on p. 22 in [2]). From the same place (equation (61))

Z(znj SNt +1>—§§<3)— Za

n n 9\/§

n=l
where

2
Cl+1:Z(3n+l)2

n=0

(¢, 1s a special constant used in [2]). Now we finally have

> (2n\" H, 17 47° 2
J= L e) YL |
;[’7) ? 94’() 27\/5 \/5(1 )

n

Remark. In the next two examples we will use the Stirling numbers of
the first kind s(n,k). They are dual to the Stirling numbers of the second

kind S(n,k) which appeared in Section 4.6

n

> S(nk)s(k,m)=36,,, D s(nk)Stk,m)=5,, .
k=0 k=0
The ordinary and exponential generating functions for s(n,k) are
(5.45) x(x-D(x=2)...(x—n+1)= ZS(n,k)xk
k=0

or

x(x+D(x+2)...(x+n-1)= (—1)"Zn:(—1)ks(n,k)xk

(5.46) %(ln(1+x))” =§s(p,n)%.
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Example 5.4.8

Solution to problem 1139 from the College Mathematics Journal (November
2018, p. 371).

(a) Prove that for any integer n>0

jwdﬁ(—l)”'ﬂ((”*”'

(b) Evaluate the series

0

1 pS(p,n)_
;( ) p'p

Solution. From the expansion (5.46) after setting x = —, dividing by 7, and
integrating between 0 and 1 we find

(n(-0)" &, s(pan)
(5.47) { t dt—n!;( ) iy

With the substitution 1—¢=¢"" this integral transforms to

J-(ln(l—t))” g e (_I)WT x”e’j e
t ol—e™

0

0

:(—1)”Iejcn_ldx:(—l)"n!é’(n+1)

0

by using the well-known integral representation of the Riemann zeta function

s—1

1 7 x
g(s)_%;[ex—ldx’ Re(s)>0.

Comparing the above two evaluations we come to the most interesting
representation

5.48 D=1 1y S
(5.48) C(n+)();() o
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This solves problem 1139 completely.

The representation (5.48) is not new. A good exposition of this formula,
informative comments, and more general results can be found in
Adamchik’s paper [3].

Example 5.4.9

Here we solve the similar Problem 1117 from the College Mathematics
Journal (January 2018, p. 60). Prove that for n>1

(5.49) j(ln(lt ’)j di =n Z( Y s(n=1,k)(n+1—k).

0

For the proof we will transform both sides of this equation to one and the
same expression.

First the left-hand side.

With the substitution 1 —¢f=¢ " we write

((n-nY % xe”
!( t )dt_( ) .([—(l_e_v)ndx

}’lOO n_—x = _n _ m _—mx
=(-1) -([xe {;g(m}( )"e }dx
—_(_1\" [ _ mOO n _—(m+l)x
=( 1)§[mj( ) jxe dix

m=0 0

N ] o n!
_(_1) ;)[mj( 1) (m+1)n+1

-1
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The exchange of integration and summation is justified as the binomial
series is absolutely convergent.

Now the right-hand side.

nnz_i(—l)k’ls(n ~1L,k)(n+1-k)

_nZ( D s(n— lk){zm }

m=1

m=1 k=0

= ni {M {nzl(—l)k_ls(n —l,k)mk}

Ms

n—1
— {Z( D" s(n—1,k)ym"
k=0

—

m=1

—(1y Zm(m+1) (m+n-2)

n+l

_ (—l)”ni (m+1)..(m+n-1)

m=0 (m + 1) "

(by using the generating function (5.45) for the numbers s(n—1,k) and
changing the index of summation m — m +1). Multiplying top and bottom
of the terms of this series by (n—1)!m! we continue

—(-1Y'n(n— 1)'2 (m+n-1)!

o (n=Dlm!(m+1)""

-1

which equals the left-hand side. Thus (5.49) is proved.
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Example 5.4.10

In this example we give our solution to Monthly Problem 11418 (2009,
p. 276). The problem is to evaluate the strange integral

© 2 2
J(a)=jx sech xdx

a—tanh x

—o0

where a > 1. The published solution (by Omran Kouba, 2010, p. 652) uses
contour integration. We will give a solution without complex integration.

The integral is very tricky! Here sech’x is the derivative of tanhx
and the substitution # =a—tanhx is very tempting! However, this
substitution leads to nowhere.

After playing with J(a) for some time, the reader may come to a natural

decision — express the hyperbolic functions in terms of exponentials,
simplify, and see what happens. With some simple algebra we can write
J(a) in the form

0 2 2x
X e

4
J. 2x 2x -1 dx .
a—13 @+ +(a+ a1

—0

J(a)=

a+l1

Setting b= >0 and rescaling x—>x/2 we come to a more

a —
convenient form

2
x‘e*

= ! j dx .
2(a=1) " (e" +1)(e" +b)

—00

J(a)

In order to evaluate this integral we define the function

© Ax
Fy=[—% &
S (e +1)(e" +b)
for 0 < A <2.Itis clear that
1
J(a)= F'(1)

2a-1)
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so we proceed to find F"(1). The substitution e* =7, x=In¢ transforms
F(A) into the integral

-!(Hl)(Hb)

Notice that b >1. For the moment we assume that 0 < A <1. Using partial
fractions we write

1 OOtl—l wtl—l
F(A)= [—dt—[—a
b-1\yt+1 ol+b

©  A-1 ©  A-1 -l Al
_ L j’—dz—b“j’ ar | =122 j’ dt
b-1\yt+1 o [+b b-1 t+1

The last integral here we evaluate by using Euler’s beta function

B(u )T - _F(u)F(v) u,v>0.
e+ T+v)

Weset u=A,v=1—A1 to find

A-1 A-1
b rayra-p=t o m
-1 b—1 sin(zA)

F(/i)—

It is easy to see (using the rule of L’Hospital) that

limF (1) = ln_bl

A—1

and defining F(1) to be this value we see that F'(1) is analytic in the disc
| A —1|<1. Its Taylor series centered at A —1 starts with

LN In’ A-D+ Inb (x> +1In> b)

(A-1)+
b-1 2(b- 1) 6(b—1)

so that
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Inb (7 +1n° b)

FO="=4"
Finally,
J(a)=élnb(7r2 +1In b)=%ln3ti(n2 +1In? ij
Done!
Example 5.4.11

Here we will work with one excellent symmetric integral!
This is Monthly Problem 12127 (August 2019). Evaluate

I j‘(Ll ,(1)—Li, (x)j

where

0

2

is Euler’s dilogarithm (| x |<1).
In the following work we will use the simple fact that

In(1-x)

d .

—Li,(x)=-

o 2 ()
Integration by parts gives

J= j(Liz(l) ~Li,(x))’ ﬁdx

- j)'(Liz(l) ~Li,(x))’ di
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(le(l) le(x) | le L()—Li (x)) Inl-2)

b ;

= 2j ( le (1) - Li, (x) ) In(1 — x) dx
(where A, the first term, will be evaluated later)

=A- Zj(Liz(l) - Liz(x))wdx
0 X

) ln(l x)

~2[(Li, (1) = Li, (x)
=A—Zj(Liz(l)—Liz(x))d(Liz(l)—Liz(x))
+j(Li2(l)—Liz(x))d(ln(l—x))z
= 4—(Li,(1) - Liz(x))z‘z) +(Li, (1) — Li, (x)) In*(1 —x)‘;
_j1n3(l—x) "

0 X

=A+(£(2) +B+6£(4)

where B is the third term and the value

j-ln(l x) o j-n3 it =62 (d)

0

is well known (see Example 5.4 8 above). Also
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i Lz (D = Ly (1))

x—1 l_x

—(Li, () =—~(£2)".

The limit is zero. By the Mean Value Theorem, when x — 1 the function
Li,(1) - Li,(x) behaves like (1—x)In(l1—-x)/x and the limit is the same
as

lim(1 - x) In*(1-x)=0
(It is easy to see that 1ir151(t In”¢)=0 for any m .) For the same reason
t—

B = (Li,(1) - Li, (x)) n*(1-x)|, =0.

Finally,

4

J=6§(4)=71[—5.

Example 5.4.12
Yet another Monthly Problem! Another impossible integral! The Monthly
Problem 12184 (127, May 2020) asks for the proof of the strange integral

J:Tdezmn(uﬁ).

1 xvxi =1

Here is the proof. We write x*—2x>+2=(x*-1)*>+1 and make the

substitution x =sec?. Since sec’/—1=tan’¢ the integral becomes

/2 /2 4 4
J=ImﬁﬂmMm:jm@§iﬂﬂi}ﬁ
0 0 cos* ¢

/2 /2

= I In(cos” ¢ +sin* r)dr — 4 I In(cost)dt .
0 0

The last integral is known from Section 3.2
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/2

j In(cost)dt = 2.
o 2

We now use the trigonometric identities
., 1
cos't= g(cos4t +4cos2t+3)
. 4 1
sin" ¢ = g(cos4t —4cos2t+3)
from which

cos*t+sin't = %(cos 4t +3)
and therefore,

/2 /2 /2

j In(cos® 7 +sin® £)dr = I In(cos 4t + 3)dt — J In4 dt
0 0 0

/2

= I In(cos4t+3)dt —7In2 .
0

The last integral here is known

/2
j In(cos 4t + 3)dt = %111(3 +2).

0

This evaluation comes from entry 2.6.36 (2) in the table of Prudnikov
et al. [43]

2z 2 _ 72
jln(mbcosx)dx:z;zln% (0<h<a)
0

where we take a=3, b =1, and make the substitution x =47 to get our
particular case. Putting all pieces together we find



260 Special Techniques for Solving Integrals
J:%In(6+4\/5) = 7Iny6+442 .

Simple algebra shows that J6+4J2 =2++/2 (just square both sides)
and the proof is finished.

Problem for the reader: Prove the useful integral

2z 2 _ g2
J‘ln(a+bcosx)dx:27zln% (0<b<a)
0

(using the method of Chapter 2 will be helpful).

The trigonometric identities used above are very easy to prove. They both
come from the double-angle formulas

cos’ t = %(l + cos2t)
.1
sin t=5(1—cos2t)

after squaring both sides.

Example 5.4.13

In this example we will entertain the reader by proving the integral

° A
J‘COSﬂxdx il ﬁ(cosiJrsinij, A20.

= e
0 x*+1 22 V2 2

First some remarks.

For b >0 by simple rescaling x — x /b we can write this in the form

T cos Ax dx = il ejg(cosﬂ+sinﬁj
5 X'+ b 20°\2 V2 V2

which is entry 3.727(1) in [25]. With A =0 we have
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T ! dx = r_.
o xt+ bt 26°\2

Differentiation with respect to 4 gives also entry 3.727(4) in [25]

T_x sin Ax dx = Lei% sin—
x4 bt 2b* V2

0

while integration gives entry 3.734(1)

© sinAx Vid e b
—— _dx=—"+|1-¢ 2 cosZ=|.
! x(x* +bY) 2b4[ ¢

Now we start working on the initial integral.
Well, our integral is a tough nut to crack! Such integrals are usually solved

by contour integration and the residue theorem. We will solve the integral
by using very simple facts about complex numbers. We start with the

decomposition
1 ( 1 1 j
xP el 2i\xP—i xXP+i

and we also use some help from our old friend

© cosAx Vs
Iﬁdxz—e’“.
0 X +a 2a

This integral was evaluated in the book twice — in Chapter 2, Example

2.3.2, and also in Chapter 4, Section 4.3. Here a > 0. First we replace a
by Ja to write

©

cosA _
j i dx i Aa

0x2+a :2\/56

Now this equation can be extended by analytical continuation to the
entire complex plane without the closed ray (—,0]. In particular, we can

T

l'f
take a=i=e % with
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Ji= e“ =COS—+lSlH%=1i Lzl_l

NN

This way

o0 / _i
J-cos/ixdx: ﬂ(l—l)e ﬁ(cosi—ism
V2

0 X2 +i 2\/5

—Leé{(cosi—sin A j z(cos +sin— ﬂ
N 2w e )|
Also, taking now a=—i = e 2 with

\/_ e—’z_l—l.,

1 1+i
NI

we compute

J-cos/ixd w(l+1) _(cosiJrlsm A

Vi 22 2 x/EJ

Then
1 o0
jcczslxd __Ucozsixd _J.COZS/b.CdJ
o X +1 2i\y x" =i 0 X+
S eg(co A +sin j
22 22
Done!

Problem for the reader: Prove entry 3.734(1) in [25]
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* sinAx T b b
—— _dx=—"—+|1-e 2 cosZZ |.
'([x(x4 w65 2 ( ¢

Example 5.4.14

We will use again the integral

dx=—-¢ (120, a>0)

T cosAx T e
0 X’ +ad 2a

(Example 2.3.2) in order to prove the very unusual one

T sinu+1x 1 e 1( 1 L p~(rha sinh naj '
0 sin x x*+a’ a sinh a

Here n>1 is an integer and @ > 0. The Dirichlet kernel sin(27 +1)x / sin x
is a bounded and continuous function on [0, ) with period 7 and the
integral is absolutely convergent.
To evaluate the integral we use the well-known representation

sin(2n +1)x =1+ 22005(21{35) .

sin x pa

Thus we have

Tsin2n+1Dx 1 | 4
dx = 1+2)» cos(2kx) v d
I i * !).xz +d? { z ( )} *

2 2
0 Sin x X" +a k=1

22 { jeosCho } 2 LIS

k10x+a a a o

A |

—2a

_ ,2na _ _2na
_ AT alme™ w1 1-e
2a a l1-e a
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z[l(—J :£(1+ sinh(n@j

al\2 e’(e" —e™) a\2 sinha

as needed.

When 7 is not an integer, one needs to consider principal value integrals
(see, for instance, the paper of the author “The integral formula of Poisson
with principal value integrals...” at https://arxiv.org/abs/1503.01175v1).

Easy problem for the reader. Show that

/2 .
I sin(2n +1)x ae
0

sin x

Three more problems, more challenging this time. Prove that

/2
J- cos(2n+1)x d = (-1’ 3
0 2

COS X

;TJ/_ sm(2nx) _ ZZ( D ! (n>1)

o sinx -1

"¢’ sin(2nx) (-DF
-[ cosx de=2(-1)" Z:2k—1 (n=21).

0

5.5 Catalan’s Constant
Catalan’s constant
z D"
“(2n+1)
already appeared in previous chapters. In this section we will present

some important integrals evaluated in terms of this constant. The most
straightforward example is
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dc=G.

