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Single Correct Type Questions

L -1 2-x = 2:4:
73 €087 | — |+tan 5
e Lt 27 S equal to:

1. The value of definite integral I
£ " +1
B
@ —= (b) = () —= @) —=
243 V3 43 343
2
2. lim e T equals
n—oe =
(7 +17)(n* +2%)......... (n* +n*))n
2 fu { 2t L 2+=
(@) 2e 2 (b) 2e 2 (c) 5¢ 2 (d) 5° :
" . : . dy Xyl s o
3. The solution of differential equation A Dokl s satisfying y(1) =01s given by:
X Xy
(a) acircle (b) y2 =x2+x-10 (c) hyperbola (d) ellipse
4. The value of]in%[(l - eI)EF-n—[qu equals:
x— X
[Note: [ -] denotes the greatest integer function. ]
(a) 0 (b) -1 (c) 1 (d) does not exist
cos(a”) & e
5. If lim = — where mand n are positive integers greater than 1, then the value
o—0 o
of Z is:
n
(a) 2 (b) 3 (c) 4 (d) 5
f 1
x° sin (] +2x
x 0
6. Let f(x) =4 i y PN
(l1+x)* —e
A, x =0

If f(x) is continuous at x =0, then the value of A is:
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-2 :
(a) o (b) -

-4
4 e
() ; (d) -

x
fr sy 2
Let / : R = R be a continuous function satisfying f(x) + j tf(t)dt+x° =0V x. Then:
0

(a) f(x)has more than one point in common with x-axis
(b) f(x)is odd function
() lim /(x)=2

@ lim f(x)=-2
2 2

X— —oo
W

8. If the normal at one end of latus rectum of ellipse — + % =1 passes from one end of

a

minor axis and e is eccentricity of ellipse, then:

®) e* -2 +1=0 (c) e —e+1=0  (d) e*+e* -1=0

(@) e* +e+1=0

10
10- z (cos kx)

9. Iflim = - — % where a and b are co-prime, then the value of (a + b) is equal
x—0 X

to:

(a) 384 (b) 385 (c) 386 (d) 387
T 2x(l +si

10. The value of definite integral _[ gf—xldxis:
o VACOR™ % |
n 3 2 |
(a) > (b) m (c) m (d) |

Let k be natural number. Defined S, as the sum of the infinite geometric series with first

1%
gt 2 2 _
term (kz —1) and common ratio l, that is S, = e + el + il _ T The
k k° k! k*
value of % is:
k=12
(a) 20 (b) 18 (¢) 16 (d) 14
| - (2+3x 2 dy o
12. Let y=tan 5 |+ tan where xe|0,- | If —= —, then the
1+5x 3=-2x 3 dx 1425x°
value of o is equal to:
(a) 3 (b) 4 (¢) 5 (d) 6
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100

13. “‘Zsm [ ]1% equal to tan ][ ]whcre pand g are co-prime, then
= e+ 1Wr? 2042 q

the value of (p + q) is equal to:
(@) 99 (b) 100 (c) 101 (d) 102

14. Through the vertex of the parabola y* = 4ax, two chords are drawn and the circle on
these chords as diameters intersect at a point.
If 4 and B be the angles made with the x-axis by tangents at the other ends of chords and C
be the angle made with the x-axis by the line joining vertex of the parabola and point of
intersection of circles, then cot(A4) +cot(B) + m tan(C) =0 for some constant positive

integer m. The value of m, is:

(a) 2 (b) 3 (c) 4 (d) 5
2
15. The value of Iim {lr{#z] + ln[” Eg ] + ln[" %] Foovew] +1n[n 4n2 ﬂ equals:
n—poo n n n n
(a) 4In(2) (b) 2In(2) -2
(c) 2In(2)—4In(4)—-4 (d) 2In(4)-2
2

16. Let f be a differentiable function satisfy x> /" (x) + 2xf (x) = ¢* and F12) =E4— , then:

(a) f(x)has no local maxima and no local minima.
(b) f(x) has both local maxima and local minima.
(c) f(x)has local maxima but no local minima.
(d) f(x)has no local maxima but local minima.
17. AB is tangent to the circle whose equation is x> + y* =9. The coordinates of point A are

(— 10, 0) and point B(a, b) is in the third quadrant. The slope of 4B is:

—94/91 —3f ~3/91 GJ_
o] (c) 10 [y ———=

18. The largest value of —, where (x, y)is real number pair satisfying (x —3)* + (y—3)* =
x

(a)

is:
(a) 243 (b) 2+43 (©) 3+242 (d) 6+243
19. If f (x)is areal values bijective function satisfying f’(x) =sin* (sin(x +1)) and f(0) =3,

then the value of (/~')”(3) is equal to:

2sin(cos)sin 1 2sin(sin 1)cos|
(3) - R ) (b) N -(S )
sin” (cos 1) sin” (sin 1)
2sin(cos| sin” | sin 2 sin 1)
() ——— : (d) “_z(—'"
sin” (cosl) cos“(cosl)
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21.

22,

23.

24.

25.

26.

27.
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Consider the circle x? + p? =25and a point A(1, 2) lying inside it. Next consider secantg
of the circle passing through point 4. It turns out that the mid-point of the secants, lie on
another circle of centre (a, ) and radius r. Then triplet (a, b, r) is: :

@ (1,25 (b) (%1?) (¢) (0,0,4/5) (d) (1,2,4/5)

Let 4, be the finite area bounded by the line y = kx + k and the parabola y=x?, where

i ~r s k sala
is a positive real number. The value of kL_lﬁ k_3 equals:

@ 3 ®) 5 © @ 2

Through a random point (p, ¢) on the cartesian plane secants are drawn to the circle
x*+y*=r% If the locus of mid-point of the secants to the circle is
x> +2hxy+ y* +2gx +2fy+c=0. Then:

(@) h=pq (b) g=p © f=4q (d) ¢=0

Suppose that x; and x, are the positive real solution of x* — bx + ¢=0 provided that

x{ +4/x3 —2x, =2x, —1. The minimum value of (b+c), is:

(a) 2 (b) 3 (c) 4 (d 5
en!Z . .
M= J sm(ln(sm(l.n K)o (i 1) dx, then the value of cos ! (I + 1) is equal to:
/6 xsin(In x)
|
@ = (b) ‘= () In2 (d) 21n2
4 3
; 2\n 2, d 2)’ dy .
If y=(x++1+x")", then the value of (1 + x )F +x~c~!— 1s equal to:
by X
(a) -y (b) —n’y () n’y (d) —ny?
n/3 . T T
) +sin 2 =, -
If the value of definite integral J e” (?—Sln—z)dx is expressed as e | be¢ —1 |, then
nra \l+C0S2x
2
the value ofé—c, is:
a
(a) 3 (b) 6 (¢) 9 (d) 12

sin(7tx), ifxeQ ., .. .
: < If 1 3
tan(Ty| x|), ifxeQ " SN )

exists, then the sum of all positive integers N <100, is equal to:
(a) 225 (b) 245 (c) 265 (d) 285
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28.

29#

30.

31.

32.

33.

34.

35.

10
If the equation Z arc cot

n=0

{1 +22n+|

2!1

(¢} i o
]= arccol-i-)-, where a and b are coprime positive

integers. The value of log , [b - {;], is:
a—

(@ 9 (b) 10 (c) 11 (d) 12
If a chord of the circle x* + y? —4x —2y—c=0 is trisected at the points (1/3, 1/3)
and (8/3, 8/3), then the radius of the circle will be:

(@ 3 (b) 4 () 5 (d) 6

Let y be an implicit function of x defined by x™ — 2x* cot y—1=0. The value of y’(1),

where y” denotes the first derivative of y, is:

(a) —In2 (b) In2 (c) -1 (d 1
1 1+2h P
The value of lim — _[ eV sin(—)dx equals:
h—0 h 1 3
. :
(a) sin = (b) 4esin % (c) esin % (d) 2esin -1;7
2x? —5x +3

The range of value of A for which the expression ———————— can take all real values for

4x — A
xeR—{—;E},is:
4

(a) (4,6) (b) [4, 6] (c) (4,6] (d) [4,6)

x+1
Suppose that a continuous function f (x) satisfies the relation _[ f(t)dt =e" for every

X

x 20. The value of f(2) — £(0), equals:
(a) 1 (b) e—1 (c) e+l (d) € +1

n

n C
If the value of lim Z % equals L. Then [L] is equal to:
n—e Zon (k+3)

[Note: Where [£] denotes greatest integer function less than or equal to £.]

(a) 0 (b) 1 (c) 2 (d) 3
If f(x) is a differentiable function defined for all positive real numbers such that

X 10
xf(x)=x+ _[f(:)d!, then the value of E)"(e*'c ) is:
! k=1

(a) 45 (b) 55 (c) 65 (d) 75
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X2 5
- inse — +==1V ~1L,1) -
36. If the line 2px + w1 = p* =1always touches the eilipse 7+ 3 pe(=11)- {0}
The eccentricity of this ellipse, i
1 ﬁ _“E (d) ﬁ
e 3m? =3m+1 )
=1 equals:
37. The value of%[tan (m(’ e e +1D
|
T T L )
@ 5 ®) 3 - @5 @ 3
(@ =T)loge(x =4 . . b
i i li <0 is in the form (a, b) U (¢, =)
38. If the solution of inequality - i +18)(x2 =3
] List-I List-II
(P) | The value of ‘@’ is (1) 2
(Q) | The value of ‘b’ is (2) 3
(R) | The value of °¢’ is (3) 4
(S) | The value of (a+b—c), is (4) 5
(5) 6
Code: P Q R P Q R S
(a) 3 - 5 2 (b) 2 4 2 5
(c) 3 4 2 2 (d) 3 4 5 5

39. Let the equation x> + y* +3xp =1 represents the coordinate of one vertex 4 and the

equation of side BC of the triangle ABC. If B is the orthocentre of the triangle 4BC, then
the equation of side AB is y = mx + ¢. Then absolute value of (4 — m — ¢), is:

(a) 2 (b) 3 (c) 4 (d) 5
40. Let f(x) and g(x) are functions defined in the real domain and co-domain, such that

Vi-f 2 (x) = g(x), then which of the following statements are necessarily true?

(a) If g(x) is periodic with period 1, then f(x) is periodic with period half.

(b) I £'(c) =~ () =0.5, then 22 =1,
gle) 3

(c) If g(x)is an even function, then f (x)is odd.
(d) If g(x) is continuous function then f(x) is also continuous in their respective
domains.
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41. Tangent is drawn at any point ( p, ¢) on the parabola yz = 4ax. Tangents are drawn from
any point on this tangent to the circle x + y? = a2, such that the chords of contact pass

through a fixed point (, 5). Then p, g, r, s hold which of the given relation?
@) rg* =4ps’ (b) rig=4ps (c) rg? =—4ps® (d) rPg=-4p’s

42. Let function f(x)=+ve* +x—a for aecR. If there exists xo €[-1,1] such that

S (f(xg)) =x,, then the range of ‘a’ is:
1

(@ [1,e+1] (b) [1, €] (¢) [——1, 1] (d) [LL e+1]
e e

2y 2 e
eI (2)( J i [ex )
43. The value of the lim - where » is positive integer, is:
X—co X
(@) n2-1In3 (b) In3—-1n2 (¢) O (d) none of these

3 -3

44. The minimum value of the function £ (x) =x2 +x2 — 4(): + l) for all permissible real
X

x; 15
(a) -7 (b) =10 (c) -8 (d) —6

45. If a =log,(18) and b = log,, (54), the value of (a + b)2 +a(l0—a)— b(10 + b), is:
(a) 1/2 (b) 1 (c) 2 (d) 3

46. Let a, be sequence is geometric progression with first term16 and common ratio of ry

Let P, be the product of first n terms of the given geometric progression. The value of

Vn -,
Z P 18
n=l

(a) 16
47. The system of linear equation

(b) 32 (c) 64 (d) 68

x+Ww-z =0
W —y-z =0
x+y-pz =0

has a non-trivial solution for;
(a) exactly three values of i
(c) exactly one value of u
ecxf(t)-f t
48. If f(0)=1and lim oo 2/ (1) - F)eR =sec” x. The value of

=x -1

(b) 0 (c) 1 (d) 2

(b) infinitely many values of
(d) exactly two values of u

J©)

v bl

(a) — 1
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~ ' 2 _ Ty - 2 _4x+3).
Consider the function f'(x) =|x? — 7x +12|(x* = 7x +10)(x )

A ‘ - | ’ )
Then Rolle’s theorem for f (x) is not applicable to which of the following range

(d) none of these

(a) (1.3] (b) [2,4] (C') [.3’ 5] '
Let /'be an invertible function from R — R satisfying the equation

£ =% +2)£2() + @x® +1)f(x) - x> =0.

Then the value of /*(8) x (f ™')’(8), is:

(@) 12 (b) 16 (c) 20 _ o
If 4 and B are two equivalence relations defined on set C, then which of the following is

d) 32

always true? ; . '
(a) 4 N B is an equivalence relation (b) 4 N B is not an equivalence relation
(¢) A u B is an equivalence relation (d) 4 v B is not an equivalence relation
i " 9

Letx;, Xy, .......,X;o be the roots of the polynomial equation B N +x+1=0

10 1
Then the value of Z( :

n=l 1~ X

(c) 5 (d) 6

(a) 3 (b) 4
I 7'+ (F70)* +F ) +(F () +.ovvnt

1

/(0) =0then the value of lim(l + £(x)* is equal to:
x—>

o =¢", where f’(x)e(-11) and

@ o (b) Ve @é @ 1

Let a,, B, be the distinct roots of the equation x? +(n+1)x+n® =0, If

2021
Z : 1 can be expressed in the form E, where a and b are positive integer,
(o, +DB, +1) b

n=2
the value of (b - a), is:
(a) 1 (b) 3 (c) 6 (d 9

- +k x<0
If f(x)=1e" +1, 0<x<1is one-one and monotonically increasing for all x € R,

ex?+2, x2>1
then difference of maximum value of & and minimum value of A is:
(a) 0 (b) 1 (c) 2 (d) 3

h
The value of lim ¥ ™ !
H=3 oo nxill Sin((n + !‘)TC

4n

J is equal to:

@ 2In(2-1) (b)) 4ln(2-1) (¢) 4In(~2 +1) (d) Inv2

WW.JEEBOOKS.IN
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57. Let f(x)= lim e , then the value ofj.f(x)dx is equal to:
n—es | 4 ([an-l x)n .

(a) cos(tan 1) (b) sin (tan 1) (¢) tan (tan 1) !

58. Let f:[0,5]—> R be such that f”(x)=f"(5-x), Vxe[0,5], f’(0)=12and f'(5)=7,

(d) none of these

4
then the value of_[f’(x)dx is:
I

(a) 4 ®) 6 ©) 8 @ 12
3tan(x—-§]
59. Iff dx =k tan" (//tanx +1+cotx) + C, then the value

{30523:\/’:&11'13 X+ tanzx + tan x

of k is: [where C is constant of integration. ]
(a) 2 (b) 3 (c) 6 (d 8

27, 1318
60. If J‘x26 x-D"(Bx~ 3 dx= il i + C, where C is constant of integration, then

the value of £ is:

(a) 3 (b) 6 (c) 9 (d) 12
x2 -1, X8 \/ﬁ
61. Let f (x)=%«/1?)x—7), V10 <x <5, then the number of points where f(x) is
sin 7tx, 5€<x<06
[ {x} T
discontinuous in [1, 7] is: (where {-} denotes fractional part of x.)
(a) O (b) 1 (c) 2 (d) 3
62. Let £ (x)=[xIn(1+1*)dt, then £ ”(0) is:
0
(a) O (b) 1 (c) 2 (d) 3

63. Let f(x)=x>+x+1and g(x) be its inverse then equation of tangent to y=g(x) at

x=3is;
(@) x—4y+1=0 (b) x+4y-1=0 (c) 4x— y+1=0 (d) 4x+ y-1=0

64. The length of sub-tangent to the hyperbola x* — 4)? =4 corresponding to the normal
]
having slope unity is —, then the value of k is:
Vi

(a) 1 (b) 2 (c) 3 (d) 4
65. A stone is dropped into a quiet lake and waves move in circles at the speed of 5 cn/sec. At
that instant, when the radius of circular wave is 8 cm, the rate of increase of enclosed area

is:
(a) 67 cm?/sec (b) 8w cm?/sec (c) %Tf»cm?‘/sec (d) 80m cm?/sec
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are two opposite vertices of a rectangle. If other two vertices |

The points (2. 5) and (5, 1) .
y : ¢ value of k 1s:

are points on the straight line y=2x + &, then th gy 5
(a) 4 (b) 3 (c) —4 d) - |

The distance of the point (1, 2) from the line x + y +5= 0 measured along the line paralle] ]l
to 3x — y=T71is equal to: | 5 il
(a) 4V10 (b) 40 (c) V40 (d) 1042 |

; 2
The maximum value of the function f (x)=2x3 —15x° +36x—48 on the set

A= {x|x? +20<9x|} is:
(@ 5 (b) 7 © 9 .(d) 11
The least non-negative integral value of A for which the equation
2x2 —2(2\ +x + A(A +1) =0 has one root less than A and other root greater than A, is
equal to:
(@) 0 (b) 1 (© 2 (d) 4
Ifa,, a,, as,......., are in arithmetic progression, then § :a12~a§+a§—a§+ ...... —aj, is
equal to:
(a) m(af—azzk) (b) k—l(aZk_al)
kB o2 .3 b oo
[ a; —a (d) none of these
(c) P (ai —ay)
The maximum value of f (x) =cosx(l +cosx) is greater than its minimum value by:
3 9
(a) 1 " 5 (c) 2 (d) v
1 E .
The number of values of x, for which tan ! (—) =n+tan"' x, 0<x <lis:
X

(@) 0 (b) 1 (c) 2 (d) oo

2 . [ f(x)-5 o
Ifg(x)=(x" +2x +3) f(x), f(0)=5and 111'% ——— | =4, then g"(0) is equal to:

X—= X

(a) 22 (b) 18 (c) 23 (d) 25

If f(x) is continuous and derivable on [- 2, 5] and —4 < f'(x) <3 V x € (-2, 5), then
difference of maximum and minimum value of f (5) is equal to:

(a) 7 (b) 21 (c) 28 (d) 49

Let f(x) be a cubic polynomial on R which increases in the interval (—ee, 0) U (1, o) and
decreases in the interval (0, 1). If f’(2)=6 and f(2)=2, then the value of

tan ' (/' (1)) + tan " (f(%)] + tan ! (f(0)) is equal to:
(a) tan™'2 (b) cot™ 2 (¢) —tan"'2 (d) —cot™ 2
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76. The set of values of p for which f(x) = p’x - _[24_"2dx is increasing for all x € R, is:
(a) [_ 43 4] (b) (_ e 1 6] v [l 6? oo)
(C) (_ e 4] v [4! oo) (d) ['_'163 ]6]

ﬁ [ 2¢24 J)
77. The value of definite integral J[x 2841 ln{x dx is equal to:
1

(@) 2 (b) 3 (c) 8 (d) 13
78. Iff f(tde=e - aezxj F(t)edt, then (1) +2f (2) is equal to:

(a)‘:J e—4e’ (lj) e—2e* (c) e-2¢? (d) 2¢* —é&*
79. If f(x)= i : i -, then:

@ fO<s BSOS ©fO=5 @ SO

80. If f(x)=gx)|(x-D)x-2)....... (x—10)| -2 is derivable for all xeR, where
g(x) =ax’ +bx® +cx® +d,a, b, ¢, deR, then f’(~1)is equal to:

(a) -2 (b) 0 (©) 2 (d) 4

81. A strictly increasing continuous function f (x) intersects with its inverse f ~ (x) atx =

B
and x =3. If_[ (f (x)+ f‘l (x))dx =13 where 0., B € N, then the value of |0}| equals:
ol

(a) 25 (b) 36 (c) 42 (d) 56
82. Let f(x)be a continuous and differentiable function such that

fim fB+Th)— f(3+4h)
h—0 h

l 2 4
(a) 3 (b) 3 () 3 (d 1

=4. Then the value of f’(3) equals:

st d d y . # 2 f .
83. Thel™,2™ and3"™ terms of an arithmetic series are @, b and a *, where a is negative then
sum of an infinite geometric series whose first three terms are a, a* and b respectively, is:

~1 -3 -1
— b) — b .
(a) 5 (b) 5 (c) 3 (d) none of these
84, If f(x) is a differentiable function defined for all positive real numbers such that
x 10
X (x)=x +j f(¢)dt, then the value of ¥ f(e* ) is:
1 k=1

(a) 45 " (b) 55 (c) 65 (d) 75
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92,

; i .
then result are the reciprocal of the original root. The value of (b* + ¢”) is:

|
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' ion x? =( has distinct roots. If 2 is subtract from each root
The quadratic equation x“ + bx + ¢ =0 has distinct ro

(@ 2 (b) 3 (c) 4 (d) 5
Let /'(x)and g(x) are two function defined from R* — R such that

—/x, if x is rational _ if x is ratiqnal
_f(,l') i {1‘2 \/:, :f : is irrational and g(x) - {1 - X, if x is irrational

The composite function [ (g(x)) is:
(a) one-one onto (b) many one into

(c) one-one into (d) many one onto
A function f': R — R satisfies the equation f(x) () - f(xp) =x + 3, V x, Y€ R and

(1) >0, then:
@ f)f T (x)=x*-4 ®) fEf ) =x* -6
© Ff " x)=x* =i @ fG)f 7 (x)=x> |

= iy et 2
s tan(7t sin“ x) + (l)f] sin (x[x])) 45 Squalito:

x—0 X
(where [ ] denotes greatest integer function)
(a n (b) m+1 () 0 (d) does not exist

Let § denote the sum of an infinite geometric sequence with S > 0. If the second terms of
this sequence is 1,Then the minimum possible value of S, is:

(a) 2 (b) 4 (c) 6 (d) 8
= 1 = 1 3a

Leta=) —andb= . Then the value of — is equal to:
Ry e Ly

(@ 2 (b) 3 (c) 4 (d) 6

The equations (A —1I)x + 3\ +Dy+2Az=0,(A - 1)x +(4A -2)y+ (A +3)z=0 and
2x+GBA+)y+3(A-1) z=0 give non-trivial solution for some values of A then the
ratio x : y: z, when A has smallest of these values is:

(8) 3:2:1 (b 3¢3:2 (o) 1:8a1 o) 8 0 T

If matrix 4 =[a; ]sx3, matrix B =[by J3x3, Where @j +a; =0and b, - b =0Viyj
then 4783 is:

(a) singular (b) zero matrix

(c) symmetric (d) skew symmetric

If 4 is an idempotent matrix satisfying (1 - 0.4 A= _q A,where [ is unit matrix of
the same order as that of 4, then the value of ot is:

o I -2 )
(a) 3 (b) 5 (c) -3- (d) 5
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94. Let 4 and B are square matrices of same order satisfying 4B = 4 and BA =B, then
(4 2009 Bzmg)zazu is equal to:

(@) A4+B (b) 2020(A4 + B) (c) 22 (4 +B)

{x}9 —2‘£x<--]

95. Let a function f (x) be defined in [~ 2, 2] as f(x) =1{|sgn x|, —1<x<1 , where {x}
iy lawes?

(d) 22°(4+B)

denotes fractional part, then area bounded by graph of f (x) and x-axis is:
(@ 2 (b) 3 (c) 4 (d) 5

2 _—
96. Area bounded by the curve f(x) = xz L and the line y=1is:
X Hl

(a) © (b) 2n () g (d) none of these
97. The general solution of the differential equation (1 + tan y)(dx — dy) +2x dy=01s:

(a) x(sin y+cos y)=sin y+Ce” (b) x(sin y+cos y)=sin y+Ce™”

(c) y(sinx +cosx)=sinx + Ce” (d) none of these

[Note: Where C is constant of integration. ]
98. The solution of the differential equation y*dx + (x> — xy + y*)dy =0, is:

(a) tan‘1(£)+ln y+C=0 (b) 2tan_l[£)+ln y+C =0
y y

(©) m(y++x*+y*)+Iny+C=0 (d) In(y++x>+y*)+C=0

[Note: Where C is constant of integration.]
99. The solution of the differential equation e (y+1)dy+ (cos® x —sin2x)ydx=0

subjected to condition that y=1when x =0, is:

(a) (y+1)+e*cos’x=2 (b) y+Iny=e¢"cos® x

(¢) In(y+1)+e* cos® x =1 (d) y+Iny+e* cos® x=2
100, If /' (x) =x’ —3x +1, then minimum number of real roots of £ (f (x))=01is:

(a) 2 (b) 4 (c) 5 (d) 7
e [ & X .
101, Slope of tangent to the curve y=2e SID(EHE)CGS(Z—EJ where 0<x <2m, is

minimum at x is equal to:
(a) 0 (b) T (¢) 2n (d) none of these
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14
102. The tangent to the curve y =xe‘z at the point (1, e), also passes through the point:
(a) (g 2e] (b) [i, ZL’J (c) (3,6¢) (d) (2,3e)
3’ 3
ab
2% 3x ) <
103. If f(0)=3|>" "4 e, 75 , x#0 . continuous atx =0, where b € R, then the
g = a
& B3 . x=0
minimum value of a is:
-1 -1 —1
— = G) == (d) O
@ < &) 3 (©) 2
104. Let S, denote the sum of first » terms of the arithmetic sequence {a,}.IfSg>S;>8,,
then the value of integral value of n which satisfy S, S, ,; <0, is:
(a) 10 (b) 11 (c) 12 (d) 13
a b
105. Assume that fis continuous on [a, b], a >0 and differentiable on (a, b). If A i )L é )3

then there exists x, € (a, b) such that:

(@) xof "(xg)=f(x0) () f7(xg) +x0f (xp)=0
(¢) xof "(x0) + f (x0) =0 (d) f'(xo)=x5f (xo)
106. Let / :R — R be continuous function and f (x) = f(2x)is true V x € R and f (1) =3, then

1
the value of Jf(f(,x)) dx is equal to:
-1

(a) 0 (b) 2 (c) 6 (d) 12
107. From a given solid cone of height /, another inverted cone is carved whose height is A,

; : : o
such that its volume is maximum, then the ratio -y 1s equal to:

(a) 2 (b) 3 (c) 4 ) 6
108. Iff(x)=j Gx* -1) dx and f(0) =0, then f(-1) is equal to:
(x* +x+1)? ’ i
| 2
(a) 3 (b) 5 (c) 1 (d) 3
109. If f(x)=x*tanx® - xIn (1+x?), then the value ofd4f(x) at x =0, is:
dx
(a) 0 (b) 1 o 1
% 3 @ s
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110. The number of integers n such that the equation nx” + (n+1)x + (n+1)=0 has only
rational roots, is equal to:

(@ 0 (b) 1 (c) 2

111. If p=c0s55°, ¢ =c0s65° and r =cos175°, thenthevalucafl+l+—r— is equal to:
P 9 Py

(@ 0 (b) -1 (© 1 d 2
| _ 1
112. The sum of solutions in (0, 21) of the equation cos x cos [—g —x)cos [g +x] “% is:

(d) 3n

(d) more than 2

(a) 4n (b) & (c) 2n
dx, then which one of the

1
113. The L denotes the value of the definite integral I :

01+x8

following must be true?

@@ L<L<I ) 1== (©) L>1 @ 0£L<x
4 4 4
114. Let f :R — R defined by f(x)=x> +3x +1and g be the inverse of £, then the value of
g7 (5) equals:
1 -1 1 -1
o=l S i d =
(a) 5 ®) — ©) 32 (d) 36
115. If It%(smfx + % +b] =0, then the value of (a + b) equals:
x> X X
@ 0 Ok © > @ 3
* 2 2
3
2* +3* +5° |
116. Let f(x)=4| " 3 |~ x#0
k, x=0
If £ (x) is continuous then the value of & is equal to:
(a) 10 (b) 15 (c) 20 (d) 30

117. Let f(x) =sin(£~sin(-gsinx)) for all x € R. Then the range of f(x), is:
(a) (-0.25,05)  (b) (-1,1) (¢) [-0.5,0.5] (d) (-0.25,0.25)
118. Let f(x)be a polynomial function satisfying f’(x) + f(x) = x.Then the value of f(4)is

equal to:

(a) 1 (b) 2 (c) 3 (d) 4
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n/2 .
J(ﬁccsz X4+ 3sin” x)dx
) is equal to:

119. The value of
/2 3
jsinﬁcos B\ESSiﬂZ 0 +9cos” 0 dd

0
247

8
L © % (@) ==

o
@) 35 49

. 2
S X)ens is equal to:

120. The value of lil‘l]]t =
WIS r(m —2x) tan[x - 5]

@ 1 ) —1 ©0 @) -2
k=
n n n a _ ,~a
¢ =& =sin"(%} where a and b are positive integers, |I
ok

121. If ©i
n\ll—e? —e ®

then the value of a + b is:
(a) 2 (b) 3 (©) 4 (d) 5

Let y= y(x) satisfies the differential equation y”"=1In (xy"— y). If y(1) =—1 where y is
twice differentiable and y”(x) #0, then y(e) equals:
(@ 0 (b) 1 (c) e

1 ‘ 2 &
Ifthe curves y =—e" and y = In (ax), (Where a is positive) has only one point is common,

122.

d)

123.

then the value of [a]is:
[Note: [ -] denotes the greatest integer function. ]
(a) 1 (b) 2 (c) 3 (d) 4
124. Let y= f(x)be a differentiable function satisfying fx)+ f7(x)=xe™ for all values of
real x. If /(0) =0, then the value of £ (1) equals:

1 7 1 3
) o ® 5 ©) % @ %

125. Curve is parametrically represented by eiogts in (tan E] where ¢ is a parameter. The
y=sint
length of the tangent drawn to the curve at the point where its x-coordinates is equal to its

y-coordinates is:
(a) 1 (b) 2 (c) 3 (d) 4
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126. If o), oy, 005 and oy are the roots of the equation x* + (2 - x@)xz T (2+‘-‘6)=0= then
the value of (I —ov; )(1 -0, )(1 —0t3)(1=0.,4)is equal to:

(@) 1 (b) 4 ©) 2+43 (d 5
127. The function f :[0, 3]— [1, 29], defined by £ (x)=2x> —15x2 +36x +1, is:

(a) one-one and onto * (b) one-one but not onto

(c) onto but not one-one (d) neither one-one nor onto

128. If § is the set of all real numbers. A relation R has been defined on S by
aRb <= |a - b| <1, then R is:
(a) symmetric and transitive but not reflexive
(b) reflexive and transitive but not symmetric
(c) reflexive and symmetric but not transitive

(d) an equivalence relation
129. If fis a function with domain [ 3, 5] and g(x) =|3x + 4/, then the domain of (fog)(x) is:

1 | 1 ]
o) o opl]  epd

1
130. The range of the function f (x) =x* + i is:
x°+

(a) [1, ) (®) [2,) (©) BWJ (d) [5, )

131. Let f(x)=(x+2)* =2, x>-2. If g(x) is a function whose graph is reflection of the
graph of y= f(x)in the line y=x, then g(x) is equal to:
(@) —v2+x-2 (b) V2+x +2 (c) V2+x -2 (d) —v2+x+2

59
g 1 ]=lox+30forau

132. The function f (x) satisfies the functional equation3 £ (x) +2 j‘[

real x #1. The value of f(7) is:
(a) 8 (b) 4 (c) -8 (d) 11
133. Which of the following is inverse to itself ?
(a) ==X () fx)=e (©) f(x)=3*"*Y" " (d) none of these

l1+x
x+4, x<-4

134. If f:R— R is defined as f(x)=4¢3x+2, —4<x<4, then the value of
x—4, x24

S (S (f(0)))) +1is equal to:
(a) 0 (b) 1 (c) 2 (d) 4
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is:

The function 71 [0, e) = [0, =) defined by /' (x) = TR
(a) one-one onto (b) one-one but not onto

(¢) onto but not one-on¢ (d) neither one-one nor onto
Zx +o?, x22

"(x) is into function then |
136. Letf:R— Rbegivenas f(x)=10X ;o <2 If f(x)1s into fu east
2

integral positive value of & is:
(a) 1 (b) 2 (¢) 3 (d) 4
137. If g(x)and A(x) are invertible function and A(x) =3g(x) + 7, then A" (x) is equal to:
1 ., =7 |
@) -7 _ 1 @i+ @De (——) |
(@) 3¢~ (%) (b) = 3 = |

Let a polynomial P(x), when divided by x —1, x —2, x — 3 leaves the remainder 4, 5, 6

138.
respectively. When P(x)is divided by (x — 1) (x —2) (x = 3), the remamder isax® +bx+e
then 3a +2b + cis equal to:
(@ 3 (b) 4 (e) 5 (d) 6
. 1 1
139. IfT. denotes the n™ term of an arithmetic progression such that 7', = E and T, = —p,

then which of the given option is necessarily a root to the equation

(p+2q ~3rx2 +(q+2r-3p)x+(r+2p-3q) =0, given that p +2g —3r #0?

© I, () Tpeq

59 4 137k s +(@4y+1

+ o0 and 4log, x = 2 ),
14345 +.nea +@2y-1)

(a) 7, (b) 7,

140. Let y=1log, x +log,x +logigx +.......

then the value of x* y equals:

(a) 20 (b) 22

|
141. If the range of f(x) =§ﬁ — {x} is [a, b) for real x, then the value of ‘a’ 1s:

(c) 24 (d) 28

[Note: {k} denotes fraction part function of .]

T o T T
tan — b) cot— in — —
(a) tan ” (b) co . (c) sin 0 (d) cos 3

= (cos10), then y— x is equal to:
(¢) 10 (d) Tn
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143. The value of A for which the sum of squares of the roots of the quadratic equation

x? + (3 — A)x +2 = A has the lcast value, is:

15 4
petel d) —
(@) 1 (b) 2 (c) : (d) 9
144, If lil‘I(I) (l—cosx)(smx—x)(e‘ e ~4) is finite and non-zero, then the minimum
X x"
integral value of n, is:
@@ 5 (b) 6 (c) 7 d) 8

145. Iftano =2, then the value of S?”“ fosa 1s equal to:
3sino —2cosq

1 3 5
(@) 2 (b) i () i d 2
3
146. If lim ("2 +: - (ax+b)]:2, then:
xves\ x° +
(@) a=Lb=1 (b) a=Lb=2 (©) a=1b=-2 d a=-Lb=—2

147. If the equations x” +2Ax +A% +1=0, L€ R and ax? + bx +c¢=0, where a, b, ¢ are
lengths of sides of triangle have a common root then the possible range of A is:

(@) (0,2) (b) (3,3) (©) (242,32) (d) (0, )
148. The value of lim[ SO ) ] equals:
HAX-2  x3 —3x% 40x
3 1 -1 =3
(a) 2 (b) 5 (©) o (d) v

149. The function 1 (x) = log(x — 1) — log(x —2) and g(x) = 10g(£:%] are 1dentical when x
po

lies in the interval:
(@) [1,2] (b) [2, ) (©) (2, ) (d) (—oo, )
5% 5% 5% 11
150. 1i als:
= T o
(a) -8v21In?5 (b) 8421n?%5 (€) =42 10?5 (d) 42125

151. Ifrangeofcot ™ xis taken as [0, g}then the domain of the function fx)= 1 i
\ In(cot ™! x)

is:
(a) (=eo,cotl) (b) (cotl, ) (c) [0,cotl) (d) (0,cotl)
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20
3 o +Gsin 2 o, +sin o, +2cos? oL — 8.,
152, The minimum value of the expression — = The 1s equal to:
3
@) ‘?' (b) 2 © 3 @ -2
1 1
153. Let £ (x)be a polynomial satisfying f'(x) f [;]"‘5 =3 () ~3f [;] =0, VxeR - {0}
and f(2) =11, then f(3) is equal to:
(a) 21 (b) 12 (c) 20 (d) 11
154, Letf:R— (0, -%E] defined as f(x) =cot ™! (x2 — 4x + o). The smallest integral value of
o such that f(x) is into function, is equal to:
(a) 2 (b) 4 (c) 6 d 8
2
Lo +1= 414 %2
155. The value of lim 2 - is equal to:
259 (cosx g ]sin(xz)
| -1 1 ]
PR AT ! d —
@ ®) = © - (@ ~
156. If f(x)=3x+|x|, g(x) :§4£ - %, then:
(@) (fog)(x)=3x  (b) (fog)x)=4x  (c) (fog)(x)=5x  (d) (fog)(x)=2x |
157. The value of x for which the equation |x? +6x +6|=|x? + 4x + 9| +|2x — 3| holds, is
equal to:
3 3 3
(a) [:_, w) (b) (—oos —;] (€) (—oo, 1] [—, m) (d) none of these
2 2 2
158. If (sin ' x)* + (sin " )% +2sin " xsin~! y=mn2, thenx? + y? is equal to:
3 1
1 — i
(a) - (b) > (c) 2 (d) 5
159. A continuous even periodic function f with period 8 is such that
JO)=0, fD==2, f@2)=l [fB)=2 f(@)=3 then the value of
tan " (tan(f (=5) + / (20) +cos ™' (f (~10) + £ (17)))) is equal to:
(@) 2n -5 (b) 5~2=n (c) 3+m d 3-m
| Jil 2 241 3 m 3 .
160. If cos l(ﬂ} +cos ™! (H;) = (x > Z)’ then x is equal to:
V146 v145 v145 \145
e i Sl W @ g
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. S
161. limx|| —| —=ligse A
x—:ml[[xwkl) GJIS Faul to;
-1 1 -1 1
@ — b) — —t &
2e ( ) 2¢ (C) e (d) p

162. If the first, fifth and last terms of an A.P. are I, m, p respectively and the sum of A.P. is
(I+ p)dp+m-50)

k=D , then k is:
(a) 2 (b) 3 (c) 4 (d) 5
163. Ifa,b,ce Randa? + b* +¢* + 4=ab + bc +2c¢ +2a, thenroots of ax + bx + ¢ =0are:
(a) real and distinct | (b) real and equal
(c) imaginary (d) none of these
164. Iftherootsofx* +gx? + kx +225 =0are in arithmetic progression, then the value of g is:
(a) 15 (b) —25 (c) 35 (d) —50
165. The sum of the infinite series L - 11 +i +L + L +.nes
9 18 30 45 63
1 1 1 2
a) — b) — c) — d) -
(@ 3 O © 3 (@ 3
166. Ifa +c,a+ b, b+ care in G.P. and a, ¢, b are in H.P. where a, b, ¢ > 0, then the value of
a+b.
1S:
b
3
(@) 3 (b) 2 (c) 2 (d) 4

167. The number of values of k for which the equation
(Jc2 + 2k -6)x + 7 - 3}'{)(}:2 +(2k —2)x +3k —5)=0 has two different pairs of equal

roots, is equal to:
(@ 0 (b) 1 (c) 2 (d) more than 2

\ . Iogg(,r2—4x+5) it
168. Let x, and x, (x; > x, ) are the roots of the equation 9 =x — 1, then the value

of tan(x, )m +sec(x, )7 is:

(a) —1 (b) 0 (c) 1 (d) not defined
169. Ifsino +sin +siny =-3, o, B, ¥ € (0, 2r), then cos 2¢ +cos 43 +cos 6y is equal to:
(a) —1 (b) 0 (c) 1 (d) 2

2. 10x )
170. Number of real solution(s)of the equation |x —3|* %% =1s:

(a) exactly four (b) exactly three (c) exactly two (d) exactly one
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171.

172.

173.

174.

175,

176.

177.

178.

179.

180,

|
]
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(

sin x sin 3x sin9x :
=01s:

iti " x satisfying the equation
The least positive value of x satisfying q cos3x  cos9x cos27x

@ = ) 2 © o @ %
sin? A +cos? A+tan? A —sec? A-sin? 4 ). ‘ :
The value ofcos(logs[ 0+ tan? Al —sin’ A) ]} is equal to: 1
(a) O (b) % (¢) cos 1° (d) 1
If cosx+cos?x=1.Let E =sin'? x +3sin'® x +3sin® x +sin® x + 2, then the value of
log , Eis:
e
@ 1 ®) 2 © + @ = J
2 2
Solution set of the equation Var —2 41444 —253 L6 =3is:
(@) xe(0,2) (b) xe(0,2] (c) x€][0,2] (d) x=1{0,2}
If A4 lies in the fourth quadrant and 3 tan 4 + 4 =0, then5sin24 +2sin 4 + 4cos A4 is equal
to:
(a) —1 (b) —2 (¢) -3 (d) -4
If o =sin 8 |sin O] and B = cos 8 |cos 0| where 6 e [19% : 10075], then:
(a) a+p=1 ) a+p=-1 ©) B-a=-1 (d) a-B=-1

The polynomials P(x) = kx> +3x? —3and Q(x) =2x> — 5x + k, when divided by (x — 4)
leave the same remainder, then % is equal to: ||

(a) 2 (b) 1 (c) O @ -1 |
1

Let a =log25 and b =1o0g 225, then log(aJ + 10g(2250) is equal to:

(a) 2a +3b+1 (b) 2a -3b+1 (¢) 2a-3b-1 (d) 2a +3b

Let a, be R™, such that log,, a + log, b:% and log,; b+logy a =3 then ab is equal

to:
(a) 32 (b) 243 (c) 1024 (d) 125

I 2—logs13+(2logs9) % 3/2 |
if =|— where a, b, ¢ are co-prime, then:

V27 c

(a) b>a+c (c) e>a+b (d) none of these

(b) a>b+c
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181.

182.

183.

184.

185.

186.

187.

188.

189.

190,

23

Total number of solution of sin x - tan 4x =cosx in x € (0, ) is/are:

(a) 7 (b) 6 () S (d) 4

If log, a-log.a+log, b- log,. b+log, c-log, ¢=3, where a, b, ¢ are positive and
different real numbers #1, then abc s equal to:

(@ 0 (b) 1 (c) 2 d -1
Value of'sin L +sin 3—n +sin 2R + e to n terms is:
n n H
= )
(a) 2 (b) 0 (c) > (d 1

17
Lets = z sin? (50)°, then [S ]1s equal to:

a=1
[Note: [ y]denote greatest integer function less than or equal to y.]

@) 9 (b) 8 () 17 (d) 18
If 2cos6 —sin B +2 =0, then the value of 10cosO +15sin 8 is equal to:
(a) 2 (b) 6 (c) 25 @ 5

If N =+/9cos2 0 +16sin2 0 ++16cos? B +9sin 0, then the sum of the maximum and
minimum value of N ? is:

(a) 49 (b) 50 (c) 99 (d) 100

For three concentric circle C;, C, and C5 with radius 1, » and 9 respectively. If from a
point 4 on (5 a pair of tangents to circle C, are drawn to touch at B and C such that BC is
tangent to circle C;, then the value of 107, is [where 1 <r <9]:

(a) 30 (b) 40 (c) 50 (d) 60

Let f (x) be continuous function satisfying /' (x) = _[ & f(y)dy— (x* —x +1)e.
0

The value of x for which f(x) =0, is:
1 1 1
od s 4 =
(a) 5 (b) 1 (c) 3 (d) 3

The value of the expression sec ?(tan~'2)+cosec : (cot"?y) +cosec (2 cot ' 2+cos ! g} 1S

equal to:
15 25

24 15
T 4 +— 25 +— d) 15+—
(a) 15+25 (b) 2 t o (c) >4 (d) Y

14 <
Let f:(-=1,1)— R defined by f(x)z]n[l—r_} and g:R — (-1,1) defined by

3
g(x)= % +x2 , then f(g(x)) is equal to:
1+3x
@) f(x) (b) f*(x) (©) 3/(x) ) ~f ()
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191. Let f(x) =cot ™' [Sg“ [Zr[f][f]}] |

Statement-1: f(x) is discontinuous atx =1L

Statement-2: f (x) is non-differentiable at x = 1.

Which of the following option is correct?
(a) Statement-1 and statement-2 are incorrect.

(b) Statement-1 and statement-2 are correct.
(c) Statement-1 is correct and statement-2 is incorrect.
(d) Statement-1 is incorrect and statement-2 is correct.

[Note: [k ] denotes greatest integer function less than or equal to .]

SECz X

f(t)dt
192. Let f(x) be a continuous function V x € R such that IEITE“—%T =% f(a) wherg
16
a, k € N, then the value of £ is equal to:
(c) 64 (d) 256

(a) 4 (b) 16
Let p(x) =51x% 4+ mx + ¢ and g(x) =3x? + bx +a are two quadratic polynomial with

193.
integer coefficients such that p(r) = g(r) =0. If » is an irrational number, then the value
cC .
of — is:
y |
(a) 15 (b) 17 (c) 51 (d) 153 |

194. If the function f(x) on the domain E oo] is defined by f(x)=2""" then f(x)

equals:

|
(a) 5(14'«/1"'41082 x) (b) %(1—1/1+410g2x)
(c) J1+4log,x (d) 1-4log, x

2
195. The range of the function f (x) =sin ™" [log2 %} iS:

-T 7
w75 oo © -7 @ [o5]
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196.

197.

198.

199.

200.

201.

Let fand g be defined such that L&) =,2x) + g (x)and g’(x) =21 (x)g(x) +1.
1 4
If £ (0) =<, g(0) =—, then the value of [E—) gl :
5 5 of f T g T equals:
3
(@) 0 (b) 8 ORE @ =
B V3
1
Leto(x)= =y ) . Given the following data
x
X 0 1 2 3 4
S(x) -2 =] 2 4 6
() 1/2 2/3 1 4/3 5/3
The value of g’(4), is:
-1 ~1 1 1
a) — b) — = =
() 1 (b) T (©) T (d) 15
dy :
, then the value of — atx =38, is:
dx
1 4 -1
b) — — d) —
®) - © 3 @ -

Let f (x)be a function defined by £ (x) = (k —x'%)"'* where k =1025and 1/ (2) = f,l( )
a

where a € N, then ‘a’ equals:

(a) 1 (b) 2 (c) 3 d) 4
/ 2 . - )
If y=2tan™" [ﬂ———l] then the value ofi—{ atx =2, is:
X dx
2 ~4 -4 4
! i — ) o
@ 3% ®) 55 © @ 55
Let f:R—R be a function such that for all x, yeR,|f(x)~ f())I<6x-y|?,

if £(3) =6 then f(6) is equal to:

(a) 0 (b) 1 (d) 6

() 3
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. i 2 d
CyX o b then i equal to:

. €y
- +
202, If y=1+ X - * (x=¢)x=0) (x=¢)x=0c)x =c3)

Cy

—y| ¢ & ¢ v 1 [5.3 A gR AD
0 — L 242 (b) —[ +x+c s
Xlg=4& X O=) x| X 3

vyl ¢ ¢ c ) C C3
= ;[ =y +[hi]] (d)x[c|—x+cz“x+ﬂ'3‘x} 1

xlg=x c-x \—x

203. Let f:[-LO]—> R be a function differentiable within the domain and thy

0
f(f(x))zdx =10and f(~1)=2. The value of the integral Ixf ‘x)f (x)dx, is:
-1 =i :

(@) -1 (b) -2 (c) -3 (d) —4

M dx is equal to:

T
204. The value of the definite integral J >
5 lEcos™x

2

2 () == (d)

T
(2) - ) 5
Let a, be an infinite geometric sequence with a convergent and negative sum. The

205.
common ratio of the sequence is  and the first term is @, then which one of the following

is always true?

(a) a; <0
206. The angle between the curves x3 —3x% +2=0and 33%y— y° =2=0is:

(a) /2 (b) m/4 (c) =/3 (d) m/6

207. Let f be a function defined by y= f (x) where x =2¢ —| | and y=t>+t|t|for teR, |

(b) @, >00rr<0  (¢) a; <O0andr<0 (d).»<0

then:
(a) f(x)is both continuous and differentiable at x =0.

(b) f(x)is non differentiable at x =0.
(c) f(x)is discontinuous at x =0.
(d) f(x)is neither continuous nor differentiable at x =0,
208. If f(x)and g(x) are both continuous function then the value of

9
ln(lf?l.}'/‘(%_ U.(I)_f.(_x))
f : : dx is equal to:
i g(% (g(x) +g(-x))
Y,
(a) A (b) 2A (c) 3A (d) 0

WW.JEEBOOKS.IN



GRB 1000 Challenging Problems in Mathematics for JEE 27

|
209. Let /' (x) be a continuous function in (0, 1) satisfying Ix«/{;f(x)ﬂ = \/;f (x))dx = g
0

Number of solutions of the equation /' (x) =e" is:

(@) 0 (b) 1 (c) 2 (d) 3
are tan x
j (sin¢%)dt
210. The value of lim — is equal to:
x->0" XCOSX—X

1 -1 2 -2

2 — i Ay —
@ 3 ) 3 © 3 @

/4 s 3
211. The value of the definite integral _[ Sl:l ik 4x 5 dxis equal to:
p (sin” x +cos” x)

1 1 1 1
225 = o d) —
@ ® © @ g

212. Letf(x)=x— % and g(x) =x2 —2ax + 4, where ‘a’ is a parameter. If V x; € [0,1]

there exists some x, & [1, 2], such that /'(x; ) 2 g(x, ). Then the minimum value of ‘a’ 1s:

9
@) 1 ) © 3 @

2
213. Let f(x)= {x _éfx"i' % ff}, then number of positive integral value(s) of ‘a’ for

which f (x) has local minima at x =1, is/are:
(a) 6 (b) 7 (c) 8 (d) 9

214. If the function f (x) = (x2 +ax +2a)e” is a strictly increasing function in (—ee, eo). Then

the number of integral values of ‘a’ is:
(@) 5 (b) 6 (c) 7

AABC
215. In triangle ABC if L = ] =4, then the value of @ cos A4 + bcos B + ccos C, 1s:

[Note: R is the circumradius of triangle ABC and [AABC] s the arca of A4BC]

(a) 4 (b) 6 (c) 8 (d) 12
216. In a non constant arithmetic progression having odd number of terms, having positive

integral common difference, the ratio of the sum of the 1%, 3™, 5™ 7% ... terms
to the sum of remaining terms is 13 : 12, then the number of terms in the arithmetic

(d) 8

progression, is:
(a) 21 (b) 23 (c) 25 (d) 27
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217.

218.

219.

220.

221.

222.

223.

224,

B
GRB 1000 Challenging Problems in Mathematics for JEg "

If the angles 4, B and C of triangle ABC are in arithmetic progression and a, b, ¢
represents length of sides opposite to angles 4, B and C respectively, then the value of

a+c

. 18:
\f{az —ac+c?)

A
< (d) 2cos &

A+
(c) 2sin

(b) 2sin

(a) 2cos
Let a, b and ¢ be non-negative real numbers satisfying a + b+ c=9. If the maximum

value of the expression a’b’c* can be expressed as 2*3”, where x and y are natural
numbers, then the value of log 4 (x”), is:
(a) 2 (b) 3 () 4 d 6
1 1
If o and B are the roots of the equation x? — mx +2=0and o + B’ B+  are the roots of
the equation x> — px + ¢ =0, then the value of 2q equals:
(a) 1 (b) 3 (c) 6 (d) 9
Let £ (x)=In (x? + ax +1). If /' (x) is defined V x € R, then the number of integers in the
range of ‘a’ is: |
(@) 1 (b) 3 (c) 6 (d) 9
Leta, b, ce N such that a < b < c satisfying the relation |
abc +2bc+2ac+2ab+4a + 4b + 4¢ =200.
The number of possible values of @ + b + cis:
(a) 3 (b) 4 (c) 5 (d) 6
Fora constant £, the two roots of the quadratic equation3x” — x + k = Oaresin 0 and cos 0.
The value of 54(sin” 6 +cos 30), is:
(a) 25 (b) 26 (c) 27 (d) 28
Suppose in AABC with sides a, b, ¢ the following equation holds true
A 2 2 2
cos ¥ :cosB vk, =cosC iy _a +b° + ¢
a b c 8
If abc =4, then the value of £, kyks is:
1 I

(a) 2 (b) 4 c) - dy =

© 3 @ 5
Let ABCD be a parallelogram, the equations of whose diagonals are 4C : y + 2y-3=0
and BD :2x + y -3 =0. If the length of the diagonal AC = 4 units and the area of the
parallelogram [ABCD] =8 Square units. The length of side BD, is:

20 10

(@) = (b) 5 (c) T (d) 2
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225, Iftan (o — __Sn@B) - | (_TE ‘
(@ —p) 3 ~608 (2B),Lh0n tano = /(). The value of f 3 equals:

(@ 2 (b) V3 ©) 243 () 342

n 1 1l 1
226. If a, 22__"(3 =b, =ZT> then the number of ordered pairs (p, g) such that
=() r r=0 »

a, .
¢, +¢, =1, where Cp =y IS
P
(@ 0 (b) 1 ) 2 d 3
227. If (x +1)is factor of x> + k2 —3x +k +2, then k is equal to:
@ 0 () 1 (©) -2 (d) -1

228. Value oflogﬁ(\/z_v@ +\/2 +J§) is:

(a) negative integer (b) rational but not integer

(c) 1irrational (d) prime
229. Number of value(s) of ‘x’ satisfying the equation log, (log; (x*)) =1is/are:
(a) O (b) 1 () 2 d 3

1 1
230. Let g =7°¢8 V38 4nd p=11%esV11 , then:
(a) both a and b are prime
(c) bothaand b are irrational
Ge~1P +(@x=1D" ~(3x-2)°

(b) a and b are relatively prime
(d) aand bboth are rational but not integer

231. Value of ' 1 to:
alue o o D@x—1)0x-2) is equal to
(2) -3 (b) 0 (c) 1 @ 3
.o 2x | e e .-l —x? -1
232, If f(x)=sin > [—2tan " x and g(x)=sIin > |+4tan™" x then range of
1+ x 1+x

(f (x) - g(x)) for x € (oo, —1], Is;
e e[ wp

Let A=1{1,2,3,4,5,6,7}. The number of surjective functions defined from 4 to 4 such

that /(i) = i for atleast four values of i fromi=1,2,...... 5 Ty B2
(a) 7! (b) 92 (c) 126 (d) 407
6(-0® +20% — )

234, If o is the root of the equation x? — x +2 =0 then the value of : 2 = = i§
o -3a" +3a” -a°

233.

equal to:
(a) 3 (b) 6 (c) 9 (d) 12
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30
18
{120 9[310
235. If terms independent of i in the expansion of (Sx - ;} and | x + i areAand B
y 9
respectively then [g—é A+ B ) equals:
¢ 9 19
(a) 3!0 : IQCS (b‘) 3[0 . Ing (C) 3) : ZUCS (d) 2 . C4{}

236. If graph of f(x) which is defined in [-2, 2] is shown in the adjacent figure, then number

of solution(s) of the equation f(x) = f T (x)is (are):
f(x)A

g=x
y = f(x) !
z ) |
BT Nx+y=2 |
(@) 1 (b) 3 © 5 (d) 7
237. Letmbeapositive integer. If lim | cos x +sin 2x +sin 3x |“*'* = ¢, then the value of mis:
x—0
(a) 2 (b) 3 (c) 4 d) s

From an unlimited number of red, white, blue and green balls, a selection of 18 balls is to

238.
be made so that there are at least two of each colour. If the number of slection is k, then k
is equal to:
(a) 1001 (b) 286 (c) 680 (d) 455
— t
239. Letae (—n J E) such that tan (ﬂ—} +tan ! (2 ikt J = E, then o equals:
2°2 3+2tan’ o 3 12
T s T T
3) — b) '~ = —
()3 ()4 (C)6 (d)]‘2
. =1
240. lfzp 3 =sin’0+2cosO+1 VOe R, then p must lie in the interval:
P
—2 -3 =2
(a) (—oo’———z]u,:—,oo} b EET Raer
3 123
-3 2 R
C) | —oo,— |U[ =, Ay el =
”( 2J[3 ] ”_2’2)
COS X +C0S y+Cos z sinx +sin y+sin z
241. If =2 and J =2, then the value of

cos (x + y+z)

sin (x + y + z)

cos (x + y) +cos(y+ z) +cos(z + x) is equal to: (where X, ¥, Z€R)

(a) 3

(b) 1

(c)

2 (d) -1
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1 -] l el 4 4 F
+ —cos where x 2 5 then the value of

242, Ifa =~l—sin'l[ 2
3 3 1+ x?

] 4+ x2

cos 20 +sec o +3+/3 :

NG 1S equal to:
(@ 3 ®) 2443 ©) 3("3;1) (d) [gﬂ}

243. In AA4BC, if incircle touches the sides 4B, BC and CA at P, Q and R respectively and
s—a=3,s—b=5and s— c=7, then area of the quadrilateral QCR/ is,where I is incentre

of AABC:
[Note: Symbols used have usual meaning in AABC.]
@) /7 (b) 5v7 (c) 37 (d 77
1
244. If f(In(1+|x|)=(0-1In(1+]|x|))7, then f(f (cosx))is equal to:
(@) cos(In(1+|x|)) (b) cos’ (In(1+]x])) (c) cosx (d) cos’ x
i 2
245. Ifroots of the equation 1 + ! + 1 + . + (b -9HE" 20 +40) =
x—a x-b x—-c x—-d x-a)x->b)(x=c)x=d)
are o, Band y, then sum of the roots of the equation 5(x — a)(x —B)(x —y) +8 = x> =0is:
(@A) a+b+c+d (b) %(abc+bcd+cda+dab)
(c) abc+ bed + cda + dab (d) %(a+b+c+d)

246. Let f be a differentiable function such that
3 .
wap¥ s | =x)=
lim St ] ) = lim fd=x) =71 +10then (1) is equal to:
b

x—1 sin(x —1) x—0
(a) 5 (b) 4 (c) 2 (d) 1

247. The product of all positive integral values of p for which log 5 5% isan integer, is:
(a) 5* (b) 5° (c) 5% (d) 5%

248. If P(-1,2,—-3)and O(3,0, 3) are two points on the P, :2x + y— z =3 and R(x,), Yo 2g)be
a point such that x, -2y, +3z, +1=0and [ PR — QR | is maximum, then (x, + y, + z,)
is equal to:

(a) 2 (b) -5 (c) 7 (d) 3

n : R
249. If y= f(x) satisfies the differential equation sin x c{_y +2ycosx =8 with f(nt/2) =8, then
dx

the minimum value of f'(x) is:
(a) 4 (b) 6 (c) 8 (d) 16
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250,

254,

253.

254.

255.

256.

257.

a2y — y+ D) +BBx— 1) +yQ2x+ y-5)=0 Vo, B, Y€ R. The least distance between

GRB 1000 Challenging Problems in Mathematics for JEE
|

If o and B are the roots of the equation x? — xsin20 +2cos’0=0, O R and the

maximum value of (2 -0 )(2 - ) is (a + \/E), then a is equal to:

(a) 2 (b) 3 (c) 4
Let / (x, ) be a locus of a point P(x, y) satisfying

(d) 5

the curve f'(x, y) and straight line 3x — 4y +19 =0 is:

7 26
b Hn ==
(@) 3 (b) 2 © 3 @ =
The number of points where f(x) =|x + [x]| —3[2x]+ 4[3x]is discontinuous in [ 1, 1],
is:
[Note: [£ ] denotes greatest integer less than or equal to .]
(a) 9 (b) 8 (c) 7 (d) 6
- = = R - e T — —
Let a, b, ¢ be three non-zero vectors satisfying a = bx ¢ +2 b where | b|=| ¢ |=2 and

{2]54. The sum of possible value(s) of]2; +“l';+_c>|is:

(a) 8 (b) 12 (c) 20 (d) 32

The number of words which can be formed using all the letters of the word
“NARENDRABHAI” such that no two non-repeated letters occur together is:

(2) 49 (51 (b) 48(51)° (c) 98 (s (d) 98(s1)>

Let 4=[a;],, be a matrix where a; €{2,3}. If determinant of matrix 4 is

non-negative, then probability that it is invertible is:

1 5 5 3

2 Ky & e ol
4 3 (b) T (c) T (d) T
10
f [x]? {x} dx is equal to:
0

2025 2025

(a) 2025 b == © =~ %) 30—82§

[Note: Where [ ] and { } denotes greatest integer and fractional part functions

respectively]
In a parabola y* = 4ax, two points P and Q are taken such that the tangents drawn to

parabola at these points meet at directrix in R. Focus of locus of circumcentre of A POR
will be:
a 3a Sa
a) |[=,0 b) (a,0 ¢) |—,0 —
@ (4.0) ) (a,0) @ (%) @ (%.0)
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-
N QO =

C

"
-
-

1‘.
258. 1f 4 :[- ::' wherea, b, ¢, x, y, z € {1,2,3,4,5,6}and also a, b, ¢, x, y, z are distinct

then number of matrices in 4 with trace equal to 10 are:
@) 3313 (b) 2(31)2 ) (31)2 d) 3’

259. Given 2019 vectors on a plane. Sum of every 2018 vectors is a scalar multiple of other
vector. Not all vectors are scalar multiple of each other. The magnitude of sum of all these
vectors is:

(@) 0 (b) 2019 (c) 2019 (d) (2019)*

260. The probability of occurrence of a multiple of 2 on one dice and a multiple of 3 on the

other dice if both are thrown together, is:

7 1 1 11
a) — b) — = —
@ 35 ()3 © 2 @ 3¢
261. Let z be the complex number satisfying| z +16|=4|z +1, then:
@@ [z]=4 (®) |z]=5 (c) |z|=6 (d) 4<|z|<64

262. If sec”' (x) + tan ™! 1,‘9}»2 —1+sin”' (x% + yz) = A has no solution, then exhaustive set of

values of A is equal to:
(@ R (b) =1,1) (¢) (0,2) (d) ¢
2 2
263. F,, F, are left and right focus points of the hyperbola C e ;—2 =1(a >0, b>0). Point
a

-.—.’_

O is the origin of the coordinate, M is an arbitrary point on C and above the x-axis. His a
point of MF,. Given that MF, L F|F,, MF, L OH,|OH |=\|OF,|, where A 6(3 ?].

Find the range of the eccentricity of the hyperbola C.

(a) (1LV3) (b) (1,+2) © (2,43) @ (2,2)

264. Given that m, n, s, t € (0, + o), m+n=3, % + ? =1, m, n are constants and m < n. 1f the
minimum value of s+ 7183 + 22 , point (m, n) is the mid-point of a chord of the ellipse
J—;i+ y_2 =1. Find the equation of the line where the chord lies:

(@ x+y-3=0 (b) x-2y+3=0 (c) 2x+y-4=0 (d) 4x+2y-3=0

265. Number of 4 digit numbers of the form N =abcd which satisty following three

conditions:
(i) 4000< N <6000

(i) N is a multiple of 5
(ili) 3<b<c<6

is equal to:
(a) 12 (b) 18 (c) 24 (d) 48
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266. Let f(x) = : + _The minimum value of /' (x) for0 <x < 3 is:
“ cos’x sin‘x

@ 3 (b) 7 (c) 9 (d) 11 .
Letg(x) =6x> —18x +8, f; (x) =[g™)], [2(x) =/ (x) = Pl, f3(x) =] f2(x) = P;|and if
P, =7, then the range of P, such that £ (x) has exactly10 points of non-differentiability
1s:

@@ (1,5,7) (B) [2,5,8] (© [2,9] @ (1,8 _
268. S={L.23},f:5— S satisfies the property : Vxeds, f(f(x))=f(x). How many

different functions are there for f'(x)?
[Note: Can you generalize the result for § = {1,2, Bty ,n}?]

(@) 8 (b) 10 (c) 1
' X ; : b d
269. Variable pairs of chords at right angles and drawn through a point P (with eccentric angle Z) -

267.

(d) 4

2
on the ellipse = y? =1to meet the ellipse at two points, say 4 and B. If the line joining

A and B passes through a fixed point O = (a, b) and the line value of a’ +b* can be

expressed as —, where m and » are co-prime positive nteger, submit your answer as

n—m. :
(a) 1 (b) 2 {c) 3 (d) 4
270. The value of i{sin_l el 1s equal to:
o | e+ DWe? +20 +Vo? —1)
it T 3n T
@ 7 ®) = @ 5 @ = |

|
271. If o, Band 7y are roots of x* —2x? +6x —1=0, find the value of the following expression

2 2 2
a(a2+a+lJ+ﬁ[B2+B+]J+y['y +y+1]
o -0+ B =P +1 «{2_«{“
(a) 1 (b) 6 (c) 7 (d) 8

272. {a, jand{b, jarearithmetic progressions and their sums of the first n terms are 4, and B,

respectively.

A ~1
1 22 = 2 for all positive integers n, then the value of “3+ %5 + 41 L )
B, 2n 3(by +by)  2(by +by)
10 7 10 5
o B e 10
(a) o (®) (c) -~ (d) =
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I 3 A2 | C
X =y W2y _ 292
273, If 1y = L e and 1, = [2 027 4y ong It _5474a, where ae N,
0 30 5 (x+5)9 I3
then the value of a is:
(a) 24 (b) 26 (c) 28 (d) 30

- eSi ~sin x d T .
274. y=cos™' cos [103 j g e ) For y as defined above, the value ofd—y atx = is:
x

(@ 0 (b) % (c) % (d) 1

275. ABCD is a rectangle with vertices A4(0, 0), B(m, 0), C(m, n) and D(0, n) with m, ne N.
Points are chosen starting from 4, (0, 0) — 4, (x;, ;) — 4, (x5, ¥,) and so on.
Such that for 4, (x;, ¥, ) — A4y (X411, Vs ), exactly one of the following result holds:
(1) Xz =x; +aand y,,, =y,
(1) x4y =x; and yp,y =y, +b
forsomea, b, ke N
If m = n =6, number of paths from A4, to (m, n) consisting of exactly two perpendicular
path with @, be {1, 2}.

(a) 50 (b) 128 (c) 338 (d) 882
1 3sin2
276. If —sin~’ (__im_oc_) =tan " x, then the possible value of x is:
2 5+ 4cos20
1
(a) %tan o (b) 2tanc (c) 5 tan o (d) 3tanc

2 2
277. On the coordinate plane, point 4 is on the ellipse : x_2 + % =1(a > b>0). Point F is the
(e

right focus point of the ellipse. Point 4, B are symmetry about the origin point O, and

AFL BF. e is the eccentricity of the ellipse. If Z ABF ranges from [g ﬂ then find the

range of e.
V2 2 I V6 f 3
== b) |, 3 -1
(a) [ 5 ] (b) 5 () EH (d) 5
278. On a coordinate plane, ellipse C,: % ’;—2 =1(a, > b, >0) and hyperbola
a }

5" . ; ; . . :
C,i =5+ % =1(a,, b, >0) has the same focus point |, F,. Point P is the intersection
a 2

point of C, and C, in the first quadrant and | F\ ¥, |=2| PF,|- ¢, is the eccentricity of C,
and e, is the eccentricity of C,. Find the range of ¢, —¢,.

I ! | |
o) @) efe) el
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S (x)

P
xlnx = Inx 2| 22 he value of lim =22
279, Letf(x)= -4+ 2and g(x) =sin [ ] then the Iin
S 9x2 —2¢*y —9x +2¢" 2 1 g(x)
1S:
9 =
(a) 2 (b) . (c) 3 (d) 3
! gEJc +:rccos(£x)
| mcos| — 3 |
dx ig

280. The value of the definite integral j (n ). (2¢m Wi o L
113 gin Ex sin ?x +2sin Ex sin Ex

equal to:
(a) 1 (b) 2 (c) 3 (d) 4
281. Given S =2m+(Q2m+1)+Q2m+2)+....... +4m and Sz = 2m+1)+(2m +3) + (2m+5)
- - + (4m —1). If%=k+%,fmdtheva£ueofk+Z.
B
(@ 2+m (b) 3+m (¢) 1+4m (d) 2m
282. Suppose that f:R— R is a continuous function and satisfies the equation

f(x) f(f®)=1for all xeR. Further, if f(1000) =999, then which of the following

options are necessarily true?
1
500) = 2. f(199)=— 3. f(2000) =
L o= 500 7] 199 RIS 2000

1 1
4, f(235)—2—;5~ 5. fQ099) =100 6. f(x)=—VxeR={0,1000}

7. No such function exists
Enter the product of the number of all correct options. For example, if correct options are

2 and 3, then enter 6.

(a) 2
1 Alx 1
283. Ifinequality (—J < —has + ve integer solution for then the minimum value of A (using

(b) 4 (c) 6 (d) 8

In9=2.197) is:
(a) 3 (b) 4 (¢) 5 (d) 6

284. L= lim fj

n=e O (14x )
Suppose that the above limit exists, then choose the correct option.

I
(a)5<L<2 (b) 4<L<5 () 2<L<3 (d) L>5

WW.JEEBOOKS.IN



37

GRB 1000 Challenging Problems in Mathematics for JEE

285.

286.

287.

288.

289.

290.

291.

292,

Let f(x) and g(x) be continous, positive function such that f(-x)=g(x)-1,

20 20
x ¥
Jx)= g(x) and jf(x)dx=2020,thcn the value of _[ de is:
g(=x) 2, 0 &%)
(a) 1010 (b) 1050 (c) 2020 (d) 2050
a2l R sin2 =
The value of the expression + L4 7 s equal to:
. 2T . 228 . 5 4m
sin“— sin“— sin® —
¥ o
(a) 3 (b) 4 ) 5 @ 6
(]im n{xn—l)) )
Letx, be positive root of the equation x” =x2 + x +1. Then the value of "> is:

(a) 1 (b) 2 (c) 3 (d) 4
aan] o x4 -B "
x2 +1|= where A4, B and C are positive

Let log, n is an integer. If H -,
k=1 =

integers. Then the value of (B + C + log, A)forn=2" is :

(a) 90 (b) 92 (c) 94 (d) 100

sinx sing sinb
COSX coSa cosh
tanx tana tanb

, then minimum possible number of

Let0<a<b<g. If £(x)=

roots of f ’(x) =lying in (a, b) is:

(a) 0 (b) 1 (c) 2 (d) 3
Let f'(x) =sinx — cosx + In x. Number of roots of f(x)=01n (0, =) is:
(a) 1 (b) 2 (c) 3 (d) 4

If @ and b are chosen randomly by throwing a pair of fair dice, then the probability that

. [a*+b" )x
llm(a ] =6 equals:
x50 2

4 2 3 |
(a) 3 (b) 5 (c) 5 (d) 5

Lot A consists of 5 good and 3 defective articles. Lot B consists of 3 good and 5 defective
articles. A new lot C is formed by taking 3 articles from 4 and 4 articles from B. The

probability that an article chosen at random from C is defective, is:

I 2 29
(a) 3 (b) g (c) 7 (d) none of these
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293.

294.

295.

296.

297.

298.

299.

300.
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getting numbers in order denoted by 4, B& 4 satisf‘ying )

In throwing a dice thrice,
al +4b? +4¢? - 2ab-4be~2ac=0. If probability such that point (a, b, ¢) lies inside

; . 6 -
~10 and co-ordinate planes is 3\—‘ , Where

the tetrahedron formed by the plane x + y+ 2

A€ N, then A is: _
(a) 9 (b) 12 (c) 25 (d) 27 ;
Let the set of complex numbers (@, by ), (a5, by ), (A3, B3) ovneee denoting the points op
the complex plane satisfying (a1 byt )= («/5 @y — Dy «Eb,,, +a,)forn=1,23,....
Suppose (@00 b100) = (25 4), then the value of (a; + b, ) is equal to:

1 \ | d |
(a) 5% (b) " (c) % (d) 29

Let M denote the matrix [? 6)5 where i>=—1,and let/ denote the identity matrix ((1) 0]_

Then the matrix / + M +ME MM + M 219 is equal to:
0 0 0 i 1 i A B
(a) (o o] (b) [,; 5] ©) (I. {] ) (0 -1)
+bo+cw’  a+bw+co’
If o is a non-real cube root of unity, then the value of i i ; +a D +ew %
b+cw+an® c+a®+bo’

equal to:
(a) 1 (b) 2 (c) O (d) -1 I

= a A n
The point of intersection of the plane r-(3i —=5j+2k) =6 with the straight line passing ‘

through the origin and perpendicular to the plane 2x — y— z=4, is (xy, Yo, Zy). Thel
value of (2x, — 3y, + 2p), 18! '
(a) 0 (b) 2 (c) 3 (d) 4

,2,0)and parallel to the lines

If the equation of the plane passing through the point (—

x y+l z-2 x=1 y+l z+1, _ ;
== = and = = is ax + by + cz =1, then the value of (a + b+c), 1s:
3. D -1 1 2 -
(a) 3 (b) 4 () 3 (d) 10

- = =

- = =
Leta, b, ¢ bethreevectors of magnitude 2,3, Srespectively, satisfying|[a, b, ¢]|=30.

- = = - - - - — k
IfCa+b+e)((axc)x(a—c)+ b) = k, then the value of(]&;)is:
(a) 1 (b) 2 (c) 3 (d) 4

2n -1 3 2
: . +ax” +bx” ; 5
Let f(x)= lim = 2” Y is continuous for all x € R, If points 4(-a,3) and
n— x“" +1
B((h+1), - 1) are points of relative maximum and minimum of a cubic [:oolynomi‘d1

y=g(x), then the value of g(2) is:

(a) 1 (b) 2 (c) 3 (d) 4
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Tﬁ‘.‘

301. Letf(\)—e‘ + j«Jl«l—sm tdtV x e (0, o), then:

(a) f'(x)existand is continuous ¥V x € (0, o0)

(b) f"(x)exist ¥ x € (0, o)

(c) f’(x)is bounded

(d) there exist o >0 such that | ' (x)| > | /(@) ¥V x e (o, =)

. : ¥, =33 1
302. A curve passes through (- 2, — 2) and its slope at the point (x, y) is given by ———.
xVx? -1

Which of the following points the curve also passes through?

(TZ %—2) () [f : 2} © (ﬂ/i%—ZJ (@ [ «f_——2)

303. Function f(x) is such that f(x)=a lnx+£2“ where a >0 is a parameter. If

e ) — o
JSq)—f0x) =2 Vx;,x, €(0,)and x; #x,, then possible value of ‘@’ can be:
X1 — %o

(a) O (b) 1/2 (c) 32 (d) 1

304. Let f(x)be double differentiable function such that| f”(x)|<5 V x € [0, 4]and ftakes its
largest value at an interior point of this interval. Then the value of | £7(0)|+| f'(4)|can
be:
(a) 18 (b) 19 (c) 20 (d) 21

305. If -z— + f =1land {- +2 =1 where a, b, ¢, d >0 intersect the axes at four con-cyclic points
and a’ +¢” =b* +d*, then the lines can intersect at which of the following given

points?

(a) (1, 1) (b) (1,-1) ©) 2,-2) @ 3,3)
306. The value of y & — can be equal to
. The value o - an be al to:
~ (3}; _2)'; )(Bk'l-'l _2ft+l)
1 -cos2
(a) lim LT <
x>0 X
o . 3n . (n=Dr iy
(b) lim| sin i3 X sin ik Xsin—...... sin K= )—)
n—o0 2n 2n 2n n
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307.

308.

309.

310.

311,

312.

GRB 1000 Challenging Problems in Mathematics for JEE

0
j In|cos 2x|dx

n/2
© nin2 |
2 n/4
) —— [In(l+tanx)dx

ntin2
0
The equation of the normal to the curve x2 = ywhich form the shortest chord can be:

@) V2x—2y+2=0 (b) V2y+2x-2=0

(¢) V2x+2y—2=0 ) V2x+2y+2=0
is a sequence of positive numbers which are in A.P. with common

If @y, Goyeesiis o
differencedand a;, +a, +a; +....... +a,,=147thena; +a; =M and a, + a4 +ay,
+a;g=N.

5\ .
Maximum value of aya, ....... ag = (5) (where S and W are coprime), then:
(a) M=49 (b) N=98 (c) S=49 (d) W=2

f JE
- 0. Th
LetZsm [ D) ] Then

(a) the value of sin© is equal to 1

0/2
® [m@ +tanx)dx:?nh12

x—0 tan x x—8 x—0
The ends of the major axis of ellipse are (- 2, 4) and (2, 1). If the point (1, 3)

lies on the ellipse. Then:
(a) The length of major axis is equal to 10.

2
© lim(1+ x )”’ =™ & B =8

10
(b) The length of minor axis is equal to —.
V24
(c) The length of latus rectum of ellipse is 2

(d) Square of the distance between the focii of ellipse is l_i_S

: e.\’

with all @, =0 fori>nand

Ltj( _)) dx = f(x) +C where f(x) = d+;](x+l)

)= 5 . Then which of the following is/are correct?

(a) ay=0 (b) a; =0
(c) a, =1 2y (d) f(0)is irrational
A triangle with side lengths of a, b and ¢ is a right triangle where a < b < ¢, Which of the

following statements are possible?
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(8) a, band ¢ form an AP, (b) a, band ¢ form an G.P.
(¢) a,band ¢ form an H.Pp, (d) None of these
313. If the equations x* — 5x2 4 7y _ a=0and x* - 8x + b =0 have 2 common roots, then:

(@) log,(a® +b? - 1) is equal to 2.

T
(b) I In (sin ax) dx = :25 In2
0

8 2
: a” sin x bt
(c) Iml” ]+[ J aux]]is equal to 12,
r—0 X X

(d) tan™! (tan(a + b)) is equal to 6 — 2.
[Note: [ -] denotes the greatest integer function.]
314. Let f:(0, =) — R be a differentiable function satisfying the equation

2 (x)=f(x) +f[i] Vix, y>0.
Yy

If f(1)=0and /(1) =1, then:
(a) f(x)has no local maxima and no local minima.
®) tim|[LEHD g

x=>07 X
(¢c) f(x)=ex has no roots.
(d) the equation2e - /' (x) =x has one distinct solution.
[Note: Where [k]denotes greatest integer function less than or equal to k]

315. Let f :(0, =) — R be a differentiable function satisfying the equation
Jp) =77 ( f(x)+e f(») Vx, y>0.1f (1) = e, then:

(a) lim [——f B~ } =gl

x—e X —8€

(b) number of roots of the equation f (x)=xe" in (0, e0) is 2.

