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Preface to the Second Edition 

In this new edition, I have added some material which is particu­
larly useful in applications, namely the new Section 9.3 on options and 
their values and the new Chapter 11 on stochastic delay population 
systems. In addition, more material has been added to Section 9.2 to 
include several popular stochastic models in finance, while the con­
cept of the maximal local solution to a stochastic functional differential 
equation has been added to Section 5.2 which forms a fundamental 
theory for our new Chapter 11. 
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Renshaw, A.M. Stuart, A. IVuman, G.G. Yin. I am grateful to them 
all for their help. 

I would like to thank the E P S R C / B B S R C , the Royal Society, the 
London Mathematics Society as well as the Edinburgh Mathematical 
Society for their financial support. Moreover, I should thank my 
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Xuerong Mao 
Glasgow June 2007 

vu 



VUI 



Preface from the 1997 Edition 

Stochastic modelling has come to pleay an important role in many 
branches of science and industry where more and more people have 
encountered stochastic differential equations. There are several excel­
lent books on stochastic differential equations but they are long and 
difficult, especially for the beginner. There are also a number of books 
at the introductory level but they do not deal with several important 
types of stochastic differential equations, e.g. stochastic equations of 
the neutral type and backward stochastic differentifd equations which 
have been developed recently. There is a need for a book that not 
only studies the classical theory of stochastic differential equations, 
but also the new developments at an introductory level. It is in this 
spirit that this text is written. 

This text will explore stochastic differential equations and their 
applications. Some important features of this text are as follows: 

• This text presents at an introductory level the basic principles of 
various types of stochastic systems, e.g. stochastic differential 
equations, stochastic functional differential equations, stochas­
tic equations of neutral type and backward stochastic differential 
equations. The neutral-type and backward equations appear fre­
quently in many branches of science and industry. Although they 
are more complicated, this text treats them at an understandable 
level. 

• This text discusses the new developments of Carathedory's and 
Cauchy-Marayama's approximation schemes in addition to Pi-
card's. The advantage of Cauchy-Marayama's and Carathedory's 
schemes is that the approximate solutions converge to the accu­
rate solution under a weaker condition than the Lipschitz one, 
but the corresponding convergence problem is still open for Pi-
card's scheme. These schemes are used to establish the theory of 
existence and uniqueness of the solution while they also give the 
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χ Preface 

procedures to obtain numerical solutions in applications. 
• This text demonstrates the manifestations of the general Lya­

punov method by showing how this effective technique can be 
adopted to study entirely differently qualitative and quantitative 
properties of stochastic systems, e.g. asymptotic bounds and ex­
ponential stability. 

• This text emphasises the analysis of stability in stochastic mod­
elling and illustrates the practical use of stochastic stabilization 
and destabilization. This is the first text that explains system­
atically the use of the Razumikhin technique in the study of ex­
ponential stability for stochastic functional differential equations 
and the neutral-type equations. 

• This text illustrates the practical use of stochastic differential 
equations through the study of stochastic oscillators, stochastic mod­
elling in finance and stochastic neural networks. 
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General Notation 

Theorem 4.3.2, for example, means Theorem 3.2 (the second theorem in 
Section 3) in Chapter 4. If this theorem is quoted in Chapter 4, it is written as 
Theorem 3.2 only. 

positive : > 0. 
nonpositive : < 0. 

negative : < 0. 
nonnegative : > 0. 

a.s. : almost surely, or P-almost surely, or with probability 1. 
A:= Β : Λ is defined by B or A is denoted by B. 

A{x) = B{x) : A{x) and B{x) are identically equal, i.e. A{x) — B{x) for 
all X. 

0 : the empty set. 
I A • the indicator function of a set A, i.e. /^(x) = 1 if χ e ^ or 

otherwise 0. 
A'^ : the complement of A in Ω, i.e. A"^ = Cl - A. 

AcB : AnB'= = lll. 

Ac Β a.s. : P(A Π Β") -= 0. 
a{C) : the σ-algebra generated by C. 
α V 6 : the maximum of a and b. 
ο Λ 6 : the minimum of a and b. 

f : A Β : the mapping / from A to B. 
R = : the real line. 

R+ : the set of all nonnegative real numbers, i.e. R+ = [Ο,οο). 
i?** : the d-dimensionsd Euclidean space. 
R+ •• - {x e R"^ : Xi > 0, I <i< d}, i.e. the positive cone. 
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XVI General Notation 

Β" 

Β : 

ffd'x-m 

βάχτη 

ζ^άχτη 

\χ\ 

Sh 

{x,y) 
trace A 

Xm\n{A) 

^max (A) 

\A\ 

C{D;R'') 

C^'^D X R+;R) 

the Borel-a-algebra on R"^. 
= B\ 
the space of real d χ m-matrices. 
the Borel-CT-algebra on fi''''"'. 
the d-dimensional complex space. 
the space of complex d x m-matrices. 
the Euclidean norm of a vector x. 
= {x£R^: \x\ < h}. 
the transpose of a vector or matrix A . 
the scale product of vectors χ and y, i.e. {x, y) = x^y. 
the trace of a square matrix A = {a,j)<ixd, i.e. trace A — 
Σΐ<ι<<ί""· 
the smallest eigenvalue of a matrix A . 
the largest eigenvalue of a matrix A . 

= sup^€ft-|,l^l=i^^^^-
= sJtrace{AJ'A), i.e. the trace norm of a matrix A . 
= sup{|Ax| : |x| = 1} = \J\max{Ai^A), i.e. the operator 
norm of a matrix A . 
Dirac's delta function, that is 6ij — Wii—j or otherwise 0. 
the family of continuous fi'^-valued functions defined on Ό. 
the family of continuously m-times differentiable fi''-valued 
functions defined on Ό. 
the family of functions in C"(D;fi ' ' ) with compact support 
in D. 
the family of all real-valued functions V[x, t) defined on D χ 
fi+ which are continuously twice differentiable in χ e £) and 
once differentiable in t € fl+. 

V 

Δ 

- (Λ. 
- a 'Χ,ί 

the Laplace operator, i.e. Δ = J ^ , 

= v v = ( v . „ . . . , K j = ( i ^ , - , i : ) -

IlilU. : = {ΕΜ^ΙΡ. 

ΙΡ(Ω; R^) : the family of fi'^-valued random variables ξ with Ε\ξ\Ρ < oo. 
Ljr (Ω; fi**) : the family of fi''-valued J't-measurable random variables ξ 

with Ε\ξ\Ρ < oo. 
C ( [ - T , 0 ] ; fi**) : the space of all continuous fi''-valued functions φ defined on 

[ -T ,0] with a norm ||< |̂( = sup_^<e<o \φ(θ)\. 



General Notation xvii 

L^j,{{-T,0];R"^) : the family of all C([-T,0];ii ' ' )-valued random variables φ 
such that Ε\\φ\\Ρ < oo. 

LPjr^{{~T,O];R'^) : the family of all .Fj-measurable C([-T,0];fi<')-valued ran­
dom variables φ such that < oo. 

CjrM-T, 0]; R"^) : the family of .^t-measurable bounded C ( [ - T , 0 ] ; fi'')-valued 
random variables. 

^''([a, 6]; R'^) : the family of Borel measurable functions h : [o, b] —» R'^ such 
that \h{t)\Pdt < oo. 

εΡϋα,δΥ,Ρ"^) : the family of β''-valued ^t-adapted processes { / ( ί ) } α < ί < 6 
such that /*|/(ί)Γ^ί 

< oo a.s. 
Λ1Ρ([α, 6]; R'') : the family of processes { / ( i ) }a<t<6 in CP{\a, b]; R^) such that 

Etjf{mt<oo. 
£Ρ(Λ+; R"^) : the family of processes {/(i)}t>o such that for every Γ > 0, 

{ /W}o<t<re£P([0 ,T]; / l<') . 
MP{R+; R'^) : the family of processes {/(i)}t>o such that for every Τ > 0, 

{/(ί)}ο<ί<τ6ΜΡ([0,Τ];Λ<'). 
Erf() : the error function given by Erf(^) = ( 2 Λ - ) - Ι / 2 e'^'^'^du. 
sign(x) : the sign function, that is sign(x) = -M if i > 0 or otherwise 

- 1 . 

Other notations will be explained where they first appear. 
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1 

Brownian Motions 
and Stochastic Integrals 

1.1 INTRODUCTION 

Systems in many branches of science eind industry are often perturbed by vari­
ous types of environmental noise. For example, consider the simple population 
growth model 

(1-1) 

with initial value N{0) = No, where N{t) is the size of the population at time 
t and a{t) is the relative rate of growth. It might happen that a{t) is not 
completely known, but subject to some random environmental effects. In other 
words, 

a( i )=r( i )- l -a( i )"noise", 

so equation (1.1) becomes 

'^^^^^ = r(i)iV(i) + σ(ί)ΛΓ(ί) "noise". 
dt 

That is, in the form of integration, 

N{t) = No+ ί r{s)N{s)ds+ f σ(s)^•(s) "noise"ds. (1.2) 
Jo Jo 

The questions iu-e: What is the mathematical interpretation for the "noise" term 
and what is the integration σ(s)Ν (s)''noise" ds? 

�� �� �� �� ��



2 Brownian Motions and Stochastic Integrals [Ch.l 

/ a(s)yV(s) "noise"ds= / 
Jo Jo 

(s)yV(s) "noise"ds= / a{s)N{s)dB(s). (1.3) 
Jo 

If the Brownian motion B{t) were differentiable, then the integral would have 
no problem at all. Unfortunately, we shall see that the Brownian motion B{t) is 
nowhere differentiable hence the integral can not be defined in the ordinary way. 
On the other hand, if a{t)N{t) is a process of finite variation, one may define 
the integral by 

/ ais)Nis)dB{s) = a{t)N{t)B{t) - f B{s)d[a(s)N(s)]. 
Jo Jo 

However, if a{t)N{t) is only continuous, or just integrable, this definition does 
not make sense. To define the integral, we need make use of the stochastic 
nature of Brownian motion. This integral was first defined by K. Ito in 1949 and 
is now known as the ltd stochastic integral. The main aims of this chapter are to 
introduce the stochastic nature of Brownian motion and to define the stochastic 
integral with respect to Brownian motion. 

To make this book self-contained, we shall briefly review the basic notations 
of probability theory and stochastic processes. We then give the mathematical 
definition of Brownian motions and introduce their important properties. Mak­
ing use of these properties, we proceed to define the stochastic integral with 
respect to Brownian motion and establish the well-known Ito formula. As the 
applications of Ito's formula, we establish several moment inequalities e.g. the 
Burkholder-Davis-Gundy inequality for the stochastic integral, as well as the 
exponential martingale inequality. We shall finally show a number of well-known 
integral inequalities of the Gronwall type. 

1.2 BASIC NOTATIONS OF PROBABILITY THEORY 

Probability theory deals with mathematical models of trials whose out­
comes depend on chance. All the possible outcomes—the elementary events— 
are grouped together to form a set, Ω, with typical element, ω € Q. Not every 
subset of Ω is in general an observable or interesting event. So we only group 
these observable or interesting events together as a family, .F, of subsets of Ω. 
For the purpose of probability theory, such a family, T, should have the following 
properties: 

(i) 0 e where 0 denotes the empty set; 
(ii) A e ^ A*^ e J^, where ^4^ = Ω - A is the complement of A in Ω; 

(iii) { A J , > i c J ^ = ^ U . ^ i ^ i e . F . 

It turns out that a reasonable mathematical interpretation for the "noise" 
term is the so-called white noise B{t), which is formally regarded as the derivative 
of a Brownian motion B{t), i.e. B{t) = dB{i)/dt. So the term "noise"di can be 
expressed as B{t)dt = dB{t), and 

�� �� �� �� ��



Sec. 1.2] Basic Notations of Probability Theory 3 

for ω e A, 
0 for ω ^ A. 

The indicator function I A is .F-measurable if and only if A is zui .F-measurable 
set, i.e. AE T. If the measurable space is {R^, β·*), a β''-measurable function is 
then called a Borel measurable function. More generally, let {Q!,!F') be another 
measurable space. A mapping X : Ω —> Ω' is said to be {!F, !F')-measurable if 

{ω : Χ{ω) e A'} €: Τ for all A' e T'. 

The mapping X is then called an Ω'-valued (.f ,.F')-nieasurable (or simply, T-
measurable) random variable. 

Let X : Ω —• i?* be any function. The σ-algebra σ{Χ) generated by X is 
the smallest σ-algebra on Ω containing all the sets {ω : X{w) e U], U C R^ 
open. That is 

σ{Χ) = σ{{ω : X(w) eU}:UcR^ open). 

Clearly, X will then be CT(A')-measurable and σ{Χ) is the smallest σ-algebra 
with this property. If X is .F-measurable, then σ{Χ) C J", i.e. X generates a 
sub-σ-algebra of J^. If {Xi : i G J} is a collection of ii''-valued functions, define 

σ{Χ^:ι€ΐ)=σ{}^σ{Χ^)) 
i€l 

which is called the σ-algebra generated by {Xi : i e / } . It is the smallest σ-
algebra with respect to which every Xi is measurable. The following result is 
useful. It is a special case of a result sometimes called the Doob-Dynkin lemma. 

A family Τ with these three properties is called a σ-algebra. The pair (Ω, T) 
is called a measurable space, and the elements of .7̂  is henceforth called 
measurable sets insteiid of events. If C is a feimily of subsets of Ω, then there 
exists a smallest σ-algebra a{C) on Ω which contains C. This σ{€) is ceJled the 
σ-algebra generated by C. If Ω = i?** and C is the family of all open sets in Rf^, 
then β** = a{C) is called the Borel σ-algebra and the elements of β** are called 
the Borel sets. 

A real-valued function X : Ω —» i? is said to be ^-measurable if 

{ω : Χ{ω) < a} £ Τ for all α e R. 

The function X is also ciilled a real-valued (.F-measurable) random «ono6/e. An 
Λ''-valued function Χ{ω) = {Χι{ω), • • · ,Χ^(ω))^ is said to be 7-measurable if 
all the elements Xi are .F-measurable. Similarly, a d χ m-matrix-valued function 
Χ{ω) = (Xij(t<;))rfxm is said to be T-measurable if all the elements X^ are 
J^-measurable. The indicator function of a set A C Ω is defined by 

�� �� �� �� ��



4 Brownian Motions and Stochastic Integrals [Ch.l 

EX = f Xiu)dPiw ) 

is called the expectation of X (with respect to P) . The number 

V{X) = E{X - ΕΧΫ 

is called the variance of X (here and in the sequel of this section we assume 
that all integrals concerned exist). The number (p > 0) is called the pth 
moment of X. If Y is another real-valued random variable, 

Cm{X,Y) - E\{X - EX){Y - EY)] 

is called the covariance of X and Y. If Cov{X,Y) = 0, X and Y are said 
to be uncorrelated. For an β''-valued random variable X = {Xi, - · • ,Xd)^, 
define EX = {EXi, - • •, EXd)^• For a d χ m-matrix-valued random variable 
X = {Xij)dxm, define EX = ( £ 'X<j )dxm- If X and Y are both ft-^-valued 
random variables, the symmetric nonnegative definite dx d matrix 

Cov{X, Y) = E[{X - ΕΧ){Υ - EYf] 

Lemma 2.1 If X,Y : Ω —> Λ'* are two given functions, then Y is σ(Χ)-
measurable if and only if there exists a Borel measurable function g : R'^ R''^ 
such that Y = g(X). 

A probability measure Ρ on a measurable space (Ω,.^) is a function Ρ : 
Τ [0,1] such that 

(i) Ρ(Ω) = 1; 
(ii) for any disjoint sequence {Ai}i>i C Τ (i.e. A, Γ) A_, = 0 if i 7^ j) 

\ i = l / 1=1 

The triple (Ω,.^, P) is called a probability space. If [Ο,,Τ,Ρ) is a probability 
space, we set 

= {A c Ω : 3 β , C € .F such that BcAcC, P{B) = P(C)}. 

Then Τ \s Ά σ-algebra and is called the completion of T. Μ Τ = the prob-
abihty space (Ω, P) is said to be complete. If not, one can easily extend Ρ 
to Τ by defining P{A) = P{B) = P(C) for A 6 where B,C £ Τ with the 
properties that β C A C C and P{B) = P(C). Now (Ω,.^,Ρ) is a complete 
probability space, called the completion of (Ω, J^, P). 

In the sequel of this section, we let (Ω, P) be a probability space. If X is 
a real-valued random variable and is integrable with respect to the probability 
measure P , then the number 

�� �� �� �� ��



Sec.1.2] Basic Notations of Probability Theory 5 

EgiX) = ί 9{χ)άμχ(χ). 
JR-' 

For ρ G (0,00), let = LP( f i ; i i ' ' ) be the family of fi^-valued random 
variables X with E\X\P < 00 . In L \ we have ]EX\ < E\X\. Moreover, the 
following three inequalities are very useful: 

(i) Holder's inequality 

\E(X'^Y)\ < {E\X\fy/P {ElY]")^^" 

i f p > 1, 1 /ρ+1 /ρ = 1, XeLP,Ye L"; 

(ii) Minkovski's inequality 

{E[x + Yipy/p < (EixiPY/p + (Eiri")!/" 

i f p > l,X,YeLP-
(iii) Chebyshev's inequality 

Ρ{ω : \Χ{ω)\ > c} < c'^ElXf 

iiOO, p>0, X e LP. 
A simple application of Holder's inequality implies 

( E | X | ^ ) ' / ^ < {Ε\Χ\Ργ/Ρ 

if 0 < Γ < ρ < oo , Jf G LP. 

Let X and Xk, A; > 1, be Λ^-valued random variables. The following four 
convergence concepts are very important: 
(a) If there exists a P-nuU set Ωο G such that for every cj ^ Ωο, the se­

quence (Xfc(ti;)} converges to Χ{ω) in the usual sense in if*, then {Xk} 
is said to converge to X almost surely or ruith probability 1, and we write 
l imt^oo A'fc = X a.s. 

is called their covariance matrix. 
Let X be an i?''-valued random variable. Then X induces a probability 

measure μχ on the Borel measurable space {R^,B^), defined by 

μχ{Β) = Ρ{ω : Χ{ω) £ B) for Β 6 β"*, 

and μχ is called the distribution of X. The expectation of X can now be 
expressed as 

EX= f xdμχ{x). 

More generally, if 5 : Λ** —> is Borel measurable, we then have the following 
transformation formula 

�� �� �� �� ��



6 Brownian Motions and Stochastic Integrals [Ch.l 

lim EXk=E(\im Xk). 
k—OO \fc—»oo / 

Theorem 2.3 (Dominated convergence theorem) Let ρ > 1, {Xk} C 
Ζ.Ρ(Ω;β<') and Y e 1^(0; β ) . Assume that \Xk\ < Y a.s. and {Xk} converges 
to X in probability. Then X € ΙΡ(Ω;β'*), {Xk} converges to X in L^, and 

hm EXk = EX. 

When Y is bounded, this theorem is also referred as the bounded convergence 
theorem. 

Two sets A, β e are said to be independent if F(A Π B) = P{A)P{B). 
Three sets A,B,C e Τ are said to be independent if 

P(A η B) = P(A)P{B), P{A η C) - P(A)P{C), 
P(BnC) = P(B)PiC) and Ρ{Αη Β nC) = Ρ{Α)Ρ(Β)Ρ{0). 

(b) If for every ε > 0, Ρ{ω : \Xk{^) - Χ{ω)\ > ε} Ο as A; oo , then {Xk} 
is said to converge to X stochastically or in probability. 

(c) If Xk and X belong to and E\Xk - X | P 0, then {Xk} is said to 
converge to X in pth moment or in LP. 

(d) If for every real-valued continuous bounded function g defined on R'^, 
limfc_oo i-si-^fc) = Eg{X), then {Xk} is said to converge to X in dis­
tribution. 

These convergence concepts have the following relationship: 

convergence in 

a.s. convergence convergence in probability 

convergence in distribution 

Furthermore, a sequence converges in probability if and only if every subsequence 
of it contains an almost surely convergent subsequence. A sufficient condition 
for limfe_oo Xk = X a.s. is the condition 

oo 
E\Xk - A"!" < oo for some ρ > 0. 

fc=l 

We now state two very important integration convergence theorems. 

Theorem 2.2 (Monotonic convergence theorem) / / {Xk} is an increasing 
sequence of nonnegative random variables, then 
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Ρ f lim sup A^) = 0. 
^ fc-00 / 

Let / be an index set. A collection of sets {At : ζ € / } C .F is said to be 
independent if 

P{A,n---nAi,) = P{Ai,)--.p{Ai,) 

for all possible choices of indices i i , • · · , ύ G / . Two sub-a-algebras Ti and F2 
of f are said to be independent if 

P ( A i η Aj) = P ( A i ) P ( A 2 ) for all Ai G ^Ί , A2 G ^"2. 

A collection of sub-a-algebras {Ti : i G / } is said to be independent if for every 
possible choice of indices i i , · · · , ifc G / , 

P ( A i , n - . - n A , J = P(A , , ) - - .p (A ,J 

holds for all Aj, G F i , , • · · , Aj^ G . A family of random variables {Xi : i G / } 
(whose ranges may differ for different values of the index) is said to be inde­
pendent if the σ-algebras c{Xi), i e I generated by them are independent. For 
example, two random variables X : fl —y R*^ and Κ : Ω —> Λ"* are independent 
if and only if 

Ρ{ω : Χ{ω) G A, Υ{ω) e Β) = Ρ{ω : Χ{ω) G A} Ρ{ω : Υ{ω) G Β} 

holds for all A G β·*, Β e B^. li X and Y are two independent real-valued 
integrable random variables, then XY is also integrable and 

E{XY) = EX EY. 

If X , y G L^(il;R) are uncorrelated, then 

V{X-^Y) = V{X) + V{Y). 

If the X and Y are independent, they are uncorrelated. If {X, Y) has a normal 
distribution, then X and Y are independent if and only if they are uncorrelated. 

Let {Afc} be a sequence of sets in F". Define the upper limit of the sets by 

00 CX) 

limsup Afc = {ω : ω e Ak for infinitely many A;} = Q | ^ Afc. 
»=1 *:=t 

Clearly, it belongs to F". With regwd to its probability, we have the following 
well-known Borel-Cantelli lemma. 

Lemma 2.4 (Borel-Cantelli's lemma) 
(1) If {Ak} C and ΣΖι ^i^k) < 0 0 , then 
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8 Brownian Motions and Stochastic Integrals [Ch. l 

PilimsupAfe) = 1. 

That is, there exists a set Ω θ € F" with P{ile) — 1 such that for every ω e Ω,β, 
there exists a sub-sequence {Afc.} such that the ω belongs to every Afc.. 

Let A,B e f with P{B) > 0. The conditional probability of A under 
condition Β is 

However, we frequently encounter a family of conditions so we need the more 
general concept of conditional expectation. Let X 6 L * (Ω ; Λ ) . Let Q C ^ is 
a sub-CT-algebra of F" so ( Ω , ^) is a measurable space. In general, X is not Q-
measurable. We now seek an integrable ^-measurable random variable Y such 
that it has the same values as X on the average in the sense that 

E{IGY) = E{IGX) i.e. f Y{u)dP{u) = f X(ω)dPiω) for all G e g. 
JG JG 

By the Radon-Nikodym theorem, there exists one such Y, almost surely unique. 
It is called the conditional expectation of X under the condition Q, and we write 

Y = E{X\G). 

If Q is the the σ-algebra generated by a random variable Y, we write 

E{X\g) = E{X\Y). 

As an example, consider a collection of sets {Ak} C Τ with 

U Afe = Ω , P(Afc) > 0, Afe η Ai = 0 if fe ^ j . 
k 

Let Q = a{{Ak}), i.e. G is generated by {Ak}. Then E{X\Q) is a step function 
on Ω given by 

In other words, if u; G A^, 

That is, there exists a set Ωο 6 F" with Ρ ( Ω ο ) = 1 and an integer-valued random 
variable kg such that for every ω G Ω,, we have ω φ Ak whenever k > fco(a;). 

(2) If the sequence {Ak} C ^ is independent and Y^'kLi -^(-^fc) = oo> ^^ ε̂η 
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1.3 STOCHASTIC PROCESSES 

Let {Γί,Τ,Ρ) be a probabiUty space. A filtration is a family {Fi}t>o of 
increasing sub-a-algebras of f (i.e. Fi C F", C F" for all 0 < ί < s < oo). The 
filtration is sidd to be right continuous if Fi = Πβ>4 for all ί > 0. When the 
probability spEice is complete, the filtration is said to satisfy the usual conditions 
if it is right continuous and Fo contains all P-nuU sets. 

Prom now on, unless otherwise specified, we shall always work on a given 
complete probability space {Ω,Τ,Ρ) with a filtration {^t}t>o satisfying the usual 
conditions. We also define Too = <^(Ut>o-^i)> σ-algebra generated by 
U > o ^ t . 

A family {Xt^t&j of Λ''-valued random variables is called a stochastic pro­
cess with parameter set (or index set) I and state space if*. The parameter set 
/ is usually (as in this book) the halfline R+ = (Ο,οο), but it may also be an 
interval [a, b], the nonnegative integers or even subsets of R'^. Note that for each 
fixed < € / we have a random variable 

Ω 9 ω -V Χι{ω) 6 Λ"*. 

It follows from the definition that 

Ε{Ε{Χ\0)) = Ε(Χ) 

and 
\E{X\g)\<E{\X\\g) a.s. 

Other important properties of the conditional expectation are as follows (all the 
equalities and inequalities shown hold almost surely): 

(a) g = {ΙΙΙ,ίΙ} ^ EiX\G) = EX; 
(b) X>0=> E{X\g) > 0; 
(c) X is α-measurable => E{X\g) = X; 
(d) X = c = canst. => E(X|g) = c; 
(e) a, 6 e Λ => Ε(αΧ + bY\g) = aEiX\g) + bEiY\g); 
(f) X < y => Eix\g) < E(Y\g); 
(g) X is 5-measurable ^ E{XY\g) = XE{Y\g), 

in particular, E{E{X\g) Y\g) = E{X\g) E{Y\g); 
(h) a{X),g are independent =^ E{X\g) = EX, 

in particular, X, Y are independent E(X\Y) = EX; 
(i) c 02 c £?(β(χΐα2)ΐαι) = β(χ|ί?ι). 

Finally, if X = (Χι,· • ·,Xd)^ € Ζ-^(Ω;Λ**), its conditional expectation un­
der g is defined as 

E{x\g) = {E{x,\g),.-.,E{Xd\g)f. 
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10 Brownian Motions and Stochastic Integrals [Ch.l 

On the other hand, for each fixed u; G Ω we have a function 

iBt^ Xt{u) G R'^ 

which is called a sample path of the process, and we shall write Χ.{ω) for the 
path. Sometimes it is convenient to write X(t,u) instead of Xt{i^), and the 
stochastic process may be regarded as a function of two variables (ί,ω) from 
/ X Ω to β"*. Similarly, one can define matrix-valued stochastic processes etc. 
We often write a stochastic process {Xt}t>o as {Xt}, Xt or X{t). 

Let {Xt}t>o be an β''-valued stochastic process. It is said to be continuous 
(resp. right continuous, left continuous) if for almost all ω G Ω function Χι{ω) 
is continuous (resp. right continuous, left continuous) on ί > 0. It is said to be 
cadlag {right continuous and left limit) if it is right continuous and for almost all 
ω G Ω the left limit lims|t Xs{^) exists and is finite for all ί > 0. It is said to be 
integrable if for every t>0,Xt is an integrable random variable. It is said to be 
{Tt}-adapted (or simply, adapted) if for every t, Xt is Ft-measurable. It is said 
to be measurable if the stochastic process regarded as a function of two variables 
{t,ω) from /?+ χ Ω to i?"* is B{R+) χ ^"-measurable, where B(R+) is the family 
of all Borel sub-sets of R+. The stochastic process is said to be progressively 
measurable or progressive if for every Τ > 0, {Xt}o<t<T regarded as a function 
of (t,w) from [0, T] χ Ω to R^ is β([0. Γ]) χ Fr-measurable, where β([0. Τ]) is 
the family of all Borel sub-sets of [0, T]. Let Ο (resp. V) denote the smallest σ-
algebra on R+ χ Ω with respect to which every cadlag adapted process (resp. left 
continuous process) is a measurable function of (t, u;). A stochastic process is said 
to be optional (resp. predictable) if the process regarded as a function of {t,ω) is 
O-measurable (resp. P-measurable). A real-valued stochastic process {At}t>o 
is called an increasing process if for almost all ω G Ω, Αι(ω) is nonnegative 
nondecreasing right continuous on ί > 0. It is called a process of finite variation 
if At = Af - At with {At} and {At} both increasing processes. It is obvious 
that the processes of finite variation are cadlag. Hence the adapted processes of 
finite variation are optional. 

The relations among the various stochastic processes are summarised below: 

continuous adapted continuous adapted adapted increasing 
4 U U 

left continuous adapted cadlag adapted 4= adapted finite variation 

predictable optional 

progressive ^ adapted 

measurable 
Let {Xi}i>o be a stochastic process. Another stochastic process {yt}t>o 

is called a version or modification of {Xt} if for all t > 0, Xt = Yt a.s. (i.e. 
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Sec.1.3] Stochastic Processes 11 

Ρ{ω : Χί(ω) = νΊ(ω)} = 1). Two stochastic processes {Xt}t>o and {^ί}ί>ο are 
said to be indistinguishable if for almost all ω G Ω, Xt{oj) — Yti^^) for all ί > 0 
(i.e. Ρ{ω : Χι{ω) = Υι{ω) for all ί > 0} = 1). 

A random variable τ : Ω —> [0, oo] (it may take the value oo) is called an 
{!Ft}-stopping time (or simply, stopping time) if {ω : τ{ω) < ί} G Ft for any 
ί > 0. Let r and ρ be two stopping times with τ < ρ a.s. We define 

[[r, p\\= {{t,ω)GR+xn•. τ{ω) < t < ρ{ω)} 

and call it a stochastic interval. Similarly, we can define stochastic intervids 
\\t, p]], ]]t, p]] and ]]τ, p[[. If τ is a stopping time, define 

Tr = {Ae Τ: Αη{ω : τ{ω) <t}£Tt for alH > 0} 

which is a sub-a-algebra of T. If r and ρ are two stopping times with τ < ρ a.s., 
then Tt C Tp. The following two theorems are useful. 

Theorem 3.1 / / {Xt)t>o is a progressively measurable process and τ is a 
stopping time, then ΧτΙ{τ<οο] is Ττ-measurable. In particular, if τ is finite, 
then Xt is Tr-measurable. 

Theorem 3.2 Let {Xt}t>o be an R^-valued cadlag {Tt)-adapted process, and 
D an open subset of β**. Define 

τ = inf{t >0:XtiD}, 

where we use the convention inf 0 = oo. Then τ is an {Tt}-stopping time, and 
is called the first exit time from D. Moreover, if ρ is a stopping time, then 

θ = inf {ί >p:XtiD} 

is also an {Tt}-stopping time, and is called the first exit time from D after p. 

An β''-valued {Fi}-adapted integrable process {Mf }f>o is called a martin­
gale with respect to {Ft} (or simply, martingale) if 

E{Mt\Ts) = Ms a.s. for all 0 < s < t < oo. 

It should be pointed out that every martingale has a cadlag modification since 
we always assume that the filtration {F"t} is right continuous. Therefore we can 
always assume that any martingale is cadlag in the sequel, li X = {Xt}t>o 
is a progressively measurable process and τ is a stopping time, then X"^ = 
{Χτμ}ι>ο is called a stopped process of X. The following is the well-known 
Doob martingale stopping theorem. 

Theorem 3.3 Let {Mt}t>o be an R'^-valued martingale with respect to {Ft}, 
and let Θ, ρ be two finite stopping times. Then 

E(Me\Tp) = ΜθΑρ a.s. 
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12 Brownian Motions and Stochastic Integrals [Ch.l 

and abo 

{M,M)t ^ ^ V ^ hmsup-^ < 00 a.s. ^ hm — = 0 a.s. 
t - o o t i - o o t 

In particular, if τ is a stopping time, then 

E{MrM\Ts) ^ MrAs a.S. 

holds for all 0 < s < t < oo. That is, the stopped process M'^ = {Mr/\t} is still 
a martingale with respect to the same filtration {F'J . 

A stochastic process X = {Xt}t>o is called square-integrable if E\Xt\'^ < oo 
for every ί > 0. If Μ = {Mt}t>o is a real-valued squaxe-integrable continuous 
martingale, then there exists a unique continuous integrable adapted increas­
ing process denoted by {{M,M)t} such that {Mi - {M,M)t} is a continuous 
martingde vanishing at ί = 0. The process {{M,M)t} is called the quadratic 
variation of M. In particular, for any finite stopping time r , 

EM^ = E(M, M)r. 

li Ν = {^f }f>o is another real-valued square-integrable continuous martingale, 
we define 

(M,N) t = ^({M + N,M + N)t - (M,M)t - {N,N)t), 

and call {{M,N)t} the joint quadratic variation of Μ and N. It is useful to 
know that {{M,N)t} is the unique continuous integrable adapted process of 
finite variation such that {MtNi - (M, N)t} is a continuous martingale vanishing 
at t = 0. In particular, for any finite stopping time r , 

EMrNr =E{M,N)r. 

A right continuous adapted process Μ — {Mt}t>o is called a local mar­
tingale if there exists a nondecreasing sequence {Tk}k>i of stopping times with 
Tfc t oo a.s. such that every {Mr^At - M)}t>o is a martingale. Every max-
tingale is a local martingale (by Theorem 3.3), but the converse is not true. 
If Μ = {Mt}t>o and Ν = {iVt}t>o are two real-valued continuous local mar­
tingales, their joint quadratic variation {{M,N))t>o is the unique continuous 
adapted process of finite variation such that {MtNt - {M,N)t}t>o is a contin­
uous local martingale vanishing at ί = 0. When Μ = N, {{M,M)}t>o is called 
the quxidratic variation of M. The following result is the useful strong law of 
large numbers. 

Theorem 3.4 (Strong law of large numbers) Let Μ = {Mt}t>o be a 
real-valued continuous local martingale vanishing at t = 0. Then 

Mt 
lim (M,M)t = oo a.s. lim , . . = 0 a.s. 
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t—oo 
then 

V A J [°°d{M,M)t 
hm At = oo and / — —ττς < oo a.s. 

hm —-- = 0 a.s. 
t->oo At 

A real-valued {Ff}-adapted integrable process {Mf}t>o is called a super-
martingale (with respect to {Tt}) if 

E{Mt\Ts)<Ms a.s. for all 0 < s < ί < oo. 

It is called a submartingale (with respect to {Tt}) if we replace the sign < in 
the last formula with >. Clearly, {Mt} is submartingale if and only if {—Mt} 
is supermartingale. For a resd-valued martingale {Mt}, {M^ := m£ix(Mt,0)} 
and {Mt~ := max(0, —Mt)} are submartingales. For a supermartingale (resp. 
submartingale), EMt is monotonically decreasing (resp. increasing). Moreover, 
if ρ > 1 and {Mt} is an β'^-valued martingale such that Mt 6 L''(fi;i2''), then 
{ΙΜί!*"} is a nonnegative submartingale. Moreover, Doob's stopping theorem 3.3 
holds for supermartingales and submartingides as well. 

Theorem 3.5 (Doob's martingale convergence theorem) 
(i) Let {Mt}t>o be a real-valued right-continuous supermartingale. If 

sup EM^ < oo, 
0<i<oo 

then Mt converges almost surely to a random variable MQO € L^{Q;R). In 
particular, this holds if Mt is nonnegative. 

(ii) Let {Mf}t>o be a real-valued nght-continuous supermartingale. Then 
{Mt}f>o is uniformly integrable, i.e. 

lim 
c—*oo 

S U p £ ; ( / { | M , | > c } | M t l ) 
t>0 / 

= 0 

if and only if there exists a random variable M^o € L^ (Ω; R) such that Mt —> M^ 
a.s. and in L^ as well. 

(iii) LetX e L^n;R). Then 

EiX\Tt) ^ E(X\Too) as ί oo 

a.s. and in L^ as well. 

Theorem 3.6 (Supermartingale inequalities) Let {Mt}t>o be a real-valued 
supermartingale. Let [a, b] be a bounded interval in R+. Then 

c Ρ{ω: sup Mt(a;) >c\< EM^ + ΕΜζ, 
^ a<t<b ' 

cPf^ω•. inf ^Mt(ω) < - c j < £;Mj". 

More generally, if A = {At}t>o is a continuous adapted increasing process such 
that 
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14 Brownian Motions and Stochastic Integrals [Ch.l 

e(sup Mf ) < (-E-XeM^. 

If we apply these results to an β·*-valued martingale, we obtain the following 
Doob's martingale inequalities. 

Theorem 3.8 (Doob's martingale inequalities) Let {Mt}t>o be an R*^-
valued martingale. Let (a, 6] be a bounded interval in R+. 

(i) If ρ > 1 and Mt € /."(Ω; R"^), then 

ω : sup |Μί(ω)| > c] < 
a<t<b cP 

holds for all c> 0. 
(ii) If ρ > 1 and Mt e Ζ>Ρ(Ω;β''), then 

e( sup \Μι\Λ<(-^Υε\Μ,\ρ. 

To close this section we state one more useful convergence theorem. 

Theorem 3.9 Let {At}t>o OLnd {i/t}t>o be two continuous adapted increasing 
processes with Aq = Uq = Q a.s. Let {Mt}t>o be a real-valued continuous local 
martingale with Mq = 0 a.s. Let ξ be a nonnegative To-mea.surable random 
variable. Define 

Xt = ξ + Λ - C ^ t + Mt fort>0. 

If Xt is nonnegative, then 

lim A» < oo ̂  C I lim Xt exists and is finite \π { lim i// < oo i a.s. 
t—oo J U—oo J U-«oo ) 

where Β c D a.s. means P{BnD'^) = 0. In particular, if Umt—oo At < oo a.s., 
then for almost αΙΙω eQ 

lim Χ ί ( ω ) exists and is finite, and lim Ut{u}) < oo. 
t-«oo t->oo 

hold for all c > 0. 

For submartingales we have the following well-known Doob inequality. 

Theorem 3.7 (Doob's submartingale inequalities) Letp > 1. Let {Mt}t>o 
be a real-valued nonnegative submartingale such that Mt € L''{Q;R). Let [a, 6] 
be a bounded interval in R+. Then 
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1.4 B R O W N I A N MOTIONS 

Brownian motion is the name given to the irregular movement of pollen 
grains, suspended in water, observed by the Scottish botanist Robert Brown 
in 1828. The motion was later explained by the random collisions with the 
molecules of water. To describe the motion mathematically it is natural to 
use the concept of a stochastic process Βι{ω), interpreted as the position of 
the pollen grain ω at time t. Let us now give the mathematical definition of 
Brownian motion. 

Definition 4.1 Let {Cl,!F, P) be a probability space with a filtration {Tt}t>Q- A 
(standard) one-dimensional Brownian motion is a real-valued continuous { J i } -
adapted process {Bt}t>o with the following properties: 

(i) Bo = 0 a.s.; 
(ii) for 0 < s < ί < 00 , the increment Bt - Β a is normally distributed vnth 

mean zero and variance t - s; 
(iii) for 0 < s < ί < oo, the increment Bt - Bg is independent of Ta-

We shall sometimes speak of a Brownian motion {Bt}o<t<T on [Ο,Γ], for 
some Τ > 0, and the meaning of this terminology is apparent. 

If {Bt}f>o is a Brownian motion ana 0 < ίο < < · · · < ifc < oo? then the 
increments Bt^—Bt^_i, 1 < i < A; are independent, and we say that the Brownian 
motion has independent increments. Moreover, the distribution of Bt^ - Βι^_ι 
depends only on the difference tj - t j - i , ana we say that the Brownian motion 
has stationary increments. 

The filtration {Ft} is a part of the definition of Brownian motion. How­
ever, we sometimes speak of a Brownian motion on a probability space (Ω, F", P) 
without filtration. That is, {Bt}f>o is a a real-valued continuous process with 
properties (i) and (ii) but the property (iii) is replaced by that it has the in­
dependent increments. In this case, define Tf = a{Ba : 0 < s < i) for ί > 0, 
i.e. F;^ is the σ-algebra generated by {B, : 0 < s < t}. We call {F'f }t>o the 
natural filtration generated by {Bt}- Clearly, {Bt} is a Brownian motion with 
respect to the natural filtration {T^}. Moreover, if {F"t} is a "larger" filtration 
in the sense that C Ft for ί > 0, and Bt - Bg is independent of F", whenever 
0 < s < < < oo, then {Bt} is a Brownian motion with respect to the filtration 

In the definition we do not require the probabifity space (Ω, F", P) be com­
plete and the filtration {Fi} satisfy the usual conditions. However, it is often 
necessary to work on a complete probability space with a filtration satisfying the 
usual conditions. Let {Bt}f>o be a Brownian motion defined on a probability 
space (Ω,F•,B). Let (ίϊ,Τ,Ρ) be the completion of {ίΙ,Τ,Ρ). Clearly, {Bt} is 
a Brownizm motion on the complete probability space (Ω,F", P) . Let Μ be the 
collection of P-nuU sets, i.e. JV = {A € F": P(A) = 0}. For t > 0, define 

F•t = σ(F•t^UΛr). 
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- ( 1 + ε)v^nSgbii < Btiuj) < (1 -t- ε)V2iloglogi for all t > ρ,{ω). 

We called {Tt} the augmentation under Ρ of the natural filtration {T/^} gener­
ated by {Bt}. It is known that the augmentation {Fi} is a filtration on (Ω,F", P) 
satisfying the usual condition. Moreover, {Bt} is a Brownian motion on (Ω, F", P) 
with respect to {Fe}. This shows that given a Brownian motion {Bt}i>o on a 
probability space (fi,F', P) , one can construct a complete probability space with 
a filtration satisfying the usual conditions to work on. 

However, throughout this book, unless otherwise specified, we would rather 
assume that (fi.F", P ) is a complete probability space with a filtration {F^} 
satisfying the usual conditions, and the one-dimensional Brownian motion {Bt} 
is defined on it. The Brownian motion has many important properties, and some 
of them are summarized below: 
(a) {-Bi} is a Brownian motion with respect to the same filtration {F'e}. 
(b) Let c > 0. Define 

Xt = ^ for <> 0. 

Then {Xt} is a Brownian motion with respect to the filtration {Tct}-

(c) {Bt} is a continuous square-integrable martingale and its quadratic varia­
tion {B,B)i = t for all t > 0. 

(d) The strong law of large numbers states that 

lim —^ = 0 a.s. 
t->oo t 

(e) For almost every ω € Ω, the Brownian sample path ΒΧω) is nowhere dif­
ferentiable. 

(f) For almost every ω € Ω, the Brownian sample path Β,{ω) is locally Holder 
continuous with exponent J if J e (0, 5 ) . However, for almost every ω e 
Ω, the Brownian sample path Β (ω) is nowhere Holder continuous with 
exponent <5 > 5 . 

Besides, we have the following well-known law of the iterated logarithm. 

Theorem 4.2 (Law of the Iterated Logarithm, A. Hincin (1933)) For 
almost every ω € Ω, we have 

(i) lim sup = 1, (ii) l i m i n f - 7 = £ ^ L = = - 1 , 
ao V2iloglog(l/<) no 72f loglog ( l / i ) 

(iii) lim sup ^ 5 ? ^ = = 1, (iv) lim inf .f*^%= = - 1 . 
^ ' t - 0 0 N/2tloglogt t - 0 0 v/Ziloglogt 

This theorem shows that for any ε > 0 there exists a positive random 
variable pj such that for almost every ω e Ω, the Brownian sample path Β,{ω) 
is within the interval ±(1 -I- ε)v/2tloglogί whenever t > pcii^), that is 
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On the other hand, the bounds - ( 1 - e)\/2t log log ί and (1 - ε)ν'2ί loglogi (for 
0 < e < 1) are exceeded in every i-neighbourhood of oo for every sample path. 

Let us now define a d-dimensional Brownian motion. 

Definition 4.3 A d-dimensional process {Bt = {Bl,-- ,Bf)}t>o is called a 
d-dimensional Brownian motion if every {BJ} is a one-dimensional Brownian 
motion, and {B}}, - • •, {Bf} are independent. 

For a d-dimensional Brownian motion, we still have 

hm s u p — = = = = = = 1 a.s. 
t - o o v/2tloglogi 

This is somewhat surprising because it meaJis that the independent individual 
components of Bt are not simultaneously of the order \/2t log log t, otherwise y/d 
instead of 1 would have appeared in the right-hand side of the above equality. 

It is easy to see that a d-dimensional Brownian motion is a d-dimensional 
continuous martingaJe with the joint quadratic variations 

{B\B^)t = 6ijt f o r l < t , j < d , 

where 6ij is the Dirac delta function, i.e. 

X _ ί 1 for i = ί , 

'̂ '̂  ~ \ 0 for i φ j . 

It turns out that this property characterizes Brownian motion among continuous 
local martingales. This is described by the following well-known Levy theorem. 

Theorem 4.4 (P. Levy (1948)) Let {Mt = {M^,• · • ,Mf)}t>o be a d-
dimensional continuous local martingale with respect to the filtration {Tt} and 
Mo = 0 a.s. If 

{M\M^)t = 6ijt forl<i,j<d, 

then {Mt = {Μ},· • •, Mt'')}t>o is a d-dimensional Brownian motion with respect 
to{rt}. 

As an application of the Levy theorem, one can show the following useful 
result. 

Theorem 4.5 Let Μ = {Mt}t>o ba a real-valued continuous local martingale 
such that Mo = 0 and hmt_oo(M,M)i = oo a.s. For each t > 0, define the 
stopping time 

Tt=M{s:{M,M)s>t}. 

Then { M r , }f>o is a Brownian motion udth respect to the filtration {^'τ,}ί>ο· 
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f f{s)dBa 
Jo 

with respect to an m-dimensional Brownian motion {Bt} for a class of d χ 
m-matrix-valued stochastic processes {f{t)}. Since for almost all ω e Ω, the 
Brownian sample path Β (ω) is nowhere differentiable, the integral can not be 
defined in the ordinary way. However, we can define the integral for a large 
class of stochastic processes by making use of the stochastic nature of Brownian 
motion. This integral was first defined by K. Ito in 1949 and is now known as 
Ito stochastic integral. We shall now start to define the stochastic integral step 
by step. 

Let (ίΙ,Τ,Ρ) be a complete probability space with a filtration {ft}i>o 
satisfying the usual conditions. Let Β = {Bt}t>o be a one-dimensionid Brownian 
motion defined on the probability space adapted to the filtration. 

Definition 5.1 Let 0 < α < 6 < oo. Denote by M'^([a,b];R) the space of all 
real-valued measurable {Tt}-adapted processes f = { / ( i )}a<t<6 such that 

l l / l l a , 6 = A / W l ' d t < (X). (5.1) 
Ja 

We identify f and f in M^{[a, b]; R) if \\f - f\\a b — 0· ^^i^ '"^ ^'"•V 
/ and f are equivalent and unite f = f. 

Clearly, || · | |a ,6 defines a metric on M^{[a, b]; R) and the space is complete 
under this metric. Let us point out that for every / e M'^([a,b];R), there is 
a predictable / € M^{[a,b];R) such that f = f. In fact, / has a progressively 
measurable modification / in Λ4^([α, 6];β) and then we may take 

1 / · ' -
/ ( i ) = l i m s u p - / f{s)ds. 

hio h 7t-h 

Thus, if necessary, we may assume that / € Λ^^([α, 6]; R) is predictable without 
loss of generality . However, in this book we would rather follow the usual 
custom of not being very careful about the distinction between the equivalence 
processes. 

For stochastic processes / e M'^{[a,b];R) we shall show how to define the 
Ito integral f{t)dBt. The idea is naturid: First define the integral g(t)dBt 
for a class of simple processes g. Then we show that each / e -M^([o, b]; R) can be 
approximated by such simple processes g's and we define the limit of J^g{t)dBt 
as the integral f{t)dBt. Let us first introduce the concept of simple processes. 

1.5 STOCHASTIC INTEGRALS 

In this section we shall define the stochastic integral 
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Definition 5.2 A real-valued stochastic process g = {g{t)}a<.t<b is called a 
simple (or step) process if there exists a partition a = to < ti < • • • < tk b 
of [a,b], and bounded random variables ξί, 0 < i < f c — 1 such that ξί is Ttr 
measurable and 

fc-l 
9{t) = io/Uo. t,i(i) + J2^<hu, t.+.)(i)- (5.2) 

Denote by Μο{[α, b]; R) the family of all such processes. 

Clearly, Mo{[a,b];R) C M^{[a,b];R). We now give the definition of the 
Ito integral for such simple processes. 

Definition 5.3 (Part 1 of the definition of Ito's integral) For a simple 
process g vnth the form of (5.2) in Moi[a,b]; R), define 

, 6 fc-i 

/ g{t)dBt = Y^ξi{Bt,,,~Bt,) (5.3) 

and call it the stochastic integral of g vrith respect to the Brownian motion {Bt} 
or the ltd integral. 

Clearly, the stochastic integral g{t)dBt is Ft-measurable. We shall now 
show that it belongs to L'^{Q;R). 

Lemma 5.4 If g S Mo([a,b\;R), then 

Ε 

Ε ί g{t)dBt = Ο, 
Ja 

ί g{t)dBt^ = E[ \g{t)\^dt. 
Ja Ja 

(5.4) 

(5.5) 

Proof Since ξ{ is -measurable whereas Bt-^^ - Bt. is independent of Ft^, 

/

6 fc-l fc-l 

g{t)dBt = '^Ε[ξ^(Βι„, - B tJ ] = ^ ^ ^ ^ E(Bt,^, - B t J = 0. 
i=0 

t=0 

Moreover, note that Bt^^, - Bt̂  is independent of ξiξjiBt,^^ - B t J if i < j . 
Thus 

e\ fg{t)dBt^ = X ; E[Ui{Bu,, - Bt.KBt,,, ~ Bt,)] 
0<t,j<fc-l 

i=0 
fc-l 

1=0 

- χ Ε ξ ? ( ί , + ι - ί Ο = -Ε / \9it)i-
i=0 •'o 

dt 
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p„is)ds = 1. 
J-00 

Define ^ 

Φη(ί) = Φη{ί,ω) = pn{s - t)φ(s,ω)ds. 
Ja 

Then for every ω, </>„(·,ω) is continuous and \φn{t,ω)\ < C. Also <̂ „ is a mea­
surable {/•t}-adapted process. Moreover, for all ω €Q, 

rb 
lim / \φ{t,ω)-φ„{t,ω)\'^dt = 0. 

as required. 

Lemma 5.5 Let fli,32 G Λίο([α,b]\R) and let c i ,C2 be two real numbers. Then 
cigi + C 2 5 2 6 Moi[a,b];R) and 

I [ci3i{i) + C292(i)]rfBt = ci f g,{t)dBt + C2 I g2{t)dBt. 
Ja Ja Ja 

The proof is left to the reader. We shall now use the properties shown in 
Lemmas 5.4 and 5.5 to extend the integral definition from simple processes to 
processes in M'^{[a,b];R). This is based on the following approximation result. 

Lemma 5.6 For any f G M^{{a,b];R), there exists a sequence {ff„} of simple 
processes such that 

lim Ε f \f{t) - 9 n ( i ) | ' d t = 0. (5 .6) 

Proof. We divide the whole proof into three steps. 
Step 1. We first claim that for any / e M^{[a, 6]; R), there exists a sequence 

{ψη} of bounded processes in M'^{[a,b]; R) such that 

lim Ε / | / ( ί ) - ψn{t)fdt = 0. (5 .7) 

In fact, for each n, put 
V 'n(i) = [ - n V / ( i ) ] Λ n. 

Then (5 .7) follows by the dominated convergence theorem (i.e. Theorem 2 .3 ) . 
Step 2. We next claim that ii φ e /A^{la,b]; R) is bounded, say \φ\ < C = 

const., then there exists a sequence {φη\ of bounded continuous processes in 
J^'^{\a,b\;R) such that 

lim Ε / |<^(ί) - <A„(i)|2di = 0 . (5 .8) 
n ^ ° ° Ja 

In fact, for each n, let pn : R-* R+ be a continuous function such that Pn{s) = 0 
for s < - ;̂  and s > 0 and 
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lim / \φ{ί,ω)~-9„{ί,ωψά1^0. 
Ja 

So (5.9) follows by the bounded convergence theorem once again. Finally, the 
conclusion of the lemma follows clearly from steps 1-3 and the proof is now 
complete. 

We can now explain how to define the Ito integral for a process / 6 
Λί^([α,ό];β). By Lemma 5.6, there is a sequence {gn} of simple processes such 
that 

lim Ε f \f{t)-gnit)\^dt = 0. 
°° Ja 

Thus, by Lemmas 5.4 and 5.5, 

rb rb .1 , rb 
Ε ί gn{t)dBt- j gm{t)dBt^ = E ί [gn{t) - 9m{t)\dBt 

Ja Ja Ja 
fb 

= E |g„(i) - gm{t)fdt 0 as n, m oc. 
Ja 

In other words, {J^gn{t)dBt} is a Cauchy sequence in L^(fi; R). So the limit ex­
ists and we define the limit as the stochastic integral. This leads to the following 
definition. 

Definition 5.7 (Part 2 of the definition of I to ' s integral) Let f e 
M^{[a,b\;R). The Ito integral of f with respect to {Bt} is defined by 

t f{t)dBt = Y^m tgn{t)dBt inL^{Q;Rl (5.10) 

Ja Ja 

where {gn} is a sequence of simple processes such that 
fb 

lim Ε / | / ( ί ) - gn{t)\^dt = 0. (5.11) 
Ja 

So (5.8) follows by the bounded convergence theorem. 
Step 3. We now cl^m that ii φ e Μ^{[α, 6]; Λ) is bounded and continuous, 

then there exists a sequence {gn} of simple processes such that 

lim £ Λ 0 ( ί ) - 3 „ ( ί ) Ρ ( ί ί = Ο. (5.9) 
Ja 

In fact, for each n, let 

9n{t) = Φ{α) /(α, a+(h-a)/n\{t) 
n-1 

+ ΎΐΦ(α + i{b - a)/n) / ( a + i ( 6 - a ) / n . a + ( t + l ) ( 6 - a ) / n ! ( < ) -
i = l 

Then gn € Λ^ο([ο> % R), and for every ω, 

rb 
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The above definition is independent of the particular sequence {gn}- For if 
{ h „ } is another sequence of simple processes converging to / in the sense that 

lim Ε / | / ( ί ) - hn{t)\'^dt = 0, 

then the sequence { ψ η } , where φ 2 η - \ = 9n and φ2η = Ίη, is also convergent to / 
in the same sense. Hence, by what we have proved, the sequence {/^ (^„(t)dBe} 
is convergent in Ζ/^(Ω;/?). It follows that the limits (in t ^ ) of gn{t)dBt and 
of j^hn{t)dBt are equal almost surely. 

The stochastic integral has many nice properties. We first observe the 
following: 

Theorem 5.8 Let f,g € M'^{[a,b]\R), and let α,β be two real numbers. Then 

(i) f {t)dBi is Tb-measurable; 

(ii) Ef'^mdBt=0; 

(tii) E\tj{t)dBt? = E!l\f{t)\Ht; 

(vi) J a \ c m + P9it)]dBt =af^f{t)dBt + 0f^g{t)dBt. 

The proof is left to the reader. The next theorem improves the results (ii) 
and (iii) of Theorem 5.8 

Theorem 5.9 Let f e Ji4'^{[a,b]; R). Then 

e[J' mdB{t)\Ta)=0, (5.12) 

E(\l'mdB{t)f\Ta) = E[j\f{t)Ydt\Ta) 

= j\{\m\^\Ta)dt. (5.13) 

We need a simple lemma. 

Lemma 5.10 / / / 6 7Vf̂ ([a, 6]; R) and ξ is a real-valued bounded Ta-measurable 
random variable, then ξ / € M'^{[a,b]\R) and 

f m)dBt=i f mdBf (5.14) 
Ja Ja 

Proof. It is clear that ξ / € Λ1^([α,6];β). If / is a simple processes, then 
(5.14) follows from the definition of the stochastic integral. For general / e 
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la 

ifO<a<b<c<T. 

<2 

/ f{t)dBt+ f f{t)dBt= f f{t)dBt (5.15) 
Ja Jb Ja 

Definition 5.11 Let f G M^{[0,T];R). Define 

I{t) = f{s)dBs forO<t<T, 

where, by definition, 7(0) = / ° f{s)dBfi — 0. We call I{t) the indefinite Ito 
integral of f. 

Clearly, {/(i)} is {F"t}-adapted. We now show the very important martin­
gale property of the indefinite Ito integral. 

Theorem 5.12 / / / € M^i^T]; R), then the indefinite integral {/(i)}o<t<T is 
a square-integrable martingale with respect to the filtration {Ft}. In particular. 

sup 
.o<t<TiJo 

/' f{s)dBs 1 < 4E Γ\fis)\^ds. (5.16) 
Jo J Jo 

Proof. Clearly, { / ( i ) } o < t < T 's square-integrable. To show the martingale 
property, let 0 < s < ί < Γ. By (5.15) and Theorem 5.9 

E{I{t)\Ts) = E(I(sWa) E[j'j{r)dBATa) = I{s) 

as desired. The inequality (5.16) now follows from Doob's martingale inequality 
(i.e. Theorem 3.8). 

M^{[a,b];R), let {g„} be a sequence of simple processes satisfying (5.11). Ap­
plying (5.14) to each g„ and taking η —> oo, the assertion (5.14) follows. 

Proof of Theorem 5.9. By the definition of conditional expectation, (5.12) holds 
if and only if 

e[IA ^ f{t)dB(t)) = 0 

for all sets A € !Fa- But by Lemma 5.10 and Theorem 5.8, 

e(IA jj{t)dB{t)) = Ε I' lAf{t)dBit) = 0 

as required. The proof of (5.13) is similar. 
Let Τ > 0 and / e Λ^^^ο,Τ];^). Clearly, for any 0 < α < 6 < Τ, 

{fit)}a<t<b e M^{[a, b]; R) so f{t)dBt is well defined. It is easy to show that 
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s)dBg, 0<t<T 

are continuous. By Theorem 5.12, {/«(ί) - Im{t)} is a martingale, for each pair 
of integers n,m. Hence, by Doob's martingale inequality (i.e. Theorem 3.8), for 
any ε > 0 

P | sup |/„(i) - 7„(i) | > ε} < ^E\UT) - /^(T)]^ 

1 Γ 
= -^E / |3„(s) - gmis)\^ds -> 0 as n, m oc. 

^ Jo 
For each k = 1,2,·· · , taking ε = fc ^ it follows that for some Uk sufficiently 
large, 

One can then choose the nk in such a way that Uk 1 cx) as k oo and 

Since ^3 k~'^ < oo, the Borel-Cantelli lemma (i.e. Lemma 2.4) implies that there 
exists a set Ωο e with Ρ(Ωο) = 0 and an integer-valued random variable ko 
such that for every ω e Ωο, 

sup | / „ , ( ί , α ; ) - / „ , ^ , ( ί , ω ) | < - ί if A: > Α;ο(α;). 
o<t<T κ 

In other words, with probability 1, {/nk(<)}fc>i uniformly convergent in ί e 
[Ο,Γ] , and therefore the limit, denoted by J{t), is continuous in ί G [Ο,Γ] for 
almost all a; e Ω. Since (5.17) implies 

lim I„,(t) = f f{s)dBs in L\il,Rl 

Theorem 5.13 / / / € M'^{\0,T]\R), then the indefinite integral {/(ί)}ο<(<τ 
has a continuous version. 

Proof. Let {g„} be a sequence of simple processes such that 

fT 
lim J5 / \f{s)-g„{s)\^ds = 0. (5.17) 

Note from the definition of the stochastic integral and the continuity of the 
Brownian motion that the indefinite integrals 
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{I,I)t= i\f(s)fds, 0<t<T. 
Jo 

(5.18) 

Proof. Obviously we need only to show (5.18). By the definition of the quadratic 
variation we need to show that {I^{t) — {I, I)t} is a continuous martingale van­
ishing at ί = 0. But, obviously P{0) - ( / , / )o = 0. Moreover, if 0 < r < t < T, 
by Theorem 5.9, 

E{l\t)-{I,I)t\Tr) 

= /2(r) - {I,I)r + '^I{r)E[f^ f{s)dBa\Tr) 

^ e{\ j ' f(s)dBj^\Tr) - e[J'\f{s)\Us\TT) 

= / > ) - ( / , / ) r 

as desired. 
Let us now proceed to define the stochastic integrals with stopping time. We 

observe that if r is an {Ft}-stopping time, then {/[[o, τ]] (0}t>o is a bounded right 
continuous {F't}-adapted process. In fact, the boundedness and right continuity 
are obvious. Moreover, for each ί > 0, 

( 0 6 F't if r < 0, 

{ω:τ{ω)<ί]&Τι i f O < r < l , 
Ω e Fi if Γ > 1, 

that is, / ( [o , r]l(*) is Fi-measurable. Therefore, {/[[q, r]]{t)}t>o is also predictable. 
Definition 5.15 Let f € A1^([0,r]; fi), and let τ be an {Tt}-stopping time 
such that 0 < τ < T. Then, {/[[o, r\]it)fit)}o<t<T 6 >f2 ( (0 ,T] ; f i ) clearly, and 
we define 

£ f(s)dBs = /([o, r]]{s)f{s)dBa. 

it follows that ^ 

J{t)= ί f{s)dBa a.s. 
Jo 

That is, the indefinite integral has a continuous version. 
Prom now on, when we speak of the indefinite integral we always mean a 

continuous version of it. 

Theorem 5.14 Let f e M^{\0,T];R). Then the indefinite integral I = 
{ / ( i ) } o < t < T is a square-integrable continuous martingale and its quadratic vari­
ation is given by 
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Γ f{s)dBa= f f{s)dBa~ Γ f{s)dBs. 
Jp Jo Jo 

It is easy to see that 

ζ f{s)dBa = ζΐ^^ρ, ^)f{s)dB,. 

If applying Theorem 5.8 to this we immediately obtain: 

(5.19) 

Theorem 5.16 Let f e M'^{{0,T];R), and let ρ , τ be two stopping times such 
that 0 < ρ < T <T. Then 

Ε Γ f{s)dB,=0, 
Jp 

f f{s)dBs^ = Ε f \f{s)\Hs. 

Jp Jp 

However, the next theorem improves these results and is also a generalization of 
Theorem 5.9. 

Theorem 5.17 Let f e M'^{[0,T];R), and let ρ,τ be two stopping times such 
that 0 < ρ < r < T. Then 

E[f^ f{s)dBa\Tp)=Q, (5.20) 

e{\J^^ f{s)dBj^\Tp) = E[f^ \f{s)\^ds\Tp). (5.21) 

We need a useful lemma. 

Lemma 5.18 Let f € M^{[0,T\;R), and let τ be a stopping time such that 
0<T <T. Then 

f{s)dBs = I{r), 

where {I{t)}o<t<T is the indefinite integral of f given by Definition 5.11. 

We leave the proof of this lemma to the reader, but prove Theorem 5.17. 

Proof of Theorem 5.17. By Theorem 5.14 and the Doob martingale stopping 
theorem (i.e. Theorem 3.3), 

E{I{r)\Tp) = I{p) (5.22) 

Furthermore, if ρ is another stopping time with 0 < ρ <τ, we define 
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E{l\r)-{I,I)r\Tp) = l'{p)-{I,I)p, 

27 

(5.23) 

where {{I,I)t} is defined by (5.18). Applying Lemma 5.18 one then sees from 
(5.22) that 

E[f^ mdBa\Tp) = E{I{t) - I{p)\Tp) = 0 

which is (5.20). Moreover, by (5.22) and (5.23), 

E{\I{r) - l{p)f\Tp) = E{l\r)\Tp) - 2/(p)£(/(r) |JF,) + l\p) 

= E{l\r)\Tp) - IHp) = Ei(I,I)r - {I,I)p\Tp) = e { £ \fis)fds\Tp) 

which, by Lemma 5.18, is the required (5.21). The proof is complete. 

Corollary 5.19 Let f,g £: Λ1^([0,Τ];fl), and let ρ,τ be two stopping times 
such thatO<p<T<T. Then 

Ε[ζ f{s)dBa J\{s)dBa\Tp) = e[J^ f{s)9is)ds\Tp). 

Proof. By Theorem 5.17, 

4Ε[ζ f{s)dBs ζ g{s)dBs\Tp) 

==E[\l\f(s)+g{s))dBa\^\Tp) - E{\j\f{s) - a{,s))dBj\ \Tp) 

=E[J\f{s) + 9is)fds\Tp) - E[j\fis) - g{s)Yds\Tp) 

=4e[J^ fis)g{s)ds\Tp) 

as desired. 
We shall now extend the Ito stochastic integral to the multi-dimensional 

case. Let {Bt = {B},- • •, B^)^}t>o be an m-dimensional Brownian motion de­
fined on the complete probabifity space (Ω, F", P) eidapted to the filtration {Fj}. 
Let Λ1^([0,Τ^,Ρ**^"*) denote the family of all d χ m-matrix-valued measurable 
{Fij-adapted processes / = { ( / i j ( i ) ) d x m } o < t < T such that 

Ε 
Jo 

"^dt < oo. 

Here, and throughout this book, |A| will denote the trace norm for matrix A, 
i.e. |A| = yJtraceiA^A). 
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Definition 5.20 Let f € M^{[0,T];R'^''"'). Using matrix notation, we define 
the multi-dimensional indefinite ltd integral 

f f{s)dB,= f 
Jo Jo 

/ / n ( s ) · · · fUs)\ 

\fdl{s) ·•• / d m ( s ) / 

('^^' \ 
/ [dBTj 

to be the d-column-vector-valued process whose i'th component is the follounng 
sum of 1-dimensional ltd integrals 

/ ftj{s)dBi. 

Clearly, the Ito integral is an β''-valued continuous martingale with respect 
to {J-t)- Besides, it has the following important properties. 

Theorem 5.21 Let f e M^{[Q,T\;R'^''"'), and let p,r be two stopping times 
such that 0<p<T<T. Then 

E^l^ fis)dBs\Tp)=0, (5.24) 

e(\J^ f{s)dBs\^\Tp) = E[f^ \f{s)\^ds\Tp). (5.25) 

The assertion (5.24) follows from the definition of multi-dimensional Ito 
integral and Theorem 5.17, while (5.25) follows from Theorem 5.17 and the 
following lemma. 

Lemma 5.22 Let {J3/}i>o {^?}t>o *e two independent \-dimensional 
Brownian motions. Let f,g € M'^([0,T]\R), and let ρ,τ be two stopping times 
such that 0<p<T<T. Then 

e[ f{s)dBl f g{s)dB^a\Tp) = 0. (5.26) 

Proof We first claim that ϊίφ,φ^ M^{{a, 6]; R). Then 

E[j\{s)dBl l\is)dB^:=0. 

In fact, let φ, φ be simple processes with the forms 

φ^=ξοΙ[ι„. t . l(() + X ^ ' A t . , t . „ l ( i ) 

(5.27) 
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-Bl) E(i φ{3)άΒΐ ί φ{3)άΒή = γγ^Ε[ξ^ζ^{Βΐ^^-Βΐ){Βΐ^^ 
J" ·'» i = 0 j = 0 

But for every pair of i, j , if tj < tj, then B^^^^ ~Β}^ is independent of CtCj(^t\+, 
) and hence 

Similarly, it still holds if U > tj. In other words, we have shown that (5.27) 
holds for simple processes φ, φ, but the general case follows by the approximation 
procedure. 

We next observe that for any 0 < r < t <T 

e[I' f{s)dBl j ' g{s)dBJ\Tr) = 0, (5.28) 

since, by (5.27) and Lemma 5.10, for any A € !Fr 

e{IA j ' f{s)dBl j'gis)dB^ = e[J' / ^ / ( s )dBi j'9{s)dBή = 0. 

Therefore 

E[jj{s)dBl j\{s)dBl\Tr) 

= f{s)dB\ 1^ g{s)dBl + j ^ ' f{s)dB\E[j'^ g{s)dBt\Tr) 

+ g{s)dB^E(^j' f{s)dBl\Tr) + e(^J' f{s)dBl j'gis)dB^a\Tr) 

= ί f{s)dBl f g{s)dBl. 
Jo Jo 

That is, {Jq f{s)dBl g{s)dBa}o<t<T is a martingale with respect to {Tt}. 
Hence, by the Doob martingale stopping theorem, 

e[£ f(s)dBl £ g{s)dB'a\Tp) - £f{s)dBl £9is)dBl (5.29) 

Now the assertion (5.26) follows from (5.29) easily. The proof of the lemma, 
hence of Theorem 5.21 is now complete. 

and 

m - l 

J = l 

Then 
rb rb . * : - l m - l 
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I 

τ 
2 IfiWdt < oc a.s. for every Γ > 0. 

Let M'^{R+;R'^'''^) denote the family of all processes / € C^{R+; R'^''"') such 
that 

Ε / < 00 for every Τ > 0. 

Clearly, if / € Λ42(Λ+; i?<*'<'"), then {/(i)}o<t<r e Μ2([ο,γ];Λ<"<™) for every 
Τ > 0. Hence, the indefinite integral Jg f{s)dBa, ί > 0 is well defined, and it 
is an β''-valued continuous square-integrable martingale. However, we aim to 
define the integral for all processes in £ 2 ( β + ; i?''^"*). Let / e C^{R+; R'"'"'). 
For each integer η > 1, define the stopping time 

r„ = n A i n f { i > 0 : / \f{s)\'^ds>n}. 
Jo 

Clearly, τ„ | oo a.s. Moreover, {/(ί)/|[ο,τ„])(ί)}ί>ο e M'^{R+; R"^"""") so the 
integral 

In{t) = /(s)/[[o,r„ii(s)(iB„ t > 0 

is well defined. Note that for 1 < η < m and ί > 0, 

/ m ( t A T „ ) = / /(s)/[[o,r„l](s)dBa = / /(s)/[(o,r„]| (s)/[[0,r„]l (s)^^* 
Jo JO 

= ί /(s)/[[o,.„ii(s)dB, = /„(i) , 
JO 

which implies 
Imit) = /„(«), 0 < ί < Tn-

So we may define the indefinite stochastic integral {/(i)}t>o as 

lit) = /„(i) on 0 < ί < Tn. (5.30) 

Definition 5.23 Let / = {f{t)}t>o € A4'^{R+; R^""""). The indefinite Ito 
integral of / with respect to {Bt} is the β''-valued process {/(i)}t>o defined by 
(5.30). As before, we usually write / ( s ) d B s instead of I{t). 

It is clear that the Ito integral / ( s ) d B s , ί > 0 is a i?**-valued continuous 
local martingale. 

We shall finally extend the stochastic integral to a larger class of stochas­
tic processes. Let i i '* '*'") denote the family of all d x m-matrix-valued 
measurable {F<}-adapted processes / = {/(ί)}ί>ο such that 
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Jo 
\f{t)\dt < oc a.s. for every Τ > 0. 

Definition 6.1 A one-dimensional Ito process is a continuous adapted process 
x(i) ont>Q of the form 

x(f) = i ( 0 ) + / fis)ds-^ ί 9is)dBa, (6.1) 
Jo Jo 

where f € C^{R+;R) and g € £?(R+;R}. We shall say that x{t) has stochastic 
differential dx{t) on ί > 0 given by 

dx{t)^ f{t)dt+g{t)dBt. (6.2) 

We shzdl sometimes speak of Ito process x{t) and its stochastic differential 
dx{t) on ί G [a, 6], and the meaning is apparent. 

Let C'^'^{R''- X R+\R) denote the family of all real-valued functions V{x, t) 
defined on χ R+ such that they are continuously twice differentiable in χ and 
once in t. If V e C^'^{R!^ χ β+; R), we set 

' dt' Vax,' ' a x J ' ν θ ΐ ι ' ' dxd. 

dxidxi • • • dxidxH 

^ dxddxi " ' dxadxd ' 

1.6 ITO'S FORMULA 

In the previous section we defined the Ito stochastic integrals. However 
the basic definition of the integrals is not very convenient in evaluating a given 
integral. This is similar to the situation for classical Lebesgue integriils, where 
we do not use the basic definition but rather the fundamental theorem of calculus 
plus the chfiin rule in the explicit calculations. For example, it is very easy to 
use the chain rule to calculate cos sds = sin t but not so if you use the basic 
definition. In this section we shall establish the stochastic version of the chain 
rule for the Ito integrals, which is known as Ito's formula. We shall see in this 
book that Ito's formula is not only useful for evaluating the Ito integrals but, 
more importantly, it plays a key role in stochastic ansJysis. 

We shall first estabUsh the one-dimensional Ito formula and then generalize 
it to the multi-dimensional case. Let {Bt}t>o be a one-dimensional Brownian 
motion defined on the complete probability space (ίΙ,Τ,Ρ) adapted to the fil­
tration {Tt}t>o- Let C^{Ry,Rf^) denote the family of all β''-valued measurable 
{Fij-adapted processes / = {/(i)}f>o such that 
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Proof. The proof is rather technical and we shall divide the whole proof into 
several steps. 

Step 1. We may assume that x{t) is bounded, say by a constant Κ so the 
values of V{x,t) for χ φ [-Κ,Κ] are irrelevant. Otherwise, for each η > 1, 
define the stopping time 

T „ = inf{i > 0 : \x{t)\ > n}. 

Clearly, τ„ ] oo a.s. Also define the stochastic process 

Xn{t) = [~nVx{0)]An+ f f{s)I{[o,r„]\{s)ds+f ff(s)/[(o,r„i](s)dB. 
Jo Jo 

on ί > 0. Then |χ„(ί)| < η, that is Xn{t) is bounded. Moreover, for every t > 0 
and almost every ω e Ω, there exists an integer Uo = ηο(ί,ω) such that 

Xn{s,u) = x{s,u) on 0 < s < ί 

provided η > tiq. Therefore, if we can establish (6.3) for x„(i), that is 

y(a :„( i ) , i ) -V(x(0) ,0) 

= / fvi(x„(s),s) + V;(x„(s),s)/(s)/[io,r„]](s) 
Jo >-

+ ^Vxx(x„{s),s)g^{s)I[[o,T„]]{s) ds 

+ f V:^{xn{s),s)g(s)Im,T„]]{s)dBs, 
Jo 

then we obtain the desired result upon letting η —> oo. 

Clearly, when V G C^'^(R χ R+; R), we have = ^ and = 0 . 
We are now ready to state the first main result in this section. 

Theorem 6.2 (The one-dimensional I t o formula) Let x{t) be an ltd process 
on ί > 0 with the stochastic differential 

dx(t) = f{t)dt-[-9{t)dBt, 

where f € C^{R+;R) and g e C'^{R+;R). Let V e C^'^R χ R+;R). Then 
V{x{t),t) is again an ltd process with the stochastic differential given by 

dV(x{t),t) = [Vdx{t),t) + V,{x{t),t)m + \vMt),t)9\t)\dt 

+ V^{x{t),t)g{t)dBt a.s. (6.3) 
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v ; ( x ( f ) , i ) - y „ ( x ( o ) , o ) 
t 

4 0 L 
* a 

^V„{x{s),s) + ^ V „ ( x ( s ) , 5 ) / ( s ) + i ^ V „ ( x ( s ) , ds 

+ / £ K ( x ( 5 ) , % ( s ) d 5 „ 

then, letting η oo, we obtain the desired result (6.3). By steps 1 and 2, 
we may assume without loss of generahty that V, Vt, Vtt, Vx, Vtx and Υχχ are all 
bounded on β χ [Ο, t] for every ί > 0. 

Step 3. If we can show (6.3) in the case that both / and g are simple 
processes, then the general case follows by approximation procedure. (The pro­
cesses in C^{R+; R) can be approximated by simple processes in a similar way 
as shown in the proof of Lemma 5.6 but we leave the details to the reader.) 

Step 4. We now fix ί > 0 arbitrarily, and assume that V, Vt, Vtt, Vx, Vtx, I4i 
are bounded on β χ [Ο,ί], and f{s),g{s) are simple processes on s € [0,i]. Let 
Π = {to,t\,- • ,tk} be a partition of [Ο,ί] (i.e. 0 = ίο < <i < · · · < i/t = i) 
sufficiently fine that f{s) and g{s) are "random constant" on every (ii,ii+i] in 
the sense that 

/ ( s ) = fi, 9{s) = 5i if s e (i., ii+ij. 

Using the well-known Taylor expansion formula we get 

fc-l 
V{xit),t) - F(x(0),0) = 5 ; [v (x( i ,+ i ) , i ,+ i ) - V{x{ti),ti) 

i=0 
fc-l fc-l , fc-l 

= J2 VtixiU), ti)Ati + νς(χ(ί.), ti)Axi + VttixiU), ti)iAtiY 
t = 0 t = 0 i = 0 
fc-l ^ fc-l fc-l 

+ 5 ] Vtx{x{ti),ti)AtiAxi + - X Vxx{xiti),ti){Axif + J2 Ri> (6-4) 
{=0 t = 0 i = 0 

where 

Ati = ti+i~ti, Δχί = χ(ίί+ι) - x(ii), Ri = oiiAtiY + (Axif). 

Step 2. We may assume that V{x,t) is C^, i.e. it is continuously twice 
differentiable in both variables (x, t), otherwise we can find a sequence {V„(x, t)} 
of C^-functions such that 

V;(x,i) F(x,<), - Vt{x,t), 

^Vn{x,t) νς(χ,ί), ^ ν ς ( ι , ί ) νς,(χ,ί) 

uniformly on every compact subset of i? χ β+ (see e.g. Friedman (1975)). If we 
can show the Ito formula for every V„, that is 
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Note that 

fc-l 
Y2^Mti),ti)AtiAxi 
t = 0 

fc-l fc-l 
= Y2Vtx{x{U),U)fi{AUY + J2Vtx{x{ti),U)giAtiABi, 

i = 0 «=0 

where ABi = Bι.^^ — Bt^. When |Π| —» 0, the first term tends to 0 a.s. while 
the second term tends to 0 in since 

fc-l 2 
E(j2ytAx{ti),U)9iAUABi) ^Y^E[VUxiU),U)9iY{Ahf - 0 . 

i = 0 i = 0 

In other words, we have shown (due to the assumption of boundedness) that 

fc-l 
J2ViAx{ti),ti)AtiAxi0 inL^. (6.8) 
«=0 

Note also that 

fc-l 
YVxx{x{ti),U)iAxiY 
t = 0 

= Y^VMti),ti)[ff(Ati)^ + 2figiAtiABi] +Y2VMU),U)9MBif. 

t = 0 
fc-l fc-l 

i = 0 i=0 

The first term tends to 0 in as |Π| —» 0 in the same reason as before, while we 
claim the second term tends to Vii(x(s), s)g^{s)ds in L^. To show the latter. 

Set |Π| = maxo<j<fe_i Δί^. It is easy to see that wiicn |Π| —> 0, with probability 
1, 

fc-l ft 
J2Vt{x{ti),ti)AU ^ Vtixis),s)ds, (6.5) 
i = 0 •'0 

* - l rt 
TVx{xiU),U)Ax,/ Vx{x{s),s)dx{s) 
i = 0 -^0 

= / VAxis),s)f{s)ds+ f Vxix{s),s)9(s)dBs, (6.6) 
Jo Jo 

fc-l fc-l 
Y^Vtt{x{ti),t,){Atif -^0, and ^ Λ ^ ^ Ο . (6.7) 
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E(j2hi{ABif-J2'^i^ti) 
1=0 i = 0 

-E^Y^Y^hihjliABtY - Ati]{{ABjY - Atj]) 
i=0 }=0 

Jj^EihUABiY-AtiY) 
t = 0 
fc-l 

^Y^Eh^i E[{ABiY - 2{ABiYAti + (Δί^^ 
i=0 
fc-l 

= Y Eh} [3(Δί0' - 2{AtiY + {Atif 

= 2 ^ £ ; / ι ? ( Δ ί , ) ' - 0 , i=0 

where we have used the known fact that ^ ( Δ β ^ ^ η ^ (2η)!(Δί<)"/(2"η!). Thus 

fc-l ft 

YhiiABif-* / /i(s)ds inL^. 
1^0 •'o 

In other words, we have already shown that 

fc-l 
Τ VMti), U){Axif ^ / * Vxx{x{s), s)g\s)ds in L \ (6.9) 

Substituting (6.5)-(6.9) into (6.4) we obtain that 

V{x{t),t)-V{x{U),0) 

Vt{x{s\s) + F,(x(s) ,s) /(s) + \Vxx{x{s),s)g\s) 

+ / Vx{x{s),s)g{s)dBa a.s. 
Jo 

which is the required (6.3). The proof is now complete. 
We shall now extend the 1-dimensional Ito formula to the multi-dimensional 

case. Let B{t) — (j5i(i), · · ·, Bm(t))'^, ί > 0 be an m-dimensional Brownian mo­
tion defined on the complete probability space (Ω, T, P) adapted to the filtration 
{^}t>o. 

we set h{t) = Vj:x{x{t),t)g^it), hi = Vxx{x{ti),ti)gf, and compute 

it-l fe-i 
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Theorem 6.4 (The multi-dimensional Ito formula) Let x(i) be a d-
dimensional ltd process on ί > 0 with the stochastic differential 

dxit) = fit)dt + git)dBit), 

where f e C\R+; R'^) ondg € £ 2 ( β + ; Λ·*^"*). Let V e C^'^R"^ xR+; R). Then 
V(x(i),i) is again an Ro process with the stochastic differential given by 

dVixit),t) = \Vtixit),t) + νς(χ(ί),<)/(ί) 

-f i i race(/( i)V^^(x(i) , i )5(i))]dt + K(x(i),i)ff(i)dB(i) a.s. (6.10) 

The proof is similar to the one-dimensional case so is omitted. Let us now 
introduce formally a multiplication table: 

dtdt = 0, dBidt = 0, 
dBidBi = dt, dBidBj = 0 if i ^ j . 

Then, for example, 
m 

dxiit)dxjit) = Ygikit)gjkit)dt. (6.11) 
fc=l 

Moreover, the Ito formula can be written as 

dV(x(t),i) = Vtixit),t)dt -l· Vx(x(i),i)dx(i) 

-i-^dx'^it)VMt),t)dxit). (6.12) 

Note that if x(i) were continuously differentiable in t, then (by the classical 
calculus formula for total derivatives) the term ^ < ί χ ^ ( ί ) Κ ι ι ( χ ( ί ) , ί)£ίχ(<) would 
not appear. For example, let V(x,i) = x i X 2 , then (6.11) and (6.12) yield 

d[xi(i)x2(i)] = xiit)dx2it) + X2(i)dxi(i) + dxidx2 (6.13) 
m 

= xi{t)dx2{t)X2{t)dxiit) -I- Y2gik(t)g2kit)dt, 
k=l 

Definition 6.3 A d-dimensional ltd process is an R"^-valued continuous adapted 
process x{t) = {x\{t), • · · , X d ( t ) ) ^ ont>0 of the form 

x{t) = x(0) + / f{s}ds + f g{s)dB{s), 
Jo Jo 

where f = {fw-Jdf € C\R+;R!') and g = {gijU^m & C\R+; R''^-^). We 
shall say that x{t) has stochastic differential dx{t) on ί > 0 given by 

dxit) = f{t)dt + g{t)dB{t). 
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Example 6.6 Let B{t) be a 1-dimensional Brownian motion. To compute the 
stochastic integral 

fB{s)dB(s), 
Jo 

we apply the Ito formula to B^{t) (i.e. let V{x,t) = x^ and x(i) = β( ί ) ) , and 
get 

d{B'^{t)) = 2B{t)dB{t)^-dt. 

That is 

which implies that 

β 2 ( ί ) = 2 Γ B{s)dB{s) + ί, 
Jo 

L 
' B{s)dB{s) = hBHt)-t]. 

Example 6.7 Let B{t) be a 1-dimensional Brownian motion. To compute the 
stochastic integral 

„ - s / 2 + B ( s ) , ί e-^r^+^^'UBis), 
Jo 

we let V{x,t) = e ĝ jĵ j ^(^^^ _ B(t), and then, by the Ito formula, we 
obtain 

= e - ' / 2 + B ( t ) d B ( i ) . 

which is different from the classical formula of integration by parts d{uv) = 
vdu + udv if both u, ν are differentiable. However we do have the stochastic 
version of integration by parts formula which is similar to the classical one. 

Theorem 6.5 (Integration by parts formula) Let x{t), t > 0 be a l-
dimensional ltd process with the stochastic differential 

dx(t) = f{t)dt + git)dB{t), 

where f e C^{R+;R) and g G £2(β^;βΐχη>) y^f^^ t > 0 be a real-valued 
continuous adapted process of finite variation. Then 

d[xit)yit)] = yit)dx{t) + x{t)dyit), (6.14) 

that is 

x{t)yit) - x(0)y(0) = £ y{s)[f{s)ds 4- g{s)dB{s)] + £ x{s)dy{s), (6.15) 

where the last integral is the Lebesgue-Stieltjes integral. 

Let us now give a number of examples to illustrate the use of Ito 's formula 
in evaluating the stochastic integrals. 
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Jo 

Example 6.8 Let B{t) be a 1-dimensional Brownian motion. What is the inte­
gration of the Brownian sample path over the time interval [0, t), i.e. B{s)dsl 
The integration by parts formula yields 

d[tB{t)] = B{t)dt + tdB{t). 

Therefore ^ ^ 

/ B(s)ds = tB{t) - / sdB(s). 
Jo Jo 

On the other hand, we may apply Ito's formula to B^{t) to obtain 

dB^it) = W^{t)dB(t) + W{t)dt, 

which gives the alternative 

£ B{s)ds = ^B'it) - £ B^{s)dBis). 

Example 6.9 Let B{t) be an m-dimensional Brownian motion. Let V : R"^ —> 
β be C^. Then Ito's formula implies 

V{B(t)) = ViQ) + \ £ AV{B{s))ds + £ VxiBis))dB{s), 

where Δ = ^ Z ^ j is the Laplace operator. In particular, let V be a quadratic 
function, i.e. V{x) = x^Qx, where Q is an m χ m matrix. Then 

B'^(t)QB{t) = trace(Q)t + f B^(s)(Q -I- Q^)dB{s). 
Jo 

Example 6.10 Let x{t) be a d-dimensional Ito process as given by Definition 
6.3. Let Q be a d X d matrix. Then 

x^(i)Qx(i) - x''(0)i?x(0) 

= £ (x^(s)(Q + Q^)/(s) + ^trace[g^{s){Q + g^)g(s)])ds 

+ ix'^is){Q + Q^)g{s)dB{s). 
Jo 

That yields 
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In this section we shall apply Ito 's formula to establish several very im-
portemt moment inequalities for stochastic integrals as well as the exponential 
martingale inequality. These will demonstrate the powerfulness of the Ito for­
mula. 

Throughout this section, we let B{t) = · · · , β „ ( ί ) ) ^ , ί > 0 be 
an m-dimensional Brownian motion defined on the complete probability space 
{Q,T,P) adapted to the filtration {Tt}t>o-

Theorem 7.1 Let p>2. Let g € ^^ ( [Ο,Γ] ;^ ·*^"*) such that 

< oc. 

Then 

Ε Γ \g{sWds 
Jo 

£ 9(s)dB{s)\'' < (^^i^yT'^EJ^ \g{sWds. (7.1) 

In particular, for ρ = 2, there is equality. 

Proof. For ρ = 2 the required result follows from Theorem 5.21 so we only need 
to show the theorem for the case of ρ > 2. For 0 < ί < T, set 

xit)= f9is)dB{s). 
Jo 

By Ito's formula and Theorem 5.21, 

m t w 

= ^E£{\x{s)r^\gis)\' + (p- 2)\x(s)r'\χ•'is)9(s)\ήds (7.2) 

<?^^Ejjx{s)r'\g{s)fds. (7.3) 

Using Holder's inequahty one then sees that 

Elxm" <?^P^(e £ \x{srds^ " (^E^lgisWdsy 

^^^^^(^^Elxisrds^ " (e £ \g(s)\^dsy. 

Note from (7.2) that E\x{t)\P is nondecreasing in t. It then follows 

E\xitr < [tE\x{t)\p] ^ (^E £ \g(s)\r>ds^ ". 

1.7 M O M E N T INEQUALITIES 
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sup / g{s)dB{s)\^^ < 
\0<T<T Jo ' / 

/ p3 

2(p 

X p /2 , T 

- j T'^Ej^ \g{s)\'>ds. 

[Ch. l 

(7.4) 

Proof. Recall that the stochastic integral g{s)dB{s) is an fi''-valued contin­
uous martingale. Hence, by the Doob martingale inequality (i.e. Theorem 3.8), 
we have 

e( sup f g{s)dB{s) ' ) < (-^Xe\ Γg{s)dB{s)\\ 
\O<T<T Jo ) V p - l / Jo 

In view of Theorem 7.1, we then obtain the desired (7.4). 
The following theorem is known as the Burkholder -Davis-Gundy inequal­

ity. 

Theorem 7.3 Let g € C'^(R+\β'^^'"). Define, for t > 0, 

x{t) = g{s)dB{s) and A{t) = £ \gis)\'^ds. 

Then for every ρ > 0, there exist universal positive constants Cp, Cp (depending 
only on p), such that 

Cp£;|A(i)|5 < e( sup 11(5)1") < CpE\Ait)\^ (7.5) 
^o<»<t ' 

for allt>0. In particular, one may take 

Cp = (ρ/2γ, Cp = (32/p)P/2 
Cp = 1, Cp = 4 

Cp = (2ρ)- ' · /2, Cp = [pP+V2 (p - 1 ) " - ' ] "^ ' if Ρ > 2· 

Proof We may assume without loss of generality that both x{t) and A(t) are 
bounded. Otherwise, for each integer η > 1, define the stopping time 

r„ = inf{i > 0 : |2;(i)| V A{t) > n}. 

If we can show (7.5) for the stopped processes x(t Λ r„) and A{t Λ r „ ) , then 
the general case follows upon letting η —> oo. Besides, for convenience, we set 
2;*(i) =supo<,<( |x(s)|. 

i/O < ρ < 2; 
if Ρ =^2; 

This yields 

and the required (7.1) follows by replacing t with T. 

Theorem 7.2 Under the same assumptions as Theorem 7.1, 
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Case 1 : ρ = 2. The r e q u i r e d (7.5) f o l l o w s f r o m Theorem 5.21 a n d t h e 

Doob m a r t i n g a l e i n e q u E i l i t y i m m e d i a t e l y . 

Case 2: ρ > 2. It f o l l o w s f r o m (7.3) t h a t 

2 
p ( p - l ) 

x'{t)r'A{t) 

E\x'itw]'^\E\Ait)\^ (7.6) 

where the Holder inequality has been used. But, by the Doob martingide in­
equality. 

Substituting this into (7.6) yields 

which is the right-hand-side inequality of (7.5). To show the left-hand-side one, 
we set 

y{t) = f \A{s)\'^g{s)dB{s). 
Jo 

Then 

E\y{t)f = E f\A{s)\'^\gis)fds 
Jo 

= E f\A{s)\^dAis) = lE\Ait)\^. 
Jo Ρ 

On the other hand, the integration by parts formula yields 

x ( i ) | A ( i ) | ' ^ = £\A{s)\'^dx{s) + £ x{s)d{\A{s)\'^) 

= y{t) + j\is)d(\A{s)\'^). 

(7.7) 

Thus 

< \xit)\\A{t)\'^ + £ \x{s)\d[\A(s)\'^) <2x'it)\A{t)\'^. 

Substituting this into (7.7) one sees that 

|£; |A(i) |? < 4 E [ | x * ( i ) n A ( i ) | ' ^ ] <4[E\x-it)\''Y[E\Ait)\^ ρ 
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as desired. 
Case 3 : 0 < ρ < 2. Fix ε > 0 arbitrarily and define 

e + A{s)]* g(s)dB{s) and sup [77(5)1. 
0<s<t 

Then 

nit) = 
Jo 

E\nit)Y = E i\e-\-Ais)]'^dAis)<-E[e + Ait)]^^. 
Jo Ρ 

On the other hand, the integration by parts formula gives 

nit)[e + Ait)f-^ = j\is)dBis) + l\is)d{[e + A ( s ) ] ^ ) 

= xit) + j\is)d[[e + Ais)]'^). 

(7.8) 

Thus 

\xit)\ < m\[e + Ait)]"^ + £ Hs)\d{[e + A ( s ) ] ^ ) 

<2n'it)[e + Ait)]'^. 

Since this holds for all ί > 0 and the right-hand side is nondecreasing, we must 
have 

Elx'it)]" < 2''E\\v'it)\P[e + A ( i ) ] ^ 

< 2" E\n'it)\Y\E[e + Ait)]i (7.9) 

But, by Doob's martingale inequality and (7.8), 

E\n*it)f<AE\vit)f<^E[e + Ait)]^. 

Substituting this into (7.9) one sees that 

' 3 2 \ f 
Ρ 

E\x^t)f<[^YE[e + Ait)]'^. 

Letting ε -+ 0 we obtain the right-hand-side inequality of (7.5). To show the 
left-hand-side one, we write, for any fixed ε > 0, 

\Ait)\i = (\Ait)\^e + x'it)]^^)[e + x'it)} 

This implies 
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{^yE\A{t)\^ < E\x'{tW 

as required. The proof is now complete. 
The following theorem is known as the exponential martingale inequality 

which will play an important role in this book. 

Then, applying Holder's inequality, one sees that 

E\Ait)\^ < [Ε{Α{1){ε + χ'{1)]''-ηγ{Ε[ε + χ'{ί)]η-^. (7.10) 

Define 

ξ ( ί ) = i\e + x'{s)]'^g{s)dB{s). 
Jo 

Then 

Em\^ = EJ\e + x'{s)]'>-^dA{s) > Ε{[ε + x^t)]^-^Α{1)). (7.11) 

On the other hand, the integration by parts formula gives 

x{t)[e + x * ( t ) ] ' ^ = ξ(1) + £ x{s)d[\e + a : * ( s ) ] ^ ) 

= + ^ / + ^*is)]"^dle + x*{s)]. 

Thus 

m \ < x'it)[e + χ · ( ί ) ] ^ + ^ + x'{s)]'^d[e + x*(5)) 

< [ε + x*(i)]f + ^ £ [ ε + χ ' ( 3 ) ] ^ φ + χ · ( 5 ) ] 

< ? [ ε + χ·( ί)]ξ. 

This, together with (7.11), implies 

E([e + x^t)r^A{t)) < + x*(*)]". 

Substituting this into (7.10) we get that 

E\A{t)\i <QYE[e + x'{tW. 

Finally, letting ε —> 0 we have 
r p \ P 
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Theorem 7.4 Let g = ( 5 i , - - - , 5 m ) e C'^{R+\R^''"'), and let Τ,α,β he any 
positive numbers. Then 

p\ sup [ f g{s)dB{s) - f / ' J > β\ < e""' ' . (7 .12) 

Proof. For every integer η > 1, define the stopping time 

T „ = infji > 0 : 1 ^ 9{s)dB{s)\ + \g{s)\''ds > n | , 

and the Ito process 

a;n(t) = a g(s)/[|o.r„]](s)dB(s) - y |g(s)|2/[[o,r„j)(s)ds. 

Clearly, Χ η ( ί ) is bounded and τ„ | oo a.s. Applying the Ito's formula to 
exp[i„(i)] we obtain that 

p[x„(i)] = l + exp[x„(s)]dx„(s) + y exp[x„(s)]|5(s)|2/[|o,r„)i(s)<is 

= l+a f exp[x„(s)]ff(s)/[(o,r„ii(s)dB(s). 
Jo 

In view of Theorem 5 . 2 1 , one sees that exp[x„(i)] is a nonnegative martingale 
on ί > 0 with £^(exp[x„(i)]) = 1. Hence, by Theorem 3 .8 , we get that 

sup exp[x„(i)] > e'^H < e-'^^EfexplxniT)]) = e'"^. 
0<t<T ' 

ex 

That is, 

( sup [ / ' 9 ( s ) / | | o . , . | | ( « ) < i S ( s ) - ^ / l9(«)Pi | |o. , . l | (»)*l >β\< 
\.o<t<T\_Jo ^ Jo J J 

Now the required (7 .12) follows by letting η —> oo and the proof is therefore 
complete. 

1.8 GRONWALL-TYPE INEQUALITIES 

The integral inequalities of Gronwall type have been widely applied in the 
theory of ordinary differential equations and stochastic differential equations to 
prove the results on existence, uniqueness, boundedness, comparison, continuous 
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u{t) <c-h f vis)K{u{s))ds for allO<t<T, 
Jo 

(8.3) 

then 
u(t) < G-^ (g{c) + £ v(s)ds^ (8.4) 

holds for all such t G [0, Γ] that 

G(c) -I- ί vis)ds G Dom{G-% (8.5) 
Jo 

dependence, perturbation and stability etc. Naturally, Gronwsill-type inequali­
ties will play an important role in this book. For the convenience of the reader, 
we establish a number of well-known inequalities of this type in this section. 

Theorem 8.1 (Gronwall's inequality) Let Τ > 0 and c > 0. Let u ( ) be 
a Borel measurable L·unded nonnegative function on [0, T], and let ν{·) be a 
nonnegative integrable function on [Ο,Γ]. / / 

u{t) <c+ f vis)u{s)ds forallO<t< T, (8.1) 
Jo 

then ^ 

u{t) <ce\p^J v{s)ds^ for allO<t<T. (8.2) 

Proof. Without loss of generality we may assume that c > 0. Set 

z{t) f v{s)u{s)ds for 0 < ί < Γ. 
Jo 

Then u{t) < z{t). Moreover, by the chain rule of classical calculus, we have 

logizit)) = log(c) + f ^̂ î Mflds < log(c) ^ f v{s)ds. 
Jo Jo 

This impUes 

zit)<cexp^J v{s)ds^ for 0 < t < T, 
and the required inequality (8.2) follows since u(t) < z{t). 

Theorem 8.2 (Bihari's inequality) LetT >0 and c > 0. Lei : β + -> R+ 
be a continuous nondecreasing function such that K{t) > 0 for all t > 0. Lei 
u(-) be a Borel measurable bounded nonnegative function on [Ο,Γ], and let ν{·) 
be a nonnegative integrable function on [Ο,Γ]. If 
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G(0 = ^ 7 ^ onr>0, 
ds 

K{s) 

and is the inverse function of G. 

Proof Set 

z{t) =c+ j v{s)K{u{s))ds for 0 < ί < T. 
Jo 

Then u(t) < z{t). By the chain rule of classical calculus, one can derive that 

G{z(t)) = G{c) + f !^i^^M£))d5 < G(c) + f v{s)ds (8.6) 
Jo Λ(ζ(θ)) JQ 

for all t € [Ο,Γ]. Hence, for t € [Ο,Γ] satisfying (8.5) one sees from (8.6) that 

z{t) < G'^ (G{c) + ^ v{s)d^, 

and the desired inequality (8.4) follows since u{t) < z{t). 

Theorem 8.3 Lei Γ > 0, α € [0,1) and Ο 0. Let u ( ) be a Borel measurable 
bounded nonnegative function on [Ο,Γ], and let ν{·) be a nonnegative integrable 
function on [Ο,Γ]. / / 

u{t) <c+ f v{s)[u{s)]"ds for allO<t<T, (8.7) 
Jo 

then J 

u{t) < ^c»-« + (1 - q) v{s)ds^ (8.8) 

holds for all t e [Ο,Γ]. 

Proof. Without loss of generality, we may assume c > 0. Set 

z(t) =c+ f v{s)[u{s)]"ds for 0 < ί < Γ. 
Jo 

Then u(() < z{t) and z{t) > 0. By the fundamental differential formula, one can 
show that 

< C ' ' " " + ( 1 - q ) / v{s)ds 
Jo 

for all t € [Ο,Γ], and the required inequality (8.8) follows immediately. 

v)here 
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2 
Stochastic Differential Equations 

2.1 INTRODUCTION 

In section 1.1 we introduced, as an example, the simple stochastic population 
growth model 

N{t) = No+ f r{s)N{s)ds + /' a{s)N{s)dB{s), 
Jo Jo 

or, in differentied form, 

dNit) = r{t)N{t)dt + a{t)N{t)dB{t) on ί > 0 (1.1) 

with initial value N{0) = NQ. In this chapter, we shall turn our attention to the 
finding of a solution to the equation. In general, we shall investigate the solution 
to a non-linear stochastic differential equation 

dx{t) = f{x{t), t)dt + g{x(t), t)dB{t) on t e [<o,T\ (1.2) 

with initial value x(to) = xo> where 0 < to < Τ < oo . The questions are: 
• What is the solution? 
• Are there the existence-and-uniqueness theorems for such a solution? 
• What are the properties of the solution? 
• How can the solution be obtained in practice? 

