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Preface to the Second Edition

In this new edition, I have added some material which is particu-
larly useful in applications, namely the new Section 9.3 on options and
their values and the new Chapter 11 on stochastic delay population
systems. In addition, more material has been added to Section 9.2 to
include several popular stochastic models in finance, while the con-
cept of the maximal local solution to a stochastic functional differential
equation has been added to Section 5.2 which forms a fundamental
theory for our new Chapter 11.

During this work, I have benefitted from valuable comments and
help from several people, including K.D. Elworthy, G. Gettinby, W.
Gurney, D.J. Higham, N. Jacob, P. Kloeden, J. Lam, X. Liao, E.
Renshaw, A.M. Stuart, A. Truman, G.G. Yin. I am grateful to them
all for their help.

I would like to thank the EPSRC/BBSRC, the Royal Society, the
London Mathematics Society as well as the Edinburgh Mathematical
Society for their financial support. Moreover, I should thank my
family, in particular, Weihong, for their constant support.

Xuerong Mao
Glasgow June 2007
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Preface from the 1997 Edition

Stochastic modelling has come to play an important role in many
branches of science and industry where more and more people have
encountered stochastic differential equations. There are several excel-
lent books on stochastic differential equations but they are long and
difficult, especially for the beginner. There are also a number of books
at the introductory level but they do not deal with several important
types of stochastic differential equations, e.g. stochastic equations of
the neutral type and backward stochastic differential equations which
have been developed recently. There is a need for a book that not
only studies the classical theory of stochastic differential equations,
but also the new developments at an introductory level. It is in this
spirit that this text is written.

This text will explore stochastic differential equations and their
applications. Some important features of this text are as follows:

e This text presents at an introductory level the basic principles of
various types of stochastic systems, e.g. stochastic differential
equations, stochastic functional differential equations, stochas-
tic equations of neutral type and backward stochastic differential
equations. The neutral-type and backward equations appear fre-
quently in many branches of science and industry. Although they
are more complicated, this text treats them at an understandable
level.

e This text discusses the new developments of Carathedory’s and
Cauchy—Marayama’s approximation schemes in addition to Pi-
card’s. The advantage of Cauchy—Marayama’s and Carathedory’s
schemes is that the approximate solutions converge to the accu-
rate solution under a weaker condition than the Lipschitz one,
but the corresponding convergence problem is still open for Pi-
card’s scheme. These schemes are used to establish the theory of
existence and uniqueness of the solution while they also give the

ix



X Preface

procedures to obtain numerical solutions in applications.

o This text demonstrates the manifestations of the general Lya-
punov method by showing how this effective technique can be
adopted to study entirely differently qualitative and quantitative
properties of stochastic systems, e.g. asymptotic bounds and ex-
ponential stability.

o This text emphasises the analysis of stability in stochastic mod-
elling and illustrates the practical use of stochastic stabilization
and destabilization. This is the first text that explains system-
atically the use of the Razumikhin technique in the study of ex-
ponential stability for stochastic functional differential equations
and the neutral-type equations.

o This text illustrates the practical use of stochastic differential
equations through the study of stochastic oscillators, stochastic mod-
elling in finance and stochastic neural networks.
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General Notation

Theorem 4.3.2, for example, means Theorem 3.2 (the second theorem in
Section 3) in Chapter 4. If this theorem is quoted in Chapter 4, it is written as

Theorem 3.2 only.

positive :
nonpositive :
negative :
nonnegative :
as. :
A:=B:
A(z) = B(z) :

0:
Ia:

A°
ACB:
ACBas. :
o(C) :
aVvb:

f:A—- B:

> 0.

<0.

< 0.

>0.

almost surely, or P-almost surely, or with probability 1.

A is defined by B or A is denoted by B.

A(z) and B(z) are identically equal, i.e. A(z) = B(z) for
all z.

the empty set.

the indicator function of a set A, i.e. Iq(z)=1ifz € A or
otherwise 0.

the complement of A in 2, i.e. AS=Q - A.
ANBe=40.

P(AnN B°)
the o-algebra generated by C.

the maximum of a and b.

: the minimum of a and b.

the mapping f from A to B.

: the real line.

: the set of all nonnegative real numbers, i.e. R, = [0,00).
: the d-dimensional Euclidean space.

:={z€R¥:3; >0, 1<i<d},ie. the positive cone.
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Cr(D; RY) :

C*Y(D x Ry;R) :

A
A
Ve e
Vi :

[1€llee :
LP(S4 RY) :
L% () RYy:

C([~r,05; R?) :

General Notation

: the Borel-g-algebra on R<.

= Bl

: the space of real d x m-matrices.

: the Borel-g-algebra on R4*™.

: the d-dimensional complex space.

: the space of complex d x m-matrices.

: the Euclidean norm of a vector z.

: ={zx € R%:|z| <h}

: the transpose of a vector or matrix A.

: the scale product of vectors = and y, i.e. (z,y) =zTy.

: the trace of a square matrix A = (aij)dxd, i.e. trace A =

ZISigd Qi

: the smallest eigenvalue of a matrix A.

: the largest eigenvalue of a matrix A.

! = SUPzeRt (zj=1 zT Az.

1= \ﬁm, i.e. the trace norm of a matrix A.

: = sup{lAz| : |z] = 1} = m, i.e. the operator

norm of a matrix A.

: Dirac’s delta function, that is d;; = 1 if i = j or otherwise 0.
C(D;RY) :
C™(D; R%) :

the family of continuous R%-valued functions defined on D.

the family of continuously m-times differentiable R%-valued
functions defined on D.

the family of functions in C™(D; R%) with compact support
in D.
the family of all real-valued functions V' (z,t) defined on D x

R, which are continuously twice differentiable in x € D and

once differentiable in t € R,.

_ (.9 F)

= (Ef’ . B—zj)

the Laplace operator, i.e. A = E‘::l 6%:"
v av

=VV =(Vg, Vo, =(%,...,E)_

= (Vziz, )dxd = (3%},",—1.)4xd.

= (Emp)l/p_

the family of R%-valued random variables £ with E[¢[P < oc.
the family of R%-valued F;-measurable random variables £
with E|£JP < oo.

the space of all continuous R%-valued functions y defined on
[~7,0] with a norm |lo|| = sup_, <e<o l(9)]-



L%([-7,0); RY) :
L%, ([-7,0; RY) :
C%,([-7,0; RY) :
L?([a,b]; RY) :
LP([a,b]; RY) :
MP([a,b]; RY) :
LP(Ry; RY) :
MP(R; RY) :

Erf(-) :
sign(z) :

General Notation xvii

the family of all C(|—7,0}; R%)-valued random variables ¢
such that E{|¢||? < oo.

the family of all F;-measurable C([-7,0]; R)-valued ran-
dom variables ¢ such that E}|¢||P < oo.

the family of F;-measurable bounded C([—7,0]; R?)-valued
random variables.

the family of Borel measurable functions h : {a,b] — R such
that [ |h(t)Pdt < oo.

the family of R%-valued F;-adapted processes {f(t)}a<t<b
such that f: [f(t)[Pdt < oo as.

the family of processes { f(t)}a<t<s in LP([a, b}; R?) such that
E [2|f(t)[Pdt < co.

the family of processes {f(t)}¢>0 such that for every T > 0,
{f(O}osesr € £2(0,T}; RY).

the family of processes {f(t)}:>0 such that for every T > 0,
{f(®)}o<ecT € MP([0,T]; RY).

the error function given by Erf(z) = (2x)~'/2 [~ e~ /24y,

the sign function, that is sign(x) = +1 if £ > 0 or otherwise
-1.

Other notations will be explained where they first appear.
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1

Brownian Motions

and Stochastic Integrals

1.1 INTRODUCTION

Systems in many branches of science and industry are often perturbed by vari-
ous types of environmental noise. For example, consider the simple population

growth model
R _ ayviy (1

with initial value N(0) = N, where N(t) is the size of the population at time
t and a(t) is the relative rate of growth. It might happen that a(t) is not
completely known, but subject to some random environmental effects. In other
words,

a(t) = r(t) + o(t) “noise”,

so equation (1.1) becomes

dN(t) _

& r(t)N(t) + o(t)N(t)“noise”.

That is, in the form of integration,
t t
N(t) = No +/ r(s)N(s)ds +/ o(s)N(s)“noise”ds. (1.2)
0 0

The questions are: What is the mathematical interpretation for the “noise” term
and what is the integration fo o(s)N(s)“noise”ds?

1



2 Brownian Motions and Stochastic Integrals [Ch.1

It turns out that a reasonable mathematical interpretation for the “noise”
term is the so-called white noise B(t), which is formally regarded as the derivative
of a Brownian motion B(t), i.e. B(t) = dB(t)/dt. So the term “noise”dt can be
expressed as B(t)dt = dB(t), and

t

/t a(s)N(s) “noise”ds=/ a(s)N(s)dB(s). (1.3)
0 0

If the Brownian motion B(t) were differentiable, then the integral would have
no problem at all. Unfortunately, we shall see that the Brownian motion B(t) is
nowhere differentiable hence the integral can not be defined in the ordinary way.
On the other hand, if o(t)N(¢) is a process of finite variation, one may define
the integral by

t

/ o(s)N(s)dB(s) = o(t)N(£) B(t) - / B(s)d]o(s)N(s)]-
0 0

However, if a(t)N(t) is only continuous, or just integrable, this definition does
not make sense. To define the integral, we need make use of the stochastic
nature of Brownian motion. This integral was first defined by K. It in 1949 and
is now known as the Ité stochastic integral. The main aims of this chapter are to
introduce the stochastic nature of Brownian motion and to define the stochastic
integral with respect to Brownian motion.

To make this book self-contained, we shall briefly review the basic notations
of probability theory and stochastic processes. We then give the mathematical
definition of Brownian motions and introduce their important properties. Mak-
ing use of these properties, we proceed to define the stochastic integral with
respect to Brownian motion and establish the well-known It6 formula. As the
applications of Itd’s formula, we establish several moment inequalities e.g. the
Burkholder-Davis—Gundy inequality for the stochastic integral, as well as the
exponential martingale inequality. We shall finally show a number of well-known
integral inequalities of the Gronwall type.

1.2 BASIC NOTATIONS OF PROBABILITY THEORY

Probability theory deals with mathematical models of trials whose out-
comes depend on chance. All the possible outcomes—the elementary events—
are grouped together to form a set, §, with typical element, w € 2. Not every
subset of Q is in general an observable or interesting event. So we only group
these observable or interesting events together as a family, F, of subsets of 2.
For the purpose of probability theory, such a family, F, should have the following
properties:

(i) @ € F, where @ denotes the empty set;
(i) A€ F = A€ € F, where A® = Q — A is the complement of A in ;

(iii) {Ai}iz1 CF=>UZ A€ F.



Sec.1.2] Basic Notations of Probability Theory 3

A family F with these three properties is called a o-algebra. The pair (2, F)
is called a measurable space, and the elements of F is henceforth called F-
measurable sets instead of events. If C is a family of subsets of §2, then there
exists a smallest o-algebra o(C) on Q which contains C. This ¢(C) is called the
o-algebra generated by C. If @ = R% and C is the family of all open sets in R?,
then BY = ¢(C) is called the Borel -algebra and the elements of B¢ are called
the Borel sets.

A real-valued function X : Q@ — R is said to be F-measurable if
{w:X(w)<a}eF foralla€cR.

The function X is also called a real-valued (F-measurable) random variable. An
Rd-valued function X (w) = (X1(w),-++, Xa(w))T is said to be F-measurable if
all the elements X; are F-measurable. Similarly, a d x m-matrix-valued function
X(w) = (Xij(w))dxm is said to be F-measurable if all the elements X;; are
F-measurable. The indicator function I, of a set A C 2 is defined by

_f1 forweA,
IA(w)—{O for w ¢ A.

The indicator function I4 is F-measurable if and only if A is an F-measurable
set, i.e. A € F. If the measurable space is (R?, B), a B%-measurable function is
then called a Borel measurable function. More generally, let (', ') be another
measurable space. A mapping X : Q — €V is said to be (F, F')-measurable if

{w: X(w)ye A'YeF forall A' e F.

The mapping X is then called an ’-valued (F,F’)-measurable (or simply, F-
measurable) random variable.

Let X : @ — R? be any function. The o-algebra o(X) generated by X is
the smallest o-algebra on Q containing all the sets {w : X(w) € U}, U C R®
open. That is

o(X) = o({w: X(w) € U} : U C R® open).

Clearly, X will then be o(X)-measurable and o(X) is the smallest o-algebra
with this property. If X is F-measurable, then o(X) C F, i.e. X generates a
sub-o-algebra of F. If {X; :i € I} is a collection of R%-valued functions, define

o(X;:1€l)= a(U O(X.‘))

i€l

which is called the o-algebra generated by {X; : i € I}. It is the smallest o-
algebra with respect to which every X; is measurable. The following result is
useful. It is a special case of a result sometimes called the Doob-Dynkin lemma.



4 Brownian Motions and Stochastic Integrals [Ch.

Lemma 2.1 If X,Y : Q@ — R? are two given functions, then Y is o(X)-
measurable if and only if there exists a Borel measurable function g : R* — R?
such that Y = g(X).

A probability measure P on a measurable space (2, F) is a function P :
F — [0,1] such that

Q) PO = 1;
(i) for any disjoint sequence {A;}i>1 C F (ie. A;NA; =0 ifi# j)

P (G Af) = i P(A).
i=1 i=1

The triple (Q,F, P) is called a probebility space. 1f (2, F, P) is a probability
space, we sct

F={AcCQ:3B,Ce Fsuchthat BC ACC, P(B)=P(C)}.

Then F is a o-algebra and is called the completion of F. If F = F, the prob-
ability space (2, F, P) is said to be complete. If not, one can easily extend P
to F by defining P(A) = P(B) = P(C) for A € F, where B,C € F with the
properties that B C A C C and P(B) = P(C). Now (Q,F,P) is a complete
probability space, called the completion of (Q, F, P).

In the sequel of this section, we let (2, F, P) be a probability space. If X is
a real-valued random variable and is integrable with respect to the probability
measure P, then the number

EX = / X(w)dP(w)
Q

is called the erpectation of X (with respect to P). The number
V(X) = E(X - EX)?

is called the variance of X (here and in the sequel of this section we assume
that all integrals concerned exist). The number E|X|P (p > 0) is called the pth
moment of X. If Y is another real-valued random variable,

Cov(X,Y) = E[(X — EX)(Y — EY)]

is called the covariance of X and Y. If Cou(X,Y) = 0, X and Y are said
to be uncorrelated. For an R%-valued random variable X = (X e Xa)T,
define EX = (EXl,---,EXd)T. For a d x m-matrix-valued random variable
X = (Xij)axm, define EX = (EXjj)axm. If X and Y are both R4-valued
random variables, the symmetric nonnegative definite d x d matrix

Cov(X,Y) = E[(X - EX)(Y — EY)T]
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is called their covariance maitriz.

Let X be an R%valued random variable. Then X induces a probability
measure px on the Borel measurable space (R?, B?), defined by

px(B) = P{w: X(w) € B}  for B e B¢,

and pyx is called the distribution of X. The expectation of X can now be
expressed as

EXr-/ rdpx(z).
R4

More generally, if g : R —» R™ is Borel measurable, we then have the following
transformation formula

Eo(X) = [ o(@)dux(e).

For p € (0,00), let LP = LP(; R%) be the family of R%-valued random
variables X with E|X|? < co. In L', we have |[EX| < E|X|. Moreover, the
following three inequalities are very useful:

(i) Holder’s inequality
IE(XTY)| < (EIXIP)'/P (ElY|9)Y/e

ifp>1, 1/p+1/g=1, X € LP, Y € LY,
(it) Minkovski’s inequality

(E|X + Ylp)l/p < (Elelp)l/p + (E|y|p)1/p

ifp>1,X,Y € L?;
(iii) Chebyshev’s inequality

P{w: | X()| > ¢} < cPE)X]P

ife>0, p>0, X € LP.
A simple application of Hélder’s inequality implies

(EIX[")'/" < (EIX|P)!/P

f0<r<p<oo, X e€lLP
Let X and Xi, k > 1, be R%valued random variables. The following four
convergence concepts are very important:

(a) If there exists a P-null set y € F such that for every w ¢ Qp, the se-
quence {X;(w)} converges to X(w) in the usual sense in R%, then {X\}
is said to converge to X almost surely or with probability 1, and we write
limy 00 Xk = X as.



6 Brownian Motions and Stochastic Integrals [Ch.1

(b) If for every € > 0, P{w : | X)(w) — X(w)| > €} — 0 as k — oo, then {X;}
is said to converge to X stochastically or in probability.

(c) If Xx and X belong to L? and E}X; — X|P — 0, then {X;} is said to
converge to X in pth moment or in LP.

(d) If for every real-valued continuous bounded function g defined on R¢,
limg .o Eg(Xx) = Eg(X), then {X;} is said to converge to X in dis-
tribution.

These convergence concepts have the following relationship:

convergence in L?

4

a.s. convergence = convergence in probability

y

convergence in distribution

Furthermore, a sequence converges in probability if and only if every subsequence
of it contains an almost surely convergent subsequence. A sufficient condition
for limg__ o, Xi = X a.s. is the condition

oo
ZE[Xk - X|?P < oo for some p > 0.
k=1
We now state two very important integration convergence theorems.

Theorem 2.2 (Monotonic convergence theorem) If {X\} is an increasing
sequence of nonnegative random variables, then

kli.tgo EXy=E (kli—{{olo Xk ) )

Theorem 2.3 (Dominated convergence theorem) Let p > 1, {X\x} C
LP(Q; RY) and Y € LP(Q; R). Assume that |Xx| <Y a.s. and {X;} converges
to X in probability. Then X € LP(Q; R%), { Xk} converges to X in L?, and

lim EX; = EX.
k—o00

When Y is bounded, this theorem is also referred as the bounded convergence
theorem.

Two sets A, B € F are said to be independent if P(AN B) = P(A)P(B).
Three sets A, B,C € F are said to be independent if

P(ANB) = P(A)P(B), P(ANC) = P(A)P(C),
P(BNC) = P(B)P(C) and P(ANBNC)= P(A)P(B)P(C).
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Let I be an index set. A collection of sets {A; : i € I} C F is said to be
independent if
P(A;,N---NA4;,) =P(Ai1)"'P(Aik)

for all possible choices of indices iy,:--,ix € I. Two sub-o-algebras F; and F,
of F are said to be independent if

P(A] N Az) = P(A])P(Az) for all A, € Fy, Ay € Fo.

A collection of sub-o-algebras {F; : i € I} is said to be independent if for every
possible choice of indices iy,---,1; € I,

P(A;, N---NAi,) = P(Ay)--- P(Ay,)

holds for all A;, € F;,,---, A, € Fi,. A family of random variables {X; : ¢ € I}
(whose ranges may differ for different values of the index) is said to be inde-
pendent if the o-algebras o(X;), i € I generated by them are independent. For
example, two random variables X : @ — R% and Y : Q — R™ are independent
if and only if

P{w: X(w) € A, Y(w) € B} = Plw: X(w) € A} P{w:Y (w) € B}

holds for all A € B, B € B™. If X and Y are two independent real-valued
integrable random variables, then XY is also integrable and

E(XY) = EX EY.
If X,Y € L?(Q; R) are uncorrelated, then
V(X +Y) = V(X) + V().

If the X and Y are independent, they are uncorrelated. If (X,Y) has a normal
distribution, then X and Y are independent if and only if they are uncorrelated.

Let {Ax} be a sequence of sets in F. Define the upper limit of the sets by

oo OO
limsup Ax = {w : w € A for infinitely many k} = ﬂ U Ag.

ko0 i=1 ki

Clearly, it belongs to . With regard to its probability, we have the following
well-known Borel-Cantelli lemma.

Lemma 2.4 (Borel-Cantelli’s lemma)

(1) If {Ax} C F and Y_32, P(Ak) < oo, then

P(lim sup Ak) =0.

k—oo
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That is, there erxists a set S, € F with P(S),) = 1 and an integer-valued random
variable k, such that for every w € Q, we have w ¢ Ay whenever k > k,(w).

(2) If the sequence {Ax} C F is independent and 3 7. | P(Ax) = oo, then

P(lim sup Ak) =1

k—oo

That is, there exists a set g € F with P(Qlp) = 1 such that for every w € Qg,
there exists a sub-sequence {Ax,} such that the w belongs to every Ag,.

Let A,B € F with P(B) > 0. The conditional probability of A under
condition B is
P(ANB)
P(B) -

However, we frequently encounter a family of conditions so we need the more
general concept of conditional ezpectation. Let X € L'(; R). Let G C F is
a sub-o-algebra of F so (2,G) is a measurable space. In general, X is not G-
measurable. We now seek an integrable G-measurable random variable Y such
that it has the same values as X on the average in the sense that

P(A|B) =

E(IgY) = E(IgX) ie. /G Y (w)dP(w) = /G X(w)dP(w) forall Geg.

By the Radon-Nikodym theorem, there exists one such Y, almost surely unique.
1t is called the conditional expectation of X under the condition G, and we write

Y = E(X|G).
If G is the the o-algebra generated by a random variable Y, we write
E(X|G) = E(X[Y).
As an example, consider a collection of sets {Ax} C F with

UAe =9, P(A) >0, AcnA; =0 if k#j.
k

Let G = o({Ax}), i.e. G is generated by {Ax}. Then E(X|G) is a step function
on 2 given by

T4, E(14,X)
E(X|G) = B
(X19) =2 =F(a)
In other words, if w € Ay,
E(Ia, X
E(X|G)(w) = _(ﬁ_l_

P(A)
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It follows from the definition that
E(E(X]|G)) = E(X)
and
IE(X|9)| < E(IX]1G) a.s.
Other important properties of the conditional expectation are as follows (all the
equalities and inequalities shown hold almost surely):
(a) ¢ =1{0,2} = E(X|G) = EX;
(b) X >0= E(X|G)>0;
(¢) X is G-measurable = E(X|G) = X;
(d) X =c = const. = E(X|G) =
(e) a,b€ R= E(aX 4 bY|G) = aE(X|G) + bE(Y|G);
() X <Y = B(X|G) < E(YG);
(g) X is G-measurable = E(XY|G) = XE(Y|G),
in particular, E(E(X|G) Y|G) = E(X|G) E(Y|9);
(h) o(X),G are independent = E(X|G) = EX,
in particular, X,Y are independent = E(X|Y) = EX;
(i) G1 C G2 C F = E(E(X|G2)|G1) = E(X|G).

Finally, if X = (X},---,X4)T € LY(Q; R%), its conditional expectation un-
der G is defined as

E(X|G) = (E(X1|6),---, E(X4|6))T.

1.3 STOCHASTIC PROCESSES

Let (22, 7, P) be a probability space. A filtration is a family {F;}:>0 of
increasing sub-o-algebras of F (i.e. Fy C F, C Fforall 0 <t < s < o0). The
filtration is said to be right continuous if F, = (),,, F, for all t > 0. When the
probability space is complete, the filtration is said to satisfy the usual conditions
if it is right continuous and Fy contains all P-null sets.

From now on, unless otherwise specified, we shall always work on a given
complete probability space (0, F, P) with a filtration {F;}:>0 satisfying the usual
conditions. We also define Foo = 0(Uy>o Ft), i.€. the o-algebra generated by

UtZO Fe.

A family {X,}¢cs of R%valued random variables is called a stochastic pro-
cess with parameter set (or indez set) I and state space R®. The parameter set
I is usually (as in this book) the halfline Ry = [0,00), but it may also be an
interval [a, b], the nonnegative integers or even subsets of R?. Note that for each
fixed t € I we have a random variable

Q5w - X,(w) € R4
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On the other hand, for each fixed w € €2 we have a function
Ist— X, (w)eR?

which is called a sample path of the process, and we shall write X (w) for the
path. Sometimes it is convenient to write X (¢,w) instead of X;(w), and the
stochastic process may be regarded as a function of two variables (¢,w) from
I x Q to RY. Similarly, one can define matrix-valued stochastic processes etc.
We often write a stochastic process {X;}i1>0 as {X,}, X, or X(t).

Let {X;}:>0 be an R%-valued stochastic process. It is said to be continuous
(resp. right continuous, left continuous) if for almost all w € Q function X,(w)
is continuous (resp. right continuous, left continuous) on ¢ > 0. It is said to be
cadlag (right continuous and left limit) if it is right continuous and for almost all
w € §2 the left limit lim,y, X,(w) exists and is finite for all ¢ > 0. It is said to be
integrable if for every t > 0, X, is an integrable random variable. It is said to be
{F¢}-adapted (or simply, adapted) if for every t, X, is F;-measurable. It is said
to be measurable if the stochastic process regarded as a function of two variables
(t,w) from Ry x Q to R is B(R,) x F-measurable, where B(R.) is the family
of all Borel sub-sets of R,. The stochastic process is said to be progressively
measurable or progressive if for every T > 0, { X, }o<:<T regarded as a function
of (t,w) from [0, T) x Q to R4 is B([0, T)) x Fr-measurable, where B([0, T}) is
the family of all Borel sub-sets of [0, T). Let O (resp. P) denote the smallest o-
algebra on R x Q) with respect to which every cadlag adapted process (resp. left
continuous process) is a measurable function of (¢,w). A stochastic process is said
to be optional (resp. predictable) if the process regarded as a function of (¢, w) is
O-measurable (resp. P-measurable). A real-valued stochastic process {A:}¢>0
is called an increasing process if for almost all w € Q, A;(w) is nonnegative
nondecreasing right continuous on ¢t > 0. It is called a process of finite variation
if A, = A, — A, with {A,} and {A,} both increasing processes. It is obvious
that the processes of finite variation are cadlag. Hence the adapted processes of
finite variation are optional.

The relations among the various stochastic processes are summarised below:

continuous adapted continuous adapted adapted increasing
4 4 4
left continuous adapted cadlag adapted < adapted finite variation
4 4
predictable = optional
4
progressive = adapted
4
measurable

Let {X;}t>0 be a stochastic process. Another stochastic process {Y:}i>o0
is called a version or modification of {X,} if for all ¢t > 0, X; = Y, as. (ie
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P{w : Xi(w) = Yi(w)} = 1). Two stochastic processes {X;}:>0 and {Y;}:>0 are
sald to be indistinguishable if for almost all w € Q, X;(w) = Yi(w) for all t > 0
(i.e. P{w: X;(w) = Yi(w) for all t > 0} =1).

A random variable 7 : Q@ — [0, 00] (it may take the value o) is called an
{Fi}-stopping time (or simply, stopping time) if {w : 7(w) < t} € F; for any
t > 0. Let T and p be two stopping times with 7 < p a.s. We define

[l pll={(t,w) € Ry x Q:7(w) <t < p(w)}

and call it a stochastic interval. Similarly, we can define stochastic intervals
ll7, pll, lI7, o]l and Jjr, p[l. If 7 is a stopping time, define

Fr={AeF:An{w:r(w) <t} € F for all t > 0}

which is a sub-o-algebra of F. If 7 and p are two stopping times with 7 < p a.s.,
then F, C F,. The following two theorems are useful.

Theorem 3.1 If {X.}i>0 is @ progressively measurable process and T is a
stopping time, then X:Ii;cw) i Fr-measurable. In particular, if 7 is finite,
then X, is Fr-measurable.

Theorem 3.2 Let {X,;}:>0 be an R?-valued cadlag {F;}-adapted process, and
D an open subset of R®. Define

T=inf{t > 0: X, ¢ D},

where we use the convention inf@ = co. Then 7 is an {F;}-stopping time, and
is called the first exit time from D. Moreover, if p is a stopping time, then

=inf{t > p: X, ¢ D}
is also an {F,}-stopping time, and is called the first exit time from D after p.

An R%valued {F,}-adapted integrable process {M,}:>o is called a martin-
gale with respect to {F,} (or simply, martingale) if

E(My\F,) =M, as, forall0<s<t<oo

It should be pointed out that every martingale has a cadlag modification since
we always assume that the filtration {F,} is right continuous. Therefore we can
always assume that any martingale is cadlag in the sequel. If X = {X,}:>¢
is a progressively measurable process and T is a stopping time, then X7 =
{Xrac}e>o is called a stopped process of X. The following is the well-known
Doob martingale stopping theorem.

Theorem 3.3 Let {M,}:>0 be an R%-valued martingale with respect to {F,},
and let §,p be two finite stopping times. Then

E(Ms|F,) = Mgp, a.s.
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In particular, if T is a stopping time, then
E(Mf/\t|.7'-s) = M-,—/\s a.s.

holds for all 0 < s < t < 0o. That is, the stopped process M™ = {M. s} is still
a martingale with respect to the same filtration {F.}.

A stochastic process X = {X;}:>0 is called square-integrable if E{X,|? < co
for every t > 0. If M = {M,};>0 is a real-valued square-integrable continuous
martingale, then there exists a unique continuous integrable adapted increas-
ing process denoted by {(M, M),} such that {M2 — (M, M),} is a continuous
martingale vanishing at t = 0. The process {(M, M)} is called the quadratic
variation of M. In particular, for any finite stopping time 7,

EM?Z = E(M, M),.

If N = {N;}+>0 is another real-valued square-integrable continuous martingale,
we define

(M, N)e = 3 ((M+ N, M+ N) — (M, M) — (N, N).),

and call {(M,N);} the joint quadratic variation of M and N. It is useful to
know that {{(M,N).} is the unique continuous integrable adapted process of
finite variation such that { M;N, — (M, N).} is a continuous martingale vanishing
at t = 0. In particular, for any finite stopping time 7,

EM,N, = E{(M,N),.

A right continuous adapted process M = {M,};>¢ is called a local mar-
tingale if there exists a nondecreasing sequence {7i}x>1 of stopping times with
7 1 00 a.s. such that every {M, as — Mo}:>0 is a martingale. Every mar-
tingale is a local martingale (by Theorem 3.3), but the converse is not true.
If M = {M}i>0 and N = {N¢}:>0 are two real-valued continuous local mar-
tingales, their joint quadratic variation {(M,N)};>¢ is the unique continuous
adapted process of finite variation such that {M;N; — (M, N);}¢>0 is a contin-
uous local martingale vanishing at ¢t = 0. When M = N, {{M, M)};>¢ is called
the quadratic variation of M. The following result is the useful strong law of
large numbers.

Theorem 3.4 (Strong law of large numbers) Let M = {M,};>0 be a
real-valued continuous local martingale vanishing at t = 0. Then

. ~ oM
tEEgQ(M, M)t =0 a8 = tliﬂgg m =0 a.s.
and also

M M,
limsup—(———’ﬂh <o as = lim==2=0 as.
t—oo t—oo
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More generally, if A = {A:}:>0 is a continuous adapted increasing process such

that
d{M, M),

b o [

<00 a.s.
then

lim =L =0 a.s.

t—o0 t

A real-valued {F;}-adapted integrable process {M;}:>¢ is called a super-
martingale (with respect to {F;}) if

E(M|F,) < M, as. forall 0 <s<t< oo

It is called a submartingale (with respect to {F,}) if we replace the sign < in
the last formula with >. Clearly, {M;} is submartingale if and only if {—~M,}
is supermartingale. For a real-valued martingale {M,}, {M;" := max(M,,0)}
and {M; := max(0,—M,)} are submartingales. For a supermartingale (resp.
submartingale), EM, is monotonically decreasing (resp. increasing). Moreover,
if p> 1 and {M,} is an R%-valued martingale such that M, € L?(Q; R%), then
{|M.|P} is a nonnegative submartingale. Moreover, Doob’s stopping theorem 3.3
holds for supermartingales and submartingales as well.

Theorem 3.5 (Doob’s martingale convergence theorem)
(i) Let {M,}:>0 be a real-valued right-continuous supermartingale. If

sup EM; < oo,
0<t<oo

then M, converges almost surely to a random variable Mo, € L'(;R). In
particular, this holds if M, is nonnegative.

(i) Let {M;}:>0 be a real-valued right-continuous supermartingale. Then
{M.}i>0 is uniformly integrable, i.e.

lim [st;gE(I{wdzcﬂMel) ] =0

c— 00

if and only if there exists a random variable M, € L'(Q; R) such that My — M,
a.s. and in L' as well.

(iii) Let X € L}(S}; R). Then
E(X|F) - E(X|Fx) ast— oo

a.s. and in L' as well.

Theorem 3.6 (Supermartingale inequalities) Let {M,},>¢ be a real-valued
supermartingale. Let [a,b] be a bounded interval in R,. Then

c P{w: sup My(w) > c} <EM,+EM,,

a<t<b

cP{w: inf My(w) < —c} <EM,.

a<t<bh
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hold for all ¢ > 0.
For submartingales we have the following well-known Doob inequality.

Theorem 3.7 (Doob’s submartingale inequalities) Letp > 1. Let {M;}:>0
be a real-valued nonnegative submartingale such that M, € LP(}; R). Let [a,b)
be a bounded interval in Ry. Then

E( sup Mg’) < (—”—l>pEMg’.

a<t<b

If we apply these results to an R%-valued martingale, we obtain the following
Doob’s martingale inequalities.

Theorem 3.8 (Doob’s martingale inequalities) Let {M;};>0 be an RY-
valued martingale. Let {a,b] be a bounded interval in R, .

(i) If p>1 and M, € LP(Q; R?), then

Plw: sup [My(w)| 2 e} <

E|My|P
a<t<b cP

holds for all ¢ > 0.
(ii) If p>1 and M, € LP(; R?), then

p
B(sup M) < (2 Ewsp.

a<t<b

To close this section we state one more useful convergence theorem.

Theorem 3.9 Let {Ai}i>0 and {U;}i>0 be two continuous adapted increasing
processes with Ag = Up = 0 a.s. Let {M;}:>0 be a real-valued continuous local
martingale with My = 0 a.s. Let £ be a nonnegative Fo-measurable random
variable. Define

Xt=§+At~Ut+Mt fOTtZO

If X, is nonnegative, then

{ lim A, < oo} C {tl_lg.g X, exists and is ﬁnz’te} n {Ax& U, < oo} a.s.

t—oo

where B C D a.s. means P(BND®} = 0. In particular, if lim;, A; < 00 a.s.,
then for almost all w €

lim X,(w) erists and is finite, and lim U;(w) < 0.
t—oo t—00
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1.4 BROWNIAN MOTIONS

Brownian motion is the name given to the irregular movement of pollen
grains, suspended in water, observed by the Scottish botanist Robert Brown
in 1828. The motion was later explained by the random collisions with the
molecules of water. To describe the motion mathematically it is natural to
use the concept of a stochastic process By(w), interpreted as the position of
the pollen grain w at time ¢. Let us now give the mathematical definition of
Brownian motion.

Definition 4.1 Let (2, F, P) be a probability space with a filtration {F;};>9. A
(standard) one-dimensional Brownian motion is a real-valued continuous {F;}-
adapted process {B;}:>o with the following properties:

(i) Bo =0 a.s.;

(i) for 0 < s <t < 00, the increment B, — B, is normally distributed with
mean zero and variance t — s;

(iii) for 0 < s <t < oo, the increment B, — B, is independent of F,.

We shall sometimes speak of a Brownian motion {B,}e<:<1 on [0,T], for
some T > 0, and the meaning of this terminology is apparent.

If {B;}:>0 is a Brownian motion and 0 <ty < t; < :-- < § < 00, then the
increments By, — By, ,, 1 < < k are independent, and we say that the Brownian
motion has independent increments. Moreover, the distribution of By, — By, _,
depends only on the difference t; — t;_1, and we say that the Brownian motion
has stationary increments.

The filtration {F,} is a part of the definition of Brownian motion. How-
ever, we sometimes speak of a Brownian motion on a probability space (2, F, P)
without filtration. That is, {B.}¢>0 is a a real-valued continuous process with
properties (i) and (ii) but the property (iii) is replaced by that it has the in-
dependent increments. In this case, define .7-}3 =0(B,:0<s<t)fort >0,
i.e. F2 is the o-algebra generated by {B, : 0 < s < t}. We call {FP}:>0 the
natural filtretion generated by {B,}. Clearly, {B;} is a Brownian motion with
respect to the natural filtration {F2}. Moreover, if {F;} is a “larger” filtration
in the sense that ftB C F; for t > 0, and B, — B, is independent of F, whenever
0 < s <t < oo, then {B;} is a Brownian motion with respect to the filtration
{F~}.

In the definition we do not require the probability space (2, F, P) be com-
plete and the filtration {F;} satisfy the usual conditions. However, it is often
necessary to work on a complete probability space with a filtration satisfying the
usual conditions. Let {B;};>0 be a Brownian motion defined on a probability
space (Q, F, P). Let (9, F, P) be the completion of (Q, F, P). Clearly, {B;} is
a Brownian motion on the complete probability space (2, F, P). Let N be the
collection of P-null sets, i.e. N' = {A € F : P(A) = 0}. For t > 0, define

]_:t =0’(.7'-tB UN)
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We called {F;} the augmentation under P of the natural filtration {F2} gener-
ated by {B,}. It is known that the augmentation {F,} is a filtration on (Q, X, P)
satisfying the usual condition. Morcover, { B} is a Brownian motion on (Q, F, P)
with respect to {F;}. This shows that given a Brownian motion {B;},>0 on a
probability space (£2, F, P), one can construct a complete probability space with
a filtration satisfying the usual conditions to work on.

However, throughout this book, unless otherwise specified, we would rather
assume that (€, F, P) is a complete probability space with a filtration {F;}
satisfying the usual conditions, and the one-dimensional Brownian motion { B, }
is defined on it. The Brownian motion has many important properties, and some
of them are summarized below:

(a) {—B,} is a Brownian motion with respect to the same filtration {F,}.

(b) Let ¢ > 0. Define
X = — for t > 0.

Then {X,} is a Brownian motion with respect to the filtration {F.}.
(c) {B:} is a continuous square-integrable martingale and its quadratic varia-
tion (B, B), =t for all t > 0.
(d) The strong law of large numbers states that
B,

lim — =0 a.s.

(e) For almost every w € Q, the Brownian sample path B (w) is nowhere dif-
ferentiable.

(f) For almost every w € Q, the Brownian sample path B (w) is locally Holder
continuous with exponent ¢ if 4 € (0, %) However, for almost every w €
2, the Brownian sample path B (w) is nowhere Hélder continuous with
exponent § > 3.

Besides, we have the following well-known law of the iterated logarithm.

Theorem 4.2 (Law of the Iterated Logarithm, A. Hincin (1933)) For
almost every w € 1, we have

(i) limsup—it(f)—— =1, (ii) liminf _ _Blw) = -1,
tio  +/2tloglog(1/t) t1o | /2tloglog(1/t)
B(w) By(w)

(iii) limsup

t—o0o /2tloglogt -

=1, (iv) litm inf

—oo /2tloglogt -

This theorem shows that for any € > 0 there exists a positive random
variable p, such that for almost every w € €, the Brownian sample path B (w)
is within the interval +(1 + ¢)/2tloglogt whenever t > pc(w), that is

—(14+€)/2tloglogt < By{w) < (1+¢€)y/2tloglogt for all t > p.(w).
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On the other hand, the bounds —(1 — ¢)/2tloglogt and (1 — £)+/2t loglog (for
0 < € < 1) are exceeded in every t-neighbourhood of oo for every sample path.

Let us now define a d-dimensional Brownian motion.

Definition 4.3 A d-dimensional process {B, = (B},---,Bf)}tzg is called a
d-dimensional Brownian motion if every {B}} is a one-dimensional Brounien
motion, and {B}},---,{B¢} are independent.

For a d-dimensional Brownian motion, we still have

| Be]

limsup —=——=—= =1 a.s.

t—oo 2tloglogt

This is somewhat surprising because it means that the independent individual
components of B, are not simultaneously of the order /2tlog log?, otherwise vVid
instead of 1 would have appeared in the right-hand side of the above equality.

It is easy to see that a d-dimensional Brownian motion is a d-dimensional
continuous martingale with the joint quadratic variations

(B, BY), =6;t for1<i,j<d,

where §;; is the Dirac delta function, i.e.

bii = 1 fori=i,
Y710 fori# g

It turns out that this property characterizes Brownian motion among continuous
local martingales. This is described by the following well-known Lévy theorem.

Theorem 4.4 (P. Lévy (1948)) Let {M, = (M},---,M)}t>0 be a d-
dimensional continuous local martingale with respect to the filtration {F;} and
M() =0 a.s. If

(M, M7), =6t for1<4,j<d,

then {M, = (M],---, M@)}:>0 is a d-dimensional Brownian motion with respect
to {ft}

As an application of the Lévy theorem, one can show the following useful
result.

Theorem 4.5 Let M = {M,}:>0 ba a real-valued continuous local martingale
such that My = 0 and lim; (M, M); = oo a.s. For each t > 0, define the
stopping time

7, = inf{s: (M, M), > t}.

Then {M,, }s>0 is a Brownian motion with respect to the filtration {F,,}:>0.
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1.5 STOCHASTIC INTEGRALS

In this section we shall define the stochastic integral

| ' f(s)dB

with respect to an m-dimensional Brownian motion {B;} for a class of d x
m-matrix-valued stochastic processes {f(t)}. Since for almost all w € , the
Brownian sample path B (w) is nowhere differentiable, the integral can not be
defined in the ordinary way. However, we can define the integral for a large
class of stochastic processes by making use of the stochastic nature of Brownian
motion. This integral was first defined by K. It6 in 1949 and is now known as
Ité stochastic integral. We shall now start to define the stochastic integral step
by step.

Let (Q,F, P) be a complete probability space with a filtration {F;}:>0
satisfying the usual conditions. Let B = { B;}:>0 be a one-dimensional Brownian
motion defined on the probability space adapted to the filtration.

Definition 5.1 Let 0 < a < b < co. Denote by M?([a,b]; R) the space of all
real-valued measurable {F;}-adapted processes f = {f(t)}a<i<p such that

b
IfIR, = E / |£(t)Pdt < oo. (5.1)

We identify f and f in M?([a,b); R) if ||f — fl[a p = 0. In this case we say that
f and f are equivalent and write f = f.

Clearly, || - ||a,» defines a metric on M?([a, b}; R) and the space is complete
under this metric. Let us point out that for every f € M?([a,b]; R), there is
a predictable f € M?([a, b] R) such that f = f. In fact, f has a progressively
measurable modification f in M2([a b); R) and then we may take

t

flty = hm sup ’ll f(s)ds

Thus, if necessary, we may assume that f € M?([a, b]; R) is predictable without
loss of generality . However, in this book we would rather follow the usual
custom of not being very careful about the distinction between the equivalence
processes.

For stochastic processes f € MZ([a, b]; R) we shall show how to define the

1t6 integral f f(#)dB;. The idea is natural: First define the integral f g(t)dB,
for a class of simple processes g. Then we show that each f € M?([a, b); R) can be

approximated by such simple processes g’s and we define the limit of f o 9(t)dB:
as the integral [ : F(t)dB;. Let us first introduce the concept of simple processes.
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Definition 5.2 A real-valued stochastic process g = {g(t)}a<e<t is called a
simple (or step) process if there exists a partition a = tg < t; < --- < tp = b
of [a,b], and bounded random variables &;, 0 < i < k — 1 such that & is Fy,-

measurable and -

9(t) = &oly, 0)(®) + D _ &ile, 1y (B)- (5.2)

i=1

Denote by Mq([a,b); R) the family of all such processes.

Clearly, My([a,b); R) C M?2([a,b}; R). We now give the definition of the
Ito integral for such simple processes.

Definition 5.3 (Part 1 of the definition of Itd’s integral) For a simple
process g with the form of (5.2) in Mo(la,b]; R), define

k-1

b
[ 9B = 3 6B, - Bu) (5.3)

=0

and call it the stochastic integral of g with respect to the Brownian motion {B,}
or the Ité integral.

Clearly, the stochastic integral f: g(t)dBy is F,-measurable. We shall now
show that it belongs to L?(Q; R).

Lemma 5.4 If g € Mo([a,b]; R), then

b
E/ g(t)dB, =0, (5.4)
ba 2 b
E / g(t)dB; | =FE / lg(t){*dt. (5.5)
a a
Proof. Since §; is F;,-measurable whereas B,,,, — B, is independent of F;,,
b k-1 k-1
E/ 9(t)dB; = Y " E[&(B.,, — B.)] = Y _ E& E(B,,,, — B,,) =0.
a =0 i=0
Moreover, note that By, , — By, is independent of &¢&;(B,,,, — By,) if i < j.
Thus
b 2
E| [ gtaB| = ¥ Ele&(Bu,, — BBy, - B)]
a 0<4,5<k~-1
k-1 k=1
=) _FE[(Bu,, - Bu)’] = ) _E€E(B,,, - B.)?
i=0 =0

k—1 b
=3 Bt - 1) = E [ Ig(o)fae
i=0 a
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as required.

Lemma 5.5 Let g1,g2 € Mo([a,d]; R) and let c1,cq be two real numbers. Then
c191 + 292 € Mo([a, b]; R) and

b b b
/ [c191(t) + c2g2(t)|dB, = 61/ q1(t)dB; + cz/ g2(t)dBy.

The proof is left to the reader. We shall now use the properties shown in
Lemmas 5.4 and 5.5 to extend the integral definition from simple processes to
processes in M?([a, b]; R). This is based on the following approximation result.

Lemma 5.6 For any f € M?([a,b]; R), there etists a sequence {g,} of simple
processes such that

b
Jim E 170 - ga(t)Pdt 0. (56)

Proof. We divide the whole proof into three steps.

Step 1. We first claim that for any f € M?([a, b]; R), there exists a sequence
{¢n} of bounded processes in M?([a, b]; R) such that

lim E / 1) - en(t)Pdt =0, (5.7)

In fact, for each n, put
palt) = [~V S(B)] An.
Then (5.7) follows by the dominated convergence theorem (i.e. Theorem 2.3).

Step 2. We next claim that if ¢ € M?([a, b]; R) is bounded, say |p| < C =
const., then there exists a sequence {¢n} of bounded continuous processes in
M?([a, b]; R) such that

b
tim B [ o(t) - om0t =0. 58

In fact, for each n, let p,, : R — R, be a continuous function such that p,(s) =0
fors§~% and s > 0 and
00
/ pn(s)ds = 1.

— 0

Define ,
$n(t) = dnlt,w) = / pnls — t)p(s,w)ds.

Then for every w, ¢,(-,w) is continuous and |¢n(t,w)| < C. Also ¢, is a mea-
surable {F;}-adapted process. Moreover, for all w € €,

b
lim / lo(t,w) — dn(t,w)|?dt = 0.
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So (5.8) follows by the bounded convergence theorem.

Step 3. We now claim that if ¢ € M?2(]a, b); R) is bounded and continuous,
then there exists a sequence {g,} of simple processes such that

b
lim E / I6(t) — gn(8)|2dt = 0. (5.9)
n—o0 a
In fact, for each n, let

gn(t) = ¢(a) I[a, a+(b—a)/n](t)

n-—1

+ Y dla+i(b ~ a)/n) Larip—a)/n, a++1)(b—a)/n}(t)-

i=1

Then g, € Mo({[a, b]; R), and for every w,

b
Jim [16(6.0) - galt, )Pt =0

So (5.9) follows by the bounded convergence theorem once again. Finally, the
conclusion of the lemma follows clearly from steps 1-3 and the proof is now
complete.

We can now explain how to define the Ité integral for a process f €
M?([a,b]; R). By Lemma 5.6, there is a sequence {g,,} of simple processes such
that

b
lim E / 1£(t) — ga(t) dt = 0.

Thus, by Lemmas 5.4 and 5.5,

([ sa(taB, - / gmaBl| = B / l9n(®) - am(®)aB"

b
= E/ lgn(t) — gm(t)lzdt -0 as n,m — oo.
a

In other words, { fab gn(t)dB,} is a Cauchy sequence in L2(£2; R). So the limit ex-
ists and we define the limit as the stochastic integral. This leads to the following
definition.

Definition 5.7 (Part 2 of the definition of Ité’s integral) Let f €
M?2([a,b]; R). The Ité integral of f with respect to {B;} is defined by

b b
/ f(t)dB; = lim / gn(t)dB: in L*(%;R), (5.10)

where {gn} is a sequence of simple processes such that

lim E / ’ [£(t) — g (t)|%dt = 0. (5.11)
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The above definition is independent of the particular sequence {g,,}. For if
{h.} is another sequence of simple processes converging to f in the sense that

b
Jim B [17(6) - ha(e)ide =

then the sequence {yn}, where 2,1 = g, and pz, = hy, is also convergent to f
in the same sense. Hence, by what we have proved, the sequence { f: wn(t)dB;}
is convergent in L2(; R). It follows that the limits (in L2) of f: gn(t)dB, and
of f h,(t)dB, are equal almost surely.

The stochastic integral has many nice properties. We first observe the
following:

Theorem 5.8 Let f,g € M?([a,b]; R), and let o, be two real numbers. Then
(i) fab f(t)dB, is Fy-measurable;
(i) E [’ f(t)dB, = 0;
(iii) E| [} f(0)dB.J? = B [} | (t)?dt;
(vi) [laf(t) + Bo(t)dB. = a [; f()dB + 8 J; a(t)dB..

The proof is left to the reader. The next theorem improves the results (ii)
and (iii) of Theorem 5.8

Theorem 5.9 Let f € M2([a,b]; R). Then
E / ' f(t)dB(t)lfa) =0, (5.12)
5(| [ swasw[17) = [ P dF,)
- / B( ()1 Fa)de. (5.13)

We need a simple lemma.

Lemma 5.10 If f € M2({a, b}; R) and £ is a real-valued bounded Fo-measurable
random variable, then £f € M?([a,b]; R) and

b b
[ £f(t)dB, = £ / f(t)dB. (5.14)

Proof. It is clear that £f € M?([a,b}; R). If f is a simple processes, then
(5.14) follows from the definition of the stochastic integral. For general f €
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M?([a,b]; R), let {gn} be a sequence of simple processes satisfying (5.11). Ap-
plying (5.14) to each g, and taking n — oo, the assertion (5.14) follows.

Proof of Theorem 5.9. By the definition of conditional expectation, (5.12) holds
if and only if

E(IA /a ’ f(t)dB(t)) =0

for all sets A € F,. But by Lemma 5.10 and Theorem 5.8,

E(IA /a ' f(t)dB(t)) ~E / : I.f(t)dB(t) =0

as required. The proof of (5.13) is similar.
Let T > 0 and f € M?([0,T);R). Clearly, for any 0 < a < b < T,
{f(®)}a<e<s € M?%([(a,b]; R) so f: f(t)dBy is well defined. It is easy to show that

/., b f(t)dB, + /b ) f(t)dB, = / ’ f(t)dB, (5.15)

f0<a<b<e<T.

Definition 5.11 Let f € M2([0,T}; R). Define
i
16 = [ )8, forosest,
0

where, by definition, 1(0) = [y f(s)dB, = 0. We call I(t) the indefinite Ité
integral of f.

Clearly, {I(t)} is {F;}-adapted. We now show the very important martin-
gale property of the indefinite Ito integral.

Theorem 5.12 If f € M?([0,T]; R), then the indefinite integral {I(t)}o<:<T is
a square-integrable martingale with respect to the filtration {F;}. In particular,

E[ sup | /0 ' 4(s)aB, 2} < 4E /0 " fo)Pds. (5.16)

0<t<T

Proof. Clearly, {I(t)}o<t<T is square-integrable. To show the martingale
property, let 0 < s <t < T. By (5.15) and Theorem 5.9

BUOIF) = EA6IF) + B( [ 10dBIR) = 1(6)

as desired. The inequality (5.16) now follows from Doob’s martingale inequality
(i.e. Theorem 3.8).
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Theorem 5.13 If f € M%([0,T]; R), then the indefinite integral {I(t)}o<i<T
has a continuous version.

Proof. Let {gn} be a sequence of simple processes such that

T
nlergoE/O |£(s) — gn(s)]?ds = 0. (5.17)

Note from the definition of the stochastic integral and the continuity of the
Brownian motion that the indefinite integrals

i
In(t)=/ gn(s)dB,, 0<t<T
0

are continuous. By Theorem 5.12, {I,(t) — I,,(t)} is a martingale, for each pair
of integers n, m. Hence, by Doob’s martingale inequality (i.e. Theorem 3.8), for
any € >0

1
P{ sup |a(t) = In()] 2 ¢} < SBIW(T) — In(T)P?
0<t<T €
1 T
= 5F [ loal9) = gn(@)ds =0 asmm oo
0

For each k = 1,2,---, taking € = k™2 it follows that for some n; sufficiently
large,

1 T
P{Ozl:é)'r Ui (8) — Im(8)] > ﬁ} <5 fm2m.

One can then choose the ny in such a way that ng 1 oo as & — oo and

1 1
— D e b < — > 1.
P{Oz‘tlg'rllnk(t) Ink+1(t)l = kZ} - k?’ k - 1

Since }_ k~2 < 00, the Borel-Cantelli lemma (i.e. Lemma 2.4) implies that there
exists a set Q¢ € F with P(£2) = 0 and an integer-valued random variable kg
such that for every w € €,

1 .
sup |In,(t,w) = In,,,(t,w)| < el if k > ko(w).
<t<T

0
In other words, with probability 1, {I,,(t)}x>1 is uniformly convergent in t €

[0,T], and therefore the limit, denoted by J(t), is continuous in ¢t € {0, T} for
almost all w € Q. Since (5.17) implies

t
Jim In, (t) =/ f(s)dB,  in L*(Q,R),
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it follows that

J(t) = /: f(s)dB, a.s.

That is, the indefinite integral has a continuous version.

From now on, when we speak of the indefinite integral we always mean a
continuous version of it.

Theorem 5.14 Let f € M2([0,T); R). Then the indefinite integral I =
{I(t)}o<e<r is a square-integrable continuous martingale and its quadratic vari-
ation is given by

(1), = /0 lfe)Pds, 0<t<T. (5.18)

Proof. Obviously we need only to show (5.18). By the definition of the quadratic
variation we need to show that {I2(t) - (I, I);} is a continuous martingale van-
ishing at ¢t = 0. But, obviously I%(0) — (I, I)g = 0. Moreover, if 0 <r <t < T,
by Theorem 5.9,

E(Iz(t) — (I, I)¢|F?)
- Iz(,) (1,1, +20(r)E( / f(2)dB,|;)

- B( [ o)rasiz)

+E

= 12(7‘) - (IyI)r

as desired.

Let us now proceed to define the stochastic integrals with stopping time. We
observe that if 7 is an { . }-stopping time, then {Ijjq, j(¢)}:>0 is a bounded right
continuous {F;}-adapted process. In fact, the boundedness and right continuity
are obvious. Moreover, for each t > 0,

06.7'-: ifr<0,
{w: Ijo, mt,w) <r} =L {w:tlw) <t}eF f0<r<li,
(fo, =1l
e F ifr>1,

that is, Ijjp, ,))(t) is Fi-measurable. Therefore, {Ijjo, +}j(t)}¢>0 is also predictable.

Definition 5.15 Let f € M?([0,T}; R), and let 7 be an {F,}-stopping time

such that 0 < 7 < T. Then, {Ijp, ;(t)f(t)}ost<r € M?([0,T); R) clearly, and
we define

T T
j; f(S)ng=‘/0l I[[O, T]](s)f(s)st.
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Furthermore, if p is another stopping time with 0 < p < 7, we define

/,, " f(s)dB, = / " f(s)dB, - / " f(s)aB,

It is easy to see that

T T
/ f(s)dBs = / I, 1(8) f(s)dBs,. (5.19)
p 0

If applying Theorem 5.8 to this we immediately obtain:

Theorem 5.16 Let f € M?([0,T); R), and let p,7 be two stopping times such
that0 < p <1 <T. Then

E /,, f(s)dB, =0,

s)|%ds.

However, the next theorem improves these results and is also a generalization of
Theorem 5.9.

Theorem 5.17 Let f € M?([0,T}; R), and let p, 7 be two stopping times such
that 0 < p <1 <T. Then

E / " f(s)dB..,].?-‘,,) =0, (5.20)
= / I£( s)|2ds|f) (5.21)

We need a useful lemma.

Lemma 5.18 Let f € M2([0,T); R), and let T be a stopping time such that
0<7<T. Then

| 18, = 167,
0
where {I(t)}o<i<T is the indefinite integral of f given by Definition 5.11.
We leave the proof of this lemma to the reader, but prove Theorem 5.17.

Proof of Theorem 5.17. By Theorem 5.14 and the Doob martingale stopping
theorem (i.e. Theorem 3.3),

E(I(r)|F,) = I(p) (5.22)
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and
E(I*(1) — (I, I)<|Fp) = I(p) — (1, 1), (5.23)

where {(I,I);} is defined by (5.18). Applying Lemma 5.18 one then sees from
(5.22) that

B([ 16)BIR,) = BUr) - 1p)I,) =0
which is (5.20). More:;ver, by (5.22) and (5.23),
E(I(r) - IQPIF,) = EI*(7)|F,) - 2 () EU(M)IF,) + I(p)
= BUPE) = P(6) = E(LD), = (1 D,lF,) = E( [ 176)Pasl,)

which, by Lemma 5.18, is the required (5.21). The proof is complete.

Corollary 5.19 Let f,g € M2([0,T); R), and let p,7 be two stopping times
such that 0 < p <7 <T. Then

5([ stwap, [ owaBair,) = 5( [ sela(oyil,).

Proof. By Theorem 5.17,
a5 ([ a5, [ a(s)aB.17,) T
LORE(TACORE

=5( [ () + o asi7,)  B( (700 - gte)asi7,)

=5(| [ (s(6) + ota,

=45 (| foerasiz,)

as desired.

We shall now extend the Itd stochastic integral to the multi-dimensional
case. Let {B; = (B},---, B)T }+>0 be an m-dimensional Brownian motion de-
fined on the complete probability space (2, F, P) adapted to the filtration {F;}.
Let M?([0, T); R?*™) denote the family of all d x m-matrix-valued measurable
{F:}-adapted processes f = {(fi;j(t))dxm }o<t<T Such that

T
2
E/O 1£()[2dt < oo.

Here, and throughout this book, |A| will denote the trace norm for matrix A,

i.e. |A] = \/trace(AT A).
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Definition 5.20 Let f € M?([0,T}; R¥*™). Using matriz notation, we define
the multi-dimensional indefinite Ito integral

¢ ‘ fi(s) - fim(s) dB;
[ roae= [ | : ;
° ® \fa(s) - fam(s)) \dBP

to be the d-column-vector-valued process whose i’th component is the following
sum of 1-dimensional Ité integrals

mo ot
> | ey

Clearly, the Ito integral is an R%-valued continuous martingale with respect
to {F}. Besides, it has the following important properties.

Theorem 5.21 Let f € M?([0,T}; R¥*™), and let p, T be two stopping times
such that0 < p <71 <T. Then

lI

/f(S)dB pr) 0, (5.24)

- B( [ (oPasiz,). (5.25)

The assertion (5.24) follows from the definition of multi-dimensional It6
integral and Theorem 5.17, while (5.25) follows from Theorem 5.17 and the
following lemma.

Lemma 5.22 Let {B}}i>0 and {B#}i>0 be two independent 1-dimensional
Brownian motions. Let f,g € M?([0,T]; R), and let p, 7 be two stopping times
such that 0 < p <71 <T. Then

E( /,, " F(s)dB] / ' g(s)dBflf-,,) =0. (5.26)

Proof. We first claim that if @, ¢ € M?([a,b]; R). Then

E( / ’ o(s)dB! / ' ¢(s)d33) = 0. (5.27)

In fact, let ¢, ¢ be simple processes with the forms

k-1
@(t) = ol 1,1(t) + Zﬁil(t,v. tin)(t)
i=1
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and
m-1

3(t) = Coligy, tg(®) + ¥, GlE;, g4, (2)-

J=1
Then

k—1m-1

B( / o(s)dB! / #(s)aB2) = 3° 3" Ele¢(BL,, - BL)(BE,, - B2)]

i=0 j=0

But for every pair of 1, 7, if t; < ¢}, then B? —82 is independent of {,(J(
B! ) and hence

tiyr

E(&¢(B,,,, — B{)(B}

Similarly, it still holds if ¢; > ¢;. In other words, we have shown that (5.27)
holds for simple processes ¢, ¢, but the general case follows by the approximation
procedure.

We next observe that forany 0 <7 <t<T

-Bf)] =

i

B([ reas: [ i) =o, (529)
since, by (5.27) and Lemma 5.10, for any A € F,
E(IA / t f(s)dB! / (s)dB2 / I4f(s)dB! / (s)dBf) =
Therefore
5([ 58! [ o(o)a317.)
= [ 108! [ sz + [ s0amie( [ stoasziz)
+ /0 " g(s)aB25( / B + E( / ' f(s)dB / ' g(e)dB2E)

_ /0 " f(s)dB. /0 " o(s)dB2.

That is, { fo s)dB! fo g(s)dBZ}o<¢<T is a martingale with respect to {F;}.
Hence, by the Doob martmgale stopping theorem,

B([ B! [ sasiiz,) = [ sast [“oaBs  629)

Now the assertion (5.26) follows from (5.29) easily. The proof of the lemma,
hence of Theorem 5.21 is now complete.
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We shall finally extend the stochastic integral to a larger class of stochas-
tic processes. Let £L2(R,; R?™) denote the family of all d x m-matrix-valued
measurable {F,}-adapted processes f = {f(t)}:>0 such that

T
/ |F(1)|2dt < co a.s. for every T > (.
0

Let M%(R,; R**™) denote the family of all processes f € L2(R,; R**™) such
that

T
E/ |£(t)]2dt < o0 for every T > 0.
0

Clearly, if f € M2(Ry; R¥™), then {f(t)}o<i<T € M?([0,T}; R*™) for every
T > 0. Hence, the indefinite integral fot f(s)dB,, t > 0 is well defined, and it

is an R%-valued continuous square-integrable martingale. However, we aim to
define the integral for all processes in £2(Ry; R¥*™). Let f € L2(R,; R**™).
For each integer n > 1, define the stopping time

¢
T,,:n/\inf{tz():/ |f(s)2ds > n}.
0

Clearly, 7, T co a.s. Moreover, {f(t){[o,r.))(t)}:>0 € MZ(Ry; RY*™) so the
integral

t
In(t)=/0 f(s)jo,r,))(s)dBs, t>0

is well defined. Note that for 1 <n <m andt >0,

tAT, t
In(tAT,) = /0 f(s)jjo,r,)(8)dBs = /0 S g0,rn11 () 10,731 (8)dBs
t
= [ £ i0ry(edB. = e,

which implies
Inm(t) =I,(t), 0<t<r.

So we may define the indefinite stochastic integral {I(t)}:>0 as
It)=I.(t) on0<t< . (5.30)
Definition 5.23 Let f = {f(t)}e>0 € M?(Ry;R¥*™). The indefinite Ito

integral of f with respect to {B,} is the R%valued process {I(t)};>¢ defined by
(5.30). As before, we usually write fot f(s)dB, instead of I(t).

It is clear that the It6 integral fot f(8)dBs, t > 0 is a R%-valued continuous
local martingale.
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1.6 ITO’S FORMULA

In the previous section we defined the It6 stochastic integrals. However
the basic definition of the integrals is not very convenient in evaluating a given
integral. This is similar to the situation for classical Lebesgue integrals, where
we do not use the basic definition but rather the fundamental theorem of calculus
plus the chain rule in the explicit calculations. For example, it is very easy to
use the chain rule to calculate fot cos sds = sint but not so if you use the basic
definition. In this section we shall establish the stochastic version of the chain
rule for the It integrals, which is known as Itd’s formula. We shall see in this
book that Itd’s formula is not only useful for evaluating the Itd integrals but,
more importantly, it plays a key role in stochastic analysis.

We shall first establish the one-dimensional 1t6 formula and then generalize
it to the multi-dimensional case. Let {B;};>¢ be a one-dimensional Brownian
motion defined on the complete probability space (2, F, P) adapted to the fil-
tration {F;}:>0. Let L1(R4; R?) denote the family of all R%-valued measurable
{F¢}-adapted processes f = {f(t)}¢>0 such that

T
/ |f(t)|dt <00  as. for every T > 0.
0

Definition 6.1 A one-dimensional Ité process is a continuous adapted process
z(t) on t > 0 of the form

z(t) = z(0) +/0 f(s)ds+/0 g(s)dBs, (6.1)

where f € LY(R+; R) and g € L2(R4; R). We shall say that z(t) has stochastic
differential dz(t) on t > 0 given by

dz(t) = f(t)dt + g(t)dB;. (6.2)

We shall sometimes speak of It process z(t) and its stochastic differential
dz(t) on t € [a,b], and the meaning is apparent.

Let C%!'(R? x R,; R) denote the family of all real-valued functions V(z,t)
defined on R x R, such that they are continuously twice differentiable in z and
once int. If V€ C21(R? x R,;R), we set

v oV ov
Vi=gr Ve=(5r5m)
3?v v
v :( azv ) _ 83:1'311 Ba:lézd
i 0z,0z;/ dxd a’:v a’:v

3;4811 T 31‘461‘4
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Clearly, when V € C?*!(R x Ry; R), we have V, = %‘f and Vi, = %11—.

We are now ready to state the first main result in this section.

Theorem 6.2 (The one-dimensional Itd formula) Let z(t) be an Itd process
on t > 0 with the stochastic differential

dz(t) = f(t)dt + g(t)dBy,

where f € L'(R4+;R) and g € L2(R4;R). Let V € C¥(R x Ry;R). Then
V(z(t),t) is again an Ité process with the stochastic differential given by

4V (2(2),1) = [Ve(a(0), 1) + Va(z(), 0 (0) + 5 Vau ((2), 57 ()]
+ Vi (z(t), t)g(t)dB, a.s. (6.3)

Proof. The proof is rather technical and we shall divide the whole proof into
several steps.

Step 1. We may assume that z(t) is bounded, say by a constant K so the
values of V(z,t) for ¢ ¢ [-K, K] are irrelevant. Otherwise, for each n > 1,
define the stopping time

T, = inf{t > 0: |z(t)] > n}.

Clearly, 7, 7 oo a.s. Also define the stochastic process

Za(t) = [-nV Z(O)] A+ /0 F(5) omy()ds + /O 9()Ijo.rop (5)dBs

ont > 0. Then |z,(t)| < n, that is z,(t) is bounded. Moreover, for every t > 0
and almost every w € Q, there exists an integer n, = n,(t,w) such that

Zn(s,w) = z(s,w) on0<s<t
provided n > n,. Therefore, if we can establish (6.3) for z,(t), that is
V(2a(t), ) - V(2(0),0)
= [ 40909+ Valzals). ) (6N g0
+ 5 Vea(n(5), )82 j0.r (5)] ds

+ / Va(2n(5), 8)9()Ijo.r. ) (5)dBa,
0

then we obtain the desired result upon letting n — oc.
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Step 2. We may assume that V(z,t) is C?, i.e. it is continuously twice
differentiable in both variables (z, t), otherwise we can find a sequence {V,,(z, 1)}
of C2%-functions such that

1é]

Va(@,t) = V(z,1), . Valz,t) - Vi(,0),
o 0?
%Vn(l',t) - Vg;(.’t, t)? a_ziv‘n(x’t) s z:(mat)

uniformly on every compact subset of R x R, (see e.g. Friedman (1975)). If we
can show the It6 formula for every V,,, that is

Vn(z(t)a t) - Vn(x(ﬂ)’ 0)

¢ 2
= /0 [%Vn(x(s),S) + %Vn(z(S).S)f(S) + %%Vn(z(S),S)gz(S)] ds
+/(; %Vn(z(s),s)g(s)st’

then, letting n — oo, we obtain the desired result (6.3). By steps 1 and 2,
we may assume without loss of generality that V, V;, Vi, V;, Vi and V, are all
bounded on R x [0, ] for every t > 0.

Step 3. If we can show (6.3) in the case that both f and g are simple
processes, then the general case follows by approximation procedure. (The pro-
cesses in £L}(R4; R) can be approximated by simple processes in a similar way
as shown in the proof of Lemma 5.6 but we leave the details to the reader.)

Step 4. We now fix t > 0 arbitrarily, and assume that V,V;, Viy, V., Vi, Vaz
are bounded on R x [0,¢], and f(s), g(s) are simple processes on s € [0,t]. Let
IT = {to,t1,---,tx} be a partition of [0,t] (ie. 0 =t < t; < -+ < t = t)
sufficiently fine that f(s) and g(s) are “random constant” on every (t;,t;+1] in
the sense that

f8)="fi, 9(s)=gi ifse€(titiy1]-
Using the well-known Taylor expansion formula we get

k—1

V(z(t),t) - V(z(0),0) = E [V($(ti+1),ti+1) - V(f(tz‘),ti)]
i=0
k-1 k—1 1 k-1
=Y Vi(z(t:), t:) At + Y Ve(a(ts), ti)Az; + 5 D Vi(x(t), t:)(Aty)?
I:_—:(; 0 1 k-1 = k-1
+ D Via(e(ts), t)AGAT; + 5 Y Vaa(a(ta), t)(A:) + D Ry, (6.4)
=0 =0 i=0

where

Ati = t,'+1 - t,’, AIE,’ = .’L’(ti+1) i I(tg), R4 = 0((Ati)2 + (AZE,')Z).
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Set |IT] = maxg<i<k—i1 At;. It is easy to see that when |II| — 0, with probability
L

E

-1 t
Vi(z(t:), ;) At; — / Vi(z(s), s)ds, (6.5)
=0 0
k—1 t
Ve(z(ty), t:) Az, — / Ve(z(s), s)dz(s)
i=0 e
= / t Vi (x(s), s)f(s)ds + / t Vz(x(s), 8)g(s)dBs, (6.6)
0 0
k-1 k-1
Y Vulz(ts) t)(At:)2 >0,  and > Ri—0. (6.7)
1=0 §=
Note that
k-1
D Vie(z(t:), t:) At Az,
=0
k-1
= Z Viz(2(t:), t:) fi(Bt:)? + Y Via(a(ts), t:)g: ALAB;,
i=0

where AB; = By,,, — By,. When [II| — 0, the first term tends to 0 a.s. while
the second term tends to 0 in L2 since

k-1
(Z Vis(a(t), L) ALAB,)” = Y ElVaa (2(t), t)gi2(AL:)?
] i=0

In other words, we have shown (due to the assumption of boundedness) that

k—1
> Vie(z(ts), ti)Ati Az -0 in L2, (6.8)
=0
Note also that
k-1
Z Vza: (x(ti), ti)(Azi)2
1=0
k—1
= Z Ver(z(t:), ) [f2(AL)? + 2figi ALAB) + Y Via((t:), 8:)97(AB)2.
i=0

The first term tends to 0 in L? as |[I| — 0 in the same reason as before, while we
claim the second term tends to fot Vez(2(8), 8)g%(s)ds in L2. To show the latter,
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we set h(t) = Voo (2(8), 8)g2(t), hi = Vau(2(t:), t:)g7, and compute

k—1

E( hi(AB;)? Zh At)

i=0 i=0
k—1k-1

E(3 Y hihs((AB)? - ALY(AB;)? - Bt;))
i=0 j=0

k-1

=Y E(R}[(AB:)? - At)?)

=0

i

|

|

k—
= lE [(ABy)* — 2(AB;)?At; + (Aty)?]

H‘

|

__ZEh [3(At:)% — 2(At)? + (At)?]

1=
k-1
= h?(At,)2 — 0,
i=0
where we have used the known fact that E(AB;)?" = (2n)!(At;)"/(2"n!). Thus
k-1 t
Zh,-(AB.-)2 — / h(s)ds  in L2.
D

=0

In other words, we have already shown that

k—1 .
| ' )* - 2 i 2. .
; sz(-'z(tz)a t,)(A.’L‘,) /0 sz(.’E(S), S)g (S)ds in L (6 9)

Substituting (6.5)-(6.9) into (6.4) we obtain that

V(z(t),t) — V(2(0),0)
=/0 [Vt(x(s),s) + Ve (z(s), s) f(s) + %Vu(z(s),s)gz(s)] ds

+ /t Ve(z(s), s)g(s)dBs; a.s.
0

which is the required (6.3). The proof is now complete.

We shall now extend the 1-dimensional It6 formula to the multi-dimensional
case. Let B(t) = (By(t),---, Bn(t))T, t > 0 be an m-dimensional Brownian mo-
tion defined on the complete probability space (€2, F, P) adapted to the filtration
{Ft}eso.
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Definition 6.3 A d-dimensional Ité process is an R%-valued continuous adapted
process x(t) = (z1(t), -+, z4(t))T ont >0 of the form

t t
2(0)=20)+ [ f)ds+ [ go)dBs),
0 0
where f = (fi,-+, fa)T € L'(R4; R?) and g = (gij)axm € L2(Ry; R™™). We
shall say that x(t) has stochastic differential dz(t) on t > 0 given by
dz(t) = f(t)dt + g(t)dB(t).

Theorem 6.4 (The multi-dimensional Ité6 formula) Let z(t) be a d-
dimensional Ité process on t > 0 with the stochastic differential

dz(t) = f(t)dt + g(t)dB(t),
where f € L'(Ry; RY) and g € L2(R4; R¥*™). LetV € C*'(R*xR,;R). Then
V(z(t),t) is again en Ité process with the stochastic differential given by

4V ((t),1) = [Va(a(t),t) + Va(a(t), 1)

+—;—trace(gT(t)Vm(:1:(t),t)g(t))]dt+Vz(z(t),t)g(t)dB(t) a.s. (6.10)

The proof is similar to the one-dimensional case so is omitted. Let us now
introduce formally a multiplication table:

dtdt =0, dBydt=0,
dBdB; = dt, dBidB; =0 ifi#j.

Then, for example,
m
dzi(t)dz;(t) = Y guk(t)g;x(t)dt. (6.11)
k=1
Moreover, the Ité6 formula can be written as
dV (z(t),t) = Ve(z(t), t)dt + Vy(z(t), t)dz(t)
1
+ deT(t)Vn(z(t),t)da:(t). (6.12)
Note that if z(t) were continuously differentiable in ¢, then (by the classical

calculus formula for total derivatives) the term 3dz” (¢)V;o(x(t), t)dz(t) would
not appear. For example, let V(z,t) = 1z, then (6.11) and (6.12) yield

d[z1(t)z2(t)] = z:1(t)dz2(t) + z2(t)dz (L) + dzidzo (6.13)

= z1(t)dza(t) + z2(t)dz1 () + ) g1k (t)g2r(t)dt,
k=1
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which is different from the classical formula of integration by parts d(uv) =
vdu + udv if both u,v are differentiable. However we do have the stochastic
version of integration by parts formula which is similar to the classical one.

Theorem 6.5 (Integration by parts formula) Let z(t), t > 0 be a 1-
dimensional Ité process with the stochastic differential

dz(t) = f(t)dt + g(t)dB(t),
where f € L'(R4+;R) and g € L2(Ry; R'*™). Let y(t), t > 0 be a real-valued
continuous adapted process of finite variation. Then
dlz(t)y(t)] = y(t)dz(t) + z(t)dy(t), (6.14)

that is
t

t
z(t)y(t) — z(0)y(0) = / y(s)(f(s)ds + g(s)dB(s)] + / z(s)dy(s), (6.15)
0 0
where the last integral is the Lebesgue-Stieltjes integral.

Let us now give a number of examples to illustrate the use of It6’s formula
in evaluating the stochastic integrals.

Example 6.6 Let B(t) be a 1-dimensional Brownian motion. To compute the
stochastic integral

/  B(s)dB(s),
0

we apply the Ité formula to B2(t) (ie. let V(z,t) = z2 and z(t) = B(t)), and
get
d(B?(t)) = 2B(t)dB(t) + dt.

That is .
B%(t) =2 / B(s)dB(s) +t,
0

which implies that
t
/ B(s)dB(s) = 5[B(t) ~ 1.
0

Example 6.7 Let B(t) be a 1-dimensional Brownian motion. To compute the
stochastic integral

14
/ e_s/2+B(s)dB(8),
o]

we let V(z,t) = e~*/2+* and z(t) = B(t), and then, by the Ité6 formula, we
obtain

d[e—t/2+B(t)] _ __;_e—t/2+B(t)dt +emt/2+BOB(4) 4 _;_e—t/‘2+8(t)dt

— e~£/2+B(t)dB(t)-
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That yields

t
/ e~*/2+Bl8) gB(5) = ¢~t/2+B1) _ 1.
0

Example 6.8 Let B(t) be a 1-dimensional Brownian motion. What is the inte-
gration of the Brownian sample path over the time interval [0, ], i.e. fot B(s)ds?
The integration by parts formula yields

d[tB(t)] = B(t)dt + tdB(t).

Therefore

t ¢
/ B(s)ds = tB(t) — / sdB(s).
0 0

On the other hand, we may apply Itd’s formula to B3(t) to obtain
dB3(t) = 3B%(t)dB(t) + 3B(t)dt,

which gives the alternative
t 1 t
/ B(s)ds = = B3(t) —/ B?(s)dB(s).
0 3 0

Example 6.9 Let B(t) be an m-dimensional Brownian motion. Let V : R™ —
R be C?. Then Itd’s formula implies

V(B() = V(0) + % /0 AV(B(s))ds + /0 V,(B(s))dB(s),

where A = Z:’;] 3%2; is the Laplace operator. In particular, let V be a quadratic

function, i.e. V(z) = 27 Qxz, where Q is an m x m matrix. Then
t
BT (t)QB(t) = trace(Q)t + / BT (s)(Q + QT)dB(s).
0

Example 6.10 Let z(t) be a d-dimensional It6 process as given by Definition
6.3. Let Q be a d x d matrix. Then
2T (1)Qz(t) — =7 (0)Qz(0)
t
1
= [ (76XQ+ @Nf() + gtracels™ ()@ + @Ma(s)] ) ds
0

+ / 27(s)(Q + QT)g(s)dB(s).
0
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1.7 MOMENT INEQUALITIES

In this section we shall apply Ité’s formula to establish several very im-
portant moment inequalities for stochastic integrals as well as the exponential
martingale inequality. These will demonstrate the powerfulness of the Ito for-
mula.

Throughout this section, we let B(t) = (Bi(t), --,Bm(t))T, t > 0 be
an m-dimensional Brownian motion defined on the complete probability space
(Q, F, P) adapted to the filtration {F;};>0.

Theorem 7.1 Letp > 2. Let g € M2([0,T); R¥*™) such that
T
E/ l9(s)|Pds < oo.
0

Then r
| / o(s)aB(s)|” < ( l)) T E /0 lg(s)[Pds. (7.1)

In particular, for p = 2, there is equality.

Proof. For p = 2 the required result follows from Theorem 5.21 so we only need
to show the theorem for the case of p > 2. For 0 <t < T, set

t
z(t) =/0 g(s)dB(s).
By 1t6’s formula and Theorem 5.21,
Elz(t))
. / (Im(s)|”‘2|9(8)|2 + (- Dl (o) )ds (7.2

”(” pe—1)p / |z(s)[P~2]g(s)|2ds. (7.3)

Using Holder’s inequality one then sees that

-2 [ statoras) " (2 [ tsreas) g

Note from (7.2) that E|z(t)|P is nondecreasing in ¢. It then follows

Eiyp < X221 fypaqeyp] ( / |g(s)|"ds) .
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This yields
- LA t
B < (B252) ¢k [ lgtoras,
0

and the required (7.1) follows by replacing ¢ with T'.

Theorem 7.2 Under the same assumptions as Theorem 7.1,

5 sup | [ sasof) < (525)" T [ iowas.

Proof. Recall that the stochastic integral f(; g(s)dB(s) is an R%valued contin-
uous martingale. Hence, by the Doob martingale inequality (i.e. Theorem 3.8),

we have
(OE\:BTI/ s)dB s)I ) ;’f—l)pEI/OTg(s)dB s ’

In view of Theorem 7.1, we then obtain the desired (7.4).

The following theorem is known as the Burkholder-Davis—-Gundy inequal-
ity.

Theorem 7.3 Let g € L2(R,; R®*™). Define, fort >0,

x(t):/(; g(s)dB(s) and A(t) =/O |g(s)|%ds.

Then for every p > 0, there erist universal positive constants cp, Cp (depending
only on p), such that

&EIAWIE < B sup [o(s)P) < G,ElA(1)|E (7.5)
0<s<t
for all t > 0. In particular, one may take
= (p/2)?, C, = (32/p)?/? if0o<p<2;
c,,7 1, Cp=4 ifp=2;

= (@2p)", Cp=[pPPt/2p- 1P ifp>2.

Proof. We may assume without loss of generality that both z(t) and A(t) are
bounded. Otherwise, for each integer n > 1, define the stopping time

=inf{t > 0: |z(t)| vV A(t) > n}.

If we can show (7.5) for the stopped processes z(t A 1) and A(t A 7,), then
the general case follows upon letting n — oco. Besides, for convenience, we set

z*(t) = suPg< < 1Z(S)]-
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Case 1: p=2. The required (7.5) follows from Theorem 5.21 and the
Doob martingale inequality immediately.

Case 2: p > 2. It follows from (7.3) that
El()P < P2 B[l 0)p240)]
< 20D (g p] 7 [m1awis], (7.6)
where the Holder inequality has been used. But, by the Doob martingale in-

equality,
p P
Bz P < (5F5) Bl

Substituting this into (7.6) yields
E ) plP+D SE A
- < | 4
0 < (55 ) Bl

which is the right-hand-side inequality of (7.5). To show the left-hand-side one,
we set

y(t) = / |A(s)| " g(s)dB(s).
[1]
Then
Ely(t) = / |A(s)[ " |g(s)ds
- s B2 — 5
E /0 |A(s)| 5 dA(s) pE|A(t)| (7.7)

On the other hand, the integration by parts formula yields
- t o2 t 2
sOUAO1F = [ 1A Tt + [ 2141 F)

= yt)+ [ =to)a(|a=).
Thus
WO < =OIAOIT + [ B4 < 22° 1401

Substituting this into (7.7) one sees that

p=2

“BIAGIE < 4B [l OPIA®IT] < (Bl [Elawr]
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This implies

G ElAIE < Bl (P

as desired.
Case 3: 0 < p < 2. Fix € > 0 arbitrarily and define

t
n(t) = / e+ A" g(s)dB(s) and  7°(t) = sup |n(s)]
0 0<s<t

Then .
Eln(t)l2 = E/ le + A(s)]z';_sz(s) < %E[e + A(t)]g. (7.8)
0

On the other hand, the integration by parts formula gives
@)l + AOIF = [ g(aB(o) + [ n(ed(e + AN
= z(t) + /0 n(s)d(le + A(s) 7).

Thus
6)] < In@)lle + AQYF + [ in)ld(fe + AT

< m*(D)e + AT

Since this holds for all £ > 0 and the right-hand side is nondecreasing, we must
have

Blz* (0 < 2B|ln" ()Ple + A®) "]

<2? [Em @®)l ] [E[e +A(t) ]5] = (7.9)
But, by Doob’s martingale inequality and (7.8),

El' (O < 4EIn()f* < 2Ele + A
Substituting this into (7.9) one sees that

Bl 0P < (3 ) e + A%,

Letting € — 0 we obtain the right-hand-side inequality of (7.5). To show the
left-hand-side one, we write, for any fixed € > 0,

(A©IE = (1A@IFe + 0] e + 2 (05
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Then, applying Holder’s inequality, one sees that
5 2z
ElAQ)E < [E(A@ + 2" @F )] (Ble + 2 (0F) - (7.10)

Define .
&(t) = [ le + 2°(s)] 5 g(s)dB(s).
Then

ElE@)|? = E/t[e + z*(s)]P2dA(s) > E([e + x'(t)]”’zA(t)). (7.11)
0
On the other hand, the integration by parts formula gives
2 t —2
st +°O)F =€) + [ a(e)d(fe +3°()F)
—e+ 252 / 2(s)fe + 2° ()] dle + 27 (s)].
0
Thus
2 — t —4
€01 < 2@l + 2" O1F + 252 [ o (o)e + (6] F* dle +2°()
t
<le+z* ()% + g;_p / e+ z*(s)]aizd[e + z*(s))
0
< e+ ).
This, together with (7.11), implies
B(le + = ()P ?AD) < (%)2E[e + 2 ()P
Substituting this into (7.10) we get that
EJA(t)|3 < (%)pE[E +z ).
Finally, letting € — 0 we have
(2) Blaw)t < Bl )P
as required. The proof is now complete.

The following theorem is known as the exponential martingale inequality
which will play an important role in this book.
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Theorem 7.4 Let g = (91,-+-,9m) € L*(Ry; RY*™), and let T,a, 3 be any
positive numbers. Then

P{ sup [/Ot g(s)dB(s) — %/Ot |g(s)|2ds] > [3} <e B, (7.12)

0<t<T
Proof. For every integer n > 1, define the stopping time

o= inf{t >0 l/ot o(s)dB(s)] + /Ot lo(s)|2ds > n}

and the It process

t 2 t
2aft) = @ [ 90148 - G [ 19 Tiar()ds

Clearly, z,(t) is bounded and 1, 1 oo a.s. Applying the Itd’s formula to
exp[zn(t)] we obtain that

t 2 t
explza(t)] = 1+ /0 explon(s)ldza(s) + 5 / explzn(5))|g(s)2Ijo.r.y)(s)ds
]
~14a /0 explzn(8)19(5) jj0.ru11()dB(s).

In view of Theorem 5.21, one sees that exp(z,(¢)] is a nonnegative martingale
on t > 0 with E(exp[z,(t)]) = 1. Hence, by Theorem 3.8, we get that

P{ sup explz,(t)] > e"‘ﬁ} < e"“BE(exp[:z:,,(T)]) =e @B,
0<t<T
That is,

P{ sup [ [ a6Mtior©1486) - 3 [ o) liomy(s)ds] > 8} < e,

0<t<T

Now the required (7.12) follows by letting n — oo and the proof is therefore
complete.

1.8 GRONWALL-TYPE INEQUALITIES

The integral inequalities of Gronwall type have been widely applied in the
theory of ordinary differential equations and stochastic differential equations to
prove the results on existence, uniqueness, boundedness, comparison, continuous
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dependence, perturbation and stability etc. Naturally, Gronwall-type inequali-
ties will play an important role in this book. For the convenience of the reader,
we establish a number of well-known inequalities of this type in this section.

Theorem 8.1 (Gronwall’s inequality) Let T > 0 and ¢ > 0. Let u(-) be
a Borel measurable bounded nonnegative function on [0,T), and let v(-) be a
nonnegative integrable function on [0,T]. If

u(t) <c+ /t v(s)u(s)ds forall0<t<T, (8.1)
0

then .
u(t) < cexp (/ v(s)ds) forall0<t<T. (8.2)
0

Proof. Without loss of generality we may assume that ¢ > 0. Set
t
z(t) =c+ / v(s)u(s)ds for0<t<T.
0

Then u(t) < z(t). Moreover, by the chain rule of classical calculus, we have

¢ v(s)u(s)

log(2(t)) = log(c) + /0 2(s)

t
ds < log(c) + / v(s)ds.
0
This implies
13
z(t) < cexp (/ v(s)ds) for0<t<T,
0
and the required inequality (8.2) follows since u(t) < z(t).
Theorem 8.2 (Bihari’s inequality) LetT >0andc>0. Let K: Ry — R,
be a continuous nondecreasing function such that K(t) > 0 for allt > 0. Lel

u(-) be a Borel measurable bounded nonnegative function on [0,T], and let v(-)
be a nonnegative integrable function on [0,T]. If

u(t) < c+ / Cwo)K(u(s)ds  forall0<t<T, (8.3)
0

then
u(t) < G1 (G(c) + /Ot v(s)ds) (8.4)

holds for all such t € [0,T) that

G(c) + /ot v(s)ds € Dom(G™1), (8.5)
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where

T ds
1 K(s)

and G~! is the inverse function of G.

G(r) =

onr >0,

Proof. Set
t
2(t)y=c+ / v(8)K (u(s))ds for0<t<T.
0
Then u(t) < z(t). By the chain rule of classical calculus, one can derive that

v(s)K (u(s))
K(z(s))

for all t € [0,T]. Hence, for t € [0, T satisfying (8.5) one sees from (8.6) that

G(z(t)) = G(c) + /0 ds < G(c) + /0 t v(s)ds (8.6)

2(t) < G (G(c) + /0 t v(s)ds),

and the desired inequality (8.4) follows since u(t) < z(t).

Theorem 8.3 LetT >0, a € [0,1) and ¢ > 0. Let u(-) be a Borel measurable
bounded nonnegative function on [0,T), and let v(-) be a nonnegative integrable
function on [0, T). If

u(t) <c+ /t v(8)[u(s)]®ds  forall0<t<T, (8.7)
0

then .
t -
u(t) < (c‘_"‘ +(1- a)/ v(s)ds) (8.8)
0
holds for all t € [0,T.
Proof. Without loss of generality, we may assume ¢ > 0. Set

z(t) =c+ /t v(s)[u(s)]®ds  for0<t<T.
0

Then u(t) < 2(¢) and 2(t) > 0. By the fundamental differential formula, one can

show that
1—a _ o v(s)uls)
20 H1 - [ OO

~"Jr(l—a)/o v(s)ds

for all t € [0,T), and the required inequality (8.8) follows immediately.
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Stochastic Differential Equations

2.1 INTRODUCTION

In section 1.1 we introduced, as an example, the simple stochastic population
growth model

t t
N(t) = Nop +/ r(s)N(s)ds+/ o(s)N(s)dB(s),
0 0
or, in differential form,
dN(t) = r(t)N(t)dt + o(t)N(t)dB(t) ont>0 (1.1)

with initial value N(0) = Ny. In this chapter, we shall turn our attention to the
finding of a solution to the equation. In general, we shall investigate the solution
to a non-linear stochastic differential equation

dz(t) = f(z(t), t)dt + g(z(t),)dB(t)  ont € [to, T] (1.2)

with initial value x(to) = xp, where 0 < tg < T < o0o. The questions are:
- What is the solution?
- Are there the existence-and-uniqueness theorems for such a solution?
- What are the properties of the solution?
- How can the solution be obtained in practice?

In this chapter, we shall answer these questions one by one. Besides, as an impor-
tant application of stochastic differential equations, we shall establish the well-
known Feynman-Kac formula. The Feynman-Kac formula gives the stochastic

47
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representation for the solution to a linear parabolic partial differential equation
in terms of the solution to the corresponding stochastic differential equation.

2.2 STOCHASTIC DIFFERENTIAL EQUATIONS

Let (Q,F, P) be a complete probability space with a filtration {F;}:>0
satisfying the usual conditions. Throughout this chapter, unless otherwise spec-
ified, we let B(t) = (Bi(t), -+, Bm(t))T, t > 0 be an m-dimensional Brownian
motion defined on the space. Let 0 < tg < T < 0o. Let zg be an F; -measurable
R%-valued random variable such that E|zo|? < co. Let f : R4 x [t,T] — R? and
g : R% x [to, T] — R¥*™ be both Borel measurable. Consider the d-dimensional
stochastic differential equation of It6 type

dz(t) = f(z(t),t)dt + g(z(t),t)dB(t) onto<t<T (2.1)

with initial value z(tg) = zo. By the definition of stochastic differential, this
equation is equivalent to the following stochastic integral equation:

z(t) = zo + t f(z(s),s)ds + /t 9(z(s), s)dB(s) ontg<t<T. (22
to to

Let us first give the definition of the solution.

Definition 2.1 An R%-valued stochastic process {z(t)}:,<¢<r is called a solution
of equation (2.1) if it has the following properties:
(i) {z(t)} is continuous and F,-adapted;
(ii) {f(z(t),t)} € L'([to, T}; R%) and {g(z(t), 1)} € L2([to, T}; R**™);
(iii) equation (2.2) holds for every t € [to, T| with probability 1.
A solution {x(t)} is said to be unique if any other solution {Z(t)} is indistin-
guishable from {z(t)}, that is

P{z(t) = Z(t) forallto <t <T} =1.