1
(5'50) J‘arctanx

0 X

For the proof we expand the arctangent in Maclaurin series

( l)n 2n+1
arctan x = Z
= 2n+l1
and integrating the expansion
) n 2n
arctan x Z
= 2n+l

between 0 and 1 we come to (5.50). This is the most popular integral
representation of G. Another popular representation is the integral

Inx

(5.51) ——j

1+ x*

which is obtained from (5.50) using integration by parts. If we make the

substitution x = tan% in (5.50) we get also

17z/2 p 17[/2 / 17[/2 p
G=— t tdtz—_[ ———di=— [ ——adi
4 0 tan—cos’ — 0 Sin—cos— 2y sint

2 2 2

with the help from the double-angle formula sin26 =2sinfcosé . Thus
we have the very interesting evaluation

/2

L dr=2G
0 sint

(entry 2.5.4 (5) in [43]).
Another amazing similar evaluation is
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o0

J‘ t
0 cosht

The proof now is very different. We write 2coshz=e’ +e' and then
using geometric series we have

lzcéshtdtzf dr = [

_ Tl‘{eti(—em) } J't{z( 1)'e —(2n+1)t }

—(2n+1)t
_z( 1y {jte dt} Z( y— (an)

dt =

n=0

Next we prove the integral

(5.52) jMd ——1n2 G
0 1+ x2

which will be used later in Example 5.6.4. With the substitution x = tant
we have

/4

J‘Md = I Insec tdt——ZJ Incostdt

I+x
= —2(—£1n2 +1G) =Zm2-G
4 2 2
by using the results in Example 3.2.1 from Chapter 3. In a similar way

1 2
In(1—x7) Vs
(5.53) I—1+x2 di="In2-G.
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We use again the substitution x =tan# and also the trigonometric identity
cos’ 1 —sin’ t = cos 2t
! 2
In(1-x
J(—z)dx = I (In(cos®  —sin®7) — Incos? ¢) dt
I+x 7

/4

/4 /4

= J Incos2¢ dt—ZI Incost dt
0 0

17[/2 G
—— j 1nc0stdt—2(—£ln2+—j
2 4 2

0

:l(_51n2j+11n2—G=11n2—G.
20 2 2 4

Next we present one really nice companion to (5.50)
2

1 2
(5.54) j(ar“an") de="m2-" 4G,
7 X 4 16

We work this way: first we integrate by parts

1 2 1
dex = __[(arCtan X d~
0 X 0 g
2 ! f
_(arctan | arctany
X o X+ x7)

2 1
- —”—+2I(l— X 5 ) arctan xdx
16 o\ X 1+x

7 xarctan x

1
=2 412G -2 =/
16 { 1+ x?
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Then we evaluate the last integral

1
xarctan x
[ Farctan

1
S—dx=— _[ (arctan x) d In(1 + x?)
I+ x 0

1 2
In(1+
=—In(1+ x*)arctan x|; + _([1(+—;2C)dx

= "2+ m2-6="m2-:.
4 2 4

Putting the pieces together we come to (5.54). Done!

Making the substitution x =tan? in (5.54) we come to another remarkable
evaluation

2 2

/4
(5.55) I(L) de="m2-" 4G
7 sint 4 16

(entry 2.5.4 (2) in [43]).

And now we present a real jewel, an integral whose value is a combination
of three important constants, Catalan’s constant G, Apéry’s constant £'(3),

and the Archimedes constant 7.

1 2
J-(arctant) dt:EG—ZQ’G).
0 2 8

For the proof we use equation (2.46) from Chapter 2

£(3)= §j arctant

arctan1 dt
7 t

0

together with the identity

1 z
arctan—=——arctanr .
t 2
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This way

7 { arctan? 1 ¢ arctant (7
—£3)= I arctan—dt = I ——arctanz |dt
8 .t t .t 2

1 1 2

7T ¢ arctant arctant

jartant , _; Greany’
0

t

2

0

1 2
T I (arctan?) dr
2 0 t

and the desired equation follows.

Problems for the reader: Show that

2

i s 7’
j(__]mz—m2+—_G
o \cos? 4 16

/4
[ il w=§+%m2

o tanx 2

/4
f xtanxdng—£1n2
0 2 8

Ixtanxdx =—xln2.
0

The last one is a principal value integral

T 378 V4
Ixtanxdleim J. xtan xdx + j xtanxdyx |.
&0

0 0 .,
2

Enjoy!
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Example 5.5.1

With some help from the above results we prove two interesting integrals

1 2
J.ln 1+x de =£ln2
X 1+x 2

0

1
I -’ =£ln2
X 1+x* 4

0

which are entries 4.2.98(8) and 4.298(11) in [25] correspondingly.
Although not present in them, Catalan’s constant plays a big role in their
evaluation

ljln 1+ x° jln(l+x2)—lnxdx
0 x )1+x’ 1+ x?

0

1
Iln(1+x) f Y e Zm2-G+G="n2.
2 2

2

0 1+ x2 o L+x

Likewise

1 2 1 2

1- In(1— -1
Iln X _J‘ n(l—x )2 nxdx
0 X 1+ x* 0 1+x
~Tm2-G+G6="m2.
4 4

Example 5.5.2

The interesting and challenging integral

2

1
J‘izln(l—xz)arccosxdx:”__é‘G
0¥ 4
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appears as entry 4.1.6(77) in Brychkov’s handbook [20]. We will prove it
now.
Starting with the substitution x = cos¢?

tsint ln(sm 1) r

1

1
J-—zln(l —x”)arccosxdx =2 j
0 X cos’ ¢

/2

-2 J tln(sm t) ost=2 j tIn(sint)d
o cos’t

cos?

/2

1
-2 I (ln(smt) + fe OStjdt
cost

0 0 sin¢

5 tIn(sinz)|2
cost

/2

:_2'[ ln(smt)d 2J~

o COS t 0 sin l

72_2

== _4G
4

by using a result from Example 3.2.19. We leave it to the reader to verify
the limits

. tin(sint . tln(sint
lim ( ) =1lim ( )
=72 Ccost =0 cost

=0.

Next to this integral in [20] we see a very similar one, entry 4.1.6(76)
whose value does not include Catalan’s constant, but includes 7°.

1 3

jlln(l—xz)arccosxdx =T
0 X 2 24

Possibly the reader is curious how such a small change in the integrand
brings to a marked change in the value of the integral. In the next example
we will solve a more general integral depending on a parameter & where
the above integral corresponds to o =—1.
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Example 5.5.3

Here comes entry 4.1.6(75) from Brychkov’s table [20]

1
1

j—ln(l +ax’)arccos x dx
X

0

| L1+t C1-l+a

(| |<1). We call this integral J(«) and apply the method from Chapter
2. For technical convenience during the work we assume that 0 < <1.
Differentiating and integrating by parts we have

1

J(e)=]

0

1
Xarccos x d 1 ¢arccosx

X =— d(+ax’
1+ ax? 2009 1+ax’? ¢ )

1 1

1
= —J-arccosxdln(l +ax’)= Larccosxln(l +ax’)
20 0 20 0

1 2
+L.|‘1n(1+ax )dx.
2a s, 1—x2

The term with the limits is zero and in the last integral we make the

substitution x =sin¢ to get

/2

J(a) = i [ 1+ asin® )dr
0

This integral was evaluated in Chapter 2, Example 2.2.15, equation (2.18).

1+Vl+a

J'(a)z%ln ;

Now we have to integrate this logarithm
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27« 2

Proceeding with the substitution 1+« = B, a = #° —1 we write

1+ﬂ

ap

1 1) 1+
—f(nm_l) ”

1 B 1 11
:I( +ﬂ) Ay +ﬂ+jﬂ_11n L ap

2 2 2 2

=J.lnﬂdlnﬂ+/1
2 2

(calling the second integral A4)

—llnzﬂJrA.

For the evaluation of 4 we notice that

d 1- (1-p) (1- ,5)”1
dﬁ T 2 Z 2'n’ Z
o1 1 1+
e /;Z}n( j RSV
and therefore,
IENEY PP b
A= i 11 5 ——df=

This gives

273
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L o1+f 1P
2 2

EJ(O[) ——
T

and returning to the variable o we finish the proof. The constant of
integration is zero.
We can extend the result to the disk |« |<1 by analytic continuation.

Example 5.5.4

We want to pay attention to the integral

jln(l”)d ~"mo+G
0 1+x° 4

(entry 4.291(9) in [25]) where the integrand is the same as in Example
2.1.2, but the limits are different and the Catalan constant appears. To
evaluate this integral we follow the same method as in Example 2.1.2. Set

F(1) = Iln(1+/1x)d
0
for A >0. Then

= !(1+ﬂx)(1+x %)

J'{x+/1 }dx
A1 1+x7 1+ Ax

©

_ 1 VXt +1
== Aarctan x + In
A7 +1 1+ Ax
1 (x4
=m{7‘m}-

Therefore,
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lnt

F(A) ——ln(1+ﬂ, )— j

Integrating by parts we come to the representation

F(l)= —ln(l +2%)—1In Aarctan A + j arctan’ o,
and from here
F(l)= Iln(l+x) dr="ino Iarctantd T 124G
4 4

0

The function

arctan? Z( " A7

()= I (2n+1)

is known as the inverse tangent integral. It was studied by Ramanujan and
Levin [33]. In terms of the dilogarithm we have

Ti, (1) = [le(l/l) Li, (- 1/1)]

Example 5.5.5

We again recall the integrals

/2

I Incost dt =—%ln2

/4

J. lncosldt———ln2+ G

from Example 3.2.1. With the help of these two integrals we will prove
the interesting entry 4.227(10) in [25]
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/2

Jln(1+tanx)dx=%ln2+G.
0

Indeed, we have

/2 /2 .
J 11+ tan ) = [ 1n[ TSI g,
0 0

COS x

/2 /2

= I In(cos x + sin x) dx — J. In(cos x) dx
0 0

/2

I ln( (cos—cosx + sm%smxndx +%ln2

/2

=£ln\/§+ I lncos(x—z)deernZ
2 o 4 2

/4 /4
jlncoszdz+—1n2 2jlncostdt+Tln2

-rl4
=2(—£ln2+lGJ+3—ﬁln2zzln2+G.
4 2 4 4

A problem for the reader: Use the same technique to show that

/4

j ln(1+tanx)dx=%1n2.
0

This is entry 4.227(9) in [25]. During the computation Catalan’s constant
appears twice and cancels out.

Further problems for the reader: Prove entries 4.227(11), 4227(12), and
4.227(13) from [25]. Namely, in this order,

/4

Jln(l—tanx)dx=%1n2—G
0
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/2

j In((1 - tan x)?) dx =%1n2 _2G
0

/4

j ln(1+c0tx)dx:%1n2+G.
0

Example 5.5.6

In this last example for the section we present one curious integral also
related to Catalan’s constant

/2
J= I arcsinh(cosx)dx =G .

0

_ V4 :
The substitution x = By —t shows that cosx here can be replaced by sin x.

According to equation (1.21) we can write

/2

J= I In(cosx +~/1+cos” x ) dx .
0

Integrating by parts gives

2 xsinx
J=| —————dx

o V1+cos?x

(the intermediate term is zero). To evaluate this integral we will use the
binomial series

n=0

e (—=1/2
(1+cos’x)"? = Z[ Jcosz” X.

Putting this series in the integral and switching the order of summation and
integration we compute

0 - (~1/2
J= I xsinx{Z( jcosz” x} dx

n=0 n
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o (—1/2\["f
:Z( . j{jx(cos x)smxdx}

0

“(~1/2 “
:Z{ . j{_2n1+1 fxd(cosx)z"“}
n=0

After integration by parts where the intermediate term is zero

- 1/2)[7F
=> [ j{j (cosx)*""! dx}.
=2n+1\ n 0

Easy computation shows that

~1/2) (1) (2n
n ) 4 \n
and the value of the Wallis integral in the braces is well-known

/2 n 2w\
I (cosx)*" dx = 4 "
) Cn+D)| n

The result is

S
/= Z(2n+1) ¢!

n=0

5.6 Summation of Series by Using Integrals

In the previous sections we saw some examples of evaluating integrals
by reducing them to series. Here we evaluate some challenging series by
reducing them to integrals and then solving these integrals.

Example 5.6.1

Our first example is Problem 2063 from the Mathematics Magazine
(March, 2019). Evaluate the series
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©  © 1)n+k 1
S =
S e
The answer is S =In2. Here is the proof.
Separating the sum with =0 and n>1 we write

w( - oooo(l)n+k1_
5= ; +szmw) S,

n=1 k=1

where S, is the first sum and S, is the double sum. We have

! I ~ b gy = Ite e dt
(n+k) 0

and therefore,

I( 7 Flire)= Im4d —.

(Changing the order of summation and integration is easily justified.)
Next we integrate by parts

Here
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_T ’e_; dt = T {Z( —e 'y }dt_ -1y jze-"’dz

01+e 0 n=1

_~NED
_; .

and also

—t

T e
-([1+e” di =

=ln2.

This way S, =In2-S, and S=S5,+S, =In2. Done!

Example 5.6.2

We present our solution to Problem 997 from the College Mathematics
Journal (May 2013, p. 142). Evaluate the series

oS (i(—nk'lj ‘

o n+k

We show that o =In2. A nice companion to the previous example!

For the solution we use the representation

1

— J‘xn+k71dx
0

and we write

i(_l)kil z-:[ {Z( 1)k 1} jlx" dx

0+X

oy -5 fre
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[ X'y'dxdy 1L dxd
3] | et | A DIICON Fromeyrisey
0y I+x)A+y) % 1+ x)1+y)

j-j- dxdy
20 (=) (+x)(1+ )

The integral is convergent, as will be seen in the process of computation.

We set y = 1o get
X

G:jj du dx
oLy (L=u)(u +x) (1+x)'

Using partial fractions we can evaluate the inside integral. The result is

‘ 2
'([ (1 xj(ler)

_ 2 r—1 . . .
Next, the substitution 1— =1l+¢,0r x= 1— , brings this to the integral
-X +1t

=ljm“+”d
2

1 t

which is obviously convergent. It can be evaluated easily by parts,

jln(1+t)d _ ]n(1+t)| +f dt
R t |, di+r)

)

=1n2+1nL =In2+In2=2In2.

1+1¢

1

Thus o =In2. Done!
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Example 5.6.3

Monthly Problem 11682 (December 2012, p. 881). This is an alternating
version of the previous series by the same author (Ovidiu Furdui).
Evaluate

. (& (=D 2
LB

This time o = r .
24

Solution: Starting again from the representations

1 k-1
X" d x

S
+
bl
© — —

i( D™ :!)' {Z( l)kl kl} J'lx

pltXx

oS (] e[ e

zz )”‘ x"y"dxdy

o o 1+ )(1+y)

e, L dxdy dx dy
_”{Z( ) }(1+x>(1+y)_M<l+xy)<1+x)<1+y>'

Here we set y = ? 1o get
X

i

dx
1+ u)(u +x))(1+x)

(S E—
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Using partial fractions we can evaluate the inside integral. The result is

2 dx
In .
7" I (1+le—x2

The substitution 2 I+ or x= 1= transforms this integral into a
I+x 1+¢

more transparent one

1
:lj-ln(l-i-l)dt
2

0 t

which is evaluated this way

fIn(1+1) (1)“" di &) 2
-[ t di J{kl k }t_,; K12

0

2
Vs . . .
Hence o = ﬂ . The evaluation of the last series above is left to the reader.

Example 5.6.4

Ovidiu Furdui and Huizeng Qin proposed the following most interesting
problem (Problem H-691, Fibonacci Quarterly, 47 (33), 2009/2010).

Evaluate the series
2
l 1 1 1
o= -’ m2-— .- .
,;( ) [ n+l 2n]
We will evaluate this series and show that

7’ G
5.56 G=———1n2—— In2)" +—
( ) 48 8 (In2) 2
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where G is Catalan’s constant (see Section 5.5).