(c) Jf(x) dx <ef(e—1)
]

(d) f(x)is a strictly increasing function in (0, ).
316. A polynomial function f(x) with non-negative coefficient satisfy the equation

X

£/ () =x[ £ (t)dt and £ (0) =0, then:
0
(a) number of points where| f(|x|)| is non derivable is 0.

(b) sgn( f (x))is discontinuous at x =1.
(c) derivative of f(x) with respect to sin”! ( )at x=+3is-4,

d) lim (‘6“”) al,

x— 0" X

1 +x2
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317. Let f(x)=1+xIn(x+vx? +1)and g(x) =1 +x? . Then:
@) f()>gx)VxeR"
(®) f(x)<gx)VxeR™
(c) there exist.x = a >0 for which f'(x) < g(x)
(d) there exist x = a <0 for which f/'(x) > g(x)
318, If £(0)=x2+xg’(1)+g”@)and g(x) = f ()x* +xf'(x)+ f”(x). Then:

(a) minimum value of f'(x) is equal to —2.25

3
: T
(b) the value of J.——— is equal to —.
s fx)=x+5 4 |

3
(c) number of positive integral values in the domain of fg )) is 4.
gx

(d) number of points where g (|x|) is non derivable is 1.
( 1 1 ) ; !
- exists and is equal
x=1 x%-2x+1

319. Leta be a positive integer such that the limit lill'll
X=

to b : (where b #0),
(a) tan~' (tan a) is equal to 3 — T.
(c) tan~'(tan(a + b)) is equal to 5 —2m.

320. If y:dx+\/x+\/x o o IR , where x >0, theni—jzcan be:
e

(b) tan ' (tan b) is equal to 3 —m.
(d) tan~' (tan(a — b)) is equal to 1.

1 X 1
el (b) ¢ "
2y=1 x+2y ) V1+4x W 2x+y
| | X %20
321. Given a function f/ :R — R defined as f (x)=|sinx, 0<x<7/2.
1, x>n/2
Ti2
If f(x)=a [|x~1t|sintdt+bx +c, then;
0
(a) 2a+1=0 (b) 2b—1=0 (¢) 2¢—1=0 (d) 8abc—1=0

322. The coefficients of the quadratic function S (x) including the constant term, are all
rational has local maximum at x =0. Let g(x) =| f '(x)| e/™ has maximum value 4v/e. If

2(x) = 4/e has rational solutions then:

0
1
(a) _fg(x) dx=e- ;7 (b) The value of sgn (£ (0)) = —1

(c) g(x)is non derivable at one value of x. (d) The value Ofg(tan E) s
4 e’

[Note: Where sgn (x) denotes signum function of x]
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323.

324.

325.

326.

43

Let /(x) be a continuous function defined for every real x € R. For any real numbers ‘@’
and ‘b’ that satisfy a < b, S (x) always satisfies f(a)> f(b). Then which of the
followings is/are correct?

S@Q+h)-1@2)
h

(a) lim

L exists and negative.

(b) There is always only one real root of fi(x)=0
(c) There is always only one real root of fxX)=f(=x+1)
(d) There is no real root of f(x)= fx+1)

. 3
InAABC, a=11andsin 4 = 5Where ‘a’ 1s the side oppositeto LA and0 < 4 < % .If the
side length of A ABC are11, b, c where b’ is the largest possible side of A ABC, then:

(a) circumradius R of A ABC is equal to g

\/5—\/5}
3

(b) inradius » of A ABC is equal to (11)(+2 )(

121410

3

(c) area of A ABC is equal to

24410
7

(d) the value ofsin24 +sin2B +sin2C is equal to

Which of the following statements are true? -

(a) If lim S~ (@) exists, then f is differentiable at a.
a

X=a e

(b) If f is continuous at @, then /* is differentiable at a.
(c) If lim f(x) exists, then f is differentiable at a.
x—a

(d) If f is differentiable at a, then lim f(x)= f(a).
A—rd

-

a(l —xsinx) +bcosx +5

2
X

if x<0
if x=0,

Let a function is defined as f (x) =4 3

ex + dx? x e
1+ ———— if x50
X

where a, b, ¢ and d be constants, if f/(x) is continuous at x =0, then:

| -

)bx -1

(a) lim— =-4
x—0 SInXx

(b) number of points of discontunity of g(x) =[c¢—3asinx]in [0, w]is 5.
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b j
) the value of definite integral [ —“—="
) the value of definite integra =
(¢ ¢cva 0 g H,ax2+16 4
(d) the value of 2¢? + 7¢—3a - 5bis equal to 29, |
[Note: [k ]denotes greatest integer function less than or equal to £.] g
327. The smallest positive integral value of a for which the greater root of the €quatiop |
x-(a*+a +1)x+a(a®+1)=0 lies between the roots of the €quation
x% - a%x— 2(a* —2) =0, is less than: :
(b) {444/ .. 'J_
© V5YEEY A @ Y242 42
328. Let f(x) be a monic polynomial of degree 5. The graph of| f (x)| and f (| x|) are same.
If £(2)=0. Then:
(@) The value of £(0) + f (1) equals 25
(b) f(x)+/(=x)=0V=xeR
1
(c) Iin; A+ £ (x)' 7D equals %
—
1
)4 = . . ;
(d) J.(fj(r J dx =In (x +Vx? —4) + C where C is constant of integration
X
329. Letthe equation ax*— bx+c=0has 2 distinct roots in the interval (0, 1) where a, b, ce N.
If A <logs (abe) for all choices of natural numbers a, b, ¢ then non-negative integral
values of A can be:
(@ 0 (b) 1 (c) 2 (d 3
330. A quadratic equation f(x)=ax’ +bx +c=0 with g #0, has positive distinct roots
reciprocal of each other. Which of the following options is (are) incorrect?
(@) af’(1)=0 (b) af"(1)<0
(¢) af’(1)>0 (d) Nothing can be said about a (1)
| .
331. Iffx In (1 + ;) dx=f(x)In(x +1)+g()x+ ke + C, where C is constant of integration,
then:
4 cosx) -1 ] 14 -
(a) lim I(—g—) - (b) lim {Ld )
x—0 X 2 x=0 X 2

1
(CJ 11]‘1;1)(1 +_/'():) + [()A‘—sinx i e-—3

@ [59 4oy
|
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{x}w‘4x2—]2x+9, 1€£x<2
with

332. Consider the piecewise defined function f'(x)= T
' cos[Eﬂxl—{x})], -1<x<l1

{x} denoting the fractional part of x. Which of the following is/are true?

(a) Range of f(x)is equal to [0, 1].
(b) The number of values of x for which function is continuous but not differentiable is 1.

(¢) f(x)=1has two solutions.
(d) Number of values of x for which f (x) is discontinuous is 2.

I2 X
333. Let Je " @x> +x+1)dx=e" - f(x)+C where f(x) is some non-zero constant
function and C is some arbitrary constant. If the local minimum value of f (x)is equal to

m, then:

(a) f(x)is increasing in (0, o)

(b) the value of Iin‘é 1+ f(x)" is equal to 1.
x—

1
(c) the value of J (f (x) + e* )dx is equal to 2e.
0

-1
(d) the value of ,:——] is equal to 2.
Iy
[Note: [ ] denotes greatest integer function. ]

334. Leto andPare two roots of the equationx” + px + ¢ =0, where p and ¢ are real numbers,

and g #0. Now suppose another quadratic f:cluatia:)lm2 + mx +n =0 withrootso. + —and
o

B+ 2 such that m + n =0. Then the possible integral values in the range of g can be:

(a) 1 (b) 2 (c) 3 (d) 4

2
2x 23"‘ 3  Jx.Then which of the following option(s) are equalto ¥?
(x +1)(x* +2x +2)

1
335, LetY = j
0

8 |
(a) = +2In2~arctan2 (b) = +2In2 - arc tan
4 4 3
T
(c) 2In2—arccot3 (d) . +21In2 + arc cot 2

336. Let /(x) be a monic polynomial of degree 4 satisfying the following conditions:

(i) f(0)=0
(i) f'(2)=16

(iii) for some positive real k, / ‘(x) <0in the intervals ( - o, 0) and (0, k).
Then which of the followings is/are correct?
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338.

339.

340.

f(x):g(x);x—g’(x)and f'(x) + f(x)g’(x) are non-negative for all real x.

?I
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|

(a) Equation /" '(x) .
(b) Function f(x)has a local maximuni.

—0 has one real root in the interval (0, 2). é
a

'|
|
(¢) 1f £(0) =0, then for all reals x, fx)e-= 3
1

|
.[f ) dx =2.
-1 4 3

Let f(x):R— R and g(x):R— R be two differentiable functions, such that‘

(d) If £(0) =0, then the value of

Then:
(@) g)—-gO0)<kVke(5, =) (b) g()-g0) <k VEke(0 )
©). v - SO . 1a
——=is (d) Maximum value of 70 ise

Maximum value of
W 10

2
X" =Xx4e . :
Let f : D — R be a function defined by f (x) = —2——2 where D is the domain of the

x“+x+2c

function and R is the set of all real numbers. If f(x) is surjective, then the possible

integral values of ‘c’ can be: - |

(a) -6 (b) —4 (c) -2 (d) 0 |
2

Let] = J. x > dx. Which of the following options is equivalent to the given

(xsin x +cos x)
indefinite integral (ignoring arbitrary constant)?
Sin X + X COS X

(a) I =—

xXSInx —COS X

SINX — XCOS X
(b) [=———

XSInXx +cosx

xsecx sec x(l + xtan x

) I=— —j i ) i

XSINX +Ccosx XSinx +cosx

secx(1+ xtan x X 8ec X
.12 -

XSInx +cosx XSINX +Ccosx

Let /"(x) be a continuous function which maps from [0, 1]— [ p(a), p(b)]. If p(x)isa
dlfferel?lrable function on [, b]such that p(g(x)) =, £(0) =« and g(1) = b, then which
of the following is/are true? ,

(a) /(0)+2< f(l : ;
a {()+ <f() (®) fD)=1+£(0)
ff’(x)dx

(c) ~[:—~————~ < p’(c) for some ce (a, b)

fg'(x)dx.
0

(d) There exists k € [0, I]such that Sk =k
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341.

342.

343.

344,

345,

346.

n | sin(’;
Let 1, = I 7| = | dx, for n=0,12,3,....... , then which of the
_nl+2sm[-§J sin[g—J

following is/are always correct?
@ Lin—-d,=d¥n<s0123 .o

9 10
©) 2 12, =907 d) .1, =65n

m=0

(bY Loy Lysbosd ngussnens , I, forman A.P.

m=0
Let P(x) and Q(x) are two different polynomials with real coefficients satisfying the

conditions:

() a and b are the roots of P(x) and Q(x) respectively.
(i) P(b)-Q(a)>0.

Then:

(a) P(c)—Q(c)=0 for some c.

(b) P(c)-3P?(c)=0(c)—20?(c) for some c.

(c) P(c)—20(c)=0 for some c.

(d) P(c)—2P*(c)=0(c) - 3Q2 (c) for some c.

= k &
The value of.’:z [—— z cot ™! (1 +2|iz = ]] is less than:
n=1 T k=1 r=]

(a) 1 (b) 2 (c) 3 (d) 4
1 x 1 x+l1

Given two function F(x) = (1 + —-) » GEE)= (1 + —] defined for all x >0. Which of
X %

the following is decreasing function for V¥ x > 07
(a) F(F(x)-G(x)) (b) G(F(x)-G(x))

(¢) G(x)~F(x) (d) G(F(x))

Ifcos® x — asinx + b=0has only one solution in [0, t]. Then:

(a) ae(—o0,—2]U (-], o) (b) a#b

(c) a=b (d) be(—eo, —2]U (—1, o)

Let P be any point on the line x — y+3 =0and 4 be a fixed point (3, 4). If the family of

lines given by the equations (3secO +5cosec 0)x+ (7sec® —3cosec 0)y+11
(sec B —cosec 0) =0 are concurrent at a point B for all permissible value of 9, then:

(a) sum of the abscissa and ordinate of point B is equal to — 1.
(b) product of the abscissa and ordinate of point B is equal to — 2.

(¢) maximum value of |PA - PB|is 2410,
(d) minimum value of PA + PB is 2\/3_4.
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|

. .
347. 1t it‘ﬁc o+ (m=1)= |ese| o +,ﬂt‘): 42, where o & (0, ) then o can be: |
) . m=1 L 4 4
57 =
n n Al (d)

348. Ifboth 4 - i and A4 +—;— are orthogonal matrix, then which of the following statements

2 - . A—— fA.
are incorrect? (where / is an identity matrix order same as that of 4.) (

(@) A is skew-symmetric matrix of odd order. \

3

&

F, =__]
®) A*=2

(c) A is skew-symmetric matrix of even order.

(d) A is orthogonal _ ’
349. Consider a differentiable function /' :R — R with /' (0)=0and f"(0) =1.

Which of the following statements are true for any such function f?

(a) f(x)>00n (0, g)for some positive g.
(b) f(x)is increasing on (p, ¢) for some negative p and some positive g.

(c) There exists a differentiable function g :R — R such that g”(x) = f(x) and

(d) f’(x)is continuous.

350. If (1+x)" =Cy +Cyx +C,ox* +......+C,x", then the sum of the product of the
g 1 n b‘
coefficients taken two at a time can be represented by E Z C,C; =2% - =
i=0 j=i +1 c(d!)

Then which of the following are correct?
(@) a=2n-1 (b) b=2n (o) =2 (d) d=n

351. Let Sbe the set of all 3 x 3 matrices having 3 entries equal to 1 and 6 entries equal to 0. A
matrix M is picked uniformly at random from the set S. Then the correct statement(s)

is(are):
(a) total number of matrices in the set S is 84

(b) probability that M is non-singular :1—2:
(c) probability that M is identity matrix = 1—%

(d) probability that M has trace equal to 0 = ES—
|
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352. Letf :(l, =) — R be a differentiable function such that
150
150

[ =D -nese) - (x=n(x=D)dv= [ £ (x)dx.
2

2
Then:

(a) area bounded by the curve and x-axis is equal to 1/2.
(b) f(x)is strictly decreasing in [l, 1+ l]

e
(¢) number of solutions of the equation J{x)=21s 2.

(d) f(x)is monotonic in (1 + l, m).
e

353. If the equations, x* +ax + b =0, x> + bx +a =0 have a common root o then which of
the following options might be true?
(a) a+b=1 (b) a+1=0
(c) a+b+1=0 (d) a=1

354. In AABC, where the opposite edges of £ A4, 2B and £C are a, b and ¢ respectively, ¢ =2

T
and ZC =§. If2sin2A4 +sin(2B + C) =sin C, then:

(a) the value ofsin24 +sin2B +sin2C is equal to V2

23

(b) inradius of AABC is ———
3(\3 +1)

23

(¢) circumradius of AABC is '

23

(d) arca of AABC is .

355. For any AABC, if the median through Z4 is m;, the median through ZB is m,, the

2
a’ Y
median through £ C is m; and | b* |= M| m; |for a certain 3 x 3 matrix M. Then:
2 2
g
m;

. . ~4 . ; :
(a) trace of matrix M is equal to i (b) M is a symmetric matrix

(¢c) det. M is equal to % (d) sum of all elements of matrix M is 4
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356.

357.

358.

359.

360.
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p " _2 = POV o
=ax® +bxt +ex+4, a,bceR and f (T]_O’ S 0)=3

Consider a cubic, f(x)

-2) 5 -
1=|==,andg= , then:
/ ( 3 ] 3 onde J

(a) a+b=c (b) abc=6

3
4 . o g 4 e
©) (©()- /@) |,y =3 @ (g&x)-g(f )|, :

Let / be a quadratic polynomial such that f(=1—x)=f(=1+x), Vx e R.
If (f(1)=5)% +(f(=1)=1)* = f(=1), then which of the following is(are) equal to

unity?
(a) [sin”' f(x)], wherever defined (b) [sgn (f (x))]

o] 1 ]]
(c) [tan ]ﬁx_)} (d) [cot [2 1)

(where [ -] denotes greatest integer function.)
Let I (x* -1)¢* (x? +4x +1)dx =¢" f (x) + C (where C is constant of integration).

Ifg(x)=f(x)+ f'(x), then:

(a) number of integral roots of g(x) =0is 2.

(b) sum of square of integral roots of g(x) =01s 2.
(c) ifo is one non-integral root of g(x) =0, then o+ 40 +200% + 400 +2 is equal to 1.

(d) g'(0)=4.

Which of the following functions are continuous V x >17?

(@) f(x)=[x]+{x}> ®) f(x)=[x]* + {x} +2[x]{x}
© f(x)=[%] @ f(x)-:[smzm]sin (nix})

[Note: Where [k ]denotes greatest integer function less than or equal to k and {k} denotes

fractional part function of £.]
Ifa,,a,,.....,a, is a sequence of positive numbers which are in A.P. with common

differenced and a; +a, +a; +....... +a, =147
thenal +al() :Mandal +a6 +a“ +a]6 =N

16
Maximum value of a,a,....... a6 = (W) (where S and W are coprime), then:

(a) M =49 (b) N =98 (c) §=49 (d) W=2
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361. Let ) sin! L3 (] =0. Then:
b= VE(k +1)
2

(a) the value of tan g is equal to v’i -1 (b) lim(l + = )I_B =g

x—0 tan x
C . (x—cosx—0)
(c) the value of'sin © is equal to 1 (d) lim =2
x—0 x—0
3
cos? x —cos x — e“cosx+et =1
362. If li]}] 2 = L (where L is non zero finite), then:
x: xM
1 1
(a) L=5 (b) n=3 (C) L=Z (d) n=4
i 0 34+ x; x<l1
363. Let f(x)= {g f e and g(x) =4x* —2x—2; 1<x <2 then:
=5k X=0
x —5; x =2
[Note: [£] denotes greatest integer function less than or equal to k.]
() lim g(f(x))=-3 (b) lLim g(f(x))=-3
x=0 x=0"
(c) Iil’gg [f(f (x)]=0 (d) lin{}_[g(g(X))] ==l
X— X—

364. Let a and b be distinct real numbers such that b is a root of the equationx” + ax +10=0

and ¢ is the root of the equation x> + bx +10 =0, then which of the following is(are)

incorrect?
(@ a-b=0 (b) a+b=0
(c) a+b=2 (d) No such a and b exists

365. Identify which of the following statement(s) is(are) correct?
(a) If f(x)=cosx and g(x) = In x, then range of f(g(x)) is =1, 1].

(b) Iff(x)= i— (sin”! x +cos ™! x)and g(x) =sgn(x? — x + 1), then f (g(x))and g(x) both

are identical functions,
%

1+x
(d) If f(x)=sin"" xand g(x) =cosx, then f(g(x))is odd and g( f (x))is even function.
. Y+ bsin2x + ¢Vl - x
366. ae’ +
6 If}_ﬂ "

(@) a+c=0 (b) 2a+4b-c=0 (¢) 2a+3b=0 (d) 3a+4b=0

(¢ If f:R—>[-2,2],f(x)= then f is a bijective function.

2 »

exists finitely, then:
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T T

367. Which of the following statement(s) is(arc) incorrect?

(a) The equationsinx —x =0has a real root 1n [4 .

. (&
(b) The equation tanx —x = 0 has a real root in (E’ E)
(c) If f is continuous function in [a, b], then there exists atleast one ce&[a, h)

such that f(¢) = 2)(2) ;3f(b).

(d) If f(a)and f(b)are of opposite signs then equation £ (x) =0has necessarily atleast

one root in (a, b).

o Jmax. (x%,1), x<0 _
368. If f(,x)—{mm (6), 1=1x]),. x>0,then.

[Note: Where {y} denotes the fractional part of y.]
1
(b) lim f(x)=7

@) xﬁ,%lf (e} =1 x=>3/4
© f(f[‘f])% | @ £(/(-100)=0

369. Letf(x):axz+bx+c,a,b,$ceR,a¢0.
- SC 2 <1 3
t +3t t
If £(2018) — f(-2014) = ({tan ¥ _]“2) 3"2(["0 B e B
3sin“ x+cos” x

f(2018) + f(-2014) =2(2016)* +12, then:
[Note: [k] denotes greatest integer function less than or equal to & and sgn (k) denotes

signum function of £.]

(a) maximum value of f(x)is 6.

(b)y f(D)+ f(2)+ f(3)is equal to 20.

(c) minimum value of £ (f(f (x))) is 490.

(d) number of solution(s) of the equation f (x)=sgn(f (x))is 0.

Consider, f(x)=3(tan™" vx —2)? —cosec ™" v/x. Identify which of the following

370.
statement(s) is(are) correct?
o= 3P - g
(a) Range Off(x)18|—4—n. *-Z—*) (b) Range of f(x)is [jﬂ MT+%}
. S(x)+(n/4) 11 f(x)+(mn/4) 13
(¢) lim =— =— i -t
2 x—2t  sin(x —=2) 4 @ xl_l,r?* sin(x —2) 4
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371. Let A be a real number satisfying

-1 cos2asec 2B + cos 2P se
tan l[ B?LCOS Bsccza}=tan_](tﬂn2(a+ﬁ)tan2(a—B')+l),‘v’cf,,}3

wherever defined then:
(a) sin~' (sinA) + tan ! (tanA) =0
(b) cos™' (cosA) +cot™! (cotA) =2\
(c) sec™ (sec L) +cosec™! (cosec A)=m
2

(d) Number of solutions of equation cos ™! [1 — : ] =Ais 3.
1+x

372. Let P(x)=x> +ax? +bx be a polynomial whose roots are non-negative and are in

arithmetic progression. If the sum of coefficients of P(x)1is 10, then:
(a) sum of the roots of P(x) is equal to 9.

(b) sum of the roots of P(x) is equal to 18.

(c) the value of (b a)is equal to 9.

(d) the value of (b— a)is equal to 27.

-1
373. Letf(x)= i ) and range of f'(x)is (a, b). Then which of the following is(are)
2x=1)(x-2)
always correct?
57 . 5y
(a) lim does not exist (b) lim — =
el y=>b2Y 437 457
; 5% 1 , 2
(¢) lim = (d) lim —y——-=2
y=a+b QY 437 2 yoath g¥ — ]

- 7 e ¥ -3 i % "
374. Let A =2i+ j+5k and B=xi + yj + zk.
- = — z i Z
IfA-B=11; A x B=-13i —9j+ 7k, then:

x+y_2

(@ x> +y*=10  (b) y* +2z°=13 ) [x+y+z]=5 (d) z

[Note: [£] denotes greatest integer function less than or equal to £.)
375. 1f f(x) is a polynomial function such that f(x)+f'(x)+ /" (x) + " (x)=x3,

£(x)= _[ f(f) dx and g(1) =1, then:
X

(a) g(x)is strictly increasing function in (3, =)
|

(b) the value of ]irrin (g(.:c))E is equal to ¢’
X

(¢) number of solution of the equation g(x) =0 is 2
(d) the value of [g(e)]is equal to — 1
[Note: Where [£] denotes greatest integer function less than or equal to k.]
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379,

380.

. Letg:R = (~oo,~1]bca function defined as:
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2 2 E
g(x)=(pg +2p—q-2x° - (p* —2p+1x’ +(p* -2p—3)% +§_P +2q)x -5
tive, then the possible value of (p+q)

where p, g are rational numbers. If g(x) is surjec

is(are): ; " 9
9 -/ %
@ 3 ®) 5 © 3 i
Which of the following limit tends to unity? o
sin(tan x) b i sin(cos x) -
(a) lim —; (b) : - J
x=0 SInx x—n/ J cos
Isin2 tdt
1 7 ¢+ fz 4 0
im| — (d lim—F———
©) }rg%(xz'([l+sintJ =031 4+x3 —1
If f(x) and g(x) are differentiable functions for 0 <x <1 such that f (0)=2, g(0) =0,
for some 0 < ¢ <1(c in one options

£(1)=6, g(1) =2, then which of the following are true
may be different from ¢ in another)?

@) f'()-f0)=g'(c) (b) f'(c)—2(0)=2g"(c)
© f'@+f1)=3¢"(0) @) f'(c)+2g()=4g’(c)
sin[a(x +1) +sin x]

, x<0
2x

x=0 1is continuous at x =0, then which of

|

If the function f (x) =1¢,

(x +bx?)"% —x

L by Y2

the option(s) can be true (not necessary simultaneously)?

[Note: [k] denotes greatest integer function less than or equal to &.]

(a) a=5/3 (b) h=2 (©) c=1/2 (d).fD=1/3

In triangle ABC, let a, b, ¢ be the length of sides opposite to angles 4, B, C respectively
s—a s§-b s-c

and2s=a+b+c If -
4 3

1/2
50

»

and area of circle inscribed in triangle 4BC is |

8
L , then:
3
(a) the area of AABC is equal to 636

(b) circumradius of AABC is equal to L2
246

(c) angle 4 is equal to cos ! [%)

SSinz(A 5
2

(d) the value of
(5 n(3 Jn(5)
21sin] — [sin| — |sin| —
2 2 2

is equal to 2
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381. IfS, =Y cot™ (r? +3r+3), then:
r=I1

@ Se=cot™ @) (b) Sy=cot™(3) () Ss=cot” [%J (d) Sy =cot™ (5)
382. Letd(x,[a, b)) =min. {{x - y|:a < y< b}.

dx[0,1]) , then which of the
d(x, [0,1]) +d(x, [2,3])

A function f : R — [0, 1]is defined by f (x) =

following is(are) incorrect?

(@) f(x)1is decreasing in (- o, 0) and increasing in (3, °).
(b) The function fis bijective.

(c) Number of points where f (x) is non-derivable is 4.

(d) Number of solution of the equation f (x) =% is 2.

383. Let f(x) be a polynomial function satisfying 0<xf(»)< yf(x) V x, y such that
0<x< y<land f(0) =0 then:

1
@ f'x)<f) (b) S (1)<ZIf (x) dx
0

(c) 3]’(§)>2f(%] (d) 6f(%)<5f(é]

384. Ancquilateral triangle AOAB has side length 1, Pis a point on the plane of the triangle. If

- - - —
OP =(2—-1)OA+ OB, t € R, then the possible value of | AP| can be:

I | V3
a) - b) «~= g) — d) 2
(a) 5 (b) 5 (c) 5 (d)

385. If x,|x +1|,|x —1] are the first three terms of an arithmetic progression (in that order),
then the sum of the first 20 terms of this arithmetic progression can be;
(a) 180 (b) 350 (¢) 270 (d) 90

_ |
386. For x,71eR, let P (x)= (sin 1)x* — (2cos t)x +smt—§ be a family of quadratic
1
polynomial in x, with variable coefficients. Also A(t) = _[ (P, (x)) dx.

0
Which of the following statement are true?
(a) limfz(A(t)) W equals &Y. (b) A(¢)has infinitely many critical points.
=7
(c) A(t)=0for infinitely many . (d) A4°(t)>0 forall ¢.
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387. Let f :R = R be a continuous function such that _[f(xt) di =0forallxe R ‘
0

Which of the following statement(s) is(are) true?
(a) Thcre exists 3 integral values of P such tha

—3x? + P intersects at 3 distinct points.

t the graph of y=f(x) al'ldi

(b) y=f(x)is a periodic function.

(c) If A4 denotes the minimum area bounded by the curves y = f(x), y= R T and
the ordinates x =2, x =4 then a = 69.

(d) f(x)is neither even function nor odd function.
2

388. Let function 7 (x) satisfy x*f"(x) +2x f (x)=¢" and [ (2) = %. Then:

(a) f(x)=1has exactly one real solution.
(b) 1 (x)=3has exactly three real solutions.
(¢) f(x)has local maxima but no local minima.
(d) f (x)has local minima but no local maxima.
389. If (o, B)is a point on a circle whose centre is on x-axis and has the coordinate (y, 0) which
also touches the line x + y=0at (2, — 2), then:
(a) the radius of the circle is equal to B
(b) the greatest integral value of o 1s 7.

(c) v isequal to 4.
(d) length of tangent drawn from origin to the circle is 2.

390. In A ABC with usual notation which of the following is(are) correct?

(@) n+nrn+rn—-r=4R
1 1 1

(b) —+—+—=l
n n n r

(c) Length of angle bisector of A ABC drawn through £ 4 is be(’
+

\/2b2 +2¢° =

(d) Length of median of A ABC drawn through £ 4 is

391, Letd be the number of solutions of the equation (sec x —1) = (x/i —1)tan x in [0, 27 ]. If¢
lies between the roots of the equation x + (k=-Dx+k SN S =0, then & can be:

(a) -4 (b) -2 (c) 0 (d) 1
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392. Cards RIe drawn one by one without replacement from a well shuffled pack of 52 playing
cards until 2 aces are obtained for the first time. If N is the number of cards required to be
drawn, then the probability

]
P(N =n)= ry (n—=a)(n=b)(n-c), where kya,b,ce N witha>bh>c

Then:
(a) the value of ais 52. (b) the value of b+ cis 52.
(c) the value of @ + cis 52. (d) 17 is a factor of k.

393. Let f(x) is non-negative function defined for x =1 such that f’(x)<mf (x) holds
everywhere in the domain for some positive real number m. If £'(1) =0 then:

(a) f(x)is neither odd nor even.

82

(©) Hm(S+ /() +x° - 4x) "0 s equal to ¢?.
=

(c) Number of solutions of the equation f (x) =e* —x~ is 1.

f(e®)+

(d)
fle)-1

is equal to —.
2% +1 2

11 ; . ;
394. If a function y= f (x) passes through the point [ ; —J and satisfies the differential
vIn2 2

-1

equation xzdy —2¢*” dx =0, then : (Assume f(0)=0)

Ir’ﬁ 1
@ [fedr<_ 5

0

1/2 1
(b) !f(x)dﬂ 0

(c) y=f(x)has exactly one point of inflection.

(d) y=f(x)has exactly two points of inflection. 2
395, If f(p) is the number of common tangent lines of two parabolas x* =2y and

12
(y+r2n] =4 px, then:
-1 1
Ly ereaitpal k=)
(a) f(p)=llfp€(-°°=g—3'J (b} Fp)=ad pe(?nﬁ 33
et K
(d) f(p)=4itpe 303’

: o RS
(c) f(pJ=3lfP€(3ﬁs3J§)
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1 1
396. Event ‘4’ is independent of event B, BUC and BN C. If P(A)=5, P(B)=§ anq |

P(C)=-. Then:

(d) A4 and C are not independent events

n 1
_ LetS. =Y tan~!| ————— [for positive integers n€ N, then:
397. LetS, E]’an (k(k+1)+l) p g

(1
(a) the value of S, is equal to % —tan”" (HJ

T
(b) the value of lim S, is equal to r
n—oeo

62 |1 4 tan S

(c) the value of 5 + E 1——£ is equal to 2020.

S l=tan &y

(d) the value of S is equal to tan ™' (6) ~%.

398. Consider AABC, A(5,—1), B(a,— 7), C(—=2,B). Let (— 6, — 4) is image of orthocentre of
AABC in the point mirror M which is mid-point of the side BC. Also (p, q) is
circumcentre of triangle ABC, then:

(a) the value of B> —ot” +5B — ot is 12.
(b) the value of 2p+11s 0.

(c) the value of 2¢g +51s —6.

s 19

d) the value of ¢ -+ is —.

(d) the value of g 2152
399. If f(x)+g(x) + h(x) =2 V x € R, then the value of the expression

3/4
[ (/2 (6) + % () + H* (x))di, can be:
0

(@) —;— ) 1 © > ) 4

WW.JEEBOOKS.IN



GRB 1000 Challenging Problems in Mathematics for JEE 59

400. Leta, b, cdenotes side lengths of AABC. If a, b, ¢ are the roots of
8x* + (A +2)x% — 2k +A)x - 27 =0 such that A? +2A.(k +1) + 4k =27 -3%, then which
of the following is(are) correct?

(a) Circumradius of triangle ABC is 73
(b) Distance between orthocentre and side AB is —3

(c) Distance between orthocentre and circumcentre of AABC is L

V3

(d) Distance between orthocentre and side BC is o
. cdi . D
401. A and B shoot independently until each shoots their target. They have probabilities 5 and

5 . rd ;
7 respectively of hitting the target at each shot. Then:

s : .o
(a) probability that B require more shots than A4 18 Al

- ; ;=10
(b) probability that B require less shots than 4 1s T

15
(c) probability that 4 and B require same number of shots is A

(d) probability that B require more shots than 4 is same as probability that 4 require more

shots than 5.
402. Which of the following is correct ?

(a) logs( Wi on: ]>1 (b) log s5_s6 (V3 -2)<1

(c) log;10>log,, 70 (d) log;(3+~2)>log,(2-+2)

403. Which of the following is equal to integer?
(a) 771876 4810180 %) ' (b) log3-loge 12+ (logg2)*
© — e — @ (2 +¥5)a - V10 + ¥25)
logs3 logg3 logp3
404. Let equation x'*2*~* =32 has two real solutions x; and x, (x; >x,), then which of the

following is correct?
| 65
(@) x, -x, =32 (b) x; +x, =?

(¢c) Characteristic of log4(x;)1s 3 (d) Mantissa of log, (x,)is 0
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405. Lot sin x - sin 2v +sin 3x - cos 6x + sin 4x - cos 1 3x it
> y= » ' :
" sinx-cos2y +sin 3x - cos 6x +sin 4x - cos13x
(a) ifx:jt—,then V=\5,—1 (b) ifx=—n—,then y:«JE+I |
72 ' 24 :
‘ n ] 5w % |
- . . =—, then =243
(c) ifx ™8 then y=2 +4/3 (d) ifx 108 ¥ ‘
5 1
406. Letx = is aroot of the equation log;(9-2* +9)-log; (2" +1)=log , (T] then o {g \
Wl |
less than: |
(a) 1 (b) 2 : (c) 3 (d) 4 |

7
407. Let x and y are positive real number such that loggx+log,; y=5 and %
J

2
log,; x +1logy, yzg,,then:

(a) xp=243 (b) xy=729 (c) = =316 @ ==3" |
S B Ii
408. If the expression f(x)=x"*+2x> +ax? + bx +3 has remainder r(x)=4x +3, when
divided by g(x) =x* +x —2, then: '
(@) a+b=1 (b) a—b=-3 ©) |b|=]2a| (d) 3b—2a =8
409. Letx =sin6cos’ 0 and y=sin" cos, then:

(a) jf0<9<—},thenx+y>0 (b) if%<8<%,thenx<y
sadE n oI
(c) 1f5<9<?,thenx+y>0 (d) 1f7<8<n,thenx<y
5 1 1
410. Let o, ,y are positive real numbers such that logy(20!,)=5, log},(SB)=E and

log, (0f) =§, then:

14
® o = 0) o = CRE @ p2=>
411. The following figure illustrate the graph of a quadratic Y
trinomial y=ox® +Bx +7. o h -
Then which of the following is(are) correct? / 10(0’0) \
(a) ofp <0 (b) o’ +By >0 y=ax® + Bx +v

(©) B+y-0>0  (d) apy>0
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412. Let f(x)=(k =3)x* - 2kx + 3k — 6 where x & R. If the range of f(x) is [0, =), then the
value of k can be:

3
(a) - (b) 1 (c) 6 (d) 9
413. Let £(0) = (1 . J(1 #2002 ). i
sin 60 sins )
T T 2r 21
= ® f|7]==25 @sF]=0 @ 1F]=-9
n 9
414. Let f(n)= 2 logm[ ol ), then:
r=1 9}’__ 8
(@ fA1)=2 ® fan=-2 (¢) f111)=3 (d fa11)=4
415. If2sin’ @ +2~5 =3 cosec?0, where 0 e (0, m), then:
(a) number of real solutions is 2. (b) number of real solution is 4.
(c) sum of all solutions is 7. (d) sum of all solutions is 4.

416. If the greatest value of f(x)=—x2 +4x+ A — 4, where x € [0, 5]is smaller than the least
value of g(x) =x* — 2Ax +10 — 2\, where x € R then A may be:
@ = ) = © = @ =
(sinx —10)(x? = 4x +3)(x> +x +1)
x% =16 '
Identify which of the following statement(s) is (are) correct.
(a) Number of integral values of x for which f'(x)>01is 6.
(b) Sum of all the integral values of x for which f(x)=>0is — 2.

(c) Number of integral values of x for which f(x) <0is 10.
(d) Sum of all the integral values of x for which f(x) <0is 6.

417. Consider, f(x)=

1 1
418. If A and B are acute angles such that 4 =7 and tan B = 3 then:

(a) sinz(AJrB):% (b) tan(A;B):«E—l
(c) cot(A;BJ=2—\/§ (d) cos(24+2B)=0

419, If sum of an infinite G.P. is p(p€ R), then which of the following can be the common
ratio of the G.P.?
2
(a) — lze(eeR,B;tnn,neI) (b) e (teR,t#0)
sin

1 , 1 2
c) - +— |, (yeR, y#0 (d) ———,(xeR
(J 2[)’ J)Z} (y ¢ ) x2~4x+7 ( )
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420. 1f cquations ax® +(p+2)x +10g =0 and x> + 4x +5=0 have a common root where
a.p.ge N and A =(a + p+ q) has the least value then:
(a) A =8 (b) A=9
: @ a+q+>+ -
+g* =+ o =4 a T o=
% B4e p P 2
: 2 . !
421. For the equation 3" =4" | the correct statement(s) is/are:
(a) number of solutions is 2.
(b) number of solution is 1.

3
(d) the sum of all the solutions is log , [(l + «/5) 222 ]

1
422, Ifsinx+1= n where x € (0, 21), then: |
2+ 1 |
24— — 'g

(a) sum of all the solutions of the equation is 3.
(b) sum of all the solutions of the equation is 6.
(c) number of solutions of the equation is 2..
(d) number of solutions of the equation is 4.

423. Ifn™ term of the series 6 + 17+ 344574 .con is (log, a)n’+ (log3(b—a_))n+log4c, |
then:
(@) a+b=5 (b) b—c=13
(c) logs(c+ b)=logs(a + b) (d) log,(2c+a)=4

424. Letf(x)=px" ~3px +14.1 f (x) 2| 3sin® — 4cos8| ¥ x, 0 e R, then identify which of |
the following statement(s) is/are correct?
(a) Sum of all possible integral values of pis 10.
(b) Sum of all possible integral values of p is 15.

(c) If f(x)<14+sin’q V x, o. € R then number of integral value of pis 1.

(d) If f(x)<14 +sin? g V x, o.€ R then number of integral value of pis 0.

425. Let y; (i=1to n)are the solution satisfying the equation ymg}(‘ﬁ‘:) = %8309 _ ¢ where

»=>0. Then:

n 28 H
a ;= — l
(c) Value of n is equal to 3. (d) - —l- =9

i=] }",’
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- Z " ,
426. Let P(x)=4sin’1x~sinx+2(sin%—cos%J , then which of the following is/are

correct?
(a) Range of P(x)is [I, 3]
(b) Range of P(x)is [0, 4]
(¢) Number of solution of P(x) =1in [0, t] is 2
(d) Number of solution of P(x)=1in [0, 27] is 4
427. Four points 4, B, C, D taken in order lie on the circumference of a circle to form a
quadrilateral. Leta, B, v, 8 denote four interior angles of the quadrilateral associated with

A, B, C, D respectively. Which of the following is/are always true?
(a) cosPcosd =1+sinPsind
(b) sino.cosy +cososiny =0
(c) sin? o +cos? Y =1
(d) cosP +cosd =0
428. Let a, b, ¢ =5 represents sides of triangle ABC. If a, b(a < b) are the integral values of p
for which graph of f'(x) = x% = 2(p+1)x +9(p—1) lies completely above x-axis, then:
(a) area of triangle is 6. (b) circumradius of triangle is 5/2.
(c) value ofcos A +cosB +cosCis7/5. (d) inradius of triangle is 2.

429. Ifthe quadratic equation (log, (sin 9))x2 +2x — 1 =0has integral roots, then 7t / 6 can be:

(a) 6/5 (b) 6/13 (c) 517 (d) 2

2 1 0

1 | 1 1
(n+3)2 (m+1) (n+3)* n+l

430. Consider, f(n)= where ne N, then identify

1 | ~(n+1)
(n+2)? (n+2) (n+2)*

which of the following statement(s) is(are) correct?

7 49 L 49
(a) éf(nh% (b) Ef(n)—a
© Xrm=r @ 3 fm=g
n=l n=l

WW.JEEBOOKS.IN



64 GRB 1000 Challenging Problems in Mathematics for JER

431. Let P be a point on the line segment joining A(5cos 0L, 5sino) and B(5cos P, 5sin ) such ]

that 324 =2PB then the locus of P is:
@ x>+ =13 if jo-B|=7/2 b) x2+y* =19 if | -P|=7/3

|

© x2+y’=1if |a-B|=n d) x>+ y* =25 if ja-B|=n/6 l]
|
'\

» , .
432. For the equation /3'sin 2x =cos2x +2tan - (1+cosx) which of the following holdg

good?
(a) The number of solutions of the equation in [0, 21t]is 4 |

(b) The number of solutions of the equation in [0, 27 ]is 3 ‘|
tan 20 +20032a=2+£ \

cot o0 —sin 3¢
tan 20 + 2cos 4o :
== =243

cot ot +sin 3

(¢) Ifao is the smallest positive root of the equation then

(d) Ifois the smallest positive root of the equation then

433. If the straight line 3x — 4y + 7 =0 rotated through 90° about a point (3, 4) meets the
coordinate axes at 4 and B and a A4AOB is formed (O is the origin), then:
(a) area of the triangle formed by orthocentre, circumcentre and centroid of the A4OB

1s 1 sq. units.
(b) area of the triangle formed by orthocentre, circumcentre and incentre of the A4AOB

1s 1 sq. units.
(c) distance between orthocentre and incentre is 2 units.
(d) distance between orthocentre and circumcentre is 5 units.
434. InAABC if AB = AC and lengths of the tangents to the incircle from the vertices 4 and C
are 4 and 2 respectively, then identify which of the following statement(s) is(are)
correct?

(a) AI:BI:CI=A3:1:1
(b) Inradius of the triangle ABC is V2 sq. units

9
(C) R —Z‘\/E

(d) AR =a?
[Note: Symbols used have usual meaning in AABC]

435. If the point (o, 0) lies inside the quadrilateral formed by lines 2x + 5 y=155x-4y=2],
3x+5y+17=0and y=x +3, then which of the following is true?

(a) Number of prime value(s) of o is 4.
(b) Number of integral value(s) of o is 7.
(¢c) Minimum integral value of o is — 3,
(d) Maximum integral value of o is 4.
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436. Let (.\‘2 +3x +2), (.vc2 —Xx-=10) and (x2 +x—-4+ yz) are first three positive terms of an
A.P., such that their squares will form a G.P., then which of the following is true?
(a) Sum of all possible integral value(s) of x is — 3.
(b) If y, y+3andzarein A.P., then z is equal to 6.
(c) Harmonic mean of given numbers is 2.
(d) Sum of first 20 terms of this A.P. is 40.
437. Two sides of a triangle have the joint equation (x —3y+2)(x + y—2) =0, the third side

which is variable always passes through the point (— 5, — 1), then the possible values of
slope of third side such that origin is an interior point of the triangle is/are:

.5 2 1 1
@ -3 ®) -3 @ -3 @

438. Consider an obtuse angle triangle ABC of area % ,where ZC is obtuse and sides @ and b

of the triangle satisfy the equation (a —2b-1)*+(2a —3b-3)? = (a —2b—1)(2a —3b-3),

then which of the following option(s) are correct?

V3(4-13)
e

(a) Inradius of AABC is

: -
(b) Length of angle bisector drawn from vertex C is o

in2B  bsin24 .
(c) < su; + ol 1s equal to \5 :
a

(d) Equation a’x? + ¢*x + b* =0 has no real roots (where a, b, care length of sides of

the triangle).
439. If S :x* + y* +2gx +2fp+ ¢ =0 intersects both the lines xy—3x =0 orthogonally and
touches the circle x* + y* —6x—12y+36=0 externally, then:
(a) S neither intersects nor touches the x-axis
(b) radius of the circle S lies in (1, 2)
(c) radius of the circle S lies in (2, 3)
(d) equation of the transverse common tangent to both the circle is x + y- 3\6 -9=0

440. Let m, n be real numbers satisfying the relation:

l+281n2[2—n]
7

1 2 4n? 1
0g,(m* +n° +1)+log, (41:)
2—-cos| —

=log, n+log,(2m+2 - n).

Identify which of the following statement(s) is(are) correct?
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442.

443.
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@ m+n=

(®) IIml—InII- _
(¢) Area of the figure enclosed by|11+|y|_|m|+|n|1588q units. |

(d) Areaofthe ﬁgum enclosed by |x|+|y|=|m|+|n|is 16 sq. units.
Consider. f(x) =x2+Ar+a2+a+l, wherea,AeR. Identify correct statement(s) |

about f'(x). |
(a) Least positive integral value of A for which f (x) =0has real roots for some real valye |

of ‘a’1s2 .
(b) If A =2 then set of values of a for which f(x) =0 has real roots is [— 1, 0] |
(c) Ifboth the roots of the equation f (x) =0and 2x? — x + 6 =0are identical then sum of -

all possible values of ‘a’ is (— 1)

(d) FfQ+x)=f(1-x)VxeR,thenA =2
Let a3 + b + ¢ <3abc where a, b, ¢>0. If the value of x is equal to a for which

y= ) is least positive, then:
I _—
(a) log,(a+b+c)=log,(abc) (b) a+b<c

b? +3a
(c) log, a+log, b+log, c=3log, a (d) 2

=7

If words are formed using all the letters of the word ‘CHITRANIJEEVT’, then:
5!
(a) number of words in which all vowels are separated is 7! X 8C' X 2131

12!
(b) number of words in which vowels appear in alphabetical order is o1

' !
(c) number of words which contains the word ‘CHITRA” is %

(d) number of words which contains the word ‘[ITJEE’ is 7!
Let <7, >be a sequence such that 7, +27, =T,,, Vne N,and T, =1, then:

(a) Z(T,f +T, +1) =T,y +99

(b) Z(T3+T +1) Ty +100

n=l|

(c) l"[(?",,i,2 +2)=Ti00

(d) H[T"’“ - 2] 2
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445. Letstraightline y = myx 4 4 meets the curve 3x2 — (1 = 3a)xy - ay* =0at two points A and
B Sll(.:h tha’f ZAOB =90°VY me R — {my, m,y} where m; <m, and ‘O’ is the origin.
Identify which of the following statement(s) is/are correct?

10
@ my +my =—
3
(b) amy +m, =2

(c) Ifm=2, then area of AAOB = %(—] $q. units

(d) If m=2, then area of AAOB = %’E $q. units
446. If P and Q are two points in A4ABC such that

A B
PA:PB :PC=cosec[5]:cosec(—2—):cosec[%) and AQ=BQ=CQ where AB =1,

BC =9and CA4 =8, then:

(a) PA? +PB? +PC? =290 (b) cos 4 +cosB +cosC=%
(c) PA® +PB% +PC? =65 (d) AQ:'—Z%E-

1 1

105
447. In the expansion of [2§ 4+ ] , which of the following holds good?

(b) Number of irrational terms are 102.

(a) Number of rational terms are 4.
(d) Both middle terms are irrational.

(¢) Exactly one middle term is irrational.
3 9
448. If f(x) = T 73 then :
l+tan“x 1+cot®x
(a) number of integers in the range of f (x)is 7.
(b) number of integers in the range of f (x)is 5.

(c) sum of the integers in the range of f (x) is 30.

(d) sum of the integers in the range of / (x) is 42.

449. If xyz =2’ x3' x52 x 7', then identify which of the following statement(s) is(are)

correct?
(a) Ifx, y, ze N, then number of ordered triplets (x, y, z) is 540,

(b) If x, y, ze 1, then number of ordered triplets (x, , z)1s 1620.
(¢) If P = xyz, then number of divisors of P which are divisible by 12 is 12.
(d) If P = xyz, then product of divisors of P which are divisible by 12 is (12P)°.
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450. If o satisfies the equation 242 tan? x — 5442 cot® x =19, then possible value of

(2tan” @ +~/2 tan &) can be equal to:

(a) 6 (b) 12
If — 60r, B and 3.2 + 3B (in order) are the first three consecutive terms of an A.P. where o,

©) 2 d) —4V2

451.

and [ are natural numbers, then:

(a) the possible value of (ot + ) is 4. (b) the possible value of (o +B) is 2.

(c) the sum of the first 9 terms is 270. (d) the sum of the first 9 terms is 540,
452. Consider an equation, »(3'*' =1)+2|x|2” —~1)=0 where y=log,(3x> ~1)

—log, Vx? +1. Identify which of the following statement(s) is(are) correct?

(a) Number of real solutions of the equation is 2.
(b) Number of real solutions of the equation is 5.

(c) Sum of squares of all the solutions is g

(d) Sum of squares of all the solutions is 1;

. Which of the following function(s) is(are) surjective?
(@ f:D;—> R, f(x)=In(tan(r[x]) +|x* +2x =3|)
x* 3903

() g:D, - R, g(x)= ]

(¢) h:D;, = R, h(x):ln(l—_i)
L+%

(d) k:Dy = R*, k(x)=+[x]+[-x]+1 +/{x} + {—x} +1

[Note: [m] and {m} denotes greatest integer function less than or equal to m and fraction
part function of m respectively, and D, denotes the domain of the function y=1(x).]

454. Let o and B be the roots of the equation x> — 5x +5 =0).

o
lfb=—+Eandt=x2—4x+3bu~l+-—2—l——,xeRthen:
o d  w =49

(a) minimum value of (b + ¢) is 8
(b) maximum value of log,,s(¢)is — 1

(c) range ofyzcot_’ (logs t)is [0, —E]

(d) range of y=cot (log,/5(2))is [%, n)
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455. 1f e, and v are the positive roots of the equation x* — px? + gx — 7 =0such that B =1
and p, g€ R and p <9 then:

@) |p+q|=24 ) p-g=—6

s <) ol w1 (4
(¢) tan™" ot +tan™" y = tan [-3-) (d) tan“'a+tan"“{=tan'l(§)=ﬁ

; e 25 ;
456. Consider f(x)=tan [‘9\/;:-;]—003"1 [%J Identify which of the following
—4x

statement(s) is(are) correct?
(a) Number of solutions of the equation f (x) = In (—x) is 2.
(b) Number of solutions of the equation f (x)=In(-x)is 1.
(¢) If f(x) — k =0has a solution then number of integral values of & is 4.
(d) If f(x) -k =0has a solution then number of integral values of & is 3.
457. If f (x) =x* — px+4, p, g € R such that f(x) = £(6—x) V x € R and least value of f(x)

1S _—81 then:
4
(a) the least value of tan ™" (22 + [ £ (x)]) is -}

(b) the least value of tan ™ (22 + [/ (x)]) is h—f

(c) largestintegral value of k for which equationsgn (£ (x) + k) = O has a solution is 20.
(d) largestintegral value of k for which equationsgn(f (x) + k) =0has a solution is 21.

[Note: [y] denotes greatest integer function less than or equal to y and sgn(y) denotes the
signum function of y.]

458. 1f5-2" -3'° is one of the terms of a G.P. whose first term is 5 and all its terms are natural
number then possible common ratio of the G.P. is:

(a) 6 (b) 12 (c) 18 (d) (324)*
459. If f(x)is a monic polynomial function of degree 4 satisfying f (i) =l. fori=1,2,3.4
i

then:

(a) number of zeroes at the end of f(5)!is 4.
(b) number of divisors of f(5)is 8,

(c) sum of even divisors of f(5) is 56.

(d) sum of odd divisors of f(5) is 18.
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2n 2n
460. Consider (1+x)* +(1+2x+x%)" = a,x", ne N.If 3, a, = f(n) then:
r=0 r=0
® Z f(ri) E
1 3
(b) =
HE{f{n) 8

(c) largest value of p for which £ (5) is divisible by 27 is 11.
(d) largest value of p for which f(5) is divisible by 27 is 9.

|
: . = 1Y)
461. Let y= f(x)be acubic polynomial such that llrrllj(l +f(x))*=e 1 lm}} [xBf[—)} =
= = X

then which of the following is/are correct?
(a) Sum of all real roots of f(x)=01s -2
(b) Product of all real roots of f'(x)=01is 0.

(c) lm(f( )J 2

() lim [f(x)J ]
X—oo X

] . ~1
1- 1-
<= ol L i , then which of the following is/are correct?

462. Let f(x)=
4 263 (- )
[Note: {k} denotes fractional part function of £.]
(a) lim f(x)=+2 lim f(x) () lim f(x)=~2 lim f(x)

x> 0" x—0" x— 07 x—0*
) lim f(x)=—p¢ (d) lim f(x)=+2m
x— 0" -\/i x— 0
= v ]
cos x, —1<x<0 sin %, =l<€<x<0 \
463. Let = : . and = . . I A(x) =mn
¢t S ) {Sin'I , 1<x<0 &) {cosl X I2xad )

{f (x), g(x)}, then:
(a) A(x)is continuous V x €[, 1]
(b) A(x)is non derivable at exactly one point in x € (-1, 1)

o " i ot |
(c) minimum value of A(x) is equal to T

(d) maximum value of A(x) is equal to g—
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464. Let S be a circle with centre 0 ypg radius 2. 4 and B be two points on the circle.

£ AOB =x, tangents at 4 and B intepse ‘
" sectat D and A
of the following must be correct? OA and BD intersect at C. Then which

Area (AOB
(a) in1M= . Area (AOBC)
x>0 Area (AOAB) (b) lim Area (AOAB) =2
= ca
© lim Area (.&AIJUB’)3 -y () lim Area (AADB) 1
=0 (Area (AOAB)) 16 0 (Area (AOAB))Q, "Z

4 23 _ 5
465. Ifx" +3x7 +2(1-a)x” —3ax + a? =0 has only real roots then which of the following
may be the value of a?
(@ -1 , (b) 0 (©) 1 d) 2
466. A shopkeeper places before you 41 different toys out which 20 toys are to be purchased.
Suppose 7 = number of ways in which 20 toys can be purchased without any restriction

and n = number of ways in which a particular toy is to be always included in each
selection of 20 toys, then (m — n) can be expiessed as:

ey 2%@1-3-5.......19)
@) 55,135 -.....39) (b) -

S (4r+2 21Y(22Y(23 40
" H(zo-r] @ (T)HH ------ (5)

467. Let y= f(x) be a differentiable function such that f(3-x)=f(3 +x) VxeR and the
equation f(x)=0 has exactly 5 distinct real roots x;,x,,x;,x, and x5. If

X <X, <X3 <x4 <Xxs, then which of the following is/are must be correct?

(@) x; +Xx, +Xx; +x4 +x5 =15
(b) f'(x3)=0
(¢) y=|f(x)|is not differentiable at x =x,, x,, x, and x.

(d) y=|f(x)|is a differentiable function.

468. In the binomial expansion of \/; + . the first three coefficients form an arithmetic
24y

progression. Then:

(a) the value of n is 7

(b) the value of n is 8
(¢c) number of terms in the expansion where the power of y is natural is 2

(d) number of terms in the expansion where the power of y is natural is 3
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X
469. Let f(x)= [tan & +25g'n(l +x? },}x 20zmd g(x)=|x+2|-tan1VxeR
{[x]},x<0
If A(x) = min. {/ (x), g(x)}, then:
(a) minimum value of 2(x) is — tan I.
(b) maximum value of A(x) is 3.

(¢) number of points where A(x) is discontinuous is 2.

(d) number of points where A(x) is non-derivable 18:53;
[Note: [y], {y} and sgn( y) denote greatest integer, fractional part and signum function of

y respectively. ]

1 n
470. Let f(x)= lim [a” +In b +cos %] where a, b >0 be a non-constant function and
n=»eco n

L=Iim Jo2g . Identify which of the following statement(s) is(are) correct?
x—0]1—cosx

(a) The number of solution(s) of the equation f'(x) =|x | are 3.
(b) The number of solution(s) of the equation f (x) =|x | are 2.
(c) a+L=0

(d) a+L+3be=2

471. Let f(x)= (Vn? —1cosx +sin x)cos(x — cosec ™! n). If m and M are respectively
minimum and maximum values of f (x), then which of the following is(are) correct?

(b) m+ M =0

(@) m+M=p
(d) sin(m+ M) =sinm+sin M

(c) cos(m+ M)=cosm+cos M

| tan™ (|x|-1), |x|<1
472. If f(x)= is non-derivable at exactly one point in R and

alxP+bx* + ¢, |x|>1
f7(2) =0, then:

2
a) a+b=-
(a) 3

(b) ¢~2a=0
© limL# =G _ .

x=3 x—3
(d) ]lm _/(X)—f(_3)=_3

3= =3 xX+3
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473. S0 identical marbles are to be distributed among four boys, Ay, A;, 43 and Ay.
number of marbles receiving by them in the distribution are as follows:
Ay 1,3,8, 7 e
A5 24, 6,8, 10, .05

A;:2,4,6,8, ......
Identify which of the following statement(s) is(arc) correct?

(a) The total number of ways of distribution is 22(','3

(b) The total number of ways of distribution is 2ey
(c) If A, is receiving not more than 14 marbles, then number of ways of distribution is

960.
(d) If A, is receiving not more than 14 marbles, then number of ways of distribution is

1085.
Let a, b and b — 2 are the first three terms (in order) of a G.P. where a, be N. Identify

474.

which of the following statement(s) is(are) correct?

(a) Ifae(l, 8], then r=%

(b) Ifae(l, 8], then S, =16

(c) Ifae (8 11], then S, can be equal to 27

2
(d) Ifae(1,8],then S, = S
-7

475. If tan o and tan 3 are the roots of the equation x? —3x—2=0whereq,Pe [——ﬂ, E) and

B > o, then:

L L8
(a) B—OHE(O,EJ (b) B—OEE(E,N:J

1 ++/17 1-~17
(d) tan2c =
1++/17

c) tan20 =
) 1-17
6 Lot fe)=] 221 and g(x)=[ X J [dentify which of the following
2* =22 4] x* +

statement(s) is(are) correct?
[Note: where [y] denotes greatest integer function less than or equal to y.]

(a) Number of points of discontinuities of f (x) in (- e, 0] is 2.
(b) Number of points of discontinuities of g(x) in (=ee, ee) is 2.
(c) Number of points of discontinuities of /' (x) - g(x)in (oo, o) is 7.
(d) Number of points of discontinuities of f'(x): g(x)in (=ee, o) is 6.
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477. Let f :R — (0, =) be a real valued function satisfying T tf(x=t)dt=e”* —2x - 1, then
0
which of the following is(are) correct?
(@) The value of (f ')’(4) equals é
(b) Derivative of f (x) with respect to e at x =01is equal to 8
(c) The value of lim 7 %) =4

x—=0 X
(d) The value of f(0) is equal to 4

equals 4

1

478. Let f(x) =417 In(c” +c+1) tan® (x = 1) ey . X#1 where ceR.
3¢, =]
If Jlg} S (x) exists but f'(x) is discontinuous at x =1, then ¢ can take the value:
(@ 1 (b) 2 (c) 3 (d) 4
479. Let f(x)=x2 - px+q,p,geR. If x|, x,,x3, x4, x5 (Where x; ) are the 5 points

5
where g(x) =[ /(| x|)| is non-derivable and ¥ |x,| =10, then p + ¢ can be:

i=]

(a) 7 (b) 9 (c) 11 (d) 13
480. Which of the following definite integral vanishes?

b4
(a) I (cos2x-c082°x-cos23x - cos2%x- cos 2’ x) dx

-

1

(®) [In(x+vx? +1)dx
-1
1

(c) J‘tan'l (ﬁ—_l——]dx
0

14 x + x?
n/2
(d) jln(tanx)dx
0

481. If a® +b% +c? +ab+ be+ca <0, where q, byceR and f(x)= alx]+ b|x| + esgn(x),
then in (- 2, 2), which of the following is not true?
[Note: [y] denotes greatest integer function less than or equal to y.]
(a) f(x)is discontinuous at exactly two points
(b) f(x)is discontinuous at exactly three points
(¢) f(x)is continuous and derivable for every x
(d) f(x)is non-derivable at exactly one point
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482. Lf; ib;cvb_eﬂaa t‘;T’EN Suf:h that AB = AC, It equation of the side AB :7x+ y=0,
ey naline BCis passing through (2, 3), then which of the following may be

correct?
(@) BC :2x+ y=7
b) BC:x-2 -
(c) Area of AABC is 14 S 4
, 5 _ (d) Areaof AABC is—s—
3xsin” xcos x — 3sin3
. If e o .
43 I x* dx = f(x) +C, where lm?) f(x)=1and C is the constant of

integration, then:

frf(r)dr—2x2

(a) the value of lim 2 =-3
0  l-cosx
1

3 2
(b) the value of lim V#)° —x s |
x—0 x2 6

(©) ifh(x)=x-3[f (), then [ * (x) dx =18"£
0

"™ (cos? x —sin X)idx =z

(d) ifA(x)=x-3/f (x), then

484. Let [ :(0, 00) = [=2, ), f(x) =ax” — bx + c(where a, b, ce R) be a surjective function

o t——a A

such that lir% f(x)=3.If g:[l, o) = [-2, =), g(x) = f (x) is an invertible function, then

identify which of the statement(s) is(are) correct?
(a) The value of 40-g’(1) is equal to 0.

(b) If domain of g(g(x)) is [l + \/E, oo} then (¢ — p) equal to 2.
q

(c) The number of solution(s) of the equation g(x) = g ' (x)is 2.
(d) The value of% (90g ' (x)) at x =43 is 3.

485. Consider f(x) = {x? —13[| x| ], then:
[Note: Where {y} denotes fractional part function and [y] denotes greatest integer

function less than or equal to y.]

(a) number of points where f is discontinuous in [- 2, 2] is 4

(b) number of points where / is discontinuous in [~ 2, 2] is 6

(¢) number of solution(s) of the equation2 f(x)=|x|is S

(d) number of solution(s) of the equation 2f (x) =[x | is more than 5
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tan ! x], x € R. Identify the correct statement(s),

& |
2tan ' x ——
n

486. Let f(x)= lim (—n)[

(a) The number of points where f (x) is discontinuous is I
(b) The number of points where g(x) =| f(x)|is discontinuous is 1

© fO+f@=2
(d) The least positive integral value of A for which the equation f (x) =

x-i-E h
i e

solution is 6
487. Let $={14,15,16,...... ,22}.If N is the number of subsets of S containing two or more
elements such that sum of the least and greatest elements has odd number of divisors,

then:
(a) the number of prime factors of Nis 3  (b) the number of divisors of N is 8
(¢) sum of the digits of Nis 8 (d) the number of divisors of Nis 16

488. Consider, f(f(x-2))=(x*+3)> +1V xeR.
Identify which of the following statement(s) is(are) correct?
(a) Least value of f(x)is 1
(b) Least value of f'(x)is 10

@ WTMD|
dx x=0
(d) If ?% =g(x) +C where C'is a constant and g(~2) =0, then g(0) + g(1) = 3%

2
489. Let P(x) be a polynomial satisfying lim —Sii(i)—=2 and P(1)=2,P(2)=16
i e o &

P(3) =54, then:

(a) P(4)=64

(b) P(4)=128

(¢) areabounded by y=f(x), x=0, x =2 and x-axis 1S 4 sq. units.
(d) area bounded by y= f(x), x=0, x=2 and x-axis is 8 sq. units.

490. Leta, b, c be three distinct non-zero real numbers satisfying equation L + .y +-l—— =l
a a-1 a-2
l I 1 I 1 1
Tt—+——=land -+ —+ —= -
5" bl G- g c—1+c—2 e Ehem;
(@) (1-a)1-b)1-c)=1 (b) abc=2
(c) abc=1 (d) (1-a)1-b)1-¢)=2
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491. If 4A=[a;],, and ay = (2 + 4% - i/)(/ - ), where n is odd, then the value of tr.(A4) is
equal to:
(@ 0 (b) |4 (¢) |adjA| (d) 2[4]
492. If f:A— B, f(x)=sin"" (%J and g:C — D, g(x) =cos™! (%), then which of the
following is always correct?
[Note: [ ] and { -} denotes greatest integer and fractional part function respectively.]

(@ A=C
(b) f(x)and g(x) both are injective
(c) B and D both are singleton sets

(d) Number of integral solution of the equation f(x) + g(x) =g is zero.

1 2 3 2n
493. 1f 1, = [|x||1+x+ 7=+ +..... + = |dx, then
ki 2 3 2n
G B ) Ty ) ML, @) G =
4 3 2 6 n—yoo M_2 H—3 ca Jrl_4-

2

494. Given that g(x) =2f[x7J+f(6 —x%), VxeRand f”(x)>0V xR, then:

(a) g(x)increases forx € (-, —2) U (0,2)
(b) g(x)increases for x € (=2,0) U (2, )
(c) g(x)decreases forx e (—o0,—2) U (0,2)

(d) g(x)decreases for x € (=2,0) U (2, =)

495. Let f :R — (0,1) be a continuous function, then which of the following pair of vectors

are linearly dependent for some x € (0, 1)?
v A RAS a8 A o 2 a2 20 i mt
(@) a=f(x)i +2j;,b=x"+3j (b) a=f(x)i +3j;b=x1 +2j

l=x s L A - 1-x : o . )
(c) Z=(Jf(z)dr]?+3};b=xf+zf (d) a =[Jj'(r)dt]i +2]; b=xi +3)
0

0
Matrices of order 2 x 2 are formed by using the elements of the set 4 = {-2,-1,0, 1, 2},

496.
then probability that matrix is cither symmetric or skew-symmetric, is greater than:
1 2 3 4
S —— c) — d Sk
@) 10 (b) 10 () 10 (9 10
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78
nm
Je"" (sin® ax +cos? ax)dx
497. IfL=- , where a € R then:
Je_"' (sin* ax +cos? ax)dx
0
(@) Ifa=1, then lim L <1 (b) Ifa=2,then lim L>1
n=yoo Hepos
(c) Ifa=3,then lim L<I (d) Ifa=4,then lim L>1
H=—»00 H—>co
498. Let L be a straight line passing through origin. Suppose that all the points on L are at

constant distance from the two planes P,:x +3y—z+1=0 and P,:3x~ y+2z—1=0 then
which of the following points lie(s) on the line L:
@ (1,-2,-5 () 1,-2,5) () L,—-2,5) d) (-1,2,5)

2+ lznx _x >0. Identify which of the following is(are) correct about f (x)?
.

499. Let f(x)=

27
(@) f'(x)=0forsomexe [0, &9 ]

(b) lim f(x) =<
(©) lim f(x)=0

(d) Rolle’s Theorem is applicable for f’(x) in some interval of (0, c)

500. Let E — ABCD be a pyramid on square base ABCD where A is the origin and B and D are
— —
0, then:

lying on positive x-axis and y-axis respectively. If E'is (0,2, 3) and DE - (G +))=

(a) image of the point D in the plane ABE 1s (O, ]—;0, f—;})

-6 30)

(b) image of the point D in the plane ABE is (0, ITRET]

(c) volume of the tetrahedron ABDE is 2 cubic units

(d) perpendicular distance of the point D from the plane ABE is %
13

501. Let o, 3 and y be the roots of the equation x? —4x +1=0, If7, =a" +B" +y", nzl
then which of the following is(are) true?
(8) Tg — 4T, =3 (b) Tog +2Tgg + Typp =167,
(c) Tys +2T99 +Tjpp =167y (d) [o]+([B]+[y]=-2
[Note: [k] denotes greatest integer function less than or equal to k.)
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502. If y= f(x) satisfies the differential equation (,1:2 ”+y)dx=xdy+(x25inx+x3cosx)dx

, 2
such that /(1) =1and f (1) = r, then : (where y” = QJ
dxz

(a) lim i-@j——l =
x—=0 X

1
2
(b) lim ______f'(xg sl =§

1—0 X

f()

(c) maximum value of “=-= +sjn? x js =
4

/ (x)
X

+sin® xis— 1

(d) minimum value of

503. Identify which of the following statement(s) is(are) correct? .

T
(a) If0<argz< 3 then minimum value of ]Zﬁz —6i|1is equal to 6

=3 T i
(b) If arg( ]: —, then minimum value of | z + 3 — 3i| is equal to 342

+2i

(c) If z; and z, are lying on | z | = 5 such that| z,— z,| =2, then the value of| z; + z, | is
equal to 46

(d) If 4 <arg(z-1)< A% and Im(z) £2, then area of the region in which z lies is 4 sq.

units
. : 1 | 1 : ; : ’
504. Consider a conic + + =( in two dimensional co-ordinate
x+y~2 H=y¥2 - p=x+2

plane. Identify which of the following statement(s) is(are) correct?
(a) Length of latus rectum of the conic is 42
(b) Length of latus rectum of the conic is 22

. {3 3
(¢) Focus of the conic is (E 5)

(d) Vertex of the conic is (0, 0)
505. In AABC. if AB = AC and internal bisector of angle B meet AC at D such that
BD + AD = BC =4, then identify the correct statement(s).
(b) R =4secl0°
(d) LA+ 4£B = %ﬂ

(a) R=2secl0°®
(¢c) A=16sin10°sin40°sin 70°
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. The equations of the sides of a triangle having (4, - 1) as a vertex, ifthelinesx — 1 =0anq

x — y—1=0are the equations of two internal bisectors of its angles, are:
(@) 2x— y+3=0 (b) x+2y-6=0 (€) 2x+ y-7=0 (d) x-2y-6=(
If a® +8b% +2¢2 +2d* — 4ab — 4bc — 4bd =0 (where a, b, ¢, d € R), then the valye of

* is:

b

d
ik

(a) Y

b) b2 () c? (d) d*

1 2
An ellipse with eccentricity > passes through P(3,4) whose nearer focus is S(0,0) anq

equation of tangent at P on ellipse is 3x + 4y —25=0. If a chord through S paralle] ¢,

tangent at P intersects the ellipse at 4 and B then:
(a) lengthofABis15 (b) length of latus rectum of ellipse is 15

(c) focal length of ellipse is 10 (d) centre of ellipse is (— 3, — 4)
A contest consisting of ranking 10 songs of which 6 are Indian classic and 4 are western

songs. Number of ways of ranking so that:

(a) there are exactly 3 indian classic songs in top 5 is (5!)°
(b) top rank goes to indian classic song is 6.9!

(c) the ranks of all western songs are consecutive is 4! 7!

(d) the 6 indian classic songs are in a specified order is ]0P4

Let f(x) be a derivable function and f'(a.) = f(B) =0(a < B), then in the interval (ct,B):
() f(x)+ f’(x)=0has at least one real root

(b) f(x)— f’(x)=0has at least one real root

(¢) f(x)f’(x)=0has at least one real root

(d) (f’(x))* + £ (x)f ”(x) =0 has at least two real roots

D-ABC is atetrahedron with 4 = (2, 0,0), B = (0, 4,0)and CD = /14 . Edge CD lies on the

3
. x~1 y-1 z-3 T -z
line P s S . If locus of centroid of tetrahedron is ARt P -
2 3 1 a b

then which of the following is/are true:

(a) a+b=5 (b) » +2z =6 ) y -2z =1 (d a+b+y =8
max. f(£);0<¢t<x, for0<x <]

Let f(x)=x> — x? +x+1andg(x):{ ) . , then g(x)1s:
3-1x, forl<x <2

(a) continuous for x € [0, 2] {1} (b) continuous for x € [0, 2]

(¢) derivable for all x € [0, 2] (d) derivable for all x € [0,2] - {1}
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513.

514.

515.

516.

517.

518.

519.

520.

81

OF TS | (N ] - x? 2
Let f(x)=sin (l+x2]'g(x):cos_l( xZ]andh(xJ=tﬂ“"'[1 xz}then:

I4+x -
@ f()+2tan~ x=n Vx>] ) L2 ivxepo,
g(x)
lim (f (x) + g(x) + h(x))
(c) gx)+h(x)=Vxe(-1,0) (d) x—1*

=3
lim (f (x) + g(x) + h(x))
x—=1"

Let: f:[0,00]> 4;f (x) = Yean™ 5 el —tan? & iFanonto function, then:

(a) f(x)is injective (b) f(x)is many-one

(c) set Ais[m,+2m) (d) set 4is [V, 2470)

LetS, =tan™' (sinl . ZSCC(}" —1)sec r} , then:

r=1

() Ss=5-m (b) Ss=5-2m () S5=10-3n (d) S;p=3n-10

Let f(x)=x> —2x =3, then A =| £ (|x|)| has:
(a) exactly one solution, if A <0

(b) exactly two solutions, if A = {0} U (4, =)
(c) exactly three solutions, if AL =3
(d) exactly four solutions, if A = {4} U (0, 3)

1 1+2 14243
B, = o
¥ 1427 17427 43
S, is always less than:
(a) 1 (b) 2 (c) 3 (d) 4

3 9
Let f(x)= ax? +2bx - 3chas no real root and Zc < a + b, then:

(nterms), wheren=1,2,3,4, .......,then

---------

(a) a>0 (b) ¢<0 (© a+[b1>3—4c (d) b<0
Let f(x)=sin’ x —sinx +k, x € R. Then:

(@) f(x)z()isz% (b) f(x)ZOifk£l4

© f(x)<0ifk>-2 d) f(x)<0ifk>-2

2018
> i X +5
Let f(x)=cot ((x—S)(x-l[})}th n

(a) lim f(x)=0 (b) lin;- f(x)=m
x5 ik

(c) lim f(x)=m (d) li% f(x)=0
x=10" X—
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+ (4~ k)x + b is an injective function ¥ x € R, then:

821, If f(x)=x" +3x°
(a) maximum positive integral value ofkis 1.

(b) minimum positive integral value of kis 1.
(¢) number of positive integral value of k is 1.
(d) number of non-negative integral value of £ is 1.

max. {x, l}
%

522. Consider the function f'(x) = pax.

1, when x =0

(a) lim f(x)#0 (b) lirr]l f(x)=0

=0T x—=0"
(c) f(x)is continuous for all x #0 (d) f(x)is derivable for all x#0
523. Let h(0) = ( ([ g (x) dx)dx)dx with h(3) = g(3), h(1) = (1) and A(0) — g(0) =6.
If £ (x) = A(x) — g(x), then:
(a) f(x)decreases in the interval (1, 3) (b) f(x)decreases in the interval (-, 2)
(d f@2)=6

(c) f(4)=6
524. Let P(x) be a polynomial function on R such that P(x) + P(2x)=5x* -18 V x€R.
(b) number of solutions of P(x) = e* is2

(2) number of solutions of P(x) = e’ is 1

T dx it T dx n
© [z ® [

1 2
525. If f(x) =2+ | [% + 13';5} f(¢)dt, then:
=3

(a) Rolle’s Theorem is applicable for y= filx)in[-2,—1]

(b) lim f'(x)=0
x—0
(¢) fis continuous and derivable on R
(d) maximum value of f (x) does not exist

d

[ forall x e (-1,1) and
t® +1
> graph of y = f(x) w.r.t. lin¢

o t—_—

526. Let fbe real-valued function such that e X fx)=x+3+

¢

let y=g(x)be a function whose graph is reflection of th
y = x, then g’(3) is not equal to:

: 1
b) - - =
()2 ©) 7 @ 3

(a) ]
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—I3+q, 05.\3(1

527. Let f(x)= {

X, 153:53.

(a) if /' (x) has a absolute minimum at x = 1, then minimum positive integral value of a
152,

(b) if £ (x) has a absolute minimum at x = 1, then minimum positive integral value of a
is 3.

(¢) if f(x)has a absolute maximum at x = 3, then maximum positive integral value of @
is 3.

(d) if f(x) has a absolute maximum at x = 0, then minimum positive integral value of a
is3;

528. Let y= P(x) be a differentiable function V x € [0, =) such that
d 1%
—d;(P(x))+(x—1)3 >P(x)+1Vxe[0, o). If P(x) <x> +3x+1V x€[0, =) and P(0)=1,

then which of the following is/are correct?

(a) y=P(x)isa monotonic function

(b) Area bounded by y=P(x); x-axis; x =0and x =1 is 0

1
(©) [P)dx=2
-1

(d) y=P(x)is abijective function

529, Let f :R — [-3,3] be a twice differentiable function such that £’(0)=f(1)=f(3)=2,

then which of the following must be correct?
(a) y= f(x)is monotonic for some sct of values of x
(b) There must be at least one c€ [-3, 0) such that [ "(x) <2

(e) f"(x)2 _?1 for some c€ (-3, 3)

(d) For some values of ce (-3,3), fl @) 2=2
n 1 X

Let f:(0,m)— R be a differentiable function defined as f(x) = lim Fsccz ?
n—yee 2

r=l

530.
Then which of the following must be correct?

A L (x)_16

o (3} o (3

(c) lim f(x) :l (d) f(x)=0has at least one real root
* 3

x— 1)
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then lim G, equals:

i in—:1<k<n
. Forn =1, Let G, be the geometric mean of {sm P ! } am,

] —-cosx
2

(a) Iiml-cosx (b) lﬂ P

r=0 X
, {1
2 nl2 . 1‘ e
() . .[smz xdx (d) x—1>n{?'|: ~

0
[Note: [k] denotes greatest integer function less than or equal to £.]

Let y= f(x) be function defined as x = y* + y* + y+1, then which of the followip,

is/are correct?

4 4 4
@O=1 0= ©/@a=3 @ [f@d
0

1ol 40
Let P =[O 1 OJ and Q be an orthogonal matrix of order 3 x3. Let 4= po8 and

011
B =0PQT, then which of the following is/are correct?

(a) Trace of matrix A is 3 () 0T B8 =4
(©) det(B*)=1 (d) det(adj (A)) = det(adj (B))

Let y= f(x) be a quadratic polynomial such that [/ (2) f(1) f (0)]\:;1‘=[2x +y+2]Vx,
1

y€ R, then which of the following is/are correct?
(a) Range of f(x)is[1, )
(b) Range of f(x)is [2, )

(c) Areabounded by y= f(x)and y=2 - x is%

(d) Areabounded by y= f(x)and y=2-xis £
6

Let AABC be an isosceles triangle with AB = AC. If AB : 4x + y=T,AC :x+4y="Tand
BC'is passing through (1, 1), then possible equation of BC is:
(@) 3x+2y=5 (b) x+y=2 (c) 2x+3y=5 (d) x-y=0

Let 4 be a square matrix of order 3 such that adj(adj(adj(A))) = [156 2 g} and det (d)

. .. 3 l 4 3
1S positive, then which of the following must be correct?