In this chapter, we shall answer these questions one by one. Besides, as an impor­
tant application of stochastic difFerentieil equations, we shall establish the well-
known Feynman-Kac formula. The Feynman-Kac formula gives the stochastic 

47 
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2.2 STOCHASTIC DIFFERENTIAL EQUATIONS 

Let (Ω,^", P) be a complete probability space with a filtration {Tt}t>o 
satisfying the usual conditions. Throughout this chapter, unless otherwise spec­
ified, we let B{t) = {Bi{t), • · ·, β^(ί))·^, t > 0 be an m-dimensional Brownian 
motion defined on the space. Let 0 < Iq < Τ < cx>. Let xq be an -measurable 
fi'^-valued random variable such that £ | io |^ < oo. Let f : R'^x [to,T] R'' and 
g : R^ X [to,T] -* R^^"^ be both Borel measurable. Consider the d-dimensional 
stochastic differential equation of Ito type 

dx{t) = f(x{t),t)dt + g{x{t),t)dB{t) on to <t<T (2.1) 

with initial value x(io) = ^̂ o- By the definition of stochastic differential, this 
equation is equivalent to the following stochastic integral equation: 

x{t) = xo+ f f{x{s), s)ds + f g{xis), s)dB{s) on to <t<T. (2.2) 
Jto Jtu 

Let us first give the definition of the solution. 

Definition 2.1 An R^-valued stochastic process {x{t)}ι^,<t<τ is called a solution 
of equation (2.1) if it has the follounng properties: 

(i) {x{t)} is continuous and Tt-adapted; 
(ii) {/(ι( ί) , ί)} e r i ( [ io ,T] ; i f ) and {ff(x(<),i)} e C\[to,nR''^"^); 

(iii) equation (2.2) holds for every t e [to,T\ with probability 1. 
A solution {x(t)] is said to be unique if any other solution {x{t)} is indistin­
guishable from {x(i)}, that is 

P{x{t) = x(t) for a// ίο < ί < T} = 1. 

Remark 2.2 (a) Denote the solution of equation (2.1) by χ(ί;ίο,2;ο). Note 
from equation (2.2) that for any s e [ίο,Τ], 

χ(ί) = x(s) -I- ̂  f(x{r),r)dr + ^ s(x(r) , r)dP(r) on s < ί < T. (2.3) 

But, this is a stochastic differential equation on [s, T] with initial value x(s) = 
x(s;io,xo), whose solution is denoted by x(i;s,x(s;io,xo))- Therefore, we see 
that the solution of equation (2.1) satisfies the following/iow or semigroup prop­
erty 

x(i;io,xo) = x(i;s,x(s;io,xo)), to<s<t<T. 

representation for the solution to a linear parabolic partial differential equation 
in terms of the solution to the corresponding stochastic differential equation. 
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(b) The coefficients / and g can depend on a; in a general manner as long 
as they M e adapted. For further details, please see Gihman & Skorohod (1972). 

(c) In this book we require the initial value x q be L^ , but in general it 
is enough for x q to be a random variable as long as it is Ft„-measurable. For 
further details, please see Gihman & Skorohod (1972). 

We shall now give some examples of stochastic differential equations. 

Example 2.3 Let B{t), ί > 0 be a one-dimensional Brownian motion. Define 
the two-dimensional stochastic process 

x{t) = ixi{t),X2{t)f = {cos{B{t)),siniB(t))f on ί > 0. (2.4) 

The process x(i) is called Brownian motion on the unit circle. We now show 
that x{t) satisfies a linear stochastic differential equation. By Ito 's formula, 

' dxiit) = -sm{Bit))dB{t) -lcos{B{t))dt = '\xi{t)dt - X2(i)dB(i), 

dx2{t) = cos{B{t))dB{t) - \ sm{B{t))dt = - i x 2 ( i ) d i + xi(i)<iB(i). 

That is, in matrix notation, 

ax{t) = ~^xit)dt + Kx{t)dB(t), where Κ = {^^ ~ ^ ^ . (2.5) 

Example 2.4 The charge Q{t) at time ί at a fixed point in an electrical circuit 
satisfies the second order differential equation 

LQ{t) + RQ{t) + ^Q{t) = Fit), (2.6) 

where L is the inductance, R the resistance, C the capacitance and F{t) the po­
tential source. Suppose that the potential source is subject to the environmental 
noise and is described by F{t) = G(t) + aB{t), where B(t) is a 1-dimensional 
white noise (i.e. B{t) is a Brownian motion) and α is the intensity of the noise. 
Then equation (2.6) becomes 

LQit) + RQit) + ^Q{t) = G{t) + aB{t). (2.7) 

Introduce the 2-dimensional process x{t) = (xi(i), X2 ( i ) )^ = {Q{t),Q{t))'^. 
Then equation (2.7) can be expressed as an Ito equation 

' dxi{t) =X2{t)dt, 

dx2{t) = J{~^xi{t) - Rx2it) + G(i))di + jdBit). 
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(2.8) 

\/CL 
0 

G{t)/L Κ -{α/ι)-

Example 2.5 More generally, consider a dth-order differential equation with 
white noise of the form 

y(<')(i) = F(j/(i),- ,y«'-i)(i),i) + G(y(i),. · • J''-'\t),t)B{t), (2.9) 

where F : R'^ χ R+-* R, G : R'^ x R+fii^"*, and B{t) is an m-dimensional 
white noise, i.e. B{t) is an m-dimensional Brownian motion. Introducing the 
fi-'-valued stochastic process x{t) = ( x i ( i ) , · • • , X d ( i ) ) ^ = ( y ( i ) , · • • ,y^'^~^Ht)f^ 

we can then convert equation (2.9) into a d-dimensional Ito equation 

/ X2{t) \ / 0 \ 

dx(f) = 
x,(i) 

\F{x{t),t)/ 

dt + 
0 

\G{x{t),t)J 

dB{t). (2.10) 

Example 2.6 If g{x,t) = 0, equation (2.1) becomes the ordinary differential 
equation 

x(t) = fix{t),t) onte[to,T] (2.11) 

with initial value x(io) = xo- In this case, the random influence can only show up 
in the initial value xq. As a special case, consider the one-dimensional equation 

x(i) = 3[x( i )p /3 οη ί€ [ ίο ,Τ] (2.12) 

with initial value x(<o) = Ιλ, where A e Tto- It is easy to verify that for any 
0 < a < Τ - to, the stochastic process 

{ {t-to + If for ίο < ί < T, ω e A, 
0 for ίο < ί < ίο -I- Q, ω ^ A, 

(t-to-af {orto + a<t<T, ω^Α 
is a solution to equation (2.12). In other words, equation (2.12) has infinitely 
many solutions. As another special case, consider the one-dimensional equation 

χ(ί) = [χ(ί)]2 o n i e [ i o , T ] (2.13) 

with initial value x(io) = Xoi which is a random variable taking values larger 
than l / (T- io ] . It is easy to verify that equation (2.13) has the (unique) solution 

x(i) - - ( i - to) 
Xo 

- 1 

only on ίο < ί < ίο + —(< Τ), 
Xo 

That is, 

where 

dx{t) = [Axit) + H(t)]dt + KdB{t), 
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c( i )= f\x{srdB{s) 

has a unique solution when a > 1/2, but it has infinitely many solutions when 
0 < α < 1/2. 

2.3 EXISTENCE A N D UNIQUENESS OF SOLUTIONS 

Examples 2.6 and 2.7 show that an Ito equation may not have a unique 
solution defined on the whole interval [ίο,ΤΊ· Let us now turn to find the con­
ditions that guarantee the existence and uniqueness of the solution to equation 
(2.1). 

Theorem 3.1 Assume that there exist two positive constants Κ and Κ such 
that 

(i) (Lipschitz condition) for all x,yeR'^ and t e [to,T] 

\f{x, t) - /(t/, i) |2 V \9{x, t) - g{y, t)\^ < K\x - y^; (3.1) 

(ii) (Linear growth condition) for all (x, t) € R'' χ [to, T] 

\fix,t)f\J\g{x,t)\^<K(l + \xf). (3.2) 

Then there exists a unique solution x(i) to equation (2.1) and the solution belongs 
to >l2([io,T];/?<*). 

We first prepare a lemma. 

Lemma 3.2 Assume that the linear growth condition (3.2) holds. If x{t) is a 
solution of equation (2.1), then 

e( sup \xit)\'')<il + 3E\xof)e^''^^-''>^^'^-''>+'\ (3.3) 
\o<t<T ' 

In particular, x(t} belongs to Ji^^([to,T]; R'^). 

Proof. For every integer η > 1, define the stopping time 

r „ = T A i n f { i e [ i o , T ] : | x ( i ) | > n } . 

but there is no solution defined for a lH e [ίο, Τ] in this case. 

Example 2.7 Let B{t) be a one-dimensional Brownian motion. Girsanov 
(1962) has shown that the one-dimensional Ito equation 
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Clearly, r„ ΐ Τ a.s. Set x„(i) = x ( t Λ r„) for ί € [ίο, Τ\. Then χ„{ί) sati.sfics the 
equation 

a:„(i) = x o + / /(x„(s),s)/[it„,r„))(s)ds+ / .9(x„(s),s)/([(,„r„]](s)di?(s). 
Jt(, J in 

Using the elementary inequality [a -f 6 + < 3(|a|^ + |6p + [cj^), the Holder 
inequality and condition (3.2), one can show that 

|x„(<) | '<3 |xo | ' + 3A:(i - ίο) / (1 + |x„ 

+ 3 

{s)V)ds 

2 
ί i((x„(s),s)/[[(„,r„ii(s)dB(s) 

Hence, by Theorem 1.7.2 and condition (3.2) one can further show that 

e( sup |x„(s) |2) <3E|xo|^ + 3/<:(T-io) ί\\ + E\xn{s)Y)ds 

\,<s<t ' i t , , 

+ 12f; / |5(x„(s) ,s) |2/[( , ,„,„„(s)ds 
Jto 

< 3E|xo|2 + 3A'(T - ίο + 4) / (1 + E\xr,{s)Y)ds. 

Consequently 

1 + e( sup |x„(s ) |^) 
H„<s<t ' 

< 1 + 3Ε|χο|^ + 3A:(T - ίο + 4) / ' fl + sup |x„(r) |2) ' 
Ιΐ,Λ ^t , ,<r<s / J 

Now the Gronwall inequality (i.e. Theorem 1.8.1) yields that 

1 + e( sup | x „ ( i ) | 2 ) < ( l + 3Eixo|2)e3'^<^-'")(''-

Thus 

ds. 

r-i«+4) 

( sup | χ ( ί ) ή < (1 + 3£;|χο|'). , 3 K ( T - t „ ) ( T - t „ + 4 ) 

Finally the required inequality (3.3) follows by letting η —• oo. 

Proof of Theorem 3.1. Uniqueness. Let x(i) and x(i) be two solutions of equation 
(2.1). By Lemma 3.2, both of them belong to >ί^((ίο, T); Λ**). Note that 

x(i) - x ( i ) = A / ( x ( s ) , s ) - f{x{s),s)\ds+ f\gix{s),s)-g{x(s),s)]dB{s). 
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Ν ( έ ) - 3 : ο { ί ) | ' = | χ ι ( ί ) - Χ ο | ' 

/ / ( x o , s ) d s -f 2 / g{xQ,s)dB{s) 
Jtu Jtu 

< 2 
2 

Using tiie Holder inequality, Theorem 1.7.2 and the Lipschitz condition (3.1) one 
can show in the same way as the proof of Lemma 3.2 that 

sup | a ; ( s ) - x ( s ) | 2 ) <2A:(T + 4) sup \x{r) - xir)f)ds. 
^tu<s<t ^ Jtu Hn<r<3 ' 

The Gronwall inequality then yields that 

e{ sup \x{t)-x{t)Y\ = 0 . 

Hence, x{t) = x(t) for aiMo <t <T almost surely. The uniqueness has been 
proved. 

Existence. Set xo(i) = xo, and for η = 1,2, · · ·, define the Picard iterations 

Xnit) = xo+ ί / ( x „ _ i ( s ) , s ) d s + / ff(x„_i(s),s)dB(s) (3.4) 

for t e [to,T]. Obviously, xo(-) 6 M^{[to,T];R^). Moreover, it is easy to see by 
induction that x „ ( ) e Λί^([ίο,Γ]; i?**), because we have from (3.4) that 

Elxnit)^ < ci + 3K{T + 1) / ' E\x„_iis)\^ds, (3.5) 
Jtu 

where d = 3E\xo\'^ + 3KT{T +1) . It also follows from (3.5) that for any A; > 1, 

max E\xn{t)\^ < ci + 3K{T + 1) f max E\x„-i{s)\'^ds 
l < n < f c Ji^^ l < n < f c 

< ci+3K{T+l) [E\xof + max^E\xn{s)fys 

< C2 + 3K{T + 1) / max £ ; |x„(s)pds, 
Jtu 1^"^*= 

where = Ci + 3KT{T + l)£|xoP . The Gronwall inequality implies 

max £; |x„ ( i ) | 2<c2e3 '^^(^+i ) . 
l < n < f c 

Since k is arbitrary, we must have 

E\xn{t)f < C2e^'^'^^'^+^^ for all ίο < ί < T, η > 1. (3.6) 

Next, we note that 
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E\xi{t) - χο(ί)ΐ' 

< 2K{t - tof(l + E\xof) + 2K{t - io)(l + E\xof) < C, (3.7) 

where C = 2K{T - ίο -t- 1)(T - io)(l + E\xo\^). We now claim that for η > 0, 

£;|χ„+ι(ί) - χ„( ί ) |2 < '̂̂ ^^7*°̂ ^" for ίο < ί < Τ, (3.8) 

where Μ = 2Κ{Τ - ίο + 1). We shall show this by induction. In view of (3.7) 
we see that (3.8) holds when η = 0. Under the inductive assumption that (3.8) 
holds for some η > 0, we shall show that (3.8) still holds for η + 1. Note that 

| Χ „ + 2 ( ί ) - Χ η + ΐ ( ί ) ΐ ' < 2 

+ 2 

/ ( / ( X n + l (s ) , S) - / ( X „ ( s ) , S)]ds 

f [g{xn+i(s), s) - ff(x„(s), s)]dB{s) (3.9) 

Taking the expectation and using (3.1) as well as the inductive assumption, we 
derive that 

E\Xn+2(t) - Χ „ + ΐ ( ί ) | ' < 2^ ( ί - ίο + ί)Ε f | X „ + 1 ( S ) - Xn{s)Yds 

Jto 

<M I £ | X „ + , ( S ) - X „ ( 5 ) | 2 d 5 
Jto 

That is, (3.8) holds for n+l. Hence, by induction, (3.8) holds for all η > 0. 
Furthermore, replacing η in (3.9) with η — 1 we see that 

sup |x„+i(i) - x„(i) |2 < 2K{T - to) / |x„(s) - Xn~i{s)\''ds 
to<t<T Jl„ 

fT 2 
+2 sup / [g(x„(s) ,s)-5(x„_i(s) ,s)]dB(s) . 

to<t<T Jto 

Taking the expectation and using Theorem 1.7.2 and (3.8), we find that 

i-T 
e( sup | χ „ + ι ( ί ) - χ „ ( ί ) | ή < 2 ^ ( Γ - ί ο + 4) / £;ix„(s) - x„- i (s ) |2d . s 

\to<t<T / Jto 

4C[M(T - ίο)]" 

η! 

Taking the expectation ana using (3.2), we get 
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P ( sup \Xn+l(t)-Xn{t)\> ~ ] < 
4C[4M(T - io)]" 

n! 

Since Σ,η^ο 4C(4M(r - Ιοψ/η\ < oo, the Borel-Cantelli lemma yields that for 
almost aJl ω € Ω there exists a positive integer no = no (ω) such that 

sup lx„+i(t) - i„(f) | < whenever η > tiq. 

ta<t<T 2" 

It follows that, with probability 1, the partial sums 
n - l 

X0{t) + J2[Xi+l{t)-xM=Xn{t) 
»=0 

are convergent uniformly in ί € [Ο,Γ]. Denote the hmit by x{t). Clearly, x(t) 
is continuous and Ff-adapted. On the other hand, one sees from (3.8) that for 
every t, {xn{t)}n>i is a Cauchy sequence in as well. Hence we also have 
Xn{t) —» x(t) in L^. Letting η —• oo in (3.6) gives 

E\xit)\^ < €26^"'^^^+'^ for all to<t<T. 

Therefore, χ{·) e M^{{to,T]; R^). It remains to show that x{t) satisfies equation 
(2.2). Note that 

Ε 

+ Ε 

as η —> oo. 

/ f{Xn{s),s)ds- I f{x{s),s)ds 
Jta Jt„ 

f g{xn{s),s)dB(s) - f g{x(s), s)dB{s) 
J to J to 

< K{T - ίο + 1) / E\xn{s) - x{s)\^ds 0 
Jta 

Hence we can let η -» oo in (3.4) to obtain that 

x(i) = xo+ / f{x{s),s)ds^ j g{x{s),s)dB{s) on ίο < ί < Τ 
Λ» Jto 

as desired. The proof is now complete. 
In the proof above we have shown that the Picard iterations x„(i) converge 

to the unique solution x(i) of equation (2.1). The following theorem gives an 
estimate on how fast the convergence is. 

Theorem 3.3 Lei the assumptions of Theorem 3.1 hold. Let x(i) be the unique 
solution of equation (2.1) and x„(i) be the Picard iterations defined by (3.4). 
Then 

e ( s u p | x „ ( . ) - < ,3. ,o) 
\ t o < t < T / n\ 

Hence 
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/or alln> 1, where C and Μ are the same as defined in the proof of Theorem 
3.1, that isC = 2K{T - to + 1)(T - to)(l + ^^l^ol^) and Μ = 2K{T - to + 1)· 

Proof. From 

Xn{t)-X{t)= ί [f{Xn-lis),s)- f{x{s),s)]ds 
Jto 

+ ί {9(xn-i{s),s) - g{x{s),s)]dB{s), 
Jto 

we can derive that 

e( sup (a:„(s)-a:(s)(^ < 2 ^ ( Γ - ί ο + 4) / E\xn-i{s) - x{s)fds 
\to<s<t / Jto 

<SM f E\X„{S) - x„-.i{s)fds + SM f E\xn{s) - x(s)|2rfs. 
Jto Jto 

Substituting (3.8) into this yields that 

e( sup |x„(s) - x(s)|2' 
\to<S<t ) 

< 8M £ + 8M £ E\xn{s) ~ x{s)Yds 

< ^ ^ M I z J o T + 8 M ίΈί sup ]xnir)-xir)Ads. 

ni Jto \to<r<a J 

Consequently, the required inequality (3.10) follows by applying the Gronwall 
inequality. The proof is complete. 

This theorem shows that one can use the Picard iteration procedure to 
obtain the approximate solutions of equation (2.1), and (3.10) gives the esti­
mate for the error of the approximation. We shall discuss other approximation 
procedures later. 

The Lipschitz condition (3.1) means that the coefficients f{x,t) and g{x,t) 
do not change faster than a linear function of χ as change in x. This implies 
in particular the continuity of f{x,t) and ^(χ, ί) in χ for all ί G [tu,T\. Thus, 
functions that are discontinuous with respect to χ are excluded as the coef­
ficients. Besides, functions Uke sinx^ do not satisfy the Lipschitz condition. 
These indicate that the Lipschitz condition is too restrictive. The next theorem 
is a generalization of Theorem 3.1 in which this (uniform) Lipschitz condition is 
replaced by the local Lipschitz condition. 

Theorem 3.4 Assume that the linear growth condition (3.2) holds, but the 
Lipschitz condition (3.1) is replaced with the following local Lipschitz condition: 
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•̂ "̂  ' ^ ~ l / ( n x / | x | , i ) i f | x | > n , 

and gn{x,t) similarly. Then / „ and gn satisfy the Lipschitz condition (3.1) and 
the linear growth condition (3.2). Hence by Theorem 3.1, there is a unique 
solution χ„(·) in M^{[to,T]; R!^) to the equation 

Xn{t)=X0+ ί fn{Xn{s),s)dt+ [ gn{Xn{s),s)dB{s), t e [to,T]. (3.12) 
Jto Jto 

Define the stopping time 

r „ = T A i n f { i e [ i o , T ] : | x „ ( i ) l > n } . 

We can show that 
Xnit) = Xn+l{t) if ίο < ί < Τη. (3.13) 

This implies that r„ is increasing. We can then use the linear growth condition 
to show that for almost all a; € Ω, there exists an integer no = ηο(ω) such that 
Tn —T whenever η > u q . Now define x(i) by 

x(i) = x„„(t), t e [ i o , T ] . 

By (3.13), x{t Λ T „ ) = x„(i Λ T „ ) , and it therefore follows from (3.12) that 

x(i Λ r „ ) = Xo -I- / /„(x(s), s)ds + / 3„(x(s),s)<iB(s) 
Jto Jto 

rtATn rtAT„ 
= xo+ f{xis),s)ds+ gix{s),s)dBis). 

Jto Jto 

Letting η —» oc we see that x(i) is a solution of equation (2.1), which, by Ijemma 
3.2, belongs to Af^([io, T]; Λ**). The uniqueness can be proved via a stopping 
procedure. 

The local Lipschitz condition allows us to include many functions as the 
coefficients / ( x , t) and g(x, t) e.g. functions that have continuous partial deriva­
tives of first order with respect to χ on β** x (ίο, 7"]· However, the linear growth 

For every integer η > 1, there exists a positive constant Kn such that, for all 
t e [ίο,Τ] and all x,yeR^ with \x\ V \y\ < n, 

\f{x,t) - fiy,t)f\/\9{x,t)-g{y,t)\^ < X„|x - y\\ (3.11) 

Then there exists a unique solution x{t) to equation (2.1) in M'^{[to,T];R^). 

Proof. Tliis tiieorem is proved by a truncation procedure. We only outline the 
proof but leave the details to the reader. For each η > 1, define the truncation 
function 
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condition still excludes some important functions like - | χ | ' · ^ χ as the coefficients. 
The following result improves the situation. 

Theorem 3.5 Assume that the local Lipschitz condition (3.11) holds, but the 
linear growth condition (3.2) is replaced unth the follounng monotone condition: 
There exists a positive constant Κ such that for all (x,t) e i?"̂  x {to,T] 

x'^f(x,t) + \\g{x,t)f < K{1 + \xf). (3.14) 

Then there exists a unique solution x{t) to equation (2.1) in M^([to,T]; R''). 

This theorem can be proved in a similar way as Theorem 3.4—the local 
Lipschitz condition guau-antees that the solution exists in [ίο, ^oo], where Too = 
l im„_oo Tn, but the monotone condition instead of the linear growth condition 
guarantees that t^o = Τ i.e. the solution exists on the whole interval [ίο,Τ). 
We leave the details to the reader. It should be stressed that if the linear 
growth condition (3.2) holds then the monotone condition (3.14) is satisfied, but 
conversely not. For example, consider the one-dimensional stochastic differential 
equation 

dx{t) = \x{t) - x^{t)]dt + x'^{t)dB{t) on ί G (ίο, Τ]. (3.15) 

Here B{t) is a one-dimensional Brownian motion. Clearly, the local Lii)schitz 
condition is satisfied but the linear growth condition is not. On the other hand, 
note that 

Χ [ χ ~ χ 3 ΐ + 1 χ ^ < χ 2 < ΐ 4 . χ 2 

That is, the monotone condition is fulfilled. Hence Theorem 3.4 guarantees that 
equation (3.15) has a unique solution. An even more general condition than 
the monotone one is the Has'minskii condition which is described by using a 
Lyapunov-like function. For the details please see Has'minskii (1980). 

In this book we often discuss a stochastic differential equation on [ίο, oo) , 
that is 

dx{t) = /(x(i) , i)di -I- 3(x(i), t)dB{t) on ί e (ίο, oo) (3.16) 

with initial value x(io) = xq . If the assumptions of the existence-and-uniqueness 
theorem hold on every finite subinterval [ίο,Τ] of [ίο,οο), then equation (3.16) 
has a unique solution x(i) on the entire interval [ίο, oo). Such a solution is called 
a global solution. For the convenience of the reader, we state a theorem. 

Theorem 3.6 Assume that for every real number Τ > to and integer η > I, 
there exists a positive constant Κτ,η such that for all t € [ίο, T] and all x,y e R"^ 
with \x\ V \y\ < n, 

| / (x, i) - f{y, i ) | 2 V \g{x, t) - g{y, t)\^ < Κτ,η\χ - yf-
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Assume also that for every Τ > ίο, there exists a positive constant Κψ such that 
for all ( ι , ί ) e R''x [to,T], 

x'^f{x,t) + ^\g{x,t)\^<KT{l + \ x h . 

Then there exists a unique global solution x{t) to equation (3.16) and the solution 
belongs to M'^{[tQ, oo); R'^). 

2.4 LP-ESTIMATES 

In this section, we assume that i ( i ) , ίο < ί < Τ is the unique solution of 
equation (2.1) with initial value x{to) = xo, and we shall investigate the pth 
moment of the solution. 

Theorem 4.1 Let ρ > 2 and XQ e LP{il;R'^). Assume that there exists a 
constant α > 0 such that for all ( χ , ί ) G R'^ x [to,T], 

x'^f{x,t) + ^ \ g { x , t ) \ ' < a { l + \ x n (4 .1) 

Then 
E\x{t)\P < 2 ^ ^ (1 + E l x o D e " " " " ' " ^ for all t e [ίο, Tj. (4.2) 

Proof. By Ito's formula and condition (4.1) we can derive that for ί 6 [ίο,Τ], 

[1 + \x{t)\']^ = [1 + | χ ο Π ' + Ρ / ' [ 1 + \x{s)\'']'^x'^{s)fix{s),s)ds 

+ ξ i \ l + \xis)f]'^\gixis),s)fds 

+ p A l + \x{s)Y]'^x''{s)g{x{sls)dB{s) 
Jti, 

< 2^^(1 + 1x01")+? f \ l + \x{s)\^]'^ 
Jt„ 

X (^x^(s)/(x(s),s) + ^ | f f ( x ( s ) , s ) | 2 ) d s 

+ p / V + \x{s)\'']'^x''{s)g{x{s),s)dB{s) 
Jtu 

< 2 ' ^ ( 1 + [ χ ο | ' ' ) + ρ α / [l + |x(s) |2]^ds 
Jtu 

+ P , A l + \x{s)\'']'^x'^is)gix{s),s)dBis). 
Jtu 

(4.3) 
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< 2 ' ^ ( 1 + Ε\χο\η +paj'E(^[l + \x{s Λ r „ ) | 2 ] ^)ds 

The Gronwall inequality yields 

£;([! + \x{t Λ τ η ) \ ψ ) < 2 ^ ( 1 + ^|xo|' ')e'"*('-'"'. 

Letting η —> oo yields 

f ; ( [ l + |x(i)|^]^) < 2 ' ^ ( 1 + E\xo\ne'"'^'~'''\ (4.4) 

and the desired inequality (4.2) follows. 
We now verify that if the Hnear growth condition (3.2) is fulfilled, then (4.1) 

is satisfied with α = -/Κ + Κ{ρ - l ) /2 . In fact, using (3.2) and the elementary 
inequality 2ab <a? + b'^ one can derive that for any e > 0, 

2x^/(x , i ) < 2 |x | | / (x , i ) | = 2(v/?|x|)(|/(x ,i)/V?) 

< ε | χ | 2 + 1 | / ( χ , < ) | 2 < ε | χ ( 2 + | ( 1 + | χ | 2 ) . 

Letting ε = y/Κ yields 

Consequently 

x ^ / ( x , i ) < v ^ ( l + [x |2). 

(l + |x | 2 ) . 

We therefore obtain the following useful corollary. 

Corollary 4.2 Let ρ > 2 and Xo € LP{il;R^). Assume that the linear growth 
condition (3.2) holds. Then inequality (4.2) holds unth a = \ίΚ + K{p - l ) /2 . 

We now apply these results to show one of the important properties of the 
solution. 

For every integer η > 1, define the stopping time 

τ „ = Γ Λ ί η ί { ί € [ ί ο , Γ ] : | χ ( ί ) | > η } . 

Clearly, τ„ t Τ a.s. Moreover, it follows from (4.3) and the property of Ito's 
integral that 

^ ( [ ΐ + | χ ( ί Λ τ „ ) | 2 ] * ) 

- 2 / - «ΛΤ, . 

<2'^{1 + Ε\χοη+ραΕ [ΐ + | φ ) | ^ 
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Theorem 4.3 Let ρ > 2 and XQ € L''{il; R'^). Assume that the linear growth 
condition (3.2) holds. Then 

where 

E\x{t) - x ( s ) | P < C(t - s)5 for allto<s<t<T, 

C = 2P-2(l + E\xo\ne'"'^^-'"'>{[2{T - to)]^ + \p{p - 1)]?) 

(4.5) 

and a = y/R + K{p — l)/2. In particular, the pth moment of the solution is 
continuous on [to,T]. 

Proof By the elementary inequality \a + b\P < 2P->(|a|P + |6|P), it is easy to 
see that 

E\x{t)-x{s)f <2P-'E JJ{x{r). r)dr + 2P-if; g{x{r),r)dB{r) 

Using the Holder inequality, Theorem 1.7.1 and the linear growth condition, one 
can then derive that 

E\x{t) - x{s)\r> < [2{t - SW-'e£\f{xir),r)\''dr 

+\[2p(p - l)]Ht - ^)'^e£ \9ix(r),r)\''dr 

<crit~s)'^ £E{l + \x{r)\^^, 

where ci = 2'^K^ (̂2(T - to)]^ + lp{p - l)]^). Applying (4.4) one sees that 

E\x{t) - i ( s ) | P < ci(i - s ) ^ f'^^^^ + ÎxoDeP̂ '̂ -'-̂ dr 

< c i 2 ^ ( l + E\xo\ne'^^'^~'"\t - s )5 , 

which is the required inequality (4.5). 

Theorem 4.4 Let ρ > 2 and XQ € ^"(Ω; R''). Assume that the linear growth 
condition (3.2) holds. Then 

ΕI sup |x( 
\t„<s<t 

for all to<t<T, where 

0 = 1(ί8Κ)Ητ - ίο)^ [(Τ - i o ) U { ^ ^ ) 

s) |P) < (1 + 3Ρ->£|χοΠε''<'-'") 
/ 

,3 

(4.6) 
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Proof. Using the Holder inequality, Theorem 1.7.2 and condition (3.2) one can 
derive that 

+ 3" 

sup \x{s)A < 3P~'E\xoy + 3P-'e( f |/(a;(s), s)\d^ 

έ { sup f g{x{r\r)dB{r) 

< 3P-'E\xoY' + [3(i - toW-'E f \f{x{s),s)\Pds 
Jto 

+ 3''-'{^^^Yit-to)'^E£\9{x(s),s)\'>ds 

< SP-'Elxol^ + β f\l + E\xis)nds. 
Jtu 

Hence 

1 + e( sup Ιφ)!^) < l + 3P-^£;|a;o|'' + i9 / 1 + e( sup \χ{τ)\Λ 
Vtn<s<t / Jtu I \io<r<s / 

By the Gronwall inequality one sees that 

1 + 

ds. 

e( sup \x{s)\A Kil + SP-^ElxoHe^^'-'^'K 
\to<s<t ) 

and the required inequality (4.6) follows. 
Let us now turn to consider the case of 0 < ρ < 2. This is rather easy if we 

note that the Holder inequality implies 

E\x{t)\P <{E\x{t)YY. (4.7) 

In other words, the estimate for £|χ(ί) | ' ' can be done via the estimate for the 
second moment. For example, we have the following corollaries. 

Corollary 4.5 Let 0 < ρ < 2 and XQ e Χ^(Ω,· R^). Assume that there exists a 
constant α > 0 such that for all ( ι , ί ) € β"̂  x [to,T], 

x''f{x,t) + -\g{x,t)f<a{l + ]x\-'). (4.8) 

Then 
E\xit)\P <(l + E\xo\'^)^e''"^'-'"^ for all t e [to,T]. (4.9) 
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Corollary 4.6 Let 0 < ρ < 2 and XQ G ^ ^ ( Ω ; ^ " * ) . Assume that the linear 
growth condition (3.2) holds. Then 

E\x{t)-x{s)y <C^{t-s)^ forallto<s<t<T, (4.10) 

where 

C = 2(1 + Ε\χο\^){Τ - ίο + 1) exp[(2v/^ + K){T - ίο) · 

In particular, the pth moment of the solution is continuous on [to,T]. 

2.5 ALMOST SURELY ASYMPTOTIC ESTIMATES 

Let us now consider the d-dimensional stochastic differential equation 

dx(t) = f{x{t),t)dt -t- g{x{t),t)dB{t) on ί e [ίο,οο) (5.1) 

with initial value x(io) = xo € L'^{Q,;R^). Assume that the equation has a 
unique global solution x(i) on [ίο,οο). Besides, we shall impose the monotone 
condition: There is a positive constant α such that, for all (x, i) G Λ*̂  χ [ίο, oo), 

x''f{x,t) + \\a{x,t)Y<a{\ + \xn (5.2) 

Let 0 < ρ < 2. In view of Theorem 4.1 and Corollary 4.5 , we know that the 
pth moment of the solution satisfies 

E\x{t)y < (1 + £;|xo|2)5e''"('-'<') for all ί > ίο. 

This means that the pth moment will grow at most exponentially with exponent 
pa. This can also be expressed as 

Umsup \ log(i;|x(i)|'') < pa. (5.3) 
i-.oo ί 

The left-hand side of (5.3) is called the pth moment Lyapunov exponent (for ρ > 2 
too), and (5.3) shows that the pth moment Lyapunov exponent should not be 
greater than pa. In this section, we shall establish the asymptotic estimate for 
the solution almost surely. More precisely, we shall estimate 

limsup j log |x ( i ) | (5.4) 
t->oo ί 

almost surely, which is called the sample Lyapunov exponent, or simply Lyapunov 
exponent. 

Theorem 5.1 Under the monotone condition (5.2), the sample Lyapunov ex­
ponent of the solution of equation (5.1) should not be greater than a, that is 

l imsup- log |x( i ) | < α a.s. (5.5) 
t—•oo ί 
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Proof. By Ito's formula and the monotone condition (5.2), 

log(l + \χ{φ = log(l + Ιχοΐ') 

-ds + M{t) 
Jli, 

< log(I + |a;o|^) + 2 a ( ( - ( o ) L [1 

x^(s)g{x(s),s)[' 
[1 + \χ{3)\ψ 

where 

M(t) 
X (s)g(x(s),s) 

+ \x{sW 

ds + M{t.), (5.6) 

(5.7) 

On the other hand, for every integer η > <o, using the exponential martingale 
inequality (i.e. Theorem 1.7.4) one sees that 

ΡI sup 
Lt(,<t<n 

M(() 
x^(s)g(x(s),s)[-

[l + |x ( s ) |2p 
ds > 2 log 

An application of the Borel-Cantelli lemma then yields that for almost all ω e Ω 
there is a random integer no = no (ω) > ίο + 1 such that 

sup 
(„<t<n 

M(t) ix^(s)5(x(s),s)| ' 
ds 

That is. 

M(i) < 2 log 

[l + |x(s)|2]2 

"x^(s)5(x(s) , s ) |2 

< 2 log η if η > no. 

n + 2 / 
[l + |x(s)|2]2 

ds (5.8) 

for all to < t < n, η > no almost surely. Substituting (5.8) into (5.6) deduces 
that 

log(l + |x(i)|2) < log(l + |xo|2) + 2a(t - to) + 2 log η 

for all to < t < n, η > no almost surely. Therefore, for almost all u; e Ω, if 
η > no, η — 1 < t < n, 

i l og ( l + | x ( t ) | 2 ) < - i -
t η — 1 

log(l + jxol^) + 2a(n - to) + 2 log η 

This implies 

Umsup i log |x(t)| < lim sup ^ log(l + |x(t)P) 
t—c» t t—.oo 

< lim sup 
1 

„ _ o o ^ 2(n - 1) 
log(l + |xo|2) + 2a(n - to) + 2 log η 
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On the other hand, we would like to point out that this corollary can also 
be proved straightforward. Note that under the linear growth condition (5.9), 
the continuous local martingale M(i), ί > ίο (in fact it is a martingale) defined 
by (5.7) has its queidratic variation (cf. Theorem 1.5.14) 

Hence 
hmsup < 4 Λ a.s. 

t—oo ί 
and then, by Theorem 1.3.4, 

l i m s u p ^ ^ ^ ^ = 0 a.s. (5.11) 
t—oo ί 

Now (5.10) follows from (5.6) immediately. However, the monotone condition 
(5.2) does not necessarily guarantee (5.11) so the more careful arguments carried 
out in the proof of Theorem 5.1 are quite necessary. 

In the sequel of this section, we shall consider a special case of equation 
(5.1), i.e. the equation of the form 

dx{t) = f(x{t),t)dt + adB{t) on ί e (to, oo) (5.12) 

with initial value x(io) = xo e L^{^;R^), where σ = ( < T I J ) d x m is a constant 
matrix. Such a stochastic differential equation appears frequently when a system 
described by an ordinary differential equation x(i) = / (χ ( ί ) , ί ) is subject to 
environmental noises that are independent of the state x(i). We shall impose a 
condition on / ( χ , ί ) . That is, there exists a pair of positive constants 7 and ρ 
such that 

x'^fix, t) < Ί\Χ? + Ρ for all (x, t) & R^ χ [to, 00 ) . (5.13). 

almost surely. The proof is complete. 
Let us now recall the linear growth condition: There exists a Κ > 0 such 

that for all (x, t) e R'' x [to, oo) 

| / ( x , t ) | 2 \ / | g { x , t ) | 2 < K ( l + |x |2) . (5.9) 

As shown on page 60 (just before the statement of Corollary 4.2), we know that 
(5.9) implies (5.2) with α = \/Κ+Κ/2. So we have the following useful coroll^uy. 

Corollary 5.2 Under the linear grovith condition (5.9), the solution of equation 
(5.1) has the property 

1 Κ 
l imsup- log |x( i ) | < — a.s. (5.10) 

t—oo t 2 
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+ \\σ? < [7 V(̂ + ^ ) ] ( 1 + N ' ) -

By Theorem 5.1 one deduces that the solution of equation (5.12) has the property 

l i m s u p i l o g | x ( < ) ( < 7 V ( p + ^ ) ^'^' (5-14) 

However, with a bit of extra effort, we can obtain much stronger results. 

Theorem 5.3 Let (5.13) hold. Then the solution of equation (5.12) has the 
property 

\x{t)\ 
e'y'^y/loglogt 

= 0 a.s. (5.15) 

Before the proof, let us emphasis that the conclusion is independent of ρ 
and σ. Besides, (5.15) implies that for almost all ω € Ω, 

|χ(ί)| < e"^^ V'log log t provided t is sufficiently large. 

We therefore see that 

lim sup \ log |x(i)| < 7 a.s. 
t-OO t 

which is better than (5.14). 

Proof. By Ito's formula and condition (5.13), one can derive that 

e-2^'|x(i)l^ = e-2Ti" |xo |2 + M(i) 

+ -27 |x (s ) |2 + 2x^(s)/(x(s),s) + |a| 

1 

ds 

\xof + ^{2p + W\-')\+M{t), (5.16) 

where 

M(t) = 2 f , 
Jto 

e-^-"x'^is)adB{s). 

Assign ρ > 1 arbitrarily. Let η be an integer sufficiently large for 2"*" > ίο- For 
each integer η > n, by Theorem 1.7.4, one sees that 

pi sup \M(t) -2 f e-*^'\x'^{s)afds]>2logn \ < ^. 
l f o<t<2" ' 'L Jto J J 

The Borel-Cantelli lemma then yields that for almost all ω € Ω, there is a 
random integer ή = η{ω) > fi + 1 such that 

ft 
M(i) < 21ogn + 2|CT|M e-*'^^\x(s)fds, ίο < ί < 2" ' 

Jto 

Note that 
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2\σ\' Λ -27s | x ( s ) p ds, 

which then implies, by the Gronwall inequality, that 

e-2^' |x(i) |^ < (e-^^'" [ΐχοΐ' + ^ ( 2 p + |σ |2)] + 21ogn) e x p ( J ^ ) 
for ail to < t < 2"", η > ή almost surely. Therefore, for almost all u; e Ω, if 
2 ( n - i ) ' ' < i < 2 " ^ η > ή , 

X e x p ^ — ) [ p l o g ( n - 1) + log log 2 ] " ' . 

It then follows that 

|x(i)|2 2 /|ar\ 
hmsup ' , — - < - exp( — ) a.s. 

e^T'loglogi ρ \ 7 / 

Since ρ > 1 is arbitrary, we must have that 

lim |x(0 | = 0 a.s. LLLLL • • = 
t _oo e T V l o g l o g i 

which is the desired conclusion. 
We now strengthen condition (5.13) by letting 7 = 0 to see how the solution 

behaves asymptotically. Before we state a new result, let us emphasis that 
although we only use the triice norm \A\ = y/trace{A'^A) for a matrix A so far, 
we shall use in the sequel of this book the another norm, i.e. the operator norm 
)]i41| = sup{lAx] : |x| = 1}. The reader should distinguish these two different 
(though equivalent) norms and note that \\A\\ < \A\. 

Theorem 5.4 Assume that there exists a positive constant ρ such that 

x ' ^ / ( x , t)<p for all ( x , t) € R'^ χ [ίο, o c ) . 

Then the solution of equation (5.12) has the property 

| x ( i ) | 
lim sup , , , = 

t _ o o >/2iloglogi 
< ||σ||ν/ε a.s. 

(5.17). 

(5.18) 

whenever η > ή. Substituting this into (5.16) gives that 

e-2^ ' |x( i ) |2 < e -2^ '" f |xo |2 + ^{2p+ + 2 log η 
L 27 J 

�� �� �� �� ��



68 Stochastic Differential Equations [Ch.2 

Μ(ί) = 2 f x'^{s)adB{s). 
Jt„ 

Assign β > 0 and θ > I arbitrarily. For every integer η sufficiently large for 
0" > ίο, one can apply Theorem 1.7.4 to show that 

sup 
(„<ί<θ'' 

Μ(ί) - 2/30-" / ' \x'^{s)afds 
Jto 

> ^ - i 9 " + M o g 

The Borel-Cantelli lemma then yields that for almost all ω e Ω, there is a 
random integer no = ηο(ω) sufficiently large such that 

M(i) < β-^θ^^^ logn + 2;9||σ||20-" / \x{s)\'^ds, ίο < ί < β". 
Jto 

Substituting this into (5.19) yields that for almost all ω € Ω, 

| ι ( ί ) | ' < [χοΐ' + (2p + |σ|2)(ί - ίο) + /3-ΐ0"+ι logn 

+ 2/3||σ||20-" f\xis)\''ds 
Jto 

for all ίο < ί < β", η > no, which implies 

|χ(ί)|^ < [kol^ + (2p + |σ|2)(0" - ίο) + logn 

In particular, for almost all α» e Ω, if 0"" ' < ί < β", η > no, 

[χοΙ' + (2p + |σ|2)(0" - ίο) + β-'θ^+' logn 

„2/3||<τ| 

\x{t)l' 
2iloglogi < 

χ ê l̂l̂ ll (20"-Mlog(n - 1) + log log 0]) . 

Consequently 

a.s. T ' c ^ P 2 i l o g l o g i - 2 / 3 ' 

Finally, letting 0 —• 1 and choosing β = ( 2 | | σ | ( 2 ) - ' we obtain that 

Umsup J f ^ ^ i ' ' <ei |a | |^ a.s. 
t-oc*^2iloglogi -

and the required conclusion (5.18) follows immediately. The proof is complete. 

Proof. Using Ito's formula and hypothesis (5.17) one can show that for ί > ίο 

\x{t)? < \χοΫ + (2p + \σγ){ί - ίο) + Μ(ί), (5.19) 

where 
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Theorem 5.5 Assume that there exists a pair of positive constants 7 and ρ 
such that 

x'^fix, t) < -y\xf + ρ for all (x, t) € R'^ χ [ίο, oc). (5.20). 

Then the solution of equation (5.12) has the property 

(5.21) 

Proof. Assign (5 > 0, /? > 0 and θ > \ Mbitrarily. In t h e s a m e w a y as t h e 
proof of Theorem 5.3, o n e c a n s h o w that for a lmost all ω e Ω, there is a r a n d o m 
integer no = no (ω) sufficiently large such t h a t 

e^^x{t)Y < e^T'-lxol" + ^ ( 2 p + |σ|2) + /J-^^e^^"* logn 

Jta *-
ds. 

for all ίο < ί < nJ, η > no, which implies 

e '^ ' |x( i ) | ' < i e^^ ' lxo l ' + ^ ( 2 p + |σ|2) + /3-i0e2T"«lognl e x p ( ^ ) . 
L 2 7 J \ 7 / 

Therefore, for almost all a; € Ω, if (n - 1)ί < ί < ηί, η > no, 

\x{t)? 
logf < |xo|2 + ^ ( 2 p + |σ|2) + β-^θε^-^^ logn 

X e x p ( ^ ) [ l o g ( n - 1) + log<5]-i. 

So 
l i n , s u p J ^ < / 3 - e e 2 ^ * e x p f « ) a.s. 

t-.oo logi V 7 y 

Finally, letting 0 —» 1, ί —> 0 and choosing /3 = 7 / | | σ | | ^ we obtain that 

l i m s u p 4 M < ( | a ( | , / ^ a.s. 

as required. The proof is complete. 
It is not diflScult to see that Theorems 5.3-5.5 can be extended to equation 

(5.1) as long as the coefficient g(x,i) is bounded. More precisely, if there exists 
a AT > 0 such that 

|)g(x,i)|) < Κ for all (χ, ί) € R^ χ [ίο,οο). 

�� �� �� �� ��



70 Stochastic Differential Equations [Cli.2 

Therefore 

n „ 3 u p Ά = Umsup -M£L = 4. a.s. (5.24) 

On the other hand, by Theorem 5.5, we can estimate that the left-hand side of 
(5.24) is less or equal to a^/epy, which is reasonably closed to the above accurate 
value cr/y/η. 

then Theorems 5.3-5.5 still hold for the solution of etjuation (5.1) and, of course, 
the corresponding ||σ|| should be replaced by K. We leave the details to the 
reader. 

To close this section, let us discuss two special cases of equation (5.12) in 
order to show that the estimates obtained above are quite sharp. First of all, 
let m = d, f{x, t) = 0 and σ be the d χ d identity matrix. By Theorem 5.4, we 
have that 

l imsup-^JF^^^J < y / I a.s. (5.22) 
t - o o v/2iloglogt 

On the other hand, in this case, the equation has the explicit solution x{t) = 
Xo + B{t) - B{to). Applying the law of the iterated logarithm for d-dimensional 
Brownian motion (cf. page 17) we see that the left-hand side of (5.22) equals 
to 1. In other words, even in this very special case. Theorem 5.4 still gives 
reasonably sharp estimate. Next, we let d = m = 1, ίο = 0, /(x,*) = —7^, 
σ and 7 be both positive constants. This is, we consider the one-dimensional 
equation 

dx(i) = -7x(i)di + adB{t) on ί > 0, (5.23) 

where B{t) is the one-dimensional Brownian motion. The integration by parts 
formula yields that 

e^'x(i) = x(0) + M(i), 

where M(i) = σe^^dB{s) is a continuous martingale with the quadratic 
variation {M,M)t = σ^(6·^^' — l) /27 := μ{1). It is easy to show that the in­
verse function of μ(ί) is μ~^{1) = \og{2'yt/a'^ + I)/2η and, by Theorem 1.4.4, 
{Μ(μ~'(ί))}ί>ο is a Brownian motion. Hence, by the law of the iterated loga­
rithm (i.e. Theorem 1.4.2), 

lim sup . . : = 1 a.s. 
t - C X . x/2i log logi 

which implies 

\M{t)\ ,. \M{t)\ 
hmsup , = hmsup ' = 1 a.s. 

v/2M(i)loglog/i(( t-«> e ^ V ^V7)logt 

�� �� �� �� ��



Sec.2.6] Caratheodory's approximate solutions 71 

E( sup | i„( i) - x ( i ) | 2 ) < ε. 

So we Ccin USG Xfi (t) as the approximate solution to equation (6.1). The disadvan­
tage of the Picard approximation is that one needs to compute xo{t),Xi{t), •••, 
x„_i(i) in order to compute x„(i), and this will involve a lot of calculations 
on stochastic integrals. More efficient ways in this direction are Caratheodory's 
approximation procedure and Cauchy-Maruyama's. We shall discuss the former 
in this section and latter in the next section. 

Let us now give the definition of Caratheodory's approximate solutions. 
For every integer η > 1, define Xn(i ) = xo ior to — 1 < t < to and 

x „ ( i ) = Xo + / / ( x n { s - 1/n), s)ds + ί g{x„{s - 1/n), s)dB{s) (6.2) 

for to < t <T. Note that for to < t < to + l/n, Xn{t) can be computed by 

X n ( < ) = X o + / f{xo,s)ds+ ί g{xo,s)dB{s); 
Jt„ Jtu 

then for ίο + l / n < t < ίο + 2/n, 

x „ ( i ) = x„( io + l /n) + / / (x„(s - l /n ) , s)ds 
Jtu+\/n 

+ [ g{x„{s-l/n),s)dBis) 
Jtu + l/n 

2.6 CARATHEODORY'S APPROXIMATE SOLUTIONS 

In the previous sections we have established the existence-and-uniqueness 
theorems and discussed the properties of the solution for the stochastic differ­
ential equation 

dx{t) = f{x{t), t)dt + g{x{t), t)dB{t), t e [to,T\ (6.1) 

with initial value x ( i o ) = xo € L^. However, the Lipschitz condition etc. only 
guarantee the existence and uniqueness of the solution and, in general, the so­
lution does not have an explicit expression except the linear case which will be 
discussed in Chapter 3 below. In practice, we therefore often seek the approxi­
mate solution rather than the accurate solution. 

In Section 2.3 we use the Picard iteration procedure to establish the theorem 
on the existence and uniqueness of the solution. As the by-product, we EJSO 

obtain the Picard approximate solution for the equation, and Theorem 3.3 gives 
an estimate on the difference, called the error, between the approximate and the 
accurate solution. In practice, given the error ε > 0, one can determine η for the 
left-hand side of (3.10) to be less than ε, and then compute xo(*) , xi(0," ·" > Xn(<) 
by the Picard iteration (3.4). According to Theorem 3.3, we have 
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and so on. In other words, Xn{t) can be computed step-by-step on the intervals 
[ίο, ίο -F- l /n] , (ίο Η- l /n , ίο 2/n], · · ·. We need to prepare two lemmas in order 
to establish the main results. 

Lemma 6.1 Under the linear growth condition (3.2), for all η > 1, 

sup E\xn(t)\^ < Ci := (1 + 3£; |xo |2)e3«(^-'")(^-*"+i). (6.3) 
U><t<T 

Proof. Fix η > 1 arbitrarily. It is easy to see from the definition of x„(i) and 
condition (3.2) that {xn{t)}t„<i<T e M'^{[to,T];R'^). Note from (6.2) that for 
to<t<T, 

| x n ( < ) l ' < 3 | x o | ' + 3 / f{xnis-l/n),s)ds^ 

ft 2 
+ 3 / g{xr,{s-l/n),s)dB{s) . 

Jti, 

Using the Holder inequahty. Theorem 1.5.21 as well as condition (6.2) one can 
then derive that 

£ |x„(i) |2 < 3^|xo |2 + 3(i - to)E f | / ( x „ ( 5 - l /n ) , s)Yds 
Jti, 

3E f\g{xn{s--l/n),s)fds 
Jti, 

< 3E\XQY -H 3K{T -to + l) ί [1 + £ |x„(s - l/n)\'']ds 
Jto 

<3E\xof+ 3K{T-to + l) f \l+ sup £;|x„(r)| 
Jto to<r<a 

+ 

ds 

for all ίο < ί < Γ. Consequently 

ds. 

1+ sup £^|x„(r)|2 
i<i<r<i 

< 1 + 3£ |χο |2 - | -3Α:(Γ- ίο + 1) /'[n- sup £;|x„(r)|2 
Jto'- t(><r<s 

The Gronwall inequality implies 

1+ sup f ; | x „ ( r ) | 2 < ( l + 3E|xo|V^<'~ '""^~'" '^ '^ 
<o<r<t 

for all ίο < ί < T. In particular, the required (6.3) follows when ί = Γ. 

Lemma 6.2 Under the linear growth condition (3.2), for all η > 1 and to < 
s<t<T with ί - s < 1, 

£;|x„(i) - x„(s)|2 < C2(i - s). (6.4) 
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< 4K{T - ίο + 4) /" \E\xn{s) - Xn{s - l/n)f + E\Xn{s) - x(s)p ds. 

But, by Lemma 6.2, £Ίχ„(5) - x„(s - l / n ) p < C a / n if s > ίο + l / n , otherwise 
if ίο < s < ίο + l/n, E\x„{s) - x„(s - l / n ) | 2 = £;|x„(s) - x„(io)P < ^ 2 ( 5 - ίο) 
which is less than C 2 / n . Therefore, it follows from the above inequality that 

e( sup |x„(r) - x ( r ) |2 ) < i c 2 ^ ( T - io)(T - to + 4) 

+4K{T-to + 4) f e( sup | x „ ( r ) - x ( r ) | 2 ) d s . 
Jto ^t„<r<s ' 

Finally, the required inequality (6.5) follows by applying the Gronwall inequality. 
The proof is complete. 

where C2 = 4A'(1 + C\) and Ci is defined in Lemma 6.L 

Proof. Note that 

x„(i) - x„(s) = £ fixnir - l/n),r)dr + ^ g{x„{r - l/n),r)dB{r). 

Hence, by Lemma 6.1, 

E\xn{t) - x„(s)|2 

<2e\J^ f{xnir-l/n),r)dr\\2E\j^ g(xn{r - i/n),r)dB(r)f 

< 2K(t - s + 1) J\l + E\xn{r - l/n)f]dr 

<4K{l + Ci){t-s) 

as required. 
We can now state the main result. 

Theorem 6.3 Assume that the Lipschitz condition (3.1) and the linear growth 
condition (3.2) hold. Let x{t) be the unique solution of equation (6.1). Then, 
for η > 1, 

e( sup | χ „ ( ί ) - χ ( ί ) | ' ) < — , (6.5) 

where C3 = iC^KiT - to)iT - to + 4 ) e x p [ 4 ^ ( r - (ο)(Γ - ίο + 4)] and C2 is 
defined in Lemma 6.2. 

Proof. It is not difficult to derive that 

e( sup | i„( r ) - x ( r ) p ) < 2A'(T - ίο + 4) f E\xnis - l /n) - x{s)\^ds 
^to<r<t ' Jto 
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' More precisely we mean the pathwise uniqueness here. Please see Remark 7.5 in the next 

section for the definition of pathwise uniqueness. 

In practice, given the error ε > 0, one can let η be an integer larger than 
Ca/e and then compute Xnit) over the intervals [to, to + l /n] , (ίο + l /n , ίο + 
2/n], · · ·, step by step. Theorem 6.3 guarantees that this a;„(i) is closed enough 
to the accurate solution x{t) in the sense 

E( sup \Xn{t) - χ{1)\Λ < ε. 
^t„<t<T ' 

Comparing Picard's approximation, we see the advantage of Caratheodory's 
approximation that we do not need to compute Χ ι ( ί ) , · · · , a ;„_ i ( i ) but compute 
x „ ( i ) directly. 

In the proof of Theorem 6.3 we have made use of the fact that equation (6.1) 
has a unique solution under conditions (3.1) and (3.2), and the proof therefore 
becomes relatively easier. On the other hand, it is possible to show, without 
using this fact, that Caratheodory's approximation sequence { x „ ( i ) } is Cauchy 
in !?• hence converges to a limit, say x ( i ) ; and then show that x ( i ) is the unique 
solution to equation (6.1), and (6.5) holds. In other words, we can completely 
use the Caratheodory approximation procedure to establish the existence-and-
uniqueness theorem. The details can be found in the author's previous book 
Mao (1994a). 

Moreover, under quite general conditions, we are still able to show that the 
Caratheodory approximate solutions converge to the unique solution of equation 
(6.1). This is described as follows. 

Theorem 6.4 Let f(x,t) and g{x,t) be continuous. Let XQ be a bounded R'^-
valued Τ-measurable random variable. Let the linear growth condition (3.2) 
hold. Assume that the equation (6.1) has a unique^ solution x ( i ) . Then the 
Caratheodory approximate solutions X n ( i ) converge to x ( i ) in the sense that 

lim £ ( sup | x „ ( i ) - x ( i ) | 2 ) = 0. (6.6) 
n ^ ° o \„<t<T ' 

The proof is omitted here but can be found in Mao (1994b). We shall now 
use this theorem to establish one useful result. 

Theorem 6.5 Let / ( χ , ί ) and «/(χ,ί) be continuous. Let XQ be a bounded R'^-
valued Tt„-measurable random variable. Assume that there exists a continuous 
increasing concave function κ : P+ —> P+ such that 

/ - ^ = 0 0 , (6.7) 
Jo+ 

and for all x, y e P ' ' , ίο < ί < Γ 

| / (x, ί) - / (y, ί ) |2 V \9{x, t) - g{y, t)f < K{\X - yW (6.8) 
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E{ sup | x ( r ) - x ( r ) | 2 ) 

<e + 2{T-to + 4) f K]E( sup \x{r) - x{r)\A 
Jto ^ H o < r < s '' 

ds (6.9) 

for & a t o < t < T . Define 

G{r)= ί o n r > 0 , 

and let G~^{-) be the inverse function of G ( ) . By condition (6.7), one sees that 
limeloG(e) = - oo and Dom{G~^) = (-oo ,G(oo)). Therefore, by the Bihari 
inequality (i.e. Theorem 1.8.2), one deduces from (6.9) that, for all sufficiently 
small ε > 0, 

E( sup |x(r) - x ( r ) | 2 ) < [G{e) + 2{T - ίο + 4)(T - ίο) 
\o<r<T ' 

Letting ε —» 0 gives 
E{ sup |x(r) - x ( r ) | 2 ) = 0. 

Hence, x(i) = x(i) for all ίο < ί < Τ almost surely. The uniqueness has 
been proved. To show (6.6), we only need to verify the hnear growth condition 
according to Theorem 6.4. Since κ(·) is concave and increasing, there must exist 
a positive number a such that 

K(U) < a(l Λ-η) on ω > 0. 

Besides, let h = supt„<f<r(|/(0, i)p V 1^(0,i)p) < oo. Then 

\i{x,t)Yy\g{x,t)Y 
< 2(1/(0, i ) | 2 V \g{0, t)f) + 2(i/(x, i) - /(O, t)f V |g(x, i) - ^(0, t)\^) 
<2b + 2K(|X|2) < 26 -I- 2a(l -I- \xf) < 2(a -I- 6)(1 + \xf). 

Then the equation (6.1) has a unique solution x{t). Moreover, the Caratheodory 
approximate solutions X n ( * ) converge to x{t) in the sense of (6.6). 

Proof. We leave the proof of existence to the reader (cf. Yamada (1981)). To 
show the uniqueness, let x{t) and x{t) be two solutions to equation (6.1). By 
(6.8), it is easy to show that 

E( sup | x ( r ) - x ( r ) | 2 ) < 2 ( Γ - ί ο + 4) f EK{\X{S) - x{s)\^)ds. 
\o<r<l ' Jto 

Since κ{·) is concave, by the well-known Jensen inequality, we have 

EK{\X{S) - x(s ) |2) < KiE\x{s) - x ( s ) |2 ) < JE( sup |x(r) - x{r)f) 
L Ho<r<s ' 

Consequently, for any ε > 0, 
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2.7 EULER-MARUYAMA'S APPROXIMATE SOLUTIONS 

Let us now turn to discuss the Euler-Maruyama approximate solutions 
which are defined as follows: For every integer η > 1, define Xn{to) = xo, and 
then for to + [k - l ) / n < ί < (to + k/n) AT, fc = 1,2,· · ·, 

x„(t) = x„(io + {k- l ) /n ) + / /(x„(to + {k- l ) /n) , s)rf.s 
Jt„+(k-l)/n 

+ i giXn{to + {k-l)/n),s)dB(s). (7.1) 
Jt„+(fc-l) /n 

Note that if define 

Xnit) = Xo/{t„}(i) + Y2xn{to + {k- l)/n)/(e„+(fc_,)/„, t„+k/n]it) (7.2) 

for to<t<T, then it follows from (7.1) that 

Xn{t)^xo+ f f{xn{s),s)ds+ ί g{xn{s), s)dB{s). (7.3) 
J til J ti, 

Making use of this expression we can show the following lemmas in the same 
way as Lemmas 6.1 and 6.2. 

Lemma 7.1 Under the linear growth condition (3.2), the Euler-Maruyama 
approximate solutions Xn{t) have the property that 

sup E\xn{t)f < C, := (1 + 3£;|xo|')e^''f^-'">(^-'"+>'. 
t„<t<T 

That is, tiie Hnear growth condition (3.2) is fulfilled with Κ = 2(α + b). The 
proof is now complete. 

To close this section, let us consider a one-dimensional equation 

dx{t) = \x{t)\"-dB{t) on to <t<T (6.10) 

with initial value x(to) = XQ which is bounded, where ^ < α < 1 and B{t) is 
a one-dimensional Brownian motion. As we pointed out before, equation (6.10) 
has a unique solution. Besides, the linear growth condition is clearly fulfilled. 
Therefore, according to Theorem 6.4, the Caxatheodory approximate solutions 
converge to the unique solution. However, it is still open whether the Picard 
approximate solutions converge to the unique solution or not in this case. So 
far, perhaps the best conditions which guarantee the convergence of the Picard 
approximate solutions to the unique solution of equation (6.1) are the conditions 
given in Theorem 6.5, and they were obtained by Yamada (1981). 
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E( sup | x „ ( f ) - x ( i ) | 2 ) 
't„<t<T 

where C3 = iC^KiT - io)(T - ίο + 4) exp[4A'(T - to){T - to + 4)] and C2 is 
defined in Lemma 7.2. 

We leave these proofs to the reader. Moreover, we also have the following 
more general result. 

Theorem 7.4 Under the same conditions as Theorem 6.4, Euler-Maruyama's 
approximate solutions Xn{t) converge to the unique solution x{t) of equation 
(6.1) in the sense of (6.6). 

This result was obtained by Kaneko & Nakao (1988). This theorem and 
Theorem 6.4 tell us that both Caratheodory's and Euler-Maruyama's approxi­
mate solutions converge to the unique solution of equation (6.1) under these quite 
general conditions described in Theorem 6.4. However, it is still open whether 
the Picard approximate solutions converge to the unique solution under these 
conditions. 

It is interesting to see that the Euler-Maruyama approximation becomes 
nmch easier for the time-homogeneous stochastic differential equation 

dxit) = f{x{t))dt + g{x{t))dB{t). (7.4) 

In this case, the Euler-Maruyama approximate solutions take the following sim­
ple form: in(<o) = xo and 

x„(i) = x„(io + (fc - l ) /n) + f{xn{to + (fc - l)/n))[i - ίο - (fc - l)/n] 
+ gixnito + (fc - l)/n))[B(i) - β(ίο - (fc - l ) /n)l . (7.5) 

for ίο + (fc - l ) / n < ί < (ίο + fc/") Λ Τ, fc = 1,2, · · ·. 
To close this section, let us make an important remark. 

Remark 7.5 In the previous sections, the probability space (ίΙ,Τ,Ρ), the fil­
tration {J"t}t>o, the Brownian motion B{t) and the coefficients f{x,t), g(x,t) 

Lemma 7.2 Under the Hnear growth condition (3.2), the Euler-Maruyama 
approximate solutions x„(<) have the property that for to < s < t < Τ with 
t-s<l, 

E\Xnit) - X „ ( s ) | 2 < C 2 ( i - S), 

where C2 =F 4K{1 + Ci) and Οχ is defined in Lemma 7.1. 

We can then prove the following theorem in the same way as Theorem 6.3. 

Theorem 7.3 Assume that the Lipschitz condition (3.1) and the linear growth 
condition (3.2) hold. Let x{t) be the unique solution of equation (6.1), and 
X n ( i ) , n>\ be the Euler-Maruyama approximate solutions. Then 
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2.8 SDE A N D PDE: F E Y N M A N - K A C ' S FORMULA 

Stochastic differential equations have many applications. One of the most 
important applications is the stochastic representation for solutions to partial 
differential equations, and this is known as the Feynman-Kac formula. The 
formula builds a bridge between stochastic differential equations (SDE) and 
partial differential equations (PDE), and creates the probabilistic approach to 
the study of partial differential equations (cf. Friedlin (1985)). 

(i) The Dinchlet Problem 
Let us first consider the Dirichlet problem or the boundary value problem 

(Εη{χ) = φ{χ) in D, , 
\η{χ)=φ{χ) ondD, ^ ' 

where L is a hnear partial differential operator 

with real-valued coefficients defined in a d-dimensional domain D <Z B^. It is 
standard to arrange a^j symmetrically, i.e. aij — Ojj. Assume that D is open 
and bounded, and its boundary dD is C^. We shall denote by D the closure of 
D. Assume that L is uniformly elliptic in D, that is, for some μ > 0, 

y'^a{x)y>p\y\'' HxeD^yeR'', (8.3) 

where a{x) = (aij{x))dxd- Assume also that 

aij, fi are uniformly Lipschitz continuous in D, (8.4) 
c < 0 and c is uniformly Holder continuous in D. (8.5) 

are all given in advance, and then the solution x(t) is constructed. Such a so­
lution is called a strong solution. If we are only given the coefficients f(x, t) 
and g{x,t), and we are allowed to construct a suitable probability space, a fil­
tration, a Brownian motion and find a solution to the equation, then such a 
solution is called a weak solution. Two solutions (weak or strong) are said to be 
weakly unique if they are identical in probability law, that is, they have the same 
finite-dimensional probability distribution. If two weak solutions founded under 
whatever probabihty space with a filtration and a Brownian motion are indis­
tinguishable, we say that pathwise uniqueness holds for the equation. Clearly a 
strong solution is a weak one, but the converse is not true in general. See the 
Tanaka example explained in Rogers & Wilhams (1987), Sec.V.16. Also, the 
pathwise uniqueness implies the weak uniqueness. Moreover, all the conditions 
given above e.g. the Lipschitz condition guarantee the pathwise uniqueness, 
since the uniqueness has been proved under the arbitrarily given probability 
space etc. In this book, we are always concerned with strong solutions unless 
otherwise specified. 
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Under these hypotheses, it is well-known, by the theory of partial differential 
equations, that the Dirichlet problem (8.1) has a unique solution u for any given 
functions φ, φ satisfying: 

φ is uniformly Holder continuous in D, (8.6) 
φ is continuous on dD. (8.7) 

We shall now represent u in terms of a solution of a stochastic differential equa­
tion. 

Note from (8.3) that for every χ € D, a{x) is a d χ d symmetric positive 
definite matrix. It is well-known that there exists a unique d x d positive definite 
matrix g{x) = (gij)dxd such that g{x)g'^{x) = a{x), and g{x) is called the 
square root of a(x). Moreover, condition (8.4) guarantees that ^(x) is uniformly 
Lipschitz continuous in D. Extend ^(x) and / (x) = (/i(x), · · ·, fd{x))^ into the 
whole space i?** so that they remain uniformly Lipschitz continuous, i.e. 

\fix) - f{y)\\J\9{x) -9{y)\ < i<\x - y\ -ύχ,ν&Κ" (8.8) 

for some A" > 0. Clearly, (8.8) implies that / and g satisfy the linear growth 
condition as well. Now, let B{t) = (Bi(i), · · · , Bd(i))^, ί > 0 be a d-dimensional 
Browniam motion defined on the complete probability space {Ο,,Τ,Ρ) with the 
filtration {.Ft}i>o satisfying the usual conditions. Consider the d-dimensional 
stochastic differential equation 

= i{m^)dt + g{i(t), t)dB{t) on ί > 0 (8.9) 
with initial value ξ(0) — χ & D. By Theorem 3.6, equation (8.9) has a unique 
global solution, which is denoted by ξχ(ί) · 

Theorem 8.1 Assume that D is a bounded open subset of and its boundary 
dD isC^. Let (8.3)-(8.7) hold. Then the unique solution u{x) of the Dirichlet 
problem (8.1) is given by 

u(x) - Ε 

-Ε 

φ{ξAr))exp(^J\{ξ,(s))ds) 

φ{ξ^it))exp(^J^ c{ξ,{s))dsyt , (8.10) 

where τ is the first exit time of ξχ{t) from D , i.e. τ = inf{i > 0 : ξχ(t) φ D } . 

Proof. Let e > 0, and denote by Ug the closed e-neighbourhood of dD. Let 
Dg = D — Ug, and let be the first exit time of ξχ{t) from D ^ . By Ito's formula, 
for any Τ > 0, 

Ε u ( e , ( r , A T ) ) e x p ( j i 
= E 

= E 

iξx{s))ds) -u{x) 

j j Lu{Ut))exp(^j^c{Us))ds) 

£'^^ φ{ξχ{ί)) exp( j ^ ' c{^x{s))ds)dt 

dt 

(8.11) 
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M ( X ) = Ε 

- Ε 

u[Ur Λ Τ)) ^^P{£^^ c(^.(s))ds) 

(8.12) 

If we can prove that r < oo a.s., then, by letting Τ —» oo and using the bounded 
convergence theorem, we get the assertion (8.10). To show r < oo a.s., consider 
the function 

V(x) = -e^^> for X G R''. 

Noting from (8.3) that aii(x) > μ > 0 in D, we can choose A > 0 sufSciently 
large for 

hixWM + \an{x)Vx,x,{x) = Ae^-' [/i(x) - ^ a „ ( x ) 

By Ito's formula. 

< - 1 in D. 

Εν{ξχ{τΑΤ))-ν{χ) 

= Ej [hiUsWx.iUs)) + 2«i i fe(s) )^xix . ( ix(«)) 

< ~E{TAT). 

ds 

Since |V^(x)| < C in D for some C > 0, we then have Ε(τ Λ Γ) < 2C. Taking 
Γ 00 and using the monotone convergence theorem we get Ετ < 2C, which 
implies that r < oo a.s. The proof is complete. 

As an example, let L be the Laplace operator Δ = Then the 
boundary value problem (8.1) reduces to 

ί Δυ(χ) = φ(χ) in D, 
\ u(x) = φ{χ) on dD, (8.13) 

and the corresponding stochastic differential equation (8.9) takes a simple form 
άξ{ί) = dB{t) which has the solution ξχ{ί) - χ + Β{ί). By Theorem 8.1, if (8.6) 
and (8.7) hold then the unique solution of equation (8.13) is given by 

u(x) = Ε 

~E 

φ{χ + B{T)) e x p ( j i c(x + B{s))ds^ 

φ{χ + Β{ί))βχρ(^Ι^ c(x + B(s))ds)di (8.14) 

where τ = inf{t > 0 : χ + B{t) i D}. 

Taking ε —> 0 and using the bounded convergence theorem, we obtain that 
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(ii) The Initial-Boundary Value Problem 
Consider next the initial-boundary value problem 

§iu(x, t) -I- Lu{x, t) = φ{χ) inDx [0, T), 
u{x,T) = φ{x) 
uix,t) = b{x,t) 

on D, 
ondD X [0,T1, 

(8.15) 

where Τ > 0, D is the same as before, and 

d ^ d 

' dXidxj 
i = l 

(8.16) 

with real-valued coefficients defined in D χ [Ο,Γ]. Set a{x,t) = {aij{x,t))dxd-
We impose the following hypotheses: 

y^a{x, t)y > μ\yf if (x, t) € D χ [0, Τ), y e 
Oij, / i are uniformly Lipschitz continuous in ( ι , ί ) e .D χ [Ο,Γ], 

ο,ν' are uniformly Holder continuous in (χ, ί) € .D χ [Ο,Γ], 
φ is continuous on D, 6 is continuous on dD χ [Ο,Γ], 

φ{x) = b{x,T) ifxedD. 

(8.17) 

It is well-known that the initial-boundary value problem (8.15) has a unique 
solution if (8.17) is fulfilled. To represent tt in terms of a solution of a stochastic 
differential equation, set / ( χ , ί ) = ( / i , - - , / d ) ^ and let 5(x,i) = (</tj(x,i))dx(i 
be the square root of a(x, i) in D χ [Ο,Γ], i.e. g{x,t)g'^{x,t) = a(x, i). Extend 
/, g to Rf^ X [0, Γ] keeping the Lipschitz continuity 

(/(x, i) - / (y , s) | V t) - giy, s)\ < Κ{\χ -y\ + \t~ s\) {K > 0). 

For every (χ, ί) € D χ [Ο,Γ), consider the stochastic differential equation 

diis) = ms), s)ds + g(C(s), s)dB{s) on [i, Γ] (8.18) 

with initial value ξ{t) = x. By Theorem 3.1, equation (8.18) has a unique 
solution, which we denote by ξχ,β(θ) on s e [i, Γ]. 

Theorem 8.2 Assume that D is a bounded open subset of and its boundary 
dD is C^. Let (8.17) hold. Then the unique solution u(x,i) of the initial-
boundary value problem (8.15) is given by 

u{x,t) = E / { , < T } & ( C x , i ( T ) , T ) e x p ( j i c(ξχ,t{s),s)ds) 

' Ι{τ=τ}Φ{^ΛΤ))exp{£c(^x,e(s), s)ds) 

' '^(^i;,t(s),s)exp^^ c{ix^t{r),r)dr^ds , 

+ E 

- E (8.19) 
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u(x, t) = E 

~E 

Τ 

φ{ξχΑΤ))βχρ(Ι^ c{ξχ,t{s),s)ds) 

<p(ix,t(s),s)exp(^ c{ixAr),r)drys (8.22) 

The proof follows by applying Ito's formula to the function defined by 
(8.20). 

where τ = r A i n f { s e [t,T] : ix,t(.s) ^ D}. 

The proof of this theorem is similar to that of Theorem 8.1, but here one 
applies Ito's formula to 

u ( e , , t { s ) , s) exp[£ c(i,,e(r), r )d r ) . (8.20) 

(in) The Cauchy Problem 
When £) = Λ"* in the initial-boundary value problem (8.15), we arrive at 

the following Cauchy problem 

j ^-^u{x,t) + Lu{x,t) = φ(χ) 1ηβ<'χ[0 ,Τ) , , . 
\η{χ,Τ)=φ(χ) •mR'', ^ " 

where L is given by (8.16). We shall assume: 
(Hi) The functions Oij, fi are bounded in R^ χ [Ο,Τ] and uniformly Lipschitz 

continuous in (x, t) in any compact subset of β** χ [Ο, Τ]. The functions Oij 
are Holder continuous in x, uniformly with respect to ( i , t ) in R'' χ [Ο,Τ]. 
Moreover, for some μ > 0, 

y'^a(x, t)y > /i|y|2 if (x, t) e R'^ χ [0, Τ), y e R'^. 

(H2) The function c is bounded in Λ** x [Ο,Τ] and uniformly Holder continuous 
in (x,t) in any compact subset of R"^ x [Ο,Τ]. 

(H3) The function / is continuous in χ [Ο,Τ], Holder continuous in χ uni­
formly with respect to (χ,ί) in R*^ χ [Ο,Τ]. The function φ is continuous 
in i?**. Moreover, for some α > 0, β > 0, 

| /(χ,ί) |ν|<Α(χ)| </J( i -H|x |") i f x e f i ^ i e [ 0 , T ] . 

Under these hypotheses, there exists a unique solution u to the Cauchy problem 
(8.21). Besides, by Theorem 3.4, the stochastic differential equation (8.18) also 
has a unique solution denoted by Cx,i{s). 

Theorem 8.3 Let (H1)-(H3) hold. Then the unique solution u{x,t) of the 
Cauchy problem (8.21) is given by 
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u{x,t) = Ε (8.28) 

Of course, this is no longer an explicit representation. Nevertheless it is still 
very useful. For example, assume φ{χ) > 0 and 

c(x) < c(x,u) < c(x). 

We now consider some special cases of equation (8.21). First, when φ = 0 
and c = 0, equation (8.21) becomes the Kolmogorov backward equation 

t) + Cu{x, t) = 0 inR^ X [0, T), 
\η{χ,Τ) = φ{χ) in Λ", ^''•'''^ 

where 

In this case, formula (8.22) reduces to the simple form 

u{x,t) = Εφ{ξχΑΤ)). (8.24) 

Next, if let L = Δ and φ = 0, equation (8.21) becomes the heat equation 

/ f u ( i , i ) + Au(x,i) = 0 in/?<'x[0,T), 
\η{χ,Τ)^φ{χ) inR''. ^^"^^^ 

In this case, the corresponding stochastic differential equation (8.18) reduces to 

άξ(8) = άΒ{8) οη[ί ,Τ] 

with initial value ξ{ί) = χ. Clearly, this stochastic equation has the explicit 
solution C i , t ( s ) = χ -I- B{s) - B{t). Therefore, by Theorem 8.3, the solution of 
the heat equation (8.25) is given by 

u{x, t) = Εφ{χ + B{T) - B{t)). (8.26) 

To close this chapter, let us point out that Feynman-Keic formula can also 
be applied to quasilinear parabolic partial differential equations. To explain, let 
us consider the following quasilinear equation 

/ ^ u ( x , t) + Cuix, t) + c(x, u )u (x , t) = 0 in /f^ X [0, T), 
\η{χ,Τ)=φ{χ) in β", ^^-^^^ 

where c is now a continuous function defined on R'^ χ R. In this case, the 
Feynman-Kac formula has the form 
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Ε 

< u{x,t) < Ε φ{ξx,t{T))exp[j^ c{(xAs))ds) . (8.29) 

If denote by u{x, t) and u{t, x) the corresponding solutions of equation (8.27) 
with c{x,u) replaced by c{x) and c{x), respectively, we can then rewrite (8.29) 
as 

u{x, t) < u{x, t) < a{x, t), (8.30) 

which is a comparison result. 

2.9 THE SOLUTIONS AS MARKOV PROCESSES 

In this section we shall discuss the Markov property of the solutions. For the 
convenience of the reader, let us recall some basic facts about Markov processes 
(for details please see Doob (1953)). In Chapter 1, we gave the definition of the 
conditional expectation Ε{Χ\0). If G is the σ-algebra generated by a random 
variable Y, i.e. G = σ{Υ}, we write E{X\G) = E{X\Y). If X is the indicator 
function of set A, we write E{IA\G) = PiA\G). 

A d-dimensional .Ff-adapted process {ξ(ί)}ί>ο is called a Markov process if 
the following Markov property is satisfied: for all 0 < s < t < oo and A e B'', 

Pirn e A\Ts) = Pm) e Α |ξ (5 ) ) . (9.1) 

In a usual definition of a Markov process, the σ-algebra Ts is set to be σ{ξ{Γ) : 
0 < r < s}, but we here would like to make the definition slightly more general. 
The Markov property means that given a Markov process, the past and future 
are independent when the present is known. There are several equivalent for­
mulations of the Markov property. For example, property (9.1) is equivalent to 
the following one: for any bounded Borel measurable function φ : R and 
0 < s < ί < oo, 

Ε{φ{ξ{1))\^Β) = E{φ(ξ{tms)). (9.2) 

The transition probability of the Markov process is a function P{x,s;A,t), de­
fined on 0 < s < ί < 00 , I e i?'' and A e β**, with the following properties: 

a) For every 0 < s < ί < oo and A e B'', 

Piξ{s),s;A,t) = P{ξ{t)&A\ξ{s)) 

b) P{x,s; ·,ί) is a probability measure on β** for every 0 < s < ί < oo and 
X e R'^. 

c) Ρ( · , s; A, t) is Borel measurable for every 0 < s < ί < oo and A e β**. 

It tiien follows from (8.28) that 
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d) The Chapman-Kohnogorov equation 

P{x,s;A,t)= f Piy,r;A,t)P{x,s;dy,r) 

holds for any 0 < s < Γ < ί < 00, X e /f* and i4 e β**. 
Clearly, in terms of transition probability, the Miirkov property (9.1) becomes 

Ρ{ξ{ί)€Α\^^,) = Ρ{ξ{8),8;Αΐ). (9.3) 

We shall use the notation 

Ρ{ξ^)£Α\ξ{8) = χ} = Ρ(χ,3;Α,ΐ), 

which is the probability that the process will be in the set A at time t given the 
condition that the process was in the state χ at time s < i. It should be stressed 
that the number Ρ{ξ{1) € ^|ξ(δ) = x} is simply defined by the equation above, 
even though the condition {^(s) = x} may have probability 0. We shall also use 
the notation 

ΕχΜΦ))= ί φ{ν)Ρ{χ,Β;άνΛ)- (9 .4) 

With this notation, the Markov property (9.2) can be written as 

Ε{ψ{ξ{ι))\:Ρ,) = E^(,)Mmi (9.5) 

where the right hand side is the value of the function Εχ,Βφ{ζ,{ί)) at χ — ^(s). 
A Markov process {i(i)}t>o is said to be homogeneous (with respect to 

time) if its transition probability P(x, s; A, t) is stationary, namely 

P(x,s-\-u\ A,t + u) = P{x,s; A,t) 

for all 0 < s < ί < oo, u > 0, X € Λ** and A e B^. In this case, the transition 
probability is a function of x, A and t - s only, since 

Pix,s;A,t) = Pix,0;A,t-s). 

We can therefore simply write P(x, 0; A, t) = P{x; A, t). Clearly, P(x; A, t) is the 
probability of transition from χ to yl in time t, regardless of the actual position 
of the interval of length t on the time axis. Moreover, the Chapman-Kolmogorov 
equation becomes 

Pix;A,t + s)= f P{y;A,s)P{x;dy,t). 
jR-i 

Furthermore, with the notation 

EMm= I φ{ν)Ρ{χ;άν,ί), 
JR'' 
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( i , s ) / φ{y)P{x,s\dy,s + \) 

is continuous, for any fixed λ > 0, we then say the transition probability (or the 
corresponding Markov process) satisfies the Feller property. 

We can now begin to discuss the Markov property of the solutions of 
stochastic differential equations. 

Theorem 9.1 Let ξ(ί) be a solution of the Ro equation 

di[t)^f{m,t)dt + gm),t)dB{t) ont>0, (9.7) 

whose coefficients satisfy the conditions of the existence-and-uniqueness theorem. 
Then ξ{t) is a Markov process whose transition probability is defined by 

P (x , s ;A , i ) = P U x , , ( i ) 6 A } , (9.8) 

where ξχ,s{t) is the solution of the equation 

ξxAt) =^ + f fi^U^)^ + / 9{ξχ,sir), r)dB{r) ont>s. (9.9) 

tlie Markov property becomes 

A d-dimensional process {ξ(ί)}ί>ο is called a stmng Markov process if the 
following strong Markov property is satisfied: for any bounded Borel measurable 
function ψ : R, any finite .Ff-stopping time r and ί > 0, 

Ε{ψ{ξ{τ + tmr) = Ε{φ{ξ{τ + tmir)). (9.6) 

Clearly a strong Markov process is a Markov process. In terms of transition 
probability, the strong Markov property becomes 

P ( i ( r + t) e AjJF,) = Ρ(ξ(τ) , r ; A , r + i). 

Using the notation E^^s defined above, the strong Markov property can also be 
written as 

Ε[φ{ί{τ + t))\Tr) = E^^T^Mii-r + t)). 

Especially, in the homogeneous case, this becomes 

E{ψ{ar + t))\Tr)^E^(r)φ{m)• 

In general, a Markov process is not a strong one. The conditions that 
guarantee a Markov process possesses the strong Markov property are the right 
continuity of the sample paths plus the so-called Feller property. If for amy 
bounded continuous function ψ : R, the mapping 
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To prove this theorem, we need to prepare a lemma. 
Lemma 9.2 Let /ι(χ,ω) be a scalar bounded measurable random function of x, 
independent of Ts- Let ζ be an Ts-measurable random variable. Then 

Ε{Η{ζ,ω)\^^,) = Η{ζ), (9.10) 

where H{x) — ΕΗ{χ,ω). 

Proof. First, assume that h{x, ω) has the following simple form 

k 
Η{χ,ω) = Y^Ui{x)vM (9.11) 

i = l 

with Ui(x) 's bounded deterministic functions of χ and i;i(u;)'s bounded random 
variables independent of !Fa- Clearly, 

k 

H{x) = Y^Ui{x)Evi{u). 
i=l 

Moreover, for any set G e .Fg, we compute 

/ * \ * 
Ε[Η{ζ,ω)Ιο] = E[Y^Ui{()vi{u)lG = '£E[ui{C)lG]Evi{w) 

^ i = l ^ T = l 

= E^J2uiiζ)Evi{ω)IG^=E[H{ζ)IG]. 

By definition, this means that (9.10) holds if /ι(χ,ω) has the form of (9.11). 
Since any bounded measurable rimdom function h{x,w) can be approximated 
by functions of form (9.11), the general result of the lemma follows immediately. 

Theorem 9.1 can now be proved easily. 

Proof of Theorem 9.1 Let Gs = o{B{r) - B{s) : r > s}. Clearly, Qs is indepen­
dent of Tg. Moreover, the value of ξι,β(ί) depends completely on the increments 
B{r) - B{s) for Γ > s and so is ^g-measurable. Hence, ξι,β(ί) is independent of 
J 'g . On the other hand, note that ξ(<) = ^^(s),s(i) on f > s , since both ξ(ί) and 
Ci(«),s(0 satisfy the equation 

m = i{s) + 1^ /(^(r), r)dr + g{ξ{r),r)dB{r) 

whose solution is unique. For any A G JB"^, we now apply Lemma 9.2 with 
Η{χ,ω) = lAiCx,s(t)) to compute that 

Ρ{ξ{ί) G A\J^,) = Ε{ΐΑ{ξ{ί)^ = £ ; ( / Λ ( ξ ξ ( , ) , « ( ί ) ) | . ^ » ) 

= Ε{ΐΑ{ξχΑί))1=^^,^= Pix,s;A,t)l^^^^^= Piξ{s),s•,A,t) 
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if P(x, s; A, t) is defined by (9.8). The proof is complete. 
For the strong Markov property of the solution we need to strengthen the 

conditions slightly. 

Theorem 9.3 Let ξ(ί) be a solution of the ltd equation 

d^{t) = /(ξ( ί) , t)dt + g{i(t), t)dB{t) ont>0. 

Assume the coefficients are uniformly Lipschitz continuous and satisfy the linear 
growth condition, that is, there are two positive constants Κ and Κ such that 

Ifix, t) - f{y, t)f V \9ix, t) - g{y, t)f < K\x - yf (9.12) 

and 
\fix,t)f\/\g{x,t)f<K{l + \x\') (9.13) 

for all x,y e and t > 0. Then ξ{t) is a strong Markov process. 

We again need to prepare a lemma in order to prove the theorem. 

Lemma 9.4 Let (9.12) and (9.13) hold. For every pair (x,s) e R'' X R+, let 
ix,sit) be the solution of the equation 

Usit) = ^ + ^ f{Usir),r)dr + g(ix,,{r),r)dB{r) on t > s. 

Then for any Γ > 0 and δ >Q, 

E( sup |ξχ,,(ί) - ξy,At)\A < Ci\x - y p + |u - s\) (9.14) 
\u<t<T J 

if 0 < s,u < Τ and \x\ V \y\ < δ, where C is a positive constant depending on 
Τ,δ,Κ and Κ. 

Proof. Without loss of generality we may assume that a < u. Clearly, for 
u<t<T, 

Us{t) - ^y,u(t) = ξχΑη) -y+ i\f{^xAr),r) - /(4v,„(r), r)]dr 
Ju 

+ IjgiUsirU) - g(i„,„(r),r)]dB(r). (9.15) 

Note from Theorem 4.3 (condition (9.13) is used here) that 

Ε\ξχΑ^) - yf < 2Ε\ξχΑ^) - x p + 2|x - y p <Cx\u-s\ + 2\x - y p , (9.16) 
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where Ci is a positive constant depending on T, δ, Κ. It is now easy to drive 
from (9.15), (9.16) and (9.12) that if « < υ < T, 

E( sup |ξχ,,(ί) - ξy,u(t)A < 3Ci|« ~s\ + 6\x -
\u<t<v / 

+3K(T + 4) Γ Ε Γ sup | ?x , , ( i ) - i „ ,« ( i ) | ^d r . 

This easily implies the desired assertion (9.14). 
We can now show the strong Markov property of the solution. 

Proof of Theorem 9.3. The Markov property follows from Theorem 9.1 and 
it is known that the sample paths of the solution are continuous. Therefore we 
need only to verify the Feller property, this is, to show the mapping 

{x,s) / <^(2/)Ρ(χ,5;<ίϊ,5 + λ) = β φ ( ξ χ , , ( 5 + λ)) 

is continuous, for any bounded continuous function ψ : R and any fixed 
λ > 0. Note that 

= Εφ{ξχΑ8 + λ)) - Εφ{ξχΑ^ + λ)) 
+ Εφ{ξχΑ^ + λ)) - Eφ(ξy,Au + λ)). 

But, by Lemma 9.4 and the bounded convergence theorem, 

Εφ{ξχΑ^ + λ)) - £;9(ξ«,«(« + λ)) ^ ο as {y,u) (x,s). 

Also 

Εφ(ξχΑ^ + λ)) - Εφ{ξχΑ^ + λ)) Ο as u -» s. 

In consequence, 

Εφ{ξχΑ^ + λ)) - Eφ{ξy,Au + λ)) Ο as {y,u) ^ (x,s). 

In other words, Εφ{ξχ^β{3 + λ)) as a function of (x,s) is continuous, and that is 
the Feller property. The theorem has been proved. 

Let us now consider the time-homogeneous stochastic differential equations. 
By time-homogeneous equations, we mean equations whose coefficients do not 
depend explicitly on time, namely equations of the form 

dξit) = f{ξ{t))dt + g{ξ{t))dBit), t>0. (9.17) 

We assume that / : Λ'̂  Λ** and g : -> Λ**̂ "̂  satisfy the conditions of the 
existence-and-unique theorem. 
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20) 

where B(r) = B{s + r) — B{s) on r > 0 is a Brownian motion as well. On the 
other hand, we clearly have 

ξχ,ο(ί) = x+ f f{ξχ,o{r))dr + f g{^xAr))dB{r) on ί > 0. (9.21) 
Jo Jo 

Comparing equation (9.20) with (9.21), we see by the weak uniqueness (Remark 
7.5) that {ξχΑ^ + t)}t>o and {ξχ,ο{ί)}ι>ο are identical in probabihty law. In 
consequence, 

Ρ { ξ χ , , ( « + ί ) € Α} = Ρ { ξ χ , ο ( ί ) € Λ } , 

that is 

P{x,s;A,s + t) = P{x,0;A,t). 

The proof is therefore complete. 

Theorem 9.5 Let ξ{t) be a solution of equation (9.17). Then ξ{t) is a homo­
geneous Markov process. If f and g are uniformly Lipschitz continuous (hence 
the linear growth condition is satisfied), then the solution ξ{t) is a homogeneous 
strong Markov process. 

Proof Clearly, we only need to show the homogeneous property. By Theorem 
9.1, the transition probability is given by 

Ρ{χ,s;A,s + t) = Ρ{ξχΑ8 + t)e A}, (9.18) 

where ξχΑ^ + t) is the solution of the equation 

ξχΑ^ + t)=x + fiξx,sir))dr -h j y i(Cx,«(r))dB(r) on ί > 0. (9.19) 

Write this equation as 

(x,sis + t) = x+ [ fiξχAs + r))dr+ f giξχAs + r))dB{r) on ί > 0, (9. 
Jo Jo 
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Linear Stochastic 
Differential Equations 

3.1 INTRODUCTION 

In the previous chapter, we discussed the solutions of stochastic differential equa­
tions. In general, nonlinear stochastic diflferential equations do not have explicit 
solutions and, in practice, we can use approximate solutions. However, it is pos­
sible to find the explicit solutions to linear equations. For example, recall the 
simple stochastic population growth model 

dN{t) = rit)N{t)dt + a{t)N{t)dB{t) on ί > 0 (1.1) 

with initial value N{0) = No>0. By Ito's formula, 

log^r(i) = logTVo + J^{r{s) - ^^)ds -f- j ^ ' a ( s )dB(s ) . 

This implies the explicit solution of equation (1.1) 

N{t) ^ No exp l^{r(s) - ^ ) d s + j i ' a(s)dBis) (1.2) 

In this chapter we wish, if possible, to get the explicit solution to the general 
d-dimensional linear stochastic differential equation 

m 

dx(t) = {F{t)x{t) + m)dt + Y^{Gk{t)x{t) + gk{t))dBk{t) (1.3) 
fc=l 

91 
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3.2 S T O C H A S T I C LIOUVILLE 'S F O R M U L A 

Consider the linear stochastic differential equation 

m 

dx{t) = F{t)x{t)dt + Σ Gk{t)x{t)dBk{t) (2.1) 
k=l 

on [tQ,T]. As assumed, 

F{t) = {Fij{t)U.d, Gkit) = {GfAt)U.d 

are all Borel-measurable and bounded. For every j = 1, · · ·, d, let be the unit 
column-vector in the Xj-direction, i.e. 

6^-(0,···,0,1,0,··,0)^. 
3 

Let Φ;(ί) = {Φιj{t),• • • ,Φdj{t))^ be the solution of equation (2.1) with initial 
value i(io) = e^. Define the d χ d matrix 

Φit) = {Φ^it),...,Φdit)) = iΦiJ{t)U,d. 

We call Φ(ί) the fundamental matnx of equation (2.1). It is useful to note that 
Φ(ίο) — the d X d identity matrix and 

m 
dΦ(ί) = F{t)Φ(t)dt + Σ Gfc(t)Φ(ί)d5fe(t). (2.2) 

fc=i 

Equation (2.2) can also be expressed as follows: For I <i,j <d, 

d m d 
dΦ,,(ί) = J2 Eiimijm+Σ Σ G'^imij^dBkH). (2.3) 

ί=1 fc=l /=1 

on [ίο, Γ], where F(-), Gk(-) are dχd-matrix-valued functions, / ( · ) , gk{-) are β**-
valued functions and, as before, β(ί) = {Βχ (ί), · · •, Bm{t)Y is an m-dimensional 
Brownian motion. The linear equation is said to be homogeneous if f(t) = 
gi(t) = · • • = gm{t) = 0. It is said to be linear in the narrow sense if Gi(i) = 
• · = Gmit) = 0. It is said to be autonomous if the coefficients F, / , Gk, gk 
are all independent of t. 

Throughout this chapter we shall assume that F, f, Gk, gk are all Borel-
measurable and bounded on [ίο,Γ]. Therefore, by the existence-and-uniqueness 
Theorem 2.3.1, the hnear equation (1.3) has a unique continuous solution in 
A^^([io,T];fi'^) for every initial value a;(io) = Xo, which is J'to-measurable and 
belongs to L^{Q;R'^). The aim of this chapter is to get, if possible, an explicit 
expression for this solution. 
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Proof Clearly x(io) = xo- Moreover, by (2.2), 

m 

dx{t) = άΦ{ί)χο = F{t)^{t)xodi^Y^Gy,{t)^{t)xQaBk(f) 
k=\ 

m 

- F{t)x{t)at + 5^Gfc(i)x(i)dBfc(i). 
k=\ 

So x(<) is a solution to equation (2.1). But by the existence-and-uniqueness 
theorem, equation (2.1) has only one solution. Hence the x(i) must be the 
unique one. 

We now denote by Vr(i) the determinant of the fundamental matrix Φ(ί), 
that is 

W[t) = det.Φ(ί). 

We call W{t) the stochastic Wronskian determinant. Obviously, W{to) = 1. 
Moreover, we have the following stochastic Liouville formula. 

Theorem 2.2 The stochastic Wronskian determinant W{t) has the explicit 
expression 

W^(t)-exp / (traceF{s) --^trace[Gk{s)Gkis)])ds 
-J to fc=l 

m .t 
/ traceGk(s)dBk{s) + (2.4) 

We prepare a lemma. 

Lemma 2.3 Let α(·), bk{-) be real-valued Borel measurable bounded functions 
on [ίο,Τ]. Then 

y{t) = yo exp (2.5) Us)--Y^bl{s))ds + Y^ bk{s)dBk{s) 
- -' fc=l fc=l · ' '" J 

is the unique solution to the scalar linear stochastic differential equation 
m 

dy{t) = a{t)y{t)dt + 6fc(i)y(<)dBfc(t) (2.6) 
fc=l 

The following theorem shows that any solution of equation (2.1) can be expressed 
in terms of Φ(ί) and that is why Φ(ί) is called the fundamental matrix. 

Theorem 2.1 Given the initial value x{to) = xo, i^e unique solution of equation 
(2.1) is 

x{t) = Φ{ί)χο. 
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dy(t) = yit) 
- m m 

(a{t) - r Σ f>l(t))dt + Σ bk{t)dBk{t) 
k=l k=l 

1 "* 
+ ^2/(ί)Σ*^Μ^^ 

fc=l 

= a{t)y{t)dt + Σ bkit)y(t)dBkit). 
fc=l 

In other words, y(t) is a solution to equation (2.6) satisfying the initial condition. 
But, by Theorem 2.3.1, equation (2.6) has only one solution. So y{t) must be 
the unique one. The lemma has been proved. 

Proof of Theorem 2.2. By Ito's formula, one can show that 

d 
dWit) = Yψi+ Σ -^' i ' (2.7) 

where 

and 

\<i<j<d 

Φιι(ί), · • · , Φld(ί) 

dΦ.ι{t), · • · , ^Φ,^(<) 

*dl(t), • · • , Φdd(<) 

Φιι(ί). · · · , Φld(ί) 

dΦ^ι{t), • · · , <ίΦ,^(ί) 

dφj,{t), ··, dΦJd{t) 

Φd^(ί), • •, Φdd(<) 

on [to,T] with initial value y{to) = yo-

Proof. Set 

rt 1 ft 

ξ ( ί ) = / (a{s)--J2bl(s))ds + Y bk{s)dBk{s). 

One can tfien write 
y{t) = yoe^^'K 

Clearly, y{to) = yo. Moreover, by Ito 's formula, 
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It is not very difficult to verify by using (2.3) and the formal multiplication table 
defined on page 36 that 

9i = FAt)W{t)dt + Y^G':,{t)W(t)dBk{t) ( 2 . 8 ) 

fc=L 

and 

Φ^j = E [ G F I ( I ) G ^ ( I ) - G^j{t)G%it)]W{t)dt. ( 2 . 9 ) 

fc=L 

Substituting ( 2 . 8 ) and ( 2 . 9 ) into ( 2 . 7 ) yields that 

D 

dw{t) = (Y^F^t) + Σ Σ [GFIWG?,w -Gi^{t)G'^,{t)])m)dt 
I I 1 ̂ i^A^- A JFC=L L < I < J < I I 

^YYG\^t)W{i)dBk{t). ( 2 . 1 0 ) 

T = L 

m ά 

k=\ T = L 

Applying Lemma 2 . 3 we get that 

W{t) = exp 
• ft " "* 
/ (Σ̂ *̂ («)+Σ Σ [G':iis)GU^) - G^j{s)G%{s)]) 

••'to I = L k=\ l<i<j<d 
\ '"^ ft d 2 ^ rt d 

-οΣ (Σ '̂̂ Μ) ^-+Σ/ Σ«i^W'^^*(-) 
k=l I = L fc=L •'to I = I 

( 2 . 1 1 ) 

Noting that 

D 

Σ 
\ = 1 ' I = L L < « < J < D 

we obtain immediately from ( 2 . 1 1 ) that 

RT D m , T D 

( Σ ^ I I ( « ) ) ' = Σ [ G F I W ] ' + 2 Σ GUs)G^,is), 

Σί^ΫΜ^^ + Σ / YGUs)dBk{s) 
- ·' T = L k=l I = L 

-Σ/(̂ Σ[̂ ^*(̂ )]'+ Σ G^MG%{sή 
k=i •'to I = L l<i<j<d 

W{t) = exp 

which is the required ( 2 . 4 ) . The proof is complete. 
The stochastic Liouville formula ( 2 . 4 ) implies directly that W{t) > 0 a.s. 

for alH G [to, T], which in turn implies that Φ(ί) is invertible. We have therefore 
obtained the following important result. 

�� �� �� �� ��



96 Linear Stociiastic DifFerentiai Equations (Ch.3 

Theorem 2.4 For all t e [to, T], the fundamental matrix Φ{t) is invertible unth 
probability 1. 

We shall denote by Φ~^{t) the inverse matrix of Φ(ί). 

3.3 THE VARIATION-OF-CONSTANTS FORMULA 

Let us now turn to the general d-dimensional linear stochastic differential 
equation 

m 

dx{t) = {F{t)xit) + f{t))dt + Y{Gk{t)x{t) + 9k{t))dBk{t) (3.1) 

on [ίο,Τ] with initial value x{to) = xo- Elquation (2.1) is called the correspond­
ing homogeneous equation of system (3.1). In this section we shall establish a 
useful formula, called the variation-of-constants formula, which represents the 
unique solution of equation (3.1) in terms of the fundamental matrix of the 
corresponding homogeneous equation (2.1). 