We start the solution by noticing that

1 1 1 H*!
z( )

+
n+l n+2

(an interesting known identity). At the same time

o ([ k-1
In2= Z =D
ok

so that

1 1 1 Db X
n2-———m— .. ——= Z ( ) Ix dx
n+l n+2 2n Sk I+x

(the last equality is proved by expanding (1+x)~" in power series and then
integrating term by term). Next we have

1 2n

o1+

G:Z(_l)n( 1x+xde :Z(_l)n(j1x+
o . nl 1 x2ny2n
Z( D ;[!(1+x)(1+y) dhedy

_11 22 dxdy
_“{Z( t }<1+x)<1+y)

=—[[—== dxdy .
0o (I+x7y )(1+x)(1+y)

Here we set y =u/ x to get

ol u’du dx
_UZI{£(1+u2)(u+x)}l+x
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clE x? 1 1 u X 1 dx
:j _[ 2 + 2 2 2 T [du
olo U+x u+x 1+x"1+u” 1+x" 1+u 1+x

o X In(1+x*) xarctanx| dx
I ~In2+ - >
o [1+x 2(1+x) 1+x 1+x

0 1 In(l+x%) ¢ —xarctan x
I dx —I 5 dx + 5 oy
0(1+x )(1+x) 20 (I+x7)(1+x) o I+ x7)(1+x)

Let us call these thee integrals 4,B and C so that
(5.57) —O':Aln2+%B+C

and now we will evaluate these integrals one by one.

The first one is easy

Aj al L %
) 2(1+x) 21+x%) 2(1+x%)

=11n2+11 2 B X
8 4 8
Next
1 2 1 2 1 2
le J-ln(1+x )dx+J-ln(1+)2c )dx_jxln(lJrzx )dx '
2|y l+x 1+x o 1+x
We have
fxIn(1+x%) 1
[———dv=—[In(+x")dIn(1+x*)
1+ x 29

:—(ln(1+ . _(1n2)

and from (5.44)
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1 2
Iln(1+x) =§(ln2)2—”—.
o 1+x 4 48

Now the integral in the middle needs attention. We know from Section 5.5
that

1
(5.58) jlnﬂ“*x iy =Ein2-G.
0 1+ x* 2

Now we can write

2 2
:l (In2) +7r1n2_7z__G .
20 2 2 48

It remains to compute C.

—xarctan x

1
C=[——
0(1+x )(1+x)
1ef 1 x 1
:E;H1+x_l+x2 —1+x2}arctanxdx

1 1 1
:l jarctanxdx_jxarcta?xdx_jarctanzxdx ‘
2 0 1+x 0 1+x 0 1+x

Here

dx="12
1+x 8

1
J- arctan x

0

(evaluated in Chapter 2, see equation (2.3)). Integrating by parts and using
equation (5.58) we write

dx=—In2-

j- xarctan x Vs lj- In(1+ x%)
1+x° 8 2

2
y 1+x
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“Zn2-Y Z -G |-G Zpa.
8 2\2 2 8

1
J~ arctan x

1+ x*

1
1 1
dx = .[ arctan x d arctan x = —(arctan x)z‘ =—.
2 o 32
0

0

Collecting these numbers we find

Now we put these numbers in equation (5.57) and simple algebra brings
to the desired evaluation (5.56).

Another challenging series similar to (5.56) is

()7 (ST ), DY
SR e

= n+k

7’ 1 1
=—In2+-(In2)’ -=<£(3).
B 3( ) 5 q¢)
It has been evaluated in [12] by the same method - reducing the series to

integrals.

Example 5.6.5

In line with the previous examples in this section we evaluate the series

o (( 1 1 1 I
G:Z((?+ 2y (ntdy +"'j_5j

n=1

by using integrals. This is Monthly Problem 12250 (The American
Mathematical Monthly, November 2020, p. 853).

Using the representation
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1

0
we have

| 1 e
PRI (n+4) Z(n+2k)

—nt

o © 0 o 0 te
— —(n+2k) _ —n —2ki _
=D e =[ e ’{Ze ’}dt—J. —
0 0 k=0 1-

k=0 0 e

by changing the order of summation and integration (this is easy to justify
and is left to the reader). Also

1 17
L _fomar.
2n 2%

This way we can write

o= Z{T ’ dt—;T "’dt}dz:iﬁe"'( ’2[_%}1;}

0 n=1 | o 1—6

and again by exchanging integration and summation
~ t 1 e’ ( t 1)
o= e dt = —— |dt
{ZI (1—e2’ 2) J;l—e” - 2
o - ~t
J- -2t —t - ~t dt
\(d—-e )(1 e’) 2(1 e’)

:T[ 21 tem’ - 11 jdt
(@ -1 -1) 2. -1)

From here we use the technique of partial fractions to decompose the
integrand
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1t 3 ¢ 1 ¢ 11
A (e v e e
\de + e - (e=1)" 2 -1

17 R 17 t 1
=—I tt a’t+E tt dt+—j — dt .
4+ ¢ +1 4ye —1 290 -1)" -1

0

The first two integrals are easy to evaluate. Using the well-known
representations of Riemann’s zeta function for Res >1

Jb—di=¢ @), [—dr=0-2")¢(IT(s)
ve —1 ve +1

(see (4.35) and (4.36)) we have

3 7’
dt—Zg(Z)_?.

157 ¢ 1 7t 3% ¢t
— dt==¢(2)=—; —
4£e'+1 85() 48" 47e -1

We are left now with the integral

° t 1
J=lj 2 dt
23l @ -1 -1

0

The substitution u =e’ —1 brings it to the form

J:lT(ln(1+u) lj du :lTln(1+u)—u .

2 W w)u+l 29 WP(l+u)

0 0

Here we integrate by parts

2J__Tln(H—u)—udl__ln(1+u)—u|°°_]‘31n(1+u)
o l+u u A+wu |, Ju(l+u)’
__Tln(l+u)
0u(1+u)2

using the fact that
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(1n(1+u)—uj’:_1n(1+u)

1+u (I+u)’

Next we make the substitution x =In(1+u) to write

2J:_J-ln(1—+uzdu J- i J-x(l e +e) i
o u(l+u) (e 0
° Tox 7z’
=J.xe’xdx—J‘ . de=1—-—
0 ve —1 6

(the first integral in the last line is I'(2) =1 and the second was evaluated
above). We found that

1 7

2 12

and putting the pieces together we finally get

7o 1

o=—+—.
6 2

5.7 Generating Functions for Harmonic and Skew-Harmonic
Numbers

In this section we present several power series where the coefficients
include harmonic or skew harmonic numbers. The creation of these series
is based on the evaluation of some interesting and challenging integrals
involving the logarithmic and polylogarithmic functions.

The first subsection here is dedicated to harmonic numbers and the second
subsection — to skew harmonic numbers.

5.7.1 Harmonic numbers

The harmonic numbers
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1 1
H,=l+—+..+—, H,=0
n
already appeared in this book. Here we will use also the generalized

harmonic numbers

1 1
HP =1+—+.+—, H? =0, p>1
P np

and the polylogarithm [33]

. o0 t”
Llp =

In this section we produce various generating functions for these numbers
by repeated integration. In the process we will encounter some challenging
integrals.

First a simple lemma.

Lemma 5.2. Let f(t)=a, +at +a,t* +... be a power series. Then

0

= n < n—k
IMZ zt{zm }

Jfor an appropriate parameter A .

(5.59)

For the proof we expand (1-Af)" in geometric series assuming that
| A¢] <1 and multiply the two series.
Starting from the expansion

—loga—t):i% (1<)

we obtain (using the lemma with 1 =1)

(5.60) iH pr=—loed=0)

n=1 1-1
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This is the well-known generating function for the harmonic numbers. In
the same way, using the lemma we find

= Li (¢
(5.61) ZH;mt":lL(t).

n=1

Integrations in (5.60) gives

0 n+1 © tn 1
5.62 H  —=—log’(1-1).
( ) Z::‘ n+1 nz:l“ n-1 n 2 g ( )

. 1 .
From here, since H, = H, , +— we can write
n

0

(5.63) YH, —=—1og (1—-1)+Li, (7).

n=1

Clearly,

1 1C

and with 7 =-1 in (5.63) we find the evaluation

2

=llog 2-Z .

8

The dilogarithm Li,(#) satisfies Landen’s identity [33]

(5.64) Log? (1= + Li, (1) = — Ll( i j
2 -1

and so (5.63) can be written in the form

We notice that from (5.64) with 1 =-1



Various Techniques 293

2
Li, Gj:’[——llogzz.

Next, with the help of the identity

an _anfl :anfl +i2
n n

equation (5.62) leads to another generating function

(5.65) i(Hj —H})t"=log’(1-1)+Li, (7).

Applying the lemma and simplifying the telescoping sum on the left-hand
side we come to

) 2 _ .
n=1 -

Dividing here both sides by 7 and integrating gives
(5.67) ZHWZ Lo Li;(¢) —log(l—¢)Li,(t) - %bg3 (1-1).
n=1 n

For this integration we use the decomposition

log*(1-0)+Li,() _log’(1=1) log’(1-1) Li,(®)  Li,()
t(1—1) t 1-t¢ t 1-¢

and then

© n t 2 t 2
anzt_zjlog (l—x)derJ-log (l—x)dx

- noy X o l-x

+j—Li2 (x) dx + j-_Li2 (%) dx .

o X 0o 17X

The second and the third integrals are solved easily, since
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j L, () o Li,. (1)
X

0
Integrating by parts the last integral we find

(5.68) j%dx:_1og(1_t)uz(t)_jmf<+ﬂdx

0

and (5.67) follows.

The series in (5.67) converges absolutely in the disk |7|<1. It does not
converge for 7 =1, but converges for 1 =—1 and we obtain

5 U 42 =i (- log)Lis-D - o’ ().
n

n=1

We have

Li-n=Y Eh -3¢0

so that

ni =D H>= —%m) + %log(Z) - %log3 2).

n

Dividing both sides in (5.67) by ¢ and integrating again we come to yet
another generating function

00 t}'l
(5.69) > H!=

n

n=1

=Li, (1) + %(Liz (z))2 —~ %log(t) log’(1-1)—1log’(1-#)Li,(1-1)

+2log(1-#)Li;(1-7)-2Li,(1-1)+2{(4)
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9 , 121, 625 , 18769 .
=t+—t+—1 + t+ £+
16 324 2304 9000

Here is the proof. Let first 0 <#<1. We have

i 20 Ik‘g(t—l) dt+Li4(t)+Iwm2(t) dt

2

:Li4(t)+( (D) - j%dt

since

—log(1-7) _
t

Li, (7).
Now we evaluate the last integral. Integrating by parts we find

[ log’(1-1) (tl =D dr=log(t)log* (1 1) + 3j—1°g(’ ) i"gz =9 4

and then with the substitution 1-7=x

J~10g(t)log2(1—t) dtZJ-—log(l—x)logz(x) i
1-t x

N 1 X", x" x"
=>» —|x"log"(x)dx=) —| —log (x)—2—log(x)+2
2~ [ log* () Zn{n g () =2 log(x) A

n=1 n=1

=log’ (x) Li, (x) — 2log(x) Li, (x) + 2Li, (x) + C.

Returning to 7 and putting all pieces together we form the right-hand side
in (5.69). With - 0 we compute

=2Li,(I)= i% =C(4).

n=1 1

This way we finally come to (5.69).
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Some terms on the right-hand side in (5.69), like log(¢)log’(1—¢), are not

analytic in a neighborhood of zero, but all terms together represent an
analytic function. The right-hand side in (5.69) is well defined for 0 <¢ <1
and equation (5.69) provides its analytic continuation in the disk |7|<1.

Both sides are defined also for 7 =1, so we have

0 H2 2\2 4
T VLG R [
20 6 360

n=1
which is a well-known result.

Adding equation (5.61) with p =2 to equation (5.66) we find

- log*(1—1)+2Li, (¢)
5.70 H}+H?)"= 2
(5.70) 2(H, + 1) -

:_iLiz(__tj-
1-1¢ 1-1¢

At this point we use the fact that for any positive integer p

d

. 1 .
ELIPH(t) Z;Llp(t)

—t
and then setting u = 1— we apply the chain rule
4

d . 1. du
ELIPH (u)= ;Ll,, (H)E

iLiH(_tj: 1 Li(_tj.
d " \1-t) t(l-1r) "\1-¢

From here we conclude that

that 1s,
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L —t
(5.71) Iz(l—r) (1 tjdt—Ll (I_J+c.

We will apply this result now. Dividing both sides in (5.70) by ¢ and
integrating we come to another nice generating function

(5.72) i(H,erH"(”) ——2L1( tj.

n=1 n l_t

Repeating this step again, dividing both sides by ¢ and integrating we find
also

(2, ot
(5.73) Z;(H +H )n2

- 2L, (%j N (Liz [%D ~2log(1-1)Li, (%) .

Applying the lemma (5.59) to equation (5.72) gives
S Lmz e u®) e ——2L13( - )
U k 1-¢ 1—1¢

Now we can use the identity (see [3, p. 129])

Z":%(H,f +H?)= %(H,f +3H,H? +2H)

k=1

to write

(5.74) Z(H,f+3Han‘2)+2H,f3))t”:l—6L (1 ! j
n=0 -t —1

Dividing by ¢ and integrating this yields in view of (5.70)

(5.75) S (H +3H,HO +2H ) = 6Li (1 IJ'
n=0 n —
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Adding the equation
= —2Li, (1)
Y HP =20
; ! 1-¢
to equation (5.66) we come to
- log”>(1-1¢)
5.76 H!-H?)t"=————=
(5.76) 2 (H 1) —
and integration gives
© tn+l 1
H!-H®)——=——log’(1-1).
Z;( )= leg’ (1=
Next we prove the representation
0 tVl
(5.77) Y H,—
n=1 n

= %log(t) log® (1) +log(1 - )Li,(1- 1)~ Li;(1- 1) + Li, (1) + £ (3).

An equivalent form of this representation was computed by Ramanujan in
his notebooks. Ramanujan’s result can be found in Berndt’s monograph
[6, p. 251], namely,

i Hn tn+1
(n+1)

n=1
= %log(t) log’(1-1)+log(1-£)Li,(1-¢) - Li;(1-1) + £(3)
(see also [33, p. 303]). With ¢#=1 these representations give

iHuzg(s), >t ).

n’ = (n+ 1)2 a

Here is the proof of (5.77): We divide both sides in (5.63) by ¢ and
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integrate. The result is

_1 log”>(1—1) .
(5.78) SH, —=> j i L)

The evaluation of this integral can be found in Levin’s book [33, p. 159].
We will give this evaluation here for the convenience of the reader.
Integrating by parts we write

j—k’g =9 gt = log(1)log? (1 - z)+2j—d°g(’)1°g(l )

and then in the last integral we use the substitution 1—7=x

J-log(t)log(l—t) dt:_J-log(l—x)log(x) "
1—-1¢ X

= [InxdLi, (x) = In xLi, (x) - [ =2 Li (x)

=InxLi,(x)-Li,(x)+C
=log(1-¢)Li,(1-7)-Li,;(1-1)+C.

Assembling these results we come to (5.77). The constant of integration
is computed to be C = (3) by setting 7=0.

