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Preface

The present volume, Algebra 4, in this series of books on Algebra, centers around
the study of Lie algebras, Chevalley groups, and their representation theory. Lie
groups and Lie algebras are very intrinsically related. The origin of Lie groups and
Lie algebras lies in the study of geometric spaces with the very crucial observation
that a geometric space is determined by the group of its continuous symmetries. Lie
groups and Lie algebras play a very fundamental role in Physics also.

The main concerns in the book are the following:

1. The structure theory and the classification of semi-simple Lie algebras over C
through root space decomposition, root systems, and Dynkin diagrams.

2. The representation theory of semi-simple Lie algebras including the theorem of

Harish-Chandra and the theorems of Ado and Iwasava.

. Chevalley groups including the twisted finite simple groups of Lie types.

4. The representation theory of Chevalley groups including the Steinberg charac-
ters, Principal and Discrete series representations, and an introduction to the
Deligne—Lusztig characters.

W

The book can act as a text for graduate and advanced graduate students
specializing in the field.

There is no prerequisite essential for the book except for some basics in algebra
(as in Algebra 1 and Algebra 2) together with some amount of calculus and
topology. An attempt to follow the logical ordering has been made throughout the
book.

My teacher: (Late) Prof. B. L. Sharma; my colleagues at the University of
Allahabad; my friends: Prof. Satyadeo, Prof. S. S. Khare, Prof. H. K. Mukherji, and
Dr. H. S. Tripathi; my students: Prof. R. P. Shukla, Prof. Shivdatt, Dr. Brajesh
Kumar Sharma, Mr. Swapnil Srivastava, Dr. Akhilesh Yadav, Dr. Vivek Jain,
Dr. Vipul Kakkar, and Dr. Laxmikant; and above all the mathematics students of
Allahabad University had always been a motivating force for me to write a series of
books on various topics in Algebra. Without their continuous insistence, it would
have not come in the present form. I wish to express my warmest thanks to all
of them.
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Harish-Chandra Research Institute Allahabad has always been a great source
for me to learn more and more mathematics. I wish to express my deep sense
of appreciation and thanks to HRI for providing me with all the infrastructural
facilities to write these volumes.

Last but not least, I wish to express my thanks to my wife Veena Srivastava who
had always been helpful in this endeavor.

In spite of all the care, some mistakes and misprints might have crept and
escaped my attention. I shall be grateful to any such attention. Criticisms and
suggestions for the improvement of the book will be appreciated and gratefully
acknowledged.

Prayagraj, India Ramji Lal
September 2020
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Notations

[,] Lie product or bracket product

L aLie algebra (usually)

CL(S) centralizer of S

NL(V) normalizer of V

B abracket arrangement of weightn
Z(L) center of L

gl(V)(gl(n, F)) general linear Lie algebra
sl(V)(sl(n, F)) special linear Lie algebra

o(f)(o(2m+1,F) orthogonal Lie algebra

sp(2m, F) symplectic Lie algebra

d(n,F) Lie algebra of diagonal matrices

t(n, F) Lie algebra of upper triangular matrices
v(n,F) Lie algebra of strictly upper triangular matrices
Der(L) Lie algebra of derivations

Ider(L) Lie algebra of inner derivations

ad adjoint representation

A>B semi — direct product of A and B

T.(G) Tangent space of G ate

L(G) Lie algebra of an algebraic (Lie) group G
Ad adjoint representation of an algebraic group on its Lie algebra
T(V) tensor algebraon V

S(V) symmetric algebraon V

(U(L),j.) universal enveloping algebra of L

R(L) radical of L

X5 (%) semi — simple(nilpotent) part of x

K Killing form

Cp Casimir element associated with p
I'(p)(T'(V)) set of weights of arepn(module) p(V)

() root system

P, hyperplane determined by a root «
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L(K)
G(V,K)
Guniv
Gadj

Gy
StG(v F,)
Rre

Notations

reflection determined by o

the Weyl group of @

a basis of a root system @

standard Borel subalgebra associated with a basis ¢
universal weight (root) lattice associated with @
universal standard cyclic module of highest weight A
standard cyclic simple module with highest weight 4

set of weights of V(1)

formal character of 4

formal character of the module V

universal Casimir element

the character afforded by Z(1)

Chevalley algebra of complex semi — simple Lie algebra over K
Chevalley group associated with a L-module V and a field K
universal Chevalley group

adjoint Chevalley group

principal parabolic subgroup determined by 7 C A
Steinberg character of G

Deligne — Lusztig generalized character



Chapter 1 ®)
Lie Algebras i

The concept and the theory of Lie algebras originated and took momentum from the
Lie theory of continuous groups. Locally, a Lie group is essentially a Lie algebra. To
every Lie group (complex or real), there is an associated Lie algebra. Structurally,
Lie subgroups and normal Lie subgroups of a Lie group associate faithfully with the
Lie subalgebras, and Lie ideals of the Lie algebra associated with the Lie group. The
isomorphism between Lie algebras corresponds to the local isomorphism between
the corresponding Lie groups. Indeed, the category of simply connected Lie groups is
equivalent to the category of Lie algebras. The theory of Lie algebras is indispensable
in the theory of Lie groups.

In another development, Magnus (refer to the excellent book entitled “Combinato-
rial Group Theory” by Magnus, Karrass, and Solitar) initiated the use of Lie algebras
in the study of discrete groups given in terms of presentations. The Lie algebras over
fields of positive characteristics have been very effectively and successfully used in
dealing with the restricted Burnside problem: “Is there a free object in the category
B(n, r) of finite groups generated by n elements having the exponent dividing r?”.
The problem was solved by E. Zelmonov in 1991 for which he got the Fields Medal
in 1994.

In the present chapter, we develop the basic language of Lie algebras including
universal enveloping algebras (PBW theorem), free Lie algebras, solvable, nilpotent,
and semi-simple Lie algebras. We also establish the theorem of Weyl about the com-
plete reducibility of representations of semi-simple Lie algebras. A field is usually
be denoted by F or also sometimes by K.

1.1 Definitions and Examples

Definition 1.1.1 A Lie algebra over a field F is a vector space L over F together
with a binary operation [, ] on L such that the following conditions hold:

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2021 1
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2 1 Lie Algebras
1. [, ] is bi-linear in the sense that

[ax + By, z] = alx,z] + Bly. zl,

and
[x,ay + Bz] = alx, y] + Blx, z]

forall x, y,z € L and «, B € F, where [x, y] denotes the image of (x, y) under [, ].
2.[,]is an alternating map in the sense that [x, x] = Oforall x € L.
3.[x, [y, 2]l + v, [z, x]] + [z, [x,y]] = Oforallx,y,z € L.

[x, y] is called the Lie product of x and y. The third identity is termed as the
Jacobi identity.

We also say that (L, [, ]) is a Lie algebra over F, or [, ] is a Lie algebra structure
on the vector space L over F.

Proposition 1.1.2 Ler (L, [,]) be a Lie algebra over F. Then [x,y] = —[y, x]
forall x,y € L. Conversely, let L be a vector space over a field F of characteristic
different from 2 and [, | be a bilinear product on L such that conditions 1 and 3 of
the Definition 1.1 together with the condition

(2°) [x,y] = —[y,x]hold forallx,y € L.
Then (L, [,]) is a Lie algebra.

Proof Suppose that (L, [,]) is a Lie algebra. Then by condition 2, [x + y, x +
y] = 0 for all x, y € L. Using condition 1 and condition 2 again, we see that
[x, y]+ [y, x] = 0. Conversely, suppose that [, ] is bi-linear and [x, y] = —[y, x]
forallx, y € L.Inparticular, [x, x] = —[x, x]forall x € V. Since the characteristic
of F is different from 2, [x,x] = Oforallx € L.

Proposition 1.1.3 A Lie algebra structure determines, and is determined uniquely
by, a vector space homomorphism ¢ from L \\ L to L satisfying the conditions

PXAPYAD) + ¢ APEAX)) + dzAdxAy) =0

forall x,y,z € L, where L )\ L denotes the exterior square of L.

Proof Let (L, [,]) beaLiealgebra. Since [, ]is an alternating map, from the universal
property of the exterior square, there is a unique vector space homomorphism ¢ from
L A\ LtoL givenby ¢(x Ay) = [x, y]. The identity

P(x APy A2D) + ¢y APz AX)) + ¢zAP(x Ay)) =0

is a consequence of the Jacobi identity. Conversely, if such ahomomorphism ¢ exists,
then we have the Lie product [, ] on L given by [x, y] = ¢(x A y). 8

Let (L, [, ]) be a Lie algebra over a field F. A subspace V of L is said to be a Lie
subalgebra of L if [x, y] € V for all x, y € V. Evidently, V is also a Lie algebra
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with respect to the induced Lie product at its own right. A subalgebra V of L is said
be a Lie ideal if [x, v] € V forall x € L and v € V. Evidently, a subspace V of L
is an ideal of L if and only if [v,x] € V forall v € V and x € L. If V is an ideal
of L, then it can be easily observed that the quotient space L/V is a Lie algebra
with respect to the Lie product [, ] given by [x + V,y + V] = [x, y] + V. This Lie
algebra is called the quotient Lie algebra of L modulo V. A Lie algebra L having
no nonzero proper ideal is called a simple Lie algebra.

Let (L, [,]) and (L', [, ]) be Lie algebras over a field F. A linear transformation
f from L to L' is called Lie algebra homomorphism if f([x, y]) = [f(x), f()]
forall x, y € L. This gives us a category L Ay of Lie algebras over F. We have two
forgetful functors from L A r: One from L A r to the category of vector spaces, and the
second from L A to the category SET of sets. The question of the existence and the
construction of adjoints to these functors will be discussed in detail in the following
section. As usual, the image of a Lie subalgebra under a Lie homomorphism is a Lie
subalgebra, whereas the image of a Lie ideal need not be a Lie ideal. The inverse
image of a Lie subalgebra under a Lie homomorphism is a Lie subalgebra and also the
inverse image of a Lie ideal under a Lie homomorphism is a Lie ideal. In particular,
the kernel Ker f = f~'({0}) of a Lie homomorphism is a Lie ideal. Further, as
usual the correspondence theorem, isomorphism theorems, and the Jordan-Holder
theorem follow for Lie algebras.

Let L be a Lie algebra over a field F. Let A and B be ideals of L. Let [A, B]
denote the subspace generated by the set {[a, b] | a € A and b € B}. By the Jacobi
identity

[x,[a,b]] = —[a,[b,x]] — [b,[x,al]

forallx € L, a € Aandb € B.Itfollowsthat[x, [a, b]] € [A, Blforallx € L, a €
A and b € B. This shows that [A, B] is also an ideal of L. In particular, [L, L]is also
anideal of L. The ideal [L, L] is called the commutator or the derived subalgebra
of L. A Lie algebra L is said to be abelian if [L, L] = {0}. Evidently, [L, L] is the
smallest ideal of L by which if we factor, we get an abelian Lie algebra. L/[L, L] is
the largest quotient of L which is abelian. As in case of groups, we term L/[L, L]
as an abelianizer of L, and it is denoted by L,,. Any homomorphism f from L to
an abelian Lie algebra factors through L,,. A Lie algebra L is said to be perfect if
[L,L] = L.Evidently, every simple Lie algebra is perfect.

Let L be a Lie algebra over a field, and S be a subset of L. Let C; (S) denote the
subset {x € L | [x,s] = 0Vs € S}. The Jacobi identity ensures that C; (S) is a Lie
subalgebra of L. This Lie subalgebra is called the centralizer of Sin L. If S = {a},
then we denote the centralizer of S by Cy (a). If A isanideal of L, then [z, [x, a]] =
—[x,[a,z]] —la,|z,x]] = Oforall z,x € L and a € C;(A). This shows that the
centralizer of an ideal is an ideal. In particular Cy ([L, L]) is an ideal. The centralizer
Cr(L) = {x e L|[x,y] = 0Vy € L} is called the center of L, and it is denoted
by Z(L). Let V be a Lie subalgebra of L. The set N (V) = {x e L | [x, V] € V}
is a subalgebra of L which is called the normalizer of V in L. Evidently, N (V) is
characterized by the fact that it is the largest subalgebra of L in which V is an ideal.
Note that a simple Lie algebra L is centerless in the sense that Z(L) = {0}.
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Let L be a Lie algebra over a field F. Evidently, the intersection of a family of Lie
subalgebras/ideals of L is a Lie subalgebra/ideal of L. Let X be a subset of L. The
smallest Lie subalgebra of L containing X (the intersection of all Lie subalgebras
of L containing X) is called the Lie subalgebra generated by X and it is denoted by
< X >. Similarly, we can talk of the ideal generated by a subset of L.

In non-associative structures, the bracket arrangements are important tools. To
describe the form of the elements of the subalgebra < X > generated by X in terms
of elements of X, we introduce the concept of bracket arrangements. For each
n € N[ J{0}, we introduce the set B, of elements called the bracket arrangements
of weight n. This we do by the induction on n. By = {#}, B; = {(»)}, B, =
{())}, By = {(()(x) (%)), (x)((*)(*)))}. Assume that the set B, has already
been defined for all r < n. Foreachr,s <n —1,r +s = n, let B, ; denote the set
{(By) | B € B, and ~ € By}. Define B, = Ur+s=n B, 5. Each x is called a place
holder. This defines bracket arrangements of different weights. Given a sequence

X1, X2, Xpm, Xm+1, - - - of elements of a Lie algebra L, for each bracket arrangement
0B, of weight n, we define the element (3, (xy, x2, - - - , x,) of L. This, again, we do
by induction on n as follows. Define 3;(x;) = x;. Assume that 5, (x, x2, -+ , X,)
has been defined for all r < n. Suppose that 3, = (6,, B;), where (3, is a bracket
arrangement of weight r and [; is that of weight s. Then we put 3, (x1, x2, - -+ , X)) =
(G- (x1, x2, -+, xr), Bs(Xr415 Xr12, -+ - 5 Xr1+5)]. The elements of the type

Bu(x1, X2, -+, x,) are called the bracket arrangements of the sequence

X1, X2, Xm, Xm+1, - - - of elements of L. Let X be a subset of L. Let 5(X) denote the
set of all bracket arrangements corresponding to all sequences in X. Clearly, the Lie
subalgebra < X > of L generated by X is precisely the set of all linear combinations
of members of F(X). The reader is asked to describe the form of the elements of the
ideal generated by X.

Lie Algebras of Low Dimensions

Example 1.1.4 In this example, we describe the isomorphism classes of Lie algebras
of dimension at the most 2. Evidently, there is a unique one-dimensional Lie algebra
which is abelian. Suppose that L is a non-abelian two-dimensional Lie algebra. Let
{x, y} be a basis of L. Then [L, L] is the subspace generated by [x, y] = z # 0.
Thus, [L, L] is a one-dimensional subspace generated by {z}. Let {z, u} be a basis of
L. Then [z,u] = az for some o # 0. Taking v = o~ 'u, we see that L is the Lie
algebra generated by {z, v} subject to the relation [z, v] = z. An arbitrary element
of L is of the form az + (v and [az + (v, vz + dv] = (ad — Bv)z. Thus, up to
isomorphism, there is only one non-abelian Lie algebra of dimension 2. Further, if
az+ Pv € Z(L), then -3z = [az+ fv,z] = 0and az = [az + Pv,v] = 0.
This implies thataw = 0 = [.Itfollowsthat Z(L) = {0}. Evidently, no Lie algebra
of dimension less than 3 is perfect.

Example 1.1.5 In this example, we classify all Lie algebras of dimension 3. Let L
be a Lie algebra of dimension 3.

Case (1). [L, L] = {0}. In this case, L is abelian and there is only one such Lie
algebra up to isomorphism.
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Case (2). Dim[L,L] = 1 and [L, L] € Z(L). Suppose that [L, L] = Fux,
where x; # 0. Embed {x;} into a basis {x;, x», x3} of L. Evidently, [x;, x3] = aux
for some o # 0. We may choose x; so that = 1. Since x; € Z(L), the Lie product
in L is uniquely given by

[a1x1 4+ qoxs + azxs, Bix) + Boxz + B3x3] = (233 — azfBr)x.

It can be easily seen that the Jacobi identity is satisfied. Thus, in this case also we
have a unique Lie algebra up to isomorphism given as above.

Case(3). Dim [L,L] = 1 and [L, L] 52 Z(L). Suppose that [L, L] = Fx,
where x; # 0. Since [L, L] ;{ Z (L), there is a nonzero element x, of L such that
[x1, x2] # 0. We may take x; such that [x, x,] = x;. Evidently, {x;, x,} is linearly
independent. Embed it into a basis {x;, x5, x3} of L. Suppose that [x|, x3] = Ox;.1f
6 # 0, we may choose x; so that [x;, x3] = x;. Note that the relation [x;, x,] = x;
will not change. We can replace x3 by x3 — x, and then [x;, x3] = 0. Suppose that
[x2, x3] = 7x1. If v # 0, we may further modify x3 by taking it to be v~ 'x3 so that
[x2, x3] = x;. Observe that the remaining relations remain the same. Again replace
x3 by x1 + x3. Then [x;, x3] becomes 0. Still note that the remaining relations remain
the same. Also note that all the time {x|, x,, x3} remains a basis. We get a Lie algebra
structure on L given by

[a1x1 + qoxs + azxs, Bix) + Boxz + B3x3] = (182 — aofBi)x1.

It can be easily seen that the Jacobi identity is satisfied. Thus, in this case also we
have a unique Lie algebra up to isomorphism described as above.

Case (4). Dim [L, L] = 2. We first show that [L, L] is abelian. Suppose the
contrary. Then as in Example 1.1.4, there is a basis {x1, xo} of [L, L] with [x{, x,] =
X3. In particular, Z([L, L]) = {0}. Consider the centralizer C([L, L]) of [L, L]
which is an ideal of L. Evidently, [L, L]1() C.([L, L]) = {0}. Let x be an element
of L. Suppose that [x, x;] = ax; + Bx; and [x, x] = 7x; + dx,. Then using the
Jacobi identity,

yxX1 +0x2 = [x, x2] = [x, [x1, x2]] = =[xy, [x2, x]] = [x2, [x, x1] = (o + d)x2.
This means that « = 0 = ~. Thus, [x, x;] = [(x; and [x, x;] = dx,. Hence
[x —dx1 + Bx2,x1] = 0 = [x — dx1 + [Bx2, x2].

This shows that x — dx; 4+ Bx, belongs to Cp([L, L]). Consequently, L =
[L,L]1& CL([L,L]). Since Cr([L, L]) is a one-dimensional abelian Lie algebra,
[L,L] = [[L,L],[L,L]] = 0. This is a contradiction. Thus, [L, L] is abelian.
Let {x;, x2, x3} be a basis of L, where {x|, x,} is a basis of [L, L]. Suppose that
[x3,x1] = ax; + Bx; and [x3, x2] = ~vx; + dx;. Since [L, L] is abelian and of
dimension 2, {[x3, x1], [x3, x»]} is also a basis of [L, L]. This gives us a non-singular
2 x 2 matrix
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- [32)

Thus, for a Lie algebra L of dimension 3 for which the dimension of [L, L] is
2, a choice of basis {x;, x», x3} of L with {x;, x»} as a basis of [L, L] determines a
non-singular 2 x 2 matrix A described as above. Conversely, given a non-singular
2 x 2 matrix A, take a vector space L with a set {x;, x2, x3} as a basis and define the
product [, ] by

[Arxi+Xox2 + A3x3, pixy + poxz + p3x3] =
(=A1p3 + Az Xaxy + Bxz) + (Aspo — Aopz) (yxy + 6x2).

It can be easily observed that (L, [, ]) is a Lie algebra with [L, L] being of dimen-
sion 2, and also the matrix associated with L with respect to the basis {x;, x5, x3} is
the given matrix A. However, different matrices may determine isomorphic Lie alge-
bras. We try to classify it faithfully. If we fix an element x3 # O outside [L, L] and
change the basis {x;, x,} of [L, L] to a basis {x{, x3}, then the matrix A changes to a
matrix A’ which is similar to A. However, if we fix a basis {x;, x} of L and change x3
to x4 so that {x;, x», x}} becomes a basis of L, then x; = Ax3 + x, for some nonzero
element A in F and x € [L, L]. Since [L, L] is abelian, [x}, x;] = A(ax; + Bx2)
and [x}, x2] = A(yx1 + dx2). The matrix A changes to the matrix AA. It follows that
every Lie algebra L of dimension 3 in which [L, L] is of dimension 2 determines,
and is determined uniquely up to isomorphism by, a conjugacy class of Collineation
group of 2 x 2 matrices. If F is an algebraically closed field, then using the Jor-
dan theorem, we see that a conjugacy class of Collineation group of 2 x 2 matrices
contains one and only one member from the class

(o] 1a#aUf o150}

of matrices. Thus, in this case, we have infinitely many Lie algebras L having a basis
{x1, x2, x3} satisfying one and only one of the following two types of relations:

L. [x1,x] = 0, [x3,x1] = X1, [x3,x2] = axyor

2. [x1,x2] = 0, [x3,x1] = x1 4+ Bx2, and [x3, x2] = x3.

Case (5). Dim [L, L] = 3 or equivalently [L, L] = L. We describe and classify
such Lie algebras up to isomorphisms. Let P L(3, F) denote the set of isomorphism
classes of perfect Lie algebras of dimension 3 over a field F. The isomorphism class
determined by L will be denoted by [L]. A non-singular symmetric matrix A is said
to be multiplicatively cogredient to a non-singular symmetric matrix B if there is a
nonzero scalar A and a non-singular matrix P suchthat A = AP BP’. Thus, if every
element of the field F has a square root (for example C), then the multiplicative
cogredience is the same as the usual congruence. Let S(3, F) denote the set of
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multiplicatively cogredient classes of 3 x 3 non-singular symmetric matrices with
entries in F'. The cogredient class determined by the matrix A will be denoted by [A].
We exhibit a natural bijective correspondence between PL(3, F) to S (3,F).Let L
be a three-dimensional perfect Lie algebra, and let {x|, x,, x3} be a basis of L. Put
y1 = [x2,x3], 2 = [x3,x1],and y3 = [x1, x2]. Evidently, {y1, y2, y3} generates
[L, L] = L,and as suchitis also a basis of L. Suppose that y; = 21‘3:1 a;jx;. Then
A = [a;;]is a non-singular matrix. We term A as the matrix of the basis {y1, y2, y3}
with respect to the basis {x;, x2, x3}. The Jacobi identity in L is equivalent to the
identity
[x1, y1] + [x2, y2] + [x3, 3] = 0.

This is further equivalent to

3 3 3
[xl,Zizlanxi] + [Xz,Zizl aipx;] + [XS»Zizlani] = 0.

Using the bi-linear and alternating property of the product [, ], we obtain the identity

(a21 —a)ys + (a13 —as)yz + (azx —axn)yr = 0.

This shows that A = [a;;] is a symmetric 3 x 3 matrix. Thus, every perfect Lie
algebra of dimension 3 together with a choice {x;, x;, x3} of a basis of L determines
a unique non-singular symmetric matrix A described as above. Conversely, suppose
that we are given a 3 x 3 symmetric matrix A = [a;;]. Let L be a vector space with
a basis {x], x2, x3} consisting of 3 elements. Define a product [, ] on L by

[ijlo‘ixi’ ijlﬁixi] = (upr - azﬂl)Zj:lai3xi + (—ai1fs
— o3 Bl)ijlaiZXi + (2fs — asﬁz)ijldilxi~

The fact that A is a non-singular symmetric matrix implies that L is a perfect Lie
algebra of dimension 3 and the basis {x|, x;, x3}, in turn, determines back the given
matrix A. To classify these Lie algebras, we analyze the effect of the change of
basis of L on the matrix A. Let {u, u,, 3} be another basis with the associated basis
{v] , U2, 03}, where V) = [Mz, u3], V) = [M3, Ml], and v3 = [u1 y le]. LetB = [b,,]
be the associated non-singular symmetric matrix. Then v; = Z?Zl biju;. We relate
A and B. Suppose thatu; = Z?zl c;jx;.Clearly, C = [c;;]is non-singular matrix.
Now,

vy = [uz,us]

= [Z?:1 CinXi, Z?:l ci3Xi]

= (c2€33 —€32023)y1 + (—c12¢33 + €32¢13) Y2 + (C12023 — €22€12) Y3

= Z?=1 di1yi,

where [d;,] represent the the first column of (C")*% = (C*¥)' = (Det C)(C")7!,
where C% denotes the adjoint of C. Similarly, for each j,v; = Zf’:l d;jyi, where
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[di;] represent the jth column of adC’. We have the following transformations
among the bases of L:

-1 t\adj
vSE v L yAx —vuSx

where U denotes the basis {u;, u,, us}, V denotes the basis {vy, vz, v3}, Y repre-
sents the basis {y;, y2, y3}, and X represents the basis {x;, x2, x3}. This shows that
A (CH™ B~! = (. Since (C")* = (Det C)(C")™!,

A = (Det C)”'CBC',

where C is a non-singular matrix. This shows that different choice of bases for L give
rise to cogredient matrices. More generally, if f is an isomorphism from a perfect
Lie algebra L of dimension 3 with a basis {x, x», x3} to another perfect Lie algebra
L’ of dimension 3 with a basis {x{, x}, x4}, then the associated matrices A and A’ are
cogredient to each other. Consequently, we get a map n from PL(3, F) to S, F)
which is given by n([L]) = [A], where A is the non-singular symmetric matrix
associated with L with respect to a basis of L. Further, suppose that we are given a
3 x 3 symmetric matrix A = [a;;]. Let L be a vector space with a basis {x1, x5, x3}
consisting of 3 elements. Define a product [, ] on L by

[ijlaixia Z;ﬁixi] = (i —042/31)2?:1611‘3% + (—oufBs+
04351)2?:101‘23@ + (f53 — 0352)2321611‘1%‘-

The fact that A is a non-singular symmetric matrix implies that L is a perfect
Lie algebra of dimension 3 and basis {x], x», x3}, in turn, determines back the given
matrix A. Thus, the map 7 is surjective. Next, let A and B be non-singular symmetric
matrices which are cogredient. Let L be a Lie algebra together with a basis {x;, x,, x3}
which is associated with the matrix A and let L’ be a Lie algebra with a basis
{x{, x5, x}} which is associated with the matrix B. Then there is a nonzero scalar A
and a non-singular matrix P such that A = APBP".Put P = Q. Then A =
A2 QBQ'. We wish to choose j so that \u? = (Det Q)~!. This is possible,
since (Det Q)~' = p*(Det P)~'. Thus, we have a non-singular matrix Q such
that A = (Det Q)~"'QBQ". It follows from the above discussion that the linear
transformation from L to L’ having Q as the matrix representation with respect to
the basis {x;, x, x3} of L and the basis {x{, x}, x5} of L’ is an isomorphism from L
to L’. This shows that the map 7 is a bijective correspondence.

Now suppose that the field F is of characteristic different from 2. Then every
symmetric matrix with entries in F is congruent to a diagonal matrix (see Theorem
5.6.15, Algebra 2). Consequently, every equivalence class in S (3, K) contains a
matrix of the form Diag(«, 3, 1), a # 0 # (. Thus, every perfect three-dimensional
Lie algebra over a field of characteristic different from 2 is isomorphic to a Lie algebra
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L, 3 having a basis {xi, x2, x3} such that [x1, xo] = x3, [x2,x3] = ax, and
[x3,x1] = [x,. Note that L, 3 may be isomorphic to L. 5 even if {c, 8} # {7, 6}.

If the field F is the field R of real numbers, then it follows (see Theorem 5.6.22,
Algebra 2 ) that every equivalence class contains one and only one of the following
two matrices Diag(1l,1,1) or Diag(—1, 1, 1). Thus, there are only two different
perfect Lie algebras of dimension 3 over the field R of real numbers, and they are
given by the set {[x», x3] = x1, [x3,x1] = x2, [x1,x2] = x3} of relations or else
it is given by the set {[x2, x3] = —x1, [x3,x1] = x2, [x1, x2] = x3} of relations.
Identify them.

Suppose that the field F is the field C of complex numbers. Then every non-
singular symmetric 3 x 3 matrix is congruent to the identity matrix. Hence there is
only one perfect Lie algebra L of dimension 3 over the field C of complex numbers. L
has a basis {x;, x», x3} with relations [x,, x3] = x1, [x3, x1] = X2, [x1, x2] = x3.
Indeed, this Lie algebra has a nice representation as the Lie algebra s/ (2, C) consisting
of 2 x 2 matrices with entries in C and with trace 0. The Lie product is given by
[x,¥] = xy — yx (see Example 1.1.7).

A cyclic Lie algebrais a Lie algebra which is generated by a single element. Evidently,
a nontrivial cyclic Lie algebra is an abelian algebra on a one-dimensional space. A
Lie algebra L has no proper subalgebras if and only if L is a cyclic Lie algebra. A
Lie algebra L is said to be a simple Lie algebra if it has no proper ideals. Evidently,
an abelian Lie algebra is simple if and only if it is cyclic. As in the case of finite
groups, the problem of classification of finite-dimensional Lie algebras reduces to
the following two problems:

1. Classify all finite-dimensional simple Lie algebras up to isomorphisms.
2. Given a pair of (A, B) of Lie algebras, to classify Lie algebras L having an ideal
A’ isomorphic to A as Lie algebra such that L/A’ isomorphic to B.

These problems will be discussed in due course.
Proposition 1.1.6 L/Z(L) cannot be a nontrivial cyclic Lie algebra.

Proof Suppose that L/Z(L) = < x + Z(L) > is a cyclic Lie algebra. Then any
element of L is of the form ax + u, where u € Z(L). Evidently, [ax 4+ u, Ox +
v] = Oforall o, 8 € K and u, v € Z(L). This implies that L = Z(L). g

Example 1.1.7 Let L be a non-abelian Lie algebra of dimension 3. It follows from
the above proposition that Z(L) = {0} orelse Z(L) is of dimension 1. Suppose that
L is perfect. Then every quotient of L is perfect. Since no Lie algebra of dimension
less than 3 is perfect, it follows that L has no proper ideals. Thus, every perfect
Lie algebra of dimension 3 is simple. Let s/(2, F) denote the vector space of 2 x 2
matrices with entries in the field F' having O trace. Then sI(2, F) is a Lie algebra
with respect to the Lie product given by [A, B] = AB — BA. Evidently, s/(2, F)
is three dimensional with {e|», e;;, h} as a basis, where

01 00 10
€1p = |:00:|,€21 = |:10:|,andh = |:0_1:|
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It can be easily observed that [ej, e21] = h, [h,en] = 2e12, and [h,ex] =
—2e51. Thus, if the characteristic of F is different from 2, then s/(2, F) is perfect.
Consequently, si/(2, F) is simple provided that the characteristic of F is different
from 2.

Next, suppose that Z(L) is of dimension 1 generated by {z}. Let {x, y, z} be a basis
of L. L/Z(L)is atwo-dimensional Lie algebra generated by {x + Z(L), y + Z(L)}.
If L/Z(L)is abelian, then [L, L] € Z(L), and, there is a unique (up to isomorphism)
non-abelian Lie algebra L of dimension 3 as described in Case 2 of Example 1.1.5.
Now, suppose that L /Z (L) is non-abelian. Then [L, L] Q Z(L).Ifdim[L, L] =1,
then we have a unique Lie algebra L as described in Case 3 of Example 1.1.5. Finally,
if dim [L, L] = 2, then as described in Case 4 of Example 1.1.5, [L, L] is abelian
and there are two types of Lie algebras.

Now, we list some more important examples.

Example 1.1.8 Consider the usual vector space R over R. The vector product x
in R3 is an alternating product which satisfies the Jacobi identity. As such, (R3, x)
is a three-dimensional real Lie algebra. All nontrivial proper subalgebras of (R3, x)
are one dimensional. However, it has no nontrivial proper ideals. Thus, R3, x)isa
simple Lie algebra over R.

Example 1.1.9 Let L be a three-dimensional vector space over F with {x, y, z} asa
basis. Then there is a unique Lie product [, ] on L subjectto [x, y] = z,[x,z] = y
and [y, z] = 0. Observe that the abelian subalgebra A of L generated by {y, z} is
an ideal such that L/ A is also abelian.

Example 1.1.10 Let A be an associative algebra over a field F, for example, a
polynomial algebra in non-commuting variables or a group algebra F(G) over a
group G. Define a product [, ] on A given by [a, b] = ab — ba. It is easily observed
that (A, [, ]) is a Lie algebra. This Lie algebra will be denoted by A, and it will be
termed as the Lie algebra associated with the associative algebra A. As such, we have
a functor from the category ASSr of associative algebras over F to the category LA g
of Lie algebras over the field F. The adjoint to this functor is an important functor
which is extremely useful in the representation theory and the structure theory of
Lie algebras. This adjoint functor will be discussed in detail in the next section. This
also provides several examples of Lie algebras.

Example 1.1.11 Let (L,[,]) be a finite-dimensional Lie algebra over F. Let
{x1, x2, -, x,} be an ordered basis of L. This gives us n skew symmetric matrices
M' = [a}], M* = [a]],---, M" = [a}] given by

n
_ k
[xi,x;] = E k:1aif'xk'

Further, the Jacobi identity induces the following identity among the entries of the
matrices M¥, 1 <k < n:
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n

kP, kP k.oPy _
§ :kzl(aijakl+a_jlaki +aa,;) = 0

foralli, j, k, I, p. Conversely, given the set of skew symmetric matrices M k= [a;‘j]
satisfying the above condition, there is a unique Lie algebra structure [, ] on F” given

by
Tk
lei,ej]l = E o dijeks

where {eq, es, - -+, e,} is the standard basis of F”". The entries a
structure constants of the Lie algebra L associated with the basis
{x1, x2, - - - , x,,}. Describe the effect of change of the base on the structure constants.

k

;j are called the

Example 1.1.12 Let V be a vector space over a field F. Then Endp(V) is an
associative algebra over F. The associated Lie algebra is denoted by g/(V'). Thus,
gl(V) = Endp(V) and the Lie product [, ] is given by [A, B] = AB — BA forall
A, B € gl(V). The Lie algebra (g/(V), [, ]) is called the general linear Lie alge-
bra on V. Any Lie subalgebra of g/(V) is called a linear Lie algebra. Indeed, it
is a fact (Ado and Iwasava theorems: Theorems 3.1.23 and 3.1.25) that every finite-
dimensional Lie algebra is a linear Lie algebra over a vector space of finite dimension.
If V is of dimension n, then g/ (V) is of dimension n?. Fixing a basis of gI(V), gl(V)
can be identified with the Lie algebra gl (n, F') of n x n matrices with entries in F'.
Clearly, {e;; | 1 <i <n,1 < j <n}isabasis of gl(n, F), where ¢;; is the matrix
all of whose entries are 0 except the ij entry which is 1. Evidently, e;jex; = ke,
where 0 is the Kronecker delta. Thus,

leij, exr] = djreir — diiex;

for all i, j, k, I. This means that the structure constants of g/(n, F') with respect to
the standard basis {¢;; | 1 <i <n,1 < j < n}of gl(n, F') are members of the prime
field in F.

Next, we introduce some important families of Lie subalgebras of gl/(V) =
gl(n, F) termed as classical linear Lie algebras.

Example 1.1.13 The family A,. Let V be a vector space of dimension n + 1 over
a field F. Let sI(V) =~ sl(n + 1, F) denote the set of linear endomorphisms of V
which are of trace 0. Evidently, s/(V) is a vector subspace of g/(V) which is of
dimension (n + 1)? — 1. Since Tr(AB — BA) = 0, it follows that [A, B] € sl(V)
for all A, B € sI(V). This shows that s/(V) is a Lie subalgebra of g/(V). Observe
that s/(V) is not an associative subalgebra of the associative algebra g/ (V). The Lie
subalgebra sI(V) ~ sl(n + 1, F) is called a special linear Lie algebra. Evidently,
{eij | i # jYUleii —eiq1iv1 | 1 <i <n+ 1}isabasisof s/(V). This basis is called
the standard basis of s/(V). Determine the structure constants.

Example 1.1.14 The family B,,. Let f be a nondegenerate symmetric bi-linear form
on a vector space V of odd dimensionm = 2n + 1 over a field F. Let o(f) denote
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the set of all endomorphisms A of V such that f(A(v), w) = —f(v, A(w)) for all
v, w € V. Evidently, o(f) is a subspace of gl(V).If A, B € o(f), then

J((AB — BA)(v), w) = f(AB®)), w) — f((B(A®W)),w) =
—f(v, (AB — BA)(w))

for all v, w € V. Hence [A, B] € o(f) for all A, B € o(f). Thus, o(f) is a Lie
subalgebra of g/ (V). This Lie algebra s called the orthogonal Lie algebra associated
with f. We try to represent it in matrix form. Since f is nondegenerate, there is a
basis (see Algebra 2, Sect. 5.6) {vy, va, - -+ , V2p+1} such that the matrix M(f) =
[f(vi, v;] of f with respect to this basis is given by

1 len 01><n
M(f) = 0n><1 Onxn I, s
Onxl In Onxn

where 0, denotes the r x s zero matrix and I, is the n x n identity matrix. Evi-
dently, A € o(f) if and only if M(f)M(A) = —M(A)' M(f). Suppose that the
matrix M (A) of A with respect to the above basis is expressed as

a&B
MA) = |7 PO,
SRS

wherea € F, @, B, 7, § are row vectors in F " whereas P, Q, R, and S are members
of gl(n, F). The condition M(f)M(A) = —M(A)' M (f) implies thata =0, & =
-7, E = —3, R and Q are skew symmetric matrices, whereas P’ = —S. This, in
turn implies that the trace of each member of o(f) is 0, and o( f) is a Lie subalgebra
of sI(V). The Lie algebra o( f) is called an orthogonal Lie algebra associated with
f. The matrices of the form M (A) described above form a Lie algebra under the
Lie product of matrices. This Lie algebra is isomorphic to o(f), and it is denoted
by o(2n + 1, F). Evidently, the dimension of o(2n + 1, F) is 2n? + n. Determine
a standard basis of o(2n + 1, F) as in the above example. Determine the structure
constants with respect to this basis. Check that they also belong to the prime field
contained in F'.

Example 1.1.15 The family C,. Let f be a nondegenerate alternating bi-linear
form on a vector space V of dimension m = 2n over a field F. Observe that
there is no degenerate alternating form on odd-dimensional spaces unless the field
is of characteristic 2. Let sp(f) denote the set of all endomorphisms A of V such
that f(A(v), w) = —f(v, A(w)) for all v, w € V. Evidently, sp(f) is a subspace
of g/l(V). As in the above example, sp(f) is a Lie subalgebra of g/(V). This Lie
algebra is called the symplectic Lie algebra associated with f. We try to represent
it in matrix form. Since f is nondegenerate, there is a basis (see Algebra 2, Sect. 5.6)
{v1, v2, -+, v2,} such that the matrix M (f) = [f(v;, v;)] of f with respect to this
basis is given by
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M(f) = Lﬁn&].

Evidently, A € sp(f) if and only if M(f)M(A) = —M(A) M(f). Suppose that
the matrix M (A) of A with respect to the above basis is expressed as
_|PQ
MM)—[RS]

where P, Q, R, and S are members of gl(n, F). The condition M(f)M(A) =
—M(A)'M(f) implies that R and Q are symmetric matrices, whereas P’ = —S.
This, in turn implies that the trace of each member of sp(f) is 0, and sp(f) is a
Lie subalgebra of sI(V). The set of matrices of the form M (A) described above is
denoted by sp(2n, F') and it is a Lie algebra with respect to the Lie product of matri-
ces. This Lie algebra is isomorphic to sp(f). Evidently, the dimension of sp(2n, F)
is 2n% 4 n. Determine a standard basis of sp(2n, F) and also the structure constants
with respect to this basis. Observe that they belong to the prime field of F.

Example 1.1.16 The family D,. In Example 1.1.14, we described the orthogonal
Lie algebras on odd-dimensional spaces. In this example, we describe orthogonal Lie
algebras on even-dimensional spaces. Let f be a symmetric nondegenerate bi-linear
form on a vector space V of even dimension 2n. There is a basis {vy, va, - - - , V2, }
of V such that the matrix M (f) of f with respect to this basis is

MU)=[?3}.

As in Example 1.1.14, we have a Lie subalgebra o(f) of s/(2n, F) which is
isomorphic to the Lie algebrao(2n, F) = {A | M(f)A = —A"M(f)} of matrices.
As in previous examples, it can be seen that the dimension of 0(2n, F) is 2n*> — n.
The reader may determine the standard basis, and also the structure constants.

Apart from these family of linear Lie algebras, there are other important linear Lie
subalgebras of gl(n, F') which are important for the structure theory of Lie algebras.

Example 1.1.17 Thesetd(n, F) of all diagonal matrices in g/ (n, F') form an abelian
Lie subalgebra of gl(n, F') which is called a total subalgebra of gl(n, F)). The set
t(n, F) of upper triangular matrices in g/ (n, F) is also a Lie subalgebra of g/ (n, F)
which is termed as a Borel subalgebra of gl(n, F). The set n(n, F) of strict upper
triangular matrices (diagonal entries 0) also form a Lie subalgebra of gl(n, F). It is
easy to observe that [¢(n, F),t(n, F)] = {[A,B]| A, B ct(n, F)} = nn,F).
Find the dimension of each of these subalgebras.

Derivations and Lie Algebras
Let A be an algebra over a field F which may be non-associative. More explicitly,
A is a vector space over a field F' together with a bi-linear product on A denoted by
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juxtaposition. A F-linear transformation d from A to A is called a derivation on A
if
d(ab) = d(a)b + ad(b)

foralla, b € A.Let Der(A) denote the set of all derivations on A. Evidently, Der (A)
is a subspace of Endp(A). The composite of two derivations need not be a derivation
(give an example). However, [d, d']] = dd’ — d’d can easily be seen to be a deriva-
tion. Thus, Der(A) is a Lie subalgebra of gl(A). In particular, if L is a Lie algebra
over F', a derivation d on L is, by the definition, a linear transformation from L to L
such that

d([v,w]) = [d), w] + [v,d(w)]

for all v, w € L. For each v € L, the map ad(v) from L to L given by ad (v)(w) =
[v, w] is clearly a linear transformation. Further,

ad)((w,u]) = [v, [w,u]] = [ad)(w),u] + [w, ad)u)]

for all u, v, w € L, thanks to the Jacobi identity. Hence for each v € L, ad(v) is a
derivation on L. Such a derivation is called an inner derivation of L determined by
the element v. Other derivations are called the outer derivations. In turn, we get a
map ad from L to Der(L) which associates with each v € L the inner derivation
ad(v). Evidently, ad is a linear transformation. Further,

lad (v), ad(w)l(u) = ad(v)(ad(w)(u)) — ad(w)(ad(v)(w)) =
(v, [w, ul] = [w, [v, u]] = [[v,w],u] = ad([v, w])(u)

for all u, v, w € L, thanks to the Jacobi identity. Hence ad is a Lie homomorphism
from L to Der(L). This is called the adjoint representation of L. The image of ad
is precisely the Lie algebra of inner derivations of L, and it is denoted by ad(L) or
Ider(L). The kernel Ker ad = {v e L |[v,w] = 0Vw € L} of ad is the center
Z(L) of the Lie algebra L. By the fundamental theorem of homomorphism

L/Z(L) ~ Ider(L) = ad(L).

Letd € Der(L) and v € L. Then

[d,ad()](w) = d(ad()(w)) — ad()(dw)) = d([v,w]) — [v,d(w)] =
[d(), w] + [v,dw)] — [v,dw)] = [d(v), w] = ad(d(v))(w)

for all v, w € L. This shows that Ider(L) is an ideal of Der(L). The quotient Lie
algebra Der(L)/Ider(L) is called the Lie algebra of outer derivations of L which
will be denoted by Oder(L). We get a short exact sequence
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0 —> Ider(L) %> Der(L) % Oder(L) —> 0,

and also an exact sequence
0— Z(L) > L% Der(L) % Oder(L) —> 0

of Lie algebras.
Semi-Direct Product and Split Extension

As in the case of groups, we introduce the notion of semi-direct product and split
extensions in the category of Lie algebras. Here in this case, the derivation algebras
play the role of automorphism groups. Thus, let A and B be Lie algebras over a field
F. Let o be a Lie algebra homomorphism from B to the derivation algebra Der (A).
Consider the vector space L = A x B. Define the product [, ] on L by

[(@, b), (", b)] = ([a,d'] + o) (@) —od)(a), [b,b])

for all a,a’ € A and b, b’ € B. It is a straightforward verification to show that L
is a Lie algebra. The first inclusion map i; from A to L given by i;(a) = (a,0)
is a monomorphism whereas the second projection map p, from L to B given by
p2((a, b)) = b is an epimorphism. Further, A x {0} is the kernel of p, and so it is
an ideal of L. We get a short exact sequence

0—AS LB B 0.

Evidently, the second inclusion i, from B to L is a splitting of the short exact
sequence. Note that L = A’ + B/, where A = A x {0} and B’ = {0} x B,
A’ is an ideal isomorphic to A, and B’ is a subalgebra isomorphic to B. Further
A’ B’ = {0}. We say that L is an external semi-direct product of A with B, and
it is said to be an internal semi-direct product of A” with B’. Note that if ¢ is trivial
homomorphism, then the semi-direct product is the direct product. Suppose that L is
the internal semi-direct product of its ideal A by its subalgebra B. ThenL = A+ B
and A (B = {0}. Anelement x of L is uniquely expressible asx = a + b, where
a € Aand b € B. For each element b of B, we have a derivation o (b) of A given by
o(a)(b) = [a, b].Itcan easily be seen that o is a homomorphism from B to Der (A).
Further, the map (a, b) +— a + b from the external semi-direct product A x B to the
internal semi-direct product L is easily seen to be an isomorphism. Thus, an internal
semi-direct product is isomorphic to an external semi-direct product. The external
semi-direct product of A with B relative to ahomomorphism ¢ is denoted by A >, B.
If L is a Lie algebra having an ideal A and a subalgebra B suchthat L = A+ B
and A( B = {0}, then we simply denote it by A > B.

Linear Algebraic Groups and Linear Lie Algebras

The discussions to follow will be useful in the representation theory. Recall that
an algebraic variety G together with a group structure on G is called an algebraic
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group or a group variety if the group operations ((a, b) — ab, a+> a™') are
morphisms between the corresponding varieties. Let F' be an algebraically closed
field. Consider the general linear group G L(n, F) of non-singular n x n matrices
with entries in F. Then GL(n, F) can be identified with the affine algebraic sub-
set {(A, (Det(A))™") | A€ GL(n, F)} = V(Det([X;;DX — 1) of F'+! Thus,
GL(n, F) is an algebraic variety. Since the matrix multiplication and inversion on
GL(n, F) can be treated as polynomial maps on the entries of the matrices, the
operations on GL(n, F) are morphisms of varieties. Consequently, GL(n, F) is
an algebraic group. This algebraic group is called a general linear algebraic group
over F. A closed (with respect to the Zariski topology) subgroup G of GL(n, F)
is also an algebraic group which is termed as a linear algebraic group over F. Let
G € GL(n, F) be a connected linear algebraic group, where F is an algebraically
closed field. Let I'(G) denote the coordinate ring of G which consists of poly-
nomial maps on G. Then I'(G) is an algebra over F. For each x € G, the right
multiplication R, from G to G given by R,(g) = g¢gx is an isomorphism of G con-
sidered as a variety. Thus, for each x € G, we have a map p(x) from I'(G) to itself
given by p(x)(f)(g) = f(gx).Evidently, p(x) € GL(I'(G)) = Autr(I'(G)) for
each x € G, and also p(xy) = p(x)p(y) forall x, y € G. This gives us homomor-
phism p from G to GL(I'(G)) = Autp(I'(G)), and correspondingly, I'(G) is a
right F'(G)-module, where F'(G) denotes the group algebra over F. Now, consider
the Lie subalgebra Der(I'(G)) of gl(I'(G)) consisting of derivations on I'(G). A
member of Der(I'(G)) need not be a G-homomorphism from I'(G) to I'(G). A
derivation d on I'(G) is a F(G)-homomorphism if dop(x) = p(x)od forallx € G.
Let (Der(I'(G)))¢ = EndpG)(T'(G)) [ Der(I'(G)) denote the set of all deriva-
tions on I'(G) which are F(G)-homomorphisms. Evidently, Endrc)(I'(G)) is aLie
subalgebra of g/(I'(G)). Hence (Der(I'(G)))¢ is a Lie subalgebra of gI(I'(G)).

Treat the field F as a ['(G)-module by putting fa = f(e)a = af(e) =
af, fe€Tl'(G), and a € F. This I'(G)-module F is denoted by F,. A T'(G)-
derivation from I'(G) to F, is called a point derivation of I'(G) at e. Recall (Definition
4.3.29, Algebra 3) that the tangent space T, (G) of G at e is the space Der (I'(G), F,)
of point derivations of I'(G) at e. More explicitly, 7, (G) is the F vector space of all
maps d from I'(G) to F satisfying the condition

d(fg) = d(f)gle) + fle)d(g)

for all f, g € I'(G), where e denotes the identity of G.

Proposition 1.1.18 We have a natural F-isomorphism x from (Der(T'(G)))° to
Der(I'(G), Fe) given by x(d)(f) = d(f)(e).

Proof Let d be a member of (Der(I'(G)))¢. Then the map x(d) from I'(G) to F
given by x(d)(f) = d(f)(e) is a point derivation of ' (G) at e, since x(d)(ff) =
d(ffye) = W) f + fd(f)e) = d(f)e)f'(e)+ fle)d(f)e) = x
@) fle)+ fe)x(d)(f') for all f, f' € ['(G). This gives us a natural linear
map x from (Der(I'(G)))° to Der(I'(G), F,) defined by x(d)(f) = d(f)(e).
Suppose that x(d) = x(d’), where d,d’ € (Der(I'(G)))°. Then d(f)(e) =
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d'(f)(e) for all f € T'(G). Since d and d’ are G-module endomorphisms of I'(G),
d(f)(x) = xd(f(e)) = xd'(f)(e) = d'(f)(x) for all x € G. This shows that
d(f) = d'(f)forall f € T'(G).Itfollows that  is injective. Next, let ¢ be a member
of Der(I'(G), F,). Then ¢(ff') = &(f)f' + fo(f) forall f, f' € I'(G). Define
amap d from I'(G) to itself by putting d(f)(x) = o(p(x)(f)) = ¢(f - x). Using
the fact that ¢ is a point derivation of I'(G) at e, it is easily observed that d is a
derivation of I'(G) which is a G-module homomorphism. Evidently, x(d) = ¢. .

The vector space isomorphism x introduced above induces a Lie algebra structure
on 7,(G). T,(G) with this Lie algebra structure is called the Lie algebra of G, and it
isdenoted by L(G). Let ¢ be an algebraic homomorphism from an algebraic group G
to an algebraic group G’. Define amap d ¢, from L(G) = T,(G) = Der(I'(G), F,)
to L(G") = T.(G") = Der(I'(G), F,) by putting d¢.(d)(f) = d(fop).Itcanbe
easily seen that d¢, is a Lie algebra homomorphism. There is no loss in adopting the
notation d¢ for d¢,. If ¢ is a homomorphism from G to G’ and 1) is a homomorphism
from G’ to G”, then d(vo¢) = d(1p)od(¢). This gives us a functor L from the
category ALG of connected algebraic groups over an algebraically closed field F'
to the category L A of Lie algebras over F which associates with each connected
algebraic group G the Lie algebra L(G) of G, and with each homomorphism ¢ from
G to G/, the Lie algebra homomorphism L(¢) = d¢.

For each g € G, let i, denote the inner automorphism of G determined by g.
Then i, is an algebraic automorphism of G, and di,, is a Lie automorphism of L(G).
This automorphism is denoted by Ad(g). We have a map Ad from G to the group
Aut (L(G)) of the automorphisms of the Lie algebra L(G) of G. It can be observed
that Ad(gh) = Ad(g)oAd(h). Thus, Ad is a representation of G on its Lie algebra
L(G). This representation is called the adjoint representation of the algebraic group
G. We shall have occasions to discuss the adjoint representations.

Example 1.1.19 Consider the general linear algebraic group GL(n, F) =
V({Det [X;;]1X —1}) € A',f“. The coordinate ring I'(GL(n, F)) of GL(n, F) is
the F-algebra

F[XII’X]27"' 7X1n5X217X22’ e 7X2n7 T 7Xnn7X]
I(GL(n, F)) '

Evidently, the map ¢ from I'(GL (n, F)) to the polynomial ring
F[Xlls X127 R Xln, X217 X221 T in, R Xnnv Det [Xij]_l]
defined by

O(f[X11, Xi2, -+, X1, Xot, X2, -+ s Xows oo+, Xun, X1+ I(GL(n, F))) =
FIX0, Xag, o, Xuns Xot, Xog, -+, X, -+, X, Det [Xi517"]
is a natural isomorphism. The map n from Der(I'(GL(n, F)), Fy) to gl(n, F) is

defined by 17(d) = [a;;], where d(X;;) = a;; can be easily seen to be a Lie algebra
isomorphism. Thus, L(GL(n, F)) = gl(n, F).
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Next, consider the special linear group SL(n, F) = V({Det [X;;] — 1}). Clearly,

F[Xi1, X1, -+, Xin, X1, X02, -+, X
I(SL(n. F))

I'(SL(n, F)) =

Let_X_ij denote the coset X;; + I(SL(n, F)). Let d € Der(I'(SL(n, F)), Fy). Put
d(Xij) = af’j € F. Since d is a derivation

0 = d(1) = d(Det [X;;]) = D(Det [X;;DI) = >, D(Xi)(I) =
Yd(Xi) = Y0,

where D is the derivation of F[X1, X12, -+, Xin, Xo1, X220, -+, X2,] associ-
ated with d. This shows that the matrix [af’j] is of trace 0. The map 7 from
Der(I'(SL(n, F)), Fy) to sl(n, F) given by n(d) = [af’j] is easily seen to be a
Lie algebra isomorphism. Thus, L(SL(n, F)) = sl(n, F).

Lie Groups and Lie Algebras

Recall that a map f from an open subset U of R” to R is a C"-map if foreach k < r
and an n-tuple (¢, £, - - - , t,,) of nonnegative integers with ¢t + 6 +---+1, = k,
the partial derivative

ok f

6t1xlat2x2 e 8’nxn

exists and it is continuous on U. It is said to be a C*°-map if it is a C"-map for
each r > 0. A map ¢ from an open subset U of R" to R™ can be expressed as
¢ = (¢', ¢%, -, ™), where ¢' = p;o¢ are maps from U to R. We say that ¢ is
a C*°-map if each ¢' is a C>-map.

A Hausdorff topological space M (usually second countable) is called a topolog-
ical manifold or a locally Euclidean space if there is a nonnegative integer n such
that every point p € M has an open neighborhood U, which is homeomorphic to
R". By the invariance of the domain (see Corollary 3.2.3, Algebra 3), n is uniquely
determined and it is called the dimension of the manifold. Thus, every nonempty
open subset U of R” is a manifold of dimension 7. Since $” — {p} is homeomorphic
to R” for each p € §", §" is a manifold of dimension 7.

Let M be a manifold of dimension n. A family ¥ = {(U,, h,) | « € A}iscalled
a C" (C*)-differential atlas on M if the following hold:

(1) {(U, | @ € A}is an open cover of M.
(i) For each a € A, h,, is a homeomorphism from U, to R".
(iii) For each pair «, 3 € A, the restriction map h(yoh/§1|hl,(unﬂuj) from hg(U,
(Ugp) to ho (U, (Up) is a C"(C*)-map.

A C" (C*)-atlas X is said to compatible with a C" (C*)-atlas &' if ¥ | X' is also a
C" (C)-atlas. We have an obvious partial ordering on the set of all C” (C*°)-atlases.
A maximal C" (C®)-atlas X on M is called C" (C*)- differential structure on M.
If M admits a C" (C*)-atlas X, then the union of all atlases compatible with X
is a C" (C*)-differential structure containing X. Thus, every C” (C*)-atlas ¥ is
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contained in a unique C" (C*°)-differential structure. A manifold may admit several
differential structures. Indeed, Milnor showed the existence of 28 distinct differential
structures on S7. A C"(C*)-manifold is a pair (M, ¥), where M is a manifold and
¥ is a C"(C®) differential structure. We shall be interested in C°°-manifolds.

Example 1.1.20 1. If U is an open subset of R”, then U is union of a countable
family {B, | n € N} of open balls in R". For each n, we have a homeomorphism #,,
from B, to R". Clearly, {(B,, h,) | n € N} is a C*-atlas on U which determines a
unique C*°-differential structure X on U.

2. GL(n,R), being an open subset of M, (R), is a C*-manifold as described
above. Similarly, G L(n, C) being an open subset of C"* ~ R®"” js a C*°-manifold
of dimension 4n2. It can be shown (see Chap. 5) that all closed subgroups of G L (n, C)
are C*°-manifolds.

3. Consider §” € R"+!. Let U, denote the open subset S — {p,} and U, the
open subset " — {p,}, where p, = (0,0, ---,0, 1) is the north pole and p;, =
(0,0, ---,0, —1) is the south pole of $™. Define a map hy from U; to R” by putting
hi(xy, X2,y Xpa1) = (l_xm+1 1);_?,,“’ R ) andamap h, from U, to R”
by putting hy(xy, X2, -+, Xpr1) = (%, 1+’;—°+] e, 1+A ) It can be easily
observed that {(Uy, hy), (U, hy)} is a C*°-atlas which determines a unique C*°-
manifold structure on S”.

Let (M, ¥,) and M;, ¥,) be C*-manifolds of dimensions n and m, respectively.
Clearly, M| x M, is a manifold of dimension n + m. Further, £; x X, is a C*°-
atlas which determines a unique C°-differential structure ¥. The C°°-manifold
(M, x M, ) is called the product of (M|, ;) and (M, X,).

Let (M, ¥) be a C*°-manifold and U be an open subset of M. We say that a
map f from U to R is a C*-function if foh_'|s,w, ) is a C™ function for each
(Uq, ho) € X. This is also equivalent to say that fokg1 lksvs vy is @ C* function
for each (V3,kg) € X', where ¥’ is a C*-atlas defining the differential structure
3. Let (M, ¥) and (N, ') be two C*-manifolds. A continuous map f from M to
N is called a C*°-map if for any open subset V of N and a C*°-map h from V to
R, hof is a C*®-map on f~'(V). This is equivalent to say that haofok/;1 isa C*-
map for each (U,, h,) € X and (Vj, kg) € X’. Clearly, composites of C*°-maps are
C*°-maps. Thus, we have the category of C°°-manifolds.

Let C*°(M) denote the set of all C*°-functions from M to R. Then C*°(M) is
a commutative algebra over R. A derivation on C*°(M) is called a vector field
on M. The set Der(C>*(M)) of all vector fields is a vector space over R with
respect to the obvious operations. If d, d’ € Der(C*(M)), then it is easily seen that
[d,d'] = dd' — d'd is also a member of Der(C®°(M)). In turn, Der (C*®°(M)) is a
Lie subalgebra of g/ (C*°(M)) over R.

Let (M, X) be a C*°-manifold and p € M. Consider the set 2, = {(U, ¢) |
U is an open set containing p and ¢ is C* map on U}. Define a rela-
tion ~ on Q, by putting (U, ¢) ~ (V, ) if there is an open subset W, p e
W C UV such that ¢ =1 on W. It is clear that ~ is an equivalence rela-
tion. Let C*(p) = {(U,¢) | (U, ¢) € 2,} denote the quotient set €2, modulo
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~. C*(p) is called the set of germs of the C* functions defined at p. Sup-
pose that (U,¢) = (U’,¢') and (V,p) = (V’,4’). It is easily observed that
UNV.o+9) = UNV.d+).UNV.¢-4) = UNV.d ), and
U,ap) = (U',aqd’),a € R. This makes C*(p) acommutative R-algebra. Further,
R is a C*°(p)-module with the external product given by (U, ¢) -a = ¢(p)a =
a-¢(p) = a- (U, ¢). The tangent space T,(M) of M at p is defined to be the
space Der(C*(p), R) of all point derivations of C*°(p) at p.

If M is a complex manifold, then we can talk of an analytic atlas and an analytical
structure on M together with other related concepts by replacing C*°- maps with
analytic maps.

A group G together with C*°-structure on G is called a Real Lie Group if all the
group operations are C*°-maps. For example, GL(n, C), GL(n,R), SL(n, C), and
SU (n) are all examples of real Lie groups. Similarly, A group G together with an
analytic-structure on G is called a Complex Lie Group if all the group operations
are analytic-maps. For example, GL(n, C), SL(n, C) are all examples of complex
Lie groups. Note that SU (n) is not a complex Lie group (why?).

Let G be a real Lie group. Then for each g € G, the left multiplication L, and
the right multiplication R, are bijective C*°-maps whose inverses are also C*°-
maps on G. For each g € G, we have a map p(g) from C*°(G) to C*(G) defined by
(p(@(fNx) = f(xg).Evidently, p(9) € GL(C*(G)) = Autr(C>(G)) foreach
g € G,and also p(xy) = p(x)p(y) forall x, y € G. This gives us a homomorphism
pfrom G to GL(C*(G)) = Autr(C*(G)), and correspondingly C*°(G) is aright
R(G)-module, where R(G) denotes the group algebra over R. Now, consider the
Lie subalgebra Der (C*(G)) of g/ (C*°(G)) consisting of derivations on C*(G). A
member of Der (C*°(G)) need not be a G-homomorphism from C*(G) to C*°(G).
A derivationd on C*°(G) is aR(G)-homomorphismif and only if dop(x) = p(x)od
for all x € G. Let (Der(C®(G)))¢ = Endr)(C*(G)) () Der(C*(G)) denote
the set of all derivations on C*°(G) which are R(G)-homomorphisms. Evidently,
EndrG)(C*™(G)) is a Lie subalgebra of gl(C*(G)). Hence (Der(C* (G))C is a
Lie subalgebra of g/(C*°(G)). The members of (Der(C®(G)))¢ are called the G-
invariant vector fields. Each f € C*°(G) determines an element (M, f) of C°(G)
which we denote by f itself. As in Proposition 1.1.18, we obtain a natural R-
isomorphism x from (Der(C®(G)))¢ to T,(G) = Der(C>®(e), R) by putting
x@)(f) = d(f)(e). It follows that T,(G) is a real Lie algebra. This Lie algebra
is called the Lie algebra of G and it is denoted by L(G). We can do the same for
complex Lie groups. In Chap. 5, we shall describe Lie algebras of linear Lie groups.

Remark 1.1.21 Hilbert’s fifth problem posed by Hilbert in 1900 was to see if a
Locally Euclidean group is a Lie group. Gleason and Montgomery settled it by prov-
ing that every Locally Euclidean Group (a group together with a manifold structure
such that the group operations are continuous) is a Lie group.

Let L be a real Lie algebra. Then Lc = L ®g C is a Lie algebra over C with
obvious Lie product. This Lie algebra is called the complexification of L. Show that
the complexification of su(n) is GL(n, C) which is also the complexification of
gl(n, R).
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Exercises

I.1.1.
1.1.2.

1.1.3.
1.1.4.

1.1.6.
1.1.7.

1.1.9.
1.1.10.

1.1.11.

1.1.12.

1.1.13.

1.1.14.

1.1.15.

1.1.16.

1.1.17.

Assuming that the characteristic of F is 0, show that all classical Lie algebras
in the families A,, B,, C,, and D,, are perfect and center-less.

Determine the centers of all the Lie algebras discussed so far.

Show that for any Lie algebra L, ad(L) cannot be one dimensional.

Show that s/(3, F) is simple if and only if the characteristic of F is different
from 3.

. Let T € gl(n, F) which has all its eigenvalues in F and all are different.

Show that ad(T) is diagonalizable.

Show that the derived algebra of gl(n, F) is sl(n, F).

Describe the derived algebras of d(n, F), t(n, F), and n(n, F). What are
their normalizers in gl(n, F).

. Describe the Lie algebras of the algebraic groups D(n, F), T (n, F), and

U(n, F), where D(n, F) is the group of non-singular diagonal matrices,
T (n, F) is the group of non-singular upper triangular matrices, and U (1, F)
is the group of uni-upper triangular matrices.

Describe all three-dimensional Lie algebras over Zs.

Show that (R?, x) is a Lie algebra over R. Is it simple? Describe its com-
plexification.

Describe all three-dimensional Lie algebras over Q. What are their com-
plexifications?

Establish the Leibnitz rule

Oy = Y G0 ()

for a derivation § on a Lie algebra over a field of characteristic 0.
Let ¢ be a nilpotent derivation of an algebra L over a field of characteristic
0. Suppose that §* = 0. Show that

n—1 (V
exp() = Zr:();

is an automorphism of L.

Describe the Lie subalgebra of s/(n, F) generated by {ej2, e21}. Show that
the ideal of sl(n, F) generated by {e»} is sl(n, F).

Let b, denote the number of bracket arrangements of weight n. Consider
the power series b(t) = Zf’;o b,t" in Z[[¢]]. Show that b(¢)®> — b(t) + ¢
with 5(0) = 0. Deduce that b(r) = %ﬁ' Expanding this in power
series show that b, = ﬁ n=20, .

Show that the Lie algebra L over C having a basis {x;, x,, x3} subject to the
relation [x,, x3] = xi1, [x3,x1] = x2, and [x1, x,] = x3 is isomorphic
to si{(2, C).

Let us call a Lie algebra L to be a complete Lie algebra if Z(L) = {0}
and every derivation is an inner derivation. Let A be an ideal of L which
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is complete as an algebra. Show that there is an ideal B of L such that
= A®B.
1.1.18. Show that every non-abelian Lie algebra of dimension 2 is complete.

1.2 Universal Enveloping Algebras: PBW Theorem

This section is devoted to introducing and studying some universal objects in the
category of Lie algebras such as universal enveloping algebras, free Lie algebras, and
also to describing Lie algebras through presentations. We also establish the Poincaré—
Birkhoff—Witt (PBW) theorem together with some of its consequences. Every group
G is isomorphic to a subgroup of GL(V) for some vector space V (consequence
of Cayley’s theorem). We shall show that every Lie algebra is isomorphic to a Lie
subalgebra of g/ (V') for some vector space V (not necessarily finite dimensional). In
case of groups, every finite group is isomorphic to a subgroup of a matrix group over
a field F. The corresponding analogue for the Lie algebras are the theorems of Ado
and of Iwasawa (Theorems 3.1.23 and 3.1.25) which assert that a finite-dimensional
Lie algebra over F' is isomorphic to a Lie subalgebra of gl (n, F) for some n.

Let V be a vector space (not necessarily finite dimensional) over an arbitrary
field F. Recall (Sect. 7, Algebra 2) the tensor algebra 7(V) on V. Thus, as
a vector space, T(V) = @Y .-, ®"V, where 'V = F, ®'V = V, and
QW = VRVE: - -®V.For each m,n >0, we have a bi-linear product 7,,,

from ®"V x "V to @™V given by

Mm(X1 @ X2 @ @Xp, X1 QX2 Q- QxXp) = X1 QXN2Q - X QX1 QX2 Q-+ ® Xy

These partial products can be extended by linearity to a unique associative bi-linear
product on 7T (V). This makes 7' (V) an associative F-algebra. The algebra T (V)
is called the tensor algebra of V. We have the tautological injective linear map iy
from V to ®'V C T (V) given by iy (v) = v. The pair (T (V), iy) has the following
universal property: (x) If ¢ is a linear map from V to an associative algebra A,
then there is a unique algebra homomorphism 5 from T (V) to A such that Eoi y =
¢. Further, if (B, j) is a pair which also satisfies the universal property (), then
there is a unique algebra homomorphism j from T(V) to B, and a umque algebra
homomorphlsm iy from B to T (V) such that ]OIV = j and 1V0] = ly. Thus
ivojoiy = iy = IT(V)OlV From the universal property of (T(V),iy), lv0] =
Irw). Slmllarly, ]ozv = Ip. This shows that (T (V), iy) is the unique pair up to
an isomorphism which satisfies the universal property (x). Consequently, if f is
a linear map from a vector space V to a vector space W, then there is a unique
algebra homomorphism 7 (f) from T (V) to T (W) such that T(f)oiy = iwof.
Thus, T defines a functor from the category of vector spaces over F' to the category
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of associative algebras over F which is adjoint to the forgetful functor from the
category of associative algebras over F to the category of vector spaces over F.

T'(V) has a simpler description as a polynomial algebra: Let B be a basis of V
and let S be a set of symbols in bijective correspondence with B. Let F[S] denote
the polynomial algebra over F in non-commuting indeterminates belonging to S.
We have a linear map i from V to F[S] induced by the bijective correspondence
from the basis B to the set S of indeterminates. It is an easy observation that the pair
(ﬁ [S], i) also satisfies the universal property . In fact, F [S] is a free associative
algebra on the set S, and V is the free F'-module on S.

Let I be the ideal of the tensor algebra 7' (V) generated by (x ® y — y ® x |
x,y € V}. The algebra T(V)/I is called the symmetric algebra of V and it is
denoted by S(V). The natural quotient map from 7' (V) to S(V) will be denoted
by . Clearly, S(V) is an associative and commutative algebra over F. Fur-
ther, I(V) = @) o2 ,(1(®"V) (note that I (\F = {0} = [\ ®'V). Thus,
S(V) = @Y 22,8"(V), where S%(V) = F, S'(V) = V, and S"(V) =
Q"V/I N ®"V), m > 2. §"(V) is called the mth symmetric power of V. We
have the tautological linear map iy from V to S(V). The pair (S(V), iy) has the
following universal property: (xx) If (B, j) is a pair, where B is an associative and
commutative algebra and j is a linear map from V to B, then there is a unique homo-
morphism j from S(V) to B such that joi = j. As in the case of tensor algebra, the
pair (S(V), iy) is unique up to isomorphism which satisfies the universal property
(»x). Evidently, S defines a functor from the category of vector spaces to the cate-
gory of commutative algebras over F which is adjoint to the forgetful functor. The
symmetric algebra of V has a simpler description as polynomial algebra F[S] in the
set S of commuting variables, where S is in bijective correspondence with a basis of
V.

Now, we introduce the adjoint functor to the functor from the category of associa-
tive algebras to the category of Lie algebras which associates with each associative
algebra A the associated Lie algebra A, (see Example 1.1.10).

Definition 1.2.1 A universal enveloping algebra of a Lie algebra L over a field
F is a pair (U(L), j.), where U (L) is an associative algebra over F' and j, is a
Lie algebra homomorphism from L to the associated Lie algebra U (L) such that
it satisfies the following universal property: (x x %) If (B, j) is also a pair, where B
is an associative algebra and j is a Lie algebra homomorphism from L to B;, then
there is a unique algebra homomorphism j from U (L) to B such that joj;, = j.

As usual, the pair (U (L), jr) is unique up to a natural isomorphism.

We show the existence of a universal enveloping algebra by constructing it. Let
T (L) denote the tensor algebra of L considered as a vector space. Let J denote the
ideal of T (L) generated by {x @ y —y® x — [x, y] | x,y € L} (note that (x ® y —
y ® x) belongs to the component ®>L of T (L) and [x, y] belongs to the component
L of T(L)). Take U(L) to be T(L)/J and j, = voir, where v is the quotient
map from T (L) to T(L)/J. Let B be an associative algebra and j be a linear map
from L to B such that j([x, y]) = j(x)j(y) — j(y)j(x) forall x, y € L. From the
universal property of (7 (L), i), there is a unique algebra homomorphism ¢ from
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T (L) to B suchthat poi; = j.Since j([x,y]) = j(x)j(y) — j(y)j(x),it follows
that p(x ® y — y ® x — [x, y]) = 0. Hence ¢ induces a unique homomorphism ¢
from U (L) to B suchthatyoj;, = j.This shows thatthe pair (U (L), j.) is universal
enveloping algebra of L.

Let 7 be a homomorphism from a Lie algebra L to a Lie algebra L’. Then j;.on
is a Lie algebra homomorphism from L to U(L’),. From the universal property of
the universal enveloping algebra, we have a unique algebra homomorphism U ()
from U(L) to U(L') such that ji.on = U(n)ojr. This defines a functor U from
the category of Lie algebras to the category of associative algebras. The functor U
is adjoint to the functor from the category of associative algebras to the category of
Lie algebras which associates with each associative algebra A the corresponding Lie
algebra Aj.

Example 1.2.2 If L is an abelian Lie algebra, then [x, y] = O forall x,y € L.
Thus, the ideal J is the same as /. Hence in this case, U(L) = S(L).If L is a
non-abelian Lie algebra of dimension 2, then there is a basis {x, y} of L such that
[x, y] = x.In this case, U(L) is isomorphic to I:"[X, Y1/J, where ﬁ[X, Y] is the
polynomial ring in non-commuting variables X and Y, and J is the principal ideal
ofI%[X, Y] generatedby XY —YX — X = X(Y — 1) — Y X. Observe that in both
the cases j; is injective. Also observe that in this case {X"Y* + J | r > 0,s > 0}
forms a basis of U (L).

Theorem 1.2.3 Let L be a Lie algebra. Then the universal enveloping algebra
(U (L), jr) of L satisfies the following properties:

1. The image ji (L) generates U(L) as an associative algebra.

2. Let A be an ideal of L. Let A denote the ideal of U(L) which is generated by
Jjr(A). Then the pair (U(L)/A, jAL) is the universal enveloping algebra of L/ A,
where jAL is given by jAL(x +A) = jr(x)+ A.

3. There is a unique anti-automorphism p of U (L) such that p(jp(x)) = —j(x)
for each x € L. Further p* = Iy ).

4. We have a unique algebra homomorphism A from U (L) to the algebra U (L) ®F
U(L) (note that U(L) ®F U (L) is an associative algebra) such that

AGL®) = jr(x) @1 + 1® jr(x)

for each x € L. The homomorphism A is called the diagonal homomorphism.
5. ljor each derivation d on L, we have a unique derivation d on U (L) such that
dOjL = jLOd.

Proof 1. Since T (L) is generated by iy (L) and j, = voiy, it follows that U(L) is
generated by j (L).

2. Evidently, the map jAL from L/Ato U(L)/A given by jAL x+A) = jr(x)+ A
is a linear map. Also
Julx + A,y + AD
= jo([x, y1+ A)
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= jrlx.yD +A )
= (L)je(y) — ju ML) + A
= L) + A, () + Al
= L+ A 20+ Al

This shows that jAL is a Lie algebra homomorphism from L/A to (U(L)/ A) 1. Next,
let B be an associative algebra and let 1 be a Lie algebra homomorphism from
L/A to Br. Then p induces a Lie algebra homomorphism v from L to By given by
v(x) = p(x + A).Since (U(L), jr) is auniversal enveloping algebra of L, we have
aunique Lie algebra homomorphism /i from U (L) to B such that fioj;, = v.Hence
(rojr)(x) = v(x) = pu(x+ A) = 0 whenever x € A. Hence i(j;(A)) = 0.
Consequently, /i(A) = 0. Thus, /i induces a unique homomorphism 7 from U (L) / A
to B such that io jAL = u. It follows that (U(L)/ A, jAL) is the universal enveloping
algebraof L/A.

3. Consider the universal enveloping algebra (U (L), j) of L. U(L) is also an
associative algebra with respect to the new product  given by u x v = v - u, where
- is the product in U (L). Let us denote this new associative Lie algebra by U (L)’.
Let [, ]’ denote the associated Lie algebra structure. Consider the map 7 from L to
U(L) givenby (x) = —j (). Then n([x, y)) = —jrlx, ] = [jr (), ju(0)] =
[n(y), n(x)] = [n(x),n(y)]'. Thus, n is a Lie algebra homomorphism from L to
(U(L)").Fromthe universal property of (U (L), j.), we getahomomorphism p from
U(L) to U(L) such that poJ;, = n = —j,.Evidently, p is the anti-automorphism
of U(L) such that p> = I;.

4. Consider the associative algebra U (L) ® r U(L) and the map ¢ from L to
U(L)®g U(L) given by ¢(x) = Jp(x) ® 1 + 1® jp(x). Clearly, ¢ is a linear
map. Further,

o(lx, yD) = je(x, yD®1 + 1® jrllx,yD) = (Gr)jr(y) = jr(Mjr(x)®
I+ 1@ () jr(y) —jrMjr(x)) = ¢x)o(y) — o(y)P(x).

This means that ¢ is a Lie algebra homomorphism from L to (U (L) @ p U(L)) .
From the universal property of (U (L), jr), we have a unique algebra homomorphism
A with the required property.

5. Let d be a derivation of the Lie algebra L. Consider the algebra M, (U (L)) of
2 x 2 matrices with entries in the universal enveloping algebra U (L) of L. Consider
the map ¢ from L to M, (U (L)) which is given by

i) jLdo))
() ‘[ 0 i) }

Clearly ¢ is a linear map. Also using the fact that d is a derivation and j, is a linear
map, it can be easily seen that ¢[x, y] = o(x)o(y) — ¢(y)¢p(x). Hence from the
universal property of (U(L), j.), there is a unique homomorphism ¢ from U (L)
to M,(U (L)) such that poj, = ¢. Since j. (L) generates U (L) and since the set
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of upper triangular matrices with same diagonal entries is closed under the matrix
product, we have a unique map d from U (L) to itself such that for u € U(L),

The fact that ¢ is a homomorphism implies that d is a derivation of U(L). Clearly,
dojp = jrod.{

Our next aim is to determine the structure of U (L) (PBW theorem). We have the
filtration

(L) S T (L) S T*(L) S ------ T"(L)yCc T"™(L) C ---

of T (L) considered as a vector space, where 7" (L) = & Z;":O ®' L. Consequently,
we get a filtration

vy cul()ycu*yc------ U"(L)y cU"tNL) C -

of U(L) considered as a vector space, where U™ (L) = v(T™), v being the quo-
tient map from T (L) to U(L). Evidently, UP(L)U%(L) C UP*4(L). Let Q™ (L)
denote the vector space U’"(L)/U’”’I(L). Put Q(L) = @anozo Q"(L). The
product in U (L) induces a bi-linear product from Q7 (L) x Q4(L) to QP1I(L)..
These bi-linear products can be extended by linearity to an associative product
on (L) which makes (L) an associative algebra. For each m, we have a lin-
ear map i, from ®"L to Q" (L) given by pu,(x) = v(x)+ U""'(L). Given
any u € U™(L), there is an element x = x, + x| + --- + x,,, of 7™ (L) such that
v(x) = u, where x; € ® L for each i. Evidently, 1, (x,,) = v(x,,) + U™ (L) =
v(x) + U™ (L) = u+ U™ '(L). This shows that 1, is a surjective linear map
from ®” (L) to Q™ (L). This gives us a unique linear map p from 7' (L) to (L) sub-
jectto p|gny = p, foreachm.If x € ®”(L) and y € ®7(L), then xy € ®”19(L)
and p(xy) = ppig(xy) = v(xy) +UPHN(L) = v(x)v(y) + U Y(L) =
@)+ UP Y (L)Y +UT(L)) = w(x)u(y). This shows that i is a surjective
algebra homomorphism from 7' (L) to 2(L). Consider theelementx ® y — y ® x €
QL. Then v(x ® y — y®@x) € Q*(L). Also x ® y — y® x — [x, y] € J for all
x,y € L. Further, p(x @ y =y ®x) = io(x® y —y®x) +Ui(L) = Ui(L),
sincex @ y—yQ®x = [x,y] € U(L). It follows that x ® y — y @ x € ker u for
each pair x, y € L. Hence I C ker p. In turn, i induces a unique surjective alge-
bra homomorphism 7 from the symmetric algebra S(L) of L to €2(L) such that
fiom = p, where 7 is the natural quotient map from 7'(L) to S(L).

Theorem 1.2.4 (Poincaré-Birkhoff-Witt) The algebra homomorphism i from S(L)
to (L) is an isomorphism.

Before proving the theorem, we derive some of its important consequences as
corollaries.
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Corollary 1.2.5 Let W be a subspace of " L such that the quotient map n,, from
QML to S"(L) = Q"L/(I(\Q™L) restricted to W is an isomorphism. Then
Um™(L) = v(W)@® U™ (L).

Proof Under the hypothesis of the corollary, itis clear that " L =W & (I (| ®™L).
Thus, it follows from the PBW theorem that u,,|w is an isomorphism from W to
Q"(L) = U™(L)/U™ '(L). Consequently, U"(L) = v(W) @ U" ' (L). #

Corollary 1.2.6 The linear map ji from L to U (L) is an injective linear map which
is also a Lie homomorphism from L to U (L)p.

Proof The map 7, is a tautological isomorphism from L = ®'L to S'(L). The
result follows from the above corollary, since Uy = {0}. g

Let L be a Lie algebra. Let {x) | A € A} be a basis of L, where (A, <) is a well-
ordered index set. Such a basis exists because of the well-ordering theorem. For
eachmember ¥ = (A, A2, -+, \y) € A™, let xy denote the element x), ® x), ®
<+ ®ux), of ® L. Weput x; = 1 for ¥ € A°, and for (\) € A!, we denote xy,
by x). Evidently, X,, = {xy | ¥ € A™}is abasis of ®” L. Next, let A,, denote the
subset {(A, Ao, -, M) EAT AN S <~ <A Jof A". Form =0, Ay =
{#) and for m =1, A; = A'. For each m and for each ordered m-tuple I' =
(A1, A2, -+, Aw) € Ayytheelementx)y, @ x), ® --- ®xy, + (I ®"L)of S"(L)
is denoted by xt. We put x(yy = x,.Thus, X5 = X, X), - - - X, . By the convention,
Xy = 1. More generally, the image of the element x € L under the embedding i,
of L to S;(L) € S(L) is denoted by Xx.

Let W,, be the subspace of ®” L generated by {xr | I' € A,,}. Since {xp | " €
Ay} is a basis of S (L), the quotient map 7,,|w, from W, to S"(L) is an iso-
morphism. It follows from Corollary 1.2.5 that U (L) = v(W,,) ® U™ (L) and

v(X,) = {xr+J | T € A,}isabasis of v(W,). Since
vNL)ycU (L) cUXL)c---cU L) cU™ (L)

is a filtration of U (L), we obtain the following corollary:
Corollary 1.2.7 |, v(X,,) U{1} is a basis of U(L). More explicitly, {x), ®
X® - ®xy, + J| M <A< < ) U1} isabasisof UL).

The basis of U (L) described in the above corollary is termed as the P BW basis
of U(L).

Corollary 1.2.8 Let M be a Lie subalgebra of a Lie algebra L. Then U (i) is injec-
tive algebra homomorphism from U (M) to U (L), where i is the inclusion homomor-
phism. Further, U(L) is a free U (M)-module.

m

Proof Let X = {x) | A € A} be a basis of M, where (A, <) is a well-ordered set.
Embed it into a basis {x) | A € A’}, where A C A’. By the well-ordering theorem,
we have a well order on A’ — A. In turn, we get a well order < on A’ such that
<'|ao = Aand A < pforall A € A and pn € A’ — A. From the above corollary,
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(Up_ v(X,)) U{1} is a basis of U(L) whereas (., (X)) {1} is a basis
of U(M). Evidently, v(X,,) € v(X],). This shows that U (M) can be realized as a
subalgebra of U (L) and U (L) is a free U (M)-module with basis Ufnozl(l/(X,’n) —

V(X)) U1} 8
Corollary 1.2.9 If L is a Lie algebra, then U (L) is without zero divisors.

Proof Since S(L) ~ Q(L) and the symmetric algebra S(L), being isomorphic to
the polynomial algebra, is without zero divisors, it follows that the algebra (L)
is without zero divisors. We show that U (L) is without zero divisors. Let x, y
be members of U(L) such that xy = 0 with y # 0. Then there is the small-
estr > 1 such that y e U"(L) but y ¢ U(L). Suppose that x € U™ (L). Then
E+U™' L) +UY(L)) = 0in Q(L). Since Q(L) is without zero divi-
sors and y 4+ U"~'(L) is a nonzero element, x + U~ !(L) is zero in 2" (L). Hence
x € U™ '(L). Proceeding inductively, we see that x € U°(L) = F.Sincexy = 0,
x = 0.1

Consider the universal enveloping algebra (U (L), j.) of L. For each u € U (L),
we have the left multiplication map /,, from U (L) to U(L) given by [,,(v) = uv.
Clearly, [, € Endg (U(L)) = gl(U(L)). The map ¢ from U(L) to Endg (U (L))
defined by ¢(u) = [, is easily seen to be an algebra homomorphism. Since U (L)
has no nonzero divisors, ¢ is injective. Consequently, ¢oj, is an injective Lie algebra
homomorphism from L to gl/(U(L)).. We have established the following analogue
of Cayley’s theorem for Lie algebras.

Corollary 1.2.10 Every Lie algebra is isomorphic to a Lie subalgebra of gl(V) for
some vector space V. In the language of the representation theory, every Lie algebra
has a faithful representation.

Observe that even if L is finite dimensional, the algebra U (L) need not be
finite dimensional. However, the theorem of Ado—Iwasava asserts that every finite-
dimensional Lie algebra is the Lie subalgebra of g/(V') for some finite-dimensional
space V. Ado proved it for the characteristic O case, and Iwasava proved it for the
positive characteristic. The proofs of these results will follow in Chap. 3.

We still postpone the proof of the PBW theorem and use it further to introduce
the concept of free Lie algebras and that of the presentations of Lie algebras.

Definition 1.2.11 Let X be a set. A pair (L(X), ix), where L(X) is a Lie algebra
over F and iy is amap from X to L(X), is called a free Lie algebra on X if it satisfies
the following universal property: For any pair (B, j), where B is a Lie algebra over
F and j is a map from X to B, there is a unique Lie algebra homomorphism j from
L(X) to B such that joiy = j.

Asusual, the pair (L(X), iyx) is unique up to isomorphism. For the existence, let V be
a vector space over F with X as a basis. Consider the tensor algebra (T (V),iy)on V.
Let L(X) denote the Lie subalgebra of the Lie algebra (T (V)), generated by iy (X).
Observe that (T'(V), ix) is the free associative algebra on X, where iy = iy|x.
We show that (L(X), ix) is a free Lie algebra on X. Let M be a Lie algebra and
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Jj be amap from X to M. Then jy0j is a map from X to the universal enveloping
algebra U (M) of M. Since T (V) is free associative algebra on X, we get an algebra
homomorphism ¢ from 7' (V) to U(M) such that ¢oixy = jjoj.Inturn, ¢ is also a
Lie algebra homomorphism from 7' (V) to U (M) . Since jj; (M) is aLie subalgebra
of U(M), containing (jy0j)(X) and L(X) is the Lie subalgebra of T (V') generated
by ix(X), n = (ju) 'o¢|Lx) is a Lie algebra homomorphism from L(X) to M
such that noix = j. This ensures that (L(X), ix) is a free Lie algebra on X. The
members of L(X) are called the Lie elements in X.

In particular, if X is a set, W is a vector space over F', and - isamap from X x W to
W such that x - (aw + fw’) = a(x-w) + B(x - w') forall w,w € Wand o, 5 €
F, then we have a unique L(X)-module structure on W subjecttoix(x) - w = x - w.

Presentations of Lie Algebras

Let F be a fixed field. A presentation of a Lie algebra is a pair < X; R >, where X
is a set and R is a set of Lie elements in X. Let L be a Lie algebra. A presentation
< X; R > together with a map ¢ from X to L is called a presentation of L if the
induced homomorphism ¢ from L(X) to L is surjective and the kernel of ¢ is the
ideal of L(X) generated by R. The members of R are called the defining relations of
the presentation. Thus, < X; # > together with the map iy is a presentation of the
free Lie algebra L(X) on X. The presentation < {x, y}; {x ® y — y®x — x} >
is a presentation of a non-abelian two-dimensional Lie algebra. As in the case of
the presentation theory of groups, one can have the analogue of the word problem
and also the isomorphism problems in the theory of presentations of Lie algebras. In
general, a finite presentation may represent an infinite-dimensional Lie algebra. One
of the most important aims of the book is to have a faithful classification of finite-
dimensional semi-simple Lie algebras over an algebraically closed characteristic 0
in terms of presentations.
We state without proof the following analogue of the Nielsen—Schreier theorem.

Theorem 1.2.12 (SirSov-Witt Theorem) Every subalgebra of a free Lie algebra is
free. t

Proof of the PBW Theorem

Now, we proceed for a proof of the PBW theorem. We establish a few lemmas for
this purpose.
We have a filtration

So(L) € S1(L) C S (L) S ---8u(L) € Spa(L) S -+
of S(L), where S,,(L) = @) 1" S"(L). Thus, So(L) = F and S;(L) = F &
S'(L), where S'(L) = L = {x | x € L} is isomorphic to L as a vector space.

Lemma 1.2.13 GivenaLiealgebra L, there is aunique sequence { f,, € Hom(L ®F
Sm(L), S(L)) | m € N{J{0}} of linear maps satisfying the following conditions:

1. fulrers, ) = fm—1foreachm.
2. fuex®xr) = Xxxr, where ' = (A1, Ag, - -+, Aw) € Ay and X < Ay
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3. IfT € A,, r <m, then f,,(x\ ® Xxr) = X\ xr + u, for someu, € S,(L).
4. IfU € Ay, then fi([xx, X, ] @ XT) = fin(xa ® (fm(xu ®xr)) — fu(x, ®
(fim(xx ® X1))).

Proof We construct the sequence { f;, | m > 0} by the induction on m. The unique-
ness is also established by the induction. Indeed, for each m, we construct the
finite sequence {f, | r < m} satisfying the conditions of the lemma. For m = 0,
So(L) = F, Ay = {0}, x5 = 1. We have the unique linear map f, from
L ® So(L) to S(L) such that fy(xy @ Xy) = X) Xy = X,. Indeed, it is given by
Jo(x ® ) = ax. Conditions 3 and 4 are vacuously satisfied. Uniqueness is evident
because of condition 2. For more clarity in the arguments, we construct f; also.
We need to define fi(xy ® x,) for all A, 4 € A which we can further extend by
linearity. Condition 2 forces us to define fi(x) ® X,) = X) X, whenever A\ < u
and also fi(xx® 1) = filxx®Xg) = Xy Xy = Xx. Thus, filies,)y = fo-
Suppose that ;o < A. Condition 3 requires the existence of a u; € S;(L) such that
Silxy ®X,) = X)X, + u;. We use condition 4 to determine ;. By 2 and 4,

S1Gx®xy) = f1(x) ® filxp @ X)) = f10eu ® f1(x) ®xp) + f1([xy, xu]l @ Xp) =
fl(x/t ®x)) + [x/\’xﬂ] = X, X\ + [X)\,xﬂ] = Xp X\ F X\ Xy — XX\ = X)Xy

Thus, u; = 0 and fi(xy ®X,) = x) X, for all A\, u € A. This completes the
construction of the sequence { fy, f1}-.

Assume that the sequence { fo, fi1, -, fm}, m > 1 with the required conditions
has already been constructed. We construct f;,, ;. Condition 1 forces us to define
fmr1(x ®u) = f(x ®u) whenever u € S,(L),r <m. Thus, it is sufficient to
define f,,,+1(x) @ xp) forall" = (A, A2, -+, Ama1} € Ay and then extend it to
a linear map from L ® S,,11(L) to S(L). If A < Ay, then condition 2 forces us to put
Jm+1(xx ® Xxr) = X) Xr.In general to ensure condition 3, f,,+1(x) ® Xr) should be
X\ Xr + Uy for some w1 € Sp41(L) to be determined. Suppose that A; < A.
Let us denote the element (A, A3, -+, Apy1) of A, by I, Since X € S, (L),
Sms1(0r, @ Xr7) = fi(xy, ® Xr) = Xx, X = Xr. Again, since xp € S, (L), by
the induction hypothesis, there is a unique u,, € S,,(L) such that f,,+1(x) @ Xp/) =
fm(x\ ® Xr) = X)X + u,. Condition 4 forces us to put

Jmr1GeA ®@Xr) = Xn, Xa X+ fu(n, @ up) + fu([x, x0 1 ® X17).

This completes the forced construction of f;, ;. Conditions 1, 2, and 3 hold by the
construction. If IV = (A2, Az, -+ Apy1) € Ay and g = Ay < Athen also condition
4 follows from the construction of f, 4 as above. Since [x,, xy] = —[x), x,],
condition 4 also holds when A < p < A,.Since [x), x)] = 0, condition 4 also holds
for A\ = p.Supposethat A\, < Aandalso A\, < u.Denote (A3, Ag, -+~ Apt1) € Ay
by I'”. Since A\, < \; for all i > 3, by the induction assumption,

10, @ Xr7) = fu_1(Xy, @ X7) = Xy, Xp7 = X



1.2 Universal Enveloping Algebras: PBW Theorem 31
Again using the induction hypothesis,

fm+l(x/1, ®Xr) = fm(xu ® fu(xy, ® Xr7)) =
T, @ fn(xy @ X)) 4 fin ([Xp, X2, ] @ X)) -+ (1.1)

Thus, since Ay < p,

Smr1(0x @ frur1(x, ® Xr7))

= far1000 @ (fin (X2, ® fin(x, @ Xr7)) + frn (x4, X2, 1 ® X17)))

= far1000 @ (fin (X2, ® fin(xu @ Xr)))) + finr1(xx & (fin (X, X2,] @ X17)))
= far1(0, @ fu(Xa @ fiu(x, @ X)) + fan([xx, 2,1 ® fiu(x, & Xr7))+
Fn(x, x,1 @ frn(xa @ x0) +  fin(lxn, [xy, 3,11 @ Xp7) - - - (1.2)

Since A\, < A, we may interchange )\ and p to get the equation

fm+l(xp ® fntr1(x) ® X))
= fm+1(x)\2®fm(xu®fm(x)\ ® xr1))) + fm([x,uax/\z](gfm(x)\(g)ﬁ))""
fm([x)nx)\g]®fm(xu ®W)) + fm([x/u[x)ux)\z]](@x_l"”)"' (13)

Subtracting 3 from 2, applying condition 4 for f,, again, and using the Jacobi identity
for L, we arrive at

fm+1(x)\ ® fm+l(x/1, ® X_r/)) - fm+l (x/t ® fm+l(x)\ ® )C_[‘/)) = fm([x)\» x/l,]®
S G X))+ fa (([xn,, [ex, x 11 4 Do, Deps X0, 11 + [y, [y, xA1D @ X)) =
S (0, X, ] ® frn (X2, X17)).
Since Ay < A; foralli > 3, f,,(x), ® Xpv) = X, xr» = xr. Thus,
Smr1(x) ® fm—i—l(xu ®xr7)) — fm—&-l(xu ® finr1(xN QX)) = frr1([x), x,u] ® xX17).
This verifies condition 4 also for f,,11. The proof of the lemma is complete.

As a consequence of the above lemma, we have the following:

Lemma 1.2.14 We have a representation p of L on S(L) such that the following
hold:
ForeachT' = (A, A\p, -+, \p) in A,

p(x)) () = X\ XA

whenever A < Ay, and in general
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P (XT) = XX XA + Up
for some u,, € S;,(L).

Proof Let x € L and u € S(L). Then there is a m > 0 such that u € S,,(L). If
u € S, (L)andalsou € S, (L) withm < n, then from Lemma 1.2.13, f,(x Q u) =
fm(x @ u). Define p(x)(u) = fi,(x ® u). This gives us a linear map p from L to
Endp(S(L)). Condition 4 of Lemma 1.2.13 ensures that it is a Lie algebra homo-
morphism from L to (Endp(S(L)))r = gl(S(L)).. It is also clear that p satisfies
the required condition.

Lemma 1.2.15 Let x = xo+ x1 + - -+ + x,, be a member of T,,(L) = & ZT:O
®"L, where x, € @ L, r < m. Suppose that x € J, where J is the kernel of the
natural quotient map v from T (L) to U(L). Then x,, € I, where I is the kernel of
the natural quotient map m from T (L) to S(L).

Proof ForeachI' = (A1, A2, -+, A\y) € A, letxr denote the memberx), ® x), ®
- ®xy, of T(L). Evidently, w(xyx) is the monomial X, X), - - - X in X, (note that
S(L) is commutative polynomial algebra in {x) | A € A}). Clearly, {xr | " € A"}
is a basis of ®” L. From Lemma 1.2.14, we have a Lie algebra homomorphism
p from L to gl(S(L)); = (Endp(S(L))) satisfying the conditions described in
Lemma 1.2.14. Again, from the universal property of U (L), we have a unique algebra
homomorphism p from U(L) = T(L)/J to Endp(S(L)) such that poj, = p.In
turn, we obtain an algebra homomorphism p from T(L) to Endp(S(L)) such that
poip = p.ltfollowsthat J C Ker p. By Lemma 1.2.14, p(x))(1) = p(x))(xy) =
Xy and p(x))(Xr) = X\ xr + u,, for some u,, € S,,(L). It follows that p(x)(1) is a
linear combination of monomials in X), with the highest m degree terms representing
p(x). Since x € J € Ker p, p(x) = 0. In turn, p(x)(1) = 0. Consequently,
7(x,) = 0. This shows that x,, € 1. #

Proof of the PBW Theorem. We need to show that iz from S(L) to (L) is an
isomorphism. Recall the discussion before the statement of the PBW theorem. We
have already seen that 7z is a surjective homomorphism. By the definition, o = pu,
where p is the surjective homomorphism from 7' (L) to €2(L). Let x be a member
of T (L) such that uu(x) = 0. We need to show that x € I. Clearly,x = xo+ x; +
-+ + x,, belong to T, (L) for some m, where x; € ®' (L) foreachi < m. Recall that
wx) = pux,) = v(xy,) + Uy—1(L). Hence v(x,,) € U,—;(L). Consequently,
thereis amember x;, € T,,_;(L) suchthatv(x,,) = v(x),).Inturn, x,, — x,, belongs
to J. From the previous lemma, x,, € I. Hence u(x) = p,,(x,,) = 0. This shows
thatx € I. 4

Exercises

1.2.1. Suppose that two Lie algebras L and L’ are isomorphic. Show that U (L) is
isomorphic to U (L'). Is the converse true? Support.
1.2.2. Describe the structure of U (s1(2, C)).
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1.2.3. Suppose that L is a finitely generated Lie algebra. Show that U(L) is a
Noetherian ring. What about the converse? Hint: Use the Hilbert basis the-
orem.

1.2.4. Let L be a free Lie algebra. Show that U (L) is a free associative algebra.

1.2.5. Characterize Lie algebras for which U (L) is a semi-simple ring.

1.2.6. Describe the free Lie algebra on a singleton.

1.2.7. Let L(X) be a free Lie algebra on X over a field of characteristic 0. Sup-
pose that X contains m elements. Show that Dim (L(X)(U(L)") =
rll > din p(d)yma, where i is the Mobius function.

In the following exercises (1.2.8-1.2.12), we give another description of free
Lie algebras and also of presentations.

1.2.8. Let X = {x)| A € A} be a set and 2(X) denote the set of all bracket
arrangements in X of different weights with 1 representing the empty bracket
arrangement. Define a product - in €2 (X) by taking 1 as the identity and by
putting

B (xa, Xny, o0 5 x0) - B (X5, Xs,, o005 Xs,) =

+
ﬁr s(-x/\lv-x)\zv"' »xA,vxélvx(Szv"' 7x(i;)7

where 5"t = (3,0,), A\i, d; € A. Show that Q(X) is a free magma with
identity on X.

1.2.9. Let F(2(X)) denote the vector space over F' with 2 (X) as a basis. Extend
the multiplication in 2 (X) to F(£2(X)) by bi-linearity and then F(2(X))
becomes an algebra over F' with identity (recall that an algebra over F is a
vector space with a bi-linear product). Show that F(2(X)) is a free algebra
(with identity) on X.

1.2.10. Anideal of F(£2(X)) is a subalgebra of F(€2(X)) which is invariant under
left and right multiplications by members of €2 (X). Describe the ideal of
F(2(X)) generated by a single element of F(2(X)).

1.2.11. Let A be the ideal of F(€2(X)) generated by the set

r = {u~u|ueF(Q(X))}U{u-(v-w)+v~(w-u)+w~(u-v)\u,v,weF(Q(X))}.

Show that the quotient F(£2(X))/A together with the map i from X to
F(Q2(X))/A givenby i(x) = x + Aisafree Lie algebra on X. The mem-
bers of X are called the trivial relations.

1.2.12. Consider a pair < X; R >, where X is a set and R C F(2(X)). The pair
< X; R > together with a map f from X to a Lie algebra L is called a
presentation of L if the induced homomorphism f from F(Q(X)) to L
is a surjective algebra homomorphism whose kernel is the ideal generated
by A|JR. Thus, < X, @ > is a presentation of the free Lie algebra on X.
The members of R are called the relators of the presentation. Describe the
Lie algebra having the presentation < X; R >, where X = {x, y} and

R = {(xy) —x}.
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1.3 Solvable and Nilpotent Lie Algebras

The terminology of solvability and nilpotency in Lie algebra has been borrowed
from the corresponding concepts of solvability and nilpotency in groups. Indeed,
there is an intrinsic relationship between solvability/nilpotency of groups and the
solvability/nilpotency of corresponding Lie algebras. We develop the theory in an
analogous manner.

Definition 1.3.1 Let L be a Lie algebra. Define the ideals L" of L inductively as
follows. Put L° = L, L' = [L, L]. Assuming that L" has already been defined,
define L"*! = [L", L"]. Evidently, each L" is an ideal of L such that L"*! C L"
and L"/L"*! is an abelian Lie algebra. Indeed, each L" is a fully invariant subalgebra
of L in the sense that (L") € L" for all endomorphism f of L. The series

L =1LL'v..o oL ...

is called the derived series of the Lie algebra L. L" is called the nth term of the
derived series. A Lie algebra L is said to be a solvable Lie algebra if L" = {0}
for some n. If L" = {0} but L"~! # {0}, then we say that L is solvable of derived
length n.

Thus, a nontrivial abelian Lie algebra is solvable of derived length 1. A non-abelian
Lie algebra of dimension 2 is solvable of derived length 2. If the characteristic of F
is 2, then sl(2, F) is solvable. However, if the characteristic of F' is different from
2, then s/(2, F) is not solvable. The classical Lie algebras A,, B,, Cy, and D,, are
non-solvable. The Lie algebra ¢ (n, F') is solvable of derived length n, and n(n, F) is
solvable of derived length n — 1.Indeed, # (n, F))" is the Lie algebra of n x n matrices
[a;;] for which a;; = 0 whenever j < i +r.

Proposition 1.3.2 A nontrivial solvable Lie algebra L is simple if and only if L is
a cyclic Lie algebra.

Proof Let L be a nontrivial solvable Lie algebra. Then [L, L] # L. Suppose that
L is simple, then [L, L] is {0}. Consequently, every subspace of L is an ideal.
Since L is simple, it has no nontrivial proper subspace. This means that L is one
dimensional. it

Corollary 1.3.3 If A is a maximal ideal of a nontrivial solvable Lie algebra L, then
A is of co-dimension 1.

Proof A is a maximal ideal of a solvable Lie algebra L if and only if L/A is simple
and solvable. Consequently, the dimension of L/A is 1. §

The proof of the following proposition is easy, and it is similar to the proof in the
case of groups. As such, it is left as an exercise.
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Proposition 1.3.4 (i) A Lie algebra L is solvable if and only if there is a finite chain
L = Lo>Li>--->L,_;>{0}

of subalgebras of L terminating to {0}, where L; 11 is an ideal of L; and L;/L;1 is
abelian for eachi <n — 1.