Theorem 3.1 The unique solution of equation (3.1) can be expressed as 

ds x{t) = Φ{t)[xo+ φ-\3) f{s) - ΣGk{s)gk{s) 

+ Σ i^-'{s)9k{s)dBkis)), (3.2) 

where Φ{t) is the fundamental matrix of the corresponding homogeneous equation 
(2.1). 

Proof Set 

m = ^o + / ^-\s) f{s)~YGk{s)gkis) 
Jto fc=l 

+ Σ r*'Hs)ffJfe(s)dBfe(s). 
fc=l •' 'o 

Then ξ(ί) has the differential 

m 
dξ(t) = φ-'(t)\f{t)~γGk{t)gk(t) 

fc=l 
m 

+ Y2φ-'{t)gk{t)dBk{t). 

ds 

dt 

(3.3) 
fc=l 
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Let 
η{ί) = Φ(ί)ί(ί). (3.4) 

Clearly, η{ίο) = xo- Moreover, by Ito's formula 

άη(1) = dΦ(ί)ξ(t) + Φ(ί)dξ(ί) + άΦ(ΐ)(]ξ{ΐ). 

Substituting (2.2) and (3.3) into it and using the formal multiplication table 
defined on page 36, we derive that 

άη{ί) = F{t)v(t)dt + YGk{t)v{t)dBk{t) 
fc=l 

m m 

m -YGk{t)gk(t)\dt + Ygk{t)dBk{t) 
fc=l fc=i 

m 

+ (Fm{t)dt+YGkm{t)dBk{t)) 
m m 

X {φ-\t)f{t)dt + Yφ'\t)gk{t)dBk{t)~γφ-\t)Gk{t)gk{t)dt) 
fc=l fc=l 

m 

= {F{t)vit) + m)dt + Y{Gk{t)v{t) + gk{t))dBk{t). fc=i 

In other words, we have shown that η{1) is a solution to equation (3.1) satisfying 
the initial condition 7;(io) = xo- On the other hand, equation (3.1) has only one 
solution x{t). So we must have that x(i) = η{ί), which is the required formula 
(3.2). The proof is complete. 

Since we assume that XQ e L^(n; R^), the first and second moments of the 
solution of equation (3.1) exist and are finite. The following theorem shows that 
one can obtain first and second moments by solving the corresponding linear 
ordinary differential equations. 

Theorem 3.2 For the solution of equation (3.1), we have: 

(a) m(t) Ex(t) is the unique solution of the equation 

m{t) = F{t)m{t) + f{t) (3.5) 

on [ίοιΤ'] with initial value m(io) = Ex^-
(b) P{t) := E{x{t)x'^(t)) is the unique nonnegative-definite symmetric solution 

of the equation 

P(t) = F(t)P{t) + P( i )F^( i ) + / ( i )m^(t ) + m{t)f'^{t) 

+ Y[Gkit)Pit)G];it) + Gkit)mit)glit) 

k=l 
+ gk{t)m'^{t)Glit) + gk{t)gl(t)] (3.6) 
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on [to,T] with initial value P{to) = £"(10X0^). Note that (3.6) represents a 
system ofd{d+ l ) / 2 linear equations. 

Proof, (a) Note that 

x(i) = x(io) + i\F{s)x{.s) + f{s))ds + Y i\Gk{s)xis) + gUs))dBk{s). 

Taking the expectation on both sides yields 

m{t) = m(io) + / (F(s)m(s) + f{s))ds 

which is the integral form of equation (3.5). So the conclusion of part (a) follows, 
(b) By Ito's formula, 

d[x(i)x^(i)] = dx(i)x^(i) + x(i)<ix^(i) 
m 

+ YlGk{t)x{t) + gkit)][Gk{t)x{t) + gk{t)fdt 
fc=i 

= (^F(i)x(i)x^(i) + f{t)x'^{t)+x{t)x'^{t)F'^{t) + χ( ί ) /^( ί ) 

+ f2[Gk{t)x(t)x''it)Glit) + gkit)x'^it)Glit) 
fc=l 

+ Gk{t)x(t)glit) + gk{t)glit)\yt 
m 

+ Σ [(Gkit)xit) + 9k{t))x'^it) + x{t){Gk{t)x{t) 4- gk{t)V\dBk{t). 
k=l 

Now equation (3.6) follows by taking the expectation on both sides of the integral 
form of the above equality. Since P(t) is the covariance matrix of x(t), it is of 
course nonnegative-definite and symmetric. The proof is complete. 

Theorem 3.1 tells us that we can have the explicit solution to the linear 
equation (3.1) provided we know the corresponding fundamental matrix Φ(ί). 
Although we can not obtain the explicit fundamental matrix Φ(ί) for every case, 
we can for several important cases and let us turn to these case studies. 

3.4 CASE STUDIES 

(i) Scalar Linear Equations 

We first consider the general scalar lineeir stochastic differential equation 
m 

dx{t) = (α(ί)χ(ί) + a{t))dt + Y{bAt)x{t) + bk{t))dBk{t) (4.1) 
fc=i 
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on [to,T\ with initial value x(io) = ^o- Here x q € L^{il;R) is jT^o-measurable, 
and a{t), a{t), bk{t), bk{t) ate Borel-measurable bounded scalar functions on 
[ίο,^]. The corresponding homogeneous linear equation is 

dx{t) = a{t)x(t)dt + Σ bkit)x(t)dBk{t). (4.2) 
Jb=l 

By Lemma 2.3, the fundamental solution of equation (4.2) is given by 

Φ(ί) ' exp 

Applying Theorem 3.1, we then obtain the expUcit solution of equation (4.1) 

Jto^ ^ k=l fe=l-'*N J 

χ(ί) = Φ(ί)(α:ο+ / φ - ' ( 5 ) a{s)-Ybk{s)bk{s) 

+ Σ i^-'{s)bkis)dBkis)). 
fc=l •'^o ' 

ds 

(4.3) 

(ii) Linear Equations in the Narrow Sense 

We next consider the d-dimensional linear stochastic differential equation 
in the narrow sense 

dxit) = {F{t)x{t) + m)dt + Ygk{t)dBk(t) (4.4) 
fc=l 

on [ίο,Τ] with initial value x(io) = a;o, where F, /, Qk and Xo are the same as 
defined in Section 3.1. The corresponding homogeneous linear equation is now 
the ordinary differential equation 

x( i ) = F ( i ) x ( i ) . (4.5) 

Again, let Φ(ί) be the fundamental matrix of equation (4.5). Then the solution 
of equation (4.4) has the form 

χ(ί) = Φ ( ί ) ( χ ο + f ^-\s)f{s)ds^Y f ^-\s)gk(s)dBk{s)\ (4.6) 
V J to k=l ' 

In particular, when F{t) is independent of t, i.e. F{t) = F a, d χ d constant 
matrix, the fundamental matrix Φ(ί) has the simple form Φ(ί) = e^^'""*"' and 
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- ^ Σ - *o) + Σ Gk{Bk{t) - Bkito)) 
fc=l fc=l 

Φ(ί) = exp 

To show this, set 
. m m 

yit) = - 5 Σ ^fc) - <o)+Σ ^kiBkit) - Bfe(io)). 
fc = l fc=l 

We can then write 
Φ(ί) = exp(y(<)). 

By condition (4.10) we compute the stochastic differential 

dΦ(ί) = exp( r ( t ) )d r ( i ) + i exp(r ( i ) ) (dy( i ) )2 

(4.11) 

1 "* 

= Φ(t)dY{t) + -Φ(t)(γGl)dt 
fc=i 

= FΦ(ί)dt + ΣGfeΦ(ί)dβfc(ί). 

its inverse matrix Φ" ' (0 = e""'^''"'"'. Therefore, in the case when F{t.) = F, 
equation (4.4) has the explicit solution 

x{t) = e^C-'"' (^xo + £ e-^<^-'"'/(s)i<s + Σ / ' e-^(^-'")3fc(s)dBfc(.s) j 

= β^'('-'-')χο + f e''^'-'^f(s)ds + f ; Γ e'='('-«)gfc(s)di?fc(s). (4.7) 

(iii) Autonomous Linear Equations 

We now consider the d-dimensional autonomous linear stochastic differen­
tial equation 

m 

dx{t) = {Fx{t) + f)dt + YiGkxit) + 9k)dBk(t) (4.8) 
fc=l 

on [ίο,Τ] with initial value x(io) = Xo, where F, Gk € R'^^'^ and / , gk € R"^. 
The corresponding homogeneous equation is 

m 

dx{t) = Fx(f)d< -I- Σ Gkx(t)dBk{t). (4.9) 
fc=i 

In general, the fundamental matrix Φ(ί) can not be given explicitly. However, if 
the matrice.s F,Gi,--, Gm commute, that is, if 

FGk=GkF, GkGj=GjGk for all 1 < A;, j < m, (4.10) 

then the fundamental matrix of equation (4.9) has the explicit form 
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That is, Φ(ί) satisfies the homogeneous equation and hence is the fundamental 
matrix. Finally, we apply Theorem 3.1 to conclude that under condition (4.10), 
the autonomous linear equation (4.8) has the explicit solution 

x{t) = Φ(ί) X0 + (f ^-\s)ds)(f -f2^k9k) 

*''" fc=L 

k=l •'^0 J 

(4.12) 

3.5 EXAMPLES 

In this section we shall investigate several important stochastic processes 
which are described by linear stochastic diS^erential equations. Throughout this 
section, we let B{t) be a 1-dimensional Brownian motion. 

Example 5.1 (The Ornstein-Uhlenbeck process) We shall first discuss the 
historically oldest example of a stochastic differential equation. The Langevin 
equation 

x{t) = ~ax{t) + aB(t) on ί > 0 (5.1) 

has been used to describe the motion of a particle under the influence of friction 
but no other force field (cf. Uhlenbeck & Ornstein (1930)). Here α > 0 and σ 
are constants, x{t) is one of the three scalar velocity components of the particle 
and B{t) is a scalar white noise. The corresponding Ito equation 

dx{t) = -ax{t)dt + adB{t) on ί > 0 (5.2) 

is an autonomous linear equation in the narrow sense. Assume that the initial 
value a;(0) = XQ is .?^o-nieasurable and belongs to L'^{ii; R). In view of (4.7), the 
unique solution of equation (5.2) is 

x{t) = 6 - " ' χ ο + σ Γ e-"(«-")dS(s). 
Jo 

(5.3) 

It has the mean 
Ex(t) = e-^^Exo 

and the variance 

Var{x{t)) = E\x{t) - Ex{t)\^ 

Έ\χο - Exo\'^ + σ^ε-^^'Έ 

= e 
- 2 a < 

Var{xo) + σε Ε 

ί 
Jo 

e"MB(s) 

,2as ds 

Var{xo) + -il-e-"^% 
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Note that for arbitrary XQ, 

lim e ' " 'xo = 0 a.s. 
t-»oo 

and a /de -"( ' -^)dB(s) follows the normal distribution Ν(0,σ^{1 - e-^°'^)/2a). 
So the distribution of the solution x{t) approaches the normal distribution 
Ν{0,σ'^/2α) as ί —» oo for arbitrary XQ. If XQ is normally distributed or con­
stant, then the solution x{t) is a Gaussian process (i.e. normally distributed 
process), and is called the Omstein-Uhlenbeck velocity process. If start with 
an JV(0, a^/2a)-distributed XQ, then x(t) follows the same normal distribution 
N{0, σ^/2α) so the solution is a stationary Gaussian process, which is sometimes 
called a coloured noise. 

Now assume that the particle starts from the initial position t/OI which is 
.Fo-measurable and belongs to L^(Q; R) as well. Then , by integration of the 
velocity x(i), we obtain the position 

y{t) ^yo + I x(s)ds 
Jo 

(5.4) 

of the particle at time t. If yo and X Q are normally distributed or constant, then 
y{t) is a Gaussian process, the so-called Omstein-Uhlenbeck position process. Of 
course, we can treat x{t) and y{t) simultaneously by combining equations (5.2) 
and (5.4) into the 2-dimensional linear stochastic differential equation 

<:S)^(T2)(:S)-(o)-")-
It is easy to obtain the corresponding fundamental matrix 

(5.5) 

* < " = ( ( l - V " . ) / c . ? ) 

with the property Φ(ί)Φ '(s) = Φ(ί - s). Therefore, according to (4.7), the 
solution of equation (5.5) is 

This implies 

x{t) = e-°*xo + σ Γ e-' '( '- ' 'MB(s) 
Jo 

the same as (5.3), and 

yit) = i ( l - e-"')xo + yo + - e-°('-«)]dB(s), 
α oc Jo 

(5.6) 
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Example 5.2 (The mean-reverting Ornstein-Uhlenbeck process) If we 
revert the Langevin equation (5.2) by mean, we arrive at the following equation 

dx{t) = - a (x ( t ) - μ)άί + odB{t) on ί > 0 (5.7) 

with initial value x(0) = xq , where μ is a constant. Its solution is called the 
mean-reverting Ornstein-Uhlenbeck process and has the form 

x{t) = e - " ' (xo + αμ e'^ds + σ e°*dB(s)) 

= e-"'xo + μ{1 - e -° ' ) + σ e-'^^'-'^dB{s). (5.8) 

We therefore obtain that the mean 

£ χ ( ί ) = 6 - ° ' £ ; χ ο - ( - μ ( 1 - β - ° ' ) - + μ as ί o o 

and the variance 
2 2 

Varix{t)) = e-2««Var(xo) + | - ( 1 - e'^"') -> ^ as t oo. 

It also follows from (5.8) that the distribution of the solution x(i) approaches the 
normal distribution Ν(μ,σ^/2α) as ί -+ oo for arbitrary xq . If xq is normally 
distributed or constant, then the solution x(i) is a Gaussian process. If Xq follows 
the normal distribution Ν{μ,σ'^/2a), so does the solution x{t) for all ί > 0. 

Example 5.3 (The Brownian motion on the unit circle) Consider the 
2-dimensionaJ Unear stochastic differential equation 

dx{t) =-^x(t)dt +Kx{t)dB(t) o n i > 0 (5.9) 

with initial value x(0) = (1,0)^, where 

- a o ) . 

which is in fact the same as (5.4) (we leave the verification to the reader). It 
then follows from (5.6) that y{t) has the mean 

Ey{t) = - ( 1 - e-"*)£;xo + Eyo a 

and the variance 

Var{y{t)) = ^ ( 1 - e-^'fVarixo) + ^ ( 1 - e-"')Cav{xo,yo) + Var{yo) 
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n = 0 

But 

Thus 

K^" = {-l)"I and K^''+^ Κ for η = 0,1, · · ·. 

m = Σ 
n = 0 
oo 

= Σ 
(2TI)! (2n +1) ! 

t i=0'-
(2n)! (2n +1) ! 

Now, by (4.12), the unique solution of equation (5.9) is 

and this is the Brownian motion on the unit circle (see Example 2.2.3). 

Example 5.4 (The Brownian bridge) Let a, b be two constants. Consider 
the 1-dimensional linear equation 

dxit) = ^-^dt + dB{t) o n i e [ 0 , l ) 

with initial value x{0) = a. The corresponding fundamental solution is 

r' ds 

(5.10) 

Φ(ί) = exp = exp[ log( l - i ) ] = l-t. •_ r ds 
. Jo I-

Hence, by (4.3), the solution of equation (5.10) is 

= il-t)a + bt + {l-t) 

Jo 1 - « 

(5.11) 

In view of (4.11), the corresponding fundamental matrix is 

Φ{t)=exp[[--\I-\κήt + KB{t)\, 

where / is the 2 x 2 identity matrix. Noting that K'^ = - / , we obtain 

ΦΜ = βχρΐ«β(.,ι = χ ; ^ -
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The solution is called the Brownian bridge from a to b. It is a Gaussian process 
with mean 

Ex{t) = (1 - t)a + bt 

and variance 
Var{x{t)) = i( l - t). 

Example 5.5 (The geometric Brownian motion) The geometric Brownian 
motion is the solution to the 1-dimensional linear equation 

dx{t) = ax{t)dt + ax{t)dB{t) on ί > 0, (5.12) 

where α, σ are constants. Given the initial value x{0) = I Q , the solution of the 
equation is 

x{t) = Xo exp ( « - γ ) ί + <^β(<) (5.13) 

If Ι ο 7*̂  0 a.s., then, by the law of the iterated logarithm (i.e. Theorem 1.4.2), 
we obtain from (5.13) that 

Q < —- «t=> l im x(t) — 0 a.s. 

2 
Κ oi= — <=Φ l i m s u p | x ( i ) | = oo and l i m i n f |x(i)| - 0 a.s. (5.14) 

2 i-.oo t—·οο 
2 

α > — 'Φ̂ Φ- lim — oo a.s . 

We now let ρ > 0 and XQ G V with i^lxol'' φ 0. It follows from (5.13) that 

r2« 

= exp 

£:|x(i) |P = £^1x01"exp p ( a - y ) i ρ < τ β ( ί ) ^ 

K « - ^ ^ ) * ] ^ ( l - o r e x p -V_t^^aB{t) 15) 

Set 
ρ2σ2 

ξ(ί) = 1x01" exp 

It is the unique solution to the equation 

d£,{t)=v^mdB{t) 

with initial value ξ(0) = |χο|'' . Hence 

t -I- ρσβ(<) 

iU{s)dB{s) 
Jo 
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E\x{t)f = exp t E\xo\P. 

Consequently 

a < 

a = 

a > 

2 

2 
( 1 - ρ ) σ 2 

lim F|x(Or = 0, 
T—oo 

f ; | x ( i ) | P = Εΐ^οΓ for all t > 0, 

lim E\x{t)\P = oo. 
T — oo 

(5.16) 

Example 5.6 (Equat ions dr iven by a coloured noise) Instead of a white 
noise, it is often to use a coloured noise to describe stochastic perturbations. For 
example, consider the linear equation driven by a coloured noise 

dx{t) = ax{t)dt + fry(t)dt on ί > 0 (5.17) 

with initial value x(0) = xo, where y{t) is the coloured noise, i.e. the solution 
to the equation 

dyit) = ~ay{t) + adBit) on ί > 0 (5.18) 

with initial value y{0) = yo ~ N(0, σ^/2α). We now treat x(t) and y{t) simulta­
neously by combining equations (5.17) and (5.18) into the 2-dimensional linear 
stochastic differential equation 

where 

(5.19) 

Hence the solution is 

, F ( T - s ) ίο ) dB{s). 

which yields that Εξ{ί) = £'|xo|''- Substituting this into (5.15) gives 

( 1 - ρ ) σ 2 > 

�� �� �� �� ��



4 

Stability of 
Stochastic Differential Equations 

4.1 INTRODUCTION 

In 1892, A.M. Lyapunov introduced the concept of stability of a dynamic system. 
Roughly speaking, the stability means insensitivity of the state of the system to 
small changes in the initial state or the parameters of the system. For a stable 
system, the trajectories which axe "close" to each other at a specific instant 
should therefore remain close to each other at all subsequent instants. 

To make the stochastic stability theory more understandable, let us recall 
a few basic facts on the theory of stability of deterministic systems described 
by ordinary differential equations. For the details please see Hahn (1967) and 
Lakshmikantham et al. (1989). Consider a d-dimensional ordinary differential 
equation 

x(t) = f{x{t),t) ο η ί > ί ο - (1-1) 
Assume that for every initial value x(to) = XQ £ Rf^, there exists a unique global 
solution which is denoted by x{t;to,xo). Assume furthermore that 

/(O, i) = 0 for all t > to. 

So equation (1.1) has the solution x{t) Ξ 0 corresponding to the initial value 
x(i(,) = 0. This solution is called the trivial solution or equilibrium position. 
The trivial solution is said to be stable if, for every ε > 0, there exists & δ = 
δ{ε, to) > 0 such that 

\xit;to,xo)\ <ε for all ί > ίο 

107 
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whenever |xo| < δ. Otherwise, it is said to be unstable. The trivial solution is 
said to be asymptotically stable if it is stable and if there exists a (5o = (5o(io) > 0 
such that 

lim x{t;to,xo) = 0 
t—oo 

whenever |xo| < ίο· 
If equation (1.1) can be solved explicitly, it would be rather easy to deter­

mine whether the trivial solution is stable. However, equation (1.1) can only 
be solved explicitly in some special cases. Fortunately, Lyapunov in 1892 devel­
oped a method for determining stability without solving the equation, and this 
method is now known as the Lyapunov direct or second method. To explain the 
method, let us introduce a few necessary notations. Let AC denote the family of 
all continuous nondecreasing functions μ : R+ R+ such that μ{0) = 0 and 
/i(r) > 0 if r > 0. For /i > 0, let 5/i = {x e i?*̂  : |x| < h}. A. continuous function 
V(x,<) defined on Sh x (ίο,οο) is said to be positive-definite (in the sense of 
Lyapunov) if V{0, t) =0 and, for some μ € K, 

V(x,i) > μ((χ)) for all (χ,ί) e 5,, χ (ίο,οο). 

A function V is smd to be negative-definite if -V^ is positive-definite. A con­
tinuous non-negative function V(x, t) is said to be decrescent (i.e. to have an 
arbitrarily small upper bound) if for some μ G /C, 

F(x, i) < μ(|χ() for all (x, t) e Sh x [ίο, oo). 

A function V{x,t) defined on R'^ χ (ίο,οο) is said to be radially unbounded if 

Um inf V(x, t) = oo. 
| i | - . oo t>t„ 

Let C''^(5/, X (ίο,οο);Λ+) denote the family of all continuous functions V(x, i) 
from Sh X [ίο,οο) to R+ with continuous first partitil derivatives with respect 
to every component of χ and to i. Let x(i) be a solution of equation (1.1) and 
V{x,t) e C^'^iSh X (ίο,οο); R+). Then v{t) = V(x{t),t) represents a function of 
ί with the derivative 

ύ(ί) = Vt(x(i),i) + νς(χ(ί),ί)/(χ(ί),ί) 

= ^(x{t),t) + Σ ^ ( χ ( ί ) , t ) M x { t ) , ί ) . 

If ϋ(ί) < Ο, then v{t) will not increase so the "distance" of x(i) from the equilib­
rium point measured by V(x(i),i) does not increase. If ϋ(ί) < 0, then v(t) will 
decrease to zero so the distance will decrease to zero, that is x(i) —> 0. These 
are the basic ideas of the Lyapunov direct method and lead to the following 
well-known Lyapunov theorem. 
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Theorem 1.1 (i) If there exists a positive-definite function V(x, t) e C''^(5/, χ 
(io,c»);il+) such that 

V{x,t) := Vt(x{t),t) + VAx{t),t)fixit),t) < 0 

for all {x,t) € S,, χ (iojoo), then the trivial solution of equation (1.1) is stable. 
(ii) If there exists a positive-definite decrescent function V{x, t) e C -̂̂  (5/, χ 

[io,oo);jR+) such that V{x,t) is negative-definite, then the trivial solution of 
equation (1.1) is asymptotically stable. 

A function V{x,t) that satisfies the stability conditions of Theorem 1.1 is 
called a Lyapunov function corresponding to the ordinary differential equation. 

When we try to carry over the principles of the Lyapunov stability theory 
for deterministic systems to stochastic ones, we face the following problems: 

• What is a suitable definition of stochastic stability? 
• What conditions should a stochastic Lyapunov function satisfy? 
• With what should the inequality V{x,t) < 0 be replaced in order to get 

stability assertions? 
It turns out that there are at least three different types of stochastic stability: 
stability in probability, moment stabiUty and almost sure stability. In 1965, 
Bucy recognized that a stochastic Lyapunov function should have the super-
martingale property and gave surprisingly simple sufficient criteria for stability 
in probability as well as for moment stability. Almost sure stability was consid­
ered by Has'minskii (1967) for linear stochastic differential equations. Stochastic 
stability has been one of the most active areas in stochastic analysis and many 
mathematicieuis have devoted their interests to it. We here mention Arnold, Bax-
endale. Chow, Curtain, Elworthy, Friedman, Ichikawa, KUemann, Kolmanovskii, 
Kushner, Ladde, Liikshmikantham, Mohammed, Pardoux, Pinsky, Pritchard, 
Truman, Wihstutz, Zabczyk and myself among others. 

In this chapter we shall investigate various types of stability for the d-
dimensional stochastic differential equation 

dx(t) = f{x{t), t)dt + g{x{t), t)dB{t) on t > to. (1.2) 

For the stability purpose of this chapter, it is enough (we shall explain why 
later) to consider the constant initial value XQ € iZ** only, instead of the .Ft„-
measurable random variable XQ e L'^{Q;R'^). Throughout this chapter we shall 
assume that the assumptions of the existence-and-uniqueness Theorem 2.3.6 are 
fulfilled. Hence, for any given initial value a;(io) = xo € R"^, equation (1.2) 
has a unique global solution that is denoted by x{t;to,xo). We know that the 
solution has continuous sample paths and its every moment is finite. Assume 
furthermore that 

/(O, t) = 0 and ^(0, t) = 0 for all t > to. 

�� �� �� �� ��



110 Stability of Stochastic Diiferential Equat ions [Ch.4 

4.2 STABILITY IN P R O B A B I L I T Y 

In this section, we shall discuss the stability in probability. Let us stress 
that throughout this chapter, we shaill let the initial value X Q be a constant (in 
R*^) but not a random variable. We shall explain why we need only discuss this 
case of constant initial values after the definition of stability in probability. 

Definition 2.1 (i) The trivial solution of equation (1.2) is said to be stochasti­
cally stable or stable in probability if for every pair ofee (0,1) and r >0, there 
exists ο (5 = (5(ε,τ·,ίο) > 0 such that 

P{|x(<; ίο, XQ)\<r for allt>to}>l~e 

whenever |xo| < 5. Otherwise, it is said to be stochastically unstable. 
(ii) The trivial solution is said to be stochastically asymptotically stable 

if it is stochastically stable and, moreover, for every ε € (0,1), there exists a 
^0 = δο{ε, to) > 0 such that 

P{ lim x{t; to, xo) = 0} > 1 - ε 

whenever \XQ\ < SQ. 

So equation (1.2) has the solution x(t) = 0 corresponding to the initial value 
x{tQ) = 0. This solution is called the trivial solution or equilibrium position. 

Besides, we shall need a few more notations. Let 0 < /i < oo. Denote by 
C^'^iSh X R+;R+) the family of all nonnegative functions V{x,t) defined on 
Sh X R+ such that they are continuously twice differentiable in χ and once in t. 
Define the differential operator L associated with equation (1.2) by 

<=1 i,j=l •' 

If L acts on a function V e C^' ' (5 / i χ R+;R+), then 

LVix, t) = Vtix, t) + Vx{x, t)f{x, t) + ^ i r a c e [ / ( i , i)V^x(x, % ( x , t) 

(See page 31 for the definition of Vt, Vx and Vxx). By Ito's formula, if x(i) 6 Sh, 
then 

dV{x{t),t) = LV{x{t),t)dt + Vx{x{t),t)g{x{t),t)dB{t) 

and this explains why the differential operator L is defined as above. We shall 
see that the inequality ^ (x , i) < 0 will be replaced by LV{x, i) < 0 in order to 
get the stochastic stability assertions. 
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Let us now explain why we need only to discuss the case of constant initial 
values. Suppose one would like to let the initial value xo be a random VMiable. 
He then should replace e.g. "|xo| < i " by "|xo| < S a.s." in the definition 
accordingly. This seems more general but is in fact equivalent to the above 
definition. For example, suppose we have (i), then for any random variable X Q 
with |xo| < δ a.s., we have 

P{|x(i;io,a;o)| < r for alH > ίο} 

= / P { | x ( i ; i o , y ) | < r f o r a l l i > i o } P { x o G i i j / } 
Js> 

> ί (1 - ε)Ρ{χο € dy} = 1 - ε. 
JSe 

It should also be pointed out that when ^(x, i) = 0, these definitions reduce to 
the corresponding deterministic ones. We now extend the Lyapunov Theorem 
1.1 to the stochastic case. 

Theorem 2.2 If there exists a positive-definite function V{x,t) e C^'^{Sh x 
[ίο,οο); Λ+) such that 

LV{x,t)<0 

for all (x, i) 6 S/, χ [ίο, oo), then the trivial solution of equation (1.2) is stochas­
tically stable. 

Proof. By the definition of a positive-definite function, we know that V(0, i) Ξ 0 
and there is a function μ e AC such that 

ν(χ, t) > μ{\χ\) for all (x, t) € x [ίο, oo). (2.1) 

Let ε e (0,1) and r > 0 be arbitrary. Without loss of generality we may assume 
that r < h. By the continuity of V{x, t) and the fact V{Q, ίο) = 0, we can find 
a Ί = Ί ( ε . Γ , ίο) > Ο such that 

i sup ν^(χ,ίο) < μ ( Γ ) . (2.2) 

It is easy to see that δ < r. Now fix the initial value xo e Ss arbitrarily axid 
write χ(ί;ίο,χο) = x{t) simply. Let r be the first exit time of x(i) from S^, that 
is 

τ = inf{i > ίο : χ(ί) φ Sr}. 

(in) The trivial solution is said to be stochastically asymptotically stable in 
the large if it is stochastically stable and, moreover, for all XQ e i?** 

P{ lim x(t;io,xo) = 0 } = 1. 
t—*oo 
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By Ito's formula, for any t > tg, 

ΛΤΛΊ 

V(X{T At),TM) = V{xo, to) + / LV{x{s), s)ds 

+ / VAx(s),s)g(x{s),s)dB{s). 
Jin 

Taking the expectation on both sides and making use of the condition LV < 0, 
we obtain that 

EV{X{T/\t),T At) <V{xo,to). (2.3) 

Note that \χ{τ A t)\ = \χ{τ)\ = r if τ < ί. Hence, by (2.1), 
EV{x{T At),T At) > E[l{T<t}V{x{T),T)] > / i ( r )P{ r < t} . 

This, together with (2.3) and (2.2), implies 

P{T < t} < ε. 

Letting ί —> oo we get Ρ{τ < o o } < ε, that is 

P{|x(i) | < r for all ί > ίο} > 1 - ε 

as required. 

Theorem 2.3 / / there exists a positive-definite decrescent function V(x, t) 6 
C'^-^{Sh X (io,oo);P+) such that LV{x,t) is negative-definite, then the trivial 
solution of equation (1.2) is stochastically asymptotically stable. 

Proof. We know from Theorem 2.2 that the trivial solution is stochastically 
stable. So we only need to show that for any ε 6 (0,1), there is a ίο = So{e, to) > 
0 such that 

P{ lim x{t; to, xo) = 0} > 1 - ε (2.4) 
t—oo 

whenever jxoj < 5ο· Note that the assumptions on function V{x,t) mean that 
V{0,t) Ξ 0 and, moreover, there are three functions μ ι , p 2 , μ3 e /C such that 

μ , ( | χ | ) < ν ( χ , ί ) < μ 2 ( | χ | ) and LV(x, ί) < -μ3 ( | χ ( ) (2.5) 

for all ( χ , ί ) € 5/, x ( ίο ,οο) . Fix ε e (0,1) arbitrarily. By Theorem 2.2, there is 
a (5o = So{e,to) > 0 such that 

Ρ { ( χ ( ί ; ί ο , Χ ο ) | < V 2 } > 1 - ^ (2.6) 

whenever xo € Ss„. Fix any xo € Ss„ and write χ ( ί ; ίο , χο) = x(i) simply. Let 
Ό < β < \xo\ be arbitrary, and choose 0 < a < β sufficiently small for 
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Choose θ sufficiently large for 

Then 

P{ra <θ}>1-'-. 

Ρ{Τα < Th Λ »} > Ρ ( { Τ α <θ}η {Th = Οο}) 

> Ρ { τ α < β} - P { T h < οο} > 1 - ^ . (2.9) 

Now, define two stopping times 

{oo otherwise 

and 

^ ^ / Τα if Τα < Th Λ 0, 

Τβ = inf{i > σ : |χ(ί) | > β } . 

Define the stopping times 

Τα = mi{t > to : (x(i)l < a} 

and 

Th = inf{< > «0 : > h/2}. 

By Ito's formula and (2.5), we can derive that for any t > to, 

0 < EV{x{Ta Λ Th Λ ί). Τα Λ Τ/, Λ ί) 

LV{xis),s)ds 

< V(io, ίο) - μ3{α)Ε{τ^ Λ Th Λ t - ίο). 

Consequently 

(ί - ίθ )Ρ{Τα Λ Th > ί} < £ ; (Τα Λ Th Λ ί - ίο) < Υ^Ξ^. 

This implies immediately that 

Ρ { Τ α Λ Th < CX)} = 1. 

But, by (2.6), Ρ{τ^ < oo} < ε/4. Hence 

1 = Ρ{Τα Λ Th < oo} < Ρ { Τ α < Oo} + P { T h < Oo} < Ρ{τ„ < Oo} + J , 

which yields 
P { T „ < oo} > 1 - | . (2.8) 
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We can then show by I to ' s formula that for any t > Θ, 

EV(X{T0 Λ t), T0At)< EV{x(a Μ),σ At). 

Noting that ν{Χ{ΤΒ Λ ί), ΤΒ At) = V{x{a At),a At) = V{x{t), t) on ω e {τ^ > 
Tfi Αθ}, we get 

E[l[r,.<r,Ae)Vix{T0 At),Te At)'\ < Ε [l ^^,, Αθ] EV {Χ{Τ^), τ^) 

Using (2.6) and the fact {ΤΒ <t}c { T Q < Λ 0} we further obtain 

μχ(0)Ρ{ΤΒ <t}< M 2 ( Q ) . 

This, together with (2.7), yields 

P{r0<t}<'-. 

Letting ί -* oo we have 

P{T0 < oo} < J . 

I t then follows, using (2.9) as well, that 

Ρ{σ < oo and η3 = oo} > Ρ{τα <ΤΗ Αθ) - Ρ{ΤΒ < oc} > 1 - ε. 

But this means that 

Ρ {ω : limsup|x(i) | <0}>1-ε-
t->oo 

Since β is arbitrary, we must have 

Ρ{ω : limsupx(i) = 0} > 1 - ε 
t—oo 

as required. The proof is complete. 

Theorem 2.4 / / there exists a positive-definite decrescent radially unbounded 
function V{x,t) e C'^'^{R'^ χ [to,oo);R+) such that LV{x,t) is negative-definite, 
then the trivial solution of equation (1.2) is stochastically asymptotically stable 
in the large. 

Proof. By Theorem 2.2, the trivial solution of equation is stochastically stable. 
So we only need to show that 

P{ lim x(t; to, xo) = 0} = 1 (2.10) 
t—»oo 
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for all Xo € i?"*. Fix any X Q and write x(t; to, xo) = xit) again. Let ε € (0,1) be 
arbitrary. Since V{x, t) is radially unbounded, we can find an /i > |xo| sufficiently 
large for 

inf v '(x,i)>i^^^. (2.11) 
\x\>h,t>to ε 

Define the stopping time 

Th = inf{i > ίο : |x(i)| > h}. 

By Ito's formula, we can show that for any ί > ίο, 

EV{xiThAt),ThAt) < V(xo,to). (2.12) 

But, by (2.11), we see that 

EVixin Λ i), r , Λ i) > ^^ (^^° '^» )p { rH < i} 

It then follows from (2.12) that 

Ρ{ΤΗ < * } < ! • 

Letting ί ^ oo gives Ρ{τ/, < o o } < ε/4. That is 

P{|x(i) | < h for all ί > ίο} > 1 - | . (2.13) 

From here, we can show in the same way as the proof of Theorem 2.3 that 

P{ lim x(i) = 0} > 1 - ε. 

Since ε is arbitrary, the required (2.10) must hold and the proof is complete. 
The functions V{x, t) used in Theorems 2.2-2.4 are called stochastic Lya­

punov functions, and the use of these theorems depends on the construction of 
the functions. As in the deterministic case, there are a number of techniques 
that can be used to find suitable functions. For example, the quadratic function 

V{x,t) = x'^Qx, 

where Q is a symmetric positive-definite matrix, will do if 

LV{x,t) = 2x^g / (x , i ) -t- iroce[g^(x,i)Qg(x,i)] < 0 

or is negative-definite in some neighbourhood of χ = 0 for ί > ίο. Besides, 
one can seek a positive-definite solution of the equation LV{x, i) = 0 or of the 
inequality LV'(x, i) < 0. We now discuss a few examples to illustrate the theory. 
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Let 
0 < ε < 

θ 

and define the stochastic Lyapunov function 

V{x,t) = jxl^exp 

By condition (2.16), 

(a(s)~^Yb-fis) + e)ds 

jxj^e-^'^ < V{x,t) < \x\'e''^. 

Hence V{x,t) is positive-definite and decrescent. On the other hand, by (2.15), 

ft 1 "* 
LV{x, t) = ε\χ\' exp - ε / (a{s) - - V 6?(s) + e)ds 

m 

^{ΐΣ,^ΐα)-θ)+ο{\χη 

<Λεθβ-^'<\χ\^+ο{\χ\η. 

We hence see that LV{Xy t) is negative-definite in a sufficiently small neighbour­
hood of X = 0 for ί > ίο· By Theorem 2.4 we therefore conclude that under (2.15) 
£ind (2.16), the trivial solution of equation (2.14) is stochastically asymptotically 
stable. 

Example 2.6 Assume that the coefficients / and g of equation (1.2) have the 
expansions 

/ (x , i ) = F(i)x-f-o(|x(), 5(x,i) = (Gi( i )x , . . - ,G„( i )x) + o(|x|) (2.17) 

Example 2.5 Consider a onc-diinensional stochastic differential equation 

dx{t) = f{x{t), t)dt + g{x{t),t)dB{t) on ί > ίο (2.14) 

with initial value x(to) = XQ e R. Assume that f : R χ R+ R and g : 
R X R+ —> i?"* have the expansions 

/ (x , i ) = a(t)x + o(|x|), gix,t) = {b,{t)x,---,bm{t)xf+o(\x\) (2.15) 

in a neighbourhood of χ = 0 uniformly with respect to ί > ίο, where a{t), bi{t) 
are all bounded Borel-measurable real-valued functions. We impose a condition 
that there is a pair of positive constants θ and Κ such that 

(ais) - -Yb^iis) +e)ds<K for all t > to. (2.16) 
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7r» 
LV{x, t) = x ^ (QF{t) + F ^ ( i ) Q + Σ Gjit)QGiit))x + oQxf) 

i = l 
< - λ | χ | 2 + ο ( | χ ] 2 ) . 

Hence LV{x, t) is negative-definite in a sufficiently small neighbourhood of χ = 0 
for ί > ίο- By Theorem 2.4 we therefore conclude that under (2.17) and (2.18), 
the trivial solution of equation (1.2) is stochastically asymptoticeilly stable. 

In the case of linear stochastic differential equations, one may make use 
of the explicit solutions to determine whether the equations are stochastically 
stable or not. The following example demonstrates the idea. 

Example 2.7 Consider a one-dimensional linear stochastic differential equation 
m 

dx{t) = a{t)x{t)dt + Σ biit)x{t)dBi(t) on ί > ίο (2.19) 
t = l 

with initial value x ( i o ) = Xo, where α ( ί ) , 6j(i) are continuous real-valued func­
tions on ( ίο ,οο) . By Lemma 3.2.3, the unique solution of equation (2.19) is 

t(t) = xoexpi fUs) - i f ; f c ? ( s ) ) d s + f ] Γ f',(s)dB,(s) (2.20) 

Set σ(ί) = 5Ζί1ι Ito ^li^)ds for ίο < ί < oo. We divide the discussion of stability 
into two cases. 

Case (i) : σ(οο) < σο. In this case, f^^ bi{s)dBi{s) approaches the nor­
mal distribution ΛΓ(0,σ(οο)). It therefore follows firom (2.20) that the trivial 
solution of equation (2.20) is stochastically stable if and only if 

» / a{s)ds 
Jto 

lim sup / a(s)ds < oo, 
t->oo Jto 

in a neighbourhood of χ = 0 uniformly with respect to ί > to, where F(t), Gj(i) 
£u:e all bounded Borel-measurable d χ d-matrix-valued functions. Assume that 
there is a symmetric positive-definite matrix Q such that the symmetric matrix 

m 
QF{t) + F'^{t)Q + YGj{t)QGi{t) 

i=l 

is negative-definite uniformly in ί > ίο, that is 
m 

Xm^{QF{t) + F^{t)Q + YGj{t)QGi{t))< - λ < 0 (2.18) 
t = l 

for all ί > ίο , where (and throughout this book) Amax(^ ) denotes the largest 
eigenvalue of matrix A. Now, define the stochastic Lyapunov function V (x , i ) = 
x^Qx. It is obviously positive-definite and decrescent. Moreover, 
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{B,B), = Y b^{t)dt = a{T{s)) 
i=l 

= s. 

By Levy's theorem (i.e. Theorem 1.4.4), B{s) is a Brownian motion. So, by the 
law of the iterated logarithm. 

1· ^(«) , 
lim s u p — = = = = = 1 a.s. 

S - . 0 0 v/2s log log s 
Consequently 

ΣΖ^ΙΜ')'^^^(') ,. β(σ(ί)) , hmsup —, " = Iimsup . ' = 1 a.s. t-^oo yj2a{t) loglogCT(i) t - o o v/2cr(i)logloga(t) 

Applying this to (2.20) we can conclude that the trivial solution of equation 
(2.19) is stochastically asymptotically stable in the large if 

// a{s)ds - \σ{1) 
l i m s u p ^ ^ i p = = = J = = < - 1 a.s. (2.21) 

l - o o ^2CT(i)loglogCT(i) 

As a special case, let 

a(t) = a, biit) = 6. (2.22) 

be all constants. In this case, (2.21) holds if and only if 

a<lY^l (2.23) 

Hence, under (2.22) and (2.23), the solution of equation (2.19) will tend to the 
equilibrium position χ = 0. On the other hand, we can compute more precisely 

while the trivial solution is stochastically asymptotically stable in the large if 
and only if 

lim / a(s)ds = —oo. 

Case (ii) : σ(οο) = oo. Let r(.s), s > 0, be the inverse function of σ(ί), that 
is 

T{S) = inf{i > ίο : σ(ί) = s}. 

Clearly, σ(τ(5)) = s if s > 0 and τ(σ(ί)) = ί if ί > ίο . Define 
m . T ( . , ) 

B{s) = 2_] / br{t)dBi{t) on s > 0. 
t=i 

Then B{s) is a continuous martingale with B{0) = 0 and the quadratic variation 
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- 2 Σ ^ Ο ^ * - + T^^iiBiit) - S.(io)) 2 ^ 
t = l i = l 

χ ( ί ; ί ο , Χ ο ) = xoexp 

So 

. m m 
log \x{t; to, xo)\ = log |xo| + (« - , Σ " *o) + Σ " ^^ίί*"))· 

1=1 i = I 
Noting from the law of the iterated logarithm that 

Bi{t)-Bi{to) 
hm = 0 a.s. 

t->oo t 

we then derive that, if (2.23) holds, 

1 1 "* 
Îhn - log|x(i;to,xo)\ = a - - Yb} < 0 a.s. (2.24) 

that is the sample Lyapunov exponent is negative. Hence, for any 0 < ε < 
5 Σ ί ΐ ι ^? - one can find a positive random variable ξ - ξ{to,Xo,ε) such that 

\x{t;to,xo)\ < ξ exp 
1 

- ^ Σ * ' - « - ^ ) ( * - * ο ) for all ί > ίο· 

In other words, almost all sample paths of the solution will tend to the equi­
librium position χ = 0 exponentially fast. Such a property will be called the 
almost sure exponential stability. Let us now turn to study this type of stabihty 
in detail. 

4.3 ALMOST SURE EXPONENTIAL STABILITY 

We first give the formal definition of the almost sure exponential stability. 

Definition 3.1 The trivial solution of equation (1.2) is said to be almost surely 
exponentially stable if 

Umsup - log | x ( i ; ί ο , X o ) | < 0 a.s. (3.1) 
«—oo t 

for all Xo G 

As defined in Section 2.5, the left-hand side of (3.1) is called the sample 
Lyapunov exponents of the solution. We therefore see that the trivial solution is 

how fast the solution tends to zero. In fact, under (2.22), the unique solution of 
equation (2.19) is 
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that is 
limsup7log|x(i;<o,3:o)| < 0 a.s. 

To establish the theorems on the almost sure exponential stability, we need 
prepare a useful lemma. Recall that we assume, throughout this chapter, that 
the assumptions of the existence-and-uniqueness Theorem 2.3.6 are fulfilled and, 
moreover, /(Ο,ί) = 0, 5(0, ί) Ξ 0. Under these standing hypotheses, we have 
the following useful lemma. 

Lemma 3.2 For all χοφΟ in R"^ 

P{x(i; ίο, Χο)φΟ ont> to} = 1. (3.2) 

That is, almost all the sample path of any solution starting from a non-zero state 
will never reach the origin. 

Proof If (3.2) were false, there would exist some xo φΟ such that P { r < o o } > 
0, where r is the first time of zero of the corresponding solution, i.e. 

τ = inf{i > ίο : x{t) = 0} 

in which we write χ(ί;ίο,χο) = x{t) simply. So we can find a pair of constants 
Τ > ίο and 0 > 1 sufficiently large for P(B) > 0, where 

β = { t < Τ and |x(i)| < 0 - 1 for all ίο < ί < τ}. 

But, by the standing hypotheses, there exists a positive constant Ke such that 

| / (x, i) | V \g{x, t)\ < Κθ\χ\ for all |x| <θ, ίο < ί < Τ. 

almost surely exponentially stable if and only if the sample Lyapunov exponents 
are negative. As explained in the end of previous section, the almost sure ex­
ponential stability means that almost all sample paths of the solution will tend 
to the equilibrium position χ = 0 exponentially fast. Moreover, let us explain 
once again why we only need to discuss the case of constant initial values. For 
a general initial value XQ (i.e. XQ is .F(„-measurable and belongs to L^{Q; R'^)), 
it follows from (3.1) that 

P{limsup j log |x ( i ; io , io ) | < 0} 
t—>oo t 

= f P{l imsupi log |x( i ; to ,y) | < 0 } P { i o e d y } 
Jftd t — oo t 

= f P{xo&dy} = l, 
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Ε 
TeAT 

+ E g-K«(i+K«)(,-f„) ^ Are))F(x(s), s) + LF(x (5) , 5) 
Jto ^ 

< \xo\-'. 

ds 

Note that for ω £ B, < Τ and |x (Te)] = ε. The above inequality therefore 
implies that 

^L-Ko{l+Ke){T-to)^-lj^ 

Hence 

<\xo\-'. 

P{B) < ε |χοΓ'β^''(ΐ+·^'')(^-' ' ·>. 

Letting ε -+ 0 yields that P{B) = 0, but this contradicts the definition of B. 
The proof is complete. 

Tiieorem 3.3 Assume that there exists a function V 6 C'^'^{R^ χ [ίο,οο);Λ+), 
and constants ρ > 0, ci > 0, C2 € Λ, ca > 0, such that for allx ^0 and t>to, 

(i) c i | x | P < 

(ii) LVix,t)<C2V{x,t), 
(iii) \VAx,t)g{x,t)\^>C3V^ix,t). 

Then 
limsup - log |χ(ί;ίο>Χο)| < - - ^ - χ — ( 3 . 3 ) 

t—oo t 2p 

for all Xo e R^- In particular, if c^ > 2c2, the trivial solution of equation (1.2) 
is almost surely exponentially stable. 

Proof. Clearly, (3.3) holds for X Q = 0 since χ(ί ; ίο,0) Ξ 0. We therefore only 
need to show (3.3) for xo ^ 0. Fix any XQ φ 0 and write x{t;to,xo) = x{t). 
By Lemma 3.2, x(i) ^ 0 for all ί > ίο almost surely. Thus, one can apply Ito's 
formula and condition (ii) to show that, for ί > ίο, 

log F(x(i) , i) < log V(xo, ίο) + C2(i - ίο) + Μ(ί) 
1 f \Vx{xis),s)g{x{3),s)\-' 
2 Jto K2(x(s),s) 

ds, (3.4) 

Let V{x, t) = \x\-K Then, for 0 < \x\ < θ arnd to < t < T, 

LV{x,t) = -\x\-'x'^fix,t)+\(~\x\-'\gix,t)\-' + 3\x\-'\x'^g{x,t)\^ 

<\x\-'\f{x,t)\ + \x\-'\gix,t)\' 

< Ke\xr' + Κΐ\χ\-' = Keil + Ke)Vix,t). 

Now, for any ε e (0, |xo|), define the stopping time 

T, = mf{t>to:\xit)\^{e,e)}. 

By Ito's formula, 
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M{t) = / 
Ju, 

'VAxis),s)g{xis),s) 
V{x{s),s) 

dB{s) 

is a continuous martingale with initial value M(io) = 0. Assign ε e (0,1) 
arbitrarily and let η = 1,2, · ·. By the exponential martingale inequality, 

lt„<i<{,,+nL 2Λ„ V2(x(s),s) J ε J n2 

Applying the Borel-Cantelli lemma we see that for almost all ω € Ω, there is an 
integer no = ηο(ω) such that if η > no, 

Mit) < - logn + - j^^ ^^^^^ ds 

holds for all IQ <t <to-^n. Substituting this into (3.4) and then using condition 
(iii) we obtain that 

logV^(x(t),i) < \ogV{xo,to) - ^[(1 - ε)θ3 - 2c2](< - «ο) + ^ l o g n 

for all to < ί < to " > almost surely. Consequently, for almost all ω € Ω, 
ifio + n - l < i < i o + n and η > no, 

1 , . n u \ * \ ^ * -*Or/ i \ ο , logK(xo,<o) + f logn 
- logy(x( i ) , t ) < — [ ( 1 - ε ) θ 3 - 2 θ 2 + -Γ- f • 
I It to + η — 1 

This imphes 

l imsupilogV(x(i) , f) < - i [ ( l - e )c3 -2c2] a.s. 
l—oo t ^ 

Finally, using condition (i) we obtain 

l i m s u p l l o g | x ( i ) | < - i l - ^ i $ 2 ^ a.s. 

and the required assertion (3.3) follows since ε > 0 is arbitrary. The proof is 
complete. 

Corollary 3.4 Assume that there exists a function V e C'^'^{Rf^ χ [to, oo); R+), 
and positive constants ρ,α,Χ, such that for all χ Φ Q, t >to, 

a|x |P < ν{χ, t) and LV{x, t) < -AK(x, t). 

Then ^ ^ 
lim sup - log |x(i; to, xo)\ < — a.s. 

t—oo t ρ 

where 
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for all Xo € Λ"*. In other words, the trivial solution of equation (1.2) is almost 
surely exponentially stable. 

This corollary follows from Theorem 3.3 immediately by letting ci = a, 
C2 = — λ and C3 = 0. These results have given the upper bound for the sample 
Lyapunov exponents. Let us now turn to the study of the lower bound. 

Theorem 3.5 Assume that there exists a function V e C'^'^{Iif' χ [tQ,oo);R+), 
and constants p> 0, cj > 0, C2 € R, ca > 0, such that for allx and t>to, 

(i) c i | x | P > V^(x,i)>0, 

(ii) LV{x,t)>C2Vix,t), 

(iii) \Vx{x,t)gix,t)\''<csVHx,t). 
Then 

liminf 7 log |x(f; to,xo)| > a.s. (3.5) 
t—KX) t ip 

for all Xo φ 0 in R^. In particular, if 2c2 > ca, then almost all the sample 
paths of\x{t;to,xo)\ will tend to infinity, and we say in this case that the trivial 
solution of equation (1.2) is almost surely exponentially unstable. 

Proof. Fix any xo ^ 0 and write x(i; ίο, xo) = x(i). By Ito's formula, conditions 
(ii) and (iii), we can easily show that for ί > ίο, 

logy(x(i) , i ) > logy(xo,io) + ^(2c2 - C3)(i - ίο) + Μ(ί), (3.6) 

where 

is a continuous martingale with the quadratic variation 

By the strong law of large numbers (i.e. Theorem 1.3.4), limt-.oo Μ( ί ) / ί = 0 
a.s. It therefore follows from (3.6) that 

lim inf i log V{xit), i) > ^ (2c2 - ca) a.s. 
t-<oo r 2 

which implies the required assertion (3.5) by using condition (i). 
We have alreEidy known that for the scalar linear stochastic differential 

equation 
m 

dx(t) = axit) + Σ bix(t)dBi{t) on t > to, (3.7) 
t = l 
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1 1 
l imsup-log|x(i ; io,xo) | < α - - Σ''? '̂ ·*· ί'̂ -^) 

ί - ο ο ί 2 ^ 
But, by Theorem 3.5, 

1 1 liminf-log|x(i;to,a:o)| > α - - V 6? a.s. (3.10) 
ί—oo ( I f—f t = l 

Combining (3.9) and (3.10) gives (3.8). This show that results obtained in 
Theorems 3.3 and 3.5 are very sharp. Let us now discuss a few more examples. 

Example 3.6 Consider the two-dimensional stochastic differential equation 

dx{t) = f{x{t))dt + Gx{t)dB{t) on t > ίο (3.11) 

with initial value x(to) = xo £ where B{t) is a one-dimensional Brownian 
motion, 

/ X2COSX1 \ / 3 - 0 . 3 \ 

^ ( ^ ^ = l , 2 x , s i n x 2 J ' ^ = U o . 3 3 j " 
Let V{x,t) = |x|2. It is easy to verify that 

4.29|x|2 < LV{x,t) = 2 i , X 2 C o s x i -I-4xiX2sinx2 4- [Gxl^ < 13.89|x|^ 

and 
29.16|a^2 < |v^(x,t)Gx|2 = |2x'^Gx|2 < 43.561x1". 

the sample Lyapunov exponent is 

1 1 
lim - log \x{t; to,xo)\ = a- - Y 6? a.s. (3.8) 

i—oo t I ^ 
t = l 

We now apply Theorems 3.3 and 3.5 to obtain the same conclusion. Let V[x, i) = 
χ2. Then 

m 

LV(x,i) = (2a + ^ ' ' ? ) N ' 

and, writing g{x, i) = (6ix, · • •, h^x), 

m 

1=1 

Hence, by Theorem 3.3 with ρ = 2, ci = 1, C2 = 2a + J ] ^ , h\ and cg = 
4E: : i f r?-wehave 
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Applying Theorems 3.3 and 3.5 we obtain the following lower and upper bound 
for the sample Lyapunov exponents of the solutions of equation (3.11) 

-8.745 < lim inf i log \x{t; to, xo)i < hm sup \ log |x(t; to, io ) | < -0.345 
i—oo t t-tOO t 

almost surely. Hence the trivial solution of equation (3.11) is almost surely 
exponentially stable. 

Example 3.7 It is known that a Unear oscillator y(f) + ay(i) + by{t) = 0 is 
exponentially stable if α > 0 and 6 > 0. Assume that the oscillator is now driven 
by an external disturbance of white noise described by (qif(f) + hy{t))B(t). In 
other words, we arrive at the scalar linear stochastic oscillator 

y{t) + am + 6y(i) = {cy{t) + hy{t))B{t) (3.12) 

on ί > 0 with initial value (y(0),j/(0)) = (^1 ,2 /2) € R^. Here B{t) is a scalar 
white noise (i.e. B{t) is a Brownian motion), and c,h are constants which 
represent the intensity of the stochastic disturbance. Introduce a vector χ = 
(x i , X 2 ) ^ = (y, y)^. Then equation (3.12) can be written as the two-dimensional 
Ito equation 

r d x i ( i ) = X 2 ( i ) d < , 

\ dx2{t) = ( - 6 x i ( i ) - ax2(t))di -I- ( cx2 ( i ) + hxi{t))dB{t). 

For the Lyapunov function, we try a quadratic function 

V{X, t) = axj + βΧιΧ2 + X2. 

Compute 

LV{x, t) = -{0b- / ι2)χ2 _ (2α - /3 - c'^)xl + (2a -0a-2b + 2c/i)xiX2. 

In order to convert LV{x, t) to be negative-definite (i.e. LV{x, t) < - e ] x p for 
some ε > 0), we set 

2a - /3a - 26 + 2ch = 0, that is α = ^(βα + 2b- 2ch). 

Then V and LV become 

^ (x , <) \{βα + 2b- 2c/i)x? + βχιΧ2 + xj 

and 
LV{x,t) = -{βb - h'^)xl -{2a-β- c^)xl 
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ο - v/a^ + 4(6 - c/i) < ;θ < ο + v /o2 + 4(6 - ch). (3.15) 

Combining (3.14) and (3.15) we see that if 

m a x j y , ο - + 4 ( 6 - c/ i ) | < β < min |2a - c^, α-I- ^/a^ 4(6 - c/ i) | , 

then V is positive-definite and LV negative-definite. We therefore conclude, by 
Corollary 3.4, that if 

m a x j y , a-y/a^ + 4(6 - c/i)} < min{2a - c^, a + ^a^ + 4{b ~ ch)^ (3.16) 

then ^ 
limsup - log((y(t)| + |y(i)|) < 0 a.s. 

t—oo t 

that is the trivial solution {y{t),y{t)) = 0 of the stochastic oscillator (3.12) 
is almost surely exponentially stable. A more restrictive but possibly more 
convenient condition than (3.16) is 

ch<b, h^ + bc^<2ab. (3.17) 

This condition gives a quite clear estimate for the intensity of the external 
stochastic disturbance in the sense that the disturbance can be tolerated by 
the stable deterministic oscillator y{t) + ay{t) + by{i) — 0 without loss of the 
stability property. 

Example 3.8 Consider the linear homogeneous Ito equation 

m 

dxit) = Fx{t)dt -I- Σ Gkx{t)dBi{t) on ί > ίο (3.18) 
i = l 

with initial value x{to) = lo € R''. Assume that all the d χ d matrices 
F, d , · · ·, Gjn commute, that is, 

FGi = GiF, GiGj^GjGi for all 1 < t, j < m. (3.19) 

For LV{x, t) to be negative-definite, we must have Pb-h'^ > 0 and 2α-β-σ^ > 0, 
that is 

i - <P<2a-c^. (3.14) 

For V to be positive-definite (i.e. V{x,t) > ε|χ|2 for some e > 0), we must have 

2{βα + 2b- 2ch) > β'^, 

this is equivalent to 
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χ ( ί ; ίο ,Χο) = e x p 
i=l 

We now assume that all the eigenvalues of F - 5 have negative real 
parts. This is equivalent to that there is a pair of positive constEmts C and λ 
such that 

L t=l 

It then follows from (3.20) that 

(3.21) 

|x(i;to,xo)| < G|xo|exp _ A ( i - i o ) + £ l | G i | | mt)-Bi{to)\ 
t=l 

Using the property Umi_oo |B«(0 ~ Bi{to)\/t = 0 a.s. of the Brownian motion, 
we obtain immediately that 

limsup - log |x(<; io,xo)| < —λ a.s. (3.22) 

In other words, we have shown that under conditions (3.19) and (3.21) the trivial 
solution of equation (3.18) is almost surely exponentially stable. 

4.4 M O M E N T EXPONENTIAL STABILITY 

In this section we shall discuss the pth moment exponential stability for 
equation (1.2) and we shall always let ρ > 0. Let us first give the definition of 
the pth moment exponential stability. 

Definition 4.1 The trivial solution of equation (1.2) is said to be pth moment 
exponentially stable if there is a pair of positive constants λ and C such that 

E\x{t; to,χο)Γ < G lxolPe-^ i ' - ' " ) on ί > ίο (4.1) 

for all Xo € Λ**. When ρ = 2, it is usually said to be exponentially stable in 
mean square. 

Clearly, the pth moment exponential stabihty means that the pth moment 
of the solution will tend to 0 exponentially fast. It also follows from (4.1) that 

1 
lim sup - log(F|x(t; ίο, xo)!") < 0. (4.2) 

As defined in Section 2.5, the left-hand side of (4.2) is called the pth moment 
Lyapunov exponent of the solution. So, in this case, the pth moment Lyapunov 

In Section 3.4 we have shown that equation (3.18) has the explicit solution 

- τη m 
- 2 Σ - *o) + Σ ^iiBi(t) - β,(ίο)) xo. (3.20) 
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exponent is negative. Moreover, if one wishes to consider the initial value of an 
Jiii-measurable random variable XQ € L^iQ-^R), then, by (4.1), 

E\x{t; to, xoW = ί E\x{t; to, y^Pixo e dy} 

< f C |y |Pe-^( ' - ' " )p{xo e d y } = C£;|xo|''e"^^*-'"'. 
JR'' 

Besides, noting {E\x{t)\py^P < (£;|x(i)|P)i/P for 0 < ρ < ρ we see that the pth 
moment exponential stability implies the pth moment exponential stabihty. 

Generally speaking, the pth moment exponential stability and the almost 
sure exponential stability do not imply each other and additional conditions are 
required in order to deduce one from the other. The following theorem gives the 
conditions under which the pth moment exponential stability implies the almost 
sure exponential stability. 

Theorem 4.2 Assume that there is a positive constant Κ such that 

x^fix, t) V \gix, i)|2 < K\x\'' for all (x, t) s χ [to, oc). (4.3) 

Then the pth moment exponential stability of the trivial solution of equation (1.2) 
implies the almost sure exponential stability. 

Proof. Fix any X Q ^ 0 in R"^ and write x{t;to,Xo) = x{t) simply. By the 
definition of the pth moment exponential stability, there is a pair of positive 
constants λ and C such that 

£;|x(t)|'' < ClxoiPe--^^*-'") on t > to. (4.4) 

Let η = 1,2, • · ·. By Ito's formula and condition (4.3), one can show that for 
to + η - I < t < to + n, 

[xit)\P = \x{to + n- 1)1" + f ρ | χ ( 5 ) | Ρ - 2 χ Γ ( 5 ) / ( χ ( 5 ) , s)ds 
J t o + n - l 

+ 5 Γ \p\xis)r^\g{x{s),s)\^+p{p-2)[x\''-'[x'^{s)g{x{s),s)\'']ds 

+ f p\x(s)\^-^x'^{s)g{x{s),s)dB{s) 

< |x(io + n - l ) | ' ' - l - c i / |x(s)|''ds 

+ f p\x(s)\''-'x'^is)g{x{s),s)dB{s), 

where ci = pK + p(l + |p - 2\)K/2. Hence 
fto+n 

E( sup |x(i) |P) <£;|x(to + n - l ) | P + ci / E|x(s) |Pds 

+ E( sup / ' p |x(s) |P-2x^(s)p(x(s) ,s)dB(s)) . (4.5) 
\t„+n-\<t<ti,+nJtu+n-l / 
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where we have also used the elementary inequality \/a6 < (o+6)/2. Substituting 
this into (4.5) yields that 

E{ sup |χ(ί)Γ) < 2f;|x(io + η - 1 ) 1 " + C2 / £;|x(s)|''ds, 

where C2 = 2ci + 31p^K. Applying (4.4) we obtain that 

E( sup |χ(ί)| ' ') < C3e-^("-i), (4.6) 

where cs = C|xo|''(2 + C2). Now, let e 6 (0,A) be arbitrary. It follows from (4.6) 
that 

P f sup 1χ( ί)1' ' > e-<*-^'<"-i>| 
'•fo+n-l<f<io+n J 

< e(^-^)<"-i>£;f sup |χ(ί)1'') < C3e-^("-i). 
In view of the Borel-CantelU lemma we see that for almost all ω e Ω, 

sup Ix(i)]'' < e-(^-=)("-i) (4.7) 
to+n-l<t<to+T» 

holds for all but finitely many n. Hence, there exists an τΐο = no (ω), for all a; 6 Ω 
excluding a P-null set, for which (4.7) holds whenever η > no. Consequently, 
for almost all u; € Ω, 

i l og |x ( i ) | < - ^ l o g ( l x ( i ) n < 
I pt Ρ ( Γ Ο + η - 1) 

if ίο + η - 1 < ί < ίο + η, η>ηο. Hence 

l imsup- log |x( i ) | <-^^—^— a.s. 
t-.oo ί ρ 

On the other hand, by the Burkholder-Davis-Gundy inequality (i.e. Theorem 
1.7.3), we have that 

E( sup Γ p\x(s)r^x'^{s)g{x{s),s)dB{s)) 
\to+n-l<t<to+nJto+n-l / 

Wto+n-l / 

( fto+n \ i 

sup \x{s)\P / p^KlxisWds] 
to-|-n-l<8<to-l-n Λ ο + η - Ι / 

< IE( sup | x ( s ) r ) + IQp'^K f E\x{s)\''ds, 
2 Vo+n-l<«<to-|-n ' Λο+η-1 
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Since e > 0 is arbitrary, we must liave 

limsup - log |x(()| < - - a.s. 
f - o o t ρ 

By definition, the trivial solution of equation (1.2) is almost surely exponentially 
stable. The proof is complete. 

Although condition (4.3) is not guaranteed by the assumptions of the 
existence-and-uniqueness Theorem 2.3.6 which are assumed throughout this 
chapter, it is satisfied in many important cases. For example, if the coefficients 
f(x, t) and g{x, t) are uniformly Lipschitz continuous, then (4.3) is fulfilled bear­
ing in mind that we always assume /(Ο , ί ) Ξ Ο and g(0 , t ) Ξ 0 in this chapter. 
Moreover, for the d-dimensional linear stochastic differential equation 

m 

dxit) = Fit)xit)dt + Σ Giit)xit)dBiit), (4.8) 

condition (4.3) is fulfilled if F, Gj are all bounded d χ d-matrix-valued functions. 
Hence, we obtain a useful corollary. 

Corollary 4.3 Let F, G, be all bounded d χ d-matrix-valued functions. Then 
the pth moment exponential stability of the trivial solution of the linear equation 
(4-8) implies the almost sure exponential stability. 

We shall now establish a sufficient criterion for the pth moment exponential 
stability via a Lyapunov function. 

Theorem 4.4 Assume that there is a function Vix, t) G C^'^iR'^ χ [to, oc); R+), 
and positive constants C 1 - C 3 , such that 

ci|x|P < V^(x,t) < C 2 | i | ' ' and LK(x ,f) < - C 3 V ( x , f) (4.9) 

for all ( χ , ί ) e R"^ χ [ ίο ,οο) . Then 

£ ; | x ( i ; i o , x o ) | ' ' < ^ | x o | ' ' e - ' = ^ ^ ' - ' " ) on ί > ίο (4.10) 

for all Xo G R"^. In other words, the trivial solution of equation (1.2) is pth 
moment exponentially stable and the pth moment Lyapunov exponent should not 
be greater than — C3. 

Proof. Fix any X Q G i?** and write x ( i ; i o , X o ) = ^it). For each η > | xo | , define 
the stopping time 

r„ = inf{i > to : ( i ( i ) | > n}. 

Obviously, τ„ —» 00 as η 00 almost surely. By Ito's formula, we can derive 
that for ί > ίο, 

EY-^^'''^"-'"^Vixit AT^),t Ατ^)\ - Κ ( χο , ίο ) 

/•ίΛτ,, 
/ e^^(*-'">[c3V(x(s),s)-|-LV^(x(s),s)]ds. 

Ju, 
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Using condition (4.9) we then obtain that 

cie'=^('^^"-'<')£|x(i Λ T„ ) |P < f;[e=^('^""-'">y(x(i Λ r„), t Λ r„)' 

< V ( x o , i o ) < C 2 | x o | ^ 

Letting η —• oo yields that 

which implies the desired assertion (4.10). 
Similarly we can prove the following theorem that gives a sufficient criterion 

for the qth moment exponential instability. 

Theorem 4.5 Let q > 0. Assume that there is a function V{x,t) G C^'^IR^ x 
\to,oo);R+), and positive constants C 1 - C 3 , such that 

ci |x | ' < V{x, t) < Calx]" and LV{x, t) > C3V{x, t) 

for all (x, t) G χ [to, 0 0 ) . Then 

E\x{t;to,xo)\'' > - IxojV^^ ' - ' " ) on ί > ίο 

for all Xo G β**, and we say in this case that the trivial solution of equation (1.2) 
is qth moment exponentially unstable. 

Since {E[x{t)[^y^^ > (£;|χ(ί)|«)^/'' for q > q, the qth moment exponential 
instability implies the gth moment exponential instability. We now use Theorem 
4.4 to establish a useful corollary. 

Corollary 4.6 Assume that there eocists a symmetric positive-definite d χ d 
matrix Q, and constants a^-as, such that for all (χ,ί) G i?** χ [ίο,οο), 

x^Q/(x , ί) + ^trace[g'^{x, t)Qg{x, i)] < Q J X ' ^ Q X (4.11) 

and 
a2x'^Qx < \x'^Qg{x, i) | < aax^gx . (4.12) 

(i) If a\ < 0, then the trivial solution of equation (1.2) is pth moment expo­
nentially stable provided ρ <2 + 2(QI [/ag. 

(ii) If 0 < αχ < Q 2 , then the trivial solution of equation (1.2) is pth moment 
exponentially stable provided ρ < 2 — 2 α ι / α 2 . 

Proof Let V(x, ί) = (x'^Qx) ^. Then 

^Lmx]'' <v{x,t) < xL4Q)\x\'', 
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where XminiQ) and XmaxiQ) denote the smallest and largest eigenvalue of Q, 
respectively. It is also easy to verify that 

LV{x,t) = p{x'^Qx)i-'(x^Qfix,t) + i irace[g^(x,i)Qg(x,i)]) 

+ p ( f - l )(x^Qx)5-2 | i^Qff(x, i) |^ . (4.13) 

(i) Assume that αχ < 0 and ρ < 2 -1- 2 | α ι | / α 3 . Without loss of generality, 
we can let ρ > 2. Using (4.11) and (4.12), we then derive from (4.13) that 

LV{x,t)<~p[\a,\-{^-l)al]v(x,t). 

An application of Theorem 4.4 implies that the trivial solution of equation (1.2) 
is pth moment exponentially stable. 

(ii) Assume that 0 < Q I < and ρ < 2 - 2α ι /α2 · In this case we have 

LV{x,t) < - p [ ( | - l ) a i - ai\v{x,t). 

So the conclusion follows from Theorem 4.4 again. The proof is complete. 
Similarly, we can use Theorem 4.5 to show the following result on the 

moment exponential instability. 

Corollary 4.7 Assume that there exists a symmetric positive-definite d χ d 
matrix Q, and positive constants βχ, β^, such that for all (χ,ί) € Λ** x [ίο,οο), 

x^Q/(x, ί) + ^trace[g'^{x, t)Qg{x, t)] > Ax^Qx (4.14) 

and 
\x'^Qg{x,t)\ < β2x'^Qx. (4.15) 

Then the trivial solution of equation (1.2) is qth moment exponentially unstable 
provided ς > 0 V (2 - 2βι/β^). 

Let us now discuss a few example for illustration. 

Example 4.8 Consider the scalar linear Ito equation 

m 

dx{t) = αχ(ί) + Ύ bixit)dBi{t) on ί > ίο. (4.16) 
i = l 

Here a, bi are all constants, and we assume that 

0<a<^-Ybl (4.17) 
1=1 
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m 
2 1 1 

x/ (x , i ) + -trace[g'^{x,t)gix,t)] = ( a + 2 Σ 'Ό^ ' 
i = l 

and 

\x9{x,t)\= YbUxl'. 

Hence, by Corollary 4.6, the trivial solution of equation (4.16) is pth moment 
exponentially stable if 

P < 1 - Τ γ ^ η - 7 2 ' 
2 2^i=l "i 

while, by Corollary 4.7, it is qth moment exponentially unstable if 

« ? > 1 - t ° . 
2 2^i=l "i 

Example 4.9 This example is from the satellite dynamics. Sagirow (1970) 
derived the equation 

y{t) + β{1 + aB{t))y{t) + (1 + aB{t))y{t) - 7 sin(2y(t)) = 0 (4.18) 

in the study of the influence of a rapidly fluctuating density of the atmosphere 
of the earth on the motion of a satellite in a circular orbit. Here B{t) is a scalar 
white noise, α is a constant representing the intensity of the disturbance, and 
β,Ύ are two positive constants. Introducing χ = (x i ,X2) '^ = (i/,y)^i we can 
write equation (4.18) as the two-dimensional Ito equation 

ί dXiit) = X2(t)dt, 

\ dx2(t) = [-xi(i) Η- 7sin(2xi(i)) - βχ2{ί)\άί - α [ χ ι ( ί ) -(- βχ2{ί)\άΒ{1). 

For the Lyapunov function, we try an expression consisting of a quadratic form 
and integral of the nonlinear component: 

V{x, t) = ax\ + 6x1X2 + X2 + c / s,m{2y)dy 
Jo 

— axj -I- 6x1X2 + x i + csin'^xi-

This yields 

LV{x,t) = - ( 6 - a2)x? + 67x1 sin(2xi) - (2/3 - 6 - α'^β^)χΙ 

+ (2α - 6/3 - 2 + 2α2/3)χιΧ2 + (c + 27)x2sin(2xi). 

Witii / ( x , t) = ax and g{x, t) = (6iX, · ·, bmx), we have 
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y ( x , t) = \{hP + 2 - 2α!^β)χ\ + 6xiX2 + ^2 - Sisin^ Xi 
it 

and 
LV{x,i) = - ( 6 - c?)x\ + \ηχχ sin(2xi) -{2β~b- a^0^)xi 

Note that 

So K(x, t) > ε(χ|2 for some e > 0 if 

2{bβ + 2- 2α^β - 47) > 6^ 

or equivalentiy 

(4.19) β - v / ; 9 2 T 4 ' ^ ^ 8 7 ^ ^ ^ 4 ^ <b<β+ y/β'^ + 4 - 87 - Αα^β. 

Note also that 

LV{x,t) < - ( 6 - - 2b^)x] - {2β - b - α^β'^)χΙ. 

So LV(x, f) < -ε\χ\^ for some ε > 0 provided both 6 - _ 267 > 0 and 
2/3 - b - α^β'^ > 0, that is 

27 < 1 and Q V ( 1 - 2 7 ) < 6 < 2 ; 9 - Q 2 / 3 2 . (4.20) 

We therefore conclude, by Theorem 4.4, that if 7 < 1/2 and 

m a ) c { a V ( l - 27), β - V/S^ + 4 - 87 - Αα^β] 

< min{2/? - α 2 / 9 ^ β + v//?^ + 4 - 87 - 4 a 2 / j | (4.21) 

then the trivial solution of equation (4.18) is exponentially stable in mean square. 

Example 4.10 In the case of linear stochastic differential equations, the ex­
plicit solutions would of course be very useful in determining the pth moment 
exponential stability. We now explain this idea through this example. Consider 
the scalar linear Ito equation 

dx{t) = a{t)x{t)dt + 5^6 i ( s )x ( s )dBi ( s ) (4.22) 
t = l 

on ί > (0 with initial value x ( i o ) = Xo e R^, where α ( ί ) , bi{t) are all continuous 
functions on [io>oo). It has been shown that equation (4.22) has the explicit 
solution 

x ( i ) = x o e x p / (ais)-^Yb'i{s))ds + Y bi(s)dB,{s) 
Uto ^ ^ i = l ^ <=1 Jto 

Setting 2a-bp-2 + 2ο?β = 0 and c + 27 = 0 we obtain 
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E\x{t)\^ = ΙχοΙ 'Έβχρ 

But one can show (as an exercise for the reader) that 

„2 "> f t "» rt 
Ε exp - Τ Σ / bns)ds + pY bi{s)dBi{s) 

<=1 Jto Jto 
= 1. 

Thus 

ElxitW = Ixol̂ expip / ' (a(s) - 1 - ^ 62(s))ds (4.23) 

We therefore see that the trivial solution of equation (4.22) is pth moment ex­
ponentially stable if and only if 

h m s u p i i\a{s)-'^f2bns))ds<0; (4.24) 
t—oo I y to ^ ^ ^ 

while it is qth moment exponentially unstable if and only if 

lim mf - (a(s) " " y ^ Σ *'(*))̂ « > (^-25) 

If a{t) = a, bi{t) = bi are all constants, equation (4.22) reduces to equation 
(4.16). In this case, (4.24) holds if and only if 

a — 
1 - p Σ bi < 0, i.e. ρ < 1 -

«=i 
1·^τη . 2 ' 
2 2.^1=1 ° t 

(4.26) 

while (4.25) holds if and only if 

1 - 9 " 
a — Σ > 0, i.e. ς > 1 - (4.27) 

Clearly, these conclusions are the same as those of Example 4.8. 

4.5 STOCHASTIC STABILIZATION A N D DESTABILIZATION 

It is not surprising that noise can destabihze a stable system. For extunple, 
suppose that a given 2-dimensional exponentially stable system 

y{t) = -y(t) on t > to, y{to) = lo € i?^ (5.1) 
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is perturbed by noise and tiie stochastically perturbed system is described by 
the I T O equation 

dx{t) = -x{t)dt + Cx{t)dB{t) on t > ίο, x(io) = xo e Λ^. (5.2) 

Here B{t) is a one-dimensional Brownian motion and 

O ) 

It has been shown that equation (5.2) has the explicit solution 

xit) = e x p [ ( - / - ^θή{ί - to) + G{B{t) - B{to))]xo 

= exp[/(t - (o) + G{B{t} - B{to)) 

where / is the 2 x 2 identity matrix. Consequently 

lim - log |x(i)l = 1 a.s. 
t->oo t 

That is, the stochastically perturbed system (5.2) becomes almost surely expo­
nentially unstable. 

On the other hand, it has also been observed that noise can have a stabi­
lizing effect as well. For example, consider a scalar unstable system 

y{t) = y{t) on ( > ίο, 2/(ίο) = xo 6 Λ (5.3) 

Perturb this system by noise and suppose that the perturbed system has the 
form 

dx{t) = x{t)dt + 2x{t)dB(t) on ί > ίο, x(io) = xo e Λ, (5.4) 

where B{t) is again a one-dimensional Brownian motion. Equation (5.4) has the 
explicit solution 

x(i) = xoexp[-( i - ίο) + 2(β(ί) - β(ίο))], 

which yields immediately that 

lim - log| i ( i ) | = - 1 a.s. 
t—OO t 

That is, the perturbed system (5.4) becomes stable. In other words, the noise 
has stabilized the unstable system (5.3). 

In this section we shall establish a general theory of stochastic stabilization 
and destabilization for a given nonlinear system. Suppose that the given system 
is described by a nonlinear ordinary differential equation 

m = f{y{t), t) on ί > ίο, y(io) = Xo e R"^. (5.5) 
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Here f : R"^ X R+ is a locally Lipschitz continuous function and particu­
larly, for some A " > 0, 

| / (x , t ) | < A : | X | iot all {x,t) e R"^ X R+. (5.6) 

We now use the m-dimensional BrowniaJi motion B{t) = {Bi{t), - · •, Bmit))^ 
as the source of noise to perturb the given system. For simplicity, suppose the 
stochastic perturbation is of a linear form, that is the stochastically perturbed 
system is described by the semilinear Ito equation 

m 

dx{t) = f{x{t), t)dt + ΣGix{t)dBi{t) on t > to, x{to) = xo G R'^, (5.7) 
i = l 

where Gj, 1 < ί < m, are all d χ d matrices. Clearly, equation (5.7) has a 
unique solution denoted by x(i;io,xo) again and, moreover, it admits a trivial 
solution x{t) Ξ 0. Let us begin to discuss how the stochastic perturbation affect 
the property of stability or instabiUty of the given system (5.5), and we shall see 
that different choices of Gj make the thing different. 

Theorem 5.1 Let (5.6) hold. Assume that there are two constants A > 0 and 
ρ > 0 such that 

m m 

^ | G i X p < A | x | 2 and ^[x'^GiXY > p\x\'^ (5.8) 
i=l i=l 

for all x€ R"^. Then 

l imsupilog|x(i;<o,xo)| < - ( ρ - Λ ' - ^ ) a.s. (5.9) 
t—oo t \ 2/ 

for all Xo € R'^. In particular, if ρ > Κ + ^X, then the trivial solution of equation 
(5.7) is almost surely exponentially stable. 

Proof Let V{x,t) = |x]2. Then 

m 

LV{x, t) = 2x^/(x , i) + Σ l^i^l^ ^ ( 2 ^ + λ) |χ |2. 
1=1 

Moreover, with g{x, t) = (Gix, · ·, Gmx), 

m 

\VAx, t)g{x, i)P = 4 Σ |x^GiX|2 > 4p|x|^ 
i=l 

An application of Theorem 3.3 yields the desired assertion (5.8). 
Let us now consider some special cases of equation (5.7). First of all, let 

Gi = Oil for 1 < ζ < m, where / is the d χ d identity matrix and σ< a constant. 
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These CTJ'S represent the intensity of the stochastic perturbation. In this case, 
equation (5.7) becomes 

m 

dx{t) = f{x{t), t)dt + Y aix{t)dBi{t). (5.10) 
t = l 

Moreover, 

m m m m 

Σ \Gix]' -Σσ^\χ\' and ^ l^^^^^^l' = Σ'̂ 'Ι̂ Ι'" 
«=1 1=1 t = l t = l 

By Theorem 5.1, the solution of equation (5.10) has the property 

1 1 
limsup - log \x{t; to,xo)\ < -( ο Xl̂ ? ~ )̂ 

t-«O0 I ^•i ~^ ' 

Therefore, the trivial solution of equation (5.10) is almost surely exponentially 
stable provided \ > Κ. An even simpler case is that when CTJ = 0 for 
2 < i < m, i.e. the equation 

dx{t) = f{x{t),t)dt + aix{t)dBi{t). 

The trivial solution of this equation is almost surely exponentially stable pro­
vided > Κ. These show that if we add a strong enough stochastic pertur­
bation to the given system (5.5), then the system is stabilized. We summarize 
these as a theorem. 

Theorem 5.2 Any nonlinear system y{t) = f{y{t), t) can be stabilized by Brow­
nian motions provided (5.6) is satisfied. Moreover, one can even use only a scalar 
Brownian motion to stabilize the system. 

Theorem 5.1 ensures that there are many choices for the matrices B, in 
order to stabilize a given system and of course the above choices are just the 
simplest ones. For illustration, we give one more example here. For each i, 
choose a positive-definite matrix Dj such that 

x'^D,x>^m\\xf. 

Obviously, there are many such matrices. Let σ be a constant and Gi = oDi. 
Then 

m m 

Y\GM'<σΎm\f\x\' 
i=l i=l 

and 
m „ 2 "» 

Y\x''G,x\^>^Y\m\'\x\\ 
i = l t = l 
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σ 2 > 
ΣΓ=ιΙΙΑΙρ· 

Let us now turn to consider the opposite problem—stochastic destabiliza­
tion. It is not difficult to apply Theorem 3.5 to show the following result and 
the details axe left to the reader. 

Theorem 5.3 Let (5.6) hold. Assume that there are two positive constants λ 
and ρ such that 

m m 

Σ IGiXp > A|x|2 and ^ k^Gix]^ < p\x\* 
t = l i=l 

for allxe R^. Then 

liminf ^ log | x ( i ; ίο ,Χο) | > - Κ - ρ) a.s. 
t—*00 t \ Δ / 

for all XQ Φ 0. In particular, if X> 2{K +p), then the trivial solution of equation 
(5.7) is almost surely exponentially unstable. 

We now employ this theorem to show how one can use stochastic pertur­
bation to destabilize the given system. First of all, let the dimension of the 
state space d > 3 and choose the dimension of the Brownian motion to be the 
same, i.e. m = d. Let σ be a constimt. For each i = 1,2, • • · , d - 1, define the 
d X d matrix Gi = ( g u „ ) by gj ,„ = σ if ti = i and t; = ί -|-1 or otherwise g „ „ = 0. 
Moreover, define Gj = (ffU«) 9uv = σ if w = d and υ = 1 or otherwise g^^ = 0. 
Then equation (5.7) becomes 

dx{t) = f{x{t),t)dt + a 

[ X2{t)dBi{t) 1 

Xd{t)dBd-i{t) 
L xi{t)dBd{t) J 

(5.11) 

Compute that 

and 
» = i 
J2\Gix\' = Y(^Xi+^' = ^'\x\' 

1 1=1 

m m 

Y\x^Gix\' = a'Yx}xl„ i = l 

By Theorem 5.1, the solution of equation (5.7) satisfies 

1 2 "* 

l imsup-log]x(i ; io,xo) l < -(^Jlm'' - κ) a.s. 
i—oo f ^ 'I ~[ ' 

Therefore the trivial solution of equation (5.7) is almost surely exponentially 
stable if 
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7ΤΪ -.τη m 
i = l i = l i = l 

we have 

Therefore 

^Σχΐχ^<2Σχϊχΐ,+Σχί<\χ\'. 
j = l i = l 

"* 2 

t = l 

By Theorem 5.3, the solution of equation (5.11) has the property that 

J 2 2 2 
liminf-log|x(i;io,a;o)| > - ^ - τ) = ^ ~ J< a.s. t—oo t V 2 3 / 6 

for any X Q Φ 0. If > &K, then the trivial solution of equation (5.11) will be 
almost surely exponentially unstable. 

Secondly, let the dimension of the state space d be an even number, say 
d = 2k{k>\). let σ be a constant. Define 

0 σ 
-σ Ο Ο 

Ο σ 
-σ Ο 

but set Gi = Ο for 2 < i < m. So equation (5.7) becomes 

dx{t) = f{x{t),t)dt + a 

xi{t) 
-xiit) 

X2k{t) 
L-X2fc- l ( i )J 

dBiit). (5.12) 

In this case we have 
m τη 

Y\Gix\^ = a^'lxf and ^ [x^G^xj^ = 0 
i = l i = l 

Hence, by Theorem 5.3, the solution of equation (5.12) has the property that 

liminf 7log|x(t;io,xo)| > ^ - Λ" a.s. 
t—fOO t ί 

where we use Xd+\ = Xi- Noting 
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4.6 F U R T H E R T O P I C S 

If the coefficients / and g in equation (1.2) aie such that /(Ο,ί) φ Ο and 
5(0,t) 0 but / has the decomposition / ( χ , ί ) = / i ( x , i ) + / 2 ( x , i ) with / i (0 , i ) = 
0, then we can regard the equation 

dx(i) = [/ι(χ(ί),ί) + /2(x(i),i)]di -hi/(x(i),t)d«)(i) (6.1) 

as the stochastically perturbed system of the ordinary differential equation 

m = fiivitU). (6.2) 

In this case, the equilibrium position is a solution of the unperturbed system 
(6.2) but no longer of the perturbed system (6.1). However, we can in principle 
apply our definitions of stability. For example, consider a d-dimensional linear 
stochastic differential equation in the narrow sense 

dx{t) = [Ax{t) + F{t)]dt + G{t)dB{t) on f > to (6.3) 

for any Xo φ 0. If > 2K, then the trivial solution of equation (5.12) will be 
almost surely exponentially unstable. Summarizing these results we obt£iin the 
following conclusion. 

T h e o r e m 5.4 Any d-dimensional nonlinear system y(i) = f{y{t),t) can be 
destabilized by Broximian motions provided the dimension d > 2 and (5.6) is 
satisfied. 

Naturally one may ask what happens to one-dimensional systems. To an­
swer this let us look at the scalar Unear Ito equation 

m 
dx{t) ^ -αχ( ί ) -I- Ύ f>ix{t)dBi{t) on t > to (5.13) 

i = l 

with initial data x(to) = X Q . This equation is regarded as the stochastically 
perturbed system of the exponentiiJly stable system 

y{t) = -ay{t) (a > 0). 

It has been shown that the sample Lyapunov exponent of the solution is 

1 1 "* 
lira - log |x( i ; to ,xo) | = - a - - < 0 a.s. 

t—»oo I S, f—· 
t = l 

That is, the perturbed system (5.13) remains stable. We therefore see that the 
exponentially stable system y(t) = o,y{t) ( α < 0) cannot be destabilized by 
Brownian motions if we restrict the stochastic perturbation in the linear form 
oiY:t,hix{t)dB,{t). 
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(6.6) 
Ito Jto 

So 

£|x(i)P 

< 3 | e ^ ( ' - ' " ) x o p + 3 ( i - t o ) I |e^( ' -^ 'F(s) |2ds + 3 f \e^^'-'^G{s)Yds 
Jto Jto 

ft 

< 3 / 3 i | x o p e - ^ ' ( ' - ' " ' + 3 / 3 i / 3 2 ( i - i o + l) / e-^'"-'>-'^»»ds 
-'tn 

< 3 / 3 i | x o p e - ^ ' ( ' - ' " ) + 3 / 3 i / 3 2 ( t - i o + 1 ) 1 e-(^"'*^)('-«'-(^'^^^''<i.s 
Jto 

< 3 /3 i |xope-^ ' ( ' - ' " ' + 30i02it - to + l)(i - io)e-(^'^^^". (6 .7) 

This implies 
Umsup 7 log(F|x(t)|2) < -(A, Λ Aa). (6 .8) 

t—oo t 
Now let 0 < ε < (Aj Λ A2)/2 be arbitrary. Set 

-et ci = 3/3i|xoP + 30102 sup (t - ίο + l)(t - to)e 
t>to'-

It then follows from (6.7) that 

F|x(t)P < cie-(^'' ' '^^-"'<'-'"' on t > to. 

Let η = 1,2, ·. Note that for to + η - 1 < ί < ίο + n, 

χ(ί) = χ(ίο + η - 1 ) + / ' [Ax{s) + Fis)]ds+ f Gis)dB{s). 
Jto+n-l Jto+n-1 

witii initial value x((o) = xo G P'^, where 

A e R^""^, F:R+-*R'^, G : Λ+ R'^''"'. 

We impose two hypotheses: (i) The eigenvalues of A have negative real parts. 
This is equivalent to that there is a pair of positive constants β\ and Ai such 
that 

lle'^lP < ^ e - - ^ ' * for t > 0. (6 .4) 

(ii) There is also a pair of positive constants 02 and A2 such that 

|F ( t )p V |G(i)p < Aze"^^' for t > 0. (6 .5) 

It was shown in Chapter 3 that the solution of equation (6.3) is 
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Using Holder's inequality, Doob's martingale inequality etc. we can derive that 

E( sup \χ{1)\Λ <3Ε\χ{ίο+η-1)\'^ 
\ , + n-l<t<to+n ' 

+ 3 £ ; Γ ' ^ " \Ax{s)^F{s)Yds^Vl {"^ \G{s)Yds 
Ju,+n-\ Λ ι , + η - 1 

rti,+n 
< Βοιβ-ί^'^^^^-^Η"-») + 6 / (c i ΐμΐΙ^ε- '^ ·^-^^-^)^"-*») + 302e-^^')ds 

Λ ο + η - Λ ^ 

where C2 is a constant. From this we can show in the same way as the proof of 
Theorem 4.2 that 

1- 1 1 1 /..M / Al Λλ2 - 2ε limsup - log |χ(ί)I < a.s. 
i—oo t i 

Since ε is arbitrary, we must have 

Um sup 7 log |x(i) I < - hJh2^ a.s. (6.9) 
i—oo t 2 

In other words, we have shown that, under hypotheses (i) and (ii), the solution of 
equation (6.3) will tend to zero exponentially in mean square and almost surely 
as well. For the further details in this direction please see the author's earlier 
books Mao (1991a, 1994a) 

Let us now turn to the another topic. In the case of stochastic asymptotic 
stability in the large, we know that all the solutions will tend to zero almost 
surely but we do not know how fast. To improve this situation we introduce the 
almost sure exponential stability, and in this case we do know that the solutions 
will tend to zero almost surely exponentially fast. However, we may sometimes 
find that the solutions will tend to zero but not so fast as exponentially or faster, 
and we wish to determine more precisely how fast they tend to zero. To explain, 
let us consider a scalar linear stochastic differential equation 

dx{t) = --^x{t)dt + (1 + t)-^dB{t) on ί > to (6.10) 
1 ~f-1 

with initial value χ{ίο) = XQ € R, where ρ > \ and B{t) is a scalar Brownian 
motion. The solution of equation (6.10) is 

x(i) = xo e x p ( - ^ ' χ^/ή + / ' e x p ( - ^ ' ^ d r ) (1 + s)-UB{s) 

= [xo(l + to)" + B{t) - J3(to)](1 + t ) - P . (6.11) 

�� �� �� �� ��



144 Stability of Stochast ic Differential Equa t ions [Ch.4 

\x{t)\ < [[xo|(l + ίο)" + 2v/2(i- to)loglog(i- io)J (1 + «)"" 

whenever t>T. Thus, for any 0 < ε < ρ — ^, there is a finite random variable 
ξ such that 

\x{t)\ < ^ f - ( P - i - ^ ) for all t > to (6.12) 

almost surely. This means that the solution will tend to zero almost surely 
polynomially. It is much nicer to express (6.12) as 

U „ 3 u p i 2 | M ^ < - ( p - i ) a.s. (6.13) 
i_oo logi V 2 / 

since (6.12) implies 

log| i ( i ) | ^ / 1 \ hmsup ° < - p - X - £ a.s. t-oo logi - 2 / 

and ε is arbitrary. Motivated by this example the author introduced in 1991 the 
concept of almost sure polynomial stability. A detailed study of such stability 
can be found in Mao (1991a). 

We shall now take one further step to introduce a more general type of sta­
bihty. Note that the almost sure exponential stability means |x(i)| < ξε'^^ a.s. 
while the almost sure polynomial stability means |x(i)| < (t~^ a.s. Replacing 
the function e"*' or t~^ with a more general function λ(ί) leads to the following 
new definition. 

Definition 6.1 Let X : R+ —^ (Ο,οο] be a continuous nonincreasing function 
such that X{t) 0 as t ^ oo. The trivial solution of equation (1.2) is said to 
be almost surely asymptotically stable with rate function X{t) if 

\x{i\ to, Xo)\ < ξλ(ί) for all t > to (6.14) 

almost surely, where ξ is a finite random variable which depends on X Q and to. 

Therefore the sample Lyapunov exponent 

lim - log = 0 a.s. 
t—>oo t 

which mdicates that almost all the sample paths of the solution will not tend to 
zero exponentially. On the other hand, by the law of the iterated logarithm, we 
note that for almost all ω e Ω there is a sufficiently large Τ = Τ{ω) such that 

\B{t) - β(ίο) | < 2 v / 2 ( i - i o ) l o g l o g ( i - i o ) if ί > Γ. 

It therefore follows from (6.11) that, almost surely. 
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M{t)= f 
J to 

is a continuous local martingale on [ίο,οο) with M(io) = 0. Using condition 
(6.15) we obtain that 

0 < 7(ί)1χ(ί)Γ < y(xo, to) + / Vis)ds + M{t). 
J to 

In view of Theorem 1.3.9, limt_cK, M(i) exists and is finite almost surely, and 
hence there is a finite random variable ξ such that 

7 ( ί ) | χ ( ί ) | ' ' <ξ i.e. |x(i) |<(^-Ly a.s. 

The proof is complete. 
For illustration we first apply this theorem to equation (6.10). Let 0 < e < 

ρ - ^ be arbitrary and 

Compute 

and note 

V ( x , i ) = ( i + l ) 2 P - l - 2 ^ l 2 

LV{x, i) = (2p - 1 - 2ε)(ί + 1 ) 2 ρ - 2 - 2 ε ^ 2 

- 2ρ(ί -ι- l ) 2 P - 2 - 2 e 3 . 2 ^ + ι ) - ( 1 + 2 . ) 

< ( ί + 1 ) - ' '+2^> 

Γ ( ί + 1 ) - ( · + 2 ^ ) ^ ί = 1 < 0 0 . 
Jo 2ε 

Due to the page limit we establish only one simple criterion on such stability 
here. 

T h e o r e m 6.2 Letp > 0 andVix,t) e C^''^(R''x{tQ,oo); R+). Letj: R+ R+ 
be a continuous nondecreasing function such that 7(i) —> oo os ί —> oo. Let 
η : R+ R+ be a continuous function such that η{{)άί < ex. If 

ΑΦΙ" <Vix,t) and LV{x,t)<η{t) (6.15) 

for all (x,t) 6 i?"* x [to,oo), then the trivial solution of equation (1.2) is almost 
surely asymptotically stable with rate function X{t) = (7(0)"'' ' ' ' · 

Proof. Fix any initial value lo and write x(t;tQ,xo) = x{t). By Ito's formula, 

V(x, t) = V{xo, to) + f LV{x{s), s)ds + M{t), 

where 
''vAxis),s)gixis),s)dB{s) 
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< 00. 

Let V{x,t) = log''(i + l) |x |2 . Then 

LVix,t) = P l Q g " J ( | + l ) | ^ | 2 + 21og''(i + l )x^ / (x , t ) + log''(i + 1)|σ(ί)|2 

<log ' ' ( i+ l ) ( ^ ( i ) (2 . 

By Theorem 6.2, with ρ = 2, 7(t) = l ogP ( i + 1) and η{ί) = log^{t + 1)|σ(ί)|2, we 
see that the trivial solution of equation (6.16) is almost surely asymptotically 
stable with rate function A(t) = log-''^^(i + 1). 

By Theorem 6.2, with ρ = 2, 7(ί) = (ί + 1 )2P-I -2^ and η{ί) = (ί + i ) - ( i+2e)^ 
see that the trivial solution of equation (6.10) is almost surely asymptotically 
stable with rate function A(i) = (t + 1 ) - ( ρ - ί / 2 - ε ) . in other words, the solution 
of equation (6.10) has the property that 

| χ ( ί ;<ο,χο)Ι<ξ( ί+ 

for all t > to almost surely, where ξ is a finite random variable. This implies, for 
ε is arbitrary, that 

log|x(i;io,xo)| . ί 1\ hmsup ^ -^-{p--;:) o..s. t-oo^ logi - V 2J 

which is the same as (6.13). 
To close this chapter let us discuss one more example. Consider a stochastic 

differential equation in i?** of the form 

dx{t) = f{x{t), t)dt + a{t)dB{t) on i > ίο (6.16) 

with initial value x{to) = X Q , where / is the same as before but σ : R+ R'^^"^. 
Assume that, for some ρ > 0, 
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Stochastic 
Functional Differential Equations 

5.1 INTRODUCTION 

In many applications, one assumes that the system under consideration is gov­
erned by a principle of causality; that is, the future state of the system is in­
dependent of the past states and is determined solely by the present. However, 
under closer scrutiny, it becomes apparent that the principle of causality is often 
only a first approximation to the true situation and that a more realistic model 
would include some of the past states of the system. Stochastic functional dif­
ferential equations give a mathematical formulation for such system. 

The simplest type of past dependence in a differential equation is that in 
which the past dependence is through the state variable but not the derivative 
of the state variable. Lord Cherwell (see Wright (1961)) has encountered the 
differential difference equation 

i ( i ) = - α χ ( ί - l ) [ l + x(i)] (1.1) 

in his study of the distribution of primes. Dunkel (1968) suggested the more 
genereil equation 

x(i) = -a Ι \ { ί + Θ)άη{θ) [1 + χ(ί)1 (1.2) 

for the growth of a single species. In his study of predator-prey models, Volterra 

147 
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(1.3) 

where χ and y are the number of prey and predators, respectively. Under suitable 
assumptions, the equation 

fc 
x{t) = YAix{t-n) (1.4) 

1 = 1 

is a suitable model for describing the mixing of a dye from a central tank as 
dyed water circulates through a number of pipes. The equation 

x{t) = - f a{t - θ)9{χ(θ))άθ (1.5) 
Jl-T 

was encountered by Ergen (1954) in the theory of a circulating fuel nuclear reac­
tor. Taking into account the transmission time in the triode oscillator, Rubanik 
(1969) has studied the van der Pol equation 

x{t) + ax{t) - f{x(t - T))x{t - r ) + x{t) = 0 (1.6) 

with the delayed argument τ . All these equations are special cases of the general 
functional differential equation 

xit) = fixt,t), (1.7) 

where xt = {x(t + Θ) : -τ < θ < 0} is the past history of the state. Taking 
into account the environmental noise we are led to the stochastic functional 
differential equation 

dxit) = fixi, t)dt + gixt,t)dBit). (1.8) 

When we try to carry over the theory of stochastic differential equations to 
stochastic functional differential equations, the following natural questions arise: 

• What is the initial-value problem for equation (1.8)? 
• What are the conditions to guarantee the existence and uniqueness of the 

solution? 
• What properties does the solution have? 
• Is there any explicit solution? If there is not, how can one obtain the 

approximate solution? 

(1928) had earlier investigated the equation 

xit) = ( ε , - 7ι2/(ί) - £ Ρ,{θ)ν{ί + θ)άθ)χ{1) 

m = ( ε 2 + 72X (0 + J F2(e)y{t + θ)άΘ)ν{1) 

�� �� �� �� ��



Sec.5.2] Exis tence-and-Uniqueness Theo rems 149 

5.2 E X I S T E N C E - A N D - U N I Q U E N E S S T H E O R E M S 

As before, we are working on the given complete probability space (Ω, P ) 
with the filtration { / t } t > o satisfying the usual conditions, and B{t) is the given 
m-dimensionid Brownian motion defined on the space. Let r > 0 and denote by 
C([—r, 0 ] ; fi'') the family of continuous functions φ from [—r, 0 ] to fi** with the 
norm = sup_^<0<o \φψ)\· Let 0 < ίο < Τ < oo . Let 

/ : C ( [ - T , 0 ] ; f i ' ' ) x [ i o , T ] - - f i ' ' and 5 : C([ - r ,0 ] ; f i ' ' ) χ [ ί ο , Τ ] f i ' ' ^ ™ 

be both Borel measurable. Consider the d-dimensional stochastic functional 
differential equation 

dx(i) = / (xt , i)di -h g{xu t)dB{t) on ίο < ί < T, (2.1) 

where Xt = {x{t + Θ) : -τ < θ < 0} \s regarded as a C([-r ,0];fi ' ')-valued 
stochastic process. 