Another interesting manipulation is this: From (5.61) we have

g Li,() _ Liy(®) | Lix(0)

Z H®

o t(1-1) t 1—t

and then by integration

iH e —=Li (t)+IL1 2D

n=

Now in view of (5.68) we write
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0 n t 21
> HO L < Lij (1)~ log(1- ) Li, (1) - | log 1=%) ;..
n=l1 n 0 X

At the same time from (5.63)

o (1. 201
Z t—zjwdx+2Li3(z‘).
X

2
0
Adding these two equations we find the useful representation

= t" S . .
ZH:IZ); + 22[—[”7=3Ll3(t)_L12(t)10g(1_t) .
— n=1

Dividing both sides by ¢ and integrating (integration is easy) we come to
. 1, .
(5.79) ZH<2> 2ZH =3Li, (1) + 5(L12 ).

In particular, with # =1 we find

(2) ©
ZH +2Z 1= 30(4) +— (;(2)) 1372)

n=1

Subtracting (5.67) from (5.72) we come to the generating function

sz "

n=1

=-211i, (1 j Li,(#) + Li,(#)In(1-7) +— log (1-12).
A project for the reader: Dividing by ¢ and integrating show that

(5.80) ZH<2>’—2=—2L1 (1 j Li, (1) + 2Li,(1— 1)~ 2 (4)
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.t L[t ' . 2
-2 log(l - t) L13 (:j + (le (EJJ - E(le (t))

+%logt log’(1-¢#)+log’(1-¢)Li,(1-¢) - 2log(1-£)Li;(1-1¢) .
Using Landen’s identities for the dilogarithm (5.64) and the trilogarithm
. -z 1, , .
Li;| — |=—log’(1-2z)-Li,(1-2)
I-z) 6

2

_%bg(z) log (1-2)+ " log(1-2) ~Li, () + £ 3)

some terms above can be simplified. Thus (5.80) becomes

58 SHOL - oL (1 j Li, (1) + 2Li,(1 - )~ 2 (4)
; -

n=1

+%(Li2 (1))’ +2log(1 - 1)(Li, (1) - £ (3)) + %log tlog*(1-1)

—%log4 (1-H)-<¢(2)log*(1-1).

Subtracting (5.80) from (5.78) and simplifying we come to one important
generating function

- t — 1 . —t ’
Z:; —3—L14(1 j+log(l l)L13(1 ZJ—E(UZ(:D

+2L1,(0)+= (Ll (t)) —élogt log3(1—t)—%logz(l—t)Liz(l—t)

+log(1—£)Li,(1-1) = Li,(1- 1)+ £ (4).

In simplified form
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t

(5.82) —3—L14(1 j+2L14(t) Li,1-0)+4(4)

_MS

—log(1—1)Li,(?) —élog(t) log’(1-1)+ 2—1410g4 (1-1)

+{(3)log(1—-1)+ %log2 (1-1).

Using the obvious relation

) tn+1

= t"
2, Gy ~ &y HO

=0

the above generating function can be written also in the form
n+l

(5.83) ZH

— . .
n=0 ( +1) Ll4£:j+Ll4(t)_Ll4(1—t)+é’(4)

—log(1—1)Li,(?) —élog(t) log’(1-1)+ %log4 (1-1)

+£(3)log(1—1)+ %logz(l —1).

Ramanujan worked on this problem more than hundred years ago. After
he died on April 26, 1920, his wife gave his notebooks to the University
of Madras. The notebooks were analyzed in depth much later. In Entry 10,
Chapter 6 of his notebooks Ramanujan showed some properties of the

generating function for the numbers
(n+1)

given explicitly (see Berndt [6, p. 253]).
Problems for the reader: Using the above techniques show that

= 1 (1 —t
5.84 H H®P¢" =——| —log’(1-1)-Li,| —
584) Y HH, 1—t[6 g (1-1) {HB

n=1

—, but this function was not
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and also

(5.85) ZHt = {m (1 t)-i—ZLl (t)+—log (1- z)}

n=0

The following evaluations are also left to the reader.

(2)
Z( D" A —n_ =2Li, (%j+Li3(—1)—Liz(—l)log2—%log3 2

n=1

2

=£(3) —’f—zlogz

) H 72_2
"= £(3)-"log2
;#2” ¢@3) 7 o8

. nlen_é . N _1)"! H, :l
;(—l) —=2¢ 0% Zl( 1) o~ 260

= 2(—1)”l 3 T log2 (log2)’
D H =60 5

(12 @ (—1)"’1_1 T log2 (log2)’
,IZ:;(H" +Hn ) 7 - g() 3

0 _l)n—l 0 (_l)n—l 9 72_2
H(z)(—+2 H ———=—{(3)——1Ilog2.
S D H, = 2 {(3) - log

n=1

5.7.2 Skew-harmonic numbers

The skew-harmonic numbers already appeared at the end of Chapter 2, in
Examples 2.5.3 and 2.5.5. We will take a closer look at these numbers now
and generate various power series with skew-harmonic numbers in their
coefficients.

The skew-harmonic numbers are defined by
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_ n—1
H’:l—l+...+& (n=12,.), H, =0.
2 n

n

Their relation to the digamma function is given by

o [ (n+1)  (n+2
H, =log2+— {"'( 2 ) W( 2 ﬂ

and because of this representation sometimes it is convenient to work with
the expression H, —log2.

Applying Lemma 5.2 to the series
) _1 n—1
1og(1+t)=zL " (t]<1)
n=1 n

we find the generating function for the skew-harmonic numbers

(5.86) MziH’t”.

= log2)¢"
o, Z(;( g2)
we write also
z _ Y 1 1+1¢
(5.87) > (H, ~log2) " =——Ilog — -
n=0 -

This series is convergent in the disk |7|<1 and also for #=1.
We have

Hn'—log2=(—1)”'l( 1t .t .1 +j
n+l n+2 n+3 n+4

=(-1)"" ( ! + ! + j
(n+DH(n+2) (n+3)(n+4)
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where

1 1
b = + +..
(n+DH(n+2) (n+3)(n+4)

< ! + 1 P
(n+D)(n+2) (n+2)(n+3) n+1

so b, >0 and b, is also monotone decreasing. Therefore, the series in
(5.87) for ¢t =1 is a convergent alternating series.
Computing

we find

Proposition 5.3. For all |t|<1,t#1

-t (1=t (1 .
(5.88) ;Hn 7=L12 (TJ—LIZ (Ej—le(—t)—log(l—t)log2

2

1—1¢ 1 T
=Li,| — |- Li, (=#)— log(1—#)log2 + —log* 2 — —.
2( 2} ,(=1)—log(1-1)log 5 log o

(This representation appears in a different form as entry 5.5.27 in Hansen’s
table [26].)

Proof. We notice that

(5.89) iLiz(l_tj= 1 log(lﬂj:log(lﬂ)_logZ
dx 2 1-1¢ 2 1-¢ 1-¢

and therefore,
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ZH o log(1+1) iLiz(l;thrlog?
1-¢ dt 2 1-¢

Integrating this we find

(5.90) ZH’ il (1—’j L, Gj “log2log(1-1)

2

which reduces to (5.88) because
n+l 0

ZH’ Z +L12( 0.

oy n+l 5

Equation (5.88) can be written also in the form
o1 Y (H; —log2)£=Li2 L S L
perd n 2 2

by moving the term log(l—¢)log2 to the left-hand side and expanding
log(1—1) . This equation is defined on the whole closed disk |#|<1 while
the series in (5.88) is not convergent for 7 =1. This way we have

< 1 1 . 1
Z( —10g2) —-Li Z(EJ_LIZ(_I):510g22

n=1

by using the values

2 2
. - (1 7o 1
le(—l):F, Ll2 (EJZE——10g22.

With ¢t =-1

o (—1)"_1_7r_2_10g22
Z( ~log2) no 12 2

or
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12 2

i 1)" '’ log’2
In view of (5.89) equation (5.87) can be written as

i(H; ~log2) 1" =diL12[1;xj

n=0 X

and integrating this we come to

< (1=} (]
Z( —10g2) 1 le(Tj—le(Ej.

n=0 n+

Proposition 5.4. For |t|<1

(5.92) i(H )
1 { . ) (1} [14—1)}
=——1Li, (1) +2log2log(l+7#)+2Li, 2Li
—¢ 2 2
and for |t|<1
(5.93) i(HJ ~log2) 1"

n=0

| {Ll () +log?2- 2{L1 [lﬁ‘”{%m

where the value at t =1 of the right-hand side is understood as the limit
fort >1.

For the proof of the proposition we need a lemma.

Lemma 5.5. For every n=1,2,... we have

n n

(5.94) 2y (_lk)kl H =(H) +H?.
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1 1
(Recall that Hn(z) :1+2—2+...+? )

Proof of the lemma by induction. For n=1 the equality is true. Suppose
now it is true for some »>1. Then

ot 1“H' VH, (-1)'H,
Z( ) Z( )k L EDH,,

n+l

“1)'H

S YR e L

n+l
Y 1 1) H -
A Y R B
n+1 (n+1) n+l

=(H,.) +H2.

The proof is completed.
Now we turn to the proof of the proposition. Replacing ¢ by —¢ in (5.88)
we have

$EVH gy (1%1) L, G) ~ Li, (1) ~ log(1 + 1) log 2
n=1

n

and with some help from Lemma 5.2 and Lemma 5.5 we write

S oS VS, o1

n=1 n=l1

21{L1 () + log(1 + )log 2 — Li (1;’]%5(%)}

At the same time

ZH(Z) L12 (t)

—t
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which inserted in the equation above leads to (5.92).

After that we write
B 2 \2 B )
(H, —log2) =(H, ) —(2log2)H, +log*2

and with summation starting from » =0

i(Hn‘ —10g2)2t”

n=0

= i(Hn‘)zt” —Zlog2iHn‘ "+ i:(log2 2)t".
n=0

n=0 n=0

Now (5.93) follows from (5.92) and (5.86). The proposition is proved.

Remark. Setting /1 =—1 in (5.93) we compute

2

o P | 1 T
“D)"(H -log2) =—{Li,(-)+log?2+2Li, | —|t="—.
;( )" (H, —log2) 2{ ,(=1)+log (2} 7

This provides an independent solution to problem 11682 in the American
Mathematical Monthly (see Example 5.6.3). The series in (5.92) converges
also for # =1, as we have the estimate

1

(Hn_ —10g2)2 S(;/l_|_—1)2

Computing the limit of the right-hand side in (5.93) we find
> 2
Z(Hn_ —log 2) =log2.
n=0

This equation repeats the result from Example 5.6.2.

Equation (5.93) presents an extension of Problem 997 from the College
Mathematic Journal.
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Proposition 5.6. For all —% <t<Ll1

0 n+1

(5.95) Z e

(2t (ot C(1+t (1 .
=Li,| — |-Li,| — |- Li,| — |+ Li,| — |- Li, (¢
3(1”) 3(1”) ( 2 j (zj 0
. (1Y) 1
+log(1+ t)[le (®)+Li, (Ej + Elog 2log(1+ 1)}

or, equivalently,

(5.96) I
n=l1 n

(2t ) t 1+t (1 ) .
=Li,| — |- Li,| — |- Li,| — |+ L1,| — |- Li,(¢) — L1, (—¢
(25t (12 (2) ot

+log(1+ t){Liz(t) +Li, (%) + %10g2log(1 + t)} .

The representation (5.95) results from (5.90) by dividing both sides by ¢
and integrating. The detailed proof can be found in [11].

Proposition 5.7. For |t|<1

0 th
5.97 H; ~log2
(5.97) Z(;( . ~log2) ——
t 2
jLI (x)dx+log(1—t) 2Li (1”)—”—
a8 2 ) 6

1

+2log(1+1)(log*(1-1) - log* 2) + 2log2[Li2 (1%’) L, (EH



Various Techniques 311

“2log2log>(1-1) + 4log(1 - 1)Li, (1%’) - 4[Li3 (1%’) L, Gﬂ :

where for —1<¢ <%

fLic,

J1ox
=2Li (1—1} 2Li, (1) +log(1— ) Li, (£) +— log (1-1)
and for 0<7<1 we have
ELII LL00 4, =2[Li,(1-1)~ {(3)]—10g(1—t)[L1 (1- ¢)+—2}

For the proof we divide by ¢ in (5.93) and integrate. Details can be found
in[11].
5.7.3 Double integrals related to the above series

Some of the generating functions considered above can be represented by
double integrals. Starting from

_I n+k— ldx
n+k
we write
log2—H;:i—(_l)H:j‘x Z( D j s
k=1 n+k 0 k=1 01+X

and then for | z| <1
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ffgir|re

I+x)(1+y)

:j-j‘ dxdy
co(l=xy2)(1+x)(1+y)

Therefore, from Propositions 5.4 and 5.7 we come to the following
corollary.

Corollary 5.8. For | z|<1

b dx dy
(5.98) g(2)= J;! (1-xyz)1+x)(1+y)

:i{LQ(z) +log? 2—2{Li2(1’;2j— Li{%ﬂ}

2
with g(1)=1log2 and g(-1)= % Also, by integration

3 ¢ rlog(1—xyz) dxdy
(5:59) M xy(1+x)(1+y)

- jwdt+log(l—2){2Li2(14_2)—7[—2}
- 2

+2log(1 + z)(log’ (1 - 2) ~log” 2) + 2log2[Li2 (1 ;Zj ~Li, (lﬂ
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~2log2log’(1-z) +4log(1 - 2)Li, (1_72] - 4{Li3 (1 ;ZJ ~Li, (%ﬂ .

5.7.4 Expansions of dilogarithms and trilogarithms

Consider the series

—log(1-pux) =Y £ x

n=1

with an appropriate parameter u, where —1< px <1. Using Lemma 5.2
with 4 =-1 we have
}( )"x

—log(1- px) Z {

1+x

We notice that

(5.100) i[uz (Mj—uz (LH
dx 1+ x 1+x
—log(l ,ux) ( ,LI) n nl
B S5 Gl iy

Integrating this we come to the following result.

Proposition 5.9. For any | 11| <1, | x|<1 we have the expansion

(5.101) Liz(M]_Li (1+ ) Z{Z( #)} 0"

1+x

With g =-1 this turns into equation (5.63) in view of Landen’s identity
(5.64). When u =1 we have a new version of (5.88).

Equation (5.100) also says that
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222
dx 1+x 1+ x

—log(1— ux) N log (1— ux) _ iLiz (ux) + log (1— ux) ‘
X 1+x dx 1+x

Integrating this by using (5.100) we come to the known identity

(5.102) Li, (Mj L, (Mj L, (u)
1+x 1+ u

=Liz( al j+Li2£Lj+log(1+y)log(1+x).
1+x 1+ u
With z =1 this becomes
Liz( 2x j+Li2 (H—XJ—Liz(x)
1+x 2

= Li, (L) +Li, (15) +log2log(1+x).