(ii) Subalgebras and homomorphic images of solvable Lie algebras are solvable.
In particular, the quotient of a solvable Lie algebra is solvable.

(iii) If A is an ideal of L such that A and L/ A are solvable, then L is solvable. In
particular, L is solvable if and only if ad (L) is solvable.

(iv) If A and B are solvable ideals of L, then A + B is also a solvable ideal of
L. In particular, every finite-dimensional Lie algebra contains the largest solvable
ideal. i

The largest solvable ideal of L is called the radical of L, and it is denoted by
Rad(L). A nontrivial finite-dimensional Lie algebra L is called a semi-simple Lie
algebra if the radical Rad(L) of L is trivial. Thus, a non-abelian simple Lie algebra
is semi-simple. If L is not solvable, then L/Rad (L) is semi-simple. We have a short
exact sequence

0 —> Rad(L) > L %% L/Rad(L) —> 0.

We shall see (Theorem 1.5.16) that L is a semi-direct product Rad (L) > L/Rad(L).
As such, the structure theory of Lie algebras depends on the structure theory of
solvable Lie algebras, and even more importantly on the structure theory of semi-
simple Lie algebras.

Theorem 1.3.5 Let L be a solvable Lie subalgebra of gl(V), where V is a nonzero
finite-dimensional vector space over an algebraically closed field F of characteristic
0. Then there is a nonzero vector v € V which is an eigenvector of each member of
L.

Proof The proofis by the induction of dim L.If dim L = 0, then there is nothing to
do. Assume the induction hypothesis. Let A be a maximal ideal of L. From Corollary
1.3.3, A is of co-dimension 1 in L. If A = {0}, then L = Fx is one dimensional,
where x is a nonzero endomorphism of V. Since F is algebraically closed, there
is an eigenvector vy of x. Evidently, vy is the eigenvector of each member of L,
and we are done. Suppose that A # {0}, and L = A @ Fxy, where xy is a nonzero
member of L. From the induction hypothesis, there is a nonzero vector v € V such
that v is an eigenvector of each member x € A. We get a linear functional A on A
such that x(v) = A(x)v for all x € A. Let V), denote A(x)-eigenspace of x in
V. Evidently, v € V), for all x € A. Consider the subspace W = [, .4 Vaw) of
V. Clearly, v € W, and so W # {0}. Suppose that we are able to show that W is
invariant under all endomorphisms in L. Then, in particular, W is invariant under the
endomorphism x. Since F is algebraically closed, there is an eigenvector vy of xg
in W.Since L = A & Fx, it follows that v is an eigenvector of all members of L.



36 1 Lie Algebras

Now, we show that W is invariant under all transformations in L. Let w €
W and y € L. We need to show that y(w) e W = (.4 Vaw). Let x € A.
Then x(y(w)) = y(x(w)) — [x, yl(w) = y(A(x)w) — [x, y](w) = A(x)y(w) —
A([x, yDw (note that [x, y] € A). Thus, it is sufficient to show that A([x, y]) = 0
for all y € L and x € A. Let n be the smallest positive integer such that the set
{w, y(w), y*(w), - -+, y"~'(w)} is linearly independent. For each z € A, z(w) =
ADw, z(y(w)) = yzw)) — [y, zJ(w) = A@)yw) — A([y, z])w. Proceeding
inductively, we can show that z(y’ (w)) is a linear combination of {w, y(w), y2(w),
Ly w)) Again, foreach i,0 <i <n — 1, We show that

(O (W) = Ay (w) + Zi:oaj,y.i(w)

for some 043. € F. The proof is by the induction on i. It is evident for i = 0. Assume
it to be true for i. Now,

x(H W) = xGOGHW) = yx(O W) — [y, x1(' (w) =
YOA@Y ) + Y ey w) — [y 210 w) =

MY @) + Y el ) — [yx1 W),

Since [y, x] € A, theresult fori 4 1 follows from the previous observation. It follows
that the subspace U of V generated by {w, y(w), y*(w), - - , y"~!(w)} is invariant
under x and the matrix representation of x on U is lower triangular with all diagonal
entries \(x). Thus, the trace of x on U is nA(x). Since U is invariant under x as well
as y, itis invariant under [x, y]. As such, the trace of [x, y] on U is zero. But already
the trace of [x, y] is nA([x, y]). Since the field is of characteristic 0, it follows that
A([x,y]) = Oforallx e Aandy € L. 4

A Flag on a finite-dimensional vector space V of dimension # is a chain
{O}QVIgV2§"'Vn71§Vn =V

of subspaces of V such that dimension of V; is i for each i. The above flag is said to
be invariant under an endomorphism x in g/ (V) if x(V;) € V; for all i.

Corollary 1.3.6 (TheoremofLie) Let L be a solvable Lie subalgebra of gl(V'), where
V is a finite-dimensional vector space over an algebraically closed field. Then there
is a flag of V which is invariant under all members of L.

Proof The proof is by the induction on the dimension of V. If dim V = 1, then
there is nothing to do. Assume that the result is true for vector spaces of dimension
n. Let V be a vector space of dimension n + 1 and L is a solvable Lie subalgebra
of gl(V). From the above theorem, there is a common eigenvector vy of elements
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of L. Evidently, the subspace V| generated by vy is invariant under all elements
of L. Consider the vector space V' = V/V,. Each x € L determines an element
X € gl(V') givenby X(v + V;) = x(v) + V;. The map ¢ from L to gl(V’) defined
by ¢(x) = X is easily seen to be a Lie algebra homomorphism. Evidently, ¢(L) is
a solvable Lie subalgebra of g/(V’). By the induction hypothesis, there is a flag

Vi/Vi€WV/ViC---CV,/ViCV =V/V
of V'’ which is invariant under ¢(L). Clearly,
cvicwh,c-- vV, SV =V

is a flag of V which is invariant under L. {

Corollary 1.3.7 Let L be a finite-dimensional solvable Lie algebra over an alge-
braically closed field F of characteristic 0. Then there is a chain

{O}nggLZQ"'LnflgLn =L

of ideals of L such that dim L; = i foreachi.

Proof We have the Lie homomorphism ad from L to ad(L) C gl(L). Evidently,
ad(L) is solvable. From the previous corollary, there is a flag

{O}nggLZgLnfl gLn =L

of subspaces of L which is invariant under ad (L). This means that each L; is also
an ideal of L.

Recall that 7(n, F) is a solvable Lie algebra of derived length n. We have the
following corollary.

Corollary 1.3.8 Let V be an n-dimensional vector space over an algebraically
closed field F of characteristic 0. Then every solvable Lie subalgebra L of gl(V)
is isomorphic to a Lie subalgebra of t (n, F). Indeed, from Ado’s theorem, it further
follows that a Lie algebra is solvable if and only if it is isomorphic to a Lie subalgebra
of t(n, F) for some n.

Proof Let L be a solvable Lie subalgebra of ¢g/(V), where V is an n-dimensional
vector space over an algebraically closed field K. From Corollary 1.3.6, there is a
flag

{O}QVI - Vzg"'vn—l gVn =V

of V which is invariant under the members of L. Select a basis {vy, vy, - -+ , v,} of
V such that {vy, vy, -+, v;} is a basis of V;. Evidently, the matrix representation
of each member of L with respect to this basis is a member of 7 (n, K). The result
follows. #
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Corollary 1.3.9 Let L be a solvable Lie subalgebra of gl(V), where V is a finite-
dimensional vector space over an algebraically closed field of characteristic 0. Sup-
pose that the dimension of L is n. Let x € [L, L]. Then ad(x) is nilpotent endomor-
phism. Indeed, ad(x)" = 0.

Proof From Corollary 1.3.7, there is a chain
{0} cCLWCLl,<C-- L, CSL, =1L

of ideals of L such that dim L; = i for each i. We have a basis {x;, x», - - - , x,} of
L such that {x{, x,, - - - , x;} is a basis of L;. Evidently, the matrix representation of
each member of ad (L) with respect to this basis lies in ¢ (n, F). As such, the matrix
representation of each member of ad(L) lies in v(n, F). Since A" = 0 for each
A € v(n, F), it follows that ad(x)" = Oforallx € [L, L]. ¢

Definition 1.3.10 Let L be a Lie algebra over a field F. Define ideals L, of L
inductively as follows. Define L, = L. Assuming that ideal L, has already been
defined, define L,+1 = [L, L,]. We get a chain

L :LOQLIQLZQ"'QLnQLn+12"'

of ideals. This chain is called the lower central series of L. L, is called the nth term
of the lower central series of L. Similarly, we define ideals Z, (L) of L inductively as
follows. Define Zy(L) = {0}. Assuming that Z, (L) has already been defined, define
Z,+1(L) by the property Z,+1(L)/Z,(L) = Z(L/Z,(L)). Evidently, Z;(L) =
Z (L) the center of L. This gives us an ascending chain

{0y S Zi(L) S Zo(L) S-S Zy(L) € Zyia (L) -+

of ideals of L. This is called the upper central series of L. Inductively, it follows
that the terms of the lower central series of L are fully invariant.

Proposition 1.3.11 The lower central series of L terminates to {0} at the nth step
if and only if the upper central series terminates to L at the nth step.

Proof Suppose that the lower central series of L terminates to {0} at the nth
step. Then L, = {0}. By the induction on i, we show that L, ; C Z;(L) for
each i. Evidently, L, € Zy(L). Assume the result for i. We need to show that
L,_i-1 < Zi1(L). Let ae L,_;_y. Then for each x € L, [x,a] € L,_;. By the
induction assumption, [x, a] € Z;(L) for each x € L. This means thata + Z;(L) €
Z(L/Z;(L)).Hencea € Z;+(L).Itfollows that L,,_; € Z;(L) for each i. In partic-
ular, Ly = L,—, € Z,(L). This shows that Z,, (L) = L. Similarly, assuming that
the upper central series terminates to L at the nth step, we can show that the lower
central series of L terminates to {0} at the nth step. f

Definition 1.3.12 A Lie algebra L is said to be a nilpotent Lie algebra if its lower
central series terminates to {0} after finitely many steps or equivalently, its upper
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central series terminates to L after finitely many steps. We say that it is nilpotent of
classnif L, = {0} but L,_; # {0}.

Evidently, every nilpotent Lie algebra is solvable, whereas ¢ (n, F') is solvable but
it is not nilpotent. Indeed, [t (n, F), t(n, F)] = v(n, F),and [t(n, F),v(n, F)] =
v(n, F). Clearly, Lie subalgebra and homomorphic images of nilpotent Lie algebras
are nilpotent. The following proposition is the immediate consequence of Proposition
1.3.11.

Proposition 1.3.13 (i) If L is a nontrivial nilpotent Lie algebra, then Z(L) # {0}.
(ii) A Lie algebra L is nilpotent if and only if L/Z(L) =~ ad(L) is nilpotent.

If L is nilpotent of index n, then ad(x)"(y) = Oforall x, y € L. This means that
the endomorphism ad (x) is nilpotent for all x € L. We shall show that the converse
of this is also true.

Theorem 1.3.14 Let L be a Lie subalgebra of gl(V), where V is a finite-dimensional
vector space. Suppose that all the members of L are nilpotent endomorphisms V.
Then there is a common eigenvector vy of members of L corresponding to the eigen-
value 0. More explicitly, there is a nonzero vector vy € V such that x(vo) = 0 for
allx € L.

Proof The proof is by the induction on dim L.If dim L = 0, then there is nothing
todo. If dim L = 1,then L = Fx for some nonzero member x of L. Since x
is nilpotent, 0 is an eigenvalue of x. Hence there is a nonzero vector vy of V such
that x(vgp) = 0. Evidently, vy is an eigenvector of each member of L corresponding
to the eigenvalue 0. Assume that the result is true for all those Lie algebras whose
dimensions are less than dim L. Let A be a proper nontrivial Lie subalgebra of L.
Then {ad(x) | x € A} is a Lie subalgebra of End(L) = gl(L) of dimension less
than that of L. Further, ad(x)(y) = [x,y] = xy—yxforallx € A, y € L. As
suchad(x) = (I, — ry)|L, wherel, is the left multiplication by x in End(V) and r,
is the right multiplication by x. Since x is nilpotent, /, and r, are nilpotent. Clearly,
and r, commute with each other. This means that [, — r, is nilpotent endomorphism
of End(End(V)). Hence ad(x) is nilpotent. Indeed, for each x € A, ad(x) induces
an endomorphism ad(x) of gl(L/A) given by ad(x)(y + A) = [x, y]+ A which
is nilpotent. Thus, {adA(x) | x € A} is a Lie subalgebra of gl(L/A) consisting of
nilpotent endomorphisms whose dimension is less than that of L. By the induction
hypothesis, there is a member y € L — A such that [x, y] € A for all x € A. This
means that A is properly contained in the normalizer Ny (A) of A. Thus, every
maximal Lie subalgebra of L is an ideal. Consequently, every maximal Lie subalgebra
A of L is of co-dimension 1. Let M be a maximal Lie subalgebra of L. Then L =
M + Fx for some nonzero member x of L. Also [x, M] € M. Consider the subspace
W = {veV ]y = 0Vye M} of V. By the induction hypothesis, W # {0}.
Further, y(x(w)) = x(y(w)) — [x, y]J(w) = O for all w € W and y € M. This
means that x restricted to W is an endomorphism of W which, of course, is nilpotent.
Hence there is a member vy of W such that x(vg) = 0. Evidently, vy is a common
eigenvector of each member of L corresponding to the eigenvalue 0.
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Corollary 1.3.15 Under the hypothesis of the above theorem, there is a flag
{O}Q‘/lngggVn—lgvn =V

which is stable under the endomorphisms in L, and even more, x(V;) C V;_; for each
i. Consequently, there is a basis of V with respect to which the matrix representation
of each member in L is strictly lower triangular.

Proof The result follows by the induction on the dimension of V, thanks to the above
theorem. fi

Theorem 1.3.16 (Engel) Let L be a Lie algebra which is ad-nilpotent in the sense
that ad(x) is nilpotent for each x € L. Then L is nilpotent.

Proof The proof is by the induction on the dim L. If dim L is O or 1, then there
is nothing to do. Assume that the result is true for all those Lie algebras whose
dimensions are less than that of L. Clearly, ad(L) is a Lie subalgebra of g/(L).
By the hypothesis, each member of ad (L) are nilpotent endomorphisms of L. From
Theorem 1.3.14, there is a nonzero member y of L such thatad (x)(y) = [x,y] = 0
forall x € L. This means that y € Z(L), and Z(L) # {0}. Hence L/Z(L) ~ ad(L)
is of dimension less than that of L. Clearly, L /Z (L) is ad-nilpotent. By the induction
hypothesis, L/Z (L) is nilpotent. By Proposition 1.3.13, L is nilpotent. f

Corollary 1.3.17 Let L be a nilpotent Lie algebra, and A be a nontrivial ideal of
L. Then A(Z(L) # {0}.

Proof {ad(x)|a | x € L} is a Lie subalgebra of gl(A) consisting of nilpotent endo-
morphisms. From Theorem 1.3.14, there is a nonzero element y € A such that
ad(x)(y) = Oforall x € L. This means that y € A (| Z(L).

Corollary 1.3.18 A Lie algebra L is solvable if and only if [L, L] is nilpotent.

Proof 1f [L, L] is nilpotent, then [L, L] and L/[L, L] both are solvable. Hence L
is solvable. Conversely, suppose that L is solvable. From Corollary 1.3.9, ad(x) is
nilpotent for each x € [L, L]. This means that [L, L] is ad-nilpotent. The result
follows from the theorem of Engel.

Remark 1.3.19 Note that in the case of groups, [G, G] need not be nilpotent even
if G is solvable. For example, S, is solvable, but [S4, S4] = A4 is not nilpotent.

Our next aim is to establish Trace criteria for the solvability of a linear Lie algebra.

We firstrecall the Jordan—Chevalley decomposition theorem (cf. Sect. 6.3, Algebra
2) for this purpose.

Let V be a finite-dimensional vector space over an algebraically closed field (not
necessarily of characteristic 0). An element x € gl(V) = End(V) is called a semi-
simple element if it is diagonalizable in the sense that the matrix representation of x
with respect to a suitable basis of V is a diagonal matrix. A necessary and sufficient
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condition for x to be diagonalizable is that all the roots of the minimal polynomial of x
are distinct. An element x € gI(V) is nilpotent if x” = 0 for some m. The Jordan—
Chevalley decomposition theorem asserts that any element x € g/(V) is uniquely
expressible as

X = Xx; + x,

such that the following hold:

(i) x, is semi-simple and x,, is nilpotent.

(ii) x; and x,, commute with each other.
Further, it also follows that

(iii) x;, = p(x) and also x, = ¢(x), where p(X) and g(X) are polynomials
without constant terms.

X is called the semi-simple part and x, is called the nilpotent part of x.

Proposition 1.3.20 Let V be a finite-dimensional vector space over a field F. If x is
a nilpotent element of End(V) = gl(V), then ad(x) is nilpotent in End(End(V)).
Again if x is a semi-simple element of End(V), then ad(x) is a semi-simple element
of End(End(V)). Further, suppose that F is algebraically closedandx = x; + x,
is the Jordan—Chevalley decomposition of x in End(V). Then ad(x) = ad(xs) +
ad(x,) is the Jordan—Chevalley decomposition of ad(x) in End(End(V)).

Proof Let x be a semi-simple element in End (V). Then there is a basis {vy, vo, - - -,
v,} of V and scalars {\{, Ay, - -+, A\, } such that x(v;) = A;v; for all i. We have a
corresponding basis {v;; | 1 <i, j <n} of End(V), where vj; is the member of
End(V) given by v;;(v;) = v; and v;;(vx) = 0 for k # j. Clearly,

ad(x) (Vi) (v) = x(vj;(v) — vy (x)) = (A — A,

where ¢;; is the Kronecker delta. This shows that ad (x)(v;;) = (A; — A;)vj;. This
shows that ad(x) is also semi-simple.

Next, suppose that x is a nilpotent element of g/(V). Then x™ = 0 for some
m. Now, ad(x)(y) = xy — yx. Thus, ad(x) = I, — ry, where [, is the left
multiplication by x and r, is the right multiplication by x in End (V). Clearly, I,

and r, commute and /" = 0 = r™. Using the binomial theorem, ad(x)*"*! =
(lx - rx)2m+1 = 0.

Finally, suppose that x = x; 4+ x, is the Jordan—Chevalley decomposition
of x. Then ad(x) = ad(x;) + ad(x,), where ad(x;) is a semi-simple ele-

ment in End(End(V)) and ad(x,) is a nilpotent element in End(End(V)). Also
l[ad(x,), ad(x,)] = ad([x,, x,]) = O, since x,; and x,, commute. This means that
ad(xy) and ad(x,) also commute. It follows that ad(x) = ad(xy,) + ad(x,) is the
Jordan—Chevalley decomposition of ad (x).

Proposition 1.3.21 Let d be a derivation on an algebra A (not necessarily associa-
tive) over a field F (not necessarily algebraically closed). Then for any A\, u € F,

@ = O+ (xy) = Y "Crld = A (0)(d = p)" ™ (7)
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forall x,y € A.

Proof The proof is by the induction on n. Clearly,

d—A+whxy) = dxy) — Axy) — plxy) =
dx)y + xd(y) — Axy) — pxy) = x(d —pl)(y) + d—AD(Xx)y

for all x, y € A. Thus, the identity holds for n = 1. Assume that the identity holds
for n. Then
d — A+ D" (xy)
=d - A+whH"(d — A+mwD(xy))
= d - A+wh'(xd—ph(y) + (d—ADX)y)
=d - A+wDH"xd—phH() + d — A+p)D"((d—=A)(x)y)
= Y0 "Cod =MD (xX)(d = pD)"((d = pD() + Yy "Cr(d = AD)
((d = AD)(d — pD)"™"(y)
= Yt "G — A (x)(d — p)"™ T (y)
for all x, y € A. This completes the proof of the identity.

Proposition 1.3.22 Let A be an algebra (not necessarily associative) over an alge-
braically closed field F. Let d be a derivationon A. Letd = d; + d, be the Jordan—
Chevalley decomposition of d considered as an element of Endp(A). Then dy; and
d, are also derivations of A.

Proof 1t is sufficient to show that d; is a derivation of A. For each A\ € F, let A
denote the A-eigenspace of d. More explicitly, Ay = {x € A|(d — A)"(x) =
0 for some m}. A\ may be trivial also. Then as a vector space A = @), A).
Note that eigenvalues of d are the same as those of d;. From the above proposition,
it follows that AyA, € Axy,. Thus, if x € Ay and y € A, then ds(xy) = (A +
wxy = dy(x)y + xds(y).Since A = @\ x A, ds(xy) = ds(x)y + xds(y)
for all x, y € A. This shows that d; is also a derivation of A. f

Corollary 1.3.23 If A is an algebra (not necessarily associative) over an alge-
braically closed field F, then the Lie algebra Der (A) of derivations on A contains
the semi-simple and nilpotent parts of each of its elements considered as elements of
Endp(A). 4

Theorem 1.3.24 (Cartan’s Trace Criteria) Let L be a Lie subalgebra of gl(V'), where
V is a finite-dimensional vector space over an algebraically closed field of character-
istic 0. Suppose that Tr(xy) = Oforallx € [L,L]andy € L. Then L is solvable.

Before proving the theorem, we establish a lemma for this purpose.

Lemma 1.3.25 Let x be a member of gl(V'), where V is a finite-dimensional vector
space over an algebraically closed field F of characteristic 0. Suppose that there are
two subspaces W and U of V such that [x, W] C U, and Tr(xy) = 0 whenever
[y, W] C U. Then x is nilpotent.
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Proof Let x be amember of gl (V) satisfying the hypothesis of the lemma. Suppose

that x = x; + x, is the Jordan—Chevalley decomposition of x. We need to show
that x; = 0. Let {v, va, -+ - , vy} be a basis of V consisting of the eigenvectors of
x; corresponding to the eigenvalues Aj, Ay, - - - , A, respectively. We are required to

show that each J; is 0. Suppose not. Consider F as the vector space over its prime
field Q. Let K be the Q-subspace of F generated by the subset {\, A2, -+, Ay}
of F. Then K # {0}. Let f be a nonzero linear functional on K. Then f(\;) # 0
for at least one iy. As in the proof of Proposition 1.3.20, we have the basis {1}; |
1 <i,j <m} of End(V) consisting of the eigenvectors of ad(x;) corresponding
to the eigenvalues \; — A\;, 1 <1i, j <m. Let y be another semi-simple element
of gl(V) having the eigenvectors v; with corresponding eigenvalues f()\;). Then
again as in the proof of Proposition 1.3.20, v;; are the eigenvectors of the semi-
simple element ad(y) of End(V') corresponding to the eigenvalues f(\;) — f(};).
Since f is a linear functional, \; — X\; = X\ — A; implies that f(\;) — f(A;) =
f (&) — f(N\). Thus, using the Lagrange interpolation, we can find a polynomial
@(X) suchthat p(\; — A;) = f(N\) — f(A;). Since ¢(ad(x,)) and ad(y) are semi-
simple elements in End(End(V)) with the same eigenvalues corresponding to the
eigenvectors v;;, ¢(ad(x,)) = ad(y). Since ad(x,) is a semi-simple part of ad (x)
(Proposition 1.3.20), there is a polynomial p(X) without constant term such that
plad(x)) = ad(x,).In turn, we have the polynomial ¥/(X) = ¢(p(X)) without
constant term such that ¥ (ad(x)) = ad(y). Since ad(x)(W) C U, it follows that
ad(y)(W) C U. By the hypothesis, Tr(xy) = 0. Thus, > ', A\; f(\;) = 0. Since
f is alinear functional on K, f(3_r, A f(\) = Yt (f(A\)? = 0. Thisis a
contradiction, since f(\;) # 0.

Proof of Theorem 1.3.24. From Corollary 1.3.18 and the fact that every nilpotent
Lie algebra is solvable, it is sufficient to show that [L, L] is a nilpotent Lie algebra.
In turn, by Engel’s theorem, it is sufficient to show that [L, L] is ad-nilpotent. More
S0, it is sufficient to show that the members of [L, L] are nilpotent endomorphisms
in End(V). Take W = L and U = [L, L] in the above lemma. Consider the
element [x, y] € [L, L], x, y € L and the element z € g/(V) with the property that
[z, L] € [L,L].Now, Tr([x,ylz) = Tr((xy —yx)z) = Tr(xyz) — Tr(yxz) =
Tr(xyz) — Tr(xzy) = Tr(x[y,z]) = Tr([y,zlx) for all x, y,z € gl(V). Thus,
if [z, L] € L, then by the hypothesis of the theorem, forall x, y € L, Tr([y, z]x) =
0. In turn, Tr([x, y]z) = 0 for all x,y € L and z € gl(V) for which [z, L] C
[L, L]. Since any element of [L, L] is a linear combination of members of the type
[x,y], x,y € L, it follows that Tr(uz) = 0 for all z € gl(V) for which [z, L] C
[L,L]andu € [L, L].Itfollows from the lemma that « is nilpotent forallu € [L, L].
g
Corollary 1.3.26 Let L be a finite-dimensional Lie algebra over an algebraically
closed field F of characteristic 0 such that Tr(ad(x)ad(y)) = Oforall x,y € L.
Then L is solvable.

Proof Consider the subalgebra ad(L) of gl(L). Under the hypothesis, it follows
from Cartan’s criteria that ad (L) is solvable. Thus, L/Z (L) is solvable. Since Z(L)
is solvable, it follows that L is solvable. f
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Exercises

1.3.1. Show that every Lie algebra of dimension 2 is a solvable Lie algebra. Give
an example of a two-dimensional Lie algebra which is not nilpotent.

1.3.2. Show that L is solvable(nilpotent) if and only if ad (L) is solvable (nilpotent).

1.3.3. Let L be a finite-dimensional nilpotent Lie algebra. Show that there is a
natural number n such that N/ (A) = L for all Lie subalgebra A of L.
What about the converse?

1.3.4. Show that sum of two nilpotent ideals is a nilpotent ideal. Deduce that every
finite-dimensional Lie algebra has the unique largest nilpotent ideal.

1.3.5. Let L be a nilpotent Lie algebra of finite dimension. Show that it has an
ideal of co-dimension 1.

1.3.6. Let L be a finite-dimensional Lie algebra over an algebraically closed field
F of characteristic 0. Let A be an ideal of L such that L /A is nilpotent and
ad(x)| is nilpotent for all x € L. Show that L is nilpotent.

1.3.7. Show by means of an example that Lie’s theorem is not true for fields of
positive characteristics. However, if the dimension of V is less than the
characteristic of the field, then show that it is true.

1.3.8. Check if the Lie algebra (R3, x) over R is solvable.

1.3.9. Show that every nilpotent Lie algebra has an outer derivation. What about
solvable Lie algebras?

1.3.10. Show that the radical of each classical Linear Lie algebra described in Sect.
1 is the center of the corresponding Lie algebra.

1.4 Semi-Simple Lie Algebras

This section is devoted to the basic structure theory including the basic represen-
tation theory of semi-simple Lie algebras. All fields will be assumed to be alge-
braically closed fields of characteristic 0 unless stated otherwise. Recall that a finite-
dimensional Lie algebra L is semi-simple if its radical is trivial. As for solvable Lie
algebras, we give a trace criteria for a Lie algebra to be semi-simple.

Definition 1.4.1 Let L be a Lie algebra over F. The symmetric bi-linear form « on
L defined by k(x,y) = Tr(ad(x)ad(y)) is called the Killing form on L.

Thus, if L is an abelian Lie algebra, then ad(x) = 0 for each x and so  is trivial
on L. If L is a non-abelian two-dimensional Lie algebra, then there is a basis {x, y}
of L such that [x, y] = x. It can be easily checked that the matrix of x with respect

to the basis {x, y} is
_ {00
=101l

Recall the Lie algebra s/(2, F) in Example 1.1.7. It has a basis {ey, e»1, h} and
it satisfies the relations [ej2, e21] = h, [h, e;n] = 2e12 and [h, ex1] = —2ep1. It
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can be easily checked that the matrix of the Killing form s with respect to this basis
is given by
004
k= 1040
800

Recall that a symmetric bi-linear form f on a vector space V is called anondegenerate
bi-linear form if f(x,y) = O forall y € V implies that x = 0. This is equivalent
to say that the matrix of f with respect to a basis is non-singular. Thus, the Killing
form  on s/(2, F) is nondegenerate if and only if the characteristic of F is different
from 2.

Proposition 1.4.2 The Killing form « on a Lie algebra L is associative in the sense
that k([x, y],2) = k(x,[y,z]) forallx,y,z € L.

Proof r([x,y],z) = Tr(ad([x,yDad(z)) = Tr(lad(x),ad(y)lad(z)) = Tr
(ad(x)ad(y)ad(z) —ad(y)ad(x)ad(z)) = Tr(ad(x)ad(y)ad(z) —ad(x)ad(z)
ad(y)) = Tr(ad(x)ad(]y,z])) = k(x,[y,z]) forallx,y,ze L. 4

Proposition 1.4.3 Let L be a finite-dimensional Lie algebra over F. Let A be an
ideal of L. Then the restriction of the Killing form k of L to the ideal A is in fact the
Killing form on A.

Proof Let {xi,x5,---,x,} be a basis of A. Extend it to a basis {xi,xs,

© oy Xpy Xpa1, X} of L. Let x, y € A. Since A is an ideal, ad(x)ad(y) maps
L into A. Thus, the trace of (ad(x)ad(y)) considered as a linear transformation is
the same as the trace of ad(x)| ad(y)|4. The result follows. f

The following result describes a semi-simple Lie algebra in terms of its Killing
form.

Theorem 1.4.4 Let L be a nontrivial Lie algebra. Then L is semi-simple if and only
if its Killing form k is nondegenerate.

Proof Suppose that L is semi-simple. Then the radical R(L) of L is {0}. Consider
the subset A = {x € L | k(x,y) = Tr(ad(x)ad(y)) = 0Vy e L}. Since k is
bi-linear, A is asubspaceof L.Letx € Aandy € L. Thenx(x,z) = Oforallz € L.
From the associative property of «, x([x, y],z) = k(x,[y,z]) = Oforall z € L.
This shows that [x, y] € A for all y € L. Hence A is an ideal of L. In particular,
Tr(ad(x)ad(y)) = Oforall x € [A, A]and y € L. By Cartan’s criteria, ad(A) is
solvable. Hence A is solvable. Since L is semi-simple, A = {0}. This shows that x
is nondegenerate.

Conversely, suppose that x is nondegenerate. Then the ideal A given above is
trivial. Let B be an abelian ideal of L. Then ad(x)ad(y) is a linear transformation
from L to B for all x € B. Since B is abelian, (ad(x)ad(y))> = 0forall x € B
and y € L. This means that all the eigenvalues of ad(x)ad(y) are 0. In particular,
k(x,y) = Oforall x € B and y € L. This shows that B C A = {0}. It follows
that the radical of L is {0}.
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Remark 1.4.5 In the proof of the converse part of the above theorem, we have not
used the fact that characteristic F is 0. Hence the nondegeneracy of the Killing form
implies the semi-simplicity for Lie algebras over an algebraically closed field of
arbitrary characteristic. Observe that in the proof of the direct part, we have used
Cartan’s criteria which requires that the field is of characteristic 0.

Representations of Lie Algebras

Let L be a Lie algebra over a field F. Let V be a vector space over F. A Lie
homomorphism p from L to the Lie algebra g/ (V) is called a representation of L on
V.If V is finite dimensional, then we term it as a finite-dimensional representation
of L. The dimension of V is called the degree of the representation p. It is also
convenient to view representations of L as L-modules. A module over a Lie algebra
L over a field F is a vector space V over F together with an external operation -
from L x V to V (the image of (x, v) under - is denoted by x - v or simply by the
juxtaposition xv) such that the following hold:

(i) (ax + By)-v = alx-v) + B -v),
@) x-(av + Pw) = alx-v) + B(x - w), and
@Gii) [x,y]-v=x-(y-v) —y-(x-v)forallx,y e L;v,w e V,anda, € F.
A module over L is also termed as L-module. Thus, a representation p of L on
V determines and is determined uniquely by an L-module structure on V by
putting

p(x)(v) = x-v,

x € L, v e V. Without any loss, representations of a Lie algebra L and L-modules
can be treated as synonyms. Every representation has the associated module and
every module has the associated representation. Evidently, the vector space part of
the Lie algebra L is an L-module with respect to the Lie product. More explicitly,
if we put x -y = [x, y], then the bi-linearity of the Lie product and the Jacobi
identity ensure that L is a module over itself. The representation associated with the
L-module structure on L is precisely the adjoint representation ad.

On the pattern of modules over rings, we can develop the language of modules
over a Lie algebra. We recall it quickly. Let V and W be L-modules. A linear transfor-
mation ¢ from V to W is called an L-homomorphism if ¢(x - v) = x - ¢(v) for all
x € Landv € V.If pis the representation associated with the L-module V, and 7 is
the representation associated with the L-module W, then ¢ is an L-homomorphism
from V to W if and only if n(x)o¢p = ¢op(x) forall x € L. Such a ¢ is also termed
as an intertwining operator from the representation p to the representation 7. If ¢ is
also an isomorphism, then n(x) = ¢op(x)op~! forall x € L, and we say that p and
7 are equivalent representations. We have the category L-Mod of L-modules which is
isomorphic to the category of representations of L. An isomorphism in this category
are bijective homomorphisms, a monomorphism is an injective homomorphism, and
an epimorphism is simply a surjective homomorphism.

Let V be an L-module. A subspace W of V is called an L-submodule if x -
we W forall x € L and w € W. Thus, W is also an L-module in its own right.
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Consequently, a representation 7 of L on W is a subrepresentation of a representation
pon V if W is a subspace of V and n(x) = p(x)|w for all x € L. Evidently, the
submodules of L considered as a module over itself are precisely the ideals of L.
If W is an L-submodule of V, then the quotient space V/W is also an L-module
with respect to the external operation - given by x - (v+ W) = (x - v) + W. This
module is called the quotient module. The quotient map v from V to V/W is an
epimorphism in L-Mod. An L-module V is called a simple L-module if it is neither
zero dimensional nor one dimensional and it has no nontrivial proper L-submodules
(note that a one-dimensional module has no proper submodules). A simple L-module
is also termed as an irreducible L-module. A representation associated with a simple
L-module is called an irreducible representation of L. The correspondence theorem,
the isomorphism theorems, and the Jordan—Holder theorem for finite-dimensional
modules can be established by imitating the proofs of the corresponding results in
the theory of modules over rings.

If V; and V, are L-modules, then we have an L-module structure on the direct
sum V; @ V, givenby x - (v; @ v3) = (x - v1) @ (x - v2). This also defines the direct
sum of two representations. An L-submodule W of an L-module V is called a direct
summand if there is an L-submodule U of V suchthat L = W @ U.

We construct different representations of L (L-modules) in terms of given rep-
resentations of L (L-modules). Let p be a representation of L on V and 7 be a
representation of L on W. We have a map Hom(p, n) from L to gl(Hom(V, W))
given by

Hom(p, M(x)(f) = nx)of — fop(x), x € L, f € Hom(V, W).

Clearly, Hom(p, n) is a linear map. Now,

Hom(p, n)([x, yD(f) = n(x,yDof — fop([x,y]) =
(m(x)on(y) — n(yon(x))of — fo(p(x)op(y) — p(y)op(x)),

forall x,y € L and f € Hom(V, W). Also,

[Hom(p, n)(x), Hom(p, m(MI(f) = (Hom(p,n)(x)oHom(p,n)(y) —
Hom(p, n)(y)oHom(p, n)(x))of = nx)on(y)of — fop(y)) — (n(y)of —
fop(y)op(x) — n(y)o(n(x)of — fop(x)) + (n(x)of) — fop(x))op(y) =

mx)on(y) — n(y)on(x))of — fo(p(x)op(y) — p(y)op(x)) =
Hom(p, n)([x, yD)(f)

forallx,y € L and f € Hom(V, W). Thus,
Hom(p, n)x,y] = [Hom(p, n)(x), Hom(p, n)(y)]

for all x, y € L. This shows that Hom (p, ) is a representation of L. In the language
of modules, Hom(V, W) is an L-module with respect to the external product -



48 1 Lie Algebras

givenby (x - f)(v) = x- f(v) — f(x-v), x € L and v € V. In the language of
category theory, Hom defines a bi-functor from the category of representations of
L (of L-modules) to itself. Further, given a representation p of L on V, we have the
representation p* of L on Hom(V, K) = V* givenby p*(x)(f) = —fop(x). This
representation is called the dual representation of p.

Let p and 1) be representations of L on V and W, respectively. Consider the tensor
product V @ W. Define a map p ® n from L to gl(V & W) by

P@M@XWOW) = px)() @w + vn(w).

Evidently, p ® 1 is a linear map from L to gl(V & W). Now,

PRNIx,yYDv@w) = p(lx, yD@ @w + v@n([x, yD(w) =
(p(xX)p(y) — pMP)NW) @ w + v & (NX)N(Y) — n(YINX))(w) =
((p®M@)(pRMY) — (PAMEX)(PAM()N(v O w)

forallx,y € L,v e Vand w € W. Thus,

(N x,yD = [(pRNX), (pN(y)]

for all x, y € L. This shows that p ® 7 is a representation of L. The representation
p ® n is called the tensor product of p and 7.

As in group representations, the following lemma of Schur is very crucial and
important in the representation theory of Lie algebras.

Lemma 1.4.6 (Schur)(i) Let V and W be simple L-modules. Then any
L-homomorphism from V to W is either a zero homomorphism or an isomorphism.

(ii) Let L be a Lie algebra over an algebraically closed field K and V be a simple
L-module. Then any L-endomorphism of V is the multiplication by a scalar. As such,
Endy (V) is a field isomorphic to F.

Proof (i) Let f be an L-homomorphism from V to W, where V and W are simple
L-modules. Then ker f is an L-submodule of V. If ker f = V, then f is zero
homomorphism. Suppose that ker f # V. Since V is simple, ker f = {0} and so,
f is injective. Further, f(V) is an L-submodule of W and since W is also simple,
f(V) = W.This shows that f is an isomorphism.

(ii) Let f be amember of End; (V), where V is a simple L-module. Since F is an
algebraically closed field, f has an eigenvalue A. Let V), denote the A-eigensubspace
of V.Then V) # {0}. If v € V), then f(x -v) = x- f(v) = x- v = A(x-v).
Hence x - v € V) forallx € L and v € V). Since V is a simple L-module, V), = V.
The last assertion is immediate.

Proposition 1.4.7 Let L be a Lie algebra over a field F, and V be a finite-
dimensional L-module. Then the following two conditions are equivalent.

1. Every submodule of V is a direct summand.
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2. V is the direct sum of simple submodules.

Proof (1 = 2) Assume 1. Let W be a submodule of V. Let U be a submodule
of W. Then there is a submodule U’ of V suchthat V. = U @ U’. Clearly, W =
U @ (W (" U’). Thus, every submodule of V also satisfies condition 1. The proof of
2 is by the induction on the dimension of V. If the dimension of V is 0 or 1, then there
is nothing to do. Assume that condition 2 holds for all L-modules satisfying 1 whose
dimensions are less than the dimension of V, and V satisfies 1. If V is simple, then
there is nothing to do. If not, there is a nonzero proper L-submodule W of V. From
1, there is a submodule W’ of V suchthat V. = W @& W’. Evidently, the dimensions
of W and W’ are less than the dimension of V. Further, from our earlier observation,
W and W’ both satisfy 1. By the induction hypothesis, W and W’ are both direct
sums of simple modules. Hence V is the direct sum of simple submodules.

(2 = 1) Assume 2. Suppose that V. = Vi ® V, & --- @ V,, where V; is simple
for each i. Let W be a nontrivial proper submodule of V. Thereisi;, 1 <i; < r such
that W (| V;, = {0} forotherwise V; (W = V;and V; € W foreachi.IfV = W +
Vi, = W @ V,,,wearedone. If not, thereis iy # i suchthat(W & V;,) (| V;, = {0}.
Butthen W+ V, +V,, = WV, ®V,. If V = WV, ®V,, we are done.
Proceed inductively. This process stops after finitely many steps giving a submodule
W' suchthat V. = W W'. ¢

Definition 1.4.8 A finite-dimensional L-module V is said to be completely redu-
cible or semi-simple if it satisfies any of the above two (and hence both) conditions.

Remark 1.4.9 Observe (see Algebra 2, Theorem 9.1.5) that for modules over rings,
the equivalence of the two conditions holds without any restriction of finiteness on
the module. Can we imitate the proof for modules over rings to relax the condition
of finite dimensionality of V' ?

It is clear from Proposition 1.4.7 that submodules, quotient modules, and homo-
morphic images of semi-simple modules are semi-simple modules. A finite-
dimensional L-module V is semi-simple if and only if every short exact sequence of
L-modules of the type

0—>USvIEw_—o

splits.

Theorem 1.4.10 Let L be a semi-simple Lie algebra. Then L considered as L-
module is semi-simple. There exist simple ideals Ay, Ay, --- , Ay, of L which are
simple as Lie algebras suchthat L = Ay @ Ay®, --- , DA, . Also{A, Ay, --- , A}
is the set of all simple ideals of L. Further, the restrictions of the Killing form of L
on A; is the Killing form of A; for each i.

Proof We consider the semi-simple Lie algebra L as an L-module. Let A be a
submodule of L. Then A is an ideal of L. Consider At = {x e L | s(x,y) =
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0 Vy € A}, where & is the Killing form on L. The associativity of x ensures that
A% is also an ideal. Cartan’s criteria implies that A () AL is a solvable ideal of L.
Since L is semi-simple, it follows that A () A* = {0}. Suppose that A + AL # L.
Let {xy, x2, -+, X, X;21, -+ , X} be a basis of L with {x, x5,---, x,} a basis of
A+ AL, n > r.Since k is nondegenerate, the matrix of x with respect to the above
basis is non-singular. Hence x, ;1 € (A + At)t € A" AL. This is a contradiction.
Thus, A+ At = L,and hence L = A @ A*'. It follows from Proposition 1.4.7
that L is a semi-simple module considered as a module over itself. In turn, there
exist simple ideals A, Ay, - -+ , A, of L which are simple as Lie algebras such that
L =A DA, P ---P A, Let A be anonzero simple ideal of L. Then [A, L] is
an ideal of A and also of L. Since Z(L) = {0}, [A, L] # {0}. Since A is supposed
to be simple, [A, L] = A.Hence A = [A, A|]D[A, Ay]D--- D [A, A, ]. Since
A is simple, [A, A;] = A for aunique i. Again, since [A, A;] € A;, it follows that
A = A, for a unique i. The rest of the assertion follows from Proposition 1.4.3. {

The following is an immediate corollary of the above theorem and the preceding
discussions.

Corollary 1.4.11 Every ideal and also every homomorphic image of a semi-simple
Lie algebra is semi-simple. A semi-simple Lie algebra L is perfect in the sense that
[L,L] = L. Allideals of a semi-simple Lie algebra L are the direct sums of some
simple ideals of L. 4

Theorem 1.4.12 Every derivation of a semi-simple Lie algebra is the inner deriva-
tion. Every semi-simple Lie algebra L is isomorphic to the Lie algebra of its deriva-
tions.

Proof Let L be asemi-simple Lie algebra. Then Z(L) = {0} and so L is isomorphic
to ad(L). Thus, the second assertion of the theorem follows from the first. We prove
the first assertion. We have already observed that ad (L) is an ideal of the Lie algebra
Der (L) of derivations of L. Let xp denote the Killing form on Der(L). Also from
Proposition 1.4.3, it follows that the restriction of xp to ad (L) is the Killing form
on ad(L). Since L is a semi-simple Lie algebra, ad(L) (being isomorphic to L) is
also semi-simple. Hence kplqq(z) 1s nondegenerate on ad (L). Let U denote the ideal
ad(L)* = {d € Der(L) | kp(u,d) = 0Vu € ad(L)}.Since « is nondegenerate on
ad(L),ad(L) (U = {0}. Since ad (L) and U are ideals of Der (L), [ad(L),U] =
{0}. Now, d[x, y] = [d(x),y] + [x,d(y)]forall x, y € L. Hence ad(d(x))(y) =
[d,ad(x)](y) = Oforalld € U,x € L,and y € L. This means thatad(d(x)) = 0
for all d € U. Since ad is injective, d(x) = 0 foralld € U and x € L. It follows
that U = {0}. Consequently, ad(L) = Der(L).f

Thus, unlike groups, every simple Lie algebra is complete. In particular, derivation
algebra Der L is complete for any semi-simple Lie algebra.

Let L be a semi-simple Lie algebra. It follows from the above theorem that
ad(L) = Der(L), and ad is an isomorphism from L to der(L). Let ad(x) =
(ad(x)); + (ad(x)), denote the Jordan decomposition of ad(x) considered as
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an element of Endp(L). It follows from Proposition 1.3.22 that (ad(x)); and
(ad(x)), are also members of ad(L). Since ad is injective, there is a unique element
x; and a unique element x, in L such that ad(x;) = (ad(x)); and ad(x,) =
(ad(x))y. Again, ad(xg +x,) = ad(xs) +ad(x,) = (ad(x))s + (ad(x))s
ad(x). It follows that x = x; + x,. Further, ad([x,, x,]) = [ad(xy), ad(x,)] =
[(ad(x))y, (ad(x)),] = 0. It follows that [xy, x,] = 0. This decomposition of x
is termed as the abstract Jordan decomposition of x. The element x; is called the
semi-simple part and x,, is called the nilpotent part of x.

Remark 1.4.13 If L C g/(V) is a semi-simple linear Lie algebra, then an element
x € L has Jordan decomposition considered as an element of Endp(V). At this
point , there is no reason to believe that this decomposition agrees with the abstract
Jordan decomposition. However, we shall see soon that it is so. For a particular case
when L = sI(V), it can be seen easily as follows. Let x be a member of s/(V).
Suppose that x = x; + x, is the Jordan decomposition of x considered as an
element of Endp (V). Since x,, is nilpotent, Tr(x,) = 0.Hence x,, € s/(V). In turn,
xg also belongs to s/(V). Since x; is semi-simple in gl (V), adgv)(x;) is also semi-
simple in End(Endp(V)). Similarly, adg)(x,) is nilpotent in End(Endp(V)).
Consequently, ad(xy) is semi-simple and ad(x,) is nilpotent in ad(s/(V)). Also
lad(xg), ad(x,)] = ad([xs,x,]) = 0. Thus, indeed, x = x; + x, is also the
abstract Jordan decomposition of x.

Casimir Element

Let p be a representation of a Lie algebra L on V. We have an associated symmetric
bi-linear form 3, on L given by 3,(x, y) = Tr(p(x)p(y)). Thus, the Killing form
k on a Lie algebra is 3,4. As usual, 3, is also associative. In turn, N, = {x € L |
By(x,y) = 0 for all y € L} is an ideal of L. It follows from Cartan’s criteria
that p(N,) is solvable. If p is a faithful representation, then N, is also solvable. In
particular, if L is semi-simple and p is faithful, then N,, is trivial, and so the associated
bi-linear form 3, is nondegenerate. Indeed, the nondegeneracy of the Killing form
on a semi-simple Lie algebra is a particular case of the above observation.

Let L be a semi-simple Lie algebra, p be a faithful representation of L on V, and
B, the associated nondegenerate bi-linear form as described above. For each x € L,
we have a map x, from V to F given by x,(y) = (,(y, x). Evidently, x, € V*,
where V* is the dual space of V. The map x from V to V* given by x(x) = x,isa
vector space homomorphism. Since 3, is nondegenerate, x is injective. Since V and
V* are of the same dimension, x is an isomorphism. Let {x;, x5, - - - , x,,} be a basis
of V,and let { 1, f>,---, f.} be the dual basis of {x{, x», - - - , x,,}. From our above
discussion, we get a basis {yi, y2, - -+, y,} of V such that f; = x(y;) = x,, forall
i. More explicitly, 8,(x;, y;) = d;;, where ¢ is the Kronecker delta.

Proposition 1.4.14 Let p be a faithful representation of a semi-simple Lie algebra

on V. Let {x1,x2, - ,x,} be a basis of L and {yi, y2,--- , yu} be the dual basis
with respect to the bi-linear form 3,,. Let [a;;] be the matrix of ad (x) with respect to
the basis {xy, X3, - - - , X, }. Then the matrix of ad(x) with respect to the dual basis

{yls Y2, y"l} is _[aij]t'
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Proof Wehave [x, x;] = Z;le aj;x ;. Suppose that [b;;] is the matrix representation

of ad (x) with respect to the dual basis {y;, y2, - - - , y»}. Then [x, y;] = Z;zl bjiy;.
Now

ajp = Y aulBp(xi, yj) = B, iauxi, yi) = Bollx, xil, yj) =

By~ x1, ¥) = Bolxi [, y,) = —a. f

Definition 1.4.15 The endomorphism ¢, = Y '_, p(x;)p(y;) of V is called the
Casimir element of the representation p relative to the basis {x, x2, - - - , x,}.

Proposition 1.4.16 Let L be a semi-simple Lie algebra of dimension n. Let p be a
faithful representation of L on' V. Then Tr(c,) = n.

Proof By the definition,

Trcy) = Tr( i p()p(i) = 2 Tr(p(xip(y) ~t
Yo B(xi,yi) = n.

Proposition 1.4.17 Let p be a faithful representation of a semi-simple Lie algebra
LonV.Then[p(L),c,] = 0. More explicitly, c, commutes with p(x) for all x € L.

Proof We have [¢, Yn] = [¢, ¥In + ¥[¢, n] for all ¢,y and 1 € gl(V). Thus,

@) e, = D [P pelpG) + D pGe)lp(o), pi)] =
> > auntpGn) + Y Y bypGip(n) = 0,

thanks to Proposition 1.4.14.

The following corollary is immediate.

Corollary 1.4.18 Under the hypothesis of the above proposition, a Casimir element
¢, € End (V). ¢

Corollary 1.4.19 Let L be a semi-simple Lie algebra and p be an irreducible rep-

resentation of L on V. Then, c, is the multiplication by Z:Zf ‘L,

Proof Since V isasimple L-module and c, is an L-endomorphism of V, by the Schur
lemma, c, is the multiplication by a scalar. Since Tr(c,) = dim L (Proposition
1.4.16), the result follows. i

Example 1.4.20 Let p denote the standard inclusion representation of s/(2, F)) on
V = F?.Take the standard ordered basis {e», %, €31} of s1(2, F). The dual basis of
this standard basis can be easily seen to be {e;, }5’, e12}. Thus, the Casimir element
¢, of the representation is given by
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h? 30
¢, = eney + > + ezjenn = [2 i|

The trace of ¢,is 3 = dim sl(2, F). Evidently, c, is the multiplication by % Observe
that the module F? associated with this representation is a simple L-module.

Recall (Theorem 9.1.10, Algebra 2) thataring R is semi-simple if and only if every
module over R is semi-simple (completely reducible). In the case of Lie algebras,
we have already shown that a semi-simple Lie algebra L is a completely reducible
module over itself (Theorem 1.4.10). The converse is true here also for Lie algebras.
However, the proof of the converse for Lie algebras is a little subtle. In the case of
rings, the proof is an easy consequence of the fact that a free R-module is the direct
sum of several copies of R considered as an R-module, and a homomorphic image
of a semi-simple module is semi-simple.

Theorem 1.4.21 (Weyl) Let L be a semi-simple Lie algebra. Then every finite-
dimensional L-module is completely reducible. In the language of the representation
theory, every finite-dimensional representation of a semi-simple Lie algebra is the
direct sum of irreducible representations.

Proof Let L be a semi-simple Lie algebra. Let p be a representation of L on V.
Since L is perfect, and [g/(V), gl (V)] = sl(V), it follows that p(L) < s/(V). Thus,
Tr(p(x)) = Oforall x € L.In particular, if V is a one-dimensional L-module, then
x-v = Oforallx e Landv e V.

Let p be a representation of a semi-simple Lie algebra L on V. Let A be the
kernel of p. Then A is an ideal of L and by Theorem 1.4.10,L = A @ B. Bisalsoa
semi-simple Lie algebra, and p|p is a faithful representation. Further, L-submodules
of V are precisely B - submodules of V. As such, without any loss of generality, we
may assume that the representation p is faithful.

We prove the theorem in several steps:

Step 1. Every irreducible submodule W of V of co-dimension 1 is a direct sum-
mand.

Proof of Step 1. Let

0—W5VIEV/W—0

be an exact sequence of L-modules, where V is a faithful L-module and W is a
simple submodule of co-dimension 1. By Corollary 1.4.18, the Casimir operator
¢, = Z;':l p(x;)p(y;) is an L-endomorphism of V. Hence ¢, (W) is an L-submodule
of V.1f ¢,(W) = {0}, then since L acts trivially on V/W, Tr(c,) = 0. Thisisa
contradiction, since Tr(c,) = Dim L # 0. Thus, c,(W) # {0}. Since W is a simple
submodule, (c,(W) (W) is {0} oritis W.If (c,(W) ()W) is {0}, then V = W @
¢,(W) and we are done. If not, then W C ¢,(W). By the dimension consideration,
¢,(W) = W. Since L acts trivially on one-dimensional modules, c, induces trivial
endomorphism ¢, on V/W. Clearly, Tr(c,) = Tr(c,lw) + Tr(¢,)) = Tr(c,lw).
Since Tr(c,) = Dim L #0, Tr(c,|w) # 0. Further, since W is an irreducible
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L-module, c,|w is the multiplication by a nonzero member of F'. Evidently, ker ¢,
is a one-dimensional L-submodule and W (" ker ¢, = {0}. This shows that V =
W @ ker c,. This proves step 1.

Step 2. Every submodule W of V of co-dimension 1 is a direct summand.

Proof of Step 2. The proof is by the induction on the dimension of W. If the
dimension of W is zero, then there is nothing to do. Assume that the assertion is true
for all submodules of co-dimensions 1 whose dimensions are less than the dimension
of W. Let '

0—WS>VSV/W—0

be an exact sequence of L-modules, where V is a faithful L-module and W is a
submodule of co-dimension 1. If W is simple, then the result follows from step 1.
Suppose that W is not simple. Let W’ be a nonzero proper submodule of W. We have
the exact sequence

0— W/ W 5 v/w 5 v/w—o.

By the induction hypothesis, there is a one-dimensional submodule U/ W' of V/ W’
such that V/W' = W/W’' & U/W’. We get a short exact sequence

0— W S5UZU/W —0

of L-modules. By the induction hypothesis, there is a one-dimensional submodule
PofUsuchthat U = P®W'. Also V/W' = W/W @ U/W'. Since P ¢ W
and WP = {0}, V = W @ P. This proves step 2.

Proof of the Theorem. Let W be a submodule of V. We need to show that W is
a direct summand of V. We have the short exact sequence

0—WS5VEV/W-—0

of L-modules. We have the L-module Hom(V, W), where x - f is given by (x -
Hw) = x- f(v) — f(x-v). Similarly, Hom(W, W) is also an L-module. We
have the restriction vector space homomorphism i* given by i*(f) = f|w. Clearly,
i* is an L-homomorphism. For each a € F, let f, denote the multiplication by the
scalar @ on W. Then the subspace F = {fs | a € F}of Hom(W, W) consisting of
scalar multiplications on W can be easily seen to be an L-submodule of Hom (W, W).
Indeed, L - FisOe H om(V, W). We have the short exact sequence

0 —> ker i* - (Y7 U(F) 2 Y \(F)/ker i* — 0
of L-modules. Since F is one dimensional, ker i* is of co-dimension 1. From step

2, (i*)"(ﬁ:) = ker i*® < g >, where < g > is the one-dimensional submodule
of (i*)~'(F) generated by g. Since g ¢ ker i*,i*(g) = glw = f., where a # 0.
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Replace g by h = a~'g. Then h|ly = Iy. Since L - F = {0}, x-h)(v) =
x-(h(v)) — h(x-v) = Oforall x € L and v € V. This shows that 4 is an L-
homomorphism from V to W such that |y, = Iy . This shows that W is a direct
summand of V. §f

Weyl’s theorem is the most fundamental result initiating the representation theory
of semi-simple Lie algebras. As the first application of the theorem, we establish that
under any representation of a semi-simple Lie algebra, Jordan decompositions are
preserved.

Theorem 1.4.22 Let L be a semi-simple linear Lie algebra contained in gl(V),
where V is a finite-dimensional vector space over an algebraically closed field.
Then L contains semi-simple and nilpotent parts of each of its elements considered
as elements of Endp (V). Consequently, abstract and usual Jordan decompositions
of members of L are the same.

Proof Letx € L.Letx = x, + x, represent the usual Jordan decomposition of x in
Endp(V). We have to show that x; and x,, both belong to L. By Proposition 1.3.20,
lem(v)(X) = adgl(v) (xg) + (ldg[(v) (x,,) s the Jordan decomposition of adg](v)(x) in
Endp(Endp(V)).Sinceadyvy(x)(L) € Landadyy)(x,)and adyv)(x,) are poly-
nomials of ady v (x)(L) without constant terms, it follows that adg vy (x,)(L) € L
and also adyv(x,)(L) € L. This means that x; and x, both belong to the nor-
malizer Ny )(L) of L in gl(V) for each x € L. For each L-submodule W of V,
consider the subspace W = {yegl(V)| y(W) € Wand Tr(ylw) = 0}. Since
L is semi-simple, [L, L] = L and consequently L C W for all L-submodules W
of V. It is also clear from the earlier observation that x; and x, belong to W for
each L-submodule W of V. Denote the intersection Nyiv)(L) (V(Mwesv) W) by

i, where S(V) denotes the set of all L-submodules of V. Evidently, [ is a Lie sub-
algebra of g/(V) containing L as an ideal such that x; and x, both belong to L for
each x € L. It is sufficient to show that L = L. Clearly, L is a finite-dimensional
L-module with L as an L-submodule. Since L is semi-simple, by the theorem of
Weyl, there is an L-submodule U of Lsuchthat L. = L @® U. Since [L, i] CL,it
follows that[L, U] = {0}. We show that U = {0}.Letu € U.Since [L, u] = {0},
u represents an L-endomorphism of V. Let W be a simple submodule of V. Then
by the Schur lemma, u acts on W by a scalar multiplication. Also, since u € W,
Tr(ulw) = 0. This means that the endomorphism u restricted to W is zero for
all simple L-submodules of V. Since V is the direct sum of simple submodules, it
follows thatu = 0.Hence U = {0},and L = L. This completes the proof of the
first part of the theorem. The rest of the assertion of the theorem also follows. &

Corollary 1.4.23 Let p be a finite-dimensional representation of a semi-simple Lie
algebra L on V. Let x = x; + x, be the abstract Jordan decomposition of x in L.
Then p(x) = p(x;) + p(x,) is the usual Jordan decomposition of p(x) in Endp (V).

Proof Since ad (x;) is semi-simple in Endp (L), L is generated by the set of eigenvec-
tors of ad(x,). Hence p(L) is also generated by the eigenvectors ad, ) (p(x;)). This
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shows ad ) (p(x,)) is semi-simple. Again since ad (x,) is nilpotent, ad,)(p(x,))
is nilpotent. This shows that p(x) = p(x,) + p(xs) is the abstract Jordan decom-
position of p(x) in p(L). It follows from the above theorem that it is the usual Jordan
decomposition of p(x) in Endp(V). 8

Representations of s/(2, F)

Let F be an algebraically closed field of characteristic 0. Recall that the Lie algebra
sl(2, F) is a simple Lie algebra having the standard basis {e1,, €1, i} satisfying the
relations

[h, e1n] = 2e1n, [h, e21] = —2e21, [e12,e21] = h.

For simplicity, we denote e, by x and e;; by y. Let p be a representation of s/(2, F)
on a finite-dimensional vector space V. Clearly, & is a semi-simple element while
x, y are nilpotent elements in s/(2, F). From Corollary 1.4.23, it follows that p(h) is
semi-simple in g/ (V'), whereas p(x) and p(y) are nilpotentin g/ (V). Let I" denote the
set of all eigenvalues of the transformation p(%). The members of I are also called
the weights of the representation p. For a weight A, the A-eigenspace V), = {v e V |
p(h)(v) = v} of p(h) is called the weight space of the representation associated
with \. Evidently, V) # {0}. Since p(h) is semi-simple, V = @& >, - V). Evidently,
I" is finite.

Proposition 1.4.24 Let\ € T andv € V). Then p(x)(v) € Viyo. Further, p(y)(v) €
Vi_o.

Proof p(h)(p(x)(v)) = p(h,xD@) + px)(ph)(v)) = 2px)(v) + Ap
)W = A+ 2)p(x)(v). Thus, p(x)(v) € Vy4o. Similarly, the second assertion
follows. f

Corollary 1.4.25 Thereisa A € I suchthat A + 2 ¢ " and in this case p(x)(v) = 0
for all v € V. Similarly, there is a p € T such that p —?2 ¢ I and in this case
p(y)(v) = Oforallv eV,

Proof Since I' is nonempty and finite, there is a A € I" such that A +2 ¢ T". It is
evident that p(x)(v) = Oforall v € V). The remaining assertion follows, similarly.

il

A weight A € T is called a maximal weight if A +2 ¢ I". An eigenvector corre-
sponding to a maximal weight is called a maximal vector.

Proposition 1.4.26 Let p be an irreducible representation of sl(2, F) on a finite-
dimensional vector space V. Let X be a maximal weight of the representation and
vo a maximal vector corresponding to the maximal weight \. For each r > 0, put
v = L)) (). Then

(i) p((v;) = (A=2r)vy,

(it) p(y)(vr) = (r + Dvy41, and

(iti) p(x)(v;) = (A —r+ Dv,—y

forallr = 0. We put vy = 0 in (iii).
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Proof (i). We prove it by the induction on r. For r = 0, p(h)(vg) = vy by the
choice. Assume that p(h)(v,) = (A —2r)v,.. By Proposition 1.4.24, p(h)(p(y)
) = (A=2r =2)p(y)(v,). Hence p(h)(vr41) = p) (oM (,)) =
Lo M) = 5 =25 = 2)p(M @) = A =20 + D)vsr.

(i1). Evident from the definition.

(iii). By the induction, it can be easily seen that

PN (p(x)(Wr)) = (A —=r+ Dp(y)(vr—1)

for each r. Now,

p(x) (v,)

= Lp(0)(p(»)(v,-1)

= Lp(x, yD(r-1) + p(3)(p(xX)(v,-1)))

Lo (r-1) + A =r +2)p(3) (v,-2))

LA =2r+2v,21 + - = DA =7 +2)p(»)(v,-1))
= \—r+Dv_,.t

Corollary 1.4.27 The set {v, | v, # 0,r > 0} forms a linearly independent subset
of V. Consequently, there is a nonnegative integer n such that v, # 0 but v,+; = 0.

Proof The result follows from the fact that v, are eigenvectors of & corresponding
to distinct eigenvalues of 4. Finally, since V is of finite dimension, the rest of the
assertion is clear. f

Theorem 1.4.28 Let p be an irreducible representation of sl(2, F) on a vector space
V of dimension m 4+ 1, m > Q. Then the following hold:

1. The set " of weights of the representation is given by
= {m=2r[0<r<m} = [—mml \m+2Z

2. Each weight space Vy, \ € I is one dimensional.
3. There is a basis {vy, vy, -+, Uy} of V with v, € V,,,_», such that

(i) p(h)(v;) = (m —2r)v,
(ii) p(y)(v,) = (r + Dv,y1, and
(iii) p(x)(v,) = (m—r+ Dv,_.

Proof From Corollary 1.4.27, there is a linearly independent subset {vg, vy, - - - , v, }
of V satisfying conditions (i), (ii), and (iii) of Proposition 1.4.26. Let W be the sub-
space of V generated by {vg, vy, -+, v,}. Again conditions (i), (ii), and (iii) of
Proposition 1.4.26 imply that p(z)(W) € W for all z € sl(2, F). Since p is irre-
ducible, W = V, and hence n = m. For r = m + 1, condition (iii) of Proposi-
tion 1.2.26 implies that 0 = (A — m)v,. Since v,, # 0, the maximal weight
A = m = (dimV — 1). The theorem follows from Proposition 1.4.26. {
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Corollary 1.4.29 Foreachn = m+ 1,m > 0, there is a unique irreducible rep-
resentation of sl(2, F) of degree n up to equivalence. {

Proof Theuniqueness follows from the above theorem. For existence, let V be a vec-
tor space having a basis {vg, vy, - - - , v, }. We have linear transformations p(h), p(x),
and p(y) on V given by (i), (ii), and (iii) of Theorem 1.4.28. In turn, we get a linear map
p from sl (2, F) to gl(V). It can be seen that p([h, x]) = [p(h), p(x)], p([h, y]) =
[p(h), p(»)], and p([x, y]) = [p(x), p(¥)]. Hence p is a representation which is
irreducible. f

Corollary 1.4.30 Let p be a finite-dimensional representation (not necessarily irre-
ducible) of s1(2, F) on V. Then all the eigenvalues of p(h) are integers. If r is an
eigenvalue of p(h), then —r is also an eigenvalue. Indeed, the pair (r, —r) appears
equal times. Let Vi denote the eigenspace of p(h) corresponding to the eigenvalue
0, and V) denotes that corresponding to the eigenvalue 1. Then p is the direct sum
of Dim Vo + Dim V) irreducible representations.

Proof By the theorem of Weyl, p is the direct sum of irreducible representations.
The eigenvalues of p(h) are precisely the eigenvalues of p(h) restricted to the irre-
ducible components. The first assertion is immediate from the above theorem. Let
{uy,uy, -+, us} be a basis of Vy and {vy, v, --- , v,} be a basis of V;. It is clear
from the Theorem 1.4.28 that each u; determines a unique irreducible component
of p and distinct u; determine different irreducible components. Similarly, each v;
determines a unique irreducible component of p and distinct v; determine different
irreducible components. The result follows. £

Exercises

1.4.1. Compute the matrix of the Killing form of each of the Lie algebras described
so far with respect to their standard bases.

1.4.2. Compute the Casimir operator of the adjoint representation of s/(2, F') and
sl(3, F) with respect to their standard bases. Find their traces also.

1.4.3. Show that every irreducible representation of a solvable Lie algebra is one
dimensional.

1.4.4. Call aLie algebra L to be a reductive Lie algebra if Rad(L) = Z(L). Show
that a semi-simple Lie algebra is reductive. Give an example of a reductive
Lie algebra which is not semi-simple.

1.4.5. Show that a Lie algebra is reductive if and only if L considered as ad(L)-
module is completely reducible.

1.4.6. Let L be asemi-simple Lie algebra. Describe the structure of the ring End;, (L)
if possible.

1.4.7. Let L be asimple Lie algebra. Let 3 be a symmetric associative nondegenerate
bi-linear form on L. Use Schur lemma to show that there is a scalar a € F*
such that 3 = ak, where & is the Killing form on L.

1.4.8. Determine the matrix of trace form Tr on sl(n, F) given by Tr(x,y) =
Tr(xy) withrespect to the standard basis of s/(n, F'). Show that itis symmetric
associative and nondegenerate. Assuming thatsl/(n, F') is asimple Lie algebra,
show that k = 2nTr.
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1.5 Extensions of Lie Algebras and Co-homology

In this section, we introduce the co-homology of Lie algebras, describe low-
dimensional co-homologies, and discuss the Schreier theory of extensions of Lie
algebras. There is a close analogy between the co-homology theory of groups and
the co-homology theory of Lie algebras.

Let L be a Lie algebra over a field K. Recall that L-modules are precisely U (L)-
modules. We have bi-functors EX T}, (—, —) and Tor ") (=, —) from the category
of L (U (L))-modules to the category of groups. These functors are also denoted by
EXT/'(—, —)and Tor,f (—, —), respectively. Treat K as a trivial L-module. Let A be
an L-module. Then EXT}' (K, A) isdenoted by H" (L, A) and it is called the n,; co-
homology of L with a coefficient in A. Further, Tor!®) is denoted by H,(L, A) and
it is called the n,, homology of L with coefficient in A. Thus, we need to construct a
convenient projective U (L)-resolution of the trivial L-module K (x - a = 0 for all
x € L and a € K) for this purpose.

The trivial module structure on K induces an algebra homomorphism e from U (L)
to gl(K) ~ K. This homomorphism is called the augmentation map. The Kere is
called the augmentation ideal and it is denoted by /(L). Since K is the trivial L-
module, it follows that / (L) is the ideal of U (L) generated by j; (L). We have a free
presentation

0— I(L) — U(L) > K —0

of the trivial module K.
Proposition 1.5.1 H%(L,A) = {ac€ A|xa = 0 forall x € L}. t

Proof By the definition, H*(L, A) = Extg(L)(K, A) ~ Homy)(K, A). Now, a
U (L)-homomorphism f from U (L) to A determines and is uniquely determined by
the image f(1) = a€e Aof Il suchthat 0 = f(0) = f(r(x)-1) = jo(x)-
f(1) = x-aforallx € L. Thus, H'(L, A) ~ {a € A |xa = 0 forall x € L}.
g

Proposition 1.5.2 H'(L, A) ~ Der(L, A)/Ider(L, A) and if A is a trivial L-
module, H' (L, A) ~ Homg (Lyp, A). 1

Proof Consider the short exact sequence
0— I(L) — U(L) > K —> 0.
We have the long exact sequence (see Corollary 2.1.17, Algebra 3)

0 — Ext0 (K, A) S Extl, (UL), A S Exil, (L), A) >
Exth (K, A) S Ext) (UL), A) 5> - .
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Since U(L) is a free U(L)-module, Ext},, (U(L), A) = {0}. Also Extp),,,
(=, =) = Homyq)(—, —). Consequently, we get the exact sequence
0 — Homyq)(K, A) i) Homy),(U(L), A) LN Homyqy(I(L), A) —8>
Extllj(L)(K, A) — 0.

Thus,

HI(L.A) = Ext,'J(L)(K, A) ~ Homyqy(I(L), A) _ Hom.U(L)(I(.L), A).
Kero image i*

Now, let us interpret the members of Homyy(I(L), A) and of image i*. Let f €
Homyy(I(L), A). Define amap Dy from L to A by putting Dy (x) = f(jL(x)).
The fact that f is a U (L)-homomorphism implies that Dy € Der (L, A). The map
D from Homyqy(I(L), A) to Der(L, A) given by D(f) = Dy can be easily
seen to be a vector space isomorphism. Further, if f is the restriction to I (L) of
a homomorphism from U (L) to A, then it is determined uniquely by an element
a = f(1)ofasuchthat f(x) = j.(x)-a = x-aand Dy is an inner derivation
D, determined by a. The rest is an easy verification. f

Now, we shall describe a convenient projective resolution of the trivial L-module
K for the purpose of computing co-homologies. Let E(L) denote the the exterior
algebra (see Algebra 2, Sect. 7.3) of L considered as a vector space. Thus,

Ew) = ey, AW,

where A\ L denote the r,;, exterior power of L. In particular, \°L = K, \' L = L.
If {x1,x2,--- ,x,}isabasis of L, then {x;, Axp, Ao Ax; |1 <ip <ip<--- <
i, < n}is abasis of A" L. In particular, Dim \" L = "C, and DimE(V) = 2".
The product - from A" L x A\’ L to A"** L defined by

(i AXig Ave o AXG) - () AXjy A AXj) = Xiyg AXig Aoe= AXjp, AXjj AXj A= ANXjg

can be extended to the whole of E (L) by linearity which makes E (L) an alternating
algebra. Let X, denote the U (L)-module U (L) ® /\" L.Clearly, X, isafree U(L)-
module of rank "C,, since /\" L is a vector space of dimension "C,. Without any
confusion, we candenote 1 ® (x;, Ax;, A---Ax;), 1 <ip <ip<---<i, <nby
Xip N Xjy N o= N Xj . Thus, {)Cl'] A Xi, /\-~-/\X,'r), 1<ij<ihb<---<i,<n}isa
free U (L)-basis of X,,. We have a unique U (L)-homomorphism d, from X, to X,_,
subject to
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dr (Xiy N Xiy Ao A X)) =le:;:1(—1)<’+1jL(x,-j)(x,-, AXig Ao Xy NXi e A
x,‘,) + Z]§k<l§r(_1) + [xik, xi,] ANXig N ANXjg Neo s AN Xy N e X

»

As usual, one can establish the following proposition:

Proposition 1.5.3 The chain

R =0—x, %%, 5. . Bx 4% S5K—0

is a U(L)-free resolution of the trivial module K, wheren = DimL. #
Thus, H"(L, A) is the n,;, co-homology of the cochain complex HomU(L)()A(, A).
Corollary 1.5.4 [fn is the dimension of L, then H" ' (L, A) = {0}. #

Our next aim is develop the theory of Schreier Extensions and interpret the second
and third co-homologies in terms of the extensions.
A short exact sequence

E=0-—5A3L2B 50

of Lie algebras is called an extension of A by B. Let ¢ be a vector space splitting.
More explicitly, ¢ is a vector space homomorphism such that ot = [Ig. The map
t need not be a Lie algebra homomorphism. If ¢ is a Lie algebra homomorphism,
then it is termed as a splitting and the extension is termed as a split extension. For
example,

0 —> sl(n, F) > gi(n, F) 2 F — 0

is a split exact sequence, where T'r is the trace map. Note that it is not a direct sum
extension. An extension E is called a central extension if a(A) C Z(L). Thus, a
central split extension is a direct sum extension.

Let EXT denote the category whose objects are short exact sequences

O—>A3>L£>B—>0

of Lie algebras, and a morphism between two extensions E; and E, given by the
short exact sequences

¢ I}
0— A 3L, 2B — 0

and
Q3

B
O—)Az—)Lz;Z)Bz—)O

isatriple (A, u, ), where A is ahomomorphism from A; to A,, 1+ is a homomorphism
from L; to L, and v is a homomorphism from B; to B, such that the following
diagram is commutative:
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o B

o — , A — L, B _— , 0

V]

0 v A — gL, B 0

The category EXT is called the category of Schreier extensions of Lie algebras. The
isomorphisms in this category are called the equivalences of extensions. Using the
five lemmas, it follows that a morphism (\, u, v) is an equivalence if and only if A
and v are isomorphisms.

Let

E=0-—>AS5L5 B 50 (1.1)

be an extension of A by B. Since (3 is surjective, there is a vector space homomor-
phism ¢ (not necessarily a Lie homomorphism) from B to L (called a section or
a transversal) such that Jot = Ig (note that we are using the axiom of choice).
a(A) = kerfisanideal of L. Thus, foreachx € Banda € A, [t(x), a(a)] belongs
to a(A). Since « is injective, there is a unique element ¢’.(a) in A depending on x
and a such that

[t(0), a(@)] = a(oy(a) (1.2)

This gives us a map o', from A to A given by (1.2). It can be easily seen that o, is a
vector space endomorphism of A. Further,

a(or(la, b))

[t(x), a(la, b])]

[t(x), [a(a), a(b)]]

[[t(x), a(@)], a(b)] + [a(a), [t(x), a(b)]] (by the Jacobi identity)

= a(lo(a),b] — [0} (b), al).

Since « is injective,

o (la,b]) = [0,(a),b] + [a,0,(D)] (1.3)

This shows that orfc is a derivation of A.. Thus, the extension E together with a choice
of the section ¢ gives us a map o' from B to Der(A). Since ¢ is a vector space
homomorphism, ¢’ is also a vector space homomorphism.

As observed earlier, ¢ need not be a Lie homomorphism. However, since 3 is a
Lie algebra homomorphism,

B lx, yD) = [x, y] = [BG@(x), BeyN] = Bz (x), 1(»])
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for all x, y € B. Hence, there is a unique element f(x, y) € A such that

a(f'(x,y) = (1), t()] — t(x, y]) (1.4)

for all x, y € B. This gives us a map f’ from B x B to A which is given by (1.4).
Since ¢ is a vector space homomorphism,

a(f'(ax + by, z)) = [t(ax +by), t(z)] — t(lax + by, z]) = alaf' (x,2) +bf'(y,2))

forall x, y, z € B. Thus,

fllax+by,z) = af'(x,2) +bf'(y,2) (1.5)
forall x, y,z € Banda, b € F. Similarly,

fre by +cz) = bff(x,y) +cf'(x,2) (1.6)
forall x,y,z € Band b, c € F. Alsosince [1(x), t(x)] = 0 = t([x, x]), we have

flx,x) =0 (1.7)
for all x € B. Next,
([z(x), tM1, 1 @] + 2 (), 1 (@], 1 ()] + [[2(2), 1 ()], ¢ ()] = 0

implies that

[t([x, yD + a(f'(x, ), t (D] + [t(y, z]) + a(f (v, 2)), t(x)] + [t [z, xD+
a(f'(z,x),t(»] =0

or equivalently,

t([[x, yl. z2D) + 1 ([Ly, 2], x]) + 1 ([[z, x1, y]) + a(f"([x, y], 2)) = (@l (fT(x, )+
a(f [y, 2, %)) — @, (f' (v, ) + a(f'([z, x1. y) — a(o},(f(z,2))) = 0.

Since ¢ is a vector space homomorphism, using the Jacobi identity and the fact that
« is injective, we obtain

£ y] 2 + vzl + f1(1zx] y) = oL @ ) = b (v, 2)—
oL (f (2. x)) = 0
(1.8)

Similarly, the Jacobi identity

(e, D] a@)] + [[1(y), @], 1(0)] + [[a(@), t(x)], 1(y)] = 0
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implies that
ol @ = olol(@) —olol@) — [f'(x,y).a] (1.9)

forall x, y € B and a € F. We are prompted to have the following definition:

Definition 1.5.5 A quadruple (B, A, o, f), where A and B are Lie algebras over
a field F, o is a linear transformation from B to Der(A), and f is an alternating
map from B x B to A, is called a Schreier factor system if it satisfies the equations
(1.3), (1.8), and (1.9) with o’ and f’ replaced by o and f, respectively.

Thus, given an extension E of A by B together with a section 7, we obtain a factor
system (B, A, o', f'). Conversely, let (B, A, o, f) be a factor system. Consider
L = A x B. L is a vector space with respect to the coordinate-wise operation.
Define the bracket operation [, ] by putting

[(a,x), (b, y)] = ([a,b] —oy(a) + ox(b) + f(x,y), [x, yD.

Using the defining conditions for the factor system, it can be easily verified that L is
a Lie algebra and

0—a312B—0

is an extension of A by B, where a(a) = (a, 0) and 3((a, x)) = x.The map ¢ from
Bto L givenby ¢(x) = (0, x)isasection such that (B, A, o, f) = (B, A, o', f).
Let

8
EIEO—>A11[>L1;I>31—>O

and ;
Eb=0 — A 3 L, 3 B — 0

be extensions in EXT together with sections #; and #, of E| and E,, respectively.
Let (A, i, ) be a morphism from E; to E5. Using the commutativity of the relevant
diagram,

Popti(x) = vhiti(x) = v(x) = fatv(x)
for all x € B;. Consequently, there is a unique element g(x) € A, such that
pn(x) = Lr(x) + axg(x) (1.10)
for all x € By. This defines a map g from B, to A,. Since pu, v, t1, t, are vector space

homomorphisms and «; is an injective homomorphism, it follows that g is a vector
space homomorphism. Now,
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pr (x), (D
= pti([x, yD) + ar(f" (x, »)))
= n(x, YD) + ax(g(lx, y) + ax(A(f" (x, y)))

On the other hand, since y is a Lie algebra homomorphism,

p([t(x), 1 (N1

= [p(n(x)), pt(y)]

= [bwx) + ax(g(x)), LW () + ax(g(y))]

= Hw(lx, yD) + A 2wx), v()) — az(aiz(y)(g(x))) +
20 (9(1)) + a2([g(x), g

Comparing (1.11) and (1.12), we get

o), v(y) = 07, (g0) + 0, (g() + [9(x), 9] =
A, ) + g(lx, yD

for all x, y € By. Further,

(A0 (a)))

+ p(ar (o) (a)))

= [u(t(x), plai(a))]

= [nW(x)) + a2(g9(x)), az2(A(a))]

= (0, (AM@) + alg(x), AM@)]).
Since a is an injective homomorphism,

Al (@) = o, (M@) + [g(x), A(@)]

65

(1.11)

(1.12)

(1.13)

(1.14)

forall x € By anda € A. Thus, a morphism (, u, ) between extensions E and E,
together with choices of sections #; and #, of the corresponding extensions induces a
linear map g from B; to A, such that the triple (v, g, \) satisfies (1.13) and (1.14),
and it may be viewed as a morphism from the factor system (B, Ay, o', f) to

(Ba, Ay, 0, f7).
Let (A1, p1, v1) be a morphism from an extension

0—>A]1]>L1iB]—>O

E,

to an extension

E250—>A212>L222>Bz—>0,

and (\;, 2, 1) be that from the extension E; to
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az B3
E3EO—>A3—>L3—>B3—>1.
Let #;, #, and 73 be corresponding choices of the sections. Then as in (1.10),

i1t (x)) = bwi(x)) + az(g1(x))

and
w2(t2(u)) = 63(12(w)) + az(g2(u)),

where g; is the uniquely determined linear map from B; to A,, and g, is that from
B, to Aj. In turn,

2 (p1(t1(x))) = pa(2(v1(x)) + a2(g1(x))) = pp(t2(vi(x))) + pa(az(gr1(x))) =
t3(12(v1(x))) + a3(g2 (V1 (%)) + az(A2(g1(x))) = 13((r20v1)(x)) + a3(g3(x)),

where g3(x) = g2(v1(x)) + A2(g1(x)). It follows that the composition (A o Ay, pp ©
W1, V3 o v1) induces the triple (v, o vy, g3, A2 0 A1), where g3(x) = ¢ (v1(x)) +
A2(g1(x)) for each x € B;.

Prompted by the above discussion, we introduce the category FACS whose objects
are factor systems, and a morphism from (B, Ay, ol, fl) to (By, Ay, 02, fz) is a
triple (v, g, A), where v is a homomorphism from B; to B;, A a homomorphism from
Ay to A, and g a linear map from B to A, satisfying (1.13) and (1.14) with f"
replaced by f!, £ replaced by f2, 0" replaced by ¢!, and o> replaced by o2,

The following theorem is the consequence of the above discussion.

Theorem 1.5.6 Let tg be a choice of a section of the extension E of a Lie algebra by
another Lie algebra (such a choice function t exists because of the axiom of choice).
Then the association Fac which associates with each extension E the factor system
Fac(E, tg) is an equivalence between the category EXT of extensions to the category
FACS of factor systems. t

Fix a pair A and B of Lie algebras. We try to describe the equivalence classes of
extensions of A by B. Let L be an extension of A by B given by the exact sequence

E=0-—43512%2B 0.

Let (A, u, ) be an equivalence from this extension to another extension L’ of A" by
B’ given by the exact sequence

o

E=0-—A S0 2B o0

Then  is an isomorphism and it follows that L' is also an extension of A by B given
by the exact sequence
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/o —13/
E'=0— A% "

B — 0
such that (14, u, Ip) is an equivalence from E to E”. Also, (\, I/, v) is an equiva-
lence from E” to E’.

As such, there is no loss of generality in restricting the concept of equivalence on
the class E(A, B) of all extensions of A by B by saying that two extensions

El=0— A%, 4850
and ;

in E(A, B) are equivalent if there is an isomorphism ¢ from L to L; such that the
diagram

o B

0_ . A __,L, B __, 0

is commutative. Indeed, for any extension E in EXT which is equivalent to a member
E’ of E(A, B), there is a member E” of E(A, B) such that E is equivalent to E”
in the category EXT and E” in E(A, B) is an equivalent E’ in the sense described
above.
Let
E=0-—>4515%B 50

be an extension of A by B. Let ¢ and ¢’ be sections of the extension. Then there is a
linear map g from B to A given by

1'(x) = t(x) + a(g(x)).
Now,
a(ol (@) = [f'(x), a@)] = [t(x) + a(gx), a@)] = a(ol(a) + [g(x).al)
forall x € B and a € A. Thus,

o' (@) = o'(a)+ ad(g(x))(a)
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for all x € B and a € A. Thus, the linear map ¢’ from B to Der(A) depends on ¢
(note that it is not a Lie homomorphism). It follows from the above equation that the
map x +— oLIDer(A) from B to the Lie algebra Out Der(A) of outer derivations
of A is independent of the choice of the section ¢. Thus, for each extension E of A
by B, we have a map Wy from B to OutDer(A) given by Wg(x) = o.1DerA.
Evidently, W is a linear map. It follows from Eq. (1.9) that W is a Lie algebra
homomorphism. If an extension E; of A by B is equivalent to an extension E;, of A
by B, then it can be easily seen that Wy, = Wg,.

Definition 1.5.7 A homomorphism from B to OutDer(A) = Der(A)/IDer(A)
is called a coupling or an abstract kernel of B to A.

We have established the following theorem.

Theorem 1.5.8 Let Ext (A, B) denote the set of all equivalence classes of exten-
sions in E(A, B). Then there is a natural map ¥V from Ext (A, B) to the set
Hom (B, OutDer(A)) of all abstract kernels (couplings) of B to A given by
W([E]) = Vg as defined above.t

The map W described in the above theorem is called the abstract kernel map.

The abstract kernel map ¥ need not be injective. In other words, two nonequivalent
extensions of A by B may induce the same abstract kernels of B to A (give an
example). We shall see that the map W may not be surjective also. Indeed, we have
two basic problems in the theory of extensions of Lie algebras.

1. To determine the abstract kernels 7 € Hom (B, Out Der(A)) which are realiz-
able from an extension E of A by B in the sense that W([E]) = n.

2. Given an abstract kernel n € Hom (B, Out Der(A)) which is realizable from an
extension, to determine and classify all extensions E up to equivalence such that
W(E) = 7. Such abstract kernels are call couplings.

Theorem 1.5.9 Let A be a Lie algebra with Z(A) = {0}. Then the map WV
from Ext (A, B) to the set Hom(B, Out Der(A)) is bijective. More explicitly, every
abstract kernel 1) of B to A determines and is determined uniquely by an equivalence
class of extensions in Ext (A, B).

Proof Letn € Hom(B, Out Der(A)) be an abstract kernel of B to A. Consider the
Pull Back Diagram

P2
L __, B

i)

Der(A) —, OutDer(A)

More explicitly, L is the Lie subalgebra of the direct product Der(A) x B given by
L = {(o,x) | 0 € Der(A) and ol Der(A) = n(x)}, p the first projection, and
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P2 the second projection. Clearly, p, is a surjective homomorphism from L to B. The
kerpy = {(0,0) | olDer(A) = n(0) = IDer(A)} = IDer(A) x {0}. Since
the center Z(A) of A is trivial, the map « from A to L defined by a(a) = (i, 0) (
i, denotes the inner derivation determined by a) is an injective homomorphism with
imagea = kerp,. This gives an extension E of A by B given by the exact sequence

E=0—AS32L3B3 B 0

Using the axiom of choice, there is a map & from B to Der (A) suchthat(x) I Der(A)
= n(x). This determines a section ¢ of the extension E given by 7(x) = (£(x), x).
Recall that the abstract kernel W(E) associated with the extension E is given by
W(E)(x) = ollIDer(A), where ¢’ is given by

[1(0), a(@)] = a(oy(a)).

Now,

a(o (@) = [t(x), a(@)] = [(Ex), x), (a, 0] = ([€(x),ia],0) =
(ew@» 0) = a€(x)(a)).

Thus, ol(a) = &(x)(a) for all a € A. In turn, 0% = £(x). By the definition,
W(E)(x) = oLIDer(A) = &(x)IDer(A) = n(x) for all x € B. This shows
that W(E) = 7 and so W is surjective.

To prove the injectivity, suppose that V(E;) = W(E;), where E; and E, are
extensions of A by B given by

By

E,=0— A2 L, 3B —o0

and ,
E,=0— A3 1,53 B — 0.

Let ¢, be a section of E; with a corresponding factor system (B, A, o', f), and t,
be a section of E;, with the corresponding factor system (B, A, o2, f2). Under our
assumption,

oI Der(A) = W(E))(x) = V(Ey)(x) = o21Der(A)
for all x € B, where ¢! and o> are given by the equations

(1), r(@] = ai(0y (@)

and
[1(x), az(@)] = ax(o?(a)).
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Since o' I Der(A) = o21Der(A) for all x € B, and since A is center-less, there is
a unique linear map g from B to A such that

0';1 = ig(x)OO';Z (115)

for all x € B. Again by 9, we have

o y(@ = olol(a) —olal(a) - [f"(x,y),al (1.16)
and
opy(@) = olol(a) — ool (a) = [f2(x, y),al 1.17)

forallx,y € Banda € A.Using (1.15),(1.16), (1.17), and the factthat Z(A) = {0},
it can be shown that (1.13) holds withv = Igand A = I,.Itfollowsthat (14, g, I)
is an equivalence between the factor system (B, A, o', f) and (B, A, o2, f). By
Theorem 1.5.6, it follows that E| and E, are equivalent.

Indeed, the proof of the above theorem establishes the following more general
result.

Proposition 1.5.10 Let E| and E, be extensions of A by B with V(E|) = V(E»).
Then the following induced extensions E| and E), of A/Z(A) by B given below are
equivalent:

ap 51

E, =0 — A/Z(A) 3 Li/ay(Z(A)) 3 B — 0,

Ey =0 — A/Z(A) 3 Ly/au(Z(A) = B — 1.8

So far we described the extensions of Lie algebras with trivial centers. Let us
consider the other extreme case when the center of the Lie algebra is the Lie algebra
itself. More explicitly, we describe the extensions of abelian Lie algebras. Let A be
an abelian Lie algebra. Then the derivation algebra Der(A) is a subalgebra of the
endomorphism algebra End(A) and Ider A = {0}. The Lie algebra Out Der(A) is
naturally identified with Der(A). An abstract kernel of B to A is a homomorphism
o from B to Der(A). We discuss the following problem:

Problem: Let A be an abelian Lie algebra. Classify all extensions of A by B (up to
equivalence) with the given abstract kernel o.

Let us denote by EXT,(A, B) the set of equivalence classes of extensions of A
by B with the given abstract kernel 0. We have at least one such extension, viz.,
the semi-direct product extension of A by B associated with the homomorphism o.
Clearly, a factor system associated with the split extension is (B, A, o, fy), where
fo is trivial in the sense that fy(x, y) = Oforall x,y € K. Let Z?,(B, A) denote
the set of factor systems (B, A, o, f) associated with the abstract kernel o. Indeed,
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a factor system in Z2(B, A) determines, and it is uniquely determined by, the corre-
sponding map f which satisfies the equations (8) and (9) with f replaced by f and
o’ replaced by o(x). By the abuse of language, we shall call such an f as a factor
system in Z(Z,(B, A). f is also called a 2-co-cycle associated with (B, A, o). It is
easily observed that f + f' € Z2(B, A), since A is abelian. Also — f € Z2(B, A)
forall f € Z2(B, A). Thus, Z2(B, A) is an abelian group with respect to the oper-
ation defined above. fj is the identity of the group. Let Bg(B, A) denote the set of
factor systems which are equivalent to the trivial factor system fj. More precisely,
from (1.13), f € Bg(B, A) if and only if there is a vector space homomorphism
g from B to A such that f(x,y) = g([x,y]) —o(x)(g(y)) + o(y)(g(x)). Note
that for any vector space homomorphism g, the map dg from B x B to A defined by
Ag(x,y) = g([x,y]) —o(x)(g(y)) + o(y)(g(x)) is afactor system. The members
of B(%(B, A) are called the 2-co-boundaries associated with (B, A, o). The quotient
group Z2(B, A)/B%(B, A) is called the second co - homology group associated
with (B, A, o), and it is denoted by H2(B, A).

Theorem 1.5.11 Let A be an abelian Lie algebra, and B be a Lie algebra. Let o
be an abstract kernel of B to A. Then, there is a natural bijective correspondence
I" between the set EXT,(A, B) of equivalence classes of extensions of A by B with
the given abstract kernel o and the second co-homology group H(%(B , A).

Proof Let E be an extension of A by B with the abstract kernel o. Let ¢ be a
section of the extension, and (B, A, o, f') be the corresponding factor system. Then
fle Z(ZT(B, A). Let E’ be another equivalent extension of A by B, and ¢’ be a section
of the extension E’. Let (B, A, o, f ") be the corresponding factor system. Then
(see the equation 13) there is a vector space homomorphism g from B to A such
that f'(x,y) + g(lx.y) = o(x)(g(y) — o(»(g(x)) + f"(x,y) (note that
A is abelian). This shows that f* + B2(B,A) = f' + B2(B, A). Thus, the
association (E, t) > f’ induces a map I" from EXT,(A, B) to H(f(B, A) given by
['((E]) = f' + B2(B, A),wheretisasectionof E.Let f € Z2(B, A). Thenby the
discussion following Definition 1.5.5, there is an extension E of A by B, and a section
t suchthat f* = f.This shows that I is surjective. Let E; and E, be extensions of A
by B with sections #; and #, and the abstract kernel o such that I'([E]) = T'([E»]).
Then f" + B2(B,A) = f + B2(B, A). Hence there exists a vector space
homomorphism g from B to A such that " (x,y) + g([x,y]) = ox)(g()) —
a(y)(gx) + [g(x), g(»)] + f=(x,y) (note that [g(x), g(y)] = 0). It follows
that the factor system f is equivalent f”. Hence the corresponding extensions E
and E, are equivalent. f

Let A be a Lie algebra (not necessarily abelian), and B be another Lie alge-
bra. Let v : B+—— QutDer(A) = Der(A)/IDer(A) be an abstract kernel. If
d € Der(A) and a € Z(A), then [d(a),b] = d(la,b]) —[a,d(d)] = 0 for
all b € A. This means that d(a) € Z(A). In turn, we get a homomorphism Y :
Der(A) — Der(Z(A)) given by x(d) = dl|z). Let 0 : B —— Der(A) be a
vector space homomorphism which is the lifting of 1 in the sense that voo = 1),
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where v is the quotient map from Der(A) to OutDer(A). Since ¢ is a homo-
morphism, o([x, y])IDer(A) = [o(x),o(y)]IDer(A). Hence there is a map
f from B x B to A such that [0(x),0(y)] = ifu,yo(lx,y]) (recall that i,
denote the inner derivation determined by a). It follows that (yxoo)([x, y]) =
[(xoo)(x), (xoo)(y)] for all x,y € B. This means that yoo is a homomor-
phism from B to Der(Z(A)) = End(Z(A)). Let 7 be another lifting of ¢). Then
o(x)IDer(A) = T1(x)IDer(A) for all x € B. Hence there is a vector space
homomorphism g from B to A such that o(x) = i,,)7(x) for all x € B. But then
(xoo(x)) = (xot(x)) for all x € B. Thus, yoo depends only on ¢) and not on any
particular lifting o. In turn, y induces a map x from the set Hom(B, OutDer(A))
of abstract kernels from B to A to the set Hom (B, Z(A)) of abstract kernel from B
to Z(A) given by X (¢) = xoo, where o is a lifting of ).

Proposition 1.5.12 Let

«

E 0—>A—>L—ﬂ>B—>0

and

nr

E=0-—A%51%B_"30

be extensions of A by B such that g = g = 1. Then there is a section t of E
and a section t' of E' such that o' = o' = X)), and — f'(x,y) + f'(x,y) €
Z(A) forall x,y € B. Then the map h from B x B to Z(A) defined by h(x,y) =
—f'(x,y) + f"(x,y)isa2-co-cycle in Z%(@b)(B, Z(A)).

Proof Let t be a section of E, and s be a section of E’. Since g = g,
o' (x)IDer(A) = o*(x)IDer(A) for all x € B. This means that there is a lin-
ear map g from B to A such that o' (x) = iywo*(x) for all x € B. The map ¢’
from B to L’ given by #'(x) = g¢g(x) + s(x) is also a linear section of E’. Fur-
ther, 0" (x) = iyxo'(x) = o'(x) for all x in B. This shows that o/ = o'
Now fi(x,y) = [t )] — t(lx,y]) and f(xr,y) = [/ (0,10 —
t'([x, y]). Hence ifixyy = [0'(x).a'(V] — (o' (lx.y])) = [0"(x),0" (] —
(c" ([x,y])) = [g(x,y forall x,y € B. Thus, i_ i, ) 4 p(x,yy = 0.This shows
that — f'(x, y) + f'(x,y) € Z(A)forallx,y € B.Puth(x,y) = —f'(x,y) +

£ (x, v). It is straightforward to verify that & € Z%(w)(B, Z(A)). &

Theorem 1.5.13 Let ¢ : B +—— OutDer(A) be an abstract kernel from B to A
which is realizable by an extension of A by B. Then the second co-homology group
H%(¢)(B, Z(A)) acts sharply transitively on the set EXTy(A, B) of equivalence
classes of extensions of A by B associated with the abstract kernel 1.

Proof Let E be an extension of A by B which realizes the abstract kernel ), and
let ¢ be a section of E. Let (B, A, o', ) be the corresponding factor system.
Then ¢)(x) = o.1Der(A) for all x € B.Let h € Z%W)(B, Z(A)). It is easily
seen that (B, A, o', f' + h) is again a factor system. Let E % i denote the corre-
sponding extension. Clearly, E » h also realizes 1. Let h’ be another 2-co-cycle in
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Z2 ) (B, Z(A)) such that the co-homology class [h] = h + B2, (B, Z(A)) =
] = n + B%@,)(B, Z(A)) in H%(w)(B, Z(A)). Then there is a linear map
g: B Z(A) C A such that h'(x,y) = 0g(x,y) + h(x,y) forall x,y € B.
Clearly f* + b/ = f' + h + 9g. Hence (B, A, ¢', f' + h) is equivalent to
(B, A, o', f' + h'). This shows that [E x h] = [E x}k']. Let E and E’ be equiv-
alent extensions of A by B which realize ¢ and & € Z%(w)(B, Z(A)). By Theorem
1.5.6, we have sections # and ¢’ of E and E’, respectively, such that (B, A, o', )
is equivalent to (B, A, o, f ’/). Hence, there is a linear map g from B to A such
that f'(x,y) = Og(x,y) + f"(x,y)forallx,y € B. Clearly, (B, A, o', f' + h)
is equivalent to (B, A, o, f” + h), and so [E xh] = [E’xh]. Thus, we get an
action * of H%(w)(B, Z(A) on EXTy,(A, B) given by [E]x[h] = [E xh]. We
show that this action is sharply transitive. Let £ and E’ be extensions realizing
the abstract kernel . By the Proposition 1.5.12, there is a section ¢ of E, and there is
a section ¢’ of E’ such that o' = o' = (1)), and the map & from B x B to Z(A)
defined by h(x,y) = —f'(x,y) + f"(x,y) is a 2-co-cycle in Z%w)(B, Z(A)).
Clearly, [E]x[h] = [E’]. This shows that the action * is transitive. Next, sup-
pose that [E]x[k] = [E]. Then there is a section ¢ of E such that the factor
system (B, A, o', f') is equivalent to (B, A, ¢', f' + h). Hence there is a linear
map g from B to A such that f'(x,y) + h(x,y) = 9g(x,y) + + f'(x,y)
for all x, y € B and also iyyook(h) = o' (h) for all x € B and h € A. Since o,
is a derivation of A, it follows that g(x) € Z(A) for all x € B. Thus, h(x,y) =
alg(y) — g(lx,yD) + a;(g(x)) forall x, y € B.This shows thath = dg, where
g is a linear map from B to Z(A). It follows that [k] = 0. This completes the proof
of the fact that the action x is sharply transitive. #

Corollary 1.5.14 There is a bijective correspondence between EXTy;(A, B) to
H%w)(B, Z(A)) provided there is an extension of A by B which realizes 1. f

We state the lemma of Whitehead and prove the Radical splitting theorem due to
Levi:
Lemma 1.5.15 [f L is a semi-simple Lie algebra and A is a finite-dimensional L-

module, then H*(L, A) = {0} = H'(L, A). 1

Theorem 1.5.16 (Levi-Malcev) Let L be a finite-dimensional Lie algebra. Then the
following exact sequence is a split exact sequence:

0— R(L) > L% L/R(L) —> 0,

where R(L) is the solvable radical of L.

Proof The proof is by the induction on the derived length of R(L). Suppose
that R(L) is abelian. Since L/R(L) is semi-simple, by the Whitehead lemma,
H?*(L/R(L), A) = 0. By Theorem 1.5.11, the result follows. Assume that the
result holds for all Lie algebras for which the derived length is n. Let L be a Lie
algebra such that the derived length of R(L) is n 4+ 1. We have the exact sequence
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0 — R(L)/[R(L), R(L)] —l> L/[R(L), R(L)] — L/R(L) — O.

Clearly, R(L)/[R(L), R(L)] is abelian and it is the radical of L/[R(L), R(L)]. It
follows from our earlier argument that the above exact sequence splits. Let ¢t be an
splitting. Then#(L/R(L)) = L'/[R(L), R(L)] for some subalgebra L’ of L. Again,
we have an exact sequence

0 — [R(L), R(L)] LU L'/[R(L), R(L)] — 0,

where [R(L), R(L)]is the radical of L’ of derived length n. By the induction hypoth-
esis, the above sequence splits. If s is the splitting, then st can be realized as the
splitting of

0— R(L) > L —> L/R(L) —> 0.

Exercises

1.5.1. Show thatif L is a free Lie algebra, then H" (L, A) = {0} for all L-modules
Aandn > 2.
1.5.2. Let

0—>Aﬁ>L£>B—>O

be an exact sequence. As in the case of groups (see Algebra 2, Chap. 10),
establish the five-term exact sequence

Hy(L,V) — H)(B,V) — Ap®V — H((L,V) — Hi(B,V) — 0.

1.5.3. Let L be a Lie algebra and

0—>RSFLL 50

be a presentation of the Lie algebra, where F is a free Lie algebra. Note
(Theorem 1.2.12) that R is also a free Lie algebra. Show that

E = 0—>R/[R,F]i>F/[R,F]—f>L—>0
is a free central extension of L in the sense that given any central extension
E=0—A53B21—0
and a homomorphism 7 from L to L’, there is a morphism (p, 7, 1) from E
to E'.

1.5.4*. Let

0—>RS>FLL 0



1.5 Extensions of Lie Algebras and Co-homology 75

and A .
0—>RSFLL 0

be two free presentations of L. Show that (R (\[F, F1)/[R, F1~ (R'([F/,
F'D/[R’, F1'. Theunique (up toisomorphism) group (R (\[F, F1)/[R, F]is
called the Schur Multiplier of L. Suppose further that L is of finite dimension.
Show that [F, F]/[R, F] is of finite dimension.

1.5.5. Describe the Schur multiplier of the non-abelian Lie algebra of dimension
2.



Chapter 2 ®)
Semi-Simple Lie Algebras and Root e
Systems

The structure theory of semi-simple Lie algebras, Geometry of root systems, Dynkin
diagrams, classification of semi-simple Lie algebras, Existence theorem, the Theorem
of Serre, and the isomorphism theorem constitute the subject matter of this chapter.

2.1 Root Space Decomposition

This section is devoted to studying the structure of a semi-simple Lie algebra and
describing it through root space decomposition.

