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Preface

The present volume, Algebra 4, in this series of books on Algebra, centers around
the study of Lie algebras, Chevalley groups, and their representation theory. Lie
groups and Lie algebras are very intrinsically related. The origin of Lie groups and
Lie algebras lies in the study of geometric spaces with the very crucial observation
that a geometric space is determined by the group of its continuous symmetries. Lie
groups and Lie algebras play a very fundamental role in Physics also.

The main concerns in the book are the following:

1. The structure theory and the classification of semi-simple Lie algebras over C
through root space decomposition, root systems, and Dynkin diagrams.

2. The representation theory of semi-simple Lie algebras including the theorem of
Harish-Chandra and the theorems of Ado and Iwasava.

3. Chevalley groups including the twisted finite simple groups of Lie types.
4. The representation theory of Chevalley groups including the Steinberg charac-

ters, Principal and Discrete series representations, and an introduction to the
Deligne–Lusztig characters.

The book can act as a text for graduate and advanced graduate students
specializing in the field.

There is no prerequisite essential for the book except for some basics in algebra
(as in Algebra 1 and Algebra 2) together with some amount of calculus and
topology. An attempt to follow the logical ordering has been made throughout the
book.

My teacher: (Late) Prof. B. L. Sharma; my colleagues at the University of
Allahabad; my friends: Prof. Satyadeo, Prof. S. S. Khare, Prof. H. K. Mukherji, and
Dr. H. S. Tripathi; my students: Prof. R. P. Shukla, Prof. Shivdatt, Dr. Brajesh
Kumar Sharma, Mr. Swapnil Srivastava, Dr. Akhilesh Yadav, Dr. Vivek Jain,
Dr. Vipul Kakkar, and Dr. Laxmikant; and above all the mathematics students of
Allahabad University had always been a motivating force for me to write a series of
books on various topics in Algebra. Without their continuous insistence, it would
have not come in the present form. I wish to express my warmest thanks to all
of them.
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Harish-Chandra Research Institute Allahabad has always been a great source
for me to learn more and more mathematics. I wish to express my deep sense
of appreciation and thanks to HRI for providing me with all the infrastructural
facilities to write these volumes.

Last but not least, I wish to express my thanks to my wife Veena Srivastava who
had always been helpful in this endeavor.

In spite of all the care, some mistakes and misprints might have crept and
escaped my attention. I shall be grateful to any such attention. Criticisms and
suggestions for the improvement of the book will be appreciated and gratefully
acknowledged.

Prayagraj, India Ramji Lal
September 2020
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Chapter 1
Lie Algebras

The concept and the theory of Lie algebras originated and took momentum from the
Lie theory of continuous groups. Locally, a Lie group is essentially a Lie algebra. To
every Lie group (complex or real), there is an associated Lie algebra. Structurally,
Lie subgroups and normal Lie subgroups of a Lie group associate faithfully with the
Lie subalgebras, and Lie ideals of the Lie algebra associated with the Lie group. The
isomorphism between Lie algebras corresponds to the local isomorphism between
the corresponding Lie groups. Indeed, the category of simply connected Lie groups is
equivalent to the category of Lie algebras. The theory of Lie algebras is indispensable
in the theory of Lie groups.

In another development,Magnus (refer to the excellent book entitled “Combinato-
rial Group Theory” byMagnus, Karrass, and Solitar) initiated the use of Lie algebras
in the study of discrete groups given in terms of presentations. The Lie algebras over
fields of positive characteristics have been very effectively and successfully used in
dealing with the restricted Burnside problem: “Is there a free object in the category
B(n, r) of finite groups generated by n elements having the exponent dividing r?”.
The problem was solved by E. Zelmonov in 1991 for which he got the Fields Medal
in 1994.

In the present chapter, we develop the basic language of Lie algebras including
universal enveloping algebras (PBW theorem), free Lie algebras, solvable, nilpotent,
and semi-simple Lie algebras. We also establish the theorem of Weyl about the com-
plete reducibility of representations of semi-simple Lie algebras. A field is usually
be denoted by F or also sometimes by K .

1.1 Definitions and Examples

Definition 1.1.1 A Lie algebra over a field F is a vector space L over F together
with a binary operation [, ] on L such that the following conditions hold:
© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2021
R. Lal, Algebra 4, Infosys Science Foundation Series,
https://doi.org/10.1007/978-981-16-0475-1_1
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2 1 Lie Algebras

1. [, ] is bi-linear in the sense that

[αx + βy, z] = α[x, z] + β[y, z],

and
[x,αy + βz] = α[x, y] + β[x, z]

for all x, y, z ∈ L and α,β ∈ F , where [x, y] denotes the image of (x, y) under [, ].
2. [, ] is an alternating map in the sense that [x, x] = 0 for all x ∈ L .
3. [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z ∈ L .

[x, y] is called the Lie product of x and y. The third identity is termed as the
Jacobi identity.

We also say that (L , [, ]) is a Lie algebra over F , or [, ] is a Lie algebra structure
on the vector space L over F .

Proposition 1.1.2 Let (L , [, ]) be a Lie algebra over F. Then [x, y] = −[y, x]
for all x, y ∈ L. Conversely, let L be a vector space over a field F of characteristic
different from 2 and [, ] be a bilinear product on L such that conditions 1 and 3 of
the Definition 1.1 together with the condition

(2’) [x, y] = −[y, x] hold for all x, y ∈ L.
Then (L , [, ]) is a Lie algebra.
Proof Suppose that (L , [, ]) is a Lie algebra. Then by condition 2, [x + y, x +
y] = 0 for all x, y ∈ L . Using condition 1 and condition 2 again, we see that
[x, y] + [y, x] = 0. Conversely, suppose that [, ] is bi-linear and [x, y] = −[y, x]
for all x, y ∈ L . In particular, [x, x] = −[x, x] for all x ∈ V . Since the characteristic
of F is different from 2, [x, x] = 0 for all x ∈ L . �

Proposition 1.1.3 A Lie algebra structure determines, and is determined uniquely
by, a vector space homomorphism φ from L

∧
L to L satisfying the conditions

φ(x ∧ φ(y ∧ z)) + φ(y ∧ φ(z ∧ x)) + φ(z ∧ φ(x ∧ y)) = 0

for all x, y, z ∈ L, where L
∧

L denotes the exterior square of L.

Proof Let (L , [, ])be aLie algebra. Since [, ] is an alternatingmap, from the universal
property of the exterior square, there is a unique vector space homomorphism φ from
L

∧
L to L given by φ(x ∧ y) = [x, y]. The identity

φ(x ∧ φ(y ∧ z)) + φ(y ∧ φ(z ∧ x)) + φ(z ∧ φ(x ∧ y)) = 0

is a consequence of the Jacobi identity. Conversely, if such a homomorphismφ exists,
then we have the Lie product [, ] on L given by [x, y] = φ(x ∧ y). �

Let (L , [, ]) be a Lie algebra over a field F . A subspace V of L is said to be a Lie
subalgebra of L if [x, y] ∈ V for all x, y ∈ V . Evidently, V is also a Lie algebra
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with respect to the induced Lie product at its own right. A subalgebra V of L is said
be a Lie ideal if [x, v] ∈ V for all x ∈ L and v ∈ V . Evidently, a subspace V of L
is an ideal of L if and only if [v, x] ∈ V for all v ∈ V and x ∈ L . If V is an ideal
of L , then it can be easily observed that the quotient space L/V is a Lie algebra
with respect to the Lie product [, ] given by [x + V, y + V ] = [x, y] + V . This Lie
algebra is called the quotient Lie algebra of L modulo V . A Lie algebra L having
no nonzero proper ideal is called a simple Lie algebra.

Let (L , [, ]) and (L ′, [, ]′) be Lie algebras over a field F . A linear transformation
f from L to L ′ is called Lie algebra homomorphism if f ([x, y]) = [ f (x), f (y)]′
for all x, y ∈ L . This gives us a category L AF of Lie algebras over F . We have two
forgetful functors from L AF : One from L AF to the category of vector spaces, and the
second from L AF to the category SET of sets. The question of the existence and the
construction of adjoints to these functors will be discussed in detail in the following
section. As usual, the image of a Lie subalgebra under a Lie homomorphism is a Lie
subalgebra, whereas the image of a Lie ideal need not be a Lie ideal. The inverse
image of a Lie subalgebra under a Lie homomorphism is a Lie subalgebra and also the
inverse image of a Lie ideal under a Lie homomorphism is a Lie ideal. In particular,
the kernel Ker f = f −1({0}) of a Lie homomorphism is a Lie ideal. Further, as
usual the correspondence theorem, isomorphism theorems, and the Jordan-Holder
theorem follow for Lie algebras.

Let L be a Lie algebra over a field F . Let A and B be ideals of L . Let [A, B]
denote the subspace generated by the set {[a, b] | a ∈ A and b ∈ B}. By the Jacobi
identity

[x, [a, b]] = − [a, [b, x]] − [b, [x, a]]

for all x ∈ L , a ∈ A and b ∈ B. It follows that [x, [a, b]] ∈ [A, B] for all x ∈ L , a ∈
A and b ∈ B. This shows that [A, B] is also an ideal of L . In particular, [L , L] is also
an ideal of L . The ideal [L , L] is called the commutator or the derived subalgebra
of L . A Lie algebra L is said to be abelian if [L , L] = {0}. Evidently, [L , L] is the
smallest ideal of L by which if we factor, we get an abelian Lie algebra. L/[L , L] is
the largest quotient of L which is abelian. As in case of groups, we term L/[L , L]
as an abelianizer of L , and it is denoted by Lab. Any homomorphism f from L to
an abelian Lie algebra factors through Lab. A Lie algebra L is said to be perfect if
[L , L] = L . Evidently, every simple Lie algebra is perfect.

Let L be a Lie algebra over a field, and S be a subset of L . Let CL(S) denote the
subset {x ∈ L | [x, s] = 0 ∀s ∈ S}. The Jacobi identity ensures that CL(S) is a Lie
subalgebra of L . This Lie subalgebra is called the centralizer of S in L . If S = {a},
then we denote the centralizer of S by CL(a). If A is an ideal of L , then [z, [x, a]] =
−[x, [a, z]] − [a, [z, x]] = 0 for all z, x ∈ L and a ∈ CL(A). This shows that the
centralizer of an ideal is an ideal. In particularCL([L , L]) is an ideal. The centralizer
CL(L) = {x ∈ L | [x, y] = 0 ∀y ∈ L} is called the center of L , and it is denoted
by Z(L). Let V be a Lie subalgebra of L . The set NL(V ) = {x ∈ L | [x, V ] ⊆ V }
is a subalgebra of L which is called the normalizer of V in L . Evidently, NL(V ) is
characterized by the fact that it is the largest subalgebra of L in which V is an ideal.
Note that a simple Lie algebra L is centerless in the sense that Z(L) = {0}.
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Let L be a Lie algebra over a field F . Evidently, the intersection of a family of Lie
subalgebras/ideals of L is a Lie subalgebra/ideal of L . Let X be a subset of L . The
smallest Lie subalgebra of L containing X (the intersection of all Lie subalgebras
of L containing X ) is called the Lie subalgebra generated by X and it is denoted by
< X >. Similarly, we can talk of the ideal generated by a subset of L .

In non-associative structures, the bracket arrangements are important tools. To
describe the form of the elements of the subalgebra < X > generated by X in terms
of elements of X , we introduce the concept of bracket arrangements. For each
n ∈ N

⋃{0}, we introduce the set Bn of elements called the bracket arrangements
of weight n. This we do by the induction on n. B0 = {∅}, B1 = {(�)}, B2 =
{((�)(�))}, B3 = {(((�)(�))(�)), ((�)((�)(�)))}. Assume that the set Br has already
been defined for all r < n. For each r, s ≤ n − 1, r + s = n, let Br,s denote the set
{(βγ) | β ∈ Br and γ ∈ Bs}. Define Bn = ⋃

r+s=n Br,s . Each � is called a place
holder. This defines bracket arrangements of different weights. Given a sequence
x1, x2, · · · xm, xm+1, · · · of elements of a Lie algebra L , for each bracket arrangement
βn of weight n, we define the element βn(x1, x2, · · · , xn) of L . This, again, we do
by induction on n as follows. Define β1(x1) = x1. Assume that βr (x1, x2, · · · , xr )
has been defined for all r < n. Suppose that βn = (βr ,βs), where βr is a bracket
arrangement ofweight r andβs is that ofweight s. Thenwe putβn(x1, x2, · · · , xn) =
[βr (x1, x2, · · · , xr ),βs(xr+1, xr+2, · · · , xr+s)]. The elements of the type
βn(x1, x2, · · · , xn) are called the bracket arrangements of the sequence
x1, x2, · · · xm, xm+1, · · · of elements of L . Let X be a subset of L . Letβ(X) denote the
set of all bracket arrangements corresponding to all sequences in X . Clearly, the Lie
subalgebra< X > of L generated by X is precisely the set of all linear combinations
of members of β(X). The reader is asked to describe the form of the elements of the
ideal generated by X .
Lie Algebras of Low Dimensions

Example 1.1.4 In this example,we describe the isomorphism classes of Lie algebras
of dimension at the most 2. Evidently, there is a unique one-dimensional Lie algebra
which is abelian. Suppose that L is a non-abelian two-dimensional Lie algebra. Let
{x, y} be a basis of L . Then [L , L] is the subspace generated by [x, y] = z 	= 0.
Thus, [L , L] is a one-dimensional subspace generated by {z}. Let {z, u} be a basis of
L . Then [z, u] = αz for some α 	= 0. Taking v = α−1u, we see that L is the Lie
algebra generated by {z, v} subject to the relation [z, v] = z. An arbitrary element
of L is of the form αz + βv and [αz + βv, γz + δv] = (αδ − βγ)z. Thus, up to
isomorphism, there is only one non-abelian Lie algebra of dimension 2. Further, if
αz + βv ∈ Z(L), then −βz = [αz + βv, z] = 0 and αz = [αz + βv, v] = 0.
This implies thatα = 0 = β. It follows that Z(L) = {0}. Evidently, no Lie algebra
of dimension less than 3 is perfect.

Example 1.1.5 In this example, we classify all Lie algebras of dimension 3. Let L
be a Lie algebra of dimension 3.

Case (1). [L , L] = {0}. In this case, L is abelian and there is only one such Lie
algebra up to isomorphism.
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Case (2). Dim[L , L] = 1 and [L , L] ⊆ Z(L). Suppose that [L , L] = Fx1,
where x1 	= 0. Embed {x1} into a basis {x1, x2, x3} of L . Evidently, [x2, x3] = αx1
for some α 	= 0.Wemay choose x2 so that α = 1. Since x1 ∈ Z(L), the Lie product
in L is uniquely given by

[α1x1 + α2x2 + α3x3,β1x1 + β2x2 + β3x3] = (α2β3 − α3β2)x1.

It can be easily seen that the Jacobi identity is satisfied. Thus, in this case also we
have a unique Lie algebra up to isomorphism given as above.

Case(3). Dim [L , L] = 1 and [L , L] � Z(L). Suppose that [L , L] = Fx1,
where x1 	= 0. Since [L , L] � Z(L), there is a nonzero element x2 of L such that
[x1, x2] 	= 0. We may take x2 such that [x1, x2] = x1. Evidently, {x1, x2} is linearly
independent. Embed it into a basis {x1, x2, x3} of L . Suppose that [x1, x3] = βx1. If
β 	= 0, we may choose x1 so that [x1, x3] = x1. Note that the relation [x1, x2] = x1
will not change. We can replace x3 by x3 − x2 and then [x1, x3] = 0. Suppose that
[x2, x3] = γx1. If γ 	= 0, we may further modify x3 by taking it to be γ−1x3 so that
[x2, x3] = x1. Observe that the remaining relations remain the same. Again replace
x3 by x1 + x3. Then [x2, x3] becomes 0. Still note that the remaining relations remain
the same. Also note that all the time {x1, x2, x3} remains a basis. We get a Lie algebra
structure on L given by

[α1x1 + α2x2 + α3x3,β1x1 + β2x2 + β3x3] = (α1β2 − α2β1)x1.

It can be easily seen that the Jacobi identity is satisfied. Thus, in this case also we
have a unique Lie algebra up to isomorphism described as above.

Case (4). Dim [L , L] = 2. We first show that [L , L] is abelian. Suppose the
contrary. Then as in Example 1.1.4, there is a basis {x1, x2} of [L , L]with [x1, x2] =
x2. In particular, Z([L , L]) = {0}. Consider the centralizer CL([L , L]) of [L , L]
which is an ideal of L . Evidently, [L , L]⋂CL([L , L]) = {0}. Let x be an element
of L . Suppose that [x, x1] = αx1 + βx2 and [x, x2] = γx1 + δx2. Then using the
Jacobi identity,

γx1 + δx2 = [x, x2] = [x, [x1, x2]] = −[x1, [x2, x]] − [x2, [x, x1] = (α + δ)x2.

This means that α = 0 = γ. Thus, [x, x1] = βx2 and [x, x2] = δx2. Hence

[x − δx1 + βx2, x1] = 0 = [x − δx1 + βx2, x2].

This shows that x − δx1 + βx2 belongs to CL([L , L]). Consequently, L =
[L , L] ⊕ CL([L , L]). Since CL([L , L]) is a one-dimensional abelian Lie algebra,
[L , L] = [[L , L], [L , L]] = 0. This is a contradiction. Thus, [L , L] is abelian.
Let {x1, x2, x3} be a basis of L , where {x1, x2} is a basis of [L , L]. Suppose that
[x3, x1] = αx1 + βx2 and [x3, x2] = γx1 + δx2. Since [L , L] is abelian and of
dimension 2, {[x3, x1], [x3, x2]} is also a basis of [L , L]. This gives us a non-singular
2 × 2 matrix
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A =
[

α β
γ δ

]

.

Thus, for a Lie algebra L of dimension 3 for which the dimension of [L , L] is
2, a choice of basis {x1, x2, x3} of L with {x1, x2} as a basis of [L , L] determines a
non-singular 2 × 2 matrix A described as above. Conversely, given a non-singular
2 × 2 matrix A, take a vector space L with a set {x1, x2, x3} as a basis and define the
product [, ] by

[λ1x1+λ2x2 + λ3x3,μ1x1 + μ2x2 + μ3x3] =
(−λ1μ3 + λ3μ1)(αx1 + βx2) + (λ3μ2 − λ2μ3)(γx1 + δx2).

It can be easily observed that (L , [, ]) is a Lie algebra with [L , L] being of dimen-
sion 2, and also the matrix associated with L with respect to the basis {x1, x2, x3} is
the given matrix A. However, different matrices may determine isomorphic Lie alge-
bras. We try to classify it faithfully. If we fix an element x3 	= 0 outside [L , L] and
change the basis {x1, x2} of [L , L] to a basis {x ′

1, x
′
2}, then the matrix A changes to a

matrix A′ which is similar to A. However, if we fix a basis {x1, x2} of L and change x3
to x ′

3 so that {x1, x2, x ′
3} becomes a basis of L , then x ′

3 = λx3 + x , for some nonzero
element λ in F and x ∈ [L , L]. Since [L , L] is abelian, [x ′

3, x1] = λ(αx1 + βx2)
and [x ′

3, x2] = λ(γx1 + δx2). Thematrix A changes to thematrix λA. It follows that
every Lie algebra L of dimension 3 in which [L , L] is of dimension 2 determines,
and is determined uniquely up to isomorphism by, a conjugacy class of Collineation
group of 2 × 2 matrices. If F is an algebraically closed field, then using the Jor-
dan theorem, we see that a conjugacy class of Collineation group of 2 × 2 matrices
contains one and only one member from the class

{[
1 0
0 α

]

| α 	= 0}
⋃

{
[
1 β
0 1

]

| β 	= 0

}

of matrices. Thus, in this case, we have infinitely many Lie algebras L having a basis
{x1, x2, x3} satisfying one and only one of the following two types of relations:

1. [x1, x2] = 0, [x3, x1] = x1, [x3, x2] = αx2 or

2. [x1, x2] = 0, [x3, x1] = x1 + βx2, and [x3, x2] = x2.

Case (5). Dim [L , L] = 3 or equivalently [L , L] = L . We describe and classify
such Lie algebras up to isomorphisms. Let PL(3, F) denote the set of isomorphism
classes of perfect Lie algebras of dimension 3 over a field F . The isomorphism class
determined by L will be denoted by [L]. A non-singular symmetric matrix A is said
to be multiplicatively cogredient to a non-singular symmetric matrix B if there is a
nonzero scalar λ and a non-singular matrix P such that A = λPBPt . Thus, if every
element of the field F has a square root (for example C), then the multiplicative
cogredience is the same as the usual congruence. Let Ŝ(3, F) denote the set of
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multiplicatively cogredient classes of 3 × 3 non-singular symmetric matrices with
entries in F . The cogredient class determined by thematrix Awill be denoted by [A].
We exhibit a natural bijective correspondence between PL(3, F) to Ŝ(3, F). Let L
be a three-dimensional perfect Lie algebra, and let {x1, x2, x3} be a basis of L . Put
y1 = [x2, x3], y2 = [x3, x1], and y3 = [x1, x2]. Evidently, {y1, y2, y3} generates
[L , L] = L , and as such it is also a basis of L . Suppose that y j = ∑3

i=1 ai j xi . Then
A = [ai j ] is a non-singular matrix. We term A as the matrix of the basis {y1, y2, y3}
with respect to the basis {x1, x2, x3}. The Jacobi identity in L is equivalent to the
identity

[x1, y1] + [x2, y2] + [x3, y3] = 0.

This is further equivalent to

[x1,
∑3

i=1
ai1xi ] + [x2,

∑3

i=1
ai2xi ] + [x3,

∑3

i=1
ai3xi ] = 0.

Using the bi-linear and alternating property of the product [, ], we obtain the identity

(a21 − a12)y3 + (a13 − a31)y2 + (a32 − a23)y1 = 0.

This shows that A = [ai j ] is a symmetric 3 × 3 matrix. Thus, every perfect Lie
algebra of dimension 3 together with a choice {x1, x2, x3} of a basis of L determines
a unique non-singular symmetric matrix A described as above. Conversely, suppose
that we are given a 3 × 3 symmetric matrix A = [ai j ]. Let L be a vector space with
a basis {x1, x2, x3} consisting of 3 elements. Define a product [, ] on L by

[∑3

i=1
αi xi ,

∑3

i=1
βi xi

]
= (α1β2 − α2β1)

∑3

i=1
ai3xi + (−α1β3

− α3 β1)
∑3

i=1
ai2xi + (α2β3 − α3β2)

∑3

i=1
ai1xi .

The fact that A is a non-singular symmetric matrix implies that L is a perfect Lie
algebra of dimension 3 and the basis {x1, x2, x3}, in turn, determines back the given
matrix A. To classify these Lie algebras, we analyze the effect of the change of
basis of L on the matrix A. Let {u1, u2, u3} be another basis with the associated basis
{v1, v2, v3}, where v1 = [u2, u3], v2 = [u3, u1], and v3 = [u1, u2]. Let B = [bi j ]
be the associated non-singular symmetric matrix. Then v j = ∑3

i=1 bi j ui . We relate
A and B. Suppose that u j = ∑3

i=1 ci j xi . Clearly, C = [ci j ] is non-singular matrix.
Now,
v1 = [u2, u3]
= [∑3

i=1 ci2xi ,
∑3

i=1 ci3xi ]= (c22c33 − c32c23)y1 + (−c12c33 + c32c13)y2 + (c12c23 − c22c12)y3
= ∑3

i=1 di1yi ,
where [di1] represent the the first column of (Ct )ad j = (Cad j )t = (Det C)(Ct )−1,
where Cad j denotes the adjoint of C . Similarly, for each j , v j = ∑3

i=1 di j yi , where
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[di j ] represent the j th column of adCt . We have the following transformations
among the bases of L:

U
B−1→ V

(Ct )ad j→ Y
A→ X = U

C→ X,

where U denotes the basis {u1, u2, u3}, V denotes the basis {v1, v2, v3}, Y repre-
sents the basis {y1, y2, y3}, and X represents the basis {x1, x2, x3}. This shows that
A (Ct )ad j B−1 = C . Since (Ct )ad j = (Det C)(Ct )−1,

A = (Det C)−1CBCt ,

whereC is a non-singular matrix. This shows that different choice of bases for L give
rise to cogredient matrices. More generally, if f is an isomorphism from a perfect
Lie algebra L of dimension 3 with a basis {x1, x2, x3} to another perfect Lie algebra
L ′ of dimension 3 with a basis {x ′

1, x
′
2, x

′
3}, then the associated matrices A and A′ are

cogredient to each other. Consequently, we get a map η from PL(3, F) to Ŝ(3, F)

which is given by η([L]) = [A], where A is the non-singular symmetric matrix
associated with L with respect to a basis of L . Further, suppose that we are given a
3 × 3 symmetric matrix A = [ai j ]. Let L be a vector space with a basis {x1, x2, x3}
consisting of 3 elements. Define a product [, ] on L by

[∑3

i=1
αi xi ,

∑3

i=1
βi xi

]
= (α1β2 − α2β1)

∑3

i=1
ai3xi + (−α1β3+

α3β1)
∑3

i=1
ai2xi + (α2β3 − α3β2)

∑3

i=1
ai1xi .

The fact that A is a non-singular symmetric matrix implies that L is a perfect
Lie algebra of dimension 3 and basis {x1, x2, x3}, in turn, determines back the given
matrix A. Thus, the map η is surjective. Next, let A and B be non-singular symmetric
matriceswhich are cogredient. Let L be aLie algebra togetherwith a basis {x1, x2, x3}
which is associated with the matrix A and let L ′ be a Lie algebra with a basis
{x ′

1, x
′
2, x

′
3} which is associated with the matrix B. Then there is a nonzero scalar λ

and a non-singular matrix P such that A = λPBPt . Put P = μQ. Then A =
λμ2QBQt . We wish to choose μ so that λμ2 = (Det Q)−1. This is possible,
since (Det Q)−1 = μ3(Det P)−1. Thus, we have a non-singular matrix Q such
that A = (Det Q)−1QBQt . It follows from the above discussion that the linear
transformation from L to L ′ having Q as the matrix representation with respect to
the basis {x1, x2, x3} of L and the basis {x ′

1, x
′
2, x

′
3} of L ′ is an isomorphism from L

to L ′. This shows that the map η is a bijective correspondence.
Now suppose that the field F is of characteristic different from 2. Then every

symmetric matrix with entries in F is congruent to a diagonal matrix (see Theorem
5.6.15, Algebra 2). Consequently, every equivalence class in Ŝ(3, K ) contains a
matrix of the form Diag(α,β, 1),α 	= 0 	= β. Thus, every perfect three-dimensional
Lie algebra over a field of characteristic different from2 is isomorphic to a Lie algebra
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Lα,β having a basis {x1, x2, x3} such that [x1, x2] = x3, [x2, x3] = αx1, and
[x3, x1] = βx2. Note that Lα,β may be isomorphic to Lγ,δ even if {α,β} 	= {γ, δ}.

If the field F is the field R of real numbers, then it follows (see Theorem 5.6.22,
Algebra 2 ) that every equivalence class contains one and only one of the following
two matrices Diag(1, 1, 1) or Diag(−1, 1, 1). Thus, there are only two different
perfect Lie algebras of dimension 3 over the field R of real numbers, and they are
given by the set {[x2, x3] = x1, [x3, x1] = x2, [x1, x2] = x3} of relations or else
it is given by the set {[x2, x3] = −x1, [x3, x1] = x2, [x1, x2] = x3} of relations.
Identify them.

Suppose that the field F is the field C of complex numbers. Then every non-
singular symmetric 3 × 3 matrix is congruent to the identity matrix. Hence there is
only one perfect Lie algebra L of dimension 3 over the fieldC of complex numbers. L
has a basis {x1, x2, x3} with relations [x2, x3] = x1, [x3, x1] = x2, [x1, x2] = x3.
Indeed, thisLie algebra has a nice representation as theLie algebra sl(2, C) consisting
of 2 × 2 matrices with entries in C and with trace 0. The Lie product is given by
[x, y] = xy − yx (see Example 1.1.7).

A cyclicLie algebra is aLie algebrawhich is generated by a single element. Evidently,
a nontrivial cyclic Lie algebra is an abelian algebra on a one-dimensional space. A
Lie algebra L has no proper subalgebras if and only if L is a cyclic Lie algebra. A
Lie algebra L is said to be a simple Lie algebra if it has no proper ideals. Evidently,
an abelian Lie algebra is simple if and only if it is cyclic. As in the case of finite
groups, the problem of classification of finite-dimensional Lie algebras reduces to
the following two problems:

1. Classify all finite-dimensional simple Lie algebras up to isomorphisms.
2. Given a pair of (A, B) of Lie algebras, to classify Lie algebras L having an ideal

A′ isomorphic to A as Lie algebra such that L/A′ isomorphic to B.

These problems will be discussed in due course.

Proposition 1.1.6 L/Z(L) cannot be a nontrivial cyclic Lie algebra.

Proof Suppose that L/Z(L) = < x + Z(L) > is a cyclic Lie algebra. Then any
element of L is of the form αx + u, where u ∈ Z(L). Evidently, [αx + u,βx +
v] = 0 for all α,β ∈ K and u, v ∈ Z(L). This implies that L = Z(L). �

Example 1.1.7 Let L be a non-abelian Lie algebra of dimension 3. It follows from
the above proposition that Z(L) = {0} or else Z(L) is of dimension 1. Suppose that
L is perfect. Then every quotient of L is perfect. Since no Lie algebra of dimension
less than 3 is perfect, it follows that L has no proper ideals. Thus, every perfect
Lie algebra of dimension 3 is simple. Let sl(2, F) denote the vector space of 2 × 2
matrices with entries in the field F having 0 trace. Then sl(2, F) is a Lie algebra
with respect to the Lie product given by [A, B] = AB − BA. Evidently, sl(2, F)

is three dimensional with {e12, e21, h} as a basis, where

e12 =
[
0 1
0 0

]

, e21 =
[
0 0
1 0

]

, and h =
[
1 0
0 −1

]

.
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It can be easily observed that [e12, e21] = h, [h, e12] = 2e12, and [h, e21] =
−2e21. Thus, if the characteristic of F is different from 2, then sl(2, F) is perfect.
Consequently, sl(2, F) is simple provided that the characteristic of F is different
from 2.

Next, suppose that Z(L) is of dimension 1 generated by {z}. Let {x, y, z} be a basis
of L . L/Z(L) is a two-dimensional Lie algebra generated by {x + Z(L), y + Z(L)}.
If L/Z(L) is abelian, then [L , L] ⊆ Z(L), and, there is a unique (up to isomorphism)
non-abelian Lie algebra L of dimension 3 as described in Case 2 of Example 1.1.5.
Now, suppose that L/Z(L) is non-abelian. Then [L , L] � Z(L). If dim [L , L] = 1,
then we have a unique Lie algebra L as described in Case 3 of Example 1.1.5. Finally,
if dim [L , L] = 2, then as described in Case 4 of Example 1.1.5, [L , L] is abelian
and there are two types of Lie algebras.

Now, we list some more important examples.

Example 1.1.8 Consider the usual vector space R
3 over R. The vector product ×

in R
3 is an alternating product which satisfies the Jacobi identity. As such, (R3,×)

is a three-dimensional real Lie algebra. All nontrivial proper subalgebras of (R3,×)

are one dimensional. However, it has no nontrivial proper ideals. Thus, (R3,×) is a
simple Lie algebra over R.

Example 1.1.9 Let L be a three-dimensional vector space over F with {x, y, z} as a
basis. Then there is a unique Lie product [, ] on L subject to [x, y] = z, [x, z] = y
and [y, z] = 0. Observe that the abelian subalgebra A of L generated by {y, z} is
an ideal such that L/A is also abelian.

Example 1.1.10 Let A be an associative algebra over a field F , for example, a
polynomial algebra in non-commuting variables or a group algebra F(G) over a
group G. Define a product [, ] on A given by [a, b] = ab − ba. It is easily observed
that (A, [, ]) is a Lie algebra. This Lie algebra will be denoted by AL , and it will be
termed as the Lie algebra associated with the associative algebra A. As such, we have
a functor from the category ASSF of associative algebras over F to the category L AF

of Lie algebras over the field F . The adjoint to this functor is an important functor
which is extremely useful in the representation theory and the structure theory of
Lie algebras. This adjoint functor will be discussed in detail in the next section. This
also provides several examples of Lie algebras.

Example 1.1.11 Let (L , [, ]) be a finite-dimensional Lie algebra over F . Let
{x1, x2, · · · , xn} be an ordered basis of L . This gives us n skew symmetric matrices
M1 = [a1i j ], M2 = [a2i j ], · · · , Mn = [ani j ] given by

[xi , x j ] =
∑n

k=1
aki j xk .

Further, the Jacobi identity induces the following identity among the entries of the
matrices Mk, 1 ≤ k ≤ n:
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∑n

k=1
(aki j a

p
kl + akjla

p
ki + akli a

p
k j ) = 0

for all i, j, k, l, p. Conversely, given the set of skew symmetric matrices Mk = [aki j ]
satisfying the above condition, there is a unique Lie algebra structure [, ] on Fn given
by

[ei , e j ] =
∑n

k=1
aki j ek,

where {e1, e2, · · · , en} is the standard basis of Fn . The entries aki j are called the
structure constants of the Lie algebra L associated with the basis
{x1, x2, · · · , xn}. Describe the effect of change of the base on the structure constants.
Example 1.1.12 Let V be a vector space over a field F . Then EndF (V ) is an
associative algebra over F . The associated Lie algebra is denoted by gl(V ). Thus,
gl(V ) = EndF (V ) and the Lie product [, ] is given by [A, B] = AB − BA for all
A, B ∈ gl(V ). The Lie algebra (gl(V ), [, ]) is called the general linear Lie alge-
bra on V . Any Lie subalgebra of gl(V ) is called a linear Lie algebra. Indeed, it
is a fact (Ado and Iwasava theorems: Theorems 3.1.23 and 3.1.25) that every finite-
dimensional Lie algebra is a linear Lie algebra over a vector space of finite dimension.
If V is of dimension n, then gl(V ) is of dimension n2. Fixing a basis of gl(V ), gl(V )

can be identified with the Lie algebra gl(n, F) of n × n matrices with entries in F .
Clearly, {ei j | 1 ≤ i ≤ n, 1 ≤ j ≤ n} is a basis of gl(n, F), where ei j is the matrix
all of whose entries are 0 except the i j entry which is 1. Evidently, ei j ekl = δ jkeil ,
where δ jk is the Kronecker delta. Thus,

[ei j , ekl ] = δ jkeil − δli ek j

for all i, j, k, l. This means that the structure constants of gl(n, F) with respect to
the standard basis {ei j | 1 ≤ i ≤ n, 1 ≤ j ≤ n} of gl(n, F) are members of the prime
field in F .

Next, we introduce some important families of Lie subalgebras of gl(V ) ≈
gl(n, F) termed as classical linear Lie algebras.

Example 1.1.13 The family An . Let V be a vector space of dimension n + 1 over
a field F . Let sl(V ) ≈ sl(n + 1, F) denote the set of linear endomorphisms of V
which are of trace 0. Evidently, sl(V ) is a vector subspace of gl(V ) which is of
dimension (n + 1)2 − 1. Since Tr(AB − BA) = 0, it follows that [A, B] ∈ sl(V )

for all A, B ∈ sl(V ). This shows that sl(V ) is a Lie subalgebra of gl(V ). Observe
that sl(V ) is not an associative subalgebra of the associative algebra gl(V ). The Lie
subalgebra sl(V ) ≈ sl(n + 1, F) is called a special linear Lie algebra. Evidently,
{ei j | i 	= j} ⋃{eii − ei+1i+1 | 1 ≤ i ≤ n + 1} is a basis of sl(V ). This basis is called
the standard basis of sl(V ). Determine the structure constants.

Example 1.1.14 The family Bn . Let f be a nondegenerate symmetric bi-linear form
on a vector space V of odd dimension m = 2n + 1 over a field F . Let o( f ) denote
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the set of all endomorphisms A of V such that f (A(v), w) = − f (v, A(w)) for all
v,w ∈ V . Evidently, o( f ) is a subspace of gl(V ). If A, B ∈ o( f ), then

f ((AB − BA)(v), w) = f (A(B(v)), w) − f ((B(A(v)), w) =
− f (v, (AB − BA)(w))

for all v,w ∈ V . Hence [A, B] ∈ o( f ) for all A, B ∈ o( f ). Thus, o( f ) is a Lie
subalgebra of gl(V ). ThisLie algebra is called the orthogonalLie algebra associated
with f . We try to represent it in matrix form. Since f is nondegenerate, there is a
basis (see Algebra 2, Sect. 5.6) {v1, v2, · · · , v2n+1} such that the matrix M( f ) =
[ f (vi , v j ] of f with respect to this basis is given by

M( f ) =
⎡

⎣
1 01×n 01×n

0n×1 0n×n In
0n×1 In 0n×n

⎤

⎦ ,

where 0r×s denotes the r × s zero matrix and In is the n × n identity matrix. Evi-
dently, A ∈ o( f ) if and only if M( f )M(A) = −M(A)t M( f ). Suppose that the
matrix M(A) of A with respect to the above basis is expressed as

M(A) =
⎡

⎣
a α β
γt P Q

δ
t
R S

⎤

⎦ ,

where a ∈ F , α,β, γ, δ are row vectors in Fn , whereas P, Q, R, and S are members
of gl(n, F). The condition M( f )M(A) = −M(A)t M( f ) implies that a = 0, α =
−γ, β = −δ, R and Q are skew symmetric matrices, whereas Pt = −S. This, in
turn implies that the trace of each member of o( f ) is 0, and o( f ) is a Lie subalgebra
of sl(V ). The Lie algebra o( f ) is called an orthogonal Lie algebra associated with
f . The matrices of the form M(A) described above form a Lie algebra under the
Lie product of matrices. This Lie algebra is isomorphic to o( f ), and it is denoted
by o(2n + 1, F). Evidently, the dimension of o(2n + 1, F) is 2n2 + n. Determine
a standard basis of o(2n + 1, F) as in the above example. Determine the structure
constants with respect to this basis. Check that they also belong to the prime field
contained in F .

Example 1.1.15 The family Cn . Let f be a nondegenerate alternating bi-linear
form on a vector space V of dimension m = 2n over a field F . Observe that
there is no degenerate alternating form on odd-dimensional spaces unless the field
is of characteristic 2. Let sp( f ) denote the set of all endomorphisms A of V such
that f (A(v), w) = − f (v, A(w)) for all v,w ∈ V . Evidently, sp( f ) is a subspace
of gl(V ). As in the above example, sp( f ) is a Lie subalgebra of gl(V ). This Lie
algebra is called the symplectic Lie algebra associated with f . We try to represent
it in matrix form. Since f is nondegenerate, there is a basis (see Algebra 2, Sect. 5.6)
{v1, v2, · · · , v2n} such that the matrix M( f ) = [ f (vi , v j )] of f with respect to this
basis is given by
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M( f ) =
[

0n In
−In 0n

]

.

Evidently, A ∈ sp( f ) if and only if M( f )M(A) = −M(A)t M( f ). Suppose that
the matrix M(A) of A with respect to the above basis is expressed as

M(A) =
[
P Q
R S

]

,

where P, Q, R, and S are members of gl(n, F). The condition M( f )M(A) =
−M(A)t M( f ) implies that R and Q are symmetric matrices, whereas Pt = −S.
This, in turn implies that the trace of each member of sp( f ) is 0, and sp( f ) is a
Lie subalgebra of sl(V ). The set of matrices of the form M(A) described above is
denoted by sp(2n, F) and it is a Lie algebra with respect to the Lie product of matri-
ces. This Lie algebra is isomorphic to sp( f ). Evidently, the dimension of sp(2n, F)

is 2n2 + n. Determine a standard basis of sp(2n, F) and also the structure constants
with respect to this basis. Observe that they belong to the prime field of F .

Example 1.1.16 The family Dn . In Example 1.1.14, we described the orthogonal
Lie algebras on odd-dimensional spaces. In this example, we describe orthogonal Lie
algebras on even-dimensional spaces. Let f be a symmetric nondegenerate bi-linear
form on a vector space V of even dimension 2n. There is a basis {v1, v2, · · · , v2n}
of V such that the matrix M( f ) of f with respect to this basis is

M( f ) =
[
0n In
In 0n

]

.

As in Example 1.1.14, we have a Lie subalgebra o( f ) of sl(2n, F) which is
isomorphic to the Lie algebra o(2n, F) = {A | M( f )A = −AtM( f )} of matrices.
As in previous examples, it can be seen that the dimension of o(2n, F) is 2n2 − n.
The reader may determine the standard basis, and also the structure constants.

Apart from these family of linear Lie algebras, there are other important linear Lie
subalgebras of gl(n, F) which are important for the structure theory of Lie algebras.

Example 1.1.17 The set d(n, F) of all diagonalmatrices in gl(n, F) form an abelian
Lie subalgebra of gl(n, F) which is called a total subalgebra of gl(n, F). The set
t (n, F) of upper triangular matrices in gl(n, F) is also a Lie subalgebra of gl(n, F)

which is termed as a Borel subalgebra of gl(n, F). The set n(n, F) of strict upper
triangular matrices (diagonal entries 0) also form a Lie subalgebra of gl(n, F). It is
easy to observe that [t (n, F), t (n, F)] = {[A, B] | A, B ∈ t (n, F)} = n(n, F).
Find the dimension of each of these subalgebras.

Derivations and Lie Algebras
Let A be an algebra over a field F which may be non-associative. More explicitly,
A is a vector space over a field F together with a bi-linear product on A denoted by
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juxtaposition. A F-linear transformation d from A to A is called a derivation on A
if

d(ab) = d(a)b + ad(b)

for all a, b ∈ A. Let Der(A) denote the set of all derivations on A. Evidently, Der(A)

is a subspace of EndF (A). The composite of two derivations need not be a derivation
(give an example). However, [d, d ′]] = dd ′ − d ′d can easily be seen to be a deriva-
tion. Thus, Der(A) is a Lie subalgebra of gl(A). In particular, if L is a Lie algebra
over F , a derivation d on L is, by the definition, a linear transformation from L to L
such that

d([v,w]) = [d(v), w] + [v, d(w)]

for all v,w ∈ L . For each v ∈ L , the map ad(v) from L to L given by ad(v)(w) =
[v,w] is clearly a linear transformation. Further,

ad(v)([w, u]) = [v, [w, u]] = [ad(v)(w), u] + [w, ad(v)(u)]

for all u, v, w ∈ L , thanks to the Jacobi identity. Hence for each v ∈ L , ad(v) is a
derivation on L . Such a derivation is called an inner derivation of L determined by
the element v. Other derivations are called the outer derivations. In turn, we get a
map ad from L to Der(L) which associates with each v ∈ L the inner derivation
ad(v). Evidently, ad is a linear transformation. Further,

[ad(v), ad(w)](u) = ad(v)(ad(w)(u)) − ad(w)(ad(v)(u)) =
[v, [w, u]] − [w, [v, u]] = [[v,w], u] = ad([v,w])(u)

for all u, v, w ∈ L , thanks to the Jacobi identity. Hence ad is a Lie homomorphism
from L to Der(L). This is called the adjoint representation of L . The image of ad
is precisely the Lie algebra of inner derivations of L , and it is denoted by ad(L) or
I der(L). The kernel Ker ad = {v ∈ L | [v,w] = 0 ∀w ∈ L} of ad is the center
Z(L) of the Lie algebra L . By the fundamental theorem of homomorphism

L/Z(L) ≈ I der(L) = ad(L).

Let d ∈ Der(L) and v ∈ L . Then

[d, ad(v)](w) = d(ad(v)(w)) − ad(v)(d(w)) = d([v,w]) − [v, d(w)] =
[d(v), w] + [v, d(w)] − [v, d(w)] = [d(v), w] = ad(d(v))(w)

for all v,w ∈ L . This shows that I der(L) is an ideal of Der(L). The quotient Lie
algebra Der(L)/I der(L) is called the Lie algebra of outer derivations of L which
will be denoted by Oder(L). We get a short exact sequence
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0 −→ I der(L)
i→ Der(L)

ν→ Oder(L) −→ 0,

and also an exact sequence

0 −→ Z(L)
i→ L

ad→ Der(L)
ν→ Oder(L) −→ 0

of Lie algebras.

Semi-Direct Product and Split Extension

As in the case of groups, we introduce the notion of semi-direct product and split
extensions in the category of Lie algebras. Here in this case, the derivation algebras
play the role of automorphism groups. Thus, let A and B be Lie algebras over a field
F . Let σ be a Lie algebra homomorphism from B to the derivation algebra Der(A).
Consider the vector space L = A × B. Define the product [, ] on L by

[(a, b), (a′, b′)] = ([a, a′] + σ(b′)(a) − σ(b)(a′), [b, b′])

for all a, a′ ∈ A and b, b′ ∈ B. It is a straightforward verification to show that L
is a Lie algebra. The first inclusion map i1 from A to L given by i1(a) = (a, o)
is a monomorphism whereas the second projection map p2 from L to B given by
p2((a, b)) = b is an epimorphism. Further, A × {0} is the kernel of p2 and so it is
an ideal of L . We get a short exact sequence

0 −→ A
i1→ L

p2→ B −→ 0.

Evidently, the second inclusion i2 from B to L is a splitting of the short exact
sequence. Note that L = A′ + B ′, where A′ = A × {0} and B ′ = {0} × B,
A′ is an ideal isomorphic to A, and B ′ is a subalgebra isomorphic to B. Further
A′ ⋂ B ′ = {0}. We say that L is an external semi-direct product of A with B, and
it is said to be an internal semi-direct product of A′ with B ′. Note that if σ is trivial
homomorphism, then the semi-direct product is the direct product. Suppose that L is
the internal semi-direct product of its ideal A by its subalgebra B. Then L = A + B
and A

⋂
B = {0}. An element x of L is uniquely expressible as x = a + b, where

a ∈ A and b ∈ B. For each element b of B, we have a derivation σ(b) of A given by
σ(a)(b) = [a, b]. It can easily be seen that σ is a homomorphism from B to Der(A).
Further, the map (a, b) 
→ a + b from the external semi-direct product A × B to the
internal semi-direct product L is easily seen to be an isomorphism. Thus, an internal
semi-direct product is isomorphic to an external semi-direct product. The external
semi-direct product of Awith B relative to a homomorphismσ is denoted by A �σ B.
If L is a Lie algebra having an ideal A and a subalgebra B such that L = A + B
and A

⋂
B = {0}, then we simply denote it by A � B.

Linear Algebraic Groups and Linear Lie Algebras

The discussions to follow will be useful in the representation theory. Recall that
an algebraic variety G together with a group structure on G is called an algebraic
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group or a group variety if the group operations ((a, b) 
→ ab, a 
→ a−1) are
morphisms between the corresponding varieties. Let F be an algebraically closed
field. Consider the general linear group GL(n, F) of non-singular n × n matrices
with entries in F . Then GL(n, F) can be identified with the affine algebraic sub-
set {(A, (Det (A))−1) | A ∈ GL(n, F)} = V (Det ([Xi j ])X − 1) of Fn2+1. Thus,
GL(n, F) is an algebraic variety. Since the matrix multiplication and inversion on
GL(n, F) can be treated as polynomial maps on the entries of the matrices, the
operations on GL(n, F) are morphisms of varieties. Consequently, GL(n, F) is
an algebraic group. This algebraic group is called a general linear algebraic group
over F . A closed (with respect to the Zariski topology) subgroup G of GL(n, F)

is also an algebraic group which is termed as a linear algebraic group over F . Let
G ⊆ GL(n, F) be a connected linear algebraic group, where F is an algebraically
closed field. Let �(G) denote the coordinate ring of G which consists of poly-
nomial maps on G. Then �(G) is an algebra over F . For each x ∈ G, the right
multiplication Rx from G to G given by Rx (g) = gx is an isomorphism of G con-
sidered as a variety. Thus, for each x ∈ G, we have a map ρ(x) from �(G) to itself
given by ρ(x)( f )(g) = f (gx). Evidently, ρ(x) ∈ GL(�(G)) = AutF (�(G)) for
each x ∈ G, and also ρ(xy) = ρ(x)ρ(y) for all x, y ∈ G. This gives us homomor-
phism ρ from G to GL(�(G)) = AutF (�(G)), and correspondingly, �(G) is a
right F(G)-module, where F(G) denotes the group algebra over F . Now, consider
the Lie subalgebra Der(�(G)) of gl(�(G)) consisting of derivations on �(G). A
member of Der(�(G)) need not be a G-homomorphism from �(G) to �(G). A
derivation d on �(G) is a F(G)-homomorphism if doρ(x) = ρ(x)od for all x ∈ G.
Let (Der(�(G)))G = EndF(G)(�(G))

⋂
Der(�(G)) denote the set of all deriva-

tions on�(G)which are F(G)-homomorphisms. Evidently, EndF(G)(�(G)) is a Lie
subalgebra of gl(�(G)). Hence (Der(�(G)))G is a Lie subalgebra of gl(�(G)).

Treat the field F as a �(G)-module by putting f α = f (e)α = α f (e) =
α f, f ∈ �(G), and α ∈ F . This �(G)-module F is denoted by Fe. A �(G)-
derivation from�(G) to Fe is called a point derivation of�(G) at e. Recall (Definition
4.3.29, Algebra 3) that the tangent space Te(G) ofG at e is the space Der(�(G), Fe)

of point derivations of �(G) at e. More explicitly, Te(G) is the F vector space of all
maps d from �(G) to F satisfying the condition

d( f g) = d( f )g(e) + f (e)d(g)

for all f, g ∈ �(G), where e denotes the identity of G.

Proposition 1.1.18 We have a natural F-isomorphism χ from (Der(�(G)))G to
Der(�(G), Fe) given by χ(d)( f ) = d( f )(e).

Proof Let d be a member of (Der(�(G)))G . Then the map χ(d) from �(G) to F
given by χ(d)( f ) = d( f )(e) is a point derivation of �(G) at e, since χ(d)( f f ′) =
d( f f ′)(e) = (d( f ) f ′ + f d( f ′))(e) = d( f )(e) f ′(e) + f (e)d( f ′)(e) = χ
(d)( f ) f ′(e) + f (e)χ(d)( f ′) for all f, f ′ ∈ �(G). This gives us a natural linear
map χ from (Der(�(G)))G to Der(�(G), Fe) defined by χ(d)( f ) = d( f )(e).
Suppose that χ(d) = χ(d ′), where d, d ′ ∈ (Der(�(G)))G . Then d( f )(e) =
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d ′( f )(e) for all f ∈ �(G). Since d and d ′ are G-module endomorphisms of �(G),
d( f )(x) = xd( f (e)) = xd ′( f )(e) = d ′( f )(x) for all x ∈ G. This shows that
d( f ) = d ′( f ) for all f ∈ �(G). It follows thatχ is injective.Next, letφ be amember
of Der(�(G), Fe). Then φ( f f ′) = φ( f ) f ′ + f φ( f ′) for all f, f ′ ∈ �(G). Define
a map d from �(G) to itself by putting d( f )(x) = φ(ρ(x)( f )) = φ( f · x). Using
the fact that φ is a point derivation of �(G) at e, it is easily observed that d is a
derivation of �(G) which is a G-module homomorphism. Evidently, χ(d) = φ. �.

The vector space isomorphismχ introduced above induces a Lie algebra structure
on Te(G). Te(G) with this Lie algebra structure is called the Lie algebra of G, and it
is denoted by L(G). Letφ be an algebraic homomorphism from an algebraic groupG
to an algebraic groupG ′. Define amap dφe from L(G) = Te(G) = Der(�(G), Fe)

to L(G ′) = Te(G ′) = Der(�(G ′), Fe) by putting dφe(d)( f ) = d( f oφ). It can be
easily seen that dφe is a Lie algebra homomorphism. There is no loss in adopting the
notation dφ for dφe. Ifφ is a homomorphism fromG toG ′ andψ is a homomorphism
from G ′ to G ′′, then d(ψoφ) = d(ψ)od(φ). This gives us a functor L from the
category ALG of connected algebraic groups over an algebraically closed field F
to the category L AF of Lie algebras over F which associates with each connected
algebraic group G the Lie algebra L(G) of G, and with each homomorphism φ from
G to G ′, the Lie algebra homomorphism L(φ) = dφ.

For each g ∈ G, let ig denote the inner automorphism of G determined by g.
Then ig is an algebraic automorphism of G, and dig is a Lie automorphism of L(G).
This automorphism is denoted by Ad(g). We have a map Ad from G to the group
Aut (L(G)) of the automorphisms of the Lie algebra L(G) of G. It can be observed
that Ad(gh) = Ad(g)oAd(h). Thus, Ad is a representation of G on its Lie algebra
L(G). This representation is called the adjoint representation of the algebraic group
G. We shall have occasions to discuss the adjoint representations.

Example 1.1.19 Consider the general linear algebraic group GL(n, F) =
V ({Det [Xi j ]X − 1}) ⊆ An2+1

F . The coordinate ring �(GL(n, F)) of GL(n, F) is
the F-algebra

F[X11, X12, · · · , X1n, X21, X22, · · · , X2n, · · · , Xnn, X ]
I (GL(n, F))

.

Evidently, the map φ from �(GL(n, F)) to the polynomial ring

F[X11, X12, · · · , X1n, X21, X22, · · · , X2n, · · · , Xnn, Det [Xi j ]−1]

defined by

φ( f [X11, X12, · · ·, X1n, X21, X22, · · · , X2n, · · · , Xnn, X ] + I (GL(n, F))) =
f [X11, X12, · · · , X1n, X21, X22, · · · , X2n, · · · , Xnn, Det [Xi j ]−1]

is a natural isomorphism. The map η from Der(�(GL(n, F)), FI ) to gl(n, F) is
defined by η(d) = [ai j ], where d(Xi j ) = ai j can be easily seen to be a Lie algebra
isomorphism. Thus, L(GL(n, F)) = gl(n, F).
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Next, consider the special linear group SL(n, F) = V ({Det [Xi j ] − 1}). Clearly,

�(SL(n, F)) = F[X11, X12, · · · , X1n, X21, X22, · · · , X2n]
I (SL(n, F))

.

Let Xi j denote the coset Xi j + I (SL(n, F)). Let d ∈ Der(�(SL(n, F)), FI ). Put
d(Xi j ) = αd

i j ∈ F . Since d is a derivation

0 = d(1) = d(Det [Xi j ]) = D(Det [Xi j ])(I ) = ∑
i D(Xii )(I ) =∑

i d(Xii ) = ∑
iα

d
ii ,

where D is the derivation of F[X11, X12, · · · , X1n, X21, X22, · · · , X2n] associ-
ated with d. This shows that the matrix [αd

i j ] is of trace 0. The map η from
Der(�(SL(n, F)), FI ) to sl(n, F) given by η(d) = [αd

i j ] is easily seen to be a
Lie algebra isomorphism. Thus, L(SL(n, F)) = sl(n, F).

Lie Groups and Lie Algebras

Recall that a map f from an open subsetU of R
n to R is a Cr -map if for each k ≤ r

and an n-tuple (t1, t2, · · · , tn) of nonnegative integers with t1 + t2 + · · · + tn = k,
the partial derivative

∂k f

∂t1x1∂t2x2 · · · ∂tn xn

exists and it is continuous on U . It is said to be a C∞-map if it is a Cr -map for
each r ≥ 0. A map φ from an open subset U of R

n to R
m can be expressed as

φ = (φ1,φ2, · · · ,φm), where φi = pioφ are maps from U to R. We say that φ is
a C∞-map if each φi is a C∞-map.

A Hausdorff topological space M (usually second countable) is called a topolog-
ical manifold or a locally Euclidean space if there is a nonnegative integer n such
that every point p ∈ M has an open neighborhood Up which is homeomorphic to
R

n . By the invariance of the domain (see Corollary 3.2.3, Algebra 3), n is uniquely
determined and it is called the dimension of the manifold. Thus, every nonempty
open subsetU of R

n is a manifold of dimension n. Since Sn − {p} is homeomorphic
to R

n for each p ∈ Sn , Sn is a manifold of dimension n.
Let M be a manifold of dimension n. A family� = {(Uα, hα) | α ∈ �} is called

a Cr (C∞)-differential atlas on M if the following hold:

(i) {(Uα | α ∈ �} is an open cover of M .
(ii) For each α ∈ �, hα is a homeomorphism from Uα to R

n .
(iii) For each pair α,β ∈ �, the restriction map hαoh

−1
β |hβ(Uα

⋂
Uβ) from hβ(Uα⋂

Uβ) to hα(Uα

⋂
Uβ) is a Cr (C∞)-map.

A Cr (C∞)-atlas � is said to compatible with a Cr (C∞)-atlas �′ if �
⋃

�′ is also a
Cr (C∞)-atlas.We have an obvious partial ordering on the set of allCr (C∞)-atlases.
A maximal Cr (C∞)-atlas � on M is called Cr (C∞)- differential structure on M .
If M admits a Cr (C∞)-atlas �, then the union of all atlases compatible with �

is a Cr (C∞)-differential structure containing �. Thus, every Cr (C∞)-atlas � is
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contained in a unique Cr (C∞)-differential structure. A manifold may admit several
differential structures. Indeed,Milnor showed the existence of 28 distinct differential
structures on S7. A Cr (C∞)-manifold is a pair (M, �), where M is a manifold and
� is a Cr (C∞) differential structure. We shall be interested in C∞-manifolds.

Example 1.1.20 1. If U is an open subset of R
n , then U is union of a countable

family {Bn | n ∈ N} of open balls in R
n . For each n, we have a homeomorphism hn

from Bn to R
n . Clearly, {(Bn, hn) | n ∈ N} is a C∞-atlas on U which determines a

unique C∞-differential structure � on U .
2. GL(n, R), being an open subset of Mn(R), is a C∞-manifold as described

above. Similarly, GL(n, C) being an open subset of C
n2 ≈ R

(2n)2 is a C∞-manifold
of dimension 4n2. It can be shown (seeChap. 5) that all closed subgroups ofGL(n, C)

are C∞-manifolds.
3. Consider Sm ⊆ R

m+1. Let U1 denote the open subset Sm − {pn} and U2 the
open subset Sm − {ps}, where pn = (0, 0, · · · , 0, 1) is the north pole and ps =
(0, 0, · · · , 0,−1) is the south pole of Sm . Define a map h1 fromU1 to R

n by putting
h1(x1, x2, · · · , xm+1) = ( x1

1−xm+1
, x2
1−xm+1

, · · · , xm
1−xm+1

) and a map h2 from U2 to R
n

by putting h2(x1, x2, · · · , xm+1) = ( x1
1+xm+1

, x2
1+xm+1

, · · · , xm
1+xm+1

). It can be easily
observed that {(U1, h1), (U2, h2)} is a C∞-atlas which determines a unique C∞-
manifold structure on Sn .

Let (M1, �1) and M2, �2) beC∞-manifolds of dimensions n andm, respectively.
Clearly, M1 × M2 is a manifold of dimension n + m. Further, �1 × �2 is a C∞-
atlas which determines a unique C∞-differential structure �. The C∞-manifold
(M1 × M2, �) is called the product of (M1, �1) and (M2, �2).

Let (M, �) be a C∞-manifold and U be an open subset of M . We say that a
map f from U to R is a C∞-function if f oh−1

α |hα(Uα

⋂
U ) is a C∞ function for each

(Uα, hα) ∈ �. This is also equivalent to say that f ok−1
β |kβ(Vβ

⋂
U ) is a C∞ function

for each (Vβ, kβ) ∈ �′, where �′ is a C∞-atlas defining the differential structure
�. Let (M, �) and (N , �′) be two C∞-manifolds. A continuous map f from M to
N is called a C∞-map if for any open subset V of N and a C∞-map h from V to
R, hof is a C∞-map on f −1(V ). This is equivalent to say that hαof ok

−1
β is a C∞-

map for each (Uα, hα) ∈ � and (Vβ, kβ) ∈ �′. Clearly, composites of C∞-maps are
C∞-maps. Thus, we have the category of C∞-manifolds.

Let C∞(M) denote the set of all C∞-functions from M to R. Then C∞(M) is
a commutative algebra over R. A derivation on C∞(M) is called a vector field
on M . The set Der(C∞(M)) of all vector fields is a vector space over R with
respect to the obvious operations. If d, d ′ ∈ Der(C∞(M)), then it is easily seen that
[d, d ′] = dd ′ − d ′d is also a member of Der(C∞(M)). In turn, Der(C∞(M)) is a
Lie subalgebra of gl(C∞(M)) over R.

Let (M, �) be a C∞-manifold and p ∈ M . Consider the set �p = {(U,φ) |
U is an open set containing p and φ is C∞ map on U }. Define a rela-
tion ≈ on �p by putting (U,φ) ≈ (V,ψ) if there is an open subset W , p ∈
W ⊆ U

⋂
V such that φ = ψ on W . It is clear that ≈ is an equivalence rela-

tion. Let C∞(p) = {(U,φ) | (U,φ) ∈ �p} denote the quotient set �p modulo
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≈. C∞(p) is called the set of germs of the C∞ functions defined at p. Sup-
pose that (U,φ) = (U ′,φ′) and (V,ψ) = (V ′,ψ′). It is easily observed that
(U

⋂
V,φ + ψ) = (U ′ ⋂ V ′,φ′ + ψ′), (U

⋂
V,φ · ψ) = (U ′ ⋂ V ′,φ′ · ψ′), and

(U, aφ) = (U ′, aφ′), a ∈ R. This makesC∞(p) a commutativeR-algebra. Further,
R is a C∞(p)-module with the external product given by (U,φ) · a = φ(p)a =
a · φ(p) = a · (U,φ). The tangent space Tp(M) of M at p is defined to be the
space Der(C∞(p), R) of all point derivations of C∞(p) at p.

If M is a complex manifold, then we can talk of an analytic atlas and an analytical
structure on M together with other related concepts by replacing C∞- maps with
analytic maps.

A group G together with C∞-structure on G is called a Real Lie Group if all the
group operations are C∞-maps. For example, GL(n, C), GL(n, R), SL(n, C), and
SU (n) are all examples of real Lie groups. Similarly, A group G together with an
analytic-structure on G is called a Complex Lie Group if all the group operations
are analytic-maps. For example, GL(n, C), SL(n, C) are all examples of complex
Lie groups. Note that SU (n) is not a complex Lie group (why?).

Let G be a real Lie group. Then for each g ∈ G, the left multiplication Lg and
the right multiplication Rg are bijective C∞-maps whose inverses are also C∞-
maps on G. For each g ∈ G, we have a map ρ(g) from C∞(G) to C∞(G) defined by
(ρ(g)( f ))(x) = f (xg). Evidently, ρ(g) ∈ GL(C∞(G)) = AutR(C∞(G)) for each
g ∈ G, and also ρ(xy) = ρ(x)ρ(y) for all x, y ∈ G. This gives us a homomorphism
ρ from G to GL(C∞(G)) = AutR(C∞(G)), and correspondinglyC∞(G) is a right
R(G)-module, where R(G) denotes the group algebra over R. Now, consider the
Lie subalgebra Der(C∞(G)) of gl(C∞(G)) consisting of derivations on C∞(G). A
member of Der(C∞(G)) need not be a G-homomorphism from C∞(G) to C∞(G).
A derivation d onC∞(G) is aR(G)-homomorphism if and only if doρ(x) = ρ(x)od
for all x ∈ G. Let (Der(C∞(G)))G = EndR(G)(C∞(G))

⋂
Der(C∞(G)) denote

the set of all derivations on C∞(G) which are R(G)-homomorphisms. Evidently,
EndR(G)(C∞(G)) is a Lie subalgebra of gl(C∞(G)). Hence (Der(C∞(G)))G is a
Lie subalgebra of gl(C∞(G)). The members of (Der(C∞(G)))G are called the G-
invariant vector fields. Each f ∈ C∞(G) determines an element (M, f ) of C∞

e (G)

which we denote by f itself. As in Proposition 1.1.18, we obtain a natural R-
isomorphism χ from (Der(C∞(G)))G to Te(G) = Der(C∞(e), R) by putting
χ(d)( f ) = d( f )(e). It follows that Te(G) is a real Lie algebra. This Lie algebra
is called the Lie algebra of G and it is denoted by L(G). We can do the same for
complex Lie groups. In Chap. 5, we shall describe Lie algebras of linear Lie groups.

Remark 1.1.21 Hilbert’s fifth problem posed by Hilbert in 1900 was to see if a
Locally Euclidean group is a Lie group. Gleason andMontgomery settled it by prov-
ing that every Locally Euclidean Group (a group together with a manifold structure
such that the group operations are continuous) is a Lie group.

Let L be a real Lie algebra. Then LC = L ⊗R C is a Lie algebra over C with
obvious Lie product. This Lie algebra is called the complexification of L . Show that
the complexification of su(n) is GL(n, C) which is also the complexification of
gl(n, R).
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Exercises

1.1.1. Assuming that the characteristic of F is 0, show that all classical Lie algebras
in the families An, Bn,Cn , and Dn are perfect and center-less.

1.1.2. Determine the centers of all the Lie algebras discussed so far.
1.1.3. Show that for any Lie algebra L , ad(L) cannot be one dimensional.
1.1.4. Show that sl(3, F) is simple if and only if the characteristic of F is different

from 3.
1.1.5. Let T ∈ gl(n, F) which has all its eigenvalues in F and all are different.

Show that ad(T ) is diagonalizable.
1.1.6. Show that the derived algebra of gl(n, F) is sl(n, F).
1.1.7. Describe the derived algebras of d(n, F), t (n, F), and n(n, F). What are

their normalizers in gl(n, F).
1.1.8. Describe the Lie algebras of the algebraic groups D(n, F), T (n, F), and

U (n, F), where D(n, F) is the group of non-singular diagonal matrices,
T (n, F) is the group of non-singular upper triangular matrices, andU (n, F)

is the group of uni-upper triangular matrices.
1.1.9. Describe all three-dimensional Lie algebras over Z3.
1.1.10. Show that (R3,×) is a Lie algebra over R. Is it simple? Describe its com-

plexification.
1.1.11. Describe all three-dimensional Lie algebras over Q. What are their com-

plexifications?
1.1.12. Establish the Leibnitz rule

δn(xy) =
∑n

i=0

nCrδ
r (x)δn−r (y)

for a derivation δ on a Lie algebra over a field of characteristic 0.
1.1.13. Let δ be a nilpotent derivation of an algebra L over a field of characteristic

0. Suppose that δn = 0. Show that

exp(δ) =
∑n−1

r=0

δr

r !
is an automorphism of L .

1.1.14. Describe the Lie subalgebra of sl(n, F) generated by {e12, e21}. Show that
the ideal of sl(n, F) generated by {e12} is sl(n, F).

1.1.15. Let bn denote the number of bracket arrangements of weight n. Consider
the power series b(t) = ∑∞

r=0 br t
r in Z[[t]]. Show that b(t)2 − b(t) + t

with b(0) = 0. Deduce that b(t) = 1 − √
1−4t

2 . Expanding this in power
series show that bn = 1

n−1
2n−2Cn .

1.1.16. Show that the Lie algebra L over C having a basis {x1, x2, x3} subject to the
relation [x2, x3] = x1, [x3, x1] = x2, and [x1, x2] = x3 is isomorphic
to sl(2, C).

1.1.17. Let us call a Lie algebra L to be a complete Lie algebra if Z(L) = {0}
and every derivation is an inner derivation. Let A be an ideal of L which
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is complete as an algebra. Show that there is an ideal B of L such that
L = A ⊕ B.

1.1.18. Show that every non-abelian Lie algebra of dimension 2 is complete.

1.2 Universal Enveloping Algebras: PBW Theorem

This section is devoted to introducing and studying some universal objects in the
category of Lie algebras such as universal enveloping algebras, free Lie algebras, and
also to describingLie algebras through presentations.We also establish the Poincaré–
Birkhoff–Witt (PBW) theorem together with some of its consequences. Every group
G is isomorphic to a subgroup of GL(V ) for some vector space V (consequence
of Cayley’s theorem). We shall show that every Lie algebra is isomorphic to a Lie
subalgebra of gl(V ) for some vector space V (not necessarily finite dimensional). In
case of groups, every finite group is isomorphic to a subgroup of a matrix group over
a field F . The corresponding analogue for the Lie algebras are the theorems of Ado
and of Iwasawa (Theorems 3.1.23 and 3.1.25) which assert that a finite-dimensional
Lie algebra over F is isomorphic to a Lie subalgebra of gl(n, F) for some n.

Let V be a vector space (not necessarily finite dimensional) over an arbitrary
field F . Recall (Sect. 7, Algebra 2) the tensor algebra T (V ) on V . Thus, as
a vector space, T (V ) = ⊕∑∞

n=0 ⊗nV , where ⊗0V = F , ⊗1V = V , and
⊗nV = V ⊗ V ⊗ · · · ⊗ V︸ ︷︷ ︸

n

. For each m, n ≥ 0, we have a bi-linear product ηnm

from ⊗nV × ⊗mV to ⊗n+mV given by

ηnm(x1 ⊗ x2 ⊗ · · · ⊗ xn, x1 ⊗ x2 ⊗ · · · ⊗ xm) = x1 ⊗ x2 ⊗ · · · ⊗ xn ⊗ x1 ⊗ x2 ⊗ · · · ⊗ xm .

These partial products can be extended by linearity to a unique associative bi-linear
product on T (V ). This makes T (V ) an associative F-algebra. The algebra T (V )

is called the tensor algebra of V . We have the tautological injective linear map iV
from V to ⊗1V ⊆ T (V ) given by iV (v) = v. The pair (T (V ), iV ) has the following
universal property: (�) If φ is a linear map from V to an associative algebra A,
then there is a unique algebra homomorphism φ from T (V ) to A such that φoiV =
φ. Further, if (B, j) is a pair which also satisfies the universal property (�), then
there is a unique algebra homomorphism j from T (V ) to B, and a unique algebra
homomorphism iV from B to T (V ) such that joiV = j and iV oj = iV . Thus,
iV o joiV = iV = IT (V )oiV . From the universal property of (T (V ), iV ), iV o j =
IT (V ). Similarly, joiV = IB . This shows that (T (V ), iV ) is the unique pair up to
an isomorphism which satisfies the universal property (�). Consequently, if f is
a linear map from a vector space V to a vector space W , then there is a unique
algebra homomorphism T ( f ) from T (V ) to T (W ) such that T ( f )oiV = iW of .
Thus, T defines a functor from the category of vector spaces over F to the category
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of associative algebras over F which is adjoint to the forgetful functor from the
category of associative algebras over F to the category of vector spaces over F .

T (V ) has a simpler description as a polynomial algebra: Let B be a basis of V
and let S be a set of symbols in bijective correspondence with B. Let F̂[S] denote
the polynomial algebra over F in non-commuting indeterminates belonging to S.
We have a linear map i from V to F̂[S] induced by the bijective correspondence
from the basis B to the set S of indeterminates. It is an easy observation that the pair
(F̂[S], i) also satisfies the universal property �. In fact, F̂[S] is a free associative
algebra on the set S, and V is the free F-module on S.

Let I be the ideal of the tensor algebra T (V ) generated by {x ⊗ y − y ⊗ x |
x, y ∈ V }. The algebra T (V )/I is called the symmetric algebra of V and it is
denoted by S(V ). The natural quotient map from T (V ) to S(V ) will be denoted
by π. Clearly, S(V ) is an associative and commutative algebra over F . Fur-
ther, I (V ) = ⊕ ∑∞

n=2(I
⋂ ⊗nV ) (note that I

⋂
F = {0} = I

⋂ ⊗1V ). Thus,
S(V ) = ⊕ ∑∞

n=0 S
m(V ), where S0(V ) = F , S1(V ) = V , and Sm(V ) =

⊗mV/(I
⋂ ⊗mV ), m ≥ 2. Sm(V ) is called the mth symmetric power of V . We

have the tautological linear map iV from V to S(V ). The pair (S(V ), iV ) has the
following universal property: (��) If (B, j) is a pair, where B is an associative and
commutative algebra and j is a linear map from V to B, then there is a unique homo-
morphism j from S(V ) to B such that joi = j . As in the case of tensor algebra, the
pair (S(V ), iV ) is unique up to isomorphism which satisfies the universal property
(��). Evidently, S defines a functor from the category of vector spaces to the cate-
gory of commutative algebras over F which is adjoint to the forgetful functor. The
symmetric algebra of V has a simpler description as polynomial algebra F[S] in the
set S of commuting variables, where S is in bijective correspondence with a basis of
V .

Now, we introduce the adjoint functor to the functor from the category of associa-
tive algebras to the category of Lie algebras which associates with each associative
algebra A the associated Lie algebra AL (see Example 1.1.10).

Definition 1.2.1 A universal enveloping algebra of a Lie algebra L over a field
F is a pair (U (L), jL), where U (L) is an associative algebra over F and jL is a
Lie algebra homomorphism from L to the associated Lie algebra U (L)L such that
it satisfies the following universal property: (� � �) If (B, j) is also a pair, where B
is an associative algebra and j is a Lie algebra homomorphism from L to BL , then
there is a unique algebra homomorphism j from U (L) to B such that jojL = j .

As usual, the pair (U (L), jL) is unique up to a natural isomorphism.
We show the existence of a universal enveloping algebra by constructing it. Let

T (L) denote the tensor algebra of L considered as a vector space. Let J denote the
ideal of T (L) generated by {x ⊗ y − y ⊗ x − [x, y] | x, y ∈ L} (note that (x ⊗ y −
y ⊗ x) belongs to the component ⊗2L of T (L) and [x, y] belongs to the component
L of T (L)). Take U (L) to be T (L)/J and jL = νoiL , where ν is the quotient
map from T (L) to T (L)/J . Let B be an associative algebra and j be a linear map
from L to B such that j ([x, y]) = j (x) j (y) − j (y) j (x) for all x, y ∈ L . From the
universal property of (T (L), iL), there is a unique algebra homomorphism φ from
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T (L) to B such that φoiL = j . Since j ([x, y]) = j (x) j (y) − j (y) j (x), it follows
that φ(x ⊗ y − y ⊗ x − [x, y]) = 0. Hence φ induces a unique homomorphism ψ
fromU (L) to B such thatψojL = j . This shows that the pair (U (L), jL) is universal
enveloping algebra of L .

Let η be a homomorphism from a Lie algebra L to a Lie algebra L ′. Then jL ′oη
is a Lie algebra homomorphism from L to U (L ′)L . From the universal property of
the universal enveloping algebra, we have a unique algebra homomorphism U (η)

from U (L) to U (L ′) such that jL ′oη = U (η)ojL . This defines a functor U from
the category of Lie algebras to the category of associative algebras. The functor U
is adjoint to the functor from the category of associative algebras to the category of
Lie algebras which associates with each associative algebra A the corresponding Lie
algebra AL .

Example 1.2.2 If L is an abelian Lie algebra, then [x, y] = 0 for all x, y ∈ L .
Thus, the ideal J is the same as I . Hence in this case, U (L) = S(L). If L is a
non-abelian Lie algebra of dimension 2, then there is a basis {x, y} of L such that
[x, y] = x . In this case, U (L) is isomorphic to F̂[X,Y ]/J , where F̂[X,Y ] is the
polynomial ring in non-commuting variables X and Y , and J is the principal ideal
of K̂ [X,Y ] generated by XY − Y X − X = X (Y − 1) − Y X . Observe that in both
the cases jL is injective. Also observe that in this case {XrY s + J | r ≥ 0, s ≥ 0}
forms a basis of U (L).

Theorem 1.2.3 Let L be a Lie algebra. Then the universal enveloping algebra
(U (L), jL) of L satisfies the following properties:

1. The image jL(L) generates U (L) as an associative algebra.
2. Let A be an ideal of L. Let Â denote the ideal of U (L) which is generated by

jL(A). Then the pair (U (L)/ Â, ĵL) is the universal enveloping algebra of L/A,
where ĵL is given by ĵL(x + A) = jL(x) + Â.

3. There is a unique anti-automorphism ρ of U (L) such that ρ( jL(x)) = − jL(x)
for each x ∈ L. Further ρ2 = IU (L).

4. We have a unique algebra homomorphism� fromU (L) to the algebraU (L) ⊗F

U (L) (note that U (L) ⊗F U (L) is an associative algebra) such that

�( jL(x)) = jL(x) ⊗ 1 + 1 ⊗ jL(x)

for each x ∈ L. The homomorphism � is called the diagonal homomorphism.
5. For each derivation d on L, we have a unique derivation d̂ on U (L) such that

d̂ojL = jLod.

Proof 1. Since T (L) is generated by iL(L) and jL = νoiL , it follows that U (L) is
generated by jL(L).

2. Evidently, themap ĵL from L/A toU (L)/ Â given by ĵL(x + A) = jL(x) + Â
is a linear map. Also
ĵL([x + A, y + A])
= ĵL([x, y] + A)
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= jL([x, y]) + Â
= ( jL(x) jL(y) − jL(y) jL(x)) + Â
= [ jL(x) + Â, jL(y) + Â]
= [ ĵL(x + A), ĵL(y + A)].
This shows that ĵL is a Lie algebra homomorphism from L/A to (U (L)/ Â)L . Next,
let B be an associative algebra and let μ be a Lie algebra homomorphism from
L/A to BL . Then μ induces a Lie algebra homomorphism ν from L to BL given by
ν(x) = μ(x + A). Since (U (L), jL) is a universal enveloping algebra of L , we have
a unique Lie algebra homomorphism μ̂ fromU (L) to B such that μ̂ojL = ν. Hence
(μ̂ojL)(x) = ν(x) = μ(x + A) = 0 whenever x ∈ A. Hence μ̂( jL(A)) = 0.
Consequently, μ̂( Â) = 0. Thus, μ̂ induces a unique homomorphismμ fromU (L)/ Â
to B such that μo ĵL = μ. It follows that (U (L)/ Â, ĵL) is the universal enveloping
algebra of L/A.

3. Consider the universal enveloping algebra (U (L), jL) of L . U (L) is also an
associative algebra with respect to the new product � given by u � v = v · u, where
· is the product in U (L). Let us denote this new associative Lie algebra by U (L)′.
Let [, ]′ denote the associated Lie algebra structure. Consider the map η from L to
U (L) given by η(x) = − jL(x). Then η([x, y]) = − jL [x, y] = [ jL(y), jL(x)] =
[η(y), η(x)] = [η(x), η(y)]′. Thus, η is a Lie algebra homomorphism from L to
(U (L)′)L . From theuniversal property of (U (L), jL),weget a homomorphismρ from
U (L) toU (L)′ such that ρoJL = η = − jL . Evidently, ρ is the anti-automorphism
of U (L) such that ρ2 = IL .

4. Consider the associative algebra U (L) ⊗F U (L) and the map φ from L to
U (L) ⊗K U (L) given by φ(x) = JL(x) ⊗ 1 + 1 ⊗ jL(x). Clearly, φ is a linear
map. Further,

φ([x, y]) = jL([x, y]) ⊗ 1 + 1 ⊗ jL([x, y]) = ( jL(x) jL(y) − jL(y) jL(x))⊗
1 + 1 ⊗ ( jL(x) jL(y) − jL(y) jL(x)) = φ(x)φ(y) − φ(y)φ(x).

This means that φ is a Lie algebra homomorphism from L to (U (L) ⊗F U (L))L .
From the universal property of (U (L), jL), we have a unique algebra homomorphism
� with the required property.

5. Let d be a derivation of the Lie algebra L . Consider the algebra M2(U (L)) of
2 × 2 matrices with entries in the universal enveloping algebraU (L) of L . Consider
the map φ from L to M2(U (L)) which is given by

φ(x) =
[
jL(x) jL(d(x))
0 jL(x)

]

.

Clearly φ is a linear map. Also using the fact that d is a derivation and jL is a linear
map, it can be easily seen that φ[x, y] = φ(x)φ(y) − φ(y)φ(x). Hence from the
universal property of (U (L), jL), there is a unique homomorphism φ from U (L)

to M2(U (L)) such that φojL = φ. Since jL(L) generates U (L) and since the set
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of upper triangular matrices with same diagonal entries is closed under the matrix
product, we have a unique map d̂ from U (L) to itself such that for u ∈ U (L),

φ(u) =
[
u d̂(u)

0 u

]

.

The fact that φ is a homomorphism implies that d̂ is a derivation of U (L). Clearly,
d̂ojL = jLod. �

Our next aim is to determine the structure of U (L) (PBW theorem). We have the
filtration

T 0(L) ⊆ T 1(L) ⊆ T 2(L) ⊆ · · · · · · T n(L) ⊆ T n+1(L) ⊆ · · ·

of T (L) considered as a vector space, where Tm(L) = ⊕∑m
i=0 ⊗i L . Consequently,

we get a filtration

U 0(L) ⊆ U 1(L) ⊆ U 2(L) ⊆ · · · · · ·Un(L) ⊆ Un+1(L) ⊆ · · ·

of U (L) considered as a vector space, where Um(L) = ν(Tm), ν being the quo-
tient map from T (L) to U (L). Evidently, U p(L)Uq(L) ⊆ U p+q(L). Let �m(L)

denote the vector space Um(L)/Um−1(L). Put �(L) = ⊕ ∑∞
m=0 �m(L). The

product in U (L) induces a bi-linear product from �p(L) × �q(L) to �p+q(L)..
These bi-linear products can be extended by linearity to an associative product
on �(L) which makes �(L) an associative algebra. For each m, we have a lin-
ear map μm from ⊗mL to �m(L) given by μm(x) = ν(x) +Um−1(L). Given
any u ∈ Um(L), there is an element x = xo + x1 + · · · + xm of Tm(L) such that
ν(x) = u, where xi ∈ ⊗i L for each i . Evidently, μm(xm) = ν(xm) +Um−1(L) =
ν(x) +Um−1(L) = u +Um−1(L). This shows that μm is a surjective linear map
from⊗m(L) to�m(L). This gives us a unique linear map μ from T (L) to�(L) sub-
ject to μ|⊗m L = μm for each m. If x ∈ ⊗p(L) and y ∈ ⊗q(L), then xy ∈ ⊗p+q(L)

and μ(xy) = μp+q(xy) = ν(xy) +U p+q−1(L) = ν(x)ν(y) +U p+q−1(L) =
(ν(x) +U p−1(L))(ν(y) +Uq−1(L)) = μ(x)μ(y). This shows that μ is a surjective
algebra homomorphism from T (L) to�(L). Consider the element x ⊗ y − y ⊗ x ∈
⊗2L . Then ν(x ⊗ y − y ⊗ x) ∈ �2(L). Also x ⊗ y − y ⊗ x − [x, y] ∈ J for all
x, y ∈ L . Further, μ(x ⊗ y − y ⊗ x) = μ2(x ⊗ y − y ⊗ x) +U1(L) = U1(L),
since x ⊗ y − y ⊗ x = [x, y] ∈ U1(L). It follows that x ⊗ y − y ⊗ x ∈ ker μ for
each pair x, y ∈ L . Hence I ⊆ ker μ. In turn, μ induces a unique surjective alge-
bra homomorphism μ from the symmetric algebra S(L) of L to �(L) such that
μoπ = μ, where π is the natural quotient map from T (L) to S(L).

Theorem 1.2.4 (Poincaré–Birkhoff–Witt) The algebra homomorphismμ from S(L)

to �(L) is an isomorphism.

Before proving the theorem, we derive some of its important consequences as
corollaries.
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Corollary 1.2.5 Let W be a subspace of ⊗mL such that the quotient map ηm from
⊗mL to Sm(L) = ⊗mL/(I

⋂ ⊗mL) restricted to W is an isomorphism. Then
Um(L) = ν(W ) ⊕Um−1(L).

Proof Under the hypothesis of the corollary, it is clear that⊗mL =W ⊕ (I
⋂ ⊗mL).

Thus, it follows from the PBW theorem that μm |W is an isomorphism from W to
�m(L) = Um(L)/Um−1(L). Consequently, Um(L) = ν(W ) ⊕Um−1(L). �

Corollary 1.2.6 The linear map jL from L to U (L) is an injective linear map which
is also a Lie homomorphism from L to U (L)L .

Proof The map η1 is a tautological isomorphism from L = ⊗1L to S1(L). The
result follows from the above corollary, since U0 = {0}. �

Let L be a Lie algebra. Let {xλ | λ ∈ �} be a basis of L , where (�,≤) is a well-
ordered index set. Such a basis exists because of the well-ordering theorem. For
each member � = (λ1,λ2, · · · ,λm) ∈ �m , let x� denote the element xλ1 ⊗ xλ2 ⊗
· · · ⊗ xλm of ⊗mL . We put x∅ = 1 for ∅ ∈ �0, and for (λ) ∈ �1, we denote x(λ)

by xλ. Evidently, Xm = {x� | � ∈ �m} is a basis of ⊗mL . Next, let �m denote the
subset {(λ1,λ2, · · · ,λm) ∈ �m | λ1 ≤ λ2 ≤ · · · ≤ λm} of �m . For m = 0, �0 =
{∅} and for m = 1, �1 = �1. For each m and for each ordered m-tuple � =
(λ1,λ2, · · · ,λm) ∈ �m , the element xλ1 ⊗ xλ2 ⊗ · · · ⊗ xλm + (I

⋂ ⊗mL)of Sm(L)

is denoted by x� . We put x(λ) = xλ. Thus, x� = xλ1 xλ2 · · · xλm . By the convention,
x∅ = 1. More generally, the image of the element x ∈ L under the embedding iL
of L to S1(L) ⊆ S(L) is denoted by x .

Let Wm be the subspace of ⊗mL generated by {x� | � ∈ �m}. Since {x� | � ∈
�m} is a basis of Sm(L), the quotient map ηm |Wm from Wm to Sm(L) is an iso-
morphism. It follows from Corollary 1.2.5 that Um(L) = ν(Wm) ⊕Um−1(L) and
ν(Xm) = {x� + J | � ∈ �m} is a basis of ν(Wm). Since

U 0(L) ⊆ U 1(L) ⊆ U 2(L) ⊆ · · · ⊆ Un(L) ⊆ Un+1(L) ⊆ · · ·

is a filtration of U (L), we obtain the following corollary:

Corollary 1.2.7
⋃∞

m=1 ν(Xm)
⋃{1} is a basis of U (L). More explicitly, {xλ1 ⊗

xλ2 ⊗ · · · ⊗ xλm + J | λ1 ≤ λ2 ≤ · · · ≤ λm} ⋃{1} is a basis of U (L). �

The basis of U (L) described in the above corollary is termed as the PBW basis
of U (L).

Corollary 1.2.8 Let M be a Lie subalgebra of a Lie algebra L. Then U (i) is injec-
tive algebra homomorphism fromU (M) to U (L), where i is the inclusion homomor-
phism. Further, U (L) is a free U (M)-module.

Proof Let X = {xλ | λ ∈ �} be a basis of M , where (�,≤) is a well-ordered set.
Embed it into a basis {xλ | λ ∈ �′}, where � ⊆ �′. By the well-ordering theorem,
we have a well order on �′ − �. In turn, we get a well order ≤′ on �′ such that
≤′ |� = � and λ <′ μ for all λ ∈ � and μ ∈ �′ − �. From the above corollary,
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(
⋃∞

m=1 ν(X ′
m))

⋃{1} is a basis of U (L) whereas (
⋃∞

m=1 ν(Xm))
⋃{1} is a basis

of U (M). Evidently, ν(Xm) ⊆ ν(X ′
m). This shows that U (M) can be realized as a

subalgebra of U (L) and U (L) is a free U (M)-module with basis
⋃∞

m=1(ν(X ′
m) −

ν(Xm))
⋃{1}. �

Corollary 1.2.9 If L is a Lie algebra, then U (L) is without zero divisors.

Proof Since S(L) ≈ �(L) and the symmetric algebra S(L), being isomorphic to
the polynomial algebra, is without zero divisors, it follows that the algebra �(L)

is without zero divisors. We show that U (L) is without zero divisors. Let x, y
be members of U (L) such that xy = 0 with y 	= 0. Then there is the small-
est r ≥ 1 such that y ∈ Ur (L) but y /∈ Ur−1(L). Suppose that x ∈ Um(L). Then
(x +Um−1(L))(y +Ur−1(L)) = 0 in �(L). Since �(L) is without zero divi-
sors and y +Ur−1(L) is a nonzero element, x +Um−1(L) is zero in �m(L). Hence
x ∈ Um−1(L). Proceeding inductively, we see that x ∈ U 0(L) = F . Since xy = 0,
x = 0. �

Consider the universal enveloping algebra (U (L), jL) of L . For each u ∈ U (L),
we have the left multiplication map lu from U (L) to U (L) given by lu(v) = uv.
Clearly, lu ∈ EndK (U (L)) = gl(U (L)). The map φ from U (L) to EndK (U (L))

defined by φ(u) = lu is easily seen to be an algebra homomorphism. Since U (L)

has no nonzero divisors, φ is injective. Consequently, φojL is an injective Lie algebra
homomorphism from L to gl(U (L))L . We have established the following analogue
of Cayley’s theorem for Lie algebras.

Corollary 1.2.10 Every Lie algebra is isomorphic to a Lie subalgebra of gl(V ) for
some vector space V . In the language of the representation theory, every Lie algebra
has a faithful representation. �

Observe that even if L is finite dimensional, the algebra U (L) need not be
finite dimensional. However, the theorem of Ado–Iwasava asserts that every finite-
dimensional Lie algebra is the Lie subalgebra of gl(V ) for some finite-dimensional
space V . Ado proved it for the characteristic 0 case, and Iwasava proved it for the
positive characteristic. The proofs of these results will follow in Chap. 3.

We still postpone the proof of the PBW theorem and use it further to introduce
the concept of free Lie algebras and that of the presentations of Lie algebras.

Definition 1.2.11 Let X be a set. A pair (L(X), iX ), where L(X) is a Lie algebra
over F and iX is amap from X to L(X), is called a free Lie algebra on X if it satisfies
the following universal property: For any pair (B, j), where B is a Lie algebra over
F and j is a map from X to B, there is a unique Lie algebra homomorphism j from
L(X) to B such that joiX = j .

As usual, the pair (L(X), iX ) is unique up to isomorphism. For the existence, let V be
a vector space over F with X as a basis. Consider the tensor algebra (T (V ), iV ) on V .
Let L(X) denote the Lie subalgebra of the Lie algebra (T (V ))L generated by iV (X).
Observe that (T (V ), iX ) is the free associative algebra on X , where iX = iV |X .
We show that (L(X), iX ) is a free Lie algebra on X . Let M be a Lie algebra and
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j be a map from X to M . Then jMoj is a map from X to the universal enveloping
algebraU (M) of M . Since T (V ) is free associative algebra on X , we get an algebra
homomorphism φ from T (V ) to U (M) such that φoiX = jMoj . In turn, φ is also a
Lie algebra homomorphism from T (V )L toU (M)L . Since jM(M) is a Lie subalgebra
ofU (M)L containing ( jMoj)(X) and L(X) is the Lie subalgebra of T (V )L generated
by iX (X), η = ( jM)−1oφ|L(X) is a Lie algebra homomorphism from L(X) to M
such that ηoiX = j . This ensures that (L(X), iX ) is a free Lie algebra on X . The
members of L(X) are called the Lie elements in X .

In particular, if X is a set,W is a vector space over F , and · is amap from X × W to
W such that x · (αw + βw′) = α(x · w) + β(x · w′) for all w,w′ ∈ W and α,β ∈
F , thenwe have a unique L(X)-module structure onW subject to iX (x) · w = x · w.

Presentations of Lie Algebras

Let F be a fixed field. A presentation of a Lie algebra is a pair < X; R >, where X
is a set and R is a set of Lie elements in X . Let L be a Lie algebra. A presentation
< X; R > together with a map φ from X to L is called a presentation of L if the
induced homomorphism φ from L(X) to L is surjective and the kernel of φ is the
ideal of L(X) generated by R. The members of R are called the defining relations of
the presentation. Thus, < X; ∅ > together with the map iX is a presentation of the
free Lie algebra L(X) on X . The presentation < {x, y}; {x ⊗ y − y ⊗ x − x} >

is a presentation of a non-abelian two-dimensional Lie algebra. As in the case of
the presentation theory of groups, one can have the analogue of the word problem
and also the isomorphism problems in the theory of presentations of Lie algebras. In
general, a finite presentation may represent an infinite-dimensional Lie algebra. One
of the most important aims of the book is to have a faithful classification of finite-
dimensional semi-simple Lie algebras over an algebraically closed characteristic 0
in terms of presentations.

We state without proof the following analogue of the Nielsen–Schreier theorem.

Theorem 1.2.12 (Širšov–Witt Theorem) Every subalgebra of a free Lie algebra is
free. �

Proof of the PBW Theorem

Now, we proceed for a proof of the PBW theorem. We establish a few lemmas for
this purpose.

We have a filtration

S0(L) ⊆ S1(L) ⊆ S2(L) ⊆ · · · Sm(L) ⊆ Sm+1(L) ⊆ · · ·

of S(L), where Sm(L) = ⊕ ∑m
i=0 S

i (L). Thus, S0(L) = F and S1(L) = F ⊕
S1(L), where S1(L) = L = {x | x ∈ L} is isomorphic to L as a vector space.

Lemma 1.2.13 GivenaLie algebra L, there is aunique sequence { fm ∈ Hom(L ⊗F

Sm(L), S(L)) | m ∈ N
⋃{0}} of linear maps satisfying the following conditions:

1. fm |L⊗F Sm−1(L) = fm−1 for each m.
2. fm(xλ ⊗ x�) = xλ x� , where � = (λ1,λ2, · · · ,λm) ∈ �m and λ ≤ λ1.
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3. If � ∈ �r , r ≤ m, then fm(xλ ⊗ x�) = xλ x� + ur for some ur ∈ Sr (L).
4. If � ∈ �m−1, then fm([xλ, xμ] ⊗ x�) = fm(xλ ⊗ ( fm(xμ ⊗ x�))) − fm(xμ ⊗

( fm(xλ ⊗ x�))).

Proof We construct the sequence { fm | m ≥ 0} by the induction on m. The unique-
ness is also established by the induction. Indeed, for each m, we construct the
finite sequence { fr | r ≤ m} satisfying the conditions of the lemma. For m = 0,
S0(L) = F , �0 = {∅}, x∅ = 1. We have the unique linear map f0 from
L ⊗ S0(L) to S(L) such that f0(xλ ⊗ x∅) = xλ x∅ = xλ. Indeed, it is given by
f0(x ⊗ α) = αx . Conditions 3 and 4 are vacuously satisfied. Uniqueness is evident
because of condition 2. For more clarity in the arguments, we construct f1 also.
We need to define f1(xλ ⊗ xμ) for all λ,μ ∈ � which we can further extend by
linearity. Condition 2 forces us to define f1(xλ ⊗ xμ) = xλ xμ whenever λ ≤ μ
and also f1(xλ ⊗ 1) = f1(xλ ⊗ x∅) = xλ x∅ = xλ. Thus, f1|L⊗S0(L) = f0.
Suppose that μ < λ. Condition 3 requires the existence of a u1 ∈ S1(L) such that
f1(xλ ⊗ xμ) = xλxμ + u1. We use condition 4 to determine u1. By 2 and 4,

f1(xλ ⊗ xμ) = f1(xλ ⊗ f1(xμ ⊗ x∅)) = f1(xμ ⊗ f1(xλ ⊗ x∅) + f1([xλ, xμ] ⊗ x∅) =
f1(xμ ⊗ xλ) + [xλ, xμ] = xμ xλ + [xλ, xμ] = xμ xλ + xλ xμ − xμ xλ = xλ xμ.

Thus, u1 = 0 and f1(xλ ⊗ xμ) = xλ xμ for all λ,μ ∈ �. This completes the
construction of the sequence { f0, f1}.

Assume that the sequence { f0, f1, · · · , fm},m ≥ 1 with the required conditions
has already been constructed. We construct fm+1. Condition 1 forces us to define
fm+1(x ⊗ u) = fr (x ⊗ u) whenever u ∈ Sr (L), r ≤ m. Thus, it is sufficient to
define fm+1(xλ ⊗ x�) for all � = (λ1,λ2, · · · ,λm+1} ∈ �m+1 and then extend it to
a linear map from L ⊗ Sm+1(L) to S(L). If λ ≤ λ1, then condition 2 forces us to put
fm+1(xλ ⊗ x�) = xλ x� . In general to ensure condition 3, fm+1(xλ ⊗ x�) should be
xλ x� + um+1 for some um+1 ∈ Sm+1(L) to be determined. Suppose that λ1 < λ.
Let us denote the element (λ2,λ3, · · · ,λm+1) of �m by �′. Since x�′ ∈ Sm(L),
fm+1(xλ1 ⊗ x�′) = fm(xλ1 ⊗ x�′) = xλ1 x�′ = x� . Again, since x�′ ∈ Sm(L), by
the induction hypothesis, there is a unique um ∈ Sm(L) such that fm+1(xλ ⊗ x�′) =
fm(xλ ⊗ x�′) = xλ x�′ + um . Condition 4 forces us to put

fm+1(xλ ⊗ x�) = xλ1 xλ x�′ + fm(xλ1 ⊗ um) + fm([xλ, xλ1 ] ⊗ x�′).

This completes the forced construction of fm+1. Conditions 1, 2, and 3 hold by the
construction. If�′ = (λ2,λ3, · · · λm+1) ∈ �m and μ = λ1 < λ then also condition
4 follows from the construction of fm+1 as above. Since [xμ, xλ] = −[xλ, xμ],
condition 4 also holds whenλ < μ ≤ λ2. Since [xλ, xλ] = 0, condition 4 also holds
forλ = μ. Suppose thatλ2 < λ and alsoλ2 < μ. Denote (λ3,λ4, · · · λm+1) ∈ �m−1

by �′′. Since λ2 ≤ λi for all i ≥ 3, by the induction assumption,

fm+1(xλ2 ⊗ x�′′) = fm−1(xλ2 ⊗ x�′′) = xλ2 x�′′ = x�′ .
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Again using the induction hypothesis,

fm+1(xμ ⊗ x�′) = fm(xμ ⊗ fm(xλ2 ⊗ x�′′)) =
fm(xλ2 ⊗ fm(xμ ⊗ x�′′)) + fm([xμ, xλ2 ] ⊗ x�′′) · · · (1.1)

Thus, since λ2 < μ,

fm+1(xλ ⊗ fm+1(xμ ⊗ x�′))

= fm+1(xλ ⊗ ( fm(xλ2 ⊗ fm(xμ ⊗ x�′′)) + fm([xμ, xλ2 ] ⊗ x�′′)))

= fm+1(xλ ⊗ ( fm(xλ2 ⊗ fm(xμ ⊗ x�′′)))) + fm+1(xλ ⊗ ( fm([xμ, xλ2 ] ⊗ x�′′)))

= fm+1(xλ2 ⊗ fm(xλ ⊗ fm(xμ ⊗ x�′′))) + fm([xλ, xλ2 ] ⊗ fm(xμ ⊗ x�′′))+
fm([xμ, xλ2 ] ⊗ fm(xλ ⊗ x�′′)) + fm([xλ, [xμ, xλ2 ]] ⊗ x�′′) · · · (1.2)

Since λ2 < λ, we may interchange λ and μ to get the equation

fm+1(xμ ⊗ fm+1(xλ ⊗ x�′))

= fm+1(xλ2 ⊗ fm(xμ ⊗ fm(xλ ⊗ x�′′))) + fm([xμ, xλ2 ] ⊗ fm(xλ ⊗ x�′′))+
fm([xλ, xλ2 ] ⊗ fm(xμ ⊗ x�′′)) + fm([xμ, [xλ, xλ2 ]] ⊗ x�′′) · · · (1.3)

Subtracting 3 from 2, applying condition 4 for fm again, and using the Jacobi identity
for L , we arrive at

fm+1(xλ ⊗ fm+1(xμ ⊗ x�′)) − fm+1(xμ ⊗ fm+1(xλ ⊗ x�′)) = fm([xλ, xμ]⊗
fm(xλ2x�′′)) + fm(([xλ2 , [xλ, xμ]] + [xλ, [xμ, xλ2 ]] + [xμ, [xλ2 , xλ]]) ⊗ x�′′) =

fm([xλ, xμ] ⊗ fm(xλ2x�′′)).

Since λ2 ≤ λi for all i ≥ 3, fm(xλ2 ⊗ x�′′) = xλ2 x�′′ = x�′ . Thus,

fm+1(xλ ⊗ fm+1(xμ ⊗ x�′)) − fm+1(xμ ⊗ fm+1(xλ ⊗ x�′)) = fm+1([xλ, xμ] ⊗ x�′).

This verifies condition 4 also for fm+1. The proof of the lemma is complete. �

As a consequence of the above lemma, we have the following:

Lemma 1.2.14 We have a representation ρ of L on S(L) such that the following
hold:
For each � = (λ1,λ2, · · · ,λm) in �m,

ρ(xλ)(x�) = xλ x�

whenever λ ≤ λ1, and in general
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ρ(xλ)(x�) = xλ x� + um

for some um ∈ Sm(L).

Proof Let x ∈ L and u ∈ S(L). Then there is a m ≥ 0 such that u ∈ Sm(L). If
u ∈ Sm(L) and also u ∈ Sn(L) with m ≤ n, then from Lemma 1.2.13, fn(x ⊗ u) =
fm(x ⊗ u). Define ρ(x)(u) = fm(x ⊗ u). This gives us a linear map ρ from L to
EndF (S(L)). Condition 4 of Lemma 1.2.13 ensures that it is a Lie algebra homo-
morphism from L to (EndF (S(L)))L = gl(S(L))L . It is also clear that ρ satisfies
the required condition. �

Lemma 1.2.15 Let x = x0 + x1 + · · · + xm be a member of Tm(L) = ⊕ ∑m
r=0⊗r L, where xr ∈ ⊗r L , r ≤ m. Suppose that x ∈ J , where J is the kernel of the

natural quotient map ν from T (L) to U (L). Then xm ∈ I , where I is the kernel of
the natural quotient map π from T (L) to S(L).

Proof For each� = (λ1,λ2, · · · ,λm) ∈ �m , let x� denote themember xλ1 ⊗ xλ2 ⊗
· · · ⊗ xλm of T (L). Evidently, π(x�) is the monomial xλ1 xλ2 · · · xλm in xλi (note that
S(L) is commutative polynomial algebra in {xλ | λ ∈ �}). Clearly, {x� | � ∈ �m}
is a basis of ⊗mL . From Lemma 1.2.14, we have a Lie algebra homomorphism
ρ from L to gl(S(L))L = (EndF (S(L)))L satisfying the conditions described in
Lemma 1.2.14. Again, from the universal property ofU (L), we have a unique algebra
homomorphism ρ from U (L) = T (L)/J to EndF (S(L)) such that ρojL = ρ. In
turn, we obtain an algebra homomorphism ρ̂ from T (L) to EndF (S(L)) such that
ρ̂oiL = ρ. It follows that J ⊆ Ker ρ̂. By Lemma 1.2.14, ρ(xλ)(1) = ρ(xλ)(x∅) =
xλ and ρ(xλ)(x�) = xλ x� + um for some um ∈ Sm(L). It follows that ρ(x)(1) is a
linear combination of monomials in xλ with the highestm degree terms representing
ρ(xm). Since x ∈ J ⊆ Ker ρ̂, ρ(x) = 0. In turn, ρ(x)(1) = 0. Consequently,
π(xm) = 0. This shows that xm ∈ I . �

Proof of the PBW Theorem. We need to show that μ from S(L) to �(L) is an
isomorphism. Recall the discussion before the statement of the PBW theorem. We
have already seen that μ is a surjective homomorphism. By the definition, μoπ = μ,
where μ is the surjective homomorphism from T (L) to �(L). Let x be a member
of T (L) such that μ(x) = 0. We need to show that x ∈ I . Clearly, x = x0 + x1 +
· · · + xm belong to Tm(L) for somem, where xi ∈ ⊗i (L) for each i ≤ m. Recall that
μ(x) = μm(xm) = ν(xm) +Um−1(L). Hence ν(xm) ∈ Um−1(L). Consequently,
there is amember x ′

m ∈ Tm−1(L) such that ν(xm) = ν(x ′
m). In turn, xm − x ′

m belongs
to J . From the previous lemma, xm ∈ I . Hence μ(x) = μm(xm) = 0. This shows
that x ∈ I . �

Exercises

1.2.1. Suppose that two Lie algebras L and L ′ are isomorphic. Show that U (L) is
isomorphic to U (L ′). Is the converse true? Support.

1.2.2. Describe the structure of U (sl(2, C)).
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1.2.3. Suppose that L is a finitely generated Lie algebra. Show that U (L) is a
Noetherian ring. What about the converse? Hint: Use the Hilbert basis the-
orem.

1.2.4. Let L be a free Lie algebra. Show that U (L) is a free associative algebra.
1.2.5. Characterize Lie algebras for which U (L) is a semi-simple ring.
1.2.6. Describe the free Lie algebra on a singleton.
1.2.7. Let L(X) be a free Lie algebra on X over a field of characteristic 0. Sup-

pose that X contains m elements. Show that Dim (L(X)
⋂

U (L)n) =
1
n

∑
d|n μ(d)m

n
d , where μ is the Möbius function.

In the following exercises (1.2.8-1.2.12), we give another description of free
Lie algebras and also of presentations.

1.2.8. Let X = {xλ | λ ∈ �} be a set and �(X) denote the set of all bracket
arrangements in X of differentweightswith 1 representing the empty bracket
arrangement. Define a product · in �(X) by taking 1 as the identity and by
putting

βr (xλ1 , xλ2 , · · · , xλr ) · βs(xδ1 , xδ2 , · · · , xδs ) =
βr+s(xλ1 , xλ2 , · · · , xλr , xδ1 , xδ2 , · · · , xδs ),

where βr+s = (βrβs),λi , δ j ∈ �. Show that �(X) is a free magma with
identity on X .

1.2.9. Let F(�(X)) denote the vector space over F with �(X) as a basis. Extend
the multiplication in �(X) to F(�(X)) by bi-linearity and then F(�(X))

becomes an algebra over F with identity (recall that an algebra over F is a
vector space with a bi-linear product). Show that F(�(X)) is a free algebra
(with identity) on X .

1.2.10. An ideal of F(�(X)) is a subalgebra of F(�(X)) which is invariant under
left and right multiplications by members of �(X). Describe the ideal of
F(�(X)) generated by a single element of F(�(X)).

1.2.11. Let A be the ideal of F(�(X)) generated by the set

� = {u · u | u ∈ F(�(X))}
⋃

{u · (v · w) + v · (w · u) + w · (u · v) | u, v, w ∈ F(�(X))}.

Show that the quotient F(�(X))/A together with the map i from X to
F(�(X))/A given by i(x) = x + A is a free Lie algebra on X . The mem-
bers of � are called the trivial relations.

1.2.12. Consider a pair < X; R >, where X is a set and R ⊂ F(�(X)). The pair
< X; R > together with a map f from X to a Lie algebra L is called a
presentation of L if the induced homomorphism f from F(�(X)) to L
is a surjective algebra homomorphism whose kernel is the ideal generated
by A

⋃
R. Thus, < X,∅ > is a presentation of the free Lie algebra on X .

The members of R are called the relators of the presentation. Describe the
Lie algebra having the presentation < X; R >, where X = {x, y} and
R = {(xy) − x}.
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1.3 Solvable and Nilpotent Lie Algebras

The terminology of solvability and nilpotency in Lie algebra has been borrowed
from the corresponding concepts of solvability and nilpotency in groups. Indeed,
there is an intrinsic relationship between solvability/nilpotency of groups and the
solvability/nilpotency of corresponding Lie algebras. We develop the theory in an
analogous manner.

Definition 1.3.1 Let L be a Lie algebra. Define the ideals Ln of L inductively as
follows. Put L0 = L , L1 = [L , L]. Assuming that Ln has already been defined,
define Ln+1 = [Ln, Ln]. Evidently, each Ln is an ideal of L such that Ln+1 ⊆ Ln

and Ln/Ln+1 is an abelian Lie algebra. Indeed, each Ln is a fully invariant subalgebra
of L in the sense that f (Ln) ⊆ Ln for all endomorphism f of L . The series

L = L0 � L1 � · · · � Ln � Ln+1 � · · ·

is called the derived series of the Lie algebra L . Ln is called the nth term of the
derived series. A Lie algebra L is said to be a solvable Lie algebra if Ln = {0}
for some n. If Ln = {0} but Ln−1 	= {0}, then we say that L is solvable of derived
length n.

Thus, a nontrivial abelian Lie algebra is solvable of derived length 1. A non-abelian
Lie algebra of dimension 2 is solvable of derived length 2. If the characteristic of F
is 2, then sl(2, F) is solvable. However, if the characteristic of F is different from
2, then sl(2, F) is not solvable. The classical Lie algebras An, Bn,Cn , and Dn are
non-solvable. The Lie algebra t (n, F) is solvable of derived length n, and n(n, F) is
solvable of derived length n − 1. Indeed, t (n, F)r is the Lie algebra of n × nmatrices
[ai j ] for which ai j = 0 whenever j < i + r .

Proposition 1.3.2 A nontrivial solvable Lie algebra L is simple if and only if L is
a cyclic Lie algebra.

Proof Let L be a nontrivial solvable Lie algebra. Then [L , L] 	= L . Suppose that
L is simple, then [L , L] is {0}. Consequently, every subspace of L is an ideal.
Since L is simple, it has no nontrivial proper subspace. This means that L is one
dimensional. �

Corollary 1.3.3 If A is a maximal ideal of a nontrivial solvable Lie algebra L, then
A is of co-dimension 1.

Proof A is a maximal ideal of a solvable Lie algebra L if and only if L/A is simple
and solvable. Consequently, the dimension of L/A is 1. �

The proof of the following proposition is easy, and it is similar to the proof in the
case of groups. As such, it is left as an exercise.
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Proposition 1.3.4 (i) A Lie algebra L is solvable if and only if there is a finite chain

L = L0 � L1 � · · · � Ln−1 � {0}

of subalgebras of L terminating to {0}, where Li+1 is an ideal of Li and Li/Li+1 is
abelian for each i ≤ n − 1.

(ii) Subalgebras and homomorphic images of solvable Lie algebras are solvable.
In particular, the quotient of a solvable Lie algebra is solvable.

(iii) If A is an ideal of L such that A and L/A are solvable, then L is solvable. In
particular, L is solvable if and only if ad(L) is solvable.

(iv) If A and B are solvable ideals of L, then A + B is also a solvable ideal of
L. In particular, every finite-dimensional Lie algebra contains the largest solvable
ideal. �

The largest solvable ideal of L is called the radical of L, and it is denoted by
Rad(L). A nontrivial finite-dimensional Lie algebra L is called a semi-simple Lie
algebra if the radical Rad(L) of L is trivial. Thus, a non-abelian simple Lie algebra
is semi-simple. If L is not solvable, then L/Rad(L) is semi-simple. We have a short
exact sequence

0 −→ Rad(L)
i→ L

ν→ L/Rad(L) −→ 0.

We shall see (Theorem 1.5.16) that L is a semi-direct product Rad(L) � L/Rad(L).
As such, the structure theory of Lie algebras depends on the structure theory of
solvable Lie algebras, and even more importantly on the structure theory of semi-
simple Lie algebras.

Theorem 1.3.5 Let L be a solvable Lie subalgebra of gl(V ), where V is a nonzero
finite-dimensional vector space over an algebraically closed field F of characteristic
0. Then there is a nonzero vector v ∈ V which is an eigenvector of each member of
L.

Proof The proof is by the induction of dim L . If dim L = 0, then there is nothing to
do. Assume the induction hypothesis. Let A be a maximal ideal of L . FromCorollary
1.3.3, A is of co-dimension 1 in L . If A = {0}, then L = Fx is one dimensional,
where x is a nonzero endomorphism of V . Since F is algebraically closed, there
is an eigenvector v0 of x . Evidently, v0 is the eigenvector of each member of L ,
and we are done. Suppose that A 	= {0}, and L = A ⊕ Fx0, where x0 is a nonzero
member of L . From the induction hypothesis, there is a nonzero vector v ∈ V such
that v is an eigenvector of each member x ∈ A. We get a linear functional λ on A
such that x(v) = λ(x)v for all x ∈ A. Let Vλ(x) denote λ(x)-eigenspace of x in
V . Evidently, v ∈ Vλ(x) for all x ∈ A. Consider the subspace W = ⋂

x∈A Vλ(x) of
V . Clearly, v ∈ W , and so W 	= {0}. Suppose that we are able to show that W is
invariant under all endomorphisms in L . Then, in particular,W is invariant under the
endomorphism x0. Since F is algebraically closed, there is an eigenvector v0 of x0
inW . Since L = A ⊕ Fx0, it follows that v0 is an eigenvector of all members of L .
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Now, we show that W is invariant under all transformations in L . Let w ∈
W and y ∈ L . We need to show that y(w) ∈ W = ⋂

x∈A Vλ(x). Let x ∈ A.
Then x(y(w)) = y(x(w)) − [x, y](w) = y(λ(x)w) − [x, y](w) = λ(x)y(w) −
λ([x, y])w (note that [x, y] ∈ A). Thus, it is sufficient to show that λ([x, y]) = 0
for all y ∈ L and x ∈ A. Let n be the smallest positive integer such that the set
{w, y(w), y2(w), · · · , yn−1(w)} is linearly independent. For each z ∈ A, z(w) =
λ(z)w, z(y(w)) = y(z(w)) − [y, z](w) = λ(z)y(w) − λ([y, z])w. Proceeding
inductively, we can show that z(yi (w)) is a linear combination of {w, y(w), y2(w),

· · · , yi (w)}. Again, for each i, 0 ≤ i ≤ n − 1, We show that

x(yi (w)) = λ(x)yi (w) +
∑i−1

j=0
αi

j y
j (w)

for some αi
j ∈ F . The proof is by the induction on i . It is evident for i = 0. Assume

it to be true for i . Now,

x(yi+1(w)) = x(y(yi )(w)) = y(x(yi (w))) − [y, x](yi (w)) =
y(λ(x)yi (w) +

∑i−1

j=0
αi

j y
j (w)) − [y, x](yi (w)) =

λ(x)yi+1(w) +
∑i−1

j=0
αi

j y
j+1(w)) − [y, x](yi (w)).

Since [y, x] ∈ A, the result for i + 1 follows from the previous observation. It follows
that the subspace U of V generated by {w, y(w), y2(w), · · · , yn−1(w)} is invariant
under x and the matrix representation of x onU is lower triangular with all diagonal
entries λ(x). Thus, the trace of x onU is nλ(x). SinceU is invariant under x as well
as y, it is invariant under [x, y]. As such, the trace of [x, y] onU is zero. But already
the trace of [x, y] is nλ([x, y]). Since the field is of characteristic 0, it follows that
λ([x, y]) = 0 for all x ∈ A and y ∈ L . �

A Flag on a finite-dimensional vector space V of dimension n is a chain

{0} ⊆ V1 ⊆ V2 ⊆ · · · Vn−1 ⊆ Vn = V

of subspaces of V such that dimension of Vi is i for each i . The above flag is said to
be invariant under an endomorphism x in gl(V ) if x(Vi ) ⊆ Vi for all i .

Corollary 1.3.6 (Theoremof Lie) Let L be a solvableLie subalgebra of gl(V ), where
V is a finite-dimensional vector space over an algebraically closed field. Then there
is a flag of V which is invariant under all members of L.

Proof The proof is by the induction on the dimension of V . If dim V = 1, then
there is nothing to do. Assume that the result is true for vector spaces of dimension
n. Let V be a vector space of dimension n + 1 and L is a solvable Lie subalgebra
of gl(V ). From the above theorem, there is a common eigenvector v0 of elements
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of L . Evidently, the subspace V1 generated by v0 is invariant under all elements
of L . Consider the vector space V ′ = V/V1. Each x ∈ L determines an element
x̂ ∈ gl(V ′) given by x̂(v + V1) = x(v) + V1. The map φ from L to gl(V ′) defined
by φ(x) = x̂ is easily seen to be a Lie algebra homomorphism. Evidently, φ(L) is
a solvable Lie subalgebra of gl(V ′). By the induction hypothesis, there is a flag

V1/V1 ⊆ V2/V1 ⊆ · · · ⊆ Vn/V1 ⊆ V ′ = V/V1

of V ′ which is invariant under φ(L). Clearly,

{0} ⊆ V1 ⊆ V2 ⊆ · · · Vn ⊆ Vn+1 = V

is a flag of V which is invariant under L . �

Corollary 1.3.7 Let L be a finite-dimensional solvable Lie algebra over an alge-
braically closed field F of characteristic 0. Then there is a chain

{0} ⊆ L1 ⊆ L2 ⊆ · · · Ln−1 ⊆ Ln = L

of ideals of L such that dim Li = i for each i .

Proof We have the Lie homomorphism ad from L to ad(L) ⊆ gl(L). Evidently,
ad(L) is solvable. From the previous corollary, there is a flag

{0} ⊆ L1 ⊆ L2 ⊆ · · · Ln−1 ⊆ Ln = L

of subspaces of L which is invariant under ad(L). This means that each Li is also
an ideal of L . �

Recall that t (n, F) is a solvable Lie algebra of derived length n. We have the
following corollary.

Corollary 1.3.8 Let V be an n-dimensional vector space over an algebraically
closed field F of characteristic 0. Then every solvable Lie subalgebra L of gl(V )

is isomorphic to a Lie subalgebra of t (n, F). Indeed, from Ado’s theorem, it further
follows that a Lie algebra is solvable if and only if it is isomorphic to a Lie subalgebra
of t (n, F) for some n.