The first question is the following: What is the initial-value problem for 
this equation? More specifically, what is the minimum amount of initial data 
that must be specified in order for equation (2.1) to define a stochastic process 
x{t) on ίο < ί < T? A moment of reflection indicates that a stochastic process 
must be specified on the entire interval [ίο — τ,ίο). We therefore impose the 
initial data: 

= ξ = {ξ{θ) : - τ < 0 < 0 } is an J"t„-measurable 

C ( [ -T ,Oj ; fi'')-valued random variable such that Ε\\ξ\\^ < oo . ^̂ '"̂ ^ 

The initial-value problem for equation (2.1) is now to find the solution of equation 
(2.1) satisfying the initial data (2.2). But, what is the solution? 

Definition 2.1 An R^-valued stochastic process x{t) on to — τ < t < Τ is 
called a solution to equation (2.1) with initial data (2.2) if it has the following 
properties: 

(i) it is continuous and {xi)ta<t<T is Ti-adapted; 
(ii) {f{xut)} e CH[to,T];R) and {g{xt,t)} 6 CH[to,T];R''-"^); 

(iii) xt„ = ξ and, for every to <t <T, 

χ{ί)=ξ{0)+ f f{x„s)ds+ f g{x,,s)dB{s) a.s. 
Jt„ Ju, 

In this chapter we shall answer these questions one by one. Moreover, we shall 
introduce a new technique—the Razumikhin argument to investigate the stabil­
ity problem. We shall also introduce and investigate the problem of stochastic 
self-stabilization. 
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Let us now begin to establish the theory of the existence and uniqueness of 
the solution. We first show that the Lipschitz condition and the linear growth 
condition again guarantee the existence and uniqueness. 

Theorem 2.2 Assume that there exist two positive constants Κ and Κ such 
that 

(i) (uniform Lipschitz condition) for all ψ,φ e C{[-T,0]; R'^) and t e [ίο,Τ] 

\f{φ,t) - f{Φ,t)\''\/\g{φ,t)-g{φ,t)f < Κ\\φ - .̂ H ;̂ (2.3) 

(ii) (linear growth condition) for all {ψ,ί) G C ( [ -T ,0 ] ; f l ' ' ) x [ίο,Τ] 

\Κψ,ί)?\/\9{ψ,ί)\^<Κ{1 + Μη (2.4) 

Then there exists a unique solution x(t) to equation (2.1) with initial data (2.2). 
Moreover, the solution belongs to M'^{\to - r ,T] ; i?"^). 

We prepare a lemma in order to prove this theorem. 

Lemma 2.3 Lei the linear growth condition (2.4) hold. If x ( i ) is a solution to 
equation (2.1) with initial data (2.2), then 

E( sup | x ( i ) | 2 ) < ( l + 4 £ | l i | ( 2 ) e 3 ' ^ ( ^ - ' < ' ) ( ^ - ' ' ' + ' ' ) . (2.5) 

V o - T < i < T 

In particular, x{t) belongs to M'^{[to - τ,Τ]; R"^). 

Proof. For every integer η > 1, define the stopping time 

T„ = T A i n f { i G [ i o , T ] : | | x t | | > n } . 

Clearly, τ„ Τ Τ a.s. Set χ"( ί ) = χ ( ί Λ τ „ ) for ί G [ ίο - τ , Τ ] . Then, for ίο < ί < Τ, 

x"{t)=m + r/(x?,s)/llt„,r„il(s)ds+ / 'g(x^s)/((t„,,„],(s)dB(s). 
Jto Jto 

By Holder's inequality, Doob's martingale inequality and the linear growth con­
dition, we then show that 

E( sup \x^{s)\A<3E\mf + ^K{T-to + 4) ί\ΐ + E\\x^W')ds. 
Ho<s<t ' Jto 

A solution x{t) is said to be unique if any other solution x{t) is indistinguishable 
from it, that is 

P{x{t) = x{t) for allto-T <t<T} = 1. 
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Noting that supt„_^<g<t |i"(s)P < ΙΙίΐΡ + supt„<,<t | x " ( s ) P , we obtain 

l + f;( sup \x"{s)\A 

< 1 + 4£||ξ | |2 + 3K{T - ίο + 4) / fl + £;( sup \χ^{Γ)\Λ]ά8. 

Ju,'- ^to-T<r<a ''J 

Now the Gronwall inequality yields that 

1 + E( sup | x " ( i ) | 2 ) < (1 + 4£;||^(|2)e3'^(^-'")(^-'''+">. 
\,-T<t<T > 

Consequently 

E{ sup |x(i) |2) < (1 + 4£;|^|2)e3K(T-t„)(T-tu+4) 
V t „ - r < t < r „ ^ 

Finally the required inequality (2.5) follows by letting η —> oo. 

Proof of Theorem 2.2. Uniqueness. Let x(i) and x(i) be the two solutions. By 
Lemma 2.3, both of them belong to Λ<^([ίο - r, Tj; Λ**). Noting 

x ( i ) - x ( f ) = / [ / ( x „ s ) - / ( x „ s ) ] d s + / [ 5 ( x „ s ) - f f ( x „ s ) ] d B ( s ) , 

Jto Jto 

we can easily show that 

E( sup | x ( s ) - x ( s ) | 2 ) <2A'(T + 4) f Ε\\χ^ ~ Xs\?ds 

Hn<s<t ' Jta 

< 2 ^ ( T + 4) / E( sup \x(r) - χ{τ)γ\άΒ. 

The Gronwall inequality then yields that 

Ei sup | x ( < ) - x ( i ) | 2 ) = 0 . 

This implies that x(i) = x(t) for to < < < T, hence for all ίο - τ < ί < T, almost 
surely. The uniqueness has been proved. 

Existence. Define x?„ = ξ and x°(i) = ξ(0) for ίο < ί < T. For each 
η = 1,2, · · · , set x"^ = ξ and define, by the Picard iterations, 

Χ " ( ί ) = ξ ( 0 ) + f f{x^-\s)ds+ ί g{xr\s)dB(s) (2.6) 
Jto Jto 
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<M f 
Jt, 

'C\M{s-toT __ C[M{t - ίο)]"+' 
η! * (n + l)! ' 

That is, (2.7) holds for n + l. Hence, by induction, (2.7) holds for all η > 0. 
From (2.7), we can then show in the same way as in the proof of Theorem 2.3.1 
that χ"(·) converges to x(i) in jM^([io - T,T];R^) in the sense of ^ ^ell as 
probability 1, and the x(i) is a solution to equation (2.1) satisfying the initial 
condition (2.2). The existence has also been proved. 

In the proof above we have shown that the Picard iterations x"(i) converge 
to the unique solution x(i) of equation (2.1). The following theorem gives an 
estimate on the difference between x"(i) and x(i), and it clearly shows that one 
can use the Picard iteration procedure to obtain the approximate solutions to 
equation (2.1). 

Theorem 2.4 Let the assumptions of Theorem 2.2 hold. Let x(i) be the unique 
solution of equation (2.1) with initial data (2.2) andx"{t) be the Picard iterations 
defined by (2.6). Then, for all η > I, 

E( sup |x"(i) - xit)A < 2C[M(r-io)]"^2M(T-e..) 
\to<t<T ) n\ 

where C = 2K(T - ίο + 4)(T - io)(l + ^ϋξΙΙ^) and Μ = 2K{T - ίο + 4). 

for t 6 [ίο, Τ]. It is easy to show that x " ( ) 6 M'^{[to - τ, Τ]; R"^) (the details are 
left to the reader). We claim that for all η > 0, 

E( sup |x"+'(s) - x-{s)\A < on ίο < ί < Τ, (2.7) 
\»<s<t ' n\ 

where Μ = 2ft'(T - ίο + 4) and C will be defined below. First we compute 

E{ sup \x\i)-x\tt\ 
\,<t<T ' 

<2K{T-to) A l + £;||x°||2)ds + Γ (I + E\\x1\\^)ds 
J tu Jto 

<2K(T - ίο + 4)(T - io)(l + £;||ξ||2) := C. 

So (2.7) holds for η = 0. Next, assume (2.7) holds for some η > 0. Then 
E( sup |x"+2(5)-x"+H5)l') 

Ho<3<t ' 

< 2K{t - ίο + 4)E f ||x^+> - x^lpds 
Jto 

<M ί E( sup |x"+Hr ) -x"(r ) |2)ds 
Jto Ho<r<« / 
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Proof. It is easy to derive that 

E( sup \x^{8)-x{s)A<M f E\\x-,-'-Xs\?ds 
\to<a<t J Jto 

< 2 M f E( sup |x"(r)-x"-nr) |^ds 
Jto \to<r<a ) 

+2M ΐ E{ sup |χ"(Γ)-χ(Γ) |Λίί3. 
Λο \ t o < r < s / 

Substituting (2.7) into this yields that 

E( sup |x"(s) - x ( s ) | ^ 
\ t o < s < t / 

< 2M C ' *°^}"~' ds + 2M (Έί sup \x^{r) - x{r)Ads 
Jto ( η - 1 ) ' · Λ ο \ t o < r < » / 

^2C[MiT-to)r^^^ r^^( | x " ( r ) - x ( r ) | ^ d . . 
Jto \to<r<s ) 

The required inequality (2.8) now follows by applying the Gronwall inequality. 
The proof is complete. 

As pointed out in the study of stochastic differential equations, the uniform 
Lipschitz condition is somewhat restrictive. Fortunately, the following general­
ization ensures that one can replace it by the local Lipschitz condition. 

Theo rem 2.5 Assume that the linear growth condition (2.4) is satisfied but 
the uniform Lipschitz condition (2.3) is replaced by the following local Lipschitz 
condition: For every integer η > 1, there exists a positive constant Kn such that, 
for allte [to,T] and those φ,φ& C ( [ - T , 0 ] ; Λ**) with \\φ\\ V \\φ\\ < η, 

If (φ, t) - f{φ, ί ) | 2 ν \g{φ, t) - g{φ, t)f < Κ„\\φ - φ\\^. (2.9) 

Then there exists a unique solution x{t) to the initial-value problem (2.1)-(2.2), 
and the solution belongs to M^Hto - r ,T] ; R^). 

This theorem can be proved by a truncation procedure as outlined in the 
proof of Theorem 2.3.4 but the details are left to the reader. 

In what follows we often discuss the stochastic functional differential equa­
tion on [ίο, oo), namely 

dx(i) = f{xu t)dt + g{xt, t)dB{t) on ί e [ίο, oo) (2.10) 

with initial data (2.2), where / and g are of course now the mappings from 
C([-r,0];i2' ') χ (ίο,οο) to Λ"* and i?'''^'", respectively. If the assumptions of 
the existence-and-uniqueness theorem hold on every finite subinterval [ίο,Τ] of 
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[ίο,οο), then equation (2.10) has a unique solution x{t) on the entire interval 
[ίο - τ, oo). Such a solution is called a 9/060/ solution. The following theorem is 
immediate. 

Theorem 2.6 Assume that for every real number Τ > to and integer η > 1, 
there exists a positive constant Κτ,η such that, for all t G [ίο,Τ] and all φ,φ € 
Ci[-T,0];R'^) m</i| |^| |V 11,̂11 <n , ' 

| / ( ^ , i ) - f{φ,t)f V \g(ψ,t) - g{φ,t)f < Κτ,ηΙΙψ - Φ\\'-

Assume also that for every Τ > to, there exists a positive constant A'r such that 
for all {ψ,Ι) e Ci[~T,0};R'^) χ [ίο,Τ], 

\f{φ,t)f\/\giφ,t)\^<Kτ{l + \\φ\n 

Then there exists a unique global solution x{t) to equation (2.10) and the solution 
belongs to M'^([to - T,(X>);R'^). 

However, if we remove the linear growth condition but keep the local Lip­
schitz condition, then, as in the case of functional differential equations, the 
stochastic functional differential equations may not have global solutions, that 
is an explosion may occur at a finite time. In this case, it is necessary to define 
local solutions. 

Definition 2.7 Leix(i), ί G [[ίο-Λ ^oo([ be a continuous J^t-adapted R"^-valued 
local process, where σ^ο is a stopping time. It is called a local solution of equation 
(2.1) with initial data (2.2) if art,, = ξ and 

x{tAak)=^(0)+ f{xa,s)ds+ g{xs,s)dB{s) Vi > ίο 
Jt„ Jtu 

holds for any k> I, where {σ^}*>ι is a nondecreasing sequence of finite stopping 
times such that ak ] CTqo a.s. Furthermore, if limsupjt_oo | ι ( ί ) | = oo is satisfied 
whenever σ^ο < oo, it is called a maximal local solution and σ^ο is called the 
explosion time. A maximal local solution x{t), t G [[ίο — ''',σΌο[[ is said to be 
unique if for any other maximal local solution x{t), t € [{to - τ,σ^αϋ, we have 
^oo = a.s. and x{t) = x{t) for all t G [[ίο - ·'",σοο[[ a.s. 

Theorem 2.8 Assume that for every integer η > 1, there exists a positive 
constant Kn such that, for all ί > ίο and those φ,φζ C({-r,0]; R"^) with ||v?|| V 
I l 0 l l < n , 

|/(<^, i) - fiφ, i ) |2 ν \9{φ, t) - g(φ, ί ) | 2 < A: „ | |<^ - φ\\^. 

Then there exists a unique maximal local solution x{t) to equation (2.1) with 
initial data (2.2). 
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This theorem can be proved by the standard truncation procedure as out­
lined in the proof of Theorem 2.3.4 and the details can be found in Mao (1994a) 
on pages 95-98. 

In this book we shall occasionally encounter a more general type of stochas­
tic functional differential equations in which the future state is determined by 
the entire of the past states rather than some of them. For example, we shall 
meet the stochastic integrodifferential equation 

dx{t) = F{x{t),t)dt + \x{s)\ds)G{x{t),t)dB{t) (2.11) 

as well as the functional equation 

dx{t) = F{x{t),t)dt + ( sup \r{s)x{s)\)G{x{t),t)dB{t). (2.12) 
Vo<s<i ' 

To formulate such equations in a general way, let us introduce a few more no­
tations. For each ί > <o, denote by C{[to - T,t];R'^) the family of continuous 
functions φ from [to — τ, t] to R'' with the norm \\φ\\ = supf|,_T<e<( Ιν(^)|· Also, 
let / ( · , t) and g{; t) be mappings from C([io - r, t]; R'^) to R'' and R'^''"', respec­
tively. Moreover, define Xr,t = {^{θ) • to ~ τ < θ < t}. Consider the stochastic 
functional differential equation 

dx(t) = fixr,t,t)dt + g{xr,t,t)dB{t) on t e [to,oo) (2.13) 

with initial data (2.2). Obviously, equations (2.11) and (2.12) are the special 
cases of equation (2.13). We now state an existence-and-uniqueness theorem for 
this equation which can be proved in the same way as before. 

Theorem 2.9 Assume that for every real number Τ > to and integer η > I, 
there exists a positive constant Κτ,η such that, for all t G [to,T] and all φ,φ £ 
C{[to-T,t\;R'^) mt/illv'lJV 11,̂ 11 < n , 

^{ψ, t) - f{φ, t ) | 2 γ \3{φ, t) - 9{φ, t ) | 2 < Κτ,„\\φ - Φΐί'. 

Assume also that for every Τ > to, there exists a positive constant Κτ such that 
for all t e [to, T] and φ 6 C([to - r, tj; R'^), 

\f{ψ,t)\'\/\g{φ,t)\'<Kτ{l + \\φ[\^). 

Then there exists a unique global solution x{t) to equation (2.13) and the solution 
belongs to M'^{[to - τ,οοΥ,Ρ·*). 
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5.3 S T O C H A S T I C D I F F E R E N T I A L DELAY E Q U A T I O N S 

A specieil but important class of stochastic functional differential equations 
is the stochastic differential delay equations (SDDEs). Let us begin with the 
discussion of the following delay equation 

dx{t) = F{x{t), x{t - T),t)dt + G{x{t),x{t - r ) , t)dB{t) (3.1) 

on f e [ίο,Τ] with initial data (2.2), where F : R'^ χ R'^ χ [ίο,Τ] R'^ and 
G-.R'xR'^x [ίο,Τ] ^ R'"'"'. If we define 

/{φ, t) = F(VJ(0), φ{-τ),ί) and 9{φ, t) = Ο{φ{0), φ{-τ), t) 

for {φ, t) e C( [ - r , 0]; R"^) χ [to, T], then equation (3.1) can be written as equation 
(2.1) so one can apply the existence-and-uniqueness theorems established in the 
previous section to the delay equation (3.1). For example, let F and G satisfy 
the local Lipschitz condition and the linear growth condition. That is, for every 
integer η > 1, there exists a positive constant Kn such that for all ί e [ίο,Τ] 
and all x,y,x,y £ Λ"* with |x| V \y\ V |x| V \y\ < n, 

[Fix, y,t)-F{x,y,t)[^ \/ |G(x, y,i)-G(x,y, t)\^ < Kn{\x-xf + [y-y]^); (3.2) 

and there is moreover a Κ >0 such that for all (x, y, t) e R'' x R'^ x [to, T], 

|F(x, y, i ) |2 V |G(x, y, t)f<K{l + [xj^ + [y\^). (3.3) 

Then there is a unique solution to the delay equation (3.1). However, we can 
take one further step to weaken these conditions slightly. Note that on [ίο, ίο+τ] , 
equation (3.1) becomes 

dx{t) = F{x{t),ξ{t -to- T),t)dt + G(x(i),^(i - ίο - T),t)dB{t) 

with initial value x(io) = ξ(0). But this is a stochastic differential equation 
(without delay), and it will have a unique solution if the linear growth condition 
(3.3) holds and F{x,y,t), G{x,y,t) are locally Lipschitz continuous in χ only. 
Once the solution x(i) on [ίο, ίο + τ] is known, we can proceed this argument on 
[ίο + τ, ίο -I- 2r], [ίο + 2r, ίο -I- 3r] etc. and hence obtain the solution on the entire 
interval [ίο - τ ,Τ]. This argument shows that it is unnecessary to require that 
the functions F{x, y, t) and G(x, y, t) be locally Lipschitz continuous in y. We 
describe this result in the following theorem. 

Theorem 3.1 Assume that the linear growth condition (3.3) is fulfilled. Assume 
a/so that both F{x, y, t) and G(x, y, t) are locally Lipschitz continuous in x, that 
is, for every integer η > 1, there eodsts a positive constant Kn such that for all 
t € [ίο, T],yeR'^ and x,x e R'^ with |x| V (x| < n, 

|F(x,y,i) - F ( x , 2 / , i ) | 2 \ / |G(x,y,i) - G(x ,y , i ) [2 < Kn\x - x |^ (3.4) 
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Then there exists a unique solution to the delay equation (3.1). 

This result becomes evident in the case when both F and G are independent 
of the present state x{t), namely for the equation 

dx{t) = F{x{t - r ) , t)dt + G{x{t - r ) , t)dB{t). 

In this case we have explicitly that 

x{t) = x{to) + I F{x{s - T), s)ds + ί G(x{s - T),s)dB(s) 
Jtn Jtu 

= ξ{ίο) + ί F(^(s - ίο - τ) , s)ds + ί G{^{s - ίο - τ) , s)dB{s) 
Jto Jto 

for ίο < ί < ίο + T. Then, for ίο + r < ί < ίο + 2r, 

χ ( ί ) - χ ( ί ο + τ ) + /" F{x{s-T),s)ds+ ί G{x{s-T),s)dB{s). 
Jto+T Jto + T 

Repeating this procedure over the intervals [ίο + 2r, ίο + 3τ] etc. we can obtain 
the exphcit solution. Clearly, all we here require is the condition that guarantees 
the integrals are well defined, and the linear growth condition will do. In other 
words, we do not require the local Lipschitz condition in this case. 

Consider a l-dimension£il linear SDDE 

dx{t) = [αχ(ί) + άχ(ί - T)\dt 
m 

+ Yy)kx{t)+ bkx{t - T)\dBk(t) ο η ί > ί ο 
fc=l 

with initial data {x{fl) : to - τ < θ < to) = ξ £ ΐ\{[-τ,ϋ\\Ε). On ί e 
[ίο,ίο + τ], the linear SDDE becomes a hnear SDE 

m 

dx{t) = [αχ(ί) + ai(i)]di + ^[6fcx(i) + Pki{t)]dBk(t) 
k=i 

with initial value x(io) = ξ(0), where 

αι( ί) = ά ξ ( ί - τ ) , βkι{t) = bkξ{t-τ). 

This linear SDE has the explicit solution 

/

t m 

Φ Γ ' ( 5 ) {αξ{3 -τ)-Υ bkbkξ{s - r ) ) d s 
•) fc=l 

+ Υ i^T'is)bkiis-T)dBkis) 
fe=l •''n 

�� �� �� �� ��



158 Stochastic Functional Differential Equat ions [Ch.5 

where 

*2(i) = exp [(a - 2 Σ " ίο - τ) + Σ ''̂ (̂ (̂*) " ^kiU + r)) 
fc=l fe=l 

Repeating this procedure over the intervals (ίο + 2τ, ίο + 3r] etc. we obtain the 
explicit solution for the linear SDDE. 

Let us now proceed to discuss the equations in which the delay is time 
dependent. Let d : [ίο,Τ] -+ [Ο,τ] be a Borel measurable function. Consider the 
stochastic differential delay equation 

dx(i) = F(x(i), x(i - ί ( ί)) , i)di + G(x(i), x(i - (5(i)), t)dB{t) (3.5) 

on ί e [ίο,Γ] with initial data (2.2). This is again a special case of equation 
(2.1) if we define 

/(¥>, i) = F(¥>(0), ̂ ' (-^(i)), i) and g((p, i) = 0(^^(0), φ{-δ{t)\t) 

for (v3 ,i) e C([-r,0];fi ' ') χ [ίο,Τ]. Hence, conditions (3.2) and (3.3) will guar­
antee the existence and uniqueness of the solution to this delay equation. On 
the other hand, if the delay is really "true" in the sense that supt,j<t<7-5(i) > 0, 
then the above argument which led to Theorem 3.1 still works, and therefore 
conditions (3.3) and (3.4) will guarantee the existence and uniqueness of the 
solution to equation (3.5). 

where 
. m m 

Φι(ί) = exp [(α - - Σ f>l)(ί - ίο) + Σ ^^^^-^ί*) ' ^Μ) • 
k=l k=l 

Next, on ί e (ίο + τ, ίο + 2r], the linear SDDE becomes a linear SDE 

m 

dxit) = [αχ(ί) + a2(i)]di + + 0k2{t)]dBk{t) 
k=i 

with the initial value x(io + r) at ί = τ obtained above , where 

α2(ί) = ax{t - r ) , 0k2{t) = bkx{t - τ). 

This linear SDE has the explicit solution 

x(i) = Φ2(ί)[χ{ίο + τ ) + / * 2 ' ( s ) ( a x ( s - T ) - V 6 f c 6 f c x ( s - r ) ) d s 
^ •^''>+- ^ k^i ' 
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This argument can be further extended without any difficulty to the more 
general stochastic system with several delays, namely 

dx{t) = F{x{t),x{t - •••,x{t- 6kit)),t)dt 

+ G{x{t),x{t - ί ι ( ί ) ) , · · · ,χ( ί - 5k{t)),t)dB{t) (3.6) 

on t e [ίο,Τ] with initial data (2.2). Here 

F : β-'χ^^+ΐ) X [ίο,Τ] ^ β"*, G : fi<''^(*+i) χ [ίο,Τ] ^ R'*''"', 

and 6i : [ίο,Τ] —> [0,r] are all Borel-measurable. The following result is imme­
diate. 

Theo rem 3.2 Assume that for every integer η > 1, there exists a positive 
constant Kn such that for all t e [ίο,Τ] and all x,yi,x,yi e R^ with \x\ V \yi\ V 
|ϊ| V jj/il < n, 

\F{x,yi,---,yk,t)- F{x,yi,---,yk,i)|^ 

V | G ( x , y u - - , y k , t ) - G ( i , y i , · · · , V k , t ) f 
k 

<Kn{\x-xf + Y\yi-yi?). (3.7) 
t = l 

Assume a/so that there is a Κ > 0 such that for all ( i , j/i, • · ·, yk, t) e fi'''<(*+i) χ 
[ίο,Τ], 

fe 
\F{x,yi, • · ·,yfc, <)[" V Ι̂ (=̂ '2/1. • · · . y*.ί)1' < ^ ( i + Nl' + Σ Ιϊ'·ι")· (3.8) 

t = l 

Then there is a unique solution to equation (3.6). If, 

inf ii(i) > 0 for every i = I,-• • ,k, 

then condition (3.7) can be replaced by the weaker one: For every integer n> 1, 
there exists a positive constant Kn such that for all (yi, • · ·, yt, i) e β·*^* χ [ίο. Τ] 
and all χ,χ e R'' with \x\ V |x| < n, 

[Fix,yi,··•,yfc,i) - fix,yi,--,yk,01^ 
y |G(x,yi, · • ·,y*:, i) - G(x, yi, · · ·, y*, i)|^ 

< Kn\x - x\^. (3.9) 
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5.4 E X P O N E N T I A L E S T I M A T E S 

In this section we shall give the exponential estimates for the solution of 
equation (2.10), namely 

dx{t) = f(xt, t)dt + g{xt, t)dB(t) on t € [ίο, oo) (4.1) 

with initial data Xt„ = ξ satisfying (2.2). We assume that this equation has a 
unique global solution x{t). We also impose the linear growth condition: There 
is a K' > 0 such that 

\ηψ,ί)\'^\9{φ,1)\'<Κ{1 + \\ψ\\') (4.2) 

for all (φ,ί) G C([-r,0];Λ"*) χ (ίο,οο). Let us first establish an L^-estimate. 

Theorem 4.1 Let p>2, Ε\\ξ\\Ρ < oo and let (4.2) hold. Then 

3 ,C{l-t„) (4.3) E( sup \x{s)\A < - 2 ^ 1 + Em^i 
^t„-T<S<t ' 2 

for all t > to, where C = p[2y/K + (33p - l)K . 

Proof. By the I t o formula and the linear growth condition, one can derive that, 
for ί > ίο, 

1 + | χ ( ί ) ( 2 ] ' = [1 + mf]Uρ Λ ΐ + \x{s)f]'^x'^{s)f{xa,s)ds 
Ju, 

+ ξ i \ l + \x{s)f]'^\g(Xs,s)fds 
^ Ju, 

+ / ' [ 1 + \x{s)n \x'^{s)g{xs,s)fds 
^ Ju, 

+ p + \x{s)f]'^x'^{s)g{xs,s)dB{s) 
Ju, 

< 2*^(1 + 1^(0)1")+p A l + |x(»^|21 
Ju, 

+ p ί [l + \x{s)f]'^x'^{s)g{x„s)dB{s) 
Ju, 

.\x{s)f + -^\f{xs,s)f + ^\g{xa,s)f ds 

<2·^{1 + \\ξ\\η + θχ i\l + \\xs\\^ds 
Ju, 

+ p f [I + \x{s)f]'^x'^{s)g{xs, s)dB{s), 
Ju, 

(4.4) 
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PE{ sup \\\^\x(r)Y\'^x^{T)g{x,,r)dB{T)\ 

< AV2PE( f[\ + \x{s)YY-^\x'^{s)g{xs,s)Ydsy 

\Jto / 

<A^/2pE[( sup [ΐ + 1χ(5)Π5) / ' [ l + |x(s)| 
ι \u,<s<l / Jto 

2i'^|x(5)p|9(x.,5)|2ds r 
sup [1 + |x(s)|2] ^ ) + Ιβρ'^Κ Ε f [1 + ||x,||2] ̂ ds. (4.6) 
><s<t / Ju, \tu<s<t 

Substituting this into (4.5) yields that 

E( sup [1 + |x(s)|2 
\t„<a<t 

<2Hl + Ε\\ξ\\η + CE f [1 + WxafYds, (4.7) 
Jta 

where C = 2ci + 32p^K = p[2y/K + (33p - 1)Κ] as defined before. Note that 

E( sup [l + |x(s)|2]̂ ' 
\ t „ - T < S < i / 

< ^ [ ΐ + ||ξ|Π +̂£( sup [ΐ + \χ{8)γγ\ 
\to<s<t ) 

<2'^{\^E\W)^E{ sup [ΐ + |χ(5)Πή. 

It then follows from (4.7) that 
E( sup [ΐ + \χ{8)γγλ 

\tn-T<s<t J 

<\2^(\^Em^C ( E[ sup [l + |x(r)Ĥ )ds. 

where cj = ρ[\/Κ + (ρ - 1)Λ'/2]. Therefore 

E I sup [l + |x(s)|2]^) 
\ί(,<»<ί / 

< 2 ' ^ ( 1 + E\W) + cxE f[\ + WxafYds 

+ PE( sup f [l-\-\x{r)f]'^x'^{r)g{x,,r)dBir)]. (4.5) 
\U)<a<lJta / 

On the other hand, by the Burkholder-Davis-Gundy inequality (i.e. Theorem 
1.7.3), we derive that 
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( " ^ ' - ^ - " - 2 ( < o + n - l ) -

An apphcation of the Gronwall inequality implies that 

E( sup [l + | x ( s ) | 2 ] ^ < | 2 5 ( 1 + £;||ξ||'')6^('-'"), (4.8) 

and the desired assertion (4.3) follows. The proof is complete. 
When ρ = 2, inequality (4.3) reduces to 

E( sup \x{s)f) <3{1 + Ε\\ξ\^)βχρ\{4\ίΚ+130Κ)(ί-ίο) 
^to-T<s<t ' L 

On the other hand, Lemma 2.3 shows that 

E{ sup |x(5)|2) < (l + 4F|[ i | |2)exp[(3/( :( i- to + 4 ) ( i - t o ) 
^ t „ - T < i < t L 

Clearly, Theorem 4.1 gives a much better estimate for large t. 
As an application of Theorem 4.1 we give an upper bound for the sample 

Lyapunov exponent. 

Theorem 4.2 Under the linear growth condition (4-2), we have 

lim sup 7 log |x(i)| < 2VK + 65K a.s. (4.9) 
l—oo t 

In other words, the sample Lyapunov exponent of the solution should not be 
greater than 2\ίΚ + %hK. 

Proof. For each η = 1,2, · • ·, it follows from Theorem 4.1 (taking ρ = 2) that 

E( sup \x{t)A < /3e-^", 
\ i o + n - l < i < t u + n / 

where β = 3(1 + Ε\\ξ\\^) and 7 = 2[2y/K + 66K]. Hence, for arbitrary e > 0, 

PL: sup | x ( i ) ( 2 > e ( ^ + ^ ' " | </3e-^". 
I, to+n-l<t<to+n ) 

The Borel-Cantelli lemma now yields that for almost all ω € Ω, there is a 
random integer no = no (ω) such that 

sup \x{t)f < e '̂'"'"^^" whenever η > no. 
to+n-l<t<tu+n 

Consequently, for almost a.\\ ω £ SI, Ίΐ to + η ~ 1 < t < to + η and η > no, 

l l o g | x ( i ) | < (^-^^^^ 
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Thus 

Exponent ia l Es t imates 

limsup - log |x(i)| < = 2 \ / ^ + 65A : - | -I a.s. 
t—oo t 2 2 

163 

Since ε is arbitrary, the assertion (4.9) must hold. 
As another application of Theorem 4.1 we now show the continuity of the 

pth moment of the solution. 

Theo rem 4.3 Under the same conditions as Theorem 4-1, we have 

E\x{t) - χ{3ψ < P{t){t - s)^ for allto<s<t <oo, (4.10) 

where 

Pit) ^ I 2^K^ (1 + Ε]1ξ|1'')β^(*-'») (Ι2(ί - to)]5 + b(P - 1)1̂ ) 

and C = P[2\/K + (33p - l)K]. In particular, the pth moment of the solution 
is continuous. 
Proof Note that 

E\xit) - x(s) |P < 2P-^E j ' ^ fixr,r)dr " + 2^-'E gixr,r)dBir) 

Using the Holder inequality. Theorem 1.7.1 and the linear growth condition, we 
can then obtain that 

E\xit) - xis)\^ < [2(t - ' β ^ ' !/(xr,r) | ' 'dr 

+ i[2p(p - l)]^t - s)"^Ε1^ l5(x.,r)| ' 'dr 

< C 2 ( i - 5 ) ^ ^ ' f ; ( l + ) |x ,))2)f, 

where C2 = 2 ^ K 5 ( [ 2 ( i - i o ) l 5 + b ( p - l ) l ^ ) -
Applying (4.8) one sees that 

E]xit) - x(s)| ' ' < C2(t - s ) ^ I' ^ 2^(1 + E|)i))'')e^<'-'")dr 

< ^ 0 2 2 § ( 1 + £ | | ξ | Π β ^ ( ' - ' " ) ( ί - « ) ξ , 

which is the required inequality (4.10). 
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5.5 A P P R O X I M A T E S O L U T I O N S 

In Ciiapter 2 we discussed Caratiieodory's and Euler-Maruyama's approx­
imate solutions to stochastic differential equations and we also pointed out the 
advantages of these approximation procedures in comparison with Picard's. In 
this section we shall establish Caratheodory's and Euler-Maruyama's approxi­
mate solutions to stochastic functional differential equations. To make the the­
ory more understandable, we shall only discuss the case of stochastic differential 
delay equations but the reader will see that the theory can be extended to more 
general functional equations. 

Let us first discuss the Caratheodory approximation procedure. Consider 
the stochastic differential delay equation 

dx{t) = F{x{t), x{t - 6{t)),t)dt + G{xit), x{t - S{t)), t)dB{t) (5.1) 

on ( G [ίο,Τ] with initial data (2.2), where δ : [ίο,Τ] [Ο,τ], F : R'^ χ R'^ χ 
[to,Τ] — β·* and G : R'^ χ R'^ χ [to,T]R'"'"' are all Borel measurable. We 
impose the uniform Lipschitz condition and the linear growth condition. That 
is, there exists a A" > 0 such that for all t e [ίο,Τ] and all x,y,x,y G R'^ 

\F(x, y, t) - F{x, y, t)\^ \J \G{x, y, t) - G(x, y, i)]^ < K{]x - x\^ + \y~ j/l^); (5.2) 

and there is moreover a. Κ > 0 such that for all {x,y,t) £ R'^ χ R'' χ [ίο,Τ], 

\Fix,y,t)\-'\/[G{x,y,t)[^ < Κ(1 + -f- | j , |2) . (5.3) 

Recall that in Section 2.6 when we discussed the Caratheodory approximation 
for the stochastic differential equation 

dx{t) = / (x( i ) , t)dt + g{x{t), t)dB{t), 

the main idea was to replace the present state x{t) with the past x{t - 1/n) to 
obtain the delay equation 

dxn{t) = f{xn{t - 1/n), i)di -I- g(x„(i - l/n),t)dB{t) 

and then showed that the solution x„(i) of this delay equation approximates the 
solution x(i) of the original equation. When we try to carry over this procedure 
to the delay equation (5.1), we will naturally replace the present state x(i) by 
its past x(i - 1/n) as well but with what should we replace the past x(i - 5(ί))? 
In the first instance, one may be tempted to replace it with x(i - <5(i) - 1/n). 
However, on the second thought, one realizes that it is not necessary in the case 
of d{t) > 1/n. It is in this spirit we define the Caratheodory approximation as 
follows: For each integer η > 2/τ, define χ„(ί) on [ίο - τ,Τ] by 

Χη{ίο + θ)=ξ{θ) for -τ<θ<0 
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and 

Approximate Solutions 1 6 5 

I n W = ξ ( 0 ) + f iDf, {s)F{Xn{s - Ι / π ) , I „ ( s - 5 ( s ) ) , s)ds 
Jto 

+ ί lDjs)F{xn{s - l/n),xn{s - Sis) - l/n),s)ds 
Jto 

+ f Idi ( S ) G ( X „ ( S - l /n ) , x „ ( s - i ( s ) ) , s)dB{s) 
Jto 

+ / / D „ ( S ) G ( X „ ( S - l / n ) , x „ ( s - 5{s) - l/n),s)dB(s) ( 5 . 4 ) 
Jto 

for to <t <T, wiiere 

£>„ = {«€ [ίο, Τ] : S{t) < l / n } and = [ίο. Τ] - D„. 

It is important to note tliat eacii X n ( ) can be determined explicitly by the 
stepwise iterated ltd integrals over the intervals [ίο, ίο + l /n ] , (ίο + l /n , ίο+2/n) 
etc. Let us now prepare a few lemmas in order to show the miiin result. 

Lemma 5.1 Lei (5.3) hold. Then, for all η > 2/τ, 

E( sup \xn{s)?)<(\ + GEm?\ ,10K(T-to+4)(T-to) (5.5) 

Proof. By Holder's inequality, Doob's martingale inequality imd the linear 
growth condition ( 5 . 3 ) , we can derive from ( 5 . 4 ) that for ίο < ί < Γ, 

E{ sup | x „ ( s ) | 2 ) < ^Ε\φ)γ 
Ho<s<t ' 

+ hK{T - ίο + 4 ) Γ / p c ( s ) [ 1 + F | x „ ( 5 - l / n ) | 2 + E\xAs - 8(s))Y\ds 
Jto 

+ hK{T - ίο + 4 ) / /z?„(s ) [ l + E\xn{s - \ln)f + £ ; i x „ ( s - <5(s) - \ln)Y\ds 
Jto 

<hE\\i\Y + ^K{T-to + 4) \ \ + 2E{ sup \xn{r)Y\ ds. 
Jto L Ho-T<r<8 '. 

Hence 

\λ-Ε[ s u p | x „ ( s ) | 2 ) < 1 + E\\i\f + E[ s u p | x „ ( s ) | 2 ) 

< 5 + + 1 0 A : ( T - ίο + 4 ) / ' \ \ + £ ; ( s u p | x „ ( r ) | 2 ) ds. 

�� �� �� �� ��



166 Stochastic Functional Differential Equat ions [Ch.5 

1 + E( s u p M s ) | 2 ) < ( 1 + 6 £ | | ξ | | 2 ) . 

and the required inequality (5.5) follows immediately. 

Lemma 5.2 Let (5.3) hold. Then the solution of equation (5.1) has the property 

E( sup |x(i)|2) < C , := (^+4^((ξ(|2)β'^'^<^-'»+^)('^-'"). (5.6) 
\,-T<t<T ' > 

Moreover, for any to < s <t <T with t - s < I, 

E\x{t)-xis)\^<C2it-s), (5.7) 

w/iereCz = 4K(l + 2Ci). 
Proof. The proof of (5.6) is similar to that of Lemma 5.1 so we need only to 
show (5.7) but this is straightforward: 

E\x{t) - x(s )p < 2K{t - s + 1) y' [l + E\x{r)f + E\x{r - S{r))f^dr 

<AK{\-\r2Cx){t-s) 

as required. 

We can now prove one of the main results in this section. 

Theorem 5.3 Let (5.2) and (5.3) hold. Then 

E ( sup \x{t) - x„(t)|2) < 4C3ê -̂(̂ -'") 

X (j^^-^^^ + '^Cχμ{t € [<o, ίο + T ] : 0 < 5{t) < 1/n}^, (5.8) 

where Cy,C2 are defined in Lemma 5.2, C3 = 4K(T - to + 4) and μ stands for 
the Lebesgue measure on R. 

Proof. By Holder's inequality, Doob's martingale inequality and the Lipschitz 
condition (5.2), we can derive that, for to < < < T, 

E( sup \X{S) - Χη{8)\Λ 
H„<s<t ' 

< C3 f ID.;XS)\E\X{S) - x„(s - l/n)|2 

+ E\x{s - 6{s)) - x„(s - i(s))|2l(is 

Tiie Gronwall ineiiuality implies 

• „ 1 0 Λ · ( Τ - ( „ + 4 ) ( ί - ί „ ) 

�� �� �� �� ��



Sec.5.5] Approx ima te Solutions 167 

ds 

+ 2C3 / / D „ ( S ) £ | I ( S - S{s)) - x(s - <5 (s ) - l / n ) r 

Jtu 

+ f;|x(s - S{s) - l /n) - x„(s - S{s) - l /n) |2 

< 5C3 / E{ sup |x(r) - x„(r)]2)ds + Jj + 
Jtu \ , < r < s ' 

ds 

where 

and 

J, - 2C3 / E|x(s) - x(s - l/n)]2ds 
Jtu 

J2 = 2C3 / ID,, {S)E\X{S - S{s)) - x(s - S{s) ~ l /n )pds . 
Jtu 

Applying the Gronwall inequality we obtain that 

E{ sup |x(s) - x „ ( s ) | 2 ) < (J, + J 2 ) e 5 ^ ^ ( ^ - ' o ) . 
But, using Lemma 5.2, we can estimate / • t i ) + l / n J\ < 4 G 3 / ( F | x ( s ) | 2 + E|x(s - l / n ) | 2 ) d s 

Jtu 

+ 2C3 / £:|x(s) - x(s - l/n)|2ds 
Jtu+l/n < S C i G a / n + 2C2C3T/n = 2 C 3 ( 4 C i + rC2) /n . 

Also, setting Do = {t € \to,T] : 6{t) = 0 } , 
rT 

(5.9) 

(5.10) 

J2 = 2G3 / IDU{S)E\X{S) - x(s - l/n)|2ds 
Jto 

fT 
+ 2G3 / lD„-Duis)E\x{s - S{s)) - x(s - S{s) - l/n)fds 

Jto / • i o + l / n fT 
<8CiC3 lD„{s)ds + 2C2C3/n lDu{s)ds 

Jtu Jtu + l/n 

+ 8G1C3 / lD„-Do{s)ds + 2C2C3/n lD„-Dois)ds 
Jto Jto+T+\/n 'to Jto+T+l/r. 

< 2C3(8Ci + rC2)/n + 8GlC3μ(lίo,to + τ]η (D„ - Do)). (5.11) 

+ C3 f IDAS)\E\X{S) - X „ ( S - l / n ) p 
Jtu ^ 

+ E\x{s - S(s)) - Xn{s - Sis) - l/n)f\ds 

< 2C3 ί \E\X{S) - x{s - l / n ) | 2 + E\x{s - l /n) - i „ ( s - l /n)p 
Jtu ·• 

+ C3 Γ /ds (s)Fja:(s - (5 (s ) ) - x„(s - ^(s)))^! ds 

Jtu 
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Xnito + Θ) = ξ{θ) for - τ<θ<0 

and 

x„(i) = x(to + k/n) 

+ / F{x„{to +k/n),Xn{to + k/n-6{s)),s)ds 
Jto+k/n 

+ ί G{x„{to + k/n),Xn{to + k/n-6{s)),s)dB{s) (5.12) 
Jto+k/n 

for to + k/n < t < [to + (A; + l) /n] Λ T, A; = 0,1,2, · · ·. In the sequel of this 
section x„(f) always means the Euler-Maruyama approximation rather than the 
Caratheodory one. Clearly, x „ ( ) can be determined explicitly by the stepwise 
iterated Ito integrals over the intervals (to, to + 1/n], (to + 1/n, to + 2/n] etc. 
Moreover, if we define x„(io) = Xn{to), in{to) - Xn{to - <5(to), 

in(i) = a;n(io + fc/n) and x„(t) = x„(to + fe/n - 5(t)) (5.13) 

for to + A/n < t < [to + (fc + l) /n] Λ T, = 0,1,2, · · ·, it then follows from (5.12) 
that 

Xn{t)=m+ ί F(x„(s) ,x„(s) ,s )ds+ / G(x„(s),x„(s),s)dB(s) (5.14) 
Jto Jto 

for to < t < T. The following lemma shows that the Euler-Maruyama approxi­
mation sequence is bounded in L^. 

Lemma 5.4 Let (5.3) hold. Then, for alln> 1, 

E( sup \χη{ί)\ή<(1 + 4ΕΙ\ξ\]ψ'<^^-''>+*>^^-*ο)_ (5.15) 

Proof. It is easy to show from (5.14) that, for to < t < T, 

E( sup \Χη{Β)Λ < mm\^ 

+3A'(T - to-h 4) / [l-I-f;|x„(s)|2-I-£;|x„(s)|^ 
Jto '· 

ds. 

Substituting (5.10) and (5.11) into (5.9) yields the required result (5.8). The 
proof is complete. 

Let us now turn to the Euler-Maruyama approximation procedure. We 
first give the definition of the Euler-Maruyama approximation sequence. For 
each integer η > 1, define a;„(i) on [ίο - τ,Τ] as follows: 
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Consequently 

+3K{T+ C\\ + 2E[ sup |i„(r)|2) 

\ + E{ sup \xn{s)f)<\+m\i\? 

+eK{T -to + 4) f\l + E( sup |x„(r)|2) 
Λ ο V u - T < r < s ^ 

ds. 

ds 

and the required assertion (5.15) follows by applying the Gronwall inequality. 
The following theorem shows that the Euler-Maruyama sequence converges 

to the unique solution of equation (5.1) and gives an estimate for the difference 
between the approximate solution Xnit) and the accurate solution x(i). 

T h e o r e m 5.5 Let (5.2) and (5.3) hold. Assume that the initial data ξ = 
• -τ < θ < 0} is uniformly Lipschitz L^-continuous, that is there is a 

positive constant β such that 

Ε\ξ{θι) - ξ{θ2)\'' < β{θ2 -θι) if - τ<θι<θ2< 0. (5.16) 
Then the difference between the Euler-Maruyama approximate solution Xn{t) 
and the accurate solution x{t) of equation (5.1) can be estimated as 

E( sup |x(i) - x„(i)l2) < ^ [C2(T - ίο) + τ{β V G2)]e'»^ (̂ 

where C2 is defined in Lemma 5.2 and C4 = 2K{T — ίο + 4). 
Proof. It is not difficult to show that, for ίο < ί < Γ, 

E( sup | x ( s ) - x „ ( s ) | 2 ) 

4(T-£o) (5.17) 

<C4 \\Ε\Χ{ s) - xnis)f + E\x{s - Sis)) - Xn{s)\' ds. (5.18) 

define x(io) = x(io), x(io) = xito - ί(ίο)), 
χ(ί) = χ(ίο + fc/n) and χ(ί) = χ(ίο + λ /η - ί(ί)) (5.19) 

for ίο + fc/n < ί < [ίο + (Α: + 1)/η] ΛΤ, Α; = 0,1,2, · · -. It then follows from (5.18) 
that 

Ε{ sup | i(s) - Xn(s)l^) 
Vo<i<i ' 

< 2C4 f \E\X{S) - x„(s)(2 + i;|x(s) - x„{s)f]ds + J3 + Λ 
Jto J 

<4C4f E( sup \x{r) - Xnir)f)ds + J3-l· J4, 
Jto ^ t „<r<s 

Recalling the definition of x„(i) and Xn{t), we then see that 

E( sup \xnis)f)<3Emf 
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and 

73 = 2C4 / E\x{s) - x{s)fds 

J4 - 2C4 / E\x{s - S{s)) - x{s)fds. 
Ju, ' to 

By Gronwall's inequality, we obtain that 

sup \x{s) - xn{s)n < (Js + J4)e'^'^'^-'"l (5.20) 
\,<s<T > 

We now estimate J3 and J4. By Lemma 5.2, 

^[to+(fc+l) /n)AT 

] ^ . / f o + f c / t i 

y . [ to+(fc+l) /n)AT 

J3 = 2C4 ^ / £;|x(s) - x(io + kln)Yds 

<-C2(74(r-io). (5.21) 

Also 
/•[fn + ( fc+ l ) /n lAT 

J4 = 2C4 5] / E\x{s - (5(s)) - x(to + fc/n - (5(s))|2ds 
fc>0-'«o+*:/n 

2 ^ /• |to+(fe+l)/nJAT 
< -C2C4(T-to )+2C4V / 

" V J i o + f e / n 

E\x{s - (5(s)) - x(io + kjn - S{s))Yds. (5.22) 

It is easy to show, by condition (5.16) and Lemma 5.2, that 

E\x{t) - x{s)Y < 2(β V C2)(i - s) ii - τ < s < t < T, t - s < 1. 

We therefore see from (5.22) that 

•/4 < ^ [C2(T - ίο) + 2τ{β V C2)]. (5.23) 

Substituting (5.21) and (5.23) into (5.20) yields the required assertion (5.17). 
The proof is complete. 

In the case when the time delay function δ{·) is Lipschitz continuous, the 
Euler-Maruyama approximate solutions can be defined by a simpler form, that 
is (5.12) can be replaced by 

x„(i) = x(io + A;/n) 

+ / Fix„{to + k/n),Xnito + k/n-S{to + k/n)),s)ds 

+ / G{xr,{tQ + k/n),Xn{to-\-k/n-5{tQ-\-k/n)),s)dB{s) (5.24) 

where 
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5.6 STABILITY THEORY—RAZUMIKHIN THEOREMS 

Stochastic modelUng has come to play an important role in many branches 
of science and industry. An area of particular interest has been the automatic 
control of stochastic systems, with consequent emphasis being placed on the anal­
ysis of stability in stochastic models. One of the most useful stochastic models 
which appear frequently in apphcations is the stochastic functional diiferential 
equation (2.10), namely 

dx(t) = f(xt, t)dt + g{xt, t)dB{t) on t > to- (6.1) 

In this section we shall discuss its stability property. Due to the page limit 
we shall only investigate the exponential stability—one of the most important 
stabilities. For this purpose we always assume that all of the assumptions of 
the existence-and-uniqueness Theorem 2.6 aie fulfilled so equation (6.1) has a 
unique global solution for any given initial data Xto = ξ satisfying (2.2), and 

for to + k/n < t < [to + {k + l)/n]AT, k = 0,1,2, ••, while x„( io+ 0) = ξ{θ) for 
- T <θ <0, the same as before. When both functions F and G are independent 
of t, this becomes even simpler, namely 

Xn{t) = x(io + k/n) 
+ Fixnito + k/n),Xnito + k/n - 5(io + k/n))){t -to- k/n)ds 
+ G(x„(io + k/n),Xn{to + k/n - δ{Ιο + k/n)))\B{t) - B{to + k/n)\. 

To be more precise, let us state this result to close this section. 

Theorem 5.6 In addition to the assumptions of Theorem 5.5, assume that δ{·) 
is Lipschitz continuous, that is there is a positive constant a such that 

\6{t) - δ{8)\ < ait - s) ifto<s<t<T. (5.25) 

Then, for every n> 1 + a, the difference between the Euler-Maruyama approxi­
mate solution Xn{t) defined by (5.24) o" ' ' the accurate solution x{t) of equation 
(5.1) can be estimated as 

E ( sup \x{t)-x„{t)f) 
Ho<t<T ' 

< ^ (C2(l + α)(Γ - ίο) + τ[β V C2(l + a)l)e^^^(^-'»). (5.26) 

where C2 and C4 are defined as before. 

This theorem can be proved in the same way as in the proof of Theorem 
5.5 with a little bit careful consideration on the estimation of J4 , but the details 
£u:e left to the reader. 
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and 

Then the trivial solution of equation (6.1) is pth moment asymptotically stable. 

EVixt^M) - EV{xt„ti) < - C 3 / Ε\χ{3)ψά8, ίο < ii < ig < 00. (6.3) 

This result is of course a natural generalization of the Lyapunov direct method 
but is somewhat inconvenient in applications. This is not only because condi­
tion (6.3) is not related to the coefficients / and g explicitly but also because 
it appears to be more difficult to construct the Lyapunov functional than the 
Lyapunov functions. It is in this spirit that we would like to explore the pos­
sibility of using the rate of change of a function on Λ** to determine sufficient 
conditions for stability. 

To explain the idea, we need to introduce a few more new notations. Denote 
by ([-τ,Ο];^"*) the family of all bounded, .Ft,,-measurable, C ( [ - T , 0 ] ; β**)-
valued random variables. For ρ > 0 and ί > 0, denote by L5-,([-r,0];fi'') the 
family of all J'f-measurable C ( [ - T , 0]; fi'')-valued random variables φ = {Φ{θ) : 
—τ<θ<ϋ) such that ί̂ ΙΙ·/)!!" < oo. Moreover, for each function V{x,t) € 
C2'^(fi<' X [ίο - r ,00) ; R+), define an operator CV from C ( [ - T , 0 ] ; R'^) x [ίο, oo) 
to R by 

εν{ψ^) = Vi(v?(o),i) 4- ν;(<^(ο),ί)/(^,ί) 

+ i i race [g'^{ψ, i)V^x(vj(0), t)g{φ, t) . 

Then the expectation of the derivative of V along the solution x{t; ζ) = χ(ί) of 
equation (6.1) is given by ECV{xi,t). In order for ECV{xi,t) to be negative 
for all initial data ξ and ί > ίο, one would be forced to impose very severe 
restrictions on the functions /(</?, i) and g{ψ, t) to the extent that the point φ{ϋ) 
plays a dominant role and, therefore, the results will apply only to equations 
that are very similar to stochastic differential equations. This seems to indicate 

we here denote the solution by χ{ί;ξ). Assume furthermore that / (Ο , ί ) = 0 
and g{0,t) Ξ 0 so equation (6.1) has the solution x(i) Ξ 0 corresponding to the 
initial data Xt„ = 0. This solution is called the trivial solution or equilibrium 
position. 

When we try to carry over the stability theory established in Chapter 4 
to the stochastic functional differenti8d equation, we will naturally employ the 
Lyapunov functional rather than functions. For instance, it is not difficult to 
show the following result (cf. Kolmanovskii k Nosov (1986)): 

Let ρ > 2 and cj -C3 be positive constants. Assume that there is a continuous 
functional V : C{[-T,0\]R) χ [ίο,οο) R such that 

Λ\φ{0ψ<νΜ<θ2\\φ\^, {φ,t)eCi[-r,0];R'')x[to,oo) (6.2) 
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that it is not good enough to use the Lyapunov functions. Fortunately, a few 
moments of reflection in the proper direction indicate that it is unnecessary to 
require ECV{xt,t) be negative for all initial data and all ί > ίο in order to 
have asymptotic stability, and this is the basic idea exploited in this section. 
This idea originated with Razumikhin (1956, 1960) for the ordinary differential 
delay equation and was developed by several people to more general functional 
differential equations (cf. Hale & Lunel (1993) and the references therein) and 
by Mao (1996b) to stochastic functional differential equations. The results in 
this direction are generally referred to as theorems of Razumikhin type. 

Let us now begin to establish the Razumikhin-type theorems on the expo­
nential stability for the stochastic functional differential equation. 

Theorem 6.1 Let A,p,ci ,C2 all be positive constants and q> 1. Assume that 
there exists a function V € C^'^R'' x [ίο - T,OO);R+) such that 

ci Ixj" < V{x, t) < C2\x\^ for all (x, t) e R^ x [ίο - τ, oo) (6.4) 

and, moreover, 

Εεν{φ, t) < -ΧΕν(φ{0), t) (6.5) 

for all t > to and those φ 6 L^^ {{-τ, 0]; Λ**) satisfying 

Εν{φ{θ),t + e)< ςΕν{φ{0),ί) on - τ<θ<0. 

Then for all ξ e Ο^,β-τ,Ο]; R'^) 

E\x{t;OV <-EmY'e-^^'-'"^ ont>to, (6.6) 

where η = min{A, log(g)/r}. 

Proof. Fix any initial data ξ e ^^.^^([-τ.Ο];^**) and write x{t;i) = x(i) simply. 
Let ε e (0,7) be arbitrary and set 7 = 7 - ε. Define 

U{t)= max [e^<'+*)f:K(x(i + 0),i-|-0)] for ί > ίο- (6.7) 

Noting that E{supo<a<t | Χ ( « ) Γ ) < 0 ° fo"̂  all r > 0 and, moreover, x(i), V(x , i) 
are continuous, we see that EV{x{t),t) is continuous. Hence U{t) is well define 
and is continuous. We claim that 

D+U{t) := lim sup ^ (^ + ^ ) " ^ Q ^ J . ^JJ ^ > Q (6 8) 
h—0+ t 

To show this, for each ί > ίο (fixed for the moment), define 

θ = max{0 € [ -T ,0 ] : e^('+^^EV{x{t + e),t + 9) = U{t)}. 
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Note that 

^EV{xit),t) + ECV{xut) < -(A - ^)EV{x{t),t) < 0. 

Obviously, θ is well defined, θ e [-τ,Ο] and 

U{t) = e'^'+^^EV{x{t + e),t + e). 

If β < 0, then 

e^(«+<')£;y(x(i ^θ),ΙΛ-θ)< e^('+^)Ey(x(i + θ),1 + θ) ϊοτ&\\θ<θ< 0. 

It is therefore easy to observe that for all /i > 0 sufficiently small 

e^(t+'')£;K(x(i + /i),ί + /i) < 6^('+^>£;Κ(χ(ί + 0), ί + ^), 

hence 
U{t + h)< U{t) and I>+[/(0 < 0. 

If ^ = 0, then 

e'^(^+^')EV{xit + θ),1 + θ)< e^*£;K(x(i), t) for all - τ < 0 < 0. 

So 

£;V(x(i + 0), ί + 0) < e-^^£;V^(x(i), t) 
<e''''EV(x{t),t) for all - τ < (9 < 0. (6.9) 

Note that either EV{x{t),t) = 0 or £;Κ(χ(ί),ί) > 0. If EVix{t),t) = 0, then 
(6.9) and (6.4) yield that x(i + Θ) = Q a.s. for all - r < 0 < 0. Recalling the 
fact that /(O, i) = 0 and g(0, i) = 0, one sees that x(i + Λ) = 0 a.s. for all /i > 0 
hence U{t + h) = 0 and D+U{t) = 0. On the other hand, in the case when 
EV{x{t),t) > 0, (6.9) implies 

EV{x(t + θ),1 + θ)< qEV(x{t),t) for all - r < θ < 0 

since e'^'^ < q. Thus, by condition (6.5), 

ECVixt,t) < -\EV{x{t),t). 

However, by Ito's formula, one can derive that for all /i > 0 

e^^^+^^EV{x{t + h),t + h)- e^^EV{x{t),t) 

/

t+h 
e'^''[yEV{x{s),s) + ECV{xs,s)]ds. 
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Then (6.6) implies 

l imsup-log|x(i ;C) | < a . s . (6.11) 
t—oo t ρ 

In particular, if, in addition to the above conditions, all of the assumptions of 
Theorem 6.1 are satisfied, then the trivial solution of equation (6.1) is almost 
surely exponentially stable. 

Proof Fbc any ί e C^^ ([-τ,Ο];^·*) and write χ(ί;ξ) = x{t) again. For each 
integer A; > 2, 

EWxto+krW" = E( sup |x(io + {k- l ) r + h)\A 
^0<h<T ' 

' \f{xt,t)]dt) 

+ E(SMP\ g{xt,t)dB{t)n 
^0<h<T Jt„ + ( f c - i ) T ^ 

(6.12) 

One sees from the continuity of V etc. that for all /i > 0 sufficiently small 

7f;V(x(s), s) + ECV{xs,s) < 0 [{t<s<t + h, 

and, consequently, 

e^(t+fc)£;y(a.(f + + /i) < e'^'EV{x{t),t). 

Therefore, U{t + h) ^ U(t) for all Λ > 0 sufficiently small and then D+U{t) = 0. 
Inequality (6.8) has been proved. It now follows from (6.8) immediately that 

U(t) < U{0) for all ί > ίο· 

By the definition of i7(t) and condition (6.4) one sees 

Cl Ci 

Since ε is arbitrary, the required assertion (6.6) must hold. The proof is complete. 
As pointed out in Chapter 4, the pth moment exponential stability and 

almost sure exponential stabihty do not imply each other in general. However, 
we are going to show that under an irrestrictive condition the pth moment ex­
ponential stabihty implies almost sure exponential stability 

Ti ieorem 6.2 Let ρ > 1. Assume that there is a constant Κ > Q such that for 
every solution x{t) of equation (6.1) 

E{\f{xt,t)\P+ \g{xt,t)\^<K sup Elxit + e)^ ont>0. (6.10) 
-r<e<o 
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But, by Holder's inequality, condition (6.10) and Theorem 6.1, one can derive 
that 

E( \f{xut)\dt) < r P - ' / E\f{xut)\'>dt 

rt„+kr 

<KTP-^ I ( sup E\x{t + e)\ndt 

Jtu+{k~l)T^-T<e<0 ' 

Λ „ + (*:-1)τ 

< 

< 

Cl 

E\We | P „ - ( f e - 2 ) T 7 (6.13) 

On the other hand, by the Burkholder-Davis-Gundy inequality, 

/.t,) + ( f c - l ) r + h 

C /.t,) + ( f c - l ) r + h 
sup I / g{xut)dB{t)n 
<h<T Jto + (k-l)T ' 

Orta + kT £ 

' \9{xt,t)fdt) , 
t „ + ( f c - l ) r ^ 

(6.14) 

where Cp is a positive constant dependent of ρ only. Note from condition (6.10) 
that 

\ρ(φ,ίψ < KM\P for (φ,Ι) € C([-T,0];R") Χ [ίο,οο). 

Let σ e (0, l/Sf-^K) be sufficiently small for 

1 - S P - i / i a 

One can then derives from (6.14) that 

J<CpE 

< e (6.15) 

r f o + f c T 

{ sup \9{xut)\) / \9(xt,t)\dt 
^ t , , + ( f c - l ) T < i < t o + f e T 7 i o + ( f c - l ) T 

<σ£; ( sup | 5 ( i ( , i ) | P ) + - ^ E / \9{xut)\dt 
\ n + ( f e - l ) T < t < t o + f c T ΐ σ \_JuMk-l)T 

< ΚσΕ{^ sup Iktll") + 
\ o + ( f c - l ) T < t < t u + f c T 

< Ka{E\\xto+kr\V + i^jjXto+Ofe-D.II'') 

+ : ^ ^ i ; | | e | | P e - ( ' = - ) - . 
4σθι 

4σ 

/·ί(|+Λτ 
/ £ | 5 ( x t , i ) | P d i 

V t „ + ( f c - l ) T 

(6.16) 

Substituting (6.6), (6.13) and (6.16) into (6.12) and then making use of (6.15) 
we obtain that 

βΙΙχ^,,+^.ΙΙ" < e-^^f^llxto+ife-D.II" + Ce-C^-^)-^ (6.17) 
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^ .^β ,^ -νν ι . p[io + ( f c - l ) r ] -

if to + ik-l)T <t<tQ + kr, k > ko. Therefore 

1 7 — ε 
lim sup - log |x(i)| < a.s. 

t - .oo t ρ 

and the required (6.11) follows by letting ε ^ 0. The proof is complete. 
In the case of ρ e (0,1), we need a slightly stronger condition than (6.10) 

in order to imply the almost sure exponentiid stability fi:om the pth moment 
exponential stability. 

Theorem 6.3 Let ρ e (0,1). Assume that there is a constant Κ >0 such that 
for every solution x{t) of equation (6.1) 

E( sup \\f{xt+e,t + e)y + \g{xt+e,t + 9)f\) 
\-τ<θ<0<- J / 

<K sup £'|x(i-f-r)| ' ' ont>T. (6.20) 
- 2 τ < Γ < 0 

Then (6.6) implies 

1 Ύ 
l imsup-loglx( t ;OI < - - a.s. (6.21) 

t—oo t ρ 

where C is a constant independent of fc. By induction, one can easily show from 
(6.17) that 

< (Ce^^^ + EM^ik + l ) e -*^^ (6.18) 

We shall now show that (6.18) implies the required assertion (6.11). Let ε € 
(0,7) be arbitrary. By (6.18), 

Ρ { ω : llxto+fcrlj > e-i^-^)*^^/"" 

< e^^-'^''^E\\xt,+kr\\'' < (Ce^-T' + £;||ξ||Ρ)(Λ + 1)6-^*=^ 

In view of the well-known Borel-Cantelh lemma, one sees that for almost all 

l l x t o + f c r l l ^ e - i ^ - ^ ) * ^ ^ / ' ' (6.19) 

holds for all but finitely many fc. Hence there exists a fco(w), for all ω e Ω 
excluding a P-null set, for which (6.19) holds whenever fc > fco- Consequently, 
for £ilmost all a; 6 Ω, 

l l o g | x ( t ) l < - - ' ' ^ ' " ^ 
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Proof. Fix any ξ e ([-τ,Ο];R"^) and write x ( t ; 0 = x{t). Noting that, for 
any a,b,c> 0, 

(a + 6 + c)" < [3(a V b V C)]P < 3''{AP V V (f) < 8^(0^ + 6^ + c^), 

we have, for each integer A; > 2, 

£||a;t„+fcr||'' = E( sup |x{to + (fc - l)r + /i)]") 
" ^ 0 < h < T 

IfJjx 

t̂„ + ( f c - l ) T + / i 

0<h<TJu, + {k-l) 

By conditions (6.20) and (6.6), 

RTT,+kT 

' \fixut)\dt) 
t„+( fc - l )T 

+ f ; ( s u p | / g(xt,i)dB(i)r) (6.22) 

E(f" ' | / ( χ , , ί ) | ώ ) ' < τ ' Έ ( sup \f{Xi,t)\^ 

< KT^{ sup £ ; |χ ( ί ) | ' ' ) < : i ^ £ | | i | | P e -| | Ρ „ - ( * - 2 ) τ · > (6.23) 

Also, by the Burkholder-Davis-Gundy inequality etc., 

^t„ + ( f c - l ) T + h 
s u p | / g{xut)dB(t)n 
<h<T Λο+(*: -1 ) τ ^ 

<C,E( \g(xt,t)fdty 

sup \gixt,t)\P 
Lii, + ( fe - l )T<t<to+fcT 

sup i;|x(t)| ' ' 
t„ + (fc-2)T<t<to+fcT 

< 
Cl 

(6.24) 

where Cp is a positive constant dependent of ρ only. Substituting (6.6), (6.23) 
and (6.24) into (6.22) yields 

EWxta+krW" < Ce-^'-^^-^ (6.25) 

where C is a constant independent of k. It is now the same as the proof of 
Theorem 6.2 to derive the required assertion (6.21) from (6.25). The proof is 
complete. 
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Let us now apply the above Razumikhin-type theorems to some speciaJ 
cases of equation (6.1). 

(i) Stochastic Differential Delay Equations 

First of all, consider a stochastic differential delay equation 

dx{t) = F{x{t),x{t - (5ι(()),· · · ,x(t - 5k{t)),t)dt 
+ G{x{t), x(t - <5i(i)), · · ·, xit - Skit)), t)dB{t) (6.26) 

on ί > ίο with initial data X Q = ί satisfying (2.2), where ij : [ίο, oo) —> [0, r ] , 1 < 
ζ < fc, are all continuous, and 

F-.R^x i?"' '* X [ίο,οο) β·*, G-.R^x Λ"^^* χ [ίο,οο) ^ β">"". 

We assume that both F and G satisfy the local Lipschitz condition and the Unear 
growth condition (cf. Theorem 3.2). We also assume that F(0, · · · ,Ο,ί) = 0 and 
G ( 0 , - - , 0 , i ) = 0. 

Theorem 6.4 Lei λ, Aj, · · · , Afc,p,ci,C2 all be positive numbers. Assume that 
there exists a function V{x,t) € C'^'\R'' x [to - τ,οο);Λ+) such that 

Cl |x[P < V(x, t) < calxl" for all (x, t) e R''χ [to - τ, oo), (6.27) 

and 

Vt{x,t) + VAx,t)F{x,yu---,yk,t) 

-f i i race[G^(x,yi , · · · ,yk,t)Vxx{x,t)G{x,yi,· • · ,y t , i ) 

fc 
< ~XV{x,t) + Y\iV{yi,t-5i{t)) (6.28) 

i = l 

for all (x,yi ,-- ,yfc, i) e x R"""" χ [ίο,οο). If λ > Σ ! = Ι ^ i , then the triv­
ial solution of equation (6.26) is pth moment exponentially stable and its pth 
moment Lyapunov exponent should not be greater than —(A — q ^ j L i ^i)' where 
Q e (1, A/^^^jAi) is the unique root ο / Α - ς 5 Ζ * = ι λ ί = log(g ) /T. / / , in 
addition, p>l and there is a Κ > 0 such that 

k 

]F(x,yi,··•,yfc,i)l VlG(x,yi,-• • ,yk,t)\ < Κ(|x| + ^ l l / i l ) (6-29) 

for all (x,yi, · • • ,yk,t) ζ R^ χ Λ"^** χ [ίο,οο), then the trivial solution of equa­
tion (6.26) is also almost surely exponentially stable and its sample Lyapunov 
exponent should not be greater than -(A - ς Σ ί = ι \)/Ρ· 
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+ -trace 
Li 

G^(<^(0),<p(-<5i(i)),-..,<p(-ofe(i)),i) 

χ ^χχ(¥'(0), i)G(i, <^(0), φ{-δι(ί)), · · •, <^(-4(ί)), ί) 

If ί > ίο and € i ^ , ( [ -τ , 0]; if*) satisfying 

Εν{φφ), t + 0)< ςΕν{φ{0), ί) for all -τ<θ<0, 

then by condition (6.28) 

k 

ECV{φ,t) < -XEV{φ{0),t) + YKEV{φ{-δi{t)),t-δi{t)) 

<-(^Χ-ςΥΧ,^Εν{φ(0),ί). 

So, by Theorem 6.1, the trivial solution of equation (6.26) is pth moment expo­
nentially stable and, moreover, its pth moment Lyapunov exponent should not 
be greater than - ( λ - 9Σ)ί=ι ^*)· furthermore ρ > 1 and (6.29) holds, then 
for all ί > ίο and 0 G L5,^([-T,0]; R^), 

Ε 

< 2E Κ \Φ{ο)\ + Υ,\Φ{-Ηί))\ΐ) 

< 2Κ''{1 + k)'>-Έ[\φ{0)\r> + Ϋ \φ{-δ,{tW 
i=l 

<2K''{l + kY sup Ε\φ{θ)\^. 
-τ<β<0 

Therefore, by Theorem 6.2, the trivial solution of equation (6.26) is almost surely 
exponentially stable and its sample Lyapunov exponent should not be greater 
than - ( λ - qY^i^i K)IP- The proof is therefore complete. 

Proof. Define, for {φ,ί) e C((-r,0];Λ'^) x [ίο,οο), 

f{ψ, t) = Ρ{φ{0), φ{-δι (ί)), · - ·, φ{~δ^{ί)), ί) 

and 

ς{φ, ί) = β{φ{0), φ(-δι (ί)), · · •, ν?(-4( ί ) ) , ί). 

Then equation (6.26) becomes equation (6.1). Moreover, the operator CV be­
comes 

εν{φ, t) = ν^(φ{0), t) + νΑφ{0), ί)Γ{φ{0), φ{-δι(ί)), · • ·, φ{-δ^{1)), ί) 
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< - ( ρ λ - ^ ^ ^ ^ ) | χ | ' ' + ρ Σ « ^ Ν ' ' - Ί ϊ / . Ι 
i = l 

^ P ( p _ i ) ^ ^ ^ | ^ | p - 2 | ^ ^ , 2 (6 34) 

Using the elementary inequality 

u^v^-" < au + (1 - a)v for u, υ > 0, 0 < α < 1, (6.35) 

Corollary 6.5 Assume that there is a X > 0 such that 

x^F (x ,0 , - - - ,0 , i ) < - A | x p for all {x,t)e IT'X [ίο,οο). (6.30) 

Assume also that there are nonnegative numbers οΐχ,βί, 0 <i <k such that 

k 
[Fix, 0, · • ·, 0, i) - F{x, yi,---,yk,t)\< ao[x - xj + Σ ai[yi[ (6.31) 

i = l 

and 
k 

\G{x,yi, · · ·,yfc,i)P < βοΐχ]"" + Σ (6-32) 
i = l 

for all t > to and χ ,χ , ι / ι , · · ·, j/fc e Λ**. If ρ > 2 and 

k _ 1 

t = l i = 0 

</ien </ie irivio/ solution of equation (6.26) is pth moment exponentially stable 
and is also almost surely exponentially stable. 

Proof Note first that (6.29) follows from (6.31), (6.32) and F(0, · · · ,0, i) = 0. 
Let V{x,t) = |x|P and verify (6.28) as follows: For all (x ,yi, • · ·, yfc,i) 6 Λ"* x 
fi"^* X [ ίο ,οο ) , 

Vt(x,t) + Vx(x,t)F(x,yi,---,yk,t) 

+ ^trace[G'^(x,yi, · · · ,yt, t)Vxx{x, t)G{x,yi, · · ·,y^, i) 

= ρ | χ ] ' ' - 2 χ Τ ^ ( χ , 0 , · · · , 0 , ί ) 

+ p[x['>-^x'^[F(x,yi, · · •,yjfe,i) - F(x,0, • · • ,0, t)] 

+ | | x | P - 2 |G (x ,y , , . . . ,yfc , i ) |2 

P ( P - I ) A ) 
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i=l 
for all t > to and x , x , yi, · · • , j/fc G fi''. / / 

Χ>{Κά)^ + ^{ρ-1)β, (6.39) 

we have 

\xr'\yi\ = i\xn'^{\yi\''V < ̂ IxIP + ^lyil" 

and 

|x| ' '-^yi|^<^|x|'' + - | y i r 
ρ ρ 

Substituting these into (6.34) yields that 

the left-hand side of (6.34) 

< _ (ρΛ - s fc i l A - (P - 1 ) έ«. - ' " " ' f " " Σ ft) i-i" 
i=l t=l 

fe 
+ Y{a, + {p-m)\yi\P. 

1=1 

Now the conclusions follow from Theorem 6.4 immediately and the proof is 
complete. 

The conditions of Corollary 6.5 are delay-independent and so the conclu­
sions. However, (6.30) may not hold sometimes and, instead, one may have 
x'^F{x,x,--- ,x,t) < - λ | ι | 2 . For example, F(x,yi,-• • ,yk,t) = αχ - ^*Li 6i2/< 
with 0 < α < bi. In this case, the delay eifect plays the main role in 
stabilizing the system. The following Corollary deals with this case. 

Corollary 6.6 Assume that there is a X> 0 such that 

x ^ F ( x , x , - - - , x , i ) < - λ | ι | 2 /or α//(χ,ί) € β"* X [ίο,οο). (6.36) 

Letp>2 and assume furthermore that there are nonnegative numbers ai,pi, 0 < 
i < k such that 

| F ( x , x , - - - , x , i ) - F ( x , y i , - - - , i / f c , i ) | P 
k 

<αο|χ-χ|'' + Σ««Ι^-2/ίΓ (6-37) 

t=l 

and 
k 

|G(x,yi,· · · i ) !" < /3o|xr + Σ-̂ 'Ι̂ 'Ι" (̂ -̂ ^̂  
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p ( p - l ) 
Κ = 2"-' [r^iao + a) + CpT^β], Cp = 

i=l i=0 

then the trivial solution of equation (6.26) is pth moment exponentially stable 
and is also almost surely exponentially stable. 

Proof. Regeird equation (6.26) as a delay equation ont>to + T with initial data 
on [ίο - τ, ίο + τ], that is, consider the delay interval of length 2τ instead of r . 
It is easy to show that for ί > r . 

EC\xt\P < -pXE\x{t)f 

+ pE[\x{t)\P-'\F{x{t),---,x{t),t) 

- F{x{t),x{t - <5i(<)),· · • - Sk{t)),t)\^ 

|x( i) | ' -2 |G(x(i) ,x( i - ί ι ( ί ) ) , . · · ,χ( ί - ifc(i)),i)|2 

where condition (6.36) has been used. Note from inequality (6.35) that for 
u,v >0 and ει > 0, 

Applying this and condition (6.37) one obtains that 

pE[|χ(ί)|''-ΜΡ(χ(ί), · · · ,χ(ί), t) - F(x( i) ,x( i - Slit)), · · · ,x ( i - Sk{t)),t)\ 

1 * 
< ει(ρ - l)E]x{t)f + Σ - - -^'ί*)!"· 

^1 t = l 

Similarly one can show that 

p{p-l) 
x{t)r^\G{x{t),x{t - Slit)), · · · ,x(i - Skit)), t)\' 

1 < 2 ^ 2 ( p - l ) ( p - 2 ) F [ x ( i ) [ ' ' 

+ 
( P -

^2 
^ (poE\x{t)f + Y0iE\xit - δ^))\ή 

<^{p-l){p-2)E\x{t)\'>+^^-:^ sup £;|x(i + ^)|^ 
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where €2 > 0, like ei, is to be determined. Summarising the aboves one obtains 
that 

EClxtl" < -p\E\x{t)f + ε , ( ρ - l ) f ; | x ( i ) | ' ' 

1 

+ \ε2{ρ-1){ρ-2)Ε\χ{ίψ 

ε)[ >' -T<9<o 
(6.40) 

On the other hand, by Holder's inequality. Theorem 1.7.1 and the assumptions 
one can derive that 

E\x{t) - x{t - 6SW 

<2P-^E / F{x{s),x{s-6i{s)),---,x{s-Sk{s)),s)ds 

+ 2"-^ f G{x{s),x{s-Siis)),---,x{s-Skis)),3)03(3)" 
Jt-s.(t) 

< ( 2 r ) P - ' / E\F{x{s),x{s - δι{3)),--- ,χ{3 - SUs)),s)\^ds 

+ 2P-'C'pr<P-2)/2 f E\G{x{3),x{3-6i{s)),---,x{s~6U3)), 

Jt-S.(t) 

< (2T)''-' (aoE\x{s)\P + Y aiE\x{s - δiis))\ήds 

ft k 
+ 2' '- 'Cpr(P-2)/2 / (β^Ε\χ{8)\^ + Y 0iE\x{s - δi{s))\Λds 

Jt~T^ i=l 

3)ψά3 

< 2^ - 1 rP(Qo + ά) + ΟρτΡ/^β sup Elxit + e)]" 
-2τ<θ<0 

= K sup E\x{t + 9)y 
-2T<9<0 

(6.41) 

for t > T, 1 < ί < fe, where K, Cp etc. have been defined above. Substituting 
(6.41) into (6.40) and choosing ei = [ΚάΥ'^, e2 = /θ^/" one then obtains 

EC\xty < -pXE\xit)\^ 

+ (ρ{Κά)^· + \p{p - 1)β) sup E\x{t + 6)1". (6.42) 

By (6.39), one can choose q> I such that 

X>q(^{Ka)i +^{ρ-1)β). 
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Therefore, if E\x{t + θ)]" < qE\x{t)\P for - 2 τ <θ<0, (6.42) implies 

EClxtl" < - ρ ( λ - q{Ka)7 - 1ς (ρ - \)β)Ε\χ{ίψ. 

Finally the conclusions follow from Theorems 6.1 and 6.2. The proof is complete. 

(u) Stochastically Perturbed Equations 

Let us now turn to consider a stochastic equation of the form 

dx{t) = [φ{χ{ί), t) + F{xi, t)]dt + g{xi, t)dB(t) on ί > ίο (6.43) 

with initial data Xt„ = ξ 6 C^^ ([-τ,Ο]; β*^). Here g is as defined in Section 
5.2, φ : X. [ίο,οο) and F : C ( [ - T , 0 ] ; β · * ) χ [ίο,οο) β**. As before, 
assume that φ, F, g satisfy the local Lipschitz condition and the linear growth 
condition (cf. Theorem 2.6), moreover, V(0,i) = F(0,i) = 0 and 5(0, i) = 0. 
Under these conditions, equation (6.43) has a unique global solution. Equation 
(6.43) can be regarded as the stochastically perturbed equation of the ordinary 
differential equation 

χ(ί) = ν(χ(ί),<)· (6.44) 

To a certain degree it has been known that if equation (6.44) is exponentially 
stable and the stochastic perturbation is sufficiently small, then the perturbed 
equation (6.43) will remain exponentially stable (cf. Mao, 1994a). The critical 
research in this direction is to give better bound for the stochastic perturbation. 
We now apply the Razumikhin-type theorems to establish a number of new 
results. 

Theorem 6.7 Let A, cj , C2, /?i, · · , /?4 all be positive numbers and ρ > 2, q>l. 
Assume that there exists a function V(x, i) 6 C^'^iR"^ χ [-r, οο);β+) such that 

Cl\xf < V{x, t) < cajxl" for all (x,i) e β'* χ [ίο - τ,oo), 

and 

Vt{x, t) + νς(χ, ί)φ{χ, ί) < -λ1^(χ, ί ) , 

|ν;(χ,ί)) < /?ι[ν(χ,ί)] 'τ^, | |ν„(χ, ί ) | [ < 02[Vix,t)]^ 

for all (χ,ί) 6 β"* χ [ίο,οο). Assume also that 

Ε\Ρ{φ, ί) |Ρ < β3Εν{φ(0),ί) and Ε\9{φ, t)f < β4Εν{φ{0), ί) 

for all t > to and those φ e L^^ ([-τ, 0]; Rf^) satisfying 

Εν{φ{θ), t + e)< qEV{φ{0),t) for all - τ<θ<0. (6.45) 
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Ε ([mO),i)]'^|F(.^,i)i) = E [eV{φ{ϋ),t))'^{P^Ϋ 

< '-^P^EV(φ{0),t) + _L^£;|F(,A,t)|'' 

where the elementary inequidity (6.35) has been used once again. In particular, 
if choose ε = β^^, then 

E{^V{φ{0),t)Ϋ^\F{φ,t)\) < βΙEV{φ{Q),t). 

Similarly, one can show 

Ε([ν{φ{0),ί)]^|5(<A,ί)|2)< βΙΕν{φ{0),ί). 

^>βιβΙ +1β2β!, (6.46) 

then the trivial solution of equation (6.4S) is pth moment exponentially stable. 
In addition, if there is a constant Κ > 0 such that, for all t > to and φ e 
L?.,([-r,0];fl<'), 

^[^'(^(O), i) |P + Ε\Ρ{φ, tW + Ε\ς{φ, t)\r> < Κ sup Ε\φ{θψ, 
-τ<θ<0 

then the trivial solution of equation (6.43) is aho almost surely exponentially 
stable. 

Proof Define f{φ,t) = •φ{φ(0),1) + Γ{φ,ί) so that equation (6.43) becomes 
equation (6.1). Moreover 

CV{φ,t) = VMO),t) + νΑφ{0^){φ{φ{0^) + F{φ,t)] 

+ ^tracε[g'^{φ,t)VχAφiO),t)9(φ,t) . 

Hence for ί > ίο and those φ € L^^([—τ, 0]; R^) satisfying (6.45) one can derive 
from the assumptions that 

ECV{φ,t) < -\Εν{φ{0^) ^ βιE{\V{φ{Q),t)Ϋτ•\F{φ,t)\) 

+ fi^([V(«^(0), i) l^l9(<A , i ) | ' ) . (6.47) 

But for any ε > 0 
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where 
« 1 = lam^dey \ 

« 2 = < 
[ £ \a2{e)\^d£)'^, ifp>2, 

then the trivial solution of equation (6.43) is pth moment exponentially stable. 
In addition, if there is a Κ > 0 such that | ^ (x , i ) | < i^lxj for all (χ,ί) e 
R'^ X [ίο,οο), then the trivial solution of equation (6.43) is also almost surely 
exponentially stable. 

Proof Let V{x,t) = |X|P. Then 

Vt(x,i) + K(x,i)V'(x,i) < - ρ λ | χ | Ρ , 

|V^(x,i)| < p | x | ' ' - \ | |V;x(x,i) | | < p ( p - l)(x | ''-2 

for all (χ,ί) e R"^ χ [ίο,οο). By (6 .48) one can choose q > I such such that 

λ > ( ς τ ά ι ) έ + ^ ( ς τ α 2 ) ^ . (6 .49) 

Now for ί > ίο and φ e Ljr^{[-T,0];Rf') satisfying 

Ε\φ{θ)\Ρ < qE\φ{0)\'' for ah - r < 6» < 0, 

Sul)stituting these into (6 .47) yields 

Εεν{φ,ί) < - ( λ - βχβΙ - W (<A (0 ) , i ) . 

Now the conclusions follow from Theorems 6.1 and 6.2 immediately. The proof 
is complete. 

Corollary 6.8 Assume that there is a X > 0 such that 

x'^tp{x,t) < -X\xf for all (x, t) e x [ίο, oo). 

Assume oiso that there are two functions α\{·), α2{·) & C([—τ, 0];Λ+) such that 

\Γ{φ,ί)\ < £αι{θ)\φ{θ)\άθ and \9{φ,ί)\·'< £α2{θ)\φ{θ)^άβ 

for all t>to andφG C ( [ - T , 0] ; R"^). If ρ > 2 and 

A > ( T a i ) i + ^ ( r a 2 ) p , (6 .48) 
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one can easily show that 

Ε\Ρ{φ,ί)\Ρ<ςτάιΕ\φ{0)\Ρ 

and 

Ε\9{φ,ίψ<ςτά2Ε\φ{0ψ. 

So the conclusions follow from Theorem 6.7 and the proof is complete. 

(iii) Examples 

In the following two examples we shall omit mentioning the initial data 
which are always assumed to be in C^^ ([-τ,Ο];^"*) anyway. 

Example 6.9 Consider a linear stochastic differential delay equation 

dx{t) =-[Ax{t) + Bx{t - 6{t))]dt + Cx{t - S{t))dB{t) on ί > ίο, (6.50) 

where A, B, C all axe d χ d constemt matrices, B{t) is a one-dimensional Brownian 
motion and δ : [ίο, oo) -* [-τ, 0] is continuous. 

Case (i). Assume that A+A'^ is positive definite and its smEiUest eigenvalue 
is denoted by Amin(-^ + A^). In this case, one can easily conclude by Corollary 
6.5 that if ρ > 2 and 

^-Κ,ΑΑ + A^) > \\B\\ + ^ | | C | | 2 , (6.51) 

then the trivial solution of equation (6.50) is both pth moment and almost surely 
exponentially stable. 

Case (ii). Assume that A + A^ + Β + B^ is positive definite. To apply 
Corollary 6.5, write equation (6.50) as 

dx{t) = -[{A+B)x{t)+Bx{t-δ{t))-Bx{t-δ2{t))]dt+Cx(t-δit))dB(t) (6.52) 

with δ2{ί) Ξ 0. By Corollary 6.5, one then sees that if ρ > 2 and 

iA„ i „ (y l + A'^ + B + B'^)> 2\\B\\ + ^ | | C | | 2 , (6.53) 

then the trivied solution of equation (6.52), i.e. (6.50) is pth moment as well as 
almost surely exponentially stable. Of course, in this case one may also apply 
Corollary 6.6 to obtain a delay-dependent result. For simplicity, choose ρ = 2. 
Note that for any ρ > 0 

\Ax + By-Ax- Byf < {1 + p~')\\A\f\x - xj^ + (1 + p)\\B\f\y - y\'. 
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i||C||2 + in f | | |B | | [ 2 ( l + p) 

(τ' [(1 + p-')\\Af + (1 + p)\\B\f] + τ\\0\ή]' } , (6.54) 

then the trivial solution of equation (5.1) is 2nd moment as well as almost surely 
exponentially stable. 

As a special case, let us look at a one-dimensional linear delay equation 

dxit) = -bxit - 6it))dt + exit - 6it))dBit) (6.55) 

with b > (P/2. In this case, criteria (6.51) and (6.53) do not work but (6.54) 
reduces to 

6 > y + 6v̂ 2(r262 + rcP). 

Hence, if 

then the trivial solution of equation (6.55) is both 2nd moment and almost surely 
exponentially stable. 

Example 6.10 Consider a stochastic oscillator described by a semi-linear 
stochastic functional differential equation 

zit) + 3i(i) + 2zit) = aiizt, zt) + aaizt, i t)B(i) (6.56) 

on ί > ίο, where Bit) is a one-dimensional white noise, i.e. Bit) a Brownian 
motion, both σ ι , σ 2 : C([-r,0];β2) ^ β are locally Lipschitz continuous and, 
moreover, 

\σι{ψ)\ V |σ2(<^)| < £^ \φiθ)\dβ, φ € Ci[-r,0\;R% 

We claim that if 
. < v ^ ,e.57) 

then the trivial solution of equation (6.56) is 2nd moment £md almost expo­
nentially stable. To show tliis, introduce a new variable χ = (ζ, i ) ^ and write 
equation (6.56) as a two-dimensional stochastic functional differential equation 

dxit) - [Axit) + Fixt)]dt + Gixt)dBit), (6.58) 

One can then apply Corollary 6.6 (with ρ = 2) to conclude that if 
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It is easy to find 

such that 

Set 

^ = ( _\ I2 ) ' ^"'^ ^^"^'^ ^ ^ " ( - 1 - 1 ) ' 

and define V{x, t) ~ x^Qx for χ € i?^. Jt jg easy to verify 

1, 
j\xY < V{x) < 7|x|2. 

We further compute 

< - 2ν{φ{0)) + 2\φ'^{0){Η-γ\ \Η-'Ρ(φ)\ + 2 |<Τ2Μ|2 

< - 2ν{φ{0)) + y i i r V M O ) ) + + 2|σ2(<^)|2 

/

ο 
ν(φ{θ))άθ. (6.59) 

By condition (6.57) one can find q > 1 such that 

2 - 7Ϊ4(1 + g ) T - Uqr^ > 0. 

Therefore, for any φ € L%^{\-T,0\;R'') satisfying Εν{φ{θ)) < ςΕν{φ{0)) on 
-τ <θ<0, (6.59) yields 

Ε£ν{φ,ί) < - ( 2 - νΰ{1 + q ) T - Uqτ^)EV{φ{0)). 

Thus the conclusions follow from Theorems 6.1 and 6.2. 

5.7 S T O C H A S T I C SELF-STABILIZATION 

We consider the following problem of stochastic self-stabilization in this 
section. Suppose we are given a nonlinear Ito equation in R'', namely 

dx{t) = f{x(t), t)dt + ugix{t), t)dB{t) (7.1) 

where 
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on ί > ίο = 0 with initial value a;(0) = XQ e R'^ (it is just for convenience to 
set ίο = 0 and the theory clearly works for general ίο > 0). Here w > 0 is 
the noise intensity parameter, B{t) is an m-dimensionad Brownian motion, both 
f : R*^ X R+ R'^ and g : R'^ X R+ -* R''^"' are locally Lipschitz continuous. 
We impose the standing hypothesis: 

(H7.1) There exists a symmetric positive-definite d χ d-matrix Q, and three 
positive constants K, a, β with 2β > a, such that 

\x'^Qfix,t)\<K\x\\ 

trace{g'^{x,t)Qg{x,t)) < a x ^ Q i , 

|x^<35(x,i)l '>/? |x^QiP 

for all ί > 0 and χ € R''. 

By Theorem 4.3.3, we know that this hypothesis guarantees that for all suffi­
ciently large u the trivial solution of equation (7.1) is almost surely exponentially 
stable. Equation (7.1) is regarded as a stochastically stabilized system of an or­
dinary differential equation x ( i ) = / (χ ( ί ) , ί ) , which is unstable in general. In 
other words, equation (7.1) is stabilized by white noise provided that the noise 
intensity is large enough. We ask whether it is true that equation (7.1) stabilizes 
itself if the intensity parameter u is replaced by e.g. /J \x{s)\ds. That is, is the 
trivial solution of the stochastic integrodifferential equation 

dx{t) = f{x{t),t)dt + \x{s)\ds)g{x{t),t)dB{t) (7.3) 

almost surely {R+; R^)-sta.b[e (i.e. \x{t)\dt < oo a.s.)? The main aim 
of this section is to give a positive answer. A rough argument goes as follows. 
If equation (7.3) is not almost surely {R+; R'^)-st&ble, then for some ω e Ω 
(with positive probabihty) \x{t,ω)\dt = oo. Consequently for all large i, 
J Q \x{s,u)\ds will be sufficiently large. Therefore, by the property of equation 
(7.1), one should have | i ( i , u ; ) | d i < oo, and this yields a contradiction. 

This argument is, of course, not a mathematical proof, but indicates that it 
is possible to replace the noise intensity parameter u in various ways in order to 
stabilize the system more precisely. One may replace u by |r(s)x(s)|' 'ds, where 
ρ > 0 and r(-) is a continuous i?"^''-valued function defined on R+ satisfying 
| | r ( i ) | | < Me"^' for all ί > 0, which shall be called a convergence rate function. 
In this section we shall show that the stochastic integrodifferential equation 

dx{t) = / ( x ( i ) , i ) d i + ( \ r (s )x is ) \^ds jg{xi t ) , t)dB{t) (7.4) 

has the property 

/ | r ( i ) x ( i ) | P d i < oo a.s. (7.5) 
Jo 
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j times 

Moreover, to stabilize the system in the sense JJ" e^*\x{t)\'''dt < oo a.s., one can 
choose r{t) = e'^^^^'Idxd where I^xd is the dx d identity matrix. 

Let us now turn to prove property (7.5). We first point out that the local 
Lipschitz continuity of the coefficients / and g as well as the standing hypothesis 
(H7.1) guarantee the existence and uniqueness of the global solution, denoted by 
x{t; Xo),oi equation (7.4) (see Theorem 2.9 and the detailed proof can be found in 
Mao, 1996c). It is also clear that equation (7.4) admits a trivial solution x{t; 0) = 
0 for hypothesis (H7.1) implies that /(Ο,ί) Ξ Ο and g{0,t) = 0. To prove the 
main result, we need prepare a lemma which shows that under hypothesis (H7.1) 
the solution will never reach zero if it starts from a non-zero point. 

Lemma 7.1 Let hypothesis (H7.1) hold. Then the solution of equation (7.4) 
has the property that 

P{x(i;xo) 7^ 0 for α» t > 0} = 1 

provided XQ ^Q. 

Proof. Suppose the assertion is false. Then there exists some I Q ^ 0 such that 
P{T < oo) > 0, where τ is the time of first reaching state zero, i.e. 

τ = inf{i > 0 : x(i) = 0}. 

Here we write x(t; xo) = x{t). Hence one can find f > 0 and θ>0 large enough 
to ensure that P{B) > 0, where 

β = {ω : τ < ί and |χ(ί) | < 0 - 1 for all Ο < ί < τ} . 

For each Ο < ε < |χο|, define 

τ, = inf{i > Ο : |χ(ί)| < ε or [χ(ί)| > θ}. 

Before proving this result, let us point out that by choosing various convergence 
rate functions, one can stabilize the system in different ways. For example, in 
order to stabilize the i-th component of the solution in the sense \xi{t)\''dt < 
oo a.s., one can choose the convergence rate function 

r(i) = (0,---,0,l ,0,---,0)i>,d. 
t times 

To stabilize the difference between the i-th and j - t h component of the solution, 
in the sense \xi{t) - Xjify^dt < oo a.s., one can choose 

r(t) = ( 0 , - - - , 0 , l , 0 , - - - , 0 , - l , 0 , - - , 0 ) i x d . 
i times 
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E[\x'^{tATe)Qx{tAT^)\ 

<\xlQxo\-' + 2E / \x^{s)Qxis)r^\x^is)Qf{xis), s)\ds 
Jo 

+^EJ'y^' \x'^{s)Qx{s)r^\x'^{s)Q9{x(s),s)f[£ | r ( t i ) x ( « ) | ' ' d u ) ' d s . 

By (H7.1), one can derive that 

E[\x'^{tAT,)Qx(tAr,)r'] 

<\x^Qxo\-' + μΕ / \x'^{s)Qx{s)\-'ds 
Jo 

<\xlQxor'+μ f E[\x'^{sAr,)Qx{sATe)r'\ds 
Jo 

where μ is a constant dependent of K,a,0,i,e,Q but independent of ε. An 
application of the Gronwall inequality yields 

E[\x-^itAr,)Qx{tAT,)\-'] < \xlQxor'e^''. 

Note that if ω € β , then Tg < t and | Χ ( Τ Ε ) 1 = ε. It therefore follows from the 
above inequality that 

{e''\\Q\\)-'P{B) < I x j Q x o r ^ e " ' . 

Letting ε —> 0 one obtains P{B) = 0, but this contradicts the definition of B. 
The proof is therefore complete. 

We can now establish the main results of this section. To make the state­
ment more clear, we state the condition on the convergence rate function r(t) as 
another hypothesis: 

(H7.2) There exists a pair of constants Μ > 0 and 7 > 0 such that 

||r(<)ll < Me^* for all ί > 0. 

T h e o r e m 7.2 Let (H7.1) and (H7.2) hold. Then the solution of equation (7.4) 
has the property that 

f | r ( i ) x ( i ; x o ) | ' ' d i < 00 a.s. (7.5) 
Jo 

for all xoeR^. 

Proof. Since hypothesis (H7.1) guarantees χ(ί·, 0) Ξ Ο, one only needs to show 
that (7.5) holds for XQ 0. For any XQ Φ 0, by Lemma 7.1, the solution 

Then by Ito's formula, for 0 < ί < ί, 
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Ω* = {ω e Ω: / " | Γ ( ί ) χ ( ί ; χ ο ) | ' ' ώ = οο}. 
Jo 

For convenience, again write x(i;xo) = xit). By Ito's formula and hypothesis 
(H7.1), one can show that for any t > 0 

log(x^(t)gx(t)) < log(xjQxo) + j^^^ ds 

:'^{s)Qgix{s),^ 
(x^(s)gx(s)) 

- 2 r ( / ^ ^ ) . ( . ) | P . . ) ^ ^ ; i | ^ ^ d . . M ( t ) , (7.6) 
Jo ^Jo ' (x^(s)Qx(s)) 

where 

is a continuous martingale vanishing at ί = 0. Let k = 1,2, · · ·. Then by the 
exponential martingale inequality (i.e. Theorem 1.7.4) 

P(. : sup [Mit) - ? ^ ( M ( t ) , M ( t ) ) ] > < ' 

where 

(M(0,M(t)) = 4 i\ririv)xiv)l''dvY^^!mii^^ 
Jo ^ 0 ' (x^(s)Qx(s)) 

Hence the well-known Borel-Cantelli lemma yields that for almost all α» G Ω 
there exists a random integer A;i (ω) such that for all k>k\ 

sup 
0<t<fc 

M ( f ) - ^ ^ ( M ( i ) , M ( i ) ) 
^ 8/3 log fc 
- 2 ^ - a ' 

that is, for 0 < ί < fc, 

2 / 3 - α 2/3 Λ ' ^ ' ^ - 7 (xT(s)Qx(s))' 

Substituting (7.7) into (7.6) and then applying (H7.1) one obtains that 

2 / 3 - Q l^[l^\riv)xiv)\'>dvfds (7.8) 

x(t;xo) φ 0 for all ί > 0 almost surely. Suppose (7.5) Is false, then there exists 
some Xo φΟ for which Ρ(Ω*) > 0, where 
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It then follows from (7.8) and (7.9) that for almost all ω G Ω*, if fc - 1 < ί < 
fc, fc > fci V (fc2 + 1), 

log(x^(i)Qx(i)) 

< log(x2 'Qxo) + ^ ^ ^ ^ + - i2K/X^AQ) + 27 + 4)(fc - 1 - fcz) 

Consequently, 

Jlog(x^(i)Qx(i)) 

It then follows that 

lim sup 7 log(x'^(i)i?x(i)) < - 2 ( 7 + 2) for almost all ω € Ω'. (7.10) 

Thus, for almost all ω 6 Ω*, there exists a random number fc3(a;) such that 

I log(x^(i)Qx(i)) < - 2 ( 7 + 2) for all t > fcg. 
t 

and hence 
e-(7+2)i 

lx(i)l < , for all t > fca. 

Therefore, by hypothesis (H7.2), for almost all a; 6 Ω' 

/ \r{t)x{t)\''dt< Mr>e'^'\x{t)\''dt+ d i 
Jo Jo Jks [Xmin{Q)r^ 

< OO. 

However, this contraxiicts the definition of Ω*. So (7.5) must hold, and the proof 
is complete. 

The following Theorem gives more precise estimates for the solution. 

for all 0 < ί < fc, A: > fci almost surely. Recalling the definition of Ω*, one sees 
that for every ω e Ω*, there exists a random integer fc2(w) such that 
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or 
limsup - log(|x(t; xo)|) < 0 (7.12) 

t—oo t 
holds for almost αΙΙω €il. 