A subalgebra T of a Lie algebra L is called a Toral subalgebra if ad(x) is a
semi-simple element of g/(L) for all x € T. If L is a nilpotent Lie algebra, then
from the theorem of Engel, ad(x) is nilpotent for all x € L. Hence, a nilpotent
Lie algebra has no nontrivial toral subalgebra. Suppose that L is a semi-simple Lie
algebra. Then there is an element x € L such that ad(x) is non-nilpotent. Suppose
that ad (x) = (ad (x))s + (ad(x)), = ad(xy) + ad(x,) is the Jordan decomposition
of ad(x) in gl(L). Then the subalgebra < x, > generated by x; is a nontrivial toral
subalgebra. Thus, every semi-simple Lie algebra has a nontrivial toral subalgebra.

Proposition 2.1.1 Every toral subalgebra T of a Lie algebra L is abelian.

Proof We have to show that ad(x)(y) = O forall x, y € T. We need to show that all
the eigenvalues of ad (x)|7 is zero. Suppose not. Then thereisay € T — {0} anda €
F* such that ad(x)(y) = [x, y] = ay. But then ad(y)(x) = —ay. Thus, ad(y)(x)
is an eigenvector of ad(y) corresponding to the eigenvalue 0. Since ad(y) is semi-
simple, x is a linear combination of eigenvectors of ad(y). Consequently, applying
ad(y) to x, we obtain a linear combination eigenvectors of ad(y) corresponding to
nonzero eigenvalues, if there is any. This is a contradiction to the earlier observation. fi
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Evidently, a maximal toral subalgebra of a finite-dimensional Lie algebra exists.
Let H be a maximal toral subalgebra of a semi-simple Lie algebra. Then H is abelian.
Hence {ad(h) | h € H} is a family of pairwise commuting semi-simple endomor-
phisms of L. Consequently, L is the direct sum of common eigenspaces of {ad(h) |
h € H}. More explicitly, there is a set H of maps from H to F such that for all a €
H,L,={x€L|ad(h)(x) =a(h)x} # {0} and L = ® ) i La- Since ad(h +
k)(x) = (a(h) + a(k))(x) and a(ah)x = ad(ah)(x) = aad(h)(x) = aa(h)x,itfol-
lows that A C H*, where H* is a dual space of H. Evidently, Lo = C(H). Let
denote the set A — {0}. ® is called the root system of the semi-simple Lie algebra L
associated with the maximal toral subalgebra H. The members of ® are called roots.
Thus, L = C(H) ® (& Zaeq, L,). This decomposition is termed as the Cartan
decomposition or the Root space decomposition of L associated with the maximal
toral subalgebra H (a maximal toral subalgebra is also called a Cartan subalgebra).

Example 2.1.2 Consider s/(n, F). Evidently, d(n, F) consisting of diagonal matri-
ces of trace O is a toral subalgebra. Since no member of s/(n, F) outside d(n, F)
commutes with all the members of d(n, F), it follows that d (n, F') is a maximal toral
subalgebra.

For each o € H*, let L, denote the subspace {x € L | ad(h)(x) = a(h)x}. Evi-
dently, L, = {0} whenever « ¢ {0} | ®.

Proposition 2.1.3 [L,, L] € Lyt forall o, B € H*. For o € ®, all members of
L, are nilpotent. Again, if « + 3 # 0, then xk(L,, Lg) = 0, where  is the Killing
formon L.

Proof Letx € L, and y € L. By the Jacobi identity,

ad(h)([x, y]) = [h, [x, y]]

= —[x, [y, A1l — [y, [h,x]]

= pB(M)x, y] + ah)lx, y]

= (a(h) + B(h)[x, y].

This shows that [x, y] € L,yg. Let x € L,, where o # 0. Since L is finite dimen-
sional, there is an € N such that L, = {0} for all 3. Using the first assertion, we
observe that ad (x)" = 0. Consequently, ad (x) and so also the element x is nilpotent.
Finally, suppose that « + 3 # 0. Let h € H such that (o + 3)(h) # 0. Letx € L,
and y € L. Using the associativity of the bi-linear form ,

a(h)k(x, y)

= ([, x], yD)

= —k([x, hl, y])

= —k([x, [, y]

= —ph)k(x, y).

Since a/(h) + B(h) # 0, k(x,y) = 0. ¢

Corollary 2.1.4 &|c, (#) is nondegenerate.
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Proof Leth € C (H) and k(h, k) = 0forallk € Cr(H). It follows from the above
proposition that k(h, x) = Oforallx € @ Zaed) L. Italso follows that k(h, z) = 0
for all z € L. Since L is semi-simple, x is nondegenerate and so 4 = 0. fi

Theorem 2.1.5 If H is a maximal toral subalgebra of a semi-simple Lie algebra L,
then Cp(H) = H.

Proof We divide the proof into several easy steps:

Step 1. The subalgebra C (H) contains the semi-simple and nilpotent part of each
of its elements: Letx € C; (H). Then ad(x)(h) = Oforall h € H. Since ad(x;) and
ad(x,) are polynomials in ad (x) with non-constant terms, it follows thatad (x;) (h) =
0 = ad(x,)(h) for each h € H. This shows that x,, x, € C.(H).

Step 2. H contains all semi-simple elements of C(H): Suppose not. Let s be a
semi-simple element of C (H) which is not in H. Then H & Ks is an abelian Lie
subalgebra of L containing only semi-simple elements. Consequently, H @ K is a
toral subalgebra containing H. This is a contradiction, since H is a maximal toral
subalgebra of L.

Step 3. x|y isnondegenerate: Leth € H suchthatx(h, k) = Tr(ad(h)ad(k))=0
for all k € H. We need to show that # = 0. Let x be a nilpotent element in Cy (H).
Then ad(x) is nilpotent. Since [x, h] =0, ad(x) and ad(h) commute pairwise.
Hence ad(x)ad(h) is nilpotent. Consequently, «(h,x) = Tr(ad(h)ad(x)) = 0.
Since every element of Cy (H) is some semi-simple element and a nilpotent element
of Cy(H) and a semi-simple element of C;(H) is in H, an element y of Cy(H)
is expressed as y = k + x, where k € H and x is a nilpotent element of Cr (H). It
follows that x(h, y) = 0forall y € Cp(H). From Corollary2.1.4, h = 0.

Step 4. C (H) is a nilpotent subalgebra: Using the Engel theorem, it is sufficient
to show that ad(x)|c, (#) is nilpotent for all x € Cy (H). Let x = x, + x, be the
Jordan decomposition of x. Then ad (x,) and ad (x,,) commute. It is sufficient to show
that ad (x;)|c, (uy and ad(x,)|c, ) are nilpotent. Already ad (x,) is nilpotent. Now,
by step 2, x; € H. Hence ad(x;)|c, ) = 0. This shows that ad (x)|c, (#) is nilpotent
forall x € Cp(H).

Step 5. H([CL(H),C(H)] =0. Let x = ;_,[x;, y;] be a member of
H ICL(H), CL(H)], where x;, y; € CL(H). Since & is associative and [k, x;] =
0 = [h, y;] foreach i, x(h, [x;, y;]) = O for each i. It follow that k(h, x) = 0 for all
h € H. Since x|y is nondegenerate, x = 0.

Step 6. CL(H) is an abelian Lie subalgebra: Suppose not. Then [CL(H),
C 1 (H)1#{0}. Since C; (H) is nilpotent, there is anonzero elementx € Z(C(H)) ()
[CL(H), Cr(H)]. The element x cannot be semi-simple for otherwise x will liein H,
a contradiction to step 5. Thus, the nilpotent part x,, is a nonzero element of C (H).
Since ad(x,) is a polynomial of ad(x) without constant term, and ad(x) = 0 on
CL(H), it follows that ad(x,) is zero on Cy (H). This means that x,, € Z(Cr(H)).
In turn, it follows that x(x,, y) = O for all y € C(H). This is a contradiction, since
k|c, () 1s nondegenerate.

Step 7. Cr (H) = H: Suppose not. Then there is a nonzero elementk € Cy(H) —
H. From step 2, it follows that k is a nilpotent element of C;(H). Hence ad (k) is
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nilpotent. Since Cy (H) is abelian, it follows that x(x, k) = 0 for all x € C(H).
This is a contradiction, since &|c, () is nondegenerate. This completes the proof of
the theorem. §

Since « is nondegenerate on H, foreach A € H*, there is a unique member 7y, € H
suchthat (), h) = A(h) forall h € H.Inparticular, we have the subset {z,, | « € @}
of nonzero elements of H which is in bijective correspondence with ® and is such
that ao(h) = k(t,, h) forallh € H and o € .

Theorem 2.1.6 Let H be a maximal toral subalgebra of a semi-simple Lie algebra
L. Let ® C H* be the corresponding root system. Let L = H & Y, _4 Lo be the
corresponding root space decomposition. Then the following hold:

aed

(i) The root system ® generates the space H*.

(ii) If x € ®, then —a € .

(iii) For each o € ®, [L,, L_,] is one dimensional having {t,} as a basis.

(iv) Foreach a € ®, k(ty,t,) = a(ty) # 0.

(v) Foreach o € ® and a nonzero element x,, € L, there is an element y, € L_,,

such that [xq, o] = ho = % Further, the Lie subalgebra generated by
{Xa» Ya, ha} is three-dimensional simple Lie algebra isomorphic to sl(2, F)
under the correspondence x, > €12, Yo > €31, and hy +— €11 — €.

(vi) Foreachoa € ©, —t, =1t_,.

Proof (i) Suppose that < ® >z H*.Then there is a nonzero member 2 € H such
that «(h) = Oforall « € ®. This means that [k, L,] = Oforall « € . Already
[A, H] = 0. Hence h € Z(L). This is a contradiction, since L is semi-simple.

(i) Let v € ®. Then L, # {0}. Suppose that —a ¢ ®. Then L_, = {0}. This
means that k(L,, Lg) = Oforall 3 € ® (Proposition2.1.3). Already (L, H)
= 0. This is a contradiction, since x is nondegenerate.

(iii)) Letx € Loand y € L_,,. Then [x, y] € Ly = H. Using the associativity of ,
foreachh € H,
k(h, [x, y] — k(x, ¥)ta)
= k(h, [x,yD) — k(h, £(x, Y)ia)
= k([h, x], y) — k(h, K(x, Y)ta)
= k(a(h)x,y) — k(h, K(x, y)ta)
= ah)k(x,y) — s, K(x, y)t,)
= K(la, M)K(x, y) — K(h, K(x, y)ta)
=0.
Since « is nondegenerate on H, [x, y] = x(x, y)t,. Thus, [L,, L_,] is gener-
ated by ¢,. Since [L,, L_,] # {0}, t, # 0.

(iv) Suppose that k(t,, t,) = a(t,) = 0. Then [t,,x] =0 =[t,, y] forall x € L,
andy € L_,.Using (iii), wecanfindax € L,anday € L_, suchthat[x, y] =
t,.. It follows that the subspace V generated by {x, y, #,} is a three-dimensional
solvable subalgebra. Since L is semi-simple, the map v — ad (v) is an injective
homomorphism from V to gl(L). We denote the image by ad; (V). By the
theorem of Lie, ad(w) is nilpotent for all w € [V, V]. In particular, ad(z,)
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is nilpotent. Already, ad(¢,) is semi-simple. Consequently, ad(t,) = 0. This
means that 7, € Z(L). This is impossible, since ¢, 7#~ 0.

(v) For each o € @, and for each nonzero element x, € L,, there is a mem-
ber y, € L_, such that /f(xa, vo) 7 0. Indeed, we can choose y, so that
KX, Vo) = Put h, = —2=— . Then [x,, Yol = £(Xas Ya)la = ho. Fur-

F-(t Jga) " h(f o) "
ther, [y, Xo] = 2[(;‘“ ;") = 2Xu, [ha, Yol = —2y,. This shows that the Lie sub-
algebra S, of L generated by {x,, Vo, ho} is a three-dimensional simple
Lie algebra isomorphic to s/(2, F) under correspondence x, > €12, Yo >
e, and ha = e — én.

(Vl) Since ha = [)Ca, ya] = - [)’m xa] = h—om —lo =1_q-. ﬁ

Proposition 2.1.7 Let L be a semi-simple Lie algebra with H as a maximal toral
subalgebra. Let ® be the associated root system. Then for o € ®, an integral multiple
ia belongs to @ if and only ifi = +1

Proof Let ® be a root system. We have already seen (Theorem?2.1.6(ii)) that if
a € @, then —a € ®. Since L is finite dimensional, for o € ®, there is a positive
integer n > 1 such that L_;, = {0} for all k > n 4 1. Consider the subspace V =
Fh,®L,®L_,®D ZZZZ L_;q of L. Clearly, V is invariant under ad(h) for all
h € H. Choose x, € Ly, x_o € L_, such that [x,, x_,] = hs. Now, ad(h,)(z) =
—ka(hy)z forall z € L_;,. Hence

Tr(ad(hy))lv = a(hy)(l — DimL_, —2DimL_5, —--- —nDimL_,,).

Since h, =[x, X_o], Tr(ad(h,)) = 0. Also DimL_, = 1. This shows that the
DimL_;, = 0for all i > 2. Hence —i« is a root if and only if i = 1. Similarly, i«
isarootif and only ifi = 1. ¢

Corollary 2.1.8 Let ® be a root system and o € ®. Then a scalar multiple ac of «
is a root if and only ifa = *1.

Proof 1t follows from the fact that the weights of representations of %, are integers
(Theorem 1.4.28).

Proposition 2.1.9 Let L be a semi-simple Lie algebra with H as a maximal toral
subalgebra. Let ® be the associated root system. Let o, § € ®, § # Fa. Let r be the
largest nonnegative integer such that Lg_,, # {0} and q be the largest nonnegative
integer such that L4 # {0}. Then the subspace W = ®7__ Lgiiq is a simple

Sq-module with weights B(hy) + 2i, —r <i < q. Further, 3(h,) is an integer and
B(hy) = 242 — g Also [La, Lg]l = Lass.

K(ta,la)

Proof Since L is finite dimensional, there is the largest nonnegative integer r such
that Lg_,, # {0} and there is the largest nonnegative integer g such that L5, # {0}.
Take W = & Zl:_r Ljtiq. Evidently, W is a S,-submodule and Lg4;, are weight
spaces of the S,-module W corresponding to the weights 3(h,) 4 2i. Since 0 and 1
both cannot be weights of W, W is an irreducible S,-submodule (Corollary 1.4.30).
Again by Theorem 1.4.28, (8(h,) — 2r) = —(6(hy) + 2q). Thus, B(h,) =r — q.
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Finally, for o, 3, a4+ 3 € @, [L,, L] # 0 and since L, 3 is one dimensional, it
follows that [L,, Lg] = Lot

The integers 3(h,) are called Cartan Integers.

Theorem 2.1.10 Let L, H, ® be as above. Then k induces positive definite inner
product x on H* given by x(\, 1) = k(tx, t,) such that the matrix of x with any
basis of H* consisting of elements of ® is a matrix with rational entries. For each

pair o, B € D, 2;‘((: )) is an integer and f — 2;(((5—3'5))04 is a member of ®.

Proof Since k is nondegenerate on H and the map A + ¢, is isomorphism from H*
to H, x is a nondegenerate symmetric bi-linear form. Let {a, an, . .., o;} be a basis

of H* consisting of members of ®. From Proposition2.1.9, % are integers.

Let § € ®. Suppose that 3 = Zl , a;ic;;. We show that g; are rational numbers.
Now, x(83, a;) = Zl 1 aix(oy, oj) Multiply this equation by

This gives

(a ,a5) "
[ equations with coefficient matrix [2‘((3—’“’)] with entries in Z, and the augmented

matrix is also an integer matrix. Further, since y is nondegenerate, the coefficient
matrix is non-singular. It follows that all g; are rational numbers. Next, for A € H*,

XA\, A) = k(ty, 1) = Trace(ad(ty)ad(ty)) = Z 1 2 () (ty) is always posmve
unless A is zero. This shows that x is positive definite. The rest of the assertions follow
from Proposition2.1.9. g

Corollary 2.1.11 Let L, H, ® be as above, where Dim H = l. Then we have nat-
urally associated subset ) of R! such that the following hold:

(i)0 ¢ o and o generate R

(ii) If a € ®, then nov € ® if and only if n = £1.

(iii) 229> ¢ Z forall o, B € .

<Q,>

vi)Ifa, B € D, then B — =22 € .
(

<Q,>
(v) Given any basis B of R! consisting of members of ®, ® C Eq, where Eq is the
rational space generated by B.

Proof Let Eg denote the rational subspace of H* generated by &. Then Y is the
positive definite inner product on Eg. x can be extended to an inner product on the real
space E generated by @ by putting X(Zﬁzl a;o;, 25:1 biai) = aix(ai, a;)b;.
It is a fact of linear algebra that there is an isometric isomorphism '7] from E to R'.
Take (;AS = n(®). The rest is immediate.

We shall denote ® also by ®.
More concretely, we have the following definition:

Definition 2.1.12 A root system is a triple (E, <, >, ®), where E is a finite-
dimensional real vector space, <, > is an inner product on E, and & is a finite
subset of E such that the following hold: (i) 0 ¢ ® and ® generate E.

(1) If « € @, then na € & if and only if n = £1.

mn%%gezmmumﬁeq
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(vi)If a, B € ®, then 3 — =22 ¢ .

<a,a>
(v) Given any basis B of E consisting of members of ®, ® C Eg, where Eg is the
rational space generated by B.

Thus, to each pair (L, H), where L is a semi-simple Lie algebra and H a maximal
toral subalgebra of L, we get a unique root system as described above. Indeed, the
category of root systems with suitable morphisms is equivalent to the category of
pairs (L, H) with obvious morphisms. We shall classify the irreducible root systems,
which, in turn, will classify all finite-dimensional semi-simple Lie algebras over an
algebraically closed field of characteristic 0.

Exercises

2.1.1. Determine a maximal toral subalgebra of each earlier example of semi-simple
Lie algebras over C and also find the corresponding root systems.

2.1.2. Determine all maximal toral subalgebras of s/(2, C) and also the correspond-
ing root systems.

2.1.3. Does there exist a four-dimensional semi-simple algebra over C? Support.

2.2 Root Systems

Let E be a real vector space of dimension [ with a positive definite inner product
<, >. A subspace of dimension / — 1 is called a hyperplane of E. Let P be a
hyperplane of E. Then the orthogonal complement P+ of P is a one-dimensional
subspace. Thus, there is a nonzero vector (unique up to a scalar multiple) o € E such
that P = {x € E |< x, o >= 0}. Conversely, for any nonzero vector « € E, P, =
{x € E |< x, @ >= 0} is a hyperplane. Evidently, P, = Pj if and only if o = af3
for some a # 0. If we fix an orientation of a hyperplane P, then there is a unique
unit vector o« compatible with the chosen orientation of P such that P = P,. A
reflection o in E about a hyperplane P is a linear transformation of £ which fixes
P element-wise and maps every vector x € PL to —x. Evidently, reflection about a
hyperplane is unique.

Proposition 2.2.1 Let « be a nonzero vector. Then the reflection o, about the hyper-
plane P, is given by oo (x) = x — =%0=

<a,a>

Proof Let o be the reflection about P,. Every element x is uniquely expressible as
x =Yy + aa,where y € P, and a € R. Clearly, < x,a« >=a < a, a >. Since o

is a reflection about P, 0(x) =y — aac =x —2aa=x — %a =o0,(x). 4

Corollary 2.2.2 Every reflection is an orthogonal transformation of order 2 and it
is of determinant —1.

Proof Clearly, o, is a linear transformation of order 2. Next, < 0,(x), 0,(y) >=,
< x,y > for all x, y € E. It is also clear that the matrix of o, with respect to an
orthonormal basis of P, extended to an orthonormal basis of E is Diag(1, 1, ...,

1,—1).¢
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Proposition 2.2.3 Let o and 3 be nonzero vectors in E such that the angle between
o and 3 is 0. Then 0,03 is a rotation through an angle 20.

Proof Without any loss, we may take E = R2, o =¢; = (1, 0), and B = (cosb,
sinf) = cosfey + sinfe,. The matrix A of o, with respect to {ey, e,} is given by

=[]

Similarly, the matrix B of o3 with respect to this basis is given by

B —cos20 —sin26
| —sin20 cos20 |’

The product AB is given by

B cos20 sin20
T | —sin20 cos20 |-

Evidently, this represents rotation through an angle 26.

For convenience, we denote 2;5% by < 3, a >. Observe that <, > is linear only
in the first coordinate and it is not symmetric. Clearly o, (8) = 6— < (3, a > a and

if @ is a root system, then < 3, a =€ Z forall o, 3 € ®.

Proposition 2.2.4 Let © be a finite set of nonzero elements of E which generates
E. Suppose that 0.,(®) = ® for all v € ®. Let o be a member of GL(E) such that
o (®) = D. Suppose also that there is a hyperplane P together with a member oo € ®
such that o fixes each member of P and sends o to —a. Then 0 = o, and P = P,

Proof Put 7 = oo,. Since 0;1 = 0,, it is sufficient to show that 7 = I. Evidently,

7(®) = ® and 7(c) = . Thus, 7 is an identity on Ra. Since o(a) = —a and o
fixes P element-wise, & ¢ P (observethata # 0). Thus, E = P @ Ra (vector space
direct sum). Let v € E. Then v = w + aa for some w € P and a € R. Now,

00,(V) =0(0 (W) —aa) =c(w— < w,a > a—ax) =v+ < w, o > Q.

This means that 7 is a unipotent transformation having only 1 as the eigenvalue. Thus,
the characteristic polynomial of 7 is (A — 1)’ and hence the minimum polynomial
m.(\) of 7 divides (A — 1). Next, since ® is finite, for each 3 € ®, there is a positive
integer m s such that 77 (3) = 3. Taking m sufficiently large, we see that 7 (3) = (8
for all 3 € ®. Since ® generates E, it follows that 7" = [. Therefore, the minimum
polynomial m,(\) of 7 divides A" — 1 also. Since g.c.d. of (A — 1)! and (A" — 1)
is A — 1, it follows that m(\) = X\ — 1. This means that 7 = [. f

Proposition 2.2.5 Let ® be a root system in E. Let 0 € GL(E) such that o(®) =
®. Then 00,0~ = 0,0 for all a € ®. Also < (), 0(f8) === «, 3 > for all
a, B € ®. Note that o need not be an isometry.
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Proof Since 0,(8) € ® for all a, 3 € ®, (60,0 ") (0(B)) = 0(0,(B)) belongs to
® forall o, f € ®. Since o(®) = P, (00,0 ") (P) = ® forall a € ®. Suppose that
o(B) € o(P,), where 8 € P,, then (co,0 ) (c(B))=0c(F) and (cono ") (o(a)) =
—0o(c). From Proposition2.2.4, 00,0~ = 0,4 for each a. Next, o(8)— < o(3),
o(@) > 0(@) = 05(a)(0(0)) = (60,0 ) (0(B)) = 00a(B) = 0 (B— < f,a > @)
= o(f)— < B, a > o(«a). This shows that < o (3), o(a) === 3, a > foralla, 3 €
d. 4

This prompts to have the following definition:

Definition 2.2.6 Two root systems (E, ®) and (E’, ®’) are said to be isomorphic
if there is a vector space isomorphism 7 from E to E’ such that n(®) = @’ and
< n(@),n(B) =< a,f > forall a, § € O.

Note that an isomorphism need not be an isometry. However, if 7 is an isometry
from E to E’ and ® is a root system in E, then 7 is an isomorphism from (E, ®) to
(E’, n(®)). Another extremely important invariant associated with a root system is
that of a Weyl group. Let (E, @) be aroot system. For each o € &, o, can be viewed
as amember of Sym (). The subgroup W (®) of Sym (P) generated by {0, | a € D}
is called the Weyl group of ®. Evidently, W(®) is finite. Each member of W (®)
is an automorphism of (E, ®). Thus, W(®) is a subgroup of Aut(E, ). It is also
clear that if 7 is an isomorphism from (E, ®) to (E’, ®’), then o, — 0, induces
isomorphisms between the corresponding Weyl groups.

Before having some examples, let us have some more crucial observations:

Let (E, ®) be a root system. Let a, 3 € ®. Then

<a,f><f,a>

Lo 121 B 117

<a,f>=<0,a>=4 = 4cos>0

is anonnegative integer where 6 is angle between « and 3. Evidently, the possibilities

for cos*9 are 0, 1, 1, 3, and 1. The corresponding angles are § = 2; I, 2; 2, 3%, I

2 9 3 9 3 b 4 ki 4 9 6 b
‘%", 0, w. If cosf = %1, then 8 = *a. Note that {a,, —a} is a root system which
corresponds to s/(2, F)). Assume that «, § are non-proportional. Then « # +/.

Assume that || 8 ||>]] « ||. If cos? = 0, then § = 3, =< a, 6> 0 <ﬁ a>and

the ratio Hfi H can be anything positive. Suppose that cos29 = Z Then 0 = £ or & 2”
Suppose that 6 = 5. Then < 3, @ =< 8, @ >= 1. Since < f3, a>and<a ﬁ>
are positive integers, < 3, @ >= 1 =< «, § > whereas Hf” = 1. Similarly, when
0= 2” , < fB,a>=—1=< a, § > whereas H*’H = 1. Next, if cos*8 = ' ,then 6 =
7 or %” Suppose that 6 = 7. Then < o, 8 >=1, < 3, a >= 2, and EH?\BZ =2.
Similarly, if 6§ = 3” then <a,Bf>=-1, <B,a>=-2,and EHﬂH;Z = 2. Finally,
suppose that c0s20 = 4. Then 6 = % or it is %’r Suppose that § = Z. Then it is

easily seen that < o, 6 >=1, < 3, a >= 3, and EHJH;Z = 3. S1m1lar1y, if @ =2C

then < o, 8 >= —1, < B, @ == —3, and as? _ 3

(leld?
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Proposition 2.2.7 Let o, 3 € ®, a0 # £06. If < «, B > is greater than 0, then o —
B e dandif < a, B > isless than 0, then o+ 3 € .

Proof 1t is clear from the discussion preceding the proposition that < «, 3 > > 0
implies that < o,  >=1. Thus, o« — f = a— < «, B > 3 = 03() belongs to P.
The rest of the assertions follows from the similar observations.

Leta, fe®.Thesubset {f+ia € & | i € Z}of Piscalleda — string through fi.

Proposition 2.2.8 Let o and [ be non-proportional roots in ®. Let r be the largest
integer such that 3 —ra € ® and q be the largest integer such that 8+ qa € .
Then the following hold:

(i) The a-root string through (3 remains unbroken in the sense that § + ia € ©
foralli,—r <i <gq.
(ii) o, reverses the string in the sense that 0,(3 + (g —i)a) = 3 — (r + i) for
alli. In particular, o,(B + ga) = 3 — ra.
(iii) r —q =< 0, a >.
(iv) The length of the a-string through Bisr + q + 1 < 4, where 8 # £a. Further,
r <3andq <3.

Proof (i) Suppose that for some i, —r <i < ¢, B+ ia ¢ . Since 3 — ra and
0B+ ga belong to @, there exists a pair of integers j, k such that —r < j <
k<q,0+jaed,+(+Da¢d, B+ k—1a¢ P, and 8+ ka € O.
It follows from the previous proposition that < 5+ ja,a >> 0 and < 8 +
ka, @ >< 0. This is a contradiction, since j < k and < «, a > is greater than
0. This shows that the string remains unbroken.

(i1) The fact that a-string through [ remains invariant under o, and the fact that
o, reverses the string are the consequences of the definition of o, and the fact
that < 3, a > is an integer.

(iii)) From (i) 0,(6+qga)= ((+qga)— <pF+qga,a>a=F—ra. Since
<a,a>=2,r—q=<f,a>.

(iv) Evidently, length of the «a-string through 3 # +a is r + ¢ + 1, where r and
q are as above. We have to show that the length of a-string through [ is < 4.
Suppose not. Then we have a sub-string of length 5. After rearranging, we
may suppose thatitis 5 — 2«, 6 — o, 3, B+ «, 5 + 2a. Since 2a = [+ 2« —
G and 2(8 + ) = 6+ 2a + ( are not roots, it follows that (-string through
0B + 2« consists of just one term 3 + 2. Consequently, < 3 + 2«, 8 >= 0.
Similarly, we can see that 3 — 2ac — 8 and 3 — 2« + (3 are not roots. In turn,
< 3 —2a, 8 >=0. This is a contradiction, since < (3,  >7 0. The rest is
evident.

Geometrically, the following figures describe the root systems of rank 2:
1. The case < a, 8 >= 0.
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|
AQ
r
Q

Y

—p

The root system & = {a, 3, —«, —3} is associated with the Lie algebra A; x A;.
Suppose that < «, 3 ># 0. Since < o, 8 > > 0 implies that < o, — 3 > < 0,
we may assume that < «, § > < 0. )
2. Suppose that the angle 6 between « and (3 is 2?" Then ‘”ﬂ =1

el

» a=(1,0)

—a—p 4

The root system ® = {«, 3, —«, =3, a + 8, —a — (3} is associated with the Lie
algebra A;.

3. Suppose that the angle 6 between « and (3 is %. Then % =2
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g=(-1,1) f+a [+2a

f%a e N-p=(1,-1)

The root system ® = {a, 8, —a, =0, a + 3, —a — 3, 8 + 2a, —3 — 2} is asso-
ciated with the Lie algebra B,.

4. Suppose that the angle 6 between « and [ is %’T Then % = /3.

28+ 3a

20 — 3«

The root system & = {a, 8, —a, =3, 6+ a, =0 — o, B + 2a, — 3 — 2av, B + 3a,
—p —3a,20 4+ 3a, =23 — 3a} is associated with a the Lie algebra G, to be
described later.

Proposition 2.2.9 Let ® be a root system of rank [ in E. Then ®" = {o¥ =
20 _ | oy € B} is also a root system of rank | such that W(®) ~ W (®Y). Also,

<,>
<o, B ==< 0B, a >.

Proof Since ® generates E, ®” also generates E. Let o € &, where a € ®. Sup-
pose that aa”’ = a—22— belongs to ®”. Then there is a 3 € ® such that —24%— =

<a,a> <a,a>

B =< ;‘Zb This means that o and 3 are proportional roots. Hence 3 = £a. Con-
sequently, a = +1. Now, < 37, o’ >= ﬁ% Consequently,
4<B,a>
v v _ ~<BB><a,a> 2 < /61 a > _
< 0%, ==2 o~ 2305 =<a,f>.

<a,a><o,a>

Further, it may be verified that o (3") = (0,(3))". Finally, o, — o, induces an
isomorphism from W (®) to W(P").
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Using Proposition2.2.3, we observe that the Weyl groups of A x Ay, A,, By,
and G are the dihedral groups of order 4, 6, 8, and 12, respectively.

Proposition 2.2.10 Let © be a root system and o, § € &, a # . Suppose that
the a-string through B is B —ra, 0 — (r — Da, ..., B 4+ qa and B-string through
aisa—r'f,a— " —1,...,a+q'B. Then
(i) <B,a>=r—q,
. r/iq/

.. r—q
(”) <B.> T <a,a>’

ijj) 4e+h _ ¢'¢'+D)
(”l) <B.8> T <a,a>’ and
. r—q _ r'—q

() 2655 = 7o+

Proof Suppose that < o, 8 >= 0. Then it follows that r =0 =" and ¢ =0 =
q'. All the identities follow trivially. Suppose that the angle between « and 5 is
%. Looking at A, we see that r = —1 =1/, ¢ = 0 = ¢'. Again the result follows.
Suppose that the angle between « and (3 is ZT” Looking at A, again, we see that
r=0=r", g =1=gq’. The result follows. Similarly, looking at B, and G,, we

establish the result in the rest of the cases.

Let @ be aroot system in E. Then & generates E. If B is a basis of E consisting
of members of &, then, as already seen, every member of & is a rational linear
combination of B. However, we look for a special type of basis.

Definition 2.2.11 A subset A of ® whichis abasis of E is called the basis of the root
system @ if every element of & is either a nonnegative integral linear combination
or it is a nonpositive integral linear combination of members of A. A member «
of @ is called positive/negative with respect to A (in symbol o > / < 0) if a is a
nonnegative/nonpositive linear combination of members of A. It further induces a
partial order > on ®. Explicitly, “a > ”ifand only if &« = Sorelsea — 3 > 0. The
members of A are called simple roots. If o = > _, a7, then }___, a, is called
the height of the root o with respect to A.

Proposition 2.2.12 Let A be a basis of a root system ® in E. Then the angles
between distinct members of A are obtuse angles.

Proof Suppose the contrary. Let o, § € A, o # B be such that < a, 8 > is positive.
From Proposition2.2.7, o — 3 € ®. This contradicts the fact that a member of ®
is either a positive linear combination of members of A or it is a negative linear
combination of members of A. #

We shall show the existence of a basis of a root system by constructing all bases.
Let @ be aroot systemin E. Since no infinite vector space can be expressed as a finite
union of proper subspaces, E — | J,,cp Po 7 @.Letybeamemberof E — |, Pa-
Let ®* () denote the subset {a € ® |< o,y > is positive}. Evidently, ® is the
disjoint union of ®*(y) and —®" (). Let us call an element o € () to be
indecomposable if it cannot be expressed as the sum of two members of ®* (7).
Further, A(v) will denote the set of all indecomposable elements in & (7).
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Theorem 2.2.13 Foreachy € E —J
ments of ® () forms a basis of .

P,, the set A(7) of indecomposable ele-

acd

Proof We first show that every member of ® is a nonnegative integral linear com-
bination or it is a nonpositive integral linear combination of members of A (7). It is
sufficient to show that every member of ®* () is a nonnegative integral linear com-
bination of members of A (7). Suppose the contrary. Choose a o € ®* () with the
smallest < a, v > which is not a nonnegative integral linear combination of members
of A(v). Evidently, o ¢ A(7y). Suppose that o = «; + i, where a7, ap € T ().
Clearly, < o,y > is less than < «, v >. Hence «; and o, are nonnegative integral
linear combinations of members of A(+). In turn, « is a nonnegative integral linear
combination of members of A(+y). This is a contradiction.

Next, we show that a distinct pair of members of A () form obtuse angles. Suppose
not. Then there exists a pair o, 8 € A(7), a # (3 such that < «, 8 > is greater than
0. Consequently, « — 3 € ®. Evidently, & # —3.Thus,a — 3 € ®T(y)ora — 3 €
—®t(y).Ifa— B € ®T(y),thena = a — 3 + B becomes reducible andif 3 — o €
®* (), then B = B — a + a becomes reducible. This is a contradiction.

Finally, we show that A () is linearly independent. Suppose that ) _ . () GaCt =
0. We need to show that A = {« € A(v) | a, # 0} = . Suppose not. Then B =
{ae A(y) | a, >0} #0 #C ={a € A(v) | a, < 0} and A is a disjoint union of
Band C.Clearly, b=} pa.,u=)_,cav =c#0. From the earlier step, <

b,b >= Zp,yeB aua, < 0. This is a contradiction. #

Let E be a finite-dimensional real inner product space. Let o € E. Then P} =
{8 € E|< (B, a> > 0}is called the positive open half space associated with the
vector c. Evidently, E is a disjoint union P} | J P, |J P; . For example, P, in R
is the upper half plane.

Proposition 2.2.14 Let B be a vector space basis of a finite-dimensional real inner
product space E. Then (. P.F # 0.

Proof For each a € B, let U, denote the subspace of E generated by B — {a}. Let
& denote the projection of « on the orthogonal complement U;- of U,. Clearly,
< @, & > is greater than 0. Again, if 3 # «and 8 € B, then « € Uy. Consequently,
< a, B >= 0. Take v = ZQE B &. Then it is clear from the above discussion that

< 7, a > is greater than O for all o € B. This means thaty € (), .z P ¢

Proposition 2.2.15 Given a basis A of ®, thereisa~y € E —
A = A®y).

+
weo Po such that

Proof Let A be a basis of the root system ®. From the above proposition, there
is v € E such that < v, a > is greater than O for all & € A. Since every member
of & is a nonnegative linear combination or a nonpositive linear combination of
members of A, ¥ € E —J,cqp Pa, @+ S ®T(7), and &~ € —PT (). Since P is
a disjoint union of ®* and ®~, it follows that ®* = ®*(y) and ®~ = —P* ().
Consequently, A € A(7). Since A(vy) is a basis, A = A(%).
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Our next aim is to study the Weyl group of a root system @ and its action on the
set of all bases of ®. The following few propositions are crucial for the purpose.

Proposition 2.2.16 Let ® be a root system and A be a basis of ®. Let o« € ®* be a
positive root with respect to the basis A. Then there is a finite sequence oy, oz, . . ., Qi
of elements of A such that « = a;+a;+---+ o, and for alli <r, oy + an +
-« 4 o is a root.

Proof The proof is by the induction on the height At of . If hta = 1, thena € A
and there is nothing to do. Assume that the assertion holds for all positive roots of
height n, n > 1. Let € ®T with hta = n + 1. Evidently, a ¢ A. We show that
< a, 8 > is greater than O for some 5 € A. Suppose not. Then < «, v >< 0 for all
v € A. Suppose that o = ZweA a7y, where a, > 0 for all v € A. Since hta > 2,
at least one a, > 0. But then < o, @ >= Zw,eA ay <y, a > is less than 0. This
is a contradiction. Thus, there is a § € A such that < a, 8 > is greater than 0.
Consequently, o — 3 belongs to @. Since a« € @1, S e A,anda=a — [+ 3, it
follows that o — 3 € ®*. Thus, a = 8 + (o — 3). Clearly, ht (o — 3) = n. By the
induction hypothesis, there is a finite sequence ay, ay, ..., a, such that « — 3 =
aj+ay+---+a, and o +ap +--- + «; is a root for all i. Clearly, a = a1 +
s + - -+ + «a, + (3 has the required property. £

Proposition 2.2.17 Let ® be a root system and A be a basis of ®. Let « € A. Then
o, permutes the elements of @ — {a}.

Proof Let f € @+ — {a}. Then 3 =Y _, a7y, where a, > 0 for all ~. Since 3 #
+a, there is a v € A,y # o such that a, > 0. Now 0,(f) = f— < B, a>a =
Z%A_{a} a,y — (a,— < B, o >)a. Since one of the coefficients is positive, o, (8) €
dt — {al.

Corollary 2.2.18 Let ® be a root system and A be a basis of ®. Let § denote the
element % Zq,edﬁ Yy of E. Then 0,(0) = § — aforall a« € A.

Proof From the above proposition, o, permutes ®* — {a}. Consequently, since
o) =—a,0,(0) =0 —«aforallaa e A. §

Proposition 2.2.19 Let A be a basis of a root system ® and let oy, oy, ..., o,
be a finite-ordered sequence of elements of A such that (04,04, - 0a, ,)(Q;) is
a negative root. Then there is an integer s, 1 <s < r, such that 04,04, 0o, =

O—O‘l JaZ e O—as—l a-ax+] O—as+2 T O‘”‘r—l .

Proof 1t follows by the induction on r — 1 and the fact that o, permutes @ — {a}
forallaa € A.

Corollary 2.2.20 Let ® be a root system with A as a basis. Let ¢ be a member
of W(®). Let r be the smallest natural number such that o can be expressed as
the product 04,04, - - - 04, of simple reflections (o; € A for all i). Then o(a,) is a
negative root.
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Proof Suppose that o(c,) is a positive root. Since o, (o) = —a-, it follows that
(00,00 * + * 0a,_,) () is a negative root. From the above proposition, 0,04, * - - 04,
= 00,00, " 0oy ,Tau Oy, " * " Oa,_, TOr some s < r. This is a contradiction to the
choice of r. 4

s+2

Let ® be aroot system in E. Consider the open subspace E — | .4 Pa of E. The
connected components of E — | J,,.4 Pa are called the Weyl Chambers of ®. They
are all open connected subsets of E and partition E — | J,,. P. into mutually disjoint
classes. Evidently,eachy € E — |, .4 P. belongs to aunique Weyl Chamber which
we denote by C(). ®T(y) = {a € ® |< v, > is greater than zero}. Clearly,
C(7y) = C(v’) if and only if v and + both lie on the same side of P, for all o € ®.
Note that —®* (y) = ®+(—~). Itis also clear that A(y) — C(v) defines a bijective
map from the set of all bases of ® to the set of all Weyl chambers of . If A is a basis
of @, then there is a v € E — |, Pa such that A = A(y). The corresponding
C(7) is called the Fundamental Weyl Chamber associated with A. Since each
member o of the Weyl group is an orthogonal transformation, o(C (7)) = C(a(y)).
Thus, the Weyl group W (®) acts on the set of all Weyl chambers, and, in turn, on
the set of all bases of ®. We shall discuss the properties of this action.

Theorem 2.2.21 Let ® be a root system in E with A as a basis. Then the following
hold:

(i) The subgroup W°(®) of the Weyl group W (®) generated by the set (o, | o € A}
of simple reflections acts simply transitively on the set of all Weyl cham-
bers/bases of .

(ii) If o € ®, then there is an element o of WO(®) such that o(a) € A.

(iii) W(®) is generated by the set {o, | o € A} of simple reflections (members of
A are called the simple roots).

(iv) W(®) acts simply transitively on the set of all Weyl chambers/bases of .

Proof (i) We first show that WO () acts transitively on the set of Weyl cham-
bers/bases. Let C () be a Weyl Chamber of &, where v € E — | ,,cq Po- We
need to show the existence of a o € WO(®) such that A(c(y)) = A (note
that 0(y) € E — J,eq Po for all o € W(®)). Equivalently, we need to show
the existence of a 0 € WO(®) such that < o(y), a > is greater than 0 for all
a € A. Let o be a member of W°(®) for which < o(7y), § > is largest, where
6= % > pee+ B-Foreacha € A, 0,0 € WO(®). Hence

<o, d>=2<0,0(7),0 >=,<0(7),0400) >=,<0(7),0 >—<o(y),a>

foreach o € A.Thus, < g(y), a > > Oforall « € A. Further, < o(v), o >#
0 for otherwise o () will belong to P,. This means that < o(vy), « > > 0 for
all « € A.

Finally, we show that the action is simply transitive. Suppose not. Then
there exists a 0 € WO(®), o # I, and a basis A’ such that o(A’) = A’. From
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Corollary 2.2.20, expressing o as the minimal product o = 0,04, - -+ 04, Of
simple reflection, o (o) < 0. This is a contradiction, since o(A’) = A’.

(ii) Since WO(®) acts transitively on the set of Weyl chambers/bases, it is suf-
ficient to show that each root belongs to a basis of ®. Again, since P, #
Upza (P31 Pa), there is a v € P, such that v ¢ Py for all 3 # +a. Take
~' sufficiently near v with < v/, > > Oand |< v, 8 >| > </, a > forall
B # +a. Then o € ®T () and it cannot be expressed as two distinct members
of @ (7). Thus, a € A(Y).

(iii) Weneed toshow thato, € WO(®P) forall o € ®.Considero,,, o € ®.From (ii),
there isa o € WO(®) such that o(«v) € A. Clearly, 0, = 00,00 € WO(®).

(iv) Follows from (i) and (iii).

i

Definition 2.2.22 Let ® be a root system in E with a basis A. Then each member
o € W(®) is expressible as a product o = 0,04, - - - 0,, of simple reflections. The
smallest r such that 0 = 0,04, - - - 0,4, is called the length of o and it is denoted by
[(0). Evidently, /(1) = 0.

Proposition 2.2.23 (o) =| {a € ®* | () € D7} |.

Proof The proof is by the induction on /(c). If [(c) = 0, then ¢ = I and there
is no a € ®* such that I(a) € ®~. Assume that the result is true for all 7 €
W (®) for which /(1) < I(c). We prove it for ¢. Write ¢ in the reduced form as
0 = 04,0q, * " * Oay,,- Then by Corollary 2.2.20, o (ay)) € @~ Clearly, l(00y,,,) =
1(0) — 1 and it follows from Proposition2.2.17 that | {3€®™ | 004, (B) € D7} |=|
{(Bedt|o(B) €} —{un} = {8t |o(B) € P} | —1. The result fol-
lows from the induction hypothesis. f

Proposition 2.2.24 Let A be a basis of a root system ® in E. Then the following
hold:

(i) o(v) <~forally € C(A), where C(A) is the fundamental chamber associated
with the basis A.

(ii) C(A) is a fundamental domain of the action of the Weyl group W(®) on
E —Uycq Po in the sense that E — o Po = U%C(A) W(®)(y), where
W(®)(y) W(D)(n) =B forall v,n € C(A),~y # n, and whenever () =
T(Y), 0 =T.

Proof (i) Weproveitby the inductionon!/ (o). Supposethat/(c) = 1.Theno = o,
where o € A. Given v € C(A), < 7, a > > 0. Consequently,

2 <y, a>

0(7)=0'a(7)=7——<a o=

Assume that the result holds for all those 7€ W (®) for which/(7) < I(0), [(c) >
2. We prove it for o. Express ¢ in reduced form as a product 0,0, - - - 0, 0f
simple reflections, where [(c)=r. Then o~ ! has the representation o, Oa;,_,
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10, asa reduced product of simple reflections. Evidently, o, Ou,_, """ Oay
is a reduced product. By the induction hypothesis, 7(y) < ~ for all v € C(A),
where 7 =04, 04, 04, In particular, 7(0q, (7)) < 04, (7). But already
Ta, (V) £ 7.

(i) Since W (®) acts simply transitively on the set of Weyl chambers, itis sufficient to
show that o(y) = «yimplies that o = I. Suppose o # I but o(y) = y. As above,
if o is expressed in reduced form o = Oa; Oayy ** " Oa, » then o(y) = v implies
that o, () = . This means that < v, oy, >= 0. This is a contradiction, since
vyeC(A). 1

Definition 2.2.25 A root system ® in E is said to be irreducible if it cannot be
expressed as a disjoint union of two proper subsets ®; and ®, such that < a, 8 >=0
for all « € @1 and 5 € ®,. We say that it is reducible, otherwise.

Thus, A;, A,, B;, and G, are all irreducible whereas A; x A; is reducible.

Proposition 2.2.26 [f ® is irreducible and A is a basis, then A is also irreducible in
the same sense. Conversely, if a basis of ® is irreducible, then ® is also irreducible.

Proof Suppose that A is irreducible, ® = @ | J &5, @ (D2 =P, and < o, § >=
Oforall « € @y and 8 € ®,. Then A = Ay |J Ay, where A; = AP and A, =
A () D,. Since A isirreducible, A; = Aor A; = A.Since ®; L &5, A = A; C P
implies that no member of ®, can be expressed as a linear combination of members
of A. Since A is a basis, ®; = ® and P, = (. Similarly, if A, = A, then &, = ¢
and ®; = 0.

Conversely, suppose that @ is irreducible and A is a basis of ®. Suppose fur-
ther that A = Ay | Ay, where Aj [V Ay =@ and < o, 8 >=0forall « € A; and
BeN,Letd ={ae®|o(a) € Ay for some o € W(P)} and &, = {f € D |
a(B) € Ay for some o € W(®D)}. Evidently, ® = @, | J ®,. Suppose that v € ®;.
Then there exists an « € A; and o € W(®P) such that () =~. If « € Ay and
B € Ay, then < o, f >= 0. Consequently, 0,03 = 030, and any o in W(®) can
be expressed as o = 03,03, -+ 03,04,04, -+ Oq,, Where B; € Ay and a; € Ay.
If y=0(a) € @i, € Ay, then v = o(a) = v — 3 ’_, a;o; belongs to the sub-
space generated by A;. Thus, ®; C< A; >. It follows that ®; =, < A; > and
O, =, < Ay >.Since Ay L A,, &; L &,. Since ® is irreducible, < A} >= & or
< Ay >= ®. Consequently, A} = Aor A, = A.

Proposition 2.2.27 Let ® be an irreducible root system in E with a basis A. Then
there is a largest element [3 in ® with respect to the partial order <. Further, if
8= ZaeA asq, then a, > 0forall a. Also < 8, a > > 0forall a € A.

Proof Obviously, a maximal root exists. Let 8 =), _, a,¢ be a maximal root.
Clearly, a, > 0 for all « and at least one a, > 0. Put A} ={a € A|a, > 0}
and A, = {a € A | a, = 0}. Clearly {A}, A,} is a partition of A. We need to show
that A, = . Suppose not. Since A is a basis < u, v ><0 for all y,v € A. In
particular, < (3, & >=< 0 for all &« € A,. Since @ is irreducible, there is a pair «;, o/
with o € Ay, o € A, such that < a, o’ ># 0. Consequently, < «, & > < 0 and
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s0 < (3, a’ > < 0.Thisimplies that 3 + o’ isaroot, a contradiction to the maximality
of 3. Next, we show the uniqueness. Let 3’ be another maximal element. Then as in
thecaseof 3, 5" = )., a, witha, > 0.Evidently, < ', 3 > > 0. This means
that 3 = 3’ for otherwise 3 — 3’ isarootand 3’ < Sor 3 < 3. ¢

Every root system @ in E can be expressed as a pairwise disjoint union
O JPoJ:--J P, of irreducible root systems with &; L &; for i # j. If <
b, >=F;, then E=E, ® E, ®--- D E,, where the sum is the orthogonal sum.

Proposition 2.2.28 Let ® be an irreducible root system in E. Then the represen-
tation of W(®) on E induced by the action of W(®) on E is an irreducible rep-
resentation. More explicitly, no nontrivial proper subspace of E is invariant under

W (®).

Proof Let V be a nontrivial subspace of E which is invariant under W ().
Since the members of W(®) are orthogonal transformations, the orthogonal com-
plement V* is also invariant under W(®) and E = V @ V. Suppose that o €
® —V.LetveV.Then o,(v) =v— <v,a > «a. Since o,(v) € V and o ¢ V,
< v, a« >= 0. This means that V C P,. Consequently, ® — V C VL. Thus, ® =
(@NVIYU@ MO VY. Since @ is irreducible, ® (| V = ®. Again, since < ® >=
E,V=E.{

Proposition 2.2.29 Let © be an irreducible system in E. Then at the most two root
lengths appear in ®. More explicitly, 1 <|{|| o || | « € ®} |< 2. Further, roots of
the same lengths are conjugates in the sense that if || o ||=|| B ||, then there is a
o € W(®) such that o(8) = a.

Proof Since members of W (®) are orthogonal transformations, they preserve root
lengths. Since {o(a) | 0 € W(®)} generate E (Proposition2.2.28), for any pair
a, B € @, there is a 0 € W(®) such that < o(«), 5 ># 0. For any pair o, 8 € D,
the only possible values of “ll%l"lzz are 1,2,3, %% (see the discussions prior to
Proposition2.2.7). If there are three different root lengths, then obviously, % will
appear as a root length ratio. Thus, there are at the most two root lengths which
appear in .

Next, let a, B € @ be of equal lengths. We may assume that < «, 3 ># 0. Again,
it follows from the discussions prior to Proposition2.2.7 that < o, 8 >= +£1. If
< a, B == —1, thenreplacing Bby 03(3) = — 3, we may assume that < «, 3 >= 1.
But then 0,030,(3) = . This proves the assertion. f

If an irreducible root system has two root lengths, then the larger roots are called
long roots while others are called short roots.

Proposition 2.2.30 [If ® is an irreducible root system with a basis A, then the max-
imal root (3 is long.

Proof Let (3 be the largest root of ® and o € ®. We need to show that < a, @ > <
< f3, B >.Replacing a by a W (®)-conjugate, we may assume that « € C(A). Since
f—a > 0,<v,0—a>> 0forally € C(A). In particular, < 3,8 —a > > 0
andalso < a,f—a>> 0.Thus, < 3,8>><f,a>><a,a>.1
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Cartan Matrices

Let ® be aroot system with an ordered basis A = {«y, as, ..., a,}. Then the matrix
A = [a;j] is called the Cartan matrix of ® relative to the ordered basis A, where
2<a;, o>

ajj =< q;,aj >= . Evidently, the Cartan matrix is an integral matrix and

<aj,o >

its entries are called Cartan integers. Thus, the Cartan matrix of A; X Ay, A3, Ba,

and G, are
20 2 —1 2 =2 2 —1
A:[02]|:—1 2 ][—1 2 ]‘”‘d [—3 2 }
respectively.

Not all matrices are Cartan matrices. Indeed, the diagonal entries of all Cartan
matrices are 2, while the possibilities for off-diagonal entries are 0, —1, —2, or —3.
Since W (®) acts transitively on the set of bases of @, the Cartan matrix is unique
up to the conjugation by the permutation matrices. Again, since A is a basis, the

matrix [< «;, a; >] is non-singular. Consequently, the Cartan matrix [< «;, o >
] _ 2<a,a5>

is a non-singular integral matrix.

<aj,a;>

Proposition 2.2.31 If (E, ®) and (E', ®') are isomorphic root systems, then they
have the same Cartan matrices. Conversely, if the Cartan matrix of (E, ®) with
respect to an ordered basis A = {ay, oy, ..., .} is the same as the Cartan matrix
of @' with respect to an ordered basis A' = {a}, o, ..., oL} of ¥/, then (E, ®) and
(E’, ¢') are isomorphic.

Proof Suppose that (E, ®) and (E’, ®’) are isomorphic root systems. Then there
is a vector space isomorphism 7 from E to E’ such that < n(«), n(8) =< a, 8 >
for all a, B € ® and n(®) = ®'. If A is a base of ®, then n(P) is a base of
@’. Clearly, the Cartan matrix of (E, ®) is the same as that of (E’, ®"). Con-
versely, suppose that the Cartan matrix of (E, ®) with respect to an ordered basis
A ={aj, ay,..., .} is the same as the Cartan matrix of @’ with respect to an
ordered basis A" = {a], &), ..., .} of . Then < ay, aj >==< ¢, o, > for all
i, j. Thus, we have a vector space isomorphism 7 from E to E’ given by n(c;) = «;.
All that we need to show is that n(®) = @’ and < n(«a), n(8) =< «, 3 > for all
a, € ®. Clearly, 0,0y 1(8) = n(B)— < 1(B), n(e) > n(@) = n(B)— < B o >
n(a) = n(oa(B)) forall a, B € A. Since W(®) and W (d’) are generated by simple
reflections, 7 induces an isomorphism 77 from W (®) to W(®’) defined by 7j(c) =
conoo~!. Evidently, 7(c,) = Op forall « € A. Given a 3 € @, thereisa o €
W (®) and a o € A such that 3 = (). Consequently, 7(3) = (nooon™")(n(a))
belongs to @’. This shows that 7 is an isomorphism from (E, ®) to (E’, ). §

It follows from the above proposition that a root system is uniquely determined
(up to isomorphism) by its Cartan matrix. One can easily construct a root system
associated with a Cartan matrix.
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Proposition 2.2.32 Let ® be a root system in E with a basis A. Then the following
hold:

(i) There exists a unique element 6 € W (®) such that 5(d) = .
(ii) 62 =1 andl(6) =| A |.

Proof (i) Let (3y be the unique maximal member of &. It follows from
Proposition2.2.27 that < ffy, « > > 0 for all « € A. Clearly, o3,(0) = — <
Bo, o> o € @~ for all a € A. Since o, is linear, 0, (®T) = ®~. If 7 is another
such map, then og,n~'(®*) = ®T. Consequently, 3,7~ ' (A) = A. Since W (P)
acts simply transitively on the set of bases, it follows that n = og,.

(ii) Since o5, is areflection, ((r,qo)2 = [. Further, it follows from Proposition 2.2.23
thatl(og,) =| A |.

Exercises

2.2.1. Let @ be anirreducible root system with A as a basis. Suppose thato € W (®P)
is a product of ¢ simple reflections. Show that [(¢) = t(mod2).

2.2.2. If A is a basis of &, then show that A” is a basis of ®”.

2.2.3. Show that the map o +— (D@ iga surjective homomorphism from W (®)
to {1, —1}.

2.2.4. Suppose that 0 € W(®) is a reflection. Show that 0 = o, for some o € .

2.2.5. Let ® be aroot system. Let ¢ be a positive real number. Show that &, = {a €
® |< a, o >= c} is aroot system provided that it is nonempty.

2.3 Dynkin Diagram and the Classification of Root Systems

A group G having a presentation of the type < x1, X2, ..., x5 (5x;))"/ =1, my; =
1, m;; € Z > is called a Coxeter group. For example, the symmetric group S,, is a
Coxeter group. Indeed, S, has a presentation

<X X2, ey Xty X ()Y )P [ 1<i<n—1,1<j<n-2,|
k=1|1=2,1<k,l<n-—1>

(see Algebra 2, Chap.10). It will be shown that the Weyl group W(®) is also a
Coxeter group. We shall classify Weyl groups, and also the root systems, with the
help of the Coxeter graphs and the Dynkin diagrams.

Let @ be a root system with A = {a, oy, ..., oy} as a basis. Recall that the
possible values of < «;, ; > fori # j are 0, 1, 2, or 3. The Coxeter graph of ¢
relative to the base A is a graph with [ vertexes vy, vy, ..., v; corresponding to the
simple roots oy, v, . .., oy, where the ith vertex v; is joined to the jth vertex v; by
< o, o > - < aj, a; > edges. Thus, the Coxeter graph of A; x A; is

U1 V2,
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the Coxeter graph for A, is

Vg 19,

the Coxeter graph of B, is

3 0o,

and that of G, is

U3 09,

In case only one root length occurs, < «;, o; >==< «j, o; > and consequently,
< a4, aj >=< «j, o; > completely determines < «;, a; > for all 7, j, for example,
in the case of A,. Thus, in this case, the Coxeter graph completely determines the
Cartan matrix, and in turn, the root system. However, in case there are two root
lengths, we can still determine the Cartan matrix provided that we know which root
is long and which root is short. For example in By, < a, 8 >= land < 3, @ >= 2,
where « is short and ( is long. This prompts us to think of a more special type of
Coxeter graphs termed Dynkin diagrams. In a Coxeter graph, whenever a double or
triple edge occurs, let us put an arrow pointing toward the shorter root. Such a graph
is termed as a Dynkin diagram. Evidently, the Dynkin diagram completely deter-
mines the Cartan matrix, and in turn the root system. Thus, for example, the Dynkin

diagram of B, is © 2, and of G, is iee==—=—=2 We

have another Dynkin diagram

Gl 1 13 V4

Clearly, the Cartan matrix associated with this Dynkin diagram is

2 -10 0
-12 -20
0 —-12 -1
0 0 —-12

The corresponding root system is denoted by Fj.
Clearly, the Dynkin diagram associated with the irreducible root system is a con-
nected Dynkin diagram.

Theorem 2.3.1 Let ® be an irreducible root system of rank l. Then the Dynkin
diagram of ® is one and only one of the following:
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Al > 10—V U1 —;
Byl > 2 vV — V1=V
Cp,l > 3 vV - — UV 1==V;
V-1
Dyl > 4 :vt—2 o U172/

N

U2

Eg: vr— U3— L’f v5—6
Vo

B, v— Uz— v—U— U7

U2
FEy: vr— U3— [szf v—U6— Ur—7Us

Fy: oy 12 13 Uy

GQZ

2

Proof With our earlier remarks, it is sufficient to classify Coxeter graphs of root
systems. For this purpose, without loss of generality, we may consider a basis
{ar, aa, ..., ;) of an Euclidean space E consisting of unit vectors such that
<oj,a >=< 0and4 < o, o >2=0,1,2, or3fori # j (basis of a root system
with each vector made a unit vector by dividing by its length). The connected Cox-
eter graph of such a basis is the graph with vertexes {vy, v,, ..., v;} corresponding
to {ay, ay, ..., a7} together with 4 < «;, o >2 edges joining v; with vj,i #j. We
classify them.

Letus call a linearly independent subset S of E to be an admissible setif < o, 8 >
< 0and4 < a, 3 >2=0,1,2, or 3 forall distinct o, 3 € S. Evidently, the subset
of an admissible set is an admissible set. As usual, we can talk of the Coxeter graph
of S and denote it by I'g. The following are some properties of Coxeter graphs of
admissible sets:

(1) The number of pairs of distinct vertexes in 'y which are connected by edges
is strictly less than the number | S | of elements of S: Suppose that S =
{ag, aa, ..., ), m < 1. Consider 3 = Z:-":l «;. Since S is linearly inde-
pendent, 5 # 0.Hence 0 << 3,3 >=> 1", <, 0 > +2Y | 4jom <
g,y >=m + 23 e < i,y >. Since < o, oy > < 0 and for
nonzero terms < ay, ; >, 4 < ay, oy >>= 1,2, or 3, it follows that the
nonzero terms under summation in RHS are < —1. Consequently, there are
at the most m — 1 nonzero terms.
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['s contains no cycle: If I'y contains a cycle, then S contains an admissible
subset S’ such that 'y is a cycle. This contradicts (i).

Not more than three edges can originate from a vertex of I's: Let « € §
and 3y, (2, - .., Ok be vectors in S which are connected to o by 1, 2, or
3 edges. Then < «, 3; > < 0 for all i. Clearly, no f3; is connected to
B; for otherwise I's will have a cycle. This means that < 3;, 3, >=0
for all i # j. Let By be a unit vector orthogonal to the subspace gener-
ated by {31, (2, ..., Ok}. Clearly, < «, By ># 0, o = Zf:o <a, b > 0,
and 1 =, < a,a >= Zf:o < a, f§; >2. Thus, Zle <a,f; >2< 1.Con-
sequently, Zle 4 < «, B; >? < 4. This shows that k < 3.

From (iii), it follows that the only connected graph I'g which contains a triple
edge is

G WV ——=

Let S be an admissible set and S’ = {3}, 5>, ..., Ox} be an admissible sub-
set of S such that the Coxeter graph I'y is a simple chain. Then T =
(S = {51, B2y -, Be) U{BY} is an admissible subset, where 5 = Zf;l B;:
Evidently, T is a linearly independent set. We need to show that 3 is a unit
vectorand4 < -, 3 >2=0,1,2, or 3forallyin S — {3y, B2, - . ., Br}- Since
[y is a simple chain, 2 < 3;, B;4; >= —1 forall i, 1 <i <k—1and <
Bi, Bj >= 0 whenever | i — j |[> 2. Hence < 3,8 >=k + lei<j5k2 <
Bi, Bj >=k — (k — 1) = 1. This shows that 3 is a unit vector. Let v be a
member of S — {0, 32, ..., Bk}. Since I'g has no cycle, -y can be connected
to at the most one (3;. This means that < v, f >=0or< v, 8 >=, <, 3; >
for some i. Consequently, 4 < ~, 3 >2=0, 1,2, or 3. Thus, the graph I'y of
T is just the graph obtained by shrinking the subgraph I'g of I's to a point.

There is no subgraph of I'g of the form
= S ==
V-1
vty — o
N o,
V-1
U1\1}3_ n /
e
v Ny

This is because if we shrink the middle chain to a point, then we get a sub-

graph in which there is a vertex with four incident edges. This, however, is a
contradiction to (iii).

The possible connected Coxeter graphs of a root system are of the following
forms:
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VT2 e V-1 Vg,
UV— V2" V] — Vfp —m= W—Wj—1 * " Woa—— Wy
—
Ui
|
@2

V41—V - 'Upfj—L/‘—’LUT,I W Wq
This is because a Coxeter graph I'g containing two double edges will contain

a subgraph of the form

VF=—=U2 e V—1=V,

a Coxeter graph containing a double edge and a node will have a subgraph of

the form
UVi—1
vty 1o
\ v,
and a Coxeter graph having two nodes will have a subgraph of the form
V-1
U1\1)3— v J/
e
Uz/ N Ul

This is impossible because of (vi). Further, the only connected Coxeter graph

with a triple edge is G.
(viii) The Coxeter graph of a root system containing a double edge is the Coxeter
graph

o 12 13 Uy

of F, or the Coxeter graph



102 2 Semi-Simple Lie Algebras and Root Systems

Ur—"U2 e Vj—1=—=V;

of B; (same as that of C;): From (vii) the only possible form of a Coxeter
graph of a root system containing a double edge is

VeV V] — Vg —0oe—= Wp— W1 Wy—— W1
Let a; be the root corresponding to the vertex v;, and 3; be the root corre-

sponding to the vertex w;. Let o denote the vector Zf:l ia; and 3 denote
the vector le:, JjB;. Under the assumption,

(a) 2 < Q, Qi >= -1=2< 6_,',6_,‘_;,_1 >,

(b) the rest of the pairs of roots are orthogonal to each other, and

©) 4 <oy, B >2=2.
Consequently, < o, a >= Y"F_ 2 = Y% i+ 1) = Mjl)and< 8,8 >=
Xz:ij:] jr - le;ll jGg+1D) = @ Also using (c), we get < a, f >2=
%. Since {«v, B} islinearly independent, < «, 3 >2jslessthan < a, o >2<
B, 8 >%. Thus, & < LD D This means that (k — 1)({ — 1) < 2.1t
follows that k = 2 = [, or k is anything and [/ = 1. The assertion follows.

(ix) The Coxeter graph having a node is one of the following forms:

Dy, 1> 4 vr—vg—- s
D)

Es: vr— vg— sz v5—U65
)

E,: vr— vg— sz vy—U6— U7, 0T

U2
Eg: vr— vsz— sz V56— Uz—Us.
We establish this:

From (vii), a Coxeter graph having a node is of the form

Uy

Uz
Ug—1

V=g + - VpT—V——W,_1 - - Wg— W
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Let v; correspond to the root «;, v correspond to the root 6, w; correspond
to [3;, and uy correspond to 7. Put a = Zl Loy, B= Z, 1]61, and
v = Zk:l k7. Clearly, {«, 3, v} is a pairwise orthogonal nonzero set of
vectors, and 0 is outside the subspace generated by {«, 3, 7}. Let & denote
the unit vector along «. Since ¢ lies outside the subspace generated by
{a,ﬂ,v},itfollowsthatl ><d,a>r4 <9, BA> + < 6,4 >2. Now,

A2 <ba>? _ 2 (p—1)?
<d,a>"= == . Further, < 6, a >2=(p — 1) <6ap1>_T
. 2
and as in (viii), < o, @ >= p(p2 D Thus, < §,4 >2= ZI()’(’p 1)1) = %(1 —
2(g—1)? 201 _

1 1
) Similarly, < 4, 6> 2(1— =), and<5 A >2=

4q9(q-1) — 4rir—1) —
2(l — }). Consequently, we get that L + 1 4 1 - > 1. Without any loss,
we may assume that p > ¢ > r. If r = 1, then for an arbitrary p,q > 1,
i + é + % > 1. This is the case of D;. Suppose that r > 2. Then nec-
essarily r = 2, and possible solutions are (p, 2, 2) (corresponding to D),
(3, 3, 2) (corresponding to Eg), (4, 3, 2) (corresponding to E7), and (5, 3, 2)
(corresponding to Eg). Evidently, in each case the Coxeter graph uniquely
determines the Dynkin diagram except B; and C; which can be distinguished
with the help of arrows.

The above theorem determines the possible Dynkin diagrams of an irreducible
root system. It, however, does not guarantee the existence of an irreducible root
system corresponding to each Dynkin diagram.

Theorem 2.3.2 There is a root system associated with each Dynkin diagram A; —
G, as given in the above theorem.

Proof We show their existence by constructing them.

A;. Consider the standard Euclidean space R/*! of dimension [ 4 1 together with
the standard basis {e;, es, ..., e¢;11}. Let L = Zey + Zey + - - - + Ze; denote the
Lattice generated by {ey, e, ..., ¢;+1}. Let E denote the /-dimensional subspace of
R*! which is the orthogonal complement of Re, where e =e; + ey + -+ + €41-
Let ® ={o e L E |< a, @ >= 2}. A nonzero vector o = Zf:ll a;e; belongs to
L ﬂ Eifandonlyif ) +1 a; = 0and Z[H a? = 2, where each ; is an integer. Thus,

={ei—ej|i#j}. Take A ={e; —ejy1 | 1 <1 <I}. Then A is linearly inde-
pendent and generates E. Also fori < j, e; —ej = (¢; — e€j41) + (€i11 — €i42) +
-+ (ej—1 — ;). Thus, every element of ® is an integral linear combination of
members of A. It is easily observed that the Cartan matrix of @ relative to A is
that of A;. Further, o,,_,,,, is an orthogonal transformation and it is uniquely deter-
mined by its effect on e;, i <1+ 1. Clearly, o,,_,,, (€;) = €41, O¢i—c,,, (€i+1) = éi,
and o, _,,, (ej) =e; forall j #1i,i + 1. Thus, o,,_,,,, may be identified with the
transposition (e;, e;11). It follows that the Weyl group of A; is the symmetric group
Sit1-

B;,1>2. Take E to be Rl and ® ={ae L |<a,a >=1 or 2}, where L
is a Lattice in R/ generated by the standard basis {ey, e, ..., ¢/}. Clearly, ® =
{£ei |1 <i <I}U{(x(e; £¢j) | i # j}. Clearly, the subset A = {e; —e;1 | 1 <
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i <1 —1}U{e/} is a basis of E and every element of ® is an integral linear combi-
nation of members of A. It can be easily seen that ® is a root system with A as a
basis such that the Dynkin diagram is that of B,. ¢;, 1 < i <[ are short roots, while
e; = ej, i # jarelongroots. We find the Weyl group. As in case of A;, the subgroup
of W(®) generated by {0, —,,, | 1 <i <[ — 1} is S;. Further, o, (£e;) = Fe; and
o, (ej) = ej for j # i. Thus, the subgroup of W (®) generated by {o,, | 1 <i <l}is
isomorphic to Zé on which §; acts. It follows that W(®) = W (B;) is the semi-direct
product le > 5.

C;, 1 > 3. The root system C; is the dual to B;, and long and short roots are
interchanged. Thus, @ can be taken to be {+(e; £e; | i # j} U{2¢; | 1 <i <I}.
Evidently, W(C;) =~ W(B;).

D;, 1 >4.Take E=R,® = {a € L |< o, a >=2} = {*(¢; Te)|i#jLA=
{ei —eip1 |1 <i <I—1}J{e—1 + €41} is a basis. It can be seen that @ is a
root system with A as a basis for which the Cartan matrix is the Cartan matrix
of D;. Observe that o,,_, ¢, (€1—1) = —e;, O¢_1¢(e1) = —ei—1 and o,_ 1., (ej) = ¢;
for j ¢ {l — 1,1}. Thus, W(D)) ~ Z5' > §).

E¢, E7, and Eg. Since Eg and E; are admissible Coxeter subgraphs of Eg, it
is sufficient to construct a root system associated with Eg. Take E = R%. Put L' =
L + 75, where e = Zig=1 e;. Consider the subgroup L” of L’ consisting of elements

of the type Z?:l aie; + 5e,wherea + Z?zl a; is an even integer. Finally, let us take

& to be the subset {o € L” |< «, a >= 2}. It can be shown that ® = {£(e; T ¢;) |
1<i,j<8,i# j}U{% Z?zl €e; | € = £1 with even number of € being —
1}. It is straightforward to verify that ® is a root system with A = {%(el + eg —
erte3+---+4e7), e +er,ep—e,e3—en,...,e7 — e} as a basis such that the
corresponding Cartan matrix is that of Eg. Looking at the action of the Weyl group
on the standard basis, it can be shown that the order of the Weyl group W (Ej3) is
21433527,

Fy. For Fy, take E = R* Consider L' = L + 75, where, as usual, e = e; +
er + e3 + ey. Itis straightforward to verify that ® = {a € L' |[< a, a >= 1l or 2} =
{£ei |1 <i <4} U{E(ei—ej) | i # j} U{:i:%(el + ey te3tey), | £arechosen
arbitrarily} is aroot system with A = {e; — e3, e3 — eu, ey, %(el —e) —e3—ey)}
as a basis such that the Cartan matrix is that of Fy. Looking at the action of members
of W (&) on the standard basis, one can show that the order of W (Fy) is 2732.

G,. We have already constructed G, in the beginning of Sect.2.1. However, we
give another construction. Take E as the orthogonal complement of Re in R3, where
e=e +e+e;. Then ®={acL(E|<a,a>=20r6}={*(e; —e),
+(ex —e3), £(e1 —e3), =(2e; —ex —e3), £(2e2 — e —e3), £(2e3 —e1 —e)} is
aroot system with {e; — e, —2e; + e» + e3} as a basis such that the corresponding
Cartan matrix is that of G,. Looking at the action of W (G,) on the standard basis of
R3, we can show that W(G»,) ~ Ds. i

Now, we describe the group Aut(®) of automorphisms of a root system ®. If
7 is an automorphism of @, then < n(a), n(8) >=< «, B >. Hence, 1 induces
automorphisms of the corresponding Dynkin diagram. We have already seen that
the Weyl group W (®) is a normal subgroup of Aut(®). Clearly, Aut(P) acts on
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the set of all bases of ®. Fix a basis A of ®. Consider the subgroup I' = {n €
Aut (D) | n(A) = A}. If n is a member of Aut (D), then since W (D) acts transi-
tively on the set of all bases, there is a member o € W (®) such that n(A) = g (A).
Consequently, o~'n € T'. This means that Aut(®) = W(®)I'. If n € W(P) T,
then since W(®) acts simply transitively on the set of bases, W(®) (T = {/}.
Hence Aut(®) = W(®P) > I'. The automorphisms fixing a base is precisely the
automorphisms of Dynkin diagrams. They are called the diagram automorphisms
or also the graph automorphisms of the root system &. If the root system has two
root lengths, then there is no graph automorphism. Thus in this case I' = {/} and
Aut(®) = W(P). Looking at the diagrams, we observe that the group I'(A;) of
graph automorphisms of A; is Z,, [ > 2. I'(D4) &~ S3 and I'(D;) =~ Z; for | > 4.
Further I'(Eg) =~ Z;.

Exercises

2.3.1. Determine Cartan matrices for each Dynkin diagram.

2.3.2. Determine the root system Bz and C3.

2.3.3. Determine the root system Fj.

2.3.4. Show that the dual of B; is C; provided that [ 7~ 2. If ® is an irreducible
system different from B; and Cj, then show that ®” is isomorphic to ®.

2.3.5. Show that o — —a« is an automorphism of ®. When does it belong to W (P)?

2.4 Conjugacy Theorem, Existence and Uniqueness
Theorems

In this section, we introduce the Cartan and Borel subalgebras, and prove the Conju-
gacy theorem. We also establish the important theorem of Serre about the existence
of a semi-simple Lie algebra associated with a root system. A semi-simple Lie alge-
bra is described in terms of generators and relations. All fields are assumed to be
algebraically closed fields.

Cartan Subalgebras

Let L be a semi-simple Lie algebra over an algebraically closed field of characteristic
0. Recall that a maximal toral subalgebra H of L determines (uniquely) a root
system ®. However, if we take another maximal toral subalgebra H’ of L, then the
corresponding root system ¢’ may differ apparently from ®. Our aim is to show that &
is unique up to an isomorphism between the root systems. For this purpose, we need
to show that H and H’ are conjugate in L in the sense that there is an automorphism
n of L such that n(H) = H'. More generally, we introduce the concept of Cartan
subalgebras of a Lie algebra (not necessarily a semi-simple Lie algebra) which agree
with that of maximal toral subalgebras in the case of semi-simple Lie algebras, and
then show that any two Cartan subalgebras are conjugate to each other.

Let L be a finite-dimensional Lie algebra over an algebraically closed field (not
necessarily of characteristic 0). Let x € L. Consider the endomorphism ad (x) of L.
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For A € F, let m) denote the multiplicity of \ as a root of the characteristic polyno-
mial ¢*(¢) of ad (x) (note that if ) is not a root, then m, = 0). Let L (ad (x)) denote
the kernel of (ad(x) — AI)™*. In case A is not a root, Ly(ad(x)) = {0}. Clearly,
ad(x) restricted to L) (ad(x)) is the sum of A/ and a nilpotent endomorphism. It is
a well-known fact from Linear algebra that

L= Ly(adx)) = Lo(ad(x)) & (@ > Lx(ad(X))> :

AeF AeF*

More generally, if A is a subalgebra of L such that [x, A] C A, then

A=Aad(x) @@ Y A(ad(v)),
AeF*

where Ay (ad(x)) = A La(ad(x)).
Proposition 2.4.1 [L(ad(x)), L,(ad(x))] € Lyy,(ad(x)) forall \, u € F.
Proof The following identity can be easily established by the induction on m:

m

(ad(x) = M — pD)"™([y, z]) = Z "Cil(ad (x)) = AD' (), (ad(x)) = pl)" ™ (2)]
i=0

for all x,y, and z € L. Let u € Ly(ad(x)) and v € L,(ad(x)). Then (ad(x) —
AD"™ (u) =0 = (ad(x) — pI)™ (v). It follows from the above identity that (ad(x)
— A+ ) D™ ([u, v]) = 0. Thus, [, v] € Lyy,(ad(x)).

The following corollary is immediate.

Corollary 2.4.2 Ly(ad(x)) is a subalgebra of L. §
Corollary 2.4.3 For each A € F*, each element of L) (ad(x)) is ad-nilpotent.

Proof Since L is finite dimensional, L) (ad (x)) = {0} for some n. The result follows
from Proposition2.4.1.

Definition 2.4.4 A subalgebra of L of the form Ly(ad(x)) is called an Engel sub-
algebra of L. More concretely, a subalgebra A is said to be an Engel subalgebra if
there is an element x € L such that u € A if and only if ad (x)" (1) = O for some r.

Lemma 2.4.5 Let A be a subalgebra of a Lie algebra L. Let u be an element of A
suchthatx € Aand Ly(ad(x)) C Lo(ad(u))) implies that Lo(ad(x)) = Lo(ad(u)).
Suppose further that A € Ly(ad(u)). Then Lo(ad(u)) € Lo(ad(x)) for all x € A.

Proof For simplicity, put Ag = Lo(ad(u)). For x € A, consider the family {ad (u +
Ax) | A € F}.Since A C Ay, foreach A € F,ad(u + A\x) induces an endomorphism
on Ay and also on L/Ag. Thus, the characteristic polynomial ¢*(¢) of ad (u + A\x)
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is the product *(t)n*(t), where ¢)*(¢) is the characteristic polynomial of the
restriction ad(u 4+ Ax)|a, to Ap and n’\(t) is that of the induced endomorphism
on L/Ag (here, t is indeterminate). Suppose that the dimension of Ay is r. Then
DimL/Ay=1—r,wherel = Dim L. Let {x{, x5, ..., X, Xy41, ..., X1} be a basis
of L with {x1, x5, ..., x,} a basis of Ay. Evidently, in the matrix of ad (u 4+ Ax) with
respect to this basis, the entries in the first » row are multiples of A and also the rest
of the entries are linear polynomials in A. As such,

MO =17+ a4+ a (),

and
) =17 + b o b (O,

where a;(¢) and b;(¢) are polynomials in ¢ of degrees at the most i and at the most j,
respectively. Since all the eigenvectors of ad (1) corresponding to the eigenvalue 0
belong to Ay, the polynomial b;_, () is nonzero. Since there are at the most/ — r roots
of b;_,(t), we have distinct members A1, Ay, ..., A.qj of Fsuchthatb;_,.(\;) # Ofor
all j, 1 < j <r + 1. Consequently, 0 is not an eigenvalue of ad (u + Ajx) on L/Ag
for each j. This means that Lo(ad(u 4+ Ajx)) € Ao = Lo(ad(u)). Hence, by the
hypothesis Lo(ad(u)) = Lo(ad(u + X;x)) for all j. Thus, ad(u + X;x) has 0 as the
only eigenvalue on Ag. In other words, w’\/ (t) =t forall j. Hence A1, Az, ..., A\riq
are zeros of a;(¢) for all i, 1 <i < r. Since the degree of g;(¢) is at the most i <
r, it follows that a;(t) = 0 for all i, 1 <i < r. Consequently, for each A € F, the
characteristic polynomial of ad(u + A\x) is ¢". Thus, Ay € Lo(ad(u + Ax)) for all
A € F. Since x is arbitrary, replacing x by x — u and putting A = 1, we obtain that
Lo(ad(u)) C Lo(ad(x)) forall x € A.

Lemma 2.4.6 Let A be a subalgebra of a Lie algebra L which contains an Engel
subalgebra. Then A is self-normalizing in the sense that Ny (A) = A. In particular,
all Engel subalgebras are self-normalizing.

Proof Suppose that Lo(ad(x)) € A. Thenx € A.If N (A) # A, then the endomor-
phism on N (A)/A induced by ad(x) has a nonzero eigenvalue. This is a contradic-
tion, since [x, N . (A)] C A. 4

Definition 2.4.7 A self-normalizing nilpotent subalgebra of a Lie algebra L is called
a Cartan subalgebra (CSA) of L.

Example 2.4.8 All maximal toral subalgebras (being self-normalizing abelian sub-
algebras) of a semi-simple Lie algebra over an algebraically closed field are Cartan
subalgebras.

Remark 2.4.9 We shall show that a Cartan subalgebra of Lie algebra over an alge-
braically closed field exists. Indeed, it also exists for Lie algebras over any infinite
field. However, the existence problem for Lie algebras over finite fields is still an
open problem.
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Proposition 2.4.10 Cartan subalgebras of a finite-dimensional Lie algebra over an
algebraically closed field are precisely the minimal Engel subalgebras. In particular,
Cartan subalgebra of a finite-dimensional Lie algebra over an algebraically closed
field exists.

Proof Let H = Ly(ad(u)) be a minimal Engel subalgebra of L. By Lemma?2.4.6,
H is self-normalizing. Further, H satisfies the hypothesis of Lemma?2.4.5 and hence
H C Lyo(ad(x)) for all x € H. This means that ad(x)|y is nilpotent for all x € H.
By the theorem of Engel, H is nilpotent. Consequently, H is a Cartan subalgebra.
Conversely, let H be a Cartan subalgebra of L. Then H is nilpotent. Hence
ad(x)|y is nilpotent for all x € H. This means that H C Ly(ad(x)) forall x € H.
We need to show that H = Lg(ad(x)) for some x € H. Let u € L be such that
Ly(ad(u)) is minimal among {Ly(ad(x)) | x € H}. We show that H = Lo (ad(u)).
Suppose the contrary. Then Lg(ad(u))/H is a nonzero space. From Lemma?2.4.5,
Lo(ad(u)) € Lo(ad(x))forallx € H.Thus,eachh € H induces the endomorphism
ad(h) of Lo(ad(u))/H which is given by ad(h)(v + H) = ad(h)(v) + H. Clearly
ad(h) is a nilpotent endomorphism for each 4 € H. By Theorem 1.3.14, there is a
nonzero element v + H € Ly(ad(u))/H suchthatad(h)(v + H) = H. This means
that v ¢ H and [v, H] € H. This is a contradiction, since H is self-normalizing.

Corollary 2.4.11 Cartan subalgebras of a semi-simple Lie algebra over an alge-
braically closed field of characteristic 0 are precisely the maximal toral subalgebras.

Proof Since every maximal toral subalgebra of a semi-simple Lie algebra over an
algebraically closed field is an abelian and self-normalizing subalgebra, it is a Car-
tan subalgebra. Conversely, let H be a Cartan subalgebra of a semi-simple algebra
L over an algebraically closed field. We need to show that H is a maximal toral
subalgebra. From Proposition2.4.10, H = Ly(ad(«)) is a minimal Engel subalge-
bra. Let u = u; + u, be the Jordan decomposition of u. Then since ad(u) and
ad(u,) commute and ad(u,) is nilpotent, Lo(ad(us)) € Lo(ad(u)). Consequently,
H = Lo(ad(uy)) = Cr(uy). Since u, is semi-simple, Cy (u;) contains a maximal
toral subalgebra which is a Cartan subalgebra. In turn, this maximal toral subal-
gebra is minimal Engel subalgebra. It follows that H = Cy (u,) is a maximal toral
subalgebra. f

Corollary 2.4.12 Every maximal toral subalgebra of a semi-simple Lie algebra over
an algebraically closed field of characteristic 0 is of the form Cpr(s), where s is a
semi-simple element. |

A semi-simple element s of a semi-simple Lie algebra L over an algebraically
closed field of characteristic O is termed as a regular semi-simple element if Cy,(s)
is a maximal toral subalgebra. For example, Diag(\;, A2, ..., \;) € sl(n, F) is a
regular semi-simple element of sl/(n, F) if and only if all ); are distinct. Indeed, a
matrix A in sl(n, F) is regular semi-simple if and only if all eigenvalues of A are
distinct (cf Exercise 2.4.1).

Proposition 2.4.13 [mage of a Cartan subalgebra under an epimorphism is a Car-
tan subalgebra.
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Proof Let n be an epimorphism from L to L’. Let H be a Cartan subalgebra of
L. Then H is nilpotent. Since the image of a nilpotent subalgebra under a homo-
morphism is nilpotent, n(H) is nilpotent. Let v € L’ such that [v, n(H)] € n(H).
Since 7 is an epimorphism, there is an element # € L such that n(u) = v. Since
H C n~'(n(H)) and H is a Cartan subalgebra, it follows that ! (n(H)) contains a
minimal Engel subalgebra. By Lemma2.4.6, N; (n~'(n(H))) = n~'(n(H)). Since
(), n(H)] € n(H), [u, ' (n(H)] € n~'(n(H)). Thus, u € N.(n~' (n(H))) =
77’1 (n(H)).Consequently, v=n(u) € n(H). This shows thatn(H ) is self-normalizing
also. i

Proposition 2.4.14 Let ) be an epimorphismfrom L to L. Let H' be a Cartan subal-
gebra of L'. Then any Cartan subalgebra H of n~'(H') is also a Cartan subalgebra
of L.

Proof Let H be a Cartan subalgebra of n~'(H’). Then H is already nilpotent. From
the previous proposition, 77(H ) is a Cartan subalgebra of n(L) € L'. Letx € L such
that [x, H] € H. Then [n(x), n(H)] € n(H). This means that n(x) € n(H). Hence
x € H+ Kern € n~'(H'). Since H is Cartan subalgebra of n~'(H'), x € H. #

Let 4 be a nilpotent derivation of A. Then exp(§) is an automorphism of A. In
particular, if ad(x) is nilpotent, then exp(ad(x)) is an automorphism of L. This
automorphism is called an inner automorphism of L. The subgroup of Aut (L) that
generated all inner automorphisms is called an inner automorphism group of L,
and it is denoted by Inn(L). Since cad(x)o~! = ad(c(x)), it follows that Inn(L)
is a normal subgroup of Auz(L). The group Aut(L)/Inn(L) is called the outer
automorphism group and it is denoted by Out(L). We shall show that any two
Cartan subalgebras H and H’ are conjugate in the sense that there is a member 7 of
Inn(L) such that n(H) = H'. In particular, any two maximal toral subalgebras of
a semi-simple Lie algebra over an algebraically closed field of characteristic 0 are
conjugate to each other. This, therefore, implies that the root system associated with
a semi-simple Lie algebra over an algebraically closed field is independent (up to an
isomorphism) of the choice of maximal toral subalgebra.

Let L be a Lie algebra. An element x € L is termed as a strongly ad-nilpotent
element of L if x € Lo(ad(y)) for some y € L. From Corollary2.4.3, it follows that
strongly ad-nilpotent elements are ad-nilpotent elements. However, an ad-nilpotent
element need not be strongly ad-nilpotent. Let Inng(L) denote the subgroup of
Aut (L) generated by the set {exp(ad(x)) | x is strongly ad — nilpotent}. Evi-
dently, Inng(L) € Inn(L).If x is strongly ad-nilpotent, then for each o € Aut(L),
o(x) is also strongly ad-nilpotent. This is because o(Lo(ad(y)) = Lo(ad(o(y)).
Thus, Inny(L) is also a normal subgroup of Aut(L). For semi-simple Lie algebras,
Inng(L) = Inn(L) (for a proof, see the Lie algebra by Jacobson).

Proposition 2.4.15 Let 1) be an epimorphism from L to L'. Let ¢’ € Inno(L’). Then
there is a o € Inng(L) such that the diagram
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L n__,.r
a_/
L " L

Y

is commutative.

Proof Letx’ € Lj(ad(y")) beastrongly ad-nilpotentelementof L’. Since 7 is an epi-
morphism, there is an element y in L such that n(y) = y’ and also n(L)(ad(y))) =
L'\ (ad(n(y))) for all X € F. In particular, (Lo(ad(y))) = Ly(ad(n(y))). Conse-
quently, there is a strongly ad-nilpotent element x € L such that (x) = x’. Further,
it is easy to observe that noexp(ad(x)) = exp(ad(n(x)))on. Since Inny(L) is gen-
erated by {exp(ad(x)) | x is strongly nilpotent}, the result follows.

Our aim is to show that if H and H' are Cartan subalgebras of L, then there is an
element o € Inny(L) such that o (H) = H'. We proceed as follows. We first prove
it for solvable Lie algebras. Next, we shall show that any two maximal solvable
subalgebras (termed as Borel subalgebras) of a Lie algebra are conjugate under
Inng(L). Consequently, the assertion will follow.

Theorem 2.4.16 Let L be a finite-dimensional solvable Lie algebra. Let H and H'
be Cartan subalgebras of L. Then there exists a o € Inng(L) such thatoc(H) = H'.

Proof The proof is by the induction on the DimL. If DimL = 1, then there is
nothing to do. Assume that the result is true for all Lie algebras whose dimensions
are less than Dim L, where DimL > 1. We need to prove it for L. If L is nilpotent,
then L is the only Cartan subalgebra of L and there is nothing to do. Assume that L
is not nilpotent. Let H, and H, be Cartan subalgebras of L. Since L is solvable (and
non-nilpotent), it has a proper nontrivial abelian ideal. Let A be a nonzero abelian
ideal of the smallest dimension. From Proposition2.4.13, H| = (H; + A)/A and
H) = (H, + A)/A are Cartan subalgebras of L/A. By the induction hypothesis,
there is a & € Inng(L/A) such that 5(H{) = Hj. By Proposition2.4.15, there is a
o € Inny(L) such that voo = Gov, where v is the quotient map from L to L/A.
This means that 0 (H; + A) = H, + A.

Suppose that H, + A # L. Since o(H;) and H, are Cartan subalgebras of H, +
A, by the induction hypothesis, there is an element 7 € Inng(H, + A) such that
T(0(H1)) = H,. It can be seen from the definition that every member of Inno(H, +
A) is a restriction of a member of Inny(L). Thus, there is a member 7 of Inny(L)
such that 7|g,+4 = 7. This means that 7(c(H;)) = H,, and we are done.

Next, suppose that H, + A = L = o(H;| + A). Since H, is a Cartan subalgebra of
L, Hy = Lo(ad(x)) is a minimal Engel subalgebra of L, x € L. Since A is an ideal,
A = Ag(ad(x)) ® A.(ad(x)), where A,(ad(x)) =@ ) \.p. Ar(ad(x)). Clearly,
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Ap(ad(x)) and A,(ad(x)) are ad(L) = ad(H, + A)-stable. Since A is a minimal
abelian ideal, A = Ag(ad(x)) or A = A, (ad(x)). If A = Ap(ad(x)), then A C H,
andso H, = L. Since H, is nilpotent (being a Cartan subalgebra), L will turn out to be
nilpotent. This is a contradiction to our assumption. Hence A = A, (ad(x)). Further,
since o is an automorphism, L = H; + A. Thus,x = y + zforsomey € Hyandz €
A = L,(ad(x)). Now, [x, z] = az forsomea # 0.Hence [x,a"'z] =z, a 'z € A.
Since A is abelian, (ad(a~'z))?> = 0. Hence exp(ad(a~'z)) = I + ad(a~'z). Now,
explad(a™'2)(x) =x —[x,a 'zl =x —z=y. Thus, H = Lo(ad(y)) is also a
Cartan subalgebra. Since y € H|, H € H.Consequently, H = H,. This means that
exp(ad(a'z))(H;) = Hy.Sincea'z € A = L,(ad(x)),a"'zis afinite sum D iz
of an element of A. Clearly, all z; are strongly nilpotent elements of L. Since A is
abelian, exp(ad(a~'7)) = [1; exp(ad(z;)) belongs to Inng(L). t

A maximal solvable subalgebra of a Lie algebra L is called a Borel subalgebra of
L. Thus, every solvable subalgebra of a finite-dimensional Lie algebra is contained
in a Borel subalgebra. In particular, every Cartan subalgebra is contained in a Borel
subalgebra. The subalgebrat (n, F) of upper triangular matrices is a Borel subalgebra
of gl(n, F).

Proposition 2.4.17 Any Borel subalgebra is self-normalizing.

Proof Let B be a Borel subalgebra of L which is not self-normalizing. Then there
is an element x € L — B such that [x, B] € B. Consider the subspace B + Fx of
L. Clearly, B + Fx is a subalgebra of L such that [B + Fx, B+ Fx] € B. Conse-
quently, B 4 Fx is a solvable subalgebra containing B properly. This is a contradic-
tion.

Let L be a Lie algebra. Since RadL is a maximal solvable ideal of L, for any
Borel subalgebra B of L, B + Rad(L) is also a solvable subalgebra of L. Since
B is a maximal solvable subalgebra, B + Rad(L) = B. This means that all Borel
subalgebras contain Rad(L). Thus, every Borel subalgebra B of L determines and is
determined uniquely by the Borel subalgebra B/Rad (L) of L/Rad(L). The corre-
spondence B — B/Rad(L) is a bijective correspondence between the set of Borel
subalgebras of L to the set of Borel subalgebras of L/Rad(L).

Proposition 2.4.18 Let L be a semi-simple Lie algebra over an algebraically closed
field of characteristic 0. Let H be a Cartan subalgebra of L with corresponding root
system ®. Let A be a basis of . Then

(i) N(A) = Z(y>() L, is a nilpotent subalgebra of L and

(ii) B(A) = H & (& )_ . Lo) isaBorel subalgebra of L suchthat[B(A), B(A)] =
N(A).

Proof (i) Clearly, [N(A), N(A)] S ® 3 )(0)=2 Las [IN(A), [N(A), N(A)]] € &
Don (=3 Lo, and so on. Evidently, N(A) is nilpotent of the index at the most m,
where m is the largest among the heights of the roots of ¢ with respect to A.

(i) Since [H, L,] = L, and [H, H] = {0}, [B(A), B(A)] = N(A). Since N(A)
is nilpotent, B(A) is a solvable subalgebra. Let A be a subalgebra containing B(A)
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properly. Then thereis o < O suchthat L, € A.Butthen the subalgebra S, generated
by L, |J L_, is contained in A. Consequently, A contains a subalgebra isomorphic
tosl(2, F). Since sl (2, F) is simple, A cannot be solvable. This shows that B(A) is
a Borel subalgebra.

A Borel subalgebra B(A) is called a Standard Borel subalgebra relative to H,
where A is a basis of the root system & associated with H.

Proposition 2.4.19 Any two standard Borel subalgebras B(A1) and B(A,) relative
to the Cartan subalgebra H are conjugate under Inno(L).

Proof Fora € @, consider the automorphism 7, of L givenby 7, = exp(ad(x,))exp
(ad(~ya))exp(ad(xy)). Since x, € L1 (ad(ho) and y, € L_1 (ad(he). xo and y,
are strongly ad-nilpotent elements of L. As such 7, € Inny(L). Further, it is easily
observed that 7, |y = 0, on H. Clearly, 7,(B(A)) = B(c,(A)). Since W(®) acts
transitively on the set of all bases, the result follows.

We have the following Conjugacy theorems:

Theorem 2.4.20 Any two Borel subalgebras of a Lie algebra L are conjugate under
Inny(L).

Before proving this theorem, we use it to establish the following corollary:

Corollary 2.4.21 Any two Cartan subalgebras of a Lie algebra L are conjugate
under Inny(L).

Proof Let H, and H, be Cartan subalgebras of L. Then they are solvable (being
nilpotent). Hence there are Borel algebras By and B, suchthat H; € Bjand H, C B;.
From the above theorem, thereis amember o € Inny(L) suchthato(B;) = B,. Since
o (Hp) and H, are Cartan subalgebras of a solvable Lie algebra B;, by Theorem 2.4.16,
there is amember ) € Inny(B;) suchthatn(c(H;)) = H,. We already know that 7 is
arestriction of 7 € Inng(L) to B,. Hence fjoc € Inng(L) such that noo (H;) = H,.
g

Proof of the Theorem 2.4.20. The proof is by the induction on DimL. If dimL =
1, then L is the only Borel subalgebra of L and there is nothing to do. Assume
that the result is true for all those Lie algebras whose dimensions are less than
the DimL, where DimL > 1.1f Rad(L) # {0}, then DimL/Rad(L) < DimlL,
and hence by the induction assumption, the result is true for L/Rad(L). Using the
discussions which follow the proof of the Proposition2.4.17 and the proof of the
Proposition2.4.15, the result follows for L. We can, therefore, assume that L is
semi-simple.

Take a standard Borel subalgebra B(A) of L. Itis sufficient to show that any Borel
subalgebra B of L is conjugate to B(A) under Inny(L). Further, if B(A) (B =
B(A)oritis B,then B(A) = B and there is nothing to do. We assume that B(A) (| B
is properly contained in B(A) and it is also properly contained in B. We, again,
use a second downward induction on DimB(A) (| B, where B(A) () B is properly
contained in B(A).
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Let us first assume that B(A) (1] B # {0}. Consider the set N of all ad-nilpotent
elements of B(A) () B. We observe that N is an ideal of B(A) () B: Clearly, N is
a subspace. Let x € B(A) (B and y € N. Then [x, y] € [B(A) () B, B(A) () B].
Since B(A) () B is solvable, by Corollary 1.3.18, [x, y] is an ad-nilpotent element of
B(A) () B.Hence [x, y] € N. This shows that N is an ideal of B(A) (") B. However,
if N # {0}, N isnot an ideal of L for L, being semi-simple, has no nontrivial solvable
ideal. Now, there are two cases: (i) N # {0} and (ii) N = {0}.

Consider the case (i). Since N # {0}, N1 (N) is a proper nontrivial subalgebra of
L. Further, we show that B(A) (1) B is properly contained in B(A) [ N.(N) and it
is also properly contained in B (| N.(N): For each x € N, we have an endomor-

phism ad(x) of B(i()%B which is given by ad(x)(u + B(A) [\ B) = ad(x)(u) +

B(A) () B. Since the elements of N are ad-nilpotent, ad (x) is nilpotent for each x €

N. By Theorem 1.3.14, there is a nonzero element u + B(A) () B of B(i()%B such

thatad (x)(u + B(A) [ B) = B(A) () B forall x € N. This means that [x, u] € N
forall x € N, whereasu ¢ B(A) () B.But [x, u] belongs to [B(A), B(A)] and so it
is ad-nilpotent. Thus, [x, u] € N forall x € N.Hence, u belongs to B(A) (| N.(N)
and consequently B(A) (| B is properly contained in B(A) (| NL(N). Similarly,
B(A) () B is properly contained in B () Np(N).

Now B(A) (N (N) and B (] N.(N) are solvable subalgebras of Ny (N).Let C
and D be Borel subalgebras of Ny (N) containing B(A) (| N.(N) and B N.(N),
respectively. Since DimNp(N) < DimL, by the induction hypothesis, there is
a member o € Inny(Ny(N)) such that o(D) = C. Let & € Inng(L) such that
&|n, vy = 0. Note that B(A) (] B is a proper subalgebra of B(A) and also of B.
Since C is solvable, there is a Borel subalgebra B of L such that C - B. Evi-
dently, B(A) (") B is properly contained in B(A) () B. Hence by the second induc-
tion assumption (which is downward), there is a member 7 € Inny(L) such that
T(E) = B(A). In turn, 76(D) € B(A). Thus,

To(B(A) [ B) C To(D [ |NL(N)) € (r6(D)) [ (76(B)) € B(A) [ )(76(B))

(the notation C stands for proper containment). Again we apply the second induction
assumption to conclude that B(A) and 76(B) are conjugate under Inng(L). This
means that B(A) and B are conjugate under Inny(L).

Now, consider the case (ii). B(A) () B has no nonzero ad-nilpotent elements.
Since a Borel subalgebra is self-normalizing, it contains semi-simple and nilpotent
parts of each of its elements. Thus, B(A) (] B contains only semi-simple elements
and so itis a toral subalgebra. Denote B(A) () B by T. Since N(A) = [B(A), B(A)]
isnilpotent, 7 () N(A) = {0}. Note that B(A) = H @ N(A). We show the existence
of aBorel subalgebra B of L whichis conjugate to B under /nny(L) and whichis such
that B(A) (N B=TcC H.Supposethatx € Nga)(T). Then[x, ] € T forallt € T.
Since [x, ] € N(A),itisnilpotent as well as semi-simple. Hence [x, t] = Oforallz €
T. This means that x € Cga)(T). Thus, Npa)(T) = Cp)(T). Let C be a Cartan
subalgebra of Cp(a)(T) containing T'. Then C is nilpotent and T C Nc¢, (1) (C) =
C. Using the Jacobi identity, it follows that Np(a)(T) = Nc, 1) (C) = C. Since C
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is a self-normalizing nilpotent subalgebra of B(A), it is a Cartan subalgebra of B(A)
which contains 7. By Theorem 2.4.16, it follows that C is a maximal toral subalgebra
of B(A) which is conjugate to H under /nny(B(A)) and so also under Inng(L).
Consequently, we get a Borel subalgebra B of L which is conjugate to B, and
B(A)N Bisatoral subalgebra contained in H, where B(A) = H @ (® ) o+ La).
Thus, we can assume, without any loss, that B(A)(\B =T C H.

Suppose that T = H. Then, if B # B(A), then there is an element o < 0
such that H @ L, C B. Evidently, B(o,(A)) () B contains H ® L, C B. By the
second induction hypothesis, B(c,(A)) is conjugate to B under Inny(L). By
Proposition2.4.19, B(o,(A)) is conjugate to B(A) and we are done.

Now, suppose that T C H. There are two cases: (i) B € C(T) and (ii) B g
C1(T). Consider the case (i). Since T # {0} and L is semi-simple, C (T) is a proper
subalgebra of L. Also B is a Borel subalgebra of C(T). Since H € Cr(T), we can
embed H into a Borel subalgebra B of CL(T). By the induction hypothesis, there
is o € Inng(CL(T)) and so also a & € Inny(L) such that 5(B) = B. It follows that
B is a Borel subalgebra of L. Evidently, B(A) [ B D H. By the second induction
hypothesis, B(A) and B are conjugate under /nny(L). Consequently, B(A) and B
are conjugate. Thus, in this case we are done.

Now, assume that B g Cr(T). Then there is a common eigenvector x € B —
C(T) of the set {ad(u)|p | u € T} and also an element r € T such that [t,x] =
Ax # 0. Replacing ¢ by \~'¢, we may assume that [f, x] = x. Let @ denote the
set{a € ®1 | a(r) € Q*}. Clearly, o, 3 € o implies that o« 4+ 3 € P. Consequently
A=H® (@) ,.4La) is a subalgebra of L. Suppose that x = hy + )", ¢ Xa»
where h, € H and x, € L. Further, [z, x] = x, [t, h,] =0, and [¢, x,] = a(t)x,.
Thus, x € A.Clearly, A is solvable and so it can be embedded in a Borel subalgebra B
of L. Clearly, B () B contains T + Fx. Hence B(A) () B = T is properly contained
in B () B. By the second induction hypothesis, Bis conjugate to B as well as to B(A)
under Inng(L). The conjugacy of B(A) and B follows.