Proof Let L be a solvable Lie subalgebra of gl(V ), where V is an n-dimensional
vector space over an algebraically closed field K . From Corollary 1.3.6, there is a
flag

{0} ⊆ V1 ⊆ V2 ⊆ · · · Vn−1 ⊆ Vn = V

of V which is invariant under the members of L . Select a basis {v1, v2, · · · , vn} of
V such that {v1, v2, · · · , vi } is a basis of Vi . Evidently, the matrix representation
of each member of L with respect to this basis is a member of t (n, K ). The result
follows. �
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Corollary 1.3.9 Let L be a solvable Lie subalgebra of gl(V ), where V is a finite-
dimensional vector space over an algebraically closed field of characteristic 0. Sup-
pose that the dimension of L is n. Let x ∈ [L , L]. Then ad(x) is nilpotent endomor-
phism. Indeed, ad(x)n = 0.

Proof From Corollary 1.3.7, there is a chain

{0} ⊆ L1 ⊆ L2 ⊆ · · · Ln−1 ⊆ Ln = L

of ideals of L such that dim Li = i for each i . We have a basis {x1, x2, · · · , xn} of
L such that {x1, x2, · · · , xi } is a basis of Li . Evidently, the matrix representation of
each member of ad(L) with respect to this basis lies in t (n, F). As such, the matrix
representation of each member of ad(L) lies in ν(n, F). Since An = 0 for each
A ∈ ν(n, F), it follows that ad(x)n = 0 for all x ∈ [L , L]. �
Definition 1.3.10 Let L be a Lie algebra over a field F . Define ideals Ln of L
inductively as follows. Define L0 = L . Assuming that ideal Ln has already been
defined, define Ln+1 = [L , Ln]. We get a chain

L = L0 ⊇ L1 ⊇ L2 ⊇ · · · ⊇ Ln ⊇ Ln+1 ⊇ · · ·

of ideals. This chain is called the lower central series of L . Ln is called the nth term
of the lower central series of L . Similarly, we define ideals Zn(L) of L inductively as
follows. Define Z0(L) = {0}. Assuming that Zn(L) has already been defined, define
Zn+1(L) by the property Zn+1(L)/Zn(L) = Z(L/Zn(L)). Evidently, Z1(L) =
Z(L) the center of L . This gives us an ascending chain

{0} ⊆ Z1(L) ⊆ Z2(L) ⊆ · · · ⊆ Zn(L) ⊆ Zn+1(L) · · ·

of ideals of L . This is called the upper central series of L . Inductively, it follows
that the terms of the lower central series of L are fully invariant.

Proposition 1.3.11 The lower central series of L terminates to {0} at the nth step
if and only if the upper central series terminates to L at the nth step.

Proof Suppose that the lower central series of L terminates to {0} at the nth
step. Then Ln = {0}. By the induction on i , we show that Ln−i ⊆ Zi (L) for
each i . Evidently, Ln ⊆ Z0(L). Assume the result for i . We need to show that
Ln−i−1 ⊆ Zi+1(L). Let a ∈ Ln−i−1. Then for each x ∈ L , [x, a] ∈ Ln−i . By the
induction assumption, [x, a] ∈ Zi (L) for each x ∈ L . This means that a + Zi (L) ∈
Z(L/Zi (L)). Hence a ∈ Zi+1(L). It follows that Ln−i ⊆ Zi (L) for each i . In partic-
ular, L0 = Ln−n ⊆ Zn(L). This shows that Zn(L) = L . Similarly, assuming that
the upper central series terminates to L at the nth step, we can show that the lower
central series of L terminates to {0} at the nth step. �

Definition 1.3.12 A Lie algebra L is said to be a nilpotent Lie algebra if its lower
central series terminates to {0} after finitely many steps or equivalently, its upper
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central series terminates to L after finitely many steps. We say that it is nilpotent of
class n if Ln = {0} but Ln−1 	= {0}.

Evidently, every nilpotent Lie algebra is solvable, whereas t (n, F) is solvable but
it is not nilpotent. Indeed, [t (n, F), t (n, F)] = ν(n, F), and [t (n, F), ν(n, F)] =
ν(n, F). Clearly, Lie subalgebra and homomorphic images of nilpotent Lie algebras
are nilpotent. The following proposition is the immediate consequence of Proposition
1.3.11.

Proposition 1.3.13 (i) If L is a nontrivial nilpotent Lie algebra, then Z(L) 	= {0}.
(ii) A Lie algebra L is nilpotent if and only if L/Z(L) ≈ ad(L) is nilpotent. �

If L is nilpotent of index n, then ad(x)n(y) = 0 for all x, y ∈ L . This means that
the endomorphism ad(x) is nilpotent for all x ∈ L . We shall show that the converse
of this is also true.

Theorem 1.3.14 Let L be a Lie subalgebra of gl(V ), where V is a finite-dimensional
vector space. Suppose that all the members of L are nilpotent endomorphisms V .
Then there is a common eigenvector v0 of members of L corresponding to the eigen-
value 0. More explicitly, there is a nonzero vector v0 ∈ V such that x(v0) = 0 for
all x ∈ L.

Proof The proof is by the induction on dim L . If dim L = 0, then there is nothing
to do. If dim L = 1, then L = Fx for some nonzero member x of L . Since x
is nilpotent, 0 is an eigenvalue of x . Hence there is a nonzero vector v0 of V such
that x(v0) = 0. Evidently, v0 is an eigenvector of each member of L corresponding
to the eigenvalue 0. Assume that the result is true for all those Lie algebras whose
dimensions are less than dim L . Let A be a proper nontrivial Lie subalgebra of L .
Then {ad(x) | x ∈ A} is a Lie subalgebra of End(L) = gl(L) of dimension less
than that of L . Further, ad(x)(y) = [x, y] = xy − yx for all x ∈ A, y ∈ L . As
such ad(x) = (lx − rx )|L , where lx is the left multiplication by x in End(V ) and rx
is the right multiplication by x . Since x is nilpotent, lx and rx are nilpotent. Clearly, lx
and rx commute with each other. This means that lx − rx is nilpotent endomorphism
of End(End(V )). Hence ad(x) is nilpotent. Indeed, for each x ∈ A, ad(x) induces
an endomorphism ˆad(x) of gl(L/A) given by ˆad(x)(y + A) = [x, y] + A which
is nilpotent. Thus, { ˆad(x) | x ∈ A} is a Lie subalgebra of gl(L/A) consisting of
nilpotent endomorphisms whose dimension is less than that of L . By the induction
hypothesis, there is a member y ∈ L − A such that [x, y] ∈ A for all x ∈ A. This
means that A is properly contained in the normalizer NL(A) of A. Thus, every
maximalLie subalgebra of L is an ideal. Consequently, everymaximalLie subalgebra
A of L is of co-dimension 1. Let M be a maximal Lie subalgebra of L . Then L =
M + Fx for some nonzeromember x of L . Also [x, M] ⊆ M . Consider the subspace
W = {v ∈ V | y(v) = 0 ∀y ∈ M} of V . By the induction hypothesis, W 	= {0}.
Further, y(x(w)) = x(y(w)) − [x, y](w) = 0 for all w ∈ W and y ∈ M . This
means that x restricted toW is an endomorphism ofW which, of course, is nilpotent.
Hence there is a member v0 of W such that x(v0) = 0. Evidently, v0 is a common
eigenvector of each member of L corresponding to the eigenvalue 0. �
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Corollary 1.3.15 Under the hypothesis of the above theorem, there is a flag

{0} ⊆ V1 ⊆ V2 ⊆ · · · ⊆ Vn−1 ⊆ Vn = V

which is stable under the endomorphisms in L, and evenmore, x(Vi ) ⊆ Vi−1 for each
i . Consequently, there is a basis of V with respect to which the matrix representation
of each member in L is strictly lower triangular.

Proof The result follows by the induction on the dimension of V , thanks to the above
theorem. �

Theorem 1.3.16 (Engel) Let L be a Lie algebra which is ad-nilpotent in the sense
that ad(x) is nilpotent for each x ∈ L. Then L is nilpotent.

Proof The proof is by the induction on the dim L . If dim L is 0 or 1, then there
is nothing to do. Assume that the result is true for all those Lie algebras whose
dimensions are less than that of L . Clearly, ad(L) is a Lie subalgebra of gl(L).
By the hypothesis, each member of ad(L) are nilpotent endomorphisms of L . From
Theorem 1.3.14, there is a nonzeromember y of L such that ad(x)(y) = [x, y] = 0
for all x ∈ L . This means that y ∈ Z(L), and Z(L) 	= {0}. Hence L/Z(L) ≈ ad(L)

is of dimension less than that of L . Clearly, L/Z(L) is ad-nilpotent. By the induction
hypothesis, L/Z(L) is nilpotent. By Proposition 1.3.13, L is nilpotent. �

Corollary 1.3.17 Let L be a nilpotent Lie algebra, and A be a nontrivial ideal of
L. Then A

⋂
Z(L) 	= {0}.

Proof {ad(x)|A | x ∈ L} is a Lie subalgebra of gl(A) consisting of nilpotent endo-
morphisms. From Theorem 1.3.14, there is a nonzero element y ∈ A such that
ad(x)(y) = 0 for all x ∈ L . This means that y ∈ A

⋂
Z(L). �

Corollary 1.3.18 A Lie algebra L is solvable if and only if [L , L] is nilpotent.
Proof If [L , L] is nilpotent, then [L , L] and L/[L , L] both are solvable. Hence L
is solvable. Conversely, suppose that L is solvable. From Corollary 1.3.9, ad(x) is
nilpotent for each x ∈ [L , L]. This means that [L , L] is ad-nilpotent. The result
follows from the theorem of Engel. �

Remark 1.3.19 Note that in the case of groups, [G,G] need not be nilpotent even
if G is solvable. For example, S4 is solvable, but [S4, S4] = A4 is not nilpotent.

Our next aim is to establish Trace criteria for the solvability of a linear Lie algebra.
Wefirst recall the Jordan–Chevalleydecomposition theorem (cf. Sect. 6.3,Algebra

2) for this purpose.
Let V be a finite-dimensional vector space over an algebraically closed field (not

necessarily of characteristic 0). An element x ∈ gl(V ) = End(V ) is called a semi-
simple element if it is diagonalizable in the sense that the matrix representation of x
with respect to a suitable basis of V is a diagonal matrix. A necessary and sufficient
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condition for x to be diagonalizable is that all the roots of theminimal polynomial of x
are distinct. An element x ∈ gl(V ) is nilpotent if xm = 0 for some m. The Jordan–
Chevalley decomposition theorem asserts that any element x ∈ gl(V ) is uniquely
expressible as

x = xs + xn

such that the following hold:
(i) xs is semi-simple and xn is nilpotent.
(ii) xs and xn commute with each other.

Further, it also follows that
(iii) xs = p(x) and also xn = q(x), where p(X) and q(X) are polynomials

without constant terms.
xs is called the semi-simple part and xn is called the nilpotent part of x .

Proposition 1.3.20 Let V be a finite-dimensional vector space over a field F. If x is
a nilpotent element of End(V ) = gl(V ), then ad(x) is nilpotent in End(End(V )).
Again if x is a semi-simple element of End(V ), then ad(x) is a semi-simple element
of End(End(V )). Further, suppose that F is algebraically closed and x = xs + xn
is the Jordan–Chevalley decomposition of x in End(V ). Then ad(x) = ad(xs) +
ad(xn) is the Jordan–Chevalley decomposition of ad(x) in End(End(V )).

Proof Let x be a semi-simple element in End(V ). Then there is a basis {v1, v2, · · · ,

vn} of V and scalars {λ1,λ2, · · · ,λn} such that x(vi ) = λivi for all i . We have a
corresponding basis {v̂i j | 1 ≤ i, j ≤ n} of End(V ), where v̂i j is the member of
End(V ) given by v̂i j (v j ) = vi and v̂i j (vk) = 0 for k 	= j . Clearly,

ad(x)(v̂i j )(vl) = x(v̂i j (vl)) − v̂i j (x(vl)) = δ jl(λi − λ j )vi ,

where δl j is the Kronecker delta. This shows that ad(x)(v̂i j ) = (λi − λ j )v̂i j . This
shows that ad(x) is also semi-simple.

Next, suppose that x is a nilpotent element of gl(V ). Then xm = 0 for some
m. Now, ad(x)(y) = xy − yx . Thus, ad(x) = lx − rx , where lx is the left
multiplication by x and rx is the right multiplication by x in End(V ). Clearly, lx
and rx commute and lmx = 0 = rmx . Using the binomial theorem, ad(x)2m+1 =
(lx − rx )2m+1 = 0.

Finally, suppose that x = xs + xn is the Jordan–Chevalley decomposition
of x . Then ad(x) = ad(xs) + ad(xn), where ad(xs) is a semi-simple ele-
ment in End(End(V )) and ad(xn) is a nilpotent element in End(End(V )). Also
[ad(xs), ad(xn)] = ad([xs, xn]) = 0, since xs and xn commute. This means that
ad(xs) and ad(xn) also commute. It follows that ad(x) = ad(xs) + ad(xn) is the
Jordan–Chevalley decomposition of ad(x). �

Proposition 1.3.21 Let d be a derivation on an algebra A (not necessarily associa-
tive) over a field F (not necessarily algebraically closed). Then for any λ,μ ∈ F,

(d − (λ + μ)I )n(xy) =
∑n

r=0

nCr (d − λI )r (x)(d − μI )n−r (y)
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for all x, y ∈ A.

Proof The proof is by the induction on n. Clearly,

(d − (λ + μ)I )(xy) = d(xy) − λ(xy) − μ(xy) =
d(x)y + xd(y) − λ(xy) − μ(xy) = x(d − μI )(y) + (d−λI )(x)y

for all x, y ∈ A. Thus, the identity holds for n = 1. Assume that the identity holds
for n. Then
(d − (λ + μ)I )n+1(xy)
= (d − (λ + μ)I )n((d − (λ + μ)I )(xy))
= (d − (λ + μ)I )n(x(d − μI )(y) + (d − λI )(x)y)
= (d − (λ + μ)I )n(x(d − μI )(y)) + (d − (λ + μ)I )n((d − λI )(x)y)
= ∑n

r=0
nCr (d − λI )r (x)(d − μI )n−r ((d − μI )(y)) + ∑n

r=0
nCr (d − λI )r

((d − λI )(x))(d − μI )n−r (y)
= ∑n+1

r=0
n+1Cr (d − λI )r (x)(d − μI )n+1−r (y)

for all x, y ∈ A. This completes the proof of the identity. �

Proposition 1.3.22 Let A be an algebra (not necessarily associative) over an alge-
braically closed field F. Let d be a derivation on A. Let d = ds + dn be the Jordan–
Chevalley decomposition of d considered as an element of EndF (A). Then ds and
dn are also derivations of A.

Proof It is sufficient to show that ds is a derivation of A. For each λ ∈ F , let Aλ

denote the λ-eigenspace of d. More explicitly, Aλ = {x ∈ A | (d − λI )m(x) =
0 f or some m}. Aλ may be trivial also. Then as a vector space A = ⊕∑

λ∈F Aλ.
Note that eigenvalues of d are the same as those of ds . From the above proposition,
it follows that AλAμ ⊆ Aλ+μ. Thus, if x ∈ Aλ and y ∈ Aμ, then ds(xy) = (λ +
μ)xy = ds(x)y + xds(y). Since A = ⊕ ∑

λ∈K Aλ, ds(xy) = ds(x)y + xds(y)
for all x, y ∈ A. This shows that ds is also a derivation of A. �

Corollary 1.3.23 If A is an algebra (not necessarily associative) over an alge-
braically closed field F, then the Lie algebra Der(A) of derivations on A contains
the semi-simple and nilpotent parts of each of its elements considered as elements of
EndF (A). �

Theorem 1.3.24 (Cartan’s TraceCriteria)Let L be a Lie subalgebra of gl(V ), where
V is a finite-dimensional vector space over an algebraically closed field of character-
istic 0. Suppose that T r(xy) = 0 for all x ∈ [L , L] and y ∈ L. Then L is solvable.

Before proving the theorem, we establish a lemma for this purpose.

Lemma 1.3.25 Let x be a member of gl(V ), where V is a finite-dimensional vector
space over an algebraically closed field F of characteristic 0. Suppose that there are
two subspaces W and U of V such that [x,W ] ⊆ U, and Tr(xy) = 0 whenever
[y,W ] ⊆ U. Then x is nilpotent.
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Proof Let x be a member of gl(V ) satisfying the hypothesis of the lemma. Suppose
that x = xs + xn is the Jordan–Chevalley decomposition of x . We need to show
that xs = 0. Let {v1, v2, · · · , vm} be a basis of V consisting of the eigenvectors of
xs corresponding to the eigenvalues λ1,λ2, · · · ,λm , respectively. We are required to
show that each λi is 0. Suppose not. Consider F as the vector space over its prime
field Q. Let K be the Q-subspace of F generated by the subset {λ1,λ2, · · · ,λm}
of F . Then K 	= {0}. Let f be a nonzero linear functional on K . Then f (λi0) 	= 0
for at least one i0. As in the proof of Proposition 1.3.20, we have the basis {v̂i j |
1 ≤ i, j ≤ m} of End(V ) consisting of the eigenvectors of ad(xs) corresponding
to the eigenvalues λi − λ j , 1 ≤ i, j ≤ m. Let y be another semi-simple element
of gl(V ) having the eigenvectors vi with corresponding eigenvalues f (λi ). Then
again as in the proof of Proposition 1.3.20, v̂i j are the eigenvectors of the semi-
simple element ad(y) of End(V ) corresponding to the eigenvalues f (λi ) − f (λ j ).
Since f is a linear functional, λi − λ j = λk − λl implies that f (λi ) − f (λ j ) =
f (λk) − f (λl). Thus, using the Lagrange interpolation, we can find a polynomial
φ(X) such that φ(λi − λ j ) = f (λi ) − f (λ j ). Since φ(ad(xs)) and ad(y) are semi-
simple elements in End(End(V )) with the same eigenvalues corresponding to the
eigenvectors v̂i j , φ(ad(xs)) = ad(y). Since ad(xs) is a semi-simple part of ad(x)
(Proposition 1.3.20), there is a polynomial p(X) without constant term such that
p(ad(x)) = ad(xs). In turn, we have the polynomial ψ(X) = φ(p(X)) without
constant term such that ψ(ad(x)) = ad(y). Since ad(x)(W ) ⊆ U , it follows that
ad(y)(W ) ⊆ U . By the hypothesis, Tr(xy) = 0. Thus,

∑m
i=1 λi f (λi ) = 0. Since

f is a linear functional on K , f (
∑m

i=1 λi f (λi )) = ∑m
i=1( f (λi ))

2 = 0. This is a
contradiction, since f (λi0) 	= 0. �

Proof of Theorem 1.3.24. From Corollary 1.3.18 and the fact that every nilpotent
Lie algebra is solvable, it is sufficient to show that [L , L] is a nilpotent Lie algebra.
In turn, by Engel’s theorem, it is sufficient to show that [L , L] is ad-nilpotent. More
so, it is sufficient to show that the members of [L , L] are nilpotent endomorphisms
in End(V ). Take W = L and U = [L , L] in the above lemma. Consider the
element [x, y] ∈ [L , L], x, y ∈ L and the element z ∈ gl(V ) with the property that
[z, L] ⊆ [L , L]. Now, Tr([x, y]z) = Tr((xy − yx)z) = Tr(xyz) − Tr(yxz) =
Tr(xyz) − Tr(xzy) = Tr(x[y, z]) = Tr([y, z]x) for all x, y, z ∈ gl(V ). Thus,
if [z, L] ⊆ L , then by the hypothesis of the theorem, for all x, y ∈ L , Tr([y, z]x) =
0. In turn, Tr([x, y]z) = 0 for all x, y ∈ L and z ∈ gl(V ) for which [z, L] ⊆
[L , L]. Since any element of [L , L] is a linear combination of members of the type
[x, y], x, y ∈ L , it follows that Tr(uz) = 0 for all z ∈ gl(V ) for which [z, L] ⊆
[L , L] and u ∈ [L , L]. It follows from the lemma that u is nilpotent for all u ∈ [L , L].
�

Corollary 1.3.26 Let L be a finite-dimensional Lie algebra over an algebraically
closed field F of characteristic 0 such that T r(ad(x)ad(y)) = 0 for all x, y ∈ L.
Then L is solvable.

Proof Consider the subalgebra ad(L) of gl(L). Under the hypothesis, it follows
from Cartan’s criteria that ad(L) is solvable. Thus, L/Z(L) is solvable. Since Z(L)

is solvable, it follows that L is solvable. �
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Exercises

1.3.1. Show that every Lie algebra of dimension 2 is a solvable Lie algebra. Give
an example of a two-dimensional Lie algebra which is not nilpotent.

1.3.2. Show that L is solvable(nilpotent) if andonly ifad(L) is solvable (nilpotent).
1.3.3. Let L be a finite-dimensional nilpotent Lie algebra. Show that there is a

natural number n such that Nn
L(A) = L for all Lie subalgebra A of L .

What about the converse?
1.3.4. Show that sum of two nilpotent ideals is a nilpotent ideal. Deduce that every

finite-dimensional Lie algebra has the unique largest nilpotent ideal.
1.3.5. Let L be a nilpotent Lie algebra of finite dimension. Show that it has an

ideal of co-dimension 1.
1.3.6. Let L be a finite-dimensional Lie algebra over an algebraically closed field

F of characteristic 0. Let A be an ideal of L such that L/A is nilpotent and
ad(x)|A is nilpotent for all x ∈ L . Show that L is nilpotent.

1.3.7. Show by means of an example that Lie’s theorem is not true for fields of
positive characteristics. However, if the dimension of V is less than the
characteristic of the field, then show that it is true.

1.3.8. Check if the Lie algebra (R3,×) over R is solvable.
1.3.9. Show that every nilpotent Lie algebra has an outer derivation. What about

solvable Lie algebras?
1.3.10. Show that the radical of each classical Linear Lie algebra described in Sect.

1 is the center of the corresponding Lie algebra.

1.4 Semi-Simple Lie Algebras

This section is devoted to the basic structure theory including the basic represen-
tation theory of semi-simple Lie algebras. All fields will be assumed to be alge-
braically closed fields of characteristic 0 unless stated otherwise. Recall that a finite-
dimensional Lie algebra L is semi-simple if its radical is trivial. As for solvable Lie
algebras, we give a trace criteria for a Lie algebra to be semi-simple.

Definition 1.4.1 Let L be a Lie algebra over F . The symmetric bi-linear form κ on
L defined by κ(x, y) = Tr(ad(x)ad(y)) is called the Killing form on L .

Thus, if L is an abelian Lie algebra, then ad(x) = 0 for each x and so κ is trivial
on L . If L is a non-abelian two-dimensional Lie algebra, then there is a basis {x, y}
of L such that [x, y] = x . It can be easily checked that the matrix of κ with respect
to the basis {x, y} is

κ =
[
0 0
0 1

]

.

Recall the Lie algebra sl(2, F) in Example 1.1.7. It has a basis {e12, e21, h} and
it satisfies the relations [e12, e21] = h, [h, e12] = 2e12 and [h, e21] = −2e21. It
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can be easily checked that the matrix of the Killing form κ with respect to this basis
is given by

κ =
⎡

⎣
0 0 4
0 4 0
8 0 0

⎤

⎦ .

Recall that a symmetric bi-linear form f on a vector spaceV is called a nondegenerate
bi-linear form if f (x, y) = 0 for all y ∈ V implies that x = 0. This is equivalent
to say that the matrix of f with respect to a basis is non-singular. Thus, the Killing
form κ on sl(2, F) is nondegenerate if and only if the characteristic of F is different
from 2.

Proposition 1.4.2 The Killing form κ on a Lie algebra L is associative in the sense
that κ([x, y], z) = κ(x, [y, z]) for all x, y, z ∈ L.

Proof κ([x, y], z) = Tr(ad([x, y])ad(z)) = Tr([ad(x), ad(y)]ad(z)) = Tr
(ad(x)ad(y)ad(z) − ad(y)ad(x)ad(z)) = Tr(ad(x)ad(y)ad(z) − ad(x)ad(z)
ad(y)) = Tr(ad(x)ad([y, z])) = κ(x, [y, z]) for all x, y, z ∈ L . �

Proposition 1.4.3 Let L be a finite-dimensional Lie algebra over F. Let A be an
ideal of L. Then the restriction of the Killing form κ of L to the ideal A is in fact the
Killing form on A.

Proof Let {x1, x2, · · · , xr } be a basis of A. Extend it to a basis {x1, x2,
· · · , xr , xr+1, · · · , xn} of L . Let x, y ∈ A. Since A is an ideal, ad(x)ad(y) maps
L into A. Thus, the trace of (ad(x)ad(y)) considered as a linear transformation is
the same as the trace of ad(x)|Aad(y)|A. The result follows. �

The following result describes a semi-simple Lie algebra in terms of its Killing
form.

Theorem 1.4.4 Let L be a nontrivial Lie algebra. Then L is semi-simple if and only
if its Killing form κ is nondegenerate.

Proof Suppose that L is semi-simple. Then the radical R(L) of L is {0}. Consider
the subset A = {x ∈ L | κ(x, y) = Tr(ad(x)ad(y)) = 0 ∀y ∈ L}. Since κ is
bi-linear, A is a subspace of L . Let x ∈ A and y ∈ L . Then κ(x, z) = 0 for all z ∈ L .
From the associative property of κ, κ([x, y], z) = κ(x, [y, z]) = 0 for all z ∈ L .
This shows that [x, y] ∈ A for all y ∈ L . Hence A is an ideal of L . In particular,
Tr(ad(x)ad(y)) = 0 for all x ∈ [A, A] and y ∈ L . By Cartan’s criteria, ad(A) is
solvable. Hence A is solvable. Since L is semi-simple, A = {0}. This shows that κ
is nondegenerate.

Conversely, suppose that κ is nondegenerate. Then the ideal A given above is
trivial. Let B be an abelian ideal of L . Then ad(x)ad(y) is a linear transformation
from L to B for all x ∈ B. Since B is abelian, (ad(x)ad(y))2 = 0 for all x ∈ B
and y ∈ L . This means that all the eigenvalues of ad(x)ad(y) are 0. In particular,
κ(x, y) = 0 for all x ∈ B and y ∈ L . This shows that B ⊆ A = {0}. It follows
that the radical of L is {0}. �
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Remark 1.4.5 In the proof of the converse part of the above theorem, we have not
used the fact that characteristic F is 0. Hence the nondegeneracy of the Killing form
implies the semi-simplicity for Lie algebras over an algebraically closed field of
arbitrary characteristic. Observe that in the proof of the direct part, we have used
Cartan’s criteria which requires that the field is of characteristic 0.

Representations of Lie Algebras

Let L be a Lie algebra over a field F . Let V be a vector space over F . A Lie
homomorphism ρ from L to the Lie algebra gl(V ) is called a representation of L on
V . If V is finite dimensional, then we term it as a finite-dimensional representation
of L . The dimension of V is called the degree of the representation ρ. It is also
convenient to view representations of L as L-modules. A module over a Lie algebra
L over a field F is a vector space V over F together with an external operation ·
from L × V to V (the image of (x, v) under · is denoted by x · v or simply by the
juxtaposition xv) such that the following hold:

(i) (αx + βy) · v = α(x · v) + β(y · v),
(ii) x · (αv + βw) = α(x · v) + β(x · w), and
(iii) [x, y] · v = x · (y · v) − y · (x · v) for all x, y ∈ L; v,w ∈ V, and α,β ∈ F .

A module over L is also termed as L-module. Thus, a representation ρ of L on
V determines and is determined uniquely by an L-module structure on V by
putting

ρ(x)(v) ≡ x · v,

x ∈ L , v ∈ V . Without any loss, representations of a Lie algebra L and L-modules
can be treated as synonyms. Every representation has the associated module and
every module has the associated representation. Evidently, the vector space part of
the Lie algebra L is an L-module with respect to the Lie product. More explicitly,
if we put x · y = [x, y], then the bi-linearity of the Lie product and the Jacobi
identity ensure that L is a module over itself. The representation associated with the
L-module structure on L is precisely the adjoint representation ad.

On the pattern of modules over rings, we can develop the language of modules
over a Lie algebra.We recall it quickly. Let V andW be L-modules. A linear transfor-
mation φ from V to W is called an L-homomorphism if φ(x · v) = x · φ(v) for all
x ∈ L and v ∈ V . If ρ is the representation associated with the L-module V , and η is
the representation associated with the L-module W , then φ is an L-homomorphism
from V toW if and only if η(x)oφ = φoρ(x) for all x ∈ L . Such a φ is also termed
as an intertwining operator from the representation ρ to the representation η. If φ is
also an isomorphism, then η(x) = φoρ(x)oφ−1 for all x ∈ L , and we say that ρ and
η are equivalent representations.We have the category L-Mod of L-modules which is
isomorphic to the category of representations of L . An isomorphism in this category
are bijective homomorphisms, a monomorphism is an injective homomorphism, and
an epimorphism is simply a surjective homomorphism.

Let V be an L-module. A subspace W of V is called an L-submodule if x ·
w ∈ W for all x ∈ L and w ∈ W . Thus, W is also an L-module in its own right.
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Consequently, a representation η of L onW is a subrepresentation of a representation
ρ on V if W is a subspace of V and η(x) = ρ(x)|W for all x ∈ L . Evidently, the
submodules of L considered as a module over itself are precisely the ideals of L .
If W is an L-submodule of V , then the quotient space V/W is also an L-module
with respect to the external operation · given by x · (v + W ) = (x · v) + W . This
module is called the quotient module. The quotient map ν from V to V/W is an
epimorphism in L-Mod. An L-module V is called a simple L-module if it is neither
zero dimensional nor one dimensional and it has no nontrivial proper L-submodules
(note that a one-dimensional module has no proper submodules). A simple L-module
is also termed as an irreducible L-module. A representation associated with a simple
L-module is called an irreducible representation of L . The correspondence theorem,
the isomorphism theorems, and the Jordan–Holder theorem for finite-dimensional
modules can be established by imitating the proofs of the corresponding results in
the theory of modules over rings.

If V1 and V2 are L-modules, then we have an L-module structure on the direct
sum V1 ⊕ V2 given by x · (v1 ⊕ v2) = (x · v1) ⊕ (x · v2). This also defines the direct
sum of two representations. An L-submoduleW of an L-module V is called a direct
summand if there is an L-submodule U of V such that L = W ⊕U .

We construct different representations of L (L-modules) in terms of given rep-
resentations of L (L-modules). Let ρ be a representation of L on V and η be a
representation of L on W . We have a map Hom(ρ, η) from L to gl(Hom(V,W ))

given by

Hom(ρ, η)(x)( f ) = η(x)of − f oρ(x), x ∈ L , f ∈ Hom(V,W ).

Clearly, Hom(ρ, η) is a linear map. Now,

Hom(ρ, η)([x, y])( f ) = η([x, y])of − f oρ([x, y]) =
(η(x)oη(y) − η(y)oη(x))of − f o(ρ(x)oρ(y) − ρ(y)oρ(x)),

for all x, y ∈ L and f ∈ Hom(V,W ). Also,

[Hom(ρ, η)(x), Hom(ρ, η)(y)]( f ) = (Hom(ρ, η)(x)oHom(ρ, η)(y) −
Hom(ρ, η)(y)oHom(ρ, η)(x))of = η(x)o(η(y)of − f oρ(y)) − (η(y)of −
f oρ(y))oρ(x) − η(y)o(η(x)of − f oρ(x)) + (η(x)of ) − f oρ(x))oρ(y) =

(η(x)oη(y) − η(y)oη(x))of − f o(ρ(x)oρ(y) − ρ(y)oρ(x)) =
Hom(ρ, η)([x, y])( f )

for all x, y ∈ L and f ∈ Hom(V,W ). Thus,

Hom(ρ, η)[x, y] = [Hom(ρ, η)(x), Hom(ρ, η)(y)]

for all x, y ∈ L . This shows that Hom(ρ, η) is a representation of L . In the language
of modules, Hom(V,W ) is an L-module with respect to the external product ·
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given by (x · f )(v) = x · f (v) − f (x · v), x ∈ L and v ∈ V . In the language of
category theory, Hom defines a bi-functor from the category of representations of
L (of L-modules) to itself. Further, given a representation ρ of L on V , we have the
representation ρ� of L on Hom(V, K ) = V � given by ρ�(x)( f ) = − f oρ(x). This
representation is called the dual representation of ρ.

Let ρ and η be representations of L on V andW , respectively. Consider the tensor
product V ⊗F W . Define a map ρ ⊗ η from L to gl(V ⊗F W ) by

(ρ ⊗ η)(x)(v ⊗ w) = ρ(x)(v) ⊗ w + v ⊗ η(w).

Evidently, ρ ⊗ η is a linear map from L to gl(V ⊗F W ). Now,

(ρ ⊗ η)([x, y])(v ⊗ w) = ρ([x, y])(v) ⊗ w + v ⊗ η([x, y])(w) =
(ρ(x)ρ(y) − ρ(y)ρ(x))(v) ⊗ w + v ⊗ (η(x)η(y) − η(y)η(x))(w) =

((ρ ⊗ η)(x)(ρ ⊗ η)(y) − (ρ ⊗ η)(x)(ρ ⊗ η)(y))(v ⊗ w)

for all x, y ∈ L , v ∈ V and w ∈ W . Thus,

(ρ ⊗ η)([x, y]) = [(ρ ⊗ η)(x), (ρ ⊗ η)(y)]

for all x, y ∈ L . This shows that ρ ⊗ η is a representation of L . The representation
ρ ⊗ η is called the tensor product of ρ and η.

As in group representations, the following lemma of Schur is very crucial and
important in the representation theory of Lie algebras.

Lemma 1.4.6 (Schur)(i) Let V and W be simple L-modules. Then any
L-homomorphism from V to W is either a zero homomorphism or an isomorphism.

(ii) Let L be a Lie algebra over an algebraically closed field K and V be a simple
L-module. Then any L-endomorphism of V is the multiplication by a scalar. As such,
EndL(V ) is a field isomorphic to F.

Proof (i) Let f be an L-homomorphism from V to W , where V and W are simple
L-modules. Then ker f is an L-submodule of V . If ker f = V , then f is zero
homomorphism. Suppose that ker f 	= V . Since V is simple, ker f = {0} and so,
f is injective. Further, f (V ) is an L-submodule of W and since W is also simple,
f (V ) = W . This shows that f is an isomorphism.
(ii) Let f be a member of EndL(V ), where V is a simple L-module. Since F is an

algebraically closed field, f has an eigenvalue λ. Let Vλ denote the λ-eigensubspace
of V . Then Vλ 	= {0}. If v ∈ Vλ, then f (x · v) = x · f (v) = x · λv = λ(x · v).
Hence x · v ∈ Vλ for all x ∈ L and v ∈ Vλ. Since V is a simple L-module, Vλ = V .
The last assertion is immediate. �

Proposition 1.4.7 Let L be a Lie algebra over a field F, and V be a finite-
dimensional L-module. Then the following two conditions are equivalent.

1. Every submodule of V is a direct summand.
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2. V is the direct sum of simple submodules.

Proof (1 =⇒ 2) Assume 1. Let W be a submodule of V . Let U be a submodule
of W . Then there is a submodule U ′ of V such that V = U ⊕U ′. Clearly, W =
U ⊕ (W

⋂
U ′). Thus, every submodule of V also satisfies condition 1. The proof of

2 is by the induction on the dimension of V . If the dimension of V is 0 or 1, then there
is nothing to do. Assume that condition 2 holds for all L-modules satisfying 1 whose
dimensions are less than the dimension of V , and V satisfies 1. If V is simple, then
there is nothing to do. If not, there is a nonzero proper L-submodule W of V . From
1, there is a submoduleW ′ of V such that V = W ⊕ W ′. Evidently, the dimensions
ofW andW ′ are less than the dimension of V . Further, from our earlier observation,
W and W ′ both satisfy 1. By the induction hypothesis, W and W ′ are both direct
sums of simple modules. Hence V is the direct sum of simple submodules.

(2 =⇒ 1) Assume 2. Suppose that V = V1 ⊕ V2 ⊕ · · · ⊕ Vr , where Vi is simple
for each i . LetW be a nontrivial proper submodule of V . There is i1, 1 ≤ i1 ≤ r such
thatW

⋂
Vi1 = {0} for otherwiseVi

⋂
W = Vi andVi ⊆ W for each i . IfV = W +

Vi1 = W ⊕ Vi1 ,we are done. If not, there is i2 	= i1 such that (W ⊕ Vi1)
⋂

Vi2 = {0}.
But then W + Vi1 + Vi2 = W ⊕ Vi1 ⊕ Vi2 . If V = W ⊕ Vi1 ⊕ Vi2 , we are done.
Proceed inductively. This process stops after finitely many steps giving a submodule
W ′ such that V = W ⊕ W ′. �

Definition 1.4.8 A finite-dimensional L-module V is said to be completely redu-
cible or semi-simple if it satisfies any of the above two (and hence both) conditions.

Remark 1.4.9 Observe (see Algebra 2, Theorem 9.1.5) that for modules over rings,
the equivalence of the two conditions holds without any restriction of finiteness on
the module. Can we imitate the proof for modules over rings to relax the condition
of finite dimensionality of V ?

It is clear from Proposition 1.4.7 that submodules, quotient modules, and homo-
morphic images of semi-simple modules are semi-simple modules. A finite-
dimensional L-module V is semi-simple if and only if every short exact sequence of
L-modules of the type

0 −→ U
α→ V

β→ W −→ 0

splits.

Theorem 1.4.10 Let L be a semi-simple Lie algebra. Then L considered as L-
module is semi-simple. There exist simple ideals A1, A2, · · · , Am of L which are
simple as Lie algebras such that L = A1 ⊕ A2⊕, · · · ,⊕Ar . Also {A1, A2, · · · , Am}
is the set of all simple ideals of L. Further, the restrictions of the Killing form of L
on Ai is the Killing form of Ai for each i .

Proof We consider the semi-simple Lie algebra L as an L-module. Let A be a
submodule of L . Then A is an ideal of L . Consider A⊥ = {x ∈ L | κ(x, y) =
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0 ∀y ∈ A}, where κ is the Killing form on L . The associativity of κ ensures that
A⊥ is also an ideal. Cartan’s criteria implies that A

⋂
A⊥ is a solvable ideal of L .

Since L is semi-simple, it follows that A
⋂

A⊥ = {0}. Suppose that A + A⊥ 	= L .
Let {x1, x2, · · · , xr , xr+1, · · · , xn} be a basis of L with {x1, x2, · · · , xr } a basis of
A + A⊥, n > r . Since κ is nondegenerate, the matrix of κ with respect to the above
basis is non-singular. Hence xr+1 ∈ (A + A⊥)⊥ ⊆ A

⋂
A⊥. This is a contradiction.

Thus, A + A⊥ = L , and hence L = A ⊕ A⊥. It follows from Proposition 1.4.7
that L is a semi-simple module considered as a module over itself. In turn, there
exist simple ideals A1, A2, · · · , Ar of L which are simple as Lie algebras such that
L = A1 ⊕ A2 ⊕ · · · ⊕ Ar . Let A be a nonzero simple ideal of L . Then [A, L] is
an ideal of A and also of L . Since Z(L) = {0}, [A, L] 	= {0}. Since A is supposed
to be simple, [A, L] = A. Hence A = [A, A1] ⊕ [A, A2] ⊕ · · · ⊕ [A, Am]. Since
A is simple, [A, Ai ] = A for a unique i . Again, since [A, Ai ] ⊆ Ai , it follows that
A = Ai for a unique i . The rest of the assertion follows from Proposition 1.4.3. �

The following is an immediate corollary of the above theorem and the preceding
discussions.

Corollary 1.4.11 Every ideal and also every homomorphic image of a semi-simple
Lie algebra is semi-simple. A semi-simple Lie algebra L is perfect in the sense that
[L , L] = L. All ideals of a semi-simple Lie algebra L are the direct sums of some
simple ideals of L. �

Theorem 1.4.12 Every derivation of a semi-simple Lie algebra is the inner deriva-
tion. Every semi-simple Lie algebra L is isomorphic to the Lie algebra of its deriva-
tions.

Proof Let L be a semi-simple Lie algebra. Then Z(L) = {0} and so L is isomorphic
to ad(L). Thus, the second assertion of the theorem follows from the first. We prove
the first assertion. We have already observed that ad(L) is an ideal of the Lie algebra
Der(L) of derivations of L . Let κD denote the Killing form on Der(L). Also from
Proposition 1.4.3, it follows that the restriction of κD to ad(L) is the Killing form κ
on ad(L). Since L is a semi-simple Lie algebra, ad(L) (being isomorphic to L) is
also semi-simple. Hence κD|ad(L) is nondegenerate on ad(L). LetU denote the ideal
ad(L)⊥ = {d ∈ Der(L) | κD(u, d) = 0∀u ∈ ad(L)}. Sinceκ is nondegenerate on
ad(L), ad(L)

⋂
U = {0}. Since ad(L) andU are ideals of Der(L), [ad(L),U ] =

{0}. Now, d[x, y] = [d(x), y] + [x, d(y)] for all x, y ∈ L . Hence ad(d(x))(y) =
[d, ad(x)](y) = 0 for all d ∈ U , x ∈ L , and y ∈ L . This means that ad(d(x)) = 0
for all d ∈ U . Since ad is injective, d(x) = 0 for all d ∈ U and x ∈ L . It follows
that U = {0}. Consequently, ad(L) = Der(L). �

Thus, unlike groups, every simple Lie algebra is complete. In particular, derivation
algebra Der L is complete for any semi-simple Lie algebra.

Let L be a semi-simple Lie algebra. It follows from the above theorem that
ad(L) = Der(L), and ad is an isomorphism from L to der(L). Let ad(x) =
(ad(x))s + (ad(x))n denote the Jordan decomposition of ad(x) considered as
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an element of EndF (L). It follows from Proposition 1.3.22 that (ad(x))s and
(ad(x))n are also members of ad(L). Since ad is injective, there is a unique element
xs and a unique element xn in L such that ad(xs) = (ad(x))s and ad(xn) =
(ad(x))n . Again, ad(xs + xn) = ad(xs) + ad(xn) = (ad(x))s + (ad(x))n =
ad(x). It follows that x = xs + xn . Further, ad([xs, xn]) = [ad(xs), ad(xn)] =
[(ad(x))s, (ad(x))n] = 0. It follows that [xs, xn] = 0. This decomposition of x
is termed as the abstract Jordan decomposition of x . The element xs is called the
semi-simple part and xn is called the nilpotent part of x .

Remark 1.4.13 If L ⊆ gl(V ) is a semi-simple linear Lie algebra, then an element
x ∈ L has Jordan decomposition considered as an element of EndF (V ). At this
point , there is no reason to believe that this decomposition agrees with the abstract
Jordan decomposition. However, we shall see soon that it is so. For a particular case
when L = sl(V ), it can be seen easily as follows. Let x be a member of sl(V ).
Suppose that x = xs + xn is the Jordan decomposition of x considered as an
element of EndF (V ). Since xn is nilpotent, Tr(xn) = 0. Hence xn ∈ sl(V ). In turn,
xs also belongs to sl(V ). Since xs is semi-simple in gl(V ), adgl(V )(xs) is also semi-
simple in End(EndF (V )). Similarly, adgl(V )(xn) is nilpotent in End(EndF (V )).
Consequently, ad(xs) is semi-simple and ad(xn) is nilpotent in ad(sl(V )). Also
[ad(xs), ad(xn)] = ad([xs, xn]) = 0. Thus, indeed, x = xs + xn is also the
abstract Jordan decomposition of x .

Casimir Element

Let ρ be a representation of a Lie algebra L on V . We have an associated symmetric
bi-linear form βρ on L given by βρ(x, y) = Tr(ρ(x)ρ(y)). Thus, the Killing form
κ on a Lie algebra is βad . As usual, βρ is also associative. In turn, Nρ = {x ∈ L |
βρ(x, y) = 0 f or all y ∈ L} is an ideal of L . It follows from Cartan’s criteria
that ρ(Nρ) is solvable. If ρ is a faithful representation, then Nρ is also solvable. In
particular, if L is semi-simple and ρ is faithful, then Nρ is trivial, and so the associated
bi-linear form βρ is nondegenerate. Indeed, the nondegeneracy of the Killing form
on a semi-simple Lie algebra is a particular case of the above observation.

Let L be a semi-simple Lie algebra, ρ be a faithful representation of L on V , and
βρ the associated nondegenerate bi-linear form as described above. For each x ∈ L ,
we have a map χx from V to F given by χx (y) = βρ(y, x). Evidently, χx ∈ V �,
where V � is the dual space of V . The map χ from V to V � given by χ(x) = χx is a
vector space homomorphism. Since βρ is nondegenerate, χ is injective. Since V and
V � are of the same dimension, χ is an isomorphism. Let {x1, x2, · · · , xn} be a basis
of V , and let { f1, f2, · · · , fn} be the dual basis of {x1, x2, · · · , xn}. From our above
discussion, we get a basis {y1, y2, · · · , yn} of V such that fi = χ(yi ) = χyi for all
i . More explicitly, βρ(xi , y j ) = δi j , where δ is the Kronecker delta.

Proposition 1.4.14 Let ρ be a faithful representation of a semi-simple Lie algebra
on V . Let {x1, x2, · · · , xn} be a basis of L and {y1, y2, · · · , yn} be the dual basis
with respect to the bi-linear form βρ. Let [ai j ] be the matrix of ad(x) with respect to
the basis {x1, x2, · · · , xn}. Then the matrix of ad(x) with respect to the dual basis
{y1, y2, · · · , yn} is −[ai j ]t .
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Proof Wehave [x, xi ] = ∑n
j=1 a ji x j . Suppose that [bi j ] is thematrix representation

of ad(x)with respect to the dual basis {y1, y2, · · · , yn}. Then [x, yi ] = ∑n
j=1 b ji y j .

Now

a jk = ∑n
i=1aikβρ(xi , y j ) = βρ(

∑n
i=1aik xi , y j ) = βρ([x, xk], y j ) =

βρ(−[xk, x], y j ) = βρ(−xk, [x, y j ]) = −akj .
�

Definition 1.4.15 The endomorphism cρ = ∑n
i=1 ρ(xi )ρ(yi ) of V is called the

Casimir element of the representation ρ relative to the basis {x1, x2, · · · , xn}.
Proposition 1.4.16 Let L be a semi-simple Lie algebra of dimension n. Let ρ be a
faithful representation of L on V . Then Tr(cρ) = n.

Proof By the definition,

Tr(cρ) = Tr(
∑n

i=1ρ(xi )ρ(yi )) = ∑n
i=1Tr(ρ(xi )ρ(yi )) =∑n

i=1βρ(xi , yi ) = n.
�

Proposition 1.4.17 Let ρ be a faithful representation of a semi-simple Lie algebra
L on V . Then [ρ(L), cρ] = 0. More explicitly, cρ commutes with ρ(x) for all x ∈ L.

Proof We have [φ,ψη] = [φ,ψ]η + ψ[φ, η] for all φ,ψ and η ∈ gl(V ). Thus,

[ρ(x), cρ] =
∑n

i=1
[ρ(x), ρ(xi )]ρ(yi ) +

∑n

i=1
ρ(xi )[ρ(x), ρ(yi )] =

∑n

i=1

∑n

k=1
akiρ(xk)ρ(yi ) +

∑n

i=1

∑n

k=1
bkjρ(xi )ρ(yk) = 0,

thanks to Proposition 1.4.14. �

The following corollary is immediate.

Corollary 1.4.18 Under the hypothesis of the above proposition, a Casimir element
cρ ∈ EndL(V ). �

Corollary 1.4.19 Let L be a semi-simple Lie algebra and ρ be an irreducible rep-
resentation of L on V . Then, cρ is the multiplication by dim L

dim V .

Proof SinceV is a simple L-module and cρ is an L-endomorphismofV , by the Schur
lemma, cρ is the multiplication by a scalar. Since Tr(cρ) = dim L (Proposition
1.4.16), the result follows. �

Example 1.4.20 Let ρ denote the standard inclusion representation of sl(2, F) on
V = F2. Take the standard ordered basis {e12, h, e21} of sl(2, F). The dual basis of
this standard basis can be easily seen to be {e21, h

2 , e12}. Thus, the Casimir element
cρ of the representation is given by
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cρ = e12e21 + h2

2
+ e21e12 =

[ 3
2 0
0 3

2

]

.

The trace of cρ is 3 = dim sl(2, F). Evidently, cρ is themultiplication by 3
2 . Observe

that the module F2 associated with this representation is a simple L-module.

Recall (Theorem9.1.10,Algebra 2) that a ring R is semi-simple if and only if every
module over R is semi-simple (completely reducible). In the case of Lie algebras,
we have already shown that a semi-simple Lie algebra L is a completely reducible
module over itself (Theorem 1.4.10). The converse is true here also for Lie algebras.
However, the proof of the converse for Lie algebras is a little subtle. In the case of
rings, the proof is an easy consequence of the fact that a free R-module is the direct
sum of several copies of R considered as an R-module, and a homomorphic image
of a semi-simple module is semi-simple.

Theorem 1.4.21 (Weyl) Let L be a semi-simple Lie algebra. Then every finite-
dimensional L-module is completely reducible. In the language of the representation
theory, every finite-dimensional representation of a semi-simple Lie algebra is the
direct sum of irreducible representations.

Proof Let L be a semi-simple Lie algebra. Let ρ be a representation of L on V .
Since L is perfect, and [gl(V ), gl(V )] = sl(V ), it follows that ρ(L) ⊆ sl(V ). Thus,
Tr(ρ(x)) = 0 for all x ∈ L . In particular, if V is a one-dimensional L-module, then
x · v = 0 for all x ∈ L and v ∈ V .

Let ρ be a representation of a semi-simple Lie algebra L on V . Let A be the
kernel of ρ. Then A is an ideal of L and by Theorem 1.4.10, L = A ⊕ B. B is also a
semi-simple Lie algebra, and ρ|B is a faithful representation. Further, L-submodules
of V are precisely B - submodules of V . As such, without any loss of generality, we
may assume that the representation ρ is faithful.

We prove the theorem in several steps:
Step 1. Every irreducible submodule W of V of co-dimension 1 is a direct sum-

mand.
Proof of Step 1. Let

0 −→ W
i→ V

ν→ V/W −→ 0

be an exact sequence of L-modules, where V is a faithful L-module and W is a
simple submodule of co-dimension 1. By Corollary 1.4.18, the Casimir operator
cρ = ∑n

i=1 ρ(xi )ρ(yi ) is an L-endomorphismofV . Hence cρ(W ) is an L-submodule
of V . If cρ(W ) = {0}, then since L acts trivially on V/W , Tr(cρ) = 0. This is a
contradiction, since Tr(cρ) = Dim L 	= 0. Thus, cρ(W ) 	= {0}. SinceW is a simple
submodule, (cρ(W )

⋂
W ) is {0} or it is W . If (cρ(W )

⋂
W ) is {0}, then V = W ⊕

cρ(W ) and we are done. If not, then W ⊆ cρ(W ). By the dimension consideration,
cρ(W ) = W . Since L acts trivially on one-dimensional modules, cρ induces trivial
endomorphism ĉρ on V/W . Clearly, Tr(cρ) = Tr(cρ|W ) + Tr(ĉρ) = Tr(cρ|W ).
Since Tr(cρ) = Dim L 	= 0, Tr(cρ|W ) 	= 0. Further, since W is an irreducible
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L-module, cρ|W is the multiplication by a nonzero member of F . Evidently, ker cρ

is a one-dimensional L-submodule and W
⋂

ker cρ = {0}. This shows that V =
W ⊕ ker cρ. This proves step 1.

Step 2. Every submodule W of V of co-dimension 1 is a direct summand.
Proof o f Step 2. The proof is by the induction on the dimension of W . If the

dimension ofW is zero, then there is nothing to do. Assume that the assertion is true
for all submodules of co-dimensions 1 whose dimensions are less than the dimension
of W . Let

0 −→ W
i→ V

ν→ V/W −→ 0

be an exact sequence of L-modules, where V is a faithful L-module and W is a
submodule of co-dimension 1. If W is simple, then the result follows from step 1.
Suppose thatW is not simple. LetW ′ be a nonzero proper submodule ofW . We have
the exact sequence

0 −→ W/W ′ i→ V/W ′ ν→ V/W −→ 0.

By the induction hypothesis, there is a one-dimensional submodule U/W ′ of V/W ′
such that V/W ′ = W/W ′ ⊕U/W ′. We get a short exact sequence

0 −→ W ′ i→ U
ν→ U/W ′ −→ 0

of L-modules. By the induction hypothesis, there is a one-dimensional submodule
P of U such that U = P ⊕ W ′. Also V/W ′ = W/W ′ ⊕U/W ′. Since P � W
and W

⋂
P = {0}, V = W ⊕ P . This proves step 2.

Proof of the Theorem. Let W be a submodule of V . We need to show that W is
a direct summand of V . We have the short exact sequence

0 −→ W
i→ V

ν→ V/W −→ 0

of L-modules. We have the L-module Hom(V,W ), where x · f is given by (x ·
f )(v) = x · f (v) − f (x · v). Similarly, Hom(W,W ) is also an L-module. We
have the restriction vector space homomorphism i� given by i�( f ) = f |W . Clearly,
i� is an L-homomorphism. For each a ∈ F , let fa denote the multiplication by the
scalar a on W . Then the subspace F̂ = { fa | a ∈ F} of Hom(W,W ) consisting of
scalarmultiplications onW can be easily seen to be an L-submodule of Hom(W,W ).
Indeed, L · F̂ is 0 ∈ Hom(V,W ). We have the short exact sequence

0 −→ ker i�
i→ (i�)−1(F̂)

ν→ (i�)−1(F̂)/ker i� −→ 0

of L-modules. Since F̂ is one dimensional, ker i� is of co-dimension 1. From step
2, (i�)−1(F̂) = ker i�⊕ < g >, where < g > is the one-dimensional submodule
of (i�)−1(F̂) generated by g. Since g /∈ ker i�, i�(g) = g|W = fa , where a 	= 0.
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Replace g by h = a−1g. Then h|W = IW . Since L · F̂ = {0}, (x · h)(v) =
x · (h(v)) − h(x · v) = 0 for all x ∈ L and v ∈ V . This shows that h is an L-
homomorphism from V to W such that h|W = IW . This shows that W is a direct
summand of V . �

Weyl’s theorem is the most fundamental result initiating the representation theory
of semi-simple Lie algebras. As the first application of the theorem, we establish that
under any representation of a semi-simple Lie algebra, Jordan decompositions are
preserved.

Theorem 1.4.22 Let L be a semi-simple linear Lie algebra contained in gl(V ),
where V is a finite-dimensional vector space over an algebraically closed field.
Then L contains semi-simple and nilpotent parts of each of its elements considered
as elements of EndF (V ). Consequently, abstract and usual Jordan decompositions
of members of L are the same.

Proof Let x ∈ L . Let x = xs + xn represent the usual Jordan decomposition of x in
EndF (V ). We have to show that xs and xn both belong to L . By Proposition 1.3.20,
adgl(V )(x) = adgl(V )(xs) + adgl(V )(xn) is the Jordan decomposition of adgl(V )(x) in
EndF (EndF (V )). Sinceadgl(V )(x)(L) ⊆ L andadgl(V )(xs) andadgl(V )(xn) are poly-
nomials of adgl(V )(x)(L) without constant terms, it follows that adgl(V )(xs)(L) ⊆ L
and also adgl(V )(xn)(L) ⊆ L . This means that xs and xn both belong to the nor-
malizer Ngl(V )(L) of L in gl(V ) for each x ∈ L . For each L-submodule W of V ,
consider the subspace Ŵ = {y ∈ gl(V ) | y(W ) ⊆ W and Tr(y|W ) = 0}. Since
L is semi-simple, [L , L] = L and consequently L ⊆ Ŵ for all L-submodules W
of V . It is also clear from the earlier observation that xs and xn belong to Ŵ for
each L-submodule W of V . Denote the intersection Ngl(V )(L)

⋂
(
⋂

W∈S(V ) Ŵ ) by

L̂ , where S(V ) denotes the set of all L-submodules of V . Evidently, L̂ is a Lie sub-
algebra of gl(V ) containing L as an ideal such that xs and xn both belong to L̂ for
each x ∈ L . It is sufficient to show that L̂ = L . Clearly, L̂ is a finite-dimensional
L-module with L as an L-submodule. Since L is semi-simple, by the theorem of
Weyl, there is an L-submodule U of L̂ such that L̂ = L ⊕U . Since [L , L̂] ⊆ L , it
follows that [L ,U ] = {0}. We show thatU = {0}. Let u ∈ U . Since [L , u] = {0},
u represents an L-endomorphism of V . Let W be a simple submodule of V . Then
by the Schur lemma, u acts on W by a scalar multiplication. Also, since u ∈ Ŵ ,
Tr(u|W ) = 0. This means that the endomorphism u restricted to W is zero for
all simple L-submodules of V . Since V is the direct sum of simple submodules, it
follows that u = 0. Hence U = {0}, and L̂ = L . This completes the proof of the
first part of the theorem. The rest of the assertion of the theorem also follows. �

Corollary 1.4.23 Let ρ be a finite-dimensional representation of a semi-simple Lie
algebra L on V . Let x = xs + xn be the abstract Jordan decomposition of x in L.
Then ρ(x) = ρ(xs) + ρ(xn) is the usual Jordan decomposition of ρ(x) in EndF (V ).

Proof Sincead(xs) is semi-simple in EndF (L), L is generatedby the set of eigenvec-
tors of ad(xs). Hence ρ(L) is also generated by the eigenvectors adρ(L)(ρ(xs)). This
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shows adρ(L)(ρ(xs)) is semi-simple. Again since ad(xn) is nilpotent, adρ(L)(ρ(xn))
is nilpotent. This shows that ρ(x) = ρ(xn) + ρ(xs) is the abstract Jordan decom-
position of ρ(x) in ρ(L). It follows from the above theorem that it is the usual Jordan
decomposition of ρ(x) in EndF (V ). �

Representations of sl(2, F)

Let F be an algebraically closed field of characteristic 0. Recall that the Lie algebra
sl(2, F) is a simple Lie algebra having the standard basis {e12, e21, h} satisfying the
relations

[h, e12] = 2e12, [h, e21] = −2e21, [e12, e21] = h.

For simplicity, we denote e12 by x and e21 by y. Let ρ be a representation of sl(2, F)

on a finite-dimensional vector space V . Clearly, h is a semi-simple element while
x, y are nilpotent elements in sl(2, F). From Corollary 1.4.23, it follows that ρ(h) is
semi-simple in gl(V ), whereas ρ(x) and ρ(y) are nilpotent in gl(V ). Let� denote the
set of all eigenvalues of the transformation ρ(h). The members of � are also called
theweights of the representation ρ. For a weight λ, the λ-eigenspace Vλ = {v ∈ V |
ρ(h)(v) = λv} of ρ(h) is called the weight space of the representation associated
withλ. Evidently, Vλ 	= {0}. Since ρ(h) is semi-simple, V = ⊕∑

λ∈� Vλ. Evidently,
� is finite.

Proposition 1.4.24 Letλ ∈ � andv ∈ Vλ. Thenρ(x)(v) ∈ Vλ+2. Further,ρ(y)(v) ∈
Vλ−2.

Proof ρ(h)(ρ(x)(v)) = ρ([h, x])(v) + ρ(x)(ρ(h)(v)) = 2ρ(x)(v) + λρ
(x)(v)v = (λ + 2)ρ(x)(v). Thus, ρ(x)(v) ∈ Vλ+2. Similarly, the second assertion
follows. �

Corollary 1.4.25 There is aλ ∈ � such thatλ + 2 /∈ � and in this caseρ(x)(v) = 0
for all v ∈ Vλ. Similarly, there is a μ ∈ � such that μ − 2 /∈ � and in this case
ρ(y)(v) = 0 for all v ∈ Vμ.

Proof Since � is nonempty and finite, there is a λ ∈ � such that λ + 2 /∈ �. It is
evident that ρ(x)(v) = 0 for all v ∈ Vλ. The remaining assertion follows, similarly.
�

A weight λ ∈ � is called a maximal weight if λ + 2 /∈ �. An eigenvector corre-
sponding to a maximal weight is called a maximal vector.

Proposition 1.4.26 Let ρ be an irreducible representation of sl(2, F) on a finite-
dimensional vector space V . Let λ be a maximal weight of the representation and
v0 a maximal vector corresponding to the maximal weight λ. For each r ≥ 0, put
vr = 1

r ! (ρ(y))r (v0). Then
(i) ρ(h)(vr ) = (λ − 2r)vr ,
(ii) ρ(y)(vr ) = (r + 1)vr+1, and
(iii) ρ(x)(vr ) = (λ − r + 1)vr−1

for all r ≥ 0. We put v−1 = 0 in (iii).



1.4 Semi-Simple Lie Algebras 57

Proof (i). We prove it by the induction on r . For r = 0, ρ(h)(v0) = λv0 by the
choice. Assume that ρ(h)(vr ) = (λ − 2r)vr . By Proposition 1.4.24, ρ(h)(ρ(y)
(vr )) = (λ − 2r − 2)ρ(y)(vr ). Hence ρ(h)(vr+1) = ρ(h)( 1

r+1ρ(y)(vr )) =
1

r+1ρ(h)(ρ(y)(vr )) = 1
r+1 (λ − 2r − 2)ρ(y)(vr ) = (λ − 2(r + 1))vr+1.

(ii). Evident from the definition.
(iii). By the induction, it can be easily seen that

ρ(y)(ρ(x)(vr )) = (λ − r + 1)ρ(y)(vr−1)

for each r . Now,
ρ(x)(vr )
= 1

r ρ(x)(ρ(y)(vr−1))

= 1
r (ρ([x, y])(vr−1) + ρ(y)(ρ(x)(vr−1)))

= 1
r (ρ(h)(vr−1) + (λ − r + 2)ρ(y)(vr−2))

= 1
r ((λ − 2r + 2)vr−1 + (r − 1)(λ − r + 2)ρ(y)(vr−1))

= (λ − r + 1)vr−1. �

Corollary 1.4.27 The set {vr | vr 	= 0, r ≥ 0} forms a linearly independent subset
of V . Consequently, there is a nonnegative integer n such that vn 	= 0 but vn+1 = 0.

Proof The result follows from the fact that vr are eigenvectors of h corresponding
to distinct eigenvalues of h. Finally, since V is of finite dimension, the rest of the
assertion is clear. �

Theorem 1.4.28 Let ρ be an irreducible representation of sl(2, F) on a vector space
V of dimension m + 1, m ≥ 0. Then the following hold:

1. The set � of weights of the representation is given by

� = {m − 2r | 0 ≤ r ≤ m} = [−m,m]
⋂

m + 2Z.

2. Each weight space Vλ, λ ∈ � is one dimensional.
3. There is a basis {v0, v1, · · · , vm} of V with vr ∈ Vm−2r such that

(i) ρ(h)(vr ) = (m − 2r)vr ,
(ii) ρ(y)(vr ) = (r + 1)vr+1, and
(iii) ρ(x)(vr ) = (m − r + 1)vr−1.

Proof FromCorollary 1.4.27, there is a linearly independent subset {v0, v1, · · · , vn}
of V satisfying conditions (i), (ii), and (iii) of Proposition 1.4.26. Let W be the sub-
space of V generated by {v0, v1, · · · , vn}. Again conditions (i), (ii), and (iii) of
Proposition 1.4.26 imply that ρ(z)(W ) ⊆ W for all z ∈ sl(2, F). Since ρ is irre-
ducible, W = V , and hence n = m. For r = m + 1, condition (iii) of Proposi-
tion 1.2.26 implies that 0 = (λ − m)vm . Since vm 	= 0, the maximal weight
λ = m = (dim V − 1). The theorem follows from Proposition 1.4.26. �
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Corollary 1.4.29 For each n = m + 1,m ≥ 0, there is a unique irreducible rep-
resentation of sl(2, F) of degree n up to equivalence. �

Proof The uniqueness follows from the above theorem. For existence, let V be a vec-
tor space having a basis {v0, v1, · · · , vm}. We have linear transformations ρ(h), ρ(x),
andρ(y)onV givenby (i), (ii), and (iii) ofTheorem1.4.28. In turn,weget a linearmap
ρ from sl(2, F) to gl(V ). It can be seen that ρ([h, x]) = [ρ(h), ρ(x)], ρ([h, y]) =
[ρ(h), ρ(y)], and ρ([x, y]) = [ρ(x), ρ(y)]. Hence ρ is a representation which is
irreducible. �

Corollary 1.4.30 Let ρ be a finite-dimensional representation (not necessarily irre-
ducible) of sl(2, F) on V . Then all the eigenvalues of ρ(h) are integers. If r is an
eigenvalue of ρ(h), then −r is also an eigenvalue. Indeed, the pair (r,−r) appears
equal times. Let V0 denote the eigenspace of ρ(h) corresponding to the eigenvalue
0, and V1 denotes that corresponding to the eigenvalue 1. Then ρ is the direct sum
of Dim V0 + Dim V1 irreducible representations.

Proof By the theorem of Weyl, ρ is the direct sum of irreducible representations.
The eigenvalues of ρ(h) are precisely the eigenvalues of ρ(h) restricted to the irre-
ducible components. The first assertion is immediate from the above theorem. Let
{u1, u2, · · · , us} be a basis of V0 and {v1, v2, · · · , vt } be a basis of V1. It is clear
from the Theorem 1.4.28 that each ui determines a unique irreducible component
of ρ and distinct ui determine different irreducible components. Similarly, each v j

determines a unique irreducible component of ρ and distinct v j determine different
irreducible components. The result follows. �

Exercises

1.4.1. Compute the matrix of the Killing form of each of the Lie algebras described
so far with respect to their standard bases.

1.4.2. Compute the Casimir operator of the adjoint representation of sl(2, F) and
sl(3, F) with respect to their standard bases. Find their traces also.

1.4.3. Show that every irreducible representation of a solvable Lie algebra is one
dimensional.

1.4.4. Call a Lie algebra L to be a reductive Lie algebra if Rad(L) = Z(L). Show
that a semi-simple Lie algebra is reductive. Give an example of a reductive
Lie algebra which is not semi-simple.

1.4.5. Show that a Lie algebra is reductive if and only if L considered as ad(L)-
module is completely reducible.

1.4.6. Let L be a semi-simple Lie algebra.Describe the structure of the ring EndL(L)

if possible.
1.4.7. Let L be a simple Lie algebra. Let β be a symmetric associative nondegenerate

bi-linear form on L . Use Schur lemma to show that there is a scalar a ∈ F�

such that β = aκ, where κ is the Killing form on L .
1.4.8. Determine the matrix of trace form Tr on sl(n, F) given by Tr(x, y) =

Tr(xy)with respect to the standard basis of sl(n, F). Show that it is symmetric
associative and nondegenerate.Assuming that sl(n, F) is a simpleLie algebra,
show that κ = 2nTr .
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1.5 Extensions of Lie Algebras and Co-homology

In this section, we introduce the co-homology of Lie algebras, describe low-
dimensional co-homologies, and discuss the Schreier theory of extensions of Lie
algebras. There is a close analogy between the co-homology theory of groups and
the co-homology theory of Lie algebras.

Let L be a Lie algebra over a field K . Recall that L-modules are preciselyU (L)-
modules.Wehave bi-functors EXT n

U (L)(−,−) and TorU (L)
n (−,−) from the category

of L (U (L))-modules to the category of groups. These functors are also denoted by
EXT n

L (−,−) and Tor Ln (−,−), respectively. Treat K as a trivial L-module. Let A be
an L-module. Then EXT n

L (K , A) is denoted by Hn(L , A) and it is called the nth co-
homology of L with a coefficient in A. Further, TorU (L)

n is denoted by Hn(L , A) and
it is called the nth homology of L with coefficient in A. Thus, we need to construct a
convenient projective U (L)-resolution of the trivial L-module K (x · a = 0 for all
x ∈ L and a ∈ K ) for this purpose.

The trivialmodule structure on K induces an algebra homomorphism ε fromU (L)

to gl(K ) ≈ K . This homomorphism is called the augmentation map. The Kerε is
called the augmentation ideal and it is denoted by I (L). Since K is the trivial L-
module, it follows that I (L) is the ideal ofU (L) generated by jL(L). We have a free
presentation

0 −→ I (L) −→ U (L)
ε→ K −→ 0

of the trivial module K .

Proposition 1.5.1 H 0(L , A) = {a ∈ A | xa = 0 f or all x ∈ L}. �
Proof By the definition, H 0(L , A) = Ext0U (L)(K , A) ≈ HomU (L)(K , A). Now, a
U (L)-homomorphism f fromU (L) to A determines and is uniquely determined by
the image f (1) = a ∈ A of 1 such that 0 = f (0) = f ( jL(x) · 1) = jL(x) ·
f (1) = x · a for all x ∈ L . Thus, H 0(L , A) ≈ {a ∈ A | xa = 0 f or all x ∈ L}.
�

Proposition 1.5.2 H 1(L , A) ≈ Der(L , A)/I der(L , A) and if A is a trivial L-
module, H 1(L , A) ≈ HomK (Lab, A). �

Proof Consider the short exact sequence

0 −→ I (L) −→ U (L)
ε→ K −→ 0.

We have the long exact sequence (see Corollary 2.1.17, Algebra 3)

0 −→ Ext0U (L)(K , A)
ε�→ Ext0U (L)(U (L), A)

i�→ Ext0U (L)(I (L), A)
∂→

Ext1U (L)(K , A)
ε�→ Ext1U (L)(U (L), A)

i�→ · · · .
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Since U (L) is a free U (L)-module, Ext1U (L)(U (L), A) = {0}. Also Ext0U (L)

(−,−) = HomU (L)(−,−). Consequently, we get the exact sequence

0 −→ HomU (L)(K , A)
ε�→ HomU (L)(U (L), A)

i�→ HomU (L)(I (L), A)
∂→

Ext1U (L)(K , A) −→ 0.

Thus,

H 1(L , A) = Ext1U (L)(K , A) ≈ HomU (L)(I (L), A)

Ker∂
= HomU (L)(I (L), A)

image i�
.

Now, let us interpret the members of HomU (L)(I (L), A) and of image i�. Let f ∈
HomU (L)(I (L), A). Define a map D f from L to A by putting D f (x) = f ( jL(x)).
The fact that f is a U (L)-homomorphism implies that D f ∈ Der(L , A). The map
D from HomU (L)(I (L), A) to Der(L , A) given by D( f ) = D f can be easily
seen to be a vector space isomorphism. Further, if f is the restriction to I (L) of
a homomorphism from U (L) to A, then it is determined uniquely by an element
a = f (1) of a such that f (x) = jL(x) · a = x · a and D f is an inner derivation
Da determined by a. The rest is an easy verification. �

Now, we shall describe a convenient projective resolution of the trivial L-module
K for the purpose of computing co-homologies. Let E(L) denote the the exterior
algebra (see Algebra 2, Sect. 7.3) of L considered as a vector space. Thus,

E(L) = ⊕
∑∞

r=0

r∧
(L),

where
∧r L denote the rth exterior power of L . In particular,

∧0 L = K ,
∧1 L = L .

If {x1, x2, · · · , xn} is a basis of L , then {xi1 ∧ xi2 ∧ · · · ∧ xir | 1 ≤ i1 < i2 < · · · <

ir ≤ n} is a basis of ∧r L . In particular, Dim
∧r L = nCr and DimE(V ) = 2n .

The product · from ∧r L × ∧s L to
∧r+s L defined by

(xi1 ∧ xi2 ∧ · · · ∧ xir ) · (x j1 ∧ x j2 ∧ · · · ∧ x js ) = xi1 ∧ xi2 ∧ · · · ∧ xir ∧ x j1 ∧ x j2 ∧ · · · ∧ x js

can be extended to the whole of E(L) by linearity which makes E(L) an alternating
algebra. Let Xn denote theU (L)-moduleU (L) ⊗K

∧r L . Clearly, Xn is a freeU (L)-
module of rank nCr , since

∧r L is a vector space of dimension nCr . Without any
confusion, we can denote 1 ⊗ (xi1 ∧ xi2 ∧ · · · ∧ xir ), 1 ≤ i1 < i2 < · · · < ir ≤ n by
xi1 ∧ xi2 ∧ · · · ∧ xir . Thus, {xi1 ∧ xi2 ∧ · · · ∧ xir ), 1 ≤ i1 < i2 < · · · < ir ≤ n} is a
freeU (L)-basis of Xn . We have a uniqueU (L)-homomorphism dr from Xr to Xr−1

subject to
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dr (xi1 ∧ xi2 ∧ · · · ∧ xir ) = ∑r
j=1(−1) j+1 jL(xi j )(xi1 ∧ xi2 ∧ · · · x̂i j ∧ xi j+1 · · · ∧

xir ) + ∑
1≤k<l≤r (−1)k+l[xik , xil ] ∧ xi1 ∧ · · · ∧ x̂ik ∧ · · · ∧ x̂il ∧ · · · xir .

As usual, one can establish the following proposition:

Proposition 1.5.3 The chain

X̂ = 0 −→ Xn
dn→ Xn−1

dn−1→ · · · d2→ X1
d1→ X0

ε→ K −→ 0

is a U (L)-free resolution of the trivial module K , where n = DimL. �

Thus, Hn(L , A) is the nth co-homology of the cochain complex HomU (L)(X̂ , A).

Corollary 1.5.4 If n is the dimension of L, then Hn+1(L , A) = {0}. �
Our next aim is develop the theory of Schreier Extensions and interpret the second

and third co-homologies in terms of the extensions.
A short exact sequence

E ≡ 0 −→ A
α→ L

β→ B −→ 0

of Lie algebras is called an extension of A by B. Let t be a vector space splitting.
More explicitly, t is a vector space homomorphism such that βot = IB . The map
t need not be a Lie algebra homomorphism. If t is a Lie algebra homomorphism,
then it is termed as a splitting and the extension is termed as a split extension. For
example,

0 −→ sl(n, F)
i→ gl(n, F)

Tr→ F −→ 0

is a split exact sequence, where Tr is the trace map. Note that it is not a direct sum
extension. An extension E is called a central extension if α(A) ⊆ Z(L). Thus, a
central split extension is a direct sum extension.

Let EXT denote the category whose objects are short exact sequences

0 −→ A
α→ L

β→ B −→ 0

of Lie algebras, and a morphism between two extensions E1 and E2 given by the
short exact sequences

0 −→ A1
α1→ L1

β1→ B1 −→ 0

and
0 −→ A2

α2→ L2
β2→ B2 −→ 0

is a triple (λ,μ, ν), whereλ is a homomorphism from A1 to A2,μ is a homomorphism
from L1 to L2, and ν is a homomorphism from B1 to B2 such that the following
diagram is commutative:
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0 �

0 �

A1

A2

α1

α2�
λ

�

�

L1

L2

μ
�

�

�

B1

B2

β1

β2

ν
�

�

�

0

0

The category EXT is called the category of Schreier extensions of Lie algebras. The
isomorphisms in this category are called the equivalences of extensions. Using the
five lemmas, it follows that a morphism (λ,μ, ν) is an equivalence if and only if λ
and ν are isomorphisms.

Let

E ≡ 0 −→ A
α→ L

β→ B −→ 0 (1.1)

be an extension of A by B. Since β is surjective, there is a vector space homomor-
phism t (not necessarily a Lie homomorphism) from B to L (called a section or
a transversal) such that βot = IB (note that we are using the axiom of choice).
α(A) = kerβ is an ideal of L . Thus, for each x ∈ B and a ∈ A, [t (x),α(a)] belongs
to α(A). Since α is injective, there is a unique element σt

x (a) in A depending on x
and a such that

[t (x),α(a)] = α(σt
x (a)) (1.2)

This gives us a map σt
x from A to A given by (1.2). It can be easily seen that σt

x is a
vector space endomorphism of A. Further,
α(σt

x ([a, b]))
= [t (x),α([a, b])]
= [t (x), [α(a),α(b)]]
= [[t (x),α(a)],α(b)] + [α(a), [t (x),α(b)]] (by the Jacobi identity)
= α([σt

x (a), b] − [σt
x(b), a]).

Since α is injective,

σt
x ([a, b]) = [σt

x(a), b] + [a,σt
x (b)] (1.3)

This shows that σt
x is a derivation of A.. Thus, the extension E together with a choice

of the section t gives us a map σt from B to Der(A). Since t is a vector space
homomorphism, σt is also a vector space homomorphism.

As observed earlier, t need not be a Lie homomorphism. However, since β is a
Lie algebra homomorphism,

β(t ([x, y]) = [x, y] = [β(t (x)),β(t (y))] = β([t (x), t (y)])
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for all x, y ∈ B. Hence, there is a unique element f t (x, y) ∈ A such that

α( f t (x, y)) = [t (x), t (y)] − t ([x, y]) (1.4)

for all x, y ∈ B. This gives us a map f t from B × B to A which is given by (1.4).
Since t is a vector space homomorphism,

α( f t (ax + by, z)) = [t (ax + by), t (z)] − t ([ax + by, z]) = α(a f t (x, z) + b f t (y, z))

for all x, y, z ∈ B. Thus,

f t (ax + by, z) = a f t (x, z) + b f t (y, z) (1.5)

for all x, y, z ∈ B and a, b ∈ F . Similarly,

f t (x, by + cz) = b f t (x, y) + c f t (x, z) (1.6)

for all x, y, z ∈ B and b, c ∈ F . Also since [t (x), t (x)] = 0 = t ([x, x]), we have

f t (x, x) = 0 (1.7)

for all x ∈ B. Next,

[[t (x), t (y)], t (z)] + [[t (y), t (z)], t (x)] + [[t (z), t (x)], t (y)] = 0

implies that

[t ([x, y]) + α( f t (x, y)), t (z)] + [t ([y, z]) + α( f t (y, z)), t (x)] + [t ([z, x])+
α( f t (z, x)), t (y)] = 0

or equivalently,

t ([[x, y], z]) + t ([[y, z], x]) + t ([[z, x], y]) + α( f t ([x, y], z)) − α(σtz( f
t (x, y)))+

α( f t ([y, z], x)) − α(σtx ( f
t (y, z))) + α( f t ([z, x], y)) − α(σty( f

t (z, z))) = 0.

Since t is a vector space homomorphism, using the Jacobi identity and the fact that
α is injective, we obtain

f t ([x, y], z) + f t ([y, z], x) + f t ([z, x], y) − σt
z( f

t (x, y)) − σt
x ( f

t (y, z))−
σt
y( f

t (z, x)) = 0
(1.8)

Similarly, the Jacobi identity

[[t (x), t (y)],α(a)] + [[t (y),α(a)], t (x)] + [[α(a), t (x)], t (y)] = 0
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implies that

σt
[x,y](a) = σt

xσ
t
y(a) − σt

yσ
t
x (a) − [ f t (x, y), a] (1.9)

for all x, y ∈ B and a ∈ F . We are prompted to have the following definition:

Definition 1.5.5 A quadruple (B, A,σ, f ), where A and B are Lie algebras over
a field F , σ is a linear transformation from B to Der(A), and f is an alternating
map from B × B to A, is called a Schreier factor system if it satisfies the equations
(1.3), (1.8), and (1.9) with σt and f t replaced by σ and f , respectively.

Thus, given an extension E of A by B together with a section t , we obtain a factor
system (B, A,σt , f t ). Conversely, let (B, A,σ, f ) be a factor system. Consider
L = A × B. L is a vector space with respect to the coordinate-wise operation.
Define the bracket operation [, ] by putting

[(a, x), (b, y)] = ([a, b] − σy(a) + σx (b) + f (x, y), [x, y]).

Using the defining conditions for the factor system, it can be easily verified that L is
a Lie algebra and

0 −→ A
α→ L

β→ B −→ 0

is an extension of A by B, whereα(a) = (a, 0) and β((a, x)) = x . The map t from
B to L given by t (x) = (0, x) is a section such that (B, A,σ, f ) = (B, A,σt , f t ).

Let
E1 ≡ 0 −→ A1

α1→ L1
β1→ B1 −→ 0

and
E2 ≡ 0 −→ A2

α2→ L2
β2→ B2 −→ 0

be extensions in EXT together with sections t1 and t2 of E1 and E2, respectively.
Let (λ,μ, ν) be a morphism from E1 to E2. Using the commutativity of the relevant
diagram,

β2μt1(x) = νβ1t1(x) = ν(x) = β2t2ν(x)

for all x ∈ B1. Consequently, there is a unique element g(x) ∈ A2 such that

μt1(x) = t2ν(x) + α2g(x) (1.10)

for all x ∈ B1. This defines a map g from B1 to A2. Since μ, ν, t1, t2 are vector space
homomorphisms and α2 is an injective homomorphism, it follows that g is a vector
space homomorphism. Now,
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μ([t1(x), t1(y)])
= μ(t1([x, y]) + α1( f

t1(x, y)))

= t2(ν([x, y])) + α2(g([x, y]) + α2(λ( f t1(x, y))) (1.11)

On the other hand, since μ is a Lie algebra homomorphism,

μ([t1(x), t1(y)])
= [μ(t1(x)),μ(t1(y))]
= [t2(ν(x)) + α2(g(x)), t2(ν(y)) + α2(g(y))]
= t2(ν([x, y])) + α2( f t2(ν(x), ν(y))) − α2(σ

t2
ν(y)(g(x))) +

α2(σ
t2
ν(x)(g(y))) + α2([g(x), g(y)]) (1.12)

Comparing (1.11) and (1.12), we get

f t2(ν(x), ν(y)) − σt2
ν(y)(g(x)) + σt2

ν(x)(g(y)) + [g(x), g(y)] =
λ( f t1(x, y)) + g([x, y]) (1.13)

for all x, y ∈ B1. Further,
α2(λ(σt1

x (a)))

+ μ(α1(σ
t1
x (a)))

= [μ(t1(x)),μ(α1(a))]
= [t2(ν(x)) + α2(g(x)),α2(λ(a))]
= α2(σ

t2
ν(x)(λ(a))) + α2([g(x),λ(a)]).

Since α2 is an injective homomorphism,

λ(σt1
x (a)) = σt2

ν(x)(λ(a)) + [g(x),λ(a)] (1.14)

for all x ∈ B1 and a ∈ A. Thus, a morphism (λ,μ, ν) between extensions E1 and E2

together with choices of sections t1 and t2 of the corresponding extensions induces a
linear map g from B1 to A2 such that the triple (ν, g,λ) satisfies (1.13) and (1.14),
and it may be viewed as a morphism from the factor system (B1, A1,σ

t1 , f t1) to
(B2, A2,σ

t2 , f t2).
Let (λ1,μ1, ν1) be a morphism from an extension

E1 ≡ 0 −→ A1
α1→ L1

β1→ B1 −→ 0

to an extension
E2 ≡ 0 −→ A2

α2→ L2
β2→ B2 −→ 0,

and (λ2,μ2, ν2) be that from the extension E2 to
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E3 ≡ 0 −→ A3
α3→ L3

β3→ B3 −→ 1.

Let t1, t2 and t3 be corresponding choices of the sections. Then as in (1.10),

μ1(t1(x)) = t2(ν1(x)) + α2(g1(x))

and
μ2(t2(u)) = t3(ν2(u)) + α3(g2(u)),

where g1 is the uniquely determined linear map from B1 to A2, and g2 is that from
B2 to A3. In turn,

μ2(μ1(t1(x))) = μ2(t2(ν1(x)) + α2(g1(x))) = μ2(t2(ν1(x))) + μ2(α2(g1(x))) =
t3(ν2(ν1(x))) + α3(g2(ν1(x))) + α3(λ2(g1(x))) = t3((ν2oν1)(x)) + α3(g3(x)),

where g3(x) = g2(ν1(x)) + λ2(g1(x)). It follows that the composition (λ2 ◦ λ1,μ2 ◦
μ1, ν2 ◦ ν1) induces the triple (ν2 ◦ ν1, g3,λ2 ◦ λ1), where g3(x) = g2(ν1(x)) +
λ2(g1(x)) for each x ∈ B1.

Prompted by the above discussion,we introduce the categoryFACSwhose objects
are factor systems, and a morphism from (B1, A1,σ

1, f 1) to (B2, A2,σ
2, f 2) is a

triple (ν, g,λ), where ν is a homomorphism from B1 to B2, λ a homomorphism from
A1 to A2, and g a linear map from B1 to A2 satisfying (1.13) and (1.14) with f t1

replaced by f 1, f t2 replaced by f 2, σt1 replaced by σ1, and σt2 replaced by σ2.
The following theorem is the consequence of the above discussion.

Theorem 1.5.6 Let tE be a choice of a section of the extension E of a Lie algebra by
another Lie algebra (such a choice function t exists because of the axiom of choice).
Then the association Fac which associates with each extension E the factor system
Fac(E, tE ) is an equivalence between the category EXT of extensions to the category
FACS of factor systems. �

Fix a pair A and B of Lie algebras. We try to describe the equivalence classes of
extensions of A by B. Let L be an extension of A by B given by the exact sequence

E ≡ 0 −→ A
α→ L

β→ B −→ 0.

Let (λ,μ, ν) be an equivalence from this extension to another extension L ′ of A′ by
B ′ given by the exact sequence

E ′ ≡ 0 −→ A′ α′→ L ′ β′→ B ′ −→ 0

Then μ is an isomorphism and it follows that L ′ is also an extension of A by B given
by the exact sequence
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E ′′ ≡ 0 −→ A
α′◦λ→ L ′ ν−1◦β′→ B −→ 0

such that (IA,μ, IB) is an equivalence from E to E ′′. Also, (λ, IL ′ , ν) is an equiva-
lence from E ′′ to E ′.

As such, there is no loss of generality in restricting the concept of equivalence on
the class E(A, B) of all extensions of A by B by saying that two extensions

E1 ≡ 0 −→ A
α1→ L1

β1→ B −→ 0

and
E2 ≡ 0 −→ A

α2→ L2
β2→ B −→ 0

in E(A, B) are equivalent if there is an isomorphism φ from L1 to L2 such that the
diagram

0 �

0 �

A

A

α1

α2�
IA

�

�

L1

L2

φ
�

�

�

B

B

β1

β2

IB
�

�

�

0

0

is commutative. Indeed, for any extension E in EXTwhich is equivalent to a member
E ′ of E(A, B), there is a member E ′′ of E(A, B) such that E is equivalent to E ′′
in the category EXT and E ′′ in E(A, B) is an equivalent E ′ in the sense described
above.

Let
E ≡ 0 −→ A

α→ L
β→ B −→ 0

be an extension of A by B. Let t and t ′ be sections of the extension. Then there is a
linear map g from B to A given by

t ′(x) = t (x) + α(g(x)).

Now,

α(σt ′
x (a)) = [t ′(x),α(a)] = [t (x) + α(g(x)),α(a)] = α(σt

x (a) + [g(x), a])

for all x ∈ B and a ∈ A. Thus,

σt ′
x (a) = σt

x (a) + ad(g(x))(a)
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for all x ∈ B and a ∈ A. Thus, the linear map σt from B to Der(A) depends on t
(note that it is not a Lie homomorphism). It follows from the above equation that the
map x 
→ σt

x I Der(A) from B to the Lie algebra OutDer(A) of outer derivations
of A is independent of the choice of the section t . Thus, for each extension E of A
by B, we have a map 	E from B to OutDer(A) given by 	E (x) = σt

x I Der A.
Evidently, 	E is a linear map. It follows from Eq. (1.9) that 	E is a Lie algebra
homomorphism. If an extension E1 of A by B is equivalent to an extension E2 of A
by B, then it can be easily seen that 	E1 = 	E2 .

Definition 1.5.7 A homomorphism from B to OutDer(A) = Der(A)/I Der(A)

is called a coupling or an abstract kernel of B to A.

We have established the following theorem.

Theorem 1.5.8 Let Ext (A, B) denote the set of all equivalence classes of exten-
sions in E(A, B). Then there is a natural map 	 from Ext (A, B) to the set
Hom(B, OutDer(A)) of all abstract kernels (couplings) of B to A given by
	([E]) = 	E as defined above.�

The map 	 described in the above theorem is called the abstract kernel map.
The abstract kernelmap	 need not be injective. In otherwords, twononequivalent

extensions of A by B may induce the same abstract kernels of B to A (give an
example). We shall see that the map 	 may not be surjective also. Indeed, we have
two basic problems in the theory of extensions of Lie algebras.

1. To determine the abstract kernels η ∈ Hom(B, OutDer(A)) which are realiz-
able from an extension E of A by B in the sense that 	([E]) = η.

2. Given an abstract kernel η ∈ Hom(B, OutDer(A))which is realizable from an
extension, to determine and classify all extensions E up to equivalence such that
	(E) = η. Such abstract kernels are call couplings.

Theorem 1.5.9 Let A be a Lie algebra with Z(A) = {0}. Then the map 	

from Ext (A, B) to the set Hom(B, OutDer(A)) is bijective. More explicitly, every
abstract kernel η of B to A determines and is determined uniquely by an equivalence
class of extensions in Ext (A, B).

Proof Let η ∈ Hom(B, OutDer(A)) be an abstract kernel of B to A. Consider the
Pull Back Diagram

L

Der(A)

p1
�

�

�

B

OutDer(A)

p2

ν
η

�

More explicitly, L is the Lie subalgebra of the direct product Der(A) × B given by
L = {(σ, x) | σ ∈ Der(A) and σ I Der(A) = η(x)}, p1 the first projection, and
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p2 the second projection. Clearly, p2 is a surjective homomorphism from L to B. The
kerp2 = {(σ, 0) | σ I Der(A) = η(0) = I Der(A)} = I Der(A) × {0}. Since
the center Z(A) of A is trivial, the map α from A to L defined by α(a) = (ia, 0) (
ia denotes the inner derivation determined by a) is an injective homomorphism with
imageα = kerp2. This gives an extension E of A by B given by the exact sequence

E ≡ 0 −→ A
α→ L

p2→ B −→ 0.

Using the axiomof choice, there is amap ξ from B to Der(A) such that ξ(x)I Der(A)

= η(x). This determines a section t of the extension E given by t (x) = (ξ(x), x).
Recall that the abstract kernel 	(E) associated with the extension E is given by
	(E)(x) = σt

x I Der(A), where σt
x is given by

[t (x),α(a)] = α(σt
x (a)).

Now,

α(σt
x (a)) = [t (x),α(a)] = [(ξ(x), x), (ia, 0)] = ([ξ(x), ia], 0) =

(iξ(x)(a), 0) = α(ξ(x)(a)).

Thus, σt
x (a) = ξ(x)(a) for all a ∈ A. In turn, σt

x = ξ(x). By the definition,
	(E)(x) = σt

x I Der(A) = ξ(x)I Der(A) = η(x) for all x ∈ B. This shows
that 	(E) = η and so 	 is surjective.

To prove the injectivity, suppose that 	(E1) = 	(E2), where E1 and E2 are
extensions of A by B given by

E1 ≡ 0 −→ A
α1→ L1

β1→ B −→ 0

and
E2 ≡ 0 −→ A

α2→ L2
β2→ B −→ 0.

Let t1 be a section of E1 with a corresponding factor system (B, A,σt1 , f t1), and t2
be a section of E2 with the corresponding factor system (B, A,σt2 , f t2). Under our
assumption,

σt1
x I Der(A) = 	(E1)(x) = 	(E2)(x) = σt2

x I Der(A)

for all x ∈ B, where σt1
x and σt2

x are given by the equations

[t1(x),α1(a)] = α1(σ
t1
x (a))

and
[t2(x),α2(a)] = α2(σ

t2
x (a)).
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Since σt1
x I Der(A) = σt2

x I Der(A) for all x ∈ B, and since A is center-less, there is
a unique linear map g from B to A such that

σt1
x = ig(x) ◦ σt2

x · · · (1.15)

for all x ∈ B. Again by 9, we have

σt1
[x,y](a) = σt1

x σt1
y (a) − σt1

y σt1
x (a) − [ f t1(x, y), a] (1.16)

and

σt2
[x,y](a) = σt2

x σt2
y (a) − σt2

y σt2
x (a) − [ f t2(x, y), a] (1.17)

for all x, y ∈ B and a ∈ A. Using (1.15), (1.16), (1.17), and the fact that Z(A) = {0},
it can be shown that (1.13) holds with ν = IB and λ = IA. It follows that (IA, g, IB)

is an equivalence between the factor system (B, A,σt1 , f t1) and (B, A,σt2 , f t2). By
Theorem 1.5.6, it follows that E1 and E2 are equivalent. �

Indeed, the proof of the above theorem establishes the following more general
result.

Proposition 1.5.10 Let E1 and E2 be extensions of A by B with 	(E1) = 	(E2).
Then the following induced extensions E ′

1 and E ′
2 of A/Z(A) by B given below are

equivalent:

E ′
1 ≡ 0 −→ A/Z(A)

α1→ L1/α1(Z(A))
β1→ B −→ 0,

E ′
2 ≡ 0 −→ A/Z(A)

α2→ L2/α2(Z(A))
β2→ B −→ 1.�

So far we described the extensions of Lie algebras with trivial centers. Let us
consider the other extreme case when the center of the Lie algebra is the Lie algebra
itself. More explicitly, we describe the extensions of abelian Lie algebras. Let A be
an abelian Lie algebra. Then the derivation algebra Der(A) is a subalgebra of the
endomorphism algebra End(A) and I der A = {0}. The Lie algebra OutDer(A) is
naturally identified with Der(A). An abstract kernel of B to A is a homomorphism
σ from B to Der(A). We discuss the following problem:
Problem: Let A be an abelian Lie algebra. Classify all extensions of A by B (up to
equivalence) with the given abstract kernel σ.

Let us denote by EXTσ(A, B) the set of equivalence classes of extensions of A
by B with the given abstract kernel σ. We have at least one such extension, viz.,
the semi-direct product extension of A by B associated with the homomorphism σ.
Clearly, a factor system associated with the split extension is (B, A,σ, f0), where
f0 is trivial in the sense that f0(x, y) = 0 for all x, y ∈ K . Let Z2

σ(B, A) denote
the set of factor systems (B, A,σ, f ) associated with the abstract kernel σ. Indeed,
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a factor system in Z2
σ(B, A) determines, and it is uniquely determined by, the corre-

sponding map f which satisfies the equations (8) and (9) with f t replaced by f and
σt
x replaced by σ(x). By the abuse of language, we shall call such an f as a factor

system in Z2
σ(B, A). f is also called a 2-co-cycle associated with (B, A,σ). It is

easily observed that f + f ′ ∈ Z2
σ(B, A), since A is abelian. Also − f ∈ Z2

σ(B, A)

for all f ∈ Z2
σ(B, A). Thus, Z2

σ(B, A) is an abelian group with respect to the oper-
ation defined above. f0 is the identity of the group. Let B2

σ(B, A) denote the set of
factor systems which are equivalent to the trivial factor system f0. More precisely,
from (1.13), f ∈ B2

σ(B, A) if and only if there is a vector space homomorphism
g from B to A such that f (x, y) = g([x, y]) − σ(x)(g(y)) + σ(y)(g(x)). Note
that for any vector space homomorphism g, the map ∂g from B × B to A defined by
∂g(x, y) = g([x, y]) − σ(x)(g(y)) + σ(y)(g(x)) is a factor system. Themembers
of B2

σ(B, A) are called the 2-co-boundaries associated with (B, A,σ). The quotient
group Z2

σ(B, A)/B2
σ(B, A) is called the second co - homology group associated

with (B, A,σ), and it is denoted by H 2
σ (B, A).

Theorem 1.5.11 Let A be an abelian Lie algebra, and B be a Lie algebra. Let σ
be an abstract kernel of B to A. Then, there is a natural bijective correspondence
� between the set E XTσ(A, B) of equivalence classes of extensions of A by B with
the given abstract kernel σ and the second co-homology group H 2

σ (B, A).

Proof Let E be an extension of A by B with the abstract kernel σ. Let t be a
section of the extension, and (B, A,σ, f t ) be the corresponding factor system. Then
f t ∈ Z2

σ(B, A). Let E ′ be another equivalent extension of A by B, and t ′ be a section
of the extension E ′. Let (B, A,σ, f t

′
) be the corresponding factor system. Then

(see the equation 13) there is a vector space homomorphism g from B to A such
that f t (x, y) + g([x, y]) = σ(x)(g(y)) − σ(y)(g(x)) + f t

′
(x, y) (note that

A is abelian). This shows that f t + B2
σ(B, A) = f t

′ + B2
σ(B, A). Thus, the

association (E, t) 
→ f t induces a map � from EXTσ(A, B) to H 2
σ (B, A) given by

�([E]) = f t + B2
σ(B, A), where t is a section of E . Let f ∈ Z2

σ(B, A). Then by the
discussion followingDefinition 1.5.5, there is an extension E of A by B, and a section
t such that f t = f . This shows that� is surjective. Let E1 and E2 be extensions of A
by B with sections t1 and t2 and the abstract kernel σ such that �([E1]) = �([E2]).
Then f t1 + B2

σ(B, A) = f t2 + B2
σ(B, A). Hence there exists a vector space

homomorphism g from B to A such that f t1(x, y) + g([x, y]) = σ(x)(g(y)) −
σ(y)(g(x)) + [g(x), g(y)] + f t2(x, y) (note that [g(x), g(y)] = 0). It follows
that the factor system f t1 is equivalent f t2 . Hence the corresponding extensions E1

and E2 are equivalent. �

Let A be a Lie algebra (not necessarily abelian), and B be another Lie alge-
bra. Let ψ : B 
−→ OutDer(A) = Der(A)/I Der(A) be an abstract kernel. If
d ∈ Der(A) and a ∈ Z(A), then [d(a), b] = d([a, b]) − [a, d(b)] = 0 for
all b ∈ A. This means that d(a) ∈ Z(A). In turn, we get a homomorphism χ :
Der(A) 
−→ Der(Z(A)) given by χ(d) = d|(Z(A). Let σ : B 
−→ Der(A) be a
vector space homomorphism which is the lifting of ψ in the sense that νoσ = ψ,
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where ν is the quotient map from Der(A) to OutDer(A). Since ψ is a homo-
morphism, σ([x, y])I Der(A) = [σ(x),σ(y)]I Der(A). Hence there is a map
f from B × B to A such that [σ(x),σ(y)] = i f (x,y)σ([x, y]) (recall that ia
denote the inner derivation determined by a). It follows that (χoσ)([x, y]) =
[(χoσ)(x), (χoσ)(y)] f or all x, y ∈ B. This means that χoσ is a homomor-
phism from B to Der(Z(A)) = End(Z(A)). Let τ be another lifting of ψ. Then
σ(x)I Der(A) = τ (x)I Der(A) f or all x ∈ B. Hence there is a vector space
homomorphism g from B to A such that σ(x) = ig(x)τ (x) for all x ∈ B. But then
(χoσ(x)) = (χoτ (x)) for all x ∈ B. Thus, χoσ depends only on ψ and not on any
particular lifting σ. In turn, χ induces a map χ from the set Hom(B, OutDer(A))

of abstract kernels from B to A to the set Hom(B, Z(A)) of abstract kernel from B
to Z(A) given by χ(ψ) = χoσ, where σ is a lifting of ψ.

Proposition 1.5.12 Let

E ≡ 0 −→ A
α→ L

β→ B −→ 0

and

E ′ ≡ 0 −→ A
α′→ L ′ β′→ B −→ 0

be extensions of A by B such that ψE = ψE ′ = ψ. Then there is a section t of E
and a section t ′ of E ′ such that σt = σt ′ = χ(ψ), and − f t (x, y) + f t

′
(x, y) ∈

Z(A) f or all x, y ∈ B. Then the map h from B × B to Z(A) defined by h(x, y) =
− f t (x, y) + f t

′
(x, y) is a 2-co-cycle in Z2

χ(ψ)(B, Z(A)).

Proof Let t be a section of E , and s be a section of E ′. Since ψE = ψE ′ ,
σt (x)I Der(A) = σs(x)I Der(A) for all x ∈ B. This means that there is a lin-
ear map g from B to A such that σt (x) = ig(x)σ

s(x) f or all x ∈ B. The map t ′
from B to L ′ given by t ′(x) = g(x) + s(x) is also a linear section of E ′. Fur-
ther, σt ′(x) = ig(x)σ

s(x) = σt (x) for all x in B. This shows that σt = σt ′ .
Now f t (x, y) = [t (x), t (y)] − t ([x, y]) and f t

′
(x, y) = [t ′(x), t ′(y)] −

t ′([x, y]). Hence i f t (x,y) = [σt(x),σt (y)] − (σt ([x, y])) = [σt ′(x),σt ′(y)] −
(σt ′([x, y])) = i f t ′ (x,y) for all x, y ∈ B. Thus, i− f t (x,y) + f t ′ (x,y) = 0. This shows
that − f t (x, y) + f t

′
(x, y) ∈ Z(A) for all x, y ∈ B. Put h(x, y) = − f t (x, y) +

f t
′
(x, y). It is straightforward to verify that h ∈ Z2

χ(ψ)(B, Z(A)). �

Theorem 1.5.13 Let ψ : B 
−→ OutDer(A) be an abstract kernel from B to A
which is realizable by an extension of A by B. Then the second co-homology group
H 2

χ(ψ)(B, Z(A)) acts sharply transitively on the set E XTψ(A, B) of equivalence
classes of extensions of A by B associated with the abstract kernel ψ.

Proof Let E be an extension of A by B which realizes the abstract kernel ψ, and
let t be a section of E . Let (B, A,σt , f t ) be the corresponding factor system.
Then ψ(x) = σt

x I Der(A) f or all x ∈ B. Let h ∈ Z2
χ(ψ)(B, Z(A)). It is easily

seen that (B, A,σt , f t + h) is again a factor system. Let E � h denote the corre-
sponding extension. Clearly, E � h also realizes ψ. Let h′ be another 2-co-cycle in
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Z2
χ(ψ)(B, Z(A)) such that the co-homology class [h] = h + B2

χ(ψ)(B, Z(A)) =
[h′] = h′ + B2

χ(ψ)(B, Z(A)) in H 2
χ(ψ)(B, Z(A)). Then there is a linear map

g : B 
−→ Z(A) ⊆ A such that h′(x, y) = ∂g(x, y) + h(x, y) for all x, y ∈ B.
Clearly f t + h′ = f t + h + ∂g. Hence (B, A,σt , f t + h) is equivalent to
(B, A,σt , f t + h′). This shows that [E � h] = [E � h′]. Let E and E ′ be equiv-
alent extensions of A by B which realize ψ and h ∈ Z2

χ(ψ)(B, Z(A)). By Theorem
1.5.6, we have sections t and t ′ of E and E ′, respectively, such that (B, A,σt , f t )
is equivalent to (B, A,σt ′ , f t

′
). Hence, there is a linear map g from B to A such

that f t (x, y) = ∂g(x, y) + f t
′
(x, y) for all x, y ∈ B. Clearly, (B, A,σt , f t + h)

is equivalent to (B, A,σt ′ , f t
′ + h), and so [E � h] = [E ′ � h]. Thus, we get an

action � of H 2
χ(ψ)(B, Z(A) on EXTψ(A, B) given by [E] � [h] = [E � h]. We

show that this action is sharply transitive. Let E and E ′ be extensions realizing
the abstract kernel ψ. By the Proposition 1.5.12, there is a section t of E , and there is
a section t ′ of E ′ such that σt = σt ′ = χ(ψ), and the map h from B × B to Z(A)

defined by h(x, y) = − f t (x, y) + f t
′
(x, y) is a 2-co-cycle in Z2

χ(ψ)(B, Z(A)).
Clearly, [E] � [h] = [E ′]. This shows that the action � is transitive. Next, sup-
pose that [E] � [h] = [E]. Then there is a section t of E such that the factor
system (B, A,σt , f t ) is equivalent to (B, A,σt , f t + h). Hence there is a linear
map g from B to A such that f t (x, y) + h(x, y) = ∂g(x, y) + + f t (x, y)
for all x, y ∈ B and also ig(x)oσt

x (h) = σt
x (h) for all x ∈ B and h ∈ A. Since σt

x
is a derivation of A, it follows that g(x) ∈ Z(A) for all x ∈ B. Thus, h(x, y) =
σt
x (g(y)) − g([x, y]) + σt

y(g(x)) for all x, y ∈ B. This shows that h = ∂g, where
g is a linear map from B to Z(A). It follows that [h] = 0. This completes the proof
of the fact that the action � is sharply transitive. �

Corollary 1.5.14 There is a bijective correspondence between EXTψ(A, B) to
H 2

χ(ψ)(B, Z(A)) provided there is an extension of A by B which realizes ψ. �

We state the lemma of Whitehead and prove the Radical splitting theorem due to
Levi:

Lemma 1.5.15 If L is a semi-simple Lie algebra and A is a finite-dimensional L-
module, then H 2(L , A) = {0} = H 1(L , A). �

Theorem 1.5.16 (Levi–Malcev) Let L be a finite-dimensional Lie algebra. Then the
following exact sequence is a split exact sequence:

0 −→ R(L)
i→ L

ν→ L/R(L) −→ 0,

where R(L) is the solvable radical of L.

Proof The proof is by the induction on the derived length of R(L). Suppose
that R(L) is abelian. Since L/R(L) is semi-simple, by the Whitehead lemma,
H 2(L/R(L), A) = 0. By Theorem 1.5.11, the result follows. Assume that the
result holds for all Lie algebras for which the derived length is n. Let L be a Lie
algebra such that the derived length of R(L) is n + 1. We have the exact sequence
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0 −→ R(L)/[R(L), R(L)] i→ L/[R(L), R(L)] −→ L/R(L) −→ 0.

Clearly, R(L)/[R(L), R(L)] is abelian and it is the radical of L/[R(L), R(L)]. It
follows from our earlier argument that the above exact sequence splits. Let t be an
splitting. Then t (L/R(L)) = L ′/[R(L), R(L)] for some subalgebra L ′ of L . Again,
we have an exact sequence

0 −→ [R(L), R(L)] i→ L ′ ν→ L ′/[R(L), R(L)] −→ 0,

where [R(L), R(L)] is the radical of L ′ of derived length n. By the induction hypoth-
esis, the above sequence splits. If s is the splitting, then st can be realized as the
splitting of

0 −→ R(L)
i→ L −→ L/R(L) −→ 0.�

Exercises

1.5.1. Show that if L is a free Lie algebra, then Hn(L , A) = {0} for all L-modules
A and n ≥ 2.

1.5.2. Let
0 −→ A

α→ L
β→ B −→ 0

be an exact sequence. As in the case of groups (see Algebra 2, Chap. 10),
establish the five-term exact sequence

H2(L , V ) −→ H2(B, V ) −→ Aab ⊗ V −→ H1(L , V ) −→ H1(B, V ) −→ 0.

1.5.3. Let L be a Lie algebra and

0 −→ R
i→ F

f→ L −→ 0

be a presentation of the Lie algebra, where F is a free Lie algebra. Note
(Theorem 1.2.12) that R is also a free Lie algebra. Show that

E = 0 −→ R/[R, F] î→ F/[R, F] f̂→ L −→ 0

is a free central extension of L in the sense that given any central extension

E ′ = 0 −→ A
α→ B

β→ L ′ −→ 0

and a homomorphism η from L to L ′, there is a morphism (ρ, τ , η) from E
to E ′.

1.5.4�. Let
0 −→ R

i→ F
f→ L −→ 0
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and
0 −→ R′ i→ F ′ f→ L −→ 0

be two free presentations of L . Show that (R
⋂[F, F])/[R, F] ≈ (R′ ⋂[F ′,

F ′])/[R′, F]′. The unique (up to isomorphism) group (R
⋂[F, F])/[R, F] is

called the SchurMultiplier of L . Suppose further that L is of finite dimension.
Show that [F, F]/[R, F] is of finite dimension.

1.5.5. Describe the Schur multiplier of the non-abelian Lie algebra of dimension
2.



Chapter 2
Semi-Simple Lie Algebras and Root
Systems

The structure theory of semi-simple Lie algebras, Geometry of root systems, Dynkin
diagrams, classificationof semi-simpleLie algebras, Existence theorem, theTheorem
of Serre, and the isomorphism theorem constitute the subject matter of this chapter.

2.1 Root Space Decomposition

This section is devoted to studying the structure of a semi-simple Lie algebra and
describing it through root space decomposition.

A subalgebra T of a Lie algebra L is called a Toral subalgebra if ad(x) is a
semi-simple element of gl(L) for all x ∈ T . If L is a nilpotent Lie algebra, then
from the theorem of Engel, ad(x) is nilpotent for all x ∈ L . Hence, a nilpotent
Lie algebra has no nontrivial toral subalgebra. Suppose that L is a semi-simple Lie
algebra. Then there is an element x ∈ L such that ad(x) is non-nilpotent. Suppose
that ad(x) = (ad(x))s + (ad(x))n = ad(xs) + ad(xn) is the Jordan decomposition
of ad(x) in gl(L). Then the subalgebra < xs > generated by xs is a nontrivial toral
subalgebra. Thus, every semi-simple Lie algebra has a nontrivial toral subalgebra.

Proposition 2.1.1 Every toral subalgebra T of a Lie algebra L is abelian.

Proof We have to show that ad(x)(y) = 0 for all x, y ∈ T . We need to show that all
the eigenvalues of ad(x)|T is zero. Suppose not. Then there is a y ∈ T − {0} and a ∈
F� such that ad(x)(y) = [x, y] = ay. But then ad(y)(x) = −ay. Thus, ad(y)(x)
is an eigenvector of ad(y) corresponding to the eigenvalue 0. Since ad(y) is semi-
simple, x is a linear combination of eigenvectors of ad(y). Consequently, applying
ad(y) to x , we obtain a linear combination eigenvectors of ad(y) corresponding to
nonzero eigenvalues, if there is any. This is a contradiction to the earlier observation. �
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Evidently, a maximal toral subalgebra of a finite-dimensional Lie algebra exists.
Let H be amaximal toral subalgebra of a semi-simple Lie algebra. Then H is abelian.
Hence {ad(h) | h ∈ H} is a family of pairwise commuting semi-simple endomor-
phisms of L . Consequently, L is the direct sum of common eigenspaces of {ad(h) |
h ∈ H}. More explicitly, there is a set Ĥ of maps from H to F such that for all α ∈
Ĥ , Lα = {x ∈ L | ad(h)(x) = α(h)x} �= {0} and L = ⊕∑

α∈Ĥ Lα. Since ad(h +
k)(x) = (α(h) + α(k))(x) andα(ah)x = ad(ah)(x) = aad(h)(x) = aα(h)x , it fol-
lows that Ĥ ⊆ H �, where H � is a dual space of H . Evidently, L0 = CL(H). Let �
denote the set Ĥ − {0}.� is called the root system of the semi-simple Lie algebra L
associated with the maximal toral subalgebra H . The members of� are called roots.
Thus, L = CL(H) ⊕ (⊕ ∑

α∈� Lα). This decomposition is termed as the Cartan
decomposition or the Root space decomposition of L associated with the maximal
toral subalgebra H (a maximal toral subalgebra is also called aCartan subalgebra).

Example 2.1.2 Consider sl(n, F). Evidently, d(n, F) consisting of diagonal matri-
ces of trace 0 is a toral subalgebra. Since no member of sl(n, F) outside d(n, F)

commutes with all the members of d(n, F), it follows that d(n, F) is a maximal toral
subalgebra.

For each α ∈ H �, let Lα denote the subspace {x ∈ L | ad(h)(x) = α(h)x}. Evi-
dently, Lα = {0} whenever α /∈ {0} ⋃

�.

Proposition 2.1.3 [Lα, Lβ] ⊆ Lα+β for all α,β ∈ H �. For α ∈ �, all members of
Lα are nilpotent. Again, if α + β �= 0, then κ(Lα, Lβ) = 0, where κ is the Killing
form on L.

Proof Let x ∈ Lα and y ∈ Lβ . By the Jacobi identity,
ad(h)([x, y]) = [h, [x, y]]
= −[x, [y, h]] − [y, [h, x]]
= β(h)[x, y] + α(h)[x, y]
= (α(h) + β(h))[x, y].
This shows that [x, y] ∈ Lα+β . Let x ∈ Lα, where α �= 0. Since L is finite dimen-
sional, there is a n ∈ N such that Lnα+β = {0} for all β. Using the first assertion, we
observe that ad(x)n = 0. Consequently, ad(x) and so also the element x is nilpotent.
Finally, suppose that α + β �= 0. Let h ∈ H such that (α + β)(h) �= 0. Let x ∈ Lα

and y ∈ Lβ . Using the associativity of the bi-linear form κ,
α(h)κ(x, y)
= κ([h, x], y])
= −κ([x, h], y])
= −κ([x, [h, y])
= −β(h)κ(x, y).
Since α(h) + β(h) �= 0, κ(x, y) = 0. �

Corollary 2.1.4 κ|CL (H) is nondegenerate.
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Proof Let h ∈ CL(H) and κ(h, k) = 0 for all k ∈ CL(H). It follows from the above
proposition that κ(h, x) = 0 for all x ∈ ⊕∑

α∈� Lα. It also follows that κ(h, z) = 0
for all z ∈ L . Since L is semi-simple, κ is nondegenerate and so h = 0. �

Theorem 2.1.5 If H is a maximal toral subalgebra of a semi-simple Lie algebra L,
then CL(H) = H.

Proof We divide the proof into several easy steps:
Step 1. The subalgebraCL(H) contains the semi-simple and nilpotent part of each

of its elements: Let x ∈ CL(H). Then ad(x)(h) = 0 for all h ∈ H . Since ad(xs) and
ad(xn) are polynomials inad(x)with non-constant terms, it follows thatad(xs)(h) =
0 = ad(xn)(h) for each h ∈ H . This shows that xs, xn ∈ CL(H).

Step 2. H contains all semi-simple elements of CL(H): Suppose not. Let s be a
semi-simple element of CL(H) which is not in H . Then H ⊕ Ks is an abelian Lie
subalgebra of L containing only semi-simple elements. Consequently, H ⊕ Ks is a
toral subalgebra containing H . This is a contradiction, since H is a maximal toral
subalgebra of L .

Step3.κ|H is nondegenerate:Leth ∈ H such thatκ(h, k) = Tr(ad(h)ad(k))= 0
for all k ∈ H . We need to show that h = 0. Let x be a nilpotent element in CL(H).
Then ad(x) is nilpotent. Since [x, h] = 0, ad(x) and ad(h) commute pairwise.
Hence ad(x)ad(h) is nilpotent. Consequently, κ(h, x) = Tr(ad(h)ad(x)) = 0.
Since every element of CL(H) is some semi-simple element and a nilpotent element
of CL(H) and a semi-simple element of CL(H) is in H , an element y of CL(H)

is expressed as y = k + x , where k ∈ H and x is a nilpotent element of CL(H). It
follows that κ(h, y) = 0 for all y ∈ CL(H). From Corollary2.1.4, h = 0.

Step 4. CL(H) is a nilpotent subalgebra: Using the Engel theorem, it is sufficient
to show that ad(x)|CL (H) is nilpotent for all x ∈ CL(H). Let x = xs + xn be the
Jordan decomposition of x . Then ad(xs) and ad(xn) commute. It is sufficient to show
that ad(xs)|CL (H) and ad(xn)|CL (H) are nilpotent. Already ad(xn) is nilpotent. Now,
by step 2, xs ∈ H . Hence ad(xs)|CL (H) = 0. This shows that ad(x)|CL (H) is nilpotent
for all x ∈ CL(H).

Step 5. H
⋂[CL(H),CL(H)] = 0. Let x = ∑r

i=1[xi , yi ] be a member of
H

⋂[CL(H),CL(H)], where xi , yi ∈ CL(H). Since κ is associative and [h, xi ] =
0 = [h, yi ] for each i , κ(h, [xi , yi ]) = 0 for each i . It follow that κ(h, x) = 0 for all
h ∈ H . Since κ|H is nondegenerate, x = 0.

Step 6. CL(H) is an abelian Lie subalgebra: Suppose not. Then [CL(H),

CL(H)]�={0}. SinceCL(H) is nilpotent, there is a nonzero element x ∈ Z(CL(H))
⋂

[CL(H),CL(H)]. The element x cannot be semi-simple for otherwise x will lie in H ,
a contradiction to step 5. Thus, the nilpotent part xn is a nonzero element of CL(H).
Since ad(xn) is a polynomial of ad(x) without constant term, and ad(x) = 0 on
CL(H), it follows that ad(xn) is zero on CL(H). This means that xn ∈ Z(CL(H)).
In turn, it follows that κ(xn, y) = 0 for all y ∈ CL(H). This is a contradiction, since
κ|CL (H) is nondegenerate.

Step 7.CL(H) = H : Suppose not. Then there is a nonzero element k ∈ CL(H) −
H . From step 2, it follows that k is a nilpotent element of CL(H). Hence ad(k) is
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nilpotent. Since CL(H) is abelian, it follows that κ(x, k) = 0 for all x ∈ CL(H).
This is a contradiction, since κ|CL (H) is nondegenerate. This completes the proof of
the theorem. �

Since κ is nondegenerate on H , for eachλ ∈ H �, there is a uniquemember tλ ∈ H
such thatκ(tλ, h) = λ(h) for all h ∈ H . In particular, we have the subset {tα | α ∈ �}
of nonzero elements of H which is in bijective correspondence with � and is such
that α(h) = κ(tα, h) for all h ∈ H and α ∈ �.