Remark 2.2 (a) Denote the solution of equation (2.1) by z(¢;t0,zo). Note
from equation (2.2) that for any s € [to, T},

z(t) = z(s) + /t flz(r),r)dr + /t g(z(r),r)dB(r) ons<t<T (23)

But, this is a stochastic differential equation on [s, T] with initial value z(s) =
xz(s; to, To), whose solution is denoted by z(t; s, z(s; to,zo)). Therefore, we see
that the solution of equation (2.1) satisfies the following flow or semigroup prop-
erty

z(t; to, zg) = z(t; s, z(s; to, Zo)), to<s<t<T.
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(b) The coefficients f and g can depend on w in a general manner as long
as they are adapted. For further details, please see Gihman & Skorohod (1972).

(c) In this book we require the initial value o be L2, but in general it
is enough for z¢ to be a random variable as long as it is F; -measurable. For
further details, please see Gihman & Skorohod (1972).

We shall now give some examples of stochastic differential equations.

Example 2.3 Let B(t), t > 0 be a one-dimensional Brownian motion. Define
the two-dimensional stochastic process

z(t) = (zl(t),:cg(t))T = (cos(B(t)),sin(B(t)))T ont>0. (2.4)

The process z(t) is called Brownian motion on the unit circle. We now show
that z(t) satisfies a linear stochastic differential equation. By It6’s formula,

dz(t) = — sin(B(2))dB(t) — %cos(B(t))dt - —%xl(t)dt _ z5(t)dB(t),
dzs(t) = cos(B(£))dB(t) — %sin(B(t))dt - —%xg(t)dt + 21(t)dB(2).

That is, in matrix notation,

dx(t) = —%x(t)dt + Kz(t)dB(t), where K = (‘1’ *01) . (25)

Example 2.4 The charge Q(t) at time t at a fixed point in an electrical circuit
satisfies the second order differential equation

L) + RO() + 5Q(1) = F(1), (26)

where L is the inductance, R the resistance, C the capacitance and F(t) the po-
tential source. Suppose that the potential source is subject to the environmental
noise and is described by F(t) = G(t) + aB(t), where B(t) is a 1-dimensional
white noise (i.e. B(t) is a Brownian motion) and « is the intensity of the noise.
Then equation (2.6) becomes

LOG) + RO(t) + %Q(t) — G(t) + aB(t). 2.7)

Introduce the 2-dimensional process z(t) = (z,(t),z2(t))T = (Q(t), Q(t))T.
Then equation (2.7) can be expressed as an It equation

{ dz1(t) = z2(t)dt,

dz(t) = %(—%xl(t) ~ Raat) + G(t) )de + SdB(o).



50 Stochastic Differential Equations {Ch.2
That is,
dz(t) = [Az(t) + H(t)|dt + KdB(t), (2.8)

where

Az(—l;)CL —RI’/L)’ H(t):(G(tO)/L)’ Kz("(/)’“)'

Example 2.5 More generally, consider a dth-order differential equation with
white noise of the form

y D) = Fy(t),- -,y (1), 1) + Gly(t), -,y V@), )B(t),  (2.9)

where F: R x Ry — R, G: R x Ry — RY™ and B(t) is an m-dimensional
white noise, i.e. B(t) is an m-dimensional Brownian motion. Introducing the
R9-valued stochastic process z(t) = (z(t),---,za(t))T = (¥(t), -,y V)T,
we can then convert equation (2.9) into a d-dimensional It6 equation

.l‘z(t) 0
dz(t) = a:d:(t) dt + (-) dB(t). (2.10)
F(z(t),t) G(z(¢),t)

Example 2.6 If g(z,t) = 0, equation (2.1) becomes the ordinary differential
equation
() = f(a(t),t)  onte [to,T] (2.11)

with initial value z(tg) = z¢. In this case, the random influence can only show up
in the initial value x¢. As a special case, consider the one-dimensional equation

i(t) = 3[z(t)]*®  ont € [to,T) (2.12)

with initial value z(tg) = 14, where A € Fy,. It is easy to verify that for any
0 < a < T — tg, the stochastic process

(t—to+1)2 fortp<t<T,weA,
z(t) =z(t,w) =< 0 fortg<t<tp+a, w¢A,
(t—to—a)® fortg+a<t<T,w¢A

is a solution to equation (2.12). In other words, equation (2.12) has infinitely
many solutions. As another special case, consider the one-dimensional equation

i) = [z@®)® ontée [to,T] (2.13)
with initial value z(ty) = o, which is a random variable taking values larger

than 1/{T —to]. It is easy to verify that equation (2.13) has the (unique) solution

-1
1
z(t) = [;1(; ~(t- to)] only on tg <t <tg+ a(< T),



Sec.2.3 Existence and Uniqueness of Solutions 51

but there is no solution defined for all ¢t € [to, T] in this case.

Example 2.7 Let B(t) be a one-dimensional Brownian motion. Girsanov
(1962) has shown that the one-dimensional It equation

2(t) = / lz(s)|*dB(s)

has a unique solution when a > 1/2, but it has infinitely many solutions when
0<a<l1/2

2.3 EXISTENCE AND UNIQUENESS OF SOLUTIONS

Examples 2.6 and 2.7 show that an [t equation may not have a unique
solution defined on the whole interval {to,T]. Let us now turn to find the con-
ditions that guarantee the existence and uniqueness of the solution to equation
(2.1).

Theorem 3.1 Assume that there erist two positive constants K and K such
that

(i) (Lipschitz condition) for all z,y € R® and t € [to, T)
1f@.t) - fw. 1>\ lg(z,t) — 9(v, ) < K|z — gyl (3.1)

(ii) (Linear growth condition) for all (z,t) € R? x [to,T)
£z, ) lg(z, ) < K(1+ |z]). (3.2)

Then there ezists a unique solution z(t) to equation (2.1) and the solution belongs
to M2 ({to, T); RY).

We first prepare a lemma.

Lemma 3.2 Assume that the linear growth condition (3.2) holds. If z(t) is a
solution of equation (2.1), then

E ( sup_|2(t)|2) < (1+ 3E|zo[?)e?K T —te)T—to+), (33)
to<t<T

In particular, z(t) belongs to M2([to, T]; R%).
Proof. For every integer n > 1, define the stopping time

Tn = T Ainf{t € [to, T) : jz(t)] > n}.
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Clearly, 7, 1 T as. Set z,(t) = z(t A1) for t € [tg, T|. Then xz,(¢) satisfies the
equation

t t
Za(t) =0 + z f(a:,,(s),s)Inz(,,r,A]](s)ds+/t g(zn(s), s) iy, .r,11(8)dB(s).

Using the elementary inequality |a + b + ¢|2 < 3(Ja|? + |b|2 + |c¢|?), the Holder
inequality and condition (3.2), one can show that

(on (O < Blaol? + 3K(t — to) [ (1+ Jaa(s))ds

Ly

[ 0(n(5): 8) 077 (5)dB(5)

2
+3

Hence, by Theorem 1.7.2 and condition (3.2) one can further show that

E( sup |za(s)?) < 3Elzol? + 3K (T ~ to) / (L + Eloa(s)[?)ds

t()SSSl

2
+12E | |g(zn(s), s)* Iz, (5)ds

ty

t
< 3Elzo|? + 3K(T — to +4) | (14 E|zna(s))?)ds.

to

Consequently

1+E( sup |z,.(s)|2)

to<s<t

t
< 14 3E|xo)® + 3K(T — to + 4) [l + E( sup |zn(r)|2)]ds

to to<r<s

Now the Gronwall inequality (i.e. Theorem 1.8.1) yields that

1+ E( sup |za(t)]| ) <(1+ 3E'|:1:0‘2)e3K(T_°")(T_“'+4).
t()(l(

Thus
E( sup Iz(t)lz) <1+ 3E|:l:o|2)63K(T"")(T”‘“+4).

to<t<T,

Finally the required inequality (3.3) follows by letting n — oo.

Proof of Theorem 3.1. Uniqueness. Let z(t) and Z(t) be two solutions of equation
(2.1). By Lemma 3.2, both of them belong to M?([te, T); R?). Note that

2(0) = 3(0) = [ F(@(s),5) — F(E(s), )ds+ / lg(z(s), 5) — g(2(s), 5)}dB(s)

to
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Using the Holder inequality, Theorem 1.7.2 and the Lipschitz condition (3.1) one
can show in the same way as the proof of Lemma 3.2 that

E( sup |z(s) - #(s)?) < 2R(T +4) tE( sup_|a(r) — 2(r)|*)ds.

to<s<t to to<r<s

The Gronwall inequality then yields that

E‘( sup |z(t) — f(t)|2) —0.

t()StST

Hence, z(t) = Z(t) for all £, <t < T almost surely. The uniqueness has been
proved.

Existence. Set zqo(t) = zp, and for n = 1,2, - -, define the Picard iterations
t t

zn(t) = xo +/ f(:r,,_l(s),s)ds+/ g(zn-1(s), s)dB(s) (3.4)
to to

for t € [to, T]. Obviously, zo(-) € M2([to, T]; R*). Moreover, it is easy to see by
induction that z,(-) € M?([te, T}; R%), because we have from (3.4) that

t
Elz,(t)? < c1 +3K(T+1) | E|z,_1(s)|%ds, (3.5)

to

where ¢; = 3E|zo|?2 + 3KT(T +1). It also follows from (3.5) that for any k > 1,
t
2 ¢ 2
lrsrl’?%(k Elz,(t)|* <1 +3K(T +1) /t“ 12?%‘/: E|z, _1(s)|°ds

4
2 2
<e +3K(T+1)[ (E'l:col +1I§n,?%(kE|x"(s)| )ds

0

t
< 2
< +3K(T+1) / max, Elza(s)Pds,

where ¢z = ¢; + 3KT(T + 1)E|zo|? . The Gronwall inequality implies

Elz (£)12 < c,3KT(T+1)
ax, lzn{t)|® < c2e

Since k is arbitrary, we must have
EI:c,,(t)]2 < cze3KT(T“) forallto <t<T, n>1. (3.6)
Next, we note that
|z1() — zo(t)|? = |21 (¢) — zof?

< 2‘[ Feo,s)ds| + 2‘[ 9(zo,5)dB(s)

2




54 Stochastic Differential Equations [Ch.2
Taking the expectation and using (3.2), we get

E|z:1(t) — zo(t)|?
< 2K(t — to)2(1 + E|zo|?) + 2K (t — to)(1 + Elzo|?) < C, (3.7)

where C = 2K(T — to + 1)(T — to)(1 + E|xo|?). We now claim that for n > 0,

CM(t — to)l"

Elzny1(t) — xn(t)|2 < o)

fortg <t <T, (3.8)
where M = 2K (T — to + 1). We shall show this by induction. In view of (3.7)
we see that (3.8) holds when n = 0. Under the inductive assumption that (3.8)
holds for some n > 0, we shall show that (3.8) still holds for n + 1. Note that

2

[f(Zns1(s), 8) — flzn(s), s)lds

to

/t [9(Zns1(5), 8) — 9(zn(s), 5)|dB(s)

|Zns2(t) — $n+1(t)’2 <2

+2 } (3.9)

Taking the expectation and using (3.1) as well as the inductive assumption, we
derive that

to

t
Elzpn42(t) — Tnp1 ()2 < 2K(t —to + I)E/ |2ns1(s) — zn(s)|2ds

t
<M | Elznyi(s) — za(s)|%ds

‘CIM(s—to)l , _ CIM(t- )™

o nl (n+1)!

<M

That is, (3.8) holds for n + 1. Hence, by induction, (3.8) holds for all n > 0.
Furthermore, replacing n in (3.9) with n — 1 we see that

T
sup_[ensi(t) ~ (8 < 2K(T — to) / |2a(8) — Zn_1(s)?ds

to<t<
2

T
[9(zn(5), 8) — 9(zn-1(s), 5)ldB(s)

to

42 sup
ta<t<T

Taking the expectation and using Theorem 1.7.2 and (3.8), we find that

T
E( sup |nsi(t) - xn(m"’) <2R@—to+4) | Elza(s) - ons(s)Pds
to<t<T

T ciM(s - to)]* ! ds — 4CIM(T — to)]"

<




Sec.2.3] Existence and Uniqueness of Solutions 55

Hence SCIAMT n
P{ sup Ixn+1(t)_’xn(t)l > 2_1'} < [4 ( —tO)] .

to<t<T n

n!

Since Y oo o 4C[4M(T — to)]™ /n! < oo, the Borel-Cantelli lemma yields that for
almost all w € Q there exists a positive integer ng = no{w) such that

1
sup |Tp4i1(t) —zp(t)) < o whenever n > ng.
tp<t<T 2

It follows that, with probability 1, the partial sums

n—1
zo(t) + Y _[Tis1(8) - zi(1)] = 2 (t)

i=0

are convergent uniformly in ¢t € [0,T). Denote the limit by z(t). Clearly, z(t)
is continuous and J;-adapted. On the other hand, one sees from (3.8) that for
every t, {zn(t)}n>1 is a Cauchy sequence in L? as well. Hence we also have
Zn(t) — z(t) in L2. Letting n — oo in (3.6) gives

Elzt)]? < cue3KTT+)  foralltg <t <T.

Therefore, z(-) € M?({to, T}; R%). It remains to show that z(t) satisfies equation
(2.2). Note that

t 2

El t f(zn(s),s)ds — f(x(s), 8)ds

to ty

2

+ E‘ / t o(an(s),9dB(s) - [ " glz(s), )dB(s)

1]

T
< K(T —-to+1) Elzn(s) — z(s)|*ds — 0 as m — 00.
to

Hence we can let n — oo in (3.4) to obtain that

z(t) = zo + t f(z(s),8)ds + /t g(z(s), s)dB(s) ontyg<t<T

to to

as desired. The proof is now complete.

In the proof above we have shown that the Picard iterations z,,(t) converge
to the unique solution z{(t) of equation (2.1). The following theorem gives an
estimate on how fast the convergence is.

Theorem 3.3 Let the assumptions of Theorem 3.1 hold. Let x(t) be the unique
solution of equation (2.1) and x,(t) be the Picard iterations defined by (3.4).
Then
M(T — n
E( sup |T.(t) — z(t)|2) < MCSM(T—W (3.10)

to<t<T - n!
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for alln > 1, where C and M are the same as defined in the proof of Theorem
8.1, that is C = 2K (T — to + 1)(T — to)(1 + E|xo|?) and M = 2K(T — to + 1).

Proof. From
To(t) —z(t) = [ (f(za-1(s),8) — f(z(s),s)}ds

to
+ | lg(zn-1(s), s) — g(x(s), s)|dB(s),

to

we can derive that

E( sup [z (s) - x(snz) <R -to+4) | ' Efn_i(s) - 2(s)Pds

ty<s<t ty
t ¢
< SM/ E|zn(s) — Tn_1(s)|?ds + SM/ E|zn(s) — z(s)|%ds.
to to

Substituting (3.8) into this yields that

B sup, lon(e) - (o)1)

t(;SaSt

T _ n—1 t
<sm [ CIMG t“')] ds +8M | Elza(s) — z(s)|°ds
to (n - 1)' ty
- n t
< w— +8M E( sup |zn(r) — x(r)|2)ds.
n! to to<r<s

Consequently, the required inequality (3.10) follows by applying the Gronwall
inequality. The proof is complete.

This theorem shows that one can use the Picard iteration procedure to
obtain the approximate solutions of equation (2.1), and (3.10) gives the esti-
mate for the error of the approximation. We shall discuss other approximation
procedures later.

The Lipschitz condition (3.1) means that the coefficients f(z,t) and g(z,t)
do not change faster than a linear function of = as change in z. This implies
in particular the continuity of f(z,t) and g(z,t) in z for all t € [tp,T]. Thus,
functions that are discontinuous with respect to z are excluded as the coef-
ficients. Besides, functions like sinz? do not satisfy the Lipschitz condition.
These indicate that the Lipschitz condition is too restrictive. The next theorem
is a generalization of Theorem 3.1 in which this (uniform) Lipschitz condition is
replaced by the local Lipschitz condition.

Theorem 3.4 Assume that the linear growth condition (3.2) holds, but the
Lipschitz condition (8.1) is replaced with the following local Lipschitz condition:
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For every integer n > 1, there erists a positive constant K, such that, for all
t € [to,T) and all z,y € R® with |z| V |y| < n,

1f(z.t) — F )V lo(z,t) — 9y, ) < Kz — yI*. (3.12)

Then there ezists a unique solution z(t) to equation (2.1) in M2([to, T); R?).

Proof. This theorem is proved by a truncation procedure. We only outline the
proof but leave the details to the reader. For each n > 1, define the truncation

function f(z,t) if |z] <
x, IIrjsn,
fn(xvt) = {f(nz-/lxl,t) if |.'L‘| > n,

and g, (z,t) similarly. Then f, and g, satisfy the Lipschitz condition (3.1) and
the linear growth condition (3.2). Hence by Theorem 3.1, there is a unique
solution z,(-) in M?([to, T]; R®) to the equation

t t
2alt) =20+ [ Salon(o),dt + [ gnlan(s),5)dBs), telta, T (12)
to to
Define the stopping time
1o =T Ainf{t € [to, T) : |zn(t)] > n}.
We can show that
In(t) = Tnp1(t) ifto <t < 7m. (3.13)

This implies that 7, is increasing. We can then use the linear growth condition
to show that for almost all w € 2, there exists an integer ng = no(w) such that
o = T whenever n > ng. Now define z(t) by

Z(t) = Tno(t), tE€ [to,T]-

By (3.13), z(t A ) = zn(t A T), and it therefore follows from (3.12) that
tATH tATH
z(EAT,) =29 + / Fn(z(8), 8)ds + / gn(x(s),8)dB(s)
to to

=0 +/ " f(z(s),s)ds +/ " g(z(s), s)dB(s).

to to

Letting n — oo we see that z(t) is a solution of equation (2.1), which, by Lemma
3.2, belongs to M?([tg, T]; R?). The uniqueness can be proved via a stopping
procedure.

The local Lipschitz condition allows us to include many functions as the

coefficients f(z,t) and g(z,t) e.g. functions that have continuous partial deriva-
tives of first order with respect to z on R¢ x {to, T]. However, the linear growth
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condition still excludes some important functions like —|z{?z as the coefficients.
The following result improves the situation.

Theorem 3.5 Assume that the local Lipschitz condition (3.11) holds, but the
linear growth condition (3.2) is replaced with the following monotone condition:
There erists a positive constant K such that for all (z,t) € R* x [to, T)

T t) + %Ig(z,t)|2 < K(1+|z?). (3.14)

Then there exists a unique solution x(t) to equation (2.1) in M?([ta, T]; RY).

This theorem can be proved in a similar way as Theorem 3.4—the local
Lipschitz condition guarantees that the solution exists in [tg, 7], Where 7o, =
limy,_, o T, but the monotone condition instead of the linear growth condition
guarantees that 7o, = T i.e. the solution exists on the whole interval {to, T.
We leave the details to the reader. It should be stressed that if the linear
growth condition {3.2) holds then the monotone condition (3.14) is satisfied, but
conversely not. For example, consider the one-dimensional stochastic differential
equation

dz(t) = [z(t) — 23(t)|dt + z2(t)dB(t)  on t € |to, T). (3.15)

Here B(t) is a one-dimensional Brownian motion. Clearly, the local Lipschitz
condition is satisfied but the linear growth condition is not. On the other hand,
note that

1
:t[:w:~:::3]+-2-x4 <z?<1+1%

That is, the monotone condition is fulfilled. Hence Theorem 3.4 guarantees that
equation (3.15) has a unique solution. An even more general condition than
the monotone one is the Has'minskii condition which is described by using a
Lyapunov-like function. For the details please see Has’minskii (1980).

In this book we often discuss a stochastic differential equation on [tg, 00),
that is
dz(t) = f(z(t), t)dt + g(z(t), t)dB(t) on t € [tg,00) (3.16)

with initial value z(tp) = zo. If the assumptions of the existence-and-uniqueness
theorem hold on every finite subinterval {tg, T} of [to,00), then equation (3.16)
has a unique solution z(¢) on the entire interval [tg, 00). Such a solution is called
a global solution. For the convenience of the reader, we state a theorem.

Theorem 3.6 Assume that for every real number T > tg and integer n > 1,
there ezists a positive constant K1, such that for allt € [to,T) and all z,y € R
with |z| V |y| < n,

1f(z,t) ~ £y, 01>/ l9(z, t) — 9y, ) < Kromlz — 3>
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Assume also that for every T > tg, there exists a positive constant Kt such that
for all (x,t) € R4 x [to, T),

1
2 f(2,0) + 319, O < Kr(1+ JaP).
Then there exists a unique global solution x(t) to equation (8.16) and the solution

belongs to M?2([ty, o0); R%).

2.4 LP-ESTIMATES

In this section, we assume that z(t), t¢ <t < T is the unique solution of
equation (2.1) with initial value z(ty) = o, and we shall investigate the pth
moment of the solution.

Theorem 4.1 Let p > 2 and 1o € LP(Q; R?). Assume that there ezists a
constant a > 0 such that for all (z,t) € R® x [to, T},

-1
a7 f(z,t) + 2 5 9(z, t)* < a1+ |zf*). (4.1)
Then -
Elz(t)P < 27 (1 + E|zo[P)eP®t=t)  for all t € [to, T). (4.2)

Proof. By Itd’s formula and condition (4.1) we can derive that for t € [tg, T,
» t 2
1+ lz(t)lz]% =1+ |x0|2]§ + p/ 1+ lz(s){?] erT(s)f(x(s), s)ds
to

+ 2 [+ ) = lotats) o)ds

0

. p(p2— D [ 1+ la()P]) 7 12 (5)9(a(s), 5) s

ty

+p / [1+1e(s)P) T 27 (s)g(z(s), 5)dB(s)

t —2
<2 (1+ lzol")+p/ 1+ |z(s)|2]"‘*‘

to

(2 1(e(0)9) + B lata(s), o) ) s

ip / [1+ 2()2) T 27 (s)g(z(s), s)dB(s)

to

_2 t
<27 (1 4 faol?) + pa [ [+ le(s)) P

to

+ p/t [1+ |x(s)l2] L;2-.'1571(s)g(:c(3), $)dB(s). (4.3)



60 Stochastic Differential Equations [Ch.2
For every integer n > 1, define the stopping time
™ = T Ainf{t € [to, T] : |z(t)| > n}.

Clearly, 7, T T a.s. Moreover, it follows from (4.3) and the property of Itd’s
integral that

E([l +|z(t A 1) ?] ;)
2 AT,
< 2%7(1 + ElzolP) + paE [1+ |z(s)[?] ¥ ds
to
2 t
< 2% (1 + ElzolP) + pa E([1+ |z(s/\r,.)|2]'f’)ds

to

The Gronwall inequality yields
E([l + |z (t A Tn)|2] g) < 2}’_;_2(1 + E,Zfo'p)epa(t_t”)_
Letting n — oo yields
21% e2 p)palt—to)
E([1+z(t)°]?) <277 (1 + E|zo[?)e , (4.4)

and the desired inequality (4.2) follows.

We now verify that if the linear growth condition (3.2) is fulfilled, then (4.1)
is satisfied with o = VK 4+ K(p — 1)/2. In fact, using (3.2) and the elementary
inequality 2ab < a2 + b? one can derive that for any £ > 0,

227 f(2,1) < 2lzl|f(z,8) = 2(VER(F (2, 1)/vF)
< efaf? + 21/ OF < elef + (1 +[af).

Letting € = VK yields
o7 f(z,t) < VK + |z|?).

Consequently

#f(at) + 2 oo < [VE + KED] 0 jap),

We therefore obtain the following useful corollary.
Corollary 4.2 Let p > 2 and zo € LP(Q; R%). Assume that the linear growth
condition (3.2) holds. Then inequality (4.2) holds with a = VK + K(p —1)/2.

We now apply these results to show one of the important properties of the
solution.
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Theorem 4.3 Let p > 2 and xo € LP(Q; R%). Assume that the linear growth
condition (3.2) holds. Then

Elz(t) —z(s)P < C(t—s)F  forallty<s<t<T, (4.5)
where

C = 2P"%(1 + E|zo|P)er*(T~t0) ([2(T ~to))% + [p(p - 1)15)

and o = VK + K(p — 1)/2. In particular, the pth moment of the solution is
continuous on [tg, T).

Proof. By the elementary inequality |a + b|P < 2P~1(|a|P + |b|P), it is easy to
see that

P P
+2°7IE

Elz(t) - z(s)P < 2”“E‘| / Fa(r), r)dr

/ o(z(r),r)dB(r)

Using the Hoélder inequality, Theorem 1.7.1 and the linear growth condition, one
can then derive that

t
Elz(t) — z(s)P < [2(t — s)P~'E / \f(a(r),r)Pdr
2 t
4320l = Dt - )" E [ lo(atr).r)par

t
<a(t-9)7 [ B0+ 0P,
where ¢; = 2" K% ([2(T —t0)]% + [p(p - 1)]‘;’). Applying (4.4) one sees that

E|z(t) — z(s)|P < e1(t — s)g’? /t 2P’3'2‘(1 + E|xo|P)eP* ("t gr
8
< 12 (1 + ElzolP)eP T-) (¢t — 6)%,
which is the required inequality (4.5).
Theorem 4.4 Let p > 2 and zo € LP(Q; RY). Assume that the linear growth
condition (3.2) holds. Then

E( sup Iz(s)l") < (14 3P E|zo|P)elt—to) (4.6)

tp<s<t

Jor alltg <t < T, where

5= (18K)§(T"t0)2_;—2 [(T— to)g + (__pa___)g}

2(p-1)

O =
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Proof. Using the Hélder inequality, Theorem 1.7.2 and condition (3.2) one can
derive that

E(t”s<usp<t |z(s)|”> < 3P E|xo|P + 3"‘1E( tt If(x(s),s)lds)p
[ atatrr.ryas])’

<3P Ejzolf + B(t — )P 'E / t |f(z(s), s)|Pds

+ 3”—1E( sup

ty<s<t

3 £ -2 t
+97 () - ) E [ lotats) )P

t
<3P 1E|goP + 8 [ (1 + Elz(s)[P)ds.

to

Hence

1+E( sup |J:(s)|p) < 1+3P~1E|zo|f’+ﬂ/t: [1+E( sup lx(r)l")}ds.

ta<s<t to<r<s

By the Gronwall inequality one sees that

14 E< sup lx(s)]”) < (14 3P E|zo|P)ePlt—to)
to<s<t

and the required inequality (4.6) follows.

Let us now turn to consider the case of 0 < p < 2. This is rather easy if we
note that the Holder inequality implies

Elz(t)l” < [Elz(t)?]*. (47)

In other words, the estimate for E|z(t)|P can be done via the estimate for the
second moment. For example, we have the following corollaries.

Corollary 4.5 Let 0 < p < 2 and o € L%(Q; R%). Assume that there erists a
constant o > 0 such that for all (z,t) € R% x [to, T),

2 f(@,8) + 3lo(@ O < a1 + [af?) (48)

Then ’
Ez(®)P <1+ E|$o|2)5epa(t-ttx) for all t € [ty, T). (4.9)



Sec.2.5] Almost Surely Asymptotic Estimates 63

Corollary 4.6 Let 0 < p < 2 and zo € L?(; R%). Assume that the linear
growth condition (3.2) holds. Then

Elz(t) ~z(s)P < CE(t - s)}  forallto <s<t<T, (4.10)

where

C = 2(1 + Elzo|2)(T — to + 1) exp [(2\/1? + K)(T - tg)].

In particular, the pth moment of the solution is continuous on [tg, T).

2.5 ALMOST SURELY ASYMPTOTIC ESTIMATES
Let us now consider the d-dimensional stochastic differential equation
dz(t) = f(z(t),t)dt + g(z(t), t)dB(t) on t € [tp,o0) (5.1)

with initial value z(to) = zo € L?(; R?Y). Assume that the equation has a
unique global solution z(t) on [ty, 00). Besides, we shall impose the monotone
condition: There is a positive constant a such that, for all (z,t) € R? x [to, 00),

27 f(a,0) + Flg(@ O < a1 +]z). (52)

Let 0 < p < 2. In view of Theorem 4.1 and Corollary 4.5 , we know that the
pth moment of the solution satisfies

E|lz(t)]P < (1 + Elzo|*)5eP¢%)  for all t > t,.

This means that the pth moment will grow at most exponentially with exponent
pee. This can also be expressed as

limsup ; log(Elz(?)[?) < per. (5.3)
t— 00

The left-hand side of (5.3) is called the pth moment Lyapunov exponent (forp > 2
too), and (5.3) shows that the pth moment Lyapunov exponent should not be
greater than pa. In this section, we shall establish the asymptotic estimate for
the solution almost surely. More precisely, we shall estimate

1
limsup - log |z(?)] (5.4)
t—o0 t

almost surely, which is called the sample Lyapunov exponent, or simply Lyapunov
ezponent.

Theorem 5.1 Under the monotone condition (5.2), the sample Lyapunov ez-
ponent of the solution of equation (5.1) should not be greater than a, that is

1
limsup - log|z(t)| <a  a.s. (5.5)
t—oo t
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Proof. By Itéd’s formula and the monotone condition (5.2),
log(1 + |z(t)|?) = log(1 + lzol*)

+ / f:%(;)ﬁ(””s)f(x(s)’s) +1g(a(s), ) ) ds

" 2T (s)g(x(s), 5)|
w1+ 1z(s)P)

-2 2ds + M(t)
" 12T (s)g(z(s), 5)I?

< log(1 + [zo[?) + 2a(t ~ to) — 2 W L+ 2P

ds+ M(t), (5.6)

where

_, [T (s)e(a(s),9) ;
M(t) = 2/¢‘ WdB(S) (()-7)

On the other hand, for every integer n > ¢, using the exponential martingale
inequality (i.e. Theorem 1.7.4) one sees that

"7 (s)g(z(s), 5)I?
W (LH ()P

)

P{ sup [M(t)—2

to<t<n

1
I < —.
ds]> 2 ogn} <3

An application of the Borel-Cantelli lemma then yields that for almost all w €
there is a random integer ng = ng(w) > tg + 1 such that

" lzT(s)g(x(s), s)I?
to [1 + |$(S)|2]2

sup [M(t) -2

ds} <2logn if n > ng.
ty<t<n

That is,

b lzT(s)g(x(s), 5)I
w o [1+]z(s)P)?
for all tg <t < n, n > ng almost surely. Substituting (5.8) into (5.6) deduces
that

M(t) <2logn+2 ds (5.8)

log(1 + |z()]?) < log(1 + [zof?) + 2a(t — to) + 2logn

for all g <t < n, n > ng almost surely. Therefore, for almost all w € Q, if
nZnO) n_lstsns

% log(1 + |z(t)]?) < [log(l + zo]?) + 2a(n — to) + 2 logn].

n-1
This implies
. 1 . 1 2
limsup - log |z(t)] < limsup — log(1 + |z(t)|%)
t—o0 t t—o0 2t

< limsup

_1 2
S S~ 1) [log(l + |zo]*) + 2a(n — to) + 2log n] a
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almost surely. The proof is complete.

Let us now recall the linear growth condition: There exists a K > 0 such
that for all (z,t) € R? x [to, 00)

£ )\ lg(z, ) < K1+ |z]?). (5.9)

As shown on page 60 (just before the statement of Corollary 4.2), we know that
(5.9) implies (5.2) with a = VK +K/2. So we have the following useful corollary.

Corollary 5.2 Under the linear growth condition (5.9), the solution of equation
(5.1) has the property

lim sup % log|z(t)] < VK + % a.s. (5.10)
t—00

On the other hand, we would like to point out that this corollary can also
be proved straightforward. Note that under the linear growth condition (5.9},
the continuous local martingale M (t), t > to (in fact it is a martingale) defined
by (5.7) has its quadratic variation (cf. Theorem 1.5.14)

(M, M), =4 Gl o e / l27 (s )|2l2dsS4K(t—to).

W (L+ Irr(S)|2]2 1+ |z(s)
Hence M M
lim sup (——’—b- < 4K a.s.
t—oo

and then, by Theorem 1.3.4,

Mt

lim sup ®) =0 a.s. (5.11)
t—oo t

Now (5.10) follows from (5.6) immediately. However, the monotone condition
(5.2) does not necessarily guarantee (5.11) so the more careful arguments carried
out in the proof of Theorem 5.1 are quite necessary.

In the sequel of this section, we shall consider a special case of equation
(5.1), i.e. the equation of the form

dz(t) = f(z(t),t)dt + odB(t) on t € {to, 00) (5.12)

with initial value z(tg) = z¢ € L*(Q; R%), where 0 = (0ij)dxm is a constant
matrix. Such a stochastic differential equation appears frequently when a system
described by an ordinary differential equation Z(f) = f(z(t),t) is subject to
environmental noises that are independent of the state z(t). We shall impose a
condition on f(z,t). That is, there exists a pair of positive constants v and p
such that

Tf(z,t)<Hlz)+p for all (z,t) € R% x [tg, 00). (5.13).
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Note that . 2
=1 t)+ 5o < [1V/ (o4 20)] @ + )

By Theorem 5.1 one deduces that the solution of equation (5.12) has the property
hmsup log jz(t)| < 7V(p+ lo l ) a.s. (5.14)

However, with a bit of extra effort, we can obtain much stronger results.

Theorem 5.3 Let (5.13) hold. Then the solution of equation (5.12) has the
property

. e _
tl—ljgo W =0 a.s. (515)

Before the proof, let us emphasis that the conclusion is independent of p
and o. Besides, (5.15) implies that for almost all w € Q,

[z(t)| < e"loglogt  provided ¢ is sufficiently large.

We therefore see that
llmsup loglz(t)| <y as.

which is better than (5.14).
Proof. By Ité’s formula and condition (5.13), one can derive that
e~ z(t)? = e 20 |zo* + M (2)

+ /t e 2 [—2“7I2:(8)|2 +227(5)f(2(s), 5) + |0|2]ds

to

< e o [|330|2 + 2—17-(21) + |0|2)] + M(t), (5.16)

where

4
M(t) =2 / e 2z7(s)odB(s).
to

Assign p > 1 arbitrarily. Let 71 be an integer sufficiently large for 27" > t,. For
each integer n > @, by Theorem 1.7.4, one sees that

t
1
P{ sup [M(t) - 2/ e‘47’|xT(s)a|2ds]> 2logn} < =
tp<t<2nP ty n

The Borel-Cantelli lemma then yields that for almost all w € Q, there is a
random integer i = fi(w) > 7 + 1 such that

t
M(t) < 2logn + 2Jof? / e z(s)?ds, to<t<2

to
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whenever n > #i. Substituting this into (5.16) gives that
1
a0 < e {[aol + 5 (20 + o] +2l0gn

t
+ 2|0|2/ e~ [e‘”’lx(s)lﬂds,
to
which then implies, by the Gronwall inequality, that

- - 1 lof?

24t 2 < 2vto 2 = 2 [l B
e Mz(t)]° < (e [|zo| + 27(2p+ lo| )] + 2logn) exp( S )
forallto <t < 2%, n
2= << m” >

|I(t)|2 —2~t 2 1 9
- < vto 1
e2rt loglogt = (e [‘1‘0' + 27(2p+ |0’| )] +210gn)

> 7 almost surely. Therefore, for almost all w € Q, if
l,

2
x exp(l—%l—) [plog(n — 1) + loglog 2]‘1.

It then follows that

. |z(2)|? 2 lof?
1 —_— < - ( ) .S.
‘i’li‘.fp e2rtloglogt ~— p xp v a.8

Since p > 1 is arbitrary, we must have that

im 2Ol _o
t—oo e7ty/loglogt

which is the desired conclusion.

We now strengthen condition (5.13) by letting v = 0 to see how the solution
behaves asymptotically. Before we state a new result, let us emphasis that
although we only use the trace norm |A| = \/trace( AT A) for a matrix A so far,
we shall use in the sequel of this book the another norm, i.e. the operator norm
l|A]] = sup{]Az| : |]z] = 1}. The reader should distinguish these two different
(though equivalent) norms and note that ||A}| < |A|.

Theorem 5.4 Assume that there exists a positive constant p such that
T f(z,t) < p for all (z,t) € R% x [to, 00). (5.17).

Then the solution of equation (5.12) has the property

lim sup lz(t)|

L < 8. 18
m su r—r—r—Qtogogt_IlalI\/é a.s (5.18)
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Proof. Using It0’s formula and hypothesis (5.17) one can show that for t > tg
lz()? < |zol® + (20 + |o|?)(t ~ to) + M(2), (5.19)

where

M(t) =2 / t zT (s)odB(s).

0

Assign 3 > 0 and @ > 1 arbitrarily. For every integer n sufficiently large for
#" > tg, one can apply Theorem 1.7.4 to show that

t
P{ sup [M(t) —-2807" le(s)ol2ds]> gl H! logn} < %.

ta<t<gn to

The Borel-Cantelli lemma then yields that for almost all w € €2, there is a
random integer ng = ng(w) sufficiently large such that

M(t) < 870" logn + 280|207 | |z(s)|?ds, to <t < 6™

Substituting this into (5.19) yields that for almost all w € (1,
|lz(t)1? < f2ol? + (20 + o1*)(t ~ to) + 5716 logn

+ 2l [ fn(o)Fds
for all tg <t < 6™, n > ng, which implies
28} < [lzol? + 20+ 1) (O™ ~ to) + 716" logn| 1P,
In particular, for almost all w € Q, if 7! < < 0™, n > ny,

W _ (o : B
< o — n+1
2tloglogt ~ [|150| +(2p +|ol*)( to) + 876" log n]

x 281 (2971 [log(n — 1) + loglog8]) "

Consequently

. () 8 2pjjol2
_— < — .8.
B P S log logt ~ 25° a3

Finally, letting § — 1 and choosing 3 = (2||¢||?)~! we obtain that

: lz(t)) 2
lim —_— < .8.
lt_.sogp 2tloglogt — ellell a8

and the required conclusion (5.18) follows immediately. The proof is complete.
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Theorem 5.5 Assume that there exists a pair of positive constants v and p
such that

T f(z,t) < —vlz)2 + p for all (z,t) € R? x [to,00). (5.20).

Then the solution of equation (5.12) has the property

. |=(t)| [e
1 < - .8. 5.21
l{r—li‘;p Viegt ~ llol v ¢ ( )

Proof. Assign 6 > 0, 8 > 0 and 8 > 1 arbitrarily. In the same way as the
proof of Theorem 5.3, one can show that for almost all w € €2, there is a random
integer ng = ng(w) sufficiently large such that

2+t
Mla(O) < Tlzof’ + (20 + |of?) + 57067 logn
t
+ 2ﬂ|o|26_2'7"6/ e?® [ez"”lx(s)|2]ds

to

for all tg < t < néd, n > ng, which implies
2
ez'"l.'z:(t)l2 [ 27“’[1‘0'2 + ——(2p + |o?)+ 8~ 1ge27né logn] exp(ﬂ| I )
Therefore, for almost all w € §2, if (n — 1)d <t < nd, n > ny,

lz(t)] 2, 1 2 —1p,276
—_— < — Y
logt [lﬂvol + (2p+ lo|®) + B '6e logn]

X exp(m | )[log (n—1)+1logé]~".

So
2 2
lim sup M— < B9 exp(M) a.s.
g1 Y

t—o00 lO

Finally, letting § — 1, § — 0 and choosing 8 = v/||o]|> we obtain that

. lz(£)] fe
limsup —== < |lo|l,/—
msup —r=s < llal| 7

as required. The proof is complete.

It is not difficult to see that Theorems 5.3-5.5 can be extended to equation
(5.1) as long as the coefficient g(z,t) is bounded. More precisely, if there exists
a K > 0 such that

Ho(z,t)l| < K for all (z,t) € R? x [to, 00),
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then Theorems 5.3-5.5 still hold for the solution of equation (5.1) and, of course,
the corresponding ||| should be replaced by K. We leave the details to the
reader.

To close this section, let us discuss two special cases of equation (5.12) in
order to show that the estimates obtained above are quite sharp. First of all,
let m =d, f(z,t) = 0 and o be the d x d identity matrix. By Theorem 5.4, we
have that

: |=(t)]
1 —— < .8. 5.22
'i’li‘.fp 2t loglogt < Ve s (5-22)

On the other hand, in this case, the equation has the explicit solution z(t) =
zo + B(t) — B(tp). Applying the law of the iterated logarithm for d-dimensional
Brownian motion (cf. page 17) we see that the left-hand side of (5.22) equals
to 1. In other words, even in this very special case, Theorem 5.4 still gives
reasonably sharp estimate. Next, we let d = m =1, ty = 0, f(z,t) = —vz,
o and v be both positive constants. This is, we consider the one-dimensional
equation

dz(t) = —vyz(t)dt + odB(t) ont >0, (5.23)

where B(t) is the one-dimensional Brownian motion. The integration by parts
formula yields that

ez(t) = z(0) + M(t),

where M(t) = o f(; e"dB(s) is a continuous martingale with the quadratic
variation (M, M), = 0%(e?" — 1)/2y := u(t). It is easy to show that the in-
verse function of pu(t) is p~'(t) = log(2vyt/o? + 1)/2v and, by Theorem 1.4.4,
{M{(11='(t))}¢>0 is a Brownian motion. Hence, by the law of the iterated loga-
rithm (i.e. Theorem 1.4.2),

. |M(p"" ()]
l e =] .
uzr—lil;p Vv2tToglogt a8

which implies

limsup M)l = limsup IM(2) = a.s
t—oo  1/2u(t)log log u(t) t—oo €7t /(0?/y)logt
Therefore
t M
limsup ()| = limsupl—(t)'—- =2z a.s. (5.24)

t—00 ogt t—oo €7t\/logl 7’7

On the other hand, by Theorem 5.5, we can estimate that the left-hand side of
(5.24) is less or equal to o1/e/7, which is reasonably closed to the above accurate

value o /,/7.
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2.6 CARATHEODORY’S APPROXIMATE SOLUTIONS

In the previous sections we have established the existence-and-uniqueness
theorems and discussed the properties of the solution for the stochastic differ-
ential equation

dz(t) = f(z(t),t)dt + g(z(t),t)dB(t), t € [to, T} (6.1)

with initial value z(ty) = zo € L2. However, the Lipschitz condition etc. only
guarantee the existence and uniqueness of the solution and, in general, the so-
lution does not have an explicit expression except the linear case which will be
discussed in Chapter 3 below. In practice, we therefore often seek the approxi-
mate solution rather than the accurate solution.

In Section 2.3 we use the Picard iteration procedure to establish the theorem
on the existence and uniqueness of the solution. As the by-product, we also
obtain the Picard approximate solution for the equation, and Theorem 3.3 gives
an estimate on the difference, called the error, between the approximate and the
accurate solution. In practice, given the error € > 0, one can determine n for the
left-hand side of (3.10) to be less than ¢, and then compute zo(t), 1 (), - -, 2, (t)
by the Picard iteration (3.4). According to Theorem 3.3, we have

E( sup |z,(t) — z(t)|2)< £.

t()SIST

So we can use z,(t) as the approximate solution to equation (6.1). The disadvan-
tage of the Picard approximation is that one needs to compute zo(t), z1(t),-- -,
Zn_1(t) in order to compute x,(t), and this will involve a lot of calculations
on stochastic integrals. More efficient ways in this direction are Caratheodory’s
approximation procedure and Cauchy-Maruyama’s. We shall discuss the former
in this section and latter in the next section.

Let us now give the definition of Caratheodory’s approximate solutions.
For every integer n > 1, define z,(t) = zo for tp — 1 <t < ¢y and

To(t) =x0+ t flzn(s —1/n), s)ds + /tg(:z:,,(s —1/n), s)dB(s) (6.2)

to to

for tg < t <T. Note that for tg <t <ty + 1/n, z,(t) can be computed by

t t
2at) =30+ | f(zo,s)ds + / o(za, $)dB(s);

to to
then for to + 1/n < t < tp + 2/n,

t

Zn(t) =zn(t0+1/n)+/ f(zn(s —1/n),s)ds

to+1/n

+/l 9(zn(s — 1/n), s)dB(s)

o+1/n
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and so on. In other words, z,(t) can be computed step-by-step on the intervals
[to,to + 1/n], (to+ 1/n,to + 2/n],---. We need to prepare two lemmas in order
to establish the main results.

Lemma 6.1 Under the linear growth condition (3.2), for alln > 1,

sup E|z.(t)]? < Cy := (1 + 3E|zo|?)3K T to)(T—tu+1), (6.3)
1y <t<T

Proof. Fix n > 1 arbitrarily. It is easy to see from the definition of z,(¢) and
condition (3.2) that {z,(t)}t,<t<T € M2([to, T); R?). Note from (6.2) that for
to<t<T,
t 2
[2a(t)® < 3lz0? +3| | f(zn(s — 1/n),s)ds]

to

+ 3| / t 9(zn(s — l/n),s)dB(s)l

to

2

Using the Hélder inequality, Theorem 1.5.21 as well as condition (6.2) one can
then derive that

Elz,(t)]? < 3E|zo|2 + 3(t — to)E t [f(zn(s — 1/n),s)|%ds
ty

+3E /tt l9(zn(s — 1/n), 8)|%ds

t
< 3E|zo|> + 3K(T —to + 1) [ [1+ Elza(s — 1/n)|*ds
to
t
< 3E|zo|> + 3K(T — to + 1) [1 + sup Elxn(r)l2] ds
to to<r<s

for all tg <t < T. Consequently

1+ sup El:t:,,(r)l2

to<r<t

2
<1+ 3E|zo|> +3K(T —to + 1) [1 + sup Elzn(r)lz]d&
to to<r<s

The Gronwall inequality implies

14+ sup E|:1:n(1')|2 <1+ 3E|a:0|2)e3K(t—t“)(T“"“)
tOSrSt

for all ¢y <t < T. In particular, the required (6.3) follows when t = T.

Lemma 6.2 Under the linear growth condition (3.2), for alln > 1 and ty <
s<t<T witht-s<1,

E|z,(t) — zn(s)]? < Ca(t — ), (6.4)
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where Cy = 4K (1 4+ C)) and C, is defined in Lemma 6.1.

Proof. Note that
Zu(t) — zp(8) = / f(xa(r — 1/n),r)dr +/ 9(zn(r — 1/n),7)dB(r).
Hence, by Lemma 6.1,
Elz,(t) — za(s)[?

<2F / (- 1/n),r)dr|2 n 23] / t o(zn(r - 1/n),1)dB(r)|"

<2K(t-s+1) /tll + E|zn(r — 1/n)]%)dr
<4K(1+ C1)(t —s)

as required.
We can now state the main result.

Theorem 6.3 Assume that the Lipschitz condition (3.1) and the linear growth
condition (3.2) hold. Let x(t) be the unique solution of equation (6.1). Then,
forn>1, c
E( sup_Jea(t) - z(t)) < 2, (6.5)
to<t<T n
where C3 = 4C, K(T — to)(T — to + 4) exp[4f{(T —to)(T —to + 4)] and Cy s
defined in Lemma 6.2.

Proof. It is not difficult to derive that

E( sup |zn(r) — z(r)[z) <2K(T —to+4) tEl:rn(s —1/n) — z(s)|%ds
to<r<t to
<AR(T —to+4) [ [El2a(s) — 2als = 1/m)? + Elza(s) - 2(s)|?]ds.

to

But, by Lemma 6.2, E|z,(8) — Zn(s — 1/n)|2 < C2/n if s > to + 1/n, otherwise
if tg < s <to+ 1/n, E|z.(s) — zn(s — 1/n)|? = E|z,(s) — zn(to)|? < Ca(s — to)
which is less than Cy/n. Therefore, it follows from the above inequality that

B( sup_fea(r) ~ 2(r)?) < %CJ{(T — to)(T — to +4)

te<r<t

+4K(T -ty + 4) /: E( sup |z,(r) — x(r)|2)ds.

to<r<s

Finally, the required inequality (6.5) follows by applying the Gronwall inequality.
The proof is complete.
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In practice, given the error € > 0, one can let n be an integer larger than
Ci/e and then compute z,(t) over the intervals [to,to + 1/n], (to + 1/n,to +
2/n],- -+, step by step. Theorem 6.3 guarantees that this z,(t) is closed enough
to the accurate solution z(t) in the sense

E( sup |zn(t) — x(t)|2) <e.

to<t<T

Comparing Picard’s approximation, we see the advantage of Caratheodory’s
approximation that we do not need to compute ,(t),- -, Zn_1(t) but compute
zn(t) directly.

In the proof of Theorem 6.3 we have made use of the fact that equation (6.1)
has a unique solution under conditions (3.1) and (3.2), and the proof therefore
becomes relatively easier. On the other hand, it is possible to show, without
using this fact, that Caratheodory’s approximation sequence {z,(t)} is Cauchy
in L? hence converges to a limit, say z(t); and then show that z(t) is the unique
solution to equation (6.1), and (6.5) holds. In other words, we can completely
use the Caratheodory approximation procedure to establish the existence-and-

uniqueness theorem. The details can be found in the author’s previous book
Mao {1994a).
Moreover, under quite general conditions, we are still able to show that the

Caratheodory approximate solutions converge to the unique solution of equation
(6.1). This is described as follows.

Theorem 6.4 Let f(x,t) and g(z,t) be continuous. Let xy be a bounded R4-
valued F,,-measurable random variable. Let the linear growth condition (3.2)
hold. Assume that the equation (6.1) has a unique' solution z(t). Then the
Caratheodory approrimate solutions x,(t) converge to z(t) in the sense that

lim E( sup |za(t) - a:(t)|2) = 0. (6.6)
n—oo to<t<T

The proof is omitted here but can be found in Mao (1994b). We shall now
use this theorem to establish one useful result.

Theorem 6.5 Let f(z,t) and g(z,t) be continuous. Let zo be a bounded RY-
valued F,-measurable random variable. Assume that there erists a continuous
increasing concave function k : Ry — R, such that

du
L;(T) = (6.7)
and for allz,y € R4, to <t <T
1f(z,8) ~ F@. OV lg(z,t) — 9y, ) < w(lz — y[*). (6.8)

1 More precisely we mean the pathwise uniqueness here. Please see Remark 7.5 in the next

section for the definition of pathwise uniqueness.
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Then the equation (6.1) has a unique solution z(t). Moreover, the Caratheodory
approzimate solutions z,(t) converge to z(t) in the sense of (6.6).

Proof. We leave the proof of existence to the reader (cf. Yamada (1981)). To
show the uniqueness, let z(t) and Z(t) be two solutions to equation {6.1). By
(6.8), it is easy to show that

t
E( sup [s(r) ~ 2(r)) < 2T~ to +4) [ Ex(jz(s) - 3(s)[2)ds.
to<r<t to
Since x(-) is concave, by the well-known Jensen inequality, we have
Ex(Ja(s) - 2(s)|®) < x(Ela(s) - 2(s)|?) < x[E( sup_la(r) - 2(r)[?)].
to<r<s
Consequently, for any € > 0,

E( sup |a(r) - 3()P)

to<r<t
t
<e+2AT -ty + 4)/ K,[E( sup |z(r) — i(r)lz)]ds (6.9)
to to<r<s
for all tg <t < T. Define
" du
G(r =/ — onr >0,
=),

and let G~1(-) be the inverse function of G(-). By condition (6.7), one sees that
lim, o G(¢) = —oo and Dom(G~!) = (~00,G(c0)). Therefore, by the Bihari
inequality (i.e. Theorem 1.8.2), one deduces from (6.9) that, for all sufficiently
small € > 0,

E( sup |a(r) — :Z'(r)|2) < G7YG(e) + AT - to + 4T - ta)).
to<r<T

Letting € — 0 gives
E( sup |z(r) — i(r)]’) =0.

to<r<T

Hence, z(t) = Z(t) for all t¢ < t < T almost surely. The uniqueness has
been proved. To show (6.6), we only need to verify the linear growth condition
according to Theorem 6.4. Since k(-) is concave and increasing, there must exist
a positive number a such that

k(u) < al +u) onu>0.
Besides, let b = sup,, <;<7(|f(0, t)12 v |9(0,1)]?) < co. Then
If (@B Vlg(z,t)]?

< 2(1/(0. 1)1 v 1g(0,)1*) + 2(1f (2, 8) — £(0, )1 V lg(z,t) — 9(0,)[?)
< 2b + 2x(|z[%) < 2b+ 2a(1 + [2[%) < 2(a + b)(1 + |z]?).
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That is, the linear growth condition (3.2} is fulfilled with K = 2(a + b). The
proof is now complete.

To close this section, let us consider a one-dimensional equation
dz(t) = |z (t)|*dB(t) ontg<t<T (6.10)

with initial value z{tg) = z¢ which is bounded, where % <a < 1and B(t) is
a one-dimensional Brownian motion. As we pointed out before, equation (6.10)
has a unique solution. Besides, the linear growth condition is clearly fulfilled.
Therefore, according to Theorem 6.4, the Caratheodory approximate solutions
converge to the unique solution. However, it is still open whether the Picard
approximate solutions converge to the unique solution or not in this case. So
far, perhaps the best conditions which guarantee the convergence of the Picard
approximate solutions to the unique solution of equation (6.1) are the conditions
given in Theorem 6.5, and they were obtained by Yamada (1981).

2.7 EULER-MARUYAMA’S APPROXIMATE SOLUTIONS

Let us now turn to discuss the Euler-Maruyama approximate solutions
which are defined as follows: For every integer n > 1, define x,(tg) = xo, and
then for g+ (k- 1)/n<t<(to+k/n)AT, k=1,2,---,

2a(t) = Talto + (k - 1)/n) + / iy JEalto + (k= 1m0
t
+ / g{zn(to + (k — 1)/n), s)dB(s). (7.1)
to+(k-1)/n

Note that if define

Ea(t) = zolyp,y(t) + Z Tn(to + (K — 1)/n) Lty 4 (k=1)/n, ta+k/n](t) (7.2)

x2>1
for tg < t < T, then it follows from (7.1} that
t t
zn(t) =20+ | f(@n(s),s)ds+ / 9(Zn(s), s)dB(s). (7.3)
to to

Making use of this expression we can show the following lemmas in the same
way as Lemmas 6.1 and 6.2.

Lemma 7.1 Under the linear growth condition (3.2), the FEuler-Maruyama
approzimate solutions x,(t) have the property that

sup E|za(t)[? < Cy 1= (1 + 3E|zo|?)eK Tt} (T~to+D)
to<t<T
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Lemma 7.2 Under the linear growth condition (3.2), the Euler-Maruyama
approzimate solutions z,(t) have the property that for to < s < t < T with
t—s<1,

Elza(t) — za(s)|* < Coft - 9),

where C = 4K (1 + C) and C, is defined in Lemma 7.1.
We can then prove the following theorem in the same way as Theorem 6.3.

Theorem 7.3 Assume that the Lipschitz condition (3.1) and the linear growth
condition (3.2) hold. Let z(t) be the unique solution of equation (6.1), and
zn(t), n > 1 be the Euler-Maruyama approzimate solutions. Then

C3
n’

E( sup_|a(t) - 2(H) <
t()StST
where C3 = 4C2K(T ~ to)(T — to + 4) exp[4K (T — to)(T — to + 4)] and C; is
defined in Lemma 7.2.

We leave these proofs to the reader. Moreover, we also have the following
more general result.

Theorem 7.4 Under the same conditions as Theorem 6.4, Fuler—Maruyama’s
approrimate solutions z,(t) converge to the unique solution z(t) of equation
(6.1) in the sense of (6.6).

This result was obtained by Kaneko & Nakao (1988). This theorem and
Theorem 6.4 tell us that both Caratheodory’s and Euler-Maruyama’s approxi-
mate solutions converge to the unique solution of equation (6.1) under these quite
general conditions described in Theorem 6.4. However, it is still open whether
the Picard approximate solutions converge to the unique solution under these
conditions.

It is interesting to see that the Euler-Maruyama approximation becomes
much easier for the time-homogeneous stochastic differential equation

dz(t) = f(z(t))dt + g(z(t))dB(t). (7.4)

In this case, the Euler—Maruyama approximate solutions take the following sim-
ple form: z,(tp) = zo and

Zn(t) = za(to + (k — 1)/n) + f(zn(to + (k — 1)/n))t — to - (k — 1)/n]
+ g(zn(to + (k — 1)/n))[B(t) — B(to — (k — 1)/n)). (7.5)
forto+(k—1)/n<t<(to+k/n)AT, k=1,2,---.

To close this section, let us make an important remark.

Remark 7.5 In the previous sections, the probability space (€2, F, P), the fil-
tration {F;};>0, the Brownian motion B(t) and the coefficients f(z,t), g(z,t)
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are all given in advance, and then the solution z(¢) is constructed. Such a so-
lution is called a strong solution. If we are only given the coefficients f(z,t)
and g(z,t), and we are allowed to construct a suitable probability space, a fil-
tration, a Brownian motion and find a solution to the equation, then such a
solution is called a weak solution. Two solutions {weak or strong) are said to be
weakly unique if they are identical in probability law, that is, they have the same
finite~-dimensional probability distribution. If two weak solutions founded under
whatever probability space with a filtration and a Brownian motion are indis-
tinguishable, we say that pathwise uniqueness holds for the equation. Clearly a
strong solution is a weak one, but the converse is not true in general. See the
Tanaka example explained in Rogers & Williams (1987), Sec.V.16. Also, the
pathwise uniqueness implies the weak uniqueness. Moreover, all the conditions
given above e.g. the Lipschitz condition guarantee the pathwise uniqueness,
since the uniqueness has been proved under the arbitrarily given probability
space ete. In this book, we are always concerned with strong solutions unless
otherwise specified.

2.8 SDE AND PDE: FEYNMAN-KAC’S FORMULA

Stochastic differential equations have many applications. One of the most
important applications is the stochastic representation for solutions to partial
differential equations, and this is known as the Feynman-Kac formula. The
formula builds a bridge between stochastic differential equations (SDE) and
partial differential equations (PDE), and creates the probabilistic approach to
the study of partial differential equations (cf. Friedlin (1985)).

(i) The Dirichlet Problem

Let us first consider the Dirichlet problem or the boundary value problem

Lu(z) = p(z) in D,
(i ol b, 1

where L is a linear partial differential operator

1 d o2 d F)
L= 3 Z aij (x)gw—xj + ; fi(z) oz, + ¢(x) (8.2)

i,j=1

with real-valued coefficients defined in a d-dimensional domain D C R%. It is
standard to arrange a;; symmetrically, i.e. a;; = a;;. Assume that D is open
and bounded, and its boundary 8D is C?. We shall denote by D the closure of
D. Assume that L is uniformly elliptic in D, that is, for some p > 0,

yTa(z)y > ply?  fzeD, yeR, (8.3)
where a(z) = (a;;(x))dxd.- Assume also that

aij, fi are uniformly Lipschitz continuous in D, (8.4)
¢ < 0 and ¢ is uniformly Hélder continuous in D. (8.5)
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Under these hypotheses, it is well-known, by the theory of partial differential
equations, that the Dirichlet problem (8.1) has a unique solution u for any given
functions ¢, ¢ satisfying:
 is uniformly Holder continuous in D, (8.6)
¢ is continuous on 8D. (8.7)
We shall now represent u in terms of a solution of a stochastic differential equa-
tion.

Note from (8.3) that for every z € D, a(z) is a d x d symmetric positive
definite matrix. It is well-known that there exists a unique d x d positive definite
matrix g(z) = (gij)dxa such that g(z)gT(z) = a(z), and g(z) is called the
square root of a(x). Moreover, condition (8.4) guarantees that g(z) is uniformly
Lipschitz continuous in D. Extend g(z) and f(x) = (fi(z),---, fa(x))T into the
whole space R? so that they remain uniformly Lipschitz continuous, i.e.

1f(z) - f)IVg(z) -9 < Klz —y|  ifz,y € R? (8.8)

for some K > 0. Clearly, (8.8) implies that f and g satisfy the linear growth
condition as well. Now, let B(t) = (By(t),---, Bq4(t))T, t > 0 be a d-dimensional
Brownian motion defined on the complete probability space (Q, F, P) with the
filtration {F;};>0 satisfying the usual conditions. Consider the d-dimensional
stochastic differential equation

dg(t) = f(£(t), t)dt + g(£(¢),t)dB(t) ont >0 (8.9)

with initial value £(0) = z € D. By Theorem 3.6, equation (8.9) has a unique
global solution, which is denoted by £.(t).

Theorem 8.1 Assume that D is a bounded open subset of R® and its boundary
8D is C?. Let (8.3)-(8.7) hold. Then the unique solution u(z) of the Dirichlet
problem (8.1) is given by

() = B|otec(r) exn( [ ctex(o)as)]
- E[ / el ess( [ efeule))ds) dt] : (8.10)

where T is the first exit time of £;(t) from D, i.e. 7 =inf{t > 0: &(t) ¢ D}.

Proof. Let € > 0, and denote by U, the closed e-neighbourhood of 8D. Let
D, = D—-U,, and let 7. be the first exit time of £,(t) from D.. By It6’s formula,
forany T > 0,

E[u(s,(rs AT)exp( - c(@:(s»ds)] - u(z)
- 5| ™ Lttt exo [ tectsnas)

- E[ / " ot ex( / ' e (s))ds) . (8.11)



80 Stochastic Differential Equations [Ch.2

Taking € — 0 and using the bounded convergence theorem, we obtain that

TAT

) = Bluteatr TV exp( [ les(o)ds)]

- E[ / " et exo / t c(sz(s))ds)dt]. (8.12)

If we can prove that 7 < 0o a.s., then, by letting T — oo and using the bounded
convergence theorem, we get the assertion (8.10). To show T < 0o a.s., consider
the function

V(z) = -’ for r € R%.

Noting from (8.3) that a;;(z) > ¢ > 0 in D, we can choose A > 0 sufficiently
large for

H@)Ve, (z) + %an(z)VIlIl(x) = e [f1 (z) - —;‘-an(a:)] <-1 in D.
By It6’s formula,
EV(&(r AT)) - V(x)

TAT 1
=B [ [A(s)Vau €0 + Gan (€s(o)Vare, (6 (o)) s
0
< —-E(rAT).

Since |V (z)| < C in D for some C > 0, we then have E(t AT) < 2C. Taking
T — oo and using the monotone convergence theorem we get ET < 2C, which
implies that 7 < 0o a.s. The proof is complete.

As an example, let L be the Laplace operator A = Z?=1 5"’—2,. Then the

T

boundary value problem (8.1) reduces to

Au(z) = (z) in D,
{U(Z) =¢(i)z :;1 aD, (8.13)

and the corresponding stochastic differential equation (8.9) takes a simple form
dé(t) = dB(t) which has the solution &;(t) = z + B(t). By Theorem 8.1, if (8.6)
and (8.7) hold then the unique solution of equation (8.13) is given by

) = Blote + Brexe( | etz + Be)ds)|
- E[ /0 " oz + B(t)) exp ( /O t oz + B(s))ds)dt], (8.14)

where 7 = inf{t > 0: z + B(t) ¢ D}.
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(ii) The Initial-Boundary Value Problem
Consider next the initial-boundary value problem

{ gzu(:c,t) + Lu(z,t) = ¢(z) in D x [0,T),
u(z, T) = ¢(x) on D, (8.15)
u(z,t) = b(z,t) on 8D x [0,T},

where T > 0, D is the same as before, and

1 d 92 d 3
L= 3 ”ZZ:I aij(m’t)~6xiazj + ; fi(z, t)a—zi + ¢(z, t) (8.16)

with real-valued coefficients defined in D x [0,T]. Set a(z,t) = (ai;(z,t))dxd-
We impose the following hypotheses:
yTa(z,t)y > ply®  if (z,t) e Dx[0,T), y € R,
aij, fi are uniformly Lipschitz continuous in (z,t) € D x [0, T},
¢,y are uniformly Hélder continuous in (z,t) € D x [0, T, (8.17)
¢ is continuous on D, b is continuous on 8D x [0, T,
#(z) = b(z,T)  ifz € dD.

It is well-known that the initial-boundary value problem (8.15) has a unique
solution if (8.17) is fulfilled. To represent u in terms of a solution of a stochastic
differential equation, set f(z,t) = (f1, -, f4)7 and let g(z,t) = (9ij(,t))axd
be the square root of a(z,t) in D x [0,T), i.e. g(z,t)g7(z,t) = a(z,t). Extend
f, 9 to R?® x [0,T] keeping the Lipschitz continuity

[f(zt) - Fly, )\ lg(e,t) — 9y, )| S K(lz gyl + e ~s)) (K >0).
For every (z,t) € D x [0,T), consider the stochastic differential equation

dé(s) = £(£(s), s)ds + g(£(s), s)dB(s)  on [t,T] (8.18)

with initial value £(t) = x. By Theorem 3.1, equation (8.18) has a unique
solution, which we denote by &, .(s) on s € [¢,T].

Theorem 8.2 Assume that D is a bounded open subset of R* and its boundary
0D is C%. Let (8.17) hold. Then the unique solution u(z,t) of the initial-
boundary value problem (8.15) is given by

wzt) = E |1y m)exp( |l o))
¥ E[I{fzﬂ«»(sz,tm) exp( " eleauls) s)ds)]
- E[/: ©(€x.¢(s),8) exp(/ts c({x't('r),r)dr) ds}, (8.19)
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where T = T Ainf{s € [t,T]: £;.4(8) € D}.

The proof of this theorem is similar to that of Theorem 8.1, but here one
applies It6’s formula to

u(€z1(s), 8) exp(/ts c(EN(r),r)dr). (8.20)

(iii) The Cauchy Problem

When D = R? in the initial-boundary value problem (8.15), we arrive at
the following Cauchy problem

{ Zu(z,t) + Lu(z,t) = (z) in R x[0,T), (8.21)

u(z,T) = ¢(z) in RY,

where L is given by (8.16). We shall assume:

(H1) The functions a;;, f; are bounded in R? x [0,T] and uniformly Lipschitz
continuous in (z,t) in any compact subset of B¢ x [0, T]. The functions a;;
are Holder continuous in z, uniformly with respect to (x,t) in R? x [0, T).
Moreover, for some 1 > 0,

yla(z, t)y > ply)®  if (z,t) € R* x [0,T), y € R%.

(H2) The function c is bounded in R? x [0, T} and uniformly Hélder continuous
in (z,t) in any compact subset of R? x {0, T).
(H3) The function f is continuous in R? x [0, T}, Hélder continuous in r uni-

formly with respect to (z,t) in R% x [0,T]. The function ¢ is continuous
in R%. Moreover, for some a > 0, 8> 0,

|z, )| Vo) < B(1+|z|*) ifzeRY tel0,T)

Under these hypotheses, there exists a unique solution u to the Cauchy problem
(8.21). Besides, by Theorem 3.4, the stochastic differential equation (8.18) also
has a unique solution denoted by £; (s).

Theorem 8.3 Let (H1)-(H3) hold. Then the unique solution u(z,t) of the
Cauchy problem (8.21) is given by

u(z,t) = E[d’(fz.t(T)) exo( [ o) s)ds)]

- E[ /t i 0(E2.4(5), 8) exp( /t " (as(r), r)dr)ds}. (8.22)

The proof follows by applying Itd’s formula to the function defined by
(8.20).
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We now consider some special cases of equation (8.21). First, when ¢ =0
and ¢ = 0, equation (8.21) becomes the Kolmogorov backward equation

8 -0 in RY
{1‘3—2:,(3]:1,;):;21)(:5, t)y=0 iz gd,x [0,7), (8.23)
where .y 5 4 5
L= 3 i;_:l aij(z, t)5z,-_a&',~' + gf,-(x,t)bz.
In this case, formula (8.22) reduces to the simple form
u(z,t) = E¢(£2,(T)). (8.24)

Next, if let L = A and ¢ = 0, equation (8.21) becomes the heat equation

{ Fu(z,t) + Au(z,t) =0 in B¢ x [0, T), (8.25)

uw(z,T) = ¢(z) in R4,
In this case, the corresponding stochastic differential equation (8.18) reduces to
de(s) = dB(s)  on [t,T]

with initial value £(t) = z. Clearly, this stochastic equation has the explicit
solution &; ¢(s) = z + B(s) — B(t). Therefore, by Theorem 8.3, the solution of
the heat equation (8.25) is given by

u(z,t) = E¢(z + B(T) — B(t)). (8.26)

To close this chapter, let us point out that Feynman-Kac formula can also
be applied to quasilinear parabolic partial differential equations. To explain, let
us consider the following quasilinear equation

{ 2 u(z,t) + Lu(z,t) + c(z,v)u(z,t) =0 in R x [0,T),

uw(z, T) = ¢(z) in R, (8.27)

where ¢ is now a continuous function defined on R® x R. In this case, the
Feynman—Kac formula has the form

u(z,t) = [qb({u(T)) exo( [ " e(en(s)ultans) s))ds)] R

Of course, this is no longer an explicit representation. Nevertheless it is still
very useful. For example, assume ¢(z) > 0 and

¢z) < c(z,u) < &(x).
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It then follows from (8.28) that

E[qs(sz.t('r)) oxp( | ' g(&.t(s))ds)]
<ufa,t) < E[qs(ez,t(T)) exp( [ ' e(ex,t(s))ds)]. (8:29)

If denote by @(z,t) and u(t,z) the corresponding solutions of equation (8.27)
with ¢(z,u) replaced by &(z) and ¢(z), respectively, we can then rewrite (8.29)
as

u(z,t) < u(z,t) < a(z,t), (8.30)

which is a comparison result.

2.9 THE SOLUTIONS AS MARKOV PROCESSES

In this section we shall discuss the Markov property of the solutions. For the
convenience of the reader, let us recall some basic facts about Markov processes
(for details please see Doob (1953)). In Chapter 1, we gave the definition of the
conditional expectation E(X|G). If G is the o-algebra generated by a random
variable Y, i.e. G = o{Y'}, we write E(X|G) = E(X|Y). If X is the indicator
function of set A, we write E(I4]G) = P(A|G).

A d-dimensional F;-adapted process {£(t)}:>¢ is called a Markov process if
the following Markov property is satisfied: forall 0 < s<t<ooand A € B,

P(¢(t) € AJF,) = P(£(t) € Al¢(s))- (9.1)

In a usual definition of a Markov process, the o-algebra F, is set to be o {£(r) :
0 < r < s}, but we here would like to make the definition slightly more general.
The Markov property means that given a Markov process, the past and future
are independent when the present is known. There are several equivalent for-
mulations of the Markov property. For example, property (9.1) is equivalent to
the following one: for any bounded Borel measurable function ¢ : R — R and
0<s<t< o,

E(p(E(t)IFs) = E(p(£(1)I&(s))- (9.2)

The transition probability of the Markov process is a function P(z,s; A,t), de-
finedon0<s<t<oo,z€ R*and A€ B4, with the following properties:

a) Forevery053§t<ooandA€Bd,
P(&(s), s A,t) = P(§(t) € Al¢(s))

b) P(z,s;-,t) is a probability measure on B for every 0 < s < t < oo and
r € R
c) P(-,s;A,t) is Borel measurable for every 0 <s <t <ocoand A € Be.
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d) The Chapman-Kolmogorov equation
Pas A = [ P AYPGsdur)
Rd

holds for any 0 < s <r <t < o0,z € R® and A € B,
Clearly, in terms of transition probability, the Markov property (9.1) becomes

P(&(t) € A|F,) = P(&(s), 5; A, B). (9:3)
We shall use the notation
P{&(t) € A(s) = z} = P(z, 5 A, t),

which is the probability that the process will be in the set A at time ¢ given the
condition that the process was in the state x at time s < ¢. It should be stressed
that the number P{£(t) € Al¢(s) = x} is simply defined by the equation above,
even though the condition {£(s) = z} may have probability 0. We shall also use
the notation

Erapl€®) = [ o)P@ sidn.). (94)
With this notation, the Markov property (9.2) can be written as

E(p(E()NFs) = Eg(s),s9(E(2))s (9.5)

where the right hand side is the value of the function E; ,0(€(t)) at = = £(s).

A Markov process {£(t)}:>0 is said to be homogeneous (with respect to
time) if its transition probability P(zx,s; A,t) is stationary, namely

P(z,s+u; At +u) = P(z,s;A,t)

forall0 < s<t<oo,u>0,z€ R*and A € B4, In this case, the transition
probability is a function of x, A and t — s only, since

P(z,s; A, t) = P(z,0; A,t — s).
We can therefore simply write P(z,0; A, t) = P(z; A, t). Clearly, P(z; A, t) is the
probability of transition from z to A in time ¢, regardless of the actual position

of the interval of length ¢ on the time axis. Moreover, the Chapman-Kolmogorov
equation becomes

PaiAt+s)= [ PUiA 9Py,
Rd
Furthermore, with the notation

Bxp(e®) = [ ow)Pid)
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the Markov property becomes
E(p(E(t)|Fs) = Ees)p(£(t — 5)).

A d-dimensional process {£(t)}:>¢ is called a strong Markov process if the
following strong Markov property is satisfied: for any bounded Borel measurable
function ¢ : R — R, any finite F;-stopping time 7 and t > 0,

E(p(&(r + )IF+) = E(p(&(T + 1))IE(7)). (9.6)

Clearly a strong Markov process is a Markov process. In terms of transition
probability, the strong Markov property becomes

P(¢(T +t) € AlF;) = P(&(), 1 A, T+ t).

Using the notation E, s defined above, the strong Markov property can also be
written as

E(p(§(r + ) Fs) = Eg(r),rp(€(T + 1))

Especially, in the homogeneous case, this becomes
E(p(¢(r + HIF;) = Eg(ryp(£(2)).

In general, a Markov process is not a strong one. The conditions that
guarantee a Markov process possesses the strong Markov property are the right
continuity of the sample paths plus the so-called Feller property. If for any
bounded continuous function ¢ : R — R, the mapping

@) = [ o)Pla sy s+

is continuous, for any fixed A > 0, we then say the transition probability (or the
corresponding Markov process) satisfies the Feller property.

We can now begin to discuss the Markov property of the solutions of
stochastic differential equations.

Theorem 9.1 Let £(t) be a solution of the Ité equation
dé(t) = f(£(t), t)dt + g(£(¢),t)dB(t) ont >0, (9.7)

whose coefficients satisfy the conditions of the existence-and-uniqueness theorem.
Then £(t) is a Markov process whose transition probability is defined by

P(z,s; A, t) = P{&; 4(t) € A}, (9.8)

where €, 4(t) is the solution of the equation

t t
Eonlt) =2+ / F(Eaa(r),r)dr + / 9(Ena(r),7)dB(r) ont>s.  (9.9)
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To prove this theorem, we need to prepare a lemma.
Lemma 9.2 Let h(z,w) be a scalar bounded measurable random function of z,
independent of 5. Let { be an F,-measurable random variable. Then
E(h(¢,w)|Fs) = H(C), (9.10)
where H(z) = Eh(z,w).

Proof. First, assume that h(z,w) has the following simple form

k
hz,w) = 3 w(@)n@) (9.11)
i=1

with u;(z)’s bounded deterministic functions of x and v;(w)’s bounded random
variables independent of F,. Clearly,

k
H(z) =) ui(z)Evi(w).

i=1
Moreover, for any set G € F,, we compute

k

k
Bl il = B3 u(u)ie) = 3 Blu(elBu(w)
=1

A i=1
= E(Z u.-(c)Ev.»(w)IG) = E[H(¢)Ig).
i=1

By definition, this means that (9.10) holds if h(z,w) has the form of (9.11).
Since any bounded measurable random function h(z,w) can be approximated
by functions of form (9.11), the general result of the lemma follows immediately.

Theorem 9.1 can now be proved easily.
Proof of Theorem 9.1 Let G, = o{B(r) — B(s) : r > s}. Clearly, G, is indepen-
dent of F,. Moreover, the value of &, 4(t) depends completely on the increments
B(r) — B(s) for r > s and so is G;-measurable. Hence, £, 4(t) is independent of

Fs. On the other hand, note that £(2) = &) 5(t) on t > s, since both £(¢) and
£¢(s),s(t) satisfy the equation

£(t) = £(s) + / F(Er), P)dr + / 9(€(r), 7)dB(r)

whose solution is unique. For any A € B% we now apply Lemma 9.2 with
h(z,w) = Ia(€z,s(t)) to compute that

P(£(t) € AlF,) = E(Ta(E())|Fs) = E(T1a(€g(s),s(t))1F)
= E(IA(Ex.S(t))|x=£(a)= P(z,s; A, t)l,;:((a): P(&(s), s A, 1)
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if P(x,s; A,t) is defined by (9.8). The proof is complete.

For the strong Markov property of the solution we need to strengthen the
conditions slightly.

Theorem 9.3 Let £(t) be a solution of the Ité equation
dé(t) = f(£(t), t)dt + g(£(¢),£)dB(t) ont > 0.

Assume the coefficients are uniformly Lipschitz continuous and satisfy the lincar
growth condition, that is, there are two positive constants K and K such that

1f(z,t) - S0P\ lolz.t) — gy, OF < Kl - yI? (9.12)

and

1f (2, 0\ lg(e, )* < K(1 + fz?) (9.13)
for all z,y € R* and t > 0. Then £(t) is a strong Markov process.
We again need to prepare a lemma in order to prove the theorem.

Lemma 9.4 Let (9.12) and (9.13) hold. For every pair (z,s) € R* x Ry, let
£z 5(t) be the solution of the equation

€rs(t) =z + / [(&z,s(r),T)dr +/ 9(&z.s(r),T)dB(r) ont>s.

Then for any T >0 and 6 > 0,
E( sup |€as(t) - ey.ua)l?) <Cz-yP+lu—s)  (919)
u<t<T

if0 < s,u <T and |z|V |y| < §, where C is a positive constant depending on
T,6,K and K.

Proof. Without loss of generality we may assume that s < u. Clearly, for
u<t<T,

Eoa(t) — € ult) = Eon(u) —y + / (£ (Eealr),7) — F(Egualr), )] dr
+ f [9(€2.0(r),7) — 9(Eyu(r),7)]dB(). (9.15)

Note from Theorem 4.3 (condition (9.13) is used here) that

E‘Ez,s(u) - y|2 S 2E|£z,s(u) - :Cl2 + 2'-’” - y'2 S Cllu - Sl + 2"7: - ylza (9'16)
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where C; is a positive constant depending on T, 4, K. It is now easy to drive
from (9.15), (9.16) and (9.12) that if u <v < T,

E( sup. 6e.alt) - a,,,ua)l’) < 3CJu - 5| + 6]z — y?
+3R(T + 4) /‘" E( sup |€zs(t) - Ew,(t)lz) dr.
u u<t<r

This easily implies the desired assertion (9.14).
We can now show the strong Markov property of the solution.

Proof of Theorem 9.3. The Markov property follows from Theorem 9.1 and
it is known that the sample paths of the solution are continuous. Therefore we
need only to verify the Feller property, this is, to show the mapping

(z,5) — /R P)P@, 51,5+ X) = Ep(Ea,s(s + V)

is continuous, for any bounded continuous function ¢ : R — R and any fixed
A > 0. Note that

Ep(€zs(s+ A)) ~ E‘F(E!},u(u + )
= Ep(€z,5(s + X)) — Ep(&z,s(u+ A))
+ Ep(&s,s(u+ A)) — Ep(&yu(u + A)).

But, by Lemma 9.4 and the bounded convergence theorem,

Ep(z,s(u+ ) - Ep(€yu(u+2)) =0 as(y,u) — (z,9).

Also
Ep(&zs(8+ X)) — Ep(€zs(u+A) >0 asu-—s.

In consequence,

Ep(&zs(s+A)) — Ep(€yu(u+A) =0 as (y,u) - (z,5).

In other words, Ep(€; (s + A)) as a function of (z, s) is continuous, and that is
the Feller property. The theorem has been proved.

Let us now consider the time-homogeneous stochastic differential equations.
By time-homogeneous equations, we mean equations whose coefficients do not
depend explicitly on time, namely equations of the form

de(t) = f(&(2))dt + g(&(t))dB(t), t>0. (9.17)

We assume that f : R — R® and g : R® — R®*™ satisfy the conditions of the
existence-and-unique theorem.
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Theorem 9.5 Let £(t) be a solution of equation (9.17). Then £(t) is a homo-
geneous Markov process. If f and g are uniformly Lipschitz continuous (hence
the linear growth condition is satisfied), then the solution £(t) is @ homogeneous
strong Markov process.

Proof. Clearly, we only need to show the homogeneous property. By Theorem
9.1, the transition probability is given by

P(z,s;A,s+t) = P{&; s(s+1) € A}, (9.18)

where £; ¢(s + t) is the solution of the equation

s+t s+t
€rs(st+t)=z+ / f(z,a(r))dr + / g(&z.s(r))dB(r) ont>0. (9.19)

Write this equation as

boa(s+t) = $+/0t f(éx,s(3+7‘))d7‘+/ot 9(éz,s(s+7))dB(r) ont >0, (9.20)

where B(r) = B(s + r) — B(s) on r > 0 is a Brownian motion as well. On the
other hand, we clearly have

£x,o(t)=z+/0 f(Ez,o(T))dT+/0 9(€z0(r))dB(r) ont>0. (9.21)

Comparing equation (9.20) with (9.21), we see by the weak uniqueness (Remark
7.5) that {£&z,s(s + t)}i>0 and {&:0(t)}e>0 are identical in probability law. In
consequence,

P{&zs(s +1) € A} = P{&0(t) € A},

that is
P(z,s; A, s +t) = P(z,0; A, t).

The proof is therefore complete.



3

Linear Stochastic

Differential Equations

3.1 INTRODUCTION

In the previous chapter, we discussed the solutions of stochastic differential equa-
tions. In general, nonlinear stochastic differential equations do not have explicit
solutions and, in practice, we can use approximate solutions. However, it is pos-
sible to find the explicit solutions to linear equations. For example, recall the
simple stochastic population growth model

dN(t) = r(t)N(t)dt + o(t)N(t)dB(t) ont>0 (1.1)

with initial value N{(0) = Np > 0. By Ité's formula,
t 2 t
log N(t) = log No + / (r(s) - i‘—é“"—))ds + f a(s)dB(s).
0 0

This implies the explicit solution of equation (1.1)

a%(s)

N(t)=Noexp[ /0 t(r(s)— - )ds+ /0 ta(s)dB(s)}. (1.2)

In this chapter we wish, if possible, to get the explicit solution to the general
d-dimensional linear stochastic differential equation

dz(t) = (F(t)a(t) + f(£))dt + ) (Gr(t)z(t) + gx(t))dBx(t) (1.3)
k=1

91
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on [tg, T), where F(-), Gi(-) are d x d-matrix-valued functions, f(-), g () are R¢-
valued functions and, as before, B(t) = (Bi(t),- -+, Bn(t))T is an m-dimensional
Brownian motion. The linear equation is said to be homogeneous if f(t) =
q1(t) = - = gm(t) = 0. It is said to be linear in the narrow sense if G,(t) =

- = Gp(t) = 0. It is said to be autonomous if the coeflicients F, f, Gk, gx
are all independent of ¢.

Throughout this chapter we shall assume that F, f, Gi, g, are all Borel-
measurable and bounded on [tg, T]. Therefore, by the existence-and-uniqueness
Theorem 2.3.1, the linear equation (1.3) has a unique continuous solution in
M?([to, T); R?) for every initial value z(to) = z¢, which is F;,-measurable and
belongs to L2(Q; R?). The aim of this chapter is to get, if possible, an explicit
expression for this solution.

3.2 STOCHASTIC LIOUVILLE’S FORMULA
Consider the linear stochastic differential equation
m
dz(t) = F(t)z(t)dt + Z Gi(t)z(t)dBy(t) (2.1)
k=1

on [tg, T]. As assumed,
F(t) = (Fij(t))axa,  Gi(t) = (GE(t))axd

are all Borel-measurable and bounded. For every j =1,---,d, let e; be the unit
column-vector in the z;-direction, i.e.

e; = (0,---,0,1,0,---,0)7.
h-\.’—l
7

Let ®;(t) = (®y;(t),- - ,®4i(t))T be the solution of equation (2.1) with initial
value z(tp) = e;. Define the d x d matrix

®(t) = (B1(t), - -, Pa(t)) = (Pij(t))axa-

We call ®(t) the fundamental matriz of equation (2.1). It is useful to note that
®(ty) = the d x d identity matrix and

d6(t) = F(8)D(t)dt + i G (8)®(t)dBe(2). (2.2)
k=1

Equation (2.2) can also be expressed as follows: For 1 <i,5 <d,

m d
dd;;(t) = Z Fu(t)®i;(t)dt + > ) GE(£)®i;()dBx(t). (2.3)

=1 k=11=1
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The following theorem shows that any solution of equation (2.1) can be expressed
in terms of ®(t) and that is why ®(¢) is called the fundamental matrix.

Theorem 2.1 Given the initial value z(to) = zo, the unigue solution of equation
(2.1) is
z(t) = ®(t)zo.

Proof. Clearly z(tp) = zo. Moreover, by (2.2),

dz(t) = d‘p(t).'l:o = F(t)@(t):todt + in(t)‘p(t)xodBk(t)
k=1

= F(t)z(t)dt + f: Gr(t)z(t)dBx(t).
k=1

So z(t) is a solution to equation (2.1). But by the existence-and-uniqueness
theorem, equation (2.1) has only one solution. Hence the z(t) must be the
unique one.

We now denote by W (t) the determinant of the fundamental matrix ®(t),
that is
W(t) = det.®(t).

We call W(t) the stochastic Wronskian determinant. Obviously, W(ty) = 1.
Moreover, we have the following stochastic Liouville formula.

Theorem 2.2 The stochastic Wronskian determinant W(t) has the explicit
eIpression

Wi(t) = exp[/t (traceF(s) - % i trace[Gk(s)Gk(s)])ds
to k=1

+3 / t traceG’k(s)dBk(s)]. (2.4)
k=1%o

We prepare a lemma.

Lemma 2.3 Let a(-), bix(-) be real-valued Borel measurable bounded functions
on [tg,T]. Then

y(t) = yo exp[/t (a(s — —;—ibk(s )d3+ Z
0 k=1

is the unique solution to the scalar linear stochastic differential equation

bk(s>dBk(s)] (2.5)

to

dy(t) = a(t)y(t)dt + Y bi(t)y(t)dBx(t) (2.6)
k=1
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on [to, T| with initial value y(to) = yo.
Proof. Set

g(t)z/‘(a() %i is) ds+Z/ bi(s)dBx(s
t k=1 to

One can then write
y(t) = yoe't).

Clearly, y(to) = yo. Moreover, by Ito’s formula,

dy(t) = y(t) [(a - ;2 (®)dt + Zbk(t)dBk(t)]
k=1 k=1
+ %y(t) Y Bi(t)dt
k=1

= a(t)y(t)dt + Y _ bi(t)y(t)dBx(t).
k=1

In other words, y(t) is a solution to equation (2.6) satisfying the initial condition.
But, by Theorem 2.3.1, equation (2.6) has only one solution. So y(t) must be
the unique one. The lemma has been proved.

Proof of Theorem 2.2. By Itd’s formula, one can show that

t)—Zso.+ Y o (2.7)

1<i<j<d
where
Oy(t), -+, Pua(t)
i = [dPu(t), ---, dPia(t)
Qai(t), -, Padlt)
and
n(t), -+, Pwalt)

ddu(t), ---, d®i(t)

d®j(t), -+, d®jq(t)

dar(t), -, Daalt)
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It is not very difficult to verify by using (2.3) and the formal multiplication table
defined on page 36 that

pi = Fa()W(t)dt + iGﬁ(t)W(t)dBk(t) (2.8)
k=1
and "
=Y [GE(GE; (1) - GE (G BW (tat. (2.9)
k=1
Substituting (2.8) and (2.9) into (2.7) yields that
d m
aw )= (L P+ Y [GhOGH®) - GhGE®) )Wt
i=1 k=11<i<j<d
m d
+3° S Ght)W (t)dBi(2). (2.10)
k=11t=1

Applying Lemma 2.3 we get that

d

Wi = exp| [ (A S>+Z Y. [Gh()G(e) - Gh(s)Gh(s)] )ds
to “i=1 =11<i<j<d
d
-5 s)) ds G ) )
Z /(ZG (2)) ¢ +Z / 3 Gh(s)du(o) (211)

Noting that

(i)Gﬁ- ) Z[G @' +2 3 Gh(IG)),

1<i<j<d

we obtain immediately from (2.11) that

W) —exp[ / ZF.,(s)ds+Z / 3" G (s)dB(s)

l) =1 l) i=1

_Z/t” é + ¥ ¢ (sG,(s))ds}

1<i<j<d

which is the required (2.4). The proof is complete.

The stochastic Liouville formula (2.4) implies directly that W(t) > 0 a.s.
for all t € [to, T], which in turn implies that ®(t) is invertible. We have therefore
obtained the following important result.
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Theorem 2.4 For allt € [to, T], the fundamental matriz ®(t) is invertible with
probability 1.

We shall denote by ®~'(t) the inverse matrix of ®(t).

3.3 THE VARIATION-OF-CONSTANTS FORMULA

Let us now turn to the general d-dimensional linear stochastic differential
equation

da(t) = (F(t)z(t) + f(£)dt + ) (Gr(t)x(t) + gr(2))dBr(2) (3.1)

k=1

on [to, T'] with initial value z(¢9) = zo. Equation (2.1) is called the correspond-
ing homogeneous equation of system (3.1). In this section we shall establish a
useful formula, called the variation-of-constants formula, which represents the
unique solution of equation (3.1) in terms of the fundamental matrix of the
corresponding homogeneous equation (2.1).

Theorem 3.1 The unique solution of equation (3.1) can be expressed as

() =000z + [ @) [1(6) - 3 Gutoloo)] s

to

mo ot
+Z/ q’—l(s)gk(s)dBk(S)), (3.2)
k=1"to

where ®(t) is the fundamental matriz of the corresponding homogeneous equation

(2.1).
Proof. Set

to

) =20+ [ 875)[1(6) ~ Y Gls)ar(o)]ds
k=1
+ 3 [ @ (s)gn(s)aBls).
k=110
Then £(t) has the differential

de(t) = 21O £(8) - D Cu(tign(t)] at

k=1

+ ) 27 (B)gk(t)dBr(t). (3.3)

k=1
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Let
n(t) = B(L)E(L). (3.4)

Clearly, n(to) = 0. Moreover, by Ito’s formula

dn(t) = d(t)§(t) + D(t)dE(t) + dP(t)dE(t).

Substituting (2.2) and (3.3) into it and using the formal multiplication table
defined on page 36, we derive that

dn(t) = F(t)n(t)dt + Y Gr(t)n(t)dBx(t)
k=1

+ |- Z Gr(t)gn(t)]dt + zgk(t)dBk(t)

k=1

+ (F(t ®(t)dt + Z Gr()®(t)dBi(t))

x (@1 t)f(t)dt+Z<I> ()gx (t)dBx( t)-Z@ ‘(t)Gk(t)gk(t)dt)

k=1

= (F(t)n(t) + f(2))dt + Z(Gk(t)ﬂ(t) + gk(t))dBx(t).

k=1

In other words, we have shown that 7(t) is a solution to equation (3.1) satisfying
the initial condition (tg) = zo. On the other hand, equation (3.1) has only one
solution z(t). So we must have that z(t) = n(t), which is the required formula
(3.2). The proof is complete.

Since we assume that z¢ € L2(Q; R?), the first and second moments of the
solution of equation (3.1) exist and are finite. The following theorem shows that
one can obtain first and second moments by solving the corresponding linear
ordinary differential equations.

Theorem 3.2 For the solution of equation (3.1), we have:
(a) m(t) := Ex(t) is the unique solution of the equation

m(t) = F(&)m(t) + £(t) (3.5)

on (to, T| with initial value m(to) = Exo.