1+x

I+x
unit disk |x|<1 except for x=—1. This function appears implicitly in

(2
This identity shows that the function Li, (_xj extends on the closed

the works of Ramanujan (see [6, Entry 8, p. 249]). Ramanujan considered
the function

f(t)—i(l+l+ + 1 )tzn_l
37 2n-1)2n-1

n=1

and proved that

t 1, , 3 .
f(z—_tj—glog (1 t)+L12(t)
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. o - t . .
With the substitution x=2— we can put Ramanujan’s result in the
—t

form

2x 1 —x e | 1 x>
Li +=log? —= =23 | 1+—+..+ .
2(1+x) £ Z( 3 2n—1j2n—1

Let now

be the polylogarithm. It is easy to check that for every integer m >2 and
for an appropriate parameter x we have

o () )

dx 1+x 1+x

(]
x(1+x) I+ x 1+ x

With m =2 from Proposition 5.9 we have

i[u{(““)xj—u{ ad ﬂ

dx 1+x 1+x

T
x(1+x) 1+x 1+x

1 o -1 (- k i
Z{(n) ;( Zz) }x

Ty &

and applying Lemma 5.2 this becomes

T N B e AL
:;;{;{(_D (k) Z( ) }}x

J
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gl fore

After integration we come to the remarkable expansion:

Proposition 5.10. For any | | <1, |x|<1

(5.103) Li, (M) i, (Lj
1+x 1+x

I ED D
—{Z{kZ j H n

(with analytic extension of the left-hand side when needed).
[ 2x Li =
L
13(1+xj (1+x] ;{

( l)nl
n
With gz =-1 we have

X\ eH | =),
Ll3(1+xj_nz_:‘{;k} n *

which is equation (5.72) in disguise because of the identity

With =1

H,
22#‘ =H!+H?.

This nice identity is similar to the identity in (5.94) and can be proved the
same way.

5.8 Fun with Lobachevsky

In this short section we look at some simple, but amusing integrals.
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First, recall the classical integral solved at the beginning of Chapter 2

5.104 fsinx 7
(5.104) [ =2

0 X

Can we replace here sinx by cosx?

Tcosx
J dx ="

° X

. S . cos o1
No! This integral is divergent, because the ratio * behaves like —
X X

close to zero.

However, we can multiply by cosx the integrand in (5.104) to get

(5105) J‘COSXSIIIX

a’x:E
4

0 X

(second case in entry 3.741(2) in [25]). This result is very easy to explain
by using the trigonometric identity sin(2x)=2sinxcosx

X 2

J‘cosxsmxd J-sm2x 1°°sm2x

0 0

Can we replace here cosx by sinx? No, the integral becomes divergent

o0 . . o0 . 2
(5.106) [ = [ dv=co.

0 X o X

To see why this integral is divergent the reader can analyze the proof that
(5.104) is convergent in Example 2.1.1 and see why it does not work for
(5.106).

At the same time

a+b
a—>b

(5.107) | sin(@x)sin(bx) ;. _ %m

X

0



318 Special Techniques for Solving Integrals

for a>0,b>0, a#b (entry 3.741(1) in [25]). This result comes from
equation (5.13) after writing the product sin(ax)sin(bx) as the difference
of two cosines

sin(ax)sin(bx) = %(cos(a —b)x—cos(a+b)x).

(See also equation (2.2) in Example 2.2.10.)
Representing the product sin(ax)cos(bx) as a difference of two sines
when a > b >0 we find (first case in entry 3.741(2))

(5.108) Tsin(ax) cos(bx) X

0 X

This is somewhat counterintuitive in view of (5.105). (See also Example
2.2.12)

Multiplying inside (5.105) by cosx we get

(5.109)

© cos® xsinx pid
[ =T
X 4

0

Interesting! The same value as in (5.105)! But how do we evaluate this
integral? In fact, it is true that

/2

0 2 .
COS Xxsinx T
f—dx = j COS2 xdx=—.

0 4

0 X

What we see here is a special case of the following.

Lobachevsky’s Integral Formula. Suppose f(x) is a continuous function
defined for x>0 with the property f(x+r)= f(x) and f(x—x)= f(x)
forany x>0. Then

/2

dx = j f(x)dx

sin x

(5.110) T ()

X
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/2

jf( )[S‘“’“j ae= [ e

(Nikolai Ivanovich Lobachevsky (1792-1856) was a Russian mathematician
who invented the hyperbolic geometry.) More details about this integral
formula together with an interesting extensions can be found in [55].

For the cosine function we have
cos(x — ) =cos(r — x) =—cos(x)
and we see that the functions
f(x)=(cosx)™, f(x)=|cosx|

satisfy the conditions for Lobachevsky’s formula. Clearly the same is true
for the functions

F(x)=(sinx)™", f(x)=|sinx|.

For our examples we will use the well-known Wallis integrals

/2 /2

W = Isin”xdxz Icos"xdx (n=0,1,2,..)
0 0

where
| 2
(5.111) w, -2 Lfsn
4 (n') 2 4(n)2
It follows that
T cos”” xsinx < sinx Y i
J.—dxzjcosz”x( j dx = I cos™ xdx=W,,
0 X 0 X 0
Tsin®" x i sinx )
I—d =Ism ( J dx=Ww,,
0 X 0 X
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for any integer n>0. The case n=1 is equation (5.109). For n=2,3 we
have correspondingly

cos* xsin x i 3z
I—dx = I cos xdx =

0 X 0 16
cos® xsinx 72 S
j dx = J.cosﬁxdxz—
0 0 32
etc. We also have
< sin® x 2 Vs
J. dx = Isinzxdxz—
0 X 0 4
© . 5 /2
_[ sin” x

dx = J. sin4xdx:3—”.
) 16

0 X

At the same time all integrals of the form

© - 2n
Sin” x
J- dx

0 X
(n=0,1,2,...) are divergent.

With f(x)=|sinx|, f(x)=|cosx| we have

© Sinx /2 /2
[Isinx|=—=dk = [|sinx|dv= [ sinxdr=1.
0 X 0

0

0

sin x
I|cosx|
0

Problems for the reader:

/2
dx = .f cosxdx=1.
0

1. For any integer p >0 evaluate

% (cosx)’ (sin x)*”*!
4= .

dx
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0 2p . 3
Azzjcos x(sinx) .

0 X

2. Show that for every n>2

and using that W, = %, W, =1 prove the Wallis formulas (5.111) and

(5.112) o Ay 4 ()
' 2n+)! 2n+l) '

5.9 More Special Functions

We have already seen integrals evaluated in terms of special functions (in
Section 4.3, for example). Here we want to mention briefly that certain
integral representations of some special functions can be nicely used for
solving integrals.

Example 5.9.1

The second Binet formula for the log-gamma function was used in
Example 3.2.11

1nr(,1)=(,1_%jln/1_ﬂ+ 111227r +2farctan(t/ﬂ)

0 -1
Here and throughout this example we assume ReA >0. Differentiation
gives an integral representation for the digamma function

w(A)=InA- T

0

dt
&+ /12)(62”’ 1)

Replacing A by A/2 we write this in the form
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A A1 7
5.113 Zl=ln———-
( ) W(Zj 2 A -([(4t +/12)(e2’”— )dt

From Section 3.3 we have also the representation

1 X
y/(z+2j lnz+2j(x @ l)dx

which we write in the form

A+1 °
(5.114) ( j_15 !(x +z)(e2’” l)dx

Using these two integral representations we will prove two interesting
Laplace transforms.

T o1 A A1

(5.115 e “(——coth )dxz (—j—ln—+—
) l PR A TV BN

T 1 1 A+1 A

(5.116) e“(__ jdx: (—j—ln—.
;')' x sinhx v 2 2

(These are correspondingly entries 3.554(4) and 3.554(2) from [25].)

To prove the first one we use the important integral from Example 4.5.2

dt =cothx—l
X

4 _[ sin 2xt
(after a simple adjustment). Thus

je"“ (l —coth xj dx = —4.[ e j s122t2xt dt v dx
0 e -1

0

[ T 2t
= —4 T e—lx Sln(zxt) dx} dt = —4 —
!ez _lﬁ !( 4
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= [/1j—lr1£+l
v 2 2 A

according to (5.113). This way (5.115) is proved. Likewise we use the
integral (after adjustment)

4.[ sin 2xt 1

x sinhx

from Example 4.5.2 for the proof of (5.116)
J.e'“ (l_ . 1 j :J~ i 4J~ s1n2xt
0 x sinhx 0
=4]i# Te”“ sin(2xt)dx  dt
e’ +1

0 0
’”+1)(ﬂ +41%) 2 2

0

0

by using (5.114). Done!

Example 5.9.2

The reader may looks at the group of entries 3.554 in [25] from where the
above two integrals (5.115) and (5.116) were taken. The first entry in this
group will surely catch the attention
A+3
rf=—=
( 4 ) 1 A

A+1 n
r(+) 4
4
(here again ReA >0). This integral resembles (5.115) and (5.116), but

requires a different approach. For the proof we recall an important formula
from Section 4.5.2, namely,

(5.117) je“@—Lj@:zm
X

0 cosh x
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T e 1 A+3 A+1
5.118 C o dx=— _ ,
( ) ;';coshx * 2@/( 4 j V/( 4 ﬂ

Therefore, we write

Te"“ (1 - jdx = Te"“dx - T cf)::x dx

° cosh x 0 o

Al ()

Now we integrate this equation with respect to 4 and remembering that

w(z)= iln I'(z) we find

dz
o _—Ax
—Ie (1— ! )dx
X

o coshx

=lnl—2{lnr(¥j—lnr(%ﬂ+C

or,

—-nA+C.

l,(ﬂb+3)
J.e"bc (1— ! jﬁ:ﬂn 4

0 coshx /) x F(ﬂurl)
4

In order to compute the constant of integration we set 4 — co. The left-
hand side approaches zero. Using the properties of the gamma function it
is easy to compute that (with A =4x)

F(x+3j
4

lim——————=

x—mr(x+i)\/;
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so with C =1n4 the limit of the right-hand side is also zero. Thus (5.117)
is proved.

Example 5.9.3

Using the properties of Euler’s beta function B(x, y) and the representation

F(Orey)

B =Ty

one can derive the formula (see entry 8.380(10) in [25])

JEosh@ID) s Mt TG )
o cosh™(7) I'(2x)

where Rex >0,Rex>|Rey|. From here with x=1 and | y|<1

JEOBI0 g, 1y -
o cosh™(7) sinzy

With x=2

Tcosh(Zyt) dt:EF(2+y)F(2—y)= 2zy(1-y*) ‘

o cosh®(?) 4 3sinzy

Replacing y by iy we have also

J- cos(2 yt) Ty
cosh’ (t) smh Ty

J- T cos(2yt) df e 27zy(1+ y?)
cosh’(7) 3sinh 7y

Other interesting integrals van be obtained from here by differentiation
with respect to x or y.
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Example 5.9.4

In Example 2.3.1, Chapter 2, we evaluated the integral

Ie"z cos(2xt)dt = ge"‘z .
0

Differentiating 2n times with respect to x we find

© n [ 2n
jtz"e_’z cos(2xt)dt = (_lz—ﬂﬁ(ij e’ .
27" dx

0
At this point we turn to the Rodrigues formula for the Hermite polynomials

(d Y

H (x)=(-D"e" | —| e

—
(p=0,1,2,...) where
H,(x)=1, H (x)=2x, H,(x)=4x" -2,
H,(x)=8x" —12x, H,(x)=16x"—48x" +12,....

We conclude that for n=0,1, 2,...

e H, (x).

2n+1

(5.119) [r7e"” cos(2xt)dr = (‘;)—*/;
0

In the same way we find

2n+2

(5.120) [ sin(xe) dr =(_21)—*/;e—x2 ()

0

(n=0,1,2,...). These formulas can be used for solving integrals. For
instance, with n=1
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0

[ re’ cos(2xt)dt = —%e—"z (4x> —2)

0

[re sin(xr)d = —1—*/6;ex2 (8x° —12x).
0

In the place of #*” in (5.119) we can put any even polynomial and evaluate

the integral in terms of Hermite polynomials. Likewise in the place of #*"*'
in (5.120) we can put any odd polynomial.

Example 5.9.5

Suppose we want to evaluate the integral

i
fewsas.
0

What can we do? The substitution # =cosx will not help, it brings to
something worse

Integration by parts does not help either.
We can introduce a parameter and try the method in Chapter 2, say,

(5.121) F(A):Te“"”dx.

0

Then

F'(A) = j cosxe ™ dx
0

and things become complicated.

Something natural will be to use the exponential series in (5.119), that is,
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F(A)= j{ M}dxziﬂ;{]{cos”xdx}.

n=0 1:

=0

Now

jcos” xdx=0 (nodd)
0

o V4
because the substitution u = x 5 says that

V4 /2
Icos” xdx = I sin” xdx =0
0

-7/2

as sin” x is odd. For n=2p even we have from (5.111)

f 7(2p)!
jcoszﬁ xdx=2 I cos’” xdx = 2W2p =— 2
0 0 47(p")

and

© 1 ) 2p
F(A)=r) = (Ej )

p=0

The series here is the modified Bessel function of the first kind /,(1) of
zero order, so that

(5.122) j e’ dx = 71, (1)

0

and with 4 =1

)

0 4”( n*

More generally, we have
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(5.123) j e cos(nx)dx = z1, (1)

0

with the modified Bessel function of the first kind /,(4) (entry 2.5.40(3)
in [43]). Here

0 /1 2k+n
4= kz_(;k'r(k+n+1)[ j

(see [40]).

In the same way one can use the integral representation

l]ieixcosﬂde

%

1 27 sind
J x)=— ezxsm dez
o) =7 j
where

© 1"
JO ()C) zo 22(n (n)')

is the Bessel function of zero order. Thus, for example,

/2 /2
'[ cos(xsin@)dl = J. cos(xcos@)dl = %JO (x).

0

=1

Example 5.9.6

In this example we will show a very unusual method to prove two very
unusual integrals

(5.124)

dy=rln

]’- In(cosh x + sinh x cos y)
o coshx+sinhxcosy 1+coshx

where x is arbitrary. Also
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(5.125) J-ln (coshx+smhxcosy)d :_2”Li2(1—coshx)

o coshx+sinhxcosy 2

One strange feature of these integrals is that they are even functions of x
although the integrands contain the odd function sinh(x).

To prove these integrals we use the Legendre function of the first kind
P, (z) which is a solution to the Legendre differential equation

(5.126) (1-22)y"-2zy+ A(A+1)y=0.

When A =n, a nonnegative integer, P (z) is the Legendre polynomial of
order n. Substituting P,(z) in (5.126) and differentiating with respect to
the parameter A, Szmytkowski showed that

4 p (2 :ln(lJrZJ
da . 2
d? . (l—z)
—P, =211
e 2\ 72

d3
di

P (2)

:12Li3(1+Zj—6ln(1+ZjLi2(l+Zj
1=0 2 2 2

+7° 1n(122)—12§(3)

(R. Szmytkowski, “The parameter derivatives ...” arXiv:1301.6586v1
(2013); the author attributes the second formula to G. P. Schramkowski.)

The Legendre function has several integral representations, one of which
is

1
o (cosh x +sinh xcos y)

P, (coshx) = —J- T

(see p. 203 in Nico Temme’s nice book [44]). Differentiating here with
respect to 4 we find consecutively
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(5.127) %ﬂ (coshx)| = _lJ- In(cosh x + sinh x cos )
=0

dy

v coshx+sinhxcosy

2

s.128) <_p (cosh)]

B l.’f In*(cosh x + sinh x cos y) p
da

v coshx+sinhxcosy

3

(5.129) 4 —— P,(cosh x)
dr

_ ___[ T1In’(cosh x + sinh xcos y)

7y coshx+sinhxcosy

The two integrals (5.124) and (5.125) follow immediately from (5.127)
and (5.128) in view of Szmytkowski’s results. The reader can continue and
write down the evaluation of the integral in (5.129).