(a) 8-trace (47')=23 (b) 8-trace (47')=35
(c) det(adj A)=4 (d) det(adj 4) =2
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§37. Lettwo parabolas be §, : 12 = 4ax and S5t y* = ~dax, From any point P on S, tangents
are drawn to §, touching it at Q and R, then:
(a) line OR is tangent to AN
(b) line OR neither touches nor intersect S|
(¢) if normal at any point A(f) on S, is tangent to S, then 12 =2 -1
(d) if normal at any point A(t)on S, is tangent to §, then 12 =42 +1

538. Consider a3 X3 non-singular matrix 4 = [4 y J- A matrix B =[b; s, is formed such that

by 1s the sum of all the elements of i row in 4 except a;. If there exists a matrix C such

that AC = B, then:

(a) C'is symmetric matrix (b) Cis a diagonal matrix
g4l
(© | "T (d) |B|=2|4]

539. Ifpoints of intersection of three non-concurrent lines x +2 y=3,ax— y=landx+3y=5

lies on a circle and one of the line is diameter of that circle, then:

(a) sum of possible values of g is 5 (b) there will be unique value of a
-1 11 : 1 23
(c) ERE] may be centre of the circle  (d) 14’ 1a | ™Y be centre of the circle

540. Consider a differentiable function f:R-—>R for which f’(0)=In2 and
flx+y)=2"f(»)+4” f(x), Vx, ye R. Which of the following is(are) correct?

(@) f(4)=240
(b) f’(2)=241n2

(c) The minimum value of y= f(x)is :4—1
(d) The number of solution of f{(x)=2is 1

541. Letf be a real valued function defined on R (the set of all real numbers) as f (x) = n{i},
T

then which of the following is(are) correct?
[Note: where { - } denotes fractional part function.]

(a) Range of f(x)is [0, ) (b) lim f(x)=%
¥
2n S
(c) Jf(x)dx=1r2 (d) f'[?]zl
0
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§42. Let f(x)and g(x) be two derivable function on R (the set of all real numbers) sa’gisfying

3 x 1
f(x)= % +1- J‘Ig(t)dt and g(x)=x —Jf(r)df, then:
0 0

1

3

@ [radi=3
0

4 5
(®) { f@dt=7

r of points of non-derivability of f (|x|) is zero

(c) numbe
s one

(d) number of points of non-derivability of f(|x|)1
where the linex —2y+z-1=0=x +2y—2z —Sintersects

543. Ifthe coordinates of the point

the plane x + y—2z =718 (o, B, v), then:
(@) a+B+y=7 (b) o —p+y+1=0
(d) of +Py+yoe=2

25 :
O 1 =24, then which of the following
z

If the complex number z satisfies the condition

544.
is(are) correct?
(a) Maximum distance of z from origin is 5
(b) Maximum distance of z from origin 1s 25
(¢) Minimum distance of z from origin is 1
(d) Minimum distance of z from origin is 4
[0, i=j
545. Let A =[a;]be a matrix of order 3 where a; = (i +2/ - Ik 137
A j

If /(x) =det.(A4), then which of the following is(are) correct statement(s)?

I
@ [/wds=

-1
(b) | f(|x|)|is non-differentiable at 2 points

(¢c) f(]x|)=k has four distinct solution for k € (0, %)

g
) f()+2x+1 3
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546. In AABC, AB =¢, BC =q and C4 = band bz, a’ and ¢? are in A.P, such that « =2 and

pm‘nt A4 18 \faria})le point. ZCAB =6, length of median drawn from A to BC is ‘L’. Then
which of following is/are must be correct ?

(@) L= V3 (b) locus of 4 is circle
(c) cos® must be positive (d) cot A, cot B and cot Cin A.P.
a b 1
547. Let A=|2 1 3fand 47" = (54— 4?), then:
I & 2 o
(@ |4]=3 ®) |4]==3
() TrHA)=5 (d) TrH(d)=a+b+c

548. Let f :[0,8]— R be differentiable function such that £(0) =0, f(4)=2, f(8) =2, then
which of the following holds good?

(a) There exist some C; € (0, 8) where f'(C,) =%

1

(b) There exist some C; € (0, 8) where f'(C,) =

(c) There exist some C; and C, € (0, 8) where 8 f"(C;)- f(C,) =1
(d) There exist some C,; € (0,1) and C, € (1, 2) such that

8
[rwar=3circt)+circi))
0

549. If the system of equation2x — y+z=0,x -2y +z=0and ax — y+2z =0 has infinitely
many solutions and f (x) be a continuous function such that f+x)+f(x)=2VxeR,

—2a

then Jf (x) dx is equal to:
0

(a) - 10 (b) —2a © [Lx1dx (d) 2a
0
[Note: [£] denotes greatest integer less than or equal to £.]

X
550. Suppose g’(x) <0x V x =0and jtg’(f)df Vx >0. Which of the following statement(s)
0

are correct?

(a) f is not increasing (b) f is continuous V x >0

(¢) f(x)=xg(x)— Jg(f)dr (d) f'(x)exists Vx>0
0
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2
a b c be=-a’ ca~b§ ab—cz o
andB=|ca-b* ab-c- bec-a be two non-singular Matric,

551. LetA=|b ¢ a
L a b ab-c* be-a® ac-b’

such that (42 —2/)B =0 where a > b>c¢ >0, then which of the following statemem(s}

is(are) correct?
(@) Tr.(AB)=6v2 (b) Tr.(AB)=—6+2

(c) det.(4 —2B) =542 () det.(4—~2B)=—542
[Note: / is an identity matrix of order 3 and 77.(P) and det. (P) denote trace and valye of

the determinant of square matrix P respectively.]

552. Let f:R— R and g:(-2,2)—> R be two functions defined by f(x)= may
(1-]x|| x> +1) and g(x) =[f (x)] Identify which of the following statement(s) is(are)

correct?
[Note: [y] denotes greatest integer function less than or equal to y.]

(a) Number of points where f'(x) is discontinuous is 0.
(b) Number of points where f (x) is non-derivable is 2.
(¢) Number of points where g(x) is discontinuous is 9.

(d) Number of points where g(x) is non-derivable is 8.
Let 1 :[1,2]— R be a differentiable function with f’(x) as a non-decreasing function
such that f'(1) =2 and f’(2) <1, then identify the correct statement(s):

553.

(@) f(x)<x+1Vxell, 2] b) f(x)2x+1Vxell, 2]
2 2
© /'@-f@2-2 @ [/ dr<fe ax
! 1
tan” x 2-g(x) .
554. If f(x)‘[2+tan g dx :In‘ sy +C, where f(0)=In2 and C is the constant of
integration, then:
.3
; (x) 2
(a) lim £ =2 U NSO (0 0 TR
""’”\/x 2 oosx (b) i[g,(x)dx—-tan 3 + tan 3
l4n
3
li = 1
(c) Jim [x* - g(x)]=0 () dex:_ﬁg
0

[Note: [£] denotes greatest integer function less than or equal to k]

WW.JEEBOOKS.IN



GRB 1000 Challenging Problems in Mathematics for JEE 89

n ,|I' 2r=3
555. If P(z)= lim Z ;——— i) tl‘lenP(l ]lies in the interval:
Nn—eco _2( 2 +l)(_\/—

0, sin — i T T T
(a) [ i 6) (b) (U,tan4) (c) [anz taﬂBJ (d) (0056,0053]
556. Let a,b,c (in order) be the first three terms of a sequence and satisfying

L 2 t
log| ———— [=0and log b=log(a”® — 4) =log(c—2). If T,, and §,, denote " term

6abc
and sum of first » terms of the sequence, then:
(a) 7)o =31 (b 8 =120
2
() Ty —2Ty Ty +2T =1609 (d) Sy —S;0=23

1 ;
557. Letl, =J‘sm ( }:I’x;.if2 = cos"[ < ]dx and
0 V1+x2 V1+x?

1
0
I; =1im ! + . +...... +i,then:
n—see\n+1 n+2 2n

© I, +1y =1, @ 1, +12+13=g+ln2
2
558. If two tangents can be drawn to the different branches of the hyperbola %2 = yj =1from
the point (o, o.”), then:
(a) o€ (—o0,—3) (b) o e(3, )
(c) e (2,00 (0,2) (d) a2 )
559, There are six students S, S5, S3, S4, S5 and S, and for them there are six seats Ry, R,

Rs, Ry, Rsand R arranged in arow, where the initially seat R; is allotted to the students
S;,i=1,2,3,4,5,6.But on a day all are allotted seats randomly.
(a) The probability that S, gets allotted, seat R, and none of the remaining students gets

the seat previously allotted to them, is —— 120"

(b) The probability that S5 gets allotted seat R 5 and none of the remaining gets the seat

..
previously allotted to them is G

(¢c) The probability that even numbered of students are seating at even numbered seat

and none of the students is seating on the seat previously allotted 1s 20
(d) The probability that even numbered of students are seating at even numbered seat

and none of the students is seating on the seat previously allotted is 30°
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560. 1f f(x)be such that f'(x)=max (|3 -x],3- x?) then:
(a) f(x)is continuous VxeR
(b) f(x)is derivable Vxe R
(¢) f(x)is non-derivable at three points only
(d) f(x)is non-derivable at four points only

o
Let a function / : R — R be defined as f'(x) =x +sinx and / =If'l (x) dx then:
0

561.
L Lo,
@ I>[—dr () I<[e d
0 1+x 0
s T
2<71<3 g) — <€ lws—
(c) 2<I< (d 4 >
562. If graph of xy=1is reflected in y=2x to give the graph 1_2:c2 +ry+ syt +1=0 then:
@) r=1Ls=12 =25 (b) r=—Ls=12 =1
(c) r==],5==12,t=25 (d) r+s=-19
- - —
563. A parallelopiped is formed using three non-collinear vectors, a, b and ¢ with fixeg

magnitudes. Angles between any of the vector with normal of the plane determined by
the other two is ot and volume of the parallelopiped is 7 and its surface area is ¥, |t

§=4 %+%+% then:
lal 18] el

. 2
(a) cosza+cosot=z (b) Sln20t+sin40t=l—g

2
3+2:3 (d) sin2a+sin4(x=%

(c) cos? 0. +coso =
564. Letaand b be two real numbers such thata® — 35% + 4a +1=0. If the line ax + by+1=0
touches a fixed circle V 4 and b, then which of the following is/are correct?
(a) Centre of the circle is (2, 0) (b) Radius of the circle is V3
(c) Circle is passing through (2, 3) (d) Radius of the circle is 3
565. Let 4), Ay; Gy, G, and H,, H, be two AM’s, GM’s and HM’s respectively between two
positive real numbers a and b, then:
(8) A H,=ab (b) A, H,=a’b?

566, For0O<x<m/2ifsinx, (sinx +1)and 6(sinx +1) are in G.P., then:
(b) common ratio is 1/2

d) S, =1-(1/2)"

(¢) GG, =ab (d) 4,H, =ab

(a) common ratio is 342

(c) fifth term = 162
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xiex 2x-1 x+3
567. Ifxisreal and A(x)=|3x+1 x%42 x3-3|= aox7 +ax® + a2x5 Foviien +aegx +dg,
x=3 x*+4 2
then:
6
(a) a; =21 ®) Y a, =111
k=0
(c) A(=1)=32 (d) AQ)=121
568. In AABC, ifcos A +cos B = 4sin> %, then which of the following are true?
@) a+b=2c (b) a,b,carein H.P.
A [ 94 B _ ' B :
(c) tanz,tanz,tan—-z-aremA.P. (d) tan%,tan%,tan;aremH,P.
2 2
569. If P(o., B), the point of intersection of the ellipse S o —2(1—2—) =1and the hyperbola
a a“(l—e
x2 y2 | Ao e : - ;
— —————— =—, is equidistant from the foci of the two curves (all lying in the right

a® a?(EX-1)
of y-axis) then:

() 20.=a2e+E) (b) a—ea=E0t—%
2 - 2
© E:v‘e +224—Se (d) E=\}e +212——3e

570. In an experimental performance of a single throw of a pair of unbiased normal dice, let
three events E,, E, and E; are defined as follows:

E, : getting prime numbered face on each dice.

E, : getting the same number on each dice.

E; :getting total on two dice equal to 4.
Which of the following is/are true?
(a) The probabilities P(E,), P(E,), P(E;)are in A.P.
(b) The events £, and E, are independent.

(c) P(E3/El)=§

17

(@) P(E, +E;)+ P(E, - E3) =2
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§71. If three planes P, =2x + y+z-1=0,P, =x-y+2 ~2=0and Py =0 — y+3z-5-
intersects each other at point P on XOY plane and at point Q on YOZ plane, where O g the
origin then identify the correct statement(s)?
(a) The value of ot is 4.
x-1 y+1

s
W

(b) Straight line perpendicular to plane P and passing through P is 1 =

zZ
3

; g e
(c) The length of projection of PQ on x-axis 18 1.

(1 =11
(d) Centroid of the triangle OPQ is [3 ) ,2)

Let a, b, ¢ be distinct complex numbers with [a |= |b|=|c|=1and z,, z, be the roots of
the equation az? + bz + c=0 with | z|=1. Also P and Q are the points representing the
complex numbers z, and z, respectively in the complex plane with ZPOQ =0 (where 0
being the origin) then which of the following is/are correct?

572.

(@) b* =ac (b) 9:3,;5
(d) |z +25|=1

(c) PO=13

573. Which of the following is(are) correct?
(a) If A and B are two square matrices of order 3 and 4 is a non-singular matrix such that

AB =0, then B must be a null matrix.
(b) If A, B, C are three square matrices of order 2 anddet. (4)=2,det.(B) =3,det.(C)=4,

then the value of det.(34BC) is 216.
: 1
(c) If A is a square matrix of order 3 and det.(4) = > then det. (adj. A" ) is 8.

(d) Every skew symmetric matrix is singular.
574. Let z satisfies zz + (-4 +5i)z + (-4 - 5i)z—-40=0. If ¢ = max.| z + 2 — 3i| and
b =min.| z +2 — 3i/|, then:
(a) a+b=20 (b) a? +b* =362
(c) a-b=18 (d) ab=19
575. An ellipse is orthogonal to the hyperbola i y2 =2. The eccentricity of the ellipse is
reciprocal of that of the hyperbola. Then:
(a) equation of the ellipse is x> +2y° =8
(b) focus of the ellipse is at (—4\5, 0)
(c) equation of directrix of ellipse is x + 42 =0

(d) equation of director circle of ellipse is x* + yz =12
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Paragraph for Question nos. 576 and 577
o 5o g . 2
LetCy :x" +y" =r" and C, : (x - p)? + (¥—q)* =r” be 2 circles with radius r(r > 0)

and have n points of intersection, (x;, y;) for ie {L,2,.......,n}. If C; and C, are
orthogonal at all points of intersection, then:

C1S
N

d
576. Aswemove the centre of C, along p + bg =0 for some constant b #0, thend—r is equal to:
q

b*q + 2
2r
b’q+q b2 +q
d
(©) 3 (d) P
577. As we move the centre of C, along the curve g = a for some constant a #0, then ;il is
P

equal to:
@) 4r (b) 3r ()21' (@ r

Paragraph for Question nos. 578 and 579

Let f(x) be a function such that /(x) = e” (2x — 1) — ax + a where a is a parameter and

a <1. If there exist one and only one x, € I such that f(xy) <0. Then the range of @ 1s

[ﬁ, r] where p, g are co-prime.

qe
578. The value of (p+q +r)1is:
(a) 4 (b) 5 (c) 6 (d) 7
579. The value of tan ™' (tan p) +cos’ '(cos q)is:
(@) 4—-m (b) 5-7 (c) 6-m d) 7-x
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%4
Paragraph for Question nos. 580 to 582
1
—— +t
Let /(x)and g(x)are two continuous function defined for0 € x £1f(x) = '[[ CRA ) dt:
|
gx)=x+ j e g(t)dt:
0
580. The value of f(1) is:
1
= (d) e

(@ 0 (b) 1 O

581. The value of g(0) is:
2 2 2 d) 0
b (© (d)
(a) - (b) 2 2y
0) .
582. The value of gL_) 1s:
g(2)
1 1 2
(@ 0 ®) 3 © = @
3 e &

Paragraph for Question nos. 583 to 584

Let y= f (x) be a differentiable function passing through (1, 0).
t (x, /' (x)) be m; and slope of line joining the pointand

2

log x - 1
If £, (x)and f, (x)are 2 function satisfying the above property where f| (x)is an algebraic

Let slope of the tangent at the poin
log(m; +m;)

origin be m,. Also

function and f, (x) is a transcendental function.
1
1 .
583. The value of J‘(fl (x)+ 4—de is equal to:
X
_] .

(a) 0 (b) 4
Which one of the following statement is correct?
(a) f,(x)is an increasing function V x > 0.
(b) f,(x)is a decreasing function V x > e,
(c) f;(x)isa decreasing function V x > 0.
(d) f,(x)is an increasing function V x € R.
Paragraph for Question nos. 585 and 586

2 2 2
X ok .
Let f(_x)=(cos 15) + T sin 1"2'—(.‘;111 '%] +—?—2—(x2+6x+8). Also M is the

maximum value and m is the minimum value of £ (x).

() 8 d 12

584.
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585. The value of M is:

Tr? o 2 5 "
@ — 8" 57 11x
4 ® = ©) = i) =
586. The value of ‘m’ is equal to:
2 2 3
b T 2 T{I?'
8 — b) — , T
3 4 © = (s

Paragraph for Question nos. 587 and 588
Let f(x)=(c—Dx* +2cx +c+4and g(x)=cx® +2(c+1)x + (c+1), where ce R.
587. If g(x) is always negative V x € (0, 1), then the number of integral values of ¢ in the
interval [— 5, 5] is:
(a) 4 (b) 5 (c) 6 (d) 7
588. If the system of equation £ (x) <0and g(x) >0 has a unique solution then the sum of all

real values of ¢ is equal to:
7 1 4 3
- b) — c) — d) —
@ ®) 3 © 3 @ 7

Paragraph for Question nos. 589 and 590

n—y oo

Let f(x)= lim|cos [LD and g(x) = .
Jn 21In(f (x))

- 1
589. The value of Z tan ™ (E(’_),] equals:
n=1 2

(a) tan”' (2) (b) tan~' (1) (mwm; @g

590. Number of roots of the equation f (x) = g(x) is:
(a) 0 () 1 © 2 () 4
Paragraph for Question nos. 591 and 592
Let f:R—> Rbea continuous function satisfying f (x) = f (2x) VxeR. Also f(1)=3.

S ; =] _ A )
591, The value of tan " (tan f (x)) +sin ! (sin f'(x)) +cos " (cos £ (x))atx =10, is equal to:

(a) m (b) 6—-7 (c)3-m (d) 3
|
592, The value oflim{x3 —tan® x -2 +f(x))xS is equal to:
x—0
|
| ) T
(a) e (b) - (c) e @ -

WW.JEEBOOKS.IN



96 GRB 1000 Challenging Problems in Mathematics for JEg

Answer the following by appropriately matching the lists based on the informgay
given in the paragraph. List-I contains function and List-II contains range.
List -1 List-I1

" l=x* T T
M f)=cos '(szJ (P)[2 2]

.3
an) g(x)ztan"[?:;J Q) [0, 7]

() h(x)=n[———“‘;79‘4J ®) [-m, 7]

Rz (sin \/x—2 +cos x/xT) S) (O, g:| - {%}

(V) k(x)= 5
593. Which of the following option is the only correct combination?
(@) () (Q (b) (1) (P) (¢) V) (R) (d) ) (S)
594. Which of the following option is the only incorrect combination?
(@) (I (P) (b) M Q) (c) (1) (S) (d) (V) (R)

Paragraph for Question nos. 595 and 596
A quadratic polynomial f(x) with positive leading coefficient such that

g(x)=f(Inx) V x > 0. Also the curve y= g(x) satisfy the following condition
(a) There is exactly one value for a positive number p such that (p, g(p)) is its extremum

point and (p?, g(p?)) is its inflection point.
(b) Exactly one tangent line can be drawn from the point (0, 0) to the curve y = g(x)

595. The value of AL, equals:
/@
(a) 25 (b) 36 (c) 41 (d) 64
596. The value of definite integral of j f( ) dx equals:
X)
T n n T
L =, Lo 5
(a) p (b) 3 (c) 4 (d) 5
Paragraph for Question nos. 597 and 598
2 2
P, on the

Y_ 1, tangents drawn at the point BB Picivon ,

_—

On the ellipse £ =— +
64 9
ellipse intersecting the major axis at 7}, 75, 75 ...... , T, respectively.
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n

597. 1fthe value of ) Area(AP,T;S) - Area(AP,T;S") =18, where Sand S represents the foci
= (PT;)?
of the ellipse, then *»’ equal to:
(a) 6 (b) 8 (¢) 10 (d) 12
598. Ifthe area of the quadrilateral formed by the tangents at the ends of the latus rectum of the

X 16\
ellipse £, is —, then A equals:
V55 .

(a) 8 (b) 16 (c) 32 (d) 64
Paragraph for Question nos. 599 and 600

Let f'(x) be a polynomial of degree 3 such that f(0) =1, £ (1) =2 and zero is a critical

point of f'(x) having no local extreme.
1

599. The value of li[[{l)(f (x)) Bnx= js equal to:
Xx—

(a) €’ (b) e ©) & ) &3
Ja +1

1 .
600. If the value of definite integral j—&dx is equal to 21n [ 76 ]then the value of
+c

SVx? +7
(a+b+c)is:

(a) 8 (b) 15 (c) 16 (d) 17

Answer the following by appropriately matching the lists based on the information
given in the paragraph.

Two AP’s having same number of terms equal to k. The ratio of the last term of the first
progression to the first term of the second progression equals the ratio of the last term of
the second progression to the first term of the first progression both of which are
numerically equal to 4. The ratio of the sum of & terms of the first progression to the sum
of k terms of second progression is equal to 2. Let o be the ratio of the common difference

of the first and the second progressions. Let A be the ratio of their k ™ terms. Then:

List-I List-11
(I) The ratio of the first term of first A.P. to second A.P. is (P) 26
(II) The value of o is equal to Q) 33
(I11) The value of A is equal to (R) 7
(IV) The value of oo + 2\ is equal to (S) 2/7
(T) 7/2
601. Which of the following options has the correet combination considering List-I and
List-I1?
(a) (1) (P) (b) (IV)(R) (c) (D (S) (d) (1) (T)
602. Which of the following options has the incorrect combination considering List-1 and
List-I1?
(a) (IHP (b) (III) (T) (¢) (1) (S) (d) (IV) Q)
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606.

607.
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Answer the following by appropriately matching the lists based on the informatiq,
given in the paragraph.

in(x +0) sin(x+p) sin(x+Yy)
g:;;(l(i + cr.)) cos(x +P) cos(x+7y)|and f(9) =% %0

x) is defined as f(x) =
Let f(x) is defined as /'(x) cos(B—y) cos(y —0) cos(0—PB)

_| cos(w/9) sin(ﬂ/‘-‘?)] here o, P and Y be non-zero numbers such thy
e _[Msin(n:@) oosts/o) ) FHere O B
(@P°® +pP 3 +91) is the zero matrix and where I is an identity matrix of order 2.
List-I List-II

9
Y (k)
@) 1

(I) The value of"=}(9) equals

(II) The absolute value of % is equal to Q) 2
(I1) The value of (@02 +B2 +y2)@PENT-) g ®) 5
2
(IV) The absolute value of — is equal to S) 7
£
(T) 9
Which of the following options has the correct combination considering List-I and
~ List-11?
(a) (IV)(P) (b) (1) (Q) (c) D) (R) (d) @M (D)

Which of the following options has the incorrect combination considering List-I and

List-1I?
(a) ADP (b) MR (c) ()P (d IV)Q

Paragraph for Question nos. 605 to 607
Let a denotes number of digits in 2°°, b denotes number of zero’s after decimal and
before first significant digit in 3™ and ¢ denotes number of natural numbers have

characteristic 3 with base 5, then
(Given: log;,2=0.301and log,, 3 =0.4771)

The value of c— a X b is:

(a) 132 - (b) 140 (c) 7632 (d) 11132
Sum of the digits of the number ¢ is:

(a) 4 (b) 5 (c) 6 (d) 22
Number of factors of the number ¢ + b are:

(a) 2 (b) 3 () 4 ) 6
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e

Paragraph for Question nos. 608 and 609
608. log,, 63 equals:

ab+c abc+2a bc+2
(a) b d) none of these
abc+1 ®) abc +1 © abc +1 Gl
609. Which of the following is incorrect?
(a) abc<3 (b) abc>2 (c) abc<l (d) abe<4

Paragraph for Question nos. 610 and 611
Let 4, B and C be three angles such that 4 + B + C =T.
610. If sin® A +sin” B +sin® C =sin Asin B +sin Bsin C +sin Csin 4, then the value of

cos A-tan B be:
—""—S'il_l—c—cal‘l e:

1 1 3
(a) 1 (b) > (c) E (d) iy

611. Which of the following must be correct?
(a) tan 4 +tan B + tan C = tan A4 tan B tan C
(b) cot Acot B +cot BcotC +cot Ccot 4 =1
(c) sin24 +sin2B +sin2C = 4sin Asin BsinC
(d) All of the above

Paragraph for Question nos. 612 and 613
Let f(x)=x2 - ax—band g(x) =2x* +3x +a* where a, b, xe R.
612, If g(x) 2 f(x) V x, a € R then sum of integral values of b in [0, 6] is:

(a) 9 (b) 11 (c) 15 (d) 18
613, If|a—1|+|b—2|=0and the range 0fy=£—£§ is R — {a,, B}, then (a0 + B) is equal to:

5 7 -5 9

(a) . (b) > (c) g (d) 5

Paragraph for Question nos. 614 and 615

Let f'(x) =x? —6x? +14x —-12and 2(x) =x% — ax + bwhere a, be N have two common
roots.

9 2
| |
614, If(x,Baretheroots0fg(x)=0,lhe"(4~a) ”"(4_“‘3) =

@ 9 (b) % ©) -9 @ ‘?1
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. Number of integral values of x, such that 8 < g(x)<18is:
(a) 4 (b) 5 (c) 8
Paragraph for Question nos. 616 and 617
Consider a circle S : x? + y* — 6x — 4y—3=0with centre C and P be the point (= 1, - 1),

(d 9

Also PA and PB are tangent drawn to the circle S.
616. The area of the quadrilateral PACB is equal to:

@) 12 (b) 24 (©) 3415 (d 415
617. Radius of the circle circumscribing the triangle PAB is:
3 4 a
2 = d =
(a) 1 (b) > (c) 3 @

Paragraph for Question nos. 618 and 619
8

1
f No+1+1
LetP=_[ -—x—ln(—i—)dx, QO=mln > i e andR:jlePda.
y V1—x R - 2 .

618. The value of P is equal to:

s T T
L o L d
@ ®) 5 (c) 3 (d) =
619. The value of 3R is equal to:

(a) 36 (b) 37 (c) 38 (d) 39

Paragraph for Question nos. 620 and 621

Equation of an altitude of an equilateral triangle is V3x + y= 2+/3 and one of its vertex s

(3, 3 ). Then:
620. Which of the following can't be the vertex of the triangle?

(a) (0,0) (b) (0,24/3) (©) (2,0) (d) 3,—3)
621. If orthocentre H (a, b) of the triangle lies in the first quadrant, then a 24b% s equal to:
(a) 1 (b) 2 (c) 3 (d) 4

Paragraph for Question nos. 622 and 623

Consider the following set of points in the x-y plane A4 ={(a,b)|a,bel and

[a|+|b|£2}.
622. The number of straight line which pass through at least 2 points in 4, is:

(a) 20 (b) 22 (c) 32 (d) 40
623. The number of triangles whose vertices are points in 4, is:

(a) 256 (b) 276 (c) 286 (d) 289
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Paragraph for Question nos. 624 and 625

Letaline ; passing through a point A(2, 0) and making an angle © with positive x-axis in

anticlockwise direction, where tanG:%, Now, L, is rotated about the point 4 in

anticlockwise direction through an angle of (1t — 46). If the line in new position is L,,
then.
624. The positive slope of the angle bisector between lines Z, and L, is:

3 3 4
(a) 2 & = ok
) e © 3 @ 3
625. The radius of the largest circle which touches L,, L, and the y-axis is:
(a) 4(v3 -1) (b) 4(+3 +1) ©) 4(5-2) ) 4(5+2)

Paragraph for Question no. 626 and 627

; . sgn(ac - b)e™ +x*
Consider, f(x) = lim galyac +)e i +fwherea>b>c>0andd,feﬂ
n—e 2™ +x+d

[Note: sgn( y) denotes the signum function of y.]

626. Ifa, band care in A.P. and f (x)is continuous for all x € R, then the value of 2f + d +1)

is equal to:

@ 0 ®) 1 © -1 @

627. If a, b and c are in G.P. and f(x) is continuous for all x € R(d <0), then number of

solution(s) of the equation f'(x)=||x —4|—2|—1is(are):
(a) 0 (b) 2 (c) 3
Paragraph for Question nos. 628 and 629

(d) 4

Let f be a differentiable function satisfying
Y7+ ) =37 )+ () +1V 5, ye Rand £7(0) =3

If h(x) = /(x) - x°, then number of point(s) where y = h(|x |) is non-derivable is(are):

(b) 1 (c) 2 (d) 3

628.
(a) O

= g ; : Xg \.
629, Ifx, is solution of the equation f(x)= f ' (x), then cos ' (cos2x,) + 4 tan l[tan ?U}ls

equal to:

(a) 0 (b) 4m —2x, (c) 2m (d) 3n -x,
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Paragraph for Question nos. 630 and 631
.I, if' X = ]
Let /:R = R is a function defined by /' (x) = i i
L’(I 12 -+ (JC e ])2 Siﬂ[—'_) if x #1]
x =1
630. The value of /(1) is:
(@ 0 (b) 1 (c) 10 (d) 100
S f1+k i e e velumatend
im| x — |- =X, t ——1§:
631. ]f_}l?l .\[g}f[l+xJ 100 , then the value o 700
(a) 50 (b) 505 (c) 5050 (d) 50500

Paragraph for Question nos. 632 and 633
Suppose that f is defined on R by the rule f(x)=(1—x)(1+x"). The function js

invertible and its inverse is denoted by f .

L )
632. If K =f-1 (In(f(x))), x <1, then the value of(?a + h’(())] 18:

(@) 2 (b) 3 (c) 5 d) 6
1
633. The value of ! i x} Z(; 12 s ezl fo:
nin2 ) Tl © nl4n2 () n18n2

(a) 5
Paragraph for Question nos. 634 and 635

Let PAB be a triangle where A(L1), 5(3,3) and P be a variable point such that

PA*+PB?=6. The locus of point Pis § =0. From point Q(3, 7), pair of tangents are drawn

to the curve § =0 which touches the curve S =0at Cand D. Let S, =0be the circumcircle

of AQCD. Then:
634. Equation of common chord of § =0and §, =01is:

(a) 2x-3y=1 (b) y=x (c) 3x-5y=1 (d) x+S5y=13
635. 16 is the acute angle between S =0 and S, =0, then tan 0 equals:
(a) 3 (b) 5 (c) 7 (d) 9

Paragraph for Question nos. 636 and 637
Let f(x) and g(x) be two differentiable function such that:

f(x) +Ig(t)dt =2sinx -3
0

S (x)g(x) =cos’® x
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636. The value of !'_% (f (x) + 2(x) +3)!"* equal to:

! i
@ (b) e () = (d) &

637. The value of definite integral njf* x° (f(zx) i i dx is:
-nia 287 (x)+1
L & BF © 0 OF
Paragraph for Question nos. 638 and 639
Let f(x)=x" ~5x+6,g(x) = £ (x|, h(x) = | g(x)].
638. If A(x) =k, where k € I has more than two solutions, then the probability that h(x) =k

will have exactly 8 real and distinct solutions, is equal to:

(@ 0 (m% @% @ 1

(@)

639. The number of integral values of x satisfying the equation g(x) +|g(x)|=0 is equal to:
(a) 0 (b) 1 (c) 2 (d) 4
Paragraph for Question nos. 640 and 641
Consider two lines Z; :2i + j—k +A(i +2k)and L, :31 + j— k + (i + j - k). LetTTbe
the plane which contains the line Z; and parallel to L, and intersecting coordinate axes at

A, B and C respectively.
640. The shortest distance between L, and L, is:

I | 1 1
(@ —= () —= (¢) = d) —
' 5 - V8 ( J14
641. Volume of tetrahedron OABC, (where O is origin) is:
2 4 2 4
) = b) — = d) —
(a) 3 (b) 5 (c) 9 (d) 3

Paragraph for Question nos. 642 and 643

1
Let / be a continuous function such that g(x) = I S ()| x —t|dt where x € (—1,1).
-1

Il w

642. The value of_[g () dx is equal to:
i
0

f(x)
(a) 0 (b) 1 (c) 2 (d) 3
643, If £ (x)=x?, then the value of g’(1) is equal to:
| o8 4
(a) 1 (b) 5 (¢) 3 (d) 3
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Paragraph for Question nos. 644 and 645

If4 =[ay ],xn» Where a;; = i? + j2, ¥V iand j, then:

_ . ir(4) .
644. lim (1 ) is equal to:
n—yes  p-

1 | 2 4

£ 2 £ dy =
(@ ®) 3 © 3 () 3

645, If lim E tan ! (-I—) =cot~! A, then A is equal to:
= =l a;i '
(@ -1 (b) 1 (©) 2 (d) 3
Question nos. 646 to 648

Let X = 8.2 3. ,10}. 4, B, C are three sets such that Ac X, Bc X andC c .
Column-1: Contains types of three subsets of X.
Column-2: Contains number of ways of selecting three subsets of X according to

column-1

E E
Column-3: Contains conditional probabilities P(E_] or P(E—] where
1 2

E: Selecting three subsets of X according to column-1

E,: Selecting three subsets of X such that n(4 N B) =35
E,: Selecting three subsets of X such that n(4 U B)=5.

Column-1 Column-2 Column-3
(
() ANBNC2142,3,4,5,6land A=B=C 1 (P) PKEE =0
1
() AUBUC ={3,4,5) i 242 HE). . 1S
] - (“) (Q) El 10C5'125
N ANnBNC=1{3,4,5,6 () L
) ANBNC={3,4,56Tiand A=B#C (i) 243 (R) PE Ty
\£2 5
£
(IV)AuBUC=1{6,7,8,9,10land A =B #C (iv) 343 (8) 2 E— =0
\ &2 )

[Note: § o 7" denotes S is a superset of 7, means S contains atleast all elements of 7]

646. Which of the following options is the only correct combination?

(a) (I) (i) (P) (b) (ID) (ii) (S) (c) (III) (ii) (R) (d) (IV) (iv) (P)
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647. Which of the following options is the only correct combination?
(@ (D @av) (P) (b) (111 (iii) (P) (c) (IID) (i) (R)
648. Which of the following options is the only incorrect combination?
(@ O OQ (b) (II) (iv) (P) (c) (D (@v) (S)
Question nos. 649 to 651

(d) (IV) (1) (R)

(d) (IV) (i) (S)

) x —1)? -2)?
ConSIder,E:( 16) +(’v9) =1andH:(x—1)2—(y—2)2=g'-

Column-1 contains equation of tangent to either £ or H.

Column-2 contains image of foci (whose abscissa is greater than 1) of the conic in its
tangent.

Column-3 contains area (in sq. units) of the triangle formed by joining foci of the conic
(according to column-2), its image in the tangent and centre of the conic.

Column-1 Column-2 Column-3
(D) y=x+6 G) (1,7 +2) (p)%
(W) y=x-+] (i) (4,7 +7) @ &0
() x+y=3 iy 6 7 =1) ®) %
av) x—y-4=0 (iv) ,2-7) (g)%—_ﬂ

649. Which of the following options is the only correct combination?
(a) (D) (i1) (Q) (b) (1) (1) (R) (c) (II) (iii) (S) (d) (IV) (i) (R)
650. Which of the following options is the only correct combination?
(a) (I) (1) (P) (b) (II) (iv) (P) (c) (1) (iv) (P) (d) (1) (iii) (Q)
651. Which of the following options is the only incorrect combination?
(a) (1) (iv) (P) (b) (IV) (i) (S) (c) (I) (i) (P) (d) (I () (Q)
Paragraph for Question nos. 652 and 653
Let A be a variable point on locus of feet of perpendicular drawn from focus upon
any tangent to the curve |z—2|+|z+2|=6 and B be a variable point on
(1= )z + (1 + i)z =104/2, then
652, Minimum value of AB is:
(a) 1 (b) 2 (c) 3 (d) 4
653. [favariable circle touches both the loci on which 4 and B externally lie then latus rectum

of locus of centre of variable circle is:
(a) 2 (b) 4 (c) 8 (d) 16
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Paragraph for Question nos. 654 and 655

Graph of y=P(x)=ax’® + bx* + cx? + dx? + ex + [, is given

654. If P”(x) =0 has real roots o, B, y then [o ] + [B] + [Y]is equal to:
[Note: Where [ ] denotes greatest integer function]

(a) -2 (b) -3 (c) -1 (d 0
655. The minimum number of real roots of the equation (P”(x))> +P’(x)- P""(x) =0 s
@ 5 (b) 7 (¢) 6 (d) 4
’ Paragraph for Question nos. 656 and 657
n -1 X -1 .
Let f(x)=—+cos { ]—tan x and a;(a@; <a;y Vi=123,...... , 1) be the
4 V1 +x2
positive integral values of x for which sgn(f(x))=1 where sgn(-) denotes signum
function.
' 656. The value of E a; is equal to:
i=1
(a) 1 (b) 2 (c) 3 (d) 4
657. If P(x)=x2 — dkx +3k? is negative for all values of x lying in the interval (a,, a,)then

set of real values of k is:
] 2 1 = 12
o) efd () ef

Paragraph for Question nos. 658 and 659
Let f (x)=x*""% 4 x1%10 - x310 4 x210 4 ¥2 If £ (x) is divided by x? (x* — 1), then we get

remainder as g(x), function of x.
658. If g(x)is defined from R to R, then:
(b) g(x)is surjective but not injective

(a) g(x)is injective but not surjective
(d) g(x)is injective and surjective

(c) g(x)is neither injective nor surjective

659. If roots of g(x) =0 lies between the roots of the equation x> — 2@ +Dx +a(a—-1)=0

then number of integral values of @ will be:
(a) 0 (b) 1 (c) 2 (d) 3
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Question nos. 660 to 662

If equatfon of COIUI:L‘I.U-I is given along with condition of column-II then match it with
appropriate value given in column-III.

Fﬂlﬂmn-l Column-I1 Column-IT1
@ ,G[f(f‘-")ﬂ’x=1 @D f(@x)=2f(x) (J?’)jff(x)ﬂfﬂ5
(D i fx)ax=2 i) £@0)=3/() Q jf(x)dx =6
* 2
(D) Ef (x)dx =3 (iii) £ (3x) =3/ (x) (R) i f(x)dx=8
1
IV) If (x)dx =4 (iv) fBx)=4f(x) (S) ? f(x)dx =24
3

660. Which of the following is correct combination?
(a @M@ (P) (b) (D () (P) (c) (D) (i) (Q) (d) (I (iii) (Q)
661. Which of the following is incorrect combination?

(a) dD (1) Q) (b) (1) (iii) (R) (c) (D (1) (Q) (d) @) G) @)

662. Which of the following is correct combination?

(a) (1) (iv) (R) (b) (1) (i11) (R) (c) (II) (ii1) (R) (d) (I (ii1) (S)
Question nos. 663 to 665

Match the condition of column-I with corresponding number of real roots of f (x) =01s
column-II and number of points of non-derivability of y= f(|x|) in column-111, where

f(x)=ax*+bx+c.
Column-1I Column-111

@y 0 (P) 0
(i) 1 Q) L
(i) 2 (R) 3
(iv) oo (S) 5

Column-I
(D a’ +b% +c? —ab=bc—-cas 0
(1) a? +b%+c* +ab+bc+ca<0

(D) 3(a? +b* +c* +1)< 2a+b+c+ab+bc+ca)

(IV) a*+b*+c*<2a+6b+4c+14

663. Which of the following is correct combination?

(a) (I) (i) (P) (b) (D) (iii) (Q) (¢) (1) (iv) (P) (d) (1) (1) (Q)

664. Which of the following is incorrect combination?

(a) (1) (i) (Q) (b) (1) () (P) (¢) (@) (Q) (d) (1) Qv) (P)

665. Which of the following is correct combination?

(a) (III) (i) (P) (b) (1) () (R) (c) (IV) (ii) (R) (d) (IV) (iii) (Q)
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Paragraph for Question nos. 666 and 667

Let f(x)=(ax? + bx + ¢)sgn(2sinx —1) be a continuous function V x € (0,6) wher,
a,b,ceR.
[Note: sgn (+) represents signum function. ]
666. 1f @ 20, then which of the following must be incorrect?
(@) y= f(x)is not differentiable at exactly two points
(b) y= f(x)is differentiable
(c) ifa=1, thencosb=-1
(d) b*—4ac>0
667. If c=0, then (a + b) equals:
5T

@ (b) % © () 0

Paragraph for Question nos. 668 to 669

Let oo < <7y be three numbers in G.P. Let F(x)=x> —ax® + bx —8 be a polynomial
such that f'(x) =0 has three roots o, B and y, where o, y are integers.
668. Let g(x) = f(x —P), then the roots of the equation g(x) =0 are in:

(a) A.P. (b) G.P. (¢) H.P. (d) none of these
669. Let y=g(x) be a twice differentiable function such that g(o) =0, g(B) =2, g(y)=-3,

g(a)=5, g(b)=0, then number of minimum distinct real roots of the equation
(g'(x)* +g(x)-g”(x)=0in[1, 14] is:
(a) 2 (b) 6 (c) 3 (d) 5

Paragraph for Question nos. 670 to 671

Let f (a, b) =V/49 +a> — T2 +Vb* +50~10b +a? + b —2ab (a, be R*)

g(a, b)=/a*+ b* +a’+b~2a +1 ++[a>+ b*~2a +1 +Ja’+ b2~ 6a — 8b +25

(a,IJEI{’)zirlcjh(ezl)=1\/1512 +4a+5 h\/az +2a+5|(aeR)

670. Least value of (a, b):

(a) is equal to 12 (b) is equal to 13
(c) isequalto 15 (d) does not exist
671, The least value of g(a, b) is equal to m and the greatest value of h(a)is n at @ = o then

m+ n + o is equal to:
(a) 5+242 (b) 8+242 (c) 2+22 (d) none of these
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Paragraph for Question nos. 672 to 673

sin[(Zr‘l —l)—g)x cos[ﬁg]x ;

Let a fair dice is thrown twice and %, 1, are the numbers obtained on the dice its first and
second throw respectively.

672. The probability that (1) is an integer, is:

Consider, f(x) = ¥

5 4 1 2
(@) 9 (b) 3 (©) 3 (d) 3

673. The probability that f(2) is irrational, is:
z 5 2 8
a == —— J—
® 1s ® 3 © 3 @ 3

Paragraph for Question nos. 674 to 675

Let ® be the complex number representing the point M (%1 ; %5-) and a, b, c, 0, B,y be

non-zero complex numbers such that
a+b+c=0a
a+bo+co® =B
a+bw’ +co=1.
674. If|ou|*+|B 2 +v > =A(la|?+|b|*+|c|? ) then A is equal to:

(a) 1 (b) 2 (c) 3 d 4
675. Number of distinct complex numbers z satisfying the equation:
2 ] 4y (i i o’
Z+® 1 2 =0
(z41) | z+m|+w Z+0 O ®> |
is equal to:
(a) 0 (b) 1 (c) 2 (d) 3
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@ Malch the Column Type Questions

676. :
Column-1 Column-I1
(A) | Sum of the solutions of the equation (P) | Divisible by 2

"
I‘r_”lﬂgz.\‘ vzlog_\-4 e (x_])-f iS

log s 9-log, 5-log; 7+ 1

The value of is Divisibl
(B) log 4 w/g log 4 «/8 Q WRISHY 3
(C) | The value of 3'°83% 4 371833 _ 5logs3 _ gloes3 4 (R) | Divisible by 4

(D) | Let n is the number of natural numbers N such that| (S) | Divisible by 6
where m, ,m, € [0, 1), then n is

(T) | Divisible by 8

677.
Column-I Column-II
% [!083(10826)] il
' 2
(A) IfP=2" 832 Jand 4P =4, then the value of A is equal to ®)
If a+ar+ar’+..... oo=7anda2+a2r2+a2r4+....oo=—l-_iz
(B) I Q) |21
where 0< r< ], then 7(a +r)is equal to
(C) [ I£(101)! is divisible by 77 where p e N, then largest value of pis | (R)|25
(S) |36
678.
Column-I Column-1I
(A)|1f z, and z, satisfy z+z=2|z~1 | and arg(z, -z, )=~Z— , then | (P) 0

Im(z, + z, )is not less than

(B) | A tangent to x° = § ycuts the hyperbola xy = ¢? in two points Pand | (Q) l
0 then length of latus rectum of locus of mid-point of PQ, is

]

(C) | If the equation x? - 4x+log \ya=0does not have distinct real | (R)
(5
roots, then number of integral value of a is equal to

I
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679.
List-1 List-I1
i ; 2
(P) Ifl]g%—x—) =1, then lim is equal to (1) 3
. -5 F2(x)—
(Q) Ifi% ﬂx; = 3, then limf—(x)—25 is equal to 2) 8
. JfG)=2-4 -3/2
If lim—— = = lim—————— ’
(R) xl—?% s land / = lim = then 9/ 3) 30
is equal to
1
(S)| I lim( ()"~ = ¢?, then lim is equal to (4) | Does not exist
s
Code: P Q L. B S
@ | 4 I (b) 2 | 3
@ | 3 | 2 (d) 31 2 |1
680. Ifz,, 15,15, ......., ty are positive numbers such that .t.l “lye ty =3

andm=1 +it, +......

|
+t5 +3t5 +3¢ andn:t— f—t

Code:

List-1 List-11
(P) | Least value of mis equal to (D 3
(Q) | Least value of n is equal to 2) 13/3
9
(R) | If mis least, then )" ¢; is equal to (3) 23
i=1
9
(S) | If n is least, then Y ¢; is equal to (4) 27
i=1 l
P Q Q R S
(a) 2 ] (b) | 3 3
(c) 4 3 (d) 2 | 3
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-7
((15 ~3b){x} = (b* = 4b =5)sgn(x +1), EX <x<0

<SXST
681. Let £ (x)=| k([x]+[-x]). 0<sx
(@ +2cosx)(l +tanx)

<3n
;i < >

H1n(1+r|:2 ~2mx +x2)’

where [y], {y} and sgn(y) denote greatest integer function, fractional part function gz
signum function of y respectively.

.
List-1I
List-I b
(P) | If /s continuous in (_—; ; 0),then the value of b is (1) 0
(Q) | If fis continuous at x = 7, then value of (a+k)is 2) 1
(R) | If /is continuous in [;; y n) . then value of (b+ k) is (3) 5
; ; PERTT R e
(S) | If f has exactly four points of discontinuity in >y (4) 6
then (a+ b+ k)is equal to
Code: P Q R S P Q R S
(a) 3 2 3 4 (b) ) 1 3 3
© | 4 | 1 | 4| 4 @ | 4| 2| 4|4
682. Consider f(x)=k*(2-x)+k(x - 1) +2x% —6.
List] List-1I

(P) | Number of integral value(s) of k for which equation f(x)=0 has (1) L
exactly one real solution (identical real roots) is(are)

(Q) | Number of integral value(s)
more than 2 solutions is(are)

of k for which equation f(x)= 0 has (2) 2

(R) | Least positive integral value of k for

which equation f(x)= Ohas two 3)| 5
solutions (two distinct real roots) is '

(S) | Largest integral value of k for which e
imaginary roots, is

Quation f(x)= 0 has both 4| 7

Code: P Q R S

(b) 2 4 4
(d) 3 4 4 2
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683. 1foe+B, B+ and y + o are the roots of the equation x* — 3x — 1 =0,

List-I List-TI
(P) | The value of o +B2 +y? is equal to M| -3
(Q) | The value of o® +B +y? is equal to (2) 0
(R) | The value of (ot+B —y)(B+y—0)(y +0.—P) is equal to 3) -3
(S) | The value of (ot® — 30+ 1)(B> =33 +1)(y> =3y +1) isequalto | (4) 6
(3) 8
(@ P>3,Q—>4R—>5S—2 () P54:Q—>2;R—>1;S—>3
() P-3;Q—>3;R—>52:S—1 @d P—>4Q—>3;R>58->5
684. Letx, ybe positive real numbers such that @:3 =81, then:
List-I List-I1
(P) | The least value of (x+ »)* is B} 2a2)°
(Q) | The least value of (x+3y)* is (2) 9(2)°
(R) | The least value of (3x+ y)* is 3| 272)°
(S) | The least value of (2x+3y)* is @] 32°
®)| a2
(a) P>4,0Q—->5R—>2;S—>1 (b) P54,Q—>3;R—>1;S—>2
(c) P-3,Q—-2,5R—>3;S—=>1 dP—>1,Q—24R—>2;S->3

685. Letcos(0 +70°) = 131 where 6 € (0°,110°)

List-1 List-11
(P) | tan(B+70° )= (1) 22
(Q) | cos(160° +6) = (2) c;_.;.%}_@
(R) Sin(200—9)= (3) _.2‘\/5
(S) | tan(25° +0)= (4) :23‘@,
ol
| 3
(@) P-50Q0—-3R->45-1 b)) P23Q->4,R—-5,8S->2
) P-3;Q—=5R—>2;85—-4 dP->1Q-o2;,R>4,S-3
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~ b b 1 4 3 2-
686. 1fa. b, c and d are the positive roots of the equation x = — px + gx 3

GRB 1000 Challenging Problems in Mathematics for JEg

a b ¢ d
mm-+—+—+§=me;

4

List-1 List-11

3

(P)|a= (1 i
7

Q) |b= ) 5
1

(R)[c= (3) 2
9

(S)|d= (4) 3
(3) 1

(a) P—5:Q-3;R—>1;8S= 4
(c) P53Q—->1;R—>58->2
Question nos. 687 to 689

15
_.I‘I'JF—E:OSUC}]

b)) P-3,Qo5R—>4S—=1
(d) P=>4:Q-52;R=3;8>5

Column-1 represents a condition to form trigonometric equation. Column-2 represents
the value of sin® +cos6 and column-3 represents the general value of 6 satisfying the

trigonometric equation.
Column-1 Column-2 Column-3
@ [ 1£257 /2 and 2°*° are three terms of a | () | V3 +1 ® | 9= 20"
2

decreasing G.P.

2z

(IT) | If cos B, secB and cot O are three positive | (ii) 2
numbers in H.P.

Q| g=2un .
6

(I1T) | If 2logsecO, log 2 and 2log cosec O are (iii) | -1
in A.P.

R) |g= 2nﬂ:+g

(IV) [If GM. of (2+sinB),(3+sin0) and | (iv) |1
(4 +sin 0)is equal to cube root of 6.

®) |g=2nm+Z
4

B

687. Which of the following options is the only correct combination?

(a) (J) (iii) (R)

688. Which of the following options is the only correct combination?

(a) (1) (ii) (P)

689. Which of the following options is the only correct combination?

(a) (I) () (Q)

(b) (1) (1) (Q)

(b) (1D (iii) (R)

(b) (II) (iv) (R)

(c) () (ii) (P)
(c) (II) (i1) (5)

(c) (1) (ii) (R)

(d) (V) (i) (8)
(d) (V)@ (®)

(d) (V) (i) (P)
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Question nos. 690 to 692

Column-1 represents a quadratic equation with some given conditions. Column-2
represents number of non-positive integral values of ‘k’and column-3 represents number
of prime values of ‘ &°. Then match the following.

Column-1 Column-2 | Column-3
(I) | Let o and B are real roots of x> — 8+ k% — 6k =0such| ()| 0 ®f o
T (Y
B o
(I) | If one root of the equation G| 1 Q| 1
(k—2)x* — (8— 2k )+ (3k+ 8) = Ois negative and other
1S positive.
(IIT) | If difference between the real roots of equation i) | 2 R)| 2
4x* — 2Jox+1= 0is less than /3 .
(IV) | If quadratic expression 2kx? — (4k—5)x—10 (iv)| 3 S)| 3
1s negative for exactly three distinct integral values of x.

690. Which of the following options is the only correct combination?
(a) (I) (iii) (S) (b) (D) (i) (R) (c) () (i) (P) (d) (IV) (i) (Q)

691. Which of the following options is the only correct combination?

(a) (1) (iv) (Q) (b) (ID) (iv) (P)
(c) (1) (ii) (S) (d) (V) (iii) (R)
692. Which of the following options is the only correct combination?
(a) (I)(ii) (P) (b) (1) (i) (Q)
(c) (II) (iv) (S) (d) (IV) (i) (P)
693, Tn AABC, 272 + 288 ¢ 4 anid i3, thems
c a
List-1 List-11
(P) lZ(cosA-i—ZcosB)iS equal to (1) 23
(Q) | R is equal to (2) 33
(R) [tan A + Ar. (AABC)is equal to (3) 3
(S)| (5 +r, +r )is equal to (4) 93
5| 10V3
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[Note: Symbols used have usual meaning in AABC and Ar. (APQR) denotes areq
triangle POR.]
(a)P—}Z;Q—)I;R—)S;S—)3 (b) P53:Q—>2R—>45-3
c) P> 3;Qo ;R=>58-4 d P->2Q-o2%R—45—4
694, -
List-1 List-I1
(P) | The number of solution(s) of the equation (1) 0
sin”! [ 'l ) =sgn (x* +1),is (are)
1+x?
1 xz i
(Q) | If the range of the function f(x) =cos”~ == is (a, b], then | (2) 1
+x
[a + b] is equial to
(R) | If o. and B are the roots of the 2x% — 3x—2=0, then (3) 2
12 o | o 2 =1 1 .
— | tan 7| sin +tan~| cos 1S
17{ { 1+0L2J [ 1/1+|32D
(S) | If f(x)=sin(cos ! (sin(cos ™’ x))+sin‘] (cos(sin‘l x))), then | (4) 3
4
3%«
the value of —— |is equal to
g}, f ( 1 6) q
(5) 4

[Note: sgn z and [z] denotes signum function and greatest integer less than or equal toz

respectively.]
(a)P-—)l;Q—)I;R—>5;S-—>S (b)P-—>3;Q—a1;R+4;S—>4

(c)P—>J;Q—>2;R—>5;S—>4 (d)P—>3;Q->2;R——>4;S~—>5
695. If a variable line L:3x —2y—4+A(x-2y+4)=0 where A is a parameter is passing

through a fixed point P(a, b) and S :x? + y* =8is a circle, then:

List-I List-I1

(P) | (a+b)is equal to (1) 02

(Q) | Length of the tangent from ‘P’ to the circle S’ is (2) 42
_____..——-"

(R) | Least distance of ‘P’ to the circle ‘S’ is (3) 62
___,_,_.—--"‘

(S) | Least radius of the circle whose centre is ‘P” and it contains the | (4) 2/6

circle ‘S, is

__.___,_a--"’
(5) § |
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(@ P=5Q-32R-52:S—54 b) P>5Qo4R—>1;5—>3
() P>5Q-54R>3,85>3 (d P>5Q—-2R—>2;S—4

696. l'f_[{x4 +2x? + D)sinx dx = £ (x)sin x +g(x)-cosx + C, then:

[Note: Where f (x) and g(x) are polynomial functions defined from R to R and ‘C” is the

constant of integration. ]

List-I List-TT
(P) | f(x)is (1) | One-one function
Q) | g(x)is (2) | Many-one function

(R) | Number of points where | f(x)|is non-derivable is (3)

Onto function

Into function

(S) | Number of points where |g(x)|is non-derivable is (4)
| (5)

3

(6)

4

(a) P>2,3;,0>2,4R—>5S—>6

(b)) P=2;Q—>2;R—>5:S—>5

c) P>2,4,0—-2,3;:R—>6;S—>5

dP—=2,0-22,3;R—>6;S—6
697.

List-1

List-11

(P) [If g :[1,3]—[1, 3] is a continuous decreasing function, then

3
j (g(x)—g “ (x))dx is equal to
1

(| 0

—Cos 3x

@ |1 /)=

3+cos 5x

, then maximum value of f(x)is

2 | 1

equal to

(R) [ Let /: R — R be a function defined by f(x)=x" + px* +qx-3. (3) 2

If /'is monotonic decreasing in the interval (1, 3) only, then (p+q)is

v Z:. (n+r)(2n+r)

la—b|is equal to

n
(S) | If lim < =In (:) where @ and b are co-prime, then 4 | 3

(5) 8
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by P> 1;,Q-24R->1;855
d P21Q24R>452

. B Lo
698. Consider a system of lincar equations 3x + y— 2 = 0, x= o +z=2and 2x— J"+2z=q

(a) P-55Q—3R=58S-3
(c) P—>5:Q—>3:R»—~>5;S—>2

where p, g € I and p, g €[1,10], then identify the correct statement(s).

List-1 m

(P) | Number of ordered pairs (p, q) for which system of equation has | (1) |
unique solution is

(Q) | Number of ordered pairs (p, ¢) for which system of equation has no | (2) 9
solution is

(R) | Number of ordered pairs (p,q) for which system of equation has | (3) | 10
infinite solutions is

(S) | Number of ordered pairs (p,¢) for which system of equation has | (4) | 9g
atleast one solution is

(9) 91
(a P->4,Q0->2;,R—>1;S=5 b)) P>4:Q—-3;R—=>1;S—>4
(c) P>4,Q—>3;R—>2;S->5 (d) P>4.Q—>2;R—>2;S—4

699. Let f(x) =sin 12x-1)+cos™ (2vx - x?)+tan™! { 3 ]wherc [k] denotes greatest

14+[x°]

integer less than or equal to 4.

List-1 List-I1

A1 T

(P) /(g)ls equal to (1) p:
f(é , i T

Q) 7 is equal to 2) z
(R) [sin " (tan( /(1)))is equal to (3) E;'
0 s\ n
(S) 2 if (_2?)] is equal to (4) e
Sn
@ =

DR
(a) P-2,Q->4R—>1;S>3 b)) P52,Q-24R>1:8S-5
(c) P-5Q0-24R-1;8S>53 d P-5Q-24R>1;8S-5
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700. Let N be th¢ number of words which can be formed using all the letters of the word
‘DARJEELING?” so that there are atleast two consonants between any two vowels.

List-1 List-1I

(P) | If NV is divisible by 2" (n e N), then 1 can be (D :
(Q) [ If N is divisible by 67 (p e N), then p must be less than (2) 2
(R) | Number of odd divisors of N is greater than 3| 3
(S) | Number of zeroes at the end of N is less than 4 | 4
G| s
©6) | 6

@) P—3,4,56,Q—56R—3,4,567S—45,6

(b) P—>4,56,Q—>56R—4,56S—4,5,6

©) P—1,2,3,4,56Q—4,56R—>1,2,3,4,56S5-273,4,5,6
@ P—1,2,3,4,56,Q—4,56R—>273,4,56S-2,3,4,5,6
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INTEGER TYPE QUESTIO

s which are solutions to

2.1/ (100).

(x)eF

Let F be the set of all continuous real valued function

701.
f() - £() —1)dt. Find the value Olel b

(\)*100+J(I(f)f (-
um of infinite geometric progression whose fi
1 SISH+SZSH-1 +S3SH—2+ ...... +S Sl __'E h

— If lim =— where p ang
common ratio s T i 52 +S§ AT + 52 q

702. LetS, wherene N bethes rst term is n ang

n—»oo

g are co-prime, then find the value of (p + q).

2 —
sin"[sec[ln[zx +3x 2}]}  Find the value of 1+(2uf)

-1

703. Let =CO0
B Lk O x2 =3x+2

where o ; represents the integers in the range of f(x). If there are no integers in the range

of f (x), then enter your answer as ZEero.
1

s5n)\n
704. If lim bl e where a and b are co-prime, then find the value of (a + b).
n—yes (3}1] be
2n

1(100
705. Let/(n)= Jln (1—2ncosx +n” ) dx. Find the value of - (1100))

n
71 —
706. Consider a function f(x) which satisfies f(x) = tan” x + j F£(x)dx. Also f({ﬂ: -

s
4

+m?

T
] 4
If the value of j_f‘(x)dx = m, then find the value of m?.
T
4

o n—1
707, Let P(x)=100x" +a, x" " +...+a;x+ayVa;eR; 0<i<n-1. Let Oy, g, Oy,

1

n

be its nroots such thatH (o, -0, )=K(KeR-{0}).If L= lim (1+ P(x))**! whet

i=2 X0

In L

0, is a real root, then find the value of
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708.

709.

710.

711.

712.

713.

714.

718,

716.

717.

T A
LeLEs) =5~ b +Bwherea, Be Rand £ (f(x)) =0has 2 roots 1 and 2. Find the value
of 2| £ (0)|.

20
Iy 2 . 10 '
Let @x° +3x+4)0 =Y 4
( ) Oa',.x where a,, a,, Aroennne, , d4o are constant, then find the
r=
a
value of —-.

as
If o is a real root of the equation x° — x3 +x -2 =0, then find the value of [o.®].

[Note: [ -] denotes the greatest integer function.]

. T sin x(sin x +1)gsinr+cosy .3
. I cosx dx=a+ bj e™"*dx where a and b are positive rational
0 e +1 s

numbers, then find the value of100(a? + 5?).

n 1
Iet S, = Zx!;n =6, T = arcsin[sin{Sn - ?[%’—D] If_[ 4 dx =%—n“ where
0V1—x?

x=1

a, b, ce W; b#0, then find (é + a).
&
If cos? © + 0. andsin* 6 + o are the roots of the equationx? + b(2x +1) =0andcos? 0 +B

and sin” © + Bare the roots of the equation x? + 4x +2 =0, then find the value of bwhere

be N.
[Note: 6 can be non-real number also. ]

. : ; . T
Ifcot(6 — o), 3cot B, cot(B + o) are in A.P. and 0 1s not an integral multiple of » then find

2sin’ 0
the value of — e,
sin” o
Letx, y, zand ¢ be real number such that (x, y)lies ona circle having radius 3; (z, ?) lies on

a circle having radius 2 and xt — yz =6. Find the greatest value of P = xz.

[Note: Both circles have centre at origin. ]
IfV he R — {0} 2 distinct tangents can be drawn from the points (2 + 4,3 — 1) to the curve

y=x3 —6x% — a + bx. Find the value of% (where a and b are co-prime).

o ¥ | , |
A hyperbola has the equation ;5 —-bT =1. A tangent and normal to the hyperbola is
drawn at the same point. The tangent has y-intercept o and normal has y-intercept p.1f

0. = —4and P =9 then find the x coordinate of the focus ¢ of hyperbola. (Given ¢ lies on the

positive x-axis.)
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718. Let £ and M be 3 x 3 matrices satisfying the system of equations
EMT =(EM)" =201
and (E+ M) =17(E - M)T
where 7 denotes identity matrix of order 3.

IfEX + M? = %I (where a and b are co-prime), then find the value of (a + b).

719. 1f the largest possible value of x such that 0<x<m satisfying the equationp
2sin2x +1
cosx +sinx
720. Let f :R — R satisfy the equation (x — ») f(x + y) — (x + ») f (x — ) = dxp(x*— ¥ )y
x, ye R. If f(1)=-2, find the absolute difference between maximum and minimum
value of f(x) on the interval [-\@, \/g].
721. Let y* = x be a given parabola and a variable chord cuts the parabola at P and Q. Let Che
’ the vertex of parabola. If the locus of the point of intersection of tangents at P and Ois
x +1=0, then the minimum area of triangle PCQ be M. Find 4M.

=2 i %. Find (a + b).

722. Tangents are drawn from a point on the line x — y+3 =0 on the curve y* =6x. From
some point P on the line, the area of triangle A formed by tangents and chord of contact is
-
minimum. Find 9"
723. Let a, denotes the coefficient of x* in the expansion of (1+2x)",ne N.
Ifz Bk +1)a, =(px+q)r", p,q,re N.Find p+q +r.
k=0

724. Let a function f/ : R — R be defined as 1 (x) =[|s;njc23| _d :I: 32§rbx -

If f(x)is derivable V x € R, find the minimum value of |[a + b + ¢ + d]).
[Note: [ ] denotes the greatest integer function.]

725. Ifthe curve /' (x)=3x> + ax? + bx where a, bare non negative integers, cuts the x-axis at
3 distinct points. Find the minimum value of (a + b).

= e - ’ ; : T
726. a, b, ¢ are 3 non-coplanar unit vectors inclined at an angle o [S —2—] to each other. If the

; : . 1 . ~
volume of tetrahedron formed by these vectors is —\/_—_:, then find the value of
360

10(3cos® o — 2cos’ o).
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5
727. Let f(x) be monotonically strictly increasing function in [3, 5] such that J fi(x)dx=9;
3

4
f()=3; f(4)=5. Find the value of2[ x(5 — £ ' (x)) dx.
1

=-—13.

n f
728. Leta,,a,,...... ,a, be the roots of the polynomial E kx® =0, Ifz 5
(—a;)

k=1 k=1

Find n.
729. Suppose a function f :[0,10]— R is continuous and differentiable everywhere in its

domain. If £ (10) =19 and | f'(x) — 5| < 4 V x in domain. Find maximum value of f (0).

730. Let z (ze complex number) be one of the roots of the equation

x? = (log, o — log, B)x +cos o —sin B =0. If the harmonic mean of the roots is 2 and
| z|=1, find the sum of all values of B in degrees when 0 <3 < 360°.

3
731. Let y= y(x) satisfy the differential equation [2);}» +x2y+ y?]dx +(x2 +yH)dy=0.1f

(1) =1and the value of ( 1(0))* =ke(k € N). Find k.

oo

2
Ifj cosec”x 202]0919 = "-fi(zg]g + C, then find the value of
(cosx) (g(x))

(where C is constant of integration.)
| . ; 5 ki . 13
Let f(x)= ,:x - E] + x[x]+|x(x — 4)sin x| + (2x — 1)"?. Find the number of points in

732.

733.

[0, 27t ] where f'(x) is non-derivable.
[Note: [ -] denotes the greatest integer function.]

T | -
734. If the value of lim {i [I e’zdtJ - % + ——2] is equal to = (m, n are co-prime), find

x=0| 3 x4 3x n

X \o

(m+n).
x+a v 0r X | €4

735, A continuous function f(x) ={ b (x/2)+c ; for|x|22 is defined for some non-zero

; a
constants a, b and c. Find the value of —+b.
c

fraoty
£Q01)

2(99) (x - 3)3{‘”‘) (x - 100)100 where k =

oooooo

736, Let f(x)=(x-1)'"(x~2)

k
Find the value ofga -97.
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737. The value of the expression

sanif Lh (Y ] s 4 ~1(_l_]+ m)-.
lan[lan [2 + tan 5 + tan g + tan 25 + tan Tl Ri s I8

03 b ¢ .
738. If the matrix = [ [ m n ) is an orthogonal matrix, find the sum of all possible valug of
0 » g

10(mq - np).
739. Find the sum of all integral values of a for which all the roots of the equatio,

xt—4x3 _ 82 +a=0 are real.
740. Let 1 :(0,1) - R be a function defined by f (x) =ip=0sro0ss Ter I J (x) dx, then fipg

the value of [7].
[Note: Where [k]denotes the greatest integer function less than or equal to £.]

741. Consider a point P; on the curve y=x" such that the tangent on P (1, 1) meets the cyry,
again at P,. And the tangent at P, meets the curve at P; and so on.

lnn 2—

rlx

lim Z——-

H-—)N! =1 yr

and » are co-prime positive integers, find the value of (m + n).

m
Let(x,, y, ) be the coordinates of P, then the value of - is equal to —, where p
n

742. Let S, be the area bounded by the curve y=x (l - x) and the lines x =0, y=0andx=1.

If lim Z S is equal to —‘e, where p and g are co-prime positive integers, find (p+9)
n—)e-u q

743. Let
A= Iin;:) (I+ are tan(arcssin x) + arc tan(are sin Sl IE +arc tan(arc sin px))Y @re sinn
xX— ’
then find the value of In 4 at ; =11,

744. For all x, define the functions, f'(x)=x2, gl =% 4], P(x)=|x|+1. Consider the
(

max(f (x), g(x), p(x)), x>———;§01
piecewise function h(x) where h(x) =
e -81
m ] " Js 2 G Er—
m(f (), g(x), p(x)),  x< 0
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745. Let f(x) be a continuous, periodic and bounded function with period 3 such that

3
;[f(.f) dt =6. Also g’(x) = J (x), such that g(0) =0. Find the value of lim xg (l) '
x—0 X

746. Let f:(0,)— R be a differentiable function satisfying f (x) +e/® e Inx—1.
x

Find . the Ilumbzer of integers in the range of x satisfying the inequality
@&+ - fx"+5)= £(1),x>0.
747. Let o, B are the roots of the quadratic equation 2x% —5x +1=0. If S, = @ + (B)Zn
482021 + Sa019

then find the value of
32020-
1
a*-1 X
748. Iflim| 1+ j (sin(2 arc tan ¢))(1+¢>)™“dr | =S5, then find the value of a. wherea € N
0

anda >1,x>0.
749. Let a denotes the number of non-negative values of p for which the equation

p2* +27* =5 possess a unique solution. If a, 0, Uy,....... ,0log, 6 are in H.P. and

&, Py Prysssres B, 6 are in A.P. find ¢ 5f35.
X ¥
750. Let f(x) be a differentiable function satisfying f(»)— f(x)= x—yf [lf) for all
3 :
g1
x, ye R*.If f’(1) =1, then find the value of | /'(e) (—]\
- e

/ ¥ 1 .
751. If the equation X2 +2ax+a=,a* +x- TR has no real roots, then the range of a is

C §
= — (where ¢ and d are co-prime)

(p, g) where p and g are rational numbers. If p? +¢°

then find the value of Vdc? —d?.

752, A curve passing through (1, 2) has its slope at any point (x, y) equal to )2 Find the
area of the region bounded by the curve and the line 2x — y— 4 =0,
753. Consider the following statements about positive function f (x) and g(x) whose limits to

infinity exists.

Statement-A : lim f(x)= ‘li,“l g(x)

X—po0
Statement-B : lim (/ () = g()) =0
Statement-C : lim y/ (x) = E_Tl vEx)
How many of the following six statements are true: A=B . B=2C,C=24,A=C,

B A C=B.
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space  such th,

e e ) Aol / g
784. Let k. l.m.n are four distinct units vectors 1N
. e B T I - sy = s
k-1 m-k = -I:n-m=—I The value of k - n can be exprcssedasf‘

where A, B are co-prime positive integer.

Find the value of 4 + B.
755. Let a. b >0 be real numbers satisfying the relation

L 1
arctan(3 + a)+ arctan(3 + b) = 5 +arc cot(g].

If the minimum value of (@ + b) is J N, find the value of N.
If x, yand z are real numbers that satisfy the three equations

tan(x) + tan( y) + tan(z) =6 — (cot(x) + cot( y) + cot(z))
tan” (x) + tan 2(y) + tan 2(2)=6- (cot (x) +cot (y) +cot?(2))
tan® (x) + tan 3(y) + tan 3(2)=6- (cot? (x) + cot> () +cot’ (2))

t t tan(z
Find the value of the expression anix) - 2Ly + (2) + 3 tan(x) tan( y) tan(z ]
tan(y) tan(z) tan(x)

756.

- = = - = = =
757. If [b ¢ d]= 48.and (axb)x (exd)+ (ax O)x(dxb)+(ax d)x(bx ¢)+ka=0

__)
(where a is a non zero vector), then find value of k.

Let P, is the parabola y* =4x with vertex K(0,0), 4 and B are points on P, where

tangents drawn intersect at right angles. Let C be the centroid of AABK. The locus of Cis
another parabola P,. Now the process is repeated with P, then P,, P;..... etc. Then the

758.

length of latus rectum of P, can be expressed as % where a, b are co-prime natural
numbers. Find the value of (a + log 4 b).

. , ;
759. Let the solution of the equation Ey = y+ J ydx is y(x). If y(0) =1,
0

then find the absolute value of [ y(2)].
[Note: [£ ] denotes greatest integer function less than or equal to k.)

1 0 0 70 2
760, LetD:[g g gJansz'O I 0| Consider 4=P ' DP. Find det.(4> + A).
2 0 8

761. Let /(x)be a function continuous for all x € R except at x =0 such that

. f(x)<0, Vxe (- oo, 0)
o [(x)>0, Vxe(0, )
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« lim f(x)=2

=0
i lim f(x)=3
=0

« JfO)=4
[

21 3 .2 niede
I fG7 —x)=plim fi2x? - x°)

i LG
If {x—>0" {1—0033:}
Lf (x)]

(== A2

Then find the value of - A -y.
[Note: Where [k] denotes greatest integer function less than or equal to k, {k} denotes the

fractional part function.]
762. Let f be a continuous and differentiable function in (x,, x, ) and the following conditions

hold for it.

FEf @) 2xy1- ()

{ lim (f(x)* =1

I—}Xl
1

lim (£ (x))* =3

X—=X2

=

If the minimum value of (x{ —x3 ) is equal to %where k € N, then find the value of k.

oo _ Y (X)
[Note: f'(x) = - ] | “
763. Consider a series of n concentric circles Cy, Cy, ... ,C,, with radii 1, 1y, 13,0000 8,
B o >r, and 7 =10

respectively satisfying r, > 7, > 13
The circles are such that the chord
tangent to C;,, where i=1, 2.3 i

Find the value of lim Z r,, if the angle between the tangents from any point of C, to C,
n—3co

of contact of tangents from any pointonC; toC,, IS a

r=1

is 60°.
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764%

765.

766.

767.

768.

769.

770.

771,

772.

4
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i

-L:E’_P'E{'de, Then find the valye of

| 2
where a =j
i : | —cos2x

oo
et =3 -
n=I
z, ORI TP
r=|

24n* - S.
If f(x)=(x —a)(x - b)fora, be R, then find the minimum number of roots of equatigy,
n(f(x)? cos(m(f (x))) +sin(m(f x)))S " (x) =0

in [o, B] where f(a)=3=f(P)andax <a < b<B.
Positive number x, yand z satisfy xyz = 10*" and

: 2
(log o x)(l0g y2)+(log o »)(log g 2) =468. Find \f(log 10%) %+ (log 19 »)“+ (log z)"
If there exist a straight line which intersect the curve y = x*+2x3 +ex? +9x +4 (ce R)

at four distinct points, then the range of ¢ is (a, b), find the value of 100(b).
There is a cubic polynomial £ (x) with values of x lying in the interval [— 1, 2]. Given the

condition.
G f7(x)=24
(ii) An extreme of f(x) lies at x = %
(iii) The coefficient of x and x% in f(x)are 0 and 6 respectively.

Find the greatest value of f (x). ‘
arcsin(l — {x})arccos(l — {x})_ il e b o

Let f(x) be a function f(x)= - )
lim f(x) i

0"

lim f(x)

x—0"

[Note: where {k} denotes fraction part function of &. ]
If the inequality 1 + log s (x> +1)=log 5 (ax* +4x + a)holds V x € R, then the range ofa

is (p,q], find (p+q).
: x¥ +2x% +x+¢ ifx<h

Let f :R — R be a function defined by f(x)={", : ‘t“ = K where b and

e if 2

L]

¢ are integers. | f f (x) is differentiable V x € R, then find the value of (b + ¢).

Two parallel planes are given by, x+ y+z=1and x+ y+z :%' A third plane that

intersects them is given by 2x—S5y+z=-5, resulting in two parallel lines of
intersection. If the distance ‘d’ between these two parallel lines can be expressed as

la ; -
d = .|—, where a and b are co-prime positive integers, then find the value of [d}
h

[Note: Where [k] denotes greatest integer function less than or equal to k.]

WW.JEEBOOKS.IN



GRB 1000 Challenging Problems in Mathematics for JEE T

773. 1f A is the area of an ellipse with an eceentricity of e = £ and A, is the area of the shape
25 i

bounded by the set of points for which two tangents of that ellipse meet at a right angles,

A _p
then :4: = E’ where p and g are positive co-prime integers. Find (p + ¢).

\/(5\5 +5)\EJ§ +5)24(5V5 +5)° ...
(6+2J§)%f215~18{/215—18%!215-—18%/f

775. Let f(x) and g(x) be continuous on R (set of real numbers).

774. Find the value of log -

. (%) ; 2(x) ' 1
If im =8, lim =9 and T Vg _~ +h
.r—aﬂsinzx x—02cos x = xe* +x3 +x-2 o }cgr[ll(l+2f(x)) e 5
find the value of A.
n . ( TE) :
& sim| x +— Iz
4 g
776. The value ij R dx can be expressed as (a++b)e e) then find the
A (1—sin x)cos x Jd

value of (a + b+ c+d).

/2 &
777. LetJ, = [(1-sinx)" sin2xdyx. Find Y, J,.
0 n=0
12
J e"’""z dy
778. If the value of lim L‘t ~ & - 2 (where a and b are co-prime)
x—=0] x X b

then find the value of (¢ + b).
2+6 2+2(6) 2+3(6)+ +2+99(6)+2+100(6)

779. Find the value of § = 4100 + 2% + Dt pe 1
780, W ay, 84,0000 , 400, @re in arithmetic progression and
! + 1 I +———]——r=10and @y + ag0 =50. Find the value of | a| — a4 |
aya, a,d; d 40004 4001

781. Leta, bbe the roots of the quadratic equationx2 —(k =2)ex — (k —1)d =0and ¢, d be the

roots of the quadratic equation x2 —(k-2)ax — (k=1)b=0.1f a, b, cand d are distinct,

non-zero real nun‘]bcrs SUCh lhﬂt a + b+c+ d= 100, then ﬁl‘ld lhe iﬂtegral value of k.
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TR2. Find the number of integral values ol y wtinlying the Inequality

n
[2|an by 4](‘\,4)“. 10)

- - - ()
Xl=(x =1)] i

_ {x}) 42
2{x} +1

3x? =2k + 1)x + =0 then find the value of (24 + ),

INote: | y] and {y) denote grculéal integer function and fractional part function of

respectively. |

783, Let f(x) A diferent integral values of | /'(x)] are the roots of the €quati,

tan” x + tan? x - alany = a
784, Let f(x) =4 ;,E;;;.'f.;’ Dy *e0n2)=xy
b, Xmx,
If /" is continuous in (0, 7t/2) then find the value of [a + b+ x, .
[Note: [ y]denotes greatest integer function less than or equal to y.)