Lastly, let us assume that B(A) (| B = {0}. Since BA)=H® &) ., La,
DimB(A) > %DimL. Again, since B(A)(\B = {0}, DimB(A) + DimB =
Dim(B(A) 4+ B) < DimL. Thus, DimB < %DimL. Let T be a maximal toral
subalgebra of B. Suppose that 7 = {0}. Then B contains no semi-simple element.
In other words, all the elements of B are ad-nilpotent. By the Engel theorem, B is
nilpotent. Already, B is self-normalizing. Consequently, B turns out to be a Cartan
subalgebra of L. This is a contradiction (Corollary2.4.11). Thus, T # {0}. Take a
Cartan subalgebra (maximal toral subalgebra, by Corollary 2.4.11) HofL containing
T, and the standard Borel subalgebra B with respect to H. Evidently, B (B # {0}.
From the previous case, B and B are conjugate. In particular, DimB > %DimL.
This is a contradiction. The proof of the conjugacy of Borel subalgebras is complete. fi

Corollary 2.4.22 Let L be a semi-simple Lie algebra over an algebraically closed
field of characteristic 0. Let H be a Cartan subalgebra of L with the correspond-
ing root system ®. Then any Borel subalgebra containing H is a standard Borel
subalgebra associated with ®.
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Proof Let A be a basis of ® and B(A) the corresponding standard Borel subalge-
bra of L. Let B be a Borel subalgebra of L containing H. Let o € Inny(L) such
that o(B(A)) = B. Since 0(L,) = L(q), it follows that o(A) is a basis of ¢ and
o(B(A)) = B(o(A)). ¢

Definition 2.4.23 The dimension of a Cartan subalgebra of a finite-dimensional Lie
algebra L over an algebraically closed field of characteristic 0 is termed as the rank
of L.

Thus, the rank of a semi-simple Lie algebra is the rank of the associated root
system P.

Definition 2.4.24 A subalgebra P of L containing a Borel subalgebra is called a
Parabolic subalgebra.

Evidently, every parabolic subalgebra is self-normalizing. Let L be a semi-simple
Lie algebra with H as a Cartan subalgebra and & the corresponding root system. Let
A be a basis of ® and A’ a subset of A. Then the subalgebra P(A’) of L generated
by UaeAU_A, L, is a parabolic subalgebra of L containing B(A). This is called a
Standard Parabolic subalgebra relative to A

Most of the parts of the following proposition have already been established.

Proposition 2.4.25 Let L be a semi-simple Lie algebra with H as a maximal
toral subalgebra (Cartan subalgebra), ® the corresponding root system, A =
{ar, az, ..., i} a basis of ®, {t, | a € O} the subset of H in bijective corre-
spondence with ® defined by the property a(h) = k(ty, h) for all h € H, h, =
ﬁ € H, x, € L,, Ya € L_, such that [x,, y(t] = ha [has xﬂ] = Oé(h‘g)x‘g =
< B, a > xp, and [he, y3] = a(h_g)ys = — < B, o > yg. Then L is generated by
the set {xq,, Yo;, ho, | 1 < i <1} and it satisfies the following relations:

Ry [hay ho)] =0,1 <i,j <L

Ry. [Xo;s Yo, 1 = hai Soralli.

Rs. [xq;, yaj] =0foralli # j.

Ry [he,, xo,] =< aj, a; > Xq;.

Rs. [hq,, y(,/.] =—<aj,0 > y,,,/.,foralli, Jj-

Re. (ad(xai))’<“f'a'>“(xa,) =O0foralli # j.

Ry. (@d (ya)) = H (yo)) = O forall i # j.

Proof Everything is already established except the fact that L is generated by the
set {Xq;, Ya;» o, | 1 <@ <[} and it satisfies the relations Rs and R;. Since A is a
basis of @, {h,, | 1 <i <[}isabasisof H.Further, L=H ® (®) .o Lo), Lo =
, < Xq >,and L_, =, < y, >. Thus, it is sufficient to show that for each o € P,
xq and y, belong to the subalgebra generated by {x,,, Ya,, fa, | 1 <1 <[} (observe
that x_, = y, and y_, = x,). Let a be a positive root. From Proposition2.2.16, a =
o, + g, + -+ +a;, 1 <i; <1 such that each partial sum is a root. By induction
on r, we show that x, belongs to the subalgebra generated by {x,, | 1 <i <I}.
If r = 1, then there is nothing to do. Assume that the result holds for r. Let a =
oy, + a;, + - -+ + a;, + o4, where each partial sum is a root. Put 3 = oy, + o, +
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-+ «,. Then by the induction hypothesis, x5 belongs to the subalgebra generated
by {Xa,, Ya,» ho, | 1 <i < 1}. Hence [xg, x,,,,] belongs to the subalgebra generated
by {xa,, Ya;» ho; | 1 < i <1}. By Proposition2.1.9, L, is contained in the subalgebra
generated by {x,,, Yo, ho, | 1 <i <I}. Similarly, if o is a negative root, then y_,
lies in the subalgebra generated by {x,,, Yo, o, | 1 <i <I}.

Since A is basis, < o;, aj > is less than O for all i, j. Hence a; — «; is
not a root for all j #i. It follows that the o;-string through «; is aj, o; +
a;, -+~ aj + qa, where —q =< aj, o; > (Proposition2.2.10). Now, ad (x4,) (xa;) €
Lojto;» (ad (xa,))z(xaf) € Lo, +20; and so on. The relation R¢ is immediate. Simi-
larly, the relation R; holds. &

Consider the set Q = {X;, y;, ﬁ,- | 1 <i <1} of symbols which is in bijective
correspondence with the set {x,,, ya,, o, | 1 <i <[} of generators of L (Propo-
sition2.4.25). Let L(£2) denote the free Lie algebra on Q2. Let I' denote the ideal
of L(2) generated by the relators of the types [h;, hAj], [X:, yi] — i, [6i, yil.i #
Js [f;,-,x}] —cjiXj, and [hA,-,ij] +c¢jiyj, where ¢;; are the Cartan integers <
aj, o; >. Denote L(2)/T" by L and the image v(u) = u 4+ I' of u under the quo-
tient map v by u. Evidently, the association X; = x,,, i > Yo,, and h; — h;
extends to a surjective Lie algebra homomorphism from L = L(2)/ T to L. Let V
denote the vector space with {v, vp, ..., v;} as a basis. Let T (V) denote the ten-
sor algebra on V (essentially the polynomial algebra in non-commuting variables
{vi, v2, ..., v}) and gI(T(V)) the general linear Lie algebra on 7 (V). Clearly,
B={1}U{vi, ®v, ®---®v;, | 1 <i; <l,t €N} is a basis of T(V). A linear
transformation on 7 (V) is uniquely determined by its effect on B. For each
j, 1 < j <1, consider the linear transformations p(hAj), p(¥;), p(x;) on T(V)
defined as follows:

(i) Put p(k;)(1) = 0 and

p(h)) (i, @ v, ® - @ v;) = —(Ciyj + Cipj + -+ + €1, )V, @V, @+ B V..
(ii) Put p(¥;)(1) = v; and
PN, Vv, @ Q) =v; ®V;, O, @+ ;.

(iii) Define p(X;)(vi, ® v;, ® - - - ® v;,) inductively by putting p(x;)(1) =0 =
p(x;)(v;) and

PN, Qv ® - Q) =
Vi, ®@ p(Xj) (Ui, ® Vi, ® -+ @ vi,) — by j(cij + -+ ¢ )V, Vi, ® - @ vy,).

From the universal property of a free Lie algebra, p can be extended uniquely to a
Lie algebra homomorphism from L(£2) to gl(T (V)) which we again denote by p.

Proposition 2.4.26 I" C Ker pand p induces a unique Lie algebra homomorphism
p.from L 1o gl(T (V) given by 5(h}) = p(h}), BG7) = p(¥)), and B(3}) = p(s)).
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Proof By the definition, each p(hA j) is a diagonal linear transformation. As such,
p([hi, ;1) = ph)p(h;) — p(hj)p(h;) = 0. This shows that [i;, ;] € Ker p.
Now, consider [p(x;), p(¥;)]. Clearly,

[p(E), pP(FNID) = (p(E)p(FN(1) = (p(Fp(E)) (1) = 0 = p(8;:hi)(1).

Further, by the definition, we have

p(X)p(Vj) (i, ® vi, @ -+ ® V;,)

=pE)W; v, v, ® -+ - @ v;,)

=v; ® p(X;) (v, @ Vi, ®@ - ® Vi) — §ji (Ciyi + Cipi + -+ + €3,V BV, @+ BV,
=0, ® v, ® p(E) (v, ® -+ ;) — i (Cini + -+ +¢i,i)V; QU @+ - @V;, —
0ji(ciyi +cini + - F ci)vi, @ Ui, @ -+ @ vy,

and

p(Yj)p(Xi) (vi, ® v, @ -+ - @ v;,)

=p(¥) (Wi, @ p(EX) (Wi, ® - @ v;,) — §yiCini + -+ ¢i,i)Vi, @ -+ @ v;,)

=0 ®V; @ pX) (Wi, ® - Q) — bjyi(cini + -+ €,V @V, @+ - ® v,.
Hence,

[p(x), PPN, B, ® - Q) = 5]:’0(};1')(111'1 Vv, ® - Q).

This shows that [X;, y;] — h; € Ker p and also [X;, ¥;] € Ker pforalli # j.
Next, we consider [p(hAi), p(x;)]. Using induction on ¢, we first show that

p(hi)p(E) (i, ® vy, ® -+ ® ;) =
(cji = Ciyi — Cii — - — i) p(X)(V;, @V, ® - ®V;,) (%)

for all i, j. Equivalently, we show that p(X;)(v;, ® v;, ® - - - ® v;,) is an eigenvec-
tor of p(ﬁi) corresponding to the eigenvalue (cj; — ¢;,; — ¢j,i — -+ — ¢j,;). Clearly,
p(ﬁi)p(x})(vil) = 0= (cj; — ¢;,;))p(X;)(v;,). Thus, the assertion is true for r = 1.
Assume the result for 7. Then

p(h)p(E)) (v, ® Vi, ® -+ ® ;) =
(cji — Cini — Ciyi — -+ — Ciy ) P(X) (W, @ Uiy, ® -+ Q vy,,,)-

This means that p(X;)(vi, ® v, ® --- ® v;,,,) is an eigenvector of p(ﬁ,-) corre-
sponding to eigenvalue c¢j; — ¢, — Ciyi — -+ — ¢j,,,i- 1t follows from the defini-

tion ofp(i;,-) that p(x))(vi, ® Vi, ® - - - ® v;,,,) = a(v, ®vj, ® --- ® v;,) for some
Vj, Ujyy v s V), and a € F such that

—(cji+cjpi + -+ +Cj,,i) = Cji = Ciji —Cizi — = Ci,i-

Hence,
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Vi, ® p(X)) (Ui, ® Vi, @ -+ B ;) = a(v;, ®vj, V), ® - @ V).
Thus, v;, ® p(x;)(vi, ® Vi, @ - - - ® v;,,,) is an eigenvector of p(ﬁi) corresponding to

the eigenvalue _(Cili + Cji + Cji + -4 iji) = (Cj,' —Ciyi —Cipj — 1 — Cir+1i)'
Now, by the definition

P, @, @ -+~ Q) =
Vi, ® p(X) (v, @ Vi ® -+~ @ v;,) — 04y (Cipj + -+ ¢, )V, OV, ® - @ ;).

If i; # j, then the second term in the RHS is 0 and consequently, p(x D, ® v, ®
-+ ®v;,) is an eigenvector of p(ﬁi) corresponding to the eigenvalue (cj; — ¢;,i —

Cipi — =+ — Ci,,,i)- Suppose that i1 = j. Then the second term in the RHS is also an
eigenvector of p(ﬁi) corresponding to the eigenvalue —(c;,; — ¢jyi — -+ — Cj, i) =
(¢cji — ¢iyi — Cipi — -+ + — ¢i,,i)- This proves . Again, by the definition

PGNP (v, @ vy ® -+~ @ v;,) = —(Ciyi + Cini + -+ + i, )P (Vi @ Vi ® -+ ® ;).

Using the » and the above identity, we obtain
[p(h), pOEPT = €jip(E)).

This shows that [ﬁi,fj] —¢jiX; belongs to Ker p. That [h;, ¥;i1+cjiy; belongs
to Ker p is still a straightforward and easy verification. The rest follows from the
fundamental theorem of homomorphism. fi

Proposition 2.4.27 Let ® be a root system with A = {«ay, az, ..., ;) as a basis.
Then {h; | 1 <i <} forms a basis for an abelian subalgebra H of L. Let X denote
the subalgebra of L generated by the set {x; | 1 < i <1}, andY denote the subalgebra
of L generated by the set {y; | 1 <i <1}. Then L is vector space direct sum H &
XoY.

Proof Suppose that Zé:l a;h; =0 in L. Then P(Z§=1 a;h;) = E(Zizl aih;) =0
in gl(T (V)). This means that Zizl aip(ifi) = 0. Consequently, — Zizl acjiv; =
Zﬁzl aip(ﬁi)(vj) =0 for all j. Since the Cartan matrix [cj;] is non-singular, it
follows that ¢; = 0 for all i. It follows that H is an [-dimensional subspace of L
with {h_i | 1 <i <1} as a basis. Again, since [ﬁi, hAj] e T, it follows that H is an
abelian Lie subalgebra. It also follows that the quotient map v induces a vector space
isomorphism from Y\_, Fh; to H.

Foreach i, [X;, y;] — hi, [h;, %] — 2%, and [h;, y:1 + 2y; all belong to I'". Hence,
we get a surjective Lie algebra homomorphism x; from s/(2, F) to the subalgebra
FX; + Fy; + Fh; whichis givenby x;(e12) = X7, Xi(e21) = ¥;,and xi(er1 — ex) =
h;. Since h; #0 ({h_i | 1 <i <1}islinearly independent) and s/(2, F) is simple, ;
is an isomorphism. Further, using the relations defining I" and applying eigenvalue
and eigenvector arguments for ad (h_i), we can easily see that {X;, y;, h; |1 <i<l}
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is linearly independent. Again, using induction on ¢, we can easily establish
@ [hy, % (s - G T 1 =

(ciitcii + - +eolx, K, .. XL X1

() [hy, Vs s - iy i1+ 1 =
_(Ci1i+cizi +-+ ci,i)[y_ilv [y_lz9 s [mv y_l,] T ]]7

and also the fact that [y;, [x;,, [%;, ..., [%i,_,, X;]---1]] belongs to X whereas
(X7, [¥iys [Vias - - - [V 1» i1+ - - 1] belongs to Y. Thus, H + X + Y is a subalgebra
of L. Consequently, L = H + X + Y. That the sum is a direct sum of subspaces is
a consequence of our earlier discussions. f

Remark 2.4.28 Recall that if V is an L-module, then for A € H*, V) denotes the
subspace {v € V | h-v=Ah)v for all h € H}. If V) # {0}, then X is called a
weight, and V), is called a weight space associated with the weight A. Every Lie
algebra L is an L-module by putting x - y = [x, y]. A weight X is called a posi-
tive weight with respect to a basis A of the root system & if it is a positive lin-
ear combination of members of A. Indeed, it follows from the proof of the above
proposition that H = Lo, X =@ , oLy, and Y =@ ,_, L,. Consequently,
L= LO ® (EB Z)\>0 L)\) ® (@ Z)\<0 L)\)-

The following lemma is a crucial lemma needed to establish the theorem of Serre.

Lemma 2.4.29 Putx;; = ad (X))~ (x}) andy;; = ad(3;) =" (¥}),i # j. Then
ad (xy)(yi;) = 0 for each k and ad (yr)(x;;) = 0 for each k.

Proof Suppose that k # i. Then [X;, y;] = 0. This means that ad (x) and ad(y;)
commute with each other. Consequently, ad(x;)(y;;) = (ad o~ tad X0 7).
If k # j, then it is 0, and we are done. Suppose that k = j. Then it results in
(ad (D)~ (hj). Now, ad (37) (hj) = ¢;j3i- I cij = 0, then (ad (7)) =+ (hj) = 0,
and we are done. If ¢;; # 0, then cj; # 0 and it is negative. Hence —c;; +1 > 2.
Since ad(ﬁ)2(h_j) = 0, we are done.

Next, suppose that k = i. Clearly, L is an S-module under the adjoint action, where
S is the subalgebra Fx; + Fy; + F h; which is isomorphic to sI(2, F) (cf. the above
proposition). Using the arguments of Sect.2.4 (although L may be infinite dimen-
sional), we see that [x;, y;] = O for j # i and [h;, ;1 = —cj;y;. Using the induction
onr,wecanshow thatad (x;)(ad (3;)" (y;) =r(—cji —r + l)ad(f)”l(y_j).Putting
r = —cj; + 1, we get the desired result.

Recall that an endomorphism p of a vector space is called a locally nilpotent
endomorphism if for each x € V, there is a natural number n, such that p"=(x) = 0.
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Evidently, p is locally nilpotent if and only if the restriction of p to each finite-
dimensional subspace is nilpotent. Consequently, given a locally nilpotent endomor-
phism p on V, we can talk of the endomorphism exp(p) =14 p + %2, + 3&3, 4+
Since exp(p)exp(—p) = I, it follows that exp(p) is an automorphism of V.

Theorem 2.4.30 (Serre) Let ® be a root system with a basis A = {«y, an, ..., oy}
Let L be a Lie algebra having a presentation with the set {X;, y;, f;i [1<i <
I} of symbols as the set of generators and the set consisting of relations (i)
[hi, hj1=0,1<i,j <L, (ii) [, $i1 = h; for all i, (iii) [%i, ¥;1 =0 for all i #
j, (lv) [h,-,xAj] =<, o > )é\j, (V) [hl', );\j] = — <, 0 > _);\j, fOV all i, j, (Vl)
(ad (%))~ +(x;) = 0 for all i # j, and (vii) (ad (¥;))~ ="+ (y;) = 0 for
alli # j. Then L is a 3l-dimensional semi-simple Lie algebra generated by the set
{xi, vi, hi | 1 <i, j <1} of representatives of {X;, y;, hAi |1 <i,j<l}inL. Fur-
ther, the subalgebra H of L generated by the set {h; | 1 <i <} is a maximal toral
subalgebra of L such that the corresponding root system is .

Proof Without any loss, we can take L to be L/I, x; =X + I, y; =; + I, and
h; = h_, + 1, where T is the ideal of L generated by the set {x;;,y;; | 1 <i,j <I}.
Thus, we need to show that L /7 is a 3/-dimensional semi-simple Lie algebra with
{xi, yi, hi | 1 <i <1} as a basis and with the subalgebra H =< {h; | 1 <i <1} >
as a maximal toral subalgebra such that the associated root system is ®. We prove it
in several steps:

Step 1. Let J be the ideal of X generated by the set {x;; | 1 <i, j <1} (note
that X;; € X for all i, j) and K be the ideal of Y generated by the set {y;; | 1 <
i,j <1} (note that y;; € Y for all i, j). Then J and K are ideals of L such that
1 = J + K: Weprove it. Consider the ideal J of X. Using the identity (i) in the proof
of Proposition2.4.27, we observe that X;; is an eigenvector of ad (hy) corresponding
to the eigenvalue —cj; — (1 — ¢;;)cix. Again, from the proof of Proposition2.4.27,
it follows that ad(h;)(X) € X. Further, using induction and the Jacobi identity,
we see that ad (hy)(J) C J. Also, from the above lemma, ad () (x;;) = 0. Again,
using Proposition 2.4.27, we observe that ad (y;)(X) = H + X. The Jacobi identity
together with the factthatad(hk)(J) - J1mphes thatad(yk)(J) C 7J.Since e, Vi |
1 < k < I} generates L,adm)(J) C J foreachu € L. This shows that J is an ideal
of L. Similarly, K is an ideal of L. Clearly, . J 4+ K < T and since T is the smallest
ideal of L containing X;; and y;;, IT=J+K.

Step 2. L = H @& X @& Y (direct sum of vector spaces), where X = %, Y= %

Further, the quotient map v from L to L and maps H isomorphically on to H: This
follows from the fact that L=H X DY (Proposition2.4.27) and the fact that
HNOI = {0}.

Step 3. The quotient map v maps Zl L Fhi + Zl FX+ Zl | Fy; isomor-
phically in to L: This follows again from Proposition2.4.27.

Step 4. For each A € H*, L) = {x € L | [h, x] = A(h)x} is finite dimensional.
Further, H = Lo, X =) ,_oLyand Y =), _, L): It follows from the identities
(i), (i) of Proposition2.4.27, and steps 1, 2, and 3 that L) is finite dimensional. The
rest of the statement in this step follows from the remark following Proposition 2.4.27.
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Step 5. For each i,1 <i <, ad(x;) and ad(y;) are locally nilpotent endo-
morphisms. Consider ad(x;). Let V denote the subset {x € L | (ad(x;)) (x) =
0 for some r}. Evidently, 0 € V. Letx, y € V. Then there exists r, s € N such that
(ad(x;)) (x) = 0 = (ad(x;))*(y).Clearly, (ad (x;))"**"*) (x + y) = Oand (ad (x;))"
(ax) = Oforalla € F.Further, since (ad (x;))" ([y, z]) = Z,+I —m "Cilad(x; N ()
(ad(x;))™ (), it follows that (ad(xl))’““([x y]) = 0. This shows that V is
a Lie subalgebra of L. Since X;; € 1, (ad(x;))~ ‘f’“(x i) = 0. Further, it is also
clear that ad(x;)(y;) =0 for all j #1i and (ad(x;))” Cf*“(y) =0. Thus, x; € V
for each i. Similarly, y; € V for each i. Since L is the Lie algebra generated by
{x;,yi | 1 <i <1}, V = L. This shows that ad(x;) is a locally nilpotent endomor-
phism on L. Similarly, ad(y;) is also a locally nilpotent endomorphism on L.

Step 6. Let 0 € W(®). Then DimL) = DimL,): Since W(®) is generated by
the simple reflections, it is sufficient to show that Dlngn » = DimL,. For each
i, let 7; denote the automorphism exp(ad(x;))exp(— (ad(y,)))exp(ad(x,)) of L. It
can be easily observed that 7; maps the members of L to L, 5, and in turn, the
members of L(,“i A to L. The assertion follows, since 7; is an automorphism.

Step 7. Foreacha € ®, Dim L, = 1 and L, # {O}ifand onlyifa € {0, 1, —1}:
For each o € @, there is a member 0 € W(®) such that () € A. Thus, it is suf-
ficient to assume that o« = «; € A. However, it follows from Proposition 2.4.27 that
Dim Lo, = 1and L,,, # {0} if and only if a € {0, 1, —1}. The result follows from
step 3.

Step 8. Suppose that L # {0}. Then A = Oorelse A € ®:If A = 0and L) # {0},
then it follows from Remark 2.4.28 and step 2 that A = + Zf: yaio; withalla; >0
and at least one a@; # 0. It is sufficient to observe that A is an integral multiple of
an element of @ (step 7). Suppose not. Then there is a vector v € Py — |, Pa-
Thus, we can find a ¢ € W(®) such that < o(7), o;; > is greater than O for all .
Since < A\, 7 >=0,0=, <oV, 0(y) >= Zle a; < o, o(y) >, where o(\) =
Z£=1 aa;. This implies thata; > 0 for some i and a’j < Oforsome j.Hence L,y =
{0} (this is because o () is neither positive nor negative). This is a contradiction to
step 7, since DimL) # 0.

Step 9. L is of finite dimension, and indeed, DimL =11+ | ® |. Also L = H &
(& Zaeq) L,): It follows from steps 4, 7, and 8.

Step 10. L is a semi-simple Lie algebra with H as a maximal toral subalgebra such
that the corresponding root system is ®: We need to show that L contains no nontriv-
ial abelian ideal. Let A be an abelian ideal of L. Since L = H @ (&), Lo) and A
is anideal, A= (H (A @ D) ,co(La[)A).If (Lo A) # {0}, then L, C A.
Since A is an ideal, [L,, L_,] € A. Consequently, A [ S, is a nontrivial ideal of
S. ~ sl(2, F). This is a contradiction. Hence L, (| A = {0} for all & € ®. There-
fore, A=A(H C H.Since [L,, A] C AC H, A C Kera for each o € ®. This
shows that A C (),,ce Kera = {0}.

Step 11. H is a maximal toral subalgebra of L such the ® is the corresponding
root system: We have already seen that H is abelian (so nilpotent subalgebra) and the
elements of H are semi-simple. Since L = H & (D Zaeq) L,),Cr(H) = H. This
means that H is maximal toral subalgebra. The rest is evident. f
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Corollary 2.4.31 (Existence Theorem) Given a root system O, there is a pair
(L, H), where L is a semi-simple Lie algebra, H a maximal toral subalgebra of
L such that the associated root system is ®. #

Let @ be aroot system in E with a basis A = {«a1, ag, ..., ;} and O’ be another
root system in E’. Let n be an isomorphism from ® to ®'. Then n(A) = A’ =
{o], &), ..., g} is a basis of &', where n(a;) = «; for all i. Further, 7 induces a
vector space isomorphism 7) from E to E’, such that < f)(a), N(aj) >=< o, aj >
foralli, j.Observethat = —a from @ toitself is an automorphism of @ (sufficient
to observe for the rank 2 case).

Theorem 2.4.32 (Isomorphism Theorem) Let (L, H) and (L', H') be pairs, where
L and L' are semi-simple Lie algebras, H and H' being maximal toral subalgebras
of L and L', respectively. Let ® be the root system associated with (L, H) and ®'
be that associated with (L', H'). Let 1 be an isomorphism from ® to ®' which sends
a basis A to a basis A'. Then n induces an isomorphism w from H to H' given
by m(ho) = hl,, where h, = n(fa’"‘[n) and h, = K,(if/“"t“/). For each o € A, choose a
nonzero element x,, € L, and a nonzero element x|, € L., where o = 1(cx). Then
there is a unique extension T of m which takes x,, to x., for each o € A. In particular,
let L, H, ®, and A be as usual. Then given x, € L, — {0}, and y, € L_, — {0} for
each o € A, there is a unique automorphism o of L of order 2 such that o(x,) = Yo
for each o € A.

Proof For x, and x/,, we have unique y, and y,, such that [x,, o] = h, and
[x,,, v, 1="h,, foralla € Aand o’ € A'. Since {x,,, y,,, h,} satisfy the same rela-
tions which are satisfied by {x, V., k. }, thereis aunique Lie algebra homomorphism
7 from L to L’ given by T(x,) = x.,, T(yo) = y,, and w(h,) = h.,. Similarly, we
have a unique homomorphism 7 from L’ to L such that To7 and ToT are respective
identity maps. The rest of the assertion also follows, since o — —c is an automor-
phism of ®. f

Theory of Weights in Euclidean Spaces
As observed, the root system and roots in a finite-dimensional real Euclidean spaces
have faithful intrinsic relationship with the structure theory (adjoint representa-
tions)of semi-simple Lie algebras. On the same lines (see Chap.3), the weights
and the weight lattice associated with a root system in a Euclidean space (to be
described below) have a deep intrinsic relationship with the representation theory of
semi-simple Lie algebras. We develop the abstract theory of weights in Euclidean
spaces for its application in the next chapter on the representation theory.

Let ® be a root system in a Euclidean space E. Let A = {a, ap, ..., oy} be
a basis of ®. An element A € E is called an abstract weight associated with ®
if <\ a>== 2;3—:: belong to Z for all o € ®. In particular, members of  are
also weights. The set A of weights associated with ® forms a subgroup of E. The
subgroup A, of A generated by & is a lattice in E called a root lattice. A weight
A € A is called a dominant weight if < \, & > > 0 for all & € A. It is said to be
strongly dominant if < A, o > > 0 for all @ € A. The set of dominant weights
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will be denoted by A™. Evidently, At € C(A) and A [) C(A) are precisely the set
of strongly dominant weights.
Consider the basis AY = {@; = —2%— | 1 <i <[} of E. Consider the basis

<ay,q;>

{1, A, ..., A} of E which is dual to A”. Thus,

2 < A,a; >
< )\i,Oéj >=< )\,‘,Oéj = AL e =§ij'
<aj,qj >
J> =

Evidently, )\; is adominant weight for eachi. We term )\; as a fundamental dominant
weight. Clearly, < A — 25:1 < A, o > A, oy >= 0 for each j. Hence

l
A=) <Xai = A

i=1

Thus, A is alattice with basis {\; | 1 <i </[}and A\ € AT ifandonlyif < X\, a; >>
0 (or equivalently, < A, o; >> 0) for all i. Since A, is a sub-lattice of A of the same
rank, A /A, is a finite group called the fundamental group of ®. In this case, we can
determine the order of A/A, as follows: Each «; is an integral linear combination
of {\; | 1 < j <1}. Suppose that o;; = Zi:l Mmix e, Mix € Z. Then

i
<O, O >= E mip < )\k,Oéj = mij.
k=1

Thus, the matrix of transformation from the basis A to {\;, \,, ..., A} is the Cartan
matrix A of L relative to A. It follows that Det A\; € A, foreachi. Evidently, Det A
is a nonnegative integer. For example, in the case of A,, the determinant of the Cartan
matrix is 3 and 3\ = 2«a; + a3 and 3\, = o + 2. It follows that the order of
A /A, in this case is 3.

The following lemmas will be used in the next chapter:

Lemma 2.4.33 The Weyl group W (®) acts on A. Further, each orbit of the action
of W(®) contains a unique dominant weight. The isotopy group W (®)y of a strongly
dominant weight is trivial.

Proof Since the members of W (®) are orthogonal transformations, W (®)(A) = A
and hence W(®) acts on A. If A is dominant, then o(A) < A for all 0 € W (D).
Consequently, in each orbit there is a unique dominant weight. Further, if A is strongly
dominant and o # I, then since 0(\) < A, o(\) cannot be strongly dominant. g

Lemma 2.4.34 Let A\ € A™". Then the set {u € A™ | u < A} is finite.

Proof Let \ = Zﬁ:l a;a; and p = Z§=1 b;a; be dominant weights with 1 < .
Since a; and b; are positive rationals with 1 < A, and a; — b; belong to N J{0},
there are only finitely many sets {b;, 1 < i < [/} such that Zi:l bio; < M. g
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Lemma24.35 6§ =1 -« is a strongly dominant weight, and indeed, § =
Zf:l i
Proof Since 0,,(0) =0 — «,

2
<0 —aj, 0 >=, < 04,(0), ;i >=, < (04,)°(0), 04, () >=, <6, —a; > .

This means that < 2§ — «;, a; >= 0 orequivalently, 2 < §, oy >=, < ¢, o; > for
each i. Thus, < d, o; >=1 for each i. Consequently, 6 = Zé:l <0, >\ =

Zf:l At

Lemma 2.4.36 Let A € AT and A =o(u),c € W(®). Then < pu+ 6, pu+46 >
<< A4+, A+ 0 >. Equality holds if and only if \ = por A =0 = p.

Proof Since o is an orthogonal transformation,

<p+o,up+déd>=<o(u+9),c0(u+9) >=<A+0(),\+07() >=, <
A4+06,A+0> —2< XN d—0() >.

Again, since ¢ is dominant, it follows that o(J) < §. Hence § — o(§) is the sum
of positive roots. Further, since A is dominant, < A, d — () >> 0. It follows that
<p+d,u+d><< A+, A+ 9 > and equality holds if and only if A =0 or
0 = 0(9). Observe that § = o(d) ifand only if 0 = 1.

A subset IT of a weight lattice A is called a saturated subset of A if A\ € IT and
a € © imply that A — i« belongs to IT for all i,0 <i << A\, >. If A € Il and
a € @, then 0,(\) = A— < A\, a > « belongs to IT. Since W(®) is generated by
simple reflections, W (®)(IT) = I1. A member A of IT is called the highest weight
of ITif u € IT implies that < \. Thus, given aroot system @, ® [ J{0} is a saturated
subset of A. Further, if ® is irreducible, then it has unique largest root which is the
highest weight of ® (J{0}. It follows from Lemma?2.4.34 that a saturated subset of
A with the highest weight is finite.

Lemma 2.4.37 Let Il be a saturated subset of A with the highestweight \. If . € A™
such that i < )\, then i € TL

Proof Suppose that A=) _.aso. Then =X — ) _, boa, where b, < a,
for each cv. The proof is by the inductionon )", _, ba. If Y"1 bo =0, then pp = A
and there is nothing to do. Assume that v € I1 whenever v =\ — Zae A Calt,
where ¢, < a, foreachaand ), ,co=m>0.Letpu=XA — ) _. by, where
b, < a, for each o and Zae A bo = m + 1. We need to show that p € I1. Evidently,
b, > Oforsomec € A.Hence < ) _p bat, Y cp bacx > > 0.Consequently, for
some 3 € A,bg > Oand < )" A bocr, 3 >> 0.Inturn, < ) A bacr, 5 > > 0.
Thus, i — 3 € A" and by the induction hypothesis, 1« — 3 belongs to 1. Since IT is
saturated, p € I.
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Remark 2.4.38 Using the arguments in the proof of the above lemma, we can easily
see that if € 1 and p # A, then for some 3 € A, p + 3 belongs to IT.

Remark 2.4.39 It is clear from the previous lemma that a saturated set IT with the
highest weight \ is precisely {o(u) | u € At, 0 € W(®) and p < A}. Thus, for a
given A € A, there is a unique saturated set with the highest weight X as described
above. This will be denoted by TT()\).

The following lemma will be used in the next chapter on the representation theory.

Lemma 2.4.40 Let I1 be a saturated subset of A with the highest weight A (T1 =
DN)and p € 1. Then < 4+, u+ 6 > << X+ 9, A+ 0 > and equality holds
ifand only if p = .

Proof From Lemma2.4.36, < oc(A) +3d,0(A)+6> << A+, A+ > for all
o € W(®). As such, it is sufficient to establish the result when p is dominant and
1 # A. From the remarks above, i1 + « belongs to IT for some a € A. Now,

<p+a+d,pt+ta+d>=<pu+é,u+d>+2<pu+d,a>+ <a,a>.
Since p + § is dominant, < p+ 0, u+ 0 > << pu+a+0, p+ o+ J >. In turn,
<p+dput+di><<pt+a+d,pt+at+di><<pt+a+pf+o,ut+a+pf+0>.

Proceeding inductively, we arrive at the desired result, since IT is finite.
Exercises

2.4.1. Describe Cartan subalgebras of sl(n, F).

2.4.2. Let L be a semi-simple Lie algebra over an algebraically closed field of
characteristic 0. Show that a semi-simple element x € L is regular if and
only if it belongs to a unique Cartan subalgebra of L.

2.4.3. Let L be a semi-simple Lie algebra over an algebraically closed field of
characteristic 0. Show that a solvable Engel subalgebra of L is a Cartan
subalgebra of L.

2.4.4. Show by means of an example that the image of a Cartan subalgebra under
a homomorphism need not be a Cartan subalgebra.

2.4.5. Show by means of an example that the inverse image of a Cartan subalgebra
under an epimorphism need not be a Cartan subalgebra.

2.4.6. Show that a Cartan subalgebra is a maximal nilpotent subalgebra. Show by
means of an example that the converse is not true.

2.4.7. Give an example of an ad-nilpotent element which is not strongly ad-
nilpotent. What happens if L is a semi-simple Lie algebra over an alge-
braically closed field of characteristic 0?7

2.4.8. Suppose that Inng(L) = {I}. Show that L is nilpotent.
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2.4.9.

2.4.10.
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Let L, H, ®, and A be as usual. Show that any maximal subalgebra N of
L subject to the condition that all elements of N are nilpotent is conjugate
under Inny(L) to N(A) = [B(A), B(A)].

Show that any Borel subalgebra contains a Cartan subalgebra. Show also that
the intersection of any two Borel subalgebras contains a Cartan subalgebra.
Show that Cartan subalgebra of a semi-simple Lie algebra is abelian.

Show that any parabolic subalgebra of L containing B(A) is of the form
P(A") for some A’ C A.

Show that any parabolic subalgebra of a semi-simple Lie algebra over
an algebraically closed field of characteristic O is conjugate to a standard
parabolic subalgebra under Inng(L).

Determine all parabolic subalgebras of s/(2, C) and 5/(3, C).

Show that for each r < [, the subalgebra of L generated by {x;, y;, h; | 1 <
i <r}isasemi-simple Lie subalgebra of L. Deduce that Ej is a subalgebra
of E7 and E7 is a subalgebra of Eg.

Show that the subalgebra X and the subalgebra Y of L in Proposition 2.4.27
are free Lie algebras.

Suppose that the rank of ® is 1. Show that L is isomorphic to s/(2, F'). What
is the Lie algebra L in this case?

Find the fundamental group of A;, By, Cy4, E¢, E7, Eg, G, and Fy.

Show that any subgroup of A containing A, is W (®P) invariant.

Show that \; = %(2041 +4ap) and Ay = %(al + 2, are the fundamental
dominant weights for A,.

Show that A\; = 2a; + ap and Ay = 3a; + 2 are the fundamental domi-
nant weights for G».

More generally, for each of the Lie algebras A;- G,, using the Dynkin dia-
gram and the Cartan matrix associated with them, compute their fundamen-
tal dominant weights in terms of their standard root systems (see Theo-
rem?2.3.2).



Chapter 3 ®)
Representation Theory of Lie Algebras oo

Our main concern in this chapter will be to study and develop the representation
theory and the character theory of semi-simple Lie algebras over an algebraically
closed field of characteristic 0 including the theorem of Harish-Chandra and the
Weyl, Kostant, and Steinberg formulas. However, we shall start with the first basic
result on the representation theory of Lie algebras, viz., the theorems of Ado and of
Iwasawa which assert that any finite-dimensional Lie algebra over an arbitrary field
has a finite-dimensional faithful representation. More concretely, they assert that any
finite-dimensional Lie algebra over a field F is isomorphic to a sub-Lie algebra of
gl(n, F) for some n.

3.1 Theorems of Ado and Iwasawa

Our aim in this section is to establish the results of Ado and Iwasava which assert that
any finite-dimensional Lie algebra has a faithful finite-dimensional representation.
For this purpose, we establish some preliminary results concerning subalgebras of
an associative algebra A generated by Lie subalgebras of Ay.

Proposition 3.1.1 Every finite-dimensional associative algebra with identity (all
associative algebras are assumed to be with identities) over a field F has a faithful
finite-dimensional representation.

Proof Let A be a finite-dimensional associative algebra with identity. Let End(A)
denote the algebra of endomorphisms of A considered as a vector space. Clearly,
DimEnd(A) = (Dim(A))? and so it is finite. Let x € A. Let I, denote the left
multiplicationon A by x. Then/, € End(A). Alsolyypy, = aly + Bl,andl 0l, =
ly. Thus, the map p from A to End(A) defined by p(x) = [, is a homomorphism.
Suppose that p(x) = p(y). Thenl, = [,. In particular, x = x-1 = (1) =
ly(1) = y-1 = y. This shows that p is a finite-dimensional faithful representation
of Aon End(A). it
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Let V be a vector space over a field F. Then the vector space gl(V) = End(V)
of endomorphisms on V is an associative algebra with respect to the composition
of endomorphisms, and it is also a Lie algebra with respect to the Lie product [, ]
given by [, v] = pov —vopu. Recall that a representation p of a Lie algebra L
on a vector space V is a Lie algebra homomorphism from L to gl(V). It is said to
be a finite-dimensional representation if V is of finite dimension (DimV is called
the degree of the representation p). The representation p is said to be a faithful
representation if it is injective.

Let A be an associative algebra with identity over a field F. For a subset S of A,
< S > denotes the associative subalgebra generated by S. Note that < S > need not
contain the identity of A. The subalgebra < {a} > is also denoted by < a >. Evi-
dently, <a > = {f(a) | f(x) € F[x]with f(0) = 0}. More generally, < S > =
{flar,az,...,amn) | f(x1,X2,...,Xp)isa polynomial without nonzero constant
term and a; € S}. We can also view < § > as the set of linear combinations of
nonzero monomials in S. Fora € S, itis clear that << a > (S >=<a >.

Proposition 3.1.2 (i) Let A be an associative algebra. Let T C S C A be such that
[x,yle Sforallx,y € Sand also [x,y] € T forallx,y € T. Let u € S be in the
normalizer of T in S in the sense that [T,u] C< T >. Then

<T>uCu<T>+<T>.

(ii) Suppose that T and S are as in (i). Suppose further that < T > is nilpotent and
< T >#< S >. Then there is an element u € S— < T > such that [t,u] e< T >
forallt € T.

Proof (i) Any element of < T > is a linear combination of monomials in 7. Thus,
it is sufficient to show that 1z, - - - t,u = uv + w, where v, w €< T >. We prove it
by the induction on r. Now, tju = ut; + [t1, u]. Since [t;, u] €< T >, the result
is true for r = 1. Assume the result for . Consider ##, - - - f,+ u. By the induction
hypothesis,

btz -ty = uw + v,

where w, v e< T >. Thus,
ity -ty = huw + HY = utyw + [, uJw + tyv.

Clearly, t;w, [t1, u], and #;v belong to < T >. The result follows for » + 1.

(ii) Since < T >#< § >, there is an element wy in S— < T >. If [#, wy] €<
T > forallt € T, then we can take u to be wy. If not, then there is 7y € T such that
w; = [f, we] belongs to S— < T >. If [#, w;] belongs to < T > forall ¢t in T,
then we can take u to be wj. If not, then there is a #; in T such that w, = [¢1, wq]
belongs to S— < T >. If not, proceed. We claim that this process terminates after
finitely many steps giving us an element u with the required property. Suppose that
the process does not terminate. Then we arrive at a sequence ty, tp, ..., ty, t41, « - -
in 7 and a sequence wy, Wi, ..., Wy, W,y - -- of elements in S— < T >, where



3.1 Theorems of Ado and Iwasawa 129

w, = [t,—1, w,—1] for all r. Clearly, for each r, w, is a linear combination of
monomials T | J{wo}. Since < T > is nilpotent, there is a natural number m such
that < T >" = {0}. Now, as observed, w,,, is a linear combination of monomials

of the form wuus - - - u,wov v - - - vy such that p +q = 2m — 1. It turns out that
p > m or g > m. Thus, wy,, = 0. This means that w,,, €< T >, a contradiction
to the supposition that w, € S— < T > for all r. it

Let B and C be subalgebras of an associative algebra A over a field F. Let BC
denote the subspace generated by the set {bc | b € B and ¢ € C}. A subalgebra B of
A is called a nilpotent subalgebra if there is a natural number n such that B” = {0}
orequivalently, b1 b, - - - b, = Oforall n-tuple (b1, by, - - - , b,) of elements of B.If B
and C are nilpotent ideals of A, then B + C is also a nilpotent ideal. As such, every
finite-dimensional associative algebra has the largest nilpotent ideal. The largest
nilpotent ideal is called the radical of A and it is denoted by R(A).

Proposition 3.1.3 Let V be a finite-dimensional vector space over a field F. Let S
be a subset of gl(V) = End(V) such that [p,n] = pn — np belongs to S for all
p,n € S. Suppose that each p in S is nilpotent in the sense that p" = 0 for some
n. Then the associative subalgebra < S > of gl(V) generated by S is nilpotent. In
particular, if S is a Lie subalgebra of gl(V) consisting of nilpotent endomorphisms
of V, then < S > is nilpotent.

Proof The proof is by the induction on DimV. If DimV = 0, then V = {0}
and there is nothing to do. Assume that the result is true for all vector spaces
W with DimW < DimV, DimV > 0.If § = {0}, then there is nothing
to do. Suppose that S #{0}. Let ¥ = {T S S|[p,n] €TV p,neT and <
T > is nilpotent subalgebra ofgl(V)}. Clearly, ¥ # (. Take a Ty € ¥ such
that Dim < Tp > is maximum. We shall show that < Tp > = < § > and thereby
establish that < § > is nilpotent. Let W denote the subspace of V generated
by the set < Ty > (V) = {px)|pe<Ty>, x e V}. Let p e S —{0}. Take
T =<p>()S.ThenT # {0}and < T > =< p ># {0}.Since p € S, p is nilpo-
tent. Suppose that o = 0. Then f(p)™ = 0 whenever f(x) is a polynomial with-
out a nonzero constant term. This means that < T > is nilpotent. Hence < T >¢ X.
Thus, Ty # {0}, Dim < Ty >> 1,and W # {0}. Suppose that W = V. Then every
member v of V is a linear combination of members of < T, > (V). Expressing each
v; again as a linear combination of members of < Ty > (V), we see that each mem-
ber of V is a linear combination of members of < Ty >2 (V). Iterating the process,
we see that each member of V is a linear combination of members of < Ty >™ (V)
for each m. Since < Ty > is nilpotent, we arrive at the contradiction that V. = {0}.
Thus, {0} Z W # V.

Let U denote the subset {p € S | p(W) € W}of S. Clearly, Ty € U and [p, 5] €
U for all p, n € U. Since the members of S are nilpotent, the members of U induce
nilpotent endomorphisms on W as well as on V/W. Let U denote {olw € gl(W) |
p € U}yand U denote the set {p € gl(V/W), where p(v+ W) = p()+ W, p €
U}. Then U and U consist of nilpotent endomorphisms in gl(W) and gl(V/W),
respectively, and which are closed under [, ]. Since DimW < DimV and also
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Dim(V/W) < DimV,by the induction hypothesis, < U>and < U > are nilpo-
tent subalgebras of gl (W) and gl(V / W), respectively. Thus, there is a natural number
p suchthat pypy -+ p,(x) € Wforall p; € U and all x € V. Also, there is a natural
number g such that nyn, ---n,(y) = Oforalln; € U and y € W. This implies that
P1P2 - Pp+rq = O0onV forall p; € U. Thus, U is a nilpotent subalgebra of gi/(V)
andso U € X.

Now, we show that < Tj > = < § >. Suppose not. Then by Proposition 3.1.2
(ii), there is a p € S— < T > such that [p, n] e< Ty > for all n € Ty. Again by
Proposition 3.1.2(1), x € V and p €< Ty > implies that pn(x) = np(x) + x(x),
where x (x) e< Ty >. Consequently, p(W) € W and so p € U. Already, U € X.
Since p ¢< Ty >, DimU > Dim < Ty >. This is a contradiction. Hence < Ty >
= < § > and we are done. it

Proposition 3.1.4 Let V be a finite-dimensional vector space. Let T € S C gl(V)
such that [p,n] € S for all p,n € S and [p, S] S T for all p € T. Suppose that
every element of T is nilpotent. Then < T > is contained in the radical R(< S >)
of the subalgebra < S > of gl(V).

Proof Clearly, (< T ><S> 4+ <T><S>C(<T><S8S> + <T>).
Also from our earlier propositions < S > (< T >< S > + <T >)C (< T ><
S>+ <T>).Thus,(< T >< S > + < T >)isanideal of < S >. By Proposi-
tion3.1.3, < T > isnilpotent. Hence, there is a natural number m such that (< T ><
S> 4+ <T>"C<T><S8>. Further, (<T ><8>)"C<T>"<S§>.
Thus, we get a natural number / such that (< T >< S > + < T >)' = 0. This
implies that (< T >< § > + < T >)isanilpotent ideal of < S >. Consequently,
(«<T >< 8> + < T >)iscontained in the radical R(< S >) of < § >. In par-
ticular, < T >C R(< § >). it

The Engel theorem follows as an immediate corollary to the above proposition: Let
L be afinite-dimensional Lie algebra which is ad-nilpotent in the sense that there is a
natural number n such that ad (x)" = Oforall x € L. Consider the subset ad(L) =
{ad(x) | x € L} of gl(L). Since [ad(x),ad(y)] = ad([x, y]) belongs to ad(L)
for all x, y € L and also ad(x) is nilpotent for all x € L, it follows from the above
proposition that the associative subalgebra < ad (L) > of gl(L) generated by ad (L)
is nilpotent. Hence, there is a natural number # such that ad (xy)ad (x;) - - - ad(x,) =
0 for all xy, x5, ..., x, € L. This means that L is a nilpotent Lie algebra. it

More generally, we have the following corollary:

Corollary 3.1.5 Let L be a finite-dimensional Lie algebra. Then an ideal N of
L is a nil radical of L if and only if for each x € N, ad(x) is a nilpotent linear
transformation on L and if A is any ideal of L with this property, then A C N. Indeed,
N = ad " (R(< ad(L) >)(Nad(L)) = {x € L | ad(x) € R(< ad(L) >)}.

Proof Suppose that N is the nil radical of L. Let x € N. Then for each y € L,
[x, ¥y] € N.Since N is nilpotent, ad (x)™ ([x, y]) = 0 for some m € N. This means
that ad(x)"*'(y) = 0 for all y € L. Thus, for each x € N, ad(x) is a nilpotent
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linear transformation on L. Further, if A is an ideal of L with the same property, then
ad(y)|a is nilpotent for all y € A. By the theorem of Engel, A is a nilpotent ideal of
L. Since N is nil radical of L, A C N.

Conversely, let N be an ideal of L satisfying the given conditions. Foreachx € N,
ad(x) is nilpotent on L. In particular, ad(x)|y is nilpotent for each x € N. Hence N
is a nilpotent ideal of L. Further, if A is a nilpotent ideal of L, then as above, ad(y)
is nilpotent for each y € A. From the given condition, A € N. This shows that N is
the nil radical of L.

Finally, since R(< ad(L) >) () ad(L) is an ideal of the Lie subalgebra ad(L) of
gl(L), and ad~'(R(< ad(L) >)(\ad(L)) is an ideal of L. Since ad(x) is nilpo-
tent for all x € ad~'(R(< ad(L) >)(\ad(L)),ad ' (R(< ad(L) >)(ad(L)) C
N. Already, ad(N) € R(< ad(L) >)(ad(L). Hence N C ad " (R(< ad(L) >
)MNad(L)). g

Next, we discuss the structure of a Lie subalgebra L of g/(V) for which the
associative subalgebra < L > of g/(V) generated by L is a semi-simple associative
subalgebra. Here, V is a finite-dimensional vector space over a field of characteristic
0. The following basic fact from linear algebra will be used.

Proposition 3.1.6 A linear transformation p on a finite-dimensional vector space V
of dimension n over afield F of characteristic 0 is nilpotent ifand only if Tr (p*) = 0
forallk € N.

Proof Suppose that p is nilpotent. Then all the eigenvalues of p and also of p*, k € N
are 0. Consequently Tr(p*) = Oforallk € N.Conversely, suppose that Tr(o*) = 0

forall p € N.Let Ay, Ay, - - - , A, be n eigenvalues of p in the algebraic closure F of
F.Then0 = Tr(p*) = YI, Af for all k € N. Using Newton’s identity relating
Z?:, Af and the elementary symmetric polynomials in Ay, Az, -+ - , A,, we obtain

that all the coefficients of the characteristic polynomial of p are 0. Consequently, the
characteristic polynomial of p is x". By the Cayley Hamilton theorem, p" = 0. f

Corollary 3.1.7 Let p € gl(V), where V is as above. Suppose that p =
Z?zl[ui, vil, mi,vi € gl(V) such that [p, ;] = 0foralli. Then p is nilpotent.

Proof Since [p, u;] = 0, pu; = wip and p"u; = p;p™ for each m € N. Now,
foreachm € N,

r r
pm = p" o =Y p" vl = )" (i — vigi)
i=1 i=1
r r
= > wip" v = p" i =Y e o™ il
i=l i=1

Consequently, Tr(p™) = 0 for each m € N. It follows from the above proposition
that p is nilpotent. f
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Theorem 3.1.8 Let L be a Lie subalgebra of gl(V), where V is a finite-dimensional
vector space over a field F of characteristic 0. Suppose that the associative sub-
algebra < L > of gl(V) generated by L is semi-simple associative subalgebra of
gl(V). Then there is a semi-simple Lie ideal L of the Lie algebra L such that
L =L ®Z(WL).

Proof We first show that the radical R(L) of the Lie algebra L is the center Z(L) of
L. Suppose not. Then R;(L) = [L, R(L)] is a nonzero solvable ideal of L. Hence,
there is anatural numberm > 1suchthat R; (L)"~! # {0}and R, (L)" = {0}, where
R (L)" denotes the rth term of the derived series of R, (L). Consider [L, R, (L)"'].
Letp € [L, R{(L)" '].Thenp = Z;zl[ui, v;], where i; € R{(L)" 'andv; € L.
Clearly [p, ;] = 0 for all i. By the previous corollary, p is a nilpotent linear
transformation. This shows that every element of [L, R, (L)"']is a nilpotent trans-
formation. By Proposition 3.1.4, [L, R; (L)™' is contained in the radical of the
associative subalgebra < L > of g/(V). Since < L > is assumed to be semi-simple
associative subalgebra, [L, R;(L)"~'] = {0}. Consequently R;(L)"~! C Z(L).
Further, since Ry (L)"~! C [L, R(L)], every element p of R;(L)"~! is expressible
as p = Z::l[,u,-, v;], where [p, ui] = 0 (R (L)"~' € Z(L)). Again using the
above argument, we obtain that R, (L)"~! = {0}. This is a contradiction. Hence
Ri(L) = [L,R(L)] = 0. Consequently R(L) € Z(L). Already by the defini-
tion of R(L), Z(L) € R(L). This shows that R(L) = Z(L). A similar argument
implies that R(L) (\[L, L] = {0}. Thus, we can find a vector subspace L; of L
such that L is the vector space direct sum R(L) & L and L; D [L, L]. Evidently,
since L; D [L, L]), L; is an ideal. Finally, L; = L/R(L) is semi-simple (the fact
L = L, ® Z(L) follows from Theorem 1.5.16 also). it

Corollary 3.1.9 Let L be a center-less Lie subalgebra of gl(V), V is a finite-
dimensional vector space over a field of characteristic 0. Suppose that < L > is
a semi-simple associative subalgebra. Then L is semi-simple. it

Corollary 3.1.10 Let L be a solvable Lie subalgebra of gl(V'), where V is a finite-
dimensional vector space over a field F of characteristic 0. Suppose that < L > is
semi-simple associative algebra. Then L is abelian Lie algebra. More generally, if
R(< L >) isthe radical of the associative algebra < L >, then < L > /R(< L >)
is a commutative associative algebra.

Proof Applying the above theorem, we observe that L; in this case is solvable
semi-simple Lie algebra. Consequently, L; = {0}. This means that L = Z(L)
is abelian Lie algebra. Evidently, < L > is commutative associative algebra. More
generally, consider R(< L >) the radical of the associative algebra < L >. Treating
R(< L >) as a Lie subalgebra of < L >, we see that R(< L >) is an ideal of the
Lie algebra < L >. It follows that Lie algebra (L + R(< L >))/R(< L >), being
homomorphic image of L, is solvable. Evidently, the associative subalgebra < L +
R(< L >) > /R(< L >)is semi-simple. Consequently, as a Lie algebra (L + R(<
L >))/R(< L >) is abelian. Hence, as an associative algebra < L > /R(< L >
) &< (L + R(L))/R(L) > is commutative associative algebra. it
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Corollary 3.1.11 Let L bea Lie subalgebra of gl(V), where V is a finite-dimensional
vector space over a field of characteristic 0. Then L () R(< L >) = R(L)o, where
R(L)y = {p € R(L) | p is nilpotent}. Further, [R(L), L] € R(< L >).

Proof Since R(< L >) is nilpotent associative subalgebra, it is nilpotent consid-
ered as Lie algebra (check it). This implies that L () R(< L >) € R(L). Also, since
the elements of R(< L >) are nilpotent, L [ R(< L >) is contained in the set
R(L) of nilpotent elements of R(L). Consider < R(L) >. By the above corollary,
< R(L) > /R(< R(L) >) is a commutative associative algebra. Now, any nilpo-
tent element in a commutative associative algebra generates an ideal which is nilpo-
tent. Consequently, every nilpotent element of a commutative associative algebra is
contained in the radical of the algebra. Since < R(L) > /R(< R(L) >) is semi-
simple associative algebra, it has no nonzero nilpotent element. Thus, R(< R(L) >)
consists of nilpotent elements of < R(L) > and hence R(< R(L) >)(R(L) is
a subspace of L. Now, consider (L + R(< L >))/R(< L >). Clearly, the associa-
tive algebra generated by (L + R(< L >))/R(< L >)is< L > /R(< L >) which
is semi-simple. From Theorem 3.1.8, it follows that the radical of the Lie algebra
(L4 R(< L >))/R(< L >) is contained in its center. Further, since (R(L) + R(<
L >))/R(< L >) is a solvable ideal of (L + R(< L >))/R(< L >), it follows
that [(R(L) + R(< L >))/R(< L >),L+ R(< L >))/R(< L >)] = {0}. Con-
sequently, [R(L), L] € R(< L >).Inturn, [R(L), L] S L[\ R(< L >) € R(L)o.
Thus, [R(L)g, L] € R(L)oand so R(L)y is anideal. Since the elements of R(L), are
nilpotent, it follows from Proposition 3.1.4 that R(L)o € R(< L >). This shows that
R(L)o € L R(< L >). Thus, R(L)y = L[\ R(< L >). The rest is also clear.
f

Corollary 3.1.12 Let L be a Lie subalgebra of gl(V), where V is a finite-dimensional
vector space over a field of characteristic 0. Suppose that V is completely reducible
in the sense that for every L-invariant subspace U of V, there is an L-invariant
subspace W of V such that V.= U @& W. Then < L > and also < L|J{1} > are
semi-simple associative algebras. Further, L = L| & Z(L), where L1 is a semi-
simple ideal of L and the elements of Z (L) are semi-simple elements.

Proof 1t is evident that a subspace of V is L-invariant if and only if it is <
L > (< L|J{1} >)-invariant. Consequently, V is a completely reducible < L >
(< L{UJ{1} >)-module. Since V is finite dimensional over a field of character-
istic 0, V. = ViV, ®---®V,, where each V; is an irreducible < L > (<
L |J{1} >)-submodule. Consider the radical R(< L >) (R(< L|J{1} >))of < L >
(< LU{1} >) and the subspaces R(< L >)V; (R(< L|J{1} >)V;) of V. Evidently,
these are < L > (< L |J{1} >)-subspaces contained in V;. Since R(< L >) (R(<
L J{1} >)) is nilpotent, there is a natural number m such that R(< L >)" = {0}
(R(< L {1} >)™ = {0}). Consequently, R(< L >)V; (R(< LJ{1l} >)Vi)isa
proper < L > (< L|J{1} >)-invariant subspace of V;. Since V; is irreducible, R(<
L >)V; (R(< L Y{1} >)V;)is zero foreachi.Since V. = @Z;:l Vi,R(< L >)V
(R(< L Y{1} >)V)iszero. This means that R(< L >) (R < L|J{1} >)iszeroand
hence < L > (< L[ J{1} >)is semi-simple. From Theorem 3.1.8,L = L, & Z(L),
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where L is a semi-simple Lie algebra. Now, we show that the elements of Z(L)
are semi-simple. Suppose not. Then there is an element p € Z(L) which is not
semi-simple. Consider the subalgebra < {p, 1} > = F[p] of gl(V). Since p is
not semi-simple, there is a nonzero nilpotent element n € F[p]. This means that n
belongs to the center of the subalgebra < L ( J{1} >. Consequently, n < L | J{1} >
is an ideal of < L |J{1} >. Since 7 is nilpotent, n < L [ J{1} > is a nilpotent ideal
of < L J{1} > containing 5. Thus, n < L J{1} > is a nonzero nilpotent ideal of
< L|J{1} >. This is a contradiction, since < L [ J{1} > is semi-simple. it

We use the above discussions to give another proof of Lie’s theorem.

Proposition 3.1.13 Let L be an abelian Lie subalgebra of gl(V), where V is a
finite-dimensional vector space over an algebraically closed field F. Suppose that
V is L-irreducible. Then V is one dimensional.

Proof Let p be a member of L. Let A be an eigenvalue of p and V, the A-
eigensubspace of V. Let n € L. Since pn = np, V, is invariant under 5. Thus,

V, is a nontrivial L-submodule of V. Since V is L-irreducible, V;, = V. Indeed,
every subspace of V is invariant under L. Thus, V is without nonzero proper sub-
spaces. Hence V' is one dimensional. f

Proof of Lies’s Theorem Let L be a solvable Lie subalgebra of g/(V), where V is
a finite-dimensional vector space over an algebraically closed field of characteristic
0. Let

V=Wa2Vi2oV2.---2V, = {0}

be an L-composition series of V. For each p € L and for each i, we have the induced
linear transformation p; on V;/V;;; given by p;(x + Vi) = p(x) + V4. Let
f denote {p; | pE L}. Clearly, p = Di is a surjective homomorphism from L to
the Lie algebra Li. Consequently, L; is solvable. Clearly, Vi/V;41 is an irreducible

-—subspace It follows from Corollary 3.1.12 that L; is abelian. From the above

proposition, DimV;/V;y; = 1. Thus, there is a basis {x¢, x1, X2, ..., X1} of V
such that {x;, x; 41, X;42, - . ., X;u—1} 1S a basis of V; for each i. Clearly, the matrix of
each member of L is triangular with respect to this basis. i

Proposition 3.1.14 Let L be a finite-dimensional Lie algebra over a field of char-
acteristic 0. Then [L, R(L)] € N (L), where N (L) denotes the nil radical of L.

Proof Applying Corollary 3.1.11 to ad(L) < gl(L), we obtain that [ad(L), ad
(R(L))] € R(< ad(L) >). Thus, there is a natural number m such that ]_[l’.":1
[ad(x;),ad(y;)] = Oforall xi,x;,...,x,in L and y;, y5,..., y, in R(L). Con-
sequently, ]_[:7;1 ad([x;, y;]) = Oforall x;,x5,...,x, in L and yi, y2, ..., Yy in
R(L). It follows that for all x € L, [[/_, ad([x;, y;1)(x) = 0. This means that
[L, R(L)] is nilpotent. Hence [L, R(L)] & N(L). it

In particular, we get another proof of the already proved fact that [L, L] is nilpotent
for all finite-dimensional solvable Lie algebra L over a field of characteristic 0.
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Corollary 3.1.15 Let L be a finite-dimensional solvable Lie algebra over a field of
characteristic 0. Then d(L) € N (L) for all derivation d on L, where N (L) denotes
the nilpotent radical of L.

Proof Consider the vector space L =1L b F fi , where Fd is the one-dimensional
space generated by d. Define a product [, ] on L by

[(x, ad), (y, Bd)] = ([x,y] + Bd(x) — ad(y),0).

It can be easily checked that L is a Lie algebra with respect to this Lie product.
Further,
[(x,0), v, ad)] = ([x, y] +ad(x),0) € L & {0},

forall x, y € L and o € F. This means that L & {0} is an ideal of L. Since I:/(L ®
{0}) is one dimensional, it is solvable. Hence L is solvable. It follows that [i, i] =
[L,L1® {0} +d(L)® {0} = ([L,L]+d(L)) {0} is nilpotent. This means that
[L, L]+ d(L) is nilpotent. Hence, d(L) € [L, L]+ d(L) € N(L). it

Let p be a representation of a Lie algebra L on V. Consider the universal envelop-
ing algebra (U (L), j) of L. Note that j, is injective linear map which is a Lie
homomorphism from L to U(L); (Corollary 1.2.6). From the universal property
of universal enveloping algebra, we have a unique algebra homomorphism p from
U(L) to gl(V) such that poj, = p. Let A denote the kernel of p. Then voj, is
a Lie algebra homomorphism from L to U(L);, = (U(L)/A).. From Proposition
3.1.1, we have an injective algebra homomorphism i from U (L) to gl(U (L)) Con-
sequently, iovoj, is arepresentation of L on U (L)/A. Evidently, iovojy, is a faithful
representation if and only if A () j.(L) = {0}. Since every associative algebra has
a faithful representation, we obtain the following propositions.

Proposition 3.1.16 A Lie algebra L has a finite-dimensional faithful representation
if and only if there is an ideal A of U (L) of finite co-dimension in U (L) such that
A ju(L) = {0} i

Proposition 3.1.17 Let A be an associative algebra over a field F. Leta € A. Then
the following conditions are equivalent:

(i) The element a is algebraic in the sense that there is a polynomial f(x) € F[x]
such that f(a) = O.

(ii) The subalgebra < a > = F[a] of A generated by {a} is finite dimensional.

Proof ((i) = (ii)) Suppose that a is an algebraic element of A. Let f(x) be the
smallest degree monic polynomial such that f(a) = 0. Suppose thatdegf (x) = m.
The subalgebra of A generated by {a} is Fla] = {¢(a) | ¢(x) € F[x]}. Using
the division algorithm, we see that Fla] = {¢(a)|degd(x) < m}. Clearly,
{1,a,a®, ---,a™ '} is abasis of F[a].

((i1) = (i)) Assume that the dimension of F[a]is m. Then {1, a, a?, --- , a™} is
linearly dependent. Hence, there is a nonzero polynomial f(x) of degree at the most
m such that f(a) = 0. This means that a is algebraic. it
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Proposition 3.1.18 Let L be a finite-dimensional Lie algebra with a basis
{x1,x2, ..., X} Let A be anideal of U(L). Then U(L) = U(L)/A is finite dimen-
sional if and only if ji (x;) = jL(x;) + Ais algebraic in U(L) for each i.

Proof We know that the set {(jz (x1))*" (jL(x2))*2 -+ (jr(xn))* | a; > 0} of stan-
dard monomials in {j; (x;), jL(x2), ..., jo(x,)}isabasisof U (L) (Corollary 1.2.7).
Thus, the set {(j, (x))* (L (x2))%? - - - (jr (xm))* | o; > 0} of standard monomials
in {jp(x1), jo(x2), ..., jr(xm)} generates the algebra U(L). If U(L) is of finite
dimension, then all elements of U (L) are algebraic. In particular, j (x;) are alge-
braic for each i. Conversely, suppose that j; (x;) is algebraic for each i. Suppose that
t; is the smallest natural number such that j; (x;) is a root of a monic polynomial
of degree #;. Evidently, {(j (x))? (i (x2)% - - (L (xm))P" | Bi < t; — 1}isasetof
generators of U (L) as a vector space. Consequently, U (L) is finite dimensional. f

Proposition 3.1.19 Let L be a finite-dimensional Lie algebra with a basis
{x1,x2, ..., xm}. Let A and B be ideals of U (L) such that U(L)/A and U(L)/B are
finite dimensional. Then U (L)/AB is finite dimensional.

Proof 1f j;(x;) + Ais aroot of a polynomial f;(x), then f;(j.(x;)) € A. Similarly,
if j(x;) + B is a root of a polynomial g;(x), then g;(j.(x;)) € B. Consequently,
Si(Gr(x:))gi(jr(x;)) € AB for all i. This shows that f;(j(x;))gi(jr(xi)) + AB is
algebraic in U (L)/AB. The result follows from the earlier proposition. it

Proposition 3.1.20 Ler A be an associative algebra. Let S be a set of generators of
A. Let d be a derivation of A. Suppose that for each x € S, there is a natural number
ny such that d"=(x) = 0. Then for all a € A, there is a natural number n, such that
d"(a) = 0.If S is finite, then d is nilpotent.

Proof Consider the subset B = {x € A|d"™ = 0 for some n, € N}. By our
hypothesis, S € B.If x, y € B, then there are natural numbers n, and n, such that
d“(x) = 0 = d"(y). Take n = max(ny,ny). Then d"(x +y) = 0. Also
d™ (ax) = 0. This shows that B is a subspace of A. Further, by Leibniz theorem

n

d"(xy) = Y "Cd (x)d" ().
r=0

Thus, d"(xy) = 0, wheren = n, + n, — 1. This shows that B is a subalgebra of
A containing S. Consequently B = A.

It further follows from the Leibniz theorem that if d"+ (x) = 0, thend™ (x') = 0
for all + € N. Suppose that S = {xy, xp,---, x,} is finite. Let N = Z;zl ny — L.
Then from the above observation and representations of elements of A in terms of
elements of S, it follows that dV (x) = Oforall x € A. This means that d is nilpotent.

il

Proposition 3.1.21 Let L be a finite-dimensional Lie algebra over a field of charac-
teristic 0. Let A be an ideal of the U (L) such that U(L)/ A is finite dimensional and
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every member of ji (N (L)) is nilpotent modulo A, where (U (L), jr) is the universal
enveloping algebra of L and N (L) is the nil radical of L. Then there is an ideal B
of U(L) such that the following hold:

(i) B C Aand U(L)/B is finite dimensional.

(ii) c?(B) C B for all derivations d of L (refer to Theorem 5.2.3 (3.6): For each
derivation d of L, we have a unique derivation d of U(L) subject to c?ojL =
Jjrod).

(iii) Every element of jp (N (L)) is nilpotent modulo B.

Proof Considertheideal C =< A j.(N(L)) > of U(L) (considered as an asso-
ciative algebra) generated by A |J j.(N(L)). Clearly, C/A is the ideal of the asso-
ciative algebra U (L)/A which is generated by the Lie ideal (j, (N(L)) + A)/A of
(U(L)/A)L. The elements of (j,(N(L)) + A)/A are nilpotent in U(L)/A. From
Proposition 3.1.4, it follows that (j, (N(L)) + A)/A is contained in the radical
R(U(L)/A) of the associative algebra U(L)/A. Hence C/A € R(U(L)/A). Thus,
there is a natural number m such that B = C™ C A. Since U(L)/C is finite dimen-
sional, it follows from Proposition 3.1.19 that U(L)/B is finite dimensional. This
proves (i). From Corollary 3.1.15, it follows that d (U(L)) € jL(N(L)) forall deriva-
tions d of L. This proves (ii). Letx € N(L). Consider j; (x). Clearly, j; (x)" belongs
to A for some r. In turn, j; (x)" belongs to C and so (ji(x))™" belongs to B. This
proves (iii). it

Theorem 3.1.22 Let L be a finite-dimensional Lie algebra over a field of character-
istic 0. Let P be a solvable ideal of L and Q be a Lie subalgebra of L such that L is
the semi-direct product P > Q. Suppose that there is a finite-dimensional represen-
tation n of P on 'V such that n(x) is nilpotent for all x in the nil radical N (P) of P.
Then there is a finite-dimensional representation p of L such that the following hold:
(i) If x € P, then p(x) = 0 only when n(x) = 0. (ii) p(y) is nilpotent whenever
y = z+u, where z € N(P) and u € Q such that ad(u)|p is nilpotent.

Proof ninduces an associative algebra homomorphism 7 from the universal envelop-
ing algebra U (P) of P to gl(V) such that jojp = 7. Since V is finite dimensional,
the kernel A of 7 is of finite co-dimension in U (P). Further, if x € N(P), then
n(x)" = 0 for some n. Thus, jp(x)" € A for each x € N(P) and the hypothesis of
the previous proposition is satisfied with P in place of L. Hence there is an ideal B
of U(P) such that B C A, U(P)/B is finite dimensional, d (B) C B for all deriva-
tion d of P, and every element of jp (N (P)) is nilpotent modulo B. We construct a
representation p of L on U(P)/B which satisfies the required properties stated in
the theorem. We first construct a representation ¢ of L on U(P). For x € P, we put
p(x) = rj,), Where r;j,(x) denotes the right multiplication by jp(x). For y € Q,
put p(y) = adA(y), where adA(y) is the unique derivation on U (P) subject to the
condition adA( y)ojp = ad(y)|p on P.Itcan be easily checked that p defines a repre-
sentation of L on U (P). Since d (B) C B for each derivation d of P, it follows that B
isasubspace of U (P) which is invariant under . In turn, p induces a representation p
of LonU(P)/B.Letx € Psuchthat p(x) = 0.Thenr;,(U(P)) € B. This means
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that jp(x) € B € A.Thus, 7(jp(x)) = 0.Consequently, n(x) = 0.Letz € N(P),
then from the above proposition, jp (z) is nilpotent modulo B. Hence p(z) is nilpotent.
Since N (P) is an ideal of L, it follows that 6(jp(z)) is in the radical R(< p(L) >).
Suppose thaty = z 4 u, wherez € N(P) andu € Q such thatad(u)|p is nilpotent.
We need to show that p(y) is nilpotent. It is sufficient to show that p () is nilpotent,
since p(z) € R(< p(L) >). Already, by the definition, o (u) is a derivation on U (P)
which is ad(u) on U (P) and ad(u)|p is nilpotent. Since < j (P) > = U(P), from
Proposition 3.1.20, it follows that for each a € U (P), there is a natural number n,
such that p(#)"«(v(a)) = 0. Thus, foreacha € U(P)/B, we have a natural number
n, suchthat (o (1) (@))" = 0.Since U (P)/B is finite dimensional, o («) is nilpotent.
Thus, p satisfies the required condition. il

Theorem 3.1.23 (Ado) Every finite-dimensional Lie algebra over a field of charac-
teristic 0 has a faithful finite-dimensional representation.

Proof Suppose that we are able to construct a finite-dimensional representation p
from L to gl (V) such that the restriction p|z.) of p on Z(L) is faithful. Then the rep-
resentation p = o @ ad from L to g/(V @ L) is a finite-dimensional representation
of L such that

Kerp ={xeL|0=p(x) = p(x)Dad(x)} = {xeL|x e Z(L)and p(x) = 0} = {0}.

This means that 0 is a faithful finite-dimensional representation of L.
Thus, it is sufficient to construct a finite-dimensional representation p of L which
is faithful on Z(L). Since Z(L) € N (L), we have an ascending chain

Z(L) = Ni(L) CN(L) C -+ C Nu(L) = N(L)

such that N;(L) is an ideal of N;1;(L) and DimN;(L)/N;(L) = 1 for each i.
Suppose thatthe Dim Z(L) = r.Let W, =< {x1,x2,...,X;, X,41} >beanr + 1-
dimensional vector space over F. Consider the linear transformation n; on W, given
by n1(x;) = Xxi41,i < randn;(x,4+1) = 0.Evidently, n| # Obut n?“ = 0.Clearly,
{m, n?,...n;}isalinearly independent subset of End W;.Let U, denote the subspace
of End W, with basis {n, n%, ...7n1}. Evidently, U; is an abelian Lie subalgebra of
gl (W) which is isomorphic to the Lie subalgebra Z(L) of L. Thus, we get a faithful
finite-dimensional representation p; of Z(L) on Wj. Since N;(L) is nilpotent and
N>(L) = Z(L) > Fuy forsome u, € N»(L), from the previous theorem, we obtain
a finite-dimensional representation p, of N,(L) such that p, is faithful on Z(L).
Proceeding inductively, we obtain a finite-dimensional representation p, of N(L)
such that p|z,) is faithful. Again, we have an ascending chain

N(L) = Ri(L) S Ry (L) S --- S Ry(L) = R(L),

where R;(L) is an ideal of R; (L) and Dim R;;(L)/R;(L) = 1 for each j.
Indeed, N(L) = N(R;(L)) for each j. Starting with p, and using the previous
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theorem again and again, by the induction, we get a finite-dimensional representation
p of R(L) which agrees with p, on N (L) and so it is faithful when restricted to Z(L).
Further, by the Radical splitting theorem due to Levi (Theorem 1.5.16), L = R(L) >
Ly, where L, is a semi-simple Lie algebra. Using the previous theorem, we obtain a
faithful finite-dimensional representation of L. i

Remark 3.1.24 It follows from the proof of the above theorem that we can find a
finite-dimensional faithful representation p of L such that p(x) is nilpotent for all
x € N(L). Consequently, j.(x) € R(< L >) forall x € N(L).

Now, we shall establish the result for Lie algebras over fields of the characteristic p.

Theorem 3.1.25 (Iwasawa) Every finite-dimensional Lie algebra L over a field of
characteristic p # 0 has a faithful finite-dimensional representation.

Before proving the theorem, we establish a few lemmas needed for the purpose.

Lemma 3.1.26 Let A be an associative algebra over a field of characteristic p # 0.
Then ad(a)? = ad(a”") for eachr € N, where ad(a) is the linear transformation
on A given by ad(a)(x) = ax — xa.

Proof The following identity can be easily established by using induction on m:

(ad(@)"(x) = Y (=) "Cix'ax"".

i=0

Putting m = p” and observing that 7' C; is divisible by p for all i # 0, we obtain
the required result. it

Lemma 3.1.27 Let L be a finite-dimensional Lie algebra over a field of characteris-
tic p # 0. Then foreacha € L, thereis a p-polynomial m,(x) € F[x](a polynomial
of the form

apx + opx? + ozg)c‘”2 4+ -+ otm,lx‘”W1 + x7

is termed as a p-polynomial) such that m,(jp(a)) belongs to the center Z(U (L)) of
the universal enveloping associative algebra (U(L), j1) of L.

Proof Let a be a member of L. Let x(x) denote the characteristic polynomial of
ad(a) € gl(L). Then x(ad(a)) = 0. Suppose thatdegx (x) = Dim L = m.For
each i, 0 <i < m, there are polynomials ¢; (x) and r; (x) such that

= g qx) + i),

where degr;(x) < m. Since the space of polynomials of degrees less than m is a
vector space of dimension m, {ro(x), 71 (x), ..., r,(x)}is linearly dependent. Conse-
quently, there exist scalars «g, o1, . . ., &, not all zero such that Z;”:O a;ri(x) = 0.

Let ¢ be the largest such that «; # 0. We may assume that o, = 1. Take
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2 -1 !
ma(x) = aox + a1 x? + apx? + oo 4+ o x? + X7

Then m,(x) = x(x) Z;:O a;q;(x). Thus, m,(x) is a p-polynomial such that
mg(ad(a)) = 0 or equivalently,

(ad(@) + a1@d@)” + axad@)” + - + e 1@d@)’ + (@d@)")(x) = 0
for all x € L. Using the previous lemma, we obtain that
ad(apa + aya” + oa” + -+ + a;_a? +a’) =0
on L. By the P BW theorem, it follows that
leoji(@) + @1ji@” + @ + -+ i@+ @, L] =0

forall x € L. Since j; (L) generates U (L), it follows that m, (j.(a)) € Z(U(L)). 4

Let L be a Lie algebra with an ordered basis B = {x; |i € I}. Then by the
PBW theorem, the set {j (x;)™ jo(x;,)" - jo(x)™ iy <ip <+ <ip,mj >
0} of standard monomials forms a basis of the universal enveloping associa-
tive algebra (U(L), j.) of L. For each m > 0, let U(L)"™ denote the subspace
F+ j (L) +jL(L)2 + -+ jo(L)" of U(L), where jL(L)k is the subspace of
U (L) generated by the set of standard monomials j, (x;, )™ jr (x;,)™ -« jo(x;,)™
with m| +my + --- +m, = k. We have the filtration

v cuow)yc...cuw)y™c...

of U(L). The following proposition follows from the P BW theorem and a clever
use of induction.

Proposition 3.1.28 Suppose that for each x; in an ordered basis B = {x; | i € I} of
L, there is a natural number n; such that j; (x;)" = j.(y;) + jo(z:), where j; (y;) €
UL)"=Y and j.(z;) € Z(U(L)). Then the set {jp(xi,)* jL(xi,)* -+ jo(x;,)*
JL@)P L) @) i <iy < <ip,m; 20,0 <a; < g} oalso
forms a basis of U (L). it

Proof of the Iwasawa theorem. Let {x{, x;, ..., x,} be an ordered basis of L. For
each xy, let m; (x) be the polynomial described in Lemma 3.1.27 such that m (j (x))
belongs to the center Z(U (L)) of U (L). Suppose that the degree of my (x) is p*. Then
Ja)™ = jrn) + ji(z), where j(y) € UL)P™ ' € UL)P™ V. From
the previous proposition, the set {j_ (x1)*' jL(x2)* - -+ jL (X)) j (@) jr(22)P - --
jr(z)P |0 < < p™} forms a basis of U(L). Let C be the ideal of U (L) gen-
erated by the set {j (zx) | 1 <k < n}. Observe that {j, (x1) Jr(x2) -+ jLCon) " |
0 <a; < p™} forms a basis U(L)/C. It also follows that the map x from L to
the Lie algebra (U(L)/C), givenby x(a) = jr(a) + C is an injective Lie algebra
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homomorphism. As such, it is a faithful finite-dimensional representation of L. §We
obtain the following corollary.

Corollary 3.1.29 Every finite-dimensional Lie algebra over a field F is isomorphic
to a Lie subalgebra of gl(n, F) for some n. it

Remark 3.1.30 There is no connection between the structure of a Lie algebra over
a field of characteristic p # 0 and the complete reducibility of its representations.
Indeed, every finite-dimensional Lie algebra over a field of characteristic p # 0 has
a faithful finite-dimensional completely reducible representation and also it has a
faithful finite-dimensional representation which is not completely reducible.

Exercises

3.1.1. Show that every finite-dimensional Lie algebra over a field F' is isomorphic
to a Lie subalgebra of sl(n, F) for some n.

3.1.2. Let p be a faithful finite-dimensional representation on V of a finite-
dimensional Lie algebra L over a field of characteristic 0. Consider the ten-
sor power representation ®” p of L on ® V. Let A, denote the kernel of the
induced associative algebra homomorphism U (®" p) from U (L) to gl(®" V).
Show that (2, A, = {0}.

3.1.3. Show that any finite-dimensional Lie algebra over a field of characteristic
p # 0has an indecomposable finite-dimensional representation of arbitrarily
high degree.

3.1.4. Let L be a Lie algebra over a field of characteristic p # 0 with an ordered
basis {x1, x2, ..., xu}. Let jp(zx) = myi(jL(xx)) be a member of Z(U (L))
as described in the proof of the Iwasawa theorem. Let A denote the ideal of
U (L) generated by the set {jL(zl)z, J(z2)y ooy jo(ze)s - ooy jr(zm)}. Show
that U(L)/A is not a semi-simple L-module. Deduce that every finite-
dimensional Lie algebra over a field of characteristic p % 0 has a faithful
finite-dimensional representation which is not completely reducible.

3.2 Cyclic Modules and Weights

This is a small section in which we shall be concerned with cyclic modules over
semi-simple Lie algebras. All Lie algebras are assumed to be over the complex field
C (or over any algebraically closed field of characteristic 0).

Let L be a semi-simple Lie algebra. Let V (not necessarily finite dimensional) be
an L-module. Let H be a Cartan subalgebra of L. Let A be a member of the dual space
H*of H. LetVy, = {veV |h-v = A(h)vVYh € H}. V, may be {0}. If V, # {0},
then it is called a weight space of the L-module V and A is called the corresponding
weight. If we consider L as an L-module through the adjoint action, then the weight
spaces are precisely the root spaces L, and weights are precisely roots o € ®.If V' is
a finite-dimensional vector space, then it is the direct sum @ ) _, _,;. Vi of its weight
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spaces. However, if V is infinite dimensional, then it need not be sum of its weight
spaces (Example 3.2.4).

Proposition 3.2.1 Let V be a simple L-module with a weight space. Then V is the
direct sum of its weight spaces.

Proof Let W be the sum of its weight spaces. Under the hypothesis, W # {0}.
Clearly, h(W) € W for all h € H. Let x € L,, where o € ®. Let V, be a weight
space. Let ve V. Then h- (x -v) = x-(h-v) + [h,x]-v = Ah)x-v +
a(h)x -v = (A + a)(h)x - v.This shows thatx - vbelongsto V, ., € W.Since W is
the sum of weight spacesand L = H @ (® ) _, .4 La), it follows that W is anonzero
L-submodule. Since V is simple, W = V.Further, since V; [ Z;LGH*—{A} V, = {0}
for all A € H*, it follows that V is the direct sum of its weight spaces. it

Proposition 3.2.2 Let V be a simple L-module and H a Cartan subalgebra of L.
Then the following conditions are equivalent:

(i) V has a weight space (nonzero).
(ii) U(H)v is finite dimensional for allv € V.
(iii) < {1, jg(h)} > v is finite dimensional for all v €V and h € H, where <
{1, ju(h)} > is the subalgebra of U (H) generated by {1, jy (h)}.

Proof ((i) = (ii)). Assume (i). It follows from the previous proposition that V is
the direct sum of its weight spaces. As such, it is sufficient to show that U (H)v is
finite dimensional whenever v € V; for some A. Evidently, U(H)v C< {A(h)(v) |
h € H} >. Since H is finite dimensional, U (H)v is finite dimensional.

((ii) = (iii)) is evident.

((iii) = (i)). Assume (iii). Then the subspace Zle <A{l, jg(hi)} > v is a
nonzero finite-dimensional H-module, where {%1, h», - - - , h;} is abasis of H. Hence
it has a nonzero weight space. i

Let H be a Cartan subalgebra of L and & be the root system associated with H.
Let A be a basis of ®. Let V be an L-module. A nonzero vector v € V, is called a
maximal vector (with weight 1) of the L-module V relative to A if foreach @ € A,
Ly-vt = {0}and & -vT = A(h)v'. Equivalently, v* is a maximal vector of V
of weight A if j;(Ly)vt = 0and jr(h)vt = A(h)vt foralla € Aand h € H.
Thus, if L is a simple Lie algebra and o™ is a maximal root of & relative to A, then
any nonzero member of the root space L+ is a maximal vector of the L-module L.
Evidently, in this case all maximal vectors are of this type.

Proposition 3.2.3 Every finite-dimensional L-module has a maximal vector.

Proof Let V be a finite-dimensional L-module. Then V is also a finite-dimensional
B(A)-module, where B(A) = H @® (@) _,., La) is the standard Borel subalgebra
related to the basis A of ®. Since B(A) is solvable, by the theorem of Lie, there is a
common eigenvector vt € V of members of B(A). We show that v™ is a maximal
vector. We have a A € H* such that hvt = A(h)v™ for all h € H. Suppose that
Xy € Ly, a > 0. Then there is a u(a) € F such that x,vt = p(a)vt. Now,
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pe)r(vt = hp()v™ = h(xv?) = [h, x Jv" + x(RvT)

a(h)xgvT + A(W)xvt = () + o) pu(a)vt.

Since vT # 0, (A(h) + a(h))u(a) = A(h)u(a) forall @ > 0 and h € H. Again,
since @ > 0, u(a) = Oforall « > 0. This shows that x,v™ = Oforalla > 0. f

However, the following example asserts that if V is an infinite-dimensional L-
module, then it need not have any nonzero weight space and so it has no maximal
vector.

Example 3.2.4 Take L to be s/(2, C) with standard basis {x, y, h}, where x =
enn, y = eypandh = ej; — exn. Since jp (x) is non-nilpotent and U (L) is without
zero divisors, 1 — j; (x) is non-invertible in U (L). Consequently, by Krull’s theorem
(note that U (L) is with identity), there is a maximal left ideal I of U (L) which
contains 1 — j (x).Consider the simple U (L) (and soalso L)-module V = U (L)/I.
Using induction on r and s, we can easily establish that

(= jr(x)) jo(h)’ =0(modlI)
whenever s < r and
(I = jr(x) jo(h)" =r12" (modl).

Consider the set X = {j.(h)"™ | m > 0}. Suppose that th‘:o ai(jp(h)y" +1) =
I, mi <my <--- <my. It follows from the above identities that (1 — ji (x))™
Qi aiju(h)™) e I whereas (1 — j, (x))™ jo(h)™ ¢ I. Thus, a;, = 0. Proceed-
ing inductively, we see thata; = O for alli. This shows that X is linearly independent
and hence V is infinite dimensional. Further, since V is simple (for / is maximal left
ideal) and U (L)#h is infinite dimensional, it follows from Proposition 3.2.2 that V
has no nonzero weight space and so it has no maximal vector also.

In what follows, L is a semi-simple Lie algebra, H is a Cartan subalgebra of
L, @ is the root system associated with H, and A is a given basis of ®. Let v*
be a maximal vector with weight A in an L-module V. Since L-submodules of V
are precisely U (L)-submodules of V (x - v = j;(x) - v), the L-submodules of V
generated by v* are precisely U (L)v*.

Definition 3.2.5 An L-module V is said to be a Standard Cyclic Module of weight
Aif V = U(L)v™", where v is a maximal vector with weight A.

Thus, sI1(2,C) = U(sl(2, C))ey, is a standard cyclic s/(2, C)-module with e,
as a maximal vector with weight A, where A(h) = 2.

Theorem 3.2.6 Let V. = U(L)v*" be a standard cyclic L-module with maximal
vector v and weight A. Let ®T denote the set {B1, B2, - - - , B} of positive roots of
® relative to the base A = {ay, o, - - , ;). Then the following hold:

(i) V is generated as a vector space by the set
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(LG )™ GLp)™ - Grp )™ vt [ m; e N{_{0}).

Further, V. = @ Zﬂﬂ V.. is the direct sum of its weight spaces. The weights of

V' are nonzero members of the type A — Z§=1 a;a;, a; > 0. In particular, A is the
highest weight of V. = U(L)v™.

(ii) For each u € H*, V, is finite dimensional and DimV, = 1.

(iii) 'V is indecomposable with a unique maximal submodule.

(iv) All nontrivial homomorphic images and nontrivial quotients of V are also stan-
dard cyclic modules with weight .

Proof (i). Using the Cartan decomposition, L = N~ @ B(A), where N~ =
@Dy <0Ly. From the PBW theorem and its consequence, it follows that U(L) =
U(N)U(B(A)). Since v is acommon eigenvector of B(A), U(B(A))vt = Fv™.
Thus, U(L)vt = U(N7)Fv'. Again, using the PBW theorem, we see that
{GLp D™ Grypg))™ - ()™ | mi € N{J{0}} is a basis of U(N ™). This
shows that V is generated as a vector space by the set

(LG )™ GLOp)™ - Grp )™ vt [ m; e N{_{0}).

The rest of the assertions in (i) follows if we observe that y!'yz” - - - yg" - v* has
weight A — >, _, my i, where each By is a nonnegative linear combination of mem-
bers of A.

(ii) Evidently, foreach u = X — Zf’:l a;o;, there are only finitely many vectors
of the type yg' yj” - - 5" - v¥ suchthat A — 37, myfr = w. This means that V,
is finite dimensional and V, = Fu™.

(iii) Suppose that V. = U @ W is the direct sum of L-submodules. We need
to show that v™ € U or vt € W. Suppose not. Then vt = u + w, where u € U,
w € W, and {u, w} is linearly independent. Since v* is a common eigenvector of
B(A), for each x € B(A) — {0}, there is a scalar a, # 0 such that xu + xw =
xvt = a,vt = a,u + a,w. Since {u, w} is linearly independent, xu = a,u and
xw = a,w.Consequently, # and w are both maximal vectors. This is a contradiction,
since Dim V; = 1. This shows that V is indecomposable. Finally, the sum of weight
spaces different from V, is the unique maximal proper submodule.

(iv) It is immediate. it

Corollary 3.2.7 Let V be a standard cyclic simple L-module. If vt and w* are
maximal vectors with weights ) and )\', respectively, then there is a nonzero scalar
a such that wt = avtand A = M.

Proof Since V is simple, U(L)v"™ = V = U(L)w™". From the part (ii) of the
above theorem, A’ < A and A < A’. This means that A = A’. Since DimV, = 1,
there is a nonzero scalar a such that w* = av™. ft

Now, foreach A € H*, we construct and describe the standard cyclic L-modules with
the highest weight A. We also describe the standard cyclic simple L-module with the
highest weight A which is unique up to isomorphism.
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Observe that any standard cyclic L-module U (L)v* of maximal weight A is also
a B(A)-module of which Fv™ is a one-dimensional B(A)-submodule. This prompts
us to construct standard cyclic L-modules as follows.

Let A be a given member of H* — {0}. Treat F' as a vector space over F. Define
the external multiplication - from B(A) x F to F by

(h + Zxa> -a = rh)a,

a>0

a € F.1Itfollows easily that F' is a one-dimensional B(A)-module. In turn, we have
a U (B(A))-module structure on F' given by

jB(A) (h + Zxa) -a = A(h)a,

a>0

a € F.Now, U(L)isa (U(L), U(Ba)) bi-module, since U(B(A)) is a subalgebra
of U(L). This gives us the induced U (L)-module

UL)Qupap F = UL)A®]D) =UL)(1®a),a #0.
Note that 1 ® 1 # 0, since U (L) is a free U (B(A))-module. Further, for « > 0,
JLx)(A®1) = jr(xe)®1 = 1® jpayxe)-1 = 104201 = 1®0 = 0.

Also,
JiMAeD = el = 1AMl = A1 ®1).

This shows that 1 ® 1 (so also 1 ® a, a # 0) is a maximal vector of the U(L)-
module U(L)(1 ® 1) with the highest weight A. Thus, U(L)(1 ® 1) is a standard
cyclic module with the highest weight 1. We denote it by Z(A). The map x from
U(L) to Z(A) defined by x(u) = u ® 1 is easily seen to be a surjective U (L)-
module (so also L-module) homomorphism. The Kery is a proper left ideal of
U (L) generated by the set {j; (xy) | &« > 0} U{jr(h) — A(h)1 | h € H}. We denote
the Kerx by I(})). Thus, the module Z(A) is isomorphic to U(L)/I(A).

Proposition 3.2.8 The module Z(}.) is universal in the sense that for any standard
cyclic L-module V- = U (L)vo with maximal vector vy of the highest weght 1, there
is a unique surjective U (L)-homomorphism r from Z(X) to 'V suchthat (1 ® 1) =
Vo.

Proof Consider the map ¢ from U (L) x F to V given by ¥ (u,a) = auvg, u €
U(L),a € F. Clearly, ¢ is a balanced map and also ¥ (uw,a) = u-y¥(w,a).
Hence v induces a U (L)-homomorphism v from Z(A) = U(L) ®pay F oV
which is given by VYu®a) = auv. Evidently, V(1 ®1) = vy Further, such a
1 is unique, since Z(A) is generated by 1 ® 1 and V is generated by vy. il
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Corollary 3.2.9 An L-module V # {0} is a standard cyclic L-module of weight A
if and only if it is a homomorphic image of Z().).

Proof ItV # {0} and ¢ is an epimorphism from Z (1) to V, then it is easily observed
that ¢ (1 ® 1) is a maximal vector of weight A which generates V. it

Theorem 3.2.10 For each A € H* — {0}, there is a unique (up to isomorphism)
standard cyclic simple module of the highest weight A.

Proof Z()) ~ U(L)/I(}), where I(A) is a proper left ideal of U (L) as described
before. By Krull’s theorem, 7 (1) is contained in a maximal left ideal M (1) of U (L).
Clearly, V(A) = U(L)/M(}) is a simple U (L)-module which is a homomorphic
image of Z(A). From the previous corollary, V (1) is a simple standard cyclic module
of the highest weight A.

Next, we show that any two standard cyclic simple modules of the highest weight
A are isomorphic. Let V and W be two standard cyclic simple modules of the highest
weight A. Consider the L-module P = V @ W.Letv" be amaximal vector of V and
w™ be that of W. The vector x™ = (v, w") of V & W is also a maximal vector
with weight 1. Let Q be the L-submodule of P generated by x*. The projection
maps p; and p, restricted to Q are surjective homomorphisms from Q to V and
from Q to W, respectively. Now, Kerp, = V x {0}() Q is an L-submodule of
V x {0}. Since V is simple, V x {0} () Q is V x {0} or it is {(0, 0)}. Suppose that
V x {0} QisV x {0}. Then (vt,0) = a(v*t, wt). This leads to a contradiction.
Thus, p; is injective. Similarly, p; is injective. This means that W ~ Q =~ V. This
shows that V and W are isomorphic. il

A natural question, now, is to look at those A € H* — {0} for which the simple
standard cyclic module V (1) is finite dimensional and then to find the weight spaces
with their multiplicities.

Let V be a finite-dimensional simple L-module. Then V has a maximal vector
and any two maximal vectors have the same weight A (say). Indeed, then, V is the
standard cyclic simple L-module V(1) as described above. Let @ € A be a simple
root and S, the Lie subalgebra of L generated by {x,, y,}. Then S, is a simple Lie
algebra isomorphic to s/ (2, F). Evidently, V is also a S,-module and has a maximal
vector with maximal weight A. Consequently (cf. Theorem 1.4.28), we have the
following proposition:

Proposition 3.2.11 Let V = V(L) be a simple L-module. Let |1 be a weight of V
and @ € A be a root. Then u(hy) = < U, o > is an integer. it

Thus, the weights appearing in a finite-dimensional simple L-module can also be
treated as abstract weights discussed in Sect. 2.4, and the results in that section can be
used in this situation also. The set of weights of an L-module V is denoted by I'(V),
and the lattice generated by I'(V) is denoted by A (V). Weights in this situation
are also termed as integrals. A member A € H* such that A(h,) = <A, a € Z
for each o € @ is called an integral. Thus, weights are integrals. Further, the set
A iy Of all integrals forms a lattice generated by the set {A{, A3, ..., A;} (dual to the
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basis {a} = M— o) = 22— ... o) = 2%} of H*) of fundamental
weights (integrals). A dominant weight is also called a dominant integral. The set
of dominant integrals in V is denoted by AT (V). A(V (X)) is also denoted by A (A)
and AT(V (X)) by At()L). We have already seen (see Sect.2.4, theory of weights in

Euclidean spaces) that

Auniu 2 Arv
where A, is the lattice generated by the root system ®. The fundamental group
Ayniv/ A, 18 a finite group whose order is the determinant of the Cartan matrix.
Further, let V be an L-module, then since < p, @ > is an integer for each u € I'(V),
it follows that A(V) C A,,;,. If in addition V is a faithful L-module, then for each
a € @, L,V # {0}. Hence, there is a i € I'(V) such that L, V), # {0}. This means
that u + @ € T'(V). In turn, « € A(V). Thus, if V is a faithful L-module, then

A, € A(V).

Forexample,if L = sI(2, F)with® = {o, —«a},then A, = Z«a, whereas A,,,;, =
7y = 1§.

Lemma 3.2.12 Let L be a semi-simple Lie algebra, H a Cartan subalgebra of L,
® the corresponding root system, and A = {ay, ay, ..., o} a basis of ®. Then in
the universal enveloping algebra U (L), the following identities are satisfied for all
i,j;1<i,j<landk > 0:
(i) [je(Xe,)s j(e) ™1 = 0, i # j,
(ii) jr(ha)s jo(a) ™ = —(k + Daj(ha,) jr(ye)) ', and
(iii) [je(a)s joGa) ] = =k + D j(ua) k-1 — ji(ha,)), where 1 repre-
sents the identity of U(L) and [u, v] = uv —vu, u,v € U(L).

Proof Let us first recall that j; is injective Lie algebra homomorphism from L to
U(L)L. The proof in each case is by the induction on k.

(i) For k =0, [jL(xat,-)» jL(yot,v)] = jL([-th,-v ya‘/]) = 0 for i # j. Assume the
identity for k. Then [ (x4,), jL(yaj)k“] = 0. Now,

Lz (%) jr (e )21 =
Uiz (o) J Ga ) 1L Gay) + e G L (Ka,)s i (Ye)] = 0.

This proves (i).
(ii) Fork =0,

L (he), JL(Ya)l = jr(lhe, Yo, 1) = jr(—aj(he)ye,) = —atj(he)jL(Va,)-
Assume the identity for k. Then

Ui (ha)s jr(e)) ™ = —(k + Dot (ha,) jr (e
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Now, as in (i),
Uiz (hey). L (a2 =
Uiz (he) s L Ga)) L Gay) + 0 Ga)) T L (hey) s L ()] =
—(k 4+ Datj(hay) jr (o)) — o (he) jr (a2 = =k + 2)erj (he,) jr (e, ) T2

This proves (ii).
(iii) Fork =0,

LiL )y L Ga)] = jL(Xaps Yo ) = jrlhe) = =0+ Djr(3e)’ 01 = jr(hay)).

Thus, the identity holds for £ = 0. Assume the result for k. Then

Ui (a)s JLGe) ™ = =k + D jr(ye) k- 1 = jr(ha,)).
As before,

[ (Xa)s jr 0e) T2 =

L Gea)s G2 Oa) T Oey) + 2 O T L (ay)s 2 D)) =
—(k 4+ 1) jir ) k-1 = jir(ha))jr V) + JrGe) T jin(he,) =
—(k 4+ 2)jr ) T K+ 1) -1 — jr(he)).

This proves (iii). f

The set of weights of an L-module V' is denoted by I'(V). For a dominant integral
A € HT, we have L-module V (A). I'(V (L)) is also denoted by I"(A).

Theorem 3.2.13 Let L be a finite-dimensional semi-simple Lie algebra and H a

Cartan subalgebra of L. Let ® be the associated root systemand A = {ay, oo, ..., o}
a basis of ®. Let A € H* be a dominant integral. Then the L-module V (1) is finite

dimensional and the Weyl group W (®) permutes the set I'(A) of weights of V (A).

Further, Dim V, = Dim Vg, forallo € W(®) and i € T'(}).

Proof V (A) has a nonzero weight space V (1), which is of dimension 1. By Propo-
sition 3.2.1, V(X) is the direct sum of its weight spaces. Since all weight spaces
are finite dimensional, to show that V(A) is finite dimensional, it is sufficient
to show that the set I'(L) of weights of V(1) is finite. Further, it follows from
the discussions in Sect.2.4 of Chap.2 that for any dominant integral u, the set
{v|vis dominant integral with v < u} is finite. Again, since o(u) < ©
for all 0 € W(®), it is sufficient to show that W(®) permutes I'(1) and also
DimV (M) = DimV (L),. Now, we proceed to prove this in the following four
steps. Let v be a maximal vector. Then for each i, a; = A(hy,) € Z. Since A is a
dominant integral, a; > 0 for all i.

Step 1: j, (yo)“ ™ - vt = 0 for each j: Put w = j;(yo,)“*" - v*. Then by
Lemma 3.2.12 (i), for i # j,



3.2 Cyclic Modules and Weights 149

JrGa) - w = jr(xa)jr(e) vt = [iL(e), jr ()T 10T = 0,

JLGa)jLGa) T 0T = (L), L)) =
—(aj + Djr(ye,)Y (ajvt — )\(ha/.)v*) = 0.

This implies that ji (xy;) - w = 0. Thus, w = 0, for if not, it is a maximal vector
in V(A) with weight A — (a; + Do # A.

Step 2: For each j, V(1) is the direct sum of finite dimensional S,;-modules: Let
Vo denote the sum of all finite-dimensional S, -modules. Let W be the subspace of V
generated by the set {v*, j.(yy,) - v, ..., L (Yo, )% - v7}. It follows from Lemma
3.2.12 that W is a nonzero S,,-module. Thus, Vj is a nonzero S,,-module. If W' is
any finite-dimensional S, -module, then @ ), ¢, Lo W' is also a finite-dimensional
Sy;-module. Thus, Vj is an L-submodule of V' (1). Since V (2) is simple, it follows
that that V) = V(}).

Step 3: For each j, p(xa;) and p(yq,) are locally nilpotent, where p is the rep-
resentation afforded by the L-module structure on V (A): It follows from Step 2 that
every element v € V(1) belongs to a finite-dimensional S,,-module W. Evidently,
p(xq;) and p(ye;) are nilpotent on W.

Final Step: It follows from Step 3 that for each j,

Xj = exp(p(xa;))exp(p(—ya;)exp(p(xq;)) makes sense and it is an automorphism
of V(A).If © € I'(1), then V (1), is finite dimensional, and it is contained in a finite-
dimensional S,;-module. Consequently, x;(V(1),) = V(Ao Since W (D)
is generated by the simple reflections, it follows that W(®) permutes I"(A) and
DimV (Ao = DimV(A),. ot

Remark 3.2.14 Consider V (1), where L € A™. Let u € T'(A) and o € ®. Then
the subspace W = ), ez V(M ugia of V() is a Sy-module. It follows from the
representation theory of s/(2, F) that we have a connected a-string {u + i, —r <
i < g} through u, where r —q = < pu, « >. Thus, u € I'(A) if and only if © < A.
In other words, I" (1) is saturated.