Theorem 2.1.6 Let H be a maximal toral subalgebra of a semi-simple Lie algebra
L. Let � ⊆ H � be the corresponding root system. Let L = H ⊕ ∑

α∈� Lα be the
corresponding root space decomposition. Then the following hold:

(i) The root system � generates the space H �.
(ii) If α ∈ �, then −α ∈ �.
(iii) For each α ∈ �, [Lα, L−α] is one dimensional having {tα} as a basis.
(iv) For each α ∈ �, κ(tα, tα) = α(tα) �= 0.
(v) For each α ∈ � and a nonzero element xα ∈ Lα, there is an element yα ∈ L−α

such that [xα, yα] = hα = 2tα
κ(tα,tα)

. Further, the Lie subalgebra generated by
{xα, yα, hα} is three-dimensional simple Lie algebra isomorphic to sl(2, F)

under the correspondence xα �→ e12, yα �→ e21, and hα �→ e11 − e22.
(vi) For each α ∈ �, −tα = t−α.

Proof (i) Suppose that< � >�= H �. Then there is a nonzeromember h ∈ H such
thatα(h) = 0 for allα ∈ �. Thismeans that [h, Lα] = 0 for allα ∈ �. Already
[h, H ] = 0. Hence h ∈ Z(L). This is a contradiction, since L is semi-simple.

(ii) Let α ∈ �. Then Lα �= {0}. Suppose that −α /∈ �. Then L−α = {0}. This
means that κ(Lα, Lβ) = 0 for all β ∈ � (Proposition2.1.3). Already κ(Lα, H)

= 0. This is a contradiction, since κ is nondegenerate.
(iii) Let x ∈ Lα and y ∈ L−α. Then [x, y] ∈ L0 = H . Using the associativity of κ,

for each h ∈ H ,
κ(h, [x, y] − κ(x, y)tα)

= κ(h, [x, y]) − κ(h,κ(x, y)tα)

= κ([h, x], y) − κ(h,κ(x, y)tα)

= κ(α(h)x, y) − κ(h,κ(x, y)tα)

= α(h)κ(x, y) − κ(h,κ(x, y)tα)

= κ(tα, h)κ(x, y) − κ(h,κ(x, y)tα)

= 0.
Since κ is nondegenerate on H , [x, y] = κ(x, y)tα. Thus, [Lα, L−α] is gener-
ated by tα. Since [Lα, L−α] �= {0}, tα �= 0.

(iv) Suppose that κ(tα, tα) = α(tα) = 0. Then [tα, x] = 0 = [tα, y] for all x ∈ Lα

and y ∈ L−α. Using (iii), we can find a x ∈ Lα and a y ∈ L−α such that [x, y] =
tα. It follows that the subspace V generated by {x, y, tα} is a three-dimensional
solvable subalgebra. Since L is semi-simple, the map v �→ ad(v) is an injective
homomorphism from V to gl(L). We denote the image by adL(V ). By the
theorem of Lie, ad(w) is nilpotent for all w ∈ [V, V ]. In particular, ad(tα)
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is nilpotent. Already, ad(tα) is semi-simple. Consequently, ad(tα) = 0. This
means that tα ∈ Z(L). This is impossible, since tα �= 0.

(v) For each α ∈ �, and for each nonzero element xα ∈ Lα, there is a mem-
ber yα ∈ L−α such that κ(xα, yα) �= 0. Indeed, we can choose yα so that
κ(xα, yα) = 2

κ(tα,tα)
. Put hα = 2tα

κ(tα,tα)
. Then [xα, yα] = κ(xα, yα)tα = hα. Fur-

ther, [hα, xα] = 2[xα,tα]
κ(tα,tα)

= 2xα, [hα, yα] = −2yα. This shows that the Lie sub-
algebra Sα of L generated by {xα, yα, hα} is a three-dimensional simple
Lie algebra isomorphic to sl(2, F) under correspondence xα �→ e12, yα �→
e21, and hα �→ e11 − e22.

(vi) Since hα = [xα, yα] = − [yα, xα] = h−α, −tα = t−α. �

Proposition 2.1.7 Let L be a semi-simple Lie algebra with H as a maximal toral
subalgebra. Let� be the associated root system. Then forα ∈ �, an integral multiple
iα belongs to � if and only if i = ±1.

Proof Let � be a root system. We have already seen (Theorem2.1.6(ii)) that if
α ∈ �, then −α ∈ �. Since L is finite dimensional, for α ∈ �, there is a positive
integer n ≥ 1 such that L−kα = {0} for all k ≥ n + 1. Consider the subspace V =
Fhα ⊕ Lα ⊕ L−α ⊕ ∑n

k=2 L−kα of L . Clearly, V is invariant under ad(h) for all
h ∈ H . Choose xα ∈ Lα, x−α ∈ L−α such that [xα, x−α] = hα. Now, ad(hα)(z) =
−kα(hα)z for all z ∈ L−kα. Hence

Tr(ad(hα))|V = α(hα)(1 − DimL−α − 2DimL−2α − · · · − nDimL−nα).

Since hα = [xα, x−α], Tr(ad(hα)) = 0. Also DimL−α = 1. This shows that the
DimL−iα = 0 for all i ≥ 2. Hence −iα is a root if and only if i = 1. Similarly, iα
is a root if and only if i = 1. �

Corollary 2.1.8 Let � be a root system and α ∈ �. Then a scalar multiple aα of α
is a root if and only if a = ±1.

Proof It follows from the fact that the weights of representations of hα are integers
(Theorem1.4.28). �

Proposition 2.1.9 Let L be a semi-simple Lie algebra with H as a maximal toral
subalgebra. Let� be the associated root system. Let α,β ∈ �, β �= ±α. Let r be the
largest nonnegative integer such that Lβ−rα �= {0} and q be the largest nonnegative
integer such that Lβ+qα �= {0}. Then the subspace W = ⊕q

i=−r Lβ+iα is a simple
Sα-module with weights β(hα) + 2i, −r ≤ i ≤ q. Further, β(hα) is an integer and
β(hα) = 2κ(tβ ,tα)

κ(tα,tα)
= r − q. Also [Lα, Lβ] = Lα+β .

Proof Since L is finite dimensional, there is the largest nonnegative integer r such
that Lβ−rα �= {0} and there is the largest nonnegative integerq such that Lβ+qα �= {0}.
Take W = ⊕∑q

i=−r Lβ+iα. Evidently, W is a Sα-submodule and Lβ+iα are weight
spaces of the Sα-module W corresponding to the weights β(hα) + 2i . Since 0 and 1
both cannot be weights of W , W is an irreducible Sα-submodule (Corollary1.4.30).
Again by Theorem1.4.28, (β(hα) − 2r) = −(β(hα) + 2q). Thus, β(hα) = r − q.
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Finally, for α,β, α + β ∈ �, [Lα, Lβ] �= 0 and since Lα+β is one dimensional, it
follows that [Lα, Lβ] = Lα+β . �

The integers β(hα) are called Cartan Integers.

Theorem 2.1.10 Let L, H, � be as above. Then κ induces positive definite inner
product χ on H � given by χ(λ,μ) = κ(tλ, tμ) such that the matrix of χ with any
basis of H � consisting of elements of � is a matrix with rational entries. For each
pair α,β ∈ �, 2χ(α,β)

χ(α,α)
is an integer and β − 2χ(β,α)

χ(α,α)
α is a member of �.

Proof Since κ is nondegenerate on H and the map λ �→ tλ is isomorphism from H �

to H , χ is a nondegenerate symmetric bi-linear form. Let {α1,α2, . . . ,αl} be a basis
of H � consisting of members of �. From Proposition2.1.9, 2χ(α j ,αi )

χ(αi ,αi )
are integers.

Let β ∈ �. Suppose that β = ∑l
i=1 aiαi . We show that ai are rational numbers.

Now, χ(β,α j ) = ∑l
i=1 aiχ(αi ,α j ) Multiply this equation by 2

χ(α j ,α j )
. This gives

l equations with coefficient matrix [ 2χ(αi ,α j )

χ(αi ,αi )
] with entries in Z, and the augmented

matrix is also an integer matrix. Further, since χ is nondegenerate, the coefficient
matrix is non-singular. It follows that all ai are rational numbers. Next, for λ ∈ H �,
χ(λ,λ) = κ(tλ, tλ) = Trace(ad(tλ)ad(tλ)) = ∑l

i=1 αi (tλ)αi (tλ) is always positive
unlessλ is zero. This shows thatχ is positive definite. The rest of the assertions follow
from Proposition2.1.9. �

Corollary 2.1.11 Let L , H,� be as above, where Dim H = l. Then we have nat-
urally associated subset �̂ of R

l such that the following hold:
(i) 0 /∈ �̂ and �̂ generate R

l .
(ii) If α ∈ �̂, then nα ∈ �̂ if and only if n = ±1.
(iii) 2<β,α>

<α,α>
∈ Z for all α,β ∈ �̂.

(vi) If α,β ∈ �̂, then β − 2<β,α>

<α,α>
α ∈ �̂.

(v) Given any basis B of R
l consisting of members of �̂, �̂ ⊆ ÊQ, where ÊQ is the

rational space generated by B.

Proof Let EQ denote the rational subspace of H � generated by �. Then χ is the
positive definite inner product on EQ.χ can be extended to an inner product on the real
space E generated by� by puttingχ(

∑l
i=1 aiαi ,

∑l
i=1 biαi ) = ∑

i, j aiχ(αi ,α j )b j .
It is a fact of linear algebra that there is an isometric isomorphism η from E to R

l .
Take φ̂ = η(�). The rest is immediate. �

We shall denote �̂ also by �.
More concretely, we have the following definition:

Definition 2.1.12 A root system is a triple (E,<,>,�), where E is a finite-
dimensional real vector space, <,> is an inner product on E , and � is a finite
subset of E such that the following hold: (i) 0 /∈ � and � generate E .
(ii) If α ∈ �, then nα ∈ � if and only if n = ±1.
(iii) 2<β,α>

<α,α>
∈ Z for all α,β ∈ �.
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(vi) If α,β ∈ �, then β − 2<β,α>

<α,α>
α ∈ �.

(v) Given any basis B of E consisting of members of �, � ⊆ ÊQ, where ÊQ is the
rational space generated by B.

Thus, to each pair (L , H), where L is a semi-simple Lie algebra and H a maximal
toral subalgebra of L , we get a unique root system as described above. Indeed, the
category of root systems with suitable morphisms is equivalent to the category of
pairs (L , H)with obvious morphisms.We shall classify the irreducible root systems,
which, in turn, will classify all finite-dimensional semi-simple Lie algebras over an
algebraically closed field of characteristic 0.

Exercises

2.1.1. Determine amaximal toral subalgebra of each earlier example of semi-simple
Lie algebras over C and also find the corresponding root systems.

2.1.2. Determine all maximal toral subalgebras of sl(2, C) and also the correspond-
ing root systems.

2.1.3. Does there exist a four-dimensional semi-simple algebra over C? Support.

2.2 Root Systems

Let E be a real vector space of dimension l with a positive definite inner product
<, >. A subspace of dimension l − 1 is called a hyperplane of E . Let P be a
hyperplane of E . Then the orthogonal complement P⊥ of P is a one-dimensional
subspace. Thus, there is a nonzero vector (unique up to a scalar multiple)α ∈ E such
that P = {x ∈ E |< x,α >= 0}. Conversely, for any nonzero vector α ∈ E , Pα =
{x ∈ E |< x,α >= 0} is a hyperplane. Evidently, Pα = Pβ if and only if α = aβ
for some a �= 0. If we fix an orientation of a hyperplane P , then there is a unique
unit vector α compatible with the chosen orientation of P such that P = Pα. A
reflection σ in E about a hyperplane P is a linear transformation of E which fixes
P element-wise and maps every vector x ∈ P⊥ to −x . Evidently, reflection about a
hyperplane is unique.

Proposition 2.2.1 Letα be a nonzero vector. Then the reflection σα about the hyper-
plane Pα is given by σα(x) = x − 2<x,α>

<α,α>
α.

Proof Let σ be the reflection about Pα. Every element x is uniquely expressible as
x = y + aα, where y ∈ Pα and a ∈ R. Clearly, < x,α >= a < α,α >. Since σ
is a reflection about Pα, σ(x) = y − aα = x − 2aα = x − 2<x,α>

<α,α>
α = σα(x). �

Corollary 2.2.2 Every reflection is an orthogonal transformation of order 2 and it
is of determinant −1.

Proof Clearly, σα is a linear transformation of order 2. Next, < σα(x),σα(y) >=,

< x, y > for all x, y ∈ E . It is also clear that the matrix of σα with respect to an
orthonormal basis of Pα extended to an orthonormal basis of E is Diag(1, 1, . . . ,
1,−1). �
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Proposition 2.2.3 Let α and β be nonzero vectors in E such that the angle between
α and β is θ. Then σασβ is a rotation through an angle 2θ.

Proof Without any loss, we may take E = R
2, α = e1 = (1, 0), and β = (cosθ,

sinθ) = cosθe1 + sinθe2. The matrix A of σα with respect to {e1, e2} is given by

A =
[−1 0

0 1

]

.

Similarly, the matrix B of σβ with respect to this basis is given by

B =
[−cos2θ −sin2θ

−sin2θ cos2θ

]

.

The product AB is given by

B =
[

cos2θ sin2θ
−sin2θ cos2θ

]

.

Evidently, this represents rotation through an angle 2θ. �

For convenience, we denote 2<β,α>

<α,α>
by≺ β,α �. Observe that≺,� is linear only

in the first coordinate and it is not symmetric. Clearly σα(β) = β− ≺ β,α � α and
if � is a root system, then ≺ β,α �∈ Z for all α,β ∈ �.

Proposition 2.2.4 Let � be a finite set of nonzero elements of E which generates
E. Suppose that σγ(�) = � for all γ ∈ �. Let σ be a member of GL(E) such that
σ(�) = �. Suppose also that there is a hyperplane P together with a memberα ∈ �

such that σ fixes each member of P and sends α to −α. Then σ = σα and P = Pα.

Proof Put τ = σσα. Since σ−1
α = σα, it is sufficient to show that τ = I . Evidently,

τ (�) = � and τ (α) = α. Thus, τ is an identity on Rα. Since σ(α) = −α and σ
fixes P element-wise,α /∈ P (observe thatα �= 0). Thus, E = P ⊕ Rα (vector space
direct sum). Let v ∈ E . Then v = w + aα for some w ∈ P and a ∈ R. Now,

σσα(v) = σ(σα(w) − aα) = σ(w− ≺ w,α � α − aα) = v+ ≺ w,α � α.

Thismeans that τ is a unipotent transformation having only 1 as the eigenvalue. Thus,
the characteristic polynomial of τ is (λ − 1)l and hence the minimum polynomial
mτ (λ) of τ divides (λ − 1)l . Next, since� is finite, for each β ∈ �, there is a positive
integermβ such that τmβ (β) = β. Takingm sufficiently large, we see that τm(β) = β
for all β ∈ �. Since � generates E , it follows that τm = I . Therefore, the minimum
polynomial mτ (λ) of τ divides λm − 1 also. Since g.c.d. of (λ − 1)l and (λm − 1)
is λ − 1, it follows that mτ (λ) = λ − 1. This means that τ = I . �

Proposition 2.2.5 Let � be a root system in E. Let σ ∈ GL(E) such that σ(�) =
�. Then σσασ−1 = σσ(α) for all α ∈ �. Also ≺ σ(α),σ(β) �=≺ α,β � for all
α,β ∈ �. Note that σ need not be an isometry.
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Proof Since σα(β) ∈ � for all α,β ∈ �, (σσασ−1)(σ(β)) = σ(σα(β)) belongs to
� for allα,β ∈ �. Since σ(�) = �, (σσασ−1)(�) = � for allα ∈ �. Suppose that
σ(β) ∈ σ(Pα), where β ∈ Pα, then (σσασ−1)(σ(β))=σ(β) and (σσασ−1)(σ(α)) =
−σ(α). From Proposition2.2.4, σσασ−1 = σσ(α) for each α. Next, σ(β)− ≺ σ(β),

σ(α) � σ(α) = σσ(α)(σ(β)) = (σσασ−1)(σ(β)) = σσα(β) = σ(β− ≺ β,α � α)

= σ(β)− ≺ β,α � σ(α). This shows that≺ σ(β),σ(α) �=≺ β,α � for allα,β ∈
�. �

This prompts to have the following definition:

Definition 2.2.6 Two root systems (E,�) and (E ′,�′) are said to be isomorphic
if there is a vector space isomorphism η from E to E ′ such that η(�) = �′ and
≺ η(α), η(β) �=≺ α,β � for all α,β ∈ �.

Note that an isomorphism need not be an isometry. However, if η is an isometry
from E to E ′ and � is a root system in E , then η is an isomorphism from (E,�) to
(E ′, η(�)). Another extremely important invariant associated with a root system is
that of aWeyl group. Let (E,�) be a root system. For each α ∈ �, σα can be viewed
as amember of Sym(�). The subgroupW (�) of Sym(�) generated by {σα | α ∈ �}
is called the Weyl group of �. Evidently, W (�) is finite. Each member of W (�)

is an automorphism of (E,�). Thus, W (�) is a subgroup of Aut (E,�). It is also
clear that if η is an isomorphism from (E,�) to (E ′,�′), then σα �→ ση(α) induces
isomorphisms between the corresponding Weyl groups.

Before having some examples, let us have some more crucial observations:
Let (E,�) be a root system. Let α,β ∈ �. Then

≺ α,β �≺ β,α �= 4
< α,β >< β,α >

|| α ||2|| β ||2 = 4cos2θ

is a nonnegative integer, where θ is angle betweenα andβ. Evidently, the possibilities
for cos2θ are 0, 1

4 ,
1
2 ,

3
4 , and 1. The corresponding angles are θ = π

2 ; π
3 , 2π

3 ; π
4 , 3π

4 ; π
6 ,

5π
6 , 0,π. If cosθ = ±1, then β = ±α. Note that {α,−α} is a root system which
corresponds to sl(2, F). Assume that α,β are non-proportional. Then α �= ±β.
Assume that || β ||≥|| α ||. If cos2θ = 0, then θ = π

2 ,≺ α,β �= 0 =≺ β,α � and

the ratio ||β||
||α|| can be anything positive. Suppose that cos2θ = 1

4 . Then θ = π
3 or 2π

3 .
Suppose that θ = π

3 . Then ≺ β,α �≺ β,α �= 1. Since ≺ β,α � and ≺ α,β �
are positive integers, ≺ β,α �= 1 =≺ α,β � whereas ||β||

||α|| = 1. Similarly, when

θ = 2π
3 , ≺ β,α �= −1 =≺ α,β � whereas ||β||

||α|| = 1. Next, if cos2θ = 1
2 , then θ =

π
4 or 3π

4 . Suppose that θ = π
4 . Then ≺ α,β �= 1, ≺ β,α �= 2, and (||β||)2

(||α||)2 = 2.

Similarly, if θ = 3π
4 , then ≺ α,β �= −1, ≺ β,α �= −2, and (||β||)2

(||α||)2 = 2. Finally,

suppose that cos2θ = 3
4 . Then θ = π

6 or it is 5π
6 . Suppose that θ = π

6 . Then it is

easily seen that ≺ α,β �= 1, ≺ β,α �= 3, and (||β||)2
(||α||)2 = 3. Similarly, if θ = 5π

6 ,

then ≺ α,β �= −1, ≺ β,α �= −3, and (||β||)2
(||α||)2 = 3.
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Proposition 2.2.7 Let α,β ∈ �,α �= ±β. If < α,β > is greater than 0, then α −
β ∈ � and if < α,β > is less than 0, then α + β ∈ �.

Proof It is clear from the discussion preceding the proposition that < α,β > > 0
implies that ≺ α,β �= 1. Thus, α − β = α− ≺ α,β � β = σβ(α) belongs to �.
The rest of the assertions follows from the similar observations. �

Letα,β∈�. The subset {β+iα ∈ � | i ∈ Z}of� is called a − string through fi.

Proposition 2.2.8 Let α and β be non-proportional roots in �. Let r be the largest
integer such that β − rα ∈ � and q be the largest integer such that β + qα ∈ �.
Then the following hold:

(i) The α-root string through β remains unbroken in the sense that β + iα ∈ �

for all i,−r ≤ i ≤ q.
(ii) σα reverses the string in the sense that σα(β + (q − i)α) = β − (r + iα) for

all i . In particular, σα(β + qα) = β − rα.
(iii) r − q =≺ β,α �.
(iv) The length of the α-string through β is r + q + 1 ≤ 4, where β �= ±α. Further,

r ≤ 3 and q ≤ 3.

Proof (i) Suppose that for some i,−r ≤ i ≤ q, β + iα /∈ �. Since β − rα and
β + qα belong to �, there exists a pair of integers j, k such that −r ≤ j <

k ≤ q, β + jα ∈ �, β + ( j + 1)α /∈ �, β + (k − 1)α /∈ �, and β + kα ∈ �.
It follows from the previous proposition that < β + jα,α >≥ 0 and < β +
kα,α >≤ 0. This is a contradiction, since j < k and < α,α > is greater than
0. This shows that the string remains unbroken.

(ii) The fact that α-string through β remains invariant under σα and the fact that
σα reverses the string are the consequences of the definition of σα and the fact
that ≺ β,α � is an integer.

(iii) From (ii) σα(β + qα) = (β + qα)− ≺ β + qα,α � α = β − rα. Since
≺ α,α �= 2, r − q =≺ β,α �.

(iv) Evidently, length of the α-string through β �= ±α is r + q + 1, where r and
q are as above. We have to show that the length of α-string through β is ≤ 4.
Suppose not. Then we have a sub-string of length 5. After rearranging, we
may suppose that it isβ − 2α,β − α,β,β + α,β + 2α. Since 2α = β + 2α −
β and 2(β + α) = β + 2α + β are not roots, it follows that β-string through
β + 2α consists of just one term β + 2α. Consequently, < β + 2α,β >= 0.
Similarly, we can see that β − 2α − β and β − 2α + β are not roots. In turn,
< β − 2α,β >= 0. This is a contradiction, since < β,β >�= 0. The rest is
evident. �

Geometrically, the following figures describe the root systems of rank 2:
1. The case < α,β >= 0.
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β

�

�

−β

−α �� α

The root system � = {α,β,−α,−β} is associated with the Lie algebra A1 × A1.
Suppose that < α,β >�= 0. Since < α,β > > 0 implies that < α,−β >< 0,

we may assume that < α,β >< 0.
2. Suppose that the angle θ between α and β is 2π

3 . Then
||β||
||α|| = 1.

−α = (−1, 0) α = (1, 0)

β = (−1
2 ,

√
3
2 )

−β−α − β

α + β

The root system � = {α,β,−α,−β,α + β,−α − β} is associated with the Lie
algebra A2.

3. Suppose that the angle θ between α and β is 3π
4 . Then

||β||
||α|| = √

2.



88 2 Semi-Simple Lie Algebras and Root Systems

−α = (−1, 0) α = (1, 0)

β = (−1, 1)

−β = (1,−1)

β + 2α

−β − 2α

β + α

−β − α

The root system � = {α,β,−α,−β,α + β,−α − β,β + 2α,−β − 2α} is asso-
ciated with the Lie algebra B2.

4. Suppose that the angle θ between α and β is 5π
6 . Then

||β||
||α|| = √

3.

−α = (−1, 0) α = (1, 0)

�

2β + 3α

−2β − 3α

β = (−3
2 ,

√
3
2 )

−β = (32 ,
−√

3
2 )

β + 2α

−β − 2α

β + α

−β − α

β + 3α = (32 ,
√
3
2 )

−β = (−3
2 , −

√
3
2 )

The root system � = {α,β,−α,−β,β + α,−β − α,β + 2α,−β − 2α,β + 3α,

−β − 3α, 2β + 3α,−2β − 3α} is associated with a the Lie algebra G2 to be
described later.

Proposition 2.2.9 Let � be a root system of rank l in E. Then �ν = {αν =
2α

<α,α>
| α ∈ �} is also a root system of rank l such that W (�) ≈ W (�ν). Also,

≺ αν,βν �=≺ β,α �.

Proof Since � generates E , �ν also generates E . Let αν ∈ �ν , where α ∈ �. Sup-
pose that aαν = a 2α

<α,α>
belongs to �ν . Then there is a β ∈ � such that 2aα

<α,α>
=

βν = 2β
<β,β>

. This means that α and β are proportional roots. Hence β = ±α. Con-

sequently, a = ±1. Now, < βν,αν >= 4<β,α>

<β,β><α,α>
. Consequently,

≺ βν,αν �= 2
4<β,α>

<β,β><α,α>

4<α,α>
<α,α><α,α>

= 2 < β,α >

< β,β >
=≺ α,β � .

Further, it may be verified that σαν (βν) = (σα(β))ν . Finally, σα �→ σαν induces an
isomorphism from W (�) to W (�ν). �
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Using Proposition2.2.3, we observe that the Weyl groups of A1 × A1, A2, B2,
and G2 are the dihedral groups of order 4, 6, 8, and 12, respectively.

Proposition 2.2.10 Let � be a root system and α,β ∈ �,α �= ±β. Suppose that
the α-string through β is β − rα,β − (r − 1)α, . . . ,β + qα and β-string through
α is α − r ′β,α − (r ′ − 1)β, . . . ,α + q ′β. Then

(i) ≺ β,α �= r − q,
(ii) r−q

<β,β>
= r ′−q ′

<α,α>
,

(iii) q(r+1)
<β,β>

= q ′(r ′+1)
<α,α>

, and

(iv) r−q
q(r+1) = r ′−q ′

q ′(r ′+1) .

Proof Suppose that < α,β >= 0. Then it follows that r = 0 = r ′ and q = 0′ =
q ′. All the identities follow trivially. Suppose that the angle between α and β is
π
3 . Looking at A2, we see that r = −1 = r ′, q = 0 = q ′. Again the result follows.
Suppose that the angle between α and β is 2π

3 . Looking at A2 again, we see that
r = 0 = r ′, q = 1 = q ′. The result follows. Similarly, looking at B2 and G2, we
establish the result in the rest of the cases. �

Let � be a root system in E . Then � generates E . If B is a basis of E consisting
of members of �, then, as already seen, every member of � is a rational linear
combination of B. However, we look for a special type of basis.

Definition 2.2.11 Asubset� of�which is a basis of E is called thebasis of the root
system � if every element of � is either a nonnegative integral linear combination
or it is a nonpositive integral linear combination of members of �. A member α
of � is called positive/negative with respect to � (in symbol α > / < 0) if α is a
nonnegative/nonpositive linear combination of members of �. It further induces a
partial order≥ on�. Explicitly, “α ≥ β” if and only ifα = β or elseα − β > 0. The
members of � are called simple roots. If α = ∑

γ∈� aγγ, then
∑

γ∈� aγ is called
the height of the root α with respect to �.

Proposition 2.2.12 Let � be a basis of a root system � in E. Then the angles
between distinct members of � are obtuse angles.

Proof Suppose the contrary. Letα,β ∈ �,α �= β be such that< α,β > is positive.
From Proposition2.2.7, α − β ∈ �. This contradicts the fact that a member of �

is either a positive linear combination of members of � or it is a negative linear
combination of members of �. �

We shall show the existence of a basis of a root system by constructing all bases.
Let� be a root system in E . Since no infinite vector space can be expressed as a finite
union of proper subspaces, E − ⋃

α∈� Pα �= ∅. Let γ be amember of E − ⋃
α∈� Pα.

Let �+(γ) denote the subset {α ∈ � |< α, γ > is posi tive}. Evidently, � is the
disjoint union of �+(γ) and −�+(γ). Let us call an element α ∈ �+(γ) to be
indecomposable if it cannot be expressed as the sum of two members of �+(γ).
Further, �(γ) will denote the set of all indecomposable elements in �+(γ).
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Theorem 2.2.13 For each γ ∈ E − ⋃
α∈� Pα, the set �(γ) of indecomposable ele-

ments of �+(γ) forms a basis of �.

Proof We first show that every member of � is a nonnegative integral linear com-
bination or it is a nonpositive integral linear combination of members of �(γ). It is
sufficient to show that every member of �+(γ) is a nonnegative integral linear com-
bination of members of �(γ). Suppose the contrary. Choose a α ∈ �+(γ) with the
smallest< α, γ >which is not a nonnegative integral linear combination ofmembers
of �(γ). Evidently, α /∈ �(γ). Suppose that α = α1 + α2, where α1,α2 ∈ �+(γ).
Clearly, < αi , γ > is less than < α, γ >. Hence α1 and α2 are nonnegative integral
linear combinations of members of �(γ). In turn, α is a nonnegative integral linear
combination of members of �(γ). This is a contradiction.

Next,we show that a distinct pair ofmembers of�(γ) formobtuse angles. Suppose
not. Then there exists a pair α,β ∈ �(γ),α �= β such that < α,β > is greater than
0. Consequently, α − β ∈ �. Evidently, α �= −β. Thus, α − β ∈ �+(γ) or α − β ∈
−�+(γ). Ifα − β ∈ �+(γ), thenα = α − β + β becomes reducible and if β − α ∈
�+(γ), then β = β − α + α becomes reducible. This is a contradiction.

Finally, we show that �(γ) is linearly independent. Suppose that
∑

α∈�(γ) aαα =
0. We need to show that A = {α ∈ �(γ) | aα �= 0} = ∅. Suppose not. Then B =
{α ∈ �(γ) | aα > 0} �= ∅ �= C = {α ∈ �(γ) | aα < 0} and A is a disjoint union of
B and C . Clearly, b = ∑

μ∈B aμμ = ∑
ν∈C aνν = c �= 0. From the earlier step, <

b, b >= ∑
μ,ν∈B aμaν < 0. This is a contradiction. �

Let E be a finite-dimensional real inner product space. Let α ∈ E . Then P+
α =

{β ∈ E |< β,α > > 0} is called the positive open half space associated with the
vector α. Evidently, E is a disjoint union P+

α

⋃
Pα

⋃
P−

α . For example, P+
e1 in R

2

is the upper half plane.

Proposition 2.2.14 Let B be a vector space basis of a finite-dimensional real inner
product space E. Then

⋂
α∈B P+

α �= ∅.
Proof For each α ∈ B, let Uα denote the subspace of E generated by B − {α}. Let
α̂ denote the projection of α on the orthogonal complement U⊥

α of Uα. Clearly,
< α, α̂ > is greater than 0. Again, if β �= α and β ∈ B, then α ∈ Uβ . Consequently,
< α, β̂ >= 0. Take γ = ∑

α∈B α̂. Then it is clear from the above discussion that
< γ,α > is greater than 0 for all α ∈ B. This means that γ ∈ ⋂

α∈B P+
α . �

Proposition 2.2.15 Given a basis � of �, there is a γ ∈ E − ⋃
α∈� P+

α such that
� = �(γ).

Proof Let � be a basis of the root system �. From the above proposition, there
is γ ∈ E such that < γ,α > is greater than 0 for all α ∈ �. Since every member
of � is a nonnegative linear combination or a nonpositive linear combination of
members of �, γ ∈ E − ⋃

α∈� Pα, �+ ⊆ �+(γ), and �− ⊆ −�+(γ). Since � is
a disjoint union of �+ and �−, it follows that �+ = �+(γ) and �− = −�+(γ).
Consequently, � ⊆ �(γ). Since �(γ) is a basis, � = �(γ). �
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Our next aim is to study the Weyl group of a root system � and its action on the
set of all bases of �. The following few propositions are crucial for the purpose.

Proposition 2.2.16 Let � be a root system and � be a basis of �. Let α ∈ �+ be a
positive rootwith respect to the basis�. Then there is a finite sequenceα1,α2, . . . ,αr

of elements of � such that α = α1 + α2 + · · · + αr and for all i ≤ r , α1 + α2 +
· · · + αi is a root.

Proof The proof is by the induction on the height htα of α. If htα = 1, then α ∈ �

and there is nothing to do. Assume that the assertion holds for all positive roots of
height n, n ≥ 1. Let α ∈ �+ with htα = n + 1. Evidently, α /∈ �. We show that
< α,β > is greater than 0 for some β ∈ �. Suppose not. Then < α, γ >≤ 0 for all
γ ∈ �. Suppose that α = ∑

γ∈� aγγ, where aγ ≥ 0 for all γ ∈ �. Since htα ≥ 2,
at least one aγ > 0. But then < α,α >= ∑

γ∈� aγ < γ,α > is less than 0. This
is a contradiction. Thus, there is a β ∈ � such that < α,β > is greater than 0.
Consequently, α − β belongs to �. Since α ∈ �+, β ∈ �, and α = α − β + β, it
follows that α − β ∈ �+. Thus, α = β + (α − β). Clearly, ht (α − β) = n. By the
induction hypothesis, there is a finite sequence α1,α2, . . . ,αr such that α − β =
α1 + α2 + · · · + αr and α1 + α2 + · · · + αi is a root for all i . Clearly, α = α1 +
α2 + · · · + αr + β has the required property. �

Proposition 2.2.17 Let � be a root system and � be a basis of �. Let α ∈ �. Then
σα permutes the elements of �+ − {α}.
Proof Let β ∈ �+ − {α}. Then β = ∑

γ∈� aγγ, where aγ ≥ 0 for all γ. Since β �=
±α, there is a γ ∈ �, γ �= α such that aγ > 0. Now σα(β) = β− ≺ β,α � α =∑

γ∈�−{α} aγγ − (aα− ≺ β,α �)α. Since oneof the coefficients is positive,σα(β) ∈
�+ − {α}. �
Corollary 2.2.18 Let � be a root system and � be a basis of �. Let δ denote the
element 1

2

∑
γ∈�+ γ of E. Then σα(δ) = δ − α for all α ∈ �.

Proof From the above proposition, σα permutes �+ − {α}. Consequently, since
σα(α) = − α, σα(δ) = δ − α for all α ∈ �. �

Proposition 2.2.19 Let � be a basis of a root system � and let α1,α2, . . . ,αr

be a finite-ordered sequence of elements of � such that (σα1σα2 · · · σαr−1)(αr ) is
a negative root. Then there is an integer s, 1 ≤ s < r , such that σα1σα2 · · · σαr =
σα1σα2 · · · σαs−1σαs+1σαs+2 · · · σαr−1 .

Proof It follows by the induction on r − 1 and the fact that σα permutes �+ − {α}
for all α ∈ �. �

Corollary 2.2.20 Let � be a root system with � as a basis. Let σ be a member
of W (�). Let r be the smallest natural number such that σ can be expressed as
the product σα1σα2 · · · σαr of simple reflections (αi ∈ � for all i ). Then σ(αr ) is a
negative root.
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Proof Suppose that σ(αr ) is a positive root. Since σαr (αr ) = −αr , it follows that
(σα1σα2 · · · σαr−1)(αr ) is a negative root. From the above proposition, σα1σα2 · · · σαr

= σα1σα2 · · · σαs−1σαs+1σαs+2 · · ·σαr−1 for some s < r . This is a contradiction to the
choice of r . �

Let� be a root system in E . Consider the open subspace E − ⋃
α∈� Pα of E . The

connected components of E − ⋃
α∈� Pα are called theWeyl Chambers of �. They

are all open connected subsets of E and partition E − ⋃
α∈� Pα intomutually disjoint

classes. Evidently, each γ ∈ E − ⋃
α∈� Pα belongs to a uniqueWeyl Chamberwhich

we denote by C(γ). �+(γ) = {α ∈ � |< γ,α > is greater than zero}. Clearly,
C(γ) = C(γ′) if and only if γ and γ′ both lie on the same side of Pα for all α ∈ �.
Note that −�+(γ) = �+(−γ). It is also clear that �(γ) �→ C(γ) defines a bijective
map from the set of all bases of� to the set of all Weyl chambers of�. If� is a basis
of �, then there is a γ ∈ E − ⋃

α∈� Pα such that � = �(γ). The corresponding
C(γ) is called the Fundamental Weyl Chamber associated with �. Since each
member σ of the Weyl group is an orthogonal transformation, σ(C(γ)) = C(σ(γ)).
Thus, the Weyl group W (�) acts on the set of all Weyl chambers, and, in turn, on
the set of all bases of �. We shall discuss the properties of this action.

Theorem 2.2.21 Let � be a root system in E with � as a basis. Then the following
hold:

(i) The subgroupW 0(�)of theWeyl groupW (�)generated by the set {σα | α ∈ �}
of simple reflections acts simply transitively on the set of all Weyl cham-
bers/bases of �.

(ii) If α ∈ �, then there is an element σ of W 0(�) such that σ(α) ∈ �.
(iii) W (�) is generated by the set {σα | α ∈ �} of simple reflections (members of

� are called the simple roots).
(iv) W (�) acts simply transitively on the set of all Weyl chambers/bases of �.

Proof (i) We first show that W 0(�) acts transitively on the set of Weyl cham-
bers/bases. Let C(γ) be a Weyl Chamber of �, where γ ∈ E − ⋃

α∈� Pα. We
need to show the existence of a σ ∈ W 0(�) such that �(σ(γ)) = � (note
that σ(γ) ∈ E − ⋃

α∈� Pα for all σ ∈ W (�)). Equivalently, we need to show
the existence of a σ ∈ W 0(�) such that < σ(γ),α > is greater than 0 for all
α ∈ �. Let σ be a member of W 0(�) for which < σ(γ), δ > is largest, where
δ = 1

2

∑
β∈�+ β. For each α ∈ �, σασ ∈ W 0(�). Hence

< σ(γ), δ > ≥< σασ(γ), δ >=,< σ(γ),σα(δ) >=,< σ(γ), δ > − < σ(γ),α >

for each α ∈ �. Thus,< σ(γ),α > ≥ 0 for all α ∈ �. Further,< σ(γ),α >�=
0 for otherwise σ(γ) will belong to Pα. This means that < σ(γ),α > > 0 for
all α ∈ �.
Finally, we show that the action is simply transitive. Suppose not. Then
there exists a σ ∈ W 0(�),σ �= I , and a basis �′ such that σ(�′) = �′. From
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Corollary2.2.20, expressing σ as the minimal product σ = σα1σα2 · · · σαr of
simple reflection, σ(αr ) < 0. This is a contradiction, since σ(�′) = �′.

(ii) Since W 0(�) acts transitively on the set of Weyl chambers/bases, it is suf-
ficient to show that each root belongs to a basis of �. Again, since Pα �=⋃

β �=±α(Pβ

⋂
Pα), there is a γ ∈ Pα such that γ /∈ Pβ for all β �= ±α. Take

γ′ sufficiently near γ with < γ′,α > > 0 and |< γ′,β >| >< γ′,α > for all
β �= ±α. Then α ∈ �+(γ′) and it cannot be expressed as two distinct members
of �+(γ′). Thus, α ∈ �(γ′).

(iii) Weneed to show thatσα ∈ W 0(�) for allα ∈ �. Considerσα,α ∈ �. From (ii),
there is a σ ∈ W 0(�) such that σ(α) ∈ �. Clearly, σα = σ−1σσ(α)σ ∈ W 0(�).

(iv) Follows from (i) and (iii).
�

Definition 2.2.22 Let � be a root system in E with a basis �. Then each member
σ ∈ W (�) is expressible as a product σ = σα1σα2 · · · σαr of simple reflections. The
smallest r such that σ = σα1σα2 · · ·σαr is called the length of σ and it is denoted by
l(σ). Evidently, l(I ) = 0.

Proposition 2.2.23 l(σ) =| {α ∈ �+ | σ(α) ∈ �−} |.
Proof The proof is by the induction on l(σ). If l(σ) = 0, then σ = I and there
is no α ∈ �+ such that I (α) ∈ �−. Assume that the result is true for all τ ∈
W (�) for which l(τ ) < l(σ). We prove it for σ. Write σ in the reduced form as
σ = σα1σα2 · · · σαl(σ)

. Then by Corollary2.2.20, σ(αl(σ)) ∈ �−. Clearly, l(σσαl(α)
) =

l(σ) − 1 and it follows from Proposition2.2.17 that | {β∈�+ | σσαl(σ)
(β) ∈ �−} |=|

{β ∈ �+ | σ(β) ∈ �−} − {αl(σ)} |=| {β ∈ �+ | σ(β) ∈ �−} | −1. The result fol-
lows from the induction hypothesis. �

Proposition 2.2.24 Let � be a basis of a root system � in E. Then the following
hold:

(i) σ(γ) ≤ γ for allγ ∈ C(�), whereC(�) is the fundamental chamber associated
with the basis �.

(ii) C(�) is a fundamental domain of the action of the Weyl group W (�) on
E − ⋃

α∈� Pα in the sense that E − ⋃
α∈� Pα = ⋃

γ∈C(�) W (�)(γ), where
W (�)(γ)

⋂
W (�)(η) = ∅ for all γ, η ∈ C(�), γ �= η, and whenever σ(γ) =

τ (γ), σ = τ .

Proof (i) Weprove it by the induction on l(σ). Suppose that l(σ) = 1.Thenσ = σα,
where α ∈ �. Given γ ∈ C(�), < γ,α > ≥ 0. Consequently,

σ(γ) = σα(γ) = γ − 2 < γ,α >

< α,α >
α ≤ γ.

Assume that the result holds for all those τ∈W (�) for which l(τ ) < l(σ), l(σ) ≥
2. We prove it for σ. Express σ in reduced form as a product σα1σαi2

· · · σαir
of

simple reflections, where l(σ)=r . Then σ−1 has the representation σαir
σαir−1
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· · ·σαi1
as a reduced product of simple reflections. Evidently, σαir

σαir−1
· · · σαi2

is a reduced product. By the induction hypothesis, τ (γ) ≤ γ for all γ ∈ C(�),
where τ = σαir

σαir−1
· · · σαi2

. In particular, τ (σα1(γ)) ≤ σα1(γ). But already
σα1(γ) ≤ γ.

(ii) SinceW (�) acts simply transitively on the set ofWeyl chambers, it is sufficient to
show that σ(γ) = γ implies that σ = I . Suppose σ �= I but σ(γ) = γ. As above,
if σ is expressed in reduced form σ = σαi1

σαi2
· · ·σαir

, then σ(γ) = γ implies
that σαir

(γ) = γ. This means that < γ,αir >= 0. This is a contradiction, since
γ ∈ C(�). �

Definition 2.2.25 A root system � in E is said to be irreducible if it cannot be
expressed as a disjoint union of two proper subsets�1 and�2 such that< α,β >= 0
for all α ∈ �1 and β ∈ �2. We say that it is reducible, otherwise.

Thus, A1, A2, B2, and G2 are all irreducible whereas A1 × A1 is reducible.

Proposition 2.2.26 If� is irreducible and� is a basis, then� is also irreducible in
the same sense. Conversely, if a basis of � is irreducible, then � is also irreducible.

Proof Suppose that� is irreducible,� = �1
⋃

�2,�1
⋂

�2 = ∅, and< α,β >=
0 for all α ∈ �1 and β ∈ �2. Then � = �1

⋃
�2, where �1 = �

⋂
�1 and �2 =

�
⋂

�2. Since� is irreducible,�1 = � or�2 = �. Since�1 ⊥ �2,� = �1 ⊆ �1

implies that no member of �2 can be expressed as a linear combination of members
of �. Since � is a basis, �1 = � and �2 = ∅. Similarly, if �2 = �, then �2 = �

and �1 = ∅.
Conversely, suppose that � is irreducible and � is a basis of �. Suppose fur-

ther that � = �1
⋃

�2, where �1
⋂

�2 = ∅ and < α,β >= 0 for all α ∈ �1 and
β ∈ �2. Let �1 = {α ∈ � | σ(α) ∈ �1 f or some σ ∈ W (�)} and �2 = {β ∈ � |
σ(β) ∈ �2 f or some σ ∈ W (�)}. Evidently, � = �1

⋃
�2. Suppose that γ ∈ �1.

Then there exists an α ∈ �1 and σ ∈ W (�) such that σ(α) = γ. If α ∈ �1 and
β ∈ �2, then < α,β >= 0. Consequently, σασβ = σβσα and any σ in W (�) can
be expressed as σ = σβ1σβ2 · · ·σβr σα1σα2 · · · σαs , where βi ∈ �2 and α j ∈ �1.
If γ = σ(α) ∈ �1,α ∈ �1, then γ = σ(α) = α − ∑s

j=1 a jα j belongs to the sub-
space generated by �1. Thus, �1 ⊆< �1 >. It follows that �1 =,< �1 > and
�2 =,< �2 >. Since �1 ⊥ �2, �1 ⊥ �2. Since � is irreducible, < �1 >= � or
< �2 >= �. Consequently, �1 = � or �2 = �. �

Proposition 2.2.27 Let � be an irreducible root system in E with a basis �. Then
there is a largest element β in � with respect to the partial order ≤. Further, if
β = ∑

α∈� aαα, then aα > 0 for all α. Also < β,α > ≥ 0 for all α ∈ �.

Proof Obviously, a maximal root exists. Let β = ∑
α∈� aαα be a maximal root.

Clearly, aα ≥ 0 for all α and at least one aα > 0. Put �1 = {α ∈ � | aα > 0}
and �2 = {α ∈ � | aα = 0}. Clearly {�1,�2} is a partition of �. We need to show
that �2 = ∅. Suppose not. Since � is a basis < μ, ν >≤ 0 for all μ, ν ∈ �. In
particular, < β,α >≤ 0 for all α ∈ �2. Since � is irreducible, there is a pair α,α′
with α ∈ �1, α′ ∈ �2 such that < α,α′ >�= 0. Consequently, < α,α′ >< 0 and
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so< β,α′ >< 0. This implies thatβ + α′ is a root, a contradiction to themaximality
of β. Next, we show the uniqueness. Let β′ be another maximal element. Then as in
the case of β, β′ = ∑

α∈� a′
αα with a′

α > 0. Evidently, < β′,β > > 0. This means
that β = β′ for otherwise β − β′ is a root and β′ < β or β < β′. �

Every root system � in E can be expressed as a pairwise disjoint union
�1

⋃
�2

⋃ · · · ⋃ �r of irreducible root systems with �i ⊥ � j for i �= j . If <

�i >= Ei , then E = E1 ⊕ E2 ⊕ · · · ⊕ Er , where the sum is the orthogonal sum.

Proposition 2.2.28 Let � be an irreducible root system in E. Then the represen-
tation of W (�) on E induced by the action of W (�) on E is an irreducible rep-
resentation. More explicitly, no nontrivial proper subspace of E is invariant under
W (�).

Proof Let V be a nontrivial subspace of E which is invariant under W (�).
Since the members of W (�) are orthogonal transformations, the orthogonal com-
plement V⊥ is also invariant under W (�) and E = V ⊕ V⊥. Suppose that α ∈
� − V . Let v ∈ V . Then σα(v) = v− ≺ v,α � α. Since σα(v) ∈ V and α /∈ V ,
< v,α >= 0. This means that V ⊆ Pα. Consequently, � − V ⊆ V⊥. Thus, � =
(�

⋂
V )

⋃
(�

⋂
V⊥). Since � is irreducible, �

⋂
V = �. Again, since < � >=

E , V = E . �

Proposition 2.2.29 Let � be an irreducible system in E. Then at the most two root
lengths appear in �. More explicitly, 1 ≤| {|| α || | α ∈ �} |≤ 2. Further, roots of
the same lengths are conjugates in the sense that if || α ||=|| β ||, then there is a
σ ∈ W (�) such that σ(β) = α.

Proof Since members of W (�) are orthogonal transformations, they preserve root
lengths. Since {σ(α) | σ ∈ W (�)} generate E (Proposition2.2.28), for any pair
α,β ∈ �, there is a σ ∈ W (�) such that < σ(α),β >�= 0. For any pair α,β ∈ �,
the only possible values of ||α||2

|| β||2 are 1, 2, 3, 1
2 ,

1
3 (see the discussions prior to

Proposition2.2.7). If there are three different root lengths, then obviously, 2
3 will

appear as a root length ratio. Thus, there are at the most two root lengths which
appear in �.

Next, letα,β ∈ � be of equal lengths.Wemay assume that< α,β >�= 0. Again,
it follows from the discussions prior to Proposition2.2.7 that ≺ α,β �= ±1. If
≺ α,β �= −1, then replacingβ byσβ(β) = −β,wemay assume that≺ α,β �= 1.
But then σασβσα(β) = α. This proves the assertion. �

If an irreducible root system has two root lengths, then the larger roots are called
long roots while others are called short roots.

Proposition 2.2.30 If � is an irreducible root system with a basis �, then the max-
imal root β is long.

Proof Let β be the largest root of � and α ∈ �. We need to show that < α,α > ≤
< β,β >. Replacing α by aW (�)-conjugate, we may assume that α ∈ C(�). Since
β − α > 0, < γ,β − α > ≥ 0 for all γ ∈ C(�). In particular, < β,β − α > ≥ 0
and also < α,β − α > ≥ 0. Thus, < β,β > ≥ < β,α >≥< α,α >. �
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Cartan Matrices

Let� be a root system with an ordered basis� = {α1,α2, . . . ,αr }. Then the matrix
A = [ai j ] is called the Cartan matrix of � relative to the ordered basis �, where
ai j =≺ αi ,α j �= 2<αi ,α j>

<α j ,α j>
. Evidently, the Cartan matrix is an integral matrix and

its entries are called Cartan integers. Thus, the Cartan matrix of A1 × A1, A2, B2,
and G2 are

A =
[
2 0
0 2

]

,

[
2 −1

−1 2

]

,

[
2 −2

−1 2

]

, and

[
2 −1

−3 2

]

,

respectively.
Not all matrices are Cartan matrices. Indeed, the diagonal entries of all Cartan

matrices are 2, while the possibilities for off-diagonal entries are 0, −1, −2, or −3.
SinceW (�) acts transitively on the set of bases of �, the Cartan matrix is unique

up to the conjugation by the permutation matrices. Again, since � is a basis, the
matrix [< αi ,α j >] is non-singular. Consequently, the Cartan matrix [≺ αi ,α j �
] = 2<αi ,α j>

<α j ,α j>
is a non-singular integral matrix.

Proposition 2.2.31 If (E,�) and (E ′,�′) are isomorphic root systems, then they
have the same Cartan matrices. Conversely, if the Cartan matrix of (E,�) with
respect to an ordered basis � = {α1,α2, . . . ,αr } is the same as the Cartan matrix
of �′ with respect to an ordered basis �′ = {α′

1,α
′
2, . . . ,α

′
r } of �′, then (E,�) and

(E ′,φ′) are isomorphic.

Proof Suppose that (E,�) and (E ′,�′) are isomorphic root systems. Then there
is a vector space isomorphism η from E to E ′ such that ≺ η(α), η(β) �=≺ α,β �
for all α,β ∈ � and η(�) = �′. If � is a base of �, then η(�) is a base of
�′. Clearly, the Cartan matrix of (E,�) is the same as that of (E ′,�′). Con-
versely, suppose that the Cartan matrix of (E,�) with respect to an ordered basis
� = {α1,α2, . . . ,αr } is the same as the Cartan matrix of �′ with respect to an
ordered basis �′ = {α′

1,α
′
2, . . . ,α

′
r } of �′. Then ≺ αi ,α j �=≺ α′

i ,α
′
j � for all

i, j . Thus, we have a vector space isomorphism η from E to E ′ given by η(αi ) = α′
i .

All that we need to show is that η(�) = �′ and ≺ η(α), η(β) �=≺ α,β � for all
α,β ∈ �. Clearly, ση(α)(η(β)) = η(β)− ≺ η(β), η(α) � η(α) = η(β)− ≺ β,α �
η(α) = η(σα(β)) for all α,β ∈ �. SinceW (�) andW (�′) are generated by simple
reflections, η induces an isomorphism η from W (�) to W (�′) defined by η(σ) =
σoηoσ−1. Evidently, η(σα) = ση(α) for all α ∈ �. Given a β ∈ �, there is a σ ∈
W (�) and a α ∈ � such that β = σ(α). Consequently, η(β) = (ηoσoη−1)(η(α))

belongs to �′. This shows that η is an isomorphism from (E,�) to (E ′,�′). �

It follows from the above proposition that a root system is uniquely determined
(up to isomorphism) by its Cartan matrix. One can easily construct a root system
associated with a Cartan matrix.



2.2 Root Systems 97

Proposition 2.2.32 Let � be a root system in E with a basis �. Then the following
hold:

(i) There exists a unique element σ̂ ∈ W (�) such that σ̂(�+) = �−.
(ii) σ̂2 = I and l(σ̂) =| � |.
Proof (i) Let β0 be the unique maximal member of �. It follows from
Proposition2.2.27 that < β0,α > ≥ 0 for all α ∈ �. Clearly, σβ0(α) = α − ≺
β0,α � α ∈ �− for all α ∈ �. Since σβ0 is linear, σβ0(�

+) = �−. If η is another
such map, then σβ0η

−1(�+) = �+. Consequently, σβ0η
−1(�) = �. Since W (�)

acts simply transitively on the set of bases, it follows that η = σβ0 .
(ii) Sinceσβ0 is a reflection, (σβ0)

2 = I . Further, it follows fromProposition2.2.23
that l(σβ0) =| � |. �
Exercises

2.2.1. Let� be an irreducible root systemwith� as a basis. Suppose thatσ ∈ W (�)

is a product of t simple reflections. Show that l(σ) ≡ t (mod2).
2.2.2. If � is a basis of �, then show that �ν is a basis of �ν .
2.2.3. Show that the map σ �→ (−1)l(σ) is a surjective homomorphism from W (�)

to {1,−1}.
2.2.4. Suppose that σ ∈ W (�) is a reflection. Show that σ = σα for some α ∈ �.
2.2.5. Let� be a root system. Let c be a positive real number. Show that�c = {α ∈

� |< α,α >= c} is a root system provided that it is nonempty.

2.3 Dynkin Diagram and the Classification of Root Systems

A group G having a presentation of the type< x1, x2, . . . , xr ; (xi x j )
mi j = 1, mii =

1,mi j ∈ Z > is called a Coxeter group. For example, the symmetric group Sn is a
Coxeter group. Indeed, Sn has a presentation

< x1, x2, . . . , xn−1; x2i , (x j x j+1)
3, (xkxl)

2 | 1 ≤ i ≤ n − 1, 1 ≤ j ≤ n − 2, |
k − l |≥ 2, 1 ≤ k, l ≤ n − 1 >

(see Algebra 2, Chap.10). It will be shown that the Weyl group W (�) is also a
Coxeter group. We shall classify Weyl groups, and also the root systems, with the
help of the Coxeter graphs and the Dynkin diagrams.

Let � be a root system with � = {α1,α2, . . . ,αl} as a basis. Recall that the
possible values of ≺ αi ,α j � for i �= j are 0, 1, 2, or 3. The Coxeter graph of �

relative to the base � is a graph with l vertexes v1, v2, . . . , vl corresponding to the
simple roots α1,α2, . . . ,αl , where the i th vertex vi is joined to the j th vertex v j by
≺ αi ,α j � · ≺ α j ,αi � edges. Thus, the Coxeter graph of A1 × A1 is

v1 v2,
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the Coxeter graph for A2 is

v1 v2,

the Coxeter graph of B2 is

v1 v2,

and that of G2 is

v1 v2,

In case only one root length occurs, ≺ αi ,α j �=≺ α j ,αi � and consequently,
≺ αi ,α j �≺ α j ,αi � completely determines ≺ αi ,α j � for all i, j , for example,
in the case of A2. Thus, in this case, the Coxeter graph completely determines the
Cartan matrix, and in turn, the root system. However, in case there are two root
lengths, we can still determine the Cartan matrix provided that we know which root
is long and which root is short. For example in B2, ≺ α,β �= 1 and ≺ β,α �= 2,
where α is short and β is long. This prompts us to think of a more special type of
Coxeter graphs termed Dynkin diagrams. In a Coxeter graph, whenever a double or
triple edge occurs, let us put an arrow pointing toward the shorter root. Such a graph
is termed as a Dynkin diagram. Evidently, the Dynkin diagram completely deter-
mines the Cartan matrix, and in turn the root system. Thus, for example, the Dynkin

diagram of B2 is v1 v2, and of G2 is v1 v2, We

have another Dynkin diagram

v1 v2 v3 v4

Clearly, the Cartan matrix associated with this Dynkin diagram is

⎡

⎢
⎢
⎣

2 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2

⎤

⎥
⎥
⎦ .

The corresponding root system is denoted by F4.
Clearly, the Dynkin diagram associated with the irreducible root system is a con-

nected Dynkin diagram.

Theorem 2.3.1 Let � be an irreducible root system of rank l. Then the Dynkin
diagram of � is one and only one of the following:
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Al, l ≥ 1 :v1 v2 · · · vl−1 vl

Bl, l ≥ 2 :v1 v2 · · · vl−1 vl

Cl, l ≥ 3 :v1 v2 · · · vl−1 vl

Dl, l ≥ 4 :v1 v2 · · · vl−2
�

vl−1

vl

E6 : v1 v3 v4

v2

v5 v6

E7 : v1 v3 v4

v2

v5 v6 v7

E8 : v1 v3 v4

v2

v5 v6 v7 v8

F4 : v1 v2 v3 v4

G2 : v1 v2

Proof With our earlier remarks, it is sufficient to classify Coxeter graphs of root
systems. For this purpose, without loss of generality, we may consider a basis
{α1,α2, . . . ,αl} of an Euclidean space E consisting of unit vectors such that
< αi ,α j > ≤ 0 and 4 < αi ,α j >2= 0, 1, 2, or 3 for i �= j (basis of a root system
with each vector made a unit vector by dividing by its length). The connected Cox-
eter graph of such a basis is the graph with vertexes {v1, v2, . . . , vl} corresponding
to {α1,α2, . . . ,αl} together with 4 < αi ,α j >2 edges joining vi with v j , i �= j . We
classify them.

Let us call a linearly independent subset S of E to be an admissible set if< α,β >

≤ 0 and 4 < α,β >2= 0, 1, 2, or 3 for all distinct α,β ∈ S. Evidently, the subset
of an admissible set is an admissible set. As usual, we can talk of the Coxeter graph
of S and denote it by �S . The following are some properties of Coxeter graphs of
admissible sets:

(i) The number of pairs of distinct vertexes in �S which are connected by edges
is strictly less than the number | S | of elements of S: Suppose that S =
{α1,α2, . . . ,αm}, m ≤ l. Consider β = ∑m

i=1 αi . Since S is linearly inde-
pendent, β �= 0. Hence 0 << β,β >= ∑m

i=1 < αi ,αi > + 2
∑

1≤k<l≤m <

αk,αl >= m + 2
∑

1≤k<l≤m < αk,αl >. Since < αk,αl > ≤ 0 and for
nonzero terms < αk,αl >, 4 < αk,αl >2= 1, 2, or 3, it follows that the
nonzero terms under summation in RHS are ≤ −1. Consequently, there are
at the most m − 1 nonzero terms.
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(ii) �S contains no cycle: If �S contains a cycle, then S contains an admissible
subset S′ such that �S′ is a cycle. This contradicts (i).

(iii) Not more than three edges can originate from a vertex of �S: Let α ∈ S
and β1,β2, . . . ,βk be vectors in S which are connected to α by 1, 2, or
3 edges. Then < α,βi >< 0 for all i . Clearly, no βi is connected to
β j for otherwise �S will have a cycle. This means that < βi ,β j >= 0
for all i �= j . Let β0 be a unit vector orthogonal to the subspace gener-
ated by {β1,β2, . . . ,βk}. Clearly, < α,β0 >�= 0, α = ∑k

i=0 < α,βi > βi ,
and 1 =,< α,α >= ∑k

i=0 < α,βi >2. Thus,
∑k

i=1 < α,βi >2 < 1. Con-
sequently,

∑k
i=1 4 < α,βi >2 < 4. This shows that k ≤ 3.

(iv) From (iii), it follows that the only connected graph �S which contains a triple
edge is

G2 :v1 v2

(v) Let S be an admissible set and S′ = {β1,β2, . . . ,βk} be an admissible sub-
set of S such that the Coxeter graph �S′ is a simple chain. Then T =
(S − {β1,β2, . . . ,βk})⋃{β} is an admissible subset, where β = ∑k

i=1 βi :
Evidently, T is a linearly independent set. We need to show that β is a unit
vector and 4 < γ,β >2= 0, 1, 2, or 3 for all γ in S − {β1,β2, . . . ,βk}. Since
�S′ is a simple chain, 2 < βi ,βi+1 >= −1 for all i, 1 ≤ i ≤ k − 1 and <

βi ,β j >= 0 whenever | i − j |≥ 2. Hence < β,β >= k + ∑
1≤i< j≤k 2 <

βi ,β j >= k − (k − 1) = 1. This shows that β is a unit vector. Let γ be a
member of S − {β1,β2, . . . ,βk}. Since �S has no cycle, γ can be connected
to at themost one βi . This means that< γ,β >= 0 or< γ,β >=,< γ,βi >

for some i . Consequently, 4 < γ,β >2= 0, 1, 2, or 3. Thus, the graph �T of
T is just the graph obtained by shrinking the subgraph �S′ of �S to a point.

(vi) There is no subgraph of �S of the form

v1 v2 · · · vl−1 vl

v1 v2 · · · vl−2
�

vl−1

vl

v1��

v2
��v3 · · · vl−2

�

vl−1

vl

This is because if we shrink the middle chain to a point, then we get a sub-

graph in which there is a vertex with four incident edges. This, however, is a
contradiction to (iii).

(vii) The possible connected Coxeter graphs of a root system are of the following
forms:
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v1 v2 · · · vl−1 vl,

v1 v2· · ·vk−1 vk wl wl−1 · · · w2 w1

v1 v2

v1 v2· · ·vp−1 ν wr−1· · ·w2 w1

uq−1

...
u2

u1

This is because a Coxeter graph �S containing two double edges will contain

a subgraph of the form

v1 v2 · · · vl−1 vl,

a Coxeter graph containing a double edge and a node will have a subgraph of

the form

v1 v2 · · · vl−2
�

vl−1

vl,

and a Coxeter graph having two nodes will have a subgraph of the form

v1��

v2
��v3 · · · vl−2

�

vl−1

vl

This is impossible because of (vi). Further, the only connected Coxeter graph

with a triple edge is G2.
(viii) The Coxeter graph of a root system containing a double edge is the Coxeter

graph

v1 v2 v3 v4

of F4 or the Coxeter graph



102 2 Semi-Simple Lie Algebras and Root Systems

v1 v2 · · · vl−1 vl

of Bl (same as that of Cl): From (vii) the only possible form of a Coxeter
graph of a root system containing a double edge is

v1 v2· · ·vk−1 vk wl wl−1 · · · w2 w1

Let αi be the root corresponding to the vertex vi , and β j be the root corre-

sponding to the vertex w j . Let α denote the vector
∑k

i=1 iαi and β denote
the vector

∑l
j=1 jβ j . Under the assumption,

(a) 2 < αi ,αi+1 >= −1 = 2 < β j ,β j+1 >,
(b) the rest of the pairs of roots are orthogonal to each other, and
(c) 4 < αk,βl >2= 2.

Consequently,< α,α >= ∑k
i=1 i

2 − ∑k−1
i=1 i(i + 1) = k(k+1)

2 and< β,β >=
∑l

j=1 j2 − ∑l−1
j=1 j ( j + 1) = l(l+1)

2 . Also using (c), we get < α,β >2=
k2l2

2 . Since {α,β} is linearly independent,< α,β >2 is less than< α,α >2<

β,β >2. Thus, k2l2

2 < k(k+1)
2

l(l+1)
2 . This means that (k − 1)(l − 1) < 2. It

follows that k = 2 = l, or k is anything and l = 1. The assertion follows.
(ix) The Coxeter graph having a node is one of the following forms:

Dl, l ≥ 4 :v1 v2 · · · vl−2
�

vl−1

vl,

E6 : v1 v3 v4

v2

v5 v6,

E7 : v1 v3 v4

v2

v5 v6 v7, or

E8 : v1 v3 v4

v2

v5 v6 v7 v8.

We establish this:

From (vii), a Coxeter graph having a node is of the form

v1 v2· · ·vp−1 ν wr−1· · ·w2 w1

uq−1

...
u2

u1
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Let vi correspond to the root αi , ν correspond to the root δ, w j correspond
to β j , and uk correspond to γk . Put α = ∑p−1

i=1 iαi , β = ∑r−1
j=1 jβ j , and

γ = ∑q−1
k=1 kγk . Clearly, {α,β, γ} is a pairwise orthogonal nonzero set of

vectors, and δ is outside the subspace generated by {α,β, γ}. Let α̂ denote
the unit vector along α. Since δ lies outside the subspace generated by
{α,β, γ}, it follows that 1 >< δ, α̂ >2 + < δ, β̂ >2 + < δ, γ̂ >2. Now,
< δ, α̂ >2= <δ,α>2

<α,α>
. Further, < δ,α >2= (p − 1)2 < δ,αp−1 >2= (p−1)2

4

and as in (viii), < α,α >= p(p−1)
2 . Thus, < δ, α̂ >2= 2(p−1)2

4p(p−1) = 1
2 (1 −

1
p ). Similarly, < δ, β̂ >2= 2(q−1)2

4q(q−1) = 1
2 (1 − 1

q ), and < δ, γ̂ >2= 2(r−1)2

4r(r−1) =
1
2 (1 − 1

r ). Consequently, we get that 1
p + 1

q + 1
r > 1. Without any loss,

we may assume that p ≥ q ≥ r . If r = 1, then for an arbitrary p, q ≥ 1,
1
p + 1

q + 1
r > 1. This is the case of Dl . Suppose that r ≥ 2. Then nec-

essarily r = 2, and possible solutions are (p, 2, 2) (corresponding to Dp),
(3, 3, 2) (corresponding to E6), (4, 3, 2) (corresponding to E7), and (5, 3, 2)
(corresponding to E8). Evidently, in each case the Coxeter graph uniquely
determines the Dynkin diagram except Bl andCl which can be distinguished
with the help of arrows. �

The above theorem determines the possible Dynkin diagrams of an irreducible
root system. It, however, does not guarantee the existence of an irreducible root
system corresponding to each Dynkin diagram.

Theorem 2.3.2 There is a root system associated with each Dynkin diagram Al −
G2 as given in the above theorem.

Proof We show their existence by constructing them.
Al . Consider the standard Euclidean space R

l+1 of dimension l + 1 together with
the standard basis {e1, e2, . . . , el+1}. Let L = Ze1 + Ze2 + · · · + Zel+1 denote the
Lattice generated by {e1, e2, . . . , el+1}. Let E denote the l-dimensional subspace of
R

l+1 which is the orthogonal complement of Re, where e = e1 + e2 + · · · + el+1.
Let � = {α ∈ L

⋂
E |< α,α >= 2}. A nonzero vector α = ∑l+1

i=1 aiei belongs to
L

⋂
E if and only if

∑l+1
i=1 ai = 0 and

∑l+1
i=1 a

2
i = 2,where each ai is an integer. Thus,

� = {ei − e j | i �= j}. Take � = {ei − ei+1 | 1 ≤ l ≤ l}. Then � is linearly inde-
pendent and generates E . Also for i < j , ei − e j = (ei − ei+1) + (ei+1 − ei+2) +
· · · + (e j−1 − e j ). Thus, every element of � is an integral linear combination of
members of �. It is easily observed that the Cartan matrix of � relative to � is
that of Al . Further, σei−ei+1 is an orthogonal transformation and it is uniquely deter-
mined by its effect on ei , i ≤ l + 1. Clearly, σei−ei+1(ei ) = ei+1, σei−ei+1(ei+1) = ei ,
and σei−ei+1(e j ) = e j for all j �= i, i + 1. Thus, σei−ei+1 may be identified with the
transposition (ei , ei+1). It follows that the Weyl group of Al is the symmetric group
Sl+1.

Bl, l ≥ 2. Take E to be R
l and � = {α ∈ L |< α,α >= 1 or 2}, where L

is a Lattice in R
l generated by the standard basis {e1, e2, . . . , el}. Clearly, � =

{±ei | 1 ≤ i ≤ l} ⋃{(±(ei ± e j ) | i �= j}. Clearly, the subset � = {ei − ei+1 | 1 ≤
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i ≤ l − 1} ⋃{el} is a basis of E and every element of � is an integral linear combi-
nation of members of �. It can be easily seen that � is a root system with � as a
basis such that the Dynkin diagram is that of Bl . ei , 1 ≤ i ≤ l are short roots, while
ei ± e j , i �= j are long roots. We find theWeyl group. As in case of Al , the subgroup
of W (�) generated by {σei−ei+1 | 1 ≤ i ≤ l − 1} is Sl . Further, σei (±ei ) = ∓ei and
σei (e j ) = e j for j �= i . Thus, the subgroup ofW (�) generated by {σei | 1 ≤ i ≤ l} is
isomorphic to Z

l
2 on which Sl acts. It follows thatW (�) = W (Bl) is the semi-direct

product Z
l
2 � Sl .

Cl, l ≥ 3. The root system Cl is the dual to Bl , and long and short roots are
interchanged. Thus, � can be taken to be {±(ei ± e j | i �= j} ⋃{2ei | 1 ≤ i ≤ l}.
Evidently, W (Cl) ≈ W (Bl).

Dl, l ≥ 4.Take E=R
l ,� = {α ∈ L |< α,α >= 2} = {±(ei ± e j ) | i �= j}.� =

{ei − ei+1 | 1 ≤ i ≤ l − 1} ⋃{el−1 + el+1} is a basis. It can be seen that � is a
root system with � as a basis for which the Cartan matrix is the Cartan matrix
of Dl . Observe that σel−1+el (el−1) = −el , σel−1+el (el) = −el−1 and σel−1+el (e j ) = e j
for j /∈ {l − 1, l}. Thus, W (Dl) ≈ Z

l−1
2 � Sl .

E6, E7, and E8. Since E6 and E7 are admissible Coxeter subgraphs of E8, it
is sufficient to construct a root system associated with E8. Take E = R

8. Put L ′ =
L + Z

e
2 , where e = ∑8

i=1 ei . Consider the subgroup L ′′ of L ′ consisting of elements

of the type
∑8

i=1 aiei + a
2 e, where a + ∑8

i=1 ai is an even integer. Finally, let us take
� to be the subset {α ∈ L ′′ |< α,α >= 2}. It can be shown that � = {±(ei ± e j ) |
1 ≤ i, j ≤ 8, i �= j} ⋃{ 12

∑8
i=1 εi ei | εi = ±1 wi th even number of εi being −

1}. It is straightforward to verify that � is a root system with � = { 12 (e1 + e8 −
e2 + e3 + · · · + e7), e1 + e2, e2 − e1, e3 − e2, . . . , e7 − e6} as a basis such that the
corresponding Cartan matrix is that of E8. Looking at the action of the Weyl group
on the standard basis, it can be shown that the order of the Weyl group W (E8) is
21435527.

F4. For F4, take E = R
4. Consider L ′ = L + Z

e
2 , where, as usual, e = e1 +

e2 + e3 + e4. It is straightforward to verify that� = {α ∈ L ′ |< α,α >= 1 or 2} =
{±ei | 1 ≤ i ≤ 4} ⋃{±(ei−e j ) | i �= j} ⋃{± 1

2 (e1 ± e2 ± e3 ± e4), | ± are chosen
arbitrarily} is a root system with� = {e2 − e3, e3 − e4, e4,

1
2 (e1 − e2 − e3 − e4)}

as a basis such that the Cartan matrix is that of F4. Looking at the action of members
of W (�) on the standard basis, one can show that the order of W (F4) is 2732.

G2. We have already constructed G2 in the beginning of Sect. 2.1. However, we
give another construction. Take E as the orthogonal complement of Re in R

3, where
e = e1 + e2 + e3. Then � = {α ∈ L

⋂
E |< α,α >= 2 or 6} = {±(e1 − e2),

±(e2 − e3),±(e1 − e3),±(2e1 − e2 − e3),±(2e2 − e1 − e3),±(2e3 − e1 − e2)} is
a root system with {e1 − e2,−2e1 + e2 + e3} as a basis such that the corresponding
Cartan matrix is that of G2. Looking at the action ofW (G2) on the standard basis of
R

3, we can show that W (G2) ≈ D6. �

Now, we describe the group Aut (�) of automorphisms of a root system �. If
η is an automorphism of �, then ≺ η(α), η(β) �=≺ α,β �. Hence, η induces
automorphisms of the corresponding Dynkin diagram. We have already seen that
the Weyl group W (�) is a normal subgroup of Aut (�). Clearly, Aut (�) acts on
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the set of all bases of �. Fix a basis � of �. Consider the subgroup � = {η ∈
Aut (�) | η(�) = �}. If η is a member of Aut (�), then since W (�) acts transi-
tively on the set of all bases, there is a member σ ∈ W (�) such that η(�) = σ(�).
Consequently, σ−1η ∈ �. This means that Aut (�) = W (�)�. If η ∈ W (�)

⋂
�,

then since W (�) acts simply transitively on the set of bases, W (�)
⋂

� = {I }.
Hence Aut (�) = W (�) � �. The automorphisms fixing a base is precisely the
automorphisms of Dynkin diagrams. They are called the diagram automorphisms
or also the graph automorphisms of the root system �. If the root system has two
root lengths, then there is no graph automorphism. Thus in this case � = {I } and
Aut (�) = W (�). Looking at the diagrams, we observe that the group �(Al) of
graph automorphisms of Al is Z2, l ≥ 2. �(D4) ≈ S3 and �(Dl) ≈ Z2 for l > 4.
Further �(E6) ≈ Z2.

Exercises

2.3.1. Determine Cartan matrices for each Dynkin diagram.
2.3.2. Determine the root system B3 and C3.
2.3.3. Determine the root system F4.
2.3.4. Show that the dual of Bl is Cl provided that l �= 2. If � is an irreducible

system different from Bl and Cl , then show that �ν is isomorphic to �.
2.3.5. Show thatα �→ −α is an automorphism of�. When does it belong toW (�)?

2.4 Conjugacy Theorem, Existence and Uniqueness
Theorems

In this section, we introduce the Cartan and Borel subalgebras, and prove the Conju-
gacy theorem. We also establish the important theorem of Serre about the existence
of a semi-simple Lie algebra associated with a root system. A semi-simple Lie alge-
bra is described in terms of generators and relations. All fields are assumed to be
algebraically closed fields.

Cartan Subalgebras

Let L be a semi-simple Lie algebra over an algebraically closed field of characteristic
0. Recall that a maximal toral subalgebra H of L determines (uniquely) a root
system �. However, if we take another maximal toral subalgebra H ′ of L , then the
corresponding root systemφ′ maydiffer apparently from�. Our aim is to show that�
is unique up to an isomorphism between the root systems. For this purpose, we need
to show that H and H ′ are conjugate in L in the sense that there is an automorphism
η of L such that η(H) = H ′. More generally, we introduce the concept of Cartan
subalgebras of a Lie algebra (not necessarily a semi-simple Lie algebra) which agree
with that of maximal toral subalgebras in the case of semi-simple Lie algebras, and
then show that any two Cartan subalgebras are conjugate to each other.

Let L be a finite-dimensional Lie algebra over an algebraically closed field (not
necessarily of characteristic 0). Let x ∈ L . Consider the endomorphism ad(x) of L .
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For λ ∈ F , let mλ denote the multiplicity of λ as a root of the characteristic polyno-
mial φλ(t) of ad(x) (note that if λ is not a root, thenmλ = 0). Let Lλ(ad(x)) denote
the kernel of (ad(x) − λI )mλ . In case λ is not a root, Lλ(ad(x)) = {0}. Clearly,
ad(x) restricted to Lλ(ad(x)) is the sum of λI and a nilpotent endomorphism. It is
a well-known fact from Linear algebra that

L = ⊕
∑

λ∈F
Lλ(ad(x)) = L0(ad(x)) ⊕

(

⊕
∑

λ∈F�

Lλ(ad(x))

)

.

More generally, if A is a subalgebra of L such that [x, A] ⊆ A, then

A = A0(ad(x)) ⊕ ⊕
∑

λ∈F�

Aλ(ad(x)),

where Aλ(ad(x)) = A
⋂

Lλ(ad(x)).

Proposition 2.4.1 [Lλ(ad(x)), Lμ(ad(x))] ⊆ Lλ+μ(ad(x)) for all λ,μ ∈ F.

Proof The following identity can be easily established by the induction on m:

(ad(x) − λI − μI )m([y, z]) =
m∑

i=0

mCi [(ad(x)) − λI )i (y), (ad(x)) − μI )m−i (z)]

for all x, y, and z ∈ L . Let u ∈ Lλ(ad(x)) and v ∈ Lμ(ad(x)). Then (ad(x) −
λI )mλ(u) = 0 = (ad(x) − μI )mμ(v). It follows from the above identity that (ad(x)
− (λ + μ)I )mλ+mμ([u, v]) = 0. Thus, [u, v] ∈ Lλ+μ(ad(x)). �

The following corollary is immediate.

Corollary 2.4.2 L0(ad(x)) is a subalgebra of L. �

Corollary 2.4.3 For each λ ∈ F�, each element of Lλ(ad(x)) is ad-nilpotent.

Proof Since L is finite dimensional, Lnλ(ad(x)) = {0} for somen. The result follows
from Proposition2.4.1. �

Definition 2.4.4 A subalgebra of L of the form L0(ad(x)) is called an Engel sub-
algebra of L . More concretely, a subalgebra A is said to be an Engel subalgebra if
there is an element x ∈ L such that u ∈ A if and only if ad(x)r (u) = 0 for some r .

Lemma 2.4.5 Let A be a subalgebra of a Lie algebra L. Let u be an element of A
such that x ∈ A and L0(ad(x)) ⊆ L0(ad(u))) implies that L0(ad(x)) = L0(ad(u)).
Suppose further that A ⊆ L0(ad(u)). Then L0(ad(u)) ⊆ L0(ad(x)) for all x ∈ A.

Proof For simplicity, put A0 = L0(ad(u)). For x ∈ A, consider the family {ad(u +
λx) | λ ∈ F}. Since A ⊆ A0, for eachλ ∈ F , ad(u + λx) induces an endomorphism
on A0 and also on L/A0. Thus, the characteristic polynomial φλ(t) of ad(u + λx)
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is the product ψλ(t)ηλ(t), where ψλ(t) is the characteristic polynomial of the
restriction ad(u + λx)|A0 to A0 and ηλ(t) is that of the induced endomorphism
on L/A0 (here, t is indeterminate). Suppose that the dimension of A0 is r . Then
DimL/A0 = l − r , where l = Dim L . Let {x1, x2, . . . , xr , xr+1, . . . , xl} be a basis
of L with {x1, x2, . . . , xr } a basis of A0. Evidently, in the matrix of ad(u + λx) with
respect to this basis, the entries in the first r row are multiples of λ and also the rest
of the entries are linear polynomials in λ. As such,

ψλ(t) = tr + a1(λ)tr−1 + · · · + ar (λ),

and
ηλ(t) = t l−r + b1(λ)t l−r−1 + · · · + bl−r (λ),

where ai (t) and b j (t) are polynomials in t of degrees at the most i and at the most j ,
respectively. Since all the eigenvectors of ad(u) corresponding to the eigenvalue 0
belong to A0, the polynomial bl−r (t) is nonzero. Since there are at themost l − r roots
ofbl−r (t), we have distinctmembersλ1,λ2, . . . ,λr+1 of F such thatbl−r (λ j ) �= 0 for
all j, 1 ≤ j ≤ r + 1. Consequently, 0 is not an eigenvalue of ad(u + λ j x) on L/A0

for each j . This means that L0(ad(u + λ j x)) ⊆ A0 = L0(ad(u)). Hence, by the
hypothesis L0(ad(u)) = L0(ad(u + λ j x)) for all j . Thus, ad(u + λ j x) has 0 as the
only eigenvalue on A0. In other words, ψλ j (t) = tr for all j . Hence λ1,λ2, . . . ,λr+1

are zeros of ai (t) for all i, 1 ≤ i ≤ r . Since the degree of ai (t) is at the most i ≤
r , it follows that ai (t) = 0 for all i, 1 ≤ i ≤ r . Consequently, for each λ ∈ F , the
characteristic polynomial of ad(u + λx) is tr . Thus, A0 ⊆ L0(ad(u + λx)) for all
λ ∈ F . Since x is arbitrary, replacing x by x − u and putting λ = 1, we obtain that
L0(ad(u)) ⊆ L0(ad(x)) for all x ∈ A. �

Lemma 2.4.6 Let A be a subalgebra of a Lie algebra L which contains an Engel
subalgebra. Then A is self-normalizing in the sense that NL(A) = A. In particular,
all Engel subalgebras are self-normalizing.

Proof Suppose that L0(ad(x)) ⊆ A. Then x ∈ A. If NL(A) �= A, then the endomor-
phism on NL(A)/A induced by ad(x) has a nonzero eigenvalue. This is a contradic-
tion, since [x, NL(A)] ⊆ A. �

Definition 2.4.7 A self-normalizing nilpotent subalgebra of a Lie algebra L is called
a Cartan subalgebra (CSA) of L .

Example 2.4.8 All maximal toral subalgebras (being self-normalizing abelian sub-
algebras) of a semi-simple Lie algebra over an algebraically closed field are Cartan
subalgebras.

Remark 2.4.9 We shall show that a Cartan subalgebra of Lie algebra over an alge-
braically closed field exists. Indeed, it also exists for Lie algebras over any infinite
field. However, the existence problem for Lie algebras over finite fields is still an
open problem.
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Proposition 2.4.10 Cartan subalgebras of a finite-dimensional Lie algebra over an
algebraically closed field are precisely the minimal Engel subalgebras. In particular,
Cartan subalgebra of a finite-dimensional Lie algebra over an algebraically closed
field exists.

Proof Let H = L0(ad(u)) be a minimal Engel subalgebra of L . By Lemma2.4.6,
H is self-normalizing. Further, H satisfies the hypothesis of Lemma2.4.5 and hence
H ⊆ L0(ad(x)) for all x ∈ H . This means that ad(x)|H is nilpotent for all x ∈ H .
By the theorem of Engel, H is nilpotent. Consequently, H is a Cartan subalgebra.

Conversely, let H be a Cartan subalgebra of L . Then H is nilpotent. Hence
ad(x)|H is nilpotent for all x ∈ H . This means that H ⊆ L0(ad(x)) for all x ∈ H .
We need to show that H = L0(ad(x)) for some x ∈ H . Let u ∈ L be such that
L0(ad(u)) is minimal among {L0(ad(x)) | x ∈ H}. We show that H = L0(ad(u)).
Suppose the contrary. Then L0(ad(u))/H is a nonzero space. From Lemma2.4.5,
L0(ad(u)) ⊆ L0(ad(x)) for all x ∈ H . Thus, each h ∈ H induces the endomorphism
ad(h) of L0(ad(u))/H which is given by ad(h)(v + H) = ad(h)(v) + H . Clearly
ad(h) is a nilpotent endomorphism for each h ∈ H . By Theorem1.3.14, there is a
nonzero element v + H ∈ L0(ad(u))/H such that ad(h)(v + H) = H . This means
that v /∈ H and [v, H ] ⊆ H . This is a contradiction, since H is self-normalizing. �

Corollary 2.4.11 Cartan subalgebras of a semi-simple Lie algebra over an alge-
braically closed field of characteristic 0 are precisely the maximal toral subalgebras.

Proof Since every maximal toral subalgebra of a semi-simple Lie algebra over an
algebraically closed field is an abelian and self-normalizing subalgebra, it is a Car-
tan subalgebra. Conversely, let H be a Cartan subalgebra of a semi-simple algebra
L over an algebraically closed field. We need to show that H is a maximal toral
subalgebra. From Proposition2.4.10, H = L0(ad(u)) is a minimal Engel subalge-
bra. Let u = us + un be the Jordan decomposition of u. Then since ad(us) and
ad(un) commute and ad(un) is nilpotent, L0(ad(us)) ⊆ L0(ad(u)). Consequently,
H = L0(ad(us)) = CL(us). Since us is semi-simple, CL(us) contains a maximal
toral subalgebra which is a Cartan subalgebra. In turn, this maximal toral subal-
gebra is minimal Engel subalgebra. It follows that H = CL(us) is a maximal toral
subalgebra. �

Corollary 2.4.12 Everymaximal toral subalgebra of a semi-simple Lie algebra over
an algebraically closed field of characteristic 0 is of the form CL(s), where s is a
semi-simple element. �

A semi-simple element s of a semi-simple Lie algebra L over an algebraically
closed field of characteristic 0 is termed as a regular semi-simple element if CL(s)
is a maximal toral subalgebra. For example, Diag(λ1,λ2, . . . ,λn) ∈ sl(n, F) is a
regular semi-simple element of sl(n, F) if and only if all λi are distinct. Indeed, a
matrix A in sl(n, F) is regular semi-simple if and only if all eigenvalues of A are
distinct (cf Exercise2.4.1).

Proposition 2.4.13 Image of a Cartan subalgebra under an epimorphism is a Car-
tan subalgebra.
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Proof Let η be an epimorphism from L to L ′. Let H be a Cartan subalgebra of
L . Then H is nilpotent. Since the image of a nilpotent subalgebra under a homo-
morphism is nilpotent, η(H) is nilpotent. Let v ∈ L ′ such that [v, η(H)] ⊆ η(H).
Since η is an epimorphism, there is an element u ∈ L such that η(u) = v. Since
H ⊆ η−1(η(H)) and H is a Cartan subalgebra, it follows that η−1(η(H)) contains a
minimal Engel subalgebra. By Lemma2.4.6, NL(η

−1(η(H))) = η−1(η(H)). Since
[η(u), η(H)] ⊆ η(H), [u, η−1(η(H))] ⊆ η−1(η(H)). Thus, u ∈ NL(η

−1(η(H))) =
η−1(η(H)). Consequently,v=η(u) ∈ η(H). This shows thatη(H) is self-normalizing
also. �

Proposition 2.4.14 Let η be an epimorphism from L to L ′. Let H ′ be aCartan subal-
gebra of L ′. Then any Cartan subalgebra H of η−1(H ′) is also a Cartan subalgebra
of L.

Proof Let H be a Cartan subalgebra of η−1(H ′). Then H is already nilpotent. From
the previous proposition, η(H) is a Cartan subalgebra of η(L) ⊆ L ′. Let x ∈ L such
that [x, H ] ⊆ H . Then [η(x), η(H)] ⊆ η(H). This means that η(x) ∈ η(H). Hence
x ∈ H + Kerη ⊆ η−1(H ′). Since H is Cartan subalgebra of η−1(H ′), x ∈ H . �

Let δ be a nilpotent derivation of A. Then exp(δ) is an automorphism of A. In
particular, if ad(x) is nilpotent, then exp(ad(x)) is an automorphism of L . This
automorphism is called an inner automorphism of L . The subgroup of Aut (L) that
generated all inner automorphisms is called an inner automorphism group of L ,
and it is denoted by I nn(L). Since σad(x)σ−1 = ad(σ(x)), it follows that I nn(L)

is a normal subgroup of Aut (L). The group Aut (L)/I nn(L) is called the outer
automorphism group and it is denoted by Out (L). We shall show that any two
Cartan subalgebras H and H ′ are conjugate in the sense that there is a member η of
I nn(L) such that η(H) = H ′. In particular, any two maximal toral subalgebras of
a semi-simple Lie algebra over an algebraically closed field of characteristic 0 are
conjugate to each other. This, therefore, implies that the root system associated with
a semi-simple Lie algebra over an algebraically closed field is independent (up to an
isomorphism) of the choice of maximal toral subalgebra.

Let L be a Lie algebra. An element x ∈ L is termed as a strongly ad-nilpotent
element of L if x ∈ L0(ad(y)) for some y ∈ L . From Corollary2.4.3, it follows that
strongly ad-nilpotent elements are ad-nilpotent elements. However, an ad-nilpotent
element need not be strongly ad-nilpotent. Let I nn0(L) denote the subgroup of
Aut (L) generated by the set {exp(ad(x)) | x is strongly ad − nilpotent}. Evi-
dently, I nn0(L) ⊆ I nn(L). If x is strongly ad-nilpotent, then for each σ ∈ Aut (L),
σ(x) is also strongly ad-nilpotent. This is because σ(L0(ad(y)) = L0(ad(σ(y)).
Thus, I nn0(L) is also a normal subgroup of Aut (L). For semi-simple Lie algebras,
I nn0(L) = I nn(L) (for a proof, see the Lie algebra by Jacobson).

Proposition 2.4.15 Let η be an epimorphism from L to L ′. Let σ′ ∈ I nn0(L ′). Then
there is a σ ∈ I nn0(L) such that the diagram
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L � L′η

�
L � L′η

σ σ′

�

is commutative.

Proof Let x ′ ∈ L ′
0(ad(y′))be a stronglyad-nilpotent element of L ′. Sinceη is an epi-

morphism, there is an element y in L such that η(y) = y′ and also η(Lλ(ad(y))) =
L ′

λ(ad(η(y))) for all λ ∈ F . In particular, η(L0(ad(y))) = L ′
0(ad(η(y))). Conse-

quently, there is a strongly ad-nilpotent element x ∈ L such that η(x) = x ′. Further,
it is easy to observe that ηoexp(ad(x)) = exp(ad(η(x)))oη. Since I nn0(L) is gen-
erated by {exp(ad(x)) | x is strongly nilpotent}, the result follows. �

Our aim is to show that if H and H ′ are Cartan subalgebras of L , then there is an
element σ ∈ I nn0(L) such that σ(H) = H ′. We proceed as follows. We first prove
it for solvable Lie algebras. Next, we shall show that any two maximal solvable
subalgebras (termed as Borel subalgebras) of a Lie algebra are conjugate under
I nn0(L). Consequently, the assertion will follow.

Theorem 2.4.16 Let L be a finite-dimensional solvable Lie algebra. Let H and H ′
be Cartan subalgebras of L. Then there exists a σ ∈ I nn0(L) such that σ(H) = H ′.

Proof The proof is by the induction on the DimL . If DimL = 1, then there is
nothing to do. Assume that the result is true for all Lie algebras whose dimensions
are less than DimL , where DimL > 1. We need to prove it for L . If L is nilpotent,
then L is the only Cartan subalgebra of L and there is nothing to do. Assume that L
is not nilpotent. Let H1 and H2 be Cartan subalgebras of L . Since L is solvable (and
non-nilpotent), it has a proper nontrivial abelian ideal. Let A be a nonzero abelian
ideal of the smallest dimension. From Proposition2.4.13, H ′

1 = (H1 + A)/A and
H ′

2 = (H2 + A)/A are Cartan subalgebras of L/A. By the induction hypothesis,
there is a σ̂ ∈ I nn0(L/A) such that σ̂(H ′

1) = H ′
2. By Proposition2.4.15, there is a

σ ∈ I nn0(L) such that νoσ = σ̂oν, where ν is the quotient map from L to L/A.
This means that σ(H1 + A) = H2 + A.

Suppose that H2 + A �= L . Since σ(H1) and H2 are Cartan subalgebras of H2 +
A, by the induction hypothesis, there is an element τ ∈ I nn0(H2 + A) such that
τ (σ(H1)) = H2. It can be seen from the definition that every member of I nn0(H2 +
A) is a restriction of a member of I nn0(L). Thus, there is a member τ̂ of I nn0(L)

such that τ̂ |H2+A = τ . This means that τ̂ (σ(H1)) = H2, and we are done.
Next, suppose that H2 + A = L = σ(H1 + A). Since H2 is a Cartan subalgebra of

L , H2 = L0(ad(x)) is a minimal Engel subalgebra of L , x ∈ L . Since A is an ideal,
A = A0(ad(x)) ⊕ A�(ad(x)), where A�(ad(x)) = ⊕∑

λ∈F� Aλ(ad(x)). Clearly,
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A0(ad(x)) and A�(ad(x)) are ad(L) = ad(H2 + A)-stable. Since A is a minimal
abelian ideal, A = A0(ad(x)) or A = A�(ad(x)). If A = A0(ad(x)), then A ⊆ H2

and so H2 = L . Since H2 is nilpotent (being aCartan subalgebra), L will turn out to be
nilpotent. This is a contradiction to our assumption. Hence A = A�(ad(x)). Further,
since σ is an automorphism, L = H1 + A. Thus, x = y + z for some y ∈ H1 and z ∈
A = L�(ad(x)). Now, [x, z] = az for some a �= 0. Hence [x, a−1z] = z, a−1z ∈ A.
Since A is abelian, (ad(a−1z))2 = 0. Hence exp(ad(a−1z)) = I + ad(a−1z). Now,
exp(ad(a−1z))(x) = x − [x, a−1z] = x − z = y. Thus, H = L0(ad(y)) is also a
Cartan subalgebra. Since y ∈ H1, H1 ⊆ H . Consequently, H = H1. This means that
exp(ad(a−1z))(H1) = H2. Since a−1z ∈ A = L�(ad(x)), a−1z is a finite sum

∑
i zi

of an element of A. Clearly, all zi are strongly nilpotent elements of L . Since A is
abelian, exp(ad(a−1z)) = ∏

i exp(ad(zi )) belongs to I nn0(L). �

Amaximal solvable subalgebra of a Lie algebra L is called a Borel subalgebra of
L . Thus, every solvable subalgebra of a finite-dimensional Lie algebra is contained
in a Borel subalgebra. In particular, every Cartan subalgebra is contained in a Borel
subalgebra. The subalgebra t (n, F) of upper triangularmatrices is a Borel subalgebra
of gl(n, F).

Proposition 2.4.17 Any Borel subalgebra is self-normalizing.

Proof Let B be a Borel subalgebra of L which is not self-normalizing. Then there
is an element x ∈ L − B such that [x, B] ⊆ B. Consider the subspace B + Fx of
L . Clearly, B + Fx is a subalgebra of L such that [B + Fx, B + Fx] ⊆ B. Conse-
quently, B + Fx is a solvable subalgebra containing B properly. This is a contradic-
tion. �

Let L be a Lie algebra. Since RadL is a maximal solvable ideal of L , for any
Borel subalgebra B of L , B + Rad(L) is also a solvable subalgebra of L . Since
B is a maximal solvable subalgebra, B + Rad(L) = B. This means that all Borel
subalgebras contain Rad(L). Thus, every Borel subalgebra B of L determines and is
determined uniquely by the Borel subalgebra B/Rad(L) of L/Rad(L). The corre-
spondence B �→ B/Rad(L) is a bijective correspondence between the set of Borel
subalgebras of L to the set of Borel subalgebras of L/Rad(L).

Proposition 2.4.18 Let L be a semi-simple Lie algebra over an algebraically closed
field of characteristic 0. Let H be a Cartan subalgebra of L with corresponding root
system �. Let � be a basis of �. Then
(i) N (�) = ⊕∑

α>0 Lα is a nilpotent subalgebra of L and
(ii) B(�) = H ⊕ (⊕ ∑

α>0 Lα) is aBorel subalgebraof L such that [B(�), B(�)] =
N (�).

Proof (i) Clearly, [N (�), N (�)] ⊆ ⊕∑
ht (α)=2 Lα, [N (�), [N (�), N (�)]] ⊆ ⊕∑

ht (α)=3 Lα, and so on. Evidently, N (�) is nilpotent of the index at the most m,
where m is the largest among the heights of the roots of φ with respect to �.

(ii) Since [H, Lα] = Lα and [H, H ] = {0}, [B(�), B(�)] = N (�). Since N (�)

is nilpotent, B(�) is a solvable subalgebra. Let A be a subalgebra containing B(�)
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properly. Then there isα < 0 such that Lα ⊆ A. But then the subalgebra Sα generated
by Lα

⋃
L−α is contained in A. Consequently, A contains a subalgebra isomorphic

to sl(2, F). Since sl(2, F) is simple, A cannot be solvable. This shows that B(�) is
a Borel subalgebra. �

A Borel subalgebra B(�) is called a Standard Borel subalgebra relative to H ,
where � is a basis of the root system � associated with H .

Proposition 2.4.19 Any two standard Borel subalgebras B(�1) and B(�2) relative
to the Cartan subalgebra H are conjugate under Inn0(L).

Proof Forα ∈ �, consider the automorphism τα of L givenby τα = exp(ad(xα))exp
(ad(−yα))exp(ad(xα)). Since xα ∈ L 1

2
(ad(hα) and yα ∈ L− 1

2
(ad(hα), xα and yα

are strongly ad-nilpotent elements of L . As such τα ∈ I nn0(L). Further, it is easily
observed that τα|H = σα on H . Clearly, τα(B(�)) = B(σα(�)). Since W (�) acts
transitively on the set of all bases, the result follows. �

We have the following Conjugacy theorems:

Theorem 2.4.20 Any two Borel subalgebras of a Lie algebra L are conjugate under
Inn0(L).

Before proving this theorem, we use it to establish the following corollary:

Corollary 2.4.21 Any two Cartan subalgebras of a Lie algebra L are conjugate
under Inn0(L).

Proof Let H1 and H2 be Cartan subalgebras of L . Then they are solvable (being
nilpotent). Hence there areBorel algebras B1 and B2 such that H1 ⊆ B1 and H2 ⊆ B2.
From the above theorem, there is amemberσ ∈ I nn0(L) such thatσ(B1) = B2. Since
σ(H1) and H2 areCartan subalgebras of a solvableLie algebra B2, byTheorem2.4.16,
there is amember η ∈ I nn0(B2) such that η(σ(H1)) = H2.We already know that η is
a restriction of η̂ ∈ I nn0(L) to B2. Hence η̂oσ ∈ I nn0(L) such that η̂oσ(H1) = H2.
�

Proof of the Theorem 2.4.20. The proof is by the induction on DimL . If dimL =
1, then L is the only Borel subalgebra of L and there is nothing to do. Assume
that the result is true for all those Lie algebras whose dimensions are less than
the DimL , where DimL > 1. If Rad(L) �= {0}, then DimL/Rad(L) < DimL ,
and hence by the induction assumption, the result is true for L/Rad(L). Using the
discussions which follow the proof of the Proposition2.4.17 and the proof of the
Proposition2.4.15, the result follows for L . We can, therefore, assume that L is
semi-simple.

Take a standard Borel subalgebra B(�) of L . It is sufficient to show that any Borel
subalgebra B of L is conjugate to B(�) under I nn0(L). Further, if B(�)

⋂
B =

B(�) or it is B, then B(�) = B and there is nothing to do.We assume that B(�)
⋂

B
is properly contained in B(�) and it is also properly contained in B. We, again,
use a second downward induction on DimB(�)

⋂
B, where B(�)

⋂
B is properly

contained in B(�).
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Let us first assume that B(�)
⋂

B �= {0}. Consider the set N of all ad-nilpotent
elements of B(�)

⋂
B. We observe that N is an ideal of B(�)

⋂
B: Clearly, N is

a subspace. Let x ∈ B(�)
⋂

B and y ∈ N . Then [x, y] ∈ [B(�)
⋂

B, B(�)
⋂

B].
Since B(�)

⋂
B is solvable, by Corollary1.3.18, [x, y] is an ad-nilpotent element of

B(�)
⋂

B. Hence [x, y] ∈ N . This shows that N is an ideal of B(�)
⋂

B. However,
if N �= {0}, N is not an ideal of L for L , being semi-simple, has no nontrivial solvable
ideal. Now, there are two cases: (i) N �= {0} and (ii) N = {0}.

Consider the case (i). Since N �= {0}, NL(N ) is a proper nontrivial subalgebra of
L . Further, we show that B(�)

⋂
B is properly contained in B(�)

⋂
NL(N ) and it

is also properly contained in B
⋂

NL(N ): For each x ∈ N , we have an endomor-
phism ad(x) of B(�)

B(�)
⋂

B which is given by ad(x)(u + B(�)
⋂

B) = ad(x)(u) +
B(�)

⋂
B. Since the elements of N are ad-nilpotent, ad(x) is nilpotent for each x ∈

N . By Theorem1.3.14, there is a nonzero element u + B(�)
⋂

B of B(�)

B(�)
⋂

B such

that ad(x)(u + B(�)
⋂

B) = B(�)
⋂

B for all x ∈ N . This means that [x, u] ∈ N
for all x ∈ N , whereas u /∈ B(�)

⋂
B. But [x, u] belongs to [B(�), B(�)] and so it

is ad-nilpotent. Thus, [x, u] ∈ N for all x ∈ N . Hence, u belongs to B(�)
⋂

NL(N )

and consequently B(�)
⋂

B is properly contained in B(�)
⋂

NL(N ). Similarly,
B(�)

⋂
B is properly contained in B

⋂
NL(N ).

Now B(�)
⋂

NL(N ) and B
⋂

NL(N ) are solvable subalgebras of NL(N ). Let C
and D be Borel subalgebras of NL(N ) containing B(�)

⋂
NL(N ) and B

⋂
NL(N ),

respectively. Since DimNL(N ) < DimL , by the induction hypothesis, there is
a member σ ∈ I nn0(NL(N )) such that σ(D) = C . Let σ̂ ∈ I nn0(L) such that
σ̂|NL (N ) = σ. Note that B(�)

⋂
B is a proper subalgebra of B(�) and also of B.

Since C is solvable, there is a Borel subalgebra B̂ of L such that C ⊆ B̂. Evi-
dently, B(�)

⋂
B is properly contained in B(�)

⋂
B̂. Hence by the second induc-

tion assumption (which is downward), there is a member τ ∈ I nn0(L) such that
τ (B̂) = B(�). In turn, τ σ̂(D) ⊆ B(�). Thus,

τσ(B(�)
⋂

B) ⊂ τσ(D
⋂

NL(N )) ⊆ (τ σ̂(D))
⋂

(τ σ̂(B)) ⊆ B(�)
⋂

(τ σ̂(B))

(the notation⊂ stands for proper containment). Again we apply the second induction
assumption to conclude that B(�) and τ σ̂(B) are conjugate under I nn0(L). This
means that B(�) and B are conjugate under I nn0(L).

Now, consider the case (ii). B(�)
⋂

B has no nonzero ad-nilpotent elements.
Since a Borel subalgebra is self-normalizing, it contains semi-simple and nilpotent
parts of each of its elements. Thus, B(�)

⋂
B contains only semi-simple elements

and so it is a toral subalgebra. Denote B(�)
⋂

B by T . Since N (�) = [B(�), B(�)]
is nilpotent, T

⋂
N (�) = {0}. Note that B(�) = H ⊕ N (�).We show the existence

of aBorel subalgebra B̂ of L which is conjugate to B under I nn0(L) andwhich is such
that B(�)

⋂
B̂ = T ⊆ H . Suppose that x ∈ NB(�)(T ). Then [x, t] ∈ T for all t ∈ T .

Since [x, t] ∈ N (�), it is nilpotent aswell as semi-simple.Hence [x, t] = 0 for all t ∈
T . This means that x ∈ CB(�)(T ). Thus, NB(�)(T ) = CB(�)(T ). Let C be a Cartan
subalgebra of CB(�)(T ) containing T . Then C is nilpotent and T ⊆ NCB(�)(T )(C) =
C . Using the Jacobi identity, it follows that NB(�)(T ) = NCB(�)(T )(C) = C . Since C
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is a self-normalizing nilpotent subalgebra of B(�), it is a Cartan subalgebra of B(�)

which contains T . By Theorem2.4.16, it follows thatC is a maximal toral subalgebra
of B(�) which is conjugate to H under I nn0(B(�)) and so also under I nn0(L).
Consequently, we get a Borel subalgebra B̂ of L which is conjugate to B, and
B(�)

⋂
B̂ is a toral subalgebra contained in H , where B(�) = H ⊕ (⊕∑

α∈�+ Lα).
Thus, we can assume, without any loss, that B(�)

⋂
B = T ⊆ H .

Suppose that T = H . Then, if B �= B(�), then there is an element α < 0
such that H ⊕ Lα ⊆ B. Evidently, B(σα(�))

⋂
B contains H ⊕ Lα ⊆ B. By the

second induction hypothesis, B(σα(�)) is conjugate to B under I nn0(L). By
Proposition2.4.19, B(σα(�)) is conjugate to B(�) and we are done.

Now, suppose that T ⊂ H . There are two cases: (i) B ⊆ CL(T ) and (ii) B �

CL(T ). Consider the case (i). Since T �= {0} and L is semi-simple,CL(T ) is a proper
subalgebra of L . Also B is a Borel subalgebra of CL(T ). Since H ⊆ CL(T ), we can
embed H into a Borel subalgebra B̂ of CL(T ). By the induction hypothesis, there
is σ ∈ I nn0(CL(T )) and so also a σ̂ ∈ I nn0(L) such that σ̂(B̂) = B. It follows that
B̂ is a Borel subalgebra of L . Evidently, B(�)

⋂
B̂ ⊇ H . By the second induction

hypothesis, B(�) and B̂ are conjugate under I nn0(L). Consequently, B(�) and B
are conjugate. Thus, in this case we are done.

Now, assume that B � CL(T ). Then there is a common eigenvector x ∈ B −
CL(T ) of the set {ad(u)|B | u ∈ T } and also an element t ∈ T such that [t, x] =
λx �= 0. Replacing t by λ−1t , we may assume that [t, x] = x . Let �̂ denote the
set {α ∈ �+ | α(t) ∈ Q

�}. Clearly, α,β ∈ �̂ implies that α + β ∈ �̂. Consequently
A = H ⊕ (⊕ ∑

α∈�̂ Lα) is a subalgebra of L . Suppose that x = hx + ∑
α∈� xα,

where hx ∈ H and xα ∈ Lα. Further, [t, x] = x , [t, hx ] = 0, and [t, xα] = α(t)xα.
Thus, x ∈ A. Clearly, A is solvable and so it can be embedded in aBorel subalgebra B̂
of L . Clearly, B̂

⋂
B contains T + Fx . Hence B(�)

⋂
B = T is properly contained

in B̂
⋂

B. By the second induction hypothesis, B̂ is conjugate to B as well as to B(�)

under I nn0(L). The conjugacy of B(�) and B follows.
Lastly, let us assume that B(�)

⋂
B = {0}. Since B(�) = H ⊕ ⊕∑

α>0 Lα,
DimB(�) > 1

2DimL . Again, since B(�)
⋂

B = {0}, DimB(�) + DimB =
Dim(B(�) + B) ≤ DimL . Thus, DimB < 1

2DimL . Let T be a maximal toral
subalgebra of B. Suppose that T = {0}. Then B contains no semi-simple element.
In other words, all the elements of B are ad-nilpotent. By the Engel theorem, B is
nilpotent. Already, B is self-normalizing. Consequently, B turns out to be a Cartan
subalgebra of L . This is a contradiction (Corollary2.4.11). Thus, T �= {0}. Take a
Cartan subalgebra (maximal toral subalgebra, byCorollary2.4.11) Ĥ of L containing
T , and the standard Borel subalgebra B̂ with respect to Ĥ . Evidently, B̂

⋂
B �= {0}.

From the previous case, B̂ and B are conjugate. In particular, DimB > 1
2DimL .

This is a contradiction. The proof of the conjugacy ofBorel subalgebras is complete. �

Corollary 2.4.22 Let L be a semi-simple Lie algebra over an algebraically closed
field of characteristic 0. Let H be a Cartan subalgebra of L with the correspond-
ing root system �. Then any Borel subalgebra containing H is a standard Borel
subalgebra associated with �.
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Proof Let � be a basis of � and B(�) the corresponding standard Borel subalge-
bra of L . Let B be a Borel subalgebra of L containing H . Let σ ∈ I nn0(L) such
that σ(B(�)) = B. Since σ(Lα) = Lσ(α), it follows that σ(�) is a basis of � and
σ(B(�)) = B(σ(�)). �

Definition 2.4.23 The dimension of a Cartan subalgebra of a finite-dimensional Lie
algebra L over an algebraically closed field of characteristic 0 is termed as the rank
of L .

Thus, the rank of a semi-simple Lie algebra is the rank of the associated root
system �.

Definition 2.4.24 A subalgebra P of L containing a Borel subalgebra is called a
Parabolic subalgebra.

Evidently, every parabolic subalgebra is self-normalizing. Let L be a semi-simple
Lie algebra with H as a Cartan subalgebra and� the corresponding root system. Let
� be a basis of � and �′ a subset of �. Then the subalgebra P(�′) of L generated
by

⋃
α∈�

⋃−�′ Lα is a parabolic subalgebra of L containing B(�). This is called a
Standard Parabolic subalgebra relative to �

Most of the parts of the following proposition have already been established.

Proposition 2.4.25 Let L be a semi-simple Lie algebra with H as a maximal
toral subalgebra (Cartan subalgebra), � the corresponding root system, � =
{α1,α2, . . . ,αl} a basis of �, {tα | α ∈ �} the subset of H in bijective corre-
spondence with � defined by the property α(h) = κ(tα, h) for all h ∈ H, hα =

2tα
κ(tα,tα)

∈ H, xα ∈ Lα, yα ∈ L−α such that [xα, yα] = hα, [hα, xβ] = α(hβ)xβ =
≺ β,α � xβ , and [hα, yβ] = α(h−β)yβ = − ≺ β,α � yβ . Then L is generated by
the set {xαi , yαi , hαi | 1 ≤ i ≤ l} and it satisfies the following relations:

R1. [hαi , hα j ] = 0, 1 ≤ i, j ≤ l.
R2. [xαi , yαi ] = hαi for all i .
R3. [xαi , yα j ] = 0 for all i �= j .
R4. [hαi , xα j ] =≺ α j ,αi � xα j .
R5. [hαi , yα j ] = − ≺ α j ,αi � yα j , for all i, j .
R6. (ad(xαi ))

−≺α j ,αi�+1(xα j ) = 0 for all i �= j .
R7. (ad(yαi ))

−≺α j ,αi�+1(yα j ) = 0 for all i �= j .

Proof Everything is already established except the fact that L is generated by the
set {xαi , yαi , hαi | 1 ≤ i ≤ l} and it satisfies the relations R6 and R7. Since � is a
basis of�, {hαi | 1 ≤ i ≤ l} is a basis of H . Further, L = H ⊕ (⊕∑

α∈� Lα), Lα =
,< xα >, and L−α =,< yα >. Thus, it is sufficient to show that for each α ∈ �,
xα and yα belong to the subalgebra generated by {xαi , yαi , hαi | 1 ≤ i ≤ l} (observe
that x−α = yα and y−α = xα). Letα be a positive root. From Proposition2.2.16, α =
αi1 + αi2 + · · · + αir , 1 ≤ i j ≤ l such that each partial sum is a root. By induction
on r , we show that xα belongs to the subalgebra generated by {xαi | 1 ≤ i ≤ l}.
If r = 1, then there is nothing to do. Assume that the result holds for r . Let α =
αi1 + αi2 + · · · + αir + αir+1 , where each partial sum is a root. Put β = αi1 + αi2 +
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· · · + αir . Then by the induction hypothesis, xβ belongs to the subalgebra generated
by {xαi , yαi , hαi | 1 ≤ i ≤ l}. Hence [xβ, xαr+1 ] belongs to the subalgebra generated
by {xαi , yαi , hαi | 1 ≤ i ≤ l}. By Proposition2.1.9, Lα is contained in the subalgebra
generated by {xαi , yαi , hαi | 1 ≤ i ≤ l}. Similarly, if α is a negative root, then y−α

lies in the subalgebra generated by {xαi , yαi , hαi | 1 ≤ i ≤ l}.
Since � is basis, ≺ αi ,α j � is less than 0 for all i, j . Hence α j − αi is

not a root for all j �= i . It follows that the αi -string through α j is α j ,α j +
αi , · · · α j + qα, where−q =≺ α j ,αi � (Proposition2.2.10). Now, ad(xαi )(xα j ) ∈
Lα j+αi , (ad(xαi ))

2(xα j ) ∈ Lα j+2αi and so on. The relation R6 is immediate. Simi-
larly, the relation R7 holds. �

Consider the set � = {x̂i , ŷi , ĥi | 1 ≤ i ≤ l} of symbols which is in bijective
correspondence with the set {xαi , yαi , hαi | 1 ≤ i ≤ l} of generators of L (Propo-
sition2.4.25). Let L(�) denote the free Lie algebra on �. Let � denote the ideal
of L(�) generated by the relators of the types [ĥi , ĥ j ], [x̂i , ŷi ] − ĥi , [x̂i , ŷ j ], i �=
j, [ĥi , x̂ j ] − c ji x̂ j , and [ĥi , ŷ j ] + c ji ŷ j , where c ji are the Cartan integers ≺
α j ,αi �. Denote L(�)/� by L and the image ν(u) = u + � of u under the quo-
tient map ν by u. Evidently, the association xi �→ xαi , yi �→ yαi , and hi �→ hi
extends to a surjective Lie algebra homomorphism from L = L(�)/� to L . Let V
denote the vector space with {v1, v2, . . . , vl} as a basis. Let T (V ) denote the ten-
sor algebra on V (essentially the polynomial algebra in non-commuting variables
{v1, v2, . . . , vl}) and gl(T (V )) the general linear Lie algebra on T (V ). Clearly,
B = {1} ⋃{vi1 ⊗ vi2 ⊗ · · · ⊗ vit | 1 ≤ i j ≤ l, t ∈ N} is a basis of T (V ). A linear
transformation on T (V ) is uniquely determined by its effect on B. For each
j, 1 ≤ j ≤ l, consider the linear transformations ρ(ĥ j ), ρ(ŷ j ), ρ(x̂ j ) on T (V )

defined as follows:
(i) Put ρ(ĥ j )(1) = 0 and

ρ(ĥ j )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) = −(ci1 j + ci2 j + · · · + cit j )vi1 ⊗ vi2 ⊗ · · · ⊗ vit .

(ii) Put ρ(ŷ j )(1) = v j and

ρ(ŷ j )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) = v j ⊗ vi1 ⊗ vi2 ⊗ · · · ⊗ vit .

(iii) Define ρ(x̂ j )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) inductively by putting ρ(x̂ j )(1) = 0 =
ρ(x̂ j )(vi ) and

ρ(x̂ j )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) =
vi1 ⊗ ρ(x̂ j )(vi2 ⊗ vi3⊗ · · · ⊗ vit ) − δi1 j (ci2 j + · · · + cit j )(vi2 ⊗ vi3 ⊗ · · · ⊗ vit ).

From the universal property of a free Lie algebra, ρ can be extended uniquely to a
Lie algebra homomorphism from L(�) to gl(T (V )) which we again denote by ρ.

Proposition 2.4.26 � ⊆ Ker ρ and ρ induces a unique Lie algebra homomorphism
ρ from L to gl(T (V )) given by ρ(h j ) = ρ(ĥ j ), ρ(x j ) = ρ(x̂ j ), and ρ(y j ) = ρ(ŷ j ).
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Proof By the definition, each ρ(ĥ j ) is a diagonal linear transformation. As such,
ρ([ĥi , ĥ j ]) = ρ(ĥi )ρ(ĥ j ) − ρ(ĥ j )ρ(ĥi ) = 0. This shows that [ĥi , ĥ j ] ∈ Ker ρ.

Now, consider [ρ(x̂i ), ρ(ŷ j )]. Clearly,

[ρ(x̂i ), ρ(ŷ j )](1) = (ρ(x̂i )ρ(ŷ j ))(1) − (ρ(ŷ j )ρ(x̂i ))(1) = 0 = ρ(δ j i ĥi )(1).

Further, by the definition, we have
ρ(x̂i )ρ(ŷ j )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit )

= ρ(x̂i )(v j ⊗ vi1 ⊗ vi2 ⊗ · · · ⊗ vit )

=v j ⊗ ρ(x̂i )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) − δ j i (ci1i + ci2i + · · · + cit i )vi1 ⊗ vi2 ⊗ · · · ⊗ vit
= v j ⊗ vi1 ⊗ ρ(x̂i )(vi2 ⊗ · · · ⊗ vit ) − δi1i (ci2i + · · · + cit i )v j ⊗ vi2 ⊗ · · · ⊗ vit −
δ j i (ci1i + ci2i + · · · + cit i )vi1 ⊗ vi2 ⊗ · · · ⊗ vit ,
and
ρ(ŷ j )ρ(x̂i )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit )

= ρ(ŷ j )(vi1 ⊗ ρ(x̂i )(vi2 ⊗ · · · ⊗ vit ) − δi1i (ci2i + · · · + cit i )vi2 ⊗ · · · ⊗ vit )

= v j ⊗ vi1 ⊗ ρ(x̂i )(vi2 ⊗ · · · ⊗ vit ) − δi1i (ci2i + · · · + cit i )v j ⊗ vi2 ⊗ · · · ⊗ vit .
Hence,

[ρ(x̂i ), ρ(ŷ j )](vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) = δ j iρ(ĥi )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ).

This shows that [x̂i , ŷi ] − ĥi ∈ Ker ρ and also [x̂i , ŷ j ] ∈ Ker ρ for all i �= j .
Next, we consider [ρ(ĥi ), ρ(x̂ j )]. Using induction on t , we first show that

ρ(ĥi )ρ(x̂ j )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) =
(c ji − ci1i − ci2i − · · · − cit i )ρ(x̂ j )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) (�)

for all i, j . Equivalently, we show that ρ(x̂ j )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) is an eigenvec-
tor of ρ(ĥi ) corresponding to the eigenvalue (c ji − ci1i − ci2i − · · · − cit i ). Clearly,
ρ(ĥi )ρ(x̂ j )(vi1) = 0 = (c ji − ci1i )ρ(x̂ j )(vi1). Thus, the assertion is true for t = 1.
Assume the result for t . Then

ρ(ĥi )ρ(x̂ j )(vi2 ⊗ vi3 ⊗ · · · ⊗ vit+1) =
(c ji − ci2i − ci3i − · · · − cit+1i )ρ(x̂ j )(vi2 ⊗ vi3 ⊗ · · · ⊗ vit+1).

This means that ρ(x̂ j )(vi2 ⊗ vi3 ⊗ · · · ⊗ vit+1) is an eigenvector of ρ(ĥi ) corre-
sponding to eigenvalue c ji − ci2i − ci3i − · · · − cit+1i . It follows from the defini-
tion of ρ(ĥi ) that ρ(x̂ j )(vi2 ⊗ vi3 ⊗ · · · ⊗ vit+1) = a(v j1 ⊗ v j2 ⊗ · · · ⊗ v jp ) for some
v j1 , v j2 , . . . , v jp and a ∈ F such that

−(c j1i + c j2i + · · · + c jpi ) = c ji − ci2i − ci3i − · · · − cit+1i .