Example 5.9.7

Here we solve problem 1184 from the College Mathematics Journal
(September 2020, p. 306) by using one neat special function. Evaluate

J- j J- sin(x)sin(x + y) ddy .
0 x(x+y)
For the evaluation we will use the sine integral
Si(2) = [ sin@) 4
o !

which has the obvious properties

iSi(z)=Sinz, imSi(z) = jsm(’)dz_”, Si(0)=0.
dz z

Using the substitution x+y =u we write

J:Tsinx Tsin(ery)dy dx:Tsinx Tsin(u)du e
x x+y . X u

0 0 X
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and changing the order of integration (very easy to justify)

Tsmu{jsm(x)d }d ISlnuS(u)du
u

0 0

= [Si()dSi() =%(Si(u))2|: %(%) S

That’s all!

2

7 sin(x)sin(x + y)
(5.130) M ) dvdy ="



Appendix A

List of Solved Integrals

The integrals here are listed in the order they appear in the book. Some
of them are solutions to problems from mathematics journals and this is
indicated in the next line. The following abbreviations are used:
American Mathematical Monthly (AMM)

College Mathematics Journal (CMJ)

Mathematics Magazine (MM)

dx
Al — = —In2Vx* +x+1-1-2x)+C
(A-D ‘[\/x2+x+1

Example 1.2.1.

I dr arctan( 2- x] +C
(x+3)\/3x x' =2 \/_ V5V x

Example 1.2.2.

(A.2)

dx

J‘x\/x2 +6x+8

|\/x +6x+8— \/_(x+2)|
2f ‘\/x +6x+8+f(x+2)\

(A.3)

Example 1.2.3.

333
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( X 7 (b—a)’
(A.4) I arccos dx =
Jax +bx —ab 4(b+a)

Example 1.2.4. This is AMM Problem 11457. Here 0<a <b.

(A.5) [——& W S KN Errers] e

x\/l —2x—x X ‘
Example 1.2.5.
(A.6) J- i dx - 4ax +2b L C
(ax” +bx+c) (4ac—b)\/ax2 +bx+c
Section 1.3.
(A.7) -34x +3arctan {x + C

X
IJ;(1+Q/;)2 C1+3x

Section 1.4. Also there

dx 1. J1+x +1
(A.8) j =—In +C
nl+x S 1+x° -1

(A.9) j"”x 1+ x %m—ii’f:w
\, X

(A.10)

dx X
= C
I\/(1+x2)3 J1+ % "
—2
j w/x+x 3

The next integral is from Section 5:

(A.11) XCH1+C.
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2 2
[+ 2_3 dr=In(x+x —3)- Y3 L ¢
X

X

(A.12)

Example 1.5.1.

(A.13) J- x4+ 1ldx= \/x +1+—1n(x+\/x +)+C

Example 1.5.2.

K r
(A.14) j = —
0(x+ 1+x%) r—1

Example 1.5.3.

CoSst sm A/ Z +1
(A.15) j
0 \/l +1 4

Example 1.5.4.

dx 1 1 X
A.16 ————— =——arctan| —=| Stan—+1 | |+ C
(a16) Ji NG [zﬁ( > ﬂ

Example 1.6.1.

(A.17) J. dx = 1 arctan| [ 2= b tan> | +C
a+bcosx at—b? a+b 2
Example 1.6.1.
(A.18) J.L = Larctan(JEtan x)+C
2—cos’x 2

Example 1.6.2.
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/2
g dx 3 T

(A.19) =
0 \/a2 cos’x+b*sin’x 2M(a,b)

Section 1.7. Here M(a,b) is the arithmetic-geometric mean for a, b.

Vg . 2
(A.20) jH”Lfdx -
v 1+cos” x 4
Example 1.8.1.
(A21) T (cos0)” 7
o (cosx)” +(sinx)” 4
(p=0) Example 1.8.2.
Tl
(A.22) [5—dv=0
o X +1
Example 1.8.3.
? -~ 1 1 1Y
(A.23) [a+x) Pdx=—r° (—jr[—j
> 28 \28) \B

(S >0) Example 1.8.4.

A4 arctanx :—1"2( 1 jr(ljl
(A28 I\'/]/1+x 28) \B

(S >0) Example 1.8.4. In particular,

“arctan x 7’
A.25 dx =—
( ) -([ 1+ x? 8
(A.26) j arctan VT 1o
0 1 + X 16
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(A27) j arctan - —r2 1/6)(1/3).
o3 1+1°
(A.28) = 2arcsin + C (a<b)

J‘«/(x a)(b—x)

Example 1.8.5. In particular,

A.29
( ) 'a[w/(x a)(b—x) '([ x(l X)

3
(A.30) J\/x+ x+~/x+... dx=§+é(1+4x)§+c

Example 1.8.6.

(A31) fe " ax = ﬁe-“ (a>0)
2a

0

Example 1.8.7.

(A.32) [er 2 dx= % —arctanA (4 >0)

0 X

Example 2.1.1. In particular,

o —Ax _e—;zx

(A.33) Ief sin xd x = arctan g —arctan A
0

(A, £>0). Also in Example 2.1.1

(A.34) je’ixmdx:lln/1+l A>1
2 A-1

0 X
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(A35) Icosax;cosbxdxzz(b_a)'
0 X 2
1
In(1+ x) Vs
A36 dx==—In2
( ) J-l+x2 * 8

0

Example 2.1.2. In the same place also

1
(A37) [2Y e T
o 1+x 8
0 _AXx 2
(A.38) [(1 ¢ J dx=Aln4
0 X
Example 2.1.3.
(A.39) jxa_xﬂdx—lnl+a (a, f>0)
' ¢ Inx 1+p 7
Example 2.2.1. In particular,
ex%—1
(A.40) | de=In(l+a), a>0.
, Inx
1
(A.41) jaman/ix =—ln(ﬂ, N1+ 22 )
0o xV1—x 2
Example 2.2.2.
‘tarctan Ax T
(A.42) j e ="In(1+ 2)
o X(I+x7) 2

Example 2.2.3.

]'i arctan(Ax)arctan(z.x) i

2
X

(A.43)

0
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=%[(/1 +w)In(A+u)—AlnA—ulnp] (A, u>0)

Example 2.2.4. In particular, with 1 =pu=1

T (arctan x)’

(A.44) dc=nln2.
X
0 2.2
(A.45) [ In(+ A %) e zln(44) (A20).
o 1+ x°

Example 2.2.5. In particular, with 1 =1

(A.46) [ In(+2%) 4y 2.
0 1+x°
0 2
(A47) J‘e*ﬁxﬂd z_ln(1+ﬂ_] (ﬂ>0)
0 x B
Example 2.2.6. Also there
(A.48) Te-ﬁxwd =_In 'B i
' 0 X 2\ g+ B+
(A.49) [COSAXZCOSMY g 2
0 X
(A, u>0).
o -Ax __—px 2 2
(A.50) Iicosﬂxdleln ,u2 +,82
0 X 2 A+p
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Example 2.2.8.

01 _ —Ax?
(A.52) | ! ¢ _dx=Ar (120
X
0
Example 2.2.8.
o —px X 2 2
(A.53) Ie cosgx —e cos,uxdx:llnﬂ,;r,uz
o X 2 p+gq

(4, p>0) Example 2.2.9.

(A.54) dx=—In

Te, 4 sin(ax)sin(bx) 1. A’ +(a+b)
X 4 A +(a-b)

0

(a>b>0) Example 2.2.10.

(A.55) dem%” (a>b>0)

Example 2.2.11.

w : 1
o s(@CON@D) o T L A
x 4 2 2a

(A.56)

0

(a>b>0,1>0) Example 2.2.12.

(A.57) f o cos(ax) - cos(bx)
0 X
2, 2
= iln% + barctanﬁ— aarctanﬁ (ﬂ > 0)
2 A +b A 2

Example 2.2.13.

2

o 2 o« 2
(A.58) je-“ sin”(ax) —sin”(bx)
X
0
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/122

2a 2b
= 2— + garctan— — barctan —
4 22 +4a A A

(4 >0) Example 2.2.13.

/2
4 a’ -1

(A.59) [ @ ~cos* 6)a6 = mn‘“#_ (a>1)
0
Example 2.2.14.
/2 1_ n2
(A.60) j In(1— S cos’ 0)d6 = ﬂln# 0L
0

Example 2.2.14. In particular, with f=1

/2

(A.61) [ 1n(sin9)d9=—%1n2.
0
/2
(A.62) j In(1+ asin®0)df = rln— % “2”“ (—1<a)
Example 2.2.15.
(A.63) In(t+@cosd) 45 _ 2 aresing (a|<1)
0 cosd

Example 2.2.16. In particular,

V4 2
(A.64) [ In@+c0s0) 49 _ 47
0 cosd 2
V4 _ 2
(A65)  [In(l+acos®)do= L “2“ (a|<1)
0

Example 2.2.17. With ¢ — £1 we have

341
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(A.66) j In(1+cosO)dd=—r1n2.
0

(A.67) jln(ﬂ2 —2afcosx+a’)dx=2rln|a|
0

(| B1<|a|) Example 2.2.18.
tIn(1-a’x?

(A.68) [Pt demn (120 1) (al<))
0 X Al—x

Example 2.2.19.

(A.69) _[ — 9 arctan b dx
0

2 2 2 2
a +x a +x

2 2
2%1 nZEND AT s
a

Example 2.2.20 (AMM Problem 11101).

T 1 pid
A.70 —| 1-~arctanx |dx ==
(A70) j( arcanxj -
Example 2.2.21.
(A.71) J‘e"zcos(2xt)dt=@e_xz
0

Example 2.3.1.

(A.72) j e cos(xt)dt = \/E e (Rea>0)
a

—o0

Example 2.3.1.
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(A.73) J-COS\/;costdt =\/E(cosl+sinlj
Lt 2 4 4

Example 2.3.1 (MM Problem 1896).

T cosAx T
j dx=—e

a’ +x* 2a

(A.74)

0

Example 2.3.2. Here and in the following three integrals a >0, 4>0.

T xsin Ax T
[ Sd=Te
a +x 2

(A.75)

0

Example 2.3.2. Also in this example

T sinAx T
A.76 dx = l—e
( ) -([x(a2 +x%) 2a° ( )
T sinAx T )
A.77 dx = l—e )"’
( ) ;[x(a2 +x°)° 24" ( ) 4q’
(A.78) j 26 ~dt = l[ci(as) sin(as) —si(as) cos(as)]
a +t a

0

(a>0) Example 2.3.3. Also there

«© —st

(A.79) j t2e+ e dt = —ci(as)cos(as) —si(as)sin(as) .
0 a
(A.80) T Sinj; dx = ci(ab)sin(ab) — si(ab)cos(ab)

0

(a,b>0) Example 2.3.3. Also there

©

(A.81) j C;C’i"bx

0

dx = —ci(ab)cos(ab) —si(ab)sin(ab) .
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(A.82) TCXP(_)C__)T \/_exp( 2\/_) a>0

0 X

Example 2.3.4. This integral is equivalent to (A.31). Also in this example

(A.83) Iexp(—x——jj—\/gexp (—2\/5)

(A.84) ]E\/;exp(—x—%jdx=\/;(\/5+%jexp(—2\/;).

(A.85a) Texp( X )cos[ zJa’x—£ e cos2a

0

(a >0) Example 2.3.5. Also in this example

(A.85b) Texp( -X )sm[ Zde—g e gin2a .

0

1
arctan(ax
arctan(ax)

wg[z) \/1_x2
2
[ 2 2
=_—1{1an —%(arctan\/oz2 —1)2 +”—

8 a’+1-1 8

(A.86)

1
where a >1, p(a)=,[1-—.
a

Example 2.4.1. In particular,

(A.87) Jl-arctanx =———(ln(l+\f))
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J5-1

(A88) | arctan(2x) . _”—2—1(111@} —%(arctan\/g )2.

NeYR) \/1 x° 8 8

(A.89) J- arcsin X (ln 1+ \/*))

0 1+x*

Example 2.4.1. In the same place

(A.90) T arctan? (ln(1+\/_ ))

t —

(A.91) jln(““ a'x’ - ln 2Jl+a? +a)

o x(1+x )

(a >0) Example 2.4.2. In particular,

(A.92) Tln(zaﬂ)d =%ln2(\/5 +1)
(A.93) Tln(”J’“—_) 11 254l oS
I ) 2 2
(A.94) TIH(HF) dx=2G
SN
Example 2.4.2.
(A.95) j af/"%x =%[Li2(a)—Li2(—a)] (a|<1)

Section 2.5.1.

(A.96)

2a j ACCOSY i =Li, (@)~ Li,(~a) (|| <)

0 1—a’x?

345
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Section 2.5.1.

(A.97)

2

1

Xarccos x o 7 1
[RACOST T

0 az—x 2

[
Example 2.5.1. Here E(u,k) :J‘ 1—k*sin’¢ dr . Also there
0

lxarcsmx aNa® -1 T 1
(A.98) [“—dr=-———+aE| 2
o /a —-x 2 27«
(A99)  2fEHOEX  narini—% 4 Li, (@)~ Liy ()
+x 1+

0

0<a<I1.Example2.5.2

2n+1

arctan ax
1+x

(A.100) 2 j

0

dx Z(ln2 H)

(| <1). Example 2.5.3.

T In(1+ ax)
(A.101) Ix(1—+x)

0

dx=Inaln(l-a)+Li,(a)

(0<a <1) Example 2.5.4. In particular,

2

¢ 1n(1+x)d o

(A.102) ;[x(1+x) o=
(A.103) jMd ~Li (lj Liz(l_—aj
) x(1+x) 2 2

(-1<a <1) Example 2.5.5. In particular,

1 2
(A.104) jwdxz”——llnzz.
) 1+ x) 12 2
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1
(A.105) | L logx)” log =% dx
o X 1+ fBx

= (=1)""T(p+D{Li,,(B)-Li,,(-B)}

(11<1, p=0). Example 2.5.6. Also there

(A.106) j 1 (logx)” log(1— Bx) dx
0 X
=(=D""T(p+DLi,,(B)
(A.107) 3= iT 1arc‘[ant arctan1 dt
79t t
8¢l 1
(A.108) 3= —J —arctant arctan— dt
7ot t
1%1
(A.109) {3)=5 ! log(1 +l)log(1 + jdt
(A.110) c3) :j % 0g(1+l)10g[1+;j dr.

(A.111) (i (1+tjdt— (l—xj—uz(l)
170 2 2 2

Example 2.5.7. This integral can be put also in the form

(A.112) jln(”’)d —Li (12") Liz[%)—lnﬂn(l—x).

0 —

(A.113) Jx.ln(l +8)In(1 1) dt
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1-x 1+x
=Li —Li +(1-In2 ln—
N e

+xIn(1+ x)In(1—x) — xIn(1 - x*) + 2x.

Here | x| < 1. In particular, with x — 1
1 72_2
jln(1+z)1n(1—t)dt =2—?+(ln2)2 ~2In2
0

Example 2.5.7.