(b) P(t) := E(z(t)xT (t)) is the unique nonnegative-definite symmetric solution
of the equation

P(t) = Ft)P(t) + POFT(t) + f(t)ymT(t) + m@) fT (£

+ Y [Gr®OPOGLE) + Gtim(B)gl (¢)
k=1

+ g(OmT(OGL(®) + 9 (B)F (1)) (3.6)
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on [to, T] with initial value P(ty) = E(zozl). Note that (3.6) represents a
system of d(d + 1)/2 linear equations.

Proof. (a) Note that

t
() = alto) + [ (Fls)as) + f(s))ds + Z (Gul5)a(s) + 9u(s))dBu(o)
ty to
Taking the expectation on both sides yields

m(t) = mito) + / (F(s)m(s) + f(s))ds

which is the integral form of equation (3.5). So the conclusion of part (a) follows.
(b) By 1td’s formula,

dlz(t)zT (t)] = dz(t)zT (t) + z(t)dzT (t)

+ Zle 2(8) + e (DGR ()(t) + gk (D) dt

- (F(t)z(t)xT(t) + FOT(0) + 202 (O FT () + ()17 (1)

+ 3 [Get)z )" OGT @) + (BT (HGT (1)

k=1

+ GO0 + acal 0] )

+ 3 [(Gr®)2(®) + gu ()T (€) + 2() GOz (®) + 96 (®)7 | dB().
k=1
Now equation (3.6) follows by taking the expectation on both sides of the integral
form of the above equality. Since P(t) is the covariance matrix of z(t), it is of
course nonnegative-definite and symmetric. The proof is complete.

Theorem 3.1 tells us that we can have the explicit solution to the linear
equation (3.1) provided we know the corresponding fundamental matrix ®(t).

Although we can not obtain the explicit fundamental matrix ®(t) for every case,
we can for several important cases and let us turn to these case studies.

3.4 CASE STUDIES

(i) Scalar Linear Equations

We first consider the general scalar linear stochastic differential equation

dz(t) = (a(t)z(t) + a(t))dt + Y _(br(t)x(t) + br(t))dBi(t) (4.1)
k=1
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on [to, T] with initial value z(to) = zo. Here zo € L*(S; R) is Fi,-measurable,
and a(t), a(t), be(t), bi(t) are Borel-measurable bounded scalar functions on
[to, T]. The corresponding homogeneous linear equation is

da(t) = a(t)z(t)dt + f: bi()z(£)dBx(2). (4.2)
k=1

By Lemma 2.3, the fundamental solution of equation (4.2) is given by

®(t) = exp [ /t t (a(s) - % g b,%(s))ds + :; /t t bk(s)dBk(s)] .

Applying Theorem 3.1, we then obtain the explicit solution of equation (4.1)
2(t) = B(t) (zo + / & 1(s) Z br(5)Bx(3) ]

+ Z ~1()bi( s)dBk(s)) (4.3)

(ii) Linear Equations in the Narrow Sense

We next consider the d-dimensional linear stochastic differential equation
in the narrow sense

dx(t) = (F(t)x(t) + f(£))dt + D _ gu(t)dBi(t) (4.4)

k=1
on [tg, T} with initial value z(to) = zo, where F, f, g and zo are the same as

defined in Section 3.1. The corresponding homogeneous linear equation is now
the ordinary differential equation

#(t) = F(t)z(t). (4.5)

Again, let ®(t) be the fundamental matrix of equation (4.5). Then the solution
of equation (4.4) has the form

z(t) = Q(t)(zo +/¢ O (s)f(s)ds + Z/ (I>_1(s)gk(s)dBk(s)). (4.6)
o k=170

In particular, when F(t) is independent of ¢, i.e. F(t) = F a d x d constant
matrix, the fundamental matrix ®(t) has the simple form ®(t) = ef(¢~%) and
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its inverse matrix ®~!(t) = e~ F(t~t)  Therefore, in the case when F(t) = F,
equation (4.4) has the explicit solution

¢ m t
z(t) = eFt=to) (.’L‘() +/ e~ Fls=to) f(s5)ds + E/ e—F(s_"')gk(s)dBk(S))
k=1

to to

t m t
=eFt=tgg ¢ / eFt=9) f(s)ds+z / eF(t=9) g, (s)dBi(s). (4.7)
L k=1

0 ty

(iii) Autonomous Linear Equations

We now consider the d-dimensional autonomous linear stochastic differen-
tial equation

dz(t) = (Fx(t) + f)dt + Y _(Gex(t) + gi)dBi(t) (4.8)
k=1

on [to, T] with initial value z(to) = o, where F, Gy € R%*d and f, g« € RY.
The corresponding homogeneous equation is

m
dr(t) = Fz(t)dt + Y _ Gra(t)dBy(t). (4.9)
k=1
In general, the fundamental matrix ®(t) can not be given explicitly. However, if
the matrices F, G, --,G,, commute, that is, if
FGr =GiF, GiGj=G;Gy forall 1 < k,j < m, (4.10)

then the fundamental matrix of equation (4.9) has the explicit form
1 m m
®(t) = exp[(F - 5. GE)(t—to) + 3 Gr(Bi(t) ~ Bu(to))|-  (4.11)
k=1 k=1
To show this, set

Y(t)= (P~ 33 G2)(t~to) + 3_ Gu(Bu(t) ~ Bulto)).
k=1

k=1

N | =

We can then write

®(t) = exp(Y(1)).
By condition (4.10) we compute the stochastic differential

d(1) = exp(Y ()AY (1) + 5 exp(Y ()Y (1))
— B(1)dY(t) + %(I)(t) (i G})dt
k=1

= FO(t)dt + i G ®(t)dBy(1).

k=1
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That is, ®(t) satisfies the homogeneous equation and hence is the fundamental
matrix. Finally, we apply Theorem 3.1 to conclude that under condition (4.10),
the autonomous linear equation (4.8) has the explicit solution

z(t) = O(t) [zo +( / t o~ (s)ds) (f - i Giar)
to k=1

+3( t@“(sMBk(s))gk]. (4.12)
k=1

to

3.5 EXAMPLES

In this section we shall investigate several important stochastic processes
which are described by linear stochastic differential equations. Throughout this
section, we let B(t) be a 1-dimensional Brownian motion.

Example 5.1 (The Ornstein—Uhlenbeck process) We shall first discuss the
historically oldest example of a stochastic differential equation. The Langevin
equation

i(t) = —az(t) +oB(t) ont>0 (5.1)

has been used to describe the motion of a particle under the influence of friction
but no other force field (cf. Uhlenbeck & Ornstein (1930)). Here & > 0 and o
are constants, x(t) is one of the three scalar velocity components of the particle
and B(t) is a scalar white noise. The corresponding It equation

dz(t) = —az(t)dt + odB(t) ont>0 (5.2)

is an autonomous linear equation in the narrow sense. Assume that the initial
value z(0) = z¢ is Fo-measurable and belongs to L2(Q2; R). In view of (4.7), the
unique solution of equation (5.2) is

t
z(t) = e *zy + o / e~ (=9 4B(s). (5.3)
0

It has the mean
Ez(t) = e “Exg

and the variance

Var(z(t)) = Elz(t) — Ex(t)[?

t 2
= e 2 E|zg — Exo|® + 026'2‘"E|/ e""’dB(s)I
0

t
=e 2*'Var(xg) + 026—2"'E/ e2%3ds
0

2
_ o -
= e 2 Var(zo) + —20(1 — e 2at),
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Note that for arbitrary zy,

lim e *z5 =0 a.s.
t—oo

and o f; e=*(~9)dB(s) follows the normal distribution N(0,02(1 ~ e~22)/2q).
So the distribution of the solution z(t) approaches the normal distribution
N(0,02/2a) as t — oo for arbitrary zo. If zo is normally distributed or con-
stant, then the solution z(t) is a Gaussian process (i.e. normally distributed
process), and is called the Ornstein—Uhlenbeck velocity process. If start with
an N(0,02%/2a)-distributed zo, then z(t) follows the same normal distribution
N(0,52/2a) so the solution is a stationary Gaussian process, which is sometimes
called a coloured noise.

Now assume that the particle starts from the initial position yo, which is
Fo-measurable and belongs to L%(€2; R) as well. Then , by integration of the
velocity z(t), we obtain the position

t
y(t) = yo +/; z(s)ds (5.4)

of the particle at time ¢. If yp and ¢ are normally distributed or constant, then
y(t) is a Gaussian process, the so-called Ornstein-Uhlenbeck position process. Of
course, we can treat z(t) and y(t) simultaneously by combining equations (5.2)
and (5.4) into the 2-dimensional linear stochastic differential equation

z(t) _f—a 0 z(t) o
d(y(t)) "( 1 o) (y(t))dt+(0)d8(t)- (5.5)
It is easy to obtain the corresponding fundamental matrix
et 0
‘I)(t) = ((1 _ e—at)/a 1)

with the property ®(t)®~!(s) = ®(t — s). Therefore, according to (4.7), the
solution of equation (5.5) is

() =0 () [2e-2(5) 20

This implies .
z(t) = e xo + o/ e t=9)dB(s)
0

the same as (5.3), and

y(t) = %(1 — e )zo+yo + g fo t[1 ~ e~o(t=9)]dB(s), (5.6)
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which is in fact the same as (5.4) (we leave the verification to the reader). It
then follows from (5.6) that y(t) has the mean

1
Ey(t) = a(l - e_"“)Ezo + E’yo
and the variance

Var(y(t)) = ;115(1 — e~ %) 2Var(xo) + %(1 — e~ *)Cov(zo,y0) + Var(yo)

o? 2 1
1=z _ o—at il _ —2at]_
+a?[ “(1-e )+ (1 -7

Example 5.2 (The mean-reverting Ornstein—Uhlenbeck process) If we
revert the Langevin equation (5.2) by mean, we arrive at the following equation
dz(t) = —a(z(t) — p)dt + odB(t) ont>0 (5.7)

with initial value z(0) = zo, where p is a constant. Its solution is called the
mean-reverting Ornstein—Uhlenbeck process and has the form

t t
z(t) = e~ (.’L‘o +ap / €**ds+o / e"’dB(S))
0 0
t
=e ®zo+p(l—e )+ 0/ e (" dB(s). (5.8)
0

We therefore obtain that the mean
Ez(t)=e ™Exg+u(l—-e ™) »p ast— oo

and the variance

o2 o2
Var(z(t)) = e”2**Var(zo) + —2—&(1 ) B % as t — oo.

It also follows from (5.8) that the distribution of the solution z(t) approaches the
normal distribution N(u,02/2a) as t — oo for arbitrary zo. If z¢ is normally
distributed or constant, then the solution z(t) is a Gaussian process. If g follows
the normal distribution N(u,02/2a), so does the solution x(t) for all ¢ > 0.

Example 5.3 (The Brownian motion on the unit circle) Consider the
2-dimensional linear stochastic differential equation

da(t) = -%x(t)dt + Kz(t)dB(t) ont>0 (5.9)

with initial value z(0) = (1,0)7, where
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In view of (4.11), the corresponding fundamental matrix is
1 1
o(t) = exp[(-§1 - §K2)t + KB(t)],

where I is the 2 x 2 identity matrix. Noting that K2 = —I, we obtain

o(t) = exp[KB(t)] = > KB

= n!
But
K =(-1)*I and K?"*'=(-1)"K forn=20,1, --.

Thus

B X [K2nRB2n (t) K2n+132n+1(t)

(t) = 7;,[ 2n)! @n 1 1)) ]
B oo (_l)nB2n(t)I (_l)nB2n+l(t)K
‘f\;[ @)y T @t D) ]

Now, by (4.12), the unique solution of equation (5.9) is

o (- 1)’*3“(:)
o(t) = (t)( ) (Z o )_(cosB(t))
B ”
7, 1_%_271_;17'_(_2 sin B(t)
and this is the Brownian motion on the unit circle (see Example 2.2.3).

Example 5.4 (The Brownian bridge) Let a, b be two constants. Consider
the 1-dimensional linear equation

b—z(t)

dz(t) = T dt + dB(t) onte€[0,1) (5.10)

with initial value z(0) = a. The corresponding fundamental solution is
t
d
®(t) = exp [—/ —S—] = exp|log(1 — t)) =1-t.
o 1—3s
Hence, by (4.3), the solution of equation (5.10) is

-t [ 42

:(1—t)a+bt+(1-t)/t913—(ss—).
o 1-

(5.11)
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The solution is called the Brownian bridge from a to b. 1t is a Gaussian process
with mean

Ez(t)=(1-t)a+ bt
and variance

Var(z(t)) =t(1 —t).

Example 5.5 (The geometric Brownian motion) The geometric Brownian
motion is the solution to the 1-dimensional linear equation

dz(t) = az(t)dt + oz(t)dB(t) ont>0, (5.12)

where o, o are constants. Given the initial value £{0) = x¢, the solution of the
equation is

z(t) = zo exp[(a - ;)t + aB(t)]. (5.13)

If £y # 0 a.s., then, by the law of the iterated logarithm (i.e. Theorem 1.4.2),
we obtain from (5.13) that

o? .
a< 5 &= tl_l,rgox(t) =0 as.

2
a=L limsup |z(t)} = 00 and liminf |z(t)] =0 as. (5.14)
2 t-—00 t—o0

2
g .
> = tl_lglo lz(t)] =00 as.
We now let p > 0 and zo € LP with E|zo|” # 0. It follows from (5.13) that
o2
Bla(o)P = E(joolexp|p(a — 5 )¢+ p0B0) )
1 — 2 2 .2
= exp [p(a - g—?p)i)t] E(|z0|” exp [_pTa_t + poB(t)} ) (5.15)

Set 2 2
&(t) = |zo|P exp [—p—;—t + paB(t)] .

It is the unique solution to the equation

d{(t) = po§(t)dB(t)

with initial value £(0) = [zo|P. Hence

£(t) = Jzol? + po /0 £(s)dB(s)



106 Linear Stochastic Differential Equations [Ch.3

which yields that E¢(t) = E|zy|P. Substituting this into (5.15) gives

Elz(t)}” = exp [p(a - U;;J—f)t} E|xo|?.

Consequently
PR
a< (d=p)o” <= lim Ejz(t)|” =0,
2 t—oo
)2
a= (_1_2pl_ <= E|z(t)|P = E|zo|? for all t >0, (5.16)
] — 2
as> 8P i Bl = .
2 t—o0

Example 5.6 (Equations driven by a coloured noise) Instead of a white
noise, it is often to use a coloured noise to describe stochastic perturbations. For
example, consider the linear equation driven by a coloured noise

dz(t) = az(t)dt + by(t)dt ont >0 (5.17)

with initial value z(0) = xq, where y(t) is the coloured noise, i.e. the solution
to the equation
dy(t) = ~oy(t) + 0dB(t) ont>0 (5.18)

with initial value y(0) = yo ~ N(0,02/2a). We now treat z(t) and y(t) simulta-
neously by combining equations (5.17) and (5.18) into the 2-dimensional linear
stochastic differential equation

d(?ég) :F(;E:Dd” (3)‘13(5)» (5.19)

where

Hence the solution is

()= () [omen Q) eoe
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Stability of

Stochastic Differential Equations

4.1 INTRODUCTION

In 1892, A.M. Lyapunov introduced the concept of stability of a dynamic system.
Roughly speaking, the stability means insensitivity of the state of the system to
small changes in the initial state or the parameters of the system. For a stable
system, the trajectories which are “close” to each other at a specific instant
should therefore remain close to each other at all subsequent instants.

To make the stochastic stability theory more understandable, let us recall

a few basic facts on the theory of stability of deterministic systems described

by ordinary differential equations. For the details please see Hahn (1967) and

Lakshmikantham et al. (1989). Consider a d-dimensional ordinary differential
equation

z(t) = f(z(t),t) on t > tg. (1.1)

Assume that for every initial value z(tp) = zo € R?, there exists a unique global
solution which is denoted by z(¢t;to, Zo). Assume furthermore that

f(0,t)=0 for all t > t,.

So equation (1.1) has the solution z(t) = 0 corresponding to the initial value
z(tg) = 0. This solution is called the trivial solution or equilibrium position.
The trivial solution is said to be stable if, for every € > 0, there exists a § =
8(e, tg) > 0 such that

|z(t; kg, o) < € for all t > ¢,

107
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whenever |zg] < 4. Otherwise, it is said to be unstable. The trivial solution is
said to be asymptotically stable if it is stable and if there exists a §g = p(tg) > 0
such that

lim .’I(t; to,.’llo) =0

t— 00

whenever |zg| < o.

If equation {1.1) can be solved explicitly, it would be rather easy to deter-
mine whether the trivial solution is stable. However, equation (1.1) can only
be solved explicitly in some special cases. Fortunately, Lyapunov in 1892 devel-
oped a method for determining stability without solving the equation, and this
method is now known as the Lyapunov direct or second method. To explain the
method, let us introduce a few necessary notations. Let K denote the family of
all continuous nondecreasing functions 1 : Ry — R, such that x(0) = 0 and
p(r) > 0ifr > 0. For h > 0, let S, = {z € R?: |z| < h}. A continuous function
V(z,t) defined on Sp x [tg,00) is said to be positive-definite (in the sense of
Lyapunov) if V(0,t) = 0 and, for some p € K,

V(xz,t) > p(jz]) for all (z,t) € S X {tg, 00

A function V is said to be negative-definite if —V is positive-definite. A con-
tinuous non-negative function V(z,t) is said to be decrescent (i.e. to have an
arbitrarily small upper bound) if for some u € K,

V(z,t) < uljz]) for all (x,t) € Sp, x [tg, 00).
A function V(z,t) defined on R? x [tg,00) is said to be radially unbounded if

lim inf V(z,t) =

[x]|—o0 t2to

Let C11(S), x [to,00); R4+) denote the family of all continuous functions V(z, t)
from Sy x {to,00) to R, with continuous first partial derivatives with respect
to every component of z and to t. Let z(t) be a solution of equation (1.1) and
V(z,t) € C11(Sh x [to,00); R+). Then v(t) = V(z(t),t) represents a function of
t with the derivative

o(t) = Va(x(2), t) +V, (z(t) t) f(z(t), t)
= —(z t),t) + Z (), t) fi(z(t), ¢).

If 9(t) < 0, then v(t) will not increase so the “distance” of z(t) from the equilib-
rium point measured by V(z(t),t) does not increase. If 9(t) < 0, then v(t) will
decrease to zero so the distance will decrease to zero, that is z(t) — 0. These
are the basic ideas of the Lyapunov direct method and lead to the following
well-known Lyapunov theorem.
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Theorem 1.1 (i) If there exists a positive-definite function V (z,t) € C11(S), x
[to,0); Ry) such that

V(z,t) := Vi(z(2), ) + Va(z(t), ) f(z(t),£) < O

for all (z,t) € Sy, x [to,00), then the trivial solution of equation (1.1) is stable.

(i) If there etists a positive-definite decrescent function V (z,t) € C L1(8y, x
[to, 00); Ry) such that V(z,t) is negative-definite, then the trivial solution of
equation (1.1) is asymptotically stable.

A function V(z,t) that satisfies the stability conditions of Theorem 1.1 is
called a Lyapunov function corresponding to the ordinary differential equation.

When we try to carry over the principles of the Lyapunov stability theory
for deterministic systems to stochastic ones, we face the following problems:

- What is a suitable definition of stochastic stability?
- What conditions should a stochastic Lyapunov function satisfy?

. 'With what should the inequality V(z,t) < 0 be replaced in order to get
stability assertions?

It turns out that there are at least three different types of stochastic stability:
stability in probability, moment stability and almost sure stability. In 1965,
Bucy recognized that a stochastic Lyapunov function should have the super-
martingale property and gave surprisingly simple sufficient criteria for stability
in probability as well as for moment stability. Almost sure stability was consid-
ered by Has’minskii (1967) for linear stochastic differential equations. Stochastic
stability has been one of the most active areas in stochastic analysis and many
mathematicians have devoted their interests to it. We here mention Arnold, Bax-
endale, Chow, Curtain, Elworthy, Friedman, Ichikawa, Kliemann, Kolmanovskii,
Kushner, Ladde, Lakshmikantham, Mohammed, Pardoux, Pinsky, Pritchard,
Truman, Wihstutz, Zabcezyk and myself among others.

In this chapter we shall investigate various types of stability for the d-
dimensional stochastic differential equation

dz(t) = f(z(t),t)dt + g(z(t), t)dB(t) ont > tg. (1.2)

For the stability purpose of this chapter, it is enough (we shall explain why
later) to consider the constant initial value zo € R? only, instead of the Fi,-
measurable random variable z¢ € L?(€2; R%). Throughout this chapter we shall
assume that the assumptions of the existence-and-uniqueness Theorem 2.3.6 are
fulfilled. Hence, for any given initial value z(ty) = z¢ € RY, equation (1.2)
has a unique global solution that is denoted by z(¢;to, z9). We know that the
solution has continuous sample paths and its every moment is finite. Assume
furthermore that

f(0,t)=0 and g¢(0,t)=0 for all t > to.
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So equation (1.2) has the solution z(t) = 0 corresponding to the initial value
z(to) = 0. This solution is called the trivial solution or equilibrium position.

Besides, we shall need a few more notations. Let 0 < h < oo. Denote by
C%Y(S, x Ry;Ry) the family of all nonnegative functions V' (z,t) defined on
Sh x R4 such that they are continuously twice differentiable in z and once in t.
Define the differential operator L associated with equation (1.2) by

2

+th Z [g(a: t)g (Z t)]t]a a

i,j=1

If L acts on a function V € C#1(S, x R,; R}), then
1
LV (2,8) = Vi(a,t) + Va(@,0)/(2,1) + Strace[g" (z,)Vaa(2, 9z, 8)|

(See page 31 for the definition of V;, V; and V). By Ité’s formula, if z(t) € S,
then
dV(z(t),t) = LV (z(t),t)dt + Vy(x(t), t)g(z(t),t)dB(t)

and this explains why the differential operator L is defined as above. We shall
see that the inequality V(z,t) < 0 will be replaced by LV{(z,t) < 0 in order to
get the stochastic stability assertions.

4.2 STABILITY IN PROBABILITY

In this section, we shall discuss the stability in probability. Let us stress
that throughout this chapter, we shall let the initial value z¢ be a constant (in
R?) but not a random variable. We shall explain why we need only discuss this
case of constant initial values after the definition of stability in probability.

Definition 2.1 (i) The trivial solution of equation (1.2) is said to be stochasti-
cally stable or stable in probability if for every pair of € € (0,1) and r > 0, there
exists a & = &(e, 7, to) > 0 such that

P{lz(t;to,z0)] <7 forallt > 4} >1—¢

whenever |To] < §. Otherwise, it is said to be stochastically unstable.

(i) The trivial solution is said to be stochastically asymptotically stable
if it is stochastically stable and, moreover, for every € € (0,1), there exists a
do = bgle,tg) > O such that

P{tl_i’rgoz(t;to,:co) =0}2>1-¢

whenever |zg| < d.
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(1i1) The trivial solution is said to be stochastically asymptotically stable in
the large if it is stochastically stable and, moreover, for all zq € R¢

P{tlilglo z(t;tp, z0) =0} = 1.

Let us now explain why we need only to discuss the case of constant initial
values. Suppose one would like to let the initial value ¢ be a random variable.
He then should replace e.g. “|lzo| < 0" by “|lzo| < & a.s.” in the definition
accordingly. This seems more general but is in fact equivalent to the above
definition. For example, suppose we have (i), then for any random variable z,
with |zg| < § a.s., we have

P{|z(t;to,z0)] <7 for all t >t}

= / P{|z(t; to,y)] < r for all t > to} P{zo € dy}
Ss

> (1-¢e)P{zpedy}=1—ce.
Ss

It should also be pointed out that when g(z,t) = 0, these definitions reduce to
the corresponding deterministic ones. We now extend the Lyapunov Theorem
1.1 to the stochastic case.

Theorem 2.2 If there erists a positive-definite function V(z,t) € C*1(Sy x
[to, o0); R+) such that
LV(z,t) <0

for all (z,t) € Sy X [tp, 00), then the trivial solution of equation (1.2) is stochas-
tically stable.

Proof. By the definition of a positive-definite function, we know that V(0,t) =0
and there is a function p € K such that

V(z,t) > u(|z|) for all (z,t) € Sy x [tg, 00). (2.1)

Let € € (0,1) and r > 0 be arbitrary. Without loss of generality we may assume
that r < h. By the continuity of V(z,t) and the fact V(0,t5) = 0, we can find
a6 =d(e,r,tg) > 0 such that

1
- sup V(x,tg) < u(r). (2.2)
€ z€8;

It is easy to see that 6 < r. Now fix the initial value zo € S; arbitrarily and
write z(t; to, zo) = z(t) simply. Let 7 be the first exit time of z(t) from S,, that
is

T =inf{t >ty : z(t) ¢ S;}.
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By Itd’s formula, for any ¢t > tg,
TAL

V(z(r At),T At) = V(xo, to) + LV(z(s),s)ds

ty

+f " Vi (a(s), 9)g(a(s), s)dB(s).

to

Taking the expectation on both sides and making use of the condition LV <0,
we obtain that
EV(z(r At),T At) < V(xo,t0)- (2.3)

Note that |z(7 At)| = |z(7)| = r if 7 < t. Hence, by (2.1),
EV({z(r At),TAL) > E[I{TSL}V(I(T),T)] > u(r)P{r <t}.
This, together with (2.3) and (2.2), implies
P{r<t}<e.
Letting ¢t — co we get P{7 < oo} < ¢, that is
P{lz(t)] < rforallt >t} >1—¢
as required.

Theorem 2.3 If there erists a positive-definite decrescent function V(z,t) €
C?*Y(Sy, x [to,00); Ry) such that LV(z,t) is negative-definite, then the trivial
solution of equation (1.2) is stochastically asymptotically stable.

Proof. We know from Theorem 2.2 that the trivial solution is stochastically
stable. So we only need to show that for any ¢ € (0, 1), there is a §p = dp(e, to) >
0 such that

P{tl_i{&m(t;to,:co) =0}>1-¢ (2.4)

whenever [zg| < dp. Note that the assumptions on function V(z,t) mean that
V(0,t) = 0 and, moreover, there are three functions pu;, p2, p3z € K such that

m(lz]) < V(z,t) <pe(lz])  and  LV(z,t) < —pa(jz]) (2.5)

for all (z,t) € Si x [tg,00). Fix € € (0,1) arbitrarily. By Theorem 2.2, there is
a & = dofe, tp) > 0 such that

Plla(tito,z0)| < h/2} 21~ 7 (2.6)

whenever g € Ss,. Fix any z¢ € S, and write z(¢; to, o) = z(t) simply. Let
0 < B < |zo| be arbitrary, and choose 0 < a < g sufficiently small for

p2(a)
w1(B)

< (2.7)

€
e
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Define the stopping times
Ta = inf{t > to : |2(t)| < a}

and
mh = inf{t > to : [z(t)| > h/2}.

By Itd’s formula and (2.5), we can derive that for any ¢t > to,

0 < EV(z(ta ATh AL), Ta ATh A L)
TaATAAL
= V{(zg,t0) + E LV (z(s), s)ds
to
< V(Io,to) - ua(a)E(Ta ATph AL — t()).
Consequently

(t = to)P{Ta ATh 2t} < E(Ta ATR At —tg) < Vizo,to),
p3(c)
This implies immediately that
P{ra ATh <00} = 1.
But, by (2.6), P{rr < oo} < €/4. Hence
1=P{ra Amh < 0} < P{rq < 00} + P{7) < 00} < P{7, <00}+§,

which yields
P{ra <00} 21— Z (2.8)

Choose 8 sufficiently large for
€
P{Ta<0}21—§.
Then

Pl{ra < 1h A8} > P({7a < 8} N {7h = o0})
> P{ra < 0} - P{rs <00} > 1 — 3;_5 (2.9)

Now, define two stopping times

o = {Ta if 7o <TRAG,
oo otherwise

and
79 = inf{t > o : |z(t)| > 8}.
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We can then show by Itd’s formula that for any ¢t > 6,
EV(z(rgnt), T3 At) S EV(z(o At),0 AL).

Noting that V(z(1g At), 73 At) = V(z(o At),0 At) = V(z(t),t) on w € {14 >
Th A 0}, we get

B[lr,<rnntV (a(ra A 8), 75 A )] < E[Ir,<runa) BV (a(7a), Ta)|-
Using (2.6) and the fact {rg <t} C {7, < 7n A 8} we further obtain
m(B)P{rg < t} < pa(e).
This, together with (2.7), yields

P{rg <t} < %.

Letting £ — 0o we have
P{rg < o0} <

| M

It then follows, using (2.9) as well, that
P{o <ooand 15 =00} 2> P{rq < Th A8} — P{rg < oo} >1-¢.
But this means that

P{w:limsup|z(t)] < 8} >1-=¢.
t—oo

Since (3 is arbitrary, we must have

P{w:limsupz(t) =0} > 1—¢
t—o0

as required. The proof is complete.

Theorem 2.4 If there exists a positive-definite decrescent radially unbounded
function V(z,t) € C21(R® x [to, 00); Ry ) such that LV (z,t) is negative-definite,
then the trivial solution of equation (1.2) is stochastically asymptotically stable
in the large.

Proof. By Theorem 2.2, the trivial solution of equation is stochastically stable.
So we only need to show that

P{tl_i.xglo z(t;to,20) =0} =1 (2.10)
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for all zp € RY. Fix any z and write z(t;to, Tp) = z(t) again. Let € € (0,1) be
arbitrary. Since V(z,t) is radially unbounded, we can find an h > |zo| sufficiently
large for

inf V(x> Vot (2.11)
[z >h,t>t 3
Define the stopping time
Th = inf{t > to: lz(t)l > h}
By Itd’s formula, we can show that for any t > to,
EV(z(th At),Th At) < V(zq,20). (2.12)
But, by (2.11), we see that
|4
EV(z(ta A1), Th AL) > i—(}}tﬂp{m <t}
It then follows from (2.12) that
€
P{Th S t} S Z.
Letting t — oo gives P{7, < oo} < e/4. That is
P{lz(t)] < hforall t >t} > 1 — % (2.13)

From here, we can show in the same way as the proof of Theorem 2.3 that
. 0} >1—e
P{tlirgo z(t)=0}>1-¢

Since ¢ is arbitrary, the required (2.10) must hold and the proof is complete.

The functions V'(z,t) used in Theorems 2.2-2.4 are called stochastic Lya-
punov functions, and the use of these theorems depends on the construction of
the functions. As in the deterministic case, there are a number of techniques
that can be used to find suitable functions. For example, the quadratic function

V(z,t) = 27 Qr,
where Q is a symmetric positive-definite matrix, will do if
LV(z,t) = 22T Qf(x,t) + tracelg” (z,1)Qg(z,t)] < 0
or is negative-definite in some neighbourhood of z = 0 for ¢t > ¢;. Besides,

one can seek a positive-definite solution of the equation LV (z,t) = 0 or of the
inequality LV (z,t) < 0. We now discuss a few examples to illustrate the theory.
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Example 2.5 Consider a one-dimensional stochastic differential equation
dz(t) = f(z(t),t)dt + g(z(t),t)dB(t) ont >ty (2.14)

with initial value z(tp) = zo € R. Assume that f : Rx R, — R and g :
R x Ry — R™ have the expansions

flz,t) =a®)z+o(z]),  g(z,t) = (bi(t)z, -, bu(t)2)T +o(j2])  (2.15)

in a neighbourhood of = = 0 uniformly with respect to ¢t > to, where a(t), b;(t)
are all bounded Borel-measurable real-valued functions. We impose a condition
that there is a pair of positive constants # and K such that

t 1 m 9
—KS/tu(a(s)—igbi(s)—ke)dsgl( for all t > to. (2.16)
Let p
0<e<

SuptZlu Z:il b?(t)

and define the stochastic Lyapunov function

t 1 m
V(z,t) = |z exp [—E/t (a(s) ~3 Zb?(s) + O)ds].
o i=1
By condition {2.16),
|z|fe™ K < V(x,t) < |z|feK.

Hence V(z,1t) is positive-definite and decrescent. On the other hand, by (2.15),
t 1 m
= elglE _ - = 2
LV (z,t) = e|z| exp[ s/;0 (a(s) 5 ; b; (s) + O)ds]

x (53-8 - 6) +o(lal")
i=1
< —%eﬂe‘EK[a:F + o([z[%).

We hence see that LV (z, t) is negative-definite in a sufficiently small neighbour-
hood of z = 0 for t > ty. By Theorem 2.4 we therefore conclude that under (2.15)
and (2.16), the trivial solution of equation (2.14) is stochastically asymptotically
stable.

Example 2.6 Assume that the coefficients f and g of equation (1.2} have the
expansions

fz,t)=Ft)z+o(zl),  g(z,t) = (Gi(t)z, - -,Gm(t)z) +o(|z]) (2.17)
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in a neighbourhood of z = 0 uniformly with respect to t > t9, where F(t), G;(t)
are all bounded Borel-measurable d x d-matrix-valued functions. Assume that
there is a symmetric positive-definite matrix @ such that the symmetric matrix

QF(t) + FT(H)Q + i GT (QGi(t)

i=1

is negative-definite uniformly in t > t;, that is
m
Amax (QF(1) + FT(Q+ Y GTMQGi))< —A <0 (2.18)
i=1

for all ¢ > tg, where (and throughout this book) Ayax(A) denotes the largest
eigenvalue of matrix A. Now, define the stochastic Lyapunov function V(z,t) =
zTQz. It is obviously positive-definite and decrescent. Moreover,

LV(a,t) = 27 (QF(®) + FT(90Q + Y. GT(H1QG:(0)z + o(l?)
i=1
< —Naf +ofjaf).

Hence LV (z,t) is negative-definite in a sufficiently small neighbourhood of z = 0
for t > to. By Theorem 2.4 we therefore conclude that under (2.17) and (2.18),
the trivial solution of equation (1.2) is stochastically asymptotically stable.

In the case of linear stochastic differential equations, one may make use
of the explicit solutions to determine whether the equations are stochastically
stable or not. The following example demonstrates the idea.

Example 2.7 Consider a one-dimensional linear stochastic differential equation

dz(t) = a(t)z(t)dt + f:b.-(t)m(t)dB.-(t) ont>to (2.19)

i=1

with initial value z(to) = zo, where a(t), b;(t) are continuous real-valued func-
tions on [tg, 00). By Lemma 3.2.3, the unique solution of equation (2.19) is

z(t) = zgexp [/t: (a(s) - % gbf(s)) ds + g/: b,»(s)dB,-(s)]. (2.20)

Set o(t) =317, fti) b2(s)ds for tg < t < co. We divide the discussion of stability
into two cases.

Case (i) : 0(00) < oo. In thiscase, Y .-, f:n b;(s)dB;(s) approaches the nor-
mal distribution N(0,0(o0)). It therefore follows from (2.20) that the trivial
solution of equation (2.20) is stochastically stable if and only if

t

limsup [ a(s)ds < oo,
t—o00 to
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while the trivial solution is stochastically asymptotically stable in the large if

and only if
t
llm / a(s)ds = —o0
t—o0 to

Case (ii) : 0(00) = 00. Let 7(s), s > 0, be the inverse function of o (t), that

7(s) = inf{t > tp : o(t) = s}.

Clearly, o(7(s)) = s if s > 0 and 7(0(t)) =t if t > tg . Define

T(s)
B(s) = Z/ bi(t)dB;(t on s > 0.

to

Then B(s) is a continuous martingale with B(0) = 0 and the quadratic variation

(B, B), Z / " 2yt = o(r(s)) =

to

By Lévy’s theorem (i.e. Theorem 1.4.4), B(s) is a Brownian motion. So, by the
law of the iterated logarithm,

lim su —ﬂ—— =1 a.s
P V2sloglogs -
Consequently
= (s)dBi(s B
lim sup 2is lft (£)dBi(s) = limsup (o(t)) =1 a.s.

t—o0 20 (t) loglog o (t) t—oo 1/20(t) loglogo(t)

Applying this to (2.20) we can conclude that the trivial solution of equation
(2.19) is stochastically asymptotically stable in the large if

t 1
a(s)ds — zo(t .
lim sup ft" (s) 27(% < -1 a.s. (2.21)
t—oo /20(t)loglogo(t)

As a special case, let
a(t) =a, b,‘(t) = b,‘ (222)

be all constants. In this case, (2.21) holds if and only if
a<?t ‘Z“‘ b2. (2.23)
S '

Hence, under (2.22) and (2.23), the solution of equation (2.19) will tend to the
equilibrium position £ = 0. On the other hand, we can compute more precisely
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how fast the solution tends to zero. In fact, under (2.22), the unique solution of
equation (2.19) is

z(t; o, To) = To exp[(a - '; Zb?)(t —to) + Y _ bi(Bi(t) - Bs(to))}-
i=1 i=1
So
log (1 to,zo)] = loglzol + (a = 5 382 (¢ — o) + 3 bi(Bil®) - Bilto)).
i=1 i=1

Noting from the law of the iterated logarithm that

B;(t) — B;(t
lim Bi(t) — Bi(to) =0 a.5.
t—o0 t
we then derive that, if (2.23) holds,
l'mllol(t't x)|—a—lim b2<0 as (2.24)
l—l'oot g |T{l lo, Xo)| = 2 i . .

=1

that is the sample Lyapunov exponent is negative. Hence, for any 0 < ¢ <
3 ¥, b2 —a, one can find a positive random variable £ = £(to, Zo, €) such that

m
|z(t; g, z0)| < Eexp [—(% Zb? —a-— e) (t- to)] for all ¢t > t,.
i=1

In other words, almost all sample paths of the solution will tend to the equi-
librium position £ = 0 exponentially fast. Such a property will be called the
almost sure exponential stability. Let us now turn to study this type of stability
in detail.

4.3 ALMOST SURE EXPONENTIAL STABILITY
We first give the formal definition of the almost sure exponential stability.

Definition 3.1 The trivial solution of equation (1.2) is said to be almost surely
exponentially stable if

1
limsup - log |z(t; o, z0)| < O a.s. (3.1)

t—o0 t

for all xg € RY.

As defined in Section 2.5, the left-hand side of (3.1) is called the sample
Lyapunov exponents of the solution. We therefore see that the trivial solution is
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almost surely exponentially stable if and only if the sample Lyapunov exponents
are negative. As explained in the end of previous section, the almost sure ex-
ponential stability means that almost all sample paths of the solution will tend
to the equilibrium position z = 0 exponentially fast. Moreover, let us explain
once again why we only need to discuss the case of constant initial values. For
a general initial value zo (i.e. Tg is Fy,-measurable and belongs to L%(Q; RY)),
it follows from (3.1) that

1
P{limsup = log |z (t; to, xo)| < 0}
t—oo t
1
= / P{limsup - log |z(t; to,y)| < 0} P{zo € dy}
Rd t— o0 t

= / P{zy e dy} =1,
R4

that is
1
limsup - log |z(¢t; to, zo)| < O a.s.

t—oo ¢

To establish the theorems on the almost sure exponential stability, we need
prepare a useful lemma. Recall that we assume, throughout this chapter, that
the assumptions of the existence-and-uniqueness Theorem 2.3.6 are fulfilled and,
moreover, f(0,t) =0, ¢(0,t) = 0. Under these standing hypotheses, we have
the following useful lemma.

Lemma 3.2 For all z9 # 0 in R®
P{z(t;to,x0) #0 ont >t} = 1. (3.2)

That s, almost all the sample path of any solution starting from a non-zero state
will never reach the origin.

Proof. 1f (3.2) were false, there would exist some zg # 0 such that P{7 < o0} >
0, where 7 is the first time of zero of the corresponding solution, i.e.

T = inf{t > to : z(t) = 0}

in which we write z(¢; to, zo) = z(t) simply. So we can find a pair of constants
T > tp and 0 > 1 sufficiently large for P(B) > 0, where

B={r<Tand|z(t)] <0 —1foralltg <t <7}
But, by the standing hypotheses, there exists a positive constant Ky such that

|f(z, )] V |g(z,t)| < Kglx| forall |z| <6, ta <t<T.
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Let V(z,t) = |z|~. Then, for 0 < |z] <fand tp <t < T,

LV(z,1) = ~[al 2" £(@,0) + 5 (-1l *la(@, O + 3zl a7 (2, )P

< lz|7?|f(z, t)] + || ~3|g(z, t)|?
< Kylz|™' + Kjlz| ™" = Ko(1 + Ko)V (z,1).

Now, for any € € (0, |zo}), define the stopping time
1e = inf{t > to : |z(t)| ¢ (€,0)}.

By It6’s formula,

E e Kol +Ka)menT=0)y (g(7, AT), 7, AT)) = V (20, o)

Te AT
+E / ¢~ Ko(1+Ko)(a—to) [—(Kg(l + Ko))V(z(s),8) + LV(m(s),s)]ds
to
< feol ™t
Note that for w € B, 7. < T and |z(7.)] = €. The above inequality therefore
implies that
E[e—Ko(1+K0)(T—tu)E—1IB] < Jao| Y.

Hence
P(B) < elag| 1Ko+ Ko)T—to)

Letting € — 0 yields that P(B) = 0, but this contradicts the definition of B.
The proof is complete.

Theorem 3.3 Assume that there erists a function V € C*'(R? x [tp, 00); R4),
and constants p >0, ¢; >0, c; € R, ¢3 > 0, such that for allz #0 and t > tq,
(i) ci|z|? < V(z,t),

(i) LV (z,t) < oV (z,t),

(i1i) |Ve(z,t)g(z,t)]? > e3V2(z,t).
Then 1 ca — 2

lim sup - log |z(¢; tp, zg)| € ————= a.s. (3.3)
tooo L 2p

for all zo € R%. In particular, if c3 > 2c3, the trivial solution of equation (1.2)
ts almost surely erponentially stable.

Proof. Clearly, (3.3) holds for ¢ = 0 since z(¢;tp,0) = 0. We therefore only
need to show (3.3) for zg # 0. Fix any z9 # 0 and write z(¢;to, o) = z(t).
By Lemma 3.2, z(t) # 0 for all ¢t > tp almost surely. Thus, one can apply Ité’s
formula and condition (ii) to show that, for ¢ > to,

log V(z(t),t) < log V(zo,t0) + c2(t — to) + M(t)

1 [ Vala(s), 9g(a(s), )P
2 V3(z(s),s) ’

(3.4)

to
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where

_ [ Velals),9ola@(s),) 4
Mo - [

is a continuous martingale with initial value M(tp) = 0. Assign ¢ € (0,1)
arbitrarily and let n = 1,2,---. By the exponential martingale inequality,

E|\Ve(z(s), s)g(z(s), 5)[? 9 1
P{‘usflslgwn[M(t) 2/, V2(x(s), s) ds} z Elogn} gy 2

Applying the Borel-Cantelli lemma we see that for almost all w € (2, there is an
integer ng = ng(w) such that if n > ny,

F [Va(z(s), 8)g(z(s), 9) |
2 /i, V2(z(s), )

M(t) < 2logn+

holds for all tg < ¢t < tg+n. Substituting this into (3.4) and then using condition
(iii) we obtain that

log V(z(t),t) < log V{(zo,to) — —[(1 —€)ez — 2c)(t — tg) + - logn

for all tg <t < tg+n, n > np almost surely. Consequently, for almost all w € 2,
ftg+n—-1<t<tz+nandn>ng,

t—t log V(zo, to) + 2 lo
0 2a] + g V(xo,to) + 2 gn
tot+tn—-1

! log V(
t
This implies
hm sup ! log V' (z(t),t) < ——[(1 —g)es — 2¢9] a.s.

Finally, using condition (i) we obtain

—€)cz — 2
hmsup log z(t)] < ———6)2—(:;—& a.s.

and the required assertion (3.3) follows since € > 0 is arbitrary. The proof is
complete.

Corollary 3.4 Assume that there ezists a function V € C*!(R® x [to, 00); R4.),
and positive constants p,a, A, such that for all x # 0, t > tp,

alz|? < V(z,t) and LV{(z,t) < =AV(x,1).

Then A
hmsup log |z(t; tg, )| < > a.s.
t—
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for all zg € R®. In other words, the trivial solution of equation (1.2) is almost
surely exponentially stable.

This corollary follows from Theorem 3.3 immediately by letting ¢; = «,
c2 = —) and ¢3 = 0. These results have given the upper bound for the sample
Lyapunov exponents. Let us now turn to the study of the lower bound.

Theorem 3.5 Assume that there ezists a function V € C>1(R? x [tg,0); Ry),
and constantsp > 0, ¢; >0, ¢z € R, c3 > 0, such that for allx # 0 and t > o,
(i) a|z|? > V(z,t) >0,
(ii) LV (z,t) > eV (z,t),
(i) |Ve(z,t)g(z,t)]? < c3V?(a,t).
Then
litxggng%log |z(t; to, xo)| > 202—2;2 a.s. (3.5)

for all zp # 0 in R%. In particular, if 2c; > c3, then almost all the sample
paths of |z(t; to, zo)| will tend to infinity, and we say in this case that the trivial
solution of equation (1.2) is almost surely exponentially unstable.

Proof. Fix any zg # 0 and write z(t; to, zg) = z(t). By It6’s formula, conditions
(ii) and (iii), we can easily show that for t > ¢,

log V(z(t), 1) > log V(zo, to) + %(202 — o)t —to) + M),  (3.6)

where

_ [ Va(a(s),9)g(z(s), 5)
M(t) = /t V(a(s),3) dB(s)

is a continuous martingale with the quadratic variation

(]

¢ s}, 8)g{z(s), 8)|2

ds S C3(t - to).

By the strong law of large numbers (i.e. Theorem 1.3.4), lim;_,o, M(t)/t = 0
a.s. It therefore follows from (3.6) that

L1 1
htrgg)lf 7 log V(z(t),t) > 5(2c2 —c3) a.s.

which implies the required assertion (3.5) by using condition (i).

We have already known that for the scalar linear stochastic differential
equation

dz(t) = az(t) + ibi:c(t)dB,-(t) ont > to, (3.7)

i=1
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the sample Lyapunov exponent is
1 1 m
. . _ 2
tll_{go 7 log |z(¢t; to, zo)| = @ — 3 E 1 b; a.s. (3.8)
1=

We now apply Theorems 3.3 and 3.5 to obtain the same conclusion. Let V(z,t) =
r2. Then

LV (z,t) = (20 + Z 2 af?

and, writing g(z,t) = (biz,---,bn1),
m
Va(z, t)g(z, ) =4 blll".
i=1
Hence, by Theorem 3.3 with p = 2, ¢; = 1, ¢ = 2a+ Y 2, b? and ¢35 =
4%, b2, we have

hmsup log |z(t; to, z0)| <a— = sz a.s. (3.9

t—o0 i=1

But, by Theorem 3.5,

hm mf log |z(t;to, zo)|l 2 a — = Zb2 a.s. (3.10)

t—l

Combining (3.9) and (3.10) gives (3.8). This show that results obtained in
Theorems 3.3 and 3.5 are very sharp. Let us now discuss a few more examples.

Example 3.6 Consider the two-dimensional stochastic differential equation
dz(t) = f(x(t))dt + Gz(t)dB(t) ont >ty (3.11)
with initial value z(tg) = o € R?, where B(t) is a one-dimensional Brownian
motion,
o= (smamm) €= (0 57
Let V(x,t) = |z|?. It is easy to verify that
4.29|ac|2 < LV(z,t) = 2z122cos Ty + 4T T2 sinT2 + |G:c|2 < l3.89|x|2

and
29.16|z)? < |Va(z,t)Gz|? = |22 Gz|? < 43.56|z|*.
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Applying Theorems 3.3 and 3.5 we obtain the following lower and upper bound
for the sample Lyapunov exponents of the solutions of equation (3.11)

1 1
—8.745 < lim inf ~ log |z(¢; to, 20)| < limsup = log |z(t; to, To)| < —0.345
t—oo { t—oo 1
almost surely. Hence the trivial solution of equation (3.11) is almost surely

exponentially stable.

Example 3.7 It is known that a linear oscillator §j(t) + ag(t) + by(t) = 0 is
exponentially stable if a > 0 and b > 0. Assume that the oscillator is now driven
by an external disturbance of white noise described by (cy(t) + hy(t))B(t). In
other words, we arrive at the scalar linear stochastic oscillator

§(t) + ay(t) + by(t) = (c(t) + hy(t))B(t) (3.12)
on t > 0 with initial value (y(0),%(0)) = (¥1,¥2) € R2. Here B(t) is a scalar
white noise (i.e. B(t) is a Brownian motion), and ¢, h are constants which
represent the intensity of the stochastic disturbance. Introduce a vector z =

(z1,22)T = (y,9)T. Then equation (3.12) can be written as the two-dimensional
It6 equation

{ dzy(t) = zo(t)dt, (3.13)

dza(t) = (=bz1(t) — aza(t))dt + (cx2(t) + hzy())dB(t).
For the Lyapunov function, we try a quadratic function
V(z,t) = ax? + Bz122 + 2.
Compute
LV(z,t) = —(Bb— h?*)2% —~ (2a — B — c*)z2 + (2a — Ba — 2b + 2ch)z 5.

In order to convert LV (z,t) to be negative-definite (i.e. LV (z,t) < —elz|? for
some ¢ > 0), we set

2a — Ba — 2b + 2ch = 0, that is a = =(8a + 2b — 2ch).

N =

Then V and LV become
1
V(z,t) = E(ﬁa + 2b — 2ch)z? + Bz1Z2 + T2

and
LV(z,t) = —(8b— h})z? — (2a — B — ¢*)z3.
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For LV (z,t) to be negative-definite, we must have 8b—h2 > 0 and 2a—f3~c? > 0,

that is
2

% <fB<2~c. (3.14)

For V to be positive-definite (i.e. V(z,t) > e|z|? for some ¢ > 0), we must have
2(Ba + 2b — 2ch) > 2,

this is equivalent to

a—+/a2+4(b—ch) < B <a++/a?+4(b-ch). (3.15)

Combining (3.14) and (3.15) we see that if

h2
ma.x{T, a— a2 +4(b - ch)} <gB< min{?a —c% a4+ Va2 +4(b- ch)},
then V is positive-definite and LV negative-definite. We therefore conclude, by
Corollary 3.4, that if
h2
max{-b—, a—+a?+4(b- ch)} < min{2a - a+ a2+ 4(b- ch)} (3.16)
then 1
lim sup 7 log(ly(&)] + |9(t)]) <O a.s.
t—oo

that is the trivial solution (y(t),y(f)) = 0 of the stochastic oscillator (3.12)
is almost surely exponentially stable. A more restrictive but possibly more
convenient condition than (3.16) is

ch<b,  h%+bc? < 2ab. (3.17)

This condition gives a quite clear estimate for the intensity of the external
stochastic disturbance in the sense that the disturbance can be tolerated by
the stable deterministic oscillator §(t) + ay(t) + by(t) = 0 without loss of the
stability property.

Example 3.8 Consider the linear homogeneous Ité equation
m
dz(t) = Fr(t)dt+ ) Giz(t)dBi(t) ont>1g (3.18)
i=1

with initial value x(to) = xp € R?. Assume that all the d x d matrices
F,G,y,---,Gy commute, that is,

FG,' = G"F, GiGj = GJ‘G,; for all 1 < ’l,] <m. (319)



Sec.4.4] Moment Exponential Stability 127

In Section 3.4 we have shown that equation (3.18) has the explicit solution
1 m m
IL’(t; to,:l:o) = exp[(F - 5 ZG?) (t—to) + Z G,’(B,‘(t) - Bi(to)):l zo. (3.20)
i=1 i=1

We now assume that all the eigenvalues of F — 13" | G? have negative real
parts. This is equivalent to that there is a pair of positive constants C and A

such that m
exp[(F - -;— Z Gf) (t— to)]
i=1

It then follows from (3.20) that

' < Ce~Mt—to), (3.21)

|z(t; to, zo)| < C'Izolexp[—/\(t ~to) +»_IGill IBi(t) - Bi(to)l]-

i=1
Using the property lim;_,o |B;i(t) — Bi(to)|/t = 0 a.s. of the Brownian motion,
we obtain immediately that

limsup%logla:(t; to,zo)| < -A  a.s. (3.22)
t—oo

In other words, we have shown that under conditions (3.19) and (3.21) the trivial
solution of equation (3.18) is almost surely exponentially stable.

4.4 MOMENT EXPONENTIAL STABILITY

In this section we shall discuss the pth moment exponential stability for
equation (1.2) and we shall always let p > 0. Let us first give the definition of
the pth moment exponential stability.

Definition 4.1 The trivial solution of equation (1.2) is said to be pth moment
ezponentially stable if there is a pair of positive constants A and C such that

E|x(t;to, To)|P < Clzo[Pe= ¢t ont>tg (4.1)

for all x5 € R%. When p = 2, it is usually said to be exponentially stable in
mean square.

Clearly, the pth moment exponential stability means that the pth moment
of the solution will tend to 0 exponentially fast. It also follows from (4.1) that

1
lim sup ; log(E|z(t; to, zo)|?) < 0. (4.2)
t—o0

As defined in Section 2.5, the left-hand side of (4.2) is called the pth moment
Lyapunov exponent of the solution. So, in this case, the pth moment Lyapunov
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exponent is negative. Moreover, if one wishes to consider the initial value of an
F,,-measurable random variable zo € LP(2; R%), then, by (4.1),

Ela(t; to, zo)” = /};d Elz(t; to, y)[P P{zo € dy}
s / ClylPe M=) P{xy € dy} = CE|zo|Pe 1),
R

Besides, noting (E|z(t)|?)!/? < (E|z(t)[?)!/? for 0 < p < p we see that the pth
moment exponential stability implies the pth moment exponential stability.

Generally speaking, the pth moment exponential stability and the almost
sure exponential stability do not imply each other and additional conditions are
required in order to deduce one from the other. The following theorem gives the
conditions under which the pth moment exponential stability implies the almost
sure exponential stability.

Theorem 4.2 Assume that there is a positive constant K such that
T f(z,t) V|g(z, )P < K|z|>  for all (z,t) € R? x [to, 00). (4.3)

Then the pth moment exponential stability of the trivial solution of equation (1.2)
implies the almost sure ezponential stability.

Proof. Fix any o # 0 in R? and write z(¢;tg, 7o) = z(t) simply. By the
definition of the pth moment exponential stability, there is a pair of positive
constants A and C such that

Elz(t)]P < Clzo[Pe %) ont > t,. (4.4)

Let n = 1,2,---. By Itd’s formula and condition (4.3), one can show that for
to+n—-1<t<to+mn,
t

|lz(8)P = |z(to + n — " + / plz(s)P~227 (s) f(2(s), )ds

to+n—1

+ % / [P|a:(s)|"’_2Ig(a:(s),s)|2 +p(p — 2)[2P~*|z7 (s)g(x(s), s)lz] ds
to+n—1

t
+ / pla(s)P~ 22T (s)g(z(s), s)dB(s)
to+n-—1

< le(to+n - DP + e / lz(s)lPds
to+n—1

n / pla(s)[P~22T (s)g(z(s), 5)dB(s),

o+n-1
where ¢ = pK +p(1+ |p — 2])K/2. Hence
to+n

E( sup |x(t)|”) < Ela(to+n—1DIP +¢; / Elz(s)|Pds

to+n—1<t<to+n to+n—1

+E( s [ plr(s)l”‘sz(s)g(x(s),s)dB(s))- (4.5)

to+n—1<t<to+n Jty+n—1
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On the other hand, by the Burkholder-Davis—Gundy inequality (i.e. Theorem
1.7.3), we have that

E( sup / puz(s)lp-sz(s)g(z(s),s)dB(s>)

to+n—1<t<to+n Jtg+n—1

< 4V3E ( / T () DT (s)g(a(s), s)Pds) ’

o+n—-1

< 4\/§E( sup |z(8)|P /tto+n szlz(s)i”ds)%

to+n—1<s<to+n o+n—1
1 to+n
<:B( s |z(s)|p) +16p2K Elz(s)["ds,
2 to+n—1<s<to+n to+n—1

where we have also used the elementary inequality v/ab < (a+b)/2. Substituting
this into (4.5) yields that

to+n

E( sup lx(t)l”) < 2Elz(to +n — 1) + c2 / Elz(s)[Pds,

to+n—1<t<to+n to+n—1

where c; = 2¢, + 32p?K. Applying (4.4) we obtain that

E( sup |:1:(t)|”) < cge~ 21, (4.6)

lo+n—15t£to+‘n

where c3 = C|z¢|P(2+ c2). Now, let € € (0, ) be arbitrary. It follows from (4.6)
that

P{ sup Jz(t)|P > e’('\'e)(""‘)}
to+n—1<t<to+n
< e(’\‘e)("“)E( sup lz(t)l”) < cze~h),

to+n—1<t<to+n
In view of the Borel-Cantelli lemma we see that for almost all w € €,

sup |z(t)|]P < e~ P—)m-1) 4.7
to+n—1<t<to+n

holds for all but finitely many n. Hence, there exists an ng = ng(w), for allw € Q
excluding a P-null set, for which (4.7) holds whenever n > ng. Consequently,
for almost all w € 2,

1 1 (A-€)(n-1)
= <=1 PPy < —L=en—2)
7 loga(t)] < - log((a(8)F) < SN
ifto+n—1<t<tg+mn, n>ng. Hence
Iimsupllog lz(¢)] < _Q-9) a.s.
t—oo L P
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Since £ > 0 is arbitrary, we must have
1 A
limsup = log |z(t)] < —= a.s.
t—oo L P

By definition, the trivial solution of equation (1.2} is almost surely exponentially
stable. The proof is complete.

Although condition (4.3) is not guaranteed by the assumptions of the
existence-and-uniqueness Theorem 2.3.6 which are assumed throughout this
chapter, it is satisfied in many important cases. For example, if the coefficients
f(z,t) and g(z,t) are uniformly Lipschitz continuous, then (4.3) is fulfilled bear-
ing in mind that we always assume f(0,t} = 0 and ¢(0,¢) = 0 in this chapter.
Moreover, for the d-dimensional linear stochastic differential equation

dz(t) = F(t)z(t)dt + i Gi(t)z(t)dBi(t), (4.8)
i=1

condition (4.3) is fulfilled if F, G; are all bounded d x d-matrix-valued functions.
Hence, we obtain a useful corollary.

Corollary 4.3 Let F, G; be all bounded d x d-matriz-valued functions. Then
the pth moment ezxponential stability of the trivial solution of the linear equation
(4.8) implies the almost sure exponential stability.

We shall now establish a sufficient criterion for the pth moment exponential
stability via a Lyapunov function.

Theorem 4.4 Assume that there is a function V (z,t) € C>'(R% x [to, 00); R4),
and positive constants ¢y -c3, such that

alzl? < V(z,t) < eolz|? and  LV(x,t) < —c3V(z,t) (4.9)
for all (z,t) € R? x [tg,00). Then

E|z(t; to, zo)IP < iﬁlxol"e“’““““’ ont >ty (4.10)
1

for all o € R%. In other words, the trivial solution of equation (1.2) is pth
moment exponentially stable and the pth moment Lyapunov exponent should not
be greater than —cs.

Proof. Fix any ro € R? and write z(t; to, Zo) = z(t). For each n > |xg|, define
the stopping time
T = inf{t > to : |z(t)| > n}.

Obviously, 7, — oo as n — oo almost surely. By Itd’s formula, we can derive
that for t > t,
E[eca(t/\‘r"_t“)V(.’I)(t A Tﬂ), tA Tn)] = V(:l:o, to)

tATy,
'E et eV (z(s), 8) + LV (z(s), 5)]ds.

to



Sec.4.4] Moment Exponential Stability 131

Using condition (4.9) we then obtain that

1€ AT ) Bl (t A 7, )|P < E[ec“(”""_‘“)V(z(t ATp), t A 'r,,)]

< V(zg,to) < cafzol?.
Letting n — oo yields that
1) Blx()|P < calzol?

which implies the desired assertion (4.10).

Similarly we can prove the following theorem that gives a sufficient criterion
for the gth moment exponential instability.

Theorem 4.5 Let g > 0. Assume that there is a function V(z,t) € C>1(R? x
[to, 00); R4), and positive constants c,—c3, such that

alz|? < V(z,t) < co|z|? and  LV(z,t) > 3V (z,t)
for all (z,t) € R? x [tg,00). Then

Elz(t; to, z0)|? > ?nol"ecﬂ(“‘") ont >t
2

for all zy € R%, and we say in this case that the trivial solution of equation (1.2)
is qth moment exponentially unstable.

Since (E|z(t)]9)Y/4 > (E|z(t)|%)'/9 for § > g, the qgth moment exponential
instability implies the gth moment exponential instability. We now use Theorem
4.4 to establish a useful corollary.

Corollary 4.6 Assume that there erists a symmetric positive-definite d x d
matriz Q, and constants a; —oa, such that for all (x,t) € R x [tg, 00),

zTQf(x,t) + %trace[gT(z,t)Qg(z, t)] < zTQzx (4.11)
and
a2z’ Qr < |zTQg(z,t)| < a3z’ Qz. (4.12)

(i) If ay < 0, then the trivial solution of equation (1.2) is pth moment expo-
nentially stable provided p < 2 + 2|a;|/a3.

(i) If 0 < a1 < a3, then the trivial solution of equation (1.2) is pth moment
exponentially stable provided p < 2 — 2a,/03.

Proof. Let V(z,t) = (z7Qz)%. Then

AL (@l < V(2,t) < Abax(Q)|2lP,
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where Apin(Q) and Apax(@) denote the smallest and largest eigenvalue of Q,
respectively. It is also easy to verify that

LV(z,t) = p(zTQz) ¥ ! (:::TQ flz,t) + —;—trace[gT(:c, t)Qg(:c,t)])
+p(5 - 1)(a"Q2)5 212" Qg(z, ). (4.13)

(i) Assume that a; < 0 and p < 2 + 2|a;|/a3. Without loss of generality,
we can let p > 2. Using (4.11) and (4.12), we then derive from (4.13) that

LV(x,t) < —p[]cn] - (g - l)ag] V(z,t).

An application of Theorem 4.4 implies that the trivial solution of equation (1.2)
is pth moment exponentially stable.

(ii) Assume that 0 < @) < of and p < 2 — 2a;/a?. In this case we have
LV(z,t) < —p[(g ~1)ad - al]V(:c, t).

So the conclusion follows from Theorem 4.4 again. The proof is complete.

Similarly, we can use Theorem 4.5 to show the following result on the
moment exponential instability.

Corollary 4.7 Assume that there exists a symmetric positive-definite d x d
matriz Q, and positive constants By, B, such that for all (z,t) € R x [tg,0),

2TQf(z,1) + %trace[gT(z, £Qg(z,8)] > fraT Qx (4.14)

and
lz7Qg(z,t)| < B2z” Qz. (4.15)

Then the trivial solution of equation {(1.2) is qth moment exponentially unstable
provided ¢ > 0V (2 — 26,/63).

Let us now discuss a few example for illustration.
Example 4.8 Consider the scalar linear It6 equation
m
dz(t) = ax(t) + ) _ bz(t)dBi(t)  ont>to. (4.16)
i=1

Here a, b; are all constants, and we assume that

m
> o6 (4.17)
i=1

O0<a<

N | =
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With f(z,t) = az and ¢g(z,t) = (biz,- -+, bnx), we have

1 1<
zf(z,t) + stracelg” (z,t)g(z,t)] = (a+ 5 Y b?)a?
g rac g (a 2; )”"

and

ng(xa t)l =

m
28 Il
i=1

Hence, by Corollary 4.6, the trivial solution of equation (4.16) is pth moment
exponentially stable if

p<1l- )
221"163

while, by Corollary 4.7, it is gth moment exponentially unstable if

qg>1-

ZI"xb?

Example 4.9 This example is from the satellite dynamics. Sagirow (1970)
derived the equation

#(t) + B+ aB())y(t) + (1 + aB(t))y(t) — vsin(2y(t)) = 0 (4.18)

in the study of the influence of a rapidly fluctuating density of the atmosphere
of the earth on the motion of a satellite in a circular orbit. Here B(t) is a scalar
white noise, o is a constant representing the intensity of the disturbance, and
8,7 are two positive constants. Introducing z = (z,72)7 = (y,%)7, we can
write equation (4.18) as the two-dimensional It equation

dz, (t) = z2(t)dt,
dra(t) = [—z1(t) + vsin(2z1(t)) — Bz2(t)|dt — azi(t) + Bz2(t)|dB(t).

For the Lyapunov function, we try an expression consisting of a quadratic form
and integral of the nonlinear component:

V(z,t) = az? + bx172 + 235 + c/ml sin(2y)dy
= a:zf + bxizo + zg + csi‘:f" 1.
This yields
LV(z,t) = —(b - a®)z? + byz; sin(2z;) — (26 — b — a?4%)z2
+ (2a - b8 — 2 + 2a°B)x 22 + (c + 27)x2 sin(2z,).
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Setting 2a — b3 — 2 + 22?8 = 0 and ¢ + 2y = 0 we obtain
1
V{z,t) = §(bﬁ +2- 2azﬂ)xf +bxizq + zg — 2vysin® z,

and
LV(z,t) = —(b— o?)z? + byz; sin(2x;) — (268 — b — o2B%)z2

Note that )
V(z,t) > E(bﬁ +2 - 2028 — 47)2? + bxyzp + 2.

So V(x,t) > €]z|? for some € > 0 if
2(b3 + 2 — 2028 — 4) > b?

or equivalently

VB2 +4-8y—4a2B<b< B+ /B2 +4- 8y - 4a20. (4.19)
Note also that
LV(z,t) < —(b—a® — 2by)z? — (28 — b— a?4%)z2.

So LV(z,t) < —é&|z| for some & > O provided both b — a? — 2by > 0 and
28 — b~ o??% > 0, that is

2v<1 and &?/(1-2v) <b<28-a23% (4.20)
We therefore conclude, by Theorem 4.4, that if v < 1/2 and
ax{az/(l -27), B-VB2+4-8y - 4a2ﬁ}
< min{2ﬂ —a?B, B+ 48y — 4a2a} (4.21)

then the trivial solution of equation (4.18) is exponentially stable in mean square.

Example 4.10 In the case of linear stochastic differential equations, the ex-
plicit solutions would of course be very useful in determining the pth moment
exponential stability. We now explain this idea through this example. Consider
the scalar linear It6 equation

dz(t) = a(t)z(t)dt + f: bi(s)x(s)dB;(s) (4.22)
i=1

on t > to with initial value z(tp) = z¢ € R?, where a(t), b;(t) are all continuous
functions on [tg,00). It has been shown that equation (4.22) has the explicit
solution

z(t) = zgexp [/t (a(s) -= Z b2( s))ds + z b (8)dB;( s)]
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Therefore

Elz(®)” = |20l E exp [p / (ats) - %gb?(s))ds +pg / bi(s)dB,-(s)].

But one can show (as an exercise for the reader) that

Eexp [_923 ‘z:‘; /z: b2(s)ds + pi‘; /t: b.-(s)dB,»(s)] =

Thus
E|z(t)]P = |zo|P exp [p /t (a(s) 2 b2(s)) ds] (4.23)

We therefore see that the trivial solution of equation (4.22) is pth moment ex-
ponentially stable if and only if

limsup - ; /z (a(s) bl sz(s))ds < 0; (4.24)

t—o0

while it is gth moment exponentially unstable if and only if
liminf / (ate) - 152 2b2(s))ds >0. (4.25)

If a(t) = a, bi(t) = b; are all constants, equation (4.22) reduces to equation
(4.16). In this case, (4.24) holds if and only if

a——=)Y b <0, ie p<l- ; (4.26)
) S
while (4.25) holds if and only if
m
IV 0250, ie ¢>1- =m0 (4.27)
i= 2 21—1 b‘l

Clearly, these conclusions are the same as those of Example 4.8.

4.5 STOCHASTIC STABILIZATION AND DESTABILIZATION

It is not surprising that noise can destabilize a stable system. For example,
suppose that a given 2-dimensional exponentially stable system

y(t) = —y(t) ont >ty y(to) = zp € R? (5.1)
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is perturbed by noise and the stochastically perturbed system is described by
the It6 equation

dz(t) = —z(t)dt + Gz(t)dB(t) ont > ty, x(tg) = To € R2. (5.2)

Here B(t) is a one-dimensional Brownian motion and

0 -2
(2 7)
It has been shown that equation (5.2) has the explicit solution

#(t) = exp| (~1 - %G2)(t ~ to) + G(B{t) ~ B(to))]zo
= exp|I(t — to) + G(B(t) — B(to))],

where I is the 2 x 2 identity matrix. Consequently
1
lim - log|z(t)] =1 a.s.
t—oo t

That is, the stochastically perturbed system (5.2) becomes almost surely expo-
nentially unstable.

On the other hand, it has also been observed that noise can have a stabi-
lizing effect as well. For example, consider a scalar unstable system

y(t) =y(t) ont>tg, y(to) =z0€ R (5.3)

Perturb this system by noise and suppose that the perturbed system has the
form
dz(t) = z(t)dt + 2z(t)dB(t) ont >ty, z(tp) = z0 € R, (5.4)

where B(t) is again a one-dimensional Brownian motion. Equation (5.4) has the
explicit solution

z(t) = zo exp[—(t — to) + 2(B(t) - B(to))],

which yields immediately that
1

lim - log|z(¢)] = -1 a.s.
t—oo ¢

That is, the perturbed system (5.4) becomes stable. In other words, the noise
has stabilized the unstable system (5.3).

In this section we shall establish a general theory of stochastic stabilization
and destabilization for a given nonlinear system. Suppose that the given system
is described by a nonlinear ordinary differential equation

9(t) = f(y(t),t) ont>tg, y(to) = 7o € R (5.5)
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Here f : R% x R, — R% is a locally Lipschitz continuous function and particu-
larly, for some K > 0,

|f(z,t)] < K|z|  for all (z,t) € R® x R,. (5.6)

We now use the m-dimensional Brownian motion B(t) = (B;(t),---, Bm(t))T
as the source of noise to perturb the given system. For simplicity, suppose the
stochastic perturbation is of a linear form, that is the stochastically perturbed
system is described by the semilinear Itd equation

dz(t) = f(z(t), t)dt + f:G,-:c(t)dB,-(t) ont>ty, z(to) =z € RY, (5.7)

i=1

where G;, 1 < i < m, are all d x d matrices. Clearly, equation (5.7) has a
unique solution denoted by z(t; to, o) again and, moreover, it admits a trivial
solution z(t) = 0. Let us begin to discuss how the stochastic perturbation affect
the property of stability or instability of the given system (5.5), and we shall see
that different choices of G; make the thing different.

Theorem 5.1 Let (5.6) hold. Assume that there are two constants A > 0 and
p > 0 such that

m m
S Gz < Mz?  and Y [z"Gizf* > plaf* (5.8)
i=1

i=1
for all x € R®. Then
A
lim sup E log |z(t; o, o) £ —(p - K- —) a.s. (5.9)
t—oo 2
for all zy € R. In particular, if p > K+ %/\, then the trivial solution of equation

(5.7) is almost surely exponentially stable.
Proof. Let V(z,t) = |z|2. Then

LV (z,t) = 22T f(z,t) + 3 |Gizl? < (2K + N)|z2.

=1

Moreover, with g(z,t) = (G1z,- - -,Gn),

m
Va(z, )g(z, t)* = 4)_ |27 Gizl* > 4pl|*.
=1
An application of Theorem 3.3 yields the desired assertion (5.8).

Let us now consider some special cases of equation (5.7). First of all, let
G; = 0,1 for 1 < i < m, where I is the d x d identity matrix and o; a constant.
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These o;’s represent the intensity of the stochastic perturbation. In this case,
equation (5.7) becomes

dz(t) = f(x(t),t)dt + i o:x(t)dB;(t). (5.10)
i=1

Moreover,

m m m m

Z |Giz)? = Za?]zf and Z |zTGz|? = Za?lz]“.

i=1 i=1 i=1 =1
By Theorem 5.1, the solution of equation (5.10) has the property

1 1
limsup = log |z(¢; ¢g, z 5—(— 0-2-1() a.s.
msup 7 loga(ti o 20)l < —(5 o

Therefore, the trivial solution of equation (5.10) is almost surely exponentially
stable provided 4 3°1* | 62 > K. An even simpler case is that when o; = 0 for
2 < i < m, i.e. the equation

dz(t) = f(z(t), t)dt + o1 z(t)dB (2).

The trivial solution of this equation is almost surely exponentially stable pro-
vided %of > K. These show that if we add a strong enough stochastic pertur-
bation to the given system (5.5), then the system is stabilized. We summarize
these as a theorem.

Theorem 5.2 Any nonlinear system §(t) = f(y(t),t) can be stabilized by Brow-
nian motions provided (5.6) is satisfied. Moreover, one can even use only a scalar
Brounian motion to stabilize the system.

Theorem 5.1 ensures that there are many choices for the matrices B; in
order to stabilize a given system and of course the above choices are just the
simplest ones. For illustration, we give one more example here. For each 1,
choose a positive-definite matrix D; such that

v

3
2" Diz > — 1Dl |z,
Obviously, there are many such matrices. Let o be a constant and G; = oD;.
Then
m m
> |Gzl < o* Y ||Di| Pl
i=1 i=1

and

m 302 m
S TGual? 2 = D Plal*
=1 =1
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By Theorem 5.1, the solution of equation (5.7) satisfies

) 1 0? — 2
hmsup?log Jz(t; to, zo)| < —(—4- ;HD,H - K) a.s.

t—oo

Therefore the trivial solution of equation (5.7) is almost surely exponentially
stable if AK

2 D

Let us now turn to consider the opposite problem—stochastic destabiliza-
tion. It is not difficult to apply Theorem 3.5 to show the following result and
the details are left to the reader.

o>

Theorem 5.3 Let (5.6) hold. Assume that there are two positive constants A
and p such that
m m
Y IGal? > Nal?  and ) |&"Gizf? < plaf*
i=1

= =1

for all z € R%. Then
.1 A
h&g}lf;log lz(t; to, To)| > (5 - K - p) a.s.

for all o # 0. In particular, if X > 2(K +p), then the trivial solution of equation
(5.7) is almost surely exponentially unstable.

We now employ this theorem to show how one can use stochastic pertur-
bation to destabilize the given system. First of all, let the dimension of the
state space d > 3 and choose the dimension of the Brownian motion to be the
same, i.e. m = d. Let o be a constant. For each i = 1,2,---,d — 1, define the
d x d matrix G; = (g%,,) by ¢., = 0 if u =i and v = i + 1 or otherwise g},, = 0.
Moreover, define G4 = (g2,) by g¢, = o if u = d and v = 1 or otherwise g%, = 0.
Then equation (5.7) becomes

z2(t)dBy(t)

dz(t) = f(z(t),t)dt + o (5.11)

za(t)dBy1 (1)
71 (t)dBa(t)

Compute that
m m
Y 1Giaf? =Y (07i41)? = o?|zf?
i=1 i=1

and

m m

T 2 2 2.2
E :|-’” Giz|* =0 E :zizi+l,
i=1 i=1
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where we use 1447 = ;. Noting

m m m
2.2 _ 4

E :c,-a:H_l <3 E :1: +z,+, = E T,

i=1 i=1 i=1

I —

we have
m m m
2.2 2.2 4 4
3§ :Z£Ii+l 522 :zizi+l + E :1';' <z
i=1 i=1 i=1

Therefore

E |27 Giz|? < =|z|*.
‘ 3
i=1
By Theorem 5.3, the solution of equation (5.11) has the property that

o o’ o’y o
lltl’ll’él.}f log |z(t; to, zo)| > (— - K- —3—) =5 K a.s.

for any xo # 0. If 02 > 6K, then the trivial solution of equation (5.11) will be
almost surely exponentially unstabie.

Secondly, let the dimension of the state space d be an even number, say
d = 2k(k > 1). let o be a constant. Define

G,

I

but set G; = 0 for 2 < i < m. So equation (5.7) becomes

IL‘Q(t)
—x,(t)
dx(t) = f((t), t)dt + o ; dBi (). (5.12)
T2k (t)
—Tox_1(t)

In this case we have

Z |Giz|? = o?|z|? and Z lzTGiz|? =0

i=1
Hence, by Theorem 5.3, the solution of equation (5.12) has the property that

2
hmmf log |z(t; to, z0)| > f2_ -K a.s.
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for any zo # 0. If 02 > 2K, then the trivial solution of equation (5.12) will be
almost surely exponentially unstable. Summarizing these results we obtain the
following conclusion.

Theorem 5.4 Any d-dimensional nonlinear system y(t) = f(y(t),t) can be
destabilized by Broumian motions provided the dimension d > 2 and (5.6) is
satisfied.

Naturally one may ask what happens to one-dimensional systems. To an-
swer this let us look at the scalar linear It6 equation

dz(t) = —azx(t) + f:b,-z(t)dB,-(t) ont>tg (5.13)
i=1

with initial data z(p) = z¢. This equation is regarded as the stochastically
perturbed system of the exponentially stable system

¥(t) = —ay(t) (a>0).
It has been shown that the sample Lyapunov exponent of the solution is
li 1lo](t't x)l——a—lib2<0 s
m 7 108 1zt to, To)| = 2:’—1‘ a.s.

That is, the perturbed system (5.13) remains stable. We therefore see that the
exponentially stable system (t) = ay(t) ( @ < 0) cannot be destabilized by
Brownian motions if we restrict the stochastic perturbation in the linear form

of v, biz(t)dB;(t).

4.6 FURTHER TOPICS

If the coefficients f and g in equation (1.2) are such that f(0,¢) # 0 and
g(0,t) # 0 but f has the decomposition f(z,t) = fi(z,t)+ fa(x,t) with £,(0,t) =
0, then we can regard the equation

dz(t) = [fi(z(t), 1) + fa(z(t), t)]dt + g(x(t), t)dw(t) (6.1)

as the stochastically perturbed system of the ordinary differential equation

y(t) = fi(y(®),1). (6.2)

In this case, the equilibrium position is a solution of the unperturbed system
(6.2) but no longer of the perturbed system (6.1). However, we can in principle
apply our definitions of stability. For example, consider a d-dimensional linear
stochastic differential equation in the narrow sense

dz(t) = [Az(t) + F(t)])dt + G(t)dB(t) ont>t (6.3)
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with initial value z(tg) = g € R?, where
AeR¥™  F:R,—-R%  G:R,— R¥™™

We impose two hypotheses: (i) The eigenvalues of A have negative real parts.
This is equivalent to that there is a pair of positive constants 3, and Ay such
that

[leAt}]? < Bre~ Mt fort > 0. (6.4)

(i) There is also a pair of positive constants 32 and A2 such that
IFO2VIGR)? < Bae™2t  fort > 0. (6.5)

It was shown in Chapter 3 that the solution of equation (6.3) is

t t
z(t) = A gy + / A=) F(s)ds + / eAt=9G(s)dB(s). (6.6)

ty to

So
Elz(t)|?

¢ t
< 3leAttrg12 4 3(t — to) [ eI F(s)?ds +3 [ |eAt9G(s)|%ds
to to

t
< 3,31|.’11()|2€_'\'(t_t”) + 3,31,52(t —to + 1) e_'\’(t_s)—'\”ds
to

t
S 3’31|I0|26—)\1(t—!n) + 3ﬂlﬁ2(t - tO + 1) e—(z\;/\)z)(t—s)—(ah/\z\g)sds
to

< 3B |olPe ™M (") 1 38, By (t — to + 1)(t — to)e” M1/, (6.7)
This implies )
lim sup n log(E|z(t)]?) € —(A1 A X2). (6.8)
t—o0

Now let 0 < € < (A} A A2)/2 be arbitrary. Set
= 3ﬁ1|xo|2 + 30132 tsgtp [(t —to+ 1)(t — to)e_“].

It then follows from (6.7) that
E|z(t)|® < cre=PiMre=a)t=to)  on ¢ > ¢

Let n =1,2,---. Note that fortg + n— 1<t <tp+mn,

t t

[Az(s) + F(s)]ds + / G(s)dB(s).

tot+n—1

x(t)=z(to+n—1)+/

to+n-1
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Using Hoélder’s inequality, Doob’s martingale inequality etc. we can derive that

E( sup |x(t)|2) < 3E|z(to +n — 1)
to+n—1<t<to+n
to+n to+n
+3E / |Az(s) + F(s)|’ds + 12 / |G(s)|2ds
to+n—1 to+n—1
to+n
< 3ce=MAde=e)n=1) | 6/ (cl”Allze—(,\m,\z-s)(s—m) + 3ﬁ2e—/\23)d8
to+n—1

S cze——(All\/\g—E)(ﬂ.—l)’

where ¢y is a constant. From this we can show in the same way as the proof of
Theorem 4.2 that

1 AMAA—2
limsup = log |z(t)] < A NAL. Bk a.s.
t—oo t 2
Since ¢ is arbitrary, we must have
1 ALAA
limsup - log |z(t)| £ BALRALA J a.s. (6.9)
t—00 t 2

In other words, we have shown that, under hypotheses (i) and (ii), the solution of
equation (6.3) will tend to zero exponentially in mean square and almost surely
as well. For the further details in this direction please see the author’s earlier
books Mao (1991a, 1994a)

Let us now turn to the another topic. In the case of stochastic asymptotic
stability in the large, we know that all the solutions will tend to zero almost
surely but we do not know how fast. To improve this situation we introduce the
almost sure exponential stability, and in this case we do know that the solutions
will tend to zero almost surely exponentially fast. However, we may sometimes
find that the solutions will tend to zero but not so fast as exponentially or faster,
and we wish to determine more precisely how fast they tend to zero. To explain,
let us consider a scalar linear stochastic differential equation

dz(t) = —%Ex(t)dt +(1+t)PdB(t) ont>to (6.10)

with initial value z(t9) = zo € R, where p > § and B(t) is a scalar Brownian
motion. The solution of equation (6.10) is

z(t) = xgexp(— /tt lf—rdr) + /; exp(— /st I-I:-rdr)(l + s} PdB(s)
_ 2?0( 1+1 )—p+/tt(1 +t)—p(1 +5)PdB(s)

1+t 1+s
= [zo(1 + to)” + B(t) — B(to)] (1 +¢)7P. (6.11)
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Therefore the sample Lyapunov exponent
.1
lim = log|z(t)] =0 a.s.
t—oo

which indicates that almost all the sample paths of the solution will not tend to
zero exponentially. On the other hand, by the law of the iterated logarithm, we
note that for almost all w € Q there is a sufficiently large T' = T'(w) such that

|B(t) — B(to)| < 2v/2(t — to)loglog(t —to)  ift>T.

It therefore follows from (6.11) that, almost surely,

lz(t)] < [|-’Eo|(1 +10)P + 2v/2(t — to) log log(t — to)] (1+2)7"

whenever t > T. Thus, forany 0 <e <p— %, there is a finite random variable
£ such that
lz(t)| < &t=®=4-9  forallt>t, (6.12)

almost surely. This means that the solution will tend to zero almost surely
polynomially. It is much nicer to express (6.12) as

logfz(t)] . _(p 1)
- 2

limsu
t——»oop log t

a.s. (6.13)
since (6.12) implies

1 1
limsupi(lai(-t—)I < —~(p —3~ 6) a.s.

t—00 ! gt -

and ¢ is arbitrary. Motivated by this example the author introduced in 1991 the
concept of almost sure polynomial stability. A detailed study of such stability
can be found in Mao (1991a).

We shall now take one further step to introduce a more general type of sta-
bility. Note that the almost sure exponential stability means |z(t)] < £ée=* a.s.
while the almost sure polynomial stability means |z(t)| < £¢~* a.s. Replacing
the function e~*t or ¢~ with a more general function A(t) leads to the following
new definition.

Definition 6.1 Let A : Ry — (0,00] be a continuous nonincreasing function
such that A(t) — 0 as t — oco. The trivial solution of equation (1.2) is said to
be almost surely asymptotically stable with rate function A(t) if

|z(t; to, Zo)] < EA(L) forallt >ty (6.14)

almost surely, where £ is a finite random variable which depends on x¢ and to.
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Due to the page limit we establish only one simple criterion on such stability
here.

Theorem 6.2 Letp > 0 and V(z,t) € C*!(R4x[to,00); R;). Lety: Ry — Ry
be a continuous nondecreasing function such that y(t) — oo ast — oo. Let
7n: Ry — Ry be a continuous function such that f0°° n(t)dt < co. If

¥(t)|z|P < V(x,t) and LV{(x,t) < n(t) (6.15)

for all (z,t) € R? x [tp,00), then the trivial solution of equation (1.2) is almost
surely asymptotically stable with rate function A(t) = (y(t))~ /7.

Proof. Fix any initial value zg and write z(t; to, zo) = z(t). By It6’s formula,

V(z,t) = V(zo, to) + /t LV (z(s),s)ds + M(t),

to

where

t
M(t) = / Va(z(s), 5)g(z(s), )dB(s)

to

is a continuous local martingale on [tg, 00) with M(#p) = 0. Using condition
(6.15) we obtain that

0 < y(B)lz(t)IP < V(zo,t0) + /t n(s)ds + M(t).

In view of Theorem 1.3.9, lim,_ ., M(t) exists and is finite almost surely, and
hence there is a finite random variable £ such that

AOlOF <€ e |z<t)|s(%);

The proof is complete.

For illustration we first apply this theorem to equation (6.10). Let 0 < € <
p— 3 be arbitrary and

V(z,t) = (t +1)%P~ 17 %2,

Compute
LV(.’L',t) = (2p -1 26)(t + 1)2p—2—25x2
— 2p(t 4+ 1)2P727 252 4 (3 4 1)~ (1+29)
< (t+1)~0+2)
and note

®© 1
/ (t+1)"U+2) gt = — < 0.
0 2e
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By Theorem 6.2, with p = 2, (t) = (t+1)?%?~172¢ and n(t) = (¢t +1)~+%) we
see that the trivial solution of equation (6.10) is almost surely asymptotically
stable with rate function A(¢) = (¢ + 1)~(®~1/2-¢)_ In other words, the solution
of equation (6.10) has the property that

|z(t; to, zo)| < £(t + 1)~ P~ 472)

for all £ > to almost surely, where £ is a finite random variable. This implies, for
€ is arbitrary, that

it 1
lim sup _____log |=(t; to, Zo)| < —(p - —)

which is the same as (6.13).

To close this chapter let us discuss one more example. Consider a stochastic
differential equation in R? of the form

dz(t) = f{z(t),t)dt + o(t)dB(t) ont >ty {(6.16)

with initial value z(tp) = zo, where f is the same as before but o : Ry — Rdxm
Assume that, for some p > 0,

2 o0
T < _ plz| / 2
2" f(z,t) < ER ) and A log(t + 1)|o(t)]*dt < oo.

Let V(z,t) = logP(t + 1)|z|2. Then

p—1 1
Ly, = P Dz 4 1064 1)27 (2,0 + log? (¢ + Do ()

< log”(t + D)o (t)]*.

By Theorem 6.2, with p = 2, ¥(t) = logP(t + 1) and n(t) = logP(t + 1)|o(¢)|?, we
see that the trivial solution of equation (6.16) is almost surely asymptotically
stable with rate function A(t) = log™/2(t + 1).



5

Stochastic

Functional Differential Equations

5.1 INTRODUCTION

In many applications, one assumes that the system under consideration is gov-
erned by a principle of causality; that is, the future state of the system is in-
dependent of the past states and is determined solely by the present. However,
under closer scrutiny, it becomes apparent that the principle of causality is often
only a first approximation to the true situation and that a more realistic model
would include some of the past states of the system. Stochastic functional dif-
ferential equations give a mathematical formulation for such system.

The simplest type of past dependence in a differential equation is that in
which the past dependence is through the state variable but not the derivative
of the state variable. Lord Cherwell (see Wright (1961)) has encountered the
differential difference equation

z(t) = —az(t — 1)[1 + z(t)] (1.1)

in his study of the distribution of primes. Dunkel (1968) suggested the more
general equation

0
) = —a [ /_ a(t+ 0)dn(0)] [ + z(t)] (1.2)

for the growth of a single species. In his study of predator-prey models, Volterra

147
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(1928) had earlier investigated the equation

(t) = (61 - my(t) —/

0
Fy(6)y(t +6)d6) (1)
. (1.3)

0
1) = (c2 4 ma) + [ Fa(O(e +6)a8)s(o)

where z and y are the number of prey and predators, respectively. Under suitable
assumptions, the equation

k
i(t) =) Aia(t — ) (1.4)
i=1

is a suitable model for describing the mixing of a dye from a central tank as
dyed water circulates through a number of pipes. The equation

z(t) = —/t a(t — 0)g(x(0))do (1.5)

-T

was encountered by Ergen (1954) in the theory of a circulating fuel nuclear reac-
tor. Taking into account the transmission time in the triode oscillator, Rubanik
(1969) has studied the van der Pol equation

i(t)+ai(t) — flz(t —m)E(t—7)+z(t) =0 (1.6)

with the delayed argument 7. All these equations are special cases of the general
functional differential equation

I(t) = f(ze,t), .7

where z; = {z(t + 8) : —7 < 8 < 0} is the past history of the state. Taking
into account the environmental noise we are led to the stochastic functional
differential equation

dz(t) = flzy, t)dt + g{x;, t)dB(t). (1.8)

When we try to carry over the theory of stochastic differential equations to
stochastic functional differential equations, the following natural questions arise:

- What is the initial-value problem for equation (1.8)7

- What are the conditions to guarantee the existence and uniqueness of the
solution?

. What properties does the solution have?

- Is there any explicit solution? If there is not, how can one obtain the
approximate solution?
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In this chapter we shall answer these questions one by one. Moreover, we shall
introduce a new technique—the Razumikhin argument to investigate the stabil-
ity problem. We shall also introduce and investigate the problem of stochastic
self-stabilization.

5.2 EXISTENCE-AND-UNIQUENESS THEOREMS

As before, we are working on the given complete probability space (2, F, P)
with the filtration {F,;}:>0 satisfying the usual conditions, and B(t) is the given
m-dimensional Brownian motion defined on the space. Let 7 > 0 and denote by
C([-T,0]; R?) the family of continuous functions ¢ from [—7,0] to R? with the
norm |||l = sup_,<p<o l9(9)]- Let 0 <to < T < 00. Let

f:C(-7,0); R x [to,T] — R* and g:C([-7,0}; R?) x [to, T] — R¥*™

be both Borel measurable. Consider the d-dimensional stochastic functional
differential equation

dz(t) = f(ze,t)dt + g(ze, t)dB(t) onto<t<T, (2.1)

where 7, = {z(t +8) : —7 < 8 < 0} is regarded as a C([-7,0]; R%)-valued
stochastic process.

The first question is the following: What is the initial-value problem for
this equation? More specifically, what is the minimum amount of initial data
that must be specified in order for equation (2.1) to define a stochastic process
z(t) on tg <t < T? A moment of reflection indicates that a stochastic process
must be specified on the entire interval [ty -- 7,t9]. We therefore impose the
initial data:

xy, = € = {£(0) : —7 < 8 < 0} is an Fy,-measurable

2.2
C(|-7,0}; R)-valued random variable such that E||¢|[? < co. (22)

The initial-value problem for equation (2.1) is now to find the solution of equation
(2.1) satisfying the initial data (2.2). But, what is the solution?

Definition 2.1 An R%-valued stochastic process z(t) ontg—7 <t < T is
called a solution to equation (2.1) with initial data (2.2) if it has the following
properties:

(i) it is continuous and {T,}s,<t<T 15 Fi-adapted;
(i) {f(z:,t)} € L'([to, T} R?) and {g(z¢,t)} € L2([to, T]; R**™);
(i1i) x,, = € and, for everyto <t < T,

z(t) = £(0) + /; f(zs, s)ds + /t.t g(zs,8)dB(s)  a.s.
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A solution z(t) is said to be unique if any other solution Z(t) is indistinguishable
from it, that is

P{z(t) =Z(t) forallto— T <t<T}=1

Let us now begin to establish the theory of the existence and uniqueness of
the solution. We first show that the Lipschitz condition and the linear growth
condition again guarantee the existence and uniqueness.