Hence,



118 2 Semi-Simple Lie Algebras and Root Systems

vi1 ⊗ ρ(x̂ j )(vi2 ⊗ vi3 ⊗ · · · ⊗ vit+1) = a(vi1 ⊗ v j1 ⊗ v j2 ⊗ · · · ⊗ v jp ).

Thus, vi1 ⊗ ρ(x̂ j )(vi2 ⊗ vi3 ⊗ · · · ⊗ vit+1) is an eigenvector of ρ(ĥi ) corresponding to
the eigenvalue −(ci1i + c j1i + c j2i + · · · + c jpi ) = (c ji − ci1i − ci2i − · · · − cit+1i ).
Now, by the definition

ρ(x̂ j )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) =
vi1 ⊗ ρ(x̂ j )(vi2 ⊗ vi3⊗ · · · ⊗ vit ) − δi1 j (ci2 j + · · · + cit j )(vi2 ⊗ vi3 ⊗ · · · ⊗ vit ).

If i1 �= j , then the second term in the RHS is 0 and consequently, ρ(x̂ j )(vi1 ⊗ vi2 ⊗
· · · ⊗ vit ) is an eigenvector of ρ(ĥi ) corresponding to the eigenvalue (c ji − ci1i −
ci2i − · · · − cit+1i ). Suppose that i1 = j . Then the second term in the RHS is also an
eigenvector of ρ(ĥi ) corresponding to the eigenvalue −(ci2i − ci3i − · · · − cit+1i ) =
(c ji − ci1i − ci2i − · · · − cit+1i ). This proves �. Again, by the definition

ρ(x̂i )ρ(ĥi )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ) = −(ci1i + ci2i + · · · + cit i )ρ(x̂i )(vi1 ⊗ vi2 ⊗ · · · ⊗ vit ).

Using the � and the above identity, we obtain

[ρ(ĥi ), ρ(x̂ j )] = c jiρ(x̂ j ).

This shows that [ĥi , x̂ j ] − c ji x̂ j belongs to Ker ρ. That [ĥi , ŷ j ] + c ji ŷ j belongs
to Ker ρ is still a straightforward and easy verification. The rest follows from the
fundamental theorem of homomorphism. �

Proposition 2.4.27 Let � be a root system with � = {α1,α2, . . . ,αl} as a basis.
Then {hi | 1 ≤ i ≤ l} forms a basis for an abelian subalgebra H of L. Let X denote
the subalgebraof L generatedby the set {xi | 1 ≤ i ≤ l}, andY denote the subalgebra
of L generated by the set {yi | 1 ≤ i ≤ l}. Then L is vector space direct sum H ⊕
X ⊕ Y .

Proof Suppose that
∑l

i=1 aihi = 0 in L . Then ρ(
∑l

i=1 ai ĥi ) = ρ(
∑l

i=1 aihi ) = 0
in gl(T (V )). This means that

∑l
i=1 aiρ(ĥi ) = 0. Consequently, −∑l

i=1 aic jiv j =
∑l

i=1 aiρ(ĥi )(v j ) = 0 for all j . Since the Cartan matrix [c ji ] is non-singular, it
follows that ai = 0 for all i . It follows that H is an l-dimensional subspace of L
with {hi | 1 ≤ i ≤ l} as a basis. Again, since [ĥi , ĥ j ] ∈ �, it follows that H is an
abelian Lie subalgebra. It also follows that the quotient map ν induces a vector space
isomorphism from

∑l
i=1 Fĥi to H .

For each i , [x̂i , ŷi ] − ĥi , [ĥi , x̂i ] − 2x̂i , and [ĥi , ŷi ] + 2 ŷi all belong to �. Hence,
we get a surjective Lie algebra homomorphism χi from sl(2, F) to the subalgebra
Fxi + Fyi + Fhi which is given byχi (e12) = xi , χi (e21) = yi , andχi (e11 − e22) =
hi . Since hi �= 0 ({hi | 1 ≤ i ≤ l} is linearly independent) and sl(2, F) is simple, χi

is an isomorphism. Further, using the relations defining � and applying eigenvalue
and eigenvector arguments for ad(hi ), we can easily see that {xi , yi , hi | 1 ≤ i ≤ l}
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is linearly independent. Again, using induction on t , we can easily establish

(i) [h j , [xi1 , [xi2 , . . . , [xit−1 , xit ] · · · ]]] =
(ci1i+ci2i + · · · + cit i )[xi1 , [xi2 , . . . , [xit−1 , xit ] · · · ]],

(ii) [h j , [yi1 , [yi2 , . . . , [yit−1 , yit ] · · · ]]] =
−(ci1i+ci2i + · · · + cit i )[yi1 , [yi2 , . . . , [yit−1 , yit ] · · · ]],

and also the fact that [y j , [xi1 , [xi2 , . . . , [xit−1 , xit ] · · · ]]] belongs to X whereas
[x j , [yi1 , [yi2 , . . . , [yit−1 , yit ] · · · ]]] belongs to Y . Thus, H + X + Y is a subalgebra
of L . Consequently, L = H + X + Y . That the sum is a direct sum of subspaces is
a consequence of our earlier discussions. �

Remark 2.4.28 Recall that if V is an L-module, then for λ ∈ H �, Vλ denotes the
subspace {v ∈ V | h · v = λ(h)v f or all h ∈ H}. If Vλ �= {0}, then λ is called a
weight, and Vλ is called a weight space associated with the weight λ. Every Lie
algebra L is an L-module by putting x · y = [x, y]. A weight λ is called a posi-
tive weight with respect to a basis � of the root system � if it is a positive lin-
ear combination of members of �. Indeed, it follows from the proof of the above
proposition that H = L0, X = ⊕ ∑

λ>0 Lλ, and Y = ⊕∑
λ<0 Lλ. Consequently,

L = L0 ⊕ (⊕ ∑
λ>0 Lλ) ⊕ (⊕ ∑

λ<0 Lλ).

The following lemma is a crucial lemma needed to establish the theorem of Serre.

Lemma 2.4.29 Put xi j = ad(xi )−c ji+1(x j ) and yi j = ad(yi )−c ji+1(y j ), i �= j . Then
ad(xk)(yi j ) = 0 for each k and ad(yk)(xi j ) = 0 for each k.

Proof Suppose that k �= i . Then [xk, yi ] = 0. This means that ad(xk) and ad(yi )
commute with each other. Consequently, ad(xk)(yi j ) = (ad(yi )−c ji+1ad(xk)(y j ).
If k �= j , then it is 0, and we are done. Suppose that k = j . Then it results in
(ad(yi )−c ji+1(h j ). Now, ad(yi )(h j ) = ci j yi . If ci j = 0, then (ad(yi )−c ji+1(h j ) = 0,
and we are done. If ci j �= 0, then c ji �= 0 and it is negative. Hence −c ji + 1 ≥ 2.
Since ad(yi )2(h j ) = 0, we are done.

Next, suppose that k = i . Clearly, L is an S-module under the adjoint action,where
S is the subalgebra Fxi + Fyi + Fhi which is isomorphic to sl(2, F) (cf. the above
proposition). Using the arguments of Sect. 2.4 (although L may be infinite dimen-
sional), we see that [xi , y j ] = 0 for j �= i and [hi , y j ] = −c ji y j . Using the induction
on r ,we can show thatad(xi )(ad(yi )r (y j ) = r(−c ji − r + 1)ad(yi )r−1(y j ). Putting
r = −c ji + 1, we get the desired result. �

Recall that an endomorphism ρ of a vector space is called a locally nilpotent
endomorphism if for each x ∈ V , there is a natural number nx such that ρnx (x) = 0.
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Evidently, ρ is locally nilpotent if and only if the restriction of ρ to each finite-
dimensional subspace is nilpotent. Consequently, given a locally nilpotent endomor-
phism ρ on V , we can talk of the endomorphism exp(ρ) = 1 + ρ + ρ2

2! + ρ3

3! + · · · .
Since exp(ρ)exp(−ρ) = I , it follows that exp(ρ) is an automorphism of V .

Theorem 2.4.30 (Serre) Let � be a root system with a basis � = {α1,α2, . . . ,αl}.
Let L be a Lie algebra having a presentation with the set {x̂i , ŷi , ĥi | 1 ≤ i ≤
l} of symbols as the set of generators and the set consisting of relations (i)
[ĥi , ĥ j ] = 0, 1 ≤ i, j ≤ l, (ii) [x̂i , ŷi ] = ĥi for all i , (iii) [x̂i , ŷ j ] = 0 for all i �=
j , (iv) [ĥi , x̂ j ] =≺ α j ,αi � x̂ j , (v) [ĥi , ŷ j ] = − ≺ α j ,αi � ŷ j , for all i, j , (vi)
(ad(x̂i ))−≺α j ,αi�+1(x̂ j ) = 0 for all i �= j , and (vii) (ad(ŷi ))−≺α j ,αi�+1(ŷ j ) = 0 for
all i �= j . Then L is a 3l-dimensional semi-simple Lie algebra generated by the set
{xi , yi , hi | 1 ≤ i, j ≤ l} of representatives of {x̂i , ŷi , ĥi | 1 ≤ i, j ≤ l} in L. Fur-
ther, the subalgebra H of L generated by the set {hi | 1 ≤ i ≤ l} is a maximal toral
subalgebra of L such that the corresponding root system is �.

Proof Without any loss, we can take L to be L/I , xi = xi + I , yi = yi + I , and
hi = hi + I , where I is the ideal of L generated by the set {xi j , yi j | 1 ≤ i, j ≤ l}.
Thus, we need to show that L/I is a 3l-dimensional semi-simple Lie algebra with
{xi , yi , hi | 1 ≤ i ≤ l} as a basis and with the subalgebra H =< {hi | 1 ≤ i ≤ l} >

as a maximal toral subalgebra such that the associated root system is �. We prove it
in several steps:

Step 1. Let J be the ideal of X generated by the set {xi j | 1 ≤ i, j ≤ l} (note
that xi j ∈ X for all i, j) and K be the ideal of Y generated by the set {yi j | 1 ≤
i, j ≤ l} (note that yi j ∈ Y for all i, j). Then J and K are ideals of L such that
I = J + K : We prove it. Consider the ideal J of X . Using the identity (i) in the proof
of Proposition2.4.27, we observe that xi j is an eigenvector of ad(hk) corresponding
to the eigenvalue −c jk − (1 − c ji )cik . Again, from the proof of Proposition2.4.27,
it follows that ad(hk)(X) ⊆ X . Further, using induction and the Jacobi identity,
we see that ad(hk)(J ) ⊆ J . Also, from the above lemma, ad(yk)(xi j ) = 0. Again,
using Proposition2.4.27, we observe that ad(yk)(X) = H + X . The Jacobi identity
togetherwith the fact thatad(hk)(J ) ⊆ J implies thatad(yk)(J ) ⊆ J . Since {xk, yk |
1 ≤ k ≤ l} generates L , ad(u)(J ) ⊆ J for each u ∈ L . This shows that J is an ideal
of L . Similarly, K is an ideal of L . Clearly, J + K ⊆ I and since I is the smallest
ideal of L containing xi j and yi j , I = J + K .

Step 2. L = H ⊕ X ⊕ Y (direct sum of vector spaces), where X = X
J
, Y = Y

K
.

Further, the quotient map ν from L to L and maps H isomorphically on to H : This
follows from the fact that L = H ⊕ X ⊕ Y (Proposition2.4.27) and the fact that
H

⋂
I = {0}.

Step 3. The quotient map ν maps
∑l

i=1 Fhi + ∑l
i=1 Fxi + ∑l

i=1 Fyi isomor-
phically in to L: This follows again from Proposition2.4.27.

Step 4. For each λ ∈ H �, Lλ = {x ∈ L | [h, x] = λ(h)x} is finite dimensional.
Further, H = L0, X = ∑

λ>0 Lλ and Y = ∑
λ<0 Lλ: It follows from the identities

(i), (ii) of Proposition2.4.27, and steps 1, 2, and 3 that Lλ is finite dimensional. The
rest of the statement in this step follows from the remark followingProposition2.4.27.
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Step 5. For each i, 1 ≤ i ≤ l, ad(xi ) and ad(yi ) are locally nilpotent endo-
morphisms. Consider ad(xi ). Let V denote the subset {x ∈ L | (ad(xi ))r (x) =
0 f or some r}. Evidently, 0 ∈ V . Let x, y ∈ V . Then there exists r, s ∈ N such that
(ad(xi ))r (x) = 0 = (ad(xi ))s(y). Clearly, (ad(xi ))max(r,s)(x + y) = 0 and (ad(xi ))r

(ax) = 0 for alla ∈ F . Further, since (ad(xi ))m([y, z]) = ∑
i+ j=m

mCi (ad(xi ))i (y)
(ad(xi ))m−i (z), it follows that (ad(xi ))r+s+1([x, y]) = 0. This shows that V is
a Lie subalgebra of L . Since xi j ∈ I , (ad(xi ))−c ji+1(x j ) = 0. Further, it is also
clear that ad(xi )(y j ) = 0 for all j �= i and (ad(xi ))−c ji+3(yi ) = 0. Thus, xi ∈ V
for each i . Similarly, yi ∈ V for each i . Since L is the Lie algebra generated by
{xi , yi | 1 ≤ i ≤ l}, V = L . This shows that ad(xi ) is a locally nilpotent endomor-
phism on L . Similarly, ad(yi ) is also a locally nilpotent endomorphism on L .

Step 6. Let σ ∈ W (�). Then DimLλ = DimLσλ: Since W (�) is generated by
the simple reflections, it is sufficient to show that DimLσαi λ

= DimLλ. For each
i , let τi denote the automorphism exp(ad(xi ))exp(−(ad(yi )))exp(ad(xi )) of L . It
can be easily observed that τi maps the members of Lλ to Lσαi λ

, and in turn, the
members of Lσαi λ

to Lλ. The assertion follows, since τi is an automorphism.
Step 7. For eachα ∈ �, Dim Lα = 1 and Laα �= {0} if and only if a ∈ {0, 1,−1}:

For each α ∈ �, there is a member σ ∈ W (�) such that σ(α) ∈ �. Thus, it is suf-
ficient to assume that α = αi ∈ �. However, it follows from Proposition2.4.27 that
Dim Lαi = 1 and Laαi �= {0} if and only if a ∈ {0, 1,−1}. The result follows from
step 3.

Step 8. Suppose that Lλ �= {0}. Then λ = 0 or else λ ∈ �: If λ �= 0 and Lλ �= {0},
then it follows from Remark2.4.28 and step 2 that λ = ±∑l

i=1 aiαi with all ai ≥ 0
and at least one ai �= 0. It is sufficient to observe that λ is an integral multiple of
an element of � (step 7). Suppose not. Then there is a vector γ ∈ Pλ − ⋃

α∈� Pα.
Thus, we can find a σ ∈ W (�) such that < σ(γ),αi > is greater than 0 for all i .
Since < λ, γ >= 0, 0 =,< σ(λ),σ(γ) >= ∑l

i=1 a
′
i < αi ,σ(γ) >, where σ(λ) =

∑l
i=1 a

′
iαi . This implies that a′

i > 0 for some i and a′
j < 0 for some j . Hence Lσ(λ) =

{0} (this is because σ(λ) is neither positive nor negative). This is a contradiction to
step 7, since DimLλ �= 0.

Step 9. L is of finite dimension, and indeed, DimL = l+ | � |. Also L = H ⊕
(⊕ ∑

α∈� Lα): It follows from steps 4, 7, and 8.
Step 10. L is a semi-simple Lie algebra with H as amaximal toral subalgebra such

that the corresponding root system is�: We need to show that L contains no nontriv-
ial abelian ideal. Let A be an abelian ideal of L . Since L = H ⊕ (⊕∑

α∈� Lα) and A
is an ideal, A = (H

⋂
A) ⊕ ⊕ ∑

α∈�(Lα

⋂
A). If (Lα

⋂
A) �= {0}, then Lα ⊆ A.

Since A is an ideal, [Lα, L−α] ⊆ A. Consequently, A
⋂

Sα is a nontrivial ideal of
Sα ≈ sl(2, F). This is a contradiction. Hence Lα

⋂
A = {0} for all α ∈ �. There-

fore, A = A
⋂

H ⊆ H . Since [Lα, A] ⊆ A ⊆ H , A ⊆ Kerα for each α ∈ �. This
shows that A ⊆ ⋂

α∈� Kerα = {0}.
Step 11. H is a maximal toral subalgebra of L such the � is the corresponding

root system:We have already seen that H is abelian (so nilpotent subalgebra) and the
elements of H are semi-simple. Since L = H ⊕ (⊕∑

α∈� Lα), CL(H) = H . This
means that H is maximal toral subalgebra. The rest is evident. �
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Corollary 2.4.31 (Existence Theorem) Given a root system �, there is a pair
(L , H), where L is a semi-simple Lie algebra, H a maximal toral subalgebra of
L such that the associated root system is �. �

Let � be a root system in E with a basis � = {α1,α2, . . . ,αl} and �′ be another
root system in E ′. Let η be an isomorphism from � to �′. Then η(�) = �′ =
{α′

1,α
′
2, . . . ,α

′
l} is a basis of �′, where η(αi ) = α′

i for all i . Further, η induces a
vector space isomorphism η̂ from E to E ′, such that ≺ η̂(αi ), η̂(α j ) �=≺ αi ,α j �
for all i, j . Observe thatα �→ −α from� to itself is an automorphismof� (sufficient
to observe for the rank 2 case).

Theorem 2.4.32 (Isomorphism Theorem) Let (L , H) and (L ′, H ′) be pairs, where
L and L ′ are semi-simple Lie algebras, H and H ′ being maximal toral subalgebras
of L and L ′, respectively. Let � be the root system associated with (L , H) and �′
be that associated with (L ′, H ′). Let η be an isomorphism from � to �′ which sends
a basis � to a basis �′. Then η induces an isomorphism π from H to H ′ given
by π(hα) = h′

α′ , where hα = 2tα
κ(tα,tα)

and h′
α′ = 2tα′

κ′(tα′ ,tα′ ) . For each α ∈ �, choose a
nonzero element xα ∈ Lα, and a nonzero element x ′

α′ ∈ Lα′ , where α′ = η(α). Then
there is a unique extension π of π which takes xα to x ′

α′ for each α ∈ �. In particular,
let L, H, �, and � be as usual. Then given xα ∈ Lα − {0}, and yα ∈ L−α − {0} for
each α ∈ �, there is a unique automorphism σ of L of order 2 such that σ(xα) = yα

for each α ∈ �.

Proof For xα and x ′
α′ , we have unique yα and y′

α′ such that [xα, yα] = hα and
[x ′

α′ , y′
α′ ] = h′

α′ for all α ∈ � and α′ ∈ �′. Since {x ′
α′ , y′

α′ , h′
α′ } satisfy the same rela-

tionswhich are satisfied by {xα, yα, hα}, there is a uniqueLie algebra homomorphism
π from L to L ′ given by π(xα) = x ′

α′ , π(yα) = y′
α′ and π(hα) = h′

α′ . Similarly, we
have a unique homomorphism π from L ′ to L such that πoπ and πoπ are respective
identity maps. The rest of the assertion also follows, since α �→ −α is an automor-
phism of �. �

Theory of Weights in Euclidean Spaces
As observed, the root system and roots in a finite-dimensional real Euclidean spaces
have faithful intrinsic relationship with the structure theory (adjoint representa-
tions)of semi-simple Lie algebras. On the same lines (see Chap. 3), the weights
and the weight lattice associated with a root system in a Euclidean space (to be
described below) have a deep intrinsic relationship with the representation theory of
semi-simple Lie algebras. We develop the abstract theory of weights in Euclidean
spaces for its application in the next chapter on the representation theory.

Let � be a root system in a Euclidean space E . Let � = {α1,α2, . . . ,αl} be
a basis of �. An element λ ∈ E is called an abstract weight associated with �

if ≺ λ,α �= 2<λ,α>
<α,α>

belong to Z for all α ∈ �. In particular, members of � are
also weights. The set � of weights associated with � forms a subgroup of E . The
subgroup �r of � generated by � is a lattice in E called a root lattice. A weight
λ ∈ � is called a dominant weight if ≺ λ,α � ≥ 0 for all α ∈ �. It is said to be
strongly dominant if ≺ λ,α � > 0 for all α ∈ �. The set of dominant weights
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will be denoted by �+. Evidently, �+ ⊆ C(�) and �
⋂

C(�) are precisely the set
of strongly dominant weights.

Consider the basis �ν = {α̂i = 2αi
<αi ,αi>

| 1 ≤ i ≤ l} of E . Consider the basis
{λ1,λ2, . . . ,λl} of E which is dual to �ν . Thus,

< λi , α̂ j >=≺ λi ,α j �= 2 < λi ,α j >

< α j ,α j >
= δi j .

Evidently,λi is a dominantweight for each i .We termλi as a fundamental dominant
weight. Clearly, < λ − ∑l

i=1 ≺ λ,αi � λi ,α j >= 0 for each j . Hence

λ =
l∑

i=1

≺ λ,αi � λi .

Thus,� is a lattice with basis {λi | 1 ≤ i ≤ l} and λ ∈ �+ if and only if≺ λ,αi �≥
0 (or equivalently,< λ,αi >≥ 0) for all i . Since�r is a sub-lattice of� of the same
rank,�/�r is a finite group called the fundamental group of�. In this case, we can
determine the order of �/�r as follows: Each αi is an integral linear combination
of {λ j | 1 ≤ j ≤ l}. Suppose that αi = ∑l

k=1 mikλk,mik ∈ Z. Then

≺ αi ,α j �=
l∑

k=1

mik ≺ λk,α j �= mi j .

Thus, the matrix of transformation from the basis � to {λ1,λ2, . . . ,λl} is the Cartan
matrix A of L relative to�. It follows that Det Aλi ∈ �r for each i . Evidently, Det A
is a nonnegative integer. For example, in the case of A2, the determinant of the Cartan
matrix is 3 and 3λ1 = 2α1 + α2 and 3λ2 = α1 + 2α2. It follows that the order of
�/�r in this case is 3.

The following lemmas will be used in the next chapter:

Lemma 2.4.33 The Weyl group W (�) acts on �. Further, each orbit of the action
of W (�) contains a unique dominant weight. The isotopy group W (�)λ of a strongly
dominant weight is trivial.

Proof Since the members ofW (�) are orthogonal transformations,W (�)(�) = �

and hence W (�) acts on �. If λ is dominant, then σ(λ) < λ for all σ ∈ W (�).
Consequently, in each orbit there is a unique dominantweight. Further, ifλ is strongly
dominant and σ �= I , then since σ(λ) < λ, σ(λ) cannot be strongly dominant. �

Lemma 2.4.34 Let λ ∈ �+. Then the set {μ ∈ �+ | μ < λ} is finite.
Proof Let λ = ∑l

i=1 aiαi and μ = ∑l
i=1 biαi be dominant weights with μ < λ.

Since ai and bi are positive rationals with μ < λ, and ai − bi belong to N
⋃{0},

there are only finitely many sets {bi , 1 ≤ i ≤ l} such that
∑l

i=1 biαi < λ. �
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Lemma 2.4.35 δ = 1
2

∑
α∈�+ α is a strongly dominant weight, and indeed, δ =

∑l
i=1 λi .

Proof Since σαi (δ) = δ − αi ,

< δ − αi ,αi >=,< σαi (δ),αi >=,< (σαi )
2(δ),σαi (αi ) >=,< δ,−αi > .

This means that < 2δ − αi ,αi >= 0 or equivalently, 2 < δ,αi >=,< αi ,αi > for
each i . Thus, ≺ δ,αi �= 1 for each i . Consequently, δ = ∑l

i=1 ≺ δ,αi � λi =
∑l

i=1 λi . �

Lemma 2.4.36 Let λ ∈ �+ and λ = σ(μ),σ ∈ W (�). Then < μ + δ,μ + δ >

≤< λ + δ,λ + δ >. Equality holds if and only if λ = μ or λ = 0 = μ.

Proof Since σ is an orthogonal transformation,

< μ + δ,μ + δ > = < σ(μ + δ),σ(μ + δ) >=< λ + σ(δ),λ + σ(δ) >=,<

λ + δ,λ + δ > − 2 < λ, δ − σ(δ) > .

Again, since δ is dominant, it follows that σ(δ) < δ. Hence δ − σ(δ) is the sum
of positive roots. Further, since λ is dominant, < λ, δ − σ(δ) >≥ 0. It follows that
< μ + δ,μ + δ >≤< λ + δ,λ + δ > and equality holds if and only if λ = 0 or
δ = σ(δ). Observe that δ = σ(δ) if and only if σ = I . �

A subset 	 of a weight lattice � is called a saturated subset of � if λ ∈ 	 and
α ∈ � imply that λ − iα belongs to 	 for all i, 0 ≤ i ≤≺ λ,α �. If λ ∈ 	 and
α ∈ �, then σα(λ) = λ− ≺ λ,α � α belongs to 	. Since W (�) is generated by
simple reflections, W (�)(	) = 	. A member λ of 	 is called the highest weight
of	 if μ ∈ 	 implies that μ ≤ λ. Thus, given a root system�,�

⋃{0} is a saturated
subset of �. Further, if � is irreducible, then it has unique largest root which is the
highest weight of �

⋃{0}. It follows from Lemma2.4.34 that a saturated subset of
� with the highest weight is finite.

Lemma 2.4.37 Let	 be a saturated subset of�with the highest weightλ. Ifμ ∈ �+
such that μ ≤ λ, then μ ∈ 	.

Proof Suppose that λ = ∑
α∈� aαα. Then μ = λ − ∑

α∈� bαα, where bα ≤ aα

for each α. The proof is by the induction on
∑

α∈� bα. If
∑

α∈� bα = 0, then μ = λ
and there is nothing to do. Assume that ν ∈ 	 whenever ν = λ − ∑

α∈� cαα,
where cα ≤ aα for each α and

∑
α∈� cα = m ≥ 0. Let μ = λ − ∑

α∈� bαα, where
bα ≤ aα for each α and

∑
α∈� bα = m + 1. We need to show that μ ∈ 	. Evidently,

bα > 0 for someα ∈ �. Hence<
∑

α∈� bαα,
∑

α∈� bαα >> 0. Consequently, for
some β ∈ �, bβ > 0 and<

∑
α∈� bαα,β > > 0. In turn,≺ ∑

α∈� bαα,β � > 0.
Thus, μ − β ∈ �+ and by the induction hypothesis, μ − β belongs to 	. Since 	 is
saturated, μ ∈ 	. �
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Remark 2.4.38 Using the arguments in the proof of the above lemma, we can easily
see that if μ ∈ 	 and μ �= λ, then for some β ∈ �, μ + β belongs to 	.

Remark 2.4.39 It is clear from the previous lemma that a saturated set 	 with the
highest weight λ is precisely {σ(μ) | μ ∈ �+,σ ∈ W (�) and μ ≤ λ}. Thus, for a
given λ ∈ �+, there is a unique saturated set with the highest weight λ as described
above. This will be denoted by 	(λ).

The following lemmawill be used in the next chapter on the representation theory.

Lemma 2.4.40 Let 	 be a saturated subset of � with the highest weight λ (	 =
	(λ)) and μ ∈ 	. Then < μ + δ,μ + δ > ≤ < λ + δ,λ + δ > and equality holds
if and only if μ = λ.

Proof From Lemma2.4.36, < σ(λ) + δ,σ(λ) + δ > ≤< λ + δ,λ + δ > for all
σ ∈ W (�). As such, it is sufficient to establish the result when μ is dominant and
μ �= λ. From the remarks above, μ + α belongs to 	 for some α ∈ �. Now,

< μ + α + δ,μ + α + δ >=,< μ + δ,μ + δ > + 2 < μ + δ,α > + < α,α > .

Since μ + δ is dominant, < μ + δ,μ + δ ><< μ + α + δ,μ + α + δ >. In turn,

< μ + δ,μ + δ ><< μ + α + δ,μ + α + δ > < < μ + α + β + δ,μ + α + β + δ > .

Proceeding inductively, we arrive at the desired result, since 	 is finite. �

Exercises

2.4.1. Describe Cartan subalgebras of sl(n, F).
2.4.2. Let L be a semi-simple Lie algebra over an algebraically closed field of

characteristic 0. Show that a semi-simple element x ∈ L is regular if and
only if it belongs to a unique Cartan subalgebra of L .

2.4.3. Let L be a semi-simple Lie algebra over an algebraically closed field of
characteristic 0. Show that a solvable Engel subalgebra of L is a Cartan
subalgebra of L .

2.4.4. Show by means of an example that the image of a Cartan subalgebra under
a homomorphism need not be a Cartan subalgebra.

2.4.5. Show by means of an example that the inverse image of a Cartan subalgebra
under an epimorphism need not be a Cartan subalgebra.

2.4.6. Show that a Cartan subalgebra is a maximal nilpotent subalgebra. Show by
means of an example that the converse is not true.

2.4.7. Give an example of an ad-nilpotent element which is not strongly ad-
nilpotent. What happens if L is a semi-simple Lie algebra over an alge-
braically closed field of characteristic 0?

2.4.8. Suppose that I nn0(L) = {IL}. Show that L is nilpotent.
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2.4.9. Let L , H,�, and � be as usual. Show that any maximal subalgebra N̂ of
L subject to the condition that all elements of N̂ are nilpotent is conjugate
under I nn0(L) to N (�) = [B(�), B(�)].

2.4.10. Show that anyBorel subalgebra contains a Cartan subalgebra. Show also that
the intersection of any two Borel subalgebras contains a Cartan subalgebra.

2.4.11. Show that Cartan subalgebra of a semi-simple Lie algebra is abelian.
2.4.12. Show that any parabolic subalgebra of L containing B(�) is of the form

P(�′) for some �′ ⊆ �.
2.4.13. Show that any parabolic subalgebra of a semi-simple Lie algebra over

an algebraically closed field of characteristic 0 is conjugate to a standard
parabolic subalgebra under I nn0(L).

2.4.14. Determine all parabolic subalgebras of sl(2, C) and sl(3, C).
2.4.15. Show that for each r ≤ l, the subalgebra of L generated by {xi , yi , hi | 1 ≤

i ≤ r} is a semi-simple Lie subalgebra of L . Deduce that E6 is a subalgebra
of E7 and E7 is a subalgebra of E8.

2.4.16. Show that the subalgebra X and the subalgebra Y of L in Proposition2.4.27
are free Lie algebras.

2.4.17. Suppose that the rank of� is 1. Show that L is isomorphic to sl(2, F). What
is the Lie algebra L in this case?

2.4.18. Find the fundamental group of Al, B4,C4, E6, E7, E8,G2, and F4.
2.4.19. Show that any subgroup of � containing �r is W (�) invariant.
2.4.20. Show that λ1 = 1

3 (2α1 + 4α2) and λ2 = 1
3 (α1 + 2α2 are the fundamental

dominant weights for A2.
2.2.21. Show that λ1 = 2α1 + α2 and λ2 = 3α1 + 2α2 are the fundamental domi-

nant weights for G2.
2.4.22. More generally, for each of the Lie algebras Al- G2, using the Dynkin dia-

gram and the Cartan matrix associated with them, compute their fundamen-
tal dominant weights in terms of their standard root systems (see Theo-
rem2.3.2).



Chapter 3
Representation Theory of Lie Algebras

Our main concern in this chapter will be to study and develop the representation
theory and the character theory of semi-simple Lie algebras over an algebraically
closed field of characteristic 0 including the theorem of Harish-Chandra and the
Weyl, Kostant, and Steinberg formulas. However, we shall start with the first basic
result on the representation theory of Lie algebras, viz., the theorems of Ado and of
Iwasawa which assert that any finite-dimensional Lie algebra over an arbitrary field
has a finite-dimensional faithful representation. More concretely, they assert that any
finite-dimensional Lie algebra over a field F is isomorphic to a sub-Lie algebra of
gl(n, F) for some n.

3.1 Theorems of Ado and Iwasawa

Our aim in this section is to establish the results of Ado and Iwasava which assert that
any finite-dimensional Lie algebra has a faithful finite-dimensional representation.
For this purpose, we establish some preliminary results concerning subalgebras of
an associative algebra A generated by Lie subalgebras of AL .

Proposition 3.1.1 Every finite-dimensional associative algebra with identity (all
associative algebras are assumed to be with identities) over a field F has a faithful
finite-dimensional representation.

Proof Let A be a finite-dimensional associative algebra with identity. Let End(A)

denote the algebra of endomorphisms of A considered as a vector space. Clearly,
DimEnd(A) = (Dim(A))2 and so it is finite. Let x ∈ A. Let lx denote the left
multiplication on A by x . Then lx ∈ End(A). Also lαx+βy = αlx + βly and lxoly =
lxy . Thus, the map ρ from A to End(A) defined by ρ(x) = lx is a homomorphism.
Suppose that ρ(x) = ρ(y). Then lx = ly . In particular, x = x · 1 = lx (1) =
ly(1) = y · 1 = y. This shows that ρ is a finite-dimensional faithful representation
of A on End(A). �
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Let V be a vector space over a field F . Then the vector space gl(V ) = End(V )

of endomorphisms on V is an associative algebra with respect to the composition
of endomorphisms, and it is also a Lie algebra with respect to the Lie product [, ]
given by [μ, ν] = μoν − νoμ. Recall that a representation ρ of a Lie algebra L
on a vector space V is a Lie algebra homomorphism from L to gl(V ). It is said to
be a finite-dimensional representation if V is of finite dimension (DimV is called
the degree of the representation ρ). The representation ρ is said to be a faithful
representation if it is injective.

Let A be an associative algebra with identity over a field F . For a subset S of A,
< S > denotes the associative subalgebra generated by S. Note that < S > need not
contain the identity of A. The subalgebra < {a} > is also denoted by < a >. Evi-
dently, < a > = { f (a) | f (x) ∈ F[x] wi th f (0) = 0}. More generally, < S > =
{ f (a1, a2, . . . , am) | f (x1, x2, . . . , xm)is a polynomial wi thout nonzero constant
term and ai ∈ S}. We can also view < S > as the set of linear combinations of
nonzero monomials in S. For a ∈ S, it is clear that << a >

⋂
S > =< a >.

Proposition 3.1.2 (i) Let A be an associative algebra. Let T ⊆ S ⊆ A be such that
[x, y] ∈ S for all x, y ∈ S and also [x, y] ∈ T for all x, y ∈ T . Let u ∈ S be in the
normalizer of T in S in the sense that [T, u] ⊆< T >. Then

< T > u ⊆ u < T > + < T > .

(ii) Suppose that T and S are as in (i). Suppose further that< T > is nilpotent and
< T >�=< S >. Then there is an element u ∈ S− < T > such that [t, u] ∈< T >

for all t ∈ T .

Proof (i) Any element of < T > is a linear combination of monomials in T . Thus,
it is sufficient to show that t1t2 · · · tr u = uv + w, where v,w ∈< T >. We prove it
by the induction on r . Now, t1u = ut1 + [t1, u]. Since [t1, u] ∈< T >, the result
is true for r = 1. Assume the result for r . Consider t1t2 · · · tr+1u. By the induction
hypothesis,

t2t3 · · · tr+1u = uw + v,

where w, v ∈< T >. Thus,

t1t2 · · · tr+1u = t1uw + t1v = ut1w + [t1, u]w + t1v.

Clearly, t1w, [t1, u], and t1v belong to < T >. The result follows for r + 1.
(ii) Since < T >�=< S >, there is an element w0 in S− < T >. If [t, w0] ∈<

T > for all t ∈ T , then we can take u to be w0. If not, then there is t0 ∈ T such that
w1 = [t0, w0] belongs to S− < T >. If [t, w1] belongs to < T > for all t in T ,
then we can take u to be w1. If not, then there is a t1 in T such that w2 = [t1, w1]
belongs to S− < T >. If not, proceed. We claim that this process terminates after
finitely many steps giving us an element u with the required property. Suppose that
the process does not terminate. Then we arrive at a sequence t0, t2, . . . , tr , tr+1, · · ·
in T and a sequence w0, w1, . . . , wr , wr+1 · · · of elements in S− < T >, where
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wr = [tr−1, wr−1] for all r . Clearly, for each r , wr is a linear combination of
monomials T

⋃{w0}. Since < T > is nilpotent, there is a natural number m such
that < T >m = {0}. Now, as observed, w2m is a linear combination of monomials
of the form u1u2 · · · u pw0v1v2 · · · vq such that p + q = 2m − 1. It turns out that
p ≥ m or q ≥ m. Thus, w2m = 0. This means that w2m ∈< T >, a contradiction
to the supposition that wr ∈ S− < T > for all r . �

Let B and C be subalgebras of an associative algebra A over a field F . Let BC
denote the subspace generated by the set {bc | b ∈ B and c ∈ C}. A subalgebra B of
A is called a nilpotent subalgebra if there is a natural number n such that Bn = {0}
or equivalently, b1b2 · · · bn = 0 for all n-tuple (b1, b2, · · · , bn) of elements of B. If B
and C are nilpotent ideals of A, then B + C is also a nilpotent ideal. As such, every
finite-dimensional associative algebra has the largest nilpotent ideal. The largest
nilpotent ideal is called the radical of A and it is denoted by R(A).

Proposition 3.1.3 Let V be a finite-dimensional vector space over a field F. Let S
be a subset of gl(V ) = End(V ) such that [ρ, η] = ρη − ηρ belongs to S for all
ρ, η ∈ S. Suppose that each ρ in S is nilpotent in the sense that ρn = 0 for some
n. Then the associative subalgebra < S > of gl(V ) generated by S is nilpotent. In
particular, if S is a Lie subalgebra of gl(V ) consisting of nilpotent endomorphisms
of V , then < S > is nilpotent.

Proof The proof is by the induction on DimV . If DimV = 0, then V = {0}
and there is nothing to do. Assume that the result is true for all vector spaces
W with DimW < DimV , DimV > 0. If S = {0}, then there is nothing
to do. Suppose that S �= {0}. Let � = {T ⊆ S | [ρ, η] ∈ T∀ ρ, η ∈ T and <

T > is nilpotent subalgebra of gl(V )}. Clearly, � �= ∅. Take a T0 ∈ � such
that Dim < T0 > is maximum. We shall show that < T0 > =< S > and thereby
establish that < S > is nilpotent. Let W denote the subspace of V generated
by the set < T0 > (V ) = {ρ(x) | ρ ∈< T0 >, x ∈ V }. Let ρ ∈ S − {0}. Take
T =< ρ >

⋂
S. Then T �= {0} and< T > =< ρ >�= {0}. Since ρ ∈ S, ρ is nilpo-

tent. Suppose that ρm = 0. Then f (ρ)m = 0 whenever f (x) is a polynomial with-
out a nonzero constant term. This means that< T > is nilpotent. Hence< T >∈ �.
Thus, T0 �= {0}, Dim < T0 >≥ 1, andW �= {0}. Suppose thatW = V . Then every
member v of V is a linear combination of members of < T0 > (V ). Expressing each
vi again as a linear combination of members of < T0 > (V ), we see that each mem-
ber of V is a linear combination of members of < T0 >2 (V ). Iterating the process,
we see that each member of V is a linear combination of members of < T0 >m (V )

for each m. Since < T0 > is nilpotent, we arrive at the contradiction that V = {0}.
Thus, {0} �= W �= V .

LetU denote the subset {ρ ∈ S | ρ(W ) ⊆ W } of S. Clearly, T0 ⊆ U and [ρ, η] ∈
U for all ρ, η ∈ U . Since the members of S are nilpotent, the members of U induce
nilpotent endomorphisms on W as well as on V/W . Let Û denote {ρ|W ∈ gl(W ) |
ρ ∈ U } andU denote the set {ρ ∈ gl(V/W ), where ρ(v + W ) = ρ(v) + W, ρ ∈
U }. Then Û and U consist of nilpotent endomorphisms in gl(W ) and gl(V/W ),
respectively, and which are closed under [, ]. Since DimW < DimV and also
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Dim(V/W ) < DimV , by the induction hypothesis, < Û > and < U > are nilpo-
tent subalgebras of gl(W ) and gl(V/W ), respectively. Thus, there is a natural number
p such that ρ1ρ2 · · · ρp(x) ∈ W for all ρi ∈ U and all x ∈ V . Also, there is a natural
number q such that η1η2 · · · ηq(y) = 0 for all η j ∈ U and y ∈ W . This implies that
ρ1ρ2 · · · ρp+q = 0 on V for all ρi ∈ U . Thus, U is a nilpotent subalgebra of gl(V )

and so U ∈ �.
Now, we show that < T0 > =< S >. Suppose not. Then by Proposition 3.1.2

(ii), there is a ρ ∈ S− < T0 > such that [ρ, η] ∈< T0 > for all η ∈ T0. Again by
Proposition 3.1.2(i), x ∈ V and ρ ∈< T0 > implies that ρη(x) = ηρ(x) + χ(x),
where χ(x) ∈< T0 >. Consequently, ρ(W ) ⊆ W and so ρ ∈ U . Already, U ∈ �.
Since ρ /∈< T0 >, DimU > Dim < T0 >. This is a contradiction. Hence < T0 >

=< S > and we are done. �

Proposition 3.1.4 Let V be a finite-dimensional vector space. Let T ⊆ S ⊆ gl(V )

such that [ρ, η] ∈ S for all ρ, η ∈ S and [ρ, S] ⊆ T for all ρ ∈ T . Suppose that
every element of T is nilpotent. Then < T > is contained in the radical R(< S >)

of the subalgebra < S > of gl(V ).

Proof Clearly, (< T >< S > + < T >) < S >⊆ (< T >< S > + < T >).
Also from our earlier propositions < S > (< T >< S > + < T >) ⊆ (< T ><

S > + < T >). Thus, (< T >< S > + < T >) is an ideal of< S >. By Proposi-
tion 3.1.3,< T > is nilpotent. Hence, there is a natural numberm such that (< T ><

S > + < T >)m ⊆< T >< S >. Further, (< T >< S >)r ⊆< T >r< S >.
Thus, we get a natural number l such that (< T >< S > + < T >)l = 0. This
implies that (< T >< S > + < T >) is a nilpotent ideal of < S >. Consequently,
(< T >< S > + < T >) is contained in the radical R(< S >) of < S >. In par-
ticular, < T >⊆ R(< S >). �

TheEngel theorem follows as an immediate corollary to the above proposition: Let
L be a finite-dimensional Lie algebra which is ad-nilpotent in the sense that there is a
natural number n such that ad(x)n = 0 for all x ∈ L . Consider the subset ad(L) =
{ad(x) | x ∈ L} of gl(L). Since [ad(x), ad(y)] = ad([x, y]) belongs to ad(L)

for all x, y ∈ L and also ad(x) is nilpotent for all x ∈ L , it follows from the above
proposition that the associative subalgebra< ad(L) > of gl(L) generated by ad(L)

is nilpotent. Hence, there is a natural number n such that ad(x1)ad(x2) · · · ad(xn) =
0 for all x1, x2, . . . , xn ∈ L . This means that L is a nilpotent Lie algebra. �

More generally, we have the following corollary:

Corollary 3.1.5 Let L be a finite-dimensional Lie algebra. Then an ideal N of
L is a nil radical of L if and only if for each x ∈ N, ad(x) is a nilpotent linear
transformation on L and if A is any ideal of L with this property, then A ⊆ N. Indeed,
N = ad−1(R(< ad(L) >)

⋂
ad(L)) = {x ∈ L | ad(x) ∈ R(< ad(L) >)}.

Proof Suppose that N is the nil radical of L . Let x ∈ N . Then for each y ∈ L ,
[x, y] ∈ N . Since N is nilpotent, ad(x)m([x, y]) = 0 for some m ∈ N. This means
that ad(x)m+1(y) = 0 for all y ∈ L . Thus, for each x ∈ N , ad(x) is a nilpotent
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linear transformation on L . Further, if A is an ideal of L with the same property, then
ad(y)|A is nilpotent for all y ∈ A. By the theorem of Engel, A is a nilpotent ideal of
L . Since N is nil radical of L , A ⊆ N .

Conversely, let N be an ideal of L satisfying the given conditions. For each x ∈ N ,
ad(x) is nilpotent on L . In particular, ad(x)|N is nilpotent for each x ∈ N . Hence N
is a nilpotent ideal of L . Further, if A is a nilpotent ideal of L , then as above, ad(y)
is nilpotent for each y ∈ A. From the given condition, A ⊆ N . This shows that N is
the nil radical of L .

Finally, since R(< ad(L) >)
⋂

ad(L) is an ideal of the Lie subalgebra ad(L) of
gl(L), and ad−1(R(< ad(L) >)

⋂
ad(L)) is an ideal of L . Since ad(x) is nilpo-

tent for all x ∈ ad−1(R(< ad(L) >)
⋂

ad(L)), ad−1(R(< ad(L) >)
⋂

ad(L)) ⊆
N . Already, ad(N ) ⊆ R(< ad(L) >)

⋂
ad(L). Hence N ⊆ ad−1(R(< ad(L) >

)
⋂

ad(L)). �

Next, we discuss the structure of a Lie subalgebra L of gl(V ) for which the
associative subalgebra < L > of gl(V ) generated by L is a semi-simple associative
subalgebra. Here, V is a finite-dimensional vector space over a field of characteristic
0. The following basic fact from linear algebra will be used.

Proposition 3.1.6 A linear transformation ρ on a finite-dimensional vector space V
of dimension n over a field F of characteristic 0 is nilpotent if and only if T r(ρk) = 0
for all k ∈ N.

Proof Suppose thatρ is nilpotent. Then all the eigenvalues ofρ and also ofρk, k ∈ N

are 0.ConsequentlyTr(ρk) = 0 for all k ∈ N. Conversely, suppose thatTr(ρk) = 0
for all ρ ∈ N. Let λ1, λ2, · · · , λn be n eigenvalues of ρ in the algebraic closure F of
F . Then 0 = Tr(ρk) = ∑n

i=1 λk
i for all k ∈ N. Using Newton’s identity relating∑n

i=1 λk
i and the elementary symmetric polynomials in λ1, λ2, · · · , λn , we obtain

that all the coefficients of the characteristic polynomial of ρ are 0. Consequently, the
characteristic polynomial of ρ is xn . By the Cayley Hamilton theorem, ρn = 0. �

Corollary 3.1.7 Let ρ ∈ gl(V ), where V is as above. Suppose that ρ =∑r
i=1[μi , νi ], μi , νi ∈ gl(V ) such that [ρ,μi ] = 0 for all i . Then ρ is nilpotent.

Proof Since [ρ,μi ] = 0, ρμi = μiρ and ρmμi = μiρ
m for each m ∈ N. Now,

for each m ∈ N,

ρm = ρm−1ρ =
r∑

i=1

ρm−1[μi , νi ] =
r∑

i=1

ρm−1(μiνi − νiμi )

=
r∑

i=1

μiρ
m−1νi − ρm−1νiμi =

r∑

i=1

[μi , ρ
m−1νi ].

Consequently, Tr(ρm) = 0 for each m ∈ N. It follows from the above proposition
that ρ is nilpotent. �
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Theorem 3.1.8 Let L be a Lie subalgebra of gl(V ), where V is a finite-dimensional
vector space over a field F of characteristic 0. Suppose that the associative sub-
algebra < L > of gl(V ) generated by L is semi-simple associative subalgebra of
gl(V ). Then there is a semi-simple Lie ideal L1 of the Lie algebra L such that
L = L1 ⊕ Z(L).

Proof We first show that the radical R(L) of the Lie algebra L is the center Z(L) of
L . Suppose not. Then R1(L) = [L , R(L)] is a nonzero solvable ideal of L . Hence,
there is a natural numberm > 1 such that R1(L)m−1 �= {0} and R1(L)m = {0}, where
R1(L)r denotes the r th term of the derived series of R1(L). Consider [L , R1(L)m−1].
Let ρ ∈ [L , R1(L)m−1]. Then ρ = ∑r

i=1[μi , νi ], whereμi ∈ R1(L)m−1 and νi ∈ L .
Clearly [ρ,μi ] = 0 for all i . By the previous corollary, ρ is a nilpotent linear
transformation. This shows that every element of [L , R1(L)m−1] is a nilpotent trans-
formation. By Proposition 3.1.4, [L , R1(L)m−1] is contained in the radical of the
associative subalgebra < L > of gl(V ). Since < L > is assumed to be semi-simple
associative subalgebra, [L , R1(L)m−1] = {0}. Consequently R1(L)m−1 ⊆ Z(L).
Further, since R1(L)m−1 ⊆ [L , R(L)], every element ρ of R1(L)m−1 is expressible
as ρ = ∑r

i=1[μi , νi ], where [ρ,μi ] = 0 (R1(L)m−1 ⊆ Z(L)). Again using the
above argument, we obtain that R1(L)m−1 = {0}. This is a contradiction. Hence
R1(L) = [L , R(L)] = 0. Consequently R(L) ⊆ Z(L). Already by the defini-
tion of R(L), Z(L) ⊆ R(L). This shows that R(L) = Z(L). A similar argument
implies that R(L)

⋂[L , L] = {0}. Thus, we can find a vector subspace L1 of L
such that L is the vector space direct sum R(L) ⊕ L1 and L1 ⊇ [L , L]. Evidently,
since L1 ⊇ [L , L]), L1 is an ideal. Finally, L1 ≈ L/R(L) is semi-simple (the fact
L = L1 ⊕ Z(L) follows from Theorem 1.5.16 also). �

Corollary 3.1.9 Let L be a center-less Lie subalgebra of gl(V ), V is a finite-
dimensional vector space over a field of characteristic 0. Suppose that < L > is
a semi-simple associative subalgebra. Then L is semi-simple. �

Corollary 3.1.10 Let L be a solvable Lie subalgebra of gl(V ), where V is a finite-
dimensional vector space over a field F of characteristic 0. Suppose that < L > is
semi-simple associative algebra. Then L is abelian Lie algebra. More generally, if
R(< L >) is the radical of the associative algebra < L >, then< L > /R(< L >)

is a commutative associative algebra.

Proof Applying the above theorem, we observe that L1 in this case is solvable
semi-simple Lie algebra. Consequently, L1 = {0}. This means that L = Z(L)

is abelian Lie algebra. Evidently, < L > is commutative associative algebra. More
generally, consider R(< L >) the radical of the associative algebra< L >. Treating
R(< L >) as a Lie subalgebra of < L >, we see that R(< L >) is an ideal of the
Lie algebra < L >. It follows that Lie algebra (L + R(< L >))/R(< L >), being
homomorphic image of L , is solvable. Evidently, the associative subalgebra < L +
R(< L >) > /R(< L >) is semi-simple. Consequently, as a Lie algebra (L + R(<

L >))/R(< L >) is abelian. Hence, as an associative algebra < L > /R(< L >

) ≈< (L + R(L))/R(L) > is commutative associative algebra. �
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Corollary 3.1.11 Let L beaLie subalgebraof gl(V ), where V is afinite-dimensional
vector space over a field of characteristic 0. Then L

⋂
R(< L >) = R(L)0, where

R(L)0 = {ρ ∈ R(L) | ρ is nilpotent}. Further, [R(L), L] ⊆ R(< L >).

Proof Since R(< L >) is nilpotent associative subalgebra, it is nilpotent consid-
ered as Lie algebra (check it). This implies that L

⋂
R(< L >) ⊆ R(L). Also, since

the elements of R(< L >) are nilpotent, L
⋂

R(< L >) is contained in the set
R(L)0 of nilpotent elements of R(L). Consider < R(L) >. By the above corollary,
< R(L) > /R(< R(L) >) is a commutative associative algebra. Now, any nilpo-
tent element in a commutative associative algebra generates an ideal which is nilpo-
tent. Consequently, every nilpotent element of a commutative associative algebra is
contained in the radical of the algebra. Since < R(L) > /R(< R(L) >) is semi-
simple associative algebra, it has no nonzero nilpotent element. Thus, R(< R(L) >)

consists of nilpotent elements of < R(L) > and hence R(< R(L) >)
⋂

R(L) is
a subspace of L . Now, consider (L + R(< L >))/R(< L >). Clearly, the associa-
tive algebra generated by (L + R(< L >))/R(< L >) is< L > /R(< L >)which
is semi-simple. From Theorem 3.1.8, it follows that the radical of the Lie algebra
(L + R(< L >))/R(< L >) is contained in its center. Further, since (R(L) + R(<

L >))/R(< L >) is a solvable ideal of (L + R(< L >))/R(< L >), it follows
that [(R(L) + R(< L >))/R(< L >), L + R(< L >))/R(< L >)] = {0}. Con-
sequently, [R(L), L] ⊆ R(< L >). In turn, [R(L), L] ⊆ L

⋂
R(< L >) ⊆ R(L)0.

Thus, [R(L)0, L] ⊆ R(L)0 and so R(L)0 is an ideal. Since the elements of R(L)0 are
nilpotent, it follows fromProposition3.1.4 that R(L)0 ⊆ R(< L >). This shows that
R(L)0 ⊆ L

⋂
R(< L >). Thus, R(L)0 = L

⋂
R(< L >). The rest is also clear.

�

Corollary 3.1.12 Let L beaLie subalgebraof gl(V ), where V is afinite-dimensional
vector space over a field of characteristic 0. Suppose that V is completely reducible
in the sense that for every L-invariant subspace U of V , there is an L-invariant
subspace W of V such that V = U ⊕ W. Then < L > and also < L

⋃{1} > are
semi-simple associative algebras. Further, L = L1 ⊕ Z(L), where L1 is a semi-
simple ideal of L and the elements of Z(L) are semi-simple elements.

Proof It is evident that a subspace of V is L-invariant if and only if it is <

L > (< L
⋃{1} >)-invariant. Consequently, V is a completely reducible < L >

(< L
⋃{1} >)-module. Since V is finite dimensional over a field of character-

istic 0, V = V1 ⊕ V2 ⊕ · · · ⊕ Vr , where each Vi is an irreducible < L > (<
L
⋃{1} >)-submodule. Consider the radical R(< L >) (R(< L

⋃{1} >)) of< L >

(< L
⋃{1} >) and the subspaces R(< L >)Vi (R(< L

⋃{1} >)Vi ) of V . Evidently,
these are < L > (< L

⋃{1} >)-subspaces contained in Vi . Since R(< L >) (R(<

L
⋃{1} >)) is nilpotent, there is a natural number m such that R(< L >)m = {0}

(R(< L
⋃{1} >)m = {0}). Consequently, R(< L >)Vi (R(< L

⋃{1} >)Vi ) is a
proper < L > (< L

⋃{1} >)-invariant subspace of Vi . Since Vi is irreducible, R(<

L >)Vi (R(< L
⋃{1} >)Vi ) is zero for each i . Since V = ⊕∑r

i=1 Vi , R(< L >)V
(R(< L

⋃{1} >)V ) is zero. This means that R(< L >) (R < L
⋃{1} >) is zero and

hence< L > (< L
⋃{1} >) is semi-simple. FromTheorem 3.1.8, L = L1 ⊕ Z(L),
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where L1 is a semi-simple Lie algebra. Now, we show that the elements of Z(L)

are semi-simple. Suppose not. Then there is an element ρ ∈ Z(L) which is not
semi-simple. Consider the subalgebra < {ρ, 1} > = F[ρ] of gl(V ). Since ρ is
not semi-simple, there is a nonzero nilpotent element η ∈ F[ρ]. This means that η

belongs to the center of the subalgebra < L
⋃{1} >. Consequently, η < L

⋃{1} >

is an ideal of < L
⋃{1} >. Since η is nilpotent, η < L

⋃{1} > is a nilpotent ideal
of < L

⋃{1} > containing η. Thus, η < L
⋃{1} > is a nonzero nilpotent ideal of

< L
⋃{1} >. This is a contradiction, since < L

⋃{1} > is semi-simple. �

We use the above discussions to give another proof of Lie’s theorem.

Proposition 3.1.13 Let L be an abelian Lie subalgebra of gl(V ), where V is a
finite-dimensional vector space over an algebraically closed field F. Suppose that
V is L-irreducible. Then V is one dimensional.

Proof Let ρ be a member of L . Let λ be an eigenvalue of ρ and Vλ the λ-
eigensubspace of V . Let η ∈ L . Since ρη = ηρ, Vλ is invariant under η. Thus,
Vλ is a nontrivial L-submodule of V . Since V is L-irreducible, Vλ = V . Indeed,
every subspace of V is invariant under L . Thus, V is without nonzero proper sub-
spaces. Hence V is one dimensional. �

Proof of Lies’s Theorem Let L be a solvable Lie subalgebra of gl(V ), where V is
a finite-dimensional vector space over an algebraically closed field of characteristic
0. Let

V = V0 ⊇ V1 ⊇ V2 ⊇ · · · ⊇ Vm = {0}

be an L-composition series of V . For each ρ ∈ L and for each i , we have the induced
linear transformation ρi on Vi/Vi+1 given by ρi (x + Vi+1) = ρ(x) + Vi+1. Let
L̂ i denote {ρi | ρ ∈ L}. Clearly, ρ �→ ρi is a surjective homomorphism from L to
the Lie algebra L̂ i . Consequently, L̂ i is solvable. Clearly, Vi/Vi+1 is an irreducible
L̂ i -subspace. It follows from Corollary 3.1.12 that L̂ i is abelian. From the above
proposition, DimVi/Vi+1 = 1. Thus, there is a basis {x0, x1, x2, . . . , xm−1} of V
such that {xi , xi+1, xi+2, . . . , xm−1} is a basis of Vi for each i . Clearly, the matrix of
each member of L is triangular with respect to this basis. �

Proposition 3.1.14 Let L be a finite-dimensional Lie algebra over a field of char-
acteristic 0. Then [L , R(L)] ⊆ N (L), where N (L) denotes the nil radical of L.

Proof Applying Corollary 3.1.11 to ad(L) ⊆ gl(L), we obtain that [ad(L), ad
(R(L))] ⊆ R(< ad(L) >). Thus, there is a natural number m such that

∏m
i=1[ad(xi ), ad(yi )] = 0 for all x1, x2, . . . , xm in L and y1, y2, . . . , ym in R(L). Con-

sequently,
∏m

i=1 ad([xi , yi ]) = 0 for all x1, x2, . . . , xm in L and y1, y2, . . . , ym in
R(L). It follows that for all x ∈ L ,

∏m
i=1 ad([xi , yi ])(x) = 0. This means that

[L , R(L)] is nilpotent. Hence [L , R(L)] ⊆ N (L). �

In particular, we get another proof of the already proved fact that [L , L] is nilpotent
for all finite-dimensional solvable Lie algebra L over a field of characteristic 0.
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Corollary 3.1.15 Let L be a finite-dimensional solvable Lie algebra over a field of
characteristic 0. Then d(L) ⊆ N (L) for all derivation d on L, where N (L) denotes
the nilpotent radical of L.

Proof Consider the vector space L̂ = L ⊕ Fd, where Fd is the one-dimensional
space generated by d. Define a product [, ] on L̂ by

[(x, αd), (y, βd)] = ([x, y] + βd(x) − αd(y), 0).

It can be easily checked that L̂ is a Lie algebra with respect to this Lie product.
Further,

[(x, 0), (y, αd)] = ([x, y] + αd(x), 0) ∈ L ⊕ {0},

for all x, y ∈ L and α ∈ F . This means that L ⊕ {0} is an ideal of L̂ . Since L̂/(L ⊕
{0}) is one dimensional, it is solvable. Hence L̂ is solvable. It follows that [L̂, L̂] =
[L , L] ⊕ {0} + d(L) ⊕ {0} = ([L , L] + d(L)) ⊕ {0} is nilpotent. This means that
[L , L] + d(L) is nilpotent. Hence, d(L) ⊆ [L , L] + d(L) ⊆ N (L). �

Let ρ be a representation of a Lie algebra L on V . Consider the universal envelop-
ing algebra (U (L), jL) of L . Note that jL is injective linear map which is a Lie
homomorphism from L to U (L)L (Corollary 1.2.6). From the universal property
of universal enveloping algebra, we have a unique algebra homomorphism ρ from
U (L) to gl(V ) such that ρojL = ρ. Let A denote the kernel of ρ. Then νojL is
a Lie algebra homomorphism from L to U (L)L = (U (L)/A)L . From Proposition
3.1.1, we have an injective algebra homomorphism i from U (L) to gl(U (L)) Con-
sequently, ioνojL is a representation of L onU (L)/A. Evidently, ioνojL is a faithful
representation if and only if A

⋂
jL(L) = {0}. Since every associative algebra has

a faithful representation, we obtain the following propositions.

Proposition 3.1.16 A Lie algebra L has a finite-dimensional faithful representation
if and only if there is an ideal A of U (L) of finite co-dimension in U (L) such that
A
⋂

jL(L) = {0}. �

Proposition 3.1.17 Let A be an associative algebra over a field F. Let a ∈ A. Then
the following conditions are equivalent:

(i) The element a is algebraic in the sense that there is a polynomial f (x) ∈ F[x]
such that f (a) = 0.

(ii) The subalgebra < a > = F[a] of A generated by {a} is finite dimensional.
Proof ((i) ⇒ (i i)) Suppose that a is an algebraic element of A. Let f (x) be the
smallest degreemonic polynomial such that f (a) = 0. Suppose that deg f (x) = m.
The subalgebra of A generated by {a} is F[a] = {φ(a) | φ(x) ∈ F[x]}. Using
the division algorithm, we see that F[a] = {φ(a) | degφ(x) < m}. Clearly,
{1, a, a2, · · · , am−1} is a basis of F[a].

((i i) ⇒ (i)) Assume that the dimension of F[a] is m. Then {1, a, a2, · · · , am} is
linearly dependent. Hence, there is a nonzero polynomial f (x) of degree at the most
m such that f (a) = 0. This means that a is algebraic. �
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Proposition 3.1.18 Let L be a finite-dimensional Lie algebra with a basis
{x1, x2, . . . , xm}. Let A be an ideal of U (L). Then U (L) = U (L)/A is finite dimen-
sional if and only if jL(xi ) = jL(xi ) + A is algebraic in U (L) for each i .

Proof We know that the set {( jL(x1))α1( jL(x2))α2 · · · ( jL(xm))αm | αi ≥ 0} of stan-
dardmonomials in { jL(x1), jL(x2), . . . , jL(xm)} is a basis ofU (L) (Corollary 1.2.7).
Thus, the set {( jL(x1))α1( jL(x2))α2 · · · ( jL(xm))αm | αi ≥ 0} of standard monomials
in { jL(x1), jL(x2), . . . , jL(xm)} generates the algebra U (L). If U (L) is of finite
dimension, then all elements of U (L) are algebraic. In particular, jL(xi ) are alge-
braic for each i . Conversely, suppose that jL(xi ) is algebraic for each i . Suppose that
ti is the smallest natural number such that jL(xi ) is a root of a monic polynomial
of degree ti . Evidently, {( jL(x1))β1( jL(x2))β2 · · · ( jL(xm))βm | βi ≤ ti − 1} is a set of
generators of U (L) as a vector space. Consequently, U (L) is finite dimensional. �

Proposition 3.1.19 Let L be a finite-dimensional Lie algebra with a basis
{x1, x2, . . . , xm}. Let A and B be ideals of U (L) such that U (L)/A and U (L)/B are
finite dimensional. Then U (L)/AB is finite dimensional.

Proof If jL(xi ) + A is a root of a polynomial fi (x), then fi ( jL(xi )) ∈ A. Similarly,
if jL(xi ) + B is a root of a polynomial gi (x), then gi ( jL(xi )) ∈ B. Consequently,
fi ( jL(xi ))gi ( jL(xi )) ∈ AB for all i . This shows that fi ( jL(xi ))gi ( jL(xi )) + AB is
algebraic in U (L)/AB. The result follows from the earlier proposition. �

Proposition 3.1.20 Let A be an associative algebra. Let S be a set of generators of
A. Let d be a derivation of A. Suppose that for each x ∈ S, there is a natural number
nx such that dnx (x) = 0. Then for all a ∈ A, there is a natural number na such that
dna (a) = 0. If S is finite, then d is nilpotent.

Proof Consider the subset B = {x ∈ A | dnx = 0 f or some nx ∈ N}. By our
hypothesis, S ⊆ B. If x, y ∈ B, then there are natural numbers nx and ny such that
dnx (x) = 0 = dny (y). Take n = max(nx , ny). Then dn(x + y) = 0. Also
dnx (αx) = 0. This shows that B is a subspace of A. Further, by Leibniz theorem

dn(xy) =
n∑

r=0

nCrd
r (x)dn−r (y).

Thus, dn(xy) = 0, where n = nx + ny − 1. This shows that B is a subalgebra of
A containing S. Consequently B = A.

It further follows from the Leibniz theorem that if dnx (x) = 0, then dnx (xt ) = 0
for all t ∈ N. Suppose that S = {x1, x2, · · · , xr } is finite. Let N = ∑r

i=1 nxi − 1.
Then from the above observation and representations of elements of A in terms of
elements of S, it follows that dN (x) = 0 for all x ∈ A. Thismeans that d is nilpotent.
�

Proposition 3.1.21 Let L be a finite-dimensional Lie algebra over a field of charac-
teristic 0. Let A be an ideal of the U (L) such that U (L)/A is finite dimensional and
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every member of jL(N (L)) is nilpotent modulo A, where (U (L), jL) is the universal
enveloping algebra of L and N (L) is the nil radical of L. Then there is an ideal B
of U (L) such that the following hold:

(i) B ⊆ A and U (L)/B is finite dimensional.
(ii) d̂(B) ⊆ B for all derivations d of L (refer to Theorem 5.2.3 (3.6): For each

derivation d of L, we have a unique derivation d̂ of U (L) subject to d̂ojL =
jLod).

(iii) Every element of jL(N (L)) is nilpotent modulo B.

Proof Consider the idealC =< A
⋃

jL(N (L)) > ofU (L) (considered as an asso-
ciative algebra) generated by A

⋃
jL(N (L)). Clearly, C/A is the ideal of the asso-

ciative algebra U (L)/A which is generated by the Lie ideal ( jL(N (L)) + A)/A of
(U (L)/A)L . The elements of ( jL(N (L)) + A)/A are nilpotent in U (L)/A. From
Proposition 3.1.4, it follows that ( jL(N (L)) + A)/A is contained in the radical
R(U (L)/A) of the associative algebra U (L)/A. Hence C/A ⊆ R(U (L)/A). Thus,
there is a natural numberm such that B = Cm ⊆ A. SinceU (L)/C is finite dimen-
sional, it follows from Proposition 3.1.19 that U (L)/B is finite dimensional. This
proves (i). FromCorollary 3.1.15, it follows that d̂(U (L)) ⊆ jL(N (L)) for all deriva-
tions d of L . This proves (ii). Let x ∈ N (L). Consider jL(x). Clearly, jL(x)r belongs
to A for some r . In turn, jL(x)r belongs to C and so ( jL(x))mr belongs to B. This
proves (iii). �

Theorem 3.1.22 Let L be a finite-dimensional Lie algebra over a field of character-
istic 0. Let P be a solvable ideal of L and Q be a Lie subalgebra of L such that L is
the semi-direct product P � Q. Suppose that there is a finite-dimensional represen-
tation η of P on V such that η(x) is nilpotent for all x in the nil radical N (P) of P.
Then there is a finite-dimensional representation ρ of L such that the following hold:
(i) If x ∈ P, then ρ(x) = 0 only when η(x) = 0. (ii) ρ(y) is nilpotent whenever
y = z + u, where z ∈ N (P) and u ∈ Q such that ad(u)|P is nilpotent.

Proof η induces an associative algebra homomorphism η̂ from the universal envelop-
ing algebraU (P) of P to gl(V ) such that η̂ojP = η. Since V is finite dimensional,
the kernel A of η̂ is of finite co-dimension in U (P). Further, if x ∈ N (P), then
η(x)n = 0 for some n. Thus, jP(x)n ∈ A for each x ∈ N (P) and the hypothesis of
the previous proposition is satisfied with P in place of L . Hence there is an ideal B
of U (P) such that B ⊆ A, U (P)/B is finite dimensional, d̂(B) ⊆ B for all deriva-
tion d of P , and every element of jP(N (P)) is nilpotent modulo B. We construct a
representation ρ of L on U (P)/B which satisfies the required properties stated in
the theorem. We first construct a representation ρ̂ of L on U (P). For x ∈ P , we put
ρ̂(x) = r jP (x), where r jP (x) denotes the right multiplication by jP(x). For y ∈ Q,
put ρ̂(y) = ˆad(y), where ˆad(y) is the unique derivation on U (P) subject to the
condition ˆad(y)ojP = ad(y)|P on P . It can be easily checked that ρ̂ defines a repre-
sentation of L onU (P). Since d̂(B) ⊆ B for each derivation d of P , it follows that B
is a subspace ofU (P)which is invariant under ρ̂. In turn, ρ̂ induces a representationρ

of L onU (P)/B. Let x ∈ P such that ρ(x) = 0. Then r jP (U (P)) ⊆ B. This means
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that jP(x) ∈ B ⊆ A. Thus, η̂( jP(x)) = 0. Consequently, η(x) = 0. Let z ∈ N (P),
then from the aboveproposition, jP (z) is nilpotentmodulo B.Henceρ(z) is nilpotent.
Since N (P) is an ideal of L , it follows that ρ̂( jP(z)) is in the radical R(< ρ(L) >).
Suppose that y = z + u, where z ∈ N (P) and u ∈ Q such that ad(u)|P is nilpotent.
We need to show that ρ(y) is nilpotent. It is sufficient to show that ρ(u) is nilpotent,
since ρ(z) ∈ R(< ρ(L) >). Already, by the definition, ρ̂(u) is a derivation onU (P)

which is ˆad(u) onU (P) and ad(u)|P is nilpotent. Since < jL(P) > = U (P), from
Proposition 3.1.20, it follows that for each a ∈ U (P), there is a natural number na
such that ρ(u)na (ν(a)) = 0. Thus, for each a ∈ U (P)/B, we have a natural number
na such that (ρ(u)(a))na = 0. SinceU (P)/B is finite dimensional,ρ(u) is nilpotent.
Thus, ρ satisfies the required condition. �

Theorem 3.1.23 (Ado) Every finite-dimensional Lie algebra over a field of charac-
teristic 0 has a faithful finite-dimensional representation.

Proof Suppose that we are able to construct a finite-dimensional representation ρ

from L to gl(V ) such that the restriction ρ|Z(L) of ρ on Z(L) is faithful. Then the rep-
resentation ρ̂ = ρ ⊕ ad from L to gl(V ⊕ L) is a finite-dimensional representation
of L such that

Ker ρ̂ = {x ∈ L | 0 = ρ̂(x) = ρ(x) ⊕ ad(x)} = {x ∈ L | x ∈ Z(L) and ρ(x) = 0} = {0}.

This means that ρ̂ is a faithful finite-dimensional representation of L .
Thus, it is sufficient to construct a finite-dimensional representation ρ of L which

is faithful on Z(L). Since Z(L) ⊆ N (L), we have an ascending chain

Z(L) = N1(L) ⊂ N2(L) ⊂ · · · ⊂ Nm(L) = N (L)

such that Ni (L) is an ideal of Ni+1(L) and DimNi+1(L)/Ni (L) = 1 for each i .
Suppose that the Dim Z(L) = r . LetW1 =< {x1, x2, . . . , xr , xr+1} > be an r + 1-
dimensional vector space over F . Consider the linear transformation η1 onW1 given
byη1(xi ) = xi+1, i ≤ r andη1(xr+1) = 0.Evidently,ηr

1 �= 0butηr+1
1 = 0.Clearly,

{η1, η2
1, . . . η

r
1} is a linearly independent subset of EndW1. LetU1 denote the subspace

of EndW1 with basis {η1, η2
1, . . . η

r
1}. Evidently, U1 is an abelian Lie subalgebra of

gl(W1) which is isomorphic to the Lie subalgebra Z(L) of L . Thus, we get a faithful
finite-dimensional representation ρ1 of Z(L) on W1. Since N2(L) is nilpotent and
N2(L) = Z(L) � Fu2 for some u2 ∈ N2(L), from the previous theorem, we obtain
a finite-dimensional representation ρ2 of N2(L) such that ρ2 is faithful on Z(L).
Proceeding inductively, we obtain a finite-dimensional representation ρr of N (L)

such that ρ|Z(L) is faithful. Again, we have an ascending chain

N (L) = R1(L) ⊆ R2(L) ⊆ · · · ⊆ Rs(L) = R(L),

where R j (L) is an ideal of R j+1(L) and Dim R j+1(L)/R j (L) = 1 for each j .
Indeed, N (L) = N (R j (L)) for each j . Starting with ρr and using the previous
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theorem again and again, by the induction, we get a finite-dimensional representation
ρ of R(L)which agrees with ρr on N (L) and so it is faithful when restricted to Z(L).
Further, by theRadical splitting theoremdue toLevi (Theorem1.5.16), L = R(L) �
L1, where L1 is a semi-simple Lie algebra. Using the previous theorem, we obtain a
faithful finite-dimensional representation of L . �

Remark 3.1.24 It follows from the proof of the above theorem that we can find a
finite-dimensional faithful representation ρ of L such that ρ(x) is nilpotent for all
x ∈ N (L). Consequently, jL(x) ∈ R(< L >) for all x ∈ N (L).

Now, we shall establish the result for Lie algebras over fields of the characteristic p.

Theorem 3.1.25 (Iwasawa) Every finite-dimensional Lie algebra L over a field of
characteristic p �= 0 has a faithful finite-dimensional representation.

Before proving the theorem, we establish a few lemmas needed for the purpose.

Lemma 3.1.26 Let A be an associative algebra over a field of characteristic p �= 0.
Then ad(a)p

r = ad(a pr ) for each r ∈ N, where ad(a) is the linear transformation
on A given by ad(a)(x) = ax − xa.

Proof The following identity can be easily established by using induction on m:

(ad(a))m(x) =
m∑

i=0

(−1)i+1 mCi x
iaxm−i .

Putting m = pr and observing that pr Ci is divisible by p for all i �= 0, we obtain
the required result. �

Lemma 3.1.27 Let L be a finite-dimensional Lie algebra over a field of characteris-
tic p �= 0. Then for each a ∈ L, there is a p-polynomial ma(x) ∈ F[x] (a polynomial
of the form

α0x + α1x
p + α2x

p2 + · · · + αm−1x
pm−1 + x pm

is termed as a p-polynomial) such that ma( jL(a)) belongs to the center Z(U (L)) of
the universal enveloping associative algebra (U (L), jL) of L.

Proof Let a be a member of L . Let χ(x) denote the characteristic polynomial of
ad(a) ∈ gl(L). Then χ(ad(a)) = 0. Suppose that degχ(x) = Dim L = m. For
each i, 0 ≤ i ≤ m, there are polynomials qi (x) and ri (x) such that

x pi = χ(x)qi (x) + ri (x),

where degri (x) < m. Since the space of polynomials of degrees less than m is a
vector space of dimensionm, {r0(x), r1(x), . . . , rm(x)} is linearly dependent. Conse-
quently, there exist scalars α0, α1, . . . , αm not all zero such that

∑m
i=0 αi ri (x) = 0.

Let t be the largest such that αt �= 0. We may assume that αt = 1. Take
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ma(x) = α0x + α1x
p + α2x

p2 + · · · + αt−1x
pt−1 + x pt .

Then ma(x) = χ(x)
∑t

i=0 αi qi (x). Thus, ma(x) is a p-polynomial such that
ma(ad(a)) = 0 or equivalently,

(α0ad(a) + α1(ad(a))p + α2(ad(a))p
2 + · · · + αt−1(ad(a))p

t−1 + (ad(a))p
t
)(x) = 0

for all x ∈ L . Using the previous lemma, we obtain that

ad(α0a + α1a
p + α2a

p2 + · · · + αt−1a
pt−1 + a pt ) = 0

on L . By the PBW theorem, it follows that

[α0 jL (a) + α1 jL (a)p + α2 jL (a)p
2 + · · · + αt−1 jL (a)p

t−1 + jL (a)p
t
, jL (x)] = 0

for all x ∈ L . Since jL(L) generatesU (L), it follows thatma( jL(a)) ∈ Z(U (L)). �

Let L be a Lie algebra with an ordered basis B = {xi | i ∈ I }. Then by the
PBW theorem, the set { jL(xi1)m1 jL(xi2)

m2 · · · jL(xir )mr | i1 < i2 < · · · < ir ,m j ≥
0} of standard monomials forms a basis of the universal enveloping associa-
tive algebra (U (L), jL) of L . For each m ≥ 0, let U (L)(m) denote the subspace
F + jL(L) + jL(L)2 + · · · + jL(L)m of U (L), where jL(L)k is the subspace of
U (L) generated by the set of standard monomials jL(xi1)

m1 jL(xi2)
m2 · · · jL(xir )mr

with m1 + m2 + · · · + mr = k. We have the filtration

U (L)(0) ⊆ U (L)(1) ⊆ · · · ⊆ U (L)(m) ⊆ · · ·

of U (L). The following proposition follows from the PBW theorem and a clever
use of induction.

Proposition 3.1.28 Suppose that for each xi in an ordered basis B = {xi | i ∈ I } of
L, there is a natural number ni such that jL(xi )ni = jL(yi ) + jL(zi ), where jL(yi ) ∈
U (L)(ni−1) and jL(zi ) ∈ Z(U (L)). Then the set { jL(xi1)α1 jL(xi2)

α2 · · · jL(xir )αr

jL(zi1)
β1 jL(zi2)

β2 · · · jL(zir )βr | i1 < i2 < · · · < ir ,m j ≥ 0, 0 ≤ α j < ni j } also
forms a basis of U (L). �

Proof of the Iwasawa theorem. Let {x1, x2, . . . , xn} be an ordered basis of L . For
each xk , letmk(x) be the polynomial described in Lemma3.1.27 such thatmk( jL(xk))
belongs to the center Z(U (L)) ofU (L). Suppose that the degree ofmk(x) is ptk . Then
jL(xk)p

tk = jL(yk) + jL(zk), where jL(yk) ∈ U (L)p
mk−1 ⊆ U (L)(p

mk −1). From
the previous proposition, the set { jL(x1)α1 jL(x2)α2 · · · jL(xn)αn jL(z1)β1 jL(z2)β2 · · ·
jL(zn)βn | 0 ≤ αk < pmk } forms a basis of U (L). Let C be the ideal of U (L) gen-
erated by the set { jL(zk) | 1 ≤ k ≤ n}. Observe that { jL(x1)α1 jL(x2)

α2 · · · jL(xn)αn |
0 ≤ α j < pm j } forms a basis U (L)/C . It also follows that the map χ from L to
the Lie algebra (U (L)/C)L given by χ(a) = jL(a) + C is an injective Lie algebra
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homomorphism. As such, it is a faithful finite-dimensional representation of L . �We
obtain the following corollary.

Corollary 3.1.29 Every finite-dimensional Lie algebra over a field F is isomorphic
to a Lie subalgebra of gl(n, F) for some n. �

Remark 3.1.30 There is no connection between the structure of a Lie algebra over
a field of characteristic p �= 0 and the complete reducibility of its representations.
Indeed, every finite-dimensional Lie algebra over a field of characteristic p �= 0 has
a faithful finite-dimensional completely reducible representation and also it has a
faithful finite-dimensional representation which is not completely reducible.

Exercises

3.1.1. Show that every finite-dimensional Lie algebra over a field F is isomorphic
to a Lie subalgebra of sl(n, F) for some n.

3.1.2. Let ρ be a faithful finite-dimensional representation on V of a finite-
dimensional Lie algebra L over a field of characteristic 0. Consider the ten-
sor power representation ⊗rρ of L on ⊗r V . Let Ar denote the kernel of the
induced associative algebra homomorphismU (⊗rρ) fromU (L) to gl(⊗r V ).
Show that

⋂∞
r=0 Ar = {0}.

3.1.3. Show that any finite-dimensional Lie algebra over a field of characteristic
p �= 0 has an indecomposable finite-dimensional representation of arbitrarily
high degree.

3.1.4. Let L be a Lie algebra over a field of characteristic p �= 0 with an ordered
basis {x1, x2, . . . , xm}. Let jL(zk) = mk( jL(xk)) be a member of Z(U (L))

as described in the proof of the Iwasawa theorem. Let A denote the ideal of
U (L) generated by the set { jL(z1)2, jL(z2), . . . , jL(zk), . . . , jL(zm)}. Show
that U (L)/A is not a semi-simple L-module. Deduce that every finite-
dimensional Lie algebra over a field of characteristic p �= 0 has a faithful
finite-dimensional representation which is not completely reducible.

3.2 Cyclic Modules and Weights

This is a small section in which we shall be concerned with cyclic modules over
semi-simple Lie algebras. All Lie algebras are assumed to be over the complex field
C (or over any algebraically closed field of characteristic 0).

Let L be a semi-simple Lie algebra. Let V (not necessarily finite dimensional) be
an L-module. Let H be a Cartan subalgebra of L . Let λ be amember of the dual space
H � of H . Let Vλ = {v ∈ V | h · v = λ(h)v ∀ h ∈ H}. Vλ may be {0}. If Vλ �= {0},
then it is called a weight space of the L-module V and λ is called the corresponding
weight. If we consider L as an L-module through the adjoint action, then the weight
spaces are precisely the root spaces Lα and weights are precisely roots α ∈ 
. If V is
a finite-dimensional vector space, then it is the direct sum ⊕∑

λ∈H � Vλ of its weight
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spaces. However, if V is infinite dimensional, then it need not be sum of its weight
spaces (Example 3.2.4).

Proposition 3.2.1 Let V be a simple L-module with a weight space. Then V is the
direct sum of its weight spaces.

Proof Let W be the sum of its weight spaces. Under the hypothesis, W �= {0}.
Clearly, h(W ) ⊆ W for all h ∈ H . Let x ∈ Lα , where α ∈ 
. Let Vλ be a weight
space. Let v ∈ Vλ. Then h · (x · v) = x · (h · v) + [h, x] · v = λ(h)x · v +
α(h)x · v = (λ + α)(h)x · v. This shows that x · v belongs toVλ+α ⊆ W . SinceW is
the sumofweight spaces and L = H ⊕ (⊕∑

α∈
 Lα), it follows thatW is a nonzero
L-submodule. SinceV is simple,W = V . Further, sinceVλ

⋂∑
μ∈H �−{λ} Vμ = {0}

for all λ ∈ H �, it follows that V is the direct sum of its weight spaces. �

Proposition 3.2.2 Let V be a simple L-module and H a Cartan subalgebra of L.
Then the following conditions are equivalent:

(i) V has a weight space (nonzero).
(ii) U (H)v is finite dimensional for all v ∈ V .
(iii) < {1, jH (h)} > v is finite dimensional for all v ∈ V and h ∈ H, where <

{1, jH (h)} > is the subalgebra of U (H) generated by {1, jH (h)}.
Proof ((i) ⇒ (i i)). Assume (i). It follows from the previous proposition that V is
the direct sum of its weight spaces. As such, it is sufficient to show that U (H)v is
finite dimensional whenever v ∈ Vλ for some λ. Evidently, U (H)v ⊆< {λ(h)(v) |
h ∈ H} >. Since H is finite dimensional, U (H)v is finite dimensional.

((i i) ⇒ (i i i)) is evident.
((i i i) ⇒ (i)). Assume (iii). Then the subspace

∑l
i=1 < {1, jH (hi )} > v is a

nonzero finite-dimensional H -module, where {h1, h2, · · · , hl} is a basis of H . Hence
it has a nonzero weight space. �

Let H be a Cartan subalgebra of L and 
 be the root system associated with H .
Let � be a basis of 
. Let V be an L-module. A nonzero vector v+ ∈ Vλ is called a
maximal vector (with weight λ) of the L-module V relative to � if for each α ∈ �,
Lα · v+ = {0} and h · v+ = λ(h)v+. Equivalently, v+ is a maximal vector of V
of weight λ if jL(Lα)v+ = 0 and jL(h)v+ = λ(h)v+ for all α ∈ � and h ∈ H .
Thus, if L is a simple Lie algebra and α+ is a maximal root of 
 relative to �, then
any nonzero member of the root space Lα+ is a maximal vector of the L-module L .
Evidently, in this case all maximal vectors are of this type.

Proposition 3.2.3 Every finite-dimensional L-module has a maximal vector.

Proof Let V be a finite-dimensional L-module. Then V is also a finite-dimensional
B(�)-module, where B(�) = H ⊕ (⊕∑

α>0 Lα) is the standard Borel subalgebra
related to the basis � of 
. Since B(�) is solvable, by the theorem of Lie, there is a
common eigenvector v+ ∈ V of members of B(�). We show that v+ is a maximal
vector. We have a λ ∈ H � such that hv+ = λ(h)v+ for all h ∈ H . Suppose that
xα ∈ Lα , α > 0. Then there is a μ(α) ∈ F such that xαv+ = μ(α)v+. Now,
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μ(α)λ(h)v+ = hμ(α)v+ = h(xαv+) = [h, xα]v+ + xα(hv+)

= α(h)xαv+ + λ(h)xαv+ = (λ(h) + α(h))μ(α)v+.

Since v+ �= 0, (λ(h) + α(h))μ(α) = λ(h)μ(α) for all α > 0 and h ∈ H . Again,
since α > 0, μ(α) = 0 for all α > 0. This shows that xαv+ = 0 for all α > 0. �

However, the following example asserts that if V is an infinite-dimensional L-
module, then it need not have any nonzero weight space and so it has no maximal
vector.

Example 3.2.4 Take L to be sl(2,C) with standard basis {x, y, h}, where x =
e12, y = e21 and h = e11 − e22. Since jL(x) is non-nilpotent andU (L) is without
zero divisors, 1 − jL(x) is non-invertible inU (L). Consequently, by Krull’s theorem
(note that U (L) is with identity), there is a maximal left ideal I of U (L) which
contains 1 − jL(x). Consider the simpleU (L) (and so also L)-moduleV = U (L)/I .
Using induction on r and s, we can easily establish that

(1 − jL(x))
r jL(h)s ≡ 0(mod I )

whenever s < r and

(1 − jL(x))
r jL(h)r ≡ r !2r (mod I ).

Consider the set X = { jL(h)m | m ≥ 0}. Suppose that
∑t

i=0 ai ( jL(h)mi + I ) =
I , m1 < m2 < · · · < mt . It follows from the above identities that (1 − jL(x))mt

(
∑

i<t ai jL(h)mi ) ∈ I whereas (1 − jL(x))mt jL(h)mt /∈ I . Thus, at = 0. Proceed-
ing inductively, we see that ai = 0 for all i . This shows that X is linearly independent
and hence V is infinite dimensional. Further, since V is simple (for I is maximal left
ideal) and U (L)h is infinite dimensional, it follows from Proposition 3.2.2 that V
has no nonzero weight space and so it has no maximal vector also.

In what follows, L is a semi-simple Lie algebra, H is a Cartan subalgebra of
L , 
 is the root system associated with H , and � is a given basis of 
. Let v+
be a maximal vector with weight λ in an L-module V . Since L-submodules of V
are precisely U (L)-submodules of V (x · v = jL(x) · v), the L-submodules of V
generated by v+ are precisely U (L)v+.

Definition 3.2.5 An L-module V is said to be a StandardCyclicModule of weight
λ if V = U (L)v+, where v+ is a maximal vector with weight λ.

Thus, sl(2,C) = U (sl(2,C))e12 is a standard cyclic sl(2,C)-module with e12
as a maximal vector with weight λ, where λ(h) = 2.

Theorem 3.2.6 Let V = U (L)v+ be a standard cyclic L-module with maximal
vector v+ and weight λ. Let 
+ denote the set {β1, β2, · · · , βr } of positive roots of

 relative to the base � = {α1, α2, · · · , αl}. Then the following hold:

(i) V is generated as a vector space by the set
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{( jL(yβ1))
m1( jL(yβ2))

m2 · · · ( jL(yβr ))
mr v+ | mi ∈ N

⋃
{0}}.

Further, V = ⊕∑
μ≤λ Vμ is the direct sum of its weight spaces. The weights of

V are nonzero members of the type λ − ∑l
i=1 aiαi , ai ≥ 0. In particular, λ is the

highest weight of V = U (L)v+.

(ii) For each μ ∈ H �, Vμ is finite dimensional and DimVλ = 1.
(iii) V is indecomposable with a unique maximal submodule.
(iv) All nontrivial homomorphic images and nontrivial quotients of V are also stan-

dard cyclic modules with weight λ.

Proof (i). Using the Cartan decomposition, L = N− ⊕ B(�), where N− =
⊕α<0Lα . From the PBW theorem and its consequence, it follows that U (L) =
U (N−)U (B(�)). Since v+ is a common eigenvector of B(�),U (B(�))v+ = Fv+.
Thus, U (L)v+ = U (N−)Fv+. Again, using the PBW theorem, we see that
{( jL(yβ1))

m1( jL(yβ2))
m2 · · · ( jL(yβr ))

mr | mi ∈ N
⋃{0}} is a basis of U (N−). This

shows that V is generated as a vector space by the set

{( jL(yβ1))
m1( jL(yβ2))

m2 · · · ( jL(yβr ))
mr v+ | mi ∈ N

⋃
{0}}.

The rest of the assertions in (i) follows if we observe that ym1
β1

ym2
β2

· · · ymr
βr

· v+ has
weight λ − ∑r

k=1 mkβk , where each βk is a nonnegative linear combination of mem-
bers of �.

(ii) Evidently, for each μ = λ − ∑l
i=1 aiαi , there are only finitely many vectors

of the type ym1
β1

ym2
β2

· · · ymr
βr

· v+ such that λ − ∑r
k=1 mkβk = μ. This means that Vμ

is finite dimensional and Vλ = Fv+.
(iii) Suppose that V = U ⊕ W is the direct sum of L-submodules. We need

to show that v+ ∈ U or v+ ∈ W . Suppose not. Then v+ = u + w, where u ∈ U ,
w ∈ W , and {u, w} is linearly independent. Since v+ is a common eigenvector of
B(�), for each x ∈ B(�) − {0}, there is a scalar ax �= 0 such that xu + xw =
xv+ = axv+ = axu + axw. Since {u, w} is linearly independent, xu = axu and
xw = axw. Consequently, u andw are bothmaximal vectors. This is a contradiction,
since Dim Vλ = 1. This shows that V is indecomposable. Finally, the sum of weight
spaces different from Vλ is the unique maximal proper submodule.

(iv) It is immediate. �

Corollary 3.2.7 Let V be a standard cyclic simple L-module. If v+ and w+ are
maximal vectors with weights λ and λ′, respectively, then there is a nonzero scalar
a such that w+ = av+ and λ = λ′.

Proof Since V is simple, U (L)v+ = V = U (L)w+. From the part (ii) of the
above theorem, λ′ ≤ λ and λ ≤ λ′. This means that λ = λ′. Since DimVλ = 1,
there is a nonzero scalar a such that w+ = av+. �

Now, for each λ ∈ H �, we construct and describe the standard cyclic L-modules with
the highest weight λ. We also describe the standard cyclic simple L-module with the
highest weight λ which is unique up to isomorphism.
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Observe that any standard cyclic L-module U (L)v+ of maximal weight λ is also
a B(�)-module of which Fv+ is a one-dimensional B(�)-submodule. This prompts
us to construct standard cyclic L-modules as follows.

Let λ be a given member of H � − {0}. Treat F as a vector space over F . Define
the external multiplication · from B(�) × F to F by

(

h +
∑

α>0

xα

)

· a = λ(h)a,

a ∈ F . It follows easily that F is a one-dimensional B(�)-module. In turn, we have
a U (B(�))-module structure on F given by

jB(�)

(

h +
∑

α>0

xα

)

· a = λ(h)a,

a ∈ F . Now, U (L) is a (U (L),U (B�)) bi-module, since U (B(�)) is a subalgebra
of U (L). This gives us the induced U (L)-module

U (L) ⊗U (B(�)) F = U (L)(1 ⊗ 1) = U (L)(1 ⊗ a), a �= 0.

Note that 1 ⊗ 1 �= 0, since U (L) is a free U (B(�))-module. Further, for α > 0,

jL(xα)(1 ⊗ 1) = jL(xα) ⊗ 1 = 1 ⊗ jB(�)(xα) · 1 = 1 ⊗ λ(0)1 = 1 ⊗ 0 = 0.

Also,
jL(h)(1 ⊗ 1) = jL(h) ⊗ 1 = 1 ⊗ λ(h)1 = λ(h)(1 ⊗ 1).

This shows that 1 ⊗ 1 (so also 1 ⊗ a, a �= 0) is a maximal vector of the U (L)-
module U (L)(1 ⊗ 1) with the highest weight λ. Thus, U (L)(1 ⊗ 1) is a standard
cyclic module with the highest weight λ. We denote it by Z(λ). The map χ from
U (L) to Z(λ) defined by χ(u) = u ⊗ 1 is easily seen to be a surjective U (L)-
module (so also L-module) homomorphism. The Kerχ is a proper left ideal of
U (L) generated by the set { jL(xα) | α > 0}⋃{ jL(h) − λ(h)1 | h ∈ H}. We denote
the Kerχ by I (λ). Thus, the module Z(λ) is isomorphic to U (L)/I (λ).

Proposition 3.2.8 The module Z(λ) is universal in the sense that for any standard
cyclic L-module V = U (L)v0 with maximal vector v0 of the highest weght λ, there
is a unique surjectiveU (L)-homomorphismψ from Z(λ) to V such thatψ(1 ⊗ 1) =
v0.

Proof Consider the map ψ from U (L) × F to V given by ψ(u, a) = auv0, u ∈
U (L), a ∈ F . Clearly, ψ is a balanced map and also ψ(uw, a) = u · ψ(w, a).
Hence ψ induces a U (L)-homomorphism ψ from Z(λ) = U (L) ⊗B(�) F to V
which is given by ψ(u ⊗ a) = auv0. Evidently, ψ(1 ⊗ 1) = v0. Further, such a
ψ is unique, since Z(λ) is generated by 1 ⊗ 1 and V is generated by v0. �
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Corollary 3.2.9 An L-module V �= {0} is a standard cyclic L-module of weight λ

if and only if it is a homomorphic image of Z(λ).

Proof If V �= {0} and φ is an epimorphism from Z(λ) to V , then it is easily observed
that φ(1 ⊗ 1) is a maximal vector of weight λ which generates V . �

Theorem 3.2.10 For each λ ∈ H � − {0}, there is a unique (up to isomorphism)
standard cyclic simple module of the highest weight λ.

Proof Z(λ) ≈ U (L)/I (λ), where I (λ) is a proper left ideal of U (L) as described
before. By Krull’s theorem, I (λ) is contained in a maximal left ideal M(λ) ofU (L).
Clearly, V (λ) = U (L)/M(λ) is a simple U (L)-module which is a homomorphic
image of Z(λ). From the previous corollary, V (λ) is a simple standard cyclic module
of the highest weight λ.

Next, we show that any two standard cyclic simple modules of the highest weight
λ are isomorphic. Let V andW be two standard cyclic simple modules of the highest
weight λ. Consider the L-module P = V ⊕ W . Let v+ be amaximal vector of V and
w+ be that of W . The vector x+ = (v+, w+) of V ⊕ W is also a maximal vector
with weight λ. Let Q be the L-submodule of P generated by x+. The projection
maps p1 and p2 restricted to Q are surjective homomorphisms from Q to V and
from Q to W , respectively. Now, Kerp2 = V × {0}⋂ Q is an L-submodule of
V × {0}. Since V is simple, V × {0}⋂ Q is V × {0} or it is {(0, 0)}. Suppose that
V × {0}⋂ Q is V × {0}. Then (v+, 0) = a(v+, w+). This leads to a contradiction.
Thus, p2 is injective. Similarly, p1 is injective. This means that W ≈ Q ≈ V . This
shows that V and W are isomorphic. �

A natural question, now, is to look at those λ ∈ H � − {0} for which the simple
standard cyclic module V (λ) is finite dimensional and then to find the weight spaces
with their multiplicities.

Let V be a finite-dimensional simple L-module. Then V has a maximal vector
and any two maximal vectors have the same weight λ (say). Indeed, then, V is the
standard cyclic simple L-module V (λ) as described above. Let α ∈ � be a simple
root and Sα the Lie subalgebra of L generated by {xα, yα}. Then Sα is a simple Lie
algebra isomorphic to sl(2, F). Evidently, V is also a Sα-module and has a maximal
vector with maximal weight λ. Consequently (cf. Theorem 1.4.28), we have the
following proposition:

Proposition 3.2.11 Let V = V (λ) be a simple L-module. Let μ be a weight of V
and α ∈ � be a root. Then μ(hα) = ≺ μ, α � is an integer. �

Thus, the weights appearing in a finite-dimensional simple L-module can also be
treated as abstract weights discussed in Sect. 2.4, and the results in that section can be
used in this situation also. The set of weights of an L-module V is denoted by �(V ),
and the lattice generated by �(V ) is denoted by �(V ). Weights in this situation
are also termed as integrals. A member λ ∈ H � such that λ(hα) = ≺ λ, α �∈ Z

for each α ∈ 
 is called an integral. Thus, weights are integrals. Further, the set
�univ of all integrals forms a lattice generated by the set {λ1, λ2, . . . , λl} (dual to the
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basis {αν
1 = 2α1

<α1,α1>
, αν

2 = 2α2
<α2,α2>

, · · · , αν
l = 2αl

<αl ,αl>
} of H �) of fundamental

weights (integrals). A dominant weight is also called a dominant integral. The set
of dominant integrals in V is denoted by �+(V ). �(V (λ)) is also denoted by �(λ)

and �+(V (λ)) by �+(λ). We have already seen (see Sect. 2.4, theory of weights in
Euclidean spaces) that

�univ ⊇ �r ,

where �r is the lattice generated by the root system 
. The fundamental group
�univ/�r is a finite group whose order is the determinant of the Cartan matrix.
Further, let V be an L-module, then since≺ μ, α � is an integer for eachμ ∈ �(V ),
it follows that �(V ) ⊆ �univ . If in addition V is a faithful L-module, then for each
α ∈ 
, LαV �= {0}. Hence, there is a μ ∈ �(V ) such that LαVμ �= {0}. This means
that μ + α ∈ �(V ). In turn, α ∈ �(V ). Thus, if V is a faithful L-module, then

�r ⊆ �(V ).

For example, if L = sl(2, F)with
 = {α,−α}, then�r = Zα, whereas�univ =
Zλ = Z

α
2 .

Lemma 3.2.12 Let L be a semi-simple Lie algebra, H a Cartan subalgebra of L,

 the corresponding root system, and � = {α1, α2, . . . , αl} a basis of 
. Then in
the universal enveloping algebra U (L), the following identities are satisfied for all
i, j; 1 ≤ i, j ≤ l and k ≥ 0:

(i) [ jL(xαi ), jL(yα j )
k+1] = 0, i �= j ,

(ii) [ jL(hαi ), jL(yα j )
k+1] = −(k + 1)α j (hαi ) jL(yα j )

k+1, and
(iii) [ jL(xαi ), jL(yαi )

k+1] = −(k + 1) jL(yαi )
k(k · 1 − jL(hαi )), where 1 repre-

sents the identity of U (L) and [u, v] = uv − vu, u, v ∈ U (L).

Proof Let us first recall that jL is injective Lie algebra homomorphism from L to
U (L)L . The proof in each case is by the induction on k.

(i) For k = 0, [ jL(xαi ), jL(yα j )] = jL([xαi , yα j ]) = 0 for i �= j . Assume the
identity for k. Then [ jL(xαi ), jL(yα j )

k+1] = 0. Now,

[ jL(xαi ), jL(yα j )
k+2] =

[ jL(xαi ), jL(yα j )
k+1] jL(yα j ) + jL(yα j )

k+1[ jL(xαi ), jL(yα j )] = 0.

This proves (i).
(ii) For k = 0,

[ jL(hαi ), jL(yα j )] = jL([hαi , yα j ]) = jL(−α j (hαi )yα j ) = −α j (hαi ) jL(yα j ).

Assume the identity for k. Then

[ jL(hαi ), jL(yα j )
k+1] = −(k + 1)α j (hαi ) jL(yα j )

k+1.
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Now, as in (i),

[ jL (hαi ), jL (yα j )
k+2] =

[ jL (hαi ), jL (yα j )
k+1] jL (yα j ) + jL (yα j )

k+1[ jL (hαi ), jL (yα j )] =
−(k + 1)α j (hαi ) jL (yα j )

k+2 − α j (hαi ) jL (yα j )
k+2 = −(k + 2)α j (hαi ) jL (yα j )

k+2.

This proves (ii).
(iii) For k = 0,

[ jL (xαi ), jL (yαi )] = jL ([xαi , yαi ]) = jL (hαi ) = −(0 + 1) jL (yαi )
0(0 · 1 − jL (hαi )).

Thus, the identity holds for k = 0. Assume the result for k. Then

[ jL(xαi ), jL(yαi )
k+1] = −(k + 1) jL(yαi )

k(k · 1 − jL(hαi )).

As before,

[ jL(xαi ), jL(yαi )
k+2] =

[ jL(xαi ), jL(yαi )
k+1] jL(yαi ) + jL(yαi )

k+1[ jL(xαi ), jL(yαi )] =
−(k + 1) jL(yαi )

k(k · 1 − jL(hαi )) jL(yαi ) + jL(yαi )
k+1 jL(hαi ) =

−(k + 2) jL(yαi )
k+1((k + 1) · 1 − jL(hαi )).

This proves (iii). �

The set of weights of an L-module V is denoted by �(V ). For a dominant integral
λ ∈ H+, we have L-module V (λ). �(V (λ)) is also denoted by �(λ).

Theorem 3.2.13 Let L be a finite-dimensional semi-simple Lie algebra and H a
Cartan subalgebraof L. Let
be theassociated root systemand� = {α1, α2, . . . , αl}
a basis of 
. Let λ ∈ H � be a dominant integral. Then the L-module V (λ) is finite
dimensional and the Weyl group W (
) permutes the set �(λ) of weights of V (λ).
Further, Dim Vμ = Dim Vσ(μ) for all σ ∈ W (
) and μ ∈ �(λ).

Proof V (λ) has a nonzero weight space V (λ)λ which is of dimension 1. By Propo-
sition 3.2.1, V (λ) is the direct sum of its weight spaces. Since all weight spaces
are finite dimensional, to show that V (λ) is finite dimensional, it is sufficient
to show that the set �(λ) of weights of V (λ) is finite. Further, it follows from
the discussions in Sect. 2.4 of Chap.2 that for any dominant integral μ, the set
{ν | ν is dominant integral wi th ν < μ} is finite. Again, since σ(μ) < μ

for all σ ∈ W (
), it is sufficient to show that W (
) permutes �(λ) and also
DimV (λ)σ(μ) = DimV (λ)μ. Now, we proceed to prove this in the following four
steps. Let v+ be a maximal vector. Then for each i , ai = λ(hαi ) ∈ Z. Since λ is a
dominant integral, ai ≥ 0 for all i .

Step 1: jL(yα j )
a j+1 · v+ = 0 for each j : Put w = jL(yα j )

a j+1 · v+. Then by
Lemma 3.2.12 (i), for i �= j ,
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jL(xαi ) · w = jL(xαi ) jL(yα j )
a j+1 · v+ = [ jL(xαi ), jL(yα j )

a j+1](v+) = 0,

since jL(xαi )v
+ = 0. Further, by Lemma 3.2.12 (ii, iii),

jL(xα j ) jL(yα j )
a j+1 · v+ = [ jL(xα j ), jL(yα j )

a j+1](v+) =
− (a j + 1) jL(yα j )

a j (a jv
+ − λ(hα j )v

+) = 0.

This implies that jL(xα j ) · w = 0. Thus, w = 0, for if not, it is a maximal vector
in V (λ) with weight λ − (a j + 1)α j �= λ.

Step 2: For each j , V (λ) is the direct sum of finite dimensional Sα j -modules: Let
V0 denote the sum of all finite-dimensional Sα j -modules. LetW be the subspace of V
generated by the set {v+, jL(yα j ) · v+, . . . , jL(yα j )

a j · v+}. It follows from Lemma
3.2.12 that W is a nonzero Sα j -module. Thus, V0 is a nonzero Sα j -module. If W ′ is
any finite-dimensional Sα j -module, then ⊕∑

α∈
 LαW ′ is also a finite-dimensional
Sα j -module. Thus, V0 is an L-submodule of V (λ). Since V (λ) is simple, it follows
that that V0 = V (λ).

Step 3: For each j , ρ(xα j ) and ρ(yα j ) are locally nilpotent, where ρ is the rep-
resentation afforded by the L-module structure on V (λ): It follows from Step 2 that
every element v ∈ V (λ) belongs to a finite-dimensional Sα j -module W . Evidently,
ρ(xα j ) and ρ(yα j ) are nilpotent on W .

Final Step: It follows from Step 3 that for each j ,
χ j = exp(ρ(xα j ))exp(ρ(−yα j )exp(ρ(xα j ))makes sense and it is an automorphism
of V (λ). Ifμ ∈ �(λ), then V (λ)μ is finite dimensional, and it is contained in a finite-
dimensional Sα j -module. Consequently, χ j (V (λ)μ) = V (λ)σ(α j )(μ). Since W (
)

is generated by the simple reflections, it follows that W (
) permutes �(λ) and
DimV (λ)σ(μ) = DimV (λ)μ. �

Remark 3.2.14 Consider V (λ), where λ ∈ �+. Let μ ∈ �(λ) and α ∈ 
. Then
the subspace W = ∑

i∈Z V (λ)μ+iα of V (λ) is a Sα-module. It follows from the
representation theory of sl(2, F) that we have a connected α-string {μ + iα,−r ≤
i ≤ q} through μ, where r − q = ≺ μ, α �. Thus, μ ∈ �(λ) if and only if μ ≤ λ.
In other words, �(λ) is saturated.

Exercises

3.2.1. Describe the sl(2,C)-module Z(λ) and the simple sl(2,C)-module V (λ),
where λ(h) = 4.

3.2.2. Describemaximal vectors andmaximal weights of the natural representations
of the Lie algebras sl(l + 1,C), sp(2l,C), o(2l + 1,C), and also o(2l,C).

3.2.3. For a fixed m ∈ N, show that the set {λ ∈ H � | DimV (λ) ≤ m} is finite.
Deduce that the set of isomorphism classes of L-modules of dimensions at
the most m is finite.

3.2.4. Suppose that Z(λ) has a maximal vector of weight μ. Show that Z(μ) is
isomorphic to a submodule of Z(λ).
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3.2.5. Let L , H,
, and� be as usual. Let λ,μ be members of H �. Describe a basis
of Z(λ)μ. Conclude that the dimension of Z(λ)μ is the number of distinct sets
{aα ≥ 0 | α > 0} of nonnegative integers for which λ − μ = ∑

α>0 aαα.

3.3 Characters and Harish-Chandra’s Theorem

In group representations, characters play a very important and crucial role. Indeed,
two group representations over algebraically closed fields of characteristic 0 are
equivalent if and only if their characters are the same (cf. Algebra 2, Corollary
9.3.9). Here, we introduce the notion of characters of representations of semi-simple
Lie algebras, develop its theory, and see as to how far it classifies representations.
Our aim in this section is to establish the theorem of Harish-Chandra.

Let λ ∈ �+ be a dominant integral and μ ∈ H �. Consider the L-module V (λ).
The DimV (λ)μ is termed as the multiplicity m(μ) of μ in V (λ). If V (λ)μ = {0},
then the multiplicity of μ is 0. As usual Z(�) denotes the integral group ring on the
group �. Thus, Z(�) consists of the set of all functions r from � to Zwhich are 0 at
all but finitely many members of �. The addition is coordinate-wise and the product
r · s is given by (r · s)(μ) = ∑

ρ+η=μ r(ρ)s(η). Clearly, Z(�) is a commutative
ring with identity. The group � can be identified with a subgroup of the group of
units of Z(�) through the embedding e from � to Z(�) given by e(λ)(μ) = 0
if μ �= λ and e(λ)(λ) = 1. e(0) is the identity of Z(�) which is denoted by 1.
Note that the additive group (Z(�),+) is simply the free abelian group on e(�).
Further, any nonzero element r of Z(�) is uniquely determined by a finite subset
J of � together with the set {aλ ∈ N | λ ∈ J } in the sense that r = ∑

λ∈J aλe(λ).
In general, we write an element in Z(�) as

∑
λ∈� aλe(λ), where it is understood

that it is a finite sum. Evidently, W (
) acts as automorphisms of Z(�). Indeed, if
r = ∑

λ∈� aλe(λ), then σ(r) = ∑
λ∈� aλe(σ (λ)).

For each dominant integral λ, we have a unique member ChV (λ) of Z(�) given
by

ChV (λ) =
∑

μ∈�(λ)

mλ(μ)e(μ).

This member ChV (λ) is called the formal character of V (λ). In short, we denote
ChV (λ) by Chλ. Thus, if L = sl(2, F) and � = {α}, where α(h) = 2, then for
any λ ∈ �+,

Chλ = e(λ) + e(λ − α) + · · · + e(λ − mα),

where m = ≺ λ, α �.
Next, byWeyl’s theorem, anyfinite-dimensional L-moduleV has a unique decom-

position
V = V (λ1) ⊕ V (λ2) ⊕ · · · ⊕ V (λr ), λi ∈ �+
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as simple modules. The formal character ChV of V is defined by

ChV = Chλ1 + Chλ2 + · · · + Chλr .

Since W (
) acts on the weight spaces of simple modules, Chλ is invariant under
W (
) for each λ ∈ �+.

Proposition 3.3.1 Let r = ∑
λ∈� r(λ)e(λ) be a member ofZ(�) such that σ(r) =

r for each σ ∈ W (
). Then there is a unique finite subset J of �+ and set {a(λ) ∈
N | λ ∈ J } such that r = ∑

λ∈J a(λ)Chλ.

Proof It follows from the hypothesis that

r =
∑

λ∈�

r(λ)e(λ) =
∑

λ∈�+
r(λ)

∑

σ∈W (
)

e(σ (λ)).

Let Ar denote the set {λ ∈ �+ | r(λ) �= 0}. Consider the set M(r) = ⋃
λ∈Ar

{μ ∈
�+ | μ < λ}. Evidently,M(r) is finite (Lemma2.4.34). Theproof is by the induction
on the cardinality | M(r) | of M(r). Suppose that | M(r) | = 1. Then there is only
one dominant weight λ appearing in the expression for r . Consequently,

r = r(λ)
∑

σ∈W (
)

e(σ (λ)) = r(λ)Chλ.

Thus, the result holds when | M(r) | = 1. Assume the result for all s ∈ Z(�) sat-
isfying the hypothesis for which | M(s) | < | M(r) |, where r = ∑

λ∈� r(λ)e(λ)

which satisfies the hypothesis. Let λ ∈ �+ be the largest such that r(λ) �= 0. Then
r ′ = r − r(λ)Chλ is such that σ(r ′) = r ′ for all σ ∈ W (
) and M(r ′) < M(r).
By the induction hypothesis, there is a unique finite subset J ′ of �+ and the set
{a(μ) ∈ N | μ ∈ J ′} such that r ′ = ∑

μ∈J ′ a(μ)Chμ. Clearly,

r =
∑

μ∈J ′
a(μ)Chμ + r(λ)Chλ.

The rest of the assertion is easily observed by using the fact thatZ(�) is a free abelian
group on �. �

Corollary 3.3.2 ChV = ChW if and only if V ≈ W. �

Corollary 3.3.3 ChV⊕W = ChV + ChW and ChV⊗W = ChV � ChW , where �

is the convolution product.

Proof The first part is evident. For the second, observe that the weights of V ⊗ W
are of the form λ + μ, where λ is a weight of V and μ is a weight of W . Clearly, the
multiplicity m(λ + μ) of λ + μ in V ⊗ W is m(λ)m(μ). �
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The tensor algebra

T (V ) = F ⊕ V ⊕ ⊗2V ⊕ · · · ⊕ ⊗nV ⊕ · · ·

of a vector space V , where ⊗nV = V ⊗ V ⊗ · · · ⊗ V︸ ︷︷ ︸
n

. The product in T (V ) is

obtained by extending linearly the partial product given by

(xi1 ⊗ xi2 ⊗ · · · ⊗ xir ) · (y j1 ⊗ y j2 ⊗ · · · ⊗ y js ) =
xi1 ⊗ xi2 ⊗ · · · ⊗ xir ⊗ y j1 ⊗ y j2 ⊗ · · · ⊗ y js .

Indeed, if V is a finite-dimensional vector space with {e1, e2, . . . , en} as a basis,
then T (V ) is isomorphic to the polynomial algebra over F in non-commuting set
{x1, x2, . . . , xn} of variables which is in bijective correspondence with a basis of
V . Further, the symmetric algebra S(V ) of V is T (V )/A, where A is the ideal
of T (V ) generated by {x ⊗ y − y ⊗ x | x, y ∈ V }. Consequently, the symmetric
algebra is isomorphic to the polynomial algebra F[x1, x2, . . . , xn] in commuting
{x1, x2, . . . , xn} variables. The following lemma will be used in our discussion.

Lemma 3.3.4 Any polynomial in F[x1, x2, . . . , xn] is expressible as a linear com-
bination of powers of linear polynomials. Indeed, if f (x1, x2, . . . , xn) is of degree
d, then it can be expressed as a linear combination of the set {(a1x1 + a2x2 + · · · +
anxn)t | ai ∈ Z, t ≤ d}.
Proof It is sufficient to show that eachmonomial xi11 x

i2
2 · · · xinn is a linear combination

of powers of linear polynomials. The proof is by the induction on n. If n = 1, then
there is nothing to do. Assume that the result is true for n. Consider xi11 x

i2
2 · · · xin+1

n+1. If
i1 = 0, then the result follows by the induction hypothesis. Suppose that i1 �= 0. By
the induction hypothesis, xi22 x

i3
3 · · · xin+1

n+1 is a linear combination of powers of inte-
gral linear polynomials in x2, x3, . . . , xn+1. It is sufficient, therefore, to show that
xi11 g(x2, x3, · · · xn+1)

j1 is a linear combination of powers of integral linear combi-
nation of x1 and g(x2, x3, . . . , xn+1). Put y1 = g(x2, x3, . . . , xn+1). Suppose that
i1 + j1 = m. Let W be the space of polynomials in x1 and y1 of the degree at the
most m. Then the dimension of W is m + 1. Let a1, a2, . . . , am be distinct integers
in F (characteristic F is 0). Consider the (m + 1) × (m + 1) Vandermonde matrix
A whose first row entries are 1, and the (r+1)th row is (x1 + ar y1)r . Evidently, A is
non-singular and {Ae1, Ae2, . . . , Aem+1} generatesW . The result follows, since Aei
are powers of integral linear polynomials. �

Let L be a semi-simple Lie algebra, H a Cartan subalgebra, and
 the associated root
systemwith� = {α1, α2, . . . , αl} a basis of
. It follows from the above lemma that
S(H �) is the linear span of the set {λk | λ ∈ �, k ∈ N

⋃{0}}, where � is the group
of lattices in H � generated by�. Thus, the action ofW (
) on H � can be extended to
S(H �) in a natural manner. The subalgebra S(H �)W (
) = { f ∈ S(H �) | σ( f ) =
f ∀ σ ∈ W (
)} of S(H �) is called the the algebra of W (
)-invariant polynomials
on H .
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Example 3.3.5 Consider L = sl(2, F). ThenH =< h >,H � =< α >, S(H �) =
F[λ], where λ = α

2 is the fundamental dominant weight. Since σα(λ) = −λ, it
follows that S(H �)W (
) = F[λ2]. More generally, since all λ ∈ � are conjugate to
a member of �+, it follows that

⋃
λ∈�+(

⋃
k≥0 W (
)(λk)) generates S(H �)W (
) as

a vector space.

Next, consider L . If ρ ∈ GL(L) and f ∈ S(L), then the map ρ · f given by (ρ ·
f )(x) = f (ρ−1(x)) is a member of S(L). Thus, GL(L) acts on S(L). In particular,
the subgroup G of GL(L) generated by the set {exp(ad(x)) | ad(x) is nilpotent}
also acts on S(L). We denote by S(L)G the subalgebra { f ∈ S(L) | ρ · f = f ∀ρ ∈
G} of S(L) of G-invariant polynomial functions on L . To have examples of G-
invariant polynomial functions on L , start with a simple L-module V (λ) affording
a finite-dimensional irreducible representation ρ of L on V (λ) with highest weight
λ ∈ �+. Let z be a member of N+ = ⊕∑

α∈
+ Lα . Then ad(z) is nilpotent. Put
η = exp(ad(z)). We can easily check that the map ρη from L to gl(V (λ)) given by

ρη(x) = ρ

(

η(x)) = ρ

(

(1 + ad(z) + ad(z)2

2! + · · ·
)

(x)

)

is a representation which is irreducible. Let v+ be a maximal vector for the repre-
sentation ρ and β ∈ 
+. Since η(xβ) is still a member of N+, ρη(xβ)(v+) = 0.
For each h ∈ H , [z, h] ∈ N+ and so ρ([z, h])(v+) = 0. Thus, if h ∈ H , then
ρη(h)(v+) = ρ(h + [z, h])(v+) = λ(h)(v+). This shows that v+ is also amaximal
vector for the representation ρη with weight λ. From Theorem 3.2.10, the represen-
tations ρ and ρη are equivalent. Hence there exists a vector space automorphism χ of
V such that χ(ρ(x)(v)) = ρη(x)(χ(v)) for all x ∈ L and v ∈ V . It follows that the
maps x �→ Tr(ρ(x)) and, in turn, x �→ Tr(ρ(x)r ) are polynomial functions which
are invariant under exp(ad(z)) for all r and for all z ∈ N+. Since any subalgebra
of L consisting of nilpotent elements is conjugate to a subalgebra of N (�) under
I nn0(L) (cf. Exercise 2.4.9), it follows that the polynomial function x �→ Tr(ρ(x)r )
is G-invariant. Such polynomial functions are called Trace Polynomial functions
associated with the representation ρ.