, [T T
20 ﬂln( , /tJ 20 UUH(' -k ]
3 3
785. Leto = Z e and 3 = Z S e
ﬁﬂlq‘ct)sz[-.fn-)_] foo) I""I‘Hiﬂz( (71')
9 9
IfB? =2 =1+cos A° then find the value of A.
i!'(m
786. Let f(n)=In(n® ~1)~ In(n* +2n), ne N, n22.16L = lim| ¢ ~1 |m® exists and

W=} =0

has non-zero finite value, then find the value of (ot + L),
787. Graph of a function y= f(x)is shown as

1t
: 3 M
- | $ .
Of 1 2\ i 5
[ 4 :
2- .............. :
v

Ifg(x)=|/(x]), then find number of solution(s) of the equation
£(g(x) =sgn(x” < (k +1)x + (k* +1)), k € R,
INote: sgn( y) denotes the signum function of y.|
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16

4p+5
788. 1E T, =~G\r‘f'+1[ > , then find the value of——zT
(r+2) +r? =1 V68 £

789. Let fbe a polynomial function of degree 3 satisfying £ (1)=3, f(2)=Sand f(3)=7-If
product of the roots of the equation (f(x))? + dxf (x) + 3x2 =0 is 4 and the sum of all
possible values of f(4) is & then find [£].

[Note: [ y] denotes greatest integer function less than or equal to y.]

790. If £ (x) = {x +sinx} + [x — sin x]+[x] where [ y] and {y} denote greatest integer function
and fractional part function of y respectively, then find the number of points of
discontinuity in [0, 7t].

791. Consider the graph of y = f (x).

3 2:13) i
(3/2) I\ A
P \ y
i 1) T b \
< / ’ 2 \\ LIS i
-5Z —4 |3 -2 -0 1 3 4\_1

5,0

S l (5JI iy

.‘L

Find the number of solution(s) of x satisfying f (f (x)) =2.
32 3 gl
In(l +sin” xcos” x)cot(In” (1 +x))tan _ X = /n where ne N, then find

792, If the value of lim
=0 gn(x? +2 —=+2)-In(l +x?)

the value of n.
793. If a, band ¢ are side lengths of a triangle ABC such that

x% = 2(a + b+ c)x +3k(ab+ b+ ca) =0, where k <§- (where p and ¢ are relatively
prime), has real roots, find (p+q)-

2 2
+ 1 u . “ir .
r’ 4 +1) = holds true for co-prime positive integers a and
S e )

794, -The equation 2

b. Find a + b.
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—_ ey —
795. Vector OA, OB, OC are on the same plane, OA l =1,| OB ‘ =] IOC ‘ = v@, the relatiye
position is shown in the figure.
B c
o
0) A
—_ ——

If tano, = 7 and OB OC-—Eand OC mOA+ n OB, (m, ne R), find the value of

(m+n).

3

2
sin? xcos? x 1 COS~ X
+C

796. If =i : .
j (sm X +cos x) 3 (Acosx + Bsinx)(l —sin xcos x)

for constants 4 and B, where C denotes the arbitrary constant of integration.

Then find the value of (4 + B).
797. Let f(x)=x, g(x) =[1- f (x)|, h(x) =2 = g(x), L(x) = h(| x|) +| A(x)|.

Find the number of points where L(x) is non-differentiable.

798. Find the sum of squares of the solution of the equation
1-x*| = o
cos”’ x2 =——2sin l( = ]
1+x 2 1+x

3
799. Let /, =j(x2 +x+3)f (x> =2x? = 5x +2020) dx and

3
2
I, = [ (4x* =3x =2)f (x* ~2x* —5x +2020) dx. If the valuc ofyl =% where @ and b

2

are co-prime, then find the value of (a + b).
m/2 a

800. The value of the definite integral jsin ? ¢ In(sin 1) df can be expressed as Eb_ (¢c—Ind),
0
where a, b, ¢ and d are integers. Find the smallest possible value of @ + b + ¢ + d.
sin O
. ) ) cos 0 cosB—sin O
801. If the equation lim Ll i av/'b holds true for square-free positive integer b,

ﬂ?:; (Sill B) E‘;}SB"‘S]‘" B

find [a]+ .
[Note: [£ ] denotes greatest integer function less than or equal to £.)
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802.

803.

804.

805.

806.

807.

808.

809,

Two cubic function f(x) =3 4 gy2 +bx +cand g(x) = cx® + bx? + ax +1 satisfy the
following.

(i) fB)=0. g4)=0

(11) The value of lim S (x
X p g(x

| S
) exists forall pe R - {4}

Find the value of lim £ *&(x)
-1 x+1

For some function f(x) and g(x) which are differentiable \ x >0 satisfy the following

condition.

f( ) 25t 4 T
(i) ( =x’e (i) g)=— [ - f(tyde (i) f()==
Find the value of 3e* (1 (2) - g(2)).
[ = —
jal=|¢|=
e | b| -
Ifa, b, care three vectors such that{' '~ where A is a scalar. If the value of A is
| bXx ¢|=2
— - —
2b=c+Aa

equal to /0l — ﬂx@ where o and 3 are natural numbers, then find the value of o + 3.
Let T be a circle with centre C(3, 5) and P4 and PB are pair of tangents drawn from an

external point P(9,11) to the circle 1. Find the distance between the origin and the point

inside the quadrilateral ACBP which is equidistant from its four vertices.
Let A be m x m matrix with all elements equal to 1 such that 4" =16'" 4, m, ne N, find

sum of possible values of .
1
The area bounded by y= f(x), x = 5
2

2 2 4 o
—e—x ==X o and |x | <1.
where f(x) = x+3x +3 5 3% =% | x|

a

IfA= n—, where a, be N, then find the value of (a + b).
If the equation | 2x +sin o | +|2x +3 +2sin a | =0has exactly one solution x = A (where
‘a’ is a constant) then find the value of4)u2.

" a a S X
If the sum of the infinite geometric series 3 + o) + i Foornine e is 4, then find the sum of

PTR . B . R 4 where p and ¢ are co-prime, then find the
(@a+b) (a+b)® (a+b)’ q
value of (p +¢q).
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810. In AABC ifinradius =1, circumradius R =3 and semiperimeter s = 7, then find the valye

of (@° +b° +¢?), where a, b, care the sides of triangle ABC.
L3

811. InAABC,if sin Asin B sinC +cos A cos B =1then the value ofcos? A +sin’ B +2sin2 &
2

is:
A letter is known to have either from “TATA NAGAR” or from “CALCUTTA”. On th,

812.
envelope, just two consecutive letters TA are visible. If the probability that the lette,

came from ‘TATA NAGAR” is in the form —5, where p and g are co-prime positiye

integers, then find the value of (p + g).

813. Let (a, b) be the outcome of throwing a pair of fair dice. If the probability for which

m Heasn) ) exist and is finite can be expressed as ﬁ, where p and g are co-prime
q

x—0 xb

positive integers, then find the value of (p + g).

16 iy
814. If the function 7' (x) =2x> — (8 — a)x? + (a2 + E)x —12 has a local minima at some

x € R™, then find the number of integers in the range of a.
3 2

P g
815. Let the ellipse — +-— =
(12 b2

a? + b% =2n, then find the value of ne N.
Consider a family of » children. Let two events 4 and B are defined as follows:

A :1s the event that the family has both boys and girls

B :is the event that the family has atmost one girl
If the events A and B are independent, then find the value of n.
[Note: Probability that a randomly selected child is a boy or girl is same.]

1 contains the circle (x¥ 1)2 + y2 =1 and has least area. If

816.

817, If xjsin(f’(z))dt=(x+2)Itsin(f(t))a‘t where x>0, then find the value of
0 0

STV
J(x)cot(f(x)) + T

Mr. A either walks to school or take bus to school everyday. The probability that he takes
a bus to school is 1/4. If he takes a bus, the probability that he will be late is 2/3. If he
walks to school, the probability that he will be late is 1/3. The probability that Mr, A will

818.

be on time for at least one out of two consecutive days is £, where p and ¢ are co-prime,
q

find the value of (¢ — p).
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o :al\;?scoztirrllflst: 1;*"!1‘36 umsare 1 white, 2 red, 3 green balls; 2 white, | red and 1 green
and a;re found Bt lbe i e balls. Two ball are drawn from an urn chosen at random
0 be one white and one green. If the probability that the balls so drawn

came from the third ur g iti
third urn can be expressed as e where a and b are co-prime positive

integers, find (a + b).

820. Find the value of the definite integral

E =

2 4 - 3 .
‘I*I COS ' X +S8Iin xcos x+snn2xcoszx+sin3xcosx 3
x

T

=4 4 . 3 -
oS X +€0s " x +2sinxcos” x +2sin? xcos? x +2sin> xcos x

§21. Ifa'**!" =25and 5'°¥11% = 11, then last digit of N = q108s')” 4 plosns 2" is equal to:

822. Let x = (antilog,3)-log;2, y=log, (log,(log,512)) and z=logs3-log,5-log, 7,
then xyz 1s equal to:

823. Let[logﬁ 30 —‘ log, 9 +|log, 9 —log,/, S” | ‘ = x. Then the smallest integer greater than or
equal to x, is: |

1 1
824. Let «./; - T =3and x° + e T k, then characteristic of &£ with base 10 is:
X X

825. Ifx, andx, are the solutions of the equation 5 (logsx)”  ylogsx _ 1250, thenx, - x, is equal
to:
826. Number of value(s) of x satisfying log (i) 5+ \f;) + log 615 (5+x2)=01is/are:

. 2 Y 2
827. Number of real values of x, such that log 2 (log B2 (x° —2x))=01s:
828. Find the value of 16(sin> 18° +sin? 36° +sin* 54%+sin* 72°),

829. In AABC, if tan’ A +tan’ B +tan’ C =tan Atan B +tan B tan C +tanC tan 4 and

perimeter = 6, then square of the area of the triangle is:
1 -2(log 9 X

sin?20 +4sin® 0 —4sin®Bcos’ O 7-43

=1, then ot is:

830. Leto. >1is aroot of the equation

T
then 0 = — where

i
831. ; — h that = =
LelO<6<2,suc 4ﬂ4sin29—sin229 7443 n
nis:
v3 0 0 . 0
832, Lety = 4sin 80°sin 65 C(.)b 55 : P
sin 20°+sin 50°+sin 70°

2

833, If (sin25°/3 cos85%+sin85°)> = a + beos 50°, then (a + b) =
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834.

839.

840.

841.

842.

843.

845,

846.

847.

848,

D 4

GRB 1000 Challenging Problems in Mathematics for JER

Let 0<0 <2r and x =|cosB + 1| +|cos® — 1| +|cos@ — 2| +|cosO — 3|, then prodyc of

the maximum and minimum values of x is: , X
2
Number of real values of A such that (A> — 44 +3)x? + (A° =54 +6)x + (A* —9) < Ohag

more than 2 roots is: .
If Q'*loex —31*loex 4 510 (where base of log is 3) then integral value of x is:

Ifx* —x? +3x+5=0and ax’ + bx + 5 =0 have two common roots, then | a + b|=
Letxand yare real numbers satisfying x? + y* = 4then find the number of integers i the
range of (x> — xp+ 7).

T ).
Let f(x)=x*-8> +18x% —6x +1v2\/§, thenf[x:cota)is equal to:

2
L — cos 65°+J?T.cos 85°+sin 85° e
sin 65°

LY.
If sum of the roots of the equation 2In(4* —2)=1n8 + 111[4‘1E - —8-) lies between twyq

consecutive natural numbers a and b, then find the value of (a + b).
Find the number of integral values of x satisfying the equation:
[log3 x—5log, x +6|=|log? x 7log, x +12|—|2log, x —6].

2
. -b
If (icos?yﬁ“siusﬁlc’] — (sin12°sin 36°sin 48°sin 72°)? = = where a, ¢ are
¢

relatively prime numbers, then find the value of (a+b+c).

< 6r+9
Let S, = : > IS, =L where p,ge N, then find the least valye of

=1 (r+1)°(r +2) q

lp—ql
Let f(x) =x2—2px+3p2-53ndg(x):—x2 +2px+2p-3q, p,geR. If f(x)and g(x)

do not intersects at two distinct points V pe R, then find the least value of g.

o

If M:(cosz9-2cosB)sec2q>+9cosec2¢+Ssec2¢ where 0 €[0, ] and d)e((),%),

then find the least value of M.
If 80 +B° —y> + 60y =0and .2 +3y =2B where o, B, y € R and B +y #0, then find
the largest integral value of Y

-3a2+10

Let3,7-band be three natural numbers, which are first three terms (in order)

of an A.P.. If (a, b) € I, then find the number of possible such arithmetic progressions.
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i If log 4, lo 2% +2 X2
849 thengr [iesgl(sehveel, lzf’fi(j +1) are 3 consecutive terms of an arithmetic progression
) nsecutive naturg] _
(p+9) numbers p and g(p < ¢) find the value of
8
cot ot + cot(30°—)

V3

8cos(3 0°-201) —

850. 1f0 <0 <30° then find the valye of log,

i it:le) acircle of radius | with centre at 4. Two circles with radius » and R and centre at
Cand D are externally tangent to each other and internally tangent to S. If ZDAC =120°,

find the value of Rr + 3R +3;-

_1—cos26 .

852. If the sum of all solutions of the equation 2sin 26 c0s 26 +cos? 6 = ———— in [0, ] is
2

an bed
—— where a and b are co-prime, then find the value of (a + b).

853. In AABC, circumradius is 3 and inradius is 1.5 units. If the value of

2 2 3 3 4 L
acot™ A+ b cot” B +c” cot* C is mn where m and n are prime numbers, then find the

value of(m — IJ.

n

100
854. Let logz[u.’z + 2 r-ZFJ: a +log, b where a, b, c are integers and @ > b > ¢>0. Then

r=1

find the value of (a + b + ¢).

855. Let ABC be a triangle with £ 4 =45°. If P be a point of contact of the inscribed circle of

(where A

AABC on side BC such that PB =3 and PC =35, then find the value of ; AR 5
+

denotes area of triangle and R is the circumradius of AABC respectively.)

Two parallel chords of a circle S have length 10 and 14 and are 6 units apart. If a regular

856,
polygon of 12 sides is inscribed in a circle S, then find the area of regular polygon.
The extremities of a diagonal of a rectangle are (0, 0) and (4, 4). The locus of the

857.
extremities of the other diagonal is x* + y* = A, x = A, =0, then find the value of

(A +2,). i
b*-¢?

; i 2 .
858. Letsin® @ and tan” 0 are roots of the quadratic equation ax”+bx +c=0and e A1t

solution set of the inequality log, (8sinx) <1 in (0,2m) is (o, B) U (y,9), then find the

value of(% + %)
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859. An incident ray is reflected by the line mitror y=1at the point (2, 1). If the reflected ray,
. m
touches the circle x? + y2 =1, then slope of the reflected ray is " (where m and n ap,

co-prime integers), then (m 4+ n) is equal to:
860. Consider two circles of radii # and 7, passing through vertex 4 of A4BC and touching
side BC at points B and C respectively. If @ =5 and £4 =30°, then /77, is equal to:

861. A line with positive rational slope, which passes through the point (6, 0) and at a distance
of 5 units from the point (1, 3) is equal to P (where p, g are co-prime), then find the valye
q
of (p+q).
862. Ifthe point M (A, k) lie on the line2x +3 y = 5such that | M4 — MB | is maximum where

A(2,3) and B(l,2), then find the value of (34 +2k).

863. Let f(x)=x> +3x +land g(x) =x + 1. If f(x)+Ag(x)>-10V x € R then find the sum
of all possible positive integral values of A.

864. Find the number of three digit numbers which can be formed using the digits 0, 1,2,2 3,
3.3

865. Let (x, y)be satisfy the curve x* + 3?2 —6x —8y+21=0and m; and m, are minimum and

If mE +m; = L yhere p, q € N, then find the least value of

) 3
maximum values of (—)
¥ q

(p+9)-
866. Let maximum value of the expression y=|k —3|cos2x +|f — 4 |sin2x +3 where0 < k <6
and 1< <7is equal to 6 then find the minimum value of (k* + 7).

867. If sum of the roots of the equation

\/ism[x+ )(sec Xim= (l+[)tanx+2+«f) V9 +18sin x - cosx in [0, 2w ]1s sZn
q

where p, g € N, then find the least value of | p — ¢|.

868. Let three positive numbers a, b, ¢ (in order) be in HP such that a + ¢=8. lf <¢, >isa
b

geometric progression with common ratio 3 where t;, = a — 3’ t, = 5 and ty =c— 5 then

)6
find the value 0f17(§] ;

869. In AABC, let |a 5|+ (7Tcos B —3)* +logs(1+|c—7]|)=0. A circle drawn with the
altitude AD as diameter which meets the sides 4B and AC at E and F respectively.

If (BE) (CF) = \[_ where p, g € N, then find the least value of (p + q).
q
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§70. Let points 4 and C be lying on strai ght lines 4 y = 3x and x = 0 respectively. If point (6,2)
1S [le'lg. Oﬂ‘ the straight line AC and rhombus OABC is completed where O is the origin
and B lies in first quadrant, then find the area of the rhombus (in sq. units).

P : — 3 ‘
§71. Astraightline Z with the slope 2 touches a circle whose radius is 5 units and centre lies on

the x-axis. If the length of this tangent from a point on the x-axis is P yhere p, g € N, then
q

find the least value of (p + g).

§72. Let ABC be a triangle with ZB = 45° and ¢=5. A circle with center 4 and radius 45
meets BC at D. If altitude from vertex 4 to the side BC meet the circle at £ then arca of

ABED is %’ (\/g —1). Find the value of (p + q).

873. Let A={x|x> +x*— px+¢=0, p,q.cR} and B = {x|x’ —gx+2=0,q € R} be the
sets. If n(4 M B) =2 and x,, € (4 — B), then find the value of | p — g +xg|-
[Note: n(P N Q) denotes number of common elements in set Pand set Qand a € (P — Q)

denotes elements ‘a’ lies in set P not in set O.]

874. Let there are 6 shirts of different colours and 6 trousers of same colours as that of shirts. If
the number of ways in which these can be put on by 5 men such that no men wear the shirt

and the trouser of the same colour is (k)6!, then find the value of k.

875. Let S be infinite sum of the series 2 +3cosx + 4¢cos? x +5¢08> X +.vuvvvnenn...o0, Where x

satisfies the equation | 5cosx +4|+|5cosx —2|=6. If the least value of S is equal to

(E) where @ and b are co-prime numbers, then find the value of (a + b).

876. If the coefficient of x® in the expansion of (2+9x> +6x* +x°)* is 5:27 -3% where

p, g € N, then find the value of (p+¢).

||x!-d;|- If sum of all distinct possible values of sin”' (sin[ £ (x))) is
x|+

877. Consider, f(x)=

am + b then find the absolute value of (@ + b).

[Note: [z] denotes greatest integer function less than or equal to z.]

2 i e_ 2
A 2?&+l+ln};:u,ld‘2 (A 2l+”+m“,whcl‘c

878. Find the number of integral values of & for which e

A€ R — {1} are the roots of the equation x? =Gk +x+ k% -k +2=0.

x =1

879, Let f:R" — (-7,%0) be a function defined by f(x)= T

and g be the inverse of f

go+ 1) then find the value of k.
g(g(a))

such that : g( ] =1 for some o. If k =

o \a‘+1
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880. 1fthe number of ways in which 5 Apples, 5 Bananas, 5 Chickoos and 5 Oranges (fruitg of
the same species are alike) can be distributed equally among five persons so that exacy|

2 of them get all 4 identical fruits and each of the remaining persons gets exactly 2 kinq

fruits, is N then find the sum of the digits in V.
881. Consider f(x) = {[x]+]||x —1| =2[}. Find the number of solution(s) of the equation
3/(f(x))-1=0in[-2, 4].
[Note: [v] and {3} denotes greatest integer function less than or equal to y and fractiy,
part function of y respectively.]
ax’ +bx* +ex+d 0 . _
882. Let f(x)= Z > ¥ #Ybe a continuous function where 4, b, ¢, d are iy
2 x=0
arithmetic progression. Then find the number of points where | £(|x])|is non derivabje
Iix ~1/x
| € 2
; i | s ——— |
883. The least integral value of o for which the function f (x) = ( RIS } x#0
0 x=0

is differentiable at x =0 1s:
31 oo ~142
7 =1\ and v =H(1—+”—?—, then find the value of
g = 1420

o 4 .
884. LetL—H(I——Z],Mzn[
n=3 7 n=2\ 1
&M+ NT.
1-x*) . i 2
885. Letf:R——)R,f(x)zcos_l xz +sin l( j}
14x I+x*

If the value off(x/g) + f(~In2)+ £ 1)+ f(In3) is equal to kn(k € W), then find the

value of k.
Let P ={x|x?+(n—Dx—2(n+1)=0} and Q = {(n—1)x* +nx +1=0}. Then find the

886.
number of values of n such that P U Q has exactly 3 distinct elements (where x 1s a real
number).
887. Let f :R — R be defined as f(x)=(2x — 3m)? +ﬂ3£ +cosx and g =f"l , then find the
value of 7¢’(2n)+3g”(2m).
11,3
888. Let k(x)be a continuous function satisfying the equation j k(t)dt=x""", find the value
0
of 3k(1).
889. Let a, B are the roots of the equation ax”+ bx +c=0 where =40 (0. >0). If 3a=2(c-b)

and S =Y B(o.”), then find the value of 38.
r=0
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X 1 & k
$90. Let L= lim — 2 k*e, then find the value of e~ L.

n=rce p By

g91. For some positive numbers a and b, if
cos3x sin3x

sin3x cosS5x

= a(sin(2x) + cos(2x) cot(hx)), x € (0: E,J
20

Then find the value of 2 ;

a

o a
892. Let/ be a continuous and even function such that _[ £ (x)dx =10.If g(x) is a continuous
0

positive function such that g(x)g(-x)=1 and jg(x)dx=5, then find the value of
0

—

Tf(x) i
1+g(x)

=-a

30
- = i 30 29 -1 —
893. If (x 2+ x) ZEngx tmET P FhpgX + Ryy + Ry X+l +ngx " and

INote: (f] denotes "C,.]
4 p 1
894, Let £(1)+g(1)=9¢; f(x) =—xg(x); g(x)=-x"f"(x). Ifj-JL)J;g—(@dx—k[e—e“ ]
1 X

then find the value of k.

895. If f(x)= {(XS;B(;C ;c?;x ﬁ: i Zg is differentiable at 0. Find the value of @ — b.
a : < .

896. Let /' (x)=x> —2px + p? —1, where pe R — {-L1}.
| o’ +B% +3ap

op

25

If o and B are distinct real roots of the equation f (x) =0 such that

then set of values of pe|[a,b]. The value cni"[2(a:a +b%)]is:

[Note: [k] denotes greatest integer less than or equal to £.]
897. Let 4,, r=1,2,....29 be arithmetic means between 303 and — 57 where 4, > 4,,,V

X S
r= ' : f these means, then the value of [ ]
r=1,2,....28. 1f S be the sum of th¢ A A

[Note: [k] denotes greatest integer less than or equal to & and |4, |, . denotes the

minimum value of | 4,].]
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R 1 { v wi R and r€ N, then limi 1}y
S98. 1”;- — J ;sm X +:——c05). dx wherec a € ) e r (r+ 1)2
a
equals: .
2 unit touches the y-axis at the origin, ‘O’ and Intersects the lingg

899, If a circle of radius
y=Q2- V3)xand y=—(2+ s/.":)x in the I and IV

area of AAOB (in square units) is:

quadrants at A and B respectively, the,

900. If sum of all the solutions of the equation
’ : pr
(4tan x + tan” x +1) =2«J§sin(x +%)(‘l+ tan® x) in [0, 7] 18 (‘;‘) where p, g are
relatively prime number, then find the value of (p + ).
901. Letf bea differentiable function defined in [0, 1] such that f(f(x))=xand f(0)=LIf

1
the value of | (v — £ () 4dx = £ where pand g are relatively prime fhen.ud fiSvat
¢
0

of(p+g).

s i filvz [ x m g b
902. If Jtan" —| =g dx=p1n(2+\/§)-——, then pq is equal to:
2 X l4:x q :

0
=x? +ax+band h(x)=cx — +2 intersect and have the same tangent

903. Ifthe functions g(x)
line at the point (1, 0), then find the value of (b+c¢c— a).

(x—a)2+b, " xzk
[2x], O0<x<k

- 1~ x<0
1+x2 ) 2

904. Let f(x)=1

COS

If f(x) is non-derivable at exactly 6 points, then the value of a X b X k 1s:
[Note: [k] denotes greatest integer less than or equal to kand k€ N.]
Let f(x)=x +4x +a and g(x) =x” +6x +2a be two functions and another function

905.
h(x) = % V g(x) #0. Then find the sum of all integral values of @ for which y = h(x)is
an onto function.

906. A curve passes through (2, 0) and the slope of tangent at any point (¥, y) 1

2 ; - :
x*—2x ¥ x € R. The point of minimum ordinate on the curve where x >0is (a, b), then

find the value of (a + 6D).

907. Find the number of polynomials P(x) with integer coefficients such that P'(x)>0 and

(P(x))? +4<4P(x*) for all x.
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908. Suppose [ and g are differentiab]e functions such that xg(f (x)) /" (g(x))g (x)
=f(g(x)g’ (f(x))f (x) for all real x. Also /' is non negative and g is positive. If

=2a
[ reeeyax= 5 -
0

forall reals a and g(/(0)) =1then the value of g(f (4)) is equal

to e where A € N, find the value of ).

>+l x+45  3x+2
909. Let A= y+1 —6x*+2 -1 |and|4|=3
2 3 Ox +6

- 2] ;
If f(x)=t.(B™") and B = adj(4), then global maximum value of f(x)inx [0, 6]is:

k+1
910. Ifthe value of lim 2 ['v ] (me N)is equal to — then find the value of m.

nee =g 1t

911. If / and g are two functions such that 2f(1)=g(2) =4 and 2/ (9) = g(10) =20 and

2
J(x2g(f(x3 +1))f"(x> +1) - 3x?) dx =0, then find the value OfJ.g_l (x)dx.
4

a x p 0 0 1
912. letA=|y g blandB= (1) é g where a, b, ¢, x, y, z, p, g, r are natural numbers.

¥y e z
Iftr.(AB+AB S AR kA B 19) =210, then find number of ordered triplets (p, g, r).

[Note: tr.(P) denotes the trace of matrix P.]
Let / be monic cubic polynomial such that /(1) =1 -1, f(®=2*-2and f(3)=3* -3.

If f(4)= N, then find the number of prime factors of N.
ax —by+c¢=0 intersects the pair of straight lines

913.

914, Let the circle S:x”+ y2 -
xy — 4x — 3y +12 =0 orthogonally and the circle lies in the first quadrant. If S touches the

circle S, : (x —3)* + y? =%, re N, then find the sum of all possible values of r.

918. If j3{x} i dx =61In(4¢?), then find the value of n.
2 B3x}+1

[Note: {k} denotes the fractional part function of &.]
Let f:R — R be a function defined by f(x) =x3 +2x% +3x +2 and g be the inverse

916.
= £, where p, ¢ are co-prime, then find the value of

function of f. lf—({ (g(g(g(x))
dx x=24

(p+q).
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917. Ifsumof reciprocal of radii of all the circles which touches all the lines represented by the,

; 27
cquation x2 y —2xp? — 4xy=01s k [I +cos~u} where k, pe N, then find the value o
r

f

(k + p).

918. Let a, b, cand d be four roots of the equation x4 —10x? +37x% - 60x +32=0.

] 1 ] 1 %

If 4 + + ==, where p and ¢ 4

a’—5a+10 b>—5b+10 c*—5c+10 d?-5d4+10 4 ¢
co-prime numbers, then find the value of (p + ¢).

= 1)(sinx —cos )+ ¥oRRx dx =tan"' (f (x)) + C, where ‘C” is the constang

sin? x + (e* i)

.
919. Let/ =| (e

of integration and lim f (x) =0. If lim /%) = -B, where p, g € N then find the least valye
x—0 =0 X q

of (p+¢).
—> P i b - ~ ~ - k= @
920. Let v, =sin@i —2j+ak, v, =2i+cos@j—kand v; =i + k be three vectors such that
- =
the value of ‘@’ is maximum for v,- v, =0 where 6 €[0, 7t ]. If for these values of ‘a’ and
I‘.B?
- = - = - =
Vi*¥i Vi°Vg Vi V3
- = - = - = p
V, -V, V,V, V, V3| ==wherep geN,then find least value of | p — 4q/.
N q
¥4 ¥ NyVg ¥af N
921. If A4 and B are square matrices of order 3 such that 2(4 + B)=A" +B" +3I and
AAT =41, then find the value of det. (124~ - BA™ +1).
[Note: /is an identity matrix of order 3 and P " denotes the transpose matrix of matrix P.]
922. In AABC, let @ and b be minimum and maximum values of the function

f(x)=sin"" x +cos ! x +tan~" xrespectively and cos 4 = _:f’_ Ifr=—2F"  where
J10 q(q + J10)
p, ¢ are co-prime numbers, then find the value of (p +¢).
[Note: Symbols used have usual meaning in A4BC]
923. Let / : R ~ {1} — R ~ {1} be a function satisfying the differential equation
2x(y+x)dx - x? (dx +dy) = (x + y)?dx with f(2) =2. If area enclosed by y = f(x) and
r-axis from x =210 x =3 is (a + In b) where a, be N, then find the value of (a + b)

WW.JEEBOOKS.IN



GRB 1000 Challenging Problems in Mathematics for JEE e

924. If the area of the region {(A‘. MER™ y? 24x,| y|< —;- + 2} is A, then find the value of [A]-

[Note: [S] denotes greatest integer less than or equal to S.]

Let f :[-a,B]=[-4,2] be a continuous decreasing function such that f(0)=0 and

o, B >0. If area enclosed by f'(x) and x-axis from x = — ot to 0 and area enclosed by f (x)

and x-axis ﬁ'om x¥=0to x=f are 1 sq. units and 3 sq. units respectively, then area
enclosed by £ ' (x) and x-axis from x = — 4 to x =2 is (p + ¢B + ro.). Find the value of
(p+qg+ !)

Let an octahedral dice (8 faces) marked the numbers 1 to 8 on its faces. On throwing two
such dice three events 4, B, C are defined as:

925.

926.

A : getting a sum 10 or more.
B : getting a sum divisible by 2.
C : getting a sum divisible by 3.

=t a
If P ~ where a, be N, then find the least value of |a — b|.

927. LetA and B be two sets of complex numbers such that 4 = {z“ z| 3 =2| z| % +3i| z| —6i= 0] }

and B = {z’lz2 —4|+|z% +4 S4|z|‘}. Find the area of the figure enclosed by joining

the points lying in A N B.

1 2 4 2 45
928. Consider 4=|0 1 3|andB=|4 0 O0|IfC=[c; ly=4* +Band
0 1 1 5900

CyyC33 — C23¢3, =2", then find the value of m.

929, Let f(x)= {e =)
k, x=0

(where ne N) be a differentiable function and if f ”(0)=1302, then find the value of

(k + n).
Let £,, E,, E4 be three independent events associated with a random experiment such

that 3P(E, NE, N E3) = P(E, NE;NEy) =9P(E,NE;NE;)=3-3P(E,VE,UE},),
where P(E, ), P(E,), P(E,) #1and P(A) denotes probability of event 4.

P(E,) P(E,) P(Ej3)
If absolute value of | P(E,) P(Ey) P(E))|=7, where a, be N, then find the least
P(Ey) P(E)) P(E;)

930.

value of (a + b).
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; 0y whi
031. 1ftangent drawn to the parabola y? =—ax(a > 0) from a point A(1, 0) which also touc,,
2 ;

the hyperbola Ei-iL-:l at B such that /£ ASB =90°, where S is the focus of the
4 b

2
hyperbola then find the value of (a + b*)

e _,__,-rl i o db oL,
O =] is equal to —, where @ and 0 are co-prime, ¢
932. If the value of IEzmn (:*2 e 7) q 5 pri fiey

find the value of (@ + b).
933. Let f(x) is a monic polynomial of degree =5 such that f() =1L f(2)=2, f (3)=3

f(4)=4and f(5) =5 If £ (6)=5!+ A, then find the value of A.

2i—X%
: 3 . s =
934. Find the number of integers not in the domain of f'(x) =cos [————zx )

- ] _ ., then find the value of ||

935. Let lim (?.x tanx —
T COS X

x——?'z—
936. Let f :[:2—1, 0]—> B defined by f(x) =cos ™! (-4x2 +3x) is onto, then the set B i
|:E, T —cos %] where a and b are co-prime, then find the value of (a + b).

937. Letx, ), Z€R + such thatx + y+z=27.1f maximum value of x* y3 z*is A 6", then find

the value of A.

938. If the solution set of the equation [sin x]+ [2sinx]+[3sinx]=lmxe {0, E] is written as

: 1
0. < x <, then the value of cos (0. + ) is ?ﬂ{ ——where ae N, find a.
a

[Note: [ ] denotes the greatest integer function. ]

dzx]
dy’ \
939. If x=4t>+3, y=4+3t* and s — is a constant, then find the value of
dx
kdy}
_4-.+i.+i+ ¥ fd ¥
s dn snp upto infinity,

940. Let f(x)be aderivable function satisfying /' (x +y)=/f(x)+ f(y) ¥ x, yeR and £7(0)=
Jllanx)  ~ f(sinx)
2

IfA= ,lflf{l; " , then find the value of ¢**
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041, Let/ Sin- - wdx, 1 7 = e VN, then find the value of (M + N).

ol =l

042. Iftangentata point £ (other than (0, 0)) on the curve 32 =ax® meets the curve again at P;.

f
The tangent at P, meets the curve again at Py and so on, then find lim fo, where x/$
H—> o2 i=1

are abscissae of P; with x; =3,

2
=X+

x
943. If the greatest value of is g, then find the value of c.

X" +x+c
044. Letx;, x5, X3, x4 and x5 be 5 positive numbers such that X| +2x, +3x3 +4xy +5x5 =15

2 F & _5
and x| - x3 - X3 - X4 x5 =1, then find the value of x; +x, + x5 +Xx, +xs.

945. Let y= f(x)be a differentiable function such that Fx)= I(m +1In t)d! V¥ x >0and
t
0

£@)=0.If L =1im f(x) , then find the value of [,LJ

x=1sin? mx T

[Note: Where [ -] denotes greatest integer function.]

046. If A is the area bounded by x + 2y2 =0and x + 3y2 =1, then find the value of 3 4.

947. Let f(x)=6-3 (f3sinx=c0sx) o g g(x) =sgn(x? +2px +4p+ f(x)); if g(x) is continuous

¥ x € R, then find the sum of all possible integral values of p.
Let A(x;, 3 ), B(x5, y,) and C (x5, y3) be the vertices of a triangle such that algebraic

948.
sum of perpendicular distance from A, B and C to the variable line ax + by +c¢=01s

3
always ‘0°. If 3a +2b + ¢ =0, then find the value 01’2 (e; + ;).

i=l

949. Let f(x)= (- I() o _)2 12) be an onto-function, then find the greatest integral value of c.
X =C

Consider a curve passing through (1, 1) such that perpendicular distance of normal drawn
at any point P on the curve from origin is equal to ordinate of the point P. If area enclosed

950.

by the curve is A, then find [24].
[Note: [£] denotes greatest integer less than or equal to £.]

”2L ~1€x<]
951. Let f(x)=14|1-2x|, | <x <2, where {x} andsgn(x)denote fractional

(1-x*)sgn(x? -3x—4), 2<xs4

part function and signum function of x respectively.
If number of points where f (x) is discontinuous in [~ 1, 4] is m and number of points

where f(x) is non-derivable in (- 1, 4) is n, then find the value of (m + n).
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052, Let line , be the reflection of a tangent to the parabola (y— 2)? =4(x ~1)drawn at p
the line x =1.
If arca of the triangle formed by the line L,, the tangent and straight line y=21is 64 sq
units, then find the abscissa of point 7,
953, If fval fying ti tion [2x] + [~2x] logo(x” ~2x +2) -1
53. If the set of values of x satisfying the equation —2x|= e
e s S ying q 110g,0(x2—2x+2)-1 is;
(a, b) = {Pys Paseerrers , Py ) then find the value of(a +b+ Z Di ]
i=I

[Note: [k] denotes greatest integer function less than or equal to £.]
954. Let a line parallel to z-axis passing through a point P(3, 4, a) intersects the plane

x—2y+22=a2 +4a +1at Q where a € R.

If least area of AOPQ is equal to (E} where p and g are co-prime numbers, then find the
q

value of (p+4)-
955. If ]? S {x_}:} {—x}))( tEnys ool +sec? {x}de = P e-sin’ g where p, g € N and
2 e 1 + tan x tan[x]
¢ is Napier’s constant, then find the value of (p+q).
[Note: [k] and {k} denotes greatest integer function less then or equal to k and fractional
part function of & respectively.]
956. Let z,, z, € C and satisfy the equation| z+12+|z=1*+2| z|=6.
If maximum value of (2| z; —2|+|2z, +1[) is equal to )\, then find the value of 4A.
957. Consider f(x) —x*t +ax® +bx? +ex+d. If straight line y=3x+2 1s tangent to the

curve y = f (x)at P(l, £ (1)) which again intersects f(x)atQ(2,8)and f (1) =0then find

the value of f(3).
g 2

958. On the coordinate plane, ellipse Cl =5 +i:—7=] (a, >b, >0) and hyperbola
a b

2
X
C2 :"_2'
)
intersection points of C; and C, and PF) L PF,.If e, is the eccentricity of C and e, is the

eccentricity of C,. Then find the minimum value of 9¢] + 3.

Let the domain of the function / be all the real numbers. It is known that for all x in this

2
——y?:l (a,, b, >0) has the same focus points £y, [';. Point P is one of the
2

959.
domain, f (x+1)=2f (x). Also, forx € (0,1], f (x) = x2-xIff(x)2 _? for x € (=0, m).

Find 3m.
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960. Let [id—> A whete =123 456 7,
FUSEN=xVxe 4, is e
961. Let f:4 = A where 4= {,
@) =xVxed,is:
t / be quadrati 5
962. Le fbeg 1c function such that:f(x) =0has 2 real solutions and f(f(x))=0has3

» then number of functions f such that

2,3, 4, S}, then number of functions f such that

963. Let a function f is defined ag £i{ly2, 3 4 5} = (1,2, 3, 4,5, If f satisfy
SUEN=f(x)Vxe{l,2,3, 4} then find the number of such functions.

2 2
. Ifthe tangent at an i b o y 5T
964 g y point of an ellipse ;3 + 35 =1, where a > b, makes an angle ot = 3
P
B
¢ o
S R

with the major axis and angle 3 = ey with the focal radius of the point of contact then find

the eccentricity e of the ellipse.

1 3
2(x2+—?J+]1—x2| i) S g e
X 2 2x2+1

If x; and x,, where x; <x,, are two values of x satisfying the equation above, find the

3x9—x|
value of _[ {%} (1 -f-l:tan(l ix{}x } ]Ddx

d far

965.

[Note: |-| denotes the absolute value function,

{-} denotes the fraction part function,

[-]denotes the floor function]

966. Let f (x)=(e" —a)(3ax+1). Number of possible values of a satisfying f (x) 2 0for VxeR.

967. Let f(x) be a thrice differentiable function [a, b]and &t <0t <0ty <Oy <0y <O <b

and i f(a)=f(b)=-2 f(©)=/(03)=3/ @)= =3, f(@s) =1 then
what is the minimum number of roots of the equation F) 7 (x)+ f(x)f " (x) =0 for

Xx€la, b]?
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968. The number of real solutions of the equation JT +c0s 2x =+/2sin " (sin x) where — <x<y

969. LetS =S, NS, NS, where :
* S, ={z|zeC,|z|< 4}

+S,={z|zeC,1, z=l+iB )
1—i3

*§y={z|]zeC, R(z) >0}
If the area of S can be expressed as %ﬂ:, where a and b are positive integers that 4,
relatively prime. Find a + b.

17
970. A regular heptadecagon P, P, P;..... P, is inscribed in a unit circle. FindHP] P,

n=2

971. A variable point P on an ellipse of eccentricity e:—é, s joined to it’s focii S| and §,.
Given that the locus of the incentre of the triangle APS,S, comes out to be a conic;

; g 5 ; a . £
evaluate its eccentricity e”. Now e”is of the form 5 where a and b are co-prime positive

integers, find a x b.
Let H:x% + +4xy +8x +8y+8=0Dbe a hyperbola. A line L:x + y+1=0 intersects

the hyperbola H at two distinct points. If radius of the circle which touches the hyperbola
at the points where H meets the line L is R, then find the value of R .

972.

973. a”cot9° + b% cot27° + ¢ cot 63° + d? cot 81°
Let a, b, cand d be real numbers satisfying a + b + ¢+ d = 5. If the minimum value of the

expression above is equal to —, where x and y are co-prime positive integers, findx + .

974. Given that x € R, find the minimum value of (3v/5 — 4cosx ++/13 — 12sinx)?.

3BC - 4B
— —— =sin* 4
4BC
975. Let ABC is obtuse triangle (£C #3Z A) such that { —;—cot —; =sin 4 +sin B +sinC.
cos® A +cos? B +cos’ C=p

If the value of p = Hﬂj, where m and n are co-prime, then find the value of (m + n).
n

976. Find the least value of the function y=.»(2e"r +4-+4-x2,
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977, Let f be a polynomial of degree 2018 such that £(1) =1, f2)=0, f(3)=-5 f(-4)=2
If £(x) 1s an even function then find the minimum number of points where f”(x) =0.

t
[sin™" (n2)dz
978. Iflim . 3 =/, (X) then find the value of lim([f5 (x)]+ [f4 ()]
=0

=X " —x

[Note: [£] denotes greatest integer function less than or equal to k]
k
]

. L. rn 5 ~ ITC n n 1 4
o79. 1f l=m[2cos~)[ —] o057\ cost 7 \[ o7 1) =
=0 2nm ,2‘:1 2n r2=1 n Z;COS vl L 1 = then find

the value of%.

vl I 2
980. IfS, :x“ +y“=4and S, :x + y? —2ax —2by +2 =0 touches each other, then 4 times
of radius of the circle §, is:

.

6
981. If term independent of x in the expansion of (12 - i) is A3°, then find the value of A.
=

982. If number of words which can be formed using all the letters of the word “MIMIXA™ in
which no two alike letters are together is (12 m), then find the value of m.

o’ +p2 +73]
off +By +yo |

983. Ifo =2 =3, then find the value orog[T)[
6

2. A= 1 1
984. If2[x +32]=3[x —64]and y=]]sin 5 ) then find the value of| — | + ==t
o x y

[Note: Where [k] denotes greatest integer function less than or equal to k.

985. Let f (x)be a continuous function satisfying {jf E: % i‘;_(r‘f-; ;’ 8for-1<x < a — 1 where

‘a’ is a constant, then find the sum of all possible values of ‘a’.

986. Let M be the greatest and m be the least value of Jsin ™" x +Veos ! x » then find the value

of (M/m)*.

: ] 1 | : ¢
987, If lun( + Forrrnn +——-) 1s equal to aJ_ —-—, where a, b, ¢
e\ ndn+1  nn+2 Vnn+n d ‘

and 4 are positive integer, ¢ and d are co-prime. Find the value of (@*+b3 +¢c% + d).

988. In a triangle ABC, angle A and B and angle C are in arithmetic progression and sin A,
sin® B and sin C are also in arithmetic progression, where 4, B and C are in degrees. Find

the value of | 4 + B)|.
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989. Let T(n)=cos’(30° = n°)—cos(30° — n°)cos(30° + n°) +c0s”(30° +n°). Find the
30
value 0f4z nT(n).

n=l

990. R — {0} — R is a differentiable function such that:
ay X ¥
[f@di=y[ fyde+x] f@)dt Vx, y,€ (R)~ 0} and f (D) =1.
1 1 1

Function g is defined as:

g(x) = _(ef (x%)-1 5 ( e FUx?-1 D

1/P
IfI(P)= _[ e?®) dx then, the value of ]im+ J(P)= \/—f— (a and b € R). Find the value of
P P=0

[a + b].

(=]

(You may use I e dt = Jm)

— oa

[Note: [k] denotes greatest integer function less than or equal to &.]
991. Let / :R — R be a continuous function which satisfies /' (2x) =3/ (x) V xe R,

1 2
e g
If [ £ (x)dx =1, then find the value of ~ [reoax
0 1

992. For the differential equation ?d—f+.iy:2sm(x), with initial condition y(0)=§. If

y(m) = % + cmi, for co-prime integers a and b, find abc.
[Note: i = =1 denotes the imaginary unit.]
993. Given the function f(x)=e™ +(1—- ax?)ex —ax® (a€R). If equation: f(x)=0 has

three distinct roots, find the range of a.
994. Given that the graph of function f(x) = (ax + Inx +1)(x + Inx +1)(a € R) has at least 3

intersection points with the graph of function g(x) = x?, find the range of a.

995. If complex number z satisfies (z — z)? =12| z|> — 4 then find the maximum value of
343 Re(z) +81Im(z).
996. Let P be a2 x2 matrix such that P[qll] = [_21} and P° li_ll] = [(1}] If x, and x, are tWO

values of x for which | P — x/|=0, where / is an identity matrix of order 2 then find the

. 2
value of x{* +x;.
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997. Let / be areal valued derivable function such that f'(x) 1 ( V)=f @) y+xf (), ¥x, yeR.
If f'(0)= 2 then find lim [f (x )]

x=0| sin x

[Note: [] represents greatest integer function.]
Let circle C; :x* + (y—4)? =12 intersects circle C, : (x —3)? + y? =13 at 4 and B. A

quadnla'teral ACBD 15 formed by tangents at 4 and B to both circles. Find the diameter of
circumcircle of quadrilateral ACBD.

Ifp is a positive integer and f be a function defined for positive numbers and attains only

positive values such that f (xf'(y)) =x” y* then find p.
Consider the set of complex number 4, B, C and S defined as

a={z:||z+2|-]z-2||=2}

()

C={z:arg(z-1)=m}

sefene(55i)-o

. 2 2
If z,, z,, z3 € S, then find the minimum value of |z, +z,|"+| 2, + 23| "+ z3 + 7]

998.

999.

1000.
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SINGLE CORRECT TYPE QUESTIONS
Lol ol e o5l @ e e B D 3% @
o (@) BNIOS () AL @ 1% (© B © -1 (@ 15 B) . 16 @9
7. 0 18 © 19 ) 20 ®) 2 © 2 @ 2B @ u @
25. () 0 260 (¢) 0 27 (d) 28 (c) 0 29 (© 30 (o 31 (d 32 (3
33. (¢) 34. (@ 35 (o)  36. (d an, (a) 38. (@ 39. (b) 40. (v
4. () 4. () 43 (@ M () 45 (46 (b) 4T @) 48 (
49 (c) B8O (b) . 5k (a) |- 82a (c) 1 &% (b) ' 54 (3) 55. (¢)  56. (o)
57. (b) 58 (d) 59. (o) 60. () 6l () 62 (a) .. 63 (@ . 64 (9
65 (d) 66 (c) | 67. (¢) . B8 (b) (6% () | 70 (@ . 7l (d) -1 (o
73, @ T4 & 75 @ 76 (© 7. @ 78 @ 79. (@ 80. ()
81, (c)  82. (c) 83 () 84 (c) 85 (d 86. (b) 87 (¢ 88 ()
89. (b) | 90. (c) 9L (&) 92. (@) 93 (c) 94 (c) 95 (b) 96 ()
97. (b) 98 (3 99. (d) 100. (&) 101. (b) 102. (b) 103. (b) 104. (0

105. (a) 106. (c) 107. (b) 108. (c) 109. (a) 110. () 111, (a) 112, (o)

113. (a) 114, (d) 115. (c) 116. (d) I17. (¢) 118 (c¢) 119. (b) 120. (a)

121. (c) 122, (a) 123, (b) 124. (a) 125. (a) 126. (d) 127. (¢) 128. (¢

129. (c) 130, (@) 131 (c) 132, (b) 133. (a) 134. (b) 135. (b)y 136, (@)

137. (d) 138, (c) 139, (a) 140, (c) 141. (a) 142. (a)  143. (b)) 144. (0

145, b) W46, () 147, (a) 148, () 149 () 150, (a) 151 () 182 ()

153. (a) 154, (b) 155. (b) = 156. (d) 157, (a) 158. (¢) 159, (b) 160. (@

161. (b) 162, (a) 163, (c) 164. (d) 165. (a) 166. (b) 167. (b) 168. (¢)
169, (a) 170, (b) (171, (@) 172. (@) 173, (b) 174, (¢)  175. (d) 176. ()
177. (b) 178, (c) 179, (b) 180. (a) 181, (c) 182, (b) 183, (b) 184, (V)
185. (b) 186. (c) 187, (a) 188, (a) 189, (d) = 190, (¢)

! ; : 191. (b) 192. (©
193, (b) 194. (a) 195, (a) 196, (c) 19'?._ (@ 198, (b) 199. (a) 200. (|

201. (d) 202, (d) 203. (c) 204, (a) = 208,

(@) 206, (a) 207, (a) 208.

S
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= o B o BN
209. () L (C s (d) S219F () 9313, () 214, (c) 215, (c) 216. (c)
= o Bisl v B | '

7. (@ g : @ 200 b) 220 (d) 222 (b) 223, (d) 224. ()
s © 2 @ B © (28] ) 99 ) (20, )  Bh (2) 22 @
L (b) R34 (a) 2850 (b) (286 (b ' 5
(. O (b) 237, (d) 238, (b) 239. (d) 240. (a)

U () 282 (d) 243, (d) | 244, ,

_ﬁi___tf__ () 245, (d) 246. (a) 247. (d) 248. (3)
29. (@) 230 (&) 251, (b) | 252, (c) 253, (c) | 254, (d) 255, (b) 256. (b)
ﬁ-"—#-___

1. () (208 (@) 289, (a) (260 (d) 261 (2) 262k (a) 263, (c)  26& (O
(5T ©

 265. () 266. (c) 267. (a) 268. (b) 269. (a)  270. (@) 271. (c) 272 (@)

3. (d) 274 (@) 275 (9 276. (c) 277 (b)  278. (b) 279. (a) 280. (a)

8. (2) 282. (d) 283 (d) 284. (a) 285. (a) 286. (c) 287. (c) 288. (¢
(c) 295. (b) 296. (d)

=

289. (b) 290. () 291 (d) 292. (c) 293. (a) 294,

f——

297. (d) 298. (c) 299. (c)  300. (c)

MORE THAN ONE CORRECT TYPE QUESTIONS

301. (acd) 302. (ac) 303. (c,d) 304. (abc) 305. (ad)  306. (ac)

307. (ac)  308. (abed)  309. (abed) 310, (bed) 311 (abed) 312. (abc)

313. (abec,) 314, (ab,c) 315. (a,c,d) 36, (acd) 31N (ad) 318. (a.b.d)

319. (ab) 320. (a,c,d) 321. (ab,c) 322.  (ac) 323. (c,d) 324. (ab,c)

325. (ad) | 326. (abd) = 327. (bc) 328 (bcd) 329, (abc) 330, (ac.d)
31 (ab)  332. (ab) 333. (ad) = 334, (abc) 335 (acd) 336 (acd)
37. (ad)  338. (bo) 339. (bd)  340. (bed) 341. (abc) 342,

(a,¢)
343. (b,c,d) 344. (b,c.d) 345, (ac,d) 346. (ab,ec)  347. (axc) 348. (a,b,d)

349. (ab,) 350, (a,b,c,d) 351, (ab,d) 352, (b,d) 353 (c,d) 354, (b.,c,d)

355. (abd)  356. (ab,c) 357. (ab,d) 358. (abyc) 359, (abc,d)  360. (ab,c.d)

.__361' (bed) 362. (ad) 363, (ab) 364, (abec) 365. (ab) 366. (ab.d)

| 367. (abd)  368. (bcd) 369, (bd) 370, (ad) 37 (abe) 372 (ad)

373, @ab) 374 (ab) 375. (acd) 376, (ac) 377 (abd) 378, (ab.d)
379. (bcd) 380, (acd) 381, (abc) 382, (abd) 38 (abe) 384 (c.d)

[ 385 ab) 386, (bo) 387, (abc) 388 (abd) 3. (a0) 0. (abd)

M} 392. (a,b,d) 393. (ab) 394, (ad) 395, (abe) 396, (ab,)

__{?_1.___{a,c,d} 398. (ab,d) 399. (bed) 400, (ab) 401, (abc) 402, (ab,c.d)
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403. (bed) 404 (bed) | 405 (ab) 406, (bed) 407. (ad) 408, (apcq
409. (abd) 410,  (bo) 411, (abe) 412, (c) 413, (ac) 414 (acq
415. (ac) 416, (abed) 417, (abd) 418, (abd) 419, (bd)  420. (b
21. (acd) 422, (ac) | 423. (bed) 424 (ac) 425, (ab) 426, (a

427. (becd) 428, (abc)  429. (ab)  430. (ac) 431 (abc) 432 (acyq)
[ ey
433. (bd)  434. (abc) 435 (bd) 436. (abc,d) 437. (bcd) © 438, (apy

[0 Ty

439. (ab)  440. (a,0) 441. (abc) 442. (cd) 443. (abcd) 444, (ag)
445. (bc) = 446. (bed)  447. (abd) 448 (bec) 449. (acd) 450. (b
T

451. (a,0) 452. (ad) = 453. (a,c) 454. (a,b,c) 455. (a,bd)  456. (b,c)
457.  (a0) 458, (c,d) | 459. (abc)  460. (ac) 46l. (abd) 462. (ag)
463. (ab,d) 464. (ac) ' 465. (bc,d)  466. (cd) 467. (ab)  468. (bg)
469. (abd) 470. (bc) 471. (a,d) 472. (abc) 473. (ad) 474. (aby)
4750 (b.c) 476. (a.b,c) : 477. (a,b.,d) 478. (b,c,d) 479. (b,c) 480. (ab,cd)
481. (a,b,d) 482. (a,b,c) 483. (a,c.d) 484. (ab,d) 485. (b,d) 486. (ac,d)
487. (a,b,c) 488. (a,c,d) 489. (b,d) 490. (ab) 491. (a,b,c.d) 492. (ad)
493. (a.c) 494. (b,c) 495. (b,c,d) 496. (ab) 497. (b,d) 498. (ad)
499. (ab,c) 500. (a.c) 501. (a.b.d) 502. (b,c,d) 503. (bcd) S04, (be)

505. (ad) 506. (a,c.d) 507. (a,b,c,d) 508. (a,b,c,d) 509. (a,b,c,d) 510. (ab,cd)

511. (ab,d) 512. (a,b.,d) i3, (ac) 514. (a,c) 515. (b,c) 516. (bJd)

517. (bcd) § 818, (ab,c) 519, (a,c) 520. (a,b,c,d) 521. (abyc) 522, (abyo)

523. (b,c) 524, (ad) 525, (ab,c,d) . 526, (abc)  S527. (ac.d) 528, (ab)

529. (a,b.d) 530. (a,b,c) 531. (b,¢) 532. (ab,c) 533. (ab,cd) 534. (ad)

535. (b) 536. (ac) 537. (ac) 538. (ad) 539, (ac,d) 540, (acd)

541, (ab,cd) 542, (ac) 543. (bc,d) 544. (bec) . 545. (a,d) 546. (a,bc)

547. (bcd)  548. (abyecd) 549. (ab) 550, (b,d) 551, (b,d) 552, (ad)

553. (acd) 554, (b,c,d) 555. (ab) 356, (b,c,d) 557, (ad) 558. (abd)

559, (ac) 560, (a,d) 561, (ac) 562, (c,d)  563. (ab)  564. (ab)

565, (ac,d) 866, (ac) 567. (ab) 568. (ad)  569. (b,c) 570. (ad)

571, (abycd) 872. (abed) 5§73, (ab) 574. (ab,c,d) 575. (a,d)
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PARAGRAPH TYPE QUESTIONS
-F._—_—_l: 577. (¢) 578 N e
. C g
iﬁ"(—; e SF(‘CL&M—\M S81. (a) 582. (b) 583. (a)
= > : ;&Lm 389. (b) 590. (a) 591. (d)
B © 2 © 9 o S o N o (b) 598. (d) 599. (c)
: 601. (c) 602
.-G-o—[l'-_(b} ( (©)  603. (d) 604 (b) 605,

(a) 606. (b) 607. (c)

3. ® 09 (© 610. () 1. () ¢ (d) 613. (b) 614. (b) 615 (a)
616. (@) 617. (d) 618. (d) g19.

- (© 620, (¢) 621, (d) 622. (d) 623. (a)
62 @) 625. (d) 626. (b) 7. (4) 28 (b)

632. () 633. (d 634. (d) 635,
640. (d) 641. (c) 642, (c) 643,

648. () 649 (a) 650. () es1.

S

_629. () 630. (¢) 631. (b)
(b) 636. (b) 637. (a) 638. (a) 639. (d)
© 644 © 645 (b) 646 () 647. (2
(b) 652. ®) 653. (d) 654. (b) 655. (o)
656. (c) 657. (d) 658. (c) 659. (@) 660. (b) 661. (c) 662. (d) 663. (¢
664. (b) 665. (d) 666. (b) 667, (d) 668. (c) 669. (b) 670. (b) 671. (c)
672. (c) 673. (o) 674. (c) 675. (b)

MATCH THE COLUMN TYPE QUESTIONS
676. (a) > (P,Q,S); (b) = (P,R); (c) = (P); (d) — (P,R,T)
678. (a)— (P,Q,R); (b) = (Q); (c) — (P)

682. (c) 683. (d) 684. (a) 685. (b) 686.

677. (a) = (S); (b) = (R); (¢)— (P)
679. (d) 680. (b) 681. (a)

(€)  687. (b) 688. (c) 689. (d)
690. (d) 691. (b) 692. (a) 693, (c) 694. (d) 695

[698. (a) 699. (b) 700. (c)

(®)  69%. (a) 697. (d)

INTEGER TYPE QUESTIONS

701. 100  702. 3 703, 0 704, 8 705,

(e

T706. 16 707. 100 708. 3
709. 8 710. 3 7 125 B 6 §HE 2 B4 3 718.

N7 6 718. 743 719, 37 720, 4 721,
725. 4 0oy ° 27 7 728, 22 729,
133, 15 734, 11 735, | 38 4 A%

376, 1
722. 4 723, 6 724. 4

730, 720 731, 4 132 2
738. 18 % 6 740, 4

746. 2 747, 21 748, 5
749, 12 780, 1 751 6 752, 9 783, 6 784. 108 785, 40 7s6.

! Ly 72 6. 3 968 20 %64
757, 96 758, 14 789, 5 760, 144 761 i

[ S T IS T RN T I =

4l 7 742, 7 43, 6 | 744 4 (T,

§]

20
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765. 8 766, 75 767, 150 768, 46 769. 2 (70. 5 M. 1 ‘97 2
773 1801 794 2 775, 8 776 7 (777 2 718 4  779. 600 7g i
®. 6 | W2 S 783, 13 784, 17 785. 20 786. 5 787. 16 78 v
FHO: 20 BWOOF o9 S0y 3 703 s (793 A 5 1S 3 e ol
797. 3 798 14 799. 5  800. 14 801. 802/ 4 803 20 &ey 5

80S. 10 806. 132 807. 26 808. 1 809. i

—— o= 18

813. 4 814. 0 815. 3 816. 3 817. 818. 25 819. 74 g3, 4

. — &0 g

821. 6 822. 8 823. 6 824. 3 825, 1 826. 0 827. 2 Ipg )
3

810 72 811, 2 g

=1 = |

829. 830. 3 831 12 832 1 833 3 834 45 835 | g
B37. 1 {838 5 839 4 §40) 3 B4l S 842, 5 843, ER &
B8 2 B 25 847 4 %8 4 BAS. 7 350 2 g1 3 (AT
853. 4 854. 202 855. 60 856. 150 857. 8 858. 5 859. 7 1560 5
I 2 B 4 P63 10 | BG4 35 (865, 25 (866 4 86T 25 B
5 25 S 20 (871 23 872 27 BI3. 3 @M. 309 875, 151 QT
SR S GEES 0 (B 1 BB 9 8RL. 6 882 1 g o Il
B 3 BEie 7 (887 3 888 2 BB9. 4 s0. 2 g9 s oA L
B %0 WD 9 SO 1 (896 2 897. 9 8. 4 8. o, ol
L 2000 8B0E 6 POUB] 6 804 45 905, 6 06, 2 wer o ek
SRR 21 BOLD 9 EOMIN 163 912 190 9013. 3 O 28 opa 916. 139
BEE 7 S 7 S 3 %20, 7 991 125 93 - 923. 3 94, 10
e 2 MBS 13 0 8 9% 20 9290 16 930! 41 931. 28 9ax 1
B 6 BAE 2 % 2 (936 25 9330 9 .o3n ¢ 939, 1 940. 4
2L 6 042 4 943, 4 (044 5 ogs 6 946, 4 947. 6 948, 1|
S 107 BN o BOSI 3 0S5 17 fusa 13 el 29 955, 197 956, 36 |
G 1 BN ¢ B8 7 Bgh 351 et o6 oo 6 963. 196 964 .
i
268 2 SN06 3 S9o7 4+ Duas’ > ey on M. 17 971, 6 9 W

973. 129 974, 40 97s, 9 876, 2

9, 2 9 3 g7, 2 a0 2
981, 5 982 7 983 > 984. 16 985, g 986. 4 987. 29 qu

989, 1395 "990. 10 991, 25 @993 ¢ 993, u>% 994, (~~;,1] 995, 5 996 3

997 2 998. 5 999, - 1000, 3
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Hints & Solutions

single Correct Type Questions

1 = 2% i 2%
NE] Cos — =+ tan 5
1+ x l—x y

1. (a) 1= J] e .
=
_J%COS_](——JJFSin_'[ lxz)
I=J. 1+x _ 1+x &
e” +1

2. (c L=limn 2
! nl’nl\/((nh'lz)(n?+22)......(n2+n*))

n L
InL= Iim—lzm ]_2 =—J-ln(l-+-x2 )dx x
L 0

" s
?'!2
] 2-%
L==¢ 2
2
3. (¢) Solution is x? —yz =1
4. (b) Both LHL = RHL = -1
Jcos(0)=1 wil |
5 (a) lim &——— =~
o—0 [x”" 2
_ cos(a”)-1 _ 1
lim = =

2 (um— 2n ) g

Hence, m—2n =0
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m
Bed
n

()

x? sin
X

=

. (d) lim

a—0 X

‘_2
7. (d) f(x)=2e 2 -2
8. (d) Do yourself.

(1+x)~ —e

(1—cos x)+ (1—cos 2x) +........

\4

GRB 1000 Challenging Problems in Mathematics for ygg

A(1-cos 10x)

------

=~1(12 +2% +
2

9. (d) lim

x=0 2

X

2x (1+sin x)

10()1] dx

it 1+cos” x

Using King and add

% 9 (1+sin x)+ 2(—x)(1-sin x)

xsin x
————dx

z= | ;
-

l1+cos” x

I=2Tf(x)dx

14]'

Using Kind and add

sin x

XSsin x

1+cos :c

2!4j dx

l+cos %

Putcosx=1¢

2 =4n
__,1+r

I=dnx® =g
4

k2 -1

11. (d) S s

o 4'[ 1+cos? x

(k#1)

(1)
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S _ 2.3 3.4
‘2—'—2—2 >3 by <RI + oo .. Q)
Eqn. (1) —eqn. (2)
%=3+?__+4'513+5—21—+ ...... i
3 4 5 3
S’=E+;2—+?+ ...... + oo ..(3)
S’=—3—+i+... + oo '
2 g2 g3 w:{4)
Eqn. (3) —eqn. (4)
L PO TSI E (i A
2 2 22 P 2 =7
=3 Sesh
Now £=3+4
2
S=14
.
12. (c) y=tan_1( Sx"x) an~!| —3 | = (tan™! 5x—tan™"! x)+[tan’1 x+tan™ EJ
1+ 5x(x) 1—§ 3
3
" 5
14252
o=>5
13. (c) 7 =sin” (L] = tan "~ [—I-] =tan”' 2—tan"" 1
J10 3
T, =sin ! (—l—]ztan_] (1]=tanﬂl 3—tan~! 2
\/50 7

Ty, = tan™" 101—tan " 100

Sum= tan~! 101-tan~' 1=tan"" 1_09]=tan-l(5_0)
Ea 102 51

p+g=>50+51=101
4. (a) 8 :x(x-a:f )+ y(y—2at, )=0

Sy ix(x—at] )+ y(y—2at,)=0

Equation of the line joining the vertex of parabola to the intersection of the two circles is
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1+,
L:§;=8,=0 = L:y=-r—2———x

Using this we have
tan 4)”" + (tan B)™
th:—[mJ = tanC=-—[( i) ( ) ]
2 2
[cot A +cotB)
= tanC=- i

= cotA+cotB+2tanC=0
= m=2
4n?
15. (b) Iim[ln[ /%Jﬂn(ﬂ I—f]ﬂn(x 3—SJ+ ...... +1n{n" n2 n
0 n n _ n n

z 4k 5 1. [4k°
=lim ) In|7 =lim Y —In|—
img ol - 2agie ()

- n 2

1 1
= [In (4x? )dx= [ (2In 2+ 2In x)dx
0 0

= 2xIn2+2xInx—2x]) =2In 2+2In l—ZxﬂO—Zlih‘%xlnxﬂﬂ
i x—r

=2ln2-2
16. @ f@)=5
X
17. (b) Do yourself.

18. (c) y=mx
3m—3 % x =3 +6 cos 0 (3,5)
=40 y=3+\/35in9

\{I-I-m2

9(m—-1)%* =6(1+m*)
0.0) -

Y

3m* —18m+3=0
m* —6m+1=0
+4/31- +
6314 _6t42 ...
2 2
£7(0)=sin’(sin1); f”(0)= 2sin (sin 1)-cos (sin 1)cos |

7o

-f7(0) " —2sin (sin 1)cos (sin 1)cos |

[f’(o)]3 sin® (sin 1)

19. (b)

NOW, g”(y) =

g"(3)=
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20. (b) (Slope of OM) (Slope of AN) = —1
k=2

Bl &

------ s x(x=1)+ y(y-2)=0

X2+ 32 ~2p=x=0

(.HI_JZ_,_ 25
5 (y=1) :Z

-1

C=(1/21)
r=¥5
2
21. (c) Do yourself.
k k-
2. (@) £——L =]
h h—p ;
B~ (09

x*+y’ - px—qy=0
. O
h=0 @@s
o i L)&(O,O)
c
f==

> 1
=0

23. (d) x2 4 fxd = 2x, =2x, -1 ()
= =12 == /5, (%, - 2) w2
Notice that (x; —1)* 2 0 and —/x, (x, —2)<0

So, this will force to deduce that (x; —1)* = 0and —y/x, (¥, —2) =0

For equation (1)
(% =1)* =0 = x =1

For equation (2)
Xy (x, =2)=0 = X, =0 or Xy =2

But x, is positive real solution = x; =2

Thus, xt=bx+c=(x-1)(x-2)=0 = x?=3x+2=0 = b=3andc=2
= b+c=3+2=35 = (b+0)pyiy =7
em’! . .
24, (c) oo J sin (In(sin (.lnx)))cos(lnx) 3
/6 xsin (In x)

Put In (sin(ln x)) = ¢
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25. (c)

26. (c)

27. (d)

28. (c)

N\

GRB 1000 Challenging Problems in Mathematics for JER

0
I= jsin tdt =cos (In2)-1
-In2

Hence, cos ' (/+1)=1n 2

y:(x+\ll+x2 ) i
D . n(x+v1+x2 )" 1+ X
dx I#x2

+

= @z_ny_m : (1+.7cz)Q::ny\/l+x2
dx ‘\/1+x2 dx

L n(x+\/1+x2 )"

2

1+x

. e d
(1+x2)d—;+2x£‘g=n 1422 + 2 = pl4x? =2 +x2
dx dx 1+x2 l+x?> &
2
=> (1+x2)d—1+x@=n2y
dc®  dx

B . 25sin xCoSs X i 2
J ex[ + dx = Ie"‘(sec x+tan x)dx

) 2
2cos”“x  2co0s” X i

n/4

[ (fo)+ 1 Ndx=e* f)+C

/3
extan z{4 :eﬂf4(£eﬁf12 _1)

= g=4: b=43; e=12 = 2t=9
lim f(x) will exist iffsin (nV ) = tan (TN )

x—

Hence, tan (nﬁ )=0

=> n/N = kn . keN

The possible values of N are 1>,2%,3%, 4%, 8%, 6, 7% . Rand 9°.
Sum=1+4+9+16+25+36+49+ 64+ 81 =285

2n+l n n+l n
cot ™! 1+2 = tan "~ 2 = tan " 2 e N
2n 1+22n+1 1+2n . 2n+l

=tan "' (2" )-tan™' (2")

S =tan~" (2l )-—tan_1 (20 ).........tarl_I (2" )—tan ™! (210)

=tan"' (2! )-tan' (1)=cot ! (%)
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nl
= tan~1| £ 2} =tan"(£)
1+ 21 a
b+a 2.911
=lo =log,| =——|=11
gz[ b) gz[ 5 ]

29. (¢) Do yourself.
30. (¢) x % —2x* cot y=1=0 when x =1

1-2cot (¥(1))—1=0 =2 cot(y(1)=0 }’(1)=l;'

Now, we have x™ — 2x* cot y—1=0
Differentiate both sides with respect to x.

2(In x+ 1)x® — 2x* (In x+ 1)cot y+ 2x* sec? y%: whenx=1

2—0+sec? g-y'(l): 0
¥)=-1
31. (d) Let f(x)=e sm[s)dxand}?‘(x) _[f(t)dr Then we have

1+2h

Pt [ e&sm[?]dx=limF(l+2h)_F(l)

h—0h ; h—0 h
o s 2r)-F(l) By definition of differentiation
h—0 2h

=2/(1)= 2esin_’35

32. (a) Do yourself.

33. (c) Differentiating, f(x+1)— f(x)=e"
Putting x=0, f(1)- f(0)=1
Puttingx=1, f(2)- f(1)=e

f(2)- f(0)= e+1

EAG ) k+2 o il XY, 2
(a) limz kk Jx dx = J ,fl,"lz C,(( ) dx=_[ JLI‘E(H—;} x“ ldx
0 0

ﬂ-—)WJ.‘:O n =0

=j'e"x2dx=jex (x2 +2x)dx—2j e (x+ l)dx+2‘i. e*dx
0 0 0 0

=e"‘(x2 -—2.r+2)]é, =g-2
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kY ¥ 1
35. (¢) :.gf(_\:)=x+_|.f(.t}dr = A @+f)=1+1x) = f (x)=;
1

k
=  f@)=hx+C = fE)=hx+l = fle")=k+]
& o 10x 11
Fy=%" (k+1)= +10= 65
= E]f(e) kZ:;( ) 5
—2p 1
36. (d) y= X+ 5
[ fo p
i L
m [
4—4p% =4q>-b? =  4=4q4°+3b*
el
L__2a'p p2-pp? ; (1-8%)=(4a-5%)p’
1-p%2 1=p
2.2
] :4('1 _Pz +bg
l-—p2 l-p
1=4a’p? +b2(1- p%) ; @a’-b*)p? +(b*-1)=0 ¥V pe(-1,1)- {0}
4a =b? =1
a’=1/4
br=1
ezzl——l:E
4 4

3m® = 3m+1 ik (m® —(m=1)*)
m® =3m> +3m* =m’ +1 1+ (m’ (m-1)%)
1

37. @) T, =tan"(

=tan~' m® —tan~' (m-1)°

3m? —3m+1

i tan'l ¢ 3 :E
m=1 m® =3m® +3m* —m® +1 2

38. (a) Herex#0,1,3,6

| d

x€ (===,0) | (0,1) (1,3) (3, 4) (4, 5) (5,6) | (6,+)
x - + + + + + +
=7 + % = - - - =
x=1 - - + + + + *
x-3 = ~ - + + + +
x—6 - 7 B - 2 s "'__-
logy(x—4) NA NA NA NA - *
Product NA NA NA NA P j_-.

Hence, xe (4, 5)U (6, ).
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39. (b)

40. (b)

41. (c)

¥+ y7 +(=1)° = 3(=1)x)(y)= 0

X+ y=DIC=2)" +(y+ 1) + (x+1)*]= 0
A(-1,-1)

4}»
‘\/
.14
B
(aa 1,—&)
Hence, 4 = (-1, —1)and the equation of side BC is x+ y=1

d

2—a=a+1

= a=—1 3 %8 B:(l’l)
2 )

Hence, equation of AB is y=x

m=1landc=0

Hence,4—m—c=4—-1-0=3

(a) False because if g(x)is sin (2mx).

(b) Take logarithm on both sides and differentiate once to get the expression.
(c) Obviously, false.

(d) Statement is correct for | f(x)|but not for f(x).

We know tangent to a conic is givenby 7' =0
i.e., Tangent to parabola at (p, q) is :

2ax— yq = —2ap
Substitute x and y in this equation by (x;, y; ),
Where (x, , y, ) are points where tangent

2ax, = yq =—2ap (1)
Now, equation of chord of contact of circle is T' = 0,passing through (r, s) and (x, , y, ).
Therefore, X, +sy, = a’ sxild)

Since eqn. (1) and eqn. (2) are identical (in x; and y, ).
rl2a=-s/q=-al2p
Now, let each of these ratios be R.
Now, we get
' a=-2pR
Since, ¥ = 2aR = -4p(R)2
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And s = —gR
Eliminating R, we get
rq2 = —Aﬁl-jm‘2
42. (b) Given f(x)=vVe* +x—a; aeR i
’ . o5 e ______
f'(x)> OV.JLTER - /._-—g(x)
f(x)is increasing _ / y=a
(0,1)-

Given f(/f(x0))=xg
[f(x)=20Vx, .. f(f(xe)20 = x,20; x,€[0,1]]
=  f(x)=/"(xp) will have solutionon y=x

Hence f(xo)= 1" (x5)=2%,

= 1||an +xp—a=x, where Xy € [0, 1]

€™ +x,—a=x;

a=e" +xy-x; where x;, €[0, 1]

Let g(x)—"-e"‘+x—x2 ; a€[0,1]
g'(x)=¢" +1-2x> 0V xe[0,1]

aell, e]

h

43. (a) Using limit of substitution, Put *— =1,
e

H

x

Now, as x — co,— — 0
X
e

P _ o
S, T ®
1—0 4

* Add and subtract 1

2 =1=(3" =1 e £ o
lim ( ): Iim2 l—11'm3 :
=0 i =0  f =0 f

2@ _q

Using the relation, lim =Ilna
f@-0  f(x)

The expression is equal to In 2 — In 3,
44. (b) Do yourself.
45. (c) log,(18)=a log,4(54)=b
I
oglsza 5 2log 3+10g2=a - log 54=b » 3log3+log2 _,
log 12 2log 2+1log 3 log 24 2log 2+log 3

Let log 3 be y and log 2 be x.