Theorem 2.2 Assume that there exist two positive constants K and K such
that

(i) (uniform Lipschitz condition) for all p,¢ € C([-7,0]; RY) and t € [to, T)
1f(e.t) - F(3 )7\ lg(p,t) - 9(8, ) < Kl -9l (23)
(#) (linear growth condition) for all (p,t) € C([-T,0]; R?) x [to, T)
(e, 0 V lglo, OF < K1 + i) (24)

Then there exists a unique solution z(t) to equation (2.1) with initial data (2.2).
Moreover, the solution belongs to M?([ty — 7,T]; R%).

We prepare a lemma in order to prove this theorem.

Lemma 2.3 Let the linear growth condition (2.4) hold. If x(t) is a solution to
equation (2.1) with initial data (2.2), then

B( swp [pOF) < (1+4BgRSRT-0T- 010 (25)
to—r<t<T

In particular, z(t) belongs to M2([to — 7, T); R%).
Proof. For every integer n > 1, define the stopping time
1, =T Ainf{t € [to, T] : ||z¢|| > n}.

Clearly, 7, 1 T a.s. Set z"(t) = z(tAty,) for t € [to—7,T)]. Then, forto <t < T,

t t
2™(t) = £(0) + / £, 8) (o moyy(8)dls + / 9(&™ 8) Loy (5)4B(s).

By Hélder’s inequality, Doob’s martingale inequality and the linear growth con-
dition, we then show that

t
B( sup_[5"(s)) < 3B +3K(T ~ ta +4) [ (1+ Bllet .
to

to<s<t
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Noting that sup,,_,<,<; |2™(8)|* < ||€]|* + sup,,<,<. |z"(s)[?, we obtain

1+E( sup |z"(s)|2)

to—T<8<t

< 1+4E|j€|? +3K(T — to + 4)/t [1 + E( sup |x“(r)|2)]ds.

to to—T<r<s

Now the Gronwall inequality yields that

1+E( sup Iz"(t)l“’)s(1+4E|lsl|2)e3’““""7"“°+4’-
t()—TstST

Consequently

E ( sup lx(t)l2) < (14 4E|€)?)ePKT-to)(T—tot+d)

t()—TStST"
Finally the required inequality (2.5) follows by letting n — oo.

Proof of Theorem 2.2. Uniqueness. Let z(t) and Z(t) be the two solutions. By
Lemma 2.3, both of them belong to M?([ty — 7, T); R%). Noting

t t
o)~ 2(t) = [ 1f(@09) = 0 a)lds+ [ lo(@s,s) - (22, )laB(s),
we can easily show that
E( sup |z(s) — :E(s)|2) <2K(T +4) t El|lz, — %,||%ds
to<s<t to

< 2K(T +4) tE( sup |z(r) — E(r)|2)ds.

to to<r<s

The Gronwall inequality then yields that

E( sup |z(t) - :i(t)lz) =0.
t()StST

This implies that z(t) = #(t) for tg <t < T, hence for all to — 7 < t < T, almost
surely. The uniqueness has been proved.

Existence. Define 2, = £ and z%(t) = £(0) for to < t < T. For each
n=1,2,---, set zj = £ and define, by the Picard iterations,

z(t) = £(0) + tf(i?"l,S)ds + /tg(zi‘_‘,S)dB(S) (2.6)

to
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for t € [to, T). It is easy to show that z"(-) € M2([to — 7, T); R?) (the details are
left to the reader). We claim that for all n > 0,

< CIM(t - to)]"

E( sup |z"t!(s) — x"(s)|2) -

onty<t<T, (2.7
to<s<t

where M = 2K (T — to + 4) and C will be defined below. First we compute

E( sup_|2'(t) - 2°()?)

to<t<T
T T
< 2K(T - tg)/ (14 EljelP)ds + 8K [ (1+ E|[z%]2)ds

to to

<2K(T - to + 4)(T ~ to)(1 + E||¢]|?) := C.

So {2.7) holds for n = 0. Next, assume (2.7) holds for some n > 0. Then

E( sup |.’Bn+2(3) _ .’L‘n+l(s)l2)

t(;SsSt

t
<2R(t —tg + A)E / |27+ — 27|%ds
to

t

<M E( sup |z"ti(r) - z"(r)[2)ds

to to<r<s
t _ n _ +1
<M C|M(s — tp)] ds — CIM(t — to)]®
to n! (n+ 1!

That is, (2.7) holds for n + 1. Hence, by induction, (2.7) holds for all n > 0.
From (2.7), we can then show in the same way as in the proof of Theorem 2.3.1
that z"(-) converges to z(t) in M2([to — 7, T]; RY) in the sense of L? as well as
probability 1, and the z(t) is a solution to equation (2.1) satisfying the initial
condition (2.2). The existence has also been proved.

In the proof above we have shown that the Picard iterations x™(t) converge
to the unique solution z(t) of equation (2.1). The following theorem gives an
estimate on the difference between z™(t) and z(t), and it clearly shows that one
can use the Picard iteration procedure to obtain the approximate solutions to
equation (2.1).

Theorem 2.4 Let the assumptions of Theorem 2.2 hold. Let z(t) be the unique
solution of equation (2.1) with initial data (2.2} and z™(t) be the Picard iterations
defined by (2.6). Then, for alln > 1,

B( swp_l"() - () < HC g o)
to<t<T n!

where C = 2K (T — to + 4)(T — to)(1 + E||€]|?) and M = 2K(T — to + 4).
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Proof. 1t is easy to derive that

t
E( sup |z”(s)—x(s)|2> < M/ Ellx;"l —:1:3H2ds
<s< to

to<s<t

t
<2M E( sup |z"(r) — x"'l(r)lz)ds

to to<r<s

+2M tE( sup Ix"(r)—z(r)|2)ds.

to to<r<

Substituting (2.7) into this yields that

£( sup "0 ~3(P)

to<s<t

T _ n-—1 t
<M C[M(S tO)] ds + 2M E( sup Iz"(r) _ 1:(1‘)[2)(18
to (n—1)}! to  \to<r<s
—_ n t
< 2_C[Mg:|_t0_)]- + oM E( sup |z"™(r) - .7:(1‘)]2) ds.
n! to to<r<s

The required inequality (2.8) now follows by applying the Gronwall inequality.
The proof is complete.
As pointed out in the study of stochastic differential equations, the uniform

Lipschitz condition is somewhat restrictive. Fortunately, the following general-
ization ensures that one can replace it by the local Lipschitz condition.

Theorem 2.5 Assume that the linear growth condition (2.4) is satisfied but
the uniform Lipschitz condition (2.3) is replaced by the following local Lipschitz
condition: For every integer n > 1, there exists a positive constant K,, such that,
for all t € [to, T) and those p, ¢ € C([—7,0); R) with ||o|| V ||¢]] < n,

[f(,t) = (8,012 la(ort) — 9(8, )% < Kallp — ¢lI%. (2.9)

Then there exists a unique solution z(t) to the initial-value problem (2.1)-(2.2),
and the solution belongs to M?([to — 7, T); R%).

This theorem can be proved by a truncation procedure as outlined in the
proof of Theorem 2.3.4 but the details are left to the reader.

In what follows we often discuss the stochastic functional differential equa-
tion on [tg, 00), namely

dz(t) = f(ze,t)dt + g(zs, t)dB(t) on t € [tg, 00) (2.10)
with initial data (2.2), where f and g are of course now the mappings from

C([-r, 0];Rd) X [to,00) to R and R¥*™, respectively. If the assumptions of
the existence-and-uniqueness theorem hold on every finite subinterval [tg, T] of
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[tg, 00), then equation (2.10) has a unique solution z(t) on the entire interval
[to — 7,00). Such a solution is called a global solution. The following theorem is
immediate.

Theorem 2.6 Assume that for every real number T > tg and integer n > 1,
there erists a positive constant Kt , such that, for allt € [ty,T) and all p, ¢ €
C([-7,0); RY) with ||pl| V 16]] < n,

1f(,t) = F(8, 01\ la(e.t) — 9(6,t)* < Kralle — o1

Assume also that for every T > ty, there exists a positive constant Kt such that
for all (p,t) € C([~7,0); R*) x [to, T},

£, )12V gl )2 < Kr(1+ [lell?).

Then there exists a unique global solution x(t) to equation (2.10) and the solution
belongs to M2 ({tq — T,00); RY).

However, if we remove the linear growth condition but keep the local Lip-
schitz condition, then, as in the case of functional differential equations, the
stochastic functional differential equations may not have global solutions, that
is an explosion may occur at a finite time. In this case, it is necessary to define
local solutions.

Definition 2.7 Let z(t), t € [[to—T, 0ool[ be a continuous F,-adapted R*-valued
local process, where ., is a stopping time. It is called a local solution of equation
(2.1) with initial data (2.2} if ., = € and

tAG, tAOK
z(t Aog) = £(0) + f f(xs,s)ds + / 9(zs,8)dB(s) Vt >ty

to tn

holds for any k > 1, where {ok}x>1 is a nondecreasing sequence of finite stopping
times such that ok | 0 a.s. Furthermore, if limsup,_, . |z(t)| = oo is satisfied
whenever o0 < 00, it is called a mazximal local solution and o, s called the
explosion time. A mazimal local solution z(t), t € [[to — 7,0x[[ is said to be
unique if for any other mazimal local solution Z(t), t € [[to — 7,0|[, we have
O = 000 a.5. and z(t) = &(t) for all t € [[to — T,000][ a-s.

Theorem 2.8 Assume that for every integer n > 1, there exists a positive
constant K, such that, for allt >ty and those p,$ € C({—7,0]; R?) with ||p|| v

ll8ll < =,
1f(.t) = £(6, 01>V l9(p,t) — 9(6. 1) < Knllp — oI

Then there erists a unique mazimal local solution z(t) to equation (2.1) with
initial data (2.2).
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This theorem can be proved by the standard truncation procedure as out-
lined in the proof of Theorem 2.3.4 and the details can be found in Mao (1994a)
on pages 95-98.

In this book we shall occasionally encounter a more general type of stochas-
tic functional differential equations in which the future state is determined by
the entire of the past states rather than some of them. For example, we shall
meet the stochastic integrodifferential equation

dz(t) = F(z(t), t)dt + ( / t ]m(s)]ds) G(z(t), t)dB(t) (2.11)

to

as well as the functional equation

dz(t) = F(z(t),t)dt+( sup |r(s)z(s)|)G(z(t),t)dB(t). (2.12)

to<s<t

To formulate such equations in a general way, let us introduce a few more no-
tations. For each t > t, denote by C([to — 7,t]; RY) the family of continuous
functions ¢ from [to — 7,t] to R* with the norm ||| = sup,, _,<g<; l£(8)|. Also,
let f(-,t) and g(-,t) be mappings from C([ty — 7,t]; R%) to R? and R*™, respec-
tively. Moreover, define z,, = {x(f) : to — 7 < 8 < t}. Consider the stochastic
functional differential equation

dz(t) = f(zr4,t)dt + g(z,4,t)dB(t)  ont € [ty, o0) (2.13)
with initial data (2.2). Obviously, equations (2.11) and (2.12) are the special

cases of equation (2.13). We now state an existence-and-uniqueness theorem for
this equation which can be proved in the same way as before.

Theorem 2.9 Assume that for every real number T > to and integer n > 1,
there erists a positive constant Kt such that, for allt € [to,T) and all p,¢ €
C([to — 7,t]; RY) with ||¢l| V ||4]| <,

lf(‘p? t) - f(¢1 t)|2 \/ |g(‘p1t) - g(¢v t)|2 < KT,n”SO - ¢“2

Assume also that for every T > tg, there exists a positive constant Kt such that
for all t € [to, T) and p € C([to — T, t}; RY),

£, )12\ la(e, OFF < K7 (1 + [[o]]?).

Then there ezists a unique global solution z(t) to equation (2.13) and the solution
belongs to M?([tg — T,00); RY).
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5.3 STOCHASTIC DIFFERENTIAL DELAY EQUATIONS

A special but important class of stochastic functional differential equations
is the stochastic differential delay equations (SDDEs). Let us begin with the
discussion of the following delay equation

dz(t) = F(z(t), z(t — 7), t)dt + G(z(t), z(t — 1), t)dB(t) (3.1)

on t € [to,T] with initial data (2.2), where F : R? x R? x [to,T] — R? and
G : R? x R? x [tg, T] — R**™. If we define

flo,t) = F(p(0),0(~7),t) and  g(p,t) = G(p(0), p(—T),t)

for (p,t) € C([-T,0}; R?) x [to, T}, then equation (3.1) can be written as equation
(2.1) so one can apply the existence-and-uniqueness theorems established in the
previous section to the delay equation (3.1). For example, let F and G satisfy
the local Lipschitz condition and the linear growth condition. That is, for every
integer n > 1, there exists a positive constant K, such that for all ¢ € [to, T
and all z,y,Z,§ € R% with |z| V |y| V |Z| V |7] < n,

IF(.’L‘, yvt) '_F(ja ?7, t)|2 V lG(lI, Y, t) “G(E’ ga t)|2 < K’n(lx_ilz"-ly"glz); (32)
and there is moreover a K > 0 such that for all (z,y,t) € R? x R% x [t, T,
IF(z,y,t)* \/ 1G(z,y,t)* < K(1 + [z]* + [y]?). (3.3)

Then there is a unique solution to the delay equation (3.1). However, we can
take one further step to weaken these conditions slightly. Note that on [to, to+7],
equation (3.1) becomes

dz(t) = F(xz(t), £(t — to — 7), £)dt + G(z(t),£(t — to — 7),t)dB(t)

with initial value z(tp) = £(0). But this is a stochastic differential equation
(without delay), and it will have a unique solution if the linear growth condition
(3.3) holds and F(z,y,t), G(z,y,t) are locally Lipschitz continuous in x only.
Once the solution z(t) on [to, to + 7] is known, we can proceed this argument on
[to + 7, to + 27], [to + 27, to + 37] etc. and hence obtain the solution on the entire
interval [to — 7, T]. This argument shows that it is unnecessary to require that
the functions F(z,y,t) and G(z,y,t) be locally Lipschitz continuous in y. We
describe this result in the following theorem.

Theorem 3.1 Assume that the linear growth condition (3.3) is fulfilled. Assume
also that both F(x,y,t) and G(z,y,t) are locally Lipschitz continuous in x, that
is, for every integer n > 1, there exists a positive constant K, such that for all
t € [to,T], y € R? and z,7 € R? with |z| V {Z| < n,

|F(z,y,t) - F(Z,y,t)*\/ |G(z,3,t) - G(Z,y,1)|> < Knl|z — 2. (3.4)
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Then there exists a unique solution to the delay equation (3.1).

This result becomes evident in the case when both F' and G are independent
of the present state x(t), namely for the equation

dz(t) = F(z(t — 1), t)dt + G(z(t — 7),t)dB(¢t).
In this case we have explicitly that

z(t) = z(to) + tF(:l:(s —7),8)ds+ tG(a:(s —7),8)dB(s)

to to

=§(t°)+/: F(E(S—to*T),S)der/ G(&(s —to — 7), 5)dB(s)

to
fortg <t <tg+T. Then, for tg + 17 <t < tg+ 27,
t t
z(t) =z(to +7) + F(z(s—171),8)ds+ G(z(s — 1),8)dB(s).
to+r to+T

Repeating this procedure over the intervals {to + 27, to + 37] etc. we can obtain
the explicit solution. Clearly, all we here require is the condition that guarantees
the integrals are well defined, and the linear growth condition will do. In other
words, we do not require the local Lipschitz condition in this case.

Consider a 1-dimensional linear SDDE

dz(t) = [az(t) + az(t — 7)|dt

+ i[bkz(t) + bez(t — 7)]dBi(t) ont >ty
k=1

with initial data {z(8) : to — 7 < 0 < g} =€ € L}l(]([—T,O];R). Ont €
[to, to + 7], the linear SDDE becomes a linear SDE

dz(t) = [az(t) + a1 (t)]dt + D _[bkx(t) + Bra (£)]dBk(t)
k=1

with initial value z(to) = £(0), where

ai(t) = ak(t — 7), Bri(t) = bt(t — 7).

This linear SDE has the explicit solution
t
w(t) = (06 + [ 97(5)(ak(e -7 }jbkbke(s - 7))ds

+ Z/ (s)bré(s — 'r)dBk(s)]
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where

m

Wi(t) = exp [(a— 5 D 88) (¢~ to) + 3 bu(Be(t) - Bulto))]-

k=1 k=1

Next, on t € [tg + 7, t9 + 27), the linear SDDE becomes a linear SDE

dz(t) = [az(t) + az(t))dt + ) [bez(t) + Bra(t)|dBi(2)
k=1

with the initial value z(¢p + 7) at t = 7 obtained above , where
aq(t) = ax(t — 1), Pra(t) = brx(t — 7).

This linear SDE has the explicit solution

t

3(t) = Ba(t) [s(to + 7) + / 7' (s)(an(s — ) = 3 bubea(s — 7)) ds

to+1 k=1

n Z[ W5 (s)bpz(s — T)dBk(S)],

k=1 to+7T

where
U, (t) = exp [(a — % Z bi)(t —to—7)+ Z bi(Br(t) — Bi(to + T))] .
k=1 k=1

Repeating this procedure over the intervals [tg + 27,1ty + 37] etc. we obtain the
explicit solution for the linear SDDE.

Let us now proceed to discuss the equations in which the delay is time
dependent. Let § : [tg, T] — [0, 7] be a Borel measurable function. Consider the
stochastic differential delay equation

dz(t) = F(z(t), z(t — 8(t)), t)dt + G(z(t), z(t — 6(t)), t)dB(t)  (3.5)

ont € [to,T] with initial data (2.2). This is again a special case of equation
(2.1) if we define

flo,t) = F(p(0),p(=6(t)),t)  and  g(p,t) = G(p(0), p(~8(t)),t)

for (p,t) € C([-T,0); RY) x [to, T). Hence, conditions (3.2) and (3.3) will guar-
antee the existence and uniqueness of the solution to this delay equation. On
the other hand, if the delay is really “true” in the sense that sup, <,<r 6(t) > 0,
then the above argument which led to Theorem 3.1 still works, and therefore
conditions (3.3) and (3.4) will guarantee the existence and uniqueness of the
solution to equation (3.5).
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This argument can be further extended without any difficulty to the more
general stochastic system with several delays, namely

dz(t) = F(z(t), z(t — 61(8)), - -, 2(t — Ok(t)), t)dt
+ G(z(t), 2(t — 61(t)), - - -, 2(t ~ k(2)), )dB(t) (3.6)

on t € [to, T] with initial data (2.2). Here
F: Rdx(k+1) x [to,T] N Rd, G- Rdx(k+l) x [to,T] N Rdxm,

and §; : [to, T] — [0, 7] are all Borel-measurable. The following result is imme-
diate.

Theorem 3.2 Assume that for every integer n > 1, there exists a positive

constant K,, such that for all t € [to,T) and all T,y;,Z,9; € R® with |z|V |y:| V
12| V 15| < n,
|F(x,y1""aykat) —F(f,ﬂi,‘“,’gk,t)lz
V IG(:L', Y,y aykvt) - G(jig‘i’ A 9gkat)|2
k
< Ka(lz - 22+ Iy - %il?). (3.7)

i=1

Assume also that there is a K > 0 such that for all (x,y1, - ,yk,t) € R¥*KF+1) x
[t(), T];

k
|F(x?ylv" ’ 7yk’t)|2V|G(zvyla' ) 'syk)t)|2 < K(l + |1L'l2 + Z Iyt|2) (38)

i=1
Then there is a unigque solution to equation (3.6). If,

ngT&i(t)>0 for everyi=1,--- k,

ta

then condition (3.7) can be replaced by the weaker one: For every integer n > 1,
there ezists a positive constant K,, such that for all (y1,- - -, yx,t) € R¥* x[to, T)
and all z,% € R* with |z| V |Z| < n,

IF(Iaylv' v 7ykat) - f(j,yh' o 1ykat)|2
v ,G(xvyla " "vyk)t) - G(ia Yiy - "ayk,t)|2
< Knlz - 7. (3.9)
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5.4 EXPONENTIAL ESTIMATES
In this section we shall give the exponential estimates for the solution of
equation (2.10), namely
dz(t) = f(z,,t)dt + g(x,,t)dB(t) on t € [ty, 00) (4.1)

with initial data x;, = £ satisfying (2.2). We assume that this equation has a
unique global solution z({t). We also impose the linear growth condition: There
is a K > 0 such that

Fe )V lgle, ) < K1+ llol?) (4.2)
for all (p,t) € C([-7,0}; R%) x {te,00). Let us first establish an LP-estimate.

Theorem 4.1 Letp > 2, E||||P < oo and let (4.2) hold. Then

B sup_la(s)P) < 5 25(1+ Bljg|P)ect) (43)

ty—7<s<t
for all t > ty, where C = p[2vV/K + (33p — 1)K].

Proof. By the It6 formula and the linear growth condition, one can derive that,
for t > tg,

[1+ |z(t)] ] =1+ |§(0)|2] / [1+ |I(S)|2] T(s)f(xs,s)ds

to

+ g/‘) 1+ z(s)]] P—izlg(xs,s)lzds

p(p—2)
* 2 ty

'p / [1+ 2(5)2] T 27 (5)g(zs, $)dB(s)

[1+|$(3)| ] = 1T (s)g(zs, 8)|*ds

<P (14 [EO)P) +p / [+ [z(s)?] T

x(gms)l? \/—If s,s>|2+’i;—1|g(xs,s)|2)ds
tp / 1+ |2(s)P] T 27 (s)a(zs $)dB(s)

<250 4 Jlel) + e / 04 flza)?] B s

ta

+ [ [+ )T 2 (o)o(zs, )dB(), (4.4)
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where ¢, = p[\/f +(p— 1)K/2]. Therefore

E( sup [1 + |1:(s)|2]§)

to<s<t

t
<2 (L4 Bl + B [ [1+ )P s
to

to<s<tJiy

+ pE( sup /s [1+ |z(r)[*] ’%ng(r)g(z,,r)dB(r)). (4.5)

On the other hand, by the Burkholder-Davis—-Gundy inequality (i.e. Theorem
1.7.3), we derive that

B sup [ [1+ [2(r)P] L‘F’ﬂ(r)g(zr,r)dB(r))

to<s<t

< 4V2pE (/ 1+ lz(s)lz]p—2|zT(s)g(zs, s)]zds) ’

to

1
3

< 4\/§pE{ ( sup [1+|2(s)] ”') / [1+ 12(5)) T J2(5) Pla(zs, s)lzdS}

to<s<t

t
< %E( sup [1+ |z(s)|2]§) +16p’°K E [ [1+ ||$3H2]Eds. (4.6)

to<s<t to
Substituting this into (4.5) yields that

E( sup [1+ |z(s)[?] ”)

to<s<t

t il
<251+ BllgIP) + CE [ [1+ 11zl s, (47)
to
where C = 2c; + 32p?’K = p[2\/?(_ + (33p — I)K] as defined before. Note that

E( sup [1+|z(s)]] ‘f)

to—71<s<t

< Bl +1elR) + £( sup 1+ 1))

< 21’;_2(1 + E|lE|P) + E( sup [1+ lz(s)lz]g).
to<s<t
It then follows from (4.7) that

E'< sup [1+|x(s)|2]§)

to—1<s<t

§g2¥(1+EH§H")+C tE'( sup [1+|z(r)|2]§)ds.

to ty—7<r<s
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An application of the Gronwall inequality implies that

E( sup 1+ |z(s) ])—'2%1+Ensup>ec<‘ W, (48)

to—-7<8<t
and the desired assertion (4.3) follows. The proof is complete.

When p = 2, inequality (4.3) reduces to

E( sup Ix(s)lz) <3(14 Enen?)exp[(m/f +130K)(t — to)].

to—7T<8<t

On the other hand, Lemma 2.3 shows that

E(, sup_[(s)[?) < (1 +4EIIEII%) exp[(BK(t - to + 4)(¢ — to)].

—r<s8<t

Clearly, Theorem 4.1 gives a much better estimate for large ¢.

As an application of Theorem 4.1 we give an upper bound for the sample
Lyapunov exponent.

Theorem 4.2 Under the linear growth condition {{.2), we have
1
lim sup n log|z(t)] < 2VK + 65K a.s. (4.9)
t—00

In other words, the sample Lyapunov exponent of the solution should not be
greater than 2VK + 65K .

Proof. For each n =1,2,---, it follows from Theorem 4.1 (taking p = 2) that

E( sup {z(t)l"’)sﬂe’",

to+n—1<t<to+n

where 8 = 3(1 + E||¢}[?) and v = 2[2V/K + 65K]. Hence, for arbitrary € > 0,

P{w : sup lz(t)? > e("“)"} < Be ",

to4n—1<t<ty+n

The Borel-Cantelli lemma now yields that for almost all w € €2, there is a
random integer np = ng(w) such that

sup [z(t)|? < elrtein whenever n > ng.
to+n—1<t<tp+n

Consequently, for almost all w € Q, iftg+n —~ 1<t <ty +n and n > ny,

1 (y+en
ud < e
7 108 lel < 50 T
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Thus

1
limsup - log |z(t)| < 1te

£
—WK+65K+5 as.
sup 3 2 +OR +5  as

Since ¢ is arbitrary, the assertion (4.9) must hold.

As another application of Theorem 4.1 we now show the continuity of the
pth moment of the solution.

Theorem 4.3 Under the same conditions as Theorem 4.1, we have
E|z(t) — z(s)|? < B(t)(t - s)% foralltg < s <t < oo, (4.10)

where
3
B(t) = 5 2K E (1 + BIIEIP)eC ) ([2(t — o)) + [pp - 1IF)

and C = p[2\/I? +(33p - 1)K ] In particular, the pth moment of the solution
8 continuous.
Proof. Note that
P P

+2°7'E .

E|z(t) — z(s)|P < 2P 'E /t flzr,r)dr

/ ' (0 T)AB(r)

Using the Holder inequality, Theorem 1.7.1 and the linear growth condition, we
can then obtain that

Bla(t) ~ ()P < (20~ 'E [ (fCenryprar
+ 3200~ VIS¢~ T B [ lg(o,.rper
<alt 9% [ Bu -+,

where c; = 257 K% ([2(t —to))¥ + [p(p - 1)]5'). Applying (4.8) one sees that

. It
E|z(t) — z(s)|? < caot — s)ai_ / g 2’5’(1 + E”fllp)ec(r_t")dr

< § 228 (1 + BlIEIP)ece(e - )8,

which is the required inequality (4.10).
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5.5 APPROXIMATE SOLUTIONS

In Chapter 2 we discussed Caratheodory’s and Euler-Maruyama’s approx-
imate solutions to stochastic differential equations and we also pointed out the
advantages of these approximation procedures in comparison with Picard’s. In
this section we shall establish Caratheodory’s and Euler-Maruyama’s approxi-
mate solutions to stochastic functional differential equations. To make the the-
ory more understandable, we shall only discuss the case of stochastic differential
delay equations but the reader will see that the theory can be extended to more
general functional equations.

Let us first discuss the Caratheodory approximation procedure. Consider
the stochastic differential delay equation

dz(t) = F(z(t), z(t — 6(t)), t)dt + G(z(t), z(t - 8(2)),)dB(t)  (5.1)

on t € [to,T] with initial data (2.2), where 6 : [to,T] — [0,7], F : R* x R? x
[to,T} = R* and G : R? x R? x [to,T] — R?*™ are all Borel measurable. We
impose the uniform Lipschitz condition and the linear growth condition. That
is, there exists a K > 0 such that for all ¢ € [to,T] and all z,y,%,5 € R¢

|F(z,y,t)— F(z,5,0)* \ 1G(z, v, ) - G(z,3,)]* < K(lz— 2> +]y~ §1*); (5.2)
and there is moreover a K > 0 such that for all (z,y,t) € R* x R? x [to, T},
[F(z,y, )\ IG(z, 3, t)]> < K(1+ |z + [y]). (5.3)

Recall that in Section 2.6 when we discussed the Caratheodory approximation
for the stochastic differential equation

dz(t) = f(z(t),t)dt + g(z(t),t)dB(t),

the main idea was to replace the present state z(t) with the past z(t — 1/n) to
obtain the delay equation

dz,(t) = f(za(t — 1/n),t)dt + g(za(t — 1/n),t)dB(t)

and then showed that the solution z,(t) of this delay equation approximates the
solution z(t) of the original equation. When we try to carry over this procedure
to the delay equation (5.1), we will naturally replace the present state z(t) by
its past z(t — 1/n) as well but with what should we replace the past z(t — 6(t))?
In the first instance, one may be tempted to replace it with z(t — §(t) — 1/n).
However, on the second thought, one realizes that it is not necessary in the case
of 8(t) > 1/n. It is in this spirit we define the Caratheodory approximation as
follows: For each integer n > 2/7, define z,(t) on [tp — 7,T] by

To(to + 0) = £(6) for —7<6<0
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and
t
Za(t) = £(0) + / Ipg ()F(2n(s — 1/n), 2a(s — 6(s)), 8)ds
+ I, (8)F(zn(s — 1/n), 2a(s — 8(s) — 1/n), s)ds
to

t
Ips (8)G(Za(s — 1/n), zn(s — 8(s)), s)dB(s)

to

+/ Ip, (8)G(zn(s — 1/n),za(s — 8(s) — 1/n), s)dB(s) (5.4)

to

for to <t < T, where
D, = {t € [to,T] : 6(t) < 1/n} and DS = [to, T) —

It is important to note that each z,(-) can be determined explicitly by the
stepwise iterated It integrals over the intervals [to,t0+ 1/n], (to+1/n,t0+2/n]
etc. Let us now prepare a few lemmas in order to show the main result.

Lemma 5.1 Let (5.3) hold. Then, for alln > 2/1,

E( sup |zn(s)|2) < (%+GEH£||2)e1°K(T“°+4)(T“"). (5.5)

to—7<t<T

Proof. By Holder’s inequality, Doob’s martingale inequality and the linear
growth condition (5.3), we can derive from (5.4) that for tg <t < T,

E( sup [za(s)) < SEEO)

to<s<

+5K(T —to+4) t Ip:(s) [1 + E|z,(s — 1/n)|2 + E|zn(s — 6(3))|2]ds

+5K(T — to + 4) /t Ip,(s)[1 + Elzn(s — 1/n)|? 4 Elza(s — 6(s) — 1/n)|2]ds

t

< SE||€||2 + 5K (T — to + 4) [1 + 2E( sup |x,.(r)|2)st

to to—~7<r<s
Hence

1 1

S +E za(s)|?) < = + E|i¢|*+ E n

3+ B( sup_ len9)) < 5+ Bl + E( sup len(a)P)
1 2 ¢ 1 2
< 5 +6E|E]1* + 10K(T —to + 4) [—+E( sup |z (r)| )st‘

to 2 to—T<r<s
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The Gronwall inequality implies

1 1 _ -
5+E( sup[za(s)[?) < (5 +6Elg]|?) 0K (Ttor et

2 t(,—TSsSt
and the required inequality (5.5) follows immediately.

Lemma 5.2 Let (5.3) hold. Then the solution of equation (5.1) has the property

1
E( sup lz(t)[z) <Cy:= (5 +4EH§H2)eGK(T_‘““)(T""“). (5.6)

to—T<tST
Moreover, for any tg < s<t<T witht—s< 1,
E|x(t) — z(s)]* < Ca(t — s), (5.7)
where Cy = 4K (1 + 2C)).

Proof. The proof of (5.6) is similar to that of Lemma 5.1 so we need only to
show (5.7) but this is straightforward:

E|z(t) - o(s)2 <2K(t-s+1) /t [1 + EIIIJ(T‘)I2 + Elz(r — 6(r))|2]dr
< 4K(1+2C)(t — 8)

as required.

We can now prove one of the main results in this section.

Theorem 5.3 Let (5.2) and (5.3) hold. Then

E( sup_[o(t) - 2a(t)[?) < 4Cee (Tt

to<t<T

x (ﬁ;—T@ +2C1u{t € [to,to + 7] : 0 < &(2) < 1/"})’ (5.8)

where Cy,Cy are defined in Lemma 5.2, C3 = 4K(T ~ tg + 4) and u stands for
the Lebesgue measure on R.

Proof. By Hoélder’s inequality, Doob’s martingale inequality and the Lipschitz
condition (5.2), we can derive that, for tg <t < T,

B( sup [z(s) - zn(s)?)

to<s<t

<y [ 109 Eles) ~ zals - 1/m)P?

to

+ Ela(s — 8(5)) ~ Znls — 6(s))|2]ds
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+Ca [ 15,(9)[Bla(s) ~ 2als = 1/m)P

to

+ Elz(s — 6(8)) — za(s — 8(s) — 1/n)|2]ds

< 2Cg/t [El:z(s) —xz(s—1/n)|> + Elz(s — 1/n) — z,(s ~ 1/n)|2]ds

+Cs [ Iog (9)Bz(s = 5(9) =z — 8]

0

+2Cq [ Ip,(5)[Bla(s - 8(s)) = a(s = 8(s) = 1/

to

+ Elz(s — 8(s) — 1/n) — za(s — 8(s) ~ 1/n)|"~’] ds

t
< 5Cy / E( sup la(r) — za(r)?)ds + 51 + Iy

to to<r<s

where
T

J1 =2Cs E|z(s) — =(s — 1/n)|%ds
to
and
T
Jo = 2C; Ip, (s)E|z(s — 6(s)) — z(s — &(s) — 1/n)|%ds.
to
Applying the Gronwall inequality we obtain that
E( sup |z(s) — zn(s)|2) < (Jy + Jp)e5Ca(T=to), (5.9)
to<s<T

But, using Lemma 5.2, we can estimate

to+1/n
Jy < 4Cs / (Elz(s)? + Elz(s — 1/n)[?)ds
ty

+2C; /T E|z(s) — z(s — 1/n)|%ds

o+1/n
< 8C,C3/n + 2CgCgT/n =2C3(4C + TCQ)/TL (5.10)
Also, setting Do = {t € [t5,T] : 6(t) = 0},

T
Jy = 2(3'3/ Ip,(8)E|z(s) — z(s — 1/n)|*ds

T
+2C / Ip, -o(8)Elz(s  8(s)) — o(s — (s) — 1/n)[*ds

T

t()+1/1l
< 8C,C5 / ID"(S)dS + 20203/71/ Ip,(s)ds
to tot+1/n

to+7+1/n T
+ 80103/ Ip, _p,(s)ds + 20203/71/ Ip,_p,(s)ds
to to+7+1/n

S 2CS(SC1 + TCQ)/TI + 80103[1([t0,t0 + T] n (Dn - Do)) (511)
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Substituting (5.10) and (5.11) into (5.9) yields the required result (5.8). The
proof is complete.

Let us now turn to the Euler-Maruyama approximation procedure. We
first give the definition of the Euler-Maruyama approximation sequence. For
each integer n > 1, define z,(t) on [to — 7, T) as follows:

Z,(to + 8) = £(6) for —7<6<0

Zn(t) = z(to + k/n)

+ /  F(oa(to + k/n), zato + k/n — 6(s)), s)ds
to+k/n

+ /  Glan(te + k/n), Talto + k/n - 5(s)),)dB(s)  (5.12)
to+k/n

forto+k/n<t<[to+(k+1)/n)AT, k=0,1,2,---. In the sequel of this
section z,(t) always means the Euler-Maruyama approximation rather than the
Caratheodory one. Clearly, z,(-) can be determined explicitly by the stepwise
iterated Ito integrals over the intervals (tg,t9 + 1/n], (to + 1/n,to + 2/n] etc.
Moreover, if we define £,(to) = zn(to), En(to) = zn(te — 8(to),

En(t) =zn(to + k/n) and Z,(t) = zo(to + k/n — 6(t)) (5.13)

fortg+k/n<t<[to+(k+1)/n|AT, k=0,1,2,---, it then follows from (5.12)
that

zn(t) = £(0) + t F(Z,(s),En(s), s)ds + t G(Zn(8),Zn(s),s)dB(s) (5.14)

to to

for tg < t < T. The following lemma shows that the Euler-Maruyama approxi-
mation sequence is bounded in L2.

Lemma 5.4 Let (5.3) hold. Then, for alln > 1,

1 - -
E( sup_lza(t)?) < (5 +4BIEIR K000 (5.15)
to—r<t<T

Proof. 1t is easy to show from (5.14) that, for to <t < T,
E( sup |za(s)?) < 3EIE(0)
tuSSSt

t
13K(T — to +4) [1 + E|za(s)? + E|:z,,(s)|2] ds.
to
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Recalling the definition of £,(t) and Z,(t), we then see that
E( sup |an(s)?) < 3E]l¢|I®

to<s<t

t

+3K(T — to + 4) [1+2E( sup |zn(r)|2)]ds.

to to—T<r<s
Consequently

1 2 1 2

- < Z

2 +E(, sup_ lan()F) < 5 + 4Bl

‘I
+6K(T —tp + 4)/ [— + E( sup |xn(r)|2)]ds

to L2 to—r<r<s

and the required assertion (5.15) follows by applying the Gronwall inequality.

The following theorem shows that the Euler—-Maruyama sequence converges
to the unique solution of equation (5.1) and gives an estimate for the difference
between the approximate solution z,(t) and the accurate solution x(t).

Theorem 5.5 Let (5.2) and (5.8) hold. Assume that the initial data £ =
{£(6) : —7 < 6 < 0} is uniformly Lipschitz L?-continuous, that is there is a
positive constant 3 such that

El£01) —£(02)P < BB -01)  if —7 <6 <6, <0. (5.16)

Then the difference between the Euler-Maruyama approzimate solution x,(t)
and the accurate solution x(t) of equation (5.1) can be estimated as

B( s o) -2 0F) < 52

n
where C, is defined in Lemma 5.2 and Cy = 2K (T — to + 4).
Proof. 1t is not difficult to show that, for o <t < T,

E( sup |z(s) - 2n(s)P")

to<s<t

[Ca(T — to) + (B V C2))eCs(T~0) | (517)

< Cy /t [E|:z:(s) — 2.(8)12 + Elz(s — 8(s)) — izn(s)lz] ds. (5.18)
to

define .’i‘(to) = Zli(to), i(to) = .‘lZ(to - é(to)),
£(t) = z(to + k/n) and E(t) = z(to + k/n — 8(t)) (5.19)

forto+k/n<t<[to+(k+1)/n]AT, k=0,1,2,---. It then follows from (5.18)
that

E( sup lw(S)—mn(S)lz)

to<s<t

<20, / t [E|a‘:(s) — ()2 + EJ3(s) — :En(s)|2] ds + Js + J

to

t
< 404/ E'( sup |z(r) - x,,(r)lz)ds + J3 + Jy,

to to<r<s
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where
T

J3 = 2C, E|z(s) — #(s)|*ds

to
and

T
Jy = 2C4/ E|z(s — §(s)) — #(s)|%ds.

to

By Gronwall’s inequality, we obtain that

E( sup |z(s) — I,,(S)I"’) < (Ja + Jy)etCa(T—to) (5.20)
to<s<T

We now estimate J3 and J4. By Lemma 5.2,

{to+(k+1)/n)AT
J3=2Cs ) / E|z(s) — z(to + k/n)|*ds
’CZO t0+k/n

< 2GGH(T - to). (5:21)

Also

[to+(k+1)/n|AT
n=2:Y. [ Blz(s ~ 8(s)) — a(to + k/n - &(s))[?ds
k>0 to+k/n

9 [to+(k+1)/n]Ar
< 2CC4(T - to) + 2C4 Z/
n % to+k/n

E|z(s — (s)) — z(to + k/n — 8(s))|?ds. (5.22)
It is easy to show, by condition (5.16) and Lemma 5.2, that
Elz(t) —z(s)? <2(BVCo)(t—s) if —7<s<t<7T, t—-s<1.
We therefore see from (5.22) that

2C.
Js < —;“- [CoT — to) + 27(BV C2)). (5.23)
Substituting (5.21) and (5.23) into (5.20) yields the required assertion (5.17).
The proof is complete.
In the case when the time delay function 4(-) is Lipschitz continuous, the
Euler-Maruyama approximate solutions can be defined by a simpler form, that
is (5.12) can be replaced by

Za(t) = z(to + k/n)

+ /t F(zn(to + k/n),zn(to + k/n — 8(to + k/n)), s)ds
to+k/n

+ /t G(zn(to + k/n), zn(teo + k/n — 8(to + k/n)), s)dB(s) (5.24)
tot+k/n
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forto+k/n<t<[to+(k+1)/n]AT, k=0,1,2,---, while z,,(¢p +6) = £(8) for
—7 < 8 <0, the same as before. When both functions F and G are independent
of t, this becomes even simpler, namely

zn(t) = z(to + k/n)
+ F(zp(to + k/n), zn(to + k/n — 6(to + k/n)))(t — to — k/n)ds
+ G(zn(to + k/n), znalto + k/n — 8(ts + k/n)))[B(t) — B(to + k/n)|.

To be more precise, let us state this result to close this section.

Theorem 5.6 In addition to the assumptions of Theorem 5.5, assume that 6(-)
is Lipschitz continuous, that is there is a positive constant a such that

16(t) — 6(s)| < alt —s) ifto<s<t<T. (5.25)

Then, for every n > 1+ «, the difference between the Euler-Maruyama approzi-
mate solution z,(t) defined by (5.24) and the accurate solution z(t) of equation
(5.1) can be estimated as

E( s 1) - 2a(01")

4G
n

where Cy and C, are defined as before.

(02(1 +a)(T ~to) + 1BV Ca(1 + a)])e4c‘(T_'°). (5.26)

This theorem can be proved in the same way as in the proof of Theorem
5.5 with a little bit careful consideration on the estimation of J4, but the details
are left to the reader.

5.6 STABILITY THEORY—RAZUMIKHIN THEOREMS

Stochastic modelling has come to play an important role in many branches
of science and industry. An area of particular interest has been the automatic
control of stochastic systems, with consequent emphasis being placed on the anal-
ysis of stability in stochastic models. One of the most useful stochastic models
which appear frequently in applications is the stochastic functional differential
equation (2.10), namely

dz(t) = f(z,t)dt + g(ze,t)dB(t) on t > tg. (6.1)

In this section we shall discuss its stability property. Due to the page limit
we shall only investigate the exponential stability—one of the most important
stabilities. For this purpose we always assume that all of the assumptions of
the existence-and-uniqueness Theorem 2.6 are fulfilled so equation (6.1) has a
unique global solution for any given initial data z;, = £ satisfying (2.2), and
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we here denote the solution by xz(t;€). Assume furthermore that f(0,t) = 0
and g(0,t) = 0 so equation (6.1) has the solution z(t) = 0 corresponding to the
initial data z,, = 0. This solution is called the trivial solution or equilibrium
position.

When we try to carry over the stability theory established in Chapter 4
to the stochastic functional differential equation, we will naturally employ the
Lyapunov functionals rather than functions. For instance, it is not difficult to
show the following result (cf. Kolmanovskii & Nosov (1986)):

Let p > 2 and c;-c3 be positive constants. Assume that there is a continuous
functional V : C([-,0}; R%) x [to,00) — R such that

alpO)P < Vipt) < allellP, (1) € C([-7,05 RY) x [to,00)  (6.2)

and
ta
EV(]}tz,tQ) — EV(iEgl,tl) < —03/ E{x(s)l”ds, to <t <tz <oo. (6.3)
ty

Then the trivial solution of equation (6.1} is pth moment asymptotically stable.

This result is of course a natural generalization of the Lyapunov direct method
but is somewhat inconvenient in applications. This is not only because condi-
tion (6.3) is not related to the coefficients f and g explicitly but also because
it appears to be more difficult to construct the Lyapunov functionals than the
Lyapunov functions. It is in this spirit that we would like to explore the pos-
sibility of using the rate of change of a function on R? to determine sufficient
conditions for stability.

To explain the idea, we need to introduce a few more new notations. Denote
by Cbt”([—‘r, 0}; R%) the family of all bounded, J;,-measurable, C([-7,0]; R%)-
valued random variables. For p > 0 and ¢ > 0, denote by L,}-‘({—T, 0]; RY) the
family of all F;-measurable C([~7,0]; R%)-valued random variables ¢ = {¢() :
—7 < 0 < 0} such that E||¢|[P < co. Moreover, for each function V(z,t) €
C?!(R® x [to — 7,00); R,.), define an operator LV from C([—7,0]; RY) x [to, 00)
to R by

LV (p,t) = Vi(p(0),t) + Vz(¢(0),t) f (0, t)

+ %trace [97 (0, ) Vaz((0), t)g (0, 1)].
Then the expectation of the derivative of V along the solution z(t;£) = z(t) of
equation (6.1) is given by ELV (x¢,t). In order for ELV (x;,t) to be negative
for all initial data £ and t > ty, one would be forced to impose very severe
restrictions on the functions f(ip,t) and g(y, t) to the extent that the point ¢(0)
plays a dominant role and, therefore, the results will apply only to equations
that are very similar to stochastic differential equations. This seems to indicate
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that it is not good enough to use the Lyapunov functions. Fortunately, a few
moments of reflection in the proper direction indicate that it is unnecessary to
require ELV (z,t) be negative for all initial data and all ¢t > t¢ in order to
have asymptotic stability, and this is the basic idea exploited in this section.
This idea originated with Razumikhin (1956, 1960) for the ordinary differential
delay equation and was developed by several people to more general functional
differential equations (cf. Hale & Lunel (1993) and the references therein) and
by Mao (1996b) to stochastic functional differential equations. The results in
this direction are generally referred to as theorems of Razumikhin type.

Let us now begin to establish the Razumikhin-type theorems on the expo-
nential stability for the stochastic functional differential equation.

Theorem 6.1 Let A\, p,c;,ce all be positive constants and q¢ > 1. Assume that
there ezists a function V € C*1(R? x [ty — 7,00); Ry.) such that

alzlP < V(z,t) < clzP  for all (z,t) € R® x [to — T,00) (6.4)

and, moreover,

ELV (¢, t) < —AEV (¢(0),t) (6.5)
for allt > to and those ¢ € Lp}-‘ ([-7,0j; RY) satisfying

EV(¢(8),t +8) < gEV(4(0),t) on —7<6<0.

Then for all € € C%, ([-7,0]; RY)
Elz(t;€)IP < E||£||Pe-7<‘ ) ont > t, (6.6)

where v = min{), log(q)/7}.

Proof. Fix any initial data £ € C;‘.(, ([-7,0}; R?) and write z(t; £) = z(t) simply.
Let € € (0,7) be arbitrary and set ¥ = v — €. Define

U(t) = max 0[e“’f“’“")EV(x(t +60),t+6)] fort>to. (6.7)

Noting that E(suppc,< |2(s)|]") < oo for all r > 0 and, moreover, z(t), V(z,t)
are continuous, we see that EV(z(t),t) is continuous. Hence U(t) is well define
and is continuous. We claim that

D,U(t) := limsup
_.0+

—(H—ht)_ﬂ <0  forallt>0.  (6.8)

To show this, for each £ > tg (fixed for the moment), define

6 = max{6 € [-7,0] : O EV (z(t + 0),t + 0) = U(2)}.
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Obviously, 8 is well defined, 8 € [—T,0] and
U(t) = "D EV(2(t + §),t + 6).
If 8 < 0, then
OBV (z(t +60),t +0) < " HOEV(z(t +6),t +6) forall § <6 <O0.
It is therefore easy to observe that for all h > 0 sufficiently small
YN EBY (z(t + h),t + h) < OEV (z(t + 8),t + 0),

hence
U+ h)<U(@®) and D, U(t)<0.

If 8 = 0, then
e HOEV (z(t + 0),t + 0) < e EV(z(t),t) forall —7<6<0.
So

EV(alt +6),t +6) < e PEV(2(t), 1)
< e EV(x(t),t) forall —7<6<0. (6.9)

Note that either EV (z(t),t) = 0 or EV(z(t),t) > 0. If EV(z(t),t) = 0, then
(6.9) and (6.4) yield that z(t + 8) = 0 as. for all —7 < § < 0. Recalling the
fact that f(0,t) =0 and g(0,t) = 0, one sees that z(¢t -+ h) =0 as. forallh >0
hence U(t + h) = 0 and D, U(t) = 0. On the other hand, in the case when
EV(z(t),t) > 0, (6.9) implies

EV(z(t +0),t+0) < gEV(z(t),t) forall —7<6<0
since €7 < g. Thus, by condition (6.5),

ELV(zs,t) < —AEV(z(t), ).

However, by Ité’s formula, one can derive that for all h > 0

VM EV (z(t + h),t + h) — e EV (2(t),1)

t+h
_ / € [YEV (z(s), 5) + ELV (24, 5)]ds.
t

Note that

FEV (z(t),t) + ELV(zy,t) < ~(A — ¥)EV(z(t),t) < 0.
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One sees from the continuity of V etc. that for all A > 0 sufficiently small
FEV (z(s),8) + ELV (z5,58) <0 ift<s<t+h,
and, consequently,
VM EV(x(t + h),t + h) < e EV(z(t),t).

Therefore, U(t+ h) = U(t) for all h > 0 sufficiently small and then D, U(t) = 0.
Inequality (6.8) has been proved. It now follows from (6.8) immediately that

Ut) <U(0) for all ¢t > to.

By the definition of U(t) and condition (6.4) one sees

c e ¢ e
Elz(t)]F < c_’-:E“ﬂlpe F(t—to) _ C—?Ellﬂlpe (=€) (t—ta)

Since ¢ is arbitrary, the required assertion (6.6) must hold. The proof is complete.

As pointed out in Chapter 4, the pth moment exponential stability and
almost sure exponential stability do not imply each other in general. However,
we are going to show that under an irrestrictive condition the pth moment ex-
ponential stability implies almost sure exponential stability

Theorem 6.2 Let p > 1. Assume that there is a constant K > 0 such that for
every solution z(t) of equation (6.1)

E(lf(x,,t)l” + |g(zt,t)|”) <K sup E|z(t+8)]F ont>0. (6.10)
—7<6<0

Then (6.6) implies

1
limsup - log |z(t; )| < —% a.s. (6.11)

t—oo t

In particular, if, in addition to the above conditions, all of the assumptions of
Theorem 6.1 are satisfied, then the trivial solution of eguation (6.1) is almost
surely exponentially stable.

Proof. Fix any € € C}‘O([—T, 0]; R%) and write z(t;¢) = z(t) again. For each
integer k > 2,

Ellzivir|P = E( sup_la(to +(k - 1) + m)P)
O<h<T
tot+kT p
<31 [Elz(to + (k= D7) + B( / |f (22, t)ldt)
to+(k—1)r

+ E( sup ,/ttu+(k'1)f+" g(fb't,t)dB(t)lp)]- (6.12)

0<h<T Jto+(k—1)1
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But, by Hoélder’s inequality, condition (6.10) and Theorem 6.1, one can derive
that

to+kr

([ o) <ot [T pipaopa

u+(k—1)‘l’ u+(k—1)T

to+kr
SKTP—I/ ( sup Elx(t+0)]p)dt
t

o+ (k—1)7 \—T<8<0
t|+k7’
<K g [T et
Cy to+(k—1)T
Ke
< Ko™ g -, (6.13)

On the other hand, by the Burkholder-Davis-Gundy inequality,

to+(k—1)r+h
J = E( sup |/ g(:z:t,t)dB(t)Ip)
t

0<h<t Jeg+(k-1)r
to+kr 121
<GE([ " lteid)’, (6.14)
to+(k—1)r

where Cp, is a positive constant dependent of p only. Note from condition (6.10)
that
lg(p, )P < KllellP  for (¢,2) € C([-7,0]; R) x [to, ).

Let o € (0, 1/377'K) be sufficiently small for

3 1Ko

1-3-Ko <e . (6.15)

One can then derives from (6.14) that

to+kt L
1<GE[( s la@ol) [ jateoniel
ta+(k—1)T<t<to+kt to+{k—1)r
C? to+kT 4
<oB( s laentP)+ 2B [ latennier]
to+(k—1)r<t<to+kr 40 Jegr(k-1)r
C2Tp-1 to+kr
<koB( swp  adP)+ 22— [ " Elgm, ol
to+(k—1)T<t<to kT 40 Syt (k-1)r
< Ko(BllztysirllP + Bllzeg ey IP)
KCzC2 _
+ 2L plglp e 2. (6.16)

Substituting (6.6), (6.13) and (6.16) into (6.12) and then making use of (6.15)
we obtain that

E||zs,4kr|P < €TV El|zeq 4 (k1) l” + Cem DT, (6.17)
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where C is a constant independent of k. By induction, one can easily show from
(6.17) that

E||zy+kr|P < e7FTVE||zeo [P + kCe™ k-2
< (CE¥™ + EJIE|IP) (k + 1)e™*™. (6.18)

We shall now show that (6.18) implies the required assertion (6.11). Let ¢ €
(0,v) be arbitrary. By (6.18),
P{w T kel > 6"(7-5)’"/"}

< VT E| |z 4kr|IP < (C*™ + E|IEIIP) (K + e~k

In view of the well-known Borel-Cantelli lemma, one sees that for almost all
w €N
(|Tto 4kl < e=(V7T/P (6.19)

holds for all but finitely many k. Hence there exists a ko(w), for all w € Q
excluding a P-npull set, for which (6.19) holds whenever k£ > kyo. Consequently,
for almost all w € ,

kt(y —¢)

1
loele®l < — T

iftg+ (k—1)7 <t <tg+kr, k> ko. Therefore

— &

1
limsup - log |z(t)| < — 2
t—oo t

and the required (6.11) follows by letting € — 0. The proof is complete.

In the case of p € (0,1), we need a slightly stronger condition than (6.10)
in order to imply the almost sure exponential stability from the pth moment
exponential stability.

Theorem 6.3 Let p € (0,1). Assume that there is a constant K > 0 such that
for every solution z(t) of equation (6.1)

E( sup []f(x:+o,t+9)|”+|g(z¢+9,t+9)|p])

—7<6<0
<K sup Elz(t+Tr)P ont>rT. (6.20)
-27<r<0

Then (6.6) implies

1
limsup - log |z(¢; €)] < - a.s. (6.21)
t—oo L Y4
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Proof. Fix any £ € C”'”([—‘r, 0}; R?) and write z(t;£) = z(t). Noting that, for
any a,b,c > 0,

(a+b+c’ <[3aVvbVve)P <3P(aP VIV P) <3P(aP + 07 + F),

we have, for each integer k > 2,

EllzuskelIP = E( sup_le(to + (k= 1)+ h)P)

<3 [E[z(to +(k—-1T)P + E([nm |f(zt,t)[dt)p

o+(k=-1)7

to+(k—-1)1+h
+E( sup | [ g(:zt,t)dB(t)Ip)}. (6.22)

O0<h<T Jtg+(k-1)r

By conditions (6.20) and (6.6),

£ ["W fGentlat) < TE( sup  |f(@, b))

o+(k-1)7 to+(k—1)r<t<ty+kr
Kepr?

81

<kr(  sup Elz(t)P) <
to+(k—-2)r<t<to+kr

E|lg|lPe= k=D (6.23)

Also, by the Burkholder-Davis—-Gundy inequality etc.,

to+(k—1)T+h
E( sup I/ g(:rt,t)dB(t)lp)
t

0<h<t Jto+(k~1)T
to+kT

21\ 2
<GE([" " latid)
tat(k—1)7

< C,,TQE[ sup |g(a:,,t)|”]

tn+(k-1)1’$lstu+kT
< KC,,T%' [ sup Elx(t)lp]
l()+(k—2)1‘st_<_¢()+k1'

K 5
< __c"’_CLE“g”Pe—(k—Q)M, (6.24)

where C, is a positive constant dependent of p only. Substituting (6.6), (6.23)
and (6.24) into (6.22) yields

E”xh)+k1'”p S Ce—(k—2).r‘ya (6.25)
where C is a constant independent of k. It is now the same as the proof of

Theorem 6.2 to derive the required assertion (6.21) from (6.25). The proof is
complete.
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Let us now apply the above Razumikhin-type theorems to some special
cases of equation (6.1).

(i) Stochastic Dif ferential Delay Fquations

First of all, consider a stochastic differential delay equation

dz(t) = F(z(t), o(t — 6,(t)),- -, z(t — 6k(t)), t)dlt
+G(2(t), z(t — 61(t)), - -, 2(t — 8k(t)), )dB(2) (6.26)

on t > to with initial data =g = ¢ satisfying (2.2), where é; : [to,00) — [0, 7], 1 <
i < k, are all continuous, and

F:R%x R™¥ x [tg,00) = R%, G :R*x R"* x [ty,00) — R™ ™.

We assume that both F' and G satisfy the local Lipschitz condition and the linear
growth condition (cf. Theorem 3.2). We also assume that F(0,---,0,t) =0 and
G(0,---,0,t) = 0.

Theorem 6.4 Let A\ A, -+, A, P, C1,Co all be positive numbers. Assume that
there ezists a function V(z,t) € C>1(R? x [tg — T,00); Ry) such that

alz|P < V(z,t) < colz|? for all (z,t) € R® x [tg — T, 00), (6.27)
and

‘/l(xs t) + V,,(fl?,t)F(l’, n,-- »ykat)
1
+§tTG,C€[GT($, Y1y Yk t)vzz(xvt)a(xv Y,y Yk t)]

k
< AV (2, 1) + 3 AV (it — 6i(t)) (6.28)

i=1

for all (z,y1,---,yx,t) € R x R**¥* x [tg,00). If A > Z:-;l Xi, then the triv-
ial solution of equation (6.26) is pth moment exponentially stable and its pth
moment Lyapunov exponent should not be greater than —(\ — ¢ ZLI Ai), where
g€ (1, A/ Z:;lz\,') is the unique root of A\ — QELI/\,- = log(g)/T. If, in
addition, p > 1 and there is a K > 0 such that

k
IF(-'I:,yl,' o ,yk,t)|v ]G(Ivyh Tt 7yk»t)| S K('.’L‘l + ZIyll) (629)

i=1

for all (z,y1,- -, yk,t) € RY x R™** x [tg,00), then the trivial solution of equa-
tion (6.26) is also almost surely exponentially stable and its sample Lyapunov
ezponent should not be greater than —(A — qz:le Ai)/p.
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Proof. Define, for (p,t) € C(|—T,0]; R?) x [to, 00),

flp,t) = F(p(0), o(=61(1)), - - -, p(—8k(t)), t)

and
9(p, t) = G(p(0), (=61 (8)), - -, (—0k(2)), )

Then equation (6.26) becomes equation (6.1). Moreover, the operator LV be-
comes

LV (p,t) = Vi((0), £) + Va(0(0), ) F(2(0), o(—81(2), -, p(=Ex(8)), £)
+ gtrace[GT(p(0), @(~61(0)), -+ o(~Bx(1)), )

x Vaz((0), )G(, 9(0), o(~51(8), -, (=5k(6)), 8-
Ift >t and ¢ € L% ([—7,0]; R?) satisfying
EV($(6),t +6) < gEV(¢(0),t) forall —7<0<0,
then by condition (6.28)

k
ELV(9,t) < —AEV($(0),£) + 3 MEV($(—6i(1)),t - 8:(2)

i=1

<-(» —inf)EV(d)(O),t).

i=1

So, by Theorem 6.1, the trivial solution of equation (6.26) is pth moment expo-
nentially stable and, moreover, its pth moment Lyapunov exponent should not
be greater than —(\ — qu___l A;). I furthermore p > 1 and (6.29) holds, then
forallt >ty and ¢ € L_’,'L-t([—T,O];Rd),

E(1 (o, +19(6,0)P)
k P
<25(K[lo1+ 3 et-1])
i=1
k
<2KP(1+ K)PE[|9OF + 3 [6(-8:()P7]
i=1
<2KP(1+4+k)® sup E|¢(0)".
—r<6<0

Therefore, by Theorem 6.2, the trivial solution of equation (6.26) is almost surely
exponentially stable and its sample Lyapunov exponent should not be greater
than —(\ — ‘12?:1 Ai)/p. The proof is therefore complete.
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Corollary 6.5 Assume that there is a A > 0 such that
T F(z,0,---,0,t) < —Az[2  for all (z,t) € R? x [tg, 00). (6.30)

Assume also that there are nonnegative numbers oy, 3;, 0 <1i < k such that

k
lF(vaa' "t a09t) - F(i‘aylv ot 7yk7t)l < ale - i] + Zailyi' (631)
i=1
and
k
1G(z, 91, -, Y&, )I? < Bolel)® + Zﬂilyz‘|2 (6.32)
i=1
for allt >ty and z,%,yy,---,yx € R®. Ifp> 2 and
k p—1 k
A> ;ai + 5 ;ﬁi, (6.33y

then the trivial solution of equation (6.26) is pth moment ezponentially stable
and is also almost surely exponentially stable.

Proof. Note first that (6.29) follows from (6.31), (6.32) and F(0,---,0,¢) = 0.
Let V(z,t) = |z|P and verify (6.28) as follows: For all (x,y1,---,yx,t) € R? x
R"Xk X [to,oo),
‘/t(.'l?, t) + Vl(zv t)F(l‘, Y1, yk»t)
1
+ Etrace[GT(:c,yl, Yk ) Vaa (2, 1)G (Y1, Yk t)]

= plz|P~ 22T F(z,0,---,0,1)
+ plxlp—2xT[F(a:, Y1, Yk t) — F(x,0,--+,0,)]
+ 222 16 (@, 1,y O

p(p—2), o
e L

k
= 1) -
<~ (pr- P2 DR op 4 Y ol

i=1

k
p(p _ 1) A P—21,,.12
HEET S el (634)

Using the elementary inequality

vl * < aqu+ (1-a) foru,v>0,0<a<l, (6.35)
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we have

1 -1 1
2Pyl = (121) 7 (lwl?)* < ”p o+ ll?

and

_ p—2 2
lz|P~2)y:l? < lz|P + ;lyilp'

Substituting these into (6.34) yields that

the left-hand side of (6.34)
k
( 5\ p(p2 I)Z"‘ _(p-1(p-2) gﬁi)lxlp
k

+ Y (an + (p— 1)B:) sl

i=1

Now the conclusions follow from Theorem 6.4 immediately and the proof is
complete.

The conditions of Corollary 6.5 are delay-independent and so the conclu-
sions. However, (6.30) may not hold sometimes and, instead, one may have

zTF(z,z,---,z,t) < —\|z|?. For example, F(z,y;, -, ¥k, t) = az — Zle by
with 0 < a < E:;l b;. In this case, the delay effect plays the main role in
stabilizing the system. The following Corollary deals with this case.

Corollary 6.6 Assume that there is a A > 0 such that
tTF(z,z,---,x,t) < —Alz|? for all (z,t) € R? x [to, ). (6.36)

Let p > 2 and assume furthermore that there are nonnegative numbers a;, 8;, 0 <
1 < k such that

|F(.’l:,.’1,',"',17,t) - F(jayh"‘ayk»tnp
k

<aglz —Z|” + Zailx — ;P (6.37)
i=1

and

k
Gz, u1,, uk, DI < Bolal® + ) Biluil” (6.38)

i=1

for allt >ty and z,%,y;,---,yx € RS If

A> (Ka)r + (p ~1)8%, (6.39)
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where :
K=2""rP(ao+&) + Cprih], Cp= [p——(p 2 1)] :
k i k
y = Zai, ﬁ = Zﬁiv
i=1 i=0

then the trivial solution of equation (6.26) is pth moment exponentially stable
and is also almost surely exponentially stable.

Proof. Regard equation (6.26) as a delay equation on ¢ > to + 7 with initial data
on {tg — T,tp + 7], that is, consider the delay interval of length 27 instead of 7.
It is easy to show that for t > T,

ELjz,|? < ~pABla(t)l?
+PE[ls®)P M IF((t), -+, 2(t), 1)
~ Fa(t),a(t - 8:(0), -, 2(t — 6x(0). 1)
+ P2 D) o216 a(0), 206 - 83(0), -+ 2t — 6w(0), O

where condition (6.36) has been used. Note from inequality (6.35) that for
u,v > 0 and €y > 0,

- P o\ 3 —
uPly < (€1u”)'Tl( 2 ) " < alp=) l_l vP.
€1 P pel

Applying this and condition (6.37) one obtains that

PE[[z(®)P ! IF(a(t), -+, 2(t),8) ~ F(x(),2(t — 61(8), -+, (t = 8u(t), V)]

k
<er(p— DER®P + — > aiBla(t) - z(t - 8:(t)IP.

1 i=1

Similarly one can show that

22— p[le(0)P 21 a(t) 2(t — 81(0), - alt ~ 54(0), O]
< 562(" - 1)(p - D Ela(t)P

(p-1)

k
+ 220 (oEla0P + Y pElate - 80P )
) i=1

< Leato- 1o 2BI(p + C= D2

P
(p /3 s;g)SOE'lz(t+0)| ,
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where €5 > 0, like £, is to be determined. Summarising the aboves one obtains
that

EL|zy|P < —pAE[z(t)|” + e1(p — 1)E|z(t)|
1 k
+ o ) oiEla(t) — z(t - :(t)[”

i=1

+ 202l (o - DEIOP

- 1B sup E|z(t+ 8)*. (6.40)

+
eP~D2 _r<o<0

On the other hand, by Holder's inequality, Theorem 1.7.1 and the assumptions
one can derive that

Elz(t) - z(t - &()IP

< 2”“E|/t F(z(s), z(s = 81(s)), -~ -, x(s — 5k(5)),s)ds'p
t—8.(t)
t P
+ QP_XEI/ i )G(I(S)’ z(s - 51(3))’ tte ,I(S - ék(s))’ S)dB(S)!

< (2P / oy EIPG),2(6 =810, 2(5 = 8u(s), )P

+ 271G, r AN / 1 EIC(5),2(5 = 81(9), - 2(s = Bu(s)) )P

t k
< (27)P! / (aoEIz(s)lp + Z o Elz(s — Ji(s))l”)ds
t—1

=1
. k
1 2=1C,rP-2/2 / (BoBla(s)P + 3 BiElz(s — di(s))IP)ds
t—T1 i=1

< or-! [T”(ao + &) + C'pr/QB] sup E|z(t + )
~27<6<0

=K sup Ellz(t+80)P (6.41)
—27<0<0
fort > 1, 1 <i<k, where K, C’p etc. have been defined above. Substituting
(6.41) into (6.40) and choosing €; = (K&)'/P, €3 = 3%/ one then obtains
ELln|? < -pAEJa(t))?

+ (p(Kd)% + %p(p - 1);@%) _2s11;;<0 Elz(t + ). (6.42)

By (6.39), one can choose ¢ > 1 such that

A > a((Ka) + 50 - 13F).
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Therefore, if E|z(t + 8)|P < ¢E|z(t)|P for —27 < 6 < 0, (6.42) implies
11 52
ELlz < -p(A - q(K&)? - sa(p— DB} ) Elz(t)P.
Finally the conclusions follow from Theorems 6.1 and 6.2. The proof is complete.

(ii) Stochastically Perturbed Equations

Let us now turn to consider a stochastic equation of the form
dz(t) = [¢(z(t), t) + F(x¢, t)|dt + g(x,,t)dB(t) ont >ty (6.43)

with initial data z,, = £ € C}l"([—‘r, 0]; R%). Here g is as defined in Section
5.2, ¥ : R% x [tg,00) — R4 and F : C([-7,0}; R%) x [to,00) — R?. As before,
assume that 1, F, g satisfy the local Lipschitz condition and the linear growth
condition (cf. Theorem 2.6), moreover, ¥(0,t) = F(0,t) = 0 and g(0,t) = 0.
Under these conditions, equation (6.43) has a unique global solution. Equation
(6.43) can be regarded as the stochastically perturbed equation of the ordinary
differential equation

i(t) = $(a(t),b)- (6.44)

To a certain degree it has been known that if equation (6.44) is exponentially
stable and the stochastic perturbation is sufficiently small, then the perturbed
equation (6.43) will remain exponentially stable (cf. Mao, 1994a). The critical
research in this direction is to give better bound for the stochastic perturbation.
We now apply the Razumikhin-type theorems to establish a number of new
results.

Theorem 6.7 Let )\, c1,¢2, 081, --, 084 all be positive numbers andp > 2, ¢ > 1.
Assume that there ezists a function V(z,t) € C*>'(R% x [-7,00); Ry) such that

alz|lP < V(z,t) < clz|? for all (z,t) € R% x [to — T,00),
and

Vi(z,t) + Va(z, t)’(/)(:l?, t) < —-AV(z,t),
Valz, )] < BVE )T, |[Vea(z, )| < BolV(z, )5

for all (z,t) € R¢ x [tg,00). Assume also that
E|F(¢,t) < B3EV(¢(0),t) and Elg(¢,t)|” < B1EV(¢(0),1)
for all t >ty and those ¢ € LY. ([—7,0]; RY) satisfying

EV($(8),t +6) < gEV(¢(0),t)  forall —7 <6 <0. (6.45)
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If
+ 1. .2
A> BB + 56267, (6.46)

then the trivial solution of equation (6.43) is pth moment exponentially stable.
In addition, if there is a constant K > 0 such that, for allt > ty and ¢ €
L.";‘l([_"" 0];Rd)r

Elp(¢(0), )" + E|IF(¢, )P + Elg(8,t)P < K sup E|$(6)P7,

then the trivial solution of equation (6.43) is also almost surely exponentially
stable.

Proof. Define f(p,t) = ¥(p(0),t) + F(p,t) so that equation (6.43) becomes
equation (6.1). Moreover

LV (p,1) = Vie((0), 1) + Vz(0(0), 1) [#(#(0), t) + F (e, 1))

+ Strace[gT (0, OVaal(0(0), D9(,1)].

Hence for ¢t > to and those ¢ € L% ([-7,0}; RY) satisfying (6.45) one can derive
from the assumptions that

BLV(#,¢) < AEV(¢(0) )+ BiE(IV(6(0),0)F 1F(9,1)])
2 B(1v(9(0), 01" ls(, 7). (6.47)

But for any € > 0

B(Iv(¢(0).))7 IF(6.1)))

ep-1

_ E|(V(6(0), ) (IF(¢, i )%}

< i"’—p‘—”EV(cs(O),t) + l?,l,_—IEIF(aS, P

< (24 2 )Evisono,

where the elementary inequality (6.35) has been used once again. In particular,
if choose € = ﬂ;/ P then

E(IV($(0), )] [F(8,0)) < 65 BV(6(0),1).

Similarly, one can show

E((V(#(0), 0] lg(6,01?) < 67 EV ($(0),1).
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Substituting these into (6.47) yields

ECV(9,t) < —(A— Bi65 — 38267 ) EV((0),0).

Now the conclusions follow from Theorems 6.1 and 6.2 immediately. The proof
is complete.

Corollary 6.8 Assume that there is a A > 0 such that
Tz, t) < -Az|>2  for all (z,t) € R x [to, 00).

Assume also that there are two functions a;(-), az(-) € C(j—7,0]; Ry) such that

0 0

a1(®)lp(®)dd and |g(p, )] < f 2(8)|0(6) 28

-7

.ol < [

-7

for allt >ty and p € C([~7,0};R?%). Ifp > 2 and

p._

A> (ran)t + 2 ! ran)}, (6.48)

where o .
o
a) = (/ o (8)]7Td0)”
_max o2(f),  ¥p=2

-2

(/_0 0a®)l52d0) T, ifp>2,

then the trivial solution of equation (6.43) is pth moment exponentially stable.
In addition, if there is a K > 0 such that [(z,t)| < Klz| for all (z,t) €
R? x [tg,00), then the trivial solution of equation (6.43) is also almost surely
exponentially stable.

Proof. Let V(z,t) = |z|P. Then

Vi(z, t) + Vo(z, t)¥(z,t) < —pAlzl?,
Va(z, )] < plzP~,  [WVaa(z, )| < p(p — 1)]z[P~2

for all (z,t) € R x [tg,00). By (6.48) one can choose ¢ > 1 such such that

p—-1

A > (qrar)? + (gran)*. (6.49)

Now for t > to and ¢ € L% ([~,0]; R?) satisfying

E|p(0)|P < qE|¢p(0))?  forall —7 <8 <0,
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one can easily show that
E|F(¢,t)]” < qra1 E|¢(0)[?

and
Elg(¢,t)|” < grazE|$(0)[P.

So the conclusions follow from Theorem 6.7 and the proof is complete.

(iii) Ezxamples

In the following two examples we shall omit mentioning the initial data
which are always assumed to be in C},O([—T, 0]; R%) anyway.

Example 6.9 Consider a linear stochastic differential delay equation
dz(t) = —[Az(t) + Bz(t — 6(t))]dt + Cz(t — 6(t))dB(t) ont>tg, (6.50)

where A, B, C all are d xd constant matrices, B(t) is a one-dimensional Brownian
motion and ¢ : [tp, 00) — [—7, 0] is continuous.

Case (i). Assume that A+ A7 is positive definite and its smallest eigenvalue
is denoted by Amin(A + AT). In this case, one can easily conclude by Corollary
6.5 that if p > 2 and

1 -1
FAmn(4+ AT) > |1B]| + E=llCIP, (6.51)

then the trivial solution of equation (6.50) is both pth moment and almost surely
exponentially stable.

Case (ii). Assume that A + AT + B + BT is positive definite. To apply
Corollary 6.5, write equation (6.50) as

dz(t) = —[(A+B)z(t)+Bz(t—6(t)) — Bz(t—b2(t))|dt+Cx(t—5(t))dB(t) (6.52)

with §2(t) = 0. By Corollary 6.5, one then sees that if p > 2 and
1
5 Amin(4 + AT + B+ BT) > 2||B|| + o= ||C||2 (6.53)

then the trivial solution of equation (6.52), i.e. (6.50) is pth moment as well as
almost surely exponentially stable. Of course, in this case one may also apply
Corollary 6.6 to obtain a delay-dependent result. For simplicity, choose p = 2.
Note that for any p > 0

|Az + By — Az — Bg)? < (1 + p”)||A|Ylz — 2* + (1 + p)|IB]ly — 7I>.
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One can then apply Corollary 6.6 (with p = 2) to conclude that if

%,\min(A + AT + B+ BT)

> glien? + nt{ B {20+ o)
x (74 s AR + @+ plBIE +eliciP)] L e

then the trivial solution of equation (5.1) is 2nd moment as well as almost surely
exponentially stable.

As a special case, let us look at a one-dimensional linear delay equation
dz(t) = —bz(t — 6(t))dt + cx(t — 6(t))dB(t) (6.55)

with b > ¢2/2. In this case, criteria (6.51) and (6.53) do not work but (6.54)

reduces to 2
b> 5+ bv/2(72b% + 7¢2).

1 Liop— 22— &2
T<3p (\/;+2(2b c?) c)

then the trivial solution of equation (6.55) is both 2nd moment and almost surely
exponentially stable.

Hence, if

Example 6.10 Consider a stochastic oscillator described by a semi-linear
stochastic functional differential equation

2(t) + 32(t) + 22(t) = 01(2t, %) + 02(21, %) B(t) (6.56)

on t > to, where B(t) is a one-dimensional white noise, i.e. B(t) a Brownian
motion, both 01,0, : C([-7,0]; R?) — R are locally Lipschitz continuous and,
moreover,

0
lo1(@)| V [02(0)] < / 10(0)ld8, € C((-7,0]; R?).

-7

We claim that if
V42 - 14
T< -————1 1

then the trivial solution of equation (6.56) is 2nd moment and almost expo-
nentially stable. To show this, introduce a new variable z = (z, )" and write
equation (6.56) as a two-dimensional stochastic functional differential equation

(6.57)

dz(t) = [Az(t) + F(z,)dt + G(z:)dB(t), (6.58)
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(58 () o0 ()

(1 1 (2 1
H—-(_l _2>, and hence H —(_1 _1),
-1 (-1 0
H AH—(O _2).

o= ya = (5 3)

and define V(z,t) = z7Qzr for z € R2. 1t is easy to verify

such that

Set

1
2ol < V() < Tlal?
We further compute

LV (p,t) = 207 (0)Q[Ap(0) + F(p)] + GT(0)QG(y)
< = 2V(9(0)) + 2T (O)(H )T |H ' F()| + 2lo2(e)I?

<~ 2V(p(0)) + VIV (p(0)) + ¢12—4 lo3()2 + 20oa(0)?

< - (2 - VI4r)V(p(0)) + (V14 + 147) / ’ V(0(6))db. (6.59)

By condition (6.57) one can find g > 1 such that
2 — V14(1 + q)7 — 1472 > 0.

Therefore, for any ¢ € L% ([—7,0]; R%) satisfying EV(¢(6)) < qEV(¢(0)) on
-7 <6<0, (6.59) yields

ELV(¢,t) < —(2 — V14(1 + g)7 — 1497%) EV($(0)).

Thus the conclusions follow from Theorems 6.1 and 6.2.

5.7 STOCHASTIC SELF-STABILIZATION

We consider the following problem of stochastic self-stabilization in this
section. Suppose we are given a nonlinear It6 equation in RY, namely

dz(t) = f(z(¢),t)dt + ug(z(t),t)dB(t) (7.1)
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on t > ty = 0 with initial value z(0) = zo € R? (it is just for convenience to
set tp = O and the theory clearly works for general tg > 0). Here u > 0 is
the noise intensity parameter, B(t) is an m-dimensional Brownian motion, both
f:RY*x R, - R* and g: R? x R, — R¥*™ are locally Lipschitz continuous.
We impose the standing hypothesis:

(H7.1) There exists a symmetric positive-definite d x d-matrix @, and three
positive constants K, a, # with 23 > «, such that

" Qf (z,1)| < K|zf?,
trace(g” (z,t)Qqg(z,t)) < az” Qz,
=" Qq(z, t)* > Bl Qxl®

for all t > 0 and z € R%.

By Theorem 4.3.3, we know that this hypothesis guarantees that for all suffi-
ciently large u the trivial solution of equation (7.1) is almost surely exponentially
stable. Equation (7.1) is regarded as a stochastically stabilized system of an or-
dinary differential equation #(t) = f(z(t),t), which is unstable in general. In
other words, equation (7.1) is stabilized by white noise provided that the noise
intensity is large enough. We ask whether it is true that equation (7.1) stabilizes
itself if the intensity parameter u is replaced by e.g. fot |z(s)|ds. That is, is the
trivial solution of the stochastic integrodifferential equation

de(t) = f(x(t), )t + ( /0 [2(s)lds ) a(z(2), HAB() (7.3)

almost surely L'(R,; R%)-stable (i.e. f(;’o |z(t)|dt < oo a.s.)? The main aim
of this section is to give a positive answer. A rough argument goes as follows.
If equation (7.3) is not almost surely L!(R,; R?)-stable, then for some w € Q
(with positive probability) f0°° |z(t,w)|dt = oo. Consequently for all large t,
fot |z(s,w)|ds will be sufficiently large. Therefore, by the property of equation
(7.1), one should have fooo |z(t,w)|dt < oo, and this yields a contradiction.

This argument is, of course, not a mathematical proof, but indicates that it
is possible to replace the noise intensity parameter u in various ways in order to
stabilize the system more precisely. One may replace u by fot [r(s)z(s)|Pds, where
p > 0 and 7(-) is a continuous R™*%-valued function defined on R, satisfying
[Ir(¢)|| < Me"* for all t > 0, which shall be called a convergence rate function.
In this section we shall show that the stochastic integrodifferential equation

da(t) = [(aO) )t + (| Fo)ao)Pds)ata(e). 0aBO)  (14)

has the property

/ TPt <o as. (7.5)
0
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Before proving this result, let us point out that by choosing various convergence
rate functions, one can stabilize the system in different ways. For example, in
order to stabilize the i-th component of the solution in the sense f(;x’ [z:(t)|Pdt <
00 a.s., one can choose the convergence rate function

r(t) = (0,---,0,1,0,---,0)1xq.
N, s’
i times
To stabilize the difference between the i-th and j-th component of the solution,
in the sense [~ |zi(t) — z;(t)|Pdt < o0 a.s., one can choose
T(t) = (09 '10’ 1’03" ¢ 10’ _1101 e )O)IXd-
N, s’

i times
N

s

7 times
Moreover, to stabilize the system in the sense [ €*|z(t)|Pdt < 0o a.s., one can
choose r(t) = /P14, 4 where I xq is the d x d identity matrix.

Let us now turn to prove property (7.5). We first point out that the local
Lipschitz continuity of the coefficients f and g as well as the standing hypothesis
(H7.1) guarantee the existence and uniqueness of the global solution, denoted by
z(t; o), of equation (7.4) (see Theorem 2.9 and the detailed proof can be found in
Mao, 1996¢). It is also clear that equation (7.4) admits a trivial solution z(t;0) =
0 for hypothesis (H7.1) implies that f(0,t) = 0 and g(0,t) = 0. To prove the
main result, we need prepare a lemma which shows that under hypothesis (H7.1)
the solution will never reach zero if it starts from a non-zero point.

Lemma 7.1 Let hypothesis (H7.1) hold. Then the solution of equation (7.4)
has the property that

P{z(t;zo) #0 for allt >0} =1
provided zo # 0.

Proof. Suppose the assertion is false. Then there exists some xg # 0 such that
P(r < 00) > 0, where 7 is the time of first reaching state zero, i.e.

7 =inf{t > 0: z(t) = 0}.

Here we write z(¢;zo) = z(t). Hence one can find £ > 0 and 6 > 0 large enough
to ensure that P(B) > 0, where

B={w:T7<tand|z(t)] <8—-1forall 0 <t <7}
For each 0 < € < |zg], define

Te = inf{t > 0: |z(t)| < € or |z(t)| > 6}.
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Then by Itd’s formula, for 0 <t <,
El|lz7(t A e)Qx(t A7) 7]
<tfQuo™ +28 [ T (0)Qe(s)| T ()Q alo), s
48 [ T (6Qa( " ()Qatee), [ rtwiztuPan) ds
By (H7.1), one can derive that
Ellz" (¢t ATe)Qz(t A Te)| ')

tAT,
<IeFQul™ +4uE [ bT(5)Qa()ds
0
S‘x’(I;Q-’Eorl + u/t EH"’:T(S A TE)Qx(s A Ts)‘—llds
0

where p is a constant dependent of K,a,3,t,0,Q but independent of . An
application of the Gronwall inequality yields

E[zTEA7)Qz(E A 7)Y < 2T Qo| ekt

Note that if w € B, then 7. < f and |z(7.)| = €. It therefore follows from the
above inequality that

(21QI) ™ P(B) < |ag Quol *e .

Letting € — 0 one obtains P(B) = 0, but this contradicts the definition of B.
The proof is therefore complete.

We can now establish the main results of this section. To make the state-
ment more clear, we state the condition on the convergence rate function r(t) as
another hypothesis:

(H7.2) There exists a pair of constants M > 0 and 7y > 0 such that

lIF(O)l < Me  for all t > 0.

Theorem 7.2 Let (H7.1) and (H7.2) hold. Then the solution of equation (7.4)
has the property that

/oo |7 (8)z(t; xo)|Pdt < 0o a.s. (7.5)
0

for all ¢ € R%.

Proof. Since hypothesis (H7.1) guarantees z(t;0) = 0, one only needs to show
that (7.5) holds for zo # 0. For any zp # 0, by Lemma 7.1, the solution
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z(t; o) # 0 for all ¢ > 0 almost surely. Suppose (7.5) is false, then there exists
some zg # 0 for which P(Q2*) > 0, where

' ={we: /00 [r(t)z(t; o) |Pdt = oo}.
0

For convenience, again write z(t;z9) = z(t). By It6’s formula and hypothesis
(H7.1), one can show that for any t > 0

log(zT (£)Qz(t)) < log(z] Qxo) + 2Kt / / Ir(v)w(v)P’dv) ds

mm(Q
_ 2 |27 (s)Qg(z(s), S)P
2/ / jr(v)z (mT(s)Qx(s)) s+ M(t), (7.6)
e o =7 (5)Qo(x(s), )
_ $)Qg(z(s),s
M(t) =2 /0 ( /0 Ir(v)r(v)]”d) T90s0 2B
is a continuous martingale vanishing at ¢t = 0. Let k = 1,2,---. Then by the

exponential martingale inequality (i.e. Theorem 1.7.4)

20 -«
80

P(w : oi‘fgk [M(t) -

88logk 1
(M0, M(1)] > 522) < 5,

where

T 2 |27 (s)Qg(x(s), S)|2
(M(t),M(t))—4/O (/0 lr(v)x(”)‘pd) (zT(s)Qx(s))

Hence the well-known Borel-Cantelli lemma yields that for almost all w € Q
there exists a random integer kq(w) such that for all k > &,

28 -« Sﬂlogk
up, [M() - Zg2= (M0, M) < 57750
that is, for 0 <t <k,
logk 28-
M@ < "w % (M (), (1)
Solegh , 20— i) QG (7
s 20 -a ./ r)z(v)d (;::T(s)Qac(s))2 s (17)
Substituting (7.7) into (7.6) and then applying (H7.1) one obtains that
T 2Kt 8Glog k
log(z7 (¢)Qx(t)) < log(zg Qo) + o (D) + B —a

_ 2= a/ /lr(v)x(v)F’dv) ds (7.8)
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for all 0 < t < k, k > k; almost surely. Recalling the definition of {2*, one sees
that for every w € Q*, there exists a random integer kz(w) such that

/ ' 1r(8)a(s)Pds > \/ZK/ ’\"“;[(f) : T8 rallt> ke (7.9)
A -

It then follows from (7.8) and (7.9) that for almost all w € Q*,if k-1 <t <
k, k> ki V (k2 +1),

log(z" (t)Qz(t))
< log(zT Qzo) + /\jf(’z)) + i‘;l‘ig: 2ﬂ 2 / / Ir(v)x(v)l"dv) ds
<log(af Q) + s + 5 — (2K Amin(@) + 2+ )(k ~ 1 = )
— log(zT Qzo) + 21;::(5)1) + 82/;"1’;" — 2y +2)(k—1— k).
Consequently,

log(e” (1)@= (1)

<L (tg(eF Qa0 +

2K(ky +1)  8Blogk
’\min(Q) + 28—« ~2(y+2)(k—-1- ’Cz)).

It then follows that

limsup - log( (t)Qz(t)) < —2(v+2) for almost all w € Q*.  (7.10)

t—oo

Thus, for almost all w € Q*, there exists a random number k3(w) such that
%log(xT(t)Q:c(t)) <-2(v+2) for all t > kg,

and hence :
e (7+2)t

Ix(t)l = v Amin(Q)

Therefore, by hypothesis (H7.2), for almost all w € Q*

for all ¢t > k3.

00 ka . ©  MPe—Pt
r(t)x(t pdt_<_ MPeP" x(t pdt+/ —_— dt < 0.
/0 e < O e

However, this contradicts the definition of 2*. So (7.5) must hold, and the proof
is complete.

The following Theorem gives more precise estimates for the solution.
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Theorem 7.3 Let (H7.1) and (H7.2) hold. Then for every xo € R?, either

o » 2K
/0 r(t)z(t; zo)|Pdt < \/(2/3 (@) (7.11)
or
lim sup - log(lz(t xp)|) < (7.12)

holds for almost all w € Q.

Proof. Again one only needs to show the conclusions for all g # 0. Fix g # 0
arbitrarily, and write z(t; o) = z(t). Define

] o 2K
Q= {w eN: /0 |T(t)z(t)|pdt > \/(2ﬂ - a)/\min(Q) } .

Clearly one only needs to show that (7.12) holds for almost all w € Q2. For each
1=1,2,---, define

. [ - 2K
Q {weg,/o Ir(t)z(t)|Pdt > (1 + i )\/(w-a)xmin(Q) }

Now, Q = |J;2, i, and hence one only needs to show that for each i > 1, (7.12)
holds for almost all w € ;. Fix any i > 1. Then in the same way as (7.8) one
can derive that for each w € 2 — 1, with €0 a P-null set, there exists a random
integer k4(w) such that

9Kt 481 +i~Y)logk

log (=" ()Qa(t)) < log(e§ Qo) + T3 + — 55—
25 —a L s 2
Ty /0 (/(; [r(v)x(v)l”dv) ds (7.13)

for all 0 < t < k, k > k4. On the other hand, for every w € €); there exists a
random number ks5(w) such that

2K
/ Ir(s)z(s)jPds > (1 +471) \/(2,@ (@) forallt > ks. (7.14)

It then follows from (7.13) and (7.14) that for all w € @ - Q, if k-1 <t <
k, k> kqV (ks + 1),

log(z" (1)Qx(t)) < log(x§ Qo) + %i_ks(_g)g

461 +i)logk 2K
28-a ZAmln(Q)

(k—1—ks).
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This implies that
liﬂS;:p % log(z” (t)Qz(t)) < FK,.%IE(Q—) for all w € §; — Q.
Consequently,
limsu ! log(|z(t)}) < K <0 for all w € ), — Q)
1 by -7 Ay i — S,
oap 8 = T (@) 1

The proof is now complete.
Theorem 7.3 shows that if

o0 ) 2K
/0 Ir(8)2(t; zo) Pdt > \/;,_[, ()

then the solution z(t; zo) tends to zero exponentially. This is quite natural since
one can show by Theorem 4.3.3 that under hypothesis (H7.1) equation (7.1) is
almost surely exponentially stable provided the noise intensity parameter

S 2K
47 @B ) Ain(@)

On the other hand, if

o 2K
/0 [r(t)z(t; zo)|Pdt < \/;ﬂ — 0)Amin(Q)

then the noise intensity may not be large enough to stabilize the system ex-
ponentially. In other words, if the noise intensity parameter u is replaced by
fot |r(s)x(s)|Pds, then equation (7.1) may not always stabilize itself exponen-
tially. But we now start to discuss how to stabilize equation (7.1) in the sense
of almost sure asymptotic stability or exponential stability. By replacing the
noise intensity parameter u with supg<,<, [r(s)z(s)|, equation (7.1) becomes a
stochastic functional differential equation

dz(t) = f(z(t), t)dt + (oi‘i‘it lr(s)x(s)l) 9(z(2), )dB(t) (7.15)

on t > 0 with initial value (0) = o € R%. It can be shown in the same way as
Lemma 7.1 that under hypothesis (H7.1) the unique global solution of equation
(7.15), again denoted by z(t; zo), will never reach zero if it starts from a non-zero
point. Moreover, we have the following result.

Theorem 7.4 Let (H7.1) and (H7.2) hold. Then for all zo € RY, the solution
of equation (7.15) has the property

sup [r(t)z(t;zo)] <00  a.s. (7.16)
0<t<00
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Furthermore,
(i) if Amin(rT(t)7(t)) — 00 as t — oo, then

lim |z(t;20)] =0  a.s. (7.17)
t—o0

() if iminf,_, o 10g[Amin(rT (t)7(¢))]/t > X > O, then

hmsup log(l:c(t zp)]) < A

t—00 5

a.s. (7.18)

Proof. Suppose (7.16) is false, then there exists some z¢ # 0 for which P((2*) >
0, where
Q' ={wef: sup |r(t)z(t;zo)| = 00}.
0<t<oo

Again write z(¢; ) = z(t). In the same way as the proof of (7.8), one can show
that there exists a finite random integer k¢(w) such that

log (T (£)Qz(2)) < log(zd Qo) + mK(tQ ; +82ﬂﬁl(ig:

- 2ﬂ2_ @ /Ot (Osup |r(v):1:(v)|)2ds

<v<s

for all 0 < ¢t < k, k > kg almost surely. By the definition of £2*, for every w € Q2
there exists a random integer k7(w) such that

sup |r(s)z(s)| > \/2(2K/Ami;(Q) + 20y +2)) for all t > k.
0<s<t B-a

One can then derive from these two inequalities that for almost all w € 2*, there
exists a random number kg(w) such that

(0] < <
h Amin(Q)

Therefore, by hypothesis (H7.2), for almost all w € 2*

for all ¢ > ksg.