/2 /2

(A.114) [ In(sin)dr = jln(cost)dtz%an
0 0

Example 3.2.1. Also there

(A.115) jln(sin t)dt=—mln2
0

(A.116) Tln(sinz)dz ~Fm2-Llg

! 4 2
(A.117) Tln(cost)dt —ma+le

) 4 2

/4
(A.118) j tIn(sin?)dt = SO+
/2 2

(A.119) ! tIn(sin£)dt = — 176 @)

T _ 2
(A.120) j tIn(sin)dt =
0
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/2
(A.121) Isintln(sint)dt=1n2—1
0
¢ xlnx
(A.122) =In2-1
'([\/1 x*
b Inx 1
(A.123) j dx=——Cl, (ﬁj .
0 4_X2 2 3
(A.124) Jcosxlncot%dxzﬂ
0

Example 3.2.2. Also there

/2
(A.125) I cosxncot > dx =2
o 2 2
/4
(A.126) Icosxlncotzdx:%+£1 (1+\f)
0
1
(A.127) [arctan(x”)dx = z1=v2) J_) */_1 (1++/2)

0

Example 3.2.3. Also there

(A.128) j x24dx i_il (1++/2)
o l+x

(A.129) Tx/ta de_i_il (1++2).

(A.130) Tlog(l—2acosx+a2)dx=0

(e |<1, p any integer). Example 3.2.4. Also there
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7p
(A.131) jln(l—cosx)dxz—;zplnz
0

/2

(A.132) j log(1—2acos x +a?)dx = i(Li, (ia) - Li, (—iar) )

/2

(A.133) Iln(l—cosx)dxz—%ln2—2G
0
zp
(A.134) Iln(1—2acosx+a2)dx =2zph|a|
0
(|a|>1). Also
zp
(A.135) Iln(ﬂz —2afcosx+a’)dx=2zpln|a|
0

(I B|<lal|, p any integer).

zp

(A.136) Jcosmxlog(1—2acosx+az)dxzﬂa”’
m
0
(m>0, p integers). Example 3.2.5.
zp
(A.137) j In(cosh B+ cosx)dx = (B —1In2)pr
0

(S>>0, p arbitrary integer) Example 3.2.6.

(A.138) =%1og(1 —ae™)

) _ 2
J-log(l 2gxcoszx+a )dx
0 X +b

(|a|<1,Reb>0) Example 3.2.7.

(A.139) j x” log(1—ae ™) dx =— Fp+D

0
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Example 3.2.8. Also there with 1 >0,b#0

0

(A.140a) j sinbxlog(1—e ) dx
0
-1 ib ib
=— I+— |+y|1-——|+2
2bM ;J '”( Aj 7}
(A.140D) j sinbxlog(1+e ) dx

0

= ama2- (1+ij— (1—1} [’1+ibj+ (’I_ibj
4b YUT2) U2 ) aa ) T  a

< A s b
A.141 coshxlog(l —e ) dx =———-—coth| =— |.
(A.141) ! vlog(l=e ™ )de=25-7, (;Lj

(A.142) j e In(sin?) dt
0

1—-e™ 1 ia ia
= In2+y+— I+— |+y|1——
ey (-]

(a#0) Example 3.2.9. Also there

/2

(A.143) [ e In(cost)dt
—-7/2
-1 wa ia ia
=—sinh—<2n2+2y+y|l1+— |+y|1——
a 2{ ! ‘”( zj ‘”( z]}
/2
(A.144) j e“ In(cos?) dt

0

l_eaﬂ/Z eaﬂ/2 ( la) [ laj
= In2- I+— |+y|1——|+2
a 2a vV A v A 4

351
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+i[ﬂ£l+%aj+ﬁ(l—%aj—2ﬁ(l)}

/2
(A.145) j e“ In(sin?) dt

0

1_eaﬂ/2 eaﬁ/2 ia ia
=2 [ﬂ(1+7j+ﬂ(1—7j—2ﬂ(1)}

In(l+x+x*) _7°

(A.146) j . 5

Example 3.2.10.

—272/1)5)

In(1-e
1

2

(A.147) ]O —

dx:;{lnl“(}t)—[l—%jlnxh—ﬂ— 1“22”}

(ReA>0) Example 3.2.11. Also there

arctan(x) In27

1 dlenl“(/i)—(/l—%jln/%rﬂ—

27Ax
e —

(A.148) 21?

and in particular,

(A.149) J-arczztan(x) dx:l—lnzﬂ.
o e =1 2 4
(A.150) j( 1 —1jcosﬂtdt:—ln(l+e’”‘)
o\sinhz ¢ t

(1 >0) Example 3.2.12. In particular
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(A.151) j(l JJﬁ:—lnz
o\sinhz 7)1t
and also there
© _ -7 U _
(A.152) j( —ljsin,utdt: LA ——
o\sinhz ¢ I+e™ e™ +1
Inz In2 1
A.153 InI'(x)dx=—+—=—In2x
(A.153) j ()b ===+ ===
Example 3.2.13. Also there
e +3Inrx 1n2
(A.154) [Inr(oyda="""2% 1 22
) 8 3
(A.155) 1j41n1“(x)d /AT e 95(2).
32 4z 1677

y+1

(A.156) jlnr(x+y)dx_j1nr(u)du ylny-y+Iny27

Example 3.2.14. Also there

11
(A.157) f j InT(x + y)dxdy = In\27 —%
00
(Problem 904 from CMJ).
© 1
(A.158) [27T(x)de =2[ 27T (x) e _7+Inln2
0 0 In2

(A.159) Tx2_x I'(x)dx

0
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_(7+Ilnin2)(1+2In2)-1
In*2

1
=2 j (x+1)27T(x)dx
0
Example 3.2.15. This is Problem 11329 from AMM.
1
. T o7
A.160 In(arcsin x)dx = In——Si| —
(A160) Jimaresin e =1n % i 2 |

Example 3.2.16. Also there

1
(A.161) jlnx(arcsinx)dx:2—%—ln2
0
1
(A.162) Iln x(arccosx)dx=1In2-2.
0
l 75 In2 7x
(A.163) [In x(arctan x) e = “—+ ===
) 48 2 4
Example 3.2.17.
V4 3
A.164 In®(2sin)dr =
(A.164) j (2sint)dr =
Example 3.2.18. Also there
z/2 72_3
A.165 In*(2sint)dt = —
(A.165) j (2sintydr ==

This is Problem 11639 from AMM.
b 1-1 1

(A.166) J.lnxln(l—/lx)dx=Tln(l—/1)—zLi2(l)+2
0

(|4]|<1) Example 3.2.19. With A -1 and A — -1
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2

1
(A.167) jlnxlna—x)dx:z—%
0
1 72'2
(A.168) Ilnxln(1+x)dx=—21n2+2—E.
0
/2 2

(A.169) jMd,:_”_

o cost

Example 3.2.20.

(A.170) lnl“(z+%):zlnz—z+lnx/ﬂ—2j.%@/z)dx
e
0

+1

Section 3.3. Also there

X
A.171 + Inz+2 d
( ) l/l(z 2) - J‘(x +z )(ez’”‘ +1) *
(A.172) fafgfgn(x> 221,
0 € 4 2
—sinx Vs
A.173 dx =—
( ) '[ x’ 4

Example 4.2.1.

© . 3
(A.174) j(sm)‘) de ="
o\ X 8
Example 4.2.2.
o u-1
(A.175) L a=—" (0<u<l)
o L +1 sin zu

Example 4.2.3. Also there

355
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Tox T V4
(A.176) js2+x2 =22 sec7q, ~l<g<l1
0
o0 pfl
(A.177) [ cosatyde = 22— sec P
) 20(p) 2
o0 pfl
(A.178) [ sin(eryde = 20 —cse ™2
) 20(p) - 2
(0<p<l).For a>1
(A.179) Icos(z“ )dz =ll“(l) cos 2
0 a \a 2a
(A.180) [sin(z")dz = lr[lj sin——
0 a \«a 2a

C(s+D) . 7s

ts+1

(A.181) J.x“' cosxtdx =—
0

(>0, —1<Res<0).

© 2 2
_[e'(x‘y)z sin’ (x2 + yz)—x2 yz > dydx

(A.182)
X +y)

S =38

1 1 1 1
=—log———arctan—
16 5 4 2

Example 4.2.4. This is Problem 11650 from AMM. Also there

© . 2 2
a183) e(Lntj di =>log—— —arctan >+ .
) t 4 °5 4 22

x
a

(A.184a) J‘t"’le"” coshtdt = R ACI cos(x arctanéj
0 (@’ +b%)?
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(A.184b) J.tx'le"” sinbt dt = ———— ') s1n(xarctanéj
0 (@ +b%) .

(a,b,x>0) Example 4.2.5. Also in this example

(A.1852) JA,”cosbx \/7\/ +ad’ +a

0

(A.185b) J- ,Msmbx \/7\/ +a’ —a

0

¢ sin (xt)
(A.186) dx
;!. x*+1

= %[e’ Ein(t)—e™’ Ein(—t)] —(Inz+ y)sinh¢

2n+l

H, ..
2 + 1) 2n+l1

=—(lnt+7)sinhl+z(
n=0

% sin®” (xt)

(A.187) j .

0

; {[ J( 4260 M(znj}
2 n+ — n

and in particular, for n=1

o . 2
Ism (xt) dng(l—e’z')

2
o X +1

iy [ S e, (2]

0

357
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T cos™ ! (xt) r =(2n-1
A189 dx = —(2n-2k-1)1
( ) _([ x2 +1 X 22n—1 ; k €
Section 4.3.
T a| dx T, a+b
A.190 In| 1+— =ZIn a.bh>0
( ) _(.)‘ ( x2 ] x2 + b2 b b ( )
Example 4.4.1.
) e,y 2 ju eS 2
A.191 dv = 1—erf(s
(A-191) S =gy (e

and in particular, with s =1
o0 —_ 2 0
e

Iyz ol =mefedu

0 1

Example 4.4.2.

2
VA

1 o
A.192 — vy %dy=masec—_C(1+«
(A.192) j[y sinhzirny py S¢+a)

(0<a<1). Example 4.4.3. In particular,

! 7’

A.193 ———|dy=nrx.
( ) -([(yz sinhzﬁny d

o0 2
(A.194) [x7m 1+L dxz%secﬁ

) X SA-f) 2
(a>0,0< f<1)Example 4.4.4.

¢ zx) dx 1 (b+1

A.195 hl — | ———=—p0| —
N S sy

Example 4.4.6.
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(A.196) [ gt = tanh x
. 7t
0 sinh—
2
Example 4.5.1.
(A.197) [ty -z, 7 L
e —1 2 e™-1 2x
(x>0). Also in the form
(A.198) jMdtzﬁcothmc—i
e’ —1 2 2x

0

Example 4.5.2. In the same place also

©

(A.199) IM _ L7 sen
o e +1 2x 2 2
T e bh+1
A.200 dv =8l ——
( ) -([coshy 7 ﬂ( 2 j
=1{‘/’(b+3j—l//(b+lﬂ
2 4 4
/4

=2 I tan’x d .
0

Section 4.5.2. Also in this section

0

(A.201) | COSCW) g1 = 7 qech| 22
' v coshx 2 2

o0 . Q
(A.202) [ SInC) e 2arctan[e 2 j —%

v, Xcosh x

359
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(A.203) jsm(xy ) e = 1m ﬂ( J
cosh x
(A.204) [ e# T +ind =27

(A eR) Example 4.6.1. Also there

(A.205) [e T +indi=-271"p, (- *)e

(A.206) I e Mt"T(a+it)dt = 2ri"ee Z[Zj(pk (—ea"*
—o0 k=0

(a>0,n=0,1,2,...). Here

0, (x) = Z[Zj S(n.k)x*

and S(n,k) are the Stirling numbers of the second kind.

(A.207) I e ™ (b +it)dt = 2retre He

—o0

—u

(b>0, A, ueR) Example 4.6.2. Also there

(A.208) j e “¢"T(a+it)[(b—it)dt

:2m‘”e*"‘i{2j ”ZSUc N 1)’%

(a,b>0). In particular,

(A.209) T t"T'(a+i['(b—it)dt
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R A , T(a+b+j
= 7i Z(k}z kZS(k,])(—D-'%
k=0 =0

-b,
e M

(A.210) [o e “T(a+i)[(b—it)dt =27T(a+ b)W .

(A211) [ 21 gy
a +t

2
_2r [e‘“”}/(a+b, e")+eT'(b-a, e”)]
a

Example 4.6.3. In particular,

(A.212) [ a2 g,
a +t

—o0

27’ .
_ =T [e“y(2a,e")—e** Bi(—e*) |
a

tT(b+it
(A213) a(2 +;l2)

—0

2
dt =2~ (y(a+b,1)+T(b—a,1)).
a

(A.214) T ef: i Ldx=bT(){()

0

Section 4.7. Here and further 5 > 0. Also in this section

s—1

(A.215) [ efx —dv=b"T(s)(s)

and in particular, for s =1
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S*

(A.216) T

smhbxdx 267 (1= 2")(s)C(s)

(A.217) Txf-l (1— tanh bx) dx = 2(2b) *T(s)(s)

0

in particular,

I(l —tanh bx) dx = lan

(A.218) Tx“"l (cothbx —1)dx =2(2b) " T'(s)S ()

0

5

Tox 4
A.219 dx = I'(s+1 .
( ) '([cosh2 bx * (2b)™"! (s +Drr(s)

From this, with s =1, 2 we have
I —xz dx = 1n_22
o cosh” bx b
2

T( ) )
X = 3
v \ cosh bx 12b

N

T X
(A.220) ! sinhszdx (2[))\” L(s+1)E(s)

(A221) J- tcosxt 12
0 sinh L " cosh’ x
Tt Inx In2
A.222 —dx=——
(A.222) !e,,xﬂ === (In2+2Inb)

Example 4.7.1.
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(A.223) j In x (1 - tanh bx) dx = —1;—[)2(31112 +21Inb).
0
0 1 2
(A.224) [ =" (1n2—ﬂ+l 121nAj
ve -1 6b b

In particular, with b=2x

T xlnx 1
A.225 ————dx==¢"(-1
(A.225) !em_l ¢
Example 4.7.2.
o0 xs—l
(A.226) j dx = 2T (s)L(s)
o, coshx
Section 4.8.

(A.227) ”jz In(In tan x) dx = —1 @((:15 ; :)) ey j =J

/4

Example 4.9.1. Also there, with the same value of J

(A.228) [ 1n(1n”)d '
1 1+u?
1
(A.229) [ ! Zln(lnljd _jln( %) gy = g
o L +u u 0 l+u’
(A.230) [ LUBFRISYS
o coshu

@20 J(int] i da-pwre ®ea>o)

Example 4.9.2. In particular,
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(A.232) j ln[lnlj de=y()=—y
0 X

(A.233) j (mlj_ 1n[1n )dx =—(r+2In2Wx.

X

© 2,, 2n+1
(A.234) j ——de= (1)’ ( ) E,
Example 4.9.4. (E,,k=0,1,2,... are the Euler numbers). Also there

i \/_ D"
(A.235) f coshx N \FZ < (2n+1)"?

t 1
(A.236 de=21x .
) '([x/;coshx Z1l2n+

T cosat T our
(A237) J' mdt = ;e cosay

©  sinat T ax
(A23 8) I mdt = ;e smay

(a,x>0) Example 5.1.1.

©cosbtcosat T
J.—dtz—e ¥ cosh ax

A.239
( ) X2+ 2x

0

(0<a<b, x>0) Example 5.1.2.

(A.240)

jarctanat 2a’t : :Zlog(lﬁ:ax) (@.x>0)
0 t X+t 2 X

Example 5.1.3.
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Tsinatcosﬁt a

— = e ?sinhax
t X"+t 2x

(A.241)

0

(0<a< pf, x>0)Example 5.1.4.