Proof Again one only needs to show the conclusions for all XQ Φ 0. Fix XQ φΟ 
arbitrarily, and write x(t;xo) = x(<). Define 

n = j . . a : _ ( ~ H , ) x ( , ) r < i < > y C Z ^ - o ) A „ t a « 3 ) / • 

Clearly one only needs to show that (7.12) holds for almost all ω € Ω. For each 
i = 1,2, · · -, define 

Now, Ω = Cli, and hence one only needs to show that for each i > 1, (7.12) 
holds for almost all ω e Cli. Fix any ί > 1. Then in the same way as (7.8) one 
can derive that for each ω € Ω - Ω, with Ω a P-nuU set, there exists a random 
integer k^iu) such that 

- f S [ \r{v)x{v)rdv)'ds (7.13) 

for all 0 < ί < A:, A; > A;4. On the other hand, for every u; € Ω; there exists a 
random number A;5(u;) such that 

^ ^ . w x w r . , > ( i + . - ' ) ^ / I I I ^ I I I i<.Axt>K (7.14) 

It then follows from (7.13) and (7.14) that for all ω € Ω̂  - Ω, if A; - 1 < ί < 
A;, A; > A;4 V {k^ + 1), 

log(x^(i)Qx(i)) < log(xjQxo) + ^ ^ ^ ^ ( ^ 

I 4/?(l+z- ') logA: 2K 
+ 2 / 3 - a i\^^ΛQΓ '^' 

Theorem 7.3 Let (H7.1) and (H7.2) hold. Then for every XQ € B^, either 
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/ 2K 

then the solution x(t; XQ) tends to zero exponentially. This is quite natural since 
one can show by Theorem 4.3.3 that under hypothesis (H7.1) equation (7.1) is 
almost surely exponentially stable provided the noise intensity pEirameter 

/ 2K 
u > (2/?-a)Amin(Q) 

On the other hand, if 

then the noise intensity may not be large enough to stabilize the system ex­
ponentially. In other words, if the noise intensity parameter u is replaced by 
JQ \r{s)x{s)\'''ds, then equation (7.1) may not always stabilize itself exponen­
tially. But we now start to discuss how to stabilize equation (7.1) in the sense 
of almost sure asymptotic stability or exponential stability. By replacing the 
noise intensity parameter u with supo<^<f |r(s)x(s)|, equation (7.1) becomes a 
stochastic functional differential equation 

dx{t) = f{x{t),t)dt + ( sup \T{s)x{s)\)9{x{t),t)dB{t) (7.15) 

on ί > 0 with initial value x(0) = xo € R^- It can be shown in the same way as 
Lemma 7.1 that under hypothesis (H7.1) the unique global solution of equation 
(7.15), again denoted by x(i; xo), will never reach zero if it starts from a non-zero 
point. Moreover, we have the following result. 

Theorem 7.4 Let (H7.1) and (H7.2) hold. Then for all XQ e R'^, the solution 
of equation (7.15) has the property 

sup |r(i)x(i;xo)| < oo a.s. (7.16) 
0 < t < o o 

This imphes that 

1 2K 
lim sup - log(x^(i)Qa;(i)) < — for all u; € Ω. - Ω. 

Consequently, 

1 Κ 
lim sup - log(|i(t)|) < < 0 for all ω e Ω| - Ω. 

ί—οο t tXmmKQ) 
The proof is now complete. 

Theorem 7.3 shows that if 
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2 / 3 - a 
f ( sup |Γ(τ;)χ(υ)() ds 

Jo ^0<i;<s 

for a.\l 0 < t < k, k > ke almost surely. By the definition of Ω*, for every ω € Ω 
there exists a random integer ky(w) such that 

o<s<t V 2/3 - α 

One can then derive from these two inequalities that for almost all a; 6 Ω*, there 
exists a random number fee (ω) such that 

e-(7+i)f 
1^(^)1 ^ / , for all t > feg. 

V ' ^ m i n ( y ) 

Therefore, by hypothesis (H7.2), for almost all a; e Ω* 

sup |r(i)x(t)| < sup Me'^'|x(i)| + sup = < 00 . 
0<t<oo 0<t<fc« fc8<i<oo vAmin(Q) 

However this contradicts the definition of Ω*. So (7.16) must hold, whence both 
(7.17) and (7.18) follow from (7.16) immediately. The proof is complete. 

Before discussing specific examples, let us point out that it is possible to 
extend Theorem 7.3 to the above case to obtain even more precise estimates for 
the solutions, but the details are left to the reader. 

Furthermore, 
(i) i /An, in(r-^(i )r( i ) ) —» oo as ί —» oo , then 

lim |z(i;xo)| = 0 a.s. (7.17) 
t—>oo 

(ii) i / l iminfe^oolog[A„in(r^(i)r(<))]/ i > A > 0, then 

l imsup^ log(|x(i;xo)|) < a . s . (7.18) 

Proof. Suppose (7.16) is false, then there exists some xo 7^ 0 for which Ρ(Ω*) > 
0, where 

Ω ' = {ω e Ω : sup |r(i)x(i; xo)| = 0 0 } . 
0<t<oo 

Again write x(i;xo) = x(i). In the same way as the proof of (7.8), one can show 
that there exists a finite random integer k%{ω) such that 

log(x^(i)Qx(i)) < log(xjQxo) + + 
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i = l 1=1 

and 

Assume that 

^ | x ^ G , x p > X : A L „ ( G i ) | x | l 
1=1 1=1 

2Y>'liniGi)>Ym\\ (7.22) 
1=1 1=1 

ana also that there exists a positive constant Κ such that 

lx^/(x, t ) \ < K\xf for all X e β^, < > 0. (7.23) 

Then hypothesis (H7.1) is satisfied with Q the identity matrix and 

a = Y\\G£, β = γxl,^{Gi). 
1=1 i=l 

Let us now illustrate our theory by discussing several examples. 

Example 7.5 First, consider the one-dimensional equation 

dx(t) = f{x{t),t)dt + ( j i ' e''\x(s)\Pdsyx{t)dB{t) (7.19) 

on ί > 0 with x(0) = XQ € R. Here B{t) is a one-dimensional Brownian motion, 
σ 0, ρ > 0 and f : Rx R+ ^ R satisfies 

\f{x, t)\ < K\x\ for all X e Λ, t>0 (7.20) 

and some A" > 0. It is easy to see that hypothesis (H7.1) holds with Q = 1 and 
a = β — σ"^. Hence, by Theorem 7.2, the solution of equation (7.19) satisfies 

/•oo 
/ e'|x(i;xo)|' 'di < oc a.s. 

Jo 

Example 7.6 Consider the d-dimensional semi-linear equation 

ft "> 

dx{t) = / (x( i ) , t)dt + (J |x(s)|ds) J2Gix{s)dBi{s) (7.21) 

on ί > 0 with x(0) = XQ e R^- Here / (x , i) is as defined before and Gj (1 < i < 
m) are all symmetric positive definite d χ d-matrices. Note that for all χ G 

m m 

Y\G,x\'<Y\\Gi\f\xf 
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ί °° / 2K 
Ό ' " ^ ' ' ' ^ ° ^ " * - ν Σ Γ = , ( 2 λ ^ „ ( ^ . ) - Ι Ι ^ . | | ^ ) 

1 
hmsup-log(|x(i;a;o)|) < 0 

t—oo I 
holds for almost all ω € Ω. 

Example 7.7 Finally, let us consider the two-dimensional nonlinear equation 

dx{t) = f{x{t))dt + ( sup e ' | i i ( s ) - X2{s)\)g{x{t))dB{t) (7.24) 
^0<s<t 

on t > 0 with x(0) = XQ € R^. Here B{t) is a one-dimensional Brownian motion 
and 

f(^) ^ ( ^ 2 - A \ gl \ ^ f8Xi+ COSI2 λ 

' \ x 2 c o s x 1 + x i X 2 y ' ^9x2- l -s inxi y 

for X = (xi ,X2)^ € R^. It is easy to verify that 

|x^ / (x) | < |x |^ \g{x)\^ < 91.6|x|2, |x^3(x)|2 > 54.4|x|^ 

So hypothesis (H7.1) is satisfied. Also hypothesis (H7.2) holds since r{t) = 
e*(l,—1). By Theorem 7.4, one therefore sees that the solution of equation 
(7.24) satisfies 

which implies 

sup e'|xi(i;xo) - X2(i;xo)| < 00 a.s., 
0 < « o o 

limsup - log |xi(i;xo) - X2(i;xo)l < - 1 o,.s. 
t—oo t 

That is, the first and second component of the solution will tend to each other 
almost surely exponentially fast. 

Therefore, by Theorem 7.2, equation (7.21) is almost surely L{R+; R'')-sta.ble, 
that is, \x{t; xo)\dt < oo a.s. Moreover, applying Theorem 7.3 one can obtain 
even more precise estimates for the solution: for every XQ e R"^, either 
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6 

Stochastic 
Equations of Neutral Type 

6.1 INTRODUCTION 

In this chapter we introduce another class of stochastic equations depending 
on past and present values but that involves derivatives with delays as well as 
the function itself. Such equations historically have been referred to as neutral 
stochastic functional differential equations, or neutral stochastic differential delay 
equations. Such equations are more difficult to motivate but often arise in the 
study of two or more simple oscillatory systems with some interconnections 
between them. For exeunple, Brayton (1976) considered the problem of lossless 
transmission. This problem may be described by the following system of partial 
differential equations 

^di dv „dv di „ , „ 

% = ^ ^ = - a i ' o < x < i , i > o , 

with the boundary conditions 

Ε - v{0, t) - Ri{0, t) = 0, Cl = i( l , t) - 5(υ(1, ί)). 

We now indicate how one can transform this problem into a neutral differential 
delay equation. If s = (LC)~^/^ and ζ = (L/Cy^^, then the general solution of 
the partial differential equation is given by 

v{x, t) = φ{χ - St) + φ{χ + St), i{x, *) = ^ [Φ{χ - St) - φ{χ + St) 

201 
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or 
2φ{χ - st) = v{x, t) + zi{x, t), 2φ{χ + st) = v{x, t) - zi{x, t). 

This impUes 

2ip{st) = υ ( ΐ , ί - ^ ) - ζ ί ( ΐ , ί -

Using these expressions in the general solution and using the first boundary 
condition at t - 1/s, one obtains that 

i( l , t) - Ki( 1, t - -)= a - -v(l, t) - —vll, < - -), 
V 5 / Ζ Ζ \ S J 

where Κ = (z — R)/(z + R), a = 2E/{z + R). Inserting the second boundary 
condition and letting u{t) = t;(l + t), we obtain the equation 

dt 
u(t) - Ku(t - ^ ) ] = f(u(t\u(t - ^ ) ) , (1.1) 

where 
1 Κ 

Cif(u,u) = a- -u~ —u - g{u) + Kg{u). 

Another similar equation encountered by Rubanik (1969) in his study of vibrat­
ing masses attached to an elastic bar is 

• i ( i ) -Ι-ω2χ( ί) = e/ i (x(i) ,x(t) ,y(i) ,J / (0) +7iy(< - r), 
y{t) + Jix{t) = ε /2(χ( ί ) , x(t), y{t), m) + l2i{t - τ). 

In studying the collision problem in electrodynamics, Driver (1963) considered 
the system of neutral type 

x(t) = /ι(χ(ί),χ(<5(ί))) + /2(x(<),x(<5(<)))i(<5(t)), (1.3) 

where (5(t) < t. Generally, a neutral functional differential equation has the form 

^ [ x ( t ) - D ( x t ) ] = / (x t , t ) . (1.4) 

Taking into account stochastic perturbations, we are led to a neutral stochastic 
functional differential equation 

d[x(t) - D{xt)\ = f{xut)dt + g{xt,t)dB{t). (1.5) 

In this chapter we shall discuss various properties of this stochastic equation 
of neutral type. However, the presentation will not be as detailed as the one 
for the stochastic functional differential equations of the previous chapter. We 
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6.2 N E U T R A L STOCHASTIC FUNCTIONAL DIFFERENTIAL 
EQUATIONS 

As usual, we are still working on the given complete probability space 
(Ω,/", P) with the filtration {!Ft}t>o satisfying the usufil conditions, and B{t) is 
the given m-dimensional Brownian motion defined on the space. Let τ > 0 and 
0 < ίο < Τ < oo. Let 

D 

f 

9 

C{[-T,0];R'')x\to,T]^R^, 

C ( [ -T , 0 ] ;P ' ' ) x [ io ,T ]^ i ?< '> ' ' 

all be Borel measurable. Consider the d-dimensional neutral stochastic func­
tional differential equation 

d\x{t) - D{xt)] = fixi,t)dt + g{xt,t)dB(t) on to <t<T. (2.1) 

By the definition of Ito's stochastic differential, equation (2.1) means that for 
every ίο < ί < T, 

x{t) - Dixt) = x{to) - D{xt„) + f f{xs), s)ds + f gixa, s)dB{s). (2.2) 
Jto Jto 

For the initial-value problem of this equation, we must specify the initial data 
on the entire interval (ίο — r, ίο], and hence we impose the initial condition: 

xto = ξ = {m : - r < < 0} e L^,,, ( [ -T, 0]; R!'), (2.3) 

that is, ξ is an .F^u-measurable C([—r, 0]; i?'')-valued random variable such that 
Ε| |ξ | |2 < oo. The initial-value problem for equation (2.1) is to find the solution 
of equation (2.1) satisfying the initial data (2.3). To be more precise, we give 
the definition of the solution. 

Definition 2.1 An R'^-valued stochastic process x{t) on to — τ < t < Τ is 
called a solution to equation (2.1) mth initial data (2.3) if it has the following 
properties: 

(i) it is continuous and {xt}tu<t<T is Tt-adapted; 
(ii) {/(χ.,ί)} e £U[io,T];P<') and {g{xut)} g r ^ Q ^ ^ ^ ^ . ^ d x m ) . 

(iii) xto = ξ and (2.2) holds for every ίο < ί < T. 
A solution x{t) is said to be unique if any other solution x(i) is indistinguishable 
from it, that is 

P{x{t) = x{t) for allto-T <t<T} = 1. 

concentrate only on those proofs that are significantly different from the ones 
for functional equations. 
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X e x p 

^(.-!^ι<.|-^-^|^)^Ο^ιΛ';(;'^^)^ΐ'^ΙΙ^) 
[ 3 Α : ( Τ - ί ο ) ( Τ - ί ο + 4)1 ^2.7) 

(1 - κ){ί - ^) 

Let us now begin to estaWish the theory of the existence and uniqueness 
of the solution. Obviously, the Lipschitz condition as well as the linear growth 
condition on the functionals / and g are required, for equation (2.1) reduces to 
the stochastic functional differential equation discussed in the previous chapter if 
D ( ) Ξ 0. The question is: What condition should be imposed on the functional 
D? It turns out that D should be uniformly Lipschitz continuous with the 
Lipschitz coefficient less than 1. 

Theorem 2.2 Assume that there exist two positive constants Κ and Κ such 
that for all φ,φ& C([ - r ,0] ; R'^) and t G [ίο,Τ], 

\f{φ,t)-f{φ,t)f\/\9{φ,t)-giφ,t)f<K\\φ-φ\f•, (2.4) 

and for all (φ,ί) G C([-r,0];fl<^) χ [ίο,Τ], 

l / ( ¥ ' , i ) l ' V L 5 ( V ' * ) l ' ^ ^ ( l + I M l ' ) - (2-5) 

Assume also that there is a κ € (0,1) such that for all φ,φ G C([—r, 0]; R"^), 

\0{φ) - 0{φ)\ < κ\\φ - φ\\. (2.6) 

Then there exists a unique solution x{t) to equation (2.1) with initial data (2.3). 
Moreover, the solution belongs to M'^{{to - τ,Τ]; R''). 

In order to prove this theorem, let us present two useful lemmas. 

Lemma 2.3 For any a, 6 > 0 and 0 < α < 1 we have 

a I — a 

Proof. Note that for any ε > 0 

(α + 6)2 = + 2α6 + 6^ < (1 + ε)α^ + (1 + e-')b'^. 

Letting ε = (1 - α ) /α we obtain the required inequality. 

Lemma 2.4 Let (2.5) and (2.6) hold. Let x{t) be a solution to equation (2.1) 
with initial data (2.3). Then 
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In particular, x{t) belongs to M^Hto - T,T];R'^). 

Proof. For every integer η > 1, define the stopping time 

Tn = T A i n f { i 6 [to,T] : ||a;t|| > n} . 

Clearly, τ„ Τ Τ a.s. Set χ"(ί) - χ(ίΛτ„) for t € [to-τ,Τ]. Then, for to<t<T, 

x"(i) = D(xr) - 0{ξ) + r{t), 

where 

^"(t) = ξ (0 )+ / ' / (x^s)%„, ,„] ,{s)ds+ f g{x^„s)I^\u.,r„]]{s)dB{s). 
Jto J to 

Applying Lemma 2.3 twice one derives that 

|x"(i)|^ < i|i)(xr) - + 

< v/fc||xr|p + + ^ | J " ( i ) ^ 

where condition (2.6) has also been used. Hence 

E( sup |x"(s)|^) < v^sf sup lx"(s)l2) 

+ - ^ £ | | ^ | | 2 + --i-£;( sup | J " ( s ) | 2 ) . 

Noting that sup t„_^<,<t |x"(s)|2 < + sup^ 

o < s < f |2;"(s)P, one sees that 

E( sup |x"(s)|2) < yf^Ei sup |x"(s)p) 

^^γ-fEmY^-^Ei sup \r{s)Y). 
Consequently 

^i-.)( ' i-V^)<T,.l^°<"l')-
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On the other hand, by Holder's inequality, Doob's martingale inequality and the 
linear growth condition (2.5), one can show that 

E( sup |J"(s)n <3£;|(ξ | |2 + 3 /£ ' (Τ- ίο + 4) f\l + E\\x'^\f)ds. 
\,<3<t ' Jtu 

Substituting this into (2.8) yields that 

Ε\\ξ\Ϋ 

Therefore 

ds. 

1 + E( sup | x " ( s ) | 2 ) < l + — 

Now the Gronwall inequality yields that 

\ + E{ sup | x " ( i )p ) 
Ηα-τ<1<Τ ' 

Consequently 

E ( sup |x ( t ) |2 ) 

3 A : ( T - t o ) ( T - fo + 4) 
(1 - K)(1 - ^ ) 

\3KiT~to){T-to + 4) 
(1 - K){1 - ^) 

Finally the required inequality (2.7) follows by letting η —» oo. The proof is 
complete. 

Proof of Theorem 2.2 Uniqueness. Let x{t) and x{t) be the two solutions. By 
Lemma 2.4, both of them belong to M^{[to - τ,Τ]; R^). Note that 

where 

x{t) - x{t) = D{xt) - D{xt) + J{t), 

m = f[f{xs, s) - fixs, s)]ds + [\g{x„ s) - g{x„ s)]dB{s). 
Jtu Jtu 
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By Lemma 2.3 and condition (2.6), one sees easily that 

!x(i) - ί(ί)ΐ' < φ ι - xtl? + : r ^ | J ( i ) | ^ 
1 κ 

Therefore 

E( sup |x(s) - χ{3)\Λ 
H o < » < t ' 

<KE( sup |x(s) - x(s)l^) + ΖΓ^Ε( sup )J(s) l2) , 
Ho<a<t ' I - Κ \to<s<t ' 

which implies 

E{ sup | x ( 5 ) - x ( s ) p ) < jr^M sup | J ( 5 ) | 2 ) . 

On the other hand, one can easily show that 

Ε( sup |J(s) |2) < 2 ^ ( Γ - ί ο + 4) f E\\x,-Xa\Yds 

< 2 ^ ( T - < o + 4) ΐ E{ sup | x ( r ) - x ( r ) | 2 ) d s . 

Therefore 

£;( sup |x(s)-x(s)|2)<H^^^zJ£+i) sup |x(r) - x(r) |2)ds. 

The Gronwall inequality then yields that 

Ε( sup |x(i) - x(i)l^) = 0. 
M o < t < T ' 

This implies that x(i) = x(i) for to < ί < T, hence for all ίο - τ < < < T, almost 
surely. The uniqueness has been proved. 

Existence. We divide the whole proof of the existence into two steps: 
Step 1. We impose an additional condition: Τ — ίο is sufficiently small so 

that 
. : = , + ^ ^ ' ^ - ' ° ^ ^ ' < ^ - ' ° ' < l . (2.9) 

1 - Κ 

Define x?„ = ξ and x°(i) = ξ(Ο) for ίο < ί < Γ. For each η = 1,2, · • ·, set x̂ ^ = ξ 
and define, by the Picard iterations, 

x " ( i ) - £ > ( x r ' ) = i ( 0 ) - Z ? ( O 

+ I fixr\s)ds+ f gix':-\s)dB{s) (2.10) 
Jto Jto 
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for t € [Ιο,Τ]. It is not difficult to show that χ"{·) 6 M'^{[to - T,T];R^) (the 
details arc left to the reader). Note that for to < t <T, 

x ' ( i) - x°(i) = x ^ i ) - i(0) = 0(x?) - D ( 0 

+ ff(xls)ds+ ί 9ix^„s)dB{s). 
Ju, Ju, 

In the similar way as in the proof of the uniqueness one derives that 

E( sup \x'(t)-x°{t)f) 

<nE( sup | | χ θ - ξ | | 2 ) + ? ^ ( ^ Ζ ^ £ ; Γ ( ΐ + | |χθ | |2)^^ 
^ί„<<<7· ^ i - Κ Ju, 

< 2κΕ\\ξ\\' + 2 - ^ ( ^ - ^ 0 + 4)^^ ^ ^ll^l |2)(y _ c. (2.11) 

Note also that for η > 1 and to <t <T^ 

χ " + ' ( ί ) - χ " ( ί ) = £ » ( χ Γ ) - θ ( χ Γ ' ) 

+ i\nx^,s)-f(xr\s)]ds+ i\g{x^,s)-g{xr\s)]dB{s). 
Ju, Ju, 

In the same way as in the proof of the uniqueness one derives that 

E( sup | χ " + ' ( ί ) - χ " ( < ) ( ^ ) < « ^ ( sup |x"(<)-x"~'(i)p) 
^ t „ < i < r ' H„<t<T ' 

^ 2 ^ ( T - t o + 4) Z-^^/ \xr.^s)-x--\s)f)dt 
1 - κ Ju, \,<s<t ' 

<(5E ( sup | x " ( i ) - x " - ' ( t ) | 2 ) 
^U,<t<T ' 

<S"E( sup I x ^ i ) - x ° ( ( ) | 2 ) 
\,<t<T ' 

< C6", (2.12) 

where (2.11) has been used. Using the additional condition (2.9), one can show 
from (2.12) that there is a solution to equation (2.1) in the same way as in the 
proof of Theorem 2.3.1. 

Step 2. We need to remove the additional condition (2.9). Let σ > 0 be 
sufficiently small for 

I - η 

By step 1, there is a solution to equation (2.1) on [to - r,io + σ]. Now consider 
equation (2.1) on [to + a,to + 2σ] with initial data xu,+o- By step 1 again, there 
is a solution to equation (2.1) on [ίο 4- σ, to + 2σ]. Repeating this proce<lure we 
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6.3 NEUTRAL STOCHASTIC DIFFERENTIAL DELAY 
EQUATIONS 

An important class of neutral stochastic functional differential equations 
is the neutral stochastic differential delay equations. Let us begin with the 
discussion of the following neutral delay equation 

ίί[χ(ί) - D(x(i - r))] = F(x(i) ,x(i - T),t)dt + G(x(i),x(i - T),t)dB{t) (3.1) 

on ί e [ίο,Τ] with initial data (2.3), where F : fi'' χ β** χ [ίο,Τ] R'', G : 
R'^xR'^x [ίο,Τ] ^ R'""" and D : R^ ^ fi''. If we define 

f{φ,t) = F{ψ{0),φ{-τ),t), g{ψ,t) = G{φiO),φ{-r),t) 
and 0{φ) = ΰ{φ{-τ)) 

for ψ e C ( [ -T , 0 ] ; f i ' ' ) and ί € [ίο,Τ], then equation (3.1) can be written as 
equation (2.1). Therefore, we can apply the existence-and-uniqueness theorems 

see that there is a solution to equation (2.1) on the entire interval [ίο — τ,Τ]. 
The proof is complete. 

As in the theory of stochastic functional differential equations, we can re­
place the uniform Lipschitz condition (2.4) with the local Lipschitz condition. 

Theorem 2.5 Let (2.5) and (2.6) hold, but replace condition (2.4) with the fol­
lowing local Lipschitz condition: For every integer η > 1, there exists a positive 
constant K„ such that, for all t € [ίο,Τ] and those φ,φ € C ( [ -T , 0 ] ; f l^ ) with 
IMJV 11.̂ 11 < n , 

\f{ψ, t) - f{φ, i ) |2 ν \g{ψ, t) - g(φ, t)f < Κη\\φ - φ\]\ (2.13) 

Then there exists a unique solution x(t) to the initial-value problem (2.1) and 
(2.3), and the solution belongs to M^{[to - T,T];R'^). 

This theorem can be proved by a truncation procedure but the details are 
left to the reader. 

In what follows we often discuss the neutral stochastic functional differential 
equation on [ίο,οο), namely 

d[x(i) - D{xt)] = f{xt,t)dt -t- g{xt,t)dB{t) on t G [ίο,oo) (2.14) 

with initial data (2.3), where / and g are of course now the mappings from 
C{[-T,0];R'^) X [ίο,οο) to Rf^ and fi**^"*, respectively. If the assumptions of 
the existence-and-uniqueness theorem hold on every finite subinterval [ίο,Τ] of 
[ίο,οο), then equation (2.14) has a unique solution x{t) on the entire interval 
[ίο — τ, oo). Such a solution is called a global solution. 
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estabhshed in the previous section to the delay equation (3.1). For example, 
let F and G satisfy the local Lipschitz condition (5.3.2) and the linear growth 
condition (5.3.3); moreover, let D be Lipschitz continuous with the Lipschitz 
coefficient less than 1, that is there is a κ € (0,1) such that 

\D{x) - D{y)\ < K\X - y\ for all x,y € R^, (3.2) 

then there is a unique solution to the neutral delay equation (3.1). However, in 
the same spirit as explained in Section 5.3, we can do considerably better. 

Theorem 3.1 Assume that there is a Κ > 0 such that for all x,y € R"^ χ R'^ 
andte[to,T], 

|F (x ,y , i ) |2 V |G(x, y , t ) f V I^WI' < -̂ (̂1 + 1^1' + lyl')- (3-3) 

Assume also that both F{x,y,t) and G{x,y,t) are locally Lipschitz continuous 
in X only, that is, for every integer η > 1, there exists a positive constant Kn 
such that for all t G [ίο, Τ], y G Λ"* and x,x e R' with \x\ V |x[ < n, 

\F{x, y, t) - F{x, y, i)!^ \ / |G(x,y, t) - G(x, y, t)f < Κ„|χ - x |^ (3.4) 

Then there exists a unique solution to the delay equation (3.1). 

Proof. On [ίο, ίο + τ], equation (3.1) becomes 

χ(ί) = m + Dm - ίο - r)) - 0 ( ξ ( - τ ) ) 

+ / F{x{s),i{s-tQ-T),s)ds-\- ί G{x{s),^{s-to-T),s)dB{s). 
Jto Jto 

But this is a stochastic integral equation (not neutral and without delay), and 
conditions (3.3)-(3.4) guarantee the existence and uniqueness of the solution on 
[ίο, to + T] (the reader can verify this in the same way as in the proof of Theorem 
2.3.1). Proceeding this argument on [ίο + r, ίο + 2r], [ίο + 2r,io + 3τ] etc., we 
obtain the unique solution on the entire interval [ίο — τ,Τ]. 

Let us proceed to discuss the equations in which the delay is time depen­
dent. Let δ : [to,Τ] -* [Ο,τ] be a Borel measurable function. Consider the 
neutral stochastic differential delay equation 

d[x{t)-D{x{t-δm] 
= F(x( i ) ,x( i - i ( i ) ) , i )d i - | -G(x( i ) ,x( i - (5( i ) ) , i )dB( i ) (3.5) 

on ί G [ίο,Τ] with initial data (2.3). This is again a special case of equation 
(2.1) if define 

fiφ, t) = Ρ{φ(0),φ{-δ{ί)), ί), giψ, ί) = G{φ{0),φ{-δ(t)),t) 
and 0{φ) = ΰ(φ{-δ{ί))) 
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6.4 M O M E N T A N D P A T H W I S E E S T I M A T E S 

In this section we shall establish the exponential estimates for the solution 
of equation (2.14), namely 

d[x{t) - D{xt)] = f{xt,t)dt + g{xt,t)dB{t) on t £ [ίο,οο) (4.1) 

with initial data (2.3). Let x(i) be the unique global solution of the equation. To 
give the exponential estimates, we need to impose the linear growth condition: 
There is a constant Κ >l such that for all (ι^,ί) e C([ - r ,0] ; i? ' ) χ [ίο,Τ], 

^{φ,ί)\'\/\9{φ,ί)\·'<Κ{1 + \\φ\\·'). (4.2) 

In addition, we assume that there is a constant κ e (0,1) such that 

\0{ψ)\ < κ\\φ\\ (4.3) 

for all φ € C ( [ -T , 0 ] ; f i ' ' ) . Note that (4.3) follows from (2.6) if in addition 
D(0) = 0. It is much more technical to establish L^-estiraates for the solution of 
the neutral stochastic functional differential equation than for the solution of a 
stochastic functional differentied equation. We need to prepiu-e several lemmas. 

Lemma 4.1 Let ρ > 1, ε > 0 and a,b £ R. Then 

\a + 61" <[l + eT^^y (^\a\^ + 1̂ .̂ 

for φ e Cil-T.O];/?*) and t € [ίο,Τ]. Hence, conditions (5.3.2), (5.3.3) and 
(3.2) will guarantee the existence and uniqueness of the solution to this delay 
equation. On the other hand, if the delay is really "true" in the sense that 
suPto<t<T '^(0 > 0, then in the same way as in the proof of theorem 3.1 we can 
show that conditions (3.3) and (3.4) will guarantee the existence and uniqueness 
of the solution to equation (3.5). We summarize these results as a theorem. 

T h e o r e m 3.2 / / conditions (5.3.2), (5.3.3) and (3.2) are fulfilled, then there 
is a unique solution to equation (3.5). On the other hand, if the time lag 6{t) 
is positive everywhere, that is sup^^^^^T S{t) > 0, then conditions (3.3) and 
(3.4) are sufficient to guarantee the existence and uniqueness of the solution to 
equation (3.5). 

There is no difficulty to extend this result to a more general neutred stochas­
tic differential equation with several time-varying delays but the details are left 
to the reader. 
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\a + b\P = α + ερ — 
ρ 

< 1+6^ 
EP 

as required. 

Lemma 4.2 Let ρ > 2 and e,a,b> 0. Then 

aP~'b < ip- 1)εαΡ J 
Ρ ? 

ρ -

and 

ρε ( p - 2 ) / 2 • 

Proof. Using the elementary inequality a^b^ < ra + (1 - r)6 for any r G [0,1], 
we derive that 

( ρ - Ι ) ε α Ρ ^ 6P 

ρ ρεΡ - i ' 

which is the first inequality required. Using this inquality, we derive that 

which is the second inequality required. 

Lemma 4.3 Let ρ > 1 and let (4.3) hold. Then 

\φ{0)-Ο{φ)\'><(1 + κηφ\\Ρ 

for a/Zv'G C ( [ - T , 0 ] ; P " ) . 

Proof The required inequality follows from (4.3) directly when ρ = 1 so we 
only need to show the lemma for ρ > 1. Let ε > 0 be arbitrary. By Lemma 4.1 
and condition (4.3), one derives that 

\ψ{0) - 0{φ)\Ρ < 

< 

1 + ε ^ 

1 + ε ^ 
Ρ-

ε 

ΙΜΙ"· 

The required inequality now follows by letting ε = κ" ^ 

Lemma 4.4 Let ρ > 1 and (4.3) hold. Then 

sup | χ ( 5 ) | ' ' < - ^ | | ξ | | Ρ + — i - ^ sup \x{s)-D(xs)\r 
t„<s<t L - Κ [L - Κ)" tt,<a<t 

Proof. By the Holder's inequality, we have that 
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Proof. For any ε > 0, by Lemma 4.1, we have that 

\x{s)\^ = \D{xa)+x{s)-D{xa)y> 

1 + ε ^ < 

< 1 + ε ί ^ 

Letting ε = [χζ^]' '~^ yields that 

\x{s)\r' < K\\xa\y + L _ _ | x ( s ) - D{xaW. 

Therefore 

sup | x ( s ) ) P < « sup | |x,| |P + - _ l — sup \x{s) - 0{χ,)\^ 
t o < s < t t o < s < t U - t o < s < t 

<«l |Ci r + /c sup ||x(5)|r+., \ . sup M S ) - D ( X « ) | P , 

and the required assertion follows immediately. 
We can now begin to establish the main results in this section. 

Theorem 4.5 Lei ρ > 2 and E\\i\\P < oo. Let (4.2) and (4-3) hold. Then 

E( sup \x{s)\A <{l + CE\\me''^'-'"\ (4.4) 
Ho~T<s<t ' 

where 
C = 

2p(l + «) P-2 
(1 - K)P 

V2K{1 + K) + K{33p - 1) 

and 
1 , 2 ( 1 + K)'' 

1 - « (1 - K)P • 

F T O O / . By Ito's formula, we can show that 

\x{t)-D{xt)\^ <\m-m)? 

+ 
Jto p | x ( s ) -D (x . ) r l | / (Xa , s ) | 

+ ^ i ^ | x ( 5 ) - £»(χ«)Γ2|3(χ„5 ) |2 

+ ρ / ' ix(s) - L>(x,)|P-2(x(s) - D(x ,))^5(x., s)<iS(s)- (4-5) 

ds 
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Applying Lemmas 4.2 and 4.3 along with condition (4.2), we easily see that for 
any ε > 0, 

\x{s) - D{x,)r'\f{x,,s)\ < iP_iML±!ll!||a:,||P + ^ ( i + | |χ^||2)ί 

< 
( ρ - 1 ) ε ( 1 + >.)Ρ ^ i2K)i 

ρε ρ - 1 

>εΡ~ 

( i + l k s l j " ) . 

Letting ε = V2K/{\ + κ) yields that 

\xis) - Dix.)r'\fixs,s)\ < V2Kil + κγ-'{1 + [|χ«[|''). 
Similarly, we can show that 

\x(s) - Dix,)r''\9{xs,s)f < 2K(1 + κΓ\ΐ + [[χ,]!"). 
Also, by Lemma 4.3, 

|ξ(ο)-£»(ΟΙ''<(ΐ + «)Ί|ξΙΓ 

We therefore obtain from (4.5) that 

E( sup |x(s) - D ( X 3 ) | ' ' ) 

M „ < s < t ' 
< ( 1 + K)''£||e|['' + C, Al + E | |x , | | ' ' )ds 

Ju, 

+ PE( sup Γ |x(r) - £ ) (x^) | ' -2 (x ( r ) - Dixr)fgix,, r)dB{r) ) , (4.6) 
\U,<s<t Ju, J 

where Ci = p\plK{\ + / i ) P - > +p(p - 1)Λ'(1 + K) ' '"^. On the other hand, by the 
Burkholder-Davis-Gundy inequality (i.e. Theorem 1.7.3) and the assumptions, 
we derive that 

PE{ sup Γ [x(r) - D(x,) | ' ' - '(x(r) - D ( x , ) ) ^ g ( x r , r ) d B ( r ) \ 
\ i „ < s < i Ju, / 

< 4 p v ^ £ ( ( s u p | x ( s ) - D ( x , ) | P ) Λχ (5) - D ( x , ) | ' ' - 2 | f f ( x „ s ) l ^ i 4 ^ 
I ^ l „ < s < t ' Ju, ) 

< \E( sup |x(s) - ^(χ,)!") + 16p2E f \x{s) - D{xs)Y'-Mxs,s)fds 
^ \,<s<t ' Ju, 

<\E{ sup | x ( s ) - Z ) ( x , ) | ' ' ) + 3 2 A : p 2 ( l + K ) ' ' - 2 Λΐ + F | | x , ! | ' ' ) ( i s . (4.7) 
^ M u < s < t ' Ju, 
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ds. 

l + £ ( sup |x(s)|p) < [1 + (1 + C3)£;||i||'']exp 
C7.{t - to) 

[ ( i - « ) p J 

and the required assertion (4.4) follows since C = C 2 / ( l - «)? and C = 1 + C3. 
The proof is complete. 

In the above proof, we have made several enlargements when use the lineax 
growth condition (4.2) to estimate some terms. To obtain a more precise result, 
we can pool these terms together and estimate them as a whole. 

T h e o r e m 4.6 Let ρ > 2 and Ε\\ξ\]Ρ < oo. Let (4.3) hold. Assume that there 
is a constant λ > 0 such that 

2ρ\φ{0) - D{φ)Γ'\f{φ,t)\ + p{33p - 1)\ψ{0) - D(φ)Γ^\g{φ,t)\^ 
< m + \\ψ\η (4.9) 

for all (φ,ί) € C ( [ - T , 0 ] ; R < ' ) χ [ίο,οο). Then 

[Xit-toY 
E( sup liis)]") <(l + CEllCl)P)exp 

^ i u - T < s < ( / L(l-/C)i 
where C is the same as defined in Theorem 4-5. 

Proof. It is not difficult to derive from (4.5), (4 .7) and condition (4 .9) that 

E( sup \xis) - D{xa)\A < 2(1 + κ)^Ε\\ξ\\^ 

H„<a<t ' 
+ £ f\2p\x{s)-O{Xa)r^\f{Xa,s)\ 

Jt» •· 

(4.10) 

+ p ( 3 3 p - l)|x(s) - D{xa)r^\g{xs,s)\^ 

< 2(1 + « ) Ρ £ ; | | ξ | | Ρ + λ Al + £;||x.|| ' ')ds, 
Jtu 

ds 

(4.11) 

Substituting this into (4 .6) yields that 

E( sup \x{s) - D{xa)\A < 2(1 + κΥΕΜ" + Al + EWx^W^ds, (4 .8) 

H„<s<t ' Jtn 

where C2 = 2Ci + 64Kp2(l -(- «;)P~2 Applying Lemma 4 .4 we then see that 
E{ sup \x{s)A < C3E\W + Al + £ ^ l | x . I N R F 5 , 

\»<s<t ' (1 - «^)P 7(<, 

where C3 = κ/(1 - κ) + 2(1 + K)P/(1 - it)?. Consequently 

1 + E( sup \x{s)Y) < 1 + ί;!!^!!" + E( sup |x(s)|p) 

< 1 + (1 + C3 )£ ; | |E IR + 7 7 % ? /" fl + E{ sup |x(r) |P) 
(1 - K)P ^ t , , L ^ t n - T < r < s 

Finally, by the Gronwall inequality, we obtain that 
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which is similar to (4.8). From here, it is the same as in the proof of Theorem 
4.5 to show that 

1 + E( sup |x(s ) |P) < [1 + CEM"] exp 
Ho-T<s<t ' 

Ht - ίο) 
(1 -

and the desired assertion (4.10) follows. 
From the conclusion of Theorem 4.6 we can obtain the pathwise asymptotic 

estimate for the solution. 

Theorem 4.7 Let (4-3) hold. Assume that there is a constant λ > 0 such that 

4\φ{0) - Ό{φ)\\/{φ, ί)( + 130\9{φ, ί)|^ < λ(1 + ||y,|p) (4.12) 

for all (φ, t) € C( [ - r , 0]; R"^) χ [ίο, oo). Then 

l imsup^log|x(s) | < ^ a.s. 

The proof is the same as that of Theorem 5.4.2 by using the result of 
Theorem 4.6 with ρ = 2. 

We now apply this theorem to obtain the pathwise asymptotic estimate for 
the solution under conditions (4.2) and (4.3). 

Corollary 4,8 Let (4-2) and (4.3) hold. Then 

l imsupi log |x(s) | < ^ [2v/^( l +/c) + 65/r 
t—oo ί \1 ~ t ) L 

a.s. (4.13) 

Proof. By conditions (4.2) and (4.3) we estimate that 

4|<^(0) - Ό{ψ)\\ίΜ\ + ηθ\9{φ,ί)γ 

< 4(1 + n)MWK{\ + Mf) + imK{\ + iĵ n̂ ) 
< 

Hence the conclusion follows from Theorem 4.7. 
To close this section, let us point out that if we apply Theorem 4.5 we can 

only obtain that 

1 1 l imsup- log |x(s) | < 
t—oo t \^ ~ 1^1 

2\f2K{\ + «) + 130^- a.s. 

which is worse than (4.13), and this shows the advantage of Theorem 4.6. 
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6.5 LP -CONTINUITY 

Let us proceed to discuss tiie L?-continuity of the solution x(i) of equation 
(4.1). Bearing in mind that almost all sample paths of the solution are contin­
uous, we can easily conclude from Theorem 4.5 that the solution is continuous 
in W by applying the dominated convergence theorem (i.e. Theorem 1.2.2). On 
the other hand, with a little more effort, we can more precisely estimate the 
LP-difference between x(i -I- 5) and x(i). Let Ε\\ξ\\Ρ < oo . Since all the sam­
ple paths of (,{·) are continuous on [-r ,0], the dominated convergence theorem 
implies that ξ(·) is LP-continuous, hence uniformly L^-continuous on [—τ,Ο]. 
Therefore, for any 0 < <5 < r , there is a /3i > 0 such that 

Ε\ξ{θχ) - χ{θ2)\' < βδ if θι, 02 e [-τ,Ο] and \θι - ^zl < δ. (5.1) 

Moreover, we introduce a new notation L^jr{\-T,0]; R^) which denotes the family 
of all C ( ( -T , 0 ] ; fi'')-valued ^"-measurable random variables φ such that ίΊ!·̂ )!*" < 
oo. 

Ti ieorem 5.1 Let ρ > 2 and £^11^11" < oo . Let (4.2) hold. Assume that 
D{Q) = 0 and, moreover, there is a constant κ € (0,1) such that 

Ε\ϋ{φ) - 0{φ)\'> < K'^ sup Ε\φ{θ)-'φ{θψ (5.2) 
- τ < θ < 0 

for all φ,φΕ L'^jr{[-T, 0]; R'^). Then for any Τ > to andO < δ < τ, 

E\x{t + δ)- xitW < ^ ( 1 + 2P-i)/3, + 

whenever to < t < T, where β^ has been defined above, H 2 - / / 4 are constants 
dependent of K, κ, ρ, τ. Τ, ξ only and will be defined in the proof below. 

Proof First, let us show that condition (4.3) is fulfilled. Since C ( [ - t , 0 ] ; Λ**) 
e L5r([-T,0];i?' '), we see from the fact D{0) = 0 and condition (5.2) that for 
any (^eC ( [ -T , 0 ] ; i ? ' ' ) , 

\0{φ)\'' = ΕΙΟΙφ)]" = Ε\0{ψ) - < k"EMf = k"M\", 

and (4.3) follows. Therefore, by Theorem 4.5, we have that 

E( sup \x{sW)<Hi:={l+CE\W)e^^'^+^-"'\ (5.4) 
Ho-T<a<T+T ' 
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where C and C are defined in Theorem 4.5. In the same way as in the proof of 
Theorem 5.4.3, we derive that for ίο < ί < T, 

E\x{t + <5) - - x{t) + D(xt ) lP 

< 
where 

( 2 i ) P - i + i[2p(p - 1)]^δ'^^2'^Κ^{1 + Ηι)δ < Η2δ^, 

H2 = 2 ' ^ Κ ^ ( 1 + Hi) [2P-'r^ + i[2p{p - 1)]^ 

(5.5) 

On the other hand, by Lemma 4.1 and condition (5.2), we can derive that for 
any ε > 0, 

E\x{t + δ) - xit)]" 
= E\D{xt+s) - D{xt) + x ( i + δ)- Dixt+s) - x{t) + Dixt)]" 

ρ- •α E\D{xt+s) - Dixt)]" 

+ E\x{t + J ) - D{xt+s) - x ( i ) + D{xt)\P 

< 1 + ε ^ 
p - 1 / K P 

— sup . 
\ ^ -τ<θ<0 

Ε | χ ( ί + <5 + 0) - χ ( ί + 0 ) |P 

+ £: |χ ( ί + δ)- D{xt+s) - χ ( ί ) + Dixt)\P 

Letting ε = 
1-κ 

p - l and using (5.5) we see that 

Η2δξ 
Ε\χ{1 + δ)-χ{ί)\Ρ <K sup Ε\χ(ί + δ + θ)-χ{1 + θ)\Ρ+ . ^ . 

-T<e<o (1 - « ) P 
holds for all ίο < ί < Γ. Consequently, 

sup E|x(i + (5) - x ( i ) | P 
i o < t < T 

Η2δ^ 
<K sup Ε | ι ( ί + 5 ) - χ ( ί ) | Ρ + 

t„-T<t<T (1 - KF 
< κ sup £;|x(i + 5) - x( i ) |P 

i(,<t<T 

+ K sup Ε | χ ( ί + < ? ) - χ ( ί ) | Ρ + / ^ ^ f 
t « - T < t < i „ (1 - K ) P 

This implies that 

sup E | x ( i + i ) - x ( i ) | P 
i„<f<r 

< _ ϋ _ sup Ε\χ(ί + δ)-χ{ί)\Ρ + ^^^^ 
1 — t t , ) - T < t < t „ (1 - k)p 

(5.6) 
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t o < f < T l - « ( l - « ) ' ^ 

+ sup Ε\χ{1)-ξ{0)\". (5.7) 

ί - κ to<t<fo+<5 

The assertion of the theorem follows now from the following lemma. 

L e m m a 5.2 Under the same assumptions of Theorem 5.1, 
Η^δ^ (5.8) 

where H3 and H4 are constants dependent of K, κ,ρ, τ, ξ only and will be defined 
in the proof below. 

Proof. In the same way as in the above proof, we can show that for to < t < 
to + δ, 

E\x{t) - D(xt) - m + ΟΙξψ < HsSi 
and 

E\x(t) - ξ{0)\Ρ < κ sup E\x{t + θ) - χ{θψ 
-τ<θ<0 

+ ^^_\^^_,E\x{t) - D{xt) - ξ{0) + 0{ξ)\'>, 

where 

H3 = 2^Κ^ [l + (1 + Cf ; i |C l i ' ' ) e^^ j [ 2 " - V 5 + i [ 2 p ( p - 1)]5 

C and C are defined in Theorem 4.5. Thus 

E\x{t) - ξ{Οψ < κ sup E\xit + θ)-ξiθψ+ (5.9) 
- r < e < 0 (1 - K)f 

But, by (5.1), we derive that 

sup E\x{t + δ) - xit)]" 
l o - T < t < t o 

<Ps+ sup E\x{t + δ)- xit)]" 
t o - 4 < f < f o 

<0s + 2''-^ sup \E\xito) - x{t)\f + E\x(t + δ) - x{to)\P 
to-S<t<to '• 

< (1 + 2P-')0s + 2 " - ' sup E\x{t) - ξ^". 
t o < t < i o + i 

Substituting this into (5.6) yields that 

sup E\xit + 6) - x ( t ) |P < - ^ ( 1 + 2"-')ps + — ""^^ 
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< sup 
- ( ( - i u ) < e < 0 

< ^ sup E\x{s) - ξ^" + 

Substituting this into (5.10) gives 

sup Ε\χ{ί + θ)-ξ{θ)\Ρ 
-τ<θ<0 

<Η4β6 + -^ sup Ε\χ{3)-ξ{0)\Ρ, 
v t t„<s<tu+6 

where Hi = ί + [l - K>/2(P-I)] (P ') Putting this into (5.9) yields 

E\x{t) - ξ(0) |Ρ < sup E\x{s) ~ ξ(0) |Ρ 
tu<a<tn+o 

+'^HiPs + (^ _ ^ ) p _ i , 

Since this holds for all ίο < ί < to + we must have 

sup E\x{t) - ξ{0)\Ρ < ^ sup E|x(s) - ξ(0) |Ρ 
i„<t<i„+S l„<s<t„+S 

+KH4ps + (1 - K)P-I ' 

and the required assertion (5.3) follows. The proof is now complete. 
To close this section let us point out that although condition (5.2) is stronger 

than the Lipschitz condition (2.6), it is satisfied in many important cases. For 
example, if 0{φ) = 0{φ{-τ)) for φ € C[[-T,0\;R^) as in Section 3 and condi­
tion (3.2) is satisfied, then 

Ε\Ό{φ) - 0{φ)\Ρ < κΡΕ\φ{-τ) - φ{-τ)\Ρ < sup Ε\φ{θ) - Φ[Θ)\Ρ 
-τ<θ<0 

On tiie other hand, by (5.1), we can derive that 

sup E\x{t + Θ) - ξ{θ)\Ρ 
-τ<θ<0 
< sup Ε\ξ{1 - to + θ) - ^{6)1" + sup E\x(t + θ) - ξ{θ)\'' 

-T<e<-(t-t„) -{t-t,,)<e<0 
<Ps+ sup Ε\χ{ί + θ)-ξ{0)+ξ{0)-ξ{θψ. (5.10) 

-(t-t„)<e<o 

But, using Lemma 4.1, we can show that 

sup Ε\χ{ί + θ)-ξ{0) + ζ{0)-αθ)\'' 
-(t-t„)<e<o 

[ ± E M t + - « 0 ) 1 - + - mi') 
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for φ,φ£ LP . ( [ -T ,0] ; f i< ' ) . Also, if D is defined by 

η(φ) = ^ Ι\{φ(θ))άθ, 

where Φ : β<* fi"* satisfying |Φ(ι) - *(y) | < κ|χ - y\ with κ € (0,1). Then 

Ε\Ό{φ) - D(v)r < J^E\£ [Φ{<Α(0)) - nm)]de\' 

< ^E J° \ηΦ{θ)) - ^mewde < y / ° Ε\φ{θ) - φ{θψάθ 

<κ" sup Ε\φ{θ) - φ{θ)ψ. 
- τ < β < 0 

6.6 E X P O N E N T I A L STABILITY 

In this section we shall study the stability problem for the neutral stochastic 
functional differential equation 

d\x{t) - D{xt)] = f(xt, t)dt + g{xt, t)dB{t) on t > to. (6.1) 

For this purpose, we assume that / , g and D are smooth enough (e.g. continuous) 
so that the equation has a unique global solution for any given initial data 
Xta — ξ € Ljr^^{[-T,0];R^), and the solution is denoted by χ{ί·,ξ). We have 
already shown that idmost all the sample paths of the solution are continuous 
and, moreover, the 2nd moment of the solution is continuous. We furthermore 
assume that / ( 0 , t ) = 0, 5(0, i) = 0 and D{0) = 0. Therefore, the equation 
admits a trivial solution x{t; 0) Ξ 0 corresponding to the initial data Xt„ = 0. 
Due to the page limit we shall only discuss the mean square and almost sure 
exponential stabiUty of the trivial solution. The main technique used in this 
section is the Razumikhin argument (cf. Section 5.6). Let us first establish a 
result on the exponential stability in mean square. 

Theo rem 6.1 Assume that there is a constant κ € (0,1) such that 

Ε\0{φ)\-'<κ' sup Ε\φ{θ)\^, <AeL2 . ( [ -T ,0l ; i? ' ) . (6.2) 
-τ<θ<0 

Let q > (1 - K)~^. Assume furthermore that there is a X > 0 such that 

Ε[2{φ{0) - D{φ)ff{φ, t) + \g{φ, i)|2] < -λΕ\φ{0) - 0{φ)\^ (6.3) 

for all t>to and those φ 6 Ljr^{[-T,0\; R'^) satisfying 

Ε\φ{θ)\' < qE\φ{0) - D(0)|2, -τ<θ<0. 
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- r < e < 0 

where 
7 = min{A, i l o g [ ^ ^ - ^ l - ^ ] } > 0 . (6.5) 

In other words, the trivial solution of equation (6.1) is exponentially stable in 
mean square. 

In order to prove this theorem, let us present two useful lemmas. 

Lemma 6.2 Let (6.2) hold for some κ £ (0,1). Then 

Ε\φ{0) - Ό{φ)^ < {1 + K)^ sup Ε\φ{θ)^ 
-τ<θ<0 

forallφeLm-τ,0]•,R''). 

Proof. Compute that 

Ε\φ{0) - 0{φ)^ < E|<^(0)|2 + 2Ε{\φ{0)\\Ο(φ)\) + Ε\0{φ)^ 

< (1 + κ)Ε|<Α(0)|2 + (1 + ^-')Ε\0{φ)^ 

< [1 + κ 4- κ(1 + κ)] sup Ε\φ{θ)^ 
-τ<β<0 

= (1 + κ)2 sup E^ie)^ 
-τ<θ<0 

as required. 

Lemma 6.3 Let (6.2) hold for some κ 6 (0,1). Let ρ > to and 0 < η < 
1ο§(1/κ2). Let x{t) be a solution of equation (6.1). If 

e'y^'-'o)E\x{t)~D{xt)f <{1 + κγ sup E\x{to + e)f (6.6) 
- T < e < 0 

for all to<t<p, then 

e-('-'«)E|x(i)|2 < - i i l ^ sup E\x{to + e)f 
(1 - Ke^^'^y -τ<θ<ο 

for allto - τ <t < p. 

Proof Let K^gT"- < ε < 1. For ίο < * < Ρ, note that 

E|x(i) - D(xt)f > Elxit)^ - 2£;(|x(i)||£>(xt)|) + E\D{xt)f 

> (1 - e)E\xit)f - ( ε - ' - l)£; |D(xt) |^ 

Then for all ξ e L^, _ ( [ - r , 0]; R'^), 

£;|χ(ί;ξ)|2 < ς ( 1 + κ)ν^('-'") sup Ε\ξ{θ)\^ ont>to (6.4) 
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E\x(t)\-'<-—E\xit)-D{xtW + - sup Ε\χ{1 + Θ)\ 
i - ε e -T<9<o 

By condition (6.6), we tiien derive that for all to <t < p, 

e^('-'"'f;|x(i) - D{xt)f ê ('-*«)£lx(<)|2 < - J — sup 
1 - ε t„<t<p 

κ 
Η sup 

ε u,<t<p 

e^('-'»' sup E\x{t-\-e)Y 
-T<e<0 

1 - e -T<e<o 

-\ sup 
ε t o — r < t < p ' 

However, this holds for £J1 ίο — r < ί < ίο as well. Therefore 

e7(t-to)£;|2.(^)|2' sup 
to-T<t<p 

< i l ± ^ sup £;|χ(ίο + 0 ) Ρ + ' ' ' ' 
2^7T 

1 - ε -T<e<o 

Since 1 > κ'^ε'^'^/ε, we obtain that 

sup 
ε to-r<t<p 

„7(f-to) £;|x(i)p 

sup 
to-r<t<p 

E\xit)\' < 
ε(1 + κΥ 

(1 „ e)(e - «2e7r) ^̂ -̂̂ o 
sup JE;|x(io+ β)|^. 

Finedly, the required assertion follows by taking ε = ne^'^l'^. 
We can now begin to prove theorem 6.1. 

Proof of Theorem 6.1. First, note that ql(l+iiy/qf > 1 since q > (I-K)'^, and 
hence 7 > 0. Now fix any ξ G L^_^([-r,0];fi'') and simply write χ(ί·,ξ) = χ(ί). 
Without any loss of generality we may assume that sup_.r<e<o Ε\ξ{θ)\'^ > 0. Let 
7 6 ( 0 , 7 ) arbitrarily. It is easy to show that 

0 < 7 < m i n J A , ^ l o g ^ - ^ j j a n d 9 > D7T 
ê7r/2)2-

(6.7) 

We now claim that 

e'^('-*»)£;|x(i)-D(xe)|2 < (l+«)2 sup Ε\ξ{θ)^ for all ί > <ο· (6.8) 
-τ<θ<0 
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( l - . e W 2 ) 2 ^ W - ^ ( ^ p ) l ^ 

e ' 

< qE\x{p) - D{xp)f (6.11) 

for all —τ<θ<0, where (6.7) has been used once again. By assumption (6.3), 
we then have 

Ε(2{Χ{Ρ) - Dixp)ff{Xp,p) + \9{Χρ,ρ)\ή < -\E\x{p) - D{xp)f. 

Recalling 7 < λ, we see by the continuity of the solution and the functioneJs 
D, / and g (this is the standing hypothesis in this section) that for all sufficiently 
small / i > 0, 

E(2{x(t) - Dixt)ffixt,t) + |5(xt , i) | ' ) < -7ί^ |χ(ί) - D{xt)f 

li ρ < t < ρ + h. Now by the Ito formula, for all sufficiently small /i > 0, we 
have that 

e-y(p+f^-^")E\x{p + h)- D{xp+h)f - e^'^-'- 'Elxip) - D{xp)f 

7ί; |χ(ί) - D{xt)f 

+Ε{2{χ{ί) - D{xt))'^f{xut) + \9{t,xt)f) 

< 0, 

dt 

If so, an application of Lemma 6.3 to (6.8) yields that 

e-('-'")£[x(i)|2 < - i i ± ^ sup Emf 
(1 - Ke^^'^^y -T<e<o 

<q{l+Kf sup Ε\ξ{θ)^ 
-τ<β<0 

for all t > ίο, where (6.7) has been used, and then the desired result (6.4) follows 
by letting 7 —» 7- The remainder of the proof is to show (6.8) by contradiction. 
Suppose (6.8) is not true. Then in view of Lemma 6.2, there is a ρ > 0 such that 

e^('-'")£|x(i) - D{xt)f < e-'^P-'"'>E\x{p) - D{xX 
= (1 + K)2 sup Ε\ξ{θ)^ (6.9) 

- τ < θ < 0 

for all ίο < ί < ρ and, moreover, there is a sequence of {tk}k>i such that ifc i ρ 
and 

e-r^t^'-t»)E\x{tk) - D{xtX > e'^^^-^"''Ε\χ{ρ) - D{Xp)f. (6.10) 
Applying Lemma 6.3, we derive from (6.9) that 

e-('-'")£;|x(i)[2 < - i i ± ^ sup Em\' 

g 7 ( P - i o ) 

" (Ϊ 
for all -T <t< p. Particularly, 
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sup 
io<t<T 

e^<'-*°^|2(i)|^ < - ^ - 1 - ^ ^ ^ sup ^^'^'-'"'[^(i)! 
1 - ε ε to-T<t<T 

It then follows 

sup \e'^^'-''>^\z{t)\^]<-^ + — sup \zit)f. 
\ ε ζ t „ < t < T L J 1 —ε ε to-r<t<to f o < t < T l 

This implies immediately that 

1 7 l imsup-log|z(i)I < - -
i - . o o ί -2 

as required. 

Theorem 6.5 Lei (6.2) hold for some κ G (0,1). Assume that there exists a 
positive constant Κ > 0 such that 

E{\f{φ,t)f + \9{φ,t)\η<K sup (6.13) 
-τ<θ<0 

for all t > to and φ G L ^ ( [ - T , 0 ] ; β**). Assume aho that the trivial solution of 
equation (6.1) is exponentially stable in mean square, that is there exists a pair 
of positive constants 7 and Μ such that 

£^lx(i;01^ < Me-^(*-*°) sup Ε\ξ{θ)^ ont>to (6.14) 
- T < e < 0 

but this contradicts with (6.10), so (6.8) must hold. The proof is now complete. 
We now turn to discuss the sdmost sure exponential stability. We need 

to prepare another lemma which is very useful in the study of the almost sure 
exponential stability of neutral stochastic functional differential equations. 

Lemma 6.4 Assume that there exists a constant κ € (0,1) such that 

\ϋ{φ)\<κ sup \φ{θ)1 φ e C{{-T,0];R^). (6.12) 
- T < e < 0 

Let ζ : [ίο - T , oo) -> if* 6e ο continuous function and define Zt = {z{t + Θ) : 
-τ<θ<0} fort> to. Lei 0 < 7 < r ' ^ log(l/K2) and Η > 0. If 

\z{t) - D{zt)f < i / e -^^'- 'o) for all t > to, 

then ^ 
l imsup- log 12(i) I < - J . 

f- .oo t ^ 

Proof. Choose any ε G (/c^e''"", 1). In the same way as in the proof of Lemma 
6.3, we can show that for any Τ > ίο. 
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for α/Ζ ξ 6 Ljr,^-T,0];R'^). Then 

l imsup i log |x ( i ; i ) | < - | a.s. (6.15) 

where 7 = m i n { 7 , T ~ ' log(l /K2)}^ that is, the trivial solution of equation (6.1) is 
also almost surely exponentially stable. In particular, if (6.2), (6.3) and (6.12) 
hold, then the trivial solution of equation (6.1) is almost surely exponentially 
stable. 

Proof. Fix any initial data ξ and write the solution χ(<;ξ) = x{t) simply. 
By the well-known Doob martingale inequality, the Holder inequality and the 
assumptions, we can derive that for any integer k > I, 

E( sup \x{to + kr + Θ) ~ D{xt„+kr+e)f) 
^0<θ<τ ' 

<J,E\x{to + kT)-D{Xt„^kr)? 
/•t» + (fc+l)T 

\3K(T + 4) \ ( sup E\x{s + Q)Y\ds 
Ju,+kT ^-τ<θ<0 > 

< 6Ε|χ(ίο + fcT)[26κ2 sup E\x{to + k r + d)Y 
-τ<θ<0 

+ 3ΚΜ{τ + Α)( sup Ε\ξ{θ)η / e-^(*-^-'")ds 

<3M[2( l + K2) + /Cr(r + 4)le-^<'=^-^^f sup Ε\ξ{θ)\Λ 

= Ce'^^\ (6.16) 

where C = 3Me^^ [2(1 -I- κ^) + Κτ{τ + 4)] sup_^<e<o Ε\ξ{θψ. Let ε G ( 0 , 7 ) be 
arbitrary. It then follows from (6.16) that 

ρ(ω : sup |x(to + fcr -f- 0) - D(xt„+fc.+«)|2 > ε-̂ -̂̂ ^̂ Λ < Ce-'''^ 
\ 0<θ<τ / 

In view of the well-known Borel-Cantelli lemma, we see that for almost all a; G Ω, 

sup |x(io + kT + e)- D{xt,+kr+e)f < e-^^"^"'^ (6.17) 
0<9<T 

holds for all but finitely many fc. Hence for all u; G Ω excluding a P-null set, 
there exists a fco(w) for which (6.17) holds whenever fc > fco. In other words, for 
almost all ω e Ω, 

|x(<) - D{xt)f < e-(^-^)<'-^-'") if ί > ίο + fcoT. 

However, |x(t) - D{xi)f is finite on [ίο, ίο + fcoT"]. Therefore, for almost all 
ω G Ω, there exists a finite number Η = Η (ω) such that 

|χ(ί) - D{xt)f < //e-<'^-^)('-'") for all ί > ίο. 
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Since C [ - T ; O]; R) C Lj,{[-r, 0]; R'^), we see tiiat condition (6.2) implies condi­
tion (6.12). An application of Lemma 6.4 now yields 

1 "7 — ε 
limsup - log |χ(ί)I < — a.s. 

i—oo t 2 

and the desired result (6.15) follows by letting ε —> 0. The proof is complete. 
Let us now apply the above results to deal with special stochastic equations 

of neutral type. 

(i) Stochastically Perturbed Equations of Neutral Type 

Consider the neutral stochastic equation of the form 

d[x(t) - D{xt)] = [fi{x{t),t) + f2{xt,t)]dt + g{xt,t)dB{t) (6.18) 

on ί > ίο with initial data XQ = ξ G £^^^([-τ,0|; Λ**), where D,g are the same 
as before, fj:R''xR+-* R'' and /a : C ( [ - T , 0]; R"^) χ R+^ R"^ are sufficiently 
smooth and, moreover, / i (0 , i ) = /2(0, i) Ξ 0. This equation can be regarded as 
the stochastically perturbed system of the neutral ordinary functional differential 
equation 

i[x{t)-D{xt)] = fi{x{t),t). 

Corollary 6.6 Let (6.2) hold. Assume that there are two positive constarus λχ 
and \2 such that 

Ε{2{Φ{0) - Ο{φ)^^χ{φ{0),ί) + f2{φ,t)] + \g(φ,t)\ή 

<-ΧιΕ\φ{0)\^ + λ2 sup Ε\φ{θ)\'^ (6.19) 
- τ < β < 0 

for all t>to andφ£ L%{\-T,0];R'^). If 

0 < , i < i and λ ι > ^ ^ - ^ | - ^ , (6.20) 

then the trivial solution of equation (6.18) is exponentially stable in mean square. 
If, in addition, there is a constant Κ > 0 such that 

E{\f^{ΦiO),t) + f2{φ,t)f + \g{φ,t)\η<K sup Ε\φ{θ)\-' (6.21) 
- τ < β < 0 

for all ί > ίο and φ e L'jr{{-T, 0]; R''), then the trivial solution of equation (6.18) 
is also almost surely exponentially stable. 

Proof. By condition (6.20), we can choose q such that 

^>q> and A, > (6.22) 
(1 - KY (1 - Ky/qy 
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Ε\φ{0) - 0{φ)\\ (6.25) 

In particular, choose ε = Ky/q/{l - κ^/ξ) and hence 

= λ ι ( 1 - Κ ν / 9 ) ^ - λ 2 ρ > 0 , 

where (6.22) has been used. In other words, condition (6.3) is satisfied and hence 
the conclusions follow from Theorems 6.1 and 6.5. The proof is complete. 

To state another result, let us introduce a new notation W ( [ -T ,0 ] ; i2+) 
which is the family of all Borel measurable bounded nonnegative functions 
η{θ) defined on - r < 0 < 0 such that Ι°^η{θ)(1θ = 1. The functions in 
W ( [ -r , 0 ] ; i ?+) are sometimes called weighting functions. 

Corollary 6.7 Assume that there is a positive constant κ and a function ηι G 
νν([-τ,0];Λ+) such that 

\0{ψ)\^<κ^ Ι\χ{θ)\ψ{θ)?'ίβ forallφeC{\-τ,Q]•,R''). (6. 26) 

By defining /(yj.t) = /i(v?(0),i) + h{ψ,t) for ί > ίο and <̂  G C([-r,0];i? ' ' ) , 
equation (6.18) can be written as equation (6.1), so ail that we need to do is 
verify condition (6.3). To do so, let ί > ίο and φ G ^^^^([-τ,Οΐ;^·*), satisfying 

Ε\φ{θ)γ < 9Ε\φ{ϋ) - Ό{φ)\^, -τ<θ<0. (6.23) 

Note that for any ε > 0, 

Ε\φ{0) - D(<A)|2 < (1 + ε)Ε\φ{0)\^ + (1 + ε-')Ε\0{φ)\\ 

Hence, using (6.2) and (6.23), 

-Ε\φ{0)\^ < -^^Ε\φ(0) - 0{φ)\^ + -^Ε\0{φ)\·' 

<-^Ε\φ{0) - 0{φ)^ + - sup Ε\φ{θ)\' 
ί + ε ε _τ<β<ο 

It therefore follows from (6.19), (6.23) and (6.24) that 

Ε(2{Φ{0) - Ο{φ)^[Μί,φ{0)) + /2(<Α,ί)] + |3(ί,<Α)|') 

< - λ ι - ^ ) ^ Ι , ^ ( Ο ) - 0{φ)\^ + Χ^ςΕΙΦφ) - £)(0)|2 
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* Mao (1995b) showed using other techniques that (6.20) can be replaced by the much weaker 
conditions κ€(0,1) and λ ι > λ 2 . 

Assume also that there exists a Junction τ/2(·) S W([—r, 0];i?+) and two positive 
constants Χχ and X2 such that 

2{φ(0) - D{φ)f[Mt,φ{Q)) + f2{t,φ)] + \9%φ)^ 

<-Χ,\φ{0)? + ^2 J η2{θ)\ψ{θ)Μ (6.27) 

for all t > to and φ e C{[-T,Q]\R). If (6.20)* is satisfied, then the trivial 
solution of equation (6.18) is exponentially stable in mean square. If, in addition, 
(6.21) is satisfied as well, then the trivial solution of equation (6.18) is also 
almost surely exponentially stable. 

Proof. The conclusions follow from Corollary 6.6 provided we can verify that 
(6.26) and (6.27) imply (6.2) and (6.19), respectively. If (6.26) holds, then for 

Ε\Ό{φ)\''< j " " η,{θ)Ε\Φ{θ)?άΰ 

<K^ sup Ε\φ{θ)γ I ηχ{θ)άθ = κ^ sup Ε\φ{θ)γ, 
-τ<θ<0 J~T -τ<θ<0 

that is (6.2) holds. Similarly, 

Ε f τη{θ)\φ{θ)γάθ < sup Ε\φ{θ)γ 
J-T -τ<θ<0 

and hence (6.27) implies (6.19). The proof is complete. 

(ii) Neutral Stochastic Dif ferential Delay Equations 

Consider the neutral stochastic differential delay equations 

d[x{t) - D(x{t - r ) ) ] 
= F{x{t),x{t - T ) , t)dt + G{x{t),x{t - T ) , t)dB(t) (6.28) 

on t > to, where D : ^ R, F : R'' χ R"^ χ R+ R^ and G : χ 
R'^ X R+ -* R^^"^. As before, assume that D,F and G ase smooth enough 
so that equation (6.28) has a unique global solution for any given initied data 
Xo = ξ € L'^^^{[-T,0];R'^). The solution is still denoted by χ(ί;ξ). Moreover, 

assume that D(0) = 0, F(0,0,i) Ξ 0 and G(0,0,i) Ξ 0. We first employ 
Corollary 6.6 to establish one useful result. 
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Corollary 6.8 Assume that there is a positive constant κ such that 

\D{x)\ < K\X\ for all χ G R''. 

Assume also that there are two positive constants λ ι , λ 2 such that 

2{x - D{y)fF{x, y, t) + [G(x,y, i)!^ < -Aj\xf + \2\y? 

for all ix,y,t) e R'' χ R"^ χ [ίο,οο). / / (6.20) holds, then the trivial solution of 
equation (6.28) is exponentially stable in mean square. In addition, if there is a 
Κ > 0 such that 

\F{x,y, t)Y + |G(x,y, t)Y < Κ{\χγ + |y|2) (6.29) 

for all {x,y,t) e R"^ χ R"^ χ [ίο,οο), then the trivial solution of equation (6.28) 
is also almost surely exponentially stable. 

This corollary follows from Corollary 6.6 directly since equation (6.28) can 
be written as equation (6.18) by defining 

Ό{φ) = 0{φ(-τ)), / , (x , i ) = F(x,0 , i ) , 
f2{φ, t) = -F(vp(0), 0, i) + F(<^(0), ψ{-τ), t), 9{ψ, t) = β{ψ{0), φ{-τ), t) 

for ί > 0, X G R''- and ψ G C{[-T,0];R^). Of course, we can apply Theorems 
6.1 and 6.5 to obtain a more general result. For this purpose, let us recall 
the notation ί/^(Ω; β**) which denotes the family of all β''-valued .F-measurable 
random variables X such that FIXj^ < oo. 

Corollary 6.9 Let (6.2) hold with κ G (0,1). Let ςτ > (1 - K)'"^. Assume that 
there is a constant λ > 0 such that 

2{X - D{Y))'^F(X, Y, t) + \G{X,Y,t)f] < -XE\X - 0{Υ)^ (6.30) 

for all t > to and those X,Y € ΐ2(Ω;β<') satisfying E\Yf < qE\X - D{Y)f. 
Then the trivial solution of equation (6.28) is exponentially stable in mean 
square. Furthermore, if (6.29) is satisfied, then the trivial solution of equation 
(6.28) is also almost surely exponentially stable. 

This corollary follows from Theorems 6.1 and 6.5 directly since equation 
(6.28) can be written as equation (6.1) by defining 

0{ψ) = ΰ{φ{-τ)), f{φ, t) = F(<p(0), φ{-τ),ί) 
and g{φ,t) = G{φ{Q),φ{-τ),t) 

for ί > 0 and φ G C([ - r ,0] ; β"*). 
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(iii) Linear Neutral Stochastic Functional Differential Equations 

As one more application, let us consider the linear neutral stochastic func­
tional differential equation 

m 

d[x{t) - D{xt)] = [-Ax{t) + Go{xt)]dt + YGiixt)dBi{t) (6.31) 
» = i 

on ί > ίο with initial data XQ = ξ e L^^^{[-τ,0];R'^). Here A is a. dxd constant 
matrix and 

0{φ) - £^ dη{θ)ψ{θ), Gi{ψ) ̂  dPi {θ)φ{θ) 
J-T 

for φ e C([ - r ,0] ; R^), Q<i<m, where 

7(0) = (7*'(e))dxd and A(0) = (/??'W)rfx<i 

with all the elements 7'''(0) and /3, '̂(0) being functions of bounded variation on 
-T <θ <0. Let V^ki (θ) denote the total variations of 7*̂ ' on the interval [-τ, θ] 
and let Υ^θ) = |]V^u(0)||. We can define νβ.{θ) similarly. In particular, let 

7 = Ky(0) and ^ = ^^,(0), 0 < i < m. 

Let us now impose the first assumption: 

0 < 7 < ^ . (6.32) 

Then for any 0 e L%{[-T,0];R''), 

Ε\0{φ)^ < ηΕ f dVAeme)Y < Ϋ sup Ε\φ{θ)\^. (6.33) 
J-r -τ<θ<0 

In other words, (6.2) is satisfied with κ = 7. Moreover, 

2Ε[\φ{0)\\Ο{φ)\] < -Λ^Ε\φ{0)\' +'^-^Ε\Ό{φ)\' 

<γ^Ε\φ{0)\^+η{1-2η) sup Ε\φ{θ)\-'. (6.34) 
1 - 2 7 -τ<θ<ο 

Similarly, we can show that 

2E[\φ{0)\\Go{φ)\]<-%τE\φm•' + βo{l-2^) sup Ε\φ{θ)\^ (6.35) 
ί - -τ<θ<0 
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(6.36) 

(6.37) 

Using (6.34)-(6.37), we then see that 

Ε(2{Φ{0) - Ο(φ))-^\-Αφ{0) + Οο{φ)] + Σ |Gi(0)|') 

< - Ε\φ{0)\' 

( 7 | | Α | | + ^ ) ( 1 - 27) + 27/3ο + Σ^' sup £10(0) [' 
-τ<θ<0 

(6.38) 

Applying Corollary 6.6 we conclude the following result. 

Corollary 6.10 Let (6.32) hold. If 

An,in(A + A ^ ) > 2{η\\Α\\ + βο) 
1 - 2 7 + 

1 
(1 - 27)2 2 7 ^ 0 + 

t = l 

(6.39) 

then the trivial solution of equation (6.31) is exponentially stable in mean square 
and is also almost surely exponentially stable. 

(iv) Examples 

Let us discuss a couple of examples to close this section. 

Example 6.11 Consider the one-dimensional neutral stochastic differential 
delay equation 

d\x{t) - Kx{t - r)] = -ax{t)dt + bx{t - T)dB{t) (6.40) 

on t > to, where B{t) is a one-dimensional Brownian motion, α > 0, 6 > 0 and 
κ e (0 , \ ) . Let e > 0. For x,y e R, compute 

2{x - Ky)(-ax) + ft^yZ ̂  _2αχ2 ^ 2Kaxy + b^y"^ 

<-{2a-Kae)x'+['^+b^y^. 

By Corollary 6.8, the trivial solution of equation (6.40) is exponentially stable 
both in mean square and almost surely provided we can find an ε > 0 for 

2f;[|£)(0)||Go(</>)|] <27A, sup Ε\φ{θ)\\ 
-τ<θ<0 
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(1 - 2/ί)2 

Therefore, the stability condition becomes 

. Γ 1 /κα 
2α > mm - — ^ I — 

e>o [(1 - 2«;)2 V ε + καε (6.41) 

It is easy to show that the right-hand side of (6.41) reaches its minimum 

2κα 
+ 

62 
l - 2 / ί ( l - 2 « ; ) 2 

when ε = (1 - 2/ί)~'. Hence (6.41) becomes 

2κ;α 
2α > ζ — + 

62 
1 - 2 κ (1 -2 / ί )2" 

We therefore obtain the stabihty condition 

2a(l - 2,i)(l - 3K) > 6^ 

for equation (6.40). 

(6.42) 

Example 6.12 Consider the d-dimensional neutral stochastic functional differ­
ential equation 

d[x{t) - D{e(xt))] = / (x( i ) , t)dt + 5(θ(χί),i)dJ3(i) (6.43) 

on t > to. Here D : R'' R'', f : R'' χ R+ ^ R'', g : R^ χ R+ ~* J?'"'"', and 
θ is a linear operator from C([-r,0];fi ' ' ) to R'^ defined by 

φ{θ)dθ. 

Assume that there are four positive constants Χ,κ,κ,ι,κ^ with « 6 (0, ^) such 
that 

\£){χ)\<κ\χ\, - 2 χ ^ / ( χ , ί ) < - λ | χ | 2 , 

| / ( χ , ί ) | < / ί ι | χ | , \g{x,t)f <Κ2\χ\'^. 

Then, for any φ e L%(\-T,0]; R'^), we have that 

Ε\ΰ{θ{φ))\'' < η^Ε^φ)^ < f φ{θ)dθ 

< —E I \φ{θ)\^dθ < sup Ε\φ{Β)γ. 
τ J-T -τ<θ<0 
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In other words, condition (6.2) is satisfied (with D(-) = Σ){θ{-))). Similarly, we 
can show that 

Ε|ί;((Α,ί)|2 < « 2 sup E |0(0) |2. 
- T < e < 0 

Moreover, we compute that 

£;(2(<^(0) - Ό{θ{φ)))''/{φ{0),ί) + \9{φ,ή\ή 

< -ΧΕ\φ{0)\^ + 2Ε[\ΰ{θ{φ))\\/{φ{0),ή\]+Ε\9{φ,ί)\^ 

< -ΧΕ\φ(οψ + '1Ι^:ΜΕ\Ο{Θ{Φ))\' 
κ 

< (λ - - ^ ) Ε | 0 ( Ο ) | 2 + [κκι(ΐ - 2κ) + Κ2] sup Ε\φ{θ)\\ 

In view of Corollary 6.6, we see that the condition for the mean square and the 
almost sure exponential stability is 

KKi K/ t i ( l - 2/i) + « 2 

^ (1 - 2/c)2 ' 
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Backward 
Stochastic Differential Equations 

7.1 INTRODUCTION 

In this chapter we shall study a new type of stochastic equations, namely the 
backward stochastic differential equations of the form 

x{t) + f{xis),y{s),s)ds + j\g{x{s),s)+yis)]dB{s) = X (1.1) 

on 0 < ί < T. The equation for the adjoint process in optimal stochastic 
control (see e.g. Bensoussan (1982), Bismut (1973), Haussmann (1986)) is a 
linear version of the equation. In the field of control, we usually regard y{t) 
as an adapted control £md x{t) the state of the system. The aim is to choose 
an adapted control y{t) which drives the state x{t) of the system to the given 
target X at time t — T. This is the so-called reachability problem. In the field of 
backward stochastic differential equations, we are looking for a pair of adapted 
processes {x{t),y{t)} solving the equation. Such a pair is called an adapted 
solution of the equation. It is the freedom of choosing the process y{t) that 
makes it possible to find an adapted solution. 

Pardoux & Peng (1990) established some results on the existence and 
uniqueness of the adapted solution under the condition that f{x,y, t) and g{x,t) 
are uniformly Lipschitz continuous in (x,y) and in x, respectively. Mao (1995a) 
obtained some results in this direction under non-Lipschitz conditions. More 
importantly, Pardoux & Peng (1992) gave the probabilistic representation for 

235 
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7.2 MARTINGALE REPRESENTATION THEOREM 

In this section we shall introduce the useful martingale representation the­
orem that will play an important role in this chapter. 

Unlike the other chapters, let us stress that in this chapter we are only given 
a complete probability space (Ω, T, P) and an m-dimensional Brownian motion 
B{t) on it (without a filtration). We then let {J^^}t>o be the natural filtration 
generated by the Brownian motion, that is J^^ = a{B{s) : 0 < s < t}. Let 
{Ti}t>o be the augmentation under Ρ of this natural filtration. Then {J^t}t>Q 
is a filtration on (Ω, !F, P) satisfying the usual conditions and, moreover, B{t) is 
a Brownian motion with respect to the filtration (see Section 1.4). 

Let Τ > 0. It was shown in Section 1.5 that for any / € M'^{{0, T]; β'^'^'"), 
the Ito integral 

' f{s)dBis) i: 
is a continuous square-integrable martingale with respect to [Tt] on t 6 [Ο,Γ]. 
In this section, we shall show the converse—any continuous square-integrable 
martingale with respect to {Ĵ J can be represented as an Ito integral. This 
result, known as the martingale representation theorem, is very useful in many 
applications and is described as follows. 

Theorem 2.1 Let {Mt}o<t<T be a continuous R^-valued square-integrable 
martingale vnth respect to {!Ft}- Then there is a unique stochastic process 
f e ^^^([ο,Τ];^·"^"·) such that 

Mt = Mo+ f f{s)dB{s) on t e [0, T]. (2.1) 
Jo 

By uniqueness we mean that if there is any other process g € M'^([0, T]; R'^^"^) 
such that 

fg{s)dB{ 
Jo 

Mi = Mo + / g{s)dB{s) on t e [Ο,Τ], 

the given solution of a certain system of quasilinear parabolic partial differen­
tial equation in terms of the solutions of the backward stochastic differential 
equations. In other words, they obtained a generalization of the well-known 
Feynman-Kac formula. In view of the powerfulness of the Feynman-Kac formula 
in the study of partial differential equations e.g. K.P.P. equation (cf. Freidlin 
(1985)), we may expect that this generalized Feynman-Kac formula will play 
an important role in the study of quasilinear parabolic partial differential equa­
tions. Hence from both viewpoints of the control theory and the study of partial 
differential equations, we see clearly the importance of the study of backward 
stochastic differential equations. 
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then ^ 
E[ \f{s)-g{s)\''ds = 0. (2.2) 

Jo 

Clearly, we need only to show the theorem in the case of d = 1. To do so, we 
need to present several lemmas. Let C^(f i ' "^" ; R) denote the family of infinitely 
many times differentiable functions from β""*" to β with compact support. Let 

(Ω; β ) denote the family of all reid-valued Fi-measurable random variables 
ξ such that E\i\^ < oo . Let ί ,2([0,Τ];β' '<"') denote the family of all Borel 
measurable functions h from [Ο,Τ] to fi^'''" such that \h{t)\^dt < oo . Note 
that the functions in L2([0,T]; β'^'"*) are deterministic and L2([0,T]; β '^" ·) is 
a subset of Λ<2([0, T]; βΐ>""). 

Lemma 2.2 The set of random variables 

Μ β ( ί ι ) , · · · , β ( ί „ ) ) : i i e ( 0 , T ] , ^€(7ο~(β'"><",·β), η = 1,2,·· ·} 

is dense in L'^^{U;R). 

Proof. Let {ij)j>i be a dense subset of [Ο,Τ]. For each integer η > 1, let Q„ 
be the σ-algebra generated by B{ti),••·,B{tn), i.e. g„ = σ{β( ί ι ) , · · ,S ( i„ )} . 
Obviously 

GndQn+i and TT = o(y]g^. 

Let g e L'j:,^ (Ω; β ) be arbitrary. By the Doob martingale convergence theorem 
(i.e. Theorem 1.3.5), we have that 

E{g\gn) ^ E{g\J^T) = 9 as η — oo 

almost surely and in as well. On the other hand, by Lemma 1.2.1, for each 
n, there is a Borel measurable function gn : β""*" —» β such that 

E{g\Gn) = gn{B{t{),---,B{tn)). 

However, such gn{B{t\), •••, B{tn)) can be approximated in Ι/^,,,ίΩ; β ) by func­
tions φn,k{B{tι),••·,β(ί„)), where φ„,k € C^( f i ' " ' ' " ;β ) , and hence the asser­
tion follows. 

Lemma 2.3 The linear span of the random variables of the form 

exp(^j\{t)dB{t)~^£\hit)\''dty heL^{[0,T];R'''n (2.3) 

is dense in Lyr.^. (Ω; β ) . 
Proof. The assertion holds provided we can show that if 5 6 L^,J.(Ω;β) is 
orthogonal (in L^,J.(Ω;β)) to all random variables of form (2.3), then 5 = 0. 
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for 

if set 

exp(^j\(t)dB{t) - \ £ \hit)fdt^ 

= exp(^trace[X{B{U),---,B{t„))] - I £ Ih^fd^j 

1 = 1 

where ίο = 0, Aj = {Xnr •' ,Xim) and λ„+ι = 0. The function G(A) is real 
analytic in A e Λ"**"* and hence has a.n analytic extension to the complex space 
QUKm gjygn by 

G{z) = £{gexp(irace[z(B(i i ) , · • · , β( ί„)) ] ) } 

for ζ = {zij)nxm € Ο""""". Siucc G = 0 on R"""" and G is analytic, we must 
have G = 0 on the whole C " ' * " ' . In particular, 

G{iY) = E[gexp(i trace[Y{B{h), - • • ,B{tn))])} = 0 (2.5) 

for ah Y = (y , j )„xm € Now, for any function φ{Χ), X = ( ΐ ο ) ^ χ η , in 
C^(i?""^" , f i ) , let ψ{Υ) be the Fourier transform of ψ{Χ), namely 

φ{Υ)^{2π)-'-^ ί ^ (X)exp[ - i irace(rA-)]dX 

Note from the inverse Fourier transform theorem that 

ψ{Χ) = {2π)-'^ ί ^(y)exp[i irace(rA')]dy. 

We then compute 

E[gφ{B{tr),•••,B{tn))] 

= E 9 ( 2 π ) - ^ ^ φ{Y)exp{itrace[Y{B{tι),•••,B{tn))])dY 

= {2π)-'Ψ j φ{Υ)Ε{9βχρ{ί trace[Y{B{ti), - • • ,B{tn))])}dY 

= 0. (2.6) 

Let g be any such random variable. Then for all λ = ( A i j ) n x m € Λ"**"* and all 
f i , - - , t „ e [ 0 , T ] , wehave 

G(A) : = E{gexp{trace[X{B{h),B(t„))])} = 0, (2.4) 
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By uniqueness we mean that if there is any other process g e Λ<2([0,Τ]; R^^"*) 

ξ^Εξ+ Γ g{s)dB{s), (2.8) 
Jo 

Ε f \f{s)-g{s)fds = 0. (2.9) 
Jo 

such that 
rT 

then ^ 
rT 

Proof. The uniqueness is rather obvious, for (2.7) and (2.8) give 

/o 
r[fis)-gis)]dB{s) = 0 

Jo 

which implies (2.9) by the property of the Ito integral. To show the existence, 
we first assume that ξ has the form of (2.3), that is 

ξ = exp(^£ h{t)dB{t) \h{t)Ydt^ 

for some h € L2([0,T]; β'*^»"). Define 

x{t) = exp( j ^ ' h(s)dB{s) - i j i ' \h{s)\'^ds^, 0 < ί < T . 

By Ito's formula. 

dx{t) = xit) h{t)dB{t) - l\h{t)\^dt +^x{t)\hit)\^dt 2' 
x{t)h(t)dB{t). 

1 

This yields that 

In particular, 

x{t) = 1 + / x{s)h{s)dB{s). 
Jo 

ξ = x{T) = 1 + / x{s)his)dB{s), 
Jo 

Tiiis, together with Lemma 2.2, means that g is orthogonal to a dense subset of 
Ljr.iX^; R). We must therefore have that g = 0. The proof is therefore complete. 

Lemma 2.4 For any ξ € £^,^,(Ω;Λ), there exists a unique stochastic process 
f € ^^([Ο,Τ];^!^"*) such that 

ξ = Εξ+ Γ f{s)dB{s). (2.7) 
Jo 
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Hence ^ 

EJ^ \MS) - fm{s)fds 

= Ε £[fn{s) - fmis)]dBis) 

= Ε\ξη - Εξ„ -ξm + Εξ^\^ 
= Ε\ξη - C m l ^ - \Εξη - Ε ξ „ | 2 

—> Ο as η, m —> οο. 

In other words, {/„} is a Cauchy sequence in M'^{[0,T]\R^'^"') and hence con­
verges to some / € Μ'^φ, Τ]; R^^""). We can now let η oo in (2.10) to obtain 
that 

ξ = Εξ+ f f{s)dB{s) 
Jo 

as desired. The proof is complete. 
We can now begin to prove the martingale representation theorem. 

Proof Theorem 2.1. Without any loss of generality, we may assume that d=\. 
Applying Lemma 2.4 to ξ = Μ (Τ), we see that there exists a unique process 
(the uniqueness follows here) / e A<2([0,T]; Λ^'^'") such that 

Μ(Γ) - EM{T) + Γ fis)dB{s). 
Jo 

By the martingale property of M{t) we have EM{t) = EM{0). Since M(0) is 
.T^-nieasurable, it must be a constant almost surely and hence EM{0) = M(0) 
a.s. Then ^ 

M{T) = M{0) + f{s)dB{s). (2.11) 

Now for any 0 < ί < T, by Theorem 1.5.21, we have that 

M{t) = E{MiT)\Tt) = M(0) + E(^£ fis)dB{s)\J't^ 

= M{0)+ ί f{s)dB(s), 
Jo 

which gives Εξ = 1. Therefore the required assertion (2.7) holds in this case 
with f{t) = x{t)h{t). By the Unearity of (2.7), we see that (2.7) holds for any 
linear combination of the functions of form (2.3). Now, let ξ e L|r.,.(fi;i2) be 
arbitreuy. By Lemma 2.3, we can approximate ξ in L^,^,{il;R) by {kn}, where 
each ξη is a linear combination of the functions of form (2.3). So, for each n, we 
have a process /„ G ̂ ^ ( [Ο,Γ]; β ΐ ' " " ) such that 

ξη = Εξη+ ί fn{s)dB{s). (2.10) 
Jo 
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which is the required assertion (2.1). The proof is therefore complete. 

7.3 E Q U A T I O N S W I T H L I P S C H I T Z C O E F F I C I E N T S 

Let V denotes the σ-algebra of Ft-progressively measurable subsets of 
[0, T] χΩ. Let / be a mapping from fi** χ "* χ (Ο, Τ] χΩ to Η** which is assumed 
to be B<'(g)B''^"*(8i^-measurable. I^t g be a mapping from χ [0, Τ] x Ω to R^^"" 
which is assumed to be Bd 0 'P-measurable. Let X be a given JV-measurable 
β''-valued random variable such that E\X\^ < oo, that is X e L3Γ,,.(Ω; Λ"*). 

In this section we shall discuss the following backward stochastic differential 
equation 

x{t) + f(x{s),y{s),s)ds + J\gix(s),s) + y{s)]dBis) ^ X (3.1) 

on ί e [Ο,Τ], where χ{·) and y{-) are β''-valued and if*^"'-valued, respectively. 
If we write equation (3.1) as 

x(T) - x(f) = jT / (x(s) , y{s), s)ds + y [g{x(s), s) + y{s)]dBis), 

we see clearly that x{t) is an Ito process with the stochastic differential 

dxit) = / (x( i ) , y{t), t)dt + [g{x{t), t) + y{t)\dB{t). (3.2) 

We may therefore interpret the backward equation (3.1) as the stochastic differ­
ential equation (3.2) with final value x(T) = X. It is this final value, instead of 
initial value, that makes the backward stochastic differential equations much dif­
ferent from the (forward) stochastic differential equations discussed in Chapter 
2. Let us now give a precise definition of a solution to the backward stochastic 
differential equation. 

Definition 3.1 A pair of stochastic processes 

{x{t),y{t)}o<t<T e ^^( [Ο,Τ] ;^") χ M'{\Q,T]-R'^"') 

is called a solution of the backward stochastic differential equation (3.1) if it has 
the following properties: 

(i) f{x{-),y{-),-)eM^i[0,T];R) and gix{•),·)€ MH[0,T\;R''-'-); 
(ii) equation (3.1) holds for every t G [Ο,Τ] with probability 1. 

A solution {x(t),y(t)} is said to be unique if for any other solution {x{t),y{t)} 
we have 

P{x(t) = x{t) for allQ<t<T] = 1 
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and ^ 

EI \y{s)~y{s)fds = Q. 
Jo 

The following existence-and-uniqueness theorem is due to Pardoux & Peng 
(1990). 

Theorem 3.2 Assume that 

/ (0 ,0 , · )€Λ^2 ( [ο j , , . ^ ) g(0,.)eM\[0,T];R^^^). (3.3) 

Assume also that there exists a positive constant Κ > 0 such that 

\fix,y,t)-f{x,y,t)f<K{\x-xf + \y-yf) a.s. (3.4) 

and 
\gix,t) - g{x,t)f < K\x - xf a.s. (3.5) 

for all x,x e R'^, y,y G pdxm ^ g J-J j / ig„ there exists a unique solution 
{x{t),y{t)} to equation (3.1) in J^'^i[0,T];R'') χ ^^([Ο,Τ];^·^^^"*). 

Let us present a number of lemmas in order to prove this theorem. 

Lemma 3.3 Let /(·) € J^^{[0,T]; R:^) and g(-) e M^{[0,T]; R'^''"'). Then 
there exists a unique pair {x{t),y{t)} in M^{\0,T]; R"^) χ M'^{[0,T]; R'^''"') such 
that ^ ^ 

Φ) + j f{-'>)ds + j {g{s) + y{s)]dBis) = X (3.6) 

for allO<t<T. 

Proof. Define 

M{t) = E(^X - f{s)ds\Tt^, 0 < f < T . 

Then M{t) is a square-integrable martingale. By Theorem 2.1, there is a unique 
process y(-) e J<4^{[0,T]; R'^''"') such that 

M(i) = M(0) + / y(s)dB(s), 0<t<T. 
Jo 

Define ^ 

xit) = M{t) + f fis)ds and y(i) = y{t) - git) 
Jo 

for 0 < ί < T. Clearly, {x(i),y(i)} £ M''i\0,T];R<^) χ ^^([Ο,Τ];^"^^*"·). More­
over, 

J\gis) + yis)]dBis) = ^^2/(s)dB(s) 

= ryis)dBis)- f yis)dBis) = MiT) - Mit). 
Jo Jo 
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M{T) = Ί F{s)ds, 
Jo 

we obtain that 

/•T 
[9{s) + y{s)]dB{s)^X- S{s)ds~M{i) = X-x{t)- f{s)ds, 

which is equation (3.6). To show the uniqueness, let {x{t),y(t)} be another pair 
which solves equation (3.6). Then 

xit) - x{t) = - l^yis) - yis)]dBis), 0<t<T. 

Hence, for every t € [Ο,Τ] 

x{t) - x{t) = E{x{t) - x{t)\J='t) 

= -E^^yis) - yis)]dB{s)\J^t^ = 0 a.s. 
Noting that x{t) is continuous, we see easily that x{t) = x{t) for all 0 < ί < Τ 
a.s. Now ^ 

0 = x(0) - x(0) = - / [y{s) - yis)]dB{s) 
Jo 

which yields immediately that 

Ε f \y{s)-y{s)\^ds = 0. 
Jo 

The uniqueness has also been proved. 

Lemma 3.4 Let g{-) € Λ^2([0,Τ]; Λ'^^'"). Let f be a mapping from R^''"' χ 
[Ο,Τ] χίϊ to R'^ which is B'''^"' i»V-measurable. Assume that 

fiO,-)eM''{[0,T]-R<'). 

Assume aho that there exists a positive constant Κ > 0 such that 

\fiy,t)-fiy,t)\^<K\y-yf a.s. (3.7) 

for all y,y e i?'*''"' and t e [Ο,Τ]. Then the backward stochastic differential 
equation 

x(i) + j [ fiyis),s)ds +[g{s)-i-y{s)]dBis) = X (3.8) 

has a unique solution {x{t),y{t)} in J^^{[Q,T];R^) χ Ji4^i[0,T]; R'^''"'). 

Noting 
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+ 

Taking expectation on both sides yields that 

E\x{t)-x{t)? + E \y{s)-y{s)fds 

= -2Ej\x{s) - x{s)f\f{y{s),s) - f{y{s),s)]ds. 
Making use of the elementary inequality 2ab < α^/ε + εά^ (ε > 0) and the 
Lipschitz condition (3.7) we obtain that 

E\xit)-x(t)f + El^\y{s)-y{s)fds 
<\E \x{s)-x{s)fd.s + EKE \y{s)-y{s)fds. 

Setting ε = 1/2K yields 

E\x{t)-x{t)f + EJ^\y{s)~y(s)fds 

< 2KE \x{s) - x{s)fds + ]^E \y{s) - y{s)fds. (3.8) 

In particular, this implies that 

rT 

E\x{t) - x[t)Y < 2KE y |x(s) - x{s)Yds. 
The Gronwall inequality now gives that 

E\x{t) - x{t)f = 0 for all 0 < t < T, 

Proof. We first prove the uniqueness. Let us {x{t),y{t)} and {x{t),y{t)} be 
two solutions. Then, recalling (3.2), we easily see that 

d[x{t) - x{t)\ = [/(j/(i),i) - fm),t)]dt + [yit) - y{t)]dB{t). 

By Ito's formula, for all 0 < ί < T, we have that 

d\x{t) - x{t)f = 2{x{t) - x{t)f\f{y{t),t) - f{y{t),t)]dt 
+\yit) - mfdt+2[x(t) - m f m - mmt). 

Hence 

-\x(t) - x(t)|2 = 2j\x(s) - xis)f[f{y{s),s) - f{y{s),s)]ds 

W) - y{s)fds + 2J\x{s) - x{s)Y-[y{s) - y{s)]dB{s). 
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ε ί \y{s)-y{s)fds = 0. 
Jo 

The uniqueness has been proved. 
Let us now proceed to prove the existence. Set yo{t) = 0. By Lemma 3.3, 

there is a unique pair {xi{t),yi{t)} in M^{[0,T];R^) χ Λ/ί2([0,Τ];β^'*'") such 
that ^ ^ 

xi{t) + j^ f{yo{s),s)ds + [ g { s ) + yiis)]dB{s) = X. 

Making use of Lemma 3.3 recursively, we can define, for every η = 1,2, · · ·, a 
pair {x„(i),y„(<)} in Μ^ΙΟ,Τ];R'') χ Jii^{[0,T];R''^'-) by 

9) xn{t) + f{yn-i{s), s)ds + j^gis) + y„(s)]dB(s) = X. (3. 

In the same way as in the proof of the uniqueness above, we can show that 

E\xn+i{t) - x„(<)|2 + EJ^ |y„+i(s) - yn{s)\^ds 

< 2KE | i „ + i ( s ) - xn{s)?ds + ^EJ^ \y„is) - y„-iis)\^ds. (3.10) 

For every η > 1, define 

Un{t) = EJ | i„(s) - x„_i(s)|2<is 

and 
fT 

υ„(ί) = E |y„(s) - y„_ i ( s ) | 2ds . 

It then follows from (3.10) that 

- | ( « „ + : ( i ) e 2 ^ ' ) +e2 ' ^ ' t ;„+i( i ) < ^^^Kt^^it). (3.11) 

Integrating both sides from t to T, we obtain that 

«„+i(i)e2'^' + J\'''<^vn+i{s)ds < i j\^'<'>vAs)ds. 
Hence 

u„+i (i) + e'"<^^-%n+r{s)ds e^'<^'-%n{s)ds. (3.12) 

which imphes that x{t) = x{t) for all 0 < ί < Τ a.s. Substituting this into (3.8) 
we also see that 
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In particular, this implies that 

- έ i ^ έ'^ι(Ο) X '̂""'̂^ ^ (3 .13) 

where C = t;i(0) = £• \yi{s)fds. Substituting this into (3 .11) implies that 

U n + l ( 0 ) < j ^ , . (3 .14) 

It then follows from (3.10) and (3 .14) that 

t;„+i(0) < 2A:U„+I (0) + i t ; „ ( 0 ) < ^Ce^^^^ + i t , „ ( 0 ) , 

which implies immediately that 

t ^ „ + i ( 0 ) < ^ [ n C e 2 ^ ' ^ + t ; i (0) ] . (3 .15) 

We now see from (3.14) and (3 .15) that { χ η ( · ) } and {j/n(-)} are Cauchy sequences 
in 7W2([o,r];P'^) and Μ^φ,Τ]; i?'*'*"*), and denote their limits by x ( ) and y(-), 
respectively. Finally, letting η oo in (3 .9) we obtain that 

x{t) + f{y{s), s)ds + j\g{s) + y{s)]dB{s) = X, 

that is, {x(i), j/(i)} is a solution. The existence has also been proved and there­
fore the proof of the lemma is complete. 

We can now begin to prove Theorem 3.2. 
Proof of Theorem 3.2. We first prove the uniqueness. Assume that {x{t),y{t)} 
and {x(i),y(i)} are two solutions. In the same way as in the proof of Lemma 
3.4 we can show that 

E\x{t)-x{t)\^ + E j\y{s)-y{s)fds 

= - 2 E j\x{s) - x{s)\^[f{x{s),y{sls) - f{x{s),y{s),s)\ds 

- E j\g{x{s\s)-9{x{s),s)\Hs 

-2EJ^ trace{[gixis),s) - gix(s),s)f[y(s) - y(s)]ys 

< 4KEl^\x{s)-^s)f + ^EJ^'^\f(x{s),y{s),s)-fixis),yis),s)fds 

+ 4E |5(x(s),s) - g { x { s ) , W ) - y{s)?ds 

< {8K + l)E \x{s) - x{s)f + \E \y{s) - y{s)fds. (3 .16) 
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Hence 

Define 

Un{t) = EJ^ l x „ ( s ) - x „ _ i ( s ) l 2 d s . 