Our next aim is to discuss the relationship between S(L)G and S(H �)W (
). Indeed,
they are isomorphic.

Consider the Killing form κ on L which is a nondegenerate symmetric form; its
restriction on the Cartan subalgebra H is also nondegenerate. Let {h1, h2, · · · , hl}
be a basis of H . For each α ∈ 
, select a nonzero element xα of the root space Lα .
Then {hi , 1 ≤ i ≤ l}⋃{xα | α ∈ 
} is a basis of L . Let {k1, k2, . . . , kl} be the basis
of H which is dual to {h1, h2, · · · , hl} with respect to κ|H . Further, for each α ∈ 
,
we have a unique zα ∈ L−α such that κ(xα, zα) = 1. Evidently, κ(h, zα) = 0 for all
h ∈ H and α ∈ 
. Consequently, B = {ki | 1 ≤ i ≤ l}⋃{zα | α ∈ 
} is a basis of
L which is dual to the basis {hi , 1 ≤ i ≤ l}⋃{xα | α ∈ 
} of L . Amember f ∈ S(L)

is a polynomial function of B. Further, B can be treated as a basis of L�. As such f |H
can also be viewed as a member of S(H �). Thus, f �→ f |H defines a map from S(L)

to S(H �). Further, if f ∈ S(L)G , then exp(ad(xα))( f ) = f for all α ∈ 
. Since
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σα = exp(ad(xα)exp(−ad(x−α))exp(ad(xα)), it follows that σα( f |H ) = f |H .
This means that f |H ∈ S(H �)W (
). In turn, we obtain an algebra homomorphism χ

from S(L)G to S(H �)W (
) given by χ( f ) = f |H .
Proposition 3.3.6 (Chevalley) χ is an epimorphism.

Proof For each γ ∈ S(H �), let Sym(γ ) denote the sum
∑

σ∈W (
) σ (γ ). Evi-
dently, Sym(γ ) ∈ S(H �)W (
) and {Sym(λk) | λ ∈ �+, k ≥ 0} is a generating set
of S(H �)W (
) (Lemma 3.3.4). It is sufficient, therefore, to show that Sym(λk) ∈
Imageχ for each λ ∈ �+ and k ≥ 0. Note that for each λ ∈ �+, the set {μ ∈ �+ |
μ ≤ λ} is finite. We prove the result by the induction on | {μ ∈ �+ | μ ≤ λ} |.
Suppose that | {μ ∈ �+ | μ ≤ λ} | = 1. Then (Theorem 3.2.13), each weight of
V (λ) is W (
)-conjugate to λ and is of multiplicity 1. Thus, the map φ defined
by φ(x) = Tr(ρ(x)k) is a G-invariant polynomial function on L such that
χ(φ) = Sym(λk) (here ρ is the representation afforded by the L-module V (λ)).
Assume that Sym(μ)k ∈ Imageχ wheneverμ ∈ �+ such that | {ν ∈ �+ | ν ≤ μ} |
< | {η ∈ �+ | η ≤ λ} |. Let ρ be the representation associated with the L-module
V (λ) and k ≥ 0. Let f be a member of S(L)G given by f (x) = Tr(ρ(x)k). Clearly,

f |H = Sym(λk) +
∑

μ∈�+,μ<λ

mλSym(μk).

By the induction hypothesis, Sym(μk) ∈ Imageχ . Also f |H ∈ S(H �)W (
). Hence
Sym(λk) ∈ Imageχ . �

Using some basic algebraic geometry, we establish the following theorem:

Theorem 3.3.7 The map χ is an isomorphism from S(L)G to S(H �)W (
).

Proof We have already seen that χ is an epimorphism. We need to show that it
is a monomorphism. Identify L with the affine space An(F) = Fn with the help
of the basis {k1, k2, . . . , kl}⋃{zα | α ∈ 
} of L as described before, where n =
DimL = l+ | 
 |. We have polynomial maps {p1, p2, . . . , pn} in S(L) such that
for each x ∈ L , the polynomial

px (X) =
n∑

i=1

pi (x)X
i

in F[X ] is the characteristic polynomial of ρ(x). The smallest m such that the
polynomial function pm �= 0 is called the ρ-rank of L . An element x ∈ L is called ρ-
regular if pn(x) �= 0. Sinceρ(x) andρ(xs)have the samecharacteristic polynomial, x
is ρ-regular if and only if xs is ρ-regular. Let R denote the set of ρ-regular elements
in L ≈ An(F). Then R �= ∅ and it, being a complement of a zero set of a set of
polynomials, is an open subset of An(F) with respect to the Zariski topology. Since
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every nonempty open subset in Zariski topology is dense, R is dense. Since any semi-
simple element is contained in a Cartan subalgebra and any two Cartan subalgebras
are conjugate under G, any semi-simple element is G-conjugate to an element of
H . If h ∈ H , then CL(h) ⊇ H and so DimCL(h) ≥ l = rankL . By Corollary
2.4.12, there is a semi-simple element h in H such that CL(h) = H . Such an
element is called a regular semi-simple element of L . As observed earlier, ρ-regular
semi-simple elements exist and they are precisely regular semi-simple elements with
m = rankL = l. Since only a nilpotent element which commutes with a regular
semi-simple element is 0, it follows that R is precisely the set of regular semi-simple
elements. Consequently, R ⊆ H . Now, if f ∈ S(L)G and χ( f ) = f |H = 0, then
f (R) = {0}. Since R is dense, f = 0. This proves that χ is injective. �

Corollary 3.3.8 S(L)G is generated by the set of trace polynomials.

Proof Indeed, the proof of Proposition 3.3.6 asserts thatχ restricted to the subalgebra
of S(L)G generated by trace polynomials is surjective. The result is immediate. �

Universal Casimir Element
Recall (Definition 1.4.15) the concept of the Casimir element cρ of a faithful
representation ρ of a semi-simple Lie algebra L on a vector space V relative
to a basis of L . Consider the adjoint representation ad of L . Since L is semi-
simple, ad is faithful. The Casimir element cad of ad with respect to the basis
{hi | 1 ≤ i ≤ l}⋃{xα | α ∈ 
} is given by

cad =
l∑

i=1

ad(hi )ad(ki ) +
∑

α∈


ad(xα)ad(zα),

where {ki | 1 ≤ i ≤ l}⋃{zα | α ∈ 
} is the dual basis of {hi | 1 ≤ i ≤ l}⋃{xα |
α ∈ 
} as described earlier. From the universal property of universal enveloping
algebra, we have a unique associative algebra homomorphism ad from U (L) to
gl(L) such that adojL = ad. The element

cuniv =
l∑

i=1

jL(hi ) jL(ki ) +
∑

α∈


jL(xα) jL(zα)

ofU (L)will be termedas theUniversalCasimir element of L . Evidently,ad(cuniv) =
cad .

The following lemma, which is essentially Exercise 1.4.7, will be used to relate
ρ(cuniv) with cρ , where ρ is a faithful representation of L on V , and ρ is the unique
homomorphism from U (L) to gl(V ) such that ρojL = ρ.

Lemma 3.3.9 Let f and g be two nondegenerate symmetric and associative bi-
linear forms on a simple Lie algebra L. Then there is a nonzero scalar a such that
f = ag. Consequently, every nondegenerate symmetric and associative bi-linear
form on a simple Lie algebra is aκ for some a �= 0.
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Proof We have two vector space isomorphisms χ f and χg from L to L� given
by χ f (y)(x) = f (x, y) and χg(y)(x) = g(x, y). Recall that L� is also an L-
module with respect to the product · given by (x · η)(y) = −η([x, y]), η ∈ L�.
Using the associativity of f and g, we can easily verify that χ f and χg are module
isomorphisms. Consequently, χ f χ

−1
g is an automorphism of L . Since L is simple,

χ f χ
−1
g is the multiplication by a nonzero scalar a. Hence χ f = aχg for some

nonzero scalar a. The rest is evident. �

Corollary 3.3.10 Let L be a simple Lie algebra and ρ a nontrivial representation
of L on V . Then ρ is faithful and ρ(cuniv) = acρ for some nonzero scalar a.

Proof Since L is simple, ρ is an injective Lie homomorphism from L to gl(V ).
Thus, ρ is faithful. It follows from the above lemma that the Killing form κ = aβρ

for some nonzero scalar a. Consequently, ρ(cuniv) = acρ . �

More generally, if L is semi-simple Lie algebra, then we have distinct simple ideals
L1, L2, · · · , Lr of L such that L = L1 ⊕ L2 ⊕ · · · ⊕ Lr and κ(Li , L j ) = {0} for
all i �= j . Further, κ|Li = κi is the Killing form of Li . For each i , let Bi and Ci be
bases of Li which are dual to each other with respect to κi . Then B = ⋃r

i=1 Bi and
C = ⋃r

i=1 Ci are the bases of L which are dual to each other with respect to κ .
Consequently, with respect to these choices of bases,

cuniv = c1univ + c2univ + · · · + cruniv,

where ciuniv denotes the universal Casimir element of Li with respect to the basis Bi .
We have scalars ai such that ρ|Li (c

i
univ) = aiciρ|Li and ρ(cuniv) = ∑r

i=1 aic
i
ρ|Li .

Evidently, ρ(cuniv) commutes with each element of ρ(L).

Corollary 3.3.11 Let L be a simple Lie algebra. Then ad(cuniv) = IL .

Proof If L is a simple Lie algebra, then ad is an irreducible representation. Con-
sequently, cad is the multiplication by DimL/DimL = 1 (Corollary 1.4.19). The
result follows from the universal property of U (L). �

Theorem 3.3.12 A universal Casimir element cuniv of a semi-simple Lie algebra L
is a member of the center Z(U (L)) of the universal enveloping algebra U (L) of L.

Proof Let cuniv be the universal Casimir element of L with respect to a basis
{x1, x2, . . . , xn} of L . Then by the definition

cuniv =
n∑

i=1

jL(xi ) jL(yi ),

where {y1, y2, . . . , yn} is the basis of L which is dual to {x1, x2, . . . , xn} with
respect to βad = κ . Since U (L) is generated by jL(L), it is sufficient to show
that cuniv jL(x) = jL(x)cuniv for all x ∈ L . We imitate the proof of Proposi-
tion 1.4.17. Suppose that [x, xi ] = ∑n

k=1 aik xk and [x, yi ] = ∑n
k=1 bik xk . Then
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[ jL(x), jL(xi )] = ∑n
k=1 aik jL(xk) and [ jL(x), jL(yi )] = ∑n

k=1 bik jL(yk). Using
the associativity of βad = κ ,

ail =
n∑

k=1

aikκ(xk, yl) = κ([x, xi ], yl) =

κ(−[xi , x], yl) = κ(xi ,−[x, yl ]) = −
n∑

p=1

blpκ(xi , yp) = −bli .

Now, using the identity [u, vw] = [u, v]w + v[u, w] in U (L) (indeed, in any
associative algebra) and the fact that ail = −bli for all i, l, we see that

[ jL(x), cuniv] = [ jL(x),
n∑

i=1

jL(xi ) jL(yi )] =
n∑

i=1

[ jL(x), jL(xi ) jL(yi )] =
n∑

i=1

[ jL(x), jL(xi )] jL(yi ) +
n∑

i=1

jL(xi )[ jL(x), jL(yi )] = 0.

This shows that cuniv belongs to Z(U (L)). �

We have already observed that a simple standard cyclic module V (λ) with max-
imal weight λ is uniquely determined by its formal character Chλ. To determine
the formal character Chλ, we need to determine the multiplicities mλ(μ) for each
μ ∈ �(λ) (the set of weights of V (λ)). For this purpose, we shall describe the for-
mulas of Weyl, Kostant, and Steinberg in the next section. Here in this section, we
establish the theorem of Harish-Chandra about the characters (to be introduced) of
infinite-dimensional standard cyclic modules Z(λ).

Let L be a finite-dimensional semi-simple Lie algebra. Consider the subgroup
G = I nn(L) of the group Aut (L) of automorphisms of L generated by the set
{exp(ad(x) | x is ad nilpotent element o f L}. From the universal property of the
universal enveloping algebraU (L), for each ad-nilpotent element x of L , exp(ad(x))
determines a unique automorphism ofU (L) denoted again by exp(ad(x)) such that

exp(ad(x))ojL = jLoexp(ad(x))

for each ad-nilpotent x ∈ L . More explicitly,

exp(ad(x))( jL(y)) = jL(exp(ad(x))(y)) =
jL(y + ad(x)(y) + 1

2! (ad(x))2(y) + · · · · · · ) = exp(ad( jL(x))( jL(y)))

for each ad-nilpotent element x ∈ L and for each element y ∈ L . Since { jL(y) | y ∈
L} generates U (L),
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exp(ad(x))(u) = exp(ad( jL(x)))(u)

for all u ∈ U (L). Note that ad(w)(u) = wu − uw for all u, w ∈ U (L) and

exp(ad( jL(x)))(u) = u + ad( jL(x))(u) + 1

2! (ad( jL(x)))
2(u) + · · · .

Thus, G can also be viewed as a group of automorphisms of U (L) as described
above and as such it acts on U (L) as a group of automorphisms. Since Z(U (L))

is a characteristic subalgebra of U (L), Z(U (L)) is invariant under the action of G.
Indeed, we have the following lemma:

Lemma 3.3.13 The center Z(U (L)) is precisely the subalgebra of G-invariants of
U (L). More precisely, Z(U (L)) = {u ∈ U (L) | σ(u) = u ∀σ ∈ G}.
Proof Let u ∈ Z(U (L)). Then u commutes with jL(x) for all x ∈ L . In par-
ticular, ad( jL(x))(u) = 0 for all x ∈ L . Hence, exp(ad( jL(x)))(u) = u for
all ad-nilpotent elements x of L . Since G is generated by the set {exp(ad(x)) |
x is ad nilpotent element o f L}, it follows that σ(u) = u for all σ ∈ G.

Conversely, let u be a nonzero member of U (L) such that σ(u) = u for all
σ ∈ G. Then exp(ad jL(x))(u) = u for all ad-nilpotent elements x of L . Since u
is a finite linear combination of elements of the types jL(x1) jL(x2) · · · jL(xr ) and
ad( jL(x))( jL(x1) jL(x2) · · · jL(xr )) = ∑r

i=1 jL(x1) jL(x2) · · · ad( jL(x))( jL(xi ) · · ·
jL(xr ), it follows that u belongs to a finite-dimensional L-submodule W of U (L).
For α ∈ 
, let xα be a nonzero member of Lα . Then ad(xα) is nilpotent and so
z = ad( jL(xα)) is nilpotent onW . Letm be the largest integer such that zm �= 0 but
zm+1 = 0. Let us take m + 1 distinct members a1, a2, . . . am+1 of F (F is infinite).
By our hypothesis,

(exp(ai z))(u) =
(

1 + ai z + 1

2! (ai z)
2 + · · · + 1

m! (ai z)
m

)

(u) = u

for all i . Consider the (m + 1) × (m + 1) matrix A given by

A =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 · · · · 1
a1 a2 · · · · am+1
a21
2!

a22
2! · · · · a2m+1

2!·· · · · · ·
· · · · · · ·
· · · · · · ·
am1
m!

am2
m! · · · · amm+1

m!

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Evidently,

Det A =
∏

i< j (ai − a j )

2!3! · · ·m! �= 0.
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Hence A is non-singular. Thus, the rows and columns of A are linearly indepen-
dent. It follows that z belongs to the subspace of gl(U (L)) generated by the set
{exp(ad(ai z)) | i ≤ m}. We have scalars bi , 1 ≤ i ≤ m such that

z =
m∑

i=
biexp(ai z).

Consequently, z(u)=ad( jL(xα))(u)=∑m
i=1 biexp(adai jL(xα))(u) = (

∑m
i=1 bi )u.

Again, since z = ad( jL(xα)) is nilpotent,
∑m

i=1 bi = 0. Hence [ jL(xα), u] = 0
for each α. Since { jL(xα) | α ∈ 
} generatesU (L), it follows that u ∈ Z(U (L)). �

Consider the infinite-dimensional standard cyclicU (L) (also L)-module Z(λ) =
U (L)v+ withmaximal vector v+ of weight λ ∈ H �. The center Z(U (L)) also acts on
Z(λ). Let z ∈ Z(U (L)). Then for each h ∈ H , jL(h)zv+ = z jL(h)v+ = λ(h)zv+
and jL(xα)zv+ = z jL(xα)v+ = 0 for all xα ∈ Lα , where α > 0. This means
that zv+ is another maximal vector of Z(λ) of weight λ. Hence, there is a unique
scalar χλ(z) such that zv+ = χλ(z)v+. Let Az denote the subset {v ∈ Z(λ) | zv =
χλ(z)v}. Since z ∈ Z(U (L)), Az is a U (L)-submodule of Z(λ) which contains v+.
This means that Az = Z(λ) for all z ∈ Z(U (L)). Thus, Z(U (L)) acts on Z(λ)

by the multiplication by scalars. This defines a map χλ from Z(U (L)) to F given
by zv = χλ(z)v, v ∈ Z(λ). It can be easily observed that χλ is algebra homomor-
phism. The homomorphism χλ is called the character of the infinite-dimensional
representation of L afforded by the standard cyclic module Z(λ).

Unlike in the representation theory of groups, χλ may be the same as χμ even if
λ �= μ.

Proposition 3.3.14 Let λ ∈ H � − {0}. Let v0 be a maximal vector of Z(λ) of weight
μ. Then χλ = χμ.

Proof Consider the submodule U (L)v0 of Z(λ). Clearly, U (L)v0 is a standard
cyclic U (L)-module of the highest weight μ. By Corollary 3.2.9 (see also Exer-
cise 3.2.4), we have a surjectiveU (L)-homomorphism φ from Z(μ) toU (L)v0 such
that φ(v+) = v0, where v+ is a maximal vector of Z(μ) of the highest weight μ.
Let z ∈ Z(U (L)). Then zv+ = χμ(z)v+. Hence

χμ(z)φ(v+) = φ(χμ(z)v+) = φ(zv+) = zφ(v+) = zv0 = χλ(z)v0 =
χλ(z)φ(v+).

This shows that χμ(z) = χλ(z). Since z is an arbitrary member of Z(U (L)), χλ =
χμ. �

Corollary 3.3.15 Let λ be a member of �(H �). Let α be a member of � such that
m = ≺ λ, α � is a nonnegative integer. Then χλ = χμ, whereμ = λ − (m + 1)α.

Proof We first show that the member ( jL(yα))m+1 ⊗ 1 of Z(λ) is a maximal vector
in Z(λ) of weight λ − (m + 1)α. For β > 0,
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jL (xβ)( jL (yα)m+1 ⊗ 1) = jL (xβ) jL (yα)m+1 ⊗ 1 =
[ jL (xβ), jL (yα)m+1] ⊗ 1 + jL (yα)m+1 jL (xβ) ⊗ 1 =

[ jL (xβ), jL (yα)m+1] ⊗ 1 + jL (yα)m+1 ⊗ jB(�)(xβ) · 1 = [ jL (xβ), jL (yα)m+1] ⊗ 1.

If β �= α, then using the above identity and Lemma 3.2.12(i), we obtain that

jL(xβ)( jL(yα)m+1 ⊗ 1) = 0.

Again, by Lemma 3.2.12(iii),we obtain that

jL(xα)( jL(yα)m+1 ⊗ 1) = −(m + 1) jL(yα)m+1(m1 − jL(hα)) ⊗ 1.

Now,

(m1 − jL(hα)) ⊗ 1 = m1 ⊗ 1 − jL(hα) ⊗ 1 = m1 ⊗ 1 − 1 ⊗ jB(�)(hα) · 1 =
m1 ⊗ 1 − 1 ⊗ λ(hα) = (m1 ⊗ 1) − (1 ⊗ m) = 0.

Thus,
jL(xβ)( jL(yα)m+1 ⊗ 1) = 0

for all β > 0. Further,

jL(h)( jL(yα)m+1 ⊗ 1) = jL(h) jL(yα)m+1 ⊗ 1 =
[ jL(h), jL(yα)m+1] ⊗ 1 + jL(yα)m+1 jL(h) ⊗ 1 = −(m + 1)α(h) jL(yα)m+1⊗

1 + jL(yα)m+1 ⊗ jB(�)(h) · 1 = (λ − (m + 1)α)(h)( jL(yα)m+1 ⊗ 1).

This shows that jL(yα)m+1 ⊗ 1 is a maximal vector of Z(λ) of weight λ − (m + 1)α,
and U (L)( jL(yα)m+1 ⊗ 1) is a standard cyclic submodule of Z(λ) of weight μ =
λ − (m + 1)α. It follows from Proposition 3.3.14 that χλ = χμ. �

Corollary 3.3.16 Let λ and μ be members of �(H �) (note that �(H �) is the lattice
generated by the set of fundamental weights). Suppose that λ + δ and μ + δ are
W (
)-conjugate. Then χλ = χμ.

Proof Since W (
) is generated by the set {σα | α ∈ �} of simple reflections, it is
sufficient to show that χλ = χμ whenever σα(λ + δ) = μ + δ, α ∈ �. Suppose
that σα(λ + δ) = μ + δ. Then

μ = σα(λ + δ) − δ = σα(λ) + σα(δ) − δ = σα(λ) − α

= λ − (≺ λ, α � +1)α.

Since λ ∈ �(H �), ≺ λ, α � is an integer. If ≺ λ, α � is nonnegative, then the result
follows from the above corollary. If ≺ λ, α � = −1, then λ = μ and we are done.
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Suppose that ≺ λ, α � is negative and different from −1. Then ≺ μ, α � = − ≺
λ, α � − 2 is a nonnegative integer and so χμ = χλ. �

We shall see soon that the conclusion of the corollary holds for all pairs λ,μ ∈ H �.
Our next aim will be to establish the following theorem of Harish-Chandra of

which the sufficiency part is already established in the form of the above corollary.

Theorem 3.3.17 (Harish-Chandra) Let λ and μ be members of �(H �). Then χλ =
χμ if and only if λ + δ is conjugate to μ + δ under the Weyl group W (
).

Let L , H,
, and � = {α1, α2, . . . , αl} be as usual. Then

S = {yα | α > 0}
⋃

{hα1 , hα2 , . . . , hαl }
⋃

{xα | α > 0}

is a basis of L . Well order S subject to the condition yα ≤ hαi ≤ xβ for all α, β >

0, αi ∈ � and hαi ≤ hα j for i ≤ j . Consider the corresponding PBWbasis S̃ ofU (L)

consisting of the monomials of the form

�α>0 jL(yα)rα�l
i=1 jL(hαi )

ti �α>0 jL(xα)sα , rα, ti , sα ≥ 0.

We have a unique linear map ξ from U (L) to U (H) which maps the basis members
�l

i=1 jL(hαi )
ti = �l

i=1 jH (hαi )
ti in U (H) to itself and all other basis members to 0.

Let φ be a linear map from H to F . Then φ is a Lie algebra homomorphism
from H to F , since H is abelian. Thus, φ induces an associative algebra homo-
morphism φ from U (H) to F given by φ( jH (h)) = φ(h). If φ is nonzero lin-
ear map, then φ(1) = 1. Indeed, φ(�l

i=1 jL(hαi )
ti ) = �l

i=1φ(hαi )
ti . Note that

φ + ψ �= φ + ψ , since (φ + ψ)(1) = 1 �= 1 + 1 = φ(1) + ψ(1). Let λ ∈ H �.
Then λ is a linear map from H to F . Consider Z(λ) = U (L)(1 ⊗ 1). Note that
�α>0 jL(yα)rα�l

i=1 jL(hαi )
ti �α>0 jL(xα)sα (1 ⊗ 1) is 0 if sα �= 0 for some α > 0, it is

a vector of weight lower than λ if sα = 0 for all α > 0 and rα �= 0 for some α > 0,
and it is λ(�l

i=1 jL(hαi )
ti )(1 ⊗ 1) = �l

i=1λ(hαi )
ti (1 ⊗ 1) if rα = 0 = sα for all

α. Thus, for u ∈ U (L),

u · (1 ⊗ 1) = λ(ξ(u))(1 ⊗ 1) + linear combination of elements o f weights less than λ.

Since, for z ∈ Z(U (L)), z(1 ⊗ 1) = χλ(z)(1 ⊗ 1), it follows that

χλ(z)(1 ⊗ 1) = z · (1 ⊗ 1) = λ(ξ(z))(1 ⊗ 1).

Consequently,
χλ(z) = λ(ξ(z)) · · · (1)

for all z ∈ Z(U (L)). In turn, it follows that ξ |Z(U (L)) from Z(U (L)) to U (H) is an
algebra homomorphism.

Next, observe that U (H) is a commutative algebra isomorphic to the polyno-
mial algebra F[x1, x2, · · · , xl ] under the map induced by jH (hαi ) �→ xi . The cor-
respondence hαi �→ jH (hαi ) − 1 from H to U (H) induces a linear map which is
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a Lie algebra homomorphism, since H is abelian and U (H) is commutative alge-
bra. In turn, we obtain a unique homomorphism η from U (H) to itself subject to
η( jH (hαi )) = jH (hαi ) − 1. Evidently, η is an automorphism ofU (H). Letψ denote
the homomorphism ηoξ |Z(U (L)) from Z(U (L)) to U (H). Now,

λ + δ( jH (hαi ) − 1) = λ + δ( jH (hαi )) − λ + δ(1) = (λ + δ)(hαi ) − 1 =

λ(hαi ) + δ(hαi ) − 1 = λ(hαi ) + (

l∑

j=1

λ j )(hαi ) − 1 =

λ(hαi ) + λi (hαi ) − 1 = λ(hαi ).

Hence, using (3.2), we obtain that

λ + δ(ψ(z)) = λ(ξ(z)) = χλ(z) · · · (2) (3.1)

for all λ ∈ H � and z ∈ Z(U (L)).
We have an isomorphism λ �→ tλ from H � to H given by λ(h) = κ(tλ, h),

since the Killing form κ is nondegenerate on H . An element σ ∈ W (
) induces an
automorphism σ̂ of H which is defined by σ̂ (tλ) = tσ(λ). Thus,W (φ) acts on H also
as a group of automorphisms and the action is given by σ(tλ) = tσ(λ), σ ∈ W (
).
In turn, W (
) acts on U (H) and the action is given by σ( jH (h)) = jH (σ (h)),
σ ∈ W (
).

Proposition 3.3.18 Let σ ∈ W (
) and λ ∈ H �. Then (σ (λ)) = λoσ on U (H).

Proof SinceW (
) is generated by {σα | α ∈ 
}, it is sufficient to show that σα(λ) =
λoσα for all α ∈ 
. First note that

≺ λ, α � = 2 < λ, α >

< α, α >
= 2κ(tλ, tα)

κ(tα, tα)

for all λ ∈ H � and α ∈ 
. Now,

σα(λ)( jH (tμ)) = λ− ≺ λ, α � α( jH (tμ)) = (λ− ≺ λ, α � α)(tμ) =
λ(tμ)− ≺ λ, α � α(tμ) = λ(tμ) − 2κ(tλ, tα)

κ(tα, tα)
κ(tα, tμ)

for all λ,μ ∈ H � and α ∈ 
. On the other hand,

(λoσα)( jH (tμ)) = λ( jH (tσα(μ)) = λ(tσα(μ)) = λ(tμ−≺μ,α�α) =
λ(tμ− ≺ μ, α � tα) = λ(tμ) − 2κ(tμ, tα)

κ(tα, tα)
κ(tλ, tα)
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for all λ,μ ∈ H � and α ∈ 
. Since κ is symmetric and U (H) is generated by the
set { jH (tμ) | μ ∈ H �}, σα(λ) = λoσα . Since W (
) is generated by {σα | α ∈ 
},
σ(λ) = λoσ for all σ ∈ W (
). �

Proposition 3.3.19 Let λ be a member of �. Then

(i) σ(λ + δ)(ψ(z)) = τ(λ + δ)(ψ(z)) for all σ, τ ∈ W (
),
(ii) ((λ + δ)oσ)(ψ(z)) = ((λ + δ)oτ)(ψ(z)) for all σ, τ ∈ W (
),
(iii) σ(ψ(z)) = ψ(z) for all σ ∈ W (
) and z ∈ Z(U (L)), and
(iv) χλ = χμ for all λ,μ ∈ H � when ever λ + δ is W (
) conjugate to μ + δ.

Proof (i) From theEq. (3.1),χλ(z) = λ + δ(ψ(z)) for allλ ∈ H � and z ∈ Z(U (L)).
Suppose that λ is integral. Since δ is integral, μ = σ(λ + δ) − δ is integral. Since
σ(λ + δ) = μ + δ, it follows from Corollary 3.3.16 that

λ + δ(ψ(z)) = χλ(z) = χμ(z) = μ + δ(ψ(z)) = σ(λ + δ)(ψ(z))

for all λ ∈ �, σ ∈ W (
), and z ∈ Z(U (L)). This proves (i).
(ii) It follows from (i) and Proposition 3.3.18.
(iii) From (ii), it follows that λ + δ(σ (ψ(z))) = λ + δ(ψ(z)) for all λ ∈ � (take

τ = I ). Since δ is integral, any μ ∈ � is of the form λ + δ for some λ ∈ �. Thus,
μ(σ(ψ(z))) = μ(ψ(z)) for all μ ∈ �. This implies that σ(ψ(z)) = ψ(z) for all
σ ∈ W (
) and for all z ∈ Z(U (L)).

(iv) We have already seen (Eq. 3.1) that χλ(ψ(z)) = λ + δ(ψ(z)) for all λ ∈ H �

and z ∈ Z(U (L)). Since ψ(z) is W (
)-invariant, it follows (Proposition 3.3.18)
that λ + δ(ψ(z)) = σ(λ + δ)(ψ(z)). Consequently, χλ(z) = χμ(z), whenever
μ + δ = σ(λ + δ) for some σ ∈ W (
). �

Since H is abelian, we have a natural isomorphism η from U (H) to the symmetric
algebra S(H) of H which respects the W (
) actions. Indeed, we can identify S(H)

with the polynomial algebra F[x1, x2, . . . , xl ] and the isomorphism η is uniquely
determined by the requirement η( jH (tαi )) = xi , where � = {α1, α2, . . . , αl}.
If λ = ∑l

i=1 aiαi is a member of H �, then tλ = ∑l
i=1 ai tαi and η( jH (tλ)) =

∑l
i=1 ai xi ∈ F[x1, x2, . . . , xl ]. We denote η( jH (tλ)) = ∑l

i=1 ai xi by xλ. Each λ ∈
H � defines a linear function λ̂ on S(H) = F[x1, x2, . . . , xl ] by putting λ̂( f ) =
f (λ(tα1), λ(tα2), . . . , λ(tαl )).
Further, given σ ∈ W (
), we have an automorphism σ̂ of S(H)which is given by

σ̂ (xi ) = xσ(αi ). ThusW (
) acts on S(H) as a group of automorphisms and the action
is given by σ f (x1, x2, . . . , xl) = f (xσ(α1), xσ(α2), · · · , xσ(αl )). Evidently, η respects
the W (
) actions. Since σ(ψ(z)) = ψ(z) for all σ ∈ W (
) and z ∈ Z(U (L)),
η(ψ(z)) ∈ S(H)W (
) for all z ∈ Z(U (L)). Thus, (ηoψ)|Z(U (L)) is a homomorphism
Z(U (L)) to S(H)W (
). It is clear that λ̂(η(u)) = λ(u) for all u ∈ U (H).

We shall say that a member λ1 ∈ H � is Linked to a member λ2 ∈ H � if λ1 + δ

isW (
)-conjugate to λ2 + δ. The notation λ1 ≈ λ2 stands to say that λ1 is linked to
λ2. Obviously, ≈ is an equivalence relation.
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Lemma 3.3.20 Let λ1 and λ2 be members of H � which are not linked. Then
λ̂1|S(H)W (
) �= λ̂2|S(H)W (
) .

Proof Suppose that λ1 and λ2 are not W (
) conjugate. Then

(σ (λ1)(tα1), σ (λ1)(tα2), . . . , σ (λ1)(tαl )) �= (τ (λ2)(tα1), τ (λ2)(tα2), . . . , τ (λ2)(tαl ))

for all σ, τ ∈ W (
). Again, since W (
) is finite, there is a polynomial f ∈ S(H)

such that
f (λ1(tα1), λ1(tα2), . . . , λ1(tαl )) �= 0,

f (σ (λ1)(tα1), σ (λ1)(tα2), . . . , σ (λ1)(tαl )) = 0,

whenever

(λ1(tα1), λ1(tα2), . . . , λ1(tαl )) �= (σ (λ1)(tα1), σ (λ1)(tα2), . . . , σ (λ1)(tαl )),

and also
f (λ2(tα1), λ2(tα2), . . . , λ2(tαl )) = 0

for all σ ∈ W (
). Take

g =
∑

σ∈W (
)

f (xσ(α1), xσ(α2), . . . , xσ(αl )).

Evidently, g ∈ S(H)W (
), λ̂1(g) �= 0, and λ̂2(g) = 0. �

Proof ofHarish-Chandra’s Theorem: In the light of Proposition 3.3.19, Lemma
3.3.20, and the fact that λ̂(η(u)) = λ(u) for all u ∈ Z(U (L)), it is sufficient
to show that the map (ηoψ)|Z(U (L)) from Z(U (L)) to S(H)W (
) is surjective.
Further, the isomorphism λ �→ tλ from H � to H induces an isomorphism from
S(H �) to S(H) which respects the W (
)-action, and so, it induces an isomorphism
from S(H �)W (
) to S(H)W (
). In turn, the epimorphism χ (Chevalley, Proposi-
tion 3.3.6) induces an epimorphism χ from S(L)G to S(H)W (
). Recall Corollary
1.2.5 and the discussions following Corollary 1.2.6. We have an injective linear
map νm = νoη−1

m from Sm(L) to Um(L). This extends to a vector space iso-
morphism ν from S(L) to U (L) which respects the G-action. Consequently, we
have an isomorphism ν̂ from S(L)G to U (L)G = Z(U (L)) (Lemma 3.3.13), and
so, the map χoν̂−1 is an epimorphism from Z(U (L)) to S(H)W (
). Essentially,
ηoψ is the map ηoχoν̂−1. As such it is sufficient to show that η|S(H)W (
) is sur-
jective from S(H)W (
) to itself. Note that S(H)W (
) is the vector space direct
sum ⊕∑

n∈N⋃{0}(S(H)W (
))n , where (S(H)W (
))n is the subspace generated by

the set {∑σ∈W (
)

∏d
i=1 x

mi
σ(αi )

| m1 + m2 + · · · + md = n}. Thus, it is sufficient to
show that for each n,

∑
σ∈W (
)

∏d
i=1 x

mi
σ(αi )

lies in the image of η|S(H)W (
) whenever
m1 + m2 + · · · + md = n. We prove it by the induction on n. It is evident for n = 0.
Assume the result for n. Consider an element f = ∑

σ∈W (
)

∏d
i=1 x

mi
σ(αi )

, where
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m1 + m2 + · · · + md = n + 1. Clearly, f = ∑
σ∈W (
)

∏d
i=1(xσ(αi ) − 1)mi + g,

where g belongs to ⊕∑n
j=0(S(H)W (
)) j . By the induction hypothesis, g is in the

image of η. Also, by the definition,
∑

σ∈W (
)

∏d
i=1(xσ(αi ) − 1)mi is in the image of η.

It follows that f is in the image of η. This completes the proof of Harish-Chandra’s
theorem. �

Exercises

3.3.1. Consider sl(2,C)with standardbasis {x, h, y} and root system
 = {α,−α}.
Show that λ = α

2 is the fundamental dominant weight. Show that < λ2 > =
S(H �)W (
) and S(H)W (
) =< h2

4 >. Find a pre-image of h2

4 under the map
ηoψ .

3.3.2. For each of the Lie algebras A2, B2, and G2 with their standard H,
 and �,
determine the set {λ1, λ2} of fundamental weights. Find generating sets for
S(H �) and S(H) and their pre-images in Z(U (L)).

3.3.3. Let ς be an algebra homomorphism from Z(U (L)) to F . Show that there is
a λ ∈ H � such that ς = χλ.

3.3.4. Show that themapψ from Z(U (L)) to S(H)W (
) is independent of the choice
of �.

3.3.5. Let λ ∈ �+. Suppose that λ + δ is W (
)-conjugate to μ + δ. Show that
μ < λ and μ occurs as a weight of Z(λ).

3.4 Multiplicity Formulas of Weyl, Kostant, and Steinberg

In this section, we obtain different formulas for the multiplicity mλ(μ) of a weight
μ of V (λ).

Let L , H,
, and � be as usual. For each λ ∈ H �, let Xλ denote the set {λ −∑
α>0 aαα | aα ∈ N

⋃{0}}. Let�(H �) denote the set of allmaps from H � to F whose
supports lie in a finite union of sets of the form Xλ. Evidently, Xλ is the set of weights
appearing in Z(λ). Note that the supports of the members of �(H �) may be infinite
sets. For example, for α > 0, consider the function fα given by fα(−aα) = 1 for
all a ∈ N

⋃{0} and fα(λ) = 0 otherwise. Evidently, fα ∈ �(H �) and its support
is an infinite set. �(H �) is a vector space under the obvious point-wise addition
and the multiplication by scalars. Clearly, Xλ + Xμ ⊆ Xλ+μ. For f, g ∈ �(H �),
( f � g)(λ) = ∑

μ+ν=λ f (μ)g(ν) makes sense and the function f � g, thus defined,
is amember of�(H �). This defines the convolution product � in�(H �)whichmakes
�(H �) a commutative algebra over F . It is also clear that the formal characters of all
standard cyclic modules aremembers of�(H �). The integral group ringZ(�) is also
a subset of�(H �). Further,W (
) acts on�(H �) by putting (σ f )(λ) = f (σ−1(λ)).
In particular, (σe(λ))(μ) = e(λ)(σ−1(μ)) = 1 ifμ = σ(λ) and 0 otherwise. Thus,
σe(λ) = eσ(λ).

Let p denote the function from H � to C which is defined by putting
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p(λ) = | {a ∈ Map(
+,N
⋃

{0}) | λ +
∑

α∈�

a(α)α = 0} |

(note that | X | denotes the cardinality of the set X ). Clearly, p = ChZ(0) belongs
to �(H �). Also p(λ) �= 0 if and only if λ ∈ �−. The function p defined above is
called the Kostant function associated with the triple (H,
,�).

We have another function q defined by

q =
∏

α>0

(

e
(α

2

)
− e

(−α

2

))

,

where the product is the convolution product. Evidently, q ∈ �(H �). The function
q is called the Weyl Function.

Now, we establish a few identities relating the functions fα, p, q, and ChZ(λ).

Lemma 3.4.1 (i) p = ∏
α∈
+ fα , where the product is the convolution product.

(ii) (e(0) − e(−α)) � fα = e(0).

(iii) q = (
∏

α∈
+(e(0) − e(−α))) � e(δ).

(iv) σ(q) = (−1)l(σ )q for all σ ∈ W (
).

(v) q � p � e(−δ) = e(0).

(vi) ChZ(λ)(μ) = p(μ − λ) = (p � e(λ))(μ).

(vii) q � ChZ(λ) = e(λ + δ).

Proof (i) Suppose that 
+ = {β1, β2, . . . , βr }. Then by the definition of the con-
volution product

∏

α∈
+
fα(λ) =

∑

λ1+λ2+···+λr = λ

fβ1(λ1) fβ2(λ2) · · · fβr (λr ).

In turn, it follows from the definition of fβi and p that

∏

α∈
+
fα(λ) = p(λ).

This proves (i).
(ii)
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((e(0)−e(−α)) � fα)(λ) =
∑

μ+ν=λ

(e(0) − e(−α))(μ) fα(ν) =
∑

μ+ν=λ

e(0)(μ) fα(ν) −
∑

μ+ν=λ

e(−α)(μ) fα(ν).

It follows from the definition of fα that the RHS is 1 if λ = 0 and it is zero, otherwise.
Thus, (e(0) − e(−α)) � fα = e(0).

(iii) Clearly, e(δ) = e
(
1
2

∑
α>0 α

) = ∏
α>0 e(

α
2 ). Again, since

(e(0) − e(−α)) � e
(α

2

)
= e

(α

2

)
− e

(
−α

2

)

and �(H �) is commutative, it follows that

(
∏

α>0

(e(0) − e(−α))

)

� e(δ) =
∏

α>0

(
e
(α

2

)
− e

(
−α

2

))
= q.

(iv) It is sufficient to show that σα(q) = −q for all α ∈ �. Since σα permutes
the members of 
+ − {α} and takes α to −α, it follows that

σα(q) =
⎛

⎝
∏

β∈
+−{α}

(

e

(
β

2

)

− e

(

−β

2

))
⎞

⎠ �
(
e
(
−α

2

)
− e

(α

2

))
= −q.

(v) q � p � e(−δ)

= (
∏

α>0(e(0) − e(−α))) � e(δ) � p � e(−δ) (by (iii))
= (

∏
α>0(e(0) − e(−α))) � p (since e(δ) � e(−δ) = 1)

= ∏
α>0((e(0) − e(−α)) � fα) = e(0) (by (i)).

(vi) Clearly, Dim Z(λ)μ = | {aα ∈ N
⋃{0}, α > 0 | λ − μ = ∑

α>0 aαα} |.
Hence ChZ(λ)(μ) = p(μ − λ) = (p � e(λ))(μ) for all μ.

(vii) By (v) and (vi), q � ChZ(λ)

= q � p � e(λ)

= q � p � e(−δ) � e(δ) � e(λ)

= e(δ) � e(λ)

= e(λ + δ). �

Our next aim is to establish the following multiplicity formula due to Kostant:

Theorem 3.4.2 (Kostant) Let λ ∈ �+. Then the multiplicity mλ(μ) of μ in V (λ) is
given by

mλ(μ) =
∑

σ∈W (
)

signσ p(μ + δ − σ(λ + δ)),

where signσ = (−1)l(σ ).
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We need to examine more closely, the module Z(λ) and its submodules to prove
the theorem.

For λ ∈ H �, let Mλ denote the class of all L-modules V satisfying the following
properties:

(i) V is the direct sum of its weight spaces.
(ii) zv = χλ(z)v for all z ∈ Z(U (L)) and v ∈ V .
(iii) The formal character ChV of V is a member of �(H �).

Evidently, all submodules and homomorphic images of standard cyclic L-modules
of weight λ belong to Mλ. In particular all submodules of Z(λ) and their homomor-
phic images are in Mλ. Indeed, the class Mλ is hereditary in the sense that the
submodules of members of Mλ are members of Mλ. It is also divisible in the sense
that the quotients of the members of Mλ are also members of Mλ. Harish-Chandra’s
theorem asserts that Mλ = Mμ if and only if λ + δ is W (
)-conjugate to μ + δ.
Let V ∈ Mλ. Since ChV ∈ �(H �), there is a weight μ of V such that μ + α is not a
weight of V for each α > 0. This means that Vμ has a maximal vector of weight μ.

For λ ∈ H �, let �(λ) denote the set {μ ∈ H � | μ < λ, and μ ≈ λ}. Obviously,
�(λ) is a finite set and M is constant on �(λ).

Theorem 3.4.3 Let λ ∈ H �. Then the following hold:

(i) Z(λ) has a composition series, and the composition factors of Z(λ) are of the
form V (μ) for some μ ∈ �(λ).

(ii) V (λ) appears once and only once as composition factor of Z(λ).

Proof We first show that Z(λ) has a simple submodule U1 which is isomorphic to
V (ν1) with ν1 ≤ λ and ν1 ≈ λ. If Z(λ) is simple, then there is nothing to do. Let
V be a nonzero proper submodule of Z(λ). Since Dim(Z(λ))λ = 1, λ cannot be
a weight of V . Since ChV ∈ �(H �), for each α > 0 and weight μ ∈ �(V ), there
is a r ∈ N such that μ + tα /∈ �(V ) for all t > r . Thus, there is a weight μ1 of V
such that μ1 + α is not a weight of V for all α > 0. In other words, μ1 is a maximal
weight of V . Consequently, V has a nonzero submoduleW1 which is a homomorphic
image of Z(μ1). As suchχμ1 = χλ and byHarish-Chandra’s theorem,μ1 ≈ λ. Thus,
μ1 ∈ �(λ). IfW1 is simple, thenW1 is isomorphic to V (μ1). We can takeU1 = W1,
ν1 = μ1, and we are done. If not, then W1 has a nonzero proper submodule V2 and
repeating the earlier arguments, we obtain a nonzero submoduleW2 of V2 which is a
homomorphic image of Z(μ2), whereμ2 ∈ �(λ). SinceW2 is a proper submodule of
W1, either the number of weights ofW2 is less than that ofW1 or the multiplicity of at
least one weight ofW2 is less than that inW1. IfW2 is simple, thenW2 is isomorphic
to V (μ2). We can take U1 to be W2 and ν1 to be μ2, and again, we are done. If not
proceed. Evidently, this process terminates giving U1 and ν1, since �(λ) is finite. If
Z(λ)/U1 is simple, then, it being standard cyclic, is isomorphic to V (ν2) for some
ν2 ∈ �(λ), and we get a composition series Z(λ) ⊃ U1 ⊃ {0} with the required
properties. If not, then repeating the same arguments, we get a simple submodule
U2/U1 of Z(λ)/U which is isomorphic to V (ν2), where ν2 ∈ �(λ). If Z(λ)/U2 is
simple, then, it being standard cyclic is isomorphic V (ν3) for some ν3 ∈ �(λ), and
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Z(λ) ⊃ U2 ⊃ U1 ⊃ {0} is a composition series ofZ(λ)with required property. If not,
proceed. This process terminates after finitely many steps giving us a composition
series of Z(λ) with the required property, since �(λ) is finite. This proves (i).

(ii) This follows, since Dim Z(λ)λ = 1. �

Corollary 3.4.4 Let λ ∈ H �. Express �(λ) as an ordered set {μ1, μ2, . . . , μr } with
μi < μ j which implies that i ≤ j . Then we have a r × r uni-triangular integral
matrix A = [ai j ] such that

ChV (μ j ) =
j∑

i=1

ai jChZ(μi ).

Proof It follows from the above theorem that for each j ,

ChZ(λ j ) = ChV (λ j ) +
j−1∑

i=1

bi jChV (μi ),

where bi j ∈ N
⋃{0} with bii = 1. This gives us a uni-triangular integral matrix

B = [bi j ] such that

[ChV (μ1),ChV (μ2), . . . ,ChV (μr )]B = [ChZ(μ1),ChZ(μ2), . . . ,ChZ(μr )].

Since B is a uni-triangular integral matrix, A = B−1 = [ai j ] is also a uni-triangular
integral matrix. The result follows. �

Proof of the Theorem 3.4.2 Let λ ∈ �+. From the Theorem 3.2.13, it follows
that V (λ) is finite dimensional, σ permutes the set �(λ) of weights of V (λ) and
Dim Vμ = Dim Vσ(μ) for all μ ∈ �(λ). Thus, σ(ChV (λ)) = ChV (λ) for all σ ∈
W (
). From the above corollary,

ChV (λ) =
r∑

i=1

airChZ(μi ),

air ∈ Z and arr = 1. By Lemma 3.4.1 (vii),

q � ChV (λ) =
r∑

i=1

air e(μi + δ).

Again by Lemma 3.4.1 (iv) and the above identity,

r∑

i=1

air e(σ
−1(μi + δ)) = σ

(
r∑

i=1

air e (μi + δ)

)

= σ(q � ChV (λ)) =

σ(q) � σ (ChV (λ)) = signσ q � ChV (λ)
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for all σ ∈ W (
). Now, since σ is a transitive permutation on �(λ) and arr = 1, it
follows that air = signσ whenever σ−1(μi + δ) = μr + δ = λ + δ. Thus,

q � ChV (λ) =
∑

σ∈W (
)

signσ e(σ (λ + δ)).

Now, from Lemma 3.4.1 (v),

ChV (λ) = e(0) � ChV (λ) = q � p � e(−δ) � ChV (λ) =
p � e(−δ) �

∑

σ∈W (
)

signσ e(σ (λ + δ)) =

p �
∑

σ∈W (
)

signσ e(σ (λ + δ) − δ) =
∑

σ∈W (
)

signσ p � e(σ (λ + δ) − δ).

From Lemma 3.4.1 (vi),

mλ(μ) = ChV (λ)(μ) =
∑

σ∈W (
)

signσ p � e(σ (λ + δ) − δ)(μ) =
∑

σ∈W (
)

signσ p(μ − e(σ (λ + δ) − δ)).

This completes the proof. �

Remark 3.4.5 If W (
) is small, then the Kostant formula can be used to compute
the characterChV (λ), λ ∈ �+. However, ifW (
) is large, then the formula cannot be
used to compute it comfortably. In that case, Freudenthal’s formula (to be described)
gives us a recursive method to compute it.

The followingWeyl’s character formula allows us to express the characterChV (λ)

as a quotient of alternative sums of members of Z[�].
Theorem 3.4.6 (Weyl) Let λ ∈ �+. Then

∑

σ∈W (
)

signσ e(σ (δ)) � ChV (λ) =
∑

σ∈W (
)

signσ e(σ (λ + δ)).

Proof We have the identity

q � ChV (λ) =
∑

σ∈W (
)

signσ e(σ (λ + δ))

established during the proof of the above Kostant’s theorem. Putting λ = 0 in the
above equation and observing that ChV (0) = e(0) = 1, we obtain that

q =
∑

σ∈W (
)

signσe(σ (δ)).



3.4 Multiplicity Formulas of Weyl, Kostant, and Steinberg 171

Substituting this value of q in the earlier identity, we obtain the desired identity. �

Again the Weyl character formula is not so convenient to compute the character as
computing a quotient may be quite cumbersome. However, it can be used to compute
the Dim V (λ) as follows.

Let �0(�) denote the subalgebra of �(H �) generated by the set {e(λ) | λ ∈ �}.
Evidently,Z[�] ⊂ �0(�). We have the augmentationmap ε from�0(�) toCwhich
is given by ε(

∑
λ∈� aλe(λ) = ∑

λ∈� aλ. Evidently, ε(ChV (λ)) = Dim Vλ. We also
denote Dim Vλ by deg(λ). Clearly, deg(λ) = ∑

μ∈�(λ) mλ(μ).
For each α ∈ 
+, we have a unique endomorphism ∂α of �0(�) given by

∂α(e(λ)) =< λ, α > e(λ). Clearly, e(λ) � e(μ) = e(λ + μ) and

∂α(e(λ) � e(μ)) = ∂αe(λ + μ) =< λ + μ, α > =
∂α(e(λ)) � e(μ) + e(λ) � ∂α(e(μ)).

Thus, ∂α is a derivation of�0(�). However, ∂ = ∏
α>0 ∂α is not a derivation, where

the product is the usual product of functions. Let ω denote the function from �+
to �0(�) which is given by ω(λ) = ∑

σ∈W (
) signσe(σ (λ + δ)). It can be easily
observed that ω(0) is the Weyl function q and the Weyl formula reads as

ω(0) � ChVλ
ω(λ) = ω(λ).

Proposition 3.4.7 ε(∂(ω(λ))) = | W (
) | ∏α>0 < λ + δ, α > for all λ ∈ �+.

Proof By thedefinition, ∂α(e(δ))= < δ, α > e(δ). Consequently, ∂(e(δ))=∏
α>0 <

δ, α > e(δ). Thus, ε(∂(e(δ))) = ∏
α>0 < δ, α >. Similarly,

ε(∂(e(σ (δ)))) =
∏

α>0

< σ(δ), α > =
∏

α>0

< δ, σ−1(α) > =

signσ
∏

α>0

< δ, α >,

since σ is orthogonal transformation and σ−1 takes l(σ−1) = l(σ ) positive roots to
negative roots. More generally,

ε(∂(ω(λ))) =
∑

σ∈W (
)

signσ ε(∂(e(σ (λ + δ)))) =
∑

σ∈W (
)

(signσ)2
∏

α>0

< λ + δ, α > = | W (
) |
∏

α>0

< λ + δ, α > . �

Corollary 3.4.8 deg(λ) =
∏

α>0<λ+δ,α>
∏

α>0<δ,α>
.
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Proof From Weyl’s formula, ω(0) � ChV (λ) = ω(λ). Applying the operator ∂

to both sides and using the Leibniz formula for ∂α , we obtain that ε(∂(ω(0) �

ChV (λ))) = ε(∂(ω(0)))ε(ChV (λ)). Since ε(ChV (λ)) = Dim V (λ) = deg(λ),

deg(λ) = ε(∂(ω(λ)))

ε(∂(ω(0)))
.

The corollary follows from the above proposition. �

Example 3.4.9 Consider A1 with 
 = {α,−α}. The fundamental weight λ1 =
α
2 = δ. Any λ ∈ �+ is of the form mλ1,m ≥ 0. Using the above corollary, it is
clear that Dim V (λ) = deg(λ) = m + 1.

Our next aim is to describe Steinberg’s formula to express the tensor product of
two standard cyclic simple modules.

Theorem 3.4.10 (Steinberg) Let λ′, λ′′ and λ bemembers of�+. Let n(λ) denote the
number of times V (λ) appears in the decomposition of the tensor product V (λ′) ⊗
V (λ′′) as the direct sum of simple modules. Then

n(λ) =
∑

σ∈W (
)

∑

τ∈W (
)

sign(στ)p(λ + 2δ − σ(λ′ + δ) − τ(λ′′ + δ)).

Proof Suppose that
ChV (λ′)⊗V (λ′′) =

∑

λ∈�+
n(λ)ChV (λ).

In the light of Corollary 3.3.3,

ChV (λ′) � ChV (λ′′) =
∑

λ∈�+
n(λ)ChV (λ) (3.2)

Multiplying (convolution product) both sides by ω(0) and using Weyl’s formula for
V (λ′′) and V (λ), we get

ChV (λ′) � ω(λ′′) =
∑

λ∈�+
n(λ)ω(λ) (3.3)

Now, by the definition,
ChV (λ′) =

∑

μ∈�

mλ′(μ)e(μ) (3.4)

Using the Kostant formula for mλ′(μ) and substituting the value of ChV (λ′) in (3.3),
we obtain that



3.4 Multiplicity Formulas of Weyl, Kostant, and Steinberg 173

∑

μ∈�

∑

σ∈W (
)

sign(σ )p(μ + δ − σ(λ′ + δ))e(μ)) � ω(λ′′) =
∑

λ∈�

n(λ)ω(λ).

Putting the expressions for ω(λ′′) and ω(λ), we get

∑

μ∈�

∑

σ∈W (
)

∑

τ∈W (
)

sign(στ)p(μ + δ − σ(λ′ + δ))e(τ (μ + δ) + μ) =
∑

λ∈�

∑

σ∈W (
)

n(λ)sign(σ )e(σ (λ + δ)) (3.5)

(note that n(λ) = 0 if V (λ) does not appear in the decomposition, e.g., if λ ∈ �−).
Putting σ(λ + δ) = ν + δ (note that as λ varies over �, ν also varies over �), the
RHS of (3.5) becomes

∑

ν

∑

σ∈W (
)

sign(σ )n(σ−1(ν + δ) − δ)e(ν + δ) =
∑

ν

∑

σ∈W (
)

sign(σ )n(σ (ν + δ) − δ)e(ν + δ) (3.6)

In the LHS expression, put μ = ν, where τ(λ′′ + δ) + μ = ν + δ. We obtain

∑

ν

∑

σ∈W (
)

∑

τ∈W (
)

sign(στ)p(ν + 2δ − σ(λ′ + δ) − τ(λ′′ + δ))e(ν + δ) (3.7)

If ν is dominant, then σ(ν + δ) − δ can be dominant only if σ = I . Thus, in Eq.
(3.6) n(σ (ν + δ) − δ) �= 0 only if σ = I . Now, using (3.6), (3.7), and (3.5), we get
the desired result (with λ replaced by ν). �

Remark 3.4.11 The formula is explicit. However, it is convenient for the purpose
of computation only when W (
) is small.

Let λ ∈ �+. The set �λ of weights of V (λ) is a saturated set (Remark 3.2.14)
as such μ ≤ λ and < μ + δ, μ + δ >≤< λ + δ, λ + δ > for all μ ∈ �λ (Lemma
2.4.36 and Lemma 2.4.37). Thus, the following Freudenthal multiplicity formula
gives us an effective recursive procedure to compute the multiplicity mλ(μ) starting
with mλ(λ) = 1.

Theorem 3.4.12 (Freudenthal) Let λ ∈ �+. Then

(< λ + δ, λ + δ > − < μ + δ, μ + δ >)mλ(μ) =

2
∑

α>0

∞∑

i=1

mλ(μ + iα) < μ + iα, α > .

Before establishing the theorem, we establish some identities relating the trace
and multiplicities.
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Recall the definition of the universal Casimir element cuniv:

cuniv =
l∑

i=1

jL(hi ) jL(ki ) +
∑

α∈


jL(xα) jL(zα).

If ρ is the irreducible representation afforded by V (λ), then the induced homomor-
phism ρ(cuniv) ∈ End(V (λ)) is the multiplication by a scalar cλ (say). Thus, for a
fixed weight μ of V (λ),

Trρ(cuniv)|V (λ)μ = cλDimV (λ)μ = cλmλ(μ) (3.8)

Now,

ρ(cuniv) =
l∑

i=1

ρ( jL(hi ))ρ( jL(ki )) +
∑

α∈


ρ( jL(xα))ρ( jL(zα)) (3.9)

Consequently,

cλmλ(μ) = Trρ(cuniv)|V (λ)μ =
l∑

i=1

Tr(ρ(hi )ρ(ki ))|V (λ)μ +
∑

α∈


Tr(ρ(xα)ρ(zα))|V (λ)μ (3.10)

Since ρ(hi ) on V (λ)μ is the multiplication by μ(hi ) and ρ(ki ) on V (λ)μ is the
multiplication by μ(ki ), it follows that

l∑

i=1

Tr(ρ(hi )ρ(ki ))|V (λ)μ = mλ(μ)

l∑

i=1

μ(hi )μ(ki ) (3.11)

Note thatμ(hi ) = κ(tμ, hi ) andμ(ki ) = κ(tμ, ki ). Suppose that tμ = ∑l
j=1 a jh j .

Then μ(hi ) = ∑l
j=1 a jκ(h j , hi ) and μ(ki ) = ∑l

j=1 a jκ(h j , ki ) = ai , since
{k1, k2, . . . , kl} is dual to {h1, h2, . . . , hl} relative κ . In turn,

< μ,μ > = κ(tμ, tμ) =
∑

i, j

aia jκ(h j , hi ) =
l∑

i=1

μ(hi )μ(ki ) (3.12)

Using (3.11) and (3.10), we see that

cλmλ(μ) =< μ,μ > mλ(μ) +
∑

α∈


Tr(ρ(xα)ρ(zα))|V (λ)μ (3.13)
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Next, we attempt to describe Tr(ρ(xα)ρ(zα))|V (λ)μ . Recall Theorem 1.4.28.
Replace the standard basis {v0, v1, . . . , vm} by the basis {w0, w1, . . . , wm}, where
wr = r !<α,α>r

2r vr , 0 ≤ r ≤ m. Also replace the standard basis {x, h, y} of sl(2, F)

by {x, t, z}, where t = <α,α>
2 h and z = <α,α>

2 y. Then it follows that

(i) ρ(t)wr = (m − 2r)<α,α>
2 wr ,

(ii) ρ(z)wr = wr+1, wm+1 = 0, and
(iii) ρ(x)wr = r(m − r + 1)<α,α>

2 wr−1, ω−1 = 0.
Consequently,

ρ(x)ρ(z)(wr ) = (m − r)(r + 1)
< α, α >

2
wr · · · . (3.14)

Now, let λ ∈ �+ and ρ denote the representation of L afforded by the module V (λ).
Consider the basis B = {k1, k2, . . . , kl}⋃{zα | α ∈ 
} of L as described before
Proposition 3.3.6. Let μ be a weight of V (λ). Evidently, ρ(xα)ρ(zα) is an endomor-
phism of V (λ)μ (indeed, ρ(zα) takes V (λ)μ to V (λ)μ−α and ρ(xα) takes V (λ)μ−α

back to V (λ)μ). Fix α > 0 and consider the restriction ρ|Sα
of ρ to Sα , where Sα

is the subalgebra of L generated by {xα, hα, yα}. We look at the non-standard basis
{xα, tα, zα}, where tα = <α,α>

2 hα and zα = <α,α>
2 yα . Let μ be a weight of L-

module V (λ) such that μ + α is not a weight of V (λ). Then the α-string through μ

is precisely, {μ,μ − α, . . . , μ − qα}, where q = ≺ μ, α �. Evidently,

Wμ = V (λ)μ ⊕ V (λ)μ−α ⊕ · · · ⊕ V (λ)μ−qα

is a Sα-submodule of V (λ). By Weyl’s theorem, Wμ is the direct sum of irreducible
representations of Sα . Indeed, for a string of weights of Sα which is invariant under
σα and which involves a given member of a basis of V (λ)μ−iα as a maximal vector,
there is one and only one component in the decomposition of Wμ as the direct sum
of simple Sα-modules. Thus, if ni , 0 ≤ i ≤ q

2 denotes the number of components
with the highest weight (μ − iα)(hα) = q − 2i as Sα-module which appears inWμ,
then mλ(μ − iα) = DimV (λ)μ−iα = n0 + n1 + · · · + ni , where mλ(μ − iα) =
DimV (λ)μ−iα . Consequently,

ni = mλ(μ − iα) − mλ(μ − (i − 1)α) · · · . (3.15)

Now, fix a k, 0 ≤ k ≤ q
2 . We wish to find the trace Tr(ρ(xα)ρ(zα)) on V (λ)μ−kα .

Fix r, 0 ≤ r ≤ k. Consider the irreducible component of Wμ−kα having the highest
weight q − 2r = (μ − rα)(hα) and the weight space generated bywk−r . Replacing
x by xα , t by tα , z by zα , m by q − 2r , and r by k − r in Eq. (3.14), we obtain that

ρ(xα)ρ(zα)(wk−r ) = (q − r − k)(k − r + 1)
< α, α >

2
wk−r · · · . (3.16)

We have nr Sα-simple components of V (λ)q−rα of the highest weight q − 2r . Hence
from (3.16), the matrix of ρ(xα)ρ(zα)|V (λ)μ−kα has nr diagonal entries as given by
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Eq. (3.16) relative to a suitable basis of eigenvectors. Thus, varying r from 0 to k,
ρ(xα)ρ(zα)|V (λ)μ−kα has a diagonal matrix representation with respect to a suitable
basis and the trace is given by∑k

r=0 nr (q − r − k)(k − r + 1)<α,α>
2

= ∑k
r=0(mλ(μ − rα) − mλ(μ − (r − 1)α))(q − r − k)(k − r + 1)<α,α>

2 (putting
the value of nr )

=
k∑

r=0

mλ(μ − rα)(q − 2r)
< α, α >

2
· · · . (3.17)

Since q = 2<μ,α>

<α,α>
, we obtain

Trρ(xα)ρ(zα)|V (λ)μ−kα =
k∑

r=0

mλ(μ − rα) < μ − rα, α > · · · . (3.18)

Observe that the reflection σα maps the set {μ − rα | r ≤ q
2 } to the set {μ − sα |

q
2 < s ≤ q} in a one-to-one manner. As such, using a similar argument as above, we
see that for q

2 < k ≤ q,

Trρ(xα)ρ(zα)|V (λ)μ−kα =
q−k∑

r=0

mλ(μ − rα) < μ − rα, α > .

Since mλ(μ − (q − k)α) = 0, we have

Trρ(xα)ρ(zα)|V (λ)μ−kα =
q−k−1∑

r=0

mλ(μ − rα) < μ − rα, α > · · · . (3.19)

Further, since q = 2<μ,α>

<α,α>
, for q

2 < r ≤ q,

< μ − rα, α > + < μ − (q − r)α, α > = 0.

Again, since mλ(μ − rα) = mλ(μ − (q − r)α), it follows that

mλ(μ − rα) < μ − rα, α > +mλ(μ − (q − r)α) < μ − (q − r)α, α > = 0 · · · .

(3.20)
Using (3.18), (3.19), and (3.20), we observe that

Trρ(xα)ρ(zα)|V (λ)μ−kα =
k∑

r=0

mλ(μ − rα) < μ − rα, α > · · · (3.21)
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for all k. If we take any weight ν of V (λ) and ν + kα is the last term in the α-
string through ν, then taking μ = ν + kα, and using (3.21), we observe that for all
μ ∈ �(V (λ))

Trρ(xα)ρ(zα)|V (λ)μ =
∞∑

i=0

mλ(μ + iα) < μ + iα, α > · · · . (3.22)

Substituting the value of Trρ(xα)ρ(zα)|V (λ)μ in (3.7), we obtain the identity

cλmλ(μ) =< μ,μ > mλ(μ) +
∑

α∈


∞∑

i=0

mλ(μ + iα) < μ + iα, α > · · · .

(3.23)
The above identity is valid for all μ ∈ �. For, if μ /∈ �λ, then mλ(μ) = 0 and it
also follows (by using an argument similar to the one used to establish (3.20)) that
for each α,

∞∑

i=1

mλ(μ + iα) < μ + iα, α > = 0.

Indeed,
∞∑

i=−∞
mλ(μ + iα) < μ + iα, α > = 0 · · · , (3.24)

or equivalently,

∞∑

i=1

mλ(μ − iα) < μ − iα,α > = mλ(μ) < μ,μ > +
∞∑

i=1

mλ(μ + iα) <

μ + iα, α > · · · . (3.25)

In turn,

cλmλ(μ) =< μ,μ > mλ(μ) + mλ(μ)
∑

α>0

< μ, α >

+ 2
∑

α>0

∞∑

i=1

mλ(μ + iα) < μ + iα, α > · · · . (3.26)

Since
∑

α∈� α = 2δ,

cλmλ(μ) =< μ,μ + 2δ > mλ(μ) + 2
∑

α>0

∞∑

i=1

mλ(μ + iα) < μ + iα, α > · · · .

(3.27)
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Putting μ = λ and observing that mλ(λ + iα) = 0 for all α > 0 and i ≥ 1, we can
solve for cλ which equals < λ, λ + 2δ > =< λ + δ, λ + δ > − < δ, δ >. Substi-
tuting the value of cλ, we obtain the desired formula. This establishes Freudenthal’s
multiplicity formula. �

Example 3.4.13 Consider the case A1. L = sl(2,C), {x, h, y} the standard basis,

 = {α,−α}, and � = {α}, where α(h) = 2. The fundamental weight λ1 =
aα, a ∈ Q is given by the condition < λ1,

2α
<α,α>

> = 1. Thus, a = 1
2 , and λ1 =

α
2 = δ.Without any loss,wemay assume that< α, α >= 1. Theweight lattice� =
{rλ1 = r α

2 | r ∈ Z} and �+ = {rλ1 = r α
2 | r ≥ 0}. Note that < rλ1 + δ, rλ1 +

δ > = ( r+1
2 )2. Let λ = nλ1 ∈ �+. Consider V (λ). Then λ is the highest weight in

V (λ). Indeed, in the earlier sense (see Theorem 1.4.28) λ(h) = n λ1(h) = n is the
highest weight of V (λ). Now,μ = rλ1 ∈ �λ only whenμ ≤ λ and σα(μ) ≤ λ. This
is equivalent to say that −m ≤ r ≤ m. Already mλ(λ) = 1. Let μ = (n − 1)λ1.
The LHS of Freudenthal’s formula is

(< λ + δ, λ + δ > − < μ + δ, μ + δ >)mλ(μ) =
((

n + 1

2

)2

−
(n

2

)2
)

mλ(μ).

However, for i ≥ 1, (n − 1)λ1 + iα = (n − 1)λ1 + 2iλ1 does not belong to �λ,
mλ(μ + iα) = 0 for all i ≥ 1. Consequently, the RHS of the Freudenthal formula
is 0. This means that mλ(λ − λ1) is 0. Now, let μ = λ − 2λ1. Then the LHS of
the Freudenthal formula gives nmλ(μ) whereas the RHS becomes n. Consequently,
mλ(λ − 2λ1) = 1. Proceeding recursively, we see that mλ(λ − rλ1) = 1 if r is
even and it is 0 if r is odd. This also justifies Theorem 1.4.28.

In this case,W (
) is small of order 2, hence Kostant and Weyl formulas can also
be used conveniently.

Example 3.4.14 Consider the case A2. L = sl(3,C), with the standard basis,
standard root system 
 = {±α1,±α2,±(α1 + α2)}, and � = {α1, α2}. Since φ

has only one root length, we may assume that < α1, α1 > = 1 =< α2, α2 >. Also,
then< α1, α2 >= − 1

2 . Let {λ1, λ2} be the basis of the lattice� ofweights consisting
of the fundamental weights. Suppose thatλ1 = aα1 + bα2, λ2 = cα1 + dα2, where
a, b, c, d ∈ Q. Then 1 =< λ1, 2α1 >= 2a − b and 0 =< λ1, 2α2 >= − 1

2a + b.
Solving for a and b, we obtain that λ1 = 1

3 (2α1 + α2) and similarly, λ2 = 1
3 (α1 +

2α2). Solving α1 and α2 in terms of λ1 and λ2, we find that α1 = 2λ1 − λ2) and α2 =
−λ1 + 2λ2). Also δ = 1

2 (α1 + α2 + (α1 + α2)) = α1 + α2 = λ1 + λ2. Further,
< λ1, α1 > = 1

2 =< λ2, α2 >, and < λ1, α2 > = 0 =< λ2, α1 >. The Weyl
group W (
) = {I, σα1 , σα2 , σα1σα2 , σα2σα1 , σα1σα2σα1} is the the dihedral group S3
of order 6. Let λ ∈ �+. Then μ ∈ �λ if and only if σ(μ) ≤ λ for all σ ∈ W (
)

(Remark 3.2.14). Take λ = λ1 + 3λ2 ∈ �+. Consider V (λ). One can explicitly
determine �λ. Already mλ(λ) = 1. We can check that < λ + δ, λ + δ > = 28

3 . Let
μ = λ − α1. Then < μ + δ, μ + δ > = 25

3 . By Freudenthal’s formula
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(< λ + δ,λ + δ > − < μ + δ, μ + δ >)mλ(μ) = 2

[ ∞∑

i=1

mλ(μ + iα1) <

μ + iα1, α1 > +
∞∑

i=1

mλ(μ + iα2) < μ + iα2, α2 >

+
∞∑

i=1

mλ(μ + iα1 + iα2) < μ + iα1 + iα2, α1 + α2 >

]

.

Since λ < μ + iα1 for all i ≥ 2, λ < μ + iα2 for all i ≥ 1, we see that

mλ(λ − α1) = 2 < λ, α1 > = 1.

Thus, mλ(λ − α1) = 1. Similarly, using that mλ(λ − α1) = 1, we can show that
mλ(λ − α1 − α2) = 2. Indeed, proceeding recursively, we can find allmλ(λ − iα −
jα).

Exercises

3.4.1. Use Weyl’s degree formula to show that deg(λ) = n + 1, where λ1 is an in
Example 3.4.13.

3.4.2. Let ρ be a faithful irreducible representation of L of the smallest posi-
tive degree. Show that the highest weight of ρ is λi for some i , where
{λ1, λ2, . . . , λl} is the basis of � consisting of fundamental weights.

3.4.3. Use Weyl’s degree formula to determine the dimension of V (λ), where λ is
as in Example 3.4.14. Also determine ChV (λ).

3.4.4. Use Kostant’s formula to determine mλ(λ − α1), where λ and α1 are as in
Example 3.4.14.

3.4.5. ConsiderG2 with the standard root system
,� = {α1, α2}, α1 being short.
Let {λ1, λ2} denote the basis consisting of fundamental dominant weights.
Express λ1 and λ2 in terms of α1 and α2. Let λ = 2λ1 + eλ2. Determine
mλ(λ − α1) and also mλ(λ − α1 − α2).

3.4.6. Find DimV (λ) = deg(λ), where λ is as in Example 3.4.14.
3.4.7. Use the Steinberg formula to decompose V (λ1) ⊗ V (λ2) as the direct sum of

simple modules, where λ1 and λ2 are as in Example 3.4.14.
3.4.7. Decompose V (λ1 + λ2) ⊗ V (λ1 + 2λ2) as the direct sum of simple modules,

where λ1 and λ2 are as in Example 3.4.14.



Chapter 4
Chevalley Groups

The simple complex Lie groups are in natural bijective correspondence with simple
Lie algebras over the field of complex numbers. Dickson and Dieudonne introduced
and studied the version of some of these classical Lie groups over arbitrary fields.
Motivated and tempted by their study of these classical matrix groups, Chevalley, in
1955, unified and introduced groups (bearing his name) by discovering, ingeniously,
an integral basis (a basis with respect to which all the structure constants are integers)
{hi | 1 ≤ i ≤ l} ⋃{xα | α ∈ �} of a semi-simple Lie algebra L over C associated
with a root system. Such a basis is also termed as a Chevalley basis. Further, the
existence of such a basis allowed to construct analogues of complex simple Lie
groups over arbitrary fields. These finite simple groups over finite fields together
with their twisted analogues and the alternating groups An give the complete list of
infinite families of finite simple groups. The Z-span L(Z) of a Chevalley basis has
the obvious induced Lie algebra structure overZ. Tensoring with an arbitrary field K
gives us a Lie algebra L(K ) over K . This allows us to think of exp(a(ad(xα))) as an
automorphismof L(K ) for eacha ∈ K andα ∈ �. In turn,we obtain the groupG(K )

of automorphisms of L(K ) generated by {exp(a(ad(xα))) | a ∈ K and α ∈ �}.
Taking K to be finite Galois fields Fq , Chevalley discovered new families (different
from An) of finite simple groups (termed as finite simple groups of Lie types). Indeed,
for each such group G(Fq), there are certain homomorphisms from SL(2, Fq) to
G(Fq) andG(Fq)may be viewed as an amalgamation of certain copies of SL(2, Fq)
through the members of the Weyl group W (�). In a further development, Tits gave
an axiomatic description of these groups with the help of Weyl groups.

The purpose of this chapter is to introduce Chevalley Groups and develop its
structure theory. We shall also introduce the twisted groups of Lie types.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2021
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4.1 Classical Linear Groups

In this section, we introduce and study (briefly) the classical linear groups over
arbitrary fields which provide initial examples of Chevalley groups.

Let K be a field and V be a finite-dimensional vector space of dimension n
(say) over K . The general linear group GL(V ) ≈ GL(n, K ) of non-singular linear
transformations on V and the special linear group SL(V ) ≈ SL(n, K ) of linear
transformations of determinant 1 have already been studied in some detail. We recall
some of their basic properties:

(a) 1 −→ SL(n, K )
i→ GL(n, K )

Det→ K � −→ 1
is a split exact sequence.

(b) SL(n, K ) is generated by the set {Eλ
i j | i �= j,λ ∈ K �} of transvections and

GL(n, K ) is generated by the set {Eλ
i j | i �= j,λ ∈ K �} ⋃{Diag(1, 1, . . . ,

1, d) | d ∈ K �}.
(c) Let K = Fq be a finite field containing q = pm elements. Then for n ≥

3, SL(n, Fq) is the group generated by the set of transvections subject to the
Steinberg relations:

(i) Eλ
i j E

μ
i j = Eλ+μ

i j for all λ,μ ∈ K .
(ii) [Eλ

i j , E
μ
kl] = 1 for i �= l, J �= k and for all λ,μ ∈ K .

(iii) [Eλ
i j , E

μ
jl ] = Eλμ

il for j �= l.

The group GL(n, Fq) is also denoted by GL(n, q) and the group SL(n, Fq)
is denoted by SL(n, q).

For n = 2, SL(2, q) is again generated by the set of transvections subject
to the relations (i) and

(iii’) wλ
12E

μ
12w

−λ
12 = E−λ2μ

21 for all λ,μ ∈ K , where

wλ
12 = Eλ

12E
−λ−1

21 Eλ
12 =

[
0 λ

−λ−1 0

]

.

However, if K is infinite, more relations (coming out of the SchurMultiplier
(Chap. 10, Algebra 2)) are needed to present SL(2, K ).

(d) Z(GL(n, K )) = {aIn | a ∈ K �}, Z(SL(n, K )) = {aIn | an = 1}.
(e) PSL(n, K ) = SL(n, K )/Z(SL(n, K )) is simple except for n = 2 with | K |≤

3.
(f) | GL(n, q) | = (qn − 1)(qn − q) · · · (qn − qn−1), | SL(n, q) | = qn−1(qn −

1)(qn − q) · · · (qn − qn−2).
(g) | PSL(n, q) | = qn−1(qn−1)(qn−q)···(qn−qn−2)

(n,q−1) .
(h) PSL(2, 5) ≈ SL(2, 4) ≈ A5: Consider a group G with presentation < x, y;

x5, y3, (xy)2 >. Using the coset enumeration method of Coxeter and Todd, one
finds that the order of G is 60. The elements p = (12345) and q = (152)
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of A5 are such that p5 = q3 = (pq)3 = 1. Thus, we have a surjective
homomorphism from G to A5 which maps x to p and y to q. Since both the
groups are of same order, it is an isomorphism. Similarly, the elements E12 and
w1

12 of PSL(2, 5) are such that (E12)
5 = (w1

12)
3 = (E12w

1
12)

2 = 1. Again,
since PSL(2, 5) is also of order 60, it follows that G is also isomorphic to
PSL(2, 5). This gives an explicit isomorphism from A5 to PSL(2, 5). Use a
similar argument to show that SL(2, 4) is also isomorphic to A5.

Further, PSL(2, 9) ≈ A6. Indeed, it can be shown PSL(2, 9) contains a subgroup
isomorphic to PSL(2, 5). Evidently, this subgroup is of index 6. Thus, PSL(2, 9)
acts transitively on a set containing 6 elements. Using the fact that PSL(2, 9) is
simple, it follows that PSL(2, 9) is isomorphic to a subgroup of A6. By order con-
sideration, it follows that PSL(2, 9) ≈ A6.

Other classical linear groups are obtained with the help of special types of nonde-
generate bi-linear forms. Recall that a bi-linear form on a finite-dimensional vector
space V over K is a map f from V × V to K such that

(i) f (ax + by, z) = a f (x, y) + b f (y, z), and
(ii) f (x, ay + bz) = a f (x, z) + b f (x, z)

for all x, y, z ∈ V , and a, b ∈ K .

Thus, a map f from V × V to K is a bi-linear form if and only if the maps fx
and f y from V to K defined by fx (y) = f (x, y) and f y(x) = f (x, y) are linear
functionals. Further, then the maps x � fx , and y � f y denoted by L f and R f ,
respectively, are linear transformations from V to V �.

Let A be a n × n matrix with entries in K . Then, the map f from Kn × Kn to K
defined by

f (x, y) = x Ayt

is a bi-linear form on Kn , where x = [x1, x2, . . . , xn] denotes a row vector in
Kn . Indeed, these are all bi-linear forms on Kn . In fact, given any bi-linear form
f on a vector space V of dimension n over K , there exists an isomorphism T
from V to Kn(corresponding to each choice of basis), and a matrix A such that
f (x, y) = T (x)t AT (y). Thus, essentially, these are all bi-linear forms on a vector
space of dimension n.

Let f and g be bi-linear forms on V and a, b ∈ K . Then, it is easily seen that
a f + bg defined by (a f + bg)(x, y) = a f (x, y) + bg(x, y) is a bi-linear form on
V . Further, the zero map which takes every thing to 0 is already a bi-linear form.
Thus, the set BL(V, K ) of bi-linear forms on V is a vector space over K with respect
to the operations defined above. Let us fix an ordered basis {u1, u2, . . . , un} of V .
Define a map Mu1,u2,...,un from BL(V, K ) to Mn(K ) by

Mu1,u2,...,un ( f ) = [ai j ],

where ai j = f (ui , u j ). This map is a linear transformation, and it is called the
Matrix representation map relative to the ordered basis {u1, u2, . . . , un}. The
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matrix Mu1,u2,...,un ( f ) is called the matrix representation of the bi-linear form f .
The matrix representation map Mu1,u2,...,un can easily be seen to be a vector space
isomorphism from BL(V, K ) to Mn(K ). Further, if {u1, u2, . . . , un} is an ordered
basis of V , then { fi j = u�

i u
�
j | 1 ≤ i ≤ n, 1 ≤ j ≤ n} forms a basis of BL(V, K ),

where {u�
1, u

�
2, . . . , u

�
n} is the dual basis to {u1, u2, . . . , un}.

We say that a bi-linear form f is congruent to a bi-linear form g if there is an
isomorphism T from V to V such that g(x, y) = f (T (x), T (y)) for all x, y ∈ V .
This is equivalent to say that the matrix representation of f and g are congruent with
respect to any choice of ordered basis of V . Thus, there is a natural bijective corre-
spondence between equivalence class of congruent bi-linear forms and congruence
classes of matrices.

Theorem 4.1.1 Let f be a bi-linear form on a vector space V of finite dimension n
over a field K . Then

ρ(L f ) = ρ(A) = ρ(R f ),

where A is a matrix of f corresponding to any choice of basis, and ρ denotes the
rank function.

Proof Let us first observe that matrices of f corresponding to different ordered
bases are congruent, and so they all have the same rank. Because of the rank-nullity
theorem, it is sufficient to show that ν(L f ) = ν(A) = ν(R f ), where ν denotes the
nullity. Now,

ν(L f ) = dim({x ∈ V | L f (x) = fx = 0}) = dim({x ∈ V | f (x, y) =
0 f or all y ∈ V }).

If we fix an ordered basis {u1, u2, . . . , un} of V , then the map T from V to the vector
space Kn , which associates to x = �n

i=1xiui the row vector x = [x1, x2, . . . , xn]
is an isomorphism, and then f (x, y) = T (x)AT (y)t = x Ayt , where A is the
matrix of f with respect to the basis {u1, u2, . . . , un}. This isomorphism takes the
subspace {x | f (x, y) = 0 f or all y ∈ V } of V isomorphically on to the subspace
{x ∈ Kn | x Ayt = 0 f or all y ∈ Kn}. Thus, ν(L f ) = dim({x ∈ Kn | x Ayt =
0 f or all y}). Next, over any field if C is a row vector such that Cyt = 0 for all
y ∈ Kn , thenC = 0 (verify).Hence, {x ∈ Kn | x Ayt = 0 f or all y ∈ Fn} = {x ∈
Fn | x A = 0} = {x ∈ Fn | At xt = 0}. This shows that ν(L f ) = ν(At ). Since
A is a square matrix, ν(At ) = ν(A). This shows that ρ(L f ) = ρ(A). Similarly,
we can show that ρ(R f ) = ρ(A). �

Definition 4.1.2 Let f be a bi-linear form on V . Then, the common number
ρ(L f ) = ρ(A) = ρ(R f ) is called the rank of f .

Corollary 4.1.3 Let f be a bi-linear form on a vector space V of dimension n. Then,
the following conditions are equivalent.
1 Rank of f is n.
2 fx (y) = 0 f or all y implies that x = 0.
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3 f y(x) = 0 f or all x implies that y = o.
4 The matrix representation of f with respect to any basis is non-singular. �

A bi-linear form f on V is called non-degenerate or non − singular bi-linear
form if it satisfies any one (and hence all) of the above three conditions in the
corollary. We say that a linear endomorphism T of V leaves a bi-linear form f
invariant if f (T (x), T (y)) = f (x, y) for all x, y ∈ V .

Proposition 4.1.4 Let f be a nondegenerate bi-linear form on V . Let G( f ) denote
the set of all linear endomorphisms of V which leave f invariant. Then, G( f ) is a
subgroup of GL(V ). Further, if f and f ′ are congruent non-degenerate bi-linear
forms on V , then G( f ) and G( f ′) are conjugate in GL(V ). In particular, they are
isomorphic.

Proof Let T be a linear endomorphism of V such that f (T (x), T (y)) = f (x, y)
for all x, y ∈ V . Suppose that T (x) = 0. Then f (x, y) = 0 for all y ∈ V . Since
f is nondegenerate, x = 0. Thus, T is an injective endomorphism of V . Since V is
finite dimensional T ∈ GL(V ). Thus, G( f ) ⊆ GL(V ). Clearly, G( f ) is a subgroup
of GL(V ). Suppose that f and f ′ are congruent. Then, there is an element T ∈
GL(V ) such that f ′(x, y) = f (T (x), T (y)) for all x, y ∈ V . Clearly, f (x, y) =
f ′(T−1(x), T−1(y)) for all x, y ∈ V . Let A ∈ G( f ). Then

f ′(T−1AT (x), T−1AT (y)) = f (AT (x), AT (y)) = f (T (x), T (y)) = f ′(x, y)

for all x, y ∈ V . This shows that T−1G( f )T ⊆ G( f ′). Similarly, T−1G( f ′)T ⊆
G( f ). �

Corollary 4.1.5 Let P be a non-singular n × n matrix with entries in K . Let G(P)

denote the subset {A ∈ GL(n, K ) | APAt = P} of GL(n, K ). Then G(P) is
a subgroup GL(n, K ) and G(P) is conjugate to G(Q) whenever P and Q are
congruent. �

A bi-linear form is called a symmetric bi-linear form if f (x, y) = f (y, x) for all
x, y ∈ V . This is equivalent to say that thematrix representations of f are symmetric.
Assume that the characteristic of K is different from 2. Since every symmetric matrix
with entries in a field of characteristic different from 2 is congruent to a diagonal
matrix (see Algebra 2), the matrix representation of a symmetric matrix is a diagonal
matrix with respect to a basis. Such a basis is called an orthogonal basis. Let f be a
nondegenerate symmetric bi-linear form on V . Then G( f ) is called an orthogonal
group. If the field K is such that it contains square root of each of its elements (for
example C), then every non-singular symmetric matrix is congruent to the identity
matrix (see Theorem 5.6.15, Algebra 2). Thus, in this case, G( f ) is isomorphic
to the group {A ∈ GL(n, K ) | AAt = I }. If K = R, then for a non-singular
n × n symmetric matrix there is a unique pair p, q of nonnegative integers p, q
with p + q = n such that A is congruent to the diagonal matrix Jp,q whose first p
diagonal entries are 1 and the rest of the diagonal entries are -1. In this case, the group
G( f ) is isomorphic to the group O(p, q) = {A ∈ GL(n, R) | AJp,q At = Jp,q}.
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Orthogonal Groups over Finite Fields of Odd Characteristic

Proposition 4.1.6 Let K = Fq be a finite field of odd characteristic. Consider the
set L = {a2 | a ∈ F�

q } of squares of nonzero elements of Fq . Then L is a subgroup
of F�

q of index 2.

Proof Clearly, L is a subgroup. The map a 
→ a2 from K � to L is a surjective
homomorphismwhose kernel is the subgroup {1,−1} of K � (since q is odd, 1 �= −1).
Indeed, since Fq is finite, F�

q is cyclic group of even order generated by a nonzero

element ξ (say) of Fq . Thus, L = < ξ2 > of order q−1
2 . �

Proposition 4.1.7 Let Fq be as in the above proposition. Let a, b ∈ F�
q . Then the

polynomial X2 + aY 2 + b in Fq [X,Y ] has a zero in F2
q .

Proof Clearly K � = L
⋃

ξL . Suppose that a /∈ L . Then K � = L
⋃

aL . If −b =
c2 ∈ L , then the pair (c, 0) is a solution of the said equation. If−b = av2 /∈ L , then
the pair (0, v) is a solution. Next, suppose that a = u2 ∈ L . Again, if−b = c2 ∈ L ,
then (c, 0) is a solution. Suppose that−b /∈ L . Now, X2 + aY 2 + b = X2 + Z2 + b,
where Z = uY . Clearly, if for some c with −c /∈ L , X2 + Z2 + c = 0 has a
solution, then it has a solution for all d with −d /∈ L . Thus, if X2 + Z2 + b = 0
has no solution, then L

⋃{0} will turn out to be a subgroup of the additive group
K . But | L ⋃{0} | = q+1

2 . This is a contradiction, since q+1
2 does not divide q. This

completes the proof. �

Proposition 4.1.8 Let f be a nondegenerate symmetric bi-linear form on a vector
space V of dimension n ≥ 3 over Fq, where q is an odd prime power. Then there
exists a pair u1, u2 of linearly independent elements of V such that f (u1, u1) =
0 = f (u2, u2) and f (u1, u2) = 1. Further, if U is the subspace of V generated
by {u1, u2}, then V = U ⊕U⊥.

Proof Since q is odd, we have an ordered orthogonal basis {v1, v2, . . . , vn} of V .
Suppose that f (vi , vi ) = ai �= 0 and f (vi , v j ) = 0 for all i �= j . From the above
proposition, for a = a−1

1 a2 and b = a−1
1 a3, there is a pair c, d ∈ Fq such that c2 +

ad2 + b = 0. Take u1 = cv1 + dv2 + v3. Then f (u1, u1) = c2a1 + d2a2 + a3 =
a1(c2 + ad2 + b) = 0. Since f is nondegenerate, there is an element v ∈ V such
that f (u1, v) �= 0.Wemay assume that f (u1, v) = 1.Now f (v + xu1, v + xu1) =
f (v, v) + 2x . Take u2 = v − f (v,v)

2 u1. Then f (u2, u2) = 0 and f (u1, u2) = 1.
The last assertion also follows if we observe that U

⋂
U⊥ = {0}. �

Proposition 4.1.9 Let f be a nondegenerate symmetric bi-linear form on a vector
space V of dimension 2m + 1 over a field Fq, where q is odd. Then there is a basis
{u0, u1, u2, . . . , u2m} of V such that f (u0, u0) = a for some a �= 0, f (u0, ui ) = 0
for all i , f (ui , u j ) = 0 for all i, j with | i − j |�= m, and f (ui , um+i ) = 1 for all
i, 1 ≤ i ≤ m. Further, if f ′ is another nondegenerate symmetric bi-linear form, then
G( f ) is isomorphic to G( f ′).

Proof We prove the existence of such a basis {u0, u1, u2, . . . , u2m} of V by the
induction on m. Suppose that m = 1. Then from the above Proposition, we have
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a linearly independent pair u1, u2 of elements of V such that f (u1, u2) = 1 =
f (u2, u1), f (u1, u1) = 0 = f (u2, u2). Also V = U ⊕U⊥. Let u0 be a nonzero
element ofU⊥. Then, {u0, u1, u2} is a basis of V with the required property. Similarly,
assuming the assertion for r < m, m ≥ 2, we can establish it for m.

Now, let f ′ be another nondegenerate symmetric bi-linear form on a vector space
V of dimension 2m + 1 over Fq . Then as before, there is basis {v0, v1, . . . , v2m+1} of
V such that f (v0, v0) = b for some b �= 0, f (v0, vi ) = 0 for all i , f (vi , v j ) = 0
for all i, j with | i − j |�= m, and f (vi , vm+i ) = 1 for all i, 1 ≤ i ≤ m. Put c =
a−1b. Consider the automorphism T of V given by T (u0) = v0, T (ui ) = vi and
T (um+i ) = cvm+i for 1 ≤ i ≤ m. Then f ′(x, y) = c f (T−1(x), T−1(y)) for all
x, y ∈ V . Evidently, c f is also a nondegenerate symmetric bi-linear form on V such
that G( f ) = G(c f ). It also follows from the above identity that G(c f ) is conjugate
to G( f ′) in GL(V ). This shows that G( f ) ≈ G( f ′). It particular, it follows that
upto isomorphism, there is a unique orthogonal group on any 2m + 1 dimensional
(m ≥ 1) vector space over Fq . �

Consider the (2m + 1) × (2m + 1)matrix J2m+1 = [ai j ], where a11 = 1, a1i =
0 = ai1 for all i �= 1, a jk = 1 = akj for | j − k | = m, j, k ≥ 2 and all other
entries are 0. Then J2m+1 is a non-singular symmetric matrix. Consequently, we have
a nondegenerate symmetric bi-linear form f on F2m+1

q given by

f (x, y) = x J2m+1y
t .

Thus, the unique (up to isomorphism) orthogonal group on a 2m + 1 dimensional
vector space denoted by O(2m + 1, q) is given by

O(2m + 1, q) = {A ∈ GL(2m + 1, q) | AJ2m+1A
t = J2m+1}.

We state few elementary properties of O(2m + 1, q). Evidently, the determinant
of each member of O(2m + 1, q) is ±1. The normal subgroup SO(2m + 1, q) =
{A ∈ O(2m + 1, q) | Det A = 1 of O(2m + 1, q) of index 2 is called the special
orthogonal group. It can be seen [SO(2m + 1, q), SO(2m + 1, q)] = [O(2m +
1, q), O(2m + 1, q)] is a simple subgroup of SO(2m + 1, q) of index 2. This group
is denoted by �(2m + 1, q). For m = 1, �(3, q) ≈ PSL(2, q) (Exercise 4.1.4).

Counting the non-singular matrices satisfying the condition AJ2m+1At = J2m+1,
one can establish the following:

Proposition 4.1.10 | O(2m + 1, q) | = 2qm2
(q2 − 1)(q4 − 1) · · · (q2m − 1). �

Next, we study orthogonal groups on even-dimensional vector spaces:

Proposition 4.1.11 Let V be a vector space of dimension 2m ≥ 2 over Fq , where
q is odd. Let f be a nondegenerate symmetric bi-linear form on V . Then there is a
basis {u1, u2, . . . , um, um+1, . . . , u2m} such that
1. f (ui , um+i ) = 1 = f (um+i , ui ) for all i ≤ m − 1, f (um, u2m) = 1 =
f (u2m, um), and for the rest of the pair i, j , f (ui , u j ) = 0,
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or else
2. f (ui , um+i ) = 1 = f (um+i , ui ) for all i ≤ m − 1, f (um, u2m) = 0 =
f (u2m, um), f (um, um) = −a f (u2m, u2m) �= 0, and for the rest of the pair i, j ,
f (ui , u j ) = 0, where a is an element of Fq which is not a square.

Proof Using Proposition 4.1.9, and induction, we can find a basis {u1, u2, . . . , u2m}
which satisfies the condition 1 and 2, except for the conditions to be satisfied by um
and u2m . Let U denote the subspace of V generated by {u1, u2, . . . , um−1, um+1,

um+2, . . . , u2m−1}. Then V = U ⊕U⊥. Suppose that U⊥ contains a nonzero
element u such that f (u, u) = 0. Since f is nondegenerate, there is vector
v ∈ U⊥ such that {u, v} generates U⊥ and f (u, v) �= 0. Suppose f (u, v) = b.
If f (v, v) = 0, then take um = u and u2m = b−1v. If f (v, v) �= 0, then
w = u − 2b

f (v,v)
v is such that f (w,w) = 0 and f (u, w) �= 0. Take um = u

and u2m = f (v,w)−1w. Thus, in this case, we have a basis satisfying 1. Next, sup-
pose that f (u, u) �= 0 for all nonzero u ∈ U⊥. Take an orthogonal basis {um, u2m}.
Then f (um, u2m) = 0 = f (u2m, um) and f (um, um) = −a f (u2m, u2m) �= 0
for some a ∈ Fq . For any nonzero pair x, y of scalars xum + yu2m �= 0. Hence,
f (um, um)(x2 − ay2) = f (xum + yu2m, xum + yu2m) �= 0. This means that a is
not a square. �

Let f+ denote a nondegenerate symmetric bi-linear form on a vector space of
dimension2mwhich admits a basis satisfying the condition 1of the aboveProposition
and f− denote a nondegenerate symmetric bi-linear form admitting a basis satisfying
the condition 2 of the above Proposition. If f is any nondegenerate symmetric bi-
linear form on V , then as in Proposition 4.1.10, G( f ) is isomorphic to G( f+) or to
G( f−). Evidently, G( f+) is isomorphic to the subgroup

{A ∈ GL(2m, q) | AJ+
2m A

t = J+
2m}

of GL(2m, q), where

J+
2m =

[
0m Im
Im 0m

]

is the matrix of f+ relative to the basis 1 as described in Proposition 4.1.12. We
denote this orthogonal group by O+(2m, q). Counting the number of matrices in
O+(2m, q), we see that

| O+(2m, q) | = 2qm(m−1)(q2 − 1)(q4 − 1) · · · (q2(m−1) − 1)(qm − 1).

Similarly, G( f−) is isomorphic to the subgroup

{A ∈ GL(2m, q) | AJ−
2m A

t = J+
2m}

of GL(2m, q), where J−
2m is the matrix of f− relative to the basis 2 as described in

Proposition 4.1.12. We denote this orthogonal group by O−(2m, q). Counting the
number of matrices in O−(2m, q), we see that
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| O−(2m, q) | = 2qm(m−1)(q2 − 1)(q4 − 1) · · · (q2(m−1) − 1)(qm + 1).

Consequently, O+(2m, q) is not isomorphic to O−(2m, q), and indeed none of them
are isomorphic to O(2m + 1, q). This shows that on an odd-dimensional space, there
is a unique orthogonal group and on even-dimensional vector space there are two
orthogonal groups as described above.

SO±(2m, q) is a subgroup of index 2 in O±(2m, q). Again the commuta-
tor subgroup [SO±(2m, q), SO±(2m, q)] denoted by �±(2m, q) is of index 2 in
SO±(2m, q). The order of the center Z(�±(2m, q)) is 2 whenever qm ≡ ±1(mod4)
and it is 1, otherwise. P�±(2m, q) = �±(2m, q)/Z(�±(2m, q)) is a simple group.
The reader is referred to “The Geometry of Classical Groups” By J. Dieudonne. For
further details.

Symplectic Groups

Recall that a bi-linear form on V is termed as an alternating form if f (x, x) = 0 for
all x ∈ V . If the characteristic of the field is different from 2, then this is equivalent
to say that f (x, y) = − f (x, y) for all x, y ∈ V . This is also equivalent to say that
the matrix representation of f with respect to any basis is skew symmetric. Note
that over a field of characteristic 2, alternating forms are also symmetric. We are
interested in nondegenerate alternating forms.

Proposition 4.1.12 A vector space V admits a nondegenerate alternating form
if and only if Dim V = 2m for some m. Further, if f is a non-degenerate
alternating form on a vector space V of dimension 2m, then there is a basis
{u1, v1, u2, v2, . . . , um, vm} such that f (ui , u j ) = 0 = f (vi , v j ) for all i, j ,
f (ui , v j ) = 0 = f (vi , u j ) for all i �= j , and f (ui , vi ) = 1 = − f (vi , ui )
for all i .

Proof Given a basis {u1, v1, u2, v2, . . . , um, vm} of V , we have a unique non
degenerate alternating form subject to f (ui , u j ) = 0 = f (vi , v j ) for all i, j ,
f (ui , v j ) = 0 = f (vi , u j ) for all i �= j , and f (ui , vi ) = 1 = − f (vi , ui ) for
all i . Let f be a nondegenerate alternating form on V . Evidently, there is no nonde-
generate alternating form on a vector space of dimension 1. Thus, Dim V ≥ 2.
Let u1 be a nonzero element of V . Then f (u1, u1) = 0. Since f is nonde-
generate, there is a vector v such that f (u1, v) �= 0. Take v1 = 1

f (u1,v)
v. Then

f (u1, v1) = 1 = − f (v1, u1). Clearly, {u1, v1} is linearly independent. If V =
< {u1, v1} >, then there is nothing to do. If not, let U be the subspace gener-
ated by {u1, v1}. Consider U⊥. Let x = au1 + bv1 be a member of U⊥. Then
−a = f (x, u1) = 0 and b = f (x, v1) = 0. This means that U

⋂
U⊥ = {0}.

Let x be an arbitrary element of V . Put y = x − f (x, v1)u1 + f (x, u1)v1. Clearly,
y ∈ U⊥ and x = f (x, v1)u1 − f (x, u1)v1 + y belongs toU +U⊥. This shows that
V = U ⊕U⊥. Since f restricted to U⊥ is also a nondegenerate alternating form,
the assertions follow by the induction on Dim V . �

If f is a non degenerate alternating form on an even-dimensional space V , then
G( f ) is called a Symplectic Group. A nondegenerate alternating form is also called
a symplectic form.
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Corollary 4.1.13 Any symplectic group on a vector space V of dimension 2m over
a field K is isomorphic to the subgroup

Sp(2m, K ) = {A ∈ GL(2m, K ) | APAt = P}

of GL(2m, K ), where

P =
[

0m Im
−Im 0m .

]

Proof Let f be a nondegenerate alternating form on a vector space V of dimension
2m. From the above Proposition, it follows that the matrix of f with respect to a
suitable basis is P as given in the Corollary. Hence G( f ) ≈ Sp(2m, K ). �

We state a fact (to follow later) that PSp(2m, q) = Sp(2m, q)/Z(Sp(2m, q))

is simple group except when m = 1, q ≤ 3 or m = 2 and q = 2.
Let K be a field with an automorphism σ of order 2 (also termed as an involution

on K ). For example on C, the conjugation map z 
→ z is an automorphism of order
2. Suppose that K be a finite field which admits an automorphism σ of order 2. Then
K is quadratic extension of the fixed field Kσ of σ. If Kσ = Fq , then K = Fq2 .
Evidently, σ given by σ(a) = aq is an automorphism of Fq2 of order 2.

Let a ∈ Fq2 . Then (a1+q)q = aq+q2 = aqaq
2 = aqa = a1+q . Thus, a1+q ∈ Fq

for all a ∈ Fq2 . Consider themap τ from Fq2 to Fq defined by τ (a) = a1+q . Clearly τ
restricted to F�

q2 is a homomorphism from F�
q2 to F�

q . Since Kerτ is a cyclic subgroup
of F�

q2 of order q + 1, it follows that τ is surjective map. Similarly, a + aq ∈ Fq for
all a ∈ Fq2 and the map μ from Fq2 to Fq defined by μ(a) = a + aq is a surjective
map.

Let V be a vector space over K with an involution σ. Then a map f from V × V
to K is called a sesqui linear form if the following hold:

(i) f (ax + by, z) = a f (x, z) + b f (y, z), and
(ii) f (x, ay + bz) = σ(a) f (x, y) + σ(b) f (y, z)

for all x, y, z ∈ V and a, b ∈ K . A sesqui linear form f is called a nondegenerate
form if f (x, y) = 0 for all y implies that x = 0 and f (x, y) = 0 for all x
implies that y = 0. If {x1, x2, . . . , xm} is a basis of V , then the matrix A =
[ai j = f (xi , x j )] is called the matrix of f relative to the given basis.

A sesqui linear form f is called a Hermitian form if f (x, y) = σ( f (y, x))
for all x, y. A sesqui linear form f is a Hermitian form if and only if the matrix
A = [ai j ] associated with f relative to a basis is hermitian matrix in the sense that
A = A� = [bi j ], where bi j = σ(a ji ) for all i, j .

Proposition 4.1.14 Let f be a nondegenerate hermitian form on a vector space V
of dimension m over a finite field Fq2 . Then there is a basis {u1, u2, . . . , um} such
that f (ui , ui ) = 1 for all i and f (ui , u j ) = 0 whenever i �= j .
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Proof The proof is by the induction on the dimension of V . Let f be a nondegenerate
hermitian form on V . Evidently, f (V × V ) = Fq2 . Suppose that f (u, u) = 0 for
all u. Then f (u + v, u + v) = 0 for all u, v ∈ V . This implies that f (u, v) +
f (v, u) = 0 for all u, v ∈ V . Since f is hermitian, f (v, u) = f (u, v)q for all u, v.
In turn, μ( f (u, v)) = f (u, v) + f (u, v)q = 0 for all u, v. This is a contradiction,
since μ is surjective map from Fq2 to Fq . Thus, there is a nonzero member u such
that f (u, u) = a �= 0. Since f is hermitian, aq = a. Consequently, a is a nonzero
member of Fq . Since τ is surjective map, there is an element b ∈ F�

q2 such that

a = b1+q . Take u1 = b−1u. Then f (u1, u1) = 1. The result follows if DimV = 1.
Assume that the result holds for all vector spaces of dimension less than DimV . Then,
as above, there is a u1 ∈ V such that f (u1, u1) = 1. Let U denote the subspace
generated by u1. Then as usual, V = U ⊕U⊥. Clearly, the DimU⊥ < DimV
and f |U⊥ is nondegenerate hermitian form. By the induction hypothesis, we have a
basis {u2, u3, . . . , um} such that f (ui , ui ) = 1 and f (ui , u j ) = 0 for i �= j . �

Corollary 4.1.15 Let f be a nondegenerate hermitian form on a vector space of
dimension m over Fq2 , then G( f ) is isomorphic to the subgroup

U (m, q) = {A ∈ GL(m, q2) | AA� = Im}

of GL(m, q2).

Proof Since the matrix representation of f with respect to a suitable basis is the
identity matrix, the result follows. �

The groupU (m, q) is called aUnitaryGroup. Clearly, Det A� = (Det (A))q =
(Det (A))−1. Hence, Det (A)q+1 = 1. We have an exact sequence

1 −→ SU (m, q)
i→ U (m, q)

Det→ Zq+1 −→ 1

where Zq+1 = a ∈ F�
q2 | aq+1 = 1, and SU (m, q) = SL(m, q2)

⋂
U (m, q). The

center Z(SU (m, q)) is a cyclic group of order (m, q + 1). The projective special
unitary group PSU (m, q) = SU (m, q)/Z(SU (m, q)) is a simple group for all
n ≥ 3 except when n = 3 and q = 2.

Exercises

4.1.1. Compute the order of U (m, q) and also of PSU (m, q).
4.1.2. Determine the order of Sp(2m, q).
4.1.3. Show that SU (2, q) ≈ SL(2, q).
4.1.4. Show that �(3, q) ≈ PSL(2, q).
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4.2 Chevalley Basis

In this section, we shall show the existence of integral bases (bases with structure
constants as integers) of L ,U (L), and V , where L is a semi-simple Lie algebra over
C, U (L) is the universal enveloping algebra of L , and V is a L-module. L , H , �,
and � are as usual.

Proposition 4.2.1 Let α,β ∈ �, β �= ±α. Let {β − rα,β − (r − 1)α, . . . ,β,β +
α, . . . ,β + qα} be the α-string through β. Then the following hold:

(i) ≺ β,α � = r − q = β(hα), where hα = 2tα
<α,α>

.
(ii) At the most two root lengths occur in the root string.
(iii) If q �= 0, then r + 1 = q<α+β,α+β>

<β,β>
.

Proof The part (i) has already been established (Propositions 2.1.9, 2.2.8).
(ii) Note that (Zα + Zβ)

⋂
� = �′ is also a root system of rank 2. If �′ is

reducible, then �′ = A1 × A1 = {±α,±β} and there is nothing to do. If �′ is
irreducible, then it is A2, B2, or G2. The result follows in each case.

(iii) If q �= 0, then �′ = A2, B2, or G2. The identity follows by simple casewise
inspection. �

Proposition 4.2.2 (Chevalley) There exists a map x from � to
⋃

α∈� Lα with
x(α) = xα ∈ Lα for each α ∈ � such that the following hold:

(i) [xα, x−α] = hα = 2tα
<α,α>

for all α ∈ �.
(ii) For eachpairα,β ∈ � such thatα + β ∈ �, the scalarνα,β givenby [xα, xβ] =

να,βxα+β satisfies the condition να,β = −ν−α,−β = −νβ,α.
(iii) ν2

α,β = q(r + 1)<α+β,α+β>

<β,β>
= (r + 1)2, where {β − rα,β − (r − 1)α, . . . ,

β,β + α, . . . ,β + qα} is the α-string through β.

Proof (i) We have an automorphism σ of L of order 2 such that σ(Lα) = L−α and
σ(h) = −h for all h ∈ H . For each α ∈ �+, select a nonzero member uα of Lα

and put −u−α = σ(uα). Since the Killing form κ is nondegenerate, κ(uα, u−α) �=
0. Take xα =

√
2

<α,α>κ(uα,u−α)
uα. Then κ(xα, x−α) = 2

<α,α>
= 2

κ(tα,tα)
. From

Theorem 2.1.6, it follows that [xα, x−α] = hα for each α.
(ii) Since each Lα is one dimensional, for each α,β,α + β ∈ �, we have a scalar

να,β such that [xα, xβ] = να,βxα+β (να,β are called structure constants). Further,

−να,βx−α−β = σ(να,βxα+β) = σ([xα, xβ]) = [σ(xα),σ(xβ)]
= [x−α, x−β] = ν−α,−βx−α−β .

This shows that να,β = −ν−α,−β . Further,

να,βxα+β = [xα, xβ] = −[xβ, xα] = −νβ,αxβ+α = −νβ,αxα+β .

Hence, να,β = −νβ,α.
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(iii) By the Jacobi identity,

[[xα, x−α], xβ] + [[x−α, xβ], xα] + [[xβ, xα], x−α] = 0,

or
[hα, xβ] + ν−α,βν−α+β,αxβ + νβ,ανβ+α,−αxβ = 0,

or
β(hα)xβ + ν−α,βν−α+β,αxβ + νβ,ανβ+α,−αxβ = 0.

This means that

β(hα) + ν−α,βνβ−α,α + νβ,ανβ+α,−α = 0. (4.1)

Replacing β by β − α in the above equation, we obtain

(β − α)(hα) + ν−α,β−ανβ−2α,α + νβ−α,ανβ,−α = 0. (4.2)

Adding (4.1) and (4.2) and observing that νβ,−α = −ν−α,β , we obtain

2β(hα) − α(hα) + νβ,ανβ+α,−α + ν−α,β−ανβ−2α,α = 0. (4.3)

Again, replacing β by β − α in (4.3) and adding the equation, thus obtained, with
(4.3), we obtain

3β(hα) − (1 + 2)α(hα) + νβ,ανβ+α,−α + ν−α,β−2ανβ−3α,α = 0.

Proceeding inductively, we see that

(r + 1)β(hα) − r(r + 1)

2
α(hα) + νβ,ανβ+α,−α + ν−α,β−rανβ−(r+1)α,α = 0.

(4.4)
Observing that β(hα) = (r − q), α(hα) = 2 and νβ−(r+1)α,α = 0, we get

να,βνβ+α,−α = −q(r + 1). (4.5)

Again the Jacobi identity

[[x−α, x−β], xα+β] + [[x−β, xα+β], x−α] + [[xα+β, x−α], x−β] = 0

gives

− ν−α,−βhα+β + ν−β,α+βhα + να+β,−αhβ = 0. (4.6)
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Since tα+β = tα + tβ and hα = 2tα
<α,α>

, we obtain

− < α + β,α + β > hα+β + < α,α > hα + < β,β > hβ = 0. (4.7)

Since {hα, hβ} is linearly independent, the coefficients in (4.6) and (4.7) are propor-
tional. Consequently,

ν−α,−β

< α + β,α + β >
= να+β,−α

< β,β >
= ν−β,α+β

< α,α >
.

Thus,
να+β,−α

ν−α,−β
= < β,β >

< α + β,α + β >
, (4.8)

and also ν−β,α+β

ν−α,−β
= < α,α >

< α + β,α + β >
.

Using the Eqs. (4.8) and (4.5), we obtain

να,βν−α,−β = να,βνα+β,−α < α + β,α + β >

< β,β >
= q(r + 1)

< α + β,α + β >

< β,β >
.

Further, using the Proposition 4.2.1 (iii),

να,βν−α,−β = −(r + 1)2.

Since να,β = −ν−α,−β , ν2
α,β = (r + 1)2 and να,β = ±(r + 1). �

Corollary 4.2.3 We have a basis of {hi | 1 ≤ i ≤ l} ⋃{xα | α ∈ �} such that the
structure constants are integers. Indeed:

(i) [hi , h j ] = 0 ≤ i, j ≤ l.
(ii) [hi , xα] = ≺ α,αi � xα for each i, 1 ≤ i ≤ l and α ∈ �.
(iii) [xα, x−α] = hα is an integral linear combination of {hi | 1 ≤ i ≤ l}.
(iv) If α and β are independents and {β − rα,β − (r − 1)α, . . . ,β,β + α, . . . ,

β + qα} is a α-string through β, then [xα, xβ] = ±(r + 1)xα+β, α +
β ∈ �. �

A basis described in the above corollary is termed as a Chevalley Basis of L .

Remark 4.2.4 Tits, J in 1966 determined the sign of να,β = ±(r + 1) for a given
�which, in turn, gives an alternative construction of semi-simple lie algebra without
the use of Serre’s theorem.

If {x ′
α | α ∈ �} is anotherChevalley basis andν ′ is the associatedmap from� × �

to C, then there is a map c from � to C such that x ′
α = cαxα, where c(α) = cα.

We have the following:
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Proposition 4.2.5 (i) cαc−α = 1
(ii) ν ′

α,βν ′
−α,−β = να,βν−α,−β .

Proof (i) Since cαc−α[xα, x−α] = [x ′
α, x ′−α] = hα = [xα, x−α], cαc−α = 1.

(ii) We have

cαcβνα,βxα+β = cαcβ[xα, xβ] = [x ′
α, x ′

β] = ν ′
α,βx

′
α+β = ν ′

α,βcα+βxα+β .

for all α,β. It follows that ν ′
α,β = cαcβ

cα+β
να,β for all α,β. Using (i), we obtain (ii). �

Let L be a semi-simple Lie algebra over C (or over any algebraically closed
field of characteristic 0) and X = {hi | 1 ≤ i ≤ l} ⋃{xα | α ∈ �} be a Chevalley
basis of L . Consider, the lattice (abelian subgroup ) L(Z) in L generated by X .
Note that L(Z) is independent of the basis � of �. The Lie product in L induces a
product in L(Z) and L(Z) is a Lie algebra over Z with respect to the induced Lie
product. Let p be a prime and Fp = Zp the prime field of order p. Then Fp is a Z-
module. Consider L(Fp) = L(Z) ⊗Z Fp which is a vector space over Fp with basis
{hi = hi ⊗ 1 | 1 ≤ i ≤ l} ⋃{xα = xα ⊗ 1 | α ∈ �}. Further, the bracket operation
in L(Z) induces a product in L(Fp) and L(Fp) is a Lie algebra over Fp with respect
to the induced product. This is just the reduction of L(Z) modulo p. Let K be a
field extension of Fp. Then, as before, L(K ) = L(Fp) ⊗Fp K is a Lie algebra over
K with {hi ⊗ 1 | 1 ≤ i ≤ l} ⋃{xα ⊗ 1 | α ∈ �} as a basis. Indeed, L(K ) is the Lie
algebra over K obtained by just extending the scalars in L(Fp) to K . For example,
if L = sl(n, C), then L(Fp) = sl(n, Fp) and L(K ) = sl(n, K ). The Lie algebra
L(K )may cease to be simple for if p divides n, the scalar matrices in sl(n, K ) forms
a one dimensional ideal of sl(n, K ) which is the center of sl(n, K ). L(K ) is called
the Chevalley algebra over K associated with the Lie algebra L . Note that L(K ) is
isomorphic to L ′(K ) if L is isomorphic to L ′.

Proposition 4.2.6 L(Z) is invariant under the transformation (ad(xα))m

m! for allα ∈ �

and m ≥ 0.

Proof Let X = {hi | 1 ≤ i ≤ l} ⋃{xα | α ∈ �} be a Chevalley basis of L .
It is sufficient to show that (ad(xα))m

m! (X) ⊆ L(Z) for all α ∈ � and m ≥ 0.

Clearly, (ad(xα))0

0! (hi ) = hi ,
(ad(xα))1

1! (hi ) = [xα, hi ] = − ≺ α,αi � xα , and also
(ad(xα))m

m! (hi ) = 0 for all m ≥ 2. This shows that (ad(xα))m

m! (hi ) belongs to L(Z) for

all i and m ≥ 0. Evidently, (ad(xα))m

m! (xα) = 0 for all m ≥ 1. Next, (ad(xα))1

1! (x−α) =
[xα, x−α] = hα and (ad(xα))2

m! (x−α) = 1
2 [xα, hα] = −xα, and

(ad(xα))m

m! (x−α) = 0
for all m ≥ 3. Finally, let β ∈ � be such that β �= ±α. Let {β − rα,β − (r −
1)α, . . . , . . . ,β,β + α, . . . ,β + qα} be the α-string through β. From Corollary
4.2.3 (iv), ad(xα)(xβ) = ±(r + 1)xβ+α. Since {(β + α) − (r + 1)α, (β + α) −
(rα, . . . ,β + α, (β + α) + α, . . . , (β + α) + (q − 1)α} is theα-string throughβ +
α, (ad(xα))2(xβ) = ±(r + 1)(r + 2)xβ+2α. Proceeding inductively, we see that

(ad(xα))m(xβ) = ±(r + 1)(r + 2) · · · (r + m)xβ+mα
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for allm ≤ q − 1 and it is 0 for allm ≥ q. Since ±(r+1)(r+2)···(r+m)

m! = (m+r)Cm is an
integer for all m, it follows that (ad(xα))m

m! (xβ) belongs to L(Z) for all m ≥ 0. �

For each α ∈ φ, ad(xα) is nilpotent. As such,

exp(ad(xα)) = I + ad(xα) + (ad(xα))2

2! + · · · (ad(xα))m

m! · · ·

makes sense. It follows from the above proposition that exp(ad(xα)) acts as an auto-
morphism of the free Z-module L(Z) of rank n = l+ | � |. The matrix representa-
tion of exp(ad(xα)) with respect to the chosen Chevalley basis is an integral n × n
matrix of determinant 1. The group I nn(L) generated by the set {exp(ad(xα)) | α ∈
�} can be viewed as a group of n × n matrices in SL(n, Z). More generally, let T be
an indeterminate over Z. Then L(Z[T ]) = L(Z) ⊗Z Z[T ] is a free Z[T ]-module
of rank n with basis X ⊗ 1 = {hi ⊗ 1 | 1 ≤ i ≤ l} ⋃{xα ⊗ 1 | α ∈ �}, where X is
the chosen Chevalley basis of L . Evidently,

exp(ad(T xα)) = I + Tad(xα) + T 2(ad(xα))2

2! + · · · Tm(ad(xα))m

m! · · ·

is an automorphism of L(Z(T )) whose matrix representation with respect to the
basis X ⊗ 1 is a n × n matrix of determinant 1 with entries in Z[T ]. Consider the
subgroup G(T ) of GL(n, Z[T ]) generated by {exp(ad(T xα)) | α ∈ �}. Specialize
T with elements of a field extension K of Fp to obtain a group G(K ) of n × n
matrices over with entries in K . The group G(K ) is called the Chevalley Group of
Adjoint Type over K associated with the semi-simple Lie algebra L . If K is a finite
Galois field Fq , then leaving few exceptions, we shall show that G(Fq)is a finite
simple group. This is how Chevalley discovered several families of finite simple
groups.