—t

sup_[r()a(t)] < sup Me™z(t)] + sup Me <.

0<t<o0 0<t< kg<t<oo 4/ /\min(Q)

However this contradicts the definition of Q*. So (7.16) must hold, whence both
(7.17) and (7.18) follow from (7.16) immediately. The proof is complete.
Before discussing specific examples, let us point out that it is possible to

extend Theorem 7.3 to the above case to obtain even more precise estimates for
the solutions, but the details are left to the reader.
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Let us now illustrate our theory by discussing several examples.

Example 7.5 First, consider the one-dimensional equation

dz(t) = f(z(t), t)dt + ( /0 eslz(s)|”ds)ax(t)dB(t) (7.19)

on t > 0 with z(0) = zo € R. Here B(t) is a one-dimensional Brownian motion,
0#0,p>0and f: Rx R, — R satisfies

[f(z,t)] < K|z forallze R, t>0 (7.20)

and some K > 0. It is easy to see that hypothesis (H7.1) holds with @ = 1 and
a = 8 = o%. Hence, by Theorem 7.2, the solution of equation (7.19) satisfies

OO0
/ etlz(t;zo)|Pdt <00 a.s.
)

Example 7.6 Consider the d-dimensional semi-linear equation
t m
dz(t) = f(z(t), t)dt + ( / |:c(s)|ds) Y " Giz(s)dBi(s) (7.21)
0 i=1

on t > 0 with z(0) = zp € R®. Here f(z,t) is as defined before and G; (1 <i <
m) are all symmetric positive definite d x d-matrices. Note that for all z € R?

ZIG a|* < ZIIG 112 |z?

i=1
and
Z |27 Gial? > mem lel*.
Assume that
m m
2) ALin(Go) > Y _IIGHII?, (7.22)
=1 i=1
and also that there exists a positive constant K such that
lzT f(z,t)] < K|z|? forall z € R%, t > 0. (7.23)

Then hypothesis (H7.1) is satisfied with @ the identity matrix and

m
a = E“G‘“Z’, mem(c
i=1
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Therefore, by Theorem 7.2, equation (7.21) is almost surely L(R,; R?%)-stable,

that is, fooo |z(t; zp)|dt < 0o a.s. Moreover, applying Theorem 7.3 one can obtain
even more precise estimates for the solution: for every zo € R%, either

o0 2K
JAEEECE \/ Y (e B T )

or

1
lim sup 7 log(|z(t; zg)]) < 0
t—o0
holds for almost all w € Q.

Example 7.7 Finally, let us consider the two-dimensional nonlinear equation
d(t) = f(a(t)dt + ( sup ela1(s) — za(s)])9(z(t)dB(t) (7.24)
0<s<t

on t > 0 with 2(0) = zo € R?. Here B(t) is a one-dimensional Brownian motion

and
f(z) = ( zysinze — 13 ), o(z) = (8:1:1+cos:v2)

I9COSTy + T1Z2 9z5 + sinz;
for z = (11,12)7 € R?. It is easy to verify that
lzTf(2)] < =2, lg(z)” <9L8lz[*,  zTg(z)® > 54.4fz|*.
So hypothesis (H7.1) is satisfied. Also hypothesis (H7.2) holds since r(t) =

e'(1,-1). By Theorem 7.4, one therefore sees that the solution of equation
(7.24) satisfies

sup ef|zi(t;z0) — T2(t;x0)] <00 a.s.,
0<t<oc

which implies

1
lim sup 7 log |z1(t; xo) — z2(t; z0)| < —1 a.s.

t—o0

That is, the first and second component of the solution will tend to each other
almost surely exponentially fast.
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6

Stochastic

Equations of Neutral Type

6.1 INTRODUCTION

In this chapter we introduce another class of stochastic equations depending
on past and present values but that involves derivatives with delays as well as
the function itself. Such equations historically have been referred to as neutral
stochastic functional differential equations, or neutral stochastic differential delay
equations. Such equations are more difficult to motivate but often arise in the
study of two or more simple oscillatory systems with some interconnections
between them. For example, Brayton (1976) considered the problem of lossless
transmission. This problem may be described by the following system of partial
differential equations

with the boundary conditions

L

du(1
E —v(0,t) — Ri(0,t) =0, Cl% =i(1,t) — g(v(1,t)).
We now indicate how one can transform this problem into a neutral differential
delay equation. If s = (LC)~'/? and 2 = (L/C)'/2, then the general solution of
the partial differential equation is given by
1
v(z,t) = ¢(z — st) + ¢Y(z + st), i(z,t) = p [¢(z —st) —P(z + st)]

201
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2¢(z — st) = v(z,t) + zi(x,t), 2¢(z + st) = v(z,t) — zi(z,t).

This implies
2p(—st) = v(l,t + §)+zi(1,t + %)
(st) = v(l,t - %)—zi(l,t - %)

Using these expressions in the general solution and using the first boundary
condition at t — 1/s, one obtains that

i1,t) — Ki(l,t - %): a-— %v(l,t) - gv(l,t— %)

where K = (z — R)/(z + R), a = 2E/(z + R). Inserting the second boundary
condition and letting u(t) = v(1 + ¢}, we obtain the equation

Lot = sone-2).

Cif(u, i) =a-— %u - L:-ﬁ — g(u) + Kg(u).

where

Another similar equation encountered by Rubanik {1969) in his study of vibrat-
ing masses attached to an elastic bar is

{ () + wiz(t) = efi(z(t), 2(t), y(t), §(t)) + Mgt — 1),

) 2 . . ! (1.2)
§(t) + waz(t) = e fo(x(t), £(t), y(t), 9(t)) + y2£(t — 7).

In studying the collision problem in electrodynamics, Driver (1963) considered
the system of neutral type

£(t) = filz(t), z((t))) + fa(x(t), z(8(1)))E(5(¢)), (1.3)
where 6(t) < t. Generally, a neutral functional differential equation has the form
2 la(t) - D] = Sz, ) (14)

Taking into account stochastic perturbations, we are led to a neutral stochastic
functional differential equation

d(z(t) — D(z¢)] = f(ze,t)dt + g(z:, t)dB(t). (1.5)

In this chapter we shall discuss various properties of this stochastic equation
of neutral type. However, the presentation will not be as detailed as the one
for the stochastic functional differential equations of the previous chapter. We
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concentrate only on those proofs that are significantly different from the ones
for functional equations.

6.2 NEUTRAL STOCHASTIC FUNCTIONAL DIFFERENTIAL
EQUATIONS

As usual, we are still working on the given complete probability space
(2, F, P) with the filtration {F;};>0 satisfying the usual conditions, and B(t) is
the given m-dimensional Brownian motion defined on the space. Let 7 > 0 and
0<ty<T < o0. Let
D : C([~,0]; R*) — R,
f:C([-7,0); R%) x [to, T) — R?,
g: C([-7,0]; R%) x [to, T] — R¥*™

all be Bore! measurable. Consider the d-dimensional neutral stochastic func-
tional differential equation

djz(t) — D(z,)] = f(z¢,t)dt + gz, t)dB(t) ontg<t<T. (2.1)

By the definition of Itd’s stochastic differential, equation (2.1) means that for
every tg <t <T,

z(t) — D(z) = z(to) — D(zy,) + tf(:cs),s)ds + /t g9(zs,8)dB(s). (2.2)

to to

For the initial-value problem of this equation, we must specify the initial data
on the entire interval [ty — 7, o], and hence we impose the initial condition:

o, = € = {€(6) : —7 < 6 <0} € L%, ([-T,0}; RY), (2:3)

that is, £ is an F,-measurable C([—7,0]; R)-valued random variable such that
E||¢||? < oo. The initial-value problem for equation (2.1) is to find the solution
of equation (2.1) satisfying the initial data {2.3). To be more precise, we give
the definition of the solution.

Definition 2.1 An R%-valued stochastic process r(t) onto — 7 < t < T is
called a solution to equation (2.1) with initial data (2.3) if it has the following
properties:

(i) it is continuous and {T,}s,<i<T 18 Fi-adapted;
(ii) {f(zs,8)} € L (to, T]; R?) and {g(z¢, 1)} € L2([to, T); R**™);
(iii) x,, = £ and (2.2) holds for everyto <t <T.
A solution z(t) is said to be unique if any other solution Z(t) is indistinguishable
from it, that is

P{z(t) =Z(t) forallto -7 <t<T}=1.
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Let us now begin to establish the theory of the existence and uniqueness
of the solution. Obviously, the Lipschitz condition as well as the linear growth
condition on the functionals f and g are required, for equation (2.1) reduces to
the stochastic functional differential equation discussed in the previous chapter if
D(-) = 0. The question is: What condition should be imposed on the functional
D? It turns out that D should be umiformly Lipschitz continuous with the
Lipschitz coefficient less than 1.

Theorem 2.2 Assume that there erist two positive constants K and K such
that for all p,¢ € C([-1,0); R?) and t € [to, T},

1£(e,8) - £(3, D V lg(e,t) — 9(6, 1) < Kllp — &1 (2.4)
and for all (p,t) € C([-1,0]; RY) x [to, T},
10,1\ la(e, )17 < K (1 + [ll[*). (2.5)
Assume also that there is a k € (0,1) such that for all p,¢ € C([-7,0]; RY),

|D(v) — D(¢)] < &llp - 9lI. (2.6)

Then there ezists a unigue solution x(t) to equation (2.1) with initial data (2.3).
Moreover, the solution belongs to M2([to — 7,T); R%).

In order to prove this theorem, let us present two useful lemmas.

Lemma 2.3 For any a,b> 0 and 0 < o < 1 we have

2 b2
@+b?<i + .
a l-«o

Proof. Note that for any € > 0
(a+b)? =a%+2ab+b% < (1+¢€)a+ (14 )b

Letting € = (1 - a)/a we obtain the required inequality.

Lemma 2.4 Let (2.5) and (2.6) hold. Let x(t) be a solution to equation (2.1)
with initial data (2.3). Then

N
B(, s, OF) < (1+ =50 = )

3K(T — to)(T — to + 4)
“"[ (e o

(2.7)
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In particular, z(t) belongs to M?([to — T, T)]; R9).

Proof. For every integer n > 1, define the stopping time
n =T AInf{t € [to, T : ||z:]| > n}.
Clearly, 7, T T a.s. Set z™(t) = z(tA7y) for t € [to—7,T). Then, forto <t <T,
z"(t) = D(z7) — D(§) + J™(D),

where

t t
JU(t) = £(0) + /: F(@5, ) jjto,ra]1(8)ds + /t 9(x5, 8} [jto, 7.1 (8)AB(8).

Applying Lemma 2.3 twice one derives that

lz"(t)| < —ID(II‘)—D(é)I"‘ T OF
< wllzp - €12 + |J"(t)|2
< Vkll=zZ11? + \/-nsnz g LALOLR

where condition (2.6) has also been used. Hence

B( sup z°(s)P) < VRE( sup_|o"(s)?)

to<s<t to—r<s<t

+

Bl + =B ( s VM),

<s<t

Noting that sup,, _,<,<; |z"(s)|* < 1€ + sup,, < <, |27(5)|?, one sees that

E( sup o)) < VRE( sup la"(s)?)

ty—71<s<t tp—1<s<t
1+ﬂ_\/E 2 l

—F —-E( Jr )
+ R+ B sup 170

Consequently

1+k— \/— 2
E(zo—sruSPKt =" (s)1 ) - (1= \/—)2 Ellel

1 n
R Fp \/E)E(tossusps N (s)|2). (2.8)
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On the other hand, by Hoélder’s inequality, Doob’s martingale inequality and the
linear growth condition (2.5), one can show that

B( sup 1)) <BBIEIR +3K(T — to +4) [ (14 Blagl)as.

t()SsSt

Substituting this into (2.8) yields that

E( sup |z"(s)|) —M——EHEHZ

to—1<s<t - (1 )( \/-)
3K( — g+ 4) n
+1—_—n)(—1—\/———) to(l +EHISH2)ds

Therefore

148( swp_ (o)) <14 2 AE__pyepe

=R - VA
g [, 1 E( s o) as
Now the Gronwall inequality yields that
(s )
< (14 it K';gf = I ex [3"(3 L Bl 4)}.

Consequently
E( sup la(t)?)
l()-—TSt<T"

<(1+ __M__T)'E”ElP) exp{31((T - fs)((lT—_\;%;L 4)].

Finally the required inequality (2.7) follows by letting n — oco. The proof is
complete.

Proof of Theorem 2.2 Uniqueness. Let z(t) and Z(t) be the two solutions. By
Lemma 2.4, both of them belong to M?([to — 7, T}; R%). Note that

z(t) — Z(t) = D(z:) — D(z:) + J(b),

where

IO = [ f(0ars) — F(Z0rs)lds + / (92, 5) — 9(E», 5)dB(s).

to
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By Lemma 2.3 and condition (2.6), one sees easily that
1
[2(t) ~ 2O < sllze ~ 2l + T O
Therefore

E( sup |a(s) - #(s)°)

to<s<t

< nE( sup |z(s) —5:(3)|2) + LE( sup lJ(S)Iz),

to<s<t 1-K \gy<o<t

which implies

E(p a(s) ~2(9)) < (T_LKVE( sup |J(s)P?).

to<s<t

On the other hand, one can easily show that

t
E( sup |J(s)|2) <2K(T —to+ 4)/ E||z, - Z,||%ds
to<s<t to
t
<2K(T —to+4) E( sup |z(r) — :E(r)|2)ds.

tg to S r S 8
Therefore

E( sup |z(s) —:i:(s)lz) < ?E((%:-ZL);_—‘Q E(

sup |z(r) — i(r)|2)ds.
to<s<t <

to to<r<s

The Gronwall inequality then yields that
E( sup |z(t) — z(t)|2) =0.
to<t<T

This implies that z(t) = Z(t) for tg <t < T, hence for all t — 7 < t < T, almost
surely. The uniqueness has been proved.
Existence. We divide the whole proof of the existence into two steps:

Step 1. We impose an additional condition: T — ¢t is sufficiently small so
that

2K(T -t T-
KTt Tt

Define 27, = ¢ and z°(t) = £(0) for o <t < T. Foreachn = 1,2,---, set 2 = ¢
and define, by the Picard iterations,
z™(t) - D(a;™") = £(0) - D(§)

t ¢
+ f(a:;'_l, s)ds + / g(z;'_l, s)dB(s) (2.10)
to t

0

d: =K+

(2.9)
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for t € [tg,T). It is not difficult to show that z"(-) € M?([ty — 7,T}; R?) (the
details are left to the reader). Note that for tp <t < T,

z'(t) - 2°(t) = z'(t) - £(0) = D(x) — D(¢)
+ tf(:cg,s)ds + /t g(z%, 5)dB(s).

to ty

In the similar way as in the proof of the uniqueness one derives that

E( sup |z'(t) - 2°(0)P)

to<t<T

<xE( sup_|laf - ¢|*

)+2K(T— to +4)
ta<t<T

T
2t [+ et

to

< 2KEH£H2 + ZI_‘,(_T;tKLfi)

— (1 + EJEIPNT - t) := C. (2.11)

Note also that forn > 1and tg <t < T,
g™+ (t) - z*(t) = D(z}) — D(z}™")

t 12
+ | [f(z3,9) = f(z37" s)lds + [ lg(z%,8) — glz37", 5)|dB(s).

ty to

In the same way as in the proof of the uniqueness one derives that

B( sup [z (t) " (F) < nB( sup_|e"(®) ~ =" (0)F)

to<t<T St

2K(T — to + 4) /T “1y a2

el Sl S A E "(s) — ™ dt
+ 1-k to (lnsﬂuspst lx (S) ? (S)l )
< 6E( sup |z™(t) — I"_l(t)|2)

to<t<T
<o"E( sup_[z!(t) - 2°(0)F)
to<t<T

< osm, (2.12)

where (2.11) has been used. Using the additional condition (2.9), one can show
from (2.12) that there is a solution to equation (2.1) in the same way as in the
proof of Theorem 2.3.1.

Step 2. We need to remove the additional condition (2.9). Let o > 0 be
sufficiently small for _
2Ko(o + 4)
<

1-&

1.

By step 1, there is a solution to equation (2.1) on [to — 7,t9 + o]. Now consider
equation (2.1) on [to + o, o + 20] with initial data z,+,. By step 1 again, there
is a solution to equation (2.1) on [to + 0, to + 20]. Repeating this procedure we
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see that there is a solution to equation (2.1) on the entire interval [ty — 7,T).
The proof is complete.

As in the theory of stochastic functional differential equations, we can re-
place the uniform Lipschitz condition (2.4) with the local Lipschitz condition.

Theorem 2.5 Let (2.5) and (2.6) hold, but replace condition (2.4) with the fol-
lowing local Lipschitz condition: For every integer n > 1, there exists a positive
constant K,, such that, for all t € [to,T] and those p,¢ € C(|-,0}; R?) with
llell vV Ii¢ll < n,

1f(p.t) — F(&. )17V lgle.t) — 9(8, )7 < Kanllo - 81 (2.13)

Then there erists a unique solution z(t) to the initial-value problem (2.1) and
(2.3), and the solution belongs to M?([to — 7,T); R%).

This theorem can be proved by a truncation procedure but the details are
left to the reader.

In what follows we often discuss the neutral stochastic functional differential
equation on [tg, 00), namely

d[z(t) — D(z,)] = f(=z,, t)dt + g(z¢,t)dB(t) on t € [tg, 00) (2.14)

with initial data (2.3), where f and g are of course now the mappings from
C([-T,0]; R?) x [tg,00) to R? and R¥*™, respectively. If the assumptions of
the existence-and-uniqueness theorem hold on every finite subinterval [to, T] of
[to, 00), then equation (2.14) has a unique solution z(t) on the entire interval
[to — 7, 00). Such a solution is called a global solution.

6.3 NEUTRAL STOCHASTIC DIFFERENTIAL DELAY
EQUATIONS

An important class of neutral stochastic functional differential equations
is the neutral stochastic differential delay equations. Let us begin with the
discussion of the following neutral delay equation

dlz(t) — D(z(t — 7))] = F(z(t), z(t — ), t)dt + G(z(t), 2(t — 7),t)dB(t) (3.1)

on t € [to,T] with initial data (2.3), where F : R? x R? x [to,T] — R?, G :
R? x R x [to, T] — R**™ and D : RY — RY. If we define

f((p’t) = F(SP(O)AP(—T)J), ~g(‘P, t) = G(‘P(O)v‘p(_-’-)at)
and  D(p) = D(p(~1))

for ¢ € C({-7,0]; R) and t € [to,T), then equation (3.1) can be written as
equation (2.1). Therefore, we can apply the existence-and-uniqueness theorems
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established in the previous section to the delay equation (3.1). For example,
let F and G satisfy the local Lipschitz condition (5.3.2) and the linear growth
condition (5.3.3); moreover, let D be Lipschitz continuous with the Lipschitz
coefficient less than 1, that is there is a s € (0,1) such that

|D(z) — D(v)| < &lz - y| for all z,y € RY, (3.2)

then there is a unique solution to the neutral delay equation (3.1). However, in
the same spirit as explained in Section 5.3, we can do considerably better.

Theorem 3.1 Assume that there is a K > 0 such that for all z,y € R* x R*
andt € [to,T],

|F(z, 3,0\ 1G(z,3,8)1* \/ ID(@)* < KA + |2 + [y[?). (3.3)

Assume also that both F(z,y,t) and G(z,y,t) are locally Lipschitz continuous
in T only, that is, for every integer n > 1, there exists a positive constant K,
such that for all t € [to,T], y € R? and z,7 € R? with |z|V |Z| < n,

IF(:E’ Y, t) - F(J—")ya t)|2 V IG(I,y,t) - G(j1 yat)‘2 < KnliE - jiz' (34)

Then there exists a unique solution to the delay equation (3.1).

Proof. On [to, tp + 7], equation (3.1) becomes
z(t) = £(0) + D(&(t — to — 7)) — D(&(~7))
+ [ F(z(s),6(s —to—7),8)ds + [ G(x(s),&(s — to — 7), 5)dB(s).

to to

But this is a stochastic integral equation (not neutral and without delay), and
conditions (3.3)-(3.4) guarantee the existence and uniqueness of the solution on
[to, to+ 7] (the reader can verify this in the same way as in the proof of Theorem
2.3.1). Proceeding this argument on [to + 7,t9 + 27), [tp + 27,85 + 37] etc., we
obtain the unique solution on the entire interval [ty — 7, T).

Let us proceed to discuss the equations in which the delay is time depen-
dent. Let 6 : [to,T] — [0,7] be a Borel measurable function. Consider the
neutral stochastic differential delay equation

dlz(t) - D(z(t — &(t)))]
= F(z(t),z(t - 6(t)), t)dt + G(x(t), z(t — &(t)), t)dB(t) (3.5)

on t € [to,T) with initial data (2.3). This is again a special case of equation
(2.1) if define

fe,1) = F(e(0),0(=0(t)),8),  9(p,t) = G((0), 9(-6(t)), )
and  D(p) = D(p(-5(t)))



Sec.6.4] Moment and Pathwise Estimates 211

for ¢ € C([-7,0]; R%) and t € [to,T). Hence, conditions (5.3.2), (5.3.3) and
(3.2) will guarantee the existence and uniqueness of the solution to this delay
equation. On the other hand, if the delay is really “true” in the sense that
SUPy <4<T 4(t) > 0, then in the same way as in the proof of theorem 3.1 we can
show that conditions (3.3) and (3.4) will guarantee the existence and uniqueness
of the solution to equation (3.5). We summarize these results as a theorem.

Theorem 3.2 If conditions (5.3.2), (5.3.3) and (3.2) are fulfilled, then there
is a unique solution to equation (3.5). On the other hand, if the time lag 8(t)
is positive everywhere, that is sup, <,<78(t) > 0, then conditions (3.3) and
(3.4) are sufficient to guarantee the eristence and uniqueness of the solution to
equation (3.5).

There is no difficulty to extend this result to a more general neutral stochas-

tic differential equation with several time-varying delays but the details are left
to the reader.

6.4 MOMENT AND PATHWISE ESTIMATES

In this section we shall establish the exponential estimates for the solution
of equation (2.14), namely

d[z(t) — D(z.)] = f(x¢,t)dt + g(z¢,t)dB(t)  ont € [tg,00) (4.1)
with initial data (2.3). Let z(¢) be the unique global solution of the equation. To

give the exponential estimates, we need to impose the linear growth condition:
There is a constant K > 1 such that for all (p,t) € C([-T,0]; R%) x [to, T},

£ (0. )2\ lg(e, ) < K(1 + |leol[?). (4.2)
In addition, we assume that there is a constant k € (0, 1) such that

|D(p)] < &l (4.3)

for all ¢ € C([-7,0]; R%). Note that (4.3) follows from (2.6) if in addition
D(0) = 0. It is much more technical to establish LP-estimates for the solution of
the neutral stochastic functional differential equation than for the solution of a
stochastic functional differential equation. We need to prepare several lemmas.

Lemma 4.1 Letp>1, e >0anda,b€ R. Then

-1 P
la + bF < [1-{-6;—1_‘]? (|a|”+ L >

€
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Proof. By the Hoélder’s inequality, we have that

< [reert ] 1o+ 1)

1 b
la+ 6" =la+er—

€
as required.
Lemma 4.2 Letp>2 and e,a,b > 0. Then

(p — Dea? b
P per-1

a? b <

and
252 < (p — 2)ed? 267
- P pE(P-Z)/2 ’

a?”

Proof. Using the elementary inequality a™b'~" < ra+ (1—7)b for any r € [0, 1],
we derive that

1

? — P
b”l)"s(p Dea® b”l,
ep— P pep-

a’ b= (Ea”)‘%"(

which is the first inequality required. Using this inquality, we derive that

(p - 2)ea? 2bP
p | per22

ap—2b2 — (a2)§——1b2 <

which is the second inequality required.
Lemma 4.3 Letp > 1 and let (4.3) hold. Then

lp(0) — D(p)” < (1 + k)?lloll?
for all p € C([-7,0]; R™).

Proof. The required inequality follows from (4.3) directly when p = 1 so we
only need to show the lemma for p > 1. Let € > 0 be arbitrary. By Lemma 4.1
and condition (4.3), one derives that

0(0) - Di)P < [1+ 1] (| OF + 'D(“D)' )

p—1 P
<[r+e] ™ (14 %)lhpll”-

The required inequality now follows by letting € = kP~ 1.

Lemma 4.4 Letp > 1 and (4.3) hold. Then

K
sup |z(s)]P < ——|¢lIP + =——3 sup |z(s) — D(zs)|"
0 (2P < TP + o s Ja(s) — Dle)
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Proof. For any € > 0, by Lemma 4.1, we have that
|z(s)? = | D(zs) + z(s) — D(z,)[?
-1 (|D(x,)|P
et ] ™ (P g - e

13

[1+es]” (fl'fﬂ +1a(s) - D(xs)lp)-

IA

IA

Letting € = [+%:]° ! yields that

12(8)IP < KllzllP + ——|z(s) — D(z,)PP

(1-k)r1
Therefore
1
sup |z(s)|P < & sup ||zs)|P + ———== sup |z(s) — D(z,)[?
to<s<t to<a<t (1K) <ot
1
< sliEllP + & sup |lz(s)IP + m——— sup |z(s) — D(z,)?,
to<s<t (1 - )P~ et

and the required assertion follows immediately.

We can now begin to establish the main results in this section.

Theorem 4.5 Let p > 2 and E||¢|[P < oo. Let (4.2) and (4.3) hold. Then

E( sup_|s(s)I") < (1+CEliglP)ec), (4.4)
to—-rSsSt
where 21 v 2
=20+ R _
C=Ti [\/2_1?(1 +K)+ K(33p 1)]
and »
oo 1 2l+k)

1-5 (1—-r)p’

Proof. By Itd’s formula, we can show that
[z(t) — D(z)|P < |£(0) — D)
t
+ [ [pieto) - D@ PGz, )
to

n P(PZ— ) |z(8) — D(z4)[P~2|g(xs, 3)12] ds

+p / le(s) — D(@s)P2(z(s) - D(z))Tg(zs, 8)dB(s).  (4.5)
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Applying Lemmas 4.2 and 4.3 along with condition (4.2), we easily see that for
any € > 0,

- P ] ,
[2(5) ~ (&) P11 (@2, 5)] < ‘—”—”Ep(iﬂuxsnp + 2 )
< [a=De s COR G o).

p per~!
Letting ¢ = V2K/(1 + &) yields that
|2(s) — ()P~ [f (s, 8)| < V2K(1 + £)PH (1 + || IP).
Similarly, we can show that
|z(s) — D(xs) P~ |g(zs, 8)1 < 2K(1 + 8)P72(1 + ||z4]/P).
Also, by Lemma 4.3,

£(0) — D(EIP < (1 + w)PI[€]I7-

We therefore obtain from (4.5) that

E( sup_lz(s) - D(z)I?)

tp<s<t

t
< (1+RPE|EP + Cy / (1+ E|jz.|I?)ds
to

+ pE( sup | /: z(r) — D(z,)]P~*(z(r) — D(:z:,))Tg(:c,.,r)dB(r)l), (4.6)

to<s<t

where C; = pv2K (1 + k)P~! + p(p — 1) K(1 + £)?~2. On the other hand, by the
Burkholder-Davis—-Gundy inequality (i.e. Theorem 1.7.3) and the assumptions,
we derive that

pE( sup | [ let0) - D )P-2(er) - D(an) otz r)an(r)]

to<s<t

t 3
< 4pﬁ5( la(s) - Diz2)*lg(zs, s)|2ds)

to

t 3
la(s) - D(z,)P2lg(zs, s>12ds}

to

< 4p\/§E{( sup |z(s) - D(zs)lp)

to<s<t

t
< 3E( sup |z(s) = D@)P) + 165°E [ |a(s) - Do) 2lg(ze, )|°ds
ta<s<t to
1 t
< §E( sup |z(s) — D(zs)l”) +32Kp*(1 + n)"_2/ (1 + E}|z,]|P)ds. (4.7)

to<s<t to
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Substituting this into (4.6) yields that

t
E( sup [z(s) - D(x,w') < 21+ K)PE|E|P + Cs / (1+ E||z,)IP)ds, (4.8)

t() 8 ¢
where Cy = 2C; + 64Kp?(1 + k)?~2. Applying Lemma 4.4 we then see that

o [ Bl

where C3 = /(1 — &) + 2(1 + x)?/(1 — &)?. Consequently

1+E( sup_la(o)P) <1+l + E( sup_le(s)P)

to—7<s<t ty<s<

E( sup Ia:(s)l") < G3E|[g)i” +

to<s<t

<1+ Bl + s [ 1+ B( s fotr)|as

(1 th—1<r<s
Finally, by the Gronwall inequality, we obtain that
1+E( sup [z(s)PP) < [1+(1+Co)EIlEII?] exp[

to—‘l’ssst

Co(t — to)]
(1-~r)P

and the required assertion (4.4) follows since C = C2/(1 — k)P and C = 1+ Cs.
The proof is complete.

In the above proof, we have made several enlargements when use the linear
growth condition (4.2) to estimate some terms. To obtain a more precise result,
we can pool these terms together and estimate them as a whole.

Theorem 4.6 Let p > 2 and E||¢||” < co. Let (4.3) hold. Assume that there
s a constant A > 0 such that

2pl(0) — D)1~ f(0, )] + p(33p — V}9(0) — D(w)P~*|g(p, 1)
<A1+ lell?) (4.9)

for all (p,t) € C(|—7,0}; RY) x [to,0). Then

E( suwp |x(s)1v)3(1+CEu§nP)exp[’\(t ‘0)} (4.10)

to—r<8<t 1- k)P
where C is the same as defined in Theorem 4.5.

Proof. It is not difficult to derive from (4.5), (4.7) and condition (4.9) that

E( sup_lz(s) - D(@,)I") < 2(1 + ) ElE]l?

t()sssl

+E [ [opla(e) = Dz P~ @avs)

to

+p(33p — Diz(s) ~ D(e,)P2lg(zs, )] ds

t
<201 + m)PEIIENP + A / (1 + Ellz,|[P)ds, (4.11)
to
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which is similar to (4.8). From here, it is the same as in the proof of Theorem
4.5 to show that

1+ E(t _sTu<ps<t |ac(s)|p) < {1+ CEJ€||P] exp [%f—t—_%;p)],

and the desired assertion (4.10) follows.

From the conclusion of Theorem 4.6 we can obtain the pathwise asymptotic
estimate for the solution.

Theorem 4.7 Let (4.3) hold. Assume that there is a constant A > 0 such that

4lp(0) — D(p)|1f(w, )] + 130lg(, 1)|* < A(1 + ||lI*) (4.12)
for all (p,t) € C([-,0]; R?) x [tg,00). Then

A

1
i =1 <2 _
lim sup 2 og |z(s)| < 50— )2

The proof is the same as that of Theorem 5.4.2 by using the result of
Theorem 4.6 with p = 2.

We now apply this theorem to obtain the pathwise asymptotic estimate for
the solution under conditions (4.2) and (4.3).

Corollary 4.8 Let (4.2) and (4.8) hold. Then

(1_—1'55 [2vE(+m)+65K] a5 (413)

1
lim sup - log |z(s)] <
t—oo t

Proof. By conditions (4.2) and (4.3) we estimate that

4]p(0) — D(p)|If (@, t)| + 130|g(p, )|
< 4(1 + w)llellVKQ + [l@l1?) + 130K (1 + ||l|?)
< [4\/1?(1 oK)+ 130K](1 +|lell?).

Hence the conclusion follows from Theorem 4.7.
To close this section, let us point out that if we apply Theorem 4.5 we can
only obtain that

1 1
i - < 2 .8.
h:riigp ; log|z(s)] < A=n)? [2\/ K(1+kK)+ 130K] a.s

which is worse than (4.13), and this shows the advantage of Theorem 4.6.
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6.5 LP-CONTINUITY

Let us proceed to discuss the LP-continuity of the solution z(t) of equation
(4.1). Bearing in mind that almost all sample paths of the solution are contin-
uous, we can easily conclude from Theorem 4.5 that the solution is continuous
in LP? by applying the dominated convergence theorem (i.e. Theorem 1.2.2). On
the other hand, with a little more effort, we can more precisely estimate the
LP-difference between z(t + &) and z(t). Let E||€||” < oo. Since all the sam-
ple paths of £(-) are continuous on [—7,0], the dominated convergence theorem
implies that £(-) is LP-continuous, hence uniformly LP-continuous on [—7,0].
Therefore, for any 0 < § < 7, there is a 85 > 0 such that

E'|§(91) - :1:(02)]” < ,65 if 01, 0 € [—T, 0] and 191 - 92] < é. (51)
Moreover, we introduce a new notation L_‘;_-([—'r, 0}; R%) which denotes the family

of all C([—,0]; R?%)-valued F-measurable random variables ¢ such that E||¢||P <
0o.

Theorem 5.1 Let p > 2 and E|€||P < oco. Let (4.2) hold. Assume that
D(0) = 0 and, moreover, there is a constant € (0,1) such that

E|D(¢) - D(¥)I < s sup E|¢(8) — $(6) (5.2)
—-r<6<0

for all ¢, € L ({—7,0]; R%). Then for anyT >ty and 0 <8 < 1,

Bla(t +8) = 2P < T2 (142776 + (1H _2—65)5
K2r~! Hs6%
ARG Vm ("H“ﬁ" + W) (5.3)

whenever tg < t < T, where 35 has been defined above, Hy-H, are constants
dependent of K, k,p,7,T,€ only and will be defined in the proof below.

Proof. First, let us show that condition (4.3) is fulfilled. Since C([—,0]; RY)
€ L% ([-,0); R%), we see from the fact D(0) = 0 and condition (5.2) that for
any ¢ € C([-7,0]; RY),

|D(p)IP = E|D(¢)|P = E|D(p) — D(O)IF < K”Ellp|l” = k*|loll?,
and (4.3) follows. Therefore, by Theorem 4.5, we have that

E(  swp  [a(s)) < Hi:= (1 +CElElP)eCT+ ), (5.4)

to—7<s<T+7
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where C and C are defined in Theorem 4.5. In the same way as in the proof of
Theorem 5.4.3, we derive that for tg <t < T,

Elz(t +8) ~ D(ze4s) — z(t) + D(zo)|
t+6 1 v pz [UFO
<@ [ 1fas)Pds+ 3plo - T E [ lg(aa,o)Pas
< [(25)"—1 + %[Qp(p - 1)]%5L'r’]2"—3—’1{¥(1 + Hy)é < Hy68, (5.5)

where 1
H,=2"T K51+ Hl)[2p_l7'; + 5[217(? - 1)]%’]-

On the other hand, by Lemma 4.1 and condition (5.2), we can derive that for
any € > 0,

Elz(t + 6) — z(8)?
= E\D(zt4s) — D(z¢) + z(t + 8) — D(x445) — 2(t) + D(z)IP

< [t+e%]" (ZEID@ws) - Do
+ EJa(t +6) - D(eys) - alt) + D(x,np)

p—1 4
5[1+ew+1] (f- sup E|z(t+5+6) — z(t + )
€ —r<6<0

+ El.’l,‘(t + 6) - D(.’l‘t+¢§) - .’E(t) + D(:ct)|p) .

Letting € = [L]p—l and using (5.5) we see that

1—-x
Hy%
Elz(t+68) —z(t))P <k sup Eljz(t+6+0)—z(t+0)P + ———r
—7<6<0 (1 - w1

holds for all tg < t < T. Consequently,
sup Elz(t + 68) — z(t)|?

to<t<T
H,6%
< Elz(t+ 6) — z(t)|? + ———
Sk_sw lz(t + 8) — z(t)] = T
<k sup Ejz(t+68) - z(t)|P
to<t<T
H,6%
+ Elz(t +68) — z(#)|P + ————.
Klto-—f'lgl)fto lz( ) z( )| (1 - K‘)p—l
This implies that
sup E|z(t +68) — z(t)|P
to<t<T
K H,6%

(5.6)

sup Elz(t+6) — z(t)|P +

<
“1-k to—1<t<ty (1 - n)p
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But, by (5.1), we derive that
sup Elz(t +6) — z(t)|F

to—1r<t<to
<Bs+ sup Elz(t+ ) —z(t)?
to—8<t<to
<Bs+27" sup |Bla(ta) - 3(t)]P + Blz(t +6) - z(to)]"]
to—8<t<ty
<(@+27"YBs+2°7 sup  Elz(t) - €(0)P.
to<t<ty+$

Substituting this into (5.6) yields that
5
sup_Ela(t+8) - ()P < To—(1+2""")Bs + _Ha0%
to<t<T (1-k)?

L sup Elat) - £O)P. (5.7)

1-x to<t<to+4

The assertion of the theorem follows now from the following lemma.

Lemma 5.2 Under the same assumptions of Theorem 5.1,

1 Hj6%

where Hy and H, are constants dependent of K, k,p, T,§ only and will be defined
in the proof below.

Proof. In the same way as in the above proof, we can show that for tp <t <
to + 6,
Elz(t) — D(z:) — £(0) + D(&)IP < Hs6%

and
Elz(t) - £(0)}F < x sup Elz(t+6)—z(9)
—7<6<0

+ i Bla(t) — Diad) - €0) + DO,

where
Hy =2 K& [14+ (1 + CE|j¢|)e" | [27-17% + %[210(1» - DJE],

C and C are defined in Theorem 4.5. Thus

Hj6%

T (59

Elz(t) - £(0)IP < x sup Elz(t+0)—EO) + ———=
—7<6<0
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On the other hand, by (5.1), we can derive that

sup Elz(t +6) — ()|

[Ch.6

(5.10)

—7<8<0
< s Eif(t-to+0)—£@OP+ sup  El(t+0) - @)
-7<0<~(t—to) —(t—ty)<6<0
<Bs+ sup  Elz(t+6) - £(0) +£(0) - £(9)IP
~(t—ty)<6<0

But, using Lemma 4.1, we can show that

sup  Elz(t +6) - £(0) + £(0) - &(O)IP

_(l"tl))soso
1 1
< su —FE|z(t + 6) — £(0)|P + EI£(0) —
—(t—tu)psfiso(\/'? =t ) - [l—nl/i’(p—!)]”“ 1£(0) - ¢

1 Bs
<— su E\|z(s) — £(0)|P + .
ntoSsSIl)mHs [=() =¢(0)] [1 —n1/2(1’-1)]"_1

Substituting this into (5.10) gives

sup Elz(t+6) —£(0)°
—r<0<0

<Hfs+— sup  Ela(s) - EO),

K ty<s<to+s
where Hy =1+ [1 - n‘/2(”'1)]_(p—l). Putting this into (5.9) yields
Elz(t) - €0)P < V& sup Elx(s) - £(0))P
, ty<s<to+o

Hj6%

H s
+K 4ﬂ6 + (1 — K)p_l )

Since this holds for all t; <t < tg + 4, we must have
sup Elz(t) —£(0)?P < vk sup Elz(s) — £(0))P
ta<t<to+é to<s<to+é
Hj6%

+xH 05 + (—lz—n)p—_l,

and the required assertion (5.3) follows. The proof is now complete.

or)

To close this section let us point out that although condition (5.2) is stronger
than the Lipschitz condition (2.6), it is satisfied in many important cases. For
example, if D(y) = D(p(~7)) for ¢ € C(|-7,0]; R%) as in Section 3 and condi-

tion (3.2) is satisfied, then

E|D(¢) ~ D)IP < kPEl$(~7) = d(-T)I < &7 sup E|$(60) - v(0))¥



Sec.6.6] Exponential Stability 221

for ¢, € L%([~7,0); RY). Also, if D is defined by

1 0
D(p) =~ [ W(p(6))db,

-T

where ¥ : R? — R? satisfying |¥(z) — ¥(y)| < k|z — y| with 5 € (0,1). Then

0 P
EID(@) - DWIP < 5| [ [0(6(6)) - w(w0))]at|
0

1 0 K?P
<18 [ 1weo) - vworwra < [ Eo) - voyrd

-T

< kP sup E|$(6) - (0).

—7<8<0

6.6 EXPONENTIAL STABILITY

In this section we shall study the stability problem for the neutral stochastic
functional differential equation

dz(t) — D(zy)] = f(zo, t)dt + g(ze, )dB(t)  ont >t (6.1)

For this purpose, we assume that f, g and D are smooth enough (e.g. continuous)
so that the equation has a unique global solution for any given initial data
T, =€ € Li—t0 ([-7,0); R%), and the solution is denoted by z(t;£). We have
already shown that almost all the sample paths of the solution are continuous
and, moreover, the 2nd moment of the solution is continuous. We furthermore
assume that f(0,t) = 0, ¢(0,t) = 0 and D(0) = 0. Therefore, the equation
admits a trivial solution z(¢;0) = 0 corresponding to the initial data z;, = 0.
Due to the page limit we shall only discuss the mean square and almost sure
exponential stability of the trivial solution. The main technique used in this
section is the Razumikhin argument (cf. Section 5.6). Let us first establish a
result on the exponential stability in mean square.

Theorem 6.1 Assume that there is a constant k € (0,1) such that

EID@)* <« sup EI$O)*  ¢eLi(-r0iRY).  (62)

Let ¢ > (1 — k)2, Assume furthermore that there is a A > 0 such that
E[2(¢(0) — D(¢))" f(9,1) + 19(,t)|*] < -AE|$(0) - D(®)?  (6.3)
for all t >ty and those ¢ € Lg_—[([—T, 0}; RY) satisfying

E|¢(6)]” < qE|$(0) - D(¢)]?, -1 <6<0.
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Then for all £ € L}m([—r, 0); RY),

Elz(t;€)|* < q(1 + k)?e” 7% sup ElEB)® ont >ty (6.4)
—7<8<0

where
5 = min {,\, -:—_log[m} } > 0. (6.5)

In other words, the trivial solution of equation (6.1) is exponentially stable in
mean square.

In order to prove this theorem, let us present two useful lemmas.

Lemma 6.2 Let (6.2) hold for some k € (0,1). Then

E|$(0) — D(¢)I> < (1+k)® sup E|¢(6)]?
—7<6<0

for all ¢ € L2([~7,0]; RY).
Proof. Compute that

E|¢(0) — D($)|* < E|$(0)}* + 2E(|(0)||D(9)]) + E|D(4)|?
< (1+ K)E|$(0)) + (1 + x~)E|D(¢)|?
<1+ k+5(1+ k)] sug E|¢(6))?

—r<8<0

=(1+«)® sup E|¢(6))
—-r<6<0

as required.

Lemma 6.3 Let (6.2) hold for some k € (0,1). Let p > tp and 0 < v <
771 log(1/x2). Let z(t) be a solution of equation (6.1). If

"t Elx(t) — D(z,)2 < (1 +k)* sup Elz(to + 9)|? (6.6)
—7<8<0
for all ty <t < p, then

_ 1+ k)2
e =) Elz(t)|* < (—1(_—'65—15)—2 _sup Elz(to + 0)[?

forallty—r <t <p.
Proof. Let k2" < e < 1. For tg < t < p, note that

Ela(t) — D(z:)* 2 Elz(t)|* ~ 2E(jz(t)||D(z0)]) + E|D(z0)|?
> (1= e)Elz(t)]* ~ (7" ~ )E|D(zy)*.
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Hence
2 1 g, K 2
Elz(t)? < —Elz(t) - De) + = sup Ela(t + ).
1-¢ € —7<6<0

By condition (6.6), we then derive that for all tg < ¢t < p,

1
M Elz()f? < sup (e~ Elz(t) - D(z,)?]
1-¢ to<t<
f€2
+ — sup [e"(““’) sup E|z(t+ 0)|2]
€ tw<t<p —7<8<0

1 2
(L+r) sup E|z(to + 0)|?
1-€¢ _;<o<0

K2e7

<

+ sup [e"““")E|z(t)|2] )

€  to-7r<t<p

However, this holds for all tg — 7 < ¢t < ¢y as well. Therefore

sup [e"t_t“)Elx(t)P]

to—T<t<p
1 2 2,77

< (L + ) sup E|z(to + 0)} + Fe sup e"(‘"'")Elx(t)|2].
l1-€¢ _r<o<o0 € to—r<t<p

Since 1 > x%e"" /¢, we obtain that

1 2
el ++) sup E|z(to + 6)|°.

sup e"(‘_t")Ell(t)lz] < (1—-€e)e — K2e7) _,<o<0
<8<

to—7<t<p

Finally, the required assertion follows by taking ¢ = xe?7/2,

We can now begin to prove theorem 6.1.

Proof of Theorem 6.1. First, note that ¢/(1+x,/g)2 > 1since ¢ > (1—«)~2, and
hence ¥ > 0. Now fix any £ € L2f¢0([_7v 0]; R%) and simply write z(t;¢) = z(t).
Without any loss of generality we may assume that sup_, <g<o E[€(8)|* > 0. Let
v € (0,7) arbitrarily. It is easy to show that

YT

(—l—m . (6-7)

] 1 1
0<y< mm{A, ;log(z)} and ¢ >
We now claim that

U El(t) - D) < (1+4) sup EE@O forallt >t (68)
—7<6<0
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If s0, an application of Lemma 6.3 to (6.8) yields that

) 1+ k)?
VB < e s B0

<gq(t+x)® sup E[¢O)
—7<8<0

for all ¢ > g, where (6.7) has been used, and then the desired result (6.4) follows
by letting v — ¥. The remainder of the proof is to show (6.8) by contradiction.
Suppose (6.8) is not true. Then in view of Lemma 6.2, there is a p > 0 such that

e"(t_t“)El.’E(t) _ D(:Ct)|2 < e'v(p—tu)E|_1;(p) — D(xp)lz
=(1+x)? sup E[£(0)] (6.9)
—-7<6<0

for all ty <t < p and, moreover, there is a sequence of {tx}x>1 such that tx | p
and

eVt E|z(ty) — D(zy, )|* > 7P~ E|z(p) — D(z,)|2. (6.10)
Applying Lemma 6.3, we derive from (6.9) that
- 1+ k)2
y(t t())E t 2 < ( 2
€ lz(t)|* < T rer 32 _f;lgSOEK(G)I
eY(p—to)

= (T_WEIT«(P) ~ D(z,)?

for all —7 <t < p. Particularly,

Elo(p+ ) < = ereraya Ble(p) ~ DGz,
< qE|z(p) — D(z,)? (6.11)

for all —7 < @ <0, where (6.7) has been used once again. By assumption (6.3),
we then have

E(2(a(p) = D@, £(2p,p) + l9(z0, ) < ~AEla(p) ~ D(z,)I*

Recalling v < A, we see by the continuity of the solution and the functionals
D, f and g (this is the standing hypothesis in this section) that for all sufficiently
small h > 0,

E(2(z(t) - D(@)" f(ze,t) + lg(@e, OF) < ~7Ela(t) - D(.)*

if p<t<p+h Now by the Itd formula, for all sufficiently small b > 0, we
have that

S Ela(p -+ ) ~ D@pun)l? - €7~ Ela(p) - Dia,)

p+h
= / e?(t=to) [’yE|z(t) - D(zy)|?
p

+B(2(a) — D) T(a0, ) + latt 0P | a
Oa

INA
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but this contradicts with (6.10), so {6.8) must hold. The proof is now complete.

We now turn to discuss the almost sure exponential stability. We need
to prepare another lemma which is very useful in the study of the almost sure
exponential stability of neutral stochastic functional differential equations.

Lemma 6.4 Assume that there exists a constant x € (0,1) such that

ID(p)l <k sup |p(6)l, e C(-7,0;R%). (6.12)
—1<6<0

Let z : [to — T,00) — R? be a continuous function and define z, = {z(t + 0) :
—7<0<0} fort>ty. Let 0 <y < 7 tlog(1/xk?) and H > 0. If

|2(t) — D(2)|? < He 7t~ Jor allt > tg,

then
. 1 Y
limsup ~ log|z(t)] < —=.
t t 2

—00

Proof. Choose any € € (k%¢"",1). In the same way as in the proof of Lemma
6.3, we can show that for any T > £,

H K2eT
+ sup e"("“’)lz(t)]"’] .
— € € to-7<t<T

sup_[e7¢7)|2(t)?] <
to<t<T 1

It then follows

277 H 2077
(1 _Ee ) sup [e"(‘"‘°)|z(t)|2] < +Z sup  |z(t)]2.
€/ to<t<T l-¢ € fo—r<t<ty

This implies immediately that
. 1 v
limsup = log |2(t)| < — =
t—o0 t 2

as required.

Theorem 6.5 Let (6.2) hold for some k € (0,1). Assume that there ezists a
positive constant K > 0 such that

B(If(¢.0F +19(,0F) <K sup Elp(O)f (6.13)

for allt >ty and ¢ € L%(|-T, 0); R%). Assume also that the trivial solution of
equation (6.1) is exponentially stable in mean square, that is there exists a pair
of positive constants v and M such that

Elz(t;6)]? < Me %) sup E|E(G)? ont>tg (6.14)
-7<6<0
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forall€ e L}'“ (|-7,0]; R%). Then

a.s. (6.15)

N | -2)

1
limsup-t- log |z(t;€)| < -
t— oo

where ¥ = min{y, 7' log(1/k?)}, that is, the trivial solution of equation (6.1) is
also almost surely exponentially stable. In particular, if (6.2), (6.3) and (6.12)
hold, then the trivial solution of equation (6.1) is almost surely exponentially
stable.

Proof.  Fix any initial data £ and write the solution z(t;€) = z(t) simply.
By the well-known Doob martingale inequality, the Holder inequality and the
assumptions, we can derive that for any integer k > 1,

E( sup |a(to+kr +6) ~ D(zt,+kr+a)l?)
0<H<T
S 3E|$(t0 + kT) - D(zl()-HCT)lz
to+(k+1)7
+3K(r + 4) /
to+kt

< 6E|z(to + kT)|2 + 6k sup Elx(to + k7 + 6)°
~7<6<0

( sup FE|z(s+ 0)|2)ds

—7<6<0

lu+(k+l)T B
+3KM(T+4)( sup E|§(0)|2)/ e (s=T—to)gg
¢

-7<0<0 ot+kr

< 3M[2(1 + K?) + K7(7 + 4)]e-“‘"—*>( sup E|£(0)|2)
—7<6<0

~ Ce T, (6.16)
where C = 3Me ™ [2(1 + ) + K7(7 + 4)| sup_, <9< EIE(0)[%. Let € € (0,7) be
arbitrary. It then follows from (6.16) that

P(w : sup |z(to + k7 + 0) — D(Tyyrkri0)2 > e'(;’_s)'") < Ce™ok7,
0<8<r

In view of the well-known Borel-Cantelli lemma, we see that for almost all w € €2,

sup |z(to + kT + 0) — D(Tpy1kr40)* < e~ (y—e)kr (6.17)
0<o<T

holds for all but finitely many k. Hence for all w €  excluding a P-null set,
there exists a ko(w) for which (6.17) holds whenever k > kq. In other words, for
almost all w € Q,

|z(t) = D(z,)|? < e~ (7—e)Nt-=t0) if t > to + ko

However, |z(t) — D(xz)|? is finite on [tg, to + ko7|. Therefore, for almost all
w € (Q, there exists a finite number H = H(w) such that

|z(t) — D(z,)|? < He~(7=e)t=to) for all t > t,.
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Since C[—7;0]; RY) C L%([~,0]; R), we see that condition (6.2) implies condi-
tion (6.12). An apphcatlon of Lemma 6.4 now yields
llmsup 1 log|z(t)] < .

t—oo

and the desired result (6.15) follows by letting € — 0. The proof is complete.

Let us now apply the above results to deal with special stochastic equations
of neutral type.

(i) Stochastically Perturbed Equations of Neutral Type

Consider the neutral stochastic equation of the form
d[z(t) — D(z)] = [fr(z(2),t) + fa(z¢, t)]dt + g(z,,t)dB(t) (6.18)

on t > to with initial data o = £ € L}‘O([—T, 0}; RY), where D, g are the same
as before, f : R4 x Ry — R* and f, : C([-7,0]; R%) x R, — R? are sufficiently
smooth and, moreover, f1(0,t) = f2(0,t) = 0. This equation can be regarded as
the stochastically perturbed system of the neutral ordinary functional differential
equation

%lx(t) - D(z,)] = fi(a(t),1).

Corollary 6.6 Let (6.2) hold. Assume that there are two positive constants A,
and Ay such that

B(2(6(0) — D(@)71f1(#(0),1) + f2(9, )] + lg(#, )I?)
<-MEWO) +X _sup El¢(0) (6.19)

for allt >ty and ¢ € L%([—7,0; RY). If

A2

> Ao (6.20)

0<n<% and A

then the trivial solution of equation (6.18) is exponentially stable in mean square.
If, in addition, there is a constant K > 0 such that

E(1/1(9(0),t) + f2(,0F +19(#)F) <K _sup El$(6)]* (6.21)
for allt >ty and ¢ € L%([—7,0}; R%), then the trivial solution of equation (6.18)
is also almost surely exponentially stable.

Proof. By condition (6.20), we can choose g such that

1 A
S>> —— and -

K2 (1- k)2 > 0= ryd)? K/9)2 (6.22)
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By deﬁning f(‘ps t) = fl(‘p(o)'lt) + f?(‘pv t) for t > to and p € C([_Ta Ol;Rd)a
equation (6.18) can be written as equation (6.1), so all that we need to do is
verify condition (6.3). To do so, let t > to and ¢ € L% ([—7,0]; R%), satisfying
E|¢(0)]* < qEI$(0) - D(9)]*, ~ -T<6<0. (6.23)
Note that for any € > 0,
E|$(0) — D(®)|* < (1+€)El$(0)* + (1 + e~ E|D(9)[*.

Hence, using (6.2) and (6.23),
— 2 __1__ _ 2 _1_ 2
BIOO) <~ Elé(0) - D) + < BID(8)

1 2, K
S 7L B0 - D@F + - sup El#(0)f

K2
< (5= - £ Bl - D@, (6:24)

It therefore follows from (6.19), (6.23) and (6.24) that

B(2(6(0) - D)) [1(£,6(0)) + f2(8,8)] + lo(t, 8)°)

<\~ Z)EI6(0) - D) + 2aBIB(0) ~ D)

- [Al( L5y /\zQ]EIqS(O) _ D(@)P. (6.25)

In particular, choose € = k,/q/(1 — x,/q) and hence

1 K%q 2
[’\1(1+e _T) —/\2‘1] =M(1~Ky/q)° — X2g >0,

where (6.22) has been used. In other words, condition (6.3) is satisfied and hence
the conclusions follow from Theorems 6.1 and 6.5. The proof is complete.

To state another result, let us introduce a new notation W([-T,0]; Ry)
which is the family of all Borel measurable bounded nonnegative functions
7(#) defined on —7 < ¢ < 0 such that ffr n(8)dd = 1. The functions in
W(|-7,0]; R;) are sometimes called weighting functions.

Corollary 6.7 Assume that there is a positive constant k and a function m; €
W([-7,0]; Ry) such that

D <n? [ " m@eORd  forallpe C—r,0RY.  (6.26)

-T
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Assume also that there exists a function 172(.) € W(|—7,0}; Ry.) end two positive
constants Ay and Xy such that

2(0(0) — D(9)) T [£1(t, 0(0)) + fa(t, )] + |g(t, @)
0

< MO + 22 [ m(8)lp(8)[2d0 (6.27)

-7

for allt > tg and p € C([-7,0}; RY). If (6.20)* is satisfied, then the trivial
solution of equation (6.18) is exponentially stable in mean square. If, in addition,
(6.21) is satisfied as well, then the trivial solution of equation (6.18) is also
almost surely exponentially stable.

Proof. The conclusions follow from Corollary 6.6 provided we can verify that
(6.26) and (6.27) imply (6.2) and (6.19), respectively. If (6.26) holds, then for
any ¢ € L%([-7,0}; RY),

0

EID@)]® < &2 / m(6)E|¢(8)|%db

-7

0
<w* sup EBOF [ m@ds - sup Elo(6)?,
—-7<6<0 -7 —7<8<0
that is (6.2) holds. Similarly,
(]
E [ m(®)¢(0))?d6 < sup EI|p(6))
—r —7<6<0

and hence (6.27) implies (6.19). The proof is complete.

(ii) Neutral Stochastic Dif ferential Delay Equations

Consider the neutral stochastic differential delay equations

dlz(t) — D(z(t — 7))]
= F(z(t),2(t — ), t)dt + G(x(t), z(t — 7), t)dB(t) (6.28)

ont > ty, where D : R* — R4, F: R4 x R*x Ry — R% and G : R? x
R% x R, — R¥*™_ As before, assume that D, F and G are smooth enough
so that equation (6.28) has a unique global solution for any given initial data
o =€ € Li—lo ([-7,0); RY). The solution is still denoted by z(t;¢). Moreover,
assume that D(0) = 0, F(0,0,t) = 0 and G(0,0,t) = 0. We first employ
Corollary 6.6 to establish one useful result.

* Mao (1995b) showed using other techniques that (6.20) can be replaced by the much weaker

conditions k€(0,1) and Ay >A,.
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Corollary 6.8 Assume that there is a positive constant k such that
|D(z)] < xljz| for all z € R?.
Assume also that there are two positive constants Ay, Ao such that
2(z — DY) F(z,y,t) +|G(x,y, )7 < =Aifzf* + Aolyl?

for all (z,y,t) € R x R? x [tg,00). If (6.20) holds, then the trivial solution of
equation (6.28) is ezponentially stable in mean square. In addition, if there is a
K > 0 such that

\F(z,y,t)|? + |G(z,y, t)}* < K(|z|2 + |y]?) (6.29)

for all (z,y,t) € R* x R® x [tg,00), then the trivial solution of equation (6.28)
is also almost surely exponentially stable.

This corollary follows from Corollary 6.6 directly since equation {6.28) can
be written as equation (6.18) by defining

D((p) = D(¢(_T))7 f](.’ll,t) = F(zQO’ t))
fa(p,t) = —F(9(0),0,t) + F(p(0), o(=7),t),  g(p,t) = G((0), o(—7),1)

for t > 0, z € R and ¢ € C([-7,0]; R?). Of course, we can apply Theorems
6.1 and 6.5 to obtain a more general result. For this purpose, let us recall
the notation L2(Q; R%) which denotes the family of all R%-valued F-measurable
random variables X such that E|X|? < oo.

Corollary 6.9 Let (6.2) hold with x € (0,1). Let ¢ > (1 — k)2, Assume that
there is a constant A > 0 such that

E[z(x — DY)TF(X,Y,t) + |G(X,Y,t)|2] < -AE|X - DY)?  (6.30)

for all t > ty and those X,Y € L%(2; R?) satisfying E|Y|? < qE|X — D(Y)|2.
Then the trivial solution of equation (6.28) is exponentially stable in mean
square. Furthermore, if (6.29) is satisfied, then the trivial solution of equation
(6.28) is also almost surely exponentially stable.

This corollary follows from Theorems 6.1 and 6.5 directly since equation
(6.28) can be written as equation (6.1) by defining

D(p) = D(p(-7)), f(p,t) = F(p(0),(—7),t)
and g(‘Pv t) = G(cp(O), ‘p(_T)?t)

for t > 0 and ¢ € C([-7,0]; R%).
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(iii) Linear Neutral Stochastic Functional Dif ferential Equations

As one more application, let us consider the linear neutral stochastic func-
tional differential equation

d[z(t) — D(z¢)] = [ Az(t) + Go(zy)]dt + Y _ Gi(z:)dBi(t) (6.31)
=1
on ¢ > to with initial data zo = £ € L%, ([~7,0]; R?). Here Ais a d x d constant

matrix and

0 0
D(g) = / HO)p6),  Gilp) = /_ dB0)(0)

—-T

for ¢ € C([-7,0]; R%), 0 < i < m, where

v(6) = (V¥(6))axa and Bi(8) = (BF'(6))axa
with all the elements v*/() and 3¥!(6) being functions of bounded variation on

—7 <6 <0. Let V,x(6) denote the total variations of v*! on the interval [—7, 6]
and let V, () = ||V,x(8)||. We can define Vj,(0) similarly. In particular, let

4=V,(0) and f;=Vp(0), 0<i<m.

Let us now impose the first assumption:

0<A< % (6.32)
Then for any ¢ € L%([—T,0]; RY),
0
D@ <4E [ av,@OF <4 s EISOF. (63
In other words, (6.2) is satisfied with Kk = 4. Moreover,
E[6OIID@)]] < ——EI(0)12 + 222 E|D(9)P?
2B(I$(0)ID@)]] < 757 EI$(O)* + ~——EID(9)]
< Tz BI$(0)2 +49(1 - 24) sup Elg(6)[* (6.34)
— &y —7<6<0

Similarly, we can show that

Bo

2B(I¢(0)lIGo(@)] < 15

E|(0)* + Bo(1 - 27) sup E|#(8)%, (6.35)
-7<6<0
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2E(ID@)IGo(#)] < 2360 _sup El(O) (6.36)
and " m
IRLICIE A?]_sggmf:w(onz. (6.37)

Using (6.34)—(6.37), we then see that

B(206(0) - DO)T1-460) + Ga(@)] + 3 GioIP)

i=l
L”ﬂ”“L_ﬂO

< ~[Amn(a 47y - 2l

]E|¢(0)l2
+ [+ -2 42380+ 3] s B@R. 639
i=1 TTROS
Applying Corollary 6.6 we conclude the following result.
Corollary 6.10 Let (6.32) hold. If

Amin(A+ AT) > 2(;”1'/?12: ho) | a _1 e [27&; + Z ﬁ?}, (6.39)

i=1

then the trivial solution of equation (6.31) is exponentially stable in mean square
and is also almost surely exponentially stable.

(iv) Ezxzamples
Let us discuss a couple of examples to close this section.

Example 6.11 Consider the one-dimensional neutral stochastic differential
delay equation

d[z(t) — kz(t — 7)) = —az(t)dt + bz(t — 7)dB(t) (6.40)

on t > tg, where B(t) is a one-dimensional Brownian motion, a > 0, b > 0 and
k € (0, %) Let € > 0. For z,y € R, compute

2(z — ky)(—az) + b%y? = —2az? + 2kazy + by?

—(2a — Kae)z? + (% + b"))y2

By Corollary 6.8, the trivial solution of equation (6.40) is exponentially stable
both in mean square and almost surely provided we can find an € > 0 for

(2a — kae) > (—lTn);( +b2)
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that is !
Ka
20> L (%4 7) 4 e
a>(1_2'{)2 €+ + Kae
Therefore, the stability condition becomes

. 1 Ka o
% > gg[m (? +62) + nae]. (6.41)

It is easy to show that the right-hand side of (6.41) reaches its minimum

2Ka N b?
1-28  (1-2K)2

when £ = (1 — 2k)~!. Hence (6.41) becomes

2ka b?

20> 1—2n+(1—2n)2'

We therefore obtain the stability condition
2a(1 — 2k)(1 ~ 3k) > b? (6.42)
for equation (6.40).

Example 6.12 Consider the d-dimensional neutral stochastic functional differ-
ential equation

d[z(t) — D(6(z2))) = f(z(t), t)dt + g(O(z:), t)dB(t) (6.43)

ont>ty. Here D: R4 > R f:R'x R, —» R g:R*x R, — R¥™ and
© is a linear operator from C([~7,0]; R%) to R? defined by

0
o(p) = - / (0)db.

-7

Assume that there are four positive constants A, k, k,, &2 with x € (0, %) such
that

ID(:E)[ < K'.’l)l, - 2.’L‘Tf(.’1,‘, t) < —’\I$I2>
|f(z,t)] < Kilz], lg(z,t)|? < Kalz|?.

Then, for any ¢ € L%([-T,0}; R%), we have that
y F

0 2

2
EID(O(6) < R*EI0) < E| [ ¢(6)do

T -7

K2 0 2 2 2
<ZE [ poPas<s sw B0
_7<6<0
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In other words, condition (6.2) is satisfied (with D(-) = D(©(:))). Similarly, we
can show that
Elg(¢,t)* < k2 sup E|¢(6)".
—7<6<0

Moreover, we compute that

E(2(6(0) - D(O(9))" £(#(0),1) + l9(6, )

< —AE|¢(0)]* + 2E[|D(8(¢))1£(6(0),t)]] + Elg(e,t)[?

k1(1 — 2K)
K

< —AE|p(0)® + E|D(6(¢))?

+ E|£((0),t)]* + Elg(s, t)}

-5
Iil(]. - 2'6)

<( -1

JEIBO)? + [sm1(1 ~ 26) + 5] _sup Elg(6)"

In view of Corollary 6.6, we see that the condition for the mean square and the
almost sure exponential stability is

KKy KKk1(1 — 2K) + Ko

ATk (1-2x)2

i.e.
26k1(1 — 2K) + Ko

(1 - 2k)2

A> (6.44)
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Backward

Stochastic Differential Equations

7.1 INTRODUCTION

In this chapter we shall study a new type of stochastic equations, namely the
backward stochastic differential equations of the form

T T
2(t) + / F(2(s),3(s), s)ds + / lo(z(s),5) + y(s)ldB(s) =X (L1)

on 0 < t < T. The equation for the adjoint process in optimal stochastic
control (see e.g. Bensoussan (1982), Bismut (1973), Haussmann (1986)) is a
linear version of the equation. In the field of control, we usually regard y(t)
as an adapted control and z(t) the state of the system. The aim is to choose
an adapted control y(t) which drives the state z{t) of the system to the given
target X at time t = T'. This is the so-called reachability problem. In the field of
backward stochastic differential equations, we are looking for a pair of adapted
processes {z(t),y(t)} solving the equation. Such a pair is called an adapted
solution of the equation. It is the freedom of choosing the process y(t) that
makes it possible to find an adapted solution.

Pardoux & Peng (1990) established some results on the existence and
uniqueness of the adapted solution under the condition that f(x,y,t) and g(x, t)
are uniformly Lipschitz continuous in (z,y) and in z, respectively. Mao (1995a)
obtained some results in this direction under non-Lipschitz conditions. More
importantly, Pardoux & Peng (1992) gave the probabilistic representation for

235
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the given solution of a certain system of quasilinear parabolic partial differen-
tial equation in terms of the solutions of the backward stochastic differential
equations. In other words, they obtained a generalization of the well-known
Feynman-Kac formula. In view of the powerfulness of the Feynman-Kac formula
in the study of partial differential equations e.g. K.P.P. equation (cf. Freidlin
(1985)), we may expect that this generalized Feynman-Kac formula will play
an important role in the study of quasilinear parabolic partial differential equa-
tions. Hence from both viewpoints of the control theory and the study of partial
differential equations, we see clearly the importance of the study of backward
stochastic differential equations.

7.2 MARTINGALE REPRESENTATION THEOREM

In this section we shall introduce the useful martingale representation the-
orem that will play an important role in this chapter.

Unlike the other chapters, let us stress that in this chapter we are only given
a complete probability space (Q, F, P) and an m-dimensional Brownian motion
B(t) on it (without a filtration). We then let {F};>0 be the natural filtration
generated by the Brownian motion, that is FB = o{B(s) : 0 < s < t}. Let
{Fi}t>0 be the augmentation under P of this natural filtration. Then {F;}:>0
is a filtration on (Q, F, P) satisfying the usual conditions and, moreover, B(t) is
a Brownian motion with respect to the filtration (see Section 1.4).

Let T' > 0. It was shown in Section 1.5 that for any f € M?([0, T]; R**™),
the It6 integral

t
/0 f(s)dB(s)

is a continuous square-integrable martingale with respect to {#;} on t € [0, T].
In this section, we shall show the converse—any continuous square-integrable
martingale with respect to {F;} can be represented as an It6 integral. This
result, known as the martingale representation theorem, is very useful in many
applications and is described as follows.

Theorem 2.1 Let {M,}o<i<T be a continuous R%-valued square-integrable
martingale with respect to {F;}. Then there is a unique stochastic process
f € M2%([0,T); R¥*™) such that

M, = My + /t f(s)dB(s) onte[0,T). (2.1)
0

By uniqueness we mean that if there is any other process g € M2([0,TY; Rdxm)
such that

My = My + /t g(s)dB(s) onte€ [0,T),
0
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then r
E / 1£(s) — g(s)%ds = 0. (2.2)
0

Clearly, we need only to show the theorem in the case of d = 1. To do so, we
need to present several lemmas. Let Cg°(R™*"; R) denote the family of infinitely
many times differentiable functions from R™*™ to R with compact support. Let
L}‘ (; R) denote the family of all real-valued F;-measurable random variables
¢ such that E|¢|> < oo. Let L%([0,T]; R'*™) denote the family of all Borel

measurable functions h from [0,7] to R1*™ such that fOT |h(t)|?dt < co. Note
that the functions in L?([0, T}; R'*™) are deterministic and L2([0,T}; R'*™) is
a subset of M2([0,T]; R*™).

Lemma 2.2 The set of random variables
{@(B(t1), -+, B(tn)) : t: €[0,T], ¢ € C®(R™*™;R), n=1,2,---}
is dense in L%, (Q; R).

Proof. Let {t;}i>1 be a dense subset of [0,T]. For each integer n > 1, let G,
be the o-algebra generated by B(t1),---, B(ta), i.e. Gn = o{B(t1),---,B(ta)}
Obviously

Gn CGnt1 and Fr= a(D Gn)-
n=1

Let g € L}T (9 R) be arbitrary. By the Doob martingale convergence theorem
(i.e. Theorem 1.3.5), we have that

E(9|Gn) — E(g|Fr)=9 asn — oo

almost surely and in L? as well. On the other hand, by Lemma 1.2.1, for each
n, there is a Borel measurable function g, : R™*™ — R such that

E(glGn) = gn(B(t1), - -, B(ts))-

However, such g,(B(t;), -, B(t,)) can be approximated in L?,_—,’_(Q; R) by func-
tions @n k(B(t1),- - -, B(t,)), where g, r € C§°(R™*™; R), and hence the asser-
tion follows.

Lemma 2.3 The linear span of the random variables of the form

eXp(/OT h(t)dB(t) - %/OT ‘h(t)]2dt), h e L([0, T}; R™*™) (2.3)

is dense in L. (4 R).

Proof. The assertion holds provided we can show that if g € L}-,,_ (% R) is
orthogonal (in L},’,(Q; R)) to all random variables of form (2.3), then g = 0.
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Let g be any such random variable. Then for all A = (Ajj)nxm € R™"*™ and all
ty, -+, tn € [0,T], we have

G(A) = E{gexp(trace[)\(B(tl), sy B(t,.))])} =0, (2.4)
for
T 1 (T \
exp(/O h(t)dB(t) — -2-/0 jh(t)] dt)
T
= exp(trace[/\(B(tl),---,B(t,.))] - %/0 |h(t)|2dt)
if set

n

h(t) = (i + Xip) e, e (8),

i=1

where to = 0, A\; = (M1, -+, Aim) and Apy; = 0. The function G(A) is real
analytic in A € R™*™ and hence has an analytic extension to the complex space
C™*™ given by

G(2) = E{gexp(trace[2(B(t1), -, Bta))] ) }

for z = (2ij)nxm € C™*™. Since G = 0 on R"*™ and G is analytic, we must
have G = 0 on the whole C™*™. In particular,

G(Y) = E{gexp(i trace[Y(B(tl),---,B(t,,))])} =0 (2.5)

for all Y = (yij)nxm € R**™. Now, for any function ©(X), X = (Tij)mxn, in
C$(R™*™, R), let $(Y) be the Fourier transform of ¢(X), namely

QoY) = (27)~ % / o(X) exp[—i trace(Y X)|dX.

vvvvvv

Note from the inverse Fourier transform theorem that

o(X) = (2m)~F / @(Y) expli trace(Y X)]dY.

nxrm

We then compute

E[gp(B(t1),- -, B(tn)))
= E[g(Qw)_"ﬂﬂ / &Y) exp(i trace[Y(B(tl), . B(tn))])dY}

vvvvvvv
nm

= (2m) " /}; @(Y)E‘{gexp(i trace[Y(B(tl),"'yB(tn))])}dY

vvvvvv

=0. (2.6)
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This, together with Lemma 2.2, means that g is orthogonal to a dense subset of
L%-,I‘(Q; R). We must therefore have that g = 0. The proof is therefore complete.

Lemma 2.4 For any £ € L},,,(Q; R), there erists a unique stochastic process
f € M%([0,T); R'*™) such that

T
£ =FE¢ +/0 f(s)dB(s). 2.7)

By uniqueness we mean that if there is any other process g € M2([0,T]; R**™)
such that

T
£E=FEf+ / g(s)dB(s), (2.8)
0
then

T
E / 1£(s) — a(s)[Pds = 0. (2.9)
0

Proof. The uniqueness is rather obvious, for (2.7) and (2.8) give

T
/0 [f(s) — g(s)}dB(s) = 0

which implies (2.9) by the property of the Ito integral. To show the existence,
we first assume that £ has the form of (2.3), that is

€= exp( /0 " h0)dB) - -;- /0 ! |h(t)|2dt)

for some h € L2([0,T]; R'*™). Define

z(t) = exp(/0 h(s)dB(s) — % /0 |h(s)l2ds), 0<t<T.
By It6's formula,
dz(t) = z(t) [h(t)dB(t) - %Ih(t)lzdt]+%z(t)|h(t)|2dt
= z(t)h(t)dB(t).
This yields that ,
z(t) = 1+/ z(s)h(s)dB(s).
0

In particular,

T
E=z(T)=1 +/0 z(s)h(s)dB(s),
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which gives E§ = 1. Therefore the required assertion (2.7) holds in this case
with f(t) = z(t)h(t). By the linearity of (2.7), we see that (2.7) holds for any
linear combination of the functions of form (2.3). Now, let £ € L% (O R) be
arbitrary. By Lemma 2.3, we can approximate £ in LQ}-,I, (% R) by {£,}, where
each £, is a linear combination of the functions of form (2.3). So, for each n, we
have a process f, € M%([0,T]; R'*™) such that

T
én = E&p +/0 fn(s)dB(s). (2.10)

Hence

T
_ 2
E /0 fu(s) = Fn(s)2ds

2

—E /0 " Ual®) = fm(s))dB(S)

= E|én — En — &m + Etp|?
= Elén - §m|2 - |E€n - E&’h'2
—0 asn,m— o0.

In other words, {f»} is a Cauchy sequence in M2([0,T]; R'*™) and hence con-
verges to some f € M?([0,T); R**™). We can now let n — oo in (2.10) to obtain
that

T
€= E¢+ /0 f(s)dB(s)

as desired. The proof is complete.
We can now begin to prove the martingale representation theorem.

Proof Theorem 2.1. Without any loss of generality, we may assume that d = 1.
Applying Lemma 2.4 to £ = M(T'), we see that there exists a unique process
(the uniqueness follows here) f € M2([0,T]; R'*™) such that

T
M(T)=EM(T) + / f(s)dB(s).
0
By the martingale property of M(t) we have EM(t) = EM(0). Since M(0) is

JFo-measurable, it must be a constant almost surely and hence EM(0) = M(0)
a.s. Then

T
M(T) = M(0) +/0 f(s8)dB(s). (2.11)

Now for any 0 <t < T, by Theorem 1.5.21, we have that
T
M) = B@)E) = MO+ B( [ f0aB)1F)
0

= M(0) + /0 f(s)dB(s),



Sec.7.3] Equations with Lipschitz Coeflicients 241

which is the required assertion (2.1). The proof is therefore complete.

7.3 EQUATIONS WITH LIPSCHITZ COEFFICIENTS

Let P denotes the o-algebra of F,-progressively measurable subsets of
[0, T]x 2. Let f be a mapping from R?x R¥*™ x {0, T} x€2 to R? which is assumed
to be B4@BY*™@P-measurable. Let g be a mapping from R4 x [0, T]x§ to R4*™
which is assumed to be By ® P-measurable. Let X be a given Fpr-measurable
R4-valued random variable such that E|X|? < oo, that is X € L% _(; RY).

In this section we shall discuss the following backward stochastic differential
equation

T T
2(t) + / F(2(s),9(s), s)ds + / o(z(s),5) +9()dB(s) =X (3.1)

on t € [0,T), where z(-) and y(-) are R%valued and R¥*™-valued, respectively.
If we write equation (3.1) as

T T
oT) ~2(t) = [ Salo)uls) s+ [ late(s), o) + u(s)aBCs)
t t
we see clearly that z(t) is an It6 process with the stochastic differential

dz(t) = f(z(t), y(t), t)dt + [g(z(t), t) + y(t)|dB(¢). (3.2)

We may therefore interpret the backward equation (3.1) as the stochastic differ-
ential equation (3.2) with final value z(T) = X. It is this final value, instead of
initial value, that makes the backward stochastic differential equations much dif-
ferent from the (forward) stochastic differential equations discussed in Chapter
2. Let us now give a precise definition of a solution to the backward stochastic
differential equation.

Definition 3.1 A pair of stochastic processes
{z(t), y(t)}o<t<T € M2([0,T]; R) x M?([0,T); R**™)

is called a solution of the backward stochastic differential equation (3.1) if it has
the following properties:

(i) f(z(-),y(-),") € M?*([0,T]; RY) and g(z(:),") € M?([0,T]; R**™);

(ii) equation (3.1) holds for every t € [0,T] with probability 1.

A solution {z(t),y(t)} is said to be unique if for any other solution {Z(t),§(t)}
we have

P{z(t) = Z(t) forall0 <t <T} =1
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and -
— 2 =
E/o ly(s) ~— §(s)|*ds = 0.

The following existence-and-uniqueness theorem is due to Pardoux & Peng
(1990).

Theorem 3.2 Assume that
£(0,0,-) e M%([0,T);RY) and g¢(0,-) € M?([0,T); R**™).  (3.3)
Assume also that there exists a positive constant K > 0 such that
[f@t) - f& 5.0 < K(z -2 +ly - 3I") s (3.4)

and
lg(z,t) — g(Z,)]> < K|z - Z|* as. (3.5)

forallz,z € R, y,j € R**™ andt € [0,T]. Then there ezists a unique solution
{z(t),y(t)} to equation (3.1) in M2([0,T); R?) x M?([0, T}; R4*™).

Let us present a number of lemmas in order to prove this theorem.

Lemma 3.3 Let f(-) € M?([0,T); RY) and g(-) € M2([0,T); R**™). Then
there exists a unique pair {z(t),y(t)} in M2(|0,T]; R%) x M%([0, T); R¥*™) such
that

T T
z(t) + /t f(s)ds + /: [9(s) + y(s)]dB(s) = X (3.6)
forall0<t<T.
Proof. Define
T
M(t) = E(X —/0 f(s)dsl]-'t), 0<t<T.

Then M(t) is a square-integrable martingale. By Theorem 2.1, there is a unique
process §(-) € M?([0, T}; R¥*™) such that

M(t) = M(0) + /0 t §(s)dB(s), 0<t<T.

Define .
()= M(O) + [ f(s)ds and (&) =50 - o(0)

for 0 < t < T. Clearly, {z(t),y(t)} € M?([0,T); R%) x M2([0, T}; R**™). More-
over,

T T
/t l9(s) + y(s)]dB(s) = / #(s)dB(s)
T t
- / §(s)dB(s) - / §(s)dB(s) = M(T) — M(z).
1] 0
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Noting
T
M(T) =X —/0 f(s)ds,

we obtain that

T T T
/ lg(s) + y()|dB(s) = X — / f(s)ds — M(t) = X — a(t) - / F(s)ds,
t 0 t

which is equation (3.6). To show the uniqueness, let {Z(t), #(t)} be another pair
which solves equation (3.6). Then

o) -2 =~ [ 1vs) - HNB(s), 0<E<T,
Hence, for every t € [0,T]
#(t) - 3() = E(a(®) - 3()|F:)
—-5( "lut) - HMBEIR) =0 as

Noting that z(t) is continuous, we see easily that z(t) = Z(t) forall 0 < ¢t < T
a.s. Now

T
0= 2(0) — £(0) = — /0 [y(s) - #(s)dB(s)

which yields immediately that

E /0 " 0(s) = 5(s)Pds = 0.

The uniqueness has also been proved.

Lemma 3.4 Let g(-) € M?([0,T]; R?**™). Let f be a mapping from R¥*™ x
[0,T] x Q to R? which is B**™ ® P-measurable. Assume that

f([)» ) € M2([07T]1 Rd)
Assume also that there exists a positive constant K > 0 such that
If(,t) - f@ O < Kly-g* as. (3.7)

for all y,j € R¥*™ and t € [0,T). Then the backward stochastic differential
equation

T T
2(t) + / F((s), s)ds + / [9(5) + u(s)}dB(s) = X (3.8)

has a unigue solution {z(t),y(t)} in M2(|0,T}; R%) x M%([0, T]; R**™).
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Proof. We first prove the uniqueness. Let us {z(t),y(t)} and {&(¢),%(t)} be
two solutions. Then, recalling (3.2), we easily see that

dla(t) — 2(t)] = [f(y(t), t) — f(H(t), Ddt + [y(t) — §(¢)|dB(t)

By Ito’s formula, for all 0 < t < T, we have that

dlz(t) - 2(t)* = 2{a(t) — 2O [f (y(t),t) — F(F(2),D)]at
+Hly(t) - §(6)[*dt + 2[x(t) — 2(t) ]T[y(t - §(t)|dB(t).

Hence
T
—|z(t) - Z(t)|]* = 2/ [z(s) — Z(s)]T[f(y(5), 5) — f(H(s),s)|ds
/ [y(s) — §(s)[2ds +2 / [2(s) - 2(5)|[y(s) — §(s)]dB(s).
Taking expectation on both sides yields that
T
Ela(t) -2 + E [ 1u(s) - 5(5)Pds

T
- 9 / [2(s) — 2(s)TLF (u(s), 3) — F(@(s), 5))ds.

Making use of the elementary inequality 2ab < a2/e + €b? (¢ > 0) and the
Lipschitz condition (3.7) we obtain that

Elz(t) - 2(0)? + E / lu(s) - §(s)Pds
< éE/t‘ |z(s) — Z(s)|°ds + EKE/: ly(s) — §(s)|%ds.
Setting € = 1/2K yields
Bla(t) - 2(0)]? + E / - 5(s)Pds
T
<2KE / |z(s) — Z(s)|%ds + 5E |y(s) - §(s)|%ds. (3.8)
In particular, this implies that
T
E|z(t) — Z(t)|* < 2KE / lz(s) — Z(s))ds.

The Gronwall inequality now gives that

Elz(t) — Z(t)* =0 forall0<t<T,
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which implies that z(t) = Z(t) for all 0 < ¢t < T a.s. Substituting this into (3.8)
we also see that

T
— % 2 —_
E [ lu(s) - ato)Pds =o.

The uniqueness has been proved.

Let us now proceed to prove the existence. Set yp(t) = 0. By Lemma 3.3,
there is a unique pair {z;(t),y1(t)} in M?([0, T]; R*) x M?([0, T]; R**™) such
that

T T
zy(t) +/£ f(yo(s), s)ds +/t (9(s) + v1(s)]dB(s) = X.

Making use of Lemma 3.3 recursively, we can define, for every n = 1,2,---, a
pair {zn(t), ya(8)} in M2((0, T]; R%) x M2([0,T}; ™) by

T T
Znlt) + / f (Un-1(5), 5)ds + / 9(s) + Ua(s)|dB(s) = X.  (3.9)

In the same way as in the proof of the uniqueness above, we can show that
T
Elons1(t) = 20O + E [ lona(s) = va(s)Pds
t

T T
< 2KE/ |Zns1(s) — To(s)|%ds + %E/ [Yn(8) — Yn—1(s))?ds. (3.10)
t t

For every n > 1, define

T
un(®) = E [ fon(s) = za(s)ds
t
and
T
m(® = [ luns) = na(s)ds.
t
It then follows from (3.10) that

d

1
-Z (um (t)em) + 2t (1) < 562K tun(t). (3.11)

Integrating both sides from ¢ to T, we obtain that

T T
1
un+1(t)ezK‘+/ 2Ky 1(s)ds < 5/ e2K2y,(s)ds.
t

t

Hence

(SRR

T
/ e2K(s=8y, (s)ds. (3.12)

T
Uny1(t) +/ 2Kty ) (s)ds <
t ¢
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In particular, this implies that

T 1 /7
/ e2Ksy, 1 (s)ds < —/ eZKsu,(s)ds
0 2 Jo

T 2K 1 T 2K CeXT
s s
< on A e“"Pu(s)ds < 2—nv1(0)/0 e"ids < Kanrl’ (3.13)
where C =v{(0) = F fOT ly1(s)|*ds. Substituting this into (3.11) implies that
Ce2KT
un41(0) < Konii (3.14)
It then follows from (3.10) and (3.14) that
1 1 1
Un+1(0) < 2Kun+1(0) + 5”11(0) < ’2‘;0321(7‘ + '2'vn(0)v
which implies immediately that
1
vnt1(0) < > [nCe* T + v,(0)]. (3.15)

We now see from (3.14) and (3.15) that {z,(-}} and {yn(-)} are Cauchy sequences
in M2((0, T); R%) and M?([0, T}; R4*™), and denote their limits by z(-) and y(-),
respectively. Finally, letting n — oo in (3.9) we obtain that

T T
2(t) + / F(u(s), s)ds + / l9(s) + y(s)dB(s) = X,

that is, {z(t),y(t)} is a solution. The existence has also been proved and there-
fore the proof of the lemma is complete.

We can now begin to prove Theorem 3.2.

Proof of Theorem 3.2. We first prove the uniqueness. Assume that {z(t), y(t)}
and {Z(t),7(t)} are two solutions. In the same way as in the proof of Lemma
3.4 we can show that

T
Ela(t) - 3()* + E / lu(s) - 9(s)|%ds
T
=28 [ o) - 2(6)T[F(a(6), (o), ) ~ F(2(6),7(5). )
T
~E [ lg(ats)s) - g(a(s)5)ds
! T
Y / trace(o(z(5),5) — 9(2(s), 9" [u(s) ~ 5(s)]) s
T 1 T
<4KE [ fa(s) =2 + g F [ 1£(a(e), (), 5) = (), 516), )
T 1 T
+48 [ lo(e(9),9) ~ 9@(s), ) + ZE [ lute) ~ gte)ds

T T
< (8K + 1)E /t (2(s) ~ 2(s)? + 3 B /t ly(s) — §(s)[2ds. (3.16)
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The uniqueness then follows by applying the Gronwall inequality as we did in
the proof of Lemma 3.4.

Let us now show the existence. Set yo(t) = 0. With the help of Lemma
3.4, we can define recursively, for every n = 1,2,---, a pair {z,(t),yn(t)} in

M?3([0, T); R?) x M2(|0, T}; R¥*™) by

T
zn(t) +/ f(zn—-l(s)’yn(s)a s)ds
i
T
+ / [9(Zn-1(5), 5) + yn(s)|dB(s) = X. (3.17)

In the same way as in the proof of (3.16), we can show that

T
Elxn-}-l(t) - zn(t)lz + E/ Iyn+l(3) - yn(s)l2d3
T t
<4KE / s 1(5) — T (s)Pds
i T
+ (4K + I)E/ |Zn(8) — Tn_1(s)|%ds
T
43 [ lina(9) = n(o)Ps.
Hence
T
Blenss() = n(®F + 5E [ lpnea(s) —wm(s)Pds
T
UK +DE [ [loan(9) = 2n(6) +lon(s) = 2ne(6)]ds. (318)

Define r
unp(t) = E/ |0 (s) — Tn_1(s)|%ds.
t

It then follows from (3.18) that
d (AK+1)t (4K +1)t
— 2 (unsa(t)e ) < @K +1)e un(t).

Integrating both sides from ¢ to T yields that
T
npa () S 4K +1) [ 4ROy, (5)ds
t

T
< (4K + l)e(4K+1)T/ un(s)ds.
t
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Iterating this inequality, we obtain that

[(4K + 1)Te4K+1T]"
n!

un4+1(0) < u1(0).

This, together with (3.18), implies that {z,,(-)} and {yn(-)} are Cauchy sequences
in M2([0,T}; R%) and M?([0,T}; R¥*™). Denote their limits by z(-) and y(-),
respectively. Finally, we can let n — oo in (3.17) to obtain that

T T
I(t)+/: f(-’ﬂ(s),y(S),s)dS+[t l9(z(s), 5) + y(s)ldB(s) = X.

That is, {z{t),y(t)} is a solution. The proof is therefore complete.

7.4 EQUATIONS WITH NON-LIPSCHITZ COEFFICIENTS

In the previous section, we established the existence-and-uniqueness theo-
rem of the solution for the backward stochastic differential equation under the
uniform Lipschitz condition. On the other hand, it is somewhat too strong to
require the uniform Lipschitz continuity in applications e.g. in dealing with
quasilinear parabolic partial differential equations. It is therefore important to
find some weaker conditions than the Lipschitz one under which the backward
stochastic differential equation still has a unique solution. In the first instance,
we would perhaps like to try the local Lipschitz condition plus the linear growth
condition, as these conditions guarantee the existence and uniqueness of the so-
lution for a (forward) stochastic differential equation. To be precise, let us state
these conditions as follows:

For eachn =1,2,---, there exists a constant K, > 0 such that

\f(z,u,t) — FEHLOP < Kn(lz - 22 +ly - 51> as.
Ig(I, t) - g(a’:,t)|2 S Knl.’L' - jlz a.s.

forall0 <t < T, z,Z € R, y,§ € R¥™ with max{|z, |Z|,|y],|7]} < n.
Moreover, there exists a constant K > 0 such that

@yt < KA+ |z>+y?) as.
lg(z,t))? < K1+ |z}?) a.s.

forall0<t<T, z€ R* and y € R¥*™.

Unfortunately, it is still open whether these conditions guarantee the existence
and uniqueness of the solution to the backward stochastic differential equation
(3.1). The difficulty here is that the techniques of stopping time and localiza-
tion seem not to work for backward stochastic differential equations. Now the
question is: Are there any weaker conditions than the Lipschitz continuity under
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which the backward stochastic differential equation has a unique solution? The
answer is of course positive, and the main aim of this section is to show the
following conditions will do:

Forall0<t<T, z,z € R% and y,§ € R*™, we have
1f(z,y,t) - f(& 5, <w(lz—Z°)+ Kly—3° as. (4.1)

and
lg(z,t) — 9(Z,1)]* < w(lz - Z[*) as. (4.2)

where K is a positive constant and k(-) is a concave increasing function
from R, to R, such that k(0) =0, x(u) > 0 for u> 0 and

Let us make a few comments about these conditions before we state the
main result. First of all, since s is concave and x(0) = 0, we can find a pair of
positive constants a and b such that

k(u) <a+bu for all u > 0. (4.4)
We therefore see that under conditions (3.3) and (4.1)-(4.3),
f(.’L‘(), y(')? ) € M2([0, T]; Rd) and g(x(-),y(-), ) € Mz([O’T]; Rdxm)
whenever
z(-) € M*([0,T); R%) and y(-) € M*((0,T]; R™*™).
Secondly, let us give a few examples for the function x(-) in order to see that
conditions (4.1)-(4.4) are irrestrictive. Let K > 0 and let 4 € (0, 1) be sufficiently

small. Define

ki(u) = Ku foru>0;

ka(u) = ulog(u=?) for0<u<4,
27 Slog(8-1) + ka(6—)(u—8) for u>§;

ka(u) = ulog(u~!) loglog(u~!) for 0 <u <,
37 dlog(6-") loglog(6~1) + ka(6—)(u —6) for u > 6.

It is easy to verify that these are all concave non-decreasing functions satisfying

[
0+"i(“)_ )
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In particular, we see clearly that if let x(u) = Ku, then conditions (4.1)-(4.3)
reduce to the Lipschitz conditions (3.4) and (3.5). In other words, conditions
(4.1)-(4.3) are much weaker than the Lipschitz conditions (3.4) and (3.5). There-
fore, the following result is a generalization of Theorem 3.2.