Exercises

3.2.1. Describe the s/(2, C)-module Z(A) and the simple s/(2, C)-module V (),
where A(h) = 4.

3.2.2. Describe maximal vectors and maximal weights of the natural representations
of the Lie algebras si(I + 1, C), sp(2L, C), o2l + 1, C), and also 0(2/, C).

3.2.3. For a fixed m € N, show that the set {A € H* | DimV (A) < m} is finite.
Deduce that the set of isomorphism classes of L-modules of dimensions at
the most m is finite.

3.2.4. Suppose that Z(A) has a maximal vector of weight u. Show that Z(u) is
isomorphic to a submodule of Z(1).
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3.2.5. Let L, H, ®,and A be as usual. Let A, i be members of H*. Describe a basis
of Z(A),.. Conclude that the dimension of Z(1),, is the number of distinct sets
{ae = 0 | @ > 0} of nonnegative integers for whichA —u = Y ,_, aqcx.

3.3 Characters and Harish-Chandra’s Theorem

In group representations, characters play a very important and crucial role. Indeed,
two group representations over algebraically closed fields of characteristic O are
equivalent if and only if their characters are the same (cf. Algebra 2, Corollary
9.3.9). Here, we introduce the notion of characters of representations of semi-simple
Lie algebras, develop its theory, and see as to how far it classifies representations.
Our aim in this section is to establish the theorem of Harish-Chandra.

Let A € A be a dominant integral and u € H*. Consider the L-module V (1).
The DimV (), is termed as the multiplicity m (u) of win V(X). If V(X),, = {0},
then the multiplicity of p is 0. As usual Z(A) denotes the integral group ring on the
group A. Thus, Z(A) consists of the set of all functions r from A to Z which are 0 at
all but finitely many members of A. The addition is coordinate-wise and the product
r-sis given by (r - s)(u) = Zp+7}:u r(p)s(n). Clearly, Z(A) is a commutative
ring with identity. The group A can be identified with a subgroup of the group of
units of Z(A) through the embedding e from A to Z(A) given by e(A)(n) = 0
if w # A and e(A)(A) = 1. e(0) is the identity of Z(A) which is denoted by 1.
Note that the additive group (Z(A), +) is simply the free abelian group on e(A).
Further, any nonzero element r of Z(A) is uniquely determined by a finite subset
J of A together with the set {a, € N | A € J} in the sense that r = ), _, axe(}).
In general, we write an element in Z(A) as Z,\e A @re(A), where it is understood
that it is a finite sum. Evidently, W(®) acts as automorphisms of Z(A). Indeed, if
r=Y,.amel), thenc(r) = ), , are(c(d)).

For each dominant integral A, we have a unique member Chy ;) of Z(A) given
by

Chyoy = Y mi(we().
el ()

This member Chy ;) is called the formal character of V(1). In short, we denote
Chygy by Ch;. Thus,if L = sl(2, F) and A = {o}, where «(h) = 2, then for
any A € AT,

Chy = eA) +e(h—a) + -+ + e(A —ma),

wherem =< A, a >.
Next, by Wey!’s theorem, any finite-dimensional L-module V has a unique decom-
position
V=V&)®Vi)® - ®V() A € AT
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as simple modules. The formal character C/y of V is defined by
Chy = Chy, + Chy, + --- + Chy,.

Since W (®) acts on the weight spaces of simple modules, Ch;_ is invariant under
W (®) foreach A € AT.

Proposition 3.3.1 Letr = ), _, r(A)e(r) be a member of Z(A) such that o (r) =
r for each o € W(®). Then there is a unique finite subset J of A and set {a()) €
N|AxeJ}suchthatr = ) ,_, a(A)Ch,.

Proof 1t follows from the hypothesis that

r=Y re() = Y r) Y e(@@®).

rEA reAT ceW(d)

Let A, denote the set {A € AT | (L) # 0}. Consider the set M(r) = UAEA,{H’ €
A1 | u < A}.Evidently, M (r) is finite (Lemma 2.4.34). The proof is by the induction
on the cardinality | M (r) | of M (r). Suppose that | M (r) | = 1. Then there is only
one dominant weight A appearing in the expression for . Consequently,

r=r@0) Y el@®) = r()Ch;.

oeW(®P)

Thus, the result holds when | M () | = 1. Assume the result for all s € Z(A) sat-
isfying the hypothesis for which | M(s) | < | M(r) |, where r = ), _, r(A)e(A)
which satisfies the hypothesis. Let A € A™ be the largest such that (1) # 0. Then
r'" = r—r(A)Chy issuchthat o (r') = r'foralloc € W(®) and M(r') < M(r).
By the induction hypothesis, there is a unique finite subset J' of A" and the set
{a(uw) e N| u € J'} such that ¥’ = Zuej,a(u)Chu. Clearly,

r= Y a(wCh, + r()Ch;.

neld’

The rest of the assertion is easily observed by using the fact that Z(A) is a free abelian
group on A. it

Corollary 3.3.2 Chy = Chy ifand only if V.~ W. f

Corollary 3.33 Chv@w = Cl’lV + Cl’lW and Cl’lV®W = Cl’lV *Chw, where x
is the convolution product.

Proof The first part is evident. For the second, observe that the weights of V @ W
are of the form A + 1, where A is a weight of V and pu is a weight of W. Clearly, the
multiplicity m(A + pn) of A+ pin V@ Wism(A)m(w). f
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The tensor algebra

T(V) = FoVaVe - ax"'Ve -
of a vector space V, where ®"V = V@V ®:.--® V. The product in T(V) is

obtained by extending linearly the partial product given by

(xil ®xi2®"'®xir)'(yj1 ®yjz®"'®ij) =
X QX @ QX @y, &y, @+ QYj.

Indeed, if V is a finite-dimensional vector space with {ej, es, ..., e,} as a basis,
then 7'(V) is isomorphic to the polynomial algebra over F in non-commuting set
{x1,x2, ..., x,} of variables which is in bijective correspondence with a basis of
V. Further, the symmetric algebra S(V) of V is T(V)/A, where A is the ideal
of T(V) generated by {x ® y — y® x | x, y € V}. Consequently, the symmetric
algebra is isomorphic to the polynomial algebra F[x;, x5, ..., x,] in commuting
{x1, x2, ..., x,} variables. The following lemma will be used in our discussion.

Lemma 3.3.4 Any polynomial in F[x1, X2, ..., X,] is expressible as a linear com-
bination of powers of linear polynomials. Indeed, if f(xy, X2, ..., x,) is of degree
d, then it can be expressed as a linear combination of the set {(a\x| + a»x, + - - - +
anx,) |a; € Z,t < d).

Proof 1tis sufficient to show that each monomial x;' x5’ - - - x/ is a linear combination

of powers of linear polynomials. The proof is by the induction on n. If n = 1, then
there is nothing to do. Assume that the result is true for n. Consider x' x5’ - - - x,"/{. If

i1 = 0, then the result follows by the induction hypothesis. Suppose that i; # 0. By
the induction hypothesis, x?x? -«-x,"f1 is a linear combination of powers of inte-
gral linear polynomials in x3, x3, ..., X,41. It is sufficient, therefore, to show that
xi‘ g(x2, x3, -+ ~x,1+1)f‘ is a linear combination of powers of integral linear combi-
nation of x; and g(x7, x3, ..., Xu+1). Put y; = g(x2, x3, ..., X4+1). Suppose that
i1 + j1 = m.Let W be the space of polynomials in x; and y; of the degree at the
most m. Then the dimension of W is m + 1. Let aj, ay, . . ., a,, be distinct integers
in F (characteristic F' is 0). Consider the (m 4 1) x (m + 1) Vandermonde matrix
A whose first row entries are 1, and the (r+1)th row is (x; + a,y;)". Evidently, A is
non-singular and {Ae;, Aes, ..., Ae,+1} generates W. The result follows, since Ae;
are powers of integral linear polynomials. it

Let L be a semi-simple Lie algebra, H a Cartan subalgebra, and & the associated root
system with A = {oy, as, ..., oq} abasis of ®. It follows from the above lemma that
S(H*) is the linear span of the set {\* | A € A, k € N|J{0}}, where A is the group
of lattices in H* generated by A. Thus, the action of W (®) on H* can be extended to
S(H*) in a natural manner. The subalgebra S(H*)V® = {f e S(H*) |o(f) =
fYoeW(®)}of S(H*) is called the the algebra of W(®)-invariant polynomials
on H.
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Example 3.3.5 ConsiderL = sI(2, F). ThenH =<h >, H* =<«a >,S(H*) =
F[)\], where A = % is the fundamental dominant weight. Since o, (A) = —A, it
follows that S(H*)"(® = F[A?]. More generally, since all A € A are conjugate to
a member of A, it follows that |, _,+ (U~ W(P)(AF)) generates S(H*)V(® as
a vector space. -

Next, consider L. If p € GL(L) and f € S(L), then the map p - f given by (p -
£)x) = f(p~'(x))is amember of S(L). Thus, GL(L) acts on S(L). In particular,
the subgroup G of GL(L) generated by the set {exp(ad(x)) | ad(x) is nilpotent}
also acts on S(L). We denote by S(L)¢ the subalgebra{f € S(L) | p- f = fVp €
G} of S(L) of G-invariant polynomial functions on L. To have examples of G-
invariant polynomial functions on L, start with a simple L-module V (}) affording
a finite-dimensional irreducible representation p of L on V(1) with highest weight
L€ A*. Let z be a member of Nt = @) 4+ Lo Then ad(z) is nilpotent. Put
n = exp(ad(z)). We can easily check that the map p” from L to g/(V (1)) given by

2
pix) = p(n(x)) - p((l +ad() + 252 +> (x))

is a representation which is irreducible. Let vt be a maximal vector for the repre-
sentation p and B € ®T. Since n(xp) is still a member of N*, p"(xg)(vT) = 0.
For each h € H, [z,h] € NT and so p([z, h])(v") = 0. Thus, if h € H, then
p"(h)(w") = p(h + [z, h])(v"T) = A(h)(v"). This shows that v™ is also a maximal
vector for the representation p” with weight A. From Theorem 3.2.10, the represen-
tations p and p" are equivalent. Hence there exists a vector space automorphism y of
V such that x (o (x)(v)) = p"(x)(x(v)) forallx € L and v € V. It follows that the
maps x — Tr(p(x)) and, in turn, x — Tr(p(x)") are polynomial functions which
are invariant under exp(ad(z)) for all r and for all z € N ™. Since any subalgebra
of L consisting of nilpotent elements is conjugate to a subalgebra of N(A) under
Inny(L) (cf. Exercise 2.4.9), it follows that the polynomial function x — T'r(p(x)")
is G-invariant. Such polynomial functions are called Trace Polynomial functions
associated with the representation p.

Our next aim is to discuss the relationship between S(L)¢ and S(H*)W® . Indeed,
they are isomorphic.

Consider the Killing form « on L which is a nondegenerate symmetric form; its
restriction on the Cartan subalgebra H is also nondegenerate. Let {hy, hy, - - , Iy}
be a basis of H. For each @ € @, select a nonzero element x,, of the root space L.
Then {h;, 1 <i <I}U{xs | @ € @} isabasis of L. Let {k, ko, ..., k;} be the basis
of H which is dual to {h, h», - - - , h;} with respect to k| g . Further, for each o« € P,
we have aunique z,, € L_, suchthat« (xy, z,) = 1.Evidently, «(k, z,) = 0forall
h € Handa € ®.Consequently, B = {k; | 1 <i <1} U{zy | @ € D} is a basis of
L whichis dual to the basis {;, 1 <i <1} |{x, | « € ®}of L. Amember f € S(L)
is a polynomial function of B. Further, B can be treated as a basis of L*. As such f|y
can also be viewed as a member of S(H*). Thus, f — f|g defines a map from S(L)
to S(H™). Further, if f € S(L)°, then exp(ad(xy))(f) = f forall a € ®. Since
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oy = explad(xy)exp(—ad(x_y))exp(ad(xy)), it follows that o, (flg) = flu.
This means that f|; € S(H*)"(®. In turn, we obtain an algebra homomorphism x
from S(L)° to S(H*)W® givenby x (f) = flu.

Proposition 3.3.6 (Chevalley) x is an epimorphism.

Proof For each y € S(H*), let Sym(y) denote the sum Zaew@)o(y). Evi-
dently, Sym(y) € S(H*)V® and {Sym(A*) | A € A*, k > 0} is a generating set
of S(H)W® (Lemma 3.3.4). It is sufficient, therefore, to show that Sym(A¥) e
Imagey for each A € A" and k > 0. Note that for each A € AT, the set {u € AT |
w < A} is finite. We prove the result by the induction on | {u € AT | < A} |.
Suppose that | {u € A* | w <A} | = 1. Then (Theorem 3.2.13), each weight of
V(L) is W(®)-conjugate to A and is of multiplicity 1. Thus, the map ¢ defined
by ¢(x) = Tr(p(x)*) is a G-invariant polynomial function on L such that
x() = Sym()»") (here p is the representation afforded by the L-module V (1)).
Assume that Sym (u)* € Imagey whenever u € A+ suchthat| {v € A* | v < u} |
< |{n € AT | n<A}| Let p be the representation associated with the L-module
V(A)and k > 0.Let f be amember of S(L)¢ givenby f(x) = Tr(p(x)").Clearly,

[l = SymG5 + Y mSym(ub).

HEAT u<A

By the induction hypothesis, Sym(u*) € Imagey. Also f|y € S(H*)"(® . Hence
Sym(f) e Imagey. g

Using some basic algebraic geometry, we establish the following theorem:

Theorem 3.3.7 The map x is an isomorphism from S(L)C to S(H*)"(®),

Proof We have already seen that x is an epimorphism. We need to show that it
is a monomorphism. Identify L with the affine space A, (F) = F" with the help
of the basis {ki, k2, ..., ki} U{zo | @ € @} of L as described before, where n =
DimL = [+ | ® |. We have polynomial maps {pi, p2, ..., pn} in S(L) such that
for each x € L, the polynomial

pe(X) = ) pi)X’

i=1

in F[X] is the characteristic polynomial of p(x). The smallest m such that the
polynomial function p,, # Ois called the p-rank of L. Anelementx € L is called p-
regularif p, (x) # 0. Since p (x) and p (x,) have the same characteristic polynomial, x
is p-regular if and only if x; is p-regular. Let R denote the set of p-regular elements
in L~ A,(F). Then R # ¢ and it, being a complement of a zero set of a set of
polynomials, is an open subset of A, (F') with respect to the Zariski topology. Since
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every nonempty open subset in Zariski topology is dense, R is dense. Since any semi-
simple element is contained in a Cartan subalgebra and any two Cartan subalgebras
are conjugate under G, any semi-simple element is G-conjugate to an element of
H.If he H, then C.(h) 2 H and so DimCp(h) > = rankL. By Corollary
2.4.12, there is a semi-simple element % in H such that C;(h) = H. Such an
element is called a regular semi-simple element of L. As observed earlier, p-regular
semi-simple elements exist and they are precisely regular semi-simple elements with
m = rankL = I. Since only a nilpotent element which commutes with a regular
semi-simple element is 0, it follows that R is precisely the set of regular semi-simple
elements. Consequently, R € H. Now, if f € S(L)¢ and x(f) = flg = 0, then
f(R) = {0}. Since R isdense, f = 0. This proves that x is injective. it

Corollary 3.3.8 S(L)C is generated by the set of trace polynomials.

Proof Indeed, the proof of Proposition 3.3.6 asserts that x restricted to the subalgebra
of S(L)Y generated by trace polynomials is surjective. The result is immediate.

Universal Casimir Element

Recall (Definition 1.4.15) the concept of the Casimir element ¢, of a faithful
representation p of a semi-simple Lie algebra L on a vector space V relative
to a basis of L. Consider the adjoint representation ad of L. Since L is semi-
simple, ad is faithful. The Casimir element c,; of ad with respect to the basis
{hi |1 <i <} U{xq | @ € @} is given by

1
Car = Y_ad(hjad(k) + Y ad(xs)ad(zy),

i=1 aed

where {k; | 1 <i <1} U{zo | @ € @} is the dual basis of {h; | 1 <i <1} U{xe |
a € &} as described earlier. From the universal property of universal enveloping
algebra, we have a unique associative algebra homomorphism ad from U(L) to
gl(L) such that adoj;, = ad. The element

!
Cuniv = Y JLh)jk) + Y ju(te) jr(za)
i=1

aed

of U (L) will be termed as the Universal Casimir element of L. Evidently, ad(Cuniv) =
Cad-

The following lemma, which is essentially Exercise 1.4.7, will be used to relate
P (cuniv) With ¢, where p is a faithful representation of L on V, and p is the unique
homomorphism from U (L) to gl(V) such that poj, = p.

Lemma 3.3.9 Let f and g be two nondegenerate symmetric and associative bi-
linear forms on a simple Lie algebra L. Then there is a nonzero scalar a such that
f = ag. Consequently, every nondegenerate symmetric and associative bi-linear
form on a simple Lie algebra is ax for some a # 0.
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Proof We have two vector space isomorphisms x; and x, from L to L* given
by x;(»)(x) = f(x,y) and x,(y)(x) = g(x,y). Recall that L* is also an L-
module with respect to the product - given by (x - n)(y) = —n([x, y]), n € L*.
Using the associativity of f and g, we can easily verify that x r and x, are module
isomorphisms. Consequently, x s x, !'is an automorphism of L. Since L is simple,
XfXg ! is the multiplication by a nonzero scalar a. Hence ¥ r = ayg for some
nonzero scalar a. The rest is evident. it

Corollary 3.3.10 Let L be a simple Lie algebra and p a nontrivial representation
of L on V. Then p is faithful and p(c,,iv) = ac, for some nonzero scalar a.

Proof Since L is simple, p is an injective Lie homomorphism from L to g/(V).
Thus, p is faithful. It follows from the above lemma that the Killing form « = af,
for some nonzero scalar a. Consequently, p(cy,iy) = ac,. it

More generally, if L is semi-simple Lie algebra, then we have distinct simple ideals
Li,Ly,---,L,of Lsuchthat L = L@ L, ®---® L, and«(L;, L;) = {0} for
alli # j. Further, x|, = «; is the Killing form of L,. For each 7, let B; and C; be
bases of L; which are dual to each other with respect to «;. Then B = | J;_, B; and
C = |J'_, C; are the bases of L which are dual to each other with respect to «.
Consequently, with respect to these choices of bases,

N | 2 r
Cuniv. = Cypjy + Cuniv + -+ Cuniv>

where ¢!, denotes the universal Casimir element of L; with respect to the basis B;.
We have scalars a; such that p|z,(c),;,) = aic;)lLi and p(cypiv) = Zle a;ct

plL;*
Evidently, p(c,,ip) commutes with each element of p(L).

Corollary 3.3.11 Let L be a simple Lie algebra. Then ad(cuniy) = 1.

Proof If L is a simple Lie algebra, then ad is an irreducible representation. Con-
sequently, ¢,y is the multiplication by DimL/DimL = 1 (Corollary 1.4.19). The
result follows from the universal property of U (L). i

Theorem 3.3.12 A universal Casimir element c,,;, of a semi-simple Lie algebra L
is a member of the center Z(U (L)) of the universal enveloping algebra U (L) of L.

Proof Let c,,;, be the universal Casimir element of L with respect to a basis
{x1,x2,...,x,} of L. Then by the definition

Cuniv = Y, Ju () jL (),

i=1

where {yi, ¥2, ..., y,} is the basis of L which is dual to {x, x2, ..., x,} with
respect to B, = k. Since U(L) is generated by j; (L), it is sufficient to show
that c,uivjr(x) = jr(xX)cuniv for all x € L. We imitate the proof of Proposi-

tion 1.4.17. Suppose that [x, x;] = Y ;_; anxxi and [x, y;] = Y j_, bixxx. Then
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e (x), jrx)] = Y iy aijr(xx) and [z (x), jo ()] = Y i_; bixjr(ye). Using
the associativity of 8,4 = «,

n
ay = Y apk (v, y) = k([x, %], y) =
k=1

k(=lxi, x] y) = kG, =[x, D) = =Y bipk(xi, yp) = —bii.

p=1

Now, using the identity [u, vw] = [u,v]w + v[u, w] in U(L) (indeed, in any
associative algebra) and the fact that a;; = —by; for all i, [, we see that

L), Cuniv] = Lin (), Y je@)je (vl = Y Lo, jrGa)je(n] =

i=l1 i=1

Z[jL(X)JL(xi)]jL()’i) + ZjL(xi)[jL(x)ij(Yi)] = 0.

i=1 i=1
This shows that c,,;, belongs to Z(U(L)). it

We have already observed that a simple standard cyclic module V (1) with max-
imal weight X is uniquely determined by its formal character Ch;. To determine
the formal character Ch;, we need to determine the multiplicities m; (n) for each
u € T'(}) (the set of weights of V(1)). For this purpose, we shall describe the for-
mulas of Weyl, Kostant, and Steinberg in the next section. Here in this section, we
establish the theorem of Harish-Chandra about the characters (to be introduced) of
infinite-dimensional standard cyclic modules Z()).

Let L be a finite-dimensional semi-simple Lie algebra. Consider the subgroup
G = Inn(L) of the group Aut(L) of automorphisms of L generated by the set
{exp(ad(x) | x is ad nilpotent element of L}. From the universal property of the
universal enveloping algebra U (L), for each ad-nilpotent element x of L, exp(ad(x))
determines a unique automorphism of U (L) denoted again by exp(ad(x)) such that

exp(ad(x))oj. = jroexp(ad(x))
for each ad-nilpotent x € L. More explicitly,

exp(ad(x))(jL(y)) = jrlexp(ad(x))(y)) =

1
JL(y +ad(x)(y) + E(Hd(X))z(y) o ) = exp(ad(jL(x))(Gr(y)))

for each ad-nilpotent element x € L and for each element y € L. Since {j, (y) | y €
L} generates U(L),
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exp(ad(x))(u) = exp(ad(jL(x)))(u)

for all u € U(L). Note that ad(w)(u) = wu — uw for all u, w € U (L) and

1
exp(ad(jL(x)w) = u + ad(j.(x))(u) + 5(6ld(jL(X)))2(M) + -

Thus, G can also be viewed as a group of automorphisms of U (L) as described
above and as such it acts on U (L) as a group of automorphisms. Since Z(U (L))
is a characteristic subalgebra of U (L), Z(U (L)) is invariant under the action of G.
Indeed, we have the following lemma:

Lemma 3.3.13 The center Z(U (L)) is precisely the subalgebra of G-invariants of
U (L). More precisely, Z(U(L)) = {u € U(L) |oc(u) = uVo € G}.

Proof Let u € Z(U(L)). Then u commutes with j;(x) for all x € L. In par-
ticular, ad(jr(x))(u) = O for all x € L. Hence, exp(ad(j.(x)))(u) = u for
all ad-nilpotent elements x of L. Since G is generated by the set {exp(ad(x)) |
x is ad nilpotent element of L}, it follows thato () = u forallo € G.

Conversely, let u be a nonzero member of U (L) such that o (¥) = u for all
o € G. Then exp(adj(x))(u) = u for all ad-nilpotent elements x of L. Since u
is a finite linear combination of elements of the types j (x1)jr(x2) - -- jo(x,) and
ad(jo(x))(Gr () je () -+ jo(x)) = iy jo(xan)jo(x2) - - - ad (o () (Gr(x) - -
Jjr(x,), it follows that u belongs to a finite-dimensional L-submodule W of U (L).
For a € ®, let x,, be a nonzero member of L,. Then ad(x,) is nilpotent and so
z = ad(jr(xy)) is nilpotent on W. Let m be the largest integer such that z” # 0 but
7" = 0. Let us take m + 1 distinct members a;, a,, . . . @41 of F (F is infinite).
By our hypothesis,

1 1
(exp(a;2))(u) = (1 + a4z + (@) + - + —(aiz)’"> ) = u
2! m

for all i. Consider the (m + 1) x (m + 1) matrix A given by

1 1 ..-- 1
ay ap Am+1
ﬁ ﬁ az%zﬂ
20 20 T T
A = I
a' ay [
Lm! m! T T
Evidently,
[1..:(a —a;)
i< i J
DetA = ] # 0.
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Hence A is non-singular. Thus, the rows and columns of A are linearly indepen-
dent. It follows that z belongs to the subspace of gl(U(L)) generated by the set
{exp(ad(a;2)) | i < m}. We have scalars b;, 1 <i < m such that

7 = Z biexp(a;z).

Consequently, z(u)=ad(ji(xq))(w)=)_" biexp(ada; ji(xo))w) = 3 /L, bi)u.
Again, since z = ad(ji(x,)) is nilpotent, Z,m=1 b; = 0. Hence [j(xy),u] = 0
for each «. Since {j; (x,) | @ € ®} generates U (L), it follows thatu € Z(U(L)). 1

Consider the infinite-dimensional standard cyclic U (L) (also L)-module Z(A) =
U (L)v™ with maximal vector vt of weight A € H*. The center Z(U (L)) also acts on
Z(A).Letz € Z(U(L)). Thenforeach h € H, j; (h)zvT = zjr(WvT = A(h)zv™T
and j;(x,)zvT = zjr(xg)vt = 0 for all x, € L,, where a > 0. This means
that zv* is another maximal vector of Z (1) of weight A. Hence, there is a unique
scalar y; (z) such that zvt = ;. (z)v™. Let A, denote the subset {v € Z(A) | zv =
%1 (z)v}. Since z € Z(U (L)), A is a U(L)-submodule of Z(\) which contains v*.
This means that A, = Z(A) for all z € Z(U(L)). Thus, Z(U(L)) acts on Z(})
by the multiplication by scalars. This defines a map y; from Z(U (L)) to F given
by zv = xu(z)v, v € Z(A). It can be easily observed that x; is algebra homomor-
phism. The homomorphism Y, is called the character of the infinite-dimensional
representation of L afforded by the standard cyclic module Z(A).

Unlike in the representation theory of groups, x, may be the same as x,, even if
A FE W

Proposition 3.3.14 Let . € H* — {0}. Let vy be a maximal vector of Z(A) of weight
. Then x,. = Xu-

Proof Consider the submodule U(L)vy of Z(A). Clearly, U(L)vy is a standard
cyclic U(L)-module of the highest weight . By Corollary 3.2.9 (see also Exer-
cise 3.2.4), we have a surjective U (L)-homomorphism ¢ from Z(u) to U (L)vg such

that ¢(v") = vp, where v is a maximal vector of Z () of the highest weight p.
Letz € Z(U(L)). Then zvt = x,(z)v*. Hence

X @) = d(xu (V") =d(v") = 20(") = zv0 = (Do =
0@ @™).
This shows that x,(z) = x,(z). Since z is an arbitrary member of Z(U (L)), x, =
X it
Corollary 3.3.15 Let A be a member of A(H*). Let @ be a member of A such that

m =< A,a > is anonnegative integer. Then x; = x,, wherey = X — (m + 1o

Proof We first show that the member (j; (v4))" ' ® 1 of Z () is a maximal vector
in Z(A) of weight A — (m + 1). For 8 > O,
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JLap)ULo)™ @) = jrep)jt)" T ®1 =
LLg). o)™ ™M@ 1 + jroe)" ML 1 =
e e )™ ™M@ 1 + jr(e)™ M ® jpay(xp) -1 = Lir(xp), jro)" T ® L.

If B # «, then using the above identity and Lemma 3.2.12(i), we obtain that

Jrxp) L))" ®1) = 0.

Again, by Lemma 3.2.12(iii),we obtain that

JrG)Gr)"™ @ 1) = —(m + 1) jr(ye)" T (ml — ji(he) ® 1.

Now,

(ml—jL(ha)) @1 = ml@1—jL(he)®1 = ml®1—-1Q® jpaha) -1 =
ml@1l—-—10Arhy) = M) —1®@m) = 0.

Thus,
JLep) o)™ e =0

for all 8 > 0. Further,

MG ® D) = jrj ()" @1 =
e jr )™ ™M @1 + i)™ je(h) @1 = —(m + Da(h) j(y)"H'®
1+ o)™ ® jpay®) -1 = (0 — (m+ D) (W) Gr(ya)" ™ @ 1).

This shows that j; (v,)"*! ® 1is a maximal vector of Z(A) of weight A — (m + 1)a,
and U(L)(j;(yo)"' ® 1) is a standard cyclic submodule of Z(1) of weight 1 =
A — (m + Da. It follows from Proposition 3.3.14 that x, = x,. it

Corollary 3.3.16 Let A and  be members of A(H*) (note that A(H*) is the lattice
generated by the set of fundamental weights). Suppose that > + 8§ and 4+ & are
W (®)-conjugate. Then x = xp.

Proof Since W (®) is generated by the set {o, | « € A} of simple reflections, it is
sufficient to show that x, = x, whenever o,(A +38) = p+4, a € A. Suppose
that o, (A +68) = u+ 6. Then

= 04(A+38) — 38 = 0g(A) + 04(8) — 8 = 0,(}) — «
= A — (<A, o>+

Since A € A(H*), < A, a > is an integer. If < A, o > is nonnegative, then the result
follows from the above corollary. If < A, ¢ > = —1,then A = u and we are done.
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Suppose that < A, o > is negative and different from —1. Then < p, ¢ > = — <

A, > — 2is anonnegative integer and so x,, = Xu. it

We shall see soon that the conclusion of the corollary holds for all pairs A, u € H*.
Our next aim will be to establish the following theorem of Harish-Chandra of

which the sufficiency part is already established in the form of the above corollary.

Theorem 3.3.17 (Harish-Chandra) Let A and 1 be members of A(H*). Then yx; =

X if and only if A + § is conjugate to p + § under the Weyl group W ().
LetL,H,®,and A = {ay, as,...,q;} be as usual. Then

S = (yu | @ >0} Jthay hayo o b} | e [ @ > 0}

is a basis of L. Well order S subject to the condition y, < hy, < xpg for all o, g >
0,0; € Aand hy; < hy, fori < j.Consider the corresponding PBW basis SofU(L)
consisting of the monomials of the form

o0z (Va) Ty jr (hay) Tl jL (X) ™, Fas iy $o > O.

We have a unique linear map & from U (L) to U (H) which maps the basis members
M!_, jr(he)" = TI'_, ju(he,)" in U(H) to itself and all other basis members to 0.

Let ¢ be a linear map from H to F. Then ¢ is a Lie algebra homomorphism
from H to F, since H is abelian. Thus, ¢ induces an associative algebra homo-
morphism ¢ from U(H) to F given by ¢(jy(h)) = ¢(h). If ¢ is nonzero lin-
ear map, then ¢(1) = 1. Indeed, ¢(IT'_, ji.(hy,)") = TI'_,¢(hy,)". Note that
P+v#£P+V.since @+y)() = 1 #1+1 = (1) +P(1). Let A € H".
Then A is a linear map from H to F. Consider Z(A) = U(L)(1 ® 1). Note that
My=0jr (Ya)™ l'[f.zle(hai)” My=0jr (xe)**(1 ® 1)is 0 if s, 7~ O for some o > 0, itis
a vector of weight lower than X if s, = O forall¢ > 0 and r, # O for some o > 0,
and itis A(TTL_, jr(he,))(A ® 1) = TI'_ A(he) (1@ 1) ifry = 0 = s, for all
o. Thus, foru € U(L),

u-(1®1) = AEw)(1®1) + linear combination of elements of weights less than .
Since, forz € Z(U (L)), z(1 ® 1) = x,(2)(1 ® 1), it follows that
@A =z-(181) = 2E@)I® D).

Consequently,

x.(2) = 2E@) -+ (1)

forall z € Z(U(L)). In turn, it follows that & |z (z)) from Z(U (L)) to U(H) is an
algebra homomorphism.

Next, observe that U(H) is a commutative algebra isomorphic to the polyno-
mial algebra F[x;, x2, - -+, x;] under the map induced by jy(hy,) — x;. The cor-
respondence hy, + ju(hy,) — 1 from H to U(H) induces a linear map which is
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a Lie algebra homomorphism, since H is abelian and U (H) is commutative alge-
bra. In turn, we obtain a unique homomorphism 7 from U (H) to itself subject to
n(ju(hy)) = ju(hy) — 1. Evidently, n is an automorphism of U (H). Let ¢ denote
the homomorphism 70& |z 1y from Z(U (L)) to U(H). Now,

A+08(uthe) = 1) = A+38(u(he)) —A+8(1) = A +8)(hy) —1 =

i
Ahe) +8(hy) =1 = )L(ha,»)'i_(z)hj)(ha;)_l =

j=1
Mha) + hiChe) — 1 = Alha,).
Hence, using (3.2), we obtain that
A+3(Y() = AE@) = @ - () (3.1

forall A € H* and z € Z(U(L)).

We have an isomorphism A — f;, from H* to H given by A(h) = «(t,, h),
since the Killing form « is nondegenerate on H. An element o € W(®) induces an
automorphism 6 of H which is defined by 6 (t,) = t,(). Thus, W(¢) acts on H also
as a group of automorphisms and the action is given by o (#,) = t,(), 0 € W(®P).
In turn, W(®) acts on U(H) and the action is given by o (jy(h)) = ju(o(h)),
o€ W(P).

Proposition 3.3.18 Leto € W(®) and » € H*. Then (6 (1)) = roo on U(H).

I_’roof Since W (®) is generated by {o,, | @ € P}, itis sufficient to show thato, (1) =
loay, for all @ € . First note that

2 <A o> 2k (t;., ty)
<o, > k(ty, ty)

<A a>=

forall A € H* and o € ®. Now,

oM Uutp) = A=<t a>a(juty) = A= <ra>a)t,) =
2[((1‘)“ ta)

At )— <A a>alt) = At,) — o o)

K (tos 1))
forall A, u € H* and o € ®. On the other hand,

(xoaa)(jH(tu)) ZX(jH(tUu,(p,)) = )"(taa(u)) = )\(tu—<ﬂ,a>a) =
26 (tys o)

K(t)n ta)
K (lo, Ta)

Aty— <, >1y) = Aty —
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forall A, u € H* and o € ®. Since « is symmetric and U (H) is generated by the
set {jH(tM_) | u € H*}, 04(X) = Aooy. Since W (D) is generated by {0, | @ € D},
o(A) = Moo forallo € W(P). it

Proposition 3.3.19 Let A be a member of A. Then

(i) oA +8)W () = t(A+8)W(2)) forall o, t € W(D),
(ii) (A +8)oo)(W(z)) = (A +8)ot)(Y(2)) forall o, Tt € W(D),
(iii) o (Y (z)) = Y () foralloc € W(®) and z € Z(U(L)), and
(iv) x» = xuforallk,uw € H* when ever A + 6 is W(®) conjugate to ju + 8.

Proof (i)FromtheEq.(3.1), x;(z) = A+ 8(¥(z))forallA € H*andz € Z(U(L)).
Suppose that A is integral. Since ¢ is integral, u = o (A + §) — ¢ is integral. Since
o(A+6) = w4, it follows from Corollary 3.3.16 that

A+ (@) = 0.2 = xu@) = n+8W ) = oA +8)(Y(2)

forallA € A, o0 € W(®), and z € Z(U(L)). This proves (i).

(ii) It follows from (i) and Proposition 3.3.18.

(iii) From (ii), it follows that A 4+ 8(o (¥ (z))) = A + 8(¥(2)) forall A € A (take
v = I). Since § is integral, any i € A is of the form A + § for some A € A. Thus,
no(W(z))) = m(¥(z)) forall u € A. This implies that o (¥ (z)) = ¥ (z) for all
o€ W(®)andforallz € Z(U(L)).

(iv) We have already seen (Eq. 3.1) that x, (¥ (z)) = A + 8(¥(z)) forall . € H*
and z € Z(U(L)). Since ¥ (z) is W(d)-invariant, it follows (Proposition 3.3.18)
that A +8((z)) = o (A + 8)(¥(z)). Consequently, x,(z) = X..(2), whenever
u+38 = a(r+6) forsome o € W(P). it

Since H is abelian, we have a natural isomorphism 7 from U (H) to the symmetric
algebra S(H) of H which respects the W (®) actions. Indeed, we can identify S(H)
with the polynomial algebra F[xj, xs, ..., x;] and the isomorphism 7 is uniquely
determined by the requirement n(jy (ty,)) = x;, where A = {aj, 02, ..., 0q}.
Ifx = Zi:l a;o; is a member of H*, then 1, = Zi:l aity, and n(jy(t)) =
Zﬁ;l a;x; € F[x1,x2,...,x;]. We denote n(jy (1)) = 25:1 a;x; by x,. Each A €
H* defines a linear function A on S(H) = Fl[xi,x2,...,x;] by putting i(f) =
FOlta)s M), - Mt

Further, giveno € W (®), we have an automorphism 6 of S(H) which is given by
6 (X)) = X (- Thus W(®) acts on S(H ) as a group of automorphisms and the action
isgivenby o f(x1,x2, ..., %) = f(Xo(@)s Xo(@)s " * s Xo())- Evidently, n respects
the W(®) actions. Since o (¥ (z)) = ¥ (z) for all 0 € W(®) and z € Z(U (L)),
n(W(2)) € SCHYW® forall z € Z(U(L)). Thus, (no¥)|zw(z) is a homomorphism
Z(U(L)) to S(H)"®_ It is clear that A(n(u)) = A(u) forallu € U(H).

We shall say that a member A; € H* is Linked to a member A, € H* if A| 4+ §
is W(®)-conjugate to A, 4 8. The notation A; & A, stands to say that X, is linked to
X,. Obviously, & is an equivalence relation.
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Iiemma 3'3‘2({ Let Ay and A, be members of H* which are not linked. Then
)\,1 |S(H)W(d>) # )\2'5(H)W(d>).
Proof Suppose that A; and X, are not W (&) conjugate. Then

(oA (ta), 0 (A1) (tay), - o s oA () # (T(A2) (1), T(A2) (), - - ., T(R2) (1)

for all o, T € W(®). Again, since W () is finite, there is a polynomial f € S(H)
such that
f()\'l(tot|)1 )"l(taz)v LR ] )\'l(tm)) # 07

flo)(ta,), 0 (A1) (lay), -, 0 (A () = 0,

whenever

A1), M1 (tay)s ooy M (te)) 7 (0 (A (L)), 0 (AD) (L), - - o 0 (A1) (1)),

and also
f()"z(totl)5 )"Z(totz)v M) )\2(ta,)) = O

for all 0 € W(®). Take

g = Z f(xa(al)v Xo(on)s ++ o » xa(uq))~

oeW(®P)

Evidently, g € S(H)V @, X\ (g) # 0, and X»(g) = O. #

Proof of Harish-Chandra’s Theorem: In the light of Proposition 3.3.19, Lemma
3.3.20, and the fact that i(n(u)) = A(u) for all u € Z(U(L)), it is sufficient
to show that the map (noy)|zwwy from Z(U(L)) to S(H)"® is surjective.
Further, the isomorphism A — ¢, from H* to H induces an isomorphism from
S(H™) to S(H) which respects the W (P)-action, and so, it induces an isomorphism
from S(H*)V® to S(H)Y®. In turn, the epimorphism x (Chevalley, Proposi-
tion 3.3.6) induces an epimorphism ¥ from S(L)¢ to S(H)W®. Recall Corollary
1.2.5 and the discussions following Corollary 1.2.6. We have an injective linear
map v, = 1)017,;1 from S™(L) to U™(L). This extends to a vector space iso-
morphism v from S(L) to U (L) which respects the G-action. Consequently, we
have an isomorphism ¥ from S(L)¢ to U(L)® = Z(U(L)) (Lemma 3.3.13), and
so, the map Xod~! is an epimorphism from Z(U(L)) to S(H)"(®. Essentially,
noy is the map noxod~'. As such it is sufficient to show that n|s e is sur-
jective from S(H)V® to itself. Note that S(H)"(® is the vector space direct
sum @ ZneNU{O}(S(H)W(q’))n, where (S(H)"(®), is the subspace generated by
the set {3, cw(a) e, Xy | M1+ may+---+my = n}. Thus, it is sufficient to
show that for each 1, 3 (o) M, X_(s,) lies in the image of 7| we whenever

mi +my +---+my = n. Weprove it by the induction on n. It is evident forn = 0.
. d m;
Assume the result for n. Consider an element f = dew(cp) [Tz X (a)» Where
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mi+my+---+mg = n+1.Clarly, f = 3 5o M Go) — D™ + g
where g belongs to @ > ~_(S(H)"(®);. By the induction hypothesis, g is in the

image of 7. Also, by the definition, ) .y 4, 1L, (@) — 1)™ is in the image of 1.
It follows that f is in the image of 1. This completes the proof of Harish-Chandra’s
theorem. it

Exercises

3.3.1. Considers/(2, C) with standard basis {x, &, y}androotsystem ® = {o, —a}.

Show that A = 7 is the fundamental dominant weight. Show that < A>=
S(H*)Y® and S(H)Y® =< fg—z >. Find a pre-image of % under the map
noy.

3.3.2. For each of the Lie algebras A,, B;, and G, with their standard H, ® and A,
determine the set {1, A,} of fundamental weights. Find generating sets for
S(H*) and S(H) and their pre-images in Z(U (L)).

3.3.3. Let ¢ be an algebra homomorphism from Z (U (L)) to F. Show that there is
a) € H*suchthat ¢ = y;.

3.3.4. Show that the map v from Z(U (L)) to S(H)"® is independent of the choice
of A.

3.3.5. Let A € A™. Suppose that A + & is W(d)-conjugate to u + 8. Show that
M < X and p occurs as a weight of Z(A).

3.4 Multiplicity Formulas of Weyl, Kostant, and Steinberg

In this section, we obtain different formulas for the multiplicity m; (i) of a weight
wof V().

Let L, H, ®, and A be as usual. For each A € H*, let X, denote the set {A —
> wo0a® | ay € N{J{0}}. Let £ (H*) denote the set of all maps from H* to F whose
supports lie in a finite union of sets of the form X, . Evidently, X, is the set of weights
appearing in Z()). Note that the supports of the members of ¥ (H*) may be infinite
sets. For example, for o« > 0, consider the function f, given by f,(—aa) = 1 for
all a € N[ J{0} and f,(%) = O otherwise. Evidently, f,, € X(H*) and its support
is an infinite set. X (H*) is a vector space under the obvious point-wise addition
and the multiplication by scalars. Clearly, X, + X, € X,,,. For f, g € X(H"),
(frxg)A) = Z,Hu:A f(n)g(v) makes sense and the function f x g, thus defined,
isamember of X (H™). This defines the convolution product x in ¥ (H*) which makes
¥ (H™*) acommutative algebra over F'. It is also clear that the formal characters of all
standard cyclic modules are members of X (H*). The integral group ring Z(A) is also
asubset of X (H*). Further, W (®) acts on & (H*) by putting (¢ f)(A) = f(o~'(L)).
Inparticular, (oe(X)) (1) = e(A) (e~ (w)) = 1ifu = o (1) and 0 otherwise. Thus,
0’8()\,) = €s())-

Let p denote the function from H* to C which is defined by putting
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pO) =1{a € Map(®*, N{_JIOD) [ A+ ) a(@a = 0}

aeA

(note that | X | denotes the cardinality of the set X). Clearly, p = Chy( belongs
to X(H™). Also p(A) # 0 if and only if A € A™. The function p defined above is
called the Kostant function associated with the triple (H, @, A).

We have another function ¢ defined by

= TI((5) - ().

where the product is the convolution product. Evidently, g € X (H*). The function
q is called the Weyl Function.
Now, we establish a few identities relating the functions fy, p, g, and Chz,).

Lemma 3.4.1 (i) p = [[,cq+ for where the product is the convolution product.
(ii) (e(0) — e(—a)) * fo = €(0).

(iii) ¢ = ([Tyeq: (€(0) — e(—a))) * e(d).

(iv) o(q) = (=1)'Dq foralloc € W(®).

(v) g *pre(=38) = e(0).

(vi) Chzapy(m) = p(u—21) = (p*e() ().

(Vll) q*ChZ(A) = e(A+8)

Proof (i) Suppose that ®* = {81, B2, ..., B-}. Then by the definition of the con-
volution product

[Trm =" 3 OG- f500.

aedt ArtAateotA, = A

In turn, it follows from the definition of fg, and p that

[T fe = p0.

aedt

This proves (i).
(ii)



3.4 Multiplicity Formulas of Weyl, Kostant, and Steinberg 167

(e —e(—a) * f)(A) = D (e(0) — e(—)) () fu(v) =

nAv=>xr
D e fuw) = Y e(—a)(w) fuv).
n4v=xr n+v=xr

It follows from the definition of f, that the RHS is 1 if A = 0 and it is zero, otherwise.
Thus, (e(0) — e(—a)) x f,, = e(0).
(iii) Clearly, e(8) = e (% D w0 a) = [la=0€(5). Again, since

con-acanee(f) = () - ()

and X (H™) is commutative, it follows that

(]_[(e(O) - e(—a))) xe@® =[] (e (%) e (_%» — 4

a>0 a>0

(@iv) It is sufficient to show that o,(q) = —gq for all « € A. Since o, permutes
the members of ®+ — {«} and takes « to —a, it follows that

o= (T ((8)(4)) 696D - =0

(V) g * pxe(=9)

= ([y=0(e(0) — e(—a))) x e(8) * p x e(=9) (by (iii))

([Tg=0(e(0) — e(—a))) » p (since e(8) x e(—=8) = 1)

[Tao0((e(0) — e(—)) % f2) = €(0) (by (D).

(vi) Clearly, Dim Z(A), = |{a, e NU{0},a >0 A —pn = >, ,a.a}|.

Hence Chziy(n) = p(u—2) = (pxe(dr))(w) forall u.
(vii) By (v) and (vi), ¢ x Chz,

= g*xpxe(d)

= gxpre(—8)xe() xe(X)

= e(8) xe(r)

= e(A+8). x

Our next aim is to establish the following multiplicity formula due to Kostant:

Theorem 3.4.2 (Kostant) Let & € A™. Then the multiplicity m; (i) of j in V(L) is
given by

mi(w) = Y signo p(u+8—o(+9)),
oeW (D)

where signo = (—1)1),
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We need to examine more closely, the module Z (1) and its submodules to prove
the theorem.

For A € H*, let M, denote the class of all L-modules V satisfying the following
properties:

(i) V is the direct sum of its weight spaces.
(i) zv = y,(g)vforallz € Z(U(L)) andv € V.
(iii) The formal character Chy of V is a member of X (H™).

Evidently, all submodules and homomorphic images of standard cyclic L-modules
of weight A belong to M, . In particular all submodules of Z(A) and their homomor-
phic images are in M,. Indeed, the class M, is hereditary in the sense that the
submodules of members of M, are members of M,. It is also divisible in the sense
that the quotients of the members of M, are also members of M, . Harish-Chandra’s
theorem asserts that M, = M, if and only if A + & is W (®)-conjugate to u + 6.
Let V € M,. Since Chy € X(H"), there is a weight u of V such that 4 + o isnota
weight of V for each & > 0. This means that V,, has a maximal vector of weight u.

For A € H*, let ®(A) denote the set {u € H* | u < A, and pu = A}. Obviously,
®(}) is a finite set and M is constant on ®(1).

Theorem 3.4.3 Let . € H*. Then the following hold:

(i) Z (X)) has a composition series, and the composition factors of Z(A) are of the
form V (u) for some € O(L).
(ii) V(A) appears once and only once as composition factor of Z().).

Proof We first show that Z()) has a simple submodule U; which is isomorphic to
V(vy) with v; < A and v; = A. If Z(A) is simple, then there is nothing to do. Let
V be a nonzero proper submodule of Z(1). Since Dim(Z()1)), = 1, A cannot be
a weight of V. Since Chy € X(H™), for each a > 0 and weight u € A(V), there
isar € N such that u 4t ¢ A(V) for all ¢ > r. Thus, there is a weight p; of V
such that | + « is not a weight of V for all & > 0. In other words, 1| is a maximal
weight of V. Consequently, V has a nonzero submodule W which is a homomorphic
imageof Z(w). Assuch x,, = x, and by Harish-Chandra’s theorem, 14| ~ A. Thus,
w1 € ©1). If Wy is simple, then W) is isomorphic to V (111). We can take U; = W,
v = i, and we are done. If not, then W, has a nonzero proper submodule V, and
repeating the earlier arguments, we obtain a nonzero submodule W, of V, which is a
homomorphic image of Z (u,), where u, € ® (). Since W, is a proper submodule of
W, either the number of weights of W, is less than that of W, or the multiplicity of at
least one weight of W, is less than that in W,. If W, is simple, then W, is isomorphic
to V(u2). We can take U, to be W, and v to be u,, and again, we are done. If not
proceed. Evidently, this process terminates giving U; and vy, since ® (1) is finite. If
Z(A)/ U is simple, then, it being standard cyclic, is isomorphic to V (v,) for some
vy € ©(X), and we get a composition series Z(A) D U; D {0} with the required
properties. If not, then repeating the same arguments, we get a simple submodule
U,/ U, of Z(X)/U which is isomorphic to V (v;), where v, € ®(L). If Z(X)/ U, is
simple, then, it being standard cyclic is isomorphic V (v3) for some v3 € ® (1), and
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Z(A) D U, D U; D {0}isacomposition series of Z(A) with required property. If not,
proceed. This process terminates after finitely many steps giving us a composition
series of Z(A) with the required property, since ® (1) is finite. This proves (i).

(i1) This follows, since Dim Z(A); = 1. it

Corollary 3.4.4 Let A € H*. Express © () as an ordered set {1\, L2, . . ., |4} With
Wi < wj which implies that i < j. Then we have a r x r uni-triangular integral
matrix A = [a;;] such that

j
Chyw, = ZaijCth»-

i=1
Proof It follows from the above theorem that for each j,

j—1
Chz, = Chvi,y + Y bijChy).

i=1

where b;; € N[ J{0} with b;; = 1. This gives us a uni-triangular integral matrix
B = [b;}] such that

[Chvu), Chv), - ChyvuylB = [Chzu,). Chzy), - -, Chzp,l.

Since B is a uni-triangular integral matrix, A = B~! = [a;;]is also a uni-triangular
integral matrix. The result follows. i

Proof of the Theorem 3.4.2 Let A € A™. From the Theorem 3.2.13, it follows
that V(A) is finite dimensional, o permutes the set I'(A) of weights of V(1) and
Dim V, = Dim Vy, forall u € I'(X). Thus, 0 (Chyp)) = Chyg, forall o €
W (®). From the above corollary,

Chygy = Z airChz ),

i=1
a;; € Z and a,, = 1. By Lemma 3.4.1 (vii),

r

g*xChygy = Zaire(ﬂi+5)-

i=1
Again by Lemma 3.4.1 (iv) and the above identity,

Y apel@ (wi+8) = o (Zaire (m+5)> = 0(q*Chyyy) =

i=1 i=1

O'(q)*U(ChV(A)) = Sigan*ChV(;\)
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for all 0 € W(®). Now, since o is a transitive permutation on ®(1) and a,, = 1,1t
follows that a;, = signo whenever o~ '(u; +8) = u, +8 = A+ 8. Thus,

g *Chygy = Z signo e(o (A + 9)).
oeW(d)

Now, from Lemma 3.4.1 (v),

Chv()\) = 6(0)*Chv()h) = q*p*e(—é)*ChV(,\) =

pxe(—8) * Z signo e(o (A +8)) =
ceEW (D)

D * Z signo e(c(A+6) —6) = Z signo pxe(o(h+98) —96).
oeW(P) oeW (D)

From Lemma 3.4.1 (vi),

my (1) = Chygy(u) = Y signo pxe(o(h+8) —8)(u) =

oeW (D)
Z signo p(u —e(c (A +8) — 98)).
ceEW(P)
This completes the proof. i

Remark 3.4.5 If W(®) is small, then the Kostant formula can be used to compute
the character Chy ), A € A™T. However, if W(®) is large, then the formula cannot be
used to compute it comfortably. In that case, Freudenthal’s formula (to be described)
gives us a recursive method to compute it.

The following Weyl’s character formula allows us to express the character Chy ()
as a quotient of alternative sums of members of Z[A].

Theorem 3.4.6 (Weyl) Let A € A™. Then

Z signo e(o(8)) x Chyy = Z signo e(o (A + 6)).
ceW (d) oW (d)

Proof We have the identity

q*Chygy = Z signo e(o (A + 8))
ceW (D)

established during the proof of the above Kostant’s theorem. Putting A = 0 in the
above equation and observing that Chy gy = e(0) = 1, we obtain that

g = Z signoe(o(8)).

cEW (D)
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Substituting this value of ¢ in the earlier identity, we obtain the desired identity. f

Again the Weyl character formula is not so convenient to compute the character as
computing a quotient may be quite cumbersome. However, it can be used to compute
the Dim V(1) as follows.

Let ¥y(A) denote the subalgebra of X (H*) generated by the set {e(X) | A € A}.
Evidently, Z[A] C Xo(A). We have the augmentation map € from Xy(A) to C which
is givenby € (D", ., are(A) = >, a.. Evidently, e(Chyy) = Dim V,. We also
denote Dim V; by deg()). Clearly, deg(L) = ZﬂeA(M my ().

For each o € ®*, we have a unique endomorphism 9, of o(A) given by
dx(e()) =< A, > e(r). Clearly, e(A) xe(n) = e(A+ u) and

dy(e(A) xe(n)) = dpe(A+p) =<r+p,a>=
3o (e(1)) * e(u) + e(1) * 3y (e(w))-

Thus, 0, is a derivation of X(A). However, 0 = Ha>o 0y 1s not a derivation, where
the product is the usual product of functions. Let w denote the function from A™
to Xo(A) which is given by w(A) = dew@) signoe(o (X + 8)). It can be easily
observed that w (0) is the Weyl function ¢ and the Weyl formula reads as

w(0) * Chy, ©o(X) = w(}).

Proposition 3.4.7 €(3(w(A)) =| W(®) | [[,o0 <A+, 0 > forall A € AT.

Proof By the definition, 8, (e(8))= < 8, @ > e(8). Consequently, d(e(§))=]],., <
8, a > ¢(8). Thus, €(3(e(8))) = [[ o0 < 8, @ >. Similarly,

€@e@®)) = [[<o@.a>=[] <607 (@>=

a>0 a>0

signo H < 8,00 >,

a>0

since o is orthogonal transformation and o ~! takes /(6 ~') = [(o) positive roots to
negative roots. More generally,

€@@) = Y signo e(de(c(r+9))) =

ceW(d)

> Gigno[[<r+8a>=|W@) | [[<r+sa>. 1

oeW(d) a>0 a>0

Corollary 3.4.8 deg()) = llea=itha>

o<ba> -
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Proof From Weyl’s formula, w(0) x Chy;y = w(X). Applying the operator 9
to both sides and using the Leibniz formula for d,, we obtain that €(d(w(0) x
Chv()\))) = e(8(a)(0)))e(ChV()\)).Since G(Chv(x)) = Dim V()\.) = deg(k),

d(w(A
deg() = Q@)
€(3(w(0)))
The corollary follows from the above proposition. it

Example 3.4.9 Consider A; with ® = {«o, —a}. The fundamental weight A =

§ = 8. Any A € A" is of the form mA;, m > 0. Using the above corollary, it is
clear that Dim V(L) = deg(L) = m + 1.

Our next aim is to describe Steinberg’s formula to express the tensor product of
two standard cyclic simple modules.

Theorem 3.4.10 (Steinberg) Let A/, A" and ) be members of A*. Let n()) denote the
number of times V (L) appears in the decomposition of the tensor product V()') ®
V(\") as the direct sum of simple modules. Then

n) = Y. Y sign(@n)p(+28 — o +8) — T(M +6)).
geW(P) teW(d)

Proof Suppose that
Chyvaneven = Y n(A)Chya.

AEAT
In the light of Corollary 3.3.3,
Chyny*x Chyory = Z n(A)Chy (3.2)
AEAT

Multiplying (convolution product) both sides by w(0) and using Weyl’s formula for
V(") and V (1), we get

Chyony » @) = Y n(Mo() (3.3)
AEAT
Now, by the definition,
Chyay = Y my(we(u) (3.4)
neA

Using the Kostant formula for m, (1) and substituting the value of Chy ;) in (3.3),
we obtain that
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Yo D sign(@)pu+s—o0/ +8e(w) x0() = Y nRo®).

HEA ceW (D) rEA

Putting the expressions for w(1”) and w(A), we get

Do D D sign@Op A= +8)er(n+8) +p) =

HEN ceW (D) TeW (D)

0 )" nOsign(o)e(o( +8)) (3.5)

reA oeW (D)

(note that n(X) = 0if V(A) does not appear in the decomposition, e.g., if L € A7).
Putting 0 (A + 8) = v + 8 (note that as A varies over A, v also varies over A), the
RHS of (3.5) becomes

> sign@n(e (v +8) —8e(v +8) =

v oeW(d)

> ) sign(@)n(o(+8) — de(v + ) (3.6)

v ceW(d)

In the LHS expression, put & = v, where T(A” +8) + u = v + §. We obtain

DT> signen)pw+28 -0 +8) -t +8)e(w+8) (3.7

v oeW(d) teW(d)

If v is dominant, then o (v 4+ §) — § can be dominant only if ¢ = [. Thus, in Eq.
(3.6) n(c (v 4+ 8) — 38) # 0 only if o = I. Now, using (3.6), (3.7), and (3.5), we get
the desired result (with X replaced by v). i

Remark 3.4.11 The formula is explicit. However, it is convenient for the purpose
of computation only when W (®) is small.

Let A € A*. The set T'; of weights of V(A) is a saturated set (Remark 3.2.14)
assuchu <tand < u+686,u+686><<i+38,1+38> forall u eI, (Lemma
2.4.36 and Lemma 2.4.37). Thus, the following Freudenthal multiplicity formula
gives us an effective recursive procedure to compute the multiplicity m, (t) starting
with m; (A) = 1.

Theorem 3.4.12 (Freudenthal) Let A € A™. Then
(<A+86,2+8> — <pu+6,pu+8>m(pn) =

ZZimk(u—l—ia) <pu4ic,o >.

a>0 i=1

Before establishing the theorem, we establish some identities relating the trace
and multiplicities.
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Recall the definition of the universal Casimir element c,,,;,:
I
Cuniv: = Y JLr)jk) + Y jr(xe)jL(Za)-
i=1 aed
If p is the irreducible representation afforded by V (1), then the induced homomor-

phism p(c,niv) € End(V (X)) is the multiplication by a scalar c;, (say). Thus, for a
fixed weight u of V (1),

Trﬁ(cum'v”V()L),L = C)\Dlmv()\)/t = C)nm)\(/'(“) (38)

Now,

1
Peuniv) = Y PGLANBGLKD) + Y BUL )P (L (2a)) (3.9)

i=1 aed
Consequently,
am () = Tro(cuiv)lvay, =
!
D Tr(p)pi)lvey, + Y Tr(pGa)p@a))lvay, (3.10)
i=1 acd

Since p(h;) on V (1), is the multiplication by u(h;) and p(k;) on V(X), is the
multiplication by w(k;), it follows that

l l
S Tr(otpGilvey, = ma(w)y . whi)utk) (3.11)
i=1 i=1

Note that p(h;) = «(t,, h;) and (ki) = «(t,, k;). Suppose thatz,, = Z[j:l ajh;.

Then p(h) = Y ajk(h;, hy) and p(k) = Y.  ajk(hj. k) = a;, since
{ki, ko, ..., k;j}is dual to {hy, ho, ..., h;} relative k. In turn,

1
<pop>= k. ty) = Y aajhy h) = Y phoutk)  (3.12)

ij i=1

Using (3.11) and (3.10), we see that

amu() =< >m) + Y Tr(p(a)pEa))lve, (3.13)

aed
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Next, we attempt to describe Tr(0(xq)0(za))lv(),- Recall Theorem 1.4.28.
Replace the standard basis {vg, vy, ..., v,} by the basis {wg, wy, ..., w,}, where
w, = r! <°"2‘3‘>r vy, 0 <r < m. Also replace the standard basis {x, &, y} of s{(2, F)
by {x,t,z}, wheret = =%*>hand z = =%5*=y. Then it follows that

G p(Hw, = (m —2r) <a,2a>wr’

(i) p(Dw, = wrg1, Wy = 0, and
(i) p(w, = r(m —r + D=5=w,_;, w_; =0.
Consequently,
<a, o>
p(xX)p(2)(w,) = (m_r)(rH)Tw’ e (3.14)

Now, let A € AT and p denote the representation of L afforded by the module V (1).
Consider the basis B = {k,ka, ..., k} U{za | @ € ®} of L as described before
Proposition 3.3.6. Let 1 be a weight of V (A). Evidently, p(x4)0(z) is an endomor-
phism of V(A), (indeed, p(z,) takes V (L), to V(X),— and p(x,) takes V (1),
back to V(1),). Fix « > 0 and consider the restriction p|s, of p to S, where S,
is the subalgebra of L generated by {x, hy, Yo }. We look at the non-standard basis
{Xa» ta> 2o}, Where t, = =5=h, and z, = =%=y,. Let u be a weight of L-
module V(1) such that 1 + « is not a weight of V (A). Then the a-string through p
is precisely, {u, u — o, ..., u — g}, where ¢ = < pu, o >. Evidently,

W/L = V()L)u. ® V()")/L—Ot DD V()\)//.—qut

is a Sy-submodule of V (A). By Weyl’s theorem, W, is the direct sum of irreducible
representations of S,. Indeed, for a string of weights of S, which is invariant under
o, and which involves a given member of a basis of V (1), as a maximal vector,
there is one and only one component in the decomposition of W, as the direct sum
of simple S,-modules. Thus, if n;, 0 <i < % denotes the number of components
with the highest weight (. — i) (hy) = g — 2i as S,-module which appears in W ,,
then m; (n — i) = DimV(A)y—ie = no~+ny+---+n;, where m, (u — i) =
DimV (1), —io. Consequently,

ng = my(u—ia) — mp(u—>G0—-Da) ---. (3.15)

Now, fixak, 0 <k < %. We wish to find the trace T'r (o (xo) 0 (z¢)) 00 V (X) y—ka -
Fix r, 0 < r < k. Consider the irreducible component of W,,_4, having the highest
weightg — 2r = (u — ra)(hy) and the weight space generated by wy_,. Replacing
x by x4, t by ty, 2by 24, m by g — 2r, and r by k — r in Eq. (3.14), we obtain that

<a,a >

Px)p(Ze)(Wi—y) = (g —71—k)k—r+ I)ka-r e (3.16)
We have n, S,-simple components of V (1),_. of the highest weight g — 2r. Hence
from (3.16), the matrix of p(xy)p(za)lv(r), ., has n, diagonal entries as given by
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Eq. (3.16) relative to a suitable basis of eigenvectors. Thus, varying » from O to &,
P (x2) P (Za)|v (i), has a diagonal matrix representation with respect to a suitable
basis and the trace is given by

S (g —r —k)(k —r+ 1)=%e=

= Y om(u —ra) —mu(u — (r — Da))(q — r — k) (k — r + 1) =% (putting
the value of n,)

<a,o >

k
= Y mi(u—ra)g—2r)

>5" 7 (3.17)
r=0 2
Since ¢ = 2;’(‘—5‘:, we obtain
k
Trp(a)pCa)lvon, o = Y ma(u—re) <p—ra,a> - . (3.18)

r=0

Observe that the reflection o, maps the set {u —ra | r < %} to the set {4 — s« |
% < s < g} in a one-to-one manner. As such, using a similar argument as above, we

see that for % <k <gq,

q—k

Trp(a)pCa)lvon, o = Y ma(u—re) <p—ra,a>.
r=0

Since m; (u — (¢ — k)a) = 0, we have

q—k—1
Tro(x)pZ)vioy,we = Z my(L—ro) < i —ro,o > ---. 3.19)
r=0
Further, since ¢ = 2;’[‘%, ford <r <gq,

<pu—ro,a>+ <u—(@-—-ra,a>= 0.
Again, since m; (u — ra) = m; (u — (g — r)a), it follows that

my(u—ra) <pu—ro,aa>+mpu—(@-—-rNa)y<uw—(@-ra,a>=0---.
(3.20)
Using (3.18), (3.19), and (3.20), we observe that

k

Tro(xa)pZa)lvoy,te = Zm,\(,u —ro) < pu—ro, o> - (3.21)
r=0



3.4 Multiplicity Formulas of Weyl, Kostant, and Steinberg 177

for all k. If we take any weight v of V(1) and v + ko is the last term in the «-
string through v, then taking 4 = v + ko, and using (3.21), we observe that for all
pnel'(V(R)

oo
TroGa)pGa)lvey, = Y mi(u+ie) < p+ic e > -, (3.22)
i=0

Substituting the value of Trp(xy)0(z4)|v (), in (3.7), we obtain the identity

o0
ami(p) =< popu>m) + Y > mutie) <ptice>
aed i=0

(3.23)
The above identity is valid for all u € A. For, if u ¢ T;, then m; (x) = 0 and it
also follows (by using an argument similar to the one used to establish (3.20)) that
for each «,

o0
Zm,\(,u—i—ia)<,u+ia,ot>: 0.

i=l1

Indeed,

oo

ka(u+ia)<,u+ia,a>=0~~, (3.24)

i=—00

or equivalently,

o0 o0
D omin—ia) < p—icw > = my(p) < o> + Y omu(u i) <

i=1 i=1

ntia,a > - . (3.25)
In turn,

m () =< o> mu() + ma(u) Y < o>

a>0

o0
+ZZka(u+ia)<u+ia,a> (3.26)

a>0 i=1

Since ), o = 28,

o0
omu(pu) =< u, uw+28 >my(u) + ZZme(/L+ia) <pu+ic,a> ---
a>0 i=1

(3.27)
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Putting © = A and observing that m, (A + i) = Oforalle > Oandi > 1, we can
solve for ¢, whichequals < A,A+26 >=<A+6§,1+35 > — < 4,8 >. Substi-
tuting the value of c;, we obtain the desired formula. This establishes Freudenthal’s
multiplicity formula. i

Example 3.4.13 Consider the case A;. L = s1(2, C), {x, h, y} the standard basis,
® = {o,—a},and A = {a}, where a(h) = 2. The fundamental weight A; =
aa, a € Q is given by the condition < Ay, % >= 1.Thus,a = %, and A, =
5 = &. Withoutany loss, we may assume that < o, @ > = 1. The weightlattice A =
{ray = r3 | r € Z} and AT = {ra = r5 | r > 0}. Note that < rA; + 8,721 +
8§ >= (%)2. Let A = nA; € A™. Consider V ()). Then A is the highest weight in
V (1). Indeed, in the earlier sense (see Theorem 1.4.28) A(h) = n Ay(h) = nisthe
highest weight of V(1). Now, u = rA; € ['; only when u < X and o, () < A. This
is equivalent to say that —m <r < m. Already m; (A) = 1. Letu = (n — DA,.
The LHS of Freudenthal’s formula is

n+1\° n\2
(<A+8,A4+86>—<u+6,u+6>m(n) = ( 5 >_(§) m;y ().

However, fori > 1, (n — A +ie = (n — 1)A; + 2iA; does not belong to T,
m; (u +ia) = 0foralli > 1. Consequently, the RHS of the Freudenthal formula
is 0. This means that m; (L — A;) is 0. Now, let & = A — 2X;. Then the LHS of
the Freudenthal formula gives nm; (i) whereas the RHS becomes n. Consequently,
m; (A —2A1) = 1. Proceeding recursively, we see that m; (A —ri;) = 1if ris
even and it is O if r is odd. This also justifies Theorem 1.4.28.

In this case, W (®) is small of order 2, hence Kostant and Weyl formulas can also
be used conveniently.

Example 3.4.14 Consider the case A,. L = si(3, C), with the standard basis,
standard root system ® = {4, +on, £() + )}, and A = {o), @p}. Since ¢
has only one root length, we may assume that < oy, o} > = 1 =< ap, ap >. Also,
then < oy, ap > = —%. Let {A1, A,} be the basis of the lattice A of weights consisting
of the fundamental weights. Suppose that Ay = aa; + ban, A, = coy + doy, where
a,b,c,d € Q. Thenl =< 7,201 >= 2a —band0 =< A, 205 > = —%a+b.
Solving for a and b, we obtain that A; = %(20{1 + o) and similarly, A, = %(al +
2w5). Solving ) and & in terms of 1| and A, we find thata; = 24 — Ap) and o, =
—X1 +2X). Also§ = %(al + oy + () +2)) = oy +ap = Ay + Ay Further,
<A,0] > = % =< Ay, >, and < Aj,ap > = 0 =< Ap, @y >. The Weyl
group W(®) = {I,04,,0u,: Oa,; 0, Oa,0q, > O, Oa, O, } 18 the the dihedral group S3
of order 6. Let . € A™. Then u € T, if and only if o(u) < A for all 0 € W(®P)
(Remark 3.2.14). Take A = A; 43X, € A™. Consider V(1). One can explicitly
determine ;. Already m; (L) = 1. Wecancheckthat < A +48, A+ 8 > = % Let

u=A—a.Then<pu+38,u+68>= % By Freudenthal’s formula
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[o¢]
(<A+86A2+8>—<pu+6, u+6>m(n) = Z[me(u—i—ia]) <

i=1

o0
wtiog, o > + Zm,\(li-i-iaz) <pAic, o >

i=1

o
+ Zm,\(,u+iot1 +ioy) < pu+io +iog, o +op > ]

i=1

Since A < u +ia; foralli > 2, A < u+ia, foralli > 1, we see that

my(A—oy)) =2 <Xt a >= 1.

Thus, m; (A — ;) = 1. Similarly, using that m; (A — o) = 1, we can show that
m; (A — oy —ap) = 2.Indeed, proceeding recursively, we can find all m; (A — i —

ja).

Exercises

34.1.

3.4.2.

3.4.3.

3.4.4.

34.5.

3.4.6.
3.4.7.

3.4.7.

Use Weyl’s degree formula to show that deg(X) = n + 1, where A, is an in
Example 3.4.13.

Let p be a faithful irreducible representation of L of the smallest posi-
tive degree. Show that the highest weight of p is A; for some i, where
{X1, A2, ..., A} is the basis of A consisting of fundamental weights.

Use Weyl’s degree formula to determine the dimension of V (), where X is
as in Example 3.4.14. Also determine Chy ;).

Use Kostant’s formula to determine m; (A — o), where A and «; are as in
Example 3.4.14.

Consider G, with the standard root system ®, A = {«), a»}, o being short.
Let {11, A2} denote the basis consisting of fundamental dominant weights.
Express A and A, in terms of oy and op. Let A = 2X; 4 eA;. Determine
my (A — op) and also m; (A — a; — o).

Find DimV ()) = deg()\), where A is as in Example 3.4.14.

Use the Steinberg formula to decompose V (A1) & V (A;) as the direct sum of
simple modules, where A and A, are as in Example 3.4.14.

Decompose V(A + X2) ® V(A + 2A;) as the direct sum of simple modules,
where A; and A, are as in Example 3.4.14.



Chapter 4 ®)
Chevalley Groups oo

The simple complex Lie groups are in natural bijective correspondence with simple
Lie algebras over the field of complex numbers. Dickson and Dieudonne introduced
and studied the version of some of these classical Lie groups over arbitrary fields.
Motivated and tempted by their study of these classical matrix groups, Chevalley, in
1955, unified and introduced groups (bearing his name) by discovering, ingeniously,
an integral basis (a basis with respect to which all the structure constants are integers)
{hi |1 <i <} U{xa | @ € D} of a semi-simple Lie algebra L over C associated
with a root system. Such a basis is also termed as a Chevalley basis. Further, the
existence of such a basis allowed to construct analogues of complex simple Lie
groups over arbitrary fields. These finite simple groups over finite fields together
with their twisted analogues and the alternating groups A, give the complete list of
infinite families of finite simple groups. The Z-span L(Z) of a Chevalley basis has
the obvious induced Lie algebra structure over Z. Tensoring with an arbitrary field K
gives us a Lie algebra L(K) over K. This allows us to think of exp(a(ad(x,))) as an
automorphismof L(K) foreacha € K anda € ®. Inturn, we obtain the group G (K)
of automorphisms of L(K) generated by {exp(a(ad(x,))) | a € K and o € ®}.
Taking K to be finite Galois fields F,, Chevalley discovered new families (different
from A,,) of finite simple groups (termed as finite simple groups of Lie types). Indeed,
for each such group G(F,), there are certain homomorphisms from SL(2, F,;) to
G(F,) and G (F,) may be viewed as an amalgamation of certain copies of SL(2, F)
through the members of the Weyl group W (®). In a further development, Tits gave
an axiomatic description of these groups with the help of Weyl groups.

The purpose of this chapter is to introduce Chevalley Groups and develop its
structure theory. We shall also introduce the twisted groups of Lie types.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2021 181
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4.1 Classical Linear Groups

In this section, we introduce and study (briefly) the classical linear groups over
arbitrary fields which provide initial examples of Chevalley groups.

Let K be a field and V be a finite-dimensional vector space of dimension n
(say) over K. The general linear group GL(V) ~ GL(n, K) of non-singular linear
transformations on V and the special linear group SL(V) =~ SL(n, K) of linear
transformations of determinant 1 have already been studied in some detail. We recall
some of their basic properties:

() 1 — SL(n,K) - GLn, K) 2 k* —> 1

is a split exact sequence.

(b) SL(n, K) is generated by the set {EiAj |i # j, A € K*} of transvections and
GL(n,K) is generated by the set {E;\j | i # j,Ae K*}YJ{Diag(1,1, ...,
1,d)|d e K*}.

(c) Let K = F, be a finite field containing ¢ = p™ elements. Then for n >
3, SL(n, F,) is the group generated by the set of transvections subject to the
Steinberg relations:

(i) EME! = E)™ forall \, e K.

(i) [Eﬁj, Ef] = 1fori #1,]J #kandforall \, u € K.
(iii) [E}. Ef] = Ej for j # 1.
The group GL(n, F,) is also denoted by GL(n, ) and the group SL(n, F,)
is denoted by SL(n, q).

For n =2, SL(2, q) is again generated by the set of transvections subject
to the relations (i) and
2
(i) whElLwy = E;) " forall A,y € K, where

! 0 A
w])\2: El)\2E21 Ef\z = |:_>\—1 0]~

However, if K is infinite, more relations (coming out of the Schur Multiplier
(Chap. 10, Algebra 2)) are needed to present SL(2, K).

(d Z(GL(n,K)) = {al, |ae K*},Z(SL(n,K)) = {al, |a" = 1}.

(e) PSL(n,K) = SL(n,K)/Z(SL(n, K)) is simple exceptforn = 2 with| K |<
3.

0 |GLn, @) | = (@"—D@G" —q)---(@q@"—q" "), | SL(n,q) | = ¢"'(q" —
D" —q)---(q"—q" ). 2

— @D =" =g" )

(2) | PSL(n, q) | = £ =D oaptg' =’ D | |

(h) PSL(2,5) ~ SL(2,4) ~ As: Consider a group G with presentation < x, y;
2,93, (xy)? >. Using the coset enumeration method of Coxeter and Todd, one
finds that the order of G is 60. The elements p = (12345) and ¢ = (152)
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of As are such that p° = ¢3 = (pg)’> = 1. Thus, we have a surjective
homomorphism from G to As which maps x to p and y to g. Since both the
groups are of same order, it is an isomorphism. Similarly, the elements E;, and
wi, of PSL(2,5) are such that (E;2)° = (wh,)® = (Epwl,)? = 1. Again,
since PSL(2,5) is also of order 60, it follows that G is also isomorphic to
PSL(2,5). This gives an explicit isomorphism from As to PSL(2,5). Use a
similar argument to show that SL(2, 4) is also isomorphic to As.

Further, PSL(2,9) =~ Ag. Indeed, it can be shown P SL(2, 9) contains a subgroup
isomorphic to PSL(2, 5). Evidently, this subgroup is of index 6. Thus, PSL(2, 9)
acts transitively on a set containing 6 elements. Using the fact that PSL(2,9) is
simple, it follows that PSL(2, 9) is isomorphic to a subgroup of Ae. By order con-
sideration, it follows that PSL (2, 9) ~ Ag.

Other classical linear groups are obtained with the help of special types of nonde-
generate bi-linear forms. Recall that a bi-linear form on a finite-dimensional vector
space V over K isamap f from V x V to K such that

() flax+by,z) = af(x,y) +bf(y,z),and
(i) f(x,ay+bz) = af(x,z2) +bf(x,2)
forallx,y,ze V,anda,b € K.

Thus, amap f from V x V to K is a bi-linear form if and only if the maps f,
and f” from V to K defined by f.(y) = f(x,y)and f¥(x) = f(x,y) are linear
functionals. Further, then the maps x ~» fy, and y ~» f” denoted by L and Ry,
respectively, are linear transformations from V to V*.

Let A be an x n matrix with entries in K. Then, the map f from K" x K" to K
defined by

fxy) = XAY

is a bi-linear form on K", where x = [xy, x2, ..., x,] denotes a row vector in
K". Indeed, these are all bi-linear forms on K”. In fact, given any bi-linear form
f on a vector space V of dimension n over K, there exists an isomorphism 7'
from V to K"(corresponding to each choice of basis), and a matrix A such that
f(x,y) = T(x)' AT (y). Thus, essentially, these are all bi-linear forms on a vector
space of dimension 7.

Let f and g be bi-linear forms on V and a, b € K. Then, it is easily seen that
af + bgdefined by (af + bg)(x,y) = af(x,y) + bg(x, y) is a bi-linear form on
V. Further, the zero map which takes every thing to O is already a bi-linear form.
Thus, the set BL(V, K) of bi-linear forms on V is a vector space over K with respect
to the operations defined above. Let us fix an ordered basis {u, us, ..., u,} of V.
Define a map My, u,....., from BL(V, K) to M,,(K) by

Mul,ug ..... u,,(f) = [aij]a

where a;; = f(u;, u;). This map is a linear transformation, and it is called the
Matrix representation map relative to the ordered basis {u;, us, ..., u,}. The
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matrix My, u,...u,(f) is called the matrix representation of the bi-linear form f.
The matrix representation map M,, ,,... ., can easily be seen to be a vector space
isomorphism from BL(V, K) to M, (K). Further, if {u,, us, ..., u,} is an ordered
basis of V, then {fi; = u:u; |1 <i<n,1<j<n}formsabasis of BL(V, K),
where {u}, u3, ..., u,} is the dual basis to {u, us, ..., u,}.

We say that a bi-linear form f is congruent to a bi-linear form g if there is an
isomorphism 7" from V to V such that g(x,y) = f(T(x),T(y)) forallx,y e V.
This is equivalent to say that the matrix representation of f and g are congruent with
respect to any choice of ordered basis of V. Thus, there is a natural bijective corre-
spondence between equivalence class of congruent bi-linear forms and congruence
classes of matrices.

Theorem 4.1.1 Let f be a bi-linear form on a vector space V of finite dimension n
over a field K. Then

p(Ly) = p(A) = p(Ry),

where A is a matrix of f corresponding to any choice of basis, and p denotes the
rank function.

Proof Let us first observe that matrices of f corresponding to different ordered
bases are congruent, and so they all have the same rank. Because of the rank-nullity
theorem, it is sufficient to show that v(L ;) = v(A) = v(Ry), where v denotes the
nullity. Now,

v(Ly) = dim({x e V| Lf(x) = fx = ) =dim({x e V| f(x,y) =
0 forallyeV}).

If we fix an ordered basis {u, us, ..., u,} of V, then the map T from V to the vector
space K", which associates to x = X/ x;u; the row vector X = [x1, X2, ..., X,]
is an isomorphism, and then f(x,y) = T(x)AT(y)' = XAYy', where A is the
matrix of f with respect to the basis {1, u, ..., u,}. This isomorphism takes the
subspace {x | f(x,y) = 0 for all y € V}of V isomorphically on to the subspace
{x € K" | XAy = 0 forall’y € K"}. Thus, v(Ly) = dim({x € K" | XAY' =
0 for all y}). Next, over any field if C is a row vector such that Cy" = 0 for all
¥ € K",thenC = 0(verify). Hence, {X € K" | XAy = 0 forally € F"'} = {x €
F"|XA = 0} = {x € F" | A'’X' = 0}. This shows that (L) = v(A"). Since
A is a square matrix, v(A") = v(A). This shows that p(L ;) = p(A). Similarly,
we can show that p(Ry) = p(A). f

Definition 4.1.2 Let f be a bi-linear form on V. Then, the common number
p(Ly) = p(A) = p(Ry) is called the rank of f.

Corollary 4.1.3 Let f be a bi-linear form on a vector space V of dimension n. Then,
the following conditions are equivalent.

1 Rank of f is n.

2 fx(y) = 0 forall yimplies that x = O.
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3 fY(x) = 0 forall x implies that y = o.
4 The matrix representation of f with respect to any basis is non-singular.

A bi-linear form f on V is called non-degenerate or non — singular bi-linear
form if it satisfies any one (and hence all) of the above three conditions in the
corollary. We say that a linear endomorphism 7 of V leaves a bi-linear form f
invariant if f(T'(x), T(y)) = f(x,y) forallx,y € V.

Proposition 4.1.4 Let f be a nondegenerate bi-linear form on V. Let G(f) denote
the set of all linear endomorphisms of V which leave f invariant. Then, G(f) is a
subgroup of GL(V). Further, if f and f' are congruent non-degenerate bi-linear
forms on V, then G(f) and G(f') are conjugate in GL(V). In particular, they are
isomorphic.

Proof Let T be a linear endomorphism of V such that f(T (x), T(y)) = f(x,¥)
for all x, y € V. Suppose that T(x) = 0. Then f(x,y) = Oforall y € V. Since
f is nondegenerate, x = 0. Thus, 7 is an injective endomorphism of V. Since V is
finite dimensional T € GL(V). Thus, G(f) € GL(V). Clearly, G(f) is a subgroup
of GL(V). Suppose that f and f’ are congruent. Then, there is an element T €
GL(V) suchthat f'(x,y) = f(T(x),T(y)) forall x,y € V. Clearly, f(x,y) =
F (T x), T~ '(y)) forallx,y € V.Let A € G(f). Then

F(TAT(x), TT'AT(y)) = fAT(x), AT(y) = f(T@), T») = f(x,y)

for all x, y € V. This shows that T~'G(f)T € G(f’). Similarly, T~'G(f)T <
G(f). ¢

Corollary 4.1.5 Let P be a non-singular n x n matrix with entries in K. Let G(P)
denote the subset {A € GL(n,K) | APA' = P} of GL(n, K). Then G(P) is
a subgroup GL(n, K) and G(P) is conjugate to G(Q) whenever P and Q are
congruent.

A bi-linear form is called a symmetric bi-linear form if f(x, y) = f(y, x) forall
x, y € V. Thisisequivalent to say that the matrix representations of f are symmetric.
Assume that the characteristic of K is different from 2. Since every symmetric matrix
with entries in a field of characteristic different from 2 is congruent to a diagonal
matrix (see Algebra 2), the matrix representation of a symmetric matrix is a diagonal
matrix with respect to a basis. Such a basis is called an orthogonal basis. Let f be a
nondegenerate symmetric bi-linear form on V. Then G(f) is called an orthogonal
group. If the field K is such that it contains square root of each of its elements (for
example C), then every non-singular symmetric matrix is congruent to the identity
matrix (see Theorem 5.6.15, Algebra 2). Thus, in this case, G(f) is isomorphic
to the group {A € GL(n, K) | AA" = I}. If K = R, then for a non-singular
n X n symmetric matrix there is a unique pair p, g of nonnegative integers p, g
with p +¢ = n such that A is congruent to the diagonal matrix J, ;, whose first p
diagonal entries are 1 and the rest of the diagonal entries are -1. In this case, the group
G (f) is isomorphic to the group O(p,q) = {A € GL(n,R) | AJ, ;A" = J,,}.
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Orthogonal Groups over Finite Fields of Odd Characteristic

Proposition 4.1.6 Let K = F, be a finite field of odd characteristic. Consider the
set L = {a*|ac F7} of squares of nonzero elements of Fy. Then L is a subgroup
of Fy of index 2.

Proof Clearly, L is a subgroup. The map a > a®> from K* to L is a surjective
homomorphism whose kernel is the subgroup {1, —1} of K* (since g isodd, 1 # —1).
Indeed, since Fy is finite, F7 is cyclic group of even order generated by a nonzero

element £ (say) of F,. Thus, L = < &% > of order "2;1 it

Proposition 4.1.7 Let F, be as in the above proposition. Let a, b € F;. Then the
polynomial X> +aY? + b in Fy[X, Y] has a zero in qu.

Proof Clearly K* = L|JEL. Supposethata ¢ L. Then K* = L|JaL.If—b =
¢* € L, then the pair (c, 0) is a solution of the said equation. If —b = av? ¢ L, then
the pair (0, v) is a solution. Next, suppose thata = u? € L. Again,if —b = ¢*> € L,
then (c, 0) is a solution. Suppose that —b ¢ L.Now, X> +a¥Y?> +b = X> + Z?> + b,
where Z = uY. Clearly, if for some ¢ with —c ¢ L, X>+ Z>4+c¢ = O has a
solution, then it has a solution for all d with —d ¢ L. Thus, if X 247224 =0
has no solution, then L | J{0} will turn out to be a subgroup of the additive group
K.But| L {0} | = qzi This is a contradiction, since 4—42“1 does not divide ¢g. This
completes the proof.

Proposition 4.1.8 Let f be a nondegenerate symmetric bi-linear form on a vector
space V of dimension n > 3 over F,, where q is an odd prime power. Then there
exists a pair uy, up of linearly independent elements of V such that f(uy,u;) =
0 = f(ua,up) and f(uy,uy) = 1. Further, if U is the subspace of V generated
by {ui,u}, then V. = U & U+t

Proof Since ¢ is odd, we have an ordered orthogonal basis {v;, vs, ..., v,} of V.
Suppose that f(v;, v;) = a; #0and f(v;,v;) = Oforalli # j. From the above
proposition, fora = al_laz andb = al_la3, there is a pair ¢, d € F, such that ¢* +
ad>+b = 0.Takeu; = cv; +dv, + v3.Then f(ur, u)) = ca; +d?ar +az =
ai(c* +ad* +b) = 0. Since f is nondegenerate, there is an element v € V such
that f(u1, v) # 0. We may assume that f (11, v) = 1.Now f(v + xuy, v+ xu;) =
f(v,v) +2x. Takeuy, = v — @ul. Then f(uy,u;) = Oand f(uy,uy) = 1.
The last assertion also follows if we observe that U (| U L = (0. ¢

Proposition 4.1.9 Let f be a nondegenerate symmetric bi-linear form on a vector
space V of dimension 2m + 1 over a field F,, where q is odd. Then there is a basis
{uo, uy, uz, ..., uzu} of Vsuch that f(ug, ug) = aforsomea # 0, f(up,u;) = 0
foralli, f(ui,u;) = Oforalli, jwith|i— j|#m,and f(u;, uny;) = 1forall
i,1 <i < m. Further, if f’ is another nondegenerate symmetric bi-linear form, then
G(f) is isomorphic to G(f).

Proof We prove the existence of such a basis {ug, uy, us, ..., uz,} of V by the
induction on m. Suppose that m = 1. Then from the above Proposition, we have
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a linearly independent pair uy, u, of elements of V such that f(u;,u;) = 1 =
fluz,uy), fur,uy) = 0 = f(uz,uz).AlsoV = U @ U+. Let ug be a nonzero
element of U~. Then, {uo, uy, u»} is abasis of V with the required property. Similarly,
assuming the assertion for r < m, m > 2, we can establish it for m.

Now, let f’ be another nondegenerate symmetric bi-linear form on a vector space
V of dimension 2m + 1 over F,. Then as before, there is basis {vo, vy, ..., Vo1 ]} of
V such that f(vg, v9) = b forsome b # 0, f(vg, v;) = Oforalli, f(v;,v;)) =0
for all i, j with | i — j |#£ m, and f(v;, V) = lforalli,1 <i <m.Putc =
a~'b. Consider the automorphism 7 of V given by T (ug) = vo, T(u;) = v; and
T (Upyi) = CUpyi for 1 <i <m. Then f'(x,y) = cf (T (x), T~(y)) for all
x,y € V.Evidently, cf is also a nondegenerate symmetric bi-linear form on V such
that G(f) = G(cf).Italso follows from the above identity that G(cf) is conjugate
to G(f’) in GL(V). This shows that G(f) = G(f’). It particular, it follows that
upto isomorphism, there is a unique orthogonal group on any 2m + 1 dimensional
(m > 1) vector space over F,. {

Considerthe 2m + 1) x (2m + 1) matrix Jo41 = [a;;], wherea;, = 1, a;; =
0 =ayforalli #1,ay =1 = afor|j—k|= m, j, k=>2and all other
entries are 0. Then J,,,4 is a non-singular symmetric matrix. Consequently, we have
a nondegenerate symmetric bi-linear form f on F, qz’”“ given by

FE) = Ty

Thus, the unique (up to isomorphism) orthogonal group on a 2m + 1 dimensional
vector space denoted by O (2m + 1, g) is given by

0C2m+1,q9) = {AeGLC2m+1,9) | Ayni1A" = Jonii}.

We state few elementary properties of O(2m + 1, g). Evidently, the determinant
of each member of O(2m + 1, g) is 1. The normal subgroup SO(2m +1,g9) =
{AeO@2m+1,q)| DetA = 1of O2m + 1, q) of index 2 is called the special
orthogonal group. It can be seen [SO(2m + 1,q), SO2m +1,9)] = [0(2m +
1,9), O(2m + 1, q)] is a simple subgroup of SO (2m + 1, g) of index 2. This group
is denoted by Q(2m + 1, g). Form = 1, (3, g) = PSL(2, q) (Exercise 4.1.4).

Counting the non-singular matrices satisfying the condition AJ,,11A" = Jopyi,
one can establish the following:

Proposition 4.1.10 | OQ2m +1,¢) | = 2¢™ (¢* — D(g* = 1)---(g*" —1). 1
Next, we study orthogonal groups on even-dimensional vector spaces:

Proposition 4.1.11 Let V be a vector space of dimension 2m > 2 over F,;, where
q is odd. Let f be a nondegenerate symmetric bi-linear form on V. Then there is a
basis {uy, uy, ..., Uy, Upils - - ., Uy} SUch that

1 fi,upmgi) = 1 = fupgi,u;) for all i <m —1, f(up,uz) = 1 =
fWom, un), and for the rest of the pair i, j, f(uij,u;) = 0,
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or else

20 fuisumyi) = 1 = flupgi,w;) for all i <m —1, f(uy,uy) = 0 =
fuom, up), fWUp, ) = —af WUom, uzy) # 0, and for the rest of the pair i, j,
fui,u;) = 0, where a is an element of F, which is not a square.

Proof Using Proposition 4.1.9, and induction, we can find a basis {uy, us, ..., Uz}
which satisfies the condition 1 and 2, except for the conditions to be satisfied by u,,
and uy,. Let U denote the subspace of V generated by {u;, us, ..., Up—1, Um+1,
Umtdy -+, Usy—1}. Then V. = U & U+t Suppose that U+t contains a nonzero
element u such that f(u,u) = 0. Since f is nondegenerate, there is vector

v € Ut such that {u, v} generates U+ and f(u,v) # 0. Suppose f(u,v) = b.
If f(v,v) = O, then take u,, = u and uo, = b 'v. If f(v,v) #0, then
w o= u-— %v is such that f(w, w) = 0 and f(u,w) # 0. Take u,, = u
and u,, = f(v, w)~'w. Thus, in this case, we have a basis satisfying 1. Next, sup-
pose that f(u, u) # 0 for all nonzero u € U~t. Take an orthogonal basis {u,,, us,}.
Then f(up,usn) = 0 = f(uom, un) and fup, uyn) = —af o, uzm) #0
for some a € F,. For any nonzero pair x, y of scalars xu,, + yus, # 0. Hence,
Fm, ) (x2 —ay?) = fF(Xty + Ylom, XUy + Yito,) # 0. This means that a is
not a square. f

Let f, denote a nondegenerate symmetric bi-linear form on a vector space of
dimension 2m which admits a basis satisfying the condition 1 of the above Proposition
and f_ denote a nondegenerate symmetric bi-linear form admitting a basis satisfying
the condition 2 of the above Proposition. If f is any nondegenerate symmetric bi-
linear form on V, then as in Proposition 4.1.10, G(f) is isomorphic to G(f) or to
G(f-). Evidently, G( f}) is isomorphic to the subgroup

{AeGLQ2m,q) | AT, A" = J})

of GL(2m, q), where

Om 1
+ m Im
JZm - [Im Omi|
is the matrix of f, relative to the basis 1 as described in Proposition 4.1.12. We

denote this orthogonal group by O, (2m, g). Counting the number of matrices in
0.(2m, q), we see that

| 0+Cm,q) | = 2¢"" (@ = Dg* =D (" = D@" = 1.
Similarly, G(f-) is isomorphic to the subgroup
{Ae GLQ2m,q) | AJ,, A" = J;’}
of GL(2m, q), where J,,, is the matrix of f_ relative to the basis 2 as described in

Proposition 4.1.12. We denote this orthogonal group by O_(2m, g). Counting the
number of matrices in O_(2m, q), we see that
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| 0-Cm,q) | = 2¢"" (@ = D" =D (@ = D@" + 1.

Consequently, O (2m, q) is not isomorphic to O_(2m, q), and indeed none of them
are isomorphic to O (2m + 1, g). This shows that on an odd-dimensional space, there
is a unique orthogonal group and on even-dimensional vector space there are two
orthogonal groups as described above.

SO+L(2m,q) is a subgroup of index 2 in OL(2m, q). Again the commuta-
tor subgroup [SO+(2m, q), SO+ (2m, q)] denoted by Q4 (2m, q) is of index 2 in
SO+ (2m, q). The order of the center Z(2(2m, q)) is 2 whenever ¢ = £1(mod4)
anditis 1, otherwise. PQL(2m, q) = Q2i+(2m, q)/Z(2+(2m, q)) is a simple group.
The reader is referred to “The Geometry of Classical Groups” By J. Dieudonne. For
further details.

Symplectic Groups

Recall that a bi-linear form on V is termed as an alternating form if f(x, x) = 0 for
all x € V. If the characteristic of the field is different from 2, then this is equivalent
to say that f(x,y) = —f(x,y) forall x, y € V. This is also equivalent to say that
the matrix representation of f with respect to any basis is skew symmetric. Note
that over a field of characteristic 2, alternating forms are also symmetric. We are
interested in nondegenerate alternating forms.

Proposition 4.1.12 A vector space V admits a nondegenerate alternating form

if and only if Dim V = 2m for some m. Further, if f is a non-degenerate
alternating form on a vector space V of dimension 2m, then there is a basis
{ur, vi, u2, va, ..., Uy, Vy} such that f(u;,u;) = 0 = f(v;,v;) for all i, j,

fwi,v)) = 0 = f(u,uy) forall i #j, and f(ui,v;) = 1 = —f(v;,u;)
foralli.

Proof Given a basis {uy, vy, us, vz, ..., Un, vy} of V, we have a unique non
degenerate alternating form subject to f(u;,u;) = 0 = f(v;,v;) for all i, j,
fwi,vj)) =0 = f(v,u;)foralli #j,and f(u;,v;) = 1 = —f(v;,u;) for

alli. Let f be a nondegenerate alternating form on V. Evidently, there is no nonde-
generate alternating form on a vector space of dimension 1. Thus, Dim V > 2.
Let u#; be a nonzero element of V. Then f(u;,u;) = 0. Since f is nonde-
generate, there is a vector v such that f(u;, v) # 0. Take v; = mv Then
f@y,vy) = 1 = —f(vy,uy). Clearly, {u;, v} is linearly independent. If V =
< {uy, v1} >, then there is nothing to do. If not, let U be the subspace gener-
ated by {u;, v;}. Consider U*. Let x = au; + bv; be a member of U+. Then
—a = f(x,u1) = Oandb = f(x,v;) = 0. This means that U ") Ut = {0}
Let x be an arbitrary element of V. Puty = x — f(x, v))u; + f(x, u;)v;. Clearly,
yeUtandx = f(x,v))u; — f(x,u;)v; + ybelongsto U + U~. This shows that
V = U@ U" . Since f restricted to U+ is also a nondegenerate alternating form,
the assertions follow by the induction on Dim V. {

If f is a non degenerate alternating form on an even-dimensional space V, then
G (f) is called a Symplectic Group. A nondegenerate alternating form is also called
a symplectic form.
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Corollary 4.1.13 Any symplectic group on a vector space V of dimension 2m over
a field K is isomorphic to the subgroup

Sp(2m,K) = {Ae GL2m,K) | APA" = P}

I O
r=% o]
Proof Let f be a nondegenerate alternating form on a vector space V of dimension

2m. From the above Proposition, it follows that the matrix of f with respect to a
suitable basis is P as given in the Corollary. Hence G(f) ~ Sp(2m, K). f

of GL(2m, K), where

We state a fact (to follow later) that PSp(2m, q) = Sp(2m, q)/Z(Sp(2m, q))
is simple group except whenm = 1,q <3 orm =2andgqg = 2.

Let K be a field with an automorphism o of order 2 (also termed as an involution
on K). For example on C, the conjugation map z > 7 is an automorphism of order
2. Suppose that K be a finite field which admits an automorphism o of order 2. Then
K is quadratic extension of the fixed field K, of 0. If K, = F,,then K = Fp.
Evidently, o given by o(a) = a? is an automorphism of F of order 2.

Leta € F,2. Then (@' ™)1 = a?t’ = qiq9" = q%a = a'*9.Thus,a'* € F,
foralla € F,2.Consider the map 7 from F2 to F, defined by 7(a) = a'*4.Clearly 7
restricted to F%, is a homomorphism from Fq*2 to F7. Since Kert is a cyclic subgroup
of F* of order g + 1, it follows that 7 is surjective map. Similarly, a + a? € F, for
all a € F,» and the map p from F2 to F, defined by p(a) = a + a? is a surjective
map.

Let V be a vector space over K with an involution . Then a map f from V x V
to K is called a sesqui linear form if the following hold:

(1) flax+by,z) = af(x,z) +bf(y,z), and

(i) f(x,ay+bz) = o(a)f(x,y) + o) f(y,2)
forallx, y,z € Vanda, b € K. Asesquilinear form f is called anondegenerate
form if f(x,y) = O for all y implies that x = O and f(x,y) = O for all x
implies that y = 0. If {x, x5, ..., x;,,} is a basis of V, then the matrix A =
[a;j = f(xi, x;)]is called the matrix of f relative to the given basis.

A sesqui linear form f is called a Hermitian form if f(x,y) = o(f(y, x))
for all x, y. A sesqui linear form f is a Hermitian form if and only if the matrix
A = [a;;] associated with f relative to a basis is hermitian matrix in the sense that
A = A* = [b;;], where b;; = o(ay;) foralli, j.

Proposition 4.1.14 Let f be a nondegenerate hermitian form on a vector space V
of dimension m over a finite field F,>. Then there is a basis {uy, ua, ..., uy} such
that f(u;,u;) = 1foralli and f(uj,u;) = 0wheneveri # j.
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Proof The proofis by the induction on the dimension of V. Let f be a nondegenerate
hermitian form on V. Evidently, f(V x V) = Fg. Suppose that f(u,u) = 0 for
all u. Then f(u+v,u+v) = O for all u,v € V. This implies that f(u, v) +
f(,u) = Oforallu, v € V.Since f is hermitian, f(v,u) = f(u,v)? forallu, v.
Inturn, pu(f(u,v)) = f,v)+ f(u,v)? = 0forall u, v. This is a contradiction,
since p is surjective map from F2 to F,. Thus, there is a nonzero member u such
that f(u,u) = a # 0. Since f is hermitian, a? = a. Consequently, a is a nonzero
member of F,. Since 7 is surjective map, there is an element b € F(;z such that
a = b9 . Takeu; = b~ 'u.Then f(u1,u;) = 1.Theresultfollowsif DimV = 1.
Assume that the result holds for all vector spaces of dimension less than Dim V. Then,
as above, there is a u; € V such that f(u;,u;) = 1. Let U denote the subspace
generated by u;. Then as usual, V = U @ U+~. Clearly, the DimU+ < DimV
and f|y. is nondegenerate hermitian form. By the induction hypothesis, we have a
basis {u2, us, ..., u,} such that f(u;,u;) = land f(u;,u;) = Ofori #j.

Corollary 4.1.15 Let f be a nondegenerate hermitian form on a vector space of
dimension m over F, then G(f) is isomorphic to the subgroup

UGm,q) = {AeGL(m, g% | AA* = I}

of GL(m, q?).

Proof Since the matrix representation of f with respect to a suitable basis is the
identity matrix, the result follows. fi

The group U (m, q) is called a Unitary Group. Clearly, Det A* = (Det(A))? =
(Det(A))~'. Hence, Det(A)7*! = 1. We have an exact sequence

1 —> SU(m.q) > U(m.q) 5 Zysy —> 1

where Zy1 = a € F}, | a4t = 1,and SU(m, q) = SL(m,q*>) (U (m,q). The
center Z(SU (m, q)) is a cyclic group of order (m, g + 1). The projective special
unitary group PSU(m,q) = SU(m,q)/Z(SU(m, q)) is a simple group for all
n > 3 except whenn = 3 and g = 2.

Exercises

4.1.1. Compute the order of U (m, ¢q) and also of PSU (m, q).
4.1.2. Determine the order of Sp(2m, q).

4.1.3. Show that SU(2,q) ~ SL(2, q).

4.1.4. Show that 2(3,q) =~ PSL(2, q).
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4.2 Chevalley Basis

In this section, we shall show the existence of integral bases (bases with structure
constants as integers) of L, U(L), and V, where L is a semi-simple Lie algebra over
C, U(L) is the universal enveloping algebra of L, and V is a L-module. L, H, &,
and A are as usual.

Proposition 4.2.1 Leta, € ®, 0 # fa. Let{f —ra, 08— (r — Da,...,0,0+
Q, ..., 0+ qal be the a-string through (3. Then the following hold:

(i) <B,a>==r—q = B(hy), where h, = —2o_.

(ii) At the most two root lengths occur in the root string.

(iii) Ifq # 0, thenr +1 = 1=etfotiz,

Proof The part (i) has already been established (Propositions 2.1.9, 2.2.8).

(ii) Note that (Za + ZB)(\® = @’ is also a root system of rank 2. If @’ is
reducible, then & = A; x A; = {%a, 3} and there is nothing to do. If @’ is
irreducible, then it is A,, B,, or G,. The result follows in each case.

(iii) If g £ 0, then ®' = A,, B,, or G,. The identity follows by simple casewise
inspection. f

Proposition 4.2.2 (Chevalley) There exists a map x from ® to |J,.qp Lo With
x(a) = x4 € L, for each o € ® such that the following hold:
(i) [XarX_a]l = ho = =22 forall o € .
(ii) Foreachpairo, 8 € ® suchthato + 3 € ®, the scalarv, g givenby [x,, xg] =
Vo, 3Xa+p satisfies the condition v, 3 = —V_q g = —Vg,a.
(iii) V25 = q(r + 1)“‘L§—§jﬁ> = (r+ D% where {B—ra, B— ( — Da, . ..,

B, B8+ a, ..., B+ qal) is the a-string through £.