WW.JEEBOOKS.IN



GRB 1000 Challenging Problems in Mathematics for JEE 171

s xX+2y
y+2x
= a(y+2)=x+2y = 2ax—x=2y—ay
= x(2a-1)= y(2-a) o (1)
3
i 4 TR Y S
Fea - = (y+3x)=x=3y
= 3bx—x=3y—by
3b-1Y _
Putting values of y in eqn. (1),
{2 Ty x(3b-1)(2—a)
(3-b)
— (2a=1)(3=b)=(3b-1)(2—-a)
= 6a—2ab—-3+b=6b—3ab—2+a
= ab+5(a-b)=1
= (@+b)’ —a® =b* +10(a—b)=2
= (a+b)” +a(10—-a)—b(10+b) =2
1 n=1 " 1 k-1
46. (b) a, =16[—) : P :H]ﬁ[_)
4 = \4
n 1 k-1 1 O+14+2+.....4(n-1)
oty ()
o \4 4
n—l_ (n-1)
yi =Y
— 16”(1]&0 = 16” (_l) 2
4 4
- 24n '2—3101—1) o 2n(5-n)
a, Pl!n = 25—:1
I
b3 il VAR o e
a=1 n=1 n=|

47. (a) Do yourself,
48. (c) Do yourself.
49. (c) Do yourself,

50. (b) (f(x)-1)*(f(x)-x*)=0
flx)=x°
fi(x)y=3
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* - * = l ,,—_,L
= f(8)=192 and g(8)-—f,(2) T

XY ®)= 192><Il2 =16

51. (a) If A and B are equivalence then 4 N B is also equivalence.
S2. (¢) Let f(x)—-xw x4t x+l=(x—x ) (x—X3 )eeeee(x—Xyp)

10
In fx)=Y In(x-x;)
=1

On differentiating and put x =1, we get

10 1 _ fr(l) ik

n=1

ae =L . o= f@=ha+e)]C

>

C1- () 1+
f(0)=0 = n(2)+C=0 = C=-In2
f@)=m(+e")-In2 = lm(+ FE)VE =Ae

2021 2021 2021 1
SpE 1 B W1, 1 aw.,
2o, DB, +1) Znn-1) “@-1) n 2021 2021 b
b—a=1
e* , x<0
55. (©) f'(x)=1¢ , 0<x<l
22, x>1

fwill be one-one and if £(0)> f(0)
= 22k-1 = k<3

and fAY)2 f(IT) = A+e>e+]l = A1
1
56. (c) Given ﬁmit:nj’ SR S
Osin(g(xﬂ))

b/
Pllt x+I--_—_:
( )4

n/2
I=4 Icosec tdt
n/4

s el

2 ®/4
I=4[0-In(v2-1)]
I=4In(2+1)
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tan 1

5. (0 [ f0dx= [cosxd+ Tde=sin (tan 1
0 0

tan 1

8. @~ ST)=/,"(5-x) = e 8
= f'(x)"‘ f’(5—x)=c= 8 f (X) f (S_x)+c

4
Let I= j £(x)dx
1
Using King
4
I= j f'(5-x)dx
1

21:_[8dx = I=12
1
3(tan x— 1)sec? -
59. (c) I= ( 3 Lo dx=3 D
(tanx+1)\/tan x+tan? x+tan x t+INE3 +12 +1¢

-1
¢ 1 1
dt Let t+=#1=2z% = (l——]dt=2zdz

1 t 2

=3j
(r+1+2J t+-+1
i t

=6j 2dz :6tan‘1,/1+1+1+c
(z°+1) t

60. (c) Differentiating both sides, we get
x5 (x-1D" (5x-3)= —; 62 18(x— 1" + (x-1)!*27x%}

=x_2‘1xk;1£(18x+27(x—1))

o k=9
61. (c) f(x)is discontinuous in [1, 7] at two points i.e., x = 57

62. (a) - f’(x):jln (1+¢%)dt+xIn (1+x%)
0

2

7 (x)=2In (1+x*)+—

I+x
S f7(0)=0
63. @ - fu)=3 = gB3)=I
Point = (3, 1) 1 |

| # ==
U 2 EOTERT
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Tangent = y—l=zl(x—3) = x—4y+1=0

64. (c) =  Slope of tangent = -1
Let point of contact be (x;, »;)

ﬁ=i—- = X ==4

dx 4y

1

x12—4y12=4 — y1=i—§
dx 1 i
Length of sub-tangent =|y;, — | = |-—=X1|=—
g ¥ ldy‘ ‘\5 V3

k=3
65. (d) %r: Scm/sec; ¥ =8
t

deg? o T8 & s aimend e
dt dt
’ 66. (c) - Diagonal bisect each other

mid-point on AC i.e., (g ; 3) willbe on y=2x+k

3=T7+k = k=4

(2,5)
A B
D C
(5.1)

67. (c) Equation of line parallel to 3x— y=7is 3x— y=A
(1, 2)is on it,
A=
Now, point of intersection of 3x— y=land x+ y+ 5= 0is (-1, -4).
Distance between (1, 2) and (-1, —4) = V2% + 6> =+/40
68. (b) A€[4,5], f(x)is increasing in [4, 5]
SO ax =7

A lies between the roots

f(h)<0
= 22-22+DA+AA+1)<0

69. (b) *
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= AT -Ad<0 = A24as

= A<-] or A>0
Least non-negative integral value of A = 1,
70. (a) S =-d (aq +a; +...... + ay, ), where d is common difference
S = 2k
e "2—‘(“1 +ay )=~kd (a; +a,, )
Now, a,—a; =d

03-(12 =d

de —Ayp =d
From eqn. (1) and eqn. (2)

T B
%—1

71. (d) SO =12 +1, te [-1, 1]

Maximum value=2 at¢ = |
-1

2 2
(af —aj,)

175

202 %1)

wel(d)

<

Minimum value = wl att=—,
4 2

oL T

72. () ~ LHS.<FandRHS.>F
2 2
No solution.
73. (a) Lir[r} f(x)—5=f,(0)=4
xX—p X
s g(x)=(x* +2x+3) f(x)
= g'(x)=(2x+2) f(x)+ (x> +2c+3) f*(x)
= g’(0)=2/(0)+377(0)=10+12=22
74. (d) Using LMVT in [-2, 5] ,
o= L1
45 LO-7ED
= =28+ f(-2)< f(5)< 21+ f(-2)
Difference = 49
8. (@ v f'(x)=ax(x~1) = Q=6 = a=3
2
1(x)=3(x* -x) = f(l')=-’f3—%—+c
it al g]
J(x)=x ( 5
fA)=2 = C=0
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25 2" = p’216
7. ) v [(x)20 - PR P2
= pE (—e0,—4]U[4, ).
\E 2
77. (d) - I= J‘(x‘ )2 (x+2x+In x)dx
1

Letx* =t = x* (x+2x+Inx)dc=dt

33 2\3¥3
i 27 1
— J.Idt:[—i—] =———=13

1

78. (a) Putting x = 0in given relation

1 1
0=1—ajf(r)e‘fdr = aj'f(t)e‘ldttzl
0 0

]Ef(x)dt=e’—e2" = f(x)=e" —2¢™
0
F()+2f(2)=e—2e +2e* —4e* =e—4e”
3
1
79. = [——adt
@ f3) { —

2<t<3

1 1
T

fagt 17

%1 1
=5 fB)<|—=dt = f(B)<—
-2[17 17

80. (b) Clearly, g(x)=0Y xe R
fx)==2
S'(x)=0

B B
81. (c) j fO)dx+ j T x)de=13

= B2 -a?=13

B-0)B+o)=13x1
p-a=1 and B+o=13
B=

= 7,(1:6
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3+ Th)-
82. ©) i A )hf(3+4”)=4

Using L' hospital rule

= 1/°(3)-4f'(3)=4
(3=
= S'3)=3
83. (¢) 2b=a+a? and (a2)2=ab = a’=ab
= 2°=a’+a = a(2a®> —a—-1)=0
= a(a+1)(a-1)=0
: a<(
el
a=_—1 b= 2 42:1
o 2 8
G.P,ish—l,i,j, .........
4’ 8
-1
Surnz_z__z__l
1-4-—1 ¢
2
84. (c) xf@=x+[f)d = @)+ fx)=1+ f(x)
1
= f’(x)=1 = f&x)=Inx+C
X
= f(x)=lnx+l = fe*)=k+1
10 L 10x11
= f)=Y (k+1)= +10=65
/=2 D==
85. (d) Do yourself. ,
1-% xeQ
86. (b h(x)= = y
(b) (x)= fog(x) {(l—x)z el
1 |
hll+—==|=h 1-—) =% many one
[g)sl-%
= into

range is not R
87. (c) puttingx= y=1,weget f(1)=2
putting y=1, f(x)=x+1
S )=x-1
J@ ! 3)= (=D,
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tan (nsin2 x)  [—x+sin x A
88. (d) LHL= lim 22{7% +( ) L
x40 X X
e _o\?
RHL = lim t_a_n_gf_s;_n_i).;-(f_..] =7n+1
0" X X

Limit does not exist.

89. (b) Do yourself.

90. (c) Do yourself.

A-1 3A+1 22
A—1 4r-2 A+3|=0 = A=0 or 3
2 3A+1 3(A-1

IfA=0, thenx=y=z

91. (d) -

x:y:z=1:1:1
92. (a) Clearly, Ais ski,w symmetric and B is symmetric and | 4 | =0
|4*B*|=0
s. Singular.
93. (c) + (-04)(I-044)=1
[-(0+04)A+0.404% =1

=5

= —(0+04)4+0404=0

= 060=-04

PR
3

94. (c) - A>=A-A=ABA=AB=4

and B>=B-AB=BA=B

A=A*>=4%=......andB=B*=B*>=.........

(A 2019 +32019 )2020 = (A +B)2020
(A+B) = A> +B* + AB+BA=2A+B)
and (A+B)’ =2(A+B)(A+B)=2*(4+B)
(4+B)" =22 (4+B).
95. (b)

-2—1112'

Area boundedz%xl><l+2><l+—;xlxl=3
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97. (b)

LF.=
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y=1
)Qj i
-1
y
Area*Z]gl x -1)) =1 _ye
: 0 = e AR, Y,
dx
(1+tany)~——+2x:(1+tany) = 2@4- 2x =
dy dy l+tany

€os y—sin y)dy
cos y+sin y 3 ey+ln (cos y+sin y)

I

e 1+tan y

dy f[l+

=e = (cos y+sin y)e”

Solution is x e” (cos y+sin y)=Jey (sin y+cos y)dy=e” sin y+C

99, (d) -

100. (d)

dx x* «x
—+—=—+1=0
ay y*
= = x:ty éc_zyﬂ.g.r
dy " dy
y£+r+r2—t+1=0 L
dy t>+1 y
tan” () +In y+C=0 = tan“(f)ﬂn y+C=0
X

de=Jex(sin 2x—cos? x)dx

i

y+In y=—¢€* cos? x+C

=0 y=1
£=2
f/(x)=3x*=3=3x-1)(x+1)
S)=-1, f(-1)=3
f(x)=0 = x=x,%,x
where -2<x, < -1,0<x, <1,1< x5 <2
f(f(x))=0 =  f(x)=x, has 1 solution
Y

J(x)=

x, has 3 solutions and f(x) = x; has 3 solutions.

Number of solutions = 7.
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101. (b)

102. (b)

103. (b)

104, (¢)
105. (a)

106. (¢) -~

v

GRB 1000 Challenging Problems in Mathematics fq, I

. (=r
y=e"sin [E —.\') =e"cosx

Slope of tangent, S = e* (cos x—sin x)
& s —2¢" sin x

dx

L i + i

(=) ;t 2t

sign of &
dx
Slope is minimum when x = 7.

dy 2 2 Ql _a
Z=(2x* +1 =3e
I (Zx* +1)e = 2

4
Tangent is y— e = 3e(x— 1) passes through (g y Ze}

i f(x)zemﬁ[ﬂ[%z}m(f‘f}‘}: i
0

2ﬁ_[3)(1__°i_@

= limab — =3
x—=0 a 2x* b 3x2
: )
= ab[g—i)=3 = 4b> —4a=6b
a 22
= 4b*> —6b—9a =0
b is real.
D>0
i 36+1442>0 = az-}l.
Do yourself.
Let g(x)= %)
X

Here g(a)=g(b)
According to Rolle’s Theorem, g’ (x)= 0for some xo € (a,b)

:( i ’
v’_xiz_fu_):o = xS (%)= f(x,).

J(2Zx)= [f(x)

replace x by %
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o e g 2

= 11m S(x)= lim f[ ) = f(x)= f(0)=constant

S(H=3
f(x)=3VxeR

1
_[f(f(x))dr= jm:a
-1

H h H
41 - o (H-mR
r R H

nwr’h  wR2
=2 -h
3 3P y

107. (®)

e

h

UJ
R

dV mR? R2

dh

_:3
h

2 _ -2 . -
(3x“ —x )2dx= 1 L X

(x3+1+l (x3+1+—1)
5 X

f(0)=0 = C=0

Vo whenhzg =

108. (c) fx)=]

l 1+ ]
f(x)is odd function.

fourth derivative is also odd.

v f(0)=0
110. (c) D must be pcrfcct square and D > 0

109. (a) -

D=(n+1)? -4n(n+2)=-3n* —6n+1=4-3(n+1)

Possible values of n are -1, 0.
Atn=-2,D<0.

181

—-=——[(H~h)’ -2h(H - k)] = —
. [(H —h)* - 2n(H - h)] = 2 (H —h)(H —3h)
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11 rg+r cos55°+2cos120°cos 55° _
111. (@) ___+#+__r_=p ! doal AW 0
P 9 P4 P4q rq
T T _1
112. (¢) 4c¢os xcos (g— )cos(-j-{-x]__
= cosdx=1 =¥ 3x=2nm, nel
2n 4w
= xX=—, —
3" 3
Sum = 21

113. (a) Do yourself.
114. (d) Do yourself.

3 x—0 X

. _[sin3x+ax o (3sinx4ax)_ . ..
115. (¢) P_l;%[——j——+b]:0, hm(———T——)—4 b; chg% =

T |
a+3=0 and lm11t=—2—;

4-b =j 2 b= -9— and a=-3
2 - 2
a+b=2—3=2
2 2
3 3
; : *4+3 45 |x 1+1+1Y0 .
116. (d) llmf(x)=11m[2————5—] =( ]" < 1% Gt
x—0 x>0 3 3
[2‘+3x+5"] [2"—1+3x-1+5”—1]
lime*t * /=limet " * F/=1limeP@®) =30
x—0 x—=0 x—0

117. () ~1<sinx<] = 2 <Zsinx<t = sin| = ssin(fsinx <sin| X
>~ 3 2 2 2 2

= _—nsﬁsin[ﬁsinx)sE = sin TR <sin Esin Esi.ruc <sin &
6 6 2 6 6 6 2 6

-1 1
= —< Ty
| 3 J(x) 5
118. (c) f(x)must be a linear polynomial.

f(x)=x-1
f(4)=3

119, (o) N, =+ = n
4 4

For D, put 25sin? 0+ 9cos’ 0=t
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25
! 96
I o i

9 48
=388
9
4(x—1|:)sm2[ﬂ~ ] 4[_E]
120. () Lim e =2
27 [E_ 2
© 7 )
2
e’ +e*

1
121. (¢) Given limit, 7 :J
0 '\/1 1- eEx —_ e—lr

Let ex —e =7

122. (a) y=— (" +y" =) = = y=
(" =) L
w B Yy
dx x
LF. =g r - 1
X
1 .
y.zzmx—i-C = y=xlnx+Cx

123. (b) Clearly function are inverse of each other.

X X
e e : ;
— =In ax = — =xwill have only one solution.

a a
a=e = [a]l=2

124, (a) %+y=xe"

LF.=¢"
X2
Solution is ye* = = +C,hereC=0

1

f(l)=£

2
i dx .
125, (a) j{)j= dyl dt = s and length of tangent = y 1+[;{;) =sin ¢ l+[s'm£

dx dx/dt cost

183

c_os_t)z -
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126. (d) ~ ' +(Q2-V3)xP+2+3=(x-0; )(x—0y ) (x—03 ) (x—0y)

Putting x = 1, we get
(1-0, )(1=0; ) (1013 ) (1=04 ) =5

127. (¢) f'(x)=6x>—30x+36=6(x" —5x+6)=6(x—3)(x—2)
f’(x)=0at x =2, 3, so that this is not one-one.
Range of f(x)is [1, 29], this is onto.

128. (c) la—a|£1VaeR

. Reflexive
If|a—b|< Lthen |b—al<]
".  Symmetric
Ifla—b|<land |[b—c|<1 % |a—c|<1]
*.  Not transitive.
129. (c) =+ —3<Px+4|<5 = 0<PBx+4<5

= S<Ix+4<5 = —35:_::551

130. @) ~ fO)=0G2+D)+ 21 -122-1 = f(x)=1

x"+1)
131. (¢) ~ y=@x+2%-2 = (x+2) =y+2
= x=-2+y+2=1"(»)
[T (X)=g®)=v2+x-2

132. (b) - 3f(x)+2f(x+519]=10r+30 ()
x—
Replacexbyx+59,we get
x—
+59
Sf(x IJ+2f(x)=10(x+519]+30 0
— x.__

From eqn. (1) x 3 —eqn. (2) x 2, we get
57(x)= 3&-20(” 59)+ 30

x-1
5/(7)=210-20x11+30=20 =5 f(MH=4
133. (a) yzi—;_l: = x=:—;—j:=f“‘(y)
~  Selfinverse,
13d. (b) ~ f0)=2 = f(f(0)= f(2)=8
= JU/(S0)= f(8)=4
= JUUSO))=f(4)=0
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135. ) v S)=fxy) = 2% - 2x,
I+2¢ 14 2x,
= X +2r|.?(2 =X, +2xlx2 = X =X,
One-one
and 1 ¢ f(x)
Into function.
136. (d) Foro> 0, f(x)will be into if,
2-2+a2>0t'§+10 =5 02 —0—6>0
= (=3)(o+2)>0 = a>3
: O i =4
d) - = B} = _y=1 | y=7 =
137. (d) - y=hx)=3g(x)+7 = g(x)_T = x=g | ZZ|=p"(p»)
3
i =g (5]
3
138. (c) = P()=4, P(2)=5 P(3)=6
P(x)=(x=1)(x~2)(x-3); Q(x)=ax* +bx+C
Solving we get,a=0,b=1,c=2
3a+2b+c=5
139, (a) Ty =l=a+(p—l)d
q
1
T,=—=a+(q-1)d
P
a:-I_:d
P4
T,y =a+(pq—-1)d=1
Hence, 7, is a root of given equation as 1 is one of the roots of given equation,
1 1 |
140. (c) =lo x(1+—+—+—+......J=210 X -
y=log, APl g2 (1)
+13+...... + (4 y+1
4]0g4x=5+9 y+])
1+3+5+...... +(2y-1)
2y% +3y
2]0g2x=y—2_%,=y = .1’2":2.])"'3
P 4
y=3(y=-1,rejected)
and x = 2%2
x2y=24
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&

141. (a) Domainx =/
e} + {=x}=1
+(1-G)-22-1 by AM.— Gy,

1 -
Hence /(¥)= 57—~ ¥= 20

T
Hencea=~/§—1=tan§

142. (a) x=sin "' (sin 10)=3nw-10
y=cos_1 (cos10)=4mn~-10
y—X=T

143. (b) = x2+(3—x)x+2—;:0
o2 +B2 = (@+B)? ~20B = (3-1)" ~22-1)=A" —4h+5= (A=,

o +B? will be minimum for A =2

144. (c) Do yourself.

145. (b) Do yourself.
3 3 1—(ax+b)(x% +1
146. (c) tign | 2L ot By e i | (“’2‘ )& +1)
e x? 41 x—>ee 2]
B~ G\ .
s (1-a)x” —bx* —ax+(1-b) P
F=h x* +1
Therefore, l-a=0 = g=1 and -b=2 = p==2
147. (a) -+  Roots of 1st equation are imaginary.
Both roots are in common.
B2l B o
1 24 A%+
a+b>c = 1-2>A%2+1 = Ae(0,2)
N 2
148. (c) um[ L __2273) |y X =46 . (x-3) -1
=2\x=2 x(x-1D)(x-2)) =2x(x-1)(x-2) r-2x(x—1) 2

149. (c) Domain of f(x): (2, e)and domain of g (x): (=0, 1)U (2,00)
Function will be identical when x € (2, o)

150. (a) Do yourself.
151. (c) Do yourself.
152, (b) Do yourself.

153, (a) (f(x)- 3)(1(1)—3J i

X
J(x)=-3=12%" = f(x)=3+2%"
S2)=3422"=1]1 = 2"=4 = p=97
f@)=3+2%% = f(3)=21
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154. (b) For onto range : (0, 2_;]

x% —4x+0)< oo = (x* —4x+0)> ;—1 for into function
3

-1
7=
x? —4x+(a+%)> 0

1
D=16—-4|lo+—|<0
-5

1 1
— o+—|>4 =3 oa>4——
% 5

Least integral value of v = 4

155. (b) Do yourself.
156. (d) Do yourself.

157. (a) = |x* +6x+6|=|x? +4x+9|+ |2%—3]
(2 +4x+9)+ (2x—3)> 0 g x2%

158. (¢) (sin" x+sin ! y)2 =n? = sin_1x+_sin‘1 y=%x
x=y=z=1
X +y* =2

159. (b) tan~! (tan ( £(=5)+ f(20)+cos ' (f(~10)+ £(17))))
=tan "' (tan (2+3+cos ' (1-2)))=tan ! (tan (5+ 7)) = tan ' (tan 5)= 5— 2%

160. (d) cos™ [3) +cos ™ (i) .
3x 4x 2

5 2 ol 3 2 9
= COS (—J:sm_ (_J = S e
3x 4x % 162
4 16x* -9
= A = -
9% 16x
= 64 = 144x* — 81 => x2=_1£ = x=\ll45
144 12

161. (b) Do yourself.
162. (a) Let common difference be d and number of terms be n.

m=1[+4d = d:m_;l

il B
p=1+(n—1)d = n—-1=4(p ) = nzw
| (m=1) m—1
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_n _(+p)(ptm=5)
Sum——z(Hp)— 2(m=1)
= k=2
163. ) + (a—2)* +(c=2)* +(a—b)* +(b=c)* =0

= a=b=c=2
Roots of 2x? + 2x+ 2 = Oare imaginary.
164. (d) Let roots be a—3d,a—d,a+d,a+3d
Their sum=4a =0 =y
product = 9d 4 =995 =
and ¢ = sum of product taken two at a time = —10d> = =50

a=0
d*=5

165. (a) Sum:i[—1+l+—1—+—1+—1—+ ...... )
313 6 10 15 21
2[1 1 1 1
== +—F—tF—t......
3\2:3 34 4:5 5.6

2(1 1.1 1 1
=Z[c—c+o—=+. e
32 3 3 4 3

166. () Let2t8 ¢
C
(a+b)* =(a+c)(b+c) and =22
a+b
=ab+(a+b)c+c?
+b
= (a+b)? 2 ’ )C+(a+b)c+02
Dividing by ¢*, we get
(a+b)2 3[a+b]
== +1
c 2\
2
2A°=3t-2=0 = (t=2)(2t+1)=0

167. (b) Case-I1: Both equations have both the roots in common
. 1_2%k-6_17-3% |
l __*2/:—2_?1:3 = no value of k&
Case-Il :  Equation x? + (2
-6+ 7-3k =
oy ¥+ 7~ 3k = Ohas equal roots and equation
g +(3k-5)= Ohas equal roots
(2k=-6)"-4(7-3K)=0 = 4k>-12%+8=0 = k? =3k +2=0= k=12

(2%-2)* -4(3k-5)=0 2
=0 = 42— i}
e 20k+24=0 = (k-2)(k-3)=0=2k="
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168. © ,12 dx+5=x-1 = tan (x,)n+scc(x2)n
X "25;(+6z)0 " = tan 37 +sec 2r
o= =0+1
=2 x=3

xl =3 x2 =2
169. (a) sina+sinB+siny=-3

Only possible whena = =y = U

2
cos 20t +cos 4B +cos 6y =cos 31 +cos 67 +cos Ot = —1+1—1= —1
2
170. (b) Ix_3 |3x —10x+3 = 1

Taking log on both the sides
(3x” —10x+3)log (jx—3|)=0
= log (|x=3[)=0  or 3x* —=10x+3=0
= x=4, 2 or x =13 (rejected) or 1/3
171. (a) sin x % sin 3x+ cos 9x ~0
cos3x cos9x cos27x
— — ey
Iy iy i3 .
Now, i sinx 2cosx  sin2x _ sin (3x—x)
cos 3x 2cosx 2cosxcos3x  2c0s xcos 3x
__sin 3x-cos x—sin x-cos 3x
2cos x-cos 3x
2] :;[tan 3x— tan x]
: ™
1Y £, =~i[lan 9x — tan 3x]
{5 =-%[tan 27x — tan 9x]
1 o
= )+, +t3=0 = 5(tan27x—tanx)—0
= tan27x—tanx=0 = sin 27xcos x—co0s 27xsin x = ()
AT
= sin26x=0 = 26x=nmw,nel = Al
T
At n=1 x=—
26

2 4 _soc® A-sin’ 4 sec’ A(1-sin? 4
172. (d) cos[logs(Htan A~iee L8 H=cos|:log5[ ( ) =cos0=1

sec? A-cos’ A !
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i
173. (b) cosx+cos®x=1 = cosx=sin" x

Now, E=sin" x4 3sin'? x+ 3sin ® x+sin® x+2
| = cos® x+3cos> x+3cos* x+cos? x+2=(cos® x+cosx)® +2= 14244
lc}gm_rE E=log ;5 3=2
3
174. (c) |2 -1P+]2* -4]=3
Case-I: x€(—<0,0)
¥ 41-2"+4=3 = 2.2"=-2 = 2=1 = x= O(rejeCIedJ
Case-II: x€[0,2]
2" -1-2"+4=3 = 3=3
Case-III: xe€(2,)
2" =142 -4=3 = 2.2"=8 = 2" =4 = x=2(rejected)

175. (d) tanA=?(AeIV)
5
sinA:j, c:::rsA_é 4
5 5
S5sin 2A+2sin A+4cos A = S(En%]+281nA+4cosA 3
l1+tan“ A

2(*‘? Ao (D) 2)-Le 2282

1+— BINISL 58 585 B

176. (d) 96[9975+ IOOE}

N
2
o=-sin’0, B=cos? 0

o—B=-sin’0-cos?@=-—1]
177. (b) P(4)=Q (4)

= k(64)+3(]6)-3=2(64)~20+k
= 63k = 128-20-48+3
- 63k=63 = k=1

178. (¢) a=log 25, b=a+log9
b-a
2

1 1
| o
03(81) Hog(zzso] 2log 9~ log (2250)= -2 (b - a)~ (log 225+10g 10

=-2Ab-a)-(b+1)=~2b+2-b~1= 24 3p—1

) lOg 3=

|0g5=-g— : Iog9=b_a
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1 1
179. (b) 5[0g3 (1+510g3 b=

1 1
Elog3 a+-§log3 b=

Wi ol

+

21+4

5
E(logS a+log, b)=

log 3 (ab)=5
ab =243

1 2—10g513+(21085 9 (\/2_7)10g8113 8 13
180. (2) 27 - % LB ]

e a=85 b=13, =3
181. (c) sinx-tan 4x=cos x

p | W

sin x-Sin 4x = cos x-cos 4x
cos 4x-cos x—sin x-sin 4x =0
cos (4x+x)=0

cos5x=0

Sx= (2n—1)% (nel)

T
x=2n=1—
( )10

® 3n St Tn Om

1071071010 10

Number of solutions = 5
182. (b) log, a-log, a+log, b-log,. b+log, c-log, c=3

Let log,a=1, log, b=25B, log, c=C
1 +32 +02 L
BC € B
1+8% +C° =3BC
1+B+C=0
1+log, b+log, c=0 i) log , (abc)=0

abc =1

=

183, (b))  E=sinZ+sin >t 4sinLo+......ntemms
n n n

AT
o (n n] . (Is' Angle + Last Angle)_ o
sin -

s | —
n

WW.JEEBOOKS.IN



w

192 GRB 1000 Challenging Problems in Mathematics fg, g

17 l 17 1

a2 - - = =[17-{cos 10°+cos 20°+......

184. (b) s:Ebm (5) -55(1 cos 100t) 2[I’i' {cos cos +cos 17(py
=+1[l?— {(cos 10°+cos 170° )+ (cos 20°+cos 160° )+...... + (cos 80°+cos 100° )+ cog ggn}]

2
| 17 If A+B=180°
=§[17_0]=E { cosA+cosB=0}
[S]=[8.5]=8
185. (b) 2c0s0—sin0+2=0 = 2(1+cosB)=sinO
0 . -8 K
.2¢cos?| = | = 2sin —cos — = tan — =2
= 2-2cos (2) sm2 3 3
0
l—tan? =
- -3 ) 2tan 6 4
Now, cosf = lezi :=—5— ; 51119:—72:g
LT I+tan” 0
2
; -3 4
E=10c0os0+15sin6 =10 T +15 . =—6+12=6
186. (c) N? =9cos? 0+16sin? 0+ 16cos? 6+ 9sin? O

+2(y/(9cos? B+16sin” 6)- (16cos 0+ 9sin? §)

= 25+2,/(9+ 7sin2 0) (9+ Tcos? ©)

— 2542481+ 63cos? 0+ 63sin? 0+49cos? Osin 2 0

- 2
=25+1\/81+63£ﬂ3ﬁ

. D
N2 :25+1\/144+M

4
[ 49 (
N2, =25+2 144+—= =25+ 5?=25+25:50

N2, =25+2:144 = 25+ 24 = 49
Sum = 50 + 49 =99

187. (a) Do yourself.
188. (a) Multiply both sides of the equation by e, we get
e f(x)= [ e f(p)dy-(x? —x+1)
0

Differentiate both sides with respect to x,
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e f'x)=e™ flx)= e~ f'(x)= (2x=1)
Now, solve for f(x), we get
fx)=(2-1)e*

FE)=b at ped
2

189. (d) Given expression = 1422 + 1+ 32 +cosec [tan‘1 %+ tan ! %)

= 15+cosec (n+tan‘1 [ﬁ) = 15+cc>se:c[cosec_1 E) = 15+2§
7 24 24

3
190. (¢) f(g(x))=In [Ei+x;3J=3f(x)

-X

191. (b) Do yourself.
f(sec? x)-2sec’ xtanx 8
. =—f(2)
T

192. (c¢) Given limit= lim

xes X
k® =8% =64
193. (b) Since irrational roots occur in pairs, hence both root common
2 =17=2-¢ = =17
3 b a a

194. (2) y=2"%D = x*—x=log,y = x*-x-log,y=0

14+ ./1+41lo
= E2) = ‘)('_1 (y) ('.' as x=2 ‘]5)

=5 ¥
2

o 1+./1+4]og, x
i 5

195. (a) D:[-2,-1]VU][], 2]
2
X -& T
~]<1 — 11 : s Range=|—,—
ng[zJ g [2 2]

196. (c) Add the two given equation, we get
@)+ g (0= (f(x)+g(x)* +1

J ff(x)+g’(;c) dx=j1-dx b st aE
(f(x)+g(x)) +1
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Putting x = (),c=-;‘IrE

. T n n f
=—,fl—1+2|—=I|= 3
g it 12] g(lz)

197. (a) Let /' (x)= h(x)

198. (b)

199. (a)

..
-

v =1
g'(x) ey

] 1
’ . 'h' 4 i h kl P T
g ), e U=
-1 1

12
94 12

“h’(x)

h'(4)=

1 =_§.=
/3 4

3y2y’=1 = y":_lz_

37 12
SUf(x)=x
y o
f(fx) IS
fx)=2 = (1025-x")10=2 = x=1
a=1

200. (b) Letx=tan0

201. (d)

202. (d)

=
=

y=2tan"" (Sﬁce_l)=2tan“ (tang]:(-):tan‘l x
tan © 2

dy_ 1 5 d’y X
dx 1+x2 dx? (1+x)?
dy _—4
drl _, 25

lim | /OS¢ jim 61x— y|

x—=y xX=y =y

[/ DIS0 = f(»)=0
f(y)=constant
J(x)=6 = [f(6)=6
X & sz + C3x2
x=¢, (x-¢ )(x-¢;) (x—¢ )x-c, Nx=c¢y)
x? c3:c2 x?

= + =
(=) )x=€) (x=¢))x—c;)x=€3) (x=¢; Nx—cy )x—¢€3)

y:

I
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Iny'= 31nx‘_ln (x‘_'cl )"lrl(x—Cz)—]n (x—C3)

’
y X x—cl x—cz X =y
= y'-_—.:v_[_?,_ e = o _— i =£ C] + C2 + C3

0

203. ) [(f&x)’dr=10
-1
Integrating by parts

0
(G 12 =2[ o (x) f(x)dx = 10
-1
0 :
O)((0))* = (-D)(f(-1))* 2] xf"(x) f(x)dx =10
-1

0
0+ 4-_~2_[xf’(x) F(x)dx =10
-1
0
= [ 57 () f)dx =3

-1

204. (a) Do yourself.

205. (a) |r|<1 and Sm=1—“!~<o = g, <0
—-r

2P 2
206. (a) - my = i and m, = =i
Dxy %2 — 2
T
e —1 0=—
ml m2 = 5
0 ifx<0
20. (&) y= /()= {sz ki
f(x)is continuous and derivable.
208. (d) -+  function is odd.
DI=0
| 2
209. (b) - j (xf(x)—%} dx=0
0
f5)=—=
2Vx

number of solution is 1.
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196
tan ! x
J-(sin t*)dt _ oo o
210. (d) Limit= lim —%— = lim sin (tan ™ x)” _ -2
x=0% —xs x—0* “_3x2 =]
2 2

211. (d) Takecos® x out from denominator and put tan Yx=t

212. (d) g(xy)< f(x; Wxe[0,1] NN\ o
Hence g(x, )is less than minimum value of f(x)in [0, 1]. 1 2
Now f(x)is an increasing function in [0, 1],

hence minimum value of f(x)is f(0)=-1
g(x)< —1for atleast one x € [1, 2]
h(x)= x> —2ax+ 5< 0fot atleast one x € [1, 2]

Case-1: Ah(1)<0 = 6—2a<0 = a=3
and A(2)20 = 9—4a<0 = azg
Hence az=3

Case-2: h(1)=20 and  A(2)<O

Hence ae [29 g 3]

Case-3: h(1)<0  and h(2)20 (rejected) because product of root is 5.

Case-I U Case-2 U Case-2 =5 ae I:ZW)
Hence a =§ yA /
213. (¢) a-1<7 7t
= a<8
214. (c) Sf(x)=(x* +ax+2a)e* ——
f(x)=(x* +(a+2x+3a)e* 20V x
= D20
a’-8a+4<0
= 4-2/3<a<4+2/3
Hence, 7 intergral values i.e., 1,2, 3,4, 5,6, 7.
215, (c) Y acos A= 2Rsin Acos A =R sin 24 =4R][ ] sin 4 il
cye cye cye cye
LABE] s B2l o 8R’[sin 4 =16R* = []sin4 sk, ol
R 4R* o cyc R

WW.JEEBOOKS.IN



" 1000 Challenging Problems in Mathematics for JEE 197

On substituting eqn. (2) in eqn. (1), we get
ZacosA =4R><_2_=3
R

cye
g6, (c) Doyourselt
7. @ Since, 4, B, C are in A.P, = W= A0
z and since sum of angles of a triangle is 7.
= A+B+C=n = 3B=11 = p="
3
Now, using the cosine formula
2402 =2 % . B 39
cosB=a_i-i__b__ e _1_=a +c” —b
2ac 9 2ac
= ﬂ2+02"b2=a0 = a2+cz—ac=b2

a+c_a+c

Vb2 b

Now, a=2Rsin A4, b=2Rsin B, = P G
where R 1s the circumradius.

Required value =

ZSiIIA+C A-C
- atc_2R(sin A+sinC) _ D) RS 5
b 2Rsin (1/3) sin (1t / 3)
2sin (1 / 3)cos e
5 : 2 (+ A+C=2B and B=m/3)
sin (1t/ 3)
= 2008 ==

218. (b) Consider the numbers a/2, a/2, b/3, b/3, b/3, c/4, c/4, c/4, cl4
using A.M. > G.M. we get
253, 4 \1?
a+b+c S| b'c
9 . 210 33
=  maximum value of a*b>c* is 2! x 3°
Hence x=10and y=3
log o (x” ) = log 4 (10° )=3

1 | 1 1 nx : &
219, (d) q=(a+6}(ﬂ+a]=aﬁ+ag+2=2+a+2—E— p (givenaf = 2)

= 25=9
0. (b) f(r)=1n (x? +ax+1)given f(x)is defined V x€ R
x> +ax+1>0 VxeR
Hence, a’ -4<0 = ae (-2,2)

Number of integers in the range of ‘a’ is 3.
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221. (d) Consider |
x} +(a+b+c)x’ +(Zab)x+abc= (x+a)(x+b)(x4C)

putx=2
8+ 4%a+2%ab+abc = (2+a)(2+b)(24¢)

202

(2+a)(2+b)(2+c)=210=2f3«5*7
=3x7%x10

=3%x5%x14
=5X6X7

2x3x%35
required
dxsx 21

a+b+c=14,16,12 ; a=0
Hence, number of possible values of a+b+c¢ is 3.

222. (b) Ifsin®and cos® are roots of 3x” —x+k = 0, then

Si119+0089=—:1; ...l

sin6+cosﬁ=§ ..(2)

(sin 0+sin 0)% =sin? 0+ 2sin BcosO+cos’ O

_1=1+_2£ — k=—_4
9 3 3

Also sin® 0+cos? = (sin O +cos0)(sin” H+cos? H—sin HcosH)

1( 4) 13
=—[1+=|==
3 9) 27

=  54(sin’ B+cos’ 0)=26

b* 4c* ~q* _ b2 +c? —at

223. (d) -
2abc 8
= k,=az+b2+02—b2+cz—“2=£i
8 8 4
- bz cz
Similarly we obtain k, = —, k; = —
4 4
2,22
= k!k2k3=abc =E=—1
64 64 4
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224. (a)

N
\o g
i
S 0N\ XX [ |6
N—T 8
1 =5
P
-2
=3

Let the diagonals 4C and BD intersect at M and ZBMC = 6. We note that

2

{AC:x-i—Zy—-?J:O — y:—%xﬁ-g (1)
BD:2x+y=-3=0 = y=-2x+3 )

Therefore the gradients of diagonals AC and BD are tan™ [%1) and tan”' (-2)

respectively and that
0=tan! (_EIJ Zlan (-2)

1
[—EJ*(*Z) E

1 )
)
1+[ 2)( )

tan 0 =
4

Now, let the perpendicular from point B to AC extension be BP.
Given that AC =4 and {ABCD} =8, BP =2

20
SiHC(ﬁE:SinB:E = BM':—EBPZI—Q and BD=2BM =—
BM 5 3 3

3
. o
- sin '3—
225. (c) Forf3 = g ,then tan (o&«— 5) M
3—-cos —
T 3
tan o, — tan — —
3 2

T = |
|+ tan o tan 3 3_(_ 2)
WW.JEEBOOKS.IN
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wao-vB _ 33

—

1++/3tanct 7
7tan0t—7\/§=x/§+3tan0¢

4tanct=8~/§
tanoc=/{£)=2ﬁ

226. (d) Note that b, = 2 "c (n>0)
r=0 r= 0

n

2
So that na, = 2b, for n> 0and hence it follows thatc, = E foralln=>1

Thus we want to find ordered pairs (p, g) of positive integers such that 2p™" + 24~ <)

or Ap+q)=pg o (p—-2)(g-2)=4

Thus p — 2can take the values 1, 2, 4 only and there are exactly 3 ordered pairs with the
desired property, (3, 6), (4, 4) and (6, 3).

227. (c) Ifx+1is factor of f(x)= x> +kxe® —3x+k+2,then

f=1)=0
=5 —1+k+3+k+2=0
= 2k+4=0 k==-2

228. (b) Letx=+/2— +\/2+\/_ —= x> =6
= Iog6(1/2—«/§+\/2+\/§)=10g6\/Ez.‘%

229, (c) log,(x)>’=2 = x*=9 = x=13
1

a:.?loggm =7210g72 il
1

p=11"8sV11 — 25

230. (b)

231. (a) Ifa+b+c=0,thena’® +b> +¢* =3abc
(x-1)° + (2~ 1)? +(2-3x)® = 3(x- D(2x-1)(2-3x)
==3(x-1)(2x-1)(3x-2)

232. (d) V x€ (=o0,—1]
f(x)=3i'ﬂhl[ sz)-]!tan“l x

1+ x

=—m—2tan "~ x—2tan ! x

= -1 —4tan ! X

2
g(x)=sin*] [1

-X
; +4tan”" x
1+ x
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Now, f(x)-g(x)= l?l:ﬁ ~10tan " x

V x € (—o0,—1], tan_lxe(__n. __njl
2

]

4
So, (f(x)—g(x))e[n,zé’f)

233. (b) 4={1,2,3,4,5,6,7}
Case-I : When exactly 4 values follows f(i)=i

C, ><3:(l—l)= 70
21 31

Case-II : When exactly 5 values follows f(i)=i
Case-III : When all 7 values follows f(i)=1

number of function = 1
Total functions =70 +21 + 1 =92

234. (a) o’ -0+2=0
& 6(—o® +20° —a) _ —60.(0.? —200+1)
’ o’ 30t +30° -0 ol -3’ +3a-1)
I 6 _—6_

T ol (a-1) a@-1) o?-o -2

2
235. (b) Term independent of x in expansion of (3x,;)

T,

r

1 P
20 20-r| —

When r=10
A =T“ = 20610 310

9f310 b
Term independent of x in expansion of | x+ =

201

(1)

From equation (1)

iy
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104179 Y
7. = B, (x)”"[r—“’ : ]

202

4 X

When r=9

BTy =M, 30 Q)

(iA+B):(2X 200 %310+ 3¢, ><3‘°) [From eqns. (1) and (2)]
38

So, 38

_ 2 .20 19 1808x310+18C9X310J=310X19C9
38 10 9

236. (b) For f(x)= " (x)
only 3 solutions
0,2),(2,0),(,1)
237. (d) lim |cos x+sin 2x +sin 3x [** = ¢”

x—0
lim (Jcos x+sin 2x+sin 3x|-1) cot x
= ex-—)O =g 1

= m= lim (|cos x+sin 2x+sin 3x|-1)cot x
x—0

= lim (cos x +sin 2x +sin 3x—1)cot x
x—0

. cosx—1+sin 2x+sin 3x
= lim
x—0 tan x

X

- lim[cosx—l+51n2x+sm 3x]:2+3= &
x—0 X X X

238. (b) Suppose number of red, white, blue and green balls are a, b, ¢ and d respectively.
Then a+tb+c+d=18 but a,b,c,d>2
at+b+c+d=10

Total number of ways = 1, = BRERI, 286

6
239. (d) tan—l( tan o J=&~tanql [Qtana
3+2tan’ ¢ 3
i tan—l( tan o J+tan_l(2tan0¢ b |
3+2tan’ o 3 12
s
240. (a) sin? 0+2cos 0+ 1= 1 i
2P+3° 2 (2P+3)
S
= 3~ (1~cosf)? = L _2

2 2P+3
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G
S
l__2
e <
= T IR
=S
:ﬁg 2 é | 3
2. #0032 ~ Romri
g 2P+3$—1u2P+32§
3
~2

at. (@) Letx+y+z=0andj=2
cosx+cos y+cosz=kcos® and sinx+sin y+sin z=ksin©
cos (x+ y)+cos (y+2z)+cos (z+x)=cos (8- z)+cos (0—x)+cos (O— )

=c0s 0 (kcos0)+sin 6 (ksin®)=k =2

m
M2 (4 €=

I 3
cos 2o0+seco+3v3 _§+2+3ﬁ _ §+3\/§
tan o 3 J3

243. (d) Area of quadratic QCRI is

+3

v | &

2><—1r(s—c)= r(s—c)
2

s—a+s—b+s—c=15

= s=15
A=+15.3-51=157
. RS
hy

Required area = W7
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244,

245.

246.

247.

248.

249,

250.
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|
(©) SnQ+]x))=(=1n" (14]x]))
= S(f(x)=x
f(f(cosx))=cosx
@) S(x—a)(x—-P)(x=7)+8-x =(x—a)(x—b)(x—c)+ (x—b)x—c)(x~d)
+(xﬁc)(x—d)(x—a)+(x—d)(x-_a)(x__b)
=4x3—3x2(a+b+c+d)+2x(ab+bc+ca+bd+cd+ad)_l:__0

.. 3 a+b+c+d)
Sum of the roots of the equation is = 1
@ im0 =0-S@ g [0S0,
x=1 sin (x—1) =0 X
o —x)(ff —)- 1) _ im fA-0)-fD) 1o
x—1 X—> X
S M)y==f(1)+10 . = =5

(d) log, 5% =42log , 5= (2x3xT)log , 5
For above number to be an integer, p must be the from 5" where m is divisor of 42

Number of divisors of 42 are (1 + 1) (1 +1) (1 +1)=8

Now, the product of all the integral values of p is
5(sum of all the divisors of 42) — 5(] +2) (1+3) (1+7) _ 596

3

(@) LinePQ:x+1=y_2=z+3 x+l=y—2=z+3:
4 -2 6 2 -1 3
For | PO — OR | to maximum P, Q and R must be collinear.
{ Xo=2r=1,  yy=-r+2, zy=3r-3
Putting values of x;, y,, z, in the given relation
2r=1-2(-r+2)+33r-3)+1=0 = r=1
Xo=L yo=1 2p=0 = Xo+Yo+zp=2
(a) LF. =el2otrdr _n2

ysin? x = I 8cosecxsin? xdy+C = —8cosx+C

(W2,8) = C=8
8(1-cos x) 8
F B —
sin“ x 1+cos x
y‘min =4
(d) x* - xsin 20+2c0s” 0= (x—0) (x~)
Putting x = 2

(2-0)(2-B)=4-2sin 20+ 1+cos 20 = 5+¢0s 20 - 2sin 20
(2=0)(2-B)|pux = 5+ V5 = a+a

ag=8



GRB 1000 Challenging Problems in Mathematics for JEE 205

25!- (b} 2\'__V+l=0' . 3-?5"}"—"‘0 ) 2x+y__5=0
= x=ly=3
Least distance:ill_?il_g =7
3
T =2 =11 1172
¢) Doubtfulpomnts: -1, —,— — o, - =
Gl A A

Continuous at -1, 0
Discontinuous at

- -

- -
753. (c) a=bXxc+2b

<
Taking dot product with b

- = —~>2 - = -
a-b=2|bl> = |a||b|cos®=2|b|?

4 -
= cosf=— = Ja]=4 = 8=0°
|a]
- -
= a=2b
- = - -5 — -
Now, bxe=0 = b=c or b=-c¢
_}
|3a|=12
- - —}/
[2a+ b+ c|
\ =
2a|=28

Required sum =12 + 8 = 20
254. (d) (NN) (RR) (AAA)E,D, B, H, I

: 1 g o 8! :
Requuednumberofwords—21.2!_3!x C5><5.———-—4x6x—5!.3!><5.
.6-5:8:7-6-5!
=765'8765‘=98(5!)2
4x6X6

255. (b) Matrices value of whose determinant is zero.

2 31 12 2112 3|3 3
[2 3] [3 3] [2 2] [3 3}_’6
S et N et
2 2
From the remaining 10 matrices, 5 have negative values of their determinant and 5 have

positive values of their determinant.

Required probability = %
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2 1
9><10) xjxdx= 2025
2 A 2
257. (¢) -~ Tangents at end of focal chord meet at directrix at 90°.
PQ is focal chord and its mid-point will be circumcentre.
0= [ = —Za) and circumcentre = (4, k)

;]

Let P =(at?,2at) :

1
2k:a(t2+—12—) and 2k=2a(£——)
t t

12
2h=a{(——) +2
!t
k2 2 2
2h=a —2+2 = 2ha=k"“+2a
a

Locus is, y? =2a(x—a)
Focusz(ﬁ,())
2
258. (@) + T.(A)=a+b+c=10 ; (azb#c)
Therefore it may be (1, 3, 6), (1,4, 5), (2, 3, 5)

number of matrices = 3!x 3 X 3i
arranging diagonal arranging non-diagonal elements

elements
=3(3!)?
- - =
259. (a) Letvectorsbea,,a, ...... » 2010
- - — - —>
a ta,+..... + 85017+ 8203 =A 8509
I -3 - o
and ap Fagt.taytagy =Hayg
—» - 9 5
= A8y 9= 508+ 85010 =K 8y04
Atl=p+l=0 = A=~ p=-l
) - - )

260. (d) Favourable cases are (2, 3), (2, 6), (4, 3), (4, 6), (6, 3), (6, 6) and (3, 2), (6, 2), (3. 4»
(6,4), (3,6).
Probability =
36
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261, (@) 12416)* = 16|z + 12
=  Z+162+1624256=16(zz+z+3+1)
= 152z2=240 = 22=16 = |z|=4
262. (a) Clearly x| land x%+y¥gi
No value of (x, y) satisfies in equation
AeR

263. (¢)
2
%)

Equation of HF} : y=

a(2ac)
y2a2e = b2x+aeb?
b*x—2a’ey+aeb* =0
aeb?

b* +4ate

OH=p= 3

2 _
| 3 s P

<
3 ef+] 2
e —

LHS: e’ +1<3¢*-3
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24 < 2¢?
el>2
RHS : 2% -2<e* +1
ez <3

J2<e<3
264. (¢) Let” =sin0 ; $=cos"9
&

= mcosec’ 8

§=

sin” 0
t=nsec’ O
o4 1 = meosec’0+ nsec’ 0

m(1+cot? 9)+n(1_+t3112 0)
meot 0+ntan’ Q+3

AM. 2GM.
mcot29+ntan2922M
S+ py = 20mn+3=22/2+3
mn=2

Given m+n=3

= m=1 n=2
m<n

Now use 7' = 5§

to get 2x+ y~4=10

265. (¢) Wehave N =|a|b|c|d]
First place a can be filled in 2 ways i.e., 4, 5 (4000 < N < 6000)

For b and ¢, total possibilities are ‘6’ (3< b< 6)
ie., 34, 35, 36, 45, 46, 56
Last place d can be filled in 2 ways i.e., 0, 5 (N is a multiple of 5)

Hence total numbers = 2X 6x 2= 24
f(x)=sec? x+4cosec’x = 1+tan? x+4(1+cot? x)= 5+ tan> x+ 4cot? x

Hence S min =5+4=9
267. (a) Do yourself
268. (b) SI/x)]= f(x)Vxe§ ={1,2,3}
I, When range contains 1 element é .
¢ x1=3 3

266, (c)
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II.  When range contains 2 elements

egilet f()=1 and  f(2)=2

Let f(3)=1 OR Let f(3)=2 1 I

(i) Ifx=1, LHS = f1/(x)]= f(1) .

RHS = | ¢ .

In this case also LHS =RHS V xe §

(ii) Ifx=2, LHS = RHS

(iii) Ifx =3, LHS = RHS

: ’C,x2=6

Remaining element can be mapped 2 ways.
III. When range contains 3 elements

J)=1 f(2)=2 f3)=3
269. (2) Do yourself
o Zsm—l[m(w+ 1)(\/032@:2:3 +Jol- 1)}
5 g F(zo+1)(«/{;i;§)—\/m2 - 1)]
5 sin- f\/(ml():(;:)\/mz —1}
2““—' jalvl_ (m+] 1)? _mi 1\ﬁ":12“]
;-1

Z(sin‘l —l—sin" -—~)
0 o+ 1

w=|

. G
S, =sin  —sin 5
sin~! L —gin™! L

2 3
sin ™! — —sin "~ . E

n n+l

TR N
S, =sin " —sin —_
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271, (¢)

272. (d)

273. (d)

274, (d)

A 4
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2 3
L g =l .Since 0. is a root of the equation x? =22 6~
al—o+l (@-D@?-a+l) =0,
therefore o® — 1= 20 (at— 3) and (o= 1) (0.* —ov+ 1) = —40L.

. [t:nt2 +a+l} _ 3ou— 012

So, =
o’ —o+1 2

Similar for B and y. Therefore the given expression equals

2 2 2
3(oc+[3+'y)—;a i e ).Nowa+ﬁ+v=2, of +py+ay =6

So,a? +B° +7v? = —8,and the value of the given expression is i gm: =7
A g lElo = =0
B, b 2
Let the common difference of {4, }and {B, } be d, and d, respectively. Then
A
e da =—I = 4da:2bl+db (1)
B, 2b+d, 4
A 2d
3 « =1 o 34 =b+a, Q)

B, 2b+2d, 3
From eqn. (1) —eqn. (2) : d, =d; and fromeqn. (1) : d; = 2b,.
Therefore a, = (n—1)b, and b, = by +2b;(n—1)=(2n—1)b, and
as+ay _ 2b +4b +6b i 35, +9, 12 12 5

as +as+ag
= - + -
Ab, +byy) 35k +17b)  2(3b +19b) 3(22) 2(22) 1l

3(by +by)
Rewrite the integral as

" _j‘[ # sz[l—x)wz e
) =
NS +X 5+x (5+x)2

dx dt
= — and the integral becomes

and do the substitution i:t, so that
e (5+x)* §

| s
_[ (- 6:)5” 2dt and now from here do the substitution 6¢ = 1 and we simply

(5)1];‘2 2

1

Wf, and we conclude a = 30.

obtain /, =

e
B - sin " sin x —_
Y =cos cos(logz Al )for—nSxS
2

| &

=cos ™! cos (log, 2" )

=cos ' cos (log, 2*)

=cos  cosxforOsx<m
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dx
275, (©)

5
4
3
2
|

0, 0)

1 23 4356

Number of ways to select horizontal path :
2,2,2),(2,2,1,1),2,1,1,1,1), (1, 1,1, 1,1, 1)
Similarly, number of ways of select vertical paths (13 ways)
13x13%2=338

- 3sin 20 az 0
! LetO=sin™ | ———— | Thehtan™ p=2
276. (©) (54-4003205} AN 2
0
— xX==
2
Now, Sin@:M_
5+4cos 20
2tan9 .
2 _ 6sinocosol

i > ; note th.f:ltx:tf.-m9
litan? 2 - S+ 8cos” o—4 2

t & %
2"2 . Otano Divide up and down by cos? o
14+x

sec? o+ 8
6tan o

= Divide up and down by 9
9+ tan” o

= xX= 1 tan o
3
277. (b) Let the coordinate of A be (h, k). Then those of B are (=h, - k).

2
Eccentricity of the ellipse is e = 1—[2) ;
a



4

GRB 1000 Challenging Problems in Mathematjcg for
&

212
From these and the condition of perpendicular of AF and Eﬁ,we get
— )2
hm 21, pall=f)
e e

In the lower limit of the given range, thus, e = B =~/3—11In the upper limt,
we gete= 2 Q .Hence, e has the range [ﬂ ;3= 1].

2 2

278. (b) By the properties of an ellipse, | PF| 4| PF, |= 2a, and by the properties of z hyperby;

| PF, |- | PF, |= 2a,. These equations combine to | PF| = a; +a, and | PF, |= S
Also by the properties of an ellipse and hyperbola, |F|F,|=2a,e, =2a,e,. Silx;ce
ae
171 and rearranging eliminage

€2

e

a, and gives e, = 1 .

€

> 1, which solves to ¢, > ?12

For a hyperbola, e, > 1, which means :

For an ellipse, e¢; < 1 Therefore —; <e <1

2
e 1
l s H .F0r5<el<1,therangeofDis(l,m}
2

Therefore, D=e, —¢; =
l_ el 1_ 61

279. (a) Do yourself
280. (a) Now, the integrand can be factorised using these trigonometric identities

sin ot +sin B = 2sin (a+B]cas (ff_—_ﬁ)
2 2

cos 0L +cos§ = 2cos (oc +B)cos (ﬂ)
2 2

; Tcos [2cos (E x) cos [E x):l
. 6
| dx
1/32sin (E x) 2sin (E x) cos (E x)
2 2 6
After simplification :
I ke (1 & J ot [Ex)cosectlt—x)dx
2 2

1/3 2sin 2 (g x) 1/3
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u-substitution

= —y
2

du ::EE‘ix
2

ri2

.[COt (u)cosec (u)du = —cos [E) -—[- cos (E)] =1
2 6

n/6x

»81. (a) Number of terms in the first series is 27+ 1. S0 S 4 =3m(Q2m+1)

Number of terms in the second series in m. S,

Therefore, Sa_2m+l _—m.

B m m

=3m?.

So, k=2l=m, k+l=2+m

282. (d) Forallyin the range of f,we have Y (¥)=Lso f(y)= l Since 999 is in the range of f,
Y

1 ; 1
we have 1(999)=— ,;so——isinth ine| ——
£(999) 995 39 In the range of £, then the range of fcontains {999 : 999]

by the intermediate value theorem, so for all y in [—1— y 999}, f(»)= —l Hence
999 y

statements 1, 2, 4 are all true.

On the other hand, let y = g(x)be the equation of the line through the points (999, %}

and (1000, 999) and considerd the function.
999, if x<

999
1 i L crcong
b 999
g(x), 1f999<x<1000
1999, if x>1000

S(x)=1

Then the range of f equals [—9—;3 4 999], and fis continuous, so it satisfies the conditions

of the problem. This shows that statements 3, 5, 6, 7 are not necessarily true. Hence, the
answer is 8.

0 iy
X
xIn9< A Inx

£<lnx

A In9
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: o)
s
fix)<g(x) A

K=]nx/lny

when f(x) and g(x) are tangent to each other at P(x;, ;) when f'(x)=g )

B

P(x;, »)
1.4
A xIn9

"o

1 lnxl
hl In9
A=eln9

\-D

for f(x)<g(x)
A>eln9
A>2:T71%2.197=5.95

1 6/x 1
If?u=6thcn(—) éatmcforx:3,4
X

284. (a) L= hmfj
s (1+x 7
(1+x*)" = 1+nx* +
(1+x%)" > 1+ nx?
1 |
o 2
(1+x7)"  1+4+nx

j'iz—"j &

o (14x%)" 3 (1+x?)
. L] &

......

=-i-~/;(tan"' x«f;)},
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\lﬁfj (1+ 7 < Hmtan™ vh
L< —
2
L)
20
Jx)
I= [ £=2dx
5. ) _'L) g(x)
Using King’s rule, we have
20
I= | J&) . I f(=x) L&) 16,
-20 g (_x ) 20 g (x )
Addition the two, we get :
20
f)-A+ f(=x)) , % f)-A+f(=x) , ¥
2= dx = dx= dx = 2020
_'L] g(x) _‘[0 g(x) _-[ Of(x)
= I=1010
sin Eli sin 2 icl sin2 *
286. (c) S= + +
sin? X sin? 2711' sin? 4771;

5= 4(005 —+00822—n+cos 4—R)—4[I—ZCOSEXCOSEEXCOSE)
i 7 7 7 7 7

=4(1+2><1)=5
8

287, (c) x" =x>+x+1
nlnx=In (x> +x+1)
In ()r2 +x+1)
i Inx

(asn— e0,x— 1)

In (2 4x+D)x(x-1)
Jim

e[r—)] Inx ]=61n3 =3

288, (c) Letlog,n=m = n=2"

[T
k=1

2m_1 2m—2 " ]) (xzﬂi-3 + 1) '''''' (x-’r' 1)

= (x +1)(x

215
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A=n=2" B=C=1
=5 B+C+log, A=1+1+92=94

sinx sina sinb
cosx cosa cosb
tanx tana tanbd

]

289. (b) Let 0<a<b<l;_. If f(x)=

roots of f”(x)= 0lying in (a, b).
290. (a) Draw the graph of In x and cos x —sin x and then interpret.
ng[a"—nw-l]
¢ =e"® = gp=6

x—0x
(a,6)=(1,6),(6,1)(2,3)(3,2)

4 1
P ]
= E)=3677

291. (d)

3
292. (c) A=-even that the item came from lot 4 s P(A)= 5 A =

B = item came fromB;P(B):%

B

GRB 1000 Challenging Problems in Mathematicg for JBg

, then minimum possible Number ¢

D = item from mixed lot ‘C’ is defective
P(D)=P(DN A4)+ P(DNB)

3.3.4.5 29
=P(A)'P(D/A)+P(B)-P(D/A)=§x§x;x§=§g
293. (a) a® +4b* +4¢? ~ 2ab— 4be—2qc =
(@=2b)% +(2b-2c)? + (2c—a)? = 0
= a=2%=2

Number of ordered triplets satisfying are 3 .., (2,11),(4,2,2),(6,3,3).

Two points (2, 1, 1)and (4, 2, 2) lying inside the given tetrahedron,
Required probability is ; " % = A=9

294. (c) The point (ay, by ), (a3, by ),......, (a,, b 2 By i)
given  (ay, +ib,, )=sayz,,,
Zu = (V3a, =b,)+i(3b, + a,)
- \/E(a,, =ib, )+i(a, + ib,)
xfi(mj,I tib, )+i(a, +ib, )= /3 z, +iz,
z,(V3+ {)where z, = q, + ib,

T
=2z, (cos = +isin &
6 6
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i
Hence, 2p =22, 6
n
2!’!'” -y zef_ﬁ- Saya
zﬁ
Pat =12 3 o , 99
o2 =0 2_3 =0Q,. ,E—L-—- =0
zl 22 299
33n
2100 _ o9 _2996‘ 2 2%

2100 =299(2'1 )i

, = w0 _ (2+4i)
'Ta% T 2%

2y =27 =27%q

al +ib1 = 2_-9’?I "‘2_981

— 97 : _ _~98
al —2 N 'bl ——2

g 4= -0
_(0 i 2 _ (-1 0 ,3_(0 =i oy e ) .
ws. i m=(0 §). M =m =3 O =(§, o) m=(5 9)=r
M* =1V keN.
So, I+M+M2+M3=[g 8]

T+ MAM>+ M3+ M+ M+ A MP
T+ MM+ M)+ M I+ MAM? M )+

=I+M+M2=(é ‘1’]-;-(? ({J+(‘01 _?J:(? 5]=M(itself)

am’ +bo+co? + a+bo+con?

+ MO8 (e M+M?)

296. (d) Given expression = ) 3 2
b+ cw+aw c®” +aw+bw

|
=0+—=0+0° =-1
®

297, (d) Equation of line through O (0, 0, 0) and perpendicular to the plane 2x— y—z =4, is

x=0_ y-—O= z—0=t(let)
5 -1 -1
Any point on it is (2, t,~1)
As above point lies on the plane 3x—5y+ 2z = 6,50

2
= 6t+5t-=2t=6 = =6 = I=§.
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Hence, (2xy =3y, +2z,)=4

"
298. (c¢) Normal vector of the plane n =

— D ey
P O >

1 =2+ 2+ 6k = 2i + j+ 3k)
Equation of plane 1(x+ 1)+ 1(y—2)+3(z—0)=0

P:x+ y+3z=1]

Hence, (a+b+c)=1+1+3=5

299. () |[a b c]l=30

|abcsinBcos ¢|=30 = B =

e

AR

Co-ordinates of point of intersection are (3

3

2

4 -2 =2

3

- 2 -

@a+b+c)[(ax c)x(a-c)+ b]

= - - WA
=(2a+b+c)[(a-a)c+c

- -
a+b)

=2a%c* +b% +a%c® =3a%c? +b? =300+ 9 = 309

)E(xO’yO,z(])

or x>1

k_309_,
103 103
& 231 = xe—t
X
300. (c) f(x)={ ax’+bx%; 05" <1 == Llzged
I/ 3 2
xX+ax” + bx . it =i
2
J/is continuous
atx =1 l=a+5b
and atx=-] ~l=—qg+5b
b=0 and g=1]

point 4 and B are = (=1, 3) and (1, -1),

g’ )= Ax=1)(x+1)
3
g(x)= l(%—x)i—c

g(-1)=%)1+c=3
2\

gD)=~-=+c=-]
e
¢c=1 and

8(x)=x3 -3x+1
g(2)=3

A=3

[GiVen]

- ¢=0 = a, b, c are mutually perpendicular
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{* . Than One Correct Type Questions

; =2 |
| 8§ fro=ed [—]+ s E(EJ
o @ed) " =)= @

! Also f”(x)is bounded but f(x)is unbound because lim f(x)— e
Also f” (x)does not existat 3, 7, 11

=  (d) is obvious.

s (ac)  Curveis y=tan™ (WZ‘U“E‘%

Now, verify options.
303. (c,d) Solve f(x)22V x e (0,) =5 Range of a is [1, o).
304. (a,b,c)  Since, fattains its maximum value at some ¢ € (0, 4)

f(e)=0
Now, in y= f’(x) using LMVT in [0, ¢] and [c, 4]
| /7 (d)|= i
= | f7(0)|£ 3¢ i)

agin, |1 (@)=L T O

= | f/(#)I5(4-c) )
Egn. (1) teqn. (2) = | f/(0)|+]f'(4)|<20.
305. (a,d) a-c=b-d [power of point]
al+c? =b?+d?
(a-c)* =(b—-d)? and  (a+c¢)* =(b+d)?
a+c=b+d and a—-c=b-d

= a=b and c=d
= Both line have slope = -1 = Parallel lines never meet

(0, d)
(0, b)

(a,0) (c,0)
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S a=-c=a=>b ;
a=d and b=c Al
.£+£=; f.g.._J.}:]
d c c d

= eox+dy=dx+cey = c(x-y)=d(x-y)

= y=X
2 lines meet y = x.
306. (ac) Let 3% =x
2¢ = y
6* N xy
(3% —2% )3k = 2¥1y (v~ »)(Bx~2y)
_YCx-20)-2y=y)_ Y. A
T a-p)(Gx-2y) x-y 3x-2y
2k 2k+l
= 3k _ ok gkt _ kel

Zk +1

] 6!'( b
Z Z 2k 3k+1 = 2!'(1-1

= (3."1: _2k )(3)’('!'1 __2k+] ~
2 2°
T, = -

2&' 2k+]

3k _2/( - 3k+1 _2k+l
nk
ZT,, = iim|2-—22 12
k=ol 3.3 -2.2%

307. (a,c) Do yourself
308. (a,b,c,d) Using AM,zGM.

16 16 16
@10y ..0nnn Gig S(a’ e Rl +a1‘5] g(ﬂ) S(ig;]
16 16 2

= §=49 and W=2
g(2a+5-3d)=147

ch =

2a+15d = 49
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2a+15d =M = 49
98

Il

4
Also, 5(20+3-5d)=N : (2a+15d)2=N = N

T
d 6==
309. (a.b.c.d) >

310. (b.0d) 2a=16+9=5
CE(O, é)
2
F = 5
1 =[2e.5(5— 3e)]

/ F/A, a-a l-e
Fa & ‘}
Az(—2,4)@/1\1(2,1)

PF, +PF, =2a
2 5 5
e” == = e=.|-

6 6

b = %—3 , now verify all the options.

311. (a,b,c,d) Do yourself.

312. (a,bc) (a) a,a+d,a+2d
a® +(a+d)? =(a+2d)’
2 +d* +2ad = a® +4d* +4ad
a* —2ad = 3d°

2
(E) _2a_,
d 3
t2-%-3=0 = (t=-3)(t+1)=0 = t=3

a=3d [possible]
(b) a=a; b=ar; c=ar’
¢ =a® +b?
a2t =a*(1+r%)
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Pl —1-1=0
. “‘2‘/3 1 [possible]
a,b,c— A.P.
b= 2ac
a+c
2 2
c2=az+ 4a“c -
(a+c)
a® +2a%c+4a%c? =2ac* —c* =0
Divide by a’¢?
a2 C2 a C
= —— +2(———)+4=0
2 a? c a
2_L-%1<0
c 4a
;(E_EJ+2;+4=0 = (W2 +4+2+4=0, t<0
c a
= 122 +4)=4(t+2)
= f()=t*-16t-16=0 = f(0)=-16
s fr=41> -4 = f7=12%*>0

One negative, one positive root.

g & et
— —— has positive roots.
2 B

313. (a,b,c)  Subtracting the given two equations.

o
5x2 —15x+b+a=0
<B

o+P=3
03+B+x1 =9
o+B+x, =0

X =2; x=-3
Put x; and x,
8-20+14-a=0 = a=2
; b=3
314. (a,b,c) Differentiate w.r.t. y keeping x constant

0=xf’(«\3’)—izf’(£)
ye Ay
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I X
. f’[__} s Y
32 y S ()
Put y=x
SWy=at )=
=1 V>0
Sx)=Ilnx
315. (@ed)  S(0)=eV f(x)+ e f(y)
Differentiating w.r.t. x

W)= €7 f1(x)+ f(x)e”* (y—1)+ f(3)e™ . y
Putx=1

W=7 1)+ fDe’™ (y=1)+ y(3)
Nowputx=y=1; f(1)=0

Y (¥)=e’ +yf(y) = x(f(x)= f(x))= €&
e (f" ()= fay) =1L
Integrate both sides '
e’ fx)=lnx+C
fH)=0 C=0

=  f(x)=e" Inx.Now verify.

316. (ac,d)  Letdegree of f(x)ben
2

n-=n+2 = n=2
f(x)=ax® +bx
On comparing the coefficient
1
b=0 ; g=-—-
V3
2
X
fx)=—%
V3

317. (a,d) Consider F'(x)= f(x)—g(x)
F'X)=f'(x)-g’x)=In(x+Vx*+1)=0 at x=0

F'(x)>0V x>0 = f(x)is increasing
and F'(x)<0 Vx<0 = f(x)is decreasing
Hence, minimum value of ' (x)occur atx=0but F(0)=0 = F(x)>0V xeR- {0}
=  (a) and (d) are correct.
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318. (abd) Puta=g’(1), b=g"(2)
fx)=x*+ax+b
g(x)=cx? +x(2x+a)+2 ) '|
g(x)=(c+2)x’ +ax+2 )
g’(x)=2(c+2)x+ﬂ
g'N)=2Ac+2)+a=a
c=-2
g”(x)=2(c+2)
g”(2)=2c+2)=b

(1)

- b=0 |
= f(x)=x2+ax !
gx)=ax+2
Now, ¢= f(1)
. f(H)=1l4+a=c=-2 = a=-3
= fx)=x*-3x, g(x)=2-3x
Now, verify.
319. (ab) s g x4 =2x+1-x+1 ~ lim x? =3x+2 . —
1 (r=1)(x =2c+1) =1 (=D +1-2x)
b= (1+h)* =3(+h)+2 T (1+ah+...... )—-3h-1
h—)Oh[(H.k) +1-2(1+4)] *0 h[l+ah...... —1-2h]
(G-3)+ “("2# ) 2

= lim
B0 (a=2V i

g=3 and b=3 = at+b=6

320. (a,c,d) Y=4lx+y = y2 =x+y
y-y-x=0 ()
2y-1)y'=1
|

= =— =

y' 271 (a)
From equation (1), 2y =1++/14+4x
Hence, 2y—1=+/1+4x

’ 1
V1+4x (©)

On dividing by y, equation (1) gives
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X

}"_ _.__}’_ = 2y-—2=3x_

y

Wi 2=t . ] b i
24y 2 2y=2)41 gy “hichis same as (a).

y

% x<0 /2

1. (2,b:0) S(x)=|sinx, 0<x<n/2

=a | |x—tlsin t dtf + bx+
1, x>m/2 J;‘ | e

n/2 /2

Ifx<O, x=ajrsintdr—axjsmrdt+bx+c = a+c=0 and b-a=1
Y 0
n/2 n/2

b : )
Ifx>5, I=a.xjsmtdt—ajtsmrdr+bx+c = c¢—a=1 and a+b=0
0 0

= a=—, b:c:

322. (a,c) fx)=ax® +bx+c
-b

Given, s 0 = h=0
Now, let maximum value of g(x)occur atx = p
= g'(p)=0
[(S(P)* + £ (p)]e/? =0
= (S () + /" (p)]=0 (1)
Also, g(x)=4+/e has rational roots (given)
Therefore, | /"(p)le’? =4e has rational root (p must be rational)
Oncomparing | f"(p)|=4 and f(p) =é v R

From equations (1) and (2),
16+ 2a =10 = a=-8
Hence, flx)=-8%+c

|
Now, f(p)=—é = —3p2+c:% and ['(p)=-l6p=14 = p=t
Hence, c=1
Therefore, f(x)=-8*+1
g(x)=6x|e">

Now, verify the options.
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323. (cd) (a)

(b)
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f)=-x=-2)"" =

h—=0

fx)=e™

solution for f(x)= 0does not exist.
(c) f(x)is monotonously decreasing and f(—x+1) monotonously increases

| 1 1
And since its clear that y= f(x)and y = f(—x+ 1) meets at point (E : j(_i)] ,

324. (a,b,c)

325. (ad)
326. (a,b,d)

Ca

they must meet at only one point.

im " h}:‘ f(2) does not exist.

Thus, the solution for f(x)= f(—x+1)is only one, x é
b is maximum where B = 90° A
b s a "
sinB sin 4 c b
I T3
=——= ; b=— B
3/7 3 a C
A=§I><11><c A e ﬁ22~/_]
24
O )_J_
Do yourself.
f(07)= f(0)= f(0")
)=3
Ima(l—hsinh)+bcosh+5=
h—=0 hZ
3 2
all-h h—h—- ...... +b l—-—+—f‘4_+ 5
. 6 Y T i +
lim
h=0 h2 =3
(“+b+5)+h2(—a——é)+ ......
lim 2 o
h—0 hz =
a+b+5=( and a+—l=_3
b 2
"3‘|"—:-—5 b_
2 ’ D
bmied ’ a=-]
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1/h
ch + cﬂr‘] ‘
___————_

lim (l +
h?

h—0
| C=0
j' gi_;}g (+dh)"" =3
? el =3
| s d=In3

2¢” +7c—3a-5b = 2(3)+7(0)— 3(=1)=5(=4) = 643+20=29
327, (0 xz—a.x-(a2+1)x+a(a2+l)=0
= (x—a)(x=(a® +1))=0
Clearly greater rootis a? + 1=, (let). Let f(x)=x? —a2x— 2a® = 2)=0
| Then the condition that o lies between the roots of S(x)is f(ot)< 0.Solving we geta” > 5
from where we get least positive integral values of g as 3.

(a)

(b)
(©)

) \/2+q/2+1/2+‘.. =2

If graph of | f(x)|and f(|x|)is same then f(x)> 0V x>0
/(2)=0 because f(x)cannot be —ve for x> 0.

328. (b,c,d)
Given f(2)=0 =

By symmetry f(-2)= f’(-2)=0
fx)=%0=2)* (x+2)> (Note : Function must be odd)

fx)=x(x*~4)*

329. (abec) f(x)=ax?—bx+c

S.R.=—b—<2 = b<2a o i
a
: /
PR.=~<1 — c<a vis (2) - —
a l \_/ 1
and D=b*-4ac>0 = b* > dac o (3)

To find minimum value of abc
J0)=ec>0 ; Cyn =1
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(3) = b? > 4a
(1) = b< 2a
=5 b=5; a=35; e=1
Also, >0 = a—b+c>0; a+l>b
A<logs 25
AE2
330. (acd)
(1) Reciprocal roots — cla=1 =:;2 c=2a
(2) Distinct roots = b —dac=b"-4a" >0
2
=5 Ly (- a%0)
az
. b
(3) Positive roots = E<O
Substituting b/ a = ¢, from (2) and (3). It can be easily established that # < -2
af’(1)=2(2a+b)=a2[2+9]=a2(2+:)<0 (v t<-2and a*> ()
o
x% -1 -1 1
= : =——Inx; k=-
331. (a,b) S(x) 7 ; g(x) . 7
ohfax? — 12049, 1<x<2 |2x— 3] &} 1< x<2
—. 5 X)= bl
332. (ab) S(x) cos(gax'_{x})} st S(x) COSE(IxI-{r}), i)
[ 3
—(2x-3)(x-1), ISxSE
Q-3 -1), R gwed
. 2
cosg(—x—(x+l)), -1<x<0
cos g (x=(x)), 0<x<1
n
== (% -x~1)
y = 8In 7x y=1
f y=(x-1)(2x-3)
: .
| 1
~% | -
~1 O I 3 2
2
y
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cos (2x E-._‘
S@e+DZ=sinmr, -1sx<0

1, 0<x<1
={—(2x+3)(x=1), s
2
(2x+3) (x— 1), S ey
2
O Sp=")
Hence, f(x)is discontinuous at 0,1 and 2.
.7 +x
333, (ad) x-e (2x+1) dx+j x> ™ dx
I 1
x_ex2+x +.[ex2+xdx
f(x)=xe"

P = Mrr)=0" S fming
£ @)= (24x)

P = Mk
fED="=m

[I- =[e]=2
m

1,3]
3

]
|
{ 2 +3x+3
[

334. (abec) ¢

335. (acd) Y
(x+1)(x% +2x+2)

S

1 1

I 2 )dJC:J 2 . 1 2o
\F+1 %% 242 x+1 (x+1)° +1
=2In (x+1)—arctan (x+1)|;

=2In 2—arctan 2+Z =¥ (a)

From (a)

A=2In 2+~74£—arc tan 2= 21In 2+ arctan (i—m—i] =2ln2-arccotl =
+

From (a)

A=2In 2+%—arcta;12= —g+ln 4+g--arctan2=—%+2ln 2+arccot2 = (d)

336. (ac,d) Since, /7(0)= 0and f(x)decreases in the intervals (o2, 0)and (0, k), we infer that it

contacts the line y = f(0)as it passes through

By partial fraction decomposition

229
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y = {(x)

Then, f(x)would look like the picture shown on the right.
Since f’(2)> 0,we can notice that k < 2,and therefore f’(x)= Ohas one root in the open

interval (0, 2), (@, true) and obviously f(x)does not have a local maximum (b, false),

If £(0)= 0, then f(x)=x" (x= p).
This leads to £*(x)=3x?(x— p)+x° =x" (4x—3p)and from f'(2)=16,we gap:%_
f(x)= 4x? (x—1), and therefore the local minimum (and thus the actual minimum of
this function) occurs at x = 1, which yields f()=- % ,(c, true).

337. (a,d) Given x-g’(x)20Vx =3 g'(x)sxVx

1 1
[gods[rd = gh-g@s; = @
0 0

Again f(x)+ f(x)g’(x)2 0V x

d g
—(f(x)e >0V x
» (f(x)e"™)

Hence, f(x)-ef ®) is an increasing function V' x

= £(0)-e8@ < f(1)e2®
JO) ¢ s0-20 < ol2 5 (d)
J(1)

338. (b,c) Range of f(x)must be all real numbers.
Hence, f(x)= 1——-&— where P(x)=x2 +x+2c

X +x+2
For range to be R, P (;;) <0

= ce (=6,0).

2
339. (b,d) I= j i .
(xsin x +cos x)*

Put ¥ = X8eC X' XCOS X
XSeCX XCos X
/ =J. dx

(xsin x +cos x)*
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tegrating by parts taking N
Integ g xseex as first function and kLo as second

function, we get (xsin x+cos x)

g sr:cxj oosx .
= . +_[ xsec
(xsin x +cos x)? (xsecxtan x+sec x)

XCOS x
. 5 dx |dx
(xsin x+cos x)

4 1)

Xcosx
L=]— — dx
(xsin x+cos x)*

Putxsinx+cosx=¢ = Xcosxdx = dt
=l -1
t t
(Ignoring arbitrary constant as per the question)
=]

XCOS X+S8in x

= 11=

Putting value of 7; in (1), we get
J o TXsecx +J secx (14 tan x)dx

XS8In x+cos x xsin x+cos x

which is the option d.
Simplifying this further by taking cos x common in denominator in the second term we

cos x (1+ xtan x)

I =
XSin x+Ccosx

340. (b,c,d)  First observe that g is the inverse of p.
Hence p(a)=0, p(b)=1 Also f’ is a continuous function which maps from

[0,1]— [0, 1]

by Intermediate value theorem we can say that there is ke€[0,1] such that
S (k)=k=(@d)

Now, f'(x)1< (p(b)- p(a))

1
Hence, J. ['(x)dx< (p(b)- p(a))
0
1
Divide both sides by b—a = jg (x)dx
0

|
[ £ Gyax
0 < (p(b)-p(a)) _ p'(c),ce(a,b) [By LMVT]=(c)

b—a

|
-[g’(x)dx
0
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y S()—-/(0)
Also, use LMVT for y= f(x)in [0, I]=> / (c:)=——t—0—51

D)= (01
SDS1+f(0) = (1)

341. (abe) [I,=nmxVn=0,1,2,3,.........
Now, proceed.