Theorem 4.1 Assume that conditions (3.3) and (4.1)-(4.3) are fulfilled. Then
there erists a unique solution {z(-),y(-)} to the backward stochastic differential
equation (3.1) in M2([0,T]; R%) x M?([0,T); R¥*™).

The proof of this theorem is rather technical and we shall devote the re-
mainder of this section to it.

We need to prepare a number of lemmas. Let us first construct an approx-
imate sequence using an iteration of the Picard type with the help of Lemma
3.4. Let zo(t) = 0, and let {x,(t),yn(t) : 0 < t < T},>; be a sequence in
M2([0,T); RY) x M2([0,T); R¥*™) defined recursively by

T
Za(t) + / F(@n-1(5),yn(s), 8)ds
T t
+ / 19(2n-1(5),5) + yn(s)IdB(s) = X (4.5)

on 0 <t < T. This sequence is well defined since once zn,_1(-) € M?([0, T]; R?)
is given, f(x,—1(t),y,t) is Lipschitz continuous in y and

f(@n=1(:),0,-) € M2([0,T); RY) and g(zn_1(),-) € M2([0, T}; R**™),

hence Lemma 3.4 can be used to define z,(t) and yn(t).

Lemma 4.2 Assume that conditions (3.3) and (4.1)-(4.3) are fulfilled. Then
forall0<t<T andn>1,

T
Elea®)? < C1 and E / lyn(s)[2ds < Cs, (4.6)
0

where C, and Cy are both positive constants independent of n.

Proof. Applying Itd’s formula to |z,(¢)[? we deduce that

T
X[ = lza () = 2/¢ (zn(s), f(Za-1(8),yn(s),s))ds
T
+2 /t (zn(8), [9(xn-1(5),5) + yn(s)|dB(s))

T
+/t [9(xrn-1(s), s) + yn(8)|%ds.



Sec.7.4) Equations with Non-Lipschitz Coeflicients 251

Thus
T
Elza(t) + E / lyn()|2ds
y T
~ BIX]* -2 / (2n(8), f(Zno1(),yn(s), 5))ds
T
_E /, (19(zn-1(5), )% + 2tracelg” (Tn_1(s), s)ya(s)])ds.

Therefore, using the elementary inequality 2|uv| < u?/a + av? for any a > 0,
we see that

T

E‘|z,,(t)|2 + E/ |y,,(s)|2ds
t
1 T T

< E|X)?+ -(;E/ lzn(s)|%ds + aE/ |f(Zn_1(8), yn(s), 8)|%ds

t t

1 T \ T )
+_F 19(zn-1(s),8)|°ds + aE [ |yn(s)|*ds. (4.7)
t t
But (4.1) and (4.4) we derive that

|f (Zn-1(5), yn(s), s)I?

< 2|£(0,0,5)]* + 2| f(zn-1(5), yn(s), s) — £(0,0,s)?
< 2|£(0,0,5)* + 26(|zn-1(s)|*) + 2K |ya(s)|?

< 2|£(0,0,5)[2 + 2a + 2b|xn—1(s)|? + 2K |yn(s)|%.

Similarly, it follows from (4.2) and (4.4) that
l9(zn-1(5), 9)I* < 219(0,0,5)[* + 20 + 2blzn_1(s)|*.
Substituting these into (4.7) gives that
T 1 (T
Elen®F + E [ lpn(s)ds < Oo(@) + 5 [ Blon(e)Pds

1 T T
+2b(ax + E) / E|z,_1(s)|%ds + a(2K +1)E / [yn(s)|*ds,
t t

where

1 T
Cs(a) = E| X% + 2a(a + E) + 2aE/ |£(0,0, s)|%ds
0

2 (T 5
+—F 1(0,0, s)|“ds.
a Jo
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In particular, choosing oo = 1/(4K + 2) and setting Cy = C3(1/(4K + 2)), we
get that

T
Blen®F + 5E [ lon(s)ds

T
< Co+ (4K +2) / Elz.(s)[2ds
t

T
+2b[ +4K+2}/ E|zn_1(s)|%ds
t

4K + 2

T
<Cy +C'5/ ma.x{El:z:n_l(s)l2, El:z:,,(s)|2}ds, (4.8)
t

where Cs = 4K +2+2b[(4K +2)~ ! +4K +2]. Now let k be any positive integer.
If 1 < n <k, (4.8) implies (recalling zo(t) = 0) that

T
2 (|2
Elz,(t)]* < C4 +Cs/t (1'2?21 Elz;(s)| )ds.

Therefore

T
max Elz.(t)]? < Cs + Cs / (max Elzn(s)lz>ds-
t 1<n<k

1<n<k
An application of the well-known Gronwall inequality implies

max E|z,(t)]2 < C1ef5T~1 < CueCeT.
ma, Plaa () < Cie®T=9 < Cye

Since k is arbitrary, the first inequality of (4.6) follows by setting C; = C4e®=T.
Finally, it follows from (4.8) that

T
E / lyn(s)?ds < 2(Cs + CsC1T) := Ca.
0

The proof is complete.

Lemma 4.3 Under conditions (3.3) and (4.1)-(4.3), there erists a constant
Ce > 0 such that

T
E|Znk(t) — Ta(t)]* < CG/ K(ElZnik-1(s) — To-1(s)[*)ds
t

forall 0<t<T andn, k>1.
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Proof. Applying It&’s formula to |z, x(t) — Z,(t)[? we have that
— E|Za+k(t) — za(t)[?
=28 [ (snasls) = 2a(),
F(@ntk-1(5); Yn+k(3), 8) — f(Ta—1(s), yn(s), 8))ds

T
+E / 19(En+k-1(5), 8) + Ynsk(5) — 9(Tnr(s), 5) — wn(s)[?ds.

In the same way as in the proof of Lemma 4.2 we can then show that
2, 1 T 2
Elonss(t) = 2n(®OF + 3F [ limsn(s) = wn(s)ds
t

T
< (4K +2) / E|Znik(s) — 2a(s)Pds

T
+ 2[4K +2+ ] /: K(E|Zntk-1(8) — Tn_1(5)|?)ds. (4.9)

4K + 2

Now fix t € [0, T) arbitrarily. If t <7 < T, then

T
E|znik(r) - Za(r)? < (4K +2) / E|znik(s) - a(s)%ds

T
4K + 2] [ K(Elmn-{»k—l(S) - xn—1(8)|2)ds,

+2[4K+2+

In view of the Gronwall inequality we see that

E|Tnik(t) — za(t))? < 2 [41( +2+ 2]e(“‘+2)('f-"

T
x/ K(E|Zn+k—1(8) — Tn_1(s)[*)ds.

Hence the required assertion follows by setting

Ce=2 [41{ +2+ ]e(“‘ +2T

4K +2
The proof is complete.

Lemma 4.4 Under conditions (3.3) and (4.1)-(4.83), there exists a constant
C7 > 0 such that
E|znik(t) — za(t)]? < Co(T — t)

forall 0<t<Tandn, k>1.
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Proof. By Lemmas 4.2 and 4.3, we have that
T
Blonsa(t) ~ 20 < G [ n(4C1)ds = Canl4C1)(T - )
¢

and the assertion follows by letting C7 = Cgx(4C)). The proof is complete.

We now begin to present a key lemma. Set K(u) = Cgr(u). Choose T} €
[0,T) for
R(C7(T - t)) S C7 for all T1 S t S T. (410)

Fix & > 1 arbitrarily and define two sequences of functions {p,(t) : 0 < t <
T}n>1 and {@ni(t) : 0 <t < T}px>i as follows:

p1(t) = C7(T - t),

T
() = / R(pa(s))ds, m=1,2,---,

Gnk(t) = ElTnik(t) — zo(t))%, n=1,2,---.

Lemma 4.5 Assume that conditions (3.3) and (4.1)-(4.3) are satisfied. Then
for each k > 1 and alln > 1, we have that

0 < @nil(t) <en(t) Spna(t) <--- < () (4.11)
whenever t € [T, T).

Proof. Let t € [T}, T]. First of all, by Lemma 4.4,
P1.k(t) = Elzi4k(t) — z1(t)[? < Co(T - t) = 01 (t),

that is, (4.11) holds for n = 1. Next, by Lemma 4.3,
T
Pu(t) = Blzase(t) ~ 220 < Co [ w(Blavsals) - m(s))ds
t
T T
~ [ m@raois < [ Rer()ds = palt).
t t

But by (4.10), we also have

T T
wg(t) = / R‘.(C7(T —8))ds < / Crds=C7(T -t) = (pl(t).
t t
In other words, we have already shown that

Gak(t) < p2(t) < r(t)  ifte[,T),
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i.e. (4.11) holds also for n = 2. We now assume that (4.11) holds for some
n > 2. Then by Lemma 4.3 again,

T T
i) < / R(@ni(s))ds < / R (0n(5))ds = pnsa (1)
T
< / R(9n_1(s))ds = @n(t),

that is, (4.11) holds for n + 1 as well. By induction, (4.11) must therefore hold
for all n > 1. The proof is complete.

At last we can begin to prove the main result Theorem 4.1

Proof of Theorem 4.1. Existence: We first prove the existence of a solution.
This will be done by four steps. In the following proof please bear in mind that
the constants C1~C7 as well as T7 have already been defined above.

Step 1. We claim that

sup E|z,(t) —zi(t)|? -0 asn,i— oo. (4.12)
Ty <t<T

In fact, note that for each n > 1, p,(t) is continuous and decreasing on [T}, 7]
and, by Lemma 4.5, for each t, ¢, (t) is non-increasing monotonically as n — oc.
Therefore we can define function ¢(t) on [T1,T] by ¢n(t) | @(t). It is easy to

verify that o(t) is continuous and non-increasing on [T;, T]. By the definition of
wn(t) and @(t), we see that

T T
o(t) = lim praa(t) = lim [ Rlon(sds = [ Rp(o)ds, te [T

Hence for any € > 0,

T
ot) <et / R(o(s)ds, e [T1,T).

Applying the Bihari inequality (i.e. Theorem 1.8.2), we obtain that
M) <G HGE)+T-t) <G YG(E)+T-T), te[ly,T], (4.13)
where
K

" du
G(r):/1 Fo%) onr >0

and G~1(-) is the inverse function of G. By condition (4.3) and the definition of

E(-), we have
/ du 0
0+ R(u) ,
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which implies

lim G(¢) = —c0 and then lin})G‘l (G’(e) +T - Tl) =0.
£—

e—0
Therefore, by letting € — 0 in (4.13), we obtain that
p(t) =0 forallte[T,T].

In particular, we see that p,(7)) | ¢(T1) = 0 as n — oc. So for any £ > 0, we
can find an integer N > 1 such that ¢,(T1) < € whenever n > N. Now for any
k>1and n> N, by Lemma 4.5, we have that

sup Elxn+k(t)_$n(t)l2= sup @n,k(t)
T <i<T T <t<T

< sup pn(t) = @n(Th) <¢,
T <t<T

and (4.12) must therefore hold.
Step 2. Define

T, =inf{s € [0,T]: sup Elz,(t) — z:(t)|* — 0 as n,i — oo}.
s<t<T

We see immediately from Step 1 that 0 < T, < T} < T. In this step we shall
show that
sup Elr,(t) — z;(t))? - 0 asn,i — oo. (4.14)

Ty <t<T
Let € > 0 be arbitrary. Choose é € (0,T — T3) for
%M«hﬁ<§- (4.15)
Since x(0) = 0, we can find a constant @ € (0,¢) such that
T%M®<§. (4.16)
By the definition of T, we observe that for a sufficiently large N,
Elz,(t) —z:(t)> <8  forte [To+6,T)if n,i > N. (4.17)

Now let n,7 > N+1. By Lemmas 4.3 and 4.2 as well as inequalities (4.15)-(4.17),
we can derive that if T <t < T, + 4,

T2+68
m%m—nmﬁgqéw K(E|zn_1(s) — Ti_1(3)[2)ds

T
+ CG/ K(E|zn_1(8) — zi_1(8)|?)ds < Cek(4C1)§ + TCek(8) < €.
To+6
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This, together with (4.17) and 6 < ¢, yields

sup E|zn(t) —zi(t)> < e whenever n,i > N + 1.
To<t<T

That is, (4.14) holds.

Step 3. In this step, we shall show that T = 0. Assume otherwise that
T2 > 0. By step 2, we can choose a sequence of numbers {a;}i>1 such that a; | 0
as 1 — oo and

sup E|za(t) — z:(t)]* € a; whenever n > i > 1. (4.18)
To<t<T

If0<t<T,and n>1>2, by Lemmas 4.3 and 4.2 together with (4.18), we
derive that

T
E|z,(t) — z:(t)]* < Ce/ K(E|Tn_1(5) — zi-1(s)})ds

T2
< TCon(air) + Co / K(E|Zn-1(s) — Ti1(3)[2)ds
t
< TCsh:(ai_l) + Celi(4cl)(T2 —1). (4.19)
We shall now show an assertion which is similar to Lemma 4.5. In order to state
the assertion, we need introduce some new notations. Choose a positive number
4 € (0,T3) and a positive integer j > 1 for
TCGK,(aj) + Cer(4C1)d < 4C. (4.20)
Define a sequence of functions {¢g(t)}x>1 on To — 6 <t < T by:

¢1 (t) = TC(;K,(G.J') + Cﬁﬁ(‘lC])(Tz - t),

T2
Busa(t) = TCon(azsa) + Co | w(on(s))ds, k2 1.
t

Fix [ > 1 arbitrarily and define a sequence of functions {(Z)k'g(t)}k?_l by
bka(t) = Elzirjok(t) — Tipu()?, Ta—6<t<Th.
We claim that
$ri(t) < i(t) S $r-1(t) S --- < du(t), Ta-8<t<Th. (4.21)

In fact, it follows from (4.19) that

G1.1(t) = Elzig41(t) — zj41(t))?
< TCGK(GJ') + 065(401)(712 - t) = ¢1(t)9
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this is (4.21) holds for £ = 1. Then, by (4.19) and (4.20), we derive that
$2.4(t) = Elzi1542(t) — zi42(2)

T2
< TCgk(aj+1) + CG/: K(E|zi4j41(5) — zj41(5)|%)ds
T
= TCsn(a,-H) + Cﬁ/ K,(¢1’¢(S))d3
t
T2
< TCon(ayn) +Co [ w(1())ds = da(t)
t

< TCgk(aj) + Cg /;B k[Cek(a;j) + Ch(4Cy) (T — t)]ds
< TCekl(a;) + Cer(4C) (T2 — t) = ¢(t),
In other words, we have already shown that
$21(t) < Ga(t) <¢1(t)  onTp -8 <t< Ty

this is (4.21) holds for & = 2. Now assume that (4.21) holds for some & > 2.
Then, by (4.19),

Gk+11(t) = Elxigjrk+1(t) — Tiph1 ()]
T2
< TCgk(ajik) + Ce/ K(E\T145+5(8) — Tj4k(s)*)ds
t
T
= TCun(az) + Co [ K(Brals))ds
t
T2
< TCon(ase) + Co [ w(6n(s))ds = duna (0
t

T2
< TCon(ajsr1) + Cs / K(Bk1(5))ds = di(),
t

that is, (4.21) holds for k+1 as well. So, by induction, (4.21) holds for all £ > 1.
Note that for each k > 1, ¢x(t) is continuous and decreasing on (73 — 8, T3] and,
moreover, for each t, @¢x(t) is non-increasing monotonically as k — 0o. Therefore
we can define function ¢(t) on [Tz — 4, T2] by ¢x(t) | ¢(t). It is easy to verify
that ¢(t) is continuous and non-increasing on [T; — §,T3]. By the definition of
dn(t) and @(t) we also have that

T2
¢(t) = kli.ngo ¢k+1(t) = k]i.I{.lo [TC(;IC(GJ‘.{.‘;) + CG/; n(qbk(s))ds]

T2
= Ce/ r(P(s))ds onT, —§<t<Ts.
t
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In the same way as in Step 1, we can then apply the Bihari inequality to show
that
¢(t)=0 OnTz—(SStSTQ.

In particular, we see that ¢x (T2 — d) |= ¢(T2 — )0 as k — oo. Hence, for any
€ > 0, we can find an integer kg > 1 such that ¢ (7> — &) < € whenever k > k.
It then follows from (4.21) that

sup  Elzi;4k(t) — T4 () < dr(T2 —6) <e (4.22)
T2—-6<t<T,

whenever k > kg. Since [ > 1 is arbitrary and ko is independent of [, (4.22)
means that
sup  E|z,(t) —zi(t)]2 - 0 asn,i— oo.
T2 —6<t<Ty

This, together with (4.14), yields

sup  E|za(t) - zi(t)]? >0 asn,i— oo.
Ty—86<t<T

But this is in contradiction with the definition of 7T5. So we must have T, = 0.
In other words, we have already shown that

sup E|z,(t) — zi(t)]2 = 0 asn,i— oo. (4.23)
0<t<T

Step 4. Applying (4.23) to (4.9) we see that {z,(-}} is a Cauchy sequence
in M2([0,T); R%) and {y.(-)} is a Cauchy sequence in M2([0, T]; R?*™). Define
their limits by z(-) and y(-), respectively. Letting n — oo in (4.5) we finally
obtain

T T
ﬂﬂf[fM$m$9@+[mwMJHw@MMQ=X

on 0 <t <T. The existence of the solution has been proved.

Uniqueness: To show the uniqueness, let {z(-),y(:)} and {Z(-),7(-)} be two
solutions of equation (3.1). Then, in the same way as in the proof of Lemma
4.2, we can show that

T
Ele(t) - 20 + 3 [ lu(s) — 9(s) s

1
<
—2[4K+2+4K+2]

T
x [ [Blate) ~ 2(s)” + s(Bla(s) - a(s)P)lds (4.24)
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for 0 < t < T. Since k() is a concave function with x(0) = 0, we have

k(u) > k(1)u for0<u<l

du K(1) du oo
/0+ wr @ = A1) +1 /o+ w(u)

Therefore we can apply the Bihari inequality to (4.24) to obtain that

So

Elz(t) —z(t)* =0 forall0<t<T.

This implies immediately that z(¢) = Z(t) for all 0 < ¢t < T almost surely. It
then follows from (4.23) that

T
E /0 lu(s) — 5(s)|Pds = 0.

The uniqueness has also been proved and the proof of the theorem is therefore
complete.

7.5 REGULARITIES

In the previous sections, we observed clearly that the second moment of of
the solution to the backward stochastic differential equation (3.1) is finite. In
this section, we shall discuss the higher order moments of the solution. For this
purpose, we impose the following hypotheses: Let p > 2. Assume that

£(0,0,) € M?([0,T); RY) and g¢(0,-) € MP([0,T]; R¥*™). (5.1)
Assume also that there exists a positive constant K > 0 such that
1f(z,9,8) = £(0,0,8)* < K(1 + |z + [y*) a.s. (5.2)

and
lg(z,t) — g(0,t)2 < K(1 +iz}®) a.s (5.3)

for all z € R%, y € R¥™ and t € [0, T]. Obviously, (3.4) and (3.5) imply (5.2)
and (5.3), respectively. It is also not difficult to see that (4.1) and (4.2) imply
(5.2) and (5.3), respectively. For example, making use of (4.4), we derive from
(4.1) that

1f(z,u,t) — £(0,0,t)* < a+blzl® + Kly|® < (aVbV K)(1 + [z} + [y).
In other words, hypotheses (5.2) and (5.3) follow usually from the conditions

imposed for the existence and uniqueness of the solution. Moreover, (5.1) reduces
to (3.3) if p = 2 but we naturally require (5.1) when discuss the pth moment.
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Theorem 5.1 Letp>2 and X € L% (¢ R%). Let (5.1)-(5.8) hold. Then the
solution of equation (3.1) has the properties that

Elz(t)]? < (E|X|P + Cy)e?TUX+D  forall0<t<T (5.4)

and
T
E / le(®)P~2y(t)Pdt < %(E|X|”+C'1)[1 FHTURAD] - (55)
(1]

where

C = —E/ [—(|f(0 0,s)|* + K) + 4p(|g(0, s |2+K)] ds < 0.

Proof. By Ito’s formula, we have that
T
IXPP — 2(t)P = p / l2(5)[P~ 227 (5) f(z(5), y(s), 5)ds
T
+5 [ el ~2la(a(s), ) + y(o) s
_ T
+ B2 [ o (0)lata(). o) + u(o)es
T
+p / l2(s)P227 () g(z(5), 5) + y(5)|dB(s).
This implies that
P +2 [ 0Pl
T
<|XP-p f lz(8)[P 227 (5) £ (z(s), y(s), s)ds
- p/T |:c(s)|”_2trace[gT(z(s), 8)y(s)]ds
t
T
— / 12(5) P27 () g(2(5), 5) + y(5)|dB(s). (5.6)
Taking expectation on both sides we obtain that
T
Ble()P + 5 [ le(a)P~?u(e)Pds
T
< E|XPP - pE / j2()[P"227 (5) £ (z(s), (s), s)ds

T
—pE/t |x(s)|”‘2trace[gT(z(s),s)y(s)]ds. (5.7)
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By condition (5.2), we have that

£ (z(s),9(s), 8)I? < 21£(0,0,5)” + 2|f (z(s), y(s), 5) - £(0,0,5)[?
< 2/£(0,0,8)" + 2K (1 + [z(s)I” + [y(s)[*)-
We then estimate that
—pa’ (8)f(z(5), 4(s),9)
< 4pK1a(s)? + TE1£((s),y(s), o)
< 22 (£0,0,9P + K) +pUK + Dia() + Ews)2. (58)
Similarly, we can use condition (5.3) to show that

— p tracelg” (z(s), s)y(s)]
< 4p(|9(0, s)*> + K) + 4pK|z(s)|* + | (s)*. (5.9)

Substituting (5.8) and (5.9) into (5.7) yields that
T
Ele®)P + 38 [ (o) lu(s) s
t
T p [T
< E|X|P +p(8K + l)E'/ |z(s)|Pds + ZE/ |z(8)P~2|y(s)|%ds
t t

T p
+ B [ (o) [ (170,097 + K) + 49010, 0P + K) s, (510

On the other hand, using the elementary inequality u®v!~* < au + (1 — a)v for
a € [0,1] and u,v > 0, we derive that

T
B [ 62| e 17(0.0.908 + K) + ap(la(0.0)7 + s
p-2_ (7
< ——p—E[ |z(s)|pds
2 T p 5
+ 28 [ | E150.0.90 + K) + 40009 + K)| s

< E/T |z(s)|Pds + Ch, (5.11)

where C; has been defined in the statement of the theorem and, by condition
(5.1), C; < co. Substituting (5.11) into (5.10) we get that

T
Ela()P + 5B [ le(o)P 2lu()ds

T
< E|X|P+C1 + 2p(4K + 1)/ E|z(s)|Pds
¢

pE/ )|P2ly(s)|?ds. (5.12)
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In particular, this gives that

T
Elz(t)]” < E|X[P + Cy + 2p(4K +1) / Elz(s)[Pds.
t

The Gronwall inequality now implies that
E|lz(t)|P < (E|X|P + Cy)ePUK+ANT-8 foral0<t < T, (5.13)

and the required assertion (5.4) follows. Finally, we derive from (5.12) and (5.13)
that

T
E [ oPluo)lds
0

4 ~ T

< I—)(EIXP’ +C)+ 84K + 1)/ E|z(s)|Pds
0
_ (4 T
< (E|X[P+Cy) [; + 8(4K + 1)/ e2P(AK+1)(T=3) g
0

< ;—t(E|X|” +C) [1 + e2"T(“K+”],

which is the required assertion (5.5). The proof is complete.

Theorem 5.2 Letp > 2 and X € Ly (Q; R?). Let (5.1)-(5.3) hold. Then the
solution of equation (3.1) has the properties that

E(o?z)gT lx(t)l”) < 00 (5.14)

and

5
E( /0 " |y(t)|2dt) < oo. (5.15)
Proof. Substituting (5.8) and (5.9) into (5.6) yields that
T
P +5 [ ()P Plu(s)ds
T T
<IXP+pEK +1) [ faloPds+ 2 [ 1a(s)P-2lu(o)as
r » t t
+ [ (6P | B 150.0,08 + K) + 4p(1a0, ) + K ds

T
—p / lz(8)P~22T (8){g(z(s), 5) + u(5)|dB(s).
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Hence
E( sup |z(t)|”)
0<t<T
T
< E|X[P+p(8K + 1)/ E|z(s)|Pds
0
T
+B [ ol | 070,09 + K + (lg(0.007 + K| as
0
T
+E( swp |» [ ol G)ate(o) ) + B ). (5.0
¢

0<t<T

But, letting ¢t = 0 in (5.11), we see that
T
£ [ lor? [&(If(O, 0,5)[2 + K) + 4p(1g(0, 5)|? + K)} ds
T -
5/ E|z(s)|Pds + C;.
0

Substituting this into (5.16) we obtain that

5( sup, s

0<¢<T

<Ci+E|X|P+[p(8K +1) +1] /T E|z(s)|Pds
0

T
+E(0§?£T [—p /t lz(s)]P~22T (s)[g(z(s), 5) +y(s)]dB(s)D. (5.17)

On the other hand, by the Burkholder-Davis—Gundy inequality etc., we can
derive that

T
E(Oi‘:é’r [—p [ P2 olatate) o) + y(s)}dB(s)])
T
- E( sup [—p [ 1P 0latas), ) + u(s)aB(s)
0<i<T 0
43 [ ol 22T @lla(e).0) + y(s)]dB(s)])
~pE( sup_ [P 22T @)lla(s).5) +u(s)dB())
T 3
< 4V3pE ( [ tatseatats). ) + y(s)leS)

< 4\/§pE([ SupT Ix(s)lp] /OT |z(s)[P~2|g(z(s), s) + y(S)I"’ds)%

0<s<
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= lE( > |$(8)|p) +16p°E /T [=(s)IP?lg(z(s), s) + y(s)|ds
-2 03327‘ P 0 ° 7 ’ e
1

T
< 38( s ls0)P) + 328 [ alplu(o)Pas
2 \o<s<T 0

T
+ 32p2E/ lz(s)|P~2|g(z(s), 8)|%ds. (5.18)
0
However, in the same way as in the proof of Theorem 5.1, we can estimate that
T
E [ (o) 2g(a(s), o)Pds
0
T
<E [ (P2 [21o(0, ) + 2K (1 + fa())] ds
0
- T T
<(k+ 222k f lo(s)[Pds + 2B / [219(0, 8)[? + 2K] B ds
p 0 P Jo
T
< (2K + 1)/ E|z(s)[Pds + C).
0

Substituting this into (5.18) gives that

E( sup [~p /t ' l2(s)/P~22" (s){g(z(s), 5) +y(8)]d3(8)})

0<t<T

1 T
< 38( s ls0)P) + 328 [ alo)P~y(o)las
2 \o<s<T 0
T —
+ 32p%(2K + 1) / E|z(s)|Pds + 32p%C,. (5.19)
0
Substituting (5.19) into (5.17) we obtain that
B( sup lo(o)r)
0<t<T
< 2Cy(1 + 32p°) + 2E|X|P
T
+2[32p%(2K + 1) + p(8K + 1) + 1] / E|z(s)|Pds
1]
T
+645°E [ [a(s)P u(e)Pds
0

= C,. (5.20)

But by Theorem 5.1, C; < 0o and hence the required assertion (5.14) follows.
We now begin to show (5.15). Clearly, (5.15) holds if we can show that

E(/uv |y(s)|2ds)§ < 00 (5.21)
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for any 0 < u < v < T satisfying

cp > 3PV AK (v — )]k, (5.22)

where ¢, = 1 or (2p)~?/? according to p = 2 or p > 2, respectively. Fix such u
and v arbitrarily. For u < t < v, we have

t t t
/ y(s)dB(s) = 2(t) - z(u) - / £(2(5),4(s), s)ds - f o(z(s), s)dB(s).

Hence

/: y(s)dB(S)|p> < 3”‘”“3( sup l=(t) - “’(”)'p)

u<t<v

E( sup
u<t<v

" 3E( [ 1#e).v60, s)nds)p

i
+ 3”‘18( sup / g(z(s),s)dB(s),p). (5.23)
ult<vlJy
Note from (5.20) that
E( sup jz(t) — z(u)l”) < 2”E( sup |:c(t)|”) < 2PC;y < 0. (5.24)
u<t<v u<st<v

Also, by the Burkholder-Davis—Gundy inequality etc., we derive that

E( sup /: g(z(s), s)dB(s) p)

ult<v
14

< Gob( [ latate), s)ds)”

<Cplv—u)'TE / ’ [2|g(0, )2+ 2K (1 + |:z:(s)|2)] ® s

<C68(w—-uw)TE [ ||9(0,5)P + K% + K¥|z(s)]P|ds
P

< 00, (5.25)

where Cp, is the constant given by the Burkholder-Davis-Gundy inequality, that
is Cp = 4 or [pP*/2(p - 1)”‘1]”/2 according to p = 2 or p > 2, respectively.
Moreover, we have that

E( / ' lf(z(s),y(s),s»ds)p
< E((v 0 [ "1 f (), ws), s)|2ds);
<- u)’f’E( [ 50,0908 + 2K+ 12(6) + (o)) ds) :

v ]
<Cs3+[4K (v — u)]‘%E( / |y(s)|2ds) , (5.26)
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where

Cs = [2(v — u)]’f’E( /u ’ [2| £(0,0,8)2 + 2K(1 + |z(s)|2)] azs)g

<2?P(v—u)P'E / [| 70,0,8)2 + K + K|a:(s)|2)] L

< 6P(v—u)P1E / ’ [| £(0,0,8)P + K% + Kﬂx(s)v]ds
< 00.

On the other hand, by the Burkholder-Davis—Gundy inequality, we have that

v §
k([ WoPas) < B sup
u u<lt<v
where ¢, has been defined above. Combining (5.23)—(5.27) yields that

/,, t y(s)dB(s)r’) , (5.27)

(c,, -3 4K (v - u)]g)E(/: |y(s)|2ds)§ < oo.

Finally, making use of (5.22), we obtain (5.21) and therefore the proof is com-
plete.

7.6 BSDE AND QUASILINEAR PDE

In Section 2.8, we established the Feynman—Kac formula which gives the
ezplicit representation for the solution to a linear partial differential equation
in terms of the solutions of the corresponding stochastic differential equations.
However, we also pointed out there that for a solution of a quasilinear partial
differential equation, the stochastic representation is not explicit. For exam-
ple, let us recall the quasilinear parabolic partial differential equation (2.8.27),
namely

{ Lu(z,t) + Lu(z,t) + c(z,u)u(z,t) =0 in R? x [0,T), (6.1)

u(z,T) = ¢(z) in R4,

Here
d d

1 > 3
L= 3 Z aij(xyt)m + Zfi(x,t)a—xi,

i,j=1 i=1

aij(z,t), fi(z,t) and c¢(z, u) are all the same as defined in Section 2.8. Moreover,
set

f(xit) = (fl, ) fd)T and a(:c,t) = (a'ij(xv t))dxd-
Let g(z,t) = (gij(x,t))daxa be the square root of a(z,1), i.e.

g(z,t)gT (z,t) = a(z, t).
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Let B(t) be a d-dimensional Brownian motion. For every (z,t) € R? x [0,T),

solve the stochastic differential equation

d€z1(8) = f(£z,t(s), s)ds + g(€z¢(s), 8)dB(s), t<s<T, (6.2)
{z,t(t) =1I. )

The Feynman-Kac formula tells us that the solution of equation (6.1) can be
expressed as
T
c

ulet) = E[pteeimNexn( [ deeaohueaaohis)| 63

Of course, this is no longer an explicit representation. However, in this section,
we shall establish an explicit representation in terms of the solutions of the
corresponding backward stochastic differetial equations.

In general, let us consider the quasilinear parabolic partial differential equa-
tion
{ 2 u(z,t) + Lu(z,t) + F(z,u,Vug,t) =0 in RY x [0,7), (6.4)

u(z, T) = ¢(x) in R4.

Here F is a real-valued function defined on R% x R x R x [0,T) and Vu is the
gradient of u, i.e.
du ou )

32 B
For every (z,t) € R? x [0,T), let £;,4(s), t < s < T be the solution of stochas-

tic differential equation (6.2). Consider the corresponding backward stochastic
differential equation

vu = (

T
Xua(s) = $lEna(T)) + / F(a(r), Xoo(r), Yau(r),r)dr
- /T Yri(r)dB(r) ont<s<T, (6.5)

where X ,(-) takes values in R but Y, ,(-) in R'*?. The following theorem is
called the generalized Feynman-Kac formula and is due to Pardoux & Peng
(1992).

Theorem 6.1 Assume that all the functions a, f, g, F, ¢ are sufficiently smooth
so that equation (6.4) has a unique C*'-solution and equations (6.2) and (6.5)
have their oun unique solutions as well. Then the unique solution of equation
(6.4) can be represented as

u(z,t) = EXg,(t). (6.6)
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Proof. Applying the Ité formula to u(£; (), ) we have that

du(Epe(r),7) = [gt-u(ﬁm (), 7) + Lu(ée(r), r)] dr
+ Vu(gz,t (T)a r)g(ﬁz,t(r)i T)dB(T‘)

Since u(z,t) is the solution of equation (6.4), we see that

du(€,e(r),m) = ~F (€2.6(r), u(€a,e(r), 1), Vul€e o), 1)g(6z e (), ), 7) dr
+ v“(éz,t(r)1 r)g(gz,t(r)» T)dB(T)'

Integrating both sides from r = s to r = T implies that
(e, (T),T) — u(€z.e(s), )
T
= / F(&z,t(r)’ U(Ez,t(r)v T)’ Vu({x,t(r)v T)g(ﬁx,t(r)» T), T)dr

+ [ Pl (1), 0(Ea () TIAB(),
Noting that u(z,T) = ¢(z), we obtain that
w(z,e(s), 8) = ¢(€2,¢(T))
= /s ! F(&0(r), w(ze(r), 1), V(€ (r), 7)9(Ez e (7), 1), 7)dr

T
- / Vu(Eae(r), r)g(Ens(r) r)dB(r). (6.7)

Comparing equation (6.7) with equation (6.5), we see, by the uniqueness, that
{u(€z,e(5), 8), Vu(s,e(s), 8)9(€z,¢(5), 8) }t<s<T must coincide with the unique so-
lution {Xz (), Yz :(8)}i<s<T of equation (6.5). In particular, we have that

u(z,t) = u(€ze(t),t) = Xz 4(t) a.s.

Taking expectation on both sides and bearing in mind that u(z, ) is determin-
istic, we obtain the required assertion (6.6). The proof is complete.

To show that Theorem 6.1 is a generalization of the Feynman-Kac formula,
let F(z,u,y,t) = c(z,t)u. In this case, equation (6.4) reduces to the linear
equation

{ 2u(z,t) + Lu(z,t) + oz, t)u(z,t) =0 in R x [0,T), (6.8)

u(z,T) = ¢(x) in RY.

Moreover, the backward stochastic differential equation (6.5) becomes

T T
Xze(s) = 0(&z,e(T)) + / (€z,e(7),7) Xz 1 (r)dr — / Ye(r)dB(r). (6.9)
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Note that equation (6.9) has the explicit solution

Xz o(5) = $(€ep(T))exp [ / C(Ex,t(r),r)dr]

) /ST - [/sr (Ens(). v)dv] Yz :(r)dB(r)

Substituting this into (6.6) gives

w(z,t) = EXpa(t) = (¢(§1¢(T))ezp [/T (§z.e(r), r)er

but this is the same as the classical Feynman—Kac formula obtained in Section
2.8.
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Stochastic Oscillators

8.1 INTRODUCTION

A stochastic oscillator is described mathematically as the solution of an appro-
priate ordinary differential equation, which is driven by an external disturbance
of white notse. Accordingly, such solutions are stochastic processes.

In this chapter, we shall mainly discuss the stochastic oscillators described
by the d-dimensional second order stochastic differential equations of the form

#(8) + F(z(t), £(t), t) = g(z(t), £(t), )B(t) ont >0, (1.1)

where B(t) is an m-dimensional white noise, z(t) takes values in R?, f : R? x
R? x Ry — R% and g : R* x R? x Ry — R?*™, Introducing the new variable
y(t) = z(t), we can write equation (1.1) as the 2d-dimensional It6 equation

dz(t) = y(t)dt,
dy(t) = — f(z(t),y(t), t)dt + g(x(t), y(t), t)dB(t).

Clearly, this is a special It6 stochastic differential equation in the sense that
z(t) and y(t) have the simple relation dz(t) = y(t)dt which does not involve
stochastic differential. It is this special form that makes the equation have a
number of important properties. In this chapter, we shall discuss some of these
properties, e.g. the oscillations, the statistical distribution of their zeros and the
energy bounds.

(1.2)

The materials in this chapter are mainly based on Markus & Weerasinghe
(1988) and Mao & Markus (1991), except the Cameron-Martin—Girsanov trans-
formation theorem which is classical.

271
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8.2 THE CAMERON-MARTIN-GIRSANOV THEOREM

In this section, we shall present the well-known Cameron—Martin-Girsanov
transformation theorem of Brownian motions, which will play an important role
in this chapter.

As usual, let (Q, F, {F:}:>0, P) be a complete probability space with a
filtration {F;} satisfying the usual conditions. If P is a measure on (Q, F) given
by

P(A) = / fw)dP(w), Ae€F,
A
we then write dP(w) = f(w)dP(w).

Theorem 2.1 (The Cameron—Martin—Girsanov Theorem) Assume that
{B(t)}o<i<T is an m-dimensional Brownian motion defined on the probability
space (U, F {Fi}i>0, P). Let ¢ = (¢1,-- én)T € L%([0,T); R™). Define

T T
G =3 [ wordas [ s, (21)
B(t) = B(t) - / (u)du, (2.2)
. 0
dP(w) = exp[(] (¢)]dP(w). (2.3)
If
P() =1, (2.4)

then {B(t)}o<i<T is @ new m-dimensional Brownian motion defined on the prob-
ability space (9, F, }5) with respect to the same filtration {F,}. Moreover, a suf-
ficient condition for (2.4) to hold is that there are two positive constants p and
C such that

E[d"“”"] <C foral0<t<T. (2.5)

The proof of the Cameron-Martin—Girsanov theorem is omitted here since
it can be found in many texts e.g. Friedman (1975). Instead, we shall explain
how this theorem can be used to transform a complicated It6 equation into a
relatively easier one without loss of certain properties.

Let P(2) = 1. If g € £L2(|0, T]; R**™), then, by definition,
T
P{w : / lg(t,w)|2dt < oo} =1.
0

Since P is absolutely continuous with respect to P,

P{w : /OT lg(t,w)|?dt < oo} =1.
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Hence the stochastic integral of g with respect to B

/t g(s)dB(s) on0<t<T
0

273

is well defined. Let {gx} be a sequence of simple processes in L2(|0,T}; R4*™)

such that T
/ lg(s) — g(8)]’ds - 0 P-a.s.
0
Then
T ~
/ 19x(s) — g(s)[2ds = 0 P—a.s.
0
Consequently
t t
/ gk(8)dB(s) — / g(8)dB(s) in probability P,
0 0
and

t t
/ ok(s)dB(s) — / 9(s)dB(s) in probability P.
0 0

Therefore, for a subsequence {k’},

Ji " g (8)dB(s) — /  o(s)dB(s) P-as.
0 0

t - t . .
/ gk (8)dB(s) —*/ g(8)dB(s) P-a.s.
0 0
From (2.2) we easily see that
t t t
/ngz(s)dB(s) =/0 gy(s)dﬁ(s)-{»/o gk (s)p(s)ds.
It is also clear that
t t
[ aeorpts1ds — [ a(s)otspas.
0 0

Hence, taking k' — oo in (2.8) and using (2.6) and (2.7), we get

/0 o(s)dB(s) = [ o(s)dB(s) + /0 9(s)é(s)ds

(2.6)

(2.7)

(2.8)

(2.9)

almost surely in P (or in P). This equality along with Theorem 2.1 yields the

following result, which is known as the Girsanov theorem.
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Theorem 2.2 (The Girsanov Theorem) Let { B(t)}o<i<r be anm- dimcnsio—
nal Brownian motion defined on the probability space (2, F, {Fi}i>0, P). Let z(t)
be a d-dimensional It6 process on [0,T], namely

t t
4 /0 f(s)ds + /0 9(s)dB(s) (2.10)

with f € £*([0,T];R%) and g € L*([0,T}; R**™). Let ¢ = (¢1,  ,bm) €
L2([0,T;; R™). Let B(t) and P be the same as defined in Theorem 2.1. If
P(Q) =1, then z(t) is still an 1té process on the probability space (2, F, P) with
respect to the Brownian motion B(t). More precisely, we have

2(t) = 2(0) + /0 [£(s) + a(s)b(s)]ds + /0 o(s)dB(s).  (2.11)

If z(t) is the solution to the stochastic differential equation
dz(t) = f(x(t),t)dt + g(z(t),t)dB(t), 0<t<T (2.12)

on the probability space (2, F, P), then the Girsanov theorem tells us that z(t)
is the solution to the following new equation

dz(t) = [f(z(t),t) + g((), t)d(t)ldt + g(=(t),)dB(t), 0<t<T (213)

on the probability space (€2, F, P). In many situations, we can choose ¢(t) to
make the term f(z,t) + g{z, t)¢(t) relatively simpler so that equation (2.13) can
be dealt with much more easily than the original equation (2.12). For example,
if d = m and g(z, t) is invertible, and both f(z,t) and g~!(z, t) are bounded, we
can let

$(t) = —g ™" (z(t), t) f(x(t), ).

In this case, (2.5) is fulfilled due to the boundedness of ¢(t) and so P(Q) =
Moreover, equation (2.13) reduces to

dz(t) = g(z(t),t)dB(t), 0<t<T

and this is clearly much simpler than equation (2.12).

8.3 NONLINEAR STOCHASTIC OSCILLATORS

Let B(t) be a 1-dimensional Brownian motion. Consider the scalar nonlin-
ear oscillator

£(t) + s(z(t), £(t),t) = hB(t) ont>0, (3.1)
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where h is a positive constant and & is a real function on R?x R,.. By introducing
the new variable y(t) = #(t), the corresponding Itd equation is

[35) = | s+ [3] 0 31

We shall assume that k(z,y,t) is locally Lipschitz continuous in (z,y) and is
bounded on the whole domain R? x R,. By the theory of stochastic differential
equations, we know that for any given initial value (zo,%) € R2?, equation
(3.1) has a unique solution on t > 0. The boundedness of function «(z,y,t) is
of course unnecessary, for example, the linear growth condition would do, but
for simplicity of further treatments we would rather impose this condition of
boundedness.

In this section we shall demonstrate that to study certain properties of equa-
tion (3.1)', for example, the property that the solution initiating at (zo,y0) # 0
will almost surely miss the origin for all t > 0, it is enough to study the relatively

simpler equation
d [;Eg] - [yg)] dt + m dB(t) (3.2)

with respect to a new Brownian motion B(t) of course.

Lemma 3.1 Let T > 0 and (z(t),y(t)) be a solution to the equation

d [28] - [_n(m(‘;g)y(t)’t)] dt + [g] dB(t) on0<t<T.  (33)

Let ¢(t) = h~1x(z(t),y(t),t) for 0 <t < T and set

T T
=3 [ odut [ owas)
¢
BO =B - [ ou)d,
i 0
dP(w) = exp[(] (¢)] dP(w).
Then P(Q) = 1, {B(t)}o<i<T is a one-dimensional Brownian motion on the

probability space (S, F,{Fi}, P), and all P-null sets are also of P-null. More-
over, (z(t),y(t)) is a solution to the following equation

d[;g;] = [yét)] dt + [g] dB(t) on0<t<T. (3.4)

Proof. The boundedness of £(z, y,t) guarantees that condition (2.5) is fulfilled.
Hence, by the Cameron-Martin-Girsanov theorem, P(Q) = 1 and {B(t)}o<:<T
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is a one-dimensional Brownian motion on (£2, 7, 15). Since P is absolutely contin-
uous with respect to P, any P-null set is of P-null. Moreover, by the Girsanov
theorem, (z(t),y(t)) is a solution of equation (3.4) on the probability space
(Q, F, P).

Lemma 3.2 Let T > 0. Let (Q, F, {4}, P) be a complete probability space and
{B(t)}o<i<T be a one-dimensional Brownian motion defined on the space. Let
(z(t),y(t)) be a solution of the equation

d ng] - [yf)t)] dt + [g] dB(t) on0<t<T.

Let ¢(t) = —h~'k(z(t),y(t),t) for 0 <t < T and set
r_ 1 (T e VR
G =3 [ Wkt [ otwibw,

3
B® =B - [ otud
0
dP(w) = exp[(] (¢)]dP(w).
Then P() = 1, {B(t)}o<i<T 5 a one-dimensional Brownian motion on the

probability space (Q, F, {F:}, P), and all P-null sets are of P-null as well. More-
over, (z(t),y(t)) is a solution to the following equation

d [:Eg] - [—K(:z:(zg,t;/(t),t)] dt + [2] dB(t) om0<t<T.  (35)

The proof is the same as that of Lemma 3.1. Using these two lemmas, we
can obtain the following useful results.

Theorem 3.3 Let (z(t),y(t)), B(t) etc. be the same as defined in Lemmas 3.1
and 3.2. Let Gr be the o-algebra generated by the solution (z(t),y(t)), that is
Gr = of{(z(t),y(t)) : 0 <t < T}. Then for any set A € Gr, P(A) = 0 if and
only if P(A) = 0. In consegquence,

P{lz()* + |y(t)|> = 0 for some 0 <t < T} =0
if and only if
P{lz(t)* + ly(t)* = 0 for some 0 < t < T} =0.

Proof. Comparing equation (3.3) with (3.5), we see clearly that the probability
distribution of (z(t), y(t)) under probability measure P is the same as that under
probability measure P. In other words,

P(A) = P(A) forall A€Gr.
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On the other hand, by Lemmas 3.1 and 3.2,

P(A) =0= P(A) =0= P(A) =0.
Hence, for any set A € Gr, P(A) = 0 if and only if P(A) = 0.

Theorem 3.4 Let (z(t),y(t)) be the unique solution, initiating at (xg,y0) # 0
in R2, for the nonlinear stochastic oscillator

E(t) + &(z(t), 2(t),t) = hB(t) ont>0

or the Ité equation
¢ [”;éii] - [—n(x(z%(t),t)] i [2] 4B)

P{|z(t)|> + |y(t)]* > 0 for all0 < t < 00} = 1. (3.6)

Then

Proof. Clearly, (3.6) follows if we can show that for every T > 0,
P{iz®))* +ly(t)? >0foral0<t<T}=1

or
P{|x(t)|* + ly(t)|> = 0 for some 0 < t < T} =0.

But by Theorem 3.3, this is equivalent to
P{lz(t)]® + |y(t)]* = 0 for some 0 < t < T} =0, (3.7

where P and the following B(t) are the same as defined in Lemma 3.1. Note
from Lemma 3.1 that (z(t), y(t)) is a solution to the equation

d[;g;] - [yg)]dH [2]dl§(t) on0<t<T (3.8)

on the probability space (Q, F, 13). We now define a C*°-function
00
Viz,y) = /O p(t, z,y)dt, (3.9)
on its domain R? — (0, 0), where
V3 2122 2
p(t,z,y) = FexP(W [t y° + 3tzy + 3z ]) (3.10)

It is not difficult to verify that V(z,y) has the following three properties:
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(i) V(z,y) >0,
(ii) limjgyiy)—o V(z,y) =0,
(iii) LV (z,y) = 0 on the whole domain R? — (0, 0), where L is the diffusion
operator associated with equation (3.8), namely

L= ﬁ+h_2_6_
“Ya: T2 Oy?’

The routine calculations verifying these properties are left to the reader as an
exercise. Define the stopping time

p=inf{t > 0: [z(t)]* + |y(t)]* = 0}.
Also, for each £ = 1,2, -- -, define
pi = inf{t > 0: [2(®) + Jy(t)? < 1/k}.

Obviously, px T p as k — oo P-as. From Itd’s formula and property (iii) it
follows directly that

EV(z(px AT),y(px AT)) = V(zo,%0) < 00,

where E denotes the expection with respect to the probability measure P. Let-
ting vx = min{V(z,y) : |z|2 + |y|> = 1/k}, we then have that

veP{pr < T} < V(xo,v0).

But, it follows from property (ii) that vy — oo as k — oo. We hence let £ — oo
to obtain that .
P{p<T}=0

which is (3.7). The proof is complete.

To close this section, let us mention that the motivation for seeking function
V(z,y) in the form of (3.9) and (3.10) can be found in Markus & Weerasinghe
(1988).

8.4 LINEAR STOCHASTIC OSCILLATORS

Again let B(t) be a 1-dimensional Brownian motion. Consider the scalar
linear stochastic oscillator

£(t) + kz(t) = hB(t) ont>0, (4.1)

where x and h are positive constants. Of course this is a special case of the
nonlinear stochastic oscillator

E(t) + k(z(t), £(t),t) = hB(t) ont>0.
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However, as discussed in the previous section, it is enough to study the linear
stochastic oscillator in order to understand many properties of the nonlinear
stochastic oscillator as long as these properties hold almost surely, for instance,
the property that the solution almost surely misses the origin. On the other
hand, certain probabilistic results hold only with some positive probability de-
pending on the parameters x and h, and are particular to the theory of linear
stochastic oscillators.

By introducing the new variable y(t) = &(t), the corresponding It6 equation
z(t) [r(t)] [0] :
d =A dt + dB(t), 4.1
[30) =415 |+ [1] s 4
0 1
A= [_n 0] .

Given any initial value (z(0),y(0)) = (zo, ¥0) € R?, by the theory established in
Chapter 3, we know that equation (4.1)' has the unique solution

] R R R H R

Noting that A2 = —xI with I the 2 x 2 identity matrix, we have that

is

where

At o0 <A2it2i + A‘2i+lt2i+1
=\ @) (20 +1)!
(—R)HEI  (—K)'HH1A
(2i)! (26 + 1)!
nt 24 wt 2441
(~1)"[ fff}” L %]
—Vr(Vrt)2it? wt)?
[ cos(y/kt), 7‘:sin(\/ﬁt)]
—VRsin(VRt), cos(vRt) |

Substituting this into (4.2) yields

e 111

-
1l
=]

]

= gg cos{Vk LY K —h—-tinfc—s 8
a(t) = o cos(t) + Sz sin(t) + = ["sin(v(t ~ 5))dBs), "

y(t) = —zoVksin(v/rt) + yo cos(v/At) + h /Ot cos(v/k(t — s))dB(s).

For simplicity of treatment we shall consider primarily the case k = 1, zp =
1 and yo = 0, that is, the stochastic oscillator

#(t) + z(t) = hB(t) (4.4)
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" d [zm - { _y&i)} dt + m dB(t) (4.4)"

with initial value (1,0). In this case, (4.3) reduces to

z(t) = cost + h /t sin(t — s)dB(s),

. (4.5)

y(t) = —sint + h/ cos(t — s)dB(s).
0

Of course, when « # 1, g # 1 but still ygp = 0, we can apply appropriate
changes of scale to reduce the study of equation (4.1) to the case of equation
(4-4).

Theorem 4.1 Consider the scalar stochastic process z(t) satisfying the linear
stochastic oscillator:

E#(t) + z(t) = hB(t) ont>0

from z(0) = 1, £(0) = 0, with parameter h > 0. Then, almost surely, z(t) has
infinitely many zeros, all simple, on each half line [tg,00) for every ty > 0.

Proof. It follows from (4.5) that
t ¢
z(t) = cost — hcost/ sin sdB(s) + hsint/ cos sdB(s).
0 0

Consider z(t) at the discrete instants t = (2k + %)w, fork=1,2, -, when

1 (2k+4)m
z((2k + E)ﬂ) = h/o cos sdB(s).

Define a sequence of random variables {Yi}x>1 by

(2k+-;-)1r
Yy = h/ cos sdB(s).
(2(k-1)+4)m

Obviously
k
:c((2k + %)w) = ZY'"
i=1

Also, {Yi}k>1 is a sequence of independent random variables, because of the
independence of the increments of the Brownian motion on disjoint intervals.
Moreover, each Y}, is normally distributed with mean zero and variance

(2k+ )=
E(Y?) = hz/ cos’sds = h?m.
(2(k=1)+$)n
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Now the familiar theorems on the limits of sums of independent random variables
(e.g. the law of the iterated logarithm) show that, almost surely, the terms of
the sequence {z((2k + 5)w)} have infinitely many switches of sign as k — oo.
Since almost all sample path of the solution z(t) is continuous on [0,0), z(t)
must have, almost surely, infinitely many zeros on each half line [tg, 00) for every
to > 0. The simplicity of the zeros of z(t) has already been proved in Theorem
3.4. The proof is complete.

Let us now turn to discuss the first zero of the oscillation.

Theorem 4.2 Consider the scalar stochastic process z(t) satisfying the linear
stochastic oscillator:

i(t) + z(t) = hB(t) ont>0

from z(0) = 1, £(0) = O, with parameter h > 0. Let 71 be the time of the first
zero of z(t) on [0, 00), i.e.

7 = inf{t > 0: z(t) = 0}.
Then

ET] Z 2arccoth Erf(ﬁ) , (46)
arcco

where Erf(-) is the error function given by

Erf(z) = —\/122‘”/0 e~ 2du on z>0.

In order to prove the theorem, we need to present a lemma.

Lemma 4.3 Foranyb>0andT >0,

P{B(t) > —bon0<t<T}= 2Erf(7b_f).

(4.7)

Proof. The proof uses the well-known reflection principle. Let 7 be the first
time of the Brownian motion reaching —b, i.e.

7 =inf{t > 0: B(t) = —b}.
Obviously
P{r<T}=P{r<T, B(T)< =b}+ P{r <T, B(T) > —b}.

If < T and B(T) > —b, then sometime before time T the Brownian path
reached level —b and then in the remaining time it travelled from —b to a point
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—b+ ¢ (with ¢ > 0). Because of the symmetry with respect to —b of a Brownian
motion starting at b, the probability of doing this is the same as the probability
of travelling from —b to the point —b — ¢ (please see Figure 8.4.1 below).

1\

Shadow path
Figure 8.4.1: Reflection principle

This reflection principle shows that
P{r<T, B(T)> -b} = P{r < T, B(T) < —-b}.

Hence
P{r <T}=2P{r < T, B(T) < -b}

But, it is quite easy to see that
P{r <T, B(T) < —b} = P{B(T) < —b}.
We therefore obtain that

P{r < T} =2P{B(T) < ~b} = 2P{B(T) > b}
2 /oo —u?/2T 2 /w —u?/2
= e du = — e du.
VerT J V2 JoyvT

That is
P{ inf B(t) < —b} =1- 2Erf(

0<t<

v )
T '
and the required assertion (4]) follows.

We can now prove Theorem 4.2.

Proof of Theorem 4.2. Noting from the integration-by-parts formula that

/t sin(t — s)dB(s) = /t B(s) cos(t — s)ds,
0 0



Sec.8.4] Linear Stochastic Oscillators 283

we obtain from (4.5) that

t
z(t) = cost + h/ B(s) cos(t — s)ds.
0
Set B
Q= {w:B(t)>—-10on0<t<arccoth}.
By Lemma 4.3,

P() =2 Erf(\/ﬁ).

Since cos(t —s) >0 on 0 < s <t < 7/2, we find that forallw € Q,
t
z(t) > cost — h/ cos(t — s)ds = cost — hsint >0
0

if 0 < t < arccot h. Hence
m{w) > arccoth for w € Q.

Finally

Er > E(n 1) > arccot h P(Q) = 2arccot h Erf(—-\/_—l;t—h—)
arcco

as desired. The proof is complete.

We now demonstrate that the first zero time 7, has finite moments, and we
estimate the first two moments E7; and E7¥ from above.

Theorem 4.4 Consider the scalar stochastic process x(t) satisfying the linear
stochastic oscillator:

E(t) + z(t) = hB(t) ont>0

from z(0) = 1, £(0) = 0, with parameter h > 0. Let 7\ be the time of the first
zero of z(t) on [0,00). Then

P{r>T}< ‘;?r(/}i) for each T > m, (4.8)

where the constant c(h) = 3 — Erf(h=11/2/7), so limp_.o = 0. In consequence,
P{r < o0} =1,
and every moment of 71 is finite, with the first two moments having the upper

bounds:
Er < w(1+ 2c(h)) <27 (4.9)
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and
Et? < 7%(1 + 22¢(h)) < 127, (4.10)

Proof. Evaluate z(t) at the discrete instants ¢t = k7 for k = 1,2, - - to obtain
z(kn) = cos(km)[1 — hB(kn)],

where x
B(k) =/ sin sdB(s).
0
Hence
z(km) >0

if and only if
= >1/h fork=1,3,--,
B(’”){< 1h fork=24,-

Set

kn
Y =/ sin sdB(s).
(k—1)m

Then Y} ’s are independent normal random variables with mean zero and variance
kn .
E(Y}) = / sin? sds = —.
(k—-1)m 2
Moreover .
Blkm) = Y.
i=1
Combining the above arguments, we see that
{n>n}={z(t)>0forall0<t < x}
C {z(w) > 0} = {B(n) > 1/h} = {\h > 1/h}.
Thus 1
P{ry > 7w} < P{Y; >1/h} = 7" Erf(h~1'y/2/7) = c(h).
Furthermore, we have that
{r>2n}={z(t)>0forall 0 <t < 2n}

c {z(r) > 0, z(27) > 0} = {B(n) > 1/h, B(2r) < 1/h}
={Y1 >1/h,Y; +Y2 < 1/h} C {Y; > 1/h, Y2 < 0}.

Hence

P{n > 2r} < P{Y; > 1/h, Y3 < 0} = P{¥; > 1/R}P{Y; < 0} = f(zi)
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Continuing this argument, we find that

c(h
P{n > kr} < -%L_)T fork=1,2,--
In order to estimate the probability that 71 exceeds an arbitrary positive number

T > =, we let [T/n] be the greatest integer not exceeding T/, so [T/x|x < T.
Then

c(h) 4c(h)
ST /al=1 < 9T/x°

which is the required assertion (4.8). From this upper estimate on the probability
distribution for 7; we easily conclude that

P{r >T} < P{n > [T/m]n} <

lim P{ry >T} =0 or P{n <oo}=1
T—o00
Now re-write (4.8) as
log2
P{r > T} < 4c(h) exp( ),

we see that P{r; > T} satisfies a bound of exponential decay, and we are assured
that each moment of 7y is finite. We now establish the upper bounds for its first
two moments. Note that for any non-negative random variable £, we have

0o oo k
E§<ZkP{k—1<§5k}:ZZP{k—1<§§k}
k=1 k=1i=1

=§:iP{k—l<§5k}=ZP{i—l<§}
i=1

i=1 k=t

8

<1+ Y P{¢{>k} (4.11)

k=1

Let £ = 71 /7 to obtain that

—E11<1+ZP{Tl>k1r}<1+c(h)Z y 1——1+2c(h).
k=1

Thus
En < 71+ 2¢(h)) £ 2m.

For the second moment we estimate

ET? < i[(k + Dn)2P{kn < < (k+ )7}
k=0

swfieem 3 SR < ot artem| 3 T -5 |
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The sum of the infinite series is easily calculated:

o 2
S =,
k=0

where
0 _k+1

)= =5y

k=0

N

N

Thus we have the required estimate
Er? < 721 + 22¢(h)) < 1272

The proof is complete.

Let us now proceed to study the times of subsequent zeros of z(t). For each
1 =2,3,---, define by 7; the time of the ith zero of z(t), namely

T = mf{t > Tyt :B(t) = 0}

Since the zeros of z(t) are all simple almost surely, these stopping times are all
well defined. Clearly, they are increasing, namely m < 7o < 13 < ---.

Theorem 4.5 Consider the scalar stochastic process x(t) satisfying the linear
stochastic oscillator:

#(t)+z(t) = hB(t) ont>0
from z(0) = 1, £(0) = 0, with parameter h > 0. Let 7; be the time of the ith
zero of z(t). Then
Er; < 2ir for eachi=1,2,--.. (4.12)
In order to prove this theorem, let us present a lemma.

Lemma 4.6 Consider the scalar stochastic process z(t) satisfying the linear
stochastic oscillator:

)+ z(t) = hB(t) ont>0

from 2(0) = 0, 3(0) # 0, with parameter h > 0. Let 6, be the time of the first
zero of z(t) ont > 0, that is

6, = inf{t > 0: z(t) = 0}.

Then
Ef, < 2n. (4.13)
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Proof. 1t follows from (4.3) that
t
2(t) = 2(0)sint + h/ sin(t — s)dB(s)
0

t t
= z(0)sint + hsint / cos sdB(s) — hcost / sin sdB(s).
0 0

Examine z(t) at the discrete times ¢t = kw for k = 1,2, .-+, when
2(km) = h(=1)**'B(k),

where

B(km) = /:" sin sdB(s).

Hence
z(km) >0

if and only if
= >0 fork=13,---
B(k”){<0 for k = 2,4,---.

These results do not depend on the value of 2(0) # 0. From this calculation we
note that )
z(r) >0 ifandonlyif B(r)>0

SO
P{z(t) >0 0on 0 < t < x} < P{z(x) >0} = P{B(r) >0} = %

We also compute that

P{z(t)>00n0 <t <27}
< P{z(m) >0, z(2m) > 0}
= P{B(m) >0, B(27) < 0}
= P{B(m) >0, B(r) + [B(27) — B()} < 0}
< P{B(x) >0, B(2r) — B(m) < 0}
= P{B(rm) > 0} P{B(2m) — B(r) < 0}
- %

Repeating this argument, we obtain that
1
P{z(t)>0on0<t<km} < "

Therefore ]

P{01 >kﬂ'}§ ok
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We now let £ = 8, /7 in (4.11) to obtain that

— 1
—E01<1+E P{01>k7f}<1 E —k-=
k=1 k=1

That is E6; < 27 as desired.

We can now easily prove Theorem 4.5.

Proof. We already know from Theorem 4.4 that E7; < 27. In order to estimate
ETy, we shift the time scale from ¢t > 0 to s = ¢t —7y. Write 2(s) = z{s+ 1) and
note that

£(8) + z(s) = hu(s)

with 2(0) = 0 and 2(0) # 0, where w(s) = B(s + 1) — B(m1) which is a new
Brownian motion on s > 0. Define

0, = inf{s > 0: 2(s) = 0}.

Then 70 = 71 + 6;. But by Lemma 4.5, £, < 27. We therefore obtain that
E7y < 4w. An elementary repetition of this argument yields the desired result

Er; <2ir foreachi=1,2,.--.

8.5 ENERGY BOUNDS

In this section we let B(t) be an m-dimensional Brownian motion. Mo-
tivated by the classical theory of nonlinear oscillations, we consider the d-
dimensional second order stochastic differential equation

E(t) + b(z(t), 2(t)) + VG(z(t)) = o(z(t), 2(t), 1) B(t) + h(t) (5.1)

ont >0, where £ = (3, --,24)7 € R4, —VG(z) is the restoring force, —b(z, )
is a dissipative force, h(t) is an external driving force, and o(z, i,t) represents
the intensity of a stochastic disturbance. In terms of mathematics, we have
that b : R* x R* —» R?, G € CY(R%R,) and VG(z) = (Gs,, +,Gz,)T, 0 :
RYx R*x Ry — R%*™ and h : Ry — R%. The corresponding 2d-dimensional
It6 equation is

dz(t) = y(t)dt, (5.1)’
dy(t) = [-b(z(), y(t)) — VG(z(t)) + h(t)ldt + o(z(t), y(t), t)dB(t).

Assume that all the functions b, G, o and h are sufficiently smooth so that equa-
tion (5.1)' has a unique global solution (z(t),y(f)) on ¢t > 0 for any given initial
value (o, y0) € R? x R%.
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Define the energy of the system by
1
Ut) = SO + Ga(t), t>0. (5.2)

Bearing in mind that G is a nonnegative function, we see that the energy is
always nonnegative. Moreover, although the function %|y|? + G(z) is only once
differentiable in  (of course twice in y), we can still apply the It6 formula to U(t)
due to the relation dz(t) = y(¢)dt which does not involve the stochastic integral.
The aim of this section is to establish the asymptotic bounds for the energy. To
make the theory more understandable, we shall first discuss the unforced system
and then return to the above general case.

(i) Unforced Dynamics

If there is no external driving force, i.e. h(t) = 0, equation (5.1)" becomes

{ dr(t) = y(t)dt, (5.3)

dy(t) = [-b(z(t), y(t)) — VG(xz(t))]dt + o(x(t), y(t),t)dB(¢).

We shali prove several theorems on the energy bounds to allow for polynomial-
exponential growth of the diffusion term. We begin with the following theorem.

Theorem 5.1 Let p(t) be a real polynomial of degree g ont > 0 with the leading
coefficient K > 0 and the other coefficients nonnegative. Assume that

y b(z,y,t) >0 (5.4)

and
lo(z,y,8)” < p(2) (5.5)
for all z,y € R® and t > 0. Then the energy of system (5.3) has the property

that ) K
e
li <
l?l.il:p tetlloglogt ~ q+1

a.s. (5.6)

To prove this theorem, let us present a useful inequality.

Lemma 5.2 Let T > 0 and 29 > 0. Let z,u and v be continuous nonnegative
functions defined on {0,T). If

z2(t) < zo + /t[u(s) + v(s)z(s)]ds (5.6)
0

for all0 <t <T, then

z(t) < exp (/ot v(s)ds) [zo + /Ot exp(— /08 v(r)dr) u(s)ds] (5.7)
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for all0 <t < T as well.
Proof. Set
Z(t) =20+ /ot[u(s) + v(s)z(s)]ds.
It then follows from (5.6) that
z(t) <Z(t) on0<t<T.

Moreover, we compute that

:t [exp( fot v(s)ds) Z(t)]
:exp(— /0 t v(s)ds) [dz(t) —u(t)z (t)]

= exp(— /Ot v(s)ds) [u(t) + v(t)2(t) — v(t)Z(t)]

< exp(— /ot v(s)ds) u(t).

Integrating both sides from 0 to ¢ yields that

exp (— /: v(s)ds) Z(t) -2 < /ot exp(— /03 v(r)dr) u(s)ds.

This implies that

Z(t) < exp (]Ot v(s)ds) [zo + /Ot exp(— /08 v(r)dr) u(s)ds}

and the required inequality (5.7) follows.

Proof of Theorem 5.1. Applying It6’s formula along with hypotheses (5.4) and
(5.5), we derive that

Ut)=U(0)+ /0 (—yT(s)b(z(s), y(s)) + %Ia(x(S),y(s),s)F)ds
+ ] 47 (s)o(z(s), 4(s), 5)dB(s)
0
t t
<U(0) + % /0 p(s)ds + /0 y7 (s)a(z(s), y(s), s)dB(s). (5.8)

For any positive constants 74,4 and 7, by the exponential martingale inequality
(i.e. Theorem 1.7.4), we have that

P{é\:gf [ /0 yTodB(s) — / ly a|2ds] > 5} <e™ . (5.9)
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Fix 0 > 1 and 3 > 0 arbitrarily. For each k = 1,2,-- -, we let
y= ﬁg—k(qﬂ), § = ﬂ—lgk(q+1)+1 logk, T=6*

in (5.9) to obtain that

¢ —k(g+1) gt
P{ sup [ / yTadB(s)——ﬁoT— / |yTo|2ds]
0 0

0<t<g*x

> ﬁ—lok(q+l)+1 logk} < %

By the Borel-Cantelli lemma, we see that for almost all w € €,

t ﬂe—k(qﬂ) t
sup [/ yTo'dB(S) - —2—/ IyTU|2ds] < ﬁ—lgk(q+1)+1 logk
0 0

0<t<o*

holds for all but finitely many k. Hence, for almost all w € €, there exists a
random integer kg = ko(w) such that

t —k{g+1) pt
/ yTodB(s) < B~10F@t D+ 1ogk + &-2—-—/ lyTo|?ds
0 0

holds for all 0 < t < 6% whenever k > k. Noting that

t t
3 | WroPds < [ po)0)s
0 0

we obtain that
/ot yTodB(s) < B~1e*a+)+1 160 k 4 gg~F(a+1) /Ot p(s)U(s)ds
for all 0 < t < 6%, k > ko almost surely. Substituting this into (5.8) yields that
U(t) < U(0) + % /0 t p(s)ds + 1okt U+ oo k;
+ B~ ka+1) /ot p(s)U(s)ds

for all 0 < t < 8%, k > ko almost surely. Applying Lemma 5.2, we then derive
that

t
U0 < exp(00740 [ pioja)
0
t 8
X [U(O)+,6’19"‘("+1)+1 logk + %/ exp(—ﬁ&‘k(q“)/ p(r)dr)p(s)ds]
0 0

< exp[BO~*a+ D 5(6%)] (U(O) + B9k D+ og | 4 %0’““”) (5.10)
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for all 0 < t < @, k > ko almost surely, where

alt) = /0 p(s)ds

which is a polynomial of degree ¢ + 1 with the leading coefficient K/(g+ 1) and
)

K
—k(g+1) 5 gk k .
é p(e*) — 71 as k - oo

Note that for 1 < ¢t < 6%,
log(k — 1) + loglog 8 < loglogt < logk + loglog#.
It follows from (5.10) that for almost all w € €, if 5! <t < @* and k > ko,

vy 1
titlloglogt — @k~Dla+Dlog(k — 1) + loglog 8]

x exp|B9=H@+V5(6%)] (U(O) L BIgMaR I ook 4 _;Egk(Q+l))-

Therefore
. u(t)
h?lsogp tsttloglogt
< limsu 1
- k—*soop fk=1)(a+D) [log(k — 1) + log log 6]

X exp[ﬁg—k(qﬂ)ﬁ(gk)] (U(O) + ﬂ—lok(q+1)+l logk + %ok((ﬁ-l))}

K
— ~10q+2 ( '3 )
b P\ T+

Since 6 > 1 is arbitrary, we must have that

. U (t) -1 161(
—_ 2 <L —_
lutn sup 9 loz log t ,3 exp( 1

Further note the trivial arithmetic statement

K K
min{ﬂ‘lexp<——ﬂK )} = ﬁ'lexp(———ﬂ ). = ¢ .
B>0 qg+1 g+1 B=(a+1)/K g+1

We can therefore choose 8 = (¢ + 1)/K to obtain

U(t) Ke
i < .8.
h?ligp tatlloglogt — g+ 1 a8
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as required. The proof is complete.

Corollary 5.3 Let U(t) = SUPg<,<: U(s) on 0 < t < 0o. Then, under the
hypotheses of Theorem 5.1,

t_.oop taloglogt t—voop tdloglogt

This corollary follows from Theorem 5.1 and the following lemma.

Lemma 5.4 Letg: Ry — R, and f: Ry — (0,00) be two functions with f
nondecreasing and f(t) — oo ast — 0o0. Let §(t) = supgc,<, 9(s) on 0 < t < oo.

If
: 9(t)
limsup = < oo,
o J(2)
e 10 ®
g
limsu = limsu
Dol fB) s FB)
Proof. Let
9(t) _
=i
SRR re <
Assign € > 0 arbitrarily and then there exists a T'(¢) > 0 such that
g(t)
<f+4+e forallt>T(e).
That is,
g(t) < (E+e)f(t) forallt > T(e).
Thus

9(t) <g(T(e)) + » S)ll(pqy(S) <g(T(e)) + f()(E +¢)

for all t > T'(¢). In consequence,

limsup =+ 3(t)

msup 5 <€+e.

Since € > 0 is arbitrary, we get

e ) < e T

But g(t) > g(t) and so the equality must hold, and the proof is complete.
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Theorem 5.5 Let p(t) be a real polynomial of degree q ont > 0 with the leading
coefficient K > 0 and the other coefficients nonnegative. Let p > 0. Assume
that

y7b(z,y,t) >0 (5.11)
and
lo(z,y,8)[* < p(t)e” (5.12)
for all z,y € R® and t > 0. Then the energy of system (5.3) has the property
that
. U(t) Ke
] ——— < — a.s. .
1:1is°1;p alogt = p a.s (5.13)

Moreover (in the notation of Corollary 5.3),

lim sup —U—(—t)— = lim sup ue)

= —_ .14
t—oo €Ptdlogt t—oo €Ptdlogt (5.14)

Proof. We use the same notations as in the proof of Theorem 5.1. By Itd’s
formula and the hypotheses we can easily show that

t 3
Ut) <U©O) + % / p(s)e”*ds + / yT (s)o(z(s), y(s), s)dB(s). (5.15)
0 1]
Fix @ > 1 and 3,£ > 0 arbitrarily. For each k = 1,2,-- -, we let
7= Bk TeH, = Z(ke) e logh, 7= ke

in (5.9) to obtain that

P{ sup [/t yTodB(s) - %ﬁ(kﬁ)“"e‘""‘ /Ot lyTolzds]

0<t<kéLJo
> f(kg)qepkf logk? < 1
B T ke

By the Borel-Cantelli lemma, we then see that for almost all w € €, there exists
a random integer ko = ko(w) such that

t 1 t
[ vroant) < Gikeretogk + 5ok re [ 1yTops
0 0

t
< 8 (keyreP log k + B(ke) ¥ / p(s)e?°U(s)ds
0

>

for all 0 < t < k€ and k > kq. Substituting this into (5.15) yields that

U(t) <U(0) + -g-(kg)qepkﬁ logk

+% /otp(s)e”’ds + B(k€)"Te Pk /Otp(s)e”’U(s)ds
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for all 0 < t < k¢, k 2> ko almost surely. By Lemma 5.2, we then derive that
t
U < exp(ﬂ(kﬁ)_qe_pke / p(S)e"’ds)
0

x{U(O) + %(kg)qeﬂ"f log k

+ %/Ot p(s)e”® exp (—,B(Ic{)""e""cg /03 p(r)e‘”dr) ds}

< exp [@(kz)-Qp(ka)]

{ (0) + ﬂ(kﬁ)"e"“ logk + ﬂ(kg)qepks}

for all 0 <t < k&, k > ko almost surely. Therefore, for almost all w € €, if
(k-1)§ <t<kfandk > ko,

_U) -1
epetq(:())gt < (ep(k~1)€[(k — 1)¢]%[log(k — 1) + 1og§])

x exp[‘;f(k&)-vp(ko]

{U(O) + —(k€)%e”* log k + 6(k€)qepk£}
Noting that

(k{)_qp(kg) — K ask — oo,
we see

limsup-—U—(—Q— < g ePE+BK/p 4 o .

t—oo €Pitilogt — G
Letting @ — 1 and £ — 0 yields that

lim sup ug)

1
—— <z PKlp g,
t—oo €Pttdlogt — O

IA

Since this holds for arbitrary 8 > 0, we can specially choose 8 = p/K to obtain

that

( ) Ke
llinsup erita log t < —p— a.s.

as desired. The proof is complete.

(ii) Forced Dynamics

We shall now turn to consider the energy bounds for the more general
equation (5.1) under the external force, namely

{ dz(t) = y(t)dt,

dy(t) = [-b(z(t),y(t)) — VG(z(t)) + h(t))dt + o (x(t), y(t), t)dB(t). (5.16)
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Theorem 5.6 Let pi(t), 1 < i < 4, be real polynomials of degrees q; on t >
0 with the leading coefficients K; > 0 and the other coefficients nonnegative.
Assume that

1
¥"b(z,9,8) 2 ~pa(t) — pa(t) (541 + G(@)),
lo(z,4,t)|* < pa(t),
[h(t)] < pa(t)
for all z,y € R and t > 0. Then the energy of system (5.16) has the property
that

limsu U(t)
too! explt(p2(t) + pa(t))] £ loglogt

Kse/(gs+1) ifgs>qi Ve
< —_— ’
- {0 otherwise, (5.17)

almost surely, where q=q1 V g2V ¢3.

Proof. By Ité’s formula,

t
U = U + [ (57)-ba(e).u(s)) + A(s) + 5lo(a(s), u(s), o)) ds
[}
+ / uT ()0 ((s), 4(s), 5)dB(s).
4]
Noting that
Y (@)h(s) < h(3)ly(s)] < IR+ Iy()) < Ih(s)I(L +U(s))
and using the hypotheses we then see that
U@ <U© + [ [5(6) + pals) + U )] ds
0
t
+ /0 ¥ (s)o(z(s), y(s), s)dB(s), (5.18)

where p(s) = p1(s) + 3pa(s) + pa(s) which is a polynomial of degree q := g V
g2 V q3. Assign 6 > 1 and 8 > 0 arbitrarily. In the same way as in the proof of
Theorem 5.1, we can show that for almost all w € €2, there is a random integer
ko = ko(w) such that

t t
/0 yTodB(s) < 10N D* og k + o~ Klat!) /0 pa(s)U(s)ds
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for all 0 < t < 6%, k > ko. Substituting this into (5.18) yields that
U(t) < U0) + p~1oHa+ D+ jog k 4 p(6*)0*

+ [ [0 )+ pals) + )] U

for all 0 < t < 6%, k > ko almost surely. By the Gronwall inequality, we then
have that

U(t) < [U(0) +5716M+ D+ logk + (6*)6

X exp ( /0 t [ﬂ()“"“’“)pa(S) +p2(s) + p4(8)] dS)

< [U(O) 4Bt oo g o i»(o")ok]
0k
X exp(ﬁﬂ_k(“l) / pa(s)ds + t[pa(t) + p4(t)])
0

for all 0 < t < 6%, k > ko almost surely. Therefore, for almost all w € Q, if
651 <t < 6* and k > ko,

U(t)
explt(p2(t) + pa(t))] t9+! loglogt

U(0) + B1oxa+D+1 Jog k 4 5(6%)0* r
< 9 (q+1)/ )
S Tg@ D log(k — 1) + loglogd] T\ , P

If g3 > q1 V g2, then ¢ = g3 and

k

ek
exp(ﬂe‘k(q“)/ pg(s)ds) — efKa/ (@4 a5 | 5 0.
0

We therefore derive that

lim sup ut) 199+2,8Ka/(q3+1)

S Pt (2 (®) + Pa(®)) &7 loglogt ~

a.s.

Letting 6§ — 1 and then choosing 8 = (g3 + 1)/ K3 we obtain

limsu U(t) < Kse
ol explt(pa(t) + pa(t))] t9+ loglogt — g3 + 1

a.s.

On the other hand, if g3 < ¢ V g2, then ¢ > ¢3 and

k

exp(ﬂB‘k(‘H’l)/ p3(s)ds) —1 ask — oo.
0
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Therefore

lim sup v

< —lgq+2 8.
t—oo  €xplt(p2(t) + pa(t))]tatlloglogt — A a8

Letting 8 — oo yields

lim su u(t)

<0 as.
Pl explt(p2(t) + pa(t))] ta+! loglogt — N

The proof is complete.

If all the p;(t)’s reduce to constants, namely p;(t) = K; and ¢; = 0, we
obtain the following useful result.

Corollary 5.7 Let K;, 1 <1i <4, be positive constants. Assume that
1
v b(z,y,t) > K, - K2(§|y|2 + G(:c)),

lo(z,y,t)? < K,

|h(t)] < K4
for all 2,y € R® and t > 0. Then the energy of system (5.16) has the property
that

U(t)

li < 8.
'f'ii.‘fp exp[t(K2 + K4)]tloglogt — Kse as

Theorem 5.8 Let pi(t), 1 < i < 4, be real polynomials of degrees q; ont > 0
with the leading coefficients K; > 0 and the other coefficients nonnegative. Let
p > 0. Assume that

v bz, u,0) > ~m(0) - pa(0) (147 + G(x),

IO’(I, Y, t)|2 < p3(t)ept1
|h(t)| < pa(t)

for all z,y € R? and t > 0. Then the energy of system (5.16) has the property

that
limsu u) < Kae
e explt(p + p2(t) + pa(t))]t% logt — p

a.s. (5.19)
Proof. By It6’s formula and the hypotheses we can show that
¢ 1
U) < UO)+ [ [pr(s) +palo) + ga(s)e]ds
0

t t
+ / [pa(s) + pa(s)|U (s)ds + / yT(s)o(2(s), y(s), s)dB(s).  (5.20)
0 0
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Assign 8 > 1 and 3,6 > 0 arbitrarily. In the same way as in the proof of
Theorem 5.5 we can show that for almost all w € §, there exists a random
integer kg = ko(w) such that

t t
/ yTodB(s) < g(kg)‘hep'“E log k + B(k€)™9e~PkE / pa(s)eP*U(s)ds
0 8 0
for all 0 <t < k€ and k > kp. Substituting this into (5.20) gives that
t
U() <UO)+ [ 1)+ pas) + goa(e)e s
t
+ / [p2(s) + pa(s)|U(s)ds + g(lcg‘)"“e"”‘6 log k
0 4]
t
+ B(kE) "R PkE / pa(s)e”*U(s)ds
0
S U(0) + k&[p1 (k) + pa(kE)] + gll;ps(kﬁ)e""‘ + %(I’ré)"“e”ke log k

[ pao) + pa(s) + BkE) e Hepa(s)er*|U s

for all 0 < t < k€ and k > ko almost surely, where we have also used the
following estimate

k€ k¢ 1
/ p3(s)eP’ds < p3(k§)/ e’*ds < —pa(k€)e” .
0 0 P
An application of the Gronwall inequality implies that
U() < (U0)+ kelp (k6) + pa(k)] + 5 -pa(keP™ + Z(ke) e log)
t
X exp(/ [pz(s) + pa(s) + ﬁ(k{)"‘“e""‘gpg(s)e""’] ds)
0
< (U(0) + kelpi (k€) + pa(kE)) + 2ipp3<ks>epkf + %(ke)%epkﬁ log k)
x exp (tpalt) + (0] + E (k) (k) )

for all 0 < t < k€ and k > kp almost surely. Therefore, for almost all w € Q, if
(k— 1) <t < k€, then

U(t)
exp(t(p + p2(t) + pa(t))] t logt

< (e 0(k - otk 1)+ 1oge])  exp(2k0) e

 (U(0) + kelpa(k6) + pa(k)] + 5-pa(kOePH + 2 (k) e log k).
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Bearing in mind that

(k€)~"pa(k€) — K3 as k — oo,
we see immediately that

: U() o BKs
“ﬂﬂpexp[t<p+m(t)+p4(t>)1tvslogtSae"p("“ P ) -

Letting § — 1 and € — 0 and then choosing @ = p/ K3, we obtain

limsu ue) < @
oo’ explt(p + Pa(t) + pa(t)] t5 logt — p

a.s.

which is the required assertion. The proof is complete.

To close this chapter, let us state one immediate corollary.

Corollary 5.9 Let p and K;(1 <i < 4) be positive constants. Assume that
T 1 2
yTb(z,y,1) 2 K1 - Ka(5 14l + G(3)),

|U($vy7t)l2 S K3epta
Ih(t)| < K4
for allz,y € R and t > 0. Then the energy of system (5.16) has the property

that U K
I <=
el explt(p + K2 + Kq)[logt ~ p

a.s.
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Applications

to Economics and Finance

9.1 INTRODUCTION

Pricing models for financial derivatives require, by their very nature, the utiliza-
tion of continuous-time stochastic processes, especially It6’s stochastic calculus.
For example, the Black-Scholes model (Black & Scholes (1973)) used the method
of arbitrage-free pricing. But the paper was also influential because of the tech-
nical steps introduced in obtaining a closed-form formula for options prices. For
an approach that used abstract notions such as the It6 calculus, the formula was
accurate enough to win the attention of market participants. In brief, stochastic
modelling has become more and more popular in financial economics. In this
chapter, we shall apply the theory of stochastic differential equations to the re-
lated problems in finance. As usual, we shall work on the given probability space
(Q, F, {F:}, P) throughout this chapter.

9.2 STOCHASTIC MODELLING IN ASSET PRICES

One of the important problems in finance is the specification of the stochas-
tic process governing the behaviour of an asset. We here use the term asset to
describe any financial object whose value is known at present but is liable to
change in the future. Typical examples are

e shares in a company,
e commodities such as gold, oil or electricity,

301
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e currencies, for example, the value of $100 US in UK pounds.

In this section we shall describe a number of stochastic differential equations
which have often been used in modelling asset prices.

(i) Geometric Brownian Motion

In the early studies, people assumed that the price of an asset followed a
Gaussian process described by the 1t6 differential

dS(t) = Adt + 0dB(t) (2.1)

on t > 0. Here, and throughout this section, S(t) is the price of the asset at
time ¢, both X and o are positive constants, B(t) is a one-dimensional Brownian
motion and, moreover, the initial price is a positive constant Sp, i.e. S(0) =
Sy > 0. Clearly

S(t) = Sp + M+ oB(t)

which is normally distributed with mean Sp + At and variance o?t. So the price
may become negative but this violates the condition of limited liability. To
overcome this weakness, several people, e.g. Samuelson (1965), Black & Scholes
(1973), suggested the idea of modelling by geometric Brownian motions.

To explain this classical model, let us first remark that the absolute change
in the asset price is not by itself a useful quantity: a change of 1p is much more
significant when the asset price is 20p than when it is 200p. Instead, with each
change in asset price, we associate a return, defined to be the change in the price
divided by the original value. This relative measure of the change is clearly a
better indicator of its size than any absolute measure.

Now suppose that at time t the asset price is S(¢). Let us consider a small
subsequent time interval dt, during which S(¢) changes to S(t) + dS(t). (We use
the notation d- for the small change in any quantity over this time interval when
we intend to consider it as an infinitesimal change.) By definition, the return of
the asset price at time t is dS(t)/S(t). How might we model this return?

If the asset is a bank saving account then S(¢) is the balance of the saving
at time t. Suppose that the bank deposit interest rate is . Thus the return
dS(t)/S(t) of the saving at time t is rdt, that is

ds(t)
W = rdt
o dsi(t
—-dt—) = T‘S(t)

This ordinary differential equation can be solved exactly to give exponential
growth in the value of the saving, i.e.

S(t) = Soert,
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where Sy is the initial deposit of the saving account at time ¢ = 0.

However asset prices do not move as money invested in a risk-free bank.
1t is often stated that asset prices must move randomly because of the efficient
market hypothesis. There are several different forms of this hypothesis with
different restrictive assumptions, but they all basically say two things:

o The past history is fully reflected in the present price, which does not hold
any further information;

e Markets respond immediately to any new information about an asset.

With the two assumptions above, unanticipated changes in the asset price are a
Markov process.

Under the assumptions, the classical Black-Scholes model decomposes the
return dS(t)/S(t) of the asset price into two parts. One is a predictable, de-
terministic and anticipated return akin to the return on money invested in a
risk-free bank. It gives a contribution

Adt

to the return dS(t)/S(t), where X is a measure of the average rate of growth of
the asset price, also known as the drift. The second contribution to dS(t)/S(t)
models the random change in the asset price in response to external effects,
such as unexpected news. There are many external effects so by the well-known
central limit theorem this second contribution can be represented by a random
sample drawn from a normal distribution with mean zero and adds a term

odB(t)

to dS(t)/S(t). Here o is a number called the volatility, which measures the
standard deviation of the returns. The quantity dB(t) is the sample from a
normal distribution with mean zero and variance d¢. Putting these contributions
together, we obtain the linear stochastic differential equation )

dS(t)

> dS(t) = AS(t)dt + o S(¢)dB(2), (2.2)

which is the mathematical representation of our simple recipe for generating
asset prices. This linear SDE is known as the geometric Brownian motion.

By the theory established in Chapter 3, equation (2.2) has the explicit
solution

S(t) = Soexp [(A - %z)t + aB(t)]. (2.3)

Hence the price S(t) is lognormally distributed. Note that for any constant A,
exp[—(A?/2)t + AB(t)] is an exponential martingale on ¢ > 0 and, therefore,
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E exp[—(A2/2)t + AB(t)] = 1. Making use of this fact, we can compute the nth
moment

ES"(t) =S E exp[(/\ - g;—)nt + naB(t)]
2

2,2 2 2
=S¢ exp[()\ - %—)nt + n—;—t]Eexp[—n; t+ naB(t)]

o2
= 57 exp [n/\t + —2—n(n - l)t].

In particular, the price S(t) has the mean
ES(t) = Soe*
and variance
Var(S(t)) = ES?(t) — S2e?* = §2e2M [ea2t —1].

Therefore, the average of the price increases exponentially and is independent of
parameter o. Let us now look at the individual price, i.e. the sample properties
of S(t). By the law of the iterated logarithm (i.e. Theorem 1.4.2), we can easily

show that )

o1 o
tli.l{.lo?lOgS(t) =A- —2—

almost surely if A # 02/2, while

limsupM =¢ and liminfM = -
t—oo V/2tloglogt t—oo \/2tloglogt
almost surely if A = 02/2. We hence conclude:
(a) S(t) — oo almost surely exponentially if A > 02/2;
(b) S(t) — 0 almost surely exponentially if A < 02/2;
(¢) limsup,_, ., S(t) = oo while liminf, ., S§{t) = 0 almost surely if A =
o%/2.
Especially, it is interesting to observe that an individual who holds the asset

long enough would be “almost certainly ruined” if A < 02/2, even though in this
case the average of the price is increasing.

(ii) Mean Reverting Process

A stochastic differential equation that has been found useful in modelling
asset prices is the mean reverting model:

dS(t) = Mu — S(£))dt + aS(t)dB(t). (2.4)

Especially, this is often used to model interest rate dynamics. According to
the model, as S(¢) increases above some “mean value” u (> 0), the drift term
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A( — S(t)) will become negative. This makes dS(t) more likely be negative
and S(t) will decrease. On the other hand, as S(t) falls below the value p,
A(p — 8(t)) will become positive. This makes dS(t) more likely be positive and
S(t) will increase. Hence, we may expect that S(t) will eventually move towards
the value p and, indeed, we shall see ES(t) — p ast — 00. In view of the theory
of Chapter 3, we know that equation (2.4) has the explicit solution

S(t) = So exp[-(,\ +o0?/2)t + aB(t)]
t
+ / exp[~(A +0%/2)(t — 5) + o(BO) - BE)|ds.  (25)
0
This formula shows clearly that S(t) remains positive as long as Sp > 0. Noting

E(eXp[—";(t —8) +o(B(t) — B(s))]) —1 for0<s<t<oo,

we can compute the mean

¢
ES(t) = Spe~ + z\u/ e~ Mt=2)dg
0
= Soe-'\t + /J.[l - e_)‘t] =p+(Se— u)e_’\‘.

This implies

lim ES(t) = p

t—o0
as expected. For the variance, noting that Var(S(t)) = ES?%(t) — (ES(t))?, we
hence compute the second moment. By the It6 formula, it is easy to show that

d(ES*(t))

= 2ApES(t) — (2) — a?)ES?(t)

= 20ufp + (So — e — (21 — o) ES*(2).
If 2\ = 02, then
ES?(t) = 82 4+ 22t + 2p(So — p)(1 — e ™M) - 00 ast— oo,

whence Var(S(t)) — oo as t — co. On the other hand, if 2) # o2, then

- t
B0 = @ (s34 [ 2rulut (So - e e )
)]

222

— —(2A—a?)t (s2
€ ot 2\ — o2

(P~ — 1) + 2uA(So - w)I (1)),

where

1 2
¢ (A=a®)t _ . 2
J(t) =/ e()\—gz)udu — X\ — 0_2 (e 1) lf )Y # a2,
’ ¢ if A = o2
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Consequently
o0 if 2) < 02,

. 2 _
Jim ES%(t) = { 2A2
2\ — o2

Summarizing the arguments above gives

{ oo if2A<o?,

if 2X > o2,

tllglo Var(S(t)) = uo?