Still, more generally, our aim is to associate ChevalleyGroup to an arbitrary finite-
dimensional representation ρ of L on V . For the purpose, we look at the subring
U (L)Z with identity (which is also a Z-form onU (L)) ofU (L) generated by the set
{ jL (xα)m

m! | α ∈ �,m ≥ 0} and also a lattice VZ in V such that U (L)Z · VZ ⊆ VZ.
Let A be an associative commutative algebra with identity over the complex field

C (or over anyfield of characteristic 0). Then for alla ∈ A andn ∈ Z+, a(a−1)···(a−n+1)
n!

makes sense and it is denoted by (an). The usual identity “(
a+1
n ) − (an) = (an−1)” also

holds. Here also we adapt the convention that (a0) = 1 and put (an) = 0 for all
negative integer n.

Consider�+ = {α1,α2, . . . ,αN } as an ordered set and�− = {−α1,−α2, . . . ,

−αN } also as an ordered set. Further, consider an ordered Chevalley basis

{x−α1 , x−α2 , . . . , x−αN , h1, h2, . . . , hl , xα1 , xα2 , . . . , xαN }

of L , where | � | = 2N . For each N -tuple a = (a1, a2, . . . , aN ) ∈ Z
N+ , let e

−
a

denote the element
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( jL(x−α1))
a1

a1! · ( jL(x−α2))
a2

a2! · · · ( jL(x−αN ))aN

aN !
of U (L), and e+

a denote the element

( jL(xα1))
a1

a1! · ( jL(xα2))
a2

a2! · · · ( jL(xαN ))aN

aN !

of U (L). Further, for each l-tuple b = (b1, b2, . . . , bl) in Z
l+, let fb denote the

element
(
jL (h1)
b1

) · (
jL (h2)
b2

) · · · ( jL (hl )
bl

)

of U (H) ⊆ U (L) (note that (
jL (hi )
bi

) makes sense, since U (H) is a associative com-
mutative algebra). We have the following theorem due to Kostant.

Theorem 4.2.7 (Kostant) The subring U (L)Z of U (L) generated by { ( jL (xα))m

m! | α ∈
�,m ∈ Z+} is a lattice in U (L) with

{e−
a fbe

+
c | a, c ∈ Z

N
+ , and b ∈ Z

l
+}

as a Z-basis.

We establish a series of lemmas needed for the proof of the theorem.

Lemma 4.2.8 Let f = f (T1, T2, . . . , Tl) ∈ F[T1, T1, . . . , Tl], where
T1, T1, . . . , Tl are indeterminates over a field F of characteristic 0. Then f (Zl) ⊆ Z

if and only if f can be expressed (of course, uniquely) as a Z-linear combination of
the set X = {(T1a1 )(T2a2 ) · · · (Tlal ) | 0 ≤ ai ≤ degTi f f or each i}, where degTi f denotes
the degree of f in Ti .

Proof Evidently, the polynomial (T1a1 )(
T2
a2 ) · · · (Tlal ) takes integral values on Z

l for all
(a1, a2, . . . , al) ∈ Z

l+. Hence, any integral linear combination ofmembers of X takes
integral values on Z

l .
Conversely, let f = f (T1, T2, . . . , Tl) be a member of F[T1, T2, . . . , Tl ] such

that f (Zl) ⊆ Z. We show that f is integral linear combination of members of X . The
proof is by the inductionon l. For l = 0, there is nothing to do. Suppose that l = 1.Let
f (T ) ∈ F[T ] such that f (Z) ⊆ Z. If deg( f ) = 0, then f = a0 = a0(T0 ), where a0
is an integer. If deg( f ) = 1, then f (T ) = a0 + a1T . Since f (Z) ⊆ Z, f (0) = a0
and f (1) = a0 + a1 are integers. This means ao, a1 ∈ Z and f = a0(T0 ) + a1(T1 ).
Assume the result for the polynomials in F[T ] satisfying the hypothesis which are
of degrees at the most r, r ≥ 1. Since (Tk ) = T k

k! + ∑k−1
i=0 ai T

i , ai ∈ F , T k =
k!(Tk ) + ∑k−1

i=0 bi T
i . By the induction, we observe that T k = ∑k

i=1 ci (
T
i ). In turn, it

follows that a polynomial f (T ) ∈ F[T ] of degree r + 1 can be expressed as

f (T ) =
∑r+1

j=0
b j (

T
j ), (4.9)
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where b j ∈ F . We need to show that if f (Z) ⊆ Z, then all b j are integers. Replacing
T by T + 1 in (4.9), we obtain

f (T + 1) =
∑r+1

j=0
b j (

T+1
j ). (4.10)

Subtracting (4.9) from (4.10),

f (T + 1) − f (T ) =
∑r+1

j=0
b j ((

T+1
j ) − (Tj )) =

∑r+1

j=0
b j (

T
j−1). (4.11)

Since f (T + 1) − f (T ) takes integral values on Z,
∑r+1

j=0 b j (
T
j−1) takes integral

values on Z and it is of degree r . It follows by the induction hypothesis that b j ∈ Z

for all j ≥ 1. Since f (0) = b0 ∈ Z, it follows that all b j belong to Z. This proves
the result for l = 1.

Assume the result for l. Let f (T1, T2, . . . , Tl+1) be a polynomial in
F[T1, T2, . . . , Tl+1] such that f (Zl+1) ⊆ Z. If degree of f in Tl+1 is zero, then the
result follows by the induction hypothesis. Assume the result for those polynomials
f whose degree in Tl+1 is r ≥ 0. Suppose that the degree of f in Tl+1 is r + 1. Using
the earlier argument used for l = 1, we can express f as

f (T1, T2, . . . , Tl+1) =
∑r+1

i=0
gi (T1, T2, . . . , Tl)(

Tl+1
i ). (4.12)

Again as in case for l = 1, replacing Tl+1 by Tl+1 + 1 in (4.12), we obtain that

f (T1, T2, . . . , Tl+1 + 1) =
∑r+1

i=0
gi (T1, T2, . . . , Tl)(

Tl+1+1
i ). (4.13)

Subtracting (4.12) from (4.13), we get

h = f (T1, T2, . . . , Tl+1 + 1) − f (T1, T2, . . . , Tl) =
∑r+1

i=0 gi (T1, T2, . . . , Tl)(
Tl+1
i−1 ). (4.14)

Since h takes integer values on Z
l+1, RHS also takes integer values on Z

l+1. The
degree of h in Tl+1 is at the most r . By the induction hypothesis h is expressible as
unique Z-linear combination of

{(T1a1 )(T2a2 ) · · · (Tl+1
al+1

) | 0 ≤ ai ≤ degTi f f or i ≤ l and al+1 ≤ r}.

By the uniqueness consideration, it follows that each gi (T1, T2, . . . , Tl), i ≥ 1 is a
integral linear combination of elements of the type (T1a1 )(

T2
a2 ) · · · (Tlal ). Putting Tl+1 = 0,

we see that g0(T1, T2, . . . , Tl) is also Z -linear combination of such elements. The
result follows for f . �

Lemma 4.2.9 Consider sl(2, F) with standard basis {x, h, y}, where F is an alge-
braically closed field of characteristic 0. Then for each r, s ∈ N

⋃{0},
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jL(x)r

r !
jL(y)s

s! =
∑min(r,s)

j=0

jL(y)s− j

(s − j)! (
jL (h)−s−r+2 j
j )

jL(x)r− j

(r − j)! .

Proof We use induction on r to establish the identity. If r = 0, then both sides
equal jL (y)s

s! and there is nothing to do. For r = 1, we use induction on s. If s = 0,

then, as before, both sides equal jL (x)r

r ! . Suppose that s = 1. Then

jL (x)
1!

jL (y)
1! = jL(y) jL(x) + [ jL(x), jL(y)] = jL(y) jL(x) + jL([x, y]) =
jL(y) jL(x) + jL(h) = ∑1

j=0
jL (y)s− j

(s− j)! (
jL (h)−1−1−2 j
j )

jL (x)r− j

(r− j)! .

Assume the identity for s ≥ 1. Then

jL (x)
1!

jL (y)s+1

(s+1)!
= jL (x)

1!
jL (y)s

s!
jL (y)
s+1

=
(∑1

j=0
jL (y)s− j

(s− j)! (
jL (h)−s−1+2 j
j )

jL (x)1− j

(1− j)!
)

jL (y)
s+1 (by the induction assumption)

= jL (y)s

s!
jL (x)
1!

jL (y)
s+1 + jL (y)s−1

(s−1)! ( jL(h) − s + 1) jL (y)
s+1

= jL (y)s+1

(s+1)!
jL (x)
1! + jL (y)s

(s+1)! jL(h) + jL (y)s−1

(s−1)! ( jL(h) − s + 1) jL (y)
s+1

= jL (y)s+1

(s+1)!
jL (x)
1! + jL (y)s

s! h (using the fact that jL(h) jL(y) = −2 jL(y))

= ∑1
j=0

jL (y)s+1− j

(s+1− j)! ( jL (h)−(s+1)−1+2 j j) jL (x)1− j

(1− j)! .

This proves the result for r = 1. Assuming the result for r and using the simi-
lar argument, we can establish the identity for r + 1. �

Corollary 4.2.10 Let L = sl(2, F) with the standard basis {x, h, y}. Then for
each r ∈ Z+, (

jL (h)
r ) belongs to the subring U (L)Z of U (L) generated by the set

{ jL (x)r

r ! ,
jL (y)s

s! | r, s ≥ 0}.
Proof The proof is by the induction on r . For r = 0, 1 = (h0) belongs to U (L)Z.
Assume the result for all s < r , r ≥ 1. From the above lemma

jL(x)r

r !
jL(y)r

r ! = ( jL (h)
r ) +

∑r−1

j=0

jL(y)r− j

(r − j)! (
jL (h)−2r+2 j
j )

jL(x)r− j

(r − j)!

belongs to U (L)Z. Since the polynomial (
T−2r+2 j
j ) takes integral values on Z for

each j , it follows from Lemma 4.2.8 that (
T−2r+2 j
j ) is integral linear combination

of the set {(Ti ) | i ≤ j}. Consequently, by the induction assumption, the second term
in the RHS, of the above identity belongs to U (L)Z. Since LHS belongs to U (L)Z,
(
jL (h)
r ) belongs to U (L)Z. �

The following corollary is immediate.

Corollary 4.2.11 The Kostant theorem holds for sl(2, F). �
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Lemma 4.2.12 Let X = {hi | 1 ≤ i ≤ l} ⋃{xα | α ∈ �} be a chosen Chevalley
basis of L and L(Z) the lattice with X as Z - basis. Then

L(Z) ⊗Z L(Z) ⊗Z · · · ⊗Z L(Z)
︸ ︷︷ ︸

m

is invariant under (ad(xα))r

r ! for each r ≥ 0 and α ∈ �.

Proof By Proposition 4.2.6, L(Z) is invariant under (ad(xα))r

r ! for each r ≥ 0 and
α ∈ �. Using induction onm, it is sufficient to show that L(Z) ⊗Z L(Z) is invariant
under (ad(xα))r

r ! for each r ≥ 0 and α ∈ �. Recall that

ad(xα)(u ⊗ v) = ad(xα)(u) ⊗ v + u ⊗ ad(xα)(v),

and by the induction,

(ad(xα))r

r ! (u ⊗ v) =
∑r

j=0

(ad(xα)) j

j ! (u) ⊗ (ad(xα))r− j

(r − j)! (v).

It is clear that (ad(xα))r

r ! (u ⊗ v) belongs to L(Z) ⊗Z L(Z) for all u, v ∈ L(Z). �

We say that a nonempty subset � of � is closed if α,β ∈ � and α + β ∈ �

implies that α + β ∈ �. For example, �,�+, and �− are closed.

Lemma 4.2.13 Let � = {α1,α2, . . . ,αt } be an ordered closed subset of � such
that�

⋂ −� = ∅. Let U� denote the subring with identity of U (L)which is gener-

ated by the set { jL (xαi )
r

r ! | 1 ≤ i ≤ t and r ≥ 0}. Then the set X = {∏t
j=1

jL (xα j )
m j

m j ! |
(m1,m2, . . . ,mt ) ∈ Z

t+} forms a Z-basis for U� .

Proof Since � is closed, the subspace V of L generated by {xαi | 1 ≤ i ≤ t} is a
Lie sub algebra of L . Evidently, U� ⊂ U (V ), and hence X forms a F-basis of U� .
We need to show that in the representation of any nonzero element of U� as unique
linear combination of members of X , the coefficient of each member of X is an

integer. For u = ∏t
j=1

jL (xα j )
m j

m j ! ,
∑t

j=1 m j = m is called the degree of u. Let x be

a nonzero member ofU� . Let c
∏t

j=1
jL (xα j )

m j

m j ! be a highest degree term appearing in
the unique representation of x as linear combination of members of X . Then

x = c
∏t

j=1

jL(xα j )
m j

m j ! + y,

where c ∈ F� and the degrees of terms in the linear representation of y are at the

most
∑t

j=1 m j and if d
∏t

j=1
jL (xα j )

n j

n j ! is a term such that
∑t

j=1 m j = ∑t
j=1 n j , then

(m1,m2, . . . ,mt ) �= (n1, n2, . . . , nt ). Using the induction on degree and the number
of terms appearing in the representations, it suffices to show that c ∈ Z. Now, U (L)
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and in particular, U� acts (the action induced by the adjoint action of L on L) on L ,
and in turn, it also acts on L ⊗Z L ⊗Z · · · ⊗Z L

︸ ︷︷ ︸
t

. Consider

x · ((x−α1 ⊗ x−α1 ⊗ · · · ⊗ x−α1︸ ︷︷ ︸
m1

) ⊗ (x−α2 ⊗ x−α2 ⊗ · · · ⊗ x−α2︸ ︷︷ ︸
m2

) ⊗ · · · ⊗

(x−αt ⊗ x−αt ⊗ · · · ⊗ x−αt︸ ︷︷ ︸
mt

)).

Evidently, the first term

c
∑t

j=1
jL (xα j )

m j

m j ! · ((x−α1 ⊗ x−α1 ⊗ · · · ⊗ x−α1︸ ︷︷ ︸
m1

)⊗

(x−α2 ⊗ x−α2 ⊗ · · · ⊗ x−α2︸ ︷︷ ︸
m2

) ⊗ · · · ⊗ (x−αt ⊗ x−αt ⊗ · · · ⊗ x−αt︸ ︷︷ ︸
mt

))

contributes

c((hα1 ⊗ hα1 ⊗ · · · ⊗ hα1︸ ︷︷ ︸
m1

) ⊗ (hα2 ⊗ hα2 ⊗ · · · ⊗ hα2︸ ︷︷ ︸
m2

) ⊗ · · · ⊗

(hαt ⊗ hαt ⊗ · · · ⊗ hαt︸ ︷︷ ︸
mt

))

in H ⊗Z H ⊗Z · · · ⊗Z H
︸ ︷︷ ︸

t

, whereas other terms in x do not contribute any nonzero

term in H ⊗Z H ⊗Z · · · ⊗Z H
︸ ︷︷ ︸

t

, since the other terms of degrees
∑t

j=1 m j do not

match with the sequence

(x−α1 ⊗ x−α1 ⊗ · · · ⊗ x−α1︸ ︷︷ ︸
m1

) ⊗ (x−α2 ⊗ x−α2 ⊗ · · · ⊗ x−α2︸ ︷︷ ︸
m2

) ⊗ · · · ⊗

(x−αt ⊗ x−αt ⊗ · · · ⊗ x−αt︸ ︷︷ ︸
mt

),

while the rest of the terms are of smaller degrees. Further, by Lemma 4.2.12, x
preserves L(Z) ⊗ L(Z) ⊗ · · · ⊗ L(Z). Since L(Z) is independent of the choice of a
basis �, and any positive root belong to a basis, we can take a basis so that α1 is a
simple root. Again, since {hγ | γ ∈ �} form a free Z-basis for H(Z) = H

⋂
L(Z),

it follows that
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c((hα1 ⊗ hα1 ⊗ · · · ⊗ hα1︸ ︷︷ ︸
m1

) ⊗ (hα2 ⊗ hα2 ⊗ · · · ⊗ hα2︸ ︷︷ ︸
m2

) ⊗ · · · ⊗

(hαt ⊗ hαt ⊗ · · · ⊗ hαt︸ ︷︷ ︸
mt

))

belongs to H(Z) ⊗Z H(Z) ⊗Z · · · ⊗Z H(Z). This means c ∈ Z. �

For simplicity in arguments, the degrees of monomials in (
jL (hi )− j
j ), 1 ≤ i ≤ l,

j ≥ 0 are taken to be 0. Thus, if x = ∏t
i=1

( jL (xαi ))
mi

mi !
∏d

j=1(
jL (h j )−k j

k j
), k j ≥ 0, then

the degree of x is
∑t

i=1 mi .

Lemma 4.2.14 Let α,β be members of � and r, s ≥ 0. Then ( jL (xβ))r

r !
( jL (xα))s

s! is Z-

linear combination of ( jL (xα))s

s!
( jL (xβ))r

r ! and other monomials of degrees < r + s.

Proof If α = β, then there is nothing to do. For α = −β, the result follows
from the identity of Lemma 4.2.9. Suppose that {α,β} is linearly independent. Take
� = {iα + jβ | i, j ≥ 0}. Clearly, � is closed. We can order � subject to α <

β. Using Lemma 4.2.13, ( jL (xβ))r

r !
( jL (xα))s

s! can be expressed as c ( jL (xα))s

s!
( jL (xβ))r

r ! + y,
where c ∈ Z and y isZ-linear combination of othermonomials. By thePBWtheorem,
( jL (xβ))r

r !
( jL (xα))s

s! = c ( jL (xα))s

s!
( jL (xβ))r

r ! + Z-linear combination of basis elements of
degrees < r + s with respect to an ordered (Note that we have used a PBW basis in
the Lemma 4.2.13). This completes the proof of the Lemma. �

Lemma 4.2.15 Let α,β ∈ � and f (T ) ∈ F[T ], where T is indeterminate. Then

( jL(xα))r f ( jL(hβ)) = f ( jL(hβ) − rα(hβ))( jL(xα))r

for all r ≥ 0.

Proof Since f (T ) is linear combination of {Tm | m ≥ 0} and multiplication by
( jL(xα))r is also linear, it is sufficient to show the result for f (T ) = Tm, m ≥ 0.
Thus, we need to show that ( jL(xα))r ( jL(hβ))m = ( jL(hβ) − rα(hβ))m jL(xα)r for
all r,m ≥ 0. We prove it by the induction on m. If m = 0, then both sides equal to
( jL(xα))r and there is nothing to do. For m = 1, we prove it by induction on r . If
r = 0, then both sides are jL(hβ). Assume the result for r . Then

jL(xα)r jL(hβ) = ( jL(hβ) − rα(hβ)) jL(xα)r .

Hence, jL(xα)r+1 jL(hβ)

= jL(xα) jL(xα)r jL(hβ)

= jL(xα)( jL(hβ) − rα(hβ)) jL(xα)r

= jL(xα) jL(hβ)( jL(xα))r − rα(hβ)( jL(xα))r+1

= jL(hβ)( jL(xα))r+1 + [ jL(xα), jL(hβ)]( jL(xα))r − rα(hβ)( jL(xα))r+1

= jL(hβ)( jL(xα))r+1 − α(hβ)( jL(xα))r+1 − rα(hβ)( jL(xα))r+1

= ( jL(hβ) − (r + 1)α(hβ)) jL(xα)r+1.
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This proves the result for m = 1. A similar calculation may be used to establish the
result for m + 1 by assuming it for m. This proves the Lemma. �

Proof of the Kostant Theorem: Let B denote the lattice generated by {e−
a fbe

+
c |

a, c ∈ Z
N+ , and b ∈ Z

l+}. By Corollary 4.2.10, (
jL (hαi )
ri ) belongs to U (L)Z for all i

and ri ≥ 0. This shows that B ⊆ U (L)Z.
It remains to show that U (L)Z ⊆ B. It suffices to show that each monomial of

elements of the set { ( jL (xα))m

m! | α ∈ �, and m ≥ 0} is integral linear combination
of members of the set {e−

a fbe
+
c | a, c ∈ Z

N+ , and b ∈ Z
l+}. By Lemmas 4.2.14 and

4.2.15, anymonomial in { ( jL (xα))m

m! | α ∈ �, and m ≥ 0} can be expressed in the order
prescribed in the statement of the theorem. Further, ( jL (xα))r

r !
( jL (xα))s

s! = (r+s
s )

( jL (xα))r+s

(r+s)!
and the monomials in {( jL (hi )−ai

bi
) | 1 ≤ i ≤ l, ai ∈ Z, and bi ≥ 0} can be expressed

as integral linear combinations of monomials in {( jL (hi )
mi ) | 1 ≤ i ≤ d,mi ≥ 0}which

can be shifted at the required places , thanks to Lemmas 4.2.8 and 4.2.15.(note that
the polynomial (T−ai

bi
) takes integral values on integers). It follows thatU (L)Z ⊆ B.

�

The following corollary is immediate from the Kostant theorem.

Corollary 4.2.16 The set {e−
a | a ∈ Z

N+} is a Z -basis for a lattice U (N−)Z of
U (N−), the set { fb | b ∈ Z

l+} is a Z -basis for a lattice U (H)Z of U (H), and the
set {e+

a | a ∈ Z
N+} is a Z -basis for a lattice U (N+)Z of U (N+), where N− =

⊕ ∑
α<0 Lα and N+ = ⊕ ∑

α>0 Lα. �

More generally, our aim is to show the existence of a lattice VZ in a finite-dimensional
L-module V such that U (L)Z · VZ ⊆ VZ. Such a lattice is called an admissible
lattice.

Lemma 4.2.17 Let d = (d1, d2, . . . , dl) ∈ Z
l and S a finite subset of Z

l such that
d /∈ S. Then there is a polynomial f (T1, T2, . . . , Tl) ∈ F[T1, T2, . . . , Tl ] such that
f (Zl) ⊆ Z, f (d) = 1 and f (S) = {0}.
Proof Take k to be sufficiently large so that S ⊆ D, where D = [d1 − k, d1 + k] ×
[d2 − k, d2 + k] × · · · × [dl − k, dl + k]. Consider the polynomial f (T1, T2, . . . , Tl)
defined by

∏l
i=1(

Ti−di+k
k )

∏l
i=1(

−Ti+di+k
k ). Clearly f (Zl) ⊆ Z, f (d) = 1, and for

each a ∈ D − {d}, f (a) = 0. Hence, f (S) = {0}. �

Theorem 4.2.18 Let V be a finite-dimensional L-module.
(i) Let A be a subgroup of V such that U (L)Z · A ⊆ A. Then A = ⊕ ∑

μ∈	(V )

Vμ

⋂
A, where 	(V ) is the set of weights of V .

(ii) There is a lattice VZ in V such that U (L)Z · VZ ⊆ VZ.

Proof (i) For each weight μ ∈ 	(V ), let dμ = (μ(h1),μ(h2), . . . ,μ(hl)). Let
λ ∈ 	(V ). The set S = {dμ | μ ∈ 	(V ) − {λ}} is a finite subset of Z

l and dλ /∈ S.
From the above Lemma, there is a polynomial f (T1, T2, . . . , Tl) ∈ F[T1, T2, . . . , Tl ]
such that f (Zl) ⊆ Z, f (dλ) = 1 and f (dμ) = 0 for all μ ∈ 	(V ) − {λ}.
Put h = f ( jL(h1), jL(h2), . . . , jL(hl)). By Lemma 4.2.8, h ∈ U (H)Z). Since
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f (dλ) = 1, v 
→ h · v is a projection of V on Vλ. Since U (L)Z · A ⊆ A, the Vλ

component of h · v is in A for each v ∈ A. Since λ is arbitrary member of 	(V ),
A = ⊕ ∑

μ∈	(V ) A
⋂

Vμ.
(ii) By Weyl’s theorem, V is direct sum of simple L-modules. It is sufficient,

therefore, to assume that V = V (λ) is a simple L-module with highest weight
λ. Let v+ be a maximal vector with highest weight λ. Put VZ = U (N−)Z · v+.
Since jL(xα) · v+ = 0 for all α > 0 and {e+

a | a ∈ Z
N+} is a Z-basis of U (N+)Z ,

U (N+)Z · v+ = Zv+. Since

(
jL (hi )
bi

) · v+ = jL (hi )( jL (hi ) − 1) · · · ( jL (hi ) − bi + 1)

bi ! (v+) = λ(hi )(λ(hi ) − 1) · · · (λ(hi ) − bi + 1)

bi ! (v+)

belongs Zv+, U (H)Z · v+ = Zv+. Thus,

U (L)Z · v+ = U (N−)U (H)ZU (N+)Zv+ = U (N−)Zv+ = U (N−)Zv+ = VZ.

This means that U (L)ZVZ ⊆ VZ. It is also clear that VZ

⋂
Vλ = Zv+. Further,

{e−
a v+ | a ∈ Z

N+} is finite and so VZ is finitely generated. Since U (N−)Z, being a
lattice in U (N−) contains a basis of U (N−), VZ = U (N−)Zv+ generates V as a
F-space. Thus, to show that VZ is a lattice, we need to show that the rankVZ is at the
most DimV . Suppose not. Then rankVZ > DimV . Let r be the smallest number
such that there is a set {v1, v2, . . . , vr } ofZ-linearly independent vectors in VZ which
is linearly dependent over F . Suppose that

∑r
i=1 aivi = 0, ai ∈ F�, vi �= 0. If all

elements of U (L)Zv1 has zero V (λ)λ component in the decomposition of V (λ) as
direct sum of its weight spaces, then the subspace of V (λ) generated by U (L)Zv1
will be a nonzero proper sub module of V (λ). This is a contradiction, since V (λ) is
simple. Hence, there is a nonzero element u ∈ U (L)Z such that V (λ)λ component
of uv1 is nonzero. Further, by part (i) of the Lemma, V (λ)λ-component of uvi lies
in VZ for each i . Thus, V (λ)λ-component of of uvi is mivi for some mi ∈ Z. This
means that

∑r
i=1 mivi = 0, where m1 �= 0. Now,

m1

∑r

i=1
aivi − (

∑r

i=1
aimi )v1 = 0.

Hence, ∑r

i=2
ai (m1vi − miv1) = 0.

Clearly, {m1vi − miv1 | 2 ≤ i ≤ r} is Z-linearly independent subset of VZ which
is linearly dependent over F (ai �= 0), a contradiction to the minimality of r . This
shows that VZ is an admissible lattice in V . �

Let V be a L-module and L ′ = {x ∈ L | x · v = 0 f or all v ∈ V }. Then L ′
is an ideal of L and V is faithful L/L ′-module. Indeed, L ′ is sum of those simple
ideals of L which act trivially on V . There is not much loss in generality in assuming
that V is a faithful L-module. So, we assume that V is a faithful L-module. We have
already seen that


r ⊆ 
(V ) ⊆ 
univ.
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Let LV = {x ∈ L | x · v ∈ VZ f or all v ∈ VZ} denote the stabilizer of the admis-
sible lattice VZ. Evidently, the lattice L(Z) of L generated by the chosen Chevalley
basis is contained in LV . Also, LV is closed under the Lie product.

Proposition 4.2.19 LV is an admissible lattice for the L-module L and it is inde-
pendent of the chosen admissible lattice VZ of V .

We need the following two Lemmas to prove the Proposition.

Lemma 4.2.20 HV = LV
⋂

H is a lattice in H such that H(Z) ⊆ HV ⊆ H0,
where H0 = {h ∈ H | λ(h) ∈ Z f or all λ ∈ 
r } and H(Z) = H

⋂
L(Z) is the

Z-span of {hα | α ∈ �}.
Proof Let h ∈ H . It follows from Theorem 4.2.18 that h · VZ ⊆ VZ if and only if
λ(h) ∈ Z for all λ ∈ 
(V ). Further, since 
r ⊆ 
(V ) ⊆ 
univ ,

{h ∈ H | λ(h) ∈ Z f or all λ ∈ 
univ} ⊆ {h ∈ H | λ(h) ∈ Z f or all λ ∈

(V )} ⊆ {h ∈ H | λ(h) ∈ Z f or all λ ∈ 
r }.

Consequently,
H(Z) ⊆ HV ⊆ H0,

where H(Z) is the Z-span of {hα | α ∈ �}. This shows that HV is a lattice in H . �

Lemma 4.2.21 For each x ∈ L , u ∈ U (L), and n ∈ N
⋃{0},

(ad jL(x))n

n! (u) =
∑n

i=0
(−1)i

( jL(x))n−i

(n − i)! u
( jL(x))i

i ! .

Proof The proof is by the induction on n. For n = 0, both sides are u. For n = 1,
jL (x)
1! u = JL(x)u − u jL(x). Thus, the identity holds for 0 and 1. Assume the iden-

tity for n. Then

(ad jL (x))n+1

(n+1)! (u)

= ad( jL (x))
(n+1)

(
(ad jL (x))n

n! (u)
)

= ad( jL (x))
(n+1) [∑n

i=0(−1)i ( jL (x))n−i

(n−i)! u ( jL (x))i

i ! ]
= ∑n

i=0(−1)i ( jL (x))n+1−i

(n−i)!(n+1)u
( jL (x))i

i ! − ∑n
i=0(−1)i ( jL (x))n−i

(n−i)! u ( jL (x))i+1

i !(n+1) .

Putting i = j − 1 in the second term, it becomes

−
∑n+1

j=1
(−1) j

( jL(x))n+1− j

(n + 1 − j)! u
( jL(x)) j

( j − 1)!(n + 1)
.

Substituting and arranging, we obtain that



206 4 Chevalley Groups

(ad jL(x))n+1

(n + 1)! (u) =
∑n+1

j=0
(−1)i

( jL(x))n+1− j

(n + 1 − j)! u
( jL(x)) j

j ! . �

Proof of Proposition 4.2.19. Since L(Z) is the lattice generated by the chosen
Chevalley basis,

L(Z) = H(Z) + ⊕
∑

α∈�
Zxα.

From the above lemma (ad jL (xα))n

n! ( jL(u)) · v belongs to VZ for all u ∈ LV and v ∈ VZ.

This means that LV is invariant under (ad jL (xα))n

n! for all α ∈ � and m ≥ 0. Again by
Theorem 4.2.18 (i),

LV = HV ⊕ (⊕
∑

α∈�
(LV

⋂
Lα)).

Since L(Z) ⊆ LV , Zxα ⊆ (LV
⋂

Lα). Again, since HV is a lattice in H , it suffices
to show that Zxα = (LV

⋂
Lα) for each α ∈ �. Consider the map ad(x−α)|Lα

from Lα to H . This is injective and the image is the subspace Fhα of H , since
Lα is one dimensional. Clearly, ad(x−α)(LV

⋂
Lα) ⊆ HV = LV

⋂
H . Since HV

is a lattice in H , ad(x−α)(LV
⋂

Lα) is infinite cyclic. Thus, LV
⋂

Lα is infinite
cyclic generated by 1

n xα for some n ∈ N, as xα has to be an integral multiple of the
generator. In turn,

(ad(x−α))2

2!
( xα

n

)
= x−α

n

belongs to LV , thanks to the above Lemma. Again, since LV is closed under Lie
product,

−
(
ad(xα)

n

)2 ( x−α

n

)
= 2

n3
xα

belongs to LV . This means that 2
n3 xα is an integral multiple of 1

n xα. Hence, n = 1
and LV

⋂
Lα = Zxα. �

Example 4.2.22 Consider L = sl(2, F) with standard basis {h, y, x}, where F
is as usual an algebraically closed field of characteristic 0. Evidently, {h, y, x} is a
Chevalley basis of L . Consider L as L-module through adjoint action. Clearly, L is
a faithful simple L-module with x as a maximal vector of maximal weight α, where
α(h) = 2 (note that [h, x] = hx − xh = 2x). L(Z) = Zh + Zy + Zx .
U (L)Z is the lattice with { jL (x−α)m

m! (
jL (h)

b )
jL (xα)r

r ! | m, b, r ≥ 0} as Z-basis. Evidently,
L(Z) is an admissible lattice and then the lattice LL of L(Z) is given by LL =
Z

h
2 + Zy + Zx .
We have another faithful L-module F2 with matrix multiplication action. It can be

easily seen that e1 = (1, 1)t is a maximal vector with maximal weight λ = α
2 given

by λ(h) = 1, and Ze1 + Ze2 is an admissible lattice. The stabilizing admissible
lattice LF2 is given by LF2 = Zh + Zy + Zx = L(Z). Note that respective
weight lattices are 
univ and 
r (check it).
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Exercises

4.2.1. Show that any two different choice of Chevalley basis of a Lie algebra deter-
mine isomorphic Z-Lie algebras.

4.2.2. Determine two Chevalley bases of sl(2, F).
4.2.3. Determine a Chevalley base of each of the following: (i) Al , (ii) Bl , and (iii)

G2.
4.2.4. Let L = sl(2, F) and F be a field of characteristic different from 2. Describe

the Chevalley algebra L(K ) of adjoint type and also the Chevalley group of
adjoint type.

4.2.5. Consider the standard two-dimensional L-module F2, where L = sl(2, F).
Find an admissible lattice, and the corresponding stabilizer lattice.

4.2.6. Determine an admissible lattice for the standard representation of sl(3, F)

on F3 and also the stabilizer lattice.
4.2.7. Let V and W be L-modules with admissible lattices A and B. Show that

A ⊗ B is admissible lattice for the module V ⊗ W .

4.3 Chevalley Groups

In this section, we shall introduce Chevalley groupsG(V, K ) associated with a triple
(L , V, K ), where L is a simple Lie algebra over an algebraically closed field F of
characteristic 0, and K is a field. There is no loss in assuming that F = C. We also
study the structure of G(V, K ).

Let V be a L-module and VZ an admissiblle lattice in V . Let K be an arbitrary
field. We can treat K as a Z-module. Put V K = VZ ⊗Z K , LK = L(Z) ⊗Z K ,
HK = H(Z) ⊗Z K , V K

μ = (VZ)μ ⊗Z K , and KxK
α = Zxα ⊗Z K , where (VZ)μ =

VZ

⋂
Vμ,μ being aweight of V . The following corollary is immediate fromTheorem

4.2.18.

Corollary 4.3.1 (i) V K = ⊕ ∑
μ∈
(V ) V

K
μ , DimK V K

μ = DimFVμ.
(ii) x K

α �= 0 for all α ∈ �, LK = HK ⊕ ∑
α∈φ KxK

α , DimK HK = DimF H,
and DimK LK = DimF L. �

For eachα ∈ � andm ∈ Z+, jL (xα)m

m! ∈ U (L)Z, and it acts on the admissible lattice

VZ. In turn, for T ∈ Z[T ], jL (xα)m

m! ⊗ Tm acts onVZ ⊗Z Z[T ].We denote jL (xα)m

m! ⊗ Tm

by Tm jL (xα)m

m! . Since for largem the action of jL(xα)m on V is 0, the action of Tm jL (xα)m

m!
on VZ ⊗Z Z[T ] is zero for large m. Thus, exp(T jL(xα)) = ∑∞

m=0
Tm jL (xα)m

m! makes
sense. and it acts as an automorphism on VZ ⊗Z Z[T ]. Indeed, (exp(T jL(xα)))−1 =
exp(−T jL(xα)). Let a ∈ K . The specialization map T 
→ a induces a surjec-
tive homomorphism ηa from (VZ ⊗Z Z[T ]) ⊗Z K to VZ ⊗Z K = V K . In turn,
exp(ajL(xα)) = ∑∞

m=0
am jL (xα)m

m! acts as an automorphism on V K . We denote this
automorphism by xVα (a). Since ajL(xα) and bjL(xα) commute,

xVα (a + b) = xVα (a)xVα (b)
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for all a, b ∈ K . The subgroup {xVα (a) | a ∈ K } of GL(V K ) is denoted by XV
α (K ),

and the subgroup of GL(V K ) generated by
⋃

α∈� XV
α (K ) is denoted by G(V, K ).

We shall see soon that the groupG(V, K ) depends only on the module V (weights of
V ) and not on the choice of the admissible lattice. So, the notation is unambiguous.
The group G(V, K ) is called Chevalley Group associated with (L , V, K ).

Our next aim is to look at the structure of G(V, K ) and also to look at the pre-
sentation of G(V, K ) in terms of the generators xVα (a).

Theorem 4.3.2 Let α,β ∈ � such that α + β ∈ � or α + β �= 0. Fix an ordering
in the set {iα + Jβ | i, j ≥ 1}, lexicographic ordering (say) with α + β the smallest
element. Consider the power series ring U (L)Z[[s, t]] over U (L)Z in two variables
s and t. Then

[exp(s jL(xα)), exp(t jL(xβ))] =
∏

i, j≥1
exp(ci j s

i t j jL(xiα+ jβ),

where, as usual, [u, v] denotes the commutator uvu−1v−1, and in the RHS, the
product is taken in the chosen order. Further, c11 = να,β , ci j are all integers which
depend only on the chosen ordering and not on s or t .

Proof Recall that if T1 and T2 are commuting linear transformations on a
vector space, then exp(T1 + T2) = exp(T1)exp(T2). In particular exp(−T ) =
(exp(T ))−1. If A is an associative algebra and a ∈ A, then ad(a) = La − Ra ,
where La is left multiplication by a and Ra is right multiplication by a and they
commute because of the associativity. Consequently,

exp(ad(a)) = Lexp(a)Rexp(−a)

for all a ∈ A with ad(a) nilpotent. Thus,

exp(ad(a))(b) = exp(a)bexp(−a) (4.15)

for all a, b ∈ A with ad(a) nilpotent. Consider the element

f (s, t) = [exp(s jL(xα)), exp(t jL(xβ))]
∏

i, j≥1
exp(−ci j s

i t j jL(xiα+ jβ)),

where the product in theRHS is in the reversed order to the chosen order of {iα + jβ |
i, j ≥ 1}. It is sufficient to show that for a choice of ci j with c11 = να,β , f (s, t) = 1.
Observe that

s
d

ds
(exp(s jL(xα))) = s jL(xα)exp(s jL(xα)). (4.16)

Now, using the product rule of derivation,
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s ∂
∂s ( f (s, t)) = s jL(xα) f (s, t)+

exp(s jL(xα))exp(t jL(xβ))(−s jL(xα))exp(− jL(xα)exp(−t jL(xβ))·
∏

i, j≥1 exp(−ci j si t j jL(xiα+ jβ)+[exp(s jL(xα)), exp(t jL(xβ))]·
∑

k,l

((∏
iα+ jβ>kα+lβ exp(−ci j si t j jL(xiα+ jβ)·

(−cklkskt l jL(xkα+lβ)exp(−sktlckl jL(xkα+lβ)))·
∏

iα+ jβ j≤kα+lβ exp(−ci j si t j jL(xiα+ jβ))))
))

. (4.17)

Further, from (4.15)

(exp(ad(t jL(xβ)))(−s jL(xα)) = exp(t jL(xβ))(−s jL(xα))(exp(−t jL(xβ))).

(4.18)
Also,

exp(ad(t jL(xβ)))(−s jL(xα)) = −s jL(xα) − να,βst jL(xα+β) − · · · . (4.19)

Using (4.18) and (4.19), we can express the RHS of (4.17) as A f (s, t), where A
is a polynomial in si , t j , and jL(xiα+ jβ), i, j ≥ 1. Observe that in the expression
for f (s, t) is homogeneous of degree 0 relative to the grading s → −α, t → −β,
and jL(xγ) → γ. Consequently, s ∂

∂s ( f (s, t)) and so A also has the same property. It
follows from the degree considerations that

A =
∑

k,l≥1
(−ckl + pkl)s

ktl jL(xkα+lβ),

where pkl is a polynomial in ci j with i + j < k + l. Inductively, we can choose ci j so
that A = 0. But, then s ∂

∂s ( f (s, t)) = 0. This means that f (s, t) = f (0, t) = 1.
Finally, we need to to show that all ci j are integers with c11 = να,β . Clearly, the

coefficient of si t j in the power series of f (s, t) is −ci j + the terms coming from
the exponentials of jL(xkα+lβ) with k + l < i + j . It follows by the induction that
ci j jL(xiα+ jβ) belongs toU (L)Z. This means that ci j ∈ Z. Also for i = 1 = j , the
coefficient of jL(xα+β) is −c11 + να,β . So the initial choice is c11 = να,β to make
A = 0. This completes the proof of the Theorem. �

Corollary 4.3.3 Consider the Chevalley group G(V, K ). If α,β ∈ � such that α +
β ∈ �. Then there exists integers ci j , i, j ≥ 1 with c11 = να,β depending upon a
chosen ordering of the set {iα + jβ | i, j ≥} with smallest element α + β such that

[xVα (a), xVβ (b)] =
∏

i, j≥1
xViα+ jβ(ci j a

ib j )

for all a, b ∈ K, where the product is taken in the chosen order. �

Corollary 4.3.4 Ifα,β ∈ �andα + β /∈ �, then [xVα (a), xVβ (b)] = 1 for all a, b ∈
K.Suppose that if i, j ≥ 1and iα + jβ ∈ �, then i = 1 = j . Thenνα,β = ±(r + 1)
and the RHS of the expression in Theorem 4.3.2 is exp(να,β jL(xα+β)).
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Proof Since α + β /∈ �, [xα, xβ] = 0. Using the Jacobi identity, we observe that
ad(xα) and ad(xβ) commute. Thus, the multiplication by jL(xα) and the multi-
plication by jL(xβ) on U (L) commute. It follows exp(ajL(xα)) and exp(bjL(xβ))

commute. Hence [xv
α(a), xv

β(b)] = 1 for all a, b ∈ K . The rest of the assertion fol-
lows from the Theorem 4.3.2. �

Example 4.3.5 Consider L = sl(l + 1, F), l ≥ 2. We have a Chevalley basis
{ei j | i �= j, 1 ≤ i, j ≤ l + 1} ⋃{eii − ei+1 i+1 | 1 ≤ i ≤ l} of L .� = {(i, j) | i �=
j}, x(i, j) = ei j . Note that [ei j , e ji ] = eii − e j j . We have the faithful L-module
V = Fl+1 with the obvious action. It can be easily observed that xVi j (a) =
exp(ajL(ei j )) = Ea

i j . The relation described in Theorem 4.3.2 is the usual Steinberg
relation.

Recall that a subset� of� is called a closed set of roots if α,β ∈ � and α + β ∈
� implies that α + β ∈ �. Thus, �+,�+ − {α ∈ �}, {α}, and �r = {α ∈ � |
ht (α) ≥ r ≥ 1} are all closed sets. Let � be a closed subset of �. A subset ζ of
� is called an ideal of � if α ∈ ζ, β ∈ � and α + β ∈ � implies that α + β ∈ ζ.
Clearly, �+,�+ − {α ∈ �}, and �r = {α ∈ � | ht (α) ≥ r ≥ 1} are all ideals of
�+.

Proposition 4.3.6 Let ζ be an ideal of a closed subset � of �. Let XV
ζ (K )

and XV
�(K ) denote the subgroups of G(V, K ) generated by

⋃
α∈ζ X

V
α (K ) and

⋃
α∈� XV

α (K ), respectively. Suppose that α ∈ � implies that−α /∈ �. Then XV
ζ (K )

is a normal subgroup of XV
�(K ).

Proof It is sufficient to show that xVα (a)xVβ (b)xVα (a)−1 belongs to XV
ζ (K ) for

all α ∈ � and β ∈ ζ, a, b ∈ K . Since γ ∈ � implies that −γ /∈ �, α + β �= 0.
It follows from Corollary 4.3.3 that [xVα (a), xVβ (b)] belongs to XV

ζ (K ). Hence,
xVα (a)xVβ (b)xVα (a)−1 belongs to Xζ(K ) for all α ∈ �, β ∈ ζ, and a, b ∈ K . �

Proposition 4.3.7 Let� be closed set of roots such thatα ∈ � implies that−α /∈ �.
Let ≤ be an order in � such that ht (α) < ht (β) implies that α < β. Then every
element of XV

�(K ) is uniquely expressible as
∏

α∈� xVα (aα), where aα ∈ K and the
product is taken in the chosen order of �. Indeed, the result holds for an arbitrary
ordering in �.

Proof We first use the induction on | � | to show that every element of XV
�(K ) is

expressible as
∏

α∈� xVα (aα), where aα ∈ K and the product is taken in the chosen
order of�. It follows trivially, if | � | = 1. Assume the induction hypothesis. Letα1

be the first element of �. Then � − {α1} is an ideal of �. By the above Proposition
XV

�−{α1}(K ) is a normal subgroup of XV
�(K ) and so XV

�(K ) = XV
α1

(K )XV
�−{α1}(K ).

The assertion follows by the induction hypothesis.
Next, we show the uniqueness of the expression, again, by the induction on | � |.

Suppose that | � |= 1. Then� = {α1} for someα1 ∈ �. Since XV
α1

(K ) �= {0}, there
is a weight λ of V and a vector v ∈ (VZ)λ such that jL(xα1)v �= 0. Now, suppose that
xv

α1
(aα1) = xv

α1
(bα1). Then
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xv
α1

(aα1) · v = v + aα1 jL(xα1) · v + z

and

xv
α1

(bα1) · v = v + bα1 jL(xα1) · v + z′,

where aα1 jL(xα1 · v) and bα1 jL(xα1 · v) belong to Vλ+α1 while z and z′ are sums of
elements in other weight spaces. This shows that aα1 = bα1 . Assume the induction
hypothesis. Let u = ∏

α∈� xVα (aα) = ∏
α∈� exp(aα jL(xα)) be a nonzero mem-

ber of XV
�(K ). Clearly, xVα1

(aα1)
−1u belongs to XV

�−{α1}(K ). Using the induction
hypothesis, we see that the representation is unique.

The last assertion follows from the following abstract group theoretic result. If G
is a group with subgroups G1,G2, . . . ,Gr such that (i) every element g ∈ G has a
unique representation as g = g1g2 · · · gr , gi ∈ Gi , and (ii) for each i , GiGi+1 · · ·Gr

is a normal subgroup of G, then given any permutation p ∈ Sr , every element g of
G is uniquely expressible as g = h1h2 · · · hr , where hi ∈ Gp(i). �

Corollary 4.3.8 The group XV
α (K ) is isomorphic to the additive group (K ,+).

Proof It follows from the above Proposition that the map a 
→ xVα (a) is bijective
homomorphism. �

Corollary 4.3.9 Fix an order of φ+. The subgroup U (V, K ) = XV
�+(K ) =∏

α∈�+ XV
α (K ) of G(V, K ) is a unipotent subgroup in the sense that the eigen value

of eachmember ofU (V, K ) is 1. Further, we can choose a basis of V K with respect to
whichU (V, K ) is the group of uni-upper triangularmatrices. Similarly, the subgroup
U (V, K )− = XV

�−(K ) = ∏
α∈�− XV

α (K ) of G(V, K ) is a unipotent subgroup and
it is the group of uni-lower triangular matrices with respect to a suitable basis.

Proof Let B be a basis of weight vectors. Take an ordering ≤ in B subject to the
condition that if “λ − μ is sum of positive roots, then λ < μ”. It follows from
proof of the Proposition 4.3.7 that the matrix representation of each member ofU is
uni-upper triangular. The rest of the assertion follows, similarly. �

The following Corollaries follow immediately from the preceding results.

Corollary 4.3.10 Fix an ordering ≤ in �+ subject to the condition that “ht (α) <

ht (β)” implies thatα < β. LetU (V, K )r denote the subgroup XV
�r

(K ) ofU (V, K ).
Then the following hold:

(i) For each r, U (V, K )r is a normal subgroup of U (V, K ).
(ii) For each r, [U (V, K ),U (V, K )r ] ⊆ U (V, K )r+1.
(iii) U (V, K ) is a nilpotent subgroup of G(V, K ). �

Corollary 4.3.11 Let � and ζ be disjoint closed subsets of �+ such that �+ =
�

⋃
ζ. Then U (V, K ) = XV

�(K )XV
ζ (K ). In particular, if α is a simple root, then

U (V, K ) = XV
α (K )XV

�+−{α}(K ). �
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Example 4.3.12 If L = Al = sl(l + 1, F) and V = Fl+1 the usual L-module,
then U (V, K ) is the subgroup of SL(l + 1, K ) consisting of uni-upper triangular
matrices. U (V, K )2 is the subgroup of uni-upper triangular matrices whose just
above diagonal entries are 0 and so on.

We fix up some more notations to develop the structure theory of Chevalley
groups. Denote the element xVα (a)xV−α(−a−1)xVα (a) of G(V, K ) by wV

α (a), and the
element wV

α (a)(wV
α (1))−1 by hV

α (a), a ∈ K �. Thus, in case L = sl(n, F), n ≥ 2,
V = Fn , we havewV

i j (a) = Ea
i j E

−a−1

j i Ea
i j = I − eii − e j j + aei j − a−1e ji , i > j

is the matrix [bkl], where bkk = 1 for i �= k �= j , bii = 0 = b j j , bi j = a,
b ji = −a−1, and all other entries are 0. Also hV

i j (a) is the diagonal matrix all of
whose diagonal entries are 1, except the ith and the jth diagonal entries which are a
and a−1, respectively.

Recall the action of W (�) on H which is given by σα(tβ) = tσα(β). The action
is extended to whole of H by the linearity. In particular, σα(hβ) = hσα(β).

Proposition 4.3.13 (i) wV
α (a) jL(h)wV

α (a)−1 = jL(σα(h)).
(ii) For each μ ∈ 	(V ), let v ∈ V K

μ . Then, there is an element v′ ∈ V K
σα(μ) such

that wV
α (a)v = a−≺μ,α�v′ for each a ∈ K.

(iii)wV
α (a) jL(xβ)wV

α (a)−1 = c(α,β)a−β(hα) jL(xσα(β)), where c(α,β) = ±1 =
c(α,−β) is independent of a, the L-module V (note that jL(xβ) acts on V K ) and K .

(iv) hα(a)v = a≺μ,α�v for each v ∈ V K
μ .

Proof (i) Suppose that α(h) = 0. Then [x±α, h] = 0. Consequently,
jL(x±α) jL(h) = jL(h) jL(x±α). In turn, xV±α(a) jL(h) = jL(h)xV±α(a) for all a.
Thus, in this case, both sides of (i) are equal to jL(h). Now, every element of H is
uniquely expressible as ahα + h, where a ∈ C andα(h) = 0 (any k ∈ H is express-
ible as k = α(k)

2 hα + (k − α(k)
2 hα)). Since both sides are linear in h, it suffices to

establish the identity for hα. Clearly, in this case, both sides depend on the Lie algebra
Sα = < {hα, xα, yα} > and not on the representation. Thus, it is sufficient to estab-
lish the identity for L = sl(2, F) with the usual two-dimensional representation.
Clearly,

wF2

α (a) = exp(ae12)exp(−a−1e21)exp(ae12) = Ea
12E

−a−1

21 Ea
12 =

[
0 a

−a−1 0

]

,

and

jL(hα) = jL(h11) =
[
1 0
0 −1

]

.

Thus,

wF2

12 (a) jL(h11)w
F2

12 (a)−1 =
[−1 0

0 1

]

= jL(σα(h11)).

This proves (i).
(ii) Let v ∈ V K

μ . It follows from the definition of the action of xVα (a) and wV
α (a)

that
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v′ = wV
α (a)v =

∑∞
i=−∞ aivi ,

where vi ∈ V K
μ+iα (the sum is finite as 	(V ) is finite). If h ∈ H , then

jL(h)v′ = jL(h)wV
α (a)v = wV

α (a)wV
α (a)−1 jL(h)wV

α (a)v =
wV

α (a) jL(σα(h))v = σα(μ)(h)v′,

by(i) (note that wV
α (a)−1 = wV

α (−a) and the identity in (i) is independent of a) and
the supposition that v ∈ V K

μ . This shows that v′ ∈ V K
σα(μ) and hence the only nonzero

term in the summation representing v′ is the ith term, where i = − ≺ μ,α �. This
proves (ii).

(iii) Applying (ii) to the adjoint representation of L on L , for v = xβ ∈ Lβ , we
have an element v′ = c(α,β)xσα(β) ∈ LK

σα(β) which is independent of a, and it is
such that

wL
α (a) jL(xβ)wL

α (a)−1 = c(α,β)a−≺β,α� jL(xσα(β)).

Further, since wL
α (1) is an automorphism of L(Z) and xα is a primitive element for

L(Z) for each α, c(α,β) = ±1. Next, using (i) and the above identity,

jL(hσα(β)) = wL
α (1) jL(hβ)wL

α (1)−1 =
[wL

α (1) jL(xβ)wL
α (1)−1, wL

α (1) jL(x−β)wL
α (1)−1] = c(α,β)c(α,−β) jL(hσα(β)).

Thus, c(α,β)c(α,−β) = 1. Hence, c(α,β) = c(α,−β).
(iv) Since wV

α (a)−1 = wV
α (−a), hV

α (a) = wV
α (−a)−1wV

α (−1). By (ii),
wV

α (−a)v = (−a)−≺μ,α�v′ and alsowV
α (−1)v = (−1)−≺μ,α�v′.Hence,hV

α (a)v =
wV

α (−a)−1wV
α (−1)v = wV

α (−a)−1(−1)−≺μ,α�v′ = (−1)−≺μ,α�(−a)≺μ,α�v =
a≺μ,α�v for each v ∈ V K

μ . �

Proposition 4.3.14 (i) wV
α (1)hV

β (a)wV
α (1)−1 = hV

σα(β)(a).

(ii) wV
α (a)xVβ (b)wV

α (1)−1 = xVσα(β)(ca
−≺β,α�b), where c = c(α,β) is as in the

above Proposition. In particular, wV
α (1)xVβ (b)wV

α (a)−1 = xVσα(β)(cb).

(iii) hV
α (a)xVβ (b)hV

α (a)−1 = xVβ (a≺β,α�b).

Proof (i) Let v ∈ V K
μ . ThenwV

α (1)−1v ∈ V K
σα(μ) (Proposition 4.3.13 (ii))). Again, by

Proposition 4.3.13 (iv),

wV
α (1)hV

β (a)wV
α (1)−1v = wV

α (1)a≺σα(μ),β�wV
α (1)−1v = a≺σα(μ),β�v =

a≺μ,σα(β)�v = hV
σα(β)(a)v.

Since μ and v are arbitrary, wV
α (1)hV

β (a)wV
α (1)−1 = hV

σα(β)(a).
(ii) By Proposition 4.3.13 (iii),

wV
α (a)bjL(xβ)wV

α (a)−1 = ca−≺β,α�bjL(xσα(β)).
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Exponentiating, we get the desired result.
(iii) By applying Proposition 4.3.13 (iv) to the adjoint representation, we obtain

hV
α (a)bjL(xβ)hV

α (a)−1 = a≺β,α�bjL(xβ).

Exponentiating again, we get the desired identity. �

Corollary 4.3.15 Let H(V, K ) denote the subgroup of G(V, K ) generated by the
set {hV

α (a) | α ∈ � and a ∈ K } and B(V, K ) denote the subgroup generated by
H(V, K )

⋃
U (V, K ). Then the following hold:

(i) U (V, K ) is a normal subgroup of B(V, K ).
(ii) B(V, K ) = U (V, K )H(V, K ).
(iii) H(V, K )

⋂
U (V, K ) = {1}. In particular, every element b of B(V, K ) is

uniquely expressible as uh, where u ∈ U (V, K ) and h ∈ H(V, K ).

Proof (i) By Proposition 4.3.14 (iii), hV
α (a)xVβ (b)hV

α (a)−1 = xVβ (a≺β,α�b) belongs
toU (V, K ) for all β > 0. This shows thatU (V, K ) is normal subgroup of B(V, K ).

(ii) Follows from (i).
(iii) We have a basis of V K such that the matrix of each element of U (V, K ) is

uni-upper triangular (Corollary 4.3.9) and the matrix of each element of H(V, K )

is diagonal (Proposition 4.3.13 (iv)). This means that H(V, K )
⋂

U (V, K ) = {1}.
The rest is evident. �

Lemma 4.3.16 XV
α (K ) = XV

β (K ) implies that α = β.

Proof Clearly, XV
α (K ) �= {1} for each α ∈ �. If α and β are in �+ (or in �−), then

the result follows from Proposition 4.3.7. If they are of opposite sign, one represents
uni-upper triangular and the other represents uni-lower triangular. �

Proposition 4.3.17 Let N (V, K ) denote the subgroup of G(V, K ) generated by the
set {wV

α (a) | α ∈ � and a ∈ K }. Then the following hold:

(i) H(V, K ) is a normal subgroup of N (V, K ).
(ii) The association σα 
→ H(V, K )wV

α (1) = H(V, K )wV
α (a) induces a homo-

morphism η from W (�) to N (V, K )/H(V, K ).
(iii) η is an isomorphism.

Proof (i) Since wV
α (1)hV

β (a)wV
α (1)−1 = hV

σα(β(a) (Proposition 8.3.14 (i)),

wV
α (b)hV

β (a)wV
α (b)−1 = hV

β (b)wV
α (1)hV

β (a)wV
α (1)−1hV

α (b)−1

belongs to H(V, K ). Hence, H(V, K ) is a normal in N (V, K ).
(ii) Since wV

α (a)wV
α (1)−1 = hV

α (a) belongs to H(V, K ), H(V, K )wV
α (1) =

H(V, K )wV
α (a) for all a ∈ K . Recall thatW (�) is generated by the set {σα | α ∈ �}

subject to the relations {σ2
α = I | α ∈ �} and {σασβσ−1

α = σσα(β) | α,β ∈ �}.
Thus, it suffices to show that

(H(V, K )wV
α (1))2 = H(V, K ), (4.20)
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and

H(V, K )wV
α (1)H(V, K )wV

β (1)H(V, K )wV
β (1)−1 = H(V, K )wV

σα(β)(1). (4.21)

Now,

(H(V, K )wV
α (1))2 = H(V, K )wV

α (1)H(V, K )wV
α (1) =

H(V, K )wV
α (1)H(V, K )wV

α (−1) = H(V, K )wV
α (1)wV

α (−1) = H(V, K ).

This establishes (4.20).
Next,

wV
α (1)wV

β (1)wV
α (1)−1

= wV
α (1)xVβ (1)xV−β(−1)xVβ (1)wV

α (1)−1 (by definition of wV
β (1))

= wV
α (1)xVβ (1)wV

α (1)−1wV
α (1)xV−β(−1)wV

α (1)−1wV
α (1)xVβ (1)wV

α (1)−1

= xVσα(β)(c)x
V
−σα(β)(−c)xVσα(β)(c)

= wV
σα(β)(c) (note that c = ±1).

This proves (4.21). Thus, η is a homomorphism from W (�) to N (V, K )/H(V, K ).
(iii) Since N (V, K ) is generated by {wV

α (a) | α ∈ � and a ∈ K }, it follows that
η is surjective. Let σ = σα1σα2 · · · σαt be a member of Kerη. Then

η(σ) = H(V, K )wV
α1

(1)wV
α2

(1) · · · wV
αt

(1) = H(V, K ).

In other words wV
α1

(1)wV
α2

(1) · · · wV
αt

(1) = ĥ belongs to H(V, K ). Now,

wV
α1

(1)wV
α2

(1) · · · wV
αt

(1)XV
α (K )wV

αt
(1)−1wV

αt−1
(1)−1 · · · wV

α1
(1)−1 = XV

σ(α)(K ).

In turn, byProposition4.3.14 (iii), XV
σ(α)(K ) = ĥXV

α (K )ĥ−1 = XV
α (K ). ByLemma

4.3.16, σ(α) = α. Since α is arbitrary, σ = I . �

Convention: If n1H(V, K ) = H(V, K )n1 = H(V, K )n2 = n2H(V, K ),
then n1n

−1
2 , n−1

1 n2 ∈ H(V, K ) ⊆ B(V, K ) and so B(V, K )n1 = B(V, K )n2 and
n1B(V, K ) = n2B(V, K ). Thus, for σ ∈ W (�), we have a unique B(V, K )n ∈
G(V, K )/r B(V, K ), and unique nB(V, K ) such that η(σ) = B(V, K )n. We denote
this unique B(V, K )n by B(V, K )σ and nB(V, K ) by σB(V, K ) also.

Proposition 4.3.18 Let α ∈ � be a simple root. Then the following hold:

(i) Gα = B(V, K )
⋃

(B(V, K )wV
α (1)B(V, K )) = B(V, K )

⋃
(B(V, K )σα

B(V, K )) is a subgroup of G(V, K ).
(ii) If σ ∈ W (�) is such that σ(α) ∈ �+ (i.e., l(σσα) = l(σ) + 1), then

σB(V, K )σα ⊆ B(V, K )σσαB(V, K ), and in turn,

(B(V, K )σB(V, K ))(B(V, K )σαB(V, K )) ⊆ B(V, K )σσαB(V, K ).
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Further, (B(V, K )σB(V, K ))(B(V, K )σαB(V, K )) = B(V, K )σσα

B(V, K ).
(iii) If σ ∈ W (�) is such that σ(α) ∈ �−, then

σB(V, K )σα ⊆ (B(V, K )σσαB(V, K ))
⋃

(B(V, K )σB(V, K )), and in turn,

(B(V, K )σB(V, K ))(B(V, K )σαB(V, K )) ⊆
(B(V, K )σσαB(V, K ))

⋃
(B(V, K )σB(V, K )).

(iv) For all σ ∈ W (�),

σB(V, K )σα ⊆ (B(V, K )σσαB(V, K ))
⋃

B(V, K )σB(V, K ), and in turn,

(B(V, K )σB(V, K ))(B(V, K )σαB(V, K )) ⊆
(B(V, K )σσαB(V, K ))

⋃
(B(V, K )σB(V, K )).

(v) B(V, K )
⋂

U (V, K )− = {1}.
(vi) B(V, K )

⋂
N (V, K ) = H(V, K ).

Proof (i) Since B(V, K ) is a subgroup and η(σ)−1 = η(σ), it follows that inverse
of each element in Gα is in Gα. Thus, it is sufficient to show that GαGα ⊆ Gα. Now,
GαGα is contained in

B(V, K )(B(V, K )
⋃

B(V, K )σαB(V, K ))
⋃

((B(V, K )σαB(V, K ))(B(V, K )
⋃

B(V, K )σαB(V, K ))).

In turn,
GαGα ⊆ Gα

⋃
(B(V, K )σαB(V, K )σαB(V, K )).

Since B(V, K )GαB(V, K ) ⊆ Gα, it suffices to show that σαB(V, K )σα ⊆ Gα. Fur-
ther, xV−α(a) = xVα (a−1)wV

α (−a−1)xVα (a−1) belongs to B(V, K )wV
α (1)B(V, K ) =

B(V, K )σαB(V, K ) for each α. Hence, XV−α(K ) ⊆ Gα. Next,

σαB(V, K )σα

= wV
α (1)B(V, K )wV

α (−1)
= wV

α (1)B(V, K )wV
α (1)−1

= wV
α (1)XV

α (K )XV
�+−{α}(K )H(V, K )wV

α (1)−1

= wV
α (1)XV

α (K )wV
α (1)−1wV

α (1)XV
�+−{α}(K )wV

α (1)−1wα(1)H(V, K )wV
α (1)−1

= XV−α(K )XV
�+−{α}(K )H(V, K ) (since σα(�+ − {α}) ⊆ (�+ − {α}) (check it))

⊆ GαB(V, K ) = Gα. This proves (i)
(ii) σB(V, K )σα

= σXV
α (K )XV

�+−{α}(K )H(V, K )σα

= σXV
α (K )σ−1σσασ−1

α XV
�+−{α}(K )σασ−1

α H(V, K )σα

⊆ B(V, K )σσαB(V, K ) (for σXV
α (K )σ−1 ⊆ B(V, K ), σ−1

α XV
�+−{α}(K )

⊆ B(V, K ), and σ−1
α H(V, K )σα ⊆ B(V, K )).
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Again, since B(V, K )2 = B(V, K ),

(B(V, K )σB(V, K ))(B(V, K )σαB(V, K )) = B(V, K )σB(V, K )σαB(V, K )

⊆ B(V, K )(B(V, K )σσαB(V, K ))B(V, K ) = B(V, K )σσαB(V, K ).

(iii) Suppose that σ(α) ∈ �−. Put σ′ = σσα. Then σ′(α) ∈ �+ and σ = σ′σα.
Now,
σB(V, K )σα

= σ′(σαB(V, K )σα)

⊆ σ′(B(V, K )
⋃

B(V, K )σαB(V, K )) (from the proof of (i))
= σ′B(V, K )

⋃
σ′B(V, K )σαB(V, K )

⊆ (σ′B(V, K )σ′−1)σ′ ⋃(σ′B(V, K )σ′−1σ′σαB(V, K )

⊆ (B(V, K )σσαB(V, K ))
⋃

(B(V, K )σB(V, K )).
Again,

(B(V, K )σB(V, K ))(B(V, K )σαB(V, K )) = B(V, K )σB(V, K )σαB(V, K )

⊆ B(V, K )((B(V, K )σσαB(V, K ))
⋃

(B(V, K )σB(V, K )).

(iv) Follows from (ii) and (iii).
(v)We have a basis with respect to which the matrices of the members of B(V, K )

are non-singular upper triangular and thematrices ofmembers ofU (V, K )− are lower
uni-triangular. This shows that B(V, K )

⋂
U (V, K )− = {I }.

(vi) Obviously H(V, K ) ⊆ B(V, K )
⋂

N (V, K ). We show that
B(V, K )

⋂
N (V, K ) ⊆ H(V, K ). Suppose not. Then there is a n ∈ B(V, K )

⋂

N (V, K ) such that H(V, K )n �= H(V, K ). Consequently, there is a σ �= I such
that η(σ) = H(V, K )n. Since σ �= I , there is a α ∈ �+ such that σ(α) < 0 and
hence nXV

α (K )n−1 ⊆ B(V, K )
⋂

U (V, K )−. This is a contradiction. �

Corollary 4.3.19 Let σ ∈ W (�) and σ = σα1σα2 · · ·σαr be a minimal represen-
tation of σ as product of simple reflections. Then

B(V, K )σB(V, K ) = B(V, K )σα1B(V, K )σα2B(V, K ) · · · B(V, K )σαr B(V, K ).

Proof Under the hypothesis, σα1σα2 · · · σαi (αi ) < 0 for all i . The result follows
from the (ii) part of the above Proposition. �

Proposition 4.3.20 Let G(V, K ) =<
⋃

α∈� XV
α (K ) > be aChevalley group. Then

G(V, K ) = < S >, where S = (
⋃

α∈� XV
α (K ))

⋃{wV
α (1) | α ∈ �}.

Proof Since W (�) is generated by simple reflections and every root is W (�)-
conjugate to a simple root, the result follows from the following identity:

wV
α (1)XV

β (K )wV
α (1)−1 = XV

σα(β)(K ). �

Theorem 4.3.21 (Bruhat Decomposition)
(i) G(V, K ) = ⋃

σ∈W (�) B(V, K )σB(V, K ).
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(ii) B(V, K )σB(V, K ) = B(V, K )σ′B(V, K ) if and only if σ = σ′. In other
words a system of coset representative system of N (V, K ) modulo H(V, K ) is also
a double coset representative system for B(V, K )|G(V, K )|B(V, K ).

Proof (i) By Proposition 4.3.20, the set S of generaters of G(V, K ) is contained in⋃
σ∈W (�) B(V, K )σB(V, K ). Further, by Proposition 4.3.18, u(

⋃
σ∈W (�) B(V, K )

σB(V, K )) ⊆ ⋃
σ∈W (�) B(V, K )σB(V, K ) for allu ∈ S

⋃
S−1.Hence,G(V, K ) =⋃

σ∈W (�) B(V, K )σB(V, K ).
(ii) Suppose that B(V, K )σB(V, K ) = B(V, K )σ′B(V, K ). We have to show

thatσ′ = σ. The proof is by the induction on l(σ). Suppose that l(σ) = 0. Thenσ =
I . In this case, B(V, K )σ′B(V, K ) = B(V, K ). Hence if n ∈ N (V, K ) is such that
η(σ′) = H(V, K )n, then n ∈ B(V, K ). This means that η(σ′)B(V, K )η(σ′)−1 =
B(V, K ). Consequently, σ′(�+)

⋂
�− = ∅ and so σ′(�+) = �+. This shows that

σ′ = I . Now, assume the result for all τ ∈ W (�) for which l(τ ) < l(σ), l(σ) ≥ 1.
Suppose that B(V, K )σB(V, K ) = B(V, K )σ′B(V, K ). Let α ∈ � be such that
l(σσα) < l(σ). Now,

η(σσα) ⊆ B(V, K )σ′B(V, K )B(V, K )σαB(V, K ) ⊆
(B(V, K )σ′B(V, K ))

⋃
(B(V, K )σ′σαB(V, K )) =

(B(V, K )σB(V, K ))
⋃

(B(V, K )σ′σαB(V, K )).

By the induction hypothesis, σσα = σ or σσα = σ′σα. Now, σσα �= σ. for
σα �= I . Hence, σσα = σ′σα and so σ = σ′. �

Theorem 4.3.22 Let σ ∈ � and nσ ∈ N (V, K ) be such that η(σ) = H(V, K )nσ .
Let S denote the set �+ ⋂

σ−1(�−) and T denote the set �+ ⋂
σ−1(�+). Put

U (V, K )−σ = XV
S (K ) and U (V, K )+σ = XK

T . Then,

(i) U (V, K ) = U (V, K )+σU (V, K )−σ .
(ii) U (V, K )+σ

⋂
U (V, K )−σ = {I }.

(iii) B(V, K )σB(V, K ) = B(V, K )nσU (V, K )−σ .
(iv) Every element of B(V, K )σB(V, K ) has a unique representation as bnσv,

where b ∈ B(V, K ) and v ∈ U (V, K )−σ .
(v) Every element of G(V, K ) has a unique representation as uhnσv, where u ∈

U (V, K ), h ∈ H(V, K ), and v ∈ U (V, K )−σ .

Proof (i) Since S
⋃

T = �+, U (V, K ) = U (V, K )+σU (V, K )−σ .
(ii) Since S

⋂
T = ∅, the result follows.

(iii) B(V, K )σB(V, K ) = B(V, K )σU (V, K )H(V, K )

= B(V, K )σXV
T (K )XV

S (K )H(V, K )

= B(V, K )σXV
T (K )σ−1σXV

S (K )H(V, K )

= B(V, K )σXV
S (K )H(V, K ) (sinceU (V, K ) � B(V, K ) and XV

T (K ) ⊆ U (V, K ))
= B(V, K )nσXV

S (K )H(V, K ) = B(V, K )nσU (V, K )−σ .
(iv) Suppose that bnσv = b′nσv′. Then b−1b′ = nσvv′−1n−1

σ . But, we can get
a basis with respect to which LHS is upper triangular, where as the RHS is lower
triangular. This means that b = b′ and v = v′.
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(v) Follows from (iv), if we observe that an element b ∈ B(V, K ) has a unique
representation as b = uh, where u ∈ U (V, K ) and h ∈ H(V, K ) (U (V, K )

⋂

H(V, K ) = {I }). �

Propositions 4.3.18, 4.3.20, and Theorem 4.3.21 assert that a Chevalley Group
admits a (B, N ) (B = B(V, K ) and N = N (V, K )) pair (or a Tits system) in the
sense of the following definition:

Definition 4.3.23 A Group G is said to admit a Tits System (or a (B, N )-Pair)
if it has a pair (B, N ) of subgroups such that the following hold:

(i) G = < B
⋃

N >.
(ii) H = B

⋂
N is a normal subgroup of N .

(iii) N/H is generated by a set S = {si | i ∈ I } of involutions.
(iv) If ni ∈ N , i ∈ I are such that si = Nni , then ni Bni �= B.
(v) For each n ∈ N , ni Bn ⊆ (BninB)

⋃
(BnB).

Remark 4.3.24 The concept of (B, N ) pair was introduced by J.Tits (Ann ofMath,
1964) as an axiomatic system in order to develop its theory and to unify certain family
of groups. Chevalley Groups, Reductive algebraic groups over local fields, Doubly
transitive groups on sets containing more than 2 elements are certain examples. For
details see Bourbaki, “Groupes et al.g̀bres de Lie”, 1968.

Example 4.3.25 Consider sl(2, F) and the corresponding Chevalley group
SL(2, K ) relative to the usual representation of sl(2, F) on F2. Clearly,U (F2, K ) =
{Ea

12 | a ∈ K }, � = {α,−α}, W (�) = {I,σα}, x F2

α (a) = Ea
12, a ∈ K ,

wF2

α (a) = wF2

12 (a) = Ea
12E

−a−1

21 Ea
12 =

[
0 a

−a−1 0

]

,

hF2

α (a) = h12(a) =
[
a 0
0 a−1

]

.

Thus,

H(F2, K ) =
{[

a 0
0 a−1

]

| a ∈ K �

}

,

and

N (F2, K ) = < {
[

0 a
−a−1 0

]

| a ∈ K �} > .

Evidently, N (F2, K ) = NSL(2,K )(H(F2, K )) = H(F2, K )
⋃

{[
0 1

−1 0

]

H(F2, K )
}
. Describe all these for sl(n, F) with usual representation on Fn as

exercise.

Proposition 4.3.26 The center Z(G(V, K )) ⊆ H(V, K ).
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Proof Let x ∈ Z(G(V, K )). FromTheorem4.3.22 (v), x has a unique representation
as x = uhnσv, where u ∈ U (V, K ), h ∈ H(V, K ), and v ∈ U (V, K )−σ ,σ ∈ W (�).
If σ �= I , then there is a α ∈ �+ such that σ(α) ∈ �−. But xxVα (1) = xVα (1)x . This
is a contradiction (Theorem4.3.22). Thus,σ = I and x = uh.We have a unique ele-
ment σ0 ∈ W (�) such that σ0(�

+) = �−. Consequently, x = wV
σ0

(1)xwV
σ0

(1)−1

is upper triangular as well as lower triangular with respect to a suitable basis.
Since h is diagonal and u is uni-upper triangular, u = 1. This shows that x =
h ∈ H(V, K ). �

Theorem 4.3.27 Let G� denote the group generated by the set {x ′
α(a) | α ∈ �, and

a ∈ K } of symbols subject to the following relations:

(i) x ′
α(a + b) = x ′

α(a)x ′
α(b) for all α ∈ � and a, b ∈ K.

(ii) For all α,β ∈ � with α + β �= 0,

[x ′
α, x ′

β] =
∏

i, j≥1
x ′
iα+ jβ(ci j a

ib j ),

where ci j are as in the Theorem 4.3.2.
(iii) For allα,β ∈ �anda ∈ K,w′

α(1)h′
β(a)w′

α(1)−1 = h′
σα(β)(a), wherew′

α(a) =
x ′

α(a)x ′−α(−a−1)x ′
α(a) and h′

α(a) = w′
α(a)w′

α(1)−1.
(iv) For all α,β ∈ � and a ∈ K, w′

α(1)x ′
β(a)w′

α(1)−1 = x ′
σα(β)(ca), where c is as

in Proposition 4.3.14.
(v) For all α,β ∈ � and a, b ∈ K, h′

α(a)x ′
β(b)h′

α(a)−1 = x ′
β(a≺β,α�b).

Let U � denote the subgroup of G� generated by the set {x ′
α(a) | α ∈ �+ and a ∈

K }, H � denote the subgroup generated by the set {h′
α(a) | α ∈ � and a ∈ K }, B�

denote the subgroup generated byU �
⋃

H �, andU−�
σ denote the subgroup generated

by the set {x ′
α(a) | α ∈ �+ ⋂

σ−1(�−) and a ∈ K }. Then the following hold.
(a) If G(V, K ) is the Chevalley group associated with the representation space

V , then there is a unique surjective homomorphism ηV from G� to G(V, K ) given
by ηV (x ′

α(a)) = xVα (a),α ∈ �, a ∈ K.
(b) Every element of U � can be uniquely expressed as

∏
α∈�+ x ′

α(aα).
(c) If σ ∈ W (�) is product σα1σα2 · · · σαr of simple reflections, then we write

w′
σ(1) = w′

α1
(1)w′

α2
(1) · · · w′

αr
(1). Every element of G� can be uniquely expressed

as u�h�w′
σ(1)v�, where u� ∈ U �, h� ∈ H �, σ ∈ W (�), and v� ∈ U−�

σ .
(d) Ker ηV ⊆ Z(G�) ⊆ H �.

Proof (a). It follows from the earlier results that G(V, K ) is generated by the
set {xVα (a) | α ∈ �, and a ∈ K } which satisfy the relations (i) − (v) with x ′

α(a)

replaced by xVα (a). Hence, there is a unique surjective homomorphism ηV from G�

to G(V, K ) given by ηV (x ′
α(a)) = xVα (a),α ∈ �, a ∈ K .

(b) Suppose that
∏

α∈�+ x ′
α(aα) = ∏

α∈�+ x ′
α(bα). Then

∏
α∈�+ xVα (aα) =

ηV
(∏

α∈�+ x ′
α(aα)

) = ηV
(∏

α∈�+ x ′
α(bα)

) = ∏
α∈�+ xVα (bα). It follows from

Proposition 4.3.7, aα = bα for each α ∈ �+. This proves (b).
(c) From (b), it also follows that ηV |U � is an isomorphism from U � to U (V, K ).

Suppose that u�h�w′
σ(1)v� = u′�h′�w′

τ (1)v
′�. Applying the homomorphism ηV
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again and using Theorems 4.3.21 and 4.3.22, it follows that ηV (u�) = ηV (u′
�), and

ηV (v�) = ηV (v′�). Since ηV |U � is an isomorphism, u� = u′� and v� = v′�. The
rest is immediate.

(d) Let g = u�h�w′
σ(1)v

� belong to the Ker ηV , where u� ∈ U �, h� ∈ H �, σ ∈
W (�), and v� ∈ U �

σ . Then ηV (u�)ηV (h�)ηV (w′
σ(1))η

V (v�) = 1. It follows from
Example 4.2.22, that 1 = ηV (u�) = ηV (h�) = ηV (w′

σ(1)) = ηV (v�). Since
ηV |U � is an isomorphism, u� = 1 = v�. Since ηV (w′

σ(1)) = nσ = 1, σ = I
and so w′

σ(1) = 1. This means that g = h� = ∏
α∈� h′

α(aα). It follows from the
defining relations of G� that

gx ′
β(b)g−1 = x ′

β

(∏

α∈�
a≺β,α�

α b
)

.

Applying ηV , xVβ (b) = xVβ
(∏

α∈� a≺β,α�
α b

)
. Consequently, b = ∏

α∈� a≺β,α�
α b

and so
∏

α∈� a≺β,α�
α = 1. Thus g commutes with x ′

β(b) for all β ∈ � and b ∈ K .
This shows that g ∈ Z(G�). Finally, it remains to show that Z(G�) ⊆ H �. Since
Ker ηV is contained in H � and ηV (Z(G�)) ⊆ Z(G(V, K )), it suffices to show that
Z(G(V, K )) ⊆ H(V, K ). In fact, this is Proposition 4.3.26. �

Corollary 4.3.28 Let S be a set of words in {hV
α (a) | α ∈ �, a ∈ K } which forms a

set of defining relations for H(V, K ). Then the set S together with relations (i) − (v)

in the above theorem with x ′
α(a) replaced by xVα (a) forms a set of defining relations

for G(V, K ) in terms of the generators xVα (a).

Proof Follows from the fact that Ker ηV is contained in H �. �

Corollary 4.3.29 Let G(V, K ) and G(V ′, K ) be Chevalley groups associated with
L-modules V and V ′, respectively. Then there is a homomorphism ηV ′,V from
G(V ′, K ) to G(V, K ) with ηV ′,V (xV

′
α (a)) = xVα (a) for each α ∈ � and a ∈ K

if and only if there is a homomorphism χ from H(V ′, K ) to H(V, K ) such that
χ(hV ′

α (a)) = hV
α (a) for all α ∈ � and a ∈ K.

Proof Suppose that we have a homomorphism ηV ′,V from G(V ′, K ) to G(V, K )

such that ηV ′,V (xV
′

α (a)) = xVα (a) for eachα ∈ � and a ∈ K . Then ηV = ηV ′,V oηV ′
.

Clearly, χ = ηV ′,V |H(V ′,K ) has the required property. Conversely, χ be a homomor-
phism from H(V ′, K ) to H(V, K ) such that χ(hV ′

α (a)) = hV
α (a) for each α ∈ �

and a ∈ K . It follows from the above corollary that Ker ηV ′ ⊆ Ker ηV . This ensures
the existence of a homomorphism ηV ′,V with the required property. �

It becomes essential to look at the structure of H(V, K ). Indeed, the presentation
depends only on the weight lattice 
(V ) of V .

Theorem 4.3.30 The group H(V, K ) is an abelian group generated by the set {hV
α |

α ∈ �} such that the following hold:

(i) hV
α (ab) = hV

α (a)hV
α (b) for all α ∈ � and a, b ∈ K �.

(ii)
∏l

i=1 h
V
αi

(ai ) = 1 if and only if
∏l

i=1 a
≺μ,αi�
i = 1 for all μ ∈ 
(V ).
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(iii) Z(G(V, K )) = {∏l
i=1 h

V
αi

(ai ) | ∏l
i=1 a

≺β,αi�
i = 1 ∀β ∈ 
r }.

Proof Evidently, H(V, K ) is abelian group generated by the set {hV
α | α ∈ �}.

(i) Follows from Proposition 4.3.13 (iv).
(ii)

∏l
i=1 h

V
αi

(ai ) = 1 if and only if
∏l

i=1 h
V
αi

(ai )v = v for all v ∈ Vμ and for
all μ ∈ 
(V ). The assertion follows from the Proposition 4.3.13 (iv).

(iii) This, again, follows from Proposition 4.3.13 (iv). �

Let us denote the L-module L with adjoint action byV0 and the L-moduleV (λ1) ⊕
V (λ2) ⊕ · · · ⊕ V (λl) by V1, where {λ1,λ2, . . . ,λl} is the basis of 
univ consisting
of fundamental weights. Thus, 
(V0) = 
r and 
(V1) = 
univ .

Corollary 4.3.31 (i) Every element h of H(V1, K ) has a unique representation as

h =
∏l

i=1
hV1
i (ai ), ai ∈ K �.

(ii) Z(G(V0, K )) = {1}.
Proof (i) Suppose that

∏l
i=1 h

V1
i (ai ) = 1. We need to show that a j = 1 for each j .

Since λ j is a weight of V1, it follows from Theorem 4.3.30 (ii) that
∏l

i=1 a
≺λ j ,αi�
i =

1. This shows that a j = 1 for.
(ii) From Theorem 4.3.30 (iii), h = ∏l

i=1 h
V0
i (ai ) belongs to Z(G(V0, K )) if and

only if
∏l

i=1 a
≺β,αi�
i = 1 for each β ∈ 
r . Since 
(V0) = 
r , it follows from

Theorem 4.3.30 (ii) that h = 1. �

Corollary 4.3.32 Suppose that 
(V ) ⊆ 
(V ′). Then there is a homomorphism
ηV ′,V from G(V ′, K ) to G(V, K ) such that ηV ′,V (xV

′
α (a)) = xVα (a) for all α and a.

Also Ker η ⊆ Z(G(V ′, K )). If 
(V ) = 
(V ′), then ηV ′,V is an isomorphism.

Proof Let hV
α (a) = ∏l

i=1 h
V
αi

(ai ) be a member of H(V, K ) and hV ′
α (a) =

∏l
i=1 h

V ′
αi

(ai ) be the corresponding member of H(V ′, K ). Suppose that
∏l

i=1 h
V ′
αi

(ai ) = 1 in H(V ′, K ). Then by Theorem 4.3.30 (ii),
∏l

i=1 a
≺μ,αi�
i = 1 for

all μ ∈ 
(V ′). Since 
(V ) ⊆ 
(V ′),
∏l

i=1 a
≺μ,αi�
i = 1 for all μ ∈ 
(V ). Again

by Theorem 4.3.30 (ii),
∏l

i=1 h
V
αi

(ai ) = 1 in H(V, K ). Thus, we have a homo-
morphism χ from H(V ′, K ) to H(V, K ) such that χ(hV ′

α )(a)) = hV
α (a) for all

α ∈ � and a ∈ K . From Corollary 4.3.29, we have a surjective homomorphism
ηV ′,V from G(V ′, K ) to G(V, K ) such that ηV ′,V (xV

′
α (a)) = xVα (a)) for all α and a

and Z(G(V ′, K )) ⊆ KerηV ′,V . Finally, if 
(V ) = 
(V ′), then we have a homo-
morphism ηV ′,V from G(V, K ) to G(V ′, K ) such that ηV,V ′

(xVα (a)) = xV
′

α (a)) for
all α and a. Clearly, ηV ′,V oηV,V ′ = IG(V ′,K ) and ηV,V ′

oηV ′,V = IG(V,K ). �

Definition 4.3.33 The Chevalley group G(V0, K ) is called the Adjoint Chevalley
Group or Chevalley group of adjoint type associated with the pair (L , K ). We
shall also denote it by Gad j , where (L , K ) is already understood to be there. The
group G(V1, K ) is called the Universal Chevalley Group. We shall also denote it
by Guniv .
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The following Corollary gives us a presentation of the universal Chevalley group
Guniv = G(V1, K ). The Corollary follows immediately from Theorem 4.3.27 and
the corollaries following it.

Corollary 4.3.34 Let L be a simple Lie algebra. Let G̃ denote the group generated
by the set {x ′

α | α ∈ � and a ∈ K } of symbols subject to the relations (i) - (v) in
Theorem 4.3.27 together with

(vi) h′
α(ab) = h′

α(a)h′
α(b) for all α ∈ � and a, b ∈ K �, where h′

α(a) =
w′

α(a)w′
α(1)−1. Then, we have a unique isomorphism η from G̃ to G(V1, K ) such

that η(x ′
α(a) = xV1

α (a) for all α and a. �

Remark 4.3.35 The group G(V, C) is a Lie group. Indeed, the universal Chevalley
group G(V1, C) is a simply connected Lie group and the map ηV1,V is a covering
map. Thus, KerηV1,V is the fundamental group of G(V, C). Following the analogy,
we term KerηV1,V to be the fundamental group of the Chevalley group G(V, K ). It
can be shown as an exercise that the fundamental group of G(V, K ) is isomorphic
to Hom(
univ/
(V ), K �). Consequently, the fundamental group π1(G(V, C)) is
isomorphic to 
univ/
(V ).

Remark 4.3.36 Given any faithful L-module V , we have two important associated

central extensions G(V1, K )
ηV 1 ,V→ G(V, K ) and G(V, K )

ηV,V0→ G(V0, K ).

Corollary 4.3.37 Let K = Fq be a finite field containing q = pn elements and
V be a L-module. Then, we have the following:

(i) | U (V, Fq) | = q |�+|.
(ii) | U (V, Fq)−σ | = ql(σ).
(iii) | G(V, Fq) | = q |�+| | H(V, Fq) | (

∑
σ∈W (�) q

l(σ)).

(iv) | G(V1, Fq) | = q |�+|(q − 1)l(
∑

σ∈W (�) q
l(σ)).

(v) U (V, Fq) is a Sylow p-subgroup of G(V, Fq) and H(V, Fq) is an abelian
p′-subgroup of G(V, Fq).

Proof (i) Follows from the definition of U (V, Fq) and Proposition 4.3.7.
(ii) Again follows from the definition of U (V, Fq)−σ and Proposition 4.3.7.
(iii) Follows from (i), (ii), and Theorem 4.3.22.
(iv) Follows from (i), (ii), (iii), and Corollary 4.3.31.
(v) This is evident from the order consideration. �

Example 4.3.38 For A1 = sl(2, C), � = {α,−α}, λuniv = Z
α
2 and 
r = Zα.

If CharK �= 2, then G(V, K ) ≈ SL(2, K ), whereas, G(V0, K ) ≈ PSL(2, K ). If
CharK = 2, then G(V1, K ) = G(V0, K ) ≈ SL(2, K ). Indeed, the map η from
SL(2, K ) toG(V1, K ) given by η(Ea

12) = xV1
α (a) and η(Ea

21) = xV1−α(a) induces an
isomorphism. In case characteristic K different from 2, Z(SL(2, K )) = {I,−I }.
Consequently, G(V0, K ) ≈ PSL(2, K ). Similarly, for A2 = sl(3, C), if the char-
acteristic of K is different from 3, then G(V1, K ) = SL(3, K ) and G(V0, K ) =
PSL(3, K . If the characteristic of K is 3, thenG(V1, K ) = SL(3, K ) = G(V0, K ).
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Moregenerally,we list the information about universalChevalleygroupG(V1, K ),
the adjoint Chevalley group G(V0, K ), the intermediary Chevalley groups G(V, K ),
and also 
univ/
r for all 9 types of semi-simple Lie algebras:

Type of L 
univ/
r G(V1, K ) G(V, K ) G(V0, K ) | Z(G(V1, Fq )) |
Al Zl+1 SL(l + 1, K ) - PSL(l + 1, K ) (l + 1, q − 1)

Bl Z2 Spin(2l + 1, K ) - SO(2l + 1, K ) (2, q − 1)

Cl Z2 Sp(2l, K ) - PSp(2l, K ) (2, q − 1)

D2l+1 Z4 Spin(4l + 2, K ) SO(4l + 2, K ) PSO(4l + 2, K ) (4, q − 1)

D2l Z2 × Z2 Spin(4l, K ) SO(4l, K ) PSO(4l, K ) (4, q − 1)

E6 Z3 − - − (3, q − 1)

E7 Z2 − - − (2, q − 1)

E8 1 Guniv = Gad j - Guniv = Gad j 1

F4 1 Guniv = Gad j - Guniv = Gad j 1

G2 1 Guniv = Gad j - Guniv = Gad j 1

The orders of the finite exceptionalChevalley groups E6(q), E7(q), E8(q), F4(q),
and G2(q) of adjoint type over a field Fq are given as follows:

1. | E6(q) | = q36(q2−1)(q5−1)(q6−1)(q8−1)(q9−1)(q12−1)
(q−1,3) .

2. | E7(q) | = q63(q2−1)(q6−1)(q8−1)(q10−1)(q12−1)(q12−1)(q14−1)(q18−1)
(q−1,3) .

3. | E8(q) |= q120(q2 − 1)(q8 − 1)(q12 − 1)(q14 − 1)(q18 − 1)(q20 − 1)(q24 −
1)(q30 − 1).

4. | F4(q) | = q24(q2 − 1)(q6 − 1)(q8 − 1)(q12 − 1).
5. | G2(q) | = q6(q2 − 1)(q6 − 1).

Our next aim is to establish the following theorem about the simplicity of Cheval-
ley groups of adjoint type.

Theorem 4.3.39 (Chevalley–Dickson) Adjoint Chevalley group G(V0, K ) associ-
ated with a simple Lie algebra L over C is always simple except in the following
cases:

(i) L is of the type A1 and | K | = 2 or | K | = 3.
(ii) L is of the type B2 and | K | = 2.
(iii) L is G2 and | K | = 2.

Let us first observe that in all the three excluded cases the adjoint Chevalley groups
are not simple. If L = sl(2, C) is of the type A1, then G(V0, F2) ≈ SL(2, F2) ≈ S3
has a normal subgroup isomorphic to A3, and G(V0, F3) ≈ PSL(2, F3) contains a
normal subgroup isomorphic to A4. If L is of type B2, thenG(V0, K ) ≈ PSO(3, F3)

contains a subgroup of index 2 which is isomorphic to A6. If L is of the type G2,
then G(V0, F2) contains SU (3, 3) as a subgroup of index 2.

The idea of the proof of Chevalley–Dickson theorem is as follows. First observe
that B(V, K ) is a solvable subgroup ofG(V, K ) (U (V, K ) is a nilpotent normal sub-
group such that B(V, K )/U (V, K ) ≈ H(V, K ) is abelian). We shall show that if A
is a nontrivial normal subgroup of G(V, K ), then G(V, K ) = AB(V, K ). Finally,
if we also show that G(V, K ) is perfect in the sense that [G(V, K ),G(V, K )] =
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G(V, K ), then G(V, K )/A ≈ B(V, K )/(B(V, K )
⋂

A) becomes perfect, a contra-
diction to the solvability of B(V, K ). We prove all these in several steps in the form
of Lemmas.

Lemma 4.3.40 Let G(V, K ) be a Chevalley group and σ ∈ W (�). Suppose that
σ = σαi1

σαi2
· · ·σαir

is aminimal representationofσ asproduct of simple reflections.
Then for each j , wV

αi j
(1) belongs to the subgroup generated by B(V, K )

⋃
(wV

σ (1)

B(V, K )wV
σ (1)−1)

Proof The proof is by the induction on l(σ). Suppose that l(σ) = 1. Then σ = σα

is a simple reflection and XV−α(K ) = XV
σα(α)(K ) = wV

σ (1)XV
α (K )wV

σ (1)−1 is
contained in B(V, K )

⋃
wV

σ (1)B(V, K )wV
σ (1)−1. Assume the result for all τ with

l(τ ) < r , r ≥ 2. Suppose that l(σ) = r and σ = σαi1
σαi2

· · · σαir
is a minimal

representation of σ. Put β = −σ−1(αi1). Then as above X
V−αi1

(K ) = XV
σ(β)(K ) =

wV
σαi1

(1)XV
β wV

σαi1
(1)−1 is a subset of B(V, K )

⋃
wV

σ (1)B(V, K )wV
σ (1)−1. This shows

that wV
σαi1

(1) belongs to B(V, K )
⋃

wV
σ (1)B(V, K )wV

σ (1)−1. Thus, wV
σαi1

(1)wV
σ (1)

B(V, K )wV
σ (1)−1wV

σαi1
(1)−1 is contained in B(V, K )

⋃
wV

σ (1)B(V, K )wV
σ (1)−1.

Since l(σα1σ) < l(σ), the result follows by the induction hypothesis. �

Lemma 4.3.41 Let G(V, K ) be Chevalley group. For each subset π of �, let Wπ

denote the subgroup of W (�) generated by the set {σα | α ∈ π}, and Gπ denote⋃
σ∈Wπ

B(V, K )σB(V, K ). Then, we have the following:

(i) Gπ is a subgroup containing G(V, K ).
(ii) Gπ = Gπ′ implies that π = π′.
(iii) Any subgroup of G(V, K )which contains B(V, K ) is of the formGπ for a unique

π.

Proof (i) Clearly, Gπ is closed under inversion. Again, by Proposition 4.3.18 (iii),

(B(V, K )σB(V, K ))(B(V, K )σαB(V, K ) ⊆
B(V, K )σB(V, K ))

⋃
(B(V, K )σσαB(V, K )).

This shows that Gπ is a subgroup.
(ii) Suppose that π �= π′. Let α ∈ π such that α /∈ π′. Then if σ ∈ Wπ′ , then

σ(α) = α + ∑
β∈π′ aββ but σα(α) = −α. Since � is linearly indepen-

dent, σα /∈ Wπ′ . It follows from the Bruhat decomposition (Theorem 4.3.21) that
Gπ �= Gπ′ .

(iii) Let P be a subgroup containing B(V, K ). Consider the subset π = {α ∈
� | wV

σα
(1) ∈ P} (note that wV

σα
(1) is same as wV

α (1)). Clearly, Gπ ⊆ P . Since
B(V, K ) ⊆ P and G(V, K ) = ⋃

σ∈W (�) B(V, K )σB(V, K ), it is sufficient to
show that wV

σ (1) ∈ P implies that wV
σ (1) ∈ Gπ . Let wV

σ (1) ∈ P . Suppose that
σ = σαi1

σαi2
· · ·σαir

be a minimal representation of σ as product of simple reflec-
tions. From the previous Lemma, wV

σαi j
(1) ∈ P for each j . This means that α j ∈ π

for each j . Hence σ ∈ Wπ. Consequently, wV
σ (1) ∈ Gπ . �
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Corollary 4.3.42 Let σ be a member of W (�). Then

B(V, K )
⋃

(B(V, K )wV
σ (1)B(V, K )) is a subgroup if and only if σ = I or

σ = σα is a simple reflection. �

Example 4.3.43 Consider the Lie algebra sl(l + 1, C) of the type Al and V =
C

l+1 the obvious L-module. Then G(V1, K ) = SL(l + 1, K ) and B(V1, K )

is the group T 0(l + 1, K ) of upper triangular matrices of determinant 1. Let
αi denote the simple root associated with (i, i + 1) (see Theorem 2.3.2). Then
B(V1, K )

⋃
(B(V1, K )wV1

σi
(1)B(V1, K ), where wV1

σi
= E1

i i+1E
−1
i+1 i E

1
i i+1 is a sub-

group of SL(l + 1, K ). Interpret this subgroup. More generally, let {i1, i2, . . . , ir } be
a subset of {1, 2, . . . , l}, where i1 < i2 < · · · < ir ≤ l. Let π = {αi1 ,αi2 , . . . ,αir }
whereαi j is the simple root associated with (i j , i j + 1). Interpret the groupGπ . How
many such subgroups are there?

Definition 4.3.44 For each subset π of �, Gπ is called a Principal Parabolic
Subgroup of G(V, K ). Conjugates of principal parabolic subgroups are called the
Parabolic Subgroups of G(V, K ). In particular, B(V, K ) is a parabolic subgroup.
We term the conjugates of B(V, K ) as Borel Subgroup of G(V, K ). Indeed, it is a
maximal solvable subgroup.

Proposition 4.3.45 (i) Gπ is conjugate to Gπ′ if and only if π = π′.
(ii) NG(V,K )(Gπ) = Gπ for all subsetsπ of�. In particular, NG(V,K )(B(V, K )) =

B(V, K ).
(iii) Gπ

⋂
Gπ′ = Gπ

⋂
π′ .

(iv) We have a natural bijection from the set of conjugates of Gπ to G(V, K )/rGπ

given by gGπg
−1 
→ Gπg.

Proof (i) Suppose that Gπ = gGπ′g−1. It is sufficient to show that wV
α (1) ∈ Gπ′

implies that wV
α (1) ∈ Gπ . By Theorem 4.3.22 (v), g has a unique representation as

g = bwV
σ (1)x , where b ∈ B(V, K ), and x ∈ U−

σ (V, K ). Since gwV
α (1)g−1 ∈ Gπ , it

follows from Lemma 4.3.40 thatwV
α (1) ∈ Gπ . This shows that Gπ′ ⊆ Gπ . Similarly,

Gπ ⊆ Gπ′ .
(ii) Suppose that gGπg

−1 = Gπ . Let g = bwV
σ (1)x be the unique representation

of g. Then gwV
α (1)g−1 ∈ Gπ for each α ∈ π. Again using Lemma 4.3.40, wV

σ (1) ∈
Gπ . Hence g ∈ Gπ .

(iii) The arguments used in (i) and (ii) imply that wV
α (1) ∈ Gπ

⋂
Gπ′ if and only

if α ∈ π
⋂

π′. The result follows.
(iv) Immediate from (ii). �

Remark 4.3.46 With the obvious modifications, the above results are true for arbi-
trary Groups with (B, N ) pairs.

Lemma 4.3.47 Let L be a simple Lie algebra over C. Then
CoreG(V0,K )(B(V0, K )) = {1}.
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Proof Suppose not. Let A be a nontrivial normal subgroup of G(V0, K ) which
is contained in B(V0, K ). Let x ∈ A, x �= 1. Since A ⊆ B(V0, K ), x = uh, where
u ∈ U (V0, K ) and h ∈ H(V0, K ). Suppose that u �= 1. But, then there is a σ ∈ W (φ)

such that wV0
σ (1)xwV0

σ (1)−1 does not belong to B(V0, K ). Thus, u = 1 and h �= 1.
Since Z(G(V0, K )) = {1}, there is a root α and distinct elements a, b ∈ K � such
that hxV0

α (a)h−1 = xV0
α (b). But, then 1 �= xV0

α (b − a) = [h, xV0
α (a)] belongs to A.

This is impossible because of the previous argument. �

Lemma 4.3.48 Let L be a simple Lie algebra over C and A be a nontrivial normal
subgroup of G(V0, K ). Then G(V0, K ) = AB(V0, K ).

Proof Since A is a nontrivial normal subgroupofG(V0, K ), it follows from the above
Lemma that A � B(V0, K ) and AB(V0, K ) is a subgroup of G(V0, K ) containing
B(V0, K ) as a proper subgroup. From Lemma 4.3.41 (iii), there is a nonempty subset
π of � such that AB(V0, K ) = Gπ . We need to show that π ⊇ �. Suppose that �
is not contained in π. Since L is simple, � and so � is irreducible. Thus, there is
a pair α,β of simple roots such that α ∈ π, β /∈ π and < α,β >�= 0. Since α ∈ π,
B(V0, K )wV0

α (1)B(V0, K ) ⊆ Gπ . Let b1wV0
α (1)b2 belong to A. Then b2b1wV0

α (1) =
b2b1wV0

α (1)b2b
−1
2 belongs to A (for A is normal subgroup). In turn, using Proposition

4.3.18, we see that wV0
β (1)b2b1wV0

α (1)wV0
β (1)−1 belongs to

(A
⋂

((B(V0, K )wV0
α (1)wV0

β (1)B(V0, K ))
⋃

(B(V0, K )w
V0
β (1)wV0

α (1)))wV
β (1)) ⊆

Gπ.

Thus, σασβ ∈ Wπ or σβσασβ ∈ Wπ . Clearly, σβσασβ = σσβ(α). Since ≺ α,β ��=
0, σβ(α) is not a simple root. Hence l(σβσασβ) �= 1. Further, l(σβσασβ) �= 2 for
det (σβσασβ) = −1 = (−1)l(σβσασβ). Thus, l(σβσασβ) ≥ 3. This means that σασβ

and σβσασβ are minimal representations in terms of simple reflections. Hence by
Lemma 4.3.40, σβ ∈ Wπ . This is a contradiction, since β /∈ π. It follows that π ⊇ �

and so AB(V0, K ) = G� = G(V0, K ). �

Finally, it remains to establish the following Lemma.

Lemma 4.3.49 Under the hypothesis of Theorem 4.3.39, G(V0, K ) is perfect in the
sense that G(V0, K )′ = [G(V0, K ),G(V0, K )] = G(V0, K ).

Proof It is sufficient to show that xV0
α (a) ∈ G(V0, K )′ for all α ∈ � and a ∈ K �.

Suppose that | K |≥ 4. Then, there is an element a ∈ K � such that a2 − 1 �= 0. By
Proposition 4.3.14 (iii) with α = β,

[hV
α (a), xVα (b)] = xVα (a≺α,α�b)xVα (−b) = xVα ((a2 − 1)b)

belongs to G(V0, K )′. Since a2 − 1 �= 0, xVα (c) ∈ G(V0, K )′ for all α ∈ � and c ∈
K �. Thus, it is sufficient to prove the result when rankL ≥ 2 and | K | = 2 or
| K | = 3. We prove it by casewise analysis.
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(i) Suppose that L is of the type Al, Dl or El (see their Dynkin diagrams). Then
all the roots are of same length. Consequently, any two roots are congruent under
a member of the Weyl group W (�). For each root α, we can find a basis � with
β, γ ∈ � and α = β + γ and no other positive integral linear combination of β, γ
are roots. From Corollary 4.3.3,

xVα (νβ,γab) = [xVβ (a), xVγ (b)].

Since νβ,γ �= 0, xVα (c) ∈ G(V0, K )′ for all c ∈ K �. Since α is arbitrary, it follows
that G(V0, K ) is perfect.

(ii) Suppose that L is of the type Bl, l ≥ 2. If α is a long root, then we can find
β, γ such that α = β + γ and no other positive integral linear combination of β, γ
is a root. As before xV0

α (c) ∈ G(V0, K )′. If α is short, we can find β, γ such that
α = β + γ, νβ,γ �= 0 and all other positive linear combinations of β and γ are long.
As such,

∏
(i, j)�=(1,1) x

V0
iβ+ jγ(ci j a

ib j ) belongs to G(V0, K )′. Again from Corollary
4.3.3,

[xV0
β (a), xV0

γ (B)] = xV0
α (νβ,γab)

∏

(i, j)�=(1,1)
xV0
iβ+ jγ(ci j a

ib j ).

It follows that xV0
α (νβ,γab) belongs to G(V0, K )′. Since να,β �= 0 and a, b are arbi-

trary, it follows that xV0
α (c) ∈ G(V0, K )′ for all c. The proof is complete in this case.

(iii) The earlier arguments can be used to complete the proof in case L is of the
type G2 or F4.

(iv) Finally consider the case when L is of the type Cl . If α is short, the the earlier
argument shows that xV0

α (a) ∈ G(V, K )′. If α is long but | K | = 3, then also the
result follows. Suppose that l ≥ 3 and α is long and | K | = 2. We can chose β, γ
withβ long and γ short andα = β + 2γ. Since β + γ is short, xV0

β+γ(a) ∈ G(V0, K )′
for all a. The result follows if we show that

[xV0
β (a), xV0

γ (b)] = xV0
β+γ(±ab)xV0

β+2γ(±ab2).

This follows from Corollary 4.3.3, since νγ,β = ±1 and νγ,β+γ = ±2. �

The following Corollary is an important observation:

Corollary 4.3.50 If | K |≥ 4, then every solvable normal subgroup of G(V, K ) is
is contained in the center. Further, it is finite.

Proof Let G(V, K ) be a Chevalley group. The finiteness follows from the first
statement of the Corollary, since Z(G(V, K )) is finite. From Corollary 4.3.32,
we have a surjective homomorphism ηV,V0 from G(V, K ) to G(V0, K ) such that
KerηV,V0 ⊆ Z(G(V, K )). Let A be a solvable normal subgroup of G(V, K ). Then
AKerηV,V0 is solvable normal subgroup. Hence, ηV,V0(AKerηV,V0) is a normal sub-
group of G(V0, K ). Since G(V0, K ) is simple, A ⊆ KerV,V0 ⊆ Z(G(V, K )). �

Presentation of a Universal Chevalley Group
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For constructing certain important outer automorphisms of a universal Chevalley
group needed to introduce the twisted groups of Lie types (to be introduced in the
next section),we describe a convenient and usefulminimal presentation of a universal
Chevalley group. The relation of G� in Corollary 4.3.34 is derivable from a smaller
set of relations. More explicitly, we have the following theorem.

Theorem 4.3.51 Let L bea simpleLie algebra (so� is irreducible) overC. Consider
the set S = {x̂α(a) | α ∈ � and a ∈ K } of symbols. Let Ĝ be the group generated
by S subject to the relations A, B, and C given below in case rankL ≥ 2 and subject
to the relations A, B ′, and C given below in case rankL = 1.

A. x̂α(a + b) = x̂α(a)x̂α(b) for all α ∈ � and a, b ∈ K.
B. For each α,β ∈ � with α + β �= 0,

[x̂α(a), x̂β(b)] =
∏

i, j≥1
x̂iα+ jβ(ci j a

ib j ,

where ci j are as in the Theorem 4.3.2.
B ′. ŵα(a)x̂α(b)ŵα(a)−1 = x̂−α(−a2b) for all a ∈ K �, b ∈ K, α ∈ �, where

ŵα(a) = x̂α(a)x̂−α(−a−1)x̂α(a).
C. ĥα(ab) = ĥα(a)ĥα(b) for all α ∈ �, a, b ∈ K �, where ĥα(a) =

ŵα(a)wα(1)−1.
Then there is a unique isomorphism ζ from Ĝ to Guniv such that ζ(x̂α(a) = xV1

α (a)

for all α and a.

Proof The relations A, B, and C are already included in the set of relations in
Corollary 4.3.34 with x̂ replaced by x ′, ŵ replaced by w′ , where as B ′ is derivable
from (iv), and (v) of Corollary 4.3.34 (see Exercise 4.3.6). Thus, we get a surjective
homomorphism η̂ from Ĝ to G̃ such that η̂(x̂α(a)) = x ′

α(a) for all α and a. Thus,
ζ = η̂oη is a surjective homomorphism from Ĝ to Guniv such that ζ(x̂α(a)) =
xV1

α (a) for all α and a. It suffices to show that ζ is injective. The following two
lemmas establish the injectivity of ζ.

Lemma 4.3.52 Let � be a closed subset of � such that �
⋂ −� = ∅ Let X̂�(K )

denote the subgroup of Ĝ generated by the set {x̂α(a) | α ∈ � and a ∈ K }. Then
ζ|X̂�(K ) is an isomorphism from X̂�(K ) to XV1

� (K ).

Proof Clearly, ζ|X̂�(K ) is surjective homomorphism X̂�(K ) to XV1
� (K ). Using A and

B and the fact that� is a closed subset of� satisfying�
⋂ −� = ∅, we observe that

{∏α∈� x̂α(aα) | aα ∈ K } forms a subgroup of Ĝ. Thus, X̂�(K ) = {∏α∈� x̂α(aα) |
aα ∈ K }. Let ∏α∈� x̂α(aα) be such that ζ

(∏
α∈� x̂α(aα)

) = ∏
α∈� xV1

α (aα) = 1.
From Proposition 4.3.7, it follows that aα = 0 for all α ∈ �. From A, x̂α(0) = 1
and so

∏
α∈� x̂α(aα) = 1. �

Lemma 4.3.53 The following relations are derivable from A and B in case rankL ≥
2 and from A and B ′ in case rankL = 1.

(i) ŵα(a)x̂β(b)ŵα(−a) = x̂σα(β)(ca−≺β,α�b),
(ii) ŵα(a)ŵβ(b)ŵα(−a) = ŵα(ca−≺β,α�b),
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(iii) ŵα(a)ĥβ(b)ŵα(−a) = ĥσα(β)(ca−≺β,α�b)ĥσα(β)(ca−≺β,α�)−1,
(iv) ĥα(a)x̂β(b)ĥα(a)−1 = x̂β(a≺β,α�b),
(v) ĥα(a)ŵβ(b)ĥα(a)−1 = ŵβ(a≺β,α�b),
(vi) ĥα(a)ĥβ(b)ĥα(a)−1 = ĥβ(a≺β,α�b)ĥβ(a≺β,α�)−1,

for all α,β ∈ �, a, b ∈ K, and c = cα,β = ±1 as usual.

Proof The relations (ii)–(vi) can easily be seen to be derivable from (i) and the
definitions of ŵα(a) and ŵα(a). Thus, it is sufficient to establish (i). Suppose that
α �= ±β. Consider the set S = {iα + jβ | j ≥ 1}. Then β ∈ S. The relation B
implies that x̂α(a)X̂ S(K )x̂−1

α , x̂−α(a)X̂ S(K )x̂−α(a)−1, and in turn, ŵα(a)X̂ S(K )ŵ−1
α

are contained in X̂ S(K ). In particular, ŵα(a)x̂β(b)ŵα(−a) ∈ X̂ S(K ). Since η̂|X̂ S(K )

is injective (above Lemma ), it is sufficient to show that wV1
α (a)xV1

β (b)wV1
α (−a) =

xV1
σα(β)(ca

−≺β,α�b). This, of course, follows from Proposition 4.3.14 (ii).
Next, assume that α = β and rankL ≥ 2. Then, we have roots γ and δ together

with a positive integer n such that α = γ + nδ with c1,n �= 0 (see Exercise 4.3.7)
and

[x̂γ(a), x̂δ(b)] =
∏

k,l≥1
x̂kγ+ lδ(ck,la

kbl).

Consider the set Ŝ = {kσα(γ) + lσα(δ) | k, l ≥ 1}. Conjugating the above equation
by ŵα(a) and using the earlier case, we observe that
ŵα(a)x̂kγ+ lδ(ck,lakbl)ŵα(a)−1 belongs to X̂ Ŝ(K ) for all k, l except, perhaps ,
ŵα(a)x̂γ+ nδ(c1,nabn)ŵα(a)−1. But ŵα(a)[x̂γ(a), x̂δ(b)]ŵα(a)−1 belongs to X̂ Ŝ(K ).
Hence
ω̂α(a)x̂γ+nδ(C1,nabn)ω̂α(a)−1 ∈ X̂ Ŝ(K ). This proves (i) in case rankL ≥ 2. Next
suppose that rankL = 1 and α = β, then the relation (i) is precisely B ′. The case
α �= β follows from the earlier case. �

Corollary 4.3.54 The relations (i)–(v) in Theorem 4.3.27 are derivable from A and
B in case rankL ≥ 2 and they are derivable from A and B ′ in case rankL = 1. �

Exercises

4.3.1. Show that NG(V,K )(U (V, K )) = B(V, K ).
4.3.2. For all types of simple Lie algebras, determine | G(V0, Fq) |.
4.3.3. Verify the table following Example 4.3.38.
4.3.4. Show that Z(G(V1, K )) ≈ Hom(
univ/
r , K �).
4.3.5. Give a presentation of SL(2, Fq).
4.3.6. Show that the relation B ′ of Theorem 4.3.51 is derivable from the relations

(iii), (iv), and (v) of Theorem 4.3.27.
4.3.7. Let L be a simple Lie algebra with rankL ≥ 2. Let α ∈ �. Show that there

are roots β and γ and a positive integer n such that α = β + nγ with
[xVβ (a), xVγ (b)] = ∏

k,l≥1 x
V
kβ+lγ(ck,la

kbl).
4.3.8. Establish the formula for the order of G2(q).
8.3.9. Suppose that l(στ ) = l(σ) + l(τ ). Show that
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(B(V, K )
⋂

(n0nσ)−1B(V, K )n0nσ)(B(V, K )
⋂

(n0nτ )−1B(V, K )n0nτ ) = B(V, K ),

where ν(n0) = σ0, ν(nσ) = σ, ν(nτ ) = τ , ν the quotient map from
N (V, K ) to N (V, K )/H(V, K ) ≈ W (�), and σ0 is the unique member of
W (�) which takes �+ to �−.

4.4 Twisted Groups

In this section, we introduce the Twisted Groups of Lie types which again gives new
families of finite simple groups.

Let G be a group and σ an automorphism of G. Then the set Gσ = {g ∈ G |
σ(g) = g} of fixed points of σ forms a subgroup. For example, centralizers of
elements of G are such groups. At this point, let me inform the readers that the
centralizers of involutions in finite simple groups have played very significant role
in the classification of finite simple groups. Let us have few more examples. For a
fixed n, consider the matrix

J2n =
[

0n In
−In 0n

]

,

where 0n is the n × n zero matrix In is the n × n identity matrix. The map σ
from SL(2n, K ) to itself given by σ(A) = J2n(At )−1 J−1

2n is an automorphism of
SL(2n, K ), and SL(2n, K )σ = Sp(n, K ) is the symplectic group. Ifσ is amap from
SL(n, K ) to itself given by σ(A) = (At )−1, then SL(n, K )σ = SO(n, K ). Let
τ be a non identity involutory automorphism of K (for example, z 
→ z in C), then
the map σ from SL(n, K ) to it self given by σ(A) = (A�)−1 is an automorphism,
where A� is the tranjugate of A. Then SL(n, K )σ = SU (n, K ).

Consider the universal Chevalley groupG(V1, K ).We shall describe some special
types of automorphisms of G(V1, K ) (the graph, the diagonal, and the field auto-
morphisms), and thereby introduce the groups G(V1, K )σ , and this further allows us
discover other family of finite simple groups termed as twisted groups of Lie types.
As per classification of finite simple groups, the adjoint finite Chevalley groups,
twisted finite simple groups of Lie types, and An constitute all infinite families of
finite simple groups (leaving prime cyclic groups). The rest of the finite simple groups
are exactly 26 in number, and they are called the Sporadic simple groups.