342. (a,c) Given, P(a)=0

0(b)=0

Consider, R(x)=P(x)-0(x)
R(a)=-0(a)
R(b)=P(b)
R(a)R(b)=—-Q(a)P(b)< 0

using I.V.T. '
Rie)=0 for some ¢
= P(c)-Q0(c)=0 for some ¢

[lly consider R(x)= P(x)—20(x)
R(a)=-20(a) ; R(b)=P(b)
R(a)R(b)=-20(a)P(b)<0

. R(c)=0 forsome ¢ (using LV.T.) -

= P(c)-20(c)=0 for some ¢ =5 (©)

n

343. (b,c,d) T=3i —li = [1+2{Zr }
n=| 'ﬂ: k=1

B
) 2“: (!c(k+l))
(2) cot™ x=tan" (_IJ
X
1 -1 1{=
2184 e b ' _
TE(}; an [H-k(k.}.[)]J R(Etan (k+1)-tan lk)

a |
SN -

s
&1

InﬁnileG.P.:B( 14 ):1

1-(1/4)
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- o) F(x)is an increasing function and G(x)is a decreasing function
(
1 TR (T i
@ FEE)=-CGx)=F'(f(x)-G(x))- F'(x) =G’(x) [>0

k-_'_-—-——-\—._______, e

+ ve N Hve
ve -ve )/

g \
®) GFEE)=-Gx))=G'(F(x)-G(x))- F'(x) -G'(x) [<0

h————-—-ﬁ,_.______,

——

— —_——
ve k + ve -ve J

() G'x¥)-F’'(x)<0
(d) G'(Fx))F'(x)<0
345. (a,c,d) Do yourself.
346. (@bc)  (3secO+5cosec®)x+(7secd - 3cosec 0)y+11(secd— cosecB)=0
sec® (3x+7y+11)+cosecO(5x—3y—11) = 0
Hence, family of lines are concurrent at the point of intersection of
e+ Ty+11=0 and 5x=3y—11=0
Hence point B is (1, -2).
Now proceed

347. (a,c) Z csc [Ul +(m—1)— )csc ((x + anJ =4./2

m=1
On solving, we getsin 20 = _2!,

Hence, pie=l o Sn iy PR Sm
6 6 12 12

348. (a,b,d)  Given that both the matrices

A ¥ and A +g are orthogonal that means

(A—%](A’—é]=! @8l =1)

PT . ) (asI*

2 2 4

Also, (A-kij[A-ki),zl
2 2

(A +£)(A’+£)=J
2 2

AL AT T

4

Subtracting eqn. (1) from eqn. (2), we get
AI+A'I=0 = A=-4'

—  Hence, A4 is an skew-syminetric matrix.

AA" +

=1)

.2
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Now., for order of matrix add eqn. (1) and eqn. (2), we get
Al
4 |
Hence, | 4]> # 0 have this so even order.
349. (a.b.c)  Consider a differentiable function f: R — R such that f(0)=0and f"(0)=1.

®)  f(x)=x—2x*sin (1), if x is distinct to 0 and £(0)=0.

X

(d) h(x)zj 1(t)dt fulfills 2" (x) = f(x).
0

g(x)=]ih(f)dt = g’ (x)=h(x)
0

= g'x)=hr"x)=f(x)
350. (ab,c,d) Note that C, is binomial coefficient "C, .

2 n n
(ZCEJ =Y c?+2) Y.CC;
i=0 i=0 i=0 j=i+]
n n I— H 2 n
= Yy Y e, =5 (zc,.] -Y.C?
i=0 j=i+l | \i=0 i=0
1{& P | o Agas g -1 (2n)!
=3¢ | X e |=s2 - e,)=2m -2
2(\i=o =0 2 2nt)
Therefore, a=2n-1, b=2n, c=2, d =n all are true.
351. (a,b,d)

Firstly, note that to calculate the total number of matrices in the sample space, we may
place the three 1’s in any of the 9 entries of M and the remaining 6 entries would be all 0.

Hence, total number of matrices M in the sample space is s ; =84

For M to be non-singular, all rows must be linearly independent so that M has full rank.

Hence, each row must have exactly one 1 and no two 1’s must be present on the same
1

column. This can be done in 6 ways. Hence, probability is Ry
Prob (M =1;)= i because all 1’s need to be present on the principal diagonal and

hence there is only one such M.
For trace (M ) = 0, 0’s are present on the principal diagonal. Hence, 1’s can be placed on

any of the 6 remaining entries. Hence, probability is 57
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_Z[(fz(x)—-(x—l)ln (e =1)(2/(x)~ (x= 1) In (x=1)))dx = 0

150

_:[(f:a (¥)=2f(x)(x~1)In (x- D+ ((x=1)In (x=1))? )dx=0

150
J ()= =1 (x-1))? ax = 0
2

(f)= (x~1)In (x=1))% > 0
(SG)=(x=DIn (x-1))2 =0
Sx)—(x=DIn (x-1)=0
fx)=(x=1)In(x-1)

(a) is incorrect because area is equal to 1/4.

353. (c,d) Do yourself.
354. (b,c,d)  2sin 24 +sin (2B+C)=sinC
28in 24 +sin (2(n— 4 —C)+C)=sinC
2sin 24 +sin (@ —ZA) = ﬁ
3 2
2sin 24 —sin (ZA + _’E] _J3
3 2
2sin 24 ——lsin 2A4 —ﬁcos 24 = [3
2 2 2
ESin 2A —ﬁcos 24 = ﬁ
2 2
Divide by +/3
ﬁsin 2A ———lcos 24 = l
2 2
sin (QA - E) = L
6) 2
= Uetwnk 4=
6 6
T 2
= B=— , A=-—=
2 NE]
Now, verify.

Given that ZC = %

235



355. (a.b,d)

356. (a,b,c)

357. (a,b,d)

GRB 1000 Challenging Problems in Mathematics for JEE

2h% 4202 — 22 ) 2¢2

2

_;_zaz_-bz . 2a2+2b2-—(:2

2
3

—

my

my =

2_
=]

2

e
)

4
[
mn;

Now, verify.

f/(x)=3ax* +2bx+c =

27| a?
2 b
—1}| ¢2

]

4 4

J(Q=¢c=3

ff(x)=6ax+2b = f”[%z):—4a+2b=0 = b=2a

3a><4+4a
9

(32]+3

= g=),b=2

)
4q 4

ta_1
fx)=x>+2% +3x+4
2 (e(x) fle(x)=
dx

f0=4 = glh)mt

g'(f(x)=

and

f()

(@) SO oo = -‘-;f

f(=1=-x)= f(-1+x)

/f(x)is symmetrical w.r.t, line
fx)=alx+1)* +b
f/(-1)=0

S()=5 and f(-1)=1

= g'(d)=

2

4 e (o) =28 )+ ()
dx

1

J(0)

2

x=-1
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’ b=l a=1
SE)=(@+1D% +1=x2 £ 2¢ 49
abe)  Differentiating w.rt. x, we got
358, (@ (x* =1)e" (x? + 4x+1)=e* (f(x)+ /(%))
5 g(X) = S()+ f'(x)= (x? = 1) (x? + 4x+ 1
gx)=0 = x=4+41 or x* +4x+1=0
o’ +4o+1=0

Given expression = (002 + 40, + 1) (o? + D+1=1,

a becd) Checkatx=Fk kel

fT)=k
=) S )=k=1+1=

() fk*)=k>+0+2k-0= k>
ST )= (k=1)% +14 2+ 2(k - 1) (1) = k>

() forx>1  {x} is less than e* and both function are positive.

359.
continuous
k]

Vx>1 0<-@<1
e
& - L]=90 = continuous
d) fk*)=0
fk7)=[1x0=0 = continuous

360. (a,b,c,d) Using, A M.=>G.M.

= S=49and W=2
§(2a+5-3d):147
2a+15d = 49 (D)
2a+15d = M = 49
Also, 20a+v35H=N 3 Qarisdp=N = N=88
2

sif 1Y ol 1 o
361. (b,c,d) Jé(sm '(r/_;(—)*sm l(\[sze y 9= :

362. (a,d) Do yourself,
363. (a,b) (©)=2; (d)=-
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364. (abe)  a’+ab+10=0
b* +ab+10=0
(a*-b? )=0
(a=b)a+b)=0
a#zb a+b=0
But, a(a+b)=-10
~. no such @ and b exists. = (d)
365. (a,b) Do yourself.
366. (a,b,d) Do yourself.
367. (a,b,d) Do yourself.
368. (b,c,d) Do yourself.
369. (b,d) f&x)=(x-2)*+6

370. (a,d) fx)=3(tan! Vx—2)% +sec™! Jx - g

-1 3n?
Range=|—,—
ang [4 . ]

3(tan Vx—2)? —COSBC_I'\/;FI-E:— 3(tan ! J?)z ~cosec” 'V +2-"

lim = lim 4
x—2" sin (x=2) t=0* t
. [3(tan~" V1)*  cot' (Ve+1)—tan~ (1)) 1
= lim — =_
1—0* (J;)E L 4

371. (abec) Puto=f=0 wegetd=2
372. (a,d) P(x)=x +ax® + bx

Note that x = 0is one of the root.
Therefore 3 roots in A.P. can be taken as 0, d, 2d (where d > ()

Now, sum of the root= 3d = —¢ (1)
sumtaken 2 atatime= 242 = p V)
Alsogivenl+a+b=10 o (3}
From eqns. (1), (2) and (3), we get
a+b=9
Hence, 2d%-3d=9 = 2d* ~3d-9=
= 24% —6d+3d-9=0 = (d-3)2d +3)=0

d=3
Hence, roots are 0, 3, 6,
Hence,a=-9 and b=18
b-a=27
Sum of the roots of P(x)=—q =9
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173, (a.b) Range : (=co0, =)
A
374, (a.b) AXB = -13{ - 9j+ 7k

_}
Take cross with A

b - — — N
Ax(AxB):Ax(-lz,i—gjmﬁ)
i Kk
2. 1 =
-13 9 7

- = -

5
(A-B)A—|AP B=

”~
.

= 52i - 79j- 5k

- -3 i i
11A -30B = 52 - 79§ - 5k
(22=300)1 + (11-30)j + (55~ 302 )k = 528 - 79} — 5k

Now, comparing coefficients of i, jand K, we get

22~30x =52 => X=—1
11-30y=-79 = y=3
55-30z=-5 — z=72
Now, verify.
375. (a,c,d)  Let, F)=x> +ax? + bx+ ¢, then

f(x)=x3 +ax® +bx+c

f(x)=3x% + 2ax+b

S7(x)=6x+2
J7 (x)=6
Equating the coefficient of f(x)+ f'(x)+ f” (x)+ f"' (x)=x"
We have 3+a=0 — a=-3
b+2a+6=0 =5 b=0
and c+b+2a+6=0 = =0

Therefore, f(x)= x* —3x% and

T . x? = 3x?
8(4‘5)=J—x—3—dx—‘[' 3

dx:I[l—E) dx=x-3Inx+C,

X
Where, C is the constant of integration
g(D)=1-3In1+C=1 = C=0
= g(x)=x-3Inx
376. (ac) Do yourself

X 2 |
oy ATCRP VN T o S
b B -[|;1+sinf 2
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378. (ab,d)
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Consider the function i(x)= f(x)—k g(x)where k € {1,2, 3,4} on the interval [0, |

Using LMVT, we get

Now,

ifk=2

ifk=3

ifk=4

379. (be,d LHL.= lim

w(e)=" 020 re)-kg'(e)

(f()—kg(D)-(f(0)-kg(0)= f'(c)-kg'(c)
(6—2k)—(2-0)= f"(c)—kg'(c)
4-2k= f'(c)—kg’(c)

if k=1, we get
f(c)=g’(c)=2= f(0) = (a) is true.
Sf(c)-2g"(c)=0=¢g(0) = (b) is true.

[ (c)=3g"(c)==2==¢g(1) = (c) is false.

fc)-4g’(c)=—4=-=2g(1) = (d)is true.
sin [a(x+1)]+sin x

x—0" 2x
’ for limit exist a € [0,1)
o s sinx+0 _ 1
' wsb® oY LD
bx
I+—+...]-1
o ()2 -1 ( 2 ) 1
RHL.= lil = lim =-V beR-{0
x—0* bx x—0* bx 2 . O
1
c=—; a€l0,1
3 [0,1)
So, beR-{0}
vbh+1-1 1

|
f)= = =
b Vb+1+1 3
5 b3
380. (a,c,d) Do yourself

381. (abe) S,

n ~ l "
=Y tan™ ; i - P oy
g’ (1+(r+2)(r+l)J’ oL Z;t“m (r+2)—tan™ (r+1)

, =tan”" (n+2)—tan ™! (2) now verify.

|x—al x<a

382. (a,b,d) d(x,[a,b])*—-{o as<x<b

|x— b b<x
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Hld\‘l, X<0
) XE 0,]
dx, [0, 1) = |x= 1], erL zi'
l.‘c-—-ll, xe[2’3]
x=1, x>3
[1x=2], x<0
|x=2, xe[o,1]
= dx[23])=||x-2, xe(l,2]
0, xe[2,3]
_lx—3|) x23
[ I »
P e X=
(])x[—l—lx—Zl o
= <
E IS FA ) o
— 52 ]
> S@=l-l-d = [x-1, g
| =1 9<xg3 |b xe[2,3]
|x—=1+0 x=1 >
|x=1 - 2(x—2)’ X=3
[Je=1+x=3]
= 05 f(x)s1
] bemae i bad
|
|
1 I
2 R i sl
= ot | (SRR A “““““‘:‘ Y )
i
|
I
1 2 3
Graph of f(x)
383, (abec) ()< y(x)VO<x<y<l
s SO I ey
X
= g(x)=-@is decreasing
X
= g'(x)<0 = X’ (x)< f(x)
=5 j”(x)<—/(—x!Vx0<x<l
x
Hence, f(x)<g(x)V x0<x<l

Hence, f”(x)is less than minimum value of g(x) which is g(1

).

241
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384. (c,d)

385. (a,b)

386. (b.c)
387. (ab,c)

388. (a,b,d)

389. (a,c)
390. (a,b,d)

391. (a,b,c)

1
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S1@)< S | . el
()< () = [ ndx< [ Sx)dx
0 0

1 1
- [ fx)dr< [ £y
. 0 (i]

I}
SM)<2| fx)dx )
0

LetAis (1,0), B is [ég] and Pis (x, )

- — -
OP=(2—-1)OA +10OB,fe R
i ﬁj‘]

i+yi=Q-0)i+t|—+—=
xi+yj=(2-1) [2 =

el

4
aheh el L

V3

AP |= (G- D+ =G 0P +07 =P —r12

=12 Y2812 coiauvpp
e R U S

Two possible A.P.

A(r):isint—cost—g

f(x)=0,now verify.

ex
J(x)= =

X
Equation of circle is (x—4)* + y* = 8
Do yourself.
]_ .' — F

cosxz(ﬁ_l)smx - 1 .cos,\,z(\ﬁ_l)
COS X COS X sin x
2sin2 %

2 _ 3.

i X X
2sIn ~cos —
2 2
" . :
either sin 5 =0 le, x=2m

x=0,2n



v

i

1000 challenging Problems in Mathematics for JEE 243

.
ot lana—\/ﬁ—l =

xe 2074 L)
4

Ix—E
only 4

Hence,d =3 i.e., 0,2n, 7w/ 4

Now, d = 3lies between the roots of the equation x* + (k— 1)+ k2 + k—11=0
f(3)<0
9+3k—3+k% +k—11< 0
k? +4k-5<0
(k+5)(k-1)<0
ke(-5,1) - T

192 (@bd) @=52,b=51,c=1

P (2 aces are drawn in exactly » draws) = P (exactly 1 ace in n— 1draws)

P (second ace in nth draw)
s 48(3”*2_ ic, X 3¢,
= 53—n
_ AL (-1I(53-m)t4 3
(n—2)1(50-n)!-52! ~ 53—p
:(n—1)(53—n)(52—n)(51~n)-12x 1
52-51-50-49 53-n
(n=52)(n—-51)(n-1) 1
0D . R Bl
a=52,b=51,c=1andk=13-17-50-49
= (a), (b), (d)
393. (a,b) fx)=0Vx21
(a) is true because domain of f(x)isx= 1.
(c) is false because domain of f(x)isx> 1

~1/x2 ~1/x2
Woad) =2 <% yre(0,1/43)
2 3
X X
fer<e
Let g(x)= Pl
1142 1742

[ roeydx< [ g(x)dx
0 0
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.2
=1l

NOW, g'(_);) =
2
24 6
G T e [-———]> 0
g"(x) i
NN |
y=g(x)is concave up V xe (0,1//2)
~ ‘\j_ 1
(U % ez] '
~¥ = g(x)
1/42 1 1/2 1
— g(x)dx< - f(x)dx< =% (a)
'(': 2‘\/562 J.O 2\/532
' o L
For point of inflection f’(x)= >
X
Now, f”(x)= Ogives quadratic in x, hence 2 point of inflection. => (d)
2
395. (a,b,c) x? =2 y and ( v+ —%) =4 px

Suppose the common tangent be y+—; = mx+2Z
m

b

then, x* = 2mx + 2. 1 has equal roots
m

x2-2mx—(g£—1]=0 =% D=1 = m2+3‘8—1=0
m

m
= m3—-m=-2p
: , 1 =1
Let f(m)=m’ -m = f/m)=0 if m=—, >
V343
#5%) 4
2 p=——
-1 1%/3 ;
T f(p)={3 —=<p<—s
1 g %3 W3
’ _ =]
| -2 T
= — 33
(\6 3\5} 1 1
| 33
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AnB)+P(4 NC)=P(ANBNC)=p(4
7 p(A)PB)+ P4 ﬁC)—P(A)P(BmC)=EP(31[;J((BB);:J

p(ANnB)=P(A4)P(B) -
PANBNC)=P(A)P(BNC)
P(ANBUC))=P(4)P(BUC)

(C)=P(BNC)H
P(A)YP(C)=P(AWP(B~C)

2
ANC)=P(4)P(C) = :
s P(A 1 A and C are independent events,
J P(_, = P(4)=7
B BuC)_p[BNC N
4 T |=PEAO)=1-P@B)P(C)=1-1.1 -1
i i 34 12
P(____—-sz(Z):_
BnC 2
n g l
d Sn _ e
w1, @09) 20 ker1)+1
1
n
S,,,:Ztan'l k(k+1)
k=1 1+ :
k(k+1)
i
5. =Y tan~F £ Rl
2 i
k(k+1)
H 1
S, = (tan !~ —tan” ——)
bl k+1
S, =tan~' -—tan”’ Lo L g St =l =
= n
.l 4 1
+tan” ——tan = ——
n n+l

n+1
. thanS” 54 il [TE_I_S) 5-1-622’&1;1(‘"54_’m tan ™ 1 )
+ P - an| — n g a &
ey l—tal'l S_n P 4 n 4 4 n+l

& o 62 i
=5+2tan(5—tan# ﬂ)=5+2°°‘(t‘“‘ n+l

”=I ’7 + l ﬂzl
62 62 62
| | .
= = Y e 5, (A 1)
5+ Z = Z: : ");1
n=1 tan|tan~ —— n=l — r
n+l n+

63-64 _ 442016= 2020

y ¥
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398. (a.b.d) Othrocentre is (+4,-3)
Use O, G, C collinear and G divide OandCin2:1,to getpand ¢
=—; q=—5— = (b) and (d)

B-2)B+7)=(o-1)(0+2)
B2+5p-14=0’+a—2

B2 —o?+5p—a=12

=3, i s " = i - i
399. (b,c,d) Letv, =i+j+k and vV, = f(x)i+g(x)j+h(x)k

- - - -
Now, ViV, =2=|v||v, [cosﬁzﬁ\/fz(x)+g2(x)+h2 (x)cos©
Hence, gseczﬂzfp‘(x)+g2(x)+h2(x)2%
3/4 34 4

Hence, I, = J(fz(x)+g2(x)+h2(x))dx= j de:l
0 0

a
400. (ab) & +(A+2)x2 — (k+Aw—27= 0—<—b (1)
C

A2+ 20 (k+1)+ 4k =23 .35
= A+2)(A+2k)=2°.3° )

~(A +2)
8
—(2k+ 1)
8

a+b+c=

ab+bc+ ca =

abc:i22

(a+b+c)(ab+bc+ca)=(_(l+2)](—(2k+}”))= 2 3
8 8 8% 8

5
(abc)(a+ b+ c)(l-fi +-l-) £z 9
g b ¢ 8

5
2—7(a+b+c)(—l-+~]-+—l)=§-
8 a b ¢ 8
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L’RB o 247
Hences (a+b+c)(a b+c) 9
NOWs using AM.2HM., in a, b, ¢ we get
(a+b+c)[—1~+_l_+l 2_1
a b c 9
3
Hencesa’"bzcza
5 Triangle is equilateral.
Now, verify options.
dbbeth
il (ab:0) Leta and b be the number of shots 4, B respectively takes until they hit the target.
S= 2 (P(a=n))x(P(b> n))
Now, for P(a = 1), 4 must miss their first - 1 shots and hit on the nth shot
n-1
Thus, probability of 4 =n = (1H§) 3_3 «[ 2 4
) S 2 5
P2 ) k=1
Next we have P(b>n)= zp(bzk)z 2 (E) XE:(_%T
k=n+1 k=n+1 7 4 7
4
3w (2.2)" 3. 35 6
Thus, S=— (hx—) ==X ==
. 2%57 2" _4 3 @
35
Now, probability that 4, B require the same number of shots will be
n—1 :
4 3.5 3 1 15
P(A=n))x(P(B=n R ™ e D ey ol
S (P4 =) >)2((] 57}7%431
; 35
Now, probability that B require less shots than 4 will be
fo i 5 18 S
31 31 381
Hence (d) is false.
402, (ab,c,d)
(@ logs(YIWIWT..... )--logs T7>1
(b) 1 < 1 = 3-42>7-46
V3+42 1+46

(c) log, 10> 2and log,, 70<2
(d) log,(3++2)>1andlog,(2-+2)<1

(c)
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403. (b.c.d)
| " 81

—log7 6 (I-logg 2) _ ~—logy 6 .q(-logg2 _ 1, O°
(a) 7 %7748l ¥ o=y +81:81 i
®)  (I-logg 2)(1+log 2)+ (log 2)* = 1= (log 4 2)* + (log¢ 2)* =1
(¢) logy S+logy 6-log; 10=1log;3=1

P Iy:2 L 1 2
() [23+53](23~23-53+53 =2+5=7

404. (b,e,d) (log,x—4)-log, x=5

Letlog, x=a
= a’*-4a-5=0 = (a-5)(a+1)=0
= a=5 or a=-1 = ¥=732 ot x=-%
- - - 1
405. (a.b) J):co’sx cc-sj 3x+C(_)s 3x c'os 9x+rjos Ox C(-)S Ix
sin 3x—sin x+sin 9x —sin 3x+sin 17x—sin 9
cosx—cos17x  2sin 9x-sin 8
— = =tan9x
sin17x—sinx  2sin 8x-cos 9x
7 (a) and (b) are correct.
406. (b,c,d) log;(2*+1)=¢ = 2+¢t)-t=3
= 1>+2%-3=0 = t=-3,1
log;(2* +1)=-3,1 =% 2x+1=i,3
i
.
27
2 D= = ¥
407. (a,d) Let log;x=4 and log; y=8
£+E—'7 = 3A+2B =21
2.3 2 "
and £+§_2 = 24+3B=4
32 3 a
A=log;x=11 =5 x=3
and B=log, y=—6 = y=37"

408. (a,b,c,d) g(x)=(x+2)(x~ 1)

J()=0(x) (x+2) (x= 1)+ (4x+3)
; S(D=a+b+6=7 a=-1
and S(-2)=4a-2b+3=-5 b=2
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- (a,b.d) x4+ y=sin0.cos0 (a) is correct,
R ‘ _sin40
x=y=s1n0-cos0-cos 20 = T (b) and (d) are correct.

3
g0. 00 Y=80%, y=50BS 43 g2p2
a)? = (25p2)3

200=25B2
3 _ 19
o P=Pa=0lpr. | o g .20
25
af = 1 _ 1 3 1
28.25 98.52 = o = = Option (b)
od L .
Also '}’—8‘24.5—1—0 Option (c)
Y 1
Also Bé =L =
5% 10-5°
411« (a,b,C)
Clearly, sumofroots=;ﬁ>0 =5 B>0 . (Asa<0)
o
Also, product ofroots=1 <0 = Y>0 (Asa<0)
o
5 <0, B>0 and y>0
Hence, of<0, o’+yB>0 = B+y—o>0 and ayP<O.

Now, verify alternatives.

412. (c) a>0 and D=0 = k>3 and 4k*>—-43Bk-6)(k-3)=0

= k= 6,% (rejécted)

k=6

413. (a,c) f(-?) =5x5=25 and f(%g] =-3(-3)=9

4, (aod)  S(n)=Y (10g o (9r+1)-log o (9r=8))

r=l|
5 f(n)=logo(9n+1).
415, (ac)  ut+2J21=3; t=sin’0

| " 9:
P, = sin
t=sin“0=
,\/5

H

Sl

416. (a,b,c,d) fx)=A—-(x- 2)2 ,x€[0,5]

maximum = A
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250
and g(x): min= l? =202 $10-21 = 10-2) — A2
N A<10-24 -2
= A+30-10<0
y Ae(=52)
- 2 2
7. @bd) f(x)= (sinx—10)(x" —4x+3)(x* +x+1)
x%-16
: 2. 2
for f(x)20 = (sinx—=10)(x" —4x+3)(x +x+1)20
x*—16
- (x=1)(x-3) <0
(x=4)(x+4)
xe(-4,1]uU[3,4)
Integral values of x are -3,-2, -1, 0, 1, 3, i.e., 6
and their sum = -2,
. 2 2
< = +x+1
for P20 = (sinx—10)(x 24x+3)(x x+ )SO
x“ =16
s ¢-DE-3) ,,
(x—4)(x+4)
X€ (=00, —4) U [L, 3] U [4, =]
Integral values of x are infinite and their sum=1+2+3 = 6
' _I.|._1 " 1
418. (a,b,d) Clearly, tan (A +B):2_lé=1 = A+B=7 = s;n:lz(m«s)::_2
|
6
419. (b,d)
For the sum of infinite G.P. to be a finite quantity, common ratio » must satisfy 0<|r|< 1
Options (b) and (d) correct.
420. (b,c) g ril K. .

1 A 5

a:/c,p=4k—2,q=—§

For a, p, q to be natural number k = 2
(@+ P+ Qg =2+6+1=9

a+q+é+.....,oo=2+1+—l+ ...... m=i=4
P 2 Lies

21. (acd) 3 =4
= xlog, 3=yx? log, 4

= x:O,x=Ellog2 3=log, 3
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422. (a,C)

=
=
=
=
3. (b.c.d)

Sub

251

1

sinx+l=—o-o—
2+sin x+ 1

(sinx+1)(sinx+3)=1 = sin? x+4sin x+2= 0
(sinx+2)* =2 =5 sinx=-2+./2
sin x = —2—+/2 (rejected)

sin x = —2++/2 (negative) =

S,=6+17+34+57+...... +T,

T+, 2rn-—0

I 6+17+34+57+...... +T,  +T

T,=6+(n—-1)(3n+5)
T = 32 2%+ 1= (log, a)n? +(log;(b—a))n+log, c

log,a=3 = a=8; log;(b-a)=2 = b-a=9 = b=17
logyc=1 = c¢=4

Now, verify the options.

424, (ac)
—

=

pr —3px+1423sin0—4cosO|V x, 6 R
px* =3px+1425Y xe R

px* =3px+920

p>0, DO = 9p”—4p-9<0
p(p-4)<0 = pel0,4]

rel0,4]

For p=0, f(x)=1425
Sum of integral values of p = 10.

Now,

f(x)< 14+sin*a.V x,ae R

p = 0is only the possible value.

425' (asb)

Let ylog3(\/3—y} =
t=t%-6 = 2-t-6=0 = (=Nt +2)=0
t=3

1083(\[3_J’) =3

logs 3y-log, y=1

= =
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252
—;(]+a)a=1 = a2+a-—2=0 =y
a=1-2
»=3,1/9
»n=19 and Y, =3
426. (a,c) P(x)=2—sin 3x
427. (b,c.d) A+Y =T
B+d=mx
428. (a,b,c) D<0
pPe(2,5)
a=3;, b=4; ¢c=5
Triangle is right angled triangle. Now verify.
429. (a,b) D =4 (1+1og, (sin 0)) must be a perfect square.
o sin®=1/2 Now verify.
2 1 -1
1 1
fm)= .
(n+3) n+1
1 1
(n+2)*> n+2
Expand by C,

f(n)=

431. (a,b,c)

1 1
(n+1D(n+2)*  (n+2)(n+3)2

(a+2)(a-1)=0

1

1

1 1

Z ] ] 49

:7’ P S N e ) i, £
? Ef(n) 2:9 9100 900
= 1 1
n—» co, n=——-0= —
Ef( ) 2:9 18
Let P(h, k)
A (S5cosa, 5sin o) P(h, k)

p = 15cos ot +10cos B

B(gcos B, Ssin B)
B 15sin o+ 10sin

5 5

(1_1)+(1_1)++ "
2.3 3.4%2) \3.42 4.52) " (n+1)(n+2)>  (n+2)(n+3)?

1
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h = 3cosot42cos 3, k = 3sin o+ 2sin 3
Square and add
h? +k* =13+ 12cos (o=P)
x?+y® =13+ 12cos (0. —B)
Now, verify.
J8 1 2
432 (acd) 5 sin 2x — ECOS 2x = tan = (2005 2 g)
sin (Zx— E) = Sin %
6
22 =+ =D"x
6
: T : T
When, x is even, x = 2kT + p= = Solution = =
When, x is odd,xz-(zk_—l):r-t-fi —  Solution = 7_13,@ S_SE
3 18 18 18 18
Now, verify.
433. (b,d) Line perpendicular to 3x— 4 y+ 7= 0is 4x+3y+ A =0, passes (3,4)
4x+3y=24 v
Orthocenter (0, 0) A
Circumcenter = Mid-point of AB = (3, 4) \ B (0, 8)
; 8
ir s
Centroid (2, 3) C (3, 4)
Incenter (2, 2) —
(a) area (AOCG)= 0(co-linear point) ) N X
(b) area (AOCI)=1 (6,0)
2
(¢) OlI= \/:
) 3
(d 0C=5
434, (abec) S=8 A
A=./8(2)(2)(4) = 82 4
r=B_.3 b=6
S
p_dbc_ 664 _ 9 92 2
40 4.8/2 222 4 g
a=4 )

AR =36 # a*

AlaJ3vis=32
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AJ:B!:C!=J§: 141

Bl=Ja+2=4/6
Cl=+4+2=+6

21
435. (b.d) =-3<o< 5

I, =21
Al g
436. (a,b,c,d) IZ+3I+2,X2 —x—llf)andxz+x—4~|ry2 are in A.P. as well in G.P.
= 2 +3x+2=xt —x=10=x +x—4+ )’

= x=-3, y=0
Each number is equal to 2.

437. (b,c,d) Do yourself.

438. (abc) If (a-2b-1)*+(2a-3b-3)* =(a—2b-1)(2a-3b-3)
= a-2b-1=0=2a-3b-3

= g=3 b=l
Ar, (AABC):Elabsin(::%gJ . sinc:g = ZC=60° or ZC=12
439, (a,b) x(y-3)=0 Y
4
= (0, 3) is the centre
CiCy =Hh +n
v9+9=r+3

= r=3(2-1)=12
Transverse common tangent to both the circles
x+y+k=0
applying p=r = k=+3J2-9
X+ y+3J2-9= or
x+y-3/2-9=0 (rejected)
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m=n=1

. (@)
0 Now, verify options,
441. (a,b»c)

@ D20 = A -4(a+a+1)20 = 7\.224[(a+l]2+-§}
P 4

AP23 = A>3
(b) ForA =2
D=4-4(a*+a+1)>0 = ae[~1,0]

i OIS O 2 e
(c) 5~ 14 : = a"+a-2=0
= (a+2)(@a-D)=0 = g=-2 1
2a /) B

442. (c.d) a=b=c
For the least positive value of y,x—2=2 = x=4=4
Now, verify the options.

443. (ab,c,d) CHTRNIJV (II) (EE), A

£ O o e e 2]
|
W% "G % =
21-2!
12!
(b) 57
7!
(©) = (CHITRA) N, J, V, I, (E, E)
d 7' (UTJEE)<C,H,R,N,V,A.
444. (a,d)
3
(a) Tf: +Tn+1:7:1+1_7;:
100
Y (T, +T,+1)=Tyo; - T} +100= Ty, +99
n=1
7
(c) T} +2=—24
n
100 100 7 T
H(Tn2+2):H ;,H =%=TIOI
n=1 n=l1“n I

o i)
H T g 1
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445. (bc) a=3
(3x-y)(x+3y)=0

-X
=3, y=—
b 4 y 3

[um—

+ 3 B
My =5——=-—

W

1
(b) amy +m, =3(—§J+3=2

(c) y=2x+4
A=(4,12),B = (;2 -4)

[144 +16 160

Area(AAOB)ulx«Jl6+1 =—
2 T 2x7

446. (b,c,d)

P and Q are the incentre and circumcentre respectively.

s=12
A=+12-53-4=12./5
r=+/5
BD=s-b=4, CD=5
AE=5—a=3
AP* =9+5=14
P? =16+5=21
CP? =25+5=130
AQ=p=9bc_ 789 _215

4A 41205 10

105—r
447. (a,b,d) T,H:'Osc{p] 77

1051 r

= 'GSCr 2 5 93
Clearly r should be a multiple of 7 and 5,
r=0, 35,70, 105
= Number of rational terms = 4
Number of irrational terms = 102
Middle term = 7, and T's, are both irrational,

448, (b,c) J(x)=3cos? x+ 9sin 2 X, X5 22—13 yNEL=3+6sin? x

Range of /(x)=3,9)
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GR

. @ed)
" @ “CyX% 05 % 0 M0, = 540

® ‘Cax’Cyx*Cyx3C,x4=2160
@ PP w3ttty
Number of divisors of P which are divisible by12=2%x3%x2=12
P _ o &2 ol
e I BN WG
% 12
- PY’
Product of divisors of P which are divisible by 12 = (12)12(—] = (127"
12
0. (b:0) (V2 tan x)? +(=3v2cot x)° +(=1)° =18
= ~2tanx—3v/2cotx—1=0 = \/itanzx—tanx*Suﬁ:O
1+4/14+24  1%5
22 22
tanx = > or -2

V2

— 2tan20c+ﬁtana=12,2

tan x =

51, (ac)  —6a+30’ +3B=2B
30 —60,+B =0
oisreal. .. D=0
36-12>0 = B<3
Forp=3,30> —60.+3=0 =5 a=1
B=21 (rejected)
AP As-B3 T8 i inenns
Now, verify the options.
52 (ad)  yGM-D+2)x| (2° D=0
Either |x|=0 or y=0

= y=0 = (3x2—1)2=x2+1
= 9x4—-6x2=x2 = x2:0, g
x=0 (rejected), ig
453, (a,c)
(@) f(x)=In (tan 7[x]+|x* + 2x—3|)
[x]e ] — tan t[x] =0,

and [x® +2x—3|=|(x+1)* =2|e [0, )
So, f(x)e R ) f(x)1is surjective.
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® g@="—"7

g(x)=x+3 g(x)=4 (¢ x#l)
So, rangeof g(x)is R— {4}.
—  g(x)is not surjective.
1-x 1-x
() h(x)=ln[m), 1+x>0

AP R S S 6

3 take all value between (0, o)

_—

1+x
So, range of A(x)=R
= h(x)is surjective.
(d) kQOW[x]+[—x]+ 1+ e+ =x+ 1
Domain of k(x)is R
xel = [x]+[-x]=-1 and L+ f=xt=1
= k(x)=+2
xel = [x]+[-x]=0 and P+ {—x}=0
= KHi)=2
So, range of k(x)= (2,2}
So, k(x)is not surjective.
B . 2
454, (abe) b=21B"_(@+B)-2p 25-10_,
of of 5
t=x’—4x+ 9—1+____l
5 x%—4x+9
1 1

(R h
5 (x-2)%+5

tmin. =8 (atx= 2)
(a)  Minimum value of b+¢=3+5=8
(b) log,/s 5=~1, maximum

(¢) y=cot™ (logs¢),t>5
= logs te[l,e0)

= cot™ (log, S)e[o, ﬂ
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(d

455_ (a,b,d)

So,

y=cot™ (logy,5(1))

1085 1 € (o, —1]
= °°‘_l(loglzs(f))e[§;,n)

o
x3 = px? +qx—7=0.__/._’__|3

Ny

(x+B+'y= p
af+Py+yo=g
apy=7
=7 - af=1)

1+7B+a)=g¢g

I+ Hp=Ty=¢q

Tp—48=gq
p<9

When, p=9 = qg=15

So,
So,
(a)
(b)

(d)

456. (b,c)

Domain of f(x)isxe (:; § 2)

p=28 = g=6 (Not satisfied given condition)

o=1 B

Il
)

I

~]

|p+ql|=24
p—q9=9-15=-6

tan ™! o+ tan ! ¥+tan ™! (%]
g+1r:+tan*l Ui (= -2p=])

Z—+n+tan‘l(~l):n

f(x)=tan™" [———-—,g_f%?] —cos ™ (g]

2

f(x)=sin"" (?)-cos'l (g)

yl

259

A

N

=Y
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e
457. (a.c) Least value of f(x)is =

Yy

GRB 1000 Challenging Problems in Matm:mr,aﬁcgf
Or JE

-3 3]
When, X€ 2 '

- T [275 'ﬂ'—]
(T’E) 373
Range of f(x)

(:?L“)
6 6

Number of solution of f(x)=In (=x)

has only one solution
f(x)-k=0 has number of integral solution

k=1{3,-2,-10} = 4 value
=81

Least value of tan ! (22+[ f(x)])

(e
tan~' (22—-21)= E
Largest integral value of k for which equation
sgn ( f(x)+k)=0 has a solution
f(x)has min. value — 20.25
If k> 20.25,then sgn ( f(x)+ k) is always positive.
So, largest integral value of £ is 20.

458. (c,d) a=5

7:‘-'-] Fie S_rh‘—l s 528 3]6

P =230 =(@3)) = (@230) ) = (231!
Possible common ratio of the G.P. are
395,028, @), @)

459. (a,bc) xf(x)-1= (x—~l)(x-2)(x—3)(x-—4)(x—(x)

Biiirall =5 fa
24

(x=1)(x-2)(x- 3)(,1-—4)[):—- l )+l
()= A

X
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ax3x2x1x 19,
= J(§)= : 24 =24

Now, verify the options,

A+x)" + (1+ 24 x2 )" = S
= Za,.x

460. (2.)
r=()
2n
20+x)" =Y a,x"
r=0
2n
So, f(n): Zar =22n+l
re
- 1 1 1 1
So, T o e Yo P
E n) 2° 2% 27
_U2? _1/8 1
-1 3/47 6
4 :
Largest value of p for which f(5)is divisible by 27
f(5)=2"
So, p=11

1. abd) Let f(x)=ax®+bx*+cx+d
1
lim (14 f(x))* =¢” = C=-1 and d=0
x—0

3 2

xsf(-l-J=x3 (i+—b—+£+dJ=az+bx+cx2 +dx’
X X x5 X

1

®|—=

x50 20

X
= a=1 and b=2
fx)=x> +2% -x
" .__I "'I

462. (a,c) _sin"" (1-{x})cos " (1-{x})

b V24 (1- )

tN_ 1 sin(l-h)‘cos"(l—h)= U cos ' (1-h)
(0" )= lim ﬁﬁ(l—h) 2,/_2'111?(1) 7

10"
Letcos™' (1-h)=0 = |-h=cosb = h=1-c0s6

/ | 0 19\/1+cos(-)=n

— =—|lim . -
2 \/24/1-cos O —04,/2  sin® 2

lim (x3 j(l)} = ¢? = lim (¢ + bx+ cx? +dx® ); =e

261

..(1)
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sin ' (1= (1= h))cos ' (1= (1= h))

J2(1=h) (1= (1=h))
. sin hcosTh_ m
= lim =
h—0" J2h 22
-] e =]
463. (a.b.d v)=JcosT x, —1=x<0 d _JsinT x, —1<x<0
{ ) S {sin"x, 0=sx<1 = g() cos'x, 12x>0
B

Y £(07 )= lim
h—=0"

g(x), -1<x<0
) =min /(). ()} =| £, 0<x<

g(x), —=<x<1
i 2
:
sin”'x, —1<x<0
h(x)=|sin" x, 0$x<—12-
cos ! X, —1$x£1
! V2
; : 5 2 1 1 o
= h(x)is continuous and not differentiable at x=-1,—,land A, =h [——) =
V2 a5
464. (a.c) =2
— AD=rtanX=BD %
2 i ‘
Area (AOBC)= —%rz tan x and Area (AOAB)= % r? sin x D
A
B

. Area (AOBC)
lim =
-0 Area (AOAB)

Area (AADB)=51-AD-BDsin (M—x)= %rz tan* %sinx

1 A
~ ¢ tan? Zsin x

Area (AABD) :
im T lim .
-0 (Area (AOAB))” 0 (1 5 ]
~rginx
4r° tanzf 43in25
= Jim ————2 = lim 2 =

1
0 »0gin? -0 .2 X 3
=0 pPsin®x 2016 4gin? F.oost 2 10
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it , .
sl wradx’+2(l=a)’ =3ax+ a2 =0
46 o :,5 az—(2t2+3.\')a+x4+3x3+2xz=0
3 az—(x2+2x+x2 +x)a+(x2+2x)(x2+x)=0
= (P +x-a)(x* +2x-a)=0
D, 20 and D,>0 = s
4
(c,d) m="1Co ; n=%C,
466- 41 40
—n="Cy Cg
— 4, + e oc
40~ _ 40! A
= 20 = 501201 (Now verify each alternative)
. (a,b) f(B3—x)= f(3+x)

—  symmetric about x =3
fa)=710x)=f03)= f(x4)= f(xs)=0

= X3=3
X +X +X3 +%45+x5 =15
. FY(3)=0

1 n
468, (bc) [\/;”’”2 %J

First 3 coefficient are
HC n Cl H C2
0> 2 L] 22 8

8+n’-n=81 = n> —9n+8 = =8 or

;  Hence 1+

n=lis rejected n=8
1 1

The given expansion is | y?2 +5 y 4

Where,THﬁz,. 'y #oap Yemby B Bkt g

The terms where power of y is natural are
"Cy-y* — First term where r= 0

8
C ;
—4.y! - Fifth terms where r=4

24

n(n—1) i

1 (n=1isrejected)

(using n=R)
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0, x<0
469. (abd) f(x)=[2, O<x<tanl
3, x=tanl
gx)=|x+2|-tanl
Now, verify the options.

3

R

3

R

3

3

.

|
(g

:

3
:\
3

:

Y

»

i TO =n1 tan2

, n
470. (b,c) flx)= Iim[a" +1In b +cos —J—C—] ' Inb=-1 = b=e¢!
- =
2 [I—-cos—i—c—] 1
i -
=i > = =elna-7 L
-x2 = -
f@=11 = ae? =l ) 0 T
52 ]
bty Ees® s,

20 (1—005):) 2
2 ‘X
X
L+a=0 and L+a+3be=3
471, (a,d) S(x)=(Vn* —1cos x+sin x)(cos x-cos (cosec ™' 1)+sin x-sin (cosec™' 1))

[2
o fi 2 : 94
=V —lcosx+smx)[cosx' % 1+sinx-l
T T

]
= E (\f‘nz —1cos x+sin x)2

2
Jumm=%=n=M

T(x) .. =0 m
Now, verify the options.
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{ﬂ.bnc}
f(x)is non-derivable at x = ()

Now, it should be derivable at x = 41,
Continuousatx =1, a4+ b+c = D)
Derivable at x = 1, (3ax? +2bx)|,0y =1

472

Ja+2b=1 cee (2)
Continuous atx=—1, g+ b+ ¢ = ()
Derivable at x = —1, T Y
F@=0 = 12+4b=0 = 354p=0 ... (3)
From eqns. (1), (2) and (3), we get
a:_-__I’ b=1 and c::%
3 3

Now, verify the options.
473. (a,d) Ay 2 2=l Ay >2m+2, A;52m+3, 4, —2p
2-142m+2+2n+342p =50
=  20+2m+2n+2p =46 = I+m+n+ p=23, I,bmmn,p21
U'+m'+n'+ p’ =19, U',m',n’,p’>20
Total number of ways of distribution = 22C3
When A4, receiving not more than 14 marbles
I+m+n+ p=23
11 1 1
1 1 1 8
F+m'+n'+ p" =121, m",n’,p" 20
Number of ways of distribution when 4, receiving 16 or more marbles = '*C 3

. Number of ways when 4, receiving not more than 14 marbles = 22C 3= °C, =1085

474. (ab,c) a, b and b—2are in G.P.

b* =a(b-2)
= b> —ab+2a=0
For b to be real D= 0
a’ —8a>0 = az 8 or as(
Option (a) and (b)
ae|l, 8] — a=38
For a=8§, b=4
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8
r=—1 and S.=——=16

Option (c) and (d)

ae[8,11]
For a=9, b>=9+18=0 = b=3,6
G.P. 18 R — or T
d i
sz——?——l-=27 Sm=+9§=27
1—— ==
3 3
tan o
475. (b,c) r2—3x—2:0<
tan 3
+
tan()t,'ca.nB:3_;/ﬁ
tana:?’_\(ﬁ’ tan|3=3+\/ﬁ
2 2
N '
tan (B—o) = z_m = e n
B-o) 1+ (-2) B ae(z,n)

ta =t (e B # (o= B = tan (@ +B)+tan (—B) 1+4/17
1—tan(0t+B)tan(oc—B)_l—Vl7
476. (abc) f(x)=[2*+2"2+1] ; g(x)=[ . }

x2+5

L T
> :2 20___._

J(x)is discontinuous at 2 points in (=e0, 0]
and  g(x)is discontinuous at 2 points in (o0, o0]

f(x)‘g(x)=[2"'+2ﬂ2+l][ 9 } 1 x=-=2

x2+5
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jrf(x—r)dtzc2"" -1

ab,d)
477 ( o

Using King
[a=0) f(0)dt=e> —)
0

B X
xjf(f)df—jtf(r)dx = e 1
0 . 0
Differentiate both sides

x [+ [ fOdi=x fx)=2e> —2 = f)=4e” = f(0)=4
0

2
lim In (c“+c+1) tan 2(::c—l)

8. (bed)  Lmf(x)= s e
c? +c+1+# 3¢
= %]
479. (b,c) %1 H]x 3 He{xg HH|xs|= 10
= |xgh|xs|=5
Xy +x5 =5
Roots ofxz—px-kqare 1,4and 2,3 X1 Xy [X3 Xa Xs

fO)=x2=5+4 or x*—-5x+6

p+g=9 or 11

n
480. (a,b,c,d) (a) I[= _[ (cos 2x-cos 22 x-c0s 2% x-cos 2% x-cos 25x)dx

-1 /&)
1=2 j F(x)dx [ £(x)is given]
0
2
I=2 2_[ f(x)dx (using Queen)
0
g
=4 ] f(x)dv=41,
0
:
Now, 1, = j f(x)dx
0
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Using King
Il = —!.l
S I, =0
= [I=0
81. (a.b.d) a’+b+c? +ab+bc+ca=%[(a+b)2 +(b+c)? +(c+a)’1<0

a=b=c=0
f(x)=0  which is always continuous and derivable.

482. (a,b,c) Slopeof BCis -2 or%

x -
49 147

= BC:2x+y=7 or BC:x=2y+4=0
=7
A (09 U)s B (7’ _?)’ C(-g_o_'_ = - _3_

5
16
A4(0,0), B [“4,4),C(ﬁ,3§J = A=
3°3 15 15 15
3sin? xcos x sin x
P

b
) i 5.
=J—35m xcosxdx 3[51113;{ 1) ISsm xcosx[ 1)95:]+C=5m I-|-C
3> 3x° S

483. (a,c,d)

3

X
sin” x
S(x)=
x’
X o3 . :
Jlt'sm rdr—2x2 sin® x sin? x
r3 5 _4x 3 _4
(a) lim2 =lim-—F—e—elm ¥ __ =.3
x—0 l—cosx x—0 Sin x =0 SInx
x
sinx
o : 3
. . SInx—Xx
Sl B
x X
sinx ’
() h(x)=x—F=sinx = Jsin4dx=3—n
¥ 8
0

Smx(costOSx-F( smx))dx (emnx cosr)mz =0-=]

(d)

at—-—-u\.)l?!

484. (a,bd)  f(x)=5"~10x+3=50x~1) -2=g(x)
f)=a(x-1)>*-2
hm T(x)= Ilm [a(x—1)? -2]=13

x—0*
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= a-2=3 = =5
gL &) = [=2, )
gx)=5(x-1?%-2
@ g®=10x-1) = g ()=9¢
(b) Domain of g(g(x))
g2l = Sx-1)2-2>1

x_>.1+\/E
5
xXe 1+\/§,oo = 1 L
5 q’

= q-p=2
@ gx)=g7 ' (x)=x
5% —2+1)—2=x = 5x2 —1x+3=0

L 11£4/121-60

10

=

11++/61

/ 10

[ fo

- 1 (\)/a \ (only one solution)
11-+6l (rejected)

= x

10
d ] oo S s 90=
(d) 5[90(8 (x))]lx=43—g,(4) 106) 3
g(x)=43 = 5(x-1%-2=43 = x-1=3 = x=4
_ 21 Ly 0, -l<x<1
485. (b’d) f()()— {X ik }[l)(’]-— {.’62 _1}, )CE(—Z,"-I]U [1’ 2)
\r\ e I r\/

N TR wivi
) o -+
2 A3 2 -l 1 2 3 2
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0 1
486. (acd) f(x)= lim(—n)[Ztan P ==

Hh—>oe I

—2|tan™"’ xl)

35

2
(=n) (Ztaﬂ-l x——l—] — 4(tan ! x)z}

n
= lim - 1
s 2tan ! x——{+2|tan"! x|
x
[—4tan'x 1
G ——— 7z -1 =
n n 4tan” x  tan” x
= 2B 1 B 4t ‘1x|*|tan'1x|’x¢0
JHW(Ztan_lx-—+2|tan_1x] |4 tan |
n {
= I
tan ' x . 250 f(x) |
f&x)= [tan ™! x|
-1, x=0 1 (0, 5/1)
(@)  f(x)is discontinuous at x = 0
(b) | f(x)]is a continuous function. (-5/2,0) |O — =X
© f)+/2)=2 A
5
(d  fix)= Ry

For the existence of the solution of the equation % £l = A=5

487. (abc) S={14,15,16, .......... ,22)

Sum of the least and greatest number must be a perfect

square .e., 36
(.~ number of divisors of their sum is odd.)

A 14000 ;22 - 27 =128
60 15 ... w21 2% =032
@) 16 i 20 — 23 =008
(v) 17,......... 19 ~ ! = 002

170

N=170=2x5x%17
488. (acd)  f(f(x-2)=(*+3)% +1
X=2—¢
SU@)= (¢ +2)* +32 +1= (12 + 41 4+7) 41=
JUWO)= (1% +41+5) +4(¢% + 44 5)+ 5
f(x)=x*+4x+5

(2 +4r+5+2)% +1

@ f(x)=(x+2)*+1 = Least value of f(x)is 1,
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d(/([(x)))
© o A+ 43). (21 42))

(WAGAE)) .
dx s = 2'7'4= 5()
@ [——=un xe2pec
(x+2)% +1

8(.r)=tan"(x+2) = g(0)+g()=tan™" 2+ tan""! 3=3“

9. 00 Clearly, P(x)is a polynomial of degree three with leading coefficient 2.
Clearly, P(x)=2x3

) 2
P(4)=128 and area=J2x3dx=[£] =8
0 2
0
L T N 3 2
490. (a:h) - x—_i+:5=1 = X —6x"+8x—2=0 hastoots g, b, c.
¥ —6x% +8—2=(x—a)(x~b) (x—c)
(I-a)(1=-b)(1-c)=1-6+8-2=1
And abc =2
491. (a,b,c,d)
.2 .2 sen 1o .
a;=U"+i" = ji)(i-j)=—a;

A is skew-symmetric matrix.

tr. (A)=0|A|
492. (ad)  Clearly,  f(x)and g(x)is defined if-ls%sl
b
0<{x}<1 and [x]el
D<x<1 = E =
)

A=C=(0,1) and f(x)=0 and g(_x)zg\:/xe((),l)

B and D are co-domain
Need not to be singleton sets.

f(x)+g(x)=§v’xe (0,1)

No. of integral solution = 0,

1
{ I (odd )dx = 0}

-1

1 2 4 2n
493, (ac) 1,;=2_[x[]+%+%+ ...... e ]dx
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I
2 4 6 202
X X X X
=2 — 4 —t—t..s e
2[ e 2n(2n+2)}n

2 2
494. (be) - g’(x)=219”{x2] 2 f7(6-x7) = Zx[f[ ) f(6-x )]

f7(x)>0 = f’(x) is increasing function.

- g(x)is increasing when g’(x)> 0
2
= m[f(%J- £(6-x2 )J> 0
2 2 2
(i) Ifx>0thcnf(2 > [(6-x%) = —2->6 x? :}—2—>6

= >4 = x>2 = xe(2, =)
2

2
(i1) Ifx<0thenf( J<f(6 X ) = ?<6 X = xl<d= —2< x<2
xE(—Z, 0)
g increases forx € (-2, 0)U (2, «) and g decreases for x e (==, =2)U (0,2

495. (b,c,d)
(a) For]mearlydependenl f() % = 3f(x)-2x2=0

Let g(x)=3/f(x)- 2x2
£(0)=3/(0)>0 and g(1)= 3/(1)-2, may be positive or negative

(b) %)J = 2f(x)-3* =0
X 2

Let g(x)=21(x)~ 3x*
£(0)=2/(0)>0 and g(1)=2/(1)-3<0

— -

a and bare linearly dependent.
1-x
[ 7@ o gk
(c) e B 23 2J'f(f)a't—3x=0
X 2

0
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l=x
Letg(x)=2 J S(t)dt =3y
0

1
g0)=2[ f(t)dt>0 and g()=-3<0
0

- -
aand b are linearly dependent.

Similarly for (d) also vectors are linearly dependent

6. (ab)  Total matrices = 54

For symmetric = 5° : :
% etric = 5 and for skew-symmetric = diagonals can be filled in one ways

= 5 matrices
1 matrix (i.e., null matrix) is common.

3 ;
Probabiljty:s—ﬁ.-.__lzl.;._l___l____ﬁg_:o 203

5° 5 5% 5% 625
497. (b,d) Let f(x)=e™ (sin* ax+cos? x)

nm

nm T 21 3n

[ fGyx=[ flxydx+ [ feyax + [ reyax +.....+ | rxyax

0 0 s 27 (n-Dn
X=T+t X=27 -+ x=l(n—l)n+t

f)dx(1+e™™ +€2® +.. . +e @D yforgel

O.-"——'.ﬂ

Lelae™agag g o b~ pe ]
imlL= >1Vael
n—yeo T

498. (a,d) Clearly L should be parallel to both the planes P, and P, .
— ~ % ~ - W al e
L is perpendicular to both normals n; =i+3j—k andn, =3i-j+k
[
3 -1|=21-4j-10k
-1 1

S
nlxnz -

D s mmfe)

DI',S OfIJ - (1; _*29 _5)

- XY 2
Equation of L I8 = = —=—
" ] =2 =5

Point (1, -2, -5) and (-1, 2, 5) lie on L.
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499,

500.

501
502

503

504

505.
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f(x)]

(ab.c) Sxy= 210
x
-2Inx 3
S (x)= -
L
" 6lnx 7
X )= g —
S (x) 4 T
Now, verify the options.
X y z
(a,c) Plane ABEis|0 2 3|=0
2 0 0
x(0)— y(-6)+2z(-4)=0
= 3y-2z=0
b E(0,2,3)
.i"
f;
D ;’ C(2,2,0)
(0,2,0) ,:'
0,0, )r (2,0, 0)
. (a,b,d) Do yourself,
. (be,d)  f(x)=-xcosx
. (b,c,d) Do yourself
2
x—y x+ y—2
. (b,C) [ J :2&[
7 7

)

}"2=2«/§X =% 4a=2\/§ = Latus rectum.

Now, verify other options.

BD 4 4s1n 6 A
Yy Sems—.8 B 30 ()
Sin —- sin —
2 D
BD _ AD 4 @
- = z LA 01 0
sin 20 sin 9 sin 20 +sin 9 2 4
2 2
From eqns. (1) and (2)
4sin O 4sin 20 : h
T - 5 = sin 20 +sin 9 = 28in —%Ecosﬂ
sin ? sin 20+ sin i 2 2
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GR
= sin 205t = & din 20 g1 9
2 2
50
89 K
20+ > T o 92_;3:400
ZA =100°

Now, verify the options.
506. (3 d) Do yourself
507, (a,b,c,d) Given expression can be written as
(@=2b)* +(2b—c~d)? +(c—d)? = 0
a=2b,2b=c+d and c=d
b=c
a=2b=2e=72d1

Determinant =ad —bc=2d-d—d-d = d? = ¢? = p2 :Ez.
4
508- (a,b,c,d)

P(3, 4) is foot of perpendicular from S (0 0)on3x+4y—-25=0

which is also on ellipse
P is vertex of ellipse.

Distance between focus and directrix =a—ge =5

= a—E=5 — a=10
2

2=42(1-€*)= 100(1~ﬂ: 75
Clearly AB will be latus rectum of ellipse.
2b?

AB =length of LR=———=15
a

Focal length = 2ae =10
Mid-point of vertex and centre will focus.
centre = (-3, —4)
509. (a,b,c,d)

() Number of ways = °C; x 1C, x5!x 5= (5!)°

(b) Number of ways = °C; x9!= 6x9!

(¢c) Number of ways = (6+1)!x4!= 714!

(d) Number of ways = '°C, x1x41="C, x41=""P,
510. (a,b,c,d)

(@) Letg(x)=¢e"f(x) nogla)=gP)=0

According to Rolle’s theorem, g’(x)= ¢* f(x)+e" f*(x)=0

= f(x)+ f’(x)=0 will have at least one real root.

275
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(b)

GRB 1000 Challenging Problems in Mathematics for JEE

Let i(x)=e " f(x)similarly from Rolle’s theorem

S(x)= f’(x)will have at least one real root.

(¢) and (d) f’(x)= Ohas at least one real rooty € (0., )

S11. (a,b.d)

512. (a,b,d)

f(x)f’(x)=0 will have roots as o, y, 3
Its derivative (/*(x))* + f(x)f” (x) = Owill have at least two real roots.

LetC=(A, +1,24; +2,3A, +3) and D=(A,+1,2A, +2,3%, +3)

CD=14 (A, -7,)=+14 = A=A, +1

10+4X, 9+6)\
Let centroid (o, B, Y)=[5+il2 S = 4 2]

~5 4y-10 -
Locus is 4‘x 5: y4 :4z6 2

Dr’s of line 1, 2, 3 and point (% e 3) satisfies the line

Locus is = =
| 3 3

f@)=x’-x*+x+1 =  f'(x)=3x>—2x+1> 0, fis increasing.

a(x)= f(x)=x3 —x? +x+1, 0<x<1
3-x, 1s¥€2

Clearly g(x)is continuous for all xe [0, 2]

and

513. (a,c)

reon— )30 =2x+1, O<x<1
g(x){ i

g’'(1")=2 and g’(1")=-

g is non-derivable at x = |

5 2tan’ x, -1 x<1
f(x)=sin']( '2]= n—2tan”' x, x21
I+x -m-2tan"' x, x<-1

=
oY cos™ ]=- 2tan” 1x, x>0
1+ x2 =2tan"' x, x<0
n+2lan x, x<-1

}z(x)=tan = 2tan ! x, -l<x<1
l+x 2tan ' x—m, x> 1
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tan ! x=re[—“-1_t.,_"'£
272

277

514 (3*6)
and f(x)is defined when 0< 4 < ™ oo
i< 3 , Where f (x)> 050 injective,
Also,at  1=0— f(x)= \/6-!'&:&

_r _|n
at 1= 2—>f(x)—\g+\g=l\g=ﬁﬁ

: 8. =™ y Snfr—{re) . af
515 (b,c) = cos r-cos (r— 1) = tan ™! Z(tan r—tan (r—l))]
r=1

S, =tan™" (tan (n))

s16. bd)  S(0):

FACHE

517, (bed) T, =

5,
S18. (abc) 4da+4b—3c>0 — f(2)>0 |
9. (ac) Let sinx=te[-11]
)20 = k2t-tVie[-11]- kzi
and f(x)<0 = kst-1Vie[-1,1]- k<=2
520, (a,b,c,d)
lim cot ™' (x)=0 and lim cot ™ x=m
X=poo X—) =00
and (x-5)(x—-10) A ...
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521. (abe) f(x)=x +6x+(4-k)20VxeR
— D<0 = 36-12(4-k)<0 = k=l

kE(—-W,l]
Fx, xe[lsw)
; 1 se@D
522. (a.b) A {JC,;}: % xel-10)
—1-, IE(—W,"I)
Lx
l, x€e[l, o)
1 x 0,1)
and min {x,—}.—_w? xe (0,
o -, xe[-10)
x
’ x, Xx€(—oo,—1)
rxz, el |
' 1 o<x<1
2}
x
f()=1%2, -1<x<0
1
——2', x<—1
X
1, x—0

lim f(x)#0, lim f(x)=0

x—0
£(x)is discontinuous at x = 0.

523. (be)  h(x)=[ ([ (€” (x)+C)dx)dx= [ (@' @)+Crrd)ydx= g(x)+Cx* +dx+e
h(x)—g(x)= f(x)= Cx? +dx+ ehas roots 1 and 3

f(x)=c(x-1)(x-3)
f(0)=6

5 a=2

= f()=2(x-1)(x-3)=2(x" —4x+3)
f/(x)=2(2x-4)
f(x)is decreasing in (—e, 2).
f(4)=6 and [f(2)=-2

524. (a,d) Clearly P(x)is quadratic equation. Let P(x)= ax? +bx+c

ax® + bx+c+a(4x* )+ b(2x)+ec=5x* -18

G=5 = a=l
=0 = b=l
2=-18 = ¢c=-9
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P(x)= x2-9
Now, verify options.

2 1 ;
5. @bed) f(x)=2+£2— J'sz(;)dwlgz_ _[f(t)dt
- i -1

& - 9 |
et =— |1 1)d ¢ L *
Let A 2:[ S()dt and B 14:[1j(t)dt

f(x)= Ax* + Bx+C
1
1 1
A:EJt(Ar2+Br+2)dr=JBt2 dt:% = 34=R
=1 0

9 | 3
and B=——‘J(At2+Bt+2)dI:_9_x2 A_f_+2t
14_l 14 3 :

7\3
= 214=34+18 = A=1 and B=3
fx)=x*+3x+2

9( 4
= 3A=—(—+2)=%(A+6)

Now, verify options.
526. (abc) Clearly g(x)= /" (x)

g (f(x)=

1
/(0

X X xx df 2x 1
f(x)=e* +2(x+3)e™ +2¢” .. [_}
'([ £ 4] Vx® +1
f'(0)=1+6+0+1=38
1
’ 3 )
g’'(3) :

527. (a,c,d)  If f(x)has absolute minimum at x = 1, then lim1 fx)= f(1)

x=1"

1
J (%)

= g'(3)=

= g2l = gz
If f(x)has absolute maximum atx = 3,then f(0)< f(3) = a<3
If f(x)has absolute maximum at x = 3,then f(0)= f(3) = a=23

@b (PO G-I ()20
Ix

= e (dfj(x)—P(x)+x3 —~ 3x? +3x-2]2 0
l
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fi N =X d -y 3 _d.__ 5% _i 5 > 0

‘J;(P(.\)c’ )—;j;e 3 dexc dxc
— di(P(x)—-(xE‘ +3x+1)e 20

X
Let g(x)=(P(x)— (x® +3x+1)e " is increasing

g()2g(0) = (PE)-G +3x+1)e ¥ 20V x>0
but Px)<x®+3x+1Vx20
= Px)=x>+3x+1Vx20

529. (a,b,d)
(a) y= f(x)is nota constant function.
=  f(x)is monotonic in some interval.
®) f(-3)>-3 and f(0)<3
= fo=d (O)Ef B Jce(-3,0)
(d f'(c;)$23¢ €(-3,0)
f(e)=03c; €(1,3)
].> C2 -*(31 < 6
— f”(c) (CZ f(l)HCE(Cl,Cz):_f(CI)> %)
L .2 2
530. (a,b,c xy= ——sec —+——sec I IR L oo
(abe)  f(x)= 4 Tk gsee’

Let g(x)= [ f(x)dx

1 | X 1 A
= —tan —+——tau—+—1an-—+ ...... oo+ (C

2 2 22 22 23 23

= lim icot———c::)tx+C
H—3 00 2!1 2:;
1 3 1
=——cotx+C = f(x)=cosec'x——
x xl

=  f’(x)=-2cosec’xcot x+ %

5 -
e K 1/n
531. (be) G, =[ sin _‘-")
k=l on
km
In (G, )= lim— Zln (sm _]
n—re= R o 2!1

|
= j In (sin _n:_x) dx
0 2
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n/2
j In(sin0)do = 1y 2
0

LR 3 [

IimG, =—
n—woo

2. (@b°) Letg(x)= /™' (x)
’ » 1

= g(x)=x +x? +x+1

(x)=— and 74 =:g_”g,(il)_
¥ (];(x)) . &' (f(x))?
17(0)= T S|
B g'(f(0)) g'(-1) 2
> 17 (0)= 11(;9 -3
)
4
I=| fx)dx
0
put x=g(t)

1
1=jmyz+y+n&=f

. 3
1l n O

533. (a,b,c,d) p”:[g 1 (1)] and B”:QP”QT
n

= det.(4)=1 and det.(B)=1

X
534. (ad)  [f(2) S() f(O)] [ﬂ:[bﬁ y+2]

= (f@)-2x+(f(D)-Dy+(f(0)-2)=0V x, yeR
= fQ@)=2, f()=1 and f(0)=2
= f(x)=x2—2x+2
] 1 |
Area = J((xz —2x+2)-(2-x))dx|= I(x2 —x)dx\:g
0 0
335. (b) Slope of BCis -1 or 1.
A
0 0

B c @)
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336. (a,) | adj (adj (udj )| =|4|* =256 = |4]|=2 TS
- ' A) = iA)=|5 4 0
adj (adj (adj (A))) = | adj A | (adj A) = 4 (adj A) [1 i 3]
[ j [, 0 1
4 0 1 2
5 =
=7 aajf(A)=110 =>Aﬁga
1,3 1 4 2
| 4 4] K 8 |

537. (a,c)Equation of chord of contact OR from P(at?, 2at)will be y-2ar = —24 (x+ ar? )
2
= y(-2at)=2a(x+at?)which is tangent to parabola at y* = 4ax at fat® 2at)

3
and normal at 4 (t)on S, = y+u=2at+at

= y=—tx+2at+at’
2 ; a
Tangentats§, willbe : y = mx— =
m

a

m=—t and 2at+at®=-Z=

m

[
2at +at> =<
{

= 2+1=42 = 2=.32-7

ay  dap ap ap ta;3  a) +ap
538. (a,d) Let A=|a,; a,, a, and B=lay +ay a, +a,,
a3 a3  ass a3y t+a3; ay +asy,

0 11
C=|1 0 1
I 10

C'is symmetric matrix.
ICl=0-1(0-1)+1(1-0)=2
B|=IC] |4 |=2]4]
-1

539. (acd) () If —Xa=-1 =  g=) C
Centrez(;],l—lJ
7°7
(1) If :—Ixaz—l =2 g=3 :

e (1)
()

a) +a,
02] +a22
as +ay

14" 14

3 N
Centre = ( 1 23)
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540. (a,C,d)

541. (a,b,c,d)

542, (ac)

i —Yb

S+ y)=2" f(y)+4? f(x)
Replace x by y and y by x, we get
f(r+x)=27 f(x)+4% f(y)
2 f(0)+4 [(x)=2" f(x)+4” f(y)
&)@ =27)=(4"-2")f(y)
LB ()
4* =2* 47 -2
fE)=k(4"-2%)
fx)=k(4*In4-2" In2)
f/(0)=kIn2=In2 =% =]
fE)=4"=2"
f(4)=4*-2* =256-16=240

o
f(x)—-(2 _E) 2

. —1
minimum value of f(x)is =

283

solD)

A2

Graph of y = f(x)
Clearly, range of f(x)is[0, )

b

2n
}[f(x)dx-flxixnxn—n e

]
Let k = J’ f(t)dt
0

glx)=x—k
3 x
X _
f(x)=7+l—xJ;(t—k)dr- -

| Kt 1 k = k~§
k=ff(t)dt=(t+~3— = k—1+§ 5
0

0
2
Hoke 1+§'2—

3 2
i—~1—1—-Jt{J%—-k.x)= 1+ ko
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2
Sf(x)= I+§A—2—— which is always derivable.

543. (b, d) The required point of intersection of three planes
x—2y+z-1=0
x+2y—-2z-5=0
x+y—2z-7=0

Solving eqns. (1), (2) and (3), we get (1, -2, —4).
544. (bc) v lzHz ISz + 2,
!Iz]——’ =% —245]2}—{2—5[$24
i

(i) [z*-24|z]-25<0

= (z]-25)(z|+1)<0 = [z]<25

() |z[*+24|z|-2520 = (|z|+25)(z|-D=0 = |z|>1
1<|z|< 25

0 1 1
545. (a,d) A= 0 1|, f(x)=4x>+2
2x 4x 0

If(x)dx j(4x +2x)dx._ﬂ><2x1_§
3

(b) Z (c) L

j‘ [__1_ ; _ o1y
o x+1)7  [(@x+1)2f 6 2] 3
546. (a,b,c)

(@) b +c?=27 = 2p24)?

2

L——\/Zb2+2{,2-a =_;_1/3a2 ol

b _ ! .
(b)  AD is constant, then locus of 4 is circle with centre D and radius 4D = ‘L’

A (h,k)

- (1)
, #2)
)
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6R®
‘19_1)2-{-6‘2 az__ ..
{c) COSU = T = posilive
) ke . cot 4 cot C A.P.
2R(C2+a bz) 2R(b2+cz_a2) ZR(a2+b2_c2)
2abe 2abe ’ 2abe
b a’ c? - AP
=54%-4° :
L bed)
4 A¥=54%+31=0
tr. (A)=5=a+3, a=2
|A|=-3,4+2c+3b—1-6c—4b=—3 b+4c=6
and a+2+2a—2b-1-3¢=0 , 2b+3c=7 , 2b+8=12 , c=1 b=2
548‘ (a,b,csd)
: ’ 2—-0 1
a) LMV.T.in[0,4] = e P WG
@ fen=1=2=1
(b) Rolle’s in [4, 8] = f(Cy)=0 and 1—10116 between 0 amcl%2
(c) FromILV.T.:
£(Cy )= ZI’CZ (0,4)and from (4) f*(C, ):%
4 1
J(C, )'f(Cz)=§
x3
@ Letg(x)=[f()dt = g'(x)=3>f(x)
0
Using LM.V.T. in [0, 1] and [1, 2]
H—g(0
1-0 2-1
C, €(0,1) and C,e(1,2)
g'(Cy)+g"(Cy)=g(2)-g(0)
8
3(CESC)+CTSC ) =] f(e)dr
0
549. (a,b) =0, a= 5
~10 -10 -10 10
[ rx)dx= J.j(x)da—k jj(x)dx_ Jj(r+5)d\+ | feoyax=
0 -5 ~$
550. (b,d)
X
(@) f00)=[rg(t)ar
0

~-10
j<h-—-10

[(x)=xg'(x)S0 V x20
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(b)  S(x)is differentiable = f(x)is continuous.
(©) f(.\')=jrg’(r)¢!r =xg (x)—jg (t)dt ¥V x20
0 0
d [f)=xg'() v x>0
(a) and (c) are correct for x2 0.
551. (b.d)

A
2

(42-2)B=0 = A?=2[ and B=adj A=|At—=—V24  {.|d|]=2

AB=A(adjA)=|A4|-I
tr. (4B)=3|A4|=-6V2
and det. (4 —~2B)=det.(4+24)=det.(34) = 27(-24/2) = —544/2

552. (a,d) Clearly, f(x)is continuous everywhere but non-derivable at x = —[ only.

f(x)

Y

-1

b g(x)

P RD+-——— - == —
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" il @20 = f(x)is concave upwards
’ and f'(x)Iis increasing

@)=l = (o<t Vxe[l,2]
L.M.V.T. for f(x)in [1, x] where x ¢ (1,2]
S&)-f)
x—1 = 1)
o f)-2< (x—1)
FX)Sx+1Vx[,2] = (a)

O

287

o1 ~S@ = f@)-22 12

= =222 = ()

JESE 41 = /O g™

2 2
Ief(x)dxgjexzﬂdx = )
1 1

2

tan* x+ 2

- A 2
554. (b.c,d) J‘(SGC x—1)tan x e j{sec xtanx  tanx } e
1

Putsecx=¢ = secxtan xdx=dt

t 1 t 1
_ dt = sl
ILZH t(r2+1)] r '[[xzﬂ (:

secx
g(x)=sin’x

Now, verify the options.

N=3 0

t

Cos X

2
sec” x+1  sec? x+

2t
gt &
¢2 +1D I[rz |

2 2
=In(2+1)-Int+C=1In [SE"’ x“]+c= In [”COS %

]+c=m(

i

COS X

v 2
2—-sin” x

}+c

n [ 2r-3 __[,2r-1 ; 2723 B o
555. (a,b) P(t)=lim ¥ Vi Vi ]—umz(‘” +)- (7 +1)

2 (W D +1)

L I ] .
- = |im
n—yee ° 2r=1 2r-3

r=2\VI + 1 t

I
E
Ng

Forte(0,1)

I Jt
P(t)=1- =
(7) Ji+1 Ar+1

p(%):ﬁ—lgﬂ.ﬂflc’f

556. (bc,d) 8b° -a’ —c* = 6abe
a® +(=2b)° +¢® =3a(-2b)c

H"?W[

|

r2M—l o | \ﬁ.}

g W R DA

)
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= g-t+tc=0 = u.h,c.'arcinA.l’.
b=a’-4=c-2
- ag=3b=5c=7
Now, verify the options.
r |
557. (a,d) 1, =Z——?:In2 @ az)
% . 1
I,=—+=In2
&8 2
558. (a,b.d)
Solving y=J|r2 and y=2x
x2 =
r=2
52 or x<~-2 '= abd
559. (a,c)
Ds 44 11
y==2

Ix
d bability = = =
{8} ad &) probERLIY 6! 720 180
Dearrangement of §,,8,,8¢ atR,, Ry, Rg = D5 =2

(c) and (d)
Dearrangement of §;,.55,55 at R, Ry ,Rs =D; =2
i 2R ] '
robability = —— = —
: i 6! 180

560. (a,d) Clearly f(x)is non-derivable at —1, 0, 1,3

[ o
——

!
e—_
L]

=
w

n n
561. (ac) - ] S(x)dx+ J’ S (0)dy = 2
0 0
and Tf(x)dx-n ' ¥ " :
) —f(x+smx)dx= — =CO8 X =It-—-+2
0 2 2

m’ n
(—5+2J+'£f._](x)dr=n2
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2
]=-K———-2
2
2<I<3
1
j 1 dx<Jldx<l<[
o 1+X 0
i 1}. ..
" (c,d) Let image of(r,;) in line 2x— y = Obe (h, k).
1 _ 1
P P i
2 = 5
an 4 3
= 5h-—3t+? and Sh=4rp>
t

' Eliminating ¢, we get

(Bh—4k)(4h+3k)=-25
= 12x* = Txy—12y% +25=0

r:_73 32_12, t=25
= = = - -
|[bxc| |exa| |axb)|

+ +

==y —F =5 3=y —y

[abec] [abe] [abe]

563. (a,b) Y = surface area =2

gl B o B,

— = -
|ajcosat | bjcosor | c|cosa

2
cosol
564. (a,b)  4a’ +4a+1=3b" +3a’
2
(2a+0-b+1)° _ 12
Va® +b?

Centre of the circle is (2, 0), radius is 3.