—ab

Tcosbt dt 7w be™ —xe

A.242 L
( ) 0b2+l‘2 X+t 2bx B -X°

(x>0,a>0,b>0) Example 5.1.5. Also there

(A243) T cosbt " (ab + 1)
' L (B +1 ) 4p°
o —lax P _ —Abx P
(A.244) J~e cos”(ax)—e cos (bx) dreln2
0 X a

(a, b, A >0, p—any positive integer) Example 5.2.1. Also there

0

e % sin” (ax) — e~ sin” (bx) 0.

(A.245)

O

X

) 2n _ 2n n—1 2
(A.246) J-cos (ax)—cos™"(bx) dxzinlné Z[ nJ

0 X 4" a=\k

(a,b>0) Example 5.2.2. Also there

© 2n-1 2n-1
(A.247) | cos™” (a)=cos ™ (%) 4 _1nb
0 X a
© p _ p p
(A248) J~arctan (ax) —arctan” (bx) s (z) ne
0 X 2 b

(a, b >0, p—any positive integer) Example 5.2.3.

In—

X a

0 P _ »
(A.249) Isech (ax)—sech”(bx) , _, b

0
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(a,b>0, p—any positive integer) Example 5.2.4.

©

-Aaxq,.p o Abx 1. p
(A.250) Ie In”(1+ax)—e In (1+bx)dx=0
0 X
(a,b, p, >0) Example 5.2.5.
T _ gt 1. b
(A.251) [————dx=—In—
0 X p a
(a, b, p>0) Example 5.2.6.
© In(1+x) =
A.252 — L k=2,p)=Y ——
(A2 [ rapx =¢@n=2005
(p>0) Example 5.3.1.
A253) lme’ ],
(
A X
Example 5.3.2.
[ sin/x 1 Jdx
A.254 - —=2(1-y)+In
(A.254) f[& qu]x (1-7)+Ing

(g > 0) Example 5.3.3. Also there, for p >0 is arbitrary,

(A.255)

(5

dx
e

or
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(A.256) T( L j@ﬂ).

I1+x 1+xP ) x

I+gx

(A.257) T{cos X —

0

jdx——2y+lnq (g>0)
X

Example 5.3.4. Also there

T dt
(A.258) -([[1+t” —costj =y (p>0).
[ 1—cost 1 d _3 y
(A.259) !( ﬁ 2(1+tp)J 2, >0

Example 5.3.5.

T [ arctan/x 1

dx
A.260 =2+In >0
( ) = 1+qu . q (¢>0)

0

Example 5.3.6.

(A.261) j(e—w_ ! jﬂzlni_y
0 I+gx ) x p
(p,g>0) Example 5.3.7. Also there
w2y ey s,
0

(A.263) T(ﬂ(x+1)— In2 de (lln2 7/+lnq)1n2
0 l+gx

(¢ >0, B(s) - Nielsen’s beta function). Example 5.3.8. Also there

0

(A.264) I(ﬂ( +)= In2 jdx ( In2— yjln2 (p>0)
X

0
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(A265) [ ("’(”D” g(z)j —Q)Ing-C'(2)

0 X 1+gx

(g > 0) Example 5.3.9.

(A.266) j In i _dx=r(b—a) (a,b>0)

0 x+a

Example 5.4.1.

Tsin(2n+1)x ey gy = (m 1)'2 1

(A.267) : _
sin x ' (a—2ik)”

0

B . cos(m arctan(2k / )

Example 5.4.2. This is Problem 11796 from AMM. Here « >0, and
m >1,n >0 are integers.

(A.268) H”(”_l)lnx+ xIn x }x”ldle//'(p)—l

0 I-x (1-x)?
(p>0) Example 5.4.3.
Ho_ L H y A _ A
(A.269) sm;mj " =X iy =sin j 47T dx
x+a b—x xX+b a-—x
sm Azsin uw J-J- x“t*
V4 (x+b)(t+a)(t+x)

Example 5.4.4. Here |Re A |<L,|Reu|<L,|Re(1+ p)|<1.
This extends Problem 11506 from AMM.

nxde 1nabK{\/a2 —bzl

0 \/(a2 +xz)(b2 +x2) "~ 2a

(A.270)

a

Example 5.4.5. Here 0 <b < aand



List of Solved Integrals 369

/2

I V1 SlIl

1 2 2
(A.271) | xhnd+x) g7, (n2)
) 14 x 9% 8

K (k)=

Example 5.4.6. Problem 11966 (AMM). Also there

1 2
(A.272) [ In(+2%) y 3oy -7
Y ey 4 48
o 7 x| dx
(A.273) I Z_ _Darcsin* = |——
oL 18 2)1—x

4’

5() 276 fz(3n+1>

Example 5.4.7.
1 n

(A.274) [ (ln(l%t))dt — (=Y nlE(n+1)
0

Example 5.4.8. Problem 1139 from CMJ.

(A.275) j( In(l= j dt = n"i(—l)’f-‘s(n ~LK)C(n+1-k)

Example 5.4.9. Problem 1117 (CMJ). Here s(n,k) are the Stirling
numbers of the first kind.

© 2 2
(A.276) J'Lmdxzilna_ﬂ(,ﬁ +1n2 a+1]
< a—tanhx 12 a-1 a—

(a>1). Example 5.4.10. Problem 11418 (AMM).
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L, () -Li,(0)) , 7
(A.277) j (;j dx=—
0 1-x 15

Example 5.4.11. This is Problem 12127 from AMM.

dx=rIn(2++/2)

(A278) Tln(x -2x°+2)

xvxt -1

Example 5.4.12. Problem 12184 (AMM).

. b
a279) | COSAY oo T2 (cosﬁﬂinﬁj

' x* b 20°\2 J2 V2

where 4>0, 5> 0. In particular, with 1 =0

T 1 P
o x* + b 20°\2
Example 5.4.13. Also in this example

w . b
Ixsm/lx T 5

A.280 XSInAY o T 2
(A.250) N TE NG

(A2gy [SmertDr 1 dxzﬁ(l Ty slnhnaj

0 sin x X’ +d’ a\?2 sinha

Example 5.4.14. Here a >0 and n>1 is an integer.

(A.282) dx=G

1
J- arctan x

0 X

Section 5.5. (G is Catalan’s constant). Also there

1
(A.283) | 1“2 dx=-G
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/2

(A.284) | L _4-2G
0 sint

A285 dt =2G
( ) v([cosht
(A.2862) j Md - ln2—G

0 1+ x?
(A.286b) j LLIUE 5 S SRS

0 1+ x° 4

1 t ’ T 2
(A.287) j(m a“j de="m2-2 4G
0 X 4 16
/4 ’ 2 p 72_2
(A.288) j (_] di="m2-2+G
sin¢ 4 16
1 2

(arctan?) V4 7
A.289 MY ar=ZG6-Lc3).
(A.289) j l G540

(L (1+x*) dx 7«
(A.290a) j In —=ZIn2

0 X 1+x 2

Example 5.5.1. Also there

0 1-x*) dx 7«
(A.290b) j In _=Zn2.
0 x Jl+x 4
1 1 72_2
(A.291) j —In(1—x?)arccos x dx = — — 4G
0 X 4

Example 5.5.2.
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1
(A.292) j In(1 + ax*)arccos x dx
0

= | =

7 L 1+4l+a . 1-Al+a

Example 5.5.3. Here | |<1. In particular, with & =—1

3
T

lln(l — x”)arccos x dx =Tm2-2
X 2

A.293
( ) 24

Sy S———

(A.294) J‘lnil:%dx = %ln(l +A%)—InAarctan A + Ti, (1)
0

(A>0). In particular, with 4 =1

(A.295) I+ p T ot
1 2
y 1+x 4

Example 5.5.4.

/2
(A.296) j In(1 + tan x) dx = %m 2+G

0

Example 5.5.5. Also there

/4
(A.297) j In(l + tan x) dx = %m 2.
0

/2
(A.298) I arcsinh(cos x)dx =G

0

Example 5.5.6. Also there

/2

(A.299) j In(cosx ++/1+cos’x ) dx=G.
0
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11 dx dy _
(A.300) .([.([ (1=xp)(1+x)(1+ y) =

Example 5.6.2. Also there

‘ 2 dx
(A.301) gln(aj Ty 02
(A.302) Tln(;j D gr=2mm2.
o dx dy _71'_2
(A.303) ! ! A+x)1+x)(1+y) 24

Example 5.6.3. Also there

1 2
(A.304) | 1n(iJ e _ 7
0 l+x)1—x 24
1 2
(A.305) jln(l”)d _”—
0

2

(A306) '([.([(14_)6 )(1+x)(1+y)

dxdy

2
AT SR R S
48 8 8 2

Example 5.6.4.

(A.307) IM dt

1-¢
=log*(1-#)Li,(1-#) - 2log(1— ) Li,(1— 1)+ 2Li,(1- 1)+ C

Section 5.7.1. Also there
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1 . —t o —_t
(A.308) It(l_t)Llp(l_tJdt—L1p+1(1_tj+c
(A.309) j %dx

=log(1-1)Li,(1-#) - Li,(1-#)+ C.

(A.310) lei%(xx)dx

=2[Li,(1-1) - £(3)] - log(l —t)[Li2(1 ~1) +%2}

(0<t<1). Section 5.7.2.

1l dxdy
(A311) M(l—xyZ)(Hx)(HY)

:i{Liz(z)+log2 2—2[L12(1;Zj— Liz(%ﬂ }

Section 5.7.3.

o0 .
J‘ cosSxsmx

(A312) dng

0 X

Section 5.8. Also there

a+b

A313
( ) P

T sin(ax)sin(bx) e lln
2

0 X

(a,b>0, a#b)

©

(A314) dexzz

X 2
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(a>b>0)
o0 2 .
(A315) J‘COS xsmxdxzz
0 by 4
© 2n . © . 2
(A.316) jwdxzjcosz"x( Smxj dx
X X

0 0

1 2n\ 7
4\ n )2

o . 2ptl w . 2
2
A317) [ dxzjsinz"x(smxj dx:—ln[ "jﬁ
0 X 0 X 4"\'n )2

© ©

(A.318) [1sinx | 225 dv = [ cos x| v =1.
0 0
T o1 A A1
A.319 e'“(——coth )dxz (—)—1]’1—4——
( ) '([ X * v 2 2 A

Example 5.9.1. Here Re A > 0. Also in this example

o1 1 A+1 A
A.320 e”(__ jdx: (—j—ln—.
( ) -([ x sinhx v 2 2
F(ﬂ+3)
(A.321) je‘“(l— ! )§=21n 4 —lni
0 coshx/ x F(M) 4
4

Example 5.9.2.

(A.322) TM dp =2 LE+ =)
' cosh™ (¢) I'(2x)

0

(Rex>0,Rex>|Rey|) Example 5.9.3. Also there
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(A323) Tcosh(2yt) dpe Y
< cosh’(7) sinzy
(A.324) Icos(2yt) Ty
0 cosh’(7) s1nh Ty
(A.325) TCOSh(zy D) g¢ = 21=5)
< cosh*(?) 3sinzy
(A326) T cos(2yt) df e 27y(1+y?)
. cosh*(7) 3sinh 7y
(A.327) le"e”z cos(2xt)dt = (_leT\I/;eszzn (x)

0

Example 5.9.4. Here H, (x) are the Hermite polynomials. Also there

(A.328) j £2"e™ sin(2xt) dt = %e"szl (x).
0
(A.329) [e? cos(nx)x = 71, (4)

0

Example 5.9.5. Here /(1) (n=0,1, 2,...) are the modified Bessel functions
of the first kind. In particular

(A.330) j e % dx = 71, (A)
0
(A.331) e dx = ;zz
! 4”(1?‘)
(A332) J-ln(coshx +sinh xcos y) dy=7zn
v coshx+sinhxcosy 1+cosh x

Example 5.9.6. Also in this example



List of Solved Integrals 377

(A.333) Jln (coshx+smhxcosy)d  orLi (l—coshx)
' o coshx+sinhxcosy ? '

(A.334) ! ! Sm(’;)(ili(;; ) ey = ?

Example 5.9.7.

(A.335) 3

) .
J‘SlIl X—XSmx
0 X

dx:l—ln2.
2

Example 4.2.6.
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Apéry’s constant, 96, 97, 100, 268

arithmetic-geometric inequality, 26

Arithmetic-Geometric Mean, 26, 27,
245

Basel problem, 85, 86, 89, 91

Bernoulli numbers, 145, 200

Binet type formula, 140, 141

Binet’s formula, 123, 124

Catalan’s constant, 45, 212, 264, 268,
270, 271, 276, 277, 284

Chebyshev, 13, 15

Clausen’s function, 108

differential binomial, 12

digamma function, 103, 118, 141, 160,
177,226, 242

dilogarithm, 86, 104, 113, 256, 275,
292,301

Dirichlet kernel, 241

elliptic integrals, 29

Euler substitution, 1,4,5,6,7,8,9

Euler’s beta function, 148, 170

Euler’s constant, 118, 226, 232, 243

Euler’s eta function, 190, 234

Euler’s L(s) function, 198

Euler’s numbers, 145, 200, 204, 211

Euler’s substitutions, 2

Euler’s transformation formula, 237

exponential integral, 159, 160, 189

exponential polynomials, 145, 181, 182

First Euler substitution, 3

Formula of Poisson, 215

Fourier cosine transform, 164

Fourier series, 103, 104, 143, 144

Fourier transform, 183, 184, 185, 186,
187

385

Fourier’s cosine transform, 70

Fresnel integrals, 148, 149

Frullani integral, 221, 224

Frullani’s formula, 46, 219, 223, 224

gamma function, 154, 181, 184, 210,
239, 321, 324

Gauss formula, 2, 27, 29

Gaussian integral, 39, 53, 54, 55

General Trigonometric Substitution, 22

Glaisher-Kinkelin constant, 127, 197,
237

harmonic numbers, 161, 163

Hecke’s integral, 75

Hermite polynomials, 326, 327

hyperbolic substitutions, 2, 17

inverse tangent integral, 275

Kummer’s series, 125

Laplace integrals, 74

Laplace transform, 42, 146, 147, 149,
158, 161, 162

Legendre function, 330

Legendre polynomial, 330

Leibnitz Integral Rule, 79

Leibniz rule, 185

Lerch’s formula, 209

Lobachevsky’s Integral Formula, 318

log-cosine, 104

log-cotangent, 108

log-gamma integral, 104

log-sine, 104, 106, 119

Mellin transform, 184

modified Bessel function of the first
kind, 328, 329

Nielsen’s beta function, 120, 170, 176,
234

Parseval’s theorem, 135, 145, 164, 165,
170, 181, 183, 186, 187
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Poisson’s formula, 216

Polya’s criterion, 37

polylogarithm, 96, 104, 117, 291, 315

Riemann’s zeta function, 103, 106,
126, 145, 168, 189, 190, 195, 200,
201, 236

Second Euler substitution, 3

sine and cosine integrals, 74

skew-harmonic numbers, 90, 91, 95

Stieltjes constants, 196

Stirling numbers of the first kind, 250

Stirling numbers of the second kind,
182, 250

The second Binet formula, 321

Third Euler substitution, 4

trilogarithm, 301

Wallis integral, 137, 319
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