Field Automorphisms: Consider SL(n, K ). Let τ be an automorphism of K .
Then Ea

i j 
→ Eτ (a)
i j respects the Steinberg identities and it induces an automorphism

τ̂ from SL(n, K ) to itself. Indeed, τ̂ ([ai j ]) = [bi j ], where bi j = τ (ai j ). More
generally, consider the set S = {x̂α(a) | α ∈ � and a ∈ K } (Theorem 4.3.51) of
symbols. The automorphism τ induces a bijective map τ̂ from S to S given by
τ̂ (x̂α(a)) = x̂α(τ (a)). Evidently, τ̂ and ˆτ−1 respect the relations A, B, B ′, and C
of Theorem 4.3.51. Thus, τ induces an automorphism τ̂ of G(V1, K ) which is given
by τ̂ (xV1

α (a)) = xV1
α (τ (a)). Such an automorphism of G(V1, K ) is called a Field

automorphism.
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Diagonal Automorphisms: Let χ be a map from � to K �. Then χ induces a
homomorphism χ̂ from
r to K � (as
r is a free abelian group with basis� ). Again
the map x̂α(a) 
→ x̂α(χ̂(α)a) from S to S respects the relation A, B, B ′, andC . Thus,
it induces an endomorphism d̂ of G(V1, K ) given by d̂(xV1

α (a)) = xV1
α (χ̂(α)a). An

automorphism of this type is called a Diagonal automorphism.
Graph Automorphisms: These are the automorphisms of Chevalley groups

associated with automorphisms (symmetries) of the corresponding Dynkin dia-
grams. An automorphism of a Dynkin diagram is a bijective map from the set
S = {vi | 1 ≤ i ≤ d} of nodes of the diagram to itself which preserves the number
of bonds joining the nodes. Thus, if nv(i)v( j) denotes the number of bonds joining vi
and v j , then a permutation τ of S is an automorphism if nviv j = nτ (vi )τ (v j ) for all
i, j . An automorphism τ of a Dynkin diagram associated with a simple Lie algebra
over C is described in the following figure:

One Root Length

Al , l ≥ 1 : v1 v2 · · · vl−1 vl , τ = (v1, vl )(v2, vl−1) . . . , τ2 = I

Dl , l ≥ 4 : v1 v2 · · · vl−2
�
�

vl−1

vl ,

τ = (vl−1, vl ), τ
2 = I

D4 : v1 v2
�

�

�
�

v3

v4,

τ = (v1, v3, v4), τ
3 = I or τ = (v3, v4)

E6 : v1 v3 v4

v2

v5
v6, τ = (v1, v6)(v3, v5), τ

2 = I

Two root lengths

B2 : v1 v2,−→ τ = (v1, v2),σ
2 = I

F4 : v1 v2 v3 v4,−→ τ = (v1, v4)(v2, v3), τ
2 = I

G2 : v1 v2,←− τ = (1, 2), τ2 = I

The rest of the Dynkin diagrams (associated with simple Lie algebras ) have no
nontrivial automorphisms.

Proposition 4.4.1 Let � be an irreducible root system with � = {α1,α2, . . . ,αl}
as a base. Suppose that � has only one root length (associated with simple Lie
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algebras of types Al, Dl, or El). Let τ be an automorphism of the corresponding
Dynkin diagram. Then τ induces a permutation on� and the linear automorphism τ
on theEuclidean space E =< � > inducedby τ is an isometry such that τ (�) = �.

Proof Let nviv j denote the number of bonds joining the nodes vi and v j , where vi and
v j are the nodes associated with αi and α j , respectively. Since τ is an automorphism
of the associated Dynkin diagram,

4 < αi ,α j >2

|| αi ||2|| α j ||2 = nviv j = nτ (vi )τ (v j ) = 4 < τ (αi ), τ (α j ) >2

|| τ (αi ) ||2|| τ (α j ) ||2 .

Since all the roots are of same length and < αk,αl >≤ 0 for all k, l, < αi ,α j > =
< τ (αi ), τ (α j ) > for all i, j . Consequently, the induced linear automorphism τ is
an isometry. Now τσαi τ

−1 = στ (αi ) ∈ W (�). Since W (�) is generated by simple
reflections, τστ−1 ∈ W (�) for all σ ∈ W (�). Let α ∈ �. Then α = σ(αi ) for
some σ ∈ W (�) and i and therefore τ (α) = τ (σ)(αi ) = τστ−1τ (αi ) belongs to
{σ(αi ) | σ ∈ W (�),αi ∈ �} = �. �

Let � be an irreducible root system (associated with L). Consider the dual root

system �̌ = {α̌ = 2α
<α,α>

| α ∈ �} of�. Note that ˇ̌
� = �. So� and �̌ are dual to

each other. If� is a base of�, then �̌ = {α̌ | α ∈ �} is a base of �̌ (verify). Further,
<α,β>

||α||||β|| = <α̌,β̌>

||α̌||||β̌|| for all α,β ∈ �. Thus, the map α 
→ α̌ from � to �̌ preserves

angles. Also || α̌ || = 2
||α|| for all α ∈ �. If � has one root length (Al, Dl , E6, E7,

and E8), then �̌ also has one root length. If � has two root lengths, then �̌ also has
two root lengths. However, the map α 
→ α̌ reverses the lengths of the roots. Also
note that ≺ α̌, β̌ � = ≺ β,α � (verify) for all α,β ∈ �. If � has two root lengths,
then we associate the number p� = ||α0||2

||β0||2 to �, where α0 is a long root and β0 is a
short root. Thus, for � associated with Bl,Cl , or F4, p� = 2 and for � associated
with G2, p� = 3. The rest of the irreducible root systems are of root length 1. Note
that p� = p�̌.

Example 4.4.2 (i) Let � be an irreducible root system of root length 1. Then � is
self dual in the sense that � and �̌ are root systems associated with the Lie algebra
of same type (Al, Dl(l ≥ 4), E6, E7, or E8).

(ii) Let� be an irreducible root system of rank≥ 3with two root lengths such that
p� = 2. If� is associatedwith aLie algebra of type Bl , the �̌ is associatedwith aLie
algebra of typeCl andvice-versa. If� is associatedwith B2 or to F4, then it is self dual.
Let � = {α,β,α + β, 2α + β,−α,−β,−(α + β),−(2α + β)} be a root system
associated with B2 with {α,β} as basis, α short root and β a long root. Without any
loss we may assume that < α,α > = 1. Then p� = <β,β>

<α,α>
= 2, < β,β > = 2,

< α,β > = −1. Further, α̌ = 2α
<α,α>

= 2α, β̌ = 2β
<β,β>

= β, ˇ(α + β) =
2(α + β) = α̌ + 2β̌, and ˇ(2α + β) = 2α + β = α̌ + β̌. Geometrically,
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� :

−α = (−1, 0) α = (1, 0)�� �
�

�
��� �

�

�
�

�
��	

�
�

�
��


β = (−1, 1)

−β = (1,−1)

�
�

�
��


β + 2α

−β − 2α

�
�

�
���

β + α

−β − α

,

and

�̌ :

−α̌ = (−2, 0) α̌ = (1, 0)
�� �

�
�

���

�

�

�
�

�
��	

�
�

�
��


β̌ = (−1, 1)

−β̌ = (1,−1)

�
�

�
��


α̌ + β̌

−α̌ − β̌

�
�

�
���

α̌ + 2β̌

−α̌ − 2β̌

Evidently, by adjusting the length and reflecting about the line bisecting the vectors
α̌ and β̌ we obtain an automorphism of φ given by α 
→ β, β 
→ α, (α + β) 
→
2α + β, and (β + 2α) 
→ α + β. Indeed, this is the automorphism associated with
the corresponding Dynkin diagram.

Similarly, a root system � associated F4 or to G2 (with p� = 3) is self dual,
and we can obtain automorphisms in these cases also which are associated with the
corresponding Dynkin diagrams.

Theorem 4.4.3 Let � be an irreducible root system with � = {α1,α2, . . . ,αl}
as a base. Suppose that � has one root length. Let τ be an automorphism of the
corresponding Dynkin diagram. Let K be a field. Then there is a map ε from � to
{1,−1} togetherwith anautomorphism gτ of the universalChevalley groupG(V1, K )

such that ε(�
⋃ −�) = {1} and gτ (xV1

α (a) = xV1
τ (α)(ε(α)a)) for all α ∈ � and

a ∈ K.
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Proof We first define a map ε from � to {1,−1} as follows. For α ∈ �
⋃ −�, put

ε(α) = 1. For α ∈ �+, we define ε(α) by the induction on l(α). If l(α) = 1, ε(α)

is already 1. Assume that ε(β) is already defined, for all β for which l(β) < l(α),
where l(α) ≥ 2. Suppose that α = β + γ, β, γ ∈ �+. Then l(β) < l(α) and
l(γ) < l(α). Further, since τ is an automorphism, ντ (β),τ (γ) = ±νβ,γ . Put

ε(α) = ε(β)ε(γ)ντ (β),τ (γ)

νβ,γ
= ±1.

Ifα = −β is a negative root, then the [xβ, x−β] = hβ implies that ε(β)ε(−β) = 1.
This defines ε(α) = ε(β) = ±1. It can be easily seen that the map x̌α(a) 
→
x̌τ (α)(ε(α)a), ȟα(a) 
→ ȟτ (α)(ε(α)a) respects the relations A, B, and C of Theorem
4.3.51. Hence, it induces an automorphism gτ on the universal Chevalley group. �

Theorem 4.4.4 Suppose that � has two root lengths with p� = 2. Let G(V1, K )

and Ǧ(V1, K ) denote the universal Chevalley groups associated with � and �̌,
respectively, where K is a field of characteristic p�. Put ξ(α) = p� if α is long
and put ξ(α) = 1 if α is short. Then, we have a homomorphism η from G(V1, K )

to Ǧ(V1, K ) such that η(xα(a)) = xα̌(εαaξ(α)). Further, if K is perfect field (e.g.,
finite field), then η is an isomorphism.

Proof Suppose first that p� = 2. Then � is associated with Bl,Cl , or F4. Since K
is of characteristic 2, εα = 1 for all α. We need to show that η respects the relations
A, B, and C . If α is short, then η(xα(a + b)) = xα̌(a + b) = xα̌(a) + xα̌(b) =
η(xα(a)) + η(xα(b)). If α is long, then η(xα(a + b)) = xα̌(a + b)2 = xα̌(a2 +
b2) = xα̌(a2) + xα̌(b2) = η(xα(a)) + η(xα(b)). This shows that η respects the
relation A. Similarly, using the definitions of hα(a) and hα̌(a), it can be easily seen
that η respects the relation C . Finally, using Example 4.4.2, Exercise 4.3.7, and the
fact that the characteristic of K is 2, it can be observed that η respects the relation
B as well. This proves the existence of the homomorphism as required. If K is
perfect, then every element b of K is uniquely expressed as a2. Consequently, η is
an isomorphism. �

The following corollary is immediate, since image of the center under an isomor-
phism is center and G(V1, K )/Z(G(V1, K )) ≈ G(V0, K ).

Corollary 4.4.5 Under the hypothesis of the above theorem with K as perfect field,
η induces an isomorphism from the adjoint Chevallety group G(V0, K ) to Ǧ(V0, K ).
�

Corollary 4.4.6 If K is a perfect field of characteristic 2, then Spin2n+1(K ) ≈
Sp2n(K ) (see the table following Example 4.3.38). �

From now onward, for convenience, let us denote the universal Chevalley groups
associated with Al , Bl ,Cl , Dl , E6, E7, E8, F4, and G2 over the field K by
Au
l (K ), Bu

l (K ),Cu
l (K ), Du

l (K ), Eu
6 (K ), Eu

7 (K ), Eu
8 (K ), Fu

4 (K ), and Gu
2(K ),

respectively, and the corresponding adjoint Chevalley groups by
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Al(K ), Bl(K ),Cl(K ), Dl(K ), E6(K ), E7(K ), E8(K ), F4(K ), and G2(K ), respec-
tively. Thus, Al(K ) ≈ Au

l (K )/Z(Au
l (K )) and so on.

The following corollary is immediate from Theorem 4.4.4 (see Example 4.4.2).

Corollary 4.4.7 We have an automorphism η of Bu
2 (K ) (B2(K )) given by

η(x±α(a)) = x±β(a), η(x±β(a)) = x±α(a2), x±(α+β)(a) = x±(2α+β)(a),
x±(β+2α)(a) = x±(α+β)(a2), where K is a field of characteristic 2. Similarly, we have
an automorphism η of Fu

4 (K ) such that η(xα1(a)) = xα4(a), η(xα4(a)) = xα1(a
2),

η(xα2(a)) = xα3(a), and η(xα3(a)) = xα2(a
2), where � = {α1,α2,α3,α4},

α1,α2 short and the other two long. �

The following theorem for p� = 2 is precisely Corollary 4.4.7. The proof for the
case when p� = 3 is a little involved. The idea of the proof is again to check that
the map gτ described in the theorem respects the relations A, B, and C . The reader
can refer to the Yale University Lecture notes on Chevalley groups by Steinberg or
to the “Simple Groups of Lie types” by Carter for details.

Theorem 4.4.8 Let � be an irreducible root system. Let K be a perfect field of
characteristic p�. Let τ be the nontrivial automorphism of the correspondingDynkin
diagram. Put ξ(α) = 1 if α is long and put ξ(α) = p� if α is short. Then, we have
an automorphism gτ of Gad j (K ) and a map χ from � to {1,−1} with χ(±α) = 1
for α ∈ � such that gτ (x�

α(a)) = x�
τ (α)(χ(α)aξ(α)). �

The automorphisms gτ described in the preceding theorems are called the graph
automorphisms associated with the symmetry τ of the Dynkin diagram.

Let � be an irreducible root system associated with a simple Lie algebra over
C. Let � be a base of �. Suppose that the associated Dynkin diagram admits a
nontrivial symmetry(automorphism) τ . Thus, L is of type Al, Dl , l ≥ 4, E6, B2, F4,
G2, or Dl, l ≥ 4. Clearly τ induces a permutation on � which is again denoted by τ .
We introduce an isometry τ̂ on E =< � >=< � > in each of the cases as follows:
(i) If � has one root length (Al, Dl , or E6), then define τ̂ by putting τ̂ (α) = τ (α)

for each α in �. Thus, if v = ∑l
i=1 aiαi , then τ̂ (v) = ∑l

i=1 aiτ (αi ). (ii) If � has
two root lengths with p� = 2 (B2, or F4), then define τ̂ by putting τ̂ (α) = τ (α)√

2
if

α is long, and τ̂ (α) = √
2τ (α) if α is short. (iii) If p� = 3 (of the type G2), then

define τ̂ by putting τ̂ (α) = τ (α)√
3
if α is long and τ̂ (α) = √

3τ (α) if α is short.

Clearly, the order of τ̂ is same as that of τ and τ̂ preserves the sign.
Let E0 denote the subspace {v ∈ E | τ̂ (v) = v} of E . The projection p0 of E on

to E0 is given by

p0(v) = v0 = 1

m

∑m−1

i=0
τ̂ i (v),

where τ̂ is of orderm. The projection p0(v) of v will be denoted by v0. Thus, v ∈ E0

if and only if v0 = v.

Proposition 4.4.9 τ̂W (�)τ̂−1 = W (�).



4.4 Twisted Groups 237

Proof Let α ∈ �. Then τ̂ (α) = aτ (α) for some a > 0. Then
τ̂σατ̂−1(v)

= τ̂ (τ̂−1(v) − 2<τ̂−1(v),α>α
<α,α>

)

= v − 2<v,τ̂ (α)>τ (α)

<τ (α),τ (α)>= στ (α)(v)

belongs to W (�). Since simple reflections generate W (�), τ̂W (�)τ̂−1 = W (�).
�

Let W0(�) denote the subgroup {σ ∈ W (�) | τ̂στ̂−1 = σ} = W (�)
⋂

Cτ̂ (I som(E)) of W (�). Now, we describe some properties of W0(�) and its action
on E0.

Proposition 4.4.10 W0(�) acts faithfully on E0.

Proof Let v0 ∈ E0 and σ ∈ W0(�). Then τ̂ (σ(v0)) = σ(τ̂ (v0)) = σ(v0). This
means that σ(v0) ∈ E0 for each σ ∈ W0(�) and v0 ∈ E0. Thus W0(�) acts on E0.
Let σ be a non identity element of W0(�). Then, there is an element α ∈ �+ such
that σ(α) ∈ �−. Evidently, τ̂ i (α) is positive for each i in the sense that it is positive
linear combination of members of �. But σ(τ̂ (α)) = τ̂ (σ(α)) < 0. This means
σ takes some positive member of E0 to to a negative member E0. Hence, there is an
element v0 of E0 such that σ(v0) �= v0. �

Proposition 4.4.11 Let J be an orbit of the action of τ as permutation on�. Let WJ

be the subgroup of W (�) generated by the set {σα | α ∈ J }. Let σ J
0 denote the unique

element of WJ which maps the positive elements in φJ to negative roots. Then σ J
0

belongs to W0(�), andW0(�) is generated by the set S = {σ J
0 | J is an orbit o f τ }.

Proof First observe that σ J
0 is the unique element of WJ such that σ J

0 (�+
J ) = �−

J .
Since τ (α) ∈ J for eachα ∈ J and τ̂σατ̂−1 = στ (α), it follows that τ̂WJ τ̂

−1 = WJ .
In particular, τ̂σ J

0 τ̂−1 ∈ WJ . Again, since τ̂ preserves sign of roots, τ̂σ J
0 τ̂−1(�+

J ) =
�−

J . From the initial observation, τ̂σ J
0 τ̂−1 = σ J

0 . This shows that σ J
0 belongs to

W0(�).
Finally,we show that S generatesW0(�). Already,< S >⊆ W0(�). By the induc-

tion on l(σ), we show thatσ ∈< S > for eachσ ∈ W0(�). If l(σ) = 1, thenσ = σα

for some α ∈ �. Since σα ∈ W0(�), τ̂σατ̂−1 = σα. This means that σα = στ (α). It
follows that τ (α) = α. This means that {α} is an orbit of τ and σα = σ

{α}
0 belongs

to S. Assume that the result holds for all those members of W0(�) whose length is
less than l(σ), where σ ∈ W0(�), l(σ) ≥ 2. Since σ �= I , there is a root α ∈ � such
that σ(α) ∈ �−. Let J denote the τ orbit of α. Since τ preserves the sign of the
roots, it follows that σ(β) ∈ �− for each β ∈ J . Clearly, σ J

0 maps �+
J to �−

J but it
does not change sign of any element of � − �J . Thus, l(σσ J

0 ) = l(σ) − l(σ J
0 ). By

the induction hypothesis σσ J
0 belongs to < S >. Already, σ J

0 ∈ S. This shows that
σ ∈< S >. �

Proposition 4.4.12 Let J be an orbit of the action of τ on�. Let α ∈ J . Then σ J
0 |E0

is the reflection σp0(α) on E0 for each α ∈ J .
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Proof If α,β ∈ J , then τ i (α) = β for some i . Consequently, p0(α) is a positive
multiple of p0(β). In turn, it also follows that p0(γ) and p0(δ) are positive multiples
of each other whenever γ, δ ∈ �+

J . Since σ J
0 ∈ W0(�), τ̂σ J

0 = σ J
0 τ̂ . Consequently,

σ J
0 (p0(γ)) = p0(σ J

0 (γ)) for all γ ∈ �+
J . Also, by the definition, σ J

0 (γ) ∈ �−
J for

all γ ∈ �+
J . This means that σ J

0 (p0(γ)) is a negative multiple of p0(γ). Since σ J
0

is an isometry, σ J
0 (p0(γ)) = −ap0(γ) for some a > 0. Let α ∈ J and v ∈ E0 be

such that < v, p0(α) > = 0. Since p0(β) is a positive multiple of p0(α) for each
β ∈ J , it follows that < v,β > = 0 for all β ∈ J . This means that σ J

0 (v) = v for
all v in the plane perpendicular to p0(α) for all α ∈ J . This shows that σ J

0 |E0 is the
reflection σp0(α) for all α ∈ J . �

The following corollary is immediate.

Corollary 4.4.13 W0(�) treated as group of isometries of E0 is generated by the
set {σp0(α) | α ∈ �}. �

Let�0 denote the set {p0(α) | α ∈ �},�0 denote the set {p0(α) | α ∈ �}. Denote
W0(�) treated as subgroup of isometries of E0 by W0(�0). We shall see that �0

satisfies all the defining conditions of a root system on E0 with base �0 except the
condition that aα ∈ �0 (�0) for α ∈ �0 (�0) implies that a = ±1.

Proposition 4.4.14 The set ℘ = {σ(�+
J ) | σ ∈ W0(�) and J is an orbit o f τ }

is a partition of �. Further, α and β belongs to the same member of the partition if
and only if p0(α) is a positive multiple of p0(β).

Proof Let α ∈ �+. Consider the unique element σ0 ∈ W (�) given by σ0(�
+) =

�−. Since τ̂ preserves sign of each root in �, τ̂σ0τ̂
−1(�+) = �−. This means that

τ̂σ0τ̂
−1 = σ0 and so σ0 ∈ W0(�). From Proposition 4.4.11,

σ0 = σ J1
0 σ J2

0 · · · σ Jr
0

for some orbits J1, J2, . . . , Jr of τ . Since α ∈ �+, σ0(α) ∈ �−. Thus, there is
index i such that σ

Ji+1
0 σ

Ji+2
0 · · · σ Jr

0 (α) belongs to �+ where as σ Ji
0 σ

Ji+1
0 · · ·σ Jr

0 (α)

belongs to �−. Since σ Ji
0 (�+

Ji
) ⊆ �− and σ Ji

0 (�+ − �+
Ji
) ⊆ �+, it follows that

σ
Ji+1
0 σ

Ji+2
0 · · · σ Jr

0 (α) belongs to �+
Ji
. This means that α belongs σ(�+

Ji
), where

σ = σ Jr
0 σ

Jr−1
0 · · ·σ Ji+1

0 is an element of W0(�). Also −α belongs to σσ Ji
0 (�+

Ji
).

This shows that the union of the members of ℘ is �.
Next, we show that α,β belong to the same member of ℘ if and only if p0(α) is a

positivemultiple of p0(β). This, of course, will also show that the distinctmembers of
℘ are disjoint. Suppose that α,β belong to σ(�+

J ) for some σ ∈ W0(�) and an orbit
J of τ . Then α = σ(γ) and β = σ(δ), where γ, δ belong to �+

J . Clearly, p0(γ) =
ap0(δ) for some a > 0. Since σ is an isometry, σ(p0(γ)) = aσ(p0(δ)). Again,
since στ̂ = τ̂σ, we see that σ p0 = p0σ. Consequently, p0(α) = p0(σ(γ)) =
ap0(σ(δ)) = ap0(β), where a > 0. Conversely, suppose that p0(α) = ap0(β),
α,β ∈ � and a > 0. Since union of members of ℘ is �, α ∈ σ(�+

J ) for some orbit
J of τ and σ ∈ W0(�). This means σ−1(α) ∈ �+

J for some σ ∈ W0(�) and an orbit
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J of τ . Thus, σ−1(α) is a positive linear combination of some members of J . Again,
since p0σ−1 = σ−1 p0,

p0(σ
−1(α)) = σ−1(p0(α)) = σ−1(ap0β) = aσ−1(p0(β)) = ap0(σ

−1(β)),

where a > 0. This means that p0(σ−1(β)) is also a positive linear combination of
members of J . Since J is an orbit of τ , σ−1(β) is also a positive linear combination
of members of J and so β also belongs to σ(�+

J ). It follows that α and β belong to
the same member of ℘. The proof is complete. �

Theorem 4.4.15 (i) �0 generates E0.
(ii) Any element of �0 is a nonnegative linear combination or it is a nonpositive

linear combination of members �0.
(iii) Define an equivalence relation ≈ on �0 by putting α ≈ β if α is a positive

multiple of β. Then, we obtain a basis �̂0 by choosing one and only one member
from each equivalence class.

(iv) For each pα ∈ �0, there is a σ ∈ W0(�) such that σ|E0 = σp0(α).
(v) p0(α) ∈ �0 implies that σp0(α)(p0(β)) belongs to �0 for each p0(β) ∈ �0.

Proof (i) Since < � > = E , < �0 > = p0(E) = E0.
(ii) Since each member of � is a nonnegative or a nonpositive linear combination

of members of � and p0 takes positive elements to positive elements, it follows that
each member of �0 = p0(�) is a nonnegative or a nonpositive linear combination
of members of p0(�) = �0.

(iii) Let {J1, J2, . . . , Jr } be the set of distinct orbits of τ . Selecting one and only
one member p0(αi ) from p0(�

+
Ji
), we obtain a linearly independent subset of E0

which is clearly a basis for E0.
(iv) Let p0(α) ∈ �0. By Proposition 4.4.14,α ∈ σ(�+

J ) for some σ ∈ W0(�) and
anorbit J . Thus,α = σ(β), for someβ ∈ J . Now, p0(α) = p0(σ(β)) = σ(p0(β)).
By Proposition 4.4.12, σp0(β) coincides with an element of W0(�) treated as group
of isometris of E0. Thus, σp0(α) = σσβσ−1 agrees with an element of W0(�) on
E0. This proves (iv).

(v) Let p0(α) and p0(β) belong to�0. From the earlier observation, there is an ele-
ment σ ∈ W0(�)which coincides with σp0(α) on E0. Consequently, σp0(α)(p0(β)) =
σ(p0(β)) = p0(σ(β)) belongs to �0. This proves (v). �

Example 4.4.16 Consider the root system � of the type Al , l = 2m − 1 with basis
� = {α1,α2, . . . ,α2m−1}. The permutation τ of � associated with the nontrivial
symmetryof theDynkindiagram is givenby τ = (α1,α2m−1)(α2,α2m−2) · · · (αm−1,

αm+1). The orbits are J1, J2, . . . , Jm , where Ji = {αi ,α2m−i } for i ≤ m − 1 and
Jm = {{αm}}. τ̂ is the isometry of E which agrees with τ on �. E0 = {v ∈
E | τ̂ (v) = v} = {∑2m−1

i=1 aiαi | ai = a2m−i f or i ≤ m − 1}. The projec-
tion map p0 is given by p0(v) = 1

2 (v + τ̂ (v)). �0 = { 12 (α + τ̂ (α)) | α ∈ �}.
�0 = {p0(α1), p0(α2), . . . , p0(αm)} is a basis of�0, p0(αi ) = 1

2 (αi + α2m−i ) =
p0(α2m−i ) for i ≤ m − 1 and p0(αm) = αm . It can be easily checked that ≺
p0(αi ), p0(αi+1) � = 1 for all i ≤ m − 2, whereas it is

√
2 for i = m − 1. Also
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|| p0(αi ) || = 1
2 for all i ≤ m − 1, whereas || p0(αm) || = 1. This means that �0 in

this case is of the typeCm andW0(�) is isomorphic toW (Cm). Similarly, if l = 2m,
then it can be seen that �0 is of the type Bm and W0(�) ≈ W (Bm).

Suppose that � is of type D4 with basis � = {α1,α2,α3,α4}. The associated
Dynkin diagram is

D4 : v1 v2
�

�

�
�

v3

v4.We have two types of nontrivial symmetries given by a transposition (v3, v4) and a
cycle (v1, v3, v4). These induce the transposition (α3,α4) and the cycle (α1,α3,α4).
It can be seen that �0 associated with (α3,α4) is of the type B3, and that associated
with the cycle (α1,α3,α4) is of the type G2.

If � is of the type Dl, l > 4, then the associated �0 is of the type Bl−1. If � is of
the type E6, then it can be seen that �0 is of the type F4. If � is of the type B2, or
of the type G2, then it is evident that �0 is of the type A1.

Finally, we describe �0 when � is of the type F4. Let � = {α1,α2,α3,α4} be
a base of �, where α1,α2 are short and α3,α4 are long. Note that ≺ α1,α2 �≺
α1,α2 �= 1 = ≺ α3,α4 �≺ α4,α3 �, whereas ≺ α2,α3 �≺ α3,α2 � = 2
(see the Dynkin diagram for F4). Evidently, τ = (α1,α4)(α2,α4), and �0 =
{ 12 (

√
2α1 + α4),

1
2 (

√
2α2 + α3)}. It can be seen that the angle between the two

members of �0 is 7π
8 . Thus, �0 is different from all irreducible root systems of

rank 2. In this case, W0(�) is generated by two reflections about planes inclined at
7π
8 . Determine the corresponding graph.

For convenience, in case the the triple (L , V, K ) is understood to be there,
we denote the Chevalley group G(V, K ) by G(K ), the universal Chevaley group
G(V1, K ) by Guniv(K ), and the adjoint Chevalley group G(V0, K ) by Gad j (K ).
The diagonal subgroup H(V, K ) is denoted by H(K ), the unipotent subgroups
U+(V, K ) and U−(V, K ) by U+(K ) and U−(K ) , the Borel subgroup B(V, K )

by B(K ), and the monomial subgroup N (V, K ) by N (K ), respectively.
It is clear from the above discussions that only a graph automorphism of a Cheval-

ley group Gad j (K ) of adjoint type defined over a field K does not give new simple
groups except, perhaps, in case of F4. We look at composites of field and graph
automorphisms. Let f̂ be a field automorphism of Gad j (K ) associated with an auto-
morphism f of K . In case of B2 and also in case of F4, assume that K is a perfect field
of characteristic 2. In case of G2 assume that K is perfect field of characteristic 3.

Proposition 4.4.17 Graph automorphisms and field automorphisms commute with
each other. If all the roots are of same length, gτ and τ have same order (2 or 3).
If there are two root lengths, then g2τ is the field automorphism associated with the
automorphism a 
→ a p� .

Proof Consider the graph automorphism gτ of Gad j (K ) associated with a nontrivial
symmetry τ of the associated Dynkin diagram and the field automorphism f̂ asso-
ciated with an automorphism f of K . Suppose that all the roots are of same length
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(Al, Dl , E6). Then gτ (xα(a)) = xτ (α)(a) and f̂ (xα(a)) = xα( f (a)) for all α ∈ �

and a ∈ K . Clearly,

f̂ gτ (xα(a)) = f̂ (xτ (α)(a)) = xτ (α)( f (a)) = gτ f̂ (xα(a))

for all α ∈ � and a ∈ K .
Next, suppose that � has two root lengths (B2, F4, or G2). Then

f̂ gτ (xα(a)) = f̂ (xτ (α)(a
ξ(α)) = xτ (α)( f (a

ξ(α))) = gτ f̂ (xα(a))

for all α ∈ � and a ∈ K . Thus, f̂ and gτ commute.
Next, if all the roots are of same length, then gτ (xα(a)) = xτ (α)(a). Evidently,

order of gτ is same as that of τ . Suppose that there are two root lengths. Then
g2τ (xα) = gτ (xτ (α)(aξ(α)) = xτ (τ (α))(aξ(α)ξ(τ (α)) = xα(a p�). This means that g2τ is
the field automorphism associated with the automorphism a 
→ a p� of K . �

Proposition 4.4.18 Let n be the order of a nontrivial symmetry τ of the associated
Dynkin diagram (n = 2 for Al , Dl , E6, F4,G2 and n = 3 for D4). Then f̂ gτ is of
order n if and only if (i) f n = I in case all roots are of same length and (ii)
f 2(a)p� = a for all a ∈ K in case of two root lengths.

Proof Suppose that all roots are of same length. Suppose further, that (gτ f̂ )n =
I , where f is a nontrivial automorphism of K . Clearly, (gτ f̂ )n(xα(a)) = xτ n(α)

( f n(a)) = xα(a) for all α ∈ � and a ∈ K if and only if f n(a) = a for all a.
Next suppose that there are two root lengths. Then n = 2 and (gτ f̂ )2(xα(a)) =

g2τ f̂
2(xα(a)) = g2τ (xα( f 2(a))) = xτ 2(α)( f 2(aξ(τ (α))ξ(α))) = xα( f 2(a)p�) for all

α ∈ � and a ∈ K . This shows that (gτ f̂ )n = I if and only if f 2(a)p� = a for all
a ∈ K . �

Corollary 4.4.19 (i) In case of Al(K ), E6(K ), and Dl(K ), l ≥ 4 with a symmetry
τ of order 2, an automorphism gτ f̂ of order 2 exists if and only if K ≈ Fq2 for some
prime power q.

(ii) In case of D4(K )with a symmetry τ of order 3, an automorphism gτ f̂ of order
3 exists if and only if K ≈ Fq3 for some prime power q.

(iii) In case of B2(K ), F4(K ), the characteristic of the field has to be 2, and such
an automorphism gτ f̂ exists if and only if K ≈ F22m+1 for some m.

(iv) In case of G2(K ), the characteristic of the field has to be 3 and such an
automorphism gτ f̂ exists if and only if K ≈ F32m+1 for some m ≥ 0.

Proof A finite field K admits an automorphism f of order 2 if and only if
K ≈ Fq2 , q = pm (the automorphism f is given by f (a) = aq ). It admits an
automorphism of order 3 if and only if K ≈ Fq3 , q = pm . Again, an automorphism
f of K satisfying f 2(a)2 = a for all a ∈ K exists if an only if K ≈ Fp2m+1 for
some prime p. The results follow from the above observations and the preceding
Proposition. �
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Proposition 4.4.20 Let Gad j (K ) be a Chevalley group of adjoint type over a field
K together with a nontrivial symmetry τ of the associated Dynkin diagram. Assume
that K is a perfect field of characteristic 2 in case of B2 or F4 and that K is a
perfect field of characteristic 3 in case of G2. Let f̂ be a nontrivial field auto-
morphism such that η = gτ f̂ is of order n, where n is the order of τ . Then
η(U+

ad j (K )) = U+
ad j (K ), η(U−

ad j (K )) = U−
ad j (K ), η(B+

ad j (K )) = B+
ad j (K ),

η(Had j (K )) = Had j (K ), and η(Nad j (K )) = Nad j (K ). Further, η induces an
automorphism η̂ on W (�) ≈ Nad j (K )/Had j (K ) which is given by η̂(σα) = στ (α),
α ∈ �.

Proof For each α ∈ �, η(xα(a)) = gτ ( f̂ (xα(a)) = gτ (xα( f (a))) = xτ (α)

( f (a)ξ(α)) belongs to U+
ad j (K ). It follows that η(U+

ad j (K )) = U+
ad j (K ). Similarly,

η(U−
ad j (K )) = U−

ad j (K ). Since U+
ad j (K )Had j (K ) = B+

ad j (K ) is the normalizer
of U+

ad j (K ), it follows that η(B+
ad j (K )) = B+

ad j (K ). Similarly, η(B−
ad j (K )) =

B−
ad j (K ). Since B+

ad j (K )
⋂

B−
ad j (K ) = Had j (K ) and η is bijective, η(Had j (K )) =

Had j (K ).
For each α ∈ �, recall the element nα = wα(1) = xα(1)x−α(−1)xα(1) ∈

Nad j (K ) such that σα 
→ nα induces an isomorphism from W (�) to Nad j/Had j ,
where nα = wα(1) = xα(1)x−α(−1)xα(1). Clearly, {nα | α ∈ �} together with
Had j (K ) generate Nad j (K ). Further,

η(nα) = gτ f̂ (wα(1)) = wτ (α)(1) = nτ (α).

for eachα ∈ �. This shows that η(Nad j (K )) = Nad j (K ). Evidently, we have unique
automorphism η̂ such that η̂(σα) = στ (α) for all α ∈ �. �

Let U+
η (K ) denote the subgroup {u ∈ U+(K ) | η(u) = u} of U+(K ), U−

η (K )

denote the subgroup {u ∈ U−(K ) | η(u) = u} of U−(K ) and Gη the subgroup
of Gad j (K ) generated by U+

η

⋃
U−

η . Further, let Hη(K ) denote the subgroup
Gη(K )

⋂
Had j (K ) and Nη(K ) denote the subgroup Gη(K )

⋂
Nad j (K ). The group

Gη(K ) is called a Twisted Group. Leaving very few exceptions the twisted group
Gη(K ) are simple groups. They are called the twisted simple groups of Lie types.

The subgroupsU+
η (K ),U−

η (K ), Hη(K ), and Nη(K ) bear the similar relationship
with Gη(K ) as the subgroups U+

ad j (K ), U−
ad j (K ), Had j (K ) , and Nad j (K ) bear with

Gad j (K ). We state few results without proof. The following result is the analogue of
Theorem 4.3.22.

Proposition 4.4.21 Every element g ∈ Gη(K )is uniquely expressible as g =
uhnσv, where u ∈ U+

η (K ), h ∈ Hη(K ), and σ ∈ Wη(�), nσ ∈ Nη(K ), and v ∈
(U−

σ )η(K ). �

Theorem 4.4.22 The group Gη(K ) is a groupwith (Bη(K ), Nη(K )) as (B, N )-pair.
�

Notations: We fix up some standard notations for the twisted groups over finite
fields:
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1. 2Al(q2): Consider the Chevalley group Al(K ). The nontrivial symmetry τ of the
associated Dynkin diagram is of order 2. As such, an associated twisted group
exists if and only if K ≈ Fq2 for some prime power p. We denote this twisted
group by 2Al(q2). Observe that this group is PSU (q). These are all simple
groups except when q = 2

2. 2Dl(q2): Consider the Chevalley group Dl(K ), l ≥ 4 togetherwith the nontrivial
symmetry τ of order 2 (note that in case of D4(K ), there is a symmetry of order
3 also). An associated twisted subgroup exists if and only if K ≈ Fq2 . We denote
this twisted group by 2Dl(q2). These are all simple groups.

3. 2E6(q2): As above, a twisted subgroup associatedwith E6(K ) exists if and only if
K ≈ Fq2 . We denote this twisted group by 2E6(q2). These are all simple groups.

4. 3D4(q3): A twisted group associated with D4(K ) together with a symmetry of
order 3 exists if and only if K ≈ Fq3 . We denote this twisted group by 3D4(q3).
These are all simple groups.

5. 2B2(22m+1): Similarly, using Corollary 4.4.19, we see that a twisted subgroup
associated with B2(K ) exists if and only if K ≈ F22m+1 . We denote this twisted
group by 2B2(22m+1).These are all simple groups except 2B2(2).

6. 2F4(22m+1): Again, a twisted subgroup associated with F4(K ) exists if and only
if K ≈ F22m+1 . We denote this twisted group by 2F4(22m+1). All these groups are
also simple groups except 2F4(2).

7. 2G2(32m+1): A twisted subgroup associated with G2(K ) exists if and only if
K ≈ F32m+1 . We denote this twisted group by 2G2(32m+1). All these groups are
simple except 2G2(3).

Thus, all twisted groups are simple except 2A2(4), 2B2(2), 2F4(2), and 2G2(3).
The series 2B2(22m+1) of finite simple groups was discovered by Suzuki (“A new

type of simple groups of finite order”, Proc. Nat. Acad . Sci (46) 868–870). These
groups are also called the Suzuki Groups, and they are also denoted by Sz(22m+1).
These groups are the only finite simple groups whose orders are not divisible by 3.
The groups 2G2(32m=1) and 2F4(22m+1) were discovered by Ree in 1961. These are
called theReeGroups. The groups 2E6(q) and 3D4(q) are called SteinbergGroups

The orders of twisted simple groups can be obtained by using the Proposition
4.4.21 and they are given as follows:

1. |3 D4(q3) | = q12(q2 − 1)(q6 − 1)(q8 + q4 + 1).
2. |2 E6(q2) | = q36(q2−1)(q5+1)(q6−1)(q8−1)(q9+1)(q12−1)

(q+1,3) .

3. |2 B2(q) | = q2(q2 + 1)(q − 1), q = 22m+1.
4. |2 F4(q) | = q12(q − 1)(q3 + 1)(q4 − 1)(q6 + 1), q = 22m+1.
5. |2 G2(q) | = q3(q3 + 1)(q − 1), q = 32m+1.

List of All Non-abelian Finite Simple Groups with Their Schur Multipliers

1. An, n ≥ 5. The Schur Multipliers of A5 and An, n ≥ 8 are of order 2. For A6

and A7 it is a cyclic group of order 6.
2. Adjoint Chevalley groups Al(q), where l ≥ 2 or l = 1 and q ≥ 4. The Schur

Multiplier of A1(4), A2(2), and A3(2) are of order 2. The Schur Multiplier of
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A1(9) is of order 6, and that of A2(4) is Z3 × Z4 × Z4. The Schur Multiplier of
the rest of Al(q) is a cyclic group of order (l + 1, q − 1).

3. Adjoint Chevalley Groups Bl(q), where l ≥ 3 or l = 2 and q ≥ 3. The Schur
Multiplier of B3(2) is of order 2, and that of B3(3) is of order 6. The Schur
Multiplier of the rest of Bl(q) are of order (q − 1, 2).

4. Adjoint Chevalley Groups Cl(q), l ≥ 3. The Schur Multiplier of C3(2) is of
order 2 and for the rest of Cl(q), it is of order (q − 1, 2).

5. Adjoint Chevalley Groups Dl(q), l ≥ 4. The Schur Multiplier of D4(2) is Z2 ×
Z2, the Schur multiplier of Dl(q) for odd l is a cyclic group of order (ql − 1, 4)
and it is elementary abelian of order (ql − 1, 4) for even l.

6. Exceptional Chevalley groups E6(q). The Schur Multiplier of E6(q) is of order
(q − 1, 3).

7. Exceptional Chevalley groups E7(q). The Schur Multiplier of E7(q) is of order
(q − 1, 2).

8. Exceptional Chevalley groups E8(q). The Schur Multiplier of E8(q) is trivial.
9. Exceptional Chevalley groups F4(q). The Schur Multiplier of F4(q) is trivial

except for F4(2) it is of order 2.
10. Exceptional Chevalley groups G2(q), q ≥ 3. The Schur Multiplier of G2(q) is

trivial except for G3(3) it is of order 3 and for G2(4) it is of order 2.
11. Twisted simple groups 2Al(q2)l ≥ 2. The Schur Multiplier are all cyclic groups

of order (q + 1, l + 1) except for 2A3(22) it isZ2, for 2A3(32) it isZ3 × Z3 × Z4,
for 2A5(22) it is Z2 × Z2 × Z3.

12. Twisted Simple Groups 2Dl(q2)l ≥ 4. The Schur Multiplier of 2Dl(q2)l ≥ 4 is
cyclic group of order (ql+1, 4).

13. Twisted Simple Groups 3D4(q3). The Schur Multiplier of 3D4(q4) is trivial.
14. Twisted Simple Groups 2E6(q2). The Schur Multiplier of 2E6(q2) is of order

(q + 1, 3) except for 2E6(22) it is Z2 × Z2 × Z3.

The Groups 11–14 are also termed as Steinberg groups.
15. Twisted Groups 2B2(22m+1),m ≥ 1(termed as Suzuki groups). The Schur Mul-

tiplier is trivial except for 2B2(23) it is Z2 × Z2.
16. Twisted Group 2F4(22m+1) (termed as a Ree Group of type 1). The Schur Mul-

tiplier is trivial.
17. Twisted Group 2G2(32m+1) (termed as Ree groups of Type2). The Schur Multi-

plier is trivial.

The 26 sporadic simple groups as given below.
18. The 5 Mathew groups:

(i) The Mathew group M11 of order 24 · 32 · 5 · 11 and with trivial Schur Mul-
tiplier.

(ii) The Mathew group M12 of order 26 · 33 · 5 · 11 and with Schur Multiplier
of order 2.

(iii) The Mathew group M22 of order 27 · 32 · 5 · 7 · 11 and with Z12 as Schur
Multiplier.
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(iv) The Mathew group M23 of order 27 · 32 · 5 · 11 · 23 and with trivial Schur
Multiplier.

(v) The Mathew group M24 of order 210 · 33 · 5 · 11 · 23 and with trivial Schur
Multipler.

19. The 4 Janko Groups:

(i) The Janko group J1 of order 23 · 3 · 5 · 7 · 11 · 19 and with trivial Schur
Multiplier.

(ii) The Janko group J2 of order 27 · 33 · 52 · 7 and with Schur Multiplier of
order 2.

(iii) The Janko group J3 of order 27 · 35 · 5 · 17 · 19 and with Schur Multiplier
of order 3.

(iv) The Janko group J4 of order 221 · 33 · 5 · 7 · 113 · 23 · 29 · 31 · 37 · 43 and
with trivial Schur Multiplier.

20. The 3 Conway Groups:

(i) The Conway group Co1 of order 221 · 39 · 54 · 72 · 11 · 13 · 23 and with
Schur Multiplier of order 2.

(ii) The Conway group Co2 of order 218 · 36 · 53 · 7 · 11 · 23 and with trivial
Schur Multiplier.

(iii) The Conway group Co3 of order 210 · 37 · 53 · 7 · 11 · 23 and with trivial
Schur Multiplier.

21. The 3 Fischer Groups:

(i) The Fischer group Fi22 of order 217 · 39 · 52 · 7 · 11 · 13 and with Schur
Multiplier of order 6.

(ii) The Fischer group Fi23 of order 218 · 313 · 52 · 7 · 11 · 13 · 17 · 23 and with
trivial Schur Multiplier.

(iii) The Fischer group Fi24 of order 221 · 316 · 52 · 73 · 11 · 13 · 17 · 23 · 29 and
with Schur Multiplier of order 3.

22. The Higman–Sims Group HS of order 29 · 32 · 53 · 7 · 11 and with Schur Mul-
tiplier of order 2.

23. The Suzuki Sporadic Simple Group Suz of order 213 · 37 · 52 · 7 · 11 · 13 and
with Schur Multiplier of order 6.

24. TheMcLaughlinGroupMc of order 27 · 36 · 53 · 7 · 11 andwithSchurMultiplier
of order 3.

25. The Held Group He of order 210 · 33 · 52 · 73 · 17 and with trivial Schur Multi-
plier.

26. Lyons Group Ly of order 28 · 37 · 56 · 7 · 11 · 31 · 37 · 67 and with trivial Schur
Multiplier.

27. The Rudavalis Group Ru of order 214 · 33 · 53 · 7 · 13 · 29 and with Schur Mul-
tiplier of order 2.

28. The O’Non Group O ′N of order 29 · 34 · 5 · 73 · 11 · 19 · 31 and with Multiplier
of order 3.
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29. The Thompson Group Th of order 215 · 310 · 53 · 72 · 13 · 19 · 31 and with trivial
Schur Multiplier.

30. The Harada–Norton Group HN of order 214 · 36 · 56 · 7 · 11 · 19 and with trivial
Schur Multiplier.

31. The Baby Monster Group B of order 241 · 313 · 56 · 72 · 11 · 13 · 17 · 19 · 23 ·
31 · 47 and with Schur Multiplier of order 2.

32. The Fischer–GriessMonster Group M of order 246 · 320 · 59 · 76 · 112 · 133 · 17 ·
19 · 23 · 29 · 31 · 41 · 47 · 59 · 71 and with trivial Schur Multiplier.

Chevalley Groups as Algebraic Groups
All algebraic groups considered are linear algebraic groups. We state the following
Theorem without proof (see Lecture notes on Chevalley Groups by Steinberg for a
proof) for their convenient use in the following chapter:

Theorem 4.4.23 (i) A Chevalley group G(V, K ) over an algebraically closed field
K is a semi-simple algebraic group.

(ii) B(V, K ) is a Borel subgroup of G(V, K ) considered as semi-simple algebraic
group.

(iii) H(V, K ) is maximal Torus.
(iv) The groups G(V, K ), B(V, K ), H(V, K ), and N (V, K ) are all realizable over

the prime subfield K0 of K . �

In the above Theorem, assume that K is an algebraically closed field of prime
characteristic p. Fix a q = pm . Consider the Frobenius map F onG(V, K ) induced
by a 
→ aq . Then the Lang map L (see Sect. 4.4 of Algebra 3) from G(V, K ) to
itself is given by L(g) = g−1F(g). By Lang’s theorem, L is surjective map of
varieties. The group G(V, K )F = L−1(1) = {g ∈ G(V, K ) | F(g) = g} is the
correspondingChevalleygroupG(V, Fq )definedover Fq .Amaximal torus subgroup
of G(V, Fq) is a subgroup of the form T F = {t ∈ T | F(t) = t}, where T is a F-
stable maximal torus of G(V, K ). In general a F-stable torus need not be contained
in a F-stable Borel subgroup of G(V, K ). Thus, a maximal torus of G(V, Fq) =
G(V, K )F need not lie in a Borel subgroup of G(V, Fq). A F-stable maximal torus
of G(V, K ) is called a maximally split torus if it is contained in F-stable Borel
subgroup. A maximal torus of G(V, Fq) is called maximally split if it is of the form
T F , where T is a maximally split torus of G(V, K ). In turn, it follows that any two
maximal tori contained in BF are conjugate in BF and any two maximally split torus
of G(V, Fq) are conjugate in G(V, Fq). In general, two maximal tori of G(V, Fq)
need not be conjugate in G(V, Fq).

Exercises

4.4.1 Let � be an irreducible root system with two root lengths and � =
{α1,α2, . . . ,αl} be a basis of �. Show that α = ∑l

i=1 niαi is a long root if
and only if p� divides ni whenever αi is short root.
Hint. Use induction and observe it when l = 2.

4.4.2. Describe maximally split F-stable torus subgroups of GL(2, q) and also of
SL(2, q). Also determine maximally non split F-stable total subgroups of
GL(2, q) and also of SL(2, q).



Chapter 5
Representation Theory of Chevalley
Groups

This chapter is an introduction to the basic representation theory followed by the
representation theory of Chevalley groups including the Steinberg representations,
the principal series representations, the discrete series representations, and Deligne–
Lusztig virtual characters.

5.1 Language of Representation Theory

In this section, we shall develop the language of representation theory together with
the Schur theory for compact and finite groups with special emphasis onWeyl groups
(Symmetric groups) and linear groups GL(2, Fq). The reader may also refer to the
Chap.9 of Algebra 2 for the basic representation theory. However, here, our approach
is somewhat different.

Let G be a group and V be a complex vector space. A homomorphism ρ from G
to GL(V ) is called a representation of G. The dimension of V , if finite, is called the
degree of the representation. If G is a topological group and V is a Banach space
(Hilbert space), thenGL(V ) is replaced by the group of invertible bounded operators
(Uninary operators), and ρ is assumed to be continuous. If both sides are equipped
with analytical structures and ρ is holomorphic, then we term this representation as
a holomorphic representation.

Representations G
ρ→ GL(V ) and G

η→ GL(W ) are said to be equivalent if
there is an isomorphism T from V toW such that Toρ(g) = η(g)oT for all g ∈ G.
A homomorphism T with this property is called an intertwining operator. Let
G

ρ→ GL(V ) be a representation. If W is a subspace of V such that ρ(g)(w) ∈ W

for each g ∈ G andw ∈ W , thenG
ρ|W→ GL(W ) given by ρ|W (g) = ρ(g)|W is called

a subrepresentation of ρ. By the abuse of language, we also term the subspaceW as
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a subrepresentation. A representation ρ is said to be an irreducible representation
if it has no nontrivial proper subrepresentation.

Proposition 5.1.1 Every finite-dimensional irreducible representation of an abelian
group G is of degree 1.

Proof Let G be an abelian group and ρ : G −→ GL(V ) be an irreducible repre-
sentation, where V is a finite-dimensional vector space over C. Let g ∈ G. Let λg

be an eigenvalue of ρ(g), and Vλg
be the corresponding eigenspace. Let v ∈ Vλg

.
Since G is abelian, ρ(g)(ρ(h)(v)) = ρ(h)(ρ(g)(v)) = λgρh(v). This means that
ρ(h)(v) ∈ Vλg

for all h ∈ G and v ∈ Vλg
. Thus, Vλg

affords a nontrivial subrepre-
sentation of ρ. Since ρ is irreducible, Vλg

= V . Let v be a nonzero member of V .
Then, the subspace < v > generated by v is also invariant under G and it affords a
nontrivial subrepresentation of ρ. Hence V = < v >. �

Operations on Representations
Let G

ρ→ GL(V ) and G
η→ GL(W ) be representations of G. Then, the represen-

tation G
ρ⊕η→ GL(V ⊕ W ) defined by (ρ ⊕ η)(g)(v ⊕ w) = ρ(g)(v) ⊕ η(g)(w) is

called the direct sum of ρ and η.

The representationG
ρ⊗η→ GL(V ⊗ W )defined by (ρ ⊗ η)(g)(v ⊗ w) = ρ(g)(v)

⊗ η(g)(w) is called the tensor product of ρ and η.

The representation G
∧r ρ→ GL(

∧r V ) defined by (
∧r ρ)(g)(v1 ∧ v2 ∧ · · · ∧ vr )

= ρ(g)(v1) ∧ ρ(g)(v2) ∧ · · · ∧ ρ(g)(vr ) is called the r th exterior power of ρ.

The representation G
Sr (ρ)→ GL(Sr (V )) defined by Sr (ρ)(g)(v1 ⊗ v2 ⊗ · · · ⊗ vr )

= ρ(g)(v1) ⊗ ρ(g)(v2) ⊗ · · · ⊗ ρ(g)(vr ) is called the r th symmetric power of ρ.

We have a representation G
Hom(ρ,η)→ GL(Hom(V,W )) ≈ GL(V � ⊗ W ) given

by Hom(ρ, η)(g)(φ)(v) = η(g)(φ(ρ(g−1)(v))) (we have an isomorphism μ from
V � ⊗ W to Hom(V,W ) given by μ( f ⊗ w)(v) = f (v)w). In particular, we have

a representation G
Hom(ρ,1)→ GL(V �), where 1 is the trivial representation. This rep-

resentation is called the dual representation of ρ and it is denoted by ρ�. Thus,
ρ�(g)( f )(v) = f (ρ(g−1)(v)).

A subrepresentation η of ρ is called a direct summand of ρ if there is a sub-
representation μ of ρ such that ρ = η ⊕ μ. ρ is said to be indecomposable if it
cannot be expressed as direct sum of two nontrivial proper subrepresentations. By
the Remak–Krull–Schmidt Theorem, every representation is direct sum of indecom-
posable representations and this representation is unique in an obvious sense. Note
that an indecomposable representation need not be irreducible. For example, the rep-
resentation ρ of R on C2 given by ρ(a)(x, y) = ax + y is indecomposable but it is
not irreducible. It has a subrepresentation C × {0} which is not a direct summand.

A representation ρ is said to be completely reducible also semi-simple if it can
be expressed as direct sum of irreducible representations. Thus, the representation
ρ of R on C

2 given by ρ(a)(x, y) = ax + y is not completely reducible. For all
representations to be completely reducible, the group has to be of special type,
e.g., compact group (in particular finite group) on which invariant integral exists. In
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fact, in Cartan’s classification of semi-simple Lie algebras, there was a gap in the
argument which was rectified by theWeyl’s unitarian trick: “The restriction defines a
bijective correspondence from the set of all holomorphic representations of a complex
linear Lie group G ⊆ GL(n,C) to the set of all representations of the compact
subgroup K = U (n)

⋂
G. Further, this correspondence respects equivalence and

irreducibility” (Theorem 5.1.47).
Let G be a compact (in particular finite) group. Let C(G) denote the space of all

continuous real valued functions on G. Then, there is a unique invariant integral
∫
G

on C(G) in the sense that the following hold:

(i)
∫
G(α f + β f ′)dg = α

∫
G( f ) + β

∫
G( f ′).

(ii) f ≥ 0 implies that
∫
G f dg ≥ 0.

(iii)
∫
G 1dg = 1, where 1 in the LHS is the constant function which takes the value
1 on G.

(iv)
∫
G La( f )dg = ∫

G f dg = ∫
G Ra( f )dg for all a ∈ G, where La is the left

translation given by La( f )(x) = f (ax) and Ra is the right translation given
by Ra( f )(x) = f (xa−1).

The integral introduced above is called the Haar Integral on G. A proof for the
existence and uniqueness of Haar integral can be found in “Topological Groups” by
Pontryagin. For Lie groups, the existence and uniqueness is easy to establish. How-
ever, here, we shall give the concrete descriptions of Haar integrals in our examples.

The Haar integral induces a metric d on C(G) which is given by

d( f, f ′) =
∫

G
| f − f ′ | dg.

Using Danniell’s process, the integral can be extended to a larger class L1(G) of all
integrable functions and L1(G) is a Banach algebra with respect to the convolution
product � given by

( f � f ′)(x) =
∫

G
f (xg−1) f ′(g)dg.

The technique is to complete the metric and interpret the members of the completion
as functions. The integral, being continuous linear functional, can be extended to
the completion. The integral

∫
G on C(G) can be extended to the space of complex

valued continuous functions by putting
∫
G( f + i f ′)dg = ∫

G f dg + i
∫
G f ′dg.

Example 5.1.2 Let G be a finite group (so a compact group). Then, C(G) is the
space of all real valued functions and the integral

∫
G is given by

∫

G
f dg = 1

| G |
∑

g∈G
f (g).
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Example 5.1.3 Consider S1 = {eiθ | 0 ≤ θ < 2π}. A continuous map f from S1

toR can be realized as a continuous map from [0, 2π] toR such that f (0) = f (2π).
Define

∫
S1 by putting

∫
S1 f (θ)dg = 1

2π

∫ 2π
0 f (θ)dθ.

Example 5.1.4 Consider the group SU (2) of 2 × 2 unitary matrices of determi-
nant 1. Then SU (2) can be identified with the group S3 of unit quaternions. The
isomorphism being

(x0, x1, x2, x3) �→
[

x0 + i x1 x2 + i x3
−x2 + i x3 x0 − i x1

]

,

with x20 + x21 + x22 + x23 = 1. We have a coordinatization of S3 which is given by

x0 = cosθ, 0 ≤ θ ≤ π,

x1 = sinθcosφ, 0 ≤ φ ≤ π,

x2 = sinθsinφcosψ, 0 ≤ ψ ≤ 2π,

x3 = sinθsinφsinψ, 0 ≤ ψ ≤ 2π.

This coordinatization is not global. The set {(cosθ,±sinθ, 0, 0) | 0 ≤ θ ≤ π} of
exceptional points is of Lebesgue measure 0. If we determine the Riemannian metric
induced by the Euclidean metric, then the Haar integral can be given by

∫

S3
f (g)dg = 1

2π2

∫ π

0

∫ π

0

∫ 2π

0
f (θ,φ,ψ)sin2θsinφdθdφdψ.

The verification is left to the reader.
The following is the first basic result in the representation theory.

Theorem 5.1.5 (Maschke’s Theorem)Let G
ρ→ GL(V ) be a representation of a

compact group G. Then every subrepresentation of ρ is a direct summand of ρ.

Proof Let G
η→ GL(W ) be a subrepresentation of ρ. Then W is a subspace of V

and η(g)(w) = ρ(g)(w) ∈ W for each g ∈ G and w ∈ W . Let <, > be an inner
inner product on V . Define a map <, >′ from V × V to C by

< v, w >′ =
∫

G
< ρ(g)(v), ρ(g)(w) > dg.

It canbe checked that<, >′ is an inner product onV such that< ρ(g)(v), ρ(g)(w) >′
= < v, w >′ for all g ∈ G. Clearly, ρ(g) is unitary with respect to this inner product.
Let W⊥ be the orthogonal complement of W with respect to this inner product. Let
v ∈ W⊥. Then

< w, ρ(g)(v) >′ = < ρ(g−1)(w), v >′ = 0
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for all w ∈ W . Hence ρ(g)(v) ∈ W⊥. This gives us a subrepresentation G
μ→

GL(W⊥) of ρ such that ρ = η ⊕ μ. �

Th following Corollary is also immediate:

Corollary 5.1.6 Every representation of a compact group is equivalent to a uniatary
representation. �

Another Proof : Let V
p→ W be a vector space projection. Define a map p on V by

p(v) =
∫

G
ρ(g)p(ρ(g−1)(v))dg.

It can be checked that p is a linear transformation such that poρ(h) = ρ(h)op for
each h ∈ G. Thus, Ker p determines a subrepresentationμ of ρ such that ρ = η ⊕ μ.
�

Using the induction on the dimension of V , we get the following Corollary:

Corollary 5.1.7 Every representation of a compact group is completely reducible
in the sense that it is direct sum of irreducible representations. �

Remark 5.1.8 1. The conclusion of Maschke’s Theorem is true for representations
of finite groups over finite fields whose characteristics do not divide the order of the
group. The second proof can be carried out.

2. The conclusion of the Maschke’s Theorem is not true for arbitrary noncompact
groups or for the representations of finite groups on vector spaces over fields whose
characteristic divides the order of the group. For example, the representation ρ of R
on C

2 given by ρ(a)(x, y) = x + ay has a subrepresentation which is not direct
summand. However, on some noncompact group, the result can be extended using
Weyl’s unitary trick.

3. It is a fact that all irreducible representations of a compact group are finite
dimensional.

Following are some guiding problems in the representation theory of groups:

1. Classify all indecomposable and irreducible representations of a group.
2. To decompose a representation as direct sum of irreducible representations.
3. The set of equivalence classes of representations of a group G form an algebraic

structure under the operations like⊕,⊗,∧ , and Sr . To determine the presentation
and the structure of such an algebraic structure (Adam’s operations, in particular,
are useful in K -Theory).

Example 5.1.9 1. Any homomorphism ρ from G to GL(1,C) is an irreducible
representation of degree 1.

2.We have the standard representation (thematrixmultiplication) ofGL(n,C) on
C

n . The Det and the powers of Det give one-dimensional irreducible representations
of GL(n,C). In fact

∧n ρ = Det , where ρ is the standard representation. We shall
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see as to how the representations of Sn operating on the standard representation of
GL(n,C) determine irreducible representations via Schur functors.

3. Consider Sn . The map ρ from Sn to GL(n,C) given by ρ(p)(ei ) = ep(i) gives
us a representation. Let V = {∑n

i=1 aiei | ∑n
i=1 ai = 0}. Then V determines a sub-

representation of ρ. Clearly,Cn = V ⊕ C(e1 + e2 + · · · + en). We shall see that the
representation on V and their exterior powers are all irreducible. The trivial represen-
tation 1 and the sign representation (sign(p) = 1 if p is even and sign(p) = −1 if
p is odd) are the only two degree 1 representations of Sn . The representation ρs of Sn
afforded by the subspace V described above is called the Standard representation
of Sn . Note that V has a nice basis {e1 − e2, e2 − e3, . . . , en−1 − en}.

4. The group SU (2) has natural standard representation ρ on C
2 of degree 2

which is given by ρ(g)([α,β]) = [α,β]g. Let ℘n denote the space consisting of
homogeneous polynomials of degree n in C[X1, X2] together with 0. Clearly, B =
{Xr

1X
n−r
2 | 0 ≤ r ≤ n} is a basis of ℘n and so the dimension of ℘n is n + 1. Define

a representation ρn of SU (2) on ℘n by putting ρn(g)( f (X1, X2)) = f ([X1, X2]g).
We shall see that all ρn are irreducible and any irreducible representation of SU (2)
is equivalent to ρn for a unique n.

All representations are assumed to be finite dimensional unless stated otherwise.
Now, let us assume that G is finite. Let C(G) denote the complex group algebra.

We have a representation ρreg ofG onC(G)which is given by ρreg(g)(
∑

h∈G αhh) =∑
h∈G αhgh. This representation is called the regular representation of G. Indeed,

C(G) is the C(G)-module affording the regular representation. The members of G
treated as members of C(G) form a basis of C(G). Thus, the degree of the regular
representation is | G |.

Let ρ be an irreducible representation ofG on V . Then V is a simpleC(G)-module
affording ρ. Let v0 ∈ V, v0 �= 0. ThenC(G)v0. is a nontrivial submodule of V . Hence
V = C(G)v0. The map φ given by φ(a) = av0 is a surjective C(G)-module
homomorphism from C(G) to V . By the Maschke’s Theorem C(G) = Kerφ ⊕
V . This shows that every irreducible representation of G appears in the regular
representation ρreg of G as a direct summand, and so there are only finitely many
irreducible representations ρ1, ρ2, . . . , ρr (up to equivalence) of G, each appearing
in ρreg as direct summand. We may assume that ρi ≈ ρ j only when i = j . Suppose
that ρi appears ni times in ρreg . Then

C(G) = n1V1 ⊕ n2V2 ⊕ · · · ⊕ nrVr , (5.1)

where Vi affords the representation ρi . Each Vi is simple C(G)-module.
The following Lemma of Schur is the most fundamental Lemma in the represen-

tation theory.

Lemma 5.1.10 (Schur) Let G
ρ1→ GL(V1) and G

ρ2→ GL(V2) be irreducible repre-

setations of G, where G is a compact group not necessarily finite. Let V1
T→ V2 be

a linear transformation such that T oρ1(g) = ρ2(g)oT for all g ∈ G. Then T = 0
or T is an isomorphism. Further, if V1 = V2 (ρ1 = ρ2), then there is a λ ∈ C such
that T (v) = λv for all v ∈ V1.
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Proof Under the hypothesis of the Lemma, KerT affords a subrepresentation of ρ1
and ImageT affords a subrepresentation of ρ2. Since ρ2 is irreducible, ImageT = 0
or else ImageT = V2. Thus T = 0 or T is surjective. Suppose that T �= 0.
Then KerT �= V1. Since ρ1 is irreducible, KerT = 0. This means that T is an
isomorphism.

Finally, suppose that V1 = V2 = V . Letλ be an eigenvalue of T . Then Ker(T −
λI ) is a nontrivial subrepresentation of ρ, and since ρ is irreducible, Ker(T − λI ) =
V . This means that T = λI . �

Remark 5.1.11 Schur Lemma is valid for all unitary representations on Hilbert
spaces not necessarily finite dimensional.

Corollary 5.1.12 If V is a simple C(G)- module, then EndC(G)(V ) is a field iso-
morphic to C. �

If G is a finite group, then using the Schur Lemma and the Eq.5.1, we see that

EndC(G)(C(G)) ≈ Mn1(C) × Mn2(C) × · · · × Mnr (C). (5.2)

Next, given a ring R with identity, the map φ from R to EndR(R,+) given
by φ(α) = fα is an anti-isomorphism of rings, where fα is given by fα(a) =
αa. (any member f of EndR(R,+) is of the form fα, where α = f (1)). Thus,
C(G) is anti-isomorphic to Mn1(C) × Mn2(C) × · · · × Mnr (C). Since A �→ At is
an anti-isomorphism from Mn(C) to itself, Mn1(C) × Mn2(C) × · · · × Mnr (C) is
anti-isomorphic to itself. Consequently,

C(G) ≈ Mn1(C) × Mn2(C) × · · · × Mnr (C), (5.3)

where r denotes the number of equivalence classes of irreducible representations of
G, and ni is the multiplicity of ρi in ρreg . Comparing the dimensions, we get

| G | = n21 + n22 + · · · + n2r . (5.4)

Note that the space Wi of column matrices with ni rows is a simple Mni (C)-module
in obvious manner. In turn, it is also a simple C(G)-module which is isomorphic to
Vi . Indeed, Mni (C) = niWi ≈ ni Vi . Thus, ni is also the degree of the irreducible
representation ρi . We may assume n1 = 1 corresponding to the trivial irreducible
representation of G.

Let us compare the centers of both sides of 4. Since Z(Mn(C)) is the space of
scalar matrices, the dimension of the center of the RHS is r . Consider the cen-
ter Z(C(G)) of C(G). An element

∑
g∈G αgg belongs to Z(C(G)) if and only if

h
∑

g∈G αggh−1 = ∑
g∈G αgg for all h ∈ G. This amounts to say that αg = αhgh−1

for all g, h ∈ G. In other words, αg = αh if and only if g and h are in the same
conjugacy class. Let {C1,C2, . . . ,Ct } be the set of all conjugacy classes of G and
ci = ∑

g∈Ci
g. Then ci ∈ Z(C(G)) and allmembers of Z(C(G)) are linear combina-

tions of {c1, c2, . . . , ct }. SinceC1,C2, . . . ,Ct are pairwise disjoint, {c1, c2, . . . , ct } is
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linearly independent. Thus, the dimension of the center of LHS is t . This establishes
the following Proposition.

Proposition 5.1.13 The number of irreducible representations of a finite group G
over C is the number of conjugacy classes of G (the number of conjugacy class of
G is called the class number of G). �

Example 5.1.14 Consider S3. The class number of S3 is 3. Thus, there are 3
irreducible representations of S3 over C. Let ρ1, ρ2, and ρ3 be irreducible rep-
resentations of S3 of degrees n1 = 1, n2, and n3, respectively. Then from (5.4),
6 = | S3 | = 1 + n22 + n23. This means that n2 = 1 and n3 = 2. The representation
ρ1 is the trivial representation, the representation ρ2 is the sign representation, and
ρ3 = ρs is the standard representation (see Example5.1.9 (3)).

The number of conjugacy classes of Sn is the number p(n) of partitions of n,
as such, there are p(n) irreducible representations of Sn of which the two one-
dimensional representations are the trivial and the sign representations.

The Quaternion group Q8 has 5 conjugacy classes and so it has 5 irreducible
representations. The one degree representations are just homomorphisms from Q8

to C�. There are 4 homomorphisms from Q8 to C�. Since 8 = 1 + 1 + 1 + 1 + 22,
the 5th representation is of degree 2. The irreducible representation ρ of degree 2 is
given by

ρ(i) =
[
i 0
0 −i

]

, ρ( j) =
[

0 1
−1 0

]

, ρ(k) =
[
0 i
i 0

]

.

We shall show soon that the degrees of irreducible representations divide the order
of the group.

Characters of Representations

Let G be a group (not necessarily finite) and ρ : G −→ GL(V ) be a representation
of G. Then, the map χρ from G to C defined by χρ(g) = Tr(ρ(g)) is called a
Character of G afforded by the representation ρ. If ρ is irreducible, then it is called
an irreducible character of G.

1. Characters are class functions in the sense that they are constant on each con-
jugacy class. This is because similar transformations have same trace. Thus,
characters considered as members of C(G) are members of the center of C(G).

2. Equivalent representations have same characters: If ρ : G −→ GL(V ) and η :
G −→ GL(W ) are equivalent representations, then there is an isomorphism
T from V to W such that Toρ(g) = η(g)oT for all g ∈ G. This means that
Tr(ρ(g)) = Tr(η(g)) for all g.

Following are few examples:

3. If ρ is a representation of G on V , then χρ(1) = tr(ρ(1)) = Tr(IV ) =
DimV = deg(ρ).

4. Consider the regular representation ρreg of G on C(G). Let g be a nonidentity
element of G. Since ρreg(g)(h) �= h for all h ∈ G and G forms a basis of C(G),
it follows that χρreg (g) = 0 for all g �= 1 and χρreg (1) = | G |.
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5. Consider the standard representation ρs of S3. Here, V is the subspace {α1e1 +
α2e2 + α3e3 | α1 + α2 + α3 = 0} of C3. Clearly, {e1 − e2, e2 − e3} is a basis
of V . Now, χρs (I ) = deg(ρs) = 2. Since ρs(1, 2)(e1 − e2) = −(e1 − e2)
and ρs(1, 2)(e2 − e3) = e1 − e3 = (e1 − e2) + (e2 − e3), it follows that
χρs (1, 2) = 0 = χρs (2, 3) = χρs (1, 3). Similarly, χρs (1, 2, 3) = −1 =
χρs (1, 3, 2).

The following identities can be easily established by looking at traces of thematrix
representations of the representations with respect to suitable bases:

6. χρ1⊕ρ2 = χρ1 + χρ2 .
7. χρ1⊗ρ2 = χρ1χρ2 .
8. χHom(ρ1,ρ2)(g) = χρ1(g)χρ2(g). In particular, χρ� = χρ.
9. χ∧2ρ(g) = 1

2 [χρ(g)2 − χρ(g
2)].

10. Since V ⊗ V = SV ⊕ ∧2 V ,χρ⊗ρ = χSρ + χ∧2ρ. Thus,χS2ρ(g) = 1
2 [χρ(g)2

+ χρ(g
2)].

Schur Orthogonality Relation

Consider the algebra C(G) of complex valued continuous function on G. We have
an inner product <, > on C(G) given by given by

< f, f ′ > =
∫

G
f (g) f ′(g)dg.

We may assume, without any loss, that the representation ρ is unitary (Corollary
5.1.6), and as such ρ(g−1) = ρ(g)

t
. Thus, χρ(g

−1) = χρ(g).

Theorem 5.1.15 (Schur) Let G be a compact group (in particular finite group). Let
ρ : G −→ GL(V ) and η : G −→ GL(W ) be finite-dimensional unitary represen-
tations (indeed, any irreducible unitary representation of G is finite dimensional).
Let T be a linear transformation from V to W. Then, the map T from V to W given
by

T (v) =
∫

G
η(g)T (ρ(g−1)(v))dg

is an intertwining operator in the sense that T oρ(g) = η(g)oT for all g (it is a G-
homomorphism).

Proof Toρ(h)(v)

= ∫
G η(g)T (ρ(g−1)(ρ(h)(v)))dg

= ∫
G η(g)T (ρ(g−1h)(v))dg

= ∫
G η(hk)T (ρ(k−1)(v))dk

= η(h)oT (v)

for all v. This shows that T is a G-map. �

Corollary 5.1.16 Let G be a compact group (in particular a finite group). Let
ρ : G −→ GL(V ) and η : G −→ GL(W ) be finite-dimensional irreducible unitary
representations. Let T be a linear transformation from V to W. Then



256 5 Representation Theory of Chevalley Groups

(i) T = 0 if ρ �≈ η,
(ii) T = TrT

DimV IV if ρ = η.

Proof (i) This is evident from the Schur Lemma and the above result.
(ii) Suppose that ρ = η with V = W . Then T = αI for some α, thanks to

Lemma 5.1.10. Consequently,

αDimV = TrT = Tr(
∫

G
ρ(g)T ((ρ(g−1)))dg =

∫

G
Tr((ρ(g)Tρ(g)−1))

=
∫

G
TrTdg = TrT

∫

G
dg = TrT .

Thus, α = TrT
DimV . �

Let ρ : G −→ GL(V ) be a representation of V , where V is a vector space overC.
Fix a basis {x1, x2, . . . , xn} of V . Let [ρi j (g)] denote thematrix representation of ρ(g)

with respect to this basis. More explicitly ρ(g)(x j ) = ∑n
i=1 ρi j (g)xi . The functions

ρi j from G to C, thus obtained, are called the matrix representation functions. Since

ρ is unitary, ρ(g−1) = ρ(g)−1 = ρ(g)
t
for each g ∈ G. Consequently, ρi j (g

−1) =
ρ j i (g) for all i, j and g ∈ G.

Theorem 5.1.17 (Schur Orthogonality Relation) Let ρ : G −→ GL(V ) and η :
G −→ GL(W ) be irreducible representations of a compact group G over C. Then

(i) < ρ j i , ηlk > = 0 if ρ �≈ η or ( j, i) �= (l, k), and
(ii) < ρ j i , ρ j i > = 1

DimV ,
where ρi j and ηkl are corresponding matrix representation functions with respect to
some choice of bases.

Proof Let {x1, x2, . . . , xn} be a basis of V and {y1, y2, . . . , ym} be a basis of W .
Consider the linear transformation Tki which takes xi to yk and the rest of the x j to
0. Consider the average

Tki (x j )

= ∫
G η(g)(Tki (ρ(g−1)(x j )))dg

= ∫
G η(g)(Tki (

∑n
m=1 ρmj (g

−1)(xm)))dg
= ∫

G η(g)(ρi j (g
−1)(yk))dg

= ∫
G ρi j (g

−1)(
∑m

l=1 ηlk(g)yl)dg
= ∑m

l=1(
∫
G ρi j (g

−1)ηlk(g)dg)yl
= ∑m

l=1(
∫
G ρ j i (g)ηlk(g)dg)yl

= ∑m
l=1 < ρ j i , ηlk >yl · · · (�).

Since both the representations are irreducible, if ρ �≈ η, then Tki = 0 and so the
coefficient of each yl is 0. This shows that

< ρ j i , ηlk > = 0

for all i, j, l, k.
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Now suppose that ρ = η and yi = xi . Then from (�),

Tki (x j ) =
n∑

l=1

< ρ j i , ρlk >xl = αki x j

for some αki . Thus, for l �= j ,

< ρ j i , ρlk > = 0.

Similarly, < ρ j i , ρlk > = 0 for i �= k.
Now, let us take k = i . Then

Tii (x j ) =
n∑

l=1

(

∫

G
ρi j (g

−1)ρli (g)dg)xl =
n∑

l=1

< ρ j i , ρli >xl = αi i x j

for some αi i . Thus, for l = j ,

αi i = < ρ j i , ρ j i > = α j j .

Consequently,

nαi i =
n∑

j=1

∫

G
ρ j i (g)ρ j i (g)dg =

∫

G
ρi i (g

−1g) =
∫

G
1dg = 1.

This means that

< ρ j i , ρ j i > = αi i = 1

DimV
.

�

Corollary 5.1.18 If ρ is irreducible representation of G over C, then < χρ, χρ >

= 1, and if ρ �≈ η, then < χρ, χη > = 0.

Proof Suppose that ρ �≈ η. Then from the above Theorem,

< χρ, χη > =
∫

G
χρ(g)χη(g

−1)dg =
∫

G
(

n∑

i=1

ρi i (g)

m∑

k=1

ηkk(g
−1))dg = 0.

Further,

< χρ, χρ > =
∫

G
χρ(g)χρ(g−1)dg =

∫

G
(

n∑

i=1

ρi i (g)

n∑

k=1

ρkk (g
−1))dg = n

n

∫

G
1dg = 1.

Corollary 5.1.19 Two representations are equivalent if and only if they have same
characters.
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Proof Let ρ and η be two representations of G. We can find pairwise nonequiv-
alent irredicible representations {ρ1, ρ2, . . . , ρt } of G and nonnegative integers
a1, a2, . . . , at and b1, b2, . . . , bt such that

ρ = a1ρ1 ⊕ a2ρ2 ⊕ · · · atρt
and

η = b1ρ1 ⊕ b2ρ2 ⊕ · · · ⊕ btρt .

Then
χρ = a1χρ1 + a2χρ2 + · · · + atχρt ,

and
χη = b1χρ1 + b2χρ2 + · · · + btχρt ,

Suppose that χρ = χη. Then by the above Corollary, ai =< χρ,χρi >=<

χη,χρi >= bi for each i . This shows that ρ ≈ η. The converse is evident. �

Corollary 5.1.20 A representation ρ is irreducible if and only if < χρ,χρ >= 1.

Proof Let ρ = a1ρ1 + a2ρ2 + · · · + atρt be a representation, where {ρ1, ρ2, . . . ,
ρt } is a set of pairwise nonequivalent irreducible representations of G. Then <

χρ, χρ > = a21 + a22 + · · · + a2t . Hence < χρ, χρ > = 1 if and only if for some i ,
ai = 1 and for j �= i , a j = 0. �

The standard ρs of S3 is irreducible, since < χρs ,χρs > = 1. Show that the
standard representations of Sn are irreducible for each n.

Since the dimension of the space of the class functions on a finite group G is the
number of irreducible characters, the following Corollary is immediate.

Corollary 5.1.21 The set of irreducible characters of G form an orthonormal basis
for the space of class functions. �

Let ρ be a irreducible representation of a finite groupG overC. Then V is a simple
C(G)—module, and we have a homomorphism ρ from the ring C(G) to EndC(V )

defined by ρ(�g∈Gαgg) = �g∈Gαgρ(g). If �g∈Gαgg is in the center of C(G), then
ρ(�g∈Gαgg) commutes with ρ(g) for all g ∈ G, and so it belongs to EndC(G)(V ).
Since V is a simple C(G)—module, members of EndC(G)(V ) are multiplications
by scalars. Let {C1,C2, · · · ,Cr } be the set of distinct conjugacy classes of G. Let
ui = �g∈Ci g. Then as observed, {u1, u2, · · · , ur } form a basis for the center of
C(G). From the previous observation ρ(ui ) is multiplication by a scalar αi (say).

Proposition 5.1.22 Let G be a finite group and ρ be an irreducible representation
of G over C. Then, the scalars αi described in the above paragraph are algebraic
integers.

Proof Let ui = �g∈Ci g, where {C1,C2, · · · ,Cr } is the set of all distinct conjugacy
classes of G. Let v ∈ Ck and aki j denote the cardinality of the set Xv

i j = {(g, h) ∈
Ci × C j | gh = v}. If w ∈ Ck , then there is x ∈ G such that w = xvx−1. The



5.1 Language of Representation Theory 259

map (g, h) � (xgx−1, xhx−1) is clearly a bijective map from Xv
i j to Xw

i j . Thus, the
integer aki j depends only on i, j, k, and not on the choice of v ∈ Ck . This also shows
that

uiu j = �r
k=1a

k
i j uk .

Thus,
ρ(ui )ρ(u j ) = ρ(uiu j ) = �r

k=1a
k
i jρ(uk).

The left-hand side is multiplication by αiα j , and the R.H.S. is multiplication by
�r

k=1a
k
i jαk . This shows that

αiα j = �r
k=1a

k
i jαk

for all i, j and k. We can take C1 to be the conjugacy class {e}, and so u1 = e. Since
ρ(u1) = ρ(e) = IV , α1 = 1 �= 0. The above equation shows that the column
vector ⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

α1

α2

·
·
·

αr

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

is an eigenvector of the matrix [b jk], where b jk = aki j , and the corresponding eigen-
value is αi . Thus, αi is a root of the monic polynomial det (x Ir − [b jk]) whose
coefficients are all integers (note that b jk = aki j are all nonnegative integers). This
shows that each αi is an algebraic integer. �

Corollary 5.1.23 Let G be a finite group and ρ be an irreducible representation
overC of degree n. Let g ∈ G. Let m = [G : CG(g)] be the number of conjugates to
g. Then mχρ(g)

n is an algebraic integer(observe that every algebraically closed field
of characteristic 0 contains the field of algebraic numbers).

Proof Let Ci be the conjugacy class determined by g. Then, the trace of ρ(g) =
the trace of ρ(x) for each x ∈ Ci . Thus, traceρ(ui ) = m · traceρ(g) = m · χρ(g).
Since ρ is multiplication by αi , and the degree of ρ is n, it follows that traceρ(ui ) =
n · αi . Thus, αi = mχρ(g)

n . The result follows from the above theorem. �

Corollary 5.1.24 The degree of an irreducible representation of a finite group G
divides the order of the group.

Proof Let G be a finite group and ρ be an irreducible representation of G. Let
{C1,C2, · · · ,Cr } be the set of conjugacy classes of G. Put ui = ∑

x∈Ci
x . Note that

ρ induces a ring homomorphism ρ fromC(G) to End(V ) by putting ρ(
∑

g∈G αgg) =∑
g∈G αgρ(g). Then ρ(ui ) commutes with each ρ(g), since ui ∈ Z(C(G)). Since C

is algebraically closed, ρ(ui ) is multiplication by a scalar αi (say). Then

miχi = Trρ(ui ) = nαi ,
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where mi is the number of elements in Ci , χi is the value of the character χ on Ci ,
and n is the degree of the representation. By the orthogonality relation

1 =< χρ, χρ > = 1

| G |
∑

g∈G
χρ(g)χρ(g

−1) = 1

| G |
r∑

i=1

miχiχ
�
i .

Thus, |G|
n = ∑r

i=1
miχi

n χ�
i . By Corollary 5.1.23, each miχi

n is an algebraic integer.
Already χ�

i is an algebraic integer. Since sums and products of algebraic integers are
algebraic integers, it follows that |G|

n is an algebraic integer. Since a rational number
is an algebraic integer if and only if it is an integer, n divides | G |. �

A compact group may have infinitely many irreducible representations. However,
we have the following important Theorem of Peter–Weyl for an arbitrary compact
groups. We use some analysis to prove the Theorem.

Theorem 5.1.25 (Peter-Weyl)Let G be a compact linear group. Let Ĝ denote the
set obtained by selecting one and only one member from each equivalence class of
irreducible representations of G. Then, the set

� = {√deg(ρ)ρi j | ρ ∈ Ĝ, i, j ≤ deg(ρ)}

is an orthonormal basis of the Hilbert space L2(G) of complex valued square inte-
grable functions functions on G, where the inner product on L2(G) is given by

< α, β > =
∫

G
α(g)β(g)dg.

Proof By the Schur orthogonality relation, � forms an orthogonal set. Again, the
space C(G) of all continuous functions is dense in the space L2(G) of square inte-
grable functions, and hence it is sufficient to show that the subspace generated by
� is dense in C(G). Since G is a linear group, we can talk of the space ℘(G) of
polynomial functions on G. By the Stone-Weirstrass Theorem, ℘(G) is dense in
C(G) with respect to sup norm topology. But sup norm topology is finer than the
topology induced by inner product. It follows that ℘(G) is dense inC(G) with inner
product topology. Thus, it is sufficient to show that℘(G) is contained in the subspace
generated by �. Let f ∈ ℘(G). Suppose that the degree of f is m. Let ℘m denote
the space of all polynomials on G of degree at the most m. We have a representation
ρ of G on ℘m which is given by

ρ(g)(φ)([xi j ]) = φ([xi j ] · g).

Now, ρ is direct sum of finitely many irreducible representations in Ĝ. Further, the
map φ �→ φ(I ) is a linear function on ℘m(G). By the Riesz representation Theo-
rem, there is a η ∈ ℘m(G) such that < φ, η > = φ(I ). Now, < ρ(g)( f ), η > =
ρ(g)( f )(I ) = f (g) for all g. This shows that f is a linear combination of members
of �. �
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Remark 5.1.26 The Peter-Weyl Theorem is valid for any compact group but the
proof requires the deeper analysis of spectral representations.

SL(2,C), SU (2), and Weyl groups (in particular symmetric groups) are building
blocks in the theory of Lie groups and their representations. Indeed, in any semi-
simple group, SL(2,C) and SU (2) are interwoven with Weyl groups in a suitable
manner. A little later, we shall study the representations of Weyl groups and Sn , in
particular.

Example 5.1.27 Representations of S1: Since S1 is commutative all irreducible
representations of S1 are onedimensional andhence it is a continuous homomorphism
ρ from S1 to C�. Since S1 is compact ρ(S1) is bounded. In particular, {| ρ(z) |n| n ∈
Z} is bounded for each z ∈ S1 Thismeans that ρ is a continuous homomorphism from
S1 to S1 such that | ρ(z) |= 1 for each z ∈ S1 and. Continuous homomorphisms from
S1 to S1 are of the form z �→ zn, n ∈ Z. A consequence of the Peter-Weyl Theorem
is the classical theorem of Fourier which asserts that the set of all periodic square
integrable functions on R have Fourier series representations.

Example 5.1.28 Representations of SU (2): Consider the space Vn consisting of 0
and all homogeneous polynomials in C[X,Y ] of degree n. Clearly, {XiY n−i | 0 ≤
i ≤ n} is a basis of Vn . Thus, Vn is of dimension n + 1. Define a map ρn from SU (2)
to GL(Vn) by putting ρn(g)( f )(X,Y ) = f ([X,Y ] · g). Then ρn is a representation
of SU (2) of degree n + 1. Let us calculate the character χρn . Since χρn is a class
function, it is sufficient to calculate its values on representatives of conjugacy classes.
Since we can decompose C2 as direct sum of eigenspaces of g, and the eigenvalues
of g are of the form eiθ, g is conjugate to a diagonal matrix

[
eiθ 0
0 e−iθ

]

for some θ. Note that

[
eiθ 0
0 e−iθ

]

is similar to

[
e−iθ 0
0 eiθ

]

, since

[
0 −1
1 0

]

·
[
eiθ 0
0 e−iθ

]

·
[

0 1
−1 0

]

=
[
e−θ 0
0 eiθ

]

.

Thus, a character χρ is determined by an even and 2π periodic function χρ(θ) =
Tr(ρ(

[
eiθ 0
0 e−iθ

]

)).

Indeed, any g ∈ SU (2) treating as amember of S3 has a parametric representation
as

[
cosθ + isinθcosφ sinθsinφcosψ + isinθsinφsinψ

−sinθsinφcosψ + isinθsinφsinψ cosθ − isinθcosφ

]

.

The characteristic equation of g given above is λ2 − 2cosθλ + 1 = 0, and as such
the eigenvalues of g ∈ SU (2) are ±eiθ. More generally, it also follows that any class
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function on SU (2) depends only on the parameter θ which is even and 2π periodic.
The integral of a class function on SU (2) is given by

∫

SU (2)
f (g)dg = 1

2π2

∫ 2π

0

∫ π

0

∫ π

0
f (θ, 0, 0)sin2θsinφdθdφdψ =

2

π

∫ π

0
f (θ)sin2θdθ = 1

π

∫ 2π

0
f (θ)sin2θdθ.

This is the Weyl Integral Formula for SU (2).
Thus, the character χρ of a representation ρ is given by

χρ(g) = 2

π

∫ π

0
χρ(θ)sin

2θdθ, where g is given as above.

This is called the Weyl character formula for SU (2). Consider the representation
ρn of SU (2) and the corresponding character χρn given by

χρn (

[
eiθ 0
0 e−iθ

]

= Tr(ρn(

[
eiθ 0
0 e−iθ

]

)).

Further,

[X,Y ]
[
eiθ 0
0 e−iθ

]

= [Xeiθ,Ye−iθ].

Hence

ρn (

[
eiθ 0
0 e−iθ

]

)(XmYn−m ) = (Xeiθ)m (Ye−iθ)n−m = eimθXme−i(n−m)θYn−m = ei(2m−n)θXmYn−m .

Thus,

Tr(ρn(

[
eiθ 0
0 e−iθ

]

)) =
n∑

m=0

ei(2m−n)θ = e−inθ 1 − e2i(n+1)θ

1 − e2iθ
= sin(n + 1)θ

sinθ
.

Consequently,

< χρn , χρn > = 2

π

∫ π

0
χρn (θ)χρn (θ)sin

2θdθ = 2

π

∫ π

0
sin2(n + 1)θdθ = 1.

This shows that the representation ρn is an irreducible representation of SU (2) for
each n.

Conversely, we show that these are all irreducible representations of SU (2). Let ρ
be an irreducible representation of SU (2) and χρ the corresponding character. Then
1 =< χρ, χρ > (by the orthogonality relation)
= 2

π

∫ π

0 (χρ(θ))
2sin2θdθ (for χρ is a class function)

= 1
π

∫ 2π
0 (χρ(θ)sinθ)2dθ

= 2 || χρ(θ)sinθ ||2S1
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= 2
∑∞

r=−∞ |< χρ(θ)sinθ, eirθ >S1 |2 (by Peter- weyl theorem for S1 and Parswalls
formula)
= 2

∑∞
r=−∞ | 1

2π

∫ 2π
0 χρ(θ)sinθe−irθdθ |2

= 2
∑∞

r=−∞ | i
2π

∫ 2π
0 χρ(θ)sinθsinrθdθ |2

= 4
∑∞

r=1 | 1
4π2

∫ 2π
0 χρ(θ)χρn−1(θ)sin

2θdθ |2
= ∑∞

r=1 | 2
π

∫ π

0 χρ(θ)χρn−1(θ)sin
2θdθ |2

= ∑∞
r=0 |< χρ, χρn >|2.

Since χρ is irreducible, χρ = χρn for some n. �

Next, we shall quickly give relationship between representations of Lie groups
and the representations of corresponding Lie algebras. We restrict ourself to linear
Lie groups, viz., closed subgroups of general linear groups overC. First, we describe
exponential maps and logarithmic maps.

Consider Mn(C). This is a complex Hilbert space with inner product <, > given
by

< A, B > =
∑

i, j

ai j bi j = Tr(AB�).

|| A ||2 = ∑
i, j | ai j |2, and || AB ||≤|| A || || B ||. In other words, Mn(C) is a

complex Banach algebra. Define a map exp from Mn(C) to Mn(C) by putting

exp(A) = I + A + A2

2! + · · · = Limn→∞
n∑

r=0

Ar

r ! .

By the Weirstrass M-test, the series in the RHS is uniformly absolutely convergent
in any bounded domain in Mn(C).

Proposition 5.1.29 If AB = BA, then exp(A + B) = exp(A)exp(B).

Proof Note that

n∑

r=0

Ar

r !
n∑

r=0

Br

r ! =
2n∑

s=0

(A + B)s

s! −
∑

i>n or j>n

Ai

i !
B j

j ! .

Suppose that M = max(|| A ||, || B ||). Then

||
∑

i>n or j>n,i+ j≤2n

Ai

i !
B j

j ! || ≤ n(n + 1)M2n

n! = (M2)n−2

(n − 2)!
n + 1

n − 1
M2.

Clearly, the RHS tends to 0 as n tends to ∞. This proves that exp(A + B) =
exp(A)exp(B). �

Corollary 5.1.30 exp(A) belongs to GL(n,C) for each A ∈ Mn(C) and
(exp(A))−1 = exp(−A).
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Proof Since A and −A commute, I = exp(o) = exp(A + (−A)) =
exp(A)exp(−A). This shows that (exp(A))−1 = exp(−A). �

Next, consider the series

(A − I ) − (A − I )2

2
+ (AI )

3

3
− · · · =

∞∑

n=1

(−1)n+1 (A − I )n

n
.

By the Leibnitz test, the above series is convergent in the domain D = {A | ||
A − I ||< 1}. This defines a map Log from D to Mn(C). Clearly, Log(I ) = 0.
The map exp and Log are local inverses to each other. The following Propositions
can be easily established by using simple analysis:

Proposition 5.1.31 (i) exp(Log(A)) = A, if || A − I ||< 1.
(ii) Log(exp(A)) = A, if || A ||< Log2.
(iii) exp(BAB−1) = Bexp(A)B−1.
(iv) Eigenvalues of A are of the form eλ, where λ is an eigenvalue of A.
(v) exp(t A)exp(t B) = exp(t (A + B) + t2

2 [A, B] + O(t2)), where [A, B] =
AB − BA.

(vi) exp(t A) exp(t B)exp(−t A) = exp(t B + t2[A, B] + O(t3)).
(vii) [exp(t A), exp(t B)] = exp(t2[A, B] + O(t2)), where [exp(A), exp(B)] =

exp(A)exp(B)exp(A)−1exp(B)−1. �

Corollary 5.1.32 (i) Limn→∞(exp( A
n )exp( B

n ))n = exp(A + B).

(ii) Limn→∞[exp( A
n ), exp( B

n )]n2 = exp[A, B].
Proof (i) Limn→∞(exp( A

n )exp( B
n ))n

= Limn→∞(exp( A+B
n ) + O( 1

n2 ))
n (by Proposition 5.1.31(v))

= Limn→∞(exp((A + B) + O( 1n ))= exp(A + B).
(ii) Limn→∞[exp( A

n ), exp( B
n )]n2

= Limn→∞(exp( A+B
n2 + O( 1

n3 )))
n2 (by Proposition 5.3.31(vii))

= exp([A, B]). �
The following Theorem is immediate from the above Corollary.

Theorem 5.1.33 Let G be a linear Lie group contained in GL(n,C). Let L(G)

denote the set {A ∈ Mn(C) | exp(t A) ∈ G ∀t ∈ R}. Then L(G) is a Lie algebra
over R. �

Example 5.1.34 L(G) need not be a Lie algebra over C. Consider U (n) = {A |
A�A = I = AA�}. Thus, L(U (n)) = {A ∈ MnC) | (exp(A))� = (exp(A))−1 =
exp(−A)}. Since (exp(A))� = exp(A�), it follows that L(U (n)) = {A | A� =
−A}. Clearly, L(U (n)) is not Lie algebra over C as it is not even a vector space
over C. L(U (n)) is denoted by un(C) which is real Lie algebra of skew hermitian
matrices.
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Example 5.1.35 L(GL(n,C)) = Mn(C) = gl(n,C). This is because A ∈ Mn(C)

implies that exp(t A) ∈ GL(n,C). GL(n,R) is also a closed subgroup of GL(n,C)

with L(GL(n,R)) = Mn(R) = gl(n,R). L(SL(n,C)) = sl(n,C). L(O(n,C)) =
o(n,C) = {A ∈ Mn(C) | At = −A} is the Lie algebra of skew symmetric matri-
ces. L(Sp(2n,C)) = sp(2n,C). Similarly, we can determine Lie algebras of all
classical groups.

Let G be a linear Lie group. Then, for all A ∈ L(G), exp(t (gAg−1)) =
gexp(t A)g−1 belongs to G for all g ∈ G and t ∈ R. Thus, gAg−1 ∈ L(G) for all
g ∈ G and A ∈ L(G). In turn, we get a continuous representation Ad of G on L(G)

which is given by Ad(g)(A) = gAg−1. This representation is called the Adjoint
representation of G on its Lie algebra.

Differential Representations

Proposition 5.1.36 Let G be a linear Lie group and A ∈ L(G). Then, the map ηA

from R to G given by ηA(t) = exp(t A) is a continuous homomorphism from R to
G. Indeed, ηA is also differentiable whose derivative η′

A(0) at 0 is A. Conversely,
any continuous homomorphism from R to G is of the form ηA for some A ∈ L(G).

Proof Clearly, ηA is a homomorphism. Since (R,+) and G are topological groups
in which the group operations are differentiable, it is sufficient to show that ηA is
differentiable at 0 and the derivative at 0 is A. This is evident, since

Limn→∞
ηA(t) − ηA(0)

t
= Limn→∞

ηA(t) − I

t
= A.

Conversely, letφ be a continuous homomorphism from (R,+) toG. Thenφ(0) = I .
Since φ is continuous, there is a δ > 0 such that

|| φ(s) − I || < 1

for all s, | s |≤ δ. Consider

B =
∫ δ

0
φ(t)dt.

We show that B ∈ GL(n,C). Now,

|| B − δ I || = ||
∫ δ

0
(φ(s) − I )ds ||≤

∫ δ

0
|| (φ(s) − I ) || ds < δ.

Thus, || B
δ

− I || < 1. This shows that B
δ
is invertible and hence B is invertible.

Now, ∫ δ

0
φ(s + t)dt =

∫ s+δ

s
φ(u)du = φ(s)

∫ δ

0
φ(t)dt = φ(s)B.

The map s �→ ∫ s+δ

s φ(u)du is differentiable, since φ is continuous (Fundamental
Theorem of integral calculus). Thus, the map φ is also differentiable, and
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φ′(s) = Limt→0
φ(s + t) − φ(s)

t
= φ(s)A,

where

A = Limt→0
φ(t) − φ(0)

t
= φ′(0).

This means that φ(s) = esA ∈ G for all s and so φ = ηA, A ∈ L(G). �

Now, we describe as to how to realize representations of Lie groups with the help
of the representations of their Lie algebras and vice-versa.

Theorem 5.1.37 Let ρ be a continuous homomorphism from a linear Lie group G
to a linear Lie group G ′. Then, ρ is differentiable and the differential ρ′ induces a
Lie algebra homomorphism from L(G) to L(G ′).

Proof Let ρ be a continuous homomorphism from a linear Lie groupG ⊆ GL(n,C)

to a linear Lie groupG ′ ⊆ GL(m,C). Sinceρ is a homomorphism,ρ= Lρ(g)oρoLg−1 ,
where Lg denotes the left translation by g. Since Lg is differentiable at all points,
it is sufficient to show that ρ is differentiable at the identity e. First, note that the
exponential maps are local diffeomorphisms (by the inverse function theorem) from
L(G) to G. Clearly, the exponential map from L(G) to G is the restriction of the
exponential map onMn(C). Let {A1, A2, . . . , Al} be a basis of L(G). Themapsφi =
ρoηAi are continuous homomorphisms from R to G ′. From the above Proposition,
there exists Bi ∈ L(G ′) for each i such that ηBi = φi = ρoηAi , i = 1, 2, · · · , l.
This means that ρ(et Ai ) = et Bi . Thus,

ρ(et1A1et2A2 · · · etl Al ) = et1B1et2B2 · · · etl Bl .

Consider the map ψ from R
l to G given by

ψ(t1, t2, . . . , tl) = et1A1et2A2 · · · etl Al .

Then ∂ψ
∂t1

|0 = A1,
∂ψ
∂t2

|o = A2, · · · ,
∂ψ
∂tl

|0 = Al . Since {A1, A2, . . . , Al} is linearly
independent. The Jacobian ofψ at 0 is non-singular. By the inverse function theorem,
ψ is a local diffeomorphism around 0. Also note that

(t1, t2, . . . tl)
μ→ (et1B1 , et2B2 , . . . , etl Bl ) �→ et1B1et2B2 · · · etl Bl

is differentiable. It follows that ρ and μoψ−1 are same at e. Since μ and ψ−1 are
differentiable at the corresponding identities, ρ is differentiable at e. Further, we
have the induced differential map ρ′ from L(G) to L(G ′) given by the equation

ρ(et A) = etρ
′(A), t ∈ R, A ∈ L(G).

Corollary 5.1.32 together with the continuity of ρ implies that ρ′ is a Lie algebra
homomorphism from L(G) to L(G ′). �



5.1 Language of Representation Theory 267

Proposition 5.1.38 Let G be a connected linear Lie group. Then, the subgroup
< exp(L(G)) > generated by the image of exp is G itself.

Proof By the inverse function theorem exp(L(G)) contains a neighborhood of iden-
tity. Thus, the subgroup H = < exp(L(G)) > of G contains a neighborhood of
identity. If x ∈ H , then xU is a neighborhood of x which is contained in H . This
shows that H is an open subgroup G. Thus, H = G − ⋃

a /∈H aH is also a closed
subgroup of G. Since G is connected H = G. �

The following Corollary is immediate.

Corollary 5.1.39 Any continuous homomorphism froma connected linear Lie group
G to a linear Lie group G ′ is uniquely determined by the homomorphism induced on
their Lie algebras. �

Conversely, we wish to see as to when every Lie algebra homomorphism from
L(G) to L(G ′)determines a unique continuous homomorphism fromG toG ′. Indeed,
L induces an equivalence from the category of simply connected Lie groups to
the category of Lie algebras. For the purpose, we quickly introduce the concept of
covering spaces, covering groups, and state some basic facts. The proofs of these
facts can be found in the Algebraic Topology by Spanier.

A continuous surjective map p : E → X is called a covering projection if X has
an open cover {Uα | α ∈ �} such that each Uα is evenly covered by p in the sense
that p−1(Uα) is disjoint union of open sets so that the restriction of p to each one
of them is a homeomorphism on to Uα. Clearly, p is an open map and each fiber
p−1({x}) is a discrete subspace of E . X is called the base space and E is called the
total space of p. The base spaces are assumed to be connected.

Proposition 5.1.40 (Unique path lifting prperty) Let p : E → X be a covering pro-
jection. Let x0 ∈ X and σ be a path in X with initial point x0. This means that σ
is a continuous map from the closed interval [0, 1] to X such that σ(0) = x0. Let
e0 ∈ E such that p(e0) = x0. Then, there is a unique path σ̂ in E with initial point
e0 such that poσ̂ = σ. �

A space X is called a path connected space if any two points of X can be joined by
a path. All the spaces are assumed to be path connected. A path in X is called a loop
if its starting point and the end points are same. Let x0 ∈ X . Let �(X, x0) denote
the set of all loops in X based at x0. Two members σ and τ in �(X, x0) are said
to be homotopic if there is a continuous map H from [0, 1] × [0, 1] to X such that
H(s, 0) = σ(s), H(s, 1) = τ (s) and H(0, t) = x0 = H(1, t). This simplymeans
that if we treat �(X, x0) as a subspace of the space X [0,1] (of all paths in X ) with
compact open topology, then σ and τ are joined by a path in �(X, x0). The notation
σ ≈ τ stands to say that σ is homotopic to τ . The relation ≈ is an equivalence
relation on �(X, x0). We denote the quotient set �(X, x0)/ ≈ by π1(X, x0). The
equivalence class determined by σ is denoted by [σ]. Let σ and τ be members of
�(X, x0). Define a map σ � τ from [0, 1] to X by σ � τ (t) = σ(2t) if t ∈ [0, 1

2 ] and
σ � τ (t) = τ (2t − 1) if t ∈ [ 12 , 1]. Clearly, σ � τ belongs to �(X, x0). If σ ≈ σ′
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and τ ≈ τ ′, then it can be shown that (σ � τ ) ≈ (σ′ � τ ′) Thus, we have a product ·
in π1(X, x0) defined by by [σ] · [τ ] = [σ � τ ]. Further, π1(X, x0) is a group with
respect to this product. The element [ω0] is the identity, where ω0 is the constant loop
at x0. The inverse of [σ] is [σ−1], where σ−1(t) = σ(1 − t). The group π1(X, x0) is
called theFundamental group or theHomotopy group of X based at x0. If X is path
connected, then π1(X, x0) is independent (up to isomorphism) of the base point. A
base point preserving continuous map f from the pointed topological space (X, x0)
to a pointed topological space (Y, y0) defines a homomorphism f� from π1(X, x0)
to π1(Y, y0) by putting f�([σ]) = [ f oσ]. Indeed, π1 defines a functor from the
category of pointed topological spaces to the category of groups.

Let p : E −→ X be a covering space, where X is a path connected space. Let
x0 be a base point of X and e0 be a point in E over x0. Let σ be a loop in X at x0.
Then from unique path lifting property of p, there is a unique path σ̂ in E with initial
point e0. Further, if τ is another loop in X at x0 which is homotopic to τ and τ̂ is the
lifting of τ (with intial point e0), then σ̂ is homotopic to τ̂ . The fundamental group
π1(X, x0) acts on the fiber p−1(x0) as follows. Let [σ] ∈ π1(X, x0) and e ∈ p−1(x0).
Put [σ]e = σ̂(1), where σ̂ is the unique lifting of σ with initial point e. The action is
transitive and the isotropy subgroup π1(X, x0)e0 of the action at e0 is p�(π1(E, e0)).
It follows that p� is injective and [π1(X, x0) : p�(E, e0)] = | p−1({x0}) |. We again
state a basic theorem in the theory of covering spaces:

Theorem 5.1.41 Let Y be a connected and locally path connected space and f :
(Y, y0) −→ (X, x0) be a continuous map. Then, f can be lifted to a continuous map
f̂ from (Y, y0) to (E, e0) if and only if f�(π1(Y, y0)) ⊆ p�(π1(E, e0)). �

A connected space X is said to be a simply connected space if π1(X, x0) is trivial.
A connected space X is said to be locally simply connected if every point has a fun-
damental system of neighborhoods consisting of simply connected subspaces. Thus,
every manifold (being locally homeomorphic to R

n for some n) is locally simply
connected space. Since every Lie algebra over R (being homeomorphic to a vector
space over R) is simply connected and every Lie group is locally homeomorphic to
its Lie algebra, it follows that every Lie group is locally simply connected. We have
the following fundamental result in covering space theory:

Proposition 5.1.42 Let X be a locally simply connected space. Then, there is a
covering space p̂ : X̂ −→ X with base X which is universal in the sense that given
any covering space p : E −→ X with base X, there is a unique covering map φ from
X̂ to E such that poφ = p̂. �

Clearly, the covering space p̂ : X̂ −→ X described in the above proposition is
unique up to covering isomorphism. The space X̂ is called the universal covering
space of X . Every covering space over X is in between p̂ : X̂ −→ X . There is a
Galois like correspondence between the subgroups of π1(X, x0) and intermediary
covering projections. Indeed, the group π1(X, x0) is the group of covering transfor-
mations of p̂ : X̂ −→ X .

Now, let G be a Lie group and p̂ : Ĝ −→ G be a covering projection with Ĝ
connected and locally path connected. Let ê be an element in p−1({e}). Then from
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the lifting properties of covering projection, we get a product on Ĝ with respect to
which Ĝ is a group with p̂ a homomorphism. p̂ is a local homeomorphism, Ĝ is a Lie
group, and p̂ is aLie grouphomomorphism. ê is the identity. Since p−1({e}) = Ker p̂
is discrete normal subgroup of Ĝ, it is contained in the Z(Ĝ). Conversely, if H is
a discrete normal subgroup of Ĝ, then ν : Ĝ −→ Ĝ/H is a covering map. Suppose
that Ĝ is the universal covering group of G with p̂ : Ĝ −→ G the corresponding
covering projection. Then G ≈ Ĝ/Ker p̂, and Ker p̂ = π1(G). The Group Ĝ is
called the simply connected form of G. If further, Ĝ is such that Z(Ĝ) is discrete,
then Ĝ/Z(Ĝ) is a semi-simple Lie group and it is called the adjoint form of G. For
example, SU (2) is a simply connected form of SO(3) and SO(3) is the adjoint form
of SU (2).

Theorem 5.1.43 Let G ⊆ GL(n,C) be a simply connected linear Lie group and
G ′ ⊆ GL(m,C) be a Lie group. Then every Lie algebra homomorphism from L(G)

to L(G ′) is the differential of a unique continuous homomorphism from G to G ′.
In particular, L defines an equivalence from the category of simply connected Lie
groups to a category of Lie algebras.

Proof Consider the linear Lie group

G × G ′ ⊆ GL(n,C) × GL(m,C) ⊆ GL(n + m,C).

Let τ be a Lie algebra homomorphism from L(G) to L(G ′). Then L(G × G ′) is
L(G) × L(G ′). Indeed, given any continuous homomorphism ρ from R to G × G ′,
there is a uninque pair (A, B) ∈ L(G) × L(G ′) such that ρ(s) = (esA, esB). The
graph gτ of τ is a Lie sub algebra of L(G) × L(G ′). Let H be the subgroup ofG × G ′
generated by exp(gτ ). Then H is immersed subgroup ofG × G ′. The first projection
map p1 from H to G induces an isomorphism from the Lie algebra gτ to L(G). In
other words, p1 is a locally bijective covering map from < exp(gτ ) > to H . This
shows that p1 : H −→ G is a covering map. Since G is simply connected, p1 is an
isomorphism. The map p2 p

−1
1 is the required homomorphism. �

Theorem 5.1.44 A complex Torus S1 × S1 × · · · S1 is a compact connected abelian
Lie group.Conversely, every compact connected abelianLie group is a complex torus.

Proof Clearly, a complex Torus S1 × S1 × · · · × S1︸ ︷︷ ︸
n

, being isomorphic to the closed

subgroup of GL(n,C), is a compact connected abelian Lie group. Conversely, let G
be a compact connected abelian Lie group. Since

Limn→∞[e A
n , e

B
n ]n2 = e[A,B],

it follows that e[A,B] = I for all A, B ∈ L(G). Thus, [A, B] = 0 for all A, B ∈
L(G). As such, the exponential map exp is a continuous homomorphism from the
additive group of L(G) to G. Since exp(L(G)) is a open subgroup of G and G is
connected, exp is surjective also. Consequently, L(G)/Ker(exp) is topologically
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isomorphic to G. Since G is compact, Ker(exp) is a lattice in L(G). This means
that L(G)/Ker(exp) is isomorphic to Rn/Zn ≈ S1 × S1 × · · · × S1︸ ︷︷ ︸

n

for some n. �

Theorem 5.1.45 Every compact connected complex Lie group is a complex Torus.

Proof Let G be a compact connected complex Lie group. Consider the adjoint rep-
resentation Ad : G −→ GL(L(G)) ⊆ End(L(G)) given by

Ad(g)(A) = gAg−1.

Clearly, Ad is a holomorphic representation. Since G is compact, by the maximum
principle, Ad is constant. Thus, gAg−1 = A for all g ∈ G and A ∈ L(G). Con-
sequently, exp(L(G)) lies in the center of G. Since G is connected, exp(L(G))

generates G. This shows that G is abelian. The result follows from the above Propo-
sition. �

Example 5.1.46 Consider SU (2). A ∈ L(SU (2)) if and only if exp(A)−1 =
(exp(A))� = exp(A�) and Det (exp(A)) = 1. Hence L(SU (2)) = {A ∈ Mn(C) |
A� = −A and Tr A = 0} = su(2). Thus,

su(2) = {
[

i x1 x2 + i x3
−x2 + i x3 −i x1

]

| x1, x2, x3 ∈ R} ≈ R
3.

Clearly, su(2) has a standard basis {X1, X2, X3} over R, where

X1 = 1

2

[
0 i
i 0

]

, X2 = 1

2

[
0 1

−1 0

]

, X3 = 1

2

[
i 0
0 −i

]

.

The basis is so chosen that [X1, X2] = X3, [X2, X3] = X1, and [X3, X1] = X2.
The representation Ad : SU (2) −→ GL(su(2)) ≈ GL(3,R) is given by
Ad(g)(A) = gAg−1. Clearly, || A || = Det (A) = || Ad(g)(A) || for all g ∈ SU (2)
and A ∈ su(2). This means that Ad(g) is an orthogonal transformation for each
g ∈ SU (2). Since SU (2) is simply connected, Ad is a surjective homomorphism
from SU (2) to SO(3). Clearly, the kernel of Ad is {I,−I }. Thus, SU (2) is a double
cover of SO(3) and π1(SO(3)) ≈ Z2.

Since SU (2) is simply connected, the differential induces a bijective correspon-
dence ρ �→ ρ′ from the class of representations of SU (2) to the class of representa-
tions of su(2) under which irreducible representations correspond. We have already
determined all irreducible representations ρn of SU (2) as described in Example
5.1.28. We describe the differentials of these representations. Denote the polynomial
XkY n−k in ℘n by by φk . Then {φk | 0 ≤ k ≤ n} is a basis of ℘n . Since

d

dt
(

[
cos t

2 isin t
2

isin t
2 cos t

2

]

)|t=0 = X1,
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et X1 =
[
cos t

2 isin t
2

isin t
2 cos t

2

]

.

Similarly,

et X2 =
[
cos t

2 −sin t
2

sin t
2 cos t

2

]

,

and

et X3 =
[
ei

t
2 0
0 e−i t

2

]

.

Thus,

ρ′
n(X1)(φk )(X, Y ) = d

dt
(φk ([X, Y ]etX1 ))|t=0 = d

dt

( (

Xcos
t

2
+ iY sin

t

2

)k

×
(

i Xsin
t

2
+ Ycos

t

2

)n−k )

|t=0 = i

2
[kφk−1 + (n − k)φk+1].

Similarly,

ρ′
n(X2)(φk)(X,Y ) = 1

2
[kφk−1 − (n − k)φk+1],

and

ρ′
n(X3)(φk)(X,Y ) = 2k − n

2
iφk .

Note that the eigenvalues of iρ′
n(X3) are called weights. Further, n

2 is the maximal
weight.

Real Forms, and Complexifications
Now, we shall see as to how and why the representations of SU (2) are important in
the representation theory. Note that su(2) is not a Lie algebra over C.

Let L be a Lie algebra over R. Consider LC = L ⊗R C. This is a vector space
over the fieldC of complex numbers. It can be thought of as extension of scalars. We
have an obvious Lie product on LC with respect to which it is a Lie algebra over C.
LC is called the complexification of L . The association L → LC is a functor from
the category of real Lie algebras to the category of complex Lie algebras which is
adjoint to the forgetful functor from complex Lie algebras to the category of real Lie
algebras.

The following Theorem is not hard to see if we realize that the complex Lie group
GL(n,C) is the complexification of the compact real Lie group U (n).

Theorem 5.1.47 Let K be a compact connected real Lie group. Then, the com-
plexification KC of K is an analytic group such that L(KC) is the complexification
of L(K ). Further, π1(K ) ≈ π1(KC). Moreover, all complex representations of K
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can be uniquely extended to a holomorphic representation of KC and under this
correspondence, irreducible representations correspond. �

Example 5.1.48 Every complex matrix can be expressed as A + i B where A and B
are in u(n). Thus, u(n)C = gl(n,C). Similarly, gl(n,R)C = gl(n,C), su(n)C =
sl(n,C) = sl(n,R)C.U (n)C =GL(n,C)=GL(n,R)C, SU (n,C)C = SL(n,C).

Induced Representations

We introduce the concept of induced representation and Frobenius reciprocity for
their use in the subsequent sections. Let H be a closed subgroup of a compact (ormore
generally a locally compact) group G. Let ρ be a representation of G on V . Then,
the restriction of ρ to H denoted by ρ|H is a representation of H . One may observe,
by means of an example, that the restriction of an irreducible representation need
not be an irreducible representation(the two-dimensional irreducible representation
of S3 when restricted to A3 is not irreducible). We wish to describe the adjoint to
the restriction. Note that G/l H carries a G-invariant integral. Let η be a unitary
representation of H on W . Let V be the space of continuous functions f (vanishing
at infinity in case of locally compact group) from G to W such that f (hg) =
η(h)( f (g)) for all h ∈ H and g ∈ G. Then, we have a representation ηG of G on
V which is given by ηG(g)( f )(x) = f (xg−1). The representation ηG is called the
induced representation induced by the representation η of the subgroup H . Here,
we shall restrict ourself to finite groups, and in this case the induced representation
ηG has another convenient description as follows:

Let W be a left C(H)—module affording the representation η of H . C(H) is
a sub algebra of C(G), and as such C(G) is a bi-(C(G),C(H)) module. Hence
V = C(G) ⊗C(H) W is a left C(G)—module. This gives us a representation of G
which we denote by ηG , and call it the induced representation of G induced by the
representation η of the subgroup H of G. Let S be a left transversal to H in G.
Then C(G) as right C(H)—module can be written as ⊕�x∈SxC(H). Thus, V can
be written as

V = ⊕�x∈Sx ⊗ W.

Consider an element x ⊗ w, w ∈ W , x ∈ S in one of the direct summands of V .
Suppose that gx = yh, h ∈ H and y ∈ S. Then ηG(g)(x ⊗ w) = g(x ⊗ w) =
gx ⊗ w = yh ⊗ w = y ⊗ hw = y ⊗ w′, where w′ = hw = η(h)(w). Clearly,
DimV = DimW · [G : H ]. Thus,degηG = deg(η) · [G : H ]. If {w1, w2, · · · , wr }
is a basis ofW and S = {x1, x2, · · · , xs}. Then {xi ⊗ w j | 1 ≤ i ≤ s, 1 ≤ j ≤ r} is
a basis of V . The character χηG of G is denoted by χG

η , and it is called the induced
character.

Proposition 5.1.49 Let H bea subgroupof afinite groupG.Letρbea representation
of H. Then

χG
ρ (g) = 1

| H |�x∈Gχ′
ρ(xgx

−1),

where χ′
ρ = χρ on H and 0 on G − H.
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Proof Let ρ be a representation of H on W , and {w1, w2, · · · , wr } be a basis of W .
Let S = {x1, x2, · · · xs} be a left transversal to H in G. Let V = C(G) ⊗C(H) W .
Then as observed, {xi ⊗ w j } form a basis of V . Now, the basis element xi ⊗ w j will
contribute in the diagonal entry of ρG(g) only if gxi = xi h for some h ∈ H , and then
ρG(g)(xi ⊗ w j ) = xi ⊗ ρ(h)(w j ). Thus, for such a xi , the sum of the contributions
in the diagonal entries of ρG(g) corresponding to the set {xi ⊗ w j , |, 1 ≤ j ≤ r} is
χρ(x

−1
i gxi ) to the diagonal entry. This shows that

χG
ρ (g) = �s

i=1χ
′
ρ(x

−1
i gxi ) = 1

| H |�x∈Gχ′
ρ(x

−1gx).