It then follows from (3.18) that 

(u„+i(<)e(^^+i)') < {AK + l)e(' '^+i)'u„(i). 

Integrating both sides from ί to Τ yields that 

rT 
Un+i{t) < {AK + 1 ) ^ e^"<+'^^'-'Knis)ds 

< ( 4 i r + l ) e ( ^ ^ + i ) ^ ^ ^ u „ ( s ) d s . 

The uniqueness then follows by applying the Gronwall inequality as we did in 
the proof of Lemma 3.4. 

Let us now show the existence. Set yo{t) = 0. With the help of Lemma 
3.4, we can define recursively, for every η = 1 , 2 , · · , a pair {xn{t),yn{t)} in 
MH[0,Ty,R') X M2([0,T];fi ' '^ '") by 

Xn{t) + J^ f{Xn-l{s),yn{s),s)ds 

+ [9ixn-iis),s) + yn{s)]dB{s) = X. (3.17) 

In the same way as in the proof of (3.16), we can show that 

E\xn+iit) - x„{t)f + E |2/„+i(s) - y„(s) |2ds 

<AKE j\xn+i{s)-xAs)\''ds 

+ (AK + l)E | x„ (s ) - x„-y{s)fds 

1 f"^ 

+ ^EJ^ | y „ + i ( s ) - y „ ( s ) | 2 d s . 

E\xn+i{t) - x„ ( i ) | 2 +^-E j |y„+i(s) - y„(s) |2ds 

< {AK + 1)E [ |x„+,(s) - x„(s) |2 + |x„ (s ) - x„_ , (s ) |2 jd5 . (3.18) 
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n< 

This, together with (3.18), implies that {xni')} and {j/ni)} are Cauchy sequences 
in M^i[0,T];R^) and Μ^φ,Τ];R'^''"'). Denote their limits by χ(·) and y(-), 
respectively. Finally, we can let η —• oo in (3.17) to obtain that 

x{t) + f{x{s), y{s),s)ds + ^ [g{x{s), s) + y{s)]dB{s) = X. 

That is, {x{t),y{t)) is a solution. The proof is therefore complete. 

7.4 EQUATIONS W I T H N O N - L I P S C H I T Z C O E F F I C I E N T S 

In the previous section, we established the existence-and-uniqueness theo­
rem of the solution for the backward stochastic differential equation under the 
uniform Lipschitz condition. On the other hand, it is somewhat too strong to 
require the uniform Lipschitz continuity in applications e.g. in dealing with 
quasilinear parabolic partial differential equations. It is therefore important to 
find some weaker conditions than the Lipschitz one under which the backward 
stochastic differential equation still has a unique solution. In the first instance, 
we would perhaps like to try the local Lipschitz condition plus the linear growth 
condition, as these conditions guarantee the existence and uniqueness of the so­
lution for a (forward) stochastic differential equation. To be precise, let us state 
these conditions as follows: 

For each η = 1,2, · · ·, there exists a constant Κ η > Ο such that 

| / (x , y, t) - fix, y, t)f < K„{\x - xp + |y - yf) a.s. 
\g{x,t) - g{x,t)Y < Kn\x - ΧΫ a.s. 

for allQ<t<T, x ,x € R'', y,y € Λ""""* with max{|x|, |x|, |y|, \y\} < n. 
Moreover, there exists a constant Κ >0 such that 

| / ( x , y , i ) P < A : ( l + W ' + M ' ) a.s. 
\g(x,t)\^ <K{l + \x\'^) a.s. 

for allQ<t<T, xeR'' andye β** "̂*. 

Unfortunately, it is still open whether these conditions guarantee the existence 
and uniqueness of the solution to the backward stochastic differential equation 
(3.1). The diflaculty here is that the techniques of stopping time and localiza­
tion seem not to work for backward stochastic differential equations. Now the 
question is: Are there any weaker conditions than the Lipschitz continuity under 

Iterating tiiis inequality, we obtain that 

_ [(4Α: + ΐ ) Τ 6 ( ' ' ^ + ΐ ) η " 
«„+i(o) < ^ — ^ — L „ j ( o ) . 
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L 4^=oo. (4.3) 
0 + 

Let us make a few comments about these conditions before we state the 
main result. First of all, since κ is concave and «(0) = 0, we can find a pair of 
positive constants ο and b such that 

K{U) < α + im for all ti > 0. (4.4) 

We therefore see that under conditions (3.3) and (4.1)-(4.3), 

f{x{-),y{-).-)&M\[0,nR'') and 5(x(-),t/(-),-) 6 Λΐ2([0,Τ];β^'<"·) 

whenever 

x{-)€M\%ni^) and y{-) € λΛ'φ,Τ\;Ρ!'^"'). 

Secondly, let us give a few examples for the function «;(·) in order to see that 
conditions (4.1)-(4.4) are irrestrictive. iiet Κ >Q and let δ e (0,1) be sufficiently 
small. Define 

« o f i x 1 - / " ' ° S ( " ~ ' ) f o r 0 < u < 5 , 
' ' 2^"^ - \<5 log( i - i ) + / i2 (<5- ) («- ' 

«i(u) = Ku for u > 0; 

δ) for ti > <5; 

( \ = / "log(ti~^)loglog(ti~^) for 0 < ti < (5, 
'^^^^' ~ \ (51og(i-i)loglog(J-i) + Κ3{δ-){η - δ) for tt > ί . 

It is easy to verify that these are all concave non-decreasing functions satisfying 

du 
L — Γ - Γ = oc. 

0 + « . ( " ) 

wiiicii tlie backward stochastic differential equation has a unique solution? The 
Euiswer is of course positive, and the main aim of this section is to show the 
following conditions will do: 

For aUO<t<T, x,x e R'^ and y,y € Λ**^"», we have 

\fix,y,t)-fix,y,t)f<Ki\x-xf) + K\y-yf a.s. (4.1) 

and 
\g{x,t) - g(x,t)f < κ{\χ - xf) a.s. (4.2) 

where Κ is a positive constant and «(·) is a concave increasing function 
from R+ to R+ such that «(0) = 0, K(U) > 0 for u> 0 and 
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on 0 < ί < T. This sequence is well defined since once x„_ i ( ) € M^{[0,T]; R'') 
is given, /(x„_i(i) , j / , i) is Lipschitz continuous in y and 

/ ( X „ _ l ( - ) , 0 , . ) € > i 2 ( [ 0 ^ ^ ] . ^ d ) 3 ( χ „ _ ι ( . ) , · ) ε Λ ^2 ( [ ο ^ . ^ < i x m ) ^ 

hence Lemma 3.4 can be used to define Xn{t) and yn{t). 

Lemma 4.2 Assume that conditions (3.3) and (4.1)-(4-3) are fulfilled. Then 
for alio <t <T and n > l , 

E\xn{t)f<Ci and Ε £ \y„{s)fds < C2, (4.6) 

where C\ and C2 are both positive constants independent of n. 

Proof. Applying Ito's formula to |xn(i)|2 we deduce that 

\X\^ - |x„(i)|2 = 2J\xn{s), f{xn-x{s),yAs\s))ds 

+ 2 ^ (x„(s), [g{Xn-x{s),s) + yn{s)]dB{s)) 

-I- j \g{xn-i{s),s) + yn{s)\^ds. 

In particular, we see clearly that if let K{U) = Ku, then conditions (4.1) (4.3) 
reduce to the Lipschitz conditions (3.4) and (3.5). In other words, conditions 
(4.1)-(4.3) are much weaker than the Lipschitz conditions (3.4) and (3.5). There­
fore, the following result is a generalization of Theorem 3.2. 

Theorem 4.1 Assume that conditions (3.3) and (4.1)-(4.3) are fulfilled. Then 
there exists a unique solution {x(-),y(-)} to the backward stochastic differential 
equation (3.1) in Μ2 ( [0 ,Τ ] ;β ' ' ) χ Λί2([0,Τ|; β"*»^"*). 

The proof of this theorem is rather technical and we shall devote the re­
mainder of this section to it. 

We need to prepare a number of lemmas. Let us first construct an approx­
imate sequence using an iteration of the Picard type with the help of Lemma 
3.4. Let xo(i) = 0, and let {x„(t),2/„(i) : 0 < ί < T}„>i be a sequence in 
χ 2 ( [ ο , Τ ] ; Λ ' ' ) X ^^^([Ο,Τ];^"***"·) defined recursively by 

Xn{t) + J^ fiXn-lis),yn{s),s)ds 

+ [ff(x„_i(s),s) + y„(s)]dS(s) = X (4.5) 
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where 

C3(a) = E\Xf + 2a(a + ^) + ^'^E£ | / (0,0, s)fds 

+ -E Γ \g{0,0,s)fds. 
a Jo 

Thus 

E\x„it)f + Ε \y„is)\''ds 

^ Ε\Χγ -2E j\xn{s), f{xn-i{s),yn{s),s))ds 

-Ε(|3(x„_i(s),s)|2 + 2irace[g^(i„_i(s) ,s)y„(s)])ds. 

Therefore, using the elementary inequdity 2\uv\ < vP/a + av^ for any α > 0, 
we see that 

E\xn{t)Y + Ε j\yn{s)Yds 
< Ε\Χγ + ^E \xn{s)Yds + aE | / (x„_ i ( s ) ,2 /„ ( s ) , s ) |2ds 

+ -E Γ \g{xn-i{s),s)fds + aE Γ \yn{s)fds. (4.7) 
Οί Jt Jt 

But (4.1) and (4.4) we derive that 

\f{Xn-l{s),yn{s),s)f 

< 2|/(0,0, s ) | 2 + 2 | / ( x „ _ i ( s ) , y „ ( s ) , s ) - / (0 ,0 ,s ) f 
< 2| / (0,0,s)f + 2/c(|x„_i(s)|2) + 2K\yn{s)f 

< 2|/(0,0, s)f + 2a + 26|x„_i(s)|2 + 2K\yn{s)f. 

Similarly, it follows from (4.2) and (4.4) that 

\gixn-iis),s)f < 215(0,0,s)]^ + 2a + 26 |x„_,(s) l2 . 

Substituting these into (4.7) gives that 

Elx^f + E Γ \yAs)fds<C3{a) + - Γ E\xn{s)fds 
Jt O' Jt 

1 r'^ 
+2b{a + -) y E\x„^r{s)fds + a{2K + l)E \yn{s)fds, 
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< C 4 + (4/<: + 2) / E\xn{s)Yds 

1 /"̂  
+ 4A- + 2jŷ  E\xn-x{s)Yds AK + 2 

•T 
<C4+C,j^ max{£|x„_i(s) |2, E\x„{s)f}ds, (4.8) 

where C5 = 4/i:-|-2-l-26[(4A'-|-2)-i + 4 ^ + 2]. Now let fc be any positive integer. 
If 1 < η < fc, (4.8) implies (recalling xo(*) = 0) that 

E\xn{t)f < C4+C,j^(^ma^^E\xi{s)\^ds. 

Therefore 

max £|x„(i) |2 < C4 -I-C5 / ( max E\xnis)\Ads. 
l<n<fc Ji \ l < n < f c / 

An application of the well-known Gronwall inequality implies 

max £:|x„(i)|2 < C4e^^('^-" < C4e^^^. 
l<n<fc 

Since fc is arbitrary, the first inequality of (4.6) follows by setting Ci = €46'^'^^. 

Finally, it follows from (4.8) that 

Ε / |y„(s)|2ds < 2(C4 + C5C1T) := C2. 
Jo 

The proof is complete. 

Lemma 4.3 Under conditions (3.3) and (4.1)-(4-3), there exists a constant 
Ce > 0 such that 

fT 

E\Xn+k{t) - x„(i)|^ < Ce K{E\Xn+k-l{s) - x„-i(s)|2)<is 

for all 0<t<T andn, fc > 1. 

In particular, choosing a = 1/(4A' + 2) and setting C4 = C3(1/(4A' + 2)), we 
get that 
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+ 2 4 i i + 2 + 
1 

AK + 2 

Now fix ί e [0, T] arbitrarily If ί < r < Γ, then 

E\xn+k{r) - x„(r) |2 < {4K + 2) E\xn+k{s) - Xn{s)fds 

4A: + 2 + [ «(E|x„+fc_i(s) - Xn-i{s)Y)ds. +2 

In view of the Gronwall inequality we see that 

E\Xn+k{t)~Xn{t)f <2 

fT 

AK + 2 + 1 
4A: + 2 

„(4A:+2)(T-t) 

X K.{E\xn+k-\{s) - x„_i(s) |2)ds. 

Hence the required assertion follows by setting 

G6 = 2 AK + 2 + 1 
4K + 2 

„(4K+2)T 

The proof is complete. 

2 5 3 

(4.9) 

Lemma 4.4 Under conditions (3.3) and (4.1)-(4.3), there exists a constant 
C7 > 0 such that 

E\xn+k{t) - xn{t)f < Cr{T - t) 

for all 0<t<T andn, k> 1. 

Proof. Applying Ito's formula to |i„_^jt(i) - Xn{t)f we have that 

- E\Xn+k{t) - Xn{t)f 

= 2 £ ; ^ (Xn+fe(s) - Xn (s ) , 

/(i„+fc_i(s),y„+fc(s),s) - / (x„_i(s) ,y„(s) ,s))ds 

+ Ε y |5(x„+fc_i(s), s) + i/„+fe(s) - 5(x„_i(s) , s) - j /„(s) |2ds. 

In the same way as in the proof of Lemma 4.2 we can then show that 

E\xn+k{t) - x„(i)|2 + \E\yn+k{s) - yn{s)fds 

rT 

< (4Κ + 2) I E\xn+kis) - x„(s)|^ds 
fT 

J K{E\xn+k~iis) - x„- i (s ) |2 )ds . 
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i;|x„+fc(<) - a;„(i)|2 < Ce K(4C,)ds = €^κ{ΑΟ{Τ - t) 

and the assertion follows by letting C7 = C6«;(4Ci). The proof is complete. 

We now begin to present a key lemma. Set K{U) = C%K{U). Choose Ti G 

[Ο,Γ) for 
R{C7{T -t))<Ct for all Tj < ί < T. (4.10) 

Fix k > I arbitrarily and define two sequences of functions {ψη{ί) •' 0 < < < 
Γ}„>ι and {(^„,fc(i) : 0 < ί < T}„>i as follows: 

^l( t) = C 7 ( T - i ) , 

φ„+ι(ί) = ^ >i((^„(s))ds, η = 1 , 2 , · · · , 

<p„,fc(i) = i;|x„+fc(i) - x„( ί ) |^ η = 1,2, · · ·. 

Lemma 4.5 Assume that conditions (3.3) and (4.1)-(4-3) are satisfied. Then 
for each k>l and all η > I, we have that 

0 < <fin,k{t) < Ψη{ί) < Ψη-Xit) < · · ' < φΐ[ί) (4.11) 

whenever te [Ti,T]. 

Proof. Let ί G [Ti,T]. First of all, by Lemma 4.4, 

<pi,fc(i) = E\xi+k{t) - x i ( i ) |2 < C^{T ~t) = φι{t), 

that is, (4.11) holds for η = 1. Next, by Lemma 4.3, 

<^2,fc(i) = E\x2+k{t) - X2{t)? ^CeJ^ K{E\xi+k{s) - xiis)\'^)ds 

= ai'fhkis))ds < κ{φι{s))ds = φ2{ί). 

But by (4.10), we also have 

Ψ2{ί) = K ( C 7 ( T - s))ds < Crds = Cr{T -t) = ψι{t). 

In other words, we have already shown that 

<^2,fc(i)<¥'2(i)<<^i(<) i f i e [ T i , T ] , 

Proof. By Lemmas 4.2 and 4.3, we have that 

�� �� �� �� ��



Sec.7.4] E}quations wi th Non-Lipschitz Coefficients 255 

where 
G{r) = / on r > 0 

and G ^{•) is the inverse function of G. By condition (4.3) and the definition of 
κ(·), we have 

du ί 

i.e. (4.11) holds also for η = 2. We now assume that (4.11) holds for some 
η > 2. Then by Lemma 4.3 again, 

<Pn+l,fc(i) < ^ «(<Pn,fc(s))ds < ^ K(¥J„(s))ds = (p„+i(i) 

that is, (4.11) holds for η + 1 as well. By induction, (4.11) must therefore hold 
for all η > 1. The proof is complete. 

At last we can begin to prove the main result Theorem 4.1 

Proof of Theorem 4.1. Existence: We first prove the existence of a solution. 
This will be done by four steps. In the following proof please bear in mind that 
the constants C1-C7 as well as Ti have already been defined above. 

Step 1. We claim that 

sup E | x „ ( i ) - X i ( t ) | 2 0 a s n , i - > o o . (4.12) 
Ti<t<T 

In fact, note that for each η > 1, yj„(i) is continuous and decreasing on [Ti,T] 
and, by Lemma 4.5, for each i , v'n(i) is non-increasing monotonically as η —> 00 . 
Therefore we can define function φ{ί) on [Ti,T] by ¥?n(i) I <p(0- I* is easy to 
verify that φ{ί) is continuous and non-increasing on [Ti,T]. By the definition of 
ψη{ή and i/>(i), we see that 

φ{ί) = Mm ψη+iit) = Mm ί κ{φ„{8))ά8 = f κ{φ{8))ά8, ί 6 [Τι,Τ]. 

Hence for any ε > 0, 

ψ{ί)<ε + Ι^ κ(φ{8))ά8, i e [ T i , T ] . 

Applying the Bihari inequality (i.e. Theorem 1.8.2), we obtain that 

φ{ί)<0-'{0{ε) + Τ-ί)<0-'{0{ε)+Τ-η), ί € [Τ,,Τ], (4.13) 

�� �� �� �� ��



256 Backward Stochast ic Differential Equat ions [Cli.7 

rl2+t> 
E\xAt) - X i ( i ) | ' <Ce K ( i ; | x „ - i ( s ) - Xi-iis)\^)ds 

JTi 

+ Ce / K ( £ ; | X „ _ , ( S ) - Xi_i(s) |2)ds < CeK(4Ci)<5 + TCeK(0) < ε. 

which implies 

limG(e) = -C !0 and then lim G'^ {G(e) + Τ ~ ΤΛ = 0. 

Therefore, by letting ε ^ 0 in (4.13), we obtain that 

φ{1)=-0 for all ί € [Τι,Τ]. 

In particular, we see that (pn(Tj) [ φ{Τι) = 0 as u —> oc. So for any ε > 0, we 
can find an integer ΛΓ > 1 such that i^n(Ti) < ε whenever n> N. Now for any 
fc > 1 and n> N, by Lemma 4.5, we have that 

sup E\xn+k{t) - x„it)f = sup φ„,k{t) 
Tt<t<T Ti<t<T 

< sup φ^ί) = ψ„(Τι) < ε, 
Ti<t<T 

and (4.12) must therefore hold. 
Step 2. Define 

T2 = infis € [Ο,Τ] : sup E\xn{t) - Xi{t)Y 0 as n,i ^ 00} . 
s<t<T 

We see immediately from Step 1 that 0 < T2 < Ti < T. In this step we shall 
show that 

sup £ ; | x „ ( i ) - X i ( i ) | 2 - » 0 a s n , i - > o o . (4.14) 
T2<t<T 

Let ε > 0 be arbitrary. Choose 5 e (Ο,Γ - Tz) for 

C6K(4CI)<5 < | . (4.15) 

Since κ(0) = 0, we can find a constant θ £ (0, ε) such that 

TCeK{9) < (4.16) 

By the definition of T2 we observe that for a sufficiently large N, 

E\xn{t) - Xi{t)f < θ ioTt£[T2 + S,T]iin,i>N. (4.17) 

Nowletn, ί > N+1. By Lemmas 4.3 and 4.2 as well as inequalities (4.15)"(4.17), 
we can derive that if T2 < t < T2 + 
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Tills, togetiier witii (4.17) and θ < ε, yields 

sup E\xn{t) - Xiit)f < ε whenever n,i > Ν + I. 
T2<t<T 

That is, (4.14) holds. 
Step 3. In this step, we shall show that T2 = 0. Assume otherwise that 

T2 > 0. By step 2, we can choose a sequence of numbers {ai}j>i such that Oi | 0 
as i —> oo and 

sup E\xn{t) -Xi{t)Y < tti whenever η > i > 1. (4.18) 
T2<t<T 

If 0 < ί < T2 and η > i > 2, by Lemmas 4.3 and 4.2 together with (4.18), we 
derive that 

E\Xn{t) - Xi{t)f < Ce y K{E\Xn-l{s) - Xi^i{s)f)ds 

< rC6«(ai_i) + < ^ 6 ^ ' K{E\xn-iis) - Xi_i(s)|2)ds 

< TC6K(ai_i) + C6K (4C I ) (T2 - t). (4.19) 

We shall now show an assertion which is similar to Lemma 4.5. In order to state 
the assertion, we need introduce some new notations. Choose a positive number 
δ e (0,T2) and a positive integer j > 1 for 

TCeiiiaj) + C6K(4C7i)i < 4Ci. (4.20) 

Define a sequence of functions {φk{t)}k>l on T2 — ί < ί < T2 by: 

φι{ί) = TC6K{aj) + C6K (4C I ) (T2 - i), 

Φk+lit) = TC6K{aj+k) + Ce y κiφk{s))ds, k>l. 

Fix I > 1 arbitrarily and define a sequence of functions {4>k,iit)}k>i by 

4>kAt) = E\xi+j+kit) - Xj+kWf, Γ2 - ί < ί < Γ2. 

We claim that 

ΦkΛt)<Φkit)<Φk-Λt)<•••<Φιit), Τ2-δ<ί<Τ2. (4.21) 

In fact, it follows from (4.19) that 

ΦΜ = E\xi+j+i{t) - Xj+i{t)\'' 
< TCeKiuj) + C6/i(4Ci)(T2 - t) = φι{ί). 
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φ{1) = lim φk+ι{t) = lim 
fc—>oo fc—>oo 

rT2 

TCeK{aj+k) + Ce J κ{φk{s))ds 
rT2 

= Ce y κ{φ{8))ά3 onT2-S<t<T2. 

this is (4.21) holds for A; = 1. Then, by (4.19) and (4.20), we derive that 

< TCeKiaj+i) + CeJ^' K{E\xi+^+i{s) - Xj+iis)f)ds 

= TC6K{aj+i) + < ^ 6 ^ ' K(0i,/(s))ds 

< TCeK(aj+i) + ^ ' K(0i(s))ds = φ2(ή 

< TCeKiuj) + Ce / /i[C6«;(aj) + CeK(4Ci)(T2 - t)]ds 

< TCeK(aj) + C6/i(4Ci)(T2 ~ t) = <Ai(i), 

In other words, we have already shown that 

<A2,i(i) < Φ2{ί) <Φι{ί) on Τ2 - (5 < ί < Ta, 

this is (4.21) holds for k = 2. Now assume that (4.21) holds for some A; > 2. 
Then, by (4.19), 

Φk+ι,ι{^) = E\xi+j+k+i{t) - Xj+k+i{t)f 

< TCeK{aj+k) + Ce / KiE\xi+j+kis) - Xj+k{s)\'^)ds 

= TC6«(aj+fe) + Ce / κ{φk,ι{s))ds 

< TCeiiiaj+k) + Ce j n{φk{s))ds = φk+^{t) 

< TCeKioj+k-i) + CeJ ι^{φk-ι{s))ds = φk{t), 

that is, (4.21) holds for A;+ 1 as well. So, by induction, (4.21) holds for all A; > 1. 
Note that for each A; > 1, φk{t) is continuous and decreasing on [Γ2 - δ, T2] and, 
moreover, for each t, φk(t) is non-increasing monotonically as A; ^ 00. Therefore 
we can define function φ{1) on [T2 - i, Tz] by φk{t) I φ{ί). It is easy to verify 
that φ{ί) is continuous and non-increasing on [T2 — <5, T2]. By the definition of 
0„(i) £md φ{{) we also have that 
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E\x{t)-xit)f + \El^\y{s)-yis)fds 

< 2 4K + 2+ ^ 
4K + 2 

I-T 
X J\E\X{S) - x(s)|2 + K{E\X{S) - x{s)f)]ds (4.24) 

In tiie same way as in Step 1, we can tlien apply the Bihari inequdity to show 
that 

φ{ί) = 0 on T2 - «5 < ί < Ta. 

In particular, we see that φkiT2 - δ) 1= φ{Τ2 - 5)0 as A; —> oo. Hence, for any 
e > 0, we can find an integer ko>\ such that φk{T2 - δ) <ε whenever fc > /CQ. 
It then follows from (4.21) that 

sup E|xi+j+fe(t) - Xj+k{t)Y < ΦΗ{Τ2 -δ)<ε (4.22) 
Γ 2 - ί < ί < Τ 2 

whenever fc > feo. Since ί > 1 is arbitrary and fco is independent of I, (4.22) 
means that 

sup E\x„{t) - Xi{t)f0 a s n , i - » o o . 
T2-S<t<T2 

This, together with (4.14), yields 

sup E\xn{t) - Xi{t)f-* 0 asn,i-*oo. 
T2-S<t<T 

But this is in contradiction with the definition of T2. So we must have T2 = 0. 
In other words, we have already shown that 

sup E\xn{t) -Xi{t)f -^0 as n, ζ — oo. (4.23) 
0 < f < T 

Step 4- Applying (4.23) to (4.9) we see that {xn(-)} is a Cauchy sequence 
in M^([0, T]; R'') and {!/„(·)} is a Cauchy sequence in M'^{[0, T]; β'^'""). Define 
their limits by x ( ) and j/(-), respectively. Letting η —» oo in (4.5) we finally 
obtain 

x(i) + /(x(s),y(s),s)ds + J\gixis),x) + y{s)]dB{s) = X 

on 0 < ί < T. The existence of the solution has been proved. 
Uniqueness: To show the uniqueness, let {x() , i / ( )} and {x ( ) , y ( )} be two 

solutions of equation (3.1). Then, in the same way as in the proof of Lemma 
4.2, we can show that 
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Ε Γ \y{s) - y(s) |2ds = 0. 
Jo 

The uniqueness has also been proved and the proof of the theorem is therefore 
complete. 

7.5 R E G U L A R I T I E S 

In the previous sections, we observed clearly that the second moment of of 
the solution to the backward stochastic differential equation (3.1) is finite. In 
this section, we shall discuss the higher order moments of the solution. For this 
purpose, we impose the following hypotheses: Let ρ > 2. Assume that 

/(0,0,-)eA1''([0,T];ir') and g(0, ·) 6 ^^"([Ο,Τ]·,/?''><'"). (5.1) 

Assume also that there exists a positive constant A" > 0 such that 

| / ( x , y , i ) - / ( 0 , 0 , i ) | 2 < Ar(l + |x|2 + |y|2) a.s. (5.2) 

and 
\g{x,t)-g{0,t)f<K{l + \x\^) a.s (5.3) 

for all xeR^,ye β'^^'" and t e [Ο,Τ]. Obviously, (3.4) and (3.5) imply (5.2) 
and (5.3), respectively. It is also not difficult to see that (4.1) and (4.2) imply 
(5.2) and (5.3), respectively. For example, making use of (4.4), we derive from 
(4.1) that 

| / (x,y, t) - / (0,0, i)|2 < α + 6|x|2 + K\y\^ < (a V 6 V Κ){1 + [xl̂  + |y |2). 

In other words, hypotheses (5.2) and (5.3) follow usually from the conditions 
imposed for the existence and uniqueness of the solution. Moreover, (5,1) reduces 
to (3.3) if ρ = 2 but we naturally require (5.1) when discuss the pth moment. 

for 0 < ί < T. Since κ(·) is a concave function with K(0) = 0, we have 

K{U) > K(1)U for 0 < U < 1. 

So 
f du ^ KJl) r du_ _ 

7ο+ w + ~ «(1) + 1 Λ + «(") " °° ' 
Therefore we can apply the Bihari inequality to (4.24) to obtain that 

E\x{t) - x{t)Y = 0 for all 0 < ί < Τ. 

This implies immediately that x(<) = x(i) for all 0 < ί < Γ almost surely. It 
then follows from (4.23) that 
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Tiieorem 5.1 Letp>2 andXe L^jr^{Q;R'). Let (5.1)-(5.3) hold. Then the 
solution of equation (3.1) has tiie properties that 

E\x{t)\P < {Ε\Χψ + COe^P^i^^+i) for allO<t<T 

and 

where 

Ε ί \x{t)f-^\yit)fdt < -{ElXf + Cl) [l + e 
Jo Ρ L 

,2ρΓ(4Λ·+1) 

(5.4) 

(5.5) 

Cl = ^E£ ^ ( 1 / ( 0 , 0 , 5 ) Γ + K) + 4p(|g(0,s)f + K) 
f 

ds < oo. 

Proof By Ito's formula, we have that 

\X\f> - 1x^)1" ^pj'^ | x ( s ) r 2 ^ ^ ( s ) / ( x ( s ) , y ( s ) , s ) d 5 

Τ 
+ | x ( s ) r 2 | g ( x ( s ) , s ) + y (s ) | 2 d s 

+ [ |x (s) | ' ' -^ |x^(s ) (5 (x (s) , s) + y{sWds 

+ pj^ \x{s)r^x''{s)[g{x{s),s) + y{s)]dB{s). 

This implies that 

m y + \ £ \x{s)rMs)Us 

<\X\P-p£ \x{s)\P-^x'^{s)f{x{s),y{s),s)ds 

rT 

-pj^ \xis)\''-Hrace[g'^ix{s),s)yis)]ds 

- p £ \x{s)r^x'^{sMx{s), s) + y{s)]dB{s). 
Taking expectation on both sides we obtain that 

rT 
E\xit)\P + ^EJ^' \x{s)r'\y{s)fds 

< E\X\P - p E £ \x{s)r^x'^{s)f(x{s),y{s),s)ds 

- pE £ | x ( s ) | ' ' - 2 t r a c e [ / ( x ( s ) , s)y{s)]ds. 

(5.6) 

(5.7) 

�� �� �� �� ��



262 Backward Stochastic DifFerentiai Equat ions [Ch.7 

By condition (5.2), we have that 

| / (x(s),j ,(s),s) |2 < 2 | / (0 ,0 , s ) |2 + 2 | /(x(s),y(s),s) - f{0,0,s)f 
< 2 | / ( 0 , 0 , s ) | 2 + 2K(l + |x(s)|2 + |y(s) |2) . 

We then estimate that 

-px'^{s)f{xis),y{s),s) 

<4pK\xis)f + ^\f(x{s),y(s),s)f 

< ^ ( l / ( 0 , 0 , s ) | 2 + Κ)+ρ{ΑΚ + l)\xis)\' + | | y ( s ) | 2 . 

Similarly, we can use condition (5.3) to show that 

- ρ trace[g'^{x{s), s)y{s)] 

< 4p(|ff(0,s)|2 + K) + 4ρΑΓ|χ(«)|2 + ^\y{s)\\ 

Substituting (5.8) and (5.9) into (5.7) yields that 

E\xitW + lEl^''\x{s)r'\yistds 

< ElXlP + piSK + \)E \x{s)\fds + ^E \x{s)\"-'^\y{s)Yds 

(5.8) 

(5.9) 

+ E 
8K 

( | / (0 ,0 , s ) |2 + iv:) + 4p(|g(0,s)|2 + /<:) ds. (5.10) 

On the other hand, using the elementary inequality u^v^ " < Q U + (1 - a)v for 
a e [0,1] and u, i ; > 0, we derive that 

EJ^ \x{s)r^ ^{\f{0,0,s)\^ + K)+4p{\giO,s)\'' + K) ds 

^'"^-E \x{s)\Pds 

Ρ Jt 

<Ej^ \x{ 

{\f{0,0,s)f + K) + 4p{\g{0,s)\' + K) 
l 5 

ds 

s)\''ds + Cu (5.11) 

where Ci has been defined in the statement of the theorem and, by condition 
(5.1), Cl < oo. Substituting (5.11) into (5.10) we get that 

E\xitW + p \xis)r^\yis)fds 

< E\X\"+ Οι+2ρ{4Κ+ 1) Elxis^ds 

P^E \x(s)r'\y{s)\^ds. + (5.12) 
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Elxit)]" < EIX]" + ύι+2ρ{4Κ + 1) £ E\x{s)\Pds. 

The Gronwall inequality now implies that 

£;|x(i)| ' '<(£;|A:|P + Gi)e2p('"^+>»^-'i f o r a l l O < i < T , (5.13) 

£md the required assertion (5.4) follows. Finally, we derive from (5.12) and (5.13) 
that 

Ε Γ \x{s)rMs)\Hs 
Jo 

< -{ElXl" + Ci) + 8{4K + 1) ί E\x{s)\Pds 
Ρ Jo 

< ( F | X | ' ' + G,) 
Ρ Jo 

1 + g 2 p T ( 4 K + l ) < -(ElXf + Cx) 
ρ 

which is the required assertion (5.5). The proof is complete. 

Theo rem 5.2 Letp>2 andX ζ Ζ,^.,.(Ω;Λ"*). Let (5.1)-(5.3) hold. Then the 
solution of equation (3.1) has the properties that 

l( sup | χ ( ί ) ΐ Λ 
Vo<t<T / 

< 00 

and 

E(^£ \y{t)fdty \y{t)fdt) <oo . 

(5.14) 

(5.15) 

Proof Substituting (5.8) and (5.9) into (5.6) yields that 

MF + LL \xis)R'\yis)fds 

< \X\P + p{8K + 1) £ \x{s)\Pds + \x{s)R^\y{s)fds 

{\fiO,0,s)f + K)+4p{\9{0,s)f + K) + 1 | x ( s ) r 

- p £ IxisW^x-^isMxis), s) + y(s)]dBis). 

ds 

In particular, this gives that 
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< E\X\" + p{8K + 1) f E\x{s)\'>ds 
Jo 

+ E Γ\χ{3)\^ 
Jo 8K 

•T 

( | / (0 ,0 , s ) |2 + K) + 4p(|ff(0,s)|2 + A:) ds 

+ £ ; ( s u p [ - p / \x{s)r-'x'^{s)[g{x{s),s) + y{s)\dB{s)\]. (5.16) 
\o<f<rL Jt 1 / 

But, letting < = 0 in (5.11), we see that 

ΕI \x{s)r^ 
Jo 8K 

{\mO,s)\' + K) + Ap{\g{Q,s)Y + K) ds 

< f E\x{s)\''ds + Ci. 
Jo 

Substituting this into (5.16) we obtain that 

E( sup \xit)A 
\0<t<T / 

< C, + E\X\" + \p{8K + 1) + 1] Γ E\x{s)\"ds 

Jo 
+ E( sup \-pf \x{s)r^x'^{s)lg{x{s),s)+y{s)]dBis)\). (5.17) 

\o<f<TL Jt ] / 
On the other hsuid, by the Burkholder-Davis-Gundy inequality etc., we can 
derive that 

E( sup \-p r\xi3)r''x'^{s){g{x{s),s)+y{s)]dB{s)\) 
\o<t<Ti Jt 1/ 

= E( sup [-P Γ \xis)r^x'^{sMx{s),s)+yis)]dBis) 
\o<f<TL Jo 

+ pj^ \x{s)r^x'^{s)[g{x{s),s) + y{s)]dB{s) ) 

= PE( sup f\x{s)\'>-^x'^{s)[g{x{s),s) + y{s)]dB{s)] 
\0<t<TJo / 

< ^^PE(^[ \χ{3ψ"-ΜΦ\ s) + y{s)Yds^ ^ 

< 4 y 2 p j & f [ s u p \x{s)A Γ \x{s)r-'\g{x{s),s) + y{s)YdsY 
\ Lo<s<T J JO / 
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<IE( sup \x{s)\A+16p^E f \x{s)r''\gixis),s) + yis)fds 
I \ 0 < s < T / Jo 

< \E( sup \χ(3)\Λ +32p2£ Γ \x{s)\'>-^\y{s)fds 
I \ 0 < s < T / JO 

+ 32p2£; C \x{s)\P-''\g{x{s),s)Yds. (5.18) 
JO 

However, in the same way as in the proof of Theorem 5.1, we can estimate that 

Ε C \x{s)r''\g(x{s\s)Yds 
Jo 

<E f \x{s)r^\2\g{0,s)f + 2K{l + \x{s)f)]ds 
Jo I- •· 

< (2K + ? ^ ) E f \xis)\Pds+-E f [2\giO,s)f+2K]^ds 
^ Ρ ' Jo Ρ Jo 

< {2K + 1) f E\x{s)\Pds + Cl. 
Jo 

Substituting tliis into (5.18) gives that 

E( sup f - p Γ \xisW-^x'^{s)[g{x{s),s)+yis)]dB{s)\) 
\0<t<T\. Jt J / 

< \E( sup | χ ( 5 ) | Λ +32p2£ Γ \xis)r^\yis)fds 

2 \0<a<T J Jo 
rT 

+ 32p2(2/s: + 1) / E\x{s)\Pds + 22p'^Ci. (5.19) 

Substituting (5.19) into (5.17) we obtain that 

E( sup | χ ( ί ) | Λ 
\ 0 < f < T / 

< 2C'i(l + 32p2) + 2f;|A'|'' 
rT 

+ 2[32p2(2/£:+l)+p(8/£ '+l ) + l] / E\x{s)Y'ds 
Jo 

rT 
+ 64p'^E \x{s)\P-^\yis)fds 

Jo 
:= Ca. (5.20) 

But by Theorem 5.1, Ca < oo and hence the required assertion (5.14) follows. 
We now begin to show (5.15). Clearly, (5.15) holds if we can show that 

\ 5 
Ε (^£\y{s)fds^ < o o (5.21) 

rT 
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Hence 

for any 0 < u < i; < Τ satisfying 

Cp>3P-^[AK{v-up, (5.22) 

where Cp = 1 or (2p)~P/2 according to ρ = 2 or ρ > 2, respectively. Fix such u 
and υ arbitrarily. For u < t < v, we have 

/ y{s)dB{s) = x{t) - x{u) - ί f{x{s),y{s),s)ds~ ί g{x{s),s)dB{s). 

Ju Ju Ju 

sup f y{s)dB{s) Λ < 3"-^E( sup |a;(i) - x{u)\A 
.<t<v Ju ) \u<t<v J 

+ 3''-'E(^£\f{xis),y{s),s)\dsJ 

+ 3^-'E( sup / g{xis),s)dBis) 
\U<t<V Ju 

Note from (5.20) that 
E( sup \χ{ί)-χ{η)\Λ <2PE 

\u<t<v ) 
Also, by the Burkholder-Davis-Gundy inequality etc., we derive that 

(5.23) 

/ \ _ 

sup |χ(ί)|' ' < 2PC2 < 00. (5.24) 
\ u < t < v / 

i ^ f sup / g{x{s),s)dB{s) 
\\i<i<v Ju 

<CpE(^J^\g{x{s),s)\''dsy 

<Cp(v-u)^E Γ [ 2 | g ( 0 , s ) ( 2 + 2K{1 + | x ( s ) | 2 ) 
Ju '• 

<Cp6i{v~u)^E j [\giO,s)\" + K^ +Ki\x{s)\ 

ds 

ds 

< oo , (5.25) 

where Cp is the constant given by the Burkholder-Davis-Gundy inequality, that 
is Cp = 4 or [p''+^/2(p - ΐγ~^Υ^^ according to ρ = 2 or ρ > 2, respectively. 
Moreover, we have that 

E(^£\fix(s),y{s),s)\dsj 

<E(^{v-u)£\f{xis),y{s),s)fdsy 

<{v- u)iE(^£[2\f{0,0,s)f + 2K{1 + | x ( 5 ) | 2 + | j / ( s ) | 2 ) ] d s ^ ̂  
< C3 + μΚ{ν - \y{s)\^dsy, (5.26) 
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Ca = (2(1/ - U)]^E( Γ [2 | / (0 ,0 , s )p + 2K{1 + \x{s)f) 

< 2Ρ{ν - uy-'E Γ [|/(0,0, s )p + K + K\x{s)f)\^ 

ds 

ds 

ds 

< 00. 

On the other hand, by the Burkholder-Davis-Gundy inequality, we have that 

C p E f Γ \y{s)fds) % Εf sup Γ yis)dB{s) , (5.27) 
\Ju / \u<t<v Ju / 

where Cp has been defined above. Combining (5.23)-(5.27) yields that 

< oo. 

Finally, making use of (5.22), we obtain (5.21) and therefore the proof is com­
plete. 

7.6 B S D E A N D Q U A S I L I N E A R P D E 

In Section 2.8, we estabhshed the Feynman-Kac formula which gives the 
explicit representation for the solution to a linear partial differenti£il equation 
in terms of the solutions of the corresponding stochastic differential equations. 
However, we also pointed out there that for a solution of a quasilinear partial 
differential equation, the stochastic representation is not explicit. For exam­
ple, let us recall the quasilinear parabolic partial differential equation (2.8.27), 
namely 

Here 

• ̂ u{x, t) + Cu{x, t) -f- c ( x , u)u{x, t)=0 in X [0, Γ) , 
η{χ,Τ) = φ{χ) ιηΠ"^. 

(6.1) 

2 'dxidxj ^ 

aij{x, t), fi{x, t) and c( i , u) are all the same as defined in Section 2.8. Moreover, 
set 

f{x,t) = {fu---,fdf and a{x,t) = {aij{x,t))dxd. 

Let g{x,t) = (gij{x,t))dxd be the square root of o (x , i ) , i.e. 

g (x , f )g^(x , i ) = α ( χ , ί ) . 
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u{x,t) = Ε φ{ξ,ΑΤ)) exp[J^ ciξ,Λs)MUt{s), s))ds) (6.3) 

Of course, this is no longer an explicit representation. However, in this section, 
we shall establish an explicit representation in terms of the solutions of the 
corresponding backward stochastic differetial equations. 

In general, let us consider the quasilinear parabolic partial differential equa­
tion 

r ^ u ( i , t ) + £u(a:,i) + F ( i , u , V u g , i ) = 0 in β-* χ [Ο,Τ), , . 
\η{χ,Τ)=φ{χ) inR'^. ^ ' 

Here F is a real-valued function defined on fi** χ Λ χ β·* χ [Ο, Τ] and V M is the 
gradient of u, i.e. 

/ du du \ 

For every {x,t) e R^ χ [Ο,Τ), let i i , t(s), ί < s < Γ be the solution of stochas­
tic differential equation (6.2). Consider the corresponding backward stochastic 
differential equation 

XTAS) = ΦίξχΑΤ)) + £ F{ξ,Ar), X.Ar), YxAr), r)dr 

- ΥχΑτ)άΒ{τ) ont<s<T, (6.5) 

where ΧχΑ') takes values in β but ΥχΑ') β '̂** .̂ The following theorem is 
called the generalized Feynman-Kac formula and is due to Pardoux & Peng 
(1992). 

Theorem 6.1 Assume that all the functions a, f,g, F, φ are sufficiently smooth 
so that equation (6.4) has a unique C'^'^ -solution and equations (6.2) and (6.5) 
have their otvn unique solutions as well. Then the unique solution of equation 
(6.4) can be represented as 

u{x,t) = EXxAt)- (6-6) 

Let B{t) be a d-diriieiisional Brownian motion. For every (χ,ί) e Λ** χ [Ο,Τ), 
solve the stochastic differential equation 

ί i^x , i(s) = / ( i x , t ( 5 ) , s)ds + g(ix,t(s), s)dBis), t<s<T, 

\ G ,i(i) = x-

The Feynman-Kac formula tells us that the solution of equation (6.1) can be 
expressed as 
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^w(ex,t(r) ,r) + £u(i^,t(r) ,r) du{ixArlr) = 

+ Vn(4. , t (r) , r)g(i , , t (r) , r)dS(r) . 

Since u(x, i) is the solution of equation (6.4), we see that 

dn{ixAr\r) = - Ρ ( ξ χ , ί (r), «(^. .«(Γ), r),Vu{ξχ,t{r),r)g(ξχ,t{rlr), r)dr 
+ '^u{ξχAr),r)giξχAr),r)dBir). 

Integrating both sides from r = s to r = T implies that 

= - Ρ{ξχΑτ), u{ξχ,t{r),r), Vu(ix,t(r), r)5(ix,t(r), r) , r)dr 

+ Γ Vu(^.,e(r), r)giξχAr), r)dB{r). 
J s 

Noting that u(x,T) = φ{χ), we obtain that 

η{ξχΑ^ΐ8) = φ{ξχΛΤ)) 
rT 

= ^ F(Cx,f(r),«(^x,f(r),r), Vu(i . , t (r) , r)5(ix, t(r) , r) , r)dr 

- £Vu{ixArlr)g{ixAr),r)dB{r). (6.7) 

Comparing equation (6.7) with equation (6.5), we see, by the uniqueness, that 
{w(ii,i(s),s), Vi i (^ i , t ( s ) , s )5(^ i , t ( s ) , s )} t<,<T must coincide with the unique so­
lution {Xi , t ( s ) , Kc_i (s )} i<g<T of equation (6.5). In particular, we have that 

w(x,i) = « ( ξ χ . ί ( ί ) , ί ) = Xx.t(i) a.s. 

Taking expectation on both sides and beeu-ing in mind that u(x, t) is determin­
istic, we obtain the required assertion (6.6). The proof is complete. 

To show that Theorem 6.1 is a generalization of the Feynman-Kac formula, 
let F{x,u,y,t) = c{x,t)u. In this case, equation (6.4) reduces to the linear 
equation 

ί §^u{x,t) + Cuix,t) + cix,t)u{x,t) = 0 i n « < ' x [ 0 , T ) , 
\η{χ,Τ) = φ{χ) inR'^. ^ ' 

Moreover, the backward stochastic differential equation (6.5) becomes 

XxAs) = Φ{ξχΑΤ)) + £ c(i, ,t(r), r )Xx, t ( r )dr - £ YxAr)dB{r). (6.9) 

Proof. Applying the Ito formula to Μ ( ξ ι _ ( ( Γ ) , Γ ) we have that 

dr 
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but this is the same as the classical Feynman-Kac formula obtained in Section 
2.8. 

Note that equation (6.9) has the explicit solution 

- exp ο{ξΜ,ν)άν YxAr)dB{r) 

Substituting this into (6.6) gives 

u{x,t) = EX^At) = Ε(φ{ξ,ΑΤ))€χρ j\{Ut{r).r)d7 
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8 
Stochastic Oscillators 

8.1 INTRODUCTION 

A stochastic oscillator is described mathematically as the solution of an appro­
priate ordinary differential equation, which is driven by ΆΠ external disturbance 
of white noise. Accordingly, such solutions are stochastic processes. 

In this chapter, we shall mainly discuss the stochastic oscillators described 
by the d-dimensional second order stochastic differential equations of the form 

x{t) +f{x{t),xit),t)=gix{t),x{t),t)B{t) o n t > 0 , (1.1) 

where B{t) is an m-dimensional white noise, x{t) takes values in R'^, f : R'^ χ 
Η·* X -» i?'' and ρ : β·* X β·* X β+ — β'^'"". Introducing the new variable 
y{t) = x{t), we can write equation (1.1) as the 2d-dimensional Ito equation 

f dx{t) = y{t)dt, 
\ dy{t) = -f{x{t), y{t), t)dt -h g{x{t), y(t), t)dB{t). ^ ' 

Clearly, this is a special Ito stochastic differential equation in the sense that 
x(i) and y{t) have the simple relation dx(t) = y{t)dt which does not involve 
stochastic differential. It is this special form that makes the equation have a 
number of important properties. In this chapter, we shall discuss some of these 
properties, e.g. the oscillations, the statistical distribution of their zeros and the 
energy bounds. 

The materials in this chapter are mainly based on Markus & Weerasinghe 
(1988) and Mao & Markus (1991), except the Cameron-Martin-Girsanov trans­
formation theorem which is classical. 

271 

�� �� �� �� ��



272 Stochast ic Oscillators [Ch.8 

8.2 T H E C A M E R O N - M A R T I N - G I R S A N O V T H E O R E M 

In this section, we shall present the well-known Cameron-Martin-Girsanov 
transformation theorem of Brownian motions, which will play an important role 
in this chapter. 

As usual, let {Q,^,{J^t}t>o,P) be a complete probability space with a 
filtration {JFJ satisfying the usual conditions. If Ρ is a measure on (Ω,.Γ) given 

- ί 

we then write άΡ{ω) = /{ω)άΡ{ω). 

Theorem 2.1 (The C a m e r o n - M a r t i n - G i r s a n o v Theorem) Assume that 
{B{t)}o<t<T is an m-dimensional Brownian motion defined on the probability 
space (n,r,{^t}t>o,P)- Let φ = {φ^,-• • ,φ^^ £ C'^{[Q,T];R"'). Define 

ζϊ = -\£\φ{u)fdu + £ φ'{u)dB{u), (2.1) 

B(t) = B{t) - / φ{u)du, (2.2) 
JQ 

dP{ω)=exp[(^{φ)\dP{ω). (2.3) 

If 
Ρ(Ω) = 1, (2.4) 

then {P(i)}o<f<T is a new m-dimensional Brownian motion defined on the prob­
ability space (Ω,.Γ, P) tvith respect to the same filtration {Tt}- Moreover, a suf­
ficient condition for (2.4) to hold is that there are two positive constants μ and 
C such that 

Ε e'^l*<"l' <C for alio <t< T. (2.5) 

The proof of the Cameron-Martin-Girsanov theorem is omitted here since 
it can be found in many texts e.g. Friedman (1975). Instead, we shall explain 
how this theorem can be used to transform a complicated Ito equation into a 
relatively easier one without loss of certain properties. 

Let Ρ(Ω) = 1. If 5 e £2([0, Γ]; Ρ**^"·), then, by definition. 

ρί^ω: j\g{t,w)fdt<oo^ = \. 

Since Ρ is absolutely continuous with respect to P , 

' | u ; : j ^ |p ( i ,a ; ) |2<i i<oo | = 1. 
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Then 

/ \gk{s)-g{s)Yds^O P-a.s. 
Jo 

fT 
/ |pfc(s)-5(s) |2ds->0 P-a.s. 

Jo 

and 

Consequently 

/ gk{s)dB{s) -> I g{s)dB{s) in probability P, 
Jo Jo 

I gk{s)dB{s) -> / g{s)dB{s) in probability P . 
Jo Jo 

Therefore, for a subsequence {k'}, 

f gk'{s)dB{s) ^ f g{s)dB{s) P-a.s. (2.6) 
Jo Jo 

and 
ίgk'(s)dBis)fgis)dBis) P-a.s. (2.7) 

Jo Jo 
From (2.2) we easily see that 

/ gk'{s)dB{s)= f gk'{s)dB{s)+ f gk.{s)φ{s)ds. (2.8) 
Jo Jo Jo 

It is also clear that 

/ gk'{s)φ{s)ds -> / g{s)φ{s)ds. 
Jo Jo 

Hence, taking fc' —» oo in (2.8) and using (2.6) and (2.7), we get 

Γ g{s)dB{s) = f g{s)dB{s) + f g{s)φ{s)ds (2.9) 
Jo Jo Jo 

almost surely in Ρ (or in P) . This equality along with Theorem 2.1 yields the 
following result, which is known as the Girsanov theorem. 

Hence the stochastic integral of g with respect to Β 

g{s)dB{s) on 0 < ί < Τ 

is well defined. Let {pfc} be a sequence of simple processes in £^([0, T];/ϊ**^"*) 
such that 
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If x{t) is the solution to the stochastic differential equation 

dx{t) = f{x{t), t)dt + g{x{t), t)dB{t), 0<t<T (2.12) 

on the probability space (Ω, J", P) , then the Girsanov theorem tells us that x(i) 
is the solution to the following new equation 

dx{t) = {f{x{t),t) + g{x{t), t)φ{t)]dt + g(x{t), t)dB{t), 0<t<T (2.13) 

on the probability space (Ω, .F, P ) . In many situations, we can choose 0(i) to 
make the term f{x, t) + g{x, ί)(/>(ί) relatively simpler so that equation (2.13) can 
be dealt with much more easily than the original equation (2.12). For example, 
iid = m and g{x,t) is invertible, and both f{x,t) and g~^{x,t) are bounded, we 
can let 

φ{ί) ^-g-\x{t),t)f{x{t),t). 

In this case, (2.5) is fulfilled due to the boundedness of φ{ί) and so Ρ(Ω) = 1. 
Moreover, equation (2.13) reduces to 

dx{t) = g{x{t), t)dB{t), 0<t<T 

and this is clearly much simpler than equation (2.12). 

8.3 NONLINEAR STOCHASTIC OSCILLATORS 

Let B{t) be a 1-dimensional Brownian motion. Consider the scalar nonlin­
ear oscillator 

Theorem 2.2 (The Girsanov Theorem) Let {B{t)}o<i<r be an m-dimensio­
nal Brownian motion defined on the probability space (0,.F, {J^t}t>o, P)- Let x{t) 
be a d-dimensional Ito process on [Ο,Τ], namely 

x{t) = x{0) + [ f{s)ds + f 9{s)dB{s) (2.10) 
Jo Jo 

with f e £2 ( [ο ,Τ] ;β ' ' ) and g G C'^{\0,T];R'"'"'). Let φ - ((^ι,···,0„Ο G 
£2([ο,Τ];Λ'"). Let B{t) and Ρ be the same as defined in Theorem 2.L If 
Ρ(Ω) = 1, then x{t) is still an Ito process on the probability space (Ω, J^, P) with 
respect to the Brownian motion B{t). More precisely, we have 

x{t) = x(0) + ί [f{s) + g{s)φis)]ds + [ g{s)dB{s). (2.11) 
Jo Jo 

x{t) -f- K ( X ( < ) , x{t), t) = hB{t) on t > 0, (3.1) 
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where /i is a positive constant and κ is a real function on χ . By introducing 
the new variable y(t) = x{t), the corresponding Ito equation is 

xit) y{t) 
-K{xit),y(t),t) dt + dB{t). (3.1)' 

We shall assume that j/,i) is locally Lipschitz continuous in {x,y) and is 
bounded on the whole domain FO- xRj^. By the theory of stochastic differential 
equations, we know that for any given initial value (xo,2/o) € equation 
(3.1)' has a unique solution on f > 0. The boundedness of function K{x,y, t) is 
of course unnecessary, for example, the linear growth condition would do, but 
for simplicity of further treatments we would rather impose this condition of 
boundedness. 

In this section we shall demonstrate that to study certain properties of equa­
tion (3.1)', for example, the property that the solution initiating at (io,yo) Φ 0 
will almost surely miss the origin for all ί > 0, it is enough to study the relatively 
simpler equation 

x(i) 
y{t) 

yit) 
0 

dt + dB{t) (3.2) 

with respect to a new Brownian motion B{t) of course. 

Lemma 3.1 Let Τ > 0 and (x(i),y(i)) be a solution to the equation 

x{ty y{t) 
yii). -K{x{t),yit),t) dt + dB{t) onO<t<T. (3.3) 

Let φ{t) = h-^K{x{t),y{t),t) forO<t<T and set 

= £\Φ{η)\^άη + j%{u)dB{u), 
B{t) = B{t) - f φ{u)du, 

Jo 
άΡ{ω)=βχρ[ζ^{φ)]άΡ{ω). 

Then Ρ(Ω) = 1, {B{t)}o<t<T is a one-dimensional Brownian motion on the 
probability space {Q,f^,{J^i},P), and all P-null sets are aho of Ρ-null. More­
over, (x(i),y(t)) is a solution to the following equation 

d x{t) 
yit) 

y{t) 
0 

dt-\- dB{t) onO<t<T. (3.4) 

Proof. The boundedness of κ { χ , y, t) guarantees that condition (2.5) is fulfilled. 
Hence, by the Cameron-Martin-Girsanov theorem, Ρ(Ω) = 1 and {β(ί)}ο<ί<τ 
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is a one-dimensional Brownian motion on (Ω, P). Since Ρ is absolutely contin­
uous with respect to P , any P-null set is of P-null. Moreover, by the Girsanov 
theorem, (x(<),y(i)) is a solution of equation (3.4) on the probability space 
(Ω,:Γ,Ρ) . 

Lemma 3.2 Let Τ > 0. Let (Ω, {Tt\, P) he a complete probability space and 
{B{t)}o<t<T be a one-dimensional Brownian motion defined on the space. Let 
{x{t),y(t)) be a solution of the equation 

xit) 
y{t) 

y{t) 
0 

di-l- dB{t) onO<t<T. 

Let 0 ( i ) = -h-^K{x{t),y{t),t) forO<t<T and set 

ζ ο = - \ ΐ\φ{η)\Ηη + j\{u)dB{u), 
B{t) = B{t) - f φ{u)du, 

Jo 
dP{ω) = exp[ζξ{φ)]dP(ω). 

Then Ρ (Ω) = 1, {B{t)}o<t<T is a one-dimensional Brownian motion on the 
probability space (Ω,/", {J^t}, P), and all P-null sets are of P-null as well. More­
over, {x{t),y{t)) is a solution to the following equation 

x(t)- y{t) 
-K (x( i ) ,y( i ) , t ) 

dt + dB{t) onO<t<T. (3.5) 

The proof is the same as that of Lemma 3.1. Using these two lemmas, we 
can obtain the following useful results. 

Theorem 3.3 Let {x{t),y{t)),B{t) etc. be the same as defined in Lemmas 3.1 
and 3.2. Let QT be the σ-algebra generated by the solution (x(t),y(t)), that is 
QT = a{{x{t),y{t)) : 0 < ί < Γ } . Then for any set A € GT, Ρ{Α) = 0 if and 
only if P{A) = 0. In consequence. 

if and only if 

P{\x{t)f + \y{t)f = 0 for some 0 < ί < T} = 0 

P{\x{t)f + \y{t)f = 0 for some 0 < ί < T} = 0. 

Proof. Comparing equation (3.3) with (3.5), we see clearly that the probability 
distribution of (i( i) , y(i)) under probability measure Ρ is the same as that under 
probability measure P. In other words. 

P(A) = P{A) iorallAeGT. 

�� �� �� �� ��



Sec.8.3] Nonlinear Stochastic Oscillators 277 

or the ltd equation 

d 

Then 

yit) 
yit). -K ( i ( i ) , y ( i ) , t ) dt-\- dB{t). 

P{|x(i)|2 + |y(f))2 >0 for allO<t <oo} = 1. (3.6) 

Proof. Clearly, (3.6) follows if we can show that for every Τ > 0, 

P{\xit)f + \y{t)f > 0 for all 0 < ί < T} = 1 

or 
P{|x(OÎ  + \yit)\'^ = 0 for some 0 < ί < T} = 0. 

But by Theorem 3.3, this is equivalent to 

P{\x{t)f + \y{t)f = 0 for some 0 < ί < T} = 0, (3.7) 

where Ρ and the following B{t) are the same as defined in Lemma 3.1. Note 
from Lemma 3.1 that (x(t),y(i)) is a solution to the equation 

d ·χ(ί)1 vit)' dt + 0 
.yit)\ 0 

dt + 
h 

dB{t) on 0 < ί < Τ 

on the probability space {n,J^,P). We now define a C°°-function 

V(x ,y )= / Pit,x,y)dt, 
Jo 

on its domain _ ( Q , 0), where 

^ 3 / ~2 [" Pit, X, y) = — exp^ ^ t^y"^ + 3txy + 3χ2 

(3.8) 

(3.9) 

(3.10) 

It is not difficult to verify that V{x, y) has the following three properties: 

On the other hand, by Ivemmas 3.1 and 3.2, 

P{A) = 0 Ρ(Α) = 0 => P{A) = 0. 

Hence, for any set A G GT, P{A) = 0 if and only if P{A) = 0. 

Theorem 3.4 Let {x{t),y{t)) be the unique solution, initiating at (χο,νο) Φ Ο 
in Ρ?, for the nonlinear stochastic oscillator 

x{t) + K{x{t), x{t), t) = hB{t) ont>0 
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'dx 2 ay2' 

The routine calculations verifying these properties are left to the reader as an 
exercise. Define the stopping time 

ρ = inf{i > 0 : \x{t)f + \y{t)f = 0}. 

Also, for each k = 1 , 2 , · · , define 

Pk = M{t > 0 : \x{t)f + \y{t)f < l/k}. 

Obviously, pk ] ρ as k cx) P-a.s. From Ito's formula and property (in) it 
follows directly that 

EVixipk Λ Τ), yipk Λ Τ)) = ν{χο, yo) < oc, 

where Ε denotes the expection with respect to the probabihty measure P. Let­
ting Vk = min{i^(a;,y) : \xf + \yf = l/k}, we then have that 

vkP{Pk<T}<Vixo,yo). 

But, it follows from property (ii) that Ujt —> oo as fc —> oo. We hence let fc ^ oo 
to obtain that 

P{p < Γ} = 0 

which is (3.7). The proof is complete. 
To close this section, let us mention that the motivation for seeking function 

V{x,y) in the form of (3.9) and (3.10) can be found in Markus & Weerasinghe 
(1988). 

8.4 LINEAR STOCHASTIC OSCILLATORS 

Again let B{t) be a 1-dimensional Brownian motion. Consider the scalar 
linear stochastic oscillator 

x(t) + Kx(t) = hB{t) on < > 0, (4.1) 

where κ and h are positive constants. Of course this is a special case of the 
nonlinear stochastic oscillator 

x{t) -f- K{x{t),x{t),t) = hB{t) on ί > 0. 

(i) V{x,y)>0, 
(n) Hm|x|+|y|_.o V(a;,y) = 0, 

(iii) LV{x, y) Ξ 0 on the whole domain i?^ _ ( Q , 0), where L is the diffusion 
operator associated with equation (3.8), namely 

Γ d d 
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However, as discussed in the previous section, it is enough to study the linear 
stochastic oscillator in order to understand many properties of the nonlinear 
stochastic oscillator as long as these properties hold almost surely, for instance, 
the property that the solution ahnost surely misses the origin. On the other 
hand, certain probabilistic results hold only with some positive probabihty de­
pending on the parameters κ and /i, and are particular to the theory of linear 
stochastic oscillators. 

By introducing the new variable y{t) = the corresponding I to equation 
is 

d x{t) 
y{t) 

x{t) 
y{t) 

dt + dB{t), (4.1)' 

where 
A = 0 1 

-K 0 

Given any initial value {x{0),y{0)) = (xo,l/o) 6 R^, by the theory established in 
Chapter 3, we know that equation (4.1)' has the unique solution 

xit) 
vit) = e 

At Xo 
yo + i: oMt-a) dB{s). (4.2) 

Noting that A^ = -κΐ with / the 2 χ 2 identity matrix, we have that 

" έ ί ^ ( 2 ί ) ! + (2Z-H)! ) 
oo , 

= Σ 
i=0 ^ 

{-Κ)Ψ^1 , (-Κ)*ί2<+Μ 

(2ί)! 
-κ)Ψ'^^Α\ 
(2i + l)! ) 

v^(2t+l)! 

»=0 L (2i+l)! 
cos(v^t), ; ^s in (v /Ki ) 

-v /Ksin(v /K<), cos(v/Ki) J 

Substituting this into (4.2) yields 

x ( i ) = Xo cos(v/Ki) + sin(v'Ki) + -7= / 8ΐη(ν/κ(ί - s))dB{s), 
\JK JO 

y{t) = -xo\/fesin(v'«i) -I- j/o cos{-s/Kt) + h C O S ( V K ( < - s))dB{s). 
Κ Jo 

(4.3) 

For simplicity of treatment we shall consider primarily the case κ = 1, XQ = 
1 and yo = 0, that is, the stochastic oscillator 

x{t) + x{t) = hB{t) (4.4) 
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or 

Stochast ic Oscillators 

d 'x{ty y(t) ' dt + 0 
~x{t) 

dt + 
h dD{t) 

[Cii.8 

(4.4)' 

with initial value (1,0). In this case, (4.3) reduces to 

x[t) = cost + h [ sm(t - s)dB{s), 
Jo 

y{t) = - sin ί + Λ / cos(i - s)dB{s). 
Jo 

(4.5) 

Of course, when κ ^ 1, X Q 1 but still yo = 0, we can apply appropriate 
changes of scale to reduce the study of equation (4.1) to the case of equation 
(4.4). 

Theorem 4.1 Consider the scalar stochastic process x{t) satisfying the linear 
stochastic oscillator: 

x(t) + x{t) = hB{t) on ί > 0 

from x(Q) — 1, x(0) = 0, with parameter h > 0. Then, almost surely, x{t) has 
infinitely many zeros, all simple, on each half line [to, oo) for every to > 0. 

Proof. It follows from (4.5) that 

x(i) = cosi - / i c o s i / sin sdB(s) + h sin t I cos sdB{s). 
Jo Jo 

Consider x(t) at the discrete instants t = {2k + ^)π, for k = 1,2,· · · , when 

1 X r(2k+i)^ 
x((2fc + - ) π ] = / l y cos sdB{s). 

Define a sequence of random variables {yfc}jt>i by 

Yk = h 
J{2(.k-1) 

cos sdB{s). 

Obviously 

l{2{k-\)+i)n 

x{{2k + \)n)=f^Y. 
1=1 

Also, {yfe}fc>i is a sequence of independent random variables, because of the 
independence of the increments of the Brownian motion on disjoint intervals. 
Moreover, each Yk is normally distributed with mean zero and variance 

/•(2fc+i)T 
E{Y^) = h^ I cos^sds = ft^TT. 

J{2[k-\) + i)-n 
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Ετί{ζ) = f e - " ' / 2 ^ „ onz>0. 
ν 2 π Jo 

In order to prove the theorem, we need to present a lemma. 

Lemma 4.3 For any 6 > 0 and Τ > 0, 

P{B{t) > -b onO<t<T} = 2 E r f ( ; ^ ) · (4.7) 

Proof The proof uses the well-known reflection principle. Let r be the first 
time of the Brownian motion reaching —b, i.e. 

r = i n f { i > 0 : B ( i ) = - 6 } . 

Obviously 

P{T <T} = P{T < T, B{T) < - 6 } -I- P{T < T, B(T) > ~b}. 

U τ < Τ and Β (Τ) > - 6 , then sometime before time Τ the Brownian path 
reached level - 6 and then in the remaining time it travelled from - 6 to a point 

Now the familiar theorems on the limits of sums of independent random variables 
(e.g. the law of the iterated logarithm) show that, almost surely, the terms of 
the sequence {x((2fc + 5)^)} have infinitely many switches of sign as A; 00 . 
Since almost all sample path of the solution x(t) is continuous on [Ο,οο), x(t) 
must have, almost surely, infinitely many zeros on each half line [ίο, oo) for every 
to > 0. The simplicity of the zeros of x{t) has already been proved in Theorem 
3.4. The proof is complete. 

Let us now turn to discuss the first zero of the oscillation. 

Theorem 4.2 Consider the scalar stochastic process x{t) satisfying the linear 
stochastic oscillator: 

x{t) + x{t) = hB{t) ont>0 

from 1(0) = 1, i(0) — 0, with parameter h > 0. Let τι be the time of the first 
zero of x(t) on [Ο,οο), i.e. 

Tl = inf{i > 0 : x{t) = 0}. 

Then ^ 
ETI > 2 arc cot/i Erf( = ) , (4.6) 

^ va rcco t / i ' 

where Erf(-) is the error function given by 
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-b + c (with c > 0). Because of the symmetry with respect to -b of a Brownian 
motion starting at b, the probability of doing this is the same as the probability 
of travelling from -b to the point - 6 - c (please see Figure 8.4.1 below). 

-b+c 

-b 

-b-c 
Shadow path 

Figure 8.4.1: Reflection principle 

This reflection principle shows that 

P{T < T, B{T) > -b} = P{T < T, B{T) < -b}. 

Hence 

P{T <T} = 2P{T < T, B{T) < -6} 

But, it is quite easy to see that 

P{T < T, B{T) < -b} = P{B{T) < - 6 } . 

We therefore obtain that 

P{T < T } = 2P{B{T) < ~b} = 2P{B{T) > b} 

>/2πΤ Λ ν 2 π Jb/VT 

That is 
p{^lnyBit)<-b} = l-2Erf{^), 

and the required assertion (4.7) follows. 
We can now prove Theorem 4.2. 

Proof of Theorem 4-2. Noting from the integration-by-parts formula that 

/ sin(i - s)dB{s) = / B{s) cos(i - s)ds, 
Jo Jo 
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we obtain from (4.5) that 

x(t) =cost + h / B(s)cos(i - s)ds. 
Jo 

Set 
n = {ω: Bit) > - 1 on 0 < ί < arc cot/i}. 

By Lemma 4.3, 
P (n) = 2Erf( . ^ ) . 

^ Varccot / i ' 
Since cos(i - s ) > O o n O < s < i < π /2 , we find that for all ω € Ω, 

χ(ί) > cost - h i cos(i - s)ds = cosi - /isini > 0 
Jo 

if 0 < < < arc cot h. Hence 

τι{ω) > arc cot h for ω G Cl. 

Finally 

Fr i > E{TII^) > aic cot hP{n) = 2 arc cot fe Erf ( - ^ -=) 
^ varc coth' 

as desired. The proof is complete. 
We now demonstrate that the first zero time τ\ has finite moments, and we 

estimate the first two moments Ετ\ and Ετ^ from above. 

Theorem 4.4 Consider the scalar stochastic process x{t) satisfying the linear 
stochastic oscillator: 

x{t) + x{t) = hB{t) ont>Q 

from x{0) — 1, i:(0) = 0, unth parameter h > 0. Let η be the time of the first 
zero of x{t) on [Ο,οο). Then 

P{ri > T} < for each Τ > π, (4.8) 

where the constant c{h) = | — Erf(/i~' ^/2/π), so Zzm/,_o = 0· consequence, 

Ρ{τι < oo} = 1, 

and every moment of τ\ is finite, with the first two moments having the upper 
bounds: 

Ετι < 7Γ(1 + 2c(/i)) < 2π (4.9) 
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where 

Hence 

if and only if 

Set 

B(kn) = / sin sdB(s). 
Jo 

a;(fcπ) > 0 

B(kn)l>'^/^ forfc = l , 3 , . . - , 
^^"""'{Kl/h forfc = 2,4,-.- . 

rkir 
Yk= sin sdB{s). 

J{k-l)n 

Then V/t's are independent normal random variables with mean zero and variance 

rkn 
Ε{Υξ)= / sin^ sds = -. 

/ ( fc-I)7, 

Moreover 
k 

β(fcπ) = ^ n . 
i = l 

Combining the above arguments, we see that 

{r, > π} = {x{t) > 0 for all 0 < ί < η} 
C {ι(π) > 0} = {β(π) > l/h} = {Fj > l/h}. 

Thus 
P { T I > π} < P{Yi > l/h) = - - Eti(h-^ ^/2/^) = c(h). 

Furthermore, we have that 

{n > 2π} = {χ(ί) > Ο for all Ο < ί < 2π} 
C {χ{π) > Ο, χ(2π) > 0} = {β(π) > l/h, Β{2π) < l/h} 

= {Υι > l/h,Yi +Υ2< l/h) C {y, > l/h,Y2 < 0}. 

Hence 

Ρ{τι > 2π} < Ρ{Κι > l/h,Y2 < 0} = Ρ{Κι > l / / i } P { y 2 < 0} = 

and 
Erf < π2(1 + 22c(/i)) < UTT'^. (4.10) 

Proof. Evaluate x{t) at the discrete instants ί = fcπ for fc = 1,2, · · · to obtain 

x{kTr) = cos(fcπ)[l - Λβ(Λπ)], 
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Continuing this argument, we find that 

P{r , > λ π } < ^ for λ = 1,2,.-.. 

In order to estimate the probabihty that τι exceeds an arbitrary positive number 
Τ > π, we let [Γ/π] be the greatest integer not exceeding Γ /π , so [Γ/π]π < Γ . 
Then 

P[n > T} < P{n > [Τ/π]π} < < | S ^ , 
which is the required assertion (4.8). From this upper estimate on the probability 
distribution for η we easily conclude that 

lim P{TI >T} = 0 or Ρ{τι < oo} = 1. 
T—>CX3 

Now re-write (4.8) as 

two 

P { T I >T}< 4 c ( / i ) e x p ( - ^ T ) , 

we see that Ρ{τι > Τ} satisfies a bound of exponential decay, and we are assured 
that each moment of ri is finite. We now establish the upper bounds for its first 

I moments. Note that for any non-negative random variable ξ, we have 

oo oo k 
Εξ <'^kP{k - 1< ξ < k} = ^Y^P{k - 1< ξ < k} 

k=l k=l t=l 

= Σ,Σ,P{k-l<ξ<k} = ξ,P{i-l<ξ} 

oo 

< 1 + 5 ^ Ρ { ξ > Α } . (4.11) 

Let ξ = τχ/π to obtain that 

oo ° ° 1 

- ^ T i < 1 + y; Ρ { η >kn}<l + c{h) ^ = 1 + 2c(/ i) . 

Thus 
En < π[1 -f- 2c{h)\ < 2π. 

For the second moment we estimate 
oo 

Erf < + 1 )π ]2ρ{^π < η < (fe -t- 1)7Γ} 

< π ^ 

fc=o 
oo . ,x,21 1 . . m V i i + i l 1 -I- c{h) ^ - p r r 

k=l 
= π^ + 4π2ο(/ι) 2L^ Ok+l 

k=0 

1 
2 
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In order to prove this theorem, let us present a lemma. 

Lemma 4.6 Consider the scalar stochastic process ζ{ί) satisfying the linear 
stochastic oscillator: 

zit) + zit) = hBit) ont>0 

from 2(0) = 0, i(0) ^ 0, with parameter h > 0. Let θχ be the time of the first 
zero of zit) ont>0, that is 

θι = ini{t > 0 : 2 ( i ) = 0}. 

Then 
Εθι < 2π. (4.13) 

Tiie sum of the infinite series is easily calculated: 

" (fc + l ) 2 

where 

fc=0 

Thus we have the required estimate 

Erf < π2[1 + 22c{h)] < 12^^. 

The proof is complete. 
Let us now proceed to study the times of subsequent zeros of x(t). For each 

i = 2,3, · •, define by Ti the time of the ith zero of x{t), namely 

Ti = inf{f > T , _ i : x{t) = 0}. 

Since the zeros of x{t) are all simple almost surely, these stopping times are all 
well defined. Clearly, they are increasing, namely τχ < Τ2 < T3 < · · •. 

Theorem 4.5 Consider the scalar stochastic process x{t) satisfying the linear 
stochastic oscillator: 

x{t) + xit) hBit) ont>0 

from x(0) = 1, i;(0) = 0, mth parameter h > 0. Let η be the time of the ith 
zero of xit). Then 

En < 2in for each i = 1,2, · · ·. (4.12) 
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where 

Hence 

if and only if 

B{kTr) = / sin 3dB{s). 
Jo 

z{kn) > 0 

Blkn)l>^ forA: = l , 3 , . . - , 
^ ^ ' " ' ' ' \ < 0 forifc = 2,4, . . - . 

These results do not depend on the value of i(0) ^ 0. From this calculation we 
note that 

2(π) > 0 if and only if Β(π) > 0 

1 

P{z{t) > 0 on 0 < ί < TT} < Ρ{ζ{η) > 0} = Ρ{Β{ττ) > 0} = - . 

We also compute that 

P{z[t) > 0 on 0 < t < 2 7 Γ } 
< P{Z{TT) > 0, Ζ ( 2 7 Γ ) > 0} 
= Ρ{β(π) > Ο, β ( 2 7 Γ ) < 0} 
= Ρ{Β{π) > Ο, Β(π) + \Β{2π) - Β{π)] < 0} 
< Ρ{β(π) > Ο, β(2π) - β(π) < 0} 
= Ρ{Β{π) > 0}Ρ{Ρ(2π) - B(7r) < 0} 

1 
~ 22-

Repeating this argument, we obtain that 

P{z{t) >0 onO <t < kn} < ^. 

Therefore 
Ρ{θι > kn} < 1 . 

Proof. It follows from (4.3) that 

z{t) = i(0) sin ί -f /i ί sin(i - s)dB{s) 
Jo 

= i(0)sini + / i s in i / cosS(/S(s) - / i c o s i / sinsciJ5(s). 
Jo Jo 

Examine z{t) at the discrete times ί = Α;π for A; = 1,2, · · ·, when 
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8.5 E N E R G Y B O U N D S 

In this section we let B{t) be an m-dimensional Brownian motion. Mo­
tivated by the classical theory of nonlinear oscillations, we consider the d-
dimensional second order stochastic differential equation 

χ(ί) + 6(χ(ί),χ(ί)) +VG(x(i)) =σ(χ ( ί ) , χ ( ί ) , ί )β ( ί ) + /ι(ί) (5.1) 

on f > 0, where χ — {xi, - • ·,Xd)^ G R"^, -VG(x) is the restoring force, -b{x,x) 
is a dissipative force, h{t) is an external driving force, and σ{χ, i , t) represents 
the intensity of a stochastic disturbance. In terms of mathematics, we have 
that b : R'^ X R'^ ^ R", G e 0^{Ρ'^;Ρ+) and VG(x) = (Gx,, · • , J ^ , σ : 
R^ X R'' X R+ -> fi'^^'" and Λ : -» R'^. The corresponding 2d-dimensional 
Ito equation is 

r dx{t) = y{t)dt, 
\ dy{t) = [-6(x(i), y{t)) - VG(x(i)) + h{t)]dt + σ(χ(ί), 2/(i), t)dB{t). 

Assume that all the functions 6, G, σ and h are sufficiently smooth so that equa­
tion (5.1)' has a unique global solution {x{t),y{t)) on ί > 0 for any given initial 
value (xo.yo) € R'' x R"^-

We now let ξ = θχ/π in (4.11) to obtain that 

^Εθχ < 1 + f ; Ρ{θι > Λπ} < 1 + f ; ^ = 2. 
fc=l fe=l 

That is Εθι < 2π as desired. 
We can now easily prove Theorem 4.5. 

Proof. We already know from Theorem 4.4 that Ετι < 2π. In order to estimate 
ET2, we shift the time scale from t >0 to s = t-τι. Write z{s) = x(s + η) and 
note that 

z{s) + z{s) = hw{s) 

with z(0) = 0 and i(0) ^ 0, where w(s) = B{s + n ) - Β{τι) which is a new 
Brownian motion on s > 0. Define 

01 = inf{s > 0 : z(s) = 0}. 

Then T2 = η + 0 i . But by Lemma 4.5, Εθι < 2π. We therefore obtain that 
ET2 < 4π. An elementary repetition of this argument yields the desired result 

Ετί < 2ιπ for each i = 1,2, · · •. 
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\ dy{t) = [-bix{t),yit)) - VGixmdt + a{x{t\y{t),t)dB{t). 
(5.3) 

We shall prove several theorems on the energy bounds to allow for polynomial-
exponential growth of the diffusion term. We begin with the following theorem. 

T h e o r e m 5.1 Let p(i) be a real polynomial of degree q ont>0 mth the leading 
coefficient Κ > 0 and the other coefficients nonnegative. Assume that 

y'^b{x,y,t)>0 (5.4) 

and 
\a{x,y,t)f <p{t) (5.5) 

for all x,y e R"^ and t > 0. Then the energy of system (5.3) has the property 
that 

hmsup , < a.s. (5.6) 

To prove this theorem, let us present a useful inequality. 

Lemma 5.2 Let Τ > 0 and ZQ > 0. Let z, u and ν be continuous nonnegative 
functions defined on [Ο,Τ]. / / 

z{t) ^ ^ 0 + Hs) + v{s)z(s)]ds (5.6) 

for allO<t<T, then 

z{t)<exp^J v{s)ds^ J ^^^(^~ J '"(^)dr^ u{s)ds (5.7) 

Define the energy of the system by 

U(t) = ^\y(t)f + G{x{t)), t > 0 . (5.2) 

Bearing in mind that G is a nonnegative function, we see that the energy is 
always nonnegative. Moreover, although the function ^\yf + G(x) is only once 
differentiable in χ (of course twice in y), we can still apply the Ito formula to U{t) 
due to the relation dx{t) = y{t)dt which does not involve the stochastic integral. 
The aim of this section is to establish the asymptotic bounds for the energy. To 
make the theory more understandable, we shall first discuss the unforced system 
and then return to the above general case. 

(i) Unforced Dynamics 

If there is no external driving force, i.e. h{t) Ξ 0, equation (5.1)' becomes 

Γ dx{t) = y{t)dt, 
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dt 
-v{t)z{t) 

u{t) + vit)z{t) - v{t)z{t) 

~ j v(s)ds^u{t). 

Integrating both sides from 0 to ί yields that 

exp^- J v{s)ds z{t) ~ ZQ < J e x p ^ - J i;(r)<ir^ u(s)£is. 

This implies that 

z{t)<exp^J v{s)ds^ J ^^^i^" j '"{r)dry{s)ds 

and the required inequality (5.7) follows. 

Proof of Theorem 5.1. Applying Ito's formula along with hypotheses (5.4) and 
(5.5), we derive that 

U{t) = U{0) + ^ ί ' ( - Λ ) 6 ( φ ) , j/(s)) + \\aix{s),y{s),s)\^ds 

+ ί y'^{s)o{x{s),y{s),s)dB{s) 
Jo 

< U(0) + -J^ p{s)ds + y^{s)a{x{s),y{s),s)dB{s). (5.8) 

For any positive constants 7, δ and r, by the exponential martingale inequality 
(i.e. Theorem 1.7.4), we have that 

p i sup [ f y'^adBis) - J Γ \y'^σΫd^ > δ\ < e"^*. (5.9) 
\.0<t<T\_Jo ^ Jo J J 

for allO<t<T as well. 

Proof Set 

Ht) = zo+ f Hs) + v{s)z{s)]ds. 
Jo 

It then follows from (5.6) that 

z{t) < z{t) onO <t<T. 

Moreover, we compute that 

| [ e x p ( - ^ ^ ) d . ) f ( i ) 

= exp(-jr^(.)ds)F^^"W 

= e x p ^ - J v{s)ds 

< exp 
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' ( sup / y 
1.ο<ί<β* Uo 

> 

By the Borel-Cantelli lemma, we see that for almost all u; e Ω, 

sup 
o<f<e* 

afds </3-i0fc(<(+i)+ilogfc 

holds for all but finitely many A;. Hence, for almost all a; e Ω, there exists a 
random integer fco = fco (ω) such that 

ft aa-k(q+l) ft 
I / a d B ( 5 ) < r ' e * ^ ' ' + * ^ + M o g f c + ^ ^ — / Irt^ds 

Jo 2 Jo 

holds for all 0 < t < 0*̂  whenever fc > fco- Noting that 

i j i ' \y'^afds< l^p{s)U{s)ds, 
we obtain that 

fy'^adBis) < /3-ie«=(9+i)+i logA: + f p{s)Uis)ds 
Jo Jo 

for all 0 < ί < fc > fco almost surely. Substituting this into (5.8) yields that 

Uit) < U{0) + ^ fpis)ds + log A; 
^ Jo 

+ j i p{s)U{s)ds 

for all 0 < ί < β*, fc > fco almost surely. Applying Lemma 5.2, we then derive 
that 

U{t) < exp^/30-*(9+>) J\{s)ds^ 

X t ; ( O ) + / 3 - ' 0 * ^ ' + ' ^ + ' l o g f c + i j i ' exp(^- /30- '=( '+ i ) j i ' p ( r ) d r ^ p ( s ) d s 

< exp[/?e-*('+i)p(e'=)] ( u i O ) + /3-ΐβ^(ί+ΐ)+ι logfc + ±θΗ<ι+ί)'^ (5 j0) 

Fix 0 > 1 and /3 > 0 arbitrarily. For each A; = 1,2, · · ·, we let 

in (5.9) to obtain that 
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Pit) = / Pis)ds 
Jo 

which is a polynomial of degree q+l with the leading coefficient K/{q+l) and 

0-fc(9+i)p(0fc) _ _ 2 _ as ifc ̂  oo. 
9 + 1 

Note that for ί'^-' < ί < 0*̂ , 

log(A; - 1) + loglogfl < log log i < logA; + log log 0. 

It follows from (5.10) that for almost all ω e Ω, if 0*"' < ί < 0* and k > ko, 

m ^ I 
ί 9 + ' loglogt - 0(fc-i)(9+i)[log(A; - 1) + loglogfl] 

X exp[/30-*--('+>'p(0*)] (υ{0)+β-^θ''^''+'^+^ log it + · 

Therefore 

Uit) 
lim sup — -r - ,—; t^oc ' ^ i '+ ' loglogi 

- " ™ T { 0 ( * = - [ l o g ( A ; - 1) + loglogt] 

X exp[/30-*(''+'>p(0'=)] (uiO) + /^- 'β^ί '+ΐί+' logfc + ^ 0 * ^ ' " ^ " ) | 

Since 0 > 1 is arbitrary, we must have that 

U{t) ^ f \ 
hmsup .. , ,—- <β ' exp — — a.s. 

t_.oo i '+Uoglogi V9 + 1 / 

Further note the trivial arithmetic statement 

min^ β ' exp( \ > = β exp — — 
/ 3 = ( 9 + l ) / Κ 9 + 1 

We can therefore choose β = [q+l)/Κ to obtain 

U{t) ^ Ke 
h m s u p — Γ Τ Ί — ; < 7 a.s. 

i_oo^ti+Moglogi q + l 

for all 0 < ί < 0'', A; > fco almost surely, where 
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m 

That is, 

< ξ + ε for all ί > Τ(ε). 

9{t) <{ξ + ε) fit) for all t > Τ {ε). 

Thus 
5(ί) < 5(Τ(ε))-f sup 5 ( 5 ) < ρ ( Τ ( ε ) ) + /(<)(ξ + ε) 

T(E)<S<t 

for all t > Τ{ε). In consequence, 

Qit) 
l i m s u p ^ < ξ + ε. 

t - o o f{t) 
Since ε > 0 is arbitrary, we get 

lim sup 1^ < lim sup 
t - o o / ( I ) t - o o f(t) 

But g{t) > g(t) and so the equality must hold, and the proof is complete. 

as required. The proof is complete. 

Corollary 5.3 Let D{t) = supo<g<t t / ( s ) on 0 < ί < oo. Then, under the 
hypotheses of Theorem 5.1, 

U{t) U{t) 
hmsup —Γ—h = hmsup —:—V— a.s. 

t - o o f l o g logi t-oo f l o g logi 

This corollary follows from Theorem 5.1 and the following lemma. 

Lemma 5.4 Let g : R+ —> R+ and f : R+ —» (0, oo) be two functions with f 
nondecreasing and f{t) —» oo as ί oo. Let g{t) = supo<a<( g{s) on 0 < ί < oo. 
u 

ait) 
hmsup — < oo, 

f - o o f{t) 
then 

,. 9{t) ,. 9{t) hm sup = h m s u p — . 
t - o o f(t) t - o o f(t) 

Proof Let 

^ = l i m s u p | ^ <oo . 
t - o o / ( t ) 

Assign e > 0 arbitrarily and then there exists a Τ(ε) > 0 such that 

9{t) 
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Theorem 5.5 Let p{t) be a real polynomial of degree q ont >0 with the leading 
coefficient Κ > 0 and the other coefficients nonnegative. Let ρ > 0. Assume 
that 

y'^b{x,y,t)>0 (5.11) 

and 
\aix,y,t)\^ <pit)ef" (5.12) 

for all x,y e R"^ and t > 0. Then the energy of system (5.3) has the property 
that 

U{t) , Ke lim sup < a.s. t-oo ePHilogt - ρ 
Moreover (in the notation of Corollary 5.3), 

Uit) ,. U{t) 
lim sup —:—; = hm sup —r-V^— 

t-oo ePH" log t t - .oo ePHo log t 
a.s. 

(5.13) 

(5.14) 

Proof We use the same notations as in the proof of Theorem 5.1. By Ito's 
formula and the hypotheses we can easily show that 

Uit) < £/(0) + i jT* p{s)eP'ds + y'^(s)a{xis), y{s), s)dB{s). (5.15) 

Fix 0 > 1 and /3, ξ > 0 arbitrarily. For each fc = 1,2, · · ·, we let 

7 =/?(fcO-'e-'"=«, J=|(fcO ' 'e'''=«logfc, τ = kξ. 

in (5.9) to obtain that 

p i sup \ f y^adBis) ~ lβ{kξ)-''e-'>''^ f \y^o\^ds 
lo<t<fccUo ^ Jo 

> | ( f c ^ ) ' 6 ' " = « l 0 g f c | < l . 

By the Borel-Cantelli lemma, we then see that for almost all ω 6 Ω, there exists 
a random integer fco = fco (ω) such that 

. . T „ i 2 ards y'^adBis) < ^ikξ)''e»>'^ logfc + \β{kξ)-''e-'"^ \y' 

< ^{kξ)''e''''^logk + β{kξ)-''e-''''^ f p{s)e'"U{s)ds 
β Jo 

for all 0 < ί < fc^ and fc > fco. Substituting this into (5.15) yields that 

i/(0<i/(0) + |(fcO'e'"'^logfc 

+ eP'ds + βikξ)-''e fpis) 
Jo 

eP'U{s)ds 
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X'{î (0) + ^(fcO'e'"=«logfc 

^ j\is)eP' exp(^-βikξ)-''e-P''^ J pir)e'^dr^ds^ + 

< exp ^(fcO-MfcO 

X |i/(0) + ^ikξ)''eP''^ logfc + ^m'eP''^ 

for £ill 0 < ί < fc^, fc > fco almost surely. Therefore, for almost all a; G Ω, if 
ik-l)ξ<t< kξ and fc > fco. 

Uit) 
ePHilogt 

<(e' '( '=-i)«[(fc-l)i] ' ' [ log(fc-l) + logi]) 
- 1 

X e x p ̂ ^(fcO-^p(fcO 

i/(0) + ^(fcO'e'-^i logfc + ±ikξ)'>eP''^y 

Noting that 

we see 

ikξ)-''pikξ) -^K as fc ^ oo. 

lim sup 
Uit) 

i^oo ePHilogt - β 

Letting θ -* 1 and ξ —* 0 yields that 

lim sup 
Uit) 

K^e^^/P a.s. 
t - o o ePH<i\ogt - β 

Since this holds for arbitrary /3 > 0, we can specially choose β = ρ/Κ to obtain 
that 

Uit) ^ Ke hmsup — - < — t - o o ePHHogt ρ a.s. 

as desired. The proof is complete, 

(n) Forced Dynamics 

We shall now turn to consider the energy bounds for the more general 
equation (5.1) under the external force, namely 

idx ( i )= i , ( i )d i , 
\ dyit) = [-Κχ(ί),ί/(ί)) - VG(x(i)) + hit)]dt + σ(χ(ί), yit), i)dB(i). ^ ' ' 

for all 0 < ί < Ηξ, fc > fco almost surely. By Lemma 5.2, we then derive that 

Uit) < exp^/9(fci)-''e-''*« ji pis)e'"ds^ 
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t-.oc^ exp[i(p2(i) + P4(i))] ί ' + ' log log ί 
^ ί ^ 3 6 / ( 9 3 + 1) 1 / 9 3 > 91 V 9 2 , 

~ \ 0 otherwise, 
(5.17) 

almost surely, where q = qi^ q^^ Q^-

Proof. By Ito's formula, 

U{t) = UiO) +j^[y'^(s)[-bix{s),y{s)) + h{s)] + ^\o{x{s),y{s),s)\'')ds 

+ / y'^(s)a{x{s),y{s),s)dB{s). 
Jo 

Noting that 

y'^{s)h{s) < \h{s)\\y{s)\ < \\h{s)\{i + \y{s)f) < \h{s)\{l + U{s)) 

and using the hypotheses we then see that 

U{t) < U{0) + ί \p{s) + [ P 2 ( S ) + P4(S)]i7(S)L ds 
Jo >• J 

+ ^ y ^ ( S ) a ( X ( S ) , J / ( S ) , s)dB{s), (5.18) 

where p(s) = pi{s) + ^Psis) + P 4 ( S ) which is a polynomial of degree 9 : = 91 V 

92 V 9 3 . Assign θ > 1 and β > 0 arbitrarily. In the same way as in the proof of 
Theorem 5.1, we can show that for almost all u; e Ω, there is a random integer 
fco = fco (ω) such that 

/'y^CTdB(s) </3-i0*=(''+»)+Mogfc+/30-*=^''+i' f p3(s)U{s)ds 
Jo Jo 

Theorem 5.6 Let Pi{t), I < i < 4, be real polynomials of degrees qi on t > 
0 with the leading coefficients Ki > 0 and the other coefficients nonnegative. 
Assume that 

yn{x,y,t) > -p,{t)-p2it)(^\yf + G{x)), 

W{x,y,t)f <p3{t), 

m \ < P4{t) 

for all x,y e R"^ and t > 0. Then the energy of system (5.16) has the property 
that 

,. U{t) hmsup 
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+ 

we then 

' V 3 ( S ) + P 2 ( S ) + P 4 ( S ) 

for all 0 < ί < 0*, fc > fco almost surely. By the Gronwall inequality, 
have that 

Uit) < [t/(0) + log fc + ρ(0'=)β*' 

X exp(^j^ [0e-''^''+'^p3is)+P2is)+P4is)\ds^ 

< [[/(O) + log fc + ρ(0*)θ*' 

X exp(^^0-*('+i) £ P3is)ds + ί[ρ2(ί) + P4it)]j 

for all 0 < ί < β*, fc > fco almost surely. Therefore, for almost all ω € Ω, if 
< ί < 0* and fc > fco, 

m 
exp[i(p2(i) + P4( i))] t''+^ log logi 
UjO) + /3-igfc(q+i)-n logfc + p(gfc)gfc 

- e(*-i)(<i+i)[log(fc - 1) + log log β] 

04 ( , r ; ; j i ' '^* logiogt 

-(^^^.Mogfc + p ( . ' - ) . ' - / r p 3 ( s ) d s Y 

log(fc- l ) + logloge] Jo ^ J 

f = ga and 

> oo . 

)[1< 
If 93 > qi V 92, then g 

βχρ(^βθ-''('>+^^ £ P3is)ds^ 

We therefore derive that 

l i m s u D < rt-ifl9+2ei9A:3/(93-i-i) 

"i^'c^P exp[i(p2(i) + P4(i))] f+Uoglogi - ^ 

Letting θ —> 1 and then choosing β = iq3 + l)/ii'3 we obtain 

m ^ K3e 
exp[i(p2(<) + P 4 ( i ) ) ] f + i loglogi " 93 + 1 " '^ ' 

On the other hand, if ( 

a.s. 

- P 4 ( i ) ) ] f + l l 

f 93 < 91 V 92, then 9 > 93 and 

exp^/3r*=i«+i> j i ' ' P3(s)ds^ ^ 1 as fc - + 00 . 

> feo. Substituting this into (5.18) yields that 

Uit) < UiO) + logfc + ρ{θ'')θ'' 

f [/3d-'=(''+i)p3(s) + P2(s) + p,is)] Uis)ds 
Jo 

f o r a l l O < t < 0 * , fc 
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Therefore 

Letting β oo yields 

'c^P exp[t(p2(i) + p!m log log t - ° 

The proof is complete. 
If all the Pi(t)'s reduce to constants, namely Pi{t) = Ki and qi = 0, we 

obtain the following useful result. 

Corollary 5.7 Let Ki, I < i < 4, be positive constants. Assume that 

y^b{x,y,t) > -K, - K2{^-\yY + G{x)), 

\a[x,y,t)\^ < K^, 

\h{t)\ < K, 

for all x,y G R'^ and t > 0. Then the energy of system (5.16) has the property 
that 

limsup r-TT^—.—; < K^e a.s. 
i^J^ exp[t(/i2 + Κ A)] t log logi -

Theorem 5.8 Let Pi{t), \ < i < 4, be real polynomials of degrees qi on t > 0 
with the leading coefficients Ki > 0 and the other coefficients nonnegative. Let 
p> 0. Assume that 

y^b{x, y, t) > -pi i t ) - p2{t) jyl^ + G(x)), 

\o{x,y,t)Y<P3(t)e''\ 

\h{t)\<p,(t) 

for all x,y € R^ and t > 0. Then the energy of system (5.16) has the property 
that 

limsup r-, , ^^^^ , ; < — a.s. (5.19) 
t^oc^exp[i(p + p2(t) + P 4 ( < ) ) ] t « logi - ρ ^ ' 

Proof. By Ito's formula and the hypotheses we can show that 

U{t) < t/(0) + j ^ ' [ p i ( s ) + P 4 ( s ) + \p3{s)e<'^]ds 

+ / [P2(s)+p4(s)] i / (s)ds+ / y'^\s)o{x{s),y{s),s)dB{s). (5.20) 
Jo Jo 
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Assign θ > 1 and β,ξ > 0 arbitrarily. In the same way as in the proof of 
Theorem 5.5 we can show that for almost all a; G Ω, there exists a random 
integer fco = fco (ω) such that 

f y^adB{s) < ^(fci)''^e''*i logfc-|-/?(fcO"'^e-''*« f p3{s)e<"U{s)ds 
Jo Ρ Jo 

for all 0 < t < feξ and fc > fco. Substituting this into (5.20) gives that 

Piis) + P4is) +-P3{s)e'"' ds U{t) < U{0) + f 
Jo 

+ J^\p2{s)+P4{s)]U{s)ds + ^(fcO'^e''*=« logfc 

+ β{kξr'"e-'>''^ ίP3(s)e'''U{s)ds 
Jo 

< U{0) + kξ\p^{kξ)+p4ikξ)] + ^P3(fcOe'"=« + ^{kξre'"'^ logfc 

+ ί\p2is)+P4{s) + β{kξ)-''•^e-'''''h3is)e''']u{s)ds 
Jo 

for all 0 < ί < fcξ and fc > fco almost surely, where we have also used the 
following estimate 

rp3{s)e'''ds < P3ikξ) Γ eP'ds < -p^{kξ)e'"'^. 
Jo Jo ρ 

An apphcation of the Gronwall inequality implies that 

U{t) < (c/(0) + kξ\pιikξ)+p4ikξ)] + lp3(fc^)e''*« + |(fcO'^e''*«logfc) 

X exp(^J^ [p2{s) + P4is) + β{kξ)-<'•^e-'"'^p3{s)e'"']ds^ 

< (t/(0) + kξ\p^{kξ) + P4(fci)] + j-^P3{kξ)e'"'^ + |(fcC)''e'"=« log fc) 

X exp^i[p2(0 + P 4 ( i ) ] + ^(fci)"'^P3(fc0) 

for all 0 < ί < fc^ and fc > fco almost surely. Therefore, for almost all ω G Ω, if 
{k-l)ξ<t< kl, then 

U{t) 
exp[i(p + P 2 ( t ) + P4(i))] f ^ o g i 

< (e''('=-')«[(fc - l)i]'^ilog(fc - 1) + logC])"' exp(^^(fc0->3(fc0) 

X (U{0) + kξ\p,{kξ) + P4(fci)] + ^PsifcOe'"^ + ^{k^re""^ logfc). 
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Bearing in mind that 

{kξ)-'>•'p3{kξ) ^ K3 a s f c - . oo , 

we see immediately that 

U{t) / , βΚ3\ 

Letting θ ~* I and ξ —> 0 and then choosing β = P/K3, we obtain 

'fj^ exp[i(p + p2[t) + Pi{t))] m log ί - ρ 
which is the required assertion. The proof is complete. 

To close this chapter, let us state one immediate corollary. 

Corollary 5.9 Let ρ and Ki{l < i < 4) 6e positive constants. Assume that 

y^ix, y, i) > - A : , - ( 1 jy|2 + G{X)) , 

\a{x,y,t)\^<K3e'>\ 

\h{t)\ < K4 

for all x,y € R and t > 0. Then the energy of system (5.16) has the property 
that 

U{t) ^ Κ3€ 
hmsup 777 — r r - r n — : S as. 

i - o o exp[t{p + K2 + K4)] logt ρ 
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9 
Applications 
to Economics and Finance 

9.1 INTRODUCTION 

Pricing models for financial derivatives require, by their very nature, the utihza-
tion of continuous-time stochastic processes, especially Ito's stochastic calculus. 
For exiunple, the Black-Scholes model (Black & Scholes (1973)) used the method 
of arbitrage-free pricing. But the paper was also mfluential because of the tech­
nical steps introduced in obtaining a closed-form formula for options prices. For 
an approach that used abstract notions such as the Ito calculus, the formula was 
accurate enough to win the attention of market participants. In brief, stochastic 
modelling has become more and more popular in financial economics. In this 
chapter, we shall apply the theory of stochastic differential equations to the re­
lated problems in finance. As usual, we shall work on the given probability space 
(n,.F,{.Ft},P) throughout this chapter. 

9.2 STOCHASTIC MODELLING IN ASSET PRICES 

One of the importsmt problems in finimce is the specification of the stochas­
tic process governing the behaviour of an asset. We here use the term asset to 
describe any financial object whose vedue is known at present but is liable to 
change in the future. Typical examples are 

• shares in a company, 
• commodities such as gold, oil or electricity, 

301 
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S{t) = Soe rt 

• currencies, for example, tiie value of $100 US in UK pounds. 
In this section we shall describe a number of stochastic differential equations 
which have often been used in modelling asset prices. 