N o2 if 2A > o2,

(iii) Mean Reverting Ornstein-Uhlenbeck Process

A model close to the one just discussed is the mean reverting Ornstein—
Uhlenbeck process:

dS(t) = M — S(t))dt + odB(t). (2.6)

In this model, the diffusion term does not depend on S(t). As a result, we shall
see that S(t) may become negative. Equation (2.6) has the explicit solution

t t
S(t) = e~ (So + /\u/ e*ds + a/ e’\’dB(s))
[} 0
t
=p+e M(Sp - p) +oe M / e*dB(s). (2.7)
0

Clearly, S(t) is normally distributed with mean
ESt)=p+eSp—p)—>p ast— oo

and variance

o’ —2At a?
Var(S(t)) = -2—,\(1 —e M) > TN as t — 00.
We therefore observe that the distribution of S(t) always approaches the normal
distribution N(u,02/2)) as t — oo for arbitrary Sg. We also observe that S(t)
may become negative but if 4 > 1.502/), the probability of S(t) being negative
is rather small for any sufficiently large ¢.

(iv) Square Root Process

A model close to the geometric Brownian motion is the square root process:

dS(t) = AS(t)dt + o+/S(2)dB(t). (2.8)

Here the mean is made to follow an exponential trend as before, while the stan-
dard deviation is made a function of the square root of S(t), rather than S(t)
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itself. This makes the “variance” of the error term proportional to S(t). Hence,
if the asset price volatility does not increase “too much” when S(t) increases
(greater than 1, of course), this model may be more appropriate. For equation
(2.8), one may ask whether S(t) will become negative. If so, \/S(t) would be-
come a complex number and this would not make sense in modelling an asset
price. We shall now show this is impossible. This nonnegative property is clearly
equivalent to the solution of equation

dS(t) = AS(t)dt + o+/]S(t)|dB(2) (2.8)

never becoming negative as long as the initial value So > 0. To prove this, let
ao = 1 and a = e ¥k+1)/2 for every integer k > 1. Note that

k-1
/ g
ak u

Let vx(u) be a continuous function such that its support is contained in the
interval (ax,ax—1) where 0 < ¢ (u) < 2/ku and, moreover,

[ =1

G

Such a function exists obviously. Define ¢ (z) = 0 for z > 0 and

wr(z) = /‘I dy /u Yr(u)du forxr < 0.
0 0

It is easy to see that ¢ € C%(R; R);

—1 < pi(x) <0 if — 00 < T < —ay or otherwise @) (z) = 0;
2

ler(z)] < e if —ax-1 < T < —ay or otherwise p{(z) = 0;
moreover,
T —ak1 < ygr(z) <z~ forallz € R,
where 2~ = —z if £ < 0 or otherwise = = 0. Now for any t > 0, by Itd’s

formula we can derive that
t o2
or(S() = ou(50) + [ |ASIGR(S(0)) + ISR
0
+o [ (so)VEDIBR)
< /t AS™(r)dr + 1:_t + o/t @ (S(r)V|S(r)|dB(r).
0 0
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Hence
o2t

ES™(t) —ar-1 < Epr(S(t)) < /\/: ES™(r)dr + o

That is
ot t
ES™(t) <ag-1 + % + /\/ ES™ (r)dr.
0

The Gronwall inequality shows that
~ %ty
ES™(t) < (ak_l + —k—)e for all t > 0.

Letting k — 0o we get that ES~(t) < 0 and hence we must have
ES~(t)=0 forallt>0.
This implies
P{S(t) <0} =0 forallt>0.

Since S(t) is continuous we must have S(t) > 0 for all t > 0 almost surely. This
proves the nonnegative property of the solution of equation (2.8)', and due to
this property we can certainly write equation (2.8) as equation (2.8).

(v) Mean Reverting Square Root Process

Combining the square root idea with the mean reverting one gives us the
model of the mean reverting square root process:

dS(t) = M — S(t))dt + o/SE)dB(2). (2.9)

Again this process will never be negative. In fact, applying Ité’s formula we
have that

t 2
Epi(S(t)) < pr(So) + E /0 [/\(u — S()pi(S(r)) + %IS(T)Ilw’é(S(r))I]dr
2

IN
x| 3

Hence
_ ot
—Qk--1 S ES (t) — Qr—-1 S T

Letting k — oo we get that ES—(t) = 0 for all ¢ > 0. This implies that S(t) > 0
for all ¢t > 0 almost surely.

However, we can invoke the classical Feller test for explosions (see e.g.
Karatzas and Shreve (1988)) to show the more precise result that S(t) > 0 for
all t > 0 almost surely if 02 < 2\u. In fact, the diffusion coefficient of equation

(2.9), g(z) := 0/Z is continuous and obeys g%(z) > 0 on z € (0,00) while the
shift coefficient f(z) := A(u — z) is continuous on z € (0,00). By the standard
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result of ordinary differential equations, we know that for any given pair of
positive constants a and b with a < Sy < b, there is a unique solution M(z) to
the equation

f(@)M'(z) + 32 (z)M"(z) = -1, a<z<b

with the boundary condition M(a) = M(b) = 0. The explicit formula for M (z)
in terms of Green’s function can be found in Karatzas and Shreve (1988, p.343)
but it is not needed here. Define the stopping times

7, =inf{t >0:S(t) <a} and 7 =inf{t>0:5(t) > b}.
By the It6 formula, it is easy to show that for any ¢ > 0,
EM(S(t AT, ATp)) = M(So) — E(t A1a ATy), (2.10)

which gives
E(t Ata Ap) < M(Sp).

Letting t — oo yields
E(ta A1) < M(Sp) < o0.

In other words, S(t) exits from every compact subinterval of (0,00) in finite
expected time. We must then have P(1, A 7, < 00) = 1. With this obser-
vation, we may return to (2.10), observe from the boundary condition that
lim; oo EM(S(t A 7, ATp)) =0, and conclude

E(rs ATy) = M(Sp). (2.11)

Let us now define

V(z)= /lz exp {— /l-v z'g((j))dz} dy, z € (0,00).

This function has a continuous, strictly positive derivative V'(z), and V" (z)
exists everywhere and obeys

V(z) = - zié;‘)) Vi(a).

The It formula shows that for any t > 0,

V(SnT Am) = Vs + [ " V(S ()g(S(w)dB(w).

Taking expectations and then letting ¢ — oo, gives

V(So) = EV(S(16 A1) = V() P(1e < ) + V(B)P(Tp < Ta).
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Since two probabilitics above add up to one, we see

V(b) - V(So) V(So) - V(a)
=21 d = —— .
P(7q < 1) V)~ Via) and P(1p < 74) V)~ Via) (2.12)
Compute
s Y A -~ 2)
V() = /1- exp {—/1 sz dy
o 2)\
= / Y /o’ exp (——:l(y - 1)) dy.
1 (o4
In the case when 2\u > o2, it is easy to see that
limV(z) = —o0o and lim V(z) = oo.
z|0 zToo
Define
To = Llﬁ)l To and To = lllyroré Tp
and set T = Tp A Too. By (2.12), we have
. 1= V(So)/V(b)
< > = 27
P(,inf S0) <a) > Plra <n) = 7= V@)V () (2.13)

Letting b T co we get
P( inf S(t) < a) =1

o<t<r

But this holds for any ¢ > 0. We must therefore have

P( inf S(t) = o) =1.

o<t<r

A dual argument show

P( sup S(t) = oo) = 1.

o<t<r

Suppose now that P(7 < oo) > 0; then
P( tlim S(t) exists and is equal to 0 or oo) > 0.
—T

So {info<i<r S(t) = 0} and {supy<,, S(t) = oo} cannot both have probability
one. This contradiction shows that P(7 < 00) = 0. In summary, we have

P(r = 00) = P( inf S(t) = o) = P( sup S(t) = oo) =1 (2.14)

0<t<oo 0<t<oo

if 02 < 2)u.
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Let us now consider the case when 62 > 2\u. In this case, we have
V(0+) =: lxl?ol V(z) > —o0 and zl:lTI;lo V(z) = o0.
We can still show from (2.13) that
P, 50=0) =1

But letting a | 0 in the second equality of (2.12) gives

V(So) - V(0+)

P <m) = 3@ —vion -

Letting now b — oo implies P(7 < 7o) = 0, namely P(supy<,., S(t) = 00) = 0.
We can hence conclude that

p( inf S(t) = 0) = P( sup S(t) < oo) =1 (2.15)

o<t<r o<t<r

if 02 > 2Ap.
Moreover, the solution of equation (2.9) still has the mean reverting trend

ES(t)=p+e *(So—p) — u as t — oo,

It is particularly interesting to observe that when the parameters A\,o and u
have the relation

the square root 1/S(t) is an Ornstein~Uhlenbeck process:

dV/5(t) = —%\/S(t)dt + %dB(t) (2.16)

whose solution is

t
S(t) = /Soe % + % / e Mt=3)24B(s).

0

(vi) Theta Process

Another useful model is the theta process described by the stochastic dif-
ferential equation
dS(t) = AS(t)dt + 0S%(t)dB(t), (2.17)

where 8 is a constant no less than 0.5. For example, Lewis (2000) assumed
6 € [0.5,1.5] while Chan et al. (1992) recommended 8 > 1. We observe that
equation (2.17) becomes the classical geometric Brownian motion if # = 1 while
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it is the square root process if § = 0.5. When 6 € (0.5,1), we can show in a
similar way as in the case of the square root process that for any initial value
So > 0 equation (2.17) has a unique nonnegative solution on ¢ > 0.

When 8 > 1, one would have a feeling that the solution to equation (2.17)
might explode to infinity in a finite time. However, we claim that if 8 > 1,
then for any given initial value Sy > 0 there is a unique global solution S(t) to
equation (2.17) on ¢t > 0 and the solution will remain positive with probability
1, namely 0 < S(t) < oo for all t > 0 almost surely. In fact, as the coefficients
of equation (2.17) are locally Lipschitz continuous in (0,00), we can show by
the truncation technique as in the proof of Theorem 2.3.4 that there is a unique
local solution S(t) on t € [0, 7o), Where T, = limg_o 7% and

e =inf{t € [0,7o0) : S(t) € (1/k, k)}, k>ko
in which ko > 0 is sufficiently large for Sy € [1/ko, ko). Clearly, all we need
to show is that 7., = 0o a.s. If this statement is false, then there is a pair of
constants T > 0 and € € (0,1) such that
P(1o £T) > €.

Hence there is an integer k; > ko such that

P(r, <T)>e forall k>k. (2.18)
Define a C?-function V : (0,00) — R, by

V(S)=VvS-1-05l0g(S), §>0.

If S(t) € (0,00), the It6 formula shows that

dV(S(t)) = 0.5(S7%3(t) — S™L(t))[AS(t)dt + 0S%(t)dB(t)]
+0.25(—0.55"15(t) + S2(t))a28%(t)dt
= F(S(t))dt + 0.50(S~%3(t) — S~1(t))S(t)dB(t),

where
F(S) = 0.5X(S%% — 1) 4+ 0.25028%072 — 0.125028%°~15, S € (0, 00).
Obviously, F(S) is bounded, say by K, on S € (0,00). We therefore obtain
dV(S(t)) < Kdt + 0.50(S~%5(t) — S~1(t))S%(t)dB(t)

as long as S(t) € (0,00). Whence integrating both sides from 0 to 7. AT, and
then taking expectations, yields

EV(S( AT)) < V(Sp) + KE(r AT) < V(So) + KT. (2.19)
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Set Qi = {1 < T} for k > k; and, by (2.18), P(Q) > €. Note that for every
w € %, S(7x,w) equals either k or 1/k, and hence V(S(7x,w)) is no less than

either
vk -1 - 0.5log(k)

or
1/k —1-0.5log(1/k) = v/1/k — 1 + 0.5log(k).
Consequently,

V(S(e,w)) > [\/E - 0.510g(k)] A [0.510g(k) - 1] :
It then follows from (2.19) that
V(So) + KT > E[ng(w)V(x(Tk,w))]
> e([\/E ~1-05 log(k)] A [0510g(k) - 1]).
Letting £ — oo leads to the contradiction

so we must have 7o, = 00 a.s.

(vii) Mean Reverting Theta Process

Combining the idea of theta process with the mean reverting one gives us
the mean reverting theta process

dS(t) = Mp — S(t))dt + o S®(t)dB(t), (2.20)

where 0 > 0.5. This reduces to the mean reverting process when 8 = 1 while it
is the mean reverting square root process when 8 = 0.5. When 8 € (0.5,1), we
can show in the same way in the case of the mean reverting square root process
that S(t) > O for all t > 0 almost surely. When 6 > 1, we can show in the same
way as in the case of the theta process that S(t) > 0 for all ¢t > 0 almost surely.

(viii) Stochastic Volatility

In all the previous models, the drift and diffusion parameters are constants.
However, much more general models can be obtained by making these parame-
ters random. Such models may have useful applications, since they allow us to
consider the volatility not only time-varying but also random given the S(t). For
example, consider an asset price described by the stochastic differential equation

dS(t) = AS(t)dt + o(t)S(t)dB(t), (2.21)
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where ) is a positive constant as before, while the volatility o(t) is assumed to
change over time. More specifically, o(t) is assumed to change according to an
Ornstein-Uhlenbeck process

do(t) = —Bo(t)dt + 6dB(t), (2.22)

with initial value ¢(0) = ¢, where 3, § are positive constants and B (t) is another
Brownian motion independent of B(t) (it is also possible to discuss the dependent
case). We can solve the equations explicitly:

S(t) = Spexp [At - %‘/Ot o?(s)ds + /: a(s)dB(s)],

where

t
o(t) = age P + 5/ e B3 4RB(s).
0

We see clearly that o(t) is normally distributed with mean oge~?* and variance
(6%/2B)(1 — €~2Pt). Hence, in a long-run, o(t) will follow the normal distribu-
tion N(0,6%/23). Recalling the model of geometric Brownian motion, we can
reasonably guess that with probability

P{iétl > ,\} =2P{o(t) > VIA} ~ 1 - 2Erf(@)

the S(t) will tend to zero. Alternatively, we may assume that the volatility o(t)
follows a mean reverting process

do(t) = B(o — a(t))dt + do(t)dB(t), (2.23)

where o is a positive constant. In this case, the volatility of the asset has a
long-run mean o. We might therefore guess that if 02/2 > ), the asset price
would be most likely ruined.

As one more example, the Heston stochastic volatility model assumes that
V(t) = 0%(t) obeys the mean reverting square root process

dV(t) = B(0® — V(t))dt + 8/V(t)dB(t).

Clearly, using such layers of stochastic differential equations we can obtain more
and more general models for representing the financial phenomena in real life.

9.3 OPTIONS AND THEIR VALUES

The stochastic differential equations discussed in the previous section de-
scribe the dynamics of asset prices. One of the important issues in finance is to
price options based on the dynamics of asset prices.
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(i) Options

There are various options and let us begin with the simplest European call
option.

Definition 3.1 A European call option gives its holder the right (but not the
obligation) to purchase from the writer a prescribed asset for a prescribed price
at a prescribed time in the future.

The prescribed purchase price is known as the exercise price or strike price,
and the prescribed time in the future is known as the ezpiry date.

For example, today (1st January 2007) Professor Mao (the writer) writes a
European call option that gives you (the holder) the right to buy 200 shares in
Mao’s for $1.20 each on 1st January 2008. On 1st January 2008 you would then
take one of two actions:

(a) if the actual value of a Mao’s share turns out to be more than $1.20 you
would exercise your right to buy the shares from Professor Mao—for you
could immediately sell them for a profit.

(b) if the actual value of a Mao’s share turns out to be less than $1.20 you
would not exercise your right to buy the shares from Professor Mao—the
deal is not worthwhile.

Note that because you are not obliged to purchase the shares, you do not lose
money (in case (a) you gain money while in case (b) you neither gain nor lose).
Professor Mao on the other hand will not gain any money on 1st January 2008
and may lose an unlimited amount. To compensate for this imbalance, when the
option is agreed on 1st January 2007 you would be expected to pay Professor
Mao an amount of money known as the value of the option. The key question
that we address in this Section is

How much should the holder pay for the privilege of holding the option? In
other words, how do we compute a fair price for the value of the option?

We leave the answer to this question to the next subsections but introduce a few
more other types of options. The direct opposite of a European call option is a
European put option.

Definition 3.2 A European put option gives its holder the right (but not the
obligation) to sell to the writer a prescribed asset for a prescribed price at a
prescribed time in the future.

It is useful to identify the payoff or value at the expiry date of an option.
Let K denote the exercise price and S the asset price at the expiry date. (Of
course, S is not known at the time when the option is taken out.) At the expiry
date, if S > K it makes financial sense for the holder of a European call option
to exercise the call option, buying the asset for K and selling it for S, gaining
an amount S — K. On the other hand, if S < K at expiry, then the holder
gains nothing and the option expires worthless. Thus, the payoff or value of the
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European call option at the expiry date is
max(S — K,0).

Similarly, we can show that the payoff or value of the European put option at
the expiry date is
max(K — §,0).

There are many other types of options available. They include:

e American calls and puts. An American call option with strike price K
and expiry date T gives the holder the right but not the obligation to buy
from the writer an asset for price K at any time up to T. An American
put option with strike price K and expiry date T gives the holder the right
but not the obligation to sell to the writer an asset for price K at any time
up to T

¢ Lookback call. A lookback call gives the holder the right to buy an asset
at expiry date T for a price equal to the minimum achieved by the asset up
to time T.

o Digital option. A digital option pays out a pre-agreed amount A if the
asset price exceeds the strike price K at the expiry date, otherwise it is
worthless.

e Barrier options. A barrier option is one that is activated or deactivated
if the asset price crosses a preset barrier. There are two basic types:
knock-ins

(a) the barrier is up-and-in if the option is only active if the barrier is hit
from below,

(a) the barrier is down-and-in if the option is only active if the barrier is
hit from above;

knock-outs

(a) the barrier is up-and-out if the option is worthless if the barrier is hit
from below,

(b) the barrier is down-and-out if the option is worthless if the barrier is
hit from above.

e Asian option. The payoff at the expiry date depends on the average of
the asset price between the start and expiry dates.

For illustration, let the start date be 0 and the expiry date T. Denote
by S(t), 0 <t < T the price of the underlying asset over the duration of the
contract. The payoff of a lookback call at the expiry date is then

5(T) - min S(0),

and the payoff of a digital option is

Alis(ry>K)-
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An up-and-out call option is worthless if the asset price exceeds some pre-agreed
barrier ¢ some time before T, otherwise it pays out max{S(T) — K), 0} at the
expiry date. That is, the payoff at the expiry date is

ma.x{S(T) - K)v 0} I{max(,s‘sq- S(t)<c}-
An down-and-in put option pays out max{K — S(T'),0} at the expiry date if the

asset price fell below the pre-agreed barrier ¢ some time before T', otherwise it
is worthless. That is, the payoff at the expiry date is

ma.x{K - S(T))’ 0} I{minostg'r S(t)<c}-

Moreover, the payoff of an asian option at the expiry date is proportional to

L[ s

(ii) The Black-Scholes PDE

After the discussion of various options, we can now return to our key ques-
tion: how do we compute a fair price for the value of the option? Before de-
scribing the Black—Scholes analysis which leads to the value of an option we list
the assumptions that we make for this section.

o The asset price follows the geometric Brownian motion

dS(t) = pS(t)dt + oS(t)dB(t). (3.1)

The risk-free interest rate r and the asset volatility o are known constants
over the life of the option.

There are no transaction costs associated with hedging a portfolio.

The underlying asset pays no dividends during the life of the option.
e There are no arbitrage possibilities.

e Trading of the underlying asset can take place continuously.

e Short selling is permitted and the assets are divisible.

Suppose that we have a call or put option whose value V (S, t) depends only
on S(t) = S and ¢. Using It6’s formula, we have

2
dV(S,t) = (aV(S,t) + usVIS,Y) +1g2 529 V(S,t)) i

ot M as 352
aV(S,t)

This gives the SDE followed by V. Note that we require V' to be differentiable
continuously at least twice in S and once in ¢.
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Now construct a portfolio consisting of one option and a number —A of the
underlying asset. This number is as yet unspecified. The value of this portfolio
is

II(S,t) = V(S,t) — AS. (3.3)
The jump in value of this portfolio in one time-step is
dli(S,t) = dV(S,t) — AdS.

Here A is held fixed during the time-step; if it were not then dIl would contain
terms in dA. Putting (3.1)-(3.3) together, we find that IT is an Ité process with
the stochastic differential

2
dIi(S,t) = (BVS, b, “Savgg, t) + %0252———6 ‘(;(; H_ uAS)dt
+ as(av—g’i) - A)dB(t). (3.4)

To eliminate the random component, we choose

_av(S,)

A=22 (3.5)

Note that A is the value of AV/AS at the start of the time-step dt. This results
in a portfolio whose increment is wholly deterministic:

AV (S,t)

2
 + %02S2m)dt. (3.6)

an(s,t) = ( 352

We now appeal to the concepts of arbitrage and supply and demand, with
the assumption of no transaction costs. The return on an amount II invested in
riskfree assets would see a growth of rIldt in a time dt. If the right-hand side of
(3.6) were greater than this amount, an arbitrager could make a guaranteed risk-
less profit by borrowing an amount II to invest in the portfolio. The return for
this riskfree strategy would be greater than the cost of borrowing. Conversely, if
the right-hand side of (3.6) were less than rIIdt then the arbitrager could short
the portfolio and invest II in the bank. Either way the arbitrager would make
a risk-less, no cost, instantaneous profit. The existence of such arbitragers with
the ability to trade at low cost ensures that the return on the portfolio and on
the risk-less account are more or less equal. Thus, we have

2
rII(S, t)dt = (a—vé-f—’t—) + éazsﬁ%t—))dt. (3.7)

Substituting (3.3) and (3.5) into (3.7) and dividing throughout by dt we arrive

at
v (S,t)

ot

2
12 PVEY | VS

5o o5 ~TV(S.1) =0. (3.8)
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This is the Black-Scholes PDE.

Before we moving on, let us remark that the Black-Scholes PDE (3.8) does
not contain the growth parameter u. The only parameter from the SDE (3.1)
for the asset price that affects the option price is the volatility 0. A consequence
of this is that two people may differ in their estimates for u yet still agree on
the value of an option. (See Remark 3.4 below for more comments.)

Having derived the Black-Scholes PDE for the value of an option, we must
consider final conditions, for otherwise the PDE does not have a unique solution.
We first discuss a European call option, with value now denoted by C(S,t)
instead of V(S,t), with exercise price K and expiry date T. In the previous
subsection we have shown that the value of the call option at expiry is

C(S,T) = max(S — K,0). (3.9)

This is the final condition for the Black-Scholes PDE. For a put option, with
value P(S,t) instead of V(S,t), we have

P(S,T) = max(K — §,0). (3.10)

(iii) Put-call Parity

Although call and put options are superficially different, in fact they can be
combined in such a way that they are perfectly correlated. This is demonstrated
by the following argument.

Suppose that we are long one asset, long one put and short one call at time
t. The call and the put both have the same expiry date, T, and the same exercise
price, K. Denote by II the value of this portfolio, namely

Il = S+ P(S,t) — C(S, 1),

where P and C are the values of the put and the call respectively. The payoff
for this portfolio at expiry is

S(T) + max(K — S(T),0) — max(S(T) — K,0) = K. (3.11)

In other words, whether S(T') is greater or less than K at expiry the payoff is
always the same, namely K. The question is:

How much would I pay for the portfolio that gives a guaranteed K at time T'?

By discounting the final value of this portfolio, it is now worth K e "(T—t), This
equates the return from the portfolio with the return from a bank deposit. If
this were not the case then arbitragers could (and would) make an instantaneous
risk-less profit: by buying and selling options and shares and at the same time
borrowing or lending money in the correct proportions, they could lock in a
profit today with zero payoff in the future. Thus we conclude that

S+ P(S,t) — C(S,t) = Ke"T-Y, (3.12)
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This relationship between the underlying asset and its options is called put-call
parity.

(iv) The Black-Scholes Formula

We have just shown that if an asset price moves according to the geometric
Brownian motion (3.1), then the value C(S,t) of the European call option on
the asset price S at time t satisfies the Black-Scholes PDE (3.8) on S > 0 and
t € [0, T], where r is the risk-free interest rate and o is the volatility. Moreover,
the call option value has the final payoff (3.9) as the final condition. To price
the European call option, all we need is to solve the PDE (3.8) along with the
final condition (3.9). If we obtain the explicit solution V to the PDE while we
know the asset price S at time ¢, then its option price is simply V(S, ¢}.

Theorem 3.3 (The Black-Scholes formula for the European call option)
The explicit solution to the PDE (3.8) is given by

C(S,t) = SN(d;) — Ke " T~ N(dy), (3.13)

where N(z) is the cumulative probability distribution of standard normal distri-
bution, namely

X i 2
N(z) = \/—IT_W/_me_iz dz,
while
g = log(S/K) + (r + 302)(T — t)
v ovT -t
and
o= log(S/K) + (r — 30®)(T —t)
’T VT -t '

Proof. Given any pair of S > 0 and ¢ € [0, T], we introduce an SDE
dz(u) = rz(u)du + oz(u)dB(u) ont<u<T (3.14)

with initial value z(t) = S at u = t. In Chapter 3 we showed that this linear
SDE can be solved explicitly. In particular, we have

2(T) = Sexp [(r — Lo®)(T - t) + o(B(T) — B(t))]. (3.15)
Let us now define a C*!-function
V(z,u) = C(z,u)e” 7™ (z,u) € (0,00) x [t,T).

Here C(z,u) satisfies the Black—Scholes PDE (3.8), that is (in x and u rather
than S and t),
oaC | o 26_2_9 oc

92 + T rC =0. (3.16)
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Compute

v ac v oC 8%V 3 C
r(T-u) Y Y r(T-v) vy r(T—
Ju ( Su 'rC)e ' Bz 0z -

By the 1t6 formula

uw),u T 2
4V (2(u), ) = [6V(~";(u), ) + av( a(r),u)m(u) + %B_VE;(_:),_“)Uzzz(u)] du

OV (z(u),u)
+ Oz

ox(u)dW (u)

=¢"(T-w [____BC(:c(u),u) - rC(z(u),u) + rz(u) ___6V(:z(:),u)
+ 102$2( )a V(ax(:)’u)]

r(T— u)aC( (’U-) u)dB( )

+ oz(u)e

Using (3.16) we see that

6V(z(u) u)

dV (z(u), u) = oz(u)dB(w).

Integrating both sides from u =t to u =T yields
T
V(z(T),T) - V(z(t),t) = / %;—;‘L’i)-az(u)da(u).
t

Taking expectations and recalling the property of It6’s integrals we obtain

EV(z(T),T) — EV(z(t),t) = 0.

Note

V(z(T),T) = C(z(T),T) = max(z(T) — K, 0)
while

V(z(t),t) = C(z(t),t)e" T = C(S, t)e"{T~Y).
Thus

E[max(z(T) — K,0)] — C(8,t)e" T~ =0,
that is
C(S,t) = e~" T~ E[max(z(T) — K,0)]. (3.17)

Note that

log(x(T)) = 0&(S) + (r — 20°)(T ~ £) + o(B(T) ~ B)) ~ N(1,6%),



322 Applications to Economics and Finance [Ch.9

where

= log(8) + (r- ~g )(T—t) & =oVT 1.

Hence N
. log@@) —p
&
which gives o
z(T) = ef+9%,

Moreover, if z(T) — K > 0, then e#*?Z > K namely

z> oK) 8
log
Hence
Elmax(z(T) - K,0)] = E[max (eﬁ+az _K, 0)]
8
i+6 1 1.2
== II+UZ _ J
./% (e K) _/-—27r€ 2% dz.
Compute
log(K) —ﬂ log(K) — log(S) — (r — %02)(T—~ t)
G ovT —t
 log(S/K) +(r= o) - 1)
B ovT —t = —dg.
So
o avs 1
E|max(z(T) - K,0)] = _12_/ (e““’z B K)e‘izzdz
T J-d,
= / eu+02“§z dz — ——/00 e_%deZ. (318)
7=, =1
But
/ 6—522 _ 1 da e_izzdz = N(d ) (3 19)
\/2—7I' —ds \/é; oo 2)s .
while
\/_12—— ey ——,li— e
T J—-dy =
- l .\2 R 1 —2
€#+§0 oo _l(z_~)2 eu+72'a 00 1.
= e 2 4 dZ =3 e 21- dz
Van /‘dz ver /—(dzw)
S5 pdave y,  age?
= \/é; / e 2 d:L‘: \/_ N(d2+(7)
At
= N(dy), (3.20)
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since dy + 6 = d;. Substituting (3.19) and (3.20) into (3.18) yields
e e

Ver

Elmax(z(T) - K,0)] = N(d) — KN(d2).

Substituting this into (3.17) gives

L1
C(8,t) = e "4 (e"+§°’N(d,) - KN(dg))

= N(dy)exp [ —r(T —t) +log § + (r — 30%)(T — t) + 30*(T — t)]
— Kem"T"Y N(dy)
= SN(d;) — Ke " T~ N(d,)

as required. The proof is therefore complete.

Remark 3.4 Let us make some comments on (3.17). Assume that given the
asset price S at time ¢, a holder signs a European call option with the expiry date
T and the exercise price K. Assume also that the market volatility o and the
risk-free interest rate r are known at time ¢ and will remain the same during the
duration of the call option. Regardless whatever the growth rate u the holder
may think, the fair option value should be priced based on the SDE (3.14) rather
than
dX(u) = pX(u)du + o X(u)dB(u), t<u<T, X(t)=S5,

the individual SDE the holder may think. Hence the expected payoff at the
expiry date T is
E|max(z(T) — K,0)).

By discounting this expected value in future, it is now worth
e~ "7t Elmax(z(T) ~ K,0)],
which gives the value C(S,t) of the call option, the same as (3.17).

Once we have the formula for the European call option we can easily obtain
the corresponding formula for the European put option. Let P(S,t) be the value
of the European put option on the asset price S at time ¢. The value of the put
option at expiry can be written as

P(S,T) = max(K — S,0).
By the put-call parity we have
S+ P(S,t) — C(S,t) = Ke~ (T

Thus
P(S,t) = Ke™T=9 + C(S,t) - S.
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Substituting (3.13) into this gives
P(S,t) = Ke ™ T~ L SN(d;) - Ke " T-9N(dy) - S
= Ke " T"YN(=dy) - SN(—d;).
Theorem 3.5 (The Black-Scholes formula for the European put option)
The value of the European put option on the asset price S at time t is given by
P(S,t) = KN(—d)e T~ _ SN(-d,), (3.21)
where d; and dy are the same as before.

(v) Monte Carlo Simulations

The Black-Scholes formula benefits from the explicit solution of the geo-
metric Brownian motion. However, most of SDEs used in finance, as showed in
Section 9.2, do not have explicit solutions. Hence, numerical methods and Monte
Carlo simulations have become more and more popular in option valuation.

Typically, let us consider in this subsection the mean-reverting square root
process

dS(t) = A(u — S(t))dt + o/S(®)dB(t), 0<t<T. (3.22)

Here A, u and o are positive constants. There are numerous examples in the
literature where SDEs are discretized, typically with an Euler-type scheme. In
the finance context, there are two main motivations for such simulations:

¢ using a Monte Carlo approach to compute the expected value of a function
of S(t), for example to value a bond or to find the expected payoff of an
option;

e generating time series in order to test parameter estimation algorithms.

A numerical method, e.g. the Euler-Maruyama. discussed in Section 2.7,
applied to (3.22) may break down due to negative values being supplied to the
square root function. A natural fix, which we adopt here, is to replace the SDE
(3.22) by the equivalent, but computationally safer, problem

dS(t) = A — S(t))dt + o/IS®)dB(t), 0<t<T. (3.23)

Given a stepsize A > 0, the Euler-Maruyama (EM) method applied to (3.23)
sets sp = S(0) and computes approximations s, = S(t,), where t, = nA,
according to

Snt1 = 8n(1 = AA)Y + AAp + 04/|8,|AB,, (3.24)

where AB,, = B(tnt1) — B(ts).

Let us now consider the error in the numerical solution, measured in strong
L? sense. In the convergence analysis it is usually more convenient to work with
the continuous-time approximation s(t) defined by

$(t) 1= Sn+ (E—tn)A(—5,) + /|5 [(B(t) = B(ty)), for t € [tn,tny1). (3:25)
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A more useful characterization of s(t) for the purpose of analysis is

t t
s(t) :=so + / Ap — §(u))du + 0/ vV |5(u)|dB(u), (3.26)
0 0
where the “step process” 5(t) is defined by
5(t) :=8p, fort€ [tn,tny1)- (3.27)

Note that s(t) and 3(t) coincide with the discrete solution at the gridpoints;
5(t,) = 8(tn) = 8n. The ability of the discrete method (3.24) to approximate
the true solution at the discrete points {t,} is guaranteed by the ability of either
s(t) or 3(t) to approximate S(t) which is described by the following theorem.

Theorem 3.6 In the notation above,

1 — 2y _
Alm0 E(ozltlgT |s(t) — S(t)]| ) 0. (3.28qa)
and
i s(t) — 2y
Almo (ozlzlgT E|5(t) — S(t)] ) = 0. (3.28b)

The proof is very technical so we just refer the reader to Higham and Mao
(2005) where the detailed proof can be found. Before we proceed to discuss the
numerical approximation to the option values, let us make a useful remark.

Remark 3.7 To avoid breaking down of the EM method due to negative values
being supplied to the square root function, we have replaced the SDE (3.22)
by the equivalent, but computationally safer, equation (3.23). Alternatively, we
may use another equivalent equation

dS(t) = Mu — S(t))dt +o+/S(t)V0dB(t), 0<t<T. (3.29)

Accordingly, the EM method applied to (3.29) sets sp = S(0) and computes
approximations s, = S(t,) according to

Snt1 = 8n(1 = AA) + MAp +0Vs, VO AB,,. (3.30)

The continuous-time approximation s(t) as well as the step process can then
be defined by (3.26) and (3.27), respectively, and they still obey (3.28a) and
(3.28b). In theory, there is no different by using (3.23) or (3.29). However,
numerical simulations seem indicate that it is slightly better to use (3.29) than
(3.23). In the remaining of this subsection, we will only use property (3.28a)
and (3.28b) but it does not matter whether s(t) and 3(t) are defined based on
(3.23) or (3.29).
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Let us now begin to show the numerical ability approximate some financial

quantities. In the case where S(t) in (3.22) models short-term interest rate
dynamics, it is pertinent to consider the expected payoff

g3 := FEexp (— /OT S(t)dt> (3.31)

from a bond. A natural approximation based on the EM method is

N-1
Ba = Eexp (—A Z lsn[) ,

n=0

where NA = T. 1t is convenient to rewrite this as
T
Ba = Eexp (—/ |§(t)|dt> , (3.32)
0

using the step function 5(t) in (3.27). The following result shows that the strong
convergence (3.28) of the SDE approximation confers convergence in this sce-
nario.

Theorem 3.8 In the notation above,

Aif}o |8 — Bal=0.

Proof. Using e~!*! — =¥l < |z — y| and the non-negativity of S(t), we have

T T
1B-Bal=FE [exp (—/0 S(t)dt) — exp (—/0 |§(t)|dt)}

T T
/0 S(t)dt — /0 15(t)|dt

T
<E /0 IS(t) — [5()| dt

<E

<E / " st - 5(6)) e
0

< T'sup (E 1S(t) - s(t)| + E|s(t) — §(t)|).
[0.7]

Applying Theorem 3.6 completes the proof.

We now consider the case where the mean-reverting square root process
(3.22) models the price of an asset on which an option has been written. In
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this case the expected payoff from the option is of relevance (see Remark 3.4).
To show the ability of the EM method to approximate the option value, let
us typically consider an up-and-out call option, which, at expiry time T', pays
the European value with the exercise price K if S(t) never exceeded the fixed
barrier, ¢, and pays zero otherwise. We suppose that the expected payoff is
computed from a Monte Carlo simulation based on the EM method. Here, using
the discrete numerical solution to approximate the true path gives rise to two
distinct sources of error:

o a discretization error due to the fact that the path is not followed exactly—
the numerical solution may cross the barrier at time t, when the true
solution stays below, or vice versa,

o a discretization error due to the fact that the path is only approximated at
discrete time points—for example, the true path may cross the barrier and
then return within the interval {t,,t,+1)-

The following theorem uses the strong convergence property to show that the
expected payoff from the numerical method converges to the correct expected
payoff as A — 0. Note that using the step function 5(¢) in (3.34) is equivalent
to using the discrete-time approximation.

Theorem 3.9 Define
V =E [(S(T) - K)*Ijocst)<c, 0<t<T}) » (3.33)
Va =E [(3(T) — K)* Ijo<s(t)<B, 0<t<T}] » (3.34)
where T+ = max(z,0). Then

AanO [V -Val=0. (3.35)

Proof. Let A:={0<S(t)<¢, 0<t<T}and Ap:={0<5()<¢c O
T}. Making use of the inequality

IA
o~
iA

I(S(T) - K)* — (8(T) — K)*| < |S(T) - 5(T)],
we have
[V - Val S E|(S(T) — K)*Ia— (3(T') — K)*1a,|
< E(|(S(T) — K)* = (3(T) — K)*| Ianaa)
+E ((S(T) ~ K)*1anay) + E((3(T) — K)* Lacna,)
< E(IS(T) - 3(T)|1ana,s) + (B — E)P(AN AR) + (B — E)P(A° N Ap).

Now, from Theorem 3.6, we have lima_.o E(|S(T) — 5(T)|) = 0. Hence, our
proof is complete if we can show that

lim P(ANA3) =0 (3.36)
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and
Aim0 P(A°N Ap) =0. (3.37)

For any sufficiently small §, we have

A={sup S(t)<c}

0<t<T
={sup S(t)<c—-48}U{c—4d< sup S{t)<c}
0<t<T 0<t<T
C{ sup S(kA)<c-68}U{c—-8< sup S(t)<c}
0<kALT 0<t<T
=: x‘il U Ag.
Hence, ~ B
AN AL C (A1 N AR U (AN AR)
C{ sup_|S(kA) - 5(kA)| > 8} U As.
0<kAST
So,

P(AN AS) gP(Ms’,:zp(T |S(kA) — 5(kA)| > 8) + P(Az)

1 -
< —QE( sup (S(kA) - §(kA))2) + P(Aj).
é 0<kALT
Now, for any £ > 0, we may choose 4 so small that
P(A,) < 0.5¢

and then choose A so small that

ey ( sup (S(kA) — 5(kA))2) < 0.5¢,
§ 0<kA<T
whence P(AU A}) < e. This confirms (3.36).
Now, for any § > 0, we write
A° = { sup S(t) > ¢}
0<t<T
={ sup S(t) >c+4d8}U{c< sup S(t) <c+4d}
0<¢<T 0<t<T
=: /ig U /i4.
So
P(Ac NAx) SP(A;} N AA) + P(z‘iq N AA)
< P( sup |S(t) — 5(t)| > 8) + P(Ay). (3.38)
0<t<T
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Define

[e o]
s*(t) = Y S(kA)a k+1ya)(®)y 0<t<T,
k=0

and note that
{ sup |S(t) —s(t)] > 8}
0<t<T
C { sup |S(t) — s*(t)] > 0.56} U { sup |s*(t) — 5(t)| > 0.54}
0<t<T 0<t<T
={ sup sup IS(t) — S(kA)| > 0.58}

0<kA<T kA<t<(k+1)A
+{ sup |S(kA) - s(kA)| > 0.54}.
0<kA<T

Thus
P( sup |S(t) —5(t)| > 6} < P( sup sup IS(t) — S(kA)| > 0.50)
0<t<T 0<SkAST kA<t (k+1)A
+ 5 E( Sup, (S(kA) — s(kA))?). (3.39)

Because S(t) is a continuous process in t € [0, T}, almost every sample path of
S(-) is uniformly continuous on {0, T]. This immediately implies

lim P{ sup sup |S(t) — S(kA)| > 0.56) = 0.
A—-0  0<kALT kA<t<(k+1)A

We also know from Theorem 3.6 that

Jim E( Sup. (S(kA) — s(kA))?) = 0.

Hence, from (3.39), for any § > 0,

lim P( sup |S(t)—3(t)|>6) =

A—-0  g<t<T
Now, recalling the deﬁnit_ion of A4, we see that for e > O wecan findaé > 0
sufficiently small for P(A4) < 0.5¢ and then choose A sufficiently small for
P(supg<,<r |S(t) — 5(t)| > 8) < 0.5¢. Substituting this into (3.38) yields P(A°U

Ap) < e, for sufficiently small A, confirming (3.37). The proof is therefore
complete.

9.4 OPTIMAL STOPPING PROBLEMS

Suppose that a person has an asset or resource which changes according to
a time-homogeneous d-dimensional stochastic differential equation

dE(t) = F(E(t))dt + G(£(t))dB(t) on t > 0. (4.1)
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Here B(t) is an m-dimensional Brownian motion and, as a standing hypothesis,
we assume that

F:R*> R%and G : R* — R*™ are uniformly Lipschitz continuous.

Suppose that the person wishes to sell his asset and the price at time ¢ is of course
a function of £(t), say ¢(£(t)). Here ¢ is a continuous nonnegative function
defined on R¢ and is called a reward function. Assume that he is given the
reward function ¢ and knows the behaviour of £(t} up to the present time ¢, but
because of the noise in the system he is not sure at the time of sale whether
his choice of time will turn out to be the best. The optimal stopping problem
is to look for a stopping strategy that gives the best result in the sense that
the strategy maximizes the expected profit in the long run. To formulate this
problem mathematically, let us recall the notation

B0 = [ #)P@idy.

which was introduced in Section 2.9, where P(z; A, t} is the transition probability
of the Markov solution £(t). As shown in Section 2.9, this is equivalent to

Ez¢(£(t)) = E¢(€:(t)),

where £,(t) is the unique solution of the equation

£.(t) =z + /0 F(Eo(s))ds + /0 G(£.(5))dB(s). (4.2)

In other words, if we denote by P, the probability law of £;(t), then E, is
the expectation with respect to P,. We also denote by T the family of all F;-
stopping times (may take value oo). Now the optimal stopping problem is to
look for a stopping time 7* = 7*(z,w) such that

E,¢(E(T")) = sug E ¢(&(r)) forallze R4, (4.3)
7€

where ¢(£(7)) is set to be 0 at the points w € Q where 7(w) = co. Moreover, we
also wish to find the corresponding optimal expected reward

¢ (z) := sup Ez¢(¢(7)). (4.4)
T€T
To solve this problem we need to introduce some basic concepts.
Definition 4.1 A Borel measurable function f : R — [0,00] is said to be
supermeanvalued with respect to the Markov solution £(t) of equation ({.1) if
f(z) > E;f(&(7))
for all T € T and x € R*. The function f is said to be lower semicontinuous if

f(z) < liminf f(y)

for allz € R%. If f is not only supermeanvalued but also lower semicontinuous,
then f is said to be l.s.c. superharmonic or simply superharmonic.

The following lemma lists a number of useful properties of supermeanvalued
and superharmonic functions.
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Lemma 4.2

a) If f, g are supermeanvalued (superharmonic) and o, 8 > 0, then of + Bg is
supermeanvalued (resp. superharmonic).

b) If {fi}ic1 is a family of supermeanvalued functions, then f := infic; f; 1s
supermeanvalued.

¢) If {f:}i>1 is a sequence of supermeanvalued (superharmonic) functions and
fi 1 f pointwise, then f is supermeanvalued (resp. superharmonic).

d) If f is supermeanvalued and 7,72 € T with 1y < 73, then E; f&(n)) 2
Ezf(f('ri.’))

e) If f is supermeanvalued and D is an open subset of R8, then fp(z) :=
E.f(£(1p)) is supermeanvalued, where Tp is the first erit time of £(t) from
D, i.e. Tp = inf{t > 0:&(t) ¢ D}.

f) If f is superharmonic and {1;} is any sequence of stopping times such that
7; — 0 a.s., then

f(x)= )_1’1{.10 E.f{&(m)) forallx.

Proof. a) is straightforward.
b) Let 7 € T and z € R? be arbitrary. Note that for every i € I,

fi(z) > Ez fu(£(7)) 2 E2f(€(7))-

Hence

f(@) = inf fi(z) 2 Exf(E(7))

as required.

c) First suppose that {f;}i>1 is a sequence of supermeanvalued functions
and f; T f pointwise. Then

f(z) > fi(z) 2 ELfi(&(r)) for all i,

So by the monotone convergence theorem,
f@) > lim E.f(&(r) = Eof(€(r)

which means that f is supermeanvalued. Next, if all f;’s are superharmonic,
then they are lower semicontinuous and

filz) < lim inf fily) < liminf f(y).

In consequence
f(z) = lim fi(z) < liminf f(y).
1—00 y—z
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This proves that f is lower semicontinuous and therefore is superharmonic.

d) In Chapter 2 we showed that the solution £(t) of equation (4.1) is a
homogeneous strong Markov process. Hence by the Markov property and the
supermeanvalued property of f, we have

E[f(&(t)|Fs] = B, () f(£(t — 5)) < f(£:(s)), 0<s<t<oo.

That is, f(£;(t)) is a supermartingale. Therefore, by Doob’s stopping theorem
(see Section 1.3), we have

E[f(&z(m))|Fs] < f(6z(m1))-

Taking expectation on both sides yields

Ef(€z(72)) < Ef(£2(m1)),

that is E; f(£(72)) < E;f(€(m1)) as required.

e) Let p € T be arbitrary and define 75, = inf{t > p: £(t) ¢ D}. By the
strong Markov property we have that

Ezf(ﬁ(TE)) = EJ: [Eﬁ(p)f(g(TD))] = Esz(E(p))
But 7§, > 7p so by property d) we have
Ezf(é(Tg)) < Exf(&(TD)) = fD(z)'

Therefore

folz) > Ezfp(&(p))

and fp is supermeanvalued.
f) By the lower semicontinuity and the well-known Fatou lemma we have

£(#) < B, (lim inf £(§(r))) < lim inf E, f(¢(r:)).
1— 00 11— 00
On the other hand, by the supermeanvalued property,
f(z) 2 limsup E; f(§(7:))-
1— 00
So we must have the equality
f(z) = lim E; f(§(7:))
11— 00

as desired. The proof is complete.

The following is a useful criterion {(cf. Dynkin (1965)) for superharmonic
functions.
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Lemma 4.3 If f € C*(R%,R,), then f is superharmonic if and only if
Lf(z) <0 forall z € R?, (4.6)

where L is the diffusion operator associated with equation (4.1), that is

Lf(z) = fo(2)F(z) + %tmce [67(2) fox(2)G(2)]-

Proof. Let (4.6) hold and 7 € T. For any t > 0, Itd’s formula implies

Ezf(§(r A1) < f(2)-

Letting ¢ — oo we obtain by the Fatou lemma that

E.f(¢(7)) < f()-

So f is supermeanvalued and hence superharmonic. Conversely, assume that
(4.6) is false. So there is some Z € R? such that Lf(Z) > 0. Due to the
continuity of Lf(-) we can find an open neighbourhood U of Z such that

6 :=sup Lf(z) > 0.
z€U

Define the stopping time 7y = inf{t > 0 : £{z(¢t) ¢ U}. Clearly, 1 A 1y is also a
stopping time and 1 A 7y > 0 a.s. Now, by Itd’s formula,

Exf(€(1 Av)) = Bf (€(1 Amy)
1ATYy
= f@)+E /0 Lf(€x(s))ds > £(2) + 0E(1 A ) > (&),

This means f is not supermeanvalued and of course not superharmonic. The
proof is complete.

However, it is too restrictive to require f be of C2. Fortunately, Dynkin
(1965) supplies us with another necessary and sufficient condition. To state, let
us give a new definition.

Definition 4.4 A lower semicontinuous function f : R* — [0,00] is said to be
excessive with respect to £(t) if

f(x) > E.f(E(t)) forallt>0, z € Re.

Obviously a superharmonic function is excessive, but we now show that the
converse holds as well.

Lemma 4.5 A function f is superharmonic if and only if it is excessive.
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Proof. We only need to show the “if” part so we let f be excessive. First, we
assume that f is of C2. For any z € R%, by Ito’s formula we have

/ " BILI(€x(s))ds = Ex(f(E(t)) ~ f(z) SO forall ¢ >0.
0

Since E|Lf(£:(s))] is continuous in s, we must have E[Lf(£;(0))] = Lf(z) <0
for all z € R%. By Lemma 4.3, f is therefore superharmonic. The general case
can be proved by the standard approximation procedure (and the details can be
found in Dynkin (1965)).

Before we state our main results in this section, we still need to introduce
a few more new concepts.

Definition 4.6 Let g be a Borel measurable real-valued function on R®. If f
is a supermeanvalued (superharmonic) function and f > g, we call f a super-
meanvalued (resp. superharmonic) majorant of g. If § ts a supermeanvalued
majorant of g and § < f for any other supermeanvalued majorant f of g, then
g is called the least supermeanvalued majorant of g. Similarly, if § is a super-
harmonic majorant of g and § < f for any other superharmonic majorant f of
g, then § is called the least superharmonic majorant of g.

Lemma 4.7 The least supermeanvalued majorant § of g always erists and is
given by
glz) = irflff(a:) for z € RY,

where inf takes over all supermeanvalued majorants f of g.

Proof. By Lemma 4.2 b), the function infy f(z) is again supermeanvalued and
is therefore clearly the least supermeanvalued majorant of g.

The least superharmonic majorant § of g does not always exist. However,
we can see clearly from Lemma 4.7 that if § exists, then § > g. Moreover, if
g is lower semicontinuous, then g is a superharmonic majorant of g and g < f
for any superharmonic majorant f of g and therefore, by definition, § exists and
coincides with g. The following theorem not only shows that § exists as long as
g is nonnegative and lower semicontinuous but also gives the iterative procedure
to construct §.

Theorem 4.8 Let g be a lower semicontinuous nonnegative function on R%.
Then the least superharmonic majorant § of g exists and coincides with the
supermeanvalued majorant § of g, that is § = §. Moreover, let g9 = g and define
iteratively

gn(z) = sup E;9,_1(£(t)) (4.7)

forn=1,2,---, where J, = {k/2" :0< k <n2"}. Thengn1g.
Proof. We first claim that for any ¢ > 0, the function

h(zx) := Ezgo(£(t))
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is lower semicontinuous. If not, then there is some z € R? and a sequence {z}
such that 2z, — z and
h(z) > klim h(zk). (4.8)
- 00

On the other hand, by the standing hypothesis of the uniform Lipschitz conti-
nuity, we can easily show that

Elfz(t) — &2, (t)|2 < ClZ - zklza

where C is a positive number independent of z and z;. Hence, there is a subse-
quence {yx} of {zx} such that

£ (t) = &.(1) as.

Using the lower semicontinuity of go and applying the Fatou lemma we can then
derive that

h(z) = Ego(£:()) < E|lim inf go(€y (1))]

< timinf [ Ego(,,(1))] = liminf h(yx) = lim_ h(z).

But this contradicts with (4.8) and hence h(z) must be lower semicontinuous.
Note that the supremum of any lower semicontinuous functions is lower semi-
continuous. We then easily see that g; is lower semicontinuous and so are g,’s
by induction. Moreover, g, is clearly increasing so

g(z) := lm gn(z) = sup gn(T)

is again lower semicontinuous. Noting
3(x) > gn(z) 2 Ezgn—1(£(t)) for alln and all t € J,,,

we have
g(.'l,') > nanc}o Ezgn—l(f(t)) = Ezg(g(t)) (4‘9)

forall t € J = J,, Jn. Since J is dense in Ry, for any t > 0 we can choose a
sequence {tx} in J such that t; — t. Using (4.9), we then derive that

§(x) > tim inf E.3(¢(t)) > Ex (lim inf §(¢(t))) 2 Exg(£(1))-
k—o0 k—o0
This means that § is excessive. By Lemma 4.5, § is superharmonic and is

therefore a superharmonic majorant of g. On the other hand, if f is any super-
meanvalued majorant of g, we can easily show by induction that

f(z) > gn(z) for all n,
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which implies that f(z) > §(z). This proves that § is the least supermeanvalued
majorant § of g. But § is superharmonic so it must be the least superharmonic
majorant of g as well. The proof is complete.

It should be pointed out that J, in (4.7) can be replaced by R, and the
proof will even become slightly easier. But, (4.7) with J, is much easier to be
used in practice.

After so many preparations we can now return to the optimal stopping
problem (4.3)-(4.4). Let us first have a quick look at how the least superhar-
monic majorant connects with the problem. Let ¢ be the reward function so it is
nonnegative and continuous. By Theorem 4.8, its least superharmonic majorant
b exists. If 7 € T, then

#(z) > E-¢(E(7)) > E4(£(T)),

which implies

é(z) > sup Ez¢(£(7)) = ¢"(z). (4.10)

What is not so obvious is that the converse inequality holds as well. In other
words, we always have ¢ = ¢* and we shall now begin to prove this main result
which is due to Dynkin (1963).

Theorem 4.9 Let ¢ be a reward function (so continuous and nonnegative) and

¢* be the optimal reward defined by (4.4). Let ¢ be the least superharmonic
majorant of ¢. Then

¢* = ¢. (4.11)
Proof. First we assume that ¢ is bounded. For any ¢ > 0, set
D, = {z € R*: ¢(z) < ¢(z) — €}. (4.12)

Since ¢ is continuous while ¢ is lower semicontinuous, D, is open. Let 7. be the
first exit time of £(t) from D, i.e.

7 = inf{t > 0: £(¢t) ¢ D.}.
Clearly, 7. is a stopping time. Define
dc(z) = E2d(&(7e)) for z € R%. (4.13)
By Lemma 4.2 e), ¢, is supermeanvalued. We now claim that
#(z) < ¢p(z) +¢ forall z € R (4.14)
If this is false, we must have

B := sup [¢(z) — d.(x)] > €.

r€RY
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So we can find some zp such that
£
$(z0) = de(z0) 26— 5 > 0. (4.15)

Note that either zog € D, or zo ¢ D.. If the latter is true, 7. = 0 P -as.
Then ¢e(zo) = ¢(zo) > $(zo) which contradicts (4.15). Therefore, we must
have zo € D, and, by the continuity of the solution, 7. > 0 P,,-a.s. Noting that
¢. + B is a supermeanvalued majorant of ¢, we have that

$(z0) < de(z0) + B

This, together with (4.15), yields
- €
$(20) < (z0) + 5 (4.16)

On the other hand, for any t > 0, by the superharmonic property of $ and the
definition of 7. we have that

B(z0) 2 ExyB(E(t A7) > Exo (18(E®) + ellgecrsy).

Applying the Fatou lemma we obtain that

$(z0) 2 liminf Eg, (IBE(®) + el i<ry)

> E., (liminf[g(£(t)) + €l jr<r,) ) = $(20) +¢.

But this contradicts with (4.16) so (4.14) must hold. In consequence, ¢, +¢ is a
supermeanvalued majorant of ¢. This, together with the definition of 7¢, implies
that

¢?(2}) < ¢€(I) +e= E::qs({('rs)) +£
< EL|$(E(re)) + €]+ < 6"(2) + 2¢. (417)

Since ¢ is arbitrary, we have ¢ < ¢*. By (4.10), we must have ¢* = é. In other
words, we have proved that (4.11) holds if ¢ is bounded. If ¢ is unbounded, let
¢p=nA¢pforn=12---. Then

¢ > =01 f asn— oo

Clearly, f > ¢ and by Lemma 4.2 ¢), f is superharmonic. So f is a superhar-
monic majorant of ¢. Thus ¢* > f > ¢ which, together with (4.10), implies
¢* = ¢ again. The proof is complete.

From the proof above, we obtain the following useful approximation result.
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Corollary 4.10 If the reward function ¢ is bounded, then 7. defined in the
proof of Theorem 4.9 is close to the optimal stopping time in the sense that

0 < ¢™(z) — Ezp(€(e)) < 2¢ (4.18)

for all z € R°.

This corollary follows from (4.17) and (4.11) directly. We now establish
two useful criteria on the optimal stopping time.

Corollary 4.11 Let ¢, & and ¢* be the same as defined in Theorem 4.9. Suppose
there is a stopping time 19 € T such that

do(z) := Ez6(£(70))
s a supermeanvalued majorant of ¢. Then
¢*(z) = do(x)
and hence T* = 19 is an optimal stopping time for problem (4{.3).

Proof. Since ¢g is a supermeanvalued majorant of ¢, we have
é(z) < ¢o(z).

On the other hand, we always have that
do(z) < sup E.$(£(7)) = ¢*(x)-

By Theorems 4.8 and 4.9, we have ¢*(z) = ¢o(z) and hence 7* = 73 is an
optimal stopping time.

Corollary 4.12 Let d),(f) and ¢* be the same as defined in Theorem 4.9. Let
D={zeR:4(x) <p(z)} and 1p=inf{t>0:£(¢t) ¢ D).

Define
ép(z) = Ez0(&(7p))-

If 6p > ¢, then ¢* = ¢p and Tp is an optimal stopping time.

Proof. Noting &£(1p) ¢ D, we have ¢(&(tp)) > &(E(TD))Aand hence we must
have ¢(£(7p)) = ¢(£(7p)). By Lemma 4.2 €), ¢p(z) = E.¢(£(7p)) is superme-
anvalued. The assertions now follow from Corollary 4.11.

An optimal stopping time 7* for problem (4.3) may not always exist. The
following theorem not only gives a sufficient condition for the existence of an
optimal stopping time but also characterizes it.
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Theorem 4.13 Let ¢,$ and ¢* be the same as defined in Theorem 4.9. Let
D={zeR*: ¢(z) < d(x)} and 7p=inf{t>0:¢&(t)¢ D}.
For everyn=1,2,.--, let ¢, = n A ¢ and define
D= {z € R%: ¢pp(z) < fn(z)} and 7, =inf{t >0:£(t) ¢ Dn}.
If Po{tn <0} =1 for allz € R and n > 1, then
¢'(z) = lim E(E(ra). (419)

In particular, if for each x € R?, P.{rp < oo} = 1 and the family {$(£(7n)) }n>1
is uniformly integrable with respect to Py, that is

1
K-

im (sup E, [¢(§(r,,))l{¢(g(r,,))2K)] ) =0,
n>1
then

¢*(z) = Ez¢(£(7D))- (4.20)

In other words, T = Tp is an optimal stopping time for problem (4.3).

Proof. We first claim that if ¢ is bounded and P;{rp < oo} =1 for all z € RY,
then
¢*(z) = Ex¢(&(7D))- (4.21)

To show this, let 7. be the same as defined in the proof of Theorem 4.9. Clearly,
7. 1 Tp a.s when ¢ | 0. By the bounded convergence theorem, we have

E¢(§(Te)) — E.¢(&(Tp)) ase— 0.

This, together with Corollary 4.10, yields (4.21).
We now begin to prove (4.19). By what we have just shown, we have

03 (z) = Ex¢n(§(ms)) foralln>1. (4.22)
Since ¢y, is increasing, we can define

f= lim ¢,.
n—oe
By Lemma 4.2 c), f is superharmonic. Since ¢, < b < f for all n, we have

¢ < f. Hence f is a superharmonic majorant of  and so f > ¢3 On the other
hand, noting that ¢, < ¢ for all n, we see that f < ¢. Therefore, we must have

= lim ¢p. (4.23)

n—oo
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Using Theorem 4.9 and equalities (4.22)-(4.23) we then derive that

#(x) = lim 63(@) = lim E;6u(€(rs))
< hnn_l.lo%f Ez¢(€(Tn)) < lim sup Ez¢(£(7n)) < ¢‘(1‘)

and the required assertion (4.19) follows.

We now show (4.20). Clearly, bn < n. So if € Dy, then on(z) < n. In
consequence, o(z) < n, ¢(z) = dp(z) < Pu(z) < @(z) and Gp41(z) = Pn(z) <
én(z) < Pp+1(z). In other words, we have shown that

D, CDpyy and D, CDN{z:¢(z) <n}.
Recalling (4.23), we then see that D is the increasing union of D,,’s and

D = lim Tn-

n—o0

Thus, &(mn) — €(7p) Pr-a.s. and, by the the uniform integrability, this conver-
gence is in L! as well. Therefore, we obtain from (4.19) that

¢'(x) = lim E.4(6(ra)) = E¢(E(p))

which is the required (4.20). The proof is complete.

Theorem 4.13 shows that under certain conditions 7p is an optimal stopping
time. The following theorem shows the “uniqueness” in the sense that if an
optimal stopping time 7* exists, then 7p must be an optimal stopping time (but
may not be the same as 7*).

Theorem 4.14 Let 7 be the same as defined in Theorem 4.14. If there exists
an optimal stopping time 7 for problem (4.3), then

Pt >1p}=1 forallze R® (4.24)

and 7 is also an optimal stopping time.

Proof. If (4.24) is not true, there is some zo € R? such that P, ,{r* < 7p} > 0.
For w € {r* < 7p}, by the definition of 7p and Theorem 4.9, we have that
HE(T)) < BE(T*)) = ¢*(€(7*)). Moreover, we always have ¢ < ¢*. Thus we
have a contradiction:

8" (20) = Bz, $(E(r") = Ea, €T Wiz <riny| + By [$(6" 72710

< E-’Cu [¢‘ (g(T‘))I{T'<’rn}] + EZ() [(]5‘ (S(T'))I(T‘Zfl)}]
= Ez,¢"(§(7")) < " (),
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where the last inequality holds because ¢* is superharmonic. So (4.24) must
hold. Now by Lemma 4.2 d) etc, we derive that

¢*(z) = E-$(E(T)) < E-$(E(T*))
< E.¢(&(1p)) < E-$(&(1p)) < ¢° ().

This proves that 7p is an optimal stopping time.

The following two important remarks explain how the theory discussed
above can be used to cope with more general problems.

Remark 4.15 In many situations the reward function ¢ not only depends on
the space but also the time. That is, ¢ = ¢(z,t) is a continuous nonnegative
function on R% x R,. The optimal stopping problem becomes to find the optimal
expected value

do(z) = sup E.¢(&(7),T) (4.25)
and the corresponding optimal stopping time 7*, if there is any, such that

QSO(:‘:) = Ezd;(ﬁ(”r*),r‘). (426)

Clearly, this looks more general than problem (4.3)-(4.4). However, we can
use the theory established above to solve this problem. Extend ¢ to the whole
d + 1-dimensional Euclidean space R x R by defining

o(z,t) = ¢(z,0) forzxe R t<o.

Then ¢(z, t) is continuous on R¢ x R. Introduce the d+ 1-dimensional stochastic
differential equation

dn(t) = d {iﬁg] - [F (ﬂ(t))] dt + [G(fo(t))] dB(t).

The solution with initial value (z,s) € R% x R is denoted by 7y 4(t) and define
E, s¢(n(t)) = E¢(nz4(t)). Using the theory established above we can find the
optimal mean reward

¢ (z,5) = sup Ez ,¢(n(7))
T7€T
and, if there is one, an optimal stopping time 7* such that
¢*(z,8) = Ez s¢(n(r*)).
In particular,
¢o(z) = ¢*(z,0) = Ez 00(n(7")) = Ez8(&(7"),77)

which solves problem (4.25)—(4.26).
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Remark 4.16 Sometimes the reward at the sale time ¢ will not only depend on
the present state z(t) but also the whole history {z(s) : 0 < s < t}. For example,

let ¢; and ¢ be two continuous nonnegative functions on R? and consider the
following optimal stopping problem: Determine the optimal mean reward

po(z) = sup E, [ [ onteene+ ¢z(f(r))], (4.27)
T€T 0

and find, if there is one, an optimal stopping time 7* such that

bo(z) = Es [ ]0 " sue(t))de + ¢2(£(r‘))]- (4.28)

This again looks more general than problem (4.3)-(4.4) but we can still use the
theory established above to solve it. Define

¢(z,y) = ¢a(z) + 0Ay for (z,y) € R* x R.

So ¢(z,y) is continuous and nonnegative. Introduce the d + 1-dimensional
stochastic differential equation

ot =4[ ] <[22

The solution with initial value (z,y) € R? x R is denoted by 7, ,(t) and we define
E; 40(n(t)) = E¢(nz,4(t)). Moreover, at the points w € 2 where T(w) = oo,
E; ,¢(n(7)) is interpreted as

Bapfonitoa)] = E:(0V/ [y + [ arteoar])

instead of it being set to 0, and this will not affect the theory discussed before.
We can therefore find the optimal mean value

¢*(x,y) = sup E; ,¢(n(7))
T€T

and an optimal stopping time 7*, if there is one, such that

¢*(z,y) = Ez,o(n(7")).

In particular,

¢o(z) = ¢"(x,0) = Ez 00(n(77)) = E: [/OT $1(&(2))dt + ¢2(€(T*))]

which solves problem (4.27)-(4.28).
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9.5 STOCHASTIC GAMES

Consider a d-dimensional stochastic differential equation
di(t) = F(&(t))dt + G(£(t))dB(t) ont>0. (5.1)
Here B(t) is an m-dimensional Brownian motion and we assume that

(H1) F: R* - R%and G : R — R®*™ are uniformly Lipschitz continuous.

Given the initial value £(0) = x, the solution of equation (5.1) is denoted by
&.(t) and the corresponding E, and P, are defined as before.

For any nonempty closed subset U of R, denote by hy the first hitting
time of the set U by £(t), i.e

hy = inf{t > 0: £(t) € U}.

For any set H C R%, denote by H® the complement of H in R%. Let D be a
given nonempty open set in R%. (In particular, one may take D = R%.) Denote
by 8D the boundary of D and let D = DU JD. Let A, B be two given subsets
of D such that 3D ¢ AN B. For each z € D, denote by A, the family of all
finite stopping times o such that o < hp- and £;(0) € A. Similarly, denote by
B, the family of all finite stopping times 7 such that 7 < hp- and £,(7) € B.
Note that ¢ = 0 is in A; if and only if z € A. If D = R%, then ¢ € A, if and
only if P.{o < 00,&(c) € A} = 1. If A = B, then A; = B;. Let f,p,¢; and
#2 be continuous functions defined on D with ¢ being nonnegative. For x € D,
o € A, and T € B,, define

Iior) = B [ exp[— / t «p(s(s»ds] FE)t
+Es (exp[— A ¢(£(8))d8] ACCTm
+ B (oxp [— I sp(E(S))dS] AEen ). (62)

This will be called the payoff functional.

We consider a scheme whereby, for a given z € D, player (a) chooses any
stopping time o € A; and player (b) chooses any stopping time 7 € B,, and
the resulting payoff is J.(o,7) that player (a) pays to player (b) (Of course, if
Jz(0,7) is negative, this should be interpreted as player (b) pays to player (a)).
Thus, the aim of player (a) is to minimize J; (o, 7) while the aim of player (b) is
to maximize J;(o,7). We shall call this scheme the stochastic game associated
with (5.1)-(5.2) and denote it by G;. We shall denote the collection {G, : z € D}
by G, and call it the stochastic game associated with (5.1)—(5.2) in D. If

alenj, Tseug) Je(o,7) = Tseup 1Enf Jz(o,7), (5.3)
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then we say that the stochastic game G, has value, and the common number
in (5.3) is called the value of game G, and is denoted by V(z). If there exist
stopping times o} and 7} in A; and By, respectively, such that

JI(U;’T) < JI(GLT::) < JI(U, T;:) (54)

for all o € A, and 7 € B, we call (0},7}) a saddle point of G,. If (5.4) holds,
we have

inf sup Jy(o,7) < sup J(o},7)

0EA: 1B, TEB,
< Jglos, 1) < mf J(o,1) < s:é) U}Enj J{o, 7).
T

On the other hand, we always have

inf sup Je(o,7) > sup mf Jelo, T
A, Sip o) 2 sup g Je(onm).

We therefore see that if (0,72) is a saddle point of G,, then the game has its
value
V(z) = Jz(03,72)- (5.5)

If there exist closed sets A* C A and B* C B such that for every z € D, the
pair of
0'; = h,q‘ and T; = hBo

forms a saddle point of G, then we say that the pair (h4-,hp-) is a saddle point
for G and we call the pair (A*, B*) a saddle point of sets for G.
To characterise the saddle points, we shall need the following conditions:
(H2) For any z € D, A, and B, are nonempty.

(H3) The functions f,p, ¢1 and ¢, are bounded and continuous with p > 0
and, moreover,

B [ |- [ ' oEoNds] e <o (59

forallze D, 0 € A, and T € B;.

Conditions (H2) and (H3) are irrestrictive. For example, if P,{hp < oo} =1
for every £ € D, then A; and B, contain at least one element, namely hp-,
since 8D C AN B. If E;hp- < 00, then (5.6) is satisfied. Let us now establish
two simple but useful lemmas that give the criteria for E;hpe < 00. Let L be
the diffusion operator associated with equation (5.1), that is

Lu(z) = uz(z)F(z) + %trace [GT (2)uzz(z)G(2)]

for a C?-function u.
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Lemma 5.1 Suppose that there exists a function u € C(D; R) N C*(D; R) and
a positive constant K such that

Lu(z) < -1 and |u(z)]< K forze D.

Then
E;hp- <2K forallz € D.

Proof. For any t > 0, by It6’s formula and the condition we derive that
tAhpc
~K < Ezu(§(t Ahp-)) < ulz) + Ex/ Lu(é(s))ds < K — E-(t A hpe).
0

That is
E:(t /\ th) S 2K.

Letting ¢ — oo we obtain the asserted conclusion.

Lemma 5.2 Let ® = (®,;)axa = GGT and write F = (Fy,---,Fy)T. Let D be
a domain contained in a strip |z,| < v for some positive constant y. Suppose
that there erxists a constant A such that

2
AFi(z) + A7<I>11(:1:) >1 forallzeD.

Then
E hpe < 2¢2™Y for all z € D.

Proof. Let u = e!*|7 and define
u(z) = —pe*® forz € D.

Then [u(z)| < 2?7 and, moreover,

2
Lu(z) = —pe*™ (/\Fl(z) + %Qn(a:)) < —pe*® < —pePhv = 3,

So the required conclusion follows from Lemma 5.1.

The following theorem describes the properties of the value function V(x)
corresponding to a saddle point of sets.

Theorem 5.3 Let (H1)-(H3) hold and assume that (A*, B*) is a saddle point
of sets for the stochastic game G. Then the value function V(z) has the following
properties:

V(z) < ¢i(z) ifz e A- B, (5.7
V(z) > ¢olz) ifz€B, (5.8)
V(z) =¢i(z) ifze A* - B, (5.9

V(z) = ¢a(z) ifz € B, (5.10)
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also
V(2) < B /0 " exp [— /0 ' «n(s(s»ds] FE@®)de
VE, (exp[— A w(&(S))ds] Vie@)) (5.11)

if a is a stopping time such that o < hg. and, moreover,

V() > E, /0 ’ exp[— /0 t so(E(S))dS]f(ﬁ(t))dt
+E, (exp [— / ’ so(s(s))ds] V(sw))) (5.12)

if 3 is a stopping time such that 3 < ha..
Proof. By definition, we have that
Je(ha-,7) < V(z) £ J (o, hg.) forallc € A;, 7€ B;. (5.13)
If x € A— B*, the 0 = 0 belongs to A, and hg. > 0 P,-a.s. Hence
Jz(0,hp-) = ¢1(z).

This, together with the second inequality in (5.13), yields (5.7). If z € B, then
7 = 0 belongs to B; and
Jz(ha-,0) = ¢a(z).

This, together with the first inequality in (5.13), yields (5.8). To prove (5.9),
note that if z € A* — B*, then hs. =0 < hg. P,-a.s. Thus

V(z) = Jz(ha-,hg-) = $1(x).
Next, if z € B*, then hg. = 0 < h4. P;-a.s. and so
V(z) = Jz(ha+, hp) = ¢2(x)

which is (5.10). We proceed to prove (5.11). Let a be any stopping time such
that a < hg-. Note that

V(z) = a'en,£, Je(o,hpe) < aeggza Jz(o, hg-)

= ot e " exp - “o(e(9)as] e

OcEA;, 020

+exp[_ / ” w(g<s)>ds] Du(E@N Tio<hy)
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}’a)}.

+ exp[ / " w(&(s))ds] 92(&(h5-)) {52, )

- E / exp[ / é(s))ds]f(ﬁ(t))dt
+  inf Ez{exp[— /0 w({(s))ds]

cE€EA: 020

< E, ( / " e [— / ' <p(£(8))d8] FE®)dt

+exp [— / ’ sp(e(s))ds] 61(E@) (o<nse)

vep|- | " AE()s] (e Dlioney

fa) }

By the strong Markov property, the right-hand side is equal to

B [eo|- [ t «p(s(s»ds] Fle)ds
+ E,{exp [_ /Oa V’(f(S))ds] oei,ftlgf((,, Je(ay (0, hB.)}

- [ o[- / (€] e
+E{exp[ [ (s(s))ds]ws(a))}.

This proves (5.11). The proof of (5.12) is similar and therefore the proof of this
theorem is complete.

Note that it follows from inequalities (5.7) and (5.8) that
d1(z) > pa(x) ifxr€e ANB - B*, (5.14)

Thus, for the existence of a saddle point of sets (A*, B*), it is necessary that
(5.14) holds. We shall now show the converse of Theorem 5.3.

Theorem 5.4 Let (H1)-(H3) hold. Assume that there exists a Borel measurable
function V(z) defined on D and closed sets A* C A, B* C B such that (5.7)-
(5.12) are satisfied,

ha- € Ay, hp-€B, forzeD (5.15)

and, moreover,
¢1(x) = d2(x) onz € A"NB*. (5.16)

Then (A*, B*) is a saddle point of sets for the stochastic game G and V(z) is
the value of the game.
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Before the proof, let us point out that if hp. < co P;-a.s. for every £ € D
and 8D € A* N B*, then condition (5.15) is satisfied. Moreover, condition (5.16)
means that the game is “fair.” Indeed, from the definition of J (o, 7) we see
that player (b) has a “slight” advantage for he controls ¢, on the set {o = 7},
but condition (5.16) abolishes this advantage on the set A* N B* while in the
complement of A* N B* this advantage is irrelevant.

Proof. What we have to show is that
Jz(has,7) < V(z) < Jz(0,hB) (5.17)

for 0 € A; and T € B,. Note that we always have £(h.) € A*. If £(hs-) ¢ B,
then by (5.9), V(&(ha-)) = ¢1(§(ha-)) while if £(ha-) € B*, then by (5.10) and
(5.16), V(£(ha)) = 1(£(ha-)) = d2(€(ha-)). Therefore, we have

V(&(ha-)) = ¢1(£(ha-)). (5.18)
Moreover, for any T € B, £(7) € B and hence, by (5.8),
V(&(7)) 2 ¢2(&(7))- (5.19)

Making use of (5.18)—(5.19), we then derive that
Jo(ha-,7) = E. /0 e exp[— /0 t so(e(s))ds] Fe@)at
B, (exp [— /0 " <P(£(8))d8] ¢1(§<hA-))I{hA.<,})
+E, (exp[— A w(é(S))dS] e irre2n)
<E, [O " e [— /O t w(ﬁ(s))dS] fle@)at

VE, (exp [— /0 e <.0(€(8))d3] V(E(har A r»).

Using (5.12) with 8 = h4- A 7, we then obtain that
Jz(has,7) < V()

which is the first inequality in (5.17). The second inequality in (5.17) can be
proved similarly.

The following theorem shows that the problem of finding a saddle point for
the stochastic game G can be reduced to a problem of solving elliptic variational
inequalities.

Theorem 5.5 Let V € C(D; R) N C?*(D;R) and set
A*={ze A:V(z)=¢1(z)} and B* ={ze A:V(z)=¢(z)}.
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Assume that

LV(z) —p(z)V(z) + f(z) <0 ifze D~ A", (5.20)
LV(z) — p(z)V(z) + f(z) >0 ifze D~ B*, (5.21)
V(z) < $1(z) ifze A-B", (5.22)

V(z) > ¢2(z) ifzr€B, (5.23)

V(z) = d1(z) = ¢2(z) fz€0D. (5.24)

Assume also that hpe < 0o Py-a.s. for all z € D. Then (A*,B*) is a saddle
point of sets for the stochastic game G and V(x) is the value of the game.

Proof. Clearly, A* and B* are closed subsets of A and B, respectively. By
(5.24), 8D C A*NB* and 50 h4- Vhg. < hp-. This, together with the condition
that hpe < oo Pr-a.s., implies that

ha- € Ay, hp-€B; forze D.

For any 7 € B,, we can easily apply the Ité6 formula to show that

e (o[- [ eleas|Viehar 7)) - Vo
=5 [ o[- [ etetonas) (£view) - eicenvieen)a.

Using conditions (5.20) and (5.23), we then see that
hpas AT t
V() > Ex /0 exp [— / so(s(s))ds} FE(e)dt
hae
+E, (exp[— / w(E(S))dS] ¢1(¢<hA.))I{hA.<,})

+E. (exp[— I cp(E(S))dS] SrETNTin 3

= Jz(ha-,7). (5.25)
On the other hand, for any o € A;, we have that

V=B [ o]~ [ wleenis] (2view) - e ew)a
oAh e
+ B (e | (o) Vigto n b))
<m [ T exp[— / t <p(€(5))d8] Fe)t
+E, (exp [— [ cp(a(s))ds] (@) (o< })

+E, (exp [— /0 " sp(E(S))dS] b2(E(hs- ) (o5h- })
= Jo(0,hp). (5.26)
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In other words, we have proved that
Jz(hae,7) < V() < Jp(o,hp)

for all 0 € A; and 7 € B, and therefore the desired conclusions follow. The
proof is complete.

Due to the page limit we will not discuss the solution to the elliptic vari-
ational inequalities (5.20)-(5.24). The reader can find the details in Friedman
(1975) or Wu & Mao (1988).
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Stochastic Neural Networks

10.1 INTRODUCTION

Since Hopfield (1982) initiated the study of neural networks, theoretical under-
standing of neural network dynamics has advanced greatly and we here mention
Hopfield (1984), Hopfield & Tank (1986) and Denker (1986) among others. Much
of the current interest in artificial networks stems not only from their richness as
a theoretical model of collective dynamics but also from the promise they have
shown as a practical tool for performing parallel computation. In performing
the computation, there are various stochastic perturbations to the networks and
it is important to understand how these perturbations affect the networks. Es-
pecially, it is very critical to know whether the networks are stable or not under
the perturbations. Although the stability of neural networks has been studied
to a great deal, the stochastic effects to the stability problem have not been
investigated until Liao & Mao (1996a, b) and the main aim of this chapter is to
introduce the study in this new direction.

10.2 STOCHASTIC NEURAL NETWORKS

The neural network proposed by Hopfield (1982) can be described by an
ordinary differential equation of the form

d
Cuis(t) = ~ () + Y- Tugs(us(®),  1<i<d, (2.1)
j=1

ont > 0. The variable u;{(t) represents the voltage on the input of the ith
neuron. Each neuron is characterized by an input capacitance C; and a transfer

351
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function g;(u). The connection matrix element T;; has a value either + 1/R;;
or — 1/R;; depending on whether the noninverting or inverting output of the
Jjth neuron is connected to the input of the ith neuron through a resistance R;;.
The parallel resistance at the input of the ith neuron is

1
e T
The nonlinear transfer function g;(u) is sigmoidal, saturating at +1 with maxi-

mum slope at u = 0. In terms of mathematics, g;(u) is a nondecreasing Lipschitz
continuous function with properties that

i =

ugi(u) >0 and |g;(u)] L 1ABijul on —oo < u< oo, (2.2)

where §; is the slope of g;(u) at © = 0 and is supposed to be positive and finite.
By defining

1 T;:;
- CiR; and ay; = &~

C;
equation (2.1) can be re-written as

b;

d
wi(t) = —baui(t) + Y_aig;(u;(t)), 1<i<m, (2.3)
j=1
or equivalently _
uft) = —Bu(t) + Ag(u(t)), (2.4)

where

u(t) = (u1(t), -, ua(t))T, B = diag.(bs,--,ba),
A= (aij)dxd» g(u) = (gl(ul)"")gd(ud))T‘

It is useful to note that

d
b= layl, 1<i<d (2.5)

j=1

Suppose there exists a stochastic perturbation to the neural network and the
stochastically-perturbed network is described by a stochastic differential equa-
tion

dz(t) = [-Bz(t) + Ag(z(t))])dt + o(z(t))dB(t) ont >0. (2.6)

Here B(t) is an m-dimensional Brownian motion defined on the given complete
probability space (Q,F,{F:},P) and o(z) = (0i;(x))axm is a d X m-matrix
valued function defined on R®. We always assume that o(z) is locally Lipschitz
continuous and satisfies the linear growth condition as well. By the theory of
Chapter 2, we know that given any initial value z(0) = zo € R?, equation
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(2.6) has a unique global solution on t > 0 and we shall denote the solution by
z(t;zp). Moreover, we also assume that o(0) = 0 for the stability purpose of
this chapter. So equation (2.6) admits a trivial solution z(t;0) = 0. Moreover,
by Lemma 4.3.2, we know that if the initial value x4 # 0, the solution will never
be zero with probability one, that is z(t;x0) # 0 for all £ > 0 a.s.

Now that equation (2.6) is a stochastically perturbed system of equation
(2.4), it is interesting to know how the stochastic perturbation affects the stabil-
ity property of equation (2.4). More precisely speaking, when equation (2.4) is
stable, it is useful to know whether the perturbed equation (2.6) remains stable
or becomes unstable; but when equation (2.4) is unstable, it is then useful to
know whether the perturbed equation (2.6) becomes stable or remains unstable.
In the sequel of this section we shall discuss these problems in detail.

(i) Ezponential Stability

Let us first state a useful lemma.

Lemma 2.1 Assume that there erists a symmetric positive definite matriz
Q = (gij)axa and two numbers p € R and p > 0 such that

2eTQ[— Bz + Ag(z)] + trace[oT (z)Qo(z)) < pxT Qx 2.7
and
lzT Qo (2)|* > p(zTQz)? (2.8)
for all z € R%. Then the solution of equation (2.6) has the property that

lim sup ! log(|z(t; z0)]) < — (p - E) a.s. (2.9)
t—x t 2

whenever o #£ 0. In particular, if p > p/2, then the stochastic neural network
(2.6) is almost surely exponentially stable.

This lemma follows directly from Theorem 4.3.3 by letting V(z) = 27 Qz.
We next employ this Lemma to establish a number of useful theorems on the
almost sure exponential stability for the stochastic neural network (2.6).

Theorem 2.2 Let (2.2) hold. Assume that there exists a positive definite
diegonal matriz Q = diag.(q;,q2,- - -,q4) and two real numbers uy >0 and p > 0
such that

trace[aT(m)Qa(:c)] < pxTQz
and
lzTQo(z)? > p(zTQx)?
for all z € R3. Let H = (hi;)dxd be the symmetric matriz defined by

hii = {2q,-[—bi + (OVG“)B,‘] fOTi =j,
Y gilai;| B5 + qjla| B fori# 3.
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Then the solution of equation (2.6) has the properties that

liirlsogp % log(|z(t; zo)]) < — (p _! [u + —/\m—‘u(li)—]) a.s. (2.10)

2 miny<i<n Gi

if Amax(H) > 0, or otherwise

1 1 A
lim sup - log(|z(t; zo)|) < — (p -3 [M + —max—(ﬂ—]> a.s. (2.11)
t—oo 1t 2 maxi<i<a ¢i

whenever zg # 0.
Proof. Compute, by (2.2),

d
ZIBTQAQ(.’E) =2 Z Ti q; Qij gj(xj)
ij=1
<2 G0V aw)Tigi(zi) + 2 |zil ai lays| B |5
i i£]
<2) q(0Vaw)Biai + Y lwil(as lais| B; + gj lasil Biles1.
i i#]
In the case Amax(H) > 0,

2.’1,‘TQ[—B.’E + Ag(z)] < (lelx R |zd|) H (Izllv Tty |xd|)T
Amax(H)

< Amax(H)z? < =
mini<i<n Gi

27 Qr,

and then conclusion (2.10) foillows from Lemma 2.1 easily. Similarly, in the case
Amax(H) < 0,

i Amax(H)
2z7Q-Bz + A < Amax(H)fzf? € —T22tg T
z° @Q[—Bz + Ag(z)] < (H)lzf" < maxls.-gnlh'z e

and then conclusion (2.11) follows from Lemma 2.1 again.

Theorem 2.3 Lei (2.2) and (2.5) hold. Assume that there ezist d positive
numbers ¢1,qz,- -+ ,qq such that

d
B: ZQ:' [0V sign(as))* lay| < g;b;, 1<j<d,
i=1

where 8;; is the Dirac delta function, i.e.

P 1 fori=j,
Y10 fori#j.
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Assume moreover that

tracelo” (x)Qo(z)] < px"Qz
and
1z Qo(2)* 2 p(=” Qz)?

for all z € R®, where Q = diag.(q1,92,"*-194), # > 0 and p > 0 are both
constants. Then the solution of equation (2.6) satisfies

llmsup log(]:::(t z0)]) < - (p— —g) a.s.

whenever zo #£ 0.

Proof. Compute, by the conditions,

d
2.’ETQA9(1:) =2 Z Z;i Qi G35 G5 (Ij)
i,j=1
d
<2 Z |z:] g: [0 V sign(a::)]* |ai;| Bjlz;]
5,j=1

d
< 3" g [0V sign(ai)]® a|(z? + 222)
4,i=1
< Z a (Z 1“!1‘)1 + Z(B2 Z g: [0V sign( a,,)] i lau')

i=1 =1
< Zqib,-:c? + Z qu,-:rf = 2zTQBx.
i=1 Jj=1

Hence
227 Q[ Bx + Ag(x)] + tracelo” ()Qo(z)] < pa" Qe

and the conclusion follows from Lemma 2.1.

Theorem 2.4 Let (2.2) and (2.5) hold. Assume that the network is symmetric
in the sense
laij| = lajs]  foralll <4d,j <d.

Assume also that there is a pair of constants u > 0 and p > 0 such that
lo(z)® < plal* and |z o(z)]® > plz|*

for all x € R®. Then the solution of equation (2.6) has the properties that

hmsup log(|:c(t zo)|) < — [p +b(1-3) - g] a.s. (2.12)
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ifB<1, and

hm sup log(lz(t o)) € - [p -b(A-1)- E] a.s.

if B > 1, whenever zo # 0, where

3 = max b= max b;, b
h= 1<i <dﬂ” 1<i<d 1

il
IAS
=t
A5

&

Proof. Compute

d
2T Ag(z) = 2 Z ; aij g;(z;)

i,7=1

1,j=1 i,j
} d d d d
et
i=1 Vj=1 j=1 Vi=1
d ’ d
~ 8|S _biat + 3 bya?| =287 B
i=1 7=1
Hence
2:T[— Bz + Ag(z)] < —2(1 — B)27 Bz.
If 3 <1, then

2:7[— Bz + Ag(z)] + |o(x)|? < [-26(1 — B) + p)|z|?

[Ch.10

(2.13)

and conclusion (2.12) follows from Lemma 2.1 with @ the identity matrix. On

the other hand, if 3 > 1, then
227 [-Bz + Ag(z)] + lo(2)* < [26(8 - 1) + plz?,

and conclusion (2.13) follows from Lemma 2.1 again.

(ii) Ezxponential Instability

We now begin to discuss the exponential instability for the stochastic neural

network (2.6). The following lemma. is useful

Lemma 2.5 Assume that there erists a symmetric positive definite matriz

Q = (qij)dxd and two real numbers p € R and p > 0 such that

2eTQ[- Bz + Ag(z)] + tracelo™ (x)Qo(z)] > nxT Qz

(2.14)
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and
127 Qo (2)|? < p(z" Qz)? (2.15)
for all £ € R%. Then the solution of equation (2.6) has the property that

1
lim inf - log(|z(¢; zo)|) > E_ p  as. (2.16)
t—oo ¢ 2
whenever 9 # 0. In particular, if p < p/2 then the stochastic neural network

(2.6) is almost surely exponentially unstable.

This lemma follows directly from Theorem 4.3.5 by using V(z) = z7Qz.
We now apply this lemma to establish a couple of useful results.

Theorem 2.6 Let (2.2) hold. Assume that there exists a positive definite
diagonal matriz Q = diag.(¢1, 92, *,q4) and two positive numbers p and p such
that

traceloT (z)Qo(x)] > pzT Qx

and
lz"Qo(z)? < p(zT Qx)?

for allz € R®. Let S = (sij)axa be the symmetric matriz defined by

Sis = { 2¢;[~b; + (O A a;i)5i) fori=7j,
Y —gilaij| B — gjlaji| B fori# 5.

Then the solution of equation (2.6) satisfies

! 1 Amin(S) ]
liminf - log(|x(t; o)) 2 5 [+ ————| -
mint - g(|z(t; o)) 2 [u min;<i<n ¢i
whenever Ty # 0.

Proof. In the same way as in the proof of Theorem 2.2 one can show that
2z7Q[-Bz + Ag()) 2 (Iz1),- -, 1zal) S (|z1], -+, 1al)T = Amin(S))zi?.

Note that we must have Ay, (.S) < 0 since all the elements of S are non-positive.

So
2:TQ[- Bz + Ag(z)] > —/\"li"—(ﬂ-—a:T

> — Qz
miny<i<d g;

and the assertion follows from Lemma 2.5 immediately.

Theorem 2.7 Let (2.2) and (2.5) hold. Assume that the network is symmetric
in the sense

laij| = lajsl  forall1<4,j <d.
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Assume also that there are two positive constants . and p such that
lo(@)|* 2 plzl* and |z"o(z))? < plz/*

for all € R®. Then the solution of equation (2.6) satisfies that

":

hm mf log(lz(t zo)|) > = — b(1 4+ 8) - a.s.

N

whenever xy # 0, where

= max B; and b= max b;.
1<i<n 1<i<n

Proof. Compute

2xT Ag(z) = 2 Z x; ai; 9;(z;)
t,j=1
d d
> -2 Y |zl lay;] B; ;) > Z las;|(z2 + 22)
‘vj_l =1
d

S (S ) ?+Z(§ )]

= _ﬂ[z bix? + zbjzﬁ] = ~-2fz" Bz.
i=1 j=1

Hence
2z7[-Bz + Ag(z)] > ~2(1 + B)zT Bz > —2b(1 + B)|z|?.

In consequence,

207 [~ Bz + Ag(z)] + lo(@)]* > [1 — 26(1 + B))j=f?,

[Ch.10

and the required conclusion follows from Lemma 2.5 with Q the identity matrix.

The proof is complete.

(iii) Robustness of Stability and Stochastic Stabilization

The results obtained in subsection (i) can be applied to study the robustness
of stability as well as to investigate the stochastic stabilization. To explain the
application to the study of robustness of stability, let us suppose that there exists
a symmetric positive definite matrix Q@ = (gij)axa and a positive constant p,

such that
227 Q[- Bz + Ag(z)] < ~mz"Qz forz € R™.

(2.17)
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It is well-known that hypothesis (2.17) guarantees the exponential stability of
the neural network (2.4). We further assume that the stochastic perturbation is
not too strong in the sense that there is a constant o such that

0<ux < % and |o(z)|? < pa|z|* for z € R™. (2.18)
It is easy to verify that
227 Q|- Bz + Ag(x)] + tracelo” (z)Qo(z)) < - [,ul - %?—)] =T Qz.

Thus, by Lemma 2.1 with p = 0 (since (2.8) always holds with p = 0), the
stochastic neural network (2.6) is almost surely exponentially stable. In other
words, the stochastic perturbation does not change the stability property of the
neural network (2.4).