Proof (i) We have an automorphism o of L of order 2 such thato(L,) = L_, and

o(h) = —hforall h € H. For each o € ®*, select a nonzero member u,, of L,

and put —u_, = o(u,). Since the Killing form & is nondegenerate, x(u,, u_,) #
_ 2 _ 2 _ 2

0. Take Xa = mua Then /i(xa,x_a) = has T Rty From

Theorem 2.1.6, it follows that [x,, x_,] = h, for each a.
(ii) Since each L, is one dimensional, for each «, 3, o + 3 € ®, we have a scalar
Vo, such that [x,, xg] = v, gXat+s (Va3 are called structure constants). Further,

—Va,pX—a-p = U(Va,ﬂanrﬁ) = J([xaax[i‘]) = [U(Xa),O'(X[j)]

= [x—on x—ﬁ] = V_q,—pX—a—p-
This shows that v, 3 = —v_,, —g. Further,
Vo, pXa+p = [-x(ts XQ] = —[Xﬁ, xa] = —Vg.aXB+a = —V3aXa+p3-

Hence, vy 3 = —vg.a.
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(iii) By the Jacobi identity,
[[xa, x—al, x5] + [[x-a,x5], xa] + [[xs, Xal, x-a] = O,

or
[hav xﬂ] + V_o,fV—a+3,aXp3 + V3.aVp+a,—aXp = O’

or
ﬁ(ha)xﬂ + Vo, gV-a+B.0X3 T VB.aVs+a,—aX3 = 0.

This means that
B(h(y) + Voo, V-0 T VBaVita,—a = 0. 4.1)

Replacing 3 by 5 — « in the above equation, we obtain

(ﬁ_ a)(ha) + V_a,B—aVp—20,a + V3—a,aVp,—a = 0. (42)
Adding (4.1) and (4.2) and observing that v3 _, = —v_,, g, We obtain
zﬁ(ha) — a(hy) + Vg.aVp+a,—a T V—a,f—aVf—2a,0 = 0. 4.3)

Again, replacing 8 by 8 — « in (4.3) and adding the equation, thus obtained, with
(4.3), we obtain

3/6(ho<) - (1 +2)a(ha)+ Vg,aVp+a,—a + V_q,p=2aV3-30,0 = 0.

Proceeding inductively, we see that

rir+1)
(r+ l)ﬁ(ha) - Ta(ha)'i_ Vg,aVB+a,—a + V_a,f—raVs—(r+Da,a = 0.
“4.4)
Observing that 3(h,) = (r —¢q), a(h,) = 2and vg_41ya.a = 0, we get
Vo,fV+a,—a = —q(7’+ 1) (45)

Again the Jacobi identity
([x—as x—3], Xa4p] + [[x—p, Xa48], X=a] + [[*a+p, X-al, x—p] = 0
gives

- V—a,—ﬁha—kﬂ + V—ﬁ,a—&-ﬁha + Vn,+/’3,—(1h/3 = 0. (46)
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2ty

<a,a>"

we obtain

Since to+3 = to +tgand h, =
—<a+pa+B>hyp+<a,a>h,+<pB,8>hg = 0. 4.7

Since {h,, hg} is linearly independent, the coefficients in (4.6) and (4.7) are propor-
tional. Consequently,

V_a,—p _ Votp—a _ V-pa+s
<a+p,a+ 0> < 3,0 > <a,a>

Thus,
V()H—ﬁ,—& — < ﬂvﬂ> (4 8)
Vg8 <a+p,a+p>" '
and also
V_3.a+83 _ <o, >
Voq,-p B < Oé+ﬁ,04+ﬂ >
Using the Eqs. (4.8) and (4.5), we obtain
V(w,ﬂ”(!+;’3,—a<a+ﬁsa+ﬁ> <a+f,a+p>
Vo, gV—a,—p = = q(i’ + 1) .
<pB.p> <B,B>
Further, using the Proposition 4.2.1 (iii),
Vo, gV-q,—g = —(r + )%
Since vap = Voo pViy = (r+1D*and v,y = £+ 1). 4

Corollary 4.2.3 We have a basis of {h; | 1 <i <1} U{xa | @ € ®} such that the
structure constants are integers. Indeed:

(i) Thihj] = 0<i,j <L
(ii) [hi, xo] = < a,q; > xo foreachi,1 <i <land o € .
(iii) [Xa, X_o] = hq is an integral linear combination of {h; | 1 <i <I}.
(iv) If o and (8 are independents and {3 —ra, B — (r — Do, ..., 3,8+, ...,
B+ qa} is a a-string through B, then [x,,xg] = £ + Dxoyp, o+
Bed f

A basis described in the above corollary is termed as a Chevalley Basis of L.

Remark 4.2.4 Tits, J in 1966 determined the sign of v, 3 = +(r 4+ 1) for a given
® which, in turn, gives an alternative construction of semi-simple lie algebra without
the use of Serre’s theorem.

If {x/, | & € ®}isanother Chevalley basis and ' is the associated map from ® x &
to C, then there is a map ¢ from ® to C such that x/, = c,x,, where c(a) = c,.
‘We have the following:
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Proposition 4.2.5 (i) c,c_, = 1

(ii) l/(/yﬁl//_aq_ﬁ = Vg gV—q,—3-
PI‘OOf (1) Since coc_o[xa, X—a] = [x(;, xl_a] = hq = [xa,X_al, cac—q = 1.
(ii) We have
! I / ’ /
CaCpVa,pXa+s = CaCplXa,Xp]l = [x4, x5] = Vo gXot+s = Va,pCatBXatp-

C,

for all «, 3. It follows that I/(;ﬂ = 24 oy Vo for all «, 3. Using (i), we obtain (ii). f

Let L be a semi-simple Lie algebra over C (or over any algebraically closed
field of characteristic 0) and X = {h; | 1 <i <} U{xs | @ € ®} be a Chevalley
basis of L. Consider, the lattice (abelian subgroup ) L(Z) in L generated by X.
Note that L(Z) is independent of the basis A of ®. The Lie product in L induces a
product in L(Z) and L(Z) is a Lie algebra over Z with respect to the induced Lie
product. Let p be a prime and F, = Z,, the prime field of order p. Then F), is a Z-
module. Consider L(F,) = L(Z) ®z F, which is a vector space over F), with basis
(hi = hi®1|1<i<l} U{xa = xa ® 1 | @ € ®}. Further, the bracket operation
in L(Z) induces a product in L(F,) and L(F),) is a Lie algebra over F, with respect
to the induced product. This is just the reduction of L(Z) modulo p. Let K be a
field extension of F),. Then, as before, L(K) = L(F,) ®F, K is a Lie algebra over
K with {h; ® 1|1 <i <1} J{¥a ® 1 | a € ®} as a basis. Indeed, L(K) is the Lie
algebra over K obtained by just extending the scalars in L(F),) to K. For example,
if L = sl(n,C), then L(F,) = sl(n, F,) and L(K) = sl(n, K). The Lie algebra
L(K) may cease to be simple for if p divides n, the scalar matrices in s/(n, K) forms
a one dimensional ideal of s/(n, K) which is the center of sl(n, K). L(K) is called
the Chevalley algebra over K associated with the Lie algebra L. Note that L(K) is
isomorphic to L'(K) if L is isomorphic to L’.

Proposition 4.2.6 L(Z) is invariant under the transformation (ad(;l‘—f,))” foralla € ©
andm > Q.

Proof Let X = {h;|1<i=<l}J{xa| € ®} be a Chevalley basis of L.
It is sufficient to show that ““)”(x) c L(Z) for all « € ® and m > 0.
Clearly, @0e)’ () = p;, @d6all () — [x,, h;] = — < @, @; > X, , and also
(adca)™ (py. ) = 0 for all m > 2. This shows that (“d("”)) (h;) belongs to L(Z) for

T m!

all i and m > 0. Evidently, %) (x,) = 0 for allm > 1. Next, @l (y_ ) =

[Xa, X o] = ho and @48 (x o) = 3[Xas hal = —x,, and M(x o) =0
for all m > 3. Finally, let § € ® be such that 3 # +a. Let {ﬂ —ra, B —(r—
Da,...,....,0,8+a,..., 3+ qa} be the a-string through 3. From Corollary

423 (iv), ad(xy)(xg) = £ + Dxgiq. Since {(f+ ) — (r + Da, (B + ) —
(ra,....,.0+a,(B+a)+a,...,(B+a)+ (g — 1)a}isthe a-string through 5 +
a, (ad (x(y))z(xg) = £ + 1)(r 4+ 2)xp42,. Proceeding inductively, we see that

(ad(x))"(xp) = £+ D@ +2)- (r + m)Xgima
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forallm < g — 1 anditis O for all m > ¢g. Since
integer for all m, it follows that W(}Cﬁ) belongs to L(Z) forallm > 0.

:t(r+1)(r;!2)m(r+m) — (m+r)Cm is an

For each o € ¢, ad(x,) is nilpotent. As such,

(@d(xa))® (ad@)"

exp(ad(x,)) = 1 + ad(x,) +
2! m!

makes sense. It follows from the above proposition that exp(ad(x,)) acts as an auto-
morphism of the free Z-module L(Z) of rankn = [+ | ® |. The matrix representa-
tion of exp(ad(x,)) with respect to the chosen Chevalley basis is an integral n X n
matrix of determinant 1. The group /nn(L) generated by the set {exp(ad(x,)) | o €
@} can be viewed as a group of n x n matrices in SL(n, Z). More generally, let T be
an indeterminate over Z. Then L(Z[T]) = L(Z) ®z Z[T] is a free Z[T ]-module
of rank n withbasis X ® 1 = {h; ® 1 |1 <i <} |U{xo ® 1 | @ € D}, where X is
the chosen Chevalley basis of L. Evidently,

Pad()? | T"ad@)"

exp(ad(Tx,)) = I + Tad(x,) +
2! m!

is an automorphism of L(Z(T)) whose matrix representation with respect to the
basis X ® 1 is a n x n matrix of determinant 1 with entries in Z[T]. Consider the
subgroup G(T') of GL(n, Z[T]) generated by {exp(ad(T x,)) | a € ®}. Specialize
T with elements of a field extension K of F), to obtain a group G(K) of n x n
matrices over with entries in K. The group G(K) is called the Chevalley Group of
Adjoint Type over K associated with the semi-simple Lie algebra L. If K is a finite
Galois field F,, then leaving few exceptions, we shall show that G(F,)is a finite
simple group. This is how Chevalley discovered several families of finite simple
groups.

Still, more generally, our aim is to associate Chevalley Group to an arbitrary finite-
dimensional representation p of L on V. For the purpose, we look at the subring
U (L) with identity (which is also a Z-form on U (L)) of U (L) generated by the set
{’L(n);—‘,)m | a € &, m > 0} and also a lattice Vz in V such that U(L)z - Vz C V5.

Let A be an associative commutative algebra with identity over the complex field
C (orover any field of characteristic 0). Then foralla € Aandn € Z,, w
makes sense and it is denoted by (£). The usual identity “(Z“) - = (,”I_I')” also
holds. Here also we adapt the convention that (j) = 1 and put ({) = 0 for all
negative integer 7.

Consider ®* = {ay, as, ..., ay}asanorderedsetand @~ = {—qj, —no, ...,
—ay} also as an ordered set. Further, consider an ordered Chevalley basis

{xf(llv-xf(lzv e Xeays hl» h2’ "'vhlvx(l'lv-x()tzs ---7xaN}

of L, where | ® | = 2N. For each N-tuple @ = (a1, az,...,ay) € ZY, let e
denote the element
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(jL(x—al))a] . (jL(x—az))az . (jL(x—aN))aN
ap! a! ay!

of U(L), and e; denote the element

(jL(x(yl))al . (jL(xaz))az . (jL(x(tN))aN
a! a! ay!

of U(L). Further, for each [-tuple b = (b1, by, ...,b) in ZQ, let f7 denote the
element » - -

of U(H) C U(L) (note that (if(h")) makes sense, since U (H) is a associative com-
mutative algebra). We have the following theorem due to Kostant.

Theorem 4.2.7 (Kostant) The subring U (L)z of U (L) generated by { Y- (;(;))’" lae
®,m € Z,} is a lattice in U (L) with

{eZ freX |a,c e Z, and b e 7!}
as a Z-basis.

We establish a series of lemmas needed for the proof of the theorem.

Lemmad4.2.8 Let f = f(T\,T»,...,T)) € F[T1, Ty, ..., T;], where

T\, Ty, ..., T; are indeterminates over a field F of characteristic 0. Then f ZH cz
if and only if f can be expressed (of course, uniquely) as a Z-linear combination of
the set X = {(Z,])(an) S (Z”) | 0 <a; <degr, f for eachi}, wheredegr, f denotes
the degree of f in T,.

Proof Evidently, the polynomial (J1)(%2)-- - ([/) takes integral values on Z' for all
(a1,az,...,q;)) € Zi. Hence, any integral linear combination of members of X takes
integral values on Z!.

Conversely, let f = f(Ty, T, ..., T;) be a member of F[T;, T», ..., T;] such
that f(Z') C Z. We show that f is integral linear combination of members of X. The
proofis by the induction on!/. For/ = 0, there is nothing to do. Suppose that/ = 1.Let
f(T) € F[T]suchthat f(Z) C Z.Ifdeg(f) = O,then f = ay = ao(g),whereao
isaninteger. Ifdeg(f) = 1,then f(T) = a9 + a,T.Since f(Z) C Z, f(0) = ay
and f(1) = ag + a; are integers. This means a,, a; € Zand f = ao(g) + a](lT).
Assume the result for the polynomials in F[T'] satisfying the hypothesis which are
of degrees at the most r, r > 1. Since (]) = % + Z;:(; a;T',a; € F, TF =
k(D + Zf:é b;T'. By the induction, we observe that 7% = Zf.;l ¢; (). In turn, it
follows that a polynomial f(7) € F[T] of degree r + 1 can be expressed as

Fa =37 b, 4.9)
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where b; € F. We need to show that if f(Z) C Z, then all b; are integers. Replacing
T by T + 1in (4.9), we obtain

Fa+n = Y by, (4.10)

Subtracting (4.9) from (4.10),
F@+D = f@ = Y@=y = Y b0, @

Since f(T + 1) — f(T) takes integral values on Z, Z;Ll) b; (J[l) takes integral
values on Z and it is of degree r. It follows by the induction hypothesis that b; € Z
forall j > 1. Since f(0) = by € Z, it follows that all b; belong to Z. This proves
the result for / = 1.
Assume the result for [. Let f(Ty, T», ..., T;+1) be a polynomial in

F[Ty, T,, ..., Ti+1] such that f(Zl“) C Z. If degree of f in Tjy is zero, then the
result follows by the induction hypothesis. Assume the result for those polynomials
f whose degree in T;41 is r > 0. Suppose that the degree of f in 7}, isr + 1. Using
the earlier argument used for [ = 1, we can express f as

r+l1
ST i) = )0 (T T TG, (4.12)

Again as in case for [ = 1, replacing T;4+1 by T;4; + 1 in (4.12), we obtain that

r+1
O T T+ ) = Y (T T TG, (4.13)
Subtracting (4.12) from (4.13), we get

h == f(TlaTza"-7]}+l+1) - f(TlaT27-"”1-}) =
S g (T, T, TG, (4.14)

Since & takes integer values on Z/*!, RHS also takes integer values on Z/*!. The
degree of & in T} is at the most r. By the induction hypothesis 4 is expressible as
unique Z-linear combination of

{CHE) -y 10 < a; <degr, f fori <landay <r}.

Aj+1
By the uniqueness consideration, it follows that each ¢; (T}, T5, ..., T;), i > lisa
integral linear combination of elements of the type (1) (%2) - - - (/). Putting 7, = 0,
we see that go(T, T3, ..., T;) is also Z-linear combination of such elements. The

result follows for f. f

Lemma 4.2.9 Consider sl(2, F) with standard basis {x, h, y}, where F is an alge-
braically closed field of characteristic 0. Then for each r, s € N[ {0},
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JL )" jr(y)? — Zmi"(”‘v) JL(y)*™/ (]L(h) s— r+21)]L(x)

r! s! Jj=0 (= r—jn
Proof We use induction on r to establish the identity. If » = 0, then both sides
equal “(y > and there is nothing to do. Forr = 1, we use inductionon s. If s = 0,

then, as before, both sides equal “i’f) . Suppose that s = 1. Then

O LD — () jr(x) + e, o] = jr0jr) + ju(x, y) =

. . . 1 in(y)' I h)—1—1-2 r=i
LDV + ) = Yy B 112

Assume the identity for s > 1. Then

J) jrt!

T Gt
) je) gy
1! s! s+1

1 o) ) —s—142] EAWAL . . .
= (Z o jév(})j)' (f’(’) ST )’21(“] y ) LY (by the induction assumption)

* ) y
— JLA‘y JLI('X) JSL+y1 + JL())I)‘ Gio(h) —s + 1)];_5\1)

0 s+1 ( ; ir(v
= U L)+ A G — s+ DY

s+1 . . . .
= ]ffi)l), L0y ROV (using the fact that ji () jr(y) = —2j.(y))
s+1—j 1
_ Z o J(Ls(zi — (jL(h) (s+1)— 1+21J)JI(_1(X)1)' )
This proves the result for » = 1. Assuming the result for » and using the simi-

lar argument, we can establish the identity for» + 1. f

Corollary 4.2.10 Let L = sl(2, F) with the standard basis {x, h, y}. Then for

eachr € 7, (ﬁL(h)) belongs to the subring U(L)z of U(L) generated by the set
{JI (x)" jL('y)S | r,s > 0}
’ sl ’ - :

Proof The proof is by the induction on . Forr =0, 1 = (3) belongs to U(L)z.
Assume the result for all s < r, r > 1. From the above lemma

J(x)" ]L(y) i () VL) T y—argag, JL() Y
r! =M+ Y ])'( "=

belongs to U(L)z. Since the polynomial (fﬁz"ﬂj ) takes integral values on Z for
each j, it follows from Lemma 4.2.8 that (f_zr”j ) is integral linear combination

of the set {(iT ) | i < j}. Consequently, by the induction assumption, the second term
in the RHS, of the above identity belongs to U (L)z. Since LHS belongs to U (L)z,
(") belongs to U(L)z.

The following corollary is immediate.

Corollary 4.2.11 The Kostant theorem holds for si(2, F). 4
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Lemma4.2.12 Let X = {h; |1 <i <1}J{xa | @ € ®} be a chosen Chevalley
basis of L and L(Z) the lattice with X as Z - basis. Then

L(Z) ®z L(Z) @z - - - @z L(Z)

m

(tld (xn

is invariant under ) foreachr > 0and o € ®.

Proof By Proposition 4.2.6, L(7Z) is invariant under (“d(x”)) for each r > 0 and

a € ®. Using induction on m, it is sufficient to show that L(Z) ®z L(Z) is invariant
under (“d(rx!“)) for each r > 0 and o € ®. Recall that

ad(xa)(w ®v) = ad(x)(u) ® v + u @ ad(xq)(v),

and by the induction,

(ad (xa))" o (ad@)) o (ad ()
— e = 3 () ® ).

. M .
J! (r=mn!
It is clear that “42)" (;y ® v) belongs to L(Z) ®7, L(Z) forall u, v € L(Z). 4

We say that a nonempty subset W of @ is closed if o, 3 € ¥ and a4+ 3 € ®
implies that « + 3 € W. For example, ®, &, and ®~ are closed.

Lemma 4.2.13 Let V = {oq, o, ..., o} be an ordered closed subset of ® such
that W (=¥ = A. Lel Uy denote the subring with identity of U (L) which is gener-

a L o )"
]'(x Y \'1<i<tandr > 0). Thenthe set X = {]—[3-=1 Ll

N
m,.

ated by the set {——
(my,my,...,m;) € Z;}forms a Z-basis for Uy.

Proof Since V is closed, the subspace V of L generated by {x,, | 1 <i <t}isa
Lie sub algebra of L. Evidently, Uy C U(V), and hence X forms a F-basis of Uy.
We need to show that in the representation of any nonzero element of Uy as unique
linear combination of members of X, the coefficient of each member of X is an

. (Xa ;)7 .
integer. Foru = [])_, z me. D lm,~ = m is called the degree of u. Let x be
i

1 jL (x
a nonzero member of Uy. Let ¢ [ | = n:

the unique representation of x as linear combination of members of X. Then

t jL(xa',-)mj
x = anzl L+,

.|
m;:

be a highest degree term appearing in

where ¢ € F* and the degrees of terms in the linear representation of y are at the
. (Xa; )
most Y, mj andifd [T;_, 2% i5 aterm such that diymj =Y nj then

(my,my, ...,m;) # (ny,ny, .. n,) Using the induction on degree and the number
of terms appearing in the representations, it suffices to show that ¢ € Z. Now, U (L)
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and in particular, Uy acts (the action induced by the adjoint action of L on L) on L,
and in turn, it also acts on L ®z L ®z - - - ®z L. Consider

t

X ((x—m ®x—a1 ®"'®x—a1)®(x—az ®x—(yz ®®x—nz)®®
m may

(xfa, ® xfa, ® e ® xfa,))-

m

Evidently, the first term

cztjzl M . ((x—al ®x—a1 ® e ® x—ul)®

N
m_,.

m
(x—ryz QX_, ® - ® x—az) Q- ® (x—m QX & - ®x—m))

ma my

contributes

C((hm®hm®"'®hm)®(haz®haz®"'®haz)®"'®
mi ny

(hat ® ha, K- ® ha,))

m

in H®z H ®z --- ®z H, whereas other terms in x do not contribute any nonzero

1
term in H ®z H Q7 - -- ®z H, since the other terms of degrees th=1 m; do not

t
match with the sequence

(x—ul & x—(xl SOy x—al) & (x—az ® x—uz K & x—az) Q- ®
mi my

(x—a, RX_ g, ®--® x—a,)7

my

while the rest of the terms are of smaller degrees. Further, by Lemma 4.2.12, x
preserves L(Z) ® L(Z) ® - -- @ L(Z). Since L(Z) is independent of the choice of a
basis A, and any positive root belong to a basis, we can take a basis so that o is a
simple root. Again, since {h., | v € A} form a free Z-basis for H(Z) = H (| L(Z),
it follows that
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c((hal®ha1®"'®ha1)®(ha2®ha2®"'®ha2)®"'®
mi my

(ha, ® ha, R ® ha,))

my

belongs to H(Z) ®z H(Z) ®z - - - ®z H(Z). Thismeans ¢ € Z. 4

For simplicity in arguments, the degrees of monomials in (jL k)= ), 1 <i<l,
. . i1 (k)" ik
J > 0 are taken to be 0. Thus, if x = H§=1 ULl )I™ ]_[] l(j'( = ), kj >0, then

mi!

the degree of x is Y _i_, m;.

Lemma 4.2.14 Let o, § be members of ® and r, s > 0. Then YL& Ul 7

(JL(M))

linear combination of UL (;‘,"))Y and other monomials of degrees < r+s.

Proof If o = pf, then there is nothing to do. For « = —[3, the result follows
from the identity of Lemma 4.2.9. Suppose that {«, (8} is linearly independent. Take

= {ia+ jB i, j > 0}. Clearly, W is closed. We can order ¥ subject to o <
ﬂ Using Lemma 4.2.13, —(“(rm)’ —(“(x“)) can be expressed as c—(“(x")) —(“(x’))’ + .
where c € Zand y is Z-linear combmatlon of other monomials. By the PBW theorem
(“(x S UGall o UnGa)) (“(A,’))r + Z-linear combination of basis elements of
degrees < r + s w1th respect to an ordered (Note that we have used a PBW basis in

the Lemma 4.2.13). This completes the proof of the Lemma.

Lemma 4.2.15 Let o, 3 € ® and f(T) € F[T], where T is indeterminate. Then

Grxa)" fGrhg) = f(jr(hpg) —ra(hs)(jL(xa))"
forallr > 0.

Proof Since f(T) is linear combination of {7 | m > 0} and multiplication by
(jL(x4))" is also linear, it is sufficient to show the result for f(7) = T™, m > 0.
Thus, we need to show that (j (xo)) (jr(hp)" = (jr(hg) —ra(hg))™ jr(x,)" for
all r,m > 0. We prove it by the induction on m. If m = 0, then both sides equal to
(jr(x4))" and there is nothing to do. For m = 1, we prove it by induction on r. If
r = 0, then both sides are j;. (hg). Assume the result for . Then

Jrxa) jrthg) = (jrlhg) —rodhp)) jr(xa)".

Hence, ji (xo)" ' jL(hg)

= jr(xa)jr(xa) jr(hg)

Je(xa)(r(hg) —ra(hg))jr(xa)"

Jr(xa) jr(hp)(Gr(xa))" — ra(hs)(r(xa) !

= jrhg)Grxa))™ 4+ [in(xa)s jo ()1 (xa))” — rahg) (i (xa)) !
= jrhg)(r(x )™ = ahp)(Gr(xa)™™ — rathp) (o (xq)) !

= (jr(hg) — (r + Da(hg)) jr(xa)" .
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This proves the result form = 1. A similar calculation may be used to establish the
result for m + 1 by assuming it for m. This proves the Lemma. f

Proof of the Kostant Theorem: Let B denote the lattice generated by {e fye |

a,ceZV, and b e 7). By Corollary 4.2.10, (*"*") belongs to U(L)z, for all i
and r; > 0 This shows that B CU(L)y.

It remains to show that U (L)z C B. It suffices to show that each monomial of
elements of the set {(“(nj—‘,))x | o € &, and m > 0} is integral linear combination
of members of the set {e_fbef |a,ceZ), and b € Zl+} By Lemmas 4.2.14 and

(Uea)™ GLxa))™ (Xr\))

4.2.15, any monomial in | @ € ®, and m > 0} can be expressed in the order

(./L(-xn))r (JL()fa))v (r+5) Ur(xa))™*
N (r+s)!

Y| 1<i<l a €Z, and b; z 0} can be expressed

prescribed in the statement of the theorem. Further,

and the monomials in {(’L (hi)=a;

as integral linear combinations of monomials in {(f,f,.(h" )) | 1 <i <d,m; >0} which
can be shifted at the required places , thanks to Lemmas 4.2.8 and 4.2.15.(note that
the polynomial (Zl_“") takes integral values on integers). It follows that U (L)z C B.

i

The following corollary is immediate from the Kostant theorem.

Corollary 4.2.16 The set {e; |a € Zf} is a 7 -basis for a lattice U(N7)z of
U(N7), the set { f5 | be Zﬂ_} is a 7 -basis for a lattice U (H)7, of U(H), and the
set {eX | a € ZY} is a Z -basis for a lattice U(NT)z of U(N™), where N~ =
®Y . oLaand Nt = @), (Lo 1

More generally, our aim is to show the existence of a lattice V7 in a finite-dimensional
L-module V such that U(L)z - Vz € V. Such a lattice is called an admissible
lattice.

Eemma 4217 Letd = dy,ds,....,d) € Z and S a finite subset on] such that
d¢S. Then the_re is a polynomial f(T\,T»,...,T)) € F[T1, T», ..., T;] such that
f(Z' CZ, f(d) = land f(S) = {0}

Proof Take k to be sufﬁciently largesothat S € D,where D = [d; —k,d| + k] x
[dr — k,dr + k] - X [d; — k, d; + k]. Consider the polynomial f (T}, T, ..., T;)
defined by [T'_ I(T ~d YT, G ). Clearly £(Z') € Z, f(d) = 1, and for
eacha € D — {d}, f(@) = 0.Hence, f(S) = {0}. #

Theorem 4.2.18 Let V be a finite-dimensional L-module.

(i) Let A be a subgroup of V such that U(L)z - A C A. Then A = 692,1,61“(\/)
V() A, where T (V) is the set of weights of V.

(ii) There is a lattice Vz in V such that U(L)y, - V7 C V3.

Proof (i) For each weight p e I'(V), let @ = (u(hy), pChy), ..., u(hy)). Let
AeT(V). Theset S = {d, | u € T'(V)—{)\}} is a finite subset of Z! and d ¢ S.
From the above Lemma, there is a polynomial f (71, T», ..., T;) € F[T1, T», ..., Tj]
such that f(Z') < Z, f(d) = 1 and f(d,) = O for all peI'(V)—{Ah.
Put h = f(jL(h), jo(ha), ..., ju(hy)). By Lemma 4.2.8, h € U(H)z. Since
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f(a) = 1, v+> h-vis aprojection of V on V). Since U(L)z - A C A, the V)
component of & - v is in A for each v € A. Since A is arbitrary member of I'(V),
A=®) ANV

(i) By Weyl’s theorem, V is direct sum of simple L-modules. It is sufficient,
therefore, to assume that V. = V() is a simple L-module with highest weight
A. Let v be a maximal vector with highest weight \. Put V; = U(N7)z-v™.
Since jz(x,) - vt = 0 for all & > 0 and {e; |a e Zﬁ} is a Z-basis of U(N1),,
UNY)z-vt = Zv™. Since

Jrh)Grth) =D - Gr(hi) =bi + 1 w*) = ARi)A(hi) = 1) -+ (A(hi) — bi + 1)

jr (hi) +
G ) vt =
bi b;! b;!

Can)

belongs Zvt, U(H)z - vt = Zv*. Thus,
U(L)Z'v+ = U(N_)U(H)ZU(N+)ZU+ = U(N_)Zv+ = U(N_)Zv+ = Vy.

This means that U(L)zVz C Vz. It is also clear that Vz (| Vy = Zv™. Further,
{evt|ae Zﬁ} is finite and so V7 is finitely generated. Since U (N ™)z, being a
lattice in U (N ™) contains a basis of U(N™), Vz = U(N7)zv" generates V as a
F-space. Thus, to show that V7 is a lattice, we need to show that the rankVz is at the
most DimV . Suppose not. Then rankVz > DimV. Let r be the smallest number
such that there is a set {vy, v2, ..., v, } of Z-linearly independent vectors in Vz which
is linearly dependent over F. Suppose that Y \_, a;v; = 0, a; € F*, v; # 0. If all
elements of U(L)zv; has zero V(\), component in the decomposition of V ()\) as
direct sum of its weight spaces, then the subspace of V() generated by U (L)zv;
will be a nonzero proper sub module of V (). This is a contradiction, since V () is
simple. Hence, there is a nonzero element u € U (L)z such that V(\), component
of uv; is nonzero. Further, by part (i) of the Lemma, V (\))\-component of uv; lies
in Vz for each i. Thus, V (\))-component of of uv; is m;v; for some m; € Z. This
means that ) ;_, m;v; = 0, where m; # 0. Now,

r r
mi E v~ (E ., aimivy = 0.

Hence,

,
Ziizai(mlvi — m;vy) = 0.

Clearly, {mv; —m;v; | 2 <i <r} is Z-linearly independent subset of V; which
is linearly dependent over F (a; # 0), a contradiction to the minimality of r. This
shows that V7 is an admissible lattice in V. f

Let VbeaL-moduleand L’ = {x € L|x-v = 0 for all ve V}. Then L’
is an ideal of L and V is faithful L/L’-module. Indeed, L’ is sum of those simple
ideals of L which act trivially on V. There is not much loss in generality in assuming
that V is a faithful L-module. So, we assume that V is a faithful L-module. We have
already seen that

Ar - A(V) c Auniv-
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LetLy = {x e L|x-ve Vg forall v e Vz} denote the stabilizer of the admis-
sible lattice V. Evidently, the lattice L(Z) of L generated by the chosen Chevalley
basis is contained in Ly . Also, Ly is closed under the Lie product.

Proposition 4.2.19 Ly is an admissible lattice for the L-module L and it is inde-
pendent of the chosen admissible lattice Vg of V.

We need the following two Lemmas to prove the Proposition.

Lemma 4.2.20 Hy = Ly (\H is a lattice in H such that H(Z) C Hy C Ho,
where Hy = {h € H| Xh) € Z forall A\ € A} and H(Z) = H () L(Z) is the
Z-span of {h, | a € ®}.

Proof Let h € H. It follows from Theorem 4.2.18 that i - Vz C Vy if and only if
A(h) € Z for all A € A(V). Further, since A, C A(V) C Ao,

{he HI AR €Z forall X\ € Aunin) € {he H|Nh) €T forall \ e
A(V)Clhe H|Xh) €Z forall A € A,).

Consequently,
H(Z) € Hy < H,

where H(Z) is the Z-span of {h, | a € ®}. This shows that Hy is a latticein H. {

Lemma 4.2.21 Foreachx € L,u € U(L), and n € N|_{0},

(adjL(x))" Z -1 ),(jL(X))”’i (jL(x))i.

a0 = n—in

Proof The proof is by the induction on n. For n = 0, both sides are u. For n = 1,
%u = Jy(x)u — ujp(x). Thus, the identity holds for O and 1. Assume the iden-

tity for n. Then

(adj, (x)"*"
e @)

_ ad(jL(x)) (ad/L(X))”( )

- (n+))

_ ad(jL(x) (JL(X))”’ (jL(X))'
- (n+D) [Z 0( l)l (n—i)! i! ]

_ \" (n(x))"*" e i G (G
= 2i—o(—1 ) GeniaEn Yico(=D o=t YD -

Puttingi = j — 1 in the second term, it becomes

ZHH j(jL(X))n+17j (jL(x))j
~Y" e U — -
=1 m+1-=H" G-—D'n+1)

Substituting and arranging, we obtain that
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@djn )™ et G@) T G
Tarnr @ L

Proof of Proposition 4.2.19. Since L(Z) is the lattice generated by the chosen
Chevalley basis,

L(Z) = H(Z) + @Za@ VA

From the above lemma W(]‘L (u)) - vbelongsto Vz forallu € Ly andv € V5.

This means that Ly is invariant under M for all « € ® and m > 0. Again by
Theorem 4.2.18 (i),

LV = HV @ (@Zaeq)(LVﬂLa))'

Since L(Z) € Ly, Zx, € (Ly () La). Again, since Hy is a lattice in H, it suffices
to show that Zx, = (Lv()L,) for each a € ®. Consider the map ad(x_,)|.,
from L, to H. This is injective and the image is the subspace Fh, of H, since
L,, is one dimensional. Clearly, ad (x_,)(Ly (1 L.) € Hy = Ly () H. Since Hy
is a lattice in H, ad(x_,)(Ly () Ls) is infinite cyclic. Thus, Ly [ L, is infinite
cyclic generated by %xa for some n € N, as x, has to be an integral multiple of the
generator. In turn,

n

n

(cwl()zc!_a))2 <xa> X

belongs to Ly, thanks to the above Lemma. Again, since Ly is closed under Lie

product,
ad(x)\? /x_a 2
_< n > (T> T o

belongs to Ly. This means that %xa is an integral multiple of %xa. Hence,n = 1
and Ly (Lo, = Zx,. 4

Example 4.2.22 Consider L = sl(2, F)) with standard basis {4, y, x}, where F
is as usual an algebraically closed field of characteristic 0. Evidently, {&, y, x} is a
Chevalley basis of L. Consider L as L-module through adjoint action. Clearly, L is
a faithful simple L-module with x as a maximal vector of maximal weight a, where
a(h) = 2 (note that [h,x] = hx — xh = 2x). L(Z) = Zh + Zy + Zx.
U(L)z is the lattice with {££& (1) L) |4y p - > 0} as Z-basis. Evidently,
L(Z) is an admissible lattice and then the lattice L; of L(Z) is given by L; =
7% + Zy + Zx.

We have another faithful L-module F? with matrix multiplication action. It can be
easily seen thate; = (1, 1) is a maximal vector with maximal weight A = 5 given
by A(h) = 1, and Ze; + Ze; is an admissible lattice. The stabilizing admissible
lattice Lg2 is given by Ly = Zh + Zy + Zx = L(Z). Note that respective
weight lattices are A,,;, and A, (check it).
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Exercises

4.2.1. Show that any two different choice of Chevalley basis of a Lie algebra deter-
mine isomorphic Z-Lie algebras.

4.2.2. Determine two Chevalley bases of s/(2, F).

4.2.3. Determine a Chevalley base of each of the following: (i) A;, (ii) By, and (iii)
G,.

424, LetL = sl(2, F) and F be a field of characteristic different from 2. Describe
the Chevalley algebra L(K) of adjoint type and also the Chevalley group of
adjoint type.

4.2.5. Consider the standard two-dimensional L-module F2, where L = si(2, F).
Find an admissible lattice, and the corresponding stabilizer lattice.

4.2.6. Determine an admissible lattice for the standard representation of s/(3, F)
on F? and also the stabilizer lattice.

427. Let V and W be L-modules with admissible lattices A and B. Show that
A ® B is admissible lattice for the module V @ W.

4.3 Chevalley Groups

In this section, we shall introduce Chevalley groups G (V, K) associated with a triple
(L, V, K), where L is a simple Lie algebra over an algebraically closed field F of
characteristic 0, and K is a field. There is no loss in assuming that /' = C. We also
study the structure of G(V, K).

Let V be a L-module and V7 an admissiblle lattice in V. Let K be an arbitrary
field. We can treat K as a Z-module. Put VX = V; ®; K, LX = L(Z)®z K,
HY = HZ)®z K,V = (V2), ®z K,andKx} = Zx, ®z K, where (Vz), =
Vz () Vu, 1 being a weight of V. The following corollary is immediate from Theorem
4.2.18.

Corollary 4.3.1 (i) VX = @3 v, H,DivaK DimpV,.
(ii) xX £ 0 foralla e &, LX = HX @) K DimxHX = DimpH,
and Dimg LY = DimpL. 4

Foreacha € ®andm € Z, flx)? (X”) € U(L)z, and it acts on the admissible lattice
Vz.Inturn, for T € Z[T], ’L(x“) ® T’“ actson Vz ®z Z[T]. We denote ’L(m QT"

by % . Since for large m the action of Jr(xa)™ on V is 0, the action of %

on Vy, ®Z Z|[T] is zero for large m. Thus, exp(Tj(x,)) = Z;’f 0 % makes
sense. and it acts as an automorphism on Vz ®z Z[T]. Indeed, (exp(Tj.(x4)))~ =
exp(—Tjr(x,)). Let a € K. The specialization map T + a induces a surjec-
tive homomorphism 7, from (Vz ®z Z[T]) ®z K to Vz ®z K = VX.In turn,
exp(ajr(xy)) = ano 0 % acts as an automorphism on VX. We denote this
automorphism by x, (a) Since aj; (x,) and bj (x,) commute,

ae¢ Xa»

x)(a+b) = xV(@)x) (b)
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forall a, b € K. The subgroup {x) (a) | a € K} of GL(VX) is denoted by XY (K),
and the subgroup of GL(V¥) generated by |, X (K) is denoted by G(V, K).
We shall see soon that the group G(V, K) depends only on the module V (weights of
V) and not on the choice of the admissible lattice. So, the notation is unambiguous.
The group G(V, K) is called Chevalley Group associated with (L, V, K).

Our next aim is to look at the structure of G(V, K) and also to look at the pre-
sentation of G(V, K) in terms of the generators x(‘; (a).

Theorem 4.3.2 Let o, 5 € ® such that o + 8 € ® or a4+  # 0. Fix an ordering
inthe set {ia+ 10 | i, j > 1}, lexicographic ordering (say) with o + (3 the smallest
element. Consider the power series ring U (L)z[[s, t]1] over U(L)z in two variables
s and t. Then

lexp(sji(xa)), exp(tjeeo] = [, _ expleijs't! juhiaso),

where, as usual, [u, v] denotes the commutator wvu='v=', and in the RHS, the
product is taken in the chosen order. Further, c;1 = V4, c;ij are all integers which
depend only on the chosen ordering and not on s or t.

Proof Recall that if T} and T, are commuting linear transformations on a
vector space, then exp(T) + T2) = exp(T)exp(T»). In particular exp(—T) =
(exp(T))~'. If A is an associative algebra and a € A, then ad(a) = L, — R,,
where L, is left multiplication by a and R, is right multiplication by a and they
commute because of the associativity. Consequently,

exp(ad(a)) = Lexp(a) Rexp(—a)
for all @ € A with ad(a) nilpotent. Thus,
exp(ad(a))(b) = exp(a)bexp(—a) 4.15)

for all a, b € A with ad(a) nilpotent. Consider the element

FG5,0) = lexp(sjn(xa)), expejneaDI [ ], exp(=cijs't! ju(ias ),

where the product in the RHS is in the reversed order to the chosen order of {iav 4+ j 3 |
i, j > 1}.Itis sufficient to show that for a choice of ¢;; with ¢y = v, 5, f(s,1) = 1.
Observe that

s (exp(sjL(xa))) = sjr(Xa)exp(sjL(xa))- (4.16)

Now, using the product rule of derivation,
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sZ(f(s. 1) = sjr(xa) f(5, )+
exp(sjr(xa))exp(tjr(x)(—sjL(xa))exp(—ji(xa)exp(—tjL(x5))-
[ 1 exp(—cijs't! ji (Xiatjp)+Hlexp(sjr(xa)), exp(tjr(x))]-

Y ((nia+j6>ka+lﬂ exp(—cijs't! jL (Xiavjp)-
(—ciks*t' jo (xkarip)exp(—s*t ey ji (katip)))-

[Tias)sj<taris exp(—cijs't! ju (xz'a+jﬂ))))>) : (4.17)
Further, from (4.15)

(exp(ad(tjL(xp))(—sjL(xa)) = exp(tjL(xp))(—sjr(xa))(exp(—tjL(xp)))-
(4.18)
Also,

exp(ad(tjL(xp))(=sjL(xa)) = —Sjr(Xa) — Vapstje(Xatp) — ---. (4.19)

Using (4.18) and (4.19), we can express the RHS of (4.17) as Af (s, t), where A
is a polynomial in st ¢/, and jp (Xia+jg), i, j = 1. Observe that in the expression
for f(s,t) is homogeneous of degree O relative to the grading s — —a, t — —f,
and j; (xy) — -. Consequently, s%( f(s, 1)) and so A also has the same property. It
follows from the degree considerations that

A = Zk l>l(_Ckl + pk[)sktlj[‘(xka+[ﬁ),

where py; is a polynomial in ¢;; withi + j < k + [. Inductively, we can choose c¢;; so
that A = 0. But, then s%(f(s, t)) = 0. This means that f(s,¢) = f(0,¢) = 1.

Finally, we need to to show that all ¢;; are integers with ¢;; = v, g. Clearly, the
coefficient of st/ in the power series of f(s,t) is —c; ; -+ the terms coming from
the exponentials of j; (xgq415) Withk +1 < i + j. It follows by the induction that
¢ijjr (Xia+jp) belongs to U (L)z. This means that ¢;; € Z. Alsofori = 1 = j,the
coefficient of jz (xo48) 1S —c11 + Vo, g. So the initial choice is ¢1; = v,,3 to make
A = 0. This completes the proof of the Theorem. f

Corollary 4.3.3 Consider the Chevalley group G(V, K). If a, 3 € ® such that o +
B € ®. Then there exists integers c;j, i, j > 1 with c;1 = v, 3 depending upon a
chosen ordering of the set {iac+ j3 | i, j >} with smallest element o + (3 such that

[xY @, xy &) =[]

v ath!
i,jzlxmﬂﬂ(cua b’

forall a,b € K, where the product is taken in the chosen order. {

Corollary 434 Ifa, € Qanda+ (5 ¢ D, then [xX(a), x}; (b)] = 1foralla,b e
K. Supposethatifi, j > landio+ j3 € ®,theni =1 = j.Thenv, 3z = £(r +1)
and the RHS of the expression in Theorem 4.3.2 is exp (Vo5 j1 (Xa45))-
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Proof Since oo+ 3 ¢ @, [x,, xg] = 0. Using the Jacobi identity, we observe that
ad(x,) and ad(xz) commute. Thus, the multiplication by j; (x,) and the multi-
plication by jz (x3) on U(L) commute. It follows exp(a,r(x,)) and exp(bjr (x3))
commute. Hence [x}(a), x3(b)] = 1 for all a, b € K. The rest of the assertion fol-
lows from the Theorem 4.3.2. 4

Example 4.3.5 Consider L = si(I+ 1, F), [ > 2. We have a Chevalley basis
leijli#jl<i,j<l+1}Uleii —eiz1ipv1 |1 <i <IJof L.® = {(i,j)|i #
Jjt XG,j) = €ij. Note that [e,~<,~, Ej,'] = ejj — ¢€jj. We have the faithful L-module
V = F"! with the obvious action. It can be easily observed that xi‘;(a) =
exp(aji(e;j)) = El.“j.Therelation described in Theorem 4.3.2 is the usual Steinberg
relation.

Recall that a subset W of @ is called a closed set of roots if o, 3 € Wanda + 3 €
® implies that « + 3 € W. Thus, ®*, ®* —{a € A}, {a}, and ®, = {a € D |
ht(a) > r > 1} are all closed sets. Let W be a closed subset of ®. A subset  of
W is called an ideal of W if « € {, § € ¥ and a + 3 € ¥ implies that a« + 3 € (.
Clearly, ®*, T — {a € A}, and ®, = {a € ® | ht(a) > r > 1} are all ideals of
P,

Proposition 4.3.6 Let ( be an ideal of a closed subset V of ®. Let Xé’ (K)
and Xg(K) denote the subgroups of G(V, K) generated by Uae( XX(K) and
Usew XY (K), respectively. Suppose that o € V implies that —« ¢ V. Then XX(K)
is a normal subgroup of X}, (K).

Proof 1t is sufficient to show that x (a)xg(b)x(‘{ (a)~! belongs to Xz/ (K) for
all e ¥ and B €, a,b € K. Since v € ¥ implies that —y ¢ ¥, o+ 3 # 0.
It follows from Corollary 4.3.3 that [x, (a), x} (b)] belongs to Xg/ (K). Hence,

x(‘;(a)x‘k,‘;(b)x(‘:(a)’1 belongs to X (K) foralla € ¥, 3 € (,anda,b € K.

Proposition 4.3.7 Let \V be closed set of roots such that o« € WV implies that —« ¢ W.

Let < be an order in V such that ht () < ht(3) implies that « < 3. Then every

element of Xg(K) is uniquely expressible as [ | cy xY(ay), where a, € K and the

product is taken in the chosen order of V. Indeed, the result holds for an arbitrary
ordering in V.

Proof We first use the induction on | W | to show that every element of X l‘l,/ (K) is
expressible as [ ],y *) (a,), where a, € K and the product is taken in the chosen
order of W. It follows trivially, if | & | = 1. Assume the induction hypothesis. Let o
be the first element of W. Then W — {«;} is an ideal of W. By the above Proposition
ng{al}(K) is a normal subgroup of X\I‘i (K) and so X\I‘f(K) = XX] (K)X\‘IL{QI}(K).
The assertion follows by the induction hypothesis.

Next, we show the uniqueness of the expression, again, by the inductionon | W |.
Supposethat| W |= 1.Then W = {«;} forsome o; € P. Since XX] (K) # {0}, there

is a weight A of V and a vector v € (V7)) such that j (x,,)v # 0. Now, suppose that
Xy, (o) = x5 (ba,)- Then
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x(l:l(aa]) V=0 "l‘aa'le(xm) vtz
and
le(bal) V=V + bale(xal) v+ Z/,

where a,, ji (X, - v) and by, ji. (x4, - v) belong to Vy,,, while z and 7" are sums of
elements in other weight spaces. This shows that a,, = b,,. Assume the induction
hypothesis. Let u = [],cy *) (@0) = [l,cy €xP(aaji(xs)) be a nonzero mem-
ber of Xy (K). Clearly, x) (aq,)”'u belongs to Xy _,,,(K). Using the induction
hypothesis, we see that the representation is unique.

The last assertion follows from the following abstract group theoretic result. If G
is a group with subgroups G, G», ..., G, such that (i) every element g € G has a
unique representationas g = ¢192 - - g, gi € Gy, and (ii) foreach i, G;G;4; - - - G,
is a normal subgroup of G, then given any permutation p € S,, every element g of
G is uniquely expressible as g = hihy---h,, where h; € G ).

Corollary 4.3.8 The group X (K) is isomorphic to the additive group (K, +).

Proof 1t follows from the above Proposition that the map a > xY (a) is bijective
homomorphism.

Corollary 4.3.9 Fix an order of ¢*. The subgroup U(V,K) = X¥+ (K) =
[Toco+ XX (K) of G(V, K) is a unipotent subgroup in the sense that the eigen value
of each member of U(V, K) is 1. Further, we can choose a basis of VX with respect to
which U (V, K) is the group of uni-upper triangular matrices. Similarly, the subgroup
UWV,K). = Xg, (K) = [loco- XX (K) of G(V, K) is a unipotent subgroup and
it is the group of uni-lower triangular matrices with respect to a suitable basis.

Proof Let B be a basis of weight vectors. Take an ordering < in B subject to the
condition that if “A — p is sum of positive roots, then A < pu”. It follows from
proof of the Proposition 4.3.7 that the matrix representation of each member of U is
uni-upper triangular. The rest of the assertion follows, similarly.

The following Corollaries follow immediately from the preceding results.

Corollary 4.3.10 Fix an ordering < in ®* subject to the condition that “ht(c)) <
ht(B)” impliesthata < B. Let U(V, K), denote the subgroup ng (K)ofU(V, K).
Then the following hold:

(i) Foreachr, U(V, K), is a normal subgroup of U(V, K).

(ii) Foreachr, [U(V,K),U(V,K), ] C UV, K) 1.
(iii) U(V, K) is a nilpotent subgroup of G(V, K).

Corollary 4.3.11 Let ¥ and C be disjoint closed subsets of ®* such that ®* =
W JC ThenU(V,K) = XE(K)XX(K). In particular, if v is a simple root, then
U(V,K) = XY(K)Xgi_(oy(K). 8
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Example 4.3.12 If L = A, = si(+1,F)and V = F'*! the usual L-module,
then U (V, K) is the subgroup of SL(I 4+ 1, K) consisting of uni-upper triangular
matrices. U(V, K), is the subgroup of uni-upper triangular matrices whose just
above diagonal entries are 0 and so on.

We fix up some more notations to develop the structure theory of Chevalley
groups. Denote the element x” (a)x" (—a=')xY (a) of G(V, K) by w) (a), and the
element w) (a)(w) (1))~! by hY (a), a € K*. Thus, in case L = sl(n, F), n > 2,
V = F”,Wehavewi‘;(a) = Ef‘jEj_i“f]Ef‘j =1—e;i—ejjtae;—a ey, i>]
is the matrix [by], where by, = 1fori#k#j, by = 0 = bj;, bjj = a,
b = —a~', and all other entries are 0. Also hx(a) is the diagonal matrix all of
whose diagonal entries are 1, except the i;, and the j,, diagonal entries which are a
and a~!, respectively.

Recall the action of W(®) on H which is given by o,(t3) = #5,(3. The action
is extended to whole of H by the linearity. In particular, o, (hg) = h,, ).

Proposition 4.3.13 (i) w) (a)jL.(hw) (@)™ = jL(ca(h)).

(ii) For each € T'(V), let v € VHK Then, there is an element v’ € Vali(“’) such
that w¥ (a)v = a=~**v' foreacha € K.

(iii)w) (@) jL(xpwy (@)~ = c(a, Ba=") j; (x,, ), wherec(a, B) = £1 =
c(a, —p) is independent of a, the L-module V (note that ji,(x3) acts on VE)and K.

(iv) ho(@)v = a~** v foreach v € VIIK

Proof (i) Suppose that a(h) = 0. Then [xi,,h] = 0. Consequently,
JrGxxa)jr(h) = jr(h)jL(xse). In turn, x¥ (a)j.(h) = ji(h)xY,(a) for all a.
Thus, in this case, both sides of (i) are equal to j; (h). Now, every element of H is
uniquely expressible as ah, + h, wherea € Cand a(h) = 0 (any k € H is express-
ible as k = %ha + (k — %ha)). Since both sides are linear in £, it suffices to
establish the identity for &,,. Clearly, in this case, both sides depend on the Lie algebra
So = < {ha, Xa, Yo} > and not on the representation. Thus, it is sufficient to estab-

lish the identity for L = s/(2, F) with the usual two-dimensional representation.
Clearly,

F? —1 a p—a”' pa 0 a
w, (a) = exp(aep)exp(—a~ ey)exp(aer) = ELE," Ef, = a0l
and

. . 10
Jithe) = jr(hn) = [0_1:|~
Thus,
F? . F2, N—1 -10 .
wy, (@) jLthiwp (@~ = 01| = Jr(oa(h11)).

This proves (i).
(i) Let v € V,*. Tt follows from the definition of the action of x (a) and w/, ()
that
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’ 14 o0 i
Vo= w, (@) = E ) a'v;,
) 1=—00

where v; € VK

+io (the sum is finite as T'(V) is finite). If h € H, then

L' = jrw)@v = wl(@w) (@) jL(hw! (@) =
wY (@) jrL(oa(h)v = 4w (h)V,

by(i) (note that w) (a)™' = w) (—a) and the identity in (i) is independent of a) and

X
the supposition that v € Vf . This shows that v’ € Valz W and hence the only nonzero
term in the summation representing v’ is the i,;, term, wherei = — < p, o >. This
proves (ii).
(iii) Applying (ii) to the adjoint representation of L on L, forv = x5 € Lg, we
have an element v' = c(«, B)x,, (3 € Lfn(ﬁ) which is independent of a, and it is
such that

wh@)jLxpwh@™ = cla, Ba " ji(x,,s)-

Further, since w’ (1) is an automorphism of L(Z) and x,, is a primitive element for
L(Z) for each a, c(a, ) = =£1. Next, using (i) and the above identity,

Jelhe,) = wi(D)jithpwi ()~ =
[wi (D jrxpwi (D™ wh ) jrG-pwi (D] = cla, Bela, =B) jrhe,@)-

Thus, c¢(a, B)c(a, —3) = 1. Hence, c(a, ) = c(a, —).

@(iv) Since wY(@)™!' = w)l(-a), hY (@) = w!(-a)"'w)(-1). By (i),
wY (—a)v = (—a)"**# v andalsow) (—1)v = (=1)"**v'.Hence,h) (a)v =
wl(—a) ' wy (=Dv = w)(—a) (=) = (=1)T O (—a) Ty =
a=** y foreach v € V#K. i
Proposition 43.14 (i) w! (DAY (@uw! (1)~ = Y ., (a).

(ii) w) (a)x ] (Dyw) (1)~ = x(‘fﬂ(ﬂ)(ca’w*wb), where ¢ = c(a, B) is as in the
above Proposition. In particular, wX(l)xg (b)wx (@' = x;/a(ﬁ) (cb).

(iii) hY (@)x} 0! (@~ = x} (@ b).

Proof (i) Letv € V,*. Then wY(1)~lv e VK

) (Proposition 4.3.13 (ii))). Again, by
Proposition 4.3.13 (iv),

w! (DAY @w! (D1v = w! (Da=r @5V (1)l = a=oay =
a“"’”“(ﬁ)’v = ]’lV (3)(0)1).
oa(/

Since y and v are arbitrary, w) (DA} (@wy ()" = h) 5 (a).
(ii) By Proposition 4.3.13 (iii),

wY @bj(xp)w! (@) = ca P bjp(x,, )
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Exponentiating, we get the desired result.
(iii) By applying Proposition 4.3.13 (iv) to the adjoint representation, we obtain

hY (@)bjL(xp)hY (@)™ = a~P " bj (xp).

Exponentiating again, we get the desired identity. #

Corollary 4.3.15 Let H(V, K) denote the subgroup of G(V, K) generated by the
set {h(‘; (a) |« € ® and a € K} and B(V, K) denote the subgroup generated by
H(V,K)JU(V, K). Then the following hold:

(i) U(V, K) is a normal subgroup of B(V, K).
(ii) B(V,K) = U(V,K)H(V, K).
(iii) H(V,K)(U(V,K) = {1}. In particular, every element b of B(V, K) is
uniquely expressible as uh, where u € U(V,K)and h € H(V, K).

Proof (i) By Proposition 4.3.14 (iii), hY (a)x} (b)h) (a)~' = x} (a***~b) belongs
to U(V, K) forall 8 > 0. This shows that U (V, K) is normal subgroup of B(V, K).

(i1) Follows from (i).

(iii) We have a basis of VX such that the matrix of each element of U(V, K) is
uni-upper triangular (Corollary 4.3.9) and the matrix of each element of H(V, K)
is diagonal (Proposition 4.3.13 (iv)). This means that H(V, K) U(V, K) = {1}.
The rest is evident. ff

Lemma 4.3.16 XX(K) = XQ,/(K) implies that o = [3.

Proof Clearly, XX(K) # {1} foreach o € ®. If @ and 3 are in @™ (or in ® ™), then
the result follows from Proposition 4.3.7. If they are of opposite sign, one represents
uni-upper triangular and the other represents uni-lower triangular. g

Proposition 4.3.17 Let N(V, K) denote the subgroup of G(V, K) generated by the
set {w(‘: (a) | « € ® and a € K}. Then the following hold:

(i) H(V,K) is a normal subgroup of N(V, K).
(ii) The association o, — H(V, K)wX(l) = H(V, K)w(‘:(a) induces a homo-
morphism 1 from W(®) to N(V, K)/H(V, K).
(iii) m is an isomorphism.
Proof (i) Since wY (DA (@)wy (1)™" = hY ,(a) (Proposition 8.3.14 (i),

X

wy (kg (@w), B) = hyb)w, (D) @w (D)™ hY (b)™!
belongs to H(V, K). Hence, H(V, K) is anormal in N(V, K).

(i) Since wY (@w) (1)™' = hY(a) belongs to H(V,K), H(V, K)wY (1) =
H(V, K)w(‘:(a) foralla € K.Recall that W (®) is generated by the set {o,, | o € P}
subject to the relations {afy = I |ae ®}and {Uaagagl = o, |, 8 € D).
Thus, it suffices to show that

(H(V, K)w(‘;(l))2 = H(V,K), (4.20)
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and
HV, K)yw,(WHV, K)wy(DHV, K)wy (D™ = HV, K)w) ;). (421)
Now,

(HWV, Kyw!(1)? = HWV, K)w/(WHV, K)w! (1) =
HV,K)w!(WHV, K)w!(-=1) = HV,K)w!(Hw!(-1) = H(V, K).

This establishes (4.20).
Next,

wl (Hwf (Hw) (1)~

= wY (xY (Dx",(=Dx¥ (HwY (1)~ (by definition of w} (1))

= w)(Dx) (Dwy O wl (DxY)(=Dwl (D) w) (Hxy (Hw) (1)~
= X, 5(©xL; 5 (=0)x] (5(©)

= w) () (note that ¢ = +1).

This proves (4.21). Thus, 1 is a homomorphism from W (®) to N(V, K)/H(V, K).
(iii) Since N (V, K) is generated by {w(‘; (@) | @ € ® and a € K}, it follows that
7 is surjective. Let 0 = 04,04, - - - 04, be a member of K ern. Then

n(e) = HV, Kw! (Hwl (1)---w) (1) = HV,K).

In other words w) (Dwy (1)---w} (1) = h belongs to H(V, K). Now,

wy (Dwy (1wl (WX K)w), D 'w) (D7 w) M7 = X), (K).
In turn, by Proposition4.3.14 (iii), X\, (K) = XY (K)h~' = X! (K).ByLemma

4.3.16, (o) = «. Since « is arbitrary, 0 = I. f

Convention: If n1H(V,K) = H(V,K)ny = H(V,K)n, = nyH(V,K),
then nyn, ', ny'ny € H(V,K) € B(V,K) and so B(V, K)n; = B(V, K)ny and
mB(V,K) = nyB(V, K). Thus, for 0 € W(®), we have a unique B(V, K)n €
G(V,K)/"B(V, K),andunique n B(V, K) suchthatn(c) = B(V, K)n. We denote
this unique B(V, K)n by B(V, K)o and nB(V, K) by o B(V, K) also.

Proposition 4.3.18 Let o € A be a simple root. Then the following hold:

(i) Go = B(V,K)UBWV,K)w)()B(V,K)) = B(V,K)UBV, K)o,
B(V, K)) is a subgroup of G(V, K).
(ii) If o € W(®) is such that o (o) € ®F (i.e, [(00,) = [(0) + 1), then

ocB(V,K)o, C B(V,K)oo,B(V, K), and in turn,
(B(V,K)oB(V,K))(B(V,K)o,B(V,K)) C B(V,K)oo,B(V, K).
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Further, (B(V,K)ocB(V,K))(B(V,K)oc,B(V, K)) = B(V,K)oo,
B(V, K).
(iii) If o € W(®) is such that o(a) € O, then

oB(V, K)o C (B(V, K)oooB(V, K))\J(B(V, K)oB(V, K)), and in turn,
(B(V, K)oB(V, K))(B(V, K)o,B(V, K)) C
(B(V, K)oo, B(V, K)) J(B(V, K)aB(V, K)).

(iv) Forall o € W(®D),

oB(V, K)o, € (B(V,K)oo,B(V,K))|UB(V, K)oB(V,K), and in turn,
(B(V,K)oB(V,K))(B(V,K)o,B(V,K)) C
(B(V,K)oo,B(V,K)) | J(B(V,K)oB(V, K)).

(v) B(W,K)(UWV,K)- = {1}.
(vi) B(V,K)(AYN(V,K) = H(V,K).

Proof (i) Since B(V, K) is a subgroup and n(c) ™' = n(0), it follows that inverse
of each element in G, is in G,,. Thus, it is sufficient to show that G, G, < G. Now,
GG, is contained in

B(V,K)(B(V,K)JB(V, K)o B(V, K))
(B(V,K)ao B(V, K))(B(V, K) U B(V, K)o B(V, K))).

In turn,
GG, S G, U(B(V, K)o,B(V, K)o,B(V, K)).

Since B(V, K)G,B(V, K) C G, it suffices to show that 6, B(V, K)o, € G,,. Fur-
ther, xYa(a) = xX(a")wX(—a")xX(a‘l) belongs to B(V, K)wX,(l)B(V, K) =
B(V,K)o,B(V, K) for each «. Hence, X" (K) € G,. Next,

c.B(V, K)o,
= w) (HBV, K)w} (—1)
= w) (DB(V, Kyw) (1)~
wy (XY (K)X g _ oy (K)H(V, K)w) (1)~
V(l)XV(K)wV(l) fwl (DX gy (K)wl (D™ wo (WH(V, K)w) (1)
= XY (K)X}: o (KYH(V, K) (since oo (@1 — {a}) C (@ — {a)) (check it))
cG B(V K) = G This proves (i)
(i) cB(V, K)o,
= oX[(K)X}. ( (K)H(V, K)o,
= JXX(K)U’l00&0;1X¥+7{a}(1()aacr;1H(V, K)o,
C B(V,K)oo,B(V,K) (forc X! (K)o~ € B(V, K), 051X¥+_{u}(1<)
C B(V,K), and 0,'H(V, K)o, € B(V, K)).
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Again, since B(V, K)? = B(V,K),

(B(V,K)oB(V,K))(B(V,K)o,B(V,K)) = B(V,K)oB(V,K)o,B(V, K)
<€ B(V,K)(B(V,K)oo,B(V,K))B(V,K) = B(V,K)oo,B(V, K).

(iii) Suppose that o(a)) € ®~.Puto’ = o0,. Theno'(a) € @ ando = o'o,.
Now,
ocB(V, K)o,
= U/(U(!B(Va K)oo)
C o’(B(V,K)|JB(V,K)o,B(V, K)) (from the proof of (i))
= o'B(V,K)|Jo'B(V,K)o,B(V,K)
C (0'B(V,K)o'" Mo U@ B(V, K)o 'd'a,B(V, K)
C (B(V,K)oo,B(V,K)) J(B(V,K)oB(V, K)).
Again,

(B(V,K)oB(V,K))(B(V,K)o,B(V,K)) = B(V,K)oB(V,K)o,B(V, K)
C B(V,K)((B(V,K)oo,B(V,K)) | U(B(V,K)oB(V, K)).

(iv) Follows from (ii) and (iii).

(v) We have a basis with respect to which the matrices of the members of B(V, K)
are non-singular upper triangular and the matrices of members of U (V, K)_ are lower
uni-triangular. This shows that B(V, K) U (V,K)_ = {I}.

(vi) Obviously H(V, K) € B(V,K)[N(V, K). We show that
B(V,K)(\N(V,K) € H(V, K). Suppose not. Then there is a n € B(V, K)[)
N(V, K) such that H(V, K)n # H(V, K). Consequently, there is a ¢ # I such
that n(c) = H(V, K)n. Since o # I, there is a o € ®* such that o(a) < 0 and
hence nX) (K)n~' € B(V,K)(U(V, K)_. This is a contradiction. f

Corollary 4.3.19 Let 0 € W(®) and 0 = 04,04, * - Oa, be a minimal represen-
tation of o as product of simple reflections. Then

B(V,K)oB(V,K) = B(V,K)o,,B(V,K)o,,B(V,K)---B(V, K)o, B(V, K).

Proof Under the hypothesis, 04,04, - - - 04, (®;) < 0 for all i. The result follows
from the (ii) part of the above Proposition.

Proposition 4.3.20 LetG(V,K) =<
G(V,K) =<8 >, whereS = (U

wea XY (K) > be a Chevalley group. Then
X (K)) Ulwy (1) | o € A).

aeA

Proof Since W (®) is generated by simple reflections and every root is W (®)-
conjugate to a simple root, the result follows from the following identity:

wy (DXL (K)w) (D" = X) 5(K). ¢

Theorem 4.3.21 (Bruhat Decomposition)
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(ii) B(V,K)ocB(V,K) = B(V,K)o’'B(V,K) ifand only if o = o’. In other
words a system of coset representative system of N(V, K) modulo H(V, K) is also
a double coset representative system for B(V, K)|G(V, K)|B(V, K).

Proof (i) By Proposition 4.3.20, the set S of generaters of G(V, K) is contained in
Usew @) B(V, K)o B(V, K). Further, by Proposition 4.3.18, u({,cw e B(V, K)
oB(V,K)) C Ugew@) B(V,K)oB(V, K)forallu € S| JS~'.Hence,G(V,K) =
Ugew@) B(V,K)oB(V, K).

(ii) Suppose that B(V, K)o B(V,K) = B(V, K)o’B(V, K). We have to show
thato’ = o. The proofis by the induction on /(o). Suppose that/(c) = 0.Theno =
I.1Inthis case, B(V, K)d’B(V,K) = B(V, K).Henceifn € N(V, K) is such that
n(e’) = H(V, K)n, then n € B(V, K). This means that n(c’)B(V, K)n(c")~' =
B(V, K). Consequently, /(@) ([ ®~ = #andsoo’(®+) = ©7. This shows that
o’ = I.Now, assume the result for all 7 € W (®) for which I(1) < I(0), [(c) > 1.
Suppose that B(V, K)oB(V,K) = B(V,K)o’'B(V, K). Let a € A be such that
l(co,) < l(0). Now,

n(oo,) € B(V,K)a’'B(V,K)B(V, K)o,B(V,K) C
(B(V,K)da'B(V,K)) J(B(V,K)d'0,B(V,K)) =
(B(V,K)aB(V,K)) | J(B(V,K)o'g,B(V, K)).

By the induction hypothesis, oo, = o or oo, = 0’'o,. Now, oo, # o. for

oo # I.Hence, 00, = o'o,andsoo = o'. f

Theorem 4.3.22 Let o € ® andn, € N(V, K) be such that n(c) = H(V, K)n,.
Let S denote the set ®T (o~ (®~) and T denote the set d+ (o' (®). Put
UV K); = XY(K)and U(V,K)¥ = XK. Then,

(i) U\V,K) = U(V,K)IU(V,K);.
(i) UV, K)Y!OUWV,K), = {I}.
(iti) B(V,K)oB(V,K) = B(V,K)n,U(V,K)_.
(iv) Every element of B(V,K)oB(V, K) has a unique representation as bn,v,
where b € B(V,K) andv € U(V, K)_.
(v) Every element of G(V, K) has a unique representation as uhn,v, where u €
UWV,K),he HV,K),andv e U(V,K)_.

Proof (i) Since SUT = @1, U(V,K) = U(V,K)IU(V,K),.

(ii) Since S(\T = @, the result follows.

(iii) B(V,K)cB(V,K) = B(V,K)cU(V,K)H(V, K)
= B(V,K)o X} (K)XY(K)H(V, K)
= B(V,K)oX} (K)o 'oX{(K)H(V, K)
= B(V,K)oX{(K)H(V,K) (sinceU(V, K) <« B(V,K)and X} (K) C U(V, K))
= B(V,K)n,X{(K)H(V,K) = B(V,K)n,U(V,K),.

(iv) Suppose that bn,v = b'n,v". Then b~'b' = n,vv'~'n;'. But, we can get
a basis with respect to which LHS is upper triangular, where as the RHS is lower
triangular. This means thatb = b’ andv = v'.

1
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(v) Follows from (iv), if we observe that an element b € B(V, K) has a unique
representation as b = uh, where u € U(V,K) and h € H(V,K) (U(V,K) ()
HWV,K) ={I}h. &

Propositions 4.3.18, 4.3.20, and Theorem 4.3.21 assert that a Chevalley Group
admitsa (B, N) (B = B(V,K)and N = N(V, K)) pair (or a Tits system) in the
sense of the following definition:

Definition 4.3.23 A Group G is said to admit a Tits System (or a (B, N)-Pair)
if it has a pair (B, N) of subgroups such that the following hold:

(i) G =< BN >.

(i) H = B[N is anormal subgroup of N.
(iii) N/H is generated by aset S = {s; | i € I} of involutions.
(iv) Ifn; € N, i € I are suchthats; = Nn;, thenn;Bn; # B.
(v) Foreachn € N,n;Bn C (Bn;nB)|J(BnB).

Remark 4.3.24 The concept of (B, N) pair was introduced by J.Tits (Ann of Math,
1964) as an axiomatic system in order to develop its theory and to unify certain family
of groups. Chevalley Groups, Reductive algebraic groups over local fields, Doubly
transitive groups on sets containing more than 2 elements are certain examples. For
details see Bourbaki, “Groupes et al.gbres de Lie”, 1968.

Example 4.3.25 Consider sI/(2, F) and the corresponding Chevalley group
SL(2, K) relative to the usual representation of sI(2, F) on F2.Clearly, U(F?, K) =
{Ef la €K}, ® = {a,—a}, W(®) = {I.oo},x[ (a) = Ef,a €K,

2 2 _ -1 0 a
wrf (a) = w1F2 (a) = ELE) EY, = |:—a" 0],

W @) = i) = [ga"l]

Thus,
2 _ a 0 *
H(F?. K) = {[Oa_l] lack }
and
N(F%,K) = < {[_2_1 g} laeK*) >.
. 5 5 5 01
Evidently, N(F%,K) = NsoxHFLK) = HFELKOU| |,

H(F%*, K )}. Describe all these for sl(n, F) with usual representation on F”" as
exercise.

Proposition 4.3.26 The center Z(G(V, K)) € H(V, K).
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Proof Letx € Z(G(V, K)).From Theorem 4.3.22 (v), x has aunique representation
asx = uhn,v,whereu € U(V,K),h € H(V,K),andv € U(V,K)_,0 € W(®D).
If o # I,thenthereisac € @ suchthato(a) € ®~. Butxx) (1) = x)(1)x. This
is acontradiction (Theorem 4.3.22). Thus,c = [ andx = uh. We have aunique ele-
ment oy € W(P) such that oo(PF) = @~ Consequently, x = w) (Hxw) (1)~
is upper triangular as well as lower triangular with respect to a suitable basis.
Since h is diagonal and u is uni-upper triangular, ¥ = 1. This shows that x =
he H(V,K). 1

Theorem 4.3.27 Let G* denote the group generated by the set {x/,(a) | o« € ®, and
a € K} of symbols subject to the following relations:

(i) x.(a+b) = x(a)x.(b) forallo € P anda,b € K.
(ii) Forall o, B € ® witha+ 3 # 0,

/ / / i1.]
b x3) = [, L Hojatcisa'd.

where c;j are as in the Theorem 4.3.2.

(iii) Foralla, B € ®anda € K, w(’l(1)hf3(a)w:l(1)’1 = h;a(g)(a), where w! (a) =
x/(a)x" (—a=")x!(a) and b/ (a) = w (a)w] (1)~".

(iv) Foralla, 3 € ®anda € K, wg(l)xé(a)w;(l)_l = x(;a(ﬁ)(ca), where c is as
in Proposition 4.3.14.

(v) Foralla,3 € ®anda,b € K, h;(a)x[a(b)h;(a)’1 = xé(a‘ﬁ’“’b).

Let U* denote the subgroup of G* generated by the set {x/,(a) | « € ®* and a €
K}, H* denote the subgroup generated by the set {h (a) | « € ® and a € K}, B*
denote the subgroup generated by U* | ) H*, and U * denote the subgroup generated
by the set {x/(a) | « € @7 o~ (®7) and a € K. Then the following hold.

(a) If G(V, K) is the Chevalley group associated with the representation space
V, then there is a unique surjective homomorphism 1" from G* to G(V, K) given
byn'(x.(a)) = x¥(a),ax € ®,a € K.

(b) Every element of U* can be uniquely expressed as [ [,ce+ X, (aa).

(c) If o € W(®) is product 0,04, - - 0a, Of simple reflections, then we write
w, (1) = w, (Hw,, (1)---wy, (1). Every element of G* can be uniquely expressed
as w*h*w! (1)v*, where u* € U*, h* € H*, 0 € W(®), and v* € U™

(d) Kern¥ € Z(G*) € H*.

Proof (a). It follows from the earlier results that G(V, K) is generated by the
set {xX(a) | « € @, and a € K} which satisfy the relations (i) — (v) with x/,(a)
replaced by x (a). Hence, there is a unique surjective homomorphism " from G*
to G(V, K) given by " (x/(a@)) = xV(a),a € ®,a € K.

(b) Sl]ppOSC that Haer‘*‘ x&(aa) = H(YE¢+ X(/l(ba) Then l_[ae(b‘*' xct/(a(l’) =
7Y (Mocor %4 (@) = 7" (ITcor 4be) = [Toco: 5 (ba). It follows from
Proposition 4.3.7, a, = b, for each o € ®*. This proves (b).

(c) From (b), it also follows that |y~ is an isomorphism from U* to U(V, K).
Suppose that u*h*w/ (v* = w*h™*w’(1)v™*. Applying the homomorphism 7"
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again and using Theorems 4.3.21 and 4.3.22, it follows that n" (u*) = 1V (u.), and
nY (v*) = nY (™). Since " |y- is an isomorphism, u* = u’* and v* = v™*. The
rest is immediate.

(d)Letg = w*h*w/ (1)v* belong to the Ker ", where u* € U*, h* € H*, o €
W(®), and v* € U*. Then 1" *)n" (h*)n" (w. (1))n" (v*) = 1. It follows from
Example 4222, that 1 = nV@w*) = n"(*) = nv(wé(l)) = nv(v*). Since
nY |y~ is an isomorphism, u* = 1 = v*. Since " (W, (1)) = n, = 1,0 = I
and so w/ (1) = 1. This means that g = A* = [] 4 7}, (aq). It follows from the
defining relations of G* that

gy = ¥ ([0 b).

Applying 7V, x/‘;(b) = x}; (l_[u€<1> az® CY>b) Consequently, b = [],co azbop
and s0 [[,cp aZ™* = 1. Thus g commutes with x/;(b) forall 3 € ® and b € K.
This shows that g € Z(G*). Finally, it remains to show that Z(G*) C H*. Since
Ker 1" is contained in H* and " (Z(G*)) € Z(G(V, K)), it suffices to show that

Z(G(V,K)) € H(V, K). In fact, this is Proposition 4.3.26. {

Corollary 4.3.28 Let S be a set of words in {h! (a) | « € ®,a € K} which forms a
set of defining relations for H(V, K). Then the set S together with relations (i) — (v)
in the above theorem with x! (a) replaced by x (a) forms a set of defining relations
for G(V, K) in terms of the generators xX (a).

Proof Follows from the fact that Ker " is contained in H*. 4

Corollary 4.3.29 Let G(V, K) and G(V’, K) be Chevalley groups associated with
L-modules V and V', respectively. Then there is a homomorphism 1"V from
G(V',K) to G(V, K) with 77V V(x (a)) = xV(a) for each € ® and a € K
if and only if there is a homomorphism x from H(V', K) to H(V, K) such that
x(hY' (@) = hY(a)foralla € ® anda € K.

Proof Suppose that we have a homomorphism 7"V from G(V’, K) to G(V K)
suchthatnv V(x (a)) = xY(a)foreacha € ®anda € K.Thenn” = n""Von"'.
Clearly, x WV H(v', k) has the required property. Conversely, x be a homomor-
phism from H(V/, K) to H(V, K) such that x(hY'(a)) = hY(a) for each o € ®
anda € K. It follows from the above corollary that Ker V" € Ker n" . This ensures
the existence of a homomorphism 1"V with the required property.

It becomes essential to look at the structure of H(V, K). Indeed, the presentation
depends only on the weight lattice A(V) of V.

Theorem 4.3.30 The group H(V, K) is an abelian group generated by the set {h |
« € A} such that the following hold:

(i) hZ,(ab) = hX(a)hV(b)foralla edanda,b € K*.
(i) TIi_y hY (@) = Lifand only if [T,_, a;"*“" = 1forall u € A(V).



222 4 Chevalley Groups

(iii) Z(G(V,K)) = {[T_ hY @) | [T— a " = 1V8 €A,

; i=1"

Proof Evidently, H(V, K) is abelian group generated by the set {1 | a: € A}.

(i) Follows from Proposition 4.3.13 (iv).

(ii) Hﬁ:l hy (a;) = 1if and only if ]_[f:l h} (aj)v = v forall v € V, and for
all © € A(V). The assertion follows from the Proposition 4.3.13 (iv).

(iii) This, again, follows from Proposition 4.3.13 (iv). f

Letus denote the L-module L with adjoint action by V; and the L-module V (\;) &
V(A) @ ---® V(N) by Vi, where {A\[, A2, ..., A} is the basis of A,,;, consisting
of fundamental weights. Thus, A(Vp) = A, and A(V]) = Auiv-

Corollary 4.3.31 (i) Every element h of H(Vy, K) has a unique representation as
1
h=T[_ 1@, ack

(it) Z(G(Vo, K)) = {1}.

Proof (i) Suppose that ]_[f.:1 hiv‘ (a;) = 1. Weneed toshow thata; = 1 foreach j.

Since \; is a weight of Vi, it follows from Theorem 4.3.30 (ii) that ]_[ﬁzl af’\j’a"> =
1. This shows thata; = 1 for.

(i1) From Theorem 4.3.30 (iii), h = l_[§=1 hiv0 (a;) belongs to Z(G (Vp, K)) if and
only if ]_[l a9 — 1 for each B € A,. Since A(Vy) = A,, it follows from

i=1"i

Theorem 4.3.30 (ii) that h = 1.

Corollary 4.3.32 Suppose that A(V) C A(V'). Then there is a homomorphism
0V from G(V', K) to G(V, K) such that """ (x¥"(a)) = x)(a) for all a and a.
Also Kern € Z(G(V', K). IfFA(V) = A(V'), thenn"”"V is an isomorphism.

Proof Let hY(a) = ]_[g=1 hY (a;) be a member of H(V,K) and h! (a) =

]_[ﬁ=1 h(‘f (a;) be the corresponding member of H(V’, K). Suppose that
[T;_; hY (@) = 1in H(V', K). Then by Theorem 4.3.30 (ii), [ ],_, a;""*" = 1for
all u € A(V'). Since A(V) € A(V'), ]_[ﬁz1 a; """ = 1forall u € A(V). Again
by Theorem 4.3.30 (ii), ]_[g=1 hL‘; (a;) = 1in H(V, K). Thus, we have a homo-
morphism x from H(V', K) to H(V, K) such that x(2))(a)) = h)(a) for all
a € @ and a € K. From Corollary 4.3.29, we have a surjective homomorphism
n¥"V from G(V', K) to G(V, K) such that "V (x¥ (a)) = x) (a)) forall c and a
and Z(G(V', K)) € Kern¥"V. Finally, if A(V) = A(V’), then we have a homo-
morphism 7"V from G(V, K) to G(V’, K) such that """ (x} (a)) = xY'(a)) for
all a and a. Clearly, V"V on""V" = Igw: k) and """ on""V

Definition 4.3.33 The Chevalley group G(Vj, K) is called the Adjoint Chevalley
Group or Chevalley group of adjoint type associated with the pair (L, K). We
shall also denote it by G4, where (L, K) is already understood to be there. The
group G(Vy, K) is called the Universal Chevalley Group. We shall also denote it
by Guniv-

= Igw,x). f
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The following Corollary gives us a presentation of the universal Chevalley group
Guniv = G(Vi, K). The Corollary follows immediately from Theorem 4.3.27 and
the corollaries following it.

Corollary 4.3.34 Let L be a simple Lie algebra. Let G denote the group generated
by the set {x!, | o € ® and a € K} of symbols subject to the relations (i) - (v) in
Theorem 4.3.27 together with

(vi) bl (ab) = h_(a)h, (D) for all o« € ® and a,b € K*, where h (a) =
wg(a)wg(l)_l. Then, we have a unique isomorphism 1 from G to G(Vy, K) such
that n(x)(a) = x(‘;‘ (a) forall o and a. 4

Remark 4.3.35 The group G(V, C) is a Lie group. Indeed, the universal Chevalley
group G(Vy, C) is a simply connected Lie group and the map 7" is a covering
map. Thus, Kern'*V is the fundamental group of G(V, C). Following the analogy,
we term Kern""V to be the fundamental group of the Chevalley group G(V, K). It
can be shown as an exercise that the fundamental group of G(V, K) is isomorphic
to Hom(Ayniv/A(V), K*). Consequently, the fundamental group m(G(V, C)) is
isomorphic to A,/ A(V).

Remark 4.3.36 Given any faithful L-module V, we have two important associated

viv V.V
central extensions G(V;, K) (N G(V,K)and G(V, K) n—>o G(Vy, K).

Corollary 4.3.37 Let K = F, be a finite field containing ¢ = p" elements and
V be a L-module. Then, we have the following:

(i) UV, F)|= gl
(i) |UWV,Fp); |= ¢'.
N
(iii) 1 GV, Fp) | = q" " T HV, F) | (Xpewia) 47
() |GVi, F) | = 4" (g = D' (Cewa 4"
(v) UV, F,)) is a Sylow p-subgroup of G(V, Fy) and H(V, F,) is an abelian
p'-subgroup of G(V, F,).

Proof (i) Follows from the definition of U (V, F,) and Proposition 4.3.7.
(ii) Again follows from the definition of U (V, F,;)_ and Proposition 4.3.7.
(>iii) Follows from (i), (ii), and Theorem 4.3.22.
(iv) Follows from (i), (i), (iii), and Corollary 4.3.31.
(v) This is evident from the order consideration. f

Example 4.3.38 For A; = s1(2,0), ® = {a, —a}, \yniv = Z5 and A, = Za.
If CharK # 2, then G(V, K) ~ SL(2, K), whereas, G(Vy, K) ~ PSL(2, K). If
CharK = 2,then G(V;,K) = G(Vy, K) =~ SL(2, K). Indeed, the map 7 from
SL(2, K)to G(Vy, K) givenby n(E{,) = xY1(a) and n(Es,) = xY‘Q (a) induces an
isomorphism. In case characteristic K different from 2, Z(SL(2, K)) = {I, —1}.
Consequently, G(Vy, K) ~ PSL(2, K). Similarly, for A, = sI(3, C), if the char-
acteristic of K is different from 3, then G(V|, K) = SL(3,K) and G(Vp, K) =
PSL(3, K.Ifthe characteristicof K is 3,then G(V;, K) = SL3,K) = G(Vy, K).
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More generally, we list the information about universal Chevalley group G(V), K),
the adjoint Chevalley group G (Vp, K), the intermediary Chevalley groups G(V, K),
and also A,,;,/ A, for all 9 types of semi-simple Lie algebras:

Type of L Auniv/Ar G(V1, K) G(V,K) G (W, K) | Z(G(Vy, Fg)) |
Ay Ly 41 SL(I+1,K) - PSL(I+1,K) (+1,9q-1
B Zn Spin(2l + 1, K) SOQ2I+1,K) 2,9-1

C; Zyp Sp(2l, K) - PSp(2l, K) 2,9-1)
Dyj4q Z4 Spin(4l + 2, K) SO@l+2,K) PSO@l+2,K) 4,q9-1
Dy Zn X In Spin(4l, K) SO@4l, K) PSO(4l, K) 4,9-1)
E¢ Z3 - - - B.g—1)
E7 Zy - - - 2,9-1
Eg 1 Guniv = Gadj - Guniv = Gadj 1

Fy 1 Guniv = Gadj Guniv = Gadj 1

G2 1 Guniv = Gadj - Guniv = Gadj 1

The orders of the finite exceptional Chevalley groups E¢(q), E7(q), Es(q), F1(q),
and G;(q) of adjoint type over a field F, are given as follows:

@D D@ =D =D~ D)g>=1)
@1 (163(612—1)(41"’—1)((1(8‘]—_1;,(31)]0—1)(q‘2—1)(q‘2—1.)(q‘4—1)(q‘8—1)
2. | E7(q) | = 1.3 :
3. 1 Es(q) 1= ¢"°(¢* — D(@® — D(g" — (g™ — D(g"® — D(g*® — )(¢* -
D(g* —1).
4. | Fu(@) | = q¢**(q* — D(¢® — D(g® — D(g" - 1).
5.1G2(q) | = q°(g* — D(g® = 1).

Our next aim is to establish the following theorem about the simplicity of Cheval-
ley groups of adjoint type.

Theorem 4.3.39 (Chevalley—Dickson) Adjoint Chevalley group G(Vy, K) associ-
ated with a simple Lie algebra L over C is always simple except in the following
cases:

(i) Lisofthetype Ayand| K |= 2o0r| K | = 3.
(ii) L isofthetype Byand | K | = 2.
(iii) LisGoand| K | = 2.

Let us first observe that in all the three excluded cases the adjoint Chevalley groups
are not simple. If L = sl(2, C) is of the type Ay, then G(Vy, F») = SL(2, F») =~ §3
has a normal subgroup isomorphic to A3, and G(Vy, F3) & PSL(2, F3) contains a
normal subgroup isomorphic to A4. If L is of type By, then G(Vy, K) =~ PSO(3, F3)
contains a subgroup of index 2 which is isomorphic to Ag. If L is of the type G,
then G (Vy, F,) contains SU (3, 3) as a subgroup of index 2.

The idea of the proof of Chevalley—Dickson theorem is as follows. First observe
that B(V, K) is a solvable subgroup of G(V, K) (U(V, K) is anilpotent normal sub-
group such that B(V, K)/U (V, K) = H(V, K) is abelian). We shall show that if A
is a nontrivial normal subgroup of G(V, K), then G(V, K) = AB(V, K). Finally,
if we also show that G(V, K) is perfect in the sense that [G(V, K), G(V, K)] =
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G(V,K),then G(V,K)/A ~ B(V,K)/(B(V, K) [ A) becomes perfect, a contra-
diction to the solvability of B(V, K). We prove all these in several steps in the form
of Lemmas.

Lemma 4.3.40 Let G(V, K) be a Chevalley group and o € W(®). Suppose that
O = Oq;, Oa,  * Oq, Isaminimal representation of o as product of simple reflections.
Then for each j, wavp (1) belongs to the subgroup generated by B(V, K) | J(w/) (1)
B(V, K)ywy (1)~

Proof The proof is by the induction on /(). Suppose that/(c) = 1. Theno = o,
is a simple reflection and XY (K) = X) (K) = w) (DX (K)w) D)~ is
contained in B(V, K) Jw) (1)B(V, K)w) (1)~!. Assume the result for all 7 with
I(T) < r,r>2.Suppose that [(c) = rando = Oa;, Oy ** " Oay, is a minimal
representation of 0. Put 3 = —o~!(cy,). Then as above XXQI_I (K) = X;/(g)(K) =
w(‘,/nl_ (l)ng(‘,/G[ (1)~ tisasubsetof B(V, K) [ JwY (1)B(V, K)wY (1)~!. This shows
thatlw;/(_i (1) beiongs to B(V, K) Jw)(DHB(V, K)w) (1)~". Thus, w;’”’_ (HwY (1)
B(V, K)]w(‘,/(l)’lw(‘,/m (1)~! is contained in B(V, K)|Jw!(1)B(V, Kl)w(‘,/(l)’l.
Since [(0,,0) < I (O'I)l, the result follows by the induction hypothesis.

Lemma 4.3.41 Let G(V, K) be Chevalley group. For each subset w of A, let W,
denote the subgroup of W (®) generated by the set {0, | o € 7}, and G, denote
erWﬁ B(V, K)oB(V, K). Then, we have the following:
(i) G, is a subgroup containing G(V, K).
(ii) G, = G, implies thatm = 7.
(iii) Any subgroup of G(V, K) which contains B(V, K) is of the form G for a unique
.

Proof (i) Clearly, G is closed under inversion. Again, by Proposition 4.3.18 (iii),

(B(V,K)oB(V,K))(B(V,K)o,B(V,K) C
B(V,K)oB(V,K)) | J(B(V, K)oo,B(V, K)).

This shows that G is a subgroup.

(ii) Suppose that m # 7. Let o € w such that o ¢ #’. Then if o € W/, then
ocla) = a + Z{,eﬂ, agB but o,(a) = —o. Since A is linearly indepen-
dent, o, ¢ W, . It follows from the Bruhat decomposition (Theorem 4.3.21) that
G, #Gyp.

(iii) Let P be a subgroup containing B(V, K). Consider the subset 7 = {a €
A Jw) (1) € P} (note that w) (1) is same as w) (1)). Clearly, G, € P. Since
B(V,K)C P and G(V,K) = U(,Ew@) B(V,K)oB(V, K), it is sufficient to
show that wY (1) € P implies that w) (1) € G,. Let wY (1) € P. Suppose that
0 = 04,0a, " Ou, be a minimal representation of o as product of simple reflec-
tions. From the previous Lemma, w(‘:{ (1) € P for each j. This means that ov; €

for each j. Hence o € W;. Consequeﬁtly, wY(1) € G,. ¢



226 4 Chevalley Groups
Corollary 4.3.42 Let o be a member of W (®). Then

B(V,K)J(B(V, K)w(‘,/(l)B(V, K)) is a subgroup if and only if o = I or

o = 0, is a simple reflection. {

Example 4.3.43 Consider the Lie algebra s/(/ + 1, C) of the type A; and V =
C*! the obvious L-module. Then G(V,,K) = SL(+1,K) and B(V, K)
is the group T°( + 1, K) of upper triangular matrices of determinant 1. Let
a; denote the simple root associated with (i,i + 1) (see Theorem 2.3.2). Then
B(Vi, K) J(B(Vi, K)w)' (1)B(Vy, K), where w)! = E!,  E\ El,, isasub-
group of SL(I + 1, K). Interpret this subgroup. More generally, let {i, i, ..., i.} be
asubsetof {1,2,...,1}, wherei; <ip <--- <i, <[l.Letm = {oy,, v, ..., Q;}
where o, is the simple root associated with (i;, i; + 1). Interpret the group G . How
many such subgroups are there?

Definition 4.3.44 For each subset m of A, G, is called a Principal Parabolic
Subgroup of G(V, K). Conjugates of principal parabolic subgroups are called the
Parabolic Subgroups of G(V, K). In particular, B(V, K) is a parabolic subgroup.
We term the conjugates of B(V, K) as Borel Subgroup of G(V, K). Indeed, itis a
maximal solvable subgroup.

Proposition 4.3.45 (i) G, is conjugate to G if and only if 7 = 7'

(ii) N6 v, k) (Gr) = Grforallsubsets T of A. Inparticular, Ngv,x)(B(V, K)) =
B(V, K).

(iii) G (\Gr = G r-

(iv) We have a natural bijection from the set of conjugates of G to G(V,K)/ G,
given by gG,g~ "' +— Grg.

Proof (i) Suppose that G, = gG.g~'. It is sufficient to show that w) (1) € G
implies that w) (1) € G,. By Theorem 4.3.22 (v), g has a unique representation as
g = bw!(1)x,whereb € B(V, K),andx € U;(V, K). Since gw! (1)g~! € G, it
follows from Lemma 4.3.40 that u)X (1) € G;. This shows that G- € G. Similarly,
G, CGyr.

(ii) Suppose that gG,g~' = G,.Letg = bw) (1)x be the unique representation
of g. Then gw) (1)g~! € G, for each o € m. Again using Lemma 4.3.40, wY (1) €
G,.Hence g € G;.

(iii) The arguments used in (i) and (ii) imply that wX (1) € Gz [ G if and only
if @ € w (7’ The result follows.

(iv) Immediate from (ii). 4

1

Remark 4.3.46 With the obvious modifications, the above results are true for arbi-
trary Groups with (B, N) pairs.

Lemma 4.3.47 Let L be a simple Lie algebra over C. Then
Coregv,.x)(B(Vo, K)) = {1}.
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Proof Suppose not. Let A be a nontrivial normal subgroup of G(Vj, K) which
is contained in B(Vj, K). Letx € A, x # 1. Since A € B(Vy, K), x = uh, where
ueUVy, K)yandh € H(Vp, K). Suppose thatu # 1. But, thenthereisac € W(¢)
such that w* (1)xwY*(1)~! does not belong to B(Vy, K). Thus,u = 1and h # 1.
Since Z(G(Vy, K)) = {1}, there is a root « and distinct elements a, b € K* such
that hx}0(a)h™" = x)2(b). But, then 1 # x)0(b —a) = [h, x)°(a)] belongs to A.
This is impossible because of the previous argument. f

Lemma 4.3.48 Let L be a simple Lie algebra over C and A be a nontrivial normal
subgroup of G(Vy, K). Then G(Vy, K) = AB(Vp, K).

Proof Since A is anontrivial normal subgroup of G (Vp, K), it follows from the above
Lemma that A g B(Vy, K) and AB(Vy, K) is a subgroup of G(Vj, K) containing
B(Vp, K) as a proper subgroup. From Lemma 4.3.41 (iii), there is a nonempty subset
7 of A such that AB(Vy, K) = G,. We need to show that 7 © A. Suppose that A
is not contained in 7. Since L is simple, ® and so A is irreducible. Thus, there is
a pair «, 3 of simple roots such that « € w, § ¢ mand < a, 8 ># 0. Since « € 7,
B(Vj, K)wXO(I)B(Vo, K) C G,. Let blw(‘fo(l)bz belong to A. Then bzblw[‘fo(l) =
babyw) (1)byby ! belongs to A (for A is normal subgroup). In turn, using Proposition
4.3.18, we see that w;;‘)(l)bzblw(‘{,o(l)w[‘;"(l)’1 belongs to

(ANBWVo, Kyw (1w (1) B(Vo, K) UB(Vo, K)yw (Dw(1)w) (1) <
Gr.

Thus, 0,058 € W, or 030,03 € W;. Clearly, 030,08 = 04, Since < o, § >#
0, og(c) is not a simple root. Hence [(0go,03) # 1. Further, [(ogo,03) # 2 for
det(opo,03) = —1 = (—1)H@89099) Thus, l(cg0o,05) > 3. This means that 0,03
and 00,0 are minimal representations in terms of simple reflections. Hence by
Lemma 4.3.40, o3 € W;. This is a contradiction, since 3 ¢ 7. It follows that 7 2 A
andso AB(Vyp,K) = Gao = GV, K). 1

Finally, it remains to establish the following Lemma.

Lemma 4.3.49 Under the hypothesis of Theorem 4.3.39, G(Vy, K) is perfect in the
sense that G(Vy, K) = [G(Vy, K), G(Vy, K)] = GV, K).

Proof 1t is sufficient to show that x[‘y/‘) (a) e G(Vy, K) forall « € ® and a € K*.
Suppose that | K |> 4. Then, there is an element a € K* such that a> — 1 # 0. By
Proposition 4.3.14 (iii) with « = [,

[hY (@), x} ()] = x)(@""b)x) (=b) = x} ((a® = 1)b)
belongs to G(Vy, K)'. Since a> — 1 # 0, x) (c) € G(Vp, K)' forall a« € ® and ¢ €

K*. Thus, it is sufficient to prove the result when rankL > 2 and | K | = 2 or
| K | = 3. We prove it by casewise analysis.
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(1) Suppose that L is of the type A;, D; or E; (see their Dynkin diagrams). Then
all the roots are of same length. Consequently, any two roots are congruent under
a member of the Weyl group W (®). For each root o, we can find a basis A with
B, € Aand @ = (3 + 7 and no other positive integral linear combination of 3, 7y
are roots. From Corollary 4.3.3,

X, (wpqab) = [xj(a), x) (b)].

Since vg, # 0, xx (c) € G(Vy, K) for all ¢ € K*. Since « is arbitrary, it follows
that G (Vy, K) is perfect.

(ii) Suppose that L is of the type B;,! > 2. If « is a long root, then we can find
0B, v such that « = (3 + ~ and no other positive integral linear combination of /3, v
is a root. As before x(c) € G(Vy, K)'. If « is short, we can find 3,y such that
a = 84, v # 0and all other positive linear combinations of 3 and vy are long.
4A; ;uch, [T, jy1.1) Xi 54 - (cija’b7) belongs to G(Vp, K)'. Again from Corollary

o / v — M Vo o (e i
[x5" (@), x;°(B)] = x,°(vs,ab) ]_[(i_j)#l_l) X;34 o (Cija'b?).

It follows that x(‘:“(ug,,ab) belongs to G(Vp, K)'. Since v, g # 0 and a, b are arbi-
trary, it follows that x\?(c) € G(Vp, K)' for all c. The proof is complete in this case.

(iii) The earlier arguments can be used to complete the proof in case L is of the
type G, or Fy.

(iv) Finally consider the case when L is of the type C;. If « is short, the the earlier
argument shows that xX" (a) e G(V,K).If ais long but | K | = 3, then also the
result follows. Suppose that / > 3 and « is long and | K | = 2. We can chose (3, 7y
with 3 long and ~y shortand &« = /3 + 2. Since (3 4 -y is short, fo’M (a) e G(Vy, K)'
for all a. The result follows if we show that

[x}'(a), x}°(D)] = x}f} (Fab)x}', (+ab?).

This follows from Corollary 4.3.3, since v, 3 = *landv, g4, = £2. {

The following Corollary is an important observation:

Corollary 4.3.50 If| K |> 4, then every solvable normal subgroup of G(V, K) is
is contained in the center. Further, it is finite.

Proof Let G(V, K) be a Chevalley group. The finiteness follows from the first
statement of the Corollary, since Z(G(V, K)) is finite. From Corollary 4.3.32,
we have a surjective homomorphism "% from G(V, K) to G(V,, K) such that
KernV:Yo € Z(G(V, K)). Let A be a solvable normal subgroup of G(V, K). Then
AK ern"+% is solvable normal subgroup. Hence, """ (AK ern" ") is a normal sub-
group of G(Vp, K). Since G(Vy, K) is simple, A € Ker""Y € Z(G(V, K)).

Presentation of a Universal Chevalley Group
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For constructing certain important outer automorphisms of a universal Chevalley
group needed to introduce the twisted groups of Lie types (to be introduced in the
next section), we describe a convenient and useful minimal presentation of a universal
Chevalley group. The relation of G* in Corollary 4.3.34 is derivable from a smaller
set of relations. More explicitly, we have the following theorem.

Theorem 4.3.51 Let L be asimple Lie algebra (so @ isirreducible) over C. Consider
the set § = {X,(a) | o € ® and a € K} of symbols. Let G be the group generated
by S subject to the relations A, B, and C given below in case rank L > 2 and subject
to the relations A, B', and C given below in case rankL = 1.

A. Xo(a +b) = (@)X, (D) foralla € ® anda,b € K.

B. Foreach a, 8 € ® with a4+ 3 # 0,

[fa(@), 5] = ], Fiarjslea'd’,

where c;j are as in the Theorem 4.3.2.

B uA)a(a))?a(b)u?a(a)_1 = X_o(—a®b) foralla € K*, b e K, a € ®, where
wa(a) = -xu(a)x a( a- )Xa(d)

C. ha(ab) = hu(a)h () for all a € ®, a,b e K*, where lAza(a) =
ﬁ)a(a)wa(l)il- .
Then there is a unique isomorphism ( from G to G i, such that ((X,(a) = x{‘l/‘ (a)
for all o and a.

Proof The relations A, B, and C are already included in the set of relations in
Corollary 4.3.34 with X replaced by x’, w replaced by w’, where as B’ is derivable
from (iv), and (v) of Corollary 4.3.34 (see Exercise 4.3. 6) Thus, we get a surjective
homomorphism 7) from G to G such that N(Xq (a)) = x/,(a) for all & and a. Thus,
¢ = fon is a surjective homomorphism from G to G univ such that ((X,(a)) =
x)1(a) for all « and a. It suffices to show that ¢ is injective. The following two
lemmas establish the injectivity of (.

Lemma 4.3.52 Ler W be a closed subset of ® suchthat W (| —W¥ = ( Let Xy (K)
denote the subgroup ofG generated by the set {Xo(@) | « € ¥ and a € K}. Then
C|X (K) is an isomorphism from Xq; (K) to X '(K).

Proof Clearly, (| %4 (k) 18 surjective homomorphism Xo (K)toX X‘ (K).Using A and
B and the fact that W is a closed subset of ® satisfying W (| —¥ = {J, we observe that
{Il.cw Xa(an) | an € K} forms a subgroup of G. Thus, X¢(K) = {Haew Xo(ay) |
aq € K}. Let [, oy Xa(aq) be such that ¢ (Hae‘ll )?a(aa,)) = [Toew ¥ (as) = 1.

From Proposition 4.3.7, it follows that a, = 0 for all « € W. From A, £,(0) = 1
and so [ [,y *¥alaa) = 1. 4

Lemma 4.3.53 The following relations are derivable from A and B in caserankL >
2 and from A and B’ in case rankL = 1.

(l) ﬁ)(w(a)fe/i(b)wa(_a) = 550(,(;3) (Ca_f‘d’(y>b)r

(ii) o (@) (b)Y o (—a) = Wa(ca™="""b),
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(iii) Wa(@)hs(b) o (—a) = hg, 3 (ca™"b)h,, g (ca™P),

(iv) ho(@)R5(DYha (@)™ = R3(a~7"b),

(v) ho(@)s(BYho(a)™" = bsa=?7b),

(i) ha(@hs(BYho(@) ™" = ha"bYhga<P 7)1,
foralla,B e ®,a,be K,andc = cop = £1 as usual.

Proof The relations (ii)—(vi) can easily be seen to be derivable from (i) and the
definitions of W, (a) and W, (a). Thus, it is sufficient to establish (i). Suppose that
o # £0. Consider the set S = {ia+ jf | j = 1}. Then § € S. The relation B
implies that £, (@) X s (K)£, ', X_o (@) X s (K)%_o(a)™", and in turn, ¥, (a) X s (K) !
are contained in Xg(K). In particular, w,(a)Xz(b)W,(—a) € Xs(K). Since ﬁ|§s(K)
is injective (above Lemma ), it is sufficient to show that wX' (a)xg‘ (b)wX' (—a) =
x:i( ) (ca==%-~b). This, of course, follows from Proposition 4.3.14 (ii).