(i) Geometric Brownian Motion 

In the early studies, people assumed that the price of an asset followed a 
Gaussian process described by the Ito differential 

dS{t) = Xdt + adB{t) (2.1) 

on ί > 0. Here, and throughout this section, S{t) is the price of the asset at 
time i, both λ and σ are positive constants, B{t) is a one-dimensional Brownian 
motion and, moreover, the initial price is a positive constant So, i.e. 5(0) = 
5o > 0. Clearly 

S{t) = So + Xt + aB{t) 

which is normally distributed with mean SQ + Xt and variance σ^ί. So the price 
may become negative but this violates the condition of Umited liabiUty. To 
overcome this weakness, several people, e.g. Samuelson (1965), Bleick & Scholes 
(1973), suggested the idea of modelling by geometric Brownian motions. 

To explain this classical model, let us first remark that the absolute change 
in the asset price is not by itself a useful quantity: a change of 1 ρ is much more 
significant when the asset price is 20p than when it is 200p. Instead, with each 
change in asset price, we associate a return, defined to be the change in the price 
divided by the original value. This relative measure of the change is clearly a 
better indicator of its size than any absolute measure. 

Now suppose that at time t the asset price is S(t). Let us consider a small 
subsequent time interval dt, during which S(t) changes to S{t) + dS{t), (We use 
the notation d- for the small change in any quantity over this time interval when 
we intend to consider it as an infinitesimal change.) By definition, the return of 
the asset price at time t is dS{t)/S{t). How might we model this return? 

If the asset is a bank saving account then S{t) is the balance of the saving 
at time t. Suppose that the bank deposit interest rate is r. Thus the return 
dS{t)/S{t) of the saving at time t is rdt, that is 

This ordinary differential equation can be solved exactly to give exponentiid 
growth in the value of the saving, i.e. 
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S{t) = So exp ( λ - ^ ) ί - Η σ β ( ί ) (2.3) 

Hence the price 5(i) is lognormally distributed. Note that for any constant λ, 
exp[-(A2/2)i -f- XB{t)] is an exponential martingale on ί > 0 and, therefore. 

where SQ is the initiiil deposit of the saving account at time t = 0. 
However asset prices do not move as money invested in a rislc-free bank. 

It is often stated that asset prices must move randomly because of the efficient 
market hypothesis. There are several different forms of this hypothesis with 
different restrictive assumptions, but they all basically say two tilings: 

• The past history is fully reflected in the present price, which does not hold 
any further information; 

• Markets respond immediately to any new information about an asset. 
With the two assumptions above, unanticipated changes in the asset price are a 
Markov process. 

Under the assumptions, the classical Black-Scholes model decomposes the 
return dS{t)/S{t) of the asset price into two parts. One is a predictable, de­
terministic and anticipated return akin to the return on money invested in a 
risk-free bank. It gives a contribution 

Xdt 

to the return dS(t)/S{t), where λ is a measure of the average rate of growth of 
the asset price, also known as the drift. The second contribution to dS{t)/S{t) 
models the random change in the asset price in response to external effects, 
such as unexpected news. There are many external effects so by the well-known 
central hmit theorem this second contribution can be represented by a random 
sample drawn from a normal distribution with mean zero and adds a term 

adBit) 

to dS{t)/S{t). Here σ is a number called the volatility, wliich measures the 
standard deviation of the returns. The quantity dB{t) is the sample from a 
normiil distribution with mean zero and variance dt. Putting these contributions 
together, we obtain the linear stochastic differential equation 

or 
dSit) = XSit)dt + aS{t)dB{t), (2.2) 

which is the mathematical representation of our simple recipe for generating 
asset prices. This linear SDE is known as the geometric Brownian motion. 

By the theory established in Chapter 3, equation (2.2) has the explicit 
solution 
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Eexp[-(X'^/2)t + \B{t)\ = 1. Making use of this fact, we can compute the nth 
moment 

ES"{t) = SSEexp 
2 

= exp 

= So exp 

nt + Ε exp t + naB{t) 

nXt + ~ l ) t 

In particular, the price S{t) has the mean 

ES(t) = Soe^' 

and variance 

Var{S{t)) = ESHt) - S^^' = S^^' - 1 

Therefore, the average of the price increases exponentially and is independent of 
parameter σ. Let us now look at the individual price, i.e. the sample properties 
of S(t). By the law of the iterated logarithm (i.e. Theorem 1.4.2), we can easily 
show that 2 

l i m l l o g 5 ( t ) = A - ^ 

almost surely if λ ,·^ while 

log5(i) limsup ,—,—, 
t ^ o o v'2i loglogt 

= σ and lim inf 
log5«) 

= -σ t-oc v/2iloglogt 

almost surely Ίί X = σ'^/2. We hence conclude: 
(a) 5(t) —• 00 almost surely exponentially if A > σ'^/2; 
(b) 5(i) —• 0 almost surely exponentially if A < a'^/2; 
(c) l imsup(_^ S{t) = oo while liminft_oo S{t) = 0 almost surely if A = 

^2 /2 . 

Especially, it is interesting to observe that an individual who holds the asset 
long enough would be "almost certainly ruined" if A < σ 2 / 2 , even though in this 
case the average of the price is increasing. 

(ii) Mean Reverting Process 

A stochastic differential equation that has been found useful in modelling 
asset prices is the mean reverting model: 

dS{t) = Χ{μ - S{t))dt + aSit)dB{t). (2.4) 

Especially, this is often used to model interest rate dynamics. According to 
the model, as 5(i) increases above some "mean value" μ (> 0), the drift term 
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λ{μ - S{t)) will become negative. This makes dS{t) more hkely be negative 
and S(t) will decrease. On the other hand, as S{t) falls below the value μ, 
λ(μ - S{t)) will become positive. This makes dS{t) more hkely be positive and 
S{t) wiU increase. Hence, we may expect that S{t) will eventually move towards 
the value μ and, indeed, we shall see ES{t) —» μ as ί ^ oo. In view of the theory 
of Chapter 3, we know that equation (2.4) has the explicit solution 

ds. (2.5) 

S{t) = Soexp\-{X + a^/2)t + aB{t) 

+ Χμ f exp[-(A -f σ'^I2){t - s) + a{B{t) - B{s)) 
Jo L 

This formula shows clearly that S{t) remains positive as long as So > 0. Noting 
2 

f ; (exp - γ ( ί - s) + σ(β(ί) - B{s)) ) = 1 for 0 < s < t < oo, 

we can compute the mean 

ES{t) = So€-^^ + Χμ ί e'^^^-'^ds 
Jo 

This implies 

= 5oe-^' + μ[ΐ - e"^'] = μ + (So - μ ) 6 - ^ ' . 

lim ES{t) = μ 
t—oo 

as expected. For the variance, noting that Var{S(t)) = ES^{t) - (£S(i))2, we 
hence compute the second moment. By the Ito formula, it is easy to show that 

^iEp^ = 2ΧμΕ3{ί) - (2λ - a^)ES\t) 
dt 

= 2Χμ[μ + (So - μ ) 6 - ^ ' ] - (2λ - a^)ES\t). 

If 2λ = σ^, then 

ES^{t) = S^ + 2ΧμΗ + 2μ(So - μ)(1 - e""^') oo as ί -> oo, 

whence Var{S(t)) —> oo as ί ^ oo. On the other hand, if 2λ ^ σ^, then 

ES\t) = e - (2^-^) i (52 + jT' 2λμ[μ + (So - p)e-^']e^^^-''"^^du) 

= e-(2^-^)'(s2 + J ^ ( e ( 2 ^ - ^ ) ' - 1) + 2μλ(So - μ)7( ί ) ) , 

where 

•'» I ί lfA = » ' . 
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Consequently 

{ oo 1 ί 2 λ < σ 2 , 

2λ - σ2 

Summaxizing the arguments above gives 

i oo if 2λ < σ^, 

(iii) Mean Reverting Ornstein-Uhlenbeck Process 

A model close to the one just discussed is the mean reverting Ornstein-
Uhlenbeck process: 

dS{t) = λ(μ - S{t))dt + adB{t). (2.6) 

In this model, the diffusion term does not depend on S{t). As a result, we shall 
see that S{t) may become negative. Equation (2.6) has the explicit solution 

5(i) = e-^*(5o + A/xji e^'ds + aj^ e*'dB(s)) 

= μ + e-^\So -μ) + oe'^' f e^'dB{s). (2.7) 
Jo 

Clearly, S{t) is normally distributed with mean 

ES{t) = μ + e-^\So - μ) ^ μ as ί oo 

and variance 

Kar(S(t)) = ^ ( l - e - 2 ^ « ) ^ | ! as ί - oo . 

We therefore observe that the distribution of S{t) always approaches the normal 
distribution Ν{μ, σ'^/2Χ) as ί —» oo for arbitrary 5o. We also observe that S{t) 
may become negative but if μ > Ι.δσ^/λ, the probability of S{t) being negative 
is rather small for any sufficiently large t. 
(iv) Square Root Process 

A model close to the geometric Brownian motion is the square root process: 

dS{t) = \Sit)dt + ay/S{i)dB{t). (2.8) 

Here the mean is made to follow an exponential trend as before, while the stan­
dard deviation is made a function of the square root of 5(i), rather than 5(i) 
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dSit) = \Sit)dt + ay/\S{t)\dB{t) (2.8)' 

never becoming negative as long as the initial value So > 0. To prove this, let 
Oo = 1 and ajt = e"'''̂ ''"'"'̂ ^^ for every integer fc > 1. Note that 

du , — = fc. 
u 

Let i/'fc(w) be a continuous function such that its support is contained in the 
interval (afc,afc_i) where 0 < V'ik(w) < 2/ku and, moreover. 

Γ i/jkiu)du = 1. 
' O k 

Such a function exists obviously. Define (̂ /̂ (x) = 0 for a; > 0 and 

Vfc(x) = / dy f i>k{u)du for χ < 0. 
Jo Jo 

It is easy to see that φk € C^iR; R); 

- 1 < ipUx) < 0 if - 0 0 < X < -ak or otherwise φ'kix) = 0; 
2 

l'̂ fc(̂ )l - r n î  "fc-l <x < -^k or otherwise ι,ρ'̂ (χ) = 0; fc|x| 

moreover, 
x~ - ak-i < φk{x) < x~ for all χ e R, 

where x~ = - x if χ < 0 or otherwise x~ = 0. Now for any < > 0, by Ito's 
formula we can derive that 

ψk{S{t)) = φk{So) + ί 
Jo 

+ σ /V'fc(S(r))yi5WidB(r) 
Jo 

2 
A5(r)vpUS(r)) + yi5(r)|v>'fc'(S(r)) dr 

< ji' XS-{r)dr + ^ + a l ^ φ'k{S{r))^/\S(?)\dB{r). 

itself. Tliis makes the "variance" of the error term proportional to S{t). Hence, 
if the asset price volatility does not increase "too much" when S{t) increases 
(greater than 1, of course), this model may be more appropriate. For equation 
(2.8), one may ask whether S{t) will become negative. If so, y/S{t) would be­
come a complex number and this would not make sense in modelling an asset 
price. We shall now show tliis is impossible. This nonnegative property is clearly 
equivalent to the solution of equation 
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dSit) = Χ{μ - S(t))dt + ay/S{i)dB(t). (2.9) 

Again this process will never be negative. In fact, applying Ito's formula we 
have that 

Eψk{S{t)) < φkiSo) + E [ 
Jo Jo 

2 
λ(μ - S{tWk{S{r)) + y |5(r)||vp'fe'(5(r))[ dr 

Hence 
σΗ 

Letting it oo we get that ES-{t) = 0 for all ί > 0. This imphes that 5(i) > 0 
for all ί > 0 almost surely. 

However, we can invoke the classical Feller test for explosions (see e.g. 
Karatzas and Shreve (1988)) to show the more precise result that S{t) > 0 for 
allt>0 almost surely if < 2Χμ. In fact, the diffusion coefBcient of equation 
(2.9), g{x) := Oy/x is continuous and obeys g'^{x) > 0 on χ € (Ο,οο) while the 
shift coefBcient f(x) := λ(μ - χ) is continuous on χ e (Ο,οο). By the standard 

Hence ^ ^ 

ES'it) - Gk-i < Eφk{S(t)) < A ES-{r)dr + ^ . 

That is ^ ^ 

ES-{t) <ak-i + ^ + X ES-{r)dr. 

The Gronwall inequaUty shows that 

ES~it) < (ak-i + for all t > 0. 

Letting A; —* oo we get that ES~ (t) < 0 and hence we must have 

ES-{t) = 0 f o r a l l i > 0 . 

This implies 
F{5(i) < 0} = 0 for all ί > 0. 

Since S{t) is continuous we must have S{t) > 0 for all ί > 0 almost surely. This 
proves the nonnegative property of the solution of equation (2.8)', and due to 
this property we can certainly write equation (2.8)' as equation (2.8). 

(v) Mean Reverting Square Root Process 

Combining the square root idea with the mean reverting one gives us the 
model of the mean reverting square root process: 
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result of ordinary differential equations, we know that for any given pjiir of 
positive constants a and b with a < So < b, there is a unique solution M(x) to 
the equation 

/ (x)M'(x) + y^{x)M"ix) = - 1 , α < X < 6 

with the boundary condition M{a) = M{b) = 0. The explicit formula for M(x) 
in terms of Green's function can be found in Karatzas and Shreve (1988, p.343) 
but it is not needed here. Define the stopping times 

Ta = in{{t > 0 : S{t) < a} and η = mf{t > 0 : 5(i) > b}. 

By the Ito formula, it is easy to show that for any ί > 0, 

EMiSit Λ T „ Λ Tb)) = M(5o) - Eit Λ Λ η), (2.10) 

which gives 
E(f ΛΤαΛ-η,) < M(So). 

Letting ί oo yields 
Ε{τα ATb)< M{So) < oo. 

In other words, S{i) exits from every compact subinterval of (Ο,οο) in finite 
expected time. We must then have Ρ{τα Λη < oo) ~ 1. With tliis obser­
vation, we may return to (2.10), observe from the boundary condition that 
hmf_oo EM{S{t Λ TQ Λ Tb)) = 0, and conclude 

EiT^An) = MiSo). (2.11) 

Let us now define 

F(x) = ^ % x p | - ^ " ^ d z | r f r / , xG(0,oo) . 

This function has a continuous, strictly positive derivative V'{x), and V"{x) 
exists everywhere and obeys 

The Ito formula shows that for any ί > 0, 

/ • ίΛτ„ΛΤ6 

V{S{t Λ Τα A η)) = V{So) + V'{S{u))g{S{u))dB{u). 

Taking expectations and then letting ί —» oo, gives 

ViSo) = EV{S{Ta A Tb)) = V(a)P(r„ < n ) Η- V{b)P{Tb < τ„). 
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Define 

limV(a;) = - c o and lim i^(a;) = oo. 

To = lim T(j and Too = lim Τ(, 
aiO 6T<x> 

and set τ = To Λ Too- By (2.12), we have 

p ( „ M . ( „ S » ) i P ( . < . , = l ^ « S ) . , , , 3 ) 

Letting 6 Τ oo we get 

p ( ^ i n f ^ S ( t ) < a ) = l . 

But this holds for any α > 0. We must therefore have 

P( inf Sit) = o) = 1. 
V o < t < T ^ ' / 

A dual argument show 

P( sup S{t) = oo) = 1. 

Suppose now that Ρ{τ < oo) > 0; then 

P^ lim S{t) exists and is equal to 0 or oo^ > 0. 

So { in fo<t<T S{t) = 0} and {supo<t<^ S{t) = oo} cannot both have probability 
one. This contradiction shows that Ρ(τ < oo) = 0. In summary, we have 

P(T = OO) = P( inf S{t) =0)=p( sup 5(i) = oo) = 1 (2.14) 
VO<t<oo / \ 0 < t < o o ' 

i f σ 2 < 2 λ μ . 

Since two probabilities above add up to one, we see 

Compute 

= ^ ' r " ' ' " ' " e x p ( ^ ( » - l ) ) < i ! , . 

In the case when 2λμ > σ^, it is easy to see that 
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P{n < To) = Vib) - V̂ (O-t-) 

Letting now 6 —• oo implies Ρ(τοο < TQ) = 0, namely P ( s u p o < « T •^W = oo) = 0. 
We can hence conclude that 

P ( Jnf ^5(i) = o) = P ( sup S{t) < oo) = 1 (2.15) 

if σ2 > 2λμ. 
Moreover, the solution of equation (2.9) still has the mean reverting trend 

ES{t) = μ + e-^'(So - μ) ^ μ as ί oo. 

It is particularly interesting to observe that when the parameters λ ,σ and μ 
have the relation 

the square root y/S{t) is an Ornstein-Uhlenbeck process: 

d^S{i) = --^/S{i)dt + ^dBit) (2 .16) 

whose solution is 

2 Jo 

(vi) Theta Process 

Another useful model is the theta process described by the stochastic dif­
ferential equation 

dS{t) = XS{t)dt + aS^{t)dB{t), (2.17) 

where 0 is a constant no less than 0.5. For example, Lewis (2000) assumed 
θ e [0.5,1.5] while Chan et al. (1992) recommended θ > 1. We observe that 
equation (2.17) becomes the classical geometric Brownian motion ii θ = I while 

Let us now consider the case when > 2λμ. In this case, we have 

V(O-I-) =: l imVii) > - o o and hm y(x) = oo. 

We can still show from (2.13) that 

But letting α j 0 in the second equality of (2.12) gives 

V{So) - ViO+) 
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it is tiie square root process if θ = 0.5. When θ 6 (0.5,1), we can show in a 
similiir way as in the case of the square root process that for any initial value 
So > 0 equation (2.17) has a unique nonnegative solution on ί > 0. 

When θ > 1, one would have a feeling that the solution to equation (2.17) 
might explode to infinity in a finite time. However, we claim that ii θ > 1, 
then for any given initial value SQ > 0 there is a unique global solution S(i) to 
equation (2.17) on ί > 0 and the solution will remain positive with probability 
1, namely 0 < S(i) < oo for all ί > 0 almost surely. In fact, as the coeflScients 
of equation (2.17) are locally Lipschitz continuous in (Ο,οο), we can show by 
the truncation technique as in the proof of Theorem 2.3.4 that there is a unique 
local solution S(t) on ί € [Ο,Τοο), where Too = hnife_oo Tfe and 

Tk = inf{i e [0, T o , ) : S{t) ^ (l/k, k)}, k>ko 

in which fco > 0 is sufficiently large for So € [1/ko, fco]- Clearly, all we need 
to show is that TQO = oo a.s. If this statement is false, then there is a pair of 
constants Τ > 0 and ε € (0,1) such that 

P(TOO < T ) > ε. 

Hence there is an integer fci > fco such that 

P{Tk<T)>e forallfc>fci. (2.18) 

Define a C^-function V : (0, oo) R+ by 

V(S) = V S - 1 - 0.5 log(S), S > 0. 

If S{t) G (ο,οο), the Ito formula shows that 

dV{S{t)) = 0.5(S-°-^(i) - S-\t))\XS{t)dt + aS\t)dB{t)] 
+ 0.25(-0.5S-^-^(i) + S-^it))a^S^\t)dt 
= F{Sit))dt + 0.5a(S-°-^(i) - S-\t))S^{t)dB{t), 

where 

F(S) = 0.5A(S<'-^ - 1) + 0.25a^S^^-^ - Q.U5a^S^^-^\ S e (0, oo). 

Obviously, F(S) is bounded, say by on S 6 (Ο,οο). We therefore obtain 

dV{S{t)) < Kdt + 0.5a{S-°-^{t) - S~Ht))S^it)dB{t) 

as long as S(t) G (Ο,οο). Whence integrating both sides from 0 to Tfc Λ Τ, and 
then taking expectations, yields 

EV{S{Tk Λ Τ)) < V(So) + KE{Tk AT) < V{So) + KT. (2.19) 
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Set ilk = {xfc < T) for fc > fei and, by (2.18), P(Ofc) > ε. Note tiiat for every 
ω 6 fifc, S{Tk,u}) equals eitlier fc or 1/fc, and hence Κ(5(τ*;,ω)) is no less than 
either 

Vfc - 1 - 0.5log(fc) 

or 
v/lTfc - 1 - 0.5 log(l/fc) = v/l7fc - 1 + 0 . 5 log(fc). 

Consequently, 

V{S{τk,ω)) >\\ik-\- 0.51og(fc)] Λ [o.51og(fc) - 1 

It then follows from (2.19) that 

V{So) + KT> E[IaΛ'^)Vix{rk,ω)) 

> ε ( x/fc-1-0.51og(fc) Λ 0.51og(fc) - 1 ) . 

Letting fc —> oo leads to the contradiction 

oo > V{So) + KT = oo, 

so we must have TQO = oo a.s. 

(vii) Mean Reverting Theta Process 

Combining the idea of theta process with the mean reverting one gives us 
the mean reverting theta process 

dS{t) = λ(μ - S{t))dt + aS^{t)dB{t), (2.20) 

where θ > 0.5. This reduces to the mean reverting process when 0 = 1 while it 
is the mean reverting square root process when θ = 0.5. When θ G (0.5,1), we 
can show in the same way in the case of the mean reverting square root process 
that S{t) > 0 for all ί > 0 almost surely. When 0 > 1, we can show in the same 
way as in the case of the theta process that S{t) > 0 for all ί > 0 almost surely. 

(vui) Stochastic Volatility 

In all the previous models, the drift and diffusion psirameters are constemts. 
However, much more general models can be obtained by making these parame­
ters random. Such models may have useful applications, since they allow us to 
consider the volatility not only time-varying but also random given the S{t). For 
example, consider an asset price described by the stochastic differential equation 

dS{t) = \S{t)dt + a{t)S{t)dB{t), (2.21) 

�� �� �� �� ��



314 Applications to Economics and Finance [Ch.9 

S{t) = So exp 

where 

At - i Γ a^{s)ds + f a{s)dB{s) 
2 Jo Jo 

σ(ί) = σοβ-^' + δ e-^^'-'UBis). 
Jo 

We see clearly that a{t) is normally distributed with mean aoe~^^ and variance 
{δ'^/2β){1 - £~2/Jt) Hence, in a long-run, σ(ί) will follow the normal distribu­
tion Ν{0,δ'^/2β). Recalling the model of geometric Brownian motion, we can 
reasonably guess that with probability 

^ > λ} = 2Ρ{σ(ί) > ν/2λ} « 1 - 2 E r f ( ^ ) 

the S(t) will tend to zero. Alternatively, we may assume that the volatility a{t) 
follows a mean reverting process 

da{t) = β{σ - a{t))dt + δσ{t)dB{t), (2.23) 

where σ is a positive constant. In this case, the volatility of the asset has a 
long-run mean σ. We might therefore guess that if σ^/2 > λ, the asset price 
would be most likely ruined. 

As one more exemiple, the Heston stochastic volatiUty model assumes that 
V{t) = a^{t) obeys the mean reverting square root process 

dV{t) = β{σ^ - V{t))dt + δ./V^Ϊ)dB{t). 

Clearly, using such layers of stochastic differential equations we can obtain more 
and more general models for representing the financial phenomena in real life. 

9.3 OPTIONS A N D THEIR VALUES 

The stochastic differential equations discussed in the previous section de­
scribe the dyn£imics of asset prices. One of the important issues in finance is to 
price options based on the dynamics of asset prices. 

where λ is a positive constant as before, while the volatility σ(ί) is assumed to 
change over time. More specifically, a(t) is assumed to change according to an 
Ornstein-Uhlenbeck process 

da(t) = -0a(t)dt + 6dB{t), (2.22) 

with initial value σ(0) = σο, where β, δ are positive constants and B{t) is another 
Brownian motion independent of B{t) (it is also possible to discuss the dependent 
case). We can solve the equations explicitly: 
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(i) Options 

There are various options and let us begin with the simplest European call 
option. 

Definition 3.1 A European call option gives its holder the right (but not the 
obligation) to purchase from the writer a prescribed asset for a prescribed price 
at a prescribed time in the future. 

The prescribed purchase price is known as the exercise price or strike price, 
and the prescribed time in the future is known as the expiry date. 

For example, today (1st January 2007) Professor Mao (the writer) writes a 
European call option that gives you (the holder) the right to buy 200 shares in 
Mao's for $1.20 each on 1st January 2008. On 1st January 2008 you would then 
take one of two actions: 
(a) if the actuid value of a Mao's share turns out to be more than $1.20 you 

would exercise your right to buy the shares from Professor Mao—for you 
could immediately sell them for a profit. 

(b) if the actual value of a Mao's share turns out to be less than $1.20 you 
would not exercise your right to buy the shares from Professor Mao—the 
deal is not worthwhile. 

Note that because you are not obliged to purchase the shares, you do not lose 
money (in case (a) you gain money while in case (b) you neither gain nor lose). 
Professor Mao on the other hand will not gain any money on 1st January 2008 
£md may lose an unhmited amount. To compensate for this imbalance, when the 
option is agreed on 1st January 2007 you would be expected to pay Professor 
Mao an funount of money known as the value of the option. The key question 
that we address in this Section is 

How much should the holder pay for the privilege of holding the option? In 
other words, how do we compute a fair price for the value of the option? 

We leave the answer to this question to the next sui)sections but introduce a few 
more other types of options. The direct opposite of a European call option is a 
European put option. 

Definition 3.2 A European put option gives its holder the right (but not the 
obligation) to sell to the writer a prescribed asset for a prescribed price at a 
prescribed time in the future. 

It is useful to identify the payoff or value at the expiry date of an option. 
Let Κ denote the exercise price and 5 the asset price at the expiry date. (Of 
course, S is not known at the time when the option is taken out.) At the expiry 
date, if 5 > A" it makes financial sense for the holder of a European call option 
to exercise the call option, buying the asset for Κ and selling it for S, gaining 
an amount S ~ K. On the other hand, if S < Κ a.t expiry, then the holder 
gains nothing and the option expires worthless. Thus, the payoff or value of the 
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European call option at the expiry date is 

m a x ( 5 - A ' , 0 ) . 

Similarly, we can show that the payoff or value of the European put option at 
the expiry date is 

max{K - 5,0). 

There are many other types of options available. They include: 
• American calls and puts. An American call option with strike price Κ 

and expiry date Γ gives the holder the right but not the obligation to buy 
from the writer an asset for price Κ at any time up to T. An American 
put option with strike price Κ and expiry date Τ gives the holder the right 
but not the obligation to sell to the writer an asset for price Κ at any time 
up to T. 

• Lookback call. A lookback call gives the holder the right to buy an asset 
at expiry date Τ for a price equal to the minimum achieved by the asset up 
to time T. 

• Digital option. A digital option pays out a pre-agreed amount A if the 
asset price exceeds the strike price Κ at the expiry date, otherwise it is 
worthless. 

• Barrier options. A barrier option is one that is activated or deactivated 
if the asset price crosses a preset barrier. There are two basic types: 
knock-ins 
(a) the barrier is upnand-in if the option is only active if the barrier is hit 

from below, 
(a) the barrier is down-and-in if the option is only active if the barrier is 

hit from above; 
knock-outs 
(a) the barrier is up-and-out if the option is worthless if the barrier is hit 

from below, 
(b) the barrier is down-and-out if the option is worthless if the barrier is 

hit from above. 
• Asian option. The payoff at the expiry date depends on the average of 

the asset price between the start and expiry dates. 
For illustration, let the start date be 0 and the expiry date T. Denote 

by 5(t), 0 < ί < Τ the price of the underlying asset over the duration of the 
contract. The payoff of a lookback call at the expiry date is then 

S(T) - min 5(i), ^ ' o<t<T ^ ' 

and the payoff of a digital option is 

AI{S(T)>K)-
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f£s{t)dt. 

(u) The Black-Scholes PDE 

After the discussion of various options, we can now return to our key ques­
tion: how do we compute a fair price for the value of the option? Before de­
scribing the Black-Scholes analysis which leads to the value of an option we list 
the assumptions that we make for this section. 

• The asset price follows the geometric Brownian motion 

dS(t) = pS{t)dt + aS{t)dB{t). (3.1) 

• The risk-free interest rate r and the asset volatility σ are known constants 
over the life of the option. 

• There are no transaction costs associated with hedging a portfolio. 
• The underlying asset pays no dividends during the life of the option. 
• There are no arbitrage possibilities. 
• IVading of the underlying asset can take place continuously. 
• Short selling is permitted and the assets are divisible. 

Suppose that we have a call or put option whose value V"(5, t) depends only 
on S{t) = S and t. Using Ito's formula, we have 

+ -S^^dBit). (3.2) 

This gives the SDE followed by V. Note that we require V to be differentiable 
continuously at least twice in 5 and once in t. 

An up)-and-out call option is wortliless if tiie asset price exceeds some pre-agreed 
barrier c some time before T, otherwise it pays out max{5(T) - K),0} at the 
expiry date. That is, the payoff at the expiry date is 

max{5(T) - A'),0} 7 { „ » χ „ < , < , . S ( t ) < c } -

An down-and-in put option pays out max{K - S{T),0} at the expiry date if the 
asset price fell below the pre-agreed barrier c some time before T, otherwise it 
is worthless. That is, the payoff at the expiry date is 

max{iS: - S(T)),0} / { m i n o < , < r s(e)<c}-

Moreover, the payoff of an asian option at the expiry date is proportional to 
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Now construct a portfolio consisting of one option and a number — Δ of the 
underlying asset. This number is as yet unspecified. The value of this portfolio 
is 

U{S,t) = V{S,t)-AS. (3.3) 

The jump in value of this portfoho in one time-step is 

(miS,t) = dV(S,t) - AdS. 

Here Δ is held fixed during the time-step; if it were not then dH would contain 
terms in dA. Putting (3.1)-(3.3) together, we find that Π is an Ito process with 
the stochastic difierential 

+ . 5 ( 2 ί ^ - Δ ) . Β ( , ) . (3.4, 

To eliminate the random component, we choose 

Note that Δ is the value of dV/dS at the start of the time-step di. This results 
in a portfolio whose increment is wholly deterministic: 

^^S..)^?ψϊ.yS''^y. (3.6, 

We now appeal to the concepts of arbitrage and supply and demand, with 
the assumption of no transaction costs. The return on an amount Π invested in 
riskfree assets would see a growth of rlldi in a time dt. If the right-hand side of 
(3.6) were greater than this amount, an arbitrager could make a guaranteed risk-
less profit by borrowing an amount Π to invest in the portfoho. The return for 
this riskfree strategy would be greater than the cost of borrowing. Conversely, if 
the right-hand side of (3.6) were less than rUdt then the arbitrager could short 
the portfolio and invest Π in the bank. Either way the arbitrager would make 
a risk-less, no cost, instantaneous profit. The existence of such arbitragers with 
the ability to trade at low cost ensures that the return on the portfolio and on 
the risk-less account are more or less equal. Thus, we have 

^U^S.m={^.i^'S'^y.. (3.T, 

Substituting (3.3) and (3.5) into (3.7) and dividing throughout by dt we arrive 
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S + P(S,t) - C{S,t) = Ke-^^'^-'\ (3.12) 

Tills is tlie Black-Scholes PDE. 
Before we moving on, let us remark that the Black-Scholes PDE (3.8) does 

not contain the growth parameter μ. The only parameter from the SDE (3.1) 
for the asset price that affects the option price is the volatility σ. A consequence 
of this is that two people may differ in their estimates for μ yet still agree on 
the value of an option. (See Hemark 3.4 below for more comments.) 

Having derived the Black-Scholes PDE for the value of an option, we must 
consider final conditions, for otherwise the PDE does not have a unique solution. 
We first discuss a Europeem call option, with value now denoted by C{S,t) 
instead of V{S,t), with exercise price Κ and expiry date T. In the previous 
subsection we have shown that the value of the call option at expiry is 

C{S,T) = max{S - K,0). (3.9) 

This is the final condition for the Black-Scholes PDE. For a put option, with 
value P{S,t) instead of V{S,t), we have 

P{S, T) = max{K - 5,0). (3.10) 

(iii) Put-call Parity 

Although call and put options are superficially different, in fact they can be 
combined in such a way that they are perfectly correlated. This is demonstrated 
by the foUowing argument. 

Suppose that we are long one asset, long one put and short one call at time 
t. The call and the put both have the same expiry date, T, and the same exercise 
price, K. Denote by Π the value of this portfoho, namely 

n = S-hPiS,t)-C{S,t), 

where Ρ and C are the values of the put and the call respectively. The payoff 
for this portfolio at expiry is 

S(T) + max(K - 5(T), 0) - max(S(T) - K,0) = K. (3.11) 

In other words, whether S{T) is greater or less than Κ at expiry the payoff is 
always the same, namely K. The question is: 

How much would I pay for the portfolio that gives a guaranteed Κ at time Τ ? 

By discounting the final value of this portfolio, it is now worth Ke~^^'^~'^K This 
equates the return from the portfolio with the return from a bimk deposit. If 
this were not the case then arbitragers could (and would) make an instantaneous 
risk-less profit: by buying and selling options and shares and at the same time 
borrowing or lending money in the correct proportions, they could lock in a 
profit today with zero payoff in the future. Thus we conclude that 
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This relationship between the underlying asset and its options is called put-mil 
parity. 

(iv) The Black-Scholes Formula 

We have just shown that if an asset price moves according to the geometric 
Brownian motion (3.1), then the value C{S,t) of the European call option on 
the asset price S at time t satisfies the Black-Scholes PDE (3.8) on 5 > 0 and 
t € [0, T], where r is the risk-free interest rate and σ is the volatility. Moreover, 
the call option value has the final payoff (3.9) as the final condition. To price 
the European call option, all we need is to solve the PDE (3.8) along with the 
final condition (3.9). If we obtain the explicit solution V to the PDE while we 
know the asset price 5" at time t, then its option price is simply V(S, t). 

Theorem 3.3 (The Black-Scholes formula for the European call option) 
The explicit solution to the PDE (3.8) is given by 

C{S, t) = SN{di) - Ke-'"(^-"iV(d2), (3.13) 

where N{x) is the cumulative probability distribution of standard normal distri­
bution, namely 

while 
log(S/i<:) + ( r - H i a 2 ) ( r - t ) 

^TT^t 

log(5/K) + ( r - | ^ 2 ) ( T - t ) 

= ^vf^t • 

Proof Given any pair of 5 > 0 and t e [Ο,Τ], we introduce an SDE 

dx{u) = rx{u)du + ax(u)dS(u) on ί < ω < Τ (3.14) 

with initial value x(t) = S at u = t. In Chapter 3 we showed that this hnear 
SDE can be solved explicitly. In particulM, we have 

x(T) = Sexp [(r - ^σ^){Τ -t) + σ{Β{Τ) - β ( ί ) ) ] . (3.15) 

Let us now define a C^-'-function 

V{x,u) = C(x,u)e^(^-"), (x,u) e (Ο,οο) χ [t,T]. 

Here C(x,u) satisfies the Black-Scholes PDE (3.8), that is (in χ and u rather 
than S and i), 
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dV{x{u),u) = 

+ 

du 
dV{x{u),u) 

dx 

+ 

axiu)dW{u) 

, . , ia2V ( l (u ) ,u ) 2 2/ X du 

σω σχ 

du 

+ . x ( „ ) e ' " - - " > 2 2 ( ^ ^ d B ( u ) . 

Using (3.16) we see that 

dV(x(u) ,t/) = ^Xi^^^thAax{u)dB{u). 
ox 

Integrating both sides from u = ί to u = Τ yields 

F (x ( r ) ,T) - V(x{t),t) = 1^ ^^^^^axiu)dBiu). 

Taking expectations and recalHng the property of Ito's integrals we obtain 

EV{x{T),T)-EV{x{t),t) = 0. Note 

while 

Thus 

that is 

V{x{T),T) = C{x{T),T) = max(x(T) - K,0) 

Vix{t),t) = C(x(i),i)e''(^-*) = C(5,i)e^(^- ') . 

£;[max(x(T) - K,0)] - C{S,t)e'^'^-'^ = 0, 

(7(5, i) = e-'-(^-'>£;[max(x(T) - Α-,Ο)]. (3.17) 

Note that 

log(x(T)) = log(5) +(r- ^σή{Τ ~ t) + σ{Β{Τ) - B{t)) ~ Ν{μ,σ\ 

Compute 

^ _ _ rCV(T-u) dV _ dC ^r-u) ^ _ ^ , r ( T - u ) 

du~\du ' dx ~ dx ' d-^x'dH 

By the Ito formula 

'dV{x{u),u) dV{x{u),u) 
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where 

Hence 

Applications to Economics and Finance 

which gives 
χ{Τ) = e'^+*^. 

Moreover, if x{T) - /C > 0, then 6^"+^^ > K, namely 

Hence 

Compute 

So 

But 

while 

E[max{x(T) - K,0)] = £:[max ( 6 * ^ + * ^ - Χ,ο) 

_ log(5/J^)+(r-la2)(r- i) 
= -do. 

E\msx{x{T) - K,Q)] = - i = / (6*^+*^ - K)e-^^dz 
ν2π y_dj V / 

ν/2π y _ d 2 J--d2 

- = / e - 2 ' d z = - ^ e~2^ dz^N{d2), 
/2π J - d 2 ν 2 π 7_οο 

v/2^ y-dj J~d2 

'TT J-(d2+a) 
e-2('-''^dz=—== 

dz 

1 ^ 2 

-Ar(d,), 

(Ch.9 

(3.18) 

(3.19) 

(3.20) 

μ = Iog(5) + (r - ^σή{Τ - t), σ = σ ν / Τ ^ . 
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since d2+a = di. Substituting (3.19) and (3.20) into (3.18) yields 

E[max(x{T) - K,0)] = —=-N{di) - KN{d2). 
ν 2 π 

Substituting this into (3.17) gives 

C{S,t) = e-'-C^-" ^6*^+5*'iV(di) - KN{d2)j 

= N{di)exp [ - r (T - i) + log5 + (r - ^σ^){Τ - t) + ^σ^(Τ - t) 

- Ae-'-(^- ')iV(d2) 

= SN{di) - Ke"-^'^-'^Nid2) 

as required. The proof is therefore complete. 

R e m a r k 3.4 Let us make some comments on (3.17). Assume that given the 
asset price S at time t, a holder signs a European call option with the expiry date 
Τ and the exercise price K. Assume also that the market volatlHty σ and the 
risk-free interest rate r are known at time t and will remain the same during the 
duration of the call option. Regardless whatever the growth rate μ the holder 
may think, the fair option value should be priced based on the SDE (3.14) rather 
than 

dX{u) = μΧ{η)άη + aX{u)dB{u), t<u<T, X{t) = S, 

the individual SDE the holder may think. Hence the expected payoff at the 
expiry date Τ is 

E[max{x{T) - K,0)]. 

By discounting this expected value in future, it is now worth 

e - - (7 - - t )£ ; [n iax( i (T)-A,0)] , 

which gives the value C{S,t) of the call option, the same as (3.17). 

Once we have the formula for the European call option we can easily obtain 
the corresponding formula for the European put option. Let P{S, t) be the value 
of the European put option on the asset price S at time t. The value of the put 
option at expiry can be written as 

P(5 ,T) = m a x ( A ' - 5 , 0 ) . 

By the put-call parity we have 

S + P(S, t) - CiS, t) = Ae-''^^-*) 

Thus 
P (5 , t) = Ae-^f^-*) + C{S, t) - S. 
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dS{t) = λ(μ - Sit))dt + as/\S{t)\dB{t), 0<t<T. (3.23) 

Given a stepsize Δ > 0, the Euler-Maruyama (EM) method applied to (3.23) 
sets So = S{0) and computes approximations s„ w 5( i„) , where i„ = ηΔ, 
according to 

(1 - λΔ) -t- λΔμ -I- σ ^ / μ J Δ β „ , (3.24) 

where Δ β „ = B(t„+i) - B{tn). 

Let us now consider the error in the numerical solution, measured in strong 
sense. In the convergence analysis it is usually more convenient to work with 

the continuous-time approximation s(t) defined by 

Substituting (3.13) into this gives 

P{S,t) = Ke-^^'^-''> + SN{di) - Ke-'-(^-')Ar(d2) - S 

= Ke-^^'^-^^N{-d2) - SN{-di). 

Theorem 3.5 (The Black-Scholes formula for the European put option) 
The value of the European put option on the asset price S at time t is given by 

P{S,t) = KN{-d2)e-''^'^-'^ - SN{-di), (3.21) 

where di and da are the same as before. 

(v) Monte Carlo Simulations 

The Black-Scholes formula benefits from the explicit solution of the geo­
metric Brownian motion. However, most of SDEs used in finance, as showed in 
Section 9.2, do not have explicit solutions. Hence, numerical methods and Monte 
Cas\o simulations have become more and more popular in option valuation. 

Typically, let us consider in this subsection the mean-reverting square root 
process 

dS{t) = λ(μ - S{t))dt + a^/S{i)dB{t), 0 < ί < T. (3.22) 

Here λ, μ and σ axe positive constants. There are numerous examples in the 
literature where SDEls are discretized, typically with an Euler-type scheme. In 
the finance context, there are two main motivations for such simulations: 

• using a Monte Carlo approach to compute the expected value of a function 
of S{t), for example to value a bond or to find the expected payoff of an 
option; 

• generating time series in order to test parameter estimation algorithms. 
A numerical method, e.g. the Euler-Maruyama discussed in Section 2.7, 

applied to (3.22) may break down due to negative values being supplied to the 
square root function. A natural fix, which we adopt here, is to replace the SDE 
(3.22) by the equivalent, but computationally safer, problem 

s{t) := Sn + {t-tn)X{μ-Sn) + σy/\^\{B{t)-B{tn)), for t e [ί„,ί„+ι). (3.25) 
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s(t) := so + / ' A(/x - siu))du + σ f y/\siu)\dB{u), (3.26) 
Jo Jo 

where the "step process" s{t) is defined by 

s ( i ) : = s „ , for ί e Ιί„,ί„+ι). (3.27) 

Note that s{t) and s{t) coincide with the discrete solution at the gridpoints; 
s{tn) = s(tn) = s„. The ability of the discrete method (3.24) to approximate 
the true solution at the discrete points {i„} is guaranteed by the ability of either 
s(i) or s(i) to approximate 5(t) which is described by the following theorem. 

Theo rem 3.6 In the notation above, 

lim E( sup \s{t) - S{t)f) = 0. (3.28a) 
Δ- .0 \ o < f < T 

and 
lim ( sup E\s{t) - S{t)\'^) = 0. (3.286) 

The proof is very technical so we just refer the reader to Higham and Mao 
(2005) where the detailed proof can be found. Before we proceed to discuss the 
numerical approximation to the option values, let us make a useful remawk. 

R e m a r k 3.7 To avoid breaking down of the EM method due to negative values 
being suppfied to the square root function, we have replaced the SDE (3.22) 
by the equivalent, but computationally safer, equation (3.23). Alternatively, we 
may use another equivalent equation 

dSit) = λ{μ - S{t))dt + ay/S{t) V 0 dB{t), 0<t<T. (3.29) 

Accordingly, the EM method applied to (3.29) sets so = S{0) and computes 
approximations s„ w S{t„) according to 

S n + l = S n ( l - λΔ) + ΧΑμ + Oy/Sn V 0 Δ β „ . (3.30) 

The continuous-time approximation s{t) as well as the step process can then 
be defined by (3.26) and (3.27), respectively, and they still obey (3.28a) and 
(3.28b). In theory, there is no different by using (3.23) or (3.29). However, 
numerical simulations seem indicate that it is slightly better to use (3.29) than 
(3.23). In the remaining of this subsection, we will only use property (3.28a) 
and (3.28b) but it does not matter whether s(i) and s{t) are defined based on 
(3.23) or (3.29). 

A more useful chtiracterization of s{t) for the purpose of analysis is 
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Let us now begin to show the numerical ability approximate some financial 
quantities. In the case where 5(i) in (3.22) models short-term interest rate 
dynamics, it is pertinent to consider the expected payoff 

β := £ e x p - / S{t)dt 
. Jo J 

(3.31) 

from a bond. A natural approximation based on the EM method is 

( ΛΓ-1 \ 

n = 0 / 

where Ν A — T. It is convenient to rewrite this as 

Pa = Ε exp (3.32) 

using the step function s{t) in (3.27). The following result shows that the strong 
convergence (3.28) of the SDE approximation confers convergence in this sce­
nario. 

Theorem 3.8 In the notation aL·ve, 

lim \β-βΔ\=0· 
Δ- .0 

Proof. Using e 1̂1 ~ e '"I <\x-y\ and the non-negativity of S{t), we have 

\β -βΑ\ = Ε 

< Ε 

exp 

τ 

exp -/ \m\dt - f S{t)dt 
Jo 

f 5 ( i ) d i - Γ \s{t)\dt 
Jo Jo 

<E r\S{t)-\s(t)\\dt 
Jo 

<E f \Sit) - sit)\dt 
Jo 

< Τ sup (E |5(i) - s{t)\ + Ε \s(t) - s ( t ) | ) . 
[Ο,Τ] ^ ^ 

Applying Theorem 3.6 completes the proof. 
We now consider the case where the mean-reverting square root process 

(3.22) models the price of an asset on which an option has been written. In 
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tliis case the expected payoff from the option is of relevance (see Remark 3.4). 
To show the ability of the EM method to approximate the option value, let 
us typicedly consider an upnand-out call option, wiiich, at expiry time T, pays 
the European value with the exercise price Κ if S{t) never exceeded the fixed 
barrier, c, and pays zero otherwise. We suppose that the expected payoff is 
computed from a Monte Carlo simulation based on the EM method. Here, using 
the discrete numerical solution to approximate the true path gives rise to two 
distinct sources of error: 

• a discretization error due to the fact that the path is not followed exactly— 
the numerical solution may cross the barrier at time i„ when the true 
solution stays below, or vice versa, 

• a discretization error due to the fact that the path is only approximated at 
discrete time points—for example, the true path may cross the barrier and 
then return within the interval ( ίη,*η+ι)· 

The following theorem uses the strong convergence property to show that the 
expected payoff from the numerical method converges to the correct expected 
payoff as Δ —» 0. Note that using the step function s{t) in (3.34) is equivalent 
to using the discrete-time approximation. 

Theo rem 3.9 Define 

V :=E [(5(T) - K)+I[o<s(t)<c, o<t<T}] , (3-33) 

VA :=E [(siT) - K)+I[o<s(t)<B, o<t<T}] , (3-34) 

where x"*" = max(x, 0). Then 

lim \V-VA\=0. (3.35) 

Proof. Let A := {0 < S(t) < c, 0 < ί < Γ} and >1Δ : = {0 < s{t) < c, 0 < ί < 
Τ } . Making use of the inequality 

\{S{T) - Ky - (s(T) - K)+\ < \S{T) - s{T)\, 

we have 

- ν̂ Δΐ < £^ |(5(T) - K)+IA - (s(T) - K)+IA^\ 

< Ε (|(S(T) - K)+ - (s(T) - K)+\ ΙΑΠΑ^) 

+ Ε ((5(Τ) - K)+lAnAi) + Ε ((s(T) - /<:)+/^.=n^ J 

< Ε (|S(T) - s(T)\lAnA^) + {B- E)P{A η Al) + (B - E)P{A'^ Π ^ Λ ) · 

Now, from Theorem 3.6, we have Μιη^-ο E(\S(T) - s(T)|) = 0. Hence, our 
proof is complete if we can show that 

nm^P{AnA%)=Q (3.36) 
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Hence, 

So, 

=: Al DA2. 

AnAlQ {Al η Al) u {A2 η A^) 
C { sup \S{kA) - s{kA)\ >δ}υ A2. 

0 < f c A < T 

P ( > l n A ^ ) < P ( sup \S{kA)~s{kA)\>δ)^P{A2) 
0 < ί : Δ < Τ 

<\,E{ sup {S{kA) - s{kA)f\ + P{A2). 
ύ \ 0 < f c A < T / 

Now, for any ε > 0, we may choose δ so small that 

P{A2) < 0.5ε 

and then choose Δ so small that 

j.E ( sup {S{kA) - s{kA))A < 0.5ε, 
δ^ \0<kA<T / 

whence P{A U A%) < e. This confirms (3.36). 
Now, for £my d > 0, we write 

A' = { sup S{t) > c) 
0<t<T 

So 

= { sup S{t) >ο + δ}υ{ο< sup S{t) < c + 5} 
0 < i < T 0 < i < T 

=: A^UAA. 

PiA" η AA) <P{A3 η AA) + P{A4 η AA) 

< P{ sup \S{t) - s{t)\ >δ) + P{A4). (3.38) 
0<t<T 

and 

\im P{A'= η AA) = 0. (3.37) 

For any sufficiently small δ, we have 

A = { sup S{t) < c} 
0 < t < T 

= { sup S(t) <€-δ}υ{ο-δ< sup S{t) < c} 
0<t<T 0<t<T 

C { sup S{kA) <ο-δ}ΐ}{€-δ< sup S{t) < c} 
0<kA<T 0<t<T 
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9.4 O P T I M A L S T O P P I N G P R O B L E M S 

Suppose that a person has an asset or resource which changes according to 
a time-homogeneous d-dimensional stochastic differential equation 

(ίξ{1) = Ρ{ξ{ί))(α + α{ξ{ί))άΒ{ί) ο η ί > 0 . (4.1) 

Define 
oo 

S*{t) = 5(fcA) /jfcA,(fc+l)A)(i) , 0 < ί < T, 
*:=0 

and note that 

{ sup |S(t) - s{t)| > δ) 
0<t<T 

C { sup |5{i) - s*it)\ > 0.5i} U { sup \s*(t) - s{t)\ > Ο.δδ} 
0<t<T 0<t<T 

= [ sup sup \S{t) - S{kA)\ > 0.56} 
0<Α:Δ<Γ <:Δ<ί<(*+1)Δ 

+ { sup |5(Α;Δ) - s(fcA)| > 0.5J}. 

0<<:Δ<Τ 

Thus 

P{ sup \S{t) - s{t)\ >δ}<Ρ{ sup sup \S{t) - 5(Α:Δ)| > 0.5<J) 
0<t<T 0<kA<T kA<t<(,k+l)A 

+ ~E{ sup iS{kA) - s{kA)Y). (3.39) 
0 0<kA<T 

Because S{t) is a continuous process in t G [Ο,Τ], almost every sample path of 
5(·) is uniformly continuous on [Ο,Τ]. This immediately implies 

lim P( sup sup \S(t) - 5(A;A)| > Ο.δδ) = 0. 

Δ—0 0<)^Δ<ΤΛΔ<ί<(Ι^+1)Δ 

We also know from Theorem 3.6 that 

lim E{ sup (SikA) - s{kA))^) = 0. 

Δ—0 0<kA<T 

Hence, from (3.39), for any δ > 0, 

lim P( sup \S(t) - s(t)\ > δ) = 0. 
Δ—0 ο<ί<Τ 

Now, recalling the definition of A4, we see that for ε > 0 we can find a <5 > 0 
sufficiently small for PiA^) < 0.5ε and then choose Δ sufficiently small for 
'P(supo<i<T \S{t) - s{t)\ > δ)< 0.5ε. Substituting this into (3.38) yields PiA^U 
AA) < ε, for sufficiently small Δ, confirming (3.37). The proof is therefore 
complete. 
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Ε^φ(ξ{ί))= f φ{ν)Ρ(χ;άν,ί) 

which was introduced in Section 2.9, where P{x\ A, t) is the transition probability 
of the Markov solution ξ(ί). As shown in Section 2.9, this is equivalent to 

Ε,φ{ξ{ί)) = Ε0(ξχ{ί)), 

where ξχ(ί) is the unique solution of the equation 

Ut) = ^ + nUs))ds + j ' ^ G{Us))dB{s). (4.2) 

In other words, if we denote by Ρχ the probability law of ξχ( ί ) , then Εχ is 
the expectation with respect to Ρχ. We also denote by Τ the family of all J^t-
stopping times (may take value oo). Now the optimal stopping problem is to 
look for a stopping time r* = τ'{χ,ω) such that 

Εχφ{ξ{τ')) = 3ηγ>Εχφ(ξ{τ)) for all X e i?"*, (4.3) 

where φ{ζ,{τ)) is set to be 0 at the points ω € Ω where τ{ω) = oo. Moreover, we 
also wish to find the corresponding optimal expected reward 

φ*{χ):= sup Εχφ{ξ{τ)). (4.4) 

To solve this problem we need to introduce some basic concepts. 

Definition 4.1 A Borel measurable function f : R^ ^ [0, oo] is said to be 
supermeanvalued vnth respect to the Markov solution ξ(ί) of equation (4-1) if 

fix) > Eχf{ξ{τ)) 

for all τ GT and χ € Λ"*. The function f is said to be lower semicontinuous if 

/ (x) < l iminf / (y ) 
»->x 

for all X e iZ**. If f is not only supermeanvalued but aho lower semicontinuous, 
then f is said to be l.s.c. superharmonic or simply superharmonic. 

The following lemma lists a number of useful properties of supermeanvalued 
and superharmonic functions. 

Here B{t) is an m-dimcnsional Brownian motion and, as a standing liypothesis, 
we assume tiiat 

are uniformly Lipschitz continuous. 

Suppose that the person wishes to sell his asset and the price at time t is of course 
a function of ξ{ΐ), say φ{ξ{ί)). Here φ is a. continuous nonnegative function 
defined on R^ and is called a reward function. Assume that he is given the 
reward function φ and knows the behaviour of ^(i) up to the present time t, but 
because of the noise in the system he is not sure at the time of sale whether 
his choice of time will turn out to be the best. The optimal stopping problem 
is to look for a stopping strategy that gives the best result in the sense that 
the strategy maximizes the expected profit in the long run. To formulate this 
problem mathematically, let us recall the notation 
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Proof, a) is stredghtforward. 

b) Let τ ςΤ and χ e Λ** be arbitrary. Note that for every i e I, 

fiix) > ExfiiiiT)) > ExfiiiT)). 

Hence 
/ ( χ ) = ΐ η ί Λ ( χ ) > £ ; . / ( ξ ( τ ) ) 

as required. 
c) First suppose that {/t}«>i is a sequence of supermeanvalued functions 

and fi Τ f pointwise. Then 

fix) > fiix) > Eχfi{ξ{τ)) for all i. 

So by the monotone convergence theorem, 

fix) > hm Exfii^iT)) = Exfi^iT)) 
t—.oo 

which means that / is supermeanvalued. Next, if all fi's are superharmonic, 
then they are lower semicontinuous and 

fiix) < lim inf /j(y) < lim inf / (y) . 
I /—X y->x 

In consequence 
/ ( x ) = lim /,(x) < l iminf / (y ) . 

i—>oo y—·χ 

Lemma 4.2 
a) If fi9 are supermeanvalued (superharmonic) and a,β > 0, then af + βρ is 

supermeanvalued (resp. superharmonic). 
b) / / { / i } i g / is a family of supermeanvalued functions, then f : = i n f j g / / j is 

supermeanvalued. 
c) / /{/ i}i>i is a sequence of supermeanvalued (superharmonic) functions and 

fil f pointwise, then f is supermeanvalued (resp. superharmonic). 
d) If f is supermeanvalued and τγ,τ^ e Τ with Τχ < Τ2, then Exf{^(Ti)) > 

e) If f is supermeanvalued and D is an open subset of R^, then foi^) ~ 
Exfi^irp)) is supermeanvalued, where TD is the first exit time of from 
D, i.e. TD = i n f { i > 0 : ξ{t) i D}. 

f) If f is superharmonic and {TJ} is any sequence of stopping times such that 
Ti ^ 0 a.s., then 

fix) = lira Eχf{ξ{τi)) for all x. 

�� �� �� �� ��



332 Applications t o Economics and Finance (Cli.9 

This proves that / is lower semicontinuous and therefore is superharmonic. 
d) In Chapter 2 we showed that the solution ξ(ί) of equation (4.1) is a 

homogeneous strong Markov process. Hence by the Markov property and the 
supermeanvalued property of / , we have 

i ^ [ / ( i x W ) l ^ s l = % ( a ) / ( i ( t - S)) < / ( ξ . ( 5 ) ) , 0 < S < ί < (X>. 

That is, / ( ξχ ( ί ) ) is a supermartingale. Therefore, by Doob's stopping theorem 
(see Section 1.3), we have 

E[/(CX(T2))|JF ,] < / ( ξ χ ( τ ι ) ) . 

Taking expectation on both sides yields 

F / ( i x ( T 2 ) ) < £ / ( ξ χ ( τ ι ) ) , 

that is Ε χ / ( ξ ( τ 2 ) ) < Εχ/{ξ{τι)) as required. 
e) Let peT be arbitrary and define = inf{i > ρ : ξ{ί) φ D}. By the 

strong Markov property we have that 

E.mri)) = Ex[E^(p)mTD))\ = Ε χ / ο ( ξ ( ρ ) ) . 

But > To so by property d) we have 

Ε χ / ( ξ ( τ έ ) ) < E^mTD)) = / D ( X ) . 

Therefore 
foix) > ΕΜξ{ρ)) 

and fo is supermeanvalued. 

f) By the lower semicontinuity and the well-known Fatou lemma we have 

fix) < Exfhminf / (ξ(τΟ)) < liminf Ε χ / ( ξ ( τ Ο ) . 

On the other hand, by the supermeanvalued property, 

/ ( x ) > l i m s u p E x / ( e ( r , ) ) . 
t->oo 

So we must have the equality 
fix) = hm Fx/(^(rO) 

t—*<x> 

as desired. The proof is complete. 
The following is a useful criterion (cf. Dynkin (1965)) for superharmonic 

functions. 
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Obviously a superharmonic function is excessive, but we now show that the 
converse holds as well. 

Lemma 4.5 A function f is superharmonic if and only if it is excessive. 

Lemma 4.3 If f £ C'^(R'^, R+), then f is superharmonic if and only if 

Lf{x) < 0 for all x^R^, (4.6) 

where L is the diffusion operator associated with equation (4-1), that is 

Lf{x) = f.{x)Fix) + i i race[G^(x ) /x , (x)G(x)] . 

Proof. Let (4.6) iiold £ind τ €T. For any ί > 0, Ito's formula implies 

Eχf{ξ{τAt))<f{x). 

Letting ί -+ oo we obtain by the Fatou lemma that 

Exfi^ir)) < fix). 

So / is supermeanvalued and hence superharmonic. Conversely, assume that 
(4.6) is false. So there is some χ e R^ such that Lf{x) > 0. Due to the 
continuity of Lf(-) we can find an open neighbourhood U of χ such that 

θ := sup Lf(x) > 0. 
x€U 

Define the stopping time Ty = 'mi{t > 0 : ξ ϊ ( ί ) ^ U}. Clearly, 1 Λ Τ{/ is also a 
stopping time and 1 Λ rj/ > 0 a.s. Now, by Ito's formula, 

EχfiξilΛra)) = EfiξAl/\ru)) 
/•ΙΛτίΐ 

= fix) + Ε / Lfiξsis))ds > fix) + eEil Λ ru) > fix). 
Jo 

This means / is not supermeanvalued and of course not superharmonic. The 
proof is complete. 

However, it is too restrictive to require / be of C^. Fortunately, Dynkin 
(1965) supplies us with another necessiuy and sufficient condition. To state, let 
us give a new definition. 

Definition 4.4 A lower semicontinuous function f : R'^ ^ [0, oo] is said to be 
excessive mth respect to ξ(<) if 

fix) > Exfi^it)) for allt>0, χ e R"^. 
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Jo 
E[Lf{iAs))\ds = EAfm)) ~ fix) < 0 for ah t > 0. 

Since E\Lf{ξχ{s))\ is continuous in s, we must have E[Lf{ξχ{0))] = Lf{x) < 0 
for all X G R^. By Lemma 4.3, / is therefore superharmonic. The general case 
can be proved by the standard approximation procedure (and the details can be 
found in Dynkin (1965)). 

Before we state our main results in this section, we still need to introduce 
a few more new concepts. 

Definition 4.6 Let g be a Borel measurable real-valued function on R'^. If f 
is a supermeanvalued (superharmonic) function and f > g, we call f a super­
meanvalued (resp. superharmonic) majorant of g. If g is a supermeanvalued 
majorant of g and g < f for any other supermeanvalued majorant f of g, then 
g is called the least supermeanvalued majorant of g. Similarly, if g is a super­
harmonic majorant of g and g < f for any other superharmonic majorant f of 
g, then g is called the least superharmonic majorant of g. 

Lemma 4.7 The least supermeanvalued majorant g of g always exists and is 
given by 

gix) = inifix) forxeR"^, 

where inf takes over all supermeanvalued majorants f of g. 
Proof. By Lemma 4.2 b), the function inf/ f{x) is again supermeanvalued and 
is therefore clearly the least supermeanvalued majorant of g. 

The least superharmonic majorant g of g does not always exist. However, 
we cEm see clearly from Lemma 4.7 that if g exists, then g > g. Moreover, if 
g is lower semicontinuous, then g is a superharmonic majorant of g and g < f 
for any superharmonic majorant f oi g and therefore, by definition, g exists and 
coincides with g. The following theorem not only shows that g exists as long as 
g is nonnegative and lower semicontinuous but also gives the iterative procedure 
to construct g. 

Theorem 4.8 Let g be a lower semicontinuous nonnegative function on R"^. 
Then the least superharmonic majorant g of g exists and coincides with the 
supermeanvalued majorant g of g, that is g = g. Moreover, let go = g and define 
iteratively 

g„(x) = sup Exg„-i{m) (4-7) 
ί€Λ. 

for η = 1,2, • · ·, where J„ = {/i;/2" : 0 < A; < n2"}. Then 5„ ΐ g. 

Proof. We first claim that for any ί > 0, the function 
h{x) := Exgoim) 

Proof. We only need to show the "if part so we let / be excessive. First, we 
assume that / is of C^. For any χ G i?"*, by Ito's formula we have 
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< lim inf Ego{ξyΛt)) = hminf/i(yjfe) = lim h{zk). 

But this contradicts with (4.8) and hence h{x) must be lower semicontinuous. 
Note that the supremum of any lower semicontinuous functions is lower semi-
continuous. We then easily see that gi is lower semicontinuous and so are g„'s 
by induction. Moreover, y„ is clearly increasing so 

g{x) := lim 9„(x) =sup(/„(x) 

is again lower semicontinuous. Noting 

g{x) > gn{x) > Eχgn-ι(ξ{t)) for all η and all t e J„, 

we have 

g{x) > lim Exgn-Mt)) = E^mt)) (4-9) 
n—»oo 

for all ( € J = U ^ i ^n- Since J is dense in for any ί > 0 we can choose a 
sequence {tk} in J such that tk —»t. Using (4.9), we then derive that 

g{x) > MiamiE^mtk)) > F j l i m i n f ^(^(tfc))) > Εχ§{ξ{ί))-

This means that g is excessive. By Lemma 4.5, g is superharmonic and is 
therefore a superharmonic majorant of g. On the other hand, if / is any super­
meanvalued majorant of g, we can easily show by induction that 

/ ( x ) > 9 „ ( x ) for all n. 

is lower semicontinuous. If not, then there is some ζ £ and a sequence {zk) 
such that Zk ζ and 

h(z) > lim h{zk). (4.8) 

k—>oo 

On the other hand, by the standing hypothesis of the uniform Lipschitz conti­
nuity, we can easily show that 

E\Ut)-U{t)Y<C\z-Zk?, 

where C is a positive number independent of ζ and Zk- Hence, there is a subse­
quence {Vk) oi [zk] such that 

iySt)--Ut) a.s. 

Using the lower semicontinuity of go and applying the Fatou lemma we can then 
derive that 

h{z) = Egoi^At)) < Ehiminf go{ξyΛt)) 
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which implies that / (x) > g{x). This proves that g is the least supermeanvalued 
majorant g of g. But g is superharmonic so it must be the least superharmonic 
majorant of 5 as weU. The proof is complete. 

It should be pointed out that Jn in (4.7) can be replaced by /?_). and the 
proof will even become slightly easier. But, (4.7) with J„ is much easier to be 
used in practice. 

After so many preparations we can now return to the optimal stopping 
problem (4.3)-(4.4). Let us first have a quick look at how the least superhar­
monic majorant connects with the problem. Let φ be the reward function so it is 
nonnegative and continuous. By Theorem 4.8, its least superharmonic majorant 
φ exists. If r € T, then 

φ{χ) > Εχφ{ξ(τ)) > Εχφ{ατ)), 

which implies 
φ{χ) > sup Εχφ{ξ{τ)) = φ'{χ). (4.10) 

What is not so obvious is that the converse inequality holds as well. In other 
words, we always have φ = φ* and we shaU now begin to prove this main result 
which is due to Dynkin (1963). 

Theorem 4.9 Let φ be a reward function (so continuous and nonnegative) and 
Φ* be the optimal reward defined by (4-4)· φ be the least superharmonic 
majorant of φ. Then 

φ' = φ. (4.11) 

Proof. First we assume that φ is bounded. For any ε > 0, set 

Dg = {xe : φ{χ) < φ{χ) - ε } . (4.12) 

Since φ is continuous while φ is lower semicontinuous, is open. Let be the 
first exit time of ξ(ί) from Dg, i.e. 

r , = i n f { t > 0 : ^ ( i ) ^ D e } . 

Clearly, is a stopping time. Define 

φ,{χ) = Εχφ{ξ{τ,)) ioixeR'^. (4.13) 

By Lemma 4.2 e), φ^ is supermeanvalued. We now claim that 

φ{χ) < φ,{χ) + ε for aU χ e β^. (4.14) 

If this is false, we must have 

0 := sup [φ{χ) - φΑχ)] > ε. 
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So we can find some lo such that 

φixo)-φe{xo)>β-^>0. (4.15) 

Note that either XQ e or XQ ^ D^. If the latter is true, = 0 P^-a.s. 
Then φε{χο) — Φ{Χο) > «̂ (̂ ο̂) which contradicts (4.15). Therefore, we must 
have Xo G and, by the contmuity of the solution, > 0 Pm-a.s. Noting that 

+ is a suj>ermeanvalued majorant of φ, we have that 

Φ{Χθ) < Φε{Χθ) + β. 

This, together with (4.15), yields 

.^(^o) < Φ{χο) + | · (4.16) 

On the other hand, for any ί > 0, by the superharmonic property of φ and the 
definition of we have that 

<A(xo) > Ex^mtAT,)) > J5x„([<A(e(i)) + s]/{e<,,j). 

Applying the Fatou lemma we obtain that 

φ{χο) > lirainf Εχ„([<^(ξ(ί)) + ε ] / { « η } ) 

> Εχ^(liminf^(i(i)) + e ] / { t < r . } ) = Φ{ΧΟ) + ε-

But this contradicts with (4.16) so (4.14) must hold. In consequence, φ^+είΒΆ 

supermeanvalued majorant of φ. This, together with the definition of τ^, implies 
that 

φ{χ)<Φε(χ) + ε = Εχφ(ξ{τε)) + ε 
< ΕΑΦ{ξ{τε)) + ε] + ε< φ*{χ) + 2ε. (4.17) 

Since ε is arbitrary, we have φ <φ*. By (4.10), we must have φ* = φ. In other 
words, we have proved that (4.11) holds if <A is bounded. If φ is unbounded, let 

= η Λ (/> for η = 1,2, · · ·. Then 

Φ' >Φη=Φη'\ f asn->oc. 

Clearly, f > φ and by Lemma 4.2 c), / is superharmonic. So / is a superhar­
monic majorant of φ. Thus φ* > f > φ which, together with (4.10), implies 
Φ* = φ again. The proof is complete. 

From the proof above, we obtain the following useful approximation result. 
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Corollary 4.10 If the reward function φ is bounded, then defined in the 
proof of Theorem 4-9 is close to the optimal stopping time in the sense that 

0 < φ'{χ) - Εχφ(ξ{τ,)) < 2ε (4.18) 

for allxe R^. 

This corollary follows from (4.17) and (4.11) directly. We now establish 
two useful criteria on the optimal stopping time. 

Corollary 4.11 Let φ, φ and φ* be the same as defined in Theorem 4-9. Suppose 
there is a stopping time To ET such that 

φο{χ) := Εχφ{ξ{το)) 

is a supermeanvalued majorant of φ. Then 

φ*{χ) = Φο{χ) 

and hence τ* = TQ is an optimal stopping time for problem (4-3). 

Proof Since φο is a supermeanvalued majorant of φ, we have 

Φ{χ) < Φο{χ). 

On the other hand, we always have that 

φο(χ) < sup Εχφ{ξ(τ)) = φ*{χ). 
τςτ 

By Theorems 4.8 and 4.9, we have φ*{χ) = ΦΟ{Χ) and hence r* = TQ is an 
optimal stopping time. 

Corollary 4.12 Let φ, φ and φ* be the same as defined in Theorem 4-9. Let 

D = {x £ R'': φ(χ) < φ{χ)} and τρ ^ m{{t > 0 : ξ{ί) ^ D}. 

Define 

φο{χ) = Εχφ{ξ{το)). 

If Φο>Φ, then φ* = Φο and το is an optimal stopping time. 
Proof Noting ξ{το) t D, we have φ{ξ(το)) > Φ{ζ{''Ό)) and hence we must 
have φ{ξ{το)) = Φ{ξ{το))· By Lemma 4.2 e), φο{χ) = Εχφ{ξ{το)) is superme­
anvalued. The assertions now follow from Corollary 4.11. 

An optimal stopping time r* for problem (4.3) may not always exist. The 
following theorem not only gives a sufficient condition for the existence of an 
optimal stopping time but also characterizes it. 
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Theo rem 4.13 Let φ, φ and φ* be the same as defined in Theorem 4-9. Let 

D = {x€R^: φ{χ) < φ{χ)} and TD = inf{t > 0 : ξ(ί) ^ D). 

For every η = 1,2, · · ·, let φη = ηΑφ and define 

Dr, = {x e R"^: φ„{χ) < φ„{χ)} and τ„ = mf{t > 0 : ξ{ί) ^ D„}. 

If Ρχ{τη < oo} = 1 for all χ € and n>l, then 

φ*{χ) = lim Εχφ{ξ{τη)). (4.19) 
ti-»oo 

In particular, if for each χ 6 Rf', Ρχ{το < oo} = 1 and the family {<Α(ξ(τ„))}„>ι 
is uniformly integrable with respect to Ρχ, that is 

lim (supEχ\φ{ξ{Tr,))I{φ^ζ^r,.))>K}\) = 0 , 

then 

φ*{χ) = Εχφ{ξ{το)). (4.20) 

In other words, r' = τρ is an optimal stopping time for problem (4-3). 
Proof We first claim that if φ is bounded £md Ρχ{το < oo} = 1 for all i e fi**, 
then 

φ'{χ) = Εχφ{ξ(τν)). (4.21) 

To show this, let be the same as defined in the proof of Theorem 4.9. Clearly, 
Τε Τ T D a s when e i 0. By the bounded convergence theorem, we have 

Εχφ(ξ{τε)) -> Εχφ{ξ{το)) as ε ^ 0. 

This, together with Corollary 4.10, yields (4.21). 
We now begin to prove (4.19). By what we have just shown, we have 

φ*Αχ) ^ Εχφ^ατη)) for all η > 1 . (4.22) 

Since φη is increasing, we can define 

/ = lim φ„. 
η—»oo 

By Jjcmma 4.2 c), / is superharmonic. Since φη < Φη ^ f for all n, we have 
φ < f. Hence / is a superharmonic majorant of φ and so f > φ. On the other 
hand, noting that φη < Φ for all n, we see that f < φ. Therefore, we must have 

φ = lim Φη. (4.23) 
η—>oo 
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Ρχ{τ' >το} = 1 for all χ ζ R'^ 

and To is also an optimal stopping time. 

(4.24) 

Proof. If (4.24) is not true, there is some IQ € R'^ such that Ρχ„{τ* < rp} > 0. 
For ω € {τ* < το}, by the definition of To and Theorem 4.9, we have that 
<Α(ξ(τ*)) < 0(ξ(τ*)) = Φ*{ξ{τ*)). Moreover, we always have φ < φ*. Thus we 
have a contradiction: 

φ'{Χ0) = Εχ,Μ^τΊ) = Εχ„ φ(ξ{τη)I^r.<rn} + E Ι » Φ{ξ(τΊ)ΐ[τ'>^} 

<Eχ„[φ*iξiτ'))I^r'<rn] 

= Εχ„φ*(ξ(τ')) < φ'(χο), 

+ Εχ Φ'{ατΊ)Ιΐτ->^) 

Using Theorem 4.9 and equahties (4.22)- (4.23) we then derive that 

φ*{χ) = hm φ'Αχ) = hm Εχφη{ξ{τη)) 
n—*oo n—•oo 

< hminf βχ<Α(ξ(τ„)) < YimsupΕχφ{ξ{τη)) < φ'{χ) 
η—οο η—οο 

and the required assertion (4.19) follows. 

We now show (4.20). Clearly, φη < η. So if ι e D„, then φη{χ) < η. In 
consequence, φ{χ) < η, φ{χ) = φ„{χ) < φη{χ) < φ{χ) and φ„+ι{χ) = φ„{χ) < 
Φη{χ) < Φη+ι{χ)· In other words, we have shown that 

Dn C D„+i and /?„ C D Π {x : φ{χ) < η}. 

Recalling (4.23), we then see that D is the increasing union of £)„'s and 

TD = lim r„. 
n—oo 

Thus, ξ(τ„) —> ξ{το) Ρχ-Ά.&. and, by the the uniform integrability, this conver­
gence is in as well. Therefore, we obtain from (4.19) that 

φ^χ) = lim Εχφ{ξ{τ„)) = Εχφ{ξ{το)) 
η—οο 

which is the required (4.20). The proof is complete. 
Theorem 4.13 shows that under certain conditions TQ is an optimal stopping 

time. The following theorem shows the "uniqueness" in the sense that if an 
optimal stopping time τ* exists, then τρ must be an optimal stopping time (but 
may not be the same as τ ' ) . 

Theorem 4.14 Let TO be the same as defined in Theorem 4H- U there exists 
an optimal stopping time r* for problem (4-3), then 
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where the last inequality holds because φ* is superharmonic. So (4.24) must 
hold. Now by Lemma 4.2 d) etc, we derive that 

φ*{χ) = Εχφ{ξ{τ*)) < Εχφ{ξ{τ')) 

< Εχφ{ξ{το)) < Εχφ{ξ{το)) < φ'{χ). 

This proves that TD is an optimal stopping time. 
The foUowmg two important remarks explain how the theory discussed 

above can be used to cope with more general problems. 

R e m a r k 4.15 In many situations the reward function φ not only depends on 
the space but aiso the time. That is, φ = φ{χ, ί) is a continuous nonnegative 
function on R'^xR.^.. The optimal stopping problem becomes to find the optimal 
expected value 

φo(x) = supEχφ{ξ{τ),τ) (4.25) 

and the corresponding optimal stopping time τ*, if there is any, such that 

φο{χ) = Εχφ{ξ{τ*),τ'). (4.26) 

Clearly, this looks more general than problem (4.3)-(4.4). However, we can 
use the theory established above to solve this problem. Extend φ to the whole 
d + 1-dimensional Euclidean space R'^ x Rhy defining 

φ{χ, t) = 0 (1 ,0) ioTxeR'', ί < 0. 

Then φ{χ, t) is continuous on R'^ χ R. Introduce the d+ 1-dimensional stochastic 
differential equation 

dη{t) = d Ε{ξ{ί)) 
1 dt-\- 0 dB{t). 

The solution with initial value ( i , s ) € R'^ x Ris denoted by ηι,,(ί) and define 
Εχ^,φ{η{ί)) = Εφ{ηχΑί))· Using the theory established above we can find the 
optimal mean reward 

φ*{χ,8) = sup Εχ^βφ(η(τ)) 
τ ε τ 

and, if there is one, an optimal stopping time r* such that 

φ'{χ,8) = Εχ,,φ{η{τη). 

In particular, 

φθ{χ) = Φ'{Χ,0) = Εχ,οΦ{η{τη) = Εχφ{ξ{τη,τ*) 

which solves problem (4.25)-(4.26). 
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Remark 4.16 Sometimes the reward at the sale time t wiU not only depend on 
the present state x{t) but also the whole history {x{s) : 0 < s < i} . For example, 
let Φι and Φ2 be two continuous nonnegative functions on and consider the 
following optimal stopping problem: Determine the optimal mean reward 

Γ Φι{ξ{ί))<α + Φ2{ξ{τ)) 

Jo 
and find, if there is one, an optimal stopping time r* such that 

φο(χ) := sup Εχ 

Φο{χ) = Ex Γ Φι{ξ{ί))άΐ + φ2(ξ{τη) 

Jo 

(4.27) 

(4.28) 

This again looks more general than problem (4.3)-(4.4) but we can still use the 
theory established above to solve it. Define 

φ{χ,υ) = φ2{χ) + 0Αν ior {x,y) e R'^ X R. 

So φ{χ, y) is continuous and nonnegative. Introduce the d + 1-dimensional 
stochastic differential equation 

άη{1) = d m Em) 
ΦΛξ{ί)) dt + 0 dB{t). 

The solution with initial value ( i , y) e R'^xRis denoted by ηχ,y{t) and we define 
Eχ,yφ{'π{t)) = Eφ(ηχ^y{t)). Moreover, at the points ω € Ω, where τ{ω) = oo, 
Εχ,νΦ{η{τ)) is interpreted as 

-'x.y 0Λί?(οο)] =Εχ(θ\/ y + Φι m))dt 
instead of it being set to 0, and this will not affect the theory discussed before. 
We can therefore find the optimal mean value 

φ*{χ,ν) = sup Eχ^yφ{η{τ)) 

and an optimal stopping time r*, if there is one, such that 

φ^x,y) = Eχ,yφ{η{rη). 

In particular. 

φο{χ) = φ*{χ,0) = Εχ,οΦ{η{τη) = Εχ 

which solves problem (4.27)-(4.28). 

Γ φι{ξit))dt + φ2{ξ{r^)) 
Jo 
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9.5 S T O C H A S T I C G A M E S 

Consider a d-dimensional stochastic differential equation 

d4{t) = Ρ{ξ(ί))άΙ + G(C(i))dB(i) on ί > 0. (5.1) 

Here B{t) is an m-dimensional Brownian motion and we assume that 

(HI) F : -» Λ"* and G : β·* -> β"**"" are uniformly Lipschitz continuous. 

Given the initial value ξ{0) = i , the solution of equation (5.1) is denoted by 
ξx{t) and the corresponding Εχ and Ρχ are defined as before. 

For any nonempty closed subset U of fl"*, denote by hu the first hitting 
time of the set U by ξ{ί), i.e. 

hu = M{t > 0 : C(t) e U}. 

For any set Η C R^, denote by the complement of Η in Λ**. Let D be a 
given nonempty open set in if*. (In particular, one may take D = R'^.) Denote 
by dD the boundary of D and let .D = D U dD. Let A, Β he two given subsets 
of D such that dD C An B. For each χ e D, denote by Λχ the family of all 
finite stopping times σ such that σ < /ΐβπ and ξχ{σ) e A. Similarly, denote by 
Βχ the family of all finite stopping times τ such that r < ho" and ξχ{τ) e B. 
Note that <τ Ξ 0 is in ν4χ if and only if χ € ^4. If D = β**, then σ e Λχ ii and 
only if Ρχ{σ < οο,ξ(σ) € A} = 1. U A = Β, then Λχ = Βχ. Let /,φ,φι and 
Φ2 be continuous functions defined on D with φ being nonnegative. For χ € D, 
σ £ Λχ and τ G Βχ, define 

exp Jx{a,r)=Ex f 
Jo 

+ Ex (exp -

Jo 
rnmdt 

+ E, (exp - ψ{ξ.{8))ά8 

Φι{ξ(σ 

Φ2{ξ(τ 

) ) / { a < r } ) 

) ) ^ { σ > τ } ) · (5.2) 

This will be called the payoff functional. 
We consider a scheme whereby, for a given χ £ D, player (a) chooses any 

stopping time σ £ Λχ and player (b) chooses any stopping time τ £ Βχ, and 
the resulting payoff is JX{O,T) that player (a) pays to player (b) (Of course, if 
Jx{a,T) is negative, this should be interpreted as player (b) pays to player (a)). 
Thus, the aim of player (a) is to minimize Jx{a, τ) while the aim of player (b) is 
to maximize 7χ(σ ,τ ) . We shall call this scheme the stochastic game associated 
with (5.1)-(5.2) and denote it by Gx- We shall denote the collection {Gx : χ £ D} 
by G, and call it the stochastic game associated with (5.1)-(5.2) in D. If 

inf sup Jx (a ,T) = sup inf 7χ(σ, r ) . (5.3) 
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then we say that the stochastic game Qx has value, and the common number 
in (5.3) is called the value of game Qx and is denoted by V{x). If there exist 
stopping times σ* and r* in Λχ and Βχ, respectively, such that 

Λ(σ*,r) < Jx{a:,r:) < 3χ{σ,<) (5.4) 

for all σ G Λχ and r e Βχ, we call (σ*,τ*) a saddle point of Qx. If (5.4) holds, 
we have 

inf sup 3χ{σ,τ) < sup ^ ( σ ' , τ ) 

< Λ « , τ * ) < inf Jxia,Tx)< sup inf 3χ{σ,τ). 

On the other hand, we always have 

inf sup Λ:(σ, r ) > sup inf 3χ{σ,τ). 

We therefore see that if (σ*,τ*) is a saddle point of Qx, then the game has its 
value 

V{x) = Jx{a:,r:). (5.5) 

If there exist closed sets A * C A and B* C Β such that for every χ € D, the 
pair of 

σ* = HA' and r* = /ΐβ· 

forms a siiddle point of Qx, then we say that the pair (/i^., /ΐβ.) is a saddle point 
for Q and we call the pair {A*,B*) a saddle point of sets for ^ . 

To characterise the saddle points, we shall need the following conditions: 

(H2) For any χ e D, Λχ and Βχ are nonempty. 
(H3) The functions / , φ, φι and Φ2 are bounded and continuous with φ>0 

and, moreover, 

/•σΛτ Γ i-t 

Ex / exp - / φ{ξ{s))ds fm))dt < 00 (5.6) 
Jo I Jo 1 

for all X e D, σ € Λχ and r e β^. 

Conditions (H2) and (H3) are irrestrictive. For example, if Pxihpr. < 0 0 } = 1 
for every χ e D, then Λχ and Βχ contain at least one element, namely hp', 
since dD C ΑΓ\Β. If ΕχΙΐο^ < oo, then (5.6) is satisfied. Let us now establish 
two simple but useful lemmas that give the criteria for E^/ idc < 00 . Let L be 
the diffusion operator associated with equation (5.1), that is 

Lu(x) = Ux{x)F{x) + ^trace[G'^{x)uxxix)G{x)] 

for a C^-function u. 
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Proof. Let μ = e'-̂ l'' and define 

u(x) = -μβ^^ ' for xe D. 

Then |u(x)| < e l̂'̂ l'' and, moreover, 

Ltx(x) = -με^^^' ( A F i ( x ) + γ Φ ι ι ( χ ) ) < -με-^^' < -μβ-'^Ι^ = - 1 . 

So the required conclusion follows from Lemma 5.1. 
The following theorem describes the properties of the value function V{x) 

corresponding to a saddle point of sets. 

Theo rem 5.3 Let (H1)-(H3) hold and assume that {A*,B*) is a saddle point 
of sets for the stochastic game Q. Then the value function V{x) has the follounng 
properties: 

ν{χ)<φι{χ) ifxeA-B*, (5.7) 
ν{χ)>φ2{χ) ifxeB, (5.8) 
ν{χ) = φι{χ) ifx&A' - B \ (5.9) 
F(x) = <^(x) ifxeB', (5.10) 

Lemma 5.1 Suppose that there exists a function u € C{D; R) Π C^{D; R) and 
a positive constant Κ such that 

Luix) < - 1 and |u(x)| <K for χ £ D. 

Then 
Exho- < 2K for all χ e D. 

Proof. For any ί > 0, by Ito's formula and the condition we derive that 

-Κ < EMiit A ho")) < u{x) + £ χ / Lu{^{s))ds <K- E^t A ho^. 
Jo 

That is 
Ex{tAhD-^)<2K. 

Letting ί —> oo we obtain the asserted conclusion. 

L e m m a 5.2 Let Φ = (Φo)dχd = GG^ and unite F = (Fj , · · ·, F^)^. Let D be 
a domain contained in a strip < 7 for some positive constant 7 . Suppose 
that there exists a constant λ such that 

\ 2 
AFi(x) + γΦη{χ) > 1 for all χ e D. 

Then 
Exhoo < 2e2l*lT for all χ e D. 
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V{x)<Ex Γβχρί- f φ{ξ(3))ά3]ηξ{1))άΙ 
Jo I Jo 

+ Ex(exp φ{ξ{3))ά8 

if a is a stopping time such that a < Ηβ· and, moreover, 

mmt 

(5.11) 

V{x)>Ex Γβχρί- f ψ{ξ{3))άί 
Jo L Jo 

+ E, <p(4(s))ds vm)) (5.12) 

if β is a stopping time such that β < hA' • 

Proof. By definition, we have that 

Jx{hA-,T) < V{x) < Jx{a,hB') for all σ € A^, r e B^. (5.13) 

li X e A~ B*, the σ = 0 belongs to Λχ and he- > 0 Ρχ-a.s. Hence 

Jχ{0,hB.)=φι{x). 

This, together with the second inequality in (5.13), yields (5.7). If χ e β , then 
r Ξ 0 belongs to Βχ and 

JχihA',0) = φ2{x). 

This, together with the first inequaUty in (5.13), yields (5.8). To prove (5.9), 
note that if χ e ^ ' - β*, then hA' = 0 < ΗΒ· Fx-a.s. Thus 

V{x)^Jχ{hA^,hB^)=φχ{x). 

Next, if X e B*, then he- = 0 < /i^. Ρχ-a.s. and so 

V{x) = Jχ{hA',hB') = φ2{x) 

which is (5.10). We proceed to prove (5.11). Let α be any stopping time such 
that α < Λβ.. Note that 

V{x)=mlJx{a,hB')< inf Jx{a,hB') 

{ / rahh,,. Γ rt 

Εχ{ exp - φ{ξ{8))ά3 
\Jo L Jo 

fm))dt 
+ exp 

Jo 
s))ds Φΐ{ξ{σ))Ι[α<Η„.} 
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Φ2{ξ{^^Β'))Ι{σ>Η,3.} 

347 

)}· 
- / φ{ξ{3))ά3 
. Jo 

= Εχί expf- / φ{ξ{8))ά3\/{ξ{ί))άΙ 
Jo ι Jo 

+ inf sJexp - f φ{ξ{8))ά8 
σ€Αι,σ>α L L ^0 ασΛ/ί;,. Γ i-t 

exp - J ψ{ξ{8))ά8 
+ exp - / φ{ξ{8))ά8 

Ja 

+ exp - /" " φ{ξ{8))ά. 
Ja 

By the strong Markov property, the right-hand side is equal to 

Ex Γ expf- /V(?(s))ds]/(C(t))di 
Jo ί Jo 

lexp - φ(ξ{8))ά8 inf %α ) (σ , / ΐβ . ) > 

nam 

φ2{ξ{hB'))I{σ>h„'] 0}· 

+ Εχ 

= Εχ f e x p i -
Jo L Jo 

. jexp -£φ{ξ{8))ά8 ν{ξ{α)ή. 

This proves (5.11). The proof of (5.12) is similar and therefore the proof of this 
theorem is complete. 

Note that it follows from inequalities (5.7) and (5.8) that 

Φι{χ)>Φ2{χ) ifxeAnB-B'. (5.14) 

Thus, for the existence of a saddle point of sets {A*,B*), it is necessary that 
(5.14) holds. We shall now show the converse of Theorem 5.3. 

T h e o r e m 5.4 Let (H1)-(H3) hold. Assume that there exists a Borel measurcώle 
function V{x) defined on D and closed sets A* C A, B* C Β such that (5.7)-
(5.12) are satisfied, 

and, moreover. 

hA' € Λχ, he' e Βχ for χ G D 

Φι{χ) = φ2{χ) onxeA'nB*. 

(5.15) 

(5.16) 

Then (Α',Β*) is a saddle point of sets for the stochastic game Q and V{x) is 
the value of the game. 

�� �� �� �� ��



348 Applications to Economics and Finance [Ch.9 

Before the proof, let us point out that if hp. < oo Ρχ-a.s. for every χ € D 
and dD e Α*ΠΒ*, then condition (5.15) is satisfied. Moreover, condition (5.16) 
means that the game is "fair." Indeed, from the definition of Jx(a,T) we see 
that player (b) has a "slight" advantage for he controls Φ2 on the set {σ = τ } , 
but condition (5.16) abolishes this advantage on the set A* ΙΊ Β* while in the 
complement of A* Π Β* this advantage is irrelevant. 

Proof. What we have to show is that 

Jx{hA',T)<V(x)<Jx{a,hB') (5.17) 

for σ e .4χ and τ 6 Βχ. Note that we always have ξ(/ι>ι·) e A*. If ξ ( / ΐ Λ · ) i B', 
then by (5.9), V{ξ{hA^)) = φι{ξ{ΗΑ')) while if ξ ( / ΐ 4 · ) G B*, then by (5.10) and 
(5.16), Viξ{hA')) = Φι{ξ{ΙΐΑ')) = Φ2{ξ(ΙΐΑ')). Therefore, we have 

ν{ξ{ΗΑ')) = Φΐ{ξ{ΗΑ')). 

Moreover, for any τ e Βχ, ξ{τ) € Β and hence, by (5.8), 

ν(ξ{τ)) > Φ2{ξ{τ)). 

Making use of (5.18)-(5.19), we then derive that 

(5.18) 

(5.19) 

Jx{hA',T) = Ex j exp - / ψ{ξ,{8))ά8 
Jo 1 Jo mt))dt 

+ Ex 

+ Ex (exp φ{ξ{8))ά8 

<Εχ t 
Jo 

+ Fx (exp 

Φ\{ξ{^Α'))Ι{ΗΛ'<τ) 

exp 

(•ΗΛ' Λ Τ 

- Γφ(ξ{8))ά8 
Jo 

φ{ξ{8))ά8 

0 2 ( ξ ( τ ) ) ί { / . Λ · > ^ } ) 

Using (5.12) with 0 = hA- Λ r , we then obtain that 

UhA',r)<V{x) 

which is the first inequidity in (5.17). The second inequality in (5.17) can be 
proved similarly. 

The following theorem shows that the problem of finding a siiddle point for 
the stochastic game Q can be reduced to a problem of solving elliptic variational 
inequahties. 

Theorem 5,5 Let V e C{D; R) Π C^{D; R) and set 

A* = {χ€Α:ν{χ)=φι(χ)} and B' = {x e A : V(x) = φ2{χ)}. 
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ΐν{χ)-ψ{χ)ν{χ) + /{χ)<0 ifxeD-A', (5.20) 
LVix)-φ{χ)ν{χ) +fix) >0 ifxGD-B', (5.21) 

ν{χ)<φι{χ) ifxeA-B', (5.22) 
i/(i)><A2(x) ifxeB, (5.23) 

ν{χ) = φι{χ) = φ2{χ) ifxedD. (5.24) 

Assume aiso that ho' < oo Ρχ-a.s. for all χ e D. Then (Α',Β') is a saddle 
point of sets for the stochastic game Q and V{x) is the value of the game. 

Proof. Clearly, A* and B* are closed subsets of A and B, respectively. By 
(5.24), dD C A'nB' and so / i^. Vhe- < /id-^ · This, together with the condition 
that ho' < oo Px-a.s., implies that 

hA' € Λχ, he- € Βχ for χ e D. 

For any r 6 Βχ , we can easily apply the Ito formula to show that 

Ε. %(^exp - £ ψ{ζ{s))ds 

= ExJ^ exp^-ψ{ξis))ds 

ViiihA'AT))^-V{x) 

[LV{ξ{t)) - φ{ξ{t))V{ξ{t)))dt. 

Using conditions (5.20) and (5.23), we then see that 
/ •ΛΛ'ΛΤ Γ rt 

V{x) >Ex exp - φ{i(s))ds 
Jo L JO 
/ Γ rh 

+ E, 

+ E, 

. Jo 

^exp φ{ξis))ds 

fim)dt 
ΦliξihA^))I{h^.<r} 

Φ2{ζ(τ))Ι{Η,.>τ}^ 
= JxihA-,τ). 

On the other hand, for any σ € -4χ, we have that 

(5.25) 

Vix) = -Ex ji"'""" exp - ji' φ{ξ{s))ds [LViξ{t)) - φ{ξ{t))V{ξ{t)))dt 

+ Ex i^exp^- Ψ{ξ{s))ds^ ν(ξ{σ A Λβ.) j 

<Ex 

+ Ex 

exp 
σ 

- f φ{ξ{s))ds\f{ξit))dt 
Jo 

y.(e(s) )ds 
- l -Ex^exp - ji " φ{ξis))ds 

— Jx{a,hB')-

Φΐ{ξ(<^))Ι{<τ<^η']^ 

Φ2{ξ{^Β'))Ι{σ>Η„.}^ 

(5.26) 
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In other words, we have proved that 

Jx{hA-,r)<V{x)<JAa,hB-) 

for all σ e Λχ and τ e Βχ and therefore the desired conclusions follow. The 
proof is complete. 

Due to the page hmit we will not discuss the solution to the eUiptic vari­
ational inequahties (5.20)-(5.24). The reader can find the details in Friedman 
(1975) or Wu k Mao (1988). 
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Stochastic Neural Networks 

10.1 INTRODUCTION 

Since Hopfield (1982) initiated the study of neural networks, theoretical under­
standing of neural network dynamics has advanced greatly and we here mention 
Hopfield (1984), Hopfield & Tank (1986) and Denker (1986) among others. Much 
of the current interest in artificial networks stems not only from their richness as 
a theoretical model of collective dynamics but also from the promise they have 
shown as a priictical tool for performing parallel computation. In performing 
the computation, there are various stochastic perturbations to the networks and 
it is important to understand how these perturbations affect the networks. Es­
pecially, it is very critical to know whether the networks are stable or not under 
the perturbations. Although the stability of neural networks has been studied 
to a great deal, the stochastic effects to the stabihty problem have not been 
investigated until Liao & Mao (1996a, b) and the main aim of this chapter is to 
introduce the study in this new direction. 

10.2 STOCHASTIC NEURAL NETWORKS 

The neural network proposed by Hopfield (1982) can be described by an 
ordinary differential equation of the form 

1 
CMt) = -—Uiit) + ^Tijgjiuj{t)), l<i<d, (2.1) 

on ί > 0. The variable Ui{t) represents the voltage on the input of the ith 
neuron. Each neuron is characterized by an input capacitance Cj and a trimsfer 
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Ri = 

The nonlinear transfer function gi{u) is sigraoidal, saturating at ±1 with maxi­
mum slope at u = 0. In terms of mathematics, gi{u) is a nondecreasing Lipschitz 
continuous function with properties that 

ugiiu) > 0 and \gi{u)\ < 1 Λ / ? j | u | on - oo < u < oo, (2.2) 

where 0i is the slope of gi{u) at u = 0 and is supposed to be positive and finite. 
By defining 

'' = -^i = § 

equation (2.1) can be re-written as 

d 
uiit) = -biUiit) + aijgj{uj{t)), 1 < 2 < n, (2.3) 

J = l 

or equivalentiy 
ώ(ί) = -Bu{t) + Ag{u{t)), (2.4) 

where 

u{t) = ( u i ( i ) , · · · ,«d(i))^, Β = diag.(6i, · · ·,6^), 

A = {aij)dxd, 9{u) = (51 ( w i ) , · · · , 9d(ud))^-

It is useful to note that 

d 

>>t = Y2\aiil l<i<d. (2.5) 
j = l 

Suppose there exists a stochastic perturbation to the neural network and the 
stochastically-perturbed network is described by a stochastic differential equa­
tion 

dx(t) = [-Bx{t) + Agix{t))]dt + a{x{t))dB{t) on t > 0. (2.6) 

Here B{t) is an m-dimensional Brownian motion defined on the given complete 
probability space {Q,J^,{J't},P) and σ(χ) = ioij{x))dxm is a d χ m-matrix 
valued function defined on R'^. We always assume that σ(χ) is locally Lipschitz 
continuous and satisfies the linear growth condition as well. By the theory of 
Chapter 2, we know that given any initial value i(0) = XQ 6 R*^, equation 

function gi{u). The connection matrix element Tij hi\s a value either + l/Rij 
or - l/Rij depending on whether the noninverting or inverting output of the 
j th neuron is connected to the input of the ith neuron through a resistance Rij. 
The parallel resistance at the input of the ith neuron is 
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^ ^ ( 2qi[-bi + {0V aii)Pi] for i = j , 
I Qi \aijI β] + qj Wji10i for ιφί. 

(2.6) has a unique global solution on ί > 0 and we shall denote the solution by 
x{t;xo)- Moreover, we also assume that σ(0) = 0 for the stability purpose of 
this chapter. So equation (2.6) admits a trivial solution a;(i; 0) = 0. Moreover, 
by Lemma 4.3.2, we know that if the initial value XQ ^ 0, the solution will never 
be zero with probability one, that is x(i; XQ) ^ 0 for all t > 0 a.s. 

Now that equation (2.6) is a stochastically perturbed system of equation 
(2.4), it is interesting to know how the stochastic perturbation idfects the stabil­
ity property of equation (2.4). More precisely speaking, when equation (2.4) is 
stable, it is useful to know whether the perturbed equation (2.6) remains stable 
or becomes unstable; but when equation (2.4) is unstable, it is then useful to 
know whether the perturbed equation (2.6) becomes stable or remains unstable. 
In the sequel of this section we shall discuss these problems in detail. 

(i) Exponential Stability 

Let us first state a useful lemma. 

Lemma 2.1 Assume that there exists a symmetric positive definite matrix 
Q = {qij)dxd and two numbers μ G R and p>0 such that 

2x'^Q[-Bx + Ag{x)] + trace[a'^{x)Qa{x)] < μx'^Qx (2.7) 

and 

[x^Qa(x)p > pix'^Qxf (2.8) 

for all X e R^. Then the solution of equation (2.6) has the property that 

l imsupilog(|x(i;xo)|) < - ( p - ^ ) a.s. (2.9) 
t->oo t \ Z) 

whenever XQ φ 0. In particular, if ρ > μ/2, then the stochastic neural network 
(2.6) is almost surely exponentially stable. 

This lemma follows directly from Theorem 4.3.3 by letting V{x) = x'^Qx. 
We next employ this Lemma to establish a number of useful theorems on the 
almost sure exponential stability for the stochastic neural network (2.6). 

Theorem 2.2 Let (2.2) hold. Assume that there exists a positive definite 
diagonal matrix Q — diag.(9i,72, · · · ,Qd) and two real numbers μ > 0 and ρ > 0 
such that 

trace[o'^{x)Qa{x)] < μx^Qx 

and 

lx^Qa(x) |2 > pix'^Qxf 

for all X G R'^. Let Η = (hij)dxd be the symmetric matrix defined by 
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limsup j log( |x(t ; io) | ) < 
t — CX) t 

if Xmax{H) > 0, or otherwise 

limsup-log(|x(i;xo)|) < 
t—oo t 

whenever XQ φΟ-

Proof Compute, by (2.2), 

β Η Γ 
mini <i<„gi ) 

V 2 [ maxi<i<„qi\) 

[Ch.lO 

a.s. (2.10) 

a.s. (2.11) 

2x'^QAg(x) = 2^2 XiQi^^ij 9j{xj) 

<2Υ29i(0 V aii)xigiixi) + 2 qi \aij\0j \xj\ 

< 2 5] g<(o V oiOftx- + Σ 1^*1(9· I + I-

In the case Xmax{H) > 0, 

2x^Q[-5x + ylff(x)] < (|xi|, · • ·, |xd|) Η (|xi |, · · ·, |χ^|)^ 

< Χη,^{Η)\χ\' < x^Qx, 
niini<t<n9i 

and then conclusion (2.10) follows from Lemma 2.1 easily. Similarly, in the case 

Amax(ii) < 0, 
2x^Q[-Bx + Ag{x)] < λ^.^{Η)\χ\' < ^"""^^^ x'^Qx 

maxi<i<„9i 

and then conclusion (2.11) follows from Lemma 2.1 again. 

Theorem 2.3 Let (2.2) and (2.5) hold. Assume that there exist d positive 
numbers 9i , 92, · • · , 9d such that 

^1 έ [ 0 ^ sign(aii)]*'^ \aij\ < qjbj, I < j < d, 
t = l 

where Sij is the Dirac delta function, i.e. 

(I fori=j, 
""'^-{O fori^j. 