The last equality holds because χρ is a class function. �

Theorem 5.1.50 (Frobenius reciprocity Law) Let H be a subgroup of a finite group
G. Let ρ be a representation of H, and η be a representation of G. Then

< χG
ρ ,χη >G = < χρ,χηH >H ,

where ηH denotes the restriction of η to H, <, >G denotes the inner product in
C(G), and <, >H denotes the inner product in C(H).

Proof We have

< χG
ρ ,χη >G = 1

| G |�g∈GχG
ρ (g)χη(g

−1)

= 1

| G |�g∈G
(

1

| H |�x∈Gχ′
ρ(x

−1gx)χη(x
−1g−1x)

)

= 1

| H |�y∈Gχ′
ρ(y)χη(y

−1)

= 1

| H |�h∈Hχρ(h)χηH (h−1) = < χρ,χηH >H .

�

In practice, to determine irreducible representations of a group G, we look at
the representations of some special type of subgroups, induce it to G, and then
decompose it into irreducible representations.

Remark 5.1.51 Observe that the Frobenious reciprocity holds even if we replace
characters by the class functions.

Example 5.1.52 Let H be a subgroup of a finite group G. Let S be a left transversal
to H inG. Let 1H denote the trivial representation of H , and V = ⊕�x∈Sx ⊗ C the
right vector space overCwith S̃ = {x ⊗ 1 | x ∈ S} as a basis. Then, the induced rep-
resentation 1GH is the representation of G on V given by 1GH (g)(x ⊗ 1) = gx ⊗ 1 =
yk ⊗ 1 = y ⊗ 1H (k)(1) = y ⊗ 1, where gx = yk, y ∈ S, k ∈ H . The character
χ1GH

is given by χ1GH
(g) = trace1GH (g) = | {x ∈ S | gx = xk f or some k ∈ H} |

= | {x ∈ S | gxH = xH} | for all g ∈ G. Using the Frobenious reciprocity law,

< χ1GH
, χ1G >G =< χ1H , χ1G/H >H =< χ1H , χ1H >H = 1.
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It follows that the trivial representation 1G of G appears once and only once in the
representation of 1GH as the direct sum of irreducible representations. More explicitly,
1GH = 1G ⊕ sH (G), where sH (G) is the representation of G with no summands as
1G . We shall call sH (G) the standard representation of G induced by the subgroup
H of G. What is s{e}(G)? Describe the representation sH (G). Further,

1

| G |�g∈Gχ1GH
(g)χ1G (g−1) = 1.

In turn,
1

| G |�g∈G | {x ∈ S | gxH = xH} | = 1.

Now, let θ be a left transitive action of G on X . Then θ induces a representation ρ of
G on the vector space CX over C with X as a basis. If H is the isotropy subgroup
of the action at a point x1 ∈ X , then X can be realized as a left transversal to H in
G, and the representation ρ is equivalent to 1GH . Thus, in this case,

1

| G |�g∈G | {x ∈ S | gθx = x} | = 1.

More generally, let G be a finite group which acts on a finite set X through a left
action θ. Let V a vector space over C with X as a basis. The action θ of G on X
determines a representation ρ of G on V . Let {X1, X2, . . . , Xr } be the set of distinct
orbits of the action. The action of G on X induces transitive actions of G on each Xi .
Further, V = CX = CX1 ⊕ CX2 ⊕ · · · ⊕ CXr , and ρ induces representations ρi
of G on CXi for each i with ρ = ρ1 ⊕ ρ2 ⊕ · · · ⊕ ρr . Let Hi denote the isotropy
subgroup of the action at a point xi ∈ Xi . Then as observed above, ρi = 1GHi

for
each i , and the character χρ = �iχρi . In turn, using the Frobenius reciprocity,

< χρ, χ1G >G = �i < χ1Hi
, χ1G >G = �i < χ1Hi

, χ1Hi
>Hi = r.

We get
1

| G |�g∈G | {x ∈ S | gθx = x} | = r,

where r is the number of orbits of the action. Also note that 1G{e} is the regular action
ρreg of G.

Example 5.1.53 Let G be a finite group which acts transitively on a finite set X
through a left action θ. Let H denote the isotropy subgroup of the action at a point
x ∈ X . Then H also acts on X . Let ρ denote the representation of G associated with
the action θ. Then ρ = 1GH , and the representation of H associated with the induced
action of H on X is the restriction 1GH/H . It follows from the discussion in the above
example that the number r of H—orbits of the action is given by
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r =< χ1GH /H , χ1H >H =< χ1GH
, χ1GH

>G = 1

| G |�g∈Gχρ(g)χρ(g
−1).

Further,χρ(g) = traceρ(g) is the number of fixed points of the action of the element
g on X , and which is the same as the number of fixed points of g−1. This shows that
χρ(g) = χρ(g

−1). Thus,

r = 1

| G |�g∈G(χρ(g))2 = 1

| G |�g∈G(| {x ∈ X | gθx = x} |)2.

Let us further assume that G acts doubly transitively on X . Then, the isotropy sub-
group H of the action at x0 ∈ X acts transitively on X − {x0}, and so the number
of orbits of the action of H on X is 2. From the above discussion, it follows that

1

| G |�g∈G(| {x ∈ X | gθx = x} |)2 = 2.

Also 1GH = 1G ⊕ sH (G), where 1G does not appear as a summand in sH (G). Hence

< χsH (G), χsH (G) >G = 1.

This shows that the standard representation sH (G) of G is irreducible provided that
the action of G on X is transitive as well as doubly transitive (For example, Sn
or An, n ≥ 4 acts transitively as well as doubly transitively on a set containing n
elements).

Let H and K be subgroups of a groupG. A subset KgH = {kgh | k ∈ K and h ∈
H} is called a (K,H)double coset. The set of all (K , H)double cosetswill be denoted
by [K ,G, H ].What are [{e},G, H ], [H,G, {e}] and [G,G, H ]? It is easily observed
that [K ,G, H ] is a partition of G. The set of representatives obtained by choosing
one and only one member from each (K , H)—double coset is called a double coset
representative system. For convenience, we choose e to represent double coset K H .
Let S be a left transversal to H inG. Then [K ,G, H ] = {KsH | s ∈ S}. Further,G
and so also K acts on S in a natural manner. It follows that the number of K—orbits
of this action is precisely the number | [K ,G, H ] | of (K , H)—double cosets. Using
the arguments in Examples5.1.52 and 5.1.53, we see that

| [K ,G, H ] | = 1

| K |�k∈K | {x ∈ S | kθx = x} | .

Since kθx = x if and only if k ∈ x−1Hx
⋂

K , it follows that

| [K ,G, H ] | = 1

| K |�x∈S | Hx−1
⋂

K | .

We leave the proof of the following two Propositions as exercises.



276 5 Representation Theory of Chevalley Groups

Proposition 5.1.54 (Mackey restriction formula) Let H and K be subgroups of G.
Let χ be a character of K and χG

K the induced character on G. Let χG
K |H denote the

restriction of χG
K to H. Then

χG
K |H =

∑

x∈S
(χx |H ⋂

K x )H ,

where S is the double coset representative system of the pair (H, K ) in G, and χx is
the character of K x = x−1Kx given by χx(x−1kx) = χ(k). �

The following Proposition is useful in determining the irreducible components of
induced representations.

Proposition 5.1.55 Let η be a character of H and χ a character of K . Then

< ηG, χG > =
∑

x∈S
< η|H ⋂

K x , χx |H ⋂
K x > .

(note that the last inner product is on C(H
⋂

K x )). �

Exercises

5.1.1 Determine all irreducible representations of D8.
5.1.2 Determine all irreducible representations of a non abelian group of order p3.
5.1.3 Determine all irreducible representations of A4.
5.1.4 Describe the induced representation 1SnSn−1

.
5.1.5 Prove the last two propositions of the section.

5.2 Representations of Sn, and of GL(2.q)

In this section, we describe all irreducible representations of symmetric groups and
of linear groups GL(2, q). As already observed, the number of equivalence classes
of irreducible representations is the class number of the group. In general, we may
not be able to parametrize the irreducible representations in terms of the conjugacy
classes of the group. However, for symmetric group, we parametrize the irreducible
representations with the set of conjugacy classes and give their explicit constructions.

Every conjugacy class of Sn determines and is determined uniquely by a partition
n = λ1 + λ2 + · · · + λr , where λ1 ≥ λ2 ≥ · · · ≥ λr . This partition will be
denoted by λ. The number of partitions of n is denoted by p(n). The function p , thus
obtained, is called the partition function. It can be seen that p(n) is the coefficient
of tn in the power series representation of

∏∞
r=1

1
1−tr . Evidently, the power series is

convergent for | t |< 1. The partition function has nice arithmetical properties and

has been widely studied. Asymptotically p(n) ≈ 1
4
√
3n
eπ

√
2n
3 .

Letλ = (λ1,λ2, · · · ,λr ) be a partition of n. Thus,λ1 ≥ λ2 ≥ · · · ≥ λr ≥ 1 such
that n = λ1 + λ2 + · · · + λr . To λ, we associate a diagram consisting of r rows of
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boxes such that the ith row contains λi boxes and all the rows are aligned from left.
Thus, for example, for the partition λ = (5, 4, 2, 2) of 13, the associated diagram
is as given below

The diagram associated with the partition λ is called the Young Diagram of λ.
If we interchange the rows and the columns of Young diagram of (λ), then the
partition associated with the new diagram is called conjugate partition of (λ).
Thus, the partition (μ) = (4, 4, 2, 2, 1)of 13 is conjugate to (5, 4, 2, 2). The partition
(5, 4, 2, 2, 1) of 14 is self conjugate. Using the Young diagrams, we shall decompose
the regular representation of Sn in to irreducible representations. In a Young diagram
associated with a partition λ of n, we fill up the boxes of the diagram by the sequence
1, 2, . . . , n in a sequence starting from the first row to get a tableau which is called
the Young Tableau of the partition. Thus, the Young Tableau associated with the
partition (5, 4, 2, 2) of 13 is

1 2 3 4 5

6 7 8 9

10 11

12 13

Let λ be a partition of n. Let Pλ denote the subgroup {p ∈ Sn | p f i xes each row
of the YoungTableau associated to λ} of Sn and Qλ denote the subgroup
{p ∈ Sn | p f i xes each column of the Young Tableau associated to λ} of Sn .
Consider the elements aλ = ∑

p∈Pλ
p and bλ = ∑

p∈Qλ
signp p of the group alge-

braC(Sn). Given any vector space V ,⊗nV = V ⊗ V ⊗ · · · ⊗ V︸ ︷︷ ︸
n

is aC(Sn)-module

by putting p · (v1 ⊗ v2 ⊗ · · · ⊗ vn) = vp(1) ⊗ vp(2) ⊗ · · · ⊗ vp(n). This induces a
ring homomorphism ρ from C(Sn) to End(⊗nV ). Clearly, the image ρ(aλ)(⊗nV )

is the subspace Symλ1(V ) ⊗ Symλ2(V ) ⊗ · · · ⊗ Symλr (V ) of ⊗nV , and the image
ρ(bλ)(⊗nV ) is the subspace

∧μ1(V ) ⊗ ∧μ2(V ) ⊗ · · · ⊗ ∧μt (V ) of ⊗nV , where
(μ1,μ2, . . . ,μt ) is conjugate to the partition λ. The element cλ = aλbλ of C(Sn) is
called the symmetrizer of the partition λ.



278 5 Representation Theory of Chevalley Groups

Example 5.2.1 1. Consider S2 = {I, p}, where p is the transposition (1, 2). We
have two partitions λ = (2) and μ = (1, 1) of 2. They are conjugate to each other.
The corresponding Young Tableau are given below

1 2 1

2

Evidently, aλ is the element I + p ofC(S2), bλ = 1, cλ = aλ. c2λ = 2cλ = 2(I +
p), aμ = 1, bμ = I − p = cμ, and c2μ = 2(I − p) = 2cμ. Also (a + bp)(I +
p) = (a + b)(I + p) and (a + bp)(I − p) = (a − b)(I − p). Since {I + p, I −
p} form a C-basis of C(S2), C(S2) = C(I + p) ⊕ C(I − p) is the decomposition
of C(S2) as direct sum of simple submodules. Since (I + p)p = I + p and (I −
p)p = −(I − p), C(I + p) corresponds to the trivial irreducible representation
and C(I − p) corresponds to the sign representation of S2

2. Consider S3. We have three partitions λ = (3), μ = (2, 1), and ν =
(1, 1, 1). The corresponding Young Tableau are as follows:

1 2 3 1 2

3

1

2

3

Further, aλ = ∑
p∈S3 p, bλ = 1, cλ = aλ, c2λ = 6cλ, aμ = I + (1, 2), bμ =

I − (1, 3), cμ = aμbμ = I − (1, 3) + (1, 2) − (1, 3, 2), c2μ = 3cμ, aν =
1, bν = ∑

p∈S3(sign(p))p, cν = bν, and c2ν = 6cν .
The submodule C(S3)cλ = Ccλ is the one-dimensional simple submodule of

C(S3) affording the trivial representation, since pcλ = cλ for all p ∈ S3. Similarly,
C(S3)cν = Ccν and pcν = sign(p)cν . HenceC(S3)cν affords the sign representa-
tion of S3. Finally, it can be observed that the submoduleC(S3)cμ affords the standard
irreducible representation ρs of S3 and C(S3) as a module over itself is isomorphic
to Ccλ ⊕ Ccν ⊕ C(S3)cμ ⊕ C(S3)cμ.

More generally, we have the following Theorem:

Theorem 5.2.2 Consider Sn. Let λ be a partition of n. Then C(Sn)cλ is simple
C(Sn)-module affording an irreducible representation ρλ of Sn. Conversely, every
irreducible representation of Sn is of the form ρλ for a unique partition λ of n.
c2λ = mλcλ, where mλ = n!

degρλ
.
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We need a Lemma to prove the Theorem.

Lemma 5.2.3 (i) pcλsign(q)q = cλ for all p ∈ Pλ and q ∈ Qλ.
(ii) Pλ

⋂
Qλ = {I }. Further, g ∈ C(Sn) − PλQλ if and only if g = τgq for

some transposition τ ∈ Pλ and q ∈ Qλ.
(iii) Let x = ∑

g∈Sn αgg be a member of C(Sn). Then pxsign(q)q = x for all
p ∈ Pλ and q ∈ Qλ if and only if x = αcλ for some α ∈ C.

(iv) Let x ∈ C(Sn). Then cλxcλ = αxcλ for some scalar αx .
(v) c2λ = mλcλ for some scalar mλ.
(vi) Suppose that λ > μ under the lexicographic order. Then aλxbμ = 0 for all

x ∈ C(Sn).
(vii) If λ > μ, then cλcμ = 0.

Proof (i) Note that paλ = aλ = aλ p and sign(q)qbλ = bλ = bλsign(q)q for all
p ∈ Pλ andq ∈ Qλ. Consequently, pcλsign(q)q = paλbλsign(q)q = aλbλ = cλ

for all partitions λ.
(ii) Since identity is the only permutation which fixes each row and each column

of a Young tableau, Pλ

⋂
Qλ = {I }. Next, let g = τgq, where τ is a transposi-

tion in Pλ and q ∈ Qλ. Suppose that g = pq ′, where p ∈ Pλ and q ′ ∈ Qλ. Then
pq ′ = τ pq ′q. But, then p−1τ p = q ′qq ′−1 belongs to Pλ

⋂
Qλ = {I }. This is

a contradiction, since τ �= I . This shows that g /∈ PλQλ. Conversely, suppose that
g−1τg /∈ Qλ for any transposition τ ∈ Pλ. Let T denote theYoungTableau associated
with the partition λ. If h ∈ Sn , then hT will denote the Tableau obtained by replac-
ing i with h(i) in the Tableau T . Since g−1τg /∈ Qλ for any transposition τ ∈ Pλ,
there is a p1 ∈ Pλ and a q1 ∈ gQλg

−1 such that p1T and q1gT have same first row.
Repeating the argument successively, we see that there is a p ∈ Pλ and q ∈ gQλg

−1

such that pT = qgT . This means that p = qg. But, then g = pg−1q−1g belongs
to PλQλ. This proves (ii).

(iii) One way implication follows from (i). Let x = ∑
g∈Sn αgg be a mem-

ber of C(Sn) such that pxsign(q)q = x for all p ∈ Pλ and q ∈ Qλ. We show
that x = αcλ for some scalar α. Since p(

∑
g∈Sn αgg)sign(q)q = ∑

g∈Sn αgg
for all p ∈ Pλ and q ∈ Qλ, αpgq = sign(q)αg for all p ∈ Pλ, q ∈ Qλ, and
g ∈ Sn . This means that αpq = sign(q)α1 for all p ∈ Pλ and q ∈ Qλ. Thus,
x = α1

∑
p∈Pλ,q∈Qλ

psign(q)q + ∑
g /∈PλQλ

αgg = α1cλ + ∑
g /∈PλQλ

αgg. It
is sufficient, therefore, to show that αg = 0 for all g /∈ PλQλ. If g /∈ PλQλ, then
from (ii), it follows that g = τgq for some transposition τ in Pλ and q ∈ Qλ. From
the earlier observation, αg = −αg . This means that αg = 0.

(iv) Evidently, pcλxcλsign(q)q = cλxcλ. The result follows from (iii).
(v) Follows from (iv) by putting x = 1.
(vi) It is sufficient to show that aλgbμ = 0 for all g ∈ Sn . Let T λ denote the

Young tableau associated with λ and T μ that associated with μ. Then gT μ is the
Tableau which can be used to construct gbμg

−1. Since λ > μ, there is a pair of
natural numbers which lie in same row of T λ and also in the same column of gT μ.
If τ is the transposition determined by the pair of natural numbers, then aλτ = aλ,
τgbμg

−1 = −gbμg
−1. Hence aλgbμg

−1 = aλττgbμg
−1 = −aλgbμg

−1. This
means that aλgbμg

−1 = 0 or equivalently, aλgbμ = 0.
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(vii) Follows from (vi) by putting x = bλaμ. �

Proof of Theorem 5.2.2. By Lemma 5.2.3 (iv), cλC(Sn)cλ ⊆ Ccλ. Clearly,
C(Sn)cλ is a submodule of C(Sn). Let W be a submodule of C(Sn)cλ. Then cλW
(being a subspace consisting of scalar multiples of cλ) is Ccλ or it is {0}. Sup-
pose that cλW = Ccλ. Since W is a C(Sn)-module, Ccλ ⊆ W and, in particular,
cλ ∈ W . Thus, in this case, C(Sn)cλ = W . Next, suppose that cλW is {0}. Then
W · W ⊆ C(Sn)cλW = {0}. SinceW is a submodule ofC(Sn), there is aw ∈ C(Sn)
with w = w2 such that W = C(Sn)w. It follows that W = {0}. Thus, C(Sn)cλ

is a simple submodule of C(Sn) (note that C(Sn)cλ �= {0}) affording an irreducible
representation of Sn .

Now, suppose that λ > μ. Since cλC(Sn)cλ = Ccλ �= {0} but cλC(Sn)cμ = {0}
(Lemma 5.2.3), C(Sn)cλ �≈ C(Sn)cμ. Since the number of equivalence classes of
simple C(Sn)-modules is equal to the number of partitions of n, any simple
C(Sn)-module is isomorphic to one and only one member of the set {C(Sn)cλ |
λ is a parti tion of n}. This determines all irreducible representations of Sn .

Finally, we show that the degree deg(ρλ) of the irreducible representation ρλ

afforded by the module C(Sn)cλ is n!
mλ

, where mλ is the scalar given in Lemma
5.2.3(v). Consider the right multiplication rcλ

on C(Sn) by cλ. Clearly, it is a C(Sn)-
module homomorphism whose image is C(Sn)cλ. By Lemma 5.2.3(v), rcλ

is mul-
tiplication by the scalar mλ on C(Sn)cλ. Thus, Tr(rcλ

) = mλDim(C(Sn)cλ) =
mλdeg(ρλ). On the other hand, the coefficient of g ∈ Sn in g · cλ is 1. This means
that Tr(rcλ

) = | Sn | = n!. The result follows. �
Corollary 5.2.4 As a C(Sn)-module

C(Sn) ≈ ⊕
∑

λ∈P(n)

n!
mλ

C(Sn)cλ,

and as a ring
C(Sn) ≈

∏

λ∈P(n)

M n!
mλ

(C),

where P(n) is the set of partitions of n.

Proof Follows from the above Theorem and the equations (1) and (3) of Sect. 5.1. �

Remark 5.2.5 Since c2λ = mλcλ is integral multiple of cλ, cλ ∈ Q(Sn). Thus, all
irreducible representations of Sn are realizable over Q.

Frobenius Character Formula

Next, we state the Frobenius character formula for the character χλ of the representa-
tion ρλ associatedwith the partitionλ. Let�n denote the set {α = (α1,α2, . . . ,αn) |
αi ≥ 0 and

∑n
i=1 iαi = n}. Let Cα denote the conjugacy class of Sn consist-
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ing of permutations which are products of α1 cycles of length 1, α2 cycles of
length 2, · · · , and αn cycles of length n (all pairwise disjoint). Every conjugacy
class of Sn is uniquely represented by Cα for some α ∈ �n . Consider the poly-
nomial algebra C[X1, X2, . . . , Xn] in n variables. Let Pi (X) denote the polyno-
mial Xi

1 + Xi
2 + · · · + Xi

n and �(X) denote the polynomial
∏

1≤i< j≤n(Xi − X j ).
Let [ f (X1, X2, . . . , Xn)](t1,t2,...,tn) denote the coefficient of Xt1

1 X
t2
2 · · · Xtn

n in the
polynomial f (X1, X2, . . . , Xn). Let λ = (λ1,λ2, . . . ,λr ) be a partition of n.
Extend it to a sequence (λ1,λ2, · · · ,λn) by putting λi = 0 for all i ≥ r + 1. Put
lλ1 = λ1 + n − 1, lλ2 = λ2 + n − 2, . . . , lλn = λn .

Theorem 5.2.6 (Frobenius Character Formula) χλ(Cα) = [�(X)
∏n

i=1
Pi (X)αi )](lλ1 ,lλ2 ,...,lλn ). �

The proof of the formula involves pain staking computations and we leave it. Let
us have some applications and examples.

Consider S3 and λ = (2, 1). So λ1 = 2, λ2 = 1, and λ3 = 0. The represen-
tation ρλ is the standard representation. We have three conjugacy classes, {I } = Cα

corresponding to the sequence α = (3, 0, 0), Cβ = {(1, 2), (2, 3), (1, 3)} corre-
sponding to β = (0, 3, 0), and Cγ = {(1, 2, 3), (1, 3, 2)} corresponding to the
sequence γ = (0, 0, 3). Clearly, lλ1 = 2 + 3 − 1 = 4, lλ2 = 1 + 1 = 2, lλ3 =
0. χλ(Cα) is the coefficient of X4

1X
2
2 in [(X1 − X2)(X2 − X3)(X1 − X3)(X1 +

X2 + X3)
3(X2

1 + X2
2 + X2

3)
0(X3

1 + X3
2 + X3

3)
0]. Thus, χλ(Cα) = 2 = deg(ρλ).

χλ(Cβ) is the coefficient of X4
1X

2
2 in [(X1 − X2)(X2 − X3)(X1 − X3)(X1 + X2 +

X3)
0(X2

1 + X2
2 + X2

3)
3(X3

1 + X3
2 + X3

3)
0]. Thus,χλ(Cβ) = 0. Similarly,χλ(Cγ) =

−1. Note that this agrees with our earlier computation of the character of the standard
representation ρs of S3.

Corollary 5.2.7 Let λ be a partition of n. Then

deg(ρλ) = n!
lλ1 !lλ2 ! · · · lλn !

∏

1≤i< j≤r

(lλi − lλj ).

Proof Since deg(ρλ) = χλ(I ) and the conjugacy class of I corresponds to the
sequence (n, 0, . . . , 0) (I is product of n disjoint cycles of length 1), deg(ρλ) is the

coefficient of X
lλ1
1 X

lλ2
2 · · · Xlλr

r in the polynomial
∏

1≤i< j≤r (Xi − X j ) · (X1 + X2 +
· · · + Xn)

n . Now,
∏

1≤i< j≤n(Xi − X j ) is a suitable Vandermonde determinant, and
as such,

∏

1≤i< j≤n

(Xi − X j ) =
∑

p∈Sn
sign(p)X (p(n)−1)

1 X (p(n−1)−1)
2 · X (p(1)−1)

n .

Further,

(X1 + X2 + · · · + Xn)
n =

∑

r1+r2+···+rn=n

n!
r1!r2! · · · rn! X

r1
1 Xr2

2 · · · Xrn
n
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(use induction on n). Clearly, the coefficient of X
lλ1
1 X

lλ2
2 · · · Xlλn

n in

(
∑

p∈Sn
sign(p)X (p(n)−1)

1 X (p(n−1)−1)
2 X (p(1)−1)

n )(
∑

r1+r2+···+rn=n

n!
r1!r2! · · · rn ! X

r1
1 Xr2

2 · · · Xrn
n )

is
∑

sign(p)
n!

(lλ1 − p(n) + 1)!(lλ2 − p(n − 1) + 1)! · · · (lλn − p(1) + 1)! ,

where the sum is taken over all permutations p ∈ Sn for which lλn−i+1 − p(i) + 1 ≥ 0
for all i . We can rewrite it as

n!
lλ1 !lλ2 ! · · · lλn !

∑

p∈Sn |p(i)−1≤lλn−i+1∀i
sign(p)

n∏

i=1

lλi (lλi − 1) · · · (lλi − p(n − i + 1) + 2)

which, in turn, equals to n!
lλ1 !lλ2 !···lλn ! · D, where D is the determinant of the matrix

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 lλ1 lλ1 (lλ1 − 1) · · · lλ1 (lλ1 − 1) · · · (lλ1 − n + 1)
1 lλ2 lλ2 (lλ2 − 1) · · · lλ2 (lλ2 − 1) · · · (lλ2 − n + 1)
· · · · ·
· · · · ·
· · · · ·
1 lλn lλn (lλn − 1) · · · lλn (lλn − 1) · · · (lλn − n + 1)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Clearly, D equals to the determinant of a Vandermonde matrix

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 lλ1 (lλ1 )2 · · · (lλ1 )n

1 lλ2 (lλ2 )2 · · · (lλ2 )n

· · · · ·
· · · · ·
· · · · ·
1 lλn (lλn )2 · · · (lλn )n

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Thismeans thatD = ∏
1≤i< j≤n(l

λ
i − lλj ). Thus,deg(ρλ) = n!

lλ1 !lλ2 !···lλn !
∏

1≤i< j≤n(l
λ
i −

lλj ). �

Now,wewish to describe the irreducible representations of An with the knowledge
of representations of Sn .More generally, let H be a subgroup ofG of index 2. Let η be
a representation of H onW . Let a ∈ G − H . Define a representation ηa of H onW by
ηa(h) = η(aha−1). Clearly, η is irreducible if and only if ηa is irreducible. Let b be
another element ofG − H . Then b = ka for some k ∈ H and ηa is equivalent to ηb.
For, then ηb(h) = η(bhb−1) = η(kah(ka)−1) = η(k)ηa(h)η(k)−1 for all h ∈ H .
Thus, ηa is unique up to equivalence. This representation is called the representation
conjugate to η.
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Further, we have a nontrivial one-dimensional representation τ ofG onC given by
τ (h) = 1 for all h ∈ H and τ (g) = −1 for all g /∈ H . For a given representations
ρ of G on V , we have a representation ρτ of G on V which is given by ρτ (g)(v) =
ρ(g)(v) for g ∈ H and ρτ (g)(v) = −ρ(g)(v) for g /∈ H . Indeed, ρτ ≈ ρ ⊗ τ . Note
that ρτ |H = ρ|H .
Theorem 5.2.8 Let ρ be an irreducible representation of G on V and H a subgroup
of index 2 in G. Then one and only one of the following hold:

1. ρ �≈ ρτ and ρ|H is irreducible representation of H which is conjugate to itself.
Also (ρ|H )G = ρ ⊕ ρτ .

2. ρ ≈ ρτ , and ρ|H = η ⊕ η′, where η and η′ are nonequivalent irreducible
representations of H and which are conjugate to each other. Further, ηG ≈ η′G ≈ ρ.

Finally, every irreducible representation of H is uniquely obtained in this manner.

Proof Since ρ is irreducible representation of G,

1 = < χρ, χρ >G = 1

| G |
∑

g∈G
| χρ(g) |2 = 1

| G | (
∑

h∈H
| χρ(h) |2 +

∑

g /∈H
| χρ(g) |2).

Thus,
| G | = 2 | H | =

∑

h∈H
| χρ(h) |2 +

∑

g /∈H
| χρ(g) |2 .

Since 1
|H |

∑
h∈H | χρ(h) |2 = < χρ|H , χρ|H >H is an integer,

∑
h∈H | χρ(h) |2 is an

integral multiple of | H |. Hence ∑
h∈H | χρ(h) |2 = | H | or 2 | H |. Suppose that∑

h∈H | χρ(h) |2 = | H |. Then < χρ|H , χρ|H >H = 1 and hence ρ|H is irreducible.
Further, in this case

∑
g /∈H | χρ(g) |2 = | H | and so ρ �≈ ρτ . Also ρ|GH = ρ ⊕ ρτ .

Next, suppose that
∑

h∈H | χρ(h) |2 = 2 | H |. Then ∑
g /∈H χρ(g) = 0. This

means that ρ ≈ ρτ . Further, in this case ρ|H = η ⊕ η′, where η and η′ are irreducible
and conjugate to each other. Since ρ is irreducible, η �≈ η′.

The final assertion also follows if we look and analyze the induced representation
ηG of an irreducible representation η of H . �

Now, we describe the conjugacy classes of H in terms of the conjugacy classes
in G.

Proposition 5.2.9 Let H be a subgroup of G of index 2. Then a conjugacy class
C of H is either a conjugacy class of G or else there is a unique conjugacy class
C ′ �= C of H such that C

⋃
C ′ is a conjugacy class of G.

Proof Let C = {khk−1 | k ∈ H} be a conjugacy class of H determined by h ∈ H .
ThenC ⊆ Ĉ = {ghg−1 | g ∈ G}. Suppose that Ĉ �= C . Then, there is an elementg /∈
H such that ghg−1 /∈ C . We show that Ĉ − C is a conjugacy class of H determined
by ghg−1. Let k ∈ H . Since ghg−1 /∈ C , kghg−1k−1 /∈ C . Hence the conjugacy class
of H determined by ghg−1 is contained in Ĉ − C . Let xhx−1 be a member of Ĉ − C .
Then x /∈ H . Since [G : H ] = 2, x = kg for some k ∈ H . But then xhx−1 =
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kghg−1k−1 belongs to the conjugacy class of H determined by ghg−1. This shows
that C

⋃
C ′ = Ĉ is a conjugacy class of G, where C ′ is a conjugacy class of H . �

Definition 5.2.10 A conjugacy class C of H is called a split conjugacy class of H
if there is another conjugacy class C ′ of H such that C

⋃
C ′ is a conjugacy class of

G. The pair (C,C ′) is called a split pair of conjugacy classes.

Example 5.2.11 Consider the subgroup A3 of S3. The pair ({(1, 2, 3)}, {(1, 3, 2)})
is a split pair of conjugacy classes of A3. Determine split conjugacy classes of A4

considered as a subgroup of S4.

Remark 5.2.12 More generally, the above discussion can be carried out (with a
little care) for irreducible representations of a normal subgroup of prime index or
even more generally for a normal subgroup of finite index.

The above discussion can be used to determine the irreducible representations of
An as exercises (Exercises 5.2.8–5.2.13).

Representations of GL(2, q) and SL(2, q)

Our next aim is to describe the irreducible representations and characters ofGL(2, q),
SL(2, q), and of PSL(2, q), where q is a prime power. We need to describe the
conjugacy classes of these groups. Recall that Exercises 4.5.1 and 4.5.2 of Algebra
3 describe these conjugacy classes. However, since we are going to use it, we shall
give solutions to those exercises.

1. Since Z(GL(2, q)) = {aI | a ∈ F�
q }, there are q − 1 singleton conjugacy

classes {{aI } | a ∈ F�
q }.

2. For a ∈ F�
q , consider the matrix

Aa =
[
a 1
0 a

]

.

Since similar matrices have same eigenvalues, Aa is conjugate to Ab if and only if
a = b. Further, [

x y
z t

]

·
[
a 1
0 a

]

=
[
a 1
0 a

]

·
[
x y
z t

]

if and only if x = t ∈ F�
q and z = 0. Thus, the centralizer of Aa contains q(q − 1)

elements. Since | GL(2, q) | = (q2 − 1)(q2 − q) elements, The conjugacy class Aa

determined by Aa contains q2 − 1 elements. There are q − 1 such conjugacy classes.
3. Consider

Aa,b =
[
a 0
0 b

]

,

where a, b ∈ F�
q , a �= b. Clearly, Aa,b is conjugate to Ac,d if and only if {a, b} =

{c, d}. Further, [
x y
z t

]

·
[
a 0
0 b

]

=
[
a 0
0 b

]

·
[
x y
z t

]

,
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a �= b if and only if x = t ∈ F�
q and z = 0 = y.Thus, the centralizer of Aa,b is

the diagonal subgroup of GL(2, q) containing (q − 1)2 elements. Consequently, the
conjugacy class Aa,b contains

(q2−1)(q2−q)

(q−1)2 = q(q + 1) elements. There are (q−1)(q−2)
2

such conjugacy classes.
4. Assume that q is odd. Let ξ be a generator of F�

q . Since q is odd, X2 − ξ is
irreducible in Fq [X ]. Consequently,

Ba,b =
[
a bξ
b a

]

is a member of GL(2, q), whenever a ∈ F�
q or b ∈ F�

q . Let ζ be a root of X2 − ξ
in the quadratic extension Fq2 of Fq . Define a map η from F�

q2 to GL(2, q) by
η(a + bζ) = Ba,b. Clearly, η is an injective homomorphism of groups. Note that
Ba,0 is scalar matrix aI . The eigenvalues of Ba,b are a ± bζ. Thus, Ba,b is conjugate
to Bc,d if and only if a = c and b = ±c. Further assume that b �= 0. Then

[
x y
z t

]

·
[
a bξ
b a

]

=
[
a bξ
b a

]

·
[
x y
z t

]

,

if and only if x = t and y = ξz. Thus, the centralizer of Ba,b, b �= 0 contains
q(q − 1) elements. Hence the conjugacy class Ba,b contains (q2−1)(q2−q)

2q(q−1) = q2−1
2

elements. The number of such conjugacy classes is q2 − q.
The number of elements in the union of the conjugacy classes of the types 1, 2, 3,

and 4 is (q − 1) + (q − 1)(q2 − 1) + (q−1)(q−2)
2 + q(q−1)

2 = (q2 − 1)(q2 − q) =
| GL(2, q) |. Thus, these are all conjugacy classes of GL(2, q). The number of
conjugacy classes is 2(q − 1) + (q−1)(q−2)

2 + q(q−1)
2 = q2 − 1. Consequently, there

are q2 − 1 irreducible representations of GL(2, q). We wish to determine them.
1. For each group homomorphism α from F�

q to C
�, we have a one-dimensional

representation ρα of GL(2, q) given by ρα(g) = α(Det (g)). Note that there
are q − 1 homomorphisms from F�

q to C
� each determined uniquely by a choice

of (q − 1)th root of unity in C. This gives us q − 1 irreducible one-dimensional
irreducible representations {ρα | α ∈ Hom(F�

q ,C�)}. The characters χρα
are given

by χρα
(aI ) = α(a)2 = χρα

(Aa), χρα
(Aa,b) = α(a)α(b), and χρα

(Ba,b) =
α(a2 − ξb2).

2. Consider the projective line P1Fq over Fq . By the definition P1Fq is the
quotient set (Fq × Fq − {(0, 0)})/ ≡, where (a, b) ≡ (c, d) if and only if there is a
λ ∈ F�

q such that (λa,λb) = (c, d). The equivalence class determined by (a, b) is
denoted by [a, b]. Thus, [a, b] = [c, d] if and only if c = λa and d = λb for
someλ ∈ F�

q . Clearly, P
1Fq = {[λ, 1] | λ ∈ Fq} ⋃{[0, 1]} containsq + 1 elements.

GL(2, q) acts transitively on P1Fq in obvious manner. Express P1Fq as ordered set
{x1, x2, . . . , xq+1}. The action of GL(2, q) on P1Fq gives a representation of ρ of
GL(2, q) of degree q + 1 on ⊕∑q+1

i=1 Cxi . We have the trivial subrepresentation ρ1
of ρ on the subspace C(x1 + x2 + · · · xq+1) of ⊕ ∑q+1

i=1 Cxi . Clearly, ρ = ρ1 ⊕ ρs ,
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whereρs is the subrepresentation ofρon the subspaceV = {∑q+1
i=1 ai xi | ∑q+1

i=1 ai =
0}. Clearly,χρs (aI ) = DimV = q for all a. We have a basis S = {xi − xi+1 | 1 ≤
i ≤ q} of V . It can be easily observed that χρs (Aa) = 0 for all a, χρs (Aa,b) = 1,
and χρs (Ba,b) = −1. Consequently,

< χρs ,χρs > = 1

| GL(2, q) | [(q − 1) · q2

+ (q − 1) · 0 + (q − 1)(q − 2)

2
(q2 + q) · 12

+ (q2 − q)

2
(q2 − q) · (−1)2] = 1.

Thus, ρs is irreducible. For each homomorphism α from F�
q to C

�, Consider the
representation ρα

s = ρs ⊗ ρα. Clearly, χρα
s

= χρsχρα
. It can be easily observed

that < χρα
s
, χρα

s
> = 1. This gives q − 1 irreducible representations {ρα

s | α ∈
Hom(F�

q ,C�)} each of degree q. Their characters are described as above.
3. Next, consider the Borel subgroup

B = {
[
a c
0 b

]

| a, b ∈ F�
q , c ∈ Fq},

and the unipotent subgroup

U = {
[
1 c
0 1

]

| c ∈ Fq},

ofGL(2, q). Since B/U is isomorphic to F�
q × F�

q , for eachpairα,β∈Hom(F�
q ,C�),

wehave aone-dimensional representationηα,β of Bwhich is givenbyηα,β(

[
a c
0 b

]

) =
α(a)β(b). Let ρα,β denote the induced representation η

GL(2,q)

α,β . Clearly, ρα,β is
of degree [GL(2, q) : B] = q + 1. Further, using Proposition 5.1.49, we can
see that χρα,β

(aI ) = (q + 1)α(a)β(a), χρα,β
(Aa) = α(a)β(a), χρα,β

(Aa,b) =
α(a)β(b) + α(b)β(a), and χρα,β

(Ba,b) = 0. It follows that ρα,β = ρβ,α, and
ρα,α = ρα

s ⊕ ρα. It also follows that < χρα,β
,χρα,β

> = 1 for α �= β. This gives
us 1

2 (q − 1)(q − 2) irreducible representations {ρα,β | α �= β} whose characters are
given above.

4. Finally, we find the remaining 1
2q(q − 1) irreducible representations of

GL(2, q). We discover these irreducible representations as components of the rep-
resentations induced by the representations of the subgroup L = {Ba,b | (a, b) ∈
Fq × Fq − {(0, 0)}} of GL(2, q) and the tensor products of earlier representations.
Note that L is isomorphic to F�

q2 under the isomorphism Ba,b �→ (a + bζ). We

have q2 − 1 one-dimensional irreducible representations of L . Let μ be a one-
dimensional representation of L . Consider the induced representation μGL(2,q) of
GL(2, q) which is of degree [GL(2, q) : L] = q2 − 1. It can be easily seen that
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χμGL(2,q) (aI ) = q(q − 1)μ(aI = Ba,0), χμGL(2,q) (Aa) = 0 = χμGL(2,q) (Aa,b), and
χμGL(2,q) (Ba,b) = μ(B0,1) + μ(B0,1)

q . Since (aI )q = aI and B(0, 1)q
2 = B(0, 1),

it follows that χμGL(2,q) = χ(μq )GL(2,q) . This way, we get 1
2q(q − 1) distinct induced

representations {μGL(2,q) | μq �= μ} from the irreducible representations of L . These
representations are not irreducible as < χμGL(2,q) , χμGL(2,q) > = q − 1 for μ with
property μq �= μ. Now, let us look at the tensor product representations ρα

s ⊗ ρβ ,
ρα,β ⊗ ργ and ρs ⊗ ρα,β . Since ρα

s ⊗ ρβ ≈ ρ
αβ
s and ρα,β ⊗ ργ ≈ ραγ,βγ , they do not

give any new irreducible representations. However, ρ
α,β
s = ρs ⊗ ρα,β and in par-

ticular, ρα,1
s contains new irreducible representations. It can be easily seen that the

character χρα,1
s

takes the values q(q + 1)α(a), 0, α(a) + α(b), and 0 on the con-

jugacy classes {aI }, Aa , Aa,b, and Ba,b, respectively. The following identities can be
easily checked:

< χρα,1
s

, χρα,1 > = 2 · · · (1).

< χμGL(2,q) , χρα,1 > = 1 · · · (2),

where μ(B(a, 0)) = α(a) for all a ∈ F�
q .

< χρα,1
s

, χρα,1
s

> = q + 3 · · · (3).

< χρα,1
s

, χμGL(2,q) > = q · · · (1),

where μ(B(a, 0)) = α(a) for all a ∈ F�
q . The above identities ensure that ρα,1 is

a subrepresentation of ρα,1
s . Again, since < χρα,1

s
, χμGL(2,q) > = q and < χμGL(2,q) ,

χμGL(2,q) > = q − 1, μGL(2,q) and ρα,1
s have many common irreducible representa-

tions. This prompts us to look at the virtual (perhaps)chararacter

χρα,1
s

− χρα,1 − χμGL(2,q) = χμ̂.

Using the above 4 identities, we see that χμ̂ takes the values (q − 1)α(a), α(a), 0,
and−(μ(B0,1) + (μ(B0,1))

q) on the four types of conjugacy classes of GL(2, q) as
already described. Thismeans that< χμ̂,χμ̂ >= 1 andχμ̂(1) = q − 1. This shows
thatχμ̂ is a genuine irreducible character ofGL(2, q) of degree q − 1. Consequently,
we have the set {μ̂ | μ ∈ Hom(L ,C�) wi th μq �= μ} of 1

2q(q − 1) irreducible rep-
resentations of GL(2, q).

This completes the description of all irreducible representations of GL(2, q)

together with their characters.

Representations of SL(2, q)

Let us list the conjugacy classes of SL(2, q).
1. Since q is odd, Z(SL(2, q)) = {I,−I }. Thus, {I } and {−I } are two singleton

conjugacy classes of SL(2, q).
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2. It can be easily seen that the centralizer of the matrix

[
1 1
0 1

]

is the group

consisting of the matrices of the types

[
a b
0 a

]

, where a2 = 1. Thus, the centralizer

of

[
1 1
0 1

]

contains 2q elements. Since | SL(2, q) | = q(q2 − 1), the conjugacy class
[
1 1
0 1

]

contains q2−1
2 elements.

3. Observe that

[
1 1
0 1

]

is not conjugate to

[
1 ξ
0 1

]

, and as above the conjugacy

class

[
1 ξ
0 1

]

also contains q2−1
2 elements.

4. Clearly,

[−1 1
0 −1

]

is not conjugate to any of the matrices of the type 1, 2, and

3. As above the conjugacy class

[−1 1
0 −1

]

again contains q2−1
2 elements.

5. The conjugacy class

[−1 ξ
0 −1

]

is different from the previous conjugacy classes,

and it also contains q2−1
2 elements.

6. Let a �= ±1. Then only diagonal matrices in SL(2, q) commute with

[
a 0
0 a−1

]

.

Thus, the conjugacy class

[
a 0
0 a−1

]

again contains q(q + 1) elements. There are q−3
2

such conjugacy classes.

7. Finally, for a �= ±1,

[
a bξ
b a−1

]

is a conjugacy class different from the previous

conjugacy classes which contains q(q − 1) elements. The number of such conjugacy
classes is q−1

2 .
This exhaust all elements of SL(2, q). There are q + 4 conjugacy classes of

SL(2, q) thus obtained.
To determine the q + 4 irreducible representations of SL(2, q), we first look at

the restrictions of the representations of GL(2, q) to SL(2, q).
1. The representations ρα restricted to SL(2, q) are all trivial irreducible repre-

sentation of SL(2, q).
2. Since ρα|SL(2,q) is a trivial representation, the restriction ρα

s |SL(2,q) of the tensor
product representation ρα

s is equivalent to the restriction ρs |SL(2,q). Looking at the
values of the character χρs on the conjugacy classes of SL(2, q) as described above,
we see that

< χρs |SL(2,q)
, χρs |SL(2,q)

> = 1

q(q2 − 1)

∑

h∈SL(2,q)

| χρs |SL(2,q)
(h) |2

= 1

q(q2 − 1)
[q2 + q2 + q(q + 1)

q − 3

2
+ q(q − 1)

q − 1

2
] = 1.
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This shows that ρs |SL(2,q) is an irreducible representation of SL(2, q) of degree q.
3. Similarly, we can see that ρα,1|SL(2,q) is irreducible provided that α2 �= 1. Fur-

ther, then ρα,1|SL(2,q) ≈ ρβ,1|SL(2,q) if and only if α = β or α−1 = β. There are
q−3
2 such irreducible representations which are of degree q + 1. Again if α2 = 1

and α �= 1, then ρα,1 is direct sum of two nonequivalent irreducible representations
which are different from the earlier irreducible representations.

4. Recall the representations μ̂ of GL(2, q), where μ ∈ Hom(L ,C�) such that
μq �= μ. Let H denote the subgroup {Ba,b ∈ L | Bq+1

a,b = I }. It can be seen that
μ̂|SL(2,q) is irreducible provided that μ2|H �= 1. Further, μ̂|SL(2,q) = ν̂|SL(2,q) if and
only if μ|H = ν|H . We have q−1

2 such nonequivalent irreducible representations

different from the earlier ones. Further, μ̂|SL(2,q) = ˆμ−1|SL(2,q). Next, if μ2|H = 1
and μ|H �= 1, then μ̂ is direct sum of two nonequivalent irreducible representations
different from the earlier representations.

This gives all q + 4 irreducible representations (together with their characters) of
SL(2, q).

Exercises

5.2.1 Show that the representation associated with the partition (n) is the trivial
representation and the representation associatedwith (1, 1, . . . , 1) is the sign
representation.

5.2.2 Show that the representation associated with the partition (n − 1, 1) is the
standard representation of Sn . What partition cooresponds to its exterior
square?

5.2.3 Using the Frobenius character formula, compute the character table of S4
and S5.

5.2.4 Show that mλ = lλ1 !lλ2 !···lλn !
∏

i< j (l
λ
i −lλj )

.

5.2.5 Hook length of a box in a Young diagram is defined to be the number of
boxes which are directly towards the right of the box or it is directly below
the box including the box itself. Thus, for example, the hook length of the
box containing the number 7 in the Young Tableau of the partition (5, 4, 2, 2)
of 13 is 5. Show that deg(ρλ) is n!

hλ
, where hλ is the product of hook lengths

of the boxes in the Young diagram of λ.
5.2.6 Find the degree of the representation ρλ, where λ = (5, 4, 2, 2) is the par-

tition of 13.
5.2.7 Show that the representation afforded by themoduleC(Sn)aλ is the represen-

tation 1SnSλ
induced by the trivial representation of Sλ = Sλ1 × Sλ2 × · · · ×

Sλn .
5.2.8 Let λ̂ be a partition of n which is conjugate to λ. Show that ρλ̂ ≈ ρτ

λ.

5.2.9 Suppose that λ̂ �= λ. Use Theorem 5.2.8. to show that ρλ|An is irreducible
representation of An .

5.2.10 Suppose that λ̂ = λ. Show that ρλ|An is direct sum of two nonequivalent
irreducible representations of An which are conjugate to each other.
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5.2.11 Show that a symmetric Young diagram determines a split pair of conjugacy
classes of An .

5.2.12 Find the split pair of conjugacy classes of A5 and A7.
5.2.13 Determine the irreducible representations and irreducible characters of A5

and A6.
5.2.14 Determine the irreducible characters of PGL(2, q) by using the knowledge

of the irreducible characters of GL(2, q). Using the fact PSL(2, q) is a
subgroup of PGL(2, q), find the irreducible characters of PSL(2, q).

5.3 Steinberg Characters

This section is devoted to introduce the Steinberg character as a virtual character in
the character ring of a Chevalley group and establish that it is, indeed, a genuine
irreducible character. We also evaluate it on different type of elements.

LetG(V, Fq)be aChevalley group associatedwith (L , V, Fq),where L is a simple
Lie algebra overCwith a root system	. Fix a basis�of	. For simplicity of notation,
we shall denote G(V, Fq) by G, B(V, Fq) by B, U (V, Fq) by U , H(V, Fq) by H ,
and N (V, Fq) by N . Recall (Definition 4.3.44) that a principal parabolic subgroup of
G is a subgroup Gπ = ⋃

σ∈Wπ
BσB = BWπB = BN B of G, where π ⊆ �, Wπ

is a parabolic subgroup of W (	) generated by {σα | α ∈ π}, and Nπ = ν−1(Wπ),
ν being the quotient map N �→ N/H ≈ W (	).

For each subset π of �, let Dπ denote the subset {σ ∈ W (	) | σ(π) ⊆ 	+}.
It can be seen that Dπ is a coset representative system of W (	)/Wπ (termed as
distiguished coset representative system). Note that 1 ∈ Dπ. For each σ ∈ Dπ, select
a unique member nσ ∈ ν−1(σ)with n1 = 1. The set Nπ = {nσ | σ ∈ Dπ} is a coset
representative system of Gπ in G. Next, Let π and π′ be subsets of �. Then a double
coset WπσWπ′ has a unique element of smallest length. Let Dπ,π′ denote the subset
D−1

π

⋂
Dπ′ . Then it can be shown that Dπ,π′ is a double coset representative system

of Wπ , Wπ′ in W (	). Indeed, the unique element of WπσWπ′ of smallest length
belongs to Dπ,π′ . Dπ,π′ is called the distinguished double coset representative system
of Wπ and Wπ′ in W (	). Again, let Nπ,π′ be the set obtained by selecting one and
only one member from ν−1(σ) for each σ ∈ Dπ,π′ . Clearly, | Nπ,π′ | = | Dπ,π′ |, and
Nπ,π′ is a double coset representative system of Gπ , Gπ′ in G. Further, if σ ∈ Dπ,π′ ,
then Wπ

⋂
σWπ′σ−1 = Wπ′′ , where π′′ = π

⋂
σ(π′).

The virtual character StG of G defined by

StG =
∑

π⊆�

(−1)|π|1GGπ

is called the Steinberg Character of G. We shall show that StG is, indeed, a gen-
uine irreducible character. For the purpose, we shall study the corresponding virtual
character
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stW (	) =
∑

π⊆�

(−1)|π|1W
	

Wπ

of W (	).
For each subsetπ of�, letCπ denote the subset {v ∈ E |< α, v >= 0 f or all α ∈

π and < α, v > > 0 f or all α /∈ π} of E . Since theW (	) acts simply transitively
on the set of all Weyl chambers (Theorem 2.2.21), the following Proposition is
immediate.

Proposition 5.3.1 Let σ ∈ W (	). Then, the following are equivalent:
(i) σ(Cπ) = Cπ .
(ii) σ(v) = v for all v ∈ Cπ.
(iii) σ ∈ Wπ . �

Proposition 5.3.2 Let V be a subspace of E. Let �V be a simplicial complex con-
sisting of simplexes of a Coxeter complex contained in V . Let n�V

i be the number of
simplexes in �V which are of dimension i . Then

∑

i

(−1)i n�V
i = (−1)DimV .

Proof The proof is by the induction on the number n�V of hyperplanes defining the
complex �V . Suppose that n�V = 1. Let P be the hyperplane defining �V . We
have three simplexes P+, P−, and P defining �V . Clearly, Dim(P+) = DimV =
Dim(P−), and DimP = DimV − 1. Thus, we have two simplexes of dimension
equal to DimV , and one simplex of dimension equal to DimV − 1. Consequently,

∑

i

(−1)i n�̂V
i = 2(−1)DimV + (−1)DimV−1 = (−1)DimV ).

The result follows for �V . Assume the result for �V with n�V = m. One adds an
extra hyperplane P in�V to obtain a complex �̂V with n�̂V

= m + 1. Each simplex
of �V of dimension i is replaced by three simplexes , two of dimension i , and one
of dimension i − 1. Thus,

∑

i

(−1)i n�̂V
i =

∑

i

(−1)i n�V
i = (−1)DimV ).

The result follows. �

Proposition 5.3.3 stW (	)(σ) = (−1)l(σ) = Detσ.

Proof Since Detσα = −1 for all α ∈ 	, it follows that Det (σ) = (−1)l(σ). It
remains to show that stW (	)(σ) = Det (σ). By Proposition 5.1.49,

χ1W (	)
Wπ

(σ) = 1

| Wπ |
∑

τ∈W (	),τ−1στ∈Wπ

1 · · · (1).
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Now, τ−1στ ∈ Wπ if and only if σ(τ (Cπ)) = τ (Cπ) (Proposition 5.3.1). Thus,

χ1W (	)
Wπ

(σ) = 1

| Wπ | | Wπ | rπ(σ) = rπ(σ) · · · (2),

where rπ(σ) denotes the number of simplexes τ (Cπ) which are fixed by σ. In other
words, rπ(σ) is the number of simplexes contained in the subspace V = {v ∈ E |
σ(v) = v} of E . This determines a complex�π contained in V . Let ti be the number
of simplexes of �π of dimension i . From Proposition 5.3.2,

∑

i

(−1)i ti = (−1)DimV · · · (3).

It is clear from definition ofCπ that DimCπ = l− | π |. Thus, ti = ∑
|π|=l−i rπ(σ).

substituting the value of ti in the above equation,

(−1)l
∑

π⊆�

(−1)|π|rπ(σ) = (−1)DimV · · · (4),

or equivalently, ∑

π⊆�

(−1)|π|rπ(σ) = (−1)l−DimV .

From the Eq.2,

stW (	) =
∑

π⊆�

(−1)|π|rπ(σ) = (−1)l−DimV · · · (5).

Finally, consider Det (σ). Since σ is an orthogonal transformation, the eigenvalues
of σ are 1, -1, and eiθ. Further, if eiθ is an eigenvalue , then e−iθ is also an eigenvalue.
Again themultiplicity of the eigenvalue 1 is DimV . Thus, Det (σ) = (−1)l−DimV =
stW (	)(σ). �

Proposition 5.3.4 < StG, StG > = 1.

Proof Since inner product is bi-linear on the character ring,
< StG, StG >

= ∑
π⊆�

∑
π′⊆�(−1)|π|(−1)|π′| < 1GGπ

, 1GGπ′ >

= ∑
π⊆�

∑
π′⊆�(−1)|π|(−1)|π′| ∑

n∈Nπ,π′ < 1Gπ

⋂
Gn

π′ , 1nGπ

⋂
Gn

π′
> (by Proposition

5.1.55),
where Nπ,π′ is a double coset representative system of Gπ and Gπ′ in G. Thus,

< StG, StG > =
∑

π⊆�

∑

π′⊆�

(−1)|π|(−1)|π
′| | Nπ,π′ | .
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Clearly, | Nπ,π′ | = | Dπ,π′ |, where Dπ,π′ is distinguished double coset representative
system of Wπ and Wπ′ in W (	). Thus,
< StG, StG >

= ∑
π⊆�

∑
π′⊆�(−1)|π|(−1)|π′| | W (	)π,π′ |

= < stW (	), stW (	) >

= 1
|W (	)|

∑
σ∈W (	) stW (	)(σ)2

= 1
|W (	)|

∑
σ∈W (	) Det (σ)2

= 1. �

Corollary 5.3.5 StG is an irreducible character or−StG is an irreducible character.

Proof Since StG is in the character ring of G, StG = n1χ1 + n2χ2 + · · · + nrχr ,
where χi are pairwise nonequivalent irreducible characters of G and ni ∈ Z. Since
< StG, StG > = 1, n2i = 1 for a unique i while the rest of n j are 0. This means
that StG = ±χi for some i . �

Proposition 5.3.6 < 1GB , StG > = 1.

Proof < 1GB , StG >

= ∑
π⊆�(−1)|π| < 1GB , 1GGπ

>

= ∑
π⊆�(−1)|π| | N�,π | (by Proposition 5.1.55),

= ∑
π⊆�(−1)|π| | W�,π |

= ∑
π⊆�(−1)|π| < 1W (	)

1 , 1W (	)
Wπ

>

= < 1W (	)
1 , stW (	) >

= < 1, 1 > (using the Frobenius reciprocity)
= 1. �

The following corollary is immediate.

Corollary 5.3.7 StG is an irreducible character which appears in 1GB with multi-
plicity 1. �

Corollary 5.3.8 Let x ∈ G such that x does not belong to any proper parabolic
subgroup. Then StG(x) = (−1)l .

Proof For π �= �, no conjugate of x will lie in Gπ . Consequently,

StG(x) =
∑

π⊆�

(−1)|π|1GGπ
(x) = (−1)|�|1GG�

(x) = (−1)l1GG(x) = (−1)l .

�

The parabolic subgroup Gπ has the unipotent radical (largest normal unipotent
subgroup) Uπ = U

⋂
(σπ

0 )−1Uσπ
0 , where σπ

0 is the unique element of Wπ which
takes π to	−

π (	π denotes the root system	
⋂

< π > in the subspace< π > of E).
If Lπ denotes the subgroup generated by H

⋃{XV
α (Fq) | α ∈ 	π}, then Gπ is the

semidirect product Uπ � Lπ . This decomposition is called the Levi decomposition
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of the parabolic subgroup Gπ . The subgroup Lπ is called the Levi subgroup of Gπ .
Further, Lπ admits a Tits system (Bπ, Nπ), where Bπ = Uσπ

0
H = ∏

α∈	+
π
XV

α (Fq)

and Nπ = ν−1(Wπ). The parabolic subgroups of Lπ are precisely, the subgroups of
the formGπ′

⋂
Lπ, where π′ ⊆ π. Correspondingly, we have the Steinberg character

StLπ
of Lπ which is given by

StLπ
=

∑

π′⊆π

(−1)|π
′|1Lπ

Gπ′
⋂

Lπ
.

Proposition 5.3.9 StG |Gπ
= StGπ

Lπ
. �

Before proving the Proposition, we obtain some interesting and useful conse-
quences as Corollaries:

Corollary 5.3.10 Let g be an element of Gπ such that x−1gx /∈ Gπ′ for all π′ ⊂ π
and x ∈ G. Then, the following hold:

(i) StG(g) = 0 whenever g is not conjugate in Gπ to any element of Lπ .
(ii) StG(g) = (−1)|π| | CUπ

(g) | whenever g ∈ Lπ .

Proof (i) Since g ∈ Gπ and it is not conjugate in Gπ to any element of Lπ, it follows
from the above Proposition that

StG(g) = StG |Gπ
(g) = stGπ

Lπ
(g) = 1

| Lπ |
∑

x∈Gπ and x−1gx∈Lπ

stLπ
(x−1gx) = 0.

(ii) Suppose that g ∈ Lπ . Again by the above Proposition,

StG(g) = StG |Gπ
(g) = stGπ

Lπ
(g) = 1

| Lπ |
∑

x∈Gπ and x−1gx∈Lπ

stLπ
(x−1gx).

Let x = uv ∈ Gπ = LπUπ, where u ∈ Lπ and v ∈ Uπ . Then u−1gu ∈ Lπ . Sup-
pose that x−1gx = v−1u−1guv belongs to Lπ . Then [u−1gu, v] = u−1g−1uv−1

u−1guv belongs to Uπ , since Uπ is normal in Gπ and v ∈ Uπ . Also [u−1gu, v]
belongs to Lπ. Since Lπ

⋂
Uπ = {1}, v ∈ CUπ

(u−1gu). Conversely, if v ∈ CUπ

(u−1gu), then x−1gx ∈ Lπ . Consequently, using Proposition 5.3.9, we obtain

StG(g) = stGπ

Lπ
(g) = 1

| Lπ |
∑

u∈Lπ

∑

v∈CUπ (u−1gu)

stLπ
(u−1gu)

= 1

| Lπ |
∑

u∈Lπ

| CUπ
(u−1gu) | stLπ

(g)

= | CUπ
(g) | stLπ

(g) = (−1)|π| | CUπ
(g) | (Corollary 5.3.8).

�
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Taking π to be empty set, and using the part (ii) of the above Proposition, we
obtain the following Corollary:

Corollary 5.3.11 StG(1) = (−1)|∅| | CU (1) | = | U |. �
Thus, the degree of the Steinberg irreducible character is | U | and

∑

π⊆�

(−1)|π|[G : Gπ] =
∑

π⊆�

(−1)|π|1GGπ
(1) = StG(1) = | U | .

Corollary 5.3.12 Let g ∈ Gπ . Suppose that for any proper subset π′ of π, g is not
conjugate in G to any element of Gπ′ . Then

(i) | CUπ
(g) | = | CG(g) |p, and

(ii) StG(g) = (−1)|π| | CG(g) |p,
where p is the prime with q = pr for some r and np denote highest power of p
dividing n.

Proof (i) From Corollary 5.1.23,

StG(g) | G |
StG(1) | CG(g) | = (−1)|π| | CUπ

(g) || G |
| U || CG(g) | = (−1)|π| [G : U ]

[CG(g) : CUπ
(g)]

is an algebraic integer. Since a rational algebraic integer is necessarily an integer,
it follows that [CG(g) : CUπ

(g)] divides [G : U ] = | G |p′ . Consequently, [CG(g) :
CUπ

(g)] is co-prime to p. Since | CUπ
(g) | is a power of p, | CG(g) |p = | CUπ

(g) |.
This proves (i).

The part (ii) follows from Corollary 5.3.10(ii). �

Corollary 5.3.13 If g does not belong to any proper parabolic subgroup of G, then
| CG(g) | is co-prime to p. In particular, | g | is also co-prime to p.

Proof Under the hypothesis of the Corollary, g ∈ G� and no conjugate of g belongs
to Gπ for π ⊂ �. Since U� = {1}, it follows from the above Corollary that |
CG(g) |p = 1. Thus, | CG(g) | is co-prime to p. Since < g >⊆ CG(g), | g | is also
co-prime to p. �

Corollary 5.3.14 Let g ∈ Gπ − ⋃
π′⊂π(

⋃
x∈G x−1Gπ′x). Then g is conjugate to an

element of Lπ if and only if p is co-prime to the order of g.

Proof Suppose that g is conjugate to an element of Lπ . Since a proper parabolic
subgroup of Lπ is conjugate in Lπ to Lπ

⋂
Gπ′ for some proper subset π′ of π, g

is not conjugate to any proper parabolic subgroup of Lπ . It follows from the above
Corollary that a conjugate of g has its order co-prime to p. Thus, order of g is co-prime
to p.

Conversely, suppose that the order of g is co-prime to p. Since Uπ is normal
subgroup of Gπ , < Uπ, {g} > = Uπ < g >. Also, since | Uπ | is a power of p,
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Uπ

⋂
< g > = {1}. Thus, < g > and Uπ < g >

⋂
Lπ are complements to Uπ in

Uπ < g >. By the Schur Zasenhauss Lemma (Theorem 10.1.33, Algebra 2), < g >

is conjugate to Uπ < g >
⋂

Lπ . This shows that g is conjugate in Gπ to an element
of Lπ. �

Corollary 5.3.15 Let g ∈ G. Then, the following hold:
(i) If the order of g is a multiple of p, then StG(g) = 0.
(ii) If the order of g is co-prime to p, then StG(g) = ± | CG(g) |. Indeed, if

g is conjugate to an element of Lπ but for π′ ⊂ π it is not conjugate to Lπ′ , then
StG(g) = (−1)|π| | CG(g) |p.
Proof (i) Let g be an element of G. Then, there is a subset π of � such that g is
conjugate to an element of Gπ but for π′ ⊂ π, it is not conjugate to any element in
Gπ′ (if worst comes, we may take π = ∅). If the order of g is a multiple of p, then
by Corollary 5.3.14, then g is not conjugate to any element of Lπ. From Corollary
5.3.10, StG(g) = 0.

(ii) If order of g is co-prime to p, then by Corollary 5.3.12, StG(g) = (−1)|π| |
CG(g) |p. �

The proof of Proposition 5.3.9 is pain staking. As such the reader may skip the
proof of the Proposition and the following Lemmas needed to prove the Proposition.

Lemma 5.3.16 σ = σπ
0σ0 is the unique element of W (	) satisfying the conditions:

(i) σ−1 ∈ Dπ , and (ii) 	+ ⋂
σ(�) ⊆ π.

Proof Since (σπ
0 )−1(π) ⊆ 	−, σ−1(π) = σ−1

0 (σπ
0 )−1(π) ⊆ 	+. Thus, σ−1 ∈ Dπ.

Next, consider σ(�) = σπ
0σ0(�). Since σ0(�) ⊆ 	− and (σπ

0 (	−)
⋂

	+) ⊆ π, it
follows that 	+ ⋂

σ(�) ⊆ π.
Conversely, let τ be an element ofW (	) such that τ−1 ∈ Dπ and	+ ⋂

τ (�) ⊆ π.
Letα ∈ �. If τ (α) ∈ 	+, then τ (α) ∈ π. This means that τ (α) ∈ π or τ (α) ∈ 	−. If
τ (α) ∈ π, then σπ

0 τ (α) ∈ 	− (from the definition of σπ
0 ). Suppose that τ (α) ∈ 	−.

If σπ
0 τ (α) ∈ 	+, then −τ (α) ∈ 	+

π and so −α ∈ τ−1(	+
π ). This is a contradiction,

since τ−1(	+
π ) ⊆ 	+. This shows that if τ (α) ∈ 	−, then σπ

0 τ (α) ∈ 	−. It follows
that σπ

0 τ (α) ∈ 	− for each α ∈ �. Thus, σπ
0 τ = σ0 or equivalently, τ = σπ

0σ0. �

Lemma 5.3.17 For all π′ ⊆ π,

(B
⋂

nπ
0n0B(nπ

0n0)
−1)Nπ′(B

⋂
nπ
0n0B(nπ

0n0)
−1) = Lπ

⋂
Gπ′ ,

where ν(nπ
0 ) = σπ

0 , ν(n0) = σ0, ν being the natural quotient map from N to
N/H ≈ W (	). In particular, the standard parabolic subgroups of Lπ are of the
form Lπ

⋂
Gπ′ .
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Proof Clearly,

(B
⋂

nπ
0n0B(nπ

0n0)
−1) = (B

⋂
(n0n

π
0 )

−1B(n0n
π
0 ))

= (UH
⋂

(n0n
π
0 )

−1U (n0n
π
0 )H = Uσπ

0
H = Bπ.

Since (Bπ, Nπ) is a Tits pair for Lπ,

(B
⋂

nπ
0n0B(nπ

0n0)
−1)Nπ′(B

⋂
nπ
0n0B(nπ

0n0)
−1)

= BπNπ′ Bπ = BπNπBπ

⋂
BNπ′ B = Lπ

⋂
Gπ′ .

�

Lemma 5.3.18 Let n ∈ Nπ,π′ and σ = ν(n). Then

Gπ

⋂
nGπ′n−1 = (B

⋂
nBn−1)Nπ

⋂
σ(π′)(B

⋂
nBn−1) = Gπ

⋂
σ(π′).

Proof Let n1 ∈ Nπ , n2 ∈ Nπ′ , σ1 = ν(n1), σ2 = ν(n2). Since σ = ν(n) belongs
to Dπ,π′ , by the definition of Dπ,π′ , l(σ−1σ1) = l(σ−1) + l(σ1) and l(σ2σ

−1) =
l(σ2) + l(σ−1). It follows that

B = (B
⋂

nBn−1)(B
⋂

n1Bn
−1
1 ) = (B

⋂
n−1
2 Bn2)(B

⋂
n−1Bn).

In turn,
(Bn1B)

⋂
nBn2Bn

−1

= n((n−1Bn1B)
⋂

(Bn2Bn
−1))

= n((n−1(B
⋂

nBn−1))(B
⋂

n1Bn
−1
1 )n1B

⋂
(Bn2(B

⋂
n−1
2 Bn2)(B

⋂
n−1Bn)n−1))

= n(((B
⋂

n−1Bn)n−1n1B)

⋂
(Bn2n

−1(B
⋂

nBn−1))).

Observe that BnB = Bn′B if and only if ν(n) = ν(n′) and the intersection
BnB

⋂
Bn′B is empty set otherwise. Thus, if (Bn1B)

⋂
nBn2Bn−1 is nonempty,

then σ−1σ1 = σ2σ
−1 or equivalently, σ1 belongs to Wπ

⋂
σWπ′σ−1 = Wπ

⋂
σ(π′).

Further, then

(Bn1B)
⋂

nBn2Bn
−1 = (B

⋂
nBn−1)n1(B

⋂
nBn−1).
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This proves the Lemma. �

Proof of Proposition 5.3.9 StG |Gπ
= (

∑
π′⊆�(−1)|π′|1GGπ′ )|Gπ

= ∑
π′⊆�(−1)|π′|(1GGπ′ )|Gπ

(restriction is linear)

= ∑
π′⊆�(−1)|π′| ∑

n∈Nπ,π′ (1
Gπ

Gπ

⋂
nGπ′n−1) (by the Mackey restriction formula),

where Nπ,π′ is the distinguished double coset representative system of Gπ and Gπ′

in G. Next, by Lemma 5.3.18,

Gπ

⋂
nGπ′n−1 = (B

⋂
nBn−1)Nπ

⋂
σ(π′)(B

⋂
nBn−1) = Gπ

⋂
Gσ(π′).

For simplification, denote (B
⋂

nBn−1)Nπ
⋂

σ(π′)(B
⋂

nBn−1) by Aσ
π′ . Then,

StG |Gπ
= ∑

π′⊆�(−1)|π′| ∑
n∈Nπ,π′ 1

Gπ

Aσ
π′ (ν(n) = σ)

= ∑
π′⊆�(−1)|π′| ∑

σ∈Dπ,π′ 1
Gπ

Aσ
π′

= ∑
π′⊆�(−1)|π′| ∑

σ∈D−1
π ,π′⊆(σ−1(	+)

⋂
�) 1

Gπ

Aσ
π′ , since Dπ,π′ = D−1

π

⋂
Dπ′

= ∑
σ∈D−1

π

∑
π′⊆σ−1(	+)

⋂
�(−1)|π′|1Gπ

Aσ
π′ · · · (�).

Now, π′ = (π′ ⋂ σ−1(π))
⋃

(π′ ⋂(	 − σ−1(π)). Clearly,

π
⋂

σ(π′) = π
⋂

σ(π′ ⋂ σ−1(π)).

Hence from (�), we obtain
StG |Gπ

= ∑
σ∈D−1

π

∑
(π′ ⋂σ−1(π))⊆((σ−1(	+)

⋂
�)

⋂
σ−1(π))(−1)|π′ ⋂σ−1(π)|

∑
(π′ ⋂(	−σ−1(π)))⊆((σ−1(	+)

⋂
�)

⋂
(	−σ−1(π)))(−1)|	−σ−1(π)|1Gπ

Aσ
π′ · · · (��).

Again, if (σ−1(	+)
⋂

�)
⋂

(	 − σ−1(π)) �= ∅, then
∑

(π′ ⋂(	−σ−1(π)))⊆(σ−1(	+)
⋂

�)
⋂

(	−σ−1(π))

(−1)|(π
′ ⋂(	−σ−1(π)))| = 0.

Thus,

StG |Gπ
=

∑

σ∈D−1
π ,(σ−1(	+)

⋂
�)⊆σ−1(π)

∑

π′ ⋂ σ−1(π)

(−1)|π
′ ⋂ σ−1(π)|1Gπ

Aσ
π′ .

By Lemma 5.3.16, τ = σπ
0σ0 is the only element of W (	) such that τ ∈ D−1

π

and (τ−1(	+)
⋂

�) ⊆ τ−1(π). Further, for such τ = σπ
0σ0, (τ−1(	+)

⋂
�) =

−σ0(�). Hence

StG |Gπ
=

∑

(π′ ⋂ τ−1(π))⊆−σ0(�)

(−1)|π
′ ⋂ τ−1(π)|1Gπ

Aτ
π′ ⋂

τ−1(π)

.
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Put π′′ = τ (π′ ⋂ τ−1(π)). Then π′′ ⊆ π, and we see that

StG |Gπ
=

∑

π′′⊆π

(−1)|π
′′|1Gπ

Aτ
π′′ .

By Lemma 5.3.17, Aτ
π′′ = Lπ

⋂
Gπ′′ . Hence

StG |Gπ
=

∑

π′′⊆π

(−1)|π
′′|1Gπ

Lπ

⋂
Gπ′′ .

In turn,
StG |Gπ

=
∑

π′′⊆π

(−1)|π
′′|(1Lπ

Lπ

⋂
Gπ′′ )

Gπ ,

or
StG |Gπ

= (
∑

π′′⊆π

(−1)|π
′′|1Lπ

Lπ

⋂
Gπ′′ )

Gπ = stGπ

Lπ
.

�

Finally, it is natural to ask about the Steinberg representation which affords the
Steinberg character described above. The basic idea of Steinberg was to use the
alternating character of the Weyl group W (	) to construct a left ideal of the group
algebra C(G) (indeed of CG(V, K )) which describes the Steinberg representation.
Let t denote the section of the natural surjective homomorphism ν from N to W (	)

with t1 = 1. Thus, ν(tσ) = σ. Consider the element e of C(G) given by

e = (
| U |
| G |

∑

b∈B
b)

∑

σ∈W (	)

(−1)Detσtσ,

and the left moduleC(G)e overC(G). The representation thus obtained is the Stein-
berg representationwhich affords the Steinberg character described earlier. Indeed,
Curtis (“The Steinberg Character of a finite group with (B, N) pair”, J. Algebra (4)
1966) in 1966 discovered the alternating sum formula for the Steinberg character.

Further the alternating sum formula for the Steinberg character promptedSolomon
to describe Steinberg module as homology module of Coxeter complex and the
character as Euler Characteristic.

Exercises

5.3.1 Describe the Steinberg character and the Steinberg representation of SL(2, q),
GL(2, q), and also of PSL(2, q).

5.3.2 Describe the Steinberg character and the Steinberg representation of B2, G2,
and also of F4



300 5 Representation Theory of Chevalley Groups

5.4 Principal and Discrete Series Representations

In this section, we shall decompose the set of irreducible representations of a Cheval-
ley group in to different equivalence classes and study them. In its spirit, most of
these are due to Harish-Chandra.

Proposition 5.4.1 Let H be a normal subgroup of a finite group G. Let χ be a
character of G. Then, the map TG/H (χ) from G to C defined by

TG/H (χ)(g) = 1

| H |
∑

h∈H
χ(hg)

is also a character of G. More generally, if χ is a generalized character of G, then
TG/H (χ) is also a generalized character of G.

Proof It is sufficient to prove the first statement. Let V be aC(G)-module affording
the character χ. Consider the element

e = 1

| H |
∑

h∈H
h

of C(G). Clearly, e is idempotent (e2 = e) and geg−1 = e. Thus, geV =
geg−1gV = egV = eV for all g ∈ G. This means that eV is a C(G)-submodule
of V . Since e is idempotent, V = eV ⊕ (1 − e)V . Further, eV = {v ∈ V | hv =
v f or all h ∈ H} = V H . Let μ denote the character afforded by the submodule
eV . Then

μ(g) = χ(ge) = 1

| H |
∑

h∈H
χ(gh) = 1

| H |
∑

h∈H
χ(ghg−1g) = 1

| H |
∑

k∈H
χ(kg).

This shows that μ = TG/H (χ). �

Definition 5.4.2 The character TG/H (χ) of G is called the truncation of the char-
acter χ by H . If G is a semi-direct product H � K , then TG/H (χ) is also denoted
by TK (χ).

For simplicity, fromnowonward,we shall denoteG(V, K )byG andG(V, K )F =
G(V, Fq) by GF . Let χ be an irreducible character of GF . Let Gπ be a principal
parabolic subgroup of GF , where π ⊆ �. Let Gπ = UπLπ be the standard Levi
decomposition of Gπ , where Uπ is the unipotent radical of Gπ and Lπ is the corre-
sponding standard Levi subgroup.

Definition 5.4.3 An irreducible character χ of GF is called a Cuspidal Character
of GF if TGπ/Uπ

(χ) = 0 for all proper principal parabolic subgroups Gπ , π ⊂ �

(observe that the notation A ⊂ B means that A is a proper subset of B).
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Since any proper parabolic subgroup P ofGF is similar to proper principal parabolic
subgroup,χ is cuspidal if and only if TP/U (χ) = 0 for all proper parabolic subgroup.
If G is a torus or a Borel subgroup, then all the irreducible representations will be
termed as cuspidal representations.

Proposition 5.4.4 Let χ be an irreducible character of GF . Then, the following
conditions are equivalent:

(i) χ is cuspidal.
(ii) < χ, 1G

F

Uπ
> = 0 for all proper subset π of �.

(iii) < χ|Uπ
, 1 >Uπ

= 0 for all proper subset π of �.
(iv) The trivial representation 1 of Uπ does not appear in the direct sum decom-

position of ρ|Uπ
as irreducible representations.

(v)
∑

u∈Uπ
χ(ug) = 0 for all g ∈ GF and π ⊂ �.

(vi)
∑

u∈Uπ
χ(gu) = 0 for all g ∈ GF and π ⊂ �.

Proof ((i) =⇒ (i i)): Assume (i). Then TGπ/Uπ
(χ)(g) = 0 for all g ∈ GF and π ⊂

�. In particular,

TGπ/Uπ
(χ)(1) = 1

| Uπ |
∑

u∈Uπ

χ(u) = 0

for all π ⊂ �. This means that < χ|Uπ
, 1 >Uπ

= 0 for all π ⊂ �. By the Frobenius
reciprocity < χ, 1GF

Uπ
> = 0.

((i i) =⇒ (i i i)): Immediate from the Frobenius reciprocity.
((i i i) =⇒ (iv)): Immediate.
((iv) =⇒ (v)): Assume (iv). Ler ρ be a representation of GF affording the char-

acterχ and η be an irreducible component of ρ|Uπ
. Then from the Schur orthogonality

relation,
< ηi j , (1Uπ

)11 >Uπ
= 0

for all i, j . Consequently, ∑

u∈Uπ

ηi j (u) = 0

for all i, j . Hence ∑

u∈Uπ

η(u) = 0

for all irreducible components ofρ|Uπ
. It follows that

∑

u∈Uπ

ρ(u) = 0.

Thus,
0 = (

∑

u∈Uπ

ρ(u))ρ(g) = (
∑

u∈Uπ

ρ(ug))
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for all g ∈ GF . Hence

∑

u∈Uπ

χ(ug) =
∑

u∈Uπ

Tr(ρ(ug)) = Tr((
∑

u∈Uπ

ρ(ug))) = 0

for all g ∈ GF .
((v) =⇒ (vi)): Since

∑

u∈Uπ

χ(ug) =
∑

u∈Uπ

χ(gg−1ug) =
∑

v∈Uπ

χ(gv),

(v) and (vi) are equivalent.
((vi) =⇒ (i)): Evident from the definition of cuspidal character. �

Now, let Gπ be a principal parabolic subgroup of GF and Gπ = UπLπ the
standard Levi decomposition. If ρ is an irreducible representation of Lπ , thenwe have
a corresponding irreducible representation ρ̂ of Gπ which is given by ρ̂(ul) = ρ(l),
where u ∈ Uπ and l ∈ Lπ. Recall (Sect. 5.3) that Lπ is also a group with (B, N )

pair. Thus, we can talk of parabolic subgroups of Lπ and also the notion of cuspidal
characters of Lπ as in case of GF .

Theorem 5.4.5 Let χ be an irreducible character of GF . Then, there is a subset π
of � and an irreducible cuspidal character μ of Lπ such that

< χ, μ̂GF
>�= 0,

where μ̂ is the representation μoν of Gπ , ν being the natural projection of Gπ on to
Lπ.

Proof Consider the set S = {π ⊆ � |< χ, 1G
F

Uπ
> = < χUπ

, 1Uπ
>�= 0}. Clearly,

U� = {1} and hence < χ|U�
, 1U�

>�= 0. Hence � ∈ S and so S �= ∅. Let π be
a minimal member of S. Let V be a simple GF -module affording the character χ.
Consider the subspace VUπ = {v ∈ V | uv = v f or all u ∈ Uπ} of fixed points
of Uπ . Since < χ|Uπ

, 1Uπ
>�= 0, VUπ �= {0}. Let g ∈ Gπ and v ∈ VUπ . Then for all

u ∈ Uπ , ugv = gg−1ugv = gv, since g−1ug ∈ Uπ . Thus VUπ is a Gπ-module.
In particular, VUπ is a Lπ-module. Let μ be the character of Lπ afforded by this
module. Suppose that μ = ∑r

i=1 μi be the representation of μ as sum of irreducible
characters. Let μ̂ and μ̂i denote the corresponding characters of Gπ . Indeed, the
Gπ-module V π affords the character μ̂ and μ̂ = ∑r

i=1 μ̂i . Note that μ̂i are also
irreducible characters of Gπ . Since Vπ is a Gπ submodule of V , χ|Gπ

= μ̂ and each
μ̂i is irreducible component of χ|Gπ

. Consequently, by the Frobenius reciprocity,

< μ̂i
GF

,χ >GF = < μ̂i ,χ|Gπ
>�= 0.

This means thatχ appears as an irreducible component of the induced character μ̂i
GF

for each i . It suffices to show that each μi is a cuspidal character of Lπ. Suppose
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contrary. Suppose that μi is not cuspidal character of Lπ for some i . Recall that a
principal parabolic subgroup of Lπ is of the form Gπ′

⋂
Lπ , where π′ ⊆ π. Further,

the unipotent radical of Gπ′
⋂

Lπ isUπ′
⋂

Lπ and Lπ′ is the Levi part. More explic-
itly, Gπ′

⋂
Lπ = (Uπ′

⋂
Lπ)Lπ′ . Since μi is not cuspidal, using Proposition 5.4.4,

we see that there is a proper subset π′ of π such that

< μi |Uπ′
⋂

Lπ
, 1Uπ′

⋂
Lπ

> �= 0.

This means that there is a nonzero element v ∈ VUπ such that uv = v for all u ∈
Uπ′

⋂
Lπ. But already uv = v for all u ∈ Uπ . SinceUπ′ = Uπ(Uπ′

⋂
Lπ), uv = v

for all u ∈ Uπ′ . Thus, < χ|Uπ′ , 1Uπ′ >�= 0. Hence π′ ∈ S. This is a contradiction to
the the minimality of π. This shows that μi is cuspidal for each i . �

We say that a subset π of � is an associate to a subset π′ of � if there
is an element σ ∈ W (	) such that σ(π) = π′. Clearly, the relation “is asso-
ciate to” is an equivalence relation on the power set ℘(�) of �. Let � be a
set obtained by selecting one and only one member from each equivalence class.
Let π ∈ �. Let W(π) denote the subgroup {σ ∈ W (	) | σ(π) = π} of W (	). Let
Ch(π) denote the set of irreducible cuspidal character of Lπ . If μ ∈ Ch(π) and
σ ∈ W(π). It can be easily observed that μσ ∈ Ch(π), where μσ(l) = nσln−1

σ . Thus,
W(π) acts on Ch(π). Let Ĉh(π) be a set obtained by selecting one and only one
member from each orbit of the action of W(π) on Ch(π). Let Xπ denote the set
{χ | χ is an irreducible component o f μ̂GF

f or some μ ∈ Ĉh(π)}.
Theorem 5.4.6 An irreducible representation of GF belongs to one and only one
Xπ,π ∈ �. �

The proof of the above Theorem is a little involved and we leave it. The reader may
refer to “Finite Groups of Lie Types, Conjugacy Classes and Characters” by Carter
for a proof.

An irreducible character is said to lie in π-series if it belongs to Xπ . The members
of X∅ are called Principal Series irreducible characters and the members of X�

are called Discrete Series irreducible characters. Clearly, the parabolic subgroup
G∅ = BF and the Levi decomposition is BF = UFT F . Thus, the principal series
representations of GF are irreducible components of 
GF

BF , where 
 is an irreducible
character of T F and 
BF is given by 
BF (ut) = 
(t), u ∈ UF , t ∈ T F . Next, the
parabolic subgroupG� = GF ,U� = 1 and L� = GF . As such the discrete series
representations of GF are precisely the cuspidal representations of GF .

The following Proposition follows fromProposition 5.1.55 and theBruhat decom-
position of GF :

Proposition 5.4.7 It 
 and λ are irreducible characters of T F ⊂ BF, then

< 
GF

BF , λGF

BF > = | {σ ∈ W (	) | 
σ = λ} |,

where as usual 
σ(t) = 
(nσtn−1
σ . In particular, if 
 and λ are not conjugate in

the above sense, then
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< 
GF

BF , λGF

BF > = 0,

and 
GF

BF is irreducible if and only if 
 is regular in the sense that 
σ = 
 if and
only if σ is the identity element. �

Exercises

5.4.1 Describe the series representations ofGL(2, q), SL(2, q), PSL(2, q), A2(q),
and B2(q).

5.5 Deligne–Lusztig Generalized Characters

In this section, we introduce Deligne–Lusztig generalized characters and study them
briefly. Deligne and Lusztig introduced these generalized characters with the help
of l-adic cohomology (see Sect. 4.5 of Algebra 4) and settled the conjecture of Mac-
donald which asserts that the irreducible characters of a Chevalley group can be
parametrized in terms of the pairs (T,
), where T is a F-stable maximal Torus and

 is a character of T F .

We list some of the important properties of the l-adic cohomology functors with
compact support for their use in the discussions involvingDeligne–Lusztig characters
(see Algebra 3, Theorem 4.5.7).

P1. Hm
c (−,Q(l)) defines a contravariant functor from the category of schemes

with finite morphisms to the category of vector spaces over the algebraic closureQ(l)

of the fieldQ(l) of l-adic numbers. In particular, we have a representation ρ of Aut (X)

on the space Hm
c (X,Q(l)) given by ρ(σ) = (Hm

c (σ))t (note that an automorphism
of a scheme is a finite morphism). Further, Hm

c (X,Q(l)) may be nonzero only when
0 ≤ m ≤ 2DimX .

P2. If X is an affine space An
K , then H 2n

c (X,Q(l)) ≈ Q(l) and Hm
c (X,Q(l)) = {0}

for m �= 2n.
P3. Let p be a prime different from l and q = pr . Let A be a set of polynomials

in Fq [X1, X2, . . . , Xn] defined over the Galois field Fq . Let K be a field extension
of Fq , and Y (K ) = V (A) denote the variety determined by A over K . The map
F from Y (K ) to Y (K ) given by F(α1,α2, · · · ,αn) = (α

q
1 ,α

q
2 , . . . ,α

q
n) is called

the Standard Frobenius map. Evidently, Y (K )F = Y (Fq). More generally, an
Fq structure on a scheme (X,ϑX ) is a scheme (X0,ϑX0) over Fq together with an
isomorphism from (X,ϑX ) to the fiber product X0 ×Spec Fq Spec K of the schemes
(X0,ϑX0) and (Spec K ,ϑK ) over (Spec Fq ,ϑFq ). Let F0 denote the morphism
(IX0 , F

�
0 ) from (X0,ϑX0) to itself given by (F�

0 )U (a) = aq for all a ∈ ϑX0(U ) and
for all open subsets U of X0. The morphism F0 × 1 from X0 ×Spec Fq Spec K to
itself induces an morphism F from (X,ϑX ) to itself. This morphism is called the
Fq - Frobenius map on (X,ϑX ).

Grothendieck Trace Formula. Let l be a prime different from p. Then
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| XF | =
2n∑

r=0

(−1)r trace(F, Hr
c (X,Q(l)),

where DimX = n and F is the Fq - Frobenius map described above. Evidently,
Fm is the Fqm - Frobenius map. Observe that this was an essential requirement (the
hypothesis(iv) of Theorem4.5.2, ofAlgebra 3.) to establish a part ofWeil conjectures.

P4. If g is an automorphismof X of finite order, then theLefschetz number L(g, X)

given by

L(g, X) =
2DimX∑

m=0

(−1)mTrace(g, Hm
c (X,Q(l)))

is an integer which is independent of l.
P5. Let X and Y be algebraic varieties and f be a morphism from X to Y such

that each fiber f −1({y}) is an affine variety isomorphic to An
K . Let g and g′ be

automorphisms of X and Y , respectively, which are of finite orders. Suppose that
f og = g′of . Then L(g, X) = L(g′,Y ).

P6. Let {Xi | 1 ≤ i ≤ n} be a pairwise disjoint finite family of locally closed
subsets of X such that X = ⋃n

i=1 Xi . Let g be an automorphism of X of finite order
such that g(Xi ) = Xi for each i . Then

L(g, X) =
n∑

i=1

L(g, Xi ).

Further, suppose that
⋃m

i=1 Xi is closed for each m ≤ n. Let G be a finite group of
automorphisms of X such that each Xi is invariant under G. Let Hr

c (Xi ,Q(l))
 be
a subspace of Hr

c (Xi ,Q(l)) affording an irreducible character 
 of G. Suppose that
Hr

c (Xi ,Q(l))
 = 0 for all r and i . Then Hr
c (X,Q(l))
 = 0 for all r .

P7. Let {Xi | 1 ≤ i ≤ n} be a pairwise disjoint finite family of closed subsets
of X such that X = ⋃n

i=1 Xi . Let G be an automorphism group of X of finite
order such that for each pair i, j , there is a g ∈ G such that g(Xi ) = X j . Let
H = {g ∈ G | g(X1) = X1} be the subgroup ofG. Then, the generalized character
g �→ L(g, X) of G is induced by the generalized character h �→ L(h, X1) of H .

P8. Let X be an affine variety and G be a finite group of automorphisms of X .
Then

Hm
c (X/G,Q(l)) ≈ Hm

c (X,Q(l))
G,

where Hm
c (X,Q(l))

G is the subspace of the fixed points of the action of G on
Hm

c (X,Q(l)). Further, let f be a G-equivariant automorphism of X of finite order
and g be an automorphism of X/G such that νof = goν, where ν is the quotient
map from X to X/G. Then

L(g, X/G) = 1

| G |
∑

x∈G
L( f ox, X).
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P9. If X and Y are algebraic varieties, then we have the Kunneth formula

Hm
c (X × Y,Q(l)) = ⊕

∑

r+s=m

(Hr
c (X,Q(l)) ⊗ Hr

c (X,Q(l))).

Further,
L(g × g′, X × Y ) = L(g, X)L(g′,Y ),

where g and g′ are automorphisms of X and Y , respectively, which are of finite
orders.

P10. Let g be an automorphism of X of finite order. Suppose that g = su = us,
where order of s is co-prime to p and order of u is a power of p, p being a prime.
Let Xs denote the fixed point set of s. Then

L(g, X) = L(u, Xs).

In particular, if Xs = ∅, then L(g, X) = 0.
P11. If X is finite and g is an automorphism of X , then L(g, X) = | X g |.
P12. If G is a connected algebraic group which acts as a group of automorphisms

of X , then the induced action of G on Hm
c (X,Q(l)) is the trivial action. �

Consider G(V, K ), and G(V, Fq) = G(V, K )F , where K is an algebraically
closed field of characteristic p, q = pm for some m and F the Frobenius map
a �→ aq . For simplicity in the following discussions, we shall denote G(V, K ) by G
and G(V, Fq) = G(V, K )F by GF .

F-stable Maximal Tori and F-stable Borel subgroups

Proposition 5.5.1 Let�F denote the set of all pairs (B, T ) such that B is a F-stable
Borel subgroup of G containing the F-stable maximal torus T . Then�F is nonempty
and GF acts transitively on �F by inner conjugation. Further, �F is a finite set.

Proof We first show that �F �= ∅. Let T be a maximal torus (not necessarily F-
stable) contained in a Borel subgroup B. Then F(B) is also a Borel subgroup of G.
Since any twoBorel subgroups ofG are conjugate, F(B) = aBa−1 for some a ∈ G.
By the Lang–Steinberg Theorem, there is an element b ∈ G such that a = F(b)−1b.
Then B̂ = bBb−1 is a Borel subgroup of G and F(B̂) = F(b)F(B)F(b)−1 =
ba−1F(B)(ba−1)−1 = ba−1aBa−1ab = bBb−1 = B̂. Thus, B̂ is F-stable Borel
subgroup. B̂ is also connected algebraic group and bTb−1 is a maximal torus of G
contained in B̂. Again, since B̂ is F-stable, F(bTb−1) is maximal torus contained
in B̂. Hence as in the previous case, there is a u ∈ B̂ such that T̂ = ubTb−1u−1 is
F-stable. This shows that (B̂, T̂ ) belongs to �F .

Next, if (B, T ) ∈ �F and g ∈ GF , then it is clear that (gBg−1, gT g−1) belongs
to �F . This means that GF acts on �F by inner conjugation. Let (B, T ) and
(B ′, T ′) be members of �F . Since any two Borel subgroups of G are conjugate
in G, there is a g ∈ G such that gBg−1 = B ′. Again, since B and B ′ are F-stable,
gBg−1 = F(g)F(B)F(g)−1 = F(g)BF(g)−1. Thus, g−1F(g)B = Bg−1F(g).
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Since NG(B) = B (B being a maximal solvable subgroup), g−1F(g) ∈ B. From
the surjectivity of the Lang map (Lang–Steinberg Theorem) applied on B, there is an
element b ∈ B such that g−1F(g) = b−1F(b). But, then F(gb−1) = gb−1 ∈ GF .
Clearly, gb−1B(gb−1)−1 = B ′. Also T0 = gb−1T (gb−1)−1 is a maximal F-stable
subgroup of G contained in B ′. Since T ′ is also a F-stable maximal subgroup con-
tained in B ′, there is an element u ∈ B ′ such that uT0u−1 = T ′. Consequently,

F(u)T0F(u)−1 = F(u)F(T0)F(u)−1 = F(T ′) = T ′ = uT0u
−1.

Thismeans thatu−1F(u)T0 = T0u−1F(u). It follows thatu−1F(u) ∈ NG(T0). Since
B ′ is F-stable and u ∈ B ′, u−1F(u) ∈ B ′ ⋂ NG(T0). Applying the Lang–Steinberg
Theorem to B ′ ⋂ NG(T0)we get an element v ∈ B ′ ⋂ NG(T0) such that u−1F(u) =
v−1F(v). Clearly, z = uv−1 ∈ GF

⋂
B ′. Thus , x = zgb−1 ∈ GF is such that

x Bx−1 = B ′ and also xT x−1 = T ′. The last assertion follows, since GF is finite.
�

Corollary 5.5.2 GF acts transitively on the set of all F-stable Borel subgroups of
G through inner conjugation. �

Definition 5.5.3 A maximal F-stable torus T is called a F- split maximal torus
if it is contained in a F-stable Borel subgroup. All other F-stable maximal tori are
called non-split maximal tori. If T is a F-split maximal torus of G, then T F is called
a split Maximal Torus of GF . If T is a non-split F-stable maximal torus of G, then
T F is called a non-split maximal torus of GF .

The following Corollary is immediate from Proposition 5.5.1.

Corollary 5.5.4 All split maximal tori of GF are conjugate in GF . �

Proposition 5.5.1 ensures the existence of F-split maximal tori. Our next aim is
to discuss non-F-split maximal tori.

Let T be a F-stable maximal (not necessarily split) torus of G. Let (B0, T0)
be a member of �F (see Proposition 5.5.1). Since any two maximal tori of G are
conjugatw, we have an element a ∈ G such that T0 = aTa−1. Since T0 is F-stable,

T0 = aTa−1 = F(T0) = F(a)F(T )F(a)−1

= F(a)T F(a)−1 = F(a)a−1T0aF(a)−1.

This means that aF(a)−1 ∈ NG(T0). Now,

T F = {a−1ta | t ∈ T0 and F(a)−1F(t)F(a) = a−1ta}.
Thus,

aT Fa−1 = {t ∈ T0 | aF(a)−1F(t)F(a)a−1 = t}.

This means that T F is isomorphic (conjugate) to the subgroup of T0 consisting of the
fixed points of the automorphism η = iaF(a)−1oF (ix denotes the inner automorphism



308 5 Representation Theory of Chevalley Groups

determined by x). Thus, every F-stable subgroup of T = a−1T0a determines an
element aF(a)−1 ∈ N (T0) which, in turn, determines a unique elememrnt σT of the
Weyl group. Conversely, given an element σ of the Weyl group, we have an element
nσ ∈ NG(T0). representing σ. By the Lang–Steinberg there is an element there is an
element a in G such that aF(a)−1 = nσ . Then

F(a−1T0a) = F(a)−1T0F(a) = a−1aF(a)−1T0F(a)a−1a = a−1T0a.

This means that T = a−1T0a is F-stable and T F is isomorphic to the subgroup
of T0 consisting of the fixed points of inσ

oF . The F-stable subgroup T = a−1T0a
(T F ) is said to be obtained from split F-stable maximal torus T0 (T F

0 ) by twisting
with σ. We shall denote σ by σT , where T = a−1T0a.

Example 5.5.5 Consider G = GL(2, K ), where K is an algebraically closed field
of characteristic p �= 0. Let F be the Frobenius given by F([ai j ]) = [aqi j ], where
q = pr . ThenGF = GL(2, q). Thepair (B0, T0) ∈ �F ,where B0 is the subgroupof
GL(2, K ) consisting of upper triangular matrices and T0 is the subgroup of diagonal

matrices. Observe that the matrix

[
0 1
1 0

]

belongs to NG(T0). Indeed, NG(T0) =

T0
⋃

[
0 1
1 0

]

T0, and W (T0) = NG(T0)/T0 is of order 2. Let A =
[
a b
c d

]

be a

member of GL(2, K ) such that AF(A)−1 =
[
0 1
1 0

]

. Then

[
a b
c d

]

=
[
0 1
1 0

] [
aq bq

cq dq

]

.

This means that a = cq , c = aq , b = dq , and d = bq . Consequently, aq
2 =

a �= 0, bq
2 = b �= 0, and A =

[
a b
aq bq

]

, where a, b ∈ F�
q2 and abq − baq �= 0. For

such A, T = A−1T0A is non-split maximal torus of GL(2, K ). Further, then T F is

conjugate to the subgroup of T0 consisting of the matrices of of the form

[
a 0
0 aq

]

,

where a ∈ F�
q2 . Thus, T F is a cyclic group of order q2 − 1.

Similarly, non-split maximal torus in SL(2, q) is isomorphic to the subgroup of

T0 consisting of the matrices of the type

[
a 0
0 aq

]

, where a ∈ F�
q2 and aq+1 = 1.

This is a cyclic group of order q + 1.

Let T be a F-stable maximal Torus of G and B a Borel subgroup containing T
(note that B need not be F-stable). Then B = UT , whereU is the unipotent radical
of B. Recall the Lang map L from G to G which is given by L(g) = g−1F(g).
Thus, GF = L−1(1). Put X̂ = L−1(U ). Since L is a morphism of varities, X̂
is an affine algebraic variety. Recall the l-adic cohomology functors Hr

c (−,Ql)

(with compact support) from the category of algebraic varieties to the category of
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vector spaces over Ql . For each g ∈ GF , we have the automorphism x �→ gx of X̂
which, in turn, induces an automorphism v �→ gv of the vector space Hr

c (X̂ ,Ql)

for each r . This defines a left GF -module structure on Hr
c (X̂ ,Ql), and also a bi-

(GF , T F )-module structure on Hr
c (X̂ ,Ql). Denote the corresponding representation

of GF × T F by ρr . Let 
 be an irreducible character of T F . Since 
(a) is an
algebraic integer for each a ∈ T F and Ql is an algebraically closed field containing
Q, 
 ∈ Hom(T F ,C�) = Hom(T F ,Ql). Let Hr

c (X̂ ,Ql)
 denote the subspace
{v ∈ Hr

c (X̂ ,Ql) | va = 
(a)v ∀a ∈ T F } of Hr
c (X̂ ,Ql). Further, if g ∈ GF and

v ∈ Hr
c (X̂ ,Ql)
, then

(gv)a = g(va) = g
(a)v = 
(a)(gv)

and so gv ∈ Hr
c (X̂ ,Ql)
. Thus, Hr

c (X̂ ,Ql)
 is a left GF -module. Let ηr denote
the corresponding representation of GF . Since Tr(ηr (g)) is an algebraic integer, we
have a map RB

T,
 from GF to Ql
⋂

C defined by

RB
T,
(g) =

2m∑

r=0

(−1)r T r(ηr (g)) · · · (1),

where m = DimX̂ . This generalized character is called a Deligne–Lusztig Char-
acter of GF . We shall see soon that RB

T,
 does not depend on the choice of the Borel
subgroup B containing T .

To describe a convenient formula for RB
T,
, we need the following two Lemmas:

Lemma 5.5.6 Let 
 : A −→ K � be an irreducible character of a finite abelian
group A, where K is an algebraically closed field of characteristic 0. Let V be a
finite-dimensional vector space over K which is a right A-module. Consider the
element

e = 1

| A |
∑

a∈A


(a−1)a

of the group algebra K (A). Then e is idempotent in the sense that e2 = e and
V e = {v ∈ V | va = 
(a)v}.
Proof e2 = ( 1

|A|
∑

a∈A 
(a−1)a)( 1
|A|

∑
a∈A 
(a−1)a)

= 1
|A|2

∑
a∈A

∑
b∈A 
((ab)−1)ab

= 1
|A|2 | A | ∑

c∈A 
(c−1)c

= 1
|A|

∑
c∈A 
(c−1)c = e.

Next, we denote {v ∈ V | va = 
(a)v} by V
. We need to show that V
 = Ve.
Let v ∈ V
. Then va = 
(a)v and so
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ve = v
1

| A |
∑

a∈A


(a−1)a = 1

| A |
∑

a∈A


(a−1)va

= 1

| A |
∑

a∈A


(a−1)
(a)v = 1

| A |
∑

a∈A


(1)v = v.

This shows that V
 ⊆ Ve. Let v ∈ Ve. Then v = we for some w ∈ V . In turn,

va = wea = w(
1

| A |
∑

b∈A


(b−1)b)a.

Putting b = a−1c, we obtain that

va = 
(a)w
1

| A |
∑

c∈A


(c−1)c = 
(a)we = 
(a)v.

This means that v ∈ V
 and so Ve ⊆ V
. �

Lemma 5.5.7 Let V be a finite-dimensional vector space over an algebraically
closed field K of characteristic 0. Suppose that V is a bi- (G, A)-module, where
G is a finite group and A is a finite abelian group. Let ρ denote the corresponding
representation of G × A on V . Let 
 be an irreducible character of A. Then V
 is a
G- module. Further, if we denote the cooresponding representation of G by η, then

Tr(ρ(g, e)) = Tr(η(g))

for all g ∈ G.

Proof Clearly, V is a G × A-module, where the module structure is given by
(g, a)v = gva. Let v = we belongs to Ve = V
. Then gv = gwe ∈ Ve = V
.
Thus Ve is a G-module. Further, (g, e)v = gwee = gwe = gv. Thus, Ve is a
(g, e)-subspace. Also

(g, e)(v(1 − e)) = gv − gv = 0.

Since V = Ve ⊕ V (1 − e), it follows that Tr(ρ(g, e)) = Tr(η(g). �

Theorem 5.5.8 Let g ∈ GF. Let T , 
, and B be as above. Then

RB
T,
(g) = 1

| T F |
∑

t∈T F


(t−1)L(χ(g, t), X̂),

where L(χ(g, t), X̂) is the Lefschetz number of the automorphism χ(g, t) of X̂ given
by χ(g, t)(x) = gxt.



5.5 Deligne–Lusztig Generalized Characters 311

Proof Recall that the Lefschetz number L(χ, X) of an automorphismχ of X is given
by

L(χ, X) =
2DimX∑

r=0

(−1)r T r(Hr
c (χ)).

Now, by the definition

RB
T,
(g) =

2m∑

r=0

(−1)r T r(ηr (g)),

whereηr is the representationofGF as givenbefore. FromLemma5.5.7,Tr(ηr (g)) =
Tr(ρr (g, e)), where ρr is the representation of GF × T F as described earlier. Thus,

RB
T,
(g) =

2m∑

r=0

(−1)r T r(ρr (g, e)),

where

e = 1

| T F |
∑

t∈T F


(t−1)t.

Consequently,
RB
T,
(g)

= ∑2m
r=0 Tr(ρr (g, 1

|T F |
∑

t∈T F 
(t−1)t))

= 1
|T F |

∑
t∈T F 
(t−1)

∑2m
r=0(−1)r T r(ρr (g, t))

= 1
|T F |

∑
t∈T F 
(t−1)

∑2DimX̂
r=0 (−1)r T r(Hr (χ(g, t))

= 1
|T F |

∑
t∈T F 
(t−1)L(χ(g, t), X̂) (by the definition). �

Theorem 5.5.9 Let T be a maximally split F-stable maximal torus of G which is
contained in F-stableBorel subgroup B ofG. Let
bean irreducible character of T F

and 
BF the one-dimensional representation BF −→ BF/UF ≈ T F 
→ C
�
⋂

Ql
�

of BF . Then RB
T,
 = 
GF

BF .

Proof Let T be a maximally split F-stable maximal torus ofG which is contained in
F-stable Borel subgroup B of G. Fix the member (B, T ) ∈ �F (refer to Proposition
5.5.1.). We shall denote the set of all F-stable Borel subgroups of G by �̂F . Thus,
the first projection is a surjective GF equivariant map from �F to �̂F . Let g ∈ X̂ =
L−1(U ). Then L(g) = g−1F(g) ∈ U ⊆ B and hence

F(gBg−1) = F(g)BF(g)−1 = gg−1F(g)BF(g)−1gg−1 = gBg−1.

This means that gBg−1 belongs to �̂F . Consequently, we get a map η from X̂ to �̂F

which is given by η(g) = gBg−1. Since any element of �̂F is of the form gBg−1

for some g ∈ GF = L−1({1}) ⊆ L−1(U ) = X̂ (Corollary 5.5.2), η is surjective.



312 5 Representation Theory of Chevalley Groups

Now, GF acts on X̂ through left multiplication and it also acts on �̂F through
inner conjugation. Since

η(gx) = gx B(gx)−1 = gx Bx−1g−1 = gη(x),

η is an equivariant map.Wewrite x ≈ y if η(x) = η(y). Clearly,≈ is an equivalence
relation on X̂ . Since η is equivariant and GF acts transitively on �̂F , it also acts
transitively on the finite set X̂/ ≈ = {1 = x1, x2, . . . , xr } and the action is given by
gx = gx . Evidently, 1 = X̂

⋂
B and x = η−1(η(x)) is a closed subset of X̂ for

all x ∈ X̂ (note that η(1) = B). Further, if t ∈ T F and x ∈ X̂ , then η(xt) = η(x).
Thus, xt = x for each x ∈ X̂ and t ∈ T F . Consequently, the action of T F on X̂
through right multiplication induces action on each equivalence class x in X̂/ ≈.
Now, from Theorem 5.5.8,

RB
T,
(g) = 1

| T F |
∑

t∈T F


(t−1)L(χ(g, t), X̂),

where L(χ(g, t), X̂) is the Lefschetz number of the automorphism χ(g, t) of X̂
given by χ(g, t)(x) = gxt . Clearly, the stabilizer of 1 is GF

⋂
B = BF . We have

a generalized character μ of BF × T F on 1 which is given by

μ(b, t) = L(χ(b, t), 1).

The generalized character (g, t) �→ L(χ(g, t), X̂) of GF × T F on X̂ is the induced
characterμGF×T F

, thanks to the property P7 of the l-adic cohomology. Consequently,
the generalized character RB

T,
 is induced by the generalized character

b �→ 1

| T F |
∑

t∈T F


(t−1)L(χ(b, t), 1).

Next, we show that 1 = X̂
⋂

B = T FU : Let b = tu be a member of B,
where t ∈ T and u ∈ U . Then L(b) = u−1t−1F(t)F(u). Thus, b ∈ X̂ if and only
if L(b) = u−1t−1F(t)F(u) belongs to U . In other words, b ∈ X̂ if and only if
t−1F(t) ∈ U

⋂
T = {1}. It follows that 1 = T FU . Consider the natural quotient

map ν from 1 = T FU to T FU/U ≈ T F/(T F
⋂

U ) ≈ BF/UF . Clearly, ν is a
surjective morphism of varieties. Further, each fiber tU of ν is an affine variety iso-
morphic to U ≈ K N , where N = DimU . It follows from the property P5 of the
l-adic cohomology that

L(χ(b, t), 1) = L(χ(b, t), T FU ) = L(νoχ(b, t), T FU/U ) = L(χ(b, t), BF/UF ).

Next, from the property P11,
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L(χ(b, t), 1) = L(χ(b, t), BF/UF ) = | (BF/UF )χ(b,t) |,

where (BF/UF )χ(b,t) denote the set of fixed points of χ(b, t) on BF/UF . Let sU F

be a member of BF/UF , where s ∈ T F . Now, sU F belongs to (BF/UF )χ(b,t) if and
only if bsU Ft = sU F or equivalently bU F = t−1UF . Thus, if b /∈ t−1UF , then
| (BF/UF )χ(b,t) | = 0. Suppose that b ∈ t−1UF (tb ∈ UF ). Then | (BF/UF )χ(b,t) |
= | T F |, since for each b ∈ BF , there is a unique t ∈ T F such that b ∈ t−1UF . It
follows that RB

T,
 is induced by the character μ̂ of BF which is given by μ̂(b) =

(t−1), where t is the unique element of T such that b ∈ t−1UF . Evidently, μ̂ =

BF . This proves that RB

T,
 = 
GF

BF . �

Next, suppose that T is F-stable maximal torus which is not maximally split.
Then T is not contained in any F-stable Borel subgroup of G. We describe RB

T,
(g)

in terms of the semi-simple and unipotent parts of g. More explicitly, we have the
following Proposition:

Proposition 5.5.10 Let g ∈ GF. Suppose that g = su, where s is the semi-simple
part and u is the unipotent part of g. Then s and u belong to GF . Let X̂ s,t denote the
subvariety {x ∈ X̂ | sxt = x}. Then u X̂ s,t ⊆ X̂ s,t and

RB
T,
(g) = 1

| T F |
∑

t∈T F


(t−1)L(lu, X̂
s,t ),

where lu is the left multiplication by u on X̂ s,t .

Proof Note that F(s) is semi-simple and F(u) is unipotent. Since su = g =
F(g) = F(s)F(u) and a Jordan decomposition is unique, it follows that F(s) = s
and F(u) = u. Hence s, u ∈ GF . Next, let x ∈ X̂ s,t . Then sxt = x . But then
suxt = usxt = ux . This means that ux ∈ X̂ s,t . Now, by Theorem 5.5.8,

RB
T,
(g) = RB

T,
(su) = 1

| T F |
∑

t∈T F


(t−1)L(χ(su, t), X̂).

Since s is semi-simple, the order of s is co-prime to p (if aq = a, then order of
a divides q − 1 = pm − 1) and the order of u is a power of p. It follows from
the property P10 of the l-adic cohomology that L(χ(su, t), X̂) = L(lu, X̂ s,t ). This
shows that

RB
T,
(g) = 1

| T F |
∑

t∈T F


(t−1)L(lu, X̂
s,t ).

�

Corollary 5.5.11 Let u ∈ GF be a unipotent element. Let T be a F-stable maximal
torus of G and 
 be any irreducible character of T F . Then

RB
T,
(u) = 1

| T F | L(u, X̂) = RT,1(u)
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is an integer which is independent of 
.

Proof Since X̂1,t = {x ∈ X̂ | xt = x} is empty set if t �= 1 and it is X̂ if t = 1,
it follows from the above Proposition that

RB
T,
(u) = 1

| T F |
∑

t∈T F


(t−1)L(lu, X̂
1,t ) = 1

| T F | L(u, X̂).

for all irreducible character
. By the property P4 of the l-adic cohomology , L(u, X̂)

is an integer. Thus, RB
T,
(u) is a rational number. Since a generalized character is an

algebraic integer, and a rational algebraic integer is an integer, RB
T,
(u) is an integer.

�

Let g ∈ GF and g = su, where s is semi-simple and u is unipotent. Then s ∈ GF

and also u ∈ GF . Suppose that G is connected and simply connected. Then it is a
fact that the centralizer CG(s) of s is connected and reductive. If xs = sx , then
F(x)s = F(x)F(s) = F(xs) = F(sx) = F(s)F(x) = sF(x). This means
thatCG(s) is also F- stable. Further, x−1T x is contained inCG(s)whenever x ∈ GF .
Clearly, u is unipotent element of CG(s). However, in general CG(s) need not be
connected. We state the following more general formula for RB

T,
 in terms of semi-
simple and unipotent parts.

Theorem 5.5.12 Let g ∈ GF and g = su the Jordan decomposition, where s is
semi-simple and u is unipotent. Then

RB
T,
(g) = 1

| (CG(s)0) |
∑

x∈GF and xsx−1∈T F


(xsx−1)RB
⋂

(CG (s)0

x−1T x,1 (u),

where CG(s)0 denote the component of identity of CG(s).(Note that B
⋂

(CG(s))0 is
a F-stable Borel subgroup of (CG(s))0.). �

Observe that Corollary 5.5.11, is a particular case of the above Theorem. We
denote RB

T,
(u) by QG
T (u) and the function QG

T defined on the unipotent elements
by QG

T (u) = RB
T,1(u) is called the Green function. This function was explored by

J.A.Green in 1955 to study representations of GL(n, q).
Our next aim is to state a formula for the inner product ofDeligne–Lusztig general-

ized characters. Let T and T ′ be two F-stablemaximal tori ofG. Let N (T, T ′) denote
the subset {g ∈ G | gT g−1 = T ′}ofG. Clearly, if g ∈ N (T, T ′), then gt ∈ N (T, T ′)
for all t ∈ T . Thus, N (T, T ′) is a union of a set of right cosets of T inG. LetW (T, T ′)
denote the set {T g | g ∈ N (T, T ′)}. In particular,W (T, T ) = W (T ) is the isotropy
subgroup at T of the inner conjugation action of G on the set of all maximal tori of
G. Since T and T ′ are F-stable, gT g−1 = T ′ implies that F(g)T F(g)−1 = T ′.
Thus N (T, T ′) is F-stable and each right coset of N (T, T ′) mod (T ) is F-stable. In
particular, F acts on W (T, T ′) and we can talk of W (T, T ′)F . Let 
 and 
′ be irre-
ducible characters of T F and T ′F , respectively. Let w = T Fn ∈ W (T, T ′)F , where
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n ∈ N (T, T ′)F . Define a character (
′)w of T F by putting (
′)w(t) = 
′(n−1tn).
We state the following formula for inner product of Deligne–Lusztig genralized
characters. We leave the proof as it is lengthy and involved. The reader may refer to
“Finite Groups of Lie Types: Conjugacy classes and Complex Characters” by R. W.
Carter.

Theorem 5.5.13 < RB
T,
, RB ′

T ′,
′ > = | {w ∈ W (T, T ′)F | (
′)w = 
} |. �
Corollary 5.5.14 Suppose that
 is in general position in the sense that (
)w = 


if and only if w is identity elemement of W (T )F . Then

< RB
T,
, RB

T,
 > = 1,

and in particular, RB
T,
 or −RB

T,
 is an irreducible character. �

Indeed, if T is obtained by twisting with σT from the split F-stable maximal torus
T0, and 
 is in general position, then DetσT RB

T,
 is irreducible.

Corollary 5.5.15 Suppose that the F-stable subgroups T and T ′ are not GF con-
jugate. Then

< RB
T,
, RB ′

T ′,
 > = 0.

�

Corollary 5.5.16 RB
T,
 is independent of the Borel subgroup B containing T .

Proof Le B and B ′ be Borel subgroups of G containing the F-stable maximal torus
T . From Theorem 5.5.13,

< RB
T,
, RB

T,
 >=< RB
T,
, RB ′

T,
 >=< RB ′
T,
, RB ′

T,
 > .

Consequently,
< RB

T,
 − RB ′
T,
, RB

T,
 − RB ′
T,
 > = 0.

Thus, RB
T,
 = RB ′

T,
. �

We can unambiguously write RT,
 for RB
T,
. The following Proposition expresses

the regular character χreg of GF in terms of Deligne–Lusztig characters.

Proposition 5.5.17 χreg = 1
|GF |p

∑
T∈MF

∑

∈ ˆT F DetσT RT,
, where MF is the set

of F-stable maximal tori. �

Corollary 5.5.18 For every irreducible character χ of GF , there is a pair (T,
)

such that
< RT,
, χ >�= 0.

�
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Exercises

5.5.1 Describe Deligne–Lusztig characters of GL(2, q), SL(2, q), and verify the
results of this section.

5.5.2 Describe all F -stable subgroups of GL(3, K ) and find the orders of T F for
F-stable subgroups.
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