Let us now discuss the stochastic stabilization. We know that the neural
network (2.4) may be unstable sometimes. Perhaps one might imagine that an
unstable neural network should behave even worse (more unstable) if the net-
work subjects to stochastic perturbations. However, this is not always true. As
every thing has two sides, stochastic perturbations may make the given unstable
network nicer (stable). Indeed, we shall show that any neural network of form
(2.4) can be stabilized by stochastic perturbations. From the practical point of
view we shall restrict ourselves to the linear stochastic perturbation only. In
other words, we only consider the stochastic perturbation of the form

m
o(z(t))dB(t) = D _ Grz(t)dBx(t),
k=1
ie. o(z) = (G1z,Gazx,- - ,Gmx), where Gi,1 < k < m are all d x d matrices.
In this case, the stochastically perturbed network (2.6) becomes
m
dz(t) = [-Bz(t) + Ag(z(t))ldt + > Grx(t)dBi(t) ont>0.  (2.19)
k=1
Note that for any symmetric d x d-matrix @,
m
traceloT (2)Qo(z)) = ZzTG,TJQka
k=1

and

12T Qo (z)|? = trace [aT(x)Q:c:z:TQa(z)]
Y 2TGlQzz"QGkx = ij(zTQsz)'*’.
k=1 k=1
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We therefore obtain the following useful result from Lemma 2.1.

Theorem 2.8 Assume that there erists a symmetric positive definite matriz
Q = (gij)dxd and two numbers p € R and p > 0 such that

2xTQ[- Bz + Ag(z)] + Z tTGTQG vz < pzTQx
k=1

and

f:(ﬁvTQka)2 > p(z"Qz)?

k=1
for all z € RY. Then the solution of equation (2.19) satisfies

1 I
1 _ . < —~ - .8.
lllt'n sup 7 log(lx(t, zo)l) (p 2) a.s

whenever zo # 0. In particuler, if p > p/2 then the stochastic neural network
(2.19) is almost surely exponentially stable.

Let us explain through examples how we can apply this theorem to stabilize
a given neural network.

Example 2.9 Let
G, =61 for1 <k <m,

where [ is the identity matrix and 6,1 < k < m are all real numbers. Then
equation (2.19) becomes

dz(t) = [~ Bz(t) + Ag(z(t))]dt + f: Ox2(t)dB(t). (2.20)

k=1

Clearly, we can interpret the numbers 8,1 < k < m as the intensity of the
stochastic perturbation. Choose @ the identity matrix. Then

Y 2TCIQGz =) |Gez* =) B}laf? (2.21)

k=1 k=1 k=1

and m m m
Y (@TQGkx)? =) (27 Ox)’ = ) 6|zl (2.22)

k=1 k=1 k=1

Moreover, in view of (2.2), we have
27 QAg(z) < 2lz|||All lg(=)] < 25l|Al| [,
where 3 = maxi<k<d Bx. Hence

227 Q[- Bz + Ag(z)] < 2(B||Al| - b)|z|?, (2.23)
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where b = miny<g<d bx. Combining (2.21)-(2.23) and then applying Theorem
2.8 we see that the solution of equation (2.20) satisfies

limsup log(lx(t zo)]) < — [ 202 (BIIAll - b)] a.s.
whenever zo # 0. In particular, if we choose ;s sufficiently large for
> 6% > 2(BllAll - b),
k=1

then the stochastic neural network (2.20) is always almost surely exponentially
stable no matter whether the neural network (2.4) is unstable. Furthermore, if
we let 8 = 0 for 2 < k < m, then equation (2.20) becomes an even simpler one

dz(t) = [-Bz(t) + Ag(z(t))]dt + 6,2(t)dB (). (2.24)

That is we only use a scalar Brownian motion as the source of stochastic per-
turbation. This stochastic network is always almost surely exponentially stable
provided i X

67 > 2(BI| Al - b)

From this simple example we see that if a strong enough stochastic pertur-
bation is added onto a neural network u(t) = —Bu(t)+ Ag(u(t)) in a certain way
then the network can be stabilized. In other words, we have already obtained
the following general result.

Theorem 2.10 Any neural network of the form
u(t) = —Bu(t) + Ag(u(t))

can be stabilized by Brownian motions provided (2.2) is satisfied. Moreover, one
can even use only a scalar Brownian motion to do so.

Theorem 2.8 ensures that there are many choices for the matrices Gy in
order to stabilize a given network. Of course the choices in Example 2.9 are just
the simplest ones. For illustration we give one more example.

Example 2.11 For each k, choose a positive definite d x d matrix Dy, such that

V3
z" Dyz > —2—|le|| lzf?,

Obviously, there are lots of such matrices. Let 6 be a real number and set
G, = 8Dy. Then equation (2.19) becomes

dz(t) = [~ Bx(t) + Ag(z(t)))dt + 6 zmj Diz(t)dBi(t). (2.25)
k=1
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Again let @ be the identity matrix. Note that

ZxTGTQsz = Z |0Dyz)? < 62 Z || Dk |[?|z)?

k=1 k=1
and m
m m 302
> (zTQGkz)? = 6% (27 Dpz)? > - > Dk Pl
k=1 k=1 k=1

Combining these together with (2.23) and then applying Theorem 2.8 we obtain
that the solution of equation (2.25) satisfies

g2
imsup 3 log(a(t o)) < - | DI - (B4l -B)] s
k=1

t—o0
whenever z¢ # 0. Particularly, if choose 6 sufficiently large for

4(B|1All - b)
2kt 1DE]1?

then the stochastic network (2.25) is almost surely exponentially stable.

02

From the above examples we see clearly that in order to stabilize a given
unstable network the stochastic perturbation should be strong enough. This is
not surprising since if the stochastic perturbation is too weak it may not be
able to change the instability property of the network and we shall see this more
clearly in the next subsection.

(iv) Robustness of Instability and Stochastic Destabilization

The results established in subsection (ii) can be applied to the study of
robustness of instability as well as stochastic destabilization. To explain the
former, let us assume that network (2.4) is exponentially unstable, which is
guaranteed by the condition that

2:7Q|-Bz + Ag(x)] > 1zTQz, z € R" (2.26)

for some p; > 0 and some symmetric positive definite matrix Q. Assume also
that the stochastic perturbation is so small that

lo(z)? < polz?, =z eR", (2.27)
where 0 < p2 < 1 [Amin(Q)1?/(2/IQ|[*). Note that

_mliQl?

Qe < 5770

]2 (27Qz)? and tracelo” (z)Qo(x)] > 0.
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By Lemma 2.5, we therefore see that under conditions (2.26) and (2.27), the
solution of equation (2.6) has the property that

m__m|lQl?
2 Pmin(@)?

That is, the stochastic neural network (2.6) remains unstable. This supports
once again the fact that if the stochastic perturbation is too weak it will not be
able to change the instability property of the network.

1
imi - - >
htm inf n log(|z(t; z,)|) = >0 a.s.

In the previous subsection we have discussed the stochastic stabilization
problem. Let us now turn to consider the opposite problem—stochastic desta-
bilization. That is, we shall add stochastic perturbations onto a given stable
network in the hope that the stochastically perturbed network becomes unsta-
ble. We have seen in the previous subsection that the stochastic perturbation
should be strong enough or else the stability property will not be destroyed.
However, the strength of the perturbation is not the only factor, since, as shown
in the previous subsection, sometimes the stronger the stochastic perturbation
is added the more stable the network becomes. As a matter of fact, the way
how the stochastic perturbation is added onto the network is more important.
From the practical point of view, we again restrict ourselves to linear stochastic
perturbation only. In other words, we still assume the stochastically perturbed
network is described by equation (2.19). Applying Lemma 2.5 to equation (2.19)
we immediately obtain the following useful result.

Theorem 2.12 Assume that there exists a symmetric positive definite matriz
Q = (gij)dxa and two numbers u € R and p > 0 such that

m
2:7Q[- Bz + Ag(z)) + Z zTGTQGkz > uzTQz
k=1

and

3 (@7 QGzY? < (a7 Qo)

k=1

for all z € R%. Then the solution of equation (2.19) satisfies
.1 u
liminf - log(|z(¢;z0)|) > = — p a.s.
t—oo ¢t 2

whenever xg # 0. In particular, if p < p/2 then the stochastic neural network
(2.19) is almost surely exponentially unstable.

Let us now apply this theorem to show how one can use stochastic pertur-
bation to destabilize a given network.

Example 2.13 First of all, let the dimension of the network d > 3. Let m = d,
that is we choose a d-dimensional Brownian motion (B (t), Ba(t),---, Ba(t))T.
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Let 6 be a real number. For each k = 1,2,---,d — 1, define G = (g5 )axd
by g,'Fj =60ifi=kand j = k+ 1 or otherwise gfj = 0. Moreover, define
Gs = (gfj)dxd by gf’j =0 if i = dand j = 1 or otherwise g;‘}- = 0. Then the
stochastic network (2.19) becomes

x2(t)dB (t)
dx(t) = [~ Bz(t) + Ag(z(t))|dt + 6 : . (2.28)
zd(t)dBd._l(t)
z1(t)dBa(t)
Let @ be the identity matrix. Note that
d
> 2TGIQGkz = Z |Grz|? = Z |0k |2 = 62|z (2.29)
k=1 k=1

Also, setting £441 = 11,

d d

Y (@"QGkz)? = 67y xiai,,
k=1 k=1

202 d 2 d 4 4 02 4

S ? Zxk.‘tk“ + — Z(Ik +Ik+]) S —3—|Il . (230)
k=1 k=1
Moreover, by (2.2),
227 Q- Bz + Ag(z)) 2 —2(b + B||All)|=)?, (2.31)

where b = maxX;<k<dq br and 8 = maxj<x<d k. Combining (2.29)-(2.31) and
then applying Theorem 2.12 we see that the solution of equation (2.28) satisfies

2 2
limint *log(lz(t 20)) > & — (b+ A4l - & = & ~ G444l as

whenever 7o # 0. So the stochastic neural network (2.28) is almost surely
exponentially unstable if

6% > 6(b + 8] A|]).

Secondly, let us consider the case when the dimension of the network d is an
even number. Let m = 1, that is choose a scalar Brownian motion B;(t). Let 6
be a real number. Define
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Then equation (2.19) becomes

za(t)
~z1(t)
dz(t) = [~ Bz(t) + Ag(z(t))]dt + 6 : dB; (t). (2.32)
z4(t)
—Id_l(t)
Let Q be the identity matrix again. Note that
2TGTQG iz =6%z? and  (z7QGiz)?=0. (2.33)

Combining this with (2.31) and then applying Theorem 2.12 we see that the
solution of equation (2.32) satisfies

2
limint  log((z(520)) > 5 ~ B+ AllAID  as.

whenever g # 0. So the stochastic neural network (2.32) is almost surely
exponentially unstable if o
8% > 2(b + BI|AlD).

This example proves the following theorem.
Theorem 2.14 Any neural network of the form
i(t) = —Bz(t) + Ag(z(t))
can be destabilized by Brounian motions provided the dimension d > 2 and (2.2)
1s satisfied.

Naturally, one would ask what happens when the dimension d = 1. Al-
though from the practical point of view one-dimensional networks are rare, the
question needs to be answered for the completeness of theory. So let us consider
a one-dimensional network

u(t) = —bu(t) + ag(u(?)), (2.34)

where b > 0 and a = b or —b, and g(u) is a sigmoidal real-valued function such
that

ug(u) >0 and |g(u)| < 1A By for all —o0o < u < 00.

Assume S < 1. Then it is easy to verify that the solution, denoted by u(t; zo),
of equation (2.34) with initial value u(0) = z¢ # O satisfies

liinsup % log(lu(t; zo)|) < —b[1 - pov sign(a))] <0.
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In other words, network (2.34) is exponentially stable. Now perturb this network
stochastically and assume the perturbed network is described by

dz(t) = [—-bz(t) + ag(z(t))]dt + i Orz(t)dBi(t), (2.35)
k=1

where 0;'s are all real numbers. It is not difficult to show by Theorem 2.8 that
the solution z(t; zg) of equation (2.35) with initial value z(0) = x¢ # 0 satisfies

1 m
lim sup —t-log(la:(t; zp)]) < ~b[1 — B(0 v sign(a))] - %Zﬂz <0 a.s.
t—oo0 k=1

Hence the stochastic neural network (2.35) becomes even more stable. We there-
fore see that a one-dimensional stable network may not be destabilized by Brow-
nian motions if the stochastic perturbation is restricted to be linear.

10.3 STOCHASTIC NEURAL NETWORKS WITH DELAYS

In many networks, time delays can not be avoided. For example, in elec-
tronic neural networks, time delays will be present due to the finite switching
speed of amplifiers. In a similar way as Hopfield (1982), a model for a network
with delays can be described by a differential delay equation

d
1 .
Cit(t) = —pui(t) + ) " Tigi(ui(t—73)), 1<i<d, (8.1)
i i=1

where C;, R; etc. are the same as described in the previous section while 7;’s
are positive constants and stand for the time delays. Let A, B,g and u be the
same as defined in the previous section and define

ur(t) = (wi(t — 1), - ualt — 72))7.
Then equation (3.1) can be re-written as
a(t) = —Bu(t) + Ag(u,(t)). (3.2)

In this section we shall discuss the stochastic effects to this delay neural network.
Suppose that there exists a stochastic perturbation to the delay neural network
(3-2) and the stochastically perturbed network is described by the stochastic
differential delay equation

dz(t) = [~ Bz(t) + Ag(z,(t)))dt + o(z(t),z,(t))dB(t) ont>0 (3.3)
with initial data z(s) = £(s) for —7 < s < 0. Here
. (t) = (z (bt —71), -, za(t — 7a))T, o:R*x R? - R¥*™

F= lrg?sxdn, € = {€(s): -7 < 5 <0} € C([-7,0}; RY).
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We assume that o(z,y) is locally Lipschitz continuous and satisfies the linear
growth condition as well. By the theory of Chapter 5, equation (3.3) has a
unique global solution on ¢ > 0 and we denote the solution by z(t;£). Moreover,
we also assume that 6(0,0) = 0 for the stability purpose and hence equation
(3.3) admits a trivial solution z(¢;0) = 0.

Theorem 3.1 Let (2.2) hold. Assume that there ezist d positive constants
8;,1 < i < d such that the symmetric matric

c A
u- (i 5)

is negative definite, where
C = diag.(—2by + 8:6%,---,—2ba + 848%) and D = diag.(—dy,---,—da).

Let —A = Amax(H) (so A > 0). Assume also that there exists an p € [0, ) such
that

lo(z,9)|* < plel® + Mg(y)? (3.4)

for all (z,y) € R* x R®. Then the solution of equation (3.3) has the property
that

1
lim sup - log(E|z(t;€)|%) < —e, (3.5)
t—oo t
where € € (0, \ — p) is the unique oot to the equation

lrggd(e&,-nﬂ?e"‘ +e)=A—p. (3.6)

In other words, the stochastic delay network (3.3) is exponentially stable in mean
square.

Proof. Fix the initial data £ arbitrarily and write z(t;£) = z(t). Introduce a
Lyapunov function

0

d
Viz,t) = |z + Zé,-/ g2 (xi(t + 8))ds
i=1

-7

for (z,t) € R? x [0,00). By the Ité formula,

d
dv(2(t), 1) = (Z 5g2(z:(0)) ~ R (ailt - )]
=1

1 227 (8)]~ Ba(t) + Ag(z, ()] + |a(z<t),xr(t>>|2) dt
+ 22T (t)o(z(t), z,(t))dB(t). (3.7)
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By (2.2) and the hypothesis on H one can derive that

d
382w (9) = g2(aute = )|+ 227 (OB () + Ag(a- 1)
< @705 H (20 ) < M +lotar (D).

Also by (3.4),
lo(2(t), z- () < plz(®)® + Mg(z- ().

Substituting these into (3.7) yields
dV (z(t),t) < —(A — w)|z(t)|*dt + 227 (t)o(x(t), z.(t))dB(t). (3.8)
Let 0 < € < XA — p be the root to equation (3.6). By Itd’s formula again,
etV (z(2),1)] = e [eV(x(t) t)dt + dV (z (t),t)]
<efe Z«s [ dtaer s - 0- u-estor]a
+2e“zT(t)U( (t),z-(t))dB(t),

where (3.8) has been used. Integrating both sides of this inequality from 0 to
T > 0 and then taking the expectation one obtains that

eTEV(x(T),T) < ¢
T d 0
E/o et {e ;6,— /—r.- g2(zi(t + 8))ds — (A — pu — €)|z(®)|?|dt, (3.9)
where
d
=€)+ ) dims.
i=1

Compute

/Te‘"/—r 2(zi(t + s))dsdt = / 5‘/; . g2(z(s))dsdt

= [ . [ / i0+ T ftdt]g, (zi(s))ds < /_ . e g2 (z4(s))ds

T
<rZeT +‘r,-ﬁ,-2e"'/ e®|zi(s)[%ds. (3.10)
0
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Consequently, in light of (3.6),

T d 0
et . 2(,.
/0 € (eizz;é, /:r,- g; (zi(t + s))ds)dt
: T
<cg+{(A—p— 6)/ et|z(t))2dt, (3.11)
0

where
d
cg=¢€ Z 82T,

i=1

Substituting (3.11) into (3.9) yields
eTEV(2(T),T) < 1 + c2.
In particular,
eTE|z(T)? < ¢ +ca.

Therefore

limsup%log(Elx(T)lz) <-€

T—o00

which is the required (3.5). The proof is complete.

In this theorem, condition (3.4) is a little bit restrictive although it cov-
ers some interesting cases (see examples below). The following theorem is an
improvement.

Theorem 3.2 Assume that all the conditions of Theorem 3.1 hold ezcept (3.4)
ts replaced by

lo(z,y)|? < plx? + Ag@)[* + plyl? (3.12)

for all (z,y) € R x R?, where u and p are both nonnegative numbers such that
p+p <A
Then the solution of equation (3.3) satisfies

lim sup % log(E|z(t; €)[?) < —¢, (3.13)
t—oo0

where € € (0, A — p — 8) is the unique solution to

2 i —
1’2&"4[(56"T‘ﬂ" +p)e + €] =X —p (3.14)
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Proof. Again fix € arbitrarily and write z(¢;€) = z(t). Let € € (0,A — pu — p)
be the unique solution to equation (3.14) and T > 0. In the same way as in the
proof of Theorem 3.1 we can show that

T d 0
¢TEV(2(T),T) < ¢, + E /0 {e; / Gzt + 5))ds
- (3= = el + e (O . (3.15)

Compute

T d ,T
/ pectiz. (t)|2dt = Z/ pest|zi(t — 7)|2dt
0 o Jo
d

d T—7 T
= Z/ pestH g (1)|%dt < 3 + Zpe”" / etz (t)2dt, (3.16)
i=1Y T 0

i=1
where
c3 = pre’T sup |€(s)|2.
—7<s<0

Combining (3.10), (3.14) and (3.16) we obtain that

d
/ (e [ g¥amt+ )ds + pla (O )at

d

T
<extez+ Z(e&-nﬂ? + p)e™ / |z (¢)[°dt
0

i=]

T
<cpt+ea+(A—p— e)/ etz (t)|%dt. (3.17)
0

Substituting (3.17) into (3.15) gives
CETEV(.’L'(T),T) <c + e+ c3.

The remainder of the proof is the same as before. The proof is complete.

With slightly more careful arguments we can show the following even more
general result.

Theorem 3.3 Assume that all the conditions of Theorem 3.1 hold except (3.4)
is replaced by

d
lo(@, > < D (wz? + pigd) + Mg(w)? (3.18)
i=1
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for all (z,y) € R? x R?, where u; and p; are all nonnegative numbers such that
i +pi <A foralll <i<d. (3.19)

Then the solution of equation (3.3) satisfies

lim sup —- log(Ela:(t ) < —e,

t—oa

where € € (0, minyj<i<g(A — ps — pi)) is the unique solution to
ma}d[(e&ﬁﬁ? +p)e™ +pite] =X

The details of the proof are left to the reader. We shall now use this theorem
to establish a number of useful corollaries.

Corollary 3.4 Let (2.2) and (2.5) hold. Assume that
d
bi> %Y laj|  foralll<i<d.

Assume also that both (3.18) and (3.19) are satisfied with

ﬂ2 Z]::l |aJ1|

A=
1548 1+ 32

Then the stochastic delay network (3.3) is exponentially stable in mean square.

Proof. Set
bi+ gy lasi
1+ 42

Let the symmetric matrix H be the same as defined in Theorem 3.1. We claim
that Amax(H) < —\. In fact, for any z,y € RY,

4 = forall 1 <:i<d.

(%) - Z( b+ 8D 42 S oty Za.y,

t,j=1

d
< (26 + 8:87)2F + Z lai;) (22 + y2) - Zazy,
i=1

ij=1
d

d d
=- Z(bi ~ 51‘5,-2)1?? - 2(5:' - Z |aji|>y?,
i=1 i=1

=1
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where condition (2.5) has been used. But

d
b — B2 321, lajil o

d
bi—5i51-2=5i—2|aji|= 17 52 >

i=1

So
(T,y") H(z) < (P + lyl?)-

Now the conclusion of the corollary follows from Theorem 3.3 immediately. The
proof is complete.

Corollary 3.5 Let (2.2} hold. Assume that
2b; > ||A|l(1+8%)  foralll1 <i<d.
Assume also that both (3.18) and (3.19) are satisfied with

bi

/2
A= l?ilgd(l B ||A||)~

Then the stochastic delay network (3.3) is exponentially stable in mean square.

Proof. Let
2b;

8= ——
P14 62
and then define the symmetric matrix H the same as in Theorem 3.1. One can

then show Amax(H) < —A in the same way as in the proof of Corollary 3.4, and
hence the conclusion follows from Theorem 3.3. The proof is complete.

foralll1<i<d

In practice, networks are often symmetric in the sense |a;;| = |a;i]. For
such symmetric networks we have the following useful result.

Corollary 3.6 Let (2.2) and (2.5) hold. Assume that the network is symmetric
in the sense
lai;| = lajil forall1 <i,7<d

Assume that
B <1 foralll <i<d.

Assume also that both (3.18) and (3.19) are satisfied with

k(1 -63)
z\-—llélilgd T2 (3.20)

Then the stochastic delay network (3.8) is exponentially stable in mean square.
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Proof. By the assumptions,

d d
B2 el <D lag) = by

j=1 1=1
forall1 <i<d. Also
d
i bi— B35 lasl b(1-B2)
1<i<d 1+ 32 Tagisd 1462

Hence the conclusion follows from Corollary 3.4 directly. The proof is complete.

Let us now turn to discuss the almost sure exponential stability for the
stochastic delay network (3.3). The following lemma is useful.

Lemma 3.7 Let (2.2) hold. Assume that there erists a constant K > 0 such
that

lo(z,y)|* < K(jz* + ly|*)  for all z,y € R (3.21)
If
limsup - log(Ela(t; %) < — (3.22)
t—o00

for some v > 0, then

(3.23)

N2
1~
»

lim sup  log(|(t; £)]) < —
t—oo &

In other words, under conditions (2.2) and (3.21), the exponential stability in
mean square of equation (3.3) implies the almost sure exponential stability.

Proof. Fix any £ and write z(t;£) = z(t) again. Let € € (0,/2) be arbitrary.
By (3.22) there is a constant M > 0 such that

Elz(t))? < Me= ("9t forallt > —7. (3.24)

Let £ = 1,2,---. By the Doob martingale inequality, the Holder inequality as
well as conditions (2.2) and (3.21), one can easily show that

k+1
E[ sup |x(t)|2] < 3E|z(k)® + 64/ [E]:z:(t)l2 + Elx,(t)|2]dt, (3.25)
k

k<t<k+1

where ¢; and the following cs are both positive constants independent of k. Note
that

i=1

d d
Elz.(t)? = Elzi(t - n)]> < Y_ Ela(t - =)
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Substituting this and (3.24) into (3.25) yields

E[ sup |:c(t)|2] < cze~ (VoK (3.26)
k<t<k+1

Consequently

P{w : sup |z(t)]® > e'”_k)k} < cse ok,
k<t<k+1

By the Borel-Cantelli lemma, one sees that for almost all w € € there exists a

random integer kg(w) such that for all & > k,

sup |a(t)]> < em (772,
k<t<k+1

This implies that

1
limsup - log(|z(¢; &)|) < T a.s.
t— 00 t 2

Finally the desired (3.23) follows by letting € — 0. The proof is complete.

The following result follows immediately from this lemma and Theorem 3.3
etc.

Theorem 3.8 Let (2.2) and (3.21) hold. Then, under the conditions of Theorem
3.3 or one of Corollary 3.4-3.6, the stochastic delay network (3.3) is almost
surely exponentially stable.

Let us now discuss a number of examples to illustrate our theory.

Example 3.9 Consider the 2-dimensional stochastic delay network

o(20)= (75 ) (50) = (0 ) (RRG=a) «
e (g;g;g - :3;) dB(t). (3.27)

Here 71, T are both positive constants, B(t) a real-valued Brownian motion, G
a 2 x 2 constant matrix, and

et —e™™

Zm forueR, i=1, 2.

9i(u)
So (2.2) is satisfied with 3; = 1. To apply Theorem 3.1, let 6, = 4 and J; = 2.

Then
—4 (] 2 -2

0 -2 1 1
2 1 -4 0
-2 1 0 -2

H =
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It is not difficult to compute Anax(H) = —0.2474. Note also that
o(z,y) = Gig(y)  for (z,y) € R? x R?,
where g(y) = (91(¥1), 92(y2))". Hence
lo(z,9)* = [G19®)* < 11G11*9(v)*.

Therefore, if
IG111* < 0.2474, (3.28)

then, by Theorem 2.1, the stochastic delay network (3.27) is exponentially stable
in mean square. Moreover, let £ > 0 be the root to the equation

max{4em €™ + €, 2e12e"™ + e} = 0.2474. (3.29)

Then the second moment Lyapunov exponent should not be greater than —e¢.
For example, if 7, = 0.005 and 75 = 0.01, then (3.29) becomes

0.02e€%01 + ¢ = 0.2474,

which has the root ¢ = 0.24253, hence in this case the second moment Lya-
punov exponent should not be greater than —0.24253. In view of Theorem 3.8,
we can also conclude that the stochastic delay network (3.27) is almost surely
exponentially stable as long as (3.28) is satisfied.

Example 3.10 Consider a more general stochastic delay network than (3.27)
which is described by the equation

«(38)= (% ) (28)«+ (3 1) (B =)
+G (gl(zl(t - T‘))) dB;(t) + G (z‘(t)) dB,(t)

g2(z2(t — 72)) z2(t)
+Gs (28 - :3) dBs(t). (3.30)

Here (B1(t), B;(t), Ba(t)) is a 3-dimensional Brownian motion, g; and g are the
same as in Example 3.9 while G;, 1 < i < 3 are all 2 x 2 constant matrices.
Assume that (3.28) holds and also

1G2)? v ||Gsf? < 0.1. (3.31)

Note in this case that

o(z,y) = (G19(y),Gaz,Gay)  for (z,y) € R? x R?,
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where g(y) = (91 (1), 92(32))"- So
lo(z,9)1* = 1G19(y)* + |Gaz* + |Gay|?
< 0.2474|g(y)[> + 0.1{z|* + 0.1[y|>.
Therefore, by Theorems 3.2 and 3.8, we conclude that the stochastic delay net-

work (3.30) is exponentially stable in mean square and is also almost surely
exponentially stable. Moreover, if € > 0 is the root to the equation

max{(4emy + 0.1)*™ + ¢, (273 +0.1)e*™ + £} = 0.1474, (3.32)
then the second moment Lyapunov exponent should not be greater than —e¢.
For example, if 1} = 75 = 0.01, then equation (3.32) becomes

(0.04e + 0.1)e%%' + ¢ = 0.1474

which has the root € = 0.04553, and hence the second moment Lyapunov expo-
nent should not be greater than —0.04553 and the sample Lyapunov exponent
should not be greater than —0.022765.

Example 3.11 Finally, consider the 3-dimensional symmetric stochastic delay
network

dz(t) = [-Bz(t) + Ag(z(t))]dt + G z(t)dB(t)
sin(z;(t - 7))
+ Gy | sin{za(t — 12)) | dBa(t). (3.33)
sin(z3(t — 13))
Here (B (t), B2(t)) is a 2-dimensional Brownian motion, Gy and G3 are both
3 x 3 constant matrices, and

011
B =diag.(2,3,4), A=1{|11 1],

11 2

(g1(u

gi(u;) = (0.5u; A1)V (-1), g(u) = 1) 92(u2), ga(us))T.
Note that (2.2) and (2.5) are satisfied with 8y = B2 = (3 = 0.5. To apply
Corollary 3.6, we compute A = 1.2 by (3.20). Assume that

NGil2 <12 and  ||Galf? <0.3. (3.34)

Note that
o(z,y) = (G1z,Ga(siny;, sinya, sinys)T)
for (z,y) € R® x R3. Note also that
sin?z < [(zA1)Vv (—l)]2 <4[(05zA1)V (—~1)]2 for ~ o0 < z < 00.

Hence

lo(z, )* < |IGi|Pl2l? + 41iGal*lg(y)I?

< NGl + 1.20g(y)I%.

Applying Corollary 3.6 and Theorem 3.8 we can conclude that the stochastic
delay network (3.33) is exponentially stable in mean square and is also almost
surely exponentially stable.
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Stochastic Delay Population Systems

11.1 INTRODUCTION
The d-dimensional delay differential equation

dz(t)
dt

has been used to model the population growth of d interacting species and is
known as the delay Lotka—Volterra model, or the delay logistic equation. Here

= diag(z(¢),- - -, za(t))[b + Az(t) + Gz(t — 7)], (1.1)

= (z1,xd)T, b=(b1,--,ba)T, A=(aij)axa, G = (ij)dxd-

This equation may sometimes be written as

dz(t . - ~
L) _ diog(zr(0), -, 2aAG() - 7) + Glalt - 7) - ),
when Z = (Z,+++,%q4)7 is an equilibrium state of the equation in the positive

coneR‘i:{xeRd:xi>O, 1 <i<d}, thatis,
b+ (A+G)E=0.

There is an extensive literature concerned with the dynamics of this delay model.
In particular, the books by Gopalsamy (1992), Kolmanovskii and Myshkis (1992)
as well as Kuang (1993) are good references in this area.

On the other hand, population systems are often subject to environmental
noise and there are different types of noise. For example, recall that the param-
eter b; represents the intrinsic growth rate of species i. In practice we usually

377
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estimate it by an average value plus an error term. If we still used b; to denote
the average growth rate, then the intrinsic growth rate becomes b; + error;. Let
us consider a small subsequent time interval dt, during which z;(t) changes to
z;(t) + dz;(t). Accordingly, equation (1.1) becomes

d
dzi(t) = z,-(t)(b,- + 3 lagzi(t) + gijei(t — 1) ])dt + ;(¢) error; dt
j=1

for 1 < i < d. According to the well-known central limit theorem, the error
term error; dt may be approximated by a normal distribution with mean zero
and variance v2dt. In terms of mathematics, error; dt ~ N(0,v2dt), which can be
written as error; dt ~ v;dB(t), where dB(t) = B(t + dt) — B(t) is the increment
of a Brownian motion that follows (0, dt). Hence equation (1.1) becomes the
It6 stochastic differential equation

d
dai(t) = 2i(8)| (5 + Dl a555(8) + gigz; (¢ ~ 7))t + widB(1)),
j=1

that is, in the matrix form,

dz(t) = diag(z1(t), -, za(t)) ([b+ Aa(t) + Ga(t — 7))dt + vdB(t)), (12)
where v = (vy,-- -,vd)T, which is the vector of the standard deviations of the
errors, known as the noise intensities. These intensities may or may not depend
on population sizes. If they are independent of population sizes, we can write

v as a constant vector 3 = (B1,---,B4)T. As a result, equation (1.2) becomes a
stochastic delay population system (SDPS)

da(t) = diag(x1(t), -, za(t)) (b + Aa(t) + G(t — 7)ldt + BdB(t)).  (13)

If the noise intensities are dependent on population sizes, we may replace v; by

d
Y oiz;(t) (1.4)
j=1
and hence equation (1.2) becomes
dz(t) = diag(z1(t),- - -, za(t)) ([b + Az(t) + Gz(t — 7)]dt + ax(t)dB(t)), (1.5)
where 0 = (0y;)4xa- However, the noise intensities may sometimes depend on

the difference between the population size and the equilibrium state. In other
words, v; may have the form

d
> o) - 75). (1.6)

i=1
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In this case, equation (1.1) becomes another SDPS

dz(t) = diag(z1(¢), -, za(t))
x ([A(x(t) ~ £) + G(z(t — 7) — T)]dt + o(z(t) — 5:)43@)). (1.7)

Of course, there are other types of noise but we will, in this chapter, concentrate
on the three types above, i.e. equations (1.3), (1.5) and (1.7). Since these
systems describe stochastic population dynamics, it is critical to find out whether
or not the solutions

e will remain positive or never become negative,

will explode to infinity in a finite time,
will be ultimately bounded,

e will become extinct.

We will discuss the different behaviours of these three equations and hence
reveal that different types of noise affect on the delay population systems dif-
ferently. We should also mention that the driving white noise is usually multi-
dimensional but we here use a one-dimensional one in order to avoid complicated
notation.

Before we proceed, let us introduce a new notation. For a symmetric matrix
A = (aij)dxd € R**4, define

Mo (A) = sup zTAz
xGRi,I:I:l

It should be highlighted that this is different from the largest eigenvalue Apax(A).
To see this more clearly, let us recall the nice property of the largest eigenvalue:

Amax(A) = sup zT Az,
TERY,|z|=1

It is therefore clear that we always have
Amax(4) € Amax(4).

In many situations we even have A}, (A) < Amax(A). For example, for

-1 -1
+-(33)
we have A} (A) = —1 < Amax(A) = 0. On the other hand, A}, (A) does have

many similar properties as Amax(A) has. For example, it follows straightforward
from the definition that

T Az < At (A)|z]* Vze R
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and

(A) < lA]l.

max

Moreover
Max(A + B) < A%, (A) + A% (B)

if B is another R%*%-valued symmetric matrix.

The results established in this chapter require to verify A}, (4) < 0 or
At (A) < 0. It is easy to see from the definition that A, (A) <0 if

ai; <0 forall1<i,5<d

But the following two lemmas give better results.
Lemma 1.1 We always have
Niox(4) < max, (a,-,- + Z(o v a,-,-)). (1.8)
j#i
Conseguently, A}, (A) <0 if
a; < =Y (0Vay), 1<i<d;
Jj#i
while At (A) <0 if
a,~,-<—Z(OVa,-j), 1<i<d.
J#i

Proof. For any € R4 with |z| = 1, compute

2T Az = ZZa,JJ:,:c, < Za“z + ZZ 0V ayj)z;z;

i=1 j=1 t—l];él

Za":c + = ZZ (0V aij)(z; +$2)—Za"m +Z(Z(0Va,]))

i=1 t—l j#1 i=1  j#l1

-9

N B

= (a,, + 2(0 Vai )I < &laicd (aﬁ + Z(O v aij))'

1 J#1 J#i

i

Thus the required assertion (1.8) follows.
Lemma~ 1.2 Given a symmetric matriz A = (a;j)axq, we define its associated
matriz A = (@ij)dxd by

ai; =ai, 1<i<d
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while
ai;j =0Vay, 1<i,j<d, i#j

Then A\t

max

Proof. Clearly,

(A) € Amax(A).

ai; <a, 1<4,j<d.
By definition, it is easy to see that
Mhax(4) € Max(A).

But we always have
Ahax(4) < Amax(4).

The required assertion hence follows.

11.2 NOISE INDEPENDENT OF POPULATION SIZES

Let us begin with the discussion of the SDPS (1.3), where the environmen-
tal noise is independent of the population sizes. In general, the solution of a
population system should not only be positive but would also not explode to
infinity at any finite time. For this purpose, some conditions need to be imposed
on the system parameters. Even for the deterministic equation (1.1) the system
matrices A and G need to satisfy some conditions (see e.g. Gopalsamy (1992),
Kolmanovskii and Myshkis (1992), Kuang (1993)) and the research for better
conditions is still going on.

Similary, for an SDPS to have a unique global solution (i.e. no explosion
in a finite time) for any given initial data, the coefficients of the equation are
in general required to obey the linear growth condition and the local Lipschitz
condition (see Chapter 5). However, the coefficients of the SDPS (1.3) do not
satisfy the linear growth condition, though they are locally Lipschitz continuous,
so the solution of the SDPS (1.3) may explode at a finite time. It is therefore
useful to establish some conditions under which the solution of the SDPS (1.3)
is not only positive but will also not explode to infinity at any finite time. The
following result gives a sufficient condition.

Theorem 2.1 Assume that there are positive numbers ¢y, - - ,cq such that
ML (CA+ ATO) <0, (2.1)

where C = diag(ci,---,ca). Then for any given initial data {z(t) : -7 < t <
0} € C([-7,0]; R3), there is a unique solution z(t) to the SDPS (1.3) ont 2 -7
and the solution will remain in R% with probability 1, namely z(t) € R3 for all
t > —71 almost surely.
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It is useful to note that this theorem does not impose any condition on the
system parameters b, G and 3. In order to prove this theorem let us present a
lemma.

Lemma 2.2 The following inequality holds

u<2u—1-logu)+2 Vu>0.

Proof. The inequality holds for u € (0,2) because we always have u—1—logu >
0 for u > 0. To show the inequality for u > 2, let us define

f(u) = u —2logu.
Note

df (u)
du

So f(u) is nondecreasing on u > 2 and hence

=1-

20
u

2u—1-logu)+2—-u=u—2logu= f(u) > f(2) =2 - 2log2 > 0.
In other words, the desired inequality holds for u > 2 as well.

Proof of Theorem 2.1. Since the coefficients of the equation are locally Lipschitz
continuous, by Theorem 5.2.8, we observe that for any given initial data {z(¢) :
-7 <t <0} € C([-7,0]; R%) there is a unique maximal local solution z(t) on
t € [-7,7e), where 7. is the explosion time. Let kg > 0 be sufficiently large for

1
— i t) < .
g < _min lz(t)] < _glsa;)éolw(t)l < ko

For each integer k > kg, define the stopping time
7. = inf{t € [0,7.) : z;(t) € (1/k, k) for some i = 1,---,d}.

Clearly, 7 is increasing as k — 00. Set 7o, = limg_.o Tk, Whence 7o, < 7, a.s.
If we can show that 7, = 0o a.s., then 7. = 00 a.s. and z(t) € R‘i a.s. for all
t > 0. In other words, to complete the proof all we need to show is that 7o, = oo
a.s. To show this statement, let us define a C2-function V : R? — R, by

n

V(z) = Zc,- [z,' -1- log(z,-)].

i=1

The non-negativity of this function can be seen from that u — 1 — log(u) > 0 on
u > 0. For 0 <t < 7, it is not difficult to show by the It6 formula that

dV(z(t)) = LV(x(t), z(t — 7))dt + (7 (t)C — C)BdB(t), (2.2)
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where C = (¢1,+-+,¢4) and LV : R‘i x Ri — R is defined by

LV(z,y) = (z7C — C)(b+ Az + Gy) + %ﬂTC‘ﬂ. (2.3)
Using condition (2.1) we can show that
LV(z,y) < Ki(1 + |z| + [y]) — Alzl* + Kalyl?, (2.4)
where K, K5 and the following K3 are all positive constants and
A= —%,\,’;ax(C‘A + ATC) > 0.
By Lemma 2.2, we can show that

|z| < 2d + V(z), VreRY. (2.5)

min<i<d ¢

In view of (2.4) and (2.5), we obtain from (2.2) that

dV (z(t)) < [K3(1+ V(z(t)) + V(z(t — 7)) — Nz(t)|® + Ka|z(t — 7)|*])dt
+ (zT(t)C — C)BdB(t). (2.6)

Now, for any k > ko and t; € [0, 7], we can integrate both sides of (2.6) from 0
to Tx At and then take the expectations to get

T Aty

EV(z(re At1)) < Ko + KoE / V(x(t))dt — AE f )P @)
[1] (4]

where
K4 = V(2(0)) + K7 + / [KgV(a:(t — 7)) + Kalz(t - ‘r)|2]dt < o0.
0
It follows from (2.7) that
4
EV(z(me At1)) S Ks + K3/ EV(z(m At))dt.
0

By the Gronwall inequality we then obtain that

EV(z(ri At1)) < Kge™ 2, 0<t;1 <7, k> ko. (2.8)
In particular, EV(z(rx A 7)) < K4e™5? for all k > ko. From this we can easily
show 7o > 7 a.ss. which we leave to the reader as an exercise. Now, letting
k — oo in (2.8) gives

EV(z(t))) < Kqe™83, 0<t; < 1. (2.9)
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Moreover, setting ¢, = 7 in (2.7) and then letting k — oo we see that
" 2 1 7K
E [ |z@)[dt < X(K“ +7KaKqe ) < 0. (2.10)
0

Repeating this procedure, we can then show 7o, > 27 a.s. and then 7o, > mr
a.s. for any integer m > 1. We must therefore have 7o, = 00 a.s. as required.
The proof is therefore complete.

One of the important properties in a population system is the ultimate
boundedness. For the solution z(t) of the deterministic delay equation (1.1), the
ultimate boundedness means that there is a positive constant K independent of
the initial data such that

limsup |z(t)| < K.
t—o0

The most natural analogue for the SDPS (1.3) is
limsup E|z(t)| < K.
t—oo
In this case, equation (1.3} is said to be ultimately bounded in mean. The fol-
lowing theorem gives a criterion for this property.

Theorem 2.3 Assume that there are positive numbers cy,---,c, and @ such
that

1 - ~ — _
A=A (5((:,4 +ATC) + 4%CGGTC + 91) <0, (2.11)
where I is the d x d identity matriz and C is the same as in Theorem 2.1. Then

for any given initial data {z(t) : —7 < t < 0} € C([-T,0]; R}), the solution z(t)
of the SDPS (1.8) has the properties that

. (1ICl + [Ch))?
1 —mnrn————
1§ris°1:pE|x(t)| S Iy A minicien (2.12)
and . -
1
limsup—/ El|z(s)|%ds < el , (2.13)
t—oo L 0 A2

where C = (c1,-+-,¢n) and

- tua (252) o

That is, equation (1.8) is not noly ultimately bounded in mean but also the
average in time of the second moment is bounded.

Proof. By Theorem 2.1, the solution z(t) will remain in R for all t > —7 with
probability 1. Define

n
V(iz)=Cz= Zc,-x,- for z € RY.

i=1
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By the It6 formula, we have
dV(z(t)) = 7 ()C[(b + Az(t) + Bz(t — 7))dt + Bdw(t)]. (2.14)
Compute
=T (t)C(Az(t) + Gz(t — 7))
- -;—xT(t)(CA + ATC)z(t) + 2T (H)CCx(t — 7)
= %xT(t)(C‘A + ATC)z(t) + 4—10;:1:T(t)C_’GGTC—’x(t) + 0)z(t — 7)2
< —(A 4 0)z(t)? + Bla(t — 7).
It follows therefore from (2.14) that
dv (z(t)) < (]C‘bllz(t)l — (A+8)|z(t)|2 +6]z(t - T)|2)dt+zT(t)éﬂdB(t). (2.15)
By the It formula once again, we have
dle™V (z(t))] = e [YV (z(t))dt + dV (2(t))]
< e™[(71C1 + ICb) =) ~ (A + O)lz(®)* +Bla(t - )] dt
+ ezT (t)CBdB(t).
This implies
e EV(z(t)) < V(z(0))

t
+E /0 e [(7|C| +1CB)|z(s)] = (A + 0)]z(s)[? + (s — T)|2] ds. (2.16)

But
t—T1

t t
/ e’|x(s — 7)|’ds =" / e (s — 7)|%ds = €™" / e"®|z(s)|?ds
0 0

-T

0 ¢
< e"’/ |z(s)|%ds + e"’/ e"®|z(s)|%ds.
- 0

.
Substituting this into (2.16) and noting from the definition of v that

A+20 A
/\+9—86’"=)\+0——i—2—=5,

we obtain that

E"EV(2(t) <H+E /0 & [(IC1 + IC8DIa(s)] - —;Ix(s)lz]ds, (2.17)
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where o
H =V (z(0) + 06‘”/ |z(s)|*ds.

Noting that

(cC] + (b))

(vlel + Ib)la(s)] - Sl < TAEICUE

we therefore have
N
ewEV(I(t)) < H+ M[ e'3ds
2A 0
-1).

(IC1+ICH)?

=H+ 292

This yields

. (7IC] + ICh))®
< —_—

hirlsogp EV(z(t)) < 7

However
V(z(t))
< < ———_r
t)l Zx (t) mlnl<t<n G

Hence

vIC| + |C’b|)2
< \itl +160)”
hmsupE|x(t)| T 2yAming<i<n &’

which is the required assertion (2.12). To show the other assertion (2.13) we
derive from (2.15) that

0< EV(z(t)) <V(z(0) + E /0 (|C‘bnx(s)| = (A +0)|z(s)? + 8z(s - 7)12)45

But . 0 .
/ |z(s — 7)|%ds S/ |a:(3)|2ds+/ |z(s)|%ds.
0 -7 0
Hence

0< Hy + E/Ot (]C’b“z(s)l - Alz(s)|2)ds

where H; = V(z(0)) +0f |z(s){?ds. This implies

[ 4 t
3 | Ele@Pds < Hy+ B [ (1CHla(s) - (o)) s

Noting

i Ao (CH
-~z < =1
(Colla(s)] - Sla(s)® < Tk,
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we obtain
ATt 2 |Cb|%t
- < .
2/0 Bla(s)ds < Hy + 1)
This implies immediately that
1t Ap12
limsup—/ Elz(s)|%ds < €8] ,
t—o0 t 0 AZ

which is the desired assertion (2.13).

Both theorems 2.1 and 2.3 show that under certain conditions, the original
delay equation (1.1) and the associated SDPS (1.3) behave similarly in the sense
that both have positive solutions which will not explode to infinity at a finite
time and, in fact, will be ultimately bounded in mean. In other words, we
show that under certain condition the noise will not spoil these nice properties.
However, the following theorem shows that if the noise is sufficiently large, the
solution to the associated SDPS (1.3) will become extinct with probability one,
although the solution to the original delay equation (1.1) may be persistent.

Theorem 2.4 Assume that there are positive numbers ¢y, - ,cq such that
) g - C|. =
/\L,x(-é(CA + ATC)) < —l—élllC'Bll, (2.18)
where C = diag(cy,---,cq) and C = (c1,+,¢4) as before while ¢ = minj<i<n Gi.

Assume moreover that the noise intensities 3; are sufficiently large in the sense
that

Then for any given initial data {z(t) : —7 < t < 0} € C([-7,0]; RY), the
solution z(t) of equation (1.8) has the property that

lim sup % log(|z(t)]) < 2 s (2.20)

t—oo 2

where
p= 15.m,1,'léd(ﬂ"ﬁj —b; — b;) > 0.
That is, the population will become extinct exponentially with probability one.

Proof. Clearly, Theorem 2.1 guarantees that the solution z(f) will remain in
R4 for all t > —7 with probability 1. Define

d
Viz)=Cz = Zc,-:r.; for z € R‘i.

=1
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By the It6 formula, we have

dllog(V(z(t)))] = =T (t)C[(b + Az(t) + Bz(t — 7))dt + BdB(t)]

_1
V(z(t))

_ mlzT(t)Cﬂlzdt. (2.21)

Using the elementary inequalities
élz| < V(z) < |C||z| Vz € RY,

and setting p = H—C;—Bu, we compute

1 N lz(t)]?
V(I(t))zT(t)CAz(t)g,\’r ( (CA+ATC)) Vo)
<A ( (CA+ATC)) 'Tgl)l < —plz(t)l,

where condition (2.18) is used in the last step. Compute also

" (()CBa(t - 7) < eI ICB fafe — 1)

|z(t = 7)| = plz(t — 7)I.

1
V(z(t))
NCBII

Moreover

O 2v2(1x(t>) =" (0 CHP

- (1 ol 227 (5)CHC(t) - 2 ()OBAT Ca(r)]
1
“av2(z(t) |

___._1 AT ~ ~ _
:2‘/2(1(0) LxT(t)C(bl +1T6)Cx(t) — xT(t)CﬂﬂTCz(t)]

=— QV—Z,(Isz(t)C'QC‘z(t),

227 (£)CbICx(t) xT(t)C'ﬂﬁTC'x(t)]

where T = (1,---,1) and Q = 88T — (b1 + ITb). Putting these into (2.21) gives

N
Ahog(V ()] <[ - T — a0+ plate - 7]
REALOLS/ PRy (2.22)

V(z(t))
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Note that the ij-th element of the matrix Q is
BiB; — bi — b;
which is positive by condition (2.19). It is therefore easy to verify
27 (1)CQCx(t) > vV *(z(t))

since z(t) € R%, where p has been defined in the statement of the theorem.
Substituting this into (2.22) yields

.
dlog(V () < [ - £ - ple(t)] + pla(t ] dt + %«w(t).

This implies

log(V (2(0))) < log(V (z(0))) = % + [ 1=la()] + ule(s — 7)ds + M(t)

0
<1og(V((O)) +u | _la(s)lds - 5+ M), (2.23)
where M(t) is a martingale defined by
_ [t2T(s)CB
M(t) = ) WdB(S)

The quadratic variation of this martingale is

‘ETECHP 18R

MMy = | V(s =2
Hence o 2512
limsup(  M)e < ' gl a.s.
t—0o0 C

By Theorem 1.3.4, we therefore have

lim M—(t)

t—oo

=0 a.s.

It finally follows from (2.23) by dividing ¢ on the both sides and then letting
t — oo that

limsupllog(V(z(t))) <-¥ g4
t—o0 t 2

which is the required assertion (2.20).
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This theorem reveals the important fact that the environmental noise may
make the population extinct. For example, consider the scalar delay equation
dz(t
—&(t—) = z(t)[u + az(t) + éz(t — 7)].
It is well known that if 4 > 0, @ < 0 and 0 < § < |a, then its solution z(t) is

persistent, namely
litm inf (t) > 0.
—00

However, consider its associated SDPS
dz(t) = z(t) ([p + az(t) + 6z(t — 7)|dt + adB(t)),

where 0 > 0. It is easy to see from Theorem 2.4 that if 02 > 2u, then the
solution to this SDPS will become extinct with probability one.

11.3 NOISE DEPENDENT ON POPULATION SIZES: PART 1

Let us now begin to discuss the SDPS (1.5), where the environmental noise
is dependent on the population sizes. In the previous section we have seen how
type (1.2) of noise affects the delay equation (1.1). We shall now discuss the
effect of the noise type (1.4).

We know that to avoid the explosion problem for the delay Lotka-Volterra
model (1.1), some conditions have to be imposed on the system matrices A and
G and the research in this direction is still going on. On the other hand, Mao,
Marion and Renshaw (2002) revealed an important fact that the environmental
noise can suppress a potential population explosion. We therefore wonder if the
explosion problem for the delay equation (1.1) can be avoided by taking the
environmental noise into account instead of imposing conditions on the matrices
A and G. The following theorem gives a very positive answer.

Theorem 3.1 Assume that
Then for any system parameters b € R? and A, G € R**%, and any given initial
data {z(t) : —7 < t < 0} € C([-7,0];RY), there is a unique solution z(t) to

equation (1.5) ont > —7 and the solution will remain in Ri with probability 1,
namely z(t) € R4 for allt > —7 almost surely.

Proof. For any given initial data {z(t) : —7 <t < 0} € C([-7,0}; R%), there is
a unique maximal local solution z(t) on t € [~7,7.). Let ko, 7x and T, be the
same as defined in the proof of Theorem 2.1. We need to show 7, = 0o a.s. Let
us define a C%-function V : R3 — R, by

d

V(z) = Z[\/E: -1-05 log(:ci)].

i=1



Sec.11.3] Noise Dependent on Population Sizes: Part I 391

Let k£ > ko aind T > 0 be arbitrary. For 0 < ¢t < 7, AT, we can apply the It
formula to [,__|z(s)|*ds + V(z(t)) to obtain that

d [ /t ; |z(s)[ds + V(z(t))]

d d
=F(z(t),z(t — 7))t + Y Y 0.5[z02(t) — loy;z;(t)dB(t),  (3.2)

i=1 j=1
where

F(z(t),z(t — 7)) =lz()]* ~ l=(t - )]

d d d
+ Z 0.5[z¥-5(t) — 1] (bi + Z ai;z;(t) + z 9i;%5(t — T))
i=1 j=1 J=1

d d 2
+ [0.25 — 0.12520°(t)] [Z a,-jzj(t)] .

i=1 =1
Noting
d d d
Zo 5le?3(6) - 1] ,Zl”"x’(t <% 22_: g2a?5(t) - 12 +[a(t - )P,

2 d d d
Z[Z 01525 t)] < g[Z & Zz?(t)] =lolla(t)P%,

14j=1 =1

.

and, by hypothesis (3.1),

d d 2
> 225 [Z 045 %; (t)] > Y " oZzld(),
i=1 j=1 i

a

we obtain that
F(z(t),z(t — 7)) < U(z(t)),

where

d d
Uiz)=(1+ 0.25|0%)|z)? + 20.5[3:?‘5 -1 (bi + Za;j:r;j)
j=1

i=1
d d d
21,05 2 2 ‘25
B W T WS
=1 =1

It is straightforward to see that U(z) is bounded, say by K, in Ri. We therefore
obtain from (3.2) that

¢ d d
4 [/t—‘r 2(e)ds + V(x(t))] < Kdt+ Z Z 0.5(z%2(t) — 1]oy;z;(t)dB(2).

i=1 j=1
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Integrating both sides from 0 to 74 A T, and then taking expectations, yields

0
< / lo(s)[%ds + V(z(0)) + KE(r AT).

-T

T AT
E [ / |z(s)|2ds + V(z(1 AT))

«ANT—T1

Consequently

’ |z(s)|?ds + V(z(0)) + KT. (3.3)

EV(z(rps AT)) < /
Note that for every w € {mx < T},
V(z(rg,w)) > [\/E -1- 0.510g(k)] A [0.510g(k) -1+ \/Iﬁ]

It then follows from (3.3) that

0
/ |z(s)|%ds + V(z(0)) + KT > E[I(,kST}(w)V(a:(Tk,w))]

-7

> P{n, < T}( [\/E —1- 0.510g(k)] A [o.slog(k) 1+ \/l/_k])

Letting k — oo gives limx_.o, P{7x < T} = 0, and hence P{r,, < T} = 0. Since
T > 0 is arbitrary, we must have P{7ox < 00} = 0, s0 P{7o, = o0} =1 as
required. The proof is therefore complete.

This theorem shows that the presence of even a tiny amount of noise can
suppress a potential population explosion. To see this important feature more
clearly, let us consider the scalar delay equation

delt) _

o z(t)|p + az(t) + 6z(t — 7)). (3.4)

It is known that if 1, o and § are all positive, then its solution will explode to
infinity at a finite time. However, consider its associated SDPS

dz(t) = z(t)([ﬂ +aa(t) + oz(t — )ldt + ox(t)dB()), (3.5)

where o > 0. It is easy to see from Theorem 3.1 that the solution to this SDPS
will never explode to infinity at any finite time.

As mentioned before, the non-explosion property in a population dynamical
system is often not good enough but the property of ultimate boundedness is
more desired. Theorem 3.1 has only showed that the noise can suppress an
explosion at a finite time but we still do not know whether the population may
grow to infinity in long term. The following theorem shows that the noise can
prevent this situation as well.
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Theorem 3.2 Let (3.1) hold and 6 € (0,1). Then there is a positive constant
K = K(0), which is independent of the initial data {z(t) : —7 < t < 0} €
C([-7,0]; RY), such that the solution z(t) of equation (1.5) has the property
that
limsup Ejz(t)|° < K. (3.6)
t—oo

Proof. Define

n
V(z) = Zx? forxz € R‘_’,,.

=1

By the Ito6 formula, we have

d d
dV (z(t)) = LV (z(t), z(t — 7))dt + (Z 62(t) Y aijxj(t))dB(t), (3.7)

i=1 j=1

where LV : Ri x R4 — R is defined by

LV(z,y) = ZG:E [b +Za,1y,] 0(12_9) i:lx?[ilaijxj]z,.

3=1
Compute
L3 202 220 4 1, 0(1—0) o2 p2+0
LV(xy)<Zobz +ZZ[0 oz + ~y?] - Z
i=1 j=1
d
0(1-0
—zobx vy S X ’2 22240 4 [y?
i=1 j=1
= F(x) - V() - €z + |yl (3-8)
where
d d d
d 0 1 -6
F(z) = e jz|? + Z(l + 0by)z? + 292 Z afjxfo (1 -9) ) Z 2240,
=1 i=1 j=1

Note that F(z) is bounded in R%, namely

K; := sup F(z) < 00.
T€ER,

We therefore have

LV(z,y) < Ky — V(z) —e"|z|* + Jy|>.
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Substituting this into (3.7) gives

dV(z(t)) = [Ky — V(z(t)) — e"|z(t)* + |=(t — 7)|?]dt
d d
+ ( NELODD aijz‘j(t))dB(t).
i=1 j=1

Once again by the It6 formula we have

d[etV(z(t))] = et [V (z(t))dt + dV (z(t))]
d d

< e [Ky = eTlz(® + |o(t - T)Jdt + (3 029(6) S 01s;5(1)) dB().

i=1 j=1

We hence derive that

t ¢
e'EV(z(t)) < V(z(0)) + K €' —- E/ e |z(s)|%ds + E/ e*|z(s — 7)|%ds
0 0
t t—7
=V (z(0)) + K,e' - E/ e Tiz(s)*ds + E e*t7|x(s)|?ds
0

-7

0
< V(z(0)) + K€ +/ |z(s)|2ds.

-7

This implies immediately that

limsup EV(z(t)) < K;.
t—oo

On the other hand, we have

|z|® < d max z?
1<i<d

S0
lz|? < d®/% max 28 < d°/2V(2).
1<i<d

We therefore finally have
limsup Ejz(t))? < d?/?K;
t—oo

and the assertion (3.6) follows by setting K = d®/2K;. The proof is complete.

It is easy to show by Theorem 3.2 that for any £ € (0, 1), there is a positive
constant H = H(e) such that for any initial data {z(t) : -7 < t < 0} €
C([-7,0]; R%), the solution z(t) of equation (1.5) has the property that

limsup P{|z(t)| < H} > 1 -e. (3.9)
t—o0
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In this case, equation (1.5) is said to be ultimately bounded in probability or
stochastically ulttimately bounded. But we still do not know whether, under
condition (3.1), the solution will be ultimately bounded in mean. However, the
following result shows that the average in time of the second moment of the
solution will be bounded.

Theorem 3.3 Under condition (3.1), there is a positive constant K, which is
independent of the initial data {z(t) : —7 < t < 0} € C([-7,0]; RY), such that
the solution z(t) of equation (1.5) has the property that

lim sup — T / E|z(t)|%dt < K. (3.10)

T—o0

Proof. We use the same notations as in the proof of Theorem 3.1. Write
U(z) = Ui(z) - |af?
with
d d
Us(z) = 2+ 0.25l0)[z|? + 3 0.5[z2° — 1] (b,' +3 ai,-z,-)
i=1 j=1

d d d
'_6 ZZ t}[xo S 112 20521552 s

Clearly, U, is bounded in R‘_{, namely

K = max Ui(z) < oo.

TERY

So
Fz(t),s(t — T)) < K — [z(t)|2.

Using this estimation, integrating both sides of (3.2) from 0 to 7, AT, and then
taking expectations, we obtain that

0 T AT
0< / |z(s)[*ds + V(z(0)) + KE(1x AT) — E /0 |lz(2)[%dt.

Letting k — oo yields

E /OT |z(t)2dt < /0 |z(s){%ds + V(z(0)) + KT.

-7

Dividing both sides by T and then letting T — oo we get

lxm sup T / Elz(t)]’dt < K
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as required.

11.4 NOISE DEPENDENT ON POPULATION SIZES: PART II

We have showed in the previous sections that the noise types (1.2) and (1.4)
have very much different effects on the delay equation (1.1). Will the noise type
(1.6) have a further different effect? To answer this question, let us now study
the SDPS (1.7).

Let us first establish some conditions under which the solution of equation
(1.7) is not only positive but will also not explode to infinity at any finite time.

Theorem 4.1 Assume that there are positive numbers ¢y, -- -, cq and 0 such that
Amax (%[C‘A +ATC +0TCXo) + %C’GGTC‘ + 0[) <o, (4.1)

where C = diag(cy,---,cq), X = diag(Z1,---,%q), and I is the d x d identity
matriz. Then for any given initial data {z(t) : —7 <t < 0} € C([-7,0}; R%),
there is a unique solution z(t) to equation (1.7) ont > —7 and the solution
will remain in Ri with probability 1, namely z(t) € R% for all t > —7 almost
surely.

Proof. Since the coefficients of the SDDE (1.7) are locally Lipschitz continuous,
by Theorem 5.2.8, we observe that for any given initial data {z(t) : —7 <t <
0} € C([-7,0]; R%) there is a unique maximal local solution z(t) on t € [, 7,),
where T, is the explosion time. Let kg, 7 and 7o, be the same as defined in the
proof of Theorem 2.1. We need to show 7, = 00 a.s. For this purpose, let us
define a C2-function V : Ri — R4 by

V(z) = Zn:c,-f.- [-;- ~1—log (‘%)] (4.2)
i=1 * ¢

Let k > kg and T > 0 be arbitrary. For 0 <t < 74 AT, it is not difficult to show
by the It6 formula that

dV(z(t)) = LV (z(t), z(t — 7))dt + (z(t) — £)TCo(z(t) - T)dB(t), (4.3)
where LV : R‘i x R? — R is defined by
LV(z,y) = %(z —5)T[CA+ ATC + oTCXo|(z — 7)
+(z-5)TCGCy - 7). (4.4)

Noting that

(@ -2)TCCy —7) < 4—10(:5 ~5)TEGCTC(x - 7) + Oy — 3°
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since # > 0, we have

1 - - - - _ _
LV(z,9) < (z ~ 57 [5(CA+ ATC + 67CRo) + ZIECGGTC +61)(z - 2)
- 8lz — 3|® + 8ly — | (4.5)
< -8lz — z* + Oly — %%,
where condition (4.1) has been used. Substituting this into (4.3) yields

av(z(®) < [ - 6l(t) — 2% + Ol(t ~ ) - 5[] at
+ (z(t) — 2)TCa(x(t) ~ T)dB(¢). (4.6)
We can now integrate both sides of (4.6) from 0 to 7x AT and then take the
expectations to get
T AT
EV(z(nAT)) < V(2(0) + E / [~ 6le(t) ~ 312 +bla(t— 1)~ 2] e, (47)
o
Compute
Tk AT —T

T AT
E/ lz(t — 1) — Z]?dt = E lz(t) — Z|%dt
0

—T

1] T AT
< / |z(t) — Z|2dt + E/ |z(t) — Z)%dt.
~T 0

Substituting this into (4.7) gives
0
EV(z(m AT)) < K = V(z(0)) + 6 / |z(t) — Z|*dt. (4.8)

-T

Note that for every w € {rx < T}, there is some i such that z;(74,w) equals
either k or 1/k, and hence V(z(7x,w)) is no less than either

min, {2 - 1-10g ()]}

i, e[ - 1-1oe (5]}

or

That is,

V(z(re,w)) 2 réun {szz([—xli - 1-log ( k )] [Tc_l:- -1+ log(k:c,)])}

1

It then follows from (4.8) that

K> E[I{ng}(w)vu(rk,w))]
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> P{rx <T} min {ctrrz,([xi -1-log ( k )] [kz, 1+ Iog(lcm,)])}

1<i<n

Letting £ — oo gives
klim P{rn.<T}=
—00

and hence
P{r <T} =0.

Since T > 0 is arbitrary, we must have
P{1eo < 00} =0,

80 P{ro = 00} =1 as required. The proof is complete.
It is interesting to observe that condition (4.1) implies

1 = T A 1 = T ~
- — <
,,x(2[CA+A C)+ 35CGGTC +61) <0,
while this condition guarantees that the delay Lotka-Volterra equation (1.1)
will have a global positive solution. Hence, Theorem 4.1 tells us that under
this condition, if the noise intensity matrix o is sufficiently small for (4.1) to
hold, then the stochastically perturbed system (1.7) will remain to have a global

positive solution. In other words, Theorem 4.1 gives a result on the robustness
of the global positive solution.

We also observe from the proof above that condition (4.1) is used to derive
(4.5) from (4.4). But there are several different ways to estimate (4.4) which
will lead to different alternative conditions for the global positive solution. For
example, we know that

(x—2)TCCGly -1) < 2l0(z -5)TC@z - z)+ g(y - z)TBTCG(y - %)
holds for any 8 > 0. So
LV(z,y) < %(x - 5)T[CA+ ATC +0TCXo +67C +0G7CC] (x - 2)
- g(z -#)TBTCB(z - 7) + g(y -z)TBTCB(y - 7). (4.9)
If we assume that
Amax(CA+ ATC +067CXo +671C + 6GTCG) <0
we will then have

LV(z,y) < —g(z‘ -z)TBTCB(z - %) + g(y -7)TBTCB(y-1). (4.10)
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From this 4.1 that the solution of equation (1.7) is positive and global. In other
words, the arguments above give us an alternative result which we describe as a
theorem below.

Theorem 4.2 Assume that there are positive numbers ¢y, - -, cq and 6 such that
Amax(CA+ ATC +0TCXa +67'C + 6GTCG) <o, (4.11)

where C and X are the same as defined in Theorem 4.1. Then the conclusion
of Theorem 4.1 still holds.

We leave the other alternatives to the reader. We observe that both con-
ditions (4.1) and (4.11) involve all the three matrices A, G and o which appear
in equation (1.7). Both theorems tell us that if equation (1.1) (without noise)
has a global positive solution, then its stochastically perturbed system (1.7) will
also have a global positive solution as long as the noise is sufficiently small. The
question is: if the noise is not sufficiently small what would happen? In general,
one may think that the SDPS (1.7) may no longer have a global positive solu-
tion. However, we shall now establish a surprising result on the global positive
solution, where a very simple condition will be imposed on the noise intensity
matrix o but no condition on either matrix A or G at all.

Theorem 4.3 Assume that the noise intensity matric 0 = (0i;)dxa has the
property that

0ii >0 for 1 <i<dwhileoij >0 fori#j, 1<4,j<d. (4.12)
Then the conclusion of Theorem 4.1 still holds.

Before the proof of this theorem, let us comment on its significant features.
First of all, this theorem shows that if equation (1.1) (without noise) has a
global positive solution, then a large noise may not change this property. Next,
this theorem shows that although equation (1.1) may not have a global positive
solution (e.g. its solution may explode to infinity at a finite time), the corre-
sponding SDPS (1.7) will have a global positive solution. For example, consider
the one-dimensional differential delay equation

B0 _ 2)fatet) - 1) - 6 - 1) - DL

If the initial function xz(t) is increasing on [—7,0] and z(—7) > 1, it is then not
difficult to show that the corresponding solution will explode to infinity at a
finite time. However, by Theorem 4.3, the SDPS

dz(t) = z(t) ([2(z(t) —1) = (z(t -~ 7) - 1)]dt + o(z(t) — l)dB(t)),

where o > 0, will have a unique global positive solution for any initial data in
C([-7,0); (0,00)). In other words, this theorem reveals an important fact that



400 Stochastic Delay Population Systems [Ch.11
the noise can suppress a potential population explosion in a delay population
system.

Proof of Theorem 4.3. We use the same notation as in the proof of Theorem
4.1 except the C%-function V : Rd — R, is now defined by

zn: i — 1 —0.5log(z;)]. (4.13)

i=1
Let k > kp and T > 0 be arbitrary. For 0 <t < 7 AT, we can show by the It
formula that

dV (z(t)) = LV (z(t), z(t — 7))dt + 0.5¢(z(t))o(z(t) — T)dB(t), (4.14)
where Y(z) = (y/Z1— 1,-+-,/Za— 1) and LV : R x Ri — R is defined by
LV (z,y) = 0.5¢(z)[A(z ~ %) + B(y — )] + 0.5|0(z — T)|?

d d
—0.1252 \/-’E(Zdij(l‘j —Ifj))z. (4.15)
i=1 j=t

Noting that | (z)| < \/d(|z] + 1), we compute
0.5¢(z)[A(z — £) + G(y — )] + 0.5|0(x ~ T)|?
<0.5v/d(|z| + 1) (| 4ll(|z] + 12]) + IGH(lyl + |2])] + 0.5]|o(?|z — 2|

<0.5vd(|z] + 1) [ All(l=] + 1Z]) + IGIl1Z])
+0.25|Gll[d(|z + 1) + [y*) + llo|* Iz} + |2/%). (4.16)

Moreover,

\/—(Zou(xj z))’
d d d
(o) + (So0m) (St 2500
J=l ij= i=
a,,xQ 54 Z \/—(Za,,x,) (Za,-j:i:j - QXd:aijzj). (4.17)
i=1 j=1

Substituting (4.16) and (4.17) into (4.15) yields
LV(z,y) < K(z) - 0.25||BI|(|z|* - |y|*), (4.18)

>

i Ma. T_l_[\”ﬂg i Mn.

where

k(z) = 0.5vVd(|z] + 1) (I 4ll(1z] + |Z[) + || Bll|]]
+0.25| Bjl{d(lz] + 1) + [={*] + llol*(1z® + [2]*)

d d d d d
- 0.12520’,‘,’1?'5 - 01252 \/.’L‘—;( Zoijjj) ( Zagj.’i'j - QZU,‘J‘.’L‘]').
=1 i=1 ji=1 i=1 Jj=1
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It is easy to see that k(z) is bounded above, say by K;, in R‘i. Thus
LV (z,y) < Ky — 0.25|| Bl (|zI* - ly/*).
Inserting this into (4.14) gives
dv (z(t)) < (Ky — 0.25||Bl|(lz(t)* — |z(t — 7)|*)]dt
+ 0.5¢(z(t))o(z(t) — T)dB(t). (4.19)

We can now integrate both sides of this inequality from 0 to 7x AT and then
take the expectations to get

AT

EV(z(ne AT)) < V(a(0) + KiT - 0251BIE [ [Im(0 ~ et - )]

Noting that

E /0 M et — )Pt < / lo(t)[2dt + E / " 0P,

we obtain
EV(z(m AT)) < V(z(0)) + K1T + 0.25|| B|| ’ |m(t)|2dt. (4.20)

The remaining of the proof is very similar to those in the proof of Theorem 4.1
and hence the proof is complete.

From now on we shall denote by z(t;£) the unique global positive solution
of the SDPS (1.7) given initial data & = {£(t) : —~ < t < 0} € C([-7,0}; R%).
One of the important properties in population dynamics is the persistence which
means every species will never become extinct. The most natural analogue for
the SDPS (1.7) is that every species will never become extinct with probability
1. To be precise, let us give the definition.

Definition 4.4 The SDPS (1.7) is said to be persistent with probablhty 1 if,
for every initial data € = {£(t) : —7 <t £ 0} € C([-7,0}; R%), the solution
z(t;€) has the property that

litm infz;(t;6) >0 a.s. foralll <i<d. (4.21)

In the previous section we have shown that either condition (4.1) or (4.11)
guarantees the unique global positive solution. We shall now show that either
of them also guarantees the persistence with probability 1.

Theorem 4.5 Assume that there are positive numbers cy, - - -, ¢4 and 0 such that
either (4.1) or (4.11) holds. Then equation (1.7) is persistent with probability
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1. Moreover, for any initial data &€ = {€(t) : —7 < t < 0} € C([-7,0]; R%), the
solution z(t; €) has the property that

limsupz;(t;€) < oo a.s. foralll <i<d. (4.22)

t—oo

Proof. We only prove the theorem under condition (4.1) since it can be done in
the same way under condition (4.11). Fix any initial data £ and write z(¢; &) =
z(t) for simplicity. Using the same notation as in the proof of Theorem 4.1 we
derive from (4.5) that

t
V(z(t)) < V(£(0)) + /0 [ - 6lz(s) — 2* + Olz(s — T) - fP] ds + M(t),
where .
M(t) = / ((s) — £)TCo(z(s) — 7)dB(s)
(1]

is a continuous local martingale with M(0) = 0. It is easy to show that

/Ot |z(s — 7) — Z|?ds < /0 |€(s) — Z|°ds + /Ot |z(s) — Z|*ds.
Substituting this into the previous inequality yields
V(z(t)) < ¢+ M(¢)
where ¢ = V(£(0)) + ffr |é(s) — Z|?ds is a positive constant. Since V (z(t)) > 0,
X(t) := ¢+ M(t) > 0.
By Theorem 1.3.9,, lim;_,o, X(¢) < 00 a.s. Hence

limsup V(z(t)) < oo a.s.
t—o0
Recalling the definition of V' (i.e. (4.2)) we obtain that

limsup[x—i_g_t—) -1- log(z—;fg)] <00 a.s.

t—o0 i

for all 1 <4 < d. Note that
u—1—log(u) — oo if and only if u | 0 or u T oo.
We must therefore have

0 < liminf z;(t) < limsupz;(t) < oo a.s.
t—oo t—o0
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for every i = 1,---,d as required. The proof is complete.
Theorem 4.5 shows that, for every i, both

u; 1= litlggx.}fa:,-(t) and v; := limsup z;(t)

t—oo

are finite and positive random variables. Hence there is a random variable
T = T(w) > 0 such that

%Szi(t)gvi-i—l for all t > T.

On the other hand, z;(t) is continuous and positive on [—7,T], so

0 i i(t) < i(t .
< _Trrsntx%Tx,(t) < —inse?sch,( ) < o0

Thus, there is a pair of finite and positive random variables #; and 9; such that
P{a; <zi(t) <®; forallt > -1} = 1. (4.23)

This implies that for any £ € (0, 1), there is a pair of positive constants o; and
B;, which might depend on £ and ¢, such that

Pla; <zi(t) <P forallt > -7} >1-e¢.

This means that the solution of equation (1.7) will remain within a compact
subset of Ri with large probability. It is certainly much more useful if both
a; and §; can be estimated more precisely. For this purpose we introduce a
continuous function

h{u) =u—1-log(u) onu>0.

This function has the properties that h(1) = 0; h(u) is strictly increasing to
oc as u decreases from 1 to 0 or as u increases from 1 to co. Hence for any
v > 0, the equation h(u) = v has two roots: one in (0,1) and the other in
(1,00) that are denoted by h; (v) and h;!(v), respectively. We also naturally
set h;'(0) = h;71(0) = 1. So both h; ' (v) and h;*(v) are well-defined on v > 0.
Also, b 1(v) is decreasing while h;!(v) is increasing. Moreover,

h(h; 1(v)) = h(h;'(v)) =v onv>0 (4.24)

while
hi'(h(u)) € u < h7(h(uw)) onu>0. (4.25)

With this notation we can describe a; and 3; more precisely.

Theorem 4.6 Assume that there are positive numbers ¢y, - - -,cq4 and 0 such that
either (4.1) or (4.11) holds. Then for any initial data § = {£(t): —~7 <t <0} €
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C({-7,0); R%) and any positive number € € (0, 1), the solution of equation (1.7)
has the property that

Pla; <zi(t;€) < Bi forallt > —7, 1 <i<d} >1-¢ (4.26)
with
a; = f?ihl_l [!i{;] and ﬂ,‘ = f,‘,'h:l [i’@]’ (427)
ECiT4 EC{T;

where we set

0
PE) = sup V(E(s)+6 / lE(s) - 2[%ds,

—7<s< -7
if condition (4.1) holds, while

0

o6) = _swp V(E(@) +3 [ (€le) ~TCTCG(E(s) - M,

if condition (4.11) holds, in which V' is defined by (4.2).

Proof. We only prove the theorem under condition (4.1) since it can be done in
the same way under condition (4.11). Fix any initial data £ and write z(¢;£) =
z(t) for simplicity. By the definitions of V, h,", h;! and their properties,
especially (3.25), we have

oy < Tk Z%sﬁ] < :z,-h,—‘[ (6'(8))] <&(s), —T<s<0

while

B; > z;h7! V—SS—))} > z;h7! [ (6'(8))] >ti(s) -1<s<0

for every 1 < i < d. Define the stopping time
p=inf{t >0:z;(t) € (ai, Bi) for some i}.
Then for any ¢t > 0, it follows from (4.6) that
pAL
EV(z(pAt)) < V(£0)) + E/ [ - 0|z(s) — E|* + Olz(s — T) — a’:lz] ds
0
But
pAt pAL
E/ lz(s — 7) — #|%ds < / |€(s) — Z|%ds + E/ |z(s) — Z|ds.
] -7

We hence have

#(6) 2 EV(2(p A ) 2 E[Ipsy @)V (s(pi)]- (4.28)
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Note that for every w € {p < t}, there is some i = i(w) such that z;(p;w) is
equal to either o; or §;. If z;(p;w) = ay,

V(z(p;w)) 2 czith(g—:) = cmh[ (‘p(E)) @;

ECT; £
while if z:(p) = 6,

That is, we always have

<p(€))

V(z(pw)) > —= ifwe {p<t}
Substituting this into (4.28) yields
0©) > 2 pip <), (4.29)
That is,
Plp<t}<e

Letting ¢ — oo produces P{p < oo} < . Hence
P{p=oc}>1-¢
which means
Pla; < zi(ty< Py forallt > —7, 1 <i<d} > 1-¢ (4.30)

as required. The proof is complete.

Property (4.23) shows that almost every sample path of the solution of
the SDPS (1.7) will remain in a compact set. Let us discuss how the sample
path may vary within the compact set in more detail. In particular, we shall
investigate whether the solution will tend to the equilibrium state  or not.

We will need two more new notations. If U is a closed subset of R and
z € R4, define
d(z;U) = min{lz —y| : y € U},

i.e. the distance between vector z and set U. Denote by Ri the closure of Ri,
namely R = {z € R?:2; > 0forall 1<i<d}.

Theorem 4.7 Assume that there are positive numbers c1,- -+ ,cq and 6 such that
either (4.1) or (4.11) holds. Then for any initial data § = {£(t): —7 <t < 0} €
C([-,0]; R1), the solution of equation (1.7) has the property that

:11.120 d(z(t;€),K) =0 a.s. (4.31)
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with
K={zeRl:(x-z)"H(z-1)=0} (4.32)

where we set
H= %[C‘A + ATC +0"CXo) + %C‘GGTC' + 61, (4.33)
if condition (4.1) holds, while
H=CA+ATC+0TCXo+67'C +6BTCB (4.34)

if condition ({.11) holds.

The proof of this theorem is rather technical so we only refer the reader
to Mao (2002). From this theorem follows the following useful result on the
asymptotic stability.

Theorem 4.8 Assume that there are positive numbers ¢y, ---,cq and 8 such that
the symmetric matriz H defined by either ({.33) or (4.34) is negative-definite.
Then for any initial data € = {£(t) : —7 < t <0} € C([-7,0]; RY), the solution
of equation (1.7) has the property that

lim z(t;£) =% a.s. (4.35)
t—o0
Proof.  Since H is negative-definite, the set K defined by (4.32) reduces to
K = {z}. Theorem 4.7 hence shows that
lim d(z(¢;€),K) = lim |z(4;€) - Z =0 a.s.
t—oo t—o0

which is the desired assertion (4.35).

11.5 STOCHASTIC DELAY LOTKA-VOLTERRA FOOD CHAIN

Gard (1988) considered the Lotka-Volterra system of food chain

.’i‘l(t) = .'E](t)[bl — a“a:l(t) - a12$2(t)],
Ea(t) = z2(t)[—b2 + 2171 (t) — azeza(t) - azazs(t)), (5.1)
T3(t) = z3(t)[—b3 + aszzx2(t) — azsza(t)),
where 1, T2 and z3 represent, respectively, the population densities of prey,
intermediate predator, and top predator. In this example, the b; and b;; are

positive constants. Gard (1999) showed that an equilibrium z = (Z,, Zo,Z3)7
exists in R3 if

b1 — (a11/a21)b2 — [(a11822 + @12021)/az21a32]b3 > 0. (5.2)
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He also showed that the equilibrium is globally asymptotically stable as long as
(5.2) is satisfied.

Let us now modify this example by taking into account the time delay of
interactions between species. In this case, the system above becomes

il(t) = xl(t)[b1 - a“a:,(t) - algl'z(t - T)],
E2(t) = z2(t)|—b2 — agez2(t) + aqz1(t — 7) — azsza(t — 7)), (5.3)
z3(t) = .’Es(t)[—b;; — az3z3(t) + azezo(t — T)]

That is, in the matrix form,

z(t) = diag(z(t), z2(t), z3(t))[b + Az(t) + Gz(t — 7)), (5.4)
where
bl —all 0 0
) = (,,2> A=( o e 0 )
—b3 0 0 -—ag
and

0 —Qa12 0
G = any 0 -—Q923
0 asz 0

Under (5.2), the delay equation (5.4) has an equilibrium Z = (Z1,Z9,%3)7T in
R3, the same as equation (5.1). We may therefore re-write equation (5.4) as

(t) = diag(z1(2), z2(t), 23(1) [A(z(t) — Z) + G(x(t - 7) - T)]. (5.5)

Taking the environmental noise into account, we may replace the rate b; by an
average value plus a random fluctuation term, say

by + oyi(z; — %;)B(t), 1<i<3,

where 0;;’s are positive constants. As a result, we have a stochastic delay Lotka-
Volterra model of food chain

dx(t) = diag(z1(t), z2(t), z3(t))
x ([A(x(t) — %) 4 Gla(t — 1) — 2)]dt + o(z(t) - :T:)dB(t)), (5.6)
where o = diag(o11,092,033). For illustration, we demonstrate how Theorem
4.8 can be applied to show the globally asymptotic stability of the equilibrium

with probability one. For this purpose, we seek positive numbers ¢, c2,¢3 and
0 such that Apax(H) < 0, where

H=[CA+ ATC +0"CXol + HCCGTC +ol.
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Here, as before, C = diag(c,, c2, c3). In particular, if we set

we then have

e 1 _ —
Amax(H) € =3 + 2 dmax(07CK0) + 5 Aman(CGGTC).

It is easy to compute that

= 2 = 2 = 2
TAG N T10%) 2033 3033
Amax(0 CXa)—ma.x{ o o am }
and B ~
Amax(CGGTC) < Amax(GGT) = &[0k, + ala) V (0, + o)),
where
oL L1
1 a, a3’
We hence have Apax(H) < 0 if

:L‘IO' :L‘20' $30’
max { 11 22 33

o8 20 el el v vl <1 (6)

By Theorem 4.8 we can therefore conclude that the equilibrium Z is globally
asymptotically stable with probability one if (5.7) is satisfied.

It is useful to observe that condition (5.7) implies that

e[(al: + a%) V (ah + ady)] <1 (5:8)

and
o2 < it (1 - c[(alg +a2,) V (a2, + a23)]) 1<i<3. (5.9)

Condition (5.8) guarantees that the equilibrium of the delay equation (5.3) (with-
out noise) is globally asymptotically stable while condition (5.9) gives the upper
bound for the noise so that the equilibrium of the stochastic delay equation (5.6)
will remain to be globally asymptotically stable with probability one.
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Chapter 1: The material in this chapter is classical and we refer the reader
to Arnold (1974), Doob (1953), Friedman (1975), Gihman & Skorohod (1972),
Liptser & Shiryayev (1986) etc.

Chapter 2: Most of the material in this chapter is classical, but Section
2.5 is based on Mao (1992c) while Section 2.6 is based on Bell & Mohammed
(1989) and Mao (1994b).

Chapter 3: Stochastic Liouvilie’s formula is due to Mao (1983) while the
variation-of-constants formula etc. are classical.

Chapter 4: Most of the material in this chapter is essentially from Mao
(1991a, 1994a) while Section 4.5 is based on Mao (1994c) and Theorem 4.6.2 is
new.

Chapter 5: The existence-and-uniqueness theorems and the exponential
estimates are classical and we refer the reader to Kolmonovskii & Nosov (1986),
Mao (1994a) and Mohammed (1984). Sections 5.5, 5.6 and 5.7 are based on Mao
(1991d, e), Mao (1996b) and Mao (1996c), respectively.

Chapter 6: Stochastic functional differential equations of neutral type have
been studied by Kolmonovskii & Nosov (1986) but some results have only been
stated without proofs. In this chapter, we systematically study the neutral-type
equations and our treatments are independent. Many results in this chapter are
new, for example, the pathwise estimates, the LP-continuity and the Razumikhin
theorems.

Chapter 7: The martingale representation theorem is classical. Section 7.3
is based on Pardoux & Peng (1990) while Section 7.4 is based on Mao (1995a).
The generalized Feynman-Kac formula is due to Pardoux & Peng (1992).

Chapter 8: The Cameron-Martin-Girsanov theorem is classical. Sections
8.3 and 8.4 are based on Markus & Weerasinghe (1988) while Section 8.5 is based
on Mao & Markus (1991).
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Chapter 9: Section 9.2 describes several useful and well-known stochastic
models for asset prices and we refer Neftci (1996), Oksendal (1995) etc. Section
9.3 not only describes the classical Black-Scholes formulas for the European call
and put options but also introduces the very popular numerical methods and
Monte Carlo simulations in option valuation based on Higham and Mao (2005).
The main results in Section 9.4 are due to Dynkin (1963, 1965) and we follow
the treatment of Oksendal (1995). Section 9.5 is based on Friedman (1975) and
Wu & Mao (1988).

Chapter 10: The results of this chapter are essentially due to Liao & Mao
(19962, b).

Chapter 11: Stochastic modelling has become more and more popular in
biological science. This chapter introduces stochastic delay population systems
based on Bahar and Mao (2004a, 2004b), Mao (2005), Mao, Yuan and Zou
(2005).
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Index

adapted process 10 continuous process 10
asymptotic stability 110 convergence
augmentation 15 almost sure ~ 5
with probability one 5

backward stochastic differential stochastic ~ 6

equation 241 in probability 6
Bihari’s inequality 45 in pth moment 6
Black-Scholes formual 320 in distribution 6
Black-Scholes PDE 317 convergence rate function 189
Borel convergence theorem

measurable 3 bounded ~ 6

set 3 dominated ~ 6
o-algebra 3 monotonic ~ 6
Borel-Cantelli’s lemma 7 covariance matrix 5
Brownian bridge 104
Brownian motion 15, 17 decrescent function 108

on the unit circle 49, 103 delay equation 155
Burkholder-Davis—Gundy’s destabilization 135, 362

inequality 40 differential equation 48

diffusion operator 110

cadlag process 10 Dirac delta
Cameron-Martin-Girsanov’s function 17, 354

theorem 272 Dirichlet problem 78
Caratheodory’s approximation 71, 164 dissipative force 288
Cauchy problem 82 distribution 5
Chapman-Kolmogorov’s equation 85  Doob’s martingale
Chebyshev’s inequality 5 convergence theorem 13
coloured noise 102 inequality 14
complement 2 Doob’s stopping theorem 11
completion 4 Doob-Dynkin’s lemma 3

conditional expectation 8
conditional probability 8 efficient market hypothesis 303



420 Index

energy 288
energy bound 288
equilibrium position 107, 110, 170
error function 281
Euler-Maruyama'’s
approximation 76, 168
excessive 333
exercise price 315
exit time 11
expectation 4
expiry date 315
exponential instability 123, 356
exponential martingale inequality 43
exponential stability
almost sure ~ 119, 175, 225
moment ~ 127, 172, 221
external driving force 288
extinction 387

Feller property 86
Feynman-Kac’s formula 78, 263
generalized ~ 268
finite variation process 10
filtration 9
natural ~ 15
right continuous ~ 9
flow property 48
Fourier transform 238
functional differential equation 147
fundamental matrix 92
F-measurable 3

geometric Brownian motion 105, 300
Girsanov’s theorem 274

global solution 58, 154, 209
Gronwall’s inequality 44

Has’'minskii condition 58
hitting time 343
Hoélder’s inequality 5

increasing process 10
indicator function 3
indefinite integral 23,30
independent increments 15
independent

random variables 7

sets 6

o-algebras 7
indistinguishable processes 11
initial-boundary value problem 81
integrable process 11
integrable random variable 4
integration by parts formula 36
It6’s formula 32, 35
It6’s stochastic integral 18
Ito’s process 31, 36

Jensen’s inequality 75
joint quadratic variation 12

Kolmogorov backward equation 83

Laplace operator 38
law of the iterated logarithm 16
least superharmonic majorant 334
least supermeanvalued majorant 334
left continuous process 10
Lévy’s theorem 17
linear growth condition 51, 150, 206
linear stochastic differential eq.
autonomous ~ 92, 100
homogeneous ~ 92
in the narrow sense 92, 99
Liouville’s formula 92
Lipschitz condition 51, 150, 204
local Lipschitz condition 56, 153, 209
local martingale 12
logistic equation 377
Lotka—Volterra model 377
lower semicontinuous 330
Lyapunov exponent
moment ~ 63, 127
sample ~ 63, 119
Lyapunov function 109
stochastic ~ 115
LY(Ry; R%)-stable 191

Markov process 84
homogeneous ~ 85
strong ~ 86

Markov property 84



strong ~ 86
martingale 11

representation theorem 236
mean reverting process 304
mean reverting theta process 313
measurable process 10
measurable space 3
Minkovskii's inequality 5
modification 10
moment 4
monotone condition 58

negative definite function 108
neural network 351
with delay 366
neutral stochastic
functional differential eq. 203
differential delay eq. 209

optimal
expected reward 306
stopping problem 306
stopping time 306
option 315
American call ~ 316
American put ~ 316
Asian ~ 316
barrier ~ 316
digital ~ 316
European call ~ 315
European put ~ 315
lookback call ~ 316
optional process 10
Ornstein—Uhlenbeck position
process 102
Ornstein—Uhlenbeck process 101
mean reverting ~ 103, 302

partial differential equation 78
pathwise uniqueness 78

payoff functional 319

persistent with probability one 401
Picard’s iterations 53, 205, 250
positive-definite function 108
predictable process 10

probability measure 4

Index

probability space 4
complete ~ 4

progressive process 10

progressively measurable 10

put-call parity 319

quadratic variation 12
quasilinear partial differential
equation 267

radially unbounded 108
Radon-Nikodym’s theorem 8
random variable 3
Razumikhin theorem 169, 221
reachability problem 235
reflection principle 281
restoring force 288
reward function 330
right continuous process 10
robustness of

instability 362

stability 358

saddle point 344
of sets 344
sample path 10
semigroup property 48
simple process 19
solution 48, 149, 203, 241
square integrable martingale 12
square root process 302
mean reverting ~ 304
stability in probability 110
stabilization 135, 358
state space 9
stationary increments 15
step function 8
step process 18
stochastic asymptotic stability 110
in the large
stochastic differential 31, 36
stochastic game 319
stochastic instability 110
stochastic interval 11
stochastic oscillator 270
linear ~ 278

421



422 Index

nonlinear ~ 274
stochastic process 9
stochastic self-stabilization 190
stochastic stability 110
stochastic volatility 313
stopped process 11
stopping time 11
strike price 315
strong law of large numbers 12, 16
strong solution 78
submartingale 13

inequality 14
superharmonic 331

majorant 334
supermartingale 13

inequality 13

convergence theorem 13
supermeanvalued 330

majorant 334
symmetric neural network 355, 357
o-algebra 3

generated 3

theta process 311
transformation formula 5
transition probability 84
trivial solution 107, 110, 172

ultimate boundedness 384
uncorrelated 4

uniformly integrable 13, 339
uniformly Lipschitz L2-continuous 167
unique solution 48, 149, 210, 263
upper limit of sets 7

usual conditions 9

variance 4

variational inequality 358
variation-of-constants formula 96
version 10

volatility 303

weak solution 78
weak uniqueness 78
Wronskian determinant 92
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