=4 = COSOt:—l
2

565, (a,c,d) Al = 2&3‘1‘!3 : A2 = a+32b
& = g¥3p\3 g G, = q"3p?3
3ab
e 3ab : e a
a+2b 2a+b
A H, =2a+b_ 3ab — ab
3 2a+b
GIGZ =ab
A H, =a+2b_ 3ab i

3 a+2b—
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566. (a,c) 2(si1:t.:\:+l)2 =sin x(6)(sin x+1)
2sin2x+4sinx+2=6sin2x+6sinx
= 4sin’x+2sinx—2=0
= 2sin’x+sinx—1=0
= (2sinx—1)(sinx+1)=0
= sinx:—l ; sinx=-1 (rejected)
T
= x=—
6
GP, 2, ﬁ(—lﬂ], 6(i+1), ......
2 2 2
O 0 & TR
2 42
T5:GF4=§1(3\/§)4=81X2:162
JI2)" -1
S, =
3J2-1
567. (a,b)
O I3
(ﬂ) a7 =A(0)= 1 2 -3 =21
-3 4 0
2 1 4 7
(byand(d) AQ)=|4 3 —2|=132=Y g,
-2 5 2 k=0

6 7
Now, Ya =Y a,—a; =132-21=111
k=0

k=0
0 -3 2
c) A(-D=[-2 3 —-4|=-32
o B P
568. (a,d) cosA+cosB=4sin2%
= 2005A+BcosA_B=4sin2_‘
2 2 2
=  2sin Ecos =4Sin2£
2 2
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A—B_Z. e
e T 5‘“3 {1}
B A-
o ZsinA; cos—z—B-=29'nA+B.2§n£

i sinA+sinB=2oosg-25in%

= simA+sinB=2sinC 5 = GEI= .o,
Clearly option (b) is wrong.
Now., for options (c) and (d) : v a+b=2¢
- a, & b, in AP
=5 —a, =G, =b n AP,
= s—a, F=—&; s—b in AP.
— s(s—a), s(s—c), s(s—b) in A.P.
s(s—a) s(s—c) S(s—b) )
= ik A’ A mAP.
where s= a+g+c and A=J;(s—a)(s—b)(s—c)
oy s(s—a) \/ s(s—c) s(s—b) GiAD
(s=b)(s=c)" Y(s=b)s—¢c) = \(G-a)(s—c) "

= coté, cotg, cotg- in A.P.

2 2 2
- tani, iang, tanE in H.P.

2 2 2

569. (be) S, P=S,P => a-eo. =Ea_%
aFE

ae+—

Also, o= 2
2

Vet +24-3¢

2

Eliminating o, we get E? +3¢E + Qe* = 6)=0 = Ew

570. (a,d)
£1=12,2),(2,3),3,2,(2,9,(5,2),(3,5.(5,3),3,3), 5. 5)}
£y =101,1),(2,2),(3,3), (4,4), (5, 5), (6, 6)}
E3=1{(1,3),3,1),(2,2)}
9 3

6
Now, PE\)=— ; P(E,)=— : P(E.)=-
(&, 36 (£2) 36 (Es 36

Clearly  P(E,), P(E, ), P(E, )are in A.P. = (a) is correct,
1

P(E,NE,)= 316 = 3 #P(E, )P(E,) = (b) is incorrect,
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P(E;nE)_ ] — (c) is incorrect
I : E - — i
Now, P(E,/E,)) P, 9
Also, P(E, +E, )+ P(Ey — B3 )=[P(E| )+ P(E;) = P(E, N Ey )]
+[P(E,)-P(E, NE,),
=i+_1_2._i__1_=£ = (d) is correct.
36 36 36 36 36
571. (a,b,c,d)
Three planes meet at two points it means they have infinitely many solutions, so
2 I 1
1 -1 1{=0
o' =1 3
= 2(-3+D)-13+D+a(l+1)=0. = =4
P :2x+y+z=1
Pix—y+z=2

572. (abc,d) |z 2,/

Py :4x—y+3z=5
P on XOY plane = (1, -1, 0)
(which can be obtained by putting z = 0in any two of the given planes.)

-1 3
on YOZ plane=|( 0, —, —
0o p [ > 2)

(which can be obtained by putting x = 0in any two of the given planes.)
Straight line perpendicular to plane Py passing through P is :

4 -1 3
% ~ ~ ~
Pin‘——IJ—Ek
> g
Projection of PQ on x-axis = Ol: =1
i
o (1 =11
Centroid of AOPQis |-, — ,—|.
3 2 °2
¢ ~-b
—'=], + = |—| =
- |2y + 2, : 1
2, 2

— (Z!+Z2)2zzlz2
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573. (a.b)
(a)

(b)

(c)

(d)

574, (a,b,c,d)

Distance of centre (4, =5) from
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2
b = qc

File

a a =

l‘-"'+22|=|zl||1*“-'3"el=2005?2“=1 = g=2r
3

PO =|z; =z |=|z,||e® ~1)= ZSing
2

=2$i11%=:\/§

Given that AB = O,where det. (4)#0 (1)
So,
Now, pre-multiplying equation (1) with 4!, we get

(47'4)B=47'0 = B=0

A7 exists.

null matrix
Given, det. (4) =2, det. (B)=3,det. (C)=4
So, det. (34BC) =3 det. (4) det. (B) det. (C) =9 (2) (3) (4) =216

(As, 4, B, C are square matrices of order 2.)
Giver, det. (4= % (oiderat mnttind 8 3)

As, det. (adj. A) = (det. 4)" -

lace A by 4 ~! in equation (1) and take n = 3, we get
P

I Y L (L

il

We know that skew symmetric matrix of odd order is singular. But, if order of
n, then it need not be singular. For example,

=4

skew symmetric matrix is eve

A= [2 _04] and det, 4 = 16 (non - singular).

Centre of circle = (4, ~5)

Radius = /|4 + 5 ~(-40) = V47 +5% +40=9
(-2, 3) is 10.
_243)=9+10=19

a=max.|z—(
b =min. |z—(-2+30)|= 10-9=1

Now, verify.
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st g

|
575, (a. Eccentricity of ellipse = —=
575. (ad) y p ﬁ

x? ¥ .
Let equation of ellipse be —+————5 = 1 - (1Y
|
a aZ(]____)
2
x2—y*=2 w2}

As eqns. (1) and (2) intersect orthogonally, so

-‘?X xifj—}} ——] atpoint of intersection.
dlg dxlp -

lutions of Paragraph for question nos. 576 — (b) and 577 — (C)
2

x-p)t +(y—q) =x"+y* =7

pz+gf2 = 2px+2qy _ (1)
For the circle to intersect orthogonally
" B
dx| dx
- 5=
¥ S |
¥ -pr=qy-y* = x*+y'-px—qy=0 e
Fromegns.(1)and(2) = p?+¢% =2(x* + y*)=2* Y
Now, g=a = differential 2p+0= 4rit
dp
ar.
dp 2r

Now, p+bg=0 = put p=-bgineqn. (3)
(b> +1)g* =2
(b* +I)2q:4r~¢£
dq
dr _ (b* +1)gq
dg T2
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of Paragraph for question nos. 57g _, (¢) and 579 — (b)
f(x)= e (x—1D)—ax+a
f(0)=a-1<0 and f(l)=e>0
Also, fX)=e"(2x+1)=-q
SOTYx>1  and Ly ye -1
Now, f(xo )< 0 for only one x, e 7

f(=D=0

golution®

-3
—+2a=>0 = 02—3—
e 2e

ae[i,lj
2e
= p¥q+r=6

Solutions of Paragraph for question nos. 580 — (a), 581 — (a) and 582 — (b)
1

fx)= ex_[e'f(t)dt= Ae*

0

1
g(x):[ex +_[ e'g (t)dzJ+x= Be® +x
0

1 A
A=[e'de'di== (" -1)
. 3

A=0 = f(x)=0

B

2_
B(I-—e 1-J=1
2

.
3-e*

2
(x):'_ e +Xx
* 3-e?

Il

|
je*‘ (Be' +1)dt =§(e2 ~ Tk
0

B

Solutions of Paragraph for question nos. 583 — (a) and 584 — (b)
log (m, +m2):2
log x

Case-l :

2
my +my =Xx

S(x) 2

[0+ =
X
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LF. = eln.\' =y
xd
Xf(x)=“i‘+c

-1
At(1,0) = C=~4—

x 1 (1)
heO=F %
Case-II : log M +7) o o
log x
]
+m, =—
1
f'(x)‘i‘@——g
X X
LF.=x
xfx)=lhx+C
At(1,0) = C=0
In
fr)==2

X

Solutions of Paragraph for question nos. 585 — (b) and 586 — (b)

2 2 2 2
fo)y=C 4T (2 +6x+8)="+ L (x43)2
(x+3)%-1

Using calculus, (x+3)” is increasing in [-2, 2],

2 2 2
Hence,  bn’= f(x),, = f(2)=_756_+ 25n° _Sn

12 4
2 2 2
2 T " T
S®) in, = f(-2) g
Hence, 2(_1+‘_2§+_1+i)=5
6 12 6 12

Solutions of Paragraph for question nos. 587 — (b) and 588 —» (a)
(i)  ¢> Onot possible, think!
If ¢ < 0, then for g(x)< 0V xe(0,1), vertex is negative,

b
D20,g(0)<0 and <y
%
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Solving we get ¢ = —|,

or /\0 !
D<0 = ¢<—1
Range of ¢ is (—cs, -1].
(i) Casel: When both J(x)and g(x)are concave up i.e., c> 1

Possible graph to have f(x)< 0and g(x)= 0to have unique solution.

f(x)\ X /g(x)
N

Hence, D, =0 = 4c*>—4(c-1)(c+4)=0

Hence, c= —Ai
3

Atcz%, (x)=(x+4)* and g(—4)>0

This case is possible.

Hence, c¢= 2
3

Case2: Both f(x)and g(x)are concave down i.e., ¢ < 0.

Possible graph to have f(x)< 0and g(x)= 0to have unique solution.
"\
/N

Here f(x)and g(x)have a common root.

In this case, the value of ¢ is :4—

Case-3:  When one is concave up and another is concave down is rejected.

Hence, all possible values of ¢ are % and _?3

Sum=i+(:—3]=l.
3 4
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Solutions of Paragraph for question nos. 589 —» (b) and 590 — (a)
3 [ ms(ﬁ.\‘:l_} ]1_2

Solutions of Paragraph for question nos. 591 — (d) and 592 — (b)

Replace x byg and so on, we get f(x)=3.

Solutions of Paragraph for question nos. 593 — (c) and 594 — (b)

Range of (I) = [0, 1)
Range of (II) = [:ZE ; —gj

T T

Range of (ITT) = (0, Z:I - {_57}

Range of (IV) =[—x, it ]
Solutions of Paragraph for question nos. 595 — (c) and 596 — (d)
f(x)=ax* +bx+c
gx)=aln’ x+blnx+cV x>0

Given, g’(p)=0

P 2a
Also g”(p?)=0 = 2“(1"“’4"“)”:0
P

b 2
= J]l-—=In
20 P
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o-=0

2a1n0t+b___aln2(x+blnu.+c
U‘ o

For unique o, D=0
(b—2a)* —4a(c—b)=0

4b* =4a(c-»b)
da=c+2a
c=2a

fE)=a(x® —2x+2)
Now, proceed.

golutions of Paragraph for question nos. 597 — (b) and 598 — (d)
(i) S4LPT;
5B 1 PT,

|
2

4, = Area (AS'P.T,) = —; < S'BXPT,

2
o (SAxSB=b")
(AT, 4
2
Z_A_l_i?-_=]3 o M _1g o p=8
(PT;)° 4
bl
(ii) Tangentat(ae,———]
u
2
f_‘EE+}’b =]

2
a’ a-b




(0, a)

~_

0, 2)

= e+y=a
-;.2
q=2828_2 _, o ax B o A=64
e 2 e 455

Solutions of Paragraph for question nos. 599 — (c) and 600 — (b)
f’(x)=3ﬂl'3 = f(I)=ax3 +b
f(0)=b=1 and
Hence, f(x)=13 +1

=

lim
() Limit=e=0°=mrx =g

z 1 dr:Zj : dr=2(hl(x+\!x2+7))1=
0

1
(u) DL=
Jnﬁxz +7 o Vx> +7

a+b+c=8+7+0=15

Solutions of Paragraph for question nos. 601 — (c) and 602 — (c)
Let the first A.P. beal,az,ﬂs gesseesyly

Given a—i:b—k:‘t!
b g
b‘ =4al = bl +(k_l}d2 = 4ﬂ|
Given Skoa s 2ay + (k=1d; _
Sk 2by +(k-1)d,

by + by +(k-1)d,

a; +4b,
by +4a,

=2 = al+4bl=lb|+8a|

f)=a+1=2 =

2m[J§+l]
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a, 2

b 7
From eqns. (1) and (2)
(k=1)d, =4b, —q,
(k=1)d, =4a, - b,
On dividing, we get
dy _4bi—ay _4-(2/7)
dy 4a;—b, 42/7)-1

A]SO ).,:—:——:

o+2A =26+7=33

301

sae kD)

solutions of Paragraph for question nos. 603 — (d) and 604 — (b)

j; ‘(x)=0 = f(x)=constant .  f(9)=A
flk)
() 2"
f(9) A

Pz:P_Pz[cos(znw) sin (21/ 9)
—sin (2n/9) cos (2r/9)

pr = [ cos(nm/9) sin(nm/9)
—sin (nm/9) cos(nm/9)

~1/2 JE/2]+B[_1/2 \@/Z]H,B 0]:0

B=-o

0P + P3+"I=oc|:

BETSEEN s, iy J3i2 12
-0 P NE

—+=-+y=0 and —(a+P)=0

5 T Y 2( B) =
Y=a

(HP; (P and (IV)Q

Solutions of Paragraph for question nos. 605 — (a), 606 — (b)

a = Number of digits in 250 — 1+ integral part of 50 log o 2

P -5
b = Number of zero’s in 3 Y

3<logs N<4

125< N < 625 =
(1) c—(axb)=500—16><23=132
(i) ¢=500 = sum of digits = 5

¢ =500

(iii) a+b=39

and 607 — (c)
=16

=| 1 + integral part of (~5010g ¢ 3)|=23
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Solutions of Paragraph for question nos. 608 — (b) and 609 — (c)
-
log; 63  1+log, 9 _ % be _ abe+2a

log, 14 log,2+1 l—l--l— abc+1

abc

(i) log 63=

(i) abc=log, 7
= log, 4<abc<log, 8
= 2<abc<3

Solutions of Paragraph for question nos. 610 — (a) and 611 — (c)
From theory it is clear that sin 24 +sin 2B +sin 2C = 4sin Asin Bsin C.

Solutions of Paragraph for question nos. 612 — (d) and 613 — (b)
i) 2%+3x+a?2x*—ax-b
X2 +(3+ap+a’+b20 Vx, acR
D=0
(3+a)* —4(a’ +b)<0
3a’ —6a+4b-920

D<0

12-45<0 =% 3-6<0
b=3

Given that b e [0, 6]

b=3,4,56

Sum of integral values of b= 3+4+5+6=18
(i) |a=1|+|b-2|=0

a=1 b=2
_S®)_ X -x-2  (x-2)(x+1)
g(x) 2% +3x+1 (Xx+1)(x+1)
e x—2
2x+ 1
y+2
xX=-— = =
1-2y ar;

Range of ye R - {é ) 3}

OC+B=—I-+3=Z
2 2
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9‘ms“‘pmagmphft:u'qrum;ticmnos.614.—-> (b) and 615 — (a)
Ax)= (@=2)x" —-4x+6)

- g(j)——-.‘l‘ —4x+6 hasroots:u,ﬁ
@ LHS =278 _@B)Y-:p 16-12_

1
36 36 36 9
@ 8<g(¥)<18 = 8<x®-4x+6<18
= 6<(x-2)"<16 =  Je<]x-2)<4
= -2|=34

sons of Paragraph for question nos. 616 — (@) and 617 — (d)
(1) Areaoiquadnlateral=rL=4x%x3=12
(m) Circle circumscribing the triangle PAB
is the circle described on CP as diameter

& radius =

19 |

-1.-1)B

Solutions of Paragraph for question nos. 618 — (d) and 619 — (c)

iRt
P”'{[\;' I-x ln(l—x)d‘-

x 2 2 2

Yot —=1t° == X=L{ ~—1"X
1-x

303
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i I T(l+Int)
P=2 (rlnr)( +:2) +j = d

o o 1+t
[
=2|0+ tan +I lnt

1412
x—,__.z

=T

8 7
Nowstj__g:;_lj-_lda =§
0

3R =38

Solutions of Paragraph for question nos. 620 — (c) and 621 — (d)
Let co-ordinate of ¢ (a, ) A
a-3_b-+3_-2(2J3)
J&8 -1 4
a=0=h
3

GV Exty-23
Solutions of Paragraph for question nos. 622 — (d) and 623 — (a)
(i) Number of lines= °C, — *C, -10-2. °C, +12=40
() Cy-10-°C,-2=256
Solutions of Paragraph for question nos. 624 — (a) and 625 — (d)

L : y—0=51(m—2)

B=(0,-1) Slope of the line L, = tan (1 —30° )= — tan 30° = —;—l

N

. |

A(Eiz,(coslzo‘*),‘fﬂ(simzo")) and H(1,+/3) B 1 C



4

58 1000 Challenging Problems in Mathematics for JEE
Liy-0="2=2)
Cc=(0,11)

(i) Slope of angle bisector below L, and L, is tan (g -20+ 9) =cot0 =2

—1><2><12

o
s—a  12++/5+5J5
2

(i) Radius of the largest circle = ~ 4 J5+2)

12

golutions of Paragraph for question nos. 626 — (b) and 627 — (d)
(i) a,bandcarein AP.

Jac< b
r)cz-l»f
x+d x<0
Xy -1+ f
. =(&F Yiast v f
x)= lim = , x=0
f( ) ”—’WZex(ex)”+x+d 2+d
= x>0
2e”
For f(x)to be continuous
N L
d 2+d 2
2f+d=0 = 2f+d+1=1
(i) a, b and c are in G.P.
.-
Ll A o xel)
x+d
2 ; :
x“+f f
= lim : = [ I
I e 20" (¢ ) +x+d | 2+d
0 , x>0
For f(x)to be continuous

S(x)=|lx—4}-2F1

305
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Solutions of Paragraph for question nos. 628 — (b) and 629 — (C)
f)= =1’

f(x)=x ==3x? +3x— 1= h(x)

() Clearly, y=h(|x|)is non-derivable at exactly one point.
4

-1/2 1/2
' } X

I
1
1 i

(i) f(x)and £~ (x)meet on the line y = xat x = x, where 2< x, < 3.

{ f(?)=1 and f(3)=28}

- -

1
\
\
\
hY
hY
\
M — ——
>
(=]

cos ™' (cos 2x )+ 4 tan ™! [tan %“] = (2m—2x, )+479 = on
2

Solutions of Paragraph for question nos. 630 — (c) and 631 — (b)
l,

Xl
= 10
S(x) o '”+(x—l)2sin(—l-—), o
x-1
10
e{]ﬂ‘ﬂ_] +h?sin 1_] (l+h)£(: ,

(i ‘(1)= lim ebim® . T
| A h=0 h ;,TS h 10
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{100

Y f(1+tk)=100

Sy A = lim| &=
(") =0 {

\
ff(1+f)H1+f(i+2r)—1+ +f(l+100.-.’)—1)

= lim

......

t—0 t ! /
=S D2 D+ 41007 (1) = £(1) (14 2+......+10) = 10% 5050
%
2 =505
100

golutions of Paragraph for question nos. 632 — (c) and 633 — (d)
fx)=1=x)A+x*)==x> +x% —x+1

I f)=gx) = g'(x)=—

i) Now,i(x)=g(n(f(x)) = &'(x)= o
Jx) f(g(ln f(x)))
/7(0) 1 =¥ # = ]

R(0)= : = " .
= PO Feoy 1 F 22
= 3+ s =34 2=15
7'(0)
1 1
G 1= “_xi}aglﬂ)dx {1“(1”) r  Putr=tan®
4 nln2
I= Iln(l+tan8)d9'-
0

Solutions of Paragraph for question nos. 634 — (d) and 635 — (b)
§=0 = (-2 +(-2V=1 = x?+p*—4x-4y+7=0

+12—-8
2

=1

r=L g = \/2PA +2PB? - AB? =

S, =0 = (x=3)(x-2)+(y-D(¥-2)=0
= x’+y?-5x-9y+20=0

Common chord = x+5y—-13=0
13 13

2 1+-————
+
cos 0 = 1 rz =4 [rl =, n= 18 =d}

2
TR

tan O = 5,
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Solutions of Paragraph for question nos. 636 — (b) and 637 — (a)
Hint: f(x)=sinx-3, g(x)=cosx

Solutions of Paragraph for question nos. 638 — (a) and 639 — (d)

(0,6)\'\ : / = y=g(x)
_1 2O~ _S(3.0) e \74
(0,6) & y=h(x)

2 3

h(x) =k will have more than two solutions for k=0, 1,2,3,4,5,6

h(x) =k will have exactly 8 distinct solution for 0< k < i

No integral value of £.
Probability =0

Clearly, |g(x)|=—g(x) = xe[-3,—-2]U][2,3]
Solutions of Paragraph for question nos. 640 — (d) and 641 — (c)
ﬁ A -~ -~
2 [=-2i+3j+k

-5 = j
i) bxd=|1 0
1

P i e

=]

_](Z—?)-(_ﬁx}in:|(‘i‘+ii)-(_—z‘i‘+3’j+1’&)|: 1

S.D.= -
Jia Jia

\\*“-':1:-_
C(3,1,0)
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(i)  Equation of plane containing L, and parallel to L, is
x=2 y—-1 z+1 .

1 0 2

1 1 -1

=0

= “2(x=-2)+3(y-D+z+1=0 = “2x4+3y+2z+2=0 = 2%—3y—z=2

PlaneIlis= X4+_2Y e =1
1 (=2 )
3

A(1,0,0), B = [0,‘?2,0) and C(0,0,-2)

1. > o = 1 2 2
Volume:g|[OA OB 0C]|=—[1><—><2):—
6 3

9

golutions of Paragraph for question nos. 642 — (c) and 643 — (c)
Forxe(-11)

X 1 = . 1
8= [ SO 6= e+ [ )=y =x[ feyde= [ e feyae+ [ o foydi—] feorar
e ;- ’ ) x x

Now, differentiate

! 9 x d A d X d 1 1 d 1
g (x)__jlf(z)dr+xa_j1f(r)dr—a_j1: f(t)dr+a:[rf(r)dr—{f(r)dz—xzxif(t)dt

x 1
g'(®)= [ f(@)dt+xf ()= fOcpe— fGy— flepe—[ f(1)dt+x f(x)
-1 T

X 1
g'(x)= [ f(0ydi—{ f(t)d (D)
-1 x
Again differentiate
" d ¥ d i :
g(ﬂ=a£ﬂﬂm—a£ﬂﬂﬂ=ﬂﬂ+ﬂﬂzwh) . 2)

Now, verify alternatives.

Solutions of Paragraph for question nos. 644 — (c) and 645 — (b)

: N 2 2n(n+1)(2n+1)
(i) tr.(A)_Za,.,._Za >

2

3
W T 5 L TR TR C R R
0 Mg l(_‘J: hmgtan I(F):,}ﬂgtan l[14-(2:41)(2:‘-1)}

1
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= lim zn: (tan ' (2i+1)—tan 1 2i-1))

e =
= lim [(tan ' 3—tan~" 1)+ (tan ™' 5—tan ™' 3)......(tan"" (2n+ 1)~ tan " (2 - 1y);
—oo

n =1
=—=coti" (1
3 (1)

K3

= lim (tan ' (2n+1)—tan ™" 1)=Z -
"—)&) 2

4.1
Solutions of Paragraph for question nos. 646 — (c), 647 — (a) and 648 — (d)
D AnBnC=1{23,4,56
Each element of 1, 7, 8, 9, 10 has only two choices
Number of ways = 2°.
@ AuBuC={475
Each element of 3, 4, 5 has 7 choices
Number of ways = 7° = 343
(I) ANnBNC=43,4,5,6,7}and A =B #C
Each element of 1,2, 8,9, 10 has 3 choices
Number of ways = 3> but A =B # C
3° ~1=242
V) AuBuC=1{6,7,8,9,10}and A =B #C
Each element of 6, 7, 8, 9, 10 has 3 choices
Number of ways = 3° but 4 = B #C

3° —1=242
P(EJ el Accordingto 1 _ |
E] M lU‘CS ; 35 .210 10 CS X ]25

P(_E_'J: Accordingto 1
" 10 5
E (D C. 391

P(_E_J= According 1o 5 0

(1)

P( E): According to 5 0

(1)

P( E): Accordingto 31 B 3]
E (111) HJCS 35,210 10 Co12°

P(—E-‘-): Accordingto 31 B 31
(111) 10(115_35‘210 IUC‘S ]2'5
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p [‘{f_) > According to 31 31
E, av) 0e, 35,200 e, 125
] P( E ) - According to . 31 31
E?. (V) I(}C5 .35 '2'“ ]OCS 125

golutions of Paragraph for question nos. 649 - (a), 650 — (c) and 651 — (b)
Do yourself.

solutions of Paragraph for question nos. 652 — (b) and 653 — (d)
@) i(zz— 2(])—;—| z+2|= 6represents an ellipse with major axis 6 and focus (2, 0) and

1/
. Alies on its auxilliary circle i.e., x> + y* =9
and (1-))z+(1+)z2=10M2 = (z+2)-i(z—-2)=1042
= %-i2p)=10J2 = x+y=5/2
B lies on straight line x+ y = 52
AB ., = perpendicular distance OB —radius 04 =5-3 =2

(II) If a variable circle touches line and circle, then locus will be the Parabola with
focus at centre (0, 0) of given circle and directrix at a line parallel to given line at a

distance of 3 units, equal to radius of circle
Distance between focus and directrix =5+3=8

Latus rectum = 16

Solutions of Paragraph for question nos. 654 — (b) and 655 — (c)

Here P/(x)=0 at x=-2,-1, 0,—;

P” (x)=0 will have roots o, 3, yasa e (=2,-1),fe (-1,0)and Y€ [0, 2]

[0+ [B+[y] = -2 1+0= -3
and equation P’(x) P” (x) = O will have seven real roots as P’(x) = O'has four roots and
P” (x) = 0 has three roots.

Its derivative (P” (x))* + P’(x)- P”’ (x)= O will have 6 real roots.

y
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Solutions of Paragraph for question nos. 656 — (c) and 657 — (d)

o I = > |-tan" ¥
S(x) 4+cos [\/HTJ

1

f(x)=g+cot_] x—tan  x
=E—2tan']x {~ x>0;
4
sgn (f(x)=1 = f(x)>0
T 2tan~! x>0 = tan_1x<%m = x<V2+1

= st
4
Possible positive integral values of x are 1, 2

a; =1 and a, =2
(i) P(x) =x? — 4k + 3k \ |1 12 /

P(x)<0 Vxe(a,a,) v

P(1)<0 and  P(2)<0
1-4k+3k*<0 and  4-8k+3k2<0
Bk—1)(k=1)< 0 (3k=2)(k—-2)<0
ke[—l,lJ (D) ke[g,2] | )
3 3

Intersection of eqns. (1) and (2) is k € E A 2]

Solutions of Paragraph for question nos. 658 — (c) and 659 — (a)

Let remainder g (x) be ax® + bx? +cx+d
J@)=x*(x* =1) Q(x)+ax® +bx +cx+d. where O(x)is quotient

RHS should have common factor x2.
c=d=0
f(D)=a+b=3
and f(-)=-a+b=3
b=3 and a=0
g(x)=3x* which is many one into function.

g2(x)=0 = x=0 lies between roots of
x? =2a+1)x+a(a-1)=0

a(a-1)< 0 = O<a<l
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l,ﬂons of Paragraph for questlon nos. 660 - (b), 661 — (c) and 662 — (d)
m j S(x)dx = J SGeyds+ j J(x)dx
Letx=2t = dx=2dt
= 2i.f(ﬁ)df=1+jf(xm
1
If f(2x)=3f(x)then } fx)x=5 = (1) (i) P
1

and also
4 2 4

@ [ f)dx=[ fex)dx+ [ fx)x
0 0 2

Letx=2t

2 4
- 2jf(2:)dr=2+]’f(x)dx
0 2
4
= Iff(2x)=2f(x) then [f(x)dx=6 = (U)()(Q)
2

and

3 1 3
[ fo)ax =] feoydre+ [ fx)dx
0 0 1

Letx= 3¢

I 3
= 3jf(3x)d:=1+jf(x)atx
0 ]
3
= If f(3t)=3/(t) then j fx)dx=8 = (D) (iii) (R)
: |

and

9 9
[ fydx= f SOyt [ fe)d
0 0 3

Letx= 3¢

3 3 9
= 3 /G0 = j f(x)dx+ j f(x)dx
0 0 3

9
= If f(3t)=3/(t) then 24:] f(x)dx = (1) (iii) (S)
3
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664 — (b) and 665 — (q)

Solutions of Paragraph for question nos. 663 — (C);

(H al+b*+c?—ab—bc—cas0
(a—b)? +(b-c)* +(c-a)’ <0 = a=b=c
f(x)=ax® +ax+a

D<0

no real root
| f(|x])|is always derivable except one point.

M ®@Q

1mn a2 +b2+c?+ab+bctecas0 = (a+«b)2 +(b+c)? +(c+a) <g

a+b=0, b+c=0, c+a=0
a=b=c=0
f(x)= ax? + bx+ cis an identify

f(x) = 0has infinite roots
f(x)is always derivable.

s (D) Gv) (P)
@ - (a=1)*+G-12+(c=1)>+(a-b)> +(b—c)’* +(c—a)’ <0
ashb=c=1

/f(x)=0has no real root and | f(|x| )| is non-derivable at exactly one point.

s dD) @)@
@) +»  (a=1P+(=3) +(c=2)* <0
=% gElLbsde=2
f(x)=x* +3x+2
f(x)=0 has two distinct real roots
and y =| f(|x|)|is non-derivable at exactly one point.

(V) (iii) (Q).
Solutions of Paragraph for question nos. 666 — (b) and 667 — (d)
f(x)= (ax* + bx+ c)sgn (2sin x—1)

f(x)=—(ax® +bx+c),0< x< %
f'(X)= O’X:E
6

= f(x)=(ax’ +bx+c),§<x<_5§
) 6

= f(x)=0, xziJE
6
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= f(x):-—(a.\'z +1',.3‘x+(,'), :Sl_:_..(x( 6

If y= f(x)is continuous, then ax* +bx+c= a(x—E][ _ET[]
6 6

Ife=0 = a=b=0

jutions of Paragraph for question nos. 668 —, (c) and 669 — (b)
f(x)= x> —ax* +bx-8
= PB=2 and b=2a

= o= and 7y =2p(pisthe common ratio)

P
ael = p=-1,1,2,-2

= o0=-221-1; B=2,2,2,2; y=-2,2 4,4

= o=1,p=2,y=4 and a=7; b=14

Roots of the equation f(x—B)= 0are o+, 2B,y +p which are in H.P.

solutions of Paragraph for question nos. 670 — (a) and 671 — (a)

fla,b)= \/7+——7\/§,a+49+1,‘(b 5)% 452 4 \j?+“+b2 J2 abe
2 2
fla,b)= \f\/_ ——7 +1f(b~5v)2+51+‘\][§_5] [ﬁ—}

RS

/| R(b0)  P(7,0)

Image of Ris R"in y=x

OR =QR’

Also SR = SR’ and image of S is

R8§=R'S’
PO+QR'+R’S'2PS’
SR=SR'=SR’

Sum of 3 sides of quad. > 4th side

Min. value if PS’ = =4/144+25= =4/169=13
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Solutions of Paragraph for question nos. 672 — (c) and 673 — (c)

Sf(x)=]sin ((2:-, —I)—g)x cos (%)x

-2)
6

mn3n5n2_1£ﬂjlﬂ
6 66 6 6 6 6

+

+

f(l)=Fsin @ -n%

Possible value of (24 —1)

4t Sm 6T
Possible values of rzg £ E E e 222

(1)  For f(1)to be an integer

o8 T
(271 _1)'_ B —
s o B,
3t 9n 3_1: 6_11:
& 6 6" 6
n 5t 7 lin o 4n
666 6 6 6
2 4 2 12 1
Required probabili ——>< O ” Sl
o P 4 6 6 6 6 36 3
T
(i)  f(2)=]sin (25 —1)2 cos(r23 N

(T 3 5% Tn on iin
35 3 3°3 3 3 3
, B_T 23n dn Sn6n
3 3°3 373 3

For f(2)not to be an irrational number

@ =T E I s QE=E‘E’E,§’_‘_‘E‘_,E‘_,§E

3 & 3 3 33 3 3 3
2 6 1
07 L Ly
Lhy 6 6 3
} 2
P(E)=lva=2
() =z

Note : [ denotes event when f(2)is an irrational number,

Solutions of Paragraph for question nos. 674 — (c) and 675 — (b)
(i) Given, a+b+ec=0, a+bw+cw? =B, a+bo’ +co =19

o +B +]yP = et +BP +77 [v =0’



A

G

So,

So,

(i)

R

\
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Now, &fi“—-(a+b+c)(5+5+5) (0% =]

B = |'57|2'4-|13']2-I-|c|2 +ab +ac + ba + b + cg +ch
BB =(a+bo+cw?)(g+5p2 +2m)

=al® +|b] +|c| +ab 2 tacw+ban+bew? + caw? + che
VW = (a+bo? tew)(@+bo+cn?)

=|al’ b +|c* +aB o + gz +ba®* +be® + cam + ch m?

FITy - 8l 2 g
a0 +BB +vy =3(|a| +|B +|c|? )+ (ab +ac+ba+b+ca+ch)(1+m+m?)

=3(|af’+|b+|c]? ) [ l+o+0% =0]
A=3
(z+1)|Z7+0° 1 ‘ Looliee z+e? =0
Z+® z+m o w? 1

H+o+0’ =0, o=
(z+1)(z2+z(co+c02)+co3—1)+u}(c02~zm~m2)+m2(cn—zm2—m4)=0
(z+1)(z2-—2')+z(—0)2 =m)=0
22 =22 42— 242=0
2z =0

z=0 only I complex number.

Match the Column Type Questions
6%6. (@) > (P,Q,8); (B)—(P,R); (©)—®); (d)— P,R,T)

(A)

(B)

(©)
(D)

x> 1
= 1)l0g2x2—210gx4 il Y
x—1=1 or 10g2x2—210gx4=7, let log,x=a

-2t s SR =T = (a—ABa D=0
a
~1

x=16, x=22 (rejected)

2log 1 3+10_g_\/j 4=log  36=4

3,/iog35 _ SJlugss

log, N=5+m = 5<log,N<6 = 32<N<64
28logs N<3 = 255N<I125

= 32<N<64 = x=32
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677. (a) = (S); (M= (R) ()= (P)
(A) P - 2'05.:!_“032 0) = log2 6
(A7) =4b828 =36
a 02 14?
B) =1 =
(E) 1—r 1-2 11

=  7(a+r)=25
(©) E7(101)!:[%J+[-1—?]=14+2=16
7

678. (a) - (P, Q,R); (b)—(Q); (c)—>(P)
(A) Letz=x+iy

2 = 24/ (x=1)% + 32

= xP=x’-2+l+y? = yr=2u-1

If z; =x; +iy, and z, =x, +iy,,then
+ =%
yieyi=2(m-x) = L=L2-ATF
2 N=Vs

AR o yty,=2

T
arg(z,—zz)=z = o
1~ X2

. III'.I(Z] +22)=2
(B) Let mid-point of PQbe (h, k)
xk;yh—cz =hk-c* = xk+yh=2hk

Equation of PQ is

= y=(_?k]x+2k o ]

and equation of PQ as tangent on x> = 8 y

y=mx—2m> Q)

m=— and k=-m*® = —k=-_

= x2=—y
Latus Rectum = |
C) v D0 = 16—4log  \a<0 = log/\a24 = aéi and a>0
5) (5) 1o

Number of integral values of @ = 0,

679. (d) Do yourself,
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(S)

480. ®) ®) m29-(3°)° = mz27

n_ 1

Q) ;25 =5 n>3
9

R) D t;=3xT7+2=23
=1
9
=1

>t =3xT7+2=23

L

¢81. (a) Do yourself.
2. (© S00)=(k+2)(? — o+ 2k—3)

683. (d) x3—3x~1=0\
Y+o

o+B+B+y+y+a=0 = a+Bty=0

Roots of the given equation are —qi, -, — Y

Equation whose roots are o, B, yis x3 -3x+1=0
(P) oc2+[32+'yz:(Za)z—ZZa[i-—_O—Z(—3)-_—6
(Q o’ +B%+y? =30By=3(-1)=-3
R)  (@+B+7)B+v-0)(g+a-b)=(-20)(-P)(-2y)=-8(~1)=8
S) (@’ =3o+1)(B* -3B+1)(y> -3y +1)=8
684. (3) xy° =81, x, y>0

x+3-(z) ; %
o . .~ ) P
) — >(x 27]

4544 81 45 58

= (x+y) | 5 2

|

X 3y2 (xy3 )Z

Q)
= (x+3y)*24%.81=(12)*
3y

1
I+ 2 3

(R) 3 >3 2
27

=  (3x+ )))4 >44.9=9.2%



R — . |

320 GRB 1000 Challenging Problems in Mathematics for ygg

1
(S) %3—}—’2 (2xp* )4

= (2r+3y)4244-2-81=2(12)4
685. (b) c:os(9+7’0")=:3I where 0e€(0°,110°)

(P) 0+70°€(70°,180°)
tan (0+70° )= —2v/2
242

(Q) cos (160°+8) = cos (90° +0+70°)=—sin (0+70° )= 3

=1
(R) sin (20°-0) =sin (90°—(8+70° ))=cos (B+70° ) =—

. tan (70°40)—1_ —2/2-1_ 9+4V2
(S) tan (25°+6)=tan (70° +6-45°)= -

~ lewn (10940) 1-242 .7
4 P ey
686. (¢) x —px~ +gx rx+32—
g*?*f*% I
AM 4 4

1 1
a-b-c-d)4 15 4 1
G'M'“(2-3-4-5J _(32-2-3-4-5) 4

B =

w | o
o

v |

687. (b) ,688. (c) and 689. (d)
Sol. (I) (//2)? =280.2¢%0  —  Gin@+cosH=1

= COS(G—:}J:__I- — 9_2:2nnig

= 0= 2nn+g or 2nm (rejected)

(I1) secB,cos 6, tan 6 A.P.
2cos 0 =secO+tan 6 =  2c0s’0=1+sin0
= (I+sin0)(2sin0-1)=0

- sinB:EI T,
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og secH, log 2, 2log cosecO A, P,

(HI)ZI
sec? 0, 2, cosec?0 G.P.

=
_  sec” 0-cosec’0 = 4
i (l+tan29)(l+cot29)=4 = tan’6+cot2@=2
oy 2=l =5 0=2nm+Z

4

(IV)(2+sin 0)(3+sin0)(4+sin0)=6

— sin6=-1 = BT
g

0. (@ 691.(b) and 692. (a)

TR N
sol. (1) B.+a_2 = &=p
D=0 = 64—4(k*-6k)=0

2—6k—-16=0 = (k=8)(k+2)=0
() (k—2) (3k+8)<0

:—8<k<2
3

(o~ B < V3

Nak? -16 I

= 0<k*-4<12
= ke (=V12,-2)u 212) Qe
(IV)(x—2)(2kx+ 5)= 0 where k>0 \
s ; i
_25—2—!{-(—1 = 225>1 _é:\yz = X
= é:Sk<é
2 Y
693. (c) atb ¢, c.4
c a
g ¢ b .o
(—+—)+(—+—JS4 = a=b=c
c a ¢ b

AABC is equilateral triangle.
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A
r=(s—a)tan —
( 2

ﬁm(%—a)-\]—l_g = a=06

(P) 2(005A+20038)=2G+1)=3
(Q R=2r=2/3

R) tanA+Ar.(AABC)=«/§+-?x36=lO\/§

) r;=rz=,§=iz9f W5
S—a e
2
Ii+7‘2+?"3=9’\/§
694. (d)
}
b §
/2
INL y=sen D) =1
4 x2+1
= X
O
P)

Clearly, number of solutions is 2.

2
Q) f(x):cos"( s 2chos_l[l— 12)
I+x 1+x

= te[0,1)

t=1-

1+x?

cos” te( 2] (a,b] = [a+b]=1

(R) 12(tan’(tan ™' o)+tan?(tan ™' B))=12(cc® +B?)
=12((+B)* - 20B)

=12(2-2-1J=3
-
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: - N T
Q X)=S8In|—-—8§ = i o =
) sin(coS ) ( 5 S x)—cos (sin~" x)=/

§95. (b)

. -1 i o i
f(x)=sin(cos ™ t+sin~! {)=gin L -

4
Zf(}f)= 1+1+1+1=4
x=1 16-

L;3x-—2y—-4+l(x—2y+4)=0

P(a,b)=(4,4)
S:xz+y2 =8

®)
Q
(R)
)

a+b=28
Ly =+/S; =V16+16—8=2/6
Least distance = OP —r=44/2-22 = 2.2

Least radius of the circle containing the given circle is

:OP+!’:4.\/§+2,J§:6\/§

§96. () j«p(x)sin xdx

—cos (=0 (x)+ 07 (x)— §" 7 (x)+..... ) +sin x (¢’ (x)— 0"’ (x)+ 0" " (x)-
g(x)=—x* =202 —1+12¢* +4-24=—x" +10x” - 21

f(x)=4x> +4x—24x=4x" —20x

(P)
Q)
(R)
(S)

697. (d) (P)

Q)

(R)

f(x)is many-one onto function.
g(x)is many-one into function.
number of points where | /(x)|1s non-derivable is 3.

number of points where |g(x)|is non-derivable is 4.

3 1
jg(x)dx+jg" (x)dx=0
| 3

S )| ax. = f(n):—f)'_:—]:
=% +2px+q<é

=3 = q=0p

w

=5 pHgT?

......

323
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1 dr ﬂ
R {(Terey !
|
| ,_1___1_)dx=[ln.1i£]
s \l+x 2+x 2+x1)o
gy
3 2
)it 2
- m(E)‘m(b)
; la=b|=1
698. (a) 3+ y—z=0 )
-2 4z=0 | . 0)
2x—y+2z=¢q ---(3)
Eqn. (2) X (2) —eqn. (3)
P
1-2)y=4=
= ( 2])’ q

Forunique solution, p # 2, g€ N = Number of ordered pairs ( p, g)in[1, 10] are 90.

For infinite solution, p = 2and g = 4 = exactly one ordered pair.
For no solution, p =2and g # 4 = Number of ordered pairs (p, g)in[1, 10] are 9.

699. (b) f(x)=sin"" (2x—1)+cos™! (2x—x )+tan_l( [1 2 ]
1+[x°]

Domain of f(x)=]0,1]

0= y  XE O,~1
4 4 2
f(x)={2sin"! (2:\:—1)+E , xe(l,l)
4 2
(1
n+tan~'| = ’ =
(2] '

Now, verify the options.
700. (c) AEEI— 4V, DRILNG- 6 C

= XX=XX=XX~

P
N=§x6!=12x720=26 X33 x5!
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-er Type Questions P
Differentiating both sides, we get
(S)+ D)+ 1= 0
rejeoted
f(x) 10—x or -—10 x
Hence, F > /100y =1 (90+110)= 100
IF| 5t
ZSICSJ:-—!C+[
2. () s
2.5
k=1
NOW, Sﬂ:—_n___zn(n-l'l)z 15
.l B
n+1
D (k+1)(n—k+2) Y (k+1)(n—(k+1)+3)
L= lim £=1 = Fi k) oo
n—yee n 2 i 30, n 5
Y (k+1) 3 (k+1)?
k=] k=1
703. (0) Range in null set
.. Answer is zero.
1
(5}1] n
X 3n
704. (8) p= lim
n—eo| (3n
2)
2n 1 2
Sn—r 5-x
Inp=Ilim— ) In In| — |dx
= n—e jy E (3}1—)) '(I; (3-x)
55
A 3—6
a+b=5+3=8
'
705. (2) I(n)= [ In(1-2ncos x+n” )dx
Using King and add
s
1(n)=51Jlln(l+rz4-—2n2 cos 2x)dx; [Put2x =¢]
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2n
I(n)= 31 J‘ln(l+n4 —2n%cos t)dt
0
Using Queen

T I
1(n)=1 [ In(1+n* 20 cos )t =112y
2! 2

I(n*) _ B
I(n)
Hence, ](100)=
1(10)
=
706. (16) f’(x)=tan? x+K where K = j f(x)dx

-

4
f(x)=tanx—x+Kx+C
f(f)_l_L{chﬁj.
4 4 4 4
C+l=s—== =

f(x)=tan x— x+16c—£?-—1

T
4 2
Now, K= f[canx x+Kx—~@—1de —n_Kn®
- odd function 4 2 8
4
Hence, K= o 1
8+m?
id
8+n’ f
| Sy =-4= m= m* =16
T -
4
707. (100) P(x) =100(x—0t; )(x =0y )eurn(x—0L, )
| 2 n
looﬁ(x-a,-)
100 T (x-t) 1 'OOHZ("‘ i)
= lim l+100H(x-0t )| ' = lim|(1+0)f
x—}(xl

X0
i=1 1
o
4!

[

\




 f
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R
Ilim ItlUﬁ[.\'—u,)
2 e.v—plﬂ =2 = elUDK
IL.L. =100
K

0) given, Sf(S)=0 = f(+a+B)=0
SU@)=0 = f4+20+B)=0

Hence, roots of f(x)are .+ B +1and 20,+p +4
Now, sum of roots = 30+ 2B + 5= —q,

= 40'.+2[3 =-=95 )
Now, product of roots = (et +B +1)( 20+ B +4) = B
3
(0t.+|3+1)5 =p 2
—3

From Eqns. (1) and (2), b= f(0)= =

Hence, 2| f(0)|=3
2
Replace x — —
709. (8) Replac S

(5

x* X =0 \X

20
210(2x2 + 3x+4)10 - za;- _2!‘ _x20—r
r=0

0 20 20
7 'zﬂr'x’ =2ar.2r x20-r
F=0 r=0

-, Coefficient of x”.
' Zloa? :a”z]s
47 29% =8
a3
710. (3) Let fx)=x>—x> +x-2

f"(Jnc):Sx"‘—bc2 +I>0%xeR

~. f(x)is increasing = only one real root.
fH)=-1, f(2)=24 = I<o<2

Since, 0. is a root of x> —x> +x-2=0
= o’ -0’ +a=

o -a?+1=

2
2
(4
@2 +1)(a* -o’ 4—1):3(.:12 +1)
o
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2
b +1=20+2 = a® =20+=~1
o o

2
= +==1
glo)y=20+=

¢ TR e
g(a):g—a—2=a;(oc —D—az (o—1)(o+1)
g is increasing foro > 1.
g(h)<g@)<g(2)

3<g(a)<4

3<a’<4
& [®]=3

711. (125) Using King

sin x—cosx

I=‘T~sinx(l+sinx)e I

e—COSI + 1

sin x

0
i 1+

7= I sin x(1+sin x)e 2
0

ol D)

CCISI +]

sin x(1+sin x)e™* (¢ +1)
eCOSI +I

Add 2l = dx

sin x(1+sin x)e*"* dx

¢™"* (sin x+1-cos? x)dx
1T 17

I =—jes‘“‘dx+~jes‘”(sin x—cos? x)dx
2% 29

smxdx_!_;[esmx( COSI)](}

oS g4 1 [1+1]

25
d

712. (6) Sy =U4214314414 51461+ 71+

S, =1+2+6+24+1204 720+ 71
S, =873+71 (1)

oooooo
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LSL — @ ..|_.f
7
[S—”] =124+7
7
i
7':7] = 868+ 71 2

Eqn. (1)~ Eqn. (2)=5
T =sin~ (sin 5)= 5- 2

1
j 5-2n dx=(5_—_215£=5_n_ﬂ2
0 ~ 2 2

713. (2) cos”B+sin” 0+2f =4
-5
s

(cos”8+B)(sin”0+B) =2 = sin”20=-7

Now, cos? 0+sin?0+20 =-2b

sin? 20

1- + 200 =-2b

9+40. =-4b wal(l)

(cos* 0+0a)(sin* O+a)=b
sin®20 9a
+—+
10 7
(40.+5)(40.+17) =0

If o= :4§ = b=-1(rejected)

o0’ =b

-17

If O=— = h=2
4

714, (3) 6cot © = cot(0 — 0 )+cot(8+0t)
x COS(B—OC)+COS(9+Ot)
sin(0—o) sin(0+a)
sin20 _ 2sinBcos0
sin? 0—sin” o B sin2 0—sin? o
3 . sin ©

sin® sin20—sin’ o
2sin” 0 £

sin? o

6cot O

6cot O = :

3

: : . 3
3sin20—3sin’ o =sin’ 0 =
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715. (3)

2
4-22+ y2 =9 i1y
z+t° =4 cei2)
Put x =3cos0 and z=2cosq
y=3sin® and f=2sino
Xt=yz=6
6(sin c.cos 6 —cosasin 0) = 6
sin(x—0) =1
P =xz=6c0os0cosO
P =3[cos(0+0)+cos(0—a)]
P =3cos(0+a) 0
Prox. =3
716. (1) (2+h,3kh—1)lies on the Iine y=3x-7
This must be the line at point of inflection

¥ =32 —12%+5

' =6x—12=0
=2
(2,—1) lies on the curve
- 2b—a =15 L3
Also Q =12-24+b=5H-12=3
* dxr:l
= a=15and b=15 = %:1
717. (6) T: ZsecO—2tan6 =1
a
x=0 = y=-bcotb=-4
/ beot =4 siok L)
N: ix..-[-ﬂ)__,:az—}—bz
secO tan©
g g
x=0; y—a Zb tan0 =9 vl d)

Egn. (1)x Eqn. (2) a’ +b* =36=a’e?

ae=16
.. x-coordinate of ¢ is ae = 6
718. (743) (EM)" =201
Take transpose on both sides
EM =20/ skl
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(E+M)T =1UE-M)T
ET+M" =1UET - MT)

16ET =18M 7
Take transpose on both sides
16E =18M
From Eqgns. (1) and (2), we get
3V10 410,

719. (37)

720. (4) Put

E=i—_—-1; M=+
2 o

72
E?+M? :Tgf = a+b=1743
2((cos x+sin x)* —1) = v/2(cos x+sin x)

C+8 =¢

2% _1=A21 = 22 = \3s_1=0
_2+2+8 V24410

4 4

—l(cosx+sinx)=M
<2 4

(D)0

T -7 1
Se— ar —

4 10 10
1t nm_17n _am

t

o4 w8
x—y=1
(D) f(x-1)—(2—=1)f(1) =4(x)(x=1)(2x-1)
F(2x=1)+2(2x—1) = 4x(x—1)(2x-1)
f(2x-1) = (x-1)(4x* —4x-2)
ft)y=1(t?=3)=1> =3t
f'(t)=3t>-3=0
f()=-2 — min,
f(f3)=0= f(-3)
f(-1)=2 — max
|2-(-2)| =4

= a+b=137

331
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21 (@) (atf, 2aty) P=x

0 0 1
A%fnf 2, 1|=1Qaitit, ~2a%83)

-4
A =la’n,(y ““2)|=Z|'-'1 —1]

2
1 4 1 2
A==ty +— |==||t, ——=| +4
o) 4[‘” JZ)

Am:in_ =l=M
aM =4
722. (4) Xy =att,
| y =a(t +t;)
3 7
Hh-2=1,( -1)
atlz 2at, 1
A—_-'%aff 2&!2 |
I 21 SR il 3 =2
A=—|(yf —4ax;)?|==|((x; +3)* - 6x )2|==|x2 +9|=—|9+2. 7<)
% Y 1 3| ) 1) 3|| | 3 5 11

\

" (e and
=3+_1 1“-2 =3+1 (r=1)°"+1
2 t-1 2 e |
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o8 10° 333
3. © Ton ="C,2"x"
a, = "Ck 2k
n n
Z(3k+1) "Ck-ak=32k-”c .2k+ < n k . TR
k=0 k=0 . ,é) Ck 2 = 3"(20 - Ick—l '2k +(1+2)ﬂ
= 32'Y ™0 25 437 =2.3p(l4 2y n
kgﬁl n(1+2)"" +3" =20-3" +3" = (2n+13"
L p=2, g=1,r=3
sin x, a<x<b

x—c—d, xe(b,e)

[Note: C must lies between a and b.]

oW, f:(a+)=cosa scosa=-1 = a=Q2n+Dr, nel
@ ==l |
f.’(b')_=cosb— scosb=1 = b=2mn, mel
f/@)=1
sina =0=sinb
f(a)=0= f(b)
Coordinate = f(a*)=f(a") = 0=c—-a-d
and =>f(b+)=f(b')=>b—c»d=0=>b=c+d

o [atb+c+d]| =|[a+2b]|=[(2n+ 1) +4mn]= [(2n + 1+ 4m)n]| n. =4
Which occur at n = —1and m= 0since a< b (note this point).
725. (4) f(x)=x(2x* +ax+b)
D>0
a?—8b>0
a’ > 8b
(@, 0)|pin, = (3,
Note that b can not be zero. (think!)

a+b|mjn. =4
D = P m
726. (9) Given, a-b=b-c=c-a=Ccos0
1. = i
Volume of tetrahedron =E[a b ¢]
| coso. COSOCL
- = =

Now, [a b c]2 =|cos0l | cosi

cosO. cosO |
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3oVt = (l+2cosa)(l~cosa)2

|
36x — = (1+2cos0.)(1- —coso)’
360 " 10

3cos? o—2cos” oL = —
10

@ Ix(s /7 ()= Ig(y)(s y)g'(»dy= [(5 yEW )]3*"] = ;” dy

2 % 4

4
Hence 2_[3{(5—]"t (x)dx=171
1

—9

P(x)=iicxk =n(x—a; Y(x—ay)...... (x—a,
k=1

In P(x)= lnn+i]11 (x—a;)

=l

728. (22)Let

Differentiate two times and put x = 1, we get

PP ()= (P'(1)* _ 2——1— ~ {3

(P(1))? m(-a.)
Now, ' P(x)zikxk
(1) = L k=n(n+1)
= (1) Z :
Pr(l)=3 &2 _n(n+1)(2n+1)
2 6

n(n+ 1))2 n(n+1)(2n+1)

P”(l):ikz(k—l)=zn3 -y n? z(
k=1 2 6

On putting these values we get n = 22,

729, (9) = f(x)in [0, 10]
Use LM.V.T.
ity < L00=1O) 19~ £(0)
10 10
et i LD
10

] gwgg
10
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10 <19- f(0)< 90
-71< f(0)<9
J(O)lnax. =9
730. (720) Let the roots be a—ib, a+ib, then a* + b2 = I(given |z |=1)
Also, HM. =2
a’+b* =2q

1
==

2
. Quadratic equation x> —x(2a)+ % + b2 =
2
x“=x+1=0
(D)
22 —log,| = +cosa—sinf=0
g2 [3 Eh '..(2)
On comparing equations (1) and (2), we get

o
1082(‘6]*—-1 and cosol—sinf =1

o =2 in (coso.—sin B =1)
cos 2B —sinf} =1
2sin* B+sinP =0

sin[?;:%l or sinfB=0
B=7?n=21(}" or 330° or 180°
Sum = 720
31 (4) (wdx+x2dy)+x2ydx+{3§dx+y2dy}:o

3

x*y=t and %:

(dt +t dx)+ (udx+du)=0
dt +du=—(t+u)dx

Jdt+du=—jcix

[+u
P i -
In(t+u)=-x+C =>x2y+—§-=k'@ tatx=l, p=1
’ 4)
ﬂ:f— = k’=“—c
g 3
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3
iyl = :2—0, putx=0
P _de
3 3

»(0)=4de = k=4

1 2 dx
732. (2) ——— |-cosec“x dx—2019
J((cosx)zng e I(Cosx)2019
}_ —
1 sin x
p———T (~cot x)+2019 . cot x dx

f(x)=cotx; g(x)=cosx

= ’/(§)+g(0)~=2

1{1 5 9 13 17 21 25}

733 (19)x=I+-4-,2, 2 = = & =
PRI L A

[x]— {1,2,3,4,5,6}
itz Jd
(2x-1)"" > {2}

Sinx— T

0o 1 2 3 4 5 6 o

=> Total 15 points

r 2
3_"3" dt-3x+x°

] " 0 f
734. (11) Eji}n; 3 [0)
~x? 2 -
1.. 3¢ —-3+3x 1., e" =1+t 1
=~ lim =—lim — = —
3 x—0 5374 50 32 10
738. (1) Forx=2,
lim f(x)= f(2); 2+a=bf(1)+c; 2+a=b(a++c (1)
x—2"
Forx=-2,
Iin}r f(x)= f(=2); =-2+a=bf(-1)+c; -2+a=bla-1)+c vaakd)

x—2
Egn. (1) - Eqn. (2), we get
b=2and a+c=0

Cib=1
c
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S(x)= (x=1)"% (x=2)2 (x_ 3)30%

736, ). ENRCN LR RS s (x=100)'" - g‘i(x_n)nﬂm—u)
n=]
(101=n) f'(x) L
@)=Y = . _% 7(101-n)
E S S(x) ,,z_._', x=n
n(lOl-—n) 100(101)
= k= n= =
st
k 5050
—_——9]=——-97=
~ 50 50 ¢

3) LetS =tan”' ]+ta ( )+tan'1(-]+tan" 2 (1 oo
737- ( ) kz 9 8 25 +ta11 18 + ......
2 2 !
— tan”" )mn—l( ]m—l[_)m-l(g A(2)s -
\4 9 16 7] il bl R

,
T =tan™" - }

L (n+1)*

I (== S

o - 1+nr+2)) &
2
S = lim tan ™" ”au =tan"' (3)
n—eo n* +9+10
Hence,tanS:-tan(tan_I =3
738. (18) AAT =1 = 4T =4""
A* =M=iacﬁ.A
|4 ]

mq—np =% (0.3)
10(mg—np)=2, 3 or =3
Sum =9+9=18
739. (6) flx)=x* —4x" &’ +a
f(x) = 4(x° - 3x* —4x)
= 4x(x> —3x—4)
— ax(x-4)(x+1)=0at x=-10,4
f(-1)=a-3<0,4<3
f(0)20= az0
a€[0,3]
Sum = 0+1+2+3=6

337



338 GRB 1000 Challenging Problems in Mathematjeg fo
rd

740. (4) sin x4+ cos x = v/2cos [.r- g) e[1,4/2]¥ xe[0,1]

Hence, as xel0,1]
1Y? € f(x)< 10x
With equality holding if and only if x = Oor 1

As equality holds only for finitely many points, the inequalities become
integrating on all sides.

1 1
Hence, 4<10(J§—1)<jf(x)a:x<5 = [jf(x)dx]zct
0 0

741. (7) Let any point on the curve be (4, 2 y
The equation of tangent at this point is
y—h? =30 (x=h)
y =3h%x—3h°
Equating it with the curve again,
x> =3n%x-2h°
x* =3h*x+3n° =0
(x—h)? (x+2h)=0

This forms a relation,

1
. w1 =1
lim) — 1-]—
J:-—}mréx}, B 2] _g
7o 1 4
lim Y —
n--i'mg]‘ yr 1_(:_1_)
8
m+n="17
I I b b
742. (7) 8, = J’ X2 (1-x)dx= f (1-x)*x* dx (use=j f(x)dx= f(a+b-x)d)
0 0 i a
w | &
Hence Z‘J.(l—x)zx}a’x=j(l—).:)2 ZJ"‘ dx
k=10 0 k=1

infinite G.P.

! " 1
='(|;(l—x)2[-[l—}dx = _[ (x—x* )dx =

743. (6) In A=lim In (1+arctan(aresin x)+arctan(aresin 2x)+...+ arctan(aresin nx))
=0 5in " py

On Strigy
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i
1 ;
— him— ¢ tan(a y i
@ ‘115113 i (arc tan(aresin x)+ arc tan(are sin 520 0 +arc tan(arcsin nx))
o (1 BN g e
n 2
put n=11 = InA=6
1+4f5
h(x) = x?* for x>
s @) ) T
h(x) =1+4+x for 0<x< 1+5
2

=31
h(x)=1-x for —<x<0
) 00"

h(x) =1-x* for x< o1
100
} is non-continuous at —81 .
S 100
h is non-differentiable at 1+95 ,0and -8l
2 100
m=3and n=1
Hence, m+n=4
X X
5. (2) [’ (0yax = [ fEx)ax
0 0 _
X
g(x) = [ f(t)dt
0
1
Eimxg(—l)l’ut X =-
x—0 X t
t
lim EL—)
f—oe [
!
_[ [(x)dx
lim X——
[—yee {

Let ¢ =na where ne [ ais period=3
na

J f(¢)dt nj S(x)dx
0 =

0 = e

"l

w | on

lim
t—e0 na 3n

746. (2) f(x)-{-—efu} =%rlnx“1 (1)
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Differentiate both sides

lqOVx>0
X

Fwe® 1) =5 -
Hence, ['(x)<0V x>0
= [ is decreasing
Put x = 1in equation (1) = f(1)+e
= S1)=0
f@xP+1)- f(x*+5) 2 f(), [(D=0
f(2x* +1)2 f(x2 +5), fis decreasing
22 +1<x? +5
x2<4
—2<x<2,but f:(0,00)—= R
so the x that satisfies the inequality belongs to 0<x<2
747. (21)Given o, f are the roots of the quadratic equation %2 —5x+1=0

JO.= 1

Let us find an equation with roots o.? and 132, let y= %2 8000 \/}

2y-5 y+1=0 = 2y+1=5/y = 4y* +4y+1=25y = 4y? —21y+1=0(§

o’ =cand B> =d

Put
Now, S, =(c)" +(d)"
Conslider 48 p0p; +Sg010 = 4(02021 + g 202! )+czc-19 + 201
=2 (4 +1)+d* (4d* +1)
= 21e)+d " (21d)
=218 5020
Hence; 45 2001 +S 2019 _ 21
S 2020
va*-1
j (sin 2 are tan £)(1+1%)™ @ 4y
li 0 li [2 = Ja% - ] x_pylna 1 X
- (5) Lze,ﬂ] ; _ exi’n}] tan ( a l) (1+a”-1) -z—ﬁ-a Ina
(2 ax—lJ(I)a'rlna
o S
L= e 25 =e" =g=35

749. (12) For p = Ounique solution
|
For p# 0, pt+;=5 = pt’-5t+1=0

D=0,25=4p
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NOW, 2 (11, az, ...... ,azo’ 6— H_P_
2, Bl » Bz, ...... ’BZO) 6-_) A.P
NOW, 0&18[33 =2%6=12

750. (1) [f()= S =x*/{%}
X

751. (6)

Differentiate w.r.t. x keeping y constant.

=@y = x"f[l;] (1+1n x)—x’ff'[
X

yy} » (1+1n x)
X

X

X X

Given Fly=1

Put y> =x"
—f/(x)-x* =x" f()(1+Inx)-x* f/1)(1+1nx)
Now, S=0

Hence, /@) =1+nx
Integrate  f(x)=C+xInx
D=0 =8 =1
fix)=xInx
So, f(e)=eand f(1/e)=~1/e. So the answer is 1.

x* +2ax+a = Jaz +x—i—-l—
16 16

(x+a)2+a—a2+-116=\ﬁ€+ﬂ)—[a—az+%ﬁ)
Let x+a=yand.a-a2+T8=p
Then yV+p =y-p= ="

f(x) =xhasnorealroot = y2 + p = yhas no real root

] 1 1 3)
g — +—>—- = A4A€|—,—
Del) =» p>4 = a-a ey (4 4

' =% & a0 md? s lTOD~68 = 6
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342
' -t y—2y" =2
752. (9) ys—m = yy-=2oy
" S
VZ
Integrating on both sides gives - 2y=2x+C '.
S()=2 = curveis paraboIaP:yz =4(x+y)-8 |
(y-2)° =4(x-2)+4
24X +1)
Where X =x=2andY = y—2
Line become L:Y =2X -2
LiYa2 ¥2 - b
Hence, required area 4 :_[ (——J— ——1f|dy=9
= 2 4
753. (6) A = Bistrue
B = C(Cistrue
C = Aistrue
A = C(istrue
B = Aistrue
C = Bistrue
- — — —
754. (108) I =xm+yn+zKk
= 1 :;—Il(x+ y+2z) ; (dot product with h
x+y+z=-11 (1)
= oy
o = x_ﬁ( y+2z) (dot product with m)
I+1lm=y+z D)
— =-]
- - — -
= /I+m=yn+zKk
-

b - =5 - -

=  y(n-k)tz=y+(n-k)z (dot product with n and k)
- = -

y=z = Il+m=y(n +k)

=
- = - -
= y=-15; |/+m|=5|n +k|
2
= 2- -—=25(2+2n k) = 2+2n k—-—-
11 55
- =)
s Sk 53
55

Hence, A+B =53+55=108
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756. (6)

757. (96)

) Taking tan of both the sides and using

tan A +tan B

tan(A+B) =
l—tan 4 tan B

tan(arctan®) =0 and tan[ztz-+9]:_cot9

(3+a)+(3+b) _ 1Y . =1
1-(3+a)(3+ b) cot(arccot 5) = _3_

= 18+3a+3b =ab+3a+3b+8 = ab=10
a+b22/ab (AM.-GM)
=24/10.
For equality a = b =+/10
Lettanx=a,tan y=b,tan z=¢

Given system of equation is equal to

From second equation we complete squares to get

I 2 12 1 2
(a——) +(b—~) +[c——} =0 = g=b=o==x]
a b c

Now rearranging 3 " equation and adding 3 time first equation, we get
a’+b*+¢c’ +i+L+%-+3(a+l+b+l+c+E)=6+18
il L a b ¢

3 3 3
[a+—1-) +(b+l) : +[c+1) =24
a b c
Thereforea=b=c=1

tan(x) | tan(y) , 1an(z) 3 0y tan( p)tan(z )] =6
tan(y) tan(z) tan(x)

Hence, [

- - =y -
TI :(aXb)X(C Xd)
- = =
T, =(axc¢)x(dxb)

—_ = s
T, =(axd)x(bxc)

343
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e e - =
Then, I, =[c d a]lb-[c d b]a
e e e T e T
T, =[d b ale—[d b c]a
- =2 5 = - =2 = =
T; =[a d c]b—[a d b]c
= =5 = = = . - =
Sum =—2[b ¢ d]la+ka=0 [Given[b ¢ d]=4g
Hence, k=96

758. (14) The answer is 3%, here is the solution.

Since tangents are at right angles, the line joining the point of contacts is the focal chord.
Herea=1

Let A(t?,2t,) and B(:2,2t,)

Since, these are end points of focal chord ¢,¢, = -1

Lett, =¢

Point A(¢?,2¢)and B(—lz ; —%)
t

Let centroid C(4, k)and given K (0, 0)

rz+-1?+0
1S (1
3 (L)
23ﬁ2+0 3k
and Faopaadas o= poitmll
3 i 2

2
From Eqn. (1), we have 3h-2= (; __1]

4 2
o]

On repeating similar procedure

a+b=4+log, 3% =4+10=14
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70, ® Let A= I ydx

dy
y+ A

Its solution is
In(y+4)=x+c
Given ¥(0) =1, so c=In(1+4)
Y=(1+A4)" =4

2 2 ;

A =Iydx=j((l+A)ex_A)dx= e’ —1
2

P 0 4—e

Hence solution 1s

»(x) =§i—i2+—1
4—e
0. (144)  det.(4% + 4) =det.[(P~' DP)(P™'DP)+ P~ DP]
or det.(P~'D*P+P ' DP)
or det.(P~' (D? +D)P)
o det. (P~ P)-det.(D? + D)
or det.(I)-det.(D)-det.(D+1)
or 1P -(1:2:3)-(2:3-4)= 6-24 = 144

WL u=3; A=12; y=2

762. (3) J G NCINFS jx o

1= ()’

Esm ' (—")l %(12 -x;)

.1'|

sin”! fz (x5 )—sin"l f’z (x] )= (.r% —.\:!2)

wiad o3
v
—
-
ot
i
b
bl S ]

4
6

{FAN
—
=
=
I
-
L ]
—

=
|
=

[ SN
w

wia

n —_—
Hence minimum value of x> — x3 is - : = k=3

345
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763. (20) x? + y? = ?
Chord of contact : xx, + yy, = *"22

p=r
2 2
_rz— :;"3 = __2_ =r3
e A
NER i
= B =rn
Hence, 77,5 ,...- G.P.
cos 60° =2=—1 =nrn=>5
I8 2 =
5
Hence, G.P. is 10, 3, —, «:..c
[ 10
lim Y  =——=20
e 1__1
2
L
8 o B
sin “ nx
764. (20) a, = j —_—
o SIn” x
. ; : T
a; = 2 ,a, =T; <a,>isan A.P. with common difference = a, —a, ~5 =a
2
S a, =na

4, =ra, = ,a,,0,,20,,; = Hr+)r+2)(r+3)xal
4

Za,ar+lar+2a,+3 =aj Z Hr+1)(r+2)(r+3)= —Xn(n+ D(n+2)(n+3)(n+4)

r=I r=I1

5=5% :
Thus, B at gn(n+1)(n+2)(n+3)(n+4)

4
- 35l2
4x4'\n
= 24n*.5=20
765. (8) ft(f'()r))zCOS(?I(_)“(X))HSin(ﬂ(f(x)))f”(X)=%(sin(mf‘m)xf'(x))

Let g(x)=sin(nf(x))x f’(x)in[o, ]

/’(x)= 0has one root in [0, 3]

Now, sin(nf(x))=0 = nf(x)=kn(kel) = [fx)=k
Now, f(x)=3,2,1,0for each value we will get 2 values of x.
Hence minimum number of roots of g(x)in [ct, B]is 9.

Using Rolle’s Theorem minimum number of g "(x)is 8.
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. 09 (@+b+e) =a’ +b> 4> 4 Aab s acs be)
(logoX)(og 9 ¥2) = (log 4 x)(log, y+ log, 2)
=log xlog,, y+logyy xlog,, z
- xyz =108 implies log ,, x+log, y+log, z = 81
Using the property mentioned first, we get

(log 10 ) +(10g 5 ¥)? +(log,, z)>

=3 x+lo +lo e
(log o 810 y+1ogoz) 2(logmx-log|0 y+log10x-logmz+logw y-logxz)

ﬁogm x)? +(log »)? +(logy 2)* = \I(SI)2 —2%X 468
Ja’glo x)? +(log 4 »)° +(log g 2)* =75

767. (150)If f(x)—I(x) has four zeroes, where I(x) is linear and Ff)=x*+2> +ox* +9x+4
then the second de_rivative has at least two zeroes (by two application of Rolle’s theorem;
but the second derivative is just /" (x) = 6x? + 6x+ ¢ = 0. This has two zeroes if and only
if the discriminant 36— 24¢> 0, which happens if and only ifc< 3/2.

A b=3/2
Hence, 100(b) =150
768. (46)Since the coefficient of xand x° are 0 and 6 respectively, let f(x)= ax’ + bx> + 6. Then
fx)=ax’ +bx* +6
f/(x) = 3ax” +2bx
f7(x) = 6ax+2b
7 (x)=6a=24
Since f7(x)=6a=24 = a=4

. , 1
Since an extreme of f’(x)occurs when x = T

= f”(é)=6a(%}+2}9=—4+2b=0 =b=2

Therefore f(x)= 4x> +2x* +6and f'(x)= 12x% +4x> 0forx> 0
Therefore f(x)is an increasing function for x> Oand it is maximum when x =2
= max(f(x)) = f(2)=4(2°)+2(2* )+ 6=46

769. (2) Do yourself.
770. (5) log 5 (5x* +5) > log s (ax” +4x+a)V x€ R

Sx2+52ax’ +4x+aV x

; (5-—a)x2 —4x+5-a20VxeR
5-a>0
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348
and D<s0 -(2)
a<s
and l()—'t’f(S—-a)2 <0
4-(5-a)’ <0
(@a-5)2-420
(a=3)(a-7)20
3 7
FromEqgns.(1)and(2) = ae<(23] sk )
p+q=>5

771.. (1) =10 and.e=1
Note that both x> 4+ 2x? +x+ cand ¢* are differentiable in their domain.

So make the function differentiable at x = b.
Since f is differentiable at x = b.
L.H.D.=R.H.D. (atx=b)
362 +4b+1=e"
b is an integer, so LHS of the equation will always be an integer. However RHS will be
an integer only if b = 0.
If 5=0, LHS = RHS, so b = 0 is the solution to this equation.

Since f is differentiable at x = b, it is implied that it is also continuous at x = b.

lim f(x)= f(b)= lim f(x)
x—b~ x—b*
b’ +2b* +h+c = e
when b =0, we get c = e = |
so the answer is ( +1=]
772. (2) A X+ y+z=1: P, :x+y+z:g and Py :2x-Sy+z=-5

Vector along the line of intersection of the planes P, / Py or P, | P, is
ol

1 1 1|=6i+j-7k
2 -5 1

Point on line L, which is the line of intersection of P, and P, say (x,, y,,0)
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Hence, 3y + ¥ =land 2v, — 5y, =_ 5 7= (6
Solving, we get y; =landx) =0 A(0, 1,0) ¢=(6,1,-7)
Hence, point on Z; is (0, 1, 0) ......(4) s 1y g ‘,

||ty point on line Z, which is line of
intersection of P, and P,

-_ (5 :
SHY(-\fz’yZ’O) V—E-Z_’I’O) d

9
Hencex; + y, =~£ and 2x, — Sy, =—5§

Solving, we get y, =2and x, = % B(5/2,2,0) L2

Hence, point on L, is (5/2, 2, 0) ......(B)

Bxel A leP—(v- o) .
TR = ..Q

el

|c|
¥ 25 29 =3
Now |v|=,[—+1=_|=; |c|=+/86
\ 4 \ 2
- =

_)
Nowd = |V |sin6=

vie=16
29
2 %86-256 |22 %86—256
Now from equation (1), d =12 —a[4
86 86
735
= =~4.27=2.06
2% 86
[d]=2
773. (1801)
Since e = e 4 , ¢= Tk and a = 25k and since a* —b? = ¢? in an ellipse, b = 24k.
a

The area of an ellipse is 4 = nab,so A, = 600mk>.
The set of points for which two tangents of any curve meet at a right angle is an
orthopetic, and an orthopetic for any ellipse is a circle with a radius of \[ a* +b*, and

therefore an area of
A =mn(a®+b*), so 4p =1201 pk?.

2
Ay Q00K BN op= 600+ 1201, anl p+g LS0L
Ap  120Imk® 1201

Therefore,
774. (2) Using AP-GP
\/(5\/5+ 5)J(5f5+ 5)2(5V5+5) V... = (5V5+5)

1 2
\+._-i e
2 4

3‘ M
= (5 )Y
R
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Let l+-‘3+§+. =2
4 8

{ S

S=—4+—F—+...... e
2 4 8 (1)
1 2.3

28 =—4+—4+—+...... o
12 4 2)

S :1+%+Zl+%+ ...... [subtracting Eqn. (1) from Eqn. (2);

1 —
1-(1/2)

A

1
Now geometric progression, with a = land r= > and thus evaluates to

Now note that 6+ 245 = (V/5+1)

As a last step, recall the identity
(a-b)® =a® —b> —3ab(a—b)

(a—b) =%[a3 —b® —3ab(a-b)

= #ag' - b3 —3ab3\[a3 — 5> =3ab(a-b)

E {/cﬁ ~b* —3ab %fa3 —b® -3ab3}a® —b* ~3ab(a-b)
Replacing a with 6 and b with 1, we get

6-1:%[63 —1—3-6{/63 ~1-3-63/6> -1-3-63...
5 ={/215n18{/215—18%/215—18%7

Replacing a with 6 and b with 1, we get
\/(5\/3+5)\[(5\/§+5)2\/(5J§+5)3\/T | {25(\@1)2}
—4 b o
(6+2«/§}3\/215—18{/215-lS%/ZlS—lS%ﬁ CELL

=log 5 5=2

» log 2

J(x)

2 .
775. (8) lim f(.l’) = lim xz = lim&Q: 8 and lim f(x)=0
x—=0 sin” x x—0 bl_n | _x x—0 xz x=0

and lim =A
x—0 xz x2
2(1—!+ ...... ] -—x(l+x+ -2|+ ...... ]+x3 +x-2
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. X
=\I~I—1>]8 g(x) =1 = |ipm&¥) g(x) i
AR [—2+—+ ...... ) et
lim 2/ @)/
L
¢ (7) 1=_1__jlesccx Sinx+COSI
776 2% (1=sin x)cos x
Dividing numerator and denominator by cos? x, we have
T
J ____Ifesecx tanxsecx-!—secxd
V2 0 (sin x— tan x) .
A
4
= 7 :—I—J-esecx ( tan xsecx & secx
A2 0 \(secx—tanx) (secx—tanx)
= .
1 % el t
= 4 :—Iem“ tanxsecx( ]+ Sega(seox — anjx) dx
<2 . 1 (secx—tan x) (secx—tan x)*
1
D
secx—tan x
o gl
]. eSCCA’ 4
=5 I =
J2 (secx—tan x) 5

Putting the limits, we have

1 [ V2 » _ (1++2)e"?
21 V2

a=1b=2 ¢=2;d=2

which gives,
= ag+b+c+d=1+2+2+2=7
777. (2) Putsinx=t
I
j t(1-1)"dt = j(l—r) dt - {(1-:)(1*:) di

(1 f)"+ |

(g Jrra) iy

0

0
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— — | I
EJ" —ZZ(E-JHZJ

n=0 n=0

=A1)=2
778. (4) Apply fundamental theorem of calculus

Hence,a=1, b=3 = a+b=4
779. (200)5=2+6,2+%6) 2+¥6), 2+ 99(6) , 2+100(6)
4]00 499 498 42 4

+(24100(6))4%)

. Z"‘lfﬁ (2+6)+ (2+ 26)YA+ 2+ 3(6))4%+......

G.P.and A.G.P.