Then the solution of equation (2.6) has the properties that 
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2x^QAg{x) = 2 Σ ^iQiaijQiixj) 

d 

< 2 Σ kil Qi [0 V sign(aii)]*- \aij\0j\xj\ 

d 

<Y,Qi [0 Vsign(aii)]*-^ |ay |(x? +/J.'x,^) 
i,J=l 

< Σ9*(ΣΚΙ)^? + E ( ^ ' E 9 i i O V s i g n ( a , , ) ^ \aiAx] 
i=l Vj=l / j = l ^ i=l / 

< Y^qAx^ + Y^qjbjX^j = 2x^QBx. 

Hence 
2 x ^ g [ - B x + >lg(x)] + trace[o'^{x)Qaix)] < px'^Qx 

and the conclusion follows from Lemma 2.1. 

Theorem 2.4 Let (2.2) and (2.5) hold. Assume that the network is symmetric 
in the sense 

\aii\=^\aji\ for alll <i,j <d. 

Assume also that there is a pair of constants μ> 0 and p>0 such that 

|σ(χ) |2 < μ|χ |2 and \χ'^σ(χ)\'^ > p\x\^ 

for all X € m^. Then the solution of equation (2.6) has the properties that 

l imsup - log(|x(i;xo)|) < -
t—oo t 

p + 6 ( l - / 3 ) - | a.s. (2.12) 

Assume moreover that 

trace[a^{x)Qa{x)] < px^Qx 

and 
\x^Qa{x)\^ > plx-^Qxf 

for all X e Λ**, where Q = diag.(9i,92, · · ,?d), μ > 0 and ρ > 0 are both 
constants. Then the solution of equation (2.6) satisfies 

limsup7log{|x(i;xo)|) < - f p - ^ ) a.s. 

t - .oo t \ 1/ 

whenever XQJ^O. 

Proof. Compute, by the conditions, 
d 
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limsup-log(|a[;(i;xo)|) < -
t—oo t 

if β > 1, whenever XQ φ 0, where 

a.s. 

β = max β,, b = max bi, b = mln 6,. 
l < i < d \<i<d l<i<d 

[Ch.lO 

(2.13) 

Proof. Compute 

2x^Ag{x) = 2^^ XiaijQjixj) 
«,J=1 

d d 
< 2 5^ |x,| \α^,\β^ \xj\ <βΥ2 + 

= β 

= β 

i,j = l 
d , d 

i = l \ = 1 / j = l V i = l / J 

j^hxUJZbjx] = 2/9x^ Bx. 

Hence 

\ίβ<\, then 

2 χ ^ [ - β χ + Agix)] < -2 (1 - ;9)χ^βχ. 

2x^[-Bx + Ag{x)\ + |σ(χ) |2 < (-26(1 - β) + μ]\χ\^ 

and conclusion (2.12) follows from Lemma 2.1 with Q the identity matrix. On 
the other hand, \i β>1, then 

2x'^\-Bx + Ag{x)] + (σ(χ)|2 < (26(/3 - 1) + μ]|χ(2, 

and conclusion (2.13) follows from Lemma 2.1 again, 

(ii) Exponential Instability 

We now begin to discuss the exponential instability for the stochastic neural 
network (2.6). The following lemma is useful 

Lemma 2.5 Assume that there exists a symmetric positive definite matrix 
Q = {qij)dxd and two real numbers μ£ R and p> 0 such that 

2x'^Q[~Bx + Ag{x)] + trace\a'^{x)Qa{x)\ > μx'^Qx (2.14) 

if β<1, and 
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^ . . ^ ί'2ςί[-6ί + (0Λα«)Α] fori=j, 
\-(li\aij\0j-qj\aji\0i fori φ 3. 

Then the solution of equation (2.6) satisfies 

Amin(^) 
μ + 

m m i < j < „ qi — ρ a.s. 

whenever ΧοφΟ. 

Proof In the same way as in the proof of Theorem 2.2 one can show that 

2x^Ql-Bx + Ag(x)] > {\xi\,\xd\)S(]x,],••·,\xd\f > λ„ί„(5) |χ1^ 

Note that we must have Amini'S') < 0 since all the elements of S are non-positive. 
So 

2x'^Q[-Bx + Agix)] > ^""'"^^^ x^Qx 
mmi<i<dqi 

and the assertion follows from Lemma 2.5 immediately. 

Theorem 2.7 Let (2.2) and (2.5) hold. Assume that the network is symmetric 
in the sense 

h j i l for alll <i,j < d. 

and 

|x^Qa(a;)|2 < pix'^Qxf (2.15) 

for all X e R^. Then the solution of equation (2.6) has the property that 

liminf \ log(|x(<; xo)|) > ^ - Ρ a.s. (2.16) 
t—»oo t ζ 

whenever XQ φ 0. /η particular, if ρ < μ/2 then the stochastic neural network 
(2.6) is almost surely exponentially unstable. 

This lemma follows directly from Theorem 4.3.5 by using V{x) = x^Qx. 
We now apply this lemma to establish a couple of useful results. 

Theorem 2.6 Let (2.2) hold. Assume that there exists a positive definite 
diagonal matrix Q = diag.(qi, 92, · · · , 9<i) and two positive numbers μ and ρ such 
that 

trace[j'^{x)Qa{x)] > μx^Qx 

and 

|x^Qa(x) |2 < pix^Qxf 

for all X e R^. Let S = {sij)dy.d he the symmetric matrix defined by 
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whenever xo φΟ, where 

β = majc βί and b = max 6,. 
l < i < n l < t < n 

Proof. Compute 

d 

2x'^Ag{x) =2^2 Xiaijgjixj) 

> - 2 |x,| \αί^\β^ \xj\ >-βγ2 kuK^i 

=-4έ(έκ^ι)-?+Σ(Σκ.ι)-ί 
«=1 j = l j=l i=l 
d 

= -β 

Hence 

t = l i = l 

= ~2βχ'^Βχ. 

2x^[-Bx + Ag{x)] > -2 (1 + β)χ'^Βχ > -26(1 + β)\χ\'^. 

In consequence, 

2 χ ^ [ - β χ + Agix)] + |σ(χ) |2 > [μ - 26(1 + ;9)]|x|2, 

and the required conclusion follows from Lemma 2.5 with Q the identity matrix. 
The proof is complete. 

(iii) Robustness οf Stability and Stochastic Stabilization 

The results obtained in subsection (i) can be applied to study the robustness 
of stability as well as to investigate the stochastic stabilization. To explain the 
application to the study of robustness of stability, let us suppose that there exists 
a symmetric positive definite matrix Q = {qij)dxd and a positive constant μι 
such that 

2x'^Q[-Bx + Ag{x)\ < -μιx'^Qx for χ e (2.17) 

Assume also that there are two positwe constants μ and ρ such that 

|σ(χ)|2 > μ| ι |2 and | x M ^ ) P < P W ' 

for all X £ R'^. Then the solution of equation (2.6) satisfies that 

lim inf i log(|x(t; io)|) >^-b{l+$)-p a.s. 
t—oo t I 
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It is easy to verify that 

M2Amax(Q) 2x'^Q[-Bx + Ag(x)] + tTace{a'^{x)Qa{x)] < - μι -
A m i n ( Q ) 

x'^Qx. 

Thus, by Lemma 2.1 with ρ = 0 (since (2.8) always holds with ρ = 0), the 
stochastic neural network (2.6) is almost surely exponentially stable. In other 
words, the stochastic perturbation does not change the stability property of the 
neural network (2.4). 

Let us now discuss the stochastic stabilization. We know that the neural 
network (2.4) may be unstable sometimes. Perhaps one might imagine that an 
unstable neural network should behave even worse (more unstable) if the net­
work subjects to stochastic perturbations. However, tliis is not always true. As 
every thing has two sides, stochastic perturbations may make the given unstable 
network nicer (stable). Indeed, we shall show that any neural network of form 
(2.4) can be stabilized by stochastic perturbations. From the practical point of 
view we shall restrict ourselves to the linear stochastic perturbation only. In 
other words, we only consider the stochastic perturbation of the form 

m 

aix{t))dB{t) = '^Gkxi^dBkit), 

i.e. σ(χ) = [Gix, G2X, · ·, G^x), where Gk, 1 < A; < m are all d x d matrices. 
In this case, the stochastically perturbed network (2.6) becomes 

dx{t) = {-Bx(t) + Ag{x{t))]dt + ^ Gkx{t)dBkit) on < > 0. (2.19) 

Note that for any symmetric d χ d-matrix Q, 

m 

trace\a'^ {x)Qa{x)] = ^x'^GjQGkX 
k=i 

and 

)χ'^<?σ(χ)Ρ = trace[a'^(x)Qxx'^Qa{x)] 
m m 

= Y^x'^GlQxx'^QGkX = Y^ix'^QGkxf. 
k=l k=l 

It is well-known that hypothesis (2.17) guarantees the exponential stability of 
the neural network (2.4). We further assume that the stochastic perturbation is 
not too strong in the sense that there is a constant μ2 such that 

0 < < ^ ; ^ " " " ( ^ ^ and \σ{χ)\''< μ^Ιχ]^ for χ e fi". (2.18) 
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We therefore obtain the following useful result from Lemma 2.1. 

Theorem 2.8 Assume that there ex^sL· a symmetric positive definite matrix 
Q = {qij)dxd and two numbers μ€ R and p>0 such that 

m 
2x'^Q\-Bx + Ag{x)\ + Y2x'^GlQGkX < μx'^Qx 

k=l 

and 

f2ix''QGkX?>pix^Qxf 
fc=l 

for all X e R^. Then the solution of equation (2.19) satisfies 

limsup \ log(|x(i; xo)i) <-(p-^) a.s. 

whenever xo φ 0. In particular, if ρ > μ/2 then the stochastic neural network 
(2.19) is almost surely exponentially stable. 

Let us explain through examples how we can apply this theorem to stabihze 
a given neural network. 

Example 2.9 Let 
Gfc = Okl for 1 < fe < m, 

where / is the identity matrix and Ok,! < k < m aie ail real numbers. Then 
equation (2.19) becomes 

m 

dx{t) = {-Bx{t) + Ag{x{t))]dt + Y2 ekx{t)dBk{t). (2.20) 

Clearly, we can interpret the numbers 0^, 1 < fc < m as the intensity of the 
stochastic perturbation. Choose Q the identity matrix. Then 

m m m 

J^x'^GlQGkX = Σ \Gkx\' = Y2el\xf (2.21) 
fc=l fc=l fc=l 

and 
m m m 

J2ix^QGkxf = Y^ix-^kX? = Υ^θΙ\χ\\ (2.22) 
k=X k=l k=\ 

Moreover, in view of (2.2), we have 

2x''QAg{x) < 2\x\\\A\\[g(x)| < 2^|[A|| \x\\ 

where β = maxι<k<dβk• Hence 

2x'^Q[-Bx + Ag{x)\ < 2{β\\Α\\ - ί>)\χ\\ (2.23) 
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limsup ilog(|x(i;xo)|) < - a.s. 

whenever XQ φ 0. In particular, if we choose flat's sufficiently large for 

m 

Υ2θΙ>2{β\\Α\\-ΐ,), 
k=l 

then the stochastic neural network (2.20) is always aJmost surely exponentially 
stable no matter whether the neural network (2.4) is unstable. Furthermore, if 
we let 0k = 0 foi 2 < k < m, then equation (2.20) becomes an even simpler one 

dx{t) = \-Bx{t) + Ag{x{t))]dt + θιχ(ί)άΒι (t). (2.24) 

That is we only use a scalar Brownian motion as the source of stochastic per­
turbation. This stochastic network is always almost surely exponentially stable 
provided 

θ^>2{β\\Α\\~ί>). 

From this simple example we see that if a strong enough stochastic pertur­
bation is added onto a neural network u(t) = -Bu(t) + Ag{u{t)) in a certain way 
then the network can be stabilized. In other words, we have already obtained 
the following general result. 

Theorem 2.10 Any neural network of the form 

u{t) = ~Bu{t) + Ag{u{t)) 

can be stabilized by Brownian motions provided (2.2) is satisfied. Moreover, one 
can even use only a scalar Brownian motion to do so. 

Theorem 2.8 ensures that there are many choices for the matrices Gk in 
order to stabilize a given network. Of course the choices in Example 2.9 are just 
the simplest ones. For illustration we give one more example. 

Example 2.11 For each k, choose a positive definite dxd matrix Dk such that 

x'^Dkx>^\\Dk\\\x\\ 

Obviously, there are lots of such matrices. Let 0 be a real number and set 
Gk = ODk. Then equation (2.19) becomes 

m 

dx{t) = [ -βχ( ί ) + Ag{x{t))\dt + 0 5] Dkx{t)dBk{t). (2.25) 
k=l 

where h = mini<it<rf6fc. Combining (2.21)-(2.23) and then applying Theorem 
2.8 we see that the solution of equation (2.20) satisfies 
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and 

fc=l *:=! fc=l 

fc=l fc=l fc=l 

Combining these together with (2.23) and then applying Theorem 2.8 we obtain 
that the solution of equation (2.25) satisfies 

1 "* 
limsup--log(|x(i;xo)|) < -

t—oo I k=l 
a.s. 

whenever XQ φΟ. Particularly, if choose θ sufficiently large for 

a 4 ( ^ | | Α | | - 6 ) 

then the stochastic network (2.25) is almost surely exponentially stable. 
From the above examples we see clearly that in order to stabilize a given 

unstable network the stochastic perturbation should be strong enough. This is 
not surprising since if the stochastic perturbation is too weak it may not be 
able to change the instability property of the network and we shall see this more 
clearly in the next subsection. 

(iv) Robustness of Instability and Stochastic Destabilization 

The results established in subsection (ii) can be applied to the study of 
robustness of instability as well as stochastic destabilization. To explain the 
former, let us assume that network (2.4) is exponentially unstable, which is 
guaranteed by the condition that 

2x'^Q[-Bx + Ag{x)] > pix'^Qx, χ e R" (2.26) 

for some μι > 0 and some symmetric positive definite matrix Q. Assume also 
that the stochastic perturbation is so small that 

|σ(χ)|2 < M 2 l x ^ x e f i " , (2.27) 

where 0 < μ 2 < Mi[Amin(Q)]V(2 | |Q |P). Note that 

|χ^ί?σ(χ)|2 < ( x W and irace[a^(x)Qa(x)] > 0. 

Again let Q be the identity matrix. Note that 
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fc=l 

and 
£ ( x ^ Q G f c x ) 2 < p ( x ^ Q x ) 2 
fc=l 

for all X € β**. Then the solution of equation (2.19) satisfies 

liminf \ log(|x(i;xo)|) > ^ - ρ a.s. 

whenever XQ φ 0. In particular, if ρ < μ/2 then the stochastic neural network 
(2.19) is almost surely exponentially unstable. 

Let us now apply this theorem to show how one can use stochastic pertur­
bation to destabilize a given network. 

Example 2.13 First of all, let the dimension of the network d > 3. Let m = d, 
that is we choose a d-dimensional Brownian motion (Bi(i) ,B2( t) ,• ·• ,β^(ί))^. 

By L iemma 2.5, we therefore see that under conditions (2.26) and (2.27), the 
solution of equation (2.6) has the property that 

hminf i log(|x(i;x„) |) > ^ - . f ^ " ^ ' ] ' > 0 a.s. 

That is, the stochastic neural network (2.6) remains unstable. This supports 
once again the fact that if the stochastic perturbation is too weak it will not be 
able to change the instabiUty property of the network. 

In the previous subsection we have discussed the stochastic stabilization 
problem. Let us now turn to consider the opposite problem—stochastic desta-
biUzation. That is, we shall add stochastic perturbations onto a given stable 
network in the hope that the stochastically perturbed network becomes unsta­
ble. We have seen in the previous subsection that the stochastic perturbation 
should be strong enough or else the stabihty property will not be destroyed. 
However, the strength of the perturbation is not the only factor, since, as shown 
in the previous subsection, sometimes the stronger the stochastic perturbation 
is added the more stable the network becomes. As a matter of fact, the way 
how the stochastic perturbation is added onto the network is more important. 
From the practical point of view, we again restrict ourselves to Imeai stochastic 
perturbation only. In other words, we still assume the stochastically perturbed 
network is described by equation (2.19). Applying Lemma 2.5 to equation (2.19) 
we immediately obtain the following useful result. 

T h e o r e m 2.12 Assume that there emsts a symmetric positive definite matrix 
Q = (q i i j )dxd and two numbers μ € Λ and p> 0 such that 

m 

2x'^Q[-Bx + Agix)] + Y^x^GlQGkX > μχ^(?χ 
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Let 0 be a real number. For each k = 1,2,· • • ,d — 1, define = (gij}dxd 

9ij = θ ii i = k and j = fc + 1 or otherwise = 0. Moreover, define 
Cd = (9fj)dxd by gfj = θ ii i = d and j = 1 or otherwise gf^ = 0. Then the 
stochastic network (2.19) becomes 

dx{t) = \-Bx{t) + Ag{x{i))\dt + θ 

I x2{t)dBi{t) χ 

Xd{t)dBd^i(t) 
\ xi{t)dBd{t) I 

(2.28) 

Let Q be the identity matrix. Note that 

d d 

Σ x^GlQGkX = Σ IGfcXJ' = Σ l^^fcl' = ^'1^1 (2.29) 
fc=l 

Also, setting x^+i = xi . 

fc=l fe=l 

d 

Σ 
fc=l 

YAx^QGkxf^e'^Y^xlxl^, 
d 

Γ 

0Λ2 /)2 fl2 

fe=l 

Moreover, by (2.2), 

2x^Q [ -5x + Ag(x)] > -2(6 + ^| |A| |) |x |^ 

(2.30) 

(2.31) 

where 6 = maxi<jb<(i6fc and β = maxi<k<d0k- Combining (2.29)-(2.31) and 
then applying Theorem 2.12 we see that the solution of equation (2.28) satisfies 

liminf i log(lx(t; xo)|) > ζ - φ + 0\\A\\) - ξ = ζ-{ΐ, + β\\Α\\) a.s. 

whenever XQ φ 0. So the stochastic neural network (2.28) is almost surely 
exponentially unstable if 

02>6(6 + /3||Α||). 

Secondly, let us consider the case when the dimension of the network d is an 
even number. Let m = 1, that is choose a scalar Brownian motion B\{{). Let Q 
be a real number. Define 

( Q θ 
-θ Ο 

Ο 

Ο \ 

Ο θ 
-θ 0/ 
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dx{t) = [ -βχ( ί ) + Ag{x{t))]dt + θ 

( X2{t) \ 
- X I ( i ) 

V - X d - i ( i ) / 

dBi{t). (2.32) 

Let Q be the identity matrix again. Note that 

x'^GjQGix = e^lxl^ and (x^QGix)^ = 0. (2.33) 

Combining this with (2.31) and then applying Theorem 2.12 we see that the 
solution of equation (2.32) satisfies 

liminf ilog(|x(i;xo)|) > y - Φ + β\\Α\\) a.s. 

whenever XQ Φ 0. So the stochastic neural network (2.32) is almost surely 
exponentially unstable if 

θ^>2{ΐ> + β\\Α\\). 

This example proves the following theorem. 

Theo rem 2.14 Any neural network of the form 
x(t) = -Bx{t) + Agixit)) 

can be destabilized by Brownian motions provided the dimension d>2 and (2.2) 
is satisfied. 

Naturally, one would ask what happens when the dimension d = 1. Al­
though from the practical point of view one-dimensional networks ase rare, the 
question needs to be answered for the completeness of theory. So let us consider 
a one-dimensional network 

ii{t) = -ba{t) + ag{u{t)), (2.34) 

where 6 > 0 and α = 6 or - 6 , and g{u) is a sigmoidal real-valued function such 
that 

ug{u) > 0 and \g{u)\ < 1 Λ β\η\ for ah -oo < u < oo. 

Assume β < 1. Then it is easy to verify that the solution, denoted by w(i;xo), 
of equation (2.34) with initial value ti(0) = xo ^ 0 satisfies 

limsup j log(K<;xo) | ) < - 6 [ l - /3 (0 V sign(a))] < 0. 
t—oo t 

Then equation (2.19) becomes 

�� �� �� �� ��



366 Stochastic Neura l Networks [Cii.lO 

t - . o o 

Hence the stochastic neural network (2.35) becomes even more stable. We there­
fore see that a one-dimensional stable network may not be destabilized by Brow­
nian motions if the stochastic perturbation is restricted to be linear. 

10.3 S T O C H A S T I C N E U R A L N E T W O R K S W I T H DELAYS 

In many networks, time delays can not be avoided. For example, in elec­
tronic neural networks, time delays will be present due to the finite switching 
speed of amphfiers. In a similar way as Hopfield (1982), a model for a network 
with delays can be described by a differential delay equation 

1 
CMt) = —-Ui(t) + y2Tijgj{ujit-Tj)), l<i<d, (3.1) 

where Cj, Ri etc. are the same as described in the previous section while Tj's 
are positive constants and stand for the time delays. Let A, B, g and u be the 
same as defined in the previous section and define 

Ur{t) = {ui{t-Ti)r--,Udit-u)f. 

Then equation (3.1) can be re-written as 

u{t) = -Bu{t) + Ag{ur{t)). (3.2) 

In this section we shall discuss the stochastic effects to this delay neural network. 
Suppose that there exists a stochastic perturbation to the delay neural network 
(3.2) and the stochastically perturbed network is described by the stochastic 
differential delay equation 

dx{t) = [ -βχ( ί ) + Ag{xr{t))]dt + a{x{t),Xrit))dB{t) on ί > 0 (3.3) 

with initial data x(s) = ^(s) for - f < s < 0. Here 

Xr{t) = (xi(t - n ) , • · ·,Xd{t - Td)^, a-.R'^xR'^^ fi"^^"*, 
f = max n, ξ = {ξ{3): - f < s < 0} € C ( [ - f , 0); Λ"*). 

l < t < d 

In otiier words, network (2.34) is exponentially stable. Now perturb this network 
stochastically and assume the perturbed network is described by 

m 

dx{t) = [-bxit) + ag(x{t))]dt + ^ ekx{t)dBk{t), (2.35) 
fc=l 

where θ^8 are all real numbers. It is not difficult to show by Theorem 2.8 that 
the solution x(t; XQ) of equation (2.35) with initial value x(0) = χ^φΟ satisfies 

1 1 
limsup-log(|x(i;xo)|) < - /3 (0 V sign(o))] - ^ ^ ^ f c < ^ 
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is negative definite, where 

C = diag . (-2oi + ii /!??,--,-26d + id/3^) and D = diag . ( - i i , · • · , - i d ) . 

Let -X = Xmax{H) (so X > 0). Assume also that there exists an μ e (0, λ) such 
that 

\a{x,y)f < μ\χ^ + X\giy)f (3.4) 

for all (x,y) 6 i?** χ Λ ^ . Then the solution of equation (3.3) has the property 
that 

limsup \ \og{E\x{t;0?) < -ε, (3.5) 
t—oo t 

where ε e (0, X - μ) is the unique root to the equation 

ma^^:5iTi0fe^'^' + ε) = λ - μ. (3.6) 

In other words, the stochastic delay network (3.3) is exponentially stable in mean 
square. 

Proof. Fix the initial data ξ arbitrarily and write xit; ξ) = x(t). Introduce a 
Lyapunov function 

Vix,t) = \x\^ + Y^Si f gf{xi{t + s))ds 

for ( χ , ί ) € fi'' X [Ο,οο). By the Ito formula, 

dV{xit),t) = (Y^Mgnxiit)) ~gfixiit ~ n))] 

+ 2 χ ^ ( ί ) [ - β χ ( ί ) + Ag(xrm + \a{x{t),xAt))\''^dt 

+ 2x''\t)a{x{t),Xr{t))dB{t). (3.7) 

We assume that a{x,y) is locally Lipschitz continuous and satisfies the hnear 
growth condition as well. By the theory of Chapter 5, equation (3.3) has a 
unique global solution on ί > 0 and we denote the solution by x{t; ξ). Moreover, 
we also assume that σ(Ο,Ο) = 0 for the stability purpose and hence equation 
(3.3) admits a trivisJ solution x(i; 0) = 0. 

Theorem 3.1 Let (2.2) hold. Assume that there exist d positive constants 
<i <d such that the symmetric matrix 
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Y^5i\gf{xm - gf{xi{t - + 2χ^( ί ) [ -βχ( ί ) + Agix^t))] 
t = l 

< ( x ^ ( i ) , / ( x 

Also by (3.4), 

(0 <-\{\x{t)Y + \g{Xr{t))Y). 

\σix{t),Xr{t))Ϋ<μ\x{t)Ϋ + X\g{xrm^. 

Substituting these into (3.7) yields 

dV{x{t), t)<-{\- μ)\χ{ί)γάΙ + 2χ^(ί)σ(χ(ί), Xr{t))dB{t). (3.8) 

Let 0 < ε < λ - μ b e the root to equation (3.6). By Ito's formula again, 

d\e''V{x{t),t)\ = e^' \eV{x{t), t)dt + dV{x{t), t) 

< έ {t + s))ds-{\-μ-ε)\x{t)Ϋ dt 

+ 2e''x'^{t)a{xit),Xrit))dB{t), 

where (3.8) has been used. Integrating both sides of this inequality from 0 to 
Γ > 0 and then taking the expectation one obtains that 

e'^EV{x{T),T)<ci 
d 

I- - . 1 -

+ ^ r ^ ^ ' t e ' ^ i f 9ί{xi{t-^s))ds-{X-μ-ε)\x{t)Ϋ 
Jo L J-T. 

dt, (3.9) 

where 

Compute 

i = l 

T e ^ ' f gnxiit + s))dsdt= Γ e^' f gf{xi{s))dsdt 
Jo J-T, Jo Jt-Ti 

/

T Γ / . ( s + n ) A T -I rT 

/ e^'dt gf{xi{s))ds < / ne^(*+ '̂̂ fff (Xi(s))ds 
•Ti UaVO J J-Ti 

<T^e'^-+Ti0fe'^' Γ e''\xi(s)fds. (3.10) 
Jo 

By (2.2) and the hypothesis on Η one can derive that 

d 
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Therefore 
l i m s u p i l o g ( E | x ( T ) | 2 ) < - s 

r—oo -i 

which is the required (3.5). The proof is complete. 
In this theorem, condition (3.4) is a little bit restrictive although it cov­

ers some interesting cases (see examples below). The following theorem is an 
improvement. 

Theorem 3.2 Assume that all the conditions of Theorem 3.1 hold except (3.4) 
is replaced by 

Kx,y ) |2 < p\xf + X\g{y)\^ + p\yf (3.12) 

for all (x, y) £ R'' χ R"^, where μ and ρ are both nonnegative numbers such that 

μ + ρ< X. 

Then the solution of equation (3.3) satisfies 

limsup i log(£; |x( i ;OP) < -ε, (3.13) 
ί - . ο ο t 

where ε £ {0, X - μ - δ) is the unique solution to 

maxβεδiTiβ^ + p)e"' +ε\=Χ-μ. (3.14) 

Consequently, in light of (3.6), 

Σ f 9i{Mt + s))ds)dt 

< C2 + (λ - Μ - e) / e''\x{t)\^dt, (3.11) 
Jo 

where 

02 = ΕΣ'^ί^^"'· 
t = l 

Substituting (3.11) into (3.9) yields 

e''^EV{x{T),T)<ci+C2. 

In particular, 
e ^ ^ F | x ( r ) p < c i + C 2 . 
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I pe^'\x^{t)Ydt = Y^I pe''\Xi{t - r.^dt 
Jo , ^ 1 Jo 

^ Σ Γ Ρβ^^'+^·Ίχί(ί)|^Λ < C3 + ΣΡ^"' Γe''\xi{t)fdt, (3.16) 
i = l •'-'i i = l -^0 

where 
C3 = pre'"' sup | ξ ( δ ) | 2 . 

- T < s < 0 

Combining (3.10), (3.14) and (3.16) we obtain that 

Ί^^'Ί'Έ^' Ί 9i{xiit + s))ds + p\xr(t)f)dt 

Jo J-r. ' 

d τ 
< C 2 + C3 +V(e<J,r . /?2 + p )e - . / e'^Xi{t)fdt 

ΊΞ{ Jo 
<C2+C3 + (\-μ-ε) / e''\x{t)fdt. (3.17) 

Jo 

Substituting (3.17) into (3.15) gives 

e^^EF(x(T),T) < c i + C 2 + C3. 

The remainder of the proof is the same as before. The proof is complete. 

With slightly more careful arguments we can show the following even more 
general result. 

Theorem 3.3 Assume that all the conditions of Theorem 3.1 hold except (3.4) 
is replaced by 

d 
\σ{χ,y)Y < Χ^(μ,χ2 + ^ . ^ 2 ) + X\g{y)Y (3.18) 

Proof. Again hx ξ arbitrarily and write χ(ί;ξ) = x{t). Let ε e (0, X — μ — p) 
be the unique solution to equation (3.14) and Τ > 0. In the same way as in the 
proof of Theorem 3.1 we can show that 

e''^EV{xiT),T) < Cl + Ej\''S^eJ2S, j"" gf{xi{t + s))ds 

- (λ - μ - ε) |χ(ί) |2 + p\x,{t)\^yt. (3.15) 

Compute 
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1 + /?? 
Si= f o r a l l l < i < d . 

Let the symmetric matrix Η be the same as defined in Theorem 3.1. We claim 
that A m a x ( ^ ) < - A . In fact, for any x,y e R'^, 

(x-^y) Η F̂ ) = ^ ( - 2 f r i + SiPhxl + 2 Σ a^jxiyj - ^ 6iy^ 

i=l i,j = l t = l 

= - Σ(*>. - ^<f^)^ - Σ(̂ ^ - Σ 
i = l t = I j = l 

for all {x,y) € i?"* χ Rf*, where pi and pi are all nonnegative numbers such that 

Pi + Pi< X for alll<i<d. (3.19) 

Then the solution of equation (3.3) satisfies 

l imsup7log(f ; |x( i ;0P) < -ε, 

where ε 6 (0, niini<i<d(A — Pi — pi)) is the unique solution to 

m^J(e<5,r</?2 + pi)e'^- + μ< + ε] = λ. 

The details of the proof are left to the reader. We shall now use this theorem 
to establish a number of useful corollaries. 

Corollary 3.4 Let (2.2) and (2.5) hold. Assume that 

d 

6i > /9f Σ lojil alll<i<d. 

Assume also that both (3.18) and (3.19) are satisfied with 

^ = .^<".—ΪΤ0!—· 

Then the stochastic delay network (3.3) is exponentially stable in mean square. 

Proof Set 
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So 
( x ^ y ^ i / Q < - A ( l x | 2 + |yn. 

Now the conclusion of the corollary follows from Theorem 3.3 immediately. The 
proof is complete. 

Corollary 3.5 Let (2.2) hold. Assume that 

2bi > \\A\\{1 + pf) for ain<i<d. 

Assume abo that both (3.18) and (3.19) are satisfied with 

λ = min ( T ^ - \ \ A \ \ ) . 

Then the stochastic delay network (3.3) is exponentially stable in mean square. 

Proof Let 
2bi_ 

6i = :ττ^ for a l l l < i < d 

and then define the symmetric matrix Η the same as in Theorem 3.1. One can 
then show \max{H) < - λ in the same way as in the proof of Corollary 3.4, and 
hence the conclusion follows from Theorem 3.3. The proof is complete. 

In practice, networks are often symmetric in the sense |α^| = \aji\. For 
such symmetric networks we have the following useful result. 

Corollary 3.6 Let (2.2) and (2.5) hold. Assume that the network is symmetric 
in the sense 

Wijl = \aji\ for alll <i,j < d. 

Assume that 

0i<\ for all\<i<d. 

Assume also that both (3.18) and (3.19) are satisfied with 

i<V<d 1 + 0f λ = m i i i . i i ^ ^ ^ . (3.20) 

Then the stochastic delay network (3.3) is exponentially stable in mean square. 

where condition (2.5) has been used. But 

bi - 6ipf = (5z - 2^ \aji\ = — 2 ^ λ. 
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for all 1 < i < d. Also 

i ^ < " . — T T ^ F — I ' ^ h - T ^ W ~ -

Hence the conclusion follows from Corollary 3.4 directly. The proof is complete. 

Let us now turn to discuss the almost sure exponential stability for the 
stochastic delay network (3.3). The following lemma is useful. 

Lemma 3.7 Let (2.2) hold. Assume that there exists a constant Κ > 0 such 
that 

l a ( x , y ) | 2 < X(lx |2 + |y |2) for all x,y & R". (3.21) 

If 

for some 7 > 0, then 

limsup \ \og{E\x{t;ξ)]^) < - 7 (3.22) 

limsupilog(|x(i;^)|)<-J a.s. (3.23) 
t—oo t ί 

In other words, under conditions (2.2) and (3.21), the exponential stability in 
mean square of equation (3.3) implies the almost sure exponential stability. 

Proof Fix any ξ and write χ{ί;ξ) = x{t) again. Let ε 6 (0,7/2) be arbitrary. 
By (3.22) there is a constant Μ > 0 such that 

f; |x(t) |2 < Me-^"^"^)' for all ί > - τ . (3.24) 

Let fc = 1,2, · · ·. By the Doob martingale inequality, the Holder inequality as 
well as conditions (2.2) and (3.21), one can easily show that 

Ε sup |x(i)| 
.fc<f<fc+l 

rk+l 
21 <3£;|x(fc)|2 + C 4 y [Elxit^ + E\xrit)\'^]dt, (3.25) 

where C4 and the following C5 are both positive constants independent of fc. Note 
that 

d d 

E\xAt)\^ - Σ ^ ί ^ · ( * - ^ · ) ΐ ' ^ Σ - ^ ' ) ΐ ' · 

t = l t = l 

Proof. By the assumptions, 

d d 
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Ε 

Consequently 

sup |a:(i)|^ 
fc<t<A:+l 

< cse-i^-^)^ (3.26) 

p i ω : sup \x(t)f > β'^^-^'^Λ < c^e-'^. 
I fc<t<fc+i J 

By the Borel-Cantelh lemma, one sees that for almost all ω € Ω there exists a 
random integer Ηο{ω) such that for all k > kg, 

This implies that 

sup \x{t)f < e-<'^-2^)*. 
A;<i<A:+l 

1 7 
limsup - log(|x(i;i)|) < - - + ε a.s. 

t->oo t I 
Finally the desired (3.23) follows by letting ε —> 0. The proof is complete. 

The following result follows immediately from this lemma and Theorem 3.3 
etc. 

Theorem 3.8 Lei (2.2) and (3.21) hold. Then, under the conditions of Theorem 
3.3 or one of Corollary 3.4~3.6, the stochastic delay network (3.3) is almost 
surely exponentially stable. 

Let us now discuss a number of examples to illustrate our theory. 

Example 3.9 Consider the 2-dimensional stochastic delay network 

Jxi{t)\_(-i 0 W x i ( i ) \ / 2 - 2 \ / 5 ι ( χ ι ( ί - η ) ) \ 
\x2it))-[ 0 -2)[x2{t))'^*+[l ijyg^ix^it-T^)))'^* 

Here τι, Τ2 are both positive constants, B(t) a real-valued Brownian motion, Gi 
a 2 X 2 constant matrix, and 

= f o r u e / ? , i = l, 2. 

So (2.2) is satisfied with 0i = 1. To apply Theorem 3.1, let = 4 and = 2. 
Then 

/ - 4 0 2 - 2 \ 
( 0 - 2 1 1 

2 1 - 4 0 · 
\ - 2 1 0 - 2 / 

Substituting this and (3.24) into (3.25) yields 
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It is not difficult to compute XmaxiH) — -0.2474. Note also that 

σ{χ, y) = Gig{y) for {x, y)£R^xR^, 

where g{y) = (5ι(ί/ι),52(ί/2))^· Hence 

W{x,y)Y ^\Gig(,y)Y <\\Gi\\%{y)\\ 

Therefore, if 
IJGill̂  < 0.2474, (3.28) 

then, by Theorem 2.1, the stochastic delay network (3.27) is exponentially stable 
in mean square. Moreover, let ε > 0 be the root to the equation 

max{4ετle"· + ε, 2 ε τ 2 β " ^ + ε} - 0.2474. (3.29) 

Then the second moment Lyapimov exponent should not be greater than —ε. 
For example, if τι = 0.005 and Τ2 = 0.01, then (3.29) becomes 

0.02εβ° + ε = 0.2474, 

which has the root ε = 0.24253, hence in this case the second moment Lya­
punov exponent should not be greater than -0.24253. In view of Theorem 3.8, 
we can also conclude that the stochastic delay network (3.27) is almost surely 
exponentially stable as long as (3.28) is satisfied. 

Example 3.10 Consider a more general stochastic delay network than (3.27) 
wiiich is described by the equation 

1)(SS!::;;!0^' 

Here {B\{t), B2{t), B3{t)) is a 3-dimensional Brownian motion, and g2 are the 
same as in Example 3.9 while Gj, 1 < t < 3 are all 2 χ 2 constant matrices. 
Assume that (3.28) holds and also 

| | G 2 l l ' v | | G 3 i | 2 < 0 . 1 . (3.31) 

Note in this case that 

σ{χ, y) = (Gip(y), G 2 I , G^y) for (x, y)&R^xR^, 
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where g{y) = (Si 52(1/2))'^ · So 
|^(i,y)[2 = |Gi5(y)|2 + (G2x(2 + (G3t,|2 

< 0.2474|g(y)[2+0.1|x|2 + 0.1(y(2. 

Therefore, by Theorems 3.2 and 3.8, we conclude that the stochastic delay net­
work (3.30) is exponentially stable in mean square and is also almost surely 
exponentially stable. Moreover, if ε > 0 is the root to the equation 

max{(4εrl + 0.1)e"' -f- ε, (2ετ2 -f- 0.1)e"' + ε} = 0.1474, (3.32) 

then the second moment Lyapunov exponent should not be greater than —ε. 
For example, if η = T2 = 0.01, then equation (3.32) becomes 

(0.04ε -1- 0.1)e°°i^ -I- ε = 0.1474 
which has the root ε = 0.04553, and hence the second moment Lyapunov expo­
nent should not be greater than —0.04553 and the sample Lyapunov exponent 
should not be greater than -0.022765. 

Example 3.11 Finally, consider the 3-dimensional symmetric stochastic delay 
network 

dxit) = l-Bxit) + Ag(xr(t))]dt + Gix(t)dBiit) 
•sin(xi(< - Tl))' 

+ G2 sin(x2(< - Τ2)) dBiit). (3.33) 
_sin(x3(i - Ts)) 

Here (Bi( i) ,B2(0) is a 2-dimensional Brownian motion, Gj and G2 are both 
3 x 3 constant matrices, and 

/O 1 Γ 
β = diag.(2,3,4), A= 1 1 

g , ( i i . ) = (0.5u, Λ 1) V (-1) , giu) = (31 («ι), 52(«2), ff3(«3))'^-

Note that (2.2) and (2.5) are satisfied with βι = (32 = 03 = 0.5. To apply 
Corollary 3.6, we compute λ = 1.2 by (3.20). Assume that 

| |G , | | 2<1 .2 and [[Gall̂  < 0.3. 

Note that 
aix,y) = (GiX,G2(sinyi, siny2, siny3)'^) 

for (x,y) e X R^. Note also that 

(3.34) 

for - 00 < 2 < 00. sin'^z< [iz A l)Vi-l)Y < 4[(0.5z Λ 1) V (-1) 

Hence 

|a(x,y) |2<| |Gi | |2 |x |2 + 4||G2||2|s(y)|^ 
< | | G , | | V l ' + 1.2|5(y)|^ 

Applying Corollary 3.6 and Theorem 3.8 we can conclude that the stochastic 
delay network (3.33) is exponentially stable in mean square and is al.so almost 
surely exponentially stable. 
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11 
stochastic Delay Population Systems 

11.1 I N T R O D U C T I O N 

The <i-dimensional delay differential equation 

^ = diag(xi(i), · · •,χΑή)16 + Αχ(ή + Gx(t - τ)], (1.1) 

has been used to model the population growth of d interacting species and is 
known as the delay Lotka-Volterra model, or the delay logistic equation. Here 

X ^ {χι,··· ,Xd)^, b = {bi,--,bdY, A = {aij)dxd, G = {gij)dxd-

This equation may sometimes be written as 

^ = diag(xi(i), · · · ,Xd(i))[A(x(i) - X) + G(x(i - r ) - x)], 
dt 

when X = (xi, · · · ,Xd)^ is an equilibrium state of the equation in the positive 
cone = {x e β·* : Xi > 0, 1 < i < d}, that is, 

b + {A + G)x = 0. 

There is an extensive literature concerned with the dynamics of this delay model. 
In particular, the books by Gopalsamy (1992), Kolmanovskii and Myshkis (1992) 
as well as Kuang (1993) are good references in this area. 

On the other hand, population systems Eire often subject to environmental 
noise and there are different types of noise. For example, recall that the param­
eter bi represents the intrinsic growth rate of species i. In practice we usually 

377 
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^ ^ i j ( X j ( i ) - X j ) - (1.6) 

estimate it by an average value plus an error term. If we still used bj to denote 
the average growth rate, then the intrinsic growth rate becomes fej + errorj. Let 
us consider a small subsequent time interval dt, during which changes to 
Xi{t) +dxi{t). Accordingly, equation (1.1) becomes 

d 

dxi{t) = Xi{t)(bi + Y[aijXj{t) + gijXjit - τ) ]jdt + Xi{t) errorj dt 
3 = 1 

for 1 < t < d. According to the well-known central limit theorem, the error 
term errorj dt may be approximated by a normal distribution with mean zero 
and variance vfdt. In terms of mathematics, errorj dt ~ N{0, vfdt), which can be 
written as errorj dt ~ VidB{t), where dB(t) = B{t + dt) - B{t) is the increment 
of a Brownian motion that follows N{0,dt). Hence equation (1.1) becomes the 
Ito stochastic differential equation 

d 

dxiit) = Xj(i)[(6j + Yl\aijXj{t) + gijXjit - T)])dt + VidB{t) 

that is, in the matrix form, 

dx{t) = diag(xi(<), · • ·, Xd{t)) ([6 + Axit) + Gx{t - T)]dt + vdB{t)^, (1.2) 

where ν = ( D I , · • · , ν^)"^, which is the vector of the standard deviations of the 
errors, known as the noise intensities. These intensities may or may not depend 
on population sizes. If they are independent of population sizes, we can write 
i; as a constant vector β = (βί,·· • ,βά)"^· As a result, equation (1.2) becomes a 
stochastic delay population system (SDPS) 

dx{t) = diag(xi (i), · • · , Xd(i)) ([6 -|- ^x(i) + Gx(i - T)]dt + βdB{t)^. (1.3) 

If the noise intensities are dependent on population sizes, we may replace by 

d 

(1-4) 

and hence equation (1.2) becomes 

dx{t) = diag(xi(i), • · ·,xd(i))([6 -I- Ax(t) + Gx{t - T)]dt + ax{t)dB{t)), (1.5) 

where σ = {aij)dxd- However, the noise intensities may sometimes depend on 
the difference between the population size and the equilibrium state. In other 
words, Vi may have the form 

d 
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A = (-1 -1\ 
[-1 - i j ' 

we have λ+^χ(>1) = - 1 < Amax(^ ) = 0. On the other hand, Α + ^ χ ( ^ ) does have 
many similar properties as Xma.x{A) has. For example, it follows straightforward 
from the definition that 

x^Ax<X^^{A)\x\' yxeRi 

In this case, equation (1.1) becomes another SDPS 

dx(f) = diag(xi( i ) , - - - ,Xd ( i ) ) 

X {[A{x{t) -x) + G{x{t - r ) - x)]dt + σ (χ ( ί ) - x)dB(i)) . (1.7) 

Of course, there are other types of noise but we will, in this chapter, concentrate 
on the three types above, i.e. equations (1.3), (1.5) and (1.7). Since these 
systems describe stochastic population dynamics, it is critical to find out whether 
or not the solutions 

• will remain positive or never become negative, 
• will explode to infinity in a finite time, 
• will be ultimately bounded, 
• will become extinct. 

We will discuss the different behaviours of these three equations and hence 
reveal that different types of noise affect on the delay population systems dif­
ferently. We should also mention that the driving white noise is usuedly multi­
dimensional but we here use a one-dimensional one in order to avoid complicated 
notation. 

Before we proceed, let us introduce a new notation. For a symmetric matrix 
A = (oi j)dxd e β·*^"*, define 

^ m a x M ) = sup x'^Ax. 
i€«<j,|i| = l 

It should be liighlighted that this is different from the largest eigenvalue Amax(^ ) -
To see this more clearly, let us recall the nice property of the largest eigenvalue: 

Amax(A) = sup x'^Ax. 
i€f t ' ' , |x | = l 

It is therefore clear that we always have 

In mamy situations we even have λ + ^ χ ( ^ ) < ^max{A). For example, for 
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while λ+,,(Α) < 0 i/ 

Oj, < - ^ ( O V O i j ) , l < i < £ i . 

,2 

Proof. For any χ e R% with |x| = 1, compute 

d d d d 

x'^Ax = Σ Σ o-a^i^i ^ Σ "•"^i + Σ Σ(^ ^ aij)xiXj 
1 = 1 j = l t= l i= l j^il 

< Σ + ^ Σ Σ (ο ^ + = Σ + Σ (Σ(ο ^ 

ί=1 t=l j ^ l i= l t=l j ^ l 

= Σ («"+Σ(ο ^ ^ I'^.^d + Σ(ο ^ « υ ) ) · 

Thus the required assertion (1.8) follows. 

Lemma 1.2 Given a symmetric matrix A = (aij)(ixd, we define its associated 
matrix A = {aij)dxd by 

o i l = a«, 1 < i < d 

and 

Moreover 
λ + , , μ + β ) < λ + , χ ( ^ ) + λ + , , ( β ) 

if Β is another ϋ"* '̂'-valued symmetric matrix. 
The results established in this chapter require to verify λ^^^{Α) < 0 or 

Amax(^ ) < 0. It is easy to see from the definition that λ + ^ χ ( ^ ) < 0 if 

O y < 0 for all 1 < i, j < d. 

But the following two lemmas give better results. 

Lemma 1.1 We always have 

A+ax(>l) < m.^, (a» + ^ a^^)). (1.8) 

Consequently, Χ^,^^Α) <0 if 

aii<-Y^{OVaij), l<i<d; 
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while 

aij = 0 V Oij, 1 < i,j <d, i^ j . 

Then X+^M) < A„,ax(i)-

Proof. Clearly, 

aij < aij, l<i,j<d. 

By definition, it is easy to see that 

But we always have 

The required assertion hence follows. 

11.2 NOISE I N D E P E N D E N T OP POPULATION SIZES 

Let us begin with the discussion of the SDPS (1.3), where the enviroiunen-
tal noise is independent of the population sizes. In general, the solution of a 
population system should not only be positive but would also not explode to 
infinity at any finite time. For this purpose, some conditions need to be imposed 
on the system parameters. Even for the deterministic equation (1.1) the system 
matrices A and G need to satisfy some conditions (see e.g. Gopalsamy (1992), 
Kolmanovskii and Myshkis (1992), Kuang (1993)) and the research for better 
conditions is still going on. 

Similary, for an SDPS to have a unique global solution (i.e. no explosion 
in a finite time) for any given initial data, the coefficients of the equation are 
in general required to obey the linear growth condition and the lociil Lipschitz 
condition (see Chapter 5). However, the coefficients of the SDPS (1.3) do not 
satisfy the hnear growth condition, though they are locally Lipschitz continuous, 
so the solution of the SDPS (1.3) may explode at a finite time. It is therefore 
useful to establish some conditions under which the solution of the SDPS (1.3) 
is not only positive but will also not explode to infinity at any finite time. The 
following result gives a sufficient condition. 

Theorem 2.1 Assume that there are positive numbers c i , • · · ,Cd such that 

Xt^^iCA + A'^C) < 0, (2.1) 

where C = diag(ci, · · · ,Cd). Then for any given initial data {x{t) : -τ < t < 
0} e C ( [ - T , 0 ] ; R^), there is a unique solution xit) to the SDPS (1.3) ont> -τ 
and the solution mil remain in with probability 1, namely x{t) € for all 
t> —r almost surely. 
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F (x) = 5 i ] c . L - l - l o g ( x O 
i = l 

The non-negativity of this function can be seen from that u - 1 - log(u) > 0 on 
u > 0. For 0 < t < Too, it is not difficult to show by the Ito formula that 

dV(x{t)) = LV{x{t), x{t - T))dt + (x^(i)C - C)βdB{t), (2.2) 

It is useful to note that this theorem does not impose any condition on the 
system parameters 6, G and β. In order to prove this theorem let us present a 
lemma. 

Lemma 2.2 The follovmng inequality holds 

tl < 2(u - 1 - logu) + 2 Vu > 0. 

Proof. The inequality holds for u 6 (0,2) because we always have u — 1 - log « > 
0 for u > 0. To show the inequality for u > 2, let us define 

f{u) = u - 21ogu. 

Note 

du u 

So /(u) is nondecreasing on u > 2 and hence 

2(u - 1 - logu) + 2 - u = u - 21ogu = /(u) > /(2) = 2 - 21og2 > 0. 

In other words, the desired inequality holds for u > 2 as well. 
Proof of Theorem 2.1. Since the coefficients of the equation are locally Lipschitz 
continuous, by Theorem 5.2.8, we observe that for any given initial data {x{t) : 
- r < ί < 0} e C ( [ - T , 0 ] ; 7?^) there is a unique maximal local solution x{t) on 
t € [—T, Te) , where is the explosion time. Let /CQ > 0 be sufficiently large for 

- i - < min |x{t)| < max \x(t)\ < kn. 
ko - T < t < o ' " ' - T < ( < 0 ' ^ " 

For each integer fc > fco, define the stopping time 

Tk = inf {t e [0, Te) : χ<(ί) ^ {1/fc, fc) for some ί - 1, · · ·, d}. 

Clearly, Tk is increasing as fc —> oo. Set Too = hnifc_cx) Tk, whence Too < Te as . 
If we can show that Too = oo a.s., then Te = oo a.s. and x(i) G i?^ a.s. for all 
t > 0. In other words, to complete the proof all we need to show is that Too = oo 
a.s. To show this statement, let us define a C^-function V : R+ hy 
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£V(x(( ,)) < K4e''^\ 0 < ij < T. (2 .9 ) 

wfiere C = (c,, · • ·, cj) and LV : R% χ R% ~* R is defined by 

LV{x, y) = [x'^C - C){b + Ax + Gy) + \β^Οβ. ( 2 .3 ) 

Using condition ( 2 . 1 ) we can show that 

LV{x,y) < A: , (1 + |x| + |y|) - \\x? + K2\y\\ (2 .4 ) 

where K\, K2 and the following K3 are all positive constants and 

λ := -\^L.{CA + A^C) > 0. 

By Lemma 2 . 2 , we can show that 

\x\<2d+-^ V{x), V i e fit (2-5) 

In view of ( 2 . 4 ) and ( 2 . 5 ) , we obtain from ( 2 . 2 ) that 

dVix{t)) < [K3{1 + V{x{t)) + V{x(t - r))) - λ|χ(ί) |2 + K2\x{t - T)\'^]dt 

+ (i'^(i)C - C)0dB{t). (2 .6 ) 

Now, for any k > ko and ti e [0, r], we can integrate both sides of (2 .6) from 0 
to Tfc Λ ti and then take the expectations to get 

EV{x{Tk Ati))<K4 + K3E / V{x{t))dt - XE / \x{t))\^dt, (2 .7 ) 
Jo Jo 

where 

K4 = ν(χ{0)) + K3T+ ί iKsVixit - τ)) + Α:2|χ(ί - τ)\ΛάΙ < oo. 
Jo •· 

It follows from (2 .7) that 

EV{x{rk Λ i i ) ) <K4+K3 Γ EV{x{Tk Λ t))dt. 
Jo 

By the Gronwall inequality we then obtain that 

EV{x{TkAh))<K4e'''^\ 0<ti<T, k>ko. ( 2 .8 ) 

In particular, EV{x(Tk Λ τ)) < K4e^'^^ for all k > ko- From this we can easily 
show Too > r as . which we leave to the reader as an exercise. Now, letting 
A: —> 00 in (2 .8 ) gives 
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V(x)=^Cx = Y2ciXi iorxeRl. 
i = l 

Moreover, setting i] = τ in (2.7) and then letting A; —+ oo we see that 

Ε | x ( i ) ) | 2dt <i(^K4 + TK^K^e^'^^^ < oo . (2.10) 

Repeating this procedure, we can then show TQO > 2r a.s. and then τ^ο > m r 
a.s. for any integer m > 1. We must therefore have Too = a.s. as required. 
The proof is therefore complete. 

One of the important properties in a population system is the ultimate 
boundedness. For the solution x{t) of the deterministic delay equation (1.1), the 
ultimate boundedness meams that there is a positive constant Κ independent of 
the initial data such that 

limsup|x(i) | < K. 
t—oo 

The most natural Emalogue for the SDPS (1.3) is 

limsupJ5|x(i)| < K. 
t->oo 

In this case, equation (1.3) is said to be ultimately bounded in mean. The fol­
lowing theorem gives a criterion for this property. 

Theorem 2.3 Assume that there are positive numbers c i , - - , c „ and θ such 
that 

- λ := (^{CA + A'^C) + j^CGG-^C + θΐ) < 0, (2.11) 

where I is the dxd identity matrix and C is the same as in Theorem 2.1. Then 
for any given initial data {x{t) : - τ < ί < 0} e C ( [ - T , 0 ] ; R^), the solution x(i) 
of the SDPS (1.3) has the properties that 

U„™p£ |« ( , ) | < J l j a i M L (2.12) 
t - o o 27Ammi<j<„ Ci 

and ^ 

l imsup^ / £ ; | x ( s ) | 2 d s < J ^ , (2.13) 
t—oo I Jo 

where C = ( c i , • · · , c „ ) and 

1 , /Χ + 2Θ\ ^ 

That is, equation (1.3) is not noly ultimately bounded in mean but aho the 
average in time of the second moment is bounded. 

Proof. By Theorem 2.1, the solution x(i) will remain in R\ for all t > -τ with 
probabihty 1. Define 

η 
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A + 0 - Ge"^ = A + 6> - 2 ' 

we obtain that 

e-^'EVixit)) < Η + Εl\^''[{y\C\ + |C6|)|x(s)| - ^ |x(s ) | ' ]ds , (2.17) 

By tlie Ito formula, we have 

dV{x{t)) = i^( i)C[(6 + Ax(t) + Bx{t - T))dt + Pdw(t)]. (2.14) 

Compute 

x'^{t)C{Ax{t) + Gx(t - τ)) 

= ^x'^{t){CA + A'^C)x(t) + x^(i)CGx(i - r ) 

= ^x'^{t)iCA + A^C)x(i) + ^x^ ( i )CGG^Cx( i ) + 9\x{t - r)]^ 

< - ( A + 0)ix(i)|2 4 - 0 | x ( t - T ) p . 

It follows therefore from (2.14) that 

dV{x{t)) < {\Cb\\x(t)\-{X + e)\x{t)\'^ + e\x{t-T)\'^yt+x'^(t)CpdBit). (2.15) 

By the Ito formula once again, we have 

d[e^V(x(i))] = e'''{'YV{x(t))dt + dV{x{t))] 

< e ^ ' [ ( 7 | G | + |G6|)|x(i)| - (A + 0)|x(<)|' + θ\χ{ί - T)f]dt 

+ e"x'^{t)C0dB{t). 

This implies 

e<'EV{x(t)) < V{x{0)) 

+ E f [ ( 7 | G | + |C6|)|x(s)| - (A + θ)\χ{8^ + e\x{s - T)\Ads. (2.16) 

But 

j'^ e^*|x(s - T)\^ds = e^^ j ^ ' e^(^-^V(s - r ) | 2 d s - e^^ j' ^ e^^'^\x{s)Yds 

< e->^ £ \x{s)\'^ds + e^^ ji* e^<«>|x(s)|2ds. 

Substituting this into (2.16) and noting from the definition of 7 that 

A+ 2(9 A 
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Noting that 

, 0 

Η = V(x(0)) + ^e^^ y \x{s)Yds. 

we therefore have 

This yields 

l imsupW(x( t ) )< i2 l£i±W. 
t—oo 27A 

However 

*— m i 

Hence 

j=i m m i < i < „ C i 

t—oo 2 7 A m i n i < j < „ C j 

which is the required assertion (2.12). To show the other assertion (2.13) we 
derive from (2.15) that 

0 < EV{x{t)) < K(x(0)) + £; j ^ ' ( |C6| |x(s) | - (A + 0)|x(s) |2 + e\x{s - r ) p ) d s . 

Λχ(5 - r ) | 2 d 5 < Γ | x ( s ) |2ds - | - f\x{s)\'^ds. 

Jo J-T Jo 

0<Hi+E j ( lC6| | i(s)l - A|x (s ) |2)ds . 

where Hi = Vix(0))+ef°^ | x ( s ) p d s . This implies 

^ ji ' £;|x(s)|2ds < " I + EJ^ (\Cb\\x{s)\ - ^\χ{8)\ήά8. 

But 

Hence 

Noting 

|«||χ(^)|-^|χ(«)|2<Μ, 

where 
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1 
l i m s u p - / E\x{s)\^ds < 

t—·οο t Jo 
λ 2 

2 

which is the desired assertion (2.13). 
Both theorems 2.1 and 2.3 show that under certain conditions, the original 

delay equation (1.1) and the associated SDPS (1.3) behave similarly in the sense 
that both have positive solutions which will not explode to infinity at a finite 
time and, in fact, will be ultimately bounded in mean. In other words, we 
show that under certedn condition the noise will not spoil these nice properties. 
However, the following theorem shows that if the noise is sufficiently large, the 
solution to the associated SDPS (1.3) will become extinct with probability one, 
although the solution to the original delay equation (1.1) may be persistent. 

Theorem 2.4 Assume that there are positive numbers ci, · • · ,Cd such that 

>^t.^{liCA + A'^C)) < -JfillCBII, (2.18) 

where C = diag(ci, · · · ,c<i) andC - (ci, · · · ,Cd) as before while c = mini<j<„Ci. 
Assume moreover that the noise intensities 0i are sufficiently large in the sense 
that 

0i0j>bi + bj, l<i,j<d. (2.19) 

Then for any given initial data {xit) : -τ < t < 0} e C{[-T,0];R^), the 
solution x{t) of equation (1.3) has the property that 

hmsupi log( |x( i ) | ) < a . s . (2.20) 
t—oo t I 

where 
ψ = ^^f^P^i -bi- bj) > 0. 

That is, the population will become extinct exponentially with probability one. 

Proof. Clearly, Theorem 2.1 guarantees that the solution x{t) will remain in 
fi^ for all ί > - r with probability 1. Define 

d 
V{x)=Cx = '^CiXi f o r x e i ? ^ 

we obtain 

Tliis implies immediately that 
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d\\og{V{x{t)))] = ^^^^^^^x^(i)C[(6 + Ax{t) + Bx{t - T))dt + PdB{t) 

1 , τ 
\χ' {t)C0Ydt. 

2v^x{t)y 
Using the elementary inequalities 

c|x| < V{x) < \C\\x\ Vx e Λ^, 

and setting μ = , we compute 

< At„(i(C/l + A-'C))^^ < -μ|χ(ί) | , 

where condition (2.18) is used in the last step. Compute also 

^ x ' - « ) e B x ( , - . ) < J ^ | | C B | | | x ( , - , ) | 

< β | χ ( 1 - χ ) | = μ | χ « - ^ ) | . 

Moreover 

^ x^(<)C6 - ^ 
V{x{t)) 

1 

-|x^(i)C/3|^ 

•iVHxit)) 

1 
2V^{x(t)) 

1 
"2V2(x(i)) 

1 

2K2(x(i)) 

2x'^{t)CbCx{t) - x^[t)C00^Cx{t) 

2x^(t)Ch\Cx{t) - x^{fyC00^Cx(fy 

x^{t)C{h\^ Fb)Cxit) - x^(t)C'/3/3^Cx(i) 

-x'^it)CQCxit), 

(2.21) 

2V2(x(t)) 

where f = (1, · •, 1) and Q = ββ'^ - {bl + T^b). Putting these into (2.21) gives 

d[log(V(x(i)))] < 
x'\t)CQCx{t) 

2V^{x{t)) - μ | χ ( ί ) | + μ | χ ( ί - τ ) | dt 

(2.22) 

By the Ito formula, we have 

1 
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where Μ(i) is a martingale defined by 

x^(s)C/9 
Mit) = f 

Jo V{x{s)) 

The quadratic variation of this martingale is 

dB{s). 

{M,M)t= [ 
Jo 

Hence 
,. (M,M)e ^ |Cy3|2 
hmsup — < .„ o.s. 

t - o o t 
By Theorem 1.3.4, we therefore have 

hm = 0 a.s. 
t->oo ί 

It finally follows from (2.23) by dividing i on the both sides and then letting 
t ^ oo that 

limsup - log(K(x(i))) < a . s . 
t->oo ί 2 

which is the required assertion (2.20). 

Note that the ij-th element of the matrix Q is 

Pipj ~bi-bj 

which is positive by condition (2.19). It is therefore easy to verify 

x^{t)CQCx{t) > φν^{χ{1)) 

since x{t) G R^, where φ has been defined in the statement of the theorem. 
Substituting this into (2.22) yields 

d[\ogiV{x{t)))] < [ - f - μ\χ{ί)\ + - r)\\dt + ^M^dB( i ) . 

This implies 

log(V(x(i))) < log(V(x(0))) - ^ + ΐ\-μ\χ{3)\ + μ\χ{3 - r)|]ds + M{t) 

< log(V(x(0))) + μ£ \x{s)\ds - i | + M{t), (2.23) 
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Vix) = Y^\^i-l-0.5log{xi) 
t = l 

This theorem reveals the important fact that the environmental noise may 
make the population extinct. For example, consider the scalar delay equation 

^=x{t)[p + ax{t)+Sx{t-T)]. 

It is well known that if μ > 0, α < 0 and 0 < δ < |α|, then its solution x{t) is 
persistent, namely 

liminfx(i) > 0. 

However, consider its associated SDPS 

dx{t) = χ(ί)([μ + ax{t) + 6x{t ~ T)]dt + adB(tYj, 
where σ > 0. It is easy to see from Theorem 2.4 that if > 2μ, then the 
solution to this SDPS will become extinct with probability one. 

11.3 N O I S E D E P E N D E N T O N P O P U L A T I O N SIZES: P A R T I 

Let us now begin to discuss the SDPS (1.5), where the environmental noise 
is dependent on the population sizes. In the previous section we have seen how 
type (1.2) of noise affects the delay equation (1.1). We shall now discuss the 
effect of the noise type (1.4). 

We know that to avoid the explosion problem for the delay Lotka-Volterra 
model (1.1), some conditions have to be imposed on the system matrices A and 
G and the research in this direction is still going on. On the other hand, Mao, 
Marion and Renshaw (2002) revealed an important fact that the environmental 
noise can suppress a potential population explosion. We therefore wonder if the 
explosion problem for the delay equation (1.1) can be avoided by taking the 
environmental noise into account instead of imposing conditions on the matrices 
A and G. The following theorem gives a very positive answer. 

T h e o r e m 3.1 Assume that 

aii>Oifl<i<d whiht a^j >Oifi^j. (3.1) 

Then for any system parameters b e and A,G £ R''^'^, and any given initial 
data {x{t) : - r < ί < 0} e C{[-T,0];R^), there is a unique solution x{t) to 
equation (1.5) ont> -τ and the solution will remain in R ^ with probability 1, 
namely x{t) G R ^ for all t> -τ almost surely. 

Proof For any given initial data {x{t) : - τ < ί < 0} e C{[-T,0\; R ^ ) , there is 
a unique maximal local solution x{t) on t G [-r ,re) . Let fco, and τ^ο be the 
same as defined in the proof of Theorem 2.1. We need to show τ̂ χ, = oo a.s. Let 
us define a C^-function V : fi^ —» β+ by 
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Let k > ko and Γ > 0 be arbitrary. For 0 < < < Λ T, we can apply the Ito 
formula to J^_^ \x{s)\^ds + V{x{t)) to obtain that 

f \x(s)fds + Vixit)) 
Jt-T 

d d 

=F{x{t),x{t - r))dt + Y^Y20.5[x^-'{t) - l]aijXj{t)dB{t), (3.2) 
i=l j = l 

where 

F ( x ( i ) , x ( i - T ) ) = | χ ( ί ) | ' - | χ { ί - τ ) | 2 
d d d 

+ χ ; ο . 5 ( χ » · ^ ( ί ) - i ] ( 6 i + + Y S I I ^ I ( * - ^)) 
1=1 

t = l 

Noting 

^ 0 . 5 [ x f ^ ( i ) - l]f:9,jXj{t - r) < ^ ΣΣ4Ι^Γ(^) - 1]' + " 
d d 

t=l 
d Γ d 

j = l ' i=l j=i 
η2 d Γ d d 

t=i Lj=i J i=i ^ = 1 j=i 

and, by hypothesis (3.1), 

έχ°·^(ί)[χ^σ<,χ,(θΐ' > Υ,σΙχΠΐ), 
i=\ i=l "-̂  = 1 

F ( x ( i ) , x ( i - r ) ) < t / ( x ( t ) ) , 
w e obtEiin t h a t 

where 

d _ 

U{x) = (1 +0.25|σΐ2) |χ |2 + J^O.Slx"'^ - \][hi ^Υ^α^χή 
1 = 1 

d d 

t=l 3 = \ t=l 

It is straightforward to see that U{x) is bounded, say by K, in We therefore 
obtain from (3.2) that 

Γ rt Λ d d 

d / \x{3)fds + V(x(t)) <Kdt + YY^0.5[xf^it)-l]aijXjit)dBit). 
I--'*-^ -I t=l j=l 
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Ε \x{s)fds + Vix{TkAT)) •ds + ν{χ(0)) + KE{Tk AT). 

Consequently 

(3.3) 
, 0 

EVix{TkAT))< J \xis)fds + V{x{0)) + KT. 

Note that for every ω € {rfc < T} , 

V{x{Tk,u)) > fv/fc - 1 - 0.51og(fc)l Λ fo.51og(fc) - 1 + y/ljk 

It then follows from (3.3) that 

J |x(s)pds + V{x{0)) + KT> Ε[ΐ[,^^τ}{ω)ν{χ{η,ω)) 

> P{rk < T } ( [ V ^ - I - 0.51og(A;)] Λ [o.51og(A;) - 1 + V ^ I A ] ) -

Letting fc -> oo gives hmfc_oo P{Tk < T} = 0, and hence Ρ{τοο <T} =0. Since 
Γ > 0 is arbitrary, we must have Ρ { τ ο ο < o o } = 0, so Ρ{Τοο = o o } = 1 as 
required. The proof is therefore complete. 

This theorem shows that the presence of even a tiny amount of noise can 
suppress a potential population explosion. To see this important feature more 
clearly, let us consider the scalar delay equation 

dxjt) 
dt = x{t)\p + axit) + Sx{t - T)]. (3.4) 

It is known that if μ, a and δ are all positive, then its solution will explode to 
infinity at a finite time. However, consider its associated SDPS 

dx(t) = x{t) ([μ + ax(t) + ί ι ( ί - r)]di + ax(i)dB(t)) , (3.5) 

where σ > 0. It is easy to see from Theorem 3.1 that the solution to this SDPS 
will never explode to infinity at any finite time. 

As mentioned before, the non-explosion property in a population dynamical 
system is often not good enough but the property of ultimate boundedness is 
more desired. Theorem 3.1 has only showed that the noise can suppress an 
explosion at a finite time but we still do not know whether the population may 
grow to infinity in long term. The following theorem shows that the noise can 
prevent this situation as well. 

Integrating both sides from 0 to rjt Λ Τ, and then taicing expectations, yields 
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T h e o r e m 3.2 Let (3.1) hold and θ € (0,1). Then there is a positive constant 
Κ - Κ (θ), which is independent of the initial data {x{t) : - r < ί < 0} e 
C{[-T,0];R^), such that the solution x(t) of equation (1.5) has the property 
that 

I" ^ ^ (3.6) limsupE|x(i)I* < K. 
t->oo 

Proof. Define 

i=l V(x) = 5^if for xe fit 

By the Ito formula, we have 
d d 

dV{x{t)) = LV{x{t),x{t - r))dt + ( 0xf(i) aijXj{t))dB{t), (3.7) 
i=l j=l 

where : fif χ fi^ β is defined by 

LV{x, y) = Y2 Oxt \bi + Y2 aijVi] - - ^ - ^ Σ Σ '^'ί^ί. 

Compute 

t=l i=l i=l 

L V ( X , y)<Y2 eftixf + Σ Σ [^ '4^f + 
t=l t=l j=l 

d J d d 

.2+θ 

i=l 

= Σ « Μ ? + ^ « ^ Σ Σ 4 - Γ -
1=1 «=1 j = l 

= F{x)-Vix)-enxf + \y\\ 
t=l 

(3.8) 

where 

Fix) = β η χ ρ + ±{i+flbOx? + ^/ΣΣ-Ιχ^' - ^ Σ4χ^^ 
t=l »=1 i=l «=1 t=l ' »=i j=i 

Note that F(x) is bounded in R^, namely 

Ki sup F(x) < oc. 

We therefore have 

LV{x,y)<Ki-V{x)-e'\xY + \y\\ 
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This implies immediately that 

limsup£;K(i(i)) < ATj. 
i—c» 

On the other hand, we have 

l iP < d max x^ l<i<d ' 

so 
\xf < d'^^ max xf < / / 2 v ( x ) . 

l<i<d ' ~ ^ ' 
We therefore finally have 

limsupF|x(i)r < d^^^Ki 
t—oo 

and the assertion (3.6) follows by setting Κ = dP/'^K\. The proof is complete. 
It is easy to show by Theorem 3.2 that for any ε e (0,1), there is a positive 

constant Η = Η{ε) such that for any initial data {x{t) : - r < ( < 0} € 
C([-r ,0] ; f i^) , the solution x(i) of equation (1.5) has the property that 

l imsupP{|x(i) | <Η}>1-ε. (3.9) 
t—oo 

Substituting this into (3.7) gives 

dVixit)) = [Kr - V{xit)) - e^x{t)f + \χ{1 - r)f]dt 
d d 

+ {Y^ext{t)Y^aijXi{t))dB{t). 
i = l j = l 

Once again by the Ito formula we have 

d[e'V{x{t))\ = e' [V{x{t))dt + dV{x{t)) 
d d 

< e'[K, - 6 η χ ( ί ) | 2 + | χ ( ί - T)\^dt + e'^Y^exti^J^aijXjd^dBit). 
i=l j = l 

We hence derive that 

e'EV{x{t)) < V{x{0)) + Kie' -E f e'^^\x{s)\'^ ds + E f e'\x{s - T)Yds 
Jo Jo 

= V(xiO)) + Kie' -E e''+^\x{s)\'^ds + E j' \''+^\x(s)\'^ds 

rO 

< V{x(0)) + Kie' + j \x{s)\^ds. 
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i = l j = l 

1 = 1 j = l i = l 

Clearly, Ui is bounded in R^, namely 

Κ — max U\{x\ < oo. 

So 
Fixit),xit-T))<K-\x{t)f. 

Using this estimation, integrating both sides of (3.2) from 0 to Tfc Λ Τ, and then 
taking expectations, we obtain that 

| x ( s ) (2d5 + F(X(0)) + KE{Tk AT)-EJ \x{t)\^dt. 

Letting A; —> oo yields 

fT fO 

Ej \x{t)Ydt< j \x{s)\'^ds + V{x{Q)) + KT. 

Dividing both sides by Τ and then letting Τ —> oo we get 

rT 
lim sup i / E\x{t)Ydt<K 

T—oo 1 Jo 

In this case, equation (1.5) is said to be ultimately bounded in probability or 
stochastically ultimately bounded. But we still do not know whether, under 
condition (3.1), the solution will be ultimately bounded in mean. However, the 
following result shows that the average in time of the second moment of the 
solution will be bounded. 

T h e o r e m 3.3 Under condition (3.1), there is a positive constant K, which is 
independent of the initial data {x{t) : - τ < ί < 0} € C ( [ - T , 0 ] ; β^) , such that 
the solution x{t) of equation (1.5) has the property that 

limsup i / E\x{t)\'^dt<K. (3.10) 
T-oo J Jo 

Proof We use the same notations as in the proof of Theorem 3.1. Write 

U{x) = Ui{x) - |x |2 

i/,(x) = (2 + 0.25|σ|2)|χ|2 + ;^0.5[χ«·^ - l ] ( t i + Σ"·̂ ^ )̂ 
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V{x) = J2cixA^-l-log(^)]. (4.2) 

Let fc > fco and Τ > 0 be arbitrary. For 0 < ί < Λ T, it is not difficult to show 
by the Ito formula that 

dV{x{t)) = LV{x(t),x{t - T))dt + (xit) - xfCa{x{t) - x)dB{t), (4.3) 

where LV : R^ x R ^ R is defined by 

LV{x,y) = ^(x - xf[CA + A^C + σ^(5Χσ](χ - χ) 

+ ( x - x ) ^ C G ( y - x ) . (4.4) 

Noting that 

(x - xfCG{y -x)< - ^ ( x - i )^CGG'^C (x - x) + e\y - x p 
4c/ 

as required. 

11.4 NOISE D E P E N D E N T ON POPULATION SIZES: PART II 

We have showed in the previous sections that the noise types (1.2) and (1.4) 
have very much different effects on the delay equation (1.1). Will the noise type 
(1.6) have a further different effect? To answer this question, let us now study 
the SDPS (1.7). 

Let us first establish some conditions under which the solution of equation 
(1.7) is not only positive but will also not explode to infinity at any finite time. 

Theorem 4.1 Assume that there are positive numbers ci, • · •, cj and θ such that 

Xm<^(\lCA + A^C + σ'^ΟΧσ] + ^CGG'^C + < 0, (4.1) 

where C = diag(ci, · · · , C d ) , X = diag(xi, · · • ,Xd), and I is the d χ d identity 
matrix. Then for any given initial data {x{t) : - r < ί < 0} e C([-T,0]; R^), 
there is a unique solution x{t) to equation (1.7) on t > -τ and the solution 
will remain in R^ with probability 1, namely x{t) e R^ for all t > -τ almost 
surely. 

Proof. Since the coefficients of the SDDE (1.7) are locally Lipschitz continuous, 
by Theorem 5.2.8, we observe that for any given initial data {x{t) : -τ < t < 
0} e C ( [ - T , 0 ] ; R^) there is a unique meiximal local solution x{t) on ί € [ - τ , Τ β ) , 
where Te is the explosion time. Let fco, rjt and Too be the same as defined in the 
proof of Theorem 2.1. We need to show Too oo a.s. For this purpose, let us 
define a C^-function V : R^R+hy 
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LVix, y)<{x- xf [^{CA + A^C + a'^CXa) + \fGG^C + 0/] ( x - x ) 

- έ)|χ - x | 2 + 6l|y - x p 

< - β | χ - χ | 2 + % - χ | 2 , 

where condition (4.1) has been used. Substituting this into (4.3) yields 

(4.5) 

dV{x{t)) < \ - θ\χ{ί) - x |2 + e\x(t - r ) - xf 

+ (x(<) - xfCa{x{t) - x)dB{t). 

dt 

(4.6) 

We can now integrate both sides of (4.6) from 0 to Tfc Λ Τ and then talce the 
expectations to get 

/•ΤΙ.ΛΤ 

EV{x{TkAT)) < V{x{0)) + E j y-e\x{t)-x\^ + e\x{t-T)-x\^\dt. (4.7) 

Compute 

Ε j \x{t - r ) - xl^dt = E j | x ( i ) - xl^dt 

/

O [-TkAT 

\x{t) - xfdt + EJ | x ( i ) - x p d i . 
Substituting this into (4.7) gives 

EV{x(Tk AT))<K V{x(0)) +Θ J \x{t) - xfdt. (4.8) 

Note that for every ω e {rk < T}, there is some i such that Xi(Tfc,a;) equals 
either fc or 1/fc, and hence V{x{τk,ω)) is no less than either 

or 

min \ciXi 
l<i<d I 

min ^CvXt 
i<i<d I 

1 

1 
fcXj 
T ^ - 1 

- - ( E ) ] } 

That is, 

V{x{τk,ω)) > m n ^ { c i X , ( 

It then follows from (4.8) that 

Xi 
Λ 

fcXi 
- 1 + log(fcx.)])}. 

K> Ε Ar*<T)(w)V(x(Tfc,u;)) 

since θ > 0, we have 
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> P { r . < T) mm { c x . ( [ | " 1 - log - 1 + log(fcx.)]); 

Letting A; —» oo gives 

and hence 

lim PiTfe < Γ} = 0 
fc—oo 

P{TOO < T } = 0. 

Since Τ > 0 is arbitrary, we must have 

P{TOO < oo} = 0, 

so P{TOO = oo} = 1 as required. The proof is complete. 
It is interesting to observe that condition (4 .1) implies 

Xr.^(^\CA + A^C] + ^CGG^C + θΐ) < 0, 

while this condition guarantees that the delay Lotka-Volterra equation (1 .1) 
will have a global positive solution. Hence, Theorem 4.1 tells us that under 
this condition, if the noise intensity matrix σ is sufficiently small for (4 .1) to 
hold, then the stochastically perturbed system (1 .7) will remain to have a global 
positive solution. In other words. Theorem 4 .1 gives a result on the robustness 
of the global positive solution. 

We also observe from the proof above that condition (4 .1) is used to derive 
(4.5) from (4 .4 ) . But there are several different ways to estimate (4 .4) which 
will lead to different alternative conditions for the global positive solution. For 
example, we know that 

{x - x)'^CG{y -x)< l ( x - x)^C(x -x)+ ^-{y - xfB'^CG{y - x) 

holds for any ^ > 0. So 

LV{x,y)<^ix-xf CA + A^C + σ'^όΧσ + 0-^(7-1- 9G'^CG ( x - x ) 

- \{x - xfB^CB(x -x) + ^-{y - x)^B^CP (2/ - x). (4 .9) 

If we assume that 

Amax (cA + A^C -t- a'^CXo ^Q-^C^ eC'^CG^ < 0, 

we will then have 

LV(x, y) <-\{x- xfB'^CBix ~ x) + ^-{y - xfB^CBiy - x). (4 .10) 
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From this 4 .1 that the solution of equation (1 .7) is positive and global. In other 
words, the arguments above give us an alternative result which we describe as a 
theorem below. 

T h e o r e m 4.2 Assume that there are positive numbers ci, · • ·, and θ such that 

A m a x ( ^ A + A'^C + σ'^ΟΧσ + Θ'^Ο + θβ'^Οο) < Ο, (4 .11) 

where C and X are the same as defined in Theorem 4-1· Then the conclusion 
of Theorem 4.I still holds. 

We leave the other idternatives to the reader. We observe that both con­
ditions (4 .1) and (4 .11) involve all the three matrices A, G and σ which appeeu-
in equation ( 1 . 7 ) . Both theorems tell us that if equation (1 .1 ) (without noise) 
has a global positive solution, then its stochastically perturbed system (1.7) will 
also have a global positive solution as long as the noise is sufficiently small. The 
question is: if the noise is not sufficiently small what would happen? In general, 
one may think that the SDPS (1.7) may no longer have a global positive solu­
tion. However, we shall now establish a surprising result on the global positive 
solution, where a very simple condition will be imposed on the noise intensity 
matrix σ but no condition on either matrix A or G at all. 

T h e o r e m 4.3 Assume that the noise intensity matrix σ = {Oij)dxd has the 
property that 

σα>0 forl<i<d while Oij >0 fori^j, 1 < i,j < d. (4 .12) 

Then the conclusion of Theorem 4-1 still holds. 

Before the proof of this theorem, let us comment on its significant features. 
First of all, this theorem shows that if equation (1 .1) (without noise) has a 
global positive solution, then a large noise may not change this property. Next, 
this theorem shows that although equation (1 .1) may not have a global positive 
solution (e.g. its solution may explode to infinity at a finite time), the corre­
sponding SDPS (1 .7) will have a global positive solution. For example, consider 
the one-dimensional differential delay equation 

^ = χ ( ί ) [ 2 ( χ ( ί ) - 1 ) - ( χ ( ί - τ ) - 1 ) ] . 

If the initial function x{t) is increasing on [-τ,Ο] and χ ( - τ ) > 1, it is then not 
difficult to show that the corresponding solution will explode to infinity at a 
finite time. However, by Theorem 4 . 3 , the SDPS 

dx{t) = x{t) {[2{x{t) - 1) - (xit - T) - l)]dt + a{xit) - l ) d B ( i ) ) , 

where σ > 0, will have a unique global positive solution for any initial data in 
G([-T ,0];(0,oo)). In other words, this theorem reveals an important fact that 
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d d 

= Σ ( Σ ""ii^if + ( Σ ( Σ '^•J^i - 2 Σ ""'i^i) 

t = l i = l j=\ j = l j = l 
d d d d d 

> Σ < .̂.x? ' + Σ Σ "^i^i) ( Σ ""^i^i - 2 Σ <^iiXj) • (4.17) 

Substituting (4.16) and (4.17) into (4.15) yields 

LV(x, y) < K{X) - 0.25||β||(|χ |2 - |y |2) , (4.18) 

where 

K{X) = 0.5v'd(|x| + 1) [||A||(|x| + |x[) + iJBjJlxj] 
+ 0.25||B||[d(|x| + 1) + |x |2] + | |α | |2( |χ |2 + | ί | 2 ) 

- 0.125 Σ <^ϋΧ?·' - 0.125 Σ ν̂ ( Σ ' ^ Ο * ^ ) ( Σ ' ^ Σ ' ^ • i ^ i ) " 

ί=Ι ί = 1 j = l j = l j = l 

the noise can suppress a potential population explosion in a delay population 
system. 

Proof of Theorem 4-3. We use the same notation as in the proof of Theorem 
4.1 except the C^-function V : R+ is now defined by 

η 

V{x) = Y^[^i-l-0.5iog(xi)]. (4.13) 
1=1 

Let k> ko and Τ > 0 be arbitrary. For 0 < ί < Λ T, we can show by the Ito 
formula that 

dVixit)) = LVixit), xit - T))dt + Q.b^{x{t))a{x{t) - x)dB{t), (4.14) 

where ^(x) = {y/Ti - 1, • · ·, - 1) and LV : χ fi is defined by 

LV{x, y) = Q.bi>(x)[A{x - x) + B{y - x)\ + 0.5(σ(χ - x)\^ 
d d 2 

- 0 . 1 2 5 ^ v ^ ( E ' ^ v ( ^ i - * i ) ) · (4-15) 

Noting that \φ{χ)\ < ^d{\x\ + 1), we compute 

ϋ.ΐ>φ{χ)\Α{χ - χ) + G{y - χ)] + 0.5[σ(χ - x)!^ 

<0.5v/d(|x| + 1) [||Α||(|χ| + |x|) + ||G||(|y| + |x|)l + 0.5||σ||2|χ - xj^ 

<0.5Vd(|x| + 1) [||A||(|x| + |x|) + ||G|||x|] 

+0.25||G||((i(|x| + 1) + \y\^\ + | |σ(|2( |χ |2 + (4.16) 

Moreover, 
d d 2 
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In the previous section we have shown that either condition (4.1) or (4.11) 
guarantees the unique global positive solution. We shall now show that either 
of them also guarantees the persistence with probabihty 1. 

Theorem 4.5 Assume that there are positive numbers c\,-,Cd and θ such that 
either (4.1) or (4.11) holds. Then equation (1.7) is persistent with probability 

It is easy to see that κ{χ) is bounded above, say by Ki, in R^. Thus 

LV{x,y)<Ki-0.25\\B\\{\x\^-\y\-'). 

Inserting this into (4.14) gives 

dV{xit)) < [Ki - 0.25||B|l(|x(()|2 - \x(t - r)\^)]dt 
+ 0.5·ψ{χ{ί))σ{χ{1) - x)dB{t). (4.19) 

We can now integrate both sides of this inequality from 0 to Tjt Λ Τ and then 
take the expectations to get 

EV{x{Tk Λ Τ)) < V(x(0)) + KiT - 0.25||B||£ / |x(i) |2 - | i ( i - τ)^ dt. 
Jo <• J 

Noting that 

Ε \x{t - T)\'^dt < \x{t)\'^dt + E \x{t)\'^dt, 
Jo J-r Jo 

we obtain 

EV{xiTk A T)) < i/(x(0)) + KiT + 0.25||β|| J \x{t)\'^dt. (4.20) 

The remaining of the proof is very similar to those in the proof of Theorem 4.1 
and hence the proof is complete. 

From now on we shall denote by x{t; ξ) the unique globed positive solution 
of the SDPS (1.7) given initial data ξ = {ξ(ί) : - τ < ί < 0} e C{[-T,0];R^). 
One of the important properties in population dynamics is the persistence which 
means every species will never become extinct. The most natural euiidogue for 
the SDPS (1.7) is that every species will never become extinct with probability 
1. To be precise, let us give the definition. 

Definition 4.4 The SDPS (1.7) is said to be persistent with probabihty 1 if, 
for every initial data ξ = {ξ(ί) : - τ < ί < 0} G C{\~T,{i\;R%), the solution 
χ ( ί ; ξ ) has the property that 

liminfxi(ii;^) > 0 a.s. for all 1 < i < d. (4.21) 
t—oo 
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/. Moreover, for any initial data ξ = {ξ{t) : -τ < t < 0} € C{[-r,0];R^), the 
solution ι ( ί ; ξ ) has the property that 

limsupXi{t;ξ) < oo a.s. for all I < i < d. 
t-,00 

(4.22) 

Proof. We only prove the theorem under condition (4.1) since it can be done in 
the same way under condition (4.11). Fix any initial data ξ and write ι ( ί ;ξ ) = 
x{t) for simplicity. Using the same notation as in the proof of Theorem 4.1 we 
derive from (4.5) that 

V{x(t)} < ν{ξ{0)) + Λ - θ\χ{3) - xf + θ\χ{8 - τ ) - xf]ds + Μ it), 
Jo J 

where ^ 

M ( f ) = / (xis) - xfCaixis) - x)dB{s) 
Jo 

is a continuous local martingale with M(0) = 0. It is easy to show that 

/' \x{s - r ) - xj^ds < / " \ξ{3) - xj^ds -f / ' |x(s) - xl^ds. 
Jo J-T Jo 

Substituting this into the previous inequality yields 
V{x{t))<C + M{t) 

where ζ = ν{ξ{0)) + |^(s) - xj^ds is a positive constant. Since V{x{t)) > 0, 

X(t) :=C + M{t) > 0. 

By Theorem 1.3.9,, llmt—ooX{t) < 00 a.s. Hence 

limsup K(x(<)) < 00 a.s. 
t - . < X ) 

Recalling the definition of V (i.e. (4.2)) we obtain that 

l i „ , s u p ^ - l - l o g ( ^ ) 
i - . o o L Xi V Xi / 

< 00 a.s. 

for all 1 < i < d. Note that 

u - 1 - log(u) 00 if and only if u | 0 or u Τ 00. 

We must therefore have 

0 < liminfxi(t) < limsupxi(i) < 00 a.s. 
t - . o o e—oo 
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for every ί = 1, · · •, d as required. The proof is complete. 
Theorem 4.5 shows that, for every i, both 

Ui := l i m i n f X i ( i ) and Vi := l i m s u p X i ( i ) 

are finite and positive random variables. Hence there is a random variable 
Τ = Τ{ω) > Ο such that 

^ < Xi{t) <Vi + \ for aU t > T. 

On the other hand, Xi(i) is continuous and positive on [ - r , T], so 

0 < min Xi(t) < max Xj(i) < oo. 

-T<t<T ^ ' ~ -T<t<T ^ ' 

Thus, there is a pair of finite and positive random variables Uj and Vi such that 

P{ui < Xi{t) < ϋί for all ί > - r } = 1. (4.23) 

This implies that for any ε e (0,1), there is a pair of positive constants a, and 
Pi, which might depend on ξ and e, such that 

P{ai < Xi{t) < Pi for all ί > - r } > 1 - ε. 

This means that the solution of equation (1.7) will remain within a compact 
subset of with large probability. It is certcdnly much more useful if both 
ai and 0i can be estimated more precisely. For this purpose we introduce a 
continuous function 

h(u) = tl - 1 - log(u) on tl > 0. 

This function has the properties that /i(l) — 0; h{u) is strictly increasing to 
oc as u decreases from 1 to 0 or as w increases from 1 to oo . Hence for any 
V > 0, the equation h{u) = ν has two roots: one in (0,1) and the other in 
(l,oo) that are denoted by hf^{v) and h~^{v), respectively. We also naturally 
set /i,~'(0) = /i-HO) = 1· So both h^\v) and h'^v) are well-defined on t; > 0. 
Also, /if ^(w) is decreasing while h~^{v) is increasing. Moreover, 

h{h^\v)) = h{h;^(v)) = v onv>0 (4.24) 

while 
h^HHu)) < u < h-\h(u)) o n u > 0 . (4.25) 

With this notation we can describe a, and Pi more precisely. 

Theorem 4.6 Assume that there are positive numbers ci, · · ·, cj and θ such that 
either (4.1) or (4.II) holds. Then for any initial data ξ = {ξ{t) : - r < ί < 0} e 
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C([-r ,0] ; f i^) and any positive numbers e (0,1), the solution of equation (1.7) 
has the property that 

P{ai < Xiit•,ξ) < 0i for all t >-T, l < i < d } > l - e 

with 
ai = Xih\ v(0 

tCiXi 
and 0i = Xih 

eciXi 

(4.26) 

(4.27) 

where we set 
φϋ) = sup ν{ξ{3)) + θ f \i{s) - xYds, 

- T < s < 0 J-T 
if condition (4-1) holds, while 

φ{ξ) = sup ν{ξ{8)) + ^ Γ ( e ( s ) - χ)^β'^00{ξ{3) - x)ds, 

-T<s<0 Ζ J_^ 

if condition (4-11) holds, in which V is defined by (4.2). 

Proof. We only prove the theorem under condition (4.1) since it can be done in 
the same way under condition (4.11). Fix any initiiil data ξ and write χ(ί;ξ) = 
x{t) for simphcity. By the definitions of V, / i j" ' , h~^ and their properties, 
especially (3.25), we have 

while 

β, > Xih-^ 

CiXi 
< Xihi^ f/i(̂ )l < ξί(*·). - r < s < 0 

CiXi > Xih-^ K^)] ^ ^*(*) - τ < s < 0 

for every 1 < i < d. Define the stopping time 

ρ - inf{i > 0 : χ<(ί) ^ (oi, 0i) for some i). 

Then for any ί > 0, it follows from (4.6) that 

fpAt / . ρ Λ Ε 

EV{x{p Λ t)) < ν{ξ{0)) + E - e\xis) - ϊ | 2 + e\x{s - r) 
Jo ·• 

X\' ds. 

But 
/•ρΛί /-Ο rpM 

Ε J \x{s - r ) - xfds < J | ξ (5) - xl^ds + E J \x{s) - xfds. 

We hence have 

φ{ξ) > EVixipAt)) > Ε /{,<,}(α;)ν(χ(ρ;ω)) (4.28) 
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Note that for every ω & {p < t}, there is some i = ί{ω) such that Xi{p;u) is 
equal to either or β^. If Xi{p;ω) = 

while if Xi{p) = A, 

ν{χ{ρ;ω)) > C i X i / i ( | ) = CiXih h^' {j^^ 

That is, we always have 

ν{χ{ρ;ω))>':^ ifue{p<t}. 

Substituting this into (4.28) yields 

J φ{ξ)>^Ρ{ρ<ί}. (4.29) 

That is, 
P{p <t}<s. 

Letting ί —» oo produces P{p < oo} < ε. Hence 

P{p = oo} > 1 - ε 

which means 

Ρ{α. < Xi(t) < A for all ί > - T , 1 < i < d} > 1 - ε (4.30) 

as required. The proof is complete. 
Property (4.23) shows that almost every sample path of the solution of 

the SDPS (1.7) will remain in a compact set. Let us discuss how the sample 
path may vary within the compact set in more detail. In particular, we shall 
investigate whether the solution will tend to the equihbrium state χ or not. 

We will need two more new notations. If C/ is a closed subset of Λ** and 
X € i?**, define 

d(x; U) = min{|x -y\:yeU}, 

i.e. the distance between vector χ and set U. Denote by the closure of R^, 
namely R^ = {x e R'^ : Xi > 0 for all 1 < i < d}. 

Theorem 4.7 Assume that there are positive numbers c i , · · · , Crf and θ such that 
either (4.1) or (4.11) holds. Then for any initial data ξ = {ξ{t) : - τ < ί < 0} e 
C([-T,0];R^), the solution of equation (1.7) has the property that 

hm d(x(i;0,'^) = 0 α·«· 
t—·οο 

(4.31) 
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with 
IC = {x£ Ri'.ix- χγΉ{χ -x)= 0}, (4.32) 

where we set 

H=^\CA + A^C + σ'^ΟΧσ] + ^CGG'^C + ΘΙ, (4.33) 

if condition (4-1) holds, while 

Η = CA + A'^C + σ'^ΟΧσ + 0-^0 + ΘΒ'^ΟΒ (4.34) 

if condition (4-11) holds. 

The proof of this theorem is rather technical so we only refer the reader 
to Mao (2002). From this theorem follows the following useful result on the 
asymptotic stability. 

Theorem 4.8 Assume that there are positive numbers ci,--,Cd and θ such that 
the symmetric matrix Η defined by either (4-33) or (4.34) is negative-definite. 
Then for any initial data ξ = {ξ{t) : - r < ί < 0} e C ( [ - T , 0 ] ; R^), the .solution 
of equation (1.7) has the property that 

l i m x ( i ; 0 = x a.s. (4.35) 

Proof. Since Η is negative-definite, the set K. defined by (4.32) reduces to 
IC = {x}. Theorem 4.7 hence shows that 

lim d{x{t•,ξ),JC) = lim \χ{ί·,ξ) - x| = Ο a.s. 
t—*oo t—»oo 

which is the desired assertion (4.35). 

11.5 STOCHASTIC DELAY LOTKA-VOLTERRA FOOD CHAIN 

Card (1988) considered the Lotka-Volterra system of food chain 

xi{t) = xi(i)[6i - ai ixi( i) - 012X2(0], 
i2{t) = X2(i)l-''2 + «21X1 (i) - a22X2{t) - 023X3(0], (5-1) 

±3{t) = X3(t)\-b3 + «32X2(0 - 033X3(01, 

where xi , X2 and X3 represent, respectively, the population densities of prey, 
intermediate predator, and top predator. In this example, the 6j and bij are 
positive constants. Card (1999) showed that an equilibrium χ = (xi,X2,X3)''^ 
exists in R\ if 

61 - (011/021)62 - [ ( ο η θ 2 2 + α ΐ 2 α 2 ΐ ) / θ 2 ΐ θ 3 2 ] 6 3 > 0. (5.2) 
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He also showed that the equilibrium is globally asymptotically stable as long as 
(5.2) is satisfied. 

Let us now modify this example by taking into account the time delay of 
interactions between species. In this case, the system above becomes 

xi{t) = xi{t){bi - αχ\χχ(1) - αΐ2Χ2(ί - τ% 

Mt) = X2{t)[-b2 - 022X2(0 + α2 ΐΧΐ ( ί - τ) - θ23Χ3 ( ί - τ)], 

±3{t) = X3{t)[-b3 - 0 3 3 X 3 ( 0 + a32X2{t - τ)]. 

That is, in the matrix form, 

x ( 0 = d i a g ( x i ( 0 , X 2 ( 0 . X 3 ( 0 ) [ ' ' + Mt) + Gx{t - r)], 

where 

(5.3) 

(5.4) 

x ( 0 = 
0 \ 
Ο 

- 0 3 3 / 

and 
/ Ο - O i 2 0 \ 

021 0 - 0 2 3 

0 032 0 / 

Under (5.2), the delay equation (5.4) has an equihbrium χ = ( χ ι , Χ 2 , Χ 3 ) · ^ in 
R\, the same as equation (5.1). We may therefore re-write equation (5.4) as 

x ( 0 = d i ag (x i (0 ,3 :2 (0 , X3 (0 ) [>l(x (0 ~x) + G{x{t - r ) - x)]. (5.5) 

Taking the environmental noise into account, we may replace the rate bi by an 
average value plus a random fluctuation term, say 

bi+aAxj~x,)B{t), l < i < 3 , 

where a^'s are positive constants. As a result, we have a stochastic delay Lotka-
Volterra model of food chain 

d x ( 0 = d i a g ( x i ( 0 , X 2 ( 0 , 2 : 3 ( 0 ) 

X ( [A(x (0 - x) + G(x(i - r ) - x)]dt -f- σ ( χ ( 0 - x)dB{t)^, (5.6) 

where σ — a\ai.g{aη,022,033). For illustration, we demonstrate how Theorem 
4.8 can be applied to show the globally asymptotic stability of the equilibrium 
with probability one. For this purpose, we seek positive numbers c i ,C2,C3 and 
θ such that A m a x ( ^ ) < 0, where 

1 . ^ 1 ^ . H = ^\CA + A^C + σ^ΟΧσ] + ^CGG' C + ΘΙ. 
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a n 
C2 = 

022 «33 ^ 

we then have 

It is easy to compute that 

X^Uo'CXa) = max ^Hfli, ^J^kX 
y a\\ 022 a33 J 

and 

where 

\^^x{CGG^C) < c\^^(GG') = c (a?2 + 4^) V (4^ + 0^3) 

1 1 
c= — + 0 1 ο 1 o~-

a i l «22 «33 

We hence have Xmax{H) < 0 if 

m a x < 1. (5.7) 

By Theorem 4.8 we can therefore conclude that the equilibrium χ is globally 
asymptotically stable with probability one if (5.7) is satisfied. 

It is useful to observe that condition (5.7) implies that 

(a?2 + α§2) V {all + ^Is) < 1 

and 
σ ^ ^ < | ί ( ΐ - θ [ ( α ? 2 + α ^ ) ν ( α 1 ι + α 2 3 ) ] ) . 1 < 2 < 3. 

(5.8) 

(5.9) 

Condition (5.8) guarantees that the equihbrium of the delay equation (5.3) (with­
out noise) is globally asymptotically stable while condition (5.9) gives the upper 
bound for the noise so that the equihbrium of the stochastic delay equation (5.6) 
will remain to be globally asymptotically stable with probabihty one. 

Here, as before, C — diag(ci,02,03). In particular, if we set 
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Bibliographical Notes 

Chapter 1: The material in this chapter is classical and we refer the reader 
to Arnold (1974), Doob (1953), Friedman (1975), Gihman & Skorohod (1972), 
Liptser & Shiryayev (1986) etc. 

Chapter 2: Most of the material in this chapter is classical, but Section 
2.5 is based on Mao (1992c) while Section 2.6 is based on Bell & Mohammed 
(1989) and Mao (1994b). 

Chapter 3: Stochastic Liouville's formula is due to Mao (1983) while the 
variation-of-constants formula etc. are classical. 

Chapter 4' Most of the material in this chapter is essentially from Mao 
(1991a, 1994a) while Section 4.5 is based on Mao (1994c) and Theorem 4.6.2 is 
new. 

Chapter 5: The existence-and-uniqueness theorems and the exponential 
estimates are classical and we refer the reader to Kolmonovsku & Nosov (1986), 
Mao (1994a) and Mohammed (1984). Sections 5.5, 5.6 and 5.7 are based on Mao 
(1991d, e), Mao (1996b) and Mao (1996c), respectively. 

Chapter 6: Stochastic functional differential equations of neutral type have 
been studied by Kolmonovsku & Nosov (1986) but some results have only been 
stated without proofs. In this chapter, we systematically study the neutral-type 
equations and our treatments are independent. Many results in this chapter are 
new, for example, the pathwise estimates, the LP-continuity and the Razumikhin 
theorems. 

Chapter 7; The martingale representation theorem is classical. Section 7.3 
is based on Pardoux & Peng (1990) while Section 7.4 is based on Mao (1995a). 
The generalized Feynman-Kac formula is due to Pardoux & Peng (1992). 

Chapter 8: The Cameron-Martin-Girsemov theorem is classical. Sections 
8.3 and 8.4 are based on Markus & Weerasinghe (1988) while Section 8.5 is based 
on Mao & Meirkus (1991). 
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Chapter 9: Section 9.2 describes several useful and well-known stochastic 
models for asset prices and we refer Neftci (1996), Oksendal (1995) etc. Section 
9.3 not only describes the classical Black-Scholes formulas for the European call 
and put options but also introduces the very popular numericad methods and 
Monte Carlo simulations in option valuation based on Higham and Mao (2005). 
The main results in Section 9.4 are due to Dynkin (1963, 1965) and we follow 
the treatment of Oksendal (1995). Section 9.5 is based on Friedman (1975) and 
Wu & Mao (1988). 

Chapter 10: The results of this chapter are essentially due to Liao & Mao 
(1996a, b). 

Chapter 11: Stochastic modelling has become more and more popular in 
biological science. This chapter introduces stochastic delay population systems 
based on Bahar and Mao (2004a, 2004b), Mao (2005), Mao, Yuan and Zou 
(2005). 
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