Next, assume that & = [ and rankL > 2. Then, we have roots y and § together
with a positive integer n such that « = v+ nd with ¢;, # 0 (see Exercise 4.3.7)
and

[%,(@), 2:0)] = [ ]

- Kyl
X s(cppa™b').
cist T 15(cra™b’)

Consider the set § = {koo(y) +10,() | k, 1 > 1}. Conjugating the above equation
by W, (a) and using the earlier case, we observe that

W (@) R+ 15(cka*b)Wq(a) ! belongs to )A(g(K) for all k,[ except, perhaps ,
Wa (@) R4 ns(C10ab™) Do (a) ™. But o (a)[£, (@), £5(b)]a (a) ! belongs to Xg(K).
Hence

Oa(@) Ry 105 (Crpab™)oa(a)™! € )A(g(K). This proves (i) in case rankL > 2. Next
suppose that rank. = 1and @ = f3, then the relation (i) is precisely B’. The case
«a # (3 follows from the earlier case. f

Corollary 4.3.54 The relations (i)—(v) in Theorem 4.3.27 are derivable from A and
B in case rank L > 2 and they are derivable from A and B’ in caserankL = 1. {

Exercises

4.3.1. Show that Nc;(v’]()(U(V, K)) = B(V,K).

4.3.2. For all types of simple Lie algebras, determine | G(Vy, F) |.

4.3.3. Verify the table following Example 4.3.38.

4.3.4. Show that Z(G(Vy, K)) = Hom(Ayniv/ Ay, K*).

4.3.5. Give a presentation of SL(2, F,).

4.3.6. Show that the relation B’ of Theorem 4.3.51 is derivable from the relations
(iii), (iv), and (v) of Theorem 4.3.27.

4.3.7. Let L be a simple Lie algebra with rankL > 2. Let o € ®. Show that there
are roots § and  and a positive integer n such that « = [+ ny with
(x5 (@), x) (0)] = T[Ty 121 %3540, (Chaa* D).

4.3.8. Establish the formula for the order of G,(q).

8.3.9. Suppose thatl(o7) = [(0) + /(7). Show that
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(B(V, K) [\(none) "' BV, K)ngng)(B(V, K) (\on-) "' BV, K)nonr) = B(V, K),

where v(nyg) = o9, v(n,) = o, v(n;) = 7, v the quotient map from
N(V,K)to N(V,K)/H(V, K) ~ W(®P), and oy is the unique member of
W (®) which takes ®F to ®~.

4.4 Twisted Groups

In this section, we introduce the Twisted Groups of Lie types which again gives new
families of finite simple groups.

Let G be a group and o an automorphism of G. Then the set G° = {g € G |
o(g) = g} of fixed points of o forms a subgroup. For example, centralizers of
elements of G are such groups. At this point, let me inform the readers that the
centralizers of involutions in finite simple groups have played very significant role
in the classification of finite simple groups. Let us have few more examples. For a
fixed n, consider the matrix

On In
J2n - |:_In 0”j| 5

where 0, is the n x n zero matrix [, is the n x n identity matrix. The map o
from SL(2n, K) to itself given by o(A) = J,(A")~'J, ! is an automorphism of
SL(2n, K),and SL(2n, K)° = Sp(n, K) is the symplectic group. If o is a map from
SL(n, K) to itself given by 0(A) = (A")~!, then SL(n, K)° = SO(n, K). Let
T be a non identity involutory automorphism of K (for example, z > 7 in C), then
the map o from SL(n, K) to it self given by 0 (A) = (A*)~! is an automorphism,
where A* is the tranjugate of A. Then SL(n, K)° = SU(n, K).

Consider the universal Chevalley group G (V;, K). We shall describe some special
types of automorphisms of G(V;, K) (the graph, the diagonal, and the field auto-
morphisms), and thereby introduce the groups G(V}, K)?, and this further allows us
discover other family of finite simple groups termed as twisted groups of Lie types.
As per classification of finite simple groups, the adjoint finite Chevalley groups,
twisted finite simple groups of Lie types, and A, constitute all infinite families of
finite simple groups (leaving prime cyclic groups). The rest of the finite simple groups
are exactly 26 in number, and they are called the Sporadic simple groups.

Field Automorphisms: Consider SL(n, K). Let 7 be an automorphism of K.
Then Ej; — E iTj(”) respects the Steinberg identities and it induces an automorphism
7 from SL(n, K) to itself. Indeed, 7([a;;]) = [b;;], where b;; = 7(a;;). More
generally, consider the set S = {%,(a) | « € ® and a € K} (Theorem 4.3.51) of
symbols. The automorphism 7 induces a bijective map 7 from S to S given by
T(Xq(a)) = X,(7(a)). Evidently, 7 and . respect the relations A, B, B’, and C
of Theorem 4.3.51. Thus, 7 induces an automorphism 7 of G (V;, K) which is given
by 7(xY1(@)) = x)'(r(a)). Such an automorphism of G(Vy, K) is called a Field
automorphism.
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Diagonal Automorphisms: Let y be a map from A to K*. Then x induces a
homomorphism X from A, to K* (as A, is a free abelian group with basis A ). Again
the map X, (a) — Xo(x()a) from S to S respects the relatlon A, B, B’,and C. Thus,
it induces an endomorphism d of G(V;, K) given by d(x"(a)) = x)'(%(a)a). An
automorphism of this type is called a Diagonal automorphism.

Graph Automorphisms: These are the automorphisms of Chevalley groups
associated with automorphisms (symmetries) of the corresponding Dynkin dia-
grams. An automorphism of a Dynkin diagram is a bijective map from the set
S = {v; | 1 <1i <d} of nodes of the diagram to itself which preserves the number
of bonds joining the nodes. Thus, if 1)y (;) denotes the number of bonds joining v;
and v;, then a permutation 7 of S is an automorphism if n,,,, = 17, for all
i, j. An automorphism 7 of a Dynkin diagram associated with a simple Lie algebra
over C is described in the following figure:

One Root Length
A l>1: I v2 V-1 i, =@, v-1)..., 7> =1
[/
_ 2 _
Dyl >4: VI v2 () < T=@-n), T =1

v,

v3

7= (vi,v3,0), 7 =1 or 7 = (v3, v4)

v4,

2

7= (v1, v6)(v3, v5), T2 = I

Eg : UT V3 s V3 V6,
Two root lengths
B : V=, T=(n).0’ =1
Fy: 14 D 3 vg, T = (v1, v4)(v2, V3), 2=1
Gy: v p, T=(1,2),72=1

The rest of the Dynkin diagrams (associated with simple Lie algebras ) have no
nontrivial automorphisms.

Proposition 4.4.1 Let ® be an irreducible root system with A = {«aq, ag, ..., o}
as a base. Suppose that ® has only one root length (associated with simple Lie



4.4 Twisted Groups 233

algebras of types A;, Dy, or E;). Let T be an automorphism of the corresponding
Dynkin diagram. Then T induces a permutation on A and the linear automorphism T
onthe Euclidean space E = < ® > induced by T is anisometry such that7(®) = &.

Proof Letn,, v; denote the number of bonds joining the nodes v; and v;, where v; and
v; are the nodes associated with a; and o, respectively. Since 7 is an automorphism
of the associated Dynkin diagram,

2 4 < 7(ay), T(j) >2

17 (i) 1121 () |2

4<Oéi,0éj> o

= Ny = Nrpr) =

Il ai 121 e 117

Since all the roots are of same length and < o, oy >< Oforallk, [, < o;, oj > =
< 7(ay), T(eej) > for all i, j. Consequently, the induced linear automorphism 7 is
an isometry. Now FUQIF’I = Or(a,) € W(P). Since W (D) is generated by simple
reflections, 707! € W(®) for all ¢ € W(®). Let & € ®. Then o = o(w;) for
some o € W(®) and i and therefore 7(o) = 7(0)(oy;) = ToT 'T(a;) belongs to
{o(ay) | o€ W(D),; € A} = D. 4

Let @ be an irreducible root system (associated with L). Consider the dual root
systemdv> = {& = =22~ | o € ®}of d. Note that ® = ®.So ® and & are dual to

<a,a>

each other. If A is abase of @, then A = {& | « € A}isabase of ) (verify). Further,
<af> _ <bB> gy a, B € ®. Thus, the map « —> & from ® to P preserves

e HaHHﬂII
” T for all a € ®. If ® has one root length (A;, D;, Eg, E7,

angles. Also || & || =

and Eg), then ® also has one root length. If ® has two root lengths, then @ also has
two root lengths. However, the map o > & reverses the lengths of the roots. Also
note that < «, /6V’ > = < 0, a > (verify) for all «, 5 € ®. If ® has two root lengths,
then we associate the number py = % to ®, where « is a long root and 3 is a
short root. Thus, for ® associated with B;, C;, or F4, pp = 2 and for ® associated
with Gy, pp = 3. The rest of the irreducible root systems are of root length 1. Note

that po = pg.

Example 4.4.2 (i) Let ® be an irreducible root system of root length 1. Then @ is
self dual in the sense that ® and @ are root systems associated with the Lie algebra
of same type (A;, D;(I > 4), E¢, E7, or Eg).

(ii) Let ® be an irreducible root system of rank > 3 with two root lengths such that
po = 2.If disassociated with a Lie algebra of type B, the @ is associated with a Lie
algebra of type C; and vice-versa. If ® is associated with B, or to Fy, thenitis self dual.
Let® = {o, 0, a+ 3,2+ 08, —a, =3, —(a + (), —(2a + B)} be a root system
associated with B, with {«, 3} as basis, « short root and 3 a long root. Without any

loss we may assume that < o, @ > = l.Thenp¢ = ij(; =2,<8,08>=2,
< a,3 > = —1. Further, & = <jﬁ“¥> = ﬂv ,3—ﬂ> = 0, (a—i—ﬁ)

20+ p6) = a+ 25 and Qa+ f6) = 2a+ ﬂ = a+ 6. Geometrically,
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8+ 2«

a=(1,0)

—B=(1,-1)
and “cVH—Zﬁ
d f=(11) &+
—& = (=2,0) a=(1,0)
—&—f3 —B=(1.-1)
—a Y 25

Evidently, by adjusting the length and reflecting about the line bisecting the vectors
& and B we obtain an automorphism of ¢ given by a +— 3, 8 — «, (a + () —
2a+ 3, and (8 4+ 2a) — « + 3. Indeed, this is the automorphism associated with
the corresponding Dynkin diagram.

Similarly, a root system @ associated Fy or to G, (with py = 3) is self dual,
and we can obtain automorphisms in these cases also which are associated with the
corresponding Dynkin diagrams.

Theorem 4.4.3 Let ® be an irreducible root system with A = {aq, aa, ..., o}
as a base. Suppose that ® has one root length. Let T be an automorphism of the
corresponding Dynkin diagram. Let K be a field. Then there is a map € from ® to
{1, —1} togetherwith an automorphism g, of the universal Chevalley group G(Vy, K)
such that e(A|J—A) = {1} and gT(xX' (a) = x:/(‘a)(e(oz)a)) for all o € © and
ack.



4.4 Twisted Groups 235

Proof We first define a map € from ® to {1, —1} as follows. For & € A —A, put
e(a) = 1.For a € ®*, we define () by the induction on I (). If () = 1, e(v)
is already 1. Assume that () is already defined, for all 3 for which I[(3) < (),
where [(a) > 2. Suppose that « = [+, 8,7 € ®*. Then [(8) < [(«) and
[(7) < (). Further, since T is an automorphism, vz 7y = Fvs,. Put

@) = e(Be(Nvrp) 7 _ 11
Vg~
If & = —fisanegative root, then the [x3, x_g] = hgimplies thate(B)e(—5) = 1.

This defines ev(oz) = ev(ﬂ) = =1. It can be easily seen that the map X,(a) —
X7 (€(@)a), ho(a) — hz) (e(a)a) respects the relations A, B, and C of Theorem
4.3.51. Hence, it induces an automorphism g, on the universal Chevalley group. f

Theorem 4.4.4 Suppose that ® has two root lengths with pe = 2. Let G(V, K)
and G(Vy, K) denote the universal Chevalley groups associated with ® and o,
respectively, where K is a field of characteristic py. Put £(o) = po if « is long
and put (o)) = 1 if ais short. Then, we have a homomorphism n from G(Vy, K)
to é(Vl, K) such that n(x,(a)) = x5(eqat®). Further, if K is perfect field (e.g.,
finite field), then ) is an isomorphism.

Proof Suppose first that p, = 2. Then ® is associated with B;, C;, or Fy. Since K
is of characteristic 2, ¢, = 1 for all . We need to show that 1) respects the relations
A, B, and C. If « is short, then n(x,(a + b)) = xs(a+b) = x5(a) +x5(b) =
N(xa(@)) +n(xa(b)). If o is long, then n(x.(a + b)) = xs(a +b)* = xs(a” +
b?) = xz(a®) +x5(b?) = n(xq(a)) + n(x(b)). This shows that 7 respects the
relation A. Similarly, using the definitions of 4, (a) and k4 (a), it can be easily seen
that 7 respects the relation C. Finally, using Example 4.4.2, Exercise 4.3.7, and the
fact that the characteristic of K is 2, it can be observed that ) respects the relation
B as well. This proves the existence of the homomorphism as required. If K is
perfect, then every element b of K is uniquely expressed as a>. Consequently, 7 is
an isomorphism. #

The following corollary is immediate, since image of the center under an isomor-
phism is center and G(Vy, K)/Z(G(V}, K)) ~ G(Vy, K).

Corollary 4.4.5 Under the hypothesis of the above theorem with K as perfect field,
n induces an isomorphism from the adjoint Chevallety group G(Vy, K) to G(Vy, K).
#

Corollary 4.4.6 If K is a perfect field of characteristic 2, then Spiny, 1 (K) =
Spon(K) (see the table following Example 4.3.38). 4

From now onward, for convenience, let us denote the universal Chevalley groups
associated with A;, By, C;, Dy, Eg, E7, Es, F4, and G, over the field K by
AN(K), B (K). C}(K), D{(K), E{(K), E4(K), E{(K), F{(K), and G4(K),
respectively, and the corresponding adjoint Chevalley groups by
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Ai(K), Bi(K), Ci(K), Di(K), E¢(K), E7(K), Es(K), Fi(K), and G>(K), respec-
tively. Thus, A;(K) ~ A} (K)/Z(A](K)) and so on.
The following corollary is immediate from Theorem 4.4.4 (see Example 4.4.2).

Corollary 4.4.7 We have an automorphism n of Bjy(K) (By(K)) given by
N(x1a(@) = x15(a), N(x+5(a)) = x14(@%), X1@+p) (@) = X1aip) (@),
X+(3120)(@) = Xiatp) (@?), where K is afield of characteristic 2. Similarly, we have
an automorphism 1 of F; (K) such that n(x,, (a)) = Xq,(a), N(xq,(@)) = x4, (@),
N(Xe, (@) = Xoy(a), and N(xa,(@)) = Xa,(@), where A = {o, a, 3, u},
oy, oy short and the other two long. 4

The following theorem for pp = 2 is precisely Corollary 4.4.7. The proof for the
case when pgy = 3 is a little involved. The idea of the proof is again to check that
the map g, described in the theorem respects the relations A, B, and C. The reader
can refer to the Yale University Lecture notes on Chevalley groups by Steinberg or
to the “Simple Groups of Lie types” by Carter for details.

Theorem 4.4.8 Let © be an irreducible root system. Let K be a perfect field of
characteristic py. Let T be the nontrivial automorphism of the corresponding Dynkin
diagram. Put £(o) = 1ifaislong and put £(a)) = po if o is short. Then, we have
an automorphism g of Gaq;(K) and a map x from ® to {1, —1} with x(£a) = 1
for o € A such that g (x}(a)) = x;(a)(x(a)af(“)). it

The automorphisms g, described in the preceding theorems are called the graph
automorphisms associated with the symmetry 7 of the Dynkin diagram.

Let ® be an irreducible root system associated with a simple Lie algebra over
C. Let A be a base of ®. Suppose that the associated Dynkin diagram admits a
nontrivial symmetry(automorphism) 7. Thus, L is of type A;, D;,l > 4, Eg, Bs, Fu,
Gy, or Dy, [ > 4. Clearly 7 induces a permutation on A which is again denoted by 7.
We introduce an isometry 7 on E =< ® >=< A > in each of the cases as follows:
(i) If ® has one root length (A;, Dy, or Eg), then define 7 by putting 7(a) = 7()
for each avin A. Thus, if v = Y'_, @y, then 7(v) = Yi_, a;7(ev). (ii) If ® has

(@)

two root lengths with pg = 2 (Bs, or Fy), then define 7 by putting 7(a)) = f;) if

ais long, and 7(@) = «/ET(O&) if v is short. (iii) If pp = 3 (of the type G»,), then
define 7 by putting 7(a) = T%) if o is long and 7(o) = +/37(a) if « is short.
Clearly, the order of 7 is same as that of 7 and 7 preserves the sign.

Let E( denote the subspace {v € E | 7(v) = v} of E. The projection p, of E on

to Ey is given by

1 m—1 i
po(v) = vy = ZZI:O 7' (v),

where 7 is of order m. The projection py(v) of v will be denoted by vy. Thus, v € Ej
ifand only if vy = v.

Proposition 4.4.9 7W(®)7~! = W(®P).
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Proof Let o € A. Then 7(c) = at(c) for some a > 0. Then
70,77 (v) o

= F(F7(v) — 25T e=ey

2 <v,7(a)>T7(a)

=v - <7(a),7(a)>

= Or(a) (U
belongs to W (®). Since simple reflections generate W (®), 7W(®)7~! = W(P).
g

Let Wo(®) denote the subgroup {0 € W(®) | 7o7~! = o} = W(P)N
C:(Isom(E)) of W(®). Now, we describe some properties of Wy(®P) and its action
on Ej.

Proposition 4.4.10 W, () acts faithfully on E.

Proof Let vy € Ey and 0 € Wy(®). Then 7(o(vg)) = o(7(vg)) = o(vg). This
means that o(vg) € Ey for each 0 € Wy(®) and vy € Ey. Thus Wy(D) acts on Ey.
Let o be a non identity element of Wy(®). Then, there is an element o € ®* such
that o(a) € ®~. Evidently, 7 () is positive for each i in the sense that it is positive
linear combination of members of A. But o(7(a)) = 7(o(«r)) < 0. This means
o takes some positive member of Ej to to a negative member E,. Hence, there is an
element vy of Ey such that o(vg) # vo. 8

Proposition 4.4.11 Let J be an orbit of the action of T as permutation on A. Let W
be the subgroup of W (®) generated by the set{o,, | a € J}. Let a({ denote the unique
element of W; which maps the positive elements in ¢ to negative roots. Then cr({

belongs to Wy(®), and Wy () is generated by the set S = {U({ | Jisanorbitof T}.

Proof First observe that cr({ is the unique element of W, such that 0({ (<I>}L) = &
Since 7(a) € J foreacha € Jand 70,771 = 0., itfollowsthat7W;7~!1 = W;.

In particular, 7o 7! € W,. Again, since 7 preserves sign of roots, 7o 7~ (®F) =
@7 . From the initial observation, 7oJ7~! = oJ. This shows that o] belongs to
Wo (D).

Finally, we show that S generates Wy (®). Already, < S >C Wy(®). By the induc-
tionon/(c), we showthato €< § > foreacho € Wy(®).Ifl(0) = 1,theno = o,
for some « € A. Since o, € Wy(®P), 70,77! = 0,. Thismeans that o, = 0, It
follows that 7(a) = «. This means that {«} is an orbit of 7 and 0, = a({)a} belongs
to S. Assume that the result holds for all those members of Wy(®) whose length is
less than [(0), where o € Wy(®), (o) > 2. Since o # I, there is aroot & € A such
that o(a) € . Let J denote the 7 orbit of a. Since 7 preserves the sign of the
roots, it follows that o(3) € ®~ for each 3 € J. Clearly, o maps ®7 to ® but it
does not change sign of any element of & — @ ;. Thus, l(Ua({) = Il(o) — l(a({). By
the induction hypothesis ao'({ belongs to < § >. Already, a({ € §. This shows that
ce<S>.

Proposition 4.4.12 Let J be an orbit of the action of T on A. Let o € J. Then o} |,
is the reflection 0 ) on Eg for each o € J.
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Proof If o, 3 € J, then 7/ (a) = (3 for some i. Consequently, po(c) is a positive
multiple of py(3). In turn, it also follows that py () and po(d) are positive multiples
of each other whenever v, § € <I>Jj’. Since a({ € Wy(P), %cr({ = 0({ 7. Consequently,
o3 (po(7)) = po(og (7)) for all v € ®F. Also, by the definition, o () € & for
all v € ®7. This means that o (po(7)) is a negative multiple of py(7). Since o
is an isometry, U({ (po(7)) = —apo(y) for some a > 0. Let v € J and v € E( be
such that < v, po(a) > = 0. Since py(0) is a positive multiple of py(«) for each
0B € J, it follows that < v, 3 > = 0 for all 5 € J. This means that 0({ (v) = vfor
all v in the plane perpendicular to po(«a) for all & € J. This shows that oy |, is the
reflection 0y foralla € J. 4

The following corollary is immediate.

Corollary 4.4.13 W,y(®) treated as group of isometries of Ey is generated by the
set {op) | e A} 4

Let ®( denote the set { po(a) | o € P}, Agdenotetheset { py() | o € A}. Denote
Wo(®) treated as subgroup of isometries of Ey by Wy(®P(). We shall see that @
satisfies all the defining conditions of a root system on E; with base A except the
condition that aax € @ (Ag) for a € Py (Ap) implies thata = +£1.

Proposition 4.4.14 The set pp = {a(cbj) | 0 € Wo(®) and J is an orbit of T}
is a partition of ®©. Further, o and 3 belongs to the same member of the partition if
and only if po(«) is a positive multiple of py(0).

Proof Let o € ®*. Consider the unique element oy € W (®) given by go(®T) =
®~. Since 7 preserves sign of each root in ®, 70,7~ (®+) = ®~. This means that

7007~! = 09 and s0 0y € Wy(P). From Proposition 4.4.11,
) A
o0 = 0y 0y -0y
for some orbits Jy, Ja, ..., J. of 7. Since a € &+, oy(a) € ®~. Thus, there is
index i such that cré’“aé”z e o({’(oz) belongs to ®* where as o} o({’“ e a({’ (a)
belongs to ®~. Since aé”(@}r‘_) C @ and oy (d+ — ®}) € @, it follows that
O'(')]i+10({i+2 . .-J({" () belongs to dD}’ This means that « belongs a(@}:), where
o = aé’aé"‘ ~--a({"+‘ is an element of Wy(®). Also —a belongs to O'O'({'(q)-};).

This shows that the union of the members of g is D.

Next, we show that «, 3 belong to the same member of g if and only if py(«) is a
positive multiple of po(3). This, of course, will also show that the distinct members of
g are disjoint. Suppose that o, 3 belong to o (®7) for some o € Wy(P) and an orbit
Jof 7. Thena = o(y)and 8 = o(J), where -, § belong to CID}’. Clearly, po(y) =
apy(9) for some a > 0. Since o is an isometry, o(po(7)) = ao(pe(d)). Again,
since o7 = 7o, we see that cpg = pgo. Consequently, po(a) = po(a(y)) =
apo(c(6)) = apo(B), where a > 0. Conversely, suppose that po(a) = apo(3),
a, B € ® and a > 0. Since union of members of g is ®, a € O'(CD;F) for some orbit
J of 7 and o € Wy(®). This means o~ ! (a) € 7 for some o € Wy(P) and an orbit
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J of 7. Thus, 0~ () is a positive linear combination of some members of J. Again,
since poo~! = o' py,

po(c™ (@) = o7 (po(a)) = o NapoB) = ao  (po(B) = apo(c~"(B)),

where a > 0. This means that py(c~"'(3)) is also a positive linear combination of
members of J. Since J is an orbit of 7, 0! ({3) is also a positive linear combination
of members of J and so 3 also belongs to o(®7}). It follows that @ and 3 belong to
the same member of g. The proof is complete. f

Theorem 4.4.15 (i) @ generates E|.

(ii) Any element of ® is a nonnegative linear combination or it is a nonpositive
linear combination of members A.

(iii) Define an equivalence relation ~ on A by putting o =~ [ if v is a positive
multiple of (. Then, we obtain a basis Ao by choosing one and only one member
from each equivalence class.

(iv) For each p, € @, there is a 0 € Wo(P) such that o|g, = 0 py)-

(v) po(c) € Qg implies that o,y (po(B)) belongs to g for each py(B) € P.

Proof (i) Since < ® > = E, < &y > = po(E) = E,.

(i) Since each member of @ is a nonnegative or a nonpositive linear combination
of members of A and p, takes positive elements to positive elements, it follows that
each member of @9 = py(P) is a nonnegative or a nonpositive linear combination
of members of po(A) = Ay.

(@iii) Let {J;, J2, ..., J,} be the set of distinct orbits of 7. Selecting one and only
one member po(q;) from po(cb}r,_), we obtain a linearly independent subset of E
which is clearly a basis for E.

(iv) Let po(cx) € @¢. By Proposition4.4.14, o € U((D}) for some o € Wy(®) and
anorbit J. Thus,a = o(3),forsome 5 € J.Now, po(a) = po(a(8)) = a(po(5)).
By Proposition 4.4.12, o, (s, coincides with an element of W,(®) treated as group
of isometris of Eq. Thus, 0, = O'O"{;O'il agrees with an element of Wy(®) on
Ey. This proves (iv).

(v) Let po(a) and py(0) belong to ®. From the earlier observation, there is an ele-
ment o € Wy(®) which coincides with o) on Eq. Consequently, 0y, (po(8)) =
o(po(B)) = po(a(B)) belongs to ®y. This proves (v).

Example 4.4.16 Consider the root system ® of the type A;, I = 2m — 1 with basis
A = {ay, oy, ..., ay,—1}. The permutation 7 of A associated with the nontrivial
symmetry of the Dynkin diagramis givenby 7 = (a1, aom—1) (02, aom—2) « - - (Qp—1,
Qm+1)- The orbits are Jy, Jo, ..., J,, where J; = {o;, agy—;} fori <m — 1 and
Jn = {{am}}. T is the isometry of E which agrees with 7 on A. Ey = {v €
E|7Tv) = v} = {foflaia[ |a; = ayy—; for i <m —1}. The projec-
tion map py is given by po(v) = S+ 7). Py = {J(a+7(W) ]| € D).
Ao = {poar), po(e2), ..., polau)}is abasis of Do, po(e;) = (0w + Qom—i) =
polany,—;) for i <m —1 and po(a,,) = au. It can be easily checked that <
po(ay), po(ait1) > = 1 foralli <m — 2, whereas it is V2fori = m—1.Also
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[l pola;) || = % foralli <m — 1, whereas || po(c,,) || = 1. This means that ®q in
this case is of the type C,, and W (®) is isomorphic to W(C,,). Similarly, if] = 2m,
then it can be seen that @ is of the type B,, and Wy(®) ~ W(B,,).

Suppose that @ is of type D4 with basis A = {ay, as, asz, au}. The associated
Dynkin diagram is

/1)3
V2

We have two types of nontrivial sy%)ﬁr'netries given by a transposition (vs, v4) and a
cycle (v, v3, v4). These induce the transposition (a3, ay) and the cycle (o, a3, ay).
It can be seen that ®( associated with (a3, ) is of the type Bz, and that associated
with the cycle (a, a3, ay) is of the type G,.

If @ is of the type Dy, [ > 4, then the associated @ is of the type B;_;. If ® is of
the type Eg, then it can be seen that @ is of the type Fj. If ® is of the type B,, or
of the type G-, then it is evident that @ is of the type A;.

Finally, we describe &y when ® is of the type Fy. Let A = {«ay, s, a3, au} be
a base of ®, where o, a; are short and a3, ay are long. Note that < oy, ap ><
ap, o >= 1 = < a3, 04 =< a4, a3 >, whereas < ap, a3 < a3, a0 > = 2
(see the Dynkin diagram for Fy). Evidently, 7 = (o, as)(an, a4), and Ay =
{%(ﬁal + ay), %(ﬁag + a3)}. It can be seen that the angle between the two
members of Ay is %T Thus, @, is different from all irreducible root systems of
rank 2. In this case, Wy(®) is generated by two reflections about planes inclined at
7?". Determine the corresponding graph.

Dy : U1

For convenience, in case the the triple (L, V, K) is understood to be there,
we denote the Chevalley group G(V, K) by G(K), the universal Chevaley group
G(Vi, K) by Guuiv(K), and the adjoint Chevalley group G(Vp, K) by Guq;(K).
The diagonal subgroup H(V, K) is denoted by H(K), the unipotent subgroups
Ut (V,K)and U (V,K) by UT(K) and U (K) , the Borel subgroup B(V, K)
by B(K), and the monomial subgroup N (V, K) by N(K), respectively.

It is clear from the above discussions that only a graph automorphism of a Cheval-
ley group G,q4;(K) of adjoint type defined over a field K does not give new simple
groups except, perhaps, in case of Fy. We look at composites of field and graph
automorphisms. Let f be a field automorphism of G,4;(K) associated with an auto-
morphism f of K. In case of B, and also in case of Fy, assume that K is a perfect field
of characteristic 2. In case of G, assume that K is perfect field of characteristic 3.

Proposition 4.4.17 Graph automorphisms and field automorphisms commute with
each other. If all the roots are of same length, g, and T have same order (2 or 3).
If there are two root lengths, then g2 is the field automorphism associated with the
automorphism a +— a’®.

Proof Consider the graph automorphism g, of G,4;(K) associated with a nontrivial

symmetry 7 of the associated Dynkin diagram and the field automorphism f asso-
ciated with an automorphism f of K. Suppose that all the roots are of same length
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(A, Dy, Eg). Then g, (x,(@)) = X, (a) and f(x,(a))
and a € K. Clearly,

Xo(f(a)) foralla € A

A

ng('xOé(a)) = f(xr(a)(a)) = x‘r(a)(f(a)) = ng(xa(a))

forallaa € Aanda € K.
Next, suppose that ® has two root lengths (B;, Fy4, or G;). Then

F0:(x00(@) = fOr@ @ @) = xo)(f(@@) = g, f(xa(a))

foralla € A anda € K. Thus, f and g, commute.

Next, if all the roots are of same length, then g-(x,(a)) = X-@)(a). Evidently,
order of g, is same as that of 7. Suppose that there are two root lengths. Then
P (x0) = gr(Xr @) (@5 D) = Xr(r(a) @ @T@) = x,(aP*). This means that ¢ is
the field automorphism associated with the automorphism a +— a”® of K. f

Proposition 4.4.18 Let n be the order of a nontrivial symmetry T of the associated
Dynkin diagram (n = 2 for A;, Dy, E¢, Fi, Gy and n = 3 for D). Then ng is of
order n if and only if (i) f* = 1 in case all roots are of same length and (ii)
f2(a)P* = aforalla € K in case of two root lengths.

Proof Suppose that all roots are of same length. Suppose further, that (g, f )y =
I, where f is a nontrivial automorphism of K. Clearly, (g- f )V (xa(a@)) = Xr
(f"(@)) = xq(a) foralla € A anda € K if and only if f*(a) = a forall a.

Next suppose that there are two root lengths. Thenn = 2 and (g f V(xq(a)) =
P xa(@) = ZEa(f2(@)) = xp (fH@T@ON@)) = x,(f2(a)") for all
a € A and a € K. This shows that (ng)” = [ if and only if fz(a)”“’ = a for all
acekK. ¢

Corollary 4.4.19 (i) In case of A;|(K), E¢(K), and D;(K),l > 4 with a symmetry
T of order 2, an automorphism g, f of order 2 exists if and only if K ~ F2 for some
prime power q.

(ii) In case of D4(K) with a symmetry T of order 3, an automorphism ng of order
3 exists if and only if K ~ F, for some prime power q.

(iii) In case of B>(K), F4(K), the characteristic of the field has to be 2, and such
an automorphism g; f exists if and only if K = Fym+1 for some m.

(iv) In case of G,(K), the characteristic of the field has to be 3 and such an
automorphism g, f exists if and only if K ~ F3u+1 for some m > 0.

Proof A finite field K admits an automorphism f of order 2 if and only if
K ~ Fp,q = p™ (the automorphism f is given by f(a) = a9). It admits an
automorphism of order 3 if and only if K =~ F_3,q = p™. Again, an automorphism
f of K satisfying f2(a)?> = a for all a € K exists if an only if K ~ Fpon for
some prime p. The results follow from the above observations and the preceding
Proposition.
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Proposition 4.4.20 Let G,4;(K) be a Chevalley group of adjoint type over a field
K together with a nontrivial symmetry T of the associated Dynkin diagram. Assume
that K is a perfect field of characteristic 2 in case of By or Fy and that K is a
perfect field of characteristic 3 in case of G,. Let f be a nontrivial field auto-
morphism such that n = g; f is of order n, where n is the order of T. Then
n( adj(K)) = adj(K) n(U, dj(K)) = adj(K) U(Bad,(K)) = adj(K)
N(Huqj(K)) = Hyuqj(K), and 1(Naaj(K)) = Ngugj(K). Further, n induces an
automorphism ) on W(®) ~ Noy;(K)/Haq;(K) which is given by 71(00) = 07,
a € A.

Proof For each a € A, N(x,(a)) = ¢:(f(xa(@) = g:(xa(f(@)) = Xr(a)

(f (@)$@) belongs to U;Ez (K). It follows that 7( adj(K)) = U;,j(K). Similarly,

n(UadJ(K)) ad](K) Since U adj (K)Hy4;(K) = Badj (K) is the normalizer

of U,y (K), it follows that n(B,,;(K)) = B.,;(K). Similarly, 7(B,,;(K)) =
ad](K) Since Badj (K)N BadJ(K) = H,4;(K) and 7 is bijective, n(Huq;(K))
adj (K)

For each « € A, recall the element n, = wy,(1) = x,(Dx_o(—Dx,(1) €
Ngqj(K) such that o, — n, induces an isomorphism from W(®) to Ny4;/Hquaj,
where n, = wy(l) = xo(Dx_o(—1)x,(1). Clearly, {n, | « € A} together with
H,4;(K) generate N,q;(K). Further,

N0e) = g fWa(1)) = wray(1) = R

foreach o € A.This shows thatn(Nuqj(K)) = Nug;(K).Evidently, we have unique
automorphism 7} such that 7j(c,) = 0, foralla € A. ¢

Let UT;F(K) denote the subgroup {u € UT(K) | n(u) = u} of UT(K), U, (K)
denote the subgroup {u € U™ (K) | n(u) = u} of U™ (K) and G, the subgroup
of Guqj(K) generated by U,S (JU, . Further, let H,(K) denote the subgroup
G, (K) () Haaj(K) and N, (K) denote the subgroup G, (K) () Naaj(K). The group
G, (K) is called a Twisted Group. Leaving very few exceptions the twisted group
G, (K) are simple groups. They are called the twisted simple groups of Lie types.

The subgroups U,]*(K ), U, (K), Hy(K), and N, (K) bear the similar relationship
with G, (K) as the subgroups adj(K) U d,(K) H,q;(K) , and N,q;(K) bear with
Gaqj(K). We state few results without proof. The following result is the analogue of
Theorem 4.3.22.

Proposition 4.4.21 Every element g € G,(K)is uniquely expressible as g =
uhny,v, where u € U;(K), h e H)(K), and 0 € Wy (®), n, € Ny (K), and v €
W;)y(K).

Theorem 4.4.22 The group G, (K) is a group with (B,(K), N, (K)) as (B, N)-pair.
g

Notations: We fix up some standard notations for the twisted groups over finite
fields:
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. 2A;(g?): Consider the Chevalley group A;(K). The nontrivial symmetry 7 of the

associated Dynkin diagram is of order 2. As such, an associated twisted group
exists if and only if K ~ F,> for some prime power p. We denote this twisted
group by 2A;(g?). Observe that this group is PSU(q). These are all simple
groups except wheng = 2

2D, (g?): Consider the Chevalley group D;(K), [ > 4 together with the nontrivial
symmetry 7 of order 2 (note that in case of D4(K), there is a symmetry of order
3 also). An associated twisted subgroup exists if and only if K ~ F,>. We denote
this twisted group by 2D;(g?). These are all simple groups.

. 2Eg(g?): As above, a twisted subgroup associated with Eg(K ) exists if and only if

K ~ F,>. We denote this twisted group by 2E¢(g?). These are all simple groups.

. 3D4(g?): A twisted group associated with D, (K) together with a symmetry of

order 3 exists if and only if K ~ F_ 3. We denote this twisted group by 3D4(q?).
These are all simple groups.

. 2B,(2?"+1): Similarly, using Corollary 4.4.19, we see that a twisted subgroup

associated with B,(K) exists if and only if K & Fyw+1. We denote this twisted
group by 2 B,(22"*+1). These are all simple groups except 2B, (2).

2F4(2¥+1): Again, a twisted subgroup associated with F,4(K) exists if and only
if K &~ Fyn+1. We denote this twisted group by 2 F4(22"+1). All these groups are
also simple groups except > F4(2).

2G,(3*"*1): A twisted subgroup associated with G,(K) exists if and only if
K =~ Fsuii. We denote this twisted group by 2G,(32*1). All these groups are
simple except 2G> (3).

Thus, all twisted groups are simple except 2A5(4), 2B>(2), 2F4(2), and G, (3).
The series 2B, (22"*!) of finite simple groups was discovered by Suzuki (“A new

type of simple groups of finite order”, Proc. Nat. Acad . Sci (46) 868—870). These
groups are also called the Suzuki Groups, and they are also denoted by Sz(22"+1).
These groups are the only finite simple groups whose orders are not divisible by 3.
The groups 2G,(3%"=1) and 2 F,(2*"*!) were discovered by Ree in 1961. These are
called the Ree Groups. The groups 2 E¢(q) and 3 D4(q) are called Steinberg Groups

The orders of twisted simple groups can be obtained by using the Proposition

4.4.21 and they are given as follows:

Nk w =

P Da(g®) 1= q2@* — D@® = D" +¢* + .
2 2y | — @=DE@+DE =D =D’ +DE"* =D
| Eg(q ) | — 44 q Q([H_l’gl) q q .

|2 BZ(C]) | = q2(q2 —+ 1)(q _ 1)’ qg = 22m+].
2 Fa(@) | = ¢"% (g — D(g>+D(@g* - D(@°+ 1), g = 22"+,
|2 Ga(q) | = q3(q3 +D@-1, g = 32m+1

List of All Non-abelian Finite Simple Groups with Their Schur Multipliers

1.

2.

A,,n > 5. The Schur Multipliers of As and A,, n > 8 are of order 2. For Ag
and A7 it is a cyclic group of order 6.

Adjoint Chevalley groups A;(q), where [ > 2 or [ =1 and g > 4. The Schur
Multiplier of A;(4), A»(2), and A3(2) are of order 2. The Schur Multiplier of
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10.

11.

12.

13.
14.

15.

16.

17.

18.
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A1(9) is of order 6, and that of A,(4) is Z3 X Z4 X Z4. The Schur Multiplier of
the rest of A;(g) is a cyclic group of order (I + 1,g — 1).

. Adjoint Chevalley Groups B;(g), where > 3 or [/ = 2 and g > 3. The Schur

Multiplier of B3(2) is of order 2, and that of B3(3) is of order 6. The Schur
Multiplier of the rest of B;(q) are of order (¢ — 1, 2).

. Adjoint Chevalley Groups C;(q),! > 3. The Schur Multiplier of C3(2) is of

order 2 and for the rest of C;(g), it is of order (¢ — 1, 2).

. Adjoint Chevalley Groups D;(q), ! > 4. The Schur Multiplier of D4(2) is Z, x

7, the Schur multiplier of D;(g) for odd [ is a cyclic group of order (g’ — 1, 4)
and it is elementary abelian of order (¢’ — 1, 4) for even .

. Exceptional Chevalley groups E¢(g). The Schur Multiplier of E¢(q) is of order

(g—1,3).

. Exceptional Chevalley groups E;(g). The Schur Multiplier of E;(g) is of order

(g—1,2).

. Exceptional Chevalley groups Eg(g). The Schur Multiplier of Eg(q) is trivial.
. Exceptional Chevalley groups F4(gq). The Schur Multiplier of Fy(q) is trivial

except for Fy(2) it is of order 2.

Exceptional Chevalley groups G2(gq), g > 3. The Schur Multiplier of G»(q) is
trivial except for G3(3) it is of order 3 and for G,(4) it is of order 2.

Twisted simple groups 2A;(¢g?)! > 2. The Schur Multiplier are all cyclic groups
oforder (g + 1,1 + 1) except for 2 A3(22) itis Z,, for2 A3 (3%) itis Z3 x Z3 x Z,
for 2A5(22) itis Zy X Zy X Zs.

Twisted Simple Groups 2D;(¢%)! > 4. The Schur Multiplier of >D;(¢*)I > 4 is
cyclic group of order (¢'*', 4).

Twisted Simple Groups 3 D4(g*). The Schur Multiplier of * D4(g*) is trivial.
Twisted Simple Groups 2Es(g?). The Schur Multiplier of 2 Eg(g?) is of order
(g + 1, 3) except for 2E¢(22) itis Zp x Zy X Z3.

The Groups 11-14 are also termed as Steinberg groups.

Twisted Groups 2B, (22"*1), m > 1(termed as Suzuki groups). The Schur Mul-
tiplier is trivial except for 2B, (23) it is Zy x Z.

Twisted Group 2 F;(22"*!) (termed as a Ree Group of type 1). The Schur Mul-
tiplier is trivial.

Twisted Group 2G,(32"+!) (termed as Ree groups of Type2). The Schur Multi-
plier is trivial.

The 26 sporadic simple groups as given below.
The 5 Mathew groups:

(i) The Mathew group My of order 2* - 3 - 5 - 11 and with trivial Schur Mul-
tiplier.
(ii) The Mathew group M, of order 2°-33.5. 11 and with Schur Multiplier
of order 2.
(iii) The Mathew group M>, of order 27 - 3%.5.7 .11 and with Z;, as Schur
Multiplier.
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(iv) The Mathew group M3 of order 27 - 3% .5 .11 - 23 and with trivial Schur
Multiplier.

(v) The Mathew group Ma, of order 2'° - 33 . 5. 11 - 23 and with trivial Schur
Multipler.

19. The 4 Janko Groups:
(i) The Janko group J; of order 2°-3-5- 71119 and with trivial Schur

Multiplier.

(i) The Janko group J, of order 27 - 33 .52 . 7 and with Schur Multiplier of
order 2.

(iii) The Janko group J3 of order 27 - 3° . 5. 17 - 19 and with Schur Multiplier
of order 3.

(iv) The Janko group J4 of order 22! -3%.5. 7.113.23.29-31-37-43 and
with trivial Schur Multiplier.

20. The 3 Conway Groups:

(i) The Conway group Co; of order 22! .3%.5%.72.11.13.23 and with
Schur Multiplier of order 2.
(ii) The Conway group Co, of order 2'®.36.53.7.11.23 and with trivial
Schur Multiplier.
(iii) The Conway group Cos of order 2'°-37.5%.7.11.23 and with trivial
Schur Multiplier.

21. The 3 Fischer Groups:

(i) The Fischer group Fij; of order 2'7 -3°.5%.7.11-13 and with Schur
Multiplier of order 6.
(ii) The Fischer group Fi»3 of order 2'®.313.52.7.11.13.17 - 23 and with
trivial Schur Multiplier.
(iii) The Fischer group Fiy4 of order 22! - 316.52.73.11.13.17-23-29 and
with Schur Multiplier of order 3.

22. The Higman—Sims Group H S of order 2° - 32 . 5% . 7. 11 and with Schur Mul-
tiplier of order 2.

23. The Suzuki Sporadic Simple Group Suz of order 2'3.37.52.7.11-13 and
with Schur Multiplier of order 6.

24. The McLaughlin Group Mc of order2” - 3% . 53 . 7. 11 and with Schur Multiplier

of order 3.

25. The Held Group He of order 2!° . 3% . 52 .73 . 17 and with trivial Schur Multi-
plier.

26. Lyons Group Ly of order 28 - 37 . 56.7 .11 .31 - 37 - 67 and with trivial Schur
Multiplier.

27. The Rudavalis Group Ru of order 2'4.3%.53.7.13 .29 and with Schur Mul-
tiplier of order 2.

28. The O’Non Group O’N of order 2° - 3*.5 .73 .11 - 19 - 31 and with Multiplier
of order 3.
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29. The Thompson Group T/ of order 23 - 319. 53 .72 . 13 . 19 . 31 and with trivial
Schur Multiplier.

30. The Harada—Norton Group H N of order 2'# - 3¢ . 56.7. 11 - 19 and with trivial
Schur Multiplier.

31. The Baby Monster Group B of order 2*' -3'.56.72.11.13.17-19-23.
31 - 47 and with Schur Multiplier of order 2.

32. The Fischer—Griess Monster Group M of order 246 - 320. 5% .76 . 112. 133 .17 .
19-23.29.31-41-47-59 - 71 and with trivial Schur Multiplier.

Chevalley Groups as Algebraic Groups

All algebraic groups considered are linear algebraic groups. We state the following
Theorem without proof (see Lecture notes on Chevalley Groups by Steinberg for a
proof) for their convenient use in the following chapter:

Theorem 4.4.23 (i) A Chevalley group G(V, K) over an algebraically closed field
K is a semi-simple algebraic group.
(ii) B(V, K) is a Borel subgroup of G(V, K) considered as semi-simple algebraic
group.
(iii) H(V, K) is maximal Torus.
(iv) The groups G(V, K), B(V, K), H(V, K), and N (V, K) are all realizable over
the prime subfield Ko of K. 4

In the above Theorem, assume that K is an algebraically closed field of prime
characteristic p. Fixag = p™. Consider the Frobenius map F on G(V, K) induced
by a > a?. Then the Lang map L (see Sect.4.4 of Algebra 3) from G(V, K) to
itself is given by L(g) = ¢ 'F(g). By Lang’s theorem, L is surjective map of
varieties. The group G(V, K) = L7'(1) = {g € G(V,K) | F(g) = g} is the
corresponding Chevalley group G(V, F,) defined over F,;. A maximal torus subgroup
of G(V, F;) is a subgroup of the form TF = {teT|F@t) = t},where T isa F-
stable maximal torus of G(V, K). In general a F'-stable torus need not be contained
in a F-stable Borel subgroup of G(V, K). Thus, a maximal torus of G(V, F;) =
G(V, K)F need not lie in a Borel subgroup of G(V, F,). A F-stable maximal torus
of G(V, K) is called a maximally split torus if it is contained in F'-stable Borel
subgroup. A maximal torus of G(V, F,) is called maximally split if it is of the form
TF, where T is a maximally split torus of G(V, K). In turn, it follows that any two
maximal tori contained in BF are conjugate in B¥ and any two maximally split torus
of G(V, F,) are conjugate in G(V, F,). In general, two maximal tori of G(V, F,)
need not be conjugate in G(V, F,).

Exercises

4.4.1 Let @ be an irreducible root system with two root lengths and A =
{aq, as, ..., oy} be abasis of . Show that = Zﬁ:l n;o; is a long root if
and only if p¢ divides n; whenever «; is short root.

Hint. Use induction and observe it when/ = 2.

4.4.2. Describe maximally split F'-stable torus subgroups of GL(2, ¢) and also of
SL(2, q). Also determine maximally non split F-stable total subgroups of
GL(2, q) and also of SL(2, q).



Chapter 5 ®)
Representation Theory of Chevalley oo
Groups

This chapter is an introduction to the basic representation theory followed by the
representation theory of Chevalley groups including the Steinberg representations,
the principal series representations, the discrete series representations, and Deligne—
Lusztig virtual characters.

5.1 Language of Representation Theory

In this section, we shall develop the language of representation theory together with
the Schur theory for compact and finite groups with special emphasis on Weyl groups
(Symmetric groups) and linear groups G L(2, F,;). The reader may also refer to the
Chap. 9 of Algebra 2 for the basic representation theory. However, here, our approach
is somewhat different.

Let G be a group and V be a complex vector space. A homomorphism p from G
to GL(V) is called a representation of G. The dimension of V, if finite, is called the
degree of the representation. If G is a topological group and V is a Banach space
(Hilbert space), then G L (V) is replaced by the group of invertible bounded operators
(Uninary operators), and p is assumed to be continuous. If both sides are equipped
with analytical structures and p is holomorphic, then we term this representation as
a holomorphic representation.

Representations G L GL(V) and G A GL(W) are said to be equivalent if
there is an isomorphism 7 from V to W such that Top(g) = n(g)oT forall g € G.
A homomorphism 7 with this property is called an intertwining operator. Let

G5 GL(V) be a representation. If W is a subspace of V such that p(g)(w) € W

foreachg € Gandw € W, then G ﬂ;’ GL(W) givenby p|lw(g) = p(g)|w is called

a subrepresentation of p. By the abuse of language, we also term the subspace W as
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a subrepresentation. A representation p is said to be an irreducible representation
if it has no nontrivial proper subrepresentation.

Proposition 5.1.1 Every finite-dimensional irreducible representation of an abelian
group G is of degree 1.

Proof Let G be an abelian group and p: G —> GL(V) be an irreducible repre-
sentation, where V is a finite-dimensional vector space over C. Let g € G. Let ),
be an eigenvalue of p(g), and V), be the corresponding eigenspace. Let v € V), .
Since G is abelian, p(g)(p(h)(v)) = p(h)(p(g)(v)) = Agpn(v). This means that
p(h)(v) € V), forall h € G and v € V) . Thus, V) affords a nontrivial subrepre-
sentation of p Since p is irreducible, V), = V. Let v be a nonzero member of V.
Then, the subspace < v > generated by v is also invariant under G and it affords a
nontrivial subrepresentation of p. Hence V. =< v >. 4

Operations on Representations
Let G 5> GL(V) and G A G L(W) be representations of G. Then, the represen-

tation G 3’ GL(V & W) defined by (p @ n)(9)(v @ w) = p(g)(v)  n(g)(w) is
called the direct sum of p and 7.

The representation G ad GL(V ® W)definedby (p ® n)(g)(v ® w) = p(g)(v)
® n(g)(w) is called the tensor product of p and 7.

The representation G /\—>p GL(A" V) defined by (A" p)(9)(vi Ava A=+ Av,)
= p(g)(v)) A p(9)(v2) A -+ A p(g)(v,) is called the rth exterior power of p.

The representation G gl GL(S"(V)) defined by S"(p)(9)(vi @ 1, ® --- Q@ v,)

= p(g)(v1) ® p(g9)(v2) ® --- ® p(g)(v,) is called the rth symmetric power of p.

We have a representation G HUﬂM) GL(Hom(V,W)) ~ GL(V*® W) given

by Hom(p, m)(9)(#)(v) = 1(9)(¢(p(g~")(v))) (we have an isomorphism x from
V*®@ W to Hom(V, W) given by u(f ® w)(v) = f(v)w). In particular, we have

. Hom(p,1 . .. . .
a representation G omp:D GL(V™), where 1 is the trivial representation. This rep-

resentation is called the dual representation of p and it is denoted by p*. Thus,
PN = flplg~H)).

A subrepresentation 7 of p is called a direct summand of p if there is a sub-
representation p of p such that p = 7@ pu. p is said to be indecomposable if it
cannot be expressed as direct sum of two nontrivial proper subrepresentations. By
the Remak—Krull-Schmidt Theorem, every representation is direct sum of indecom-
posable representations and this representation is unique in an obvious sense. Note
that an indecomposable representation need not be irreducible. For example, the rep-
resentation p of R on C? given by p(a)(x, y) = ax + y is indecomposable but it is
not irreducible. It has a subrepresentation C x {0} which is not a direct summand.

A representation p is said to be completely reducible also semi-simple if it can
be expressed as direct sum of irreducible representations. Thus, the representation
p of R on C? given by p(a)(x,y) = ax + y is not completely reducible. For all
representations to be completely reducible, the group has to be of special type,
e.g., compact group (in particular finite group) on which invariant integral exists. In
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fact, in Cartan’s classification of semi-simple Lie algebras, there was a gap in the
argument which was rectified by the Weyl’s unitarian trick: “The restriction defines a
bijective correspondence from the set of all holomorphic representations of a complex
linear Lie group G € GL(n, C) to the set of all representations of the compact
subgroup K = U(n) () G. Further, this correspondence respects equivalence and
irreducibility” (Theorem 5.1.47).

Let G be a compact (in particular finite) group. Let C(G) denote the space of all
continuous real valued functions on G. Then, there is a unique invariant integral [, G
on C(G) in the sense that the following hold:

Q) [olaf +Bf)dg = a[o(f)+B [(f).
(i) f > 0implies that [ fdg > 0.
(iii) f ¢ 1dg = 1, where 1 in the LHS is the constant function which takes the value
1onG.
(iv) [, Lo(Ndg = [; fdg = [, Ra(f)dg forall a € G, where L, is the left
translation given by L,(f)(x) = f(ax) and R, is the right translation given
by R.(f)(x) = f(xa™).

The integral introduced above is called the Haar Integral on G. A proof for the
existence and uniqueness of Haar integral can be found in “Topological Groups” by
Pontryagin. For Lie groups, the existence and uniqueness is easy to establish. How-
ever, here, we shall give the concrete descriptions of Haar integrals in our examples.

The Haar integral induces a metric d on C(G) which is given by

d(f, [ = /Glf—f’ldg-

Using Danniell’s process, the integral can be extended to a larger class L'(G) of all
integrable functions and L'(G) is a Banach algebra with respect to the convolution
product x given by

(f /)00 = /G Fag™)f (9)dg.

The technique is to complete the metric and interpret the members of the completion
as functions. The integral, being continuous linear functional, can be extended to
the completion. The integral |, ¢ on C(G) can be extended to the space of complex
valued continuous functions by putting [.(f +if")dg = [, fdg + i [, f'dg.

Example 5.1.2 Let G be a finite group (so a compact group). Then, C(G) is the
space of all real valued functions and the integral |, G 18 given by

1
/Gfdg = me(Q)

geG
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Example 5.1.3 Consider S! = {¢/ |0 <6 < 2x}. A continuous map f from S’
to R can be realized as a continuous map from [0, 27r] to R such that £ (0) = f(2mn).

Define [, by putting i, f(0)dg = %r 027T F(do.

Example 5.1.4 Consider the group SU(2) of 2 x 2 unitary matrices of determi-
nant 1. Then SU(2) can be identified with the group S* of unit quaternions. The
isomorphism being

Xo+ix; x +l'X3i|

X0, X1, X2, X3) > . .
(x0, X1, X2, X3) [—xz—i—txgxo—le

with x3 + x7 +x7 + x7 = 1. We have a coordinatization of S* which is given by
xo = cosf, 0<6<m,
x; = sinfcosp, 0 < ¢ <,
X, = sinfsingcosy, 0 <1y <2,
x3 = sinfsingsiny, 0 <y <2m.

This coordinatization is not global. The set {(cos8, £s5inf,0,0) | 0 < 0 < «} of
exceptional points is of Lebesgue measure 0. If we determine the Riemannian metric
induced by the Euclidean metric, then the Haar integral can be given by

m T 27
/ flodg = % / / f (0, b, Y)sin*Osineddbd pdi).
3 27 0 0 0

The verification is left to the reader.
The following is the first basic result in the representation theory.

Theorem 5.1.5 (Maschke’s Theorem)Let G S GL(V) be a representation of a
compact group G. Then every subrepresentation of p is a direct summand of p.

Proof Let G A GL(W) be a subrepresentation of p. Then W is a subspace of V
and n(g)(w) = p(g)(w) € W for each g € G and w € W. Let <, > be an inner
inner product on V. Define a map <, >’ from V x V to C by

<v, w>'= /G < p(9)(v), p(g)(w) > dg.

Itcanbe checked that <, >’isaninner producton V suchthat < p(g)(v), p(g)(w) >’
=< v, w >'forall g € G. Clearly, p(g) is unitary with respect to this inner product.
Let W+ be the orthogonal complement of W with respect to this inner product. Let
v € Wt. Then

<w, p() > =< plg Hw), v>"=0
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for all w € W. Hence p(g)(v) € Wt. This gives us a subrepresentation G 4
GL(Wt)of psuchthatp = n @ p.

Th following Corollary is also immediate:

Corollary 5.1.6 Every representation of a compact group is equivalent to a uniatary
representation. i

Another Proof: Let V > W be a vector space projection. Define a map p on V by

P) = /G p(9)p(p(g~H())dg.

It can be checked that p is a linear transformation such that pop(h) = p(h)op for
eachh € G.Thus, Kerp determines a subrepresentation . of p suchthatp = 1 @ pu.
f

Using the induction on the dimension of V, we get the following Corollary:

Corollary 5.1.7 Every representation of a compact group is completely reducible
in the sense that it is direct sum of irreducible representations.

Remark 5.1.8 1. The conclusion of Maschke’s Theorem is true for representations
of finite groups over finite fields whose characteristics do not divide the order of the
group. The second proof can be carried out.

2. The conclusion of the Maschke’s Theorem is not true for arbitrary noncompact
groups or for the representations of finite groups on vector spaces over fields whose
characteristic divides the order of the group. For example, the representation p of R
on C? given by p(a)(x,y) = x + ay has a subrepresentation which is not direct
summand. However, on some noncompact group, the result can be extended using
Weyl’s unitary trick.

3. It is a fact that all irreducible representations of a compact group are finite
dimensional.

Following are some guiding problems in the representation theory of groups:

1. Classify all indecomposable and irreducible representations of a group.

2. To decompose a representation as direct sum of irreducible representations.

3. The set of equivalence classes of representations of a group G form an algebraic
structure under the operations like &, ®, A, and S”. To determine the presentation
and the structure of such an algebraic structure (Adam’s operations, in particular,
are useful in K -Theory).

Example 5.1.9 1. Any homomorphism p from G to GL(1,C) is an irreducible
representation of degree 1.

2. We have the standard representation (the matrix multiplication) of G L(n, C) on
C". The Det and the powers of Det give one-dimensional irreducible representations
of GL(n, C). Infact \" p = Det, where p is the standard representation. We shall
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see as to how the representations of S, operating on the standard representation of
G L(n, C) determine irreducible representations via Schur functors.

3. Consider S,,. The map p from S, to GL(n, C) given by p(p)(e;) = e, gives
us arepresentation. Let V. = {37 a;e; | Y_;_; @; = 0}. Then V determines a sub-
representation of p. Clearly, C" = V @ C(e; + e + - - - + ¢,,). We shall see that the
representation on V and their exterior powers are all irreducible. The trivial represen-
tation 1 and the si gn representation (sign(p) = lif pisevenandsign(p) = —1if
p is odd) are the only two degree 1 representations of S,,. The representation p; of S,
afforded by the subspace V described above is called the Standard representation
of S,,. Note that V has a nice basis {¢; —e>, ey —e3,...,¢,.1 — e,}.

4. The group SU(2) has natural standard representation p on C? of degree 2
which is given by p(g9)([a, 8]) = [a, Blg. Let g, denote the space consisting of
homogeneous polynomials of degree n in C[ X, X,] together with 0. Clearly, B =
{X7X57" |0 <r < n}is abasis of g, and so the dimension of g, is n + 1. Define
a representation p,, of SU(2) on g, by putting p,(9)(f(X1. X2)) = f([X1. X2]g).
We shall see that all p, are irreducible and any irreducible representation of SU (2)
is equivalent to p, for a unique n.

All representations are assumed to be finite dimensional unless stated otherwise.

Now, let us assume that G is finite. Let C(G) denote the complex group algebra.
We have arepresentation p,., of G on C(G) whichis given by p,.4 (g)(ZheG aph) =
> nec 0ngh. This representation is called the regular representation of G. Indeed,
C(G) is the C(G)-module affording the regular representation. The members of G
treated as members of C(G) form a basis of C(G). Thus, the degree of the regular
representation is | G |.

Let p be an irreducible representation of G on V. Then V is a simple C(G)-module
affording p. Letvg € V, vg # 0. Then C(G)vy. is a nontrivial submodule of V. Hence
V. = C(G)vy. The map ¢ given by ¢(a) = avg is a surjective C(G)-module
homomorphism from C(G) to V. By the Maschke’s Theorem C(G) = Ker¢ &
V. This shows that every irreducible representation of G appears in the regular
representation p,.q of G as a direct summand, and so there are only finitely many
irreducible representations p1, pa, ..., p, (up to equivalence) of G, each appearing
in p,4 as direct summand. We may assume that p; ~ p; only when i = j. Suppose
that p; appears n; times in p,.4. Then

CG) =mVieomV,®---&nV, (5.1

where V; affords the representation p;. Each V; is simple C(G)-module.
The following Lemma of Schur is the most fundamental Lemma in the represen-
tation theory.

Lemma 5.1.10 (Schur) Let G & GL(V)) and G 5 GL(V») be irreducible repre-

setations of G, where G is a compact group not necessarily finite. Let V} N V, be
a linear transformation such that Top1(g) = p2(g)oT forallg € G. ThenT = 0
or T is an isomorphism. Further, if Vi = V, (p1 = pa), then there is a A € C such
that T (v) = Mvforallv e V).
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Proof Under the hypothesis of the Lemma, KerT affords a subrepresentation of p;
and ImageT affords a subrepresentation of p;. Since p; isirreducible, ImageT = 0
or else ImageT = V,. Thus T = 0 or T is surjective. Suppose that 7" # 0.
Then KerT # V). Since p; is irreducible, KerT = 0. This means that T is an
isomorphism.

Finally, suppose that V| = V, = V.Let Abeaneigenvalue of 7. Then Ker(T —
AI) is anontrivial subrepresentation of p, and since p is irreducible, Ker (T — \I) =
V. This means that T = AI. 4§

Remark 5.1.11 Schur Lemma is valid for all unitary representations on Hilbert
spaces not necessarily finite dimensional.

Corollary 5.1.12 If V is a simple C(G)- module, then Endcy(V) is a field iso-
morphic to C. g

If G is a finite group, then using the Schur Lemma and the Eq. 5.1, we see that
Endcc(C(G)) ~ M, (C) x M,,(C) x --- x M, (C). (5.2)

Next, given a ring R with identity, the map ¢ from R to Endg(R,+) given
by ¢(a) = f, is an anti-isomorphism of rings, where f, is given by f,(a) =
aa. (any member f of Endgr(R, +) is of the form f,, where « = f(1)). Thus,
C(G) is anti-isomorphic to M, (C) x M,,(C) x --- x M, (C). Since A — A’ is
an anti-isomorphism from M, (C) to itself, M, (C) x M,,(C) x --- x M, (C) is
anti-isomorphic to itself. Consequently,

C(G) =~ M, (C) x M,(C) x --- x M, (C), (5.3)

where r denotes the number of equivalence classes of irreducible representations of
G, and n; is the multiplicity of p; in p,.,. Comparing the dimensions, we get

|G |= n} + n5 + - + n’ (5.4)

Note that the space W; of column matrices with n; rows is a simple M,, (C)-module
in obvious manner. In turn, it is also a simple C(G)-module which is isomorphic to
V;. Indeed, M,,(C) = n;W; ~ n;V;. Thus, n; is also the degree of the irreducible
representation p;. We may assume n; = 1 corresponding to the trivial irreducible
representation of G.

Let us compare the centers of both sides of 4. Since Z(M,,(C)) is the space of
scalar matrices, the dimension of the center of the RHS is r. Consider the cen-
ter Z(C(G)) of C(G). An element deG o,g belongs to Z(C(G)) if and only if
hyeo aggh™' = >_4ec 0gg forall h € G. This amounts to say that oy = gy
for all g, h € G. In other words, oty = «y if and only if g and & are in the same
conjugacy class. Let {Cy, C,, ..., C;} be the set of all conjugacy classes of G and
¢ = dea_ g.Thenc¢; € Z(C(G)) and all members of Z(C(G)) are linear combina-
tions of {cy, ¢2, ..., ¢;}. Since Cy, C», ..., C; are pairwise disjoint, {cy, ¢2, ..., ¢/} i
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linearly independent. Thus, the dimension of the center of LHS is ¢. This establishes
the following Proposition.

Proposition 5.1.13 The number of irreducible representations of a finite group G
over C is the number of conjugacy classes of G (the number of conjugacy class of
G is called the class number of G).

Example 5.1.14 Consider S3. The class number of S; is 3. Thus, there are 3
irreducible representations of S3 over C. Let py, p2, and p3 be irreducible rep-
resentations of S3 of degrees n; = 1, ny, and nj, respectively. Then from (5.4),
6 =|S;3 | = 1+ n3+ n3. This means thatn, = 1andn; = 2. The representation
p1 is the trivial representation, the representation p; is the si gn representation, and
p3 = ps is the standard representation (see Example 5.1.9 (3)).

The number of conjugacy classes of S, is the number p(n) of partitions of n,
as such, there are p(n) irreducible representations of S, of which the two one-
dimensional representations are the trivial and the si gn representations.

The Quaternion group Qg has 5 conjugacy classes and so it has 5 irreducible
representations. The one degree representations are just homomorphisms from Qg
to C*. There are 4 homomorphisms from Qg to C*. Since 8 = 141+ 141422,
the 5th representation is of degree 2. The irreducible representation p of degree 2 is

given by
o0 = [ %o = [ O] om = [24]

‘We shall show soon that the degrees of irreducible representations divide the order
of the group.

Characters of Representations

Let G be a group (not necessarily finite) and p : G — GL(V) be a representation
of G. Then, the map X, from G to C defined by x,(9) = Tr(p(g)) is called a
Character of G afforded by the representation p. If p is irreducible, then it is called
an irreducible character of G.

1. Characters are class functions in the sense that they are constant on each con-
jugacy class. This is because similar transformations have same trace. Thus,
characters considered as members of C(G) are members of the center of C(G).

2. Equivalent representations have same characters: If p: G — GL(V) and 5 :
G — GL(W) are equivalent representations, then there is an isomorphism
T from V to W such that Top(g) = n(g)oT for all g € G. This means that
Tr(p(g)) = Tr(n(g)) forall g.

Following are few examples:

3. If p is a representation of G on V, then x,(1) = tr(p(1)) = Tr(ly) =
DimV = deg(p).

4. Consider the regular representation p,., of G on C(G). Let g be a nonidentity
element of G. Since p,.4(g)(h) # h forall h € G and G forms a basis of C(G),
it follows that x,,, (9) = Oforall g # 1 and x,,, (1) =[G |.
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5. Consider the standard representation p, of S3. Here, V is the subspace {aje; +

arer +azes | ag + oo+ a3 = 0} of C3. Clearly, {e; — e, ex — e3} is a basis
of V. Now, x,,(I) = deg(p;) = 2. Since ps(1,2)(e; —er) = —(e1 —ey)
and ps(1,2)(ex —e3) = e —es = (e; —ex) + (ex — e3), it follows that
Xp(1,2) = 0 = x,,(2,3) = x,,(1,3). Similarly, x,,(1,2,3) = -1 =
Xp, (1,3, 2).

The following identities can be easily established by looking at traces of the matrix
representations of the representations with respect to suitable bases:

6. Xo®pr = Xpi T Xpp-
7. Xpi®py = Xpi Xpa+
8. XHom(m,,jz)(gl) = Xp (@)X, (9)- In particular, x,» = X,.
9. xr2p(@) = 50xp(@* — X, (gD].
10. SinceV®V = SV & A\’ V. Xpop = Xso + Xa2p-Thus, xs2,(9) = 1[x,(9)*
2
+ xp(g9)]

Schur Orthogonality Relation

Consider the algebra C(G) of complex valued continuous function on G. We have
an inner product <, > on C(G) given by given by

<ff = /G F@T@dy.

We may assume, without any loss, that the representation p is unitary (Corollary
_— —_—
5.1.6), and as such p(g~') = p(g) . Thus, Xp(g’l) = X,(9).

Theorem 5.1.15 (Schur) Let G be a compact group (in particular finite group). Let
p:G— GL(V)andn: G —> GL(W) be finite-dimensional unitary represen-
tations (indeed, any irreducible unitary representation of G is finite dimensional).
Let T be a linear transformation from 'V to W. Then, the map T from V to W given
by

T) = [G (T (p(g~H())dg

is an intertwining operator in the sense that Top(g) = n(g)oT for all g (it is a G-
homomorphism).

Proof Top(h)(v)

= Jo (T (p(g~ ) (p(h)(v))dg

= [T (p(g~ " h)(v))dg

Jo nOT (p(k=1) (v))dk

= n(h)oT (v) _

for all v. This shows that T is a G-map.

Corollary 5.1.16 Let G be a compact group (in particular a finite group). Let
p: G — GL(V)andn: G — GL(W) be finite-dimensional irreducible unitary
representations. Let T be a linear transformation from V to W. Then
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(i) T 0if p 7%
(ii) T = gpylvifp = .

Proof (i) This is evident from the Schur Lemma and the above result.
(ii) Suppose that p = n with V. = W.Then T = ol for some «, thanks to
Lemma 5.1.10. Consequently,

aDimV = TrT = Tr(/G p(DT ((p(g~H))dg = /GTr((p(g)Tp(g)"))

= f TrTdg = TrT/dg = TrT.
G G

Thus, o« = %. it

Letp: G — GL(V)bearepresentation of V, where V is a vector space over C.
Fix abasis {x{, x2, ..., x,} of V. Let[p;;(g)] denote the matrix representation of p(g)
with respect to this basis. More explicitly p(¢g)(x;) = > i, pij(g)x;. The functions
pij from G to C, thus obtained, are called the matrix representation functions. Since
p is unitary, p(g~") = p(g)~! = p(g) for each g € G. Consequently, pii(g™h =
pji(g) foralli, jand g € G.

Theorem 5.1.17 (Schur Orthogonality Relation) Let p: G — GL(V) and n :

G —> GL(W) be irreducible representations of a compact group G over C. Then
(i) < pji-me > = 0if pFEnor(j,i)# (k) and
(ii) < pji, pji > = et
where p;; and ny are corresponding matrix representation functions with respect to
some choice of bases.

Proof Let {x{, x,...,x,} be a basis of V and {y;, 2, ..., yu} be a basis of W.
Consider the linear transformation 7;; which takes x; to y; and the rest of the x; to
0. Consider the average

Tyi(x;)

= [519) Ti(p(g~ ") (x;)))dg

= Jo @) Tk 3=y Pmj (g~ (xm)))dg

= [ 1@ (pij(g~H())dg

=[5 Pii(g™ OO mk(9)ydyg

= > g piig™Hm(@dg)n
= Y g rii(@Dm(g)dg)yi
= YL < Pji Tk >y e (%),
Since both the representations are irreducible, if p % 7, then Tj; = 0 and so the
coefficient of each y; is 0. This shows that

< pji, ik >= 0

foralli, j, I, k.



5.1 Language of Representation Theory 257
Now suppose that p = nand y; = x;. Then from (%),
n
Ti(x) = D < pji Pk =% = i,
=1
for some «y;. Thus, forl # j,
< pji,» p >= 0.

Similarly, < pj;, pi > = 0fori # k.
Now, let us take k = i. Then

n n
Ti) = Y[ ot oo = Y Zpmar=n = aun
1=1 YG I=1

for some «;;. Thus, forl = j,
Qii = < Pji> Pji > = Qjj-

Consequently,

nog; = Z/Gﬁ,-i(g)pﬁ(g)dg = /Gpii(g”g) = fcldg = L
=1

This means that !

< Pji> Pji > = Qii = DimV"

il

Corollary 5.1.18 If p is irreducible representation of G over C, then < x,, X, >
= L andif p % n, then < x,, x, >= 0.

Proof Suppose that p % 7. Then from the above Theorem,

< Xp» Xn > = fxp(g)xn(g")dg = f(z pii(9) > (g™ Ndg = 0.
G G =1 k=1

Further,

n

n n
< Xp» Xp > = / Xp@)xplg™Hdg = /(Zmi(g)Zpkk(g_l))dg = f/ ldg = 1.
G Gia k=1 .

Corollary 5.1.19 Two representations are equivalent if and only if they have same
characters.
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Proof Let p and n be two representations of G. We can find pairwise nonequiv-
alent irredicible representations {pi, p2, ..., p;} of G and nonnegative integers

ay, as,...,a; and by, by, . .., b, such that

p=aipr®arp @ ---ap;

and
N=>bipr ®brp2®---® b;p;.
Then
Xp = A1 Xp; + a2 Xp, + -+ At Xp:»
and

Xn = lem + bZsz +---+ thp,v

Suppose that x, = x;. Then by the above Corollary, a; =< x,, X, >=<
Xn» Xp; >= b; for each i. This shows that p ~ 7). The converse is evident. §

Corollary 5.1.20 A representation p is irreducible if and only if < x,, x, >= 1.

Proof Letp = apy + axpr + -+ + a,p; be arepresentation, where {p, p2, ...,
p:} 1s a set of pairwise nonequivalent irreducible representations of G. Then <
Xp> Xp > = a12 + a% +---+a?. Hence < Xp> Xp > = lif and only if for some i,
a; = landforj #i,a; =0.4

The standard p; of S3 is irreducible, since < x,,, X, > = 1. Show that the
standard representations of S, are irreducible for each n.

Since the dimension of the space of the class functions on a finite group G is the
number of irreducible characters, the following Corollary is immediate.

Corollary 5.1.21 The set of irreducible characters of G form an orthonormal basis
for the space of class functions. t

Let p be airreducible representation of a finite group G over C. Then V is a simple
C(G)—module, and we have a homomorphism p from the ring C(G) to Endc(V)
defined by p(Xgccg9) = Tgegayp(g). If Tyecayyg is in the center of C(G), then
p(Xg4ecayg) commutes with p(g) for all g € G, and so it belongs to Endgg) (V).
Since V is a simple C(G)—module, members of Endcg)(V) are multiplications
by scalars. Let {C}, C3, - - - , C,} be the set of distinct conjugacy classes of G. Let
u; = Xgec,g. Then as observed, {u, us, -+, u,} form a basis for the center of
C(G). From the previous observation p(u;) is multiplication by a scalar «; (say).

Proposition 5.1.22 Let G be a finite group and p be an irreducible representation
of G over C. Then, the scalars «; described in the above paragraph are algebraic
integers.

Proof Letu; = X cc, g, where {Cy, C», - - -, C,} is the set of all distinct conjugacy
classes of G. Let v € Cy and afi denote the cardinality of the set X l”] = {(g9,h) €
Ci xCjlgh = v}. If we Cy, then there is x € G such that w = xvx~'. The
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map (g, h) ~ (xgx~", xhx~") is clearly a bijective map from X}, to X}}. Thus, the
integer afj depends only on i, j, k, and not on the choice of v € Cy. This also shows
that

_ r k
ui; = Ek:laijuk'

Thus,
Pup(u;) = pluuj) = i, af;p(u).

The left-hand side is multiplication by «;c;, and the R.H.S. is multiplication by
E;zlafj ay. This shows that

_ r k
iy = XG0

forall i, j and k. We can take C; to be the conjugacy class {e}, and sou; = e. Since
p(uy) = ple) = Iy, oy = 17# 0. The above equation shows that the column

vector
(€3]
(&%)

o

is an eigenvector of the matrix [b ], where bj; = af‘j, and the corresponding eigen-
value is «;. Thus, o; is a root of the monic polynomial det(xI, — [bj;]) whose
coefficients are all integers (note that bj; = afj are all nonnegative integers). This
shows that each ¢; is an algebraic integer. f

Corollary 5.1.23 Let G be a finite group and p be an irreducible representation
over C of degreen. Let g € G. Letm = [G : Cg(g)] be the number of conjugates to
g. Then %((’) is an algebraic integer(observe that every algebraically closed field
of characteristic 0 contains the field of algebraic numbers).

Proof Let C; be the conjugacy class determined by g. Then, the trace of p(g) =
the trace of p(x) foreach x € C;. Thus, tracep(u;) = m -tracep(g) = m - x,(9).
Since p is multiplication by «;, and the degree of p is n, it follows that trracep(u;) =
n- ;. Thus, a; = %((’) The result follows from the above theorem. fi

Corollary 5.1.24 The degree of an irreducible representation of a finite group G
divides the order of the group.

Proof Let G be a finite group and p be an irreducible representation of G. Let
{Cy, Cy, - -, C,} be the set of conjugacy classes of G. Putu; = erc, x. Note that
pinduces aring homomorphism p from C(G) to End (V') by putting ﬁ(deG 0gg) =
dec oyp(g). Then p(u;) commutes with each p(g), since u; € Z(C(G)). Since C
is algebraically closed, p(u;) is multiplication by a scalar ¢; (say). Then

mix; = Trpu;) = na;,
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where m; is the number of elements in C;, y; is the value of the character y on C;,
and 7 is the degree of the representation. By the orthogonality relation

1 _ Q- .
I =<xp X, > = WZXp(g)x,)(g h = mzmiXiXi'
geG i=1

Thus, ¢l = Y7_ mXiy* By Corollary 5.1.23, each ™ is an algebraic integer.
no =l n A . n ..

Already X7 is an algebraic integer. Since sums and products of algebraic integers are

algebraic integers, it follows that ﬁnl is an algebraic integer. Since a rational number

is an algebraic integer if and only if it is an integer, n divides | G |. f

A compact group may have infinitely many irreducible representations. However,
we have the following important Theorem of Peter—Weyl for an arbitrary compact
groups. We use some analysis to prove the Theorem.

Theorem 5.1.25 (Peter-Weyl)Let G be a compact linear group. Let G denote the
set obtained by selecting one and only one member from each equivalence class of
irreducible representations of G. Then, the set

Q = (Vdeg(p)pij | p € G,i, j < deg(p)}

is an orthonormal basis of the Hilbert space L*(G) of complex valued square inte-
grable functions functions on G, where the inner product on L*(G) is given by

<a, B>= /Ga(g)@flg-

Proof By the Schur orthogonality relation, 2 forms an orthogonal set. Again, the
space C(G) of all continuous functions is dense in the space L>(G) of square inte-
grable functions, and hence it is sufficient to show that the subspace generated by
Q is dense in C(G). Since G is a linear group, we can talk of the space g (G) of
polynomial functions on G. By the Stone-Weirstrass Theorem, g (G) is dense in
C(G) with respect to sup norm topology. But sup norm topology is finer than the
topology induced by inner product. It follows that © (G) is dense in C(G) with inner
product topology. Thus, it is sufficient to show that g (G) is contained in the subspace
generated by Q. Let f € o (G). Suppose that the degree of f is m. Let g,, denote
the space of all polynomials on G of degree at the most m. We have a representation
p of G on g, which is given by

P @) ([xi;]) = o([xi;] - 9).

Now, p is direct sum of finitely many irreducible representations in G. Further, the
map ¢ — ¢(I) is a linear function on g,,(G). By the Riesz representation Theo-
rem, there is a ) € £,,(G) such that < ¢, n > = ¢(I). Now, < p(g9)(f), n > =
(@) (f)U) = f(g)forall g. This shows that f is a linear combination of members
of Q.1
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Remark 5.1.26 The Peter-Weyl Theorem is valid for any compact group but the
proof requires the deeper analysis of spectral representations.

SL(2,C), SU(2), and Weyl groups (in particular symmetric groups) are building
blocks in the theory of Lie groups and their representations. Indeed, in any semi-
simple group, SL(2, C) and SU(2) are interwoven with Weyl groups in a suitable
manner. A little later, we shall study the representations of Weyl groups and S,,, in
particular.

Example 5.1.27 Representations of S': Since S' is commutative all irreducible
representations of S! are one dimensional and hence itis a continuous homomorphism
p from S! to C*. Since S! is compact p(Sl) is bounded. In particular, {| p(z) |"| n €
Z} is bounded for each z € S' This means that p is a continuous homomorphism from
S'to S' such that| p(z) |= 1 foreachz € S' and. Continuous homomorphisms from
S to S! are of the form z — 7", n € Z. A consequence of the Peter-Weyl Theorem
is the classical theorem of Fourier which asserts that the set of all periodic square
integrable functions on R have Fourier series representations.

Example 5.1.28 Representations of SU(2): Consider the space V, consisting of 0
and all homogeneous polynomials in C[X, Y] of degree n. Clearly, {X'Y"~' | 0 <
i < n}isabasisof V,. Thus, V, is of dimension n + 1. Define a map p,, from SU (2)
to GL(V,) by putting p,(¢9)(f)(X,Y) = f([X, Y] g). Then p, is a representation
of SU(2) of degree n + 1. Let us calculate the character . Since x,, is a class
function, itis sufficient to calculate its values on representatives of conjugacy classes.
Since we can decompose C? as direct sum of eigenspaces of g, and the eigenvalues
of g are of the form ¢’ g is conjugate to a diagonal matrix

e’ 0
0 e—it9
i0 —if

for some 6. Note that | 949 is similar to | ¢ Qe , since
0 e™ 0 ¢

0—1] [ 01 T01] _[e?o0
10 0| |-10] [ 0]
Thus, a character x, is determined by an even and 2 periodic function x,(0) =
e’ 0
Tr(p([ 0 e—i0:|))'

Indeed, any g € SU (2) treating as a member of S* has a parametric representation
as

—sinfsingcosy + isinbsingsiny cosf — isinfcos ¢

[ cost + isinfcos ¢ sinfsingcosy + isinﬂsin(bsinw]

The characteristic equation of g given above is \> — 2cos#\ + 1 = 0, and as such
the eigenvalues of g € SU (2) are +¢'’. More generally, it also follows that any class
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function on SU (2) depends only on the parameter # which is even and 27 periodic.
The integral of a class function on SU (2) is given by

1 27 pmopm
/ flg)dg = —2/ / / £@0,0, 0)sin29sin¢d9d¢d1ﬁ =
SU(2) 2= Jo Jo Jo

2 T 1 2w
z / F(0)sin®0d0 = — F(6)sin20do.
™ Jo ™ Jo

This is the Weyl Integral Formula for SU (2).
Thus, the character , of a representation p is given by

2 ™
Xp(9) = —/ xp(ﬁ)sinzﬁdﬁ, where g is given as above.
™ Jo

This is called the Weyl character formula for SU (2). Consider the representation
pn of SU(2) and the corresponding character x, given by

i i
xm[eo eo,p] = Tr(pn([eo e%]»

Further,
e’ 0
0 e —if

[X,Y] |: i| = [Xe', Ye ).

Hence
e
0 e—i()

pn(|: it :|)(XmY”7m) _ (Xeig)m(Ye—iG)n—m — imbxm —i(n—m)0yn—m _ ,iQ2m—n)0 ymyn—m

Thus,

i0 n 2i(n+1)6 .
e 0 iOm—n _mpl—e sin(n + 1)0
Tr(pn([ 0 e_m:|)) = E :6(2 0 pmind _ .

. 1 — e2if sinf
m=l

Consequently,

2 (7 - 2 (7
< Xpus Xpo > = —/ Xp, (0)X,, (0)sin*0d0 = —/ sin*(n + 1)0do = 1.
™ Jo ™ Jo

This shows that the representation p,, is an irreducible representation of SU (2) for
each n.

Conversely, we show that these are all irreducible representations of SU (2). Let p
be an irreducible representation of SU (2) and x, the corresponding character. Then
1 =< x,, X, > (by the orthogonality relation)
= 2 [7(x,(0))*sin*0d8 (for x, is a class function)

L[ (x,(0)sind)*dd
= 2|l x,(0)sind |[,
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=232 1< x,(0)sinb, " >gi|* (by Peter- weyl theorem for S! and Parswalls
formula)

=23% | [T X, (B)sinbeTag |2

=232 2% fOZF X, (0)sinbsinrdo |*

= 4% | [T X 0)x,,, (B)sin>0d0 |

= 2ol %fo Xp(0)X,p,, (0)sin*0do |*

— ™ 2
= 220 1< Xps Xp, >I
Since ¥, is irreducible, x, = x,, for some n.

Next, we shall quickly give relationship between representations of Lie groups
and the representations of corresponding Lie algebras. We restrict ourself to linear
Lie groups, viz., closed subgroups of general linear groups over C. First, we describe
exponential maps and logarithmic maps.

Consider M,,(C). This is a complex Hilbert space with inner product <, > given
by

<A, B>= ) a;b; = Tr(AB".

ij

Il A1* = Y, lay |’ and || AB [|<|| A || || B ||. In other words, M,(C) is a
complex Banach algebra. Define a map exp from M, (C) to M, (C) by putting

2

A , -
exp(A) =1 4+ A + N + - = len—ﬂ)ozr_

By the Weirstrass M -test, the series in the RHS is uniformly absolutely convergent
in any bounded domain in M, (C).
Proposition 5.1.29 [fAB = BA, then exp(A + B) = exp(A)exp(B).

Proof Note that

n 2n i P

r (A+B)Y A' B/

IESILA > ar

r=0 r=0 i>n or j>n
Suppose that M = max(|| A ||, || B ||). Then
A" BJ n(n+ )M (M*)"2n+1
Il Z I = = 2

il j! n! n—2D!'n-1

i>n or j>n,i+j<2n

Clearly, the RHS tends to 0 as n tends to oco. This proves that exp(A + B) =
exp(A)exp(B). d

Corollary 5.1.30 exp(A) belongs to GL(@n,C) for each A€ M,(C) and
(exp(A)~™" = exp(—A).
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Proof Since A and —A commute, I = exp(0) = exp(A+(—A) =
exp(A)exp(—A). This shows that (exp(A))’1 =exp(—A). 4

Next, consider the series

(A-D> (A - [(A=D)"
A —_ 1 —_ —_— e . = —1 n+ —_—
( ) 5 + 3 ;:1( ) "
By the Leibnitz test, the above series is convergent in the domain D = {A | ||

A — I ||< 1}. This defines a map Log from D to M, (C). Clearly, Log(I) = 0.
The map exp and Log are local inverses to each other. The following Propositions
can be easily established by using simple analysis:

Proposition 5.1.31 (i) exp(Log(A)) = A if||A—1]|< L

(ii) Log(exp(A)) = A, if || A < Log2.

(iii) exp(BAB™") = Bexp(A)B~\.

(iv) Eigenvalues of A are of the form e, where X is an eigenvalue of A.

(v) exp(tA)exp(tB) = exp(t(A+ B) + %[A, B] + O(t?)), where [A, B] =
AB — BA.

(vi) exp(tA) exp(t B)exp(—tA) = exp(tB + t*[A, Bl + O(t?)).

(vii) [exp(tA), exp(tB)] = exp(t’[A, Bl + O(t?)), where[exp(A), exp(B)] =
exp(Aexp(B)exp(A) lexp(B)~'.

Corollary 5.1.32 (i) Lim,_.o(exp(2)exp(2))" = exp(A + B).
(ii) Lim,.oclexp(£), exp($)I" = exp[A, B].

Proof (i) Lim,_,o(exp(2)exp (L))"
= Limneoo(exp(Aj:—B) + O(H%))” (by Proposition 5.1.31(v))
= Lim,(exp(A+ B) + 0O(}))
= exp(A + B).

(i) Lim,oolexp(2), exp(5)1"
= Limnﬁoo(exp(An%B + 0(”—13)))"2 (by Proposition 5.3.31(vii))
exp([A, B]). ¢

The following Theorem is immediate from the above Corollary.

Theorem 5.1.33 Let G be a linear Lie group contained in GL(n,C). Let L(G)
denote the set {A € M,(C) | exp(tA) € G ¥t € R}. Then L(G) is a Lie algebra
over R.

Example 5.1.34 L(G) need not be a Lie algebra over C. Consider U(n) = {A |
A*A =1 = AA*}.Thus, L(Un)) = {A € M,C) | (exp(A)* = (exp(A)~! =
exp(—A)}. Since (exp(A))* = exp(A*), it follows that L(U (n)) = {A| A* =
—A}. Clearly, L(U (n)) is not Lie algebra over C as it is not even a vector space
over C. L(U (n)) is denoted by u,,(C) which is real Lie algebra of skew hermitian
matrices.
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Example 5.1.35 L(GL(n,C)) = M,(C) = gl(n,C).Thisisbecause A € M, (C)

implies that exp(tA) € GL(n, C). GL(n, R) is also a closed subgroup of GL(n, C)

with L(GL(n,R)) = M,(R) = gl(n,R). L(SL(n,C)) = sl(n,C).L(0O(n,C)) =
on,C) = {A e M,(C)| A" = —A}is the Lie algebra of skew symmetric matri-

ces. L(Sp(2n, C)) = sp(2n, C). Similarly, we can determine Lie algebras of all

classical groups.

Let G be a linear Lie group. Then, for all A € L(G), exp(t(gAg™")) =
gexp(tA)g~" belongs to G for all g € G and t € R. Thus, gAg~! € L(G) for all
g € Gand A € L(G). In turn, we get a continuous representation Ad of G on L(G)
which is given by Ad(g)(A) = gAg~'. This representation is called the Adjoint
representation of G on its Lie algebra.

Differential Representations

Proposition 5.1.36 Let G be a linear Lie group and A € L(G). Then, the map na
from R to G given by na(t) = exp(tA) is a continuous homomorphism from R to
G. Indeed, 14 is also differentiable whose derivative n/A (0) at 0 is A. Conversely,
any continuous homomorphism from R to G is of the form 14 for some A € L(G).

Proof Clearly, 114 is a homomorphism. Since (R, +) and G are topological groups
in which the group operations are differentiable, it is sufficient to show that 1, is
differentiable at O and the derivative at O is A. This is evident, since

na®) —na(0) _ Lim, . nat) — 1 A

t t

Lim,_

Conversely, let ¢ be a continuous homomorphism from (R, 4+) to G. Then ¢(0) = 1.
Since ¢ is continuous, there is a § > 0 such that

o) — Il <1
forall s, | s |[< d. Consider

4
B = / b(t)dt.
0

We show that B € GL(n, C). Now,

0 )
1B — 41 ||=||/0 (@(s) — Dyds IIS/0 Il (¢(s) = D) Il ds < 6.

Thus, || g — I'|| < 1. This shows that % is invertible and hence B is invertible.
Now,

0 546 0
/0 P(s +1)dt = / pu)du = ¢(S)/O p)dt = ¢(s)B.

s+0

The map s — fY ¢(u)du is differentiable, since ¢ is continuous (Fundamental

Theorem of integral calculus). Thus, the map ¢ is also differentiable, and



266 5 Representation Theory of Chevalley Groups

O¢(S +1) —¢(s)

¢/(S) = Lim,_, :

= ¢($)A,

where

A = Lim 20 =00

= ¢'(0).

This means that ¢(s) = e*4 € G forall s andso ¢ = n4, A € L(G).

Now, we describe as to how to realize representations of Lie groups with the help
of the representations of their Lie algebras and vice-versa.

Theorem 5.1.37 Let p be a continuous homomorphism from a linear Lie group G
to a linear Lie group G'. Then, p is differentiable and the differential p' induces a
Lie algebra homomorphism from L(G) to L(G").

Proof Let p be a continuous homomorphism from a linear Lie group G € GL(n, C)
toalinear Lie group G’ € G L(m, C). Since pis ahomomorphism, p= L g 0poL 41,
where L, denotes the left translation by g. Since L, is differentiable at all points,
it is sufficient to show that p is differentiable at the identity e. First, note that the
exponential maps are local diffeomorphisms (by the inverse function theorem) from
L(G) to G. Clearly, the exponential map from L(G) to G is the restriction of the
exponential map on M, (C).Let{A|, A,, ..., A;} beabasis of L(G). The maps ¢; =
pona, are continuous homomorphisms from R to G’. From the above Proposition,
there exists B; € L(G") for each i such that ng, = ¢; = pona,, i =1,2,--- 1.
This means that p(e’4) = e'Bi. Thus,

p(et]A]etzAz . el‘[A/) — el]B]eszg .. etIBI.

Consider the map v from R! to G given by
¢(I1, b,...,) = et'AletzAz .. ~e”A’.

Then g—;ﬁa = Ay, g_;2|f = Ay, --- g—% = A;.Since {A}, A,, ..., A} is linearly
independent. The Jacobian of ) at 0 is non-singular. By the inverse function theorem,

1 is a local diffeomorphism around 0. Also note that
(t1, by ... 1) > ("B 2B o1Bry (s o BrgnBr . ptB
is differentiable. It follows that p and ot~ are same at e. Since p and 1~' are
differentiable at the corresponding identities, p is differentiable at e. Further, we
have the induced differential map p’ from L(G) to L(G’) given by the equation
pe™) = "M 1t eR, A e L(G).

Corollary 5.1.32 together with the continuity of p implies that p’ is a Lie algebra
homomorphism from L(G) to L(G'). 4
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Proposition 5.1.38 Let G be a connected linear Lie group. Then, the subgroup
< exp(L(G)) > generated by the image of exp is G itself.

Proof By the inverse function theorem exp(L(G)) contains a neighborhood of iden-
tity. Thus, the subgroup H = < exp(L(G)) > of G contains a neighborhood of
identity. If x € H, then xU is a neighborhood of x which is contained in H. This
shows that H is an open subgroup G. Thus, H = G — Ua¢ y aH is also a closed
subgroup of G. Since G is connected H = G.

The following Corollary is immediate.

Corollary 5.1.39 Any continuous homomorphism from a connected linear Lie group
G to alinear Lie group G’ is uniquely determined by the homomorphism induced on
their Lie algebras.

Conversely, we wish to see as to when every Lie algebra homomorphism from
L(G) to L(G’) determines a unique continuous homomorphism from G to G’. Indeed,
L induces an equivalence from the category of simply connected Lie groups to
the category of Lie algebras. For the purpose, we quickly introduce the concept of
covering spaces, covering groups, and state some basic facts. The proofs of these
facts can be found in the Algebraic Topology by Spanier.

A continuous surjective map p : E — X is called a covering projection if X has
an open cover {U, | a € A} such that each U, is evenly covered by p in the sense
that p~!(U,,) is disjoint union of open sets so that the restriction of p to each one
of them is a homeomorphism on to U,. Clearly, p is an open map and each fiber
p~'({x}) is a discrete subspace of E. X is called the base space and E is called the
total space of p. The base spaces are assumed to be connected.

Proposition 5.1.40 (Unique path lifting prperty) Let p : E — X be a covering pro-
jection. Let xo € X and o be a path in X with initial point xo. This means that o
is a continuous map from the closed interval [0, 1] to X such that 0(0) = xq. Let
ey € E such that p(eg) = xo. Then, there is a unique path & in E with initial point
e such that pod = o. f

A space X is called a path connected space if any two points of X can be joined by
a path. All the spaces are assumed to be path connected. A path in X is called a loop
if its starting point and the end points are same. Let xo € X. Let Q (X, x¢) denote
the set of all loops in X based at x,. Two members ¢ and 7 in Q (X, x¢) are said
to be homotopic if there is a continuous map H from [0, 1] x [0, 1] to X such that
H(s,0) = o(s),H(s,1) = 7(s)and H(0,1) = xo = H(1, t). This simply means
that if we treat (X, xo) as a subspace of the space X!®! (of all paths in X) with
compact open topology, then o and 7 are joined by a path in (X, x¢). The notation
o ~ 1 stands to say that o is homotopic to 7. The relation =~ is an equivalence
relation on Q (X, x9). We denote the quotient set Q2 (X, xg)/ = by m(X, x9). The
equivalence class determined by o is denoted by [c]. Let o and 7 be members of
Q(X, xo). Defineamap o x 7 from [0, 1]to X by o x 7(¢) = o(2¢) ift € [0, %] and
ox7(t) = 7Q2t—1)ift € [%, 1]. Clearly, o * 7 belongs to Q (X, xo). If 0 =~ o’
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and 7 &~ 7/, then it can be shown that (o x 7) & (¢’ % 7’) Thus, we have a product -
in 71 (X, x9) defined by by [o] - [T] = [0 » 7]. Further, 7; (X, xo) is a group with
respect to this product. The element [wy] is the identity, where wy is the constant loop
at xo. The inverse of [¢] is [c~!], where 07! (t) = o(1 — t). The group 7 (X, xo) is
called the Fundamental group or the Homotopy group of X based at x¢. If X is path
connected, then 7 (X, x¢) is independent (up to isomorphism) of the base point. A
base point preserving continuous map f from the pointed topological space (X, xo)
to a pointed topological space (Y, yy) defines a homomorphism f; from (X, xo)
to m (Y, yo) by putting fi([oc]) = [foo]. Indeed, m defines a functor from the
category of pointed topological spaces to the category of groups.

Let p : E — X be a covering space, where X is a path connected space. Let
Xxo be a base point of X and ¢j be a point in E over xy. Let ¢ be a loop in X at x.
Then from unique path lifting property of p, there is a unique path ¢ in E with initial
point ey. Further, if 7 is another loop in X at xo which is homotopic to 7 and 7 is the
lifting of 7 (with intial point eg), then & is homotopic to 7. The fundamental group
m1(X, xo) acts on the fiber p~! (xy) as follows. Let [0] € m (X, xo) and e € p~! (x0).
Put[c]e = &(1), where & is the unique lifting of o with initial point e. The action is
transitive and the isotropy subgroup 7 (X, xo),, of the action at e is p;(m(E, ep)).
It follows that p; is injective and [ (X, xo) : p:(E, e0)] =] p~'({x0}) |. We again
state a basic theorem in the theory of covering spaces:

Theorem 5.1.41 Let Y be a connected and locally path connected space and f :
(AY , Y0) —> (X, xo) be a continuous map. Then, f can be lifted to a continuous map
S from (Y, yo) to (E, eo) if and only if f3(m1(Y, yo0)) S pz(mi(E, ). &

A connected space X is said to be a simply connected space if 71 (X, xo) is trivial.
A connected space X is said to be locally simply connected if every point has a fun-
damental system of neighborhoods consisting of simply connected subspaces. Thus,
every manifold (being locally homeomorphic to R” for some n) is locally simply
connected space. Since every Lie algebra over R (being homeomorphic to a vector
space over R) is simply connected and every Lie group is locally homeomorphic to
its Lie algebra, it follows that every Lie group is locally simply connected. We have
the following fundamental result in covering space theory:

Proposition 5.1.42 Let X be a locally simply connected space. Then, there is a
covering space p : X —> X with base X which is universal in the sense that given
any covering space p : E —> X with base X, there is a unique covering map ¢ from
X 10 E such that po¢ = p. 1

Clearly, the covering space p : X —> X described in the above proposition is
unique up to covering isomorphism. The space X is called the universal covering
space of X. Every covering space over X is in between p : X —> X. There is a
Galois like correspondence between the subgroups of (X, xo) and intermediary
covering projections. Indeed, the group 7 (X, x¢) is the group of covering transfor-
mations of p: X — X.

Now, let G be a Lie group and p : G —> Gbea covering projection with G
connected and locally path connected. Let ¢ be an element in p~'({e}). Then from
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the lifting properties of covering projection, we get a product on G with respect to
which G isa group with p ahomomorphism. p is a local homeomorphism, Gisalie
group, and p is a Lie group homomorphism. ¢ is the identity. Since p~' ({e}) = Ker p
is discrete normal subgroup of G, it is contained in the Z(G). Conversely, if H is
a discrete normal subgroup of G,thenv:G — G / H is a covering map. Suppose
that G is the universal covering group of G with p: G — G the corresponding
covering projection. Then G ~ G/Kerp, and Kerp = m(G). The Group G is
called the simply connected form of G. If further, G is such that Z(G) is discrete,
then G / Z(G)isa semi-simple Lie group and it is called the adjoint form of G. For
example, SU (2) is a simply connected form of SO (3) and SO (3) is the adjoint form
of SU(2).

Theorem 5.1.43 Let G C GL(n, C) be a simply connected linear Lie group and
G’ € GL(m, C) be a Lie group. Then every Lie algebra homomorphism from L(G)
to L(G’) is the differential of a unique continuous homomorphism from G to G'.
In particular, L defines an equivalence from the category of simply connected Lie
groups to a category of Lie algebras.

Proof Consider the linear Lie group
GxG < GL(1n,C)xGL(m,C) € GL(n+m,C).

Let 7 be a Lie algebra homomorphism from L(G) to L(G’). Then L(G x G’) is
L(G) x L(G’). Indeed, given any continuous homomorphism p from R to G x G’,
there is a uninque pair (A, B) € L(G) x L(G’) such that p(s) = (e*4, e*?). The
graph g, of Tis aLie sub algebra of L(G) x L(G’).Let H be the subgroup of G x G’
generated by exp(g,). Then H is immersed subgroup of G x G’. The first projection
map p; from H to G induces an isomorphism from the Lie algebra g, to L(G). In
other words, p; is a locally bijective covering map from < exp(g;) > to H. This
shows that p; : H —> G is a covering map. Since G is simply connected, p; is an
isomorphism. The map p, pfl is the required homomorphism. f

Theorem 5.1.44 A complex Torus S' x S' x --- S'is a compact connected abelian
Lie group. Conversely, every compact connected abelian Lie group is a complex torus.

Proof Clearly, acomplex Torus S x S' x --- x S, being isomorphic to the closed

subgroup of G L (n, C), is a compact connected abelian Lie group. Conversely, let G
be a compact connected abelian Lie group. Since

A B 2
. 4 8 A,B
Lim,_oler,en]" et Bl

it follows that el481 = ] forall A, B € L(G). Thus, [A, B] = Oforall A, B
L(G). As such, the exponential map exp is a continuous homomorphism from the

additive group of L(G) to G. Since exp(L(G)) is a open subgroup of G and G is
connected, exp is surjective also. Consequently, L(G)/Ker(exp) is topologically
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isomorphic to G. Since G is compact, Ker(exp) is a lattice in L(G). This means
that L(G)/K er (exp) is isomorphic to R" /Z" ~ §' x S! x --- x §! for some n. §

n

Theorem 5.1.45 Every compact connected complex Lie group is a complex Torus.

Proof Let G be a compact connected complex Lie group. Consider the adjoint rep-
resentation Ad : G — GL(L(G)) € End(L(G)) given by

Ad(9)(A) = gAg".

Clearly, Ad is a holomorphic representation. Since G is compact, by the maximum
principle, Ad is constant. Thus, gAg~' = A forall g € G and A € L(G). Con-
sequently, exp(L(G)) lies in the center of G. Since G is connected, exp(L(G))
generates G. This shows that G is abelian. The result follows from the above Propo-
sition. f

Example 5.1.46 Consider SU(2). A € L(SU(2)) if and only if exp(A)~™! =
(exp(A))* = exp(A*)and Det(exp(A)) = 1.Hence L(SUQ2)) = {A € M, (C) |

A* = —Aand TrA = 0} = su(2). Thus,
su2) = { ixi X2 + ix3 | X1, x2, x3 € R} ~ R?
T = iy —ixg 142,43 ’

Clearly, su(2) has a standard basis { X, X», X3} over R, where

170 17101 1Ti 0
X1_E[io}’XZ_5[—10]’)(3_5[0—1']

The basis is so chosen that [ X, X2] = X3, [X», X3] = Xy, and [ X3, X;] = Xo.
The representation Ad:SU(2) — GL(su(2)) ~GL(3,R) is given by
Ad(g)(A) = gAg~'.Clearly,|| A ||= Det(A) =|| Ad(g)(A) ||forallg € SU(2)
and A € su(2). This means that Ad(g) is an orthogonal transformation for each
g € SU(2). Since SU(2) is simply connected, Ad is a surjective homomorphism
from SU (2) to SO (3). Clearly, the kernel of Ad is {I, —I}. Thus, SU (2) is a double
cover of SO(3) and m (SO (3)) ~ Z,.

Since SU (2) is simply connected, the differential induces a bijective correspon-
dence p — p’ from the class of representations of SU(2) to the class of representa-
tions of su(2) under which irreducible representations correspond. We have already
determined all irreducible representations p, of SU(2) as described in Example
5.1.28. We describe the differentials of these representations. Denote the polynomial
X*y"=*in o, by by ¢. Then {¢; | 0 < k < n} is a basis of g,. Since

d [ cost isint
_( © 2: zz )|t=0 = X,
dt ISin5 COS5
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| I |
X |:c0s§t lSl}’l?iI.
ising cos;

Similarly,
13 . 13
etXZ _ |:COS? —Sll’lti]
. k]
sins cosy
and y
X _ e'z O
e t
0 e'2
Thus,

/(X)(“)(XY)—icf?([XY]IXl)) _ 4 X £+'Y'£k
P (X1 (@) (X, _dt(k ,Yle I,:o—dt cos2 zsmz

n—k .
x (iXsin% + Ycosg) >|r=0 = %[k(bk—l + (n—=k)ri1]
Similarly,
1
P (X2) () (X, Y) = E[k¢k71 — (n = k)Pry1l,
and

2% —
5 "

P (X3) (@) (X, Y) =

Note that the eigenvalues of ip), (X3) are called weights. Further, g is the maximal
weight.