1 4]00_1 1—100 100 499
{2- +6( L )+4(I 42) =200
1-4 (1-4)

az —al 533 —da a —
i 2 g 4001 4000 - 10
ayd dsa, 4001 %4000

i 1 1 1 1
=—(———+———+ ...... + ! _ 1 =10
a 4, a; ag Q4000 Q4001

780. (30) -:7(

z_l_(azwm "alsz
d\ a-a,
4000
a) dyp)
4 dgo0) = 400; a3 +ayy =50 = (a +d )+ (a; +3999d ) = 50
= al +a400| = 50

— 2 _—
(a) —ag99; )" = (a; +ayy )2“40104001

=10 (asayy =a, +4000d)

) = g9, |= 30
781. (6
(6) a+b=(k-2)c (D
ab =~ (k-1)d ..(2)
ct+d = (k=2 (3)
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cd == (k=1)b
Substitute Eqn. (1), (3) to (2) .o (B)

a((k=2)c=a) =~ (k- 1)((k-2)a-c)

(k—2)ac—a? == (k=1)(k=2)a+ (k-1)c ...(5)
Substitute Eqn. (1), (3) to (4)
c((k-2)a-c)=—(k- D((k-2)c—a)
(k=2)ac~c? == (k=1)(k—2)c+ (k- Da ...(6)
Eqn. (6) — Eqn. (5)
a®—c? = (k-1)(k=2)(a—c)+ (k=1)(a—c)
a+c = (k-1)?
(k=2)(k-1)? =100
k* —4k* +5k—102 =0
(k—6)(k* +2k+17)=0
k=6
5. (5) xl-(x=1)!>0 (think!)

[Ztan‘l x —4](X—4)(x—10) <0

Minim;111>0
when x— oo
x € (4,10)
.. 5 integral values i.e., 5,6,7,8,9
783. (13) fx)e(l,2]
[f(x)] s 19 2
2k ¥1) =3 =5 k=z and EL—=2 = Pn=6
3 2 3
2k+p =13
784. (17) X =tan™ (2)
T (tanzx—a)(l-l-tan x)
o x—>lllalr-1r1] 2 e{m" x=2) _ 1
. (tan x+\/5)(tan x—«/a)(1+ tan x)
= lim
x—tan”~" 2 (tan x—2)
For the existence of limit Ja=2 = a=4
b=12

[a+b+x] —[4+12+tan”" (2)]=17
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T
sin 20-—)
3Ir " 201t_4 ( 18 ‘sin[zm]:co T
—Fiee +sin = = 13 313_00510“

T . 2T, .
785, (20) o.=sin — +sin — +SIn
( ? ? 9 sin —1%-

B=x/§cos%=«f§cos 10°

[y
B2 -a? = 2c0s? 10°=1+cos 20°= 1+cos A°
A =20
= 3
786. (5 n =]11( ]
() Ezﬂ st
%f(ﬂ) 3
e =
m? +2m
3 oL
. 2 o ; 3m =
L= lim|em*2m —1|m™ = lim = o=2and L=3
m—yeo m—e m? 4 2m
& o+L=5
787. (16) A o(x)

glg(x) =1, let g(x)=1t
glt)=1 = =08, .0, 0405, 05

Where 1 <t <2,2<1y<3,3<t;<4,t,,t5,t5<0
Now, g(x)=0 = 8solutions )
) => 16 solutions
g(x)=1t, = 8solutions
788. (36) T, =rJrel(r+2)=r=1-r(r+1)
16 16
1
T, =4417:18 = —NS'T, =36
789. (20) Sx)=a(x-D(x-2)(x-3)+2x+1
(f(x))* +dxf(x)+ 3% =0

= 2 _
Product of the roots, (=0 3 =% lefas ﬁa(ﬂ =1/8
a’ a=1/4
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a=1/g %-4-9
S (4) = 6a + 9<
= 3
A= 14N S
7 9

1
E=2042 = [k=20

1
- 355

90. (9) f(x) = X +sinx— [x+sin x]+[x—sin x]+[x]
x+sinx=0,1,2,3 = x=0, & ,05,
x-sinx=0,1,2,3 = x=0, Bi.B,,B;
/ is continuous at x = 0, but discontinuous atoy, oy ,00, B, PPy 1,2, 3
.. Number of points of discontinuity =9,
791. (3) Do yourself.

792. (8) lim ]’1(1+5i"3xcoszx)cot(1n3(1+x))tan4x=um (sin*xcos Zx)x

&0 sin(x’x2+2—«5)~ln(1+x2) 0 (“/x2+2—\/5}\»2

o s 2/2sin? x—ZI -

x—0 x

793. (7) Do yourself.

794. (5)

i P+ 1) i el i |

(F+P D0 4n) H 0 D0 )

- 1 By ”
z[”(ﬂ“l) rt+r? +1} ;L‘ g (rz—r+1)(r3+r+l)]
1 «1 1 1 ]

= -4 —_ —
1 Z'2[}‘2--;f*+1 P +r+l

r=1

Let s=r+1

= Prr+l=s"—s+1
|
=1+=-(1)=-=
2()
Therefore, a+b=3+2=35
- — —
795. (3) OC = mOA +nOB
- -
:=ma +nb (1)

-y — =
m1=le=L|cintma=7

Given
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-3 —
Now take dot of equation (1) with a and ¢ to get
m=5/4; n=7/4

b m+n=3
796. (2) Multiply N" and D" by (secx)® and proceed.
—x+3, x21
797. (3 =2—|x-1|= y
3) iEy= 2=l {x+1, x<1
0, x=3

2(3-x), 1<x<3
2Ax+1), 0<x<l1
2, x<0

g(x) =h(|x|)+ [A(x)|=
Clearly, g(x)is N.D. atx=0, 1, 3.
798. (14) (i) Ifx>1,2tan"" .vc=§—2(1rr.—-2’caufI x) = 2tan ! x=_—zn = no solution.
(ii) If0< x< 1,2tan x=-g’-—2(2¢an" x) = tan~! x=% = x=2-43
(iii) If-1< x< 0,—2tan ™" x = g—Z(Ztan_l x)=>2tan” x=% = x=1 (notpossible)

(iv) If x<—1,-2tan x=g—2(—n—2ta.n#] x) = 6tan”! x= % = x=-2-43

.. Sum of square = 14.

3
799. (5) Consider -1 = j (3x% —4x—5) f(x> — 2x* — 5x+2020)dx
1
Put x? =% = 5x+2020=1¢
(3x% —4x—5)dx = dt
2014
LI = [ f(t)dt=0
2014
Hence, : I, =1,
2 " - = a+b=5
3, 3 b
n/2 m2 _
800. (14) /= J‘ sin? ¢ In(sin ¢ )dt = j E(l—cos2t)ln(sint)dt (Using LB.P.)
0 0
1( sin2t B g5 { % .
=~—(t— )In(sint) - Itcottdt+— jsin 2tcot tdt (Using LB.P.)
2 2 s B 49
n/2 n/2 n/2

=0——1tlnsint] +—] J‘]!‘lsintdt-l-—l Icosztdz
2 2 2

0 0 0
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" | 2
=0=-0-=In2+— | (I+ :
0 2 2 _t[( cos 2t )t
ni2

|Note: I In(sin x)dx = :En_ In 2]
0

: m/2
e g5 S
2 3

2 0
Therefore, a+b+c+d =1+8+1+4=14
g01. (4) Do yourself.
sa2. (4 f(x)=x3+ax2+bx+c=0
Putx = UL‘; we get
ct’ +bt* +at+1=0=g(1)

—_T T T
==—mh2+==2(1—_1n4

Hence, roots of f(x)and g(x)are reciprocal to each other.

Also, g(1/3) = Ohence for lim S Exi exists for all pe R— {4}
x=p g(x f

£(1/3) is also 0.

3
. Roots of f(x)are x> +ax® +bx+c=0 <1/4
1/3

Now, lim ___f(x)+g(x)
x= -1 x+1

3
% a4 Bpba=0 <1f4
13

=3(c+1)-(a+b)

SRR i b=3[j+l)—(:ﬂ§+2—%]zg+1:4

!

2ot gy a2 10, J(10Y ¢
803. (20) ;;_“;'(x)=;4—j.2!«9f f(a’)fﬁ!'-e‘1 =8 \1 j![ = 5 dt
Lo i

|

_2 [ﬂx_).e-rz _1-]:%]— i(@e *1—1(,»;“-1))
-5 =

2 X
X | €

.
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‘ o 20
g(x) =i(—"(2)-e“ . 1—§-+—1)= fe-=

A\ 2 33

= (f(2)-g(2))3e* =20
804. (73) Given ]_l; x_c)[ .

[bl|c|sin®@ =2 = sinB=-—

2
06 =30°
- -
Hence, angle between band c is 30°.
- = — - - e = @ 5 B
Now, 2b-c=1a = [2b-c|=|Aa| = [2b-c¢|° =A% |a]
Hence, A2 =65-83
A =65-8/3 =Jo.—B+/3
Hence, o=65and f=38
& o+ =73
805. (10) A

P(9, 11)

B

The point inside the quadrilateral A CBP which is equidistant from all the four vertices is
the centre M (6, 8) of the circle described on PC as diameter.

Hence, distance from origin to the point M is +/36+ 64 = /100 = 10
806.(132) If m=2

1 ] 29 4 4 n<l  an-l
A=| |, then a2=|" “f a3=l" O ansf® 2
1 2 4 4 2:3-—1 2n-1

3u—] 3n—] 3!1—1
If m=3then 4" =[3"} 3n-1 30l
3!‘:‘—1 3?1—1 3!1—]
[ n-1 mn—l mn—lq
s Ifm=m, then 4" =|m"" w7, m"!
n-1 mn—l ..... mn—l

WA =m" 4=16"4=2% ¢4
Factors of 68 are 1, 2, 4, 17, 34, 68.
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Ifn—1=1=n=2, then m=2%
Ifn—1=2=n=3, then m= 23
Ifn—1=4=n=35, then m=2"
Ifn—1=34=n=35then m=4
Ifn—1=68=>n=69, then m=2
~. Sumofall n=132.

2
§07. (26) f(x)=x+§x3 +§,f51x5 +g'i'-§x7+ N

oo 2.5 3 4
f(x)—1+x(2x+_4x3 +2.26x°
3 33 G NN

d
= 1+xzx- () =1+ X7 () +x2 £ (x)

2 ’ 7 3
(1-x7)f"(x) =1+ (x), which is a linear differential equation.

Also, f(0)=0
seood
fe) ===
v1-x2
V312 sin ™! x 2
Hence, Area (A4)= f dx=— = qg+b=2+24=26
172 V1-x2 24

808. (1) |2x+sin’a|+|2x+3+2sina|=0
2x+sin?a=0 and 2x+3+2sing=0

—
Hence, sina—-2sina-3=0 = sin a =-1
x=-1 = x=A=-1/2
40 =1
9
. b
809. (9) Given =4
*)
b
a=4(b-1) (1)
)
_ \agtb) &4 il Z)
To find S—(1 I J g
a+b

From Eqgns. (1) and (2)
s
5
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A —
810, (72) pefel = Asg=T
s
Now, A? =s(s—a)(s—b)(s—¢)
7 =(7T—a)(7-b6)(7-c)
7 =343-49Y a+7 Y, ab—abc (1)
Now, R=£€=3 = agbc=12A=84
2s=14=(a+b+c)
From equation (1)
7 =343—(49x14)+7 Y ab—84
Zab =62
Now, a’+b?+c? =(a+b+c)’ —2) ab=196-124=T72
811. (2) sin A sin Bsin C+cos Acos B =1

e 1—cos Acos B <1

sin A sin B
cos(A—B) =1
Hence, cos(tA-B)=1 = A=B
and finC =1 = C=29
and A =B =45°

) L S W | 1
Hence, cos’ 4 +sin2B+2sin? < =—+—+2x—-=2
2 L2 2

812. (18) Let A be the event that the letter is from TATANAGAR and B be the event that letter is

from CALCUTTA.
Also, let £ be the event that on the letter, two consecutive letters TA are visible.
Pid )= ! P(B)= —;

E;
2 1
And P(E/A) :§ and x"(.E'J".B’):5

[If the letter is TATANAGAR, we see that the events of two consecutive letters visible
are TA, AT, TA, AN, NA, AG, GA, AR]

So, P(E/A)=§and same in case of CALCUTTA, so HEIB):%
Therefore, P(A/E )= P(A)P(E/A)
P(A)P(E/A)+P(B)P(E/B)
(1/2)(2/8) oWy Wy 1

) [(1/2)(2/ 8)])+[(1/2)(1/ 7] - (1/8)+(1/ 14)— v/ 56)__ 11
p=Tq=1L p+q=11+7=18
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o Ml ).y, altloosy)
313- ( =0 xh x=0 xb

Now applying L" Hospital rule

. =—atanx N | E -
lim ———— = lim i e .E = Jign =% _1
=0 by x=0 x b yb-2 .Ir-*ﬂl_b'_,::g;E
Now for limit to be finite
b~2={0,-1,-2,-3,~4,....)

b={2,1,0,-1,-2,-3,....3

But b can only be b = {2, 1] as it is an outcome of a dice.

Now probability is
_ __ No. of waysto select ‘@’ No. of ways to select * b’
Total no. of ways to select ‘@’ Total no. of ways to select * b’
- 62 1 i 1
— e e T + — =
Y ptg=1+3=4

g14. (0) Since point of minima is negative therefore point of maxima is also negative.
Hence, both roots of f”(x)must be negative and distinct.
Sum of the roots <0 and D >0

Their intersection is ¢, hence no values of a.
815. (3) Since the ellipse contains the circle
. Solving circle with ellipse, we get
e S L o
(b —a® W* +2a°x—a’b* =0
D=0
4a* +4(@2b*)(B2 -a*)=0
d+b (b -a?)=0
a? —-b*(a*e’)=0

1 =b%e®* = be=1

Now, area of ellipse 4 = mab
4% =nta’b?

s b1
Now, ki
S s
e = !"’;5 - az

4

b* -1
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2 b°
Now, A = f(b)=
QY. f(b) e
For maxima and minima f”/(b) =0
(6% -1)6b° —b°(26) =0 = 3(b%*-1)=h2
b2 ey a2 -
2’ 2
a2+b2=g+%=6:2n = n=3
n n Rn n 1 % 2!1_2
816. (3) P(A) =("Cy #"Cr #"Cykice. #"Cyy ) |
P(B)=P (0girlor1 gitl) = ("C, + "C, )[3 =l
2?1

P(A N B) = P (exactly one girl) = "C, X [%)

Now, P(ANB)=P(A)P(B)
n =2”—2(n+1) = n=(2”—2)(n+1)

? 2?.’ 2?1 2}1
2?3
Hence, s = =1+ 2
n 28 =0 2" -2
Hence, £ = 2
n 2"-2

kD 2"-2=2n = n=3
817. (0) Differentiate both sides

xsin(f(x))+j£si_n(f(t ))dt = (x+2)sin( f(x))+ ] tsin( f(t))dt
0 0

x* sin( f(x))+xsin( f(x)) = ];sin(f(t ))dt ~j tsin( f(¢))dt
0 0

Again differentiate
x* cos(/(x)) S (x)+ 2vsin( £(x))+sin( £(x))+xcos( f(x))f*(x) = sin( f (x))—xsin( f(x))
= x(x+1)cos( f(x))+ 3xsin( f(x))=0

= f’(x)cot(f(x))+—-—?~’-— =0
1+x
818. (25)A :Mr. A reaches late
B, : A goes to school by walking

B, : A takes but to school
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£+ A will be on time for atleast one out of 2 consccutive days
P(B,)=3/4 ‘
P(B,)=1/4
P(A/B,)=1/3

P(A/By)=2/3
P(A4)=P(B; N A4)+P(B, N 4)
B 1 1.0 5

. P(E)=1-P(AnAd)=1->y5 _119_p
12 12 144 4

= g—p=144—119=25

819. (74) The probability of drawing one white bails and one green ball from the first urn is L
=

The probability of drawing one white ball and one green ball from the second um is l

2

The probability of drawing one white ball and one green ball from the third urn is 2
1

2

Therefore, the probability that the third urn was chosen is — 1L — L.z
1.1.2 8 b
§ 3 11

Hence 15+ 59 =74

.4
o 3 - 2 . 3
820, (4) = CcoS " x+sinxcos” x+sin“ xcos” x+sin” xcos x I
sin? x+cos* x+ 2sin xcos® x+2sin? xcos? x+2sin > xcosx
; 3 2 8 4 L 2
(sin xcos” x+sin” xcos x)+(cos” x+sin” xcos” x) dx

sin? x+cos? x+2sin? xcos* x+(2sin xcos> x+2sin> xcos x)

2

: : 2
smxcosx+(cos4x+sm xXCos“ X) dx

~
Il

" i 2 i
sin 4 x+cos4 x+ 2sin? xcos* x+ 2sin xcos x

Use King and add

T

2 6in? x+cos® x+2sin? xcos” x+ 2sin xcos x s

n
g v 4 . 2 o S 9
) sin” x+cos” x+2sin” xcos X+ 281N XCOS X

T

4
Hence, the given value of definite integral is 4.

P .
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821. (6) qllorsin? = (@831 ylors1l _ pslogs!! _ 1oy
(19-‘_1]]25} __(bk)g“zs log1 25 _ (\/—)Iog”ﬁ
822. (8) x = 8log; 2,

=log,(log, 9)=1,
z=logs 3-log, 5-log, 7=log, 3

=% xyz =8
823. (6) |log ; 30-|log, 9+|log, 3—log, 5]||=[10g /5 30-|log, 9+ 10, 5-1og, 3

=|log ;3 30—|log, 3+ log, 5||:|logﬁ 30~ log, 15|=log, 60

5<log, 60< 6

824. (3) . P TR
Jx X
= x+1=11
X
g, 1 % . 3
— x  +—+3[x+—|=1331 = X" +—=1298
x> x x>
= 3<log,y 1298< 4

825. (1) slogsn” _ Jlogsx _
a+a=1250 = a=625=x"8s*
(logs x)* =logs 625=4

logsx=2 or -2 = x=-25 or ]
25

826. (0) Jog(x2+2}(5+&)>2 and log ,, ~ (5+x%)>0

827. (2) x* -2 =% + 2 +3

=  x*+4x+3=0
x=-1,-3 = 2real values

828, (32) sin? 18°+sin? 36°+sin % 54°+sin 2 72° = sin ® 18°+sin > 36°+cos 2 36°+cos2 18° =2
=16 (2) =32.

829. (3) .. tan A =tan B =tanC
o :b:c‘:z

Area =§a \/3

830. (3) log 57 x =
1-2(2t) =¢t-22
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- 8% =¢-2t%2 = 6t2+;_1=0
o
t =logqy x=—= =
27 2 ’ 3
N = l 3
= N Ty
V27
4sin* 0 sin? @
. (12) 4cos’0—4sin0-cos’0 cos2B-cos2@ by
A
(tan9)4 :(_____ — I 4
rsz) =@V
tn@=2-43 = =T
. ' 12
g32. (1) Denominator = sin 20° + 2sin 60° -cos 10° = sin 20° ++/3 cos 10°
and = Numerator = 2sin 80° (sin 120°+sin 10°)
o3
= 2sin 80° — Heos 70°~cos 90°= /3 cos 10°+sin 20°
=1
3. ) LHS = (+3sin 55°+/3sin 5 ) = 3cos? 25°= > o
83 sin 5 )7 = 3cos* 25 —5(1+cos 50°)
a:b=é
2
834. (45) x =(cos0+1)—(cos6—1)—(cos0—2)—(cos0-3)
x=7-2cos9
Koo = T=2(~1)=9
X min =7-21)=>5
835. (1) A?-4L+3=0 = A=L3
A2 —5A+6=0 = A=23
A2-9=0 = A=3-3
= A=3
836. (5) 32+2legsx - 3l+loBa* 4210
= 9x? =3x+210

o2 —3x—-210=0 = x=5
837. (1) (r+1)(x* —2x+5)=0 and (ax® +bx+5)=0
S
x =2sin@and y=2cos0
| s xP-xpt y2 :4sin26+4co.<;29-—4511190059:4—23'111 20€ (2, 6]
P

L' . = aq=1; b=-2
|

838. (5)
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839, @) x=2+03 = @x-22=3 = x%-4x41=0
F(x) = (x2 =dx+1)? + 2= 243
fix=2+3)=4+24/3-2/3=4

= 2
840. (3) A=/ <08 65°++/3 cos 85°+sin 85° #(cos 65° +2sin 145"]2_(sin 25°+sin35°+ sin 350\ 2
sin 65° sin 65° sin 65° ]
x < (sin 85°+sin 350)2 _(2sin 60°cos 250]2 "5
sin 65° sin 65°
841. (5) In(4* -2)* =1In [S(Af —%D
(4% -2)® =8-4* =31
Lét 4% =
(t—2)* =8-31

12643820 = =317
4* =59 = x=log, 5, log, 7
.. Sum of the roots = log , 5+1log, 7=1log, 35€ (2,3)=(a, b)
£ a+b=5
842. (5) ]Iog%x—ﬁlog2x+6|+[210g2x—6|=|10g§x—710g2x+121
X+ y=1x-y = =<0
<. (log2 x—5log, x+6)(2log, x=6)< 0
(log, x—2)(log, x—3)(log, x—3)< 0
(log, x—2)(log, x—3)* <0
= log,x<2 or log,x=3
xe (0,4]u {8}

2
843. (70) Tle. (cos 36°sin 54° )* — G sin 36°sin 36“]

_5-1_+a-b
==

4 c

1 (cos? 36°—sin? 36° )= —lcos 72°
16 16

s (a+b+c)=5+14+64="70

5 649 2, 3(2r+3) o ! L
844. (1) S, = = =3 B
(M ? (r+1)2(r+2)? S (r+1)? (r+2)° ,=l[(r+l)2 (r+ 2)2}

r=|
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2 _
845. (2) X" =2px+3p® —S=_x? Lopy 2p-3q
22 --éhrx\’.-+-3p2 -2p+3¢g-5=0
D<0

2+6p> —4-2(3p* —2p+39—-5)<0
- p*+2p-3g+5<0
2
P"—2p+3q-520V peRr

4-4(3g-5)<0 = g>2
846. (25) m = (cos” 0—2cos 0+ Dsec? o+ 9cosec?  + 4 sec? )
m = (cos0—1)? sec? o+ 9(:03@02(1)+45ec2 0
M =0+(3+2)% =25

847. (4) (20)* +B> +(=)* =320)B)(~y)
N 20+f-y=0 = B=y-2a
or 200=f=-7y = B+y=0 {But B+ # 0}

o +3y =2(y-20)
= o +4o+y =0

Foro.to bereal, D=0
16—-4y20 = vy<4

2
848. (4) 3,7-b, =210 AP,
a+?2
— 2_
a2 =4+ 410y o 2
a+2 a+2

a+2=21,+2, =2 a=-1,=3,0,-4
a==1=3,7-b,7T= b=2
a=-3= 3,7-b,17 = b=-3
a=0= 3,7-b,5=> b=3
a=-4 = 3,7-b,19 = b=-4
. Number of A.P.’s are 4.

849. (7) 21og(2* +2) = log 4-+1og(2** +1)

(Let2* =1)

= (t+2)* =4@4t+1) = 2 -12t=0

— ¢ = 0(rejected); £ =12
2" =12
x = log,(12)

=
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.\‘6(3. 4)=(Pg1?)
. prq=17
P
850. (2) Ei l"’gz(ﬁJ

8sin oc-sin(30—0.)
P =8c0s(30—20) = n (30—0t)+cos(30—o)sin o

4(cos(30—20.)—cos 30°)
= 8cos(30—2a)— sin 30°

= 8cos (30— 20.)— 8cos(30—20) +4/3 =443

P
E =log2(\—/_§J= log, 4=2

851. (3) M e;@

(1-1/120°\(1-R)

(r+R)

(1-7)* +(1-R)* = (r+R)? o 3

cos 1200 =
2(1-r)(1-R) 2
=5 3—-3R-3r—-rR=0
- Rr+3R+3r=3
852. (7) 2sin 20 cos 29+cos29=1—7%‘°'29
= 2¢0s 20sin 20+¢c0s’ 0 =sin’ @ = 2c0s 20sin 20 +¢c0s 20 =0
= cos 20 =0, sin29=-—1~
2
2y % 37, 29='% lin
2 2 6 6
= 9:2’—3-1-5’ ez-—z?i,lyi
4 4 12 12
T

Sum ==

Ml.h
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o, @) GVl Rip=dilo=2 = AABCmustbe equilaters],

a= b=c‘=2RsinE=Rﬁ
8 3 (By sine rule)

2
l\chvacol'zA+b2(:-::nl3B+c3 0014C=R‘/§[\;—) +(RJ§)2( ] T*‘(R«ﬁf(] 4
. J3 }
& R+R2+R3_3+32+33_39 i * V3
G BRT BRI T RTi=m

—1
Hence, (m' )= 4

n

g54. (202) S =12 +2.22 43.0% . +100-21%0
25 = 1: 2% 42.%° £3:9%

Sub
-8 =(2+2% +2%+......42!%)_100.7!0
=S =2(2'% —1)-100.2!
8 = 100:2"" =09 &5
S =99.210 4 o
5 —2=99.2"
log,(99-2'"" ) =101+1log, 99=a+log, b
a=101, 5=99, e=2
3w A 45°
sin A
R =442
PB=s—=b=13;
PC 25—~e=5

855. (60)

Now, A? =s(s—a)(s—b)(s—¢) B
=15xsX(s—a)

2 =15

s(s—a)

Aand =15 = A=15(2+1)
2

A X

AR 152+ Dx42 _ g,
oy 2442

=8
856. (150) Pt P
M+m=6
2 =50
L 20 ) 1ax Vs ¥ = 150
A:n’("ir sin n] p, 6
R — A
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R57. (8)

858. (5)

859, (7)

860. (5)

GRB 1000 Challenging Problems in Mathematics ,,, JEE

The locus of the extremities of the other diagonal D(h’ k)
18 the cirele with given diagonal as diameter, C, 9
= (x=0)(x=4)+(y-4)y-0)=0 2.3
=5 x4yt —dx-4y =0 5
Aliter: (AE)" = (DE)’
A B

(h=2)% +(k-2)* =(2/2)? (0,0)
x? 4 yz ~4x=4y =1
sin0+tan’ 0 =- b/a 1)
8in?0-tan%0 =c/a k2)
Now, Egn. (1)* - Egn. (2)?
b% -c?
= (8in2 0+tan’0)? - (sin? 0 tan? 0)?

=
az
3. .3
= P 2‘ = (sin” 0+ tan” O+sin” O-tan” 0)(sin” O+ tan” O—sin” 0. tan? o)
a
2.2 ;
= 270 _ ctanlo)2in?oy=2
a? @

, b2_02=4 = A=4
ac
Now, log,(8sinx)<1
O<sinx<1/2
xe (0,m/6)uU (5n/6,m)= (0, ) (y,6)

1 e sion

B b8
88, =T? A
(62 + y* =1)-4 = (24 y-1)? ek 2, 1)
= 3y’ —dxy+4x+2y-5=0 4 / !\ 4
Slope of reflected ray is i K /
’ \/
InAAC,C, B__c
cos 4 = i+ (GG, ) = cos 6(° y"
2nr \/
i+ =(C,Cy) =hn, (1) A
wi2)

and (C,C,)* ~(r-n)* =25
- nr, =23
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= m(x— 6)
2) y = m(x
gol- ¢
mx—y—-bm=0 = S =
N 1+ m?
(5m+3)* =25+425m* = 94 30m=25
. p_8
g 15
p+q=23
562. 4) As, |MA—-MB |< AB LY
BJ(2.3
| MA — MB | i = AB, which s ol
possible when M is the point of intersection ‘2)
of line joining x—y+1 M
A(1,2), B(2,3)and 2x+3y=5 . \/om 0) ’
’ X
. SO, M[x:%,y=2} / ‘?‘f'x
5" B D
J

863. (10) x” +3x+ 1+ A (x+1)>-10
X +G+Ax+11+A >0V xeR
D<0 = (A+3)>—4(11+1)<0
A2 +60+9—44-4A<0
= A +20-35<0
= A e (-7,5)
Required sum=1+2+3 +4=10.
864.(35) 0,1,2,2,3,3,3
(1) All alike — 1

, 3l
(2) 24 + 1 non-zero digit — 0% G X?‘ =12

3!
(3) 24 +1zero digit— “Oy lx(aﬂl] =4

(4) 3D (non-zero) — 1x3!= 6
(5) 3D (with zero) — 3c, x(31-2)=12
Total =35




GRB 1000 Challenging Problems in Mathematics for JEE

865. (25) & 4
y m
Let y = mx be the tangent 1\
Applying, p=r
3m—4 _9 3, 4)
\J'I+m2 2
2
Om? —24m+16 = 4+ 4m?>
1 (%, y)
5m? —24m+12=07 ™
o W <
s = 0 —
.m2 ‘P
G
12m* =24m+5=0
)
2 5 19 p
m, +m ~2mm, =4=-2—| = —==—
(my +m, ) | My 12) =
- p+qg =25
866. (4) P = (k=3)> +(1—4)2 +3=6
(k—3) +{t=4)* =9
Put k=3 =3c080
Put t+4 =3sin6

k2 +1% = (3+3cos0)? + (- 4+3sin0)°
=34+18cos0—24sin 0
k2462, =(34-30)=4
867. (25)(sin x+cosx)(tan? x— (1++/3)tan x+3++/3) = 3|sin x+cos x|
Case-1: sinx+cosx20

(sin x+cosx)(tan2 x—(l+\f§)lanx.+«/§)= 0

tanx=—l,l,x/§
3n m n In
= B el e et ot T g
4 4 3 4

Case-2: sin x+cosx< 0
(sin x+cosx)§tan2 x—(l+«/§)tanx+ 6+«f§)=0

no solution
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n In
yeal = p=il S0
tan x e
: 3T
Required sum = —
o 12
2 b= £ = ac=4b
§68- & ) a+c -
b
= ac=2-3a = 6a=ac = c=6,a=2,b=3
t =—’f =_,t = _
-t a6 26
ly -5'3 = t{g] =75
y 3
869. (25) a=>35, cosBzg,c:’] 5
BE=3cosB=2
7
CF =3cos 0 Yt E
=2c0osC=2X—
Jii 1
(BEY(CF)= e =—E
7‘\/ﬁ q«/ﬁ B _XF
i1
870. (20) 20 =—-0 A ‘
) B
2(':)-~(:otoc—E F
tan = 3 C )
| D 3
200 4 L opnfec yz_Ex_
1—tan29 3 2 /
0 _ tan6+tan o <6 A
Now, slope of OB = tan( +a)_——-_;—_‘letan9tan0£ - 0 o L
1 3
il s ”
N

-1
». Slope of AC = %

2= -1 (x-6)
Equation of AC = Y= "5

=3 x+2y=10
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C =(0,5)
1 X
Arca of thombus = 2% Ar. (AOAC )= : x2X 5%sin 2

. 3\ +4c #
871. (23) 1:\/(“%) _25=\(F : ] =08

e=25x%=20

5
872. (27) BP= =D
PB=5-"

V2

- Ar.(ABED)=- xzxi(s_iJ
20 2

=7(«E—I)

= ptq=25+2=27
873. (3) (x—x, )(Jc2 —gx+2) =x° +x% - px+q

= Xy —q=L2+qxy =—p,—2xy =q
o d xg=Lg=-2,p=0
2 |pP—gq+xy|=3
874. (309) 5C5-51(44+ °C, (9+44)) = (309)6!
. k =309
875. (151) S =2+3cosx+4cos? x +

S-cosx= 2cosx+3cos? x +

-------------

S(1-cosx) =2+cos x+cos? x +
]

I-cosx

PV
I-cosx  (I+cos x)2

|5cosx+4 |+ |5cos x — 2|=6

[ 4 2}
= COSXE|——_ —
55

.............

=1+

g =
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4
For the least value of S, cos x = ——

1 1 5 25 _10_
14— [1 i) b
5
s a+b=151
g76. (14) (2+Jnc3 3+x)*)"°
(A
-r  3r r
e 2107 . (3+4x)°
\J

o, 32k gk
PEE=E = =, #=2
', Coefficient of x* = '°C, .28 . %C, :32 = 5.9 .35
877. (5) Range of f(x)is [0, 4]

(sin[ f(x)])=sin " (sin 0)+sin " (sin1)+sin ! (sin 2)+sin " (sin 3)-+sin ! (sin 4)

=0+14+n-24+n-34+n—-4=3n—-8=an+b
(a+b)=|3-8|=5

878. (0) Productofroots = 3k? —k+2=¢"3*"22 = g
= 3> —k-4=0
= 3k% -4k +3k-4=0

(k+1)(3k—4)=0
4
=il e
k=-Lk=2

2 2
Sum ofroots = 3k +1=3.e" 2M! 4 2. o~ (W20
~* k = —1not satisfy given relation
So, number of integral value of k is zero.

879. (1) g( 1 )=a = f)=

o’ +1

= =2
o’ +1

p =8O+ _ g3) _egB)_
g(gm)) Cgg(2) g0)
880. (9) (AAAAA) (BBBBB)(CCCCC)(O0000)
P ,Py,P3, Py, Ps
5C, x 4C, x21x *C, x21x21=1440
~. Sum of the digits =9
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81 (6) /(0= {[x]+]}x~1]-2]) 3
= {lx—1]- 2|3 ’

3UN=-1=0 = f(f(x)=

<1 ] 1 3 %
Graph of ||x — 1| 2 |

L | —

Let f(x)=t = f(t)==

Number of values of 7 for which f(¢)=

N /1/\"\ Lo

Y
1 2 3 4 %

Graph of f(x) = {||x — 1| — 2|}

are 6, but exactly one value of ¢ is lying between [0, 1).

SO = 51 has only 6 solutions.

ax® +bx? +cx+d 0
882. (1) f(x) = - » FE e
2, x=0
/f(x)is continuous
= d=0amd c=2
But a, b, c and d are in A.P.
— a=6,b=%4c=2,d=0
2
Fi) 6x“ +4x+2, x#0
2, x=0
= | /(| x])]
o2 _q
883. (2) L.H.D. = lim(-h)%*""
h—0 ‘2”' +1
{— g2k
R.H.D. = lim(h)*"
h—0 14 /"
LHD. =RHD.
= ou—-1>0

= o>
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b © L=ﬁ[l“iz)=£[3["2n;4) H("' )xn("* 2]

377

n=3 n=3 n=3
sl s f:_z)(é.ﬁ.?_ (n+1) (n+2)
345 6 n 34 57 n—1 2 ]

n(n—1) 3-4

1 )
Ls[ 1.2 _(n+1)(n+2)):"(Hﬂ”(“'ﬂ

Mz“'[rﬁ 1] A Hn 1(n +n+1)

n +]. n._2?1+1 (n _n+1)

2
i 2 n +n+1 z - )
n—e n(n+1) 3 3 3

Lol T 1) (2:1}2[ n O\ [ ey
g 14257 £[1 n n+2)_H(n(n+2)]
A n+1 ¥ 10
w=T(2 ()

.4 =
3 4-5.....(n+1)(n+2) 133 oerniit ne2

2
885. (3) f(x)=cos™ =y +sin‘l[ 2% ]
14 x2 1+ x?

~n—4tan”" x, x<-1

0, -1<x<0
4tan”' x, 0sx<]

T, ISx
f(V3)+ f(=In2)+ f()+ f(In3)=+ 0+ T+ 7 =3n
886. (7) Notice that x = 2is a root of P because 22 +(n—-1)-2-2(n+1)=0and

J(x)=

x = —1is a root of Q because (n- )-(-1D? +n-(-1)+1=0.
Therefore, we see that P(x)= (x—2)(x+n+1)and Q(x) = (x+ D)((n - D)x +1)
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If|PUQ|= 3, then P(x)and Q(x)share a root.

Therefore,we have the three equations:

2 :—(_lﬂJ = n:—l-—I:—n—l = n=0
n—1 2

—(L]=—nﬂ1 = n=42

n—1

Hence, there are total of 7 possible values of 7.

, 1 TR P I
887. (3) - g(f(x))=ﬁ5 = g'(2n)= ,(311:)*(7]‘5
fl— =
2 3
-f®)
And "(f(x)) =
&= Gy
ey
= g”(Z?t)=———2—=0

3
A 3
(f (7)]
7g’(2n)+3g”(2n) =3

3
. . dx d ]+x2
888. (2) By Leibnitz Theorem, — | k(¢)dt = — (x
@) By = ! (1) =— (")

KO3 )3x2 =0 = (1422 ) +x* (Inx)- (2x)
Putx=1= k(1)-3=2:1+1.0-2

k(1) =§ = 3k(1)=2

889, (4) - 3 =2(E-é}
7] a
- ; 3 =2(40% +500) = 8o’ +100-3=0
=y 82 +1200-200-3=0 = (Co+3)(4o—1)=0

|
ao=—=>0P=4a=1
7 B
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kB
e 2 kin . l 4 k ¢ kin !
g00. () ',L",E Zk ,}ﬂ‘ln%[;) e =szexdx
- 0
L=(x?-2x+ 2)e"l0 =e—2
= e—-L=2
cos 3x+ sin 3x :
1. ©) sin5x  cos Sx - a[81n(2x)+cos(2x)°°t(bx)] .
LHS = °°8 3xcos Sx—sin 3xsin Sx
cOs Sxsin 5x
_ _ 2cos & 2(cos 2xcos 10x +sin 2xsin 10x)
sin 10x sin 10x
= 2[sin 2x +cos 2xcot 10x]
= a=2 b=1) = , Pas
a
892. (10) f(=x) = f(x),g(x)g(—x)=1
| fxyax =10
0
T &) 4
e +g(x)
a
Using King J = J J x)
1+g(—x)
o Ig(x)f(x)dx
1+g(x)
Eqgn. (1) + Eqn. (2)
a a a
= 2 = jf(x)dx=2j f&ydx = I={ f(x)dx=10
-a 0 0
I 29 -1 30
893. (90) [x_2+_) = nox 0 4+ m X7 Foee it RggX g TR X He g XT
X
(x-—- 1)60 — n0x60 +ﬂlx59+.......+7'129x31 +”30x30 ’+‘n31x29+ ....... *+ ?160
_ 60 60
sy = 0Co,n =- OC,,ny = Cqprne. f3p = " Capennitigy = 7 Cog
nC=ny+n +ny+......t g =0
a
Hence, C—nyy = _(b)
= 0-1-(*'Cy9)
a=60,b=30

Hence, a+b=90.

379

(D

2)



380 GRB 1000 Challenging Problams in Mathematics for Jgg

804, (V) f‘(”“lg(n-:' 9, ’(‘{‘)... “"-I')R’(..\:) iwnd fo)w —’,l'}'_f"[,x_]

{x , AL T 4
! “} L g0) gy } X LTOVYEC) gy o [ (S04 7Gxl
1 X | X |
== S+ ()] == (/(4)+g(4)-%)
Now, .f'(_x‘)q»g(x):_xZ(gr(x)_l_ ,}N(X))
[
gL [ -l g (x) = ae* D+g(1)=9 =
> e ™ fERE g S GRS )
1
= f(x)+g(x)=9e*

I 1 1
]=—[9¢z4 —9&]:9[9—@4]=k[3-e4] = k=9

(x+1D(x+2), x>0
sk /) {asmx+bcosx x20
At x=0
LHL =2 and RHL=6 = b=2
LHD =3 and RHD=a¢ = a=3
=5 a-b=1
896. (2) x*-2px+p*-1=0
= x=ptl
0?+B? oles o g @B oy g @B, g AR HD
of3 of of p’ -1
~4s L .2 PG —4<1+ 2 S1 > -ss— L <0

p’-1

- p~1<?2:p<-=>p[\fﬂ[ab]

[2a? +57)] =2
897, (9) Lt L T

30
A, =303+rx(-12)20 = rs%%zzs ......

A25 =303+ 25(-2)= 3
IAr ImirL =~ |A25 |= 3
s _29(A, +459) _ 29
(“414 -lz)lArlmin. 2”(AIS )3 3

(e
(AH _lz)lAr |min,
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381
§98. (4) I, =2 __12__'_ I
re (r41)?
12 =:‘;_+ i
r° o (r+1)?

899. (2)

Ar.(AAOB)= Ar.(AAOC)+A:.(ACOB)=%x2x2><sin150°+—;><2x2xsin 30°=2
900. (7) (4tan x+tan” x+1) = Zﬁsin(x-kg](n tan? x)

. 1 l )
4tan x+sec’ x =2«f§(smx-—+cosx-—-—](sec X)
( / AR

4sinx-cosx+1 _ ) (sin x+cos x)

cos’ x cos® x
28in2x+1=2(sinx+cosx) = (281n2x+l)2=4(1+sin2x)
. V3
= 4sin22x=3 = SIHZX"—'i—'z—
Zx:E’.z_E,ﬂ,é—TE = x=£,£, —%E,S—n
4’13 3 6 3 3 6

rejected
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> Sum of the solutions = e = i =P
6 3 q
ptq=71
1
901. (2020) I=[(x—fe)*" ax A1)
0
Put x= f(t) = dx= f'(t)dt

0
I=[ @)= FF@N™ ™ £/ @yat EAUO)=0 = f(1)=0
3

1
I=—[(f()=1)"*" f'(t)dt
0

1
I==[ (= f@)*® f(t)de «-2)
0
Eqn. (1) + Eqn. (2)

1 . ;
21 = [ (= )" (- f’(x))dxz[(x‘f (x))z‘”?)
0

P = (p+q)=2020

2
1/2 ki (
a2 x5 e Fran—f 2L dx
902. (6) { tan [Z[J . \ij o £“‘“ kz[mn

1/2 1 ] 1:*[2 lr’ 1
= -
= | tan dx= | tan dx
z.[ [Jw +dx+1-1 0 (Y (2e+ 1) -1

tan ©
Put 2x+1=sec® = dx=md9

2

n

3
0
tan " (C(:JSE')-—uceztan 8 jo J'(% —9] JenBiang
0

oy
]
—a

2
0
n w3l /3
1:1.(&3{:9)0 —E(B-secﬁwln(secﬁﬂanﬁ))u
__15(2_])_1 -’—'5-2—111(2+J§))=_“+1“(2+‘/§)5pln(2+~5)—£
4 202 12 2 q
pq=>6
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0

2
gx)=x"+ax+b
o0 (6)

h(x) = ox—x*
l+a+b=0 and l-¢=0

e=1]

=
e g'()=m =2+a
!‘ h'()=my =c-2=-1
! g')=h'(l) = a=-3
' = b=2
0pd. (45) f(x)1s non differentiable at x = 0
and [2x] is discontinuous at x = L . 3 3. 3 .3
2 ?!, .
5 points

=, f(x)should be differentiable and continuous at x =2, so k = 3
'3)=f'3") = 2B-a)=0,a=3
f3)=/3) = (B-a)*+b=5,b=5
a-b-k=3x5x3=45
2
x“+4x+a
g5, (6) hx)=———
W3 x? + 6x+2a

-a

o2 +60+2a=0 = o’ +40+a=0 = 200=—a = 0c=7

is an onto function means range ‘R’.

2
= “——4@)+a<0 = a(a—4)<0 = ae (0,4)

L a=14+2+3=6
906. (2) fix)=x—2x a = .
o 0 2
f&jzj;—x2+c ,/’//ﬁ\\“ﬂxw/////
f(2)=0
—=4+c=0
4
=5 c=—
3
3
X ) 4
- — + —
J(x) o Ty

Minimum ordinate will be at x = 2

8 4
W R
f(2) - 4 + 3

. Point (a, b)=(2,0)

i X
.
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907. (0) P’(x)>0 and (P(x))* +4<4P(x")
Putx=0 = (P(0))> -4P(0)+4<0
S (P(0)-2)2<0 = P(0)=2
Iy put x=1 = (P(1)-2)*<0

= P()=2

. Using Rolle’s theorem in [0, 1] P*(¢) = 0for some c € (0, 1) but given P’(x)> 0.

Hence no polynomials exists.

X (g()g’(x) _ g (SN (x)

908. 6
o) 1) 2(/ ()
xgx- (In f(g(x)) =§x—(1n g(fx))) (D)
a 1 e—2a
Also . Jf(g(x))dx - Va
0
Q)

. On differentiate, we get f(g(a)) = e = f(gx))= g =

From Eqns. (1) and (2), we get

v ne?) = < (i g(/@)

2= di(m 2(fx)
51

On integrating, we get
Ing(f(x))= —x? 4C

g(for) =k-e™

Given g(f(0)) =1 = k=1
g(f@)y=e'® = A=16
adjA

= B=|4|4™

909, (21) B=adi(4) = B=|4] v

B=34"', B '=-4
f(x)= —;- (% 6% + 95 +9)

f'(x)= x* —4x+3

Globle maximum at x = 6 = %(72-— 72+ 54+9)=21
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|
ok (k+1 k \m : k+1-1(k =
_ g . ] i - +1
010. (9 L“,}Ln;g‘an [( n ) [n) jll»n Z [ ) ZE(*]
k=o”

I

k=0 N

- 1 1
n—lk+l(k+l)E e\t a .
- i _ Kk m __1_ k+1\nm
i ) -2 - e

n

If k+1=k = Limit will become 1—s 5
1

i I
n = - | = 1
=00\ n

it R AN/ k=0\" =0

= @, ~Ty)— [ s ™ o= ta Pga L. . L
i I s 10:>n1 9
011. (168) f(x3+1)=t = F16° +1)- 3P = g
10 K
1 %
= = [a(t)ar- 28 | =i
37 3 ),

10 10 20
=y jg(r)dr =24 = jg(x)dx+jg“ (x)dx=200-8
2 2 4

20
= jg" (x)dx =200—-8-24 =168

912. (190) B2 =]

tr.(AB+ AB> +......+ AB'? )= 210
= 10(p+g+r)=210 = p+q+r=2L,p,q,reN
p'+q'+r' =18, p'.q",r'eW

20><l9=190

. Number of ordered triplets (p,q,7)= M

913. (3) 1(x) = (= D)x-2)x-3)e-x)+x* -x

Coefficient of x* =1
c+1+2+3=1 = ¢=-5
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(%) = (x= D(x=2)(x~ 3)(-5- x)+xt =%
f(4)=3.2.1(- 9)+4* -4 =198=2X 3¢ w11

914. (28) xy—-3w—-4y+12=0
(x-3)(y-4)=0 = x=3and y=4
S:x*+y*—6x-8y+c=0
ForR=3, r=1and 7
ForR=2, r=2and 6
ForR=1, r=3and 5
ForR=0, r=4
.~ Sum of all possible values of

r=1+2+4+3+4+5+6+7=28
1

2
g1, ansxﬂdﬁi w+1 dx+j

) 5

3

O L _2’43}“ TS

1
1,1, e 2 \alla| Loty 1,2 - (n(Gx-1)
53 8 3 :

e ot

—2}1( e 21”) on(l+1n2)=nln(4e? )= 6In(de?)

X =0
916. (139) f(-1)=0, f(0)=2 and f(2)=24, f'(x)=3x" +4x+3

2 (g(e(e()) =8 (¢(e() g (€()) &'

d
— =g’ 24Y)))-0’(2(24))-¢’ = o’ co’(2)-
(g(.g,’(é,’(a’f))))M4 g'(g(g(24))) g’ (g(24) 0
1 1 1 i gt .1 1 @
=g’(0)- e SRR e
f(O) f(2) JS'ED 0 (2 2 3 23 138 ¢
‘. p+q=139
917, (7) x*y-2* —-4xy=0 = xy(x-2y-4)=0
P (0,0) 4 /
_A_2 oo 4,0)
r=—= = 2 ( ’
s 3445 3445
2_23+V5)_6+2J5 _ (J5+1)° Iyl
ZT (0,-2)

Required sum =
v 4 4 4
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G

=4cos? -1—:5— = 2(1+cos ng] = k[1+cos .QLTE)

p
N k+p=2+5=7
o18. (7) (x* =5x+ 10)(x* — 5x+2)+12=0

387

(x? = Sx+10)(x? = 5x+10—-8)+12=0
(x? — 5x+10)* — 8(x* = 5x+10)+12=0
xz —-5x+10= 2, 6

J- (e* —1)(sin x—cos x)+ xcos x

X 1 2
; e —1—i
sin? x| 1+ —_—

sin x

2 s X X
Put, e —1 Ac:f - (sinx)(e® —1)—(e* =1 x)qosx

919. 3) I=

dx = dt
sin x sin? x
- (e —1)(smx—zcosx)+xcosxdx=dt
sin” x
x _—
1=_[ i :tanhl(e—fl——x}+c
1+¢2 sin x
e’ —1-x
O s—
sin x
¥—1-x 1
lim L) = jim €~ % - Eg

Yl X x—0 [sinx) _5
X|
X
(p+CI)IIeast =3
920. (7) ;:-;;=0 — 2sin@-2cos@—a=0 = a=2(sin0-cosH)
—2./2 when 0=3n/4

a| ax.
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1743 -2 22
-~ = = ~1 15
[vi, v, wvy]=| 2 N =1(2+2)+](-—+4)=__=£
1 0 1 # 2 g

S |p—4q|=15-8|=7
921. (125) A+B =31 = AAT +BAT =347 = 44T =347 —BA" = 4I=34" —B4T
= 1247 —BAT +1=5I

- det(1247 —BAT +1)=125
1

922. (7) f(x)=sin"! x+cos”" x+tan~ x
Range of f(x) =[—§-,1—n} = azg and b=%:—c
8,5 3
Applying,cos A =EC__‘1_
2bc
___2+cz _ﬁ
3 = N6 16 _, c=—@, i(1‘ejec'fed)
J10 2(@) 4’ 10
4
Here, a’+b% =c? = £ZC=90°
p e Y10
_ Jiom n(4—~/10) 6m _ pr
r=(s—c)tan—= - X1= = =
2 2 4 8 8(4—~10) q(g++10)

s p=3and g=4 = pt+tq=7

923. (3) x2dy+ y?dx =0
= %+%=0 = j—l:C
7 y X
(2,2) = C=1
I 1 X
—t—-=1= y=—-
y X x—1

3 3
Required area=j-ildx=‘[(l+—-l-i)dx = (x+In(x—1)); =l+In2=a+mnbd
2%~ 2\ wT

Hence, a+b=13
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389
924. (10)Area of the shaded region is

=l><8><8~—‘—2><32
2 3

1

=—=%32 <«
3 >
o T
3

[A]=10

0 0 P

925. (2) [ reyaet [ £ (xydx = 20,
—0. 2

2
Jf_l(x)dx=1-—20c
0
B -4
[ feyde+ [ £ (xyax = - 4p
0 0
s 0
[ @dr=-4p+3 = [ @yax=4p-3
0 -4

Required area = &

2
J 17
0

0
[ £ )
-4

=200—1+4B-3=200+4B -4 = pa+qB+r
o ptq+r=2+4-4=2
926. (13)B = 2,4,6,8,10,12, 14, 16
€ = 3,60, 12,18
C=B =391

2,8, 2
A = 10, ]’1, 12, v 1‘6
y O .
n(Ad)=28
-B 2 1 _ @
P ._._._F—C —_——— = —= -
( A J 28 14 b

ja-b|=|1-14|=13



390 GRB 1000 Challenging Problems in Mathematics for JEE

A

927. 8) A={z]|z|=2)
B={z||lz-Z|+|z+Z2|< 4} \

B={z|lx|+|y|s2
Area of the square is = 8 sq. units. (-2,0)

928. (20) cyyc33 —Cp3cyy =det.(420)=220 =2"
som=20
929. (16) k= 1ﬁn(ﬁiﬂ+exx3}=n
=0 ' -1
fx)=e* +e¥ +e +....... +e™ +e* -x
F(x)=e* +2e% +3e>  +......4ne™ +&* -x° +e* 32
()= +22e¥ 432 4. AnPe™ + et X’ +6¢F X7 +e" -6x

)= +22eF +33eF +...o4n’e™ + €8 X7 +9¢" -x* +e" -18x+ 6¢F

7= +2°+3*+......4n° +6=1302

2
(”(”; D) =1296 = n=8

k+n=16
930. (41)Let P(E,)=a,P(E,)=b and P(E;)=c
3a(1-b)(1-c)=(1-a)b(1-c)= 91— a)(1- b)c=3(1-a)(1- b)(1-¢)

3a b 9¢ 1 3 1
= = =3 8 @g=-,b=—,é=—
l-a 1-b 1-c 2 4 4
1/2 3/4 1/4 2 3 1
Now, |3/4 1/4 1/2 e 21 2 it
1/4 1/2 3/4 1 2 3 e
'.Ez—g:a+b=4l
b 32
931. (28)Tangent to the parabola A 3
Q
y =mx—-2 \ OB
4m ¥ -
(1,0) = a =4m? / A\ S
(1, 0) lies on the directrix of the hyperbola ¢
2
-=]l=2e=2

e



q
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b?
1+—E‘ =4 = b2=12

Tangent to the hyperbola

y =mxt\dm® - p?

ﬂz )

=4m
16m?

—p?

mz =4m2_b2 ::>3m2=12=:>m2=4
= a=16
a+b* =28

ST () ) A TR D
932. (7) Z;Ztan [H (r_3)(r_z)]=§2(tan‘(r—2)~tan"(r-3))

=tan"' O—tan~' (1)
tan~! 1—tan ! 0

tan™! 2=tan"' 1

tan”' (n—2)—tan"" (n-3)

S, =tan™ (n—2)+%

2 4 4
933. (6) f(6)=(x—l)(x—2)(x—3)(x#4)(x—5)+x
2—Xx
34. (2) =
i R T R T
2x 2x
2+x 2-3x
T L ., d <0
= % 20 an x
2
ce o3
x# {10}
'-—n—
935, (2) Let l—'z'

) T ) i meosh m  2h D
m[(n—-mcm “sinh) w0l sinh  sinh tanh
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936. (25) Since J(x)is onto hence range of /‘(x)cquals co-domain
- =9 .
Now range of 4x? + 3x in [—21 , 0] i8 [E , 0]

W - 9

Hence, range of f(x)=cos ' (4x? +3x)is [E , TL=CO8 ﬁi]
937. (9) Let izzzzzfzi]
25233!3! L] ’4,4!‘4

—a x2y324s312-210—>9-610

938. (6) 51 o 51 is the only interval.

sin ! (—1-] <x< =
6

cos(oa+[3)=£‘@ ﬁ _l(l]__@_i=_«/:a___l_
3 2 3\2 3. 6 3 a
a=6
dx
dc g 12¢% 1
939. (1) dr _ar 127 _1
dy dy 12t° ¢
dt
d’x i[_ljx[ﬂ)_—_l L&
ay* dt\t) \dyv) 1 1203 12°
(2
d2
4 = = constant
@
dy
n=S$
4
Bl Nt i ]
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1

6RP
@) D,fferenUanngwrt y keeping x constant, we get
0.
4 £t yy1= 1)
putting y=0, f'(x)=1= f(x)=x+C
putting x= y = 0in given relation, f(0)=0
C=0
fx)=x
tanx _ Hsinx sin x 2 din
A=1im2 32 =1im2 @ x"l)x tan x—sin x
x—0 X =0 (tan X—sin x) x3
= 1% 1n 2 fim ZoX1=cosx) _ 1h2
x—0 .}C3 )
44 =2In2=In4
o4 =
A3 5
5 N3
I-x . _ 2 1=
941. (6) 1= T_|_—sm V xdx= P sl
=43 X —af3 1—x?
2 3
Put x=sin 6
1 g 11: T
7 3 3
I=[(1-sin8)0do= jede jesmede--jesmede
= b 0
3 3 3
Me——
odd, .. 0
I n
33
I =-2|-0cos0)|, +jcosed9
L 0
P . ) L O - PO
| 6 2 3
(M+N)=6
3
942, (4) Let P, = (1} ,vat]) and P =(t2,Jat3)
dy dy 3ax’
2y =3ax? = ==
=¥ dx dx 2y

3Wat, _F_‘E_(ff_-i'?__)
2 (t2-13)
2
— 3(11)(3'1 +f2)=2(112+t2 +21,13)
o 2otk 4yt =0 = (4 +25)(0 —1)=0

P e

Slope of tangent at P, =

:

393
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N =—2f2
: t¥ i : : 1
o, Abscissae, 12,2 ,13 ... =1l ,—"4— i _ll(; .....will be G.P. with common ratnozforv &
~. Sum of abscissae=fi—‘_1—=-3—jiz=4
4
x2 —x+c 2 3
943. 4 ):—————Sl—-— = —
= ? x2 +x+c 1—2'\/-6-‘ 3
= c=4
1
944. (5) H +3}i35+4x-4 F305 > (o, 22 o] oot 3 Y3
=> X| =Xy =X3 =X4 =Xs =1
X 1 Inx
945. (6) o)=L iy = 2= [ 2R avrC
x ¥ ¥
2 2
3 b 1
f@ _@mx) o = X0D)
X v 2
: . (In(1+ (x—1)))*
L =1lim fgx) =11m( (2(x )2)) = 12
=lgin® me 1 2n°(x—1) 2n
1
= —|=2n
L

946. (4) x+2y° =0andx+3 y* =1 = point of intersection is (-2, 1) and (-2, —1).

w |

A =

1
[ (5y* -Day
=

947, (6) f(x)=-3
= x2 +2px+4p+ f(x)2 x> +2px+4p-3>0VxeR
= p?-4p+3<0 = 1< p<3

948. (15)(ax, +by, +c)+(ax, + by, +¢)+(axy +by; +¢)=0

= Q(Mxl +X; +x3]+b(y1 + J’32 +)’3]+c= 0

949. (107) y= f(x) is onto

= 1< c<%§ = 25[c]£107
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050. (6) Equation of normal at P(x, y) A
Y-y= —_—I(X—x)
m (%, y)
mY—my=—-X+x - .
x+my—(x+my)=0 V ™
my—+x =y ¥
N1+ m?
i mzyz+x2+2xmy=mzy2+y2 =:»m=y2_x2
2xy
dy 2
2wdx =¥ =%
dy dt
dt o3 ) ; :
— ——=—xwhich is linear differential equation
dx x
JqE
[F.=e * ==
X
1 Y
;(—) =—j ldx+C = —=-x+C
x X
(1,1) = C=-2

y? =—x?4+2% = x> +y"-2%=0
= (x-1)%+y* =1
. Area bounded by the curve, 4 =7

. [24] =[2n]=6
951- (3) m:2 and n:]_
952. (17) y* =4x
= P(at?,2at)
Tangent at P.
1Y =X +1t* 0.
2
QE(—IZ,O),RE(E ’0) <
1 .2 /Q
Area ofﬁPQR,-jXZt Xt=164 - 2. 0)
=> =+4
Now, abscissa of point P =x—1= 16 ¢
x=17

=
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953. (13) log o (x% = 2x+2)—1< 0 => x* —2x+2>10
= x?-2x—8< 0 = xe (-2,4)

B 7

sral e snss o=t g Ly 8 39 gl

Rl 5° 72" 2
xe(—2,4)—-{i§,i—l,il,0,2,é,3,3
2’72 5°3

n
(a+b+2p,]= —2+4+5+6=13

i=l
954. (29) 0= (3,4, A +a)
3—8+2A+a)=a’ +4a+1

A=a’+2a+6 = ?L=—21—(02+2a+6)

Ar(AOPQ)=EI><Sx§1(a2+2a+6):-j:[(a+1)2+5]

25
4

.. Least area =

Q|

= p+qg=29
1
955. (197) 7 =98 J' (sin 2)e* (tan x+sec? x)dx
0
= 98(sin 2)-[¢” tan x]j
= 98x 2(sin 1)(cos 1)e(tan 1)

Q(3: 4-,- A-"' a)

4P (3,4,2)

=196-¢-sin’ 1= p-e-sin®q = p+q=197

956. (36)Locus of zis x* + y* =1
From the figure, it is clear that maximum value of

2, 0)

4\ =36

987. (19) f(1)=35, f(2)=8, f'(1)=3and f’(1)=0
f)=(x-1(x-2)+3x+2
f(3)=8+9+2=19

-
-
-
-
-
-
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gs8. (8 Given gy ='dge;
5 8 w2 :

PF\" +PF; =4aje; ---(1) Using Pythagorus theorem

PF| + PF, =2a, w5(2)

[PF, + PF,] =2a, (3)

(D +(3)* = 2PF] + PF1=24(a? 4 02 ) (4

From Eqns. (1) and (4)

2al +a?) = 4a?e>

ot +a} =2aiel)

(. \?
1+ %2 =2€12
\ 41 )
fa Y
2L =22
\ <2,
_-|-—1_. = 2
e e%
Let — =+/2cos9, __1_.: 2sin O
61 32
E =9} +e? =2><sec2 9+—1—cosecze
2 2
1 2 2
:5[9(1+ta11 0)+1+cot” 0]
= 5[10+ 9tan? 0+ cot> 0] minimum value = 6using AM > GM
E v, =3
959. (7) S(x+1)=2f(x) X€R sl d)
fx)=x*-x  xe(0,1] Q)
f(x)z?(m—O.S)V X € (—oo,m) k)
= Im=17

x—> x+1lin Eqn. (1)
Fx+2) =2f(x+1)2% f(x)
f(x+3)=2" f(x)=2"(x* -x)
xt+tn=t
f(t)=2"[(t=n)* = (t—n)] where t € (n, n+1]
f(t)=2n[t* —t2n+1)+n* +n]
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2**[(; _E’_’_t‘)z __'}
2 4
: Sie)2-2"?
Where n:lf(:)a—-?l: te(l,2]
n=2f(t)z-1 te(1,2]

— 0.8 will come in this region we will get two values of and we will take smaller valye of

1as x € (—oo, m).

; o 0
o S(T) = 5
Forn=2 t=2 =3

JGEERD RS UVt 0=—0s

W

i

W1 wiloo

m

960. (351) 4={1,2,3,4,5,6,7}
Case-1:  All elements of set 4 satisfy f(x)=x

In this case number of functions = 1
Case-2: 4 elements of set 4 satisfy f(x)=x

Total number of functions = 'C, -2=70

eg.,: f(4)=4, (5)=5, f(6)=6, f(T)=7

Now for elements {1, 2, 3} we have two options of mapping.
Case-3: 1 elements of set 4 satisfy f(x)=x

For remaining six elements make groups of (3, 3)

!
Hence, total functions = c XEI_%_Z_! X2x2=280

Hence, total functions are 351 .

961' (26) A = {l.! 2‘? 3! 41 5}
Case-1:  All elements of set A maps to itself i.e., satisfying f(x)=x

In this case number of functions = |
Case-2: 3 elements of set 4 maps to itself i.e., satisfying f(x)=x

Total number of functions = ’Cy1=10
Now for remaining two elements {1, 2} we have only one option of mapping

(Dearrangement).
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Case-3: 1 clements of set 4 maps to itself L.e., satisfying f(x )=x
For remaining four elements make groups of (2, 2)
Hence, total functions = SCI p s 4!
21-21.21
Hence, total functions are 26.

962. (6) To show that this is the maximum, let the roots of S(f(x)
then, we must have f(x)=aor f(x)=bor fx)=e.

Singe: fiis avguadtaliccoltion; eaghafihess equations can only have at most 2 roots
This means, the number of roots to f( f( o)) =0l dess .

963. (196) f(J/(x)=f(x); [(X)=y = f(y)=y

): Obe a,b,c‘

than or equal to 6.

Case-1:  Range contains exactly one element it can be £
done in °C; ways say 1 n
: 1
remaining 4 elements i.e., 2, 3, 4, 5 can be 3 2 4
mapped only in one ways = total="C, -1=5 >
Case-2:  Range contains two elements this can be done in f
5C2 ways say 1, 2 1 1
Nt
i fO=5 fE)=2 . :
Remaining 3 elements i.e., 3, 4 and 5 each can 4
be mapped in 2 ways S

Total = °C,-2° =80

Case-3:  Range contains 3 elements which can be done in
°C, wayssay 1,2,3
s fD=1; f(2)= 2and f(3)=3

Now, remaining 4 and 5 can be mapped only in

3 ways
Total = *C, -3% = 90 ways

Case-4:  Range contains all 4 elements which can be

done in 504 ways say 1, 2, 3, 4

f1y=1; f2)=2; f(3)=3; f(4)=4

Now remaining 5 can be mapped in 4 ways

Total = °Cy44=20



cs for JEE

400 GRB 1000 Challenging Problems in Mathemati
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Case-5:  Range contains all 5 ele
done in $C ways say 1,2,3,4,3
=1 /2)=2; /3)=3 f(4)=4; f(5)=5

Only 1 way
Total=5+80+90+20+.1=196

964. (—j?) Do yourself.
des,we only need to consider x> d to find the

965. (2) Since the equation is even on both si

positive solution x, and then x; =—X3- For 0<x<1,

2 1 _ v _3___ xz—l _ 1
Z(x +-x7)+1 x —-4(2 /4 ————-212_1
1

21’2—1

2
P et1=6=2" "=
x2

By inspection, the solution isx?> =lorx, =—1land x? =1, then

I= E {%} ( 1+[tan(l—+g}{x—}m dx  Note that [tan( : f;})] =0

4

x2

4, 4
=f{—}dx=f-‘dx=—
A 4 B 4 8

966. (3) Case-I: Ifa<0, thene* —a>0 and 3ax + 1is sometimes + ve/—ve both
e of second bracket. Hence in this case no

=2
0

<. f(x) cannot be positive always becaus

possible values of a.
Case-II: If a = Othen f(x)= e which is positive V x € R either both brackets must be

positive or both brackets must be negative.Hence both the critical points must coincide.

-]

e*=a = x=Inagand 3ax+1=0 =>x:§-
a

-1 Sl
S Ina=— = alnha=—
3a 3
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No. of values of a satisfying above equation is 2.

Hence total number of possible values of ¢ are 3.

401

f(x)and f”(x)may concide

< f(x)/”(x)has 5 distinct minimum roots

i £ (f(x)f”(x))has minimum 4 distinct roots.

dx
968. (2) V1+cos 2x =+/2sin ! (sin x)
V2 |cos x| =/2sin”~! (sin x)

=

=> |cos x| =sin ' (sin x)

- j/ &1 \/ : \/{
£

When we draw the graph both functions (shown below) we can actually see that they

intersect only at two points V xe -t < x< 7.

sin”l(sinx)
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969. (23) Let z=x+1y
S, denotes the interior of circle of radius 4 units

S 3 denotes x> 0
i =Im((x—l+i(y+f))(1+i«/§)J>0

S, =i(y++/3x)>0
Now the shaded region represents the required area
Required area = Area of quarter of circle + Area of sector

ot Trle 8 20
—t =4n+-T = —TN
4 360° 3 \

070. (17)0=""=n=17
n
(PP )(PPs)-...(FPi7)

Using 2sin @ X 28N —...... 2sin E@
2 2 2
20 . 160 17

216 gin —sin —...... sin — =
2 Z 2

3 0
sin(n—=1)—=n
(n )2

971. (6) Do yourself.
972. (14) Solving H and L we get

2x2+2x—1=<a
B
a+p =-1 k1)
_-l
of = 5 ..Q2)

Eqn. of family of circles passing through A and Bis 5, + A =0

(x—0)(x—B)+(y+o+ D(y+p+D+A(x+y+1)=0
¥ 4yt — (@ +Pu+oap+(@+B+2)y+ @+ DB+D+AG+y+1)=0

x° +y2 -i—x—51+y——;-+l(x+ y+1)=0

. Finally of circles through 4 and B is
4y +xA+ D)+ yA+D)+A-1=0

Now, ... this circle touches at A(c.—o.—1)
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dy
— xXm = <]
dx:|,| AC

DifY. hyperbola at A

dy xdy
242y —+4| =X 4
| v [dx

y]+8+8.‘_(£=0
dx

%[J’+2"+4]+x+2y+4 =0

& _—(x+2y+4)

dx

2+ y+4

Put x=0 y=-0-1

]
dxA

o—2

—
e e 21

o+3

Let centre of circle is {—_—-(_?"_11_1 5. (A+1)

L
=k+a+1

m4c ety
mm, =-1
g:gxk+a+1=_
o+3 k—o
0-2 —(k-a)
_a_:i_ k+o+1
I+200 _ —k+a+k+o+]
20+1 2041
-5 k]
a¢~l
2
2k+1=5
k=2
_(?L+1)=2:>l=—5

<. Eqn. of circle is x* + y? —4x-4y—-6=0
R*=4+4+6=14
973. (129) (a* cot 9 +d? tan 9° )+ (b cot 27° +¢? tan 27°)
Given a+b+d =5
Let a+d =k

403

[From Eqn. (1) & (2)]

sk l)
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b4 = ffz
. kl "I‘ A‘z = 5
Let E, =a’cot 9 +d* tan 9°
E, =a®cot P +(k, —a)* tan &° (2)
E, =a?*(cot 9° +tan 9° )—ak, tan 9°-+kl tan
This is quadratic in @ whose minimum value is obtained at x = %/—1—
ie., i 0110 s k; sin® 9°
2(cot 9°+ tan 9° )
Let Es = b2 cot 27° +¢? tan 27°
b+c=k,
E, =b?cot 27° +(k* —b)* tan 27° ++:(3)
Make quadratic in b
E, min is obtained
b =k, sin? 27°
From Eqn. (2)
; E, ... =kZsin*9°cot 9 + (k; cos® 9)* tan 9°
= k% sin 9°cos 9° (sin? 9°+cos> 9° )
= klz sin 9°cos 9°
Similarly E, min = k; sin 27° cos 27°
59 Emin =Elmin +E2min
ke? sin 9° cos 9°+k3 sin 27° cos 27°
1 : ;
= E[klz sin 18°+(5— k, )2 sin 54° ]
| ;
=~ [k} (sin 18°+cos 36° )10k, cos 36°+25cos 36° |
il =
min =—— (quadratic in k)
» gé[ cos 36°sin 18°
2 | sin 18%°+cos 36°
_ 25 _5Y5_ 125 _x
45 4 4 4
x+y=129
974, (40) E = (3J5-4cos x ++/13— 12sin x)

= (v/45-36c0s x + /13— 12sin x)
= (\/(6—3008 x)? +(3sin x)° +\/(2—-33'muc)2 +(3c:osx)2 )
= PA+PB| = AB = /40

minimum




|
i
|

i
£

976. (2)

| 975. 9
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Where P =3cosx, 3sinx
A =(6,0) and B =(0,2)
Hence, minimum value of E2 = 40

%%42 =sin? 4
3sin4-sinC .

y: dsmc -n 4
= 3sin A —4sin> 4 =sinC
= sin 34 =sin C

34=C or 34=180-C
If 34 =180-C

B =24

2™ Equation =

= cos(ﬁ]=0
2
T
= =—
7
= B =24 =2_TC
7
7
3" Equation = cos® 4 +cos? B+cos? C = p
= 1-2cos Acos BecosC = p
= 1—-2cos Acos24Acos44 = p
T
Where ZA =-§
l
1-2X|—-=|=
[ 8) ’
5 m
p=E=—=— = (m+n)=9
4 n
y.—_x2e""'-—(—4+\}4-x2)
\) \)

3] By)

%cot % =sin 4 +sin 24 +sin 34 = sin(34 /2)xsin 24

sin(4 / 2)

405
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Clearly, f”(x)= 0at least at two points.
1

. | e
. SIm nf _Sm nx
978. (3) j;,(x)—‘hj: = =
i DA ] . -1 _
Now, i) (02| [SD_4F(): 4,03
x—0 x J 2x

=

| 1 N\ 1 1
979. (2) Icos(gx)dx-_[cosz(gx) dx-‘!;cosz’ (—x)dx-_[cos4(gx)dx
4(n/2 n/2 /2 4
= EJ Icosztdt jcos3rd! _fcos’* tdt :(E) 1.3.2.?5:__1_=i
n 0 0 0 T 4 31 211;2 112

b

oAz
k
m’ (2) CICZ :’i +r2
va® +b% =24va® +b* -2
a’ +b? :4+02+bzi4 02+b2—~2
4 az+b2—2=2



_
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o1, (5 +l =
12-3r=0
= r=4

Ts = °C4-(-3)* = 5.3°

982. (7) Required number of words = number of words in which M’s are separated — number of

words in which M’s are separated by I’s are "l
4! 3
= E} x Cg —-3Ix C2

=120=36=84 =127

1
984. (16)x=[256,257) and y=——
/ ) ¢ 256

985. (8) Since f(x)is periodic with period a
L fED)=fla-1) = 15=(a-1)>-6(a—1)+8 = a=0 or 8
at a =0 f(x) becomes point function which is continuous.

986. (4) y=+t+[(n/2)—t wheret=sin"" xe[0,n/2]
Now y_ . =1atx:0andymx=—\/§atr=%

1

. 1 1
987. (29)L = 1,m[ i . +____)
Bespoe \/;\/n+1 x/;\/n-l-?. «/;\/n—i-n

l n
= lim b 1 = limz 1_1

n
1
=lim ) ———
Hw;ﬁ”n” "_mz; v n(1+£) HE M T
/

1 e 232
1+x

I
O C— —

Hencea=2, b=2, c=2, d=1
soat b+t +d=29

988. (30) Given A+C=2Band A+B+C
LS B=60°
Now, let 4 = 60°
Givensin 4 +sinC =2sin” B

= 180°

_d.B=60°and C =60°+d
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2z
= ESin(A +C)cos(A _CJ= ‘ﬁ
2 2 2
Hence, sin ﬁ»[l"+cos::!=z3 = cosd =—?
<od=30°
Hence A =30°, B =60°and C = 90°
= |A-B|=30°
989. (1395) T(n)=cos?(30° —n° )~ cos(30° = n° )cos(30° +n° )+cos* (30° + n°
1
= 51(1+cos(60°+2n° ))—5I (cos(2n° )+cos 60° )+5 (1+cos(60°+21° j)
_I 1 o ‘/5 : o __1+1+lc0 n° —_J_Esj 2n°
_E+Zcos(2n )+Tsm(2n ) st s(2n°) P n(2n° )
=2
4
30 30 3n 30
4 42;;1'(;;):427:32”:1395
n=] n=l n=1
Xy x y
990. (10) | ryar = y[ f(0)dt+x[ f(£)dt ¥ x, y,€ (R)~ {0} and f(1)=1
1 | 1

Differentiate both sides w.r.t. x

¥y
W) = yf(x)+ [ f(t)ar
1

Put x =1, we get
H
W)= y+] f(t)dt ¢ f()=1)
|

Again differentiate w.r.t. y
SN+ (y) =1+ f(»)
= Wiy)=1

= S =2
y

Hence, f(y)=1+In y
g(xJ=—(x2+—i)

X
Now, we have to find
I

/ =,Te_(x2+*"de 1)
0



B 1000 Challenging Problems in Mathematics for JEE
G

1
Replace x -

=2 2321=Je"'2dt=2]:e’dr
Hence, e’l = Ie“‘z dt =~
I =—JE—=J_E.
e? b
" [a+b]=[rn+e*]=10
1
91. (2.5) [ Fopn=1
0
1
[ f@2x)dx =3
0
Put 2x =y
2
—_[f(u)du =3
2%

! 2
[ fadu+ [ fuydu =6
0 1

2

I f(x)dx =5

1

409

(D)

S.a=T and b:ez
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; . . ;
992. (6) gl’ + 1y = 2sin(x) (Linear D.E. with integrating factor ¢™ )

\
e’ = _[ 2sin xe™ dx= J 2sin x(cos x+ isin x)dx

Hence, )
| .
=Si1‘12 x+i(x—55m 2)5]'1"0

: 3 3
Given y(0)=5 = C=§
B s 3 i &
ye” =sin x+:(x—asm2x)+§

Now putx=Tm
y(m)e™ =0+z'(n—0)+%

y(n)(=1) =in+ g

>
Hence, W) = =5 U

Therefore abc =6
2

993. (a>%) fx)=0 = (" +1) (e —ax’)=0

¢* = ax?
e’
a= =9
x
b 2
Now draw the graph of 6—2— and interpret for three distinct roots a ? %
x
~1
994. (=] f(x)=g(x)
o (a+ In x+ l](H In x+ 1}
X x
Put Inx+1 i
X

@+ E)1+8) =1
F(t)+1* +(a+1)t+a—1=0

»X
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For 3 solutions, one solution in (= e, 0)and another solution in
©, 1)
F(0)< Qand F(1)>0
.._l .
a<1and F(1)>— o1
e(—j 1)
=a %
[Note: If F(¢)has 4 solutions than that case is rejected (thmk)]
995. (5) Let z =x+iy . 4
Qiy)* =12(s* + y*)-4 = 12x2+l6y =4
3 =~ 13
3.7C +4y | = %__*__Jil_ =1
. %, 4
x—\[Icose —\l—l in®
3 » Y= ZSln
3V3Re(z)+ 8Im(z)= 3cos O+ 4sin O
max =5
-
996. (5) Let P :[“ b
c d_
Plza bﬁlch—b:—l
=1 c d||-1| |e-d 2
= a—b=—1 ”’(1)
c-d =2 )
1 -1 1
and P-P =P =
-1 2 0
=5 -a+2b=1 -« 3)
and ""C+2d :0 ”.(4)
From (1) and (3), b=0anda=-1
From (2) and (4), d=2andc=4
-1 0
P =
(4 2
I 0
\P=xl|=|" " ]:0
| 4 2—Xx
= x+D)x-2)=0 x=-12
x,2 +x§ =35
(x ) L), J(¥)
997, (2) - Jx)S(y) _ i
Xy X Y
J(x)
Let F(x)=——"

X
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F(0)= lim—&—) = limM =2
x=0 x -0 ]

F()F(y)=F(x)+F(y)
Putting y=0, 2F(x)=F(x)+2 = F(x)=2
Jx)=2x
lim _ﬂ] 5
x—0] sin x |
998. (5) Both circles are orthogonal to each other and C(0, 4)and D(3, 0)are centres and CD will

diameter of circumcircle =+/3% + 4% =5,

999. (2) Sy =xPy*, put x= f(ly)
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el =
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y ; = 1 = 1 =1
For y=1 S ) = f()
fly)=y¥» (1)
Foo*P ) =x y* |
Put y=zP4
Jxz)=xPz" = f(x)=x” .(2)
From Eqns. (1) and (2)
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1000. (3) A, B and C represented geometrically as clear 4 UBUC = [0}

Imaginary axis
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Clearly § represents the set of complex number lying on
2 2

le +22r +!22 +Z3’ + |23 +Z] !2 =3+(ZI +22 +23)

=34z, +2, 42,23

the circle |z|=1, z # -1
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