Real Forms, and Complexifications
Now, we shall see as to how and why the representations of SU (2) are important in
the representation theory. Note that su(2) is not a Lie algebra over C.

Let L be a Lie algebra over R. Consider Lc = L ®g C. This is a vector space
over the field C of complex numbers. It can be thought of as extension of scalars. We
have an obvious Lie product on L¢ with respect to which it is a Lie algebra over C.
L is called the complexification of L. The association L — L is a functor from
the category of real Lie algebras to the category of complex Lie algebras which is
adjoint to the forgetful functor from complex Lie algebras to the category of real Lie
algebras.

The following Theorem is not hard to see if we realize that the complex Lie group
G L(n, C) is the complexification of the compact real Lie group U (n).

Theorem 5.1.47 Let K be a compact connected real Lie group. Then, the com-
plexification K¢ of K is an analytic group such that L(K¢) is the complexification
of L(K). Further, m(K) =~ m(K¢c). Moreover, all complex representations of K
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can be uniquely extended to a holomorphic representation of K¢ and under this
correspondence, irreducible representations correspond. {

Example 5.1.48 Every complex matrix can be expressed as A + i B where A and B
are in u(n). Thus, u(n)c = gl(n, C). Similarly, gl(n, R)c = gl(n, C), su(n)c =
sl(n,C) = sl(n,R)c.U(n)c=GL(n,C)=GL(n,R)c,SU(n,C)c = SL(n, C).

Induced Representations

We introduce the concept of induced representation and Frobenius reciprocity for
their use in the subsequent sections. Let H be a closed subgroup of a compact (or more
generally a locally compact) group G. Let p be a representation of G on V. Then,
the restriction of p to H denoted by p|y is a representation of H. One may observe,
by means of an example, that the restriction of an irreducible representation need
not be an irreducible representation(the two-dimensional irreducible representation
of S5 when restricted to A3 is not irreducible). We wish to describe the adjoint to
the restriction. Note that G/'H carries a G-invariant integral. Let 1 be a unitary
representation of H on W. Let V be the space of continuous functions f (vanishing
at infinity in case of locally compact group) from G to W such that f(hg) =
n(h)(f(g)) for all h € H and g € G. Then, we have a representation n° of G on
V which is given by n°(g)(f)(x) = f(xg~'). The representation 1¢ is called the
induced representation induced by the representation 7 of the subgroup H. Here,
we shall restrict ourself to finite groups, and in this case the induced representation
nY has another convenient description as follows:

Let W be a left C(H)—module affording the representation 1 of H. C(H) is
a sub algebra of C(G), and as such C(G) is a bi-(C(G), C(H)) module. Hence
V = C(G) ®c) W is aleft C(G)—module. This gives us a representation of G
which we denote by ¢, and call it the induced representation of G induced by the
representation 7 of the subgroup H of G. Let S be a left transversal to H in G.
Then C(G) as right C(H)—module can be written as ®X,csxC(H). Thus, V can
be written as

V = @Z,csx @ W.

Consider an element x ® w, w € W, x € S in one of the direct summands of V.
Suppose that gx = yh,he Hand y € S. Then n°(9)(x @ w) = gx @ w) =
gxQw = yh@w = yQ@hw = yQQw',where w = hw = n(h)(w). Clearly,
DimV = DimW - [G : H].Thus,degnG =deg(n) - [G: Hl.If{wy, wy, - -+ , w,}
isabasisof Wand § = {x,x2, -, x}. Then{x; @w; | 1 <i <s,1 <j <r}is
a basis of V. The character x,¢ of G is denoted by X?» and it is called the induced
character.

Proposition 5.1.49 Let H be a subgroup of a finite group G. Let p be a representation
of H. Then

X5 (9) = e X, (xgx "),

—2
| H |

where X, = x,on H andOon G — H.
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Proof Let p be a representation of H on W, and {w;, ws, - -+ , w,} be a basis of W.
Let S = {x;,x2,---x,} be aleft transversal to H in G. Let V = C(G) ®cy W.
Then as observed, {x; ® w;} form a basis of V. Now, the basis element x; ® w; will
contribute in the diagonal entry of p%(g) only if gx; = x;h forsome h € H,and then
P9 () (xi @ w i) = x; ® p(h)(w;). Thus, for such a x;, the sum of the contributions
in the diagonal entries of p“(g) corresponding to the set {x; ® w 1< j<r}is
Xp(X; : gx;) to the diagonal entry. This shows that

X5 (9) = Tx, 0 gx) = e X, (x ' gx).

—X
| H |
The last equality holds because x, is a class function. #

Theorem 5.1.50 (Frobenius reciprocity Law) Let H be a subgroup of a finite group
G. Let p be a representation of H, and ) be a representation of G. Then

G
< Xp?X’r] > =< XstT]H >H,

where ny denotes the restriction of n to H, <, >¢ denotes the inner product in
C(G), and <, >y denotes the inner product in C(H).

Proof We have

1 _
< ngXv/ > = Wﬁgecxf(g)x”(y 1)
= ;EGEG (LExeGX:g(xqgx)Xr](xilgilx)>
[G| ~ | H |

1 , 0

= miyecx,)(y)xn(y )
1 -1

= mEhEHXp(h)XnH(h ) =< Xps Xy >H -

i

In practice, to determine irreducible representations of a group G, we look at
the representations of some special type of subgroups, induce it to G, and then
decompose it into irreducible representations.

Remark 5.1.51 Observe that the Frobenious reciprocity holds even if we replace
characters by the class functions.

Example 5.1.52 Let H be a subgroup of a finite group G. Let S be a left transversal
to H in G. Let 14 denote the trivial representation of H,and V = @ X, csx ® C the
right vector space over C with S = {x ® 1| x € S}asabasis. Then, the induced rep-
resentation lg is the representation of G on V given by 12 QxR =g Q1 =
VE®Ll = y®1yk)(1) = y® 1, where gx = yk,y € S,k € H. The character
X196 isgivenbyxlg(g) = tracelg(g) =|{xeS | gx = xk for somek € H} |
=|{x eS| gxH = xH} |forall g € G. Using the Frobenious reciprocity law,

<X19> Xlg =6 =< X1y Xio/H >n =< Xx1,, X1, >n = L.
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It follows that the trivial representation 15 of G appears once and only once in the
representation of lg as the direct sum of irreducible representations. More explicitly,
12 = 1g @ sy (G), where sy (G) is the representation of G with no summands as
1. We shall call sy (G) the standard representation of G induced by the subgroup
H of G. What is s()(G)? Describe the representation sy (G). Further,

1 —_—
TG T @@ = 1.

In turn,

1
mEgengeSl gxH = xH} | = 1.

Now, let 0 be a left transitive action of G on X. Then 6 induces a representation p of
G on the vector space CX over C with X as a basis. If H is the isotropy subgroup
of the action at a point x; € X, then X can be realized as a left transversal to H in
G, and the representation p is equivalent to 12. Thus, in this case,

1
TGS [l eS| ghx = xh|= 1

More generally, let G be a finite group which acts on a finite set X through a left
action 6. Let V a vector space over C with X as a basis. The action 6 of G on X
determines a representation p of G on V. Let {X, X5, ..., X, } be the set of distinct
orbits of the action. The action of G on X induces transitive actions of G on each X;.
Further, V. = CX = CX; & CX, @ --- & CX,, and p induces representations p;
of G on CX; foreachi withp = p; ® p, & --- & p,. Let H; denote the isotropy
subgroup of the action at a point x; € X;. Then as observed above, p; = lf,‘_ for
each i, and the character x, = X;Y,,. In turn, using the Frobenius reciprocity,

<Xp» Xig 6= Xi < Xly» Xlg =6 = Xi < Xly» Xy >H = I

We get
1

ngeG|{XGS| gox = x}|=r,
where r is the number of orbits of the action. Also note that l[Ge} is the regular action
Preg of G.

Example 5.1.53 Let G be a finite group which acts transitively on a finite set X
through a left action 6. Let H denote the isotropy subgroup of the action at a point
x € X. Then H also acts on X. Let p denote the representation of G associated with
the action f. Then p = 19, and the representation of H associated with the induced
action of H on X is the restriction lg / H . It follows from the discussion in the above
example that the number r of H—orbits of the action is given by
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ro=<XaSms Xty >H =< X19, Xi$ >6 Ty Xp(@DXp(g )

1
T G|
Further, x,(g) = tracep(g) is the number of fixed points of the action of the element
g on X, and which is the same as the number of fixed points of g~'. This shows that
Xp(9) = Xp(g~"). Thus,

~

1 ) 1
y = —3%, xeX| gfx = x} D%
= 1G1 Ygea (xp(9) = 1G] gec (| { l g 1D
Let us further assume that G acts doubly transitively on X. Then, the isotropy sub-
group H of the action at xy € X acts transitively on X — {x}, and so the number

of orbits of the action of H on X is 2. From the above discussion, it follows that

TGl Yool fx € X | gbx = x} )? = 2.

Also lg = 1 ® sy (G), where 1 does not appear as a summand in sy (G). Hence

< Xsu(G)» Xsu(G) >6 = L.

This shows that the standard representation sy (G) of G is irreducible provided that
the action of G on X is transitive as well as doubly transitive (For example, S,
or A,,n > 4 acts transitively as well as doubly transitively on a set containing n
elements).

Let H and K be subgroups ofagroup G. Asubset KgH = {kgh |k € Kandh €
H}iscalled a (K, H) double coset. The set of all (K, H) double cosets will be denoted
by[K, G, H]. Whatare [{e}, G, H], [H, G, {e}]and [G, G, H]?Itis easily observed
that [K, G, H] is a partition of G. The set of representatives obtained by choosing
one and only one member from each (K, H)—double coset is called a double coset
representative system. For convenience, we choose e to represent double coset K H.
Let S be aleft transversalto H in G. Then [K, G, H] = {KsH | s € S}. Further, G
and so also K acts on S in a natural manner. It follows that the number of K—orbits
of this action is precisely the number | [K, G, H] | of (K, H)—double cosets. Using
the arguments in Examples 5.1.52 and 5.1.53, we see that

1
|[K,G,H]|= mxkeld{xes” kOx = x}|.

Since kOx = x if and only if k € x 'Hx () K, it follows that

1 .
K. G HI | = e Baes | HY BLEE

We leave the proof of the following two Propositions as exercises.
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Proposition 5.1.54 (Mackey restriction formula) Let H and K be subgroups of G.
Let x be a character of K and Xg the induced character on G. Let Xg |y denote the
restriction of xi to H. Then

X5le =D 0 lnnx)™,

xeS

where S is the double coset representative system of the pair (H, K) in G, and x* is
the character of K* = x~'Kx given by x* (x 'kx) = x(k). t

The following Proposition is useful in determining the irreducible components of
induced representations.

Proposition 5.1.55 Let 1) be a character of H and x a character of K. Then

<% x°>= Y <nlunxe Xlunk >

xeS

(note that the last inner product is on C(H [ K*)). #

Exercises

5.1.1 Determine all irreducible representations of Dsg.

5.1.2 Determine all irreducible representations of a non abelian group of order p°.
5.1.3 Determine all irreducible representations of Ay.

5.1.4 Describe the induced representation lgi:,l'

5.1.5 Prove the last two propositions of the section.

5.2 Representations of S,, and of GL(2.q)

In this section, we describe all irreducible representations of symmetric groups and
of linear groups GL(2, g). As already observed, the number of equivalence classes
of irreducible representations is the class number of the group. In general, we may
not be able to parametrize the irreducible representations in terms of the conjugacy
classes of the group. However, for symmetric group, we parametrize the irreducible
representations with the set of conjugacy classes and give their explicit constructions.

Every conjugacy class of S, determines and is determined uniquely by a partition
n =X+ X + --- + A, where \; > \; > ... > \.. This partition will be
denoted by . The number of partitions of # is denoted by p(n). The function p , thus
obtained, is called the partition function. It can be seen that p(n) is the coefficient
of " in the power series representation of [ ﬁ Evidently, the power series is
convergent for |  |< 1. The partition function has nice arithmetical properties and

has been widely studied. Asymptotically p(n) ~ ﬁe”ﬂ .

LetA = (A, Ao, -+~ ,A,)beapartitionofn.Thué,/\1 >N >---> )\ > 1lsuch
thatn = A 4+ Ay 4+ -+ A.. To A\, we associate a diagram consisting of r rows of
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boxes such that the i;;, row contains ); boxes and all the rows are aligned from left.
Thus, for example, for the partition A = (5,4, 2, 2) of 13, the associated diagram
is as given below

The diagram associated with the partition A is called the Young Diagram of ).
If we interchange the rows and the columns of Young diagram of ()\), then the
partition associated with the new diagram is called conjugate partition of (\).
Thus, the partition (1) = (4, 4, 2, 2, 1) of 13 isconjugate to (5, 4, 2, 2). The partition
(5,4,2,2, 1) of 14is self conjugate. Using the Young diagrams, we shall decompose
the regular representation of S, in to irreducible representations. In a Young diagram
associated with a partition A of n, we fill up the boxes of the diagram by the sequence
1,2,...,n in a sequence starting from the first row to get a tableau which is called
the Young Tableau of the partition. Thus, the Young Tableau associated with the
partition (5, 4,2,2) of 13 is

61 7 8| 9
10 | 11
12113

Let A\ be a partition of n. Let Py denote the subgroup {p € S, | p fixes each row
of the YoungTableau associated to A} of S, and Q) denote the subgroup
{pesS,|p fixes each column of the Young Tableau associated to \} of S,,.
Consider the elementsay = }_ ,.p pandby = }_ ., signp p of the group alge-
bra C(S,,). Given any vectorspace V,®"V = V V ® - - ® VisaC(S,)-module

—_—

n
by putting p- (Vi @V, ®@ - @ V,) = Vp1) ®Vp2) ® - -+ ® Vp(yy. This induces a
ring homomorphism p from C(S,) to End(®"V). Clearly, the image p(a))(®"V)
is the subspace Sym™ (V) ® Sym™ (V) ® --- ® Sym™ (V) of ®"V, and the image
p(b))(®"V) is the subspace A" (V) @ A"*(V)®---® A" (V) of "V, where
(g1, 2, - - -, fy) is conjugate to the partition A. The element ¢y, = ay,b) of C(S,) is
called the symmetrizer of the partition \.
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Example 5.2.1 1. Consider S, = {I, p}, where p is the transposition (1, 2). We
have two partitions A = (2) and x = (1, 1) of 2. They are conjugate to each other.
The corresponding Young Tableau are given below

Evidently, a, is the element I + p of C(S2), by = 1,y = ay.c} = 2c\, = 2(I +
pra, =1,b, =1-p = c, and cfl = 2(I — p) = 2c¢,. Also (a +bp)(I +
p) = (@+b)(I + p)and (a+bp)(I — p) = (a—b)(I — p).Since { + p. I —
p} form a C-basis of C(S,), C(S,) = C{ + p) & C({ — p) is the decomposition
of C(S,) as direct sum of simple submodules. Since (I + p)p = I + p and (I —
p)p = —({ — p), CU + p) corresponds to the trivial irreducible representation
and C(I — p) corresponds to the sign representation of S,

2. Consider S3. We have three partitions A = (3), p = (2,1), and v =
(1, 1, 1). The corresponding Young Tableau are as follows:

1{ 2] 3 1| 2 1
3 2
3

Further, a, = Zpe& p.by=1,¢c\=ay, 3 =6c, a, =1+(,2), b, =
I-1,3), cp = ab, = 1—-(1,3)+(,2)—(1,3,2), ci = 3cu, a, =
1, b, = Zpess(sign(p))p, ¢, = b, and c,% = 6¢,.

The submodule C(S3)cy = Cc, is the one-dimensional simple submodule of
C(83) affording the trivial representation, since pcy = c) forall p € S3. Similarly,
C(83)cy, = Ccyand pc, = sign(p)c,. Hence C(S3)c, affords the sign representa-
tion of S3. Finally, it can be observed that the submodule C(S3)c,, affords the standard
irreducible representation p; of S3 and C(S3) as a module over itself is isomorphic
to Cey ® Cc, @ C(S3)c, ® C(S3)cy.

More generally, we have the following Theorem:

Theorem 5.2.2 Consider S,. Let \ be a partition of n. Then C(S,)c) is simple

C(S,)-module affording an irreducible representation py of S,. Conversely, every

irreducible representation of S, is of the form py for a unique partition X of n.
!

2 _ n!
¢y = mycy, where my = Teopr”
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We need a Lemma to prove the Theorem.

Lemma 5.2.3 (i) pcysign(q)q = cyforall p € Pyandq € Q).

(ii) Px(\ Qx = {I}. Further, g € C(S,) — P\Q, ifand only if g = 7gq for
some transposition T € Py and q € Q).

(iii) Let x = desu oy g be a member of C(S,). Then pxsign(q)g = x forall
p € Pyandq € Qy ifand only ifx = ac) for some o € C.

(iv) Let x € C(S,). Then c\xcy = a,.cy for some scalar .

(v) ci = myc) for some scalar m .

(vi) Suppose that X > p under the lexicographic order. Then axb,, = 0 for all
x € C(S,).

(vii) If A > p, then cxc,, = 0.

Proof (i) Notethat pay = a) = aypandsign(q)gby = by = bysign(q)q forall
p € Pyandg € Q),.Consequently, pcasign(q)q = paxbysign(q)g = ayby = c)
for all partitions .

(i) Since identity is the only permutation which fixes each row and each column
of a Young tableau, P, () Qx = {I}. Next, let g = 7gq, where 7 is a transposi-
tion in Py and ¢ € Q). Suppose that g = pgq’, where p € Py and ¢’ € Q). Then
pq' = Tpq'q.But, then p~'7p = ¢q'qq'~! belongs to Py() Qx = {I}. This is
a contradiction, since 7 % I. This shows that g ¢ Py Q). Conversely, suppose that
g~ '7g ¢ Q, forany transposition 7 € Py.Let T denote the Young Tableau associated
with the partition A. If & € §,,, then AT will denote the Tableau obtained by replac-
ing i with /(i) in the Tableau T. Since g~'7g ¢ Q) for any transposition 7 € Py,
thereisa p; € Pyandagq € gQAg’1 such that p|T and g;gT have same first row.
Repeating the argument successively, we see that thereisa p € Pyandq € gQ,g~!
such that pT = ¢gT. This means that p = gg. But, then g = pg~'q~'g belongs
to Py Q). This proves (ii).

(iii) One way implication follows from (i). Let x = )_ ges, Q99 be a mem-
ber of C(S,) such that pxsign(q)q = x for all p € P, and g € Q). We show
that x = ac) for some scalar a. Since p(zgesn agq)sign(q)g = desn Q49
for all p € Py, and q € Oy, o,y = sign(q)ay for all p e Py, g € O, and
g € S,. This means that o, = sign(q)a; for all p € Py and g € Q). Thus,
X = 1) pep g0 PSION@A + Ygepo, %9 = ien + Doep o, 9. It
is sufficient, therefore, to show that oy = O for all g ¢ P\Q,. If g ¢ P,Q), then
from (ii), it follows that g = 7gq for some transposition 7 in Py and g € Q). From
the earlier observation, oy = —ov,. This means that oy = 0.

(iv) Evidently, pcaxcysign(qg)qg = cyxcy. The result follows from (iii).

(v) Follows from (iv) by putting x = 1.

(vi) It is sufficient to show that aygb, = O for all g € §,. Let T* denote the
Young tableau associated with A and 7" that associated with p. Then gT# is the
Tableau which can be used to construct gb,g~'. Since A > p, there is a pair of
natural numbers which lie in same row of 7* and also in the same column of gT*.
If 7 is the transposition determined by the pair of natural numbers, then ax7 = a,,
7'gbug_1 = —gbug_l. Hence a,\gbug_l = a,\TTngg_l = —a,\gbug_l. This
means that agb,g~' = 0 or equivalently, a gb, = 0.
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(vii) Follows from (vi) by putting x = bya,,.

Proof of Theorem 5.2.2. By Lemma 5.2.3 (iv), ¢)C(S,)c)y € Ccy. Clearly,
C(S,)c) is a submodule of C(S,). Let W be a submodule of C(S,)c). Then ¢y W
(being a subspace consisting of scalar multiples of c)) is Ccy or it is {0}. Sup-
pose that c\W = Cc,. Since W is a C(S,)-module, Ccy € W and, in particular,
¢y € W. Thus, in this case, C(S,)cy = W. Next, suppose that cyW is {0}. Then
W .- W C C(S,)c\W = {0}.Since W is a submodule of C(S,,), thereisaw € C(S,)
with w = w? such that W = C(S,)w. It follows that W = {0}. Thus, C(S,)cy
is a simple submodule of C(S,) (note that C(S,)c) # {0}) affording an irreducible
representation of S,,.

Now, suppose that A > 1. Since c\C(S,)cy = Ccy # {0} butcyC(S,)c, = {0}
(Lemma 5.2.3), C(S,)cy # C(Sy)c,. Since the number of equivalence classes of
simple C(S§,)-modules is equal to the number of partitions of n, any simple
C(S,)-module is isomorphic to one and only one member of the set {C(S,)c) |
Ais a partition of n}. This determines all irreducible representations of S,,.

Finally, we show that the degree deg(p,) of the irreducible representation p)
afforded by the module C(S,)c) is r%, where m ) is the scalar given in Lemma
5.2.3(v). Consider the right multiplication 7., on C(S,) by c,. Clearly, it is a C(S,)-
module homomorphism whose image is C(S,)cy. By Lemma 5.2.3(v), r., is mul-
tiplication by the scalar my on C(S,)cy. Thus, Tr(r.,) = my\Dim(C(S,)c)) =
mydeg(py). On the other hand, the coefficient of g € S, in g - ¢, is 1. This means
that Tr(r.,) =1 S, | = n!. The result follows. #

Corollary 5.2.4 As a C(S,)-module

|
CEI @ Y —C(Sen,

AeP(n)

and as a ring

Csy~ [[ Ma(©,

AeP(n)
where P (n) is the set of partitions of n.
Proof Follows from the above Theorem and the equations (1) and (3) of Sect.5.1. g

Remark 5.2.5 Since c§ = m)c) is integral multiple of cy, c) € Q(S,). Thus, all
irreducible representations of S, are realizable over Q.

Frobenius Character Formula

Next, we state the Frobenius character formula for the character x, of the representa-
tion p associated with the partition A. Let X, denote the set {av = (a, an, ..., o) |
a; >0 and Zf':l iy = n}. Let C, denote the conjugacy class of S, consist-
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ing of permutations which are products of «; cycles of length 1, a; cycles of
length 2, ---, and «, cycles of length n (all pairwise disjoint). Every conjugacy
class of S, is uniquely represented by C, for some o € X,. Consider the poly-
nomial algebra C[X, X, ..., X,,] in n variables. Let P;(X) denote the polyno-
mial X + X5 +--- 4 X, and A(X) denote the polynomial [],_,_;_,(X; — X;).
Let [f(X1, X2, -+, X)l(ty.1r....s,) denote the coefficient of X{ X7 - X! in the
polynomial f(Xi, X5,...,X,). Let A = (A1, A2, ..., A) be a partition of n.
Extend it to a sequence (Aj, Ay, ---, \,) by putting \; = O foralli >r + 1. Put
llA = )\1+n—1,l§ = )\2+n—2,...,l,;\ = A\

Theorem 5.2.6 (Frobenius Character Formula) x\(C,) = [AX)][],
Pi(X)a’)](ll*J;,_“,lgy g

The proof of the formula involves pain staking computations and we leave it. Let
us have some applications and examples.

Consider S3and A = (2,1).SoA; = 2, Ay = 1,and A3 = 0. The represen-
tation p) is the standard representation. We have three conjugacy classes, {I} = C,
corresponding to the sequence o« = (3,0,0), Cs = {(1,2), (2,3), (1, 3)} corre-
sponding to 3 = (0,3,0), and C, = {(1,2,3), (1, 3, 2)} corresponding to the
sequence y = (0,0,3).Clearly, [} = 2+3—-1=4,13 = 1+1 = 2,13 =
0. x,(Cp) is the coefficient of X‘I‘X% in [(X; — X)) (X, — X3)(X; — X3)(X1 +
Xo + X3) (X + X3+ XD(X] + X5 4+ X)) Thus, xa(Ca) = 2 = deg(py).
xA(Cp) is the coefficient of X§X3 in [(X] — X2) (X2 — X3)(X1 — X3)(X1 + X2 +
X3)0(X3 4+ X3 4+ X3)3(X3 + X3 + X3)°]. Thus, x,(C) = 0. Similarly, x,(C,) =
—1. Note that this agrees with our earlier computation of the character of the standard
representation p; of S3.

Corollary 5.2.7 Let A be a partition of n. Then

n! Ao

deg(p) = o [ @ =1

172 ntol<i<j<r

Proof Since deg(p)) = x,(I) and the conjugacy class of I corresponds to the

sequence (7, 0, ..., 0) (I is product of n disjoint cycles of length 1), deg(p,) is the
A A A

coefficient of Xll1 Xlz2 Xi in the polynomial H1§i<j§r(Xi X)) - Xi+X2+

-+ X,)". Now, H15i< j<n (X; — X) is a suitable Vandermonde determinant, and

as such,

. _1 -1 _
H Xi—Xj) = Zszgn(P)XY’(n) )Xép(" ) )-X,(f(l) D,

I<i<j<n PES,
Further,

n!
Xi+ X+ 4X) = )

ry rn T,
,Xl X7 X
rirae o, =n "

rilrpl-or
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. . . S .
(use induction on n). Clearly, the coefficient of X|' X5 --- X, in

. (P)—1) p(pa—D=1) 1 (p()—1) _ont nyn oy
(Z sign(p)X, X3 Xn ) Z il .rn[XI Xy X
PES, ritrytetrp=n

is
. n!
Zszgn(P) (lf\ o)+ 1)!(13 —pn =1+ D! (1) = p(l) + n’

where the sum is taken over all permutations p € S, for which lﬁﬂ. q—p@+1=0

for all i. We can rewrite it as

n! . n R A ‘
T Z Slgn(p)l_[li G =D —pn—i+1)+2)
PR pes, lpt—1=E) Vi i=1

which, in turn, equals to - D, where D is the determinant of the matrix

1?!1;!?--13!
LR =1 - A =1 (i} —n+1)
1 150 — 1) - laly =D (ly —n+ 1)

L= 1) - Ly = 1) - () —n+ 1)
Clearly, D equals to the determinant of a Vandermonde matrix

1 llA (lf)2 (lf)”
11 ()2 - (5)"

1IN ()2 - @

This means that D = ]_[lfkjfn(li’\ - lf).Thus,deg(p,\) = m H1§i<j§n(l;\ —
B

Now, we wish to describe the irreducible representations of A, with the knowledge
of representations of S,,. More generally, let H be a subgroup of G of index 2. Let ) be
arepresentationof H on W.Leta € G — H.Define arepresentation n* of H on W by
n*(h) = n(aha™"). Clearly, n is irreducible if and only if n“ is irreducible. Let b be
another element of G — H. Thenb = ka for some k € H and ® is equivalent to n)".
For, then n°(h) = n(bhb™") = n(kah(ka)™") = nk)n*(h)nk)~" forallh € H.
Thus, n¢ is unique up to equivalence. This representation is called the representation
conjugate to 7.
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Further, we have a nontrivial one-dimensional representation 7 of G on C given by

7(h) = lforallh € Hand 7(g) = —1forall g ¢ H. For a given representations
p of G on V, we have a representation p” of G on V which is given by p"(¢)(v) =
p(g)(v) for g € H and p"(g)(v) = —p(g)(v) for g ¢ H.Indeed, p” ~ p ® 7. Note

that p”|y = plu.

Theorem 5.2.8 Let p be an irreducible representation of G on V and H a subgroup
of index 2 in G. Then one and only one of the following hold:

1. p % p" and p|y is irreducible representation of H which is conjugate to itself.
Also (plp)¢ = p®p’.

2. p=p", and ply = n®n, where n and 1 are nonequivalent irreducible
representations of H and which are conjugate to each other. Further, n° ~ n/¢ ~ p.

Finally, every irreducible representation of H is uniquely obtained in this manner.

Proof Since p is irreducible representation of G,

1 =<Xp.Xp >G |G| > Ixole) 17 = lGl(Z e P+ Y Ixp@) 1.
geG heH g¢H

Thus,
1Gl=21H|= Y 1x®F+ > [x@/P

heH g¢H

Since # S wew | Xo(h) > = < Xpiys Xplu > is aninteger, >, | x,(h) |*is an
integral multiple of | H |. Hence ), | x,(h) |>=| H |or2| H |. Suppose that
> wen | Xo(h) =1 H |. Then < X,,, Xp, >n = | and hence p|y is irreducible.
Further, in this case Zg¢H [ X,(9) |?=|H|andsop# p". Alsop|§ = p@®p".

Next, suppose that Y, | x,(h) > = 2| H |. Then " ., x,(9) = 0. This
means that p &~ p”. Further, in this case p|gy = 1 @ 7, where n) and 7/’ are irreducible
and conjugate to each other. Since p is irreducible, n % 7'.

The final assertion also follows if we look and analyze the induced representation
n% of an irreducible representation 1 of H. #

Now, we describe the conjugacy classes of H in terms of the conjugacy classes
in G.

Proposition 5.2.9 Let H be a subgroup of G of index 2. Then a conjugacy class
C of H is either a conjugacy class of G or else there is a unique conjugacy class
C' # C of H such that C | C’ is a conjugacy class of G.

Proof Let ¢ = {khk=' |k e H}bea conjugacy class of H determined by € H.
ThenC € € = {ghg™" | g € G}. SupposethatC # C.Then, thereisanelement g ¢
H such that ghg™' ¢ C. We show that C — Cisa conjugacy class of H determined
by ghg~'.Letk € H.Since ghg™' ¢ C, kghg™ 'k=! ¢ C.Hence the conjugacy class
of H determined by ghg~! is contained in C — C.Letxhx~" be amember of C — C.
Then x ¢ H. Since [G : H] = 2, x = kg for some k € H. But then xhx~! =
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kghg~'k~" belongs to the conjugacy class of H determined by ghg™'. This shows
that C|JC’ = C is a conjugacy class of G, where C’ is a conjugacy class of H. §

Definition 5.2.10 A conjugacy class C of H is called a split conjugacy class of H
if there is another conjugacy class C’ of H such that C [ J C’ is a conjugacy class of
G. The pair (C, C’) is called a split pair of conjugacy classes.

Example 5.2.11 Consider the subgroup A3 of S3. The pair ({(1, 2, 3)}, {(1, 3, 2)})
is a split pair of conjugacy classes of Az. Determine split conjugacy classes of Ay
considered as a subgroup of S;.

Remark 5.2.12 More generally, the above discussion can be carried out (with a
little care) for irreducible representations of a normal subgroup of prime index or
even more generally for a normal subgroup of finite index.

The above discussion can be used to determine the irreducible representations of
A, as exercises (Exercises 5.2.8-5.2.13).

Representations of GL(2, g) and SL(2, q)

Our next aim is to describe the irreducible representations and characters of GL (2, q),
SL(2,q), and of PSL(2, q), where g is a prime power. We need to describe the
conjugacy classes of these groups. Recall that Exercises 4.5.1 and 4.5.2 of Algebra
3 describe these conjugacy classes. However, since we are going to use it, we shall
give solutions to those exercises.

1. Since Z(GL(2,q)) = {al | a € Fj}, there are g — 1 singleton conjugacy
classes {{al} | a € Fy}.

2.Fora € F q* , consider the matrix

al
A = [O ] .
Since similar matrices have same eigenvalues, A, is conjugate to A, if and only if
a = b. Further,
xyl| |al| _fal| [xy
zt Oa|  |[Oa zt

ifand only if x = 7 € F7 and z = 0. Thus, the centralizer of A, contains g(g — 1)

elements. Since | GL(2, ¢) | = (¢ — 1)(¢* — q) elements, The conjugacy class A,
determined by A, contains g> — 1 elements. There are ¢ — 1 such conjugacy classes.

3. Consider
a0
A(l,h = [O b] 1)

where a, b € F;, a # b. Clearly, A, is conjugate to A, , if and only if {a, b} =

{c, d}. Further,
Xy a0 (a0 Xy
zt | |ob] T |ob]| |zt ]
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a#bifandonlyifx = 7€ F;and z=0 = y.Thus, the centralizer of A, is

the diagonal subgroup of GL(2, g) containing (¢ — 1)? elements. Consequently, the
(qz—l)(qzz—q) (g=D(g=2)
(g=1 2

conjugacy class A, ; contains
such conjugacy classes.

4. Assume that g is odd. Let £ be a generator of F,. Since g is odd, X2 —¢is
irreducible in F,[X]. Consequently,

e 1]

is a member of GL(2, ¢), whenever a € F; or b € F;. Let ( be a root of X2 —¢
in the quadratic extension F,> of F,. Define a map 7 from F(;z to GL(2,q) by
n(a + b{) = B,,. Clearly, i is an injective homomorphism of groups. Note that
B, o is scalar matrix a/. The eigenvalues of B, ; are a & b(. Thus, B, ; is conjugate
to B.g4 ifand only ifa = c and b = Zc. Further assume that b # 0. Then

xy| [ab&| _ [abS]| |xy
zt bal| |ba zt |’
if and only if x =¢ and y = &z. Thus, the centralizer of B, ;,b # 0 contains

. _— . 2_ 2_ 2_
q(q — 1) elements. Hence the conjugacy class B, contains % = %

= ¢q(g + 1) elements. There are

elements. The number of such conjugacy classes is ¢*> — g.

The number of elements in the union of the conjugacy classes of the types 1, 2, 3,
and4is (g — D)+ (g — D(g> — 1) + 42D 4 4@D — (2 _1)(g2 —¢q) =
| GL(2, q) |. Thus, these are all conjugacy classes of GL(2, g). The number of
conjugacy classesis 2(g — 1) + (‘171)2(“2) + q(q; D = 42 — 1. Consequently, there
are g> — 1 irreducible representations of GL(2, ¢). We wish to determine them.

1. For each group homomorphism « from F; to C*, we have a one-dimensional
representation p, of GL(2,q) given by p,(9) = a(Det(g)). Note that there
are ¢ — 1 homomorphisms from F to C* each determined uniquely by a choice
of (¢ — 1), root of unity in C. This gives us ¢ — 1 irreducible one-dimensional
irreducible representations {p, | « € Hom(F], C*)}. The characters x,, are given
by X, (al) = a@)?® = X, (Ad)s Xp.(Aap) = ala)a(b), and X, (Bsp) =
a(a® — £b).

2. Consider the projective line P'F, over F,. By the definition P'F, is the
quotient set (F, x F; —{(0,0)})/ =, where (a, b) = (c, d) if and only if there is a
NeF q* such that (Aa, \b) = (c, d). The equivalence class determined by (a, b) is
denoted by [a, b]. Thus, [a, b] = [c,d] if and only if c = Aa and d = b for
some A € F,. Clearly, P'F, = {[\ 111 X € F,}U{IO, 1]} contains g + 1 elements.
GL(2, q) acts transitively on P! F,, in obvious manner. Express P! F, as ordered set
{x1,x2, ..., x441}. The action of GL(2, g) on P! F, gives a representation of p of
GL(2,q) of degree g + 1 on & Z?:ll Cx;. We have the trivial subrepresentation p;
of p on the subspace C(x; + xp + - - - x441) of & ?;1 Cx;. Clearly, p = p1 @ ps,
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where p; is the subrepresentation of p on the subspace V. = {Z?:ll aix; | Z?:ll a; =
0}. Clearly, x,, (al) = DimV = gforalla. Wehaveabasis S = {x; —x;iy1 |1 =<
i < g} of V. It can be easily observed that x, (A,) = Oforalla, x, (Asp) = 1,

and x,, (B,5) = —1. Consequently,

<X Xp > = g = 1) ¢
pr o | GL(2,q9) |
—1(@g -2
tig-n0+ A= D g 2
@ -

+ 5@ -9 D) =1
Thus, py is irreducible. For each homomorphism « from F q* to C*, Consider the
representation py = py ® p,. Clearly, x,0 = Xp,Xp,- It can be easily observed
that < x40, Xpe > = 1. This gives g — 1 irreducible representations {p{ | o €

Hom(Fy, C*)} each of degree g. Their characters are described as above.
3. Next, consider the Borel subgroup

B = {[82} la,b e Fl.ceF,),

and the unipotent subgroup

U = {[(l)ﬂwem,

of GL(2, q).Since B/ U isisomorphic to F(; X Fq*,foreachpaira, BeHom(Fr, C"),

we have a one-dimensional representation 1), g of B whichis givenby 7, s( [ ac i| ) =

0b
a(a)B(b). Let p, s denote the induced representation ng’g(z,@. Clearly, p.p is

of degree [GL(2,q) : B] = gq + 1. Further, using Proposition 5.1.49, we can
see that x,, ,(al) = (g + Da(@)B(a), x,.,(Ad) = a(@)B@), Xp.;(Aap) =
a(a)B(d) + a(b)B(a), and x,, ;(Bsp) = 0. It follows that p, s = pg, and
Paa = Py D@ po. It also follows that < X, ,, X, > = 1 for a # 3. This gives
us %(q — 1)(g — 2) irreducible representations {p, 3 | @ # B} whose characters are
given above.

4. Finally, we find the remaining %q(q — 1) irreducible representations of
GL(2, q). We discover these irreducible representations as components of the rep-
resentations induced by the representations of the subgroup L = {B,, | (a,b) €
Fy x Fy —{(0,0)}} of GL(2, q) and the tensor products of earlier representations.
Note that L is isomorphic to F{;z under the isomorphism B, ; — (a 4+ b({). We
have g> — 1 one-dimensional irreducible representations of L. Let ;1 be a one-

dimensional representation of L. Consider the induced representation p®%>4) of
GL(2, q) which is of degree [GL(2,q) : L] = ¢* — 1. It can be easily seen that
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Xuorea(al) = q(qg — Dulal = B, o), Xuorea(Ay) = 0 = x6ren(Aqp), and
Xusrea (Bap) = p(Bo,1) + 1(Bo,1)?. Since (al)? = al and B(0, 1)‘12 = B(0, 1),
it follows that X 6re0)0 = X(u)erea. This way, we get %q(q — 1) distinct induced
representations {¢“ @9 | 44 # p) from the irreducible representations of L. These
representations are not irreducible as < x,61e0, Xure0 > = g — 1 for p with
property 1 # p. Now, let us look at the tensor product representations pg & pg,
pa,ﬂ ® p”‘/ and Ps ® Pa,B- Sil’lCC p? ® pﬂ ~ p;h‘f and paﬂ ® p”‘/ ~ Pm’ﬂ')’ they dO not
give any new irreducible representations. However, p?’“ﬁ = ps ® pa,p and in par-
ticular, p>! contains new irreducible representations. It can be easily seen that the
character X et takes the values g(q + 1)a(a), 0, a(a) + a(b), and 0 on the con-
jugacy classes {al}, Ay, Aqp, and B, ;, respectively. The following identities can be
easily checked:
< Xpets Xpoy > =2 - (D).

< Xporeo, Xp,, > =1 - (2),
where p(B(a,0)) = a(a) foralla € Fq*.

<Xl Xt >=¢q+3 ---(3).

< Xty Xpoteo > = q --- (1),

where u(B(a,0)) = afa) forall a € F, ; . The above identities ensure that p, ; is
a subrepresentation of p®!. Again, since < Xpets Xporeo > = g and < X, 6Lea,
Xyorea > = q — 1, p¢+@4 and p®! have many common irreducible representa-
tions. This prompts us to look at the virtual (perhaps)chararacter

ij.‘" — Xpm — X/LGL(Z,q) = Xﬁ-

Using the above 4 identities, we see that ), takes the values (¢ — 1)a(a), a(a), 0,
and —(u(Bo,1) + (1(Bo,1))?) on the four types of conjugacy classes of GL(2, q) as
already described. This means that < x;, x4 > = land x;(1) = g — 1. This shows
that x;, is a genuine irreducible character of GL(2, g) of degree ¢ — 1. Consequently,
we have the set {1 | © € Hom(L, C*) with p? # u} of %q(q — 1) irreducible rep-
resentations of GL(2, q).

This completes the description of all irreducible representations of GL(2, q)
together with their characters.

Representations of SL(2, q)

Let us list the conjugacy classes of SL(2, q).
1. Since g isodd, Z(SL(2, q)) = {I, —1I}. Thus, {I} and {—1} are two singleton
conjugacy classes of SL(2, g).
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2. It can be easily seen that the centralizer of the matrix [ (1) i] is the group

consisting of the matrices of the types |:8 5], where > = 1. Thus, the centralizer

of |:(1) ” contains 2¢ elements. Since | SL(2, q) | = g(g* — 1), the conjugacy class

11 |
01 contains = elements.

3. Observe that |: (1) ” is not conjugate to [ (1) ﬁ] , and as above the conjugacy
class |: (1) §i| also contains ‘1sz1 elements.

4. Clearly, |: ! ] is not conjugate to any of the matrices of the type 1, 2, and

0 -1

3. As above the conjugacy class |: g1

1
again contains =— elements.
0 —1} & 2

0

2
. . -1
and it also contains "T elements.

5. The conjugacy class |: _§1 :| is different from the previous conjugacy classes,

6.Leta # £1. Then only diagonal matrices in SL(2, ¢) commute with [g aql ] .

Thus, the conjugacy class I:g a91 :| again contains g (g + 1) elements. There are %

such conjugacy classes.

7. Finally, for a # +1, Z ab_fl :| is a conjugacy class different from the previous

conjugacy classes which contains g (¢ — 1) elements. The number of such conjugacy
classes is %

This exhaust all elements of SL(2, g). There are ¢ + 4 conjugacy classes of
SL(2, g) thus obtained.

To determine the g + 4 irreducible representations of SL(2, g), we first look at
the restrictions of the representations of GL(2, g) to SL(2, g).

1. The representations p,, restricted to SL(2, g) are all trivial irreducible repre-
sentation of SL(2, q).

2. Since pqlsr2,q) 18 a trivial representation, the restriction pf|sz 2,4y of the tensor
product representation p§ is equivalent to the restriction pq|sz(2,4). Looking at the
values of the character x, on the conjugacy classes of SL(2, ¢) as described above,
we see that

1 2
< Xpslsca.q)r XpslsLe.q) = = q(qz -1 Z | Xp:\sL(z,q)(h) |
heSL2.q)

1 -3 —1
= m[qz—l—qz—kq(q—i—l)%—&—q(q—l)%] =1
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This shows that pq|s7(2,4) is an irreducible representation of SL(2, g) of degree ¢.

3. Similarly, we can see that p, 1 |s1(2,¢) is irreducible provided that a® # 1. Fur-
ther, then po. 1lsr2.9) & ps,1lsLe,q) if and only if o« = (3 or a~! = . There are
? such irreducible representations which are of degree ¢ + 1. Again if o> = 1
and « # 1, then p, | is direct sum of two nonequivalent irreducible representations
which are different from the earlier irreducible representations.

4. Recall the representations [ of GL(2, g), where u € Hom(L, C*) such that
ud # u. Let H denote the subgroup {B,, € L | BZ;;1 = [I}. It can be seen that
Ll sL2,q) 18 itreducible provided that 12|y # 1. Further, flsce.qg = Plsie,g if and

only if |y = v|y. We have ‘12;1 such nonequivalent irreducible representations

different from the earlier ones. Further, fi|s;.4) = ,uil lsL2.q)- Next, if Wy =1
and p|y # 1, then fi is direct sum of two nonequivalent irreducible representations
different from the earlier representations.

This gives all g 4 4 irreducible representations (together with their characters) of
SL(2,q).

Exercises

5.2.1 Show that the representation associated with the partition (n) is the trivial
representation and the representation associated with (1, 1, ..., 1) isthe sign
representation.

5.2.2 Show that the representation associated with the partition (n — 1, 1) is the
standard representation of S,. What partition cooresponds to its exterior
square?

5.2.3 Using the Frobenius character formula, compute the character table of Sy
and Ss.

B

5.2.4 Show thatm) = m

5.2.5 Hook length of a box/ in a Young diagram is defined to be the number of
boxes which are directly towards the right of the box or it is directly below
the box including the box itself. Thus, for example, the hook length of the
box containing the number 7 in the Young Tableau of the partition (5, 4, 2, 2)
of 13 is 5. Show that deg(p)) is %, where £ is the product of hook lengths
of the boxes in the Young diagram of .

5.2.6 Find the degree of the representation p), where A\ = (5, 4, 2, 2) is the par-
tition of 13.

5.2.7 Show that the representation afforded by the module C(S,,)a, is the represen-
tation 1; induced by the trivial representation of S\, = Sy, X Sy, X --- X
Sy, -

5.2.8 Let Abea partition of n which is conjugate to A. Show that p3 ~ p}.

5.2.9 Suppose that A # A. Use Theorem 5.2.8. to show that p, |4, is irreducible
representation of A,.
5.2.10 Suppose that A = . Show that Pxrla, is direct sum of two nonequivalent
irreducible representations of A, which are conjugate to each other.
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5.2.11 Show that a symmetric Young diagram determines a split pair of conjugacy
classes of A,,.

5.2.12 Find the split pair of conjugacy classes of As and A;.

5.2.13 Determine the irreducible representations and irreducible characters of As
and Ag.

5.2.14 Determine the irreducible characters of PGL(2, g) by using the knowledge
of the irreducible characters of GL(2, g). Using the fact PSL(2,q) is a
subgroup of PGL(2, q), find the irreducible characters of PSL(2, g).

5.3 Steinberg Characters

This section is devoted to introduce the Steinberg character as a virtual character in
the character ring of a Chevalley group and establish that it is, indeed, a genuine
irreducible character. We also evaluate it on different type of elements.

Let G(V, F;) beaChevalley group associated with (L, V, F,), where L isasimple
Lie algebra over C with aroot system ®. Fix a basis A of ®. For simplicity of notation,
we shall denote G(V, F,) by G, B(V, F,) by B,U(V, F,) by U, H(V, F;) by H,
and N(V, F;) by N.Recall (Definition 4.3.44) that a principal parabolic subgroup of
G is a subgroup G, = Uaewﬂ BoB = BW,B = BNBof G,wherem™ C A, W,
is a parabolic subgroup of W (®) generated by {0, | a € 7}, and N, = v~ ' (W,),
v being the quotient map N — N/H ~ W (D).

For each subset m of A, let D, denote the subset {0 € W(®) | o(w) C dt}.
It can be seen that D, is a coset representative system of W(®)/ W, (termed as
distiguished coset representative system). Note that 1 € D,.. Foreach o € D,, select
aunique member n, € v~!(0) withn; = 1.Theset N, = {n, | 0 € D,}isacoset
representative system of G in G. Next, Let 7 and 7’ be subsets of A. Then a double
coset W,o W, has a unique element of smallest length. Let D, - denote the subset
D 1 () D~ . Then it can be shown that D, - is a double coset representative system
of W,, W in W(®). Indeed, the unique element of W,oW, of smallest length
belongs to D, . D,  is called the distinguished double coset representative system
of W, and W, in W(®). Again, let N .- be the set obtained by selecting one and

only one member from v~ () for each o € D, . Clearly, | Ny | =| Dy |, and
N is a double coset representative system of G, G in G. Further, if 0 € D, »,
then W, N oWpo~! = Wy, where 7 = 7)o (7).

The virtual character St of G defined by

St = ) _(=D"G

TCA

is called the Steinberg Character of G. We shall show that St is, indeed, a gen-
uine irreducible character. For the purpose, we shall study the corresponding virtual
character
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Stw @) = Z(—l)lﬂl 1%:)

TCA

of W(®).

Foreach subset w of A, let C; denote the subset{v € E |< a, v >= 0 foralla €
mand < a,v>> 0 forall a ¢ 7} of E. Since the W (®) acts simply transitively
on the set of all Weyl chambers (Theorem 2.2.21), the following Proposition is
immediate.

Proposition 5.3.1 Let 0 € W(®). Then, the following are equivalent:
(l) U(Cﬂ) = C7r~
(ii) o(v) = v forallv € C;.
(iii) o € W,. 1

Proposition 5.3.2 Let V be a subspace of E. Let Xy be a simplicial complex con-
sisting of simplexes of a Coxeter complex contained in V. Let nlE v be the number of
simplexes in Xy which are of dimension i. Then

Z(_l)lnlzv — (_l)DimV'

Proof The proof is by the induction on the number ny, of hyperplanes defining the
complex Xy. Suppose that ny, = 1. Let P be the hyperplane defining Xy. We
have three simplexes P, P_, and P defining Xy . Clearly, Dim(P;) = DimV =
Dim(P-),and DimP = DimV — 1. Thus, we have two simplexes of dimension
equal to DimV, and one simplex of dimension equal to DimV — 1. Consequently,

Z(_l)lnlﬁ:v — 2(_1)DimV + (_1)Dim\/71 — (_1)DimV).

The result follows for Xy . Assume the result for Xy with ny, = m. One adds an
extra hyperplane P in Xy to obtain a complex Ty with ng, = m+ 1. Each simplex
of Xy of dimension i is replaced by three simplexes , two of dimension i, and one
of dimension i — 1. Thus,

Z(_l)ln?\/ — Z(_])lnlzv — (_l)DimV)'

The result follows. #
Proposition 5.3.3 sty (0) = (—1)' = Deto.

Proof Since Deto, = —1 for all a € ®, it follows that Det (o) = (—=1)!. It
remains to show that stw ) (0) = Det (o). By Proposition 5.1.49,

1
X (0) = > 1 (D).

| Wﬂ | TEW(®), 7 loTeW,
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Now, 7~ 'o7 € W, if and only if 0(7(C,)) = 7(C,) (Proposition 5.3.1). Thus,

o (@) = Wl| | Wy | 12(0) = 12(0) @),

where (o) denotes the number of simplexes 7(C,) which are fixed by o. In other
words, 7 (o) is the number of simplexes contained in the subspace V. = {v € E |
o(v) = v}of E. This determines a complex X, contained in V. Let #; be the number
of simplexes of X of dimension i. From Proposition 5.3.2,

D =D = (=nPmY 3.

1

Itis clear from definition of C; that DimC, = I— | 7 |. Thus,t; = }___; ;r:(0).
substituting the value of #; in the above equation,

(D' Y (=DTre(o) = (=DM 4,

TCA

or equivalently,

Z(_l)wrﬂ(g) — (=1)l-DimV,

TCA

From the Eq.2,

stway = Y (=DMr(0) = (=D)L (5).

TCA

Finally, consider Det (o). Since o is an orthogonal transformation, the eigenvalues
of o are 1, -1, and ¢'?. Further, if ¢/’ is an eigenvalue , then e~ is also an eigenvalue.
Again the multiplicity of the eigenvalue 1is DimV.Thus, Det (0) = (—1)/=PmV =

stwy(0). 8
Proposition 5.3.4 < Stg, Stg > = 1.

Proof Since inner product is bi-linear on the character ring,

< Stg, Stg >

= Yrca Lpca=DM=DT <G G >

= Yrca Teea DD, v < l6.A6rs 1 A > (by Proposition
5.1.55), ’

where N . is a double coset representative system of G, and G in G. Thus,

< Stg, Stg>= > Y (=D"(=D" | N |

TCA T CA
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Clearly, | N; » | =| Dx . |, where D, . is distinguished double coset representative
system of W, and W, in W(®). Thus,

< Stg, Stg >

= Yrcn Lpca DD W@ 1 |

=< Slw(cp), Stw () >

|W(<I>)| > oew@) SW(®) (0)?

= llwgb)l ZUGW@) Det (0)?

Corollary 5.3.5 Stg is an irreducible character or —St¢ is an irreducible character.

Proof Since St; is in the character ring of G, Stg = nyx1 +nax2 + - + 1, X,
where Y; are pairwise nonequivalent irreducible characters of G and n; € Z. Since
< Stg, Stg > = 1, nl2 = 1 for a unique i while the rest of n; are 0. This means
that Stz = +Ly; for some i. f

Proposition 5.3.6 < 1§, St > = 1.

Proof < lg, St >

=Y ca=DM<1§, 1§ >

= Y .ca(=D| Na x| (by Proposition 5.1.55),
= ZﬂgA(_l)lﬂl | Wa,r |

— ngA(_l)lﬂl < 1YV(<I>)’ lw:(b) -~

=< 1¥V(¢), Stw(d) >

< 1, 1 > (using the Frobenius reciprocity)

= 1.4

The following corollary is immediate.

Corollary 5.3.7 St; is an irreducible character which appears in 1g with multi-
plicity 1. o

Corollary 5.3.8 Let x € G such that x does not belong to any proper parabolic
subgroup. Then Stg(x) = (=1

Proof For m # A, no conjugate of x will lie in G . Consequently,

Stg(x) = Y (=D™ME (x) = DG ) = D1 = (-1

TCA

The parabolic subgroup G, has the unipotent radical (largest normal unipotent
subgroup) U, = U (\(0§) 'Ucf, where o is the unique element of W, which
takes 7 to @ (P, denotes the root system ® (] < 7 > in the subspace < 7 > of E).
If L, denotes the subgroup generated by H ( J{X| V(F ) | @ € @}, then G is the
semldlrect product U, > L. This decomposition is called the Levi decomposition
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of the parabolic subgroup G . The subgroup L is called the Levi subgroup of G .
Further, L, admits a Tits system (B, N;), where B, = U,y H = ]_[a€<I>j XX(Fq)
and N, = v~'(W,). The parabolic subgroups of L, are precisely, the subgroups of
the form G, () L, where 7’ C 7. Correspondingly, we have the Steinberg character
St of L, which is given by

Stp = Z(—l)'“/‘lé}mﬂ-

7' Cr

Proposition 5.3.9 Stglg, = St/ ¢

Before proving the Proposition, we obtain some interesting and useful conse-
quences as Corollaries:

Corollary 5.3.10 Let g be an element of G such that x 'gx ¢ G forall ™ C
and x € G. Then, the following hold:

(i) Stc(g) = 0 whenever g is not conjugate in G to any element of L.

(ii) Stg(g) = (=D | Cy,(g) | whenever g € L.

Proof (i) Since g € G and itis not conjugate in G to any element of L, it follows
from the above Proposition that

1
Stg(g) = Stle.(9) = st (g) = T > st (x7'gx) = 0.

x€G, and x~'gxeL,

(ii) Suppose that g € L. Again by the above Proposition,

1
Sta(g) = Stgle.(9) = st.7(g) = T > st (xgx).

x€G, and x~'gxeL,

Letx = uve G, = L;U,, whereu € L, and v € U,. Then u’lgu € L. Sup-
pose that x"'gx = v~ 'u~'guv belongs to L. Then [u~'gu,v] = u='g 'uv!
u~'guv belongs to Uy, since U, is normal in G, and v € U,. Also [u~'gu, v]
belongs to L. Since L, (U, = {1}, v e CUW(u_lgu). Conversely, if v € Cy,

(u~'gu), then x~'gx € L. Consequently, using Proposition 5.3.9, we obtain

1
Stg(g) = stLG:(g) ] Z Z stLW(u—lgu)

u€l; veCy, (u='gu)

1

=TI Y Cuw gu) | st (9)
& uel,

| Cu,(9) | st (9) = (=DM | Cy,(9) | (Corollary 5.3.8).
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Taking 7 to be empty set, and using the part (ii) of the above Proposition, we
obtain the following Corollary:

Corollary 5.3.11 Stc(1) = (=D | Cy(1) |=|U |. ¢

Thus, the degree of the Steinberg irreducible character is | U | and

D DTG G = Y (=DME () = Sig(h) =|U .

TCA TCA

Corollary 5.3.12 Let g € G,. Suppose that for any proper subset ' of 7, g is not
conjugate in G to any element of G .. Then

()| Cu, (@) | =1 Cqg(g) |p, and

(i) Stg(9) = (=D | Cs(9) |,
where p is the prime with g = p" for some r and n, denote highest power of p
dividing n.

Proof (i) From Corollary 5.1.23,

St 1G 1 _ (—1)'”" Co,@IGT _ (— 1yl (G : U]
Sta(1) | Ca(9) | | U ] Ce(9) | [Cs(9) : Cu,(9)]

is an algebraic integer. Since a rational algebraic integer is necessarily an integer,
it follows that [Cs(g) : Cy, (g)] divides [G : U] =| G |, . Consequently, [Cs(g) :
Cy, (g)]is co-prime to p. Since | Cy, (g) | is a power of p, | Cg(g) |, = | Cy,(9) |
This proves (i).

The part (ii) follows from Corollary 5.3.10(i).

Corollary 5.3.13 If g does not belong to any proper parabolic subgroup of G, then
| Cg(g) | is co-prime to p. In particular, | g | is also co-prime to p.

Proof Under the hypothesis of the Corollary, g € G 5 and no conjugate of g belongs
to G, for m C A. Since Upn = {1}, it follows from the above Corollary that |
Cgs(9) |p = 1. Thus, | Cs(g) | is co-prime to p. Since < g >C Cg(g), | g | is also
co-prime to p. i

Corollary 5.3.14 Let g € G — U r(Uyeq X' Gwx). Then g is conjugate to an
element of L, if and only if p is co-prime to the order of g.

Proof Suppose that g is conjugate to an element of L. Since a proper parabolic
subgroup of L, is conjugate in L, to L[| G, for some proper subset ' of 7, g
is not conjugate to any proper parabolic subgroup of L. It follows from the above
Corollary that a conjugate of g has its order co-prime to p. Thus, order of g is co-prime
to p.

Conversely, suppose that the order of g is co-prime to p. Since U, is normal
subgroup of G, < U, {9} > = U, < g >. Also, since | U, | is a power of p,
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U:.()<g>= {1}. Thus, < g > and U, < g > (| L, are complements to U, in
U, < g >. By the Schur Zasenhauss Lemma (Theorem 10.1.33, Algebra 2), < g >
is conjugate to U, < ¢ > ("] L,. This shows that g is conjugate in G to an element
of L. 4

Corollary 5.3.15 Let g € G. Then, the following hold:
(i) If the order of g is a multiple of p, then Stg(g) = O.
(ii) If the order of g is co-prime to p, then Stg(g) = x| Cs(g) |. Indeed, if
g is conjugate to an element of L, but for 7' C 7 it is not conjugate to L, then
Sta(g) = (=DI"'| Cg(9) |-

Proof (i) Let g be an element of G. Then, there is a subset ™ of A such that g is
conjugate to an element of G but for 7’ C 7, it is not conjugate to any element in
G, (if worst comes, we may take 7 = (). If the order of ¢ is a multiple of p, then
by Corollary 5.3.14, then g is not conjugate to any element of L. From Corollary
5.3.10, Stg(g) = 0.

(ii) If order of g is co-prime to p, then by Corollary 5.3.12, Stg(g) = (—=D!I" |
Co(9) |-

The proof of Proposition 5.3.9 is pain staking. As such the reader may skip the
proof of the Proposition and the following Lemmas needed to prove the Proposition.

Lemma 5.3.16 o = o0y is the unique element of W (®) satisfying the conditions:
(i)o~' € Dy, and (ii) ®* (o (A) C 7.

Proof Since (ag)’l(w) cd,ol(n) = ao_l(ag)’l(w) C ®+. Thus, 0! € D,.
Next, consider o(A) = ofoo(A). Since 0g(A) € &~ and (o (®7) () PT) C 7, it
follows that ®* (o (A) C 7.

Conversely, let 7 be an element of W (®) such that7~! € D, and ®* (" 7(A) C 7.
Leta € A If 7(a) € @7, then 7(«) € 7. This means that 7(c) € wor () € ®~.If
T(a) € m, then o 7(a) € ®~ (from the definition of o). Suppose that 7(a) € ®~.
If o5 7(r) € ®F, then —7(a) € ®F and so —a € 77!1(®). This is a contradiction,
since 7!(®F) € ®*. This shows that if 7(«) € ®~, then o] 7 () € &~ It follows
that o 7(a) € @ foreach o € A. Thus, o§7 = oy or equivalently, 7 = o§oo. #

Lemma 5.3.17 Forall 7’ C T,
(B(\ngnoB(ngno)" YNw (B[ \ngnoB(ngne)™") = L ()G

where v(ng) = oy, v(ng) = 0o, v being the natural quotient map from N to
N/H = W(®). In particular, the standard parabolic subgroups of L, are of the
form L. (G-
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Proof Clearly,

(B(ngnoBngno)™") = (B[ \(ong) ™' B(nong))
= (UH(\non§) ' Uon{)H = UyzH = B.

Since (B, N;) is a Tits pair for L,

(B(\ngnoB(njno)™ YNy (B () ngnoB(ngng)™")
= B;NyB; = B.N;B,[ |BN+B = L[ )Gnr.

g
Lemma 5.3.18 Letn € N, and o = v(n). Then

G- [ \nGrn™" = (B[ \nBn YNeroe) (B[ (nBn™") = Grpyowm).-
Proof Letn, € N;,np, € Ny,o1 = v(ny), o0, = v(ny).Since 0 = v(n) belongs

to Dy, by the definition of D, ./, [(c™'0y) = I(c7') +1(0y) and [(0207") =
1(62) + (o™ "). It follows that

B = (B(\nBn ")(B(\mBni") = (B \ny'Bno)(B(\n"'Bn).

In turn,
(Bn\B)( \nBnyBn™"

= n((n"'Bn\B) ﬂ(anBn*I))
= n((n™"(B( \nBn~"))(B( \m1Bn; " n B
(\(Bna(B(\ny'Bno)(B( \n~' Bn)n™"))
= n(((B ﬂn*an)n*‘nlB)

(\Bnan™ (B \nBn~"))).

Observe that BnB = Bn’B if and only if v(n) = v(n’) and the intersection
BnB () Bn'B is empty set otherwise. Thus, if (Bn;B) (\nBnaBn~! is nonempty,
then o~ 'oy = 0,07 or equivalently, oy belongs to Wy (o Wro™' = Wrnom).
Further, then

(BnB) ﬂanzBlfl = (B ﬂanil)nl (B ﬂ anil).



298 5 Representation Theory of Chevalley Groups

This proves the Lemma. f

Proof of Proposition 5.3.9 Stglg, = (O ca(=D"1§ e,
= Y ea(=DTAE )6, (restriction is linear)

= D veal= il ZneN (IG 1Gn1) (by the Mackey restriction formula),
where Ny is the dlstlngulshed rc]ouf)le coset representative system of G, and G
in G. Next, by Lemma 5.3.18,

Gr[\nGen™" = (B[ \nBn YNzowy (B[ \nBn™") = G )Gowm).-

For simplification, denote (B (\nBn~')Nx o) (B (\nBn~') by A7, Then,
Stglo, = Lpea D" ey, 13 W) = 0)
= Zw'gA(_l)m ZoeDM, lgf,
= 2 oeaDM Y ep v i@nna 145 since Dr = D' Dy
= D sep-! Zn/grl(qﬁ)mA(—l)Wlle, e (%)
Now, @/ = (7' (o~ (7)) U N(P — o~ (7)). Clearly,

wﬂa(ﬂ’) =7 ma(ﬂ’ ﬂO'_l(ﬂ')).

Hence from (x), we obtain
StGla,

7 -1
= ZJED;I Z(ﬂ“ﬂo’l(ﬂ))g((a’](d)*)ﬂA)ﬂU’l(‘fr))(_l)lTr Mo @I

—o Y (7)|1Gx
Y @1 mneio @h A ay A@—t ey (CD'TTT PN e o).
Again, if (c71(®) [ A) (D — o~ ()) # ¥, then
Z (_1)I(7T'ﬂ(<l>—0"(7f)))l = 0.
@ N(@—c~1(m))S(e~ (@H) N A) N(P—o~! (7))
Thus,

SlG|G7r = Z Z (_1)\77’00*1(7r)|1§£.

oeD;! (o- 1 (@) N Ao~ (1) 7' (o~ (m)

By Lemma 5.3.16, 7 = 0(joy is the only element of W(®) such that 7 € D!
and (t71(®T) (M A) C 77 (m). Further, for such 7 = ofop, (r""(®T) N A) =
—oo(A). Hence

Stglg, = Z (— 1)\77 ﬂr-l(ﬂ)ll

AL ﬂr’](*r)
(@ 17 H(m)S—=00(A)
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Put 7 = 7(x' (7~ !(x)). Then 7" C 7, and we see that

Stgle, = Y (=D"11%: .

fders

By Lemma 5.3.17, A7, = L.() G Hence

Stlg, = Y (=D"N1F" 4 .

'

In turn,
"1 Ln B
StG|GW = Z(_I)W l(lLWmGW/,)G s
Cn
or
"|1Lx Gr _ o4Gr
StG|GW = (Z(_l)lﬁ ‘lLWﬁGW”) = stLW.
T"'Cm
g

Finally, it is natural to ask about the Steinberg representation which affords the
Steinberg character described above. The basic idea of Steinberg was to use the
alternating character of the Weyl group W (®) to construct a left ideal of the group
algebra C(G) (indeed of CG (V, K)) which describes the Steinberg representation.
Let ¢ denote the section of the natural surjective homomorphism v from N to W(®)
with t; = 1. Thus, v(¢,) = o. Consider the element e of C(G) given by

= <% b)Y (=D,

beB oeW(P)

and the left module C(G)e over C(G). The representation thus obtained is the Stein-
berg representation which affords the Steinberg character described earlier. Indeed,
Curtis (“The Steinberg Character of a finite group with (B, N) pair”, J. Algebra (4)
1966) in 1966 discovered the alternating sum formula for the Steinberg character.

Further the alternating sum formula for the Steinberg character prompted Solomon
to describe Steinberg module as homology module of Coxeter complex and the
character as Euler Characteristic.

Exercises

5.3.1 Describe the Steinberg character and the Steinberg representation of SL(2, g),
GL(2,q),and also of PSL(2, q).

5.3.2 Describe the Steinberg character and the Steinberg representation of B;, G,
and also of Fj
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5.4 Principal and Discrete Series Representations

In this section, we shall decompose the set of irreducible representations of a Cheval-
ley group in to different equivalence classes and study them. In its spirit, most of
these are due to Harish-Chandra.

Proposition 5.4.1 Let H be a normal subgroup of a finite group G. Let x be a
character of G. Then, the map T, u(x) from G to C defined by

1
To/n(X)(9) = TH] D x(hg)

heH

is also a character of G. More generally, if x is a generalized character of G, then
TG, (X) is also a generalized character of G.

Proof 1tis sufficient to prove the first statement. Let V be a C(G)-module affording
the character x. Consider the element

1
EZT h
| |heH

of C(G). Clearly, e is idempotent (¢*> = ¢) and geg™! = e. Thus, geV =

geg~'gV = egV = eV forall g € G. This means that eV is a C(G)-submodule
of V. Since e is idempotent, V = eV & (1 —e)V. Further,eV = {veV |hv =
v for all h € HY = V. Let i denote the character afforded by the submodule
eV. Then

1 1 1
pg) = x(ge) = ﬁZx(gh) = > Xlghg™'g) = > x(kg).

heH l H | heH | H | keH
This shows that 1 = Tg/u(X).

Definition 5.4.2 The character T,y (X) of G is called the truncation of the char-
acter x by H. If G is a semi-direct product H > K, then T, () is also denoted

by Tk (x).

For simplicity, from now onward, we shall denote G(V, K)by Gand G(V, K)¥ =
G(V, F,) by G*. Let x be an irreducible character of G*. Let G, be a principal
parabolic subgroup of G”, where # € A. Let G, = U, L, be the standard Levi
decomposition of G, where U is the unipotent radical of G and L is the corre-
sponding standard Levi subgroup.

Definition 5.4.3 An irreducible character y of G* is called a Cuspidal Character
of G¥ if Tg_/y.(x) = 0 for all proper principal parabolic subgroups G, 7 C A
(observe that the notation A C B means that A is a proper subset of B).
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Since any proper parabolic subgroup P of G is similar to proper principal parabolic
subgroup, X is cuspidal if and only if Tp,y (x) = O for all proper parabolic subgroup.
If G is a torus or a Borel subgroup, then all the irreducible representations will be
termed as cuspidal representations.

Proposition 5.4.4 Let x be an irreducible character of GF. Then, the following
conditions are equivalent:

(i) x is cuspidal.

(ii) < x, lgf > = 0 for all proper subset T of A.

(iii) < xlu, .1 >y, = 0 for all proper subset T of A.

(iv) The trivial representation 1 of U, does not appear in the direct sum decom-
position of ply, as irreducible representations.

(v) Xuew, X(ug) = Oforall g € GFandn C A.

(Vi) Yyew. X(gu) = O forall g € G" andw C A.

Proof ((i) == (ii)): Assume (i). Then T,y (x)(g) = Oforallg € GFandw C
A. In particular,

To.ju, 00 = — Y xw) =0
| Ux | =
forall 7 C A. This means that < x|y_, 1 >y, = Oforall # C A. By the Frobenius
reciprocity < x, 1gf >= 0.

((ii) = (iii)) - Immediate from the Frobenius reciprocity.

((iii) = (iv)): Immediate.

((iv) = (v)): Assume (iv). Ler p be a representation of G* affording the char-
acter x and 7 be an irreducible component of p|;_. Then from the Schur orthogonality
relation,

< nij, ly)n >y, = 0

for all i, j. Consequently,

> mijw) =0

ueU;,

for all i, j. Hence

Y 0w =0

uel;

for all irreducible components ofp|y, . It follows that

> o) = 0.

ueU;

Thus,
0= (D p)pg) = () plug)

uelU; uelU;
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for all g € G'. Hence

D xtug) = Y Tripug) = Tr()_ pug)) = 0

ueUy ueU; ueUy

forall g € GF.
((v) = (vi)): Since

D xug) = > x(gg7'ug) = > x(gv).

uel; uel; veUy

(v) and (vi) are equivalent.
((vi) = (i)): Evident from the definition of cuspidal character.

Now, let G, be a principal parabolic subgroup of G* and G, = U,L, the
standard Levi decomposition. If p is an irreducible representation of L, then we have
a corresponding irreducible representation p of G which is given by p(ul) = p(l),
where u € U, and [ € L. Recall (Sect.5.3) that L is also a group with (B, N)
pair. Thus, we can talk of parabolic subgroups of L, and also the notion of cuspidal
characters of L, as in case of G¥.

Theorem 5.4.5 Let x be an irreducible character of GT. Then, there is a subset
of A and an irreducible cuspidal character i of L, such that

<X, ,&GF >#0,

where [i is the representation pov of G, v being the natural projection of G on to
L.

Proof Consider theset S = {w C A |< ¥, 131 > = < Xy, ly, ># 0}. Clearly,
Upr = {1} and hence < x|y,, ly, >7# 0. Hence A € S and so S # @J. Let 7 be
a minimal member of S. Let V be a simple G*-module affording the character .
Consider the subspace VU= = {v e V |uv = v for all u € Uy} of fixed points
of U,. Since < x|y, ly. ># 0, VU= £ {0}. Let g € G, and v € VU=, Then for all
uecU, ugv = gg_'lugv = gv, since g~'ug € U,. Thus VU is a G, -module.
In particular, VYr is a L,-module. Let u be the character of L, afforded by this
module. Suppose that ;1 = Y ._, y1; be the representation of 4 as sum of irreducible
characters. Let [i and fi; denote the corresponding characters of G,. Indeed, the
Gr-module V7 affords the character i and i = ) ._, fi;. Note that /i; are also
irreducible characters of G . Since V; is a G, submodule of V, x|s. = f[i and each
(; is irreducible component of x|¢, . Consequently, by the Frobenius reciprocity,

~ F ~
<m% X >gr =< fii. xlg, >#0.

This means that y appears as an irreducible component of the induced character /i, G
for each i. It suffices to show that each y; is a cuspidal character of L. Suppose
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contrary. Suppose that y; is not cuspidal character of L, for some i. Recall that a
principal parabolic subgroup of L, is of the form G, () L, where 7’ C . Further,
the unipotent radical of G,/ (| L is Uy () L, and L, is the Levi part. More explic-
itly, G0 (Y Lz = (Uw () Lz) L. Since p; is not cuspidal, using Proposition 5.4.4,
we see that there is a proper subset 7’ of 7 such that

< pilv, L. v, NL. > # 0.

This means that there is a nonzero element v € VY= such that uv = v forallu e
U, () Lr-Butalready uv = vforallu € U,.Since Uy = U (Uy (L), uv = v
forall u € Uy. Thus, < x|y, ly, >7# 0. Hence 7’ € S. This is a contradiction to
the the minimality of 7. This shows that y; is cuspidal for each i. f

We say that a subset m of A is an associate to a subset 7’ of A if there
is an element o € W(®) such that o(wr) = =’. Clearly, the relation “is asso-
ciate to” is an equivalence relation on the power set g (A) of A. Let ¥ be a
set obtained by selecting one and only one member from each equivalence class.
Let m € 2. Let W, denote the subgroup {oc € W(®) | o(m) = m} of W(P). Let
Ch(r) denote the set of irreducible cuspidal character of L,. If 4 € Ch(w) and
0 € W . Itcan be easily observed that ;1° € Ch(m), where p7(I) = ngln;‘.Thus,
W acts on Ch(m). Let éh(w) be a set obtained by selecting one and only one
member from each orbit of the action of W) on Ch(rm). Let X, denote the set

{x | xisanirreducible component of,&GF for some 1 € éh(w)}.

Theorem 5.4.6 An irreducible representation of GT belongs to one and only one
Xy, me X g

The proof of the above Theorem is a little involved and we leave it. The reader may
refer to “Finite Groups of Lie Types, Conjugacy Classes and Characters” by Carter
for a proof.

An irreducible character is said to lie in m-series if it belongs to X ;. The members
of Xy are called Principal Series irreducible characters and the members of X5
are called Discrete Series irreducible characters. Clearly, the parabolic subgroup
Gy = BT and the Levi decomposition is Bf = UFTF. Thus, the principal series
representations of G are irreducible components of (H)CB;:, where ©® is an irreducible
character of T and ©r is given by Opr(ut) = O(t),u € UF, t € TF. Next, the
parabolic subgroup Go = G¥,Uy = land L, = G'. Assuch the discrete series
representations of G are precisely the cuspidal representations of G

The following Proposition follows from Proposition 5.1.55 and the Bruhat decom-
position of G**:

Proposition 5.4.7 It © and ) are irreducible characters of T¥ C BF, then
<05, N >=]{oeW(®) |67 = N\,

where as usual @7 (t) = O(nytn;'. In particular; if © and X are not conjugate in
the above sense, then
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F F
< @gF, /\gF >= 0,

and ®g,: is irreducible if and only if © is regular in the sense that ©° = O if and
only if o is the identity element.

Exercises

5.4.1 Describe the series representations of GL(2, g), SL(2,q), PSL(2, q), A2(q),
and B»(q).

5.5 Deligne-Lusztig Generalized Characters

In this section, we introduce Deligne-Lusztig generalized characters and study them
briefly. Deligne and Lusztig introduced these generalized characters with the help
of [-adic cohomology (see Sect.4.5 of Algebra 4) and settled the conjecture of Mac-
donald which asserts that the irreducible characters of a Chevalley group can be
parametrized in terms of the pairs (7', ®), where T is a F-stable maximal Torus and
O is a character of TT.

We list some of the important properties of the /-adic cohomology functors with
compact support for their use in the discussions involving Deligne—Lusztig characters
(see Algebra 3, Theorem 4.5.7).

Pi. H"(—, (QT(I)) defines a contravariant functor from the category of schemes
with finite morphisms to the category of vector spaces over the algebraic closure (QTU)
of the field Q(;) of /-adic numbers. In particular, we have a representation p of Aut (X)
on the space H" (X, @) given by p(o) = (H!(0))'(note that an automorphism
of a scheme is a finite morphism). Further, H" (X, (QT(I)) may be nonzero only when
0<m<2DimX.

P,.If X is an affine space A, then H>'(X, Q) ~ Q( and H" (X, Q) = {0}
for m # 2n.

P;5. Let p be a prime different from/ and g = p”. Let A be a set of polynomials
in Fy[Xy, Xs, ..., X,] defined over the Galois field F,. Let K be a field extension
of Fy, and Y(K) = V(A) denote the variety determined by A over K. The map
F from Y(K) to Y(K) given by F(aj, az, -+, Q) = (0/1’, ag, ...,y is called
the Standard Frobenius map. Evidently, Y (K)" = Y(F,). More generally, an
F, structure on a scheme (X, ¥x) is a scheme (X, ¥x,) over F, together with an
isomorphism from (X, ¥x) to the fiber product X X gp.c F, Spec K of the schemes
(Xo,Vx,) and (Spec K,9X) over (Spec F,, ). Let Fy denote the morphism
(Ix,. F(?) from (Xo, ¥x,) to itself given by (Fg)U(a) = afforalla € ¥x,(U) and
for all open subsets U of Xy. The morphism Fy x 1 from Xo X spec £, Spec K to
itself induces an morphism F from (X, ¥x) to itself. This morphism is called the
F,- Frobenius map on (X, ¥x).

Grothendieck Trace Formula. Let / be a prime different from p. Then
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2n

| X" | = (=1)trace(F, H] (X, Qq)),
r=0

where DimX = n and F is the F,- Frobenius map described above. Evidently,
F™ is the F,n- Frobenius map. Observe that this was an essential requirement (the
hypothesis(iv) of Theorem 4.5.2, of Algebra 3.) to establish a part of Weil conjectures.
P,.If g is an automorphism of X of finite order, then the Lefschetz number L(g, X)
given by
2DimX
L(g, X) = Z (=D™"Trace(g, H" (X, Qq))

m=0

is an integer which is independent of /.

Ps. Let X and Y be algebraic varieties and f be a morphism from X to Y such
that each fiber f~'({y}) is an affine variety isomorphic to A%. Let g and ¢’ be
automorphisms of X and Y, respectively, which are of finite orders. Suppose that
fog = g'of . Then L(g, X) = L(¢,Y).

Ps. Let {X; | 1 <i <n} be a pairwise disjoint finite family of locally closed
subsets of X suchthat X = |J'_, X;. Let g be an automorphism of X of finite order
such that g(X;) = X; foreachi. Then

L(g.X) = Y L(g. Xi).
i=1

Further, suppose that | J{_, X; is closed for each m < n. Let G be a finite group of
automorphisms of X such that each X; is invariant under G. Let H/ (X;, (QT(D)@ be
a subspace of H! (X;, @) affording an irreducible character ® of G. Suppose that
H’(X;,Qu)e = Oforallr andi. Then H' (X, Qu)e = O forall r.

P;. Let {X; | 1 <i <n} be a pairwise disjoint finite family of closed subsets
of X such that X = |J_, X;. Let G be an automorphism group of X of finite
order such that for each pair i, j, there is a g € G such that g(X;) = X;. Let
H = {g € G| g(X;) = X,}bethe subgroup of G. Then, the generalized character
g — L(g, X) of G is induced by the generalized character 4 — L(h, X;) of H.

Ps. Let X be an affine variety and G be a finite group of automorphisms of X.
Then

H"(X/G,Qq) ~ H"(X,Qq)°,

where H(X, Q)¢ is the subspace of the fixed points of the action of G on
H!"(X, Q). Further, let f be a G-equivariant automorphism of X of finite order
and g be an automorphism of X /G such that vof = gov, where v is the quotient
map from X to X/G. Then

1
Lg.X/6) = oo Y L(fox, X).
xeG
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Py. If X and Y are algebraic varieties, then we have the Kunneth formula

H'"X x Y. Q) = & Y (H/(X.Qq) ® H/(X.Qu)).

r+s=m

Further,
Ligxg,XxY) = L(g,X)L(g", Y),

where g and ¢’ are automorphisms of X and Y, respectively, which are of finite
orders.

Pyo. Let g be an automorphism of X of finite order. Suppose that g = su = us,
where order of s is co-prime to p and order of u is a power of p, p being a prime.
Let X* denote the fixed point set of s. Then

L(g, X) = L(u, X°).

In particular, if X* = (4, then L(g, X) =

Py;. If X is finite and g is an automorphism of X, then L(g, X) =] X9 |.

Py,. If G is a connected algebraic group which acts as a group of automorphisms
of X, then the induced action of G on H" (X, (QT(Z)) is the trivial action.

Consider G(V, K), and G(V, F,) = G(V, K)F, where K is an algebraically
closed field of characteristic p, ¢ = p™ for some m and F the Frobenius map
a — a¥. For simplicity in the following discussions, we shall denote G(V, K) by G
and G(V, F,) = G(V,K)" by G.

F-stable Maximal Tori and F -stable Borel subgroups

Proposition 5.5.1 Let QF denote the set of all pairs (B, T) such that B is a F-stable
Borel subgroup of G containing the F-stable maximal torus T. Then QF is nonempty
and GT acts transitively on QF by inner conjugation. Further, QF is a finite set.

Proof We first show that QF # (. Let T be a maximal torus (not necessarily F-
stable) contained in a Borel subgroup B. Then F(B) is also a Borel subgroup of G.
Since any two Borel subgroups of G are conjugate, F(B) = aBa~! forsomea € G.
By the Lang-Steinberg Theorem, there is an elementb € G suchthata = F(b)~ 'b.
Then B = bBb~! is a Borel subgroup of G and F(B) = F(OFBFb)™" =
ba"F(B)(ba") ! = pa—'aBa~'ab = bBb~' = B. Thus B is F-stable Borel
subgroup. B is also connected algebraic group and bTh~! is a maximal torus of G
contalned in B. Again, since Bis F- stable, F (bTb 1) is max1mal torus contained
in B. Hence as in the previous case, there isa u € Bsuchthat 7 = ubTh 'u'is

F -stable. This shows that (B, T) belongs to QF.

Next, if (B, T) € QF and g € GF, then it is clear that (¢Bg~!, gTg~") belongs
to QF. This means that G acts on QF by inner conjugation. Let (B, T) and
(B, T') be members of QF. Since any two Borel subgroups of G are conjugate
in G, there is a g € G such that gBg~' = B’. Again, since B and B’ are F-stable,
gBg~!' = F(9)F(B)F(9)™' = F(9)BF(g9)~". Thus, g"'F(9)B = Bg~'F(g).
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Since Ng(B) = B (B being a maximal solvable subgroup), g~ F(g) € B. From
the surjectivity of the Lang map (Lang—Steinberg Theorem) applied on B, there is an
element b € B such that g~ F(g) = b~'F(b). But, then F(¢gb™") = ¢gb~' € G¥.

Clearly, gb~'B(gh™")"! = B’. Also Ty = gb~'T(gb~")~!is a maximal F-stable
subgroup of G contained in B’. Since 7" is also a F-stable maximal subgroup con-
tained in B’, there is an element u € B’ such that uTou~! = T'. Consequently,

FuToFw)™ = FWF(T)Fw™ = F(T) = T = uTou™".

This means thatu ™' F (u)Ty = Tou~'F (u).Itfollowsthatu ' F (1) € Ng(Tp). Since
B’ is F-stable and u € B, u='F(u) € B' () Ng(Ty). Applying the Lang—Steinberg
Theorem to B’ (") N (Ty) we getan element v € B’ () Ng(Ty) such thatu='F (1) =
v ! F(v). Clearly, z = uv™' € GF(B'. Thus , x = zgh~! € G¥ is such that
xBx~! = B’andalsoxTx~! = T’. The last assertion follows, since G¥ is finite.

il

Corollary 5.5.2 G* acts transitively on the set of all F-stable Borel subgroups of
G through inner conjugation.

Definition 5.5.3 A maximal F-stable torus 7T is called a F- split maximal torus
if it is contained in a F-stable Borel subgroup. All other F-stable maximal tori are
called non-split maximal tori. If T is a F-split maximal torus of G, then T is called
a split Maximal Torus of GF.IfTisa non-split F-stable maximal torus of G, then
Tt is called a non-split maximal torus of G*.

The following Corollary is immediate from Proposition 5.5.1.
Corollary 5.5.4 All split maximal tori of GT are conjugate in GF. 4

Proposition 5.5.1 ensures the existence of F-split maximal tori. Our next aim is
to discuss non- F-split maximal tori.

Let T be a F-stable maximal (not necessarily split) torus of G. Let (By, Tp)
be a member of QF (see Proposition 5.5.1). Since any two maximal tori of G are
conjugatw, we have an element a € G such that 7T, = aTa™'. Since T is F-stable,

Ty

aTa ' = F(Ty) = F@)F(T)F(a)™!
F@TF(a)™' = F(a)a 'TyaF(a)™".

This means that a F (a)~' € Ng(Tp). Now,
TF = {a "ta|t e Tyand F(a) ' F(t)F(a) = a 'ta}.

Thus,
atfa ! = teTy|aF@ ' FO)F@a™! = 1}.

This means that 7* is isomorphic (conjugate) to the subgroup of Ty consisting of the
fixed points of the automorphism 7 = i,r)-10F (i, denotes the inner automorphism
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determined by x). Thus, every F-stable subgroup of T = a~!Tya determines an
element aF(a)~' € N(Tp) which, in turn, determines a unique elememrnt o of the
Weyl group. Conversely, given an element o of the Weyl group, we have an element
ne € Ng(Tp). representing o. By the Lang—Steinberg there is an element there is an
element a in G such that a F(a)~' = n,. Then

F(a 'Tya) = F(a) 'TyF(a) = a 'aF(a) 'TyF(a)a™'a = a 'Tya.

This means that T = a~'Tpa is F-stable and T* is isomorphic to the subgroup
of Ty consisting of the fixed points of i, oF. The F-stable subgroup T = a~'Tya
(TT) is said to be obtained from split F-stable maximal torus Ty (7;") by twisting
with 0. We shall denote o by o7, where T = a 'Tya.

Example 5.5.5 Consider G = GL(2, K), where K is an algebraically closed field
of characteristic p # 0. Let F be the Frobenius given by F([a;;]) = [afj], where

g = p".ThenGF = GL(2, q).Thepair (By, Ty) € QF, where By is the subgroup of
GL(2, K) consisting of upper triangular matrices and 7y is the subgroup of diagonal

matrices. Observe that the matrix [(1) 0:| belongs to Ng(Tp). Indeed, Ng(Tp) =

o U |:(1) (1):| Ty, and W(Ty) = Ng(Ty)/Tp is of order 2. Let A = |:Ccl 21| be a

01
10

ab| |01][a?d?

cd|  |10||c?ad|"
This means thata = ¢?, ¢ = a?, b = d?, and d = b4. Consequently, a®’ =
a#0,b7 =b#0,andA = [a b },Wherea,be F, and ab — ba' # 0. For

a? b1
such A, T = A 'TpA is non-split maximal torus of GL(2, K). Further, then TF is

member of GL(2, K) such that AF(A)~! = |: ] Then

conjugate to the subgroup of Ty consisting of the matrices of of the form |:g an i|,

where a € Fq*g. Thus, 77 is a cyclic group of order g% — 1.
Similarly, non-split maximal torus in SL(2, g) is isomorphic to the subgroup of

.. . a0
Ty consisting of the matrices of the type [0 a9 |’ where a € Fq"2 and ¢4t = 1.

This is a cyclic group of order g + 1.

Let T be a F-stable maximal Torus of G and B a Borel subgroup containing 7
(note that B need not be F-stable). Then B = UT, where U is the unipotent radical
of B. Recall the Lang map L from G to G which is given by L(g) = g 1F(g)
Thus, G = L~'(1). Put X =1 Y(U). Since L is a morphism of varities, X
is an affine algebraic variety. Recall the /-adic cohomology functors H/(—, Q)
(with compact support) from the category of algebraic varieties to the category of
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vector spaces over Q;. For each g € G¥, we have the automorphism x — gx of X
which, in turn, induces an automorphism v — gv of the vector space H/ (X Ql)

for each r. This defines a left GF-module structure on H (X ,Q)), and also a bi-
(GF, TT)-module structure on H! ()A( , @). Denote the corresponding representation
of G¥ x T* by p,. Let © be an irreducible character of T*. Since ®(a) is an
algebraic integer for each a € T and Q; is an algebraically closed field containing
Q, ® € Hom(TF,C*) = Hom(TF, Q). Let H' (X, Q))e denote the subspace
{ve H (X,Q) |va = O(a)v Va € TF} of H'(X, Q). Further, if g € G* and
v € HC’()A(,@)@, then

(gv)a = gva) = gB(a)v = O(a)(gv)

and so gv € HC’()A(, @)@. Thus, H!()A(, @)@ is a left GF-module. Let 7, denote
the corresponding representation of GF. Since Tr(n,(g)) is an algebraic integer, we
have a map Rf ¢ from G* to Q; () C defined by

2m

Rio(g) = Y (=1'Tr(m.(9) - (1),

r=0

where m = DimX. This generalized character is called a Deligne-Lusztig Char-
acter of G”. We shall see soon that R{ ,, does not depend on the choice of the Borel
subgroup B containing 7.

To describe a convenient formula for RYE{@, we need the following two Lemmas:

Lemma 5.5.6 Let ® : A —> K* be an irreducible character of a finite abelian
group A, where K is an algebraically closed field of characteristic 0. Let V be a
finite-dimensional vector space over K which is a right A-module. Consider the

element
-1
|A| E O(a a

acA

of the group algebra K (A). Then e is idempotent in the sense that ¢* = e and
Ve = {veV]|va = 0O@)v}.

Proof € = (4 Yuea @ a) (i Xyes O Ha)
= AP Laea Lvea ©((ab)Hab

= ap | Al X e ® e

= G e O e = e

Next, we denote {v € V | va = ©(a)v} by Vg. We need to show that Vg = Ve.
Letv € Vg. Then va = ®(a)v and so
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ve = | A Z@(a‘l)a = | A Z@(a‘l)va

acA acA
= |—Z®(a )O(a)v = —ZO(])U =
acA aeA

This shows that Vg C Ve.Letv € Ve. Thenv = we for some w € V. In turn,
1 -1
va = wea = w(TZ®(b Yb)a.
| | beA
Putting b = a~'c, we obtain that

@(a)me@)(c*l)c = O(a)we = O(a)v.

ceA
This means that v € Vg and so Ve C Vg. i

Lemma 5.5.7 Let V be a finite-dimensional vector space over an algebraically
closed field K of characteristic 0. Suppose that V is a bi- (G, A)-module, where
G is a finite group and A is a finite abelian group. Let p denote the corresponding
representation of G X A on V. Let © be an irreducible character of A. Then Vg is a
G- module. Further, if we denote the cooresponding representation of G by n, then

Tr(p(g,e)) = Trn(g)
forall g € G.

Proof Clearly, V is a G x A-module, where the module structure is given by
(g,a)v = gva.Letv = webelongsto Ve = Vg.Thengv = gwe € Ve = Vp.
Thus Ve is a G-module. Further, (g, e)v = gwee = gwe = gv. Thus, Veisa
(g, e)-subspace. Also

(g,e)(w(1 —e)) = gv—gv = 0.
Since V.= Ve ® V(1 — e), it follows that Tr(p(g,e)) = Tr(n(g).

Theorem 5.5.8 Let g € G'. Let T, ®, and B be as above. Then

Rio(9) = Y 0w HLixg. 1), X),

teT?

ITFI

where L(x(g, 1), )A() is the Lefschetz number of the automorphism x(g, t) of}A( given
by x(g.)(x) = gxt.
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Proof Recall that the Lefschetz number L (x, X) of an automorphism y of X is given
by

2DimX

LOGX) = Y (=1 Tr(H ().

r=0
Now, by the definition

2m

R} o(g) = Y (=)' Tr(m.(9)).

r=0

where 7, is the representation of G as given before. From Lemma5.5.7, Tr (1, (g9)) =
Tr(p,(g, e)), where p, is the representation of G x T* as described earlier. Thus,

2m
R} o(9) = Y _(=1)'Tr(p:(g. €)),
r=0
where
Q@ Y.
-z eu
teT”
Consequently,
R7 o(9)

= Y Tr(pr(g, i Lyerr OCH0)

= ﬁ Yrerr O X (= 1) Tr(p (g, 1))

= |m Srerr OGN Y22 (1 Tr(H (x(9.1))

= |TF\ Y ierr O L(x(g, 1), X) (by the definition). £

Theorem 5.5.9 Let T be a maximally split F-stable maximal torus of G which is
contained in F -stable Borel subgroup B of G. Let © be an irreducible character of T
and Opr the one-dimensional representation B — B* JU" ~ T" 8 Na”
of BT. Then R o = ©Y,.

Proof Let T be a maximally split F'-stable maximal torus of G which is contained in
F-stable Borel subgroup B of G. Fix the member (B, T) € QF (refer to Proposition
5.5.1.). We shall denote the set of all F-stable Borel subgroups of G by QF. Thus,

the first projection is a surjective G' equivariant map from QF to QF . Let g€ X =
L~'(U). Then L(g) = g~ 'F(g) € U C B and hence

F(gBg™") = F(¢9)BF(9)™" = g9 'F(¢9)BF(9) 'g9™" = gBg™".

This means that gBg~" belongs to 7. Consequently, we getamap 7 from X to QF
which is given by 77(9) = gBg~'. Since any element of QF is of the form gBg™"
for some g € GF = L~'({1}) € L' (U) = X (Corollary 5.5.2), ) is surjective.
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Now, GF acts on X through left multiplication and it also acts on QF through
inner conjugation. Since

b= gni),

n(gx) = gxB(gx)™" = gxBx'g~
7 is an equivariant map. We write x ~ y if)(x) = 7(y). Clearly, ~ is an equivalence
relation on X. Since 7 is equivariant and GT acts transitively on QF it also acts
transitively on the finite set X / = {1 = X1, X2, ..., X,} and the action is glven by
gx gx Evidently, 1 = =X (1BandXx = 1(7]()6)) is a closed subset of X for
allx € X (note that n(1) = B) Further, if t € TF and x € X then n(xt) = n(x)
Thus, xf = X foreach x € X and 7 € TF, Consequently, the action of 7% on X
through right multiplication induces action on each equivalence class X in X / ~.
Now, from Theorem 5.5.8,

YOG )L(x(g, 1), X),

teT”t

R?_(—)(g) | TF |

where L(x(g,1), )?) is the Lefschetz number of the automorphism x(g, t) of X
given by x(g, 1)(x) = gxt. Clearly, the stabilizer of Tis G" (1B = B*. We have
a generalized character i of B x T* on 1 which is given by

pb, 1) = L(x(b,1),1).

The generalized character (¢, 1) — L(x(g, 1), X) of GF x T on X is the induced
character uGF " thanks to the property P; of the /-adic cohomology. Consequently,
the generalized character RTQ@ is induced by the generalized character

b YOG HL(x(®. 1), D).

| TF |
teT¥

Next, we show that 1 = )A(ﬂB = TFU: Let b = tu be a member of B,
where 7 € T and u € U. Then L(b) = u~'t~'F(¢)F(u). Thus, b € X if and only
if L(b) = u™'t"'F(r)F(u) belongs to U. In other words, b € X if and only if
tT'F() eU ﬂ T = {1}. 1t follows that 1 = T¥U. Consider the natural quotient
map v from 1 = TFU to TFU/U ~ TP /(TF NU) ~ B JUF. Clearly, v is a
surjective morphlsm of varieties. Further, each fiber U of v is an affine variety iso-
morphic to U ~ KV, where N = DimU. It follows from the property Ps of the
l-adic cohomology that

L(x(b,1),T) = L(x(b,1), TFU) = Lwox(b,t), TFU/U) = L(x(b,1), B¥JUT).

Next, from the property P,
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L(x(b,n,T) = L(x(b,n), B"/UT) =] (B /U,

where (B JUT)X®:D) denote the set of fixed points of x (b, t) on B JUF . Let sU*
be a member of B /UY, where s € T". Now, sU" belongs to (B /U )X®o if and
only if bsUFt = sUT or equivalently bUF = ¢~'U¥. Thus, if b ¢ t~'U", then
| (BF JUF)x®:D | = 0. Suppose that b € t~'U¥ (tb € UF). Then | (BF JUF)X®: |
= | TT |, since for each b € BT, there is a unique t € T¥ such that b € r~'U" . It
follows that R?@ is induced by the character fi of BF which is given by fi(b) =
O(t"), where ¢ is the unique element of T such that b € t~'UT. Bvidently, i =
®pr. This proves that R re = = ¢ pr- B

Next, suppose that T is F-stable maximal torus which is not maximally split.
Then T is not contained in any F-stable Borel subgroup of G. We describe Rg o(9)
in terms of the semi-simple and unipotent parts of g. More explicitly, we have the
following Proposition:

Proposition 5.5.10 Let g € G¥. Suppose that g = su, where s is the semi-simple
part and u is the unipotent part of g. Then s and u belong to GF. Let X*' denote the
subvariety {x € X | sxt = x}. ThenuX*' < X*' and

> Oa L, X,

teTF

R o(9) = |TF|

where [, is the left multiplication by u on X5,

Proof Note that F(s) is semi-simple and F'(u) is unipotent. Since su = g =
F(g) = F(s)F(u) and a Jordan decomposition is unique, it follows that F(s) = s
and F(u) = u. Hence s, u € GF. Next, let x € X', Then sxt = x. But then
suxt = usxt = ux. This means that ux € X*". Now, by Theorem 5.5.8,

R?.@(Q) = R?,@(Su) Z O YL(x(su, 1), X).

| TF |
teT”
Since s is semi-simple, the order of s is co-prime to p (if a? = a, then order of
a divides ¢ — 1 = p™ — 1) and the order of u is a power of p. It follows from

the property Py of the /-adic cohomology that L(x(su, t), )2) = L(,, )A(“). This
shows that

RPo(g) = > O LU, X,

teT?

ITFI

il

Corollary 5.5.11 Letu € G be a unipotent element. Let T be a F-stable maximal
torus of G and © be any irreducible character of T . Then

REQw) = ——Lu,X) = Ry ()

| TF |
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is an integer which is independent of ©.

Proof Since X\ = {x € X | xt = x}is empty setif ¢ # 1 and it is Xifr = 1,
it follows from the above Proposition that

1
| TF |

Y e LU, X = L, X).

teTF

B —
fre) = 77

for all irreducible character ®. By the property Py of the /-adic cohomology , L (u, X)
is an integer. Thus, R ¢ («) is a rational number. Since a generalized character is an
algebraic integer, and a rational algebraic integer is an integer, Rff’@(u) is an integer.

il

Letg € Gf and g = su, where s is semi-simple and u is unipotent. Then s € G¥
and also u € G¥'. Suppose that G is connected and simply connected. Then it is a
fact that the centralizer C(s) of s is connected and reductive. If xs = sx, then
F(x)s = F(x)F(s) = F(xs) = F(sx) = F(s)F(x) = sF(x). This means
that C¢ (s) is also F- stable. Further, x ' T'x is contained in Cg (s) whenever x € GF.
Clearly, u is unipotent element of Cg(s). However, in general Cg(s) need not be
connected. We state the following more general formula for R?y o in terms of semi-
simple and unipotent parts.

Theorem 5.5.12 Let g € G and g = su the Jordan decomposition, where s is
semi-simple and u is unipotent. Then

Z @(XSX_I)RBH(CG(S)O(M),

x~1Tx,1

R7o(9) = 1

T.0 = T A a0
| (CG (S) ) | x€GF and xsx—'eTF
where Cg(s)? denote the component of identity of C (s).(Note that B N(Cq ()0 is
a F-stable Borel subgroup of (Cg )N.). ¢

Observe that Corollary 5.5.11, is a particular case of the above Theorem. We
denote R?@(u) by Q?(u) and the function Q(T; defined on the unipotent elements
by Q?(u) = Rﬁ’l(u) is called the Green function. This function was explored by
J.A.Green in 1955 to study representations of GL(n, q).

Our next aim is to state a formula for the inner product of Deligne—Lusztig general-
ized characters. Let T and T be two F-stable maximal tori of G.Let N (T, T’) denote
thesubset{g € G | gTg~' = T'}of G.Clearly,ifg € N(T, T'),thengt € N(T, T")
forallz € T.Thus, N(T, T')isaunion of a set of right cosets of T in G. Let W(T, T")
denote the set {Tg | g € N(T, T')}. In particular, W(T, T) = W(T) is the isotropy
subgroup at 7' of the inner conjugation action of G on the set of all maximal tori of
G. Since T and T’ are F-stable, gTg~' = T’ implies that F(¢)TF(g)~' = T'.
Thus N(T, T’) is F-stable and each right coset of N(T, T") mod (T) is F-stable. In
particular, F acts on W (T, T') and we can talk of W(T, T")F. Let ® and ©’ be irre-
ducible characters of T¥ and T'7, respectively. Letw = TFn € W(T, T')¥, where
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n e N(T, T')F. Define a character (©")* of T by putting (@) () = O’ (n~'tn).
We state the following formula for inner product of Deligne-Lusztig genralized
characters. We leave the proof as it is lengthy and involved. The reader may refer to
“Finite Groups of Lie Types: Conjugacy classes and Complex Characters” by R. W.
Carter.

Theorem 5.5.13 < RY,, RE o >=|{we W(T.T)" | (®)" = O} |. ¢

Corollary 5.5.14 Suppose that © is in general position in the sense that (©)” = ©
if and only if w is identity elemement of W (T)¥ . Then

B B _
<Rre Rreo>=1,

. . B B . . .
and in particular, RT,@ or —RT!G) is an irreducible character.

Indeed, if T is obtained by twisting with o7 from the split F'-stable maximal torus
Ty, and ® is in general position, then Detor R?,@ is irreducible.

Corollary 5.5.15 Suppose that the F-stable subgroups T and T’ are not G¥ con-
Jjugate. Then
<Rfg Rig>=0.

i
Corollary 5.5.16 R?,Q is independent of the Borel subgroup B containing T .

Proof Le B and B’ be Borel subgroups of G containing the F-stable maximal torus
T. From Theorem 5.5.13,

B B _ B B _ B B
<Rre, Rro>=<R7g, Rro>=<R7re Rre>.

Consequently,
B B B B _
<Rre—Rre: Rro—Rpe>=0.

Thus, R o = R¥ .
We can unambiguously write R7 ¢ for RIT?’ ©- The following Proposition expresses
the regular character x,., of G in terms of Deligne-Lusztig characters.

Proposition 5.5.17 x,., = ﬁ ZTGM’: Z@eff Detor Ry o, where My is the set
P
of F-stable maximal tori. #

Corollary 5.5.18 For every irreducible character x of GF, there is a pair (T, ®)
such that

< Rre, x >#0.
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Exercises

5.5.1 Describe Deligne—Lusztig characters of GL(2, q), SL(2, g), and verify the
results of this section.

5.5.2 Describe all F -stable subgroups of GL(3, K) and find the orders of T for
F-stable subgroups.
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Twisted group, 242

U

Unitary group, 191

Universal Casimir element, 155
Universal Chevalley group, 222
Universal enveloping algebra, 23
Upper central series, 38

A\
Vector field, 19

w

Weight, 56, 141

Weight space, 141

Weyl Chambers, 92

Weyl character formula, 262
Weyl function, 166

Weyl group, 85

Weyl integral formula, 262
Weyl’s character formula, 170
Weyl’s degree formula